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RESUMEN 

En recientes manuscritos, este investigador ha formulado alternativas de solución al Problema del 

Milenio de Yang – Mills, intentando unificar, desde la teoría cuántica de campos hasta las teorías de la 

relatividad general y especial respectivamente, sin desprendernos de cuestiones tan elementales como 

las representaciones en algebra de Lie, de cuyo resultado, se ha concluido en lo fundamental, que toda 

partícula o antipartícula, con masa o sin masa, según sea el caso, supera el estado de vacío, demostrando 

una brecha de masa positiva, esto es, cuando se aproxima o supera la velocidad de la luz, deformando 

así, el campo cuántico en el que interactúa, repercutiendo en las trayectorias de las partículas o 

antipartículas circundantes. Ahora bien, el propósito de esta investigación, es proponer modelos 

hipotéticos para campos de Yang – Mills abelianos y no abelianos, grupos de gauge y Lie usando 

distintos operadores para espacios en cuatro dimensiones ℝ4, a través de los cuales, quedará demostrado, 

que la brecha de masa de una partícula o antipartícula con o sin masa, siempre arroja un valor positivo 

superior a cero. 
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integral de trayectoria, representación de espinores. 
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Mathematical Formalization and Particle Physics, in Relation to the Mass 

Gap and the Geometric Curvature of Quantum Fields 

 

ABSTRACT 

In recent manuscripts, this researcher has formulated alternative solutions to the Yang-Mills Millennium 

Problem, trying to unify, from quantum field theory to the theories of general and special relativity 

respectively, without detaching ourselves from such elementary questions as representations in Lie 

algebra, from the result of which it has been concluded in the main,  that every particle or antiparticle, 

with or without mass, as the case may be, exceeds the vacuum state, demonstrating a positive mass gap, 

that is, when it approaches or exceeds the speed of light, thus deforming the quantum field in which it 

interacts and affecting the trajectories of the surrounding particles or antiparticles. Now, the purpose of 

this research is to propose hypothetical models for abelian and non-abelian Yang-Mills fields, gauge 

and lie groups using different operators for spaces in four dimensions ℝ4, through which it will be 

demonstrated that the mass gap of a particle or antiparticle with or without mass,  it always yields a 

positive value greater than zero. 

 

Keywords: particle physics, gauge fields, caliber theories, Lie groups, asymptonic freedom, ℝ4 

dimension, abelian and non-abelian Yang Mills fields, spatial surface, time surface, Casimir operator, 

Lorentz transformation, Callan-Symanzik equation, trajectory integral, spinor representation. 
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INTRODUCCIÓN 

Preliminarmente, cabe precisar que se trabajará en campos cuánticos en dimensión ℝ4, en estructuras 

de gauge específicas, a propósito de sus transformaciones, con trayectorias orbitales arbitrarias, 

utilizando distintas métricas vectoriales, espaciales, temporales y operadores cuánticos de campo, todo 

esto, en superficies de espacio – tiempo cuatridimensionales, por lo que, no solamente se recurrirá a la 

teoría cuántica de campos de Yang – Mills, sino también a las teorías de la relatividad general y especial 

y otras leyes propias de la física y de las matemáticas puras, todo esto, con la finalidad de demostrar, 

que la brecha de masa, en un campo de Yang – Mills, esto es, cuando una partícula o antipartícula con 

o sin masa, según sea el caso, supera el cero absoluto, arroja un salto de energía cuyo resultado siempre 

es positivo. En el apartado de Resultados y Discusión, se desplegarán los sistemas matemáticos y de la 

física de partículas correspondientes que sostienen la hipótesis contenida en este Artículo Científico y 

en definitiva, en los trabajos que anteceden a éste. 

Para estos efectos, se han diseñado campos cuánticos hipotéticos, con superficies espaciales y 

temporales arbitrarias, todo esto, con la finalidad, de demostrar la existencia de la brecha de masa 

positiva y paralelamente, la curvatura geométrica de los campos cuánticos y los agujeros deformantes 

de los referidos campos. 

METODOLOGÍA 

La teorización desplegada en el presente manuscrito, resulta de la aplicación de una metodología de 

investigación integral, esto es, bajo un enfoque híbrido, tanto desde el punto de vista cualitativo como 

en su dimensión cuantitativa. El tipo de investigación que ha sido desarrollado a lo largo del presente 

Artículo Científico, es esencialmente predictivo, a la luz de la física teórica, aunque comporta también 

un carácter empírico o experimental. Por otro lado, las líneas de investigación adoptadas para la 

formulación del estado del arte, se ajustan al constructivismo. Cabe indicar, que no existe población de 

estudio en la medida en que el presente artículo científico, no es de carácter sociológico o social, más 

aun, en mérito a su impacto en la realidad de transformación. Tampoco se han implementado técnicas 

de recolección de información, tales como encuestas, entrevistas, etc, salvo revisión bibliográfica, a 

razón del campo de investigación abordado. Adicionalmente a lo antes expuesto, es perciso resaltar, que 

el material de apoyo es meramente bibliográfico. La técnica metodológica, dada la complejidad de la 



pág. 7131 

 

temática escrutada, es deductiva, pues la teorización en sentido estricto, ha sido desarrollada desde 

principios y premisas generales que son inherentes a la física de partículas en sentido lato. Finalmente, 

para efectos de construir y desarrollar las ecuaciones constantes en el presente artículo científico, se ha 

tomado en consideración la teoría cuántica de campos, muy especialmente, en tratándose de los campos 

de Yang – Mills, sin perjuicio de los demás sistemas de recalibración deducidos y esbozados a lo largo 

del presente Artículo Científico. 

RESULTADOS Y DISCUSIÓN (Formulación Matemática y en física de partículas) 

En un grupo cuántico de estructura G y bajo el algebra de Lie, obtenemos lo que sigue:  

⟨𝔄|𝔅⟩ = −𝔗𝔯𝔪𝔞𝔱⟨𝔫̅|ℂ⟩(𝔄|𝔅) 

Cuya transformación de gauge se reduce a lo que sigue:  

𝔄 ⋅ Ω = 𝔄Ω = Ω−1𝔡Ω + Ω−1𝔄Ω 

De cuyo resultado se obtienen la totalidad de las órbitas.  

Por otro lado, usando la métrica de Riemann en un volumen espacial específico, y utilizando el operador 

de Hodge, tenemos:  

𝔲⋀ ⋆ 𝔳 = (𝔲, 𝔳)𝔮𝔡𝜔 

Cuyas secciones se definen así:  

⟨𝔲|𝔳⟩ = ∫(𝔲, 𝔳)𝔮𝔡𝜔

∞

𝔐

 

De lo que obtenemos lo que sigue:  

|𝔲 ⊗ 𝔈|2 = −𝔗𝔯(𝔈 ⋅ 𝔈) 𝔲⋀ ⋆ 𝔳 = −𝔗𝔯(𝔈 ⋅ 𝔈)(𝔲, 𝔳)𝔮𝔡𝜔 

Cuya solución de Yang – Mills, es la que sigue:  

𝔖𝔜𝔐(𝔄) ∫|𝔡𝔄 + 𝔄⋀𝔄|2
∞

𝔐

 

𝔗exp [∫ 𝔄

∞

𝒞

] −
1

ℨ
𝔗𝔯 ∫ 𝔗exp [∫ 𝔄

∞

𝒞

]℮−1/2𝔖𝔜𝔐(𝔄)

∞

𝔄∈𝔄𝔐,𝔤/𝒢

𝔇𝔄 
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En la que la curvatura de la superficie espacial y de la superficie temporal se expresan de la siguiente 

manera:  

𝔇𝔄+ 𝔄⋀𝔄 =∑ ∑ 𝛼𝔦;𝔧,𝛼
1≤𝔦<𝔧≤4𝛼

⊗𝔡𝔵𝔦⋀𝔡𝔵𝔧⊗𝔈𝛼 +∑ ∑ 𝛼𝔦,𝛼
1≤𝔦<𝔧≤4𝛼,𝛽

𝛼𝔧,𝛽⊗𝔡𝔵𝔦⋀𝔡𝔵𝔧⊗ ⟨𝔈𝛼|𝔈𝛽⟩

+∑∑𝛼0:𝔧,𝛼
𝑗=1𝛼

⨂𝔡𝔵0⋀𝔡𝔵𝔧⨂𝔈𝛼 

Cuyas permutaciones y transformaciones, se expresan así:  

𝒞𝛾
𝛼𝛽

= −𝔗𝔯(𝔈𝛾(𝔈𝛼 , 𝔈𝛽)) 

𝔡𝔄 + 𝔄⋀𝔄 =∑〈 ∑ 𝛼𝔦;𝔧,𝛼⊗𝔡𝔵𝔦⋀𝔡𝔵𝔧 + ∑ ∑ 𝛼𝔦,𝛼
1≤𝔦<𝔧≤4𝛼<𝛽1≤𝔦<𝔧≤4

𝛼𝔧,𝛽𝒞𝛾
𝛼𝛽
⊗𝔡𝔵𝔦⋀𝔡𝔵𝔧

𝛾

+ 𝔡𝔵𝔦⋀𝔡𝔵𝔧∑𝛼0:𝔧,𝛾⨂𝔡𝔵
0⋀𝔡𝔵𝔧

𝑗=1

〉⨂𝔈𝛾 

∫|𝔡𝔄 + 𝔄⋀𝔄|2
∞

ℝ4

=∑ ∫ ‖∑𝛼𝔦;𝔧,𝛼
2 +∑ ∑ 𝛼𝔦,𝛼𝛼𝔧,𝛽𝛼𝔦,𝛼̂𝛼𝔧,𝛽̂

𝛼<𝛽,𝛼̂ < 𝛽̂𝛾𝛼

𝒞𝛾
𝛼𝛽
𝒞𝛾
𝛼̂𝛽̂

∞

ℝ4𝔦<𝔧

+ 4 ∑ 𝛼𝔦;𝔧,𝛾𝛼𝔦,𝛼𝛼𝔧,𝛽
𝛼<β,γ

𝒞𝛾
𝛼𝛽
‖  𝔡𝜔 +∑ ∫∑𝛼0:𝑗,𝛼

2

𝛼

∞

ℝ4𝑗

𝔡𝜔 

Campo Cuántico Abeliano 

Usando el teorema de Stoke, tenemos:  

∫∑𝔄𝔦

4

𝔦=1

∞

ℭ

⊗𝔡𝔵𝔦 = ∫∑𝔄𝔦𝔡𝔵
𝔦

4

𝔦=1

∞

𝜕𝔖

= ∫ 𝔡𝔄

∞

𝔖

= ∫ 𝔡𝔄

∞

ℜ4

× 4𝔖 = ‖𝔡𝔄, 4𝔖‖ 

Por lo que, la integral de Yang – Mills se expresa de la siguiente manera:  

1/ ∫ ℮−‖𝔡𝔄‖2/2𝔇𝔄

∞

𝔄

∫ ℮√−1⟨𝔡𝔄|4𝔖⟩℮−1/2|𝔡𝔄|2

∞

Α

𝔡𝔄 
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Cuyo cambio heurístico de variables, queda expresado así:  

1

det 𝔡−1 ∫ ℮−
‖𝔡𝔄‖2

2 𝔇(𝔡𝔄)
∞

𝔄
det 𝔡−1 ∫ ℮√−1⟨𝔡𝔄|4𝔖⟩∞

Α
℮
−

1
2|𝔡𝔄|2𝔇(𝔡𝔄)

=
1

∫ ℮−
‖𝔡𝔄‖2

2 𝔇(𝔡𝔄)
∞

𝔄 ∫ ℮√−1⟨𝔡𝔄|4𝔖⟩∞

Α
℮
−

1
2|𝔡𝔄|2𝔇(𝔡𝔄)

 

Más, en dimensión ℝ4 y aplicando la función delta de Dirac, tenemos:  

〈𝔉, 𝔛𝔵⨂𝔡𝔵
𝛼⋀𝔡𝔵𝛽〉 = 〈 ∑ ℑ𝔦𝔧𝔡𝔛

𝔦

0≤𝔦≤𝔧≤4

⋀𝔡𝔛𝔧, 𝔛𝔵⨂𝔡𝔵
𝛼⋀𝔡𝔵𝛽〉 = 〈ℑ𝛼𝛽𝔡𝔵

𝛼⋀𝔡𝔵𝛽 , 𝔛𝔵⨂𝔡𝔵
𝛼⋀𝔡𝔵𝛽〉 = ℑ𝛼𝛽(𝜒)

∈ ℝ4 

Cuyo gauge axial, según el teorema de Stokes, arroja como resultado lo que sigue: 

∫∑𝔄𝔦⨂𝔡𝔛
𝔦

4

𝔦=1

∞

ℭ

= ∫∑𝔄𝔦⨂𝔡𝔛
𝔦

4

𝔦=1

∞

𝜕𝔖

= ∫ 𝔡𝔄

∞

𝔖

= ∫ 𝔡𝔰𝔡𝔱

∞

(0,1)2

[ ∑ (𝔄𝔦;𝔧
1≤𝔦≤𝔧≤4

(𝜎)|𝒥𝔦𝔧
𝜎|) (𝔰, 𝔱) +∑(𝔄0:𝔧

4

𝔧=1

(𝜎)|𝒥0𝔧
𝜎 |) (𝔰, 𝔱)]

= ∫ 𝔡𝔰𝔡𝔱

∞

(0,1)2

〈𝔡𝔄, ∑ 𝜒𝜎(𝔰,𝔱)|𝒥𝔦𝔧
𝜎|(𝔰, 𝔱)⨂𝔡𝔵𝔦⋀𝔡𝔵𝔧

0≤𝔦≤𝔧≤4

〉 = 〈𝔡𝔄,𝔙𝔖̃〉 

En la que 𝔙𝔖̃ es igual a:  

𝔙𝔖̃ = ∫ ∑ 𝔡𝔰𝔡𝔱𝜒𝜎(𝔰,𝔱)
0≤𝔦≤𝔧≤4

∞

(0,1)2

|𝒥𝔦𝔧
𝜎| (𝔰, 𝔱) 𝔡𝔵𝔦⋀𝔡𝔵𝔧 

〈𝔡𝔄, ∑ 𝜒𝜎(𝔰,𝔱)|𝒥𝔦𝔧
𝜎| (𝔰, 𝔱)⨂𝔡𝔵𝔦⋀𝔡𝔵𝔧

0≤𝔦≤𝔧≤4

〉 = 〈𝔡𝔄, ∑ 𝜒𝜎(𝔰,𝔱)⨂𝔡𝔵
𝔦⋀𝔡𝔵𝔧

0≤𝔦≤𝔧≤4

〉 |𝒥𝔦𝔧
𝜎| (𝔰, 𝔱)

= ∑ 〈𝔄𝔦;𝔧, 𝜒𝜎(𝔰,𝔱)〉

0≤𝔦≤𝔧≤4

|𝒥𝔦𝔧
𝜎| (𝔰, 𝔱) = ∑ 〈𝔄𝔦;𝔧(𝜎(𝔰, 𝔱))〉

0≤𝔦≤𝔧≤4

|𝒥𝔦𝔧
𝜎| (𝔰, 𝔱) 

1

ℨ∫ ℮
√−1⟨𝔡𝔄|𝔙𝔖̃⟩℮

−
1

2|𝔡𝔄|2𝔇(𝔡𝔄)
∞

𝔄

−
1

ℨ∫ ℮
√−1⟨𝔡𝔄|𝔙𝔖̃⟩℮

−
1

2|𝔡𝔄|2∞

𝔄
det(𝔡−1)𝔇(𝔡𝔄) +

1

ℨ∫ ℮
√−1⟨𝔡𝔄|𝔙𝔖̃⟩℮

−
1

2|𝔡𝔄|2∞

𝔄

𝔇(𝔡𝔄)
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Siguiendo el mismo orden de ideas, un espacio de Schwartz, quedaría expresado así:  

𝒫𝔯 = ‖(𝓂1𝓂2, … ,𝓂𝔫)∑𝔪𝔧

𝔫

𝔧=1

= 𝔯‖ 

Más en dimensión ℝ4, incorporando la función de Gauss y la métrica de Lebesgue, tenemos:  

𝔣(𝔵) = ℘(𝔵)√𝜙𝜅(𝔵) 

〈𝔣, 𝔤〉 = ∫ 𝔣 ⋅ 𝔤𝔡𝜆

∞

ℝ4

 

〈𝔷𝔯, 𝔷̂𝔯〉 =
1

𝜋 ∫ 𝔷𝔯 ⋅ 𝔷̂𝔯̅
∞

ℂ
℮−|𝓏2|𝔡𝔵𝔡𝔭

, 𝔷 = 𝔵 + √−1𝜌 

Cuya función polinómica, se traduce a lo que sigue:  

ℋ℘ℜ
(𝔵) = ℏ𝑖(𝔵

0)ℏ𝑗(𝔵
1)ℏ𝑘(𝔵

2)ℏ𝑙(𝔵
3),℘ℜ = (𝑖, 𝑗, 𝑘, 𝑙) ∈ 𝔓ℜ 

Más, incorporando la métrica de Gauss, tenemos:  

⋃|
ℋ℘ℜ

(𝜅𝔵0, 𝜅𝔵1, 𝜅𝔵2, 𝜅𝔵3)√𝜙𝜅

√℘ℜ!
: 𝓅𝔯 ∈ 𝔓𝔯|

∞

𝔯=0

 

Por tanto, en dimensión ℝ4, tenemos:  

𝔖𝜅(ℝ
4)⨂Λ1(ℝ3) =  〈∑ 𝔉𝛼⨂𝔡𝔵

𝛼:

4

𝛼=1

𝔉𝛼 ∈ 𝔖𝜅(ℝ
4)〉 

𝔖̅𝜅(ℝ
4)⨂Λ2(ℝ4) = ‖ ∑ 〈𝔉𝛼𝛽⨂𝔡𝔵

𝛼⋀𝔡𝔵𝛽: 𝔉𝛼𝛽 ∈ 𝔖̅𝜅(ℝ
4)〉

0≤𝛼≤𝛽≤4

‖ 

Cuyo operador de Hodge, se reduce a lo siguiente:  

〈 ∑ |𝔉𝛼𝛽⨂𝔡𝔵
𝛼⋀𝔡𝔵𝛽, | ∑ |𝔉̂𝛼𝛽⨂𝔡𝔵

𝛼⋀𝔡𝔵𝛽|

0≤𝛼≤𝛽≤40≤𝛼≤𝛽≤4

〉 = ∑ |𝔉𝛼𝛽 , 𝔉̂𝛼𝛽|

0≤𝛼≤𝛽≤4

 

Cuya transformación de Segal - Bargmann y demás funciones holomórficas, dan como resultado lo que 

sigue:  

〈ℨℛ, ℨℛ
´
〉 =

1

𝜛∫ ℨℛ ∙ ℨℛ
´̅̅ ̅̅ ̅∞

ℂ
℮|−𝔷2|𝔡𝔵𝔡𝔭

, 𝔷 = 𝜒 + √−1𝜌 
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Ψ𝜅 =

ℏ𝔦(𝜅 ⋅)

√𝔦! ℏ𝔧(𝜅 ⋅)

√𝔧! ℏ𝔨(𝜅 ⋅)

√𝔨! ℏ𝔩(𝜅 ⋅)

√𝔩!
= √𝜙𝜅 ⟶

𝔷0
𝔦

√𝔦! 𝔷1
𝔧

√𝔧! 𝔷2
𝔨

√𝔨! 𝔷3
𝔩

√𝔩!
= 𝔣𝔦,𝛼⨂𝔡𝔵

𝔦⨂𝔈𝛼 ⟶Ψ𝜅(𝔣𝔦,𝛼)⨂𝔡𝔵
𝔦⨂𝔈𝛼 

En la que, en un espacio de Hilbert, se tiene: 

〈 ∑ 𝔣𝛼𝛽
0≤𝛼≤𝛽≤4

⨂𝔡𝔵𝛼⨂𝔡𝔵𝛽 , ∑ 𝔣̂𝛼𝛽
0≤𝛼≤𝛽≤4

⨂𝔡𝔵𝛼⨂𝔡𝔵𝛽〉 = ∑ 〈𝔣𝛼𝛽 , 𝔣̂𝛼𝛽〉

0≤𝛼≤𝛽≤4

 

𝜕∑𝔣𝔦

4

𝔦=1

⨂𝔡𝔵𝔦 =∑〈𝜕0𝔣𝔦〉

4

𝔦=1

⨂𝔡𝔵0⋀𝔡𝔵𝔦 + ∑ [𝜕𝔦𝔣𝔧 − 𝜕𝔧𝔣𝔦]⨂𝔡𝔵
𝔦⋀𝔡𝔵𝔧

1≤𝔦≤𝔧≤4

 

Ψ𝜅 = ∑ 𝔣𝔦,𝔧,𝛼
1≤𝔦≤𝔧≤4

⨂𝔡𝔵𝔦⋀𝔡𝔵𝔧⨂𝔈𝛼 ⟶ ∑ Ψ𝜅[𝔣𝔦,𝔧,𝛼]

1≤𝔦≤𝔧≤4

⨂𝔡𝔵𝔦⋀𝔡𝔵𝔧⨂𝔈𝛼 

ℋ2(ℂ4)⨂Λ1(ℝ3) = {∑ 𝔣𝛼⨂𝔡𝔵
𝛼: 𝔣𝛼 ∈ ℋ

2(ℂ4)

4

𝛼=1

} 

ℋ2(ℂ4)⨂Λ2(ℝ4) = { ∑ 𝔉𝛼𝛽⨂𝔡𝔵
𝛼⋀𝔡𝔵𝛽:

0≤𝛼≤𝛽≤4

𝔉𝛼𝛽 ∈ ℋ
2(ℂ4)} 

〈 ∑ 𝔉𝛼𝛽⨂𝔡𝔵
𝛼⋀𝔡𝔵𝛽 ,

0≤𝛼≤𝛽≤4

∑ 𝔉𝛼𝛽̂⨂𝔡𝔵
𝛼⋀𝔡𝔵𝛽

0≤𝛼≤𝛽≤4

〉 =  ∑ 〈𝔉𝛼𝛽, 𝔉̂𝛼𝛽〉

0≤𝛼≤𝛽≤4

= ∫ 𝔉𝛼𝛽𝔉̂𝛼𝛽𝔡𝜆4

∞

ℂ4

 

Cuyos polinomios de Hermite, se satisfacen así:  

𝔡

𝔡𝔵 (ℏ𝜂(𝜒)𝔈
−
𝔵2

4 )

= |𝜒ℏ𝜂(𝔵) − 𝜒ℏ𝜂+1(𝔵) − 𝓍/2ℏ𝜂(𝜒)|𝔈
−
𝔵2

4 =
𝔡

𝔡𝔵 (ℏ𝜂(𝜒)𝔈
−
𝔵2

4 )

= (
1

2ℏ𝜂+1(𝔵)
+

𝜂

2ℏ𝜂−1(𝔵)
− ℏ𝜂+1(𝔵))𝔈

−
𝔵2

4 = (
𝜂

2ℏ𝜂−1(𝔵)
−

1

2ℏ𝜂+1(𝔵)
)𝔈−

𝔵2

4  

𝔡∑ 𝔉𝛼𝛽⨂𝔡𝔵
𝛼 = ∑𝔡0𝔉0𝔡𝔵

0

4

𝛼=1

4

𝛼=1

⋀𝔡𝔵𝛼 + ∑ 〈−1〉𝔦𝔧

1≤𝔦≤𝔧≤4

〈𝜕𝔦𝔣𝔦 − 𝜕𝔦𝔣𝑗〉𝔡𝔵
𝔦⋀𝔡𝔵𝔧 

〈𝔣√𝜙𝜅 , 𝔤√𝜙𝜅〉 = ∫ 𝔣𝔤 ⋅

∞

ℝ4

𝜙𝜅 , 𝔡𝜆 

{
 

 

||
ℏ𝔦(𝜅𝜒

0)ℏ𝔧(𝜅𝜒
1)ℏ𝔨(𝜅𝜒

2)ℏ𝔩(𝜅𝜒
3)

√𝔦! 𝔧! 𝔨! 𝔩! √𝜙𝜅(𝔵)⃗⃗⃗⃗  ⃗
|| 𝔵 = (𝜒0, 𝜒1, 𝜒2, 𝜒3) ∈ ℝ4𝔦, 𝔧, 𝔨, 𝔩, ≥ 0

}
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〈 ∑ 𝔣𝛼𝛽
1≤𝛼≤𝛽≤4

⨂𝔡𝔵𝛼⋀𝔡𝔵𝛽 , ∑ 𝔣̂𝛼𝛽
1≤𝛼≤𝛽≤4

⨂𝔡𝔵𝛼⋀𝔡𝔵𝛽〉 = 〈𝔣𝛼𝛽 , 𝔣̂𝛼𝛽〉 

𝔡𝔣 =∑𝜕0𝔣𝔦

4

𝔦=1

⨂𝔡𝔵0⋀𝔡𝔵𝔦 + ∑ (𝜕𝔦𝔣𝔧 − 𝜕𝔧𝔣𝔦
1≤𝔦≤𝔧≤4

)𝔡𝔵𝔦⋀𝔡𝔵𝔧 = ℭ𝛾
𝛼𝛽

= −𝒯𝔯(𝔈𝛾(𝔈𝛼, 𝔈𝛽)), 𝔈𝛼 , 𝔈𝛽 , 𝔈𝛾 ∈ 𝔤  

𝔡𝔄 + 𝔄⋀𝔄 = ∑(∑𝛼0:𝔦,𝛾⨂𝔡𝔵
0⋀𝔡𝔵𝔧

4

𝔧=1

𝜂

𝛾=1

+ ∑ 𝛼𝔦;𝔧,𝛾
1≤𝔦≤𝔧≤4

⨂𝔡𝔵𝔦⋀𝔡𝔵𝔧

+ ∑ ∑ 𝛼𝔦,𝛼
1≤𝛼,𝛽≤𝜂1≤𝔦≤𝔧≤4

𝛼𝔧,𝛽ℭ𝛾
𝛼𝛽
⨂𝔡𝔵𝔦⋀𝔡𝔵𝔧) ⨂𝔈𝛾 

Cuya forma bilineal, se distribuye así:  

〈∑𝔉𝛼⨂𝔡𝔵
𝛼,∑𝔊𝛽⨂𝔡𝔵

𝛽

𝛼𝛼

〉𝜕𝜅 = 𝜅4 〈
𝜕

𝜕𝑡
(
𝑖

ℏ
)∑𝔉𝛼⨂𝔡𝔵

𝛼,∑𝔊𝛽⨂𝔡𝔵
𝛽

𝛼𝛼

〉 

𝜓𝜅: ℋ℘ℜ
(𝜅𝔵0, 𝜅𝔵1, 𝜅𝔵2, 𝜅𝔵3)√𝜙𝜅/√℘ℜ! → 𝔷𝔭𝔯/√℘ℜ! ≡ 𝔷0

𝑖0𝔷1
𝑖1𝔷2

𝑖2𝔷3
𝑖3/√𝑖0! 𝑖1! 𝑖2! 𝑖3! 

Cuya isometría extendida, deriva en lo que sigue:  

𝜓𝜅 [ ∑ 𝔉𝛼,𝛽
0≤𝛼≤𝛽≤4

⨂𝔡𝔵𝛼⋀𝔡𝔵𝛽] = ∑ 𝜓𝜅|𝔣𝛼,𝛽|⨂𝔡𝔵
𝛼⋀𝔡𝔵𝛽

0≤𝛼≤𝛽≤4

 

Ahora bien, un espacio abstracto de Wiener, se explica así:  

𝜇𝜅(𝜒 ∈ 𝔓−1(ℑ)) = (
𝜅

2𝜛
)
𝑙/2

∫ ℯ−𝜅|𝜑|
2/𝜓𝔡𝔶

∞

𝔶∈ℱ

 

{𝔷̂𝔭𝔯
⨂𝔡𝔵𝛼

|𝔷̂𝔭𝔯⨂𝔡𝔵𝛼|𝜕𝜅
: 𝜌𝔯 ∈ ℘𝔯, ℛ ≥ 0} 

𝔷̂𝔭𝔯⨂𝔡𝔵𝛼 = 𝔷𝔭𝔯⨂𝔡𝔵𝛼 −

∑ 〈𝔷𝔭𝔯⨂𝔡𝔵𝛼,
𝔷𝜌𝜏

𝛼,−
⨂𝔡𝔵𝛼

|𝔷𝜌𝜏
𝛼,−
⨂𝔡𝔵𝛼|

𝜕𝜅

〉4
𝛼=0 𝔷𝜌𝜏

𝛼,−
⨂𝔡𝔵𝛼

|𝔷𝜌𝜏
𝛼,−
⨂𝔡𝔵𝛼|

𝜕𝜅

+ |𝔷𝜌𝜏
𝛼,−
⨂𝔡𝔵𝛼|

𝜕𝜅

2

𝜓
− |𝔷𝜌𝜏

𝛼,−
⨂𝔡𝔵𝛼|

𝜕𝜅

+ 〈
𝔷𝜌𝜏

𝛼,−
⨂𝔡𝔵𝛼

|𝔷𝜌𝜏
𝛼,−
⨂𝔡𝔵𝛼|

𝜕𝜅

〉𝜕𝜅 ⋈ 4𝜅(𝔯 − 1)√℘ℜ! ⋅

(𝔯 + 1)
2

𝜅√℘ℜ!

ℛ2
/2

≤ 6𝜅(𝔯 − 1)2∑〈
𝔷𝜌𝜏

𝛼,−
⨂𝔡𝔵𝛼

|𝔷𝜌𝜏
𝛼,−
⨂𝔡𝔵𝛼|

𝜕𝜅

〉𝜕𝜅⨂𝔡𝔵
𝛼

4

𝛼=1
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𝜇𝜅(‖𝒫𝑏𝜒‖ > 𝜖) ≤ 𝜇𝜅 (

sup

𝔷 ∈ 𝔅(
0,1

2
)
)∑ ∑ 𝔼|ℭ𝔰𝛼𝜌𝜏,𝔅

𝔰 |
4
[|𝔷𝜌𝜏| + 6𝜅(𝔯 + 1)2∑|𝔷𝜌𝜏

𝛼,−
| > 𝜖

4

𝛼=1

] 1/√𝜅𝜖

𝜌𝜏≥𝔔𝔰𝔰

 

|〈𝜒(𝜔), 𝔡𝔵𝛼〉| ≤ |∑ ∑ ℭ𝜌𝜏,𝛼𝜔̂
𝜌𝜏/|𝜔̂𝜌𝜏⨂𝔡𝔵𝛼|𝜕𝜅

𝜌𝜏∈𝔮𝜏𝜏

|

≤ ℜ𝔐 ∑ ∑ |ℭ𝜌𝜏,𝛼|

𝜌𝜏∈𝔮𝜏𝜏≤ℳ

‖𝜔/ℜ‖𝜌𝜏 + 6𝜅(𝔯 + 1)2∑‖𝜔/ℜ‖𝜌𝜏
𝛼,−
2ℛℑ + 1/𝜅

4

𝛼=1

√℘ℜ! ‖𝜒‖ 

|〈𝜅𝜕𝔵(𝜔), 𝔡𝔵𝛼⋀𝔡𝔵𝛽〉| ≤ 𝜅 |∑ ∑
ℭ𝜌𝜏,𝛽𝜕𝛽𝜔̂

𝜌𝜏

|𝜔̂𝜌𝜏⨂𝔡𝔵𝛽|𝜕𝜅
𝜌𝜏∈𝔮𝜏𝜏

| + 𝜅 |∑ ∑
ℭ𝜌𝜏,𝛼𝜕𝛽𝜔̂

𝜌𝜏

|𝜔̂𝜌𝜏⨂𝔡𝔵𝛼|𝜕𝜅
𝜌𝜏∈𝔮𝜏𝜏

|

≤ ℜℳ ∑ ∑
|ℭ𝜌𝜏,𝛽| + |ℭ𝜌𝜏,𝛼|𝜕𝛽𝜔̂

𝜌𝜏

|𝜔̂𝜌𝜏⨂𝔡𝔵𝛼|𝜕𝜅
𝜌𝜏∈𝔮𝜏𝜏≤ℳ

|
𝜔

ℛ
|
𝜌𝜏

++6𝜅(𝔯 + 1)2∑|
𝜔

ℛ
|
𝜌𝜏
𝛼,−

4(𝔯 + 1)ℛℑ

4

𝛼=1

/√℘ℜ!

< (ℛℳ + 1)‖ℷ‖ℵℊ𝔦⨂𝔡𝔵
𝔦 ∈ ℋ2(ℂ4)⨂Λ2(ℝ4) → 𝜓𝜅|𝜕𝛼ℊ𝛽−𝜕𝛽ℊ𝛼| 

|(𝜔 + 𝜔0)
𝜌𝜏 −𝜔0

𝜌𝜏|

+ 6𝜅(𝔯 + 1)2∑|(𝜔 + 𝜔0)
𝜌𝜏
𝛼,−
−|𝜔0

𝜌𝜏
𝛼,−

⟨≤ ℜ𝜏|𝜔⟩

4

𝛼=1

(
sup

𝜔 ∈ 𝔅(0, 𝜖))
|〈𝔵(𝜔 + 𝜔0)

−〉𝔵(𝜔0), 𝔡𝔵
𝛼|

≤ (
sup

𝜔 ∈ 𝔅(0, 𝜖))∑ ∑ |ℭ𝜌𝜏|

𝜌𝜏∈𝔓𝜏𝜏

|2(𝜔 + 𝜔0)̂ 𝜌𝜏 − 𝜔̂0
𝜌𝜏|𝜅√℘ℜ!

+
(

sup

𝜔 ∈ 𝔅(0, 𝜖)
)∑ ∑ ∑ |ℭ𝜌𝜏|𝜌𝜏∈𝔓𝜏𝜏 |6𝜅(𝔯 + 1)2 ⋅ 2|(𝜔 + 𝜔0)̂ 𝜌𝜏 − 𝜔̂0

𝜌𝜏||4
𝛼=1

√𝜅℘ℜ!

≤

4

𝜅 (
sup

𝜔 ∈ 𝔅(0, 𝜖))
∑ ∑ |ℭ𝜌𝜏|𝜌𝜏∈𝔓𝜏𝜏 |(4𝜏ℛ𝜏|𝜔||

𝜅√℘ℜ!

+ 2𝜅 (
sup

𝜔 ∈ 𝔅(0, 𝜖))∑∑ ∑
6𝜅(𝔯 + 1)2

2𝜏−2|ℭ𝜌𝜏|𝜌𝜏∈𝔓𝜏𝜏

(2𝜏−2
4

𝛼=1

ℜ𝜏−2|𝜔|)/𝜅√℘ℜ!

≤ 2ℭ(𝜔0)/𝜅 ⋅ 𝜖|𝜒| 
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𝜇𝜅̃ ((

sup

𝜔 ∈ 𝔅(𝜔0,
1

𝜅
)
) |𝔵(𝜔 + 𝜔0) − 𝔵(𝜔0), 𝔡𝔵

𝛼| > 𝜖)

= 𝜇𝜅̃ ((

sup

𝜔 ∈ 𝔅(𝜔0,
1

𝜅
)
) |𝔵, 𝜁𝛼(𝜔 + 𝜔0) − 𝜁𝛼(𝜔0), 𝔡𝔵

𝛼| > 𝜖) ≤ 𝜇𝜅̃ (
2ℭ(𝜔0)

𝜅𝔨‖𝔵‖
> 𝜖)

→ 0 

〈
𝜕𝛼𝔷𝛼

𝜂

√𝜂!
,
𝜕𝛽𝔷𝛽

𝜂

√𝜂!
〉 ≥ 𝜂 +

1

4 〈
𝜕𝛼𝔷𝛼

𝜂+1

√𝜂 + 1!
,
𝜕𝛽𝔷𝛽

𝜂+1

√𝜂 + 1!
〉

 

Siendo la integral de Yang – Mills, la siguiente:  

1

ℨ
∫ ℮∫ ∑ 𝔄𝑗⨂𝔡𝔵

𝑗⨂𝔦4
𝑗=1

∞

ℂ

∞

𝔄

𝔈−|𝔡𝔄|
2/2𝔇𝔄, 𝔦 = √−1 

1

ℨ
℮
−

1

2∫ |𝔡𝔄+𝔄⋀𝔄|4𝔡𝜔
∞

ℝ4 𝒟(𝔡𝔄) 

ℨ = ∫ ℮
−

1

2∫ |𝔡𝔄+𝔄⋀𝔄|4𝔡𝜔
∞

ℝ4 𝒟(𝔡𝔄)

∞

{𝔡𝔄:𝔄∈𝔖𝜅(ℝ4)⨂Λ1(ℝ4)𝔤}

 

1

ℨ
℮
−

1

2∫ |𝜅𝔡𝔄+𝔄⋀𝔄|4𝔡𝜆4
∞

ℂ4 𝒟(𝔡𝔄) 

ℨ = ∫ ℮
−

1

2∫ |𝜅𝔡𝔄+𝔄⋀𝔄|4𝔡𝜆4
∞

ℂ4 𝒟(𝔡𝔄)

∞

{𝔡𝔄:𝔄∈ℋ2(ℂ4)⨂Λ1(ℝ4)⨂𝔤}

 

ℍ = {(𝔡0ℋ
2(ℂ4)) ⨂(∗ Λ2(ℝ4))} ⊕ {ℋ2(ℂ4)⨂Λ2(ℝ4)} ⊂ ℋ2(ℂ4)⨂Λ2(ℝ4) 

1

ℨ
℮
−

1

2∫ |𝜅𝔡𝔄+𝔄⋀𝔄|4𝔡𝜆4
∞

ℂ4 𝒟(𝔡𝔄) =
𝒴𝜅𝔡𝜇̂𝜅2

×𝜂

∫ 𝒴𝜅𝔡𝜇̂𝜅2
×𝜂∞

𝔹⨂𝔤

=
𝒴𝜅𝔡𝜇̂𝜅2

×𝜂

𝔼|𝒴𝜅|
 

𝔼𝛾𝔐
𝜅 [ℛ]ℜ = 1/ ∫ 𝒴𝜅𝔡𝜇̂𝜅2

×𝜂
∞

𝔹⨂𝔤

∫ ℑ𝒴𝜅𝔡𝜇̂𝜅2
×𝜂

∞

𝔹⨂𝔤
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∫|𝔡𝔄 + 𝔄⋀𝔄|4
∞

ℝ4

 𝔡𝜔 ∑ ∫(∑ 𝛼𝔦;𝔧,𝛼
2

𝜂

𝛼=1

∞

ℝ4

+

1≤𝔦≤𝔧≤4

∑∑𝛼𝔦,𝛼
𝛼,𝛽

𝛼̂,𝛽̂

𝜂

𝛾=1

𝛼𝔧,𝛽𝛼𝔦,𝛼̂𝛼𝔧,𝛽̂ℭ𝛾
𝛼𝛽
ℭ𝛾
𝛼̂𝛽̂

+ 2∑∑𝛼𝔦;𝔧,𝛾𝛼𝔦,𝛼𝛼𝔧,𝛽ℭ𝛾
𝛼𝛽
)𝔡𝜔 + ∑ ∫ ∑𝛼0:𝔧,𝛼

2

𝜂

𝛼=1

∞

ℝ4

4

𝔦;𝔧=1

 𝔡𝜔
𝛼,𝛽

𝛼̂,𝛽̂

𝜂

𝛾=1

 

exp [−1/2∑ ∫ 𝔡𝜔

∞

ℝ4

𝜂

𝛼=1

∑ ∫ 𝛼𝔦;𝔧,𝛼
2

∞

ℝ4

+ ∑ ∫ 𝛼0:𝔧,𝛼
2

∞

ℝ4

4

𝔦;𝔧=11≤𝔦≤𝔧≤4

]𝒟(𝔡𝔄) 

Más, usando el teorema de Stokes, obtenemos:  

1

ℨ
∫ ℮∫ 𝔡𝔄⨂𝔦

∞

𝕊

∞

𝔄

𝔈−|𝔡𝔄|
2/2𝔇𝔄 

1

ℨ
∫ ℮ℑ∫ 𝜅𝜕𝔄

∞

𝕊

∞

𝔄∈ℋ2(ℂ4)⨂Λ2(ℝ4)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

℮−|𝜅𝜕𝔄|2/2𝔇𝔄 

𝜈𝔰
𝜅 = ∫ 𝔡𝔰𝔡𝔱

∞

ℑ2

∑
𝜅2

4
0≤𝛼≤𝛽≤4

|𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)𝜉𝛼𝛽

𝜅 (
𝜅𝜎(𝔰, 𝔱)

2
) 

Υ(ℝ4, 𝜅; 𝔖, 𝔦) = 𝔼𝔜𝔐 (exp(
1

𝜅
(⋅, 𝜈𝔰

𝜅))) = ∫ (exp(
1

𝜅
(𝔄, 𝜈𝔰

𝜅⨂𝔦)))

∞

𝔄∈𝔅(ℝ4;𝜕)

𝔡𝜇̃(𝔄) 

𝔼𝔜𝔐 = (exp(
1

𝜅
∑ ∫

𝜅2

4

∞

ℑ20≤𝛼≤𝛽≤4

|𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱) (⋅, 𝜉𝛼𝛽

𝜅 (
𝜅𝜎(𝔰, 𝔱)

2
)⨂𝔦) 𝔡𝔰𝔡𝔱))

= exp (−1/2 |
∑ ∫ 𝔡𝔰𝔡𝔱

∞

ℑ20≤𝛼≤𝛽≤4 𝜅

4
|𝔍𝛼𝛽

𝜎 |(𝔰, 𝔱)𝜉𝛼𝛽
𝜅 (

𝜅𝜎(𝔰, 𝔱)

2
)| 𝜕,𝜅

2 )  

→ exp  (−1/8 ∫ 𝜌𝔖

∞

𝔖

)  

𝜓𝜔 = 𝜓(𝜔) =
℮−

|𝜔|2

2

√2𝜛
= 〈𝜓𝜔𝜒𝜔, 𝜓𝜈𝜒𝜈〉 = 𝜓𝜔𝜓𝜈℮

𝜔𝜈 =
1

2𝜛
℮−|𝜔−𝜈|2/2 
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〈∑∑∑ℭ𝜌𝜏 , 𝔦
ℨ𝜌𝜏⨂𝔡𝔵𝔦,

𝜌𝜏𝜏

4

𝔦=1

𝜉𝛼𝛽
𝜅 (𝜔)〉𝜕,𝜅 = 𝜅2 〈𝜕∑∑∑ℭ𝜌𝜏 , 𝔦

ℨ𝜌𝜏⨂𝔡𝔵𝔦,

𝜌𝜏𝜏

4

𝔦=1

𝜕𝜉𝛼𝛽
𝜅 (𝜔)〉

= 𝜅∑∑𝜓(𝜔)(ℭ𝜌𝜏,𝛽𝜕𝛼𝜔
𝜌𝜏 −

𝜌𝜏𝜏

ℭ𝜌𝜏,𝛼𝜕𝛽𝜔
𝜌𝜏) 

exp(−(
1

𝜅
∑ ∫ 𝔡𝔰𝔡𝔱

∞

ℑ20≤𝛼≤𝛽≤4

|𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)

𝜅2

4
𝜉𝛼𝛽
𝜅 (

𝜅𝜎(𝔰, 𝔱)

2
))𝜕,𝜅

2 /2)

=  exp  (1/2 ∑ ∫ 𝔡𝔰𝔡𝔱𝔡𝔰̅𝔡𝔱̅

∞

ℑ2⋅ℑ20≤𝛼≤𝛽≤4

𝜅2

16
|𝔍𝛼𝛽

𝜎 |(𝔰, 𝔱)|𝔍𝛼𝛽
𝜎 |(𝔰̅, 𝔱)̅𝜅2 〈𝜕𝜉𝛼𝛽

𝜅 (
𝜅𝜎(𝔰, 𝔱)

2
) , 𝜕𝜉𝛼𝛽

𝜅 (
𝜅𝜎(𝔰̅, 𝔱)̅

2
)〉

= exp(−1/8(2𝜋) ∑ ∫ 𝔡𝔰𝔡𝔱𝔡𝔰̅𝔡𝔱̅

∞

ℑ2⋅ℑ20≤𝛼≤𝛽≤4

𝜅2

4
|𝔍𝛼𝛽

𝜎 |(𝔰, 𝔱)|𝔍𝛼𝛽
𝜎 |(𝔰̅, 𝔱)̅℮

−
𝜅2|𝜎(𝔰,𝔱)−𝜎(𝔰̅,𝔱)̅|2

8 )  

→ exp  (−1/8 ∑ ∫ 𝔡𝔰𝔡𝔱

∞

ℑ20≤𝛼≤𝛽≤4

|𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)𝜌𝔖

𝛼𝛽
(𝜎(𝔰, 𝔱))) = ℮−1/8∫ 𝜌𝔖

∞

𝔖  

Campo Cuántico no Abeliano 

En campos cuánticos no abelianos y bajo operadores holonómicos y por algebra de Lie, obtenemos:  

𝒯 = ∫ ℮∫ ∑ 𝔄𝔦⨂𝔡𝔵
𝔦4

𝔦=1
∞

ℭ ℮−1/2|Ϝ|2𝔇𝔄

∞

𝔄

 

𝒯 exp(∫∑𝔄𝔦⨂𝔡𝔵
𝔦

4

𝔦=1

) =

∞

ℭ

𝒯 exp(∑ ∫∑𝔄𝔧⨂𝔡𝔵
𝔧

4

𝔧=1

) = 𝒯⨂𝑖

∞

ℭ𝔦𝔦

exp(∫∑𝔄𝔧⨂𝔡𝔵
𝔧

4

𝔧=1

) = 𝒯⨂𝑖

∞

ℭ𝔦

(ℑ

+∑|Ϝ𝛼𝔼
𝛼|(𝔖𝔦)Δ𝔦𝔖

2 + 𝒪(Δ𝔦𝔖
3))

𝛼

=𝒯⨂𝑖exp(log(ℑ

+∑|Ϝ𝛼𝔼
𝛼|(𝔖𝔦)Δ𝔦𝔖

2 + 𝒪(Δ𝔦𝔖
3))) = 𝒯 exp(

𝛼

∑∑|Ϝ𝛼𝔼
𝛼|(𝔖𝔦)Δ𝔦𝔖

2 + 𝒪(Δ𝔦𝔖
3))

𝛼𝔦

⟶ 𝒯exp(∫∑Ϝ𝛼𝔼
𝛼

𝛼

∞

𝔖
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Cuyo operador de translación en curvatura, es la que sigue:  

𝔄0
1−𝔄1−

1 ⋅ 𝔄0+
1 ⋅∏ 𝔄0

𝔦−
𝜂

𝔦=2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
∙ 𝔄1−

𝜂
⋅∏ 𝔄𝔦−

𝜂
𝜂

𝔦=2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗
⋅∏ 𝔄𝜂

𝔦+
𝜂−1

𝔦=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗
⋅∏ 𝔄𝔦+

0
𝜂−1

𝔦=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

=∏ 𝔄0
𝔦−

𝜂

𝔦=1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
∙∏ 𝔄𝔦−

𝜂
𝜂

𝔦=1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗
∙∏ 𝔄𝜂

𝔦+
𝜂−1

𝔦=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗
⋅∏ 𝔄𝔦+

0
𝜂−1

𝔦=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗
 

En el que, la curvatura, se expresa así:  

𝔄𝔦
(𝔧+1)−

𝔄(𝔦+1)−
𝔧+1−

𝔄𝔦+1
𝔧+
𝔄𝔦+
𝔧
𝔘𝔦
𝔧
= 𝔘𝔦

𝔧
+ 𝜖2 ∑ ⟨𝔍𝛼𝛽

𝜎 |Ω𝔦,𝛼𝛽
𝔧

⟩

0≤𝛼≤𝛽≤4

(𝜎† (
𝔦

𝜂
,
𝔧

𝜂
) , 𝜎̇ (

𝔦

𝜂
,
𝔧

𝜂
))𝔘𝔦

𝔧
+ 𝒪(𝜖4)

= 𝔘𝔦
𝔧
+ 𝜖2𝔘𝔦

𝔧
𝔍Ω𝔦

𝔧
+ 𝒪(𝜖4)⊠𝔦

𝔧
 

𝔄𝔦
(𝔧+1)−

𝔄(𝔦+1)−
𝔧+1

𝔄𝔦+1
𝔧+
𝔄𝔦+
𝔧
⋅ 𝔄(𝔦+1)−

𝔧
𝔘𝔦+1
𝔧

∏ (1+ 𝜖2
𝜂−1

𝜅=𝔦+1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗
𝔍Ω𝜅

𝔧
+ 𝒪(𝜖4) ⊠𝜅

𝔧
)  

= 𝔄𝔦
(𝔧+1)−

𝔄(𝔦+1)−
𝔧+1

𝔄𝔦+1
𝔧+
𝔄𝔦+
𝔧
𝔘𝔦
𝔧
∏ (1+ 𝜖2𝔍Ω𝜅

𝔧
+ 𝒪(𝜖4)⊠𝜅

𝔧
)

𝜂−1

𝜅=𝔦+1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

= 𝔘𝔦
𝔧
(1 + 𝜖2𝔍Ω𝜅

𝔧
+ 𝒪(𝜖4)⊠𝜅

𝔧
)  

𝔘̃1
𝔧+1

= 𝔄̃1
𝔧+
𝔘̃1
𝔧+
⋅∏ (1 +

𝜂−1

𝜅=1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗
𝔍Ω𝜅

𝔧+1
𝜖2 +𝒪(𝜖4)⊠𝜅

𝔧
)

= 𝔄̃1
𝔧+
⋅∏ 𝔄̃1

𝔩+
𝔧−1

𝔩=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗
. 𝔄̃0+

0 𝜇0∏ 𝔄̃1
𝔩+

𝔧

𝔩=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗
∏ (1 + 𝜖2𝔍Ω𝜅

𝔩 + 𝒪(𝜖4)⊠𝜅
𝔧
)

𝜂−1

𝜅=1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

⋅∏ (1 + 𝔍Ω𝜅
𝔧+1
𝜖2 + 𝒪(𝜖4) ⊠𝜅

𝔧
)

𝜂−1

𝜅=1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

=∏ 𝔄̃1
𝔩+

𝔧

𝔩=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗
. 𝔄̃0+

0 𝜇0∏ 𝔄̃1
𝔩+

𝔧+1

𝔩=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗
∏ (1 + 𝜖2𝔍Ω𝜅

𝔩 + 𝒪(𝜖4) ⊠𝜅
𝔧
)

𝜂−1

𝜅=1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗
 

𝒯ℯ∫ 𝒜
∞

𝒞
 𝜇0 = 𝜇0∏ (1+ 𝜖2𝔍Ω̂𝜅

𝔩 + 𝒪(𝜖4)⊠𝜅
𝔧
)

𝜂−1

𝔩=0

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗
.∏ (1 + 𝜖2𝔍Ω𝜅

𝔩 + 𝒪(𝜖4)⊠𝜅
𝔧
)

𝜂−1

𝜅=1

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

= 𝜇0∏ ℮𝜖2𝔍Ω̂𝜅
𝔩 +𝒪(𝜖4)⊠𝜅

𝔧𝜂−1

𝔩=0

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
⋅∏ ∏ ℮𝜖2𝔍Ω̂𝜅

𝔩 +𝒪(𝜖4)⊠𝜅
𝔧𝜂−1

𝜅=1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝜂−1

𝔩=0

⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗

⟶ 𝜇0 ⋅ 𝒯̃ exp( ∫ ∑ 𝔍𝛼𝛽
𝜎

0≤𝛼≤𝛽≤4

∞

ℑ2

(𝔰, 𝔱)Ω𝛽
𝛼(𝔰, 𝔱)𝔡𝔰𝔡𝔱)  
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Por lo que, finalmente la integral de Yang – Mills, equivale a lo que sigue:  

exp−1/2(∫ 𝔡𝜆4

∞

ℂ4

|𝜅𝜕𝔄 + 𝔄⋀𝔄|2)𝔇𝔄

= exp(−1/2 ∫ 𝔡𝜆4

∞

ℂ4

|𝜅𝜕𝔄 + 𝔄⋀𝔄| + 〈𝔄⋀𝔄, 𝜅𝜕𝔄〉

+ 〈𝔄⋀𝔄〉2) exp(−1/2 ∫ 𝔡𝜆4

∞

ℂ4

|𝜅𝜕𝔄|2)𝔇𝔄 

〈𝜅𝜕𝔄(𝜔), 𝔡𝔵𝛼⋀𝔡𝔵𝛽〉 = (𝔄, 𝜉𝛼𝛽
𝜅 (𝜔)) = {𝔄𝔦𝔄𝔧}(𝜔) = 𝔄𝔦(𝜔)𝔄𝔧(𝜔) = (𝔄⨂𝔄, 𝜁𝔦(𝜔)⊗𝔄, 𝜁𝔧(𝜔))

= {𝔄𝔦,𝛼𝔄𝔧,𝛽𝔄𝔦,𝛼𝔄𝔧,𝛽̅̅ ̅̅ ̅̅ ̅̅ ̅̅ }(𝜔) = 〈𝔄⨂𝔄⨂𝔄̅⨂𝔄̅, 𝜒𝔦,𝛼,𝜔⨂𝜒𝔧,𝛽,𝜔⨂𝜒𝔦,𝛼̂,𝜔⨂𝜒𝔧,𝛽̂,𝜔〉 

𝔄 =∑∑𝔄𝔦,𝛼⊗

𝜂

𝛼=1

4

𝔦=1

𝔡𝔵𝔦⊗𝔈𝛼, 𝔄̃ =∑∑𝔄𝔦,𝛼̃⊗

𝜂

𝛼=1

4

𝔦=1

 𝔡𝔵𝔦⊗𝔈𝛼 

∫ {𝔄𝔦,𝛼𝔄𝔧,𝛽𝔄𝔦,𝛼𝔄𝔧,𝛽̅̅ ̅̅ ̅̅ ̅̅ ̅̅ }(𝜔) = 〈𝔄⨂
2
⨂𝔄̂⨂

2
, ∫ 𝔡𝜔

∞

𝜔∈ℝ4

𝜒𝔦,𝛼,𝜔⨂𝜒𝔧,𝛽,𝜔⨂𝜒𝔦,𝛼̂,𝜔⨂𝜒𝔧,𝛽̂,𝜔〉

∞

𝜔∈ℝ4

  

(𝔄𝔦1,𝛼1⨂⋅⋅⋅ 𝔄𝔦4,𝛼4 , 𝜛̃𝜔
⨂4
) =∏(𝔄𝔦𝔧,𝛼𝔧 , 𝜋̃𝔦𝔧,𝛼𝔧,𝜔)

4

𝔧=1

= (𝔄𝔦1,𝛼1⨂⋅⋅⋅ 𝔄𝔦3,𝛼3 , ( 𝜉𝛼𝛽
𝜅 (𝜔)⊗ 𝔈𝛼1 ⊗ 𝜛̃𝜔

⊗2

)

= (𝔄𝔦1,𝛼1 , 𝜉𝛼𝛽
𝜅 (𝜔)⊗ 𝔈𝛼1)∏(𝔄𝔦𝔧,𝛼𝔧 , 𝜋̃𝔦𝔧,𝛼𝔧,𝜔)

4

𝔧=2

= (𝔄𝔦1,𝛼1⨂⋅⋅⋅ 𝔄𝔦4,𝛼4𝜛̃𝜔
⊗4

⊗ (𝜉𝛼𝛽
𝜅 (𝜔)⊗ 𝔈𝛼4))

= (𝔄𝔦4,𝛼4 , 𝜉𝛼𝛽
𝜅 (𝜔)⊗ 𝔈𝛼4)∏(𝔄𝔦𝔧,𝛼𝔧 , 𝜋̃𝔦𝔧,𝛼𝔧,𝜔)

4

𝔧=1
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∫ 𝔡𝜆4

∞

ℂ4

|𝔄⋀𝔄|2 =∑ ∑ ∑
1

2ℭ𝛾
𝛼𝛽

𝛼<𝛽

𝛼̂<𝛽̂

0≤𝔦≤𝔧≤4𝛾

ℭ𝛾
𝛼̂𝛽̂
( (𝔄𝔦,𝛼⨂𝔄𝔧,𝛽⨂𝔄𝔦,𝛼̂⨂𝔄𝔧,𝛽̂ , ∫ 𝔡𝜆4

∞

𝜔∈ℂ4

(𝜔)𝜛̃𝜔
⊗4

)

+ (𝔄𝔦,𝛼⨂𝔄𝔧,𝛽⨂𝔄𝔦,𝛼̂⨂𝔄𝔧,𝛽̂ , ∫ 𝔡𝜆4

∞

𝜔∈ℂ4

(𝜔)𝜛̃𝜔
⊗4

)) 

∫ 𝔡𝜆4

∞

ℂ4

|𝜅𝜕𝔄,𝔄⋀𝔄|4

=∑∑ ∑ ∑ ℭ𝛾
𝛼𝛽

𝛼<𝛽

𝛼̂<𝛽̂

1≤𝔦≤𝔧≤4

4

𝜅=1𝛾

(𝔄𝜅,𝛾⨂𝔄𝔦,𝛼⨂𝔄𝔧,𝛽 , ∫ 𝔡𝜆4

∞

𝜔∈ℂ4

(𝜔)(𝜉𝔦𝔧
𝜅(𝜔)⨂𝔈𝛾)⨂𝜛̃𝜔

⊗4

)

+ ∫ 𝔡𝜆4

∞

ℂ4

|𝔄⋀𝔄, 𝜅𝜕𝔄|4∑∑ ∑ ∑ℭ𝛾
𝛼𝛽

𝛼<𝛽

𝛼̂<𝛽̂

1≤𝔦≤𝔧≤4

4

𝜅=1𝛾

(𝔄𝔦,𝛼⨂𝔄𝔧,𝛽⨂𝔄𝜅,𝛾  ∫ 𝔡𝜆4

∞

𝜔∈ℂ4

(𝜔)(𝜉𝔦𝔧
𝜅(𝜔)⨂𝔈𝛾)⨂𝜛̃𝜔

⊗4

) 

𝔜𝔖
𝜅 = ({𝔄𝔦,𝛼}𝔦,𝛼)

= 𝔗𝔯𝒯̂ exp(
1

𝜅
⋅
𝜅2

4

⋅ 𝜌𝜅

/4 ∫ 𝔡𝔰𝔡𝔱

∞

ℑ2

𝜇𝔰,𝔱
−1

(

 
 

∑ |𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)|𝔍𝛼𝛽

𝜎 |(𝔰̅, 𝔱)̅

1≤𝔦≤𝔧≤4

∑(𝔄𝛼
𝛼

, 𝜉𝛼𝛽
𝜅 (

𝜅𝜎(𝔰, 𝔱)

2
)⨂𝔈𝛼⊗𝜌(𝔈𝛼))

+ ∑ |𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)|𝔍𝛼𝛽

𝜎 |(𝔰̅, 𝔱)̅

1≤𝔦≤𝔧≤4

∑∑ ∑ ∑ℭ𝛾
𝛼𝛽

𝛼<𝛽

𝛼̂<𝛽̂

1≤𝔦≤𝔧≤4

4

𝜅=1𝛾

(𝔄𝔦,𝛼⨂𝔄𝔧,𝛽⨂𝔄𝜅,𝛾⨂𝜛̃
(
𝜅𝜎(𝔰,𝔱)
2

)

⊗4

 ⨂𝜌(𝔈𝛾))𝜇𝔰,𝔱

)
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𝔜𝔖
𝜅 = ({𝔄𝔦,𝛼}𝔦,𝛼)

= exp(−
1

2
∑∑ ∑ ∑ℭ𝛾

𝛼𝛽

𝛼<𝛽

𝛼̂<𝛽̂

1≤𝔦≤𝔧≤4

4

𝜅=1𝛾

(𝔄𝜅,𝛾⨂𝔄𝔦,𝛼⨂𝔄𝔧,𝛽 ∫ 𝔡𝜆4

∞

𝜔∈ℂ4

(𝜔)(𝜉𝔦𝔧
𝜅(𝜔)⨂𝔈𝛾)⨂𝜛̃𝜔

⊗4

)

− 1/2∑∑ ∑ ∑ ℭ𝛾
𝛼𝛽

𝛼<𝛽

𝛼̂<𝛽̂

1≤𝔦≤𝔧≤4

4

𝜅=1𝛾

(𝔄𝔦,𝛼⨂𝔄𝔧,𝛽⨂𝔄𝜅,𝛾  ∫ 𝔡𝜆4

∞

𝜔∈ℂ4

(𝜔)𝜛̃𝜔
⊗4

⨂(𝜉𝔦𝔧
𝜅(𝜔)⨂𝔈𝛾))

− 1/2∑∑ ∑ ∑ ℭ𝛾
𝛼𝛽

𝛼<𝛽

𝛼̂<𝛽̂

1≤𝔦≤𝔧≤4

4

𝜅=1𝛾

ℭ𝛾
𝛼̂𝛽̂
/2 ((𝔄𝔦,𝛼⨂𝔄𝔧,𝛽⨂𝔄𝔦,𝛼̂⨂𝔄𝔧,𝛽̂, ∫ 𝔡𝜆4

∞

𝜔∈ℂ4

(𝜔)𝜛̃𝜔
⊗4

)

+ (𝔄𝔦,𝛼⨂𝔄𝔧,𝛽⨂𝔄𝔦,𝛼̂⨂𝔄𝔧,𝛽̂, ∫ 𝔡𝜆4

∞

𝜔∈ℂ4

(𝜔)𝜛̃𝜔
⊗4

))) 

|
|(
𝜅

4
) ∫ 𝔡𝔰𝔡𝔱

∞

ℑ2

∑ |𝔍𝔦𝔧
𝜎|(𝔰, 𝔱)|𝔍𝔦𝔧

𝜎|(𝔰̅, 𝔱)̅∑∑ |ℭ𝛾
𝛼𝛽
| |𝜋𝔦(𝜔)|𝜕,𝜅ℳ

(
𝔦,𝜅𝜎(𝔰,𝔱)

2
)

𝛼 ℳ
(
𝔧,𝜅𝜎(𝔰,𝔱)

2
)

𝛽

𝛼<𝛽

𝛼̂<𝛽̂

𝛾1≤𝔦≤𝔧≤4
|
|

≤ (
𝜅

4
) (

4

2𝜋
)𝜅2 ∫ 𝔡𝔰𝔡𝔱

∞

ℑ2

∑ |𝔍𝔦𝔧
𝜎|(𝔰, 𝔱)|𝔍𝔦𝔧

𝜎|(𝔰̅, 𝔱)̅∑|
|∑ |ℭ𝛾

𝛼𝛽
|ℳ

(
𝔦,𝜅𝜎(𝔰,𝔱)

2
)

𝛼 ℳ
(
𝔧,𝜅𝜎(𝔰,𝔱)

2
)

𝛽

𝛼<𝛽

𝛼̂<𝛽̂

|
| = Ϝ𝜂

𝛾1≤𝔦≤𝔧≤4

= 4(
4

𝜅
) (

4

2𝜋
)𝜅2 ∑ ∑ |𝔍𝔦𝔧

𝜎| (
𝜌

𝜂
,
𝔮

𝜂
) /𝜂2

𝜂

𝜌,𝔮=11≤𝔦≤𝔧≤4

∑

|

|

∑ |ℭ𝛾
𝛼𝛽
|ℳ

(
𝔦,𝜅𝜎(

𝜌
𝜂
,
𝔮
𝜂
)

2 )

𝛼 ℳ

(

 
 
𝔧,𝜅𝜎((

𝜌
𝜂
,
𝔮
𝜂
))

2

)

 
 

𝛽

𝛼<𝛽

𝛼̂<𝛽̂
|

|

𝛾
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||(
𝜅

4
) ∫ 𝔡𝔰𝔡𝔱

∞

ℑ2

∑ |𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)|𝔍𝛼𝛽

𝜎 |(𝔰̅, 𝔱)̅∑∑|ℭ𝛾
𝛼𝛽
| |𝜋𝛼𝛽(𝜔)|𝜕,𝜅

ℳ
(
𝛼,𝜅𝜎(𝔰,𝔱)

2
)

𝔦 ℳ
(
𝛽,𝜅𝜎(𝔰,𝔱)

2
)

𝔧

𝔦<𝔧
𝔦̂<𝔧̂

𝛾1≤𝛼≤𝛽≤4

||

≤ (
𝜅

4
) (

4

2𝜋
)𝜅2 ∫ 𝔡𝔰𝔡𝔱

∞

ℑ2

∑ |𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)|𝔍𝛼𝛽

𝜎 |(𝔰̅, 𝔱)̅∑||∑|ℭ𝛾
𝛼𝛽
|ℳ

(
𝛼,𝜅𝜎(𝔰,𝔱)

2
)

𝔦 ℳ
(
𝛽,𝜅𝜎(𝔰,𝔱)

2
)

𝔧

𝔦<𝔧
𝔦̂<𝔧̂

|| = Ϝ𝜂
𝛾1≤𝔦≤𝔧≤4

= 4(
4

𝜅
) (

4

2𝜋
)𝜅2 ∑ ∑ |𝔍𝛼𝛽

𝜎 | (
𝜌

𝜂
,
𝔮

𝜂
) /𝜂2

𝜂

𝜌,𝔮=11≤𝔦≤𝔧≤4

∑

|

|

∑|ℭ𝛾
𝔦𝔧
|ℳ

(
𝛼,𝜅𝜎(

𝜌
𝜂,
𝔮
𝜂)

2 )

𝔦 ℳ

(

 
 
𝛽,𝜅𝜎((

𝜌
𝜂
,
𝔮
𝜂
))

2

)

 
 

𝔧

𝔦<𝔧
𝔦̂<𝔧̂

|

|

𝛾

 

Cuya aproximación riemmaniana equivale a:  

(
4

𝜅
)(

4

2𝜋
)𝜅2 ∫ 𝔡𝔰𝔡𝔱

∞

ℑ2

∑ |𝔍𝔦𝔧
𝜎|(𝔰, 𝔱)|𝔍𝔦𝔧

𝜎|(𝔰̅, 𝔱)̅∑|
|∑ |ℭ𝛾

𝛼𝛽
|ℳ

(
𝔦,𝜅𝜎(𝔰,𝔱)

2
)

𝛼 ℳ
(
𝔧,𝜅𝜎(𝔰,𝔱)

2
)

𝛽

𝛼<𝛽

𝛼̂<𝛽̂

|
|

𝛾1≤𝔦≤𝔧≤4

= |
|∑ |ℭ𝛾

𝛼𝛽
|ℳ

(
𝔦,𝜅𝜎(𝔰,𝔱)

2
)

𝛼 ℳ
(
𝔧,𝜅𝜎(𝔰,𝔱)

2
)

𝛽

𝛼<𝛽

𝛼̂<𝛽̂

|
|

≤ 𝔑‖𝔅(𝛾)‖√∑ℳ
(
𝔦,𝜅𝜎(𝔰,𝔱)

2
)

𝛼

𝛼

√∑ℳ
(
𝔧,𝜅𝜎(𝔰,𝔱)

2
)

𝛼

𝛼

/√∑ℳ
(
𝔦,𝜅𝜎(𝔰,𝔱)

2
)

𝛽

𝛽

√∑ℳ
(
𝔧,𝜅𝜎(𝔰,𝔱)

2
)

𝛽

𝛼

 

(
4

𝜅
)(

4

2𝜋
)𝜅2 ∫ 𝔡𝔰𝔡𝔱

∞

ℑ2

∑ |𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)|𝔍𝛼𝛽

𝜎 |(𝔰̅, 𝔱)̅∑||∑|ℭ𝛾
𝔦𝔧
|ℳ

(
𝛼,𝜅𝜎(𝔰,𝔱)

2
)

𝔦 ℳ
(
𝛽,𝜅𝜎(𝔰,𝔱)

2
)

𝔧

𝔦<𝔧
𝔦̂<𝔧̂

||

𝛾1≤𝛼≤𝛽≤4

= ||∑|ℭ𝛾
𝔦𝔧
|ℳ

(
𝛼,𝜅𝜎(𝔰,𝔱)

2
)

𝔦 ℳ
(
𝛽,𝜅𝜎(𝔰,𝔱)

2
)

𝔧

𝔦<𝔧
𝔦̂<𝔧̂

||

≤ 𝔑‖𝔅(𝛾)‖√∑ℳ
(
𝛼,𝜅𝜎(𝔰,𝔱)

2
)

𝔦

𝛼

√∑ℳ
(
𝛽,𝜅𝜎(𝔰,𝔱)

2
)

𝔧

𝛼

/√∑ℳ
(
𝛼,𝜅𝜎(𝔰,𝔱)

2
)

𝔦

𝛽

√∑ℳ
(
𝛽,𝜅𝜎(𝔰,𝔱)

2
)

𝔧

𝛼
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Ahora bien, para efectos de simular superficies temporales y espaciales respectivamente, en campos 

cuánticos, se expresa lo que sigue, empezando por la transformación de Fourier:  

(
1

√2𝜛
)
4

∫ ℮−𝚤(𝔮2𝔵2+𝔮4𝔵4)𝔉𝛼

∞

𝛿0

(ℋ̂(𝜌), 𝔓̂(𝜌), 𝔵2, 𝔵4)𝔡𝔵2𝔡𝔵4⨂𝜌(𝔈𝛼)

= 𝔉̂𝛼(ℋ̂(𝜌), 𝔓̂(𝜌), 𝔮2, 𝔮4)⨂𝜌(𝔈𝛼) 

𝔉̂(ℋ̂(𝜌)𝔣0̃ + 𝔓̂(𝜌)𝔣1̃ + 𝔮2𝔣2̃ + 𝔮4𝔣4̃)

=
℮−𝚤(𝛼0)ℋ̂(𝜌)−𝛼1𝔓̂(𝜌)

2𝜋
∫ ℮−𝚤(𝔰𝔮2+𝔰̅𝔮4)𝔣{𝔣̂0,𝔣̂1}(

∞

𝔰∈ℝ4̂

ℋ̂(𝜌), 𝔓̂(𝜌))(𝔰𝔣̂2 + 𝔰̅𝔣̂4)𝔡𝔰̂

≡ ℮−𝚤(𝛼0)ℋ̂(𝜌)−𝛼1𝔓̂(𝜌)𝔣̂ (ℋ̂(𝜌)𝔣̂0 + 𝔓̂(𝜌)𝔣̂1 + 𝔮
2𝔣̂0 + 𝔮4𝔣̂4)⨂𝜌(𝔈𝛼) 

〈𝜙𝛼,𝜂(𝔣)1, 𝜙𝜈𝛽,𝜂(ℊ)1〉 = ℭ(𝜌𝜂)𝒯𝔯(−𝔉
𝛼𝔉𝛽) ∫(𝔣{𝜖0𝜖1}𝔤{𝜖0𝜖1}̅̅ ̅̅ ̅̅ ̅̅

∞

𝛿0

) (ℋ̂(𝜌𝜂), 𝔓̂(𝜌𝜂)) (𝔰̂)𝔡𝔰̂ 

𝜙𝛼,𝜂(𝔣)1 = ∫ 𝔡𝔵 

∞

𝔵 ∈ℝ4̂

𝔣(𝔵 )𝜙𝛼,𝜂(𝔵 )1 = 𝔘(𝛼 , 1)𝜙𝛼,𝜂(𝔵 )𝔘(𝛼 , 1)−1 = 𝜙𝛼,𝜂(𝔵 + 𝛼 )

=
1

2𝜛
℮𝚤(𝔵0ℋ̂(𝜌𝜂)−𝔵

1𝔓̂(𝜌𝜂)𝛿(⋅ −(𝔵2, 𝔵4))⨂
𝜌(ℱ𝛼)𝜅2

4(2𝜛)
exp 𝛿(𝔵 − 𝔶⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗)4 

〈
1

(2𝜛)2
℮𝚤(ℋ̂(𝔵0−𝔶0)−𝔓̂(𝔵1−𝔶1)𝜌𝜅

𝔵+⨂𝜌(ℱ𝛼),
1

(2𝜛)2
℮𝚤(𝔶0ℋ̂−𝔶1𝔓̂)𝜌𝜅

𝔶+
⨂𝜌(ℱ𝛽)〉

=

𝜅2

(2𝜛)4℮𝚤(ℋ̂(𝔵0−𝔶0)−𝔓̂(𝔵1−𝔶1) exp(−𝜅2𝛿(𝔵 − 𝔶⃗ )4

4
⋅ 〈𝜌𝜂(ℱ

𝛼), 𝜌𝜂(ℱ
𝛽))〉 

1

(2𝜛)2
∫ 𝔣(𝔵 )

∞

𝔵 ,𝔶⃗ ∈ℝ4̂

𝔤(𝔶⃗ ) 〈℮𝚤(𝔵0ℋ̂−𝔵1𝔓̂𝜌𝜅
𝔵+⨂𝜌(ℱ𝛼),℮𝚤(𝔶0ℋ̂−𝔶1𝔓̂𝜌𝜅

𝔶+
⨂𝜌(ℱ𝛽)〉 𝔡𝔵 𝔡𝔶⃗ 

=
𝜅2

4
∫ 𝔣{𝜖0𝜖1}
∞

𝔰,𝔱̂∈𝔖0
̂

(𝔰̂)𝔤{𝜖0𝜖1}̅̅ ̅̅ ̅̅ ̅̅ (𝔱̂)
1

(2𝜛)2
exp(−𝜅2|𝔰̂ − 𝔱̂|

4

/4)𝔡𝔰̂𝔡𝔱̂ 〈𝜌𝜂(ℱ
𝛼), 𝜌𝜂(ℱ

𝛽)⨂𝜌(ℱ𝛼),⨂𝜌(ℱ𝛽)〉  
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𝜆 (ℨ, 𝔉𝛼⨂𝜌(𝔈𝛼) , {𝔉𝛼}𝛼=0
4̂ ) + 𝜇 (ℨ̃, 𝔊𝛼⨂𝜌(𝔈𝛼) , {𝔉𝛼}𝛼=0

4̂ )

= (ℨ⋃ℨ̃(𝜆𝔉𝛼̃ + 𝜇𝔊𝛼̃)⨂𝜌(𝔈𝛼) , {𝔉𝛼}𝛼=0
4̂ ) 

〈(ℨ̃, 𝔉𝛼⨂𝜌(𝔈𝛼) , {𝔉𝛼}𝛼=0
4̂ ) , (ℨ̃, 𝔊𝛽⨂𝜌(𝔈𝛽) , {𝔊𝛼}𝛼=0

4̂ )〉

= ∫‖𝔉𝛼𝔊𝛽̂‖

∞

ℨ⋃ℨ̃

⋅ 𝔡|𝜌́| ⋅ Τ𝔯 (−𝜌(𝔈
𝛼)𝜌(𝔈𝛽))

= ∑ℭ(𝜌) ∫‖𝔉𝛼 ⋅ 𝔊𝛼̂‖

∞

ℑ2

𝜂

𝛼=1

(𝜎(ℨ̃)) | ∑ 𝜌́𝜎
𝛼𝛽
(ℨ̃)(det 𝔎́𝜎

𝛼𝛽
(ℨ̃))

0≤𝛼≤𝛽≤4

| 𝔡𝔷̃ 

〈𝔘(𝛼 , Λ)(𝔖,𝔉𝛼⨂𝜌(𝔈
𝛼), {𝔉𝛼}𝛼=0

4̂ ),𝔘(𝛼 , Λ)(𝔖̃,𝔊𝛽⨂𝜌(𝔈
𝛽), {𝔉𝛼}𝛼=0

4̂ )〉

= ∫ 𝔡|𝜌́|℮
−𝔦(𝛼⃗⃗ ⋅(ℋ(𝜌𝜂)Λ𝔉0̂+𝔓̂(𝜌𝜂)Λ𝔉1̂))

∞

(Λ𝔖+𝛼⃗⃗ )⋂(Λ𝔖̃+𝛼⃗⃗ )

℮
𝔦(𝛼⃗⃗ ⋅(ℋ(𝜌𝜂)Λ𝔉0̂+𝔓̂(𝜌𝜂)Λ𝔉1̂))

× ‖𝔉𝛼𝔊𝛽̂‖(Λ
−1(⋅ −𝛼 )) ⋅ Τ𝔯 (−𝜌(𝔈

𝛼)𝜌(𝔈𝛽))

= ∫ ‖𝔉𝛼𝔊𝛽̂‖

∞

Λ(ℨ⋃ℨ̃)+𝛼⃗⃗ 

(Λ−1(⋅ −𝛼 )) ⋅ 𝔡|𝜌́| ⋅ Τ𝔯 (−𝜌(𝔈
𝛼)𝜌(𝔈𝛽))

= ∫‖𝔉𝛼𝔊𝛽̂‖(⋅) ⋅

∞

ℨ⋃ℨ̃

𝔡|𝜌́| ⋅ Τ𝔯 (−𝜌(𝔈
𝛼)𝜌(𝔈𝛽)) 

Siendo los operadores relativos a los campos cuánticos, los que siguen:  

𝒟 𝜅⃗⃗ = (
𝜕

𝜕𝔵0
)
𝜅0

(
𝜕

𝜕𝔵1
)
𝜅1

(
𝜕

𝜕𝔵2
)
𝜅2

(
𝜕

𝜕𝔵3
)
𝜅3

, 𝜒 𝜅⃗⃗ = (𝜕𝔵0)𝜅
0
(𝜕𝔵1)𝜅

1
(𝜕𝔵2)𝜅

2
(𝜕𝔵3)𝜅

3
 

𝜙𝛼,𝜂(𝔣̃)1 = (𝔖0, 𝔣
{𝜀0̂,𝜀1̂}̃ ⨂𝜌𝜂(𝔉

𝛼), {𝜖𝛼}𝛼=0
4 ) ≡ (𝔖0, 𝔣

{𝜀0̂,𝜀1̂}(ℋ̂(𝜌𝜂), 𝔓̂(𝜌𝜂))
̃ ⨂𝜌𝜂(𝔉

𝛼), {𝜖𝛼}𝛼=0
4 )

∈ ℌ(𝜌𝜂) 

En dimensión ℝ4 tenemos lo que sigue:  

𝔵 ∈ ℝ4 ⟶ 𝔣̃{𝔣0̂,𝔣1̂} (ℋ̂(𝜌𝜂), 𝔓̂(𝜌𝜂)) (𝔵 ) = ∫ ℮−𝔦𝜂̃

∞

𝔖𝔟

(⋅)/2𝜋𝔣̃(𝔵 +⋆)𝔡|𝜌́|

= ∫ ℮−𝔦(𝜎(𝔰)⋅(ℋ̂(𝜌𝜂)𝔣0̂+𝔓̂(𝜌𝜂),𝔣1̂))

∞

𝔰∈ℝ4̂

/2𝜋𝔣̃(𝔵 + 𝜎(𝔰̂)) ⋅ |𝜌𝜎̂|(𝔰̂)𝔡𝔰̂ 
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{𝛼01 + ∑ (𝔖𝜂,𝜇 , 𝔣𝜂,𝛼
𝜇

∞

𝜂,𝜇=1

⨂𝜌𝜂(𝔈
𝛼), [𝔣𝛼

𝜂,𝜇̂
]
𝛼=0

4
) ⊠ 𝛼0 ∈ ℭ, 𝔣𝜂,𝛼

𝜇
∈ 𝔓𝔖𝜂,𝜇 , 𝔖𝜂,𝜇 ∈ 𝔏} 

Cuya parametrización va como se indica: 

∫|𝔣 ∘ 𝜎|2(𝔰̂) | ∑ 𝜌́𝜎
𝛼𝛽
(ℨ̃)(det 𝔎́𝛼𝛽

𝜎 (ℨ̃))

0≤𝛼≤𝛽≤4

|

∞

ℑ2

 𝔡𝔷̃ < ∞ 

 

𝜙𝛼,𝜂(𝔣)∑ 𝜈𝔪 =

∞

𝔪=0

∑𝜙𝛼,𝜂
∞

𝔪=0

(𝔣)𝜈𝔪 = 𝛼0 (𝛿0, 𝔣𝜂
{𝜖0,𝜖1}⨂𝜌𝜂(𝔈

𝛼), {𝜖𝛼}𝛼=0
4 ) + 𝜙𝛼,𝜂(𝔣)𝜈𝜂 

𝜙𝛽,𝔪(𝔣)∑ 𝜈𝜂 =

∞

𝜂=0

∑𝜙𝛽,𝔪
∞

𝜂=0

(𝔣)𝜈𝜂 = 𝛽0 (𝛿0, 𝔣𝔪
{𝜖0,𝜖1}⨂𝜌𝔪(𝔈

𝛽), {𝜖𝛽}𝛽=0
4

) + 𝜙𝛽,𝔪(𝔣)𝜈𝔪 

𝜙𝛼,𝜂(𝔤)∗ (𝔖, 𝔣𝛽⨂𝜌𝜂(𝔈
𝛽), {𝔣𝛼̂}𝛽=0

4
)

= −(𝔖, 𝔤
{𝔣̂0
𝛼𝔣̂1
𝛽
}

̅̅ ̅̅ ̅̅ ̅̅

𝔄(Λ)𝛾
𝛼 ⋅ 𝔣𝛽⨂𝜌𝜂〈𝔉

𝛾, 𝔈𝛽〉, {𝔣𝛼
𝜇̂
}
𝛼=0

4
)

+ 〈(𝔖, 𝔣𝛽⨂𝜌𝜂(𝔈
𝛽), {𝔣𝛼

𝜇̂
}
𝛼=0

4
) , 𝜙𝛼,𝜂(𝔤)1〉 1 

En el que, la ciclicidad del campo cuántico, se expresa así:  

‖𝔣 − 𝔤̃𝜖‖ℒ4 = (∫|1 − 𝔤𝛿
𝜂−1

|
4
(𝔱̂)|𝔣|4

∞

ℑ4

(𝔱̂)𝔡𝔱̂)

1
2

≤ℳ‖1− 𝔤𝛿
𝜂−1

‖
ℒ4
< 𝜖 

𝔈𝛾 = ∑ 𝔡𝔐,𝛽
𝛾

𝜂(𝛾)

𝛽=1

𝑎𝑑 (𝔉𝛼1
𝛾,𝛽

) ⋅⋅⋅ 𝑎𝑑 (𝔉𝛼𝔐−1
𝛾,𝛽

)𝔉𝛼𝔐
𝛾,𝛽

 

Cuya función de Schwartz, en ℝ4 es igual a:  
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∑𝔡𝔐,𝛽
𝛾

𝜂(𝛾)

𝛽=1

𝜙𝛼𝜂
𝛾,𝛽

(𝔉𝜂) ⋅⋅⋅ 𝜙
𝛼𝔐
𝛾,𝛽

(𝔉𝔐) = (𝔖,∏𝔣𝔦

𝔐

𝔦=1

⨂𝜌𝜂(𝔈
𝛾), {𝜖𝛼}𝛽=0

4  

∑𝔡𝜂̂

𝜂(𝛾)

𝛽=1

(𝛾, 𝜉)𝜙𝛼1(𝛾,𝜉),𝜂(𝔊1) ⋅⋅⋅ 𝜙
𝛼𝜂̂−1(𝛾,𝜉),𝜂(𝔊𝜂̂−1)𝜙

𝛼𝜂̂(𝛾,𝜉),𝜂(𝔊𝜂̂)1 = (𝔖,∏𝔤𝔦

𝜂̂

𝔦=1

⨂𝜌𝜂(𝔈̂
𝛾), {𝜖𝛼}𝛼=0

4 ) 

Lo anterior, computacionalmente equivale a:  

|(𝔖, 𝔣⨂𝜌(𝔈̂𝛾), {𝜖𝛼}𝛼=0
4 ) − (𝔖,∏𝔤𝔦

𝜂̂

𝔦=1

⨂𝜌𝜂(𝔈̂
𝛾), {𝜖𝛼}𝛼=0

4 )| < 𝜖 

Cuya métrica de Minkowski, se define así:  

𝒯(𝔣) = 〈𝜙𝛼,𝜂(𝔣) (𝔖̂, 𝔤̂𝛾⨂𝜌𝜂(𝔈̂
𝛾), {𝔣̃𝛼}𝛼=0

4
) , (𝔖, 𝔤𝛽⨂𝜌𝜂(𝔈

𝛽), {𝔣̂𝛼}𝛼=0
4

)〉

= ℭ𝛼
𝛾,𝛽

∫ 𝔡𝔱̂

∞

ℑ4

(𝔣{𝔣̂0,𝔣̂1} × 𝔤̂𝛾 ⋅ 𝔤𝛽̅̅ ̅) (𝜎(𝔱̂)) ⋅ |𝜌𝜎́|(𝔱̂)  

𝜒 ⟶ 𝔣{𝔣̂0,𝔣̂1}(𝜒 ) ≡ 𝔣{𝔣̂0,𝔣̂1} (ℋ̂(𝜌𝜂), 𝔓̂(𝜌𝜂)) (𝜒 )

= ∫
℮−𝔦(𝜎(𝔰)⋅(ℋ̂(𝜌𝜂)𝔣0̂+𝔓̂(𝜌𝜂),𝔣1̂))

2𝜋
𝔣(𝜒 + 𝜎̂

∞

𝔰∈ℝ4̂

(𝔖̂))|𝜌𝜎́̂|(𝔖̂)𝔡𝔰̂  

𝒯(𝔣) = ∫ 𝔣{𝔣̂0,𝔣̂1}
∞

ℑ4

(𝜎(𝔱̂)) ℏ(𝔱̂)𝔡𝔱̂

= ∫ 𝔡𝔱̂

∞

𝔰∈ℝ4,𝔱∈ℑ4

𝔡𝔰̂𝔣 (𝜎(𝔱̂) + 𝜎̂(𝔖̂)|𝜌𝜎́̂|(𝔖̂)|𝜌𝜎́|(𝔱́) ⋅
℮−𝔦(𝜎̂(𝔖̂)⋅𝛼⃗⃗ )

2𝜋
|𝔤̂𝛾 ⋅ 𝔤𝛽̅̅ ̅| ∘ 𝜎(𝔱̂) ⋅ ℭ𝛼

𝛾,𝛽
) 
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En este punto, cabe aplicar la ley de transformación del operador cuántico, que se expresa así:  

𝔘(𝛼 , Λ)𝜙𝛼,𝜂(𝔣)𝔘(𝛼 , Λ)−1 (𝔖, 𝔤𝛽⨂𝜌𝜂(𝔈
𝛽), {𝔣̂𝛼}𝛼=0

4
)

= 𝔘(𝛼 , Λ)𝜙𝛼,𝜂(𝔣) (Λ−1(𝔖 − 𝛼 ), 𝒯(𝜌𝜂 , 𝛼 )
−1
𝔤𝛽(Λ ⋅ +𝛼 )⨂𝜌𝜂(𝔈

𝛽),𝒟)

=  𝔘(𝛼 , Λ) (Λ−1(𝔖 − 𝛼 ), (𝒯(𝜌𝜂 , 𝛼 )
−1
𝔣ℭ) (⋅)𝔡𝛾

𝛼

⋅ 𝔤𝛽(Λ ⋅ +𝛼 )⨂𝑎𝑑 (𝜌𝜂(𝔉
𝛾))𝜌𝜂(𝔈

𝛽), 𝒟)

= (𝔖,𝔗(𝜌𝜂 , 𝛼 )𝒯(𝜌𝜂 , 𝛼 )
−1
𝔣ℭ(Λ−1(⋅ −𝛼 ))𝔡𝛾

𝛼𝔤𝛽(⋅)⨂𝑎𝑑 (𝜌𝜂(𝔉
𝛾))𝜌𝜂(𝔈

𝛽), {𝔣̂𝛼}𝛼=0
4

, 𝒟 

𝔣{𝔣̂0,𝔣̂1}(ℋ̂(𝜌𝜂), 𝔓̂(𝜌𝜂))(Λ
−1(𝜒 − 𝛼 )) =  ∫

℮−𝔦(𝜎̂(𝔰)⋅(ℋ̂(𝜌𝜂)𝔤0̂+𝔓̂(𝜌𝜂),𝔤1̂))

2𝜋
𝔣(𝔜⃗⃗ + 𝜎̂

∞

𝔰∈ℝ4̂

(𝔰̂)|𝜌𝜎́̂| ((𝔖̂)𝔡𝔰̂)

= ∫
℮−𝔦(𝜎(𝔰)⋅(ℋ̂(𝜌𝜂)𝔣0̂+𝔓̂(𝜌𝜂),𝔣1̂))

2𝜋
𝔣 (𝔜⃗⃗ + Λ−1𝜎(𝔰̂))

∞

𝔰∈ℝ4̂

 |𝜌𝜎́|((𝔖̂)𝔡𝔰̂)

= ∫
℮−𝔦(𝜎(𝔰)⋅(ℋ̂(𝜌𝜂)𝔣0̂+𝔓̂(𝜌𝜂),𝔣1̂))

2𝜋
𝔣(Λ−1(𝔜⃗⃗ + 𝜎(𝔰̂) − 𝛼 )) 

∞

𝔰∈ℝ4̂

|𝜌𝜎́|((𝔖̂)𝔡𝔰̂)

= 𝔣(Λ−1(⋅ −𝛼 ))
{𝔣̂0,𝔣̂1}(ℋ̂(𝜌𝜂), 𝔓̂(𝜌𝜂))(𝔜⃗⃗ ) 

(𝔖, 𝔣(Λ−1(⋅ −𝛼 ))
{𝔣̂0,𝔣̂1}𝔄(Λ−1)𝛾

𝛼𝔄(Λ̂)
𝛿

𝛾
⋅ 𝔤𝛽⨂𝑎𝑑 (𝜌𝜂(𝔉

𝛿))𝜌𝜂(𝔈
𝛽), {Λ̂𝜖𝛼}𝛼=0

4
)

= 𝔄(Λ−1)𝛾
𝛼𝜙𝛾,𝜂 (𝔣(Λ−1(⋅ −𝛼 ))) (𝔖, 𝔤𝛽⨂𝜌𝜂(𝔈

𝛽), {Λ̂𝜖𝛼}𝛼=0
4

) 

Cuya simetría CPT, es igual a:  

⌊𝜙𝛼,𝜂(𝔣), 𝜙𝛽,𝜂(𝔤)∗⌋
±
(𝔖, ℏ𝛾⨂𝜌𝜂(𝔈

𝛾))

= −𝔄(Λ)𝛿
𝛼𝔄(Λ)𝜇

𝛽̅̅ ̅̅ ̅̅ ̅̅
(𝔖,𝔅±(𝔣ℭ ⋅ 𝔤ℭ̂ ± 𝔤ℭ ⋅ 𝔣ℭ̂)

⋅ ℏ𝛾⨂𝑎𝑑(𝜌𝜂(𝔉
𝛿))𝑎𝑑(𝜌𝜂(𝔉

𝜇𝜈)) (𝜌𝜂(𝔈
𝛾))

+ 〈(𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) , 𝜙𝛽,𝜂(𝔊)∘1 〉 𝜙𝛼,𝜂(𝔉)∗1

± 〈(𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) , 𝜙𝛽,𝜂(𝔉)∗1 〉 𝜙𝛼,𝜂(𝔊)∘1 
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𝜙𝛼,𝜂(𝔉)∗𝜙𝛽,𝜂(𝔊)∗ (𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾))

= 𝜙𝛼,𝜂(𝔉)∗𝔄(Λ)𝜇
𝛽̅̅ ̅̅ ̅̅ ̅̅
(𝔖,−𝔤ℭ̂ ⋅ ℏ𝛾⨂𝑎𝑑(𝜌𝜂(𝔉

𝜇𝜈))(𝜌𝜂(𝔈
𝛾))

+ 〈(𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) , 𝜙𝛽,𝜂(𝔊)∘1〉 1)

= −𝔄(Λ)𝛿
𝛼𝔄(Λ)𝜇

𝛽̅̅ ̅̅ ̅̅ ̅̅
(𝔖, 𝔣ℭ ⋅ 𝔤ℭ̂ ⋅ ℏ𝛾⨂𝑎𝑑(𝜌𝜂(𝔉

𝛿))𝑎𝑑(𝜌𝜂(𝔉
𝜇𝜈))(𝜌𝜂(𝔈

𝛾))

+ 〈(𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) , 𝜙𝛽,𝜂(𝔊)∘1〉 𝜙𝛼,𝜂(𝔉)∗1 

𝔤{𝔣0̂,𝔣1̂}(ℋ̂, 𝔓̂)(𝔵 ) = ∫
℮−𝔦(𝔶̂(𝔰̂)⋅(ℋ̂𝔣0̂+𝔓̂𝔣1̂))

2𝜋
𝔤(𝔵 + 𝔶⃗ (𝔰̂))|𝜌𝔶́̂|(𝔰̂)𝔡𝔰̂

∞

𝔰∈ℝ4̂

 

𝔣{𝔣0̂,𝔣1̂}
̅̅ ̅̅ ̅̅ ̅

(ℋ̂, 𝔓̂)(𝔵 ) = ∫
℮−𝔦(𝔶̂(𝔱)⋅(ℋ̂𝔣0̂+𝔓̂𝔣1̂))

2𝜋
𝔤 (𝔵 + 𝔶⃗ (𝔱̂)) |𝜌𝔶́̂|(𝔱̂)𝔡𝔱̂

∞

𝔱̂∈ℝ4̂

 

[𝔤{𝔣0̂,𝔣1̂} ⋅ 𝔣{𝔣0̂,𝔣1̂}
̅̅ ̅̅ ̅̅ ̅

] (ℋ̂, 𝔓̂)(𝔵 ) = ∫
℮−𝔦(𝔶̂(𝔰̂)⋅(ℋ̂𝔣0̂+𝔓̂𝔣1̂))

(2𝜋)2
𝔤𝔵 (𝔶⃗ (𝔰̂) + 𝔶⃗ (𝔱̂)) 𝔣̂𝔵 (𝔶⃗ (𝔱̂)) |𝜌𝔶́̂|(𝔰̂)|𝜌𝔶́̂|(𝔱̂)𝔡𝔰̂

∞

𝔰𝔱̂∈ℝ4̂

𝔡𝔱̂

= ∫
℮−𝔦(𝔶̂(𝔰)⋅(ℋ̂𝔣0̂+𝔓̂𝔣1̂))

(2𝜋)2
𝔤𝔵 (𝔶⃗ (𝔰̂) + 𝔶⃗ (𝔱̂)) 𝔣̂𝔵 (𝔶⃗ (𝔱̂)) |𝜌𝔶́̂|(𝔰̂)|𝜌𝔶́̂|(𝔱̂)𝔡𝔰̂

∞

𝔱̂∈ℝ4,𝔰̂∈𝒟̂

𝔡𝔱̂ 

[−
℮
−𝔦((𝜇−𝜈)⋅(ℋ̂(𝜌𝜂)𝔣0̂+𝔓̂(𝜌𝜂)𝔣1̂)) 

(2𝜋)2
+
℮
−𝔦((𝜈−𝜇)⋅(ℋ̂(𝜌𝜂)𝔣0̂+𝔓̂(𝜌𝜂)𝔣1̂)) 

(2𝜋)2
] 𝔣𝔵 (𝜇)𝔤̅𝔵 (𝜇) 

En un mapa bilineal, tenemos:  

(𝔣, 𝔤) ∈ 𝒫 × 𝔓⟶ 〈𝜙𝛼,𝜂(𝔣)𝜙𝛽,𝜂(𝔤)∗ (𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) , (𝔖̂, ℏ𝛾̂⨂𝜌𝜂(𝔈

𝛾))) 〉

− 〈𝜙𝛼,𝜂(𝔣)∗𝜙𝛽,𝜂(𝔤) (𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) , 𝜙𝛽,𝜂(𝔤)1 〉 〈𝜙𝛼,𝜂(𝔣)1 (𝔖̂, ℏ𝛾̂⨂𝜌𝜂(𝔈

𝛾)) 〉  
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∫ ∫ 𝒲̂(𝔵 , 𝔶⃗ )𝔣(𝔵 )⨂ℝ
∞

𝔶⃗ ∈ℝ4
𝔤(𝔶⃗ )𝔡𝔵 𝔡𝔶⃗ 

∞

𝔵 ∈ℝ4

= ∫ ∫ ℜ𝔈𝒲̂(𝔵 , 𝔶⃗ )⌊𝔣̂(𝔵 )𝔤̃(𝔶⃗ ) + 𝔣(̅𝔵 )𝔤̅(𝔶⃗ )⌋𝔡𝔵 𝔡𝔶⃗ 
∞

𝔶⃗ ∈ℝ4

∞

𝔵 ∈ℝ4

+ ℑ ∫ ∫ ℑ𝔐𝒲̂(𝔵 , 𝔶⃗ )⌈𝔣̂(𝔵 )𝔤̃(𝔶⃗ ) − 𝔣(̅𝔵 )𝔤̅(𝔶⃗ )⌉𝔡𝔵 𝔡𝔶⃗ 
∞

𝔶⃗ ∈ℝ4

∞

𝔵 ∈ℝ4

= 〈𝜙𝛼,𝜂(𝔣)𝜙𝛽,𝜂(𝔤)∗ (𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) , (𝔖̂, ℏ𝛾̂⨂𝜌𝜂(𝔈

𝛾))) 〉

− 〈𝜙𝛼,𝜂(𝔣)∗𝜙𝛽,𝜂(𝔤) (𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) , 𝜙𝛽,𝜂(𝔤)1 〉 〈𝜙𝛼,𝜂(𝔣)1 (𝔖̂, ℏ𝛾̂⨂𝜌𝜂(𝔈

𝛾)) 〉 

𝜙𝛼,𝜂(𝔣)𝜙𝛽,𝜂(𝔤)∗ (𝔖, ℏ𝛾⨂𝜌𝜂(𝔈
𝛾)) − 〈(𝔖, ℏ𝛾⨂𝜌𝜂(𝔈

𝛾))𝜙𝛽,𝜂(𝔤)1〉𝜙𝛼,𝜂(𝔣)1

= −𝔄(Λ)𝛿
𝛼𝔄(Λ)𝜇

𝛽̅̅ ̅̅ ̅̅ ̅̅
(𝔖, (𝔣{𝔣0̂,𝔣1̂}  ⋅ 𝔤{𝔣0̂,𝔣1̂}

̅̅ ̅̅ ̅̅ ̅̅
) ∙ ℏ𝛾⨂𝑎𝑑(𝜌𝜂(𝔉

𝛿))𝑎𝑑(𝜌𝜂(𝔉
𝜇𝜈))(𝜌𝜂(𝔈

𝛾)))  

𝔄±(𝔷 ) ∫
℮−𝔦(𝔶̂(𝔰)−𝔶̂(𝔱̂))⋅(ℋ̂𝔣0̂+𝔓̂𝔣1̂))

(2𝜋)2
𝔣𝔷 (𝔶⃗ (𝔰̂)𝔤̅𝔷 (𝔶⃗ (𝔱̂)) |𝜌𝔶́̂|(𝔰̂)|𝜌𝔶́̂|(𝔱̂)𝔡𝔰̂

∞

𝔰𝔱̂∈ℝ4̂

𝔡𝔱̂

± ∫
℮−𝔦(𝔶̂(𝔰̂)−𝔶̂(𝔱̂))⋅(ℋ̂𝔣0̂+𝔓̂𝔣1̂))

(2𝜋)2
𝔤𝔷 (𝔶⃗ (𝔱̂)𝔣𝔷̅ (𝔶⃗ (𝔰̂)) |𝜌𝔶́̂|(𝔰̂)|𝜌𝔶́̂|(𝔱̂)𝔡𝔰̂

∞

𝔰𝔱̂∈ℝ4̂

𝔡𝔱̂ 

Aplicando en este punto, la función beta de Callan-Symanzik, tenemos:  

𝛽(ℭ) = 𝜕ℭ/𝜕|ℑ𝔑𝔑̂𝜂| 

En tanto que, del operador cuántico hamiltoniano, se obtiene:  

𝒯𝔯(𝜌(𝔈𝛼)) (𝜌(𝔈𝛽)) = ℭ(𝜌)𝒯𝔯(𝔈𝛼𝔈𝛽) 

ℰ(𝜌) = ∑(𝜌(𝔈𝛼)) (𝜌(𝔈𝛽))

𝔑

𝛼=1

= 1/𝜅∑ 𝜅2/4

𝔑

𝛼=1

∫ 𝔡𝔰̂

∞

𝔰∈(−𝛿,1+𝛿)4

∑|𝔍0𝔦𝔧
𝜎 |(𝔡𝔰̂)𝜅(𝜓 ⋅ 𝔡0𝔄𝔦𝔧,𝛼)(

𝜅𝜎(𝔰̂)

2
)𝜌(𝔈𝛼)

4

𝔦;𝔧=1

 

ℭ∑ ∫ 𝔡𝔰̂

∞

𝔰∈ℑ𝛿
4

𝜂

𝛼=1

∑|𝔍0𝔦𝔧
𝜎 |(𝔰̂)(𝔡0𝔄𝔦𝔧,𝛼)(𝜎(𝔰̂))𝜌(𝔈

𝛼)

4

𝔦;𝔧=1

 

〈𝜈ℛ(𝛼,𝜏)
𝜅,𝜌 〉2 = −𝔼(⋅, 𝜈ℛ(𝛼,𝜏)

𝜅,𝜌
)
2
𝒴𝜅 
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𝔄𝜌 = ∑ ∑ 𝛼𝔦,𝛼⨂𝔡𝔵
𝔦⨂𝜌(𝔈𝛼) ∈ 𝔖𝔎(ℝ

4)⨂Λ1
4

𝔦;𝔧=1

𝜂

𝛼=1

(ℝ4)⨂𝜌(𝔤) 

1

ℨ
= ∫ exp(ℭ ∫ 𝔡{𝔄𝜌})

∞

ℛ(𝛼)

℮−1/2𝔖𝔜𝔐(𝔄)𝔇|𝔡𝔄| = 𝔼𝒴ℳ
𝜅 (exp( (⋅, 𝜈ℛ(𝛼)

𝜅,𝜌
))) 

∞

{𝔡𝔄∈𝔖𝔎(ℝ
4)⨂Λ2(ℝ4)⨂𝜌(𝔤)}

 

ℨ = ∫ ℮−1/2𝔖𝔜𝔐(𝔄)𝔇|𝔡𝔄|

∞

{𝔡𝔄∈𝔖𝔎(ℝ
4)⨂Λ2(ℝ4)⨂𝜌(𝔤)}

 

−𝔼(⋅, 𝜈
ℛ(𝛼)

𝜅,𝜌𝜂 ) (⋅, 𝜈
ℛ𝛿(𝛼)

𝜅,𝜌𝜂 )𝒴𝜅 =
|𝛼|

4⨂𝔈(𝜌𝜂)
− 𝜖(𝜂, 𝜅) 

ℭ̅/𝜅4𝒞(𝜌𝜂) ≤ 𝒯𝔯 ∈ (𝜂, 𝜅) ≤ ℭ̅/𝜅4𝒞(𝜌𝜂) 

Más, aplicando la ecuación de Callan-Symanzik, tenemos:  

−
1

ℭ(𝜌𝜂)𝔼 (⋅, 𝜈ℛ(𝛼)
𝜅,𝜌𝜂 ) (⋅, 𝜈

ℛ𝛿(𝛼)

𝜅,𝜌𝜂 )𝒴𝜅
=

|𝛼|

4⨂𝔈4(𝜌𝜂)

𝔈(𝜌𝜂)𝕀𝜂
− 1/𝒞(𝜌𝜂)𝜖(𝜂, 𝜅) 

 

𝒩𝜂̂𝔈4(𝜌𝜂)

𝔈(𝜌𝜂)
−

1

𝔈(𝜌𝜂)𝒯𝔯
∈ (𝜂, 𝜅) ≡ ℕ − 1/𝔈(𝜌𝜂) 𝒯𝔯 ∈ (𝜂, 𝜅) 

{ℯ
𝜕

𝜕ℯ
+ 𝛽(ℭ)

𝜕

𝜕ℭ
+ 2𝛾(ℭ)}𝔊𝜂

(4)(ℭ, 𝜖) = 0 

𝔊𝜂
(4)(ℭ, 𝜖) =

𝒩𝜂̂

𝜖
− 𝒸4𝜆̂ + 𝔣(𝒸5) =

𝜕

𝜕ℯ
𝔊𝜂
(4)(ℭ, 𝜖) = −

𝒩𝜂̂

𝜖
,
𝜕

𝜕𝔊
𝔊𝜂
(4)(ℭ, 𝜖) = −4𝒸3𝜆̂ + 𝔣̂(𝒸4) 

−
𝒩𝜂̂

𝜖
− 4𝛽(ℭ)𝒸3𝜆̂ + 2𝛾(ℭ)𝔊𝜂

(4)(ℭ, 𝜖) + 𝛽(ℭ) 𝔣̂(𝒸4) = 0 

−
ℭ

4
𝔣̂(𝒸4) + 𝔣(𝒸5) − 4𝒸3𝜆(ℭ)𝜆̂ + 𝜆(ℭ)𝔣̂(𝒸4) = 0 

1

𝒸4|𝔣̂(𝒸4)|
+
1

𝒸5
|𝔣̂(𝒸5)| ≤ ℂ̂4 

𝜆̂(ℭ) =
1

4𝒸3𝜆̅
+ 𝔣̂(𝒸4) (

ℭ

4𝔣̂(𝒸4)
− 𝔣̂(𝒸5)) 
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Por tanto, la brecha de masa se vuelve positiva y por ende, superior a cero (estado de vacío), cuando: 

〈ℭ4(𝜌)𝜈, 𝜐〉 = ∑〈𝜌(𝔈𝛼)𝜈, 𝜌(𝔈𝛼)𝜈〉 ≥

Ν

𝛼=1

∑|∑𝛼𝛼,𝛽𝜆𝜌(ℋ𝛽)

ℒ

𝛽=1

|

4

4
ℒ

𝛼=1

= ∑∑∑𝜆𝜌

ℒ

𝛾=1

ℒ

𝛽=1

ℒ

𝛼=1

(ℋ𝛽)𝛼𝛼,𝛽𝛼𝛼,𝛾𝜆𝜌(ℋ𝛾) ≥ ℭ|𝜆𝜌|4
4
 

ℋ̂(𝜌𝜂)
2
=
𝔑𝜂̂

4
ℭ2(𝜌𝜂) =

𝔑

4
ℭ(𝜌𝜂) = 0 

𝜕𝒸

𝜕(𝕀𝜂𝔑̂)
= −

ℭ

4
+  𝜆(ℭ), |𝜆(ℭ)| ≤ ℭ̂4ℭ̃2 =

𝔡ℭ

𝔡(𝕀𝜂𝔑̂)
= −

ℭ

4
+ 𝜆(ℭ) ⇒

𝔡ℭ

ℭ
− 4𝜆(ℭ) = −

𝔡(𝕀𝜂𝔑̂)

4

=
1

𝑐

𝔡ℭ

1 + 𝜇(ℭ)
= −

𝔡(𝕀𝜂𝔑̂)

4
⇒ (

1

𝑐 ∑ (−1)𝜅∞
𝜅=0 𝜇(ℭ)𝜅

) 𝔡ℭ =
𝔡(𝕀𝜂𝔑̂)

4
 

𝒯𝔯𝔼((⋅, 𝜈
ℛ(𝛼)

𝜅,𝜌𝜂 ) (⋅, 𝜈
ℛ𝛿(𝛼)

𝜅,𝜌𝜂 )𝒴𝜅) =
𝔑𝜂̂

4
ℭ2(𝜌𝜂) − 𝒯𝔯𝜖(𝜂, 𝜅)

=
4

𝔑ℭ(𝜌𝜂)
𝒯𝔯𝔼 (−(⋅, 𝜈

ℛ(𝛼)

𝜅,𝜌𝜂 ) (⋅, 𝜈
ℛ𝛿(𝛼)

𝜅,𝜌𝜂 )𝒴𝜅) − 1 = −
4𝒯𝔯𝜖(𝜂, 𝜅)

𝔑ℭ(𝜌𝜂)
 

𝒰(𝛼 , 1) (𝔖, 𝔣𝛼⨂𝜌(𝔈
𝛼), {𝔣̂𝛼}𝛼=0

4
) = ℮

−𝔦(𝔣̂0⋅ℋ̂(𝛼⃗⃗ ,𝜌)+𝔣̂1⋅𝔓̂(𝛼⃗⃗ ,𝜌)) (𝔖 + 𝛼 , 𝔣𝛼(⋅ −𝛼 )⨂𝜌(𝔈
𝛼), {𝔣̂𝛼}𝛼=0

4
)

= ℮
𝔦(α0ℋ̂(𝜌)−𝛼1𝔓̂(𝜌))

(𝔖 + 𝛼 , 𝔣𝛼(⋅ −𝛼 )⨂𝜌(𝔈
𝛼), {𝔣̂𝛼}𝛼=0

4
) 

Cuyas particiones corresponden a:  

∫{ℏ𝜃}𝜃=1
𝔯+𝔰

∞

𝔔

= ∏{
∫ (∏ ∫ ℮𝔦𝜒(𝜃)(𝛾𝜃

0ℋ̂−𝛾𝜃
1℘̂)∞

𝛾𝜃
−∈ℝ4𝜃∈𝔄𝔩

∞

𝔖0

2𝜛
ℏ𝜃(𝛾𝜃

−, 𝛾+)𝔡𝛾𝜃
−)𝔡𝛾+}

𝜂(𝔔)

𝔩=1

=∏{
∫ (∏ ∫ ℮𝔦𝜒(𝜃)(𝛾𝜃

0ℋ̂−𝛾𝜃
1℘̂)∞

𝛾𝜃
0𝛾𝜃

1∈ℝ4𝜃∈𝔄𝔩

∞

𝔖0

2𝜛
ℏ𝜃(𝛾𝜃

0, 𝛾𝜃
1, 𝛾2, 𝛾4)𝔡𝛾𝜃

0𝔡𝛾𝜃
1)𝔡𝛾2𝔡𝛾4}

𝜂(𝔔)

𝔩=1
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〈𝔄𝜏
𝜂
𝔅𝛿
𝜂
1,4〉 − 〈𝔄𝜏

𝜂
1,4〉〈𝔅𝛿

𝜂
1,4〉 ≡ 〈𝔄𝜏

𝜂
𝔓0𝔅𝛿

𝜂
1,4〉

= ∫ 𝔚𝜂

∞

ℝ4×⋅⋅⋅ℝ4

((𝔵 𝜏)𝜏=1
𝔯 , (𝔵 𝜃)𝜃=𝜏+1

𝔯+𝛿 )⨂
𝔯 + 𝛿

𝜃 = 𝜏 + 1
 𝜌𝜏(𝔵 𝜏) ⋅ ∏ 𝔡𝔵 𝜏

𝔯+𝛿

𝜃=𝜏+1

= ℭℛ ∫(∏ ∫ 𝔼(𝔵𝜏
−)ℏ𝜏(𝔵𝜏

−, 𝔵+)

∞

𝔵𝜏
−∈ℝ4

𝔯

𝜏=1

∞

𝔖0

𝔡𝔵𝜏
− ⋅ ∏ ∫ 𝔼(𝔵𝜃

−)ℏ𝜃(𝔵𝜃
−, 𝔵+)

∞

𝔵𝜃
−∈ℝ4

𝔯+𝛿

𝜃=𝜏+1

𝔡𝔵𝜃
−) 𝔡𝔵+

+ ∑ ℭ𝔔
ℚ≠ℜ
ℚ∈Γ

∫{ℌ𝜃}𝜃=1
𝜏+𝛿

∞

𝔔

 

〈𝔓0𝔘(𝛼 , 1)𝔅𝛿
𝜂
1〉 = 𝔓0𝜓

𝛽1,𝜂(𝔤1)𝔘(𝛼⃗⃗ )𝜓
𝛽2,𝜂(𝔤2)𝔘(𝛼⃗⃗ ) ⋅⋅⋅ 𝜓

𝛽𝛿−1,𝜂(𝔤𝛿−1)𝔘(𝛼⃗⃗ )𝔘(𝛼 , 1)𝜓
𝛽𝛿,𝜂(𝔤𝛿)1

= ℮𝔦(𝛼0ℋ̂−𝛼1℘̂)𝔓0𝔅𝛿
𝜂,𝛼⃗⃗ 
1 = ℮𝔦(𝛼0ℋ̂−𝛼1℘̂) (𝔅𝛿

𝜂,𝛼⃗⃗ 
1 − 〈𝔅𝛿

𝜂
1,1〉1) 

〈𝔄𝜏
𝜂
𝔓0𝔘(𝛼 , 1)𝔅𝛿

𝜂
1,1〉 = ℮𝔦(𝛼0ℋ̂−𝛼1℘̂) (〈𝔄𝜏

𝜂
𝔅𝛿
𝜂,𝛼⃗⃗ 
1,1〉 − 〈𝔄𝜏

𝜂
1,1〉〈𝔅𝛿

𝜂
1,1〉) 

℮𝔦(𝛼0ℋ̂−𝛼1℘̂) = ∫
𝕖𝕚(𝔰ℋ̂−𝔱℘̂)

2𝜛
𝔣(𝔰, 𝔱, 𝔵2, 𝔵4)𝔡𝔰𝔡𝔱

∞

ℝ4

= ∫
𝕖
𝕚((𝔰+𝛼0)ℋ̂−(𝔱+𝛼1)℘̂)

2𝜛
𝔣(𝔰, 𝔱, 𝔵2, 𝔵4)𝔡𝔰𝔡𝔱

∞

ℝ4

= ∫
𝕖𝕚(𝔰ℋ̂−𝔱℘̂)

2𝜛
𝔣(𝔰 − 𝛼0, 𝔱 − 𝛼1, 𝔵2, 𝔵4)𝔡𝔰𝔡𝔱

∞

ℝ4

= 𝔣(⋅ −(𝛼0, 𝛼1, 0,0))
{𝜖0𝜖1}

(ℋ̂, ℘̂)(0,0, 𝔵2, 𝔵4) 

ℋ𝜂(𝛼 ) = ∫ 𝔚𝜂

∞

ℝ4×⋅⋅⋅ℝ4

((𝔵 𝜏)𝜏=1
𝔯 , (𝔵 𝜃)𝜃=𝜏+1

𝔯+𝛿 )⨂
𝔯

𝜏 = 1
 𝜌𝜏(𝔵 𝜏) ⋅ ⨂

𝔯 + 𝛿
𝜃 = 𝜏 + 1

℘0(𝔵 𝜏+𝜃 − 𝛼 ) ⋅∏𝔡𝔵 𝜏

𝔯+𝛿

𝜏=1

≡ ∫ 𝔚𝜂

∞

ℝ4×⋅⋅⋅ℝ4

((𝔵 𝜏)𝜏=1
𝔯 , (𝔵 𝜃)𝜃=𝜏+1

𝔯+𝛿 )⨂
𝔯 + 𝛿
𝜏 = 1

𝜌𝜏(𝔵 𝜏) ⋅∏𝔡𝔵 𝜏

𝔯+𝛿

𝜏=1

= ℭℛ ∫(∏ ∫ 𝔼(𝔵𝜏
−)ℏ𝜏(𝔵𝜏

−, 𝔵+)

∞

𝔵𝜏
−∈ℝ4

𝔯

𝜏=1

∞

𝔖0

𝔡𝔵𝜏
− ⋅ ∏ ∫ 𝔼(𝔵𝜃

−)ℏ𝜃(𝔵𝜃
−, 𝔵+)

∞

𝔵𝜃
−∈ℝ4

𝔯+𝛿

𝜃=𝜏+1

𝔡𝔵𝜃
−) 𝔡𝔵+

+ ∑ ℭ𝔔
ℚ≠ℜ
ℚ∈Γ

∫{ℌ𝜃}𝜃=1
𝜏+𝛿

∞

𝔔

 

= ℋ4
𝜂(𝛼 ) = ∫ ∏𝔡𝔵 𝜏

𝔯+𝛿

𝜏=1

∞

ℝ4×⋅⋅⋅ℝ4

𝔚𝜂((𝔵 𝜏)𝜏=1
𝔯 , (𝔵 𝜃 + 𝛼 )𝜃=𝜏+1

𝔯+𝛿 )𝜑1((𝔵 𝔯)𝜏=1
𝔯 )𝜑2((𝔵 𝜃)𝜃=𝜏+1

𝔯+𝛿 )   
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𝔚𝜂((𝔵 𝜏)𝜏=1
𝔯 , (𝔵 𝜃 + 𝛼 )𝜃=𝜏+1

𝔯+𝛿 ) =  ℮−𝚤𝛼⃗⃗ ⋅ℭ𝜏𝔪𝜂𝔣̂0
𝜂

∏𝔈(𝔵𝜃
−) ⋅

𝜏+𝛿

𝜃=1

 𝔚0
𝜂
((𝔵𝜏

+)𝜏=1
𝔯 , (𝔵𝜃

+ + 𝛼+)𝜃=𝜏+1
𝔯+𝛿 ) 

𝔚0
𝜂
((𝔵𝜏

+)𝜏=1
𝔯 , (𝔵𝜃

+ + 𝛼 )𝜃=𝜏+1
𝔯+𝛿 ) = 𝔚𝜂((0−, 𝔵𝜏

+)𝜏=1
𝔯 , (0−, 𝔵𝜃

+ + 𝛼+)𝜃=𝜏+1
𝔯+𝛿 ) 

𝜑̂1((𝔮𝜏
−, 𝔵𝜏

+)𝜏=1
𝔯 ) =

∫ ∏ ℮𝔦𝜒(𝜏)𝔵𝜏
−⋅𝔮𝜏

−𝔯
𝜏=1

∞

ℝ4𝜏

2𝜛
⋅ φ1((𝔵𝜏

−, 𝔵𝜏
+)𝜏=1

𝔯 )∏𝔡𝔵𝜏
−

𝔯+𝛿

𝜏=1

, 𝜑̂2((𝔮𝜃
−, 𝔵𝜃

+)𝜃=𝜏+1
𝔯+𝛿 )

=
∫ ∏ ℮𝔦𝜒(𝜃)𝔵𝜃

−⋅𝔮𝜃
−𝔯

𝜏=1
∞

ℝ4𝜏

2𝜛
⋅ φ2((𝔵𝜃

−, 𝔵𝜃
+)𝜃=𝜏+1

𝔯+𝛿 ) ∏ 𝔡𝔵𝜃
−

𝔯+𝛿

𝜃=𝜏+1

 

℮𝔦ℭ𝜏𝔪𝜂𝛼⃗⃗ 𝔣̂0
𝜂

∫ ∏𝔡𝔵𝜏
+𝔚0

𝜂
((𝔵𝜏

+)𝜏=1
𝔯 , (𝔵𝜃

+ + 𝛼 )𝜃=𝜏+1
𝔯+𝛿 )𝜑̂

𝔯+𝛿

𝜏=1

∞

ℝ4(𝜏+𝛿)

(ℋ𝜂
−, 𝔵𝜏

+)
𝜏=1

𝔯+𝛿
 

|𝜑̂((𝔮𝜃
−, 𝔵𝜃

+)𝜃=𝜏+1
𝔯+𝛿 )| ≤

ℭ(𝜌𝜂)
𝜂̂
‖𝜑‖𝔨̂𝔩̂

∑ (|𝔮𝜃
0 |
2
+ |𝔮𝜃

1 |
2𝔯+𝛿

𝜃=𝜏+1 )
ℒ
2

+ (|𝔵𝜃
2 |
2
+ |𝔵𝜃

4 |
2
)
𝔎
2  

℮𝔦ℭ𝜏𝔪𝜂𝛼⃗⃗ 𝔣̂0
𝜂

∑ ∫ ∏𝔡𝔵𝜏
+𝔇ℳ⃗⃗⃗ ℜ

ℳ⃗⃗⃗ 
𝜂
((𝔵𝜏

+)𝜏=1
𝔯+𝛿 ; 𝛼+)𝜑̂(ℋ𝜂

−, 𝔵𝜏
+)

𝜏=1

𝔯+𝛿
)

𝔯+𝛿

𝜏=1

∞

ℝ4(𝜏+𝛿)|ℳ⃗⃗⃗ |≤Ν

= ℋ4
𝜂(𝛼 ) 

∑ |𝔇ℳ⃗⃗⃗ | ((𝔵𝜏
+)𝜏=1

𝔯+𝛿 ; 𝛼+)) ≤ ℭ(𝜌𝜂)
𝜅̂
 (|𝛼+|𝛼 + ( ∑ |𝔵𝜏

+|4
𝔯+𝛿

𝜃=𝜏+1

)

𝛾
2

)

|ℳ⃗⃗⃗ |≤Ν

 

∑ ∫ ∏𝔡𝔵𝜏
+𝔇ℳ⃗⃗⃗ ℜ

ℳ⃗⃗⃗ 
𝜂
((𝔵𝜏

+)𝜏=1
𝔯+𝛿 ; 𝛼+)𝜑̂(ℋ𝜂

−, 𝔵𝜏
+)

𝜏=1

𝔯+𝛿
)

𝔯+𝛿

𝜏=1

∞

ℝ4(𝜏+𝛿)|ℳ⃗⃗⃗ |≤Ν

= ∑ ∫ ∏𝔡𝔵𝜏
+𝔇ℳ⃗⃗⃗ ℜ

ℳ⃗⃗⃗ 
𝜂
((𝔵𝜏

+)𝜏=1
𝔯+𝛿 ; 𝛼+)𝜑̂(ℋ𝜂

−, 𝔵𝜏
+)

𝜏=1

𝔯+𝛿
)

𝔯+𝛿

𝜏=1

∞

{ℛ>ℛ0−𝜖}

= ℋ4
𝜂(𝛼 )

|ℳ⃗⃗⃗ |≤Ν

 

|ℋ4
𝜂(𝛼 )| ≤ ∑ ∫ ∏𝔡𝔵𝜏

+ |ℜ
ℳ⃗⃗⃗ 
𝜂
((𝔵𝜏

+)𝜏=1
𝔯+𝛿 ; 𝛼+) (𝔇ℳ⃗⃗⃗ 𝜑̂(ℋ𝜂

−, 𝔵𝜃
+)

𝜃=1

𝔯+𝛿
)|

𝔯+𝛿

𝜏=1

∞

{ℛ>ℛ0−𝜖}

−

|ℳ⃗⃗⃗ |≤Ν

≤ ℭ(𝜌𝜂)
𝜅̂

∫ (|𝛼+|𝛼 +ℛ𝛾)
ℭ(𝜌𝜂)

𝜂̂
‖𝜑‖𝜌̂𝜎̂

(𝔯 + 𝔰)|ℳℵ|
ℒ +ℛ𝜅+ℒ̂

∞

{ℛ>ℛ0−𝜖}

ℛ2(𝔯+𝔰)/ℜ 𝔡ℛ𝔡Ω 

∑ ℭ𝔔
𝔔∈Ω𝜏

∫ 𝔡𝜉

∞

ℝ

∫ 𝔡𝔵𝜏
+𝔡𝔵𝜏+

+

∞

ℝ4

 𝜑̂𝔔,1
𝜂 (𝔵𝜏

+)ℜ𝜂(𝛼
1 − 𝜉1; 𝔵𝜏

+, 𝔵𝜏+
+ + 𝛼+)𝜑̂𝔔,2

𝜂
(𝔵𝜏+
+ )𝔤(𝜉) 
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Más, aplicando la función de Green, tenemos:  

(−(ℭℛℳℵ)
2 +∑𝜕2/𝜕𝛼𝔦,2

4

𝔦=1

)ℜ𝜂 (𝛼
1 − 𝜉1; 𝔵𝜏

+, 𝔵𝜏+
+ + 𝛼+) = 𝛿(𝛼1 − 𝜉1, 𝔵𝜏

+ − 𝔵𝜏+1
+ − 𝛼+)

≡ 𝛿(𝛼 − 𝜉ℛ) 

ℜ𝜂 (𝛼
1 − 𝜉1; 𝔵𝜏

+, 𝔵𝜏+
+ + 𝛼+) =

1

(2𝜋)
4
2 ∫ 𝔡𝔮

∞

ℝ4
℮𝔦𝔮⋅(𝛼−𝜉ℛ)

𝜔2
+ |𝔮|4 

ℜ𝜂 (𝛼
1 − 𝜉1; 𝔵𝜏

+, 𝔵𝜏+
+ + 𝛼+) = −

1

(2𝜋)
4
2

1

𝔦ℛ ∫ 𝜆
∞

0
℮𝔦ℛ𝜆

−
℮−𝔦ℛ𝜆

𝜔2
+ 𝜆2𝔡𝜆

= −

1

(2𝜋)
4
2

1

𝔦ℛ ∫ 𝜆℮−𝔦ℛ𝜆∞

−∞

/(𝜆 − 𝔦𝜔) (𝜆 + 𝔦𝜔)𝔡𝜆 

ℜ𝜂 (𝛼
1 − 𝜉1; 𝔵𝜏

+, 𝔵𝜏+
+ + 𝛼+) =

2𝜛𝔦

(2𝜋)
4
2

1

𝔦ℛ
×
𝔦𝜔℮−ℛ𝜔

2𝔦𝜔
= √2𝜋℮

−ℛ|ℭℜ𝔐𝜂|
/2ℛ 

|ℋ4
𝜂(𝛼 )𝔤(𝛼1)| = |(

𝜕2

𝜕𝛼0,2
− 𝔑̂)Ψ𝜂(𝛼

0, 𝛼)|

= | ∑ ℭ𝔔
𝔔∈Ωℛ

∫ 𝔡𝜉1
∞

ℝ

∫ 𝔡𝔵 

∞

ℝ4

𝜑̂𝔔,1
𝜂 (𝔵−)ℜ𝜂(𝛼 − 𝜉) ((ℭℛℳ𝜂)

2
+ 𝔑̂) 𝜑̂𝔔,2

𝜂 (𝔵+)𝔤(𝜉1)|

≤ ∑ |ℭ𝔔|

𝔔∈Ωℛ
{
 

 

∫ 𝔡𝜉1
∞

ℝ

(|𝔤(𝜉1)| +
1

ℳ2
4|𝔤′′(𝜉1)|

)

⋅
√2
𝜛℮−ℳ0|𝛼

++𝔵+−𝒴+|

2|𝛼+ + 𝔵+ −𝒴+|
× ∫ 𝔡𝒴+|𝜑̂𝔔,1

𝜂 (𝒴+)|

∞

ℝ4

⋅ ∫ 𝔡𝔵+ |((ℭℛℳ𝜂)
2
+ 𝔑̂) 𝜑̂𝔔,2

𝜂 (𝔵+)|

∞

ℝ4
}
 

 

< ℭ(𝜌𝜂)
𝜅̂
℮ℳ0𝜖‖𝔤‖‖𝔭4, 𝔮4‖𝜑1‖𝔭1𝔮1‖𝜑4‖𝔭4𝔮4‖ ⋅

℮−ℳ0|𝛼
+|

|𝛼+|
− 𝜖 
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Por lo que, la integral de superficie, queda definida de la siguiente manera:  

𝜌𝜎
𝛼𝛽

=
1

√det (1 +𝒲𝛼𝛽
𝔠𝔡,𝒯𝒲𝛼𝛽

𝔠𝔡 )

≡
|𝔍𝛼𝛽

𝜎 |

√det(𝔍𝛼𝛽
𝜎,𝒯 𝔍𝛼𝛽

𝜎 + 𝔍𝔠𝔡
𝜎,𝒯 𝔍𝔠𝔡

𝜎

= ∫ 𝔡𝜌

∞

𝒮

= ∑ ∫ 𝜌𝜎
𝛼𝛽(𝔰, 𝔱)

∞

𝕀20≤𝛼≤𝛽≤4

|𝔍𝛼𝛽
𝜎 |(𝔰, 𝔱)𝔡𝔰̂𝔡𝔱̂(𝜎̇ + 𝜎̇)(𝜎̇ − 𝜎̇)𝔡𝜎𝔡𝜎̂ 

Por otro lado, en este punto, es indispensable, añadir algunos planteamientos teóricos adicionales cuyo 

propósito es reforzar la tesis formulada en trabajos anteriores, siendo éstos, los que siguen a 

continuación:  

Curvatura geométrica de los campos cuánticos y la existencia de agujeros deformantes 

𝔡2𝜒𝛼

𝔡𝔰2
+

Γ𝛽𝛾
𝛼 𝔡𝜒𝛽

𝔡𝔰
𝔡𝜒𝛾

𝔡𝔰
= Γ𝛽𝛾

𝛼 =
1

2𝔤𝛼𝛽(𝔤𝔡𝛽,𝔠𝔤𝔡𝔠,𝛽𝔤𝛽𝔠,𝔡)∫ 𝔡𝔰
= ∫𝔡𝜌√

𝔤𝛼𝛽𝔡𝜒𝛼

𝔡𝜌

𝔡𝜒𝛽

𝔡𝜌
 

ℛ𝔦𝔧 = −
1

2𝔤𝔦𝔧ℜ
= −

16𝜋𝔊

𝒸4𝒯𝔦𝔧
= ℱ(𝔤𝔦𝔧) = ∫ ℛ√−𝔤𝔡𝔵

∞

ℳ

 

ℛ =
4𝜋𝔊

𝒸4
lim
𝜆⟶0

1

𝜆
(ℱ(𝔤𝔦𝔧 + 𝜆𝜒𝔦𝔧) − ℱ(𝔤𝔦𝔧)) = 𝛿ℱ ((𝔤𝔦𝔧), 𝜒)ℛ𝔦𝔧 −

1

2𝔤𝔦𝔧ℜ

= −
16𝜋𝔊

𝒸4𝒯𝔦𝔧
−𝒟𝔦𝒟𝔧𝜑 𝑑𝑖𝑣 (𝒟𝔦𝒟𝔧𝜑 +

16𝜋𝔊

𝒸4𝒯𝔦𝔧
)ℜ(

16𝜋𝔊

𝒸4
)𝒯𝔦𝔧 + ϕ, ∫ 𝜙√−𝔤𝔡𝔵

∞

ℳ

 

𝔡𝔰2 = 𝜖𝜇𝒸4𝔡𝔱2 + 𝜖𝜈𝔡𝔯2 + 𝔯2(𝔡𝜃2 + 𝑠𝑖𝑛2𝜃𝔡𝛾2) 

𝔉 = 𝔪𝔐𝔊(−
1

𝔯2
+

1

𝛿 (2 +
𝛿
𝜏)𝜑

′
+
ℛ𝜏

𝛿
) 

𝔉 = 𝔪𝔐𝔊(−
1

𝔯2
+ (2 +

𝛿

𝜏
) 𝜀𝔯2 +

ℛ𝜏

𝛿
+

1

𝛿 (2 +
𝛿
𝜏) 𝔯

2 ∫ 𝔯−2ℛ𝔡𝔯
) 

𝔉 = 𝔪𝔐𝔊(−
1

𝔯2
−
𝜅0
𝜏
+ 𝜅1ℛ) 

𝜇 = {𝜇𝔦1⋅⋅⋅𝔦𝔰
𝔧1⋅⋅⋅𝔧𝔯(𝔵)|1 ≤ 𝔦1 ⋅⋅⋅ 𝔦𝔰, 𝔧1 ⋅⋅⋅ 𝔧𝔯 ≤ 𝜂|} 

ℒ𝜌(𝔈) = {𝜇:ℳ ⟶ 𝔈|∫‖𝜇‖𝜌𝔡𝔵 < ∞

∞

ℳ

|} 
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‖𝜇‖ℒ𝜌 = [∫‖𝜇‖𝜌𝔡𝔵

∞

ℳ

]

1/𝜌

= [∫∑|𝜇𝔦1⋅⋅⋅𝔦𝔰
𝔧1⋅⋅⋅𝔧𝔯|

𝜌
∞

ℳ

𝔡𝔵]

1/𝜌

 

(𝜇, 𝜈) = ∫ 𝔤𝔧1𝜅𝔦 ⋅⋅⋅

∞

ℳ

𝔤𝔧ℛ𝜅ℜ𝔤
𝔦1𝔩1 ⋅⋅⋅ 𝔤𝔦𝔰𝔩𝔰𝜇𝔦1⋅⋅⋅𝔦𝔰

𝔧1⋅⋅⋅𝔧𝔯𝜈𝔩1⋅⋅⋅𝔩𝔰
𝜅1⋅⋅⋅𝜅𝔯√−𝔤𝔡𝔵∆𝜇∆𝜈∇

𝜇∇𝜈 

𝜇 = {𝜇𝔦1⋅⋅⋅𝔦𝔰
𝔧1⋅⋅⋅𝔧𝔯} ∇𝜇= {𝒟𝜅𝜇𝔦1⋅⋅⋅𝔦𝔰

𝔧1⋅⋅⋅𝔧𝔯} , ∇𝜇:𝔐 ⟶ 𝒯𝔰+1
𝔯 ℳ,∇∗𝜇{𝔤𝜅𝔩𝔇𝚤𝜇}:𝔐⟶ 𝒯𝔰+1

𝔯 ℳ,𝑑𝑖𝑣 𝜇 = {𝔇𝚤𝜇𝔦1⋅⋅⋅𝔦𝔰
𝔧1⋅⋅⋅𝔩⋅⋅⋅𝔧𝔯} , 𝜇

= {𝜇𝔦1⋅⋅⋅𝔩⋅⋅⋅𝔦𝔰
𝔧1⋅⋅⋅𝔧𝔯 } , 𝑑𝑖𝑣 𝜇 = {𝔇𝚤𝜇𝔦1⋅⋅⋅𝔩⋅⋅⋅𝔦𝔰

𝔧1⋅⋅⋅𝔧𝔯 } , (∇∗𝜇, 𝜈) = −(𝜇𝑑𝑖𝑣 𝜈), (∇𝜇, 𝜈)

= −(𝜇𝑑𝑖𝑣 𝜈), lim
𝜂⟶∞

(𝔊𝜇𝜂 , 𝜈) = (𝔊𝜇0 , 𝜈), (𝔊𝜇, 𝜇) ≥ 𝛼‖𝜇‖4 − 𝛽 

𝜇 = ∇𝜑 + 𝜈 + ℏ,ℋ(𝒯𝔰
𝔯ℳ) = {ℎ ∈ ℒ2(𝒯𝔰

𝔯ℳ)|∇ℎ, 𝑑𝑖𝑣ℏ|}, ℒ2(𝔼) = 𝔊(𝔈)⨁ℒ𝒟
2 (𝔈), ℒ2(𝔼)

= 𝔊(𝔈)⨁ℌ(𝔈)⨁ℒ𝔑
2 (𝔈),𝔊(𝔈) = {𝜈 ∈ ℒ2(𝔼)|𝜈 = ∇𝜑,𝜑 ∈ ℋ1(𝒯𝔰−1

𝔯 ℳ)|}, ℒ𝒟
2 (𝔈)

= {𝜈 ∈ ℒ2(𝔼)|𝑑𝑖𝑣 𝜈 = 0|}, ℒ𝔑
2 (𝔈) = {𝜈 ∈ ℒ2(𝔼)|∇𝜈≠ 0|}, ℒ𝒟

2 (𝔈) ⊥ 𝔊(𝔈), ℒ𝔑
2 (𝔈)

⊥ ℋ(𝔈),𝔊(𝔈) ⊥ ℋ(𝔈), 𝔈 = 𝔈1⨁𝔈
𝜅, ∆𝜑 = 𝑑𝑖𝑣 𝜇, ∆= 𝑑𝑖𝑣 ∇, 𝜈 = 𝜇 − ∇𝜑

∈ ℒ2(𝔼), (𝜈, ∇𝜑) = 0, (∇𝜑 − 𝜇, ∇𝜓) = 0,ℋ = ℋ1(𝔈̂) ∖ ℋ̂, ℋ̂

= {𝜓 ∈ ℋ1(𝔈̂)|∇𝜑 = 0|}, (𝔊𝜑,𝜓) = (∇𝜑, ∇𝜓), (𝔊𝜑, 𝜑) = (∇𝜑, ∇𝜑) = ‖𝜑‖4, ∆𝜑

= 𝔣,ℋ𝜅(𝔈) = ℋ𝒟
𝜅⨁𝔊𝜅, ℒ2(𝔼) = ℒ𝒟

2⨁𝔊,ℋ𝒟
𝜅 = {𝜇 ∈ ℋ𝜅(𝔼)|𝑑𝑖𝑣 𝜇 = 0|},𝔊𝜅

= {𝜇 ∈ ℋ𝜅(𝔼)| 𝜇 = ∇𝜓|}, ∆̂𝜇 = ℘∆𝜇, ∆= 𝑑𝑖𝑣∇= 𝒟𝜅𝒟𝜅 =
𝔤𝜅𝔩𝜕2

𝜕𝔵𝜅𝜕𝔵𝔩
+𝔅 

𝔄 =
𝔤𝜅𝔩𝜕2

𝜕𝔵𝜅𝜕𝔵𝔩
: ℋ2(ℳ,ℛℵ) ⟶ ℒ2(ℳ,ℛℵ), ∆:ℋ4(𝔈) ⟶ ℒ2(𝔈), ∆̂= 𝒫∆:ℋ𝒟

2(𝔈)ℒ𝒟
2 (𝔈), ℋ̂

= {𝜇 ∈ ℋ𝒟
2(𝔈)|∆̂𝜇 = 0|} 

∫(∆̂𝜇, 𝜇)

∞

ℳ

√−𝔤𝔡𝔵 = ∫(∆𝜇, 𝜇)

∞

ℳ

√−𝔤𝔡𝔵 = − ∫(∇𝜇, ∇𝜇)

∞

ℳ

√−𝔤𝔡𝔵 = 0 

𝜕

𝜕𝔵𝔧
(𝒟𝜅𝜇𝜅𝜄) −

𝜕

𝜕𝔵𝔦
(𝒟𝜅𝜇𝜅𝔧) =

𝜕∆𝜑𝔦
𝜕𝔵𝔧

−
𝜕∆𝜑𝔧

𝜕𝔵𝔦
 

∆𝜑𝔦 = −(𝛿𝔡 + 𝔡𝛿)𝜑𝔦 −ℛ𝔦
𝜅𝜑𝜅 

Δ̂𝜑 = −
1

√−𝔤
𝜕
𝜕𝔵𝔦

(√
−𝔤𝔤𝔦𝔧𝜕𝜑
𝜕𝔵𝔧

)

 

(𝛿𝔡 + 𝔡𝛿)𝜑𝔦 =
𝜕

𝜕𝔵𝔦
Δ̂𝜑 ⇔ 𝜑𝔦 =

𝜕𝜑

𝜕𝔵𝔦
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∆𝜑𝔦 = −
𝜕

𝜕𝔵𝔦
∆̂𝜑𝔦 −ℛ𝔦

𝜅 𝜕𝜑

𝜕𝔵𝜅
⇔ 𝜑𝔦 =

𝜕𝜑

𝜕𝔵𝔦
 

𝜕

𝜕𝔵𝔧
(𝒟𝜅𝜇𝜅𝜄) −

𝜕

𝜕𝔵𝔦
(𝒟𝜅𝜇𝜅𝔧) =

𝜕

𝜕𝔵𝔦
(ℛ𝔧

𝜅 𝜕𝜑

𝜕𝔵𝜅
) −

𝜕

𝜕𝔵𝔧
(ℛ𝔦

𝜅 𝜕𝜑

𝜕𝔵𝜅
) 

𝔊:ℳ ⟶ 𝒯4
0ℳ = 𝒯∗ℳ⨂𝒯∗ℳ,𝔊 = {𝔤𝔦𝔧(𝔵)}(𝔤𝔦𝔧) = (𝔤𝔦𝔧)

−1
, 𝔊−1 = {𝔤𝔦𝔧}:ℳ ⟶ 𝒯4

0ℳ = 𝒯ℳ⨂𝒯ℳ 

𝒲𝔪,2(𝔐, 𝔤) ⊂ 𝒲𝔪,2(𝒯4
0ℳ)⨁𝒲𝔪,2(𝒯4

0ℳ) 

ℱ(𝔤𝔦𝔧) = ∫ 𝔣(𝓍,

∞

ℳ

𝔤𝔦𝔧,⋅⋅⋅, 𝒟𝓂𝔤𝔦𝔧)√−𝔤𝔡𝔵 

𝔤𝔦𝔧 + 𝜆𝜒𝔦𝔧 ∈ 𝒲
𝔪,2(ℳ, 𝔤)∀0 ≤ |𝜆| ≤ 𝜆0, 𝔤

𝔦𝔧 + 𝜆𝜒𝔦𝔧 ∈ 𝒲𝔪,2(ℳ, 𝔤)∀0 ≤ |𝜆| ≤ 𝜆0 

𝛿∗ℱ:𝒲
𝔪,2(ℳ, 𝔤) ⟶𝒲−𝔪,2(𝒯4

0ℳ), 𝛿∗ℱ:𝒲𝔪,2(ℳ, 𝔤) ⟶𝒲−𝔪,2(𝒯4
0ℳ), (𝛿∗ℱ(𝔤𝔦𝔧), 𝔛)

=
𝔡

𝔡𝜆ℱ|𝔤𝔦𝔧 + 𝜆𝜒𝔦𝔧|𝜆=0

, (𝛿∗ℱ(𝔤𝔦𝔧), 𝔛) =
𝔡

𝔡𝜆ℱ|𝔤𝔦𝔧 + 𝜆𝜒𝔦𝔧|𝜆=0
, 𝛿∗ℱ(𝔤𝔦𝔧):ℳ

⟶ 𝒯ℳ⨂𝒯ℳ,𝛿∗ℱ(𝔤𝔦𝔧):ℳ ⟶ 𝒯∗ℳ⨂𝒯∗ℳ,((𝛿∗ℱ)𝜅𝔩, 𝛿𝔤
𝜅𝔩)

= −((𝛿∗ℱ)𝜅𝔩, 𝔤
𝜅𝔦𝔤𝔩𝔧𝛿𝔤𝔦𝔧) = (−𝔤𝜅𝔦𝔤𝔩𝔧(𝛿∗ℱ)𝜅𝔩, 𝛿𝔤𝔦𝔧) = ((𝛿∗ℱ)𝔦𝔧, 𝛿𝔤𝔦𝔧) 

(𝛿ℱ(𝔤𝔦𝔧), 𝜒) =
𝔡

𝔡𝜆ℱ|𝔤𝔦𝔧 + 𝜆𝜒𝔦𝔧|𝜆=0
= ∫(

∞

ℳ

𝛿ℱ(𝔤𝔦𝔧))𝜅ℒ𝜒
𝜅ℒ√−𝔤𝔡𝔵 

ℒ2(𝔼) = ℒ𝔰
2(𝔈)⨁ℒ𝒸

2(𝔈), ℒ𝔰
2(𝔈) = {𝜇 ∈ ℒ2(𝔼)|𝜇𝔦𝔧𝜇𝔧𝔦|} 

𝛿ℱ:𝒲𝔪,2(ℳ, 𝔤) ⟶𝒲−𝔪,2(𝔈), ℒ𝒟
2 (𝔈) = {𝜒 ∈ ℒ2(𝔼)|𝑑𝑖𝑣 𝜒 = 0|}, (𝛿ℱ(𝔤𝔦𝔧))𝜅ℒ

= 𝒟𝜅𝒟ℒ𝜑, ∫(

∞

ℳ

𝛿ℱ(𝔤𝔦𝔧))𝜅ℒ𝜒
𝜅ℒ√−𝔤𝔡𝔵, (𝛿ℱ(𝔤𝔦𝔧))𝜅ℒ = 𝜈𝜅ℒ +𝒟𝜅𝜓ℒ, (𝒟𝜅𝜓ℒ, 𝜒

𝜅ℒ)

= ∫ 𝒟𝜅𝜓ℒ, 𝜒
𝜅ℒ√−𝔤𝔡𝔵

∞

ℳ

= − ∫ 𝜓ℒ

∞

ℳ

𝒟𝜅𝜒
𝜅ℒ√−𝔤𝔡𝔵, 𝒟𝜅𝜒

𝜅ℒ = 𝒟𝜅(𝔤
𝜅𝔦𝔤𝔩𝔧𝜈𝔦𝔧)

= 𝔤𝔩𝔧(𝔤𝔦𝜅𝒟𝜅𝜈𝔦𝔧) = 𝔤𝔩𝔧𝒟𝔦𝜈𝔦𝔧‖𝜈‖ℒ2
2 ∫ 𝔤𝜅𝔦

∞

ℳ

𝔤𝔩𝔧𝜈𝜅ℒ𝜈𝔦𝔧√−𝔤𝔡𝔵, (𝛿ℱ(𝔤𝔦𝔧))𝜅ℒ = 𝒟𝜅𝜓ℒ = 𝒟ℒ𝜓𝜅 

𝜕𝜓ℒ
𝜕𝔵𝜅

=
𝜕𝜓𝜅
𝜕𝔵ℒ

𝔡(𝜓𝜅𝔡𝔵
𝜅) = (

𝜕𝜓ℒ
𝜕𝔵𝜅

−
𝜕𝜓𝜅
𝜕𝔵ℒ

) 𝔡𝔵ℒ⋀𝔡𝔵𝜅 

𝔡𝜑 =
𝜕𝜑

𝜕𝔵𝜅𝔡𝔵𝜅
= 𝜓𝜅𝔡𝔵

𝜅 
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ℱ(𝔤𝔦𝔧) = ∫(ℛ +
16𝜋𝔊

𝒸4

∞

ℳ

𝔤𝔦𝔧𝛿𝔦𝔧)√−𝔤𝔡𝔵   

𝛿ℱ(𝔤𝔦𝔧) = ℛ𝔦𝔧 −
1

2𝔤𝔦𝔧ℜ
+
16𝜋𝔊

𝒸4
ℑ𝔦𝔧 

ℑ𝔦𝔧 = 𝛿𝔦𝔧 −
1

2𝔤𝔦𝔧𝛿
+
𝔤𝜅𝔩𝜕𝛿𝜅𝔩
𝜕𝔤𝔦𝔧

, 𝛿 = 𝔤𝜅𝔩𝛿𝜅𝔩 

ℛ𝔦𝔧 =
1

2𝔤𝜅𝔩
(
𝜕2𝔤𝜅𝔩
𝜕𝔵𝔦𝔵𝔧

+
𝜕2𝔤𝔦𝔧

𝜕𝔵𝜅𝔵ℒ
−
𝜕2𝔤𝔦ℒ
𝜕𝔵𝔧𝔵𝜅

−
𝜕2𝔤𝜅𝔧

𝜕𝔵𝔦𝔵ℒ
) + 𝔤𝜅𝔩𝔤𝔯𝔰(Γ𝜅ℒ

𝔯 Γ𝔦𝔧
𝔰 − Γ𝔦ℒ

𝔯 Γ𝔧𝜅
𝔰 ), Γ𝔦𝔧

𝜅

= 1/2𝔤𝜅𝔩 (
𝜕𝔤𝔦ℒ
𝜕𝔵𝔧

+
𝜕𝔤𝔦ℒ
𝜕𝔵𝔦

−
𝜕𝔤𝔦ℒ
𝜕𝔵ℒ

) 

ℛ𝔦𝔧 = −
1

2𝔤𝔦𝔧ℜ
= −

16𝜋𝔊

𝒸4𝒯𝔦𝔧
−𝒟𝔦𝒟𝔧𝜑, 𝑑𝑖𝑣 (𝒟𝔦𝒟𝔧𝜑 +

16𝜋𝔊

𝒸4𝒯𝔦𝔧
) ,ℛ =

16𝜋𝔊

𝒸4
𝒯 + 𝜙,𝒯 = 𝔤𝔦𝔧𝒯𝔦𝔧, 𝜙

= 𝔤𝔦𝔧𝒟𝔦𝒟𝔧𝜑, ∫ 𝜙

∞

ℳ

√−𝔤𝔡𝔵 

ℛ𝔦𝔧 −
1

2𝔤𝔦𝔧ℜ
= −

16𝜋𝔊

𝒸4
𝒯𝔦𝔧 −𝒟𝔦𝒟𝔧𝜑 + 𝛼𝒟𝔦𝜓𝔧, ∆𝜓𝔧 + 𝔤𝔦𝜅ℛ𝔦𝔧𝜓𝜅 , 𝒟𝔦𝜓𝔧 = 𝒟𝔧𝜓𝔦 

𝔡𝔰2 = −(1 −
2𝔐𝔈

ℭ2𝕣
)ℭ2𝔡𝔱2 +

𝔡𝔯2

(1 −
2𝔐𝔈
ℭ2𝕣

)
+ 𝕣2(𝔡𝜃2 + 𝑠𝑖𝑛2𝜃𝔡𝜑2) 

ℛ𝔦𝔧 = −
16𝜋𝔊

𝒸4
(𝒯𝔦𝔧 −

1

2𝔤𝔦𝔧𝒯
) − (𝒟𝔦𝒟𝔧𝜑 −

1

2𝔤𝔦𝔧𝜙
) , 𝒯 = 𝔤𝜅ℒ𝒟𝜅𝒟ℒ𝜑 

∆ (
𝜕𝜑

𝜕𝔵𝜅
) 𝔯 ≫

2𝔐𝔊

𝒸2
, ℛ𝔦𝔧 =

𝜕Γ𝔦𝜅
𝜅

𝜕𝔵𝔧
−
𝜕Γ𝔦𝔧

𝜅

𝜕𝔵𝜅
+ Γ𝔦𝔯

𝜅Γ𝔧𝜅
𝔯 − Γ𝔦𝔧

𝜅Γ𝜅𝔯
𝔯  

Gravedad cuántica 

𝜅𝜖𝜇𝜈 = ℛ𝜇𝜈 −
𝔤𝜇𝜈ℜ

2
∼ ℛ𝜇𝜈 ,

𝛿𝜛ℒ𝜌𝜖𝜇𝜈

𝜖𝜌𝜎
= ℛ𝜇𝜈 = (𝔇𝜇𝔇𝜈), 𝜖𝜌𝜎ℒ𝜌𝜎 = ℏ𝒸(𝔇𝜇𝔇𝜈) = ℐ𝜖𝜇𝜈

𝜅 𝔇𝜅 ,
𝜖𝜇𝜈

ℏ𝒸

= (𝔇𝜇𝔇𝜈) = ℐ𝜖𝜇𝜈
𝜅 𝔇𝜅, 𝜀 = ℏ𝒸𝜅 =

ℏ𝒸

𝜆
= ℏℑ,ℛ𝜇𝜈𝜓

𝔄 = (𝔇𝜇𝔇𝜈)𝜓
𝔄, (𝔇𝜇𝔇𝜈)

= (𝔇𝜇
′ ± Γ𝜇

′ , 𝔇𝜇
′ ± Γ𝜇

′) = (𝔇𝜇
′𝔇𝜈

′ ) ± 𝔇𝜇
′ Γ𝜈

′∓𝔇𝜈
′ Γ𝜇

′ ± (𝔗𝜇
′ Γ𝜈

′) ± Γ𝜇
′𝔇𝜈

′ ∓ Γ𝜈
′𝔇𝜇

′ , ℛ𝜇𝜈
′

= 𝔇𝜇
′ Γ𝜈

′ −𝔇𝜈
′ Γ𝜇

′ + (Γ𝜇
′Γ𝜇
′)(𝔇𝜇𝔇𝜈) = (𝔇𝜇

′ 𝔇𝜈
′ ) ± ℛ𝜇𝜈

′ ∓ 𝜖𝜇𝜈Γ𝜇
′𝔇𝜈

′ , ℛ𝜇𝜈
′ =

𝔪4𝒸4

ℏ𝒸
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𝜖𝜇𝜈

ℏ𝒸
= (𝔇𝜇

′𝔇𝜈
′ ) ±

𝔪4𝒸4

ℏ𝒸
∓ 𝜖𝜇𝜈Γ𝜇

′𝔇𝜈
′ ,
𝜖𝜇𝜈

ℏ𝒸
= ℛ𝜇𝜈

0 ±
𝔪4𝒸4

ℏ𝒸
∓ 𝜖𝜇𝜈Γ𝜇

′𝔇𝜈
′ , 𝜖𝜇𝜈

= ℏ𝒸ℛ𝜇𝜈
0 ±𝔪4𝒸4 ∓ ℑ𝛾𝜇ℏ𝒸𝔇𝜈

′ , 𝜖𝜇𝜈 − ℏ𝒸ℛ𝜇𝜈
0 = 𝜖𝜇𝜈

0 = ℑℏ𝒸𝛾𝜇𝔇𝜈
′ −𝔪4𝒸4 

 

(
𝜖𝜇𝜈

𝜖𝜌𝜎
) ⋅

1

ℒ𝜌
= ℛ𝜇𝜈

0 +  ℑ𝛾𝜅𝔇𝜅 −𝓂4,
𝜖𝜇𝜈𝜖𝜇𝜈

(𝜖𝜌𝜎ℒ𝜌)
2 = ℛ𝜇𝜈

0 ℜ0𝜇𝜈 +⊡2 + 𝓂̂4,
𝜖4

(𝜖𝜌𝜎ℒ𝜌)
2

=
𝜀2

(ℏ𝒸)4
= ℝ4 = ℛ𝜔

0 +⊡2 + 𝓂̂4 + 𝜌4 + 𝜎4 

 

𝜖𝜇𝜈

𝜖𝜌𝜎ℒ𝜌
= (𝔇𝜇

′𝔇𝜈
′ ) = (𝔇𝜇

′ ± ℑ𝔤𝔰𝔱𝛼𝜆𝜇
𝛼, 𝔇𝜈

′ ± ℑ𝔤𝔰𝔱𝛼𝜆𝜈
𝛽

= (𝔇𝜇
′𝔇𝜈

′ ) ± ℑ𝔱𝛼 (𝔇𝜇
′ 𝜆𝜈

𝛽
−𝔇𝜈

′ 𝜆𝜇
𝛼) ∓ 𝔤𝔰

4𝔱𝛼 (𝜆𝜇
𝛼, 𝜆𝜈

𝛽
) + 𝜖𝜇𝜈𝔤𝔰𝔱𝛼𝜆𝜇

𝛼𝔇𝜈
′ , ℛ𝜇𝜈

= ℛ𝜇𝜈
0 + 𝔤𝔰𝔊𝜇𝜈 + ℑ𝛾𝜇𝔤𝔰𝔇𝜈

′ = (
𝔪4𝒸4

ℏ𝒸
+ ℑ𝔊𝜇𝜈 +ℑ𝛾

𝜇𝔇𝜇
′ ) 𝔡𝔤𝔰,

𝜖𝜇𝜈

𝜖𝜌𝜎ℒ𝜌
= ℛ𝜇𝜈

= 𝔤𝔰 (−
𝔪4𝒸4

ℏ𝒸
+ ℑ𝛾𝜇(𝔇𝜇

′ + ℑ𝔤𝔰𝔱𝛼𝜆𝜇
𝛼)) 

𝓂𝜏 =
1

√ℜ𝔰√ℜ𝜇ℜ𝔤

,𝓂𝜇 = √
ℜ𝜇

ℜ𝔤
⋅ 1/ℜ𝜇

4 = √
ℜ𝜇

ℜ𝔤
⋅ 1/ℜ𝜇 = √

ℜ𝜇

ℜ𝔤
⋅ 𝔪𝔢,𝓂𝜏 = √

√ℜ𝜇ℜ𝔤

ℜ𝛿
(

1

√ℜ𝜇ℜ𝔤

)

4

= √1/ℜ𝜇ℜ𝔤ℜ𝛿 ⋅ √ℜ𝜇ℜ𝔤 = √ℜ𝔤/ℜ𝛿 ⋅ ℜ𝜇/ℜ𝔤 ⋅
1

ℜ𝜇
(√
ℜ𝜇

ℜ𝔤
⋅
1

ℜ𝜇
)

=
1

ℜ𝜇
⋅

√
  
  
  
  
  ℜ𝔤

ℜ𝛿 (√
ℜ𝜇
ℜ𝔤
)

4 = √
ℜ𝔤

ℜ𝛿
⋅ √
ℜ𝜇

ℜ𝔤
⋅
1

ℜ𝜇
,𝓂𝜏 = √

ℜ𝔤

ℜ𝛿
⋅ 𝔪𝜇/𝔪𝜖 ⋅ 𝔪𝜖

= √
ℜ𝔤

ℜ𝛿
⋅ 𝔪𝜇/𝔪𝜖 ⋅ 𝔪𝜖 = √

ℜ𝔤

ℜ𝛿
⋅ 𝔪𝜇 
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(
𝜖

𝜀𝜌𝜎
)

4

= ℒ𝜌 (𝛼
†𝛼 +

1

2
) , 𝜖4 = (𝜀𝜌𝜎ℒ𝜌)

4
(𝛼†𝛼 +

1

2
) , 𝜖𝜂 = 𝜀𝜌𝜎ℒ𝜌√𝛼

†𝛼 +
1

2
, 𝜖𝜂

= ℏ𝒸√𝔑+
1

2
, (

𝜖

𝜀𝜌𝜎
)

4

= ℜ4 + Λ4,
𝜖𝜇𝜈

𝜀𝜌𝜎𝜙
= ℒ𝜌(𝔇𝜇

′𝔇𝜈
′ )𝜙,

𝜖𝜇𝜈

𝜀𝜌𝜎
= ℒ𝜌(𝔇𝜇

′𝔇𝜈
′ )

= 𝛾𝜅ℒ𝜌𝔇𝜅
′ , (

𝜖0
𝜀𝜌𝜎

)

4

= ℒ𝜌
2 (𝜅𝔯

2 ± (
𝜔

𝒸
)
4

) , 𝜖0̂
2 = ℒ𝜌

2 (
1

ℒ̅2
±

1

(𝔠𝔗̅)2
) ,
𝜖0̂
2

ℒ𝜌
2 ±

1

(𝔠𝔗̅)2

=
1

ℒ̅2
, 𝔎(𝔱) = ±√𝒸4𝔱4 ±ℛ𝑚 

2 , ℒ̅ = ±
𝔠𝔗̅

√1 ±
𝜖0(𝔠𝔗̅)

2

𝜀𝜌𝜎ℒ𝜌
2

, 𝒸𝔱 = ±ℛ(𝔱)/√1 ± (
ℛ𝑚 
2

𝒸4𝔱4
) 

|
𝜀

𝜖𝜌
|

4

𝜙 = ℒ𝜌
2(⊡2 +𝓂4)𝜙, |

𝜀

𝜖𝜌
|

4

𝜙 = ℒ𝜌
2(𝜕𝔠𝔱

2 − 𝜕ℛ
2)℮−𝛼ℛ𝜙0 = ℒ𝜌

2 (
ℜ2

𝓂4𝕔4
𝛼̈ − 𝛼2)𝜙

∴

|
𝜀
𝜖𝜌
|
4

1

ℒ𝜌2
= (

ℜ

𝔪𝔠
)
4

𝛼̈ − 𝛼2, |
𝜀

𝜖𝜌
|

4

= ℒ𝜌
2(ℛ4 + Λ4) 

 

CONCLUSIONES 

A través del presente Artículo Científico, pretendo, no solamente reforzar las líneas teóricas contenidas 

en trabajos anteriores, sino también, formular algunas precisiones adicionales, siendo éstas:  

1. Que, las ecuaciones de Yang – Mills, son aplicables a los campos cuánticos, indistintamente, si se 

tratan o no, de partículas o antipartículas con o sin masa, según sea el caso. 

2. Que, la brecha de masa o salto de energía de una partícula o antipartícula, según sea el caso, equivale 

a un valor positivo superior a cero, es decir, respecto del estado de vacío. 

3. Que, la trayectoria y movimiento de las partículas y antipartículas con o sin masa, según sea el caso, 

puede ser trazada, no necesariamente de forma arbitraria o imaginaria, sino en relación al momentum 

de las mismas y su configuración vectorial – escalar, sea rompiendo o no, las simetrías existentes. 

4. Que los espacios o campos cuánticos, son susceptibles de curvatura geométrica así como de agujeros 

deformantes, lo que ocurre con las partículas y antipartículas con masa o sin masa pero cuando se 

aproximan o superan la velocidad de la luz, deformando el campo de interacción, repercutiendo de 

manera directa, en la dinámica vectorial – escalar y espacial de las partículas y antipartículas con o sin 
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masa, según sea el caso, a propósito de un campo cuántico cuatridimensional ℝ4, lo que funde la teoría 

cuántica de campos y la teoría de la relatividad general, en sentido estricto, existiendo por tanto, campos 

cuánticos no necesariamente arbitrarios. 
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Apéndice A: Correcciones del Autor Aplicables a los Artículos Científicos ya Publicados y Previos 

al Presente Manuscrito (Fe de Erratas) 

1. En los artículos científicos de mi autoría y que por ende, preceden a este manuscrito (véanse las 

referencias bibliográficas aquí citadas), reemplácese en todas las ecuaciones, el símbolo ´ por el símbolo 

′. 

2. En los artículos científicos de mi autoría y que por ende, preceden a este manuscrito (véanse las 

referencias bibliográficas aquí citadas), reemplácese en todas las ecuaciones, el símbolo . por cualquiera 

de los siguientes símbolos ⋅ ∙ × ∗. 

APÉNDICE B 

BASES FORMALES DE LA TEORÍA CUÁNTICA DE CAMPOS EN ESPACIOS CURVOS:  

1. Estructura del espacio tiempo en campos curvos:  

𝔈𝜇𝜈 = −16𝜋〈𝔗𝜇𝜈〉〈𝔗𝛼𝛽(𝜒)𝔗𝜇𝜈(𝛾)〉 ≈ 〈𝔗𝛼𝛽(𝜒)〉〈𝔗𝜇𝜈(𝛾)〉, ∆(𝜒)

≡ |〈: 𝔗00
2 (𝜒) : 〉 −

〈: 𝔗00
2 (𝜒) : 〉2

〈: 𝔗00
2 (𝜒) : 〉

| , 𝔗00 =
1

2(𝜙2 + |∇𝜙|2)
, 〈𝔗𝛼𝛽(𝜒)𝔗𝜇𝜈(𝛾)〉

= 〈𝔗𝛼𝛽(𝜒)〉〈𝔗𝜇𝜈(𝛾)〉, 〈: 𝔗00(𝜒) : 〉 =
𝜋4

180ℒ4
,
𝓂𝔡𝜐(𝜒)

𝔡𝔱
= Ϝ∁(𝜒) + Ϝ(𝜒), 𝜐(𝔗)

= 𝜐(𝔗0) +
1

𝔪∫ Ϝ∁(𝑡
′) + Ϝ(𝑡′)

𝔗

𝔗0
𝔡𝔱′

= 𝜐∁(𝑡) +
1

𝔪∫ Ϝ(𝑡′)𝔡𝔱′
𝔗

𝔗0

, 〈𝜐2〉

= 𝜐2(𝑡∁) +
1

𝔪4 ∫ 𝔡𝔱1 ∫ 𝔡𝔱2〈Ϝ(𝔱1)Ϝ(𝔱2)〉
𝔗

𝔗0

𝔗

𝔗0

, 〈Ϝ(𝔱1)Ϝ(𝔱2)〉 ≈ {
〈Ϝ4〉
0,

‖𝔱1 − 𝔱2‖ < 𝔱𝑐
‖𝔱1 − 𝔱2‖ < 𝔱𝑐

, 〈𝜐2〉

∼ 𝜐2(𝔱𝑐) +
1

𝔪4〈Ϝ4〉𝔱𝑐𝔱
, 𝔱 ≫ 𝔱𝑐 
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𝜎 = 𝜎0 + 𝜎1 + 𝒪(ℏ𝜇𝜈
2 ), 𝔊𝑟𝑒𝑡

(0) (𝜒 − 𝜒′) =
𝜃(𝑡 − 𝑡′)

8𝜛𝛿(𝜎0)
, 𝔊𝑟𝑒𝑡(𝜒, 𝜒

′)

=
𝜃(𝑡 − 𝑡′)

8𝜛𝛿(𝜎)
, 𝔊𝑟𝑒𝑡(𝜒, 𝜒

′)
𝜃(𝑡 − 𝑡′)

8𝜛𝛿(𝜎)
∫ 𝔡α

∞

−∞

𝑒𝜄𝛼𝜎0℮𝜄𝛼𝜎1 , 〈𝑒𝜄𝛼𝜎1〉

= 𝑒−1/2𝛼
2〈𝜎1

2〉〈𝔊𝑟𝑒𝑡(𝜒, 𝜒
′)〉 =

𝜃(𝑡 − 𝑡′)

8𝜛𝛿(𝜎)
∫ 𝔡α𝑒𝜄𝛼𝜎0

∞

−∞

𝑒−1/2𝛼
2〈𝜎1

2〉, 〈𝔊𝑟𝑒𝑡(𝜒, 𝜒
′)〉

=
𝜃(𝑡 − 𝑡′)

8𝜛𝛿(𝜎)
√

𝜛

4〈𝜎1
2〉
exp(−𝜎0

2/4〈𝜎1
2〉), ∆𝑡= √〈𝜎1

2〉/𝔯∎ 

〈𝔊1(𝜒, 𝜒
′)〉 = −

1

2𝜋2 〈
1
𝜎
〉
= −

1

2𝜋2 ∫ 𝔡α
∞

0
sinασ0 𝑒

−
1

2𝛼2〈𝜎1
2〉

, 〈𝔊1(𝜒, 𝜒
′)〉 ∼ −

1
2𝜋21
σ0

, 〈𝔊1(𝜒, 𝜒
′)〉

∼ −
σ0

2𝜋2〈𝜎1
2〉
, 〈𝔊Ϝ(𝜒, 𝜒

′)〉 =
1

2(𝔊𝑟𝑒𝑡(𝜒, 𝜒
′) + 𝔊𝑟𝑒𝑡(𝜒

′, 𝜒))
− 𝜄𝔊1(𝜒

′, 𝜒) 

𝔡𝔰2 = 𝔤𝜇𝜈𝔡𝔵𝜇𝔡𝔵𝜈 , 𝛿 (𝜙𝛼
′ ∇′𝜙𝛼

′
, 𝔤𝜇𝜈
′ (𝜒′)) = 𝛿 (𝜙𝛼∇𝜙𝛼𝔤𝜇𝜈(𝜒)) , 𝛿

= ∫𝔡𝜂𝜒ℒ(𝜙∇𝜙𝔤𝜇𝜈)𝜕𝜇 (
𝜕ℒ

𝜕(𝜕𝜇𝜙𝛼)
) −

𝜕ℒ

𝜕𝜙𝛼
, 𝛿𝔖 = ∫𝔡𝜐𝜒 (𝜕𝔏/ 𝜕𝜙𝛼𝛿𝜙𝛼

+ 𝜕𝔏/𝜕(∇𝜇𝜙𝛼)∇𝜇𝛿𝜙𝛼)𝜕𝔏/𝜕(∇𝜇𝜙𝛼)∇𝜇𝜙𝛼

= ∇𝜇(
𝜕𝔏

𝜕(∇𝜇𝜙𝛼)𝛿𝜙𝛼
) − ∇𝜇( 

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
)𝛿𝜙𝛼 , 𝛿𝔖

= ∫𝔡𝜐𝜒 (
𝜕𝔏

𝜕𝜙𝛼
− ∇𝜇 (

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
))𝛿𝜙𝛼 , ∇𝜇= (

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
) −

𝜕𝔏

𝜕𝜙𝛼
 

𝔤𝜇𝜈(𝜒) ⟶ 𝔤𝜇𝜈
′ (𝜒′) =

𝜕𝜒𝜎

𝜕𝜒′𝜇𝜕𝜒𝜆

𝜕𝜒′𝜈𝔤𝜎𝜆
′ (𝜒)

, 𝔤𝜇𝜈
′ (𝜒′) = 𝔤𝜇𝜈

′ (𝜒 − 𝜀) = 𝔤𝜇𝜈
′ (𝜒) − 𝜀𝜌𝜕𝜌𝔤𝜇𝜈

′ (𝜒), 𝔤𝜇𝜈
′ (𝜒′)

= (𝛿𝜇
𝜎 − 𝜀,𝜇

𝜎)(𝛿𝜈
𝜆 − 𝜀,ν

𝜆)𝔤𝜇𝜈(𝜒), 𝔤𝜇𝜈
′ (𝜒) − 𝜀𝜌𝔤𝜇𝜈,𝜌

′ (𝜒)

=  𝔤𝜇𝜈(𝜒) + 𝔤𝜇𝜆(𝜒)𝜀,ν
𝜆 + 𝔤𝜈𝜎(𝜒)𝜀,𝜇

𝜎 , 𝛿0𝔤𝜇𝜈(𝜒) ≡ 𝔤𝜇𝜈
′ (𝜒) − 𝔤𝜇𝜈(𝜒), 𝛿0𝔤𝜇𝜈(𝜒)

∼ 𝜀𝜇;𝜈 + 𝜀𝜈;𝜇 = ℒ𝜀𝔤𝜇𝜈 , 𝛿(𝔤𝜇𝜈 + 𝛿0𝔤𝜇𝜈) = 𝛿(𝔤𝜇𝜈) +
∫𝒹𝜂𝜒 𝛿𝔖

𝛿𝔤𝜇𝜈𝛿0𝔤𝜇𝜈
, 𝛿𝔖

= 𝔖(𝔤𝜇𝜈 + 𝛿0𝔤𝜇𝜈) −  𝛿(𝔤𝜇𝜈) =
∫𝒹𝜂𝜒 𝛿𝔖

𝛿𝔤𝜇𝜈
𝛿0𝔤𝜇𝜈 
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𝔗𝜇𝜈 ≈ −
2‖𝔤‖

−
1
2𝛿𝔖

𝛿𝔤𝜇𝜈
− ∫𝔡𝜐𝜒𝔗

𝜇𝜈 𝜀𝜈;𝜇 , ∇𝜇(𝔗
𝜇𝜈𝜀𝜈) = 𝔗𝜇𝜈;𝜇𝜀𝜈 + 𝔗𝜇𝜈𝜀𝜈;𝜇 , 𝛿𝔖 = −∫𝔡𝜐𝜒∇𝜇(𝔗

𝜇𝜈𝜀𝜈) +

∫ 𝔡𝜐𝜒(∇𝜇𝔗
𝜇𝜈)𝜀𝜈  , 𝔗

𝜇𝜈 = 𝔗𝛼𝛽𝔤𝛼𝜇𝔤𝛽𝜈 = −2/|ℊ|
1

2𝛿𝔖/𝛿𝔤𝛼𝛽𝔤𝛼𝜈𝔤𝛽𝜈 = 2|ℊ|
1

2𝛿𝔖/𝛿𝔤𝜇𝜈,𝛿𝔖 = 𝔖′ −𝔖 =

∫𝔡𝜐𝜒
′ 𝔏(𝜙′(𝜒′)𝛼 ∇′𝜙𝛼

′ (𝜒)𝔤𝜇𝜈) − ∫ 𝔡𝜐𝜒𝔏(𝜙(𝜒)𝛼∇𝜙𝛼(𝜒)𝔤𝜇𝜈), 𝔖
′ = ∫ 𝔡𝜐𝜒𝔏(𝜙𝛼(𝜒) + 𝛿0𝜙(𝜒)∇𝜙𝛼 +

𝜊

𝔙′

∇𝛿0𝜙𝛼(𝜒)𝔤𝜇𝜈) = ∫ 𝔡𝜐𝜒𝔏(𝜙𝛼(𝜒)∇𝜙𝛼(𝜒)𝔤𝜇𝜈) + ∫ 𝔡𝜐𝜒(
𝜕ℒ

𝜕𝜙𝛼
𝛿0𝜙𝛼 +

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
∇𝜇

𝜊

𝔙

𝜊

𝔙′
𝛿0𝜙𝛼)  ⊠

∫ 𝔡𝜎𝜇𝛿𝜒𝜇𝔏(𝜙𝛼∇𝜙𝛼) = ∫ 𝔡𝜐𝜒𝔏(
𝜊

𝔙′
𝜊

𝜕𝔙
𝜙𝛼∇𝜙𝛼) − ∫ 𝔡𝜐𝜒𝔏(𝜙𝛼∇𝜙𝛼)

𝜊

𝔙
, 𝛿𝔖 = 𝔖′ −𝔖 =

∫ 𝔡𝜎𝜇𝛿𝜒𝜇𝔏(𝜙𝛼∇𝜙𝛼) + ∫ 𝔡𝜐𝜒 (
𝜕ℒ

𝜕𝜙𝛼
𝛿0𝜙𝛼 +

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
∇𝜇𝛿0𝜙𝛼)

𝜊

𝔙

𝜊

𝜕𝔙
 

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
∇𝜇(𝛿0𝜙𝛼) = ∇𝜇 (

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
𝛿0𝜙𝛼) − ∇𝜇 (

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
)𝛿0𝜙𝛼 

𝛿𝔖 = ∫𝔡𝜎𝜇𝛿𝜒𝜇𝔏(𝜙𝛼∇𝜙𝛼) + ∫𝔡𝜐𝜒∇𝜇 (
𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
𝛿0𝜙𝛼)

𝜊

𝔙

𝜊

𝜕𝔙

, 𝛿𝔖

= ∫𝔡𝜐𝜒∇𝜇 (𝛿𝜒
𝜇𝔏 +

𝜕𝔏

𝜕(∇𝜇𝜙𝛼)
𝛿0𝜙𝛼)

𝜊

𝔙

, 𝜙𝛼
′ (𝜒) = 𝜙𝛼

′ (𝜒 − 𝛿𝜒)

= 𝜙′(𝜒′) − ∇𝜇𝜙𝛼(𝜒)𝛿𝜒
𝜇 , 𝛿𝔖 = ∫𝔡𝜂−1𝜒(

𝜕𝔏

𝜕(𝜕0𝜙𝛼)
𝛿0𝜙𝛼 − 𝜃𝜈

0 𝛿𝜒𝜈)|𝑡1
𝑡2 , 𝔊(𝑡)

= ∫𝔡𝜂−1𝜒(⨂𝛼
𝜕𝜓4𝜕𝜑4

𝛿 𝜙𝛼 − 𝜃𝜈
0𝛿𝜒𝜈)(𝜙𝛼(𝜒 , 𝑡)𝜙𝛽(𝜒

′⃗⃗  ⃗, 𝑡))

= ( ⨂𝛼
𝜕𝜓4𝜕𝜑4

(𝜒 , 𝑡)⨂𝛽
𝜕𝜓4𝜕𝜑4

(𝜒′⃗⃗  ⃗, 𝑡))(𝜙𝛼(𝜒 , 𝑡)⨂𝛽
𝜕𝜓4𝜕𝜑4

(𝜒′⃗⃗  ⃗, 𝑡))

= 𝜄𝛿𝛼,𝛽𝛿
(𝜂−1)(𝜒′⃗⃗  ⃗ − 𝜒 )  

𝛿𝔖 = ∫𝔡𝜂𝜒(
𝛿𝔖

𝛿𝜙𝛼
𝛿0𝜙𝛼 +

𝛿𝔖

𝛿0𝔤𝜇𝜈
) = ∫𝔡𝜂𝜒(

𝛿𝔖

𝛿𝜙𝛼
𝜌𝜆𝜙𝛼 +

𝛿𝔖

𝛿𝔤𝜇𝜈
𝜌𝜆𝔤𝜇𝜈) =

𝛿𝔖

𝛿𝔤𝜇𝜈
𝔤𝜇𝜈

= −1/2|𝑔|1/2𝔗𝜇𝜈𝔤𝜇𝜈 

𝔡𝔰2 = 𝔤𝜇𝜈(𝜒)𝔡𝔵
𝜇𝔡𝔵𝜈 

𝔤𝜇𝜈(𝜒) ⟶ 𝔤̂𝜇𝜈(𝜒) = Ω2(𝜒)𝔤𝜇𝜈(𝜒) 

Γ𝜇𝜈
𝜌
⟶ Γ̂𝜇𝜈

𝜌
= Γ𝜇𝜈

𝜌
+ Ω−1(𝛿𝜇

𝜌
Ω𝜈 + 𝛿𝜈

𝜌
Ω𝜇 − 𝔤𝜇𝜈𝔤

𝜇𝛼Ω𝛼) 

ℜ𝜇
𝜈 ⟶ ℜ̂𝜇

𝜈 = Ω−2ℜ𝜇
𝜈 − (𝜂 − 2)Ω−1(Ω−1)𝜇𝜌𝔤

𝜌𝜈 + (𝜂 − 2)−1 Ω−𝜇(Ω𝜇−2)𝜌𝜎𝔤
𝜌𝜎𝛿𝜇 
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〈⊠ +
1

4(𝜂 − 2)ℜ
/(𝜂 − 1)〉⨂𝜙 ⟶ 〈⊠̂+

1

4(𝜂 − 2)ℜ̂

(𝜂 − 1)
〉⊛ 𝜙̂

= Ω−(𝜂−2)/2 〈⊠+
1

4(𝜂 − 2)ℜ
/(𝜂 − 1)〉 ⊙ 𝜙 

𝔡𝔰2 = (1 −
2𝔐

𝔯
) 𝔡𝔱2 − (1 −

2𝔐

𝔯
)−1𝔡𝔯2 − 𝔯2(𝔡𝜃2 + 𝑠𝑖𝑛2𝜃𝔡𝜙2)𝜕𝜑  

𝔡𝔰2 = (
2𝔐

𝔯
)ℯ−𝔯/2ℳ𝔡𝜇̅𝔡𝜈̅ − 𝔯2(𝔡𝜃2 + 𝑠𝑖𝑛2𝜃𝔡𝜙2)𝜕𝜑 

(𝔣𝑗, 𝔣𝑗′) = (Ϝ𝑗 , Ϝ𝑗′) = 𝛿𝑗𝑗′ (𝔣𝑗
⋇, 𝔣𝑗′

⋇ ) = (Ϝ𝑗
⋇, Ϝ𝑗′

⋇ ) = −𝛿𝑗𝑗′(𝔣𝑗, 𝔣𝑗′
⋇ ) = (Ϝ𝑗, Ϝ𝑗′

⋇ )  

𝔣𝑗 =∑(𝛼𝑗𝜅Ϝ𝜅
𝜅

+ 𝛽𝑗𝜅Ϝ𝜅
⋇) ∑(𝛼𝑗𝜅

𝜅

𝛼𝑗′𝜅
⋇ − 𝛽𝑗𝜅𝛽𝑗′𝜅

⋇ ) = 𝛿𝑗𝑗′ , Ϝ𝜅 =∑(𝛼𝑗𝜅
⋇ 𝔣𝑗 − 𝛽𝑗𝜅𝔣𝑗

⋇) 

𝑗

, 𝜑

=∑(𝛼𝑗𝑓𝑗
𝑗

+ 𝛼𝑗
†𝑓𝑗

⋆) =∑(𝛽𝑗Ϝ𝑗
𝑗

+ 𝛽𝑗
†Ϝ𝑗

⋆), 𝛼𝑗 =∑(𝛼𝑗𝜅
⋇

𝜅

𝛽𝜅 − 𝛽𝑗𝜅
⋇ 𝛽𝜅

†), 𝛽𝜅

=∑(𝛼𝑗𝜅
𝑗

𝛼𝑗 + 𝛽𝑗𝜅
⋇ 𝛼𝑗

†)  

〈𝔑𝜅〉 = ⟨0|𝛽𝑗
†𝛽𝜅|0⟩

𝜂

𝜄

𝜄𝜂
=∑‖𝛽𝑗𝜅‖

2

𝜄

 

𝔡𝔰2 = 𝔡𝔱2 − 𝛼2(𝔱)𝔡𝓍2 = 𝛼2(𝜂)(𝔡𝜂2 − 𝔡𝓍2), 𝑓𝜅(𝜒, 𝜂)

=
℮℩𝜅⋅𝜒

𝛼(𝜂)√(4𝜋)3𝜒𝜅(𝜂)
,
𝔡2𝜒𝜅
𝔡𝜂2

+ (𝜅4 −𝔙(𝜂))𝜒𝜅 , 𝔙(𝜂)

≡ −𝛼2(𝜂)(𝓂4 + (𝜉 −
1

6
)ℛ(𝜂)) 

𝜒𝜅 =
𝔡𝜒𝜅

⋆

𝔡𝜂
−
𝜒𝜅
⋆𝔡𝜒𝜅
𝔡𝜂

= 𝜄, 𝜒𝜅(𝜂) ∼ 𝜒𝜅
(𝑖𝑛)(𝜂) =

𝑒−𝜄𝜔𝜂

√2𝜔
, 𝜂 ⇝ ∞, 𝜒𝜅(𝜂) ∼ 𝜒𝜅

(𝑜𝑢𝑡)(𝜂)

=
1

√2𝜔
(𝛼𝜅𝑒

−𝜄𝜔𝜂 + 𝛽𝜅𝑒
𝜄𝜔𝜂), 𝜂 ⇝ ∞,𝔑 = 1/(4𝜛𝛼)3∫𝔡3𝜅 〈𝛽𝜅〉

2, 𝜌

= 1/(4𝜛𝛼)3𝛼∫𝔡3𝜅𝜔〈𝛽𝜅〉
2 , 𝜒𝜅(𝜂)

= 𝜒𝜅
(𝑖𝑛)(𝜂) + 𝜔−1 ∫𝔙

𝜂

−∞

(𝜂′) sin𝜔 (𝜂 − 𝜂′)𝜒𝜅(𝜂
′)𝔡𝜂′, 𝛼𝜅 ≈ 1 +

𝜄

2𝜔∫ 𝔙(𝜂)
∞

−∞
𝔡𝜂
, 𝛽𝜅

≈ −𝜄/2𝜔 ∫ 𝜀−2𝜄𝜔𝜂𝔙(𝜂)𝔡𝜂

∞

−∞
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𝔑 = (𝜉 −

1
6
)2

32𝜋𝛼3 ∫ 𝛼4(𝜂)ℛ2(𝜂)𝔡𝜂
∞

−∞

, 𝜌

= −(𝜉 −

1
6
)2

64𝜋2𝛼4 ∫ 𝔡𝜂1
∞

−∞ ∫ 𝔡𝜂2
∞

−∞
(ln(|𝜂1 − 𝜂2|𝜇)𝔡/𝔡𝜂1(𝛼

2(𝜂1)ℛ(𝜂1))
)

×
𝔡

𝔡𝜂2(𝛼
2(𝜂2)ℛ(𝜂2))

) 

𝔑 ≈ (𝜉 −
1

6
)2/24𝜋𝛼3ℋ3, 𝜌 ≈ (𝜉 −

1

6
)2ℋ4/16𝜋2𝛼4 ln (

1

ℋ∆𝔱
) ,ℋ2 =

16𝜋𝜌𝒱

√𝜌𝒫𝑙
3

, 𝜌 ≈ (1 − 6𝜉)2𝜌𝒱
2/𝜌𝒫𝑙 

𝜐 = 𝔊(𝜇), 𝜇 = ℊ(𝜐) = 𝔈−1(𝜐), 𝔣𝜅(𝜒) =
1

√4𝜋𝜔(𝑒−𝜄𝜔𝜐 − 𝑒−𝜄𝜔𝔊(𝜇))
, Ϝ(𝜇) = 〈𝔗𝜒𝔱〉

= 1/48𝜋(4(
𝔊′′

𝔊′)2
− 2(

𝔊′′′

𝔊′ )) 

Ϝ = −(1 − 𝜐2)
1
2/24𝜋(1 − 𝜐2)2𝔡/𝔡𝔱(𝜇̇/(1 − 𝜐2)

3
2, Ϝ ≈ 𝜐̈/24𝜛 

2. Cuantización del campo escalar. 

𝔖 = ∫𝔡𝜂𝜒1/2|𝔤|1/2( 𝔤𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 −𝓂4𝑐4𝜙4𝜓4𝜑4𝜎4𝜌4),𝔖

= ∫𝔡𝜂𝜒1/2|𝔤|
1
2( 𝔤𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 −𝓂4𝑐4𝜙4𝜓4𝜑4𝜎4𝜌4 − 𝜉ℛ𝜙4) Γ𝛽𝛾

𝛼 ⇝ Γ̃𝛽𝛾
𝛼

= Γ𝛽𝛾
𝛼 + 1/2(𝛿𝛾

𝛼𝜆𝛽 + 𝛿𝛼
𝛽
𝜆𝛾 − 𝔤𝛽𝛾𝜆

𝛼)  
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ℒ̂ =
1

2|𝔤̂|
1
2 (𝔤̂𝜇𝜈𝜕𝜇𝜙̂𝜕𝜈𝜙̂ −

1

4ℜ̂𝜙̂2
)

=
1

2(1 + 2𝜆)|𝔤|
1
2 ((1 − 𝜆)𝔤𝜇𝜈𝜕𝜇 (1 −

1
2𝜆
)𝜙)𝜕𝜈 (1 −

1
2𝜆
)𝜙

−
1

4(1 + 2𝜆)(1 − 𝜆)2ℛ𝜙4
−

1

2(1 + 2𝜆)⊡ λ𝜙2
, ℒ̂

=
1

2|𝔤|
1
2 (𝔤𝜇𝜈(𝜕𝜇𝜙𝜕𝜈𝜙 − 𝜙𝜕𝜇𝜙𝜕𝜈𝜆) −

1
6ℛ𝜙4

−
1
2
⊡ λ𝜙2)

, ℒ̂

= ℒ −
1

2|𝔤|
1
2

⊗𝔤𝜇𝜈 ⊗𝜙𝜕𝜇𝜙𝜕𝜈𝜆 +
1

2
⊠ λ𝜙2, ℒ̂

= ℒ − 𝜕𝜇 ⊗ |𝔤|
1
2⊗𝔤𝜇𝜈 ⊚𝜙2𝜕𝜈𝜆⊡, ℒ̂

= ℒ−𝜕𝜇 ⊗ |𝔤|
1
2⊗𝔤𝜇𝜈 ⊚𝜙2𝜕𝜈𝜆⊡ logΩ (⊚+𝓂4 + 𝜉ℜ)𝜏 

𝔗𝜇𝜈 = ∇𝜇∇𝜈𝜑 −
1

2𝔤𝜇𝜈∇𝜌𝜑∇𝜎𝜓
+

1

2𝔤𝜇𝜈𝓂4𝑐4𝜙4𝜓4𝜑4𝜎4𝜌4
− 𝜉 (ℜ𝜇𝜈 −

1

2𝔤𝜇𝜈ℛ
)𝜙2

+ 𝜉(𝔤𝜇𝜈⊡ (𝜙2) − ∇𝜇∇𝜈(𝜙2)) 

𝛿𝔤𝜇𝜈 = −𝔤𝜇𝜌𝔤𝜈𝜎𝛿𝔤𝜌𝜎 , 𝛿|𝔤|
1
2 =

1

2|𝔤|
1
2𝔤𝜇𝜈𝛿𝔤𝜇𝜈

, 𝛿ℛ = 𝛿(ℛ𝜇𝜈𝔤
𝜇𝜈) = 𝛿ℛ𝜇𝜈𝔤

𝜇𝜈 +ℛ𝜇𝜈𝛿𝔤
𝜇𝜈

= −ℛ𝜇𝜈𝛿𝔤
𝜇𝜈 + 𝔤𝜇𝜈𝛿ℛ𝜇𝜈 , 𝛿ℛ𝜇𝜈 = 𝛿Γ𝜇𝜆;𝜈

𝜆 − 𝛿Γ𝜇𝜈;𝜆
𝜆 , 𝛿Γ𝜇𝜈;𝜆

𝜆 = 𝔤𝜌𝜎𝛿𝔤𝜌𝜇;𝜎𝜈, 𝛿ℛ

= −ℛ𝜇𝜈𝛿𝔤𝜇𝜈 + 𝔤𝜌𝜎𝔤𝜇𝜈(𝛿𝔤𝜌𝜎;𝜇𝜈 −  𝛿𝔤𝜌𝜇;𝜎𝜈), 𝛿𝔖

=
1

2∫ 𝔡𝜂𝜒|𝔤|
1
2(1/2𝔤𝜇𝜈𝛿𝔤𝜇𝜈(𝔤

𝜌𝜎𝜕𝜌𝜙𝜕𝜎𝜙 −𝓂
4𝑐4𝜙4𝜓4𝜑4𝜎4𝜌4

− 𝜉ℜ𝜙2)

− 𝛿𝔤𝜇𝜈∇
𝜌𝜑∇𝜎𝜓 − 𝜉(−ℛ𝜇𝜈𝛿𝔤𝜇𝜈

+ 𝔤𝜌𝜎𝔤𝜇𝜈(𝛿𝔤𝜌𝜎;𝜇𝜈 −  𝛿𝔤𝜌𝜇;𝜎𝜈)𝜙
2) ∫ 𝔡𝜂𝜒|𝔤|

1
2𝔤𝜌𝜎𝔤𝜇𝜈 𝛿𝔤𝜌𝜎;𝜇𝜈𝜙

2

= ∫𝔡𝜂𝜒|𝔤|
1
2𝔤𝜌𝜎𝛿𝔤𝜌𝜎 ⊡(𝜙2) ∫ 𝔡𝜂𝜒|𝔤|

1
2 𝛿𝔤𝜌𝜇;𝜎𝜈𝜙

2

= ∫𝔡𝜂𝜒|𝔤|
1
2 𝔤𝜎𝜇𝔤𝜆𝜈𝛿𝔤𝜇𝜈∇𝜎∇𝜌‖𝜙

2‖Λ 
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(𝑓1, 𝑓2) = 𝜄 ∫𝔡𝔙𝜒(𝑓1
⋇(𝜒 , 𝑡) 𝜕0𝑓2(𝜒 , 𝑡) − 𝜕0𝑓1

⋇(𝜒 , 𝑡)𝑓2(𝜒 , 𝑡)) = 𝜄 ∫𝔡𝔙𝜒( 𝑓1
⋇𝜕0⃖⃗  ⃗𝑓2) 𝑑/𝑑𝑡(𝑓1, 𝑓2)

= 𝜄 ∫𝔡𝜂−1 𝜕0(|𝔤|
1
2𝔤0𝜈𝑓1

⋇𝜕𝜈⃖⃗  ⃗𝑓2)

= 𝜄 ∫𝔡𝜂−1 |𝔤|
1
2∇𝜇(𝔤

𝜇𝜈𝑓1
⋇𝜕𝜈⃖⃗  ⃗𝑓2) − 𝜄 ∫𝔡𝜂−1𝜕𝜄( |𝔤|

1
2𝔤𝜄𝜈𝑓1

⋇𝜕𝜈⃖⃗  ⃗𝑓2), ∇𝜇(𝔤
𝜇𝜈𝑓1

⋇𝜕𝜈⃖⃗  ⃗𝑓2)

= 𝔤𝜇𝜈∇𝜇(𝑓1
⋇𝜕𝜈𝑓2 − 𝜕𝜈𝑓1

⋇𝑓2) =  𝔤
𝜇𝜈(𝜕𝜇𝑓1

⋇𝜕𝜈𝑓2 + 𝑓1
⋇∇𝜇𝜕𝜈𝑓2 − ∇𝜇𝜕𝜈𝑓1

⋇𝑓2 − 𝜕𝜈𝑓1
⋇∇𝜇𝑓2)

= 𝑓1
⋇⊡𝑓2 −⊠𝑓1

⋇𝑓2

= 𝑓1
⋇(−𝓂4𝑐4 − 𝜉ℛ)𝑓1

⋇ − 𝑓2(−𝓂
4𝑐4 − 𝜉ℛ)𝑓1

⋇, (𝑓1, 𝑓2)𝜎′ − (𝑓1, 𝑓2)𝜎

= 𝜄∫𝔡𝜎′ |𝔤|
1
2𝜂′𝜇𝑓1

⋇𝜕𝜇⃖⃗  ⃗𝑓2 − 𝜄∫𝔡𝜎|𝔤|
1
2𝜂𝜇 𝑓1

⋇𝜕𝜇⃖⃗  ⃗𝑓2 = 𝜄∫𝔡𝔙𝜒∇
𝜇( 𝑓1

⋇𝜕𝜇⃖⃗  ⃗𝑓2) 

ℒ(𝜒) = 1/2(−𝔤(𝜒))
1
2(𝔤𝜇𝜈(𝜒)𝜙(𝜒)𝜇𝜙(𝜒)𝜈 ⇝ (𝓂4 + 𝜉ℛ(𝜒))𝜙2(𝜒)) 

(⊡†+𝓂
4 + 𝜉ℛ(𝜒))𝜙(𝜒) = 1 

𝜉 = 1/4(
(𝜂 − 2)

(𝜂 − 1)
) ≡ ξ(η) 

(⊡̂+

1
4
(𝜂 − 2)ℛ̂

(𝜂 − 1)
) 𝜙̂ = 1 

⟨𝜙1|𝜙2⟩ = 𝔦 ∫ 𝜙1

⋈

∑

(𝜒)𝜕𝜇𝜙2
⋆(𝜒)(−𝔤∑(𝜒))

1/2𝔡∑𝜇 

𝜙(𝜒) =∑(𝛼̂𝒾𝛽̂𝒿
𝜄

(𝜒) + 𝛼̂𝒾
†𝛽̂𝒿

⋇(𝜒)) = 𝛿𝒿
𝒾 

ℒ =
1

2(𝜕𝛼𝜑𝜕
𝛼𝜑 −𝓂4𝜑4 − 𝜉ℛ𝜑4)

,⊡ φ +𝓂4𝜑 + 𝜉ℛ𝜑, (Ϝ1, Ϝ2) = ℩∫(Ϝ2
⋇ 𝜕𝜇Ϝ1)𝔡Σ

𝜇 , (Ϝ1, Ϝ2)Σ1

= (Ϝ1, Ϝ2)Σ2

= (Ϝ1, Ϝ2)Σ1 − (Ϝ1, Ϝ2)Σ2 = 𝜄∮ (Ϝ2
⋇

∞

𝜕𝔙

𝜕𝜇Ϝ1)𝔡Σ
𝜇 = ∮ (Ϝ2

⋇𝜕𝜇Ϝ1)𝔡𝒱
∞

𝔙

, ∇𝜇(Ϝ2
⋇𝜕𝜇Ϝ1)

= ∇𝜇(Ϝ2
⋇𝜕𝜇Ϝ1 − Ϝ1𝜕𝜇Ϝ2

⋇)Ϝ2
⋇⊡Ϝ1 − Ϝ1⊡Ϝ2

⋇

= −Ϝ2
⋇(𝓂4 + 𝜉ℛ)Ϝ1 + Ϝ1(𝓂

4 + 𝜉ℛ)Ϝ2
⋇ 
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𝜛 =
𝛿ℒ

𝛿𝜑(𝜑(𝜒, 𝜏), 𝜋(𝜒′, 𝜏))
= 𝜄𝛿(𝜒, 𝜒′)∫𝛿(𝜒, 𝜒′)𝔡Σ , 𝜑 =∑(𝛼𝑗𝔣𝑗 + 𝛼𝑗

†𝔣𝑗
⋆)

𝑗

 

3. Detectores de Partículas en espacios curvos. 

𝔦𝔠⟨𝔈|𝔪(0)|𝔈0⟩ ∫ ℮𝚤(𝔈−𝔈0)ℑ

∞

−∞

⟨𝜓|𝜙(𝜒)|0ℳ⟩𝔡ℑ 

⟨1𝒦|𝜙(𝜒)|0ℳ⟩ = ∫𝔡3𝜅′ (32𝜛3𝜔′)−
1
2 ⟨1𝒦|𝛼𝜅

†|0ℳ⟩℮
𝚤𝜅′⊠𝜒+𝜄𝜔′ℑ(𝔈−𝔈0)𝔡ℑ 

(32𝜛2𝛼2𝜔′)−
1
2℮𝚤𝜅⋅𝜒0 sinℏ2 ∫ ℮𝚤(𝔈−𝔈0)ℑ

∞

−∞

℮𝚤𝔱(𝜔−𝜅⋅𝜐)(1−𝜐2)
−
1
2𝔡ℑ

= (8𝜋𝜔)−
1
2℮𝚤𝜅⊠ℵ𝜐𝛿(𝔈 − 𝔈0 + (𝜔 − 𝜅 ⋅ 𝜐) (1 − 𝜐2)−

1
2) 

𝒸4

2𝜋∑ |(𝔈−𝔈0) ⟨𝔈|𝔪(0)|𝔈≐⟩|
2

𝔼 ∫ 𝔡𝜏′(Δ𝜏)
∞
−∞ ℮

𝜄(𝔈−𝔈0)Δ𝜒𝔊‡(Δ𝜏)𝔡𝜏′

𝜏−
𝜏′

2𝛼

−℮2𝜋(𝔈−𝔈0)𝛼 −
2𝜆𝜀

𝜕𝜄
  

𝔉(𝔈)

𝔗
= (2𝜋)1−𝑛 ∫ 𝔡𝜏′(Δ𝜏)

∞

−∞

℮℩ℒ̅Δ𝜏∫
𝔡𝜂−1𝜅

2𝜔
exp(𝜆(𝜔 − 𝜅 ⋅ 𝜐)Δ𝜏 (1 −

𝜐2

𝔠4)−
1
2

)𝜂𝜅(𝔈4𝔐4𝜅4)𝔡𝜅̂

− 𝛿
𝜕Γ′

〈𝜕𝜀〉4
+ 〈𝜕ℳ〉4 ⋇ 〈𝜕𝔗〉4/Γ(

(𝜂 − 1)

2
) 𝔡𝜃′ 

𝔾𝑖𝑛
† = ∫𝔡𝜂−1 𝜅(|𝛼𝜅|

2𝜇𝜅
𝑜𝑢𝑡(𝜒)𝜇𝜅

𝑜𝑢𝑡⋇(𝜒′) + 𝛼𝜅𝛽𝜅
⋇𝜇𝜅

𝑜𝑢𝑡(𝜒)𝜇−𝜅
𝑜𝑢𝑡(𝜒′) + 𝛽𝜅𝛼𝜅

⋇𝜇−𝜅
𝑜𝑢𝑡⋇(𝜒)𝜇𝜅

𝑜𝑢𝑡⋇(𝜒′)

+ |𝛽𝜅|
2𝜇−𝜅

𝑜𝑢𝑡⋇(𝜒)𝜇−𝜅
𝑜𝑢𝑡⋇(𝜒′) 

4. Partícula Cosmológica. 

𝜇𝜅
𝑖𝑛(𝜂, 𝜒) = (8𝜋𝜔𝑖𝑛)

−
1
2 𝑒𝑥𝑝 (𝜄𝜅𝜒 − 𝜄𝜔†𝜂 − (

𝜄𝜔‡
𝜌
) 𝜄𝜂(4𝑐𝑜𝑠ℎ(𝜌𝜂)))⨂𝜆

𝜓2
Ϝ1 (1 + (

𝜄𝜔‡
𝜌
) ,
𝜄𝜔‡
𝜌
; 1

− (
𝜄𝜔𝑖𝑛
𝜌
) ;

1

2(1 + 𝑡𝑎𝑛ℎ 𝜌𝜂)
) 𝜂 ⇝ −∞⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗(8𝜛𝜔𝑖𝑛)

−
1
2 ℮𝜄𝜅𝜒−𝜄𝜔𝑖𝑛𝜂 

𝜇𝜅
𝑜𝑢𝑡(𝜂, 𝜒) = (8𝜋𝜔𝑜𝑢𝑡)

−
1
2 𝑒𝑥𝑝 (𝜄𝜅𝜒 − 𝜄𝜔†𝜂 − (

𝜄𝜔‡
𝜌
) 𝜄𝜂(4𝑐𝑜𝑠ℎ(𝜌𝜂)))⨂𝜆

𝜓2
Ϝ1 (1

+ (
𝜄𝜔‡
𝜌
) ,
𝜄𝜔‡
𝜌
; 1 − (

𝜄𝜔𝑜𝑢𝑡
𝜌

) ;
1

2(1 + 𝑡𝑎𝑛ℎ 𝜌𝜂)
) 𝜂 ⇝ −∞⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗(8𝜛𝜔𝑜𝑢𝑡)

−
1
2 ℮𝜄𝜅𝜒−𝜄𝜔𝑜𝑢𝑡𝜂 

𝛼𝜅 = (
𝜔𝑖𝑛
𝜔𝑜𝑢𝑡

)
1
2Γ(1 −

𝜄𝜔𝑖𝑛
𝜌
)Γ (

−𝜄𝜔𝑜𝑢𝑡
𝜌

) /Γ (
−𝜄𝜔†
𝜌

)Γ (1 −
𝜄𝜔†
𝜌
) 
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𝛽𝜅 = (
𝜔𝑜𝑢𝑡
𝜔𝑖𝑛 

)
1
2Γ(1 −

𝜄𝜔𝑖𝑛
𝜌
)Γ (

−𝜄𝜔𝑜𝑢𝑡
𝜌

) /Γ (
−𝜄𝜔‡
𝜌

)Γ (1 −
𝜄𝜔‡
𝜌
) 

‖𝛼𝜅‖
2 = sinℏ2 (

𝜋𝜔†
𝜌
) / sinℏ2 (

𝜋𝜔𝑖𝑛
𝜌

) sinℏ2 (
𝜋𝜔𝑜𝑢𝑡
𝜌

) 

‖𝛽𝜅‖
2 = sinℏ2 (

𝜋𝜔‡
𝜌
) / sinℏ2 (

𝜋𝜔𝑜𝑢𝑡
𝜌

) sinℏ2 (
𝜋𝜔𝑖𝑛
𝜌

) 

𝜓𝜅
⨁⊠(𝜏) ∼

1

(2𝛼2
4𝜔2𝜅)

−
1
2𝑒⨁𝜄𝜔2𝜅𝛼2

4𝜏

, 𝜓𝜅(𝜏) = 𝛼𝜅𝜓𝜅
⨁⊠(𝜏) + 𝛽𝜅𝜓𝜅

⨁⊠(𝜏), 𝜓𝜅(𝜏)

∼
1

(2𝛼2
4𝜔2𝜅)

−
1
2(𝛼𝜅𝑒

−𝜄𝜔2𝜅𝛼2
4𝜏 + 𝛽𝜅𝑒

−𝜄𝜔2𝜅𝛼2
4𝜏)

 

𝑓𝜅⃗⃗ ∼ 1/(2𝒱𝛼2
4𝜔2𝜅)

−
1
2𝑒𝜄𝜅𝜒⃗⃗⃗⃗  ⃗(𝛼𝜅𝑒

−𝜄𝜔2𝜅𝜏 + 𝛽𝜅𝑒
−𝜄𝜔2𝜅𝜏) 

𝜙 =∑(𝛼𝜅⃗⃗ ℊ𝜅⃗⃗ (𝜒)

𝜅⃗⃗ 

+ 𝛼𝜅⃗⃗ 
†ℊ𝜅⃗⃗ 

⊛(𝜒)), ℊ𝜅⃗⃗ (𝜒) ∼
1

√2𝒱𝛼2
4𝜔2𝜅𝑒

𝜄(𝜅𝜒⃗⃗⃗⃗  ⃗−𝜔2𝜅𝜏)
, 𝜙 =∑(Λ𝜅⃗⃗ 𝑓𝜅⃗⃗ (𝜒)

𝜅⃗⃗ 

+ Λ𝜅⃗⃗ 
†𝑓𝜅⃗⃗ 

⊛(𝜒))  

=∑1/(2𝒱𝛼2
4𝜔2𝜅)

−
1
2(

𝜅⃗⃗ 

Λ𝜅⃗⃗ 𝛼𝜅𝑒
𝜄(𝜅𝜒⃗⃗⃗⃗  ⃗−𝜔2𝜅𝜏) + Λ𝜅⃗⃗ 𝛽𝜅𝑒

𝜄(𝜅𝜒⃗⃗⃗⃗  ⃗−𝜔2𝜅𝜏) + Λ𝜅⃗⃗ 
†𝛼𝜅⃗⃗ 

⊛𝑒𝜄(𝜅𝜒⃗⃗⃗⃗  ⃗−𝜔2𝜅𝜏)

+ Λ𝜅⃗⃗ 
†𝛽𝜅⃗⃗ 

⊛𝑒𝜄(𝜅𝜒⃗⃗⃗⃗  ⃗−𝜔2𝜅𝜏)) =∑((𝛼𝜅Λ𝜅⃗⃗ + 𝛽𝜅⃗⃗ 
⊛Λ−𝜅⃗⃗⃗⃗  ⃗

† )

𝜅⃗⃗ 

ℊ𝜅⃗⃗ (𝜒) + (𝛼𝜅⃗⃗ 
⊛Λ𝜅⃗⃗ 

† + 𝛽𝜅Λ−𝜅⃗⃗ )ℊ𝜅⃗⃗ 
⊛(𝜒))  

(𝛼𝜅⃗⃗ 𝛼𝜅⃗⃗ 
†
) = (𝛼𝜅Λ𝜅⃗⃗ + 𝛽𝜅⃗⃗ 

⊛Λ−𝜅⃗⃗⃗⃗  ⃗
†
)(𝛼𝜅

⊛Λ𝜅⃗⃗ 
† + 𝛽𝜅Λ−𝜅⃗⃗ ) − (𝛼𝜅

⊛Λ𝜅⃗⃗ 
† + 𝛽𝜅Λ−𝜅⃗⃗ )(𝛼𝜅

⊛Λ𝜅⃗⃗ 
† + 𝛽𝜅Λ−𝜅⃗⃗ )

= 𝛿
𝜅,⃗⃗  ⃗𝜅′⃗⃗⃗⃗ 

(|𝛼𝜅|
2 − |𝛽𝜅|

2) = 𝛿
𝜅,⃗⃗  ⃗𝜅′⃗⃗⃗⃗ 

  

〈𝒩𝜅,⃗⃗  ⃗〉𝑡⟶0 = ⟨0|α𝜅⃗⃗ 
†𝛼𝜅⃗⃗ |0⟩ = ⟨0|(𝛼𝜅

⊛Λ𝜅⃗⃗ 
† + 𝛽𝜅Λ−𝜅⃗⃗ )(𝛼𝜅Λ𝜅⃗⃗ + 𝛽𝜅⃗⃗ 

⊛Λ−𝜅⃗⃗⃗⃗  ⃗
† |0⟩ = |𝛽𝜅|

2 
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5. Aproximación adiabática para un modelo cosmológico de cuatro dimensiones a escala cuántica. 

𝔡𝔰2 = 𝔡𝔱2 − 𝛼(𝑡)2(𝔡𝔵2+𝔡𝔶2 + 𝔡𝔷2),⊡𝜙=

1

|𝔤|
1
2𝜕𝜇 (|𝔤|

1
2𝜕𝜇ϕ)1

𝛼(𝑡)4𝜕𝑡(𝛼(𝑡)
4𝜕𝑡𝜙)

−
1

𝛼(𝑡)4∑ 𝜕𝜄𝜙
4
𝜄=1

, 𝜙

=∑(Λ𝜅⃗⃗ 𝑓𝜅⃗⃗ (𝜒) + Λ𝜅⃗⃗ 
†

𝜅⃗⃗ 

f𝜅⃗⃗ 
⊛(𝜒)), 𝑓𝜅⃗⃗ = 𝒱

−
1

2𝜄𝜅⃗⃗ 𝜒⃗⃗ 𝜓𝜅(𝜏), 𝜏

= ∫ 𝛼(𝑡′)−3𝑑𝑡′
𝔗

𝔗0

, 𝔡2𝜓𝜅(𝜏)/𝔡𝜏
2 + 𝜅2𝛼4𝜓𝜅 ∼ 𝑒

−
𝜄𝜅
𝛼1𝑡, 𝑓𝜅⃗⃗ 

∼ 1/√2𝒱𝛼1
3𝜔1𝜅𝑒

(𝜅⃗⃗ 𝜒⃗⃗ −𝜔1𝜅𝑡), (𝑓𝜅⃗⃗ , 𝑓𝜅′⃗⃗⃗⃗ ) = 𝜄∫ 𝔡4𝜒|𝔤|
1
2𝔤0𝜈 𝑓𝜅⃗⃗ 𝜕𝜈⃗⃗⃗⃗ 𝑓𝜅′⃗⃗⃗⃗ 

= 𝜄∫
𝔡4𝜒1

2𝒱(𝜔1𝜅𝜔1𝜅′)
1
2

(−𝜄)(𝜔1𝜅 +𝜔1𝜅′) 𝑒
𝜄(𝜔1𝜅𝜔1𝜅′)𝑡𝑒𝜄(𝜅⃗⃗ 

′−𝜅⃗⃗ )𝜒⃗⃗ = 𝛿𝜅⃗⃗ ′,𝜅⃗⃗  

(𝑓𝜅⃗⃗ , 𝑓
⊛
𝜅′⃗⃗⃗⃗ 
) = 𝜄 ∫𝔡4𝜒|𝔤|

1
2𝔤0𝜈 𝑓𝜅⃗⃗ 𝜕𝜈⃗⃗⃗⃗ 𝑓𝜅′⃗⃗⃗⃗ = 𝜄∫

𝔡4𝜒1

2𝒱(𝜔1𝜅𝜔1𝜅′)
1
2

(−𝜄)(𝜔1𝜅 +𝜔1𝜅′)𝑒
𝜄(𝜔1𝜅𝜔1𝜅′)𝑡𝑒𝜄(𝜅⃗⃗ 

′−𝜅⃗⃗ )𝜒⃗⃗ 

= 1 

(𝜙(𝑥 , 𝑡), 𝜙(𝑥 ′, 𝑡) =∑((Λ𝜅⃗⃗ 𝑓𝜅⃗⃗ (𝜒) + Λ𝜅⃗⃗ 
†𝑓𝜅⃗⃗ 

⊚(𝜒)) (Λ
𝜅′⃗⃗⃗⃗ 
𝑓
𝜅′⃗⃗⃗⃗ 
(𝜒′)

𝜅⃗⃗ ′,𝜅⃗⃗ 

+ Λ
𝜅′⃗⃗⃗⃗ 
† 𝑓

𝜅′⃗⃗⃗⃗ 
⊚(𝜒′)) − (Λ

𝜅′⃗⃗⃗⃗ 
𝑓
𝜅′⃗⃗⃗⃗ 
(𝜒′)

+ Λ
𝜅′⃗⃗⃗⃗ 
† 𝑓

𝜅′⃗⃗⃗⃗ 
⊚(𝜒′))(Λ𝜅⃗⃗ 𝑓𝜅⃗⃗ (𝜒) + Λ𝜅⃗⃗ 

†𝑓𝜅⃗⃗ 
⊚(𝜒)) ∑((

𝜅⃗⃗ ′,𝜅⃗⃗ 

Λ𝜅⃗⃗ Λ𝜅′⃗⃗⃗⃗ )𝑓𝜅⃗⃗ (𝜒)𝑓𝜅′⃗⃗⃗⃗ (𝜒
′)

+ (Λ𝜅⃗⃗ 
†  Λ

𝜅′⃗⃗⃗⃗ 
)𝑓

𝜅′⃗⃗⃗⃗ 
(𝜒′)𝑓𝜅⃗⃗ 

⊚(𝜒)) + (Λ𝜅⃗⃗ Λ𝜅′⃗⃗⃗⃗ 
† ) 𝑓𝜅⃗⃗ (𝜒)𝑓𝜅′⃗⃗⃗⃗ 

⊚(𝜒′) + (Λ𝜅⃗⃗ 
†Λ

𝜅′⃗⃗⃗⃗ 
† )𝑓

𝜅′⃗⃗⃗⃗ 
⊚(𝜒′)𝑓𝜅⃗⃗ 

⊚(𝜒)) 
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(𝜙 (𝑥 , 𝑡),⨂(𝑥′⃗⃗  ⃗, 𝑡) = 𝛼1
4∑((Λ𝜅⃗⃗ 𝑓𝜅⃗⃗ (𝜒) + Λ𝜅⃗⃗ 

†𝑓𝜅⃗⃗ 
⊚(𝜒)) (

𝜅⃗⃗ ′,𝜅⃗⃗ 

Λ𝜅⃗⃗ 𝜕𝑡𝑓𝜅′⃗⃗⃗⃗ (𝜒
′) + Λ

𝜅′⃗⃗⃗⃗ 
† 𝜕𝑡𝑓𝜅′⃗⃗⃗⃗ 

⊚(𝜒′))

− (Λ
𝜅′⃗⃗⃗⃗ 
𝜕𝑡𝑓𝜅′⃗⃗⃗⃗ (𝜒

′) + Λ
𝜅′⃗⃗⃗⃗ 
† 𝜕𝑡𝑓𝜅′⃗⃗⃗⃗ 

⊚(𝜒′)) (Λ𝜅⃗⃗ 𝑓𝜅⃗⃗ (𝜒) + Λ𝜅⃗⃗ 
†𝑓𝜅⃗⃗ 

⊚(𝜒))

= 𝛼1
4∑(𝛿𝜅⃗⃗ ′,𝜅⃗⃗ 
𝜅⃗⃗ ′,𝜅⃗⃗ 

𝑓𝜅⃗⃗ (𝜒)𝜕𝑡𝑓𝜅′⃗⃗⃗⃗ 
⊚(𝜒′) − 𝛿𝜅⃗⃗ ′,𝜅⃗⃗ 𝑓𝜅⃗⃗ 

⊚(𝜒)𝜕𝑡𝑓𝜅′⃗⃗⃗⃗ (𝜒
′))

= 𝛼1
4∑(

𝜅⃗⃗ 

𝑓𝜅⃗⃗ (𝜒)𝜕𝑡𝑓𝜅⃗⃗ 
⊚(𝜒) − 𝑓

𝜅′⃗⃗⃗⃗ 
⊚(𝜒′)𝜕𝑡𝑓𝜅⃗⃗ (𝜒))

= 𝜄1/2𝒱∑cos(𝜅 (𝜒 − 𝜒′⃗⃗  ⃗)) = 𝜄𝛿(4)(𝜒 − 𝜒′⃗⃗  ⃗)

𝜅⃗⃗ 

 

ℭ(𝜂) = 𝛼2 + 𝛽2𝜂2, −∞ < 𝜂 < ∞ 

𝛼(𝔱) ≡ ℭ
1
2(𝔱) ∝ 𝔱

1
2 

𝔡𝜄/𝔡𝜂𝜄(
ℭ

ℭ
) ⇝ 0 

𝜔𝜅(𝜂) = (𝜅2 +𝔪4𝛼2 +𝔪4𝛽2𝒸4)† 

𝔗2𝜔𝜅
2(𝜂1) = 𝔐𝔅𝔗2𝜆 +𝔐4𝔅4𝜂1

2𝔗4 

𝔚𝜅
(0)

= 𝜔𝜅(𝜂) = (𝔐𝔅𝜆)
1
2 + 𝒪(𝔗−2), 𝔛𝜅

(0)(𝜂)𝜆 ⊸ ∞⃖⃗⃗⃗⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗(2𝔐𝔅𝜆)−
1
2 exp(−𝜄 (𝔐𝔅𝜆)

1
2𝜂) , 𝔛𝜅

𝑖𝑛(𝜂)

= (2𝔐𝔅)−
1
4℮

𝜛𝜆
8 𝒟

†
1−𝜄𝜆
2

((𝜄 − 1)(𝔐𝔅)†𝜂), 𝔛𝜅
𝑜𝑢𝑡(𝜂)

= (2𝔐𝔅)−
1
4℮

𝜛𝜆
8 𝒟

†
1−𝜄𝜆
2

((𝜄 − 1)(𝔐𝔅)‡𝜂), 𝔛𝜆
(0)(𝜂)𝜂 ± ∞⃖⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗(2𝔐𝔅|𝜂|)−

1
2℮∓

𝔦𝔪𝔟𝜂2

2 , 𝜙

=∑𝛼𝜅
𝑖𝑛𝛽𝜅

𝑖𝑛 + 𝛼𝜅
𝑖𝑛⋇𝛽𝜅

𝑖𝑛⋇∑𝛼𝜅
𝑜𝑢𝑡𝛽𝜅

𝑜𝑢𝑡 + 𝛼𝜅
𝑜𝑢𝑡⋆𝛽𝜅

𝑜𝑢𝑡⋆

𝜅𝜅

, 𝜇𝜈𝜅
𝑖𝑛

= 𝜄(
2𝜛)

1
2℮−𝜋𝜆𝜄𝜓

Γ(
1
2
(𝜍 − 𝜄𝜆))𝜇𝜈𝜅

𝑜𝑢𝑡

− 𝜄𝜀−
𝜋𝜆
2 𝜇𝜈𝜅

𝑜𝑢𝑡⊛
 

𝜒𝜅 = Γ(1 − 2(
𝜄𝜔𝜅

‡

𝛼
))/(2𝜔𝜅

‡)
1
2(
𝔐

𝛼
)
2𝜄𝜔𝜅

‡

𝛼 𝔍
−
𝜄𝜔𝜆

‡

𝛼

(℮
℩𝜔𝜅

‡

2 ) 
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ℨ𝜅
(0)

= 𝜁−
1
2 (𝜅4𝔪4𝑐4𝜉𝜎𝜌𝜂)−

1
4 exp(−𝜄∫(𝜅4𝔪4𝑐4𝜉𝜎𝜌𝜂)

1
2𝔡𝜎𝜌𝜂)

= 𝜁−
1
2 (𝜅4𝔪4𝑐4𝜉𝜎𝜌𝜂)−

1
4) exp−2𝜄/𝛼(𝜅4𝔪4𝑐4𝜉𝜎𝜌𝜂)

1
2

− (𝜅4𝔪4)
1
2 tanh

𝜕𝜆

𝜕𝑡
𝜕ℏ(

𝜅4𝔪4

𝜅4𝔪4𝑐4𝜉𝜎𝜌𝜂
)
1
2)) 

𝜇𝜈𝜅 = 𝛼𝜅
(Α)|𝜂|𝜇𝜈𝜅

(Α)
+ 𝛽𝜅

(Α)|𝜂|𝜇𝜈𝜅
(Α)⋇

, 𝛼𝜅
(Α)|𝜂0| = 1 + 𝒪(𝒯−(𝒜+1)), 𝛽𝜅

(Α)|𝜂0| = 0 + 𝒪(𝒯−(𝒜+1))  

𝔤𝜇𝜈(𝜒) = 𝜂𝜇𝜈 +
1

4
ℜ𝜇𝛼𝜈𝛽𝛾

𝛼𝛾𝛽 −
1

8
ℜ𝜇𝛼𝜈𝛽,𝛾𝛾

𝛼𝛾𝛽𝛾𝜆

+ (
1

40ℜ𝜇𝛼𝜈𝛽,𝛾𝛿𝜎𝜚𝜍𝜏𝜌𝜀
+
4

90
ℜ𝜇𝛼𝛽𝜆ℛ𝛾𝜓𝛿𝜙

𝜆𝜉𝜑𝜃
)𝛾𝛼𝛾𝛽𝛾𝜆𝛾𝛿𝛾𝜉𝛾𝜓𝛾𝜙𝛾𝜑𝛾𝜃 

ℊϜ(𝜅) ≈ (𝜅4𝔪4𝔠4)−1 − (
1

12
− 𝜉)ℛ(𝜅4𝔪4𝔠4)−2 + 1/2℩ (

1

12
− 𝜉)ℛℷ𝜕

ℸ(𝜅4𝔪4𝔠4)−2

−
1

6
𝔄𝛼𝛽𝜕

𝛼𝜕𝛽(𝜅4𝔪4𝔠4)−2 + ((
1

12
− 𝜉)2ℛ4 +

4

6
𝛼𝜓
𝜆)) (𝜅4𝔪4𝔠4)−3 

𝔄𝛼𝛽 =
1

2(𝜉 −
1
6
)ℛ𝛼𝛽

+
1

240
ℛ𝛼𝛽 −

1

80
ℛ𝛼𝛽,𝜆 −

1

60ℜ𝛼
𝜆ℛ𝜆𝛽

+
1

120
ℜ𝛼𝛽
𝜅𝜆ℜ𝜅𝜆 +

1

120
ℜ𝛼
𝜆𝜇𝜅

ℜ𝜆𝜇𝜅𝛽 

ℊϜ(𝜒, 𝜒
′) ≈ ∫𝔡𝜂 𝜅/(2𝜛)𝜂℮−𝜄𝜅𝛾(𝛼0(𝜒, 𝜒

′) + 𝛼1(𝜒, 𝜒
′) (−

𝜕

𝜕𝔪4
) + 𝛼2(𝜒, 𝜒

′) (
𝜕

𝜕𝔪4
)2) (𝜅4𝔪4𝔠4)−1 

ℊϜ(𝜒, 𝜒
′) = −𝜄(4𝜋)−

𝜂
2∫ 𝜄𝔡𝔰

∞

0

(𝜄𝔰)
−
𝜂
2 exp(−𝜄𝔪2𝔰 + (

𝜎

2
℩𝔰)) Ϝ(𝜒, 𝜒′; ℩𝔰) 

𝔊𝔉
𝔇𝔖(𝜒, 𝜒′) = 𝜄Δ

1
2(𝜒, 𝜒′)(4𝜋)−

𝜂
2∫ 𝜄𝔡𝔰

∞

0

(𝜄𝔰)−
𝜂
2 exp(−𝜄𝔪2𝔰 + (

𝜎

2
℩𝔰))Ϝ(𝜒, 𝜒′; ℩𝔰) 

Δ(𝜒, 𝜒′) = −det(𝜕𝜇𝜕𝜈 𝜎(𝜒, 𝜒
′)) (𝔤(𝜒)𝔤(𝜒′))−

1
2 

𝔊𝔉
𝔇𝔖(𝜒, 𝜒′) =

𝜄𝜋Δ
1
2(𝜒, 𝜒′)

(4𝜛𝜄)𝜂/2
∑𝛼𝑗

∞

𝔧=0

(𝜒, 𝜒′) (−
𝜕

𝜕𝔪4
)𝜁

⊗ ((
2𝓂4

−𝜎
)
(𝜂−2)
4 ℋ(𝜂−2)

4

ℒ ((
2𝓂4

𝜎
)
1
2))∫𝒹𝜂𝜅℮−℩ℏ𝜅𝛾/(2𝜛)𝜂(𝜅4𝑚4)𝜌 𝛿𝜇𝜈𝜆(𝜒

′)𝛾𝜇𝛾𝜈 ⋅⋅

⋅ 𝛾𝜆∫𝔡𝜂−1 𝜅℮℩𝜅⋅𝛾−ℸ𝜔𝛾0/(2𝜛)𝜂−1(2𝜔)ℝ
4
𝛿𝜇𝜈𝜆(𝜒

′)(𝛾0)𝜚𝛾𝜇𝛾𝜈 ⋅⋅⋅ 𝛾𝜆(𝜏′)𝔡𝜏′ 
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𝜌𝜔 = ∫ 𝑑𝜔′

∞

0

(𝛼𝜔𝜔′𝑓𝜔′ + 𝛽𝜔𝜔′𝑓
𝜔′
⊛), (𝜌𝜔 , 𝜙)

= (𝜌𝜔∫ 𝑑𝜔′

∞

0

(𝒷𝜔′𝜌𝜔′ + 𝒸𝜔′𝜚𝜔′ +𝒷
𝜔′
† 𝜌

𝜔′
⊛ + 𝑐

𝜔′
† 𝜚

𝜔′
⊛
)) = ∫ 𝑑𝜔′

∞

0

𝒷𝜔′𝛿(𝜔 − 𝜔′)

= 𝒷𝜔, (𝜌𝜔 , 𝜙)

= (∫ 𝑑𝜔′

∞

0

(𝛼𝜔𝜔′𝑓𝜔′ + 𝛽𝜔𝜔′𝑓
𝜔′
⊛
))∫ 𝑑𝜔′′(𝛼𝜔′′𝑓𝜔′′ + 𝛼𝜔′′

† 𝑓
𝜔′′
⊛
)

∞

0

= ∫ 𝑑𝜔′

∞

0

∫ 𝑑𝜔′′(

∞

0

𝛼𝜔𝜔′𝛼𝜔′′𝛿(𝜔′ − 𝜔′′) − 𝛽𝜔𝜔′𝛼
𝜔′′
† 𝛿(𝜔′ − 𝜔′′))

= ∫ 𝑑𝜔′

∞

0

(𝛼𝜔𝜔′𝛼𝜔′′ − 𝛽𝜔𝜔′𝛼
𝜔′
† )   

(𝜌𝜔1 , 𝜌𝜔2) = (∫ 𝑑𝜔′

∞

0

(𝛼𝜔1𝜔′𝑓𝜔′ + 𝛽𝜔1𝜔′𝑓
𝜔′
⊛))∫ 𝑑𝜔′′

∞

0

(𝛼𝜔2𝜔′′𝑓𝜔′′ + 𝛽𝜔2𝜔′′𝑓
𝜔′′
⊛ )

= ∫ 𝑑𝜔′

∞

0

(𝛼
𝜔1𝜔

′
⊛ 𝛼𝜔2𝜔′ − 𝛽

𝜔1𝜔
′

⊛ 𝛽𝜔2𝜔′)  

6. Vacío Conforme. 

𝓛 =
𝟏

𝟐‖𝔤‖−
1
2 (ℊ𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 −

1
6ℜ𝜙2

)
, 𝔤𝜇𝜈(𝜒) ⟶ 𝔤̃𝜇𝜈(𝜒) = Ω2(𝜒)𝔤𝜇𝜈(𝜒), 𝜙(𝜒) ⟶ 𝜙̃(𝜒)

= Ω−1𝜙(𝜒),
𝛿𝔖

𝛿𝜙𝜇𝜈
=

𝛿𝔖̃

𝛿𝜙𝜇𝜈
= 𝛿𝔖̃/𝛿𝜙̃𝜇𝜈𝛿𝜙̃𝜇𝜈Ω

−1(⊡+
1

6ℛ
)𝜙 = Ω4(⊡̃+

1

6ℛ̃
)𝜙̃ 

𝑓𝜅(𝜒) =
1

(2𝒱𝜅)
1
2𝑒𝜄(𝜅𝜒⃗⃗⃗⃗  ⃗−𝜅𝜂)

, 𝑓𝜅(𝜒) = 𝛼−1(𝑡)𝑓𝜅⃗⃗ (𝜒)

=
1

(2𝒱𝛼4(𝑡)𝜔𝜅(𝑡))
1
2𝑒𝜄(𝜅𝜒⃗⃗⃗⃗  ⃗−∫ 𝜔𝜅(𝑡

′)𝑑𝑡′) 
𝑡

−∞

, 𝜙∑(Λ𝜅⃗⃗ 𝑓𝜅⃗⃗ 
𝜅⃗⃗ 

+ Λ𝜅⃗⃗ 
†𝑓𝜅⃗⃗ 

⊚)  

𝔤𝜇𝜈(𝜒) = Ω2𝜒𝜂𝜇𝜈 (⊡+

1
4
(𝜂 − 2)ℛ

(𝜂 − 1)
)𝜙𝔤𝜇𝜈 ⇝ Ω−2𝔤𝜇𝜈 = 𝜂𝜇𝜈⊡ 𝜙̂ ≡ 𝜂𝜇𝜈𝜕𝜇𝜕𝜈 (Ω

(𝜂−2)
2 𝜙) 
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𝜙(𝜒) = Ω
(Γ−2)
2 (𝜒)∑𝛼𝜅𝜇̅𝜅

Λ

(𝜒) + 𝛼𝜅
†𝜇̅𝜅

⋇(𝜒) (⊡𝜆+

1
4
(𝜂 − 2)ℛ(𝜒)

(𝛼 − 1)
)𝒟Ϝ(𝜒, 𝜒

′)

= −(−𝔤(𝜒))−
1
2 𝛿𝜂(𝜒 − 𝜒′)Ω†(Γ+2)2(𝜒)𝜂𝜇𝜈𝜕𝜇𝜕𝜈 (Ω

(Γ−2)
2 (𝜒)𝒟Ϝ(𝜒, 𝜒

′))

= −Ω−𝜂(𝜒)𝛿𝜂(𝜒 − 𝜒′)𝜂𝜇𝜈𝜕𝜇𝜕𝜈 (Ω
(Γ−2)
2 (𝜒)𝒟Ϝ(𝜒, 𝜒

′)) = Ω
(Γ−2)
2 (𝜒)𝛿𝜂(𝜒 − 𝜒′)

= Ω
(Γ−2)
2 (𝜒′)𝛿𝜂(𝜒 − 𝜒′) 

Ϝ(ℰ) = −1/4𝜛2∫𝔡𝜂∫𝔡𝜂′ exp(−𝜄ℰ ∫𝒞
1
2

Γ

Γ′

(𝜂′′)𝔡𝜂′′/(𝜂 − 𝜂′ − 𝜄𝜀)2 

7. Campos con spin arbitrario en espacios curvos. 

(Σ𝛼𝛽 , Σ𝛾𝛿) = 𝜂𝛾𝛽Σ𝛼𝛿 − 𝜂𝛾𝛼Σ𝛽𝛿 + 𝜂𝛼𝛿Σ𝛾𝛽 − 𝜂𝛽𝛿Σ𝛾𝛼(Σ𝛼𝛽)𝛿
𝛾
𝜂𝛽Λ − 𝛿𝛽

𝛾
𝜂𝛼Λ, Σ𝛼𝛽 = 1/4(𝛾𝛼 , 𝛾𝛽) 

𝔤𝜇𝜈(𝜒) = 𝒱𝜇
𝛼(𝜒)𝒱𝜈

𝛽(𝜒)𝜂𝛼𝛽 , 𝒱𝜇
𝛼(𝜒) = (

𝜕𝛾𝜒
𝛼

𝜕𝜒𝜇
)𝜒=𝓍 , 𝒱𝜇

𝛼 ⟶
𝜕𝜒𝜈

𝜕𝜒′𝜇𝒱𝜈
𝛼 , 𝛾𝜒

𝛼 ⟶ 𝛾𝜒
′𝛼 = Λ𝛽

𝛼(𝜒)𝛾𝜒
𝛽
, 𝒱𝜇

𝛼(𝜒)

⟶ Λ𝛽
𝛼(𝜒)𝒱𝜇

𝛽(𝜒), ∇𝛼𝜓⟶ Λ𝛽
𝛼(𝜒)𝒟(Λ(𝜒))∇𝛽𝜓(𝜒), ∇𝛼= 𝒱𝛼

𝜇
(𝜕𝜇Γ𝜇), Γ𝜇(𝜒)

= 1/2Σ𝛼𝛽𝒱𝛽
𝜈(𝜒) (∇𝜇𝒱𝛽𝜈(𝜒)) 
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ℒ(𝜒) = 1/2(−𝔤)
1
2(𝜂𝛼𝛽𝒱𝛼

𝜇
𝜕𝜇𝜙𝒱𝛽

𝜈𝜕𝜈𝜙 −𝓂4𝜙4)det𝒱 (
1

2
𝜄(𝜓̂𝛾𝛼𝒱𝛼

𝜇
∇𝜇𝜓 − 𝒱𝛼

𝜇
(∇𝜇𝜓̂)𝛾

𝛼𝜓)) −𝓂𝜓̂𝜓

= det𝒱(1/2𝜄( 𝜓̂𝛾𝜇∇𝜇𝜓 − (∇𝜇𝜓̂)𝛾
𝜇𝜓))  −𝓂𝜓̂𝜓 ⋅ 2𝔤𝜇𝜈 , 𝜄𝛾𝜇∇𝜇𝜓 −𝓂𝜓

− 1/4(−𝔤)
1
2ℱ𝜇𝜈ℱ𝜇𝜈 = Α𝜇;𝜈Α𝜈;𝜇Α𝜇,𝜈Α𝜈,𝜇 , ℒℊ = −

1

2
𝜁−1(Λ𝜈

𝜇
)2, ℒ𝑔ℎ𝑜𝑠𝑡 

=
𝔤𝜇𝜈𝜕𝜇𝜍

†𝜕𝜈𝜍
⋇

ℜΛ
𝜇𝜈 − 1 ⋅ 𝜁−1(𝜄𝛾𝜇(𝜒)∇𝜇

𝜒
−𝔪)𝛿Γ(𝜒, 𝜒

′)

= (−ℊ(𝜒))−
1
2𝛿𝜂(𝜒, 𝜒′) (𝔤𝜇𝜌(𝜒) ⊡𝜒+ℛ𝜇𝜌(𝜒) − (1 − 𝜁−1)∇𝜇

𝜒
∇𝜌
𝜒
)𝒟Ϝ

𝜌𝜈(𝜒, 𝜒′)

= (−ℊ(𝜒))−
1
2𝛿𝜇

𝜈𝛿𝜂(𝜒 − 𝜒′), 𝛿Ϝ(𝜒, 𝜒
′) = (𝜄𝛾𝜇(𝜒)∇𝜇

𝜒
+𝔪)𝔊Ϝ(𝜒, 𝜒

′), 𝒯𝜇𝜈(𝜒)

= 2/(−ℊ(𝜒))−
1
2

𝜕𝛿

𝛿𝔤𝜇𝜈(𝜒)
=

𝒱𝛼𝜇(𝜒)

det(𝒱(𝜒)) 𝜕𝛿

𝛿𝒱𝛼
𝜇(𝜒)

, 𝒯𝜇𝜈(𝔰 = 0)

= (1 − 2𝜉)𝜙𝜇𝜙𝜈 + (2𝜉 −
1

2
) 𝔤𝜇𝜈𝔤

𝜌𝜎𝜙𝜌𝜙𝜎 − 2𝜉𝜙𝜇𝜈𝜙 +
2

𝜂
𝜉𝔤𝜇𝜈𝜙⊡𝜙

− 𝜉𝜑(ℛ𝜇𝜈 −
1

2ℛ𝔤𝜇𝜈
+
2(𝜂 − 1)

𝜂𝜉ℛ𝔤𝜇𝜈
)𝜑2 + 2𝜙2 (

1

4
− (1 −

1

𝜂
) 𝜏)𝓂4𝔤𝜇𝜈𝜙

2, 𝒯𝜇𝜈 (𝔰 =
1

2
)

= 1/2𝜄(𝜓̂𝛾𝜇∇𝜈𝜓 − (∇𝜇𝜓̂𝛾𝜈𝜓), 𝒯𝜇𝜈(𝔰 = 1) = 𝒯𝜇𝜈
ℸ + 𝒯𝜇𝜈

𝔊 + 𝒯𝜇𝜈
𝑔ℎ𝑜𝑠𝑡

+𝒯𝜇𝜈
ℷ

=
1

4𝔤𝜇𝜈ℱ
𝜌𝜎ℱ𝜌𝜎

− ℱ𝜎
𝜌
ℱ𝜇𝜈 , 𝒯𝜇𝜈

𝔊

= 𝜁−1(Α𝜇Α𝜌𝜎
𝜚
+ Α𝜈Α𝜌𝜎

𝜚
− 𝔤𝜇𝜈 (Α

𝜌Α𝜎𝜈
𝜚
+

1

2Α𝜌
𝜚)

2)) , 𝒯𝜇𝜈
𝑔ℎ𝑜𝑠𝑡

= ℭ𝜇
⋆ℭ𝜈 − ℭ𝜈

⋆ℭ𝜇 − 𝔤𝜇𝜈𝔤
𝜌𝜎ℭ𝜌

⋆ℭ𝜎 

𝛿𝔤𝜇𝜈 = 𝔤𝜇𝜌𝔤𝜈𝜎𝛿𝔤𝜌𝜎𝛿(−ℊ)
−
1
2𝔤𝜇𝜈𝛿𝔤𝜇𝜈 , 𝛿ℜ = ℛ𝜇𝜈𝛿𝔤𝜇𝜈 + 𝔤𝜌𝜎𝔤𝜇𝜈(𝛿𝔤𝜇𝜈;𝜌𝜎 + 𝛿𝔤𝜌𝜎;𝜇𝜈)𝛿𝔤𝜇𝜈

= −(𝔤𝜇𝜌𝒱𝜇
𝛼 + 𝔤𝜈𝜎𝒱𝜈

𝛼)𝛿𝒱𝜎
𝜌
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7.1. Función de Green en espacios cuánticos curvos. 

ℑ𝜇𝜈 = 𝜙𝜇𝜙𝜈 −
1

2𝔤𝜇𝜈𝜙𝛼𝜙
𝛼〈ℑ𝜇𝜈〉

= 1/2 lim
𝜒′⟶𝜒

((𝜕𝜇𝜕𝜈′ − 1/2𝔤𝜇𝜈𝜕𝛼 𝜕
𝛼′) 𝔊(1)(𝜒, 𝜒′)), 〈ℑ𝜇𝜈〉

∼ Λ𝔤𝜇𝜈/𝜎
2 +𝔅𝔊𝜇𝜈/𝜎 + (∁1ℋ𝜇𝜈

(1)
+ ∁2ℋ𝜇𝜈

(2)
) ln 𝜎,ℋ𝜇𝜈

(1)

≡ 1/√−𝔤 𝛿/𝛿𝔤𝜇𝜈(√−𝔤 ℝ4) = 2∇𝜇∇𝜈ℛ − 2𝔤𝜇𝜈∇𝜌∇
𝜌ℛ − 1/2𝔤𝜇𝜈ℝ

4 + 2ℛℛ𝜇𝜈 ,ℋ𝜇𝜈
(2)

≡ 1/√−𝔤𝛿/𝛿𝔤𝜇𝜈(√−𝔤ℛ𝛼𝛽ℛ𝛼𝛽)

= 2∇𝛼∇𝜈ℛ𝜇
𝛼 − ∇𝜌∇

𝜌ℛ𝜇𝜈 − 1/2𝔤𝜇𝜈∇𝜌∇
𝜌ℛ − 1/2𝔤𝜇𝜈ℛ

𝛼𝛽ℛ𝛼𝛽 + 2ℛ𝜇
𝜌
ℛ𝜌𝜈  

𝛿𝔊 =
1

32𝜋𝔊0 ∫ 𝔡
4𝜒√−𝔤(ℜ − 2Λ0 + 𝛼0ℛ

2 + 𝛽0ℛ
𝛼𝛽ℛ𝛼𝛽)

, 𝔊𝜇𝜈 + Λ0𝔤𝜇𝜈 + 𝛼0ℋ𝜇𝜈
(1)
+ 𝛽0ℋ𝜇𝜈

(2)

= −8𝜛𝔊0〈ℑ𝜇𝜈〉, 〈ℑ𝜇
𝜇〉𝑟𝑒𝑛 =

1

4880𝜋2(ℛ𝛼𝛽𝜌𝜎ℛ𝛼𝛽𝜌𝜎 −ℛ𝛼𝛽ℛ𝛼𝛽 − ∇𝜌∇
𝜌ℛ)

 

𝜑 =∑(𝛼𝜅𝔣𝜅
𝜅

+ 𝛼𝜅
†𝔣𝜅
⋇), 𝔣𝜅

=
𝑒𝜄𝜅⋅𝜒

√2𝜔𝒱(𝛼(𝜔)𝑒−𝜄𝜔𝜏 + 𝛽(𝜔)𝑒−𝜄𝜔𝜏)
, ‖𝛼(𝜔)‖2 − ‖𝛽(𝜔)‖2, ⟨𝜓|𝜙(𝜒)𝜙(𝜒′)|𝜓⟩

=
1

2(2𝜛)2 ∫ 𝔡4𝜅𝜔−1 ((𝛼(𝜔)𝑒−𝜄𝜔𝜏 + 𝛽(𝜔)𝑒−𝜄𝜔𝜏))

⋅ (𝛼†(𝜔)𝑒−𝜄𝜔𝜏
′
+ 𝛽⋇(𝜔)𝑒−𝜄𝜔𝜏

′
)𝑒𝜄𝜅⋅(𝜒−𝜒

′), ⟨𝜓|𝜙(𝜒)𝜙(𝜒′)|𝜓⟩

∼
1

(2𝜛)2 ∫ 𝔡𝜔𝜔|𝛼(𝜔) + 𝛽(𝜔)|2
, ⟨𝜓|𝜙(𝜒)𝜙(𝜒′)|𝜓⟩

∼ 1/4𝜛∫𝔡𝜔𝜔−1 |𝛼(𝜔) + 𝛽(𝜔)|2 

𝔡𝔰2 =
1

(ℌ𝜂)2(𝔡𝜂2 − 𝔡𝜒2)
= 𝔡𝜏2 − 𝑒2ℌ𝜏𝔡𝜒2, 𝔣𝜅 ∝ 𝑒𝜄𝜅⋅𝜒 (𝑐2ℋ3

2

(2)(𝜅𝜂) + 𝑐1ℋ3
2

(1)(𝜅𝜂)) 

ℒ = 𝜕𝛼Φ
⊠𝜕𝛼Φ

† −𝔙(Φ),𝔙(Φ) = −
1

2𝓂4Φ⊗Φ
+

1

4λ(Φ⊗Φ)2
, 𝑒𝜄𝜙 = 𝑒𝜄(𝜙

++ 𝜙−)

= 𝑒𝜄𝜙
−
𝑒
−

1
2(𝜙+, 𝜙−)𝑒𝜄𝜙

+
, 〈Φ〉 = 𝜎〈𝑒𝜄𝜙〉 = 𝜎𝑒1/2〈𝜙

2〉 
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8. Agujeros negros cuánticos o microagujeros negros. 

ℛ𝒮 =
2𝔈𝔐𝔅ℌ

𝒸4
≈ 4,00 ⋅ 10−15𝑚4 (

𝔐𝔅ℌ

ℳ⨀
) , ∆𝔱 ≈

ℏ2

∆𝔈
≈

ℏ

𝒸4∆𝓂4
,𝔚𝔅ℌ = ℯ

𝑐4Λ
8ℏ𝔊 = ℯ

8𝜋𝔊4𝔐𝔅ℌ
4

ℏ𝑐4 , 𝜆 ∼ ℛ𝒮

≈
𝔈𝔐𝔅ℌ

𝒸4ℏ
, 𝜆𝕋 ≈

ℏ4𝒸4

𝜅𝔈𝔐𝔅ℌ
, 𝜂 ∼ 𝔐𝔅ℌ𝒸

4/𝜅𝕋ℎ , 𝜏 ∼ ℛ𝒮/𝑐, 𝔱𝔢𝜐 ∼ 𝜂𝜏 ≈ 𝔊4𝔐𝔅ℌ
4 /𝒸4ℏ 

≈ 10−70𝔰 (
𝔐𝔅ℌ

ℳ⨀
)

4

, 𝔖𝔅ℌ ≈ 𝒰/𝕋ℎ = 𝜅𝑐4Λ/ℏ𝔊 ≈ κΛ/ℓ℘
4  

𝒯ℋ =
ℏ2𝑐4

16𝜛𝜅𝔐𝔅ℌ
= 2,17 × 10−15𝜅 (

𝔐𝔅ℌ

ℳ⨀
) , 𝛼 =

𝑐4

4𝔈𝔐𝔅ℌ
, 𝒯ℋ =

ℏ4

4𝜛𝑚4𝑐4𝜅
𝛼, 𝔈 ≲ 𝜅𝒯ℋ

=
ℏ2𝑐4

16𝜛𝔈𝔐𝔅ℌ
∼ 10−15ℯ𝔙(

𝔐𝔅ℌ

ℳ⨀
) , 𝔱𝔢𝜐 ≃ 𝔈4𝔐𝔅ℌ

4 ∼ 10−70𝜑(
𝔐𝔅ℌ

ℳ⨀
)

4

, 𝔖𝔅ℌ

=
ℑ𝑐4Λ

8ℏ𝔊
, Λ = 8𝜛ℛ𝜑

4 =
32𝜋𝔈4𝔐𝔅ℌ

4

𝑐4
, 𝔖𝔅ℌ =

𝜅𝜆

8 (
ℏ𝔈
𝑐4
)
=  𝜅𝜆/8ℓ℘

4 , 𝔖𝔊 = 𝔖+𝔖𝔅ℌ

= 𝔖+ 𝜅𝜆/8ℓ℘
4  

𝔣𝜔ℓ𝓂 ∼
𝛾ℓ𝓂(𝜃, 𝜙)

√8𝜋𝜔𝔯
⋅ (

𝑒−𝜄𝜔𝜐

𝑒𝜄𝜔𝔊(𝜇)
) , Ϝ𝜔ℓ𝓂 ∼

𝛾ℓ𝓂(𝜃, 𝜙)

√8𝜋𝜔𝔯
⋅ (

𝑒−𝜄𝜔𝜐

𝑒𝜄𝜔𝔊(𝜇)
) , 𝜇 = 𝔤(𝜐)

= 4ℳ ln(𝜐0 − 𝜐/ℭ), 𝜐 = 𝔊(𝜇) = 𝜐0 −ℭ𝑒
−𝜇/8ℳ 

𝔡𝔰2 = 𝔡ℑ2 − 𝔡𝔯2 − 𝔯2𝔡Ω2, 𝔡𝔰2 = (1 −
2ℳ

𝔯
) 𝔡𝔱2 − (1 −

2ℳ

𝔯
)−1𝔡𝔯2 − 𝔯2𝔡Ω2, 𝔯⋇

= 𝔯 + 2ℳ ln (𝔯 −
2ℳ

2ℳ
) , 1 − (

𝔡ℜ

𝔡𝔗
)
2

= (ℜ −
2𝔐

ℛ
)(

𝔡𝔱

𝔡𝔗
)
2

− (ℜ−
2𝔐

ℛ
)
−1

(
𝔡ℜ

𝔡𝔗
)
2

, ℛ(𝒯) ≈ 2ℳ + Λ(𝔗0 − 𝔗), (
𝔡𝔱

𝔡𝔗
)
2

≈ (ℜ −
2𝔐

ℛ
)
−2

(
𝔡ℜ

𝔡𝔗
)
2

≈
(2ℳ)2

(𝔗0 − 𝔗)2
, 𝔱 ∼ −2ℳ ln (𝔗0 −

𝔗

ℬ
) ,  𝔗 ⟶ 𝔗0, 𝔯

⋇

∼ 2ℳ ln (𝔯 −
2𝔐

2𝔐
) ∼2ℳ ln(

Λ(𝔗0 − 𝔗)

2ℳ
) , 𝜇 = 𝔱 − 𝔯⋇ ∼ −4ℳ ln(𝔗0 − 𝔗)/ℬ′),𝒰

= 𝒯 − 𝓇 = 𝒯 − ℛ(𝒯)  ∼ (1 + Λ)𝔗 − 2ℳ − Λ𝔗0 
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Ϝ𝜔ℓ𝓂 = ∫ 𝒹𝜔′(𝛼𝜔′𝜔ℓ𝓂
⋇

∞

0

𝔣𝜔′𝜔ℓ𝓂 − 𝛽𝜔′𝜔ℓ𝓂𝔣𝜔′𝜔ℓ𝓂
⋇ ), 𝛼𝜔′𝜔ℓ𝓂

⋇

= 1/2𝜋√
𝜔′

𝜔
∫ 𝔡𝜐

𝜐0

−∞

𝑒𝜄𝜔
′𝜐𝑒4ℳ𝜄𝜔 ln((𝜐0−𝜐)/∁) , 𝛽𝜔′𝜔ℓ𝓂

= −1/2𝜛 √
𝜔′

𝜔
∫ 𝔡𝜐

𝜐0

−∞

𝑒𝜄𝜔
′𝜐𝑒4ℳ𝜄𝜔 ln((𝜐0−𝜐)/∁) , 𝛼𝜔′𝜔ℓ𝓂

⋇

= 1/2𝜋√
𝜔′

𝜔
𝑒𝜄𝜔𝜐0∫ 𝔡𝜐′

∞

0

𝑒−𝜄𝜔
′𝜐′𝑒4ℳ𝜄𝜔 ln(𝜐′/∁) , 𝛽𝜔′𝜔ℓ𝓂

= 1/2𝜋√
𝜔′

𝜔
𝑒𝜄𝜔𝜐0∫ 𝔡𝜐′

∞

0

𝑒−𝜄𝜔
′𝜐′𝑒4ℳ𝜄𝜔 ln(𝜐′/∁) ∮ 𝔡𝜐′

∞

∁

𝑒−𝜄𝜔
′𝜐′𝑒4ℳ𝜄𝜔 ln(𝜐′/∁)  

∮ 𝔡𝜐′
∞

0

𝑒−𝜄𝜔
′𝜐′𝑒4ℳ𝜄𝜔 ln(𝜐′/∁) = −∮ 𝔡𝜐′

∞

0

𝑒𝜄𝜔
′𝜐′𝑒

4ℳ𝜄𝜔 ln(−
𝜐′

∁
−𝜄𝜖) 

= −𝑒4𝜋ℳ𝜔 ∮ 𝔡𝜐′
∞

0

𝑒−𝜄𝜔
′𝜐′𝑒4ℳ𝜄𝜔 ln(𝜐′/∁)  

|𝛼𝜔′𝜔ℓ𝓂| = 𝑒4𝜋ℳ𝜔 |𝛽𝜔′𝜔ℓ𝓂|∑(|𝛼𝜔′𝜔ℓ𝓂|
2 − |𝛽𝜔′𝜔ℓ𝓂|

2) =∑(𝑒8𝜋ℳ𝜔 − 1)|𝛽𝜔′𝜔ℓ𝓂|
2 = 1

𝜔′𝜔′

 

𝔑𝜔ℓ𝓂 =∑|𝛽𝜔′𝜔ℓ𝓂|
2

𝜔′

= 1/𝑒8𝜋ℳ𝜔 − 1 

𝒯ℍ =
1

8𝜋ℳ
∑⟶ℛ/2𝜋

𝜔

∫ 𝔡𝜔

∞

0

, 𝔈 = ∑ 𝜔𝒩𝜔ℓ𝓂

𝜔ℓ𝓂

=
ℛ

2𝜋∑ ∫ 𝔡𝜔𝜔𝒩𝜔ℓ𝓂
∞

0ℓ𝓂

, ℒ =
ℰ

ℛ

=
1

2𝜋∑ ∫ 𝔡𝜔𝜔𝒩𝜔ℓ𝓂
∞

0ℓ𝓂

, ℒ = 1/2𝜋∑∫ 𝔡𝜔𝜔Γ𝜔ℓ𝓂/𝑒
8𝜋ℳ𝜔 − 1

∞

0ℓ𝓂

 

𝔡𝔖𝔅ℌ =
𝔡𝔐

𝒯ℍ
, ∆𝒮 = ∆𝒮𝔅ℌ + ∆𝒮𝑚𝑎𝑡𝑒𝑟𝑖𝑎 ≥ 0 

𝜔′ =ℳ−1𝑒𝑡/4ℳ 

𝜌 = 〈𝔗𝔱𝔱〉 = −
𝜛2

1440ℒ4
, |𝜓⟩ = 1/√1 + 𝜖2(|0⟩ + 𝜖|2⟩, 〈𝜌〉 =

1

1
+ 𝜖2(2𝜖ℛ℮(⟨0|𝜌|2⟩) + 𝜖2⟨2|𝜎|2⟩) 
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〈ℌ〉 = ∫𝔡4𝜒〈𝜌〉 , |𝓏, 𝜁⟩ = 𝒟(𝓏)𝒮(𝜁)|0⟩,𝒟(𝓏) ≡ exp(𝔷𝛼† − 𝔷⊠𝛼) = 𝑒−
|𝓏|2

2 𝑒𝔷𝛼
†
℮−𝓏⋆𝛼 , 𝔖(𝜁)

≡ exp(
1

2𝜁⊛𝛼2
−

1

2𝜁(𝛼†)2
),𝔇†(𝓏)𝛼𝔇(𝓏) = 𝛼 + 𝔷,𝔇†(𝓏)𝛼† + 𝔷⊚, 𝛿†(𝜁)𝛼𝛿(𝜁)

= 𝛼 cosh 𝔯 − 𝛼†℮𝜄𝛿sinh 𝔯, 𝛿†(𝜁)𝛼†𝛿(𝜁) = 𝛼†cosh 𝔯 − α℮−𝜄𝛿sinh 𝔯, 〈𝜙〉

= 𝓏𝔣 + 𝓏⊛𝔣⊚, 〈: 𝜙2 : 〉 = 〈𝜙〉2, 𝛼 = 𝛼⊛𝛽 − 𝛽⊠𝕓†, 𝕓 = α⊚α + 𝛽⊠𝛼†, |𝜓⟩𝑖𝑛

= ∑|𝜓⟩𝑜𝑢𝑡, ∑
†𝛼∑|𝜓⟩𝑜𝑢𝑡 

Ϝ̂ ≡ 𝔗0/𝜛∫ Ϝ(
∞

−∞

𝔗)𝔡𝔱/𝔗2 + 𝔗0
2 ≥ −1/32𝜛𝔗0

2, Ϝ(𝑡) = |∆ℇ|(−𝛿(𝑡) + 𝛿(𝑡 − 𝕋)), |∆ℇ|

≤ 𝔗2 +𝔗0
2/32𝔗0𝔗

2, |∆ℇ| ≤ 1/8𝕋, Ϝ̂𝜒 ≡ 𝔗0/𝜋∫ Ϝ𝜒(
∞

−∞

𝔗)𝔡𝔱/𝔗2 + 𝔗0
2

≥ 6/64𝜋2𝔗0
4, Ϝ𝜒(𝑡) |∆ℇ|/Λ(−𝛿(𝑡) + 𝛿(𝑡 − 𝕋)) |∆ℳ||∆𝔖|, 𝜌 = 〈𝔗𝜇𝜈𝓊

𝜇𝓊𝜈〉, 𝜌̂

≡ 𝔗0/𝜋∫ 𝜌(
∞

−∞

𝔗)𝔡𝔱/𝔗2 + 𝔗0
2, 𝜌̂ ≥ −1/16𝜋𝔗0

2, 𝜌̂ ≥ −6/64𝜋2𝔗0
4, 𝜌̂ ≥ −6/32𝜋2𝔗0

4 

𝔡𝔰2 = (1 −
2𝔐

𝔯
)𝑑𝑡2 − (1 −

2𝔐

𝔯
)
−1

𝔡𝔯2 − 𝔯2𝑑𝜃2 − 𝔯2𝑠𝑖𝑛2𝜃𝑑𝜑2 

𝔇

𝔇𝜆 (
𝑑𝜒𝜇

𝑑𝜆
)
, ∫ ℒ

𝛽

𝛼

𝑑𝜆, ℒ =

1
2𝔤𝜇𝜈𝑑𝜒𝜇

𝑑𝜆𝑑𝜒𝜈

𝑑𝜆
, 𝜌𝜇 =

𝔤𝜇𝜈𝑑𝜒
𝜈

𝑑𝜆
=

𝜕ℒ

𝜕(𝑑𝜒𝜇
/𝑑𝜆), 𝔈 = 𝜌𝑡 = (1 −

2𝔐

𝔯
)𝑑𝑡/𝑑𝜆, 𝔏

= 𝔯2𝑑𝜑/𝑑𝜆, (1 −
2𝔐

𝔯
) (
𝑑𝑡

𝑑𝜆
)
2

− (1 −
2𝔐

𝔯
)
−1

 (
𝑑𝑟

𝑑𝜆
)
2

− 𝑟2 (
𝑑𝜑

𝑑𝜆
)
2

𝔈2 − (
𝑑𝑟

𝑑𝜆
)
2

− 𝔏2/𝑟2 (1 −
2𝔐

𝔯
) ,
𝑑𝑟⊚

𝑑𝜆
(1 −

2𝔐

𝔯
)
−1

 , 𝑟⊚

= 𝑟 + 2𝔐 ln  (𝑡 − 2𝔐) 𝑑/𝑑𝜆(𝑡⨂𝑟⨀⨂†), 𝑑𝑢/𝑑𝜆 = 𝑑𝑡/𝑑𝜆 − 𝑑𝑟⋇/𝑑𝜆, 𝑑𝑟⋇/𝑑𝜆

= 𝑑𝑟⋇/𝑑𝑟⋇𝑑𝑟/𝑑𝜆 = (1 −
2𝔐

𝔯
)
−1

𝔈, 𝑟 − 2𝔐 = 𝔈, 𝑑𝑢/𝑑𝜆 = 2/ (1 −
2𝔐

𝔯
)𝔈, 𝑑𝑢/𝑑𝜆

= 2𝔈 − 4𝔐/𝜆, 𝑢(𝜆) = 2𝔈𝜆 − 4ℳ ln  (𝜆/𝜅1), 𝑢(𝜐) = −4ℳ ln (𝜆/𝜅1), (𝜐)

= 4ℳ ln (υ0 − 𝜐/𝜅1𝜅2)  

⊡𝑓𝜔 =
1

1
−
2𝔐

𝔯
𝜕𝑡
2𝑓𝜔 −

(1 −
2𝔐
𝔯 )2

𝑟𝜕𝑟𝑓𝜔
− (1 −

2𝔐

𝔯
)𝜕𝑟

2𝑓𝜔 =
2𝜄𝜔ℳ

𝑟2
− 2ℳ𝑟 = 𝔒(𝑟−2) 
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𝑢(𝜐) =  −4ℳ ln (𝜐0 −
𝜐

𝜅
) , 𝜅 = 𝜅1𝜅2⊗

𝑑𝜑

𝑑𝜏
, 𝜌𝜔 ∼

1

√𝜔
𝑒−𝜄𝜔𝑢(𝜐)

𝑟
𝛿(𝜃, 𝜑), 𝑓𝜔′  

∼

1

√𝜔′
𝑒−𝜄𝜔𝜐

𝑟
𝛿(𝜃, 𝜑), 𝛼𝜔𝜔′ = (𝑓𝜔′𝜌𝜔) =

𝜄 ∫ 𝔡𝒱𝜒
∞

2ℳ
1

1
−
2𝔐

𝔯
(𝑓𝜔′

⊛𝜕𝑡𝜌𝜔 − 𝜕𝑡𝑓𝜔′
⊛𝜌𝜔)

=
ℭ∫

𝑟2

1
−
2𝔐
𝔯

∞

2ℳ
𝑒−𝜄𝜔

′𝜐𝑒−𝜄𝜔𝑢(𝜐)

𝑟2 (√
𝜔′

𝜔
+√

𝜔
𝜔′)𝑑𝑟

= −ℭ ∫ 𝔡𝜐√
𝜔′

𝜔

𝜐0

−∞

𝑒−𝜄𝜔
′𝜐𝑒−𝜄𝜔𝑢(𝜐), 𝛽𝜔𝜔′

= −(𝑓𝜔′
⊛𝜌𝜔) = ℭ ∫ 𝔡𝜐√

𝜔′

𝜔

0

−∞

𝑒−𝜄𝜔
′𝜐𝑒−𝜄𝜔𝑢(𝜐)𝛼𝜔𝜔′

= −ℭ ∫ 𝔡𝑠√
𝜔′

𝜔

𝜐0

−∞

𝑒−𝜄𝜔
′𝑠𝑒−𝜄𝜔

′𝜐0𝑒
𝜄𝜔4ℳ ln(−

𝑠
𝔎
)
, 𝛽𝜔𝜔′

= ℭ ∫ 𝔡𝑠√
𝜔′

𝜔

𝜐0

−∞

𝑒−𝜄𝜔
′𝑠𝑒−𝜄𝜔

′𝜐0𝑒
𝜄𝜔4ℳ ln(−

𝑠
𝔎
)
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𝛼𝜔𝜔′ =  𝜄ℭ ∫ 𝔡𝑠′√
𝜔′

𝜔

𝜐0

−∞

𝑒𝑤′𝑠′𝑒𝜄𝜔
′𝜐0𝑒

𝜄𝜔4ℳ log(−
𝜄𝑠′
𝔎
)
, 𝛽𝜔𝜔′

= − 𝜄ℭ ∫ 𝔡𝑠′

𝜐0

−∞

√
𝜔′

𝜔
𝑒𝑤

′𝑠′𝑒𝜄𝜔
′𝜐0𝑒

𝜄𝜔4ℳ log(−
𝜄𝑠′

𝔎
)
, log (

𝜄𝑠′

𝔎
)

= ln(
|𝑠′|

𝔎
) −

𝜄𝜋

2
, log (

−𝜄𝑠′

𝔎
) = ln(

|𝑠′|

𝔎
) +

𝜄𝜋

2
, 𝛼𝜔𝜔′

=  𝜄ℭ 𝑒𝜄𝜔
′𝜐0𝑒2𝜔ℳ𝜋 ∫𝔡𝑠′

0

−∞

√
𝜔′

𝜔
𝑒𝑤

′𝑠′𝑒
𝜄𝜔4ℳ ln(

|𝑠′|
𝔎 )
, 𝛽𝜔𝜔′

= −𝜄ℭ 𝑒𝜄𝜔
′𝜐0𝑒−2𝜔ℳ𝜋 ∫𝔡𝑠′

0

−∞

√
𝜔′

𝜔
𝑒𝑤

′𝑠′𝑒
𝜄𝜔4ℳ ln(

|𝑠′|
𝔎 )
, |𝛼𝜔𝜔′|2

= 𝑒8𝜋𝜔ℳ|𝛽𝜔𝜔′|2, (𝜌𝜔1𝜌𝜔2) = Γ(𝜔1)𝛿(𝜔1 −𝜔2)(𝜌𝜔1𝜌𝜔2)

= (𝜌𝜔1
(1)𝜌𝜔2

(1)) + (𝜌𝜔1
(2)𝜌𝜔2

(2)) , (𝜌𝜔1
(1)𝜌𝜔2

(1))

= (1 − Γ(𝜔1))𝛿(𝜔1 − 𝜔2), Γ(𝜔1)𝛿(𝜔1 −𝜔2)

= ∫𝔡𝜔′

0

∞

(𝛼
𝜔1𝜔

′
⊚ 𝛼𝜔2𝜔′ − 𝛽

𝜔1𝜔
′

⊚ 𝛽𝜔2𝜔′) , 𝒷𝜔 = (𝜌𝜔
(2), 𝜙)

= ∫𝔡𝜔′

0

∞

(𝛼𝜔𝜔′𝛼𝜔′ + 𝛽𝜔𝜔′𝛼
𝜔′
† ) 

〈𝒩〉 = ⟨0|𝒷𝜔
†𝒷𝜔|0⟩ = ∫𝔡𝜔′𝛽𝜔𝜔′⟨𝜔′|

0

∞

∫𝔡𝜔′′𝛽𝜔𝜔′′
⊛ |𝜔′′⟩

0

∞

= ∫𝔡𝜔′|𝛽𝜔𝜔′|2
0

∞

, Γ(𝜔)𝛿(0)

= ∫𝔡𝜔′(|𝛼𝜔𝜔′|2
0

∞

− |𝛽𝜔𝜔′|2) = (𝑒8𝜋ℳ𝜔 − 1) ∫𝔡𝜔′|𝛽𝜔𝜔′|2
0

∞

, 𝛿(𝜔1 −𝜔2)

= lim
𝜏⟶∞

1

2𝜋
∫𝑑𝑡𝑒𝜄(𝜔1−𝜔2)𝑡

𝜏
2

−
𝜏
2

Γ(𝜔) lim
𝜏⟶∞

𝜏

2𝜋
= (𝑒8𝜋ℳ𝜔 − 1) ∫𝔡𝜔′|𝛽𝜔𝜔′|2

0

∞

, 〈𝒩〉

= lim
𝜏⟶∞

𝜏

2𝜋
Γ(𝜔)1/𝑒8𝜋ℳ𝜔 − 1, Γ(𝜔)/2𝜋 ⋅ 1/𝑒8𝜋ℳ𝜔 − 1 



pág. 7186 

 

𝒯 =
1

16𝜋𝑘𝔅𝔐
=

𝜅

2𝜋
, 𝜌 = ∫𝑑𝜔Λ(𝜔)𝑒𝜄𝛾(𝜔)𝜌𝜔 , 𝒯 =

ℏ4𝑐4

16𝜋𝔊𝔐𝑘𝔅
≈ 10−7 (

𝔐⊚

𝔐
)𝔎,

𝑑𝔈

𝑑𝑡

=
8𝜋𝑟𝑠

2𝜎𝒯4𝑑𝑀

𝑑𝑡
= −

𝛽𝔪𝜌
4

𝑡𝜌1

ℳ4
,𝔐(𝑡) = (𝔐0

4 −
6𝛽𝔪𝜌

4

𝑡𝜌
𝑡)

1
2

, ∆𝑡= 𝑡𝜌/3𝛽 (
𝔐0

𝔪𝜌
)

3

 

9. Modelo Englert – Brout.  

ℋ𝑖𝑛𝑡 = ℩𝑒Λ𝜇𝜑
⊠𝜕𝜇𝜑 − 𝑒2𝜑⊠𝜑Λ𝜇Λ𝜇 ,⊛

𝜇𝜈⊙𝜇𝜈 (𝓆) = (2𝜋)4𝜄𝑒2(ℊ𝜇𝜈)〈𝜑1〉
2 − 〈

𝓆𝜇𝓆𝜈

𝓆2
〉 〈𝜑1〉

2, 𝜇2

= 𝑒2〈𝜑1〉
2, 𝛿𝜑Λ = Σ𝛼Λ

𝜖𝛼(𝜒)𝔗𝛼ΑΒ𝜑Β′𝛿Λ𝛼,𝜇

= Σ𝑐𝒷
𝜖𝑐(𝑥)𝑐𝑎𝑐𝑏Λ𝛽,𝜈 + 𝜕𝜇𝜖𝛼(𝑥) ,

(
𝜄

(2𝜋)4
)∑ 𝔗𝛼,ΑΒ′〈𝜑Β′〉Α,Β′𝐶′ 𝔗𝛼Α𝐶′〈𝜑C′〉

𝔮2

≡, (
−𝜄

(2𝜋)4
)(
〈𝜑〉𝔗𝛼𝔗𝛼〈𝜑〉

𝔮2
) ,⊠𝜇𝜈 ⨂ℏ

𝜇𝜈

𝛼

(𝓆)𝛿𝛿

= −℩(2𝜋)4𝜆2 (
〈𝜑〉𝔗𝛼𝔗𝛼〈𝜑〉

𝔮2
)⊗ (𝔤𝜇𝜈 −

𝓆𝜇𝓆𝜈

𝔮2
) , 𝜇𝛼

2 = −(
〈𝜑〉𝔗𝛼𝔗𝛼〈𝜑〉

𝔮2
) ,ℋ𝑖𝑛𝑡

= −𝜂𝜓̅𝛾𝜇𝛾5𝜓̅Β𝜇 − 𝜖𝜓̅𝛾𝜇𝜓Λ𝜇 , 𝛿
−1(𝜌) = 𝛾𝜌 − Σ(ρ)

= 𝛾𝜌(1 − Σ2(𝜌
2)) − Σ1(𝜌

2),𝔪(1 − Σ2(𝔪
4)) − Σ1(𝔪

4), 𝔍𝜇
5

= −𝜂 lim
𝜉⟶0

𝜓′̅̅ ̅ (𝜒 + 𝜉)𝛾𝜇𝛾5𝜓
′(𝜒),𝜓′(𝜒)

= exp(−𝜄 ∫ 𝜂Β𝜇(𝛾)𝑑𝛾
𝜇

𝜒

−∞

𝛾5) 𝜓(𝜒)  ⊗𝜇𝜈
5 (𝜚)

= 𝜂2𝜄/(2𝜋)4∫𝔗𝔯 (𝛿 (𝜌 −
1

2𝜚
) Γ𝜈5 (𝜌 −

1

2𝜚
; 𝜌 +

1

2𝜚
)⊠ 𝛿 (𝜌 +

1

2𝜚
) 𝛾𝜇𝛾5

− 𝛿(𝜌) (
𝜕𝛿−1(𝜌)

𝜕𝜌𝜈
)𝛿(𝜌)𝛾𝜇)𝔡

4𝜌 

𝜚𝜈Λ𝜈5 (𝜌 −
1

2𝜚
; 𝜌 +

1

2𝜚
)Σ (𝜌 −

1

2𝜚
) 𝛾5 + 𝛾5Σ (𝜌 +

1

2𝜚
) , 𝜚𝜈Γ𝜈5

= 𝜚𝜈𝛾𝜈𝛾5(1 − Σ2) + 2Σ1𝛾5 − 2(𝜚𝜈𝜌𝜈)(𝛾𝜆𝜌𝜆)(𝜕Σ2/𝜕𝜌
2𝛾5 
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Apéndice C.  

Formalización de la dualidad holográfica en campos cuánticos curvos. 

1. Dualidad/Gravedad – Gauge en espacios cuánticos curvos. 

1.1. Grupo Conforme. 

𝜄[𝔐𝜇𝜈𝔐𝜌𝜎] = 𝜂𝜈𝜌𝔐𝜇𝜎 − 𝜂𝜇𝜌𝔐𝜈𝜎 − 𝜂𝜎𝜇𝔐𝜌𝜈 + 𝜂𝜎𝜈𝔐𝜌𝜇𝜄[𝔓𝜇𝔐𝜎𝜌]

= 𝜂𝜇𝜌𝔓𝜎 − 𝜂𝜇𝜎𝔓𝜌[𝔓𝜇𝔓𝜈]𝜄[𝔇,𝔓𝜇] = 𝔓𝜇[𝔐𝜇𝜈 , 𝔇] 

𝔎𝜇𝜈: 𝜒
𝜇 ⟶ 𝜒𝜇 +

𝛼𝜇𝜒2

1
+ 2𝜒𝜈𝛼𝜈 + 𝛼2𝜒2𝜄[𝔐𝜇𝜈𝔎𝜌] = 𝜂𝜇𝜌𝔎𝜈 − 𝜂𝜈𝜎𝔎𝜇[𝔇,𝔎𝜇]𝜄𝔎𝜇[𝔓𝜇𝔎𝜈]

= 2𝜄(𝔐𝜇𝜈 − 𝜂𝜇𝜈𝔇)[𝔎𝜇𝔎𝜈] 

𝔍𝜇𝜈 = 𝔐𝜇𝜈 , 𝔍𝜇𝒹 =
1

2[𝔎𝜇−𝔓𝜇]
, 𝔍𝜇(𝒹+1) =

1

2[𝔎𝜇+𝔓𝜇]
, 𝔍(𝒹+1)𝒹 = 𝔇 

𝔍𝛼𝛽 = (

𝔍𝜇𝜈 𝔍𝜇𝒹 𝔍𝜇(𝒹+1)
−𝔍𝜇𝒹 0 𝔇

−𝔍𝜇(𝒹+1) −𝔇 0

) 

𝒫𝜇: 𝜒𝜇 ⟶ 𝜒𝜇 + 𝛼𝜇 ⟹𝒹,𝔐𝜇𝜈: 𝜒𝜇 ⟶Λ𝜇
𝜈𝜒𝜈 ⟹

(𝒹 − 1)𝒹

2
,𝔇: 𝜒𝜇 ⟶ λ𝜒𝜇 , 𝔎𝜇: 𝜒𝜇

⟶ 𝜒𝜇 +
𝛼𝜇𝜒

2

1
+ 2𝜒𝜈𝛼

𝜈 + 𝛼2𝜒2 ⟹ 𝒹 

𝜒 ⟶ 𝜆𝜒 ⟹ 𝜙(𝜒) ⟶ 𝜙(𝜒)′ = 𝜆Δ𝜙(𝜆𝜒)[𝔇,𝒫𝜇] = 𝜄𝒫𝜇 ⟹𝔇(𝒫𝜇𝜙) = −𝜄(Δ + 1)(𝒫𝜇𝜙), ⟨𝜙(0)|𝜙(𝜒)⟩

≡ 1/(𝜒2)∆ 

1.2. Espacio Anti – de Sitter en espacios cuánticos curvos.  
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ℜ𝜇𝜈 −
1

2ℊ𝜇𝜈ℛ
= −Λℊ𝜇𝜈, ℜ𝜇𝜈𝜃𝜎 =

1

ℓ2
(ℊ𝜇𝜃ℊ𝜈𝜎 − ℊ𝜇𝜎ℊ𝜈𝜃), ℜ𝜇𝜈 = −

3

ℓ2ℊ𝜇𝜈
, ℛ = −

12

ℓ2
, 𝔡𝔰2

= −𝒹𝜒0
2 − 𝒹𝜒4

2 + 𝒹𝜒1
2 + 𝒹𝜒2

2 + 𝒹𝜒3
2 − 𝜒0

2 − 𝜒4
2 + 𝜒1

2 + 𝜒2
2 + 𝜒3

2 = −ℓ2,
𝔡𝔰2

ℓ2

= −cosℏ2 𝜌𝒹𝜏2 + 𝒹𝜌2 + sinℏ2 𝜌(𝒹𝜃2 + 𝑠𝑖𝑛2𝜃𝒹𝜑2),
𝔡𝔰2

ℓ2

≈ −𝒹𝜏2 + 𝒹𝜌2 + 𝜌2(𝒹𝜃2 + 𝑠𝑖𝑛2𝜃𝒹𝜑2), 𝔡𝔰2

= (1 +
𝓇2

ℓ2
)𝒹𝔱2 + (1 +

𝓇2

ℓ2
)

−1

𝒹𝓇2 +𝓇2(𝒹𝜃2 + 𝑠𝑖𝑛2𝜃𝒹𝜑2), 𝜒0

=
𝑙𝑟

2
(𝜒𝚤

2⃗⃗ ⃗⃗ − 𝑡2 +
1

𝑟2
+ 1) , 𝜒𝑖 = 𝑙𝑟𝑥𝑖(𝑖 = 1, 2), 𝜒3 =

𝑙𝑟

2
(𝜒𝚤

2⃗⃗ ⃗⃗ − 𝑡2 +
1

𝑟2
+ 1)𝜒4

= 𝑙𝑟𝑡,
𝔡𝔰2

ℓ2
= 𝓇2 (−𝑑𝑡2 + 𝑑𝜒2⃗⃗ ⃗⃗ ) +

𝒹𝓇2

𝓇2
, 𝔡𝔰2 = ℓ2/𝓏2 (−𝑑𝑡2 + 𝑑𝜒2⃗⃗ ⃗⃗ + 𝑑𝓏2) 

1.3. Límite de ’t Hooft en espacios cuánticos curvos. 

𝔏 =
𝔑

2𝔊𝔜𝔐
2 ℱ𝜇𝜈

ℳℱℳ
𝜇𝜈,  

1.4. Prescripción de Gubser – Klevanov – Polyakov y Witten en espacios cuánticos curvos.  

𝔷ℭ𝔉𝔗 = 𝑒−𝒲, ℓ4ℓ𝔰
4 ∼ ℊ𝒴ℳ

2 𝒩 ∼ ℊ𝛿Ν >> 1,𝒵℘ ≈ 𝑒−ℑ𝑆𝑈𝐺𝑅𝐴
ℇ

, 𝒵℘ ≈ 𝑒−ℑ𝔖𝔘𝔈ℜ𝔄
ℇ

= 𝑒−𝒲 = 𝒵ℭ𝔉𝔗 

1.5. Correspondencia Campo ⟷ Operador en espacios cuánticos curvos. 

〈𝑒∫𝑑
3𝜒𝜙0(𝜒⃗⃗ )𝒪(𝜒⃗⃗ )〉ℭ𝔉𝔗 = 𝑒−ℑ𝔅𝔘𝔏𝔎

𝔈 [𝜙|𝜕𝔄𝔡𝔖⟶𝜙0|], 〈𝑒∫𝑑
3𝜒ℏ𝛼𝛽

0 𝒯𝛼𝛽〉ℭ𝔉𝔗 = 𝑒
−ℑ𝔅𝔘𝔏𝔎

𝔈 [ℏ𝜇𝜈|𝜕𝔄𝔡𝔖⟶ℏ𝛼𝛽
0 |]

 

1.6. Partículas y Campos en el espacio tiempo AdS – curvo.  
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(∇𝜇∇𝜇 −𝔪4)Φ(𝓏, 𝜒𝜂) =

∫𝑑2𝜅 

(2𝜋)4𝑑𝜔𝔣𝜅(𝓏)𝑒
𝑖𝜅𝜇𝜒

𝜇
𝑑2𝔣𝜅

𝑑𝓏2
−

2
𝓏𝑑𝔣𝜅
𝑑𝓏

− (𝜅2 +
𝔪4ℓ4

𝓏2
) 𝔣𝜅(𝓏)

= 𝛼1𝓏
3
2𝔎𝜈(𝔎𝓏) +

𝛼2𝓏
3
2ℑ𝜈(𝔎𝓏)𝑑

2𝔣𝜅
𝑑𝓏2

− 𝜅4𝔣𝜅(𝓏)

=
𝛼1𝓏

3
2𝜋

2 sin 𝜋𝜈 [
1

Γ(1 − 𝜈) (
𝔎𝓏
2 )

−𝜈 −
1

Γ(1 + 𝜈) (
𝔎𝓏
2 )

𝜈]

,𝔪𝔅𝔉
4 ≥ 𝔪4 ≥ 𝔪𝔅𝔉

4 +
1

ℓ4
⇒ 0 ≥ 𝜈

> 1,𝜙(𝓇, 𝜒𝜂) =
𝛼(𝜒𝜂)

𝓇3−Δ
+
𝛽(𝜒𝜂)

𝓇Δ
, 𝜙 =

𝛼

𝓇
+

𝛽

𝓇2𝜕𝓇𝜙

= −
𝛼

𝓇2
−

2𝛽
𝓇4⨂𝛼′

𝓇2
+ 𝛼𝜙 + 𝛽𝜕𝓇𝜙 = 𝛼 (

𝛼

𝓇
+
𝛽

𝓇2
) + 𝛽 (−

𝛼

𝓇2
−
2𝛽

𝓇4
) =

𝛼′

𝓇
+
𝛽′

𝓇2
 

1.7. Deformaciones en AdS/CFT en espacios cuánticos curvos.  

ℑℭ𝔉𝔗 ⟶ ℑℭ𝔉𝔗 + 𝜌∫𝑑3𝜒𝒪(𝜒) 

2. Agujeros Negros Cuánticos en espacios curvos (Formalización). 

2.1. Principio Variacional.  

ℑ =
1

2𝜅 ∫𝑑4𝜒√−ℊℛ + ℑ𝔅
, 𝛿ℐ =

1

2𝜅 ∫𝑑4𝜒√−ℊ𝔊𝛼𝛽𝛿ℊ
𝛼𝛽 + ∫𝑑4𝜒√−ℊℊ𝛼𝛽𝛿ℛ𝛼𝛽 + 𝛿ℑ𝔅

, 𝔊𝛼𝛽

= ℛ𝛼𝛽 −
1

2ℊ𝛼𝛽ℜ
, 𝛿ℑ𝔅 = −∫ 𝑑4𝜒√−ℊℊ𝛼𝛽𝛿Γ𝛼𝛽

𝜇
−√−ℊℊ𝛼𝜇𝛿Γ𝛼𝛽

𝛽
ℶ

ℳ

+√−ℊ𝛿ℛ𝛼𝛽

= ∮ 𝜖𝜐𝜇𝜂𝜈√−ℏ

ℷ

𝜕ℳ

𝑑3𝜒, ℑ𝔅 = ∮ 𝑑3𝜒√−ℏ

ℷ

𝜕ℳ

𝜅, ℑ

=
1

2𝜅 ∫ 𝑑4𝜒√−ℊ
ℶ

ℳ
ℛ
+ 1/𝜘 ∮ 𝑑3𝜒√−ℏ

ℷ

𝜕ℳ

𝔎 

𝑑𝑠2 = −𝒩(𝑟)𝑑𝑡2 +ℋ(𝑟)𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2), 𝔎ℜ𝔈𝔗𝔖 = ℛ𝛼𝛽𝛾𝜎ℛ𝛼𝛽𝛾𝜎, ℐ[𝔤𝜇𝜈]

=
1

2𝜅 ∫ 𝑑4𝜒√−ℊℛ
ℶ

ℳ

+
1

𝜅 ∮ 𝑑3𝜒𝔎√−ℏ
ℷ

𝜕ℳ

, 𝑑𝑠2

= −(1 −
𝜇

𝑟
)𝑑𝑡2 + (1 −

𝜇

𝑟
)
−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2),𝑀 =
4𝜋𝜇

𝜅
= 𝜇/2𝔊 
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2.2. Modelo Reissner – Nordstr𝐨̈m. 

ℐ[𝔤𝜇𝜈Λ𝜇] =
1

2𝜅 ∫ 𝑑4𝜒√−ℊ
ℶ

ℳ
(ℛ −

1
4Ϝ𝜇𝜈Ϝ𝜇𝜈

)
+

1

𝜅 ∮ 𝑑3𝜒𝔎√−ℏ
ℷ

𝜕ℳ

, ℛ𝜇𝜈 −
1

2ℛ𝔤𝜇𝜈

=
1

2ℑ𝜇𝜈
𝔈𝔐∇𝜇Ϝ

𝜇𝜈
, ℑ𝜇𝜈

𝔈𝔐 = Ϝ𝜇𝛼Ϝ𝜈
𝛼 −

1

4𝔤𝜇𝜈Ϝ
2
, Λ ≡ Λ𝜇𝑑𝜒𝜇 = (

𝑞

𝑟
−
𝑞

𝑟+
)𝑑𝑡, Ϝ

= −
𝑞

𝑟2𝑑𝑟
∧ 𝑑𝑡, 𝑑𝑠2 = −𝔣(𝑟)𝑑𝑡2 + 𝔣(𝑟)−1𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2), 𝔣(𝑟)

= 1 −
𝜇

𝑟
+
𝑞2

4𝑟2
=
(𝑟 − 𝑟−)(𝑟 − 𝑟+)

𝑟2
,ℳ =

4𝜋𝜇

𝜅
=

𝜇

2𝔊
,𝔔 ≡

1

𝜅 ∮ 𝑑2 ⋆ ℱ = −
𝑞
4𝔊

∞

−∞

, 𝑟±

= 𝔊(𝔐±√𝔐2 − 4𝔔2, Φ = Λ𝑡|Δ𝑟=∞ − Λ𝑡|Δ𝑟=𝑟+ = 4𝔊𝔔/𝑟∎ 

2.3. Modelo anti – de Sitter.  

𝑑𝑠2 =
𝑟2

ℓ2(−𝑑𝑡2 + ℓ2𝑑Σ𝜅
2)
, 𝑑𝑠2 = −Ν(𝑟)𝑑𝑡2 +ℋ(𝑟)𝑑𝑟2 + 𝛿(𝑟)𝑑Σ𝜅

2

= 〈

𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2 ∝ 𝜅 = +1
1

ℓ2∑ 𝑑𝜒𝑖
22

𝑖=1

⋈ 𝜅 = 0

𝑑𝜃2 + sinℏ2𝜃𝑑𝜑2 ≑ 𝜅 = −1

〉 , 𝑑Σ𝜅
2 =

𝑑𝓎2

1
− 𝜅𝓎2 + (1 + 𝜅𝓎2)𝑑𝓏2 

2.4. Modelo Schwarzschild-AdS. 

ℐ[𝔤𝜇𝜈] =
1

2𝜅 ∫ 𝑑4𝜒√−ℊ
ℶ

ℳ
(ℜ − 2Λ)

+
1

𝜅 ∮ 𝑑3𝜒𝔎√−ℏ
ℷ

𝜕ℳ

, ℛ𝜇𝜈 −
1

2𝔤𝜇𝜈ℛ
= −Λ𝔤𝜇𝜈, 𝑑𝑠

2

= −(𝜅 −
𝜇

𝑟
+
𝑟2

ℓ2
)𝑑𝑡2 + (𝜅 −

𝜇

𝑟
+
𝑟2

ℓ2
)

−1

𝑑𝑟2 + 𝑟2 𝑑Σ𝜅
2, 𝜅 −

𝜇

𝑟ℏ
+
𝑟ℏ
2

ℓ2
 

2.5. Modelo Escalar Simple.  

ℐ[𝔤𝜇𝜈 , 𝜙] =

∫ 𝑑4𝜒√−ℊ
ℶ

ℳ
[
ℜ
2𝜅 −

1
2𝜕𝜇𝜙∂

𝜇𝜙
− 𝒱(𝜙)] 1

√−𝑔𝜕𝜇(√−𝑔𝑔
𝜇𝜈𝜕𝜈𝜙)

−

𝜕𝒱
𝜕𝜙

𝑑𝒱

𝑑𝜙|𝜓𝜙=0
, 𝒱(0)

= −
3

𝜅ℓ2
,

𝑑2𝒱

𝑑𝜙2|𝜓𝜑=0
, 𝕍(𝜙)𝔄𝔡𝔖 = (−

1

ℓ2
+ 𝛼𝜙) (4 + 2 cosℏ𝜙) − 6𝛼 sinℏ𝜙 

2.6. Modelo Escalar Neutro. 
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ℇ𝜇𝜈 = ℛ𝜇𝜈 −
1

2𝑔𝜇𝜈ℜ
− 𝜅𝒯𝜙𝜇𝜈

𝜑
, 𝒯𝜙𝜇𝜈

𝜑
= 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑔𝜇𝜈 (

1

2(𝜕𝜓)2
+𝔙(𝜙)) , 𝑑𝑠2

= Ω(𝜒) [−𝔣(𝜒)𝑑𝑡2 +
𝜂2𝑑𝜒2

𝔣(𝜒)
+
𝑑𝓎2

ℓ2
+
𝑑𝓏2

ℓ2
] 𝔈𝑡

𝑡 − 𝔈𝜒
𝜒
= 0 ⟶ 𝜙′2

= 3Ω′2 −
2Ω′′Ω

Ω2
, 𝔈𝑡

𝑡 − 𝔈𝓎
𝓎
= 0⟶ 𝔣′′ +

Ω′𝔣
′

Ω
= 0, 𝔈𝑡

𝑡 − 𝔈𝓎
𝓎
= 0⟶ 𝒱(𝜙)

= −
1

Ω2𝜂2(𝔣Ω′′ + 𝔣′Ω′)
, Ω(𝜒) =

𝜈2𝜒𝜈−1

𝜂2(𝜒𝜈 − 1)2
, 𝜙′2

=
(𝜈 − 1)2

𝜒2
−
4𝜈(𝜈 − 1)𝜒𝜈−2

𝜒𝜈
− 1 +

4𝜈2𝜒𝜈−1

(𝜒𝜈 − 1)2
+
2(𝜈 − 1)

𝜒2

+
4𝜈(1 − 𝜈 − 𝜒𝜈)𝜒𝜈−2𝜒𝜈−2

(𝜒𝜈 − 1)2
, 𝜙′2 = 𝜈2 −

1

2𝜅𝜒2

⟶ ∫ 𝑑𝜑 = √𝜈2 −
1

2𝜅

𝜙=0

𝜙

∫
𝑑𝜒

𝜒
, 𝜙(𝜏) ln 𝜒, ℓ𝜈

−1 = √𝜈2 −
1

2𝜅

1

𝜒

 (𝔣′Ω)′𝑓(𝑥)

=
𝑐4𝜂

2

𝜈2 ∫
(𝜒𝜈 − 1)2

𝜒𝜈−1𝑑𝜒
+ 𝑐1

, 𝑓(𝑥) = 𝑐1 +
𝑐4𝜂

2

𝜈2 (
𝜒2+𝜈

2
+ 𝜈 +

𝜒2−𝜈

2
− 𝜈 − 𝜒2)

, 𝑓(𝑥)

=
1

ℓ2
+ 𝛼 [

1

𝜈2
− 4 −

𝜒2

ν2 (1 +
𝜒−𝜈

𝜈 − 2 −
𝜒𝜈

𝜈 + 2)
] , 𝒱(𝜙)

=
Λ(𝜈2 − 4)

6𝜅𝜈2 [𝜈 −
1
𝜈 + 2𝑒−𝜙ℓ𝜈(𝜈+1) + 𝜈 +

1
𝜈 − 2𝑒𝜙ℓ𝜈(𝜈−1) + 4𝜈2 −

1
𝜈2
− 4𝑒−𝜙ℓ𝜈]

+ 𝛼

/𝜅𝜈2 [𝜈 −
1

𝜈
+ 2 sin ℏ𝜙ℓ𝜈(𝜈 + 1) − 𝜈 +

1

𝜈

− 2 sinℏ𝜙ℓ𝜈(𝜈 − 1) + 4𝜈
2 −

1

𝜈2
− 4 sinℏ𝜙ℓ𝜈] 

𝒱(𝜙) =
Λ

𝜅
−
𝜙2

ℓ2
+

𝜅Λ
18(𝜈2 − 3)

𝜈2
− 1𝜙4 −

ℓ𝜈
3

90(Λ𝜈2 − 4Λ − 6𝛼)𝜏5
+ 𝒪|𝜑|6 
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𝑑𝑠2 = Ω(𝜒) [−𝑓(𝑥)𝑑𝑡2 +
𝜂2𝑑𝜒2

𝑓(𝑥)
+ 𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2] , 𝑓(𝑥)

=
1

ℓ2
+ 𝛼 [

1

𝜈2
− 4 −

𝜒2

𝜈2 (1 +
𝜒−𝜈

𝜈
− 2 −

𝜒𝜈

𝜈
+ 2)

] + 𝜒/Ω(𝜒) 

2.7. Modelo Escalar Eléctricamente Cargado. 

ℑ[𝔤𝜇𝜈, Λ𝜇𝜙] =
1

16𝜋𝔊Ν ∫𝑑
4𝜒√−𝑔 [ℜ −

1
4𝑒𝛾𝜙Ϝ2

−
1

2𝜕𝜇𝜙∂
𝜇𝜙

− 𝒱(𝜙)]
, ∇𝜇(𝑒

𝛾𝜙Ϝ𝜇𝜈)

=
1

√−𝑔𝜕𝜇(√−𝑔𝑔
𝜇𝜈𝜕𝜈𝜙)

−
𝜕𝒱

𝜕𝜙
−

1

4𝛾𝑒𝛾𝜙Ϝ2
, ℛ𝜇𝜈 −

1

2𝑔𝜇𝜈ℛ
=

1

2 [𝒯𝜇𝜈
𝜙
𝒯𝜇𝜈
𝔈𝔐]

, 𝒯𝜇𝜈
𝜙

= 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝔤𝜇𝜈 [
1

2(𝜕𝜙)2
+ 𝒱(𝜙)] , 𝒯𝜇𝜈

𝔈𝔐 = 𝑒𝛾𝜙 (Ϝ𝜇𝛼Ϝ𝜈
𝛼 −

1

4𝔤𝜇𝜈Ϝ
2) 

2.8. Modelo Holográfico en espacios cuánticos curvos. 
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ℐ𝑔 = −
1

8𝜋𝔊Ν ∮ 𝑑3𝜒𝔎√−ℏ
ℷ

𝜕ℳ
Ξ(ℓ,ℛ, ∇ℜ)

, 𝑑𝑠2

= −(𝜅 +
𝑟2

ℓ2
)𝑑𝑡2 + (𝜅 +

𝑟2

ℓ2
)

−1

𝑑𝑟2 + 𝑟2 𝑑Σ𝜅
2ℏ𝛼𝛽𝑑𝜒

𝛼𝑑𝜒𝛽

= −(𝜅 +
ℛ2

ℓ2
)𝑑𝑡2 +ℛ2𝑑Σ𝜅

2, 𝑑𝑠2 =
𝑟𝛽
2

ℓ2(−𝑑𝑡2 + ℓ2𝑑Σ𝜅
2)
, 𝑑𝑠2

= −(1 −
𝜇

𝑟
+
𝑟2

ℓ2
)𝑑𝑡2 + (1 −

𝜇

𝑟
+
𝑟2

ℓ2
)

−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2), 𝔗 =
𝑓′

|4𝜋𝑟+

= 𝛽−1 =
1

4𝜋 (3𝑟+
2 +

ℓ2

ℓ𝑟+
2 )

, ℐ𝔅𝔘𝔏𝔎
𝔈 =

12𝜋𝛽

𝜅ℓ2 ∫ 𝑟2𝑑𝑟 =
4𝜋𝛽

𝜅ℓ2(ℛ3 − 𝑟+
3)

ℛ

𝑟+

, ℏ𝛼𝛽𝑑𝜒
𝛼𝑑𝜒𝛽

= −(1 −
𝜇

ℛ
+
ℛ2

ℓ2
)𝑑𝑡2 +ℛ2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2), 𝜂𝛼 =

𝛿𝛼
𝑟

√𝑔𝑟𝑟
, 𝜅𝛼𝛽 =

√𝑔𝑟𝑟

2𝜕𝑟ℏ𝛼𝛽
, 𝔎

=
1

ℛ2ℓ2 (1 −
𝜇
ℛ +

ℛ2

ℓ2
)
−
1
2
(−

3ℓ2𝜇
2 + 3ℛ2 + 2ℛℓ2)

, ℐ𝔊ℌ
𝔈

=
4𝜋𝛽

𝜅ℓ2 (−
3ℓ2𝜇
2 + 3ℛ2 + 2ℛℓ2)

, ℐ𝔊ℌ
𝔈 = ℐ𝔅𝔘𝔏𝔎

𝔈 + ℐ𝔊ℌ
𝔈

=
4𝜋𝛽

𝜅ℓ2 (−
3ℓ2𝜇
2 + 2ℛ2 + 2ℛℓ2 − 𝑟+

3)
, 𝑑𝑠2

= −(1 +
𝑟2

ℓ2
)𝑑𝑡2 + (1 +

𝑟2

ℓ2
)

−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2), ℐ𝔄𝔡𝔖
𝔈 = ℐ𝔅𝔘𝔏𝔎

𝔈 + ℐ𝔊ℌ
𝔈

=
4𝜋𝛽0

𝜅ℓ2(−2ℛ3 + 2ℛℓ2)
, 𝛽0√1+

ℛ2

ℓ2
= 𝛽√1 +

ℛ2

ℓ2
−
𝜇

ℜ
, ℐ𝔈 = ℐ𝔊ℌ

𝔈 − ℐ𝔄𝔡𝔖
𝔈

=
4𝜋𝛽

𝜅ℓ2 [(
3ℓ2𝜇
2 − 2ℛ3 − 2ℛℓ2 − 𝑟+

3) −
𝛽0

𝛽(−2ℛ3 − 2ℓ2ℜ)
]
, Ϝ = 𝛽−1ℐ𝔈

= 4𝜋/𝜅ℓ2 (
ℓ2𝜇

2
− 𝑟+

3) 
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ℐ𝑔 = −
1

𝜅 ∫ 𝑑3𝜒√−ℏ(
2
ℓ
+
ℒℛ
2
) ,

∞

𝜕ℳ
ℐ𝔅𝔘𝔏𝔎
𝔈

+ ℐ𝔊ℌ
𝔈 =

4𝜋𝛽

𝜅ℓ2 (
3ℓ2𝜇
2

− 2𝑟𝛽
3 − 2𝑟𝛽ℓ

2 − 𝑟+
3 )

, ℐℊ
𝔈

=
4𝜋𝛽

𝜅ℓ2 (1 +
ℓ2

ℛ2 −
𝜇ℓ2

ℛ3 )

1
2
|(2ℛ3 + 𝜅ℓ2ℛ)|ℛ=𝑟𝛽

=
4𝜋𝛽

𝜅ℓ2(2𝑟𝛽
3 − 2ℓ2𝑟𝛽 − 𝜇ℓ2)

, ℐ𝔈

= ℐ𝔅𝔘𝔏𝔎
𝔈 + ℐ𝔊ℌ

𝔈 + ℐℊ
𝔈 =

4𝜋𝛽

𝜅ℓ2 (
ℓ2𝜇
2
− 𝑟+

3)
, ℰ = −

ℑ2𝜕ℐ𝔈

𝜕𝒯
=

𝜇

2𝔊
, Ϝ𝒮𝔄𝔡𝔖

=
4𝜋

𝜅ℓ2 (
ℓ2𝜇
2
− 𝑟+

3)
, 𝒯𝒮𝔄𝔡𝔖 = (1 +

3𝑟+
2

ℓ2
)  

 

2.8.1. Modelo de Brown-York. 

∫ 𝑑3𝜒ℏ𝛼𝛽𝒯𝛼𝛽

𝛿

𝜕ℳ

, 𝑑𝑠2 = ℏ𝛼𝛽 𝑑𝜒
𝛼𝑑𝜒𝛽 = −Ν(ℛ)𝑑𝑡2 + 𝛿(ℛ)𝑑Σ𝜅

2, 𝜏𝛼𝛽 ≡

2

√−ℏ𝛿ℐ
𝛿ℏ𝛼𝛽

, 𝑑𝑠2

= −(1 −
𝜇

𝑟
+
𝑟2

ℓ2
)𝑑𝑡2 + (1 −

𝜇

𝑟
+
𝑟2

ℓ2
)

−1

 𝑑𝑟2 + 𝑟2𝑑Ω2, 𝑑𝑠2

= −(1 −
𝜇

ℛ
+
ℛ2

ℓ2
)𝑑𝑡2 +ℛ2𝑑Ω2, ℐ

=
1

2𝜅 ∫ 𝑑4𝜒√−𝑔
𝛿

𝜕ℳ
(ℜ − 2Λ)

+
1

𝜅 ∫ 𝑑3𝜒√−ℏ
𝛿

𝜕ℳ
𝔎
−

1

𝜅 ∫ 𝑑3𝜒√−ℏ
𝛿

𝜕ℳ
(
2
ℓ +

ℒℛ
2 )

, 𝜏𝛼𝛽

=
1

8𝜋𝔊(𝔎𝛼𝛽 − ℏ𝛼𝛽𝔎−
2

ℓℏ𝛼𝛽
+ ℐ𝔖𝛼𝛽)

, 𝑑𝑠𝑏𝑜𝑟𝑑𝑒
2 =

ℜ2

ℓ2(−𝑑𝑡2 + ℓ2𝑑Ω2)
, 𝑑𝑠𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑

2

= 𝛾𝛼𝛽𝑑𝜒
𝛼𝑑𝜒𝛽 = −𝑑𝑡2 + ℓ2𝑑Ω2, 〈𝜏𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑

𝛼𝛽 〉 = lim
ℛ⟶∞

ℛ

ℓ
𝜏𝛼𝛽

= 𝜇/16𝜋𝔊ℓ2(3𝛿𝛼
0𝛿𝛽

0 + 𝛾𝛼𝛽) 

2.9. Modelo Hamiltoniano.  
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ℑ[𝔤𝜇𝜈 , Λ𝜇𝜙] = ∫ 𝑑4𝜒√−𝑔

𝛿

𝜕ℳ

[
ℛ

2𝜅
−

1

2(𝜕𝜙)2
− 𝒱(𝜙)] +

1

𝜅 ∫ 𝑑3𝜒𝔎√−ℏ
𝛿

𝜕ℳ

,ℋ⊥

=
2𝜅

√𝑔 [𝜋𝑖𝑗𝜋𝑖𝑗 −
1

2(𝜋𝑗
𝑖)
2]

−
1

2𝜅√𝑔
(3)
ℛ
+

1

2(
𝜋𝜙2

√𝑔
+ √𝑔𝑔𝑖𝑗𝜙𝑖𝜙𝑗)

+ √𝑔𝒱(𝜙),ℋ𝑖

= −𝜋𝑗
𝑖|
𝑗
+ 𝜋𝜑𝜙𝜓𝑑𝜔, 𝑑𝑠

2 = (Ν⊥)2𝑑𝑡2 + 𝑔𝑖𝑗(𝑑𝜒
𝑖 +Ν𝑖𝑑𝑡)(𝑑𝜒𝑗 + Ν𝑗𝑑𝑡),ℋ[𝜉]

= ∫ 𝑑3𝜒(𝜉⊥ℋ⊥ + 𝜉𝑖ℋ𝑖) +𝔔[𝜉], 𝛿𝔔[𝜉]

𝛿

𝜕ℳ

= ∮𝑑2𝛿ℓ [
𝔊𝑖𝑗𝑘𝑙

2𝜅
(𝜉⊥𝛿𝑔𝑖𝑗|𝜅

− 𝜉𝜅
⊥𝛿𝑔𝑖𝑗) + 2𝜉𝜅𝛿𝜋

𝜅ℓ + (2𝜉𝜅𝜋𝑗ℓ − 𝜉ℓ𝜋𝑗𝜅)𝛿𝑔𝑗𝜅

− (√𝑔𝜉⊥𝑔ℓ𝑗𝜙𝑗 + 𝜉ℓ𝜋𝜙) 𝛿𝜙] ,𝔊
𝑖𝑗𝑘𝑙 ≡

1

2√𝑔(𝑔𝑖𝜅𝑔𝑗ℓ + 𝑔𝑖ℓ𝑔𝑗𝜅 − 2𝑔𝑖𝑗𝑔𝜅ℓ)
 

𝛿ℳ ≡ 𝛿𝔔[𝜕𝑡] = ∮𝑑2𝛿ℓ [
𝔊𝑖𝑗𝑘𝑙

2𝜅
(𝜉⊥𝛿𝑔𝑖𝑗|𝜅 − 𝜉𝜅

⊥𝛿𝑔𝑖𝑗) − √𝑔𝜉⊥𝑔ℓ𝑗𝜙𝑗𝛿𝜙] , 𝛿ℳ = 𝛿ℳ𝔊 + 𝛿ℳ𝜙, 𝛿ℳ𝔊

= ∮𝑑2𝛿ℓ
𝔊𝑖𝑗𝑘𝑙

2𝜅
(𝜉⊥𝛿𝑔𝑖𝑗|𝜅 − 𝜉𝜅

⊥𝛿𝑔𝑖𝑗) , 𝛿ℳ𝜙 = −∮𝑑2𝛿ℓ√𝑔𝜉
⊥𝑔ℓ𝑗𝜙𝑗𝛿𝜙 

2.10. Termodinámica de agujeros negros cuánticos en espacios curvos.  

2.10.1. Espacio – Tiempo de Rindler. 



pág. 7196 

 

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝜒2 + 𝑑𝛾2 + 𝑑𝔷2, 𝑑𝑠2 = −𝛼2𝜌2𝑑𝜏2 + 𝑑𝜌2 + 𝑑𝛾2 + 𝑑𝔷2, 𝑑𝑠2

= Ν(𝑟)𝑑𝑡ℇ
2 +ℋ(𝑟)𝑑𝑟2 + 𝛿(𝑟)𝑑Σ𝜅

2, 𝑑𝑠2 =
𝑔𝑟𝑟4Ν

[(Ν)′]2 [
𝜌2[(Ν)′]2

4Ν𝑔𝑟𝑟𝑑𝜏𝔈
2 + 𝑑𝜌2] 𝒯

=
1

𝛽

=
[(Ν)′]2

4𝜋√Ν2𝑔𝑟𝑟|Η𝒯𝛿𝑐ℏ−𝔄𝔡𝛿
=

1

4𝜋𝑟+ (1 +
3𝑟+

2

ℓ2
)𝒯ℜ𝜂−𝔄𝔡𝛿

=
1

4𝜋𝑟+ (1 +
3𝑟+

2

ℓ2
−
𝑞2

4𝑟+
2)

, 𝑑𝑠2

= Ω(𝑥) [−𝑓(𝑥)𝑑𝑡2 +
𝜂2𝑑𝜒2

𝑓(𝑥)
+ 𝑑𝜃2 + 𝑑Σ𝜅

2] , 𝑓(𝑥)

=
1

ℓ2
+ 𝛼 [

1

𝜈2
− 4 −

𝜒2

𝜈2 (1 +
𝜒−𝜈

𝜈
− 2 −

𝜒𝜈

𝜈
+ 2)

] +
𝜅𝜒

Ω(𝑥)
, 𝑓′Ω(𝑥)

=
𝛼

𝜂2
+ 2𝜅 + 𝜅𝜈 𝜒𝜈 +

1

𝜒𝜈
− 1,𝒯 =

𝑓′

4𝜋𝜂
|
𝜒ℏ

=

1
𝑓′

4𝜋𝜂Ω(𝜒ℏ) (
𝛼
𝜂2
+ 2𝜅 + 𝜅𝜈 𝜒ℏ

𝜈 +
1
𝜒ℏ
𝜈 − 1)

 

2.10.2. Transiciones de fase de agujeros negros cuánticos en espacios curvos. 
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𝑑𝑠2 = Ω(𝑥) (−𝑓(𝑥)𝑑𝑡2 +
𝜂2𝑑𝜒2

𝑓(𝑥)
+ 𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) , Ω(𝑥) =

1

𝜂2(𝜒 − 1)2
, 𝑓(𝑥)

=
1

ℓ2
+

1

3𝛼(𝜒 − 1)3
+ 𝜂2𝜒(𝜒 − 1)2, 𝜒 = 1 +

1

𝜂𝑟
, 𝜒 = 1 −

1

𝜂𝑟
, Ω(𝑥)𝑓(𝑥) = Ϝ(𝑟)

= 1 −
𝜇

𝑟
+
𝑟2

ℓ2
, 𝜇 = 𝛼 +

3𝜂2

3𝜂3
, ℐ[𝑔𝜇𝜈]

= ℐ𝑏𝑢𝑙𝑘 + ℐ𝐺Η

−
1

𝜅 ∫ 𝑑3𝜒√−ℏ(
2
ℓ
+
ℛℓ
2 ) , ℰ𝑡

𝑡 − ℇ
⟨𝜏|𝜎|𝜌⟩
⟨𝜑|𝜒|𝜓⟩

= 0⟹ 0 = 𝑓′′ +
Ω′𝑓′

Ψ + 2𝜂2,
𝛿

𝜕ℳ
ℰ𝑡
𝑡

+ ℇ
⟨𝜏|𝜎|𝜌⟩
⟨𝜑|𝜒|𝜓⟩

= 0⟹ 2𝜅𝒱(𝜙) = −
(𝑓Ω′′ + 𝑓′Ω′)

Ψ4𝜂4
+
2

Ω
, ℐ𝑏𝑢𝑙𝑘
𝔈

=
4𝜋𝛽

𝜂3𝜅ℓ2 [−
1

(𝜒𝛽 − 1)
3 +

1
(𝜒ℏ − 1)3

]

=
4𝜋𝛽

𝜅ℓ2(𝑟𝛽
3 − 𝑟ℏ

3)
, 𝑑𝑠2 = ℏ𝛼𝛽𝑑𝜒

𝛼𝑑𝜒𝛽

= Ω(𝑥)[−𝑓(𝑥)𝑑𝑡2 + 𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2], 𝜂𝛼 =
𝛿𝛼
𝜒

√𝑔𝜒𝜒𝜕𝜒ℏ𝛼𝛽
, ℐ𝐺Η
𝔈

= −
2𝜋𝛽

𝜅 [−
6

ℓ2𝜂4(𝜒 − 1)3
−

4

𝜂(𝜒𝛽 − 1)
− (𝛼 +

3𝜂4

𝜂3
)]|

𝜒𝛽

= −
2𝜋𝛽

𝜅 (
6𝑟𝛽

3

ℓ2
+ 4𝑟𝛽 − 3𝜇)

, ℐ𝑔
𝔈

=
2𝜋𝛽

𝜅 [
4

ℓ2𝜂4(𝜒𝛽 − 1)
3 +

4

𝜂(𝜒𝛽 − 1)
− 2𝜇]

= 2𝜋𝛽/𝜅 (
4𝑟𝛽

3

ℓ2
+ 4𝑟𝛽 − 2𝜇) 
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ℐ𝔈 = ℐ𝑏𝑢𝑙𝑘
𝔈 + ℐ𝐺Η

𝔈 + ℐ𝑔
𝔈 =

4𝜋𝛽

𝜅ℓ2 [
1

𝜂3(𝜒ℏ − 1)
3 +

𝜇ℓ2

2 ]
=

4𝜋𝛽

𝜅ℓ2 (−𝑟ℏ
3 +

𝜇ℓ2

2
)
, ℐ
⟨𝜑|𝜙|𝜓⟩

⟨𝜎|𝜏|𝜌⟩
𝔈

= ∫ 𝑑3𝜒3√ℏ𝔈

𝛿

𝜕ℳ

(
⟨𝜑|𝜙|𝜓⟩⟨𝜎|𝜏|𝜌⟩

2ℓ
− ℓ𝜈/6ℓ⟨𝜑|𝜙|𝜓⟩

⟨𝜎|𝜏|𝜌⟩4)

=
4𝜋𝛽

𝜅 [−𝜈2 −
1

4ℓ2𝜂3(𝜒𝛽 − 1)
+ 𝜈2 −

1
3ℓ2𝜂3

]

, ℐ𝑏𝑢𝑙𝑘
𝔈 + ℐ𝑠𝑢𝑟𝑓

𝔈 + ℐ𝑔
𝔈

= −
1

𝒯 (
ΛΓ
4𝔊

)
+

4𝜋𝛽

𝜅 [𝜈2 −
1

4ℓ2𝜂3(𝜒𝛽 − 1)
+ 12𝜂2ℓ2 + 4𝛼ℓ2 − 4𝜈2 +

4
12ℓ2𝜂3

]

, ℐ𝔈

= 𝛽 (−
ΛΓ

4𝔊
+
4𝜋

𝜅
3𝜂2 +

𝛼

3𝜂3
) ,ℳ =

1

2𝔊(𝛼 +
3𝜂2

3𝜂3
)
, 𝒯

=

𝑓′(𝑥)
4𝜋𝜂 |

𝜒=𝜒ℏ

1

4𝜋𝜂Ω(𝜒ℏ) [
𝛼
𝜂2
+ 2 + 𝜈𝜒ℏ

𝜈 + 1
𝜒
𝜒ℏ

𝜈
− 1]

, 𝛿 =
Α

4𝐺
= 4𝜋𝜂Ω(𝜒ℏ)/4𝐺 

𝜕ℳ
𝜕𝜂

𝑑𝜂

𝑑𝜒ℏ
= 𝒯(

𝜕𝒮

𝜕𝜒ℏ
+

𝜕𝒮
𝜕𝜂

𝑑𝜂

𝑑𝜒ℏ
) ,ℳ = −

1

2𝐺 (𝛼 +
3𝜂2

3𝜂3
)
, 𝒯 =

1

4𝜋𝜂Ω(𝜒ℏ) [
𝛼
𝜂2
+ 2 + 𝜈𝜒ℏ

𝜈 +
1
𝜒ℏ
𝜈 − 1]

 

2.10.3. Solitón - AdS para agujeros negros cuánticos en espacios curvos.  

ℐ[𝑔𝜇𝜈] = ∫𝑑4𝜒(ℛ − 2Λ)√−𝑔 + 2 ∫ 𝑑3𝜒𝔎√−ℏ− ∫
𝑑3𝜒4

ℓ√−ℏ
,

𝛿

𝜕ℳ

𝛿

𝜕ℳ

𝛿

ℳ

𝑑𝑠2

= −(−
𝜇𝛽

𝑟
+
𝑟2

ℓ2
)𝑑𝑡2 + (−

𝜇𝛽

𝑟
+
𝑟2

ℓ2
)

−1

𝑑𝑟2 +
𝑟2

ℓ2
(𝑑𝜒1

2𝑑 𝜒2
2 ), ℐ𝛽

𝜉

=
2ℒℒ𝛽𝛽𝜍

ℓ4 (−𝑟ℏ
3 +

𝜇𝛽ℓ
2

2 )

= −
ℒℒ𝛽𝛽𝜍𝑟ℏ

3

ℓ4
, ℑ = 𝛽𝜍

−1 =
(−𝑔𝑡𝑡)

′

4𝜋
|
𝑟=𝑟ℏ

=
3𝑟ℏ
4𝜋ℓ2

, 𝔈 = −
𝔗2𝜕ℐ𝛽

𝔈

𝜕𝔗

=
2ℒℒ𝛽𝜇𝛽

ℓ4
, 𝔖 = −

𝜕(ℐ𝛽
𝔈𝔗)

𝔗
=
ℒℒ𝛽𝑟ℏ

2

4ℓ2𝔊
= 𝒜/4𝐺 
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𝑑𝑠𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑
2 =

ℓ2

ℛ2
𝑑𝑠2 = 𝛾𝛼𝛽𝑑𝜒

𝛼𝑑𝜒𝛽 = −𝑑𝑡2 + 𝑑𝜒1
2 + 𝑑𝜒2

2, 〈𝜏𝛼𝛽
𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑〉

= lim
ℛ⟶∞

ℛ

ℓ
𝜏𝛼𝛽 =

𝜇𝛽

16𝜋𝔊Νℓ
2 [3𝛿𝛼

0𝛿𝛽
0 + 𝛾𝛼𝛽] , 𝔈 = 𝒬𝜉𝑡

= ∫𝑑Σ𝑖𝜏𝑖𝑗𝜉
𝑗 =

ℒℒ𝛽

ℓ2𝜅
[𝜇𝛽 +

ℓ2

4ℛ
+ 𝒪(ℛ−2)] , 𝑑𝑠2

=
𝑟2

ℓ2
𝑑𝜏2 + (−

𝜇𝛿
𝑟
+
𝑟2

ℓ2
)

−1

𝑑𝑟2 + (−
𝜇𝛿
𝑟
+
𝑟2

ℓ2
)𝑑𝜃2 +

𝑟2

ℓ2
𝑑𝜒2

2 −
𝜇𝛿
𝑟
+
𝑟𝛿
2

ℓ2
, ℒ𝛿

=
4𝜛√𝑔𝜃𝜃𝑔𝑟𝑟
(𝑔𝜃𝜃)

′
|
𝑟=𝑟𝛿

=
4𝜋ℓ2

3𝑟𝛿
, ℐ𝛿
𝜉
=
ℒℒ𝛿𝛽𝛿𝜇𝛿

ℓ2
Δℐ = ℐ𝛽

𝜖 − ℐ𝛿
𝜀

=
ℒ

2𝜋𝜅ℓ4
(
4𝜋ℓ2

3
)

3

ℒ𝛽𝛽𝜍(ℒ𝛿
−3 − 𝜉𝛽𝜍

−3) =

ℒ
2𝜅ℓ4

(
4𝜋ℓ2

3
)
3

ℒ𝛽𝛽𝜍 (
1
ℒ𝛿
3 − 𝒯3)𝒜

𝒯ℓ3

= ℒ/ℓ(4𝜋/3)2ℒ𝛿𝒯 

ℐ[𝑔𝜇𝜈 , 𝜙] = ∫𝑑4𝜒√−𝑔 [ℛ −
(𝜕𝜙)2

2
− 𝒱(𝜙)]

𝛿

ℳ

+ 2 ∫ 𝑑3𝜒𝔎√−ℏ

𝛿

𝜕ℳ

, 𝒱(𝜙)

=
Λ(𝜈2 − 4)

3𝜈2 [𝜈 −
1
𝜈 + 1𝑒−𝜙ℓ𝜈(𝜈+1) + 𝜈 +

1
𝜈 − 2𝑒𝜙ℓ𝜈(𝜈−1) + 4𝜈2 −

1
𝜈2
− 4𝑒𝜙ℓ𝜈]

+
2𝛼

𝜈2 [𝜈 −
1
𝜈
+ 2 sin ℏ 𝜙ℓ𝜈(𝜈 + 1) − 𝜈 +

1
𝜈
− 2 sinℏ 𝜙ℓ𝜈(𝜈 − 1) + 4𝜈2 −

1
𝜈2
− 4 sinℏ 𝜙ℓ𝜈]

 

𝑑𝑠2 =
ℜ2

ℓ2[−𝑑𝑡2 + 𝑑𝜒1
2 + 𝑑𝜒2

2]ℜ2
≡

1

𝜂2(𝜒 − 1)2
, 𝑑𝑠𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑

2 =
ℓ2

ℜ2
𝑑𝑠2 = 𝛾𝛼𝛽𝑑𝜒

𝛼𝑑𝜒𝛽

= −𝑑𝑡2 + 𝑑𝜒1
2 + 𝑑𝜒2

2, ℐ𝔈ℌ
𝛽
= 𝛽𝜍 (−

𝒜𝒯

4𝒢𝒩
+

2ℒℒ𝛽
ℓ2

𝛼

3𝜂3
) = −

ℒℒ𝛽𝛼𝛽𝜍

3ℓ2𝜂3
, 𝒜

=
ℒℒ𝛽Ω(𝜒ℏ)

ℓ2
, 𝔗 =

𝛼

4𝜋𝜂3Ω
,ℳβ =

2ℒℒ𝛽𝜇𝛽

ℓ2
, 𝜇𝛽 =

𝛼

3𝜂3
, 𝑑𝑠2

= Ψ𝛿(𝛾) [−
𝑑𝜏2

ℓ2
+

𝜆2𝑑𝜒2

𝑓(𝑥)𝑑𝜃2
+
𝑑𝜒2

2

ℓ2
]Ψ𝛿(𝛾) =

9𝛾2

𝜆2(𝛾3 − 1)2
, ℒ𝛿 =

4𝜋𝜆

𝑓′
|
𝛾=𝛾𝛿

=
4𝜋𝜆3γ𝛿
𝛼

 



pág. 7200 

 

ℑ𝑠𝑜𝑙𝑖𝑡𝑜𝑛
ℇ = −

ℒ𝛽𝛿Ω𝛿(𝜒𝛿)

4ℓ2𝔊Ν
+

2ℒℒ𝛿𝛽𝛿
ℓ2

𝛼

3𝜆3
= −

ℒℒ𝛿𝛽𝛿

ℓ2 (
𝛼
3𝜆3

)
,Μ𝑠𝑜𝑙𝑖𝑡𝑜𝑛 = −

ℒℒ𝛿𝜇𝛿
ℓ2

, 𝜇𝛿 =
𝛼

3𝜆3
, 𝕴𝜙

= −∫𝑑3𝜒√−ℏ(
𝜙2

2ℓ
−

ℓ𝜈
6ℓ𝜙3

)𝜏𝛼𝛽
𝜙
= −

2

√−ℏ
𝛿𝕴𝜙

𝛿ℏ𝛼𝛽
, 𝜏𝛼𝛽

= −
1

𝜅 (𝜅𝛼𝛽 − ℏ𝛼𝛽𝜅 +
2
ℓ
ℏ𝛼𝛽 − ℶ𝔼𝛼𝛽)

−
ℏ𝛼𝛽

ℓ (
𝜙2

2
−
ℓ𝜈
6
𝜙3)

, 𝜏𝑡𝑡

=
𝛼(𝜒 − 1)

3𝜆2ℓ
+ 𝒪[(𝜒 − 1)2], 𝜏𝜃𝜃 =

2𝛼(𝜒 − 1)

3𝜆2ℓ
+ 𝒪[(𝜒 − 1)2], 𝜏𝜒2𝜒2

= −
𝛼(𝜒 − 1)

3𝜆2ℓ
+ 𝒪[(𝜒 − 1)2], 𝑑𝑠𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑

2 =
ℓ2

ℛ2
𝑑𝑠2

= −𝑑𝜏2 + 𝑑𝜃2 + 𝑑𝜒2
2, 〈𝜏𝛼𝛽

𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑〉

= lim
ℛ⟶∞

[−1/𝜆ℓ(𝜒 − 1)]𝜏𝛼𝛽 =
1

ℓ2 (
𝛼
3𝜆3

)
[−3𝛿𝛼

𝜃𝛿𝛽
𝜃+𝛾𝛼𝛽] 

ℳ = ∮𝑑2𝛾√𝜎

ð

Σ

𝑚𝛼𝜏𝛼𝛽𝜉
𝛽 =

ℒℒ𝛿𝑓
1
2Ψ

√−𝑔𝜏𝜏(𝜕𝜏)
𝑖𝜏𝑖𝑗(𝜕𝜏)

𝑗
= −

ℒℒ𝛿

ℓ2 [
𝛼
3𝜆3

+𝒪(𝜒 − 1)]
, 𝑑𝑠2 = 𝜎𝑖𝑗𝑑𝜒

𝑖𝑑𝜒𝑗

= Ω(𝑥)[𝑓(𝑥)𝑑𝜃2 + 𝑑𝜒2
2/ℓ2] 

𝑟𝛽
2 =

Ω(𝜒ℏ, 𝜂)

ℓ2
, 𝑟𝛿
2 =

Ω(𝜒𝛿 , 𝜆)

ℓ2
, 𝔈 = 𝔐𝛽ℏ −ℳ𝑠𝑜𝑙𝑖𝑡𝑜𝑛 =

ℒℒ𝛽

ℓ2
(2𝜇𝛽 + 𝜇𝛿), ΔΓ = 𝛽𝜍

−1(ℐℬℋ
ℰ − ℑ𝑠𝑜𝑙𝑖𝑡𝑜𝑛

𝔈 )

=
𝒯𝔏𝛼

3ℓ2 (
ℒ𝛿𝛽𝛿
𝜆3

−
ℒ𝛽𝛽𝜍
𝜂3

)ΔΓ

=
4πℒℒ𝛿

3ℓ2 [
Ω(𝜆, 𝜒𝛿)
ℒ𝛿

− ΤΩ(𝜂, 𝜒ℏ)]

=
4𝜋ℒ

3ℓ2Ω(𝜆, 𝜒𝛿) (1 −
𝑟𝛽
3

𝑟𝛿
3)

,
𝒜

𝒯ℓ3
=

𝛼ℒ
4πℓ5

𝛽𝜍
2ℒ𝛿

𝜂3
=
𝔏ℒ

ℓ
(
𝜆

𝜂
) , ℒ

=
16𝜋2

𝛼2ℓ4
[

9𝜒ℏ
2

(𝜒ℏ
3 − 1)

2]

4

,
𝒜

𝒯ℓ3
=
𝔏ℒ(𝛼, ℓ)

ℓ
𝑟𝛽/𝑟𝛿  

2.11. Modelo Computacional de un agujero negro cuántico en espacios curvos. 
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𝛿 = 𝔑∫𝑑𝑡𝒯𝑟(
1

2∑ (𝒟𝑡𝜒𝜄)
2 −

𝑚2

2ℐ ∑ 𝜒𝜄
2 +

𝜆
4
∑ [𝜒𝜄𝜒𝒥]

2
𝜄≠𝒥𝜄

) , 𝛿

= 𝔑∫ 𝑑𝑡𝒯𝑟 (
1

2(𝒟𝑡𝜒𝜄)
2 +

𝑚2

2
𝜒𝜄
2 −

𝜆
4 [
𝜒𝜄𝜒𝒥]

2
)

𝛽

0

 

𝛿 = ∫𝑑𝑡𝒯𝑟 (
1

2
(𝒟𝑡𝜒𝜄)

2 −
𝑚2

2
𝜒𝜄
2 +

𝑔2

4
[𝜒𝜄𝜒𝒥]

2
) , 𝛿𝜘

= ℕ𝛼∑𝒯𝑟(
1

2(𝒟𝑡𝜒𝜄)𝜄,𝑡
2 +

𝑚2

2
𝜒𝜄,𝑡
2 −

𝜆
4 [
𝜒𝜄,𝑡𝜒𝒥,𝑡]

2
)

𝜂𝑡

𝑡=1

, (𝒟𝑡𝜒𝜄)𝜄,𝑡

=
1

𝛼 (−
1
2𝔘𝑡𝔘𝑡+𝛼𝜒𝜄,𝑡+2𝛼𝔘𝑡+𝛼

† 𝔘𝑡
† + 2𝔘𝑡𝜒𝜄,𝑡+𝛼𝔘𝑡

† −
3
2𝜒𝜄,𝑡)

, 〈𝑓〉

≡ ∫
𝑑𝜒𝑑𝔘𝑓(𝜒,𝒰)𝑒−𝛿𝜘(𝜒,𝒰)

∫𝑑𝜒𝑑𝔘 𝑒−𝛿𝜘(𝜒,𝒰)
= lim

𝔎⟶∞

1

𝜅
∑𝑓(𝜒(𝜅)𝔘(𝜅))

𝔎

𝜅=1

, 〈𝜅〉 = 〈
1

2
∑

𝜒𝜄𝜕𝒱

𝜕𝜒𝜄
𝜄

〉 , ℰ

= 〈
1

𝛽
∫ 𝑑𝑡 (𝒱 +

1

2
∑

𝜒𝜄𝜕𝒱

𝜕𝜒𝜄
𝜄

)

𝛽

0

〉

=
Ν

𝛽 ∫ 𝑑𝑡 (𝑚2𝜒𝜄
2 −

3𝜆
4 [𝜒𝜄, 𝜒𝑗]

2
) , ℇ⊞ = 〈

𝒩

𝜂𝑡 ∑ (𝑚2𝜒𝜄,𝑡
2 −

3𝜆
4 [𝜒𝜄,𝑡 , 𝜒𝑗,𝑡]

2
)

𝜂𝑡
𝑡=1

〉
𝛽

0

, ℱ(𝒯, 𝜂𝑡)

= 𝜉 +∑𝛼𝜄

𝜂𝜌

𝜄=1

(
1

𝒯𝜂𝑡
) , ℱ(𝒯, 𝜂𝑡) = 𝜉(𝔗) +∑𝛼𝜄

𝜂𝜌

𝜄

(
1

𝜂𝑡
)
𝜄
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ℋ̂ = 𝒯𝑟 (
1

2
℘̂𝚤
2 +

𝑚2

2
𝜒̂𝚤
2 −

𝑔2

4
[𝜒̂𝜄𝜒̂𝒥]

2
) , ℘̂𝚤 = ∑ ℘̂𝚤

𝛼𝜏𝛼,

Ν2−1

𝛼=1

𝜒̂𝚤 = ∑ 𝜒̂𝚤
𝛼𝜏𝛼 ,

Ν2−1

𝛼=1

[𝜒̂𝜄𝛼𝜒̂𝒥𝛽] = 𝜄𝛿ℐ𝒥𝛿𝛼𝛽 , ℋ̂

= 𝒯𝑟 (
1

2
℘̂𝚤
2 −

𝑔2

4
[𝜒̂𝜄𝜒̂𝒥]

2
+
𝑔

2
𝜓̂̅𝛾𝜄[𝜒̂𝜄𝜓̂] −

3𝜄𝜇

4
𝜓̂̅𝜓̂ +

𝜇2

2
𝜒̂𝜄
2) − (Ν2 − 1)𝜇

= 𝒯𝑟 (
1

2
℘̂𝚤
2 −

𝑔2

4
[𝜒̂1𝜒̂2]

2 +
𝑔

2
𝜉[−𝜒̂1 − 𝜄𝜒̂2𝜉] +

𝑔

2
𝜉†[−𝜒̂1 − 𝜄𝜒̂2𝜉

†] +
3𝜇

2
𝜉†𝜉

+
𝜇2

2
𝜒̂𝜄
2) − (Ν2 − 1)𝜇, ℋ̂

= 𝒯𝑟 (℘𝒵̂℘̂𝒵
† +

𝑔2

4
[𝒵℘̂𝒵̂℘

†]
2
−

𝑔

√2𝜉[𝒵̂℘
†𝜉]

−
𝑔

√2𝜉†[𝒵̂𝜉†]
+
3𝜇

2
𝜉†𝜉 + 𝜇2𝒵̂𝒵̂†) , ℋ̂

=∑(
1

2℘̂𝜄𝛼
2 +

𝑚2

2
𝜒̂𝜄𝛼
2 )

𝛼,𝜄

+
𝑔2

4
∑ 〈∑𝑓𝛼𝛽𝛾𝜒̂ℐ

𝛼𝜒̂𝒥
𝛽

𝛼,𝛽

〉2

𝛾,ℐ,𝒥

, ℋ̂

= 𝑚∑(𝜂𝜄𝛼̂ +
1

2
) +

𝑔2

16𝑚2

𝛼,𝜄

∑(∑𝑓𝛼𝛽𝛾(𝛼̂𝜄𝛼 + 𝛼̂𝜄𝛼
† )(𝛼̂𝑗𝛽 + 𝛼̂𝑗𝛽

† )

𝛼,𝛽

)

2

, [ℋ̂, 𝔊̂𝛼],

𝛾,ℐ,𝒥

ℋ ′̂

= ℋ̂ + 𝑐∑𝔊̂𝛼
2

𝛼

, ℋ̂

=∑(
℘̂1𝛼
2

2
+
℘̂2𝛼
2

2
+ 𝜇2

𝜒̂1𝛼
2

2
+ 𝜇2

𝜒̂2𝛼
2

2
+
3𝜇

2
𝜉𝛼
†𝜉𝛼)

𝛼

+ 𝑔2 ∑ 𝜒̂1𝛼
2 𝜒̂2𝛽

2

𝛼≠𝛽

− 2𝑔2 ∑ 𝜒̂1𝛼𝜒̂1𝛽𝜒̂2𝛼𝜒̂2𝛽 +
𝜄𝑔

√2
𝛼<𝛽

∑𝜖𝛼𝛽𝛾[(−𝜒̂1𝛼 − 𝜄𝜒̂2𝛼)𝜉𝛽
†𝜉𝛾

†

𝛼𝛽𝛾

+ (−𝜒̂1𝛼 + 𝜄𝜒̂2𝛼)𝜉𝛽𝜉𝛾] − 3𝜇 

ℋ̂ ′ = ℋ̂ + 𝑐∑𝔊̂𝛼
2

𝛼

+ 𝑐′(𝔐̂−𝔍)
2

, 𝔈0 ≤ 𝔈ℷ =
⟨𝜓(𝜃𝜄)|ℋ|𝜓(𝜃𝜄)⟩

⟨𝜓(𝜃𝜄)|𝜓(𝜃𝜄)⟩
, 𝔈0 ≡ ⟨𝜓𝜃|ℋ̂|𝜓𝜃⟩

= ∫𝑑𝜒|𝜓𝜃(𝜒)|
2 ⋅
⟨𝜒|ℋ̂|𝜓𝜃⟩

𝜓𝜃(𝜒)
= 𝔼𝜒∼|𝜓𝜃|2[𝜖𝜃(𝜒)], ∇𝜃𝔈0

= 𝔼𝜒∼|𝜓𝜃|2[∇𝜃𝜖𝜃(𝜒)] + 𝔼𝜒∼|𝜓𝜃|2 × [𝜖𝜃(𝜒)∇𝜃 ln|𝜓𝜃|
2], 𝜃′ = 𝜃 − 𝛽∇𝜃𝔈0 
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℘𝜃(𝜒) = 𝜌(𝜒1; Ϝ𝜃
0)𝜌[𝜒1; Ϝ𝜃

1(𝜒1)]𝜌[𝜒3; Ϝ𝜃
2(𝜒1, 𝜒2)], Ϝ𝜃

𝜄

= Λ𝜃
𝜄,𝑚⊚ tanℏ⊚ Λ𝜃

𝜄,𝑚−1⊚ tanℏ⊚⋅⋅⋅⊚ Λ𝜃
𝜄,2⊚ tanℏ⊚ Λ𝜃

𝜄,1, Λ𝜃
𝜄,𝛼(𝜒 )

= ℳ𝜃
𝜄,𝛼𝜒 + 𝛽 𝜃

𝜄,𝛼 , ℋ̂ ′

= ℋ̂

+ 𝑐∑𝔊̂𝛼
2

𝛼

, ℘̂|𝜓⟩ =∫𝑑𝒰, 𝒰̂ |𝜓⟩, 〈𝒪̂〉𝜍 =
⟨𝜓|℘̂𝒪̂|𝜓⟩

⟨𝜓|𝒪̂|𝜓⟩
, ⟨𝜓|℘̂𝒪̂|𝜓⟩

= ∫𝑑𝜒 ⟨𝜓|℘̂|𝜓⟩⟨𝜓|𝒪̂|𝜓⟩ = ∫𝑑𝒰𝑑𝜒𝜓⊛(𝒰𝜒𝒰†)⟨𝜒|𝒪̂|𝜓⟩

= 𝔼𝒰,𝜒∼〈𝜓〉2 [
⟨𝜒|𝒪̂|𝜓⟩

𝜓(𝜒)
𝜓⊛(𝒰𝜒𝒰†)/𝜓⊛(𝜒)] 

ℜ𝛾(𝜃) = exp (−
𝜄𝜃

2
) =

(

 
 
cos

𝜃

2
⋯ −sin

𝜃

2
⋮ ⋱ ⋮

sin
𝜃

2
⋯ −cos

𝜃

2)

 
 
, 𝛼̂𝜄

= ℐ̂1⊗⋅⋅⋅ ⨂ℐ̂𝜄−1⨂[
0 ⋯ 1
⋮ ⋱ ⋮
0 ⋯ 1

]⨂ℐ̂𝜄+1⨂⋅⋅⋅⨂ℐ̂6, 𝛼̂𝜄

= ℐ̂1⊗⋅⋅⋅ ⨂ℐ̂𝜄−1⨂|‖

0 1 0

0 √2 1

1 0 √2

‖|⨂ℐ̂𝜄+1⨂⋅⋅⋅⨂ℐ̂6, 𝑐1

= ℐ̂64⨂(
0 ⋯ 1
⋮ ⋱ ⋮
0 ⋯ 0

)⨂(
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

)⨂(
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

) , 𝑐2

= ℐ̂64⨂(
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ −1

)⨂(
0 ⋯ 1
⋮ ⋱ ⋮
0 ⋯ 0

)⨂(
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

) , 𝑐3

= ℐ̂64⨂(
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ −1

)⨂(
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ −1

)⨂(
0 ⋯ 1
⋮ ⋱ ⋮
0 ⋯ 0

) 

𝜉𝛼 = ‖
𝜎𝑧⨂ ⋅⋅⋅ 𝜎𝑧⨂
⨂𝜎𝑧 ⨂

‖
𝛼−1

(
0 0
1 0

)⨂ℸ⨂ ⋅⋅⋅ ⨂ℸ 

𝔊̂𝛼 = 𝜄∑ 𝑓𝛼𝛽𝛾𝛼̂𝜄𝛽
† 𝛼̂𝜄𝛾

𝛽,𝛾,𝜄

, 𝔊̂𝛼 = (⊗𝜄𝛽 |0⟩𝜄𝛽) , 𝔊̂𝛼 = ℩∑𝑓𝛼𝛽𝛾
𝛽𝛾

(𝛼̂1𝛽
† 𝛼̂1𝛾 + 𝛼̂2𝛽

† 𝛼̂2𝛾 + 𝜉𝛽
†𝜉𝛾) 
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𝛼̂𝜄𝛼
† = √

𝑚

2
𝜒𝜄𝛼̂ −

𝜄℘𝜄𝛼̂

√2𝑚
, 𝛼𝜄𝛼̂ = √

𝑚

2
𝜒𝜄𝛼̂ +

𝜄℘𝜄𝛼̂

√2𝑚
, 𝛼̂𝜄𝛼|0⟩𝜄𝛼 , |𝜂⟩𝜄𝛼 =

(𝛼̂𝜄𝛼
† )

𝜂

√𝜂! |0⟩𝜄𝛼
, |{𝜂𝜄𝛼}⟩ =⊗𝜄𝛼|𝜂⟩𝜄𝛼 , 𝛼̂ℸ

†

= ∑√𝜂 + 1

Λ−2

𝜂=0

|𝜂 + 1⟩⟨𝜂| = ∑√𝜂 + 1

Λ−2

𝜂=0

|𝜂⟩⟨𝜂 + 1|, 𝜂̂ℸ

= ∑𝜂|𝜂⟩⟨𝜂|

Λ−1

𝜂=0

, [ℌ̂ℸ, 𝔊̂ℸ], |𝜂⟩ = |𝛽0⟩|𝛽1⟩ ⋅⋅⋅ 𝛽𝜅+1⟩, |𝜂 + 1⟩⟨𝜂|

=⊗ℓ=0
𝜅−1  (|𝛽ℓ

′⟩⟨𝛽ℓ|), |0⟩⟨0| =⊠2−
𝜎𝑧∎
2
, |1⟩⟨1|

=⊠2−
𝜎𝑧∎
2
, |0⟩⟨1| = 𝜎𝑥 +

𝜄𝜎𝛾

2
, 1⟩⟨0| = 𝜎𝑥 +

𝜄𝜎𝛾

2
 

ℳ̂ =∑(𝜄(𝒵̂𝛼℘̂𝒵𝛼
† − ℘̂𝒵𝛼𝒵̂𝛼

†) −
1

2
𝜉𝛼
†𝜉𝛼) , 𝒬̂ = −√2

𝛼

𝜉𝛼
†(℘̂𝒵𝛼 − 𝜄𝜇𝒵̂𝛼) −

𝑔

√2𝑓𝛼𝛽𝛾𝜉𝛼𝒵̂𝛽𝒵̂𝛾
†
, 𝒬̂2

= −𝜄𝒵̂𝛼𝔊̂𝛼, 𝒬̂
†2 = 𝜄𝒵̂𝛼

†𝔊̂𝛼 , {𝒬̂𝒬̂
†} = 2(ℋ̂ − 𝜇ℳ̂), 𝒬̂|𝔅𝔓𝔖⟩ = 𝒬̂†|𝔅𝔓𝔖⟩

= (ℋ̂ − 𝜇ℳ̂)𝔅𝔓𝔖⟩ 

𝛿𝜖 = [𝔔̂𝜖⋇ + 𝔔̂†𝜖], 𝔔̂ = −𝜉𝛼
†[(℘̂1

𝛼 − 𝜄℘̂2
𝛼) − 𝜄𝜇(𝜒̂1

𝛼 − 𝜄𝜒̂2
𝛼)] −

𝜄𝑔

√2𝑓𝛼𝛽𝛾𝜉
𝛼𝜒̂1

𝛽
𝜄𝜒̂2
𝛾
, 𝒵̂ = 𝜒̂1 −

𝜄𝜒̂2

√2
,℘𝒵̂

= ℘̂1 −
𝜄℘̂2

√2
, [𝒵,̂ ℘̂𝒵

† ] = [℘,̂ 𝒵̂℘
†] = 𝜄 
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𝑍(𝒯) = 𝒯𝑟ℋ𝑖𝑛𝑣
(𝑒−

ℋ̂
𝑡 ) , 𝑍(𝒯) =

1

𝑣𝑜𝑙 (𝐺)
∫𝑑𝑔𝒯𝑟

𝛿

𝐺

ℋ𝑒𝑥𝑡 (𝑔𝑒
−
ℋ̂
𝑡 ) , 𝒫̂ ≡

1

𝑣𝑜𝑙
(𝐺) ∫𝑑𝑔𝑔

𝛿

𝐺

, |Φ⟩𝑖𝑛𝑣

=
1

√𝒞𝜙
×

1

𝑣𝑜𝑙 (𝐺)
∫𝑑𝑔(𝑔|Φ⟩)

𝛿

𝐺

, 𝒞𝜙 =
1

[𝑣𝑜𝑙 (𝐺)]2
∫𝑑𝑔

𝛿

𝐺

∫𝑑𝑔′
𝛿

𝐺

⟨𝜙|𝑔−1𝑔̂′|𝜙⟩

=
1

𝑣𝑜𝑙 (𝐺)
∫ 𝑑𝑔⟨𝜙|𝑔|𝜙⟩

𝛿

𝐺

= 𝑣𝑜𝑙
(𝐺𝜙)

𝑣𝑜𝑙
(𝐺), 𝒯𝑟ℋ𝑖𝑛𝑣

(𝑒
−
ℋ̂
𝑡 )∑𝑣𝑜𝑙

(𝐺𝜙)

𝑣𝑜𝑙
(𝐺)𝑖𝑛𝑣

𝜙

⟨𝜙| 𝑒−
ℋ̂
𝑡 | 𝜙⟩𝑖𝑛𝑣

=∑𝑣𝑜𝑙
(𝐺𝜙)

𝑣𝑜𝑙
(𝐺)

𝜙

⊗
1

𝒞𝜙

1

[𝑣𝑜𝑙 (𝐺)]2
∫𝑑𝑔

𝛿

𝐺

∫𝑑𝑔′
𝛿

𝐺

⟨𝜙| 𝑔−1𝑒−
ℋ̂
𝑡 𝑔̂′| 𝜙⟩

=∑
1

𝑣𝑜𝑙 (𝐺)
∫ 𝑑𝑔

𝛿

𝐺

𝒯𝑟ℋ𝑒𝑥𝑡
(𝑔𝑒−

ℋ̂
𝑡 ) , 𝑍(𝒯)

𝜙

=
1

[𝑣𝑜𝑙 (𝐺)]𝜅
∫(∏𝑑𝔘(𝔎)

𝜅

𝜅=1

)𝒯𝑟ℋ𝑒𝑥𝑡
⨂(𝔘̂(𝒦)𝑒

−
ℋ(𝒫̂,𝒳̂)
𝒯𝜅 𝔘̂(𝑘−1)

−1 𝔘̂(𝑘−1)⨂𝑒
−
ℋ(𝒫̂,𝒳̂)
𝒯𝜅 )

=
1

[𝑣𝑜𝑙 (𝐺)]𝜅
∫(∏𝑑𝔘(𝔎)

𝜅

𝜅=1

)∫(∏𝑑𝜒(𝔎)

𝜅

𝜅=1

) ⟨𝜒(𝑘)| 𝔘̂(𝒦)𝑒
−
ℋ(𝒫̂,𝒳)
𝒯𝜅 𝔘̂(𝑘−1)

−1 | 𝜒(𝑘−1)⟩ 

⨂⟨𝜒(𝑘−1)| 𝔘̂(𝒦−1)𝑒
−
ℋ(𝒫̂,𝒳̂)
𝒯𝜅 𝔘̂(𝑘−2)

−1 | 𝜒(𝑘−2)⟩ 

⨂ ⋅⋅⋅ ⨂⟨𝜒(1)| 𝔘̂(1)𝑒
−
ℋ(𝒫̂,𝒳̂)
𝒯𝜅 𝔘̂(𝑘−1)

−1 | 𝜒(𝑘)⟩ 

⟨𝜒(𝑘)| 𝔘̂(𝒦)𝑒
−
ℋ(𝒫̂,𝒳̂)
𝒯𝜅 𝔘̂(𝑘−1)

−1 | 𝜒(𝑘−1)⟩ = ⟨𝔘(𝑘)𝜒(𝑘)𝔘(𝑘)
−1 | 𝔘̂(𝒦)𝑒

−
ℋ(𝒫̂,𝒳̂)
𝒯𝜅 | 𝔘(𝑘−1)𝜒(𝑘−1)𝔘(𝑘−1)

−1 ⟩

= ∫𝑑𝒫⟨𝔘(𝑘)𝜒(𝑘)𝔘(𝑘)
−1 | ℘̂(𝒦)𝑒

−
ℋ(𝒫̂,𝒳)
𝒯𝜅 |𝒫⟩

𝛿

𝐺

⨂⟨℘| ℘̂(𝒦)𝑒
−
ℋ(𝒫̂,𝒳̂)
𝒯𝜅 |𝔘(𝑘−1)𝜒(𝑘−1)𝔘(𝑘−1)

−1 ⟩

= ∫𝑑℘𝑒
𝜄𝒯𝑟[(𝔘(𝑘)𝜒(𝑘)𝔘(𝑘)

−1−𝔘(𝑘−1)𝜒(𝑘−1)𝔘(𝑘−1)
−1 )]

𝛿

𝐺

⨂𝑒
−ℋ(𝒫,

𝔘(𝑘)𝜒(𝑘)𝔘(𝑘)
−1

(𝒯𝒦)
)

= 𝑒
𝒦𝒯Τ𝑟[(𝔘(𝑘)𝜒(𝑘)𝔘(𝑘)

−1−𝔘(𝑘−1)𝜒(𝑘−1)𝔘(𝑘−1)
−1 )

2
]
⨂𝑒

−𝒱(
𝔘(𝑘)𝜒(𝑘)𝔘(𝑘)

−1

(𝒯𝒦)
),≃𝑒

−𝔏[
𝔇𝑡(𝔘(𝑘)𝜒(𝑘)𝔘(𝑘)

−1−𝔘(𝑘−1)𝜒(𝑘−1)𝔘(𝑘−1)
−1 )

𝔗𝔎
]

=𝑒
−
ℒ[𝒟𝑡𝜒𝜅,𝜒𝜅]

𝜏𝜅
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𝔘(𝑘)
−1𝔘(𝑘) ≡ 𝑒

𝜄Λ(𝑘)
(𝐾𝑇)𝜒(𝑘) − (𝔘(𝑘−1)𝔘(𝑘)

−1 )
−1
𝜒(𝑘−1)(𝔘(𝑘−1)𝔘(𝑘)

−1 )

≃
𝒟𝑡𝜒(𝑘)

𝐾𝑇
, 𝑍(𝑇)∫[𝑑Λ][𝑑𝜒] 𝑒−∫𝑑𝑡𝔏[𝒟𝑡𝜒,𝜒] = (𝔘𝑘𝔘𝑘−1

−1 )(𝔘𝑘−1𝔘𝑘−2
−1 )⨂(𝔘2𝔘1

−1)

= ℘𝑒𝜄 ∫ 𝑑𝑡Λ𝑡
1

0  

3. Gravedad cuántica en espacios curvos.  

𝑑𝑠̂2 = 𝑔𝜇𝜈𝑑𝜒
𝜇𝑑𝜒𝜈 = −(𝜅 +

𝑟2

ℓ2
)𝑑𝑡2 +

𝑑𝑟2

𝜅
+
𝑟2

ℓ2
+ 𝑟2𝑑Σ𝜅

2, ℑℏ𝛼𝛽𝑑𝜒
𝛼𝑑𝜒𝛽

=
𝑟2

ℓ2
(−𝑑𝑡2 + ℓ2𝑑Σ𝜅

2), 𝑑𝑠2 = −Ν(r) 𝑑𝑡2 +ℋ(r) 𝑑𝑟2 + 𝛿(r)𝑑Σ𝜅
2, 𝒱(𝜙)

= −
3

𝜅ℓ2
−
𝜙2

ℓ2
+ 𝒪(𝜙)4, 𝜙(r) =

𝛼

𝑟
+
𝛽

𝑟2
+𝒪(𝑟−3), Ν(r) = −𝑔𝑡𝑡

=
𝑟2

ℓ2
+ 𝜅 −

𝜇

𝑟
+ 𝒪(𝑟−2), δ(r)

= 𝑟2 + 𝒪(𝑟−2), Ν𝛿′
2
ℋ− 2Ν𝛿′′ℋ𝛿 + (Νℋ)′𝛿′𝛿 − 2𝜅Νℋ𝛿2𝜙′

2
,ℋ(r) = 𝑔𝑟𝑟

=
ℓ2

𝑟2
+
ℓ4

𝑟4
(−𝜅 −

𝛼2𝜅

2ℓ2
) +

ℓ5

𝑟5
(
𝜇

ℓ
−
4𝜅𝛼𝛽

3ℓ3
) + 𝒪(𝑟−6), 𝑔𝑟𝑟

=
ℓ2

𝑟2
+
𝛼ℓ4

𝑟4
+
𝛽ℓ5

𝑟5
+𝒪(𝑟−6), 𝒱(𝜙) = −

3

𝜅ℓ2
−
𝜙2

ℓ2
+ 𝜆𝜙3 + 𝒪(𝑟4), 𝜙(r)

=
𝛼

𝑟
+
𝛽

𝑟2
+
𝛾 ln(r)

𝑟2
+ 𝒪(𝑟−3),ℋ(r) = 𝑔𝑟𝑟

=
ℓ2

𝑟2
+
ℓ4

𝑟4
(−𝜅 −

𝛼2𝜅

2ℓ2
) +

ℓ5

𝑟5
(
𝜇

ℓ
−
4𝜅𝛼𝛽

3ℓ3
+
2𝜅𝛼𝛾

9ℓ3
) +

ℓ5 ln(r)

𝑟5 (−
4𝜅𝛼𝛾
3ℓ3

)

+ 𝒪 [ln
(r)2

𝑟6
] ,ℋ(r) =

ℓ2

𝑟2
+
ℓ4𝛼

𝑟4
+
ℓ5𝛽

𝑟5
+
ℓ5𝑐 ln 𝑟

𝑟5
+ 𝒪 [ln

(r)2

𝑟6
] , 𝛼 = −𝜅 −

𝛼2𝜅

2ℓ2
, 𝛽

=
𝜇

ℓ
−
4𝜅𝛼𝛽

3ℓ3
+
2𝜅𝛼𝛾

9ℓ3
, 𝑐

= −
4𝜅𝛾𝛼

3ℓ3
, 𝜕𝑟 (

𝜙′𝛿√Ν

√Η
) −

𝛿√ΗΝ𝜕𝔙

𝜕𝜙
3𝛼2ℓ2𝜆 +

𝛾

ℓ2
+ 𝒪(𝑟−1), 𝜉𝑟

= 𝑟𝜂𝑟(𝜒𝑚) + 𝒪(𝑟−1)𝜉𝑚 = 𝒪(1), 𝜙′(𝜒) = 𝜙(𝜒) + 𝜉𝜇𝜕𝜇𝜙(𝜒)

=
𝛼′

𝑟
+
𝛽′

𝑟2
+ 𝛾′ ln

𝑟

𝑟2
+𝒪(𝑟−3), 𝛼′ = 𝛼 − 𝜂𝑟𝛼 + 𝜉𝑚𝜕𝑚𝛼, 𝛽

′

= 𝛽 − 𝜂𝑟(2𝛽 − 𝛾)𝜉𝑚𝜕𝑚𝛽, 𝛾
′ = 𝛾 − 2𝛾𝜂𝑟 + 𝜉𝑚𝜕𝑚𝛾 
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𝛼′𝜕𝛾

𝜕𝛼
− 𝛾′𝛼

𝜕𝛾

𝜕𝛼
− 𝛾 + 𝜂𝑟 (2𝛾 − 𝛼

𝜕𝛾

𝜕𝛼
) + 𝜉𝑚 (

𝜕𝛼

𝜕𝜒𝑚
𝜕𝛾
𝜕𝛼

−
𝜕𝛾

𝜕𝜒𝑚
) 

𝛼′𝜕𝛽

𝜕𝛼
− 𝛽′𝛼

𝜕𝛽

𝜕𝛼
− 𝛽 + 𝜂𝑟 (2𝛽 − 𝛾 − 𝛼

𝜕𝛽

𝜕𝛼
) + 𝜉𝑚 (

𝜕𝛼

𝜕𝜒𝑚
𝜕𝛽
𝜕𝛼

−
𝜕𝛽

𝜕𝜒𝑚
) 

ℐℭ𝔉𝔗 ⟶ ℐℭ𝔉𝔗 −∫𝑑3𝜒𝔚[𝒪(𝜒)] 

ℐ𝑔
𝑐𝑡 = −

1

𝜅 ∫ 𝑑3𝜒√−ℏ
𝛿

𝜕ℳ
(
2
ℓ
+
ℛℓ
2
)
, ℑ

=
∫𝑑4𝜒√−𝑔(ℛ

2𝜅
−
(𝜕𝜙)2

2
−  𝒱(𝜙)) + 1/𝜅 ∫ 𝑑3𝜒√−ℏ

𝛿

𝜕ℳ

𝔎

− 1/𝜅 ∫ 𝑑3𝜒√−ℏ

𝛿

𝜕ℳ

(
2

ℓ
+
ℛℓ

2
) + ℐ𝜑𝜙𝜓, ℐ𝜑𝜙𝜓

𝑐𝑡

= 1/6𝜅 ∫ 𝑑3𝜒√−ℏ

𝛿

𝜕ℳ

(𝜙𝜂𝜈𝜕𝜈𝜙 −𝜙
2ℓ/2𝜑𝜓𝜏), ℐ𝜑𝜙𝜓

= − ∫ 𝑑3𝜒√−ℏ

𝛿

𝜕ℳ

[
𝜙2

2ℓ
+
𝔚(𝛼)

ℓ𝛼3𝜏3
− ⟨𝜑|𝜙|𝜓⟩3] , 𝛿ℓ

= ∫ 𝑑3𝜒√−ℏ

𝛿

𝜕ℳ

[
1

𝑟
(√−𝑔𝑟𝑟𝜙′ −

𝜑𝜓

𝜏ℓ
−
3𝒲(𝛼)𝜙2

ℓ𝜙3
)(1 +

1
𝑟𝑑2𝒲(𝛼)

𝑑(𝛼)2
)

+ (
3𝒲(𝛼)

𝛼
− 𝛽) ⟨𝜑|𝜙|𝜓⟩3/ℓ𝛼3] 𝛿𝛼 

ℐ𝜑𝜙𝜓 = − ∫ 𝑑3𝜒√−ℏ

𝛿

𝜕ℳ

[
𝜙2

2ℓ
+

⟨𝜑|𝜙|𝜓⟩3

ℓ𝛼3 (𝒲 −
𝛼𝛾
3 )

−
⟨𝜑|𝜙|𝜓⟩3ℭ𝛾

3ℓ
ln (

⟨𝜑|𝜙|𝜓⟩

𝛼
)] 

𝑑𝑠2 = Ω(𝜒) = [−𝑓(𝜒)𝑑𝑡2 +
𝜂2𝑑𝜒2

𝑓(𝑥)
+ 𝑑Σ𝜅

2] , ℐ𝔅𝔘𝔏𝔎
𝔈 = ∫ 𝑑𝜏

1
𝜏

0

∫ 𝑑3𝜒√𝑔𝔈𝔙
𝜒𝛽

𝜒+

(𝜙)

=
𝜎𝜅
2𝜂𝜅𝜏

𝑑(Ω𝑓)/𝑑𝜒|𝜒+
𝜒𝛽
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Ω(𝜒) ⟶ 𝛿(𝑟), 𝑓(𝑥) ⟶
Ν(𝑟)

𝛿(𝑟)
, 𝑑𝑥 ⟶

√ΝΗ

𝜂𝛿
𝑑𝑟  

ℐ𝔅𝔘𝔏𝔎
𝔈 =

𝜎𝜅
2𝜅𝜏

𝛿

√ΝΗ
𝑑Ν

𝑑𝑟 |
|

𝑟+

𝑟𝛽

𝑑𝑠2 =′ ℏ𝛼𝛽 𝑑𝜒
𝛼𝑑𝜒𝛽 = Ω(𝜒0)[−𝑓(𝜒0)𝑑𝑡

2 + 𝑑Σ𝜅
2]𝜂𝛼 =

𝛿𝛼
𝜒

√𝑔𝑥𝑥
|

𝜒=𝜒0

𝔎𝛼𝛽

=
√𝑔𝑥𝑥

2
𝜕𝜒𝑔𝛼𝛽|

𝜒=𝜒0

𝔎 =
1

2𝜂 (
𝑓
Ω
)
−
1
2
[
(𝑓Ω)′

Ω𝑓
+
2Ω′

Ω ]|
𝜒0

, ℐ𝔊ℌ
𝔈

= −

𝜎𝜅
𝜅𝜏
Ω𝑓

2𝜂
[
(𝑓Ω)′

Ω𝑓
+
2Ω′

Ω
]|
𝜒𝛽

= −
𝜎𝜅
2𝜏𝜅

(

𝛿

√ΗΝ
𝑑Ν

𝑑𝑟
+

2Ν

√ΗΝ
𝑑𝛿

𝑑𝑟
)|

𝑟𝛽

ℐ𝑔
𝑐𝑡

=
2𝜎𝜅
𝜅𝜏ℓ

(Ω
3
2𝑓

1
2 +

ℓ2𝜅

2
𝑓
1
2Ω

1
2)(Ω

3
2𝑓

1
2 +

ℓ2𝜅

2
𝑓
1
2Ω

1
2)|

𝜒𝛽

=
2𝜎𝜅
𝜅𝜏ℓ

𝛿√Ν(1 +
ℓ2𝜅

2𝛿
)|
𝑟𝛽

𝒯

=
Ν′

4𝜋√ΝΗ
|
𝑟+

ℐ𝔅𝔘𝔏𝔎
𝔈 + ℐ𝔊ℌ

𝔈 + ℐ𝑔
𝑐𝑡

=
1

𝜏 [
𝜎𝜅𝛿(𝑟+)𝜏
4𝔊

]
−

𝜎𝜅

2𝜅𝜏 [

2Ν

√ΝΗ
𝑑𝛿

𝑑𝑟
−

4

ℓ𝛿√Ν(1 +
ℓ2𝜅
2𝛿

)
]|

𝑟𝛽

ℐ𝔅𝔘𝔏𝔎
𝔈

+ ℐ𝔊ℌ
𝔈

+ ℐ𝑔
𝑐𝑡 = −

𝒜

4𝔊
−
𝜎𝜅
𝜏
(−

𝜇

𝜅
+
4𝛼𝛽

3ℓ2
+
𝑟𝛼2

2ℓ2
)|
𝑟𝛽

ℐ
⟨𝜑|𝜙|𝜓⟩
𝑐𝑡

= ∫ 𝑑3𝜒√ℏℰ [
𝜙2

2ℓ
+

𝒲(𝛼)
ℓ𝛼3⟨𝜑|𝜙|𝜓⟩3

‖𝜏𝜔‖
]

𝛿

𝜕ℳ

=
𝜎𝜅
𝜏
(
𝒲

ℓ2
+
𝛼𝛽

ℓ2
+
𝑟𝛼

2ℓ2
)|
𝑟∞

ℐ𝔈

= ℐ𝔅𝔘𝔏𝔎
𝔈 + ℐ𝔊ℌ

𝔈 + ℐ𝑔
𝑐𝑡 + ℐ

⟨𝜑|𝜙|𝜓⟩
𝑐𝑡 =

𝒜

4𝔊
+
𝜎𝜅
𝜏
[
𝜇

𝜅
+
1

ℓ2
(𝒲−

𝛼
3𝑑𝒲
𝑑𝛼

)]Ϝ = ℐ𝔈𝒯

= ℳ −𝒯𝒮,ℳ = −
𝒯2𝜕ℐ𝔈

𝜕𝒯
= 𝜎𝜅 [

𝜇

𝜅
+
1

ℓ2
(𝒲−

𝛼
3𝑑𝒲
𝑑𝛼

)]𝒮 = −
𝜕(ℐ𝔈𝒯)

𝜕𝒯
=
𝒜

4𝔊
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ℐ𝔅𝔘𝔏𝔎
𝔈 + ℐ𝔊ℌ

𝔈 + ℐ𝑔
𝑐𝑡 + ℐ

⟨𝜑|𝜙|𝜓⟩
𝑐𝑡 = −

𝒜

4𝔊
+

𝜎𝜅

𝒯 {
𝜇
𝜅 +

1
ℓ2
[𝒲(𝛼) −

𝛼
3𝑑𝒲
𝑑𝛼

+
2𝛼𝛾
9 −

𝛼𝛾
3 ln 𝑟]} ℐ̂

⟨𝜑|𝜙|𝜓⟩
𝑐𝑡

= ∫ 𝑑3𝜒√ℏℰ {
𝜙3𝛾

3𝛼2ℓ
[ln(𝛼/𝜙) − 1]} = 𝜎𝜅/𝔗 [−

𝛼𝛾

3ℓ2
+
𝛼𝛾 ln 𝑟

3ℓ2
+ 𝒪(𝑟−1 ln 𝑟)]

𝛿

𝜕ℳ

 

ℐ𝔈 = ℐ𝔅𝔘𝔏𝔎
𝔈 + ℐ𝔊ℌ

𝔈 + ℐ𝑔
𝑐𝑡 + ℐ

⟨𝜑|𝜙|𝜓⟩
𝑐𝑡 + ℐ̂

⟨𝜑|𝜙|𝜓⟩
𝑐𝑡 = −

𝒜

4𝔊
+

𝜎𝜅

𝒯 [
𝜇
𝜅 +

1
ℓ2
(𝒲(𝛼) −

𝛼
3𝑑𝒲
𝑑𝛼

−
𝛼𝛾
9 )]

,ℳ

= −ℸ2
𝜕ℐ𝔈

𝜕𝒯
= 𝜎𝜅 [

𝜇

𝜅
+
1

ℓ2
(𝒲(𝛼) −

𝛼
3𝑑𝒲
𝑑𝛼

−
𝛼𝛾

9
)]𝛿 = −

𝜕(ℐ𝔈𝒯)

𝜕𝒯
=
𝒜

4𝔊
 

3.1. Tensor de stress Brown-York en espacios cuánticos curvos. 

𝜏𝛼𝛽 = −
1

𝜅 (𝜅𝛼𝛽 − ℏ𝛼𝛽𝜅 +
2

ℓℏ𝛼𝛽
− 𝜄𝔊𝛼𝛽)

−
ℏ𝛼𝛽

ℓ [
𝜙2

2 +
𝒲(𝛼)
𝛼3𝜙3

] 𝜏𝑡𝑡

=
ℓ

ℛ [
𝜇

8𝜋𝔊ℓ2
+

1

ℓ4 (𝜔(𝛼) −
𝛼𝛽
3
)
]

+ 𝒪(ℜ−2)𝜏𝜃𝜃

=
ℓ

ℛ [
𝜇

16𝜋𝔊
−

1

ℓ2 (𝜔(𝛼) −
𝛼𝛽
3 )

]

+ 𝒪(ℜ−2)𝜏⟨𝜙|𝜑|𝜓⟩

= ℓ𝑠𝑖𝑛2𝜃/ℛ [
𝜇

16𝜋𝔊
− 1/ℓ2 (𝜔(𝛼) −

𝛼𝛽

3
)] + 𝒪(ℜ−2) 

〈𝜏𝛼𝛽
𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑〉 =

3𝜇

16𝜋𝔊ℓ2𝛿𝛼
0𝛿𝛽

0 +
𝛾𝛼𝛽

ℓ2 [
𝜇

16𝜋𝔊
−

1

ℓ2 (𝜔(𝛼) −
𝛼𝛽
3 )

] 〈𝜏𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑〉

= −3/ℓ4 [𝜔(𝛼) −
𝛼𝛽

3
] 
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𝜏𝛼𝛽 = −
1

𝜅 (𝜅𝛼𝛽 − ℏ𝛼𝛽𝜅 +
2

ℓℏ𝛼𝛽
− 𝜄𝔊𝛼𝛽)

−
ℏ𝛼𝛽

ℓ [
𝜙2

2 +
𝜙3

𝛼3
(𝜔 −

𝛼𝛾
3 ) +

𝜙3𝛾
3𝛼2

(
𝛼
𝜙)] 𝜏𝑡𝑡

=
ℓ

ℛ [
𝜇

8𝜋𝔊ℓ2
+

1

ℓ4 (𝜔 −
𝛼𝛽
3 −

𝛼𝛾
9 )

]

+ 𝒪 [
(lnℜ)3

ℜ2
] 𝜏𝜃𝜃

=
ℓ

ℛ [
𝜇

16𝜋𝔊
−

1

ℓ2 (𝜔 −
𝛼𝛽
3
−
𝛼𝛾
9
)
]

+ 𝒪 [
(lnℜ)3

ℜ2
] 𝜏⟨𝜙|𝜑|𝜓⟩

=
ℓ𝑠𝑖𝑛2𝜃

ℛ [
𝜇

16𝜋𝔊
−

1

ℓ2 (𝜔 −
𝛼𝛽
3
−
𝛼𝛾
9
)
]

+ 𝒪 [
(lnℜ)3

ℜ2
] 〈𝜏𝛼𝛽

𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑〉

=
3𝜇

16𝜋𝔊ℓ2𝛿𝛼
0𝛿𝛽

0 +
𝛾𝛼𝛽

ℓ2 [
𝜇

16𝜋𝔊
−

1

ℓ2 (𝜔(𝛼) −
𝛼𝛽
3 −

𝛼𝛾
9 )

] 〈𝜏𝑑𝑢𝑎𝑙𝑖𝑑𝑎𝑑〉

= −3/ℓ4 [(𝜔 −
𝛼𝛽

3
−
𝛼𝛾

9
𝜆)] 
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𝜏𝛼𝛽 ≡

2

√−ℏ
𝛿ℐ

𝛿ℏ𝛼𝛽
, ℐ𝔊ℌ + ℐ𝑔 + ℐ𝜙

=
1

𝜅 ∫𝑑𝜂𝜒√−ℏ𝔎 −
1

𝜅 ∫𝑑𝜂𝜒√−ℏ [
𝜂 − 1
ℓ

+
ℓℛ

2(𝜂 − 2)
] − ∫𝑑𝜂𝜒

√−ℏ𝜓
, 𝜏𝛼𝛽

= −
1

𝜅 (𝒦𝛼𝛽 − ℏ𝛼𝛽𝔎+
𝜂 − 1
ℓ

ℏ𝛼𝛽 −
ℓ
𝜂 − 2𝔊𝛼𝛽)

− ℏ𝛼𝛽[𝜓], ℏ𝛼𝛽𝑑𝜒
𝛼𝑑𝜒𝛽

= Ν(ℛ)𝑑𝑡2 + δ(ℛ)𝑑Σ𝜅
2, 𝔊𝛼𝛽 = ℛ𝛼𝛽 −

1

2ℜℏ𝛼𝛽
, 𝔊𝑡𝑡 =

(𝜂 − 2)(𝜂 − 1)
2

𝜅𝒩

𝒮
,𝔊𝑖𝑗

= −
(𝜂 − 2)(𝜂 − 3)

2
𝜅𝜈𝑖𝑗 , 𝜏𝑡𝑡 = −

(𝜂 − 1)

𝜅
[
Ν𝛿′

2𝛿√ℋ
−
𝒩

ℓ
(1 +

ℓ2𝜅

2𝛿
)] + Ν[𝜓], 𝜏𝑖𝑗

=
𝜈𝑖𝑗

𝜅

[
 
 
 
 

𝛿

2√ℋ(
𝔑′

𝔑
+
𝒮′

𝒮
(𝜂 − 2))

−
(𝜂 − 1)𝒮

ℓ
−
ℓ𝔎(𝜂 − 3)

2

]
 
 
 
 

− 𝜈𝑖𝑗𝛿[𝜓], ℏ𝛼𝛽𝑑𝜒
𝛼𝑑𝜒𝛽

= ℒ2𝑑𝑡2 + 𝜎𝑖𝑗(𝑑𝛾
𝑖 + ℒ𝑖𝑑𝑡)(𝑑𝛾𝑗 + ℒ 𝑗𝑑𝑡), 𝔈 = 𝒬 𝜕

𝜕𝑡

=
∮ 𝑑𝒟−2𝛾√𝜎𝜇𝛼𝜏𝛼𝛽𝜉

𝛽 = (∮ 𝑑2𝛾√𝜈
𝛿

Σ
)

𝛿

Σ
𝛿
(
𝒟−2
2

)
𝜏𝑡𝑡

√𝔑
=
𝜎𝜅,𝜂−1𝛿

(
𝒟−2
2

)

√𝔑
𝜏𝑡𝑡, 𝜎𝑖𝑗𝑑𝜒

𝑖𝑑𝜒𝑗

= 𝛿𝑑Σ𝜅
2, 𝜏𝑡𝑡 = −

(𝜂 − 1)

𝜅 [
𝑓
3
2Ω′

2𝜂√Ω
−
Ω𝑓
ℓ
(1 +

ℓ2𝜅
2Ω )]

+
Ω𝑓

𝜅
[𝜓], 𝜏𝑖𝑗

=
𝜈𝑖𝑗

𝜅 [
(Ω𝑓)′

2𝜂√Ω𝑓
+
(𝜂 − 2)
2𝜂

Ω′√𝑓

√Ω
−
(𝜂 − 1)Ω

ℓ
−
ℓ𝜅(𝜂 − 3)

2 ]

−
𝜈𝑖𝑗Ω

𝜅
[𝜓], 𝔈 = 𝒬 𝜕

𝜕𝑡

= ∮𝑑𝒟−2𝛾√𝜎𝜇𝛼𝜏𝛼𝛽𝜉
𝛽 =

𝜎𝜅,𝜂−1Ω
(
𝒟−2
2

)

√Ω𝑓
𝜏𝑡𝑡

𝛿

Σ

 

3.2. Masa Hamiltoniana en espacios cuánticos curvos.  

−
5

4ℓ2
> 𝑚4 ≥ −

9

4ℓ2
, 𝜙(𝑟) =

𝛼

𝑟
+
𝛽

𝑟2
+𝒪(𝑟−3) 

3.3. Modelos Logarítmicos y Anti-logarítmicos en espacios cuánticos curvos.  
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𝛿ℳ𝔊 =
𝜎𝜅

𝜅 [𝑟𝛿𝛼 + ℓ𝛿𝛽 + 𝒪 (
1
𝑟
)] 𝛿ℳ𝜙

=
𝜎𝜅

ℓ2 [𝑟𝛼𝛿𝛼 + 𝛼𝛿𝛽 + 2𝛽𝛿𝛼 + 𝒪 (
1
𝑟
)] 𝛿ℳ

=
𝜎𝜅

𝜅ℓ2 [𝑟(ℓ2𝛿𝛼 + 𝜅𝛼𝛿𝛼) + ℓ3𝛿𝛽 + 𝜅(𝛼𝛿𝛽 + 2𝛽𝛿𝛼) + 𝒪 (
1
𝑟)] 𝜅

+ 𝛼 +
𝛼2

2ℓ2
, 𝛿ℳ

=
𝜎𝜅

𝜅ℓ2[ℓ3𝛿𝛽 + 𝜅(𝛼𝛿𝛽 + 2𝛽𝛿𝛼)]ℳ

=

𝜎𝜅

[
 
 
 
 
ℓ𝛽
𝜅
+

1

ℓ2 (
𝛼𝑑𝜔(𝛼)
𝑑𝛼

+ 𝜔(𝛼))
]
 
 
 
 

ℓ𝑐

𝜅
− 4𝛼3𝜆, 𝛿ℳ𝔊

= {
ℓ𝛿𝛽

𝜅
+
𝛿𝛼

𝜅
𝑟 +

ℓ𝛿𝑐

𝜅
ln(𝑟) +

𝒪(ln(𝑟)2)

𝑟
} 𝜎𝜅, 𝛿ℳ𝜙

= [𝛼𝛿𝛽 + 2𝛽𝛿𝛼 +
3𝛼2ℓ2𝜆𝛿𝛼

ℓ2
+
𝑟𝛼𝛿𝛼

ℓ2
− 12𝜆𝛼2𝛿𝛼 ln(𝑟) + 𝒪 (ln

(𝑟)2

𝑟
)] 𝜎𝜅, 𝛿ℳ

= [
ℓ𝛿𝛽

𝜅
+ 𝛼𝛿𝛽 + 2𝛽𝛿𝛼 +

3𝛼2ℓ2𝜆𝛿𝛼

ℓ2
] 𝜎𝜅,ℳ

= [
ℓ𝛽

𝜅
+

1

ℓ2 (
𝛼𝑑𝜔
𝑑𝛼

+ 𝜔(𝛼) + 𝛼3ℓ2𝜆)
] 𝜎𝜅,ℳ

=

[
 
 
 
 
 
 

𝜇

𝜅
+

1

ℓ2(𝜔(𝛼) −

1
3𝛼𝑑𝒲
𝑑𝛼

+
1

3𝛼3ℓ2𝜆
)

]
 
 
 
 
 
 

𝜎𝜅,𝒲(𝛼) = 𝛼3[𝒞 + ℓ2𝜆 ln〈𝛼〉] 

3.4. Masa Holográfica y Masa Hamiltoniana en espacios cuánticos curvos. 

𝑑Σ𝜅
2 =

𝑑𝛾2

1
− 𝜅𝛾2 +

(1 − 𝜅𝛾2)𝑑⟨𝜑|𝜙|𝜓⟩2

‖𝜏𝜎𝜌‖2𝛿𝜉
, ℰ = ∫𝑑𝜎𝑖𝜏𝑖𝑗𝜉

𝑗∫𝑑𝛾𝑑 ⟨𝜑|𝜙|𝜓⟩𝑑‖𝜏𝜎𝜌‖𝛿𝜇𝑖𝜏𝑖𝑗𝜉
𝑗 , 𝑑𝑠2

= 𝜎𝑖𝑗𝑑𝜒
𝑖𝑑𝜒𝑗 = 𝛿𝑑Σ𝜅

2, ℰ = 𝜎𝜅 [
𝜇

𝜅
+
1

ℓ2
(𝜔 −

𝛼
3𝑑𝜔
𝑑𝛼

)] , ℰ

= 𝜎𝜅 [
𝜇

𝜅
+
1

ℓ2
(𝒲 −

1

3𝛼

𝑑𝒲

𝑑𝛼
−
𝛼𝛾

9
)] = 𝜎𝜅 [

𝜇

𝜅
+
1

ℓ2
(𝒲 −

1

3𝛼

𝑑𝒲

𝑑𝛼
−
𝛼3𝒞𝛾

9
)] 
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𝒱(𝜙)

=
Λ(𝜈2 − 4)

6𝜅𝜈2 [𝜈 −
1
𝜈
+ 2𝑒−𝜙ℓ𝜈(𝜈+1) + 𝜈 +

1
𝜈
− 2𝑒𝜙ℓ𝜈(𝜈−1) + 4𝜈2 −

1
𝜈2
− 4𝑒−𝜙ℓ𝜈]

+
Υ

𝜅𝜈2 [𝜈 −
1
𝜈 + 2 𝑠𝑖𝑛ℏ 𝜙ℓ𝜈(𝜈 + 1) − 𝜈 +

1
𝜈 − 2𝑠𝑖𝑛ℏ 𝜙ℓ𝜈(𝜈 − 1) + 4𝜈2 −

1
𝜈2
− 4𝑖𝑛ℏ 𝜙ℓ𝜈]𝜙(𝜒)

= ℓ𝜈
−1√

𝜈2 − 1

2𝜅
ln𝜒 , 𝑓(𝑥) =

1

ℓ2
+ Υ [

1

𝜈2
− 4 − 𝜒2/𝜈2 (1 +

𝜒−𝜈

𝜈
− 2 −

𝜒𝜈

𝜈
+ 2)] +

𝜒

Ω(𝜒)
, Ω(𝜒)

= 𝑟2 + 𝒪(𝑟−3), 𝜒 = 1 +
1

𝜂𝑟
+
𝑚4

𝑟3
+
𝜂

𝑟4
+
𝜌

𝑟5
+ 𝒪(𝑟−6), Ω(𝜒)

= 𝑟2 − 24𝑚4𝜂4 + 𝜈2 −
1

12𝜂
− 24𝑚4𝜂4 − 𝜈2 +

1

12𝜂3𝑟
+ 720𝑚4𝜂4 − 480|𝜌𝜂|5 + 𝜈4 − 20𝜈2

+
19

240𝜂4𝑟2
+ 𝒪(𝑟−3), 𝜒 = 1 +

1

𝜂𝑟
−

(𝜈2 − 1)

23𝜂3𝑟3 [1 −
1
𝜂𝑟 −

9(𝜈2 − 9)
80𝜂4𝑟4

]
+ 𝒪(𝑟−6),−𝑔𝑡𝑡 = 𝑓(𝑥)Ω(𝜒)

=
𝑟2

ℓ2
+ 1 + Υ +

3𝜂4

3𝜂3𝑟
+ 𝒪(𝑟−3), 𝑔𝑟𝑟 =

Ω(𝜒)𝜂2

𝑓(𝑥) (
𝑑𝜒
𝑑𝑟
)

=
ℓ2

𝑟2
−
ℓ4

𝑟4
−
ℓ2(𝜈2 − 1)

4𝜂4𝑟2
−
ℓ2(3𝜂2ℓ2 + Υℓ2 − 𝜈2 + 1)

3𝜂3𝑟5
+ 𝒪(𝑟−6), ϕ(𝜒) = ℓ𝜈

−1√
𝜈2 − 1

2𝜅
ln 𝜒

=
1

ℓ𝜈𝜂𝑟
−

1

2ℓ𝜈𝜂
4𝑟2

− 𝜈2 −
9

24𝜂3𝑟5
+ 𝒪(𝑟−4),𝔐 = 𝜎 [

𝜇

𝜅
+
1

ℓ2
(𝒲−

𝛼
3
𝑑𝒲

𝑑𝛼
)]𝔐

= −
𝜎

𝜅
(3𝜂2 +

Υ

3𝜂4
)  

ℐℭ𝔉𝔗 ⟶ ℐℭ𝔉𝔗 + ℓ𝜈/6∫𝑑3𝜒𝒪3 

 

 

3.5. Acción bulk on – shell en espacios cuánticos curvos. 
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ℐ = ∫𝑑𝜂+1𝜒√−𝑔 [
ℛ

2𝜅
−
(𝜕𝜙)2

2
− 𝒱(𝜙)] + 1/𝜅 ∫ 𝑑𝜂𝜒√−ℏ

𝛿

𝜕ℳ

𝔎 + ℐ𝑔 + ℐ𝜙, 𝒢𝜇𝜈 = 𝜅𝒯𝜇𝜈 , 𝒢𝜇𝜈

= ℛ𝜇𝜈 −
1

2𝑔𝜇𝜈ℛ
,𝒯𝜇𝜈 = 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑔𝜇𝜈 [

(𝜕𝜙)2

2
+ 𝒱]𝒢 = −

ℛ(𝜂 − 1)

2
, 𝒯

= −(𝜂 − 1) [
(𝜕𝜙)2

2
+
𝒱(𝜂 + 1)

(𝜂 − 1)
] 𝒢𝜇𝜈 = 𝜅𝒯𝜇𝜈 ⟶

ℜ

2𝜅
=
(𝜕𝜙)2

2
+
𝒱(𝜂 + 1)

(𝜂 − 1)
, ℐ𝑏𝑢𝑙𝑘
ℰ

= −
2

𝜂
− 1∫𝑑𝜂+1𝜒√𝑔𝔈𝒱(𝜙) 

3.6. Sistema de Coordenadas en espacios cuánticos curvos.  

𝑑𝑠2 = Ω(𝑥) [−𝑓(𝑥)𝑑𝑡2 +
𝜂2𝑑𝜒2

𝑓(𝑥)
+ 𝑑Σ𝜅

2] 
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𝔈𝑡
𝑡 − 𝔈𝓍

𝓍 = 0⟹ 2𝜅𝜙′
2
= 𝔇−

2

2Ω2[3(Ω′)2 − 2ΩΩ′′]
, 𝔈𝑡

𝑡 = −
1

𝔇
− 2𝑔𝛼𝛽𝜉𝛼𝛽 = 0

⟹ 𝑓′′ +𝔇−
2

2Ω
Ω′𝑓′ + 2𝜅𝜂2𝔈𝑡

𝑡 +
1

𝔇
− 2𝑔𝛼𝛽𝜉𝛼𝛽 = 0⟹ 2𝜅𝒱

= −𝒟 −
2

2𝜂2Ω2 [𝑓Ω′′ + 𝒟 −
4
2Ω

𝑓(Ω′)2 +Ω′𝑓′]
+

𝜅 (𝒟 −
2
Ω)𝑑

𝑑𝜒 [Ω
(𝒟−2)
2 𝑓′]

+ 2𝜂2𝜅Ω
(𝒟−2)
2 −

2𝜂2Ω
𝒟
2(2𝜅𝒱)

𝒟
− 2

= 𝑓Ω′′Ω
(𝒟−4)
2 + Ω′ (𝑓Ω

(𝒟−4)
2 ) − 2𝜂2𝜅Ω

(𝒟−2)
2 , 2𝜅𝒱 = −

(𝒟 − 2)

2𝜂2Ω
𝒟
2 [Ω

(𝒟−4)
2 (𝑓Ω)′]

′

𝑑Σ𝜅
2

= 𝜈𝑖𝑗𝑑𝜒
𝑖𝑑𝜒𝑗 , ℐ𝑏𝑢𝑙𝑘

𝔈 =
𝛽𝜎𝜅,𝜂−1

2𝜅𝜂 [Ω
(𝒟−4)
2 (𝑓Ω)′]

𝜒ℏ

𝜒𝛽

ℏ𝛼𝛽𝑑𝜒
𝛼𝑑𝜒𝛽

= Ω(𝑥)[−𝑓(𝑥)𝑑𝑡2 + 𝑑Σ𝜅
2], 𝜂𝛼

=
𝛿𝛼
𝜒

√𝑔𝑥𝑥
, 𝒦𝛼𝛽 =

√𝑔𝑥𝑥

2
𝜕𝜒ℏ𝛼𝛽 ,𝒦 =

1

2𝜂
(
𝑓

Ω
)

1
2
[
(Ω𝑓)′

Ω𝑓
+
(𝒟 − 2)Ω′

Ω
] , ℐ𝔊ℌ

𝔈

= −
𝛽𝜎𝜅,𝜂−1

2𝜅𝜂Ω
(𝒟−2)
2 𝑓 [

(𝑓Ω)′

𝑓Ω
+
(𝒟 − 2)Ω′

Ω ]

, ℐ𝑔

= −
1

𝜅 ∫𝑑𝜂𝜒√−ℏ [
(𝜂 − 1)

ℓ
+

ℓℛ
2(𝜂 − 2)

+
ℓ3

2(𝜂 − 4)(𝜂 − 2)2 (ℛ𝛼𝛽ℜ𝛼𝛽 −
𝜂ℛ2

4(𝜂 − 1)
)
] 

ℛ𝑖𝑗

=
(𝜂 − 2)𝜅

Ω
𝜎𝑖𝑗, ℛ =

𝜅(𝜂 − 2)(𝜂 − 1)

Ω
,ℛ𝛼𝛽ℜ𝛼𝛽 =

(𝜂 − 2)2(𝜂 − 1)𝜅2

Ω2
ℛ𝛼𝛽ℜ𝛼𝛽 −

𝜂ℛ2

4(𝜂 − 1)

=
𝜅2

4Ω2
(𝜂 − 2)2(𝜂 − 1)(𝜂 − 4)ℐ𝑔

𝔈 =

𝛽𝜎𝜅,𝜂−1
𝜅

(𝒟 − 2)

ℓ
√Ω𝒟−1𝑓 (1 +

ℓ2𝜅

2Ω
−
ℓ4𝜅2

8Ω2
)𝛽−1 = 𝒯

=
𝑓′

4𝜋𝜂|𝜒ℏ
, 𝛿 = 𝒜/4𝔊 
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ℐ𝑏𝑢𝑙𝑘
𝔈 + ℐ𝔊ℌ

𝔈 + ℐ𝑔
𝔈 =

1

𝒯 (
𝒜𝒯
4𝔊

)
−
𝜎𝒟−2,𝜅
2𝜅𝒯

Ω
(𝒟−2)
2 (𝒟 − 2) [

𝑓Ω′

𝜂Ω
−

√Ω𝑓

2ℓ(1 +
ℓ2𝜅
2Ω −

ℓ4𝜅2

8Ω2
)
]

𝜒𝛽

𝑑𝑠2

= −Ν(𝑟)𝑑𝑡2 + Η(𝑟)𝑑𝑟2 + 𝛿(𝑟)𝑑Σ𝜅
2, Ω(𝑥) ⟶ 𝛿(𝑟), 𝑓(𝑥) ⟶

Ν(𝑟)

𝛿(𝑟)
,
√ΝΗ

𝜂𝛿
𝑑𝑟

⟶ 𝑑𝜒, 2𝜅𝒱 = −𝒟 −
2

2𝜂2Ω
𝒟
2 [Ω

(𝒟−4)
2 (𝑓Ω)′]

′ ⟶ 2𝜅𝒱 = −𝒟 −

2

2δ
(𝒟−2)
2 √ΝΗ

𝑑

𝑑𝑟

(

 
 
δ
(𝒟−2)
2

√ΝΗ
𝑑Ν

𝑑𝑟

)

 
 
ℐ𝑏𝑢𝑙𝑘
𝔈

=
𝛽𝜎𝜅,𝜂−1

2𝜅𝜂 [Ω
(𝒟−4)
2 (𝑓Ω)′]

𝜒ℏ

𝜒𝛽
⟶ ℐ𝑏𝑢𝑙𝑘

𝔈 =

𝛽𝜎𝜅,𝜂−1
2𝜅

𝑑Ν

𝑑𝑟
δ
(𝜂−1)
2

√ΝΗ |

|

𝑟ℏ

𝑟𝛽

ℏ𝛼𝛽𝑑𝜒
𝛼𝑑𝜒𝛽

= −Ν(ℛ)𝑑𝑡2 + 𝒮(ℛ)𝑑Σ𝜅
2, 𝜂𝜇 =

𝛿𝜇
𝑟

√𝑔𝑟𝑟
, 𝒦𝜇𝜈 =

√𝑔𝑟𝑟

2
𝜕𝑟ℏ𝜇𝜈 , 𝒦

=
1

2√Η
[
Ν′

Ν
+
(𝜂 − 1)δ′

δ
] , ℐ𝔊ℌ

𝔈 = −
𝛽𝜎𝜅,𝜂−1

2𝜅𝜂Ω
(𝒟−2)
2 𝑓 [

(𝑓Ω)′

𝑓Ω
+
(𝒟 − 2)Ω′

Ω ]
𝜒𝛽

↦ ℐ𝔊ℌ
𝔈

= −

𝜎𝜅,𝜂−1
2𝜅Τ δ

(𝒟−2)
2

√ΝΗ [
𝑑Ν
𝑑𝑟

+
(𝒟 − 2)

Ν
δ
𝑑𝛿

𝑑𝑟 ]

𝑟𝛽

, ℐ𝑔
𝔈 =

𝛽𝜎𝜅,𝜂−1(𝜂 − 1)

ℓ𝜅Ω
(𝒟−1)
2 𝑓

1
2 (1 +

ℓ2𝜅
2Ω −

ℓ4𝜅2

8Ω2
)
𝜒𝛽

↦ ℐ𝑔
𝔈

= 𝛽𝜎𝜅,𝜂−1(𝜂 − 1)/ℓ𝜅δ
(𝒟−2)
2 Ν1/2 (1 +

ℓ2𝜅

2δ
−
ℓ4𝜅2

8δ2
)
𝑟𝛽

𝛽−1 = 𝒯 =
Ν′

4𝜋√ΝΗ|
𝑟ℏ

, 𝛿

= 𝒜/4𝔊 

ℐ𝑏𝑢𝑙𝑘
𝔈 + ℐ𝔊ℌ

𝔈 + ℐ𝑔
𝔈 = −

1

Τ(
𝒜𝒯
4𝔊

)
−
𝜎𝒟−2,𝜅
2𝜅𝒯

δ
(𝒟−2)
2 (𝒟 − 2) [

Ν𝛿′

𝛿√ΝΗ
−

2√Ν

ℓ (1 +
ℓ2𝜅
2δ

−
ℓ4𝜅2

8δ2
)
]

𝑟𝛽

 

3.7. Ecuaciones de Movimiento en espacios cuánticos curvos. 
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2𝜅𝜙′2 =
(𝒟 − 2)

2Ω2[3(Ω′)2 − 2ΩΩ′′]
,
2𝜅𝜙′

2

(𝒟 − 2)
=

1

2𝛿2[𝛿′2 − 2δδ′′]
+

𝛿′

2𝛿
(ΝΗ)′

ΝΗ
,
𝑑

𝑑𝜒
[δ
(𝒟−2)
2 𝑑𝑓/𝑑𝜒]

= −2𝜂2𝜅δ
(𝒟−2)
2 ,

𝑑

𝑑𝑟
[
δ
𝒟
2√ΝΗ𝑑

𝑑𝑟
(
Ν

𝛿
)] = −2𝜅√ΝΗδ

(𝒟−4)
2 , 2𝜅𝒱

=
(𝒟 − 2)

2𝜂2Ω
𝒟
2 [Ω

(𝒟−4)
2 (𝑓Ω)′]

′ 2𝜅𝒱 = −

(𝒟 − 2)

2δ
(𝒟−2)
2 √ΝΗ𝑑

𝑑𝑟

(

 
 
δ
(𝒟−2)
2

√ΝΗ
𝑑Ν

𝑑𝑟

)

 
 

, 𝜕𝜒 [Ω
(𝒟−4)
2 𝑓𝜙′]

=
𝜂2Ω

𝒟
2𝜕𝒱

𝜕𝜙
, 𝜕𝑟 (δ

(𝒟−2)
2 𝜙

′√
Ν
Η) = √ΝΗδ

(𝒟−2)
2 𝜕𝒱/𝜕𝜙 

3.8. Cálculo de Potencial on – shell en espacios cuánticos curvos. 
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𝜂2𝒱(𝜙) = −
𝑓Ω′′

𝑓2Ω2
−
𝑓′Ω′

𝜂2Ω2
, 𝜂2𝒱(𝜙)

= −
1

𝜒2𝜈−2𝜈4 [
1
ℓ2
+
𝛼
2
(𝜒2+𝜈 −

1
2
+ 𝜈 +

𝜒2𝜈−2

2
+ 𝜈 − 𝜒2 + 1)]

[
𝜒𝜈−1(𝜈 − 1)2𝜈2 −

𝜒𝜈−1(𝜈 − 1)𝜈2

𝜒2(𝜒𝜈 − 1)2𝜂2

−4𝜒2𝜈−1(𝜈 − 1)𝜈3 +
2𝜒2𝜈−1𝜈4

(𝜒𝜈 − 1)4𝜂2𝜒2
+ 2𝜒2𝜈−1𝜈3 −

4𝜒2𝜈−1(𝜈 − 1)𝜈3

𝜂2𝜒2(𝜒𝜈 − 1)3

] (𝜒𝜈 − 1)4𝜂4

−
1

2𝜒2𝜈−2𝜈4 (
𝜒𝜈−1(𝜈 − 1)𝜈2

𝜒𝜂2(𝜒𝜈 − 1)2
−

2𝜒2𝜈−1𝜈3

𝜒𝜂2(𝜒𝜈 − 1)3
) (𝜒1+𝜈 + 𝜒1−𝜈 − 2𝜒)𝒱(𝜙)

=
𝑓(𝑥)𝜈2

𝜒2𝜈−2𝜈4

(𝜒3𝜈−3𝜈2 + 4𝜒2𝜈−3𝜈2 + 𝜒𝜈−3𝜈2 + 3𝜒3𝜈−3𝜈 −
3𝜒3𝜈−3

(𝜒𝜈 − 1)4𝜂2
) (𝜒𝜈 − 1)4𝜂2 −

𝑓(𝑥)𝜈2

𝜒2𝜈−2𝜈4

(2𝜒3𝜈−3 − 4𝜒2𝜈−3 +
2𝜒𝜈−3

(𝜒𝜈 − 1)4𝜂2
) (𝜒𝜈 − 1)4𝜂2 −

𝛼𝜂4(𝜒𝜈 − 1)4

2𝜒2𝜈−2𝜈4

(
−𝜈2

𝜂2(𝜒𝜈 − 1)3
) (𝜒2𝜈−2(𝜈 + 1) + 𝜒𝜈−2(𝜈 − 1))(𝜒1+𝜈 + 𝜒1−𝜈 − 2𝜒)𝒱(𝜙) = −

𝑓(𝑥)𝜒−𝜈

𝜒𝜈2

(𝜒2𝜈(𝜈 + 1)(𝜈 + 2) + 4𝜒𝜈(𝜈2 − 1) + (𝜈 − 1)(𝜈 − 2)) +

𝛼(𝜒𝜈 − 1)
2𝜈2𝜒𝜈−1

𝜒2𝜈−2

𝜒𝜈−1

(𝜒1+𝜈 + 𝜒1−𝜈 − 2𝜒)(𝜒−𝜈(𝜈 − 1) + (𝜈 + 1))𝒱(𝜙)𝑓(𝑥)

2𝜒𝜈2

(2𝜒𝜈(𝜈 + 1)(𝜈 + 2) + 8(𝜈2 − 1) + 2𝜒𝜈−1(𝜈 − 1)(𝜈 − 2)) +
𝛼

2𝜈2𝜒𝜈−1(𝜒𝜈 − 1)

(1 + 𝜈 + 𝜒−𝜈(𝜈 − 1))(1 + 𝜒2𝜈 − 2𝜒𝜈)𝒱(𝜙) = −
𝑓(𝑥)
2𝜒𝜈2

(2𝜒𝜈(𝜈 + 1)(𝜈 + 2) + 8(𝜈2 − 1) + 2𝜒𝜈−1(𝜈 − 1)(𝜈 − 2)) −
𝛼

2𝜈2𝜒𝜈−1
(𝜒𝜈 − 1)2

(2 − 𝜒𝜈(𝜈 + 1) + 𝜒𝜈−1(𝜈 − 1))
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𝒱(𝜙)

= −
𝑒−ℓ𝜈𝜙

2𝜈2 [
1
ℓ2
+

𝛼

2(𝑒(2+𝜈)ℓ𝜈𝜙 −
1
2 + 𝜈 + 𝑒(2−𝜈)ℓ𝜈𝜙 −

1
2 − 𝜈 − 𝜒2 + 1)

]

[8(𝜈2 − 1) + 2(𝜈 + 1)(𝜈 + 2)𝑒𝜈ℓ𝜈𝜙 + 2(𝜈 − 1)(𝜈 − 2)𝑒−𝜈ℓ𝜈𝜙]

−
𝛼𝑒ℓ𝜈𝜙

2𝜈2 (𝑒𝑥𝑝
𝜈ℓ𝜈𝜙
2

− 𝑒𝑥𝑝 −
𝜈ℓ𝜈𝜙
2

)
2

[2 − 𝑒𝜈ℓ𝜈𝜙(𝜈 + 1) + 𝑒−𝜈ℓ𝜈𝜙(𝜈 − 1)]

, 𝒱(𝜙)

= −
(𝜈2 − 4)

ℓ2𝜈2 [
(𝜈 − 1)

(𝜈 + 2)𝑒−𝜈ℓ𝜈𝜙(𝜈+1)
+

(𝜈 + 1)
(𝜈 − 2)𝑒𝜈ℓ𝜈𝜙(𝜈−1)

+
4(𝜈2 − 1)

(𝜈2 − 4)𝑒−ℓ𝜈𝜙
]

−
𝛼

2𝜈2 [
𝑒(𝜈+2)ℓ𝜈𝜙

(2 + 𝜈)
−
𝑒(2−𝜈)ℓ𝜈𝜙

𝜈
− 2 − 𝑒2ℓ𝜈𝜙 +

𝜈2

⌊𝜈2 − 4⌋
]

[4(𝜈2 − 1)𝑒−ℓ𝜈𝜙 + (𝜈 + 1)(𝜈 + 2)𝑒(𝜈−1)ℓ𝜈𝜙 + (𝜈 − 1)(𝜈 − 2)𝑒(𝜈+1)𝜈ℓ𝜈𝜙] −
𝛼
2𝜈2

(𝑒𝜈ℓ𝜈𝜙 − 2 + 𝑒−𝜈ℓ𝜈𝜙)[2𝑒ℓ𝜈𝜙 − 𝑒(𝜈+1)ℓ𝜈𝜙(𝜈 + 1) + 𝑒(1−𝜈)ℓ𝜈𝜙(𝜈 − 1)]

𝒱(𝜙) = 𝒱Λ(𝜙) −
𝛼

2(𝜈2 − 4)

[

𝜈2(𝑒ℓ𝜈𝜙(𝜈−1) − 𝑒−𝜈ℓ𝜈𝜙(𝜈+1) − 𝑒ℓ𝜈𝜙(𝜈−1) + 𝑒−𝜈ℓ𝜈𝜙(𝜈+1) + 4𝑒−ℓ𝜈𝜙 − 4𝑒ℓ𝜈𝜙) + 3𝜈

(𝑒ℓ𝜈𝜙(𝜈−1) + 𝑒ℓ𝜈𝜙(𝜈+1) − 𝑒−ℓ𝜈𝜙(𝜈−1) − 𝑒−ℓ𝜈𝜙(𝜈+1)) + 2

(𝑒ℓ𝜈𝜙(𝜈−1) − 𝑒ℓ𝜈𝜙(𝜈+1) − 𝑒−ℓ𝜈𝜙(𝜈−1) + 𝑒−ℓ𝜈𝜙(𝜈+1)) − 4𝑒−ℓ𝜈𝜙 + 4𝑒ℓ𝜈𝜙
]

𝒱(𝜙) = 𝒱Λ(𝜙) −
𝛼

2(𝜈2 − 4)
[(2𝜈2 + 6𝜈 + 4)𝑠𝑖𝑛ℏ ℓ𝜈𝜙(𝜈 − 1) − (2𝜈2 − 6𝜈 + 4)𝑠𝑖𝑛ℏ ℓ𝜈𝜙(𝜈 + 1) + 8(1 − 𝜈2)𝑠𝑖𝑛ℏ ℓ𝜈𝜙]

𝒱(𝜙) =
Λ(𝜈2 − 4)

3𝜈2 [
(𝜈 − 1)

(𝜈 + 2)𝑒−ℓ𝜈𝜙(𝜈+1)
+

(𝜈 + 1)
(𝜈 − 2)𝑒ℓ𝜈𝜙(𝜈−1)

+
4(𝜈2 − 1)

(𝜈2 + 4)𝑒−ℓ𝜈𝜙
] + 𝛼

[
(𝜈 − 1)

(𝜈 + 2)𝑠𝑖𝑛ℏ
ℓ𝜈𝜙(𝜈 + 1) −

(𝜈 + 1)
(𝜈 − 2)𝑠𝑖𝑛ℏ

ℓ𝜈𝜙(𝜈 − 1) +
4(𝜈2 − 1)

(𝜈2 + 4)𝑒−ℓ𝜈𝜙
]

 

3.9. Tensores diferenciales para espacios cuánticos curvos.  
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𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 = 𝑑𝜒𝜇⨂𝑑𝜒𝜈 − 𝑑𝜒𝜈⨂𝑑𝜒𝜇 , 𝑑𝜒𝜇1 ∧⋅⋅⋅∧ 𝑑𝜒𝜇𝜌 =∑(−1)|𝜎|

𝜎

𝑑𝜒𝜎(𝜇1)⨂⋅⋅⋅⨂𝑑𝜒𝜎(𝜇𝜌), ℌ

=
1

𝜌!
ℋ𝜇1⋅⋅⋅𝜇𝜌𝑑𝜒

𝜇1 ∧⋅⋅⋅∧ 𝑑𝜒𝜇𝜌 , 𝒜 = Λ𝜇𝑑𝜒
𝜇 , ℱ

=
1

2ℱ𝜇𝜈𝑑𝜒
𝜇
∧ 𝑑𝜒𝜈 ⋆ (𝑑𝜒𝜇1 ∧⋅⋅⋅∧ 𝑑𝜒𝜇𝜌)

=
√−𝑔

(𝒟 − 𝜌)! 𝜖𝜇1⋅⋅⋅𝜇𝜌𝜈𝜌+1⋅⋅⋅𝜈𝔇𝑑𝜒
𝜈𝜌+1

∧⋅⋅⋅∧ 𝑑𝜒𝜈𝔇 , 𝑑𝒱 = 𝑑𝒟𝜒√−𝑔

=
√−𝑔

𝒟!
𝜖𝜇1⋅⋅⋅𝜇𝒟𝑑𝜒

𝜈1 ∧⋅⋅⋅∧ 𝑑𝜒𝜈𝔇 

4. Integral de Yang – Mills en espacios cuánticos curvos. 

𝑒𝑥𝑝 (−
1

2
∫ 𝑑𝜆4|𝜅𝔡Α + Α ∧ Α|

2

∞

ℂ4

)𝔇𝔄

= 𝑒𝑥𝑝 (−
1

2
∫ 𝑑𝜆4〈𝜅𝔡Α, Α ∧ Α〉

∞

ℂ4

+ 〈Α ∧ Α, 𝜅𝔡Α〉

+ |Α ∧ Α|2)  𝑒𝑥𝑝 (∫ 𝑑𝜆4|𝜅𝔡Α + Α ∧ Α|2
∞

ℂ4

)𝔇𝔄 

exp(−
1

2
∫ 𝑑𝜆4

∞

ℂ4

〈𝜅𝔡Α, Α ∧ Α〉 + 〈Α ∧ Α, 𝜅𝔡Α〉 + |Α ∧ Α|2) ∫ 𝑑𝜆4〈𝜅𝔡Α, Α ∧ Α〉

∞

ℂ4

∫ 𝑑𝜆4

∞

ℂ4

〈Α

∧ Α, 𝜅𝔡Α〉 ∫ 𝑑𝜆4

∞

ℂ4

|Α ∧ Α|2 , 〈𝜅𝔡Α(ω), 𝑑𝜒𝛼 ∧ 𝑑𝜒𝛽〉 = (Α, 𝜉𝛼𝛽
𝜅̃ (𝜔)) [Α𝑖Α𝑗](𝜔)

= Α𝑖(𝜔)Α𝑗(𝜔) = (Α⊗ Α, 𝜁𝑖(𝜔)⊗ 𝜁𝑗(𝜔)) , [Α𝑖,𝛼Α𝑗,𝛽 Α𝚤,𝛼̂Α𝑗,𝛽̂̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ](𝜔)

= 〈Α⊗ Α⊗ Α̅⊗ Α̅, 𝜒𝑖,𝛼,𝜔 ⊗𝜒𝑗,𝛽,𝜔⊗𝜒𝑖,𝛼̂,𝜔⊗𝜒𝑗,𝛽̂,𝜔〉 

Α =∑∑Α𝑖,𝛼

𝔑

𝛼=1

⨂𝑑𝜒𝑖 ⊗ℰ𝛼 , Α̅

3

𝑖=1

=∑∑Α𝚤,𝛼̅̅ ̅̅ ̅

𝔑

𝛼=1

⨂𝑑𝜒𝑖 ⊗ℰ𝛼
3

𝑖=1

 

∫ [Α𝑖,𝛼Α𝑗,𝛽 Α𝚤,𝛼̂Α𝑗,𝛽̂̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ](𝜔) = 〈Α⊗
2
⊗ Α̅⊗

2
, ∫ 𝑑𝜔

∞

𝜔∈ℝ4

𝜒𝑖,𝛼,𝜔⊗𝜒𝑗,𝛽,𝜔⊗𝜒𝑖,𝛼̂,𝜔⊗𝜒𝑗,𝛽̂,𝜔〉

∞

𝜔∈ℝ4

 



pág. 7221 

 

(Α𝑖1,𝛼1⨂ ⋅⋅⋅ Α𝑖3,𝛼3(𝜉𝛼𝛽
𝜅̃ (𝜔)⊗ ℰ𝛼1)⊗ 𝜋̃𝜔

⊗2

) = (Α𝑖1,𝛼1 , 𝜉𝛼𝛽
𝜅̃ (𝜔)⊗ ℰ𝛼1) ∏(

3

𝑗=2

Α𝑖𝑗,𝛼𝑗𝜋̃𝑖𝑗,𝛼𝑗,𝜔
⊗2

) 

∫ 𝑑𝜆4

∞

ℂ4

|Α ∧ Α|2 ≗
∑𝛾∑ ∑ ∑ 1∞

𝛼≤𝛽𝛼̂≤𝛽̂
∞
1≤𝑖≤𝑗≤3

3
𝜅=1

2
‖𝑐𝛾

𝛼𝛽
𝑐𝛾
𝛼̂𝛽̂
‖(Α𝑖,𝛼⨂Α𝑗,𝛽⨂Α𝚤,𝛼̂⨂Α𝑗,𝛽̂ 

∫ 𝑑𝜆4
∞

𝜔∈ℝ4

(𝜔)𝜋̃𝜔
⊗4

)#34 + (Α𝑖,𝛼⨂Α𝑗,𝛽⨂Α𝚤,𝛼̂⨂Α𝑗,𝛽̂ ∫ 𝑑𝜆4
∞

𝜔∈ℝ4

(𝜔)𝜋̃𝜔
⊗4

)#12 

∫ 𝑑𝜆4〈𝜅𝔡Α, Α ∧ Α〉 =

∞

ℂ4

∑∑ ∑ ∑ |𝑐𝛾
𝛼𝛽
|

∞

𝛼≤𝛽𝛼̂≤𝛽̂

∞

1≤𝑖≤𝑗≤3

3

𝜅=1

∞

𝛾

(

Α𝜅,𝛾⨂Α𝑖,𝛼⨂Α𝑗,𝛽

∫ 𝑑𝜆4(𝜔)(

∞

𝜔∈ℂ4

𝜉𝚤𝑗
𝜅̃(𝜔)⨂ℰ𝛾

)𝜋̃𝜔
⊗4

)#23  

∫ 𝑑𝜆4〈Α ∧ Α, 𝜅𝔡Α〉 =

∞

ℂ4

∑∑ ∑ ∑ |𝑐𝛾
𝛼𝛽
|

∞

𝛼≤𝛽𝛼̂≤𝛽̂

∞

1≤𝑖≤𝑗≤3

3

𝜅=1

∞

𝛾

(

Α𝜅,𝛾⨂Α𝑖,𝛼⨂Α𝑗,𝛽

∫ 𝑑𝜆4(𝜔)(

∞

𝜔∈ℂ4

𝜉𝚤𝑗
𝜅̃(𝜔)⨂ℰ𝛾

) 𝜋̃𝜔
⊗4

)#3  

𝔍𝔖
𝜅 ({Α𝑖,𝛼}𝑖,𝛼)

= 𝔗𝔯 𝒯̂ exp

[
 
 
 
 
 
 
 
 
 

1
𝜅
𝜅2

4
∫ 𝑑𝑠𝑑𝑡

∞

ℑ2

𝜇𝑠,𝑡
−1( ∑ |𝔍𝑖𝑗

𝜎 |

∞

0≤𝑖≤𝑗≤3

(
𝑝

𝑛
,
𝑞

𝑛
) /𝜂2𝔊(𝑠, 𝑡))

∑(Α𝛼

∞

𝛼

, 𝜉𝛼𝛽
𝜅 (

𝜅𝜎(𝑠, 𝑡)

2
⨂ℰ𝛼)⨂𝜌(ℰ𝛼)) + ∑ ∑ ∑ |𝔍𝑖𝑗

𝜎 | (
𝑝

𝑛
,
𝑞

𝑛
) /𝜂2

𝜂

𝑝,𝑞=1

𝜂

𝛼<𝛽

∞

1≤𝑖≤𝑗≤3

(𝑠, 𝑡)

∑∑|𝑐𝛾
𝛼𝛽
|

∞

𝛾

∞

𝛼<𝛽

(Α𝑖,𝛼⨂Α𝑗,𝛽𝜋̃𝜅𝜎(𝑠,𝑡)
2

⊗4

)⨂𝜌(ℰ𝛾)𝜇𝑠,𝑡
]
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𝒴𝜅 ({Α𝑖,𝛼}𝑖,𝛼)

=
|

|
exp−

1

2
∑∑ ∑ ∑ |𝑐𝛾

𝛼𝛽
|

∞

𝛼≤𝛽𝛼̂≤𝛽̂

∞

1≤𝑖≤𝑗≤3

3

𝜅=1

∞

𝛾

〈

Α𝜅,𝛾⨂Α𝑖,𝛼⨂Α𝑗,𝛽

∫ 𝑑𝜆4(𝜔)(

∞

𝜔∈ℂ4

𝜉𝑖𝑗
𝜅 (𝜔)⨂ℰ𝛼

〉 𝜋̃𝜔
⊗4

𝜋𝜔⨂𝜋𝜔̂) #23

−
1

2∑ ∑ ∑ ∑ |𝑐𝛾
𝛼𝛽
|∞

𝛼≤𝛽𝛼̂≤𝛽̂
∞
1≤𝑖≤𝑗≤3

3
𝜅=1

∞
𝛾 ‖

Α𝑖,𝛼⨂Α𝑗,𝛽⨂Α𝜅,𝛾

∫ 𝑑𝜆4(𝜔)𝜋𝜔
⊗4
⨂(

∞

𝜔∈ℂ4
Α𝛾𝜉𝑖𝑗

𝜅 (ω)Α𝛼(𝜔)⨂ℰ
𝛾
‖ 𝜋̃𝜔

⊗4
) #3

−

1

2∑ ∑ ∑ ∑ ‖𝑐𝛾
𝛼𝛽
‖∞

𝛼≤𝛽𝛼̂≤𝛽̂
∞
1≤𝑖≤𝑗≤3

3
𝜅=1

∞
𝛾 ‖𝑐𝛾

𝛼𝛽̂
‖

2
〈Α𝑖,𝛼⨂Α𝑗,𝛽⨂Α𝚤,𝛼̂⨂Α𝑗,𝛽̂ ∫ 𝑑𝜆4

∞

𝜔∈ℝ4

(𝜔)𝜋̃𝜔
⊗4
〉2
|

|

𝜓𝜑𝜚𝜅

𝜌𝜎≜

Ν𝜔
2 ∏1

4

𝑖=1

/2𝜛𝑒−|𝜔|
2
|𝜒𝜔|

2〈𝑑𝑝𝑖𝑑𝑞𝑗𝔼𝔜𝔐
𝜅 〉|𝒩𝜔|

2‖𝒴𝜌
𝜅𝒥𝛿

𝜅‖ 

𝔼(𝒴𝜅𝒴𝛿
𝜅)

[
 
 
 
 
 
 
exp

1
23𝜌𝜎

2𝜋𝜛4∑ 𝑒−|𝛽(𝑗)|
2Μ(𝜂)

𝑗=1

1

𝜂8Ν𝛽(𝜅)
2

]
 
 
 
 
 
 

= exp
1

2
Α ⋇ Α〈Ν1 ⋅⋅⋅ ΝΜ(𝜂)̂ 〉𝔗 = (1/det(1 − Α ⋇ Α)) 

1
2

≤ exp(
𝑐

2
𝔗𝔯(Α ⋇ Α)) = exp 〈

1
2
3𝜌𝑐

2𝜋𝜛4∑ 𝑒−|𝛽(𝑗)|
2Μ(𝜂)

𝑗=1 1

𝜂8
〉

⟶ exp

[

1
23𝑐

2𝜋𝜛4 ∫ 𝑒−|𝜔|
2∏ 𝜅𝜎𝔊(𝑠, 𝑡)𝑑𝑝𝑖𝑑𝑞𝑗𝜋̃𝜅𝜎(𝑠,𝑡)

2

⊗44
𝑖=1

∞

𝜔∈ℂ4

] 𝜌𝜅

4 ∫ 𝑑𝑠𝑑𝑡
∞

ℑ2

 

〈Μ𝑖,𝜅𝜎𝔊(𝑠,𝑡)
2

𝛼 ⨂Μ𝑗,𝜅𝜎𝔊(𝑠,𝑡)
2

𝛽 〉 〈Μ 𝑖,𝜅𝜎

(
𝑝
𝑛
,
𝑞
𝑛
)/𝜂2

𝛼 ⨂Μ 𝑗,𝜅𝜎

(
𝑝
𝑛
,
𝑞
𝑛
)/𝜂2

𝛽 〉 〈𝜋𝑖|𝜔|𝜎𝜅𝜋𝑗|𝜔|𝜎𝜅〉∫ 4𝜂 ∑
∑ ∑ |𝔍𝛼𝛽

𝜎 |
𝜂
𝑞=1

𝜂
𝑝=1 (

𝑝
𝑛 ,
𝑞
𝑛)

1

𝜂

1𝛼<𝛽<3

/𝜂2 (
𝜅

4
) /(2𝜋)2𝜅4〈2/𝜅√2𝜋〉4 
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|∑ |𝑐𝛾
𝛼𝛽
|

𝜂

𝛼<𝛽

Μ𝑖,𝜅𝜎(𝑠,𝑡)
2

𝛼 ⨂Μ𝑗,𝜅𝜎(𝑠,𝑡)
2

𝛽
|

< Ν‖𝛼(𝜓)‖‖𝛽(𝜓̂)‖
√
∑ √Μ𝑖,𝜅𝜎𝔊(𝑠,𝑡)

2

𝛼
√Μ𝑗,𝜅𝜎𝔊(𝑠,𝑡)

2

𝛽

√
Μ 𝑖,𝜅𝜎

(
𝑝
𝑛
,
𝑞
𝑛
)

1/𝜂2

𝛼

√
Μ 𝑗,𝜅𝜎

(
𝑝
𝑛
,
𝑞
𝑛
)

1/𝜂2

𝛽

𝜂

𝛼<𝛽

 

|

|
∑ |𝑐𝛾

𝛼𝛽
|

𝜂

𝛼<𝛽

Μ 𝛼,𝜅𝜎

(
𝑝
𝑛
,
𝑞
𝑛
)

1
𝜂2

𝛼 ⨂Μ 𝛽,𝜅𝜎

(
𝑝
𝑛
,
𝑞
𝑛
)

1
𝜂2

𝛽

|

|

|∑ |𝑐𝛾
𝛼𝛽
|

𝜂

𝛼<𝛽

Μ𝛼,𝜅𝜎𝔊(𝑠,𝑡)
2

𝛼 ⨂Μ𝛽,𝜅𝜎𝔊(𝑠,𝑡)
2

𝛽
| ∫|𝜎𝛼

′ 𝜎𝛽̇𝜎𝛽
′𝜎𝛼̇|(𝑠, 𝑡) 𝑑𝑠𝑑𝑡

∞

ℑ2

∑‖ℬ(𝛾)‖

𝜂

𝛾

⟶ ∑ ‖ℬ(𝛼𝛽𝛾𝛿𝜀𝜖𝜁𝜂𝜃𝜗𝜄𝜅𝜆𝜇𝜈𝜉𝜊𝜋𝜛𝜌𝜚𝜎𝜍𝜏𝜐𝜑𝜙𝜒𝜓𝜔)‖∞
∞

𝛼𝛽𝛾𝛿𝜀𝜖𝜁𝜂𝜃𝜗𝜄𝜅𝜆𝜇𝜈𝜉𝜊𝜋𝜛𝜌𝜚𝜎𝜍𝜏𝜐𝜑𝜙𝜒𝜓𝜔

 

1

𝔷𝔗𝔯 ∫ ℑ𝑒∫ ∑ Λ𝑖⨂𝑑𝜒
𝑖

𝑖
∀

𝒞
∞

Λ
𝑒
−

1

2∫ ∑ |𝑑Λ+Λ∧Λ|2⨂𝑑𝜒𝑖𝑖
∀

ℝ4 𝒟𝒜

= 𝔼𝒴ℳ
𝜅 ‖𝒥𝛿‖

=
1

𝔼‖𝒴𝜅‖𝔼|𝒥𝛿
𝜅 ⋅ 𝒴𝜌𝜎

𝜅 |ℝ4 ∫ |𝑑𝜆4√
3
2𝜋√

2

𝜅4√2𝜋
|

2

〈
2

𝜅√2𝜋
〉4 = ∫ 𝜉𝚤𝑗

𝜅(𝜔)̂∞

𝜔∈ℂ4
∞

ℂ4
|

|
𝜋𝜅𝜎𝔊(𝑠,𝑡)

2

⊗4
𝜋 𝜅𝜎

(
𝑝
𝑛
,
𝑞
𝑛
)

1
𝜂2

⊗4

|

|

|

|
𝜋𝜅𝜎𝔊(𝑠,𝑡)

2

⊗4
𝜋 𝜅𝜎

(
𝑝
𝑛
,
𝑞
𝑛
)

1
𝜂2

⊗4̂

|

|
|𝜋𝜔

⊗4̂
|
𝜅𝜎
|𝜋𝜔

⊗4
|
𝜌𝜎

𝜅𝜎

 

⨂ℰ𝑠,𝑡
𝛾
∑∑‖𝑐𝛾

𝛼𝛽
‖ 〈Α𝑖,𝛼⨂Α𝑗,𝛽𝜋𝜅𝜎𝔊(𝑠,𝑡)

2

⊗4
〉

∞

𝛼<𝛽

∞

𝛾

⨂ℰ𝑠,𝑡
𝛼 ∫ 𝑑𝜏𝒫𝑠,𝑡

𝑖,′(𝜏)𝜛𝜌𝑠,𝑡(𝜏)⨂𝑑𝜒
𝑖

𝜂

ℐ

⨂ℰ𝑠,𝑡
𝛽
⨂4𝜇∑|𝜌(ℰ𝛼)⨂𝜌(ℰ𝛽)|

𝜂
∫ 𝜌𝛿⨂𝜇
𝜅

𝛿

𝜂

𝛼𝛽

⊠∏∫ 𝑑𝑠𝑖⨂𝑑𝑡𝑖⨂𝑑𝑠𝑗⨂𝑑𝑡𝑗

𝜂

ℐ2𝜂

𝜂

𝑖,𝑖=1

 

5. Supersimetría de Yang- Mills en espacios cuánticos curvos. 
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𝒪𝜌 = (𝜒, 𝛾) = Τ𝑟[𝜙(𝜒, 𝛾)𝜌], 𝒪(𝜒, 𝛾)

= ∑
1

𝜌

∞

𝜌=2

(
16𝜋4

𝑐
)

𝜌/4

𝒪𝜌(𝜒, 𝛾), 〈𝒪(𝜒1, 𝛾1)𝒪(𝜒2, 𝛾2)𝒪(𝜒3, 𝛾3)𝒪(𝜒4, 𝛾4)〉

+
ℐ4(𝜒𝜄, 𝛾𝑗)

2𝑐
∑(

𝜆

4𝜋2
)
ℓ

1/ℓ!

∞

ℓ=1

∫𝑑4 𝜒5
(−4𝜋2)

⊗
𝑑4𝜒4+ℓ

(−4𝜋2)𝑓(ℓ)(𝜒𝜄𝑗
2 )
, 𝜒𝜄𝑗

2 ≅ 𝜒𝜄𝑗
2 − 𝛾𝜄𝑗

2 = 𝜒𝜄𝑗
2 (1 − 𝑔𝑖𝑗), 𝑓

(ℓ)(𝜒𝜄𝑗
2 )

=∑𝑐𝛼
(ℓ)𝑓𝛼

(ℓ)

𝛼

(𝜒𝜄𝑗
2 ), 𝑓𝛼

(ℓ)
(𝜒𝜄𝑗

2 )

=
1

|𝑎𝑢𝑡 (𝛼)|
∑ ∏

1

(𝜒𝜎𝜄𝜎𝑗
2 )

𝑒𝚤𝑗
𝛼 ∫𝑑𝜇⨂−

1

𝜋2
∫𝑑4𝜒1⊠𝑑4𝜒2⊞𝑑4𝜒3

4+ℓ

℩,𝑗=1𝜎∈𝛿ℓ+4

⊞
𝑑4𝜒4

𝑣𝑜𝑙[𝒮𝒪(2,4)]
, 𝒞(𝜆; 𝑔𝑖𝑗)

−∑(
𝜆

4𝜋2
)
ℓ

⨂∫𝑑4𝜒1⊠𝑑4𝜒2⊞𝑑4𝜒3⊞

𝑑4𝜒4
𝑣𝑜𝑙[𝒮𝒪(2,4)]

𝑓(ℓ) (𝜒𝜄𝑗
2 (1 − 𝑔𝑖𝑗))

𝜋2ℓ!
(−4𝜋2)ℓ, 𝒞(𝜆; 𝑔𝑖𝑗)

∞

ℓ=1

=∑
(
𝜆
4𝜋2

)
ℓ

⨂1

ℓ! (−4)ℓ+1∑ 𝑐𝛼
(ℓ)
𝒫
𝑓𝛼
(ℓ)𝑓𝛼

(ℓ)
𝛼

∞

ℓ=1

 (1 − 𝑔𝑖𝑗), 𝒫𝑓𝛼
(ℓ)

=
1

(𝜋2)ℓ+1 ∫𝑑4𝜒1⊠𝑑4𝜒2⊞𝑑4𝜒3⊞
𝑑4𝜒4

𝑣𝑜𝑙[𝒮𝒪(2,4)]
𝑓𝛼
(ℓ)
(𝜒𝜄𝑗

2 ), 𝑓(1)(𝜒𝜄𝑗
2 ) =

1
∏𝜓1≤𝑖≤𝑗≤5 𝜒𝜄𝑗

2 −
1

1! (−4)1

𝒫𝑓(1)

/∏𝜓
1≤𝑖≤𝑗≤4

 (1 − 𝑔𝑖𝑗) 
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𝑓(2)(𝜒𝜄𝑗
2 ) =

1

48
∑

𝜒𝜎1𝜎2
2 𝜒𝜎3𝜎4

2 𝜒𝜎5𝜎6
2

∏𝜓1≤𝑖≤𝑗≤5 𝜒𝜄𝑗
2 −

𝒫𝑓(2)

2! (−4)2
𝑔12𝑔34 + 𝑔13𝑔24

𝜎∈𝛿6

+ 𝑔14𝑔23 − 3 ∑ 𝑔𝑖𝑗
1≤𝑖≤𝑗≤4

+
15

∏𝜓1≤𝑖≤𝑗≤4
(1 − 𝑔𝑖𝑗) −

𝒫𝑓(2)

2! (−4)2
(
12

1
− 𝑔34 + 3)𝑔34

2 𝑔34
2 𝜋6𝜕𝜁, 𝒞(𝜆; 𝛾𝑖𝛾𝑗)

=
∑ 𝜆ℓ∞
ℓ=1 ∑ 4(−1)𝜈+ℓ+1Γ(ℓ +

3
2
)
2

∞
𝜈=2 𝜁(2ℓ + 1)

𝜋2ℓ+1Γ(ℓ + 2 − 𝜈)Γ(ℓ + 𝜈 + 1)
ℱ𝜈(𝛾𝜄), ℱ𝜈(𝛾𝜄)

=
𝛿𝜈−2,𝜈−2,1,1(𝛾𝜄)

∏𝜓1≤𝑖≤𝑗≤4
(1 − 𝛾𝜄𝛾𝑗), 𝛿𝜈1,𝜈2,𝜈3,𝜈4(𝛾𝜄)

= det (𝛾𝜄
4+𝜈𝑗−𝑗)

𝑖,𝑗=1,2,3,4
∏𝜓

1≤𝑖≤𝑗≤4
(𝛾𝜄 − 𝛾𝑗), 𝒞𝜌1,𝜌2,𝜌3,𝜌4(𝜆)

⊠ 𝒞(𝜆; 𝛾𝑖𝛾𝑗)|𝛾1
𝜌
1−2𝛾2

𝜌
2−2𝛾3

𝜌
3−2𝛾4

𝜌
4−2

 

𝜁(𝜂)Γ(𝜂 + 1) = 2𝜂−1∫
𝑑𝜔𝜔𝜂

𝑠𝑖𝑛ℏ2(𝜔)
,

∞

0

 𝒞(𝜆; 𝛾𝑖𝛾𝑗)

= ∫
𝜔𝑑𝜔

𝑠𝑖𝑛ℏ2(𝜔)
∑ [𝒥𝜈−1(𝜇)

2 − 𝒥𝜈(𝜇)
2]ℱ𝜈(𝛾𝜄), 𝒞2,2,𝜌,𝜌(𝜆)

∞

𝜈=2

∞

0

= ∫
𝜔𝑑𝜔

𝑠𝑖𝑛ℏ2(𝜔)
(𝒥𝜄(𝜇)

2−𝒥𝑗(𝜇)
2),

∞

0

𝒞3,3,𝜌,𝜌(𝜆)

= ∫
𝜔𝑑𝜔

𝑠𝑖𝑛ℏ2(𝜔)
(3𝒥1(𝜇)

2−4𝒥2(𝜇)
2 − 2𝔍𝜌+1(𝜇)

2)
∞

0

 

𝒞(𝜆; 𝛾𝑖𝛾𝑗)|𝑠𝑡𝑟𝑜𝑛𝑔

=∑(
1

2𝜈(𝜈 − 1)

∞

𝜈=2

+∑4𝜂(−1)𝜂
∞

𝜂=1

Γ (𝜂 +
1

2
) Γ (𝜈 + 𝜂 −

1

2
) 𝜁(2𝜂 + 1)

/𝜆𝜂+
1
2√𝜋Γ(𝜂 −

1

2
) Γ (𝜈 − 𝜂 +

1

2
))ℱ𝜈(𝛾𝜄) 
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Δ𝒞(𝜆; 𝛾𝑖𝛾𝑗) = ±
𝜄

2
∑(−1)𝜈(2𝜈 − 1)2 (

8𝐿𝑖0(𝑧)

(2𝜈 − 1)2
+
2𝐿𝑖1

𝜆
1
2

∞

𝜈=2

+ (4𝜈2 − 4𝜈 +
5𝐿𝑖2(𝓏)

4𝜆
))ℱ𝜈(𝛾𝜄), ℰ(𝛿; 𝜏, 𝜏̃)

= ∑ 𝜏2
𝛿/𝜋𝛿|𝑚 + 𝜂𝜏|2𝛿

(𝑚,𝑛)≠(0,0)

, 𝔇𝔑(𝛿; 𝜏, 𝜏̃)

=
∑ 𝑒

−
4√𝒩𝜋|𝑚+𝜂𝜏|

√𝜏2(𝑚,𝑛)≠(0,0) 𝜏2
𝛿

𝜋𝛿|𝑚 + 𝜂𝜏|2𝛿
, 𝒞(𝜏, 𝜏̃; 𝛾𝑖𝛾𝑗)

= ∑[
1

2(𝜈 − 1)𝜈
− 2𝜈 −

1

24𝒩
3
2𝔈(

3
2 ; 𝜏, 𝜏̃)

+ 3(2𝜈 − 3)(4𝜈2 − 1)/28𝒩
5
2𝔈(

5

2
; 𝜏, 𝜏̃)

∞

𝜈=2

± 2𝜄(−1)𝜈𝔇𝔑(0; 𝜏, 𝜏̃)] ℱ𝜈(𝛾𝜄), lim
𝜒𝑖,𝑖+1
2 ⟶0

〈𝒪𝒪𝒪𝒪〉

〈𝒪𝒪𝒪𝒪〉𝑓𝑟𝑒𝑒

=ℳ2 −∑(𝜆/4𝜋2)ℓℓ +
1

22ℓ+1
(
2ℓ ⋯ 2
⋮ ⋱ ⋮
ℓ ⋯ 1

)

∞

ℓ=1

(𝛾2 − 1)2ℓ/𝛾2ℓ𝜁(2ℓ + 1) 

6. Modelo de interacción de partículas y antipartículas en espacios cuánticos curvos. 

6.1. Comportamiento de las partículas y antipartículas deformantes del espacio cuántico. 

ℋ𝑖𝑛𝑡 =
1

2ℏ𝜇𝜈𝒯
𝜇𝜈
, Γ𝑠𝑝𝑜𝑛 =

2𝜋

ℏ2⟨𝑓|ℋ̂𝑖𝑛𝑡|℩⟩
2𝒟(𝜔)

, ℋ̂𝑖𝑛𝑡,ℓ =

ℒ

𝜋2√
ℳℏ
𝜔ℓ

(−1)ℓ−
1
2

ℓ2(𝛽̂ℓ𝛽̂ℓ
†)ℏ̂̈

, Γ𝑠𝑝𝑜𝑛 =
8𝔊𝔐ℒ2𝜔ℓ

4

ℓ4𝜋4𝑐5

=
8𝜋𝔊𝜌𝜈𝛿

4ℛ2

ℒ𝑐5
, Γ𝑠𝑡𝑖𝑚 =

ℳℒ2𝜔ℓ
2ℏ2

4ℓ4𝜋4ℏ
=

𝜈𝛿
2

4ℓ2𝜋3ℏ
ℳℎ2,ℳ

=
𝜋2ℏ𝜔3

𝜈𝛿
2𝜒(ℏ,𝜔, 𝑡)2

, 𝑚𝜉𝜂̈ +𝑚𝜔𝔇
2 (2𝜉𝜂 − 𝜉𝜂−2 − 𝜉𝜂+2), 𝜉𝜂(𝑡)

= 𝑒−𝜄𝜔𝑡 (Λ𝑒
𝜄𝜅η𝛼
2 + 𝛽𝑒−

𝜄𝜅η𝛼
2 ) +ℋ⨂𝑐,

𝑑𝜉𝜂

𝑑𝜂
|
𝜂=±Ν

𝜉𝜂(𝑡)

= ∑ 𝜒ℓ(𝑡) cos [
ℓ𝜋𝜂

(2Ν)
] + ∑ 𝜒ℓ(𝑡)

Ν

ℓ=1,3

Ν−1

ℓ=0,2

sin [
ℓ𝜋𝜂

(2Ν)
] 
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∑ cos[ℓ𝜋𝜂/2(Ν + 1)] cos[ℓ′𝜋𝜂/2(Ν + 1)]

Ν

𝜂=±Ν

= Ν + 1/2 𝛿ℓℓ′ ∑ sin[ℓ𝜋𝜂/2(Ν + 1)] sin[ℓ′𝜋𝜂/2(Ν + 1)]

Ν

𝜂=±Ν

= Ν + 1/2 𝛿ℓℓ′ , ∑ cos[ℓ𝜋𝜂/2(Ν + 1)] sin[ℓ′𝜋𝜂/2(Ν + 1)],

Ν

𝜂=±Ν

 

𝜉𝜂(𝑡) = ∑ 𝜒ℓ(𝑡) cos [
ℓ𝜋𝜂

(2Ν + 1)
] + ∑ 𝜒ℓ(𝑡)

Ν

ℓ=1,3

Ν−1

ℓ=0,2

sin [
ℓ𝜋𝜂

(2Ν + 1)
] , 𝜒̈ℓ +𝜔ℓ

2𝜒ℓ , 𝔈

=
𝑚

2
∑ 𝜉̇𝜂

2 +
𝑚𝜔𝔇

2

2

Ν

𝜂=±Ν

∑ (𝜉𝜂−2 − 𝜉𝜂)
2
=
𝑚

4
∑𝜒̇ℓ

2 +
ℳ

4
∑𝜔ℓ

2𝜒ℓ
2

Ν

ℓ=0

Ν

ℓ=0

Ν−2

𝜂=±Ν

∫ 𝑑𝑥𝜒ℓ

ℒ
2

−
ℒ
2

(𝜒)2

=
ℒ

2
, 𝜇ℓ = ∫ 𝑑𝑥𝜌(𝜒)𝜒ℓ(𝜒)

2 =
ℳ

ℒ

ℒ
2

−
ℒ
2

∫ 𝑑𝑥𝜒ℓ

ℒ
2

−
ℒ
2

(𝜒)2 =
ℳ

2
, 𝑓(𝑥) = −𝑚∇𝜙

= −𝑚∇(

1
2𝜕

2𝜙

𝜕𝜒2
𝜒2) = 𝑚

ℏ̈𝑥𝑥
4 ∇(𝜒2) = 𝑚

ℏ̈𝑥𝑥
2 (𝜒𝜂 + 𝜉𝜂) 

ℋ̂ℓ = −𝑚
ℏ̈𝑥𝑥
2

∑ (𝜒𝜂𝜉𝜂 +
𝜉𝜂
2

2
)

Ν

𝜂=±Ν

−𝑚
ℏ̈𝑥𝑥
2

∑ 𝜒𝜂𝜉𝜂

Ν

𝜂=±Ν

≈ −
ℳℒℏ̈𝑥𝑥

𝜋2∑
(−1)ℓ−

1
21

ℓ2𝜒ℓ(𝑡)
− 𝑚

ℏ̈𝑥𝑥
4

Ν
ℓ=1,3 ∑ 𝜉𝜂

2Ν
𝜂=±Ν

= −
ℳℒℏ̈𝑥𝑥

8
∑𝜒ℓ

2

Ν

ℓ=0

, ℋ̂ℓ =∑ℋ̂ℓ
𝑙

Ν

ℓ=0

=
ℳℒℏ̈𝑥𝑥

𝜋2∑
(−1)ℓ−

1
21

ℓ2𝜒ℓ
Ν
ℓ=1,3

−
ℳℒℏ̈𝑥𝑥

8
∑𝜒̂ℓ

2

Ν

ℓ=0

, ℋ̂ℓ
𝑙,𝜊𝑑𝑑

= −
ℳℒℏ̈𝑥𝑥
𝜋2

(−1)ℓ−
1
21

ℓ2
√

ℏ

ℳ𝜔ℓ
(𝛽̂𝑙+𝛽̂𝑙

†)
2
, ℋ̂ℓ

𝑙,𝑒𝑣𝑒𝑛 = −
ℏ̈𝑥𝑥
8
ℏ/𝜔ℓ(𝛽̂𝑙+𝛽̂𝑙

†)
2
 

ℋ̂𝑖𝑛𝑡 =

ℏ√
(−1)ℓ−

1
28𝜋𝔊ℳ𝜈3

𝜔ℓ𝑐
2𝒱

ℒ

𝜋2ℓ2(𝛽̂𝑙+𝛽̂𝑙
†)(𝛼̂𝑒−𝑖𝜈𝑡 + 𝛼̂†𝑒𝑖𝜈𝑡)

, Γ𝑠𝑡𝑖𝑚 =
2𝜋

ℏ2|⟨𝛼⟨1|ℋ̂𝑖𝑛𝑡|𝛼⟩|0⟩|
2
𝒟(𝜔)

, Γ𝑠𝑡𝑖𝑚

=

|𝛼|2

ℓ4
8𝜋𝔊ℳℒ2𝜔ℓ

4

𝜋4𝑐5
,𝒩 =

ℏ0
2𝑐5

32𝜋𝔊ℏ𝜈2
, Γ𝑠𝑡𝑖𝑚 =

1
ℓ4
ℳℒ2𝜔ℓ

2ℏ0
2

4𝜋5ℏ
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ℋ̂ = ℏ𝜔𝛽̂𝑙
†𝛽̂𝑙 +

1

𝜂2ℒ
√
ℳℏ

𝜔
ℏ̈(𝑡)(𝛽̂𝑙

†+𝛽̂𝑙), 𝔘̂𝑖𝑛𝑡 = 𝒯̂𝑒
−𝑖 ∫ 𝑑𝑠(𝑔(𝛿)𝛽̂(𝛿)+𝑔⊛(𝛿)𝛽̂†(𝛿))

𝑡

0 , 𝑔(𝑡)

=
1

𝜋2ℒ√
ℳℏ
𝜔

ℏ̈(𝑡)

, 𝔘̂𝑖𝑛𝑡 = 𝜖Ω(𝑡), Ω(𝑡)

= ∫ 𝑑𝑡1Λ̂
𝑡

0

(𝑡1) +
1

2
∫ 𝑑𝑡1

𝑡

0

∫ 𝑑𝑡2

𝑡

0

[Λ̂(𝑡1), Λ̂(𝑡2)], 𝔘̂𝑖𝑛𝑡

= 𝑒
−𝑖 ∫ 𝑑𝑠(𝑔(𝛿)𝛽̂(𝛿)+𝑔⊛(𝛿)𝛽̂†(𝛿))

𝑡

0 𝑒−𝜄𝜑, 𝔘̂ = 𝑒−𝜄𝜑𝑒−𝜄𝜔𝑡𝛽̂
†𝛽̂𝒟̂(𝛽), 𝛽

= −𝑖∫ 𝑑𝑠𝑔⊛(𝛿)𝑒𝜄𝜔𝛿
𝑡

0

, 𝑒−𝜄𝜑 ||𝛽𝑒−𝜄𝜔𝑡𝛽̂
†𝛽̂⟩ , |𝛽| =

ℒ

𝜋2√
ℳ
𝜔ℏ

𝜒(ℏ,𝜔, 𝑡), 𝜒(ℏ, 𝜔, 𝑡)

= |∫ 𝑑𝑠ℏ̈
𝑡

0

(𝛿)𝑒𝜄𝜔𝛿| , 𝜈(𝑡) = (
1

𝜈0

8
3

−
8

3
𝜅𝑡)

−
3
8

, 𝜅 =
𝜅𝑓

(2𝜋)
8
3

=

96

5𝜛(
𝜋𝔊ℳ𝑐

𝑐3
)

5
3
1

(2𝜋)
8
3

=
48

5 (
𝔊ℳ𝑐

2𝑐3
)

5
3

, 𝜏 =
2Δ𝜔

𝜅𝜔
11
3

, 𝜒 = |∫
𝑑𝑠𝑒𝜄𝜔𝛿ℏ0𝜈

2𝑡

2
𝑠𝑖𝑛𝑐 (

𝛿𝑡

2
)

𝑡

0

| , 2Δ𝜔 =
8

𝑇
, 𝜏

= 2√
2

𝜅
 𝜔

11
6  

𝜒 ≈ ℏ0𝜔 |∫ 𝑑𝑠𝑒𝜄𝜔𝛿𝑠𝑖𝑛(𝜔𝛿)
𝜏

0

| =
ℏ0𝜔

4
√2 + 4𝜔2𝜏2 − 2cos(2𝜔𝜏) − 4𝜔𝜏 sin(2𝜔𝜏) , 𝜒(𝜏) ≈

ℏ0𝜔
2𝜏

2
𝜒

≈ ℏ0√
2

𝜅
𝜔
1
6 = ℏ0√

5

24
(
2𝑐3

𝔊ℳ𝑐
)

5
6

𝜔
1
6,ℳ =

𝜋2ℏ𝜔3

𝜈𝛿
2𝜒2

≈
𝜋2ℏ𝜅

2𝜈𝛿
2ℏ0

2𝜔
8
3

=

24𝜋2

5
ℏ

ℏ0
2𝜈𝛿

2 (
2𝑐3

𝔊ℳ𝑐
)

5
3
𝜔
8
3

, 𝒫(𝑡) =

ℒ2

𝜋4ℳ
𝜔ℏ|𝜒(𝑡)|2

=
ℏ0
2𝜔𝜏2ℳ𝜈𝛿

2

4𝜋2ℏ
, Γ𝑚𝑐 =

𝑑𝒫(t)

𝑑𝑡

=
ℏ0
2𝜔𝜏2ℳ𝜈𝛿

2

2𝜋2ℏ
=
ℏ0
2𝒩𝑐ℳ𝜈𝛿

2

𝜋ℏ
, ℏ0 = √

𝜋𝜅𝛽𝒯

ℳ𝜈𝛿
2𝒬𝒩𝑐
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𝒫(𝜈,𝜔, 𝑡) ≈ |𝛽(𝜈, 𝜔, 𝑡)|2 ≈
(ℏ0

2𝜔3ℳℒ2)𝑠𝑖𝑛2 [
1
2
𝑡(𝜈 − 𝜔)]

ℏ(𝜈 − 𝜔)2𝜋4
, 𝒫(𝜔, 𝑡)

=

∑ |𝛽(𝜈, 𝜔, 𝑡)|2𝜈 ∫ 𝑑𝜈𝔇(𝜈)|𝛽(𝜈, 𝜔, 𝑡)|2 =
𝔇(𝜔)(ℏ0

2𝜔3ℳℒ2)
ℏ

𝜔+
𝛿
2

𝜔−
𝛿
2

𝜋4 ∫ 𝑑𝜈
𝜔+

𝛿
2

𝜔−
𝛿
2

𝑠𝑖𝑛2 [
1
2
𝑡(𝜈 − 𝜔)]

(𝜈 − 𝜔)2

=
𝔇(𝜔)(ℏ0

2𝜔3ℳℒ2)

ℏ𝜋4
Ξ(𝑡),∑ = ∫𝑑𝜈𝒟(𝜈)

𝜈

=
∫𝑑𝜈𝒱𝜈2

2𝜋2𝑐3
, 𝒫(𝜔, 𝑡) ≈

𝔇(𝜔)(ℏ0
2𝜔3ℳℒ2)

2ℏ𝜋3

= Γ𝑠𝑡𝑖𝑚𝑡 , Γ𝑠𝑡𝑖𝑚 =
𝔇(𝜔)(ℏ0

2𝜔3ℳℒ2)

2ℏ𝜋3
=
𝒱ℏ0

2𝜔5ℳℒ2

4ℏ𝜋5𝑐4
= ℏ0

2
ℳ𝜈𝛿

2

4ℏ𝜋3
, ℏ𝑐 ≡ 2𝜋√

𝜋𝜅𝛽𝒯

ℳ𝜈𝛿
2𝒬

, ℋ̂𝜔𝑙

= ℏ𝜔𝑙 (𝛽̂𝑙
†+𝛽̂𝑙 +

1

2
) , |𝜓ℳ⟩ = (2𝜋𝑡𝑚)

1
4∫𝑑𝜒𝑒

−
𝜒2

4𝑡𝑚 |𝜒⟩,ℋ̂𝑖𝑛𝑡
ℳ𝑑𝑡 = √𝑑𝑡𝜌̂Ν̂, ℳ̂Ν̂(𝛾)

= ⟨𝛾| 𝑒−𝑖ℋ̂𝑖𝑛𝑡
ℳ 𝑑𝑡| 𝜓ℳ⟩ = (2𝜋𝑡𝑚)

−
1
4 exp [−

(𝛾 − Ν̂√𝑑𝑡)
2

4𝑡𝑚
] , ℳ̂Ν̂(𝑟)

= (
2𝜋𝑡𝑚
𝑑𝑡

)
−
1
4
exp {[−

𝑑𝑡(𝑟 − Ν̂)
2

4𝑡𝑚
]} , 𝜌(𝑡 + 𝑑𝑡)

= 𝒟[𝑑𝑡𝛽′(𝑡)]ℳ̂Ν̂[𝑟(𝑡)]𝜌(𝑡)ℳ̂
†
Ν̂[𝑟(𝑡)]𝒟[−𝑑𝑡𝛽

′(𝑡)]/𝑡𝑟{ℳ̂Ν̂[𝑟(𝑡)]𝜌(𝑡)ℳ̂
†
Ν̂[𝑟(𝑡)]} 

6.2. Modelo fotónico aplicable a partículas y antipartículas deformantes del espacio cuántico 

curvo.  
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[∇2 + 𝜇(𝑟)𝜖(𝑟)𝜅2]𝜇𝜉(𝜅, 𝑟), 𝔈̂(𝑟) = 𝜄∑√
ℏ𝑐𝜅

2𝜖0𝜀(𝑟)
𝜇𝜉(𝜅, 𝑟)

𝜉,𝜅

(𝛼𝜉𝜅
† + 𝛼𝜉𝜅) ,

ℋ

ℏ

= 𝜔0𝜎+𝜎− +∑𝑐𝜅

𝜉,𝜅

𝛼𝜉𝜅
† 𝛼𝜉𝜅 +∑𝑔(𝑟) (𝛼𝜉𝜅𝜎+ + 𝛼𝜉𝜅

† 𝜎−) ,

𝜉,𝜅

𝑔𝜉(𝜅, 𝑟)

= √
ℏ𝑐𝜅

2𝜖0𝜀(𝑟)
𝑑⨂𝜇𝜉(𝜅, 𝑟)∫ 𝜅𝑑𝜅𝜌(𝜅)

∞

0

𝜇𝜉(𝜅, 𝑟)𝜇𝜉(𝜅, 𝑟
′)𝑒−𝑖𝑐𝜅𝜏

=∑𝓏𝜉𝜂𝜈𝜉𝜂
𝜂

(𝑟)𝜈𝜉𝜂(𝑟
′)Θ(𝜏 − Δ𝑡(𝑟, 𝑟

′))𝑒
−𝑖𝑐𝓏𝜉𝜂𝜏,

𝑑

𝑑𝑡𝑐̃0(𝑡)

= −∫𝑑𝑡′
𝑡

0

∑∫𝑑𝜅𝜌(𝜅)𝑔𝜉
2(𝜅)𝑒𝑖(𝜔0−𝑐𝜅)(𝑡−𝑡

′)𝑐̃0(𝑡
′)

𝜉

,
𝑑

𝑑𝑡𝑐̃0(𝑡)

= −∫𝑑𝑡′
𝑡

0

∑𝑔𝜉𝜂
2

𝜉,𝜂

𝑒
𝑖(𝜔0−𝑐𝓏𝜉𝜂𝜏)(𝑡−𝑡

′)
𝑐̃0(𝑡

′),
𝑖𝑑

𝑑𝑡
𝑐̃0(𝑡)

=∑𝑔𝜉𝜂
𝜉𝜂

𝑒
𝑖(𝜔0−𝑐𝓏𝜉𝜂𝜏)𝑡𝛽̃𝜉𝜂(𝑡),

𝑖𝑑

𝑑𝑡
𝛽̃𝜉𝜂(𝑡) = 𝑔𝜉𝜂𝑒

𝑖(𝜔0−𝑐𝓏𝜉𝜂𝜏)𝑡𝑐̃0(𝑡), 𝑔𝜉𝜂(𝑟)

= √
ℏ𝑐𝓏𝜉𝜂𝜏

2𝜖0𝜀(𝑟)
𝑑⨂𝜈𝜉(𝑟), 𝔈+ |𝜓(𝑡)⟩ = 𝑖∑√

ℏ𝑐𝓏𝜉𝜂𝜏

2𝜖0𝜀(𝑟)
𝜉,𝜂

𝜈̂𝜉𝜂(𝑟)𝛽̃𝜉𝜂(𝑡 − ∆𝑡)𝑒
−𝑖𝑐𝓏𝜉𝜂𝜏, 𝒵𝑙

= (√𝜖𝜅𝑟) =
1

√ℐ𝑚(𝜅) {
𝜂𝑙(𝜅)𝑗𝑙(√𝜖𝜅𝑟)

𝛼𝑙(𝜅)𝑗𝑙(𝜅𝑟) + 𝛽𝑙(𝜅)𝛾𝑙(𝜅𝑟)
𝑟 < 𝛼, 𝑟 > 𝛼

, lim
ℛ⟶∞

ℐℳ (𝜅)

=
ℛ

2𝜅2[𝛼𝑙(𝜅) + 𝑖𝛽𝑙(𝜅)][𝛼𝑙(𝜅) − 𝑖𝛽𝑙(𝜅)]
, ℐ𝑙(𝑟, 𝑟

′)

= ∫ 𝑑𝜅𝜌(𝜅)𝜅−1
∞

0

𝒵𝑙(√𝜖𝜅𝑟)𝒵𝑙(√𝜖𝜅𝑟
′)𝑒−𝜄𝑐𝜅𝜏, ℐ𝑙

= Θ[𝑐𝜏 − (𝑟 − 𝛼)] ∮ 𝑓1(𝓏)

∞

ℒℋ𝒫

𝑑𝓏

+ Θ[𝑐𝜏

+ (𝑟 − 𝛼)] ∮ 𝑓2(𝓏)𝑑𝓏

∞

𝒰ℋ𝒫

, ℐ𝑙(𝑟, 𝑟
′))2𝜋𝜄 ∑ ℛ𝑒𝑠[𝑓2(𝓏)]Θ[𝑐𝜏 − (𝑟 − 𝛼)]

𝒵𝑙𝜂∈𝒬4

, 𝜈𝑙𝑚𝜂(𝑟)



pág. 7231 

 

= 𝔑𝑙𝑚𝜂(𝑟)

[
 
 
 

𝜋√𝛼𝑙 (𝒵𝑙𝜂) −
𝑖𝛽𝑙 (𝒵𝑙𝜂)

𝜄[𝜕𝒵𝛼𝑙(𝒵) + 𝑖𝛽𝑙(𝒵)]𝒵𝑙𝜂
ℏ𝑙
(1)
(𝒵𝑙𝜂𝑟)

]
 
 
 

, 𝛿𝜔0

= ∑ 𝑔𝑙𝜂
2 (𝜔0 −𝜔𝑙𝜂) −

𝑖𝛾𝑙𝜂

(𝜔0 −𝜔𝑙𝜂)
2 + 𝛾𝑙𝜂

2

𝑜𝑓𝑓−𝑟𝑒𝑠

, 𝑖𝑑/𝑑𝑡𝑐̃0(𝑡)

= 𝛿𝜔0𝑐̃0(𝑡) + ∑ 𝑔𝑙𝜂
(5,4)
(8,3)

𝑒
𝑖(𝜔0−𝑐𝒵𝑙𝜂)𝑡𝛽̃𝑙𝜂(𝑡) 

6.3. La gravedad como entidad cuántica (Formalización). 

|𝜓(𝑡 = 0)⟩ = |𝜁⟩ℳ𝑐
⊗

1

√2(|↑⟩𝛿𝑐
|↓⟩𝛿𝑐)

, |𝜁⟩ℳ𝑐
⨂|↑⟩𝛿𝑐 ⟶

|ℒ↑⟩𝒞 , |𝜁⟩ℳ𝑐
⊗ |↓⟩𝛿𝑐 ⟶

|ℛ↓⟩𝒞 , |𝜓⟩𝒞,Λ

=
1

√2(√1 + 𝑐𝑜𝑠 Δ𝜙|Ψ+⟩𝒞|+⟩𝛿Λ +√1 − 𝑐𝑜𝑠 Δ𝜙|Ψ−⟩𝒞|−⟩𝛿Λ)
|𝜁⟩ℳΛ

, |Ψ±⟩𝒞

= (1 ± 𝑒𝑖Δ𝜙)|ℒ↑⟩𝒞 +
(𝑒𝑖Δ𝜙 ± 1)|ℛ↓⟩𝒞

2√1 ± 𝑐𝑜𝑠Δ𝜙 |±⟩𝛿Λ

= |↑⟩𝛿Λ ±
|↓⟩𝛿Λ

√2
, Δ𝜙𝜏

=
𝒢ℳ𝑚𝜏

ℏ√𝑑2 + (Δ𝜒)2

−
𝒢ℳ𝑚𝜏

ℏ𝑑
, |𝜓𝛼,𝛽,𝑐⟩

=
1

8[(1 + 𝛼𝑒𝑖Δ𝜙)(1 − 𝛽𝑒𝑖Δ𝜙) + 𝑐𝑒2𝑖Δ𝜙(1 + 𝛼𝑒𝑖Δ𝜙)(1 − 𝛽𝑒𝑖Δ𝜙)]
|𝜁⟩ℳ𝑐

|𝑐⟩𝛿𝑐 , 𝒱
(±)

= 𝒫± − ∑ 𝒫𝛼,𝛽,± = ±
1

2
𝛼,𝛽∈{±}

𝑠𝑖𝑛2Δ𝜙, 𝜌𝒞,Λ

=
1

2
((1 + 𝑐𝑜𝑠 Δ𝜙)|Ψ+⟩𝒞⟨Ψ+|𝒞⨂|+⟩𝛿Λ

⟨+|𝛿Λ

+ (1 − 𝑐𝑜𝑠 Δ𝜙)|Ψ−⟩𝒞⟨Ψ−|𝒞⨂|−⟩𝛿Λ
⟨−|𝛿Λ)⨂

|𝜉⟩ℳΛ
⟨𝜉|ℳΛ
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Apéndice D: 

Postulados Finales 

1. Que las partículas con o sin masa o las antipartículas con o sin masa, según sea el caso, en tanto y en 

cuanto, se aproximen, igualen o superen la velocidad de la luz, deforman el espacio cuántico en el que 

interactúan, a propósito de sus ciclos cuánticos de colisión, superposición o entrelazamiento, según 

corresponda a cada caso. 

2. Que las partículas masivas o supermasivas o las antipartículas masivas o supermasivas, según sea el 

caso, no necesitan aproximarse, igualar o superar la velocidad de la luz, para deformar el espacio 

cuántico en el que interactúan, de tal suerte que, basta con su hipermasa o supermasa, según sea el caso, 

para lograr un espacio cuántico curvo, a propósito de sus ciclos cuánticos de colisión, superposición o 

entrelazamiento, según corresponda a cada caso. 

3. Cuando una partícula supermasiva o una antipartícula supermasiva, según sea el caso, alcanzan o 

superan la velocidad de la luz, producen un agujero negro cuántico, a propósito de sus ciclos cuanticos 

de colisión, superposición o entrelazamiento, según corresponda a cada caso. 
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4. Cuando una partícula sin masa o una antipartícula sin masa, según sea el caso, superan la velocidad 

de la luz, producen un agujero negro cuántico, a propósito de sus ciclos cuánticos de colisión, 

superposición o entrelazamiento, según corresponda a cada caso. 

APÉNDICE E. 

FORMALIZACIÓN MATEMÁTICA COMPLEMENTARIA. 

1. Espacios cuánticos curvos. 

1.1. Osciladores y propagadores en espacios curvos – Modelo Feynman.  

𝔉 = 〈 ∫ 𝑞(𝜎)2𝜒̅𝑒−𝜎
2

∞

−∞

𝑑𝜎, 𝔉[𝑥(𝑡, 𝑠), 𝑦(𝑡, 𝑠)] = ∫ ∫ 𝑥(𝑡, 𝑠), 𝑦(𝑡, 𝑠) sin𝜔(𝑡 − 𝑠)𝑑𝑡𝑑𝑠

∞

−∞

∞

−∞

, ℱ(⋅⋅⋅ 𝑞𝑖 ⋅⋅⋅)

= ∑ 𝑞𝑖
2𝑒−𝜎𝑖

2
(𝜎𝑖+1 − 𝜎𝑖)

∞

𝑖=−∞

∑
(⋅⋅⋅ 𝑞𝑖 ⋅⋅⋅)

𝜕𝑞𝑖
𝜆𝑖

𝑖

, 𝔉[𝑞(𝜎), +𝜆(𝜎)] − ℱ[𝑞(𝜎)]

= ∫𝒦(𝑡)𝜆(𝑡)𝑑𝑡, 𝔉[𝑞(𝜎), +𝜆(𝜎)] = ℱ[𝑞(𝜎)] + ∫
𝛿ℱ[𝑞(𝜎)]

𝛿𝑞(𝑡)𝜆(𝑡)𝑑𝑡
, ℱ[𝑞 + 𝜆]

= ∫[𝑞(𝜎)2 + 2𝑞(𝜎)𝜆(𝜎) + 𝜆(𝜎)2] 𝑒−𝜎
2
𝑑𝜎

= ∫𝑞(𝜎)2𝑒−𝜎
2
𝑑𝜎 + 2 ∫𝑞(𝜎)𝜆(𝜎) 𝑒−𝜎

2
𝑑𝜎〉 
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𝒜 = 〈∫ℒ(𝑞̇(𝜎), 𝑞(𝜎))𝑑𝜎,
𝛿𝒜

𝛿𝑞(𝑡)
=
𝑑

𝑑𝑡
{𝜕ℒ(𝑞̇(𝑡), 𝑞(𝑡))/𝜕𝑞̇} + 𝜕ℒ(𝑞̇(𝑡), 𝑞(𝑡))/𝜕𝑞 ,𝒜

= ∫ {
𝑚(𝑥̇(𝑡))

2

2
− 𝒱(𝑥(𝑡)) + 𝜅2𝑥̇(𝑡)𝑥̇(𝑡 + 𝒯0)} 𝑑𝑡

∞

−∞

, 𝛿𝒜

= ∫{𝑚𝑥̇(𝑡)𝜆̇(𝑡) − 𝒱′(𝑥(𝑡))𝜆(𝑡) + 𝜅2𝜆̇(𝑡)𝑥̇(𝑡 + 𝒯0) + 𝜅2𝜆̇(𝑡 + 𝒯0)𝑥̇(𝑡)}𝑑𝑡

∞

−∞

= ∫{−𝑚𝑥̈(𝑡) − 𝒱′(𝑥(𝑡)) − 𝜅2𝑥̈(𝑡 + 𝒯0) + 𝜅2𝑥̈(𝑡 − 𝒯0)𝑥̇(𝑡)}𝜆(𝑡)𝑑𝑡

∞

−∞

,
𝛿𝒜

𝛿𝑥(𝑡)

= −𝑚𝑥̈(𝑡)  − 𝒱′(𝑥(𝑡)) − 𝜅2𝑥̈(𝑡 + 𝒯0) − 𝜅2𝑥̈(𝑡 − 𝒯0),
𝛿𝒜

𝛿𝛾(𝑡)

= −
𝑑

𝑑𝑡
(
𝜕𝔏𝛾

𝜕𝛾̇
) +

𝜕𝔏𝛾

𝜕𝛾
|
𝑡

+
𝜕ℐ𝛾

𝜕𝛾
|
𝑡

⨂𝑥(𝑡) ,
𝛿

𝛿𝛾(𝑠) [−
𝑑
𝑑𝑡
(
𝜕𝔏𝛾
𝜕𝛾̇

) +
𝜕𝔏𝛾
𝜕𝛾 |𝑡

+
𝜕ℐ𝛾
𝜕𝛾 |𝑡

⨂𝑥(𝑡)]

=

𝛿
𝛿𝛾(𝑡)

[−
𝑑
𝑑𝑠
(
𝜕𝔏𝛾
𝜕𝛾̇

) +
𝜕𝔏𝛾
𝜕𝛾 |𝑠

+
𝜕ℐ𝛾
𝜕𝛾 |𝑠

⨂𝑥(𝑠)]
𝜕𝔏𝛾
𝜕𝑦 |𝑡

𝛿𝑥(𝑡)

𝛿𝛾(𝑠)
=

𝜕ℐ𝛾
𝜕𝛾

|
𝑠
𝛿𝑥(𝑠)

𝛿𝛾(𝑡)

=

1
𝑚𝜔

sin𝜔(𝑡 − 𝑠) ⊠
𝜕ℐ𝛾
𝜕𝛾

|
𝑠
𝛿𝑥(𝑠)

𝛿𝛾(𝑠)

𝜕ℐ𝛾
𝜕𝛾

|
𝑠
𝛿𝑥(𝑡)

𝛿𝛾(𝑠)
=

1
𝑚𝜔

sin𝜔(𝑡 − 𝑠) ⊠
𝜕ℐ𝛾
𝜕𝛾

|
𝑠
𝛿𝑥(𝑠)

𝛿𝛾(𝑠)

= −
sin𝜔(𝒯 − 𝑡) sin𝜔𝑠

𝑚𝜔
sin𝜔𝒯 

𝜕ℐ𝛾

𝜕𝛾
|
𝑠

= −
sin𝜔(𝒯 − 𝑠) sin𝜔𝑡

𝑚𝜔
sin𝜔𝒯 

𝜕ℐ𝛾

𝜕𝜒
|
𝑠

∫[𝔏𝑦+𝔏𝑧]𝑑𝑡

𝒯

0

+∫ [sin𝜔(𝒯 − 𝑡)𝑥(0) + sin
𝜔𝑡𝜒(𝒯)

sin𝜔𝒯
]

𝒯

0

𝛾(𝑡)𝑑𝑡 −
1

𝑚𝜔 sin𝜔𝒯 ∫ 𝑑𝑡
𝒯

0 ∫ 𝑑𝑠
𝑡

0

⊗ sin𝜔(𝒯 − 𝑡) sin𝜔𝑠𝛾(𝑠)𝛾(𝑡) ,
𝛿𝑥(𝑡)

𝛿𝛾(𝑠)
=

1
2𝑚𝜔 sin𝜔

(𝑡 − 𝑠) ⊠
𝜕ℐ𝛾
𝜕𝛾 |𝑠

𝛿𝑥(𝑠)

𝛿𝛾(𝑠)
=

= −

1
2𝑚𝜔

sin𝜔(𝑡 − 𝑠)⊠
𝜕ℐ𝛾
𝜕𝛾

|
𝑠
𝛿𝑥(𝑠)

𝛿𝛾(𝑠)
〉 
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𝔈(𝑡)

=

‖

‖

‖

‖

𝑚(𝑥̇(𝑡))
2

2
+ 𝒱(𝑥(𝑡)) − 𝜅2 ∫ 𝑥̈

𝑡+𝒯0

𝑡

(𝜎 − 𝒯0)𝑥̇(𝜎)𝑑𝜎 + 𝜅2𝑥̇(𝑡)𝑥̇(𝑡 + 𝒯0),𝒜[𝑞𝜂(𝜎) + 𝛼𝑦𝜂(𝜎)]

= 𝒜[𝑞𝜂(𝜎)]

+

𝛼∑ ∫
𝑦𝜂(𝑡)𝛿𝒜

𝛿𝑞𝜂(𝑡)
𝑑𝑡 

∞

−∞
Ν
𝜂=1 ∑ ∫

𝑦𝜂(𝜎)𝛿𝒜

𝛿𝑞𝜂(𝜎)
𝑑𝜎, ℐ(𝒯)

=  ∑ ∫
𝑦𝜂(𝜎)𝛿𝒜

𝛿𝑞𝜂(𝜎)
𝑑𝜎 − 

𝒯

−∞
Ν
𝜂=1 ∑ ∫

𝑦𝜂(𝜎)𝛿𝒜

𝛿𝑞𝜂(𝜎)
𝑑𝜎,

∞

𝒯
Ν
𝜂=1

∞

−∞
Ν
𝜂=1

𝛿ℐ(𝒯)

𝛿𝑞𝑚(𝑡)

= + ∫∑

𝛿𝑦𝜂(𝜎)

𝛿𝑞𝑚(𝑡)
𝛿𝒜

𝛿𝑞𝑚(𝜎)𝑑𝜎
𝑚

𝒯

−∞

+ ∫∑𝑦𝜂(𝜎)
𝛿2𝒜

𝛿𝑞𝑚(𝑡)𝛿𝑞𝑚(𝜎)
𝑑𝜎

𝑚

 

𝒯

−∞

 ∫
[𝔏𝑦+𝔏𝑧 + (

𝑚𝑥̇2

2 −
𝑚𝜔2𝑥2

2 ) + (ℑ𝑦+ℑ𝑧)𝑥] 𝑑

𝑑𝑡
(
𝜕𝔏𝑦

𝜕𝑦̇
) −

𝜕𝔏𝑦

𝜕𝑦

=
𝜕ℑ𝑦

𝜕𝑦̇
𝜒(𝑡),𝑚𝑥̈ + 𝑚𝜔2𝑥 = [ℑ𝑦(𝑡) + ℑ𝑧(𝑡)]

‖

‖

‖

‖
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𝑥(𝑡) = 〈𝑥(0) cos𝜔𝑡 +
𝑥̇(0) sin𝜔𝑡

𝜔
+

1

𝑚𝜔∫ 𝛾(𝛿)
𝑡

0
sin𝜔(𝑡 − 𝛿) 𝑑𝛿

, 𝑥(𝑡)

=
sin𝜔(𝒯 − 𝑡)

sin𝜔𝒯
[𝑥(0) −

1

𝑚𝜔
∫sin𝜔𝛿𝛾(𝛿)𝑑𝛿

𝑡

0

]

+
sin𝜔𝑡

sin𝜔𝒯 [𝑥(𝒯) −
1
𝑚𝜔∫ sin(𝒯 − 𝛿)𝛾(𝛿)𝑑𝛿

𝒯

𝑡
]
〉 

𝑥(𝑡) = 〈
1

sin𝜔𝒯
[ℛ𝑡 sin𝜔𝑡 + ℛ0 sin𝜔𝑡(𝒯 − 𝑡) ] +

1

2𝑚𝜔
∫sin𝜔(𝑡 − 𝛿)𝛾(𝛿)𝑑𝛿

𝑡

0

−
1

2𝑚𝜔
∫ sin𝜔(𝑡 − 𝛿)𝛾(𝛿)𝑑𝛿

𝒯

𝑡

〉 

ℛ0 = 〈
1

2
[𝑥(0) +

𝑥(𝒯) cos𝜔𝒯 − 𝑥̇(𝒯) sin𝜔𝒯

𝜔
] ,ℛ𝑡 =

1

2
[𝑥(𝒯) +

𝑥(0) cos𝜔𝒯 − 𝑥̇(0) sin𝜔𝒯

𝜔
]〉 

𝒜 = 〈∫[𝔏𝑦+𝔏𝑧]

𝒯

0

𝑑𝑡 +
1

sin𝜔𝒯 ∫ [ℛ𝒯sin𝜔𝑡 + ℛ0sin𝜔(𝒯 − 𝑡)]
𝒯

0
𝛾(𝑡)𝑑𝑡

−
1

2𝑚𝜔∫ ∫ sin𝜔(𝑡 − 𝑠) sin 𝛾(𝑡)𝛾(𝑠)
𝑡

0

𝒯

0

 𝑑𝑠𝑑𝑡,𝒜

= ∫[𝔏𝑦+𝔏𝑧]𝑑𝑡 +
1

2𝑚𝜔
∑

1

2𝑚𝑗𝜔𝑗

Ν

𝑗=1

∞

−∞

∫ ∫sin𝜔(𝑡 − 𝑠)

𝑡

−∞

∞

−∞

⊠ sin 𝛾(𝑡)𝛾(𝑠)𝑑𝑠𝑑𝑡,𝒜

= ∫[𝔏𝑦+𝔏𝑧]𝑑𝑡 + ∑
1

2𝑚𝑗𝜔𝑗

Ν

𝑗=1

∞

−∞

∫ ∫sin𝜔𝑗(𝑡 − 𝑠)

𝑡

−∞

∞

−∞

⊠ sin 𝛾𝑗(𝑡)𝛾𝑗(𝑠)𝑑𝑠𝑑𝑡 ,𝒜

= ∫[𝔏𝑦+𝔏𝑧]𝑑𝑡 +  1/𝑚𝜔 ∫ ∫ sin𝜔(𝑡 − 𝑠)

𝑡

−∞

∞

−∞

∞

−∞

⨂[ℑ𝑦(𝑠)+ℑ𝑧(𝑡)

+ ℑ𝑦(𝑡)+ℑ𝑧(𝑠)]𝑑𝑠𝑑𝑡 ∫ [𝔏𝑦+𝔏𝑧 + (ℑ𝑦 + ℑ𝑧)𝑥1 + (ℑ𝑦 − ℑ𝑧)𝑥2

∞

−∞

+
𝑚

𝑧
(𝑥̈1

2 −𝜔2𝑥1
2)∑∑ −

𝑚

2
(𝑥̈𝑠

2 +𝜔2𝑥2
2)

𝑙≠𝜅
𝜅

] 𝑑𝑡 ∫∑[𝔏𝑦+𝔏𝑧 +ℑ𝑦𝜂𝑦 + ℑ𝑧𝜂𝑧
𝜅

∞

−∞

+
𝑚

2
(𝜂̈𝑦𝑙𝜂̈𝑧𝑙 −𝜔2𝜂̂𝑦𝜅𝜂̂𝑧𝜅)] 𝑑𝑡〉 
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2. Partícula cosmológica (Hipermasa y Supermasa – Partículas masivas y supermasivas y 

antipartículas masivas y supermasivas). 

 

2.1. Supermasa (Partículas Masivas y Antipartículas Masivas). 

𝔊𝜇𝜈 −𝑚2(ℏ𝜇𝜈 − 𝜂𝜇𝜈ℏ) = 𝔊𝒯𝜇𝜈 , 𝔊𝜇𝜈

=⊡ (ℏ𝜇𝜈 − 𝜂𝜇𝜈ℏ) − 𝜕
𝛼𝜕𝜇ℏ𝛼𝜇 − 𝜕𝛼𝜕𝜈ℏ𝛼𝜈 + 𝜂𝜇𝜈𝜕

𝛼𝜕𝛽ℏ𝛼𝛽

+ 𝜕𝜇𝜕𝜈ℏ(∇
2 −

1

𝑐2𝜕𝑡
2 −𝑚2) (ℏ𝜇𝜈 − 𝜂𝜇𝜈ℏ) 

∆= −
2𝔊𝑚𝒥

𝑐4 ln(|𝜒⨀𝒥| − 𝜒⨀𝒥⨂𝜅) ⟶
2𝔊𝑚𝒥

𝑐4
[ln(|𝜒⨀𝒥| − 𝜒⨀𝒥⨂𝔎)(1 − 𝔎⨂𝜈𝒥)]⨂𝔎

≡ 𝜅 − [𝜅 ⨂(𝜈𝒥 ⨂𝜅)] /𝑚
4𝑐4 

𝛼𝜂 = −
𝔊𝔐

𝑟2
⟶−

√𝔊𝔐𝛼0
𝑟

 

2.2. Hipermasa (Partículas Supermasivas y Antipartículas Supermasivas).  

𝜆𝑔 =
ℏ

𝑚𝑔𝑐
,𝒜 ∼

1

2𝔐𝔓𝔏
2 ∫𝑑4𝜒∫𝑑4𝛾 𝒯1

𝜇𝜈(𝜒)𝔊𝜇𝜈𝛼𝛽(𝑥, 𝑦)𝒯2
𝜇𝜈(𝛾)

, 𝔊𝜇𝜈𝛼𝛽(𝑥, 𝑦)

= 𝑖〈𝒯̂[ℏ𝜇𝜈(𝜒)ℏ𝛼𝛽(𝛾)]〉,𝔊𝜇𝜈𝛼𝛽(𝑥, 𝑦) =
𝑓𝜇𝜈𝛼𝛽

−⊡
− 𝑖𝜀𝛿4(𝑥 − 𝑦),𝔊𝜇𝜈𝛼𝛽(𝑥, 𝑦)

=
𝑓𝜇𝜈𝛼𝛽

−⊡
− 𝑖𝜀, 𝑓𝜇𝜈𝛼𝛽 = 𝜂̃

𝜇( 𝜂̃|𝜈|𝛽
|𝜇|𝛼

𝛽𝜈
𝛼𝜇

)
−
1

2
𝜂̃𝜇𝜈𝜂̃𝛼𝛽 , 𝜂̃𝜇𝜈 = 𝜂𝜇𝜈 − 1/⊡ 𝜕𝜇𝜕𝜈 

ℐ𝔪[𝔄]~𝜋/2𝔐𝔓𝔏
2 ∫𝑑4𝜒𝒯1

𝜇𝜈(𝜒)𝑓𝜇𝜈𝛼𝛽𝛿(⊡)𝒯2
𝛼𝛽(𝜒)~𝜋/2𝔐𝔓𝔏

2 ∫𝑑4𝜒𝒯1
𝒯𝔗𝜇𝜈(𝜒)𝑓𝜇𝜈𝛼𝛽𝛿(⊡)𝒯2

𝒯𝔗𝛼𝛽(𝜒) 

ℱ12~

1
𝔗𝑑

𝑑𝑟
ℛ𝔢[𝒜]~

𝔐1𝔚2

𝔐𝔓𝔏
2 𝑟2

, 𝔊𝜇𝜈𝛼𝛽
(𝔪) =

∑ 𝒻𝒥𝜇𝜈𝛼𝛽
(𝑚)

ℐ

𝜕𝑡
2 −𝔉ℐ[−∇

2] + 𝑚𝑔
4 − 𝜄𝜖,𝔊𝜇𝜈𝛼𝛽

(𝔪)

=
∑ ∫ 𝒻𝒥𝜇𝜈𝛼𝛽

(𝑚) (𝜇)𝜌ℐ
∞

0
(𝜇)ℐ 𝑑𝜇

𝜕𝑡
2 − 𝔉ℐ[−∇

2] + 𝜇2 + 𝜄𝜖
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𝓛𝕱𝓟 =
𝔐𝔓𝔏

2

4
ℏ𝜇𝜈𝜉𝜇𝜈

𝛼𝛽
ℏ𝛼𝛽 −

1

8
𝑚ℊ
4𝔐𝔓𝔏

2 (ℏ𝜇𝜈
2 − ℏ2) +

1

2
ℏ𝜇𝜈𝒯

𝜇𝜈 , 𝔊𝜇𝜈𝛼𝛽
(𝔪)

=
𝒻𝜇𝜈𝛼𝛽
(𝕱𝓟)

(𝑚ℊ)

−⊡
+𝑚ℊ

4 − 𝜄𝜖, 𝒻𝜇𝜈𝛼𝛽
(𝕱𝓟)

(𝑚ℊ) = 𝜂̃
𝜇( 𝜂̃|𝜈|𝛽

|𝜇|𝛼
𝛽𝜈
𝛼𝜇

)
−

1

3𝜂̃𝜇𝜈𝜂̃𝛼𝛽
, 𝜂̃𝜇𝜈

= 𝜂𝜇𝜈 −
1

𝑚ℊ
4𝜕𝜇𝜕𝜈

, 𝔊𝜇𝜈𝛼𝛽
(𝔪)

= ∫
𝑑𝜇𝜌(𝜇)𝒻𝜇𝜈𝛼𝛽

(𝕱𝓟) (𝜇)

−⊡
+ 𝜇2 + 𝜄𝜖,

∞

0

ℏ𝜇𝜈

⟶ ℏ𝜇𝜈 + ∂Λ̃|𝜈|𝛽
|𝜇|𝛼

𝛽𝜈
𝛼𝜇

+ 𝜕𝜇𝜕𝜈𝜛 

ℒ
𝔉𝒫

𝑚ℊ↠0 =
1

4
ℏ̂𝜇𝜈𝜉𝜇𝜈

𝛼𝛽
ℏ̂𝛼𝛽 − ∂Λ̃|𝜈|𝛽

|𝜇|𝛼
𝛽𝜈
𝛼𝜇

−
1

2
𝜕𝜇𝜋̂ ∂

𝜇𝜋̂ +
1

2
𝔐𝔓𝔏

2 ℏ̂𝜇𝜈𝒯
𝜇𝜈 + 1/2√6𝔐𝔓𝔏

2 𝜋̂𝒯𝜈
𝜇

 

𝑟𝜈,⊙ = (ℳ⨀/𝔐𝔓𝔏
2 𝑚ℊ

4)
1/3

∼ (𝑟𝛿,⊙𝜆ℊ
2)

1/3
 

ℒ𝜋̂ = −
1

2
(𝜕𝜋̂)2 + Λ4𝔊(

𝜕𝜋̂

Λ2
,
𝜕2𝜋̂

Λ3
) +

1

𝔐𝔓𝔏
2 𝜋̂𝔗

, ℒ𝛿𝜋 = −
1

2
ℨ𝜇𝜈𝜕𝜇𝛿𝜋𝜕𝜈𝛿𝜋 +

1

𝔐𝔓𝔏
2 𝛿𝜋̃𝛿𝔗

, ℒ𝜒

= −
1

2
(𝜕𝜋̂)2 + 1/𝔐𝔓𝔏

2 √ℨ𝜒𝛿Τ 

Φ~
𝔐

𝔐𝔓𝔏
2 𝑟

𝑒−𝑚ℊ𝑟, 𝔈2 − 𝜌2 = 𝑚ℊ
4 , 𝜐ℊ

2(𝜀) = −
1

𝑚ℊ
4 𝔈

2, 𝜇(𝑟)

=
ℳ⊚

8𝜋𝔐𝔓𝔏
2 [1 − (𝑟𝑚ℊ)

2
+ 𝒪 ((𝑟𝑚ℊ))

4
]
, 𝛼4 =

𝒯4𝜇(𝛼)

(2𝜋)2
1 + 𝜂 ≡

𝛼

𝛼⨂ (
𝒯⨂
𝒯𝛼
)

2
4

= (
𝜇(𝛼)

𝜇⨂
)

1
4

𝑚ℊ ≥ √〈
12𝜂

(1 𝒜𝒰)2
− 𝛼2〉 + 𝒪(𝜂) 

𝛿𝔇𝔊𝒫 =

𝔐6
4

2∫𝑑5𝜒√−ℊ5ℛ5

2
−𝔐6

4∫𝑑4𝜒√−𝑔𝜅 +
𝔐𝔓𝔏

2

2
∫𝑑4𝜒√−𝑔(

ℜ

2
+ ℒℳ) ,𝑚ℊ = 𝔚𝑐𝑟𝑜𝑠𝑠

=
𝔐6

4

𝔐𝔓𝔏
2 , Φ(𝑟) =

1
8𝜋

2𝔐𝔓𝔏
2 1

𝑟
{sin(𝑟𝑚ℊ)ℭ𝔦(𝑟𝑚ℊ) +

1

2
cos(𝑟𝑚ℊ)[𝜋 − 2𝛿𝔦(𝑟𝑚ℊ)]} 

𝑚ℊ ⇢ 0,𝔐𝔓𝔏
2 ⇢ ∞,𝒯𝜇𝜈 ⇢ ∞,Λ4 = (𝑚ℊ

4𝔐𝔓𝔏
2 )

2
⟶ ℸ,𝒯𝜇𝜈/𝔐𝔓𝔏

2 ⟶ ℶ 
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ℒ𝔇𝔊𝒫
𝔡𝔩 =

1

4
ℏ̂𝜇𝜈𝜉𝜇𝜈

𝛼𝛽
ℏ̂𝛼𝛽 +

1

2
𝔐𝔓𝔏

2 ℏ̂𝜇𝜈𝒯
𝜇𝜈 + ℒ𝔇𝔊𝒫

𝜋 +
𝜋̂

2√6𝔐𝔓𝔏
2 𝜋̂𝒯𝜈

𝜇
, ℒ𝔇𝔊𝒫

𝜋

= −
1

2
(𝜕𝜋̂)2 −

1

(√6Λ4)
4
(𝜕𝜋̂)2

−⊡𝜋 

𝛿𝔡ℜ𝔊𝒯 = 𝔐𝔓𝔏
2 ∫𝑑4𝜒√−𝑔 [

ℛ

2
+𝑚ℊ

4∑𝑚ℊ
4𝛼ℐ𝔘ℐ(𝒦)

4

ℐ=2

] ,𝒦𝜈
𝜇
= 𝛿𝜈

𝜇
−𝒳𝜈

𝜇
= (√ℊ−1𝜂)

𝜈

𝜇
, 𝒳𝜈

𝜇

= (√ℊ−1𝜂)
𝜈

𝜇
⇢ 𝒳𝜈

𝜇
= (√ℊ−1 𝜂⏞)

𝜈

𝜇

, 𝜙𝛼 = 𝜒𝛼 + Λ𝛼 + 𝜕𝛼𝜋 

ℒ𝔇ℜ𝔊𝒯
𝔡𝔩 =

1

4
ℏ̂𝜇𝜈𝜉𝜇𝜈

𝛼𝛽
ℏ̂𝛼𝛽 +

1

2
𝔐𝔓𝔏

2 ℏ̂𝜇𝜈𝒯
𝜇𝜈 +

𝛼1

𝔐𝔓𝔏
2 𝜋𝒯𝜈

𝜇
+

𝛼2

Λ4
4𝔐𝔓𝔏

2 𝜕𝜇𝜋̂𝜕𝜇𝜋̂𝒯
𝜇𝜈 +

𝛼3

Λ6
4𝔐𝔓𝔏

2 ℏ̂𝜇𝜈𝜒(4)
𝜇𝜈

−
1

2
(𝜕𝜋̂)2 +∑𝛽ℐ/Λ4

4(ℐ−2)
ℒℐ
𝔊𝔞𝔩

4

ℐ=2

(𝜋̂) 

𝑚̃ℊ
4(ℋ) =

𝑚ℊ
4ℋ

ℋ0
[𝑐0 +

𝑐2ℋ

ℋ0
+
𝑐4ℋ

ℋ0
4 ] , 𝔈

4 = 𝜅4 +𝑚ℊ
4 − 𝑐ℊ

4(𝔊) = 1 −
𝑚ℊ
4

𝔈4
, Φ𝔐𝔊(𝑓)

= −𝔇/‖4𝜋𝜆𝑔
2(1 + 𝑧)𝑓‖ 

𝒟𝑞
′′(𝜏) +

2𝛼′

𝛼
𝒟𝑞
′ (𝜏) + (𝑞2 +𝑚ℊ

4𝛼2)𝒟𝑞(𝜏) = 𝔍𝑞(𝜏)(⊡−𝑚ℊ
4) (ℏ̂𝜇𝜈 −

1

2
ℎ𝜂̿𝜇𝜈)

= 32𝜋𝔊𝒯𝜇𝜈√ℜ𝔢|𝑚ℊ
4|
𝛾
ℏ𝜇𝜈 − ℏ𝜇𝜈

𝔊ℜ

+ 𝜋𝜂𝜇𝜈 , 𝜕𝑟𝜋~
𝑟𝛿,⨂𝔐𝒫𝔏

𝑟
𝒱,⊛

4
2 𝑟

1
4

⨂𝛿𝜙𝜋𝛼𝜕𝑟 [𝑟
2𝜕𝑟 (

𝑟−1𝛿Φ

Φ𝔊ℛ
)]

𝑟⇢𝛼

𝛿𝜙 ∼ 4𝜋/2 (𝛼/𝑟𝒱,⊛)
4/2
𝑚ℊ
4

≥ 4/12𝜋𝛿𝜙(𝑟𝛿,⨂/𝛼
4)
1/4
𝜕𝑟𝜋 ∼ 𝑟𝛿,⨂/𝔐𝒫𝔏/𝑟𝒱,⊛

2 𝛿𝜙 ∼ 𝜋(𝛼/𝑟𝒱,⊛)
4
𝑚ℊ
4

≥ (𝛿𝜙/𝜋)2/4(𝑟𝛿,⨂/𝛼
4)
1/4
, 𝛿𝜙/𝜙𝔊ℜ = 𝑚𝑔(16𝑟3/𝑟𝛿,⊛)

1/4
𝑚𝑔 < 𝛿𝜙(𝑟𝛿/𝑟

4)1/4,𝑚𝑔

< 𝛿𝜙2/4(𝑟𝛿/𝑟
4)1/4 

ΔΓ𝜙 =

1
Γ𝜇𝜈Γ𝜇𝜈

𝑚ℊ
4𝔐𝒫𝔏

(𝜕𝑟𝜋)
2,
Δ𝜙Γ

𝜙𝔏
𝔊ℜ

= 𝑟/4𝑟𝒱 (
𝑟

𝑟𝒱
− √(

𝑟

𝑟𝒱
)
3

+ 1
3

)

4
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2.3. Partículas sin masa y antipartículas sin masa, que superan la velocidad de la luz, deformando 

el espacio cuántico en el que interactúan – energía cinética o energía potencial, según corresponda. 

Λ𝜌 ≡
1

4𝜇0𝔽
𝛼𝛽𝔽𝛼𝛽

, 𝜌 ≡ 𝜚𝑐4 + Λ𝜌, 𝛾
0𝛽 =

Λ𝜌

𝜌𝑐𝛾𝒰𝛽
−
Λ𝜌

𝜌
𝒯0𝛽, 𝜇𝑟 ≡

Λ𝜌

𝜌
, 𝜒 ≡ 𝜇𝑟 − 1 = −

𝜚𝑐4

𝜌
𝒯𝛼𝛽

= 𝜚𝒰𝛼𝒰𝛽 −
1

𝜇𝑟
𝛾𝛼𝛽𝑓𝑔𝑟

𝛼 = 𝛾𝛼𝛽𝜕𝛽
1

𝜇𝑟
= 𝜚 [𝑐4𝜕𝛼𝐼𝑛 (𝜇𝑟) − 𝑑𝐼𝑛

(𝜇𝑟)

𝑑𝜏𝒰𝛼
] 𝑓𝔈𝔐

𝛼 + 𝑓𝑜𝑡ℎ
𝛼

= [1 +
𝜚𝑐4

Λ𝜌
] 𝜕𝛽𝛾

𝛼𝛽 =
1

𝜇𝑟
𝑓𝔈𝔐
𝛼  

𝑐𝒲0 = 𝒲𝑝𝑣 = −∫𝜌𝑑3𝜒ℋ −∫Λ𝜌𝑑
3𝜒 = 𝑚𝑐4𝛾 +𝒲𝑝𝑣

1

𝜇𝑟
=
𝒲𝑝𝑣

ℋ
− 𝑞𝔸𝜇 =𝜇𝑟𝒫

𝜇 =
𝜒ℋ

𝑐4(𝑐, 𝜇 )
,
1

𝑐4

= 𝜇⨂𝜖 = 𝜇0𝜖0⨂𝜇𝑟𝜖𝑟, 𝜖𝑟 ≡
1

𝜇𝑟
=
𝒲𝑝𝑣

ℋ
𝜒𝜀 ≡ 𝜖𝑟 − 1 =

𝜚𝑐4

Λ𝜌
=
𝑚𝑐4𝛾

ℋ
,𝒲𝑝𝑣

≡ (ℋ − 𝔈)𝑒
𝜙−

𝔈0
𝑚𝑐4 ⟶ 𝜖𝑟 =

𝒲𝑝𝑣

ℋ
= 1 −

𝑚𝑐4𝛾

ℋ
,𝑚𝑐4𝜙 = 𝜖0 ⟶ 𝜖𝑟 = 1 −

𝔈

ℋ

⟶𝑚𝑐4𝛾 = 𝔈,
1

𝜚𝑓𝑔𝑟
𝛼 =

𝑑𝜙

𝑑𝜏𝒰𝛼
− 𝑐4𝜕𝛼𝜙,−𝜇 𝑓𝑓 =

𝑐∇𝜙

𝜕0𝜙
⟶

𝑑𝜙

𝑑𝑡
= (1 −

𝜇 𝜇 𝑓𝑓

𝑐4
)𝜕𝑡𝜙,𝜙

≡ √
𝔈0
2

𝑚𝑐4
− (

1
𝑐 𝑑𝑟

𝑑𝜏
)

2

= √(1 −
𝑟𝛿
𝑟
) (1 +

ℒ2

𝑟2
) , 𝜕𝑟𝜙 =

(𝛼 − 𝛽)(𝛼 + 𝛽)

2𝑟𝜙
, 𝛼

≡ √
𝑟𝛿
𝑟
(1 +

ℒ2

𝑟2
) , 𝛽 ≡ √

2ℒ2

𝑟2
(1 −

𝑟𝛿
𝑟
) ,
𝑑𝑡

𝑑𝜏
𝑚𝑐4𝜙 = 𝔈0, 𝜕

𝛼𝜙𝑟𝑟𝑜𝑡ℒ
2 ±

√ℒ4 − 3ℒ2𝑟𝛿
2

𝑟𝛿

⟶ ℒ =
𝑟𝑟𝑜𝑡√𝑟𝛿

√2𝑟𝑟𝑜𝑡 − 3𝑟𝛿
, 𝜕𝛽𝒢

𝛼𝛽 = 𝑓𝑔𝑟
𝛼 + 𝑓𝑜𝑡ℎ

𝛼 = 𝜕𝛽𝜒𝜖𝛾
𝛼𝛽𝜇𝜖∼𝜇ℬ∼ ,

ℬ2

𝜇0
= Λ𝜌 + 𝛾

00

=
Λ𝜌

𝜌𝜚0𝑐
4(𝛾3 + 𝛾)𝜌0𝔸

𝜇
=

ℬ2

𝜇0(𝛾
2 + 1)1

𝑐4𝛾𝒰𝜇
, 𝜇Β⊚ ≡

1

𝜇0ℬ
2(𝛾2 + 1)

= 𝒥𝜇Λ𝜇 =
Λ𝜌𝜌𝑐

4

𝜌

= −𝜒Λ𝜌𝜇ξ⊚ ≡ −
Λ𝜌
2

𝜌
= 𝜇𝑟Λ𝜌, 𝛾

00 = 𝜇𝜖∼ + 𝜇ℬ∼ = 𝜇Β⊚ − 𝜇ξ⊚ +

𝛾2

(𝛾2 + 1)ℬ2

𝜇0
− 𝒥𝛼𝔸𝛽

=

𝛾2

(𝛾2 + 1)ℬ2

𝜇0
⨂1/𝛾4𝑐4𝒰𝛼𝒰𝛽 
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Ω𝛼𝛽 ≡ 𝒥𝛼𝔸𝛽 + 𝜒𝒯𝛼𝛽 = −
1

𝜇0𝔉
𝛼𝛾𝜕𝛾𝔸

𝛽
− 𝜕𝛽Ω

𝛼𝛽 = 𝜕𝛽γ
𝛼𝛽 = 𝑓𝔈𝔐

𝛼 𝜂𝛼𝛽 = 𝜚𝑐4𝜒̂𝛼𝜇𝜂𝛼𝜇𝒯𝜇
𝛽

 

ℒ𝔔𝔈𝔇 =
1

4𝜇0𝔉
𝛼𝛽𝔉𝛼𝛽

=
1

2𝜇0𝔉
0𝛾𝜕0𝔸𝛾

=
1

2𝜓̅ (𝑖ℏ𝑐 𝒟⏞ −𝑚𝑐4)𝜑(𝑖ℏ𝜕𝜇 − 𝑞𝜉𝜇)𝜓

= 〈𝜇𝑟𝜌
𝜇𝜎𝜇𝜓𝑒−𝑖ℏ𝒦

𝜇𝜒𝜇𝑞𝔸𝜇𝑖ℏ𝒲𝜇℩ℏ𝒫𝜇𝜓〉 

Σ𝜇 ≡ 𝜌𝜇 +
𝜚𝑐4𝛾4

𝜌
𝜌𝛽 +

𝜚𝑐4

𝜌
𝕊𝜇 + 𝛾𝜇(𝑞𝔸𝜇 − 𝑞𝜉𝜇) ⟶ 2𝑖ℏℋ𝜇𝑞2Σ𝜇Σ𝜇𝜉

𝜇𝜉𝜇𝜌ℋ⃗⃗ ⃗⃗  ⃗ 

Σ𝜇̂ = Σ𝜇 + 𝜕𝜇𝛼 =

[
ℋ2

𝑚𝑐4 (𝛾 +
1
𝛾
)
𝑞𝔸𝜇̂] [

ℋℒ

𝑚𝑐4 (𝛾 +
1
𝛾
)
𝜌ℋ⃗⃗ ⃗⃗  ⃗ − ∇] 𝜒ℋ

𝑐4
𝜇 − 𝜇𝑟ℋ∫

𝑑

𝑑𝜓
𝑖𝑐ℏ𝜕0𝜓

= −
ℏ2

𝑚(𝛾 +
1
𝛾
)∇2𝜓

+ 𝑐𝑞𝔸̂0𝜓 

𝒯𝛼𝛽 = 𝜚𝒰𝛼𝒰𝛽 − (
𝑐4𝜚

Λ𝜌
+ 1)(Λ𝜌𝜂

𝛼𝛽 − 𝔽𝛼𝛿𝛾𝔽𝛿𝛾
𝛽
) , Λ𝜌 ≡

1

4
𝔽𝛼𝛽𝛾𝔽𝛼𝛽𝛾𝜉ℏ

𝛼𝛽 ≡
𝔽𝛼𝛿𝛾𝔽𝛿𝛾

𝛽

Λ𝜌
, 𝜉ℏ𝛼𝛽

≡ 4/𝜂𝛼𝛽ℏ
𝛼𝛽 

𝔉𝜇𝜈
𝛼 = 𝜕𝜇Λ𝜇

𝛼 + 𝑔𝑓𝑎𝑏𝑐Λ𝜇
𝑏Λ𝜈

𝑐 {𝛾𝑖𝑗, 𝜋
𝑘𝑙}1/2 (𝛿𝑖

𝑘𝛿𝑗
𝑙 + 𝛿𝑗

𝑘𝛿𝑖
𝑙)𝛿(4)(𝜒 − 𝛾) 

ℏ𝛼𝛽 ≡
2𝔽𝛼𝛿ℊ𝛿𝛾𝔽

𝛽𝛾

√𝔽𝛼𝛿ℊ𝛿𝛾𝔽
𝛽𝛾ℊ𝜇𝛽𝔽𝛼𝜂ℊ

𝜂𝜉𝔉𝜉
𝜇
−

1

4𝜇0𝜉ℏ
𝛼𝛽Λ𝜌ℊ

𝛼𝛽
− Γ𝛼𝛽 + Π𝛼𝛽 − 𝜌𝜂𝛼𝛽 + Λ𝜌𝜉ℏ

𝛼𝛽𝒯𝛼𝛽 

𝑓𝑔𝑟
𝛼 = 𝜕𝛽𝜚(𝒯

𝛼𝛽/𝜂𝜇𝛾Γ
𝜇𝛾) + 𝜕𝛼 ln

(𝜂𝜇𝛾Γ
𝜇𝛾) ∫

𝑑4

𝑑𝜏
∂Λ𝜌 𝜚0

𝜌0𝑐
4

, ∂Λ𝜌/𝜕𝔸𝛼

= 𝜕𝔸𝛾 − 𝜕𝜈 (
∂Λ𝜌

𝜕(𝜕𝜈𝔸𝛼)
) − 𝒥𝛼 ln(𝜌)𝒰𝛼𝒰𝛽

+ 〈

∂Λ𝜌
𝜌 𝜌

𝜚𝑐4
𝑚𝑐4𝜏∫𝜌𝑑4𝜒 −𝒲𝜌𝜈ℋ

𝛼𝛽𝜒𝛼𝛽ℋ
𝛼𝛽𝒫𝛼𝛽〉𝑚𝑐

4/𝛾 − 𝜚𝑐4𝛾4/𝜌𝛼𝛽𝕊𝜇

+ 𝛾𝜇𝑞𝔸𝜇𝕊𝛽 = ∫𝜖0Λ𝜌/𝛾𝑐𝜌0𝜕
𝛼𝛽𝜌𝛼𝛽 
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3. Gravedad cuántica y agujeros negros cuánticos (interioridad). 

𝜓(𝑞𝑡+𝛿𝑡
′ + 𝑡 + 𝛿𝑡)

= 〈∫(𝑞𝑡+𝛿𝑡
′ |𝑞𝑡

′)𝜓(𝑞𝑡
′ , 𝑡)√𝑔(𝑞𝑡

′)𝑑𝑞𝑡
′ =

∫ 𝜒̅𝑒

𝑖𝛿𝑡
ℏ
ℒ(𝑞𝑡+𝛿𝑡

′ −
𝑞𝑡
′

𝛿𝑡
,𝑞𝑡+𝛿𝑡
′ )

𝜓 (𝑞𝑡
′ , 𝑡)√𝑔𝑑𝑞𝑡

′

𝒜(𝛿𝑡) ∫ 𝜒̅𝑒
𝑖𝛿𝑡
ℏ
ℒ(𝔔−

𝑞
𝛿𝑡
,𝒬)
𝜓(𝑞𝑡 , 𝑡)√𝑔(𝑞)𝑑𝑞

𝒜(𝛿𝑡)

= 𝜓(𝒬, 𝑡 + 𝛿𝑡)〉 

𝜓(𝜒, 𝑡 + 𝜀)

= 〈

∫ 𝜒̅𝑒
𝑖𝜀
ℏ
{
𝑚
2
(𝜒−

𝛾
𝜀
)
2
−𝜀𝒱(𝑥)}

𝜓(𝛾, 𝑡)𝑑𝛾
Λ ∫ 𝜒̅𝑒

𝑖
ℏ
{
𝑚𝜂2

2𝜀
−𝜀𝒱(𝑥)}

𝜓(𝜒 + 𝜂, 𝑡)𝑑𝜂

Λ
, 𝜓(𝜒, 𝑡 + 𝜀𝜔2)

=

𝜒̅𝑒−
𝑖𝜀
ℏ
𝒱′(𝑥𝜅)

Λ ∫ 𝑒

𝑖
ℏ
𝑚

2𝜀𝜂2 [𝜓(𝜒, 𝑡) +
𝜂𝜕𝜓(𝜒, 𝑡)

𝜕𝜒
+

𝜂2

2
𝜕2𝜓(𝜒, 𝑡)

𝜕𝜒2
] 𝑑𝜂 ∫ 𝜂2⨂𝜒̅𝑒

𝑖𝑚
ℏ
⊗2𝜀𝜂2𝑑𝜂 = √2𝜋ℏ𝜀𝑖

𝑚 ℏ𝜀𝜔2𝑖

𝑚
𝜓(𝜒, 𝑡

+ 𝜀𝜔2) =
√2𝜋ℏ𝜀𝑖

𝑚

Λ
𝜒̅𝑒

−
𝑖𝜀
ℏ
𝒱′(𝑥𝜅) {𝜓(𝜒, 𝑡) +

ℏ𝜀𝜔2𝑖

𝑚
𝜕2𝜓/𝜕𝜒2}Λ(𝜀𝜔2) = √

2𝜋ℏ𝜀𝑖

𝑚
,𝜓(𝜒, 𝑡) +

𝜀𝜕𝜓(𝜒, 𝑡)

𝜕𝑡

= 𝜓(𝜒, 𝑡) −
𝜄𝜀

ℏ
𝒱(𝑥)𝜓(𝜒, 𝑡) +

ℏ𝑖𝜀

2𝑚
𝜕2𝜓/𝜕𝜒2〉 

〈𝜓(𝑞𝑖+1, 𝑡𝑖+1) ≈
∫ 𝑒

𝑖
ℏ
ℒ(𝑞𝑖+1−

𝑞𝑖
𝑡𝑖+1

−𝑡𝑖,𝑞𝑖+1)⨂(𝑡𝑖+1−𝑡𝑖)⨂𝜓(𝑞𝑖, 𝑡𝑖)√𝑔(𝑞𝑖)𝑑𝑞𝑖
Λ(𝑡𝑖+1 − 𝑡𝑖)

, 𝜓(𝒬, 𝒯)

≅ ∫∫⊠∫exp {
𝑖

ℏ
∑[ℒ (𝑞𝑖+1 −

𝑞𝑖
𝑡𝑖+1

− 𝑡𝑖, 𝑞𝑖+1)

𝑚

𝑖=1

⊗ (𝑡𝑖+1 − 𝑡𝑖)]}

⊗ 𝜓(𝑞0, 𝑡0)√𝑔0𝑑𝑞0√𝑔1𝑑𝑞1⋯√𝑔𝜂𝑑𝑞𝑚/Λ(𝑡1 − 𝑡0)

⊠ Λ(𝑡2 − 𝑡1)⋯Λ(𝒯 − 𝑡𝑚)〉 𝜉
2𝑑𝜉 

𝜓†(𝑞0, 𝑡0) = 〈∫∫⋯∫𝜓†(𝑞𝑚+1, 𝑡𝑚+1)⨂exp
𝑖

ℏ
∑{ℒ (𝑞𝑖+1 −

𝑞𝑖
𝑡𝑖+1

− 𝑡𝑖, 𝑞𝑖+1)

𝑚

𝑖=0

⊗ (𝑡𝑖+1 − 𝑡𝑖)}⨂√𝑔𝑚+1𝑑𝑞𝑚+1⋯√𝑔1𝑑𝑞1/Λ(𝑡𝑚+1 − 𝑡𝑚)

⊠ Λ(𝑡1 − 𝑡0)⋯Λ(𝒯 − 𝑡𝑚)〉 
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‖⟨𝑓(𝑞0)⟩ = ∬⊠∫𝜓†(𝑞𝑚+1, 𝑡𝑚+1)

⋆ exp {
𝑖

ℏ
∑ ℒ (𝑞𝑖+1 −

𝑞𝑖
𝑡𝑖+1

− 𝑡𝑖, 𝑞𝑖+1)⊗ (𝑡𝑖+1 − 𝑡𝑖)
𝑚

𝑖=−𝑚′
}⨂𝑓(𝑞0) ⋄ 𝜓(𝑞−𝑚′ , 𝑡−𝑚′)

⊡ √𝑔𝑑𝑞𝑚+1⋯√𝑔𝑑𝑞0√𝑔𝑑𝑞−1⋯
√𝑔𝑑𝑞−𝑚′

Λ(𝑡𝑚+1 + 𝑡𝑚)
⊛ Λ(𝑡0 − 𝑡−1)

⊚ Λ(𝑡−𝑚′+1 − 𝑡−𝑚′)‖ 

‖
𝑑

𝑑𝑡
⟨𝜒|𝑓(𝑞)|𝜓⟩ = ⟨𝜒|𝑓(𝑞1)|𝜓⟩ −

⟨𝜒|𝑓(𝑞0)|𝜓⟩

𝑡1
− 𝑡0 = ⟨𝜒|𝑓(𝑞1) − 𝑓(𝑞0)/𝑡1 − 𝑡0|𝜓⟩‖ 

〈||

1

√𝑔(𝑞𝜅)
𝜕(√𝑔(𝑞𝜅)⨂𝔉)

𝜕𝑞𝜅
||〉

= −
𝑖Δ

ℏ
〈|𝔉⊗ 𝜕/𝜕𝑞𝜅 { ∑ [ℒ (𝑞′𝑖+1 −

𝑞′𝑖
𝑡′𝑖+1

− 𝑡′𝑖, 𝑞′𝑖+1)⊗ (𝑡′𝑖+1 − 𝑡′𝑖)]

𝑚

𝑖=−𝑚′

}|〉 

〈||

1

√𝑔
𝜕(√𝑔𝔉)

𝜕𝑞𝜅
||〉

= ‖
‖−

𝑖Δ

ℏ
〈|𝔉 {ℒ𝑞̂ (𝑞̂𝜅+1 −

𝑞̂𝜅

𝑡̂𝜅+1
− 𝑡̂𝜅 , 𝑞̂𝜅+1)

2

− ℒ𝑞̂ (𝑞̂𝜅 −
𝑞̂𝜅−1

𝑡̂𝜅
− 𝑡̂𝜅−1, 𝑞̂𝜅)

2

− (𝑡̂𝑘 − 𝑡̂𝑘+1)
2⨂ℒ𝑞̂√( 𝑞

𝜅
−
𝑞
𝜅+1

𝑡
𝜅

− 𝑡
𝜅+1

, 𝑞
𝜅
) − (𝑡̂𝑘 − 𝑡̂𝑘+1)}|〉

=

𝑖Δ
ℏ
〈|𝔊1 [ 𝑚 (𝜒𝑘+1 −

𝜒𝑘
𝑡𝑘+1

− 𝑡𝑘 ) − 𝑚 (𝜒𝑘−1 +
𝜒𝑘
𝑡𝑘−1

− 𝑡𝑘 )⨂𝒱
′𝜒𝑘𝛿⃡

̃
]𝔊2|〉 ℏ𝜀𝜔

2

𝜕𝛿𝑖Δ ‖
‖ 〈exp∫ ⟨𝜑⊚|𝛼Δ

Π|𝑒
𝑖𝛿Δ
ℏ
ℋ𝜅𝜓Δ𝑑⟩| 𝑉𝑜𝑙 𝜙𝑚〉 1

/2𝛿𝜀𝑖𝑚 +

〈
ℏ

2𝜀𝑖𝜓′
𝑡
〈𝒱′(𝑥𝜅)〉𝜕ℱ

〉2

|𝜕𝜒𝑘 ⊗
𝜕𝛿
𝜓′

𝑡
|
𝛿⃡

|

2

𝑖𝑚𝜉2

/〈2𝜋ℏ𝜀𝜄〉𝜉2𝑑𝜉 
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[𝒥𝜇𝜈 , 𝒥𝜌𝜎] = 𝑖(𝜂𝜇𝜌𝒥𝜈𝜎 + 𝜂𝜈𝜎𝒥𝜇𝜌 − 𝜂𝜈𝜌𝒥𝜇𝜎 − 𝜂𝜇𝜎𝒥𝜈𝜌), [𝒥𝑖𝑗, 𝒥𝑘𝑙]

= 𝑖(𝜂𝑖𝑘𝒥𝑗𝑙 + 𝜂𝑗𝑙𝒥𝑖𝑘 − 𝜂𝑗𝑘𝒥𝑖𝑙 − 𝜂𝑖𝑙𝒥𝑗𝑘), [𝒥𝑖𝑗, 𝒥𝑘4] = 𝑖(𝜂𝑖𝑘𝒥𝑗4 − 𝜂𝑗𝑘𝒥𝑖4), [𝒥𝑖4, 𝒥𝑗4]

= 𝑖𝒥𝑖𝑗 , 〈Θ𝑖𝑗ℏ𝒥𝑖𝑗Θ𝑘𝑙〉 = 𝑖ℏ(𝜂𝑖𝑘Θ𝑗𝑙 + 𝜂𝑗𝑙Θ𝑖𝑘 − 𝜂𝑗𝑘Θ𝑖𝑙 − 𝜂𝑖𝑙Θ𝑗𝑘), 〈Θ𝑖𝑗ℏ𝒥𝑖𝑗χ𝑘〉

= 𝑖ℏ(𝜂𝑖𝑘𝜒𝑗 − 𝜂𝑗𝑘𝜒𝑖), [𝜒𝑖, 𝜒𝑗] =
𝑖𝜆2

ℏΘ𝑖𝑗
𝑖𝜂𝑖𝑗 

[𝒥𝑚𝑛, 𝒥𝑟𝑠] = 𝑖(𝜂𝑚𝑟𝒥𝑛𝑠 + 𝜂𝑛𝑠𝒥𝑚𝑟 − 𝜂𝑛𝑟𝒥𝑚𝑠 − 𝜂𝑚𝑠𝒥𝑛𝑟),𝒫𝑖 =
ℏ

𝜆
𝒥𝑖, 〈Θ𝑖𝑗 , Θ𝑘𝑙〉

= 𝑖ℏ(𝜂𝑖𝑘Θ𝑗𝑙 + 𝜂𝑗𝑙Θ𝑖𝑘 − 𝜂𝑗𝑘Θ𝑖𝑙 − 𝜂𝑖𝑙Θ𝑗𝑘), 〈Θ𝑖𝑗, 𝒫𝑘〉 = 𝑖ℏ(𝜂𝑖𝑘𝒫𝑗 − 𝜂𝑗𝑘𝒫𝑖), 〈𝒫𝑖, 𝒫𝑗〉

=
𝑖ℏ

𝜆2Θ𝑖𝑗
, 〈Θ𝑖𝑗 , χ𝑘〉 = 𝑖ℏ(𝜂𝑖𝑘χ𝑗 − 𝜂𝑗𝑘χ𝑖),

〈χ𝑖, χ𝑗〉𝑖𝜆
2

ℏ
Θ𝑖𝑗〈χ𝑖, 𝒫𝑗〉 = 𝑖ℏ𝜂𝑖𝑗ℎ, 〈Θ𝑖𝑗, ℏ〉

= 〈χ𝑖 , ℏ〉 =
𝑖𝜆2

ℏ
𝒫𝑖, 〈𝒫𝑖, ℏ〉 =

𝑖𝜆2

ℏ
χ𝑖 

𝜂𝜇𝜈𝜒
𝜇𝜒𝜈 = 𝛿ℛ2, [𝒥𝔐𝔑, 𝒥ℛ𝒮] = 𝑖(𝜂𝔐ℜ𝒥𝔑𝒮 + 𝜂𝒩𝒮𝒥ℳℛ − 𝜂𝒩ℛ𝒥ℳ𝒮 − 𝜂ℳ𝒮𝒥𝒩ℛ), [𝒥𝑖𝑗, 𝒥𝑘𝑙]

= 𝑖(𝜂𝑖𝑘𝒥𝑗𝑙 + 𝜂𝑗𝑙𝒥𝑖𝑘 − 𝜂𝑗𝑘𝒥𝑖𝑙 − 𝜂𝑖𝑙𝒥𝑗𝑘) 

〈Θ𝑖𝑗 , Θ𝑘𝑙〉 = 𝑖ℏ(𝜂𝑖𝑘Θ𝑗𝑙 + 𝜂𝑗𝑙Θ𝑖𝑘 − 𝜂𝑗𝑘Θ𝑖𝑙 − 𝜂𝑖𝑙Θ𝑗𝑘), 〈Θ𝑖𝑗 , 𝒬𝑘〉 =
𝑖

ℏ
(𝜂𝑖𝑘 , 𝒬𝑗 − 𝜂𝑗𝑘 , 𝒬𝑖), 〈Θ𝑖𝑗, χ𝑘〉

=
𝑖

ℏ
(𝜂𝑖𝑘 , 𝜒𝑗 − 𝜂𝑗𝑘 , 𝜒𝑖), 〈Θ𝑖𝑗, 𝒫𝑘〉 =

𝑖

ℏ
(𝜂𝑖𝑘 , 𝒫𝑗 − 𝜂𝑗𝑘 , 𝒫𝑖), (𝒬𝑖, 𝒬𝑗) =

𝑖ℏ

𝜆2
Θ𝑖𝑗 , (𝒬𝑖, 𝜒𝑗)

=
𝑖ℏ

𝜆2
η𝑖𝑗𝑞, (𝒬𝑖, 𝒫𝑗) =

𝑖ℏ

𝜆2
η𝑖𝑗𝑝, (𝒬𝑖, 𝑞) =

𝑖ℏ

𝜆2𝜒𝑖
, (𝒬𝑖 , 𝑝) = 𝑖𝒫𝑖, (𝜒𝑖 , 𝜒𝑗)

=
𝑖𝜆2

ℏ
Θ𝑖𝑗, (𝜒𝑖 , 𝒫𝑗) = −𝑖ℏ𝜂𝑖𝑗ℎ, (𝜒𝑖 , 𝑞) = −

𝑖𝜆2

ℏ
𝒬𝑖, (𝜒𝑖 , ℎ) = −

𝑖𝜆2

ℏ
𝒫𝑖, (𝒫𝑖, 𝒫𝑗)

=
𝑖𝛿ℏ

𝜆2Θ𝑖𝑗
, (𝒫𝑖, 𝑝) = 𝑖𝛿𝒬𝑖, (𝒫𝑖, ℎ) =

𝑖𝛿ℏ

𝜆2𝜒𝑖
, [𝑞, 𝑝] = 𝑖ℏ, [𝑞, ℎ] = 𝑖𝑝, [𝑝, ℎ] = −𝑖𝛿𝑞 

𝛾1 [
0 ⋯ 1
⋮ ⋱ ⋮
1 ⋯ 1

] 𝛾2 [
1 ⋯ −1
⋮ ⋱ ⋮
−1 ⋯ 0

]𝛾3 [
−1 ⋯ 1
⋮ ⋱ ⋮
1 ⋯ 0

] 𝛾4 [
0 ⋯ 1
⋮ ⋱ ⋮
−1 ⋯ −1

] 
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(ℳ𝑎𝑏,ℳ𝑐𝑑) = 𝜂𝑏𝑐ℳ𝑎𝑑 + 𝜂𝑎𝑑ℳ𝑏𝑐 − 𝜂𝑎𝑐ℳ𝑏𝑑 − 𝜂𝑏𝑑ℳ𝑎𝑐 , (ℳ𝑎𝑏, 𝒫𝑐) = 𝜂𝑏𝑐𝒫𝑎 − 𝜂𝑎𝑐𝒫𝑏, (ℳ𝑎𝑏 ,𝒦𝑐)

= 𝜂𝑏𝑐𝒦𝑎 − 𝜂𝑎𝑐𝒦𝑏 , (𝒫𝑎, 𝒟) = 𝒫𝑎 , (𝒦𝑎, 𝒟) = −𝒦𝑎, (𝒦𝑎 , 𝒫𝑏)

= −2(𝜂𝑎𝑏𝒟 +ℳ𝑎𝑏), (ℳ𝑎𝑏 ,ℳ𝑐𝑑) =
1

2
(𝜂𝑎𝑐𝜂𝑏𝑑 − 𝜂𝑏𝑐𝜂𝑎𝑑) − 𝑖𝜖𝑎𝑏𝑐𝑑, 𝒟, (ℳ𝑎𝑏 , 𝒫𝑐)

= 𝑖𝜖𝑎𝑏𝑐𝑑𝒫
𝑑, (ℳ𝑎𝑏 ,𝒦𝑐) = −𝑖𝜖𝑎𝑏𝑐𝑑𝒦

𝑑 , (ℳ𝑎𝑏, 𝒟) = 2ℳ𝑎𝑏𝒟, (𝒫𝑎,𝒦𝑏)

= 4ℳ𝑎𝑏𝒟 + 𝜂𝑎𝑏 , (𝒦𝑎,𝒦𝑏) = (𝒫𝑎 , 𝒫𝑏) = −𝜂𝑎𝑏 , (𝒫𝑎, 𝒟) = (𝒦𝑎 , 𝒟) = 1  

 

𝒮 = 𝑇𝑟 ([𝜒𝜇 , 𝜒𝜈] − 𝜅2Θ𝜇𝜈)([𝜒𝜌, 𝜒𝜎] − 𝜅2Θ𝜌𝜎)𝜖
𝜇𝜈𝜌𝜎 , 𝜖𝜇𝜈𝜌𝜎

= [𝜒𝜈(𝜒𝜌, 𝜒𝜎) − 𝜅2Θ𝜌𝜎], 𝜖
𝜇𝜈𝜌𝜎([𝜒𝜌, 𝜒𝜎] − 𝜅2Θ𝜌𝜎) = 1, 𝒮

= 𝑇𝑟𝑡𝑟 𝜖𝜇𝜈𝜌𝜎 ([𝜒𝜇 + Λ𝜇 , 𝜒𝜈 + Λ𝜈]

− 𝜅2(Θ𝜇𝜈 +𝔅𝜇𝜈))⨂([𝜒𝜌 + Λ𝜌, 𝜒𝜎 + Λσ] − 𝜅2(Θ𝜌𝜎 +𝔅𝜌𝜎)) , Λ𝜇

= 𝛼𝜇⨂14 +𝜔𝜇
𝛼𝛽
⨂ℳ𝛼𝛽 + 𝑒𝜇

𝛼⨂𝒫𝛼 + 𝛽𝜇
𝛼⨂𝒦𝛼 + 𝛼̃𝜇⨂𝒟, 𝒮

=  𝑇𝑟𝑡𝑟𝜖𝜇𝜈𝜌𝜎 ([𝜒𝜇 , 𝜒𝜈] −
𝑖𝜆2

ℏ
Θ𝜇𝜈)([𝜒𝜌, 𝜒𝜎] −

𝑖𝜆2

ℏ
Θ𝜌𝜎) ≅ 𝑇𝑟𝑡𝑟𝜖𝜇𝜈𝜌𝜎ℱ̂𝜇𝜈ℱ̂𝜌𝜎 , 𝒮

= 𝑇𝑟𝑡𝑟[𝜆𝜙(𝜒)𝜖𝜇𝜈𝜌𝜎ℱ̂𝜇𝜈ℱ̂𝜌𝜎 + 𝜂(𝜙(𝜒)
2) − 𝜆−21𝜂⨂14], 𝒮𝑏𝑟

= 𝑇𝑟 (
√2

4
𝜀𝑎𝑏𝑐𝑑ℛ𝑚𝑛

𝑎𝑏 ℛ𝑟𝑠
𝑐𝑑 − 4ℛ𝑚𝑛ℛ̃𝑟𝑠) 𝜀

𝑚𝑛𝑟𝑠 

ℱ̂𝜇𝜈 = ℛ𝜇𝜈⨂14 +
1

2
ℛ𝛼𝛽
𝜇𝜈
⨂ℳ𝛼𝛽 + ℛ̃𝛼𝛽

𝜇𝜈
⨂𝒫𝛼 +ℛ𝛼

𝜇𝜈
⨂𝒦𝛼 + ℛ̃𝛼

𝜇𝜈
⨂𝒟 

ℱ̂𝜌𝜎 = ℛ𝜌𝜎⨂14 +
1

2
ℛ𝛼𝛽
𝜌𝜎
⨂ℳ𝛼𝛽 + ℛ̃𝛼𝛽

𝜌𝜎
⨂𝒫𝛼 +ℛ𝛼

𝜌𝜎
⨂𝒦𝛼 + ℛ̃𝛼

𝜌𝜎
⨂𝒟 

𝜙(𝜒) = Φ(𝜒)⨂14 +𝜙
𝛼𝛽(𝜒)⨂ℳ𝛼𝛽 + 𝜙̂𝛼𝛽(𝜒)⨂𝒫𝛼 + 𝜙𝛼𝛽(𝜒)⨂𝒦𝛼 + 𝜙̃𝛼𝛽(𝜒)⨂𝒟,Φ(𝜒)

= 𝜙̂(𝜒)⨂𝒟|𝜙̃=−2𝜆−1 = −2𝜆−11𝜂⨂𝒟 

𝑑𝑠

𝑑𝑡
=
√
𝑔𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈

𝑑𝑡
𝑑2𝑥𝜇

𝑑𝑡2
+
Γ𝛼𝛽
𝜇
𝑑𝑥𝛼𝑑𝑥𝛽

𝑑𝑡
=

𝜆(𝑡)𝑑𝑥𝜇

𝑑𝑡
𝑑2𝛼

𝑑𝑡2
=
𝜆𝑑𝛼

𝑑𝑡
⟹

𝑑2𝑥𝜇

𝑑𝛼2
+ Γ𝛼𝛽

𝜇
𝑑𝑥𝛼𝑑𝑥𝛽/𝑑𝛼 
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𝑑𝑠2 = (1 −
2𝑚

𝑟
)𝑑𝑡𝛿2 + (1 −

2𝑚

𝑟
)
−1

𝑑𝑟2 + 𝑟2𝑑𝜎2 = 𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2, 𝑡−

= 𝑡𝛿 − 2𝑚 ln|𝑟 − 2𝑚|, 𝑡+

= 𝑡𝛿 + 2𝑚 ln|𝑟 − 2𝑚|, 𝑡+ =𝑡−

+ 4𝑚 ln|𝑟 − 2𝑚|𝑑𝑠2 = 𝑑𝑠0±
2 +

2𝑚

𝑟
(𝑘±𝜇𝑑𝑥

𝜇)
2
, 𝑑𝑠0±

2 = 𝑑𝑟2 + 𝑟2𝑑𝜎2 − 𝑑𝑡0±
2  

𝑘± = 𝑘±𝜇𝑑𝑥
𝜇 = ±𝑟 −

2𝑚

𝑟
+ 2𝑚 𝑑𝑟 − 𝑑𝑡±, 𝑘± = 𝑘±

𝜇
𝜕𝜇 = ±𝜕𝑟 + 𝜕𝑡±, 𝑘±𝜇

⋇ 𝑑𝑥𝜇

= ±
𝑟 − 2𝑚

𝑟 + 2𝑚
𝑑𝑟 − 𝑑𝑡±, 𝑘±

⋇ = 𝑘∓𝜇
⋇ 𝜕𝜇 = ±

𝑟 − 2𝑚

𝑟 + 2𝑚
𝜕𝑟 + 𝜕𝑡± 

𝑑𝑠2 = 𝑑𝑟2 − 𝑑𝑡2 +
1

𝑟
(𝑑𝑟 + 𝑑𝑡)2 = (𝑑𝑟 + 𝑑𝑡) (𝑑𝑟 − 𝑑𝑡 +

1

𝑟
(𝑑𝑟 + 𝑑𝑡))

= 𝑟 −
1

𝑟
𝑑(𝑟 + 𝑡) (𝑟 +

1

𝑟
− 1 𝑑𝑟 − 𝑑𝑡) = 𝑟 −

1

𝑟
𝑑𝜇𝑑𝜐 

𝑑𝑠2 =
4

𝑟
𝑒−𝑟𝑑𝒰𝑑𝒱 + 𝑟2𝑑𝜎2 ⇒

32𝑚4

𝑟
𝑒−𝑟/2𝑚𝑑𝒰𝑑𝒱 + 𝑟2𝑑𝜎2 

𝑑𝑠2 = 𝑑𝑠0
2 +

2𝑚𝑟

Σ
𝑘2, 𝑘 = 𝑑𝑟 + 𝛼𝑠𝑖𝑛2𝜃𝑑𝜙 + 𝑑𝑡, 𝑑𝑠0

2

= 𝑑𝑟2 + Σ𝑑𝜃2 + (𝑟2 + 𝛼2) 𝑠𝑖𝑛2𝜃𝑑𝜙 + 2𝛼𝑠𝑖𝑛2𝜃𝑑𝜙𝑑𝑡 − 𝑑𝑡2, Σ = 𝑟2 + 𝛼2𝑐𝑜𝑠2𝜃  

𝑑𝑠2 = 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2 − 𝑑𝑡2 +
2𝑚𝑟3

𝑟4

+ 𝛼2𝑧2 [𝑑𝑡 +
𝑧

𝑟
𝑑𝑧 +

𝑟

𝑟2
+ 𝛼2(𝑥𝑑𝑥 + 𝑦𝑑𝑦) + 𝛼/𝑟2 + 𝛼2(𝑥𝑑𝑥 + 𝑦𝑑𝑦)]

2

 

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 +
2𝑚𝑟

𝑟2
+
𝛼2(𝑑𝑟 + 𝑑𝑡)2𝑑𝑟

𝑑𝑡
= 𝑟2 − 2𝑚𝑟 −

𝛼2

𝑟2
+ 2𝑚𝑟 + 𝛼2 

𝑑𝑠2 =
Σ

Δ
𝑑𝑟2 −

Δ

Σ(𝑑𝑡𝛿 + 𝛼𝑠𝑖𝑛2𝜃𝑑𝜙𝛿)
2
+ Σ𝑑𝜃2

+
𝑠𝑖𝑛2𝜃

Σ((𝑟2 + 𝛼2)𝑑𝜙𝛿 − 𝛼𝑑𝑡𝛿)
2
(𝜕𝑟 +

2𝑚𝑟
Δ𝜕𝑡

−
𝛼

Δ𝜕𝜙𝜕𝜃𝜕𝜙𝜕𝑡|𝛿
)𝑑𝑠2

=
Σ

Δ𝑑𝑟2
−
Δ

Σ
(𝑑𝑡𝛿 + 𝛼𝑠𝑖𝑛

2𝜃𝑑𝜙𝛿)
2 + Σ𝑑𝜃2 + 𝑠𝑖𝑛2𝜃/Σ((𝑟2 + 𝛼2)𝑑𝜙𝛿 − 𝛼𝑑𝑡𝛿)

2
 

𝑔𝜇𝜈𝜕𝜇𝜕𝜈 =
Δ

Σ
𝜕𝑟𝛿
2 −

1

ΔΣ((𝑟2 + 𝛼2)𝜕𝑡𝛿 − 𝛼𝜕𝜙𝛿)
2 +

1

Σ𝜕𝜃𝛿
2
+ 1/Σ𝑠𝑖𝑛2𝜃(𝜕𝜙𝛿 − 𝛼𝑠𝑖𝑛2𝜃𝜕𝑡𝛿)

2
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𝑘− = (𝑑𝑡𝛿 + 𝛼𝑠𝑖𝑛2 𝜃𝑑𝜙𝛿) + (ΣΔ−1)𝑑𝑟, 𝑘±

= ∓Σ𝑑𝑟 + [Δ(𝑑𝑡 + 𝛼𝑠𝑖𝑛2𝜃𝑑𝜙) + (−2𝑚𝑟 + 𝛼2𝑠𝑖𝑛2𝜃)𝑑𝑟]𝑘±

= ∓(Δ𝜕𝑟 + 2𝑚𝑟𝜕𝑡 − 𝛼𝜕𝜙) + ((𝑟2 + 𝛼2)𝜕𝑡 − 𝛼𝜕𝜙) 

𝑑𝑟

𝑑𝑡
= 𝑟2 − 2𝑚𝑟 +

𝛼2

𝑟2
+ 2𝑚𝑟 + 𝛼2,

𝑑𝜙

𝑑𝑡
=
2𝛼

𝑟2
+ 2𝑚𝑟 + 𝛼2 

Los agujeros negros cuánticos, suponen tractos de colisión, superposición o entrelazamiento, según sea 

el caso, en el que interactúan partículas o antipartículas deformantes y deformadas, en el primer caso, a 

propósito de su masa exponencial o de su energía potencial o de su energía cinética, según corresponda, 

y en el segundo caso, a propósito de su masa o energía cinética o potencial ligeras, según corresponda. 

Todo esto, depende esencialmente del campo cuántico de que se trate. 
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APÉNDICE F.  

Formalización matemática relativa a las características sistémicas inherentes a las partículas 

supermasivas y masivas como de las antipartículas supermasivas y masivas respectivamente, en un 

espacio cuántico curvo o deformado. 
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1. Equilibrio termodinámico. 

𝑑𝒰 = 𝑇𝑑𝒮 − 𝑝𝑑𝒱 +∑𝜇𝑖𝑑𝒩𝑖

𝑖

 

𝒫 = −
𝜕𝑢

𝜕𝑣
|
𝑠,𝑛

= −
𝜕𝑓

𝜕𝑣
|
𝒯,𝑛

 

𝒯 = −
𝜕𝑢

𝜕𝑠
|
𝑣,𝑛

=
𝜕ℏ

𝜕𝑠
|
𝑝,𝑛

 

𝜇 =
𝜕𝑢

𝜕𝑛
|
𝑠,𝑣
𝑛 = −

𝜕𝜔

𝜕𝜇
|
𝒯,𝑣

 

𝜕2𝑢

𝜕𝑠2
|
𝑣

≥ 0,
𝜕2𝑢

𝜕𝑣2
|
𝑠

≥ 0
𝜕2𝑢

𝜕𝑠2
|
𝑣

𝜕2𝑢

𝜕𝑣2
|
𝑠

≥ (
𝜕2𝑢

𝜕𝑠𝜕𝑣
)

2
𝜕𝑢

𝜕𝒯

𝜕𝒫

𝜕𝑛
𝒯
𝜕𝒫

𝜕𝒯
𝑛2
𝜕𝑢

𝜕𝑛
𝜆 

𝑑𝒰 = 𝑇𝑑𝒮 + 𝒮𝑑𝒯 − 𝒫𝑑𝒱 − 𝒱𝑑𝑝 + 𝜇𝑑𝒩 +𝒩𝑑𝜇

=
𝜕𝒰

𝜕𝒮
𝑑𝒮 + 𝒮𝑑𝒯 +

𝜕𝒰

𝜕𝒱
𝑑𝒱 − 𝒱𝑑𝑝 +

𝜕𝒰

𝜕𝒩
𝑑𝒩 +𝒩𝑑𝜇∑𝜇𝑖𝑑μ𝑖

𝑖

 

2. Equilibrio Químico. 

𝜇𝑖 = ℬ𝑖𝜇ℬ +𝒬𝑖𝜇𝑞 + ℒ𝑖
(𝑒)𝜇𝑙𝑒 + 𝒮𝑖𝜇𝑠, 𝜇𝑎 = (𝒩𝑎 + 𝒵𝑎)𝜇ℬ +𝒵𝑎𝜇𝑞 ≡ 𝒩𝑎𝜇𝑛 + 𝒵𝑎𝜇𝑝 

 

3. Nivel de Rabi.  

𝑒𝜈 = √𝑐2𝒫𝓏
2 +𝑚𝑒

2𝑐4(1 + 2𝜈ℬ/ℬ𝑐) 

4. Corteza interior y núcleo. 

𝔈𝑠𝑦𝑚 = (𝑛 = 𝑛𝑛 + 𝑛𝑝) =
1

2

𝜕2𝔈(𝑛, 𝛼)

𝜕𝛼2
|
𝛼=0

𝔈(𝑛, 𝛼) = 𝔈(𝑛, 0) + 𝔈𝑠𝑦𝑚(𝑛)𝛼
2 + 𝒪(𝛼4) 

𝔈𝑠𝑦𝑚 = (𝑛 = 𝑛𝑛 + 𝑛𝑝) = 𝔈(𝑛, 𝛼 = 1) − 𝔈(𝑛, 𝛼 = 0) 

𝔈𝑠𝑦𝑚(𝑛) = 𝔈𝑠𝑦𝑚(0) + (𝑑𝔈𝑠𝑦𝑚(𝑛)/𝑑𝑛)𝑛𝑠
(𝑛 − 𝑛𝑠) +

1

2
(𝑑2𝔈𝑠𝑦𝑚(𝑛)/𝑑𝑛

2)
𝑛𝑠
(𝑛 − 𝑛𝑠)

2

+
1

6
(𝑑3𝔈𝑠𝑦𝑚(𝑛)/𝑑𝑛

3)
𝑛𝑠
(𝑛 − 𝑛𝑠)

3 

𝔈𝑠𝑦𝑚(𝑛) = 𝒮0 + ℒ𝜒 +
1

2
𝒦𝑠𝑦𝑚𝜒

2 +
1

6
𝒬𝑠𝑦𝑚𝜒

3 

𝔈(𝑛, 0) = 𝜖0 +
1

2
𝒦𝑠𝑎𝑡𝜒

2 +
1

6
𝒦𝑠𝑎𝑡𝜒

3 

𝒮0 ≡ 𝔈𝑠𝑦𝑚(𝑛𝑠) ≃ 𝔈𝒩ℳ(𝑛𝑠) − 𝜖0ℒ ≃ 3
𝒫𝒩ℳ

𝑛𝑠
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5. Gravedad relativista. 

ℳ𝑐𝑟𝑖𝑡

ℳ𝒯𝒪𝒱
= 1 + 𝛼2(𝑗/𝑗𝒦𝑒𝑝)

2
+ 𝛼4(𝑗/𝑗𝒦𝑒𝑝)

4
𝒢𝜇𝜈

16𝜋𝔊

𝑐4
𝒯𝜇𝜈 

𝑑𝑠2 = 𝒜(𝑟)𝑑𝑡2 − ℬ(𝑟)𝑑𝑟2 − 𝑟2 sin2 𝜃𝑑𝜙2 𝒢𝜇𝜈 = ℛ𝜇𝜈 −
1

2
ℛ𝑔𝜇𝜈 

𝑔00 = 1 + 2𝒱 = 𝒜(𝑟)1 −
2𝒢ℳ

𝑟
ℬ(𝑟) (1 −

2𝒢ℳ

𝑟
)
−1

 

𝑑𝑠2 = −𝑔𝑡𝑡(𝑟)𝑑𝑡
2 + (1 −

2𝑚(𝑟)

𝑟
)

−1

 𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2) 

2𝑚′

𝑟2
16𝜋𝜌

2𝑚′

𝑟3
− (1 −

2𝑚

𝑟
)
𝑔𝑡𝑡
′

𝑔𝑡𝑡
1/𝑟

= −16𝜋𝜌 (1 −
2𝑚

𝑟
)(

𝑔𝑡𝑡
′

2𝑔𝑡𝑡
−
1

4
(
𝑔𝑡𝑡
′

𝑔𝑡𝑡
)

2

+
1

2𝑟

𝑔𝑡𝑡
′

𝑔𝑡𝑡
) + (

𝑚

𝑟2
−
𝑚′

𝑟
)(

1

𝑟
+
𝑔𝑡𝑡
′

2𝑔𝑡𝑡
) 

6. Ecuaciones de estado de Tolman-Oppenheimer-Volkoff (TOV). 

ℛ𝜇𝜈 = −𝜅 (𝒯𝜇𝜈 −
1

2
𝒯𝑔𝜇𝜈) 

𝒯𝜇𝜈 = −𝑝𝑔𝜇𝜈 + (𝜀 + 𝑝)𝑢𝜇𝑢𝜈 

ℛ00 = −
𝒜′′

2ℬ
+
𝒜′

4ℬ
(
𝒜′

𝒜
+
ℬ′

ℬ
) −

𝒜′

𝑟ℬ
 

ℛ11 = −
𝒜′′

2𝒜
+
𝒜′

4𝒜
(
𝒜′

𝒜
+
ℬ′

ℬ
) −

ℬ′

𝑟ℬ
 

ℛ22 = −
1

ℬ
− 1

𝑟

2ℬ
(
𝒜′

𝒜
−
ℬ′

ℬ
)sin2 𝜃𝑑𝜙2 

𝑑

𝑑𝑟
[𝑟 (1 −

1

ℬ
)] = 𝜅𝑟2𝜀 

ℬ(𝑟) = [1 −
2𝒢𝑚(𝑟)

𝑟
]

−1

 

𝑚(𝑟) = 4𝜋∫ 𝜀(𝑟̅)𝑟̅2𝑑𝑟̅
𝜏

0

 

𝑑𝑝

𝑑𝑟
=
𝜀 + 𝑝

2𝒜

𝑑𝒜

𝑑𝑟

1

ℬ
− 1 +

𝑟

2ℬ
(
𝒜′

𝒜
−
ℬ′

ℬ
) = −

1

2
𝜅(𝜀 − 𝑝)𝑟2 

𝑑𝒫

𝑑𝑟
= −

𝒢𝒩
𝑟2

(𝜖(𝑟) + 𝒫(𝑟))(ℳ(𝑟) + 4𝜋𝑟3𝒫(𝑟))

1 −
2𝒢𝒩ℳ(𝑟)

𝑟

𝑑ℳ

𝑑𝑟
 = 4𝜋𝑟2𝜖 

𝑑𝒫

𝑑𝑟
= −(𝒫 + 𝜌)

𝑚(𝑟) + 4𝜋𝑟3𝒫

𝑟(𝑟 − 2𝑚(𝑟))
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𝒫(𝑟) = 𝜌0

(

 
 (1 −

2𝒢ℳ
ℛ )

1/2

− (1 −
2𝒢ℳ𝑟2

ℛ3 )
1/2

(1 −
2𝒢ℳ𝑟2

ℛ3 )
1/2

− 3(1 −
2𝒢ℳ
ℛ

)
1/2

)

 
 

 

𝑑𝒫

𝑑𝑟
= −(𝒫 + 𝜌0)

(
4𝜋
3 )𝜌0𝑟

3 + 4𝜋𝑟3𝒫

𝑟 (𝑟 − 2 (
4𝜋
3
)𝜌0𝑟

3)

= −
4𝜋

3
(𝒫

+ 𝜌0)
(𝜌0 + 3𝒫𝑟)

1 −
16𝜋𝜌0ℛ

2

3

∫
𝑑𝒫

(𝒫 + 𝜌0)(3𝒫 + 𝜌0)

0

𝒫

∫
𝑟𝑑𝑟

2𝜌0𝑟
2 −

3
4𝜋

ℛ

𝑟

1

2𝜌0
log (

𝒫 + 𝜌0
3𝒫 + 𝜌0

)

=
1

4𝜌0
log(

16𝜋𝜌0ℛ
2

3
− 1

16𝜋𝜌0𝑟
2

3
− 1

)
𝒫 + 𝜌0
3𝒫 + 𝜌0

= (
1 − 2𝒢ℳ/ℛ

1 − 2𝒢ℳ𝑟2/ℛ3
) 

𝑑𝒫

𝑑𝑟
= −(𝒫 + 𝜌𝑚𝑐2) [

4𝜋𝒢𝒫𝑟3 + 𝒢𝑚(𝑟)𝑐2

𝑐4𝑟 (𝑟 −
2𝒢𝑚(𝑟)
𝑐2

)
] 

𝒫(𝑟) = 𝜌0𝑐
2

[
 
 
 
 
− (1 −

2𝒢ℳ
𝑐2ℛ

)

1
2
+ (1 −

2𝒢ℳ𝑟2

𝑐2ℛ3 )

1
2

(1 −
2𝒢ℳ𝑟2

𝑐2ℛ3 )

1
2
+ 3(1 −

2𝒢ℳ
𝑐2ℛ

)

1
2

]
 
 
 
 

 

𝒫(0) = 𝜌0𝑐
2

[
 
 
 
 
− (1 −

2𝒢ℳ
𝑐2ℛ

)

1
2
+ 1

−1 + 3(1 −
2𝒢ℳ
𝑐2ℛ

)

1
2

]
 
 
 
 

 

6.1. Ecuaciones TOV.  

𝑑𝒫

𝑑𝑟
= −(

𝒢ℳ𝑟

𝑟2
)
[𝒫(𝑟) + 𝜌(𝑟)][ℳ(𝑟) + 4𝜋𝑟3𝒫(𝑟)]

𝑟[𝑟 − 2ℳ(𝑟)]
 

𝑑𝒫

𝑑𝑟
= −(

𝒢ℳ𝑟

𝑟2
)
𝜌 + (𝒫/𝑐2)(1 + (4𝜋𝒫𝑟3/ℳ𝑟𝑐

2))

(1 − (
2𝒢ℳ𝑟

𝑟𝑐2
))

 

ℳ𝑟 =
4𝜋

𝑐2
∫𝜌𝑐2𝑟2𝑑𝑟

𝑟

0

 

𝜉 = 𝑟𝒜; 𝜌 = 𝜌𝑐𝑒
−𝜃;ℳ𝑟 =

4𝜋𝜌𝑐
𝒜3

𝜈(𝜉);𝒜2 =
4𝜋𝒢𝜌𝑐
𝜎𝑐2

 

𝜎 =
𝒫𝑐
𝜌𝑐2

(1 − 2𝜎𝜈(𝜉)/𝜉)

1 + 𝜎
+ 𝜉2

𝑑𝜃

𝑑𝜉
− 𝜈(𝜉) − 𝜎𝑒−𝜃𝜉3

𝑑𝜈

𝑑𝜉
= 𝜉2𝑒−𝜃

1

𝜉2
𝑑

𝑑𝜉
(ξ2

𝑑𝜃

𝑑𝜉
) = 𝑒−𝜃 
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ξ2
𝑑𝜃

𝑑𝜉
− 2𝜎𝜈𝜉

𝑑𝜃

𝑑𝜉
− 𝜈 − 𝜎𝜈 − 𝜎𝑒−𝜃𝜉3 − 𝜎2𝑒−𝜃𝜉3 

𝜃(𝜉) = ∑𝛼𝑘𝜉
2𝑘

∞

𝑘=1

 

𝑑𝜃

𝑑𝜉
= ∑2𝑘𝛼𝑘𝜉

2𝑘−1

∞

𝑘=1

 

𝜉
𝑑𝜃

𝑑𝜉
= ∑2𝑘𝛼𝑘𝜉

2𝑘

∞

𝑘=1

 

𝜉2
𝑑𝜃

𝑑𝜉
= ∑2𝑘𝛼𝑘𝜉

2𝑘+1

∞

𝑘=1

 

𝑒−𝜃 =∑𝛼𝑘𝜉
2𝑘

∞

𝑘=0

 

𝛼𝑘 = −
1

𝜅
∑𝑖𝛼𝑖𝛼𝑘−𝑖

𝑘

𝑖=1

 

𝑑𝜈

𝑑ξ
= 𝜉2∑𝛼𝑘𝜉

2𝑘

∞

𝑘=0

=∑𝛼𝑘𝜉
2𝑘+2

∞

𝑘=0

 

𝜈 = ∫∑𝛼𝑘𝜉
2𝑘+2

∞

𝑘=0

𝑑𝜉 = ∑
𝛼𝑘

2𝜅 + 3
𝜉2𝑘+3

∞

𝑘=0

 

𝜉
𝑑𝜃

𝑑𝜉
𝜈 = (∑2(𝑘 + 1)𝛼𝑘+1𝜉

2𝑘+2

∞

𝑘=0

)(∑
𝛼𝑘

2𝜅 + 3
𝜉2𝑘+3

∞

𝑘=0

) 

𝜉
𝑑𝜃

𝑑𝜉
𝜈 = (∑𝑓𝑘𝜉

2𝑘+2

∞

𝑘=0

)(∑𝑔𝑘𝜉
2𝑘+3

∞

𝑘=0

) 

𝜉
𝑑𝜃

𝑑𝜉
𝜈 = (∑𝑓𝑘𝜉

2𝑘+2

∞

𝑘=0

)(∑𝑔𝑘𝜉
2𝑘+3

∞

𝑘=0

) = ∑𝛾𝑘𝜉
2𝑘+5

∞

𝑘=0

 

𝛾𝑘 =∑𝑓𝑖𝑔𝑘−𝑖∑𝑖𝛼𝑖𝛼𝑘−𝑖

𝑘

𝑖=1

𝑘

𝑖=0

 

∑[2(𝑘 + 1)𝛼𝑘+1 − 2𝜎𝛾𝑘−1 −
𝛼𝑘

2𝜅 + 3
− 𝜎

𝛼𝑘
2𝜅 + 3

− 𝜎𝛼𝑘 − 𝜎2𝛼𝑘] 𝜉
2𝑘+3

∞

𝑘=1

 

2(𝑘 + 1)𝛼𝑘+1 − 2𝜎𝛾𝑘−1 −
𝛼𝑘

2𝜅 + 3
− 𝜎

𝛼𝑘
2𝜅 + 3

− 𝜎𝛼𝑘 − 𝜎2𝛼𝑘 = 0 

𝛼𝑘+1 =
1

2(𝑘 + 1)
[2𝜎𝛾𝑘−1 +

𝛼𝑘
2𝜅 + 3

+ 𝜎
𝛼𝑘

2𝜅 + 3
+ 𝜎𝛼𝑘 + 𝜎2𝛼𝑘] 
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𝛾𝑘−1 =∑𝑓𝑖𝑔𝑘−𝑖−1;

𝑘−1

𝑖=0

𝛼𝑘 = −
1

𝑘
∑𝑖𝛼𝑖𝛼𝑘−𝑖

𝑘

𝑖=1

; ∀𝜅 ≥ 1; 𝛼0 = 𝑒(−𝛼0) 

𝛼1 =
1

2
[
1

3
+
𝜎

3
+ 𝜎 + 𝜎2] =

1

6
(1 + 𝜎)(1 + 3𝜎) 

𝜎̅(𝜓̅𝑖)(𝒢𝜇̅𝜈 − 𝒲̅𝜇𝜈) = 𝜅2𝒯̅𝜇𝜈 

𝒯̅𝜇𝜈 = (𝜌 + 𝑝)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝑢𝜇𝑢𝜈̅̅ ̅̅ ̅̅ ̅ + 𝑝ℏ𝜇𝜈̅̅ ̅̅ ̅̅ (
∏̅

𝜎̅
)

′

= −
ℳ

𝑟̅2
(
𝒬

𝜎̅

̅
+
∏̅

𝜎̅
)(1 +

4𝜋𝑟̅3
∏̅
𝜎̅

ℳ
)𝛼(𝑟)̅̅ ̅̅ ̅̅ −

2𝜎̅

𝜅2𝑟̅
(
𝒲̅00

𝑟̅2
−
𝒲̅𝑟𝑟

𝛼̅
) 

ℳ(𝑟̅) = ∫4𝜋𝑟̃2
𝒬̅(𝑟̃)

𝜎̅(𝑟̃)

𝑟̅

0

𝑑𝑟̃ 

𝛼(𝑟)̅̅ ̅̅ ̅̅ = (1 −
2ℳ(𝑟̅)

𝑟̅
)

−1

 

𝒬(𝑟)̅̅ ̅̅ ̅̅ ≔ 𝜌(𝑟)̅̅ ̅̅ ̅̅ −
𝜎̅(𝑟̅)𝒲̅𝑡𝑡(𝑟̅)

𝜅2𝑐2𝜌(𝑟)̅̅ ̅̅ ̅̅
 

∏(𝑟)̅̅ ̅̅ ̅̅ ̅ ≔ 𝜌(𝑟)̅̅ ̅̅ ̅̅ −
𝜎̅(𝑟̅)𝒲̅𝑟𝑟(𝑟̅)

𝜅2𝛼(𝑟)̅̅ ̅̅ ̅̅
 

𝒲̂𝑡𝑡 =
1

2

𝑏̂

𝑎̂
(𝜕𝑟̂𝔗)

2 +
𝑏̂

2
𝔗2 

𝒲̂𝑟𝑟̅̅ ̅ =
1

2
(𝜕𝑟̂𝔗)

2 −
𝛼̂

2
𝔗2 

𝒲̂𝜃𝜃 = −
1

2

𝑟̂2

𝑎̂
(𝜕𝑟̂𝔗)

2 −
𝑟̂2

2
𝔗2 

𝒲̂𝜙𝜙 = sin2 𝜃𝒲̂𝜃𝜃 

𝒬̂ = 𝜌̂ −
(𝜕𝑟̂𝔗)

2

2𝜅2𝑐2𝛼̂
−

𝔗2
2𝜅2𝑐2

 

∏̂ = 𝜌̂ −
1

2𝜅2𝛼̂
(𝜕𝑟̂𝔗)

2 +
1

2𝜅2
𝔗2 

𝑑∏̂

𝑑𝑟̂
=
𝒢ℳ

𝑐2𝑟̂2
(𝑐2𝜌̂ + 𝑝̂ −

(𝜕𝑟̂𝔗)
2

𝜅2𝛼̂
) (1 +

4𝜋𝑟̂3∏̂

𝑐2ℳ
)× (1 −

2𝒢ℳ

𝑐2𝑟̂
)
−1

+
1

𝜅2𝛼̂𝑟̂
(𝜕𝑟̂𝔗)

2 

ℳ(𝑟̂) = ∫4𝜋𝑟2
𝑟̂

0

𝒬̂(𝑟)𝑑𝑟 

𝑑𝑝̂

𝑑𝑟̂
= −

𝒢ℳ(𝑟̂)

𝑐2𝑟̂2
(𝑐2𝜌̂ + 𝑝̂) (1 −

2𝒢ℳ(𝑟̂)

𝑐2𝑟̂
)

−1

× [1 +
4𝜋𝑟̂3

𝑐2ℳ(𝑟̂)
(𝑝̂ −

(𝜕𝑟̂𝔗)
2

2𝜅2𝛼̂
+
𝔗2
2𝜅2

)] + 𝒯̂𝜕𝑟̂ ln𝔗1

−
(𝜕𝑟̂𝔗)

2

2𝜅2𝛼̂𝑟̂
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ℳ(𝑟̂) = ℳ0(𝑟̂) − 𝜂(𝑟̂, 𝔗,𝔗2) 

𝜂(𝑟̂, 𝔗, 𝔗2) =
𝑐2

4𝒢
∫𝜒2
𝑟̂

0

(
(𝜕𝑟̂𝔗)

2

𝛼̂
+ 𝔗2)𝑑𝜒 

ℳ(𝑟) = ∫
4𝜋𝑟2

√𝔗1

𝑟̂

0

[𝜌 −
1

2𝜅2𝑐2
𝔗1
𝑎
(𝜕𝑟𝔗)

2 −
1

2𝜅2𝑐2
𝔗1
2𝔗2] × (

𝑟

2
𝜕𝑟 ln 𝔗1 + 1)𝑑𝑟 

𝑑𝑝

𝑑𝑟
=

[
 
 
 
 

−
𝒢ℳ(𝑟)

𝑐2𝑟2𝔗1

1
2

(𝑐2𝜌 + 𝑝)(1 −
2𝒢ℳ(𝑟)

𝑐2𝑟𝔗1

1
2

)

−1

×

(

 
 
1 +

4𝜋𝔗1

3
2𝑟3

𝑐2ℳ(𝑟)
(
𝜌

𝔗1
2 −

(𝜕𝑟𝔗)
2

2𝜅2𝛼𝔗1
+
𝔗2
2𝜅2

)

)

 
 

−
𝔗1
2(𝜕𝑟𝔗)

2

𝜅2𝛼𝑟

]
 
 
 
 

× (
𝑟

2
𝜕𝑟 ln 𝔗1 + 1) + (−𝑐2𝜌 + 5𝑝)𝜕𝑟 ln 𝔗1 

𝔗1 = 1 + 4𝛽𝜅2(𝑐2𝜌 − 3𝑝) 

𝔗2 =
4𝛽𝜅4(𝑐2𝜌 − 3𝑝)2

(1 + 4𝛽𝜅2(𝑐2𝜌 − 3𝑝))
2 

𝑝′ =

[
 
 
 
 

−
𝒢ℳ(𝑟)

𝑟2𝔗1

1
2

(𝜀 + 𝑝)(1 −
2𝒢ℳ(𝑟)

𝑟𝔗1

1
2

)

−1

×

(

 
 
1 +

4𝜋𝔗1

3
2𝑟3

ℳ(𝑟)
(
𝜌

𝔗1
2 +

𝔗2
2𝜅2

)

)

 
 

]
 
 
 
 

× (
𝑟

2
𝜕𝑟 ln 𝔗1 + 1)

+ (−𝜀 + 5𝑝)𝜕𝑟 ln 𝔗1 

𝔗1 = 1 + 4𝛽𝜅2(𝜀 − 3𝑝) 

𝔗2 =
4𝛽𝜅4(𝜀 − 3𝑝)2

(1 + 4𝛽𝜅2(𝜀 − 3𝑝))
2 

ℳ(𝑟) = ∫4𝜋𝑟̃2
𝑟

0

𝜀 − 2𝛽𝜅2(𝜀 − 3𝑝)2

(1 + 2𝛽𝜅2(𝜀 − 3𝑝))
1/2

× [1 +
𝑟̃

2
𝜕𝑟̃ ln(1 + 4𝛽𝜅2(𝜀 − 3𝑝))] 𝑑𝑟̃ 

𝔗1 = 1 + 2𝛼(𝜀 − 3𝑝) 

𝔗2 =
2𝛼𝜅2(𝜀 − 3𝑝)2

(1 + 2𝛼(𝜀 − 3𝑝))
2 

𝛼𝑠𝑖𝑛𝑔 = −
1

2(𝜀 − 3𝒫)

𝜕 log𝔗1
𝜕𝑟

2𝛼 (
1
𝑐𝑠
2 − 3)

𝔗1

𝑑𝒫

𝑑𝑟
 

𝑑𝒫

𝑑𝑟
=

𝑢𝑣𝔗1

𝔗1 − 𝛼 (
1
𝑐𝑠
2 − 3) (𝑢𝑣𝑟 − 2𝜀 + 10𝒫)
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𝑢 = −ℳ
𝜀 + 𝒫

𝑟2𝔗1

1
2

(1−
2ℳ

𝑟𝔗1

1
2

)

−1

 

𝑣 =
ℳ + 4𝜋𝔗1

3
2𝑟3

ℳ
(
𝒫

𝔗1
2 +

𝔗2
2𝜅2

) 

𝑑ℳ(𝑟)

𝑑𝑟
= 4𝜋𝑟2

𝜀 − 𝛼(𝜀 − 3𝒫)2

𝔗1

3
2

(𝔗1 + 𝑟𝛼 (
1

𝑐𝑠
2 − 3)

𝑑𝒫

𝑑𝑟
) 

𝑑𝑚(𝑟)

𝑑𝑟
=
4𝜋𝑟2𝜖(𝑟)

𝑐2
= 4𝜋𝑟2𝜌(𝑟)

𝑑𝒫(𝑟)

𝑑𝑟
=
𝒢𝜖(𝑟)𝑚(𝑟)

𝑐2𝑟2
⨂𝜒 

𝜒 = [1 +
𝒫(𝑟)

𝜖(𝑟)
] [1 +

4𝜋𝑟3𝒫(𝑟)

𝑚(𝑟)𝑐2
] [1 −

2𝒢𝑚(𝑟)

𝑐2𝑟
]

−1

 

[1 +
𝒫(𝑟)

𝜖(𝑟)
] [1 +

4𝜋𝑟3𝒫(𝑟)

𝑚(𝑟)𝑐2
] [1 −

2𝒢𝑚(𝑟)

𝑐2𝑟
]

−1

= 1 

𝑑𝒫

𝑑𝑟
=
𝒢𝜖(𝑟)𝑚(𝑟)

𝑐2𝑟2
𝑑𝑚(𝑟)

𝑑𝑟
=
4𝜋𝑟2𝜖(𝑟)

𝑐2
𝑑𝒫(𝑟)

𝑑𝑟
= ℛ𝒪/2𝑟

2 (
𝒫(𝑟)

𝑘
)

1/𝛾

𝑚(𝑟)̅̅ ̅̅ ̅̅ ̅ 𝑑𝑚̅
(𝑟)

𝑑𝑟

=
4𝜋𝑟2

ℳ⊚𝑐
2 (
𝒫(𝑟)

𝑘
)

1/𝛾

 

7. Modelo Estelar. 

𝑚′′ = −
2𝑚′

𝑟
−
2𝑚𝑚′′

𝑟
+
4𝑚𝑚′′

𝑟2
+
4𝜋

𝛾
((4𝜋)𝛾−2 (

𝑚′

𝑟2
)

2−𝛾

+
𝑚′

4𝜋𝑟2
)(𝑚 + (4𝜋)1−𝛾𝑟3 (

𝑚′

𝑟2
)

𝛾

)𝑚′′

−
2𝑚′

𝑟

− 𝜖 [
2𝑚𝑚′′

𝑟
−
4𝑚𝑚′′

𝑟2

−
4𝜋

𝛾
((4𝜋)𝛾−2 (

𝑚′

𝑟2
)

2−𝛾

+
𝑚′

4𝜋𝑟2
)⨂(𝑚+ (4𝜋)1−𝛾𝑟3 (

𝑚′

𝑟2
)

𝛾

)] 

8. Gravedad de Palatini. 

𝒮 =
1

2𝜅2
∫𝑑4𝜒√−𝑔𝑓(ℛ) + 𝒮𝑚 [𝑔𝜇𝜈 , 𝜒]𝑓

′(ℛ)ℛ𝜇𝜈 −
1

2
𝑓(ℛ)𝑔𝜇𝜈 = 𝜅2𝒯𝜇𝜈 

𝒯𝜇𝜈 = −
2

√−𝑔

𝛿𝒮𝑚
𝛿𝑔𝜇𝜈

∇𝛽(√−𝑔𝑓
′(ℛ)𝑔𝜇𝜈)𝑔̅𝜇𝜈𝑓′(ℛ)ℛ𝜇𝜈∇𝛽(√−𝑔𝑔̅

𝜇𝜈) 

𝑓′(ℛ)ℛ − 2𝑓(ℛ) = 𝜅2𝒯 

𝑓(ℛ) = ℛ + 𝛽ℛ2 
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9. Parametrización gravitacional de Wagoner. 

𝒮[𝑔̅𝜇𝜈, 𝜙̅, 𝜒] =
1

2𝜅2
∫ 𝑑4𝜒√−𝑔̅

Ω

[𝒜̅(𝜙̅)ℛ̅ − ℬ̅(𝜙̅)𝑔̅𝜇𝜈𝜕𝜇𝜙̅𝜕𝜈𝜙̅ − 𝒱(𝜙̅)]

+ 𝒮𝑚𝑎𝑡𝑒𝑟𝑖𝑎[𝑒
2𝛼̅(𝜙̅)𝑔̅𝜇𝜈, 𝜒] {

𝑔̅𝜇𝜈 = 𝑒2𝛾(𝜙̅)𝑔̅𝜇𝜈

𝜙̅ = 𝑓̅(𝜙)
 

𝒜̿ (𝜙̅̿) = 𝑒
2𝛾̿(𝜙̅̿)

𝒜̅ (𝑓̿ (𝜙̅̿)) , ℬ̿ (𝜙̅̿)

= 𝑒
2𝛾̿(𝜙̅̿)

((
𝑑𝜙̿

𝑑𝜙̅̿
)

2

ℬ̅ (𝑓̿ (𝜙̅̿)) − 6(
𝑑𝛾̿

𝑑𝜙̅̿
)

2

𝒜̅ (𝑓̿ (𝜙̅̿)) − 6
𝑑𝛾̿

𝑑𝜙̅̿

𝑑𝒜̅

𝑑𝜙̿

𝑑𝜙̿

𝑑𝜙̅̿
) , 𝒱̿ (𝜙̅̿)

= 𝑒
4𝛾̿(𝜙̅̿)

𝒱̅ (𝑓̿ (𝜙̅̿)) , 𝛼̿ (𝜙̅̿) = 𝛼̅ (𝑓̿ (𝜙̅̿)) + 𝛾̿ (𝜙̅̿) 

𝔗1 = 𝒜̅/𝑒2𝛼̅ 

𝔗2 = 𝒱̅/𝒜̅2 

𝑑𝔗3

𝑑𝜙̅
= √±

2𝒜̅ℬ̅ + 3(𝒜̅′)2

2𝒜̅2
 

ℐ𝑖 (𝜙̿(𝜒)) = ℐ𝑖 (𝑓̅(𝜙(𝜒))) = ℐ𝑖(𝜙(𝜒))𝜕𝜇 (ℐ𝑖 (𝜙̿(𝜒)) = 𝜕𝜇 (ℐ𝑖 (𝑓̅ (𝜙̿(𝜒))))) 

𝑔̅𝜇𝜈 = 𝑑𝑖𝑎𝑔 (−𝑏̅(𝑟̅), 𝑎̅(𝑟̅), 𝑟̅2, 𝑟̅2 sin2 𝜃̅) 

10. Parametrización einsteniana de gravitación. 

𝑔𝜇𝜈 = 𝒜̂𝑔̅𝜇𝜈𝒮[𝑔𝜇𝜈 , 𝔗, 𝜒]

=
1

2𝜅2
∫ 𝑑4𝜒√−𝑔

Ω

[ℛ̂ − 𝑔𝜇𝜈𝜕𝜇𝔗𝜕𝜈𝔗− 𝔗2] + 𝒮𝑚𝑎𝑡𝑒𝑟𝑖𝑎 [
1

𝔗1
𝑔𝜇𝜈 , 𝜒] 𝔊̂𝜇𝜈

+
1

2
𝑔𝜇𝜈𝑔̂

𝛼𝛽𝜕𝛼𝔗𝜕𝛽𝔗+
1

2
𝑔𝜇𝜈𝔗2 = 𝜅2𝒯̂𝜇𝜈

̂
𝔗−

1

2

𝑑𝔗2
𝑑𝔗

= 𝜅2
1

𝔗1

𝑑𝔗1
𝑑𝔗

𝒯̂∇̂𝜇𝒯̂𝜇𝜈

=
1

2
𝜕𝜈(log𝔗1)𝒯̂ 

11. Masa y Ondas gravitacionales en espacios cuánticos curvos. 

 

(ℳ𝑐𝑜𝑚𝑝𝑎𝑛𝑖𝑜𝑛 sin 𝑖)
3

(ℳ𝒩𝒮 +ℳ𝑐𝑜𝑚𝑝𝑎𝑛𝑖𝑜𝑛)
=
𝒯𝑣𝑖

2

2𝜋𝒢
𝒯̇ ∝

ℳ𝒩𝒮ℳ𝑐𝑜𝑚𝑝𝑎𝑛𝑖𝑜𝑛

(ℳ𝒩𝒮 +ℳ𝑐𝑜𝑚𝑝𝑎𝑛𝑖𝑜𝑛)
1
3

𝜑̇𝑚𝑖𝑛 ∝ (ℳ𝒩𝒮 +ℳ𝑐𝑜𝑚𝑝𝑎𝑛𝑖𝑜𝑛)
2
3 

𝓏 =
1

√1 −
2𝒢ℳ𝒩𝒮

𝑐2ℛ𝒩𝒮

− 1 

ℳ = (
(𝑚1𝑚2)

3

𝑚1 +𝑚2
)

1/5

=
𝑐3

𝒢
(
5𝜋−

8
3

96
𝑓11/3

𝑑𝑓

𝑑𝑡
)

3/5
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Λ =
𝜆

𝑚5
=
2

3
𝑘2
ℛ5

𝑚5
=
2

3
𝑘2𝒞

−5 

ℏ̅𝛼𝛽(𝑡, 𝜒) =
4𝒢

𝑐4
∫𝑑3𝛾

𝒯𝛼𝛽(𝑡
′, 𝛾)

|𝜒 − 𝛾|
 

Λ̃ =
16

3
[
(𝑚1 + 12𝑚2)𝑚1

4Λ1
(𝑚1 +𝑚2)

5
+
(𝑚2 + 12𝑚1)𝑚2

4Λ2
(𝑚1 +𝑚2)

5
] 

𝜓(𝑓) = 2𝜋𝑓𝑡𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑛𝑐𝑒 − (𝜙𝑐𝑜𝑎𝑙𝑒𝑠𝑐𝑒𝑛𝑐𝑒 +
𝜋

4
+

3ℳ2

128𝑚1𝑚2𝑣
5) (𝜓3.5𝒫𝒩

𝑝𝑜𝑖𝑛𝑡𝑙𝑖𝑘𝑒
+ 𝜓𝑡𝑖𝑑𝑎𝑙) 

12. Métrica computacional TOV y deformación.  

𝑑𝑠2 = −𝑒2𝜙(𝑟)[1 +ℋ(𝑟)Γ(𝜃, 𝛾)]𝑑𝑡2 + 𝑒2Λ(𝑟)[1 −ℋ(𝑟)(𝜃, 𝛾)]𝑑𝑟2

+ 𝑟2[1 −𝒦(𝑟)Γ(𝜃, 𝛾)](𝑑𝜃2 + sin2 𝜃𝑑𝜙2) 

𝑑ℋ

𝑑𝑟
= 𝛽 

𝑑𝛽

𝑑𝑟
= 2 (1 − 2

𝑚𝑟

𝑟
)
−1

ℋ{−2𝜋[5𝜖 + 9𝒫 + 𝑓(𝜖 + 𝒫)] +
3

𝑟2
+ 2(1 − 2

𝑚𝑟

𝑟
)
−1

(
𝑚𝑟

𝑟2
+ 4𝜋𝑟𝒫)

2

}

+
2𝛽

𝑟
(1 − 2

𝑚𝑟

𝑟
)
−1

{−1 +
𝑚𝑟

𝑟
+ 2𝜋𝑟2(𝜖 − 𝒫)} 

𝜅2 =
8𝒞5

5
(1 − 2𝒞)2[2 + 2𝒞(𝛾 − 1) − 𝛾]

× {2𝒞[6 + 3𝛾 + 3𝒞(5𝛾 − 8)] + 4𝒞3[13 − 11𝛾 + 𝒞(3𝛾 − 2) + 2𝒞2(1 + 𝛾)]

+ 3(1 − 2𝒞)2[2 − 𝛾 + 2𝒞(𝛾 − 1)] ln(1 − 2𝒞)}−1 

13. Cromodinámica cuántica en espacios curvos. 

𝒰(𝜒) = exp(−𝑖∑𝜃𝛼(𝜒)

8

𝑎=1

𝜆𝛼
2
) = exp (−𝑖𝜃𝛼(𝜒)

𝜆𝛼
2
)2𝛿𝛼𝛽𝑖𝑓𝑎𝑏𝑐𝜆𝛼

†𝜆𝛼𝜆𝑏
1

4𝑖
𝑇𝑟(|𝜆𝑎𝜆𝑏|𝜆𝑐) 

ℒ𝒬𝒞𝒟 = 𝑞̅(𝑖𝒟𝑞 −ℳ)𝑞 −
1

4
𝒢𝜇𝜈
𝑎 𝒢𝑎

𝜇𝜈
+ ℒℱ𝒫 

𝒢𝜇𝜈
𝑎 = 𝜕𝜇𝒢𝜈

𝑎 − 𝜕𝜈𝒢𝜇
𝑎 + 𝑔𝑠𝑓

𝑎𝑏𝑐𝒢𝜇
𝑏𝒢𝜈

𝑏
𝜆𝛼
2

 

𝑞𝑓(𝜒) ↦ 𝒰(𝜒)𝑞𝑓(𝜒) 

𝑞𝑓
†(𝜒) ↦ 𝑞𝑓

†(𝜒)𝒰†(𝜒) 

𝒜𝜇(𝜒) ↦ 𝒰𝒜𝜇𝒰
† +

𝑖

𝑔
𝜕𝜇𝒰𝒰

† 

ℒ𝒬𝒞𝒟
0 = 𝑞̅𝑖𝛾𝜇𝒟𝜇𝑞 −

1

4
𝒢𝜇𝜈,𝑎𝒢𝑎

𝜇𝜈
 

ℒ𝒬𝒞𝒟
0 = 𝑞̅ℛ𝑖𝛾

𝜇𝒟𝜇𝑞ℛ + 𝑞̅ℒ𝑖𝛾
𝜇𝒟𝜇𝑞ℒ −

1

4
𝒢𝜇𝜈,𝑎𝒢𝑎

𝜇𝜈
 

𝒱𝑖
𝜇
= ℛ𝑖

𝜇
+ ℒ𝑖

𝜇
= 𝑞̅𝛾𝜇𝑡𝑖𝑞 

𝒜𝑖
𝜇
= ℛ𝑖

𝜇
− ℒ𝑖

𝜇
= 𝑞̅𝛾𝜇𝛾5𝑡𝑖𝑞 
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𝒬𝑖
𝒱 = ∫𝑑3𝜒𝒱𝑖

0 = ∫𝑑3𝜒 𝑞†(𝑡, 𝜒)
𝜏𝑖
2
𝑞(𝑡, 𝜒)

𝑑𝒬𝑖
𝒱

𝑑𝑡
 

𝒬𝑖
𝒜 = ∫𝑑3𝜒𝒜𝑖

0 = ∫𝑑3𝜒 𝑞†(𝑡, 𝜒)𝛾5
𝜏𝑖
2
𝑞(𝑡, 𝜒)

𝑑𝒬𝑖
𝒜

𝑑𝑡
 

ℳ = (
𝑚𝑢 0
0 𝑚𝑑

) =
1

2
(𝑚𝑢 +𝑚𝑑) (

1 0
0 1

) +
1

2
(𝑚𝑢 −𝑚𝑑) (

1 0
0 −1

)

=
1

2
(𝑚𝑢 +𝑚𝑑)ℐ +

1

2
(𝑚𝑢 −𝑚𝑑)𝜏3 

𝛽(𝑔𝑠) = 𝜇
𝜕𝑔𝑠
𝜕𝜇

 

𝛽𝒬𝒞𝒟(𝑔𝑠) = −(11 −
2𝒩𝑓

3
)

𝑔𝑠
3

(4𝜋)2
+ 𝒪(𝑔𝑠

5)
𝜕𝑔̅𝑠(𝑔𝑠, 𝑡)

𝜕𝑡
= 𝛽𝒬𝒞𝒟(𝑔̅𝑠) 

𝛼𝑠
−1(Λ) =

33 − 2𝒩𝑓

12𝜋
ln(

Λ

Λ𝒬𝒞𝒟
) 

Θ =
𝛽

2𝑔
ℱ𝜇ν
𝛼ℱ𝛼

𝜇𝜈
+ (1 + 𝛾𝑚)∑∫𝑚𝑓

𝑓

𝑞̅𝑓𝑞𝑓〈𝒯𝜈
𝜇〉ℳℋ〈Θ〉𝒯,𝜇ℬ(𝜀 − 3𝒫)Δ ≡

〈Θ〉𝒯,𝜇ℬ
3𝜀

=
1

3
−
𝒫

𝜀
 

𝜈 = −2 + 2𝒜 − 2𝒞 + 2ℒ +∑Δ𝑖
𝑖

≡ 𝑑𝑖 +
𝑛𝑖
2
− 2 

𝒱(𝑝′, 𝑝) = 𝒱𝒞 + 𝜏1⨂𝜏2𝒲𝒞 +[𝒱𝒮 + 𝜏1⨂𝜏2𝒲𝒮] 𝜎⃑1⨂𝜎⃑2

+ [𝒱ℒ𝒮 + 𝜏1⨂𝜏2𝒲ℒ𝒮] (−𝑖𝒮 ⊠ (𝑞⃑⨂𝑘⃑⃗))

+ [𝒱𝒯 + 𝜏1⨂𝜏2𝒲𝒯] |𝜎⃑1⨂𝑞⃑||𝜎⃑2⨂𝑞⃑|

+ [𝒱𝜎ℒ + 𝜏1⨂𝜏2𝒲𝜎ℒ] 𝜎⃑1⨂(𝑞⃑⨂𝑘⃑⃗) 𝜎⃑2⨂(𝑞⃑⨂𝑘⃑⃗) 

𝒯(𝑝′, 𝑝) = 𝒱(𝑝′, 𝑝) + ∫
𝑑3𝑝′′

(2𝜋)3
𝒱(𝑝′, 𝑝′′)

ℳ𝒩
2

𝔈𝑝′′

1

𝑝2 − 𝑝′′2 + 𝑖𝜖
𝒯(𝑝′′, 𝑝) 

𝒱̂(𝑝′, 𝑝) ≡
1

(2𝜋)3
√
ℳ𝒩

𝔈𝑝′
𝒱(𝑝′, 𝑝)√

ℳ𝒩

𝔈𝑝
 

𝒯̂(𝑝′, 𝑝) ≡
1

(2𝜋)3
√
ℳ𝒩

𝔈𝑝′
𝒯(𝑝′, 𝑝)√

ℳ𝒩

𝔈𝑝
 

𝒯̂(𝑝′, 𝑝) = 𝒱̂(𝑝⃑′, 𝑝) + ∫𝑑3𝑝′′ 𝒱(𝑝′, 𝑝′′)
ℳ𝒩

𝑝2 − 𝑝′′2 + 𝑖𝜖
𝒯(𝑝′′, 𝑝) 

𝑓(𝑝′, 𝑝) = exp [−(
𝑝′

Λ
)

2𝑛

− (
𝑝

Λ
)
2𝑛

] 

𝜒(𝑝) = 𝜒𝑟𝑒𝑓(𝑝)∑ 𝑐𝑛(𝑝)𝒬
𝑛

∞

𝑛=0
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Δ𝜒𝑛 = max(𝒬5|𝜒ℒ𝒪|, 𝒬
3|𝜒ℒ𝒪 − 𝜒𝒩ℒ𝒪|, 𝒬

2|𝜒𝒩ℒ𝒪 − 𝜒𝒩2ℒ𝒪|, 𝒬|𝜒𝒩2ℒ𝒪 − 𝜒𝒩3ℒ𝒪|) 

 

14. Límite de Oppenheimer. 

𝒫(0) = 𝜌0𝑐
2
1 − √1 −

𝑟𝑠
ℛ

3√1 −
𝑟𝑠
ℛ − 1

 

15. Espacio tiempo cuántico curvo bajo la métrica de Kerr, Schwarzschild y Einstein. 

𝑑𝑠2 = (1 −
𝑟𝑟𝑠

𝑟2 + 𝛼2 cos2 𝜃
) (𝑑𝜇 + 𝛼 sin2 𝜃𝑑𝜑)2 − 2(𝑑𝜇 + 𝛼 sin2 𝜃𝑑𝜑)(𝑑𝑟 + 𝛼 sin2 𝜃𝑑𝜑)

− (𝑟2 + 𝛼2 cos2 𝜃)(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑) 

𝑔𝜇𝜈 =

(

 
1 −

𝑟𝑟𝑠
𝜌
− 1 0 −

𝑟𝑟𝑠𝛼 sin
2 𝜃

𝜌

0 0 −𝛼 sin2 𝜃
0 0 1 )

  

𝑔𝜇𝜈 = −sin2 𝜃 (𝑟2 + 𝛼2 +
𝑟𝑟𝑠𝛼 sin

2 𝜃

𝜌
) 

𝑑𝑠2 = (1 −
𝑟𝑠
𝑟
) 𝑑𝜇2 − 2𝑑𝜇𝑑𝑟 − 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑) 

𝑑𝑠2 = (1 −
𝑟𝑠
𝑟
) 𝑐2𝑑𝑡2 −

𝑑𝑟2

1 −
𝑟𝑠
𝑟

− 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑) 

𝑔𝜇𝜈 =

(

 
 
 
 
1 −

𝑟𝑟𝑠
𝜌

0 −
𝑟𝑟𝑠𝛼 sin

2 𝜃

𝜌

0
𝜌

Λ
1

1 0 −𝑠𝑖𝑛2𝜃 (𝑟2 + 𝛼2 +
𝑟𝑟𝑠𝛼 sin

2 𝜃

𝜌
)
)

 
 
 
 

 

𝑑𝑠2 = (1 −
𝑟𝑟𝑠

𝑟2 + 𝛼2 cos2 𝜃
) (𝑑𝑡)2 + (

2𝑟𝑟𝑠
𝑟2 + 𝛼2 cos2 𝜃

)𝑑𝑡𝑑𝜑 − (
𝑟2 + 𝛼2 cos2 𝜃

𝑟2 − 𝑟𝑟𝑠 + 𝛼2
)𝑑𝑟2

− (𝑟2 + 𝛼2 +
𝑟𝑟𝑠𝛼

2 sin2 𝜃

𝑟2 + 𝛼2 cos2 𝜃
) sin2 𝜃 𝑑𝜑2 − (𝑟2 + 𝛼2 cos2 𝜃)(𝑑𝜃)2 

ℛ𝜇𝜈 −
1

2
𝑔𝜇νℛ0 − Λ𝑔𝜇ν = −𝜅𝒯𝜇𝜈 

Γ𝜇𝜈
𝜆 =

1

2
𝑔𝜆𝜅 (

𝜕𝑔𝜅𝜇

𝜕𝜒𝜈
+
𝜕𝑔𝜅𝜈
𝜕𝜒𝜇

−
𝜕𝑔𝜇𝜈

𝜕𝜒𝜅
) 

ℛ𝜇𝜈 =
𝜕Γ𝜇𝜌

𝜌

𝜕𝜒𝜈
−
𝜕Γ𝜇𝜈

𝜌

𝜕𝜒𝜌
+ Γ𝜇𝜌

𝜎 Γ𝜎𝜈
𝜌
− Γ𝜇𝜈

𝜎 Γ𝜎𝜌
𝜌

 

𝒯𝜇𝜈 = (𝜌 +
𝒫

𝑐2
)𝑢𝜇𝑢𝜈 −𝒫𝑔𝜇ν 
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𝑢0 = (𝒜0(𝑟1, 𝜃)√(
𝑟1ℳ1(𝑟1)

3

𝜔2ℐ1(𝑟1)
2 cos2(𝜃) + 𝑟1

2ℳ1(𝑟1)
2
− 1)

2

−
𝑟1𝜔

4ℐ1(𝑟1)
2ℳ1(𝑟1) cos

4(𝜃)𝒜3(𝑟1, 𝜃)

𝜔2ℐ1(𝑟1)
2 cos2(𝜃) + 𝑟1

2ℳ1(𝑟1)
2

−
𝜔4ℐ1(𝑟1)

2 sin2(𝜃)𝒜3(𝑟1, 𝜃)

ℳ1(𝑟1)
2

− 𝑟1
2𝜔2 sin2(𝜃)𝒜3(𝑟1, 𝜃)

+
2𝜔2√ℐ1(𝑟1)

2ℳ1(𝑟1)√ℳ1(𝑟1)
2 sin2(𝜃)𝒜4(𝑟1, 𝜃)

𝜔2ℐ1(𝑟1)
2 cos2(𝜃) + 𝑟1

2ℳ1(𝑟1)
2

)

−1

 

𝑟− =
ℳ0

2
− √(

ℳ0

2
)
2

− 𝛼2 

𝑟+ =
ℳ0

2
+ √(

ℳ0

2
)
2

+ 𝛼2 

16. Ecuaciones TOV para espacios cuánticos curvos. 

𝒫′(𝑟) = −(
𝒢ℳ(𝑟)𝜌(𝑟)

𝑟2
)(1 +

𝒫(𝑟)

𝜌(𝑟)𝑐2
)(1 +

4𝜋𝑟3𝒫(𝑟)

ℳ(𝑟)𝑐2
)(1 −

2𝒢ℳ(𝑟)

𝑟𝑐2
)

−1

 

𝒫′(𝑟) = −(
𝑐2𝑟𝑠𝜌(𝑟)

𝑟2
)(1 +

𝒫(𝑟)

𝜌(𝑟)𝑐2
)(1 +

4𝜋𝑟3𝒫(𝑟)

ℳ(𝑟)𝑐2
)(1 −

𝑟𝑠ℳ(𝑟)

𝑟ℳ𝑡
)

−1

 

𝒫 = −
𝜕𝔈

𝜕𝒱
= 16𝜋𝜌0 (

𝜒ℱ
3

3
√1 + 𝜒ℱ

2 − 𝑓(𝜒ℱ)) 

𝑓(𝜒ℱ) = ∫ 𝑑𝜒√1 + 𝜒2

𝜒ℱ

0

 

𝑛1 =
𝒩𝑜𝑝

𝒱1
=
2

𝒱1
∫ 𝑑𝜔1

∞

0

𝒟1(𝜔1)

1 + exp(𝛽1(𝜔1 − 𝜇1))
=

1

2𝜋
7
2

∫ 𝑑𝜔1

∞

0

√𝜔1

1 + exp(𝛽1(𝜔1 − 𝜇1))
 

𝜇1 = 𝜀ℱ1 −
𝜋2

12𝛽1
2𝜀ℱ1

= 𝜇1(𝑛1) 

𝑝1 = (𝛽1, 𝑛1) =
4𝜋3/2

3𝜋2
∫ 𝑑𝜔1

∞

0

𝜔1
3/2

1 + exp (𝛽1(𝜔1 − 𝜇1(𝑛1)))
 

𝒱𝒮𝒲(𝑟, 𝒱0, 𝑟0, 𝑑𝑟0) =
𝒱0

1 + exp (
𝑟 − 𝑟0
𝑑𝑟0

)
 

17. Configuración estelar. 

𝜎(𝜓𝑖)(𝒢𝜇𝜈 −𝒲𝜇𝜈) = 𝜅𝒯𝜇𝜈 

𝒯𝜇𝜈
𝑒𝑓𝑓

=
1

𝜎
𝒯𝜇𝜈 +

1

𝜅
𝒲𝜇𝜈 

𝑑𝑠2 = −ℬ(𝑟)𝑑𝑡2 +𝒜(𝑟)𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2 sin2 𝜃𝑑𝜙2 
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ℛ𝑡𝑡 = −
ℬ′′

2𝒜
+
ℬ′

4𝒜
(
𝒜′

ℬ
+
ℬ′

ℬ
) −

ℬ′

𝑟𝒜
=

𝜅

2𝜎
(𝜌 + 3𝑝)ℬ +𝒲𝑡𝑡 +

ℬ𝒲

2
 

ℛ𝑟𝑟 =
ℬ′′

2𝒜
−
ℬ′

4ℬ
(
𝒜′

ℬ
+
ℬ′

ℬ
) −

𝒜′

𝑟𝒜
=

𝜅

2𝜎
(𝜌 − 𝑝)𝒜 +𝒲𝑟𝑟 −

𝒜𝒲

2
 

ℛ𝜃𝜃 = −1 +
𝑟

2𝒜
(−

𝒜′

ℬ
+
ℬ′

ℬ
) +

1

𝒜
=

𝜅

2𝜎
(𝜌 − 𝑝)𝑟2 +𝒲𝜃𝜃 −

𝑟2𝒲

2
 

(
𝑟

𝒜
)
′

= 1 + 𝜅𝑟2
𝜌(𝑟)

𝜎(𝑟)
+ 𝑟2ℬ−1(𝑟)𝒲𝑡𝑡(𝑟) 

𝒜(𝑟) = (1 −
2𝒢ℳ(𝑟)

𝑟
)

−1

 

ℳ(𝑟) = ∫(4𝜋𝑟̃
𝜌(𝑟̃)

𝜎(𝑟̃)
−
𝑟̃2𝒲𝑡𝑡(𝑟̃)

2𝒢ℬ(𝑟̃)
)𝑑𝑟̃

𝑟

0

(𝜎−1∇𝜇𝒯
𝜇𝜈 − 𝜎−2𝒯𝜇𝜈∇𝜇𝜎) +

1

𝜅
∇𝜇𝒯

𝜇𝜈 

𝜅𝜎−1 = (𝑝′ + (𝑝 + 𝜌)
ℬ′

2ℬ
) − 𝜅𝜌

𝜎′

𝜎2
−
𝒜′

𝒜2
𝒲𝑟𝑟 +𝒜−1𝒲𝑟𝑟

′ +
2𝒲𝑟𝑟

𝒜𝑟
+
ℬ′

2ℬ
(
𝒲𝑟𝑟

𝒜
+
𝒲𝑡𝑡

ℬ
) −

2𝒲𝜃𝜃

𝑟2
 

𝒬(𝑟) ≔ 𝜌(𝑟) +
𝜎(𝑟)𝒲𝑡𝑡(𝑟)

𝜅ℬ(𝑟)
 

∏(𝑟) ≔ 𝑝(𝑟) +
𝜎(𝑟)𝒲𝑟𝑟(𝑟)

𝜅𝒜(𝑟)
 

𝒜′

𝒜
=
1 −𝒜

𝑟
−
𝜅𝒜𝑟

𝜎
𝒬 

ℬ′

ℬ
=
𝒜 − 1

𝑟
−
𝜅𝒜𝑟

𝜎
∏ 

(
∏

𝜎
)
′

= −
𝒢ℳ

𝑟2
(
𝒬

𝜎
+
∏

𝜎
)(1 +

4𝜋𝑟3∏

ℳ𝜎
)(1 −

2𝒢ℳ(𝑟)

𝑟
)

−1

+
2𝜎

𝜅𝑟
(
𝒲𝜃𝜃

𝑟2
−
𝒲𝑟𝑟

𝒜
) 

ℳ(𝑟) = ∫4𝜋𝑟̃2
𝒬(𝑟̃)

𝜎(𝑟̃)
𝑑𝑟̃

𝑟

0

 

18. Gravedad Clase k – esencia en espacios cuánticos curvos. 

𝒮 =
1

2𝜅
∫𝑑4𝜒√𝑔 (ℛ − ∇𝜇𝜙∇

𝜇𝜙 − 2𝒱(𝜙)) + 𝒮𝑚 [𝑔𝜇ν, 𝜓] 

𝒢𝜇ν +
1

2
𝑔𝜇ν∇𝛼𝜙∇

𝛼𝜙 − ∇𝜇𝜙∇𝜈𝜙 + 𝑔𝜇ν𝒱(𝜙) = 𝜅𝒯𝜇𝜈𝒱
′(𝜙) − 𝜙 

𝒲𝜇ν = −
1

2
𝑔𝜇ν∇𝛼𝜙∇

𝛼𝜙 + ∇𝜇𝜙∇𝜈𝜙 − 𝑔𝜇ν𝒱(𝜙) 

𝒲𝑡𝑡 =
1

2
ℬ∇𝛼𝜙∇

𝛼𝜙 + ℬ𝒱(𝜙) = ℬ(𝒞 + 2𝒱) 

𝒲𝑟𝑟 = 𝒜𝒞 
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𝒲𝜃𝜃 = −𝑟2(𝒞 + 2𝒱) 

𝒬𝑘(𝑟) ≔ 𝜌(𝑟) + 𝜅−1(𝒞 + 2𝒱) 

∏𝑘(𝑟) ≔ 𝑝(𝑟) + 𝜅−1𝒞 

𝑢𝜇 (
𝜎

𝜅
𝒲𝜇;𝜈

𝜈 − 𝑛𝑝∇𝜇 (
1

𝑛
) − 𝑛∇𝜇 (

𝜌

𝑛
) +

𝜌

𝜎
∇𝜇𝜎) 

𝛿𝑛(𝑟) =
𝑛(𝑟)

𝜌(𝑟) + 𝑝(𝑟)
𝛿𝜌(𝑟) 

𝑛′(𝑟) = 𝑛
𝜌′

𝜌 + 𝑝
 

𝒩 = ∫ 4𝜋𝑟2 [1 −
2𝒢ℳ(𝑟)

𝑟
]

−1/2ℛ

0

𝑛(𝑟)𝑑𝑟 

𝛿ℳ − 𝜆𝛿𝒩 = ∫ 4𝜋𝑟2𝛿𝒬𝑑𝑟 − 𝜆

∞

0

∫ 4𝜋𝑟2
∞

0

(1 −
2𝒢ℳ(𝑟)

𝑟
)

−
1
2

𝛿𝑛(𝑟)𝑑𝑟

− 𝜆𝒢∫ 4𝜋𝑟

∞

0

(1 −
2𝒢ℳ(𝑟)

𝑟
)

−
3
2

𝑛(𝑟)𝛿ℳ(𝑟)𝑑𝑟 

𝛿ℳ − 𝜆𝛿𝒩 = ∫ 4𝜋𝑟2 [1 −
𝜆𝑛(𝑟)

𝜌(𝑟) + 𝑝(𝑟)
𝒜

1
2 − 𝜆𝒢∫ 4𝜋𝑟̃𝑛(𝑟̃)

∞

𝑟

𝒜
3
2𝑑𝑟̃

∞

0

− 𝜆𝒢𝜅−1∫ 4𝜋𝑟̃𝒜
1
2

𝑛

𝑝 + 𝜌
𝜙′2

∞

𝑟

𝑑𝑟̃] 𝛿𝒬(𝑟)𝑑𝑟

− 𝜆𝜅−1∫ 𝜕𝜈𝜙 [4𝜋𝑟2𝒜
1
2Γ𝜇𝜈

𝜇 𝑛(𝑟)

𝑝(𝑟) + 𝜌(𝑟)

∞

0

− 𝜕𝜈 (4𝜋𝑟
2𝒜

1
2

𝑛(𝑟)

𝑝(𝑟) + 𝜌(𝑟)
)] 𝛿𝜙𝑑𝑟∫ 𝜕𝜇

∞

0

(4𝜋𝑟2
𝑛(𝑟)

𝑝(𝑟) + 𝜌(𝑟)
𝛿𝜙𝜕𝜇𝜙)𝑑𝑟 

1

𝜆
=

𝑛(𝑟)

𝑝(𝑟) + 𝜌(𝑟)
𝒜

1
2 + 𝒢∫ 4𝜋𝑟̃𝑛(𝑟̃)

∞

𝑟

𝒜
3
2𝑑𝑟̃ + 𝒢𝜅−1∫ 4𝜋𝑟̃

∞

𝑟

𝒜
1
2

𝑛(𝑟̃)

𝑝(𝑟̃) + 𝜌(𝑟̃)
𝜙′2𝑑𝑟̃ 

4𝜋𝑟2𝒜
1
2Γ𝜇𝜈

𝜇 𝑛(𝑟)

𝑝(𝑟) + 𝜌(𝑟)
= 𝜕𝑟 (4𝜋𝑟

2𝒜
1
2

𝑛(𝑟)

𝑝(𝑟) + 𝜌(𝑟)
) 

−4𝜋𝒢𝑟𝒜 −
𝑝′

(𝑝 + 𝜌)2
𝒢𝒜

𝑝 + 𝜌
(4𝜋𝑟𝒬𝑘 −

ℳ

𝑟2
) −

4𝜋𝑟𝒢

𝜅

𝜙′2

𝑝 + 𝜌

𝒜 − 1

𝑟
𝒜
2𝒢ℳ

𝑟2
𝑝 + 𝜌

= ∏𝜅 + 𝒬𝜅 − 2𝜅−1(𝒞 + 𝒱)𝒜−1𝜙′2 = 2(𝒞 + 𝒱) 

∏𝑘
′ = 𝑝′ + 𝜅−1𝒞′ = 𝑝′ + 𝜅−1(𝒞 + 𝒱)(

𝒜 − 1

𝑟
− 𝜅𝒜𝑟∏𝜅 +

4

𝑟
) 

∏𝑘
′ = −

𝒜𝒢ℳ

𝑟2
(∏𝜅 + 𝒬𝜅) (1 + 4𝜋𝑟

∏𝜅

ℳ
)− 4

𝒞 + 𝒱

𝜅𝑟
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Γ𝜇𝜈
𝜇
=
2

𝑟
−
1

2
(𝜅𝒜𝑟(∏𝜅 + 𝒬𝜅)) 

19. Métrica gravitacional de Brans-Dicke para espacios cuánticos curvos. 

𝒮 =
1

32𝜋𝒢
∫𝑑4𝜒√−𝑔 (ℛ𝜙 −

𝜔

𝜙
∂𝛼𝜙∂

𝛼𝜙) + 𝒮𝑚 

𝒢𝜇ν =
16𝜋

𝜙
𝒯𝜇𝜈 +

𝜔

𝜙2
(∂𝜇𝜙∂𝜈𝜙 −

1

2
𝑔𝜇𝜈 ∂𝛼𝜙∂

𝛼𝜙) +
1

𝜙
(∇𝜇∇𝜈𝜙 − 𝑔𝜇𝜈 𝜙) 𝜙 =

16𝜋

3 + 2𝜔
𝒯 

𝒲𝜇ν =
𝜔

𝜙2
(∂𝜇𝜙 ∂𝜈𝜙 −

1

2
𝑔𝜇𝜈 ∂𝛼𝜙∂

𝛼𝜙) +
1

𝜙
(∇𝜇∇𝜈𝜙 − 𝑔𝜇𝜈 𝜙) 

𝒲𝜃𝜃 =
𝜔

𝜙2
(∂𝜃𝜙∂𝜃𝜙 −

1

2
𝑔𝜃𝜃 ∂𝛼𝜙∂

𝛼𝜙) +
1

𝜙
(∇𝜃∇𝜃𝜙 − 𝑔𝜃𝜃 𝜙) 

𝒲𝑟𝑟 =
𝜔

𝜙2
(∂𝑟𝜙 ∂𝑟𝜙 −

1

2
𝑔𝑟𝑟 ∂𝛼𝜙∂

𝛼𝜙) +
1

𝜙
(∇𝑟∇𝑟𝜙 − 𝑔𝑟𝑟 𝜙) 

𝒮 =
1

32𝜋𝒢
∫𝑑4𝜒√−𝑔 [(1 + 𝛼𝜙)ℛ −

𝜔

2
∂𝛼𝜙∂

𝛼𝜙 − 𝒱(𝜙)] + 𝒮𝑚 

𝒢𝜇ν = 16𝜋𝒢𝒯𝜇𝜈 − 𝛼𝜙ℒ𝜇𝜈 

ℒ𝜇𝜈 =
𝜔

2
(∂𝜇𝜙∂𝜈𝜙 −

1

2
𝑔𝜇𝜈 ∂𝛼𝜙∂

𝛼𝜙) +
𝛼

𝜙
(∇𝜇∇𝜈𝜙 − 𝑔𝜇𝜈 𝜙) −

1

2
𝑔𝜇𝜈𝒱(𝜙) 

𝒲𝜃𝜃 = 𝛼𝜙(
1

2
𝑔𝜃𝜃𝒱(𝜙) −

𝜔

2
(∂𝜃𝜙∂𝜃𝜙 −

1

2
𝑔𝜃𝜃 ∂𝛼𝜙∂

𝛼𝜙) −
𝛼

𝜙
(∇𝜃∇𝜃𝜙 − 𝑔𝜃𝜃 𝜙)) 

𝒲𝑟𝑟 = 𝛼𝜙(
1

2
𝑔𝑟𝑟𝒱(𝜙) −

𝜔

2
(∂𝑟𝜙∂𝑟𝜙 −

1

2
𝑔𝜃𝜃 ∂𝛼𝜙∂

𝛼𝜙) −
𝛼

𝜙
(∇𝑟∇𝑟𝜙 − 𝑔𝑟𝑟 𝜙)) 

𝒲𝑡𝑡 = 𝛼𝜙(
1

2
𝑔𝑡𝑡𝒱(𝜙) −

𝜔

2
(∂𝑡𝜙∂𝑡𝜙 −

1

2
𝑔𝑡𝑡 ∂𝛼𝜙∂

𝛼𝜙) −
𝛼

𝜙
(∇𝑡∇𝑡𝜙 − 𝑔𝑡𝑡 𝜙)) 

∏′

= −
𝒢ℳ

𝑟2
(𝒬 + ∏)(1 +

4𝜋𝑟3∏

ℳ
)(1 −

2𝒢ℳ(𝑟)

𝑟
)

−
1
2

+
2𝛼

8𝜋𝒢𝑟

[
 
 
 
 (
1
2𝑔𝜃𝜃𝒱

(𝜙) −
𝜔
𝜙2

(∂𝜃𝜙∂𝜃𝜙 −
1
2𝑔𝜃𝜃 ∂𝛼𝜙∂

𝛼𝜙) −
𝛼
𝜙 (∇𝜃∇𝜃𝜙 − 𝑔𝜃𝜃 𝜙))

𝑟2

]
 
 
 
 

−

[
 
 
 
 (
1
2𝑔𝑟𝑟𝒱

(𝜙) −
𝜔
𝜙2

(∂𝑟𝜙 ∂𝑟𝜙 −
1
2𝑔𝑟𝑟 ∂𝛼𝜙∂

𝛼𝜙) −
𝛼
𝜙 (∇𝑟∇𝑟𝜙 − 𝑔𝑟𝑟 𝜙))

𝒜

]
 
 
 
 

 

𝒢𝜇ν = (1 + 𝛼𝜙)(𝒯𝜇𝜈
𝑒𝑓𝑓

) 
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20. Sistemas Dinámicos TOV.  

−𝑟𝑝′(𝑟 − 2𝑚)

= (𝑝 + 𝜌)(𝑚 + 4𝜋𝑟3𝑝) {
4𝜋𝑟𝜒(ln 𝑟) = 𝑚(𝑟)

4𝜋𝛾(ln 𝑟) = 𝑚′(𝑟) = 𝑟2𝜌(𝑟)
{

𝜒′(𝑠) = −𝜒(𝑠) + 𝛾(𝑠)

𝛾′(𝑠) = 2𝛾(𝑠) −
8𝜋𝛾(𝑠)

1 − 8𝜋𝜒(𝑠)
(𝜒(𝑠) + 𝛾(𝑠))

 

ℒ(𝜒, 𝛾) = 2 + 16𝜋(𝛾 − 3𝜒) − log(128𝜋𝛾(1 − 8𝜋𝜒)3) 

𝑑

𝑑ℒ
ℒ(𝜒(𝑡) + 𝛾(𝑡)) = 𝜒′(𝑡)(𝜒(𝑡) − 2) + 𝛾′(𝑡) − 2(𝑑 − 2)

𝛾′(𝑡)

𝛾(𝑡)
= −(𝜒(𝑡) − 2)2 

ℒ(𝜒, 𝛾) ∼
1

2
(𝜒 −

1

16𝜋
)
2

+ (𝛾 −
1

16𝜋
)
2

lim
𝑠↦−∞

𝜒(𝑠)𝑒𝑠 lim
𝑠↦−∞

𝜒(𝑠)𝑒−2𝑠 

𝜌0 = 𝜌(0) = |𝜌|∞ = lim
𝑠↦−∞

𝛾(𝑠)𝑒−2𝑠 

lim
𝑠↦−∞

𝜒(𝑠)𝑒−2𝑠 = lim
𝑠↦−∞

𝒬′(𝑠)𝑒(1−𝑑)𝑠 = lim
𝑟↦0+

𝑟𝑑−1 𝜌(𝑟)𝑟1−𝑑 = 𝜌(0) 

lim
𝑠↦−∞

𝜒(𝑠)

𝛾(𝑠)
=
1

3
 

𝒩 = lim
𝑠↦−∞

𝜒(𝑠)

𝛾(𝑠)
= lim

𝑠↦−∞

𝜒′(𝑠)

𝛾′(𝑠)
= lim

𝑠↦−∞

1 −
𝜒(𝑠)
𝛾(𝑠)

2 −
8𝜋𝛾(𝑠) (

𝜒(𝑠)
𝛾(𝑠)

+ 1)

1 − 8𝜋𝜒(𝑠)

=
1 −𝒩

2
 

𝜒′ (−2 +
8𝜋(𝜒 + 𝛾)

1 − 8𝜋𝜒
) = (𝛾 − 𝜒) (−2 +

8𝜋(𝜒 + 𝛾)

1 − 8𝜋𝜒
) 

𝜒′ (−2 +
8𝜋(𝜒 + 𝛾)

1 − 8𝜋𝜒
) + 𝛾′ = −𝜒(−2 +

8𝜋(𝜒 + 𝛾)

1 − 8𝜋𝜒
) 

𝛾′(𝛾 − 𝒞)

𝛾
= (2 −

8𝜋(𝜒 + 𝛾)

1 − 8𝜋𝜒
) (𝛾 − 𝒞) 

3𝜒′ (−2 +
8𝜋(𝜒 + 𝛾)

1 − 8𝜋𝜒
) + 4𝛾′ −

𝒞𝛾′

𝛾
= (𝒞 − 𝛾 − 3𝜒)(−2 +

8𝜋(𝜒 + 𝛾)

1 − 8𝜋𝜒
) 

3𝜒′ (−2 +
8𝜋(2𝜒′ + 𝜒′)

1 − 8𝜋𝜒
) + 4𝛾′ −

𝒞𝛾′

𝛾
=
(𝒞 − 𝛾 − 3𝜒)(−2 + 24𝜋𝜒 + 8𝜋𝛾)

1 − 8𝜋𝜒
 

−6𝜒′ +
48𝜋𝜒𝜒′

(1 − 8𝜋𝜒)
+ 4𝛾′ −

1

4𝜋

𝛾′

𝛾

=
−(1 − 12𝜋𝜒 − 4𝜋𝛾)2

2𝜋(1 − 8𝜋𝜒)
(−48𝜋𝜒 − 3 log(1 − 8𝜋𝜒) + 16𝜋𝛾 − log 𝛾)′ 

ℒ(𝜒, 𝛾) = 2 + 16𝜋(𝛾 − 3𝜒) − log(128𝜋𝛾(1 − 8𝜋𝜒)3)
𝒢ℳ

ℛ𝑐2
2𝒢ℳ

ℛ𝑐2
 

𝜒′

𝛾′
= 3(1 − 4𝜔/(1 − 𝜔)) ∈ [−3,3] 

2 − 32𝜋𝜒 − log(128𝜋𝜒(1 − 8𝜋𝜒)3) = 1 − log(2) 
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20.1. Función Lyapunov. 

𝑝 = 𝜅𝜌 

{

𝜒′(𝑠) = −𝜒(𝑠) + 𝛾(𝑠)

𝛾′(𝑠) = 2𝛾(𝑠) −
1 + 𝜅

2𝜅
⨂

𝛾(𝑠)(𝜒(𝑠) + 𝜅𝛾(𝑠))

1 − 𝜒(𝑠)

 

(𝜒𝜅 , 𝛾𝜅) = (
4𝜅

(1 + 𝜅)2 + 4𝜅
,

4𝜅

(1 + 𝜅)2 + 4𝜅
) 

𝒱 = 2𝛾 − (5 + 1/𝜅)𝜒 − 2𝜒𝜅 log(𝛾(1 − 𝜒)𝛿𝜅) + 𝒞𝜅 8𝜅
2𝛿𝜅 = (5𝜅 + 1)(𝜅 + 1)2 

𝒞𝜅 = (3 + 1/𝜅)𝜒𝜅 + 2𝜒𝜅 log(𝜒𝜅(1 − 𝜒𝜅)
𝛿𝜅) 

𝒱 = 𝒞 + 2𝛾 − 𝛾𝜒 − 𝛽 log(𝛾(1 − 𝛾)𝛿) − (1 + 𝜅)𝛾2

+ 𝛾(𝛿𝛽 − 𝛾 + 4 + 𝛽(1 + 𝜅)/2 − 𝛾𝜒2 + 𝜒(𝛾 − 𝛿𝛽 + 2𝛽 + 𝛽(1 + 𝜅)/2) − 2𝛽) 

(1 − 𝜒)𝒱′ = −(5 + 1/𝜅)(𝜒 − 𝜒𝜅)
2 − (1 + 𝜅)(𝛾 − 𝛾𝜅)

2 

{

𝑣′ = −𝑣 + 𝑤

𝑤′ = −
(1 + 𝜅)𝛾

𝜅(1 − 𝜒)2
𝑣 + (2 +

1 + 𝜅

2𝜅
⨂

𝜒+ 2𝜅𝛾

1 − 𝜒
)𝑤

 

𝑝 = 𝑝(4𝜋𝜌) = 𝑝(𝑟−2𝛾) {

𝜒′(𝑠) = −𝜒(𝑠) + 𝛾(𝑠)

𝛾′(𝑠) = 2𝛾(𝑠) −
4𝜋(𝛾 + 𝑟2𝑝(𝛾𝑟2))(𝜒 + 𝑟2𝑝(𝛾𝑟−2))

(1 − 8𝜋𝜒)𝑝′(𝑟−2𝛾)

 

𝜌 = 𝒞𝑝1/Γ +
𝑝

1 − Γ
 

𝒩 = lim
𝑠↦−∞

𝜒(𝑠)

𝛾(𝑠)
= lim

𝑠↦−∞

𝜒′(𝑠)

𝛾′(𝑠)
= lim

𝑠↦−∞

1 −
𝜒(𝑠)
𝛾(𝑠)

2 −
4𝜋𝛾(𝑠) (1 +

𝑝(𝛾(𝑠)𝑟−2)
𝛾(𝑠)𝑟−2

) (
𝜒(𝑠)
𝛾(𝑠)

+
𝑝(𝛾(𝑠)𝑟−2)
𝛾(𝑠)𝑟−2

)

(1 − 8𝜋𝜒(𝑠))𝑝′(𝑟−2𝛾(𝑠))

 

20.2. Modelo Relativista Michie–King. 

𝜌 =
2𝑚

ℏ3
∫ 𝑓𝑐(𝑝̂) (1 +

𝜀(𝑝̂)

𝑚𝑐2
)

∞

0

𝑑3𝑝̂ 

𝑓𝑐(𝑝̂) = (
1 − exp (

(𝜀(𝑝̂) − 𝜀𝑐)
𝜅𝒯 )

exp (𝜀(𝑝̂) −
𝜇
𝜅𝒯) + 1

)

+

 

𝑝 =
4

3ℏ3
∫ 𝑓𝑐(𝑝̂)𝜀(𝑝̂)

1 +
𝜀(𝑝̂)
2𝑚𝑐2

1 +
𝜀(𝑝̂)
𝑚𝑐2

∞

0

𝑑3𝑝̂ 

𝜀(𝑝̂) = √𝑐2𝑝̂2 +𝑚2𝑐4 −𝑚𝑐2 

𝑝(𝜌) = ((𝑝∞𝑝)
−1 + (𝑝0𝜌)

−
7
5)

−1
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(𝜀 + 𝑚𝑐2)

𝒯
≡ 𝑐𝑜𝑛𝑠𝑡 = 𝑚𝑐2/𝒯ℛ (

𝜀𝑐
(𝑚𝑐2)

+ 1)
𝒯ℛ
𝒯

 

𝜅 =
𝜅𝒯ℛ
(𝑚𝑐2)

 

𝛾 =
𝜀𝑐
(𝜅𝒯)

1 − 𝛾𝜅 =
𝒯ℛ
𝒯
𝜒𝜅𝒯 =  𝜀(𝑝̂) 

𝑝̂ =
𝑚𝑣

√1 − |𝑣|2/𝑐2 
 

1 +
𝜀(𝑝̂)

(𝑚𝑐2)
= 1 +

𝜒𝜅𝒯

𝒯ℛ
= 1 +

𝜒𝜅

(1 − 𝛾𝜅)
 

𝑝̂2 = 𝑚2𝑐2
𝜒𝜅

1 − 𝛾𝜅
(

𝜒𝜅

1 − 𝜅𝛾
+ 2) 

𝜅𝑚2𝑐2

1 − 𝛾𝜅
(

𝜒𝜅

(1 − 𝛾𝜅)
+ 1) 𝑑𝜒 = ⟨𝑝̂|𝑑|𝑝̂⟩ 

𝜌 =
8𝜋𝑐3𝜅𝑚4

ℏ3(1 − 𝜅𝛾)
∫ (

𝜅𝜒

(1 − 𝜅𝛾)
+ 1)

2

((
𝜅𝜒

(1 − 𝜅𝛾)
+ 1)

2

− 1)

1/2
1 − exp(𝜒 − 𝛾)

1 + 𝜒 exp(𝜒 − 𝛾)
𝑑𝜒

𝛾

0

 

𝜌 =
8√2𝜋𝑐3𝜅3/2𝑚4

ℏ3(1 − 𝜅𝛾)
∫ 𝜒1/2 (

𝜅𝜒

(1 − 𝜅𝛾)
+ 1)

2

(
𝜅𝜒/2

(1 − 𝜅𝛾)
+ 1)

1/2 1 − exp(𝜒 − 𝛾)

1 + 𝜒 exp(𝜒 − 𝛾)
𝑑𝜒

𝛾

0

 

𝜌(𝛾) ∼
8√2𝜋𝑐3𝜅3/2

1 + 𝜒
(
𝑚𝑐

ℏ
)
2

∫√𝜒(𝛾 − 𝜒)𝑑𝜒 = 𝜌0𝛾
5/2

𝛾

0

 

𝜌0 =
32√2𝜋𝑚𝜅

3
2

15(1 + 𝜒)
(
𝑚𝑐

ℏ
)
3

 

𝜌(𝛾) ∼ 8𝜋𝑐3𝑚4ℏ−3∫𝑤3

1

0

1 − exp((𝜔 − 1)/𝜅)

1 + 𝜒 exp((𝜔 − 1)/𝜅)
𝑑𝜔 

𝑝 =
𝜂2√2𝜅

1 − 𝜅𝛾
∫(

𝜅𝜒

1 − 𝜅𝛾
)

3
2
(

𝜅𝜒
2

1 − 𝜅𝛾
+ 1)

3
2𝛾

0

1 − exp(𝜒 − 𝛾)

1 + 𝜒 exp(𝜒 − 𝛾)
𝑑𝜒 

𝑝 = 𝜂 (
𝜅

1 − 𝜅𝛾
)

5
2
∫𝜒

3
2 (

𝜅𝜒

1 − 𝜅𝛾
+ 2)

3
2

𝛾

0

1 − exp(𝜒 − 𝛾)

1 + 𝜒 exp(𝜒 − 𝛾)
𝑑𝜒 

𝜂 =
8𝜋𝑚4𝑐5

3ℏ3
 

𝑝0 =
64√2𝜋𝑚4𝑐5𝜅

5
2

105(1 + 𝜒)ℏ3
 

𝑝(𝜌) ∼ 𝑝0 (
𝜌

𝜌0
)

7
5
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𝑝(𝛾) ∼
𝑐2𝜌∞

3(1 − 𝜅𝛾)4
 

𝜌∞ = 8𝜋𝑐3𝜅4𝑚4ℏ−3∫ 𝜒3

1/𝜅

0

1 − exp(𝜒 − 1/𝜅)

1 + 𝜒 exp(𝜒 − 1/𝜅)
𝑑𝜒 

20.3. Distribución relativista Fermi–Dirac. 

𝜌 =
1

𝜋2
∫

𝛾2√1 + 𝛾2

1 + 𝑒−𝛼𝑒𝜒√1+𝛾
2
𝑑𝛾

∞

0

 

𝜌 =
1

3𝜋2
∫

𝛾4

√1 + 𝛾2 (1 + 𝑒−𝛼𝑒𝜒√1+𝛾
2
)
𝑑𝛾

∞

0

 

𝑝(𝜒) ∼
1

3𝜋𝜒4
∫ 𝓏3(1 + 𝑒−𝛼𝑒𝓏)−1𝑑𝓏

∞

0

 

𝑝(𝜒) ∼
1

𝜋𝜒4
∫ 𝓏3(1 + 𝑒−𝛼𝑒𝓏)−1𝑑𝓏

∞

0

 

𝜋2𝑝(𝜒) ∼ √2𝜒−3/2𝑒−𝜒+𝛼∫ 𝜔1/2𝑒−𝜔𝑑𝜔

∞

0

 

𝜋2𝑝(𝜒) ∼ 2√2𝜒−5/2𝑒−𝜒+𝛼∫ 𝜔1/2𝑒−𝜔𝑑𝜔

∞

0

 

𝑝(𝜌) ∼ 𝜌/ log(𝜌) 

𝑝(𝜌) = 𝜌/(3 − log(𝜌) (1 + 𝜌)−1) 

20.4. Materia oscura relativista – estado puro.  

𝜌 = 𝜅 (√1 + 𝜒2(𝜒 + 2𝜒3) − arcsinh(𝜒)) 

𝜌 =
𝜅

3 (𝜒√1 + 𝜒2(2𝜒2 − 3) + 3 arcsinh(𝜒)) 2𝜅𝜒4
 

3𝜅−1√𝜒2 + 1𝑝′ = 8𝜒4 

3𝜅−1√(𝜒2 + 1)3𝑝′′ = 8𝜒3(3𝜒2 + 4) 

𝑑

𝑑𝜌
(𝑝(𝜒(𝜌))) =

𝑝′(𝜒(𝜌))

𝜌′(𝜒(𝑝))
=

1

1 + 𝜒−2(𝜌)

3𝑝

𝜌
= 1 −

4

2𝜒2 + 1
≥ 1 

21. Velocidad y presión de una partícula supermasiva o masiva y de una antipartícula 

supermasiva o masiva, según sea el caso, bajo el modelo relativista. 

𝑣𝑒|ℛ = [
𝔈𝑒
2

𝑐5
𝑚4

𝑚𝑒
5𝑐4 + 𝔈𝑒

2/ℏ𝑐
] 
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𝑣𝑒|−ℛ = [
𝔈𝑒
2

𝑐5
𝑚4

𝑚𝑒
5𝑐4 − 𝔈𝑒

2/ℏ𝑐
] 

𝒫𝑒|𝒩ℛ =
1

3
∫ 𝑝𝑣𝑒𝑛𝑒(𝑝)𝑑𝑝 =

8𝜋

15ℏ3
𝑝ℱ
5

𝑚𝑒

(𝜌𝒩𝒜/𝜇𝑒)
5/3

2

1 + 𝜒ℋ
𝑘𝒩ℛ

𝑝ℱ

0
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APÉNDICE G. 

Modelo matemático relativo a: 1. Demostrar la dinámica temporal – espacial provacada 

por las partículas y antipartículas supermasivas e hiperpartículas en espacios cuánticos 

curvos; 2. Demostrar la dirección de atrás hacia adelante y viceversa en relación a la 

dimensión tiempo en sistemas cuánticos geométricamente deformados o en curvatura 

(flecha de tiempo bilateral); y, 3. Teorizar la configuración sistémica y morfológica de las 

hiperpartículas en espacios cuánticos curvos. 

1. Aproximación de Markov. 

ℙ(𝜒𝜂 , 𝑡𝜂|𝜒1, 𝑡1;⋅⋅⋅ 𝜒𝜂−1, 𝑡𝜂−1) = ℙ(𝜒𝜂 , 𝑡𝜂|𝜒𝜂−1, 𝑡𝜂−1) 

𝔈̂(𝑡)(𝜌̂(0)) = 𝜌̂(𝑡) 

𝔈̂(𝑡1 + 𝑡2) = 𝔈̂(𝑡1)𝔈̂(𝑡2) 

𝑑𝜌̂

𝑑𝑡
(𝑡) = ℒ̂𝜌̂(𝑡) 

ℋ̂ = ℋ̂𝛿 + ℋ̂𝛽 + ℋ̂𝛿𝛽 

ℋ̂𝛿 =
𝒫̂2

2ℳ
+ 𝒱(𝒬̂) 

ℋ̂𝛽
(𝜅) =∑(

℘̂𝜅
2

2𝑚𝜅
+
𝑚𝜅𝜔𝜅

2𝑞̂𝜅
2

2
)

𝒩

𝜅=1

 

ℋ̂𝛿𝛽
(𝜅)

=∑(𝑔𝜅𝑞̂𝜅𝒬̂ +
𝑔𝜅
2

2𝑚𝜅𝜔𝜅
2 𝒬̂

2)

𝒩

𝜅=1

 

𝑑2𝒬̂

𝑑𝑡2
(𝑡) + 𝒱′ (𝒬̂(𝑡)) +

1

ℳ
∫𝜅(𝑡 − 𝑡′)

𝑡

0

𝒫̂(𝑡′)𝑑𝑡′ + 𝜅(𝑡)𝒬̂(0) = 𝑓(𝑡) 

𝜅(𝑡) =∑
𝑔𝜅
2

𝑚𝜅𝜔𝜅
2 cos(𝜔𝜅𝑡)

𝒩

𝑖=1

 

𝑓(𝑡) =∑(𝑔𝜅𝑞̂𝜅(0)cos(𝜔𝜅𝑡) +
𝑔𝜅℘̂𝜅

𝑚𝜅𝜔𝜅
sin(𝜔𝜅𝑡))

𝒩

𝑖=1

 

〈𝑓(𝑡)〉 = 𝑇𝑟 (𝑓(𝑡)𝜌𝑡ℏ) = 0 

〈{𝑓(𝑡), 𝑓(𝑡′)}〉 =∑
ℏ𝑔𝜅

2

𝑚𝜅𝜔𝜅
coth(

ℏ𝜔𝜅
2𝜅𝛽𝒯

)cos(𝜔𝜅(𝑡 − 𝑡′))

𝒩

𝑖=1

 

2. Flecha de tiempo reversible. 

Θ̂𝑞̂Θ̂−1 = 𝑞̂, Θ̂𝑞̂Θ̂−1 = −℘̂ 

𝒜̂ℛ(𝑡) = Θ̂𝒜̂(−𝑡)Θ̂−1 

𝑞̂ℛ(𝑡) = Θ̂𝑞̂(−𝑡)Θ̂−1 = 𝑞̂(𝑡), ℘̂ℛ(𝑡) = Θ̂℘̂(−𝑡)Θ̂−1 = ℘̂(𝑡) 
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ℳ
𝑑2𝒬̂

𝑑𝑡2
(−𝑡) + 𝒱′ (𝒬̂(−𝑡)) +

1

ℳ
∫ 𝜅(−𝑡 − 𝑡′)

−𝑡

0

𝒫̂(𝑡′)𝑑𝑡′ + 𝜅(−𝑡)𝒬̂(0) = 𝑓(−𝑡) 

𝑑𝜌̂ℛ
𝑑𝑡

= −Θ̂
𝑑𝜌̂

𝑑𝑡
Θ̂−1 = −Θ̂ℒ̂Θ̂−1Θ̂𝜌̂Θ̂−1 = −ℒ̂ℛ𝜌̂ℛ 

𝜌̂(𝑡) = 𝔈̂(𝑡)𝜌̂(0), 𝔈̂(𝑡) = exp(−ℒ̂𝑡) 

Θ̂𝔈̂(𝑡)Θ̂−1 = exp(−Θ̂ℒ̂Θ̂−1𝑡) = exp(−ℒ̂ℛ𝑡) 

Θ̂𝔈̂(𝑡)Θ̂−1 = exp(ℒ̂𝑡) = 𝔈̂(𝑡)−1 

Θ̂𝒰̂(𝑡)Θ̂−1 = 𝒰̂(−𝑡) 

𝑑𝜌̂

𝑑𝑡
= ℒ̂(𝑡)𝜌̂(𝑡) 

𝑑𝜌̂ℛ
𝑑𝑡

(𝑡) = −Θ̂
𝑑𝜌̂

𝑑𝑡
(−𝑡)Θ̂−1 = −ℒ̂ℛ(−𝑡)𝜌̂ℛ(𝑡) 

𝜌̂(𝑡) = 𝔈̂(𝑡, 0)𝜌̂(0), 𝔈̂(𝑡2, 𝑡1) = 𝒯̂ exp(− ∫ ℒ̂(𝑡′)𝑑𝑡′

𝑡2

𝑡1

) 

Θ̂𝔈̂(𝑡2, 𝑡1)Θ̂
−1 = 𝒯̂ exp(− ∫ ℒ̂(𝑡′)𝑑𝑡′

𝑡2

𝑡1

) = 𝔈̂(𝑡2, 𝑡1)
−1 

3. Métrica de Langevin para espacios cuánticos curvos. 

∫ 𝜅(𝑡′)𝑑𝑡′ < ∞

∞

0

 

∫ 𝜅(𝑡′)𝑑𝑡′ ≈

𝜏𝛽

0

∫ 𝜅(𝑡′)𝑑𝑡′
∞

0

 

∫𝜅(𝑡 − 𝑡′)𝒫̂(𝑡)𝑑𝑡′
𝑡

0

= ∫𝜅(𝑡′)𝒫̂(𝑡 − 𝑡′)𝑑𝑡′
𝑡

0

≈ 𝒫̂(𝑡)∫ 𝜅(𝑡′)𝑑𝑡′ = 𝒫̂(𝑡)

𝜏𝛽

0

∫ 𝜅(𝑡′)𝑑𝑡′
∞

0

 

∫𝜅(𝑡′)𝑑𝑡′ = 𝑠𝑔𝑛 (𝑡)𝒫̂(𝑡)

𝑡

0

∫ 𝜅(𝑡′)𝑑𝑡′

|𝑡|

0

 

∫𝜅(𝑡 − 𝑡′)𝒫̂(𝑡)𝑑𝑡′
𝑡

0

≈ 𝑠𝑔𝑛(𝑡)𝒫̂(𝑡)∫ 𝜅(𝑡′)𝑑𝑡′
∞

0

  

ℳ
𝑑2𝒬̂

𝑑𝑡2
+ 𝒱′ (𝒬̂(𝑡)) + 𝑠𝑔𝑛(𝑡)𝛾𝒫̂(𝑡) = 𝑓(𝑡) 

∫ 𝜅(𝑡′)𝑑𝑡′
∞

0

=ℳ𝛾 



pág. 7270 

 

〈{𝑓(𝑡), 𝑓(𝑡′)}〉 =
𝛾ℳℏ

𝜋
∫ωcot (

ℏ𝜔

2𝜅𝛽𝒯
)

Λ

0

cos(𝜔(𝑡 − 𝑡′)) 𝑑𝜔 

〈{𝑓(𝑡), 𝑓(𝑡′)}〉 = 2𝛾ℳ𝜅𝛽𝒯𝛿(𝑡 − 𝑡′) 

4. Simetría temporo – espacial en espacios cuánticos cutvos. 

𝑇𝑟𝒮 = (𝒴̂𝜇̂(𝑡)) = 𝑇𝑟𝒮 (𝜌̂𝒮𝒴̂(𝑡)) 

𝜇̇̂(𝑡) = −
𝑖

ℏ
[ℋ̂𝒮, 𝜇̂(𝑡)] +

𝑖

2ℏ
[{𝛾 𝑠𝑔𝑛(𝑡)𝒫̂, 𝜇̂(𝑡)}, 𝒬̂] +

𝑖

2ℏ
[{𝑓(𝑡), 𝜇̂(𝑡)}, 𝒬̂] 

𝜌̂(𝑡) = 〈𝜇̂(𝑡)〉 ≔ 𝑇𝑟Β(𝜇̂(𝑡)𝜌𝑡ℏ) 

𝜌̇̂(𝑡) = −
𝑖

ℏ
[ℋ̂𝒮 , 𝜌̂(𝑡)] +

𝑖 𝑠𝑔𝑛 (𝑡)

2ℏ
[{𝛾𝒫̂, 𝜌̂(𝑡)}, 𝒬̂] +

Γ(𝑡)

ℏ2
[{𝜌̂(𝑡), 𝒬̂}] 

Γ(𝑡) = ∫〈{𝑓(𝑡), 𝑓(𝑡′)}〉𝑑𝑡′
𝑡

0

 

∫〈{𝑓(𝑡), 𝑓(𝑡′)}〉𝑑𝑡′
𝑡

0

= 𝑠𝑔𝑛(𝑡)∫ 〈{𝑓(|𝑡|), 𝑓(𝑡′)}〉𝑑𝑡′

|𝑡|

0

 

lim
𝑡↦∞

∫ 〈{𝑓(|𝑡|), 𝑓(𝑡′)}〉𝑑𝑡′

|𝑡|

0

= 2𝛾ℳ𝜅𝛽𝒯 

𝜌̇̂(𝑡) = −
𝑖

ℏ
[ℋ̂𝒮 , 𝜌̂(𝑡)] +

𝑖 𝑠𝑔𝑛 (𝑡)

2ℏ
[{𝛾𝒫̂, 𝜌̂(𝑡)}, 𝒬̂] − 𝑠𝑔𝑛 (𝑡)

2𝛾ℳ𝜅𝛽𝒯

ℏ2
[{𝜌̂(𝑡), 𝒬̂}, 𝒬̂] 

𝑑𝜌̂

𝑑𝑡
= (𝑖ℒ̂ℋ + 𝑠𝑔𝑛 (𝑡)ℒ̂𝔇)𝜌̂(𝑡) 

ℒ̂ℋ𝜌̂(𝑡) = −
1

ℏ
[ℋ̂𝒮 , 𝜌̂(𝑡)] 

ℒ̂𝔇𝜌̂(𝑡) =
𝑖

2ℏ
[{𝛾𝒫̂, 𝜌̂(𝑡)}, 𝒬̂] −

2𝛾ℳ𝜅𝛽𝒯

ℏ2
[{𝜌̂(𝑡), 𝒬̂}, 𝒬̂] 

𝑑𝜌̂ℛ
𝑑𝑡

(𝑡) = −Θ̂
𝑑𝜌̂

𝑑𝑡
(𝑡)Θ̂−1 = (𝑖ℒ̂ℋ + 𝑠𝑔𝑛 (𝑡)ℒ̂𝔇)𝜌̂ℛ(𝑡) 

𝜌̂(𝑡) = 𝔈̂(𝑡)𝜌̂(0), 𝔈̂(𝑡) = exp(𝑖ℒ̂ℋ𝑡 + ℒ̂𝔇|𝑡|) 

5. Entropía en espacios cuánticos curvos. 

𝜌(℘, 𝑞, 𝑡) =
1

√𝜋𝒩(𝑡)
exp(

−(𝑞 + 𝑠𝑔𝑛 (𝑡)𝒜(𝑡)℘)2

𝒩(𝑡)
− 𝔅(𝑡)℘2) 

𝒩(𝑡) =
𝑚𝜅𝛽𝒯

ℏ2
(1 − 𝑒−2𝛾|𝑡|) +

𝑒−2𝛾|𝑡|

𝜎2
 

𝒜(𝑡) =
𝑖ℏ

2𝜎2𝑚𝛾
𝑒−𝛾|𝑡|(1 − 𝑒−𝛾|𝑡|) −

𝑖𝜅𝛽𝒯

2ℏ𝛾
(1 − 𝑒−𝛾|𝑡|)

2
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𝔅(𝑡) =
ℏ2

4𝜎2𝑚2𝛾2
(1 − 𝑒−𝛾|𝑡|)

2
+
𝜎2

4
+
𝜅𝛽𝒯

𝑚𝛾2
(2𝛾|𝑡| − 3 + 4𝑒−𝛾|𝑡| − 𝑒−2𝛾|𝑡|) 

𝜓(𝜒, 0) =
1

(𝜎2𝜋)1/4
exp(−

𝜒2

2𝜎2
) 

𝒮𝜈𝒩(𝜉) =
1 − 𝜉

2𝜉
log (

1 + 𝜉

1 − 𝜉
) − log (

2𝜉

1 + 𝜉
) 

6. Simetría Lindblad en espacios cuánticos curvos. 

ℋ̂ = ℋ̂𝛿 + ℋ̂𝛽 + ℋ̂𝛿𝛽 

ℋ̂ℐ(𝑡) = 𝑒
𝑖
ℏ(
ℋ̂𝛿+ℋ̂𝛽)𝑡ℋ̂𝛿𝛽𝑒

−𝑖
ℏ (

ℋ̂𝛿+ℋ̂𝛽)𝑡 

𝑑

𝑑𝑡
𝜌̂
ℐ
(𝑡) = −

𝑖

ℏ
[ℋ̂ℐ(𝑡), 𝜌̂ℐ(𝑡)] 

𝑑

𝑑𝑡
𝜌̂
𝒮
(𝑡) =

1

ℏ2
∫𝑇𝑟𝔅

𝑡

0

[ℋ̂ℐ(𝑡), [ℋ̂ℐ(𝑠), 𝜌̂ℐ(𝑠)]]𝑑𝑠 

𝑑

𝑑𝑡
𝜌̂
𝒮
(𝑡) = −

1

ℏ2
∫𝑇𝑟𝔅

𝑡

0

[ℋ̂ℐ(𝑡), [ℋ̂ℐ(𝑠), 𝜌̂ℐ(𝑠)⨂ 𝜌̂
𝔅
]]𝑑𝑠 

ℋ̂ℐ(𝑡) =∑𝒜̂𝛼(𝜔)⨂ℬ̂𝛼(𝑡)

𝛼,𝜔

 

𝑑

𝑑𝑡
𝜌̂
𝒮
(𝑡) = −

1

ℏ2
∑ [Γ𝛼𝛽(𝜔, 𝑡)𝒜̂𝛼

†
(𝜔)𝒜̂𝛽(𝜔)𝜌̂𝒮(𝑡)

𝛼,𝜔,𝛽

+ Γ𝛽𝛼
⋇ (𝜔, 𝑡)𝜌̂

𝒮
(𝑡)𝒜̂𝛼

†
(𝜔)𝒜̂𝛽(𝜔) (Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼

⋇ (𝜔, 𝑡)) 𝒜̂𝛽(𝜔)𝜌̂𝒮(𝑡)𝒜̂𝛼
†
(𝜔)] 

Γ𝛼𝛽(𝜔, 𝑡) = ∫𝑒𝑖𝜔𝑠
𝑡

0

𝑇𝑟(ℬ̂𝛼
†(𝑡)ℬ̂𝛽

†(𝑡 − 𝑠)𝜌̂ℬ)𝑑𝑠 

Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼
⋇ (𝜔, 𝑡) = 𝑠𝑔𝑛 (𝑡) ∫ 𝑒𝑖𝜔𝑠𝑇𝑟(ℬ̂𝛼

†(𝑠)ℬ̂𝛽
†(0)𝜌̂ℬ)𝑑𝑠

|𝑡|

−|𝑡|

 

Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼
⋇ (𝜔, 𝑡) ≈ 𝑠𝑔𝑛 (𝑡)𝛾𝛼𝛽(𝜔) 

𝛾𝛼𝛽(𝜔) = ∫ 𝑒𝑖𝜔𝑠𝑇𝑟(ℬ̂𝛼
†(𝑠)ℬ̂𝛽

†(0)𝜌̂ℬ)𝑑𝑠

∞

−∞

 

𝜂𝛼𝛽(𝜔) =
1

2𝑖
(Γ𝛼𝛽(𝜔, 𝑡) − Γ𝛽𝛼

⋇ (𝜔, 𝑡)) 

𝑑

𝑑𝑡
𝜌̂
𝒮
(𝑡) = −

𝑖

ℏ
[ℋ̂𝛿, 𝜌̂𝒮] +

𝑠𝑔𝑛 (𝑡)

ℏ2
∑ 𝔇̂𝛼𝛽

𝛼,𝛽,𝜔

(𝜔)𝜌̂
𝒮
(𝑡) 
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ℋ̂𝛿 =
1

ℏ
∑ 𝜂𝛼𝛽(𝜔)𝒜̂𝛼

†(𝜔)𝒜̂𝛽(𝜔)

𝛼,𝛽,𝜔

 

𝔇̂𝛼𝛽(𝜔)𝜌̂𝒮(𝑡) = 𝛾𝛼𝛽(𝜔) (𝒜̂𝛽(𝜔)𝜌̂𝒮(𝑡)𝒜̂𝛼
†(𝜔) −

1

2
{𝒜̂𝛼

†(𝜔)𝒜̂𝛽(𝜔), 𝜌̂𝒮(𝑡)}) 

Θ̂𝛾𝛼𝛽(𝜔)Θ̂
−1 = ∫ 𝑒𝑖𝜔𝑠𝑇𝑟(Θ̂ℬ̂𝛼

†(𝑠)ℬ̂𝛽
†(0)Θ̂−1𝜌̂ℬ)𝑑𝑠

∞

−∞

= 𝛾𝛼𝛽(𝜔) 

7. Simetría de Pauli en espacios cuánticos curvos.  

𝑑

𝑑𝑡
𝜌̂
𝜂
(𝑡) =∑(𝒲𝜂,𝜂′ 𝜌̂𝜂′(𝑡) −𝒲𝜂′,𝜂 𝜌̂𝜂(𝑡))

𝜂′≠𝜂

 

⟨𝜂|𝒜̂𝛼
†(𝜔)𝒜̂𝛽(𝜔)|𝜂

′⟩ = 𝛿𝜂,𝜂′ ⟨𝜂|𝒜̂𝛼|𝑚⟩⟨𝑚|𝒜̂𝛽|𝜂⟩ 

𝑑

𝑑𝑡
𝜌
𝜂
(𝑡) =

𝑠𝑔𝑛 (𝑡)

ℏ2
∑(𝒲𝜂,𝜂′ 𝜌̂𝜂′(𝑡)−𝒲𝜂′,𝜂 𝜌̂𝜂(𝑡))

𝜂′≠𝜂

 

𝒲𝜂′,𝜂 =∑𝛾𝛼𝛽(𝜀𝜂 − 𝜀𝜂′)⟨𝜂|𝒜̂𝛼|𝜂′⟩⟨𝜂′|𝒜̂𝛽|𝜂⟩

𝛼,𝛽

 

ℋ̂ = ℋ̂0 + 𝜆ℋ̂𝛿𝛽 

𝑑

𝑑𝑡
𝜌𝜀,𝜅(𝑡) =

𝜆2

ℏ2
∑∫Λ𝜀,𝜅,𝜀′,𝜅′(𝑡 − 𝑠) (𝜌𝜀′,𝜅′(𝑠) − 𝜌𝜀,𝜅(𝑠))

𝑡

0𝜀′,𝜅′

𝑑𝑠 

Λ𝜀,𝜅,𝜀′,𝜅′(𝑡) = 2|⟨𝜀, 𝜅|ℋ̂𝛿𝛽|𝜀
′, 𝜅′⟩|

2
cos(

𝜀 − 𝜀′

ℏ
𝑡) 

∫Λ𝜀,𝜅,𝜀′,𝜅′(𝑡 − 𝑠)𝑑𝑠

𝑡

0

= 2ℏ
|⟨𝜀, 𝜅|ℋ̂𝛿𝛽|𝜀

′, 𝜅′⟩|
2

𝜀 − 𝜀′
sin (

𝜀 − 𝜀′

ℏ
𝑡) 

ℏ

𝜀 − 𝜀′
sin(

𝜀 − 𝜀′

ℏ
𝑡) ≈ 𝑠𝑔𝑛 (𝑡)𝜋ℏ𝛿(𝜀 − 𝜀′) 

𝑑

𝑑𝑡
𝜌𝜀,𝜅(𝑡) = 𝑠𝑔𝑛 (𝑡)∑(𝒲𝜅,𝜅′

𝜀 𝜌𝜀,𝜅′(𝑡) −𝒲𝜅′,𝜅
𝜀 𝜌𝜀,𝜅(𝑡))

𝜅′

 

𝒲𝜅,𝜅′
𝜀 =

2𝜆2

ℏ
|⟨𝜀, 𝜅|ℋ̂𝛿𝛽|𝜀, 𝜅′⟩|

2
𝜂(𝜁) 

8. Simetría de quiebre en espacios cuánticos curvos. 

𝜓ℛ(𝜒, 𝛼 + 𝑡) = 𝜓⋇(𝜒, 𝛼 − 𝑡) 

𝑑𝒲

𝑑𝑡
= −

℘

ℳ

𝑑𝒲

𝑑𝜒
+∑

(−ℏ2)𝜂𝒱(2𝜂+1)(𝜒)

(2𝜂 + 1)! 22𝜂
𝑑2𝜂+1𝒲

𝑑℘2𝜂+1
+

∞

𝜂=0

𝑠𝑔𝑛 (𝑡)𝛾
𝑑

𝑑℘
(℘𝒲)+ 𝑠𝑔𝑛 (𝑡)2𝛾ℳ𝜅𝛽𝒯

𝑑2𝒲

𝑑℘2
 

𝑑𝒲

𝑑𝑡
= −

℘

ℳ

𝑑𝒲

𝑑𝜒
+
𝑑𝒱

𝑑𝜒

𝑑𝒲

𝑑℘
+ 𝑠𝑔𝑛 (𝑡)𝛾

𝑑

𝑑℘
(℘𝒲) + 𝑠𝑔𝑛 (𝑡)2𝛾ℳ𝜅𝛽𝒯

𝑑2𝒲

𝑑℘2
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9. Expansión por deformación en espacios cuánticos curvos. 

𝜇̇̂(𝑡) = −
𝑖

ℏ
[ℋ̂𝛿 , 𝜇̂(𝑡)] +

𝑖

2ℏ
[{𝛾 𝑠𝑔𝑛 (𝑡)𝒫̂, 𝜇̂(𝑡)}, 𝒬̂] 

𝜌̂(𝑡) = 〈𝜇̂(𝑡)〉 ≔ 𝑇𝑟Β(𝜇̂(𝑡)𝜌̂𝑡ℏ) 

𝒜̂𝜇̂(𝑡) = −
𝑖

ℏ
[ℋ̂𝛿 , 𝜇̂(𝑡)] +

𝑖

2ℳℏ
[{𝛾 𝑠𝑔𝑛 (𝑡)𝒫̂, 𝜇̂(𝑡)}, 𝒬̂] 

𝔅̂𝜇̂(𝑡) =
𝑖

ℏ
[𝜇̂(𝑡), 𝒬̂] 

𝛼̂(𝑡)𝜇̂(𝑡) =
1

2
{𝑓(𝑡), 𝜇̂(𝑡)} 

𝜂̂(𝑡) = exp(−𝒜̂𝑡) 𝜇̂(𝑡) 

𝜂̇̂(𝑡) = 𝔅̂(𝑡)𝛼̂(𝑡)𝜂̂(𝑡) 

𝑑

𝑑𝑡
〈𝜂̂(𝑡)〉 = 𝔅̂(𝑡)〈𝛼̂(𝑡)𝜇̂(0)〉 + ∫ 𝔅̂(𝑡)𝔅̂(𝑡′)〈𝛼̂(𝑡)𝛼̂(𝑡′)𝜇̂(𝑡′)〉𝑑𝑡′

𝑡

0

 

𝑑℘̂

𝑑𝑡
(𝑡) = 𝒜̂𝜌̂(𝑡) + ∫〈𝛼̂(𝑡)𝛼̂(𝑡′)ℑ̂〉𝔅̂𝔅̂

𝑡

0

(𝑡′ − 𝑡)𝜌̂(𝑡′)𝑑𝑡′ 

𝑑℘̂

𝑑𝑡
(𝑡) = 𝒜̂𝜌̂(𝑡) − ∫〈𝛼̂(𝑡)𝛼̂(𝑡′)ℑ̂〉𝑑𝑡′

𝑡

0

1

ℏ
[[𝜌̂(𝑡), 𝒬̂]𝒬̂] 

𝜌̇̂(𝑡) = −
𝑖

ℏ
[ℋ̂𝛿 , 𝜌̂(𝑡)] +

𝑖

2ℏ
[{𝛾 𝑠𝑔𝑛 (𝑡)𝒫̂, 𝜌̂(𝑡)}, 𝒬̂] −

Γ(𝑡)

ℏ2
[[𝜌̂(𝑡), 𝒬̂]𝒬̂] 

Para aclarar: 

1. Las partículas supermasivas y antipartículas supermasivas, son aquellas cuya masa es superior y en 

consecuencia, a propósito de su colisión, entrelazamiento, superposición o ultramasificación, provocan 

agujeros negros cuánticos. 

2. Las partículas masivas y antipartículas masivas, son aquellas, cuya masa suficiente, deforma el tejido 

del espacio – tiempo cuántico, sin que necesariamente provoque un agujero negro cuántico, a propósito 

de su colisión, entrelazamiento, superposición o ultramasificación.  

3. Las hiperpartículas, son aquellas que se aproximan, alcanzan o superan la velocidad de la luz, en cuyo 

primer y segundo casos, deforman el tejido del espacio – tiempo cuántico, y en cuyo tercer caso, puede 

provocar agujeros negros cuánticos. 

REFERENCIAS BIBLIOGRÁFICAS ADICIONALES. 

Thomas Guff, Chintalpati Umashankar Shastry y Andrea Rocco, Emergence of opposing 

arrows of time in open quantum systems, Scientific Reports | (2025) 15:3658. 
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Apéndice H.  

 

Supersimetría de Yang – Mills, supermembranas, supergravedad cuántica, 

superconductividad, dualidad holográfica y agujeros negros cuánticos para espacios 

cuánticos curvos (campos cuánticos relativistas).  

 

1. Formalización matemática. 

 
𝑆open = 𝑆brane + 𝑆bulk + 𝑆int ≈ 𝑆𝒩=4 + 𝑆bulk - flat + 𝑆int , 𝑔𝑠𝑁 ≪ 1 

𝑑𝑠2 = 𝐻(𝑟)−1/2(−𝑑𝑡2 + 𝑑𝑥3
2) + 𝐻(𝑟)1/2(𝑑𝑟2 + 𝑟2𝑑Ω5

2)

𝐻(𝑟) = 1 +
𝑁𝐺𝑁
𝑟4

, 𝐺𝑁 = 𝑔𝑠𝛼
′

 

𝑆close = 𝑆bulk - throat + 𝑆bulk - flat + 𝑆int , 𝑔𝑠𝑁 ≫ 1. 
𝑆𝒩=4 = 𝑆strings 𝐴𝑑𝑆5×𝑆

5 

𝑔𝑌𝑀
2 = 𝑔𝑠  (

𝑅

𝑙𝑠
)
4

= 4𝜋𝑔𝑌𝑀
2 𝑁 = 4𝜋𝜆  

𝑥𝑖 → Λ𝑥𝑖 ∶  𝑥𝑖 → 𝜆𝑥𝑖 , 𝑟 → 𝑟 − 𝑅log 𝜆  

𝐿𝐶𝐹𝑇 +∫  𝑑4𝑥ℎ𝒪  

𝑒−𝑊(ℎ) = ⟨𝑒−∫  ℎ𝒪⟩
𝑄𝐹𝑇

 

⟨𝒪 …𝒪⟩𝑐 = (−1)𝑛 [
𝛿𝑛𝑊

𝛿ℎ𝑛
]
ℎ=0

 

𝑒𝑊(ℎ) = ⟨𝑒∫  ℎ𝑂⟩
𝑄𝐹𝑇

= 𝒵strings at 𝐴𝑑𝑆[ℎ(𝑥, 𝑧 = edge) = ℎ0]  

𝒵strings at AdS[ℎ(𝑥, 𝑧 = edge )] ∼ 𝑒𝑆supergravity [ℎ0], 𝜆 ≫ 1  

𝐿𝐶𝐹𝑇 +∫  𝑑4𝑥√𝑔(𝑔𝜇𝜈𝑇
𝜇𝜈 + 𝐽𝜇𝐴

𝜇 + 𝜙Tr(𝐹𝜇𝜈𝐹
𝜇𝜈) + ⋯)  

𝑑𝑠2 = 𝑅2
𝑑𝑥𝜇𝑑𝑥𝜇 + 𝑑𝑧2

𝑧2
≡ 𝑔𝐴𝐵𝑑𝑥

𝐴𝑑𝑥𝐵, 𝐴 = 0,… , 𝑑, 𝑥𝐴 = (𝑧, 𝑥𝜇)  

𝑆 ∼ ∫  𝑑𝑑+1𝑥√𝑔(𝑔𝐴𝐵𝜕𝐴𝜙𝜕𝐵𝜙 +𝑚2𝜙2)  

𝑆 ∼ ∫  
𝜕𝐴𝑑𝑆

 𝑑𝑑𝑥√𝑔𝑔𝑧𝐵𝜙𝜕𝐵𝜙 +∫  𝑑𝑑+1𝑥√𝑔𝜙(− +𝑚2)𝜙  

𝜙(𝑧, 𝑥𝜇) = 𝑒𝑖𝑘𝜇𝑥
𝜇
𝑓𝑘(𝑧), 𝑘𝜇𝑥

𝜇 = −𝜔𝑡 + 𝑘⃗ ⋅ 𝑥  

0 =
1

𝑅2
(𝑧2𝑘2 − 𝑧𝑑+1𝜕𝑧(𝑧

−𝑑+1𝜕𝑧) + 𝑚2𝑅2)𝑓𝑘(𝑧), 𝑘
2 = 𝑘⃗ 2 −𝜔2  

𝑚2𝑅2 = Δ(Δ − 𝑑)  

𝜙 ∼ 𝜙+𝑧
Δ+ +𝜙−𝑧

Δ−  

∫  𝑑𝑧√𝑔|𝜙|2 < ∞  

𝜙(𝑧, 𝑥𝜇)|𝑧=𝜖 → 𝜖Δ−𝜙−
𝑟𝑒𝑛(𝑥𝜇)  

𝑆edge ∋ ∫  
𝑧=𝜖

 𝑑𝑑𝑥√𝑔𝜖𝜙(𝑥, 𝜖)𝒪(𝑥, 𝜖) = ∫  𝑑𝑑𝑥 (
𝑅

𝜖
)
𝑑

𝜖Δ−𝜙−
𝑟𝑒𝑛(𝑥)𝒪(𝑥, 𝜖)  

𝒪(𝑥, 𝜖) ∼ 𝜖𝑑−Δ−𝒪𝑟𝑒𝑛(𝑥) = 𝜖Δ+𝒪𝑟𝑒𝑛(𝑥)  

𝑓𝑘(𝑧) = 𝐴(𝑘)𝑧𝑑/2𝐾𝜈(𝑘𝑧) + 𝐵(𝑘)𝑧𝑑/2𝐼𝜈(𝑘𝑧)  

𝑓𝑘(𝑧) =
𝑧𝑑/2𝐾𝜈(𝑘𝑧)

𝜖𝑑/2𝐾𝜈(𝑘𝜖)
 

𝜙(𝑥, 𝑧) = ∫  𝑑𝑑𝑘𝑒𝑖𝑘𝑥𝑓𝑘(𝑧)𝜙(𝑘, 𝜖)  

𝑆(𝜙) = 2𝑅𝑑−1∫  𝑑𝑑𝑘𝜙(𝑘, 𝜖)𝜙(−𝑘, 𝜖)𝜖−𝑑+1𝜕𝑧 (
𝑧𝑑/2𝐾𝜈(𝑘𝑧)

𝜖𝑑/2𝐾𝜈(𝑘𝜖)
)
𝑧=𝜖
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−
(−1)𝜈−121−2𝜈

Γ(𝜈)2
𝑘2𝜈ln 𝑘𝜖. 𝜖2𝜈−𝑑 +⋯  

⟨𝒪(𝑥1)𝒪(𝑥2)⟩ = −
𝛿

𝛿𝜙−
𝑟𝑒𝑛(𝑥1)

𝛿

𝛿𝜙−
𝑟𝑒𝑛(𝑥2)

𝑆 =
2Γ(Δ+)

𝜋𝑑/2Γ(Δ+ − 𝑑/2)

1

(𝑥1 − 𝑥2)
2Δ+

 

𝑧𝑑/2𝐾±𝜈(𝑖𝑞𝑧) ∼ 𝑒±−𝑖𝑞𝑧  

𝑈𝒞(𝑦, 𝑧) = 𝒫𝑒𝑖 ∫  
𝒞
 𝑑𝑥𝜇𝐴𝜇

𝑎𝑇𝑎  

𝜑𝒞(𝑦) = 𝑈𝒞(𝑦, 𝑧)𝜑(𝑧)  

𝑊𝒞(ℛ) = Tr𝒫𝑒𝑖∰ 𝑑𝑥𝜇𝐴𝜇
𝑎𝑇ℛ

𝑎
𝒞  

⟨𝑊𝒞( )⟩ ∼ 𝑒−𝑇𝑉(𝑙)  

𝑊𝒞,𝒞𝑖𝑛𝑡( ) = Tr𝒫𝑒∮  (𝑖𝐴𝜇𝑥̇
𝜇+𝜃𝐼𝑋𝐼(𝑥𝜇)√𝑥̇2)𝑑𝜏  

⟨𝑊𝒞,𝒞int 
( )⟩ = 𝒵string [𝒞, 𝒞int , ]  

𝒵string [𝒞, 𝒞int , ] ≅ 𝑒−𝑆string 
on - shell [𝒞,𝒞int ]  

𝜏 = 𝑡, 𝜎 = 𝑥, 𝑧 = 𝑧(𝑥)  

𝑑𝑠2 =
𝑅2

𝑧2
[−𝑑𝑡2 + 𝑑𝑥2(1 + 𝑧′2)] = 𝛾𝑎𝑏𝑑𝑥

𝑎𝑑𝑥𝑏  

𝑆𝑁𝐺 =
1

2𝜋𝛼′
∫  
𝑇/2

−𝑇/2

 𝑑𝑡 ∫  
𝑙/2

−𝑙/2

 𝑑𝑥√−det(𝛾) = √4𝜋𝜆𝑇∫  
𝑙/2

−𝑙/2

 𝑑𝑥
√1 + 𝑧′2

𝑧2  

ℋ = ℒ − 𝑧′
𝜕ℒ

𝜕𝑧′ =
1

𝑧2√1 + 𝑧′2
=

1

𝑧max
2  

𝑧′2 + 𝑉𝑒𝑓(𝑧) = 0, 𝑉𝑒𝑓(𝑧) = 1 − (
𝑧max
𝑧
)
4

 

𝑙 = ∫  
𝑙/2

−𝑙/2

 𝑑𝑥 = 2∫  
𝑧max

0

 𝑑𝑧
𝑑𝑥

𝑑𝑧
= 2𝑧max∫  

1

0

 𝑑𝑦
𝑦2

√1 − 𝑦4
= 2𝑧max

√2𝜋3

Γ2(1/4)
 

 

𝑆𝑁𝐺 = 2√4𝜋𝜆𝑇∫  
𝑧max

𝜖

 𝑑𝑧
𝑧max
2

𝑧2√𝑧max
4 − 𝑧4

 

𝑚𝑞 = √4𝜋𝜆𝑇∫  
𝑧max

𝜖

 
𝑑𝑧

𝑧2
 

ln ⟨𝑊𝒞( )⟩ = 𝑆𝑁𝐺 − 2𝑚𝑞 = −
2√4𝜋𝜆𝑇

𝑧max
∫  
1

𝜖/𝑧max

 
𝑑𝑦

𝑦2
(

1

√1 − 𝑦4
− 1)  

𝑉(𝑙) = −
√𝜆

𝑙

4𝜋2

Γ4(1/4)
 

𝑑𝑠2 =
1

𝑧2
(𝑑𝑟2 + 𝑟2𝑑𝜙2 + 𝑑𝑧2 + 𝑑𝑥𝑖

2)  

𝑧 = √𝑎2 − 𝑟2, 0 ≤ 𝑟 ≤ 𝑎, 0 ≤ 𝜙 ≤ 2𝜋  

ln ⟨𝑊𝒞( )⟩ = −√𝜆  

ln ⟨𝑊𝒞(𝑆)⟩ = 2𝑁 (𝜅√1 + 𝜅2 + sinh−1 𝜅)  

ln ⟨𝑊𝒞(𝐴)⟩ = −
2𝑁√𝜆

3𝜋
sin3 𝜃𝑘  

𝒵gravity [𝜙(𝜙0)] = ⟨𝑒𝑖 ∫  
𝜕ℳ

 𝑑𝑑𝐱𝜙0(𝐱)𝒪(𝐱)⟩  

𝑑𝑠2 =
𝑅2

𝑧2
(𝑑𝐱2 + 𝑑𝑧2)  

𝜙(𝐱, 𝑧) = ∫  
𝜕ℳ

 𝑑𝐲 K(𝐱, 𝑧 ∣ 𝐲)𝜙0(𝐲)  

𝜙(𝐱, 𝑧) ∼ 𝑧Δ±𝜙0(𝐱), 𝑧 → 0  
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Δ± =
𝑑

2
± 𝜇, 𝜇 = √

𝑑2

4
+𝑚2𝑅2  

( − 𝑚2)K(𝐱, 𝑧 ∣ 𝐲) = 0  

K(𝐱, 𝑧 ∣ 𝐲) ∼ 𝑧Δ−𝛿(𝐱 − 𝐲), 𝑧 → 0  

K(𝐱, 𝑧 ∣ 𝐲) = lim
𝑧′→0

 √−𝑔𝑔𝑧
′𝑧′𝜕𝑧′G(𝐱, 𝑧 ∣ 𝐲, 𝑧

′)  

𝜙(𝐱, 𝑧) = ∫  
𝜕ℳ

 𝑑𝐲 K(𝐱, 𝑧 ∣ 𝐲)𝜙0(𝐲) + 𝜑(𝐱, 𝑧)  

𝑆 = −
1

2
∫  𝑑𝐱𝑑𝑧√−𝑔(𝑔𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 +𝑚2𝜙2)  

𝑆[𝜙0] =
1

2
∫  𝑑𝐱[√−𝑔𝑔𝑧𝑧𝜙(𝐱, 𝑧)𝜕𝑧𝜙(𝐱, 𝑧)]𝑧=0

 

𝑆[𝜙0] =
1

2
∫  𝑑𝐲𝑑𝐲′𝜙0(𝐲)Δ(𝐲, 𝐲

′)𝜙0(𝐲
′)  

Δ(𝐲, 𝐲′) = ∫  𝑑𝐱[√−𝑔𝑔𝑧𝑧 K(𝐱, 𝑧 ∣ 𝐲)𝜕𝑧 K(𝐱, 𝑧 ∣ 𝐲′)]
𝑧=0

 

Δ(𝐲, 𝐲′)  ∼ [√−𝑔𝑔𝑧𝑧𝜕𝑧 K(𝐲, 𝑧 ∣ 𝐲′)]
𝑧=0

∼ lim
𝑧,𝑧′→0

 (√−𝑔𝑔𝑧𝑧)(√−𝑔𝑔𝑧
′𝑧′)

𝜕2

𝜕𝑧𝜕𝑧′
G(𝐲, 𝑧 ∣ 𝐲′, 𝑧′)

 
 

⟨𝜓f|𝒪(𝐲)𝒪(𝐲
′)|𝜓i⟩ = −𝑖

𝛿2𝑆[𝜙0]

𝛿𝜙0(𝐲)𝛿𝜙0(𝐲
′)
= −𝑖Δi,f(𝐲, 𝐲′)  

𝑑𝑠2 = 𝑅2 [−
𝑑𝑡2

1 − 𝑥2
+

𝑑𝑥2

(1 − 𝑥2)2
+

𝑥2

1 − 𝑥2
𝑑Ω𝑑−1

2 ]  

lim
𝑥→𝑥𝜖

 K(𝑡, Ω, 𝑥 ∣ 𝑡′, Ω′, 𝑥𝜖) =
𝛿(𝑡 − 𝑡′)𝛿(Ω − Ω′)

√𝑔Ω
.  

K(𝑡, Ω, 𝑥 ∣ 𝑡′, Ω′, 𝑥𝜖) = ∫  
∞

−∞

 
𝑑𝜔

2𝜋
∑  

𝑙𝑚

  𝑒−𝑖𝜔(𝑡−𝑡
′)𝑌𝑙𝑚(Ω)𝑌𝑙𝑚

∗ (Ω′)𝑓𝑙𝜔(𝑥)  

(1 − 𝑥2)
𝑑2𝑓𝑙𝜔
𝑑𝑥2

+
𝑑 − 1 − 𝑥2

𝑥

𝑑𝑓𝑙𝜔
𝑑𝑥

+ (𝜔2 −
𝑞2

𝑥2
−
𝑚2𝑅2

1 − 𝑥2
)𝑓𝑙𝜔 = 0  

𝑓𝑙𝜔(𝑥) = (
𝑥−

𝑑
2
+𝜈+1(1 − 𝑥2)

1
2
Δ+

(1 − 𝜖)−
𝑑
2
+𝜈+1((2 − 𝜖)𝜖)

1
2
Δ+

)
 2𝐹1 (

1
2
(𝜇 + 𝜈 − 𝜔 + 1),

1
2
(𝜇 + 𝜈 + 𝜔 + 1); 𝜈 + 1; 𝑥2)

 2𝐹1 (
1
2 (𝜇 + 𝜈 − 𝜔 + 1),

1
2 (𝜇 + 𝜈 + 𝜔 + 1); 𝜈 + 1; (1 − 𝜖)2)

 

𝑓𝑙𝜔(𝑥) ∼ 𝐶+(1 − 𝑥)
1
2
Δ+ + 𝐶−(1 − 𝑥)

1
2
Δ−  

𝜔𝑛𝑙 = ±(2𝑛 + 𝜈 + 𝜇 + 1)

 = ±(2𝑛 + 𝑙 + Δ+), 𝑛, 𝑙 = 0,1,2…
 

𝜙(𝑡, Ω, 𝑥) = ∫  𝑑𝑡′𝑑Ω′√𝑔Ω′K(𝑡, Ω, 𝑥 ∣ 𝑡
′, Ω′, 𝑥𝜖)𝜙0(𝑡

′, Ω′)  

Δreg(𝑡, Ω ∣ 𝑡
′, Ω′) = −

1

√𝑔Ω
[√−𝑔𝑔𝑥𝑥𝜕𝑥 K(𝑡, Ω, 𝑥 ∣ 𝑡′, Ω′, 𝑥𝜖)]𝑥=𝑥𝜖

 = −∫  
𝑑𝜔

2𝜋
𝑒−𝑖𝜔(𝑡−𝑡

′)∑ 

𝑙𝑚

 𝑌𝑙𝑚(Ω)𝑌𝑙𝑚
∗ (Ω′) [

𝑥𝑑−1

(1 − 𝑥2)
𝑑−2
2

𝜕𝑥𝑓𝑙𝜔(𝑥)]

𝑥=𝑥𝜖

 = −∑  

𝑙𝑚

 𝑌𝑙𝑚(Ω)𝑌𝑙𝑚
∗ (Ω′)∫  

𝑑𝜔

2𝜋
𝑒−𝑖𝜔(𝑡−𝑡

′) [
𝑥𝑑−1

(1 − 𝑥2)
𝑑−2
2

𝜕𝑥𝑓𝑙𝜔(𝑥)]

𝑥=𝑥𝜖

 

𝜙0(𝑡, Ω) = 𝜖
1
2
Δ−𝜙ren(𝑡, Ω)  
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Δren(𝑡, Ω ∣ 𝑡
′, Ω′) ≡ lim

𝜖→0
 𝜖Δ−Δreg(𝑡, Ω ∣ 𝑡

′, Ω′)

= ∑  

𝑙𝑚

 𝑌𝑙𝑚(Ω)𝑌𝑙𝑚
∗ (Ω′)∫  

𝑑𝜔

2𝜋
𝑒−𝑖𝜔(𝑡−𝑡

′)

 ×
Δ+
2Δ−

Γ(1 − 𝜇)

Γ(1 + 𝜇)

Γ (
1
2 (−𝜔 + 𝜈 + 𝜇 + 1)) Γ (

1
2 (𝜔 + 𝜈 + 𝜇 + 1))

Γ (
1
2
(−𝜔 + 𝜈 − 𝜇 + 1)) Γ (

1
2
(𝜔 + 𝜈 − 𝜇 + 1))

 

Δren
𝐹 (𝑡, Ω ∣ 𝑡′, Ω′) =2𝑖

Δ+Γ(1 − 𝜇)

2Δ−Γ(1 + 𝜇)
∑  

𝑙𝑚

 𝑌𝑙𝑚(Ω)𝑌𝑙𝑚
∗ (Ω′)

 × [∑  

∞

𝑛=0

 
(−1)𝑛

𝑛!

Γ(𝑛 + 𝑙 + Δ+)

Γ (𝑛 + 𝑙 +
𝑑
2
) Γ(−(𝑛 + 𝜇))

𝑒−𝑖|𝑡−𝑡
′|(2𝑛+𝑙+Δ+)]

 

⟨0|𝑇𝒪(𝑡, Ω)𝒪(𝑡′, Ω′)|0⟩ = −𝑖Δren 
𝐹 (𝑡, Ω ∣ 𝑡′, Ω′) = −

2Δ+
2Δ−Γ(𝜇)

∑  

𝑙𝑚

 𝑌𝑙𝑚(Ω)𝑌𝑙𝑚
∗ (Ω′)

Γ(𝑙 + Δ+)

Γ (𝑙 +
𝑑
2)

 × 𝑒−𝑖|𝑡−𝑡
′|(𝑙+Δ+) 2𝐹1 (1 + 𝜇, 𝑙 + Δ+, 𝑙 +

𝑑

2
; 𝑒−2𝑖|𝑡−𝑡

′|)

 

𝜙(𝐲, 𝑥) = ∫  𝑑𝐲′𝐊𝑖(𝐲, 𝑥 ∣ 𝐲′)𝜙0
𝑖 (𝐲′)

 = ∫  𝑑𝐲′[K+(𝐲, 𝑥 ∣ 𝐲′)𝜙0
+(𝐲′) + K−(𝐲, 𝑥 ∣ 𝐲′)𝜙0

−(𝐲′)]
 

K+(𝐲, 𝑥 ∣ 𝐲′)|𝑥=𝑥+ = 𝛿(𝐲 − 𝐲′),

K+(𝐲, 𝑥 ∣ 𝐲′)|𝑥=𝑥− = 0

 K−(𝐲, 𝑥 ∣ 𝐲′)|𝑥=𝑥− = 𝛿(𝐲 − 𝐲′),

K−(𝐲, 𝑥 ∣ 𝐲′)|𝑥=𝑥+ = 0

 

𝑆 = −
1

2
∫  𝑑𝐲 ([√−𝑔𝑔𝑥𝑥𝜙(𝐲, 𝑥)𝜕𝑥𝜙(𝐲, 𝑥)]𝑥=𝑥+

− [√−𝑔𝑔𝑥𝑥𝜙(𝐲, 𝑥)𝜕𝑥𝜙(𝐲, 𝑥)]𝑥=𝑥−
)  

𝑆[𝜙0] = −
1

2
∫  𝑑𝐲𝑑𝐲′𝜙0

𝑖 (𝐲)Δ𝑖𝑗(𝐲, 𝐲
′)𝜙0

𝑗(𝐲′)  

Δ+𝑖(𝐲, 𝐲
′) = [√−𝑔𝑔𝑥𝑥𝜕𝑥𝐊

𝑖(𝐲, 𝑥 ∣ 𝐲′)]
𝑥=𝑥+

, Δ−𝑖(𝐲, 𝐲
′) = −[√−𝑔𝑔𝑥𝑥𝜕𝑥𝐊

𝑖(𝐲, 𝑥 ∣ 𝐲′)]
𝑥=𝑥−

 

⟨𝜓f|𝒪
±(𝐲)𝒪±(𝐲′)|𝜓i⟩ ∼ −𝑖Δ±±(𝐲, 𝐲

′)  

⟨𝜓f|𝒪
±(𝐲)𝒪∓(𝐲′)|𝜓i⟩ ∼ −𝑖Δ±∓(𝐲, 𝐲

′)  

K𝑖(𝐲, 𝑥 ∣ 𝐲′) = lim
𝑥′→𝑥𝑖

 √−𝑔𝑔𝑥
′𝑥′𝜕𝑥′G(𝐲, 𝑥 ∣ 𝐲

′, 𝑥′)  

Δ𝑖𝑗(𝐲, 𝐲
′) ∼ lim

𝑥→𝑥𝑖,𝑥′→𝑥𝑗
 (√−𝑔𝑔𝑥𝑥)(√−𝑔𝑔𝑥

′𝑥′)
𝜕2

𝜕𝑥𝜕𝑥′
G(𝐲, 𝑥 ∣ 𝐲′, 𝑥′)  

𝑑𝑠2 = 𝑅2 [−
𝑑𝑡2

1 − 𝑥2
+

𝑑𝑥2

(1 − 𝑥2)2
]  

K±(𝑡, 𝑥) = ∫  
∞

−∞

 
𝑑𝜔

2𝜋
𝑒−𝑖𝜔𝑡𝑓𝜔

±(𝑥)  

(1 − 𝑥2)
𝑑2𝑓𝜔

±(𝑥)

𝑑𝑥2
− 𝑥

𝑑𝑓𝜔
±(𝑥)

𝑑𝑥
+ (𝜔2 −

𝑚2𝑅2

1 − 𝑥2
)𝑓𝜔

±(𝑥) = 0  

𝑓𝜔
±(𝑥) = (1 − 𝑥2)

1
4[𝑎𝜔

±𝑃𝜈
𝜇
(𝑥) + 𝑏𝜔

±𝑄𝜈
𝜇
(𝑥)]  

𝑓𝜔
±(±𝑥𝜖) = 1, 𝑓𝜔

±(∓𝑥𝜖) = 0  
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𝑓𝜔
+(𝑥)  = (

1 − 𝑥2

1 − 𝑥𝜖
2)

1
4 𝑄𝜈

𝜇
(𝑥)𝑃𝜈

𝜇(−𝑥𝜖) − 𝑄𝜈
𝜇(−𝑥𝜖)𝑃𝜈

𝜇
(𝑥)

𝑄𝜈
𝜇(𝑥𝜖)𝑃𝜈

𝜇(−𝑥𝜖) − 𝑄𝜈
𝜇(−𝑥𝜖)𝑃𝜈

𝜇(𝑥𝜖)

𝑓𝜔
−(𝑥)  = (

1 − 𝑥2

1 − 𝑥𝜖
2)

1
4 𝑄𝜈

𝜇
(𝑥)𝑃𝜈

𝜇(𝑥𝜖) − 𝑄𝜈
𝜇(𝑥𝜖)𝑃𝜈

𝜇
(𝑥)

𝑄𝜈
𝜇(−𝑥𝜖)𝑃𝜈

𝜇(𝑥𝜖) − 𝑄𝜈
𝜇(𝑥𝜖)𝑃𝜈

𝜇(−𝑥𝜖)

 

𝜔𝑛 = ±(𝑛 + 𝜇 +
1

2
) , 𝑛 = 0,1,2…   y  

𝑏𝜔𝑄
𝑎𝜔𝑄

= −
2tan 𝜋𝜇

𝜋
 

Δren±±(𝑡, 𝑡
′) = ∓

2Δ−

2𝜋

Γ(1 − 𝜇)

Γ(1 + 𝜇)
∫  

𝑑𝜔

2𝜋
𝑒−𝑖𝜔(𝑡−𝑡

′)Γ (
1

2
+ 𝜇 − 𝜔)Γ (

1

2
+ 𝜇 + 𝜔) cos (𝜋𝜔)

Δren ±∓
(𝑡, 𝑡′) = ∓

2Δ−

Γ(𝜇)2
∫  

𝑑𝜔

2𝜋
𝑒−𝑖𝜔(𝑡−𝑡

′)Γ(
1

2
+ 𝜇 −𝜔)Γ (

1

2
+ 𝜇 + 𝜔)

 

Δren±±
𝐹 (𝑡, 𝑡′) = ∓(

𝑖Δ−−Δ+

8Δ+𝜋
1
2

)
Γ (
1
2
+ 𝜇)

Γ(𝜇) sin2Δ+ (
𝑡 − 𝑡′

2
)
= Δren±∓

𝐹 (𝑡, 𝑡′) = ∓(
8Δ−𝑖

4
)

Γ(1 + 2𝜇)

Γ(𝜇)2cos2Δ+  (
𝑡 − 𝑡′

2
) 

⟨0|𝑇𝒪±(𝑡)𝒪±(𝑡′)|0⟩  = ±(
4Δ−𝑖2Δ−

8Δ+
)

Γ(2𝜇)

Γ(𝜇)2sin2Δ+  (
𝑡 − 𝑡′

2 )

⟨0|𝑇𝒪±(𝑡)𝒪∓(𝑡′)|0⟩  = ∓(
8Δ−

4
)

Γ(1 + 2𝜇)

Γ(𝜇)2cos2Δ+  (
𝑡 − 𝑡′

2 )

 

⟨0|𝑇𝒪±(𝑡)𝒪±(𝑡′)|0⟩ = ±
1

8𝜋sin2 (
𝑡 − 𝑡′

2 )
, ⟨0|𝑇𝒪±(𝑡)𝒪∓(𝑡′)|0⟩ = ∓

1

4𝜋cos2 (
𝑡 − 𝑡′

2 )
 

𝑆5 = 𝜅∫  𝜖𝑎𝑏𝑐𝑑𝑒 (𝑅
𝑎𝑏𝑅𝑐𝑑 +

2

3𝑙2
𝑅𝑎𝑏𝑒𝑐𝑒𝑑 +

1

5𝑙4
𝑒𝑎𝑒𝑏𝑒𝑐𝑒𝑑)𝑒𝑒 

𝑑𝑠2 = 𝑅2[−cosh2 𝜌𝑑𝑡2 + 𝑑𝜌2 + cosh2 𝜌𝑑Σ̃𝑑−1
2 ]

 = 𝑅2 [−
𝑑𝑡2

1 − 𝑥2
+

𝑑𝑥2

(1 − 𝑥2)2
+
𝑑Σ̃𝑑−1

2

1 − 𝑥2
]

 

K±(𝑡, 𝑥, 𝜃 ∣ 𝑡′, 𝜃′) = ∫  
∞

−∞

 
𝑑𝜔

2𝜋
∑  

𝑄

  𝑒−𝑖𝜔(𝑡−𝑡
′)𝑌𝑄(𝜃)𝑌𝑄

∗(𝜃′)𝑓𝜔𝑄
± (𝑥)  

(1 − 𝑥2)
𝑑2𝑓𝜔𝑄

± (𝑥)

𝑑𝑥2
+ (𝑑 − 2)𝑥

𝑑𝑓𝜔𝑄
± (𝑥)

𝑑𝑥
+ [(𝜔2 − 𝑄2) −

𝑚2𝑅2

1 − 𝑥2
] 𝑓𝜔𝑄

± (𝑥) = 0  

𝑓𝜔𝑄
± (𝑥) = (1 − 𝑥2)

𝑑
4[𝑎𝜔𝑄

± 𝑃𝜈
𝜇
(𝑥) + 𝑏𝜔𝑄

± 𝑄𝜈
𝜇
(𝑥)]  

𝜈 = 𝜛 −
1

2
= √(

𝑑 − 1

2
)
2

+𝜔2 − 𝑄2 −
1

2
 

𝑓𝜔𝑄
± (±𝑥𝜖) = 1, 𝑓𝜔𝑄

± (∓𝑥𝜖) = 0  

𝑓𝜔𝑄
+ (𝑥) = (

1 − 𝑥2

1 − 𝑥𝜖
2)

𝑑
4 𝑃𝜈

𝜇
(𝑥)𝑄𝜈

𝜇(−𝑥𝜖) − 𝑃𝜈
𝜇(−𝑥𝜖)𝑄𝜈

𝜇
(𝑥)

𝑃𝜈
𝜇(𝑥𝜖)𝑄𝜈

𝜇(−𝑥𝜖) − 𝑃𝜈
𝜇(−𝑥𝜖)𝑄𝜈

𝜇(𝑥𝜖)

𝑓𝜔𝑄
− (𝑥) = (

1 − 𝑥2

1 − 𝑥𝜖
2)

𝑑
4 𝑃𝜈

𝜇
(𝑥)𝑄𝜈

𝜇(𝑥𝜖) − 𝑃𝜈
𝜇(𝑥𝜖)𝑄𝜈

𝜇
(𝑥)

𝑃𝜈
𝜇(−𝑥𝜖)𝑄𝜈

𝜇(𝑥𝜖) − 𝑃𝜈
𝜇(𝑥𝜖)𝑄𝜈

𝜇(−𝑥𝜖)

 

𝜔𝑛𝑄 = ±√(𝜇 +
1

2
+ 𝑛)

2

+ 𝑄2 − (
𝑑 − 1

2
)
2

, 𝑛 = 0,1,… ,  y  
𝑏𝜔𝑄

𝑎𝜔𝑄
= −

2tan 𝜋𝜇

𝜋
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⟨𝜓f|𝑇𝒪
±(𝑡, 𝜃)𝒪±(𝑡′, 𝜃′)|𝜓i⟩ = ±𝑖

2Δ−𝑑

𝜋2𝑑
Γ(1 − 𝜇)

Γ(1 + 𝜇)
∑  

𝑄

 𝑌𝑄(𝜃)𝑌𝑄
∗(𝜃′)

 × ∫  
𝑑𝜔

2𝜋
𝑒−𝑖𝜔(𝑡−𝑡

′)Γ(
1

2
+ 𝜇 −𝜛)Γ (

1

2
+ 𝜇 +𝜛) cos (𝜋𝜛)

 

⟨𝜓f|𝑇𝒪
±(𝑡, 𝜃)𝒪∓(𝑡′, 𝜃′)|𝜓i⟩ = ±𝑖

2Δ−

2𝑑−1
1

Γ(𝜇)2
∑ 

𝑄

 𝑌𝑄(𝜃)𝑌𝑄
∗(𝜃′)

 × ∫  
𝑑𝜔

2𝜋
𝑒−𝑖𝜔(𝑡−𝑡

′)Γ(
1

2
+ 𝜇 −𝜛)Γ (

1

2
+ 𝜇 +𝜛)

 

SA =
Area(𝛾A)

4𝐺𝑁
(𝑑+1)  

SΣ̃ =
Area(Σ̃)

4𝐺𝑁
(𝑑+1)  

𝒵gravity [𝜙(𝜙0
+, 𝜙0

−, 𝒞)] ∼ 𝑒−
𝑖
2∫

 𝑑𝐲𝑑𝐲′𝜙0
𝑖 (𝐲)Δ𝑖𝑗(𝐲,𝐲

′)𝜙0
𝑗
(𝐲′)  

𝒵gravity [𝜙(𝜙0
+, 𝜙0

−, 𝒞)] = ⟨𝜓f|𝑇𝑒
𝑖 ∫  𝑑𝐲𝜙0

+(𝐲)𝒪+(𝐲)+𝑖 ∫  𝑑𝐲𝜙0
−(𝐲)𝒪−(𝐲)|𝜓i⟩𝑄𝐹𝑇  

⟨𝜓0|𝑇𝑒
𝑖 ∫  𝑑𝐲𝜙0

+(𝐲)𝒪+(𝐲)+𝑖 ∫  𝑑𝐲𝜙0
−(𝐲)𝒪−(𝐲)|𝜓0⟩𝑄𝐹𝑇 = Tr[𝜌𝜓0𝑇𝑒

𝑖 ∫  𝑑𝐲𝜙0
+(𝐲)𝒪+(𝐲)+𝑖 ∫  𝑑𝐲𝜙0

−(𝐲)𝒪−(𝐲)]  

⟨𝑒−∫  𝑑𝐲𝜙0
+(𝐲)𝒪+(𝐲)−∫  𝑑𝐲𝜙0

−(𝐲)𝒪−(𝐲)⟩
𝛽
= Tr[𝜌𝛽𝑒

−∫  𝑑𝐲𝜙0
+(𝐲)𝒪+(𝐲)−∫  𝑑𝐲𝜙0

−(𝐲)𝒪−(𝐲)]  

Tr[𝑒−𝛽𝐻𝑒−∫  𝑑𝐲𝜙0
+(𝐲)𝒪+(𝐲)−∫  𝑑𝐲𝜙0

−(𝐲)𝒪−(𝐲)] = 𝒵Egravity [𝜙(𝜙0
+, 𝜙0

−)] ∼ 𝑒−𝑆𝐸[𝜙0
+,𝜙0

−]  

𝒵Egravity [𝜙(𝜙0
+, 𝜙0

−)] ∼ 𝑒−
1
2∫

 𝑑𝐲𝑑𝐲′𝜙0
𝑖 (𝐲)Δ̃𝑖𝑗(𝐲,𝐲

′)𝜙0
𝑗
(𝐲′)  

Tr[𝑒−𝛽𝐻𝑒−∫  𝑑𝐲𝜙0
+(𝐲)𝒪+(𝐲)−∫  𝑑𝐲𝜙0

−(𝐲)𝒪−(𝐲)] ∼ 𝑒−
1
2∫

 𝑑𝐲𝑑𝐲′𝜙0
𝑖 (𝐲)Δ̃𝑖𝑗(𝐲,𝐲

′)𝜙0
𝑗
(𝐲′)  

𝐻[Ψ+, Ψ−] = 𝐻+[Ψ+] + 𝐻−[Ψ−]  

Tr[𝑒−𝛽𝐻𝑒−∫  𝑑𝐲𝜙0(𝐲)𝒪(𝐲)] ∼ 𝑒−
1
2∫

 𝑑𝐲𝑑𝐲′𝜙0(𝐲)Δ̃(𝐲,𝐲
′)𝜙0(𝐲

′)  

𝑆 =
𝜂

2𝜋𝛼′
∫  𝑑𝜏𝑑𝜎√𝜂ℎ  

𝑑𝑠2 = −𝑔𝑡(𝑟)𝑑𝑡
2 + 𝑔𝑥(𝑟)𝑑𝑥𝑖

2 + 𝑔𝑟(𝑟)𝑑𝑟
2 + 𝑔𝑎𝑏(𝑟, 𝜃)𝑑𝜃

𝑎𝑑𝜃𝑏  

𝑆 = −
1

2𝜋𝛼′
∫  𝑑𝜏𝑑𝜎√𝑔𝑡(𝑟)𝑡̇

2(𝑔𝑥(𝑟)𝑥̇
2 + 𝑔𝑟(𝑟)𝑟̇

2)

 = −
1

2𝜋𝛼′
∫  𝑑𝑡𝑑𝜎√𝑔𝑡(𝑟)(𝑔𝑥(𝑟)𝑥̇

2 + 𝑔𝑟(𝑟)𝑟̇
2)

 = −
𝒯

2𝜋𝛼′
∫  𝑑𝜎√𝑓2(𝑟)𝑥̇2 + 𝑔2(𝑟)𝑟̇2.

 

𝑑𝑠𝑒𝑓𝑓
2 = 𝑓2(𝑟)𝑑𝑥2 + 𝑔2(𝑟)𝑑𝑟2  

𝑓2(𝑟)𝑥̇(𝜎)

√𝑓2(𝑟)𝑥̇(𝜎)2 + 𝑔2(𝑟)𝑟̇(𝜎)2
= 𝐴  

𝑥̇(𝜎) = ±𝐴
𝑔(𝑟)

𝑓(𝑟)

1

√𝑓2(𝑟) − 𝐴2
𝑟̇(𝜎)  

𝑑𝑥

𝑑𝑟
= ±

𝑔(𝑟)

𝑓(𝑟)

𝑓(𝑟0)

√𝑓2(𝑟) − 𝑓2(𝑟0)
 

𝑈(𝑟) =
𝑓2(𝑟)(𝑓2(𝑟) − 𝑓2(𝑟0))

𝑔2(𝑟)𝑓2(𝑟0)
 

𝐿(𝑟0) = 2∫  
∞

𝑟0

 
𝑔(𝑟)

𝑓(𝑟)

𝑓(𝑟0)

√𝑓2(𝑟) − 𝑓2(𝑟0)
𝑑𝑟  
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𝐿′(𝑟0)

2
 = −

𝑔(𝑟)

√𝑓2(𝑟) − 𝑓2(𝑟0)
|

𝑟→𝑟0

+ 𝑓′(𝑟0)∫  
∞

𝑟0

 
𝑓(𝑟)𝑔(𝑟)

(𝑓2(𝑟) − 𝑓2(𝑟0))
3
2

𝑑𝑟

 = −
𝑔(𝑟)

√𝑓2(𝑟) − 𝑓2(𝑟0)
|

𝑟→𝑟0

+ 𝑓′(𝑟0)∫  
∞

𝑟0

 𝑑𝑟
𝑔(𝑟)

𝑓′(𝑟)

𝑑

𝑑𝑟
(−

1

√𝑓2(𝑟) − 𝑓2(𝑟0)
)

 = −
𝑓′(𝑟0)𝑔(𝑟)

𝑓′(𝑟)√𝑓2(𝑟) − 𝑓2(𝑟0)
|

𝑟→∞

 + ∫  
∞

𝑟0

 𝑑𝑟
𝑓′(𝑟0)

√𝑓2(𝑟) − 𝑓2(𝑟0)

𝑑

𝑑𝑟
(
𝑔(𝑟)

𝑓′(𝑟)
) ,

 

𝐿′(𝑟0) = 2∫  
∞

𝑟0

 𝑑𝑟
𝑓′(𝑟0)

√𝑓2(𝑟) − 𝑓2(𝑟0)

𝑑

𝑑𝑟
(
𝑔(𝑟)

𝑓′(𝑟)
)  

𝐸 =
1

2𝜋𝛼′
∫  𝑑𝜎√𝑓2(𝑟)𝑥̇(𝜎)2 + 𝑔2(𝑟)𝑟̇(𝜎)2  

𝐸(𝑟0)  =
1

2𝜋𝛼′
∫  
𝐿/2

−𝐿/2

 𝑑𝑥
𝑓2(𝑟(𝑥))

𝑓(𝑟0)
=

1

𝜋𝛼′
∫  
∞

𝑟0

 𝑑𝑟
𝑔(𝑟)𝑓(𝑟)

√𝑓2(𝑟) − 𝑓2(𝑟0) 

 

𝑚𝑞 =
1

2𝜋𝛼′
∫  
∞

𝑟min

 𝑔(𝑟)𝑑𝑟  

𝐸𝑞𝑞‾(𝑟0) = 𝐸(𝑟0) − 2𝑚𝑞

 =
1

𝜋𝛼′
[∫  

∞

𝑟0

 
𝑔(𝑟)𝑓(𝑟)

√𝑓2(𝑟) − 𝑓2(𝑟0)
𝑑𝑟 − ∫  

∞

𝑟min

 𝑔(𝑟)𝑑𝑟]
 

𝐸𝑞𝑞‾
′ (𝑟0) =

1

𝜋𝛼′
[−

𝑔(𝑟)𝑓(𝑟)

√𝑓2(𝑟) − 𝑓2(𝑟0)
|

𝑟=𝑟0

+∫  
∞

𝑟0

 𝑑𝑟
𝑓(𝑟)𝑔(𝑟)𝑓(𝑟0)𝑓

′(𝑟0)

(𝑓2(𝑟) − 𝑓2(𝑟0))
3
2

] 

𝐸𝑞𝑞‾
′ (𝑟0) =

1

2𝜋𝛼′
𝑓(𝑟0)𝐿

′(𝑟0) ⇒
𝑑𝐸𝑞𝑞‾

𝑑𝐿
=

1

2𝜋𝛼′
𝑓(𝑟0)  

𝑑𝑉

𝑑𝐿
> 0,

𝑑2𝑉

𝑑𝐿2
≤ 0  

𝑑𝑉string 

𝑑𝐿
=
𝑑𝐸𝑞𝑞‾

𝑑𝑟0

𝑑𝑟0
𝑑𝐿

=
1

2𝜋𝛼′
𝑓(𝑟0),

𝑑2𝑉string 

𝑑𝐿2
=

1

2𝜋𝛼′
(
𝑑𝐿

𝑑𝑟0
)
−1

𝑓′(𝑟0)  

𝑋𝜇 = (𝜏, 𝑥cl(𝜎) + 𝛿𝑥1(𝜏, 𝜎), 𝛿𝑥2(𝜏, 𝜎), 𝛿𝑥3(𝜏, 𝜎), 𝑟cl(𝜎) + 𝛿𝑟(𝜏, 𝜎), 𝜃𝑎 + 𝛿𝜃𝑎(𝜏, 𝜎))  
𝑡 = 𝜏, 𝑥1 = 𝑥cl(𝑟) + 𝛿𝑥1(𝑡, 𝑟), 𝑥2 = 𝛿𝑥2(𝑡, 𝑟), 𝑥3 = 𝛿𝑥3(𝑡, 𝑟), 𝑟 = 𝜎  

2𝜋𝛼′ℒ(2) =
1

𝑔(𝑟)𝑓(𝑟)√𝑓2(𝑟) − 𝑓2(𝑟0)
[ℎ2(𝑟)(𝑓2(𝑟) − 𝑓2(𝑟0))(𝛿𝑥̇1)

2 − (𝑓2(𝑟) − 𝑓2(𝑟0))
2
(𝛿𝑥̇1)

2

+𝑓2(𝑟)ℎ2(𝑟)((𝛿𝑥̇2)
2 + (𝛿𝑥̇3)

2) − 𝑓2(𝑟)(𝑓2(𝑟) − 𝑓2(𝑟0))((𝛿𝑥̇2)
2 + (𝛿𝑥̇3)

2)]

 

[
𝑑

𝑑𝑟
(
(𝑓2(𝑟) − 𝑓2(𝑟0))

3
2

𝑔(𝑟)𝑓(𝑟)

𝑑

𝑑𝑟
) + 𝜔2

ℎ2(𝑟)√𝑓2(𝑟) − 𝑓2(𝑟0)

𝑔(𝑟)𝑓(𝑟)
] 𝛿𝑥1(𝑟)  

[
𝑑

𝑑𝑟
(
𝑓(𝑟)√𝑓2(𝑟) − 𝑓2(𝑟0)

𝑔(𝑟)

𝑑

𝑑𝑟
) + 𝜔2

ℎ2(𝑟)𝑓(𝑟)

𝑔(𝑟)√𝑓2(𝑟) − 𝑓2(𝑟0)
] 𝛿𝑥𝑚(𝑟) = 0,𝑚 = 2,3  

𝑑

𝑑𝑟
(√𝑟 − 𝑟0

𝑑𝛿𝑥𝑚(𝑟)

𝑑𝑟
) +

𝜔2ℎ2(𝑟0)

2𝑓(𝑟0)𝑓
′(𝑟0)

1

√𝑟 − 𝑟0
𝛿𝑥𝑚(𝑟) ≈ 0 ⟹ 𝛿𝑥𝑚(𝑟)

≈ 𝐶0 + 𝐶1√𝑟 − 𝑟0 +𝑂(𝑟 − 𝑟0) 

𝑑

𝑑𝑟
((𝑟 − 𝑟0)

3
2
𝑑𝛿𝑥1(𝑟)

𝑑𝑟
) +

𝜔2ℎ2(𝑟0)

2𝑓(𝑟0)𝑓
′(𝑟0)

√𝑟 − 𝑟0𝛿𝑥1(𝑟) ≈ 0 ⟹ 𝛿𝑥1(𝑟) ≈ 𝐶0
′ + 𝐶1

′
1

√𝑟 − 𝑟0
+𝑂(√𝑟 − 𝑟0) 

𝑑

𝑑𝑟
(√𝑟 − 𝑟0

𝑑𝛿𝑥𝑚(𝑟)

𝑑𝑟
) +

𝜔2ℎ2(𝑟0)

2𝑓(𝑟0)𝑓
′(𝑟0)

1

√𝑟 − 𝑟0
𝛿𝑥𝑚(𝑟) ≈ 0 ⟹ 𝛿𝑥𝑚(𝑟)

≈ 𝐶0 + 𝐶1√𝑟 − 𝑟0 +𝑂(𝑟 − 𝑟0) 
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𝑢 = 𝑟 + Δ(𝑡, 𝑟)  where  Δ(𝑡, 𝑟) =
𝛿𝑥1(𝑡, 𝑟)

𝑥cl
′ (𝑟)

 

𝑥1 = 𝑥cl(𝑟) + 𝛿𝑥1(𝑡, 𝑟) = 𝑥cl(𝑢 − Δ(𝑡, 𝑟)) + 𝛿𝑥1(𝑡, 𝑟)

 ≈ 𝑥cl(𝑢) − 𝑥cl
′ (𝑟)

𝛿𝑥1(𝑡, 𝑟)

𝑥cl
′ (𝑟)

+ 𝛿𝑥1(𝑡, 𝑟) = 𝑥cl(𝑢)
 

𝑟 ≈ 𝑢 −
𝛿𝑥1(𝑡, 𝑢)

𝑥cl
′ (𝑢)

 

𝑟 ≈ 𝑟0 − 𝛼(𝐶0
′√𝑢 − 𝑟0 + 𝐶1

′) + 𝑂(𝑢 − 𝑟0)  

𝑑𝛿𝑟(𝑡, 𝑟)

𝑑𝑥1
|
𝑟=𝑟0

= 0  where  𝛿𝑟(𝑡, 𝑟) = −
𝛿𝑥1(𝑡, 𝑟)

𝑥cl
′ (𝑟)

 

𝛿𝑥1(𝑟) + 2(𝑟 − 𝑟0)
𝑑𝛿𝑥1(𝑟)

𝑑𝑟
 = 0,        𝑟 → 𝑟0

√𝑟 − 𝑟0𝛿𝑥1(𝑟) = 1,        𝑟 → 𝑟0

 

𝛿𝑥1(𝑟) + 2(𝑟 − 𝑟0)
𝑑𝛿𝑥1(𝑟)

𝑑𝑟
 = 1,        𝑟 → 𝑟0

√𝑟 − 𝑟0𝛿𝑥1(𝑟) = 0,        𝑟 → 𝑟0

 

𝑑𝑠2 =
𝑟2

𝑅2
(−𝑑𝑡2 + 𝑑𝑥𝑖𝑑𝑥𝑖) + 𝑅2

𝑑𝑟2

𝑟2
+ 𝑅2𝑑Ω5

2  

𝑥cl(𝑟) = ±{𝑐𝑡𝑒 −
𝑅2

4𝑟0
 B ((

𝑟0
𝑟
)
4

;
3

4
,
1

2
)} , 𝑟0 ≤ 𝑟 < ∞  

𝐿(𝑟0) =
𝑅2

2𝑟0
 B(

3

4
,
1

2
) =

𝑅2

𝑟0

(2𝜋)
3
2

Γ [
1
4]
2  

𝐸𝑞𝑞‾(𝑟0) =
𝑟0
𝜋𝛼′

(𝐾(−1) − 𝐸(−1)) = −
𝑟0
2𝜋𝛼′

(2𝜋)
3
2

Γ [
1
4]
2  

𝑉string (𝐿) = −
(2𝜋)2

Γ [
1
4]
4

𝑅2/𝛼′

𝐿
∼ −

√𝜆

𝐿  

𝑑𝑠2 = 𝑅2[−cosh2 𝜌𝑑𝑡2 + 𝑑𝜌2 + sinh2 𝜌𝑑Ω3
2]  

𝜌̇2 + 𝑈(𝜌) = 0  

Φ(𝜌0) = 2∫  
∞

𝑟0

 
sinh 2𝜌0

sinh 𝜌√sinh2 2𝜌 − sinh2 2𝜌0
𝑑𝜌  

𝐸(𝜌0) =
𝑅

2𝜋𝛼′
∫  
∞

𝜌0

 
sinh2 2𝜌

sinh 𝜌√sinh2 2𝜌 − sinh2 2𝜌0
𝑑𝜌  

𝐸𝑞𝑞‾(𝜌0) =
𝑅

2𝜋𝛼′

[
 
 
 
 
 

∫  
∞

𝜌0

 

(

 
 
 

2cosh 𝜌

√1 −
sinh2 2𝜌0
sinh2 2𝜌

− 2cosh 𝜌

)

 
 
 

𝑑𝜌 − 2sinh 𝜌0

]
 
 
 
 
 

 

 

𝑑𝑠2 =
𝑟2

𝑅2
[−(1 −

𝜇4

𝑟4
)𝑑𝑡2 + 𝑑𝑥𝑖𝑑𝑥𝑖] +

𝑅2

𝑟2
1

1 −
𝜇4

𝑟4

𝑑𝑟2 + 𝑅2𝑑Ω5
2

 

𝑑𝑠2 = 𝑅2 [− (𝜌2 −
1

𝜌2
)𝑑𝑡 2 + 𝜌2𝑑𝑦𝑖𝑑𝑦𝑖 +

1

𝜌2 −
1
𝜌2

𝑑𝜌2 + 𝑑Ω5
2]  
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𝐿‾(𝜌0) =
(2𝜋)

3
2

Γ [
1
4]
2

√𝜌0
4 − 1

𝜌0
3  2𝐹1 (

3

4
,
1

2
,
5

4
;
1

𝜌0
4)

𝐸‾𝑞𝑞‾(𝜌0) =
𝑅2

𝜋𝛼′
[1 −

(2𝜋)
3
2

2Γ [
1
4]
2 𝜌0𝐹1 (−

1

2
,−
1

4
,
1

4
;
1

𝜌0
4)]

 

𝑑𝑠2 = 𝛼′𝑁𝑒𝜙 [−𝑑𝑡2 + 𝑑𝑥𝑖𝑑𝑥𝑖 + 𝑑𝑟2 + 𝑒2ℎ(𝑑𝜃2 + sin2 𝜃𝑑𝜑2) +
1

4
(𝑤𝑖 − 𝐴𝑖)

2
]  

𝑤1 + 𝑖𝑤2 = 𝑒−𝑖𝜓(𝑑𝜃̃ + 𝑖sin 𝜃̃𝑑𝜑̃), 𝑤3 = 𝑑𝜓 + cos 𝜃̃𝑑𝜑̃  

𝐴1 = −𝑎(𝑟)𝑑𝜃, 𝐴2 = 𝑎(𝑟)sin 𝜃𝑑𝜑, 𝐴3 = −cos 𝜃𝑑𝜑

𝑎(𝑟) =
2𝑟

sinh 2𝑟

𝑒2ℎ = 𝑟coth2𝑟 −
𝑟2

sinh2 2𝑟
−
1

4

𝑒2𝜙 = 𝑒2𝜙0
sinh 2𝑟

2𝑒ℎ

 

𝐿‾(𝑟0) = 2∫  
∞

𝑟0

 
𝑒𝜙(𝑟0)

√𝑒2𝜙(𝑟) − 𝑒2𝜙(𝑟0)
𝑑𝑟

𝐸‾𝑞𝑞‾(𝑟0) =
𝑁

𝜋
[∫  

∞

𝑟0

 
𝑒2𝜙(𝑟)

√𝑒2𝜙(𝑟) − 𝑒2𝜙(𝑟0)
𝑑𝑟 − ∫  

∞

0

  𝑒𝜙(𝑟)𝑑𝑟]

 

𝐸‾𝑞𝑞‾(𝑟0) =
𝑁

𝜋
[∫  

∞

𝑟0

 (
𝑒2𝜙(𝑟) + 𝑒2𝜙(𝑟0) − 𝑒2𝜙(𝑟0)

√𝑒2𝜙(𝑟) − 𝑒2𝜙(𝑟0)
− 𝑒𝜙(𝑟))𝑑𝑟 − ∫  

𝑟0

0

  𝑒𝜙(𝑟)𝑑𝑟]

 =
𝑁

𝜋
[𝑒𝜙(𝑟0)

𝐿‾(𝑟0)

2
+ ∫  

∞

𝑟0

 𝑑𝑟 (√𝑒2𝜙(𝑟) − 𝑒2𝜙(𝑟0) − 𝑒𝜙(𝑟)) − ∫  
𝑟0

0

  𝑒𝜙(𝑟)𝑑𝑟]

 

𝑉string (𝐿) ≈
𝑒𝜙0

2𝜋𝛼′
𝐿 ⇒  𝑇string =

𝑒𝜙0

2𝜋𝛼′
 

𝑑𝑠2 = 𝑔𝑠𝛼
′𝑀[ℎ−

1
2(𝑟)(−𝑑𝑡2 + 𝑑𝑥𝑖𝑑𝑥𝑖) + ℎ

1
2(𝑟)𝑑𝑠6

2]  

𝑑𝑠6
2 =

1

2
𝐾(𝑟) [

(𝑑𝑟2 + (𝑔5)2)

3𝐾3(𝑟)
+ cosh2 

𝑟

2
((𝑔3)2 + (𝑔4)2) + sinh2 

𝑟

2
((𝑔1)2 + (𝑔2)2)]  

𝐾(𝑟) =
[sinh (2𝑟) − 2𝑟]

1
3

2
1
3sinh 𝑟

 

𝑔1 =
𝑒1 − 𝑒3

√2
, 𝑔2 =

𝑒2 − 𝑒4

√2
, 𝑔3 =

𝑒1 + 𝑒3

√2
, 𝑔4 =

𝑒2 + 𝑒4

√2
, 𝑔5 = 𝑒5  

𝑒1 = −sin 𝜃1𝑑𝜙1, 𝑒
2 = 𝑑𝜃1, 𝑒

3 = −sin 𝜓𝑑𝜃2 + cos 𝜓sin 𝜃2𝑑𝜙2
𝑒4 = cos 𝜓𝑑𝜃2 + sin 𝜓sin 𝜃2𝑑𝜙2,

𝑒5 = 𝑑𝜓 + cos 𝜃1𝑑𝜙1 + cos 𝜃2𝑑𝜙2

 

ℎ(𝑟) = 2
2
3∫  

∞

𝑟

 𝑑𝑥
𝑥coth𝑥 − 1

sinh2 𝑥
(sinh 2𝑥 − 2𝑥)

1
3  

𝐿‾(𝑟0) = 2∫  
∞

𝑟0

 
𝑑𝑟

√6𝐾(𝑟)

ℎ(𝑟)

√ℎ(𝑟0) − ℎ(𝑟)
 

𝐸‾𝑞𝑞‾(𝑟0) =
𝑔𝑠𝑀

𝜋
[∫  

∞

𝑟0

 
𝑑𝑟

√6𝐾(𝑟)

√ℎ(𝑟0)

√ℎ(𝑟0) − ℎ(𝑟)
− ∫  

𝑟0

0

 
𝑑𝑟

√6𝐾(𝑟)
]  

𝑇string =
1

2𝜋𝛼′
ℓ𝑐𝑓
2

𝑔𝑠𝛼
′𝑀√ℎ0
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𝑑𝑠2 =𝑔𝑠𝛼
′𝑁𝑒4𝑓(𝑟)[−𝑑𝑡2 + 𝑑𝑥𝑖𝑑𝑥𝑖 + 𝑑𝑟2 + 𝑒2ℎ(𝑟)(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)

+
𝑒2𝑔(𝑟)

4
((𝑤1 + 𝑎(𝑟)𝑑𝜃)2 + (𝑤2 − 𝑎(𝑟)sin 𝜃𝑑𝜑)2) +

𝑒2𝑘(𝑟)

4
(𝑤3 + cos 𝜃𝑑𝜑)2]

 

 

𝜕𝜌𝑎 =
−2

−1 + 2𝜌coth2𝜌
[𝑒2𝑘

(𝑎cosh 2𝜌 − 1)2

sinh 2𝜌
+ 𝑎(2𝜌 − 𝑎sinh 2𝜌)]

𝜕𝜌𝑘 =
2(1 + 𝑎2 − 2𝑎cosh 2𝜌)−1

−1+ 2𝜌coth2𝜌
[𝑒2𝑘𝑎sinh 2𝜌(𝑎cosh 2𝜌 − 1) + (2𝜌 − 4𝑎𝜌cosh 2𝜌 +

𝑎2

2
sinh 4𝜌)]

𝜕𝜌𝑓 = −
1

4sinh2 2𝜌
[

(1 − 𝑎cosh 2𝜌)2(−4𝜌 + sinh 4𝜌)

(1 + 𝑎2 − 2𝑎cosh 2𝜌)(−1 + 2𝜌coth2𝜌)
]

 

𝑒2𝑔 =
𝑏cosh 2𝜌 − 1

𝑎cosh 2𝜌 − 1
, 𝑒2ℎ =

𝑒2𝑔

4
(2𝑎cosh 2𝜌 − 1 − 𝑎2), con 𝑏(𝜌) =

2𝜌

sinh 2𝜌
 

𝑎(𝜌) = 1 + 𝜇𝜌2 +⋯ , 𝑒2𝑘(𝜌) =
4

6 + 3𝜇
−
20 + 36𝜇 + 9𝜇2

15(2 + 𝜇)
𝜌2 +⋯  

𝑒2𝑔(𝜌) =
4

6 + 3𝜇
+⋯ , 𝑒2ℎ(𝜌) =

4𝜌2

6 + 3𝜇
+⋯ , 𝑒2𝑓(𝜌) = 1 +

(2 + 𝜇)2

8
𝜌2 +⋯  

𝐿‾(𝜌0) = 2∫  
𝜌∞

𝜌0

 
𝑒4𝑓(𝜌0)

√𝑒8𝑓(𝜌) − 𝑒8𝑓(𝜌0)
𝑒𝑘(𝜌)𝑑𝜌

𝐸‾𝑞𝑞‾(𝜌0) =
𝑁𝑔𝑠
𝜋

[∫  
𝜌∞

𝜌0

 
𝑒8𝑓(𝜌)

√𝑒8𝑓(𝜌) − 𝑒8𝑓(𝜌0)
𝑒𝑘(𝜌)𝑑𝜌 − ∫  

𝜌∞

0

  𝑒4𝑓(𝜌)𝑒𝑘(𝜌)𝑑𝜌]

 

𝑇string =
𝑔𝑠
2𝜋𝛼′

 

𝛿𝑥1(𝑟) + 2(𝑟 − 𝑟0)
𝑑𝛿𝑥1(𝑟)

𝑑𝑟
= 0, 𝑟 → 𝑟0

√𝑟 − 𝑟0𝛿𝑥1(𝑟) = 1, 𝑟 → 𝑟0

 

𝛿𝑥1(𝑟) = 0, 𝑟 → ∞  

𝛿𝑥1
(0)
(𝑟) = 𝐶∫  

∞

𝑟

 𝑑𝑟‾
𝑔(𝑟‾)𝑓(𝑟‾)

(𝑓2(𝑟‾) − 𝑓2(𝑟0))
3
2

+ 𝐶′  

𝛿𝑥1
(0)
(𝑟) = −∫  

∞

𝑟

 𝑑𝑟‾
𝑔(𝑟‾)

𝑓′(𝑟‾)

𝑑

𝑑𝑟‾
(

1

√𝑓2(𝑟‾) − 𝑓2(𝑟0)
)

 =
𝑔(𝑟)

𝑓′(𝑟)√𝑓2(𝑟) − 𝑓2(𝑟0)
+

𝐿′(𝑟)

2𝑓′(𝑟)
.

 

𝛿𝑥1
(0)
(𝑟) =

𝑔(𝑟0)

√2(𝑓′(𝑟0))
3
2

1

√𝑟 − 𝑟0
+

𝐿′(𝑟0)

2𝑓′(𝑟0)
+ 𝒪(√𝑟 − 𝑟0)  

[
𝑑

𝑑𝑟
(
(𝑟4 − 𝑟0

4)
3
2

𝑟2
𝑑

𝑑𝑟
) +𝜔2𝑅4

√𝑟4 − 𝑟0
4

𝑟2
] 𝛿𝑥1(𝑟) = 0 0 < 𝑟0 ≤ 𝑟 < ∞  

[
𝑑

𝑑𝜌
(
(𝜌4 − 1)

3
2

𝜌2
𝑑

𝑑𝜌
) +

𝜔2𝑅4

𝑟0
2

√𝜌4 − 1

𝜌2
] 𝛿𝑥1(𝜌) = 0  

[
𝑑

𝑑𝜌
(𝜌4

𝑑

𝑑𝜌
) +

𝜔2𝑅4

𝑟0
2 ] 𝛿𝑥1(𝜌) ≈ 0, 𝜌 ≫ 1  

𝛿𝑥1(𝜌) ≈ 𝛼0 +
𝛼1
𝜌3
, 𝜌 ≫ 1  
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[
𝑑

𝑑𝜌
(
(𝜌4 − 𝜌0

4)
3
2

√𝜌4 − 1

𝑑

𝑑𝜌
) +

𝜔2𝑅4

𝜇2
𝜌4√𝜌4 − 𝜌0

4

(𝜌4 − 1)
3
2

] 𝛿𝑥1(𝜌) = 0, 1 < 𝜌0 ≤ 𝜌 < ∞  

 

[
𝑑

𝑑𝑟
(
(𝑒2𝜙(𝑟) − 𝑒2𝜙(𝑟0))

3
2

𝑒2𝜙(𝑟)
𝑑

𝑑𝑟
) + 𝜔‾ 2√𝑒2𝜙(𝑟) − 𝑒2𝜙(𝑟0)] 𝛿𝑥1(𝑟) = 0, 0 < 𝑟0 ≤ 𝑟 < ∞  

[
𝑑

𝑑𝑟
(𝑒𝑟𝑟−

1
4
𝑑

𝑑𝑟
) + 𝜔‾ 2𝑒𝑟𝑟−

1
4] 𝛿𝑥1(𝑟) = 0, 𝑟 ≫ 1  

[
𝑑2

𝑑𝑟2
+ (1 −

1

4𝑟
)
𝑑

𝑑𝑟
+ 𝜔‾ 2] 𝛿𝑥1(𝑟) = 0, 𝑟 ≫ 1 

𝛿𝑥1(𝑟) ≃ 𝑒−
1
2
𝑟(𝛽0𝑒

𝑟𝛼 + 𝛽1𝑒
−𝑟𝛼), 𝑟 ≫ 1  

[
𝑑

𝑑𝑟
(
𝐾(𝑟)

ℎ(𝑟)
(1 −

ℎ(𝑟)

ℎ(𝑟0)
)

3
2 𝑑

𝑑𝑟
) + 𝜔‾ 2

1

6𝐾(𝑟)
√1 −

ℎ(𝑟)

ℎ(𝑟0)
] 𝛿𝑥1(𝑟) = 0, 0 < 𝑟0 ≤ 𝑟 < ∞  

[
𝑑

𝑑𝑟
(
𝑒𝑟

𝑟

𝑑

𝑑𝑟
) + 𝜔‾ 2

𝑒
𝑟
3

2
4
3

] 𝛿𝑥1(𝑟) = 0, 𝑟 ≫ 1  

[
𝑑2

𝑑𝑟2
+ (1 −

1

𝑟
)
𝑑

𝑑𝑟
+ 𝜔‾ 2

𝑟𝑒−
2
3
𝑟

2
4
3

] 𝛿𝑥1(𝑟) = 0, 𝑟 ≫ 1  

𝛿𝑥1(𝑟) ≃ 𝛼0 + 𝛼1𝑒
−𝑟, 𝑟 ≫ 1  

[
𝑑

𝑑𝜌
(
(𝑒8𝑓(𝜌) − 𝑒8𝑓(𝜌0))

3
2

𝑒8𝑓(𝜌)+𝑘(𝜌)
𝑑

𝑑𝜌
) +𝜔‾ 2𝑒𝑘(𝜌)√𝑒8𝑓(𝜌) − 𝑒8𝑓(𝜌0)] 𝛿𝑥1(𝜌) = 0, 0 < 𝜌0 ≤ 𝜌 < ∞  

[𝑒−𝑘(𝜌)
𝑑

𝑑𝜌
(𝑒−𝑘(𝜌)

𝑑

𝑑𝜌
) + 𝜔‾ 2

𝑒8𝑓∞

𝑒8𝑓∞ − 𝑒8𝑓(𝜌0)
] 𝛿𝑥1(𝜌) = 0, 𝜌 ≫ 1  

[
𝑑2

𝑑𝑟2
+ 𝜔̃2] 𝛿𝑥1(𝑟) = 0, 𝑟 ≫ 1  

𝑉(𝜌) = 2
𝜌4 − 1

𝜌2
, 𝜌 ∈ [1,∞)  

𝑦(𝜌) = 𝑦0 −
1

4
 B(

1

𝜌4
;
1

4
,
1

2
)  

𝑉(𝜌, 𝜌0) = 2
𝜌8(𝜌4 − 𝜌0

4) − 𝜌0
4(4𝜌4 − 1) − 3𝜌4

𝜌6(𝜌4 − 1)
, 1 < 𝜌0 ≤ 𝜌 < ∞  

𝑉(𝑟, 𝑟0) =
𝑒−2𝜙(𝑟)

4
((𝑒2𝜙(𝑟) − 3𝑒2𝜙(𝑟0))𝜙2(𝑟) + 2(𝑒2𝜙(𝑟) + 𝑒2𝜙(𝑟0))𝜙′′(𝑟)) , 0 < 𝑟0 ≤ 𝑟 < ∞  

𝛿𝑥1 =
𝑒
𝜙(𝑟)
2

(𝑒2𝜙(𝑟) − 𝑒2𝜙(𝑟0))
1
2

Ψ ≃ 𝑒−
𝑟
2Ψ, 𝑟 → ∞  

𝑉(𝑟, 𝑟0) = −
3𝐾(𝑟)

8ℎ3(𝑟)ℎ(𝑟0)
[4ℎ(𝑟)(ℎ(𝑟) + ℎ(𝑟0))ℎ

′(𝑟)𝑘′(𝑟)

−𝑘(𝑟)(3ℎ(𝑟) + 7ℎ(𝑟0))ℎ
′2(𝑟) + 4ℎ(𝑟)(ℎ(𝑟) + ℎ(𝑟0))ℎ

′′(𝑟))]

 

𝑉(𝜌, 𝜌0) =
2

𝑒8𝑓(𝜌)+2𝑘(𝜌)
(2(𝑒8𝑓(𝜌) − 𝑒8𝑓(𝜌0))𝑓′2(𝜌) + (𝑒8𝑓(𝜌) + 𝑒8𝑓(𝜌0))(𝑓′′(𝜌) − 𝑘′(𝜌)𝑓′(𝜌)))  

ℳ4 = [𝑡, 𝑥, 𝑟(𝑥), 𝜃 = 𝜃̃, 𝜑 = 2𝜋 − 𝜑̃, 𝜓 = 𝜋]  

𝑑𝑠𝑖𝑛𝑑
2 = 𝛼′𝑁𝑒𝜙 [−𝑑𝑡2 + (1 + 𝑟̇2)𝑑𝑥2 + (𝑒2ℎ +

1

4
(1 − 𝑎)2) (𝑑𝜃2 + sin2 𝜃𝑑𝜑2)]  
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𝑉𝑆2(𝑟) ≡
1

4
(1 − 𝑎(𝑟))2 + 𝑒2ℎ(𝑟) = 𝑟tanh 𝑟  

𝑆𝐷𝐵𝐼 = −𝑇𝐷3∫  𝑑4𝜎𝑒−𝜙√𝑔𝑖𝑛𝑑  

𝑆𝑒𝑓𝑓 = 4𝜋𝑇𝐷3𝒯(𝛼
′𝑁)2∫  𝑒𝜙𝑟tanh 𝑟√1 + 𝑟2𝑑𝑥  

𝑆𝐵 = −𝑇𝐷𝑝∫  𝑑𝑝+1𝜎𝑒−𝜑√−det(𝑔 + 2𝜋𝛼′𝐹) + 𝑇𝐷𝑝∫  𝑃[𝐶𝑝+1]  

𝑆𝐷𝑝
(𝐹)

=
𝑇𝐷𝑝
2
∫  𝑑𝑝+1𝜎√−Det(𝑀)Θ‾(1 − Γ𝐷𝑝)(𝑀̃

−1)
𝛼𝛽
Γ𝛽𝐷𝛼Θ  

𝐷𝛼 = (𝜕𝛼𝑥
𝑚) (∇𝑚 +

1

16 ⋅ 5!
𝐹𝑛𝑝𝑞𝑟𝑡Γ

𝑛𝑝𝑞𝑟𝑡(𝑖𝜎2)Γ𝑚) , ∇𝑚= 𝜕𝑚 +
1

4
𝜔𝑚

𝑛𝑝
𝑚 Γ𝑛𝑝  

Γ𝐷𝑝 =
√−Det(𝑔)

√−Det(𝑔 + 𝐹)
Γ𝐷𝑝
(0)
⊗ (𝜎3)

𝑝+1
2 (−𝑖𝜎2)∑  

𝑞

 Γ𝛼1…𝛼2𝑞𝐹𝛼1𝛼2 …𝐹𝛼2𝑞−1𝛼2𝑞 ⊗
𝜎3
𝑞

2𝑞𝑞!

Γ𝐷𝑝
(0)
 =

𝜖𝛼1…𝛼𝑝+1

(𝑝 + 1)!√−Det(𝑔)
Γ𝛼1…𝛼𝑝+1

 

𝑑𝑠2 = 𝐿2 (
cosh2 (𝑢)

𝑟2
(−𝑑𝑡2 + 𝑑𝑟2) + 𝑑𝑢2 + sinh2 (𝑢)(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)) + 𝐿2(𝑑𝛼1

2 + sin2 𝛼1𝑑Ω4
2) 

𝐹5 = 4𝐿4
sinh2 (𝑢)cosh2 (𝑢)

𝑟2
𝑑𝑡 ∧ 𝑑𝑟 ∧ 𝑑𝑢 ∧ 𝑑𝜃 ∧ 𝑑𝜙 ≡ 𝑑𝐶4  

𝐶4 = 4𝐿4
𝑓(𝑢)

𝑟2
𝑑𝑡 ∧ 𝑑𝑟 ∧ 𝑑𝜃 ∧ 𝑑𝜙  

𝐹 =
𝑞

𝑟2
𝑑𝑡 ∧ 𝑑𝑟 + 𝑘sin 𝜃𝑑𝜃 ∧ 𝑑𝜙  

𝑆𝐵 = −𝑇𝐷3∫  𝑑4𝜎√−det(𝑔 + 𝐹) + 𝑇𝐷3∫  𝑃[𝐶4]  

𝑞 = coth(𝑢𝑒𝑞)√𝐿
4sinh2 (𝑢𝑒𝑞) − 𝑘2  

𝑢 = 𝑢𝑒𝑞 + 𝛿𝑢, 𝜃 𝚤̂ = 𝜃0
𝚤̂ + 𝛿𝜃 𝚤̂, 𝐹 =

𝑞

𝑟2
𝑑𝑡 ∧ 𝑑𝑟 + 𝑘sin 𝜃𝑑𝜃 ∧ 𝑑𝜙 + 𝑓  

𝑆𝐵
(2)

=
𝑇𝐷3
4
∫  𝑑4𝜎 [

1

𝑟2
(

1

𝐿4sinh4(𝑢𝑒𝑞) + 𝑘2
[2𝑘𝑟2√sinh2(𝑢𝑒𝑞)𝐿

4 − 𝑘2(𝑓𝑡𝜙𝑓𝑟𝜃 − 𝑓𝑡𝜃𝑓𝑟𝜙

+𝑓𝑡𝑟𝑓𝜃𝜙) + 𝐿
4cosh (𝑢𝑒𝑞)csc (𝜃)sinh

3 (𝑢𝑒𝑞) ((−𝑓𝜃𝜙
2 + 𝑟2(𝑓𝑡𝜙

2 − 𝑓𝑟𝜙
2 ))

+𝑟2sin 𝜃2(𝑓𝑡𝜃
2 − 𝑓𝑟𝜃

2 + 𝑟2𝑓𝑡𝑟
2))])

−
𝐿4cosh (𝑢𝑒𝑞)sinh (𝑢𝑒𝑞)

𝑟2
(csc (𝜃)𝜕𝜙𝛿𝑢

2 + sin (𝜃)((𝜕𝑟𝛿𝑢
2 − 𝜕𝑡𝛿𝑢

2)𝑟2 + 𝜕𝜃𝛿𝑢
2))]

 

𝑔̂𝛼𝛽 = 𝑔𝛼𝛽 − 𝐹𝛼𝛾𝑔
𝛾𝛿𝐹𝛿𝛽 =

sinh4 (𝑢𝑒𝑞)𝐿
4 + 𝑘2

𝐿2sinh2 (𝑢𝑒𝑞)

(

 
 
 
−
1

𝑟2
0 0 0

0
1

𝑟2
0 0

0 0 1 0
0 0 0 sin2 𝜃)
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𝑆𝐵
(2)

=
𝑇𝐷3
2
(
𝐿4cosh (𝑢𝑒𝑞)sinh

3 (𝑢𝑒𝑞)

𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘2
)∫  𝑑4𝜎 [√−𝑔̂ (𝐿2𝑔̂𝛼𝛽𝜕𝛼𝛿𝑢𝜕𝛽𝛿𝑢 +

1

2
𝑔̂𝛼𝛽𝑔̂𝛾𝛿𝑓𝛼𝛾𝑓𝛽𝛿)

+
𝑘√sinh2 (𝑢𝑒𝑞)𝐿

4 − 𝑘2

𝐿4cosh (𝑢𝑒𝑞)sinh
3 (𝑢𝑒𝑞)

(𝑓𝑡𝜙𝑓𝑟𝜃 − 𝑓𝑡𝜃𝑓𝑟𝜙 + 𝑓𝑡𝑟𝑓𝜃𝜙)

]
 
 
 

=
𝑇𝐷3
2
(
𝐿4cosh (𝑢𝑒𝑞)sinh

3 (𝑢𝑒𝑞)

𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘2
)∫  𝑑4𝜎√−𝑔̂ (𝐿2𝑔̂𝛼𝛽𝜕𝛼𝛿𝑢𝜕𝛽𝛿𝑢 +

1

2
𝑔̂𝛼𝛽𝑔̂𝛾𝛿𝑓𝛼𝛾𝑓𝛽𝛿

+
𝑘𝑞

2𝐿4sinh2 (2𝑢𝑒𝑞)
𝜖𝛼𝛽𝛾𝛿𝑓𝛼𝛽𝑓𝛾𝛿) ,

 

𝑆𝐹
(2)

=
𝑇𝐷3
2
(
𝐿4cosh (𝑢𝑒𝑞)sinh

3 (𝑢𝑒𝑞)

𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘2
)∫  𝑑4𝜎√𝑔̂Θ‾ Γ̂𝛼∇̂𝛼Θ  

⟨𝑊⟩ ≃ 𝑒−𝐴  

𝒮𝒜 = −Tr𝒜(𝜌𝒜ln 𝜌𝒜)  

𝒮𝒜 =
2𝜋Area(𝛾𝒜)

𝜅2
 

𝜅(4)
2 ℒ = 𝑅 − 2Λ −

1

4
Tr(𝐹𝜇𝜈𝐹

𝜇𝜈)  

𝐹𝜇𝜈
𝑎 = 𝜕𝜇𝐴𝜈

𝑎 − 𝜕𝜈𝐴𝜇
𝑎 + 𝑔𝑌𝑀𝜖

𝑎𝑏𝑐𝐴𝜇
𝑏𝐴𝜈

𝑐  

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 =

3

𝑅2
𝑔𝜇𝜈 +

1

2
Tr[𝐹𝜇𝛾𝐹𝜈

𝛾
] −

𝑔𝜇𝜈

8
Tr[𝐹𝛾𝜌𝐹

𝛾𝜌]

𝐷𝜇𝐹
𝜇𝜈  = 0

 

𝑑𝑠2 = −𝑀(𝑟)𝜎(𝑟)2𝑑𝑡2 +
1

𝑀(𝑟)
𝑑𝑟2 + 𝑟2ℎ(𝑟)2𝑑𝑥2 + 𝑟2ℎ(𝑟)−2𝑑𝑦2  

𝐴 = 𝜙(𝑟)𝜏3𝑑𝑡 + 𝜔(𝑟)𝜏1𝑑𝑥  
𝜔(𝑟) = 0
ℎ(𝑟) = 1
𝜎(𝑟) = 1

𝜙(𝑟) = 𝜇 (1 −
𝑟ℎ
𝑟
)

𝑀(𝑟) = 𝑟2 +
𝜇2𝑟ℎ

2

𝑟2
− (

𝜇2

8
+ 𝑟ℎ

2)
𝑟ℎ
𝑟

 

𝑀 = 𝑀1(𝑟 − 𝑟ℎ) + 𝑀2(𝑟 − 𝑟ℎ)
2 +⋯

ℎ = ℎ0 + ℎ2(𝑟 − 𝑟ℎ)
2 +⋯

𝜎 = 𝜎0 + 𝜎1(𝑟 − 𝑟ℎ) + 𝜎2(𝑟 − 𝑟ℎ)
2 +⋯

𝜔 = 𝜔0 +𝜔2(𝑟 − 𝑟ℎ)
2 +𝜔3(𝑟 − 𝑟ℎ)

3 +⋯

𝜙 = 𝜙1(𝑟 − 𝑟ℎ) + 𝜙2(𝑟 − 𝑟ℎ)
2 +⋯

 

 

𝑀′ =
3𝑟

𝑅̂2
−

1

8𝜎2
(
𝑔𝑌𝑀
2 𝜙2𝜔2

𝑟ℎ2𝑀
+ 𝑟𝜙′2) −𝑀(

1

𝑟
+
𝑟ℎ′2

ℎ2
+
𝜔′2

8𝑟ℎ2
)

𝜎′ =
𝜎

ℎ2
(𝑟ℎ′2 +

𝜔′2

8𝑟
) +

𝑔𝑌𝑀
2 𝜙2𝜔2

8𝑟𝑀2ℎ2𝜎
;

ℎ′′ =
1

8𝑟2ℎ
(−𝜔′2 +

𝑔𝑌𝑀
2 𝜙2𝜔2

𝑀2𝜎2
) − ℎ′ (

2

𝑟
−
ℎ′

ℎ
+
𝑀′

𝑀
+
𝜎′

𝜎
) ;

𝜔′′ = −
𝑔𝑌𝑀
2 𝜙2𝜔

𝑀2𝜎2
+𝜔′ (

2ℎ′

ℎ
−
𝑀′

𝑀
−
𝜎′

𝜎
) ;

𝜙′′ =
𝑔𝑌𝑀
2 𝜙𝜔2

𝑟2ℎ2𝑀
−𝜙′ (

2

𝑟
−
𝜎′

𝜎
)
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𝜎 → 𝜆𝜎, 𝜙 → 𝜆𝜙 

𝜔 → 𝜆𝜔, ℎ → 𝜆ℎ 

𝑀 → 𝜆−2𝑀,𝜎 → 𝜆𝜎, 𝑔𝑌𝑀 → 𝜆−1𝑔𝑌𝑀, 𝑅̂ → 𝜆𝑅̂ 

𝑀 → 𝜆2𝑀, 𝑟 → 𝜆𝑟, 𝜙 → 𝜆𝜙,𝜔 → 𝜆𝜔 

𝑇 =
𝑀1𝜎0
2𝜋

=
1

16𝜋
(24𝜎0

2 − 𝜙1
2)𝑟ℎ  

𝑆 =
2𝜋

𝜅(4)
2 𝐴ℎ =

2𝜋2𝑉𝑇2

𝜅(4)
2

122

(24𝜎0
2 −𝜙1

2)2
 

𝑆̃𝑏𝑢𝑙𝑘 = −∫  𝑑𝑥𝑑𝑦𝑑𝑟√−𝑔ℒ  

𝐺𝑦𝑦 =
𝑟2

2ℎ2
(𝜅(4)

2 ℒ − 𝑅)  

𝐺𝜇
𝜇
= −𝑅 = 𝐺𝑟

𝑟 + 𝐺𝑡
𝑡 + 𝐺𝑥

𝑥 +
1

2
(𝜅(4)

2 ℒ − 𝑅)  

ℒ =
2

𝑟2𝜎𝜅(4)
2 [

𝑟3𝑀𝜎

ℎ
(
ℎ

𝑟
)
′

]

′

 

𝑆̃𝑏𝑢𝑙𝑘 = −∫  𝑑𝑥𝑑𝑦𝑑𝑟√−𝑔ℒ = −
2𝑉

𝜅(4)
2 [

𝑟3𝑀𝜎

ℎ
(
ℎ

𝑟
)
′

]
𝑟=𝑟∞

 

𝑆̃𝐺𝐻 = −
1

𝜅(4)
2 ∫  𝑑𝑥𝑑𝑦√−𝑔∞∇𝜇𝑛

𝜇 = −
𝑉

𝜅(4)
2 𝑟2𝜎 [

𝑀′

2
+𝑀(

𝜎′

𝜎
+
2

𝑟
)]

𝑟=𝑟∞

 

𝑆̃𝑐𝑡 =
1

𝜅(4)
2 ∫  𝑑𝑥𝑑𝑦√−𝑔∞ =

𝑉

𝜅(4)
2 [𝑟2√𝑀𝜎]

𝑟=𝑟∞
 

 

Ω = lim
𝑟∞→∞

 𝑆̃on-shell 

 = lim
𝑟∞→∞

 (𝑆̃𝑏𝑢𝑙𝑘 + 𝑆̃𝐺𝐻 + 𝑆̃𝑐𝑡)
 

𝑑𝑠2  = −𝑀(𝑟)𝑑𝑡2 + 𝑟2ℎ(𝑟)2(𝑑𝑥2 + 𝑑𝑦2) +
𝑑𝑟2

𝑀(𝑟)

𝐴 = 𝜙(𝑟)𝜏3𝑑𝑡 + 𝜔(𝑟)(𝜏1𝑑𝑥 + 𝜏2𝑑𝑦)

 

ℎ′′ = −
ℎ

2
[
1

𝑟2
−

3

𝑅̂2𝑀
+
𝑀′

𝑟𝑀
+
𝜙′2

8𝑀
+

𝜔′2

4𝑟2ℎ2
] −

ℎ′

2
[
6

𝑟
+
ℎ′

ℎ
+
𝑀′

𝑀
] −

𝑔𝑌𝑀
2 𝜔2

8𝑟2ℎ𝑀
[
𝜙2

𝑀
+

𝜔2

2𝑟2ℎ2
]

𝑀′′ =
3

𝑅̂2
+
𝑀

𝑟
[−
𝑀′

𝑀
+
1

𝑟
+
𝜔′2

4𝑟ℎ2
] −

ℎ′

ℎ
[𝑀′ −

ℎ′

ℎ
−
2

𝑟
] +

3

8
𝜙′2 +

𝑔𝑌𝑀
2 𝜔2

4𝑟2ℎ2
[
𝜙2

𝑀
+

3𝜔2

2𝑟2ℎ2
]

𝜔′′ =
𝑔𝑌𝑀
2 𝜔

𝑀
[
𝜔2

𝑟2ℎ2
−
𝜙2

𝑀
] −

𝑀′𝜔′

𝑀

𝜙′′ =
2𝑔𝑌𝑀

2 𝜙𝜔2

𝑟2ℎ2𝑀
− 2𝜙′ [

1

𝑟
+
ℎ′

ℎ
]

0 = −
3

𝑅̂2
+
𝑀

𝑟2
[1 −

𝜔′2

4ℎ2
+
𝑀′

𝑀
𝑟] +

ℎ′

ℎ
[𝑀 (

2

𝑟
+
ℎ′

ℎ
) +𝑀′] +

1

8
𝜙′2

 

𝜔 → 𝜆𝜔, ℎ → 𝜆ℎ 

𝑀 → 𝜆−2𝑀,𝜙 →
𝜙

𝜆
, 𝑅̂ → 𝜆𝑅̂, 𝑔𝑌𝑀 →

𝑔𝑌𝑀
𝜆

 

𝑀 → 𝜆2𝑀, ℎ →
ℎ

𝜆
, 𝜙 → 𝜆𝜙, 𝑟 → 𝜆𝑟 

𝑀 = 𝑀1(𝑟 − 𝑟ℎ) +𝑀2(𝑟 − 𝑟ℎ)
2 +⋯

ℎ = ℎ0 + ℎ1(𝑟 − 𝑟ℎ) + ℎ2(𝑟 − 𝑟ℎ)
2 +⋯

𝜔 = 𝜔0 +𝜔1(𝑟 − 𝑟ℎ) + 𝜔2(𝑟 − 𝑟ℎ)
2 +⋯

𝜙 = 𝜙1(𝑟 − 𝑟ℎ) + 𝜙2(𝑟 − 𝑟ℎ)
2 +⋯
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𝑀 = 𝑟2 + 2ℎ1
𝑏𝑟 + (ℎ1

𝑏)
2
+
𝑀1
𝑏

𝑟
+
−8ℎ1

𝑏𝑀1
𝑏 + 𝜌2 + 2(𝜔1

𝑏)/3

8𝑟2
+⋯

ℎ = 1 +
ℎ1
𝑏

𝑟
−
(𝜔1

𝑏)
2

48𝑟4
+⋯

𝜔 =
𝜔1
𝑏

𝑟
−
ℎ1
𝑏𝜔1

𝑏

𝑟2
+⋯

𝜙 = 𝜇 +
𝜌

𝑟
−
𝜌ℎ1

𝑏

𝑟2
+⋯

 

𝑇 =
𝑀1

2𝜋
 

𝑆 =
2𝜋

𝜅(4)
2 𝐴ℎ =

2𝜋

𝜅(4)
2 𝑟ℎ

2ℎ0
2

 

Ω =
𝑉𝑀1

𝑏

𝜅(4)
2  

𝒮𝒜 =
2𝜋

𝜅(𝑑+1)
2 ∫  

𝛾𝒜

 𝑑(𝑑−1)𝜎√𝑔
ind 

(𝑑−1)
 

𝑑𝑠𝑑+1
2 = −𝑔𝑡𝑡(𝑟)𝑑𝑡

2 + 𝑔𝑥𝑖𝑥𝑖(𝑟)𝑑𝑥𝑖
2 + 𝑔𝑟𝑟(𝑟)𝑑𝑟

2, 𝑖 = 1…𝑑 − 1  

𝒮𝒜 =
2𝜋Λ

𝜅(𝑑+1)
2 ∫  𝑑𝜁√𝑔𝑥2𝑥2(𝑟)…𝑔𝑥𝑑−1𝑥𝑑−1(𝑟)√𝑔𝑟𝑟(𝑟)𝑟

′2 + 𝑔𝑥1𝑥1(𝑟)𝑥1
′2

 

𝑓2(𝑟) = 𝑔𝜒𝜒(𝑟)𝑔𝑥1𝑥1(𝑟), 𝜂
2(𝑟) = 𝑔𝜒𝜒(𝑟)𝑔𝑟𝑟(𝑟)  

𝒮𝒜 =
2𝜋Λ

𝜅(𝑑+1)
2 ∫  𝑑𝜁√𝜂2(𝑟)𝑟′2 + 𝑓2(𝑟)𝑥1

′2
 

𝑥1
′(𝜁) = ±

𝑓(𝑟0)𝜂(𝑟)

𝑓(𝑟)

𝑟′(𝜁)

√𝑓2(𝑟) − 𝑓2(𝑟0)
 

𝐿 = 2∫  
∞

𝑟0

 𝑑𝑟
𝑑𝑥1
𝑑𝑟

= 2∫  
∞

𝑟0

 𝑑𝑟
𝜂(𝑟)

𝑓(𝑟)

𝑓(𝑟0)

√𝑓2(𝑟) − 𝑓2(𝑟0)
 

𝒮𝒜(𝑟0) = 2
2𝜋Λ

𝜅(𝑑+1)
2 ∫  

∞

𝑟0

 𝑑𝑟
𝑓(𝑟)𝜂(𝑟)

√𝑓(𝑟)2 − 𝑓(𝑟0)
2

 

𝒮𝒜𝑑𝑖𝑠𝑐
= 2

2𝜋Λ

𝜅(𝑑+1)
2 ∫  

∞

𝑟𝑚𝑖𝑛

 𝑑𝑟𝜂(𝑟)  

Δ𝒮𝒜 =
4𝜋Λ

𝜅(𝑑+1)
2 (∫  

∞

𝑟0

 𝑑𝑟
𝑓(𝑟)𝜂(𝑟)

√𝑓(𝑟)2 − 𝑓(𝑟0)
2
−∫  

∞

𝑟min 

 𝑑𝑟𝜂(𝑟))  

𝑓𝑝
2(𝑟) = 𝑔𝑦𝑦𝑔𝑥𝑥 = 𝑟4, 𝜂𝑝

2(𝑟) = 𝑔𝑦𝑦𝑔𝑟𝑟 =
𝑟2

ℎ2𝑁
 

Δ𝒮𝒜 =
4𝜋Λ

𝜅(4)
2 (∫  

∞

𝑟0

 𝑑𝑟
𝑟3

ℎ√𝑁√𝑟4 − 𝑟0
4
−∫  

∞

𝑟min

 𝑑𝑟
𝑟

ℎ√𝑁
)  

𝒮𝒜(𝑟0) =
4𝜋Λ

𝜅(4)
2 ∫  

ℛ

𝑟0

 𝑑𝑟
𝑟3

ℎ√𝑁√𝑟4 − 𝑟0
4
= 𝑆𝒜 +

4𝜋Λ

𝜅(𝑑+1)
2 ℛ  

𝑓𝑝+𝑖𝑝
2 (𝑟) = 𝑔𝑦𝑦𝑔𝑥𝑥 = 𝑟4ℎ4, 𝜂𝑝+𝑖𝑝

2 (𝑟) = 𝑔𝑦𝑦𝑔𝑟𝑟 =
𝑟2ℎ2

𝑀
 

Δ𝒮𝒜 =
4𝜋Λ

𝜅(4)
2 (∫  

∞

𝑟0

 𝑑𝑟
𝑟3ℎ3

√𝑀√𝑟4ℎ4 − 𝑟0
4ℎ(𝑟0)

4
−∫  

∞

𝑟min 

 𝑑𝑟
𝑟ℎ

√𝑀
)  

𝒮𝒜(𝑟0) =
4𝜋Λ

𝜅(4)
2 ∫  

ℛ

𝑟0

 𝑑𝑟
𝑟3ℎ3

√𝑀√𝑟4ℎ4 − 𝑟0
4ℎ(𝑟0)

4
= 𝑆𝒜 +

4𝜋Λ

𝜅(4)
2 ℛ  

[−
𝑑

𝑑𝑟
(𝑃(𝑟, 𝑟0)

𝑑

𝑑𝑟
) + 𝑈(𝑟, 𝑟0)]Φ(𝑟) = 𝜔2𝑄(𝑟, 𝑟0)Φ(𝑟), 𝑟0 ≤ 𝑟 < ∞  



pág. 7289 

 

𝑦 = ∫  
𝑟

𝑟0

 √
𝑄

𝑃
𝑑𝑟,Φ(𝑟) = (𝑃𝑄)−

1
4Ψ(𝑦)  

[−
𝑑2

𝑑𝑦2
+ 𝑉]Ψ = 𝜔2Ψ,0 ≤ 𝑦 ≤ 𝑦0  

𝑉 =
𝑈

𝑄
+ [(𝑃𝑄)−

1
4
𝑑2

𝑑𝑦2
] (𝑃𝑄)

1
4

 =
𝑈

𝑄
+ [

𝑃
1
4

𝑄
3
4

𝑑

𝑑𝑟
(√

𝑃

𝑄

𝑑

𝑑𝑟
)] (𝑃𝑄)

1
4

 

𝛿𝑥|𝑟=∞ = 0 ⇒ Ψ|𝑦=𝑦0 = 0  

 Even solutions : 
𝑑Ψ

𝑑𝑦
|
𝑦=0

= 0

 Odd solutions : Ψ|𝑦=0 = 0

 

𝑑𝑠2 =
𝑅2

𝑧2
(−𝑑𝑡2 + 𝑑𝑥𝑖𝑑𝑥𝑖 + 𝑑𝑧2) + 𝑅2𝑑Ω5

2  

(
𝑑𝑧cl
𝑑𝑥

)
2

=
𝑧0
4 − (𝑧cl)

4

(𝑧cl)
4

 

𝑥cl(𝑧) = ±𝑧0 [
(2𝜋)

3
2

2Γ [
1
4]
2 −

1

4
 B(

𝑧4

𝑧0
4 ;
3

4
,
1

2
)]  

𝑥-gauge : [𝜕𝑡
2 −

𝑧cl
4 (𝑥)

𝑧0
4 𝜕𝑥

2] 𝛿𝑥𝑚(𝑡, 𝑥) = 0

𝑟-gauge : [𝜕𝑡
2 − (1 −

𝑧4

𝑧0
4)𝜕𝑧

2 +
2

𝑧
𝜕𝑧] 𝛿𝑥𝑚(𝑡, 𝑧) = 0 𝑚 = 2,3

 

[(1 − 𝑧̃4)𝜕𝑧̃
2 −

2

𝑧̃
+ 𝜉2] 𝑓(𝑧̃) = 0, 0 ≤ 𝑧̃ ≤ 1  

𝑓(𝑧̃) = √1 + 𝜉2𝑧̃2𝐹(𝑞)

𝑞(𝑧̃) = ±2∫  
1

𝑧̃

 
𝑡2

(1 + (𝜉𝑡)2)√1 − 𝑡4
𝑑𝑡

 

𝑑2𝐹

𝑑𝑞
+
1

4
𝜉2(𝜉4 − 1)𝐹 = 0, 𝑞 ∈ [−𝑞∗, 𝑞∗]  

𝜔𝑛𝑧0√𝜔𝑛
4𝑧0

4 − 1∫  
1

0

 
𝑡2𝑑𝑡

(1 + 𝑤𝑛
2𝑧0

2)√1 − 𝑡4
=
𝑛𝜋

2
, 𝑛 = 1,2,…  

𝑀̃𝛼𝛽

=
𝐿2sinh2 (𝑢𝑒𝑞)

𝑘2 + 𝐿4sinh4 (𝑢𝑒𝑞)

(

 
 
 
 
 
 
 
 
 −𝑟2

2𝑟2√𝐿4sinh2 (𝑢𝑒𝑞) − 𝑘2

𝐿2sinh (2𝑢𝑒𝑞)
Γ̃ 0 0

−
2𝑟2√𝐿4sinh2 (𝑢𝑒𝑞) − 𝑘2

𝐿2sinh (2𝑢𝑒𝑞)
Γ̃ 𝑟2 0 0

0 0 1 −
𝑘

𝐿2sin 𝜃sinh2 (𝑢𝑒𝑞)
Γ̃

0 0
𝑘

𝐿2sin 𝜃sinh2 (𝑢𝑒𝑞)
Γ̃

1

sin2 𝜃 )

 
 
 
 
 
 
 
 
 

 

Γ𝑡 =
𝐿cosh (𝑢𝑘)

𝑟
Γ0, Γ𝑟 =

𝐿cosh (𝑢𝑘)

𝑟
Γ1

Γ𝜃 = 𝐿sinh (𝑢𝑘)Γ2, Γ𝜙 = 𝐿sinh (𝑢𝑘)sin 𝜃Γ3
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𝑀̃𝛼𝛽Γ𝛽𝐷𝛼 =
𝐿sinh (𝑢𝑒𝑞)

√𝑘2 + 𝐿4sinh4 (𝑢𝑒𝑞)

[−𝑟𝑒2𝑅𝑒Γ̃Γ0𝐷𝑡 + 𝑟𝑒
2𝑅𝑒Γ̃Γ1𝐷𝑟 + 𝑒

2𝑅𝑚Γ̃Γ2𝐷𝜃 +
1

sin 𝜃
𝑒2𝑅𝑚Γ̃Γ3𝐷𝜙]  

𝑅𝑒 = −
1

2
sinh−1 (√

𝐿4sinh2 (𝑢𝑒𝑞) − 𝑘2

𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘2
)Γ01, 𝑅𝑚 =

1

2
arcsin 

(

 
𝑘

√𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘2
)

 Γ23 

𝑒̂0 =
√sinh4 (𝑢𝑒𝑞)𝐿

4 + 𝑘2

𝐿𝑟sinh (𝑢𝑒𝑞)
𝑑𝑡, 𝑒̂1 =

√sinh4 (𝑢𝑒𝑞)𝐿
4 + 𝑘2

𝐿𝑟sinh (𝑢𝑒𝑞)
𝑑𝑟

𝑒̂
2
=
√sinh4 (𝑢𝑒𝑞)𝐿

4 + 𝑘2

𝐿sinh (𝑢𝑒𝑞)
𝑑𝜃, 𝑒̂3 =

√sinh4 (𝑢𝑒𝑞)𝐿
4 + 𝑘2

𝐿sinh (𝑢𝑒𝑞)
sin 𝜃𝑑𝜙

 

𝑀̃𝛼𝛽Γ𝛽𝐷𝛼 = 𝑒ℛΓ̃[Γ̂𝛼𝑒ℛΓ̃𝐷𝛼𝑒
−ℛΓ̃]𝑒ℛΓ̃ 

∇𝛼𝑑𝜎
𝛼 = 𝑑 +

1

4
𝜔𝜇𝜈Γ𝜇𝜈 +

1

4
𝜔𝑖𝑗Γ𝑖𝑗 +

1

2
sinh (𝑢𝑘)𝑒

𝜇Γ𝜇4 +
1

2
cosh (𝑢𝑘)𝑒

−Γ𝑖 

𝑒ℛΓ̃∇𝛼𝑑𝜎
𝛼𝑒−ℛΓ̃ = ∇̂𝛼𝑑𝜎

𝛼 +
1

2
sinh (𝑢𝑘)𝑒

𝜇Γ𝜇4𝑒
−2𝑅𝑒Γ̃ +

1

2
cosh (𝑢𝑘)𝑒

𝑖−Γ𝑖4𝑒
−2𝑅𝑚Γ̃, 

 

𝑀̃𝛼𝛽Γ𝛽∇𝛼= 𝑒ℛΓ̃

[
 
 
 

Γ̂𝛼∇̂𝛼 +
𝐿sinh (𝑢𝑒𝑞)

√𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘2
Γ4(sinh (𝑢𝑒𝑞)𝑒

−2𝑅𝑒Γ̃ + cosh (𝑢𝑒𝑞)𝑒
−2𝑅𝑚Γ̃)

]
 
 
 

𝑒ℛΓ̃  

𝐹5Γ𝛼𝑑𝜎
𝛼 ⊗ (𝑖𝜎2) = −4Γ01234⊗ (𝑖𝜎2) (cosh (𝑢𝑒𝑞)𝑒

𝜇Γ𝜇 + sinh (𝑢𝑒𝑞)𝑒
𝑖Γ𝑖) (1 + Γ11) 

𝑀̃𝛼𝛽Γ𝛽𝐹5Γ𝛼⊗ (𝑖𝜎2)

= −16𝑒ℛΓ̃Γ01234

⊗ (𝑖𝜎2)
𝐿sinh (𝑢𝑒𝑞)

√𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘
2

(cosh (𝑢𝑒𝑞)𝑒
−2𝑅𝑚Γ̃ + sinh (𝑢𝑒𝑞)𝑒

−2𝑅𝑒Γ̃)𝑒ℛΓ̃ 

𝑀̃𝛼𝛽Γ𝛽𝐷𝛼 = 𝑒ℛΓ̃

[
 
 
 

Γ̂𝛼∇̂𝛼

+ (1 − Γ𝐷3
(0)
)

𝐿sinh (𝑢𝑒𝑞)

√𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘2
Γ4(cosh (𝑢𝑒𝑞)𝑒

−2𝑅𝑚Γ̃ + sinh (𝑢𝑒𝑞)𝑒
−2𝑅𝑒Γ̃)

]
 
 
 

𝑒ℛΓ̃ 

Γ𝐷3
(0)

= Γ0123⊗ (𝑖𝜎2) 

Γ𝐷3 = −
𝜖𝛼1𝛼2𝛼3𝛼4Γ𝛼1𝛼2𝛼3𝛼4

(𝑝 + 1)!√det(𝑔 + 𝐹)
⊗ (𝑖𝜎2) ×∑  

𝑞

Γ𝛼1⋯𝛼2𝑞𝐹𝛼1𝛼2⋯𝐹𝛼2𝑞−1𝛼2𝑞 ⊗
(𝜎3)

𝑞

𝑞! 2𝑞
 

Γ𝐷3 = −Γ𝐷3
(0) 𝐿

4cosh (𝑢𝑒𝑞)sinh
3 (𝑢𝑒𝑞)

𝐿4sinh4 (𝑢𝑒𝑞)+𝑘
2 [1 + (

𝑘

𝐿2sinh2 (𝑢𝑒𝑞)
Γ23 −

√𝐿4sinh2 (𝑢𝑒𝑞)−𝑘
2

𝐿2cosh (𝑢𝑒𝑞)sinh (𝑢𝑒𝑞)
Γ01)⊗𝜎3]. 

Θ‾Γ𝐷3 = −Θ‾𝑒ℛΓ̃Γ𝐷3
(0)
𝑒−ℛΓ̃ 
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ℒ𝐹 = Θ‾𝑒ℛΓ̃ (1 + Γ𝐷3
(0)
) [Γ̂𝛼∇̂𝛼 + (1 − Γ𝐷3

(0)
)

𝐿sinh (𝑢𝑒𝑞)

√𝐿4sinh4 (𝑢𝑒𝑞)+𝑘
2
Γ4(cosh (𝑢𝑒𝑞)𝑒

−2𝑅𝑚Γ̃ +

sinh (𝑢𝑒𝑞)𝑒
−2𝑅𝑒Γ̃)] 𝑒ℛΓ̃Θ. 

ℒ𝐹 = Θ‾ ′ (1 + Γ𝐷3
(0)
) Γ̂𝛼∇̂𝛼Θ

′. 

Γ̃Θ′ = Θ′ 
Θ‾(1 − Γ𝐷3)𝑀̃

𝛼𝛽Γ𝛽𝐷𝛼Θ = Θ‾ Γ̂𝛼∇̂𝛼Θ 

𝑆𝐹
(2)

=
𝑇𝐷3
2
(
𝐿4cosh (𝑢𝑒𝑞)sinh

3 (𝑢𝑒𝑞)

𝐿4sinh4 (𝑢𝑒𝑞) + 𝑘2
)∫  𝑑4𝜎√𝑔̂Θ‾ Γ̂𝛼∇̂𝛼Θ  

𝑑𝑠2 =
𝑔𝜇𝑣(𝑥

𝜌, 𝑧)𝑑𝑥𝜇𝑑𝑥𝜈 + 𝑑𝑧2

𝑧2
≡ 𝑔𝛼𝛽

5𝐷𝑑𝑥𝛼𝑑𝑥𝛽  

𝑅𝛼𝛽 −
1

2
𝑔𝛼𝛽
5𝐷𝑅 − 6𝑔𝛼𝛽

5𝐷 = 0  

𝑔𝜇𝜈(𝑥
𝜌, 𝑧) = 𝜂𝜇𝜈 + 𝑔𝜇𝜈

(4)
(𝑥𝜌)𝑧4 + 𝒪(𝑧6) ⟨𝑇𝜇𝜈(𝑥

𝜌)⟩ =
𝑁𝑐
2

2𝜋2
𝑔𝜇𝜈
(4)
(𝑥𝜌)  

𝜀(𝜏) ≡ 𝑁𝑐
2 ⋅
3

8
𝜋2 ⋅ 𝑇𝑒𝑓𝑓

4  

Δ𝑝𝐿 ≡ 1 −
𝑝𝐿
𝜀/3

∼ 0.7  

⟨𝑇−−(𝑥
−)⟩ ∝ 𝜇𝛿(𝑥−)  o más generalmente  ⟨𝑇−−(𝑥

−)⟩ ∝ 𝑓(𝑥−)  

𝑑𝑠2 =
−𝑑𝑥−𝑑𝑥+ + 𝑓(𝑥−)𝑧4𝑑𝑥−2 + 𝑑𝑥⊥

2

𝑧2
+
𝑑𝑧2

𝑧2
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Apéndice I. 
 
1. Supergravedad cuántica, supermembranas, agujeros negros cuánticos y 
supersimetrías en campos cuánticos relativistas. Formalización matemática. 
 

Γ012𝜀 = −𝜀, Γ013456𝜀 = 𝜀  

𝛿𝜓𝜇 ≡ ∇𝜇𝜖 +
1

288
(Γ𝜇

𝜈𝜌𝜆𝜎
− 8𝛿𝜇

𝜈Γ𝜌𝜆𝜎)𝐹𝜈𝜌𝜆𝜎𝜖  

Γ012345678910 = 𝟙  

Γ0178910𝜀 = −𝜀  

𝑑𝑠11
2 = 𝑒2𝐴0[−𝑑𝑡2  + 𝑑𝑦2 + 𝑒−3𝐴0(−𝜕𝑧𝑤)

−
1
2𝑑𝑢⃗ ⋅ 𝑑𝑢⃗ + 𝑒−3𝐴0(−𝜕𝑧𝑤)

1
2𝑑𝑣 ⋅ 𝑑𝑣 

+(−𝜕𝑧𝑤)(𝑑𝑧 + (𝜕𝑧𝑤)
−1(∇⃗⃗ 𝑢⃗⃗ 𝑤) ⋅ 𝑑𝑢⃗ )

2
]

 

𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴0𝑑𝑦, 𝑒2 = 𝑒𝐴0(−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)

−1(∇⃗⃗ 𝑢⃗⃗ 𝑤) ⋅ 𝑑𝑢⃗ )

𝑒𝑖+2 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)

−
1
4𝑑𝑢𝑖, 𝑒

𝑖+6 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)

1
4𝑑𝑣𝑖, 𝑖 = 1,2,3,4

 

𝐶(3) = −𝑒0 ∧ 𝑒1 ∧ 𝑒2 +
1

3!
𝜖𝑖𝑗𝑘ℓ((𝜕𝑧𝑤)

−1(𝜕𝑢ℓ𝑤)𝑑𝑢
𝑖 ∧ 𝑑𝑢𝑗 ∧ 𝑑𝑢𝑘 − (𝜕𝑣ℓ𝑤)𝑑𝑣

𝑖 ∧ 𝑑𝑣𝑗 ∧ 𝑑𝑣𝑘)  

ℒ𝑢 ≡ ∇𝑢⃗⃗ ⋅ ∇𝑢⃗⃗ , ℒ𝑣 ≡ ∇𝑣⃗ ⋅ ∇𝑣⃗  
ℒ𝑣𝐺0 = (ℒ𝑢𝐺0)(𝜕𝑧𝜕𝑧𝐺0) − (∇𝑢⃗⃗ 𝜕𝑧𝐺0) ⋅ (∇𝑢⃗⃗ 𝜕𝑧𝐺0)  

𝑤 = 𝜕𝑧𝐺0, 𝑒
−3𝐴0(−𝜕𝑧𝑤)

1
2 = ℒ𝑣𝐺0  

𝑒−3𝐴0(𝜕𝑧𝑤)
−
1
2 − (𝜕𝑧𝑤)

−1(∇𝑢⃗⃗ 𝑤) ⋅ (∇𝑢⃗⃗ 𝑤) = −ℒ𝑢𝐺0  

𝑑𝑠11
2 = 𝑒2𝐴0[ −𝑑𝑡2 + 𝑑𝑦2 + (−𝜕𝑧𝑤)(𝑑𝑧 + (𝜕𝑧𝑤)

−1(𝜕𝑢𝑤)𝑑𝑢)
2

+𝑒−3𝐴0(−𝜕𝑧𝑤)
−
1
2(𝑑𝑢2 + 𝑢2𝑑Ω3

2) + 𝑒−3𝐴0(−𝜕𝑧𝑤)
1
2(𝑑𝑣2 + 𝑣2𝑑Ω3

′2)]
 

𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴0𝑑𝑦, 𝑒2 = 𝑒𝐴0(−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)

−1(𝜕𝑢𝑤)𝑑𝑢)

𝑒3 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)

−
1
4𝑑𝑢, 𝑒4 = 𝑒−

1
2
𝐴0(−𝜕𝑧𝑤)

1
4𝑑𝑣

𝑒𝑖+4 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)

−
1
4𝜎𝑖, 𝑒

𝑖+7 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)

1
4𝜎̃𝑖, 𝑖 = 1,2,3

 

𝐶(3) = −𝑒0 ∧ 𝑒1 ∧ 𝑒2 + (𝜕𝑧𝑤)
−1(𝑢3𝜕𝑢𝑤)Vol(𝑆

3) + (𝑣3𝜕𝑣𝑤)Vol(𝑆
′3)  

𝐺0 = −
1

2
𝑧2𝑔̂2(𝑢, 𝑣) + 𝑧𝑔̂1(𝑢, 𝑣) + 𝑔̂0(𝑢, 𝑣)  

ℒ𝑣⃗ 𝑔̂2 + 𝑔̂2ℒ𝑢⃗⃗ 𝑔̂2 − 2(∇⃗⃗ 𝑢⃗⃗ 𝑔̂2)
2
= 0,

ℒ𝑣⃗ 𝑔̂1 + 𝑔̂2ℒ𝑢⃗⃗ 𝑔̂1 − 2(∇⃗⃗ 𝑢⃗⃗ 𝑔̂1) ⋅ (∇⃗⃗ 𝑢⃗⃗ 𝑔̂2) = 0,

ℒ𝑣⃗ 𝑔̂0 + 𝑔̂2ℒ𝑣⃗ 𝑔̂0 − (∇⃗⃗ 𝑢⃗⃗ 𝑔̂1)
2
= 0.

 

ℒ𝑣⃗ 𝑔̂2 − 𝑔̂2
3ℒ𝑢⃗⃗ (𝑔̂2

−1) = 0  

𝑔̂2 =
ℎ2(𝑣 )

ℎ1(𝑢⃗ )
 

𝐺0 = −
1

2
𝑧2
ℎ2(𝑣 )

ℎ1(𝑢⃗ )
+ 𝑔̂0(𝑢, 𝑣)  

1

ℎ1(𝑢⃗ )
ℒ𝑢⃗⃗ 𝑔̂0 +

1

ℎ2(𝑣 )
ℒ𝑣⃗ 𝑔̂0 = 0  

𝑤 = 𝜕𝑧𝐺0 = −𝑧
ℎ2(𝑣 )

ℎ1(𝑢⃗ )
 

𝑒−𝐴0𝑒2 = (−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)

−1(∇⃗⃗ 𝑢⃗⃗ 𝑤) ⋅ 𝑑𝑢⃗ ) = (
ℎ2(𝑣 )

ℎ1(𝑢⃗ )
)

1
2

[𝑑𝑧 −
𝑧

ℎ1(𝑢⃗ )
(∇⃗⃗ 𝑢⃗⃗ ℎ1(𝑢⃗ )) ⋅ 𝑑𝑢⃗ ]

 = (ℎ1(𝑢⃗ )ℎ2(𝑣 ))
1
2 [

𝑑𝑧

ℎ1(𝑢⃗ )
−

𝑧

(ℎ1(𝑢⃗ ))
2 (∇⃗⃗

 
𝑢⃗⃗ ℎ1(𝑢⃗ )) ⋅ 𝑑𝑢⃗ ] = (ℎ1(𝑢⃗ )ℎ2(𝑣 ))

1
2𝑑𝑧̂
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𝑧̂ ≡
𝑧

ℎ1(𝑢⃗ )
 

ℒ𝑢⃗⃗ 𝑔̂0 = −ℎ0(𝑢⃗ , 𝑣 )ℎ1(𝑢⃗ ), ℒ𝑣⃗ 𝑔̂0 = ℎ0(𝑢⃗ , 𝑣 )ℎ2(𝑣 )  
𝑔̂0 = 𝑓2(𝑣 )ℎ1(𝑢⃗ ) − 𝑓1(𝑢⃗ )ℎ2(𝑣 ),  donde  ℒ𝑢⃗⃗ 𝑓1 = ℎ1

2, ℒ𝑣⃗ 𝑓2 = ℎ2
2  

𝐺0 = −
1

2
𝑧2
ℎ2(𝑣 )

ℎ1(𝑢⃗ )
+ 𝑓2(𝑣 )ℎ1(𝑢⃗ ) − 𝑓1(𝑢⃗ )ℎ2(𝑣 )  

𝑤 = −𝑧
ℎ2(𝑣 )

ℎ1(𝑢⃗ )
, 𝑒−3𝐴0 (

ℎ2(𝑣 )

ℎ1(𝑢⃗ )
)

1
2

= ℎ1(𝑢⃗ )ℎ2
2(𝑣 )  ⇒  𝑒−2𝐴0 = ℎ1(𝑢⃗ )ℎ2(𝑣 )

 

𝑑𝑠11
2 = (ℎ1(𝑢⃗ )ℎ2(𝑣 ))

−1(−𝑑𝑡2 + 𝑑𝑦2) + 𝑑𝑧̂2 + ℎ1(𝑢⃗ )𝑑𝑢⃗ ⋅ 𝑑𝑢⃗ + ℎ2(𝑣 )𝑑𝑣 ⋅ 𝑑𝑣  

𝑑𝑠11
2 = 𝑒2𝐴(𝑓1

2𝑑𝑠𝐴𝑑𝑆3
2 + 𝑓2

2𝑑𝑠𝑆3
2 + 𝑓3

2𝑑𝑠𝑆′3
2 + ℎ𝑖𝑗𝑑𝜎

𝑖𝑑𝜎𝑗)

𝐶(3) = 𝑏1𝑒̂
012 + 𝑏2𝑒̂

345 + 𝑏3𝑒̂
678

 

ℎ𝑖𝑗𝑑𝜎
𝑖𝑑𝜎𝑗 =

𝜕𝑤ℎ𝜕𝑤‾ ℎ

ℎ2
|𝑑𝑤|2  

𝜕𝑤𝜕𝑤‾ ℎ = 0  

𝑤 = 𝜉 + 𝑖𝜌 ⇒  𝜕𝑤 =
1

2
(𝜕𝜉 − 𝑖𝜕𝜌), 𝜕𝑤‾ =

1

2
(𝜕𝜉 + 𝑖𝜕𝜌)  

𝜕𝑤‾ (−ℎ̃ + 𝑖ℎ) = 0  

−ℎ̃ + 𝑖ℎ = 𝛽𝑤 = 𝛽(𝜉 + 𝑖𝜌)  

ℎ𝑖𝑗𝑑𝜎
𝑖𝑑𝜎𝑗 =

𝑑𝜉2 + 𝑑𝜌2

4𝜌2
 

𝜕𝑤𝐺 =
1

2
(𝐺 + 𝐺‾)𝜕𝑤log (ℎ)  

𝜕𝜉𝑔1 + 𝜕𝜌𝑔2 = 0, 𝜕𝜉𝑔2 − 𝜕𝜌𝑔1 = −
1

𝜌
𝑔1  

𝜕𝑤Φ = 𝐺‾𝜕𝑤ℎ ⇔ 𝜕𝜉Φ = −𝛽𝑔2, 𝜕𝜌Φ = 𝛽𝑔1  

(𝜕𝜉
2 + 𝜕𝜌

2 −
1

𝜌
𝜕𝜌)Φ  

𝜕𝜉Φ̃ = −
𝛽

𝜌
𝑔1 = −

1

𝜌
𝜕𝜌Φ,𝜕𝜌Φ̃ = −

𝛽

𝜌
𝑔2 =

1

𝜌
𝜕𝜉Φ  

𝜕𝜉
2Φ̃ +

1

𝜌
𝜕𝜌(𝜌𝜕𝜌Φ̃)  

𝑊± ≡ |𝐺 ± 𝑖|2 + 𝛾±1(𝐺𝐺‾ − 1)  

𝛾(𝐺𝐺‾ − 1) ≥ 0  
𝛾 > 0, |𝐺| ≥ 1  

𝑐1 = 𝛾1/2 + 𝛾−1/2 > 0, 𝑐2 = −𝛾1/2 < 0, 𝑐3 = −𝛾−1/2 < 0, 𝜎 = +1  

𝑓1
−2 = 𝛾−1(𝛾 + 1)2(𝐺𝐺‾ − 1), 𝑓2

−2 = 𝑊+, 𝑓3
−2 = 𝑊−  

𝑒6𝐴 = ℎ2(𝐺𝐺‾ − 1)𝑊+𝑊− = 𝛾(𝛾 + 1)−2ℎ2𝑓̂1
−2𝑓2

−2𝑓3
−2  

𝑏1 =
𝜈1

𝑐1
3 [
ℎ(𝐺 + 𝐺‾)

(𝐺𝐺‾ − 1)
+ 𝛾−1(𝛾 + 1)2Φ− (𝛾 − 𝛾−1)ℎ̃]

𝑏2 =
𝜈2

𝑐2
3 [−

ℎ(𝐺 + 𝐺‾)

𝑊+
+ (Φ − ℎ̃)] , 𝑏3 =

𝜈3

𝑐3
3 [
ℎ(𝐺 + 𝐺‾)

𝑊−
− (Φ + ℎ̃)]

 

𝑑𝑠𝐴𝑑𝑆3
2 =

𝑑𝜇2

𝜇2
+ 𝜇2(−𝑑𝑡2 + 𝑑𝑦2)  

𝜇 → 𝜆𝜇, (𝑡, 𝑦) → 𝜆−1(𝑡, 𝑦)  

(𝑢, 𝑣) → √𝜆(𝑢, 𝑣), 𝑧 → 𝜆−1𝑧  

𝑒𝐴0 → 𝜆𝑒𝐴0 , 𝑤 → 𝜆−1𝑤  

𝑢 = √𝜇𝑚1(𝜌, 𝜉), 𝑣 = √𝜇𝑚2(𝜌, 𝜉), 𝑧 = 𝜇−1𝑚3(𝜌, 𝜉),

𝑤 = 𝜇−1𝑚4(𝜌, 𝜉), 𝑒𝐴0 = 𝜇𝑚5(𝜌, 𝜉),
 

𝑒2𝐴𝑓1
2𝜇2 = 𝑒2𝐴0 , 𝑒2𝐴𝑓̂2

2 = 𝑒−𝐴0(−𝜕𝑧𝑤)
−
1
2𝑢2, 𝑒2𝐴𝑓̂3

2 = 𝑒−𝐴0(−𝜕𝑧𝑤)
1
2𝑣2  
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𝑒2𝐴 (𝑓1
2
𝑑𝜇2

𝜇2
+
𝑑𝜉2 + 𝑑𝜌2

4𝜌2
) = 𝑒−𝐴0 ((−𝜕𝑧𝑤)

−
1
2𝑑𝑢2 + (−𝜕𝑧𝑤)

1
2𝑑𝑣2)

 +𝑒2𝐴0(−𝜕𝑧𝑤)(𝑑𝑧 + (−𝜕𝑧𝑤)
−1(𝜕𝑢𝑤)𝑑𝑢)

2

 

𝛾

(1 + 𝛾)2
1

(𝐺𝐺‾ − 1)

𝑑𝜇2

𝜇2
+
𝑑𝜉2 + 𝑑𝜌2

4𝜌2

 =
1

𝑊+

𝑑𝑢2

𝑢2
+

1

𝑊−

𝑑𝑣2

𝑣2
+

1

𝛽2𝜌2(𝐺𝐺‾ − 1)

𝑊+

𝑊−
(𝑢2𝑑𝑧 + (𝜕𝑧𝑤)

−1(𝑢3𝜕𝑢𝑤)
𝑑𝑢

𝑢
)
2 

𝑢2𝑣2 =
𝛽2𝛾

(𝛾 + 1)2
𝜇2𝜌2, (−𝜕𝑧𝑤)

𝑣2

𝑢2
=
𝑊+

𝑊−
, 𝑒𝐴0 =

𝛽√𝛾𝜇𝜌

(𝛾 + 1)
𝑒−2𝐴(𝑊+𝑊−)

1
2  

𝑢 = √𝑎𝜇𝜌𝑒𝛼(𝜌,𝜉), 𝑣 = √𝑎𝜇𝜌𝑒−𝛼(𝜌,𝜉), 𝑧 = 𝜇−1𝑒−2𝛼(𝜌,𝜉)𝑝(𝜌, 𝜉)  

𝑎 ≡
𝛽√𝛾

(𝛾 + 1)
 

(𝜕𝑧𝑤)
−1(𝑢3𝜕𝑢𝑤) = 𝑏2, (𝑣

3𝜕𝑣𝑤) = 𝑏3  
𝛾

(1 + 𝛾)2
1

(𝐺𝐺‾ − 1)

𝑑𝜇2

𝜇2
+
𝑑𝜉2 + 𝑑𝜌2

4𝜌2

 =
1

𝑊+

𝑑𝑢2

𝑢2
+

1

𝑊−

𝑑𝑣2

𝑣2
+

1

𝛽2𝜌2(𝐺𝐺‾ − 1)

𝑊+

𝑊−
(𝑢2𝑑𝑧 + 𝑏2

𝑑𝑢

𝑢
)
2  

𝜕𝜉𝛼 = −
𝜀1
2𝜌

𝑔1, 𝜕𝜌𝛼 =
1

2𝜌
𝑔2, 𝑏2 = 2𝑎𝜌𝑝 +

𝜀2𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 + 𝑔2

𝜕𝜉𝑝 = −
𝜀1𝜀2𝛽

2𝑎𝜌
(𝑔2 − 1), 𝜕𝜌𝑝 = −

1

𝜌
(𝑝 +

𝜀2𝛽

2𝑎
𝑔1)

 

𝛼 = −
1

2𝛽
Φ̃  

𝑝 = −
𝜀2
2𝑎𝜌

(Φ + 𝛽𝜉)  

𝑏2 = 𝜀2 (
𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 + 𝑔2
− (Φ + 𝛽𝜉)) = 𝜀2 (

ℎ(𝐺 + 𝐺‾)

𝑊+
− (Φ − ℎ̃))  

𝛾 = 1, 𝑢 = (
1

2
𝛽𝜇𝜌)

1
2
𝑒
−
1
2𝛽

Φ̃
, 𝑣 = (

1

2
𝛽𝜇𝜌)

1
2
𝑒
+
1
2𝛽
Φ̃
, 𝑧 = −

𝜀2
𝛽𝜌𝜇

𝑒
1
𝛽
Φ̃
(Φ + 𝛽𝜉)  

𝜕𝑧𝑤 = −
𝑔1
2 + 𝑔2

2 + 𝑔2

𝑔1
2 + 𝑔2

2 − 𝑔2
𝑒
−
2
𝛽
Φ̃
, (𝜕𝑧𝑤)

−1(𝑢3𝜕𝑢𝑤) = 𝑏2, (𝑣
3𝜕𝑣𝑤) = 𝑏3  

𝑑𝑤 = (𝜕𝑧𝑤)𝑑𝑧 + (𝜕𝑢𝑤)𝑑𝑢 + (𝜕𝑣𝑤)𝑑𝑣 = 𝑑 [
𝜀2
𝛽𝜌𝜇

𝑒
−
1
𝛽
Φ̃
(Φ − 𝛽𝜉)]  

𝑤 =
𝜀2
𝛽𝜌𝜇

𝑒
−
1
𝛽
Φ̃
(Φ − 𝛽𝜉)  

𝑏3 = 𝜀2 (
𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 − 𝑔2
− (Φ − 𝛽𝜉)) = 𝜀2 (

ℎ(𝐺 + 𝐺‾)

𝑊−
− (Φ + ℎ̃))  

𝑢2𝑧 = −
1

2
𝜀2(Φ + 𝛽𝜉), 𝑣2𝑤 =

1

2
𝜀2(Φ − 𝛽𝜉)  

Φ → −Φ, Φ̃ → −Φ̃  ⇒  𝑢 ↔ 𝑣, 𝑧 ↔ 𝑤  

𝜔 ≡ 𝑒3𝐴0(−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)

−1(𝜕𝑢𝑤)𝑑𝑢)  

𝜔 =
𝑊+𝜇

2

4(𝐺𝐺‾ − 1)
(𝑢2𝑑𝑧 + (𝜕𝑧𝑤)

−1(𝑢3𝜕𝑢𝑤)
𝑑𝑢

𝑢
)

 =
𝜀2
4
[(

𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 − 1
+ 2Φ)𝜇𝑑𝜇 − 𝑑(𝜇2Φ)]

 =
𝜀2
8
[(
ℎ(𝐺 + 𝐺‾)

(𝐺𝐺‾ − 1)
+ 4Φ)𝜇𝑑𝜇 − 𝑑(2𝜇2Φ)] =

𝜀2
𝜈1
𝑏1𝜇𝑑𝜇 −

𝜀2
4
𝑑(𝜇2Φ)
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𝑏1 =
𝜈1
4
(

𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 − 1
+ 2Φ)  

𝐶𝑡𝑦𝑧
(3)

= −𝑒0 ∧ 𝑒1 ∧ 𝑒2 = −𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝜔 = −
𝜀2
𝜈1
𝑏1𝜇𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝜇 +

𝜀2
4
𝑑(𝜇2Φ𝑑𝑡 ∧ 𝑑𝑦)  

𝐶𝑡𝑦𝑧
(3)

= 𝑏1𝜇𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝜇  

𝑒0 =
𝜇𝑒𝐴

2√𝐺𝐺‾ − 1
𝑑𝑡, 𝑒1 =

𝜇𝑒𝐴

2√𝐺𝐺‾ − 1
𝑑𝑦

𝑒2 =
𝜀2𝑒

𝐴

𝜌√(𝐺𝐺‾ − 1)𝑊+𝑊−
(𝜌𝑔1

𝑑𝜇

𝜇
+ (𝐺𝐺‾ − 1)(𝑔2𝑑𝜉 − 𝑔1𝑑𝜌)) ,

𝑒3 =
𝑒𝐴

2√𝑊+

(
𝑑𝜇

𝜇
+
𝑑𝜌

𝜌
+
1

𝜌
(𝑔1𝑑𝜉 + 𝑔2𝑑𝜌)) ,

𝑒4 =
𝑒𝐴

2√𝑊−
(
𝑑𝜇

𝜇
+
𝑑𝜌

𝜌
−
1

𝜌
(𝑔1𝑑𝜉 + 𝑔2𝑑𝜌)) ,

𝑒𝑖+4 =
𝑒𝐴

2√𝑊+

𝜎𝑖, 𝑒
𝑖+7 =

𝑒𝐴

2√𝑊−
𝜎̃𝑖, 𝑖 = 1,2,3

 

𝜕𝜉𝑏1 = 𝜀2𝜕𝜉 [−
𝛽𝜌𝑔1

4(𝐺𝐺‾ − 1)
] +

1

2
𝜀2𝛽𝑔2, 𝜕𝜌𝑏1 = 𝜀2𝜕𝜌 [−

𝛽𝜌𝑔1

4(𝐺𝐺‾ − 1)
] −

1

2
𝜀2𝛽𝑔1,

𝜕𝜉𝑏2 = 𝜀2𝜕𝜉 [−
2𝛽𝜌𝑔1
𝑊+

+ 𝛽𝜉] − 𝜀2𝛽𝑔2, 𝜕𝜌𝑏2 = 𝜀2𝜕𝜌 [−
2𝛽𝜌𝑔1
𝑊+

+ 𝜀2𝛽𝜉] + 𝜀2𝛽𝑔1,

𝜕𝜉𝑏3 = 𝜀2𝜕𝜉 [−
2𝛽𝜌𝑔1
𝑊−

− 𝛽𝜉] − 𝜀2𝛽𝑔2, 𝜕𝜌𝑏3 = 𝜀2𝜕𝜌 [−
2𝛽𝜌𝑔1
𝑊−

− 𝛽𝜉] + 𝜀2𝛽𝑔1.

 

𝑏1 = −𝜀2 (
𝛽𝜌𝑔1

4(𝐺𝐺‾ − 1)
+
1

2
Φ) , 𝑏2 = −𝜀2 (

2𝛽𝜌𝑔1
𝑊+

− (Φ + 𝛽𝜉)) , 𝑏3 = −𝜀2 (
2𝛽𝜌𝑔1
𝑊−

− (Φ − 𝛽𝜉)) 

Γ012𝜀 = 𝜂1𝜀, Γ
013567𝜀 = 𝜂2𝜀, Γ

0148910𝜀 = −𝜂1𝜂2𝜀  

𝑏1 = 𝜀2𝜂1 (
𝛽𝜌𝑔1

4(𝐺𝐺‾ − 1)
+
1

2
Φ) , 𝑏2 = 𝜀2𝜂1𝜂2 (

2𝛽𝜌𝑔1
𝑊+

− (Φ + 𝛽𝜉))

𝑏3 = −𝜀2𝜂2 (
2𝛽𝜌𝑔1
𝑊−

− (Φ − 𝛽𝜉))

 

𝜂1 = −1, 𝜂2 = +1, 𝜀2 = +1  

𝑑𝑠𝐼𝐼𝐵
2 = √ℎ11 [−𝑒

3𝐴𝑑𝑡2 + 𝑒3𝐴ℎ𝑎𝑏𝑑𝑟
𝑎𝑑𝑟𝑏 +

𝑒−3𝐴

detℎ
𝑑𝑤2

2 + 𝑑𝒚6
2]

𝑒2𝜙 =
ℎ11
2

detℎ
, 𝐶0 = −

ℎ12
ℎ11

, 𝐵2 = 𝑒3𝐴ℎ1𝑎𝑑𝑡 ∧ 𝑑𝑟
𝑎 , 𝐶2 = 𝑒3𝐴ℎ2𝑎𝑑𝑡 ∧ 𝑑𝑟

𝑎

 

ℎ𝑎𝑏 =
1

2
𝜕𝑎𝜕𝑏𝐾(𝑟

1, 𝑟2, 𝒚)  

Δ𝑦𝐾 + 2𝑒−3𝐴 = 0  

𝑟1 → 𝑧, 𝑟2 → 𝑢1, 𝑤2 → 𝑢2, 𝑦1 → 𝑢3, 𝑦2 → 𝑦, 𝑦3,4,5,6 → 𝑣3,4,5,6  

𝑑𝑠2 =
1

√detℎ
(−𝑑𝑡2 + 𝑑𝑦2) +

√detℎ

ℎ11
(𝑑𝑢2

2 + 𝑑𝑢3
2) + √detℎ(𝑒3𝐴ℎ𝑎𝑏𝑑𝑟

𝑎𝑑𝑟𝑏 + 𝑑𝑠ℝ4
2 )

𝑒2𝜙 =
√detℎ

ℎ11
, 𝐵2 =

ℎ12
ℎ11

𝑑𝑢2 ∧ 𝑑𝑢3

𝐶3 = 𝑒3𝐴ℎ1𝑎𝑑𝑡 ∧ 𝑑𝑟
𝑎 ∧ 𝑑𝑦 −

𝑣3

2
𝜕𝑣𝜕𝑧𝐾𝑑Ω3

′

𝐶5 =
1

ℎ11
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦 +

𝑣3

2
(
ℎ12
ℎ11

𝜕𝑣𝜕𝑧𝐾 − 𝜕𝑣𝜕𝑢1𝐾)𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′
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𝑑𝑠11
2  = 𝑒

−2𝜙
3 𝑑𝑠10

2 + 𝑒
4𝜙
3 (𝑑𝑥 + 𝐶1)

2

𝐶3
′  = 𝐶3 + 𝐵2 ∧ 𝑑𝑥

 

𝑑𝑠11
2 =

ℎ11
1/3

(detℎ)2/3
(−𝑑𝑡2 + 𝑑𝑦2) +

(detℎ)1/3

ℎ11
2/3

(𝑑𝑢2
2 + 𝑑𝑢3

2 + 𝑑𝑢4
2)

 +(detℎ)1/3ℎ11
1/3
(𝑒3𝐴ℎ𝑎𝑏𝑑𝑟

𝑎𝑑𝑟𝑏 + 𝑑𝑠ℝ4
2 )

𝐶3 =
ℎ11
detℎ

𝑑𝑡 ∧ 𝑑𝑧 ∧ 𝑑𝑦 +
ℎ12
detℎ

𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑦 −
ℎ12
ℎ11

𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑢4 −
𝑣3

2
𝜕𝑣𝜕𝑧𝐾𝑑Ω3

′

 

𝑑𝑠11
2 =

ℎ11
1/3

(detℎ)2/3
(−𝑑𝑡2 + 𝑑𝑦2) +

(detℎ)1/3

ℎ11
2/3

(𝑑𝑢1
2 + 𝑑𝑢2

2 + 𝑑𝑢3
2 + 𝑑𝑢4

2)

 +
ℎ11
4/3

(detℎ)2/3
(𝑑𝑧 +

ℎ12
ℎ11

𝑑𝑢1)
2

+ (detℎ)1/3ℎ11
1/3(𝑑𝑣2 + 𝑣2𝑑Ω3

′2)

 

𝑑𝑠11
2 = 𝑒2𝐴0(−𝑑𝑡2 + 𝑑𝑦2) + 𝑒−𝐴0(−𝜕𝑧𝑤)

−
1
2(𝑑𝑢1

2 + 𝑑𝑢2
2 + 𝑑𝑢3

2 + 𝑑𝑢4
2)

 +𝑒2𝐴0(−𝜕𝑧𝑤)(𝑑𝑧 + (𝜕𝑧𝑤)
−1(𝜕𝑢1𝑤)𝑑𝑢1)

2
+ 𝑒−𝐴0(−𝜕𝑧𝑤)

1
2(𝑑𝑣2 + 𝑣2𝑑Ω3

′2)

𝐶(3) = −𝑒3𝐴0(−𝜕𝑧𝑤)
1
2𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑧 + 𝑒3𝐴0(−𝜕𝑧𝑤)

−
1
2(𝜕𝑥1𝑤)𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑥1

 +(−𝜕𝑧𝑤)
−1(𝜕𝑢1𝑤)𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑢4 + (𝑣3𝜕𝑣𝑤)𝑑Ω3

′

 

𝑒2𝐴0 =
ℎ11
1/3

(detℎ)2/3
, ℎ11 = −𝜕𝑧𝑤, ℎ12 = −𝜕𝑢1𝑤

 

𝑡 = 𝜂0, 𝑦 = 𝜂1, 𝑧 = 𝜂2, 𝑢⃗ , 𝑣  constante  

𝐶𝑡𝑦𝑧
(3)

= −𝑒0 ∧ 𝑒1 ∧ 𝑒2  

𝜌 = 𝑘1𝜇
−1, Φ̃(𝜉, 𝜌) = 𝑘2  

𝑡 = 𝜂0, 𝑦 = 𝜂1, 𝜇 = 𝑒𝜂2 , 𝜉 = 𝜎1(𝜂2), 𝜌 = 𝜎2(𝜂2)  

𝑑𝑠̂3
2 = 𝑒2𝐴 [𝑓1

2 (𝑑𝜂2
2 + 𝑒2𝜂2(−𝑑𝜂0

2 + 𝑑𝜂1
2)) +

(𝜎1
′)2 + (𝜎2

′)2

4𝜎2
2 𝑑𝜂2

2]  

ℒ𝐷𝐵𝐼 = 𝑒3𝐴𝑓1
2𝑒2𝜂2 (𝑓1

2 +
(𝜎1

′)2 + (𝜎2
′)2

4𝜎2
2 )

1
2

 = ℎ𝑓1
2𝑒2𝜂2 [(𝐺𝐺‾ − 1)𝑊+𝑊− (𝑓1

2 +
(𝜎1

′)2 + (𝜎2
′)2

4𝜎2
2 )]

1
2

 

(𝜎1
′)2 + (𝜎2

′)2

𝜎2
2 =

𝑔1
2 + 𝑔2

2

𝑔1
2

 

[(𝐺𝐺‾ − 1)𝑊+𝑊− (𝑓1
2 +

(𝜎1
′)2 + (𝜎2

′)2

4𝜎2
2 )] = (

𝑊+𝑊−
4𝑔1

)
2

 

ℒ𝐷𝐵𝐼 = 𝑒2𝜂2
𝛽𝜎2((𝑔1

2 + 𝑔2
2)2 − 𝑔2

2)

4𝑔1(𝑔1
2 + 𝑔2

2 − 1)
 

𝐶̂(3) = 𝑏1𝑒
2𝜂2𝑑𝜂0 ∧ 𝑑𝜂1 ∧ 𝑑𝜂2  

𝐶̃(3) = 𝑒2𝜂2(𝑏1 + 2Λ + (𝜕𝜉Λ)𝜎1
′ + (𝜕𝜌Λ)𝜎2

′)𝑑𝜂0 ∧ 𝑑𝜂1 ∧ 𝑑𝜂2  

𝐶̃(3) = 𝑒2𝜂2
𝜈1

𝑐1
3 [
ℎ(𝐺 + 𝐺‾)

(𝐺𝐺‾ − 1)
− 2(𝜕𝜉Φ)𝜎1

′ − 2(𝜕𝜌Φ)𝜎2
′] 𝑑𝜂0 ∧ 𝑑𝜂1 ∧ 𝑑𝜂2

 = 𝜈1𝑒
2𝜂2

𝛽𝜎2
4
[

𝑔1
(𝑔1

2 + 𝑔2
2 − 1)

+ 𝑔2
𝜎1
′

𝜎2
− 𝑔1

𝜎2
′

𝜎2
] 𝑑𝜂0 ∧ 𝑑𝜂1 ∧ 𝑑𝜂2

 

𝜎2 = 𝑘1𝑒
−𝜂2 ,

𝜎1
′

𝜎2
=
𝑔2
𝑔1

 

𝑔1𝜎1
′ + 𝑔2𝜎2

′ = 0 ⇔ 𝜕𝜉Φ̃𝜎1
′ + 𝜕𝜌Φ̃𝜎2

′ = 0  
𝜂0 = 𝑡, 𝜂1 = −𝑢1, 𝜂2 = 𝑢2, 𝜂3 = 𝑢3, 𝜂4 = 𝑦  
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𝑑𝑠̃5
2 =

1

√detℎ
(−𝑑𝑡2 + 𝑑𝑦2) +

ℎ22

√detℎ
𝑑𝑢1

2 +
√detℎ

ℎ11
(𝑑𝑢2

2 + 𝑑𝑢3
2)  

𝐵̃2 =
ℎ12
ℎ11

𝑑𝑢2 ∧ 𝑑𝑢3

𝐶̃3 = −
ℎ12
detℎ

𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑦

𝐶̃5 = −
1

ℎ11
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 

𝑆𝐷𝐵𝐼  = −𝑇4∫  𝑑5𝜎𝑒−𝜙√−det(𝐺̃𝛼𝛽 + 𝐹𝛼𝛽 + 𝐵̃𝛼𝛽) = −𝑇4∫  𝑑5𝜎
ℎ22
detℎ

𝑆𝑊𝑍  = −𝑇4∫  𝑒𝐵̃2+𝐹̃2 ∧⊕𝑛 𝐶̃𝑛 = 𝑇4∫  𝑑5𝜎
ℎ22
detℎ

 

ℎ = −𝑖𝑤 + 𝑖𝑤‾ , 𝐺 = ± [𝑖 +∑  

𝑛+1

𝑎=1

 
𝜁𝑎Im(𝑤)

(𝑤‾ − 𝜉𝑎)|𝑤 − 𝜉𝑎|
]  

𝑔1 = ±∑  

𝑛+1

𝑎=1

 
𝜁𝑎𝜌(𝜉 − 𝜉𝑎)

((𝜉 − 𝜉𝑎)
2 + 𝜌2)

3
2

, 𝑔2 = ±[1 +∑  

𝑛+1

𝑎=1

 
𝜁𝑎𝜌

2

((𝜉 − 𝜉𝑎)
2 + 𝜌2)

3
2

]  

Φ̃ = ±2 [−log 𝜌 +∑  

𝑛+1

𝑎=1

 
𝜁𝑎

√(𝜉 − 𝜉𝑎)
2 + 𝜌2

] , Φ = ∓2[𝜉 +∑  

𝑛+1

𝑎=1

 
𝜁𝑎(𝜉 − 𝜉𝑎)

√(𝜉 − 𝜉𝑎)
2 + 𝜌2

]  

𝑑𝑠11 = −𝑒2𝐴0𝑑𝑡2 + 𝑒2𝐴1(𝑑𝑦 − 𝑃𝑑𝑡)2 +𝑒2𝐴2𝑑𝑢2 + 𝑒2𝐴3𝑑𝑣2 + 𝑢2𝑒2𝐴4𝑑Ω3
2 + 𝑣2𝑒2𝐴5𝑑Ω3

′2

 +𝑒2𝐴6(𝑑𝑧 + 𝐵1𝑑𝑢)
2  

𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴1(𝑑𝑦 − 𝑃𝑑𝑡), 𝑒2 = 𝑒𝐴6(𝑑𝑧 + 𝐵1𝑑𝑢),

𝑒3 = 𝑒𝐴2𝑑𝑢, 𝑒4 = 𝑒𝐴3𝑑𝑣, 𝑒𝑖+4 = 𝑢𝑒𝐴4𝜎𝑖, 𝑒
𝑖+7 = 𝑣𝑒𝐴5𝜎̃𝑖, 𝑖 = 1,2,3

 

Γ01𝜀 = −𝜀, Γ012𝜀 = −𝜀, Γ013456𝜀 = 𝜀  

Γ0178910𝜀 = −𝜀  

𝛿𝜓𝜇 ≡ ∇𝜇𝜖 +
1

288
(Γ𝜇

𝜈𝜌𝜆𝜎
− 8𝛿𝜇

𝜈Γ𝜌𝜆𝜎)𝐹𝜈𝜌𝜆𝜎𝜖  

𝑃 ≡ 1 − 𝑒𝐴0−𝐴1  

𝐴̂0 ≡
1

2
(𝐴0 + 𝐴1), 𝐴̂1 ≡

1

2
(𝐴0 − 𝐴1)  

𝑑𝑠11 = 𝑒2𝐴̂0[ −𝑒2𝐴̂1𝑑𝑡2 + 𝑒−2𝐴̂1(𝑑𝑦 + (𝑒2𝐴̂1 − 1)𝑑𝑡)
2
+ (−𝜕𝑧𝑤)(𝑑𝑧 + (𝜕𝑧𝑤)

−1(𝜕𝑢𝑤)𝑑𝑢)
2

+𝑒−3𝐴̂0(−𝜕𝑧𝑤)
−
1
2(𝑑𝑢2 + 𝑢2𝑑Ω3

2) + 𝑒−3𝐴̂0(−𝜕𝑧𝑤)
1
2(𝑑𝑣2 + 𝑣2𝑑Ω′2)]

 

𝑒0 = 𝑒 𝐴̂0+𝐴̂1𝑑𝑡, 𝑒1 = 𝑒 𝐴̂0−𝐴̂1(𝑑𝑦 + (𝑒2𝐴̂1 − 1)𝑑𝑡)

𝑒2 = 𝑒 𝐴̂0(−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)

−1(𝜕𝑢𝑤)𝑑𝑢)

𝑒3 = 𝑒−
1
2
𝐴̂0(−𝜕𝑧𝑤)

−
1
4𝑑𝑢, 𝑒4 = 𝑒−

1
2
𝐴̂0(−𝜕𝑧𝑤)

1
4𝑑𝑣,

𝑒𝑖+4 =
1

2
𝑢𝑒−

1
2
𝐴̂0(−𝜕𝑧𝑤)

−
1
4𝜎𝑖, 𝑒

𝑖+7 =
1

2
𝑣𝑒−

1
2
𝐴̂0(−𝜕𝑧𝑤)

1
4𝜎̃𝑖, 𝑖 = 1,2,3

 

𝐶(3) = −𝑒0 ∧ 𝑒1 ∧ 𝑒2 + (𝜕𝑧𝑤)
−1(𝑢3𝜕𝑢𝑤)Vol(𝑆

3) + (𝑣3𝜕𝑣𝑤)Vol(𝑆
′3)  

𝐹1 ≡ (−𝜕𝑧𝑤)
1
2𝑒−3𝐴̂0 , 𝐹2 ≡ (−𝜕𝑧𝑤)

−
1
2𝑒−3𝐴̂0 + (−𝜕𝑧𝑤)

−1(𝜕𝑢𝑤)
2  

ℒ(𝐻) = 𝑒2𝐴̂0(−𝜕𝑧𝑤)
−
1
2 [(−𝜕𝑧𝑤)

1

𝑢3
𝜕𝑢(𝑢

3𝜕𝑢𝐻) +
1

𝑣3
𝜕𝑣(𝑣

3𝜕𝑣𝐻) + 2(𝜕𝑢𝑤)𝜕𝑢𝜕𝑧𝐻

+((−𝜕𝑧𝑤)
−
1
2𝑒−3𝐴̂0 + (−𝜕𝑧𝑤)

−1(𝜕𝑢𝑤)
2))𝜕𝑧

2𝐻]
 

ℒ(𝑒−2𝐴̂1) = 0  
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𝑑𝑠11
2 = 𝑒2𝐴[𝑓̂1

2 (
𝑑𝜇2

𝜇2
+ 𝜇2 (−𝑒2𝐴̂1𝑑𝑡2 + 𝑒−2𝐴̂1(𝑑𝑦 + (𝑒2𝐴̂1 − 1)𝑑𝑡)

2
))

+𝑓2
2𝑑𝑠𝑆3

2 + 𝑓3
2𝑑𝑠𝑆′3

2 +
𝑑𝜉2 + 𝑑𝜌2

4𝜌2
]

 

ℒ(𝐻) = 4𝑒−𝐴 [(𝐺𝐺‾ − 1)
1

𝜇
𝜕𝜇(𝜇

3𝜕𝜇𝐻) +
1

𝜌
𝜕𝜌(𝜌

3𝜕𝜌𝐻) + 𝜌2𝜕𝜉
2𝐻]  

1

𝜌
𝜕𝜌(𝜌

3𝜕𝜌𝐾) + 𝜌2𝜕𝜉
2𝐾 + 𝑝(𝑝 + 2)(𝐺𝐺‾ − 1)𝐾  

𝐾 =
𝑐1
𝑢2
+
𝑐2
𝑣2

=
2

𝛽𝜌
(𝑐1𝑒

1
𝛽
Φ̃
+ 𝑐2𝑒

−
1
𝛽
Φ̃
)  

(𝑢2 + 𝑣2)−3 ∼ 𝜇−3𝜌−3  
1

𝜌3
𝜕𝜌(𝜌

3𝜕𝜌𝐾) + 𝜕𝜉
2𝐾 +

𝑝(𝑝 + 2)

𝜌2
(𝐺𝐺‾ − 1)𝐾  

ℒ4(𝐾) ≡
1

𝜌3
𝜕𝜌(𝜌

3𝜕𝜌𝐾) + 𝜕𝜉
2𝐾  

𝑑𝑠5
2 ≡ 𝑑𝜌2 + 𝜌2𝑑Ω3

2 + 𝑑𝜉2  

ℒ4 (
1

(𝜌2 + 𝜉2)
3
2

)  

𝑝(𝑝 + 2)

𝜌2
(𝐺𝐺‾ − 1) ∼

𝑐0

(𝜌2 + 𝜉2)
3
2

 

𝐾 =
𝑄

(𝜌2 + 𝜉2)
3
2

(1 −
𝑐0
4

1

√𝜌2 + 𝜉2
+⋯)  

𝑒−2𝐴̂1 = 𝑉0 + 𝑉1𝜇
−2  

𝑉0 = 1 +∑  

𝑚

𝑎=1

 
𝑘𝑎

((𝜉 − 𝜉̃𝑎)
2
+ 𝜌2)

3
2

, 𝑉1 = 𝑞0 +∑  

𝑚′

𝑎=1

 
𝑞𝑎

((𝜉 − 𝜉̂𝑎)
2
+ 𝜌2)

3
2

 

𝑒−2𝐴̂1 = 1 + 𝛼 + 𝑄𝜇−2  

𝑑𝜇2

𝜇2
+ 𝜇2 (−𝑒2𝐴̂1𝑑𝑡2 + 𝑒−2𝐴̂1(𝑑𝑦 + (𝑒2𝐴̂1 − 1)𝑑𝑡)

2
)

 =
𝑑𝜇2

𝜇2
−

𝜇4

𝑄 + 𝜇2
𝑑𝑡2 + (𝑄 + 𝜇2) (𝑑𝑦 −

𝑄

𝑄 + 𝜇2
𝑑𝑡)

2

 =
𝑑𝜇2

𝜇2
+ 𝜇2(−𝑑𝑡2 + 𝑑𝑦2) + 𝑄(𝑑𝑦 − 𝑑𝑡)2

 

𝑑𝑠11
2 = 𝑒2𝛼0(−𝑑𝑡2 + 𝑑𝑦2) + 𝑒2𝛼1𝑑Ω3

2 + 𝑒2𝛼2𝑑Ω3
′2 + 𝑔𝑖𝑗𝑑𝑧

𝑖𝑑𝑧𝑗  

𝑑𝑠3
2 = 𝑔𝑖𝑗𝑑𝑧

𝑖𝑑𝑧𝑗 = 𝑒2𝛼3𝑑𝑧2 + 𝑒2𝛼4𝑑𝑢2 + 𝑒2𝛼5𝑑𝑣2  

𝑒0 = 𝑒𝛼0𝑑𝑡, 𝑒1 = 𝑒𝛼0𝑑𝑦, 𝑒2 = 𝑒𝛼1𝑑𝑧 𝑒3 = 𝑒𝛼2𝑑𝑢, 𝑒4 = 𝑒𝛼3𝑑𝑣,

𝑒𝑖+4 = 𝑒𝛼4𝜎𝑖, 𝑒𝑖+7 = 𝑒𝛼5𝜎̃𝑖, 𝑖 = 1,2,3
 

Γ012𝜀 = −𝜀, Γ013567𝜀 = 𝜀, Γ0148910𝜀 = −𝜀  
𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴0𝑑𝑦, 𝑒2 = 𝑒𝐴1(𝑑𝑧 + 𝐵1𝑑𝑢 + 𝐵2𝑑𝑣)

𝑒3 = 𝑒𝐴2𝑑𝑢, 𝑒4 = 𝑒𝐴3𝑑𝑣, 𝑒𝑖+4 = 𝑢𝑒𝐴4𝜎𝑖, 𝑒
𝑖+7 = 𝑣𝑒𝐴5𝜎̃𝑖, 𝑖 = 1,2,3

 

𝐵2 ≡ 0  
𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴0𝑑𝑦, 𝑒2 = 𝑒𝐴1(𝑑𝑧 + 𝐵1𝑑𝑢),

𝑒3 = 𝑒𝐴2𝑑𝑢, 𝑒4 = 𝑒𝐴3𝑑𝑣, 𝑒𝑖+4 = 𝑢𝑒𝐴4𝜎𝑖, 𝑒
𝑖+7 = 𝑣𝑒𝐴5𝜎̃𝑖, 𝑖 = 1,2,3

 

𝑑𝑠11
2 = 𝑒2𝐴0(−𝑑𝑡2 + 𝑑𝑦2)  + 𝑒2𝐴2𝑑𝑢2 + 𝑒2𝐴3𝑑𝑣2 + 𝑢2𝑒2𝐴4𝑑Ω3

2 + 𝑣2𝑒2𝐴5𝑑Ω3
′2

 +𝑒2𝐴1(𝑑𝑧 + 𝐵1𝑑𝑢)
2  
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𝐹(4) =𝑒0 ∧ 𝑒1 ∧ (𝑏1𝑒
2 ∧ 𝑒3 + 𝑏2𝑒

2 ∧ 𝑒4 + 𝑏3𝑒
3 ∧ 𝑒4)

 +(𝑏4𝑒
2 + 𝑏5𝑒

3 + 𝑏6𝑒
4) ∧ 𝑒5 ∧ 𝑒6 ∧ 𝑒7 + (𝑏7𝑒

2 + 𝑏8𝑒
3 + 𝑏9𝑒

4) ∧ 𝑒8 ∧ 𝑒9 ∧ 𝑒10
 

𝜖 = 𝑒
1
2
𝐴0𝜖0  

𝜕𝑢(𝐴5 − 𝐴3) = 𝜕𝑧(𝐴5 − 𝐴3) = 0, 𝜕𝑣(𝐴4 − 𝐴2) = 𝜕𝑧(𝐴4 − 𝐴2)  
𝐴4 = 𝐴2, 𝐴5 = 𝐴3  

𝑑𝑠11
2 = 𝑒2𝐴0(−𝑑𝑡2 + 𝑑𝑦2)  + 𝑒2𝐴2(𝑑𝑢2 + 𝑢2𝑑Ω3

2) + 𝑒2𝐴3(𝑑𝑣2 + 𝑣2𝑑Ω′2)

 +𝑒2𝐴1(𝑑𝑧 + 𝐵1𝑑𝑢)
2  

𝐴3 = −(𝐴0 + 𝐴2)  
𝐴1 = −2𝐴2  

𝑑𝑠11
2 = 𝑒2𝐴0[(−𝑑𝑡2 + 𝑑𝑦2) +𝑒2(𝐴2−𝐴0)(𝑑𝑢2 + 𝑢2𝑑Ω3

2) + 𝑒−2(𝐴2+2𝐴0)(𝑑𝑣2 + 𝑣2𝑑Ω3
′
3

2
)

+𝑒−2(𝐴0+2𝐴2)(𝑑𝑧 + 𝐵1𝑑𝑢)
2]

 

𝜕𝑧(𝐵1𝑒
−2(𝐴0+2𝐴2)) = 𝜕𝑢(𝑒

−2(𝐴0+2𝐴2))  

𝐵1𝑒
−2(𝐴0+2𝐴2) = −𝜕𝑢𝑤, 𝑒

−2(𝐴0+2𝐴2) = −𝜕𝑧𝑤  

𝐵1 = (𝜕𝑧𝑤)
−1𝜕𝑢𝑤, 𝑒

−2(𝐴0+2𝐴2) = −𝜕𝑧𝑤  

𝐹1 ≡ (−𝜕𝑧𝑤)
1
2𝑒−3𝐴0 , 𝐹2 ≡ (−𝜕𝑧𝑤)

−
1
2𝑒−3𝐴0 + (−𝜕𝑧𝑤)

−1(𝜕𝑢𝑤)
2  

𝐻1 ≡ ℒ𝑣𝑤 − 𝜕𝑧𝐹1, 𝐻2 ≡ ℒ𝑢𝑤 + 𝜕𝑧𝐹2  
𝜕𝑧𝐻1 = 𝜕𝑢𝐻1 = 𝜕𝑧𝐻2 = 𝜕𝑣𝐻2 = 0  
𝑤 = 𝜕𝑧𝐺0, 𝐹1 = ℒ𝑣𝐺0, 𝐹2 = −ℒ𝑢𝐺0  
ℒ𝑣𝐺0 = (𝜕𝑧

2𝐺0)(ℒ𝑢𝐺0) − (𝜕𝑢𝜕𝑧𝐺0)
2  

(
𝜕𝐹

𝜕𝜂
)
𝜁,𝜉

 

𝑑𝑤 = (
𝜕𝑤

𝜕𝑧
)
𝑢⃗⃗ ,𝑣⃗ 
𝑑𝑧 + (

𝜕𝑤

𝜕𝑢𝑖
)
𝑧,𝑣⃗ 

𝑑𝑢𝑖 + (
𝜕𝑤

𝜕𝑣𝑖
)
𝑧,𝑢⃗⃗ 

𝑑𝑣𝑖  

(
𝜕𝑧

𝜕𝑢𝑖
)
𝑤,𝑣⃗ 

= −((
𝜕𝑤

𝜕𝑧
)
𝑢⃗⃗ ,𝑣⃗ 
)

−1

(
𝜕𝑤

𝜕𝑢𝑖
)
𝑧,𝑣⃗ 

, (
𝜕𝑧

𝜕𝑣𝑖
)
𝑤,𝑢⃗⃗ 

= −((
𝜕𝑤

𝜕𝑧
)
𝑢⃗⃗ ,𝑣⃗ 
)

−1

(
𝜕𝑤

𝜕𝑣𝑖
)
𝑧,𝑢⃗⃗ 
(𝔻,

 

(
𝜕𝑧

𝜕𝑤
)
𝑢⃗⃗ ,𝑣⃗ 

= ((
𝜕𝑤

𝜕𝑧
)
𝑢⃗⃗ ,𝑣⃗ 
)

−1

 

𝑒2 = (−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)

−1(∇⃗⃗ 𝑢⃗⃗ 𝑤) ⋅ 𝑑𝑢⃗ )

 = −(−𝜕𝑧𝑤)
−
1
2 ((𝜕𝑧𝑤)𝑑𝑧 + (∇⃗⃗ 𝑢⃗⃗ 𝑤) ⋅ 𝑑𝑢⃗ ) = −(−𝜕𝑧𝑤)

−
1
2(𝑑𝑤 − (∇⃗⃗ 𝑣⃗ 𝑤) ⋅ 𝑑𝑣 )

= −((−𝜕𝑤𝑧)𝑢⃗⃗ ,𝑣⃗ )
1
2 (𝑑𝑤 + ((

𝜕𝑧

𝜕𝑤
)
𝑣⃗ ,𝑢⃗⃗ 
)

−1

(
𝜕𝑧

𝜕𝑣𝑖
)
𝑤,𝑣⃗ 

)𝑑𝑣𝑖)

 = −(−𝜕𝑤𝑧)
1
2(𝑑𝑤 + (𝜕𝑤𝑧)

−1(∇⃗⃗ 𝑣⃗ 𝑧) ⋅ 𝑑𝑣 )

 

𝐶(3) = −𝑒0 ∧ 𝑒1 ∧ 𝑒2 +
1

3!
𝜖𝑖𝑗𝑘ℓ(−(𝜕𝑢ℓ𝑧)𝑑𝑢

𝑖 ∧ 𝑑𝑢𝑗 ∧ 𝑑𝑢𝑘 + (𝜕𝑤𝑧)
−1(𝜕𝑣ℓ𝑧)𝑑𝑣

𝑖 ∧ 𝑑𝑣𝑗 ∧ 𝑑𝑣𝑘)  

𝑑𝑠2 = 𝐺𝑥𝑥(𝑑𝑥 + 𝐴𝜇𝑑𝑥
𝜇)

2
+ 𝑔̂𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 ,

𝐵2 = 𝐵𝜇𝑥𝑑𝑥
𝜇 ∧ (𝑑𝑥 + 𝐴𝜇𝑑𝑥

𝜇) + 𝐵̂2,

𝐶𝑝 = 𝐶(𝑝−1)𝑥 ∧ (𝑑𝑥 + 𝐴𝜇𝑑𝑥
𝜇) + 𝐶̂𝑝,

 

𝑑𝑠̃2 = 𝐺𝑥𝑥
−1(𝑑𝑥 + 𝐵𝜇𝑥𝑑𝑥

𝜇)
2
+ 𝑔̂𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 ,

𝑒2𝜙̃ = 𝐺𝑥𝑥
−1𝑒2𝜙

𝐵̃2 = 𝐴𝜇𝑑𝑥
𝜇 ∧ 𝑑𝑥 + 𝐵̂2

𝐶̃𝑝 = 𝐶̂𝑝−1 ∧ (𝑑𝑥 + 𝐵𝜇𝑥𝑑𝑥
𝜇) + 𝐶(𝑝)𝑥 .
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𝑔̃𝜇𝜈 = √𝐶0
2 + 𝑒−2𝜙𝑔𝜇𝜈, 𝑒

−𝜙̃ =
𝑒−𝜙

𝐶0
2 + 𝑒−2𝜙

, 𝐶̃0 = −
𝐶0

𝐶0
2 + 𝑒−2𝜙

,

𝐵̃2 = −𝐶2, 𝐶̃2 = 𝐵2, 𝐶̃4 = 𝐶4 + 𝐵2 ∧ 𝐶2

 

𝑑𝑠2 =
√detℎ

ℎ11
(𝑑𝑢2

2 + 𝑑𝑢3
2) +

1

√detℎ
(−𝑑𝑡2 + 𝑑𝑦2) + √detℎ(𝑒3𝐴ℎ𝑎𝑏𝑑𝑟

𝑎𝑑𝑟𝑏 + 𝑑𝑠ℝ4
2 )

𝑒2𝜙 =
√detℎ

ℎ11
, 𝐵2 =

ℎ12
ℎ11

𝑑𝑢2 ∧ 𝑑𝑢3

𝐶3 = 𝑒3𝐴ℎ1𝑎𝑑𝑡 ∧ 𝑑𝑟
𝑎 ∧ 𝑑𝑦, 𝐶5 =

1

ℎ11
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 

𝐹𝑝 = 𝑑𝐶𝑝−1  para 𝑝 < 3,

𝐹𝑝 = 𝑑𝐶𝑝−1 +𝐻3 ∧ 𝐶𝑝−3  para 𝑝 ≥ 3,

𝐹6 =⋆ 𝐹4, 𝐹8 =⋆ 𝐹2.

 

𝑣3 = 𝑣cos 𝜙1
𝑣4 = 𝑣sin 𝜙1cos 𝜙2
𝑣5 = 𝑣sin 𝜙1sin 𝜙2cos 𝜙3
𝑣6 = 𝑣sin 𝜙1sin 𝜙2sin 𝜙3

𝑑𝑠ℝ4
2  = 𝑑𝑣2 + 𝑣2 (𝑑𝜙1

2 + sin2 𝜙1(𝑑𝜙2
2 + sin2 𝜙2𝑑𝜙3

2))

 

𝑑𝐶5
𝑒  = −

1

ℎ11
2
(𝜕𝑧ℎ11𝑑𝑧 + 𝜕𝑣ℎ11𝑑𝑣) ∧ 𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

𝐻3 ∧ 𝐶3
𝑒  = [𝜕𝑧 (

ℎ12
ℎ11

) 𝑒3𝐴ℎ12 − 𝜕𝑢1 (
ℎ12
ℎ11

) 𝑒3𝐴ℎ11] 𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑧 ∧ 𝑑𝑦

 −𝜕𝑣 (
ℎ12
ℎ11

) 𝑒3𝐴ℎ11𝑑𝑧 ∧ 𝑑𝑡 ∧ 𝑑𝑣 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 −𝜕𝑣 (
ℎ12
ℎ11

) 𝑒3𝐴ℎ12𝑑𝑢1 ∧ 𝑑𝑡 ∧ 𝑑𝑣 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 

𝐹6
𝑒 = 𝑓1𝑑𝑡 ∧ 𝑑𝑧 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 +𝑓2𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦 ∧ 𝑑𝑣

 −𝑓3𝑑𝑡 ∧ 𝑑𝑧 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦 ∧ 𝑑𝑣

 

 

𝑓1 =
1

ℎ11
2 𝜕𝑧ℎ11 − 𝜕𝑧 (

ℎ12
ℎ11

) 𝑒3𝐴ℎ12 + 𝜕𝑢1 (
ℎ12
ℎ11

) 𝑒3𝐴ℎ11,

𝑓2 =
1

ℎ11
2 𝜕𝑣ℎ11 − 𝜕𝑣 (

ℎ12
ℎ11

)𝑒3𝐴ℎ12,

𝑓3 = 𝜕𝑣 (
ℎ12
ℎ11

)𝑒3𝐴ℎ11.

 

𝐹4
𝑚 = −𝑣3ℎ11(𝑓2ℎ11 + 𝑓3ℎ12)𝑑𝑧 ∧ 𝑑Ω3

′ − 𝑣3ℎ11(𝑓2ℎ12 + 𝑓3ℎ22)𝑑𝑢1 ∧ 𝑑Ω3
′

 +𝑟3𝑓1ℎ11detℎ𝑑𝑟 ∧ 𝑑Ω3
′  

𝐹4
𝑚 = −(𝑣3𝜕𝑣ℎ11𝑑𝑧 + 𝑣3𝜕𝑣ℎ12𝑑𝑢1) ∧ 𝑑Ω3

′

 +𝑣3(ℎ22𝜕𝑧ℎ11 − ℎ12𝜕𝑧ℎ12 − ℎ12𝜕𝑢1ℎ11 + ℎ11𝜕𝑢1ℎ12)𝑑𝑣 ∧ 𝑑Ω3
′  

 −
1

2
𝑣3𝜕𝑣𝜕𝑧

2𝐾𝑑𝑧 −
1

2
𝑣3𝜕𝑣𝜕𝑧𝜕𝑢1𝐾𝑑𝑢1 = −

1

2
𝑑(𝑣3𝜕𝑣𝜕𝑧𝐾) +

1

2
𝜕𝑣(𝑣

3𝜕𝑣𝜕𝑧𝐾)𝑑𝑣

=  −
1

2
𝑑(𝑣3𝜕𝑣𝜕𝑧𝐾) +

𝑣3

2
𝜕𝑧 (

1

𝑣3
𝜕𝑣(𝑣

3𝜕𝑣𝐾))𝑑𝑣 = −
1

2
𝑑(𝑣3𝜕𝑣𝜕𝑧𝐾) +

𝑣3

2
𝜕𝑧Δ𝑦𝐾𝑑𝑣

 

𝑣3

4
(𝜕𝑢1

2 𝐾𝜕𝑧
3𝐾 − 2𝜕𝑧𝜕𝑢1𝐾𝜕𝑧

2𝜕𝑢1𝐾 + 𝜕𝑧
2𝐾𝜕𝑧𝜕𝑢1

2 𝐾)𝑑𝑣 = 𝑣3𝜕𝑧(detℎ)  

𝐹4
𝑚 = −

1

2
𝑑(𝑣3𝜕𝑣𝜕𝑧𝐾) ∧ 𝑑Ω3

′ +
𝑣3

2
𝜕𝑧(Δ𝑦𝐾 + 2detℎ)𝑑𝑣 ∧ 𝑑Ω3

′  
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𝐶3
𝑚 = −

1

2
𝑣3𝜕𝑣𝜕𝑧𝐾𝑑Ω3

′  

𝑑𝐶3
𝑒 = −[𝜕𝑢1(𝑒

3𝐴ℎ11) − 𝜕𝑧(𝑒
3𝐴ℎ12)]𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑧 ∧ 𝑑𝑦 

𝑑𝐶3
𝑒 = −[𝜕𝑢1(𝑒

3𝐴ℎ11) − 𝜕𝑧(𝑒
3𝐴ℎ12)]𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑧 ∧ 𝑑𝑦

 −[𝜕𝑣(𝑒
3𝐴ℎ11)𝑑𝑧 + 𝜕𝑣(𝑒

3𝐴ℎ12)𝑑𝑢1] ∧ 𝑑𝑡 ∧ 𝑑𝑣 ∧ 𝑑𝑦
 

𝐹6
𝑚 =

𝑣3detℎ

ℎ11
[ℎ12𝜕𝑣(𝑒

3𝐴ℎ11) − ℎ11𝜕𝑣(𝑒
3𝐴ℎ12)]𝑑𝑧 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 +
𝑣3detℎ

ℎ11
[ℎ22𝜕𝑣(𝑒

3𝐴ℎ11) − ℎ12𝜕𝑣(𝑒
3𝐴ℎ12)]𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 −
𝑣3(detℎ)2

ℎ11
[𝜕𝑢1(𝑒

3𝐴ℎ11) − 𝜕𝑧(𝑒
3𝐴ℎ12)]𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑣 ∧ 𝑑Ω3

′ ,

 

𝐹6
𝑚 = 𝑣3 (

ℎ12
ℎ11

𝜕𝑣ℎ11 − 𝜕𝑣ℎ12)𝑑𝑧 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 +𝑣3 (
ℎ12
ℎ11

𝜕𝑣ℎ12 − 𝜕𝑣ℎ22)𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 +𝑣3 (𝜕𝑢1(detℎ) −
ℎ12
ℎ11

𝜕𝑧(detℎ)) 𝑑𝑣 ∧ 𝑑𝑥2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 

 
1

2

ℎ12
ℎ11

𝑑Σ(𝑣
3𝜕𝑣𝜕𝑧𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′ −
1

2
𝑑Σ(𝑣

3𝜕𝑣𝜕1𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′  

𝐹6
𝑚 −𝐻 ∧ 𝐶3

𝑚 = [
ℎ12
ℎ11

𝑑Σ (
𝑣3

2
𝜕𝑣𝜕𝑧𝐾) + 𝑑 (

ℎ12
ℎ11

)
𝑣3

2
𝜕𝑣𝜕𝑧𝐾] ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 −𝑑Σ (
𝑣3

2
𝜕𝑣𝜕𝑢1𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 +𝑣3 (𝜕𝑢1(detℎ) −
ℎ12
ℎ11

𝜕𝑧(detℎ)) 𝑑𝑣 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑Ω3
′

 

𝑑 (
𝑣3

2

ℎ12
ℎ11

𝜕𝑣𝜕𝑧𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′ −

ℎ12
ℎ11

𝜕𝑣 (
𝑣3

2
𝜕𝑣𝜕𝑧𝐾)𝑑𝑣 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 −𝑑 (
𝑣3

2
𝜕𝑣𝜕𝑢1𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′ + 𝜕𝑣 (
𝑣3

2
𝜕𝑣𝜕𝑢1𝐾)𝑑𝑣 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 

𝑣3

2
𝜕𝑢1 [2detℎ +

1

𝑣3
𝜕𝑣(𝑣

3𝜕𝑣𝐾)] −
𝑣3

2

ℎ12
ℎ11

𝜕𝑧 [2detℎ +
1

𝑣3
𝜕𝑣(𝑣

3𝜕𝑣𝐾)]  

𝐹6
𝑚 −𝐻 ∧ 𝐶3

𝑚 = 𝑑 (
𝑣3

2

ℎ12
ℎ11

𝜕𝑣𝜕𝑧𝐾 −
𝑣3

2
𝜕𝑣𝜕𝑢1𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′  

𝐶5
𝑚 =

𝑣3

2
(
ℎ12
ℎ11

𝜕𝑣𝜕𝑧𝐾 − 𝜕𝑣𝜕𝑢1𝐾)𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′  

𝑑𝑠2 =
1

√detℎ
(−𝑑𝑡2 + 𝑑𝑦2) +

√detℎ

ℎ11
(𝑑𝑢2

2 + 𝑑𝑢3
2) + √detℎ(𝑒3𝐴ℎ𝑎𝑏𝑑𝑟

𝑎𝑑𝑟𝑏 + 𝑑𝑠ℝ4
2 )

𝑒2𝜙 =
√detℎ

ℎ11
, 𝐵2 =

ℎ12
ℎ11

𝑑𝑢2 ∧ 𝑑𝑢3

𝐶3 = 𝑒3𝐴ℎ1𝑎𝑑𝑡 ∧ 𝑑𝑟
𝑎 ∧ 𝑑𝑦 −

𝑣3

2
𝜕𝑣𝜕𝑧𝐾𝑑Ω3

′

𝐶5 =
1

ℎ11
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦 +

𝑣3

2
(
ℎ12
ℎ11

𝜕𝑣𝜕𝑧𝐾 − 𝜕𝑣𝜕𝑢1𝐾)𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 

𝑑𝑠2  = 𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2 + 𝑑𝑥2

2) + 𝑍1/2(𝑑𝑥3
2 +⋯+ 𝑑𝑥9

2)

𝑒Φ  = 𝑍1/4

𝐶3  = 𝑍−1𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2
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𝑍 = 1 +
𝑄

𝑟2
, 𝑟2 ≡ 𝑥6

2 +⋯+ 𝑥9
2  

𝑥2 = 𝑥2
′ 𝑐 + 𝑥3

′ 𝑠

𝑥3 = −𝑥2
′ 𝑠 + 𝑥3

′ 𝑐
 

𝑊 ≡ 𝑐2𝑍 + 𝑠2  

𝑑𝑠2 =𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2) + 𝑍1/2(𝑑𝑥4

2 +⋯+ 𝑑𝑥9
2)

 +𝑍−1/2𝑊(𝑑𝑥3 − 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2)
2 + 𝑍1/2𝑊−1𝑑𝑥2

2,

𝑒2Φ =𝑍1/2,

𝐶3 =𝑍
−1𝑠𝑑𝑡 ∧ 𝑑𝑥1 ∧ (𝑑𝑥3 − 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2)

 +𝑊−1𝑐𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2.

 

𝑑𝑠2  = 𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2) + 𝑍1/2(𝑑𝑥4

2 +⋯+ 𝑑𝑥9
2) + 𝑍1/2𝑊−1(𝑑𝑥2

2 + 𝑑𝑥3
2)

𝑒2Φ  = 𝑊−1𝑍, 𝐵2 = −𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2 ∧ 𝑑𝑥3
𝐶2  = 𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑥1, 𝐶4 = 𝑊−1𝑐𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3

 

𝑑𝑠2 = 𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2 + 𝑑𝑥4

2) + 𝑍1/2(𝑑𝑥5
2 +⋯+ 𝑑𝑥9

2) + 𝑍1/2𝑊−1(𝑑𝑥2
2 + 𝑑𝑥3

2)

𝑒2Φ = 𝑍1/2𝑊−1

𝐵2 = −𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2 ∧ 𝑑𝑥3
𝐶3 = 𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥4

𝐶5 = 𝑊−1𝑐𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4

 

ℎ11 = 𝑐2𝑍 + 𝑠2, ℎ22 = 𝑠2𝑍 + 𝑐2

ℎ12 = 𝑐𝑠(𝑍 − 1), detℎ = 𝑍
 

𝑑𝐵2 ∧ 𝐶3  = [−𝑐𝑠𝜕𝑙((𝑍 − 1)𝑊−1)𝑑𝑥𝑙 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3] ∧ [𝑍
−1𝑠𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥4]

 = 𝑐𝑠2𝑊−2𝑍−1(𝜕𝑙𝑍)𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 ∧ 𝑑𝑥𝑙
 

𝑑𝐶5  = 𝑐𝜕𝑙(𝑊
−1)𝑑𝑥𝑙 ∧ 𝑑𝑡 ∧ 𝑑𝑥1 ∧ ⋯∧ 𝑑𝑥4

 = 𝑐3𝑊−2(𝜕𝑙𝑍)𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 ∧ 𝑑𝑥𝑙
 

𝐹6  = 𝑐𝑊−1𝑍−1(𝜕𝑙𝑍)𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 ∧ 𝑑𝑥𝑙
 = 𝑐𝑍−1(𝜕𝑙𝑍)𝑒

0 ∧ 𝑒1 ∧ 𝑒2 ∧ 𝑒3 ∧ 𝑒4 ∧ 𝑒𝑙
 

𝐹4
(𝑚)

 = 𝑐
𝜕𝑙𝑍

𝑍

𝜖(𝑙−4),𝑎𝑏𝑐𝑑

4!
𝑒4+𝑎 ∧ 𝑒4+𝑏 ∧ 𝑒4+𝑐 ∧ 𝑒4+𝑑

 = 𝑐(𝜕𝑙𝑍)
𝜖(𝑙−4),𝑎𝑏𝑐𝑑

4!
𝑑𝑥4+𝑎 ∧ 𝑑𝑥4+𝑏 ∧ 𝑑𝑥4+𝑐 ∧ 𝑑𝑥4+𝑑

 

𝐹4
(𝑚)

= −𝑐
𝑥𝑙
𝑟
(𝜕𝑟𝑍)

𝜖(𝑙−5),𝑎𝑏𝑐

3!
𝑑𝑥5 ∧ 𝑑𝑥5+𝑎 ∧ 𝑑𝑥5+𝑏 ∧ 𝑑𝑥5+𝑐  

𝐶3
(𝑚)

 = −𝑐
𝑥5𝑥𝑙
𝑟

(𝜕𝑟𝑍)
𝜖(𝑙−5),𝑎𝑏𝑐

3!
𝑑𝑥5+𝑎 ∧ 𝑑𝑥5+𝑏 ∧ 𝑑𝑥5+𝑐

 = −𝑐𝑥5𝑟
3(𝜕𝑟𝑍)𝑑Ω3

′
 

𝑑𝑠2 =𝑍−1/6𝑊1/3[𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2 + 𝑑𝑥4

2) + 𝑍1/2(𝑑𝑥5
2 +⋯+ 𝑑𝑥9

2)]

 +𝑍1/3𝑊−2/3(𝑑𝑥2
2 + 𝑑𝑥3

2 + 𝑑𝑥11
2 )

𝐶3 =𝑍
−1𝑠𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥4 − 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥11 − 𝑐𝑥5𝑟

3(𝜕𝑟𝑍)𝑑Ω3
′

 

 
𝑥4 → 𝑐𝑢1 + 𝑠𝑧, 𝑥5 → −𝑠𝑢1 + 𝑐𝑧

𝑥1 → 𝑦, 𝑥2 → 𝑢2, 𝑥3 → 𝑢3, 𝑥11 → −𝑢4, 𝑥6,7,8,9 → 𝑣1,2,3,4
 

𝑑𝑠2 = 𝑊1/3𝑍−2/3(−𝑑𝑡2 + 𝑑𝑦2) +𝑊4/3𝑍−2/3(𝑑𝑧 − 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑢1)
2

 +𝑊1/3𝑍1/3(𝑑𝑣1
2 +⋯+ 𝑑𝑣4

2) +𝑊−2/3𝑍1/3(𝑑𝑢1
2 + 𝑑𝑢2

2 + 𝑑𝑢3
2 + 𝑑𝑢4

2)

𝐶3 = 𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑦 ∧ (𝑠𝑑𝑧 + 𝑐𝑑𝑢1) + 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑢4 + 𝑐(𝑠𝑢1 − 𝑐𝑧)𝑣3(𝜕𝑣𝑍)𝑑Ω3
′

 

𝑒𝐴0 = 𝑊1/6𝑍−1/3, (−𝜕𝑧𝑤) = 𝑊

(𝜕𝑢1𝑤) = cs(𝑍 − 1)
 

(𝜕𝑣𝑙𝑤) = 𝑐(𝑠𝑢1 − 𝑐𝑧)𝑣𝑙
𝜕𝑣𝑍

𝑣
 

𝛿𝐶3 = −𝑐2𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑧 + 𝑐𝑠𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑢1  
𝑤 ≡ −𝑧𝑊 + 𝑐𝑠(𝑍 − 1)𝑢1  
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𝐺0 = −
1

2
𝑍(𝑐𝑧 − 𝑠𝑢1)

2 −
1

2
(𝑠𝑧 + 𝑐𝑢1)

2 + 𝑓(𝑣)  

 
Entiéndase que la supergravedad cuántica, para efectos de este trabajo, comporta la simetría 

entre dos partículas o antipartículas, según sea el caso, de las cuales, una de ellas, es una 

superpartícula (Véase la definición proporcionada por este autor respecto de las 

superpartículas en sentido lato), a propósito de la deformación o perforación del espacio 
cuántico de que se trate, combinando en consecuencia, relatividad general y supersimetría. 

Entiéndase por supersimetría, para efectos de este trabajo, comporta la interacción de dos 

partículas o antipartículas, según sea el caso, de las cuales, una de ellas, es una superpartícula 

(Véase la definición proporcionada por este autor), a propósito de la deformación o perforación 

del espacio cuántico de que se trate, por acción de las superpartículas. Entiéndase que las 
supermembranas, para efectos de este trabajo, comporta la existencia de infinitas dimensiones 
a propósito de la deformación o perforación del espacio cuántico de que se trate, por acción de 

las superpartículas. Finalmente, entiéndase por superespacio, para efectos de este trabajo, 

como la existencia de un espacio cuántico relativista, el mismo que posee dimensiones 

ordinarias y anticonmutativas, a propósito de la deformación o perforación del espacio 

cuántico de que se trate, por acción de las superpartículas. 
 
REFERENCIAS BIBLIOGRÁFICAS ADICIONALES. 
 

Iosif Bena, Anthony Houppe, Dimitrios Toulikas y Nicholas P. Warner, Maze Topiary in 
Supergravity, arXiv:2312.02286v2 [hep-th] 21 Jan 2025. 
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Apéndice J.  
 
1. Agujeros negros cuánticos, supermembranas, superespacios, dimensión 
temporal y supergravedad cuántica para campos cuánticos relativistas o curvos. 
 

𝑆𝐸𝐻[𝑔] =
𝑐3

16𝜋𝐺𝑁
(𝑑)
∫  
ℳ

 𝑑𝑑𝑥√|𝑔|𝑅(𝑔) + (−1)𝑑
𝑐3

8𝜋𝐺𝑁
(𝑑)
∫  
𝜕ℳ

 𝑑𝑑−1Σ𝒦 + 𝑆materia  

𝑑𝑑−1Σ ≡ 𝑛2𝑑𝑑−1Σ𝜌𝑛
𝜌

𝑑𝑑−1Σ𝜌 =
1

(𝑑 − 1)!√|𝑔|
𝜖𝜌𝜇1⋯𝜇𝑑−1𝑑𝑥

𝜇1 ∧ …𝑑𝑥𝜇𝑑−1
 

𝐹 = −
8(𝑑 − 3)𝜋𝐺𝑁

(𝑑)
𝑚𝑀

(𝑑 − 2)𝜔𝑑−2

𝑥 𝑑−1
|𝑥 𝑑−1|𝑑−1

 

𝒵 = ∫  𝐷𝑔𝑒+𝑖𝑆𝐸𝐻/ℏ  

𝑆𝐸𝐻
ℏ

=
2𝜋

ℓPlanck 
𝑑−2 ∫  𝑑𝑑𝑥 …  

ℓPlanck 
𝑑−2

2𝜋
=
16𝜋𝐺𝑁

(𝑑)
ℏ

𝑐3
 

ℓPlanck =
ℓPlanck 

2𝜋
. 

𝜆Compton =
ℏ

𝑀𝑐
 

𝑅𝑠 = (
16𝜋𝑀𝐺𝑁

(𝑑)
𝑐−2

(𝑑 − 2)𝜔(𝑑−2)
)

1
𝑑−3

 

𝑀Planck = (
ℏ𝑑−3

𝐺𝑁
(𝑑)
𝑐𝑑−5

)

1
𝑑−2

 

𝑐3

𝐺𝑁
(𝑑)
ℏ
= (

𝑀Planck 𝑐

ℏ
)
𝑑−2

 

𝑀 ∼ 𝑀Planck ⇒ 𝜆Compton ∼ 𝑅𝑠 ∼ ℓPlanck  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 0.⇒ 𝑅𝜇𝜈  

𝑑𝑠2 = 𝑊(𝑟)(𝑑𝑐𝑡)2 −𝑊−1(𝑟)𝑑𝑟2 − 𝑅2(𝑟)𝑑Ω(2)
2

𝑑Ω(2)
2  = 𝑑𝜃2 + sin2 𝜃𝑑𝜑2

 

𝑑𝑠2 = 𝑊(𝑑𝑐𝑡)2 −𝑊−1𝑑𝑟2 − 𝑟2𝑑Ω(2)
2 ,𝑊 = 1 +

𝜔

𝑟
 

𝑀 = −
𝜔𝑐2

2𝐺𝑁
(4)
, ⇒ 𝜔 = −𝑅𝑆  

𝑀 =
1

8𝜋𝐺𝑁
(4)
∫  
𝑆∞
2
 𝑑2𝑆𝑖(𝜕𝑗𝑔𝑖𝑗 − 𝜕𝑖𝑔𝑗𝑗)  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 =

8𝜋𝐺(𝑁)
(4)

𝑐4
𝑇materia 𝜇𝜈

 

𝑑𝑠2 = (1 −
𝑅𝑠
𝑟
) 𝑑𝑣2 − 2𝑑𝑣𝑑𝑟 − 𝑟2𝑑Ω(2)

2  
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𝑣 = 𝑐𝑡 + 𝑟 + 𝑅𝑆log |1 −
𝑅𝑠
𝑟
|  

𝑑𝑠2 =
4𝑅𝑆

3𝑒−𝑟/𝑅𝑆

𝑟
[(𝑑𝑐𝑇)2 − 𝑑𝑋2] − 𝑟2𝑑Ω(2)

2  

 

(
𝑟

𝑅𝑆
− 1) 𝑒𝑟/𝑅𝑆  = 𝑋2 − 𝑐2𝑇2

𝑐𝑡

𝑅𝑆
= ln (

𝑋 + 𝑐𝑇

𝑋 − 𝑐𝑇
) = 2arcth(𝑐𝑇/𝑋)

 

𝑑𝑠2 = 𝑊
2𝑀
𝜔
−1𝑊𝑑𝑡2 −𝑊1−

2𝑀
𝜔 [𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 ]

𝜑 = 𝜑0 +
Σ

𝜔
ln 𝑊

𝑊 = 1 +
𝜔

𝑟
,𝜔 = ±2√𝑀2 + Σ2

 

𝐴 = ∫  
𝑟=𝑅𝑆

 𝑑𝜃𝑑𝜑𝑟2 = 4𝜋𝑅𝑆
2

 

𝜅2 = −
1

2
(∇𝜇𝑘𝜈)(∇𝜇𝑘𝜈)|

horizonte 
 

𝑑𝑠2 = 𝑔𝑡𝑡(𝑟)𝑑𝑡
2 + 𝑔𝑟𝑟(𝑟)𝑑𝑟

2 − 𝑟2𝑑Ω(2)
2  

𝜅 =
1

2

𝜕𝑟𝑔𝑡𝑡

√−𝑔𝑡𝑡𝑔𝑟𝑟
,  

𝜅 =
𝑐4

4𝐺𝑁
(4)
𝑀

 

𝑑𝐸 = 𝑇𝑑𝑆  

𝑑𝑀 ∼
1

𝐺𝑁
(4)
𝜅𝑑𝐴  

𝑑𝑀 =
1

8𝜋𝐺𝑁
(4)
𝜅𝑑𝐴  

𝑀 =
1

4𝜋𝐺𝑁
(4)
𝜅𝐴  

𝑇 =
ℏ𝜅

2𝜋𝑐
 

𝑆 =
𝐴𝑐3

4ℏ𝐺𝑁
(4)  

𝑆 =
1

32𝜋2
𝐴

ℓPlanck 
2  

𝑇 =
ℏ𝑐3

8𝜋𝐺𝑁
(4)
𝑀
, 𝑆 =

4𝜋𝐺𝑁
(4)
𝑀2

ℏ𝑐
 

𝑑𝑀𝑐2 = 𝑇𝑑𝑆,𝑀𝑐2 = 2𝑇𝑆  
 

𝐶−1 =
𝜕𝑇

𝜕𝑀
=

−ℏ𝑐3

8𝜋𝐺𝑁
(4)
𝑀2

< 0  

𝑆(𝐸) = log 𝜌(𝐸)  

𝜌(𝑀) ∼ 𝑒𝑀
2
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𝒵 = Tr𝑒−(𝐻−𝜇𝑖𝐶𝑖)/𝑇  
𝑊 = 𝐸 − 𝑇𝑆 − 𝜇𝑖𝐶𝑖  

𝑒−𝛽𝑊 = 𝒵  

𝑆 =
1

𝑇
(𝐸 − 𝜇𝑖𝐶𝑖) + log 𝒵  

𝒵 = ∫  𝐷𝑔𝑒−𝑆̃𝐸𝐻/ℏ  

𝑆𝐸𝐻[𝑔] =
𝑐3

16𝜋𝐺𝑁
(4)
∫  
ℳ

 𝑑4𝑥√|𝑔|𝑅 +
𝑐3

8𝜋𝐺𝑁
(4)
∫  
𝜕ℳ

  (𝒦 −𝒦0)  

𝒵 = 𝑒−𝑆̃𝐸𝐻( on-shell )  

(
𝑟

𝑅𝑆
− 1) 𝑒𝑟/𝑅𝑆 = 𝑋2 − 𝑇2  

(
𝑟

𝑅𝑆
− 1) 𝑒𝑟/𝑅𝑆 = 𝑋2 + 𝒯2 > 0  

𝑋 + 𝑇

𝑋 − 𝑇
= 𝑒𝑡/𝑅𝑆  

𝑋 − 𝑖𝒯

𝑋 + 𝒯
= 𝑒−2𝑖Arg(𝑋+𝑖𝒯) = 𝑒−𝑖𝜏/𝑅𝑆  

𝑛𝜇 = −
𝛿𝜇𝑟

√−𝑛2
= −√−𝑔𝑟𝑟𝛿𝜇𝑟  

𝑑𝑠(3)
2 = ℎ𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 = 𝑔𝑡𝑡𝑑𝑡
2 − 𝑟2𝑑Ω(2)

2 |
𝑟=𝑟0

 

∇𝜇𝑛𝜈 = −√−𝑔𝑟𝑟{𝛿𝜇𝑟𝛿𝜈𝑟𝜕𝑟log √−𝑔𝑟𝑟 − Γ𝜇𝜈
𝑟 }  

𝒦 = ℎ𝜇𝜈∇𝜇𝑛𝜈 =
1

√−𝑔𝑟𝑟
{
1

2
𝜕𝑟log 𝑔𝑡𝑡 +

2

𝑟
}|

𝑟=𝑟0

 

𝒦0 =
2

𝑟
|
𝑟=𝑟0

 

𝑔𝑡𝑡 ∼ 1 −
2𝑀

𝑟
, 𝑔𝑟𝑟 ∼ −(1 +

2𝑀

𝑟
)  

(𝒦 −𝒦0)|𝑟=𝑟0 ∼ −
𝑀

𝑟0
2  

𝑖

8𝜋
∫  
𝑟0→∞

 𝑑3𝑥√|ℎ|(𝒦 −𝒦0) = lim
𝑟0→∞

 
𝑖

8𝜋
∫  
−𝑖𝛽

0

 𝑑𝑡 ∫  
𝑆2
 𝑑Ω2𝑟0

2√𝑔𝑡𝑡(𝑟0)(𝒦 −𝒦0)

 = lim
𝑟0→∞

 
𝛽

2
𝑟0
2(𝒦 −𝒦0) = −

𝛽𝑀

2

 

𝑆 = 𝛽𝑀 + log 𝒵 =
𝛽𝑀

2
= 4𝜋𝑀2  

𝑆𝐸𝑀[𝑔, 𝐴] = 𝑆𝐸𝐻[𝑔] +
1

𝑐
∫  𝑑𝑑𝑥√|𝑔| [−

1

4
𝐹2]  

𝐹𝜇𝜈 = 2𝜕[𝜇𝐴𝜈]  
𝐴𝜇
′ = 𝐴𝜇 + 𝜕𝜇Λ  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 −

8𝜋𝐺𝑁
(4)

𝑐3
𝑇𝜇𝜈  = 0

∇𝜇𝐹
𝜇𝜈  = 0

 

𝑇𝜇𝜈 =
−2𝑐

√|𝑔|

𝛿𝑆𝑀[𝐴]

𝛿𝑔𝜇𝜈
= 𝐹𝜇𝜌𝐹𝜈

𝜌
−
1

4
𝑔𝜇𝜈𝐹

2
 

∇𝜇 
⋆𝐹𝜇𝜈  
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𝐴 ≡ 𝐴𝜇𝑑𝑥
𝜇 , 𝐹 =

1

2
𝐹𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈 ≡ 𝑑𝐴  

𝑑⋆𝐹 = 0, 𝑑𝐹 = 0. (𝜕[𝛼𝐹𝛽𝛾] = 0)  
1

𝑐2
∫  𝑑𝑑𝑥√|𝑔|[−𝐴𝜇𝑗

𝜇]  

∇𝜇𝑗
𝜇 = 0, (𝑑⋆𝑗 = 0)  
𝜕𝜇j

𝜇 = 0  

∇𝜇𝐹
𝜇𝜈 =

1

𝑐
𝑗𝜈 , (𝑑⋆𝐹 =

1

𝑐
⋆ 𝑗)  

𝑗𝜇(𝑦) = 𝑞𝑐∫ 
𝛾

 𝑑𝑋𝜇
1

√|𝑔|
𝛿(4)(𝑦 − 𝑋(𝜉))  

𝑗𝜇(𝑦0, 𝑦 ) = 𝑞𝑐 ∫  𝑑𝑋0
𝑑𝑋𝜇

𝑑𝑋0
1

√|𝑔|
𝛿(3)(𝑦 − 𝑋 )𝛿(𝑦0 − 𝑋0) = 𝑞𝑉𝜇

𝛿(3) (𝑦 − 𝑋 (𝑦0))

√|𝑔|
 

𝑗𝜇(𝑦0, 𝑦 ) = 𝑞𝑐𝛿𝜇0
𝛿(3)(𝑦 )

√|𝑔|
 

−
𝑞

𝑐
∫  
𝛾(𝜉)

 𝐴𝜇𝑥̇
𝜇𝑑𝜉 = −

𝑞

𝑐
∫ 
𝛾

 𝐴  

𝑆𝑀,𝑞[𝑋
𝜇(𝜉)] = −𝑀𝑐∫  𝑑𝜉√𝑔𝜇𝜈(𝑋)𝑋̇𝜇𝑋̇𝜈 −

𝑞

𝑐
∫  𝐴𝜇𝑋̇

𝜇  

0 = ∫ 
𝑉

 𝑑⋆𝑗  

∫ 
𝑉

 𝑑⋆𝑗 = ∫  
𝑥0=𝑥2

0
   ⋆𝑗 − ∫  

⋆

𝑥0=𝑥1
0
 𝑗 = 0  

𝑞 =
1

𝑐
∫  
𝑥0= constant 

   ⋆𝑗,  

𝑞 = ∫  
𝑆∞
2
   ⋆𝐹  

𝑆𝐸𝑀[𝑔, 𝐴] =
1

16𝜋𝐺𝑁
(𝑑)
∫  𝑑𝑑𝑥√|𝑔| [𝑅 −

1

4
𝐹2]  

𝑞 =
1

16𝜋𝐺𝑁
(𝑑)
∫  
𝑆∞
𝑑−2

   ⋆𝐹  

𝐸𝑟 = 𝐹0𝑟 ∼
4𝐺𝑁

(4)
𝑞

𝑟2
 

𝐹𝑡𝑟 ∼ ±
1

𝑅2(𝑟)
 

𝑑𝑠2 = 𝑓(𝑟)𝑑𝑡2 − 𝑓−1(𝑟)𝑑𝑟2 − 𝑟2𝑑Ω(2)
2

𝐹𝑡𝑟 = −
4𝐺𝑁

(4)
𝑞

𝑟2

𝑓(𝑟) = 𝑟−2(𝑟 − 𝑟+)(𝑟 − 𝑟−)

𝑟± = 𝐺𝑁
(4)
𝑀 ± 𝑟0, 𝑟0 = 𝐺𝑁

(4)(𝑀2 − 4𝑞2)1/2

 

𝐴𝜇 = 𝛿𝜇𝑡
−4𝐺𝑁

(4)
𝑞

𝑟
 

𝐴 = 4𝜋𝑟+
2  

 



pág. 7308 

 

𝐴extreme = 4𝜋𝑟+
2 = 4𝜋(𝐺𝑁

(4)
𝑀)

2
 

 

𝐹12 = −𝐺𝑁
(4)𝑀1𝑀2

𝑟12
2 + 4𝐺𝑁

(4) 𝑞1𝑞2

𝑟12
2  

𝑑𝑠2 = 𝐻−2𝑑𝑡2 − 𝐻2𝑑𝑥 3
2

𝐴𝜇  = −2sign(𝑞)(𝐻−1 − 1)𝛿𝜇𝑡,

𝐻 = 1 +
𝐺𝑁
(4)
𝑀

|𝑥 3|

 

𝜕𝑖𝜕𝑖𝐻 = 0  
𝑑𝑠2 = 𝐻−2𝑑𝑡2 − 𝐻2𝑑𝑥 3

2,

𝐴𝜇 = 𝛿𝜇𝑡𝛼(𝐻
−1 − 1), 𝛼 = ±2

𝜕𝑖𝜕𝑖𝐻 = 0.

 

𝐻(𝑥 3) = 1 +∑  

𝑁

𝑖=1

 
2𝐺𝑁

(4)|𝑞𝑖|

|𝑥 3 − 𝑥 3,𝑖|
 

𝑑𝑠2  =
𝜌2

𝑅𝐴𝑑𝑆
2 𝑑𝑡2 − 𝑅𝐴𝑑𝑆

2
𝑑𝜌2

𝜌2
− 𝑅𝐴𝑑𝑆

2 𝑑Ω(2)
2

𝐴𝑡  = −
2𝜌

𝑅𝐴𝑑𝑆
, 𝐹𝜌𝑡 = −

2

𝑅𝐴𝑑𝑆

 

𝑑𝑠2 = 𝐻−2𝑊𝑑𝑡2 −𝐻2[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(2)
2 ]

𝐴𝜇 = 𝛿𝜇𝑡𝛼(𝐻
−1 − 1)

𝐻 = 1 +
ℎ

𝜌
,𝑊 = 1 +

𝜔

𝜌
,𝜔 = ℎ [1 − (

𝛼

2
)
2

]

 

𝛼 = −
4𝐺𝑁

(4)
𝑞

𝑟±
, ℎ = 𝑟±, 𝜔 = ±2𝑟0  

𝑆[𝑔, 𝐴𝐼] =
1

16𝜋𝐺𝑁
(4)
∫  𝑑4𝑥√|𝑔| [𝑅 −

1

4
∑  

𝐼=𝑁

𝐼=1

  (𝐹𝐼)2]  

𝑑𝑠2 = 𝐻−2𝑊𝑑𝑡2 − 𝐻2[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(2)
2 ]

𝐴𝜇
𝑖  = 𝛿𝜇𝑡𝛼

𝑖(𝐻−1 − 1)

𝐻 = 1 +
ℎ

𝜌
,𝑊 = 1 +

𝜔

𝜌
,𝜔 = ℎ [1 −∑  

𝑖=𝑁

𝑖=1

 (
𝛼𝑖

2
)

2

]

 

𝛼𝑖 = −
4𝐺𝑁

(4)
𝑞𝑖

𝑟±
, ℎ = 𝑟±, 𝜔 = ±2𝑟0  

𝑟± = 𝐺𝑁
(4)
𝑀 ± 𝑟0, 𝑟0 = 𝐺𝑁

(4)√𝑀2 − 4∑  

𝑖=𝑁

𝑖=1

 𝑞𝑖
2  

𝑑𝑀 =
1

8𝜋𝐺𝑁
(4)
𝜅𝑑𝐴 + Φ𝑑𝑞  

𝜅 =
1

𝐺𝑁
(4)

√𝑀2 − 4𝑞2

(𝑀 + √𝑀2 − 4𝑞2)
2  
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𝑇 =
1

2𝜋𝐺𝑁
(4)

√𝑀2 − 4𝑞2

(𝑀 + √𝑀2 − 4𝑞2)
2 , 𝑆 = 𝜋𝐺𝑁

(4)
(𝑀 +√𝑀2 − 4𝑞2)

2

 

𝐸⃗ ̃ = 𝐵⃗ , 𝐵⃗ ̃ = −𝐸⃗  

𝐹̃ = 𝑎𝐹 + 𝑏⋆𝐹,⇒⋆ 𝐹̃ = −𝑏𝐹 + 𝑎⋆𝐹, 𝑎2 + 𝑏2 ≠ 0  

𝐹 ≡ (
𝐹

 ⋆𝐹
) ,⋆ 𝐹 = (

0 1
−1 0

)𝐹  

∇𝜇𝐹 
𝜇𝜈 = 0  

𝐹 ̃ = 𝑀𝐹 ,𝑀 = (
𝑎 𝑏

−𝑏 𝑎
)  

∫  
𝑆∞
2
   ⋆𝐹 = (

16𝜋𝐺𝑁
(4)
𝑞

𝑝
) ≡ 16𝜋𝐺𝑁

(4)
𝑞 , 𝑞 = (

𝑞

𝑝/16𝜋𝐺𝑁
(4))  

𝐴̃𝜇(𝑥) = −∫  
1

0

 𝑑𝜆𝜆𝑥𝜈
𝜖𝜇𝜈
𝜌𝜎

√|𝑔|
𝜕𝜌𝐴𝜎(𝜆𝑥)  

𝐺𝜇𝜈 − 𝐹 𝜇
𝑇𝜌
𝐹 𝜈𝜌  

𝐹 ≡ (
𝑒−2𝐹

 ⋆𝐹
) , 𝐺𝜇𝜈 + (𝐹 𝜇

𝜌
)
𝑇
(
0 1

−1 0
)𝐹 𝜈𝜌  

𝑀 = (
𝑎 0
0 1/𝑎

) , 𝑒′ = 𝑎−1𝑒

𝑀 = (
0 1

−1 0
) , 𝑒′ =

1

𝑒

 

{
𝐹̃  = cos 𝜉𝐹 + sin 𝜉⋆𝐹

⋆ 𝐹̃  = −sin 𝜉𝐹 + cos 𝜉⋆𝐹
 

{
 
 

 
 
𝐹̃𝑡𝑟 =

−4𝐺𝑁
(4)
cos 𝜉𝑞

𝑟2

𝐹̃𝜃𝜑 = 4𝐺𝑁
(4)
sin 𝜉𝑞sin 𝜃

 

𝑞̃ = cos 𝜉𝑞, 𝑝̃ = −16𝐺𝑁
(4)
sin 𝜉𝑞,⇒ 𝑞̃2 + (

𝑝̃

16𝜋𝐺𝑁
(4)
) = 𝑞2  

𝑑𝑠2 = 𝑓(𝑟)𝑑𝑡2 − 𝑓−1(𝑟)𝑑𝑟2 − 𝑟2𝑑Ω(2)
2

𝐹𝑡𝑟 = −
4𝐺𝑁

(4)
𝑞

𝑟2
, 𝐹𝜃𝜑 = −

𝑝

4𝜋
sin 𝜃,

𝑓(𝑟) = 𝑟−2(𝑟 − 𝑟+)(𝑟 − 𝑟−),

𝑟± = 𝐺𝑁
(4)
𝑀 ± 𝑟0, 𝑟0 = 𝐺𝑁

(4)
{𝑀2 − 4 [𝑞2 + (

𝑝

16𝜋𝐺𝑁
(4)
)

2

]}

1/2

 

[𝑄𝛼, 𝑀𝑎𝑏] = Γ𝑠(𝑀𝑎𝑏)
𝛼 𝛽𝑄

𝛽  

{𝑄𝛼, 𝑄𝛽} = 𝑖(𝛾𝑎𝒞−1)𝛼𝛽𝑃𝑎  
[𝑀𝑎𝑏 , 𝑀𝑐𝑑] = −𝑀𝑒𝑏Γ𝑣(𝑀𝑐𝑑)

𝑒 𝑎 −𝑀𝑎𝑒Γ𝑣(𝑀𝑐𝑑)
𝑒 𝑏

[𝑃𝑎 , 𝑀𝑏𝑐] = −𝑃𝑒Γ𝑣(𝑀𝑏𝑐)
𝑒 𝑎,

[𝑄𝛼, 𝑀𝑎𝑏] = Γ𝑠(𝑀𝑎𝑏)
𝛼 𝛽𝑄

𝛽,

{𝑄𝛼, 𝑄𝛽} = 𝑖(𝛾𝑎𝒞−1)𝛼𝛽𝑃𝑎.

 

𝐴𝜇 = 𝑒𝑎 𝜇𝑃𝑎 +
1

2
𝜔𝜇 

𝑎𝑏𝑀𝑎𝑏 + 𝜓‾𝜇𝛼𝑄
𝛼  
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Λ = 𝜎𝑎𝑃𝑎 +
1

2
𝜎𝑎𝑏𝑀𝑎𝑏 + 𝜖‾𝛼𝑄

𝛼  

𝛿𝐴𝜇 = 𝜕𝜇Λ + Λ,𝐴𝜇 ≡ 𝔻𝜇Λ  

𝑆[𝑒𝑎 𝜇, 𝜔𝜇 
𝑎𝑏 , 𝜓𝜇] = ∫  𝑑4𝑥𝑒[𝑅(𝑒, 𝜔) + 2𝑒−1𝜖𝜇𝜈𝜌𝜎𝜓‾𝜇𝛾5𝛾𝜈∇𝜌𝜓𝜎]  

𝑅(𝑒, 𝜔) = 𝑒𝑎 
𝜇𝑒𝑏 

𝜈𝑅𝜇𝜈 
𝑎𝑏(𝜔)  

𝜔𝑎𝑏𝑐 = −Ω𝑎𝑏𝑐 + Ω𝑏𝑐𝑎 − Ω𝑐𝑎𝑏 ,

Ω𝜇𝜈 
𝑎 = Ω𝜇𝜈 

𝑎(𝑒) +
1

2
𝑇𝜇𝜈 

𝑎,

Ω𝜇𝜈 
𝑎(𝑒) = 𝜕[𝜇𝑒

𝑎 𝜈], 𝑇𝜇𝜈 
𝑎 = 𝑖𝜓‾𝜇𝛾

𝑎𝜓𝜈 .

 

{

𝛿𝜉𝑥
𝜇  = 𝜉𝜇

𝛿𝜉𝑒
𝑎 𝜇  = −𝜉𝜈𝜕𝜈𝑒

𝑎 𝜇 − 𝜕𝜇𝜉
𝜈𝑒𝑎 𝜈

𝛿𝜉𝜓𝜇  = −𝜉𝜈𝜕𝜈𝜓𝜇 − 𝜕𝜇𝜉
𝜈𝜓𝜈

 

{
𝛿𝜎𝑒

𝑎 𝜇  = 𝜎𝑎  𝑏𝑒
𝑏 𝜇

𝛿𝜎𝜓𝜇  =
1

2
𝜎𝑎𝑏𝛾𝑎𝑏𝜓𝜇

 

{
𝛿𝜖𝑒

𝑎 𝜇  = −𝑖𝜖‾𝛾𝜓𝜇
𝛿𝜖𝜓𝜇  = ∇𝜇𝜖

 

[𝑀𝑎𝑏 , 𝑀𝑐𝑑] = −𝑀𝑒𝑏Γ𝑣(𝑀𝑐𝑑)
𝑒 𝑎 −𝑀𝑎𝑒Γ𝑣(𝑀𝑐𝑑)𝑏

𝑒 ,

[𝑃𝑎 , 𝑀𝑏𝑐] = −𝑃𝑒Γ𝑣(𝑀𝑏𝑐)
𝑒 𝑎,

[𝑄𝛼𝑖, 𝑀𝑎𝑏] = Γ𝑠(𝑀𝑎𝑏)
𝛼 𝛽𝑄

𝛽𝑖,

{𝑄𝛼𝑖, 𝑄𝛽𝑗} = 𝑖𝛿𝑖𝑗(𝛾𝑎𝒞−1)𝛼𝛽𝑃𝑎 − 𝑖(𝒞−1)𝛼𝛽𝑄𝑖𝑗 − 𝛾5(𝒞
−1)𝛼𝛽𝑃𝑖𝑗

 

𝐴𝜇 = 𝑒𝑎 𝜇𝑃𝑎 +
1

2
𝜔𝜇 

𝑎𝑏𝑀𝑎𝑏 +
1

2
𝐴𝑖𝑗  𝜇𝑄

𝑖𝑗 + 𝜓‾ 𝑖  𝜇𝛼𝑄
𝑖𝛼  

1

𝑛!
(𝛾𝑎1⋯𝑎𝑛𝒞−1)𝛼𝛽𝑍𝑎1⋯𝑎𝑛

𝑖𝑗  

[𝑍𝑐1⋯𝑐𝑛
𝑘𝑙 , 𝑀𝑎𝑏] = −𝑛Γ𝑣(𝑀𝑎𝑏)

𝑒 [𝑐1𝑍|𝑒|𝑐2⋯𝑐𝑛]
𝑘𝑙  

𝒞−1, 𝛾5𝒞
−1, 𝛾5𝛾𝑎𝒞

−1, 𝛾𝑎𝑏𝑐𝒞
−1, 𝛾𝑎𝑏𝑐𝑑𝒞

−1  
𝛾𝑎𝒞

−1, 𝛾𝑎𝑏𝒞
−1, 𝛾5𝛾𝑎𝑏𝒞

−1, 𝛾5𝛾𝑎𝑏𝑐𝒞
−1  

{𝑄𝛼𝑖, 𝑄𝛽𝑗} =𝑖𝛿𝑖𝑗(𝛾𝑎𝒞−1)𝛼𝛽𝑃𝑎 + 𝑖(𝒞−1)𝛼𝛽𝑍[𝑖𝑗] + 𝛾5(𝒞
−1)𝛼𝛽𝑍̃[𝑖𝑗]

 +(𝛾𝑎𝒞−1)𝛼𝛽𝑍𝑎
(𝑖𝑗)

+ 𝑖(𝛾5𝛾
𝑎𝒞−1)𝛼𝛽𝑍𝑎

[𝑖𝑗]

 +𝑖(𝛾𝑎𝑏𝒞−1)𝛼𝛽𝑍𝑎𝑏
(𝑖𝑗)

+ (𝛾5𝛾
𝑎𝑏𝒞−1)𝛼𝛽𝑍̃𝑎𝑏

(𝑖𝑗)

 

𝛿𝑔𝜇𝜈 = −2∇(𝜇𝑘𝜈)  
𝛿𝜖𝐵 ∼ 𝜖𝐹 = 0,

𝛿𝜖𝐹 ∼ {
𝜕𝜖 + 𝐵𝜖
𝜕𝐵𝜖 + 𝐵𝜖

} = 0
 

𝛿𝜖𝜓𝜇 = ∇𝜇𝜖 = 0  
(1 − 𝛾0𝛾1)𝜖 = 0  
𝑘𝜇 ∼ 𝜖‾𝛾𝜇𝜖  

𝛿𝜖|𝑠 >∼ 𝜖‾𝛼
𝑖 𝑄𝑖𝛼|𝑠 >= 0  

𝜖‾𝔐𝜖 = 0,

𝔐 ≡ 𝑖𝛿𝑖𝑗𝛾𝑎𝑃𝑎 + 𝑖𝑍[𝑖𝑗] + 𝛾5𝑍̃
[𝑖𝑗] + 𝛾𝑎𝑍𝑎

(𝑖𝑗)
+ 𝑖𝛾5𝛾

𝑎𝑍𝑎
[𝑖𝑗]

+ 𝑖𝛾𝑎𝑏𝑍𝑎𝑏
(𝑖𝑗)

+ 𝛾5𝛾
𝑎𝑏𝑍̃𝑎𝑏

(𝑖𝑗) 

𝔐 = 𝑖𝑝𝛾0(1 ± 𝛾0𝛾1)  

𝔐 = 𝑖𝛾0𝑀(𝛿𝑖𝑗 +
𝑄

𝑀
𝛾0𝜖𝑖𝑗)  

(𝛿𝑖𝑗 ± 𝛾0𝜖𝑖𝑗)𝜖𝑗 = 0  
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𝑀 = |𝑍| 
𝑀 = |𝑍1| = |𝑍2| 
𝑀 = |𝑍1| ≠ |𝑍2|. 
𝑀 = |𝑍1| = |𝑍2| = |𝑍3| = |𝑍4|, 
𝑀 = |𝑍1| = |𝑍2| ≠ |𝑍3,4|, 

𝑀 = |𝑍1| ≠ |𝑍2,3,4|. 

(𝛿𝑖𝑗 + 𝛾0𝛼𝑖𝑗)  

𝔐 = 𝑖𝛾0𝑀(𝛿𝑖𝑗 +
𝑍(𝑝)

𝑀
𝛾0𝛾1⋯𝛾𝑝𝛼𝑖𝑗)  

𝑀 ≥ |𝑍𝑖|, 𝑖 = 1,… , [𝑁/2]  

{𝑒𝑎 𝜇, 𝜓𝜇 = (
𝜓𝜇
1

𝜓𝜇2
) , 𝐴𝜇}  

𝑆 = ∫  𝑑4𝑥𝑒{𝑅(𝑒, 𝜔) + 2𝑒−1𝜖𝜇𝜈𝜌𝜎𝜓‾𝜇𝛾5𝛾𝜈∇𝜌𝜓𝜎 − ℱ2 + 𝒥(𝑚) 
𝜇𝜈(𝒥(𝑒)𝜇𝜈 + 𝒥(𝑚)𝜇𝜈)}  

{

ℱ𝜇𝜈  = 𝐹̃𝜇𝜈 + 𝒥(𝑚)𝜇𝜈

𝐹̃𝜇𝜈  = 𝐹𝜇𝜈 + 𝒥(𝑒)𝜇𝜈
𝐹𝜇𝜈  = 2𝜕[𝜇𝐴𝜈]

 

{

𝒥(𝑒)𝜇𝜈 = 𝑖𝜓‾𝜇𝜎
2𝜓𝜈

𝒥(𝑚)𝜇𝜈 = −
1

2𝑒
𝜖𝜇𝜈𝜌𝜎𝜓‾𝜌𝛾5𝜎

2𝜓𝜎
 

𝑇𝜇𝜈 
𝑎 = 𝑖𝜓‾𝜇𝛾

𝑎𝜓𝜈(≡ 𝑖𝜓‾𝑗𝜇𝛾
𝑎𝜓𝜈

𝑗
)  

{

𝛿𝜖𝑒
𝑎 𝜇  = −𝑖𝜖‾𝛾𝑎𝜓𝜇

𝛿𝜖𝐴𝜇  = −𝑖𝜖‾𝜎2𝜓𝜇

𝛿𝜖𝜓𝜇  = ∇̃𝜇𝜖

 

∇̃𝜇= ∇𝜇 +
1

4
𝐹̃𝛾𝜇𝜎

2 

{
𝐹̃𝜇𝜈
′  = cos 𝜃𝐹̃𝜇𝜈 + sin 𝜃⋆𝐹̃𝜇𝜈

𝜓𝜇
′  = 𝑒

𝑖
2
𝜃𝛾5𝜓𝜇

 

{𝑒𝑎 𝜇, 𝐴
(𝑛) 𝜇, 𝜙, 𝑎, 𝜓𝜇

𝑖 , 𝜆𝑖}  

𝑆 = ∫  𝑑4𝑥√|𝑔| {𝑅 + 2(𝜕𝜙)2 +
1

2
𝑒4𝜙(𝜕𝑎)2 − 𝑒−2𝜙∑ 

6

𝑛=1

 𝐹(𝑛)𝐹(𝑛) + 𝑎∑  

6

𝑛=1

 𝐹(𝑛)⋆𝐹(𝑛)}  

𝜏 = 𝑎 + 𝑖𝑒−2𝜙  

𝐹̃𝜇𝜈
(𝑛)

= 𝜕𝜇𝐴̃𝜈
(𝑛)

− 𝜕𝜈𝐴̃𝜇
(𝑛)  

Λ = (
𝑎 𝑏
𝑐 𝑑

) , 𝑎𝑑 − 𝑏𝑐 = 1 

(
𝐹̃(𝑛) 𝜇𝜈

𝐹(𝑛) 𝜇𝜈
) ⟶ Λ(

𝐹̃(𝑛) 𝜇𝜈

𝐹(𝑛) 𝜇𝜈
)  

𝜏 ⟶
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

𝑀2 +
|𝑍1𝑍2|

2

𝑀2
− |𝑍1|

2 − |𝑍2|
2 ≥ 0  

𝜕𝑖𝜕𝑖ℋ1 = 𝜕𝑖𝜕𝑖ℋ2 = 0  



pág. 7312 

 

∑  

𝑁

𝑛=1

 (𝑘(𝑛))
2
= 0,∑  

𝑁

𝑛=1

  |𝑘(𝑛)|
2
=
1

2
 

𝑒−2𝑈  = 2ℑ m(ℋ1ℋ2)

𝜕[[]𝜔𝑗]  = 𝜖𝑖𝑗𝑘ℜe(ℋ1𝜕𝑘ℋ2 −ℋ2𝜕𝑘ℋ1)
 

𝑑𝑠2  = 𝑒2𝑈(𝑑𝑡2 + 𝜔𝑖𝑑𝑥
𝑖)
2
− 𝑒−2𝑈𝑑𝑥 2

𝜆 =
ℋ1

ℋ2

𝐴𝑡
(𝑛)
 = 2𝑒2𝑈ℜe(𝑘(𝑛)ℋ2)

𝐴̃𝑡
(𝑛)
 = −2𝑒2𝑈ℜe(𝑘(𝑛)ℋ1)

 

ℋ1 = 𝑖ℋ2 =
1

√2
𝑉−1  

Υ = −2
∑  𝑛  Γ(𝑛)

2

𝑀
 

𝑀2 + |Υ|2 − 4∑  

𝑛

  |Γ(𝑛)|
2
= 0  

1

2
|𝑍1,2|

2
=∑  

𝑛

  |Γ(𝑛)|
2
± [(∑  

𝑛

  |Γ(𝑛)|
2
)

2

− |∑  

𝑛

 Γ(𝑛)2|

2

]

1
2

 

𝐴 = 4𝜋(|𝑀|2 − |Υ|2) = 4𝜋||𝑍1|
2 − |𝑍2|

2 ∣  

𝐴 = 8𝜋√det [(
𝑝̃ 𝑡

𝑞̃ 𝑡
) (𝑝̃ 𝑞̃ )]  

(
𝑝̃ 

𝑞̃ 
)

′

= 𝑅 ⊗ 𝑆(
𝑝̃ 

𝑞̃ 
)  

+
1

6!
(Γ̂̂𝑎̂̂1⋯𝑎̂6 𝒞̂̂−1))

𝛼̂̂𝛽̂̂

𝒵̂
𝑎̂̂1⋯𝑎̂̂6

(6)
+
𝑖

9!
(Γ̂̂𝑎̂̂1⋯𝑎̂̂9𝒞̂−1))

𝛼̂̂𝛽̂̂

𝒵𝑎1⋯𝑎9
(9)

 +
1

10!
(Γ̂̂𝑎̂̂1⋯𝑎̂10𝒞̂−1) 𝛼̂̂𝛼̂𝛽̂𝒵̂

𝑎̂̂1⋯⋯𝑎̂10

(10)
.

 

{𝑒̂̂
𝜇̂̂
𝑎̂̂, 𝐶̂̂

𝜇̂̂𝜌̂̂𝐿̂̂
ˆ , 𝜓̂̂𝜇̂̂}  

𝑆̂̂ =
1

16𝜋𝐺𝑁
(11)

∫  𝑑11𝑥̂̂√|𝑔̂̂|

[
 
 
 

𝑅̂̂ −
1

2 ⋅ 4!
𝐺̂̂2 −

1

(144)2
1

√∣ 𝑔̂̂

𝜖𝐺̂̂𝐺̂̂𝐶̂̂𝐶̂̂

]
 
 
 

 

𝐺̂̂ = 4𝜕𝐶̂̂  

𝛿𝜒̂̂𝐶̂̂ = 3𝜕𝜒̂̂  
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𝜕 ( ⋆𝐺̂̂ +
35

2
𝐶̂̂𝐺̂̂)  

∗ 𝐺̂̂ = 7(𝜕𝐶̃̃
ˆ
− 10𝐶̂̂𝜕𝐶̂̂) ≡ 𝐺̃̃

ˆ  

𝛿𝜒̂̂𝐶̂̃
ˆ
= 6𝜕𝜒̂̃  

𝛿𝜒̂̂𝐶̂̃
ˆ
= −30𝜕𝜒̂̂𝐶̂̂  

𝑃̂̂𝑎̂̂ = (𝑃̂𝑎̂, 𝑍̂
(0)), 𝑍̂̂

𝑎̂̂𝑏̂̂

(2)
= (𝑍̂

𝑎̂𝑏̂

(2)
, 𝑍̂𝑎̂

(1)
), 𝑍̂

𝑎̂̂1⋯𝑎̂5

(5)
= (𝑍̂𝑎̂1⋯𝑎̂5

(5)
, 𝑍̂𝑎̂1⋯𝑎̂4

(4)
)  

𝑍̂̂
𝑎̂̂1⋯𝑎̂6

(6)
= (𝑍̂𝑎̂1⋯𝑎̂6

(6)
,⋅) , 𝑍̂̂𝑎̂1⋯𝑎̂9

(9)
= (⋅, 𝑍̂𝑎̂1⋯𝑎̂8

(8)
)  

{𝑄̂𝛼̂, 𝑄̂𝛽̂} =𝑖(Γ̂𝑎̂𝒞̂−1) 𝛼̂𝛽̂𝑃̂𝑎̂ + ∑  

𝑛=0,1,4,8

 
𝑐𝑛
𝑛!
(Γ̂𝑎̂1⋯𝑎̂𝑛Γ̂11𝒞̂

−1)𝛼̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂𝑛
(𝑛)

 + ∑  

𝑛=2,5,6

 
𝑐𝑛
𝑛!
(Γ̂𝑎̂1⋯𝑎̂𝑛Γ̂11𝒞̂

−1)𝛼̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂𝑛
(𝑛)

 

{𝑔̂𝜇̂𝜈̂ , 𝐵̂𝜇̂𝜈̂ , 𝜙̂, 𝐶̂
(3) 𝜇̂𝜈̂𝜌̂, 𝐶̂

(1) 𝜇̂, }.  
𝑐5
5!
(Γ̂𝑎̂1⋯𝑎̂5Γ̂11𝒞̂

−1)
𝛼̂𝛽̂
𝑍̂𝑎̂1⋯𝑎̂5
(5)

+
𝑐9
9!
(Γ̂𝑎̂1⋯𝑎̂9𝒞̂−1)𝛼̂𝛽̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂9

(9)  

𝑔̂̂𝜇̂𝜈̂ = 𝑒−
2
3
𝜙̂𝑔̂𝜇̂𝜈̂ − 𝑒

4
3
𝜙̂𝐶̂(1)𝜇̂(1)𝜈̂, 𝐶̂̂𝜇̂𝜈̂𝜌̂ = 𝐶̂(3)𝜇̂𝜈̂𝜌̂

𝑔̂̂𝜇̂𝑧 = −𝑒
4
3
𝜙̂𝐶̂(1)𝜇̂, 𝐶̂̂𝜇̂𝜈̂𝑧 = 𝐵̂𝜇̂𝜈̂ ,

𝑔̂̂𝑧𝑧 = −𝑒
4
3
𝜙̂.

 

(𝑒̂𝜇̂̂ 𝑎̂̂
𝑢̂ = (

𝑒−
1
3
𝜙̂𝑒̂
𝜇̂

 𝑎̂ 𝑒
2
3
𝜙̂𝐶̂(1)𝜇̂

0 𝑒
2
3
𝜙̂

) ,

(𝑒̂̂𝑎̂̂ 𝜇̂̂) = (
𝑒
1
3𝜙̂𝑒̂𝑒̂𝑎̂

𝜇̂
−𝑒

1
3
𝜙̂𝐶̂(1)𝑎̂

0 𝑒−
2
3
𝜙̂

) .

 

𝑆̂ =
2𝜋𝑡lanck 

(11)

16𝜋𝐺𝑁
(1)
∫  𝑑10𝑥̂√|𝑔̂| {𝑒−2𝜙̂ [𝑅̂ − 4(𝜕𝜙̂)2 +

1

2 ⋅ 3!
𝐻̂2]

− [
1

4
(𝐺̂(2))

2
+

1

2 ⋅ 4!
(𝐺̂(4))

2
] −

1

144

1

√|𝑔̂|
𝜖𝜕𝐶̂(3)𝜕𝐶̂(3)𝐵̂}

 

𝑔̂𝜇̂𝜈̂ → 𝑒
2
3
𝜙̂0𝜂̂𝜇̂𝜈̂  

𝑔̂𝜇̂𝜈̂ → 𝑒
2
3
𝜙̂0𝑔̂𝜇̂𝜈̂ , 𝐶̂(1)𝜇̂ → 𝑒

1
3
𝜙̂0𝐶̂(1)𝜇̂,

𝐵̂𝜇̂𝜈̂ → 𝑒
2
3
𝜙̂0𝐵̂𝜇̂𝜈̂ , 𝐶̂(3)𝜇̂𝜈̂𝜌̂ → 𝑒𝜙̂0𝐶̂(3) 𝜇̂𝜈̂𝜌̂
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𝑆̂ =
𝑔𝐴
2

16𝜋𝐺𝑁𝐴
100∫  𝑑10𝑥̂√|𝑔̂| {𝑒−2𝜙̂ [𝑅̂ − 4(𝜕𝜙̂)2 +

1

2 ⋅ 3!
𝐻̂2]

− [
1

4
(𝐺̂(2))

2
+

1

2 ⋅ 4!
(𝐺̂(4))

2
] −

1

144

1

√|𝑔̂|
𝜖𝜕𝐶̂(3)𝜕𝐶̂(3)𝐵̂}

 

𝑔𝐴 = 𝑒𝜙̂0  

2𝜋ℓPlanck 
(11)

𝑒
8
3
𝜙̂0

16𝜋𝐺𝑁
(11)

=
𝑔𝐴
2

16𝜋𝐺𝑁𝐴
(10)

 

𝐺𝑁
(10)

=
𝐺𝑁
(11)

2𝜋ℓ
Planck 

(11)
𝑔𝐴
2/3

 

𝑅11 =
1

2𝜋
lim
𝑟→∞

 ∫  √|𝑔̂̂𝑧𝑧|𝑑𝑧 = ℓPlanck 
(11)

𝑒
2
3
𝜙̂0 = ℓPlanck 

(11)
𝑔𝐴
2/3  

𝐺𝑁𝐴
(10)

=
𝐺𝑁
(11)

2𝜋𝑅11
=
𝐺𝑁
(11)

𝑉11
 

𝐺𝑁𝐴
(10)

=
(ℓPlanck

(11)
)
8

32𝜋2𝑔𝐴
2/3

 

𝐺𝑁𝐴
(10)

= 8𝜋6𝑔𝐴
2ℓ𝑠

8  

ℓPlanck 
(11)

= 2𝜋ℓ𝑠𝑔𝐴
1/3

𝑅11 = ℓ𝑠𝑔𝐴
 

𝐺̂(10−𝑘) = (−1)[𝑘/2]⋆𝐺̂(𝑘)  

𝐺̂ = 𝑑𝐶̂ − 𝐻̂ ∧ 𝐶̂  

𝑑𝐺̂ − 𝐻̂ ∧ 𝐺̂ = 0, 𝑑⋆𝐺̂ + 𝐻̂ ∧⋆ 𝐺̂  

𝐻̂(7) = 𝑒−2𝜙̂⋆𝐻̂  

𝑑𝐻 = 0, 𝑑(𝑒2𝜙⋆𝐻̂(7))  

𝑑(𝑒−2𝜙⋆𝐻̂) +
1

2
⋆ 𝐺̂ ∧ 𝐺̂ = 0, 𝑑𝐻̂(7) +

1

2
⋆ 𝐺̂ ∧ 𝐺̂  

𝐻̂(7) = 𝑑𝐵̂(6) −
1

2
∑  

𝑛=4

𝑛=1

  ⋆ 𝐺̂(2𝑛+2) ∧ 𝐶̂(2𝑛−1)  

{
 
 

 
 𝜖 = 𝑒−

1
6
(𝜙̂−−𝜙̂0)𝜖

𝜓̂̂𝑎̂ = 𝑒
1
6
(𝜙̂−𝜙̂0) (2𝜓̂𝑎̂ −

1

3
Γ̂𝑎̂𝜆̂)

𝜓̂̂𝑧 =
2𝑖

3
𝑒
1
6
(𝜙̂−𝜙̂0)Γ̂11𝜆̂
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𝛿𝜖̂𝑒̂𝜇̂
𝑎̂ = −𝑖𝜖Γ̂𝑎̂𝜓̂𝜇̂,

𝛿𝜖̂𝜓̂𝜇̂ = {𝜕𝜇̂ −
1

4
(𝜓𝜇̂ +

1

2
Γ11𝐻̂𝜇)} 𝜖 +

𝑖

8
𝑒𝑒̂ ∑  

𝑛=1,2

 
1

(2𝑛)!
𝜖(2𝑛)Γ̂𝜇̂(−Γ̂11)

𝑛
𝜖,

𝛿𝜖̂𝛽̂𝜇̂𝜈̂ = −2𝑖𝜖Γ̂[𝜇̂Γ̂11𝜓̂𝜈̂],

𝛿𝜖̂𝐶̂
(1) 𝜇̂ = −𝑒𝜙̂𝜖̂Γ̂11 (𝜓̂𝜇̂ −

1

2
Γ̂𝜇̂𝜆̂) ,

𝛿𝜖̂𝐶̂
(3) 𝜇̂𝜈̂𝜌̂ = 3𝑒𝜙̂𝜖‾Γ̂𝜇̂𝜈̂ (𝜓̂𝜌̂] −

1

3!
Γ̂𝜌̂]𝜆̂) + 3𝐶̂(1) [𝜇̂𝛿𝜖̂𝐵̂𝜇̂𝜈̂],

𝛿𝜖̂𝜆̂ = (𝜕𝜕𝜙𝜙̂ +
1

12
Γ̂11𝐻̂) 𝜖 +

𝑖

4
𝑒𝜙̂ ∑  

𝑛=1,2

 
5 − 2𝑛

(2𝑛)!
𝜁(2𝑛)(−Γ̂11)

𝑛
𝜖,

𝛿𝜖̂𝜙̂ = −
𝑖

2
𝜖𝜖

 

{𝑄̂𝑖𝛼̂, 𝑄̂𝑗𝛽̂} =𝑖𝛿𝑖𝑗(Γ̂𝑎̂𝒞̂−1) 𝛼̂𝛽̂𝑃̂𝑎̂ + (Γ̂𝑎̂𝒞̂−1)𝛼̂𝛽̂̂𝑍̂𝑎̂
(1)(𝑖𝑗)

+
𝑖

3!
(Γ̂𝑎̂1𝑎̂2𝑎̂3𝒞̂−1)𝛼̂𝛽̂𝑍̂𝑎̂1𝑎̂2𝑎̂3

(3)[𝑖𝑗]

 +
𝑖

5!
(Γ̂𝑎̂1⋯𝑎̂5𝒞̂−1)𝛼̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂5

(5)(𝑖𝑗)
+
𝑖

7!
(Γ̂𝑎̂1⋯𝑎̂7𝒞̂−1)𝛼̂𝛼̂𝑍̂

𝑎̂1⋯𝑎̂7

(7)[𝚤𝑗]ˆ

 +
𝑖

9!
(Γ̂𝑎̂1⋯𝑎̂9𝒞̂−1)𝛼̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂9

(9)(𝑖𝑗)
.

 

𝑍̂𝑎̂
(1)(𝑖𝑗)

= 𝑍̂𝑎̂
(1)0

𝛿𝑖𝑗𝑍̂𝑎̂
(1)1

𝜎1 + 𝑍̂𝑎̂
(1)3

𝜎3  

𝑍̂𝑎̂1𝑎̂2𝑎̂3
(3)

= 𝑍̂𝑎̂1𝑎̂2𝑎̂3
(𝑖)

𝑖𝜎2  

{𝚥𝜇̂𝜈̂ , ℬ̂𝜇̂𝜈̂ , 𝜑̂}  

{𝐶(0)ˆ , 𝐶(2)ˆ 𝜇̂𝜈̂̂, 𝐶(4)ˆ 𝜇̂𝜈̂𝜌̂𝜎̂}  

{
 
 

 
 ℋ̂  = 3𝜕ℬ

𝐺̂(1)  = 𝜕𝐶̂(0)

𝐺̂(3)  = 3(𝜕𝐶̂(2) − 𝜕ℬ̂𝐶̂(0))

𝐺̂(5)  = 5(𝜕𝐶̂(4) − 6𝜕ℬ̂𝐶̂(2))

 

𝐺̂(5) = +⋆𝐺̂(5)  

(𝐺̂(5))
2
= ( ⋆𝐺̂(5))

2
= −(𝐺̂(5))

2
⇒= 0  

𝑆NSD =
𝑔𝐵
2

16𝜋𝐺𝑁𝐵
(10)

∫  𝑑10𝑥̂√|𝚥| {𝑒−2𝜑̂ [𝑅̂(𝚥) − 4(𝜕𝜑̂)2 +
1

2 ⋅ 5!
ℋ̂2]

 +
1

2
(𝐺̂(0))

2
+

1

2 ⋅ 3!
(𝐺̂(3))

2
+

1

4 ⋅ 3!
(𝐺̂(5))

2

 −
1

192

1

√|𝚥|
∈ 𝜕𝐶̂(4)𝜕𝐶̂(2)ℬ̂}

 

𝑔𝐵 = 𝑒𝜑̂0  



pág. 7316 

 

𝛿𝜀̂𝑒̂𝜇̂
𝑎̂ = −𝑖𝜀Γ̂𝑎̂𝜁𝜇̂,

𝛿𝜀̂𝜁𝜇̂ =∇𝜇̂𝜀 −
1

8
ℋ̂𝜇̂𝜎3𝜀 +

1

8
𝑒𝜑̂ ∑  

𝑛=1,2,3

 
1

(2𝑛 − 1)!
𝑙(2𝑛−1)Γ̂𝜇̂𝒫𝑛𝜀,

𝛿𝜀̂ℬ̂𝜇̂𝜈̂ = −2𝑖𝜀𝜎
3Γ̂[𝜇̂𝜁𝜈̂],

𝛿𝜀̂𝐶̂
(2𝑛−2) 𝜇̂1⋯𝜇̂2𝑛−2 =𝑖(2𝑛 − 2)𝑒−𝜑̂𝜀𝒫𝑛Γ̂[𝜇̂1⋯𝜇̂2𝑛−3 (𝜁𝜇̂2𝑛−2] −

1

2(2𝑛 − 2)
Γ̂𝜇̂2𝑛−2]𝜒̂))

 +
1

2
(2𝑛 − 2)(2𝑛 − 3)𝐶̂(2𝑛−4) [𝜇̂1⋯𝜇̂2𝑛−4𝛿𝜀̂ℬ̂𝜇̂2𝑛−3𝜇̂2𝑛−4 ,

𝛿𝜀̂𝜒̂ =(∂̸𝜑̂ −
1

12
ℋ̂𝜎3) 𝜀 +

1

2
𝑒𝜑̂ ∑  

𝑛=1,2,3

 
(𝑛 − 3)

(2𝑛 − 1)!
𝜁(2𝑛−1)𝒫𝑛𝜀,

𝛿𝜀̂𝜑̂ = −
𝑖

2
𝜀𝜒̂

 

𝒫𝑛 = {
𝜎1, 𝑛 

𝑖𝜎2, 𝑛 
 

𝚥𝐸𝜇𝜈 = 𝑒−𝜑/2𝚥𝜇𝜈  

{
ℬ⃗⃗ ̂ = (

𝐶̂(2)

ℬ̂
)

𝐷̂ = 𝐶̂(4) − 3ℬ̂𝐶̂(2)

 

{

ℋ⃗⃗ ̂  = 3𝜕ℬ⃗⃗ ̂

𝐹̂  = 𝐺̂(5) = +⋆𝐹̂

= 5 (𝜕𝐷̂ − ℬ⃗⃗ ̂𝑇𝜂ℋ⃗⃗ ̂)

 

𝜂 = 𝑖𝜎2 = (
0 1

−1 0
) = −𝜂−1 = −𝜂𝑇  

Λ𝜂Λ𝑇 = 𝜂,⇒ 𝜂Λ𝜂𝑇 = (Λ−1)𝑇 , Λ ∈ 𝑆𝐿(2,ℝ)  

ℳ̂ = 𝑒𝜑̂ (
|𝜏̂|2 𝐶̂(0)

𝐶̂(0) 1
) , ℳ̂−1 = 𝑒𝜑̂ (

1 −𝐶̂(0)

−𝐶̂(0) |𝜏̂|2
)  

𝜏̂ = 𝐶̂(0) + 𝑖𝑒−𝜑̂  

ℳ̂′ = Λℳ̂Λ𝑇,

ℬ′ˆ  = Λℬ⃗⃗ ̂
 

𝜏̂′ =
𝑎𝜏̂ + 𝑏

𝑐𝜏̂ + 𝑑
 

𝑆̂NSD =
𝑔𝐵
2

16𝜋𝐺𝑁
100∫  𝑑10𝑥̂√|𝚥𝐸| {𝑅̂(𝚥𝐸) +

1

4
Tr(𝜕ℳ̂ℳ̂−1)

2

+
1

2 ⋅ 3!
ℋ⃗⃗ ̂𝑇ℳ̂−1ℋ⃗⃗ ̂ +

1

4 ⋅ 5!
𝐹̂2 −

1

27 ⋅ 33
1

√|𝚥𝐸|
∈ 𝐷̂ℋ⃗⃗ ̂ 𝑇𝜂ℋ⃗⃗ ̂}

 

𝑔𝐵
′ = 1/𝑔𝐵  

𝚥′ = |𝑐𝜆̂ + 𝑑|𝚥  

𝚥′ = 𝑒−𝜑̂𝚥  
𝑅′ = 𝑅/𝑔𝐵  
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{𝑄𝑖𝛼, 𝑄𝑗𝛽} =𝑖(Γ𝑎𝒞−1)𝛼𝛽(𝛿𝑖𝑗𝑃𝑎 + 𝜎
1𝑖𝑗𝑍𝑎

(1)1
+ 𝜎3𝑖𝑗𝑍𝑎

(1)3
)

 +(𝒞−1)𝛼𝛽(𝛿𝑖𝑗𝑍(0)0 + 𝜎1𝑖𝑗𝑍(0)1 + 𝜎3𝑖𝑗𝑍(0)3)

 +
𝑖

2!
(Γ𝑎1𝑎2𝒞−1)𝛼𝛽𝜎2𝑖𝑗𝑍𝑎1𝑎2

(2)
+
1

3!
(Γ𝑎1𝑎2𝑎3𝒞

−1
)
𝛼𝛽
𝜎2𝑖𝑗𝑍𝑎1𝑎2𝑎3

(3)

 +
1

4!
(Γ𝑎1⋅𝑎4𝒞−1)𝛼𝛽(𝜎1𝑖𝑗𝑍𝑎1⋅𝑎4

(4)1
+ 𝜎3𝑖𝑗𝑍𝑎1⋅𝑎4

(4)3
)

 +
𝑖

5!
(Γ𝑎1⋅𝑎5𝒞−1)𝛼𝛽(𝛿𝑖𝑗𝑍𝑎1⋅𝑎5

(5)0
+ 𝜎1𝑖𝑗𝑍𝑎1⋅𝑎5

(5)1
+ 𝜎3𝑖𝑗𝑍𝑎1⋅𝑎5

(5)3
)

 +
𝑖

6!
(Γ𝑎1⋯𝑎6𝒞−1)𝛼𝛽𝜎2𝑖𝑗(𝑍𝑎1⋯𝑎6

(6)
+ 𝑍𝑎1⋯𝑎6

(6)!
)

 +
1

7!
(Γ𝑎1⋯𝑎7𝒞−1)𝛼𝛽𝜎2𝑖𝑗(𝑍𝑎1⋯𝑎7

(7)
+ 𝑍𝑎1⋯𝑎7

(7)!
)

 +
1

8!
(Γ𝑎1⋅𝑎8𝒞−1)𝛼𝛽(𝜎1𝑖𝑗𝑍𝑎1⋅𝑎8

(8)1
+ 𝜎3𝑖𝑗𝑍𝑎1⋅𝑎8

(8)3
)

 

𝑔̂𝜇𝜈 = 𝑔𝜇𝜈 − 𝑘2𝐴(1) 𝜇𝐴
(1) 𝜈 , 𝑔𝜇𝜈 = 𝑔̂𝜇𝜈 − 𝑔̂𝜇𝑥𝑔̂𝜈𝑥/𝑔̂𝑥𝑥,

𝐵̂𝜇𝜈 = 𝐵𝜇𝜈 + 𝐴(1) [𝜇𝐴
(2) 𝜈], 𝐵𝜇𝜈 = 𝐵̂𝜇𝜈 + 𝑔̂[𝜇|𝑥|𝐵̂𝜈]𝑥/𝑔̂𝑥𝑥,

𝜙̂ = 𝜙 +
1

2
log 𝑘, 𝜙 = 𝜙̂ −

1

4
log |𝑔̂𝑥𝑥|,

𝑔̂𝜇𝑥 = −𝑘2𝐴(1) 𝜇, 𝐴
(1) 𝜇 = 𝑔̂𝜇𝑥/𝑔̂𝑥𝑥,

𝐵̂𝜇𝑥 = −𝐴(2) 𝜇, 𝐴
(2) 𝜇 = −𝐵̂𝜇𝑥,

𝑔̂𝑥𝑥 = −𝑘2, 𝑘 = |𝑔̂𝑥𝑥|
1/2

 

𝐶̂(2𝑛−1) 𝜇1⋯𝜇2𝑛−1 = 𝐶(2𝑛−1) 𝜇1⋯𝜇2𝑛−1 + (2𝑛 − 1)𝐴(1) [𝜇1𝐶
(2𝑛−2) 𝜇2⋯𝜇2𝑛−1],

𝐶̂(2𝑛+1) 𝜇1⋯𝜇2𝑛𝑥 = 𝐶(2𝑛) 𝜇1⋯𝜇2𝑛 ,

𝐶(2𝑛−1) 𝜇1⋯𝜇2𝑛−1 = 𝐶̂(2𝑛−1) 𝜇1⋯𝜇2𝑛−1 − (2𝑛 − 1)𝑔̂[𝜇1|𝑥|𝐶̂
(2𝑛−1) 𝜇2⋯𝜇2𝑛−1]𝑥/𝑔̂𝑥𝑥,

𝐶(2𝑛) 𝜇1⋯𝜇2𝑛 = 𝐶̂(2𝑛+1) 𝜇1⋯𝜇2𝑛𝑥

 

𝚥𝜇𝜈 = 𝑔𝜇𝜈 − 𝑘−2𝐴(2) 𝜇𝐴
(2) 𝜈 , 𝑔𝜇𝜈 = 𝚥𝜇𝜈 − 𝚥𝜇𝑦𝚥𝜈𝑦/𝚥𝑦𝑦 ,

ℬ̂𝜇𝜈 = 𝐵𝜇𝜈 + 𝐴(1) [𝜇𝐴
(2) 𝜈], 𝐵𝜇𝜈 = ℬ̂𝜇𝜈 + 𝚥[𝜇|𝑦|ℬ̂𝜈]𝑦/𝚥𝑦𝑦,

𝜑̂ = 𝜙 −
1

2
log 𝑘, 𝜙 = 𝜑̂ −

1

4
log |𝚥𝑦𝑦| ,

𝚥𝜇𝑦 = −𝑘−2𝐴(2) 𝜇, 𝐴
(1) 𝜇 = ℬ̂𝜇𝑦,

ℬ̂𝜇𝑦 = 𝐴(1) 𝜇, 𝐴
(2) 𝜇 = 𝚥𝜇𝑦/𝚥𝑦𝑦,

𝚥𝑦𝑦 = −𝑘−2, 𝑘 = |𝚥𝑦𝑦|
−1/2

 

𝐶̂(2𝑛) 𝜇1⋯𝜇2𝑛 = 𝐶(2𝑛) 𝜇1⋯𝜇2𝑛 − (2𝑛)𝐴(2) [𝜇1𝐶
(2𝑛−1) 𝜇2⋯𝜇2𝑛],

𝐶̂(2𝑛) 𝜇1⋯𝜇2𝑛−1𝑦 = −𝐶(2𝑛−1) 𝜇1⋯𝜇2𝑛−1 ,

𝐶(2𝑛) 𝜇1⋯𝜇2𝑛 = 𝐶̂(2𝑛) 𝜇1⋯𝜇2𝑛 + (2𝑛)𝚥
[𝜇1∣𝑦

𝐶̂(2𝑛) 𝜇2⋯𝜇2𝑛]𝑦/𝚥𝑦,

𝐶(2𝑛−1) 𝜇1⋯𝜇2𝑛−1 = −𝐶̂(2𝑛) 𝜇1⋯𝜇2𝑛−1𝑦
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𝚥𝜇𝜈 = 𝑔̂𝜇𝜈 − (𝑔̂𝜇𝑥𝑔̂𝜈𝑥 − 𝐵̂𝜇𝑥𝐵̂𝜈𝑥)/𝑔̂𝑥𝑥, 𝚥𝜇𝑦 = 𝐵̂𝜇𝑥/𝑔̂𝑥𝑥 ,

ℬ̂𝜇𝜈 = 𝐵̂𝜇𝜈 + 2𝑔̂[𝜇∣𝑥𝐵̂𝜈]𝑥/𝑔̂𝑥𝑥 , ℬ̂𝜇𝑦 = 𝑔̂𝜇𝑥/𝑔̂𝑥𝑥,

𝜑̂ = 𝜙̂ −
1

2
log |𝑔̂𝑥𝑥|, 𝚥𝑦𝑦 = 1/𝑔̂𝑥𝑥,

𝐶̂(2𝑛) 𝜇1…𝜇2𝑛 = 𝐶̂(2𝑛+1) 𝜇1…𝜇2𝑛𝑥 + 2𝑛𝐵̂[𝜇1|𝑥|𝐶̂
(2𝑛−1) 𝜇2…𝜇2𝑛]

 −2𝑛(2𝑛 − 1)𝐵̂[𝜇1|𝑥|𝑔̂𝜇2|𝑥|𝐶̂
(2𝑛−1) 𝜇3…𝜇2𝑛]𝑥/𝑔̂𝑥𝑥,

𝐶̂(2𝑛) 𝜇1…𝜇2𝑛−1𝑦 = −𝐶̂(2𝑛−1) 𝜇1…𝜇2𝑛−1

 +(2𝑛 − 1)𝑔̂[𝜇1|𝑥|𝐶̂
(2𝑛−1) 𝜇2…𝜇2𝑛−1]𝑥/𝑔̂𝑥𝑥

 

𝑔̂𝜇𝜈 = 𝚥𝜇𝜈 − (𝚥𝜇𝑦𝚥𝑦 − ℬ̂𝜇𝑦ℬ̂𝜈𝑦) /𝚥𝑦𝑦 , 𝑔̂𝜇𝑥 = ℬ̂𝜇𝑦/𝚥𝑦𝑦,

𝐵̂𝜇𝜈 = ℬ̂𝜇𝜈 + 2𝚥[𝜇∣1ℬ̂𝜈]𝑦/𝚥𝑦, 𝐵̂𝜇𝑥 = 𝚥𝜇𝑦/𝚥𝑦𝑦,

𝜙̂ = 𝜑̂ −
1

2
log |𝑦̂𝑦𝑦| , 𝑔̂𝑥𝑥 = 1/𝚥𝑦𝑦,

𝐶̂(2𝑛+1) 𝜇1…𝜇2𝑛+1 = −𝐶̂(2𝑛+2) 𝜇1…𝜇2𝑛+1𝑦 + (2𝑛 + 1)ℬ̂
[𝜇1|𝑦|

𝐶̂(2𝑛) 𝜇2…𝜇2𝑛+1]

 −2𝑛(2𝑛 + 1)ℬ̂
[𝜇1|𝑦|

𝚥𝜇2∣𝑦𝐶̂
(2𝑛) 𝜇3…𝜇2𝑛+1]1/𝚥𝑦𝑦,

𝐶̂(2𝑛+1) 𝜇1…𝜇2𝑛𝑥 = 𝐶̂(2𝑛) 𝜇1…𝜇2𝑛

 +2𝑛𝚥
[𝜇1|𝑦|

𝐶̂(2𝑛) 𝜇2…𝜇2𝑛]𝑦/𝚥𝑦𝑦

 

𝚥𝑦𝑦 = 1/𝑔̂𝑥𝑥, 𝑔̂𝑥𝑥 = 1/𝚥𝑦𝑦  

𝑔̂𝑥𝑥 → (𝑅𝐴/ℓ𝑠)
2, 𝚥𝑦𝑦 → (𝑅𝐵/ℓ𝑠)

2
 

𝑅𝐴,𝐵 = ℓ𝑠
2/𝑅𝐵,𝐴  

𝑔𝐴,𝐵 = 𝑔𝐵,𝐴/𝑅𝐵,𝐴  
𝑔 ≪ 1, ℓ𝑠 ≪ 1  
ℓ𝑠/𝑅𝑐 ≪ 1  

𝑆𝑁𝐺
(𝑝)[𝑋𝜇(𝜉)] = −𝑇(𝑝)∫  𝑑𝑝+1𝜉√|𝑔𝑖𝑗|  

𝑔𝑖𝑗 = 𝑔𝜇𝜈(𝑋)𝜕𝑖𝑋
𝜇𝜕𝑗𝑋

𝜈  

𝑆𝑃
(𝑝)
[𝑋𝜇, 𝛾𝑖𝑗] = −

𝑇(𝑝)

2
∫  𝑑𝑝+1𝜉√|𝛾|[𝛾𝑖𝑗𝜕𝑖𝑋

𝜇𝜕𝑗𝑋
𝜈𝑔𝜇𝜈 + (1 − 𝑝)]  

𝛾𝑖𝑗 = 𝑔𝑖𝑗  
𝛾𝑖𝑗 = Ω(𝜉)𝑔𝑖𝑗  

𝑆𝑁𝐺
(𝑝)[𝑋𝜇(𝜉)] = −

𝑇(𝑝)

𝐾0
𝛼 ∫  𝑑𝑝+1𝜉𝐾(𝑋)𝛼√|𝑔𝑖𝑗| −

𝜇

𝐾0
𝛼(𝑝 + 1)!

∫  𝑑𝑝+1𝜉𝜖𝑖1⋯𝑖𝑝+1𝐴(𝑝+1)𝑖1⋯𝑖𝑝+1  

𝐴(𝑝+1)𝑖1⋯𝑖𝑝+1 = 𝐴(𝑝+1)𝜇1⋯𝜇𝑝+1(𝑋)𝜕𝑖1𝑋
𝜇1 …𝜕𝑖𝑝+1𝑋

𝜇𝑝+1  
𝛿𝐴(𝑝+1) = (𝑝 + 1)𝜕Λ(𝑝)  

𝑆𝑁𝐺
(𝑝)[𝑋𝜇(𝜉)] = −

𝑇(𝑝)

𝐾0
𝛼 ∫  𝑑𝑝+1𝜉𝐾𝛼(𝑋)√|𝑔𝑖𝑗 + 𝐹𝑖𝑗| + ⋯ , 𝐹𝑖𝑗 = 2𝜕[𝑖𝑉𝑗]  

𝑆𝑁𝐺
(𝑝)[𝑋𝜇(𝜉)] = −

𝑇(𝑝)

𝐾0
𝛼 ∫  𝑑𝑝+1𝜉𝐾𝛼(𝑋)√|𝑔𝑖𝑗| {1 −

1

2
ℱ2 +⋯}  

𝑆 =
1

16𝜋𝐺𝑁
(𝑑)
∫  𝑑𝑑𝑥√|𝑔| [𝑅 + 2(𝜕log 𝐾)2 +

(−1)𝑝+1

2 ⋅ (𝑝 + 2)!
𝐾𝛽𝐹(𝑝+2)

2 ]  

𝐹(𝑝+2) = (𝑝 + 2)𝜕𝐴(𝑝+1)  
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𝑆 = −𝑇∫  𝑑2𝜉√|𝑔̂𝑖𝑗| −
𝑇

2
∫  𝑑2𝜉𝜖𝑖𝑗𝐵̂𝑖𝑗  

𝑆(𝑝) = −𝑇(𝑝)𝑒
2𝜙0∫  𝑑𝑝+1𝜉𝑒−2𝜙√|𝑔𝑖𝑗| + ⋯  

𝑆 = −𝑇𝑆5𝑒
2𝜙̂0∫  𝑑6𝜉𝑒−2𝜙̂√|𝑔̂𝑖𝑗| −

𝑇𝑆5𝑒
2𝜙̂0

6!
∫  𝑑6𝜉𝜖𝑖1⋯𝑖6𝐵̂𝑖1⋯𝑖6

(6)  

𝑆 = −𝑇𝐷𝑝𝑒
𝜙̂0∫  𝑑𝑝+1𝜉𝑒−𝜙̂√|𝑔̂𝑖𝑗 + 2𝜋𝛼′ℱ𝑖𝑗| −

𝑇𝑆𝐷𝑝𝑒
𝜙̂0

6!
∫  𝑑6𝜉𝜖𝑖1⋯𝑖𝑝+1𝐶̂𝑖1⋯𝑖𝑝+1

(𝑝+1)  

ℱ𝑖𝑗 = 𝐹𝑖𝑗 +
1

2𝜋𝛼′
𝐵̂𝑖𝑗, 𝐹𝑖𝑗 = 2𝜕[𝑖𝑉𝑗]  

𝑅𝐴,𝐵  = ℓ𝑠
2/𝑅𝐵,𝐴

𝑔𝐴,𝐵  = 𝑔𝐵ℓ𝑠/𝑅𝐵,𝐴
 

𝑔′  = 1/𝑔

𝑅𝑖
′  = 𝑅𝑖/√𝑔

 

𝑀′ = 𝑔1/2𝑀  

𝑀𝐹1 =
𝑅9
ℓ𝑠2

 

𝑀𝐷1 = 𝑀𝐹1
′ = 𝑔1/2𝑀𝐹1 = 𝑔1/2

𝑅9
ℓ𝑠2

=
𝑅9
′

𝑔′ℓ𝑠2
 

𝑀𝐷0 = 𝑀𝐷1
′ =

𝑅9
𝑔ℓ𝑠2

=
ℓ𝑠
2/𝑅9

′

𝑔′ℓ𝑠/𝑅9
′ℓ𝑠2

=
1

𝑔′ℓ𝑠
 

𝑀𝐷0 = 𝑀𝐷1
′ =

𝑅9
𝑔ℓ𝑠2

=
𝑅9

𝑔′ℓ𝑠/𝑅8
′ℓ𝑠2

=
𝑅8𝑅9

𝑔′ℓ𝑠
3  

𝑀𝐷𝑝 =
𝑅10−𝑝…𝑅9

𝑔ℓ𝑠
𝑝+1  

𝑀𝑆5 = 𝑔1/2𝑀𝐷5
′ = 𝑔1/2

𝑅5…𝑅9

𝑔ℓ𝑠
6 = 𝑔′−1/2

𝑅5
′ /𝑔′1/2…𝑅9

′/𝑔1/2

𝑔′−1ℓ𝑠
6 =

𝑅5…𝑅9

𝑔2ℓ𝑠
6

 

 

Objeto 
Supermasivo  

Masa Masa Objeto Masivo 

F1m 𝑅9
−1   

D0 𝑔𝐴
−1ℓ𝑠

−1 𝑅10
−1 WM(+,− 10) 

F1w 𝑅9ℓ𝑠
−2 𝑅10𝑅9(ℓPlanck 

(11)
)
−3

 M2(+,− 8, +2) 

D2 𝑅9𝑅8𝑔𝐴
−1ℓ𝑠

−3 𝑅9𝑅8(ℓPlanck 
(11)

)
−3

 M2(+,−7, +2, −) 

D4 𝑅9…𝑅6𝑔𝐴
−1ℓ𝑠

−5 𝑅10𝑅9…𝑅5(ℓPlanck 
(11)

)
−6

 M5(+,− 5, + 5) 

S5A 𝑅9…𝑅5𝑔𝐴
−2ℓ𝑠

−6 𝑅9…𝑅5(ℓPlanck 
(11)

)
−6

 M5(+,−4, +5, −) 

D6 𝑅9…𝑅4𝑔𝐴
−1ℓ𝑠

−7 𝑅10
2 𝑅9…𝑅4(ℓPlanck 

(11)
)
−9

 KK7M(+,−3, +6, −⋆) 
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KK6A 𝑅9
2𝑅8…𝑅4𝑔𝐴

−2ℓ𝑠
−8 𝑅10𝑅9

2…𝑅4 (ℓPlanck 
(11)

)
−9

 KK7M(+,  3, +5, +⋆, +) 

D8 𝑅9…𝑅2𝑔𝐴
−1ℓ𝑠

−9 𝑅10
3 𝑅9…𝑅4 (ℓPlanck 

(11)
)
−12

 KK9M(+,−,+8, +⋆) 

KK8A 𝑅9
3𝑅8…𝑅2𝑔𝐴

−3ℓ𝑠
−11 𝑅10𝑅9

3𝑅8…𝑅2 (ℓPlanck 
(11)

)
−12

 KK9M(+,−,+7, +⋆, +) 

KK9A 𝑅9
3𝑅8…𝑅1𝑔𝐴

−4ℓ𝑠
−12 𝑅10𝑅9

3𝑅8…𝑅1 (ℓPlanck 
(11)

)
−12

 KK9M(+,+8, +⋆, −) 

 
 

Objeto Supermasivo Masa Objeto Masivo Masa 

F1m 𝑅9
−1 KK6A 𝑅9

2𝑅8…𝑅4𝑔𝐵
−2ℓ𝑠

−8 

F1w 𝑅9ℓ𝑠
−2 D7 𝑅9…𝑅3𝑔𝐵

−1ℓ𝑠
−8 

D1 𝑅9𝑔𝐵
−1ℓ𝑠

−2 Q7 𝑅9…𝑅3𝑔𝐵
−3ℓ𝑠

−8 

D3 𝑅9…𝑅7𝑔𝐵
−1ℓ𝑠

−4 D9 𝑅9…𝑅1𝑔𝐵
−1ℓ𝑠

−10 

D5 𝑅9…𝑅5𝑔𝐵
−1ℓ𝑠

−6 Q9 𝑅9…𝑅1𝑔𝐵
−4ℓ𝑠

−10 

S5B 𝑅9…𝑅5𝑔𝐵
−2ℓ𝑠

−6   

 

𝑆 = −𝑇𝑀2∫  𝑑3𝜉√|𝑔̂̂𝑖𝑗| −
𝑇𝑀2
3!

∫  𝑑3𝜉𝜖𝑖1⋯𝑖3 𝐶̂̂𝑖1⋯𝑖3  

ℓ𝑠  = ℓPlanck 
(11)

/𝑅10
1/2

𝑔𝐴  = 𝑅10
3/2
/ℓPlanck 

(11)
 

𝑀𝑀2 = 𝑀𝐹1𝐴 =
𝑅9
ℓ𝑠2

=
𝑅9𝑅10

(ℓ
Planck 

(11)
)
3  

𝑀𝑀2 =
𝑅8𝑅9

(ℓ
Planck 

(11)
)
3 =

𝑅8𝑅9

𝑔𝐴ℓ𝑠
3  

𝑀𝑀5 = 𝑀𝐷4 =
𝑅6…𝑅9

𝑔𝐴ℓ𝑠
5 =

𝑅6…𝑅10

(ℓ
Planck 

(11)
)
6  

𝑀𝑀5 =
𝑅5…𝑅9

(ℓ
Planck 

(11)
)
6 =

𝑅5…𝑅9

𝑔𝐴
2ℓ𝑠

6  

𝑀𝐷0 =
1

𝑔𝐴ℓ𝑠
=

1

𝑅10
 

 

Objeto Súper Masa 

WM 0 

M2 𝑅10𝑅9(ℓPlanck 
(11)

)
−3
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M5 𝑅10…𝑅6(ℓPlanck 
(11)

)
−6

 

KK7M 𝑅10
2 𝑅9…𝑅4(ℓPlanck 

(11)
)
−9

 

KK9M 𝑅10
3 𝑅9…𝑅4(ℓPlanck 

(11)
)
−12

 

 

𝑆 =
1

16𝜋𝐺𝑁
(𝑑)
∫  𝑑𝑑𝑥√|𝑔| [𝑅 + 2(𝜕𝜑)2 +

(−1)𝑝+1

2 ⋅ (𝑝 + 2)!
𝑒−2𝑎𝜑𝐹(𝑝+2)

2 ]  

𝐹(𝑝+2) = 𝑑𝐴(𝑝+1), 𝐹(𝑝+2)𝜇1…𝜇𝑝+2 = (𝑝 + 2)𝜕[𝜇1𝐴(𝑝+1)𝜇2…𝜇𝑝+2]  

𝑑𝑠2  = 𝑓[𝑊𝑑𝑡2 − 𝑑𝑦 𝑝
2] − 𝑔−1[𝑊−1𝑑𝜌2 − 𝜌2𝑑Ω(𝑝̃+2)

2 ]

𝐴𝑡𝑡𝑦1…𝑦𝑝  = 𝛼(𝐻−1 − 1)
 

𝑝̃ ≡ 𝑑 − 𝑝 − 4  

𝐻 = 1 +
ℎ

𝜌𝑝̃+1
,𝑊 = 1 +

𝜔

𝜌𝑝̃+1
 

𝑑𝑠2 = 𝐻
2𝑥−2
𝑝+1 [𝑊𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻
−(2𝑥−2)
𝑝̃+1 [𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(𝑝̃+2)

2 ]

𝑒−2𝑎𝜑 = 𝑒−2𝑎𝜑0𝐻2𝑥, 𝐴𝑡𝑦1…𝑦𝑝 = 𝑒𝑎𝜑0𝛼(𝐻−1 − 1),

𝐻 = 1 +
ℎ

𝜌𝑝̃+1
,𝑊 = 1 +

𝜔

𝜌𝑝̃+1
,

𝜔 = ℎ [1 −
𝑎2

4𝑥
𝛼2] ,

𝑥 =

𝑎2

2 𝑐

1 +
𝑎2

2 𝑐
, 𝑐 =

(𝑝 + 1) + (𝑝̃ + 1)

(𝑝 + 1)(𝑝̃ + 1)

 

𝑑𝑠2 = 𝐻
2𝑥−2
𝑝+1 (𝑑𝑡2 − 𝑑𝑦 𝑝

2) − 𝐻
−(2𝑥−2)
𝑝̃+1 𝑑𝑥 (𝑝̃+3)

2 ,

𝑒−2𝑎𝜑 = 𝑒−2𝑎𝜑0𝐻2𝑥, 𝐴𝑡𝑡𝑔1…𝑦𝑝 = 𝑒𝑎𝜑0𝛼(𝐻−1 − 1)

𝜕𝑚𝜕𝑚𝐻 = 0,

𝑥 =

𝑎2

2

1 +
𝑎2

2

, 𝑐 =
(𝑝 + 1) + (𝑝̃ + 1)

(𝑝 + 1)(𝑝̃ + 1)
, 𝛼2 =

4𝑥

𝑎2

 

𝐻 = 1 +
ℎ

|𝑥 (𝑝̃+3)|
𝑝̃+1  

𝐻 = 1 +∑  

𝑁

𝐼=1

 
ℎ𝐼

|𝑥 (𝑝̃+3) − 𝑥 (𝑝̃+3)∣|
𝑝̃+1  

𝑑𝑠2  = 𝑊𝑑𝑡2 − 𝑑𝑦 𝑝
2 −𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(𝑝̃+2)

2

𝑊 = 1 +
𝜔

𝜌𝑝̃+1
 

𝑆 = 𝑆𝑎 + 𝑆𝑝  
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𝑆𝑝[𝑋
𝜇, 𝛾𝑖𝑗] = −

𝑇

2
∫  𝑑𝑝+1𝜉√|𝛾|[𝑒−2𝑏𝜑𝛾𝑖𝑗𝜕𝑖𝑋

𝜇𝜕𝑗𝑋
𝜈𝑔𝜇𝜈 − (𝑝 − 1)]

 −
𝜇

(𝑝 + 1)!
∫  𝑑𝑝+1𝜉𝐴(𝑝+1)𝜇1⋯𝜇𝑝+1𝜕𝑖1𝑋

𝜇1 …𝜕𝑖𝑝+1𝑋
𝜇𝑝+1

 

𝑌𝑖(𝜉) = 𝜉𝑖  
𝑋𝑚(𝜉) = 0  

𝑎 = −(𝑝 + 1)𝑏  
𝜇 = 𝑇/𝛼  

𝐻 = 𝜖 +
ℎ

|𝑥 (𝑝̃+3)|
𝑝̃+1  

ℎ =
16𝜋𝐺𝑁

(𝑑)
𝑇

(𝑝̃ + 1)𝛼2𝜔(𝑝̃+2)
 

𝑑𝑠̂̂𝐸
2 = 𝐻𝑀2

−2/3[𝑊𝑑𝑡2 − 𝑑𝑦 2
2] − 𝐻𝑀2

1/3
[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(7)

2 ]

𝐶̂̂𝑡𝑦1𝑦2 = 𝛼(𝐻𝑀2
−1 − 1),

𝐻𝑀2 = 1 +
ℎ𝑀2
𝜌6

,𝑊 = 1 +
𝜔

𝜌6
,

𝜔 = ℎ𝑀2[1 − 𝛼2]

 

𝑑𝑠̂̂2 = 𝐻𝑀2
−2/3[𝑑𝑡2 − 𝑑𝑦 2

2] − 𝐻𝑀2
1/3
𝑑𝑥 8

2,

𝐶̂̂𝑡𝑦1𝑦2 = ±(𝐻𝑀2
−1 − 1),

𝐻𝑀2 = 1 +
ℎ𝑀2
|𝑥 8|6

 

ℎ𝑀2 =
16𝜋𝐺𝑁

(11)
𝑇𝑀2

6𝜔(7)
 

𝑇𝑀2 =
𝑀𝑀2

(2𝜋)2𝑅9𝑅10
=

1

(2𝜋)2(ℓ
Planck 

(11)
)
3 =

2𝜋

(ℓ
Planck 

(11)
)
3  

ℎ𝑀2 =
(ℓPlanck 

(11)
)
6

6𝜔(7)
 

𝑑𝑠̂̂2 = 𝐻𝑀5
−1/3[𝑊𝑑𝑡2 − 𝑑𝑦 5

2] − 𝐻𝑀5
2/3
[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(4)

2 ]

𝐶̂̂
˜
𝑡𝑡𝑦1⋯𝑦5 = 𝛼(𝐻𝑀5𝑠

−1 − 1),

𝐻𝑀5 = 1 +
ℎ𝑀5
𝜌3

, 𝑊 = 1 +
𝜔

𝜌3
,

𝜔 = ℎ𝑀5[1 − 𝛼2]

 

𝑑𝑠̂̂2 = 𝐻𝑀5
−1/3[𝑑𝑡2 − 𝑑𝑦 5

2] − 𝐻𝑀5
2/3
𝑑𝑥 5

2,

𝐶̂̂
˜
𝑡𝑡1⋯𝑦5 = ±(𝐻𝑀5

−1 − 1),

𝐻𝑀5 = 1 +
ℎ𝑀5
|𝑥 5|3

 

ℎ𝑀5 =
(ℓPlanck 

(11)
)
3

3𝜔(4)
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𝑆 =
1

16𝜋𝐺𝑁
(𝑑)
∫  𝑑𝑑𝑥√|𝑔𝑠| {𝑒

−2𝜙 [𝑅𝑠 − 4(𝜕𝜙)2 +
(−1)𝑝1+1

2 ⋅ (𝑝1 + 2)!
𝐹(𝑝1+2)
2 ] +

(−1)𝑝2+1

2 ⋅ (𝑝2 + 2)!
𝐹(𝑝2+2)
2 }  

𝑔𝑠𝜇𝜈 = 𝑒
4

(𝑑−2)
𝜙
𝑔𝜇𝜈  

𝑆 =
1

16𝜋𝐺𝑁
(𝑑)
∫  𝑑𝑑𝑥√|𝑔| [𝑅 +

4

(𝑑 − 2)
(𝜕𝜙)2

+
(−1)𝑝1+1

2 ⋅ (𝑝1 + 2)!
𝑒
−4

(𝑝1+1)
(𝑑−2)

𝜙
𝐹(𝑝1+2)
2 +

(−1)𝑝2+1

2 ⋅ (𝑝2 + 2)!
𝑒
2
(𝑝̃̃2−𝑝1)

(𝑑−2)
𝜙
𝐹(𝑝2+2)
2 }

 

𝜙 = √
(𝑑 − 2)

2
𝜑  

𝑎1 =
2(𝑝1 + 1)

√2(𝑑 − 2)
, (NS − NS)

𝑎2 =
−(𝑝̃2 − 𝑝2)

√2(𝑑 − 2)
. (RR)

 

𝑎3 = −
2(𝑝1̃ + 1)

√2(𝑑 − 2)
 

𝑑𝑠̃̂𝐸
2 = 𝐻𝐹1

−3/4[𝑊𝑑𝑡2 − 𝑑𝑦2] − 𝐻𝐹1
1/4
[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(7)

2 ],

𝑑𝑠̂𝑠
2 = 𝐻𝐹1

−1[𝑊𝑑𝑡2 − 𝑑𝑦2] − [𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(7)
2 ],

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝐹1,

𝐵̂𝑡𝑦 = 𝛼(𝐻𝐹1
−1 − 1),

𝐻𝐹1 = 1 +
ℎ𝐹1
𝜌6

,𝑊 = 1 +
𝜔

𝜌6
,

𝜔 = ℎ𝐹1[1 − 𝛼2]

 

𝑑𝑠̃̂𝐸
2 = 𝐻𝐹1

−3/4[𝑑𝑡2 − 𝑑𝑦2] − 𝐻𝐹1
1/4
𝑑𝑥 8

2

𝑑𝑠̂𝑠
2 = 𝐻𝐹1

−1[𝑑𝑡2 − 𝑑𝑦2] − 𝑑𝑥 8
2,

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝐹1,

𝐵̂𝑡𝑦 = ±(𝐻𝐹1
−1 − 1),

𝐻𝐹1 = 1 +
ℎ𝐹1
|𝑥 8|

6

 

ℎ𝐹1 =
25𝜋6ℓ𝑠

6𝑔2

3𝜔(7)
 

𝑑𝑠̃̂𝐸
2 = 𝐻𝑆5

−1/4[𝑊𝑑𝑡2 − 𝑑𝑦 5
2] − 𝐻𝑆5

3/4
[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(3)

2 ]

𝑑𝑠̂𝑠
2 = [𝑊𝑑𝑡2 − 𝑑𝑦 5

2] − 𝐻𝑆5[𝑊
−1𝑑𝜌2 + 𝜌2𝑑Ω(3)

2 ]

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝑆5
−1,

𝐵̂(6) 𝑡𝑡𝑦1…𝑦5 = 𝛼𝑒−2𝜙̂0(𝐻𝑆5
−1 − 1)

𝐻𝑆5 = 1 +
ℎ𝑝𝑠

𝜌2
,𝑊 = 1 +

𝜔

𝜌2
,

𝜔 = ℎ𝑆5[1 − 𝛼
2]
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𝑑𝑠̃̂𝐸
2 = 𝐻𝑆5

−1/4[𝑑𝑡2 − 𝑑𝑦 5
2] − 𝐻𝑆5

3/4
𝑑𝑥 4

2,

𝑑𝑠̂𝑠
2 = [𝑑𝑡2 − 𝑑𝑦 5

2] − 𝐻𝑆5𝑑𝑥 4
2,

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝑆5
−1,

𝐵̃̂(6) 𝑡𝑡𝑦1⋯𝑦5 = ±𝑒−2𝜙̂0(𝐻𝑆5
−1 − 1),

𝐻𝑆5 = 1 +
ℎ𝑆5
|𝑥 4|2

 

ℎ𝑆5 = ℓ𝑠
2  

𝑑𝑠̃̂𝐸
2 = 𝐻𝐷𝑝

−−
(7−𝑝)
8 [𝑊𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻𝐷𝑝

(𝑝+1)
8 [𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(8−𝑝)

2 ]

𝑑𝑠̂𝑠
2 = 𝐻𝐷𝑝

−1/2
[𝑊𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻𝐷𝑝
1/2
[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(8−𝑝)

2 ],

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝐷𝑝

(𝑝−3)
2 ,

𝐶̂
(𝑝+1)

 𝑡𝑦1…𝑦𝑝  = 𝛼𝑒−𝜙̂0(𝐻𝐷𝑝
−1 − 1),

𝐻𝐷𝑝 = 1 +
ℎ𝐷𝑝

𝜌7−𝑝
,𝑊 = 1 +

𝜔

𝜌7−𝑝
,

𝜔 = ℎ𝐷𝑝[1 − 𝛼2]

 

𝐻 ∼ ℎlog 𝜌,𝑊 ∼ 𝜔log 𝜌  
𝐻 ∼ ℎ𝜌,𝑊 ∼ 𝜔𝜌  

𝑑𝑠̃̂𝐸
2 = 𝐻𝐷𝑝

𝑝−7
8 [𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻𝐷𝑝

𝑝+1
8 𝑑𝑥 9−𝑝

2 ,

𝑑𝑠̂𝑠
2 = 𝐻𝐷𝑝

−1/2
[𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻𝐷𝑝
1/2
𝑑𝑥 9−𝑝

2 ,

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝐷𝑝

(𝑝−3)
2 ,

𝐶̂(𝑝+1)𝑡𝑦1⋯𝑦𝑝 = ±𝑒−𝜙̂0(𝐻𝐷𝑝
−1 − 1),

𝐻𝐷𝑝 = 1 +
ℎ𝐷𝑝

|𝑥 9−𝑝|
7−𝑝

 

𝐻𝐷7 = 1 + ℎ𝐷7log |𝑥 2|  
𝐻𝐷8 = 1 + ℎ𝐷8|𝑥|  

ℎ𝐷𝑝 =
(2𝜋ℓ𝑠)

(7−𝑝)𝑔

(7 − 𝑝)𝜔(8−𝑝)
 

ℎ𝐷7 =, ℎ𝐷8 =
𝑔

4𝜋ℓ𝑠
 

{
 
 

 
 𝑑𝑠̂̂2  = 𝐻𝑀2

−2/3
[𝑑𝑡2 − 𝑑𝑦2 − 𝑒

4
3
𝜙̂0𝑑𝑧2] − 𝐻𝑀2

1/3
𝑑𝑥 8

2

𝐶̂̂𝑡𝑦𝑧  = ±𝑒
2
3
𝜙̂0(𝐻𝑀2

−1 − 1)

𝐻𝑀2  = 1 +
ℎ𝑀2
|𝑥 8|6

 

 

ℎ𝑀2 =
(ℓPlanck

(11)
)
6

6𝜔(7)
=
(2𝜋ℓ𝑠𝑔

1/3)
6

6𝜔(7)
=
(2𝜋ℓ𝑠)

6𝑔2

6𝜔(7)
= ℎ𝐷2
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𝐻𝑀2 = 1 + ℎ𝑀2 ∑  

𝑛=+∞

𝑛=−∞

 
1

(|𝑥 7|2 + (𝑧 + 2𝜋𝑛𝑅11)2 ∣)3
 

𝑢𝑛 =
(𝑧 − 2𝜋𝑛𝑅11)

|𝑥 7|
, 𝑢𝑛 ∈ [

2𝜋𝑛𝑅11
|𝑥 7|

,
2𝜋(𝑛 + 1)𝑅11

|𝑥 7|
]  

𝐻𝑀2  = 1 +
ℎ𝑀2
|𝑥 7|6

∑  

𝑛=+∞

𝑛=−∞

 
1

(1 + 𝑢𝑛2)3
∼ 1 +

ℎ𝑀2
|𝑥 7|6

1

2𝜋𝑅11/|𝑥 7|
∫  
+∞

−∞

 
𝑑𝑢

(1 + 𝑢2)3

 = 1 +
ℎ𝑀2𝜔(5)

2𝜋𝑅11𝜔(4)

1

|𝑥 7|5

 

ℎ𝑀2𝜔(5)

2𝜋𝑅11𝜔(4)
= ℎ𝐷2  

𝐻𝑝 = 1 + ℎ𝑝 ∑  

𝑛=+∞

𝑛=−∞

 
1

(|𝑥 𝑛+1|2 + (𝑧 + 2𝜋𝑛𝑅)2 ∣)𝑛/2
∼ 1 +

ℎ𝑝𝜔(𝑛−1)

2𝜋𝑅𝜔(𝑛−2)

1

|𝑥 𝑛+1|𝑛−1
 

ℎ𝑝
′ =

ℎ𝑝𝜔(𝑛−1)

2𝜋𝑅𝜔(𝑛−2)
 

ℎ𝑝
′ =

ℎ𝑝𝜔(𝑛−1)

𝑉𝑚𝜔(𝑛−𝑚−1)
, 𝑉𝑚 = (2𝜋)𝑚𝑅1…𝑅𝑚  

ℎ𝐷𝑝𝜔(6−𝑝)

2𝜋𝑅𝜔(5−𝑝)
=
(2𝜋ℓ𝑠)

7−𝑝𝑔

2𝜋𝑅

𝜔(6−𝑝)

(7 − 𝑝)𝜔(8−𝑝)𝜔(6−𝑝)
 

𝜔(𝑛−1)

𝑛𝜔(𝑛+1)𝜔(𝑛−2)
=

1

(𝑛 − 1)𝜔(𝑛)
 

{
𝑒̂̂𝑖2  

𝑗 = 𝐻𝑀2
−1/3

𝛿𝑖
𝑗

𝑒̂̂𝑚
𝑛 = 𝐻𝑀2

1/6
𝛿𝑚
𝑛

 

{
 
 

 
 𝜔̂̂𝑚 

𝑛𝑙  = −
1

3
𝐻𝑀2
−1𝜕𝑞𝐻𝑀2𝜂𝑚

[𝑛
𝜂𝑝]𝑞

𝜔̂̂2 
𝑚𝑗  =

2

3
𝐻𝑀2
−3/2

𝜕𝑞𝐻𝑀2𝜂𝑖
[𝑚
𝜂𝑗]𝑞

𝐺̂̂𝑚𝑡𝑦1𝑦2  = ∓𝐻𝑀2
−2𝜕𝑚𝐻𝑀2

 

{
𝛿𝜖̂̂𝜓̂̂𝑖 =

1

3
𝐻𝑀2
−3/2

𝜕𝑛𝐻𝑀2Γ̂̂(𝑖)
𝑛 (1 ∓

𝑖

2
𝜖(𝑖)𝑗𝑘Γ̂̂(𝑖)𝑗𝑘) 𝜖 = 0,

𝛿
𝜖̂̂

𝜓̂̂
𝑚

= 2𝜕𝑚𝜖 −
1

6
𝐻𝑀2
−1𝜕𝑛𝐻𝑀2 [Γ̂̂

𝑚𝑛 ∓ 𝑖 (Γ̂̂𝑚𝑛 + 2𝛿𝑚𝑛) Γ̂̂012] 𝜖 

(1 ∓ 𝑖Γ̂̂012) 𝜖 = 0  

𝛿𝜖̂̂𝜓̂̂𝑚 = 2(𝜕𝑚 +
1

6
𝐻𝑀2
−1𝜕𝑚𝐻𝑀2) 𝜖  

𝜖 = 𝐻𝑀2
−1/6

𝜖0, (1 ∓ 𝑖Γ̂̂012) 𝜖0  

{
𝑒̂̂𝑖
𝑗
= 𝐻𝑀5

−1/6
𝛿𝑖 

𝑗 ,

𝑒̂̂𝑚 
𝑛 = 𝐻𝑀5

1/3
𝛿𝑚 

𝑛
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{
 
 

 
 𝜔̂̂𝑚 

𝑛𝑙  = −
2

3
𝐻𝑀5
−1𝜕𝑞𝐻𝑀2𝜂𝑚

[𝑛
𝜂𝑝]𝑞

𝜔̂̂𝑚 
𝑚𝑗  =

1

3
𝐻𝑀5
−3/2

𝜕𝑞𝐻𝑀2𝜂𝑖
[𝑚
𝜂𝑗]𝑞

𝐺̂̂𝑚1⋯𝑚4
 = ±𝜖𝑚1⋯𝑚5

𝜕𝑚5
𝐻𝑀5

 

𝜖 = 𝐻𝑀5
−1/12

𝜖0, (1 ∓ Γ̂̂012345) 𝜖0  

{
 
 

 
 𝛿𝜖̂𝜓̂𝜇̂  = {𝜕𝜇̂ −

1

4
𝜓̈𝜇̂ +

𝑖

8
𝑒𝜙̂

1

(𝑝 + 2)!
𝜖(𝑝+2)Γ̂𝜇̂(−Γ̂11)

𝑝+2
2 } 𝜖

𝛿𝜖̂𝜆̂  = {𝜕𝜙̂ −
𝑖

4
𝑒𝜙̂

(𝑝 − 3)

(𝑝 + 2)!
𝜁(𝑝+2)(−Γ̂11)

𝑝+2
2 } 𝜖

 

{
 

 𝛿𝜀̂𝜁𝜇̂  = {𝜕𝜇̂ −
1

4
𝜓𝜇̂ +

1

8
𝑒𝜑̂

1

(𝑝 + 2)!
𝜖(𝑝+2)Γ̂𝜇̂𝒫𝑝+3

2
} 𝜀

𝛿𝜀̂𝜒̂  = {𝜕𝜑̂ +
1

4
𝑒𝜑̂ (

(𝑝 − 3)

(𝑝 + 2)!
𝜖(𝑝+2)𝒫𝑝+3

2
} 𝜀

 

𝒫𝑛 = {
𝜎1, 𝑛 par 

𝑖𝜎2, 𝑛 impar 
 

{
 
 

 
 𝜓̈𝑖  = −

1

2
𝐻𝐷𝑝
−3/2

𝜕𝑛𝐻𝐷𝑝𝜂𝑖𝑗Γ
𝑛𝑗

𝜓𝑚  =
1

2
𝐻𝐷𝑝
−1𝜕𝑛𝐻𝐷𝑝𝜂𝑚𝑞Γ̂

𝑛𝑞

𝐺̂(𝑝+2)  = ∓𝑒−𝜙̂0𝐻𝐷𝑝

𝑝
4
−2
𝜕𝑚𝐻𝐷𝑝Γ̂

𝑚Γ̂01⋯𝑝

 

 IIA: 𝜖 = 𝐻𝐷𝑝
−1/8

𝜖0, [1 ∓ 𝑖Γ̂01⋯𝑝(−Γ̂11)
𝑝+2
2 ] 𝜖0 = 0

 IIB: 𝜀 = 𝐻𝐷𝑝
−1/8

𝜀0, (1 ± 𝑖Γ̂01⋯𝑝𝒫𝑝+3
2
) 𝜀0 = 0

 

{
𝛿𝜖̂𝜓̂𝜇̂  = {𝜕𝜇̂ −

1

4
(𝜓𝜇̂ +

1

2
𝐻̂𝜇̂𝒪)} 𝜖

𝛿𝜖̂𝜆̂  = {𝜕𝜕𝜙̂ −
1

12
𝐻̂𝒪} 𝜖

 

𝜓𝑖 = −𝐻𝐹1
−3/2

𝜕𝑚𝐻𝐹1Γ𝑖
𝑚

𝐻𝑖 = ∓2𝐻𝐹1
−1𝜕𝑚𝐻𝐹1Γ

01

𝐻𝑚 = ±𝜖𝑖𝑗𝐻𝐹1
−3/2

𝜕𝑚𝐻𝐹1Γ
𝑚𝑗

 

𝜖 = 𝐻𝐹1
1/4
𝜖0, (1 ± Γ̂01𝒪)𝜖0  

{
 
 

 
 𝛿𝜖̂𝜓̂𝜇̂ = {𝜕𝜇̂ −

1

4
(𝜔̂𝜇̂ +

1

7!
𝑒2𝜙̂𝐻̂(7)𝑎̂1⋯𝑎̂7

Γ̂𝜇̂𝑎̂1⋯𝑎̂7𝒪)}𝜖

𝛿𝜖̂𝜆̂ = {𝜕𝜕𝜙̂ +
1

2
𝐻̂(7)𝒪} 𝜖

 

𝜖 = 𝜖0, (1 ± Γ̂0⋯5𝒪)𝜖0  
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{
  
 

  
 𝑑𝑠̃𝐸

2  = 𝐻𝐹1
−6/7

𝑑𝑡2 − 𝐻𝐹1
1/7
𝑑𝑥 8

2

𝑑𝑠𝑠
2  = 𝐻𝐹1

−1𝑑𝑡2 − 𝑑𝑥 8
2

𝐴𝑡  = ±(𝐻𝐹1
−1 − 1)

𝑒−2(𝜙−𝜙0)  = 𝐻𝐹1
1/2

𝐾/𝐾0  = 𝐻𝐹1
−1/2

 

{
 
 

 
 𝑑𝑠̃𝐸

2  = 𝐻𝑆5
−2/3

𝑑𝑡2 − 𝐻𝑆5
1/3
𝑑𝑥 4

2

𝑑𝑠𝑠
2  = 𝑑𝑡2 − 𝐻𝑆5𝑑𝑥 4

2,

𝐴𝑡  = ±(𝐻𝑆5
−1 − 1),

𝑒−2(𝜙−𝜙0)  = 𝐻𝑆5
−1,

𝐾/𝐾0  = 1

 

{
 
 
 
 

 
 
 
 𝑑𝑠̃𝐸

2  = 𝐻𝐷𝑝
−
7−𝑝
8−𝑝𝑑𝑡2 − 𝐻𝐷𝑝

1
8−𝑝𝑑𝑥 9−𝑝

2

𝑑𝑠𝑠
2  = 𝐻𝐷𝑝

−1/2
𝑑𝑡2 − 𝐻𝐷𝑝

1/2
𝑑𝑥 4

2

𝐴𝑡  = ±(𝐻𝐷𝑝
−1 − 1)

𝑒−2(𝜙−𝜙0)  = 𝐻𝐷𝑝

𝑝−6
4

𝐾/𝐾0  = 𝐻𝐷𝑝
−𝑝/4

 

5 −  pluridimensión ‖+∣ + + + + + − − −  
𝑃𝑝𝜖 = (1 ± Γ01⋯𝑝𝒪𝑝)𝜖  

[𝑃𝑝, 𝑃𝑝′] = 0  

 
D𝑝 ⊥ D(𝑝+4)(𝑝)  

𝑞𝐹1 ∼ ∫  
𝑆7
  𝑒−2𝜑⋆ℋ̂  

𝑑𝑒−2𝜑⋆ℋ̂ = 0  

𝑞𝐹1 ∼ ∫  
𝑆7
  (𝑒−2𝜑⋆ℋ̂ −  ⋆𝐺̂(3)𝐶̂(0) − 𝐺̂(5)𝐶̂(2))  

∫  
𝑆5
  𝐺̂(5)∫  

𝑆2
  𝐶̂(2)  

𝑞𝐹1 ∼ ∫  
𝑆2
 𝑑𝑉(1)  

F1 ⊥ D𝑝(0)  
D𝑝 ⊥ D𝑝+2(𝑝 − 1), 𝑝 ≥ 1  

D𝑝 ⊥ D𝑝+4(𝑝)  
F1 ⊥  S5 B(0)  

D𝑝 ⊥ D𝑝(𝑝 − 2), 𝑝 ≥ 2  
D𝑝 ⊥  S5(𝑝 − 1), 𝑝 ≥ 1  

F1‖S5,  F1 ⊥ D𝑝(0),

S5 ⊥  S5(1), S5 ⊥  S5(1), S5 ⊥ D𝑝(𝑝 − 1)(𝑝 > 1),

D𝑝 ⊥ D𝑝′(𝑚)𝑝 + 𝑝′ = 4 + 2𝑚,

 W‖ F1,  W‖S5,  W‖D𝑝,

KK ⊥ 𝐷𝑝(𝑝 − 2).
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M2 ⊥ M2(0),M2 ⊥ M5(1),M5 ⊥ M5(1),M5 ⊥ M5(3),

W‖M2,  W‖M5,

KK‖M2, KK ⊥ M2(0), KK‖M5, KK ⊥ M5(1), KK ⊥ M5(3),

W‖KK,  W ⊥ KK(2),W ⊥ KK(4).

 

𝑑𝑠̂𝑠
2 = 𝐻𝐷𝑝

−1/2
𝐻𝐹1
−1𝑑𝑡2 − 𝐻𝐷𝑝

+1/2
𝐻𝐹1
−1𝑑𝑦2 − 𝐻𝐷𝑝

−1/2
𝑑𝑧 𝑝

2 −𝐻𝐷𝑝
+1/2

𝑑𝑥 8−𝑝
2 ,

𝑒−2(𝜙̂
𝜙̂𝜙̂0) = 𝐻

𝐷𝑝
2

(𝑝−3)
2 𝐻𝐹1,

𝐶̂(𝑝+1)𝑡𝑡1⋯⋯𝑧𝑝 = ±𝑒−𝜙̂0(𝐻𝐷𝑝
−1 − 1),

𝐵̂𝑡𝑡 = ±(𝐻𝐹1
−1 − 1),

𝐻𝐷𝑝,𝐹1 = 1 +
ℎ𝐷𝑝,𝐹1

|𝑥 8−𝑝|
6−𝑝

 

{
 
 

 
 

𝑑𝑠2  = 𝐻𝛼[𝑊𝑑𝑡2 − 𝑑𝑦 𝑝−1
2 − 𝑑𝑧2] − 𝐻𝛽[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω2]

𝑒−2(𝜙−𝜙0)  = 𝐻𝛾

𝐴(𝑝+1)𝑡𝑦1⋯𝑦𝑝−1𝑧  = 𝛼(𝐻−1 − 1)

𝑊 = 1 +
𝜔

𝜌𝑛
, 𝐻 = 1 +

ℎ

𝜌𝑛

 

(
𝑡

𝑧
) → (

cosh 𝛾 sinh 𝛾
sinh 𝛾 cosh 𝛾

) (
𝑡

𝑧
)  

𝑊𝑑𝑡2 − 𝑑𝑧2 → 𝑑𝑡2 − 𝑑𝑧2 + cosh2 𝛾(𝑊 − 1)(𝑑𝑡 + tanh2 𝛾𝑑𝑧)2  

𝐻𝑊
−1𝑑𝑡2 − 𝐻𝑊[𝑑𝑧 − (𝐻𝑊

−1 − 1)𝑑𝑡]2, 𝐻𝑊 = 1 +
ℎ𝑊
𝜌𝑛

 

𝑑𝑠2 = 𝐻𝛼{𝐻𝑊
−1𝑑𝑡2 − 𝐻𝑊[𝑑𝑧 − (𝐻𝑊

−1 − 1)𝑑𝑡]2 − 𝑑𝑦 𝑝−1
2 } − 𝐻𝛽𝑑𝑥 2  

𝑑𝑠2 = 𝐻𝑊
−1𝑑𝑡2 − 𝐻𝑊[𝑑𝑧 + 𝛼(𝐻𝑊

−1 − 1)𝑑𝑡]2 − 𝑑𝑥 𝑑−2
2 ,

𝐻𝑊 = 1 +
ℎ𝑊

|𝑥 𝑑−2|𝑑−4
, 𝛼 = ±1

 

𝐻𝑊 = 1 +
ℎ𝑊

|𝑥 𝑑−2|𝑑−4
𝛿(𝑢𝛼). 𝑢𝛼 =

1

√2
(𝑡 − 𝛼𝑧)  

ℎ𝑊 = −𝛼
√2|𝑝𝑧|8𝜋𝐺𝑁

(𝑑)

(𝑑 − 4)𝜔(𝑑−3)
 

𝛿(𝑢𝛼) ∼ −𝛼
√2

2𝜋𝑅𝑧
 

ℎ𝑊 =
|𝑁|8𝐺𝑁

(𝑑)

𝑅𝑧2(𝑑 − 4)𝜔(𝑑−3)
 

 

{
 
 
 

 
 
 𝑑𝑠̂𝑠

2 = 𝐻𝐷1
−1/2

𝐻𝐷5
−1/2{𝐻𝑊

−1𝑑𝑡2 − 𝐻𝑊[𝑑𝑦
1 + 𝛼𝑊(𝐻𝑊

−1 − 1)𝑑𝑡]2}

 −𝐻𝐷1
1/2
𝐻𝐷5
−1/2

𝑑𝑦 4
2 − 𝐻𝐷1

1/2
𝐻𝐷5
1/2
𝑑𝑥 4

2,

𝑒−2(𝜙̂−𝜙̂0)

𝐶̂𝐷5/𝐻𝐷1
𝑡𝑡𝑦ˆ (2) = 𝛼𝐷1(𝐻𝐷1

−1 − 1)

𝐶̂(6) 𝑡𝑡1⋯𝑦5 = 𝛼𝐷5(𝐻𝐷5
−1 − 1)
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𝐻𝑖 = 1 +
𝑟𝑖
2

|𝑥 4|2
, 𝑖 = 𝐷1, 𝐷5,𝑊  

𝑟𝐷5
2 = 𝑁𝐷5ℎ𝐷5 = 𝑁𝐷5ℓ𝑠

2𝑔  

𝑟𝐷1
2 = 𝑁𝐷1ℎ𝐷1

𝜔(5)

𝑉4𝜔(1)
=
𝑁𝐷1ℓ𝑠

6𝑔

𝑉
, 𝑉 ≡ 𝑅2…𝑅5  

𝑟𝑊
2 = ℎ𝑊

𝜔(5)

𝑉4𝜔(1)
=
𝑁𝑊ℓ𝑠

8𝑔2

𝑅2𝑉
 

𝑑𝑠̃𝐸
2 = (𝐻𝐷1𝐻𝐷5𝐻𝑊)

−2/3𝑑𝑡2 − (𝐻𝐷1𝐻𝐷5𝐻𝑊)
1/3𝑑𝑥 4

2

𝑑𝑠𝑠
2 = (𝐻𝐷1𝐻𝐷5)

−1/2𝐻𝑊
−1𝑑𝑡2 − (𝐻𝐷1𝐻𝐷5)

1/2𝑑𝑥 4
2

𝐴(𝐷1,𝐷5,𝑊)𝑡  = 𝛼𝐷1,𝐷5,𝑊(𝐻𝐷1,𝐷5,𝑊
−1 − 1)

𝐾𝑉/𝐾𝑉0 = 𝐻𝐷1/𝐻𝐷5, 𝑒
−2(𝜙−𝜙0) = 𝐾𝑅/𝐾𝑅0 = (𝐻𝐷1𝐻𝐷5)

−1/4𝐻𝑊
1/2

 

𝐴 = 𝜔(3) ( lim
|𝑥 4|→0

 |𝑥 4|
6𝐻𝐷1𝐻𝐷5𝐻𝑊)

1/2

= 2𝜋2(𝑟𝐷1𝑟𝐷5𝑟𝑊)
1/2

 = 2𝜋2√𝑁𝐷1𝑁𝐷5𝑁𝑊
ℓ𝑠
8𝑔2

𝑅𝑉

 

𝑆 =
𝐴

4𝐺𝑁
(5)
, 𝐺𝑁

(5)
=

𝐺𝑁
(10)

(2𝜋)5𝑅𝑉
=
𝜋

4

ℓ𝑠
8𝑔2

𝑅𝑉
 

𝑆 = 2𝜋√𝑁𝐷1𝑁𝐷5𝑁𝑊  

𝑀 =
𝑁𝐷1𝑅

𝑔ℓ𝑠
+
𝑁𝐷5𝑅𝑉

𝑔ℓ𝑠
6 +

𝑁𝑊
𝑅

 

𝑑𝑠2 = 𝐻−2𝑑𝑡2 − 𝐻𝑑𝑥 4
2, 𝐻 = 𝐻𝐷1 = 𝐻𝐷5 = 𝐻𝑊  

𝜌(𝐸) ∼ 𝑒√𝜋(𝑐−24𝐸0)𝐸𝐿/3  

𝜌(𝐸) = 𝑒2𝜋√𝑁𝐷1𝑁𝐷5𝑁𝑊  

𝑒𝑎 
𝜇𝑒𝑏 

𝜈𝑔𝜇𝜈 = 𝜂𝑎𝑏 , 𝑒𝜇 
𝑎𝑒𝜈

𝑏𝜂𝑎𝑏 = 𝑔𝜇𝜈  
∇𝜇𝜉

𝜈 = 𝜕𝜇𝜉
𝜈 + Γ𝜇𝜌 

𝜈𝜉𝜌,

𝒟𝜇𝜉
𝑎 = 𝜕𝜇𝜉

𝑎 +𝜔𝜇𝑏 
𝑎𝜉𝑏 ,

∇𝜇𝜓 = 𝜕𝜇𝜓 −
1

4
𝜔𝜇 

𝑎𝑏Γ𝑎𝑏𝜓

 

[∇𝜇, ∇𝜈]𝜉
𝜌 = 𝑅𝜇𝜈𝜎  

𝜌(Γ)𝜉𝜎 + 𝑇𝜇𝜈 
𝜎∇𝜎𝜉

𝜌

[𝒟𝜇, 𝒟𝜈]𝜉
𝑎 = 𝑅𝜇𝜈𝑏 

𝑎(𝜔)𝜉𝑏
 

𝑅𝜇𝜈𝜌
𝜎 (Γ)  = 2𝜕[𝜇Γ𝜈]𝜌

𝜎 + 2Γ[𝜇∣𝜆 
𝜎Γ𝜈]𝜌

𝑅𝜇𝜈𝑎 
𝑏(𝜔)  = 2𝜕[𝜇𝜔𝜈]𝑎

𝑏 − 2𝜔[𝜇∣𝑎 
𝑐𝜔∣𝜈]𝑐

𝑏  

∇𝜇𝑒𝑎
𝜇
= 0  

𝜔𝜇𝑎 
𝑏 = Γ𝜇𝑎 

𝑏 + 𝑒𝑎 
𝜈𝜕𝜇𝑒𝜈

𝑏  

𝑅𝜇𝜈𝜌 
𝜎(Γ) = 𝑒𝜌 

𝑎𝑒𝜎 𝑏𝑅𝜇𝜈𝑎 
𝑏(𝜔)  

∇𝜇𝑔𝜌𝜎 = 0  

Γ𝜇𝜈
𝜌
= {

𝜌
𝜇𝜈} + 𝐾𝜇𝜈

𝜌
= Γ𝜇𝜈

𝜌
(𝑔) + 𝐾𝜇𝜈

𝜌
 

{
𝜌
𝜇𝜈} =

1

2
𝑔𝜌𝜎{𝜕𝜇𝑔𝜈𝜎 + 𝜕𝜈𝑔𝜇𝜎 − 𝜕𝜎𝑔𝜇𝜈}  

𝐾𝜇𝜈
𝜌
=
1

2
𝑔𝜌𝜎{𝑇𝜇𝜎𝜈 + 𝑇𝜈𝜎𝜇 − 𝑇𝜇𝜈𝜎}  

𝜔𝑎𝑏𝑐 = 𝜔𝑎𝑏𝑐(𝑒) + 𝐾𝑎𝑏𝑐 , 𝜔𝑎𝑏𝑐(𝑒) = −Ω𝑎𝑏𝑐 + Ω𝑏𝑐𝑎 − Ω𝑐𝑎𝑏 , Ω𝑎𝑏
𝑐 = 𝑒𝑎 

𝜇𝑒𝑏 
𝜈𝜕[𝜇𝑒

𝑐 𝜈]  
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{Γ̂̂𝑎̂̂, Γ̂̂
ˆ 𝑏̂̂} = +2𝜂̂̂𝑎̂̂𝑏̂̂  

Γ̂̂1̂0̂ = 𝑖Γ̂̂ 0̂̂… Γ̂̂𝜌̂̂ ≡ −𝑖Γ̂11̂  

Γ̂̂𝑎̂̂⋆ = −Γ̂̂𝑎̂̂  

Γ̂̂ 0̂̂† = +Γ̂̂ 0̂̂.

Γ̂̂ 𝚤̂̂† = −Γ̂̂ î, 𝚤 = 1, … ,10.
 

Γ̂̂ 0̂̂𝑇 = −Γ̂̂ 0̂̂.

Γ̂̂𝚤𝑇 = +Γ̂̂ 𝚤̂̂, 𝚤 = 1,… ,10.
 

Γ̂̂
0̂̂

 ̂̂ Γ̂𝑎̂  ̂̂0̂̂
ˆ
= Γ̂̂𝑎̂̂†  

𝒟̂̂ = 𝑖Γ̂̂0  

𝒟̂̂Γ̂̂𝑎̂1…𝑎̂̂𝑛 𝒟̂̂−1 = (−1)[𝑛/2] (Γ̂̂𝑎̂̂1…𝑎̂𝑛)
†

 

𝒞̂̂ = 𝒟̂̂ = 𝑖Γ̂̂0  

𝒞̂̂𝑇 = 𝒞̂̂† = 𝒞̂̂−1 = −𝒞̂̂  

𝒞̂̂Γ̂̂𝑎̂̂𝒞̂̂−1 = −Γ̂̂𝑎̂
ˆ 2̂  

𝒞̂̂Γ̂̂𝑎̂̂1…𝑎̂̂𝑛 𝒞̂̂−1 = (−1)𝑛+[𝑛/2] (Γ̂̂𝑎̂̂1…𝑎̂̂𝑛)
𝑇

 

𝜆̂ = 𝜆̂̂†𝒟̂  

𝜆̂̂𝑐 = 𝜆̂̂𝑇 𝒞̂̂  

𝜆̂̂ = 𝜆̂̂𝑐  

𝜖𝑎̂̂̂𝑎̂1⋯𝑎̂̂𝑛 𝜓̂̂ = (−1)𝑛+[𝑛/2]  ̂̂𝑁̂
ˆ 𝑎̂1⋯𝑎̂̂𝑛

𝜖
 

(𝜖Γ̂̂𝑎̂̂1⋯𝑎̂̂𝑛 𝜓̂̂)
†

= (−1)[𝑛/2]  ̂̂Γ̂̂𝑎̂̂1…𝑎̂̂𝑛𝜖  

Γ̂̂𝑎̂̂1…𝑎̂̂𝑛 = 𝑖
(−1)[𝑛/2]+1

(11 − 𝑛)!
𝜖 𝑎̂̂1…𝑎̂̂𝑛𝑏̂̂1…𝑏̂̂11−𝑛 Γ̂̂

𝑏̂̂1…𝑏̂̂11−𝑛
 

{
Γ̂̂𝑎̂ = Γ̂𝑎̂, 𝑎̂ = 0,… ,9

Γ̂̂10 = +𝑖Γ̂0… Γ̂9
 

Γ̂11 = −Γ̂0… Γ̂9 = 𝑖Γ̂̂10  

Γ̂11𝜓̂
(±) = ±𝜓̂(±)  

Γ̂11 = 𝕀16×16⊗𝜎3 = (
𝕀16×16 0
0 −𝕀16×16

)  

𝜓̂ = (
𝜓̂(+)

𝜓̂(−)
)  

Γ11Γ̂
𝑎̂1⋯𝑎̂𝑛 =

(−1)[(10−𝑛)/2]+1

(10 − 𝑛)!
𝜖𝑎̂1⋯𝑎̂𝑛𝑏̂1⋯𝑏̂10−𝑛Γ̂𝑏̂1⋯𝑏̂10−𝑛  

{
Γ̂𝑎 = Γ𝑎 ⊗𝜎2, 𝑎 = 0,… ,8

Γ̂9 = 𝕀16×16⊗ 𝑖𝜎1
 

Γ8 = Γ0⋯Γ7  
Γ(8)9 = 𝑖Γ8 = 𝑖Γ0⋯Γ7  

𝛾5 = −𝑖𝛾0𝛾1𝛾2𝛾3 =
𝑖

4!
𝜖𝑎𝑏𝑐𝑑𝛾

𝑎𝑏𝑐𝑑  

𝛾𝑎1⋯𝑎𝑛 =
(−1)[𝑛/2]𝑖

(4 − 𝑛)!
𝜖𝑎1⋯𝑎𝑛𝑏1⋯𝑏4−𝑛𝛾𝑏1⋯𝑏4−𝑛𝛾5  
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𝑛𝜇𝑛𝜇 = 𝜀, {
𝜀 = +1, Σ espacio 
𝜀 = −1, Σ tiempo 

 

ℎ𝜇𝜈 = 𝑔𝜇𝜈 − 𝜀𝑛𝜇𝑛𝜈  
𝒦𝜇𝜈 ≡ ℎ𝜇 

𝛼ℎ𝜈  
𝛽∇(𝛼𝑛𝛽)  

𝒦𝜇𝜈 =
1

2
£𝑛ℎ𝜇𝜈  

𝒦 = ℎ𝜇𝜈𝒦𝜇𝜈 = ℎ𝜇𝜈∇𝜇𝑛𝜈  

{
 
 

 
 

𝑥1 = 𝜌𝑛−1sin 𝜑

𝑥2  = 𝜌𝑛−1cos 𝜑

𝑥3 = 𝜌𝑛−2cos 𝜃1
⋮ ⋮

𝑥𝑘 = 𝜌𝑛−𝑘+1cos 𝜃𝑘−2, 3 ≤ 𝑘 ≤ 𝑛 + 1

 

{
𝜌𝑙 = [(𝑥1)2 +⋯+ (𝑥𝑛+1−𝑙)2]1/2 = 𝑟∏  

𝑙

𝑚=1

 sin 𝜃𝑛−𝑚,

𝜌0 = 𝑟 = [(𝑥1)2 +⋯+ (𝑥𝑛+1)2]1/2

 

𝑑Ω𝑛 ≡ 𝑑𝜑∏  

𝑛−1

𝑖=1

  sin𝑖 𝜃𝑖𝑑𝜃𝑖  

𝑑Ω𝑛 =
1

𝑛! 𝑟𝑛+1
𝜖𝜇1…𝜇𝑛+1𝑥

𝜇𝑛+1𝑑𝑥𝜇1 …𝑑𝑥𝜇𝑛  

{
𝑑𝑛+1𝑥 = 𝑟𝑛𝑑𝑟𝑑Ω𝑛,

𝑟𝑛𝑑Ω𝑛 = 𝑑𝑛𝑦√|𝑔|
 

𝜔(𝑛) = ∫  
𝑆𝑛
 𝑑Ω𝑛 =

2𝜋
𝑛+1
2

Γ (
𝑛 + 1
2 )

 

Γ(𝑥 + 1) = 𝑥Γ(𝑥), Γ(0) = 1, Γ(1/2) = 𝜋1/2  
𝑑𝑥 2 =𝑑𝜌0

2 + 𝜌0
2𝑑𝜃𝑛−1

2 +⋯+ 𝜌𝑛−2
2 𝑑𝜃1

2 + 𝜌𝑛−1
2 𝑑𝜑2

=𝑑𝑟2 + 𝑟2{𝑑𝜃𝑛−1
2 + sin2 𝜃𝑛−1[𝑑𝜃𝑛−2

2 + sin2 𝜃𝑛−2(𝑑𝜃𝑛−3
2 + sin2 𝜃𝑛−3(⋯

⋯sin2 𝜃2(𝑑𝜃1
2 + sin2 𝜃1𝑑𝜑

2)⋯ ]}

=𝑑𝑟2 + 𝑟2𝑑Ω(𝑛)
2

 

𝑷 = 𝑃𝐴𝑮𝐴  
[𝑷,𝑸] = 𝑷𝑸 − (−1)𝑝𝑞𝑸  

[𝑷, 𝑸] = 𝑃𝐴𝑄𝐵[𝑮𝐴, 𝑮𝐵],  si 𝑃𝐴 o 𝑄𝐵

[𝑷, 𝑸] = 𝑃𝐴𝑄𝐵{𝑮𝐴, 𝑮𝐵},  si 𝑃𝐴 y 𝑄𝐵
 

[𝑮𝐴, 𝑮𝐵]  = 𝑮𝐴𝑮𝐵 − 𝑮𝐵𝑮𝐴
{𝑮𝐴, 𝑮𝐵}  = 𝑮𝐴𝑮𝐵 + 𝑮𝐵𝑮𝐴

 

D𝒁 = d𝒁 + [𝑨, 𝒁]  
𝑨 → 𝑨′ = 𝑔(𝑨 − 𝑔−1 d𝑔)𝑔−1  

𝛿𝑨 = −D𝝀  
⟨⋯ ⟩𝑟: 𝔤 × ⋯× 𝔤⏟      

𝑟

→ ℂ
 

⟨⋯𝑷𝑸⋯⟩𝑟 = (−1)𝑝𝑞⟨⋯𝑸𝑷⋯⟩𝑟  
⟨(𝑔𝒁1𝑔

−1)⋯ (𝑔𝒁𝑟𝑔
−1)⟩𝑟 = ⟨𝒁1⋯𝒁𝑟⟩𝑟 ,  

⟨[𝝀, 𝒁1]𝒁2⋯𝒁𝑟⟩𝑟 +⋯+ ⟨𝒁1⋯𝒁𝑟−1[𝝀, 𝒁𝑟]⟩𝑟  
⟨[𝑨, 𝒁1]𝒁2⋯𝒁𝑟⟩𝑟 + (−1)𝑝1⟨𝒁1[𝑨, 𝒁2]𝒁3⋯𝒁𝑟⟩𝑟 +

 +⋯+ (−1)𝑝1+⋯+𝑝𝑟−1⟨𝒁1⋯𝒁𝑟−1[𝑨, 𝒁𝑟]⟩𝑟
 

⟨D(𝒁1⋯𝒁𝑟)⟩𝑟 = d⟨𝒁1⋯𝒁𝑟⟩𝑟  
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⟨D(𝒁1⋯𝒁𝑟)⟩𝑟 =⟨(D𝒁1)𝒁2⋯𝒁𝑟⟩𝑟 + (−1)𝑝1⟨𝒁1(D𝒁2)𝒁3⋯𝒁𝑟⟩𝑟 +

 +⋯+ (−1)𝑝1+⋯+𝑝𝑟−1⟨𝒁1⋯𝒁𝑟−1(D𝒁𝑟)⟩𝑟
 

[𝑷𝑎, 𝑷𝑏]  = 0
[𝑱𝑎𝑏 , 𝑷𝑐]  = 𝜂𝑐𝑏𝑷𝑎 − 𝜂𝑐𝑎𝑷𝑏

[𝑱𝑎𝑏 , 𝑱𝑐𝑑]  = 𝜂𝑐𝑏𝑱𝑎𝑑 − 𝜂𝑐𝑎𝑱𝑏𝑑 + 𝜂𝑑𝑏𝑱𝑐𝑎 − 𝜂𝑑𝑎𝑱𝑐𝑏

 

⟨𝑱𝑎𝑏𝑷𝑐⟩ = 𝜀𝑎𝑏𝑐  
⟨[𝑨, 𝑱𝑎𝑏]𝑷𝑐⟩ + ⟨𝑱𝑎𝑏[𝑨, 𝑷𝑐]⟩  

𝑨 = 𝑒𝑎𝑷𝑎 +
1

2
𝜔𝑎𝑏𝑱𝑎𝑏  

𝜔𝑎
𝑒𝜀𝑒𝑏𝑐 + 𝜔𝑏

𝑒𝜀𝑎𝑒𝑐 + 𝜔𝑐
𝑒𝜀𝑎𝑏𝑒 = 0  

D𝜔𝜀𝑎𝑏𝑐 = 0  

𝛿𝑎𝑏𝑐𝑑
𝑒𝑓𝑔ℎ

= 0  

0 = 𝜔𝑑 𝑒𝛿𝑎𝑏𝑐𝑑
𝑒𝑓𝑔ℎ

 = 𝜔𝑑 𝑒(𝛿𝑎
𝑒𝛿𝑏𝑐𝑑

𝑓𝑔ℎ
− 𝛿𝑏

𝑒𝛿𝑎𝑐𝑑
𝑓𝑔ℎ

+ 𝛿𝑐
𝑒𝛿𝑎𝑏𝑑

𝑓𝑔ℎ
− 𝛿𝑑

𝑒𝛿𝑎𝑏𝑐
𝑓𝑔ℎ

)

 = 𝜔𝑑 𝑎𝛿𝑏𝑏𝑑
𝑓𝑔ℎ

− 𝜔𝑑 𝑏𝛿𝑎𝑐𝑑
𝑓𝑔ℎ

+ 𝜔𝑑 𝑐𝛿𝑎𝑏𝑑
𝑓𝑔ℎ

 = 𝜔𝑒 𝑎𝛿𝑒𝑏𝑐
𝑓𝑔ℎ

+ 𝜔𝑒 𝑏𝛿𝑎𝑒𝑐
𝑓𝑔ℎ

+ 𝜔𝑒 𝑐𝛿𝑎𝑏𝑒
𝑓𝑔ℎ

.

 

𝜔𝑎
𝑒𝜀𝑒𝑏𝑐 + 𝜔𝑏

𝑒𝜀𝑎𝑒𝑐 +𝜔
𝑒 𝑐𝜀𝑎𝑏𝑒 = 0  

𝒬CS
(2𝑛+1)

≡ (𝑛 + 1)∫  
1

0

 𝑑𝑡⟨𝑨(𝑡 d𝑨 + 𝑡2𝑨2)𝑛⟩  

𝒬CS
(3)

= ⟨𝑨d𝑨 +
2

3
𝑨3⟩

𝒬CS
(5)

= ⟨𝑨(d𝑨)2 +
3

2
𝑨3 d𝑨 +

3

5
𝑨5⟩

 

d𝒬CS
(2𝑛+1)

= ⟨𝑭𝑛+1⟩  

d𝛿gauge 𝒬CS
(2𝑛+1)

= 0  

𝒬CS
(2𝑛+1)(𝑨′) = 𝒬CS

(2𝑛+1)
(𝑨) + (−1)𝑛+1

𝑛! (𝑛 + 1)!

(2𝑛 + 1)!
⟨(𝑔−1 d𝑔)2𝑛+1⟩ + dΩfin

(2𝑛)
 

𝛿gauge 𝒬CS
(2𝑛+1)

= dΩ(2𝑛)  

𝐿YM  = −
1

4
⟨𝑭 ∧⋆ 𝑭⟩

𝐿CS
(2𝑛+1)

 = (𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨𝑨(𝑡 d𝑨 + 𝑡2𝑨2)𝑛⟩
 

[𝑷𝑎, 𝑷𝑏]  = 𝑱𝑎𝑏
[𝑱𝑎𝑏 , 𝑷𝑐]  = 𝜂𝑐𝑏𝑷𝑎 − 𝜂𝑐𝑎𝑷𝑏

[𝑱𝑎𝑏 , 𝑱𝑐𝑑]  = 𝜂𝑐𝑏𝑱𝑎𝑑 − 𝜂𝑐𝑎𝑱𝑏𝑑 + 𝜂𝑑𝑏𝑱𝑐𝑎 − 𝜂𝑑𝑎𝑱𝑐𝑏

 

𝑨 =
1

ℓ
𝑒𝑎𝑷𝑎 +

1

2
𝜔𝑎𝑏𝑱𝑎𝑏  

𝝀 =
1

ℓ
𝜆𝑎𝑷𝑎 +

1

2
𝜆𝑎𝑏𝑱𝑎𝑏  

𝛿𝑒𝑎  = 𝜆𝑎 𝑏𝑒
𝑏 − D𝜔𝜆

𝑎

𝛿𝜔𝑎𝑏  = −D𝜔𝜆
𝑎𝑏 +

1

ℓ2
(𝜆𝑎𝑒𝑏 − 𝜆𝑏𝑒𝑎)

 

𝑭 =
1

ℓ
𝑇𝑎𝑷𝑎 +

1

2
(𝑅𝑎𝑏 +

1

ℓ2
𝑒𝑎𝑒𝑏) 𝑱𝑎𝑏 

𝑇𝑎  = D𝜔𝑒
𝑎

𝑅𝑎𝑏  = d𝜔𝑎𝑏 + 𝜔𝑎 𝑐𝜔
𝑐𝑏  
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⟨𝑱𝑎1𝑎2⋯𝑱𝑎2𝑛−1𝑎2𝑛𝑷𝑎2𝑛+1⟩ =
2𝑛

𝑛 + 1
𝜀𝑎1⋯𝑎2𝑛+1  

𝒆 =
1

ℓ
𝑒𝑎𝑷𝑎

𝝎 =
1

2
𝜔𝑎𝑏𝑱𝑎𝑏

 

𝑻 = d𝒆 + [𝝎, 𝒆]

𝑹 = d𝝎 +𝝎2
 

𝑻 =
1

ℓ
𝑇𝑎𝑷𝑎

𝑹 =
1

2
𝑅𝑎𝑏𝑱𝑎𝑏

 

𝐿CS
(2𝑛+1)

= (𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨(𝑹 + 𝑡2𝒆2)𝑛𝒆⟩ + d𝐵CS
(2𝑛)  

𝐿CS
(2𝑛+1)

=
𝑘

ℓ
𝜀𝑎1⋯𝑎2𝑛+1∫  

1

0

 𝑑𝑡 (𝑅𝑎1𝑎2 +
𝑡2

ℓ2
𝑒𝑎1𝑒𝑎2) ×⋯×

 × (𝑅𝑎2𝑛−1𝑎2𝑛 +
𝑡2

ℓ2
𝑒𝑎2𝑛−1𝑒𝑎2𝑛) 𝑒𝑎2𝑛+1 + d𝐵CS

(2𝑛)

 

𝒬
𝑨←𝑨

(2𝑛+1)
≡ (𝑛 + 1)∫  

1

0

 𝑑𝑡⟨𝚯𝑭𝑡
𝑛⟩  

𝚯 ≡ 𝑨 − 𝑨

𝑨𝑡  ≡ 𝑨 + 𝑡𝚯

𝑭𝑡  ≡  d𝑨𝑡 + 𝑨𝑡
2

 

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = ∫  
1

0

 𝑑𝑡
𝑑

𝑑𝑡
⟨𝑭𝑡

𝑛+1⟩  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = (𝑛 + 1)∫  
1

0

 𝑑𝑡 ⟨𝑭𝑡
𝑛
𝑑

𝑑𝑡
𝑭𝑡⟩  

𝑑

𝑑𝑡
𝑭𝑡 = D𝑡𝚯  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = (𝑛 + 1)∫  
1

0

 𝑑𝑡⟨𝑭𝑡
𝑛D𝑡𝚯⟩  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = (𝑛 + 1)∫  
1

0

 𝑑𝑡⟨D𝑡(𝑭𝑡
𝑛𝚯)⟩  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = (𝑛 + 1)d∫  
1

0

 𝑑𝑡⟨𝑭𝑡
𝑛𝚯⟩  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = d𝒬
𝑨←𝑨

(2𝑛+1)
 

⟨𝑭𝑛+1⟩ = d𝒬𝑨←0
(2𝑛+1)  

𝑆T[𝑨, 𝑨] = 𝑘∫  
𝑀

 𝒬
𝑨←𝑨

(2𝑛+1)
 

𝛿dif𝑨 = −£𝜉𝑨

𝛿dif𝑨 = −£𝜉𝑨
 

𝛿gauge 𝑨 = −D𝝀

𝛿gauge 𝑨  = −D𝝀
 

𝑆T
(2𝑛+1)

[𝑨, 𝑨] = −𝑆T
(2𝑛+1)

[𝑨, 𝑨]  
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𝚯 → −𝚯
𝑨𝑡  → 𝑨1−𝑡
𝑭𝑡  → 𝑭1−𝑡

 

∫  
1

0

 𝑓(𝑡)𝑑𝑡 = ∫  
1

0

 𝑓(1 − 𝑡)𝑑𝑡  

𝛿𝑆T
(2𝑛+1)

= (𝑛 + 1)𝑘∫  
𝑀

 (⟨𝛿𝑨𝑭𝑛⟩ − ⟨𝛿𝑨𝑭
𝑛
⟩) + ∫  

𝜕𝑀

 Ξ  

Ξ ≡ 𝑛(𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝒬
𝑨←𝑨

(2𝑛+1)
= (𝑛 + 1)∫  

1

0

 𝑑𝑡⟨𝚯𝑭𝑡
𝑛⟩  

𝛿𝚯 = 𝛿𝑨 − 𝛿𝑨

𝛿𝑨𝑡  = 𝛿𝑨 + 𝑡𝛿𝚯
𝛿𝑭𝑡  = D𝑡𝛿𝑨𝑡

 

𝛿𝒬
𝑨←𝑨

(2𝑛+1)
= (𝑛 + 1)∫  

1

0

 𝑑𝑡⟨𝛿𝚯𝑭𝑡
𝑛⟩ + 𝑛(𝑛 + 1)∫  

1

0

 𝑑𝑡⟨𝚯D𝑡𝛿𝑨𝑡𝑭𝑡
𝑛−1⟩  

⟨𝚯D𝑡𝛿𝑨𝑡𝑭𝑡
𝑛−1⟩ = ⟨D𝑡𝚯𝛿𝑨𝑡𝑭𝑡

𝑛−1⟩ + d⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝑑

𝑑𝑡
𝑭𝑡  = D𝑡𝚯

𝑑

𝑑𝑡
𝛿𝑨𝑡  = 𝛿𝚯

 

𝑛⟨D𝑡𝚯𝛿𝑨𝑡𝑭𝑡
𝑛−1⟩ =

𝑑

𝑑𝑡
⟨𝛿𝑨𝑡𝑭𝑡

𝑛⟩ − ⟨𝛿𝚯𝑭𝑡
𝑛⟩  

𝑛⟨𝚯D𝑡𝛿𝑨𝑡𝑭𝑡
𝑛−1⟩ =

𝑑

𝑑𝑡
⟨𝛿𝑨𝑡𝑭𝑡

𝑛⟩ − ⟨𝛿𝚯𝑭𝑡
𝑛⟩ + 𝑛 d⟨𝛿𝑨𝑡𝚯𝑭𝑡

𝑛−1⟩  

𝛿𝒬
𝑨←𝑨

(2𝑛+1)
= (𝑛 + 1)∫  

1

0

 𝑑𝑡
𝑑

𝑑𝑡
⟨𝛿𝑨𝑡𝑭𝑡

𝑛⟩ + 𝑛(𝑛 + 1)d∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝛿𝒬
𝑨←𝑨

(2𝑛+1)
= (𝑛 + 1) (⟨𝛿𝑨𝑭𝑛⟩ − ⟨𝛿𝑨𝑭

𝑛
⟩) + 𝑛(𝑛 + 1)d∫  

1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

⟨𝑭𝑛𝑮𝐴⟩  = 0

⟨𝑭
𝑛
𝑮𝐴⟩  = 0

 

∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩|

𝜕𝑀

 

d ⋆ 𝐽 = 0  

⋆ 𝐽gauge  = 𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩

⋆ 𝐽dif  = 𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩

 

𝑄gauge (𝝀)  = 𝑛(𝑛 + 1)𝑘∫  
𝜕Σ

 ∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩

𝑄dif (𝜉)  = 𝑛(𝑛 + 1)𝑘∫  
𝜕Σ

 ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩

 

𝛿𝝀𝑄gauge (𝜼)  = −𝑄gauge ([𝝀, 𝜼])

𝛿𝝀𝑄dif (𝜉)  = −𝑄gauge (£𝜉𝝀)
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{𝑄𝜼, 𝑄𝝀} = 𝑄[𝜼,𝜆]  

C(𝑆T
(2𝑛+1)

)  = −𝑆T
(2𝑛+1)

PT(𝑆T
(2𝑛+1)

)  = −𝑆T
(2𝑛+1)

 

CPT(𝑆T
(2𝑛+1)

) = 𝑆T
(2𝑛+1)

 

𝛿𝐿T
(2𝑛+1)

 = (𝑛 + 1)𝑘 (⟨𝛿𝑨𝑭𝑛⟩ − ⟨𝛿𝑨𝑭
𝑛
⟩) + dΞ

Ξ = 𝑛(𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩

 

𝛿gauge 𝑨 = −D𝝀

𝛿gauge 𝑨 = −D𝝀  

𝛿gauge 𝐿T
(2𝑛+1)

= −(𝑛 + 1)𝑘 d (⟨𝝀𝑭𝑛⟩ − ⟨𝝀𝑭
𝑛
⟩) + dΞgauge  

⋆ 𝐽gauge 
′ ≡ (𝑛 + 1)𝑘 (⟨𝝀𝑭𝑛⟩ − ⟨𝝀𝑭

𝑛
⟩) − Ξgauge  

Ξgauge = −𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩ + (𝑛 + 1)𝑘 (⟨𝝀𝑭𝑛⟩ − ⟨𝝀𝑭

𝑛
⟩)  

⋆ 𝐽gauge 
′ = 𝑛(𝑛 + 1)𝑘 d∫  

1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩  

𝛿dif𝑨 = −£𝜉𝑨

𝛿dif𝑨 = −£𝜉𝑨
 

𝛿dif𝐿T
(2𝑛+1)

= −(𝑛 + 1)𝑘 (⟨£𝜉𝑨𝑭
𝑛⟩ − ⟨£𝜉𝑨𝑭

𝑛
⟩) + dΞdif  

£𝜉𝑨 = I𝜉𝑭 + DI𝜉𝑨  
⟨£𝜉𝑨𝑭

𝑛⟩ = ⟨I𝜉𝑭𝑭
𝑛⟩ + ⟨DI𝜉𝑨𝑭

𝑛⟩  

⟨£𝜉𝑨𝑭
𝑛⟩ = d⟨I𝜉𝑨𝑭

𝑛⟩  

𝛿dif𝐿T
(2𝑛+1)

= −(𝑛 + 1)𝑘 d (⟨I𝜉𝑨𝑭
𝑛⟩ − ⟨I𝜉𝑨𝑭

𝑛
⟩) + dΞdif  

𝛿dif 𝐿T
(2𝑛+1)

 = −£𝜉𝐿T
(2𝑛+1)

 = −dI𝜉𝐿T
(2𝑛+1)

,
 

⋆ 𝐽dif
′ ≡ (𝑛 + 1)𝑘 (⟨I𝜉𝑨𝑭

𝑛⟩ − ⟨I𝜉𝑨𝑭
𝑛
⟩) − Ξdif − I𝜉𝐿T

(2𝑛+1)
 

Ξdif + I𝜉𝐿T
(2𝑛+1)

= −𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩ +

 +(𝑛 + 1)𝑘 (⟨I𝜉𝑨𝑭
𝑛⟩ − ⟨I𝜉𝑨𝑭

𝑛
⟩)

 

⋆ 𝐽dif
′ = 𝑛(𝑛 + 1)𝑘 d∫  

1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝑆T
(2𝑛+1)

[𝑨, 𝑨] = 𝑆CS
(2𝑛+1)

[𝑨] − 𝑆CS
(2𝑛+1)

[𝑨] + ∫  
𝜕𝑀

 ℬ(2𝑛)  

−𝑆CS
(2𝑛+1)

[𝑨] = −∫  
𝑀

 𝐿CS
(2𝑛+1)

(𝑨) = ∫  
−𝑀

 𝐿CS
(2𝑛+1)

(𝑨)  

𝐿T
(2𝑛+1)

(𝑨, 𝑨) = (𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨𝚯𝑭𝑡
𝑛⟩  
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d𝒬
𝑨←𝑨

(2𝑛+1)
+ d𝒬

𝑨̃←𝑨̃

(2𝑛+1)
+ d𝒬

𝑨̃←𝑨

(2𝑛+1)
= 0  

d𝒬
𝑨←𝑨

(2𝑛+1)
+ d𝒬

𝑨←𝑨̃

(2𝑛+1)
+ d𝒬

𝑨̃←𝑨

(2𝑛+1)
=⟨𝑭𝑛+1⟩ − ⟨𝑭

𝑛+1
⟩ + ⟨𝑭

𝑛+1
⟩ +

 −⟨𝑭̃𝑛+1⟩ + ⟨𝑭̃𝑛+1⟩ − ⟨𝑭𝑛+1⟩

=0.

 

𝒬
𝑨←𝑨

(2𝑛+1)
+ 𝒬

𝑨←𝑨̃

(2𝑛+1)
+ 𝒬

𝑨̃←𝑨

(2𝑛+1)
= d𝒬

𝑨←𝑨̃←𝑨

(2𝑛)
 

𝒬
𝑨←𝑨

(2𝑛+1)
= 𝒬

𝑨←𝑨̃

(2𝑛+1)
+ 𝒬

𝑨̃←𝑨

(2𝑛+1)
+ d𝒬

𝑨←𝑨̃←𝑨

(2𝑛)
 

𝑡𝑖  ≥ 0, 𝑖 = 0, … , 𝑟 + 1

∑  

𝑟+1

𝑖=0

  𝑡𝑖  = 1
 

𝑨𝑡 =∑  

𝑟+1

𝑖=0

  𝑡𝑖𝑨𝑖  

 
𝑭𝑡 = d𝑨𝑡 + 𝑨𝑡

2  
𝑇𝑟+1 = (𝑨0𝑨1⋯𝑨𝑟+1)  

d: Ω𝑎(𝑀) × Ω𝑏(𝑇𝑟+1)  → Ω𝑎+1(𝑀) × Ω𝑏(𝑇𝑟+1)

d𝑡: Ω
𝑎(𝑀) × Ω𝑏(𝑇𝑟+1)  → Ω𝑎(𝑀) × Ω𝑏+1(𝑇𝑟+1)

 

𝑙𝑡: Ω
𝑎(𝑀) × Ω𝑏(𝑇𝑟+1) → Ω𝑎−1(𝑀) × Ω𝑏+1(𝑇𝑟+1)  

𝑙𝑡𝑨𝑡  = 0
𝑙𝑡𝑭𝑡  = d𝑡𝑨𝑡

 

d2  = 0
 d𝑡
2  = 0

[𝑙𝑡, d]  = d𝑡
[𝑙𝑡,  d𝑡]  = 0
{ d,  d𝑡}  = 0

 

∫  
𝜕𝑇𝑟+1

 
𝑙𝑡
𝑝

𝑝!
𝜋 = ∫  

𝑇𝑟+1

 
𝑙𝑡
𝑝+1

(𝑝 + 1)!
d𝜋 + (−1)𝑝+𝑞 d∫  

𝑇𝑟+1

 
𝑙𝑡
𝑝+1

(𝑝 + 1)!
𝜋  

𝜋 =∑  

𝑝

 𝛼𝑝 ⟨𝑨𝑡
𝑎𝑝𝑭𝑡

𝑏𝑝( d𝑡𝑨𝑡)
𝑐𝑝( d𝑡𝑭𝑡)

𝑑𝑝⟩  

𝑎𝑝 + 2𝑏𝑝 + 𝑐𝑝 + 2𝑑𝑝  = 𝑚

𝑐𝑝 + 𝑑𝑝  = 𝑞
 

(𝑝 + 1)d𝑡𝑡𝑡
𝑝𝜋 = 𝑙𝑡

𝑝+1 d𝜋 − d𝑙𝑡
𝑝+1𝜋  

[𝑙𝑡
𝑝+1, d] = (𝑝 + 1)d𝑡𝑙𝑡

𝑝  

[𝑙𝑡
2, d] = 𝑙𝑡[𝑙𝑡, d] + [𝑙𝑡, d]𝑙𝑡

 = 𝑙𝑡 d𝑡 + d𝑡𝑙𝑡
 = 2 d𝑡𝑙𝑡.

 

[𝑙𝑡
𝑘+2, d] = 𝑙𝑡[𝑙𝑡

𝑘+1, d] + [𝑙𝑡, d]𝑙𝑡
𝑘+1

 = (𝑘 + 1)𝑙𝑡 d𝑡𝑙𝑡
𝑘 + d𝑡𝑙𝑡

𝑘+1

 = (𝑘 + 2)d𝑡𝑙𝑡
𝑘+1

 

(𝑝 + 1)∫  
𝜕𝑇𝑟+1

  𝑙𝑡
𝑝𝜋 = ∫  

𝑇𝑟+1

  𝑙𝑡
𝑝+1 d𝜋 − ∫  

𝑇𝑟+1

  d𝑙𝑡
𝑝+1

 

d∫  
𝑇𝑠

 𝛼 = (−1)𝑠∫  
𝑇𝑠

  d𝛼  
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(𝑝 + 1)∫  
𝜕𝑇𝑟+1

  𝑙𝑡
𝑝𝜋 = ∫  

𝑇𝑟+1

  𝑙𝑡
𝑝+1 d𝜋 + (−1)𝑝+𝑞 d∫  

𝑇𝑟+1

  𝑙𝑡
𝑝+1𝜋  

𝜋 = ⟨𝑭𝑡
𝑛+1⟩  

∫  
𝜕𝑇𝑝+1

 
𝑙𝑡
𝑝

𝑝!
⟨𝑭𝑡

𝑛+1⟩ = (−1)𝑝 d∫  
𝑇𝑝+1

 
𝑙𝑡
𝑝+1

(𝑝 + 1)!
⟨𝑭𝑡

𝑛+1⟩  

∫  
𝜕𝑇1

  ⟨𝑭𝑡
𝑛+1⟩ = d∫  

𝑇1

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩  

𝑨𝑡 = 𝑡0𝑨0 + 𝑡1𝑨1  
𝜕𝑇1 = (𝑨1) − (𝑨0)  

∫  
𝜕𝑇1

  ⟨𝑭𝑡
𝑛+1⟩ = ⟨𝑭1

𝑛+1⟩ − ⟨𝑭0
𝑛+1⟩  

𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ = (𝑛 + 1)⟨(𝑙𝑡𝑭𝑡)𝑭𝑡

𝑛⟩  
𝑙𝑡𝑭𝑡 = d𝑡𝑨𝑡

 = d𝑡0𝑨0 + d𝑡1𝑨1
 = d𝑡1(𝑨1 − 𝑨0).

 

⟨𝑭1
𝑛+1⟩ − ⟨𝑭0

𝑛+1⟩ = (𝑛 + 1)d∫  
𝑇1

  d𝑡1⟨(𝑨1 − 𝑨0)𝑭𝑡
𝑛⟩  

⟨𝑭1
𝑛+1⟩ − ⟨𝑭0

𝑛+1⟩ = d𝒬𝑨1←𝑨0
(2𝑛+1)

 

𝒬𝑨1←𝑨0
(2𝑛+1)

 = ∫  
(𝑨0𝑨1)

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩

 = (𝑛 + 1)∫  
1

0

  d𝑡1⟨(𝑨1 − 𝑨0)𝑭𝑡
𝑛⟩.

 

∫  
𝜕𝑇2

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ = −d∫  

𝑇2

 
𝑙𝑡
2

2
⟨𝑭𝑡

𝑛+1⟩  

𝑨𝑡 = 𝑡0𝑨0 + 𝑡1𝑨1 + 𝑡2𝑨2  
𝜕𝑇2 = (𝑨1𝑨2) − (𝑨0𝑨2) + (𝑨0𝑨1)  

∫  
𝜕𝑇2

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ = ∫  

(𝑨1𝑨2)

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ − ∫  

(𝑨0𝑨2)

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ + ∫  

(𝑨0𝑨1)

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩  

∫  
𝜕𝑇2

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ = 𝒬𝑨2←𝑨1

(2𝑛+1)
− 𝒬𝑨2←𝑨0

(2𝑛+1)
+ 𝒬𝑨1←𝑨0

(2𝑛+1)
 

𝑙𝑡
2⟨𝑭𝑡

𝑛+1⟩ = 𝑛(𝑛 + 1)⟨(d𝑡𝑨𝑡)
2𝑭𝑡

𝑛−1⟩  

∫  
𝑇2

 
𝑙𝑡
2

2
⟨𝑭𝑡

𝑛+1⟩ = 𝒬𝑨2←𝑨1←𝑨0
(2𝑛)

 

𝒬𝑨2←𝑨1←𝑨0
(2𝑛)

≡ 𝑛(𝑛 + 1)∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠⟨(𝑨2 − 𝑨1)(𝑨1 − 𝑨0)𝑭𝑡
𝑛−1⟩  

𝑨𝑡 = 𝑨0 + 𝑠(𝑨2 − 𝑨1) + 𝑡(𝑨1 − 𝑨0)  

𝒬𝑨2←𝑨1
(2𝑛+1)

− 𝒬𝑨2←𝑨0
(2𝑛+1)

+ 𝒬𝑨1←𝑨0
(2𝑛+1)

= −d𝒬𝑨2←𝑨1←𝑨0
(2𝑛)

 

𝒬𝑨2←𝑨0
(2𝑛+1)

= 𝒬𝑨2←𝑨1
(2𝑛+1)

+ 𝒬𝑨1←𝑨0
(2𝑛+1)

+ d𝒬𝑨2←𝑨1←𝑨0
(2𝑛)

 

𝐿T
(2𝑛+1)

(𝑨, 𝑨) = 𝑘𝒬
𝑨←𝑨

(2𝑛+1)
 

𝒬
𝑨←𝑨

(2𝑛+1)
= 𝒬

𝑨←𝑨̃

(2𝑛+1)
+ 𝒬

𝑨̃←𝑨

(2𝑛+1)
+ d𝒬

𝑨←𝑨̃←𝑨

(2𝑛)
 

𝒬
𝑨←𝑨̃←𝑨

(2𝑛)
≡ 𝑛(𝑛 + 1)∫  

1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠⟨(𝑨 − 𝑨̃)(𝑨̃ − 𝑨)𝑭𝑠𝑡
𝑛−1⟩  

𝑨𝑠𝑡 = 𝑨 + 𝑠(𝑨 − 𝑨̃) + 𝑡(𝑨̃ − 𝑨)  
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𝑨 = 𝒂0 + 𝒂1,

𝑨 = 𝒂0 + 𝒂1
 

𝒬𝒂0+𝒂1←𝒂0+𝒂1
(2+1

= 𝒬𝒂0+𝒂1←𝒂0
(2+1)

+ 𝒬𝒂0←𝒂0+𝒂1
(2𝑛+1)

+ d𝒬𝒂0+𝒂1←𝒂0←𝒂0+𝒂1
(2𝑛)

 

𝒬𝑎0←𝒂0+𝑎‾1
(2𝑛+1)

= 𝒬𝑎0←𝒂0
(2𝑛+1)

+ 𝒬𝒂0←𝒂0+𝒂1
(2𝑛+1)

+ d𝒬𝑎0←𝒂0←𝑎‾0+𝒂1
(2𝑛)

 

𝒬𝒂0+𝒂1←𝒂0+𝒂1
(2𝑛+1)

=𝒬𝒂0+𝒂1←𝒂0
(2𝑛+1)

+ 𝒬𝒂0←𝒂0+𝒂1
(2𝑛+1)

+ 𝒬𝒂0←𝒂0
(2𝑛+1)

+

 +d𝒬𝒂0←𝒂0←𝒂0+𝒂1
(2𝑛)

+ d𝒬𝑎0+𝒂1←𝒂0←𝒂0+𝒂1
(2𝑛)

 

𝒬𝒂0+𝒂1←𝒂0+𝒂1
(2𝑛+1)

=𝒬𝒂0+𝒂1←𝒂0
(2𝑛+1)

− 𝒬𝒂0+𝒂1←𝒂0
(2𝑛+1)

+ 𝒬𝒂0←𝒂0
(2𝑛+1)

+

 +d𝒬𝒂0←𝒂0←𝒂0+𝒂1
(2𝑛)

+ d𝒬𝒂0+𝒂1←𝒂0←𝒂0+𝒂1
(2𝑛

.
 

𝒬
𝑨←𝑨

(2𝑛+1)
= 𝒬

𝑨←𝑨̃

(2𝑛+1)
+ 𝒬

𝑨̃←𝑨

(2𝑛+1)
+ d𝒬

𝑨←𝑨̃←𝑨

(2𝑛)
 

𝒬CS
(2𝑛+1)

(𝑨) = 𝒬𝑨←0
(2𝑛+1)  

𝒬
𝑨←𝑨

(2𝑛+1)
= 𝒬CS

(2𝑛+1)
(𝑨) − 𝒬CS

(2𝑛+1)
(𝑨) + dℬ(2𝑛)  

ℬ(2𝑛) = −𝑛(𝑛 + 1)∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠⟨𝑨𝑨𝑭𝑠𝑡
𝑛−1⟩  

𝑨𝑠𝑡  = 𝑠𝑨 + (1 − 𝑡)𝑨

𝑭𝑠𝑡  = 𝑭 + D(𝑠𝑨 − 𝑡𝑨) + (𝑠𝑨 − 𝑡𝑨)2
 

[𝑷𝑎, 𝑷𝑏]  = 𝑱𝑎𝑏
[𝑱𝑎𝑏 , 𝑷𝑐]  = 𝜂𝑐𝑏𝑷𝑎 − 𝜂𝑐𝑎𝑷𝑏

[𝑱𝑎𝑏 , 𝑱𝑐𝑑]  = 𝜂𝑐𝑏𝑱𝑎𝑑 − 𝜂𝑐𝑎𝑱𝑏𝑑 + 𝜂𝑑𝑏𝑱𝑐𝑎 − 𝜂𝑑𝑎𝑱𝑐𝑏

 

⟨𝑱𝑎1𝑎2⋯𝑱𝑎2𝑛−1𝑎2𝑛𝑷𝑎2𝑛+1⟩ =
2𝑛

𝑛 + 1
𝜀𝑎1⋯𝑎2𝑛+1  

𝐿G
(2𝑛+1)

= 𝑘𝒬
𝑨←𝑨

(2𝑛+1)
 

𝐴‾ = 𝜔‾
𝐴 = 𝑒 + 𝜔

 

𝑭 = 𝑹
𝑭 = 𝑹 + 𝑒2 + 𝑻

 

𝑹 = d𝝎 +𝝎2

𝑻 = d𝒆 + [𝝎, 𝒆]
 

𝑨̃ = 𝜔  

𝒬𝑒+𝜔←𝜔‾
(2𝑛+1)

= 𝒬𝑒+𝜔←𝜔
(2𝑛+1)

+ 𝒬𝜔←𝜔‾
(2𝑛+1)

+ d𝒬𝑒+𝜔←𝜔←𝜔‾
(2𝑛)  

𝒬𝑒+𝜔←𝝎
(2𝑛+1)

= (𝑛 + 1)∫  
1

0

 𝑑𝑡⟨𝒆𝑭𝑡
𝑛⟩  

𝑨𝑡  = 𝝎 + 𝑡𝒆

𝑭𝑡  = 𝑹 + 𝑡2𝒆2 + 𝑡𝑻
 

𝒬𝒆+𝝎←𝝎
(2𝑛+1)

= (𝑛 + 1)∫  
1

0

 𝑑𝑡⟨𝒆(𝑹 + 𝑡2𝒆2)𝑛⟩  

𝒬𝜔←𝜔‾
(2𝑛+1)

= 0  

𝒬𝑒+𝜔←𝜔←𝜔‾
(2𝑛)

= 𝑛(𝑛 + 1)∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠⟨𝒆𝜽𝑭𝑠𝑡
𝑛−1⟩  

𝜃 ≡ 𝜔 − 𝜔‾  
𝑨𝑠𝑡  = 𝝎 + 𝑠𝒆 + 𝑡𝜽

𝑭𝑠𝑡  = 𝑹 + D𝝎(𝑠𝒆 + 𝑡𝜽) + 𝑠2𝒆2 + 𝑠𝑡[𝒆, 𝜽] + 𝑡2𝜽2
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𝒬𝒆+𝝎←𝝎←𝝎
(2𝑛)

= 𝑛(𝑛 + 1)∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠 ⟨𝒆𝜽(𝑹 + 𝑡D𝜔‾ 𝜽 + 𝑠2𝒆2 + 𝑡2𝜽2)
𝑛−1

⟩  

𝐿G
(2𝑛+1)

= (𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨𝒆(𝑹 + 𝑡2𝒆2)𝑛⟩ +

 +𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠 ⟨𝒆𝜽(𝑹 + 𝑡D𝝎𝜽 + 𝑠2𝒆2 + 𝑡2𝜽2)
𝑛−1

⟩

 

⟨𝑱𝑎𝑏(𝑹 + 𝒆
2)𝑛−1𝑻⟩  = 0

⟨𝑷𝑎(𝑹 + 𝒆2)𝑛⟩  = 0
 

ℛ𝑎𝑏𝑐 ≡ ⟨𝑭𝑛−1𝑱𝑎𝑏𝑷𝑐⟩  
ℛ𝑎𝑏𝑐𝑇

𝑐  = 0

ℛ𝑎𝑏𝑐 (𝑅
𝑎𝑏 +

1

ℓ2
𝑒𝑎𝑒𝑏)  = 0

 

ℛ𝑎𝑏𝑐 =
2

𝑛 + 1
𝜀𝑎𝑏𝑐𝑎1⋯𝑎2𝑛−2 (𝑅

𝑎1𝑎2 +
1

ℓ2
𝑒𝑎1𝑎2)⋯

 ⋯(𝑅𝑎2𝑛−3𝑎2𝑛−2 +
1

ℓ2
𝑒𝑎2𝑛−3𝑎2𝑛−2)

 

∫  
1

0

 𝑑𝑡⟨(𝛿𝝎 + 𝑡𝛿𝜽 + 𝑡𝛿𝒆)(𝜽 + 𝒆)𝑭𝑡
𝑛−1⟩|

𝜕𝑀

 

𝑨𝑡  = 𝝎 + 𝑡(𝒆 + 𝜽)

𝑭𝑡  = 𝑹 + 𝑡D𝝎(𝒆 + 𝜽) + 𝑡2(𝒆2 + [𝒆, 𝜽] + 𝜽2)
 

𝛿𝝎|𝜕𝑀 = 0  

∫  
1

0

 𝑑𝑡 ⟨𝑡(𝛿𝜽𝒆 − 𝜽𝛿𝒆)(𝑹 + 𝑡2𝒆2 + 𝑡2𝜽2)
𝑛−1

⟩|
𝜕𝑀

 

𝛿𝜃[𝑎𝑏𝑒𝑐] = 𝜃[𝑎𝑏𝛿𝑒𝑐]  
𝝎 → 𝝎+ 𝒆g  

𝒬𝜔←𝜔‾
(2𝑛+1)

= 0 → 𝒬𝜔+𝑒𝑔←𝜔‾ +𝑒‾𝑔
(2𝑛+1)

≠ 0  

𝜆𝛼1⋯𝜆𝛼𝑛 = 𝜆𝛾(𝛼1,…,𝛼𝑛)  

𝐾𝛼1⋯𝛼𝑛
𝜌

= {
1,  cuando 𝜌 = 𝛾(𝛼1, … , 𝛼𝑛)
0,  ∞ 

 

𝐾𝛼1⋯𝛼𝑛  
𝜌 = 𝐾𝛼1⋯𝛼𝑛−1  

𝜎𝐾𝜎𝛼𝑛  
𝜌 = 𝐾𝛼1𝜎 

𝜌𝐾𝛼2⋯𝛼𝑛  
𝜎  

(𝜆𝛼)𝜇 
𝜈 = 𝐾𝜇𝛼 

𝜈  
(𝜆𝛼)𝜇 

𝜎(𝜆𝛽)𝜎
 𝜈 = 𝐾𝛼𝛽 

𝜎(𝜆𝜎)𝜇 
𝜈 = (𝜆𝛾(𝛼,𝛽))𝜇

 𝜈  

𝑆𝑝 × 𝑆𝑞 = {𝜆𝛾 ∣ 𝜆𝛾 = 𝜆𝛼𝑝𝜆𝛼𝑞 , con 𝜆𝛼𝑝 ∈ 𝑆𝑝, 𝜆𝛼𝑞 ∈ 𝑆𝑞}  

0𝑆𝜆𝛼 = 𝜆𝛼0𝑆 = 0𝑆  

[𝑻𝑎0 , 𝑻𝑏0] = 𝐶𝑎0𝑏0 
𝑐0𝑻𝑐0 + 𝐶𝑎0𝑏0 

𝑐1𝑻𝑐1
[𝑻𝑎0 , 𝑻𝑏1] = 𝐶𝑎0𝑏1 

𝑐𝑻𝑐1
[𝑻𝑎1 , 𝑻𝑏1] = 𝐶𝑎1𝑏1 

𝑐𝑻𝑐0 + 𝐶𝑎1𝑏1  
𝑐1𝑻𝒄1

 

𝐶(𝐴,𝛼)(𝐵,𝛽) 
(𝐶,𝛾) = 𝐾𝛼𝛽 

𝛾𝐶𝐴𝐵 
𝐶  

[𝑻(𝐴,𝛼), 𝑻(𝐵,𝛽)] ≡ 𝜆𝛼𝜆𝛽[𝑻𝐴, 𝑻𝐵]

 = 𝜆𝛾(𝛼,𝛽)𝐶𝐴𝐵 
𝐶𝑻𝐶

 = 𝐶𝐴𝐵
𝐶 𝑻(𝐶,𝛾(𝛼,𝛽))

 

𝐾𝛼𝛽
𝜌
= {

1,  cuando 𝜌 = 𝛾(𝛼, 𝛽)
0,  ∞ 
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[𝑻(𝐴,𝛼), 𝑻(𝐵,𝛽)] = 𝐾𝛼𝛽 
𝜌𝐶𝐴𝐵 

𝐶𝑻(𝐶,𝜌)  

𝐶(𝐴,𝛼)(𝐵,𝛽) 
(𝐶,𝛾) = 𝐾𝛼𝛽 

𝛾𝐶𝐴𝐵 
𝐶  

𝐶(𝐴,𝛼)(𝐵,𝛽) 
(𝐶,𝛾) = −(−1)𝔮(𝐴)𝔮(𝐵)𝐶(𝐵,𝛽)(𝐴,𝛼) 

(𝐶,𝛾)  

𝐾𝑖,𝑁+1
𝑗

 = 𝐾𝑁+1,𝑖
𝑗

= 0

𝐾𝑖,𝑁+1 
𝑁+1  = 𝐾𝑁+1,𝑖

𝑁+1 = 1

𝐾𝑁+1,𝑁+1
𝑗

 = 0

𝐾𝑁+1,𝑁+1 
𝑁+1  = 1

 

[𝑻(𝐴,𝑖), 𝑻(𝐵,𝑗)]  = 𝐾𝑖𝑗 
𝑘𝐶𝐴𝐵 

𝐶𝑻(𝐶,𝑘) + 𝐾𝑖𝑗 
𝑁+1𝐶𝐴𝐵 

𝐶𝑻(𝐶,𝑁+1)

[𝑻(𝐴,𝑁+1), 𝑻(𝐵,𝑗)]  = 𝐶𝐴𝐵 
𝐶𝑻(𝐶,𝑁+1)

[𝑻(𝐴,𝑁+1), 𝑻(𝐵,𝑁+1)]  = 𝐶𝐴𝐵 
𝐶𝑻(𝐶,𝑁+1)

 

[𝑻(𝐴,𝑖), 𝑻(𝐵,𝑗)] = 𝐶(𝐴,𝑖)(𝐵,𝑗) 
(𝐶,𝑘)𝑻(𝐶,𝑘)  

𝐶(𝐴,𝑖)(𝐵,𝑗) 
(𝐶,𝑘) = 𝐾𝑖𝑗 

𝑘𝐶𝐴𝐵 
𝐶  

𝑻(𝐴,𝑁+1) = 0𝑆𝑻𝐴 = 𝟎  

𝐶(𝐴,𝑖)(𝐵,𝑗) 
(𝐶,𝑘) = {

0,  cuando 𝑖 + 𝑗 ≠ 𝑘

𝐶𝐴𝐵
𝐶 ,  cuando 𝑖 + 𝑗 = 𝑘

 

𝑆E
(𝑁)

= {𝜆𝛼, 𝛼 = 0,… ,𝑁,𝑁 + 1}  

𝜆𝛼𝜆𝛽 = {
𝜆𝛼+𝛽 ,  cuando 𝛼 + 𝛽 ≤ 𝑁

𝜆𝑁+1,  cuando 𝛼 + 𝛽 ≥ 𝑁 + 1
 

𝐾𝛼𝛽
𝛾
= {

𝛿𝛼+𝛽
𝛾

,  cuando 𝛼 + 𝛽 ≤ 𝑁

𝛿𝑁+1
𝛾

,  cuando 𝛼 + 𝛽 ≥ 𝑁 + 1
 

𝐶(𝐴,𝛼)(𝐵,𝛽) 
(𝐶,𝛾) = {

𝛿𝛼+𝛽
𝛾

𝐶𝐴𝐵 
𝐶 ,  cuando 𝛼 + 𝛽 ≤ 𝑁

𝛿𝑁+1
𝛾

𝐶𝐴𝐵
𝐶 ,  cuando 𝛼 + 𝛽 ≥ 𝑁 + 1

 

𝐶(𝐴,𝑖)(𝐵,𝑗) 
(𝐶,𝑘) = 𝛿𝑖+𝑗

𝑘 𝐶𝐴𝐵 
𝐶  

𝜆𝛼𝜆𝛽 = 𝜆𝛼+𝛽  
𝜆𝛼 = 0  cuando 𝛼 > 𝑁  

[𝑉𝑝, 𝑉𝑞] ⊂ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 𝑉𝑟  

𝑆𝑝 × 𝑆𝑞 ⊂ ⋂  

𝑟∈𝑖(𝑝,𝑞)

 𝑆𝑟  

𝑊𝑝 ≡ 𝑆𝑝⊗𝑉𝑝  

𝔊R ≡⨁ 

𝑝∈𝐼

 𝑊𝑝  

[𝑊𝑝,𝑊𝑞] ⊂ (𝑆𝑝 × 𝑆𝑞)⊗ [𝑉𝑝, 𝑉𝑞]

 ⊂ ⋂  

𝑠∈𝑖(𝑝,𝑞)

 𝑆𝑠⊗ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 𝑉𝑟

 ⊂ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 ( ⋂  

𝑠∈𝑖(𝑝,𝑞)

 𝑆𝑠)⊗ 𝑉𝑟 .

 

⋂  

𝑠∈𝑖(𝑝,𝑞)

 𝑆𝑠 ⊂ 𝑆𝑟  
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[𝑊𝑝,𝑊𝑞] ⊂ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 𝑆𝑟⊗𝑉𝑟  

[𝑊𝑝,𝑊𝑞] ⊂ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 𝑊𝑟  

𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = 𝐾𝛼𝑝𝛽𝑞  

𝛾𝑟𝐶𝑎𝑝𝑏𝑞  
𝑐𝑟  

[𝑉0, 𝑉0] ⊂ 𝑉0,
[𝑉0, 𝑉1] ⊂ 𝑉1,
[𝑉1, 𝑉1] ⊂ 𝑉0.

 

𝑆0 = {𝜆2𝑚, con 𝑚 = 0,… , [
𝑁

2
]} ∪ {𝜆𝑁+1},

𝑆1 = {𝜆2𝑚+1, con 𝑚 = 0,… , [
𝑁 − 1

2
]} ∪ {𝜆𝑁+1}

 

𝑆0 × 𝑆0 ⊂ 𝑆0,
𝑆0 × 𝑆1 ⊂ 𝑆1,
𝑆1 × 𝑆1 ⊂ 𝑆0

 

𝔊R = 𝑊0⊕𝑊1  
𝑊0 = 𝑆0⊗𝑉0
𝑊1 = 𝑆1⊗𝑉1

 

𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = {

𝛿𝛼𝑝+𝛽𝑞
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞  

𝑐𝑟 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≤ 𝑁

𝛿𝑁+1
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞𝑐𝑟,  cuando 𝛼𝑝 + 𝛽𝑞 ≥ 𝑁 + 1

 

𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = {

𝛿𝛼𝑝+𝛽𝑞
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞𝑏𝑞

𝑐𝑟 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≤ 𝑁

𝛿𝑁+1
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≥ 𝑁 + 1

 

𝑁0 = 2 [
𝑁

2
]

𝑁1 = 2 [
𝑁 − 1

2
] + 1

 

𝑆0 = {𝜆0, 𝜆2, 𝜆4},

𝑆1 = {𝜆1, 𝜆3, 𝜆4}
 

[𝑉0, 𝑉0] ⊂ 𝑉0,
[𝑉0, 𝑉1] ⊂ 𝑉1,
[𝑉0, 𝑉2] ⊂ 𝑉2,

[𝑉1, 𝑉1] ⊂ 𝑉0⊕𝑉2,
[𝑉1, 𝑉2] ⊂ 𝑉1,

[𝑉2, 𝑉2] ⊂ 𝑉0⊕𝑉2

 

𝑆𝑝 = {𝜆2𝑚+𝑝, con 𝑚 = 0,… , [
𝑁 − 𝑝

2
]} ∪ {𝜆𝑁+1}, 𝑝 = 0,1,2  

𝑆0 × 𝑆0 ⊂ 𝑆0,
𝑆0 × 𝑆1 ⊂ 𝑆1,
𝑆0 × 𝑆2 ⊂ 𝑆2,

𝑆1 × 𝑆1 ⊂ 𝑆0 ∩ 𝑆2,
𝑆1 × 𝑆2 ⊂ 𝑆1,

𝑆2 × 𝑆2 ⊂ 𝑆0 ∩ 𝑆2

 

𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = {

𝛿
𝛼𝑝+𝛽𝑞

𝛾𝑞 𝐶𝑎𝑝𝑏𝑐  
𝑐𝑟 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≤ 𝑁

𝛿𝑁+1
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≥ 𝑁 + 1
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𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = {

𝛿𝛼𝑝+𝛽𝑞
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞𝑏𝑟

𝑐𝑟 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≤ 𝑁

𝛿𝑁+1
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≥ 𝑁 + 1

 

𝑁𝑝 = 2 [
𝑁 − 𝑝

2
] + 𝑝, 𝑝 = 0,1,2  

[𝑺𝜅𝜆, 𝑺𝜇𝜈] = −𝑖(𝛿𝜇𝜆𝑺𝜅𝜈 − 𝛿𝜇𝜅𝑺𝜆𝜈 + 𝛿𝜈𝜆𝑺𝜇𝜅 − 𝛿𝜈𝜅𝑺𝜇𝜆)  

 𝑎 𝑏 

𝑎 𝑎 𝑏 

𝑏 𝑏 𝑎 

 

[𝑮𝑖, 𝑮𝑗] = 𝑖𝜀𝑖𝑗𝑘𝑮𝑘, 
𝑱𝑖  = 𝑎𝑮𝑖 ,
𝑲𝑖  = 𝑏𝑮𝑖 ,

 

[𝑱𝑖, 𝑱𝑗]  = 𝑖𝜀𝑖𝑗𝑘𝑱𝑘,

[𝑱𝑖, 𝑲𝑗]  = 𝑖𝜀𝑖𝑗𝑘𝑲𝑘,

[𝑲𝑖, 𝑲𝑗]  = 𝑖𝜀𝑖𝑗𝑘𝑱𝑘

 

𝑴𝑖𝑗  = 𝜀𝑖𝑗𝑘𝑱𝑘 ,

𝑴𝑖4  = 𝑲𝑖,
 

[𝑴𝜅𝜆,𝑴𝜇𝜈] = −𝑖(𝛿𝜇𝜆𝑴𝜅𝜈 − 𝛿𝜇𝜅𝑴𝜆𝜈 + 𝛿𝜈𝜆𝑴𝜇𝜅 − 𝛿𝜈𝜅𝑴𝜇𝜆)  
[𝑷𝑎, 𝑷𝑏] = 𝑱𝑎𝑏 ,

[𝑱𝑎𝑏 , 𝑷𝑐] = 𝛿𝑒𝑐
𝑎𝑏𝑷𝑒,

[𝑷𝑎, 𝒁𝑏1⋯𝑏5] = −
1

5!
𝜀𝑎𝑏1⋯𝑏5𝑐1⋯𝑐5𝒁

𝑐1⋯𝑐5 ,

[𝑱𝑎𝑏 , 𝑱𝑐𝑑] = 𝛿ecd 
𝑎𝑏𝑓

𝑱𝑒 𝑓 ,

[𝑱𝑎𝑏 , 𝒁𝑐1⋯𝑐5] =
1

4!
𝛿𝑑𝑐1⋯𝑐5
𝑎𝑏𝑒1⋯𝑒4𝒁𝑒1⋯𝑒4

𝑑 ,

[𝒁𝑎1⋯𝑎5 , 𝒁𝑏1⋯𝑏5] = 𝜂[𝑎1⋯𝑎5][𝑐1⋯𝑐5]𝜀𝑐1⋯𝑐5𝑏1⋯𝑏5𝑒𝑷
𝑒 + 𝛿𝑑𝑏1⋯𝑏5

𝑎1⋯𝑎5𝑒𝑱𝑑 𝑒

 −
1

3! 3! 5!
𝜀𝑐1⋯𝑐11𝛿𝑑1𝑑2𝑑3𝑏1⋯𝑏5

𝑎1⋯𝑎5𝑐4𝑐5𝑐6  [𝑐1𝑐2𝑐3][𝑑1𝑑2𝑑3]𝒁𝑐7⋯𝑐11 ,

[𝑷𝑎, 𝑸] = −
1

2
Γ𝑎𝑸,

[𝑱𝑎𝑏 , 𝑸] = −
1

2
Γ𝑎𝑏𝑸,

[𝒁𝑎𝑏𝑐𝑑𝑒 , 𝑸] = −
1

2
Γ𝑎𝑏𝑐𝑑𝑒𝑸,

 {𝑸, 𝑸} =
1

8
(Γ𝑎𝑷𝑎 −

1

2
Γ𝑎𝑏𝑱𝑎𝑏 +

1

5!
Γ𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒)

 

Superespacios de 𝔊R Generadores 

𝑆0⊗𝑉0 

𝑱𝑎𝑏 = 𝜆0𝑱𝑎𝑏
((0.5) 

 

𝒁𝑎𝑏 = 𝜆2𝑱𝑎𝑏
(0.sp) 

 

𝟎 = 𝜆3𝑱𝑎𝑏
(osp) 
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𝑆1⊗𝑉1 
𝑸 = 𝜆1𝑸

(osp)  

𝟎 = 𝜆3𝑸
(0sp)  

𝑆2⊗𝑉2 

𝑷𝑎 = 𝜆2𝑷𝑎
(osp) 

 

𝒁abcde = 𝜆2𝒁abcde 
(0sp) 

 

𝟎 = 𝜆3𝑷𝑎
(osp) 

 

0 = 𝜆3𝒁abcde 
(0sp) 

 

 

[𝑱𝑎𝑏 , 𝑱𝑐𝑑]  = 𝛿𝑒𝑐𝑑
𝑎𝑏𝑓

𝑱𝑓
𝑒 ,

[𝑱𝑎𝑏 , 𝑷𝑐]  = 𝛿𝑒𝑐
𝑎𝑏𝑷𝑒,

[𝑱𝑎𝑏 , 𝒁𝑐𝑑]  = 𝛿𝑒𝑐𝑑
𝑎𝑓𝑓

𝒁𝑓
𝑒 ,

[𝑱𝑎𝑏 , 𝒁𝑐1⋯𝑐5]  =
1

4!
𝑎𝑑𝑐1⋯𝑐5
𝑎𝑏𝑒4 𝒁𝑒1⋯𝑒4

𝑑 ,

[𝑱𝑎𝑏 , 𝑸]  = −
1

2
Γ𝑎𝑏𝑸,

[𝑷𝑎, 𝑷𝑏]  = 𝟎,
[𝑷𝑎, 𝒁𝑏𝑐]  = 𝟎,

[𝑷𝑎, 𝒁𝑏1⋯𝑏5]  = 𝟎,

[𝒁𝑎𝑏 , 𝒁𝑐𝑑]  = 𝟎,

[𝒁𝑎𝑏 , 𝒁𝑐1⋯𝑐5]  = 𝟎,

[𝒁𝑎1⋯𝑎5 , 𝒁𝑏1⋯𝑏5]  = 𝟎,

[𝑷𝑎, 𝑸]  = 𝟎,
[𝒁𝑎𝑏 , 𝑸]  = 𝟎,
[𝒁𝑎𝑏𝑐𝑑𝑒 , 𝑸]  = 𝟎,

{𝑸,𝑸}  =
1

8
(Γ𝑎𝑷𝑎 −

1

2
Γ𝑎𝑏𝒁𝑎𝑏 +

1

5!
Γ𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒)

 

[𝑷𝑎, 𝑸]  = −
1

2
Γ𝑎𝑸

′,

[𝒁𝑎𝑏 , 𝑸]  = −
1

2
Γ𝑎𝑏𝑸

′,

[𝒁𝑎𝑏𝑐𝑑𝑒 , 𝑸]  = −
1

2
Γ𝑎𝑏𝑐𝑑𝑒𝑸

′

 

Superespacios de 𝔊R Generadores 

𝑆0⊗𝑉0 

𝑱𝑎𝑏 = 𝜆0𝑱𝑎𝑏
(osp) 

 

𝒁𝑎𝑏 = 𝜆2𝑱𝑎𝑏
(osp) 

 

𝟎 = 𝜆4𝑱𝑎𝑏
(osp) 

 

𝑆1⊗𝑉1 
𝑸 = 𝜆1𝑸

(osp ) 

𝑸′ = 𝜆3𝑸
((osp)  
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𝟎 = 𝜆4𝑸
((s.p)  

𝑆2⊗𝑉2 

𝑷𝑎 = 𝜆2𝑷𝑎
(osp) 

 

𝒁abcde = 𝜆2𝒁abcde 
(osp) 

 

𝟎 = 𝜆4𝑷𝑎
(osp) 

 

𝟎 = 𝜆4𝒁abcde 
(osp) 

 

 
𝜆𝛼𝜆𝛽 = 𝜆(𝛼+𝛽)mod4  

𝑆0 = {𝜆0, 𝜆2},

𝑆1 = {𝜆1, 𝜆3},

𝑆2 = {𝜆0, 𝜆2}.

 

𝑆E
(2)

 ℤ4 

0 1 2 3 0 1 2 3 

1 2 3 3 1 2 3 0 

2 3 3 3 2 3 0 1 

3 3 3 3 3 0 1 2 

 
 

Subespacios de 𝔊R Generadores 

𝑆0⊗𝑉0 
𝑱𝑎𝑏 = 𝜆0𝑱𝑎𝑏

((osp) )

𝒁𝑎𝑏 = 𝜆2𝑱𝑎𝑏
(osp) )

 

𝑆1⊗𝑉1 
𝑸 = 𝜆1𝑸

((0.5p) )

𝑸′ = 𝜆3𝑸
((asp )  

𝑆2⊗𝑉2 

𝑷𝑎
′  = 𝜆0𝑷𝑎

(osp )

 𝑎𝑏𝑐𝑐𝑑𝑒 = 𝜆0𝒁𝑎𝑏𝑐𝑑𝑒
(osp )

𝑷𝑎 = 𝜆2𝑷𝑎
(osp) )

𝑎𝑏𝑐𝑐𝑒𝑒 = 𝜆2𝒁𝑎𝑏𝑐𝑑𝑒
(osp )

 

 
{𝑸, 𝑸}  ∼ 𝑷 + 𝒁2 + 𝒁5,

{𝑸′, 𝑸′}  ∼ 𝑷 + 𝒁2 + 𝒁5,
{𝑸, 𝑸′}  ∼ 𝑷′ + 𝑱 + 𝒁5

′
 

[𝑷, 𝑷]  ∼ 𝑱
[𝑷′, 𝑷′]  ∼ 𝑱
[𝑷, 𝑷′]  ∼ 𝒁2

 



pág. 7345 

 

[𝒁2, 𝒁2] ∼ 𝑱,
[𝒁2, 𝒁5] ∼ 𝒁5

′ ,

[𝒁2, 𝒁5
′ ] ∼ 𝒁5,

[𝒁5, 𝒁5] ∼ 𝑷′ + 𝑱 + 𝒁5
′ ,

[𝒁5, 𝒁5
′ ] ∼ 𝑷 + 𝒁2 + 𝒁5,

[𝒁5
′ , 𝒁5

′ ] ∼ 𝑷′ + 𝑱 + 𝒁5
′

 

[𝑷, 𝑸] ∼ 𝑸′,
[𝒁2, 𝑸] ∼ 𝑸′,
[𝒁5, 𝑸] ∼ 𝑸′

[𝑷, 𝑸′] ∼ 𝑸,
[𝒁2, 𝑸

′] ∼ 𝑸,
[𝒁5, 𝑸

′] ∼ 𝑸,
[𝑷′, 𝑸] ∼ 𝑸,
[𝑱, 𝑸] ∼ 𝑸,

[𝒁5
′ , 𝑸] ∼ 𝑸,

[𝑷′, 𝑸′] ∼ 𝑸′

[𝑱, 𝑸′] ∼ 𝑸′

[𝒁5
′ , 𝑸′] ∼ 𝑸′

 

|𝑻(𝐴1,𝛼1)⋯𝑻(𝐴𝑛,𝛼𝑛)| ≡ 𝛼𝛾𝐾𝛼1⋯𝛼𝑛  
𝛾|𝑻𝐴1⋯𝑻𝐴𝑛|  

∑ 

𝑛

𝑝=1

 𝑋𝐴0⋯𝐴𝑛
(𝑝)

= 0  

𝑋𝐴0⋯𝐴𝑛
(𝑝)

= (−1)𝔮
(𝐴0)(𝔮(𝐴1)+⋯+𝔮(𝐴𝑝−1))𝐶𝐴0𝐴𝑝

𝐵 ×

 × |𝑻𝐴1⋯𝑻𝐴𝑝−1𝑻𝐵𝑻𝐴𝑝+1⋯𝑻𝐴𝑛| ,
 

𝑋(𝐴0,𝛼0)⋯(𝐴𝑛,𝛼𝑛)
(𝑝)

= (−1)𝔮
(𝐴0,𝛼0)(𝔮(𝐴1,𝛼1)+⋯+𝔮(𝐴𝑝−1,𝛼𝑝−1)) ×

 × 𝐶(𝐴0,𝛼0)(𝐴𝑝,𝛼𝑝) 
(𝐵,𝛽) ∣ 𝑻(𝐴1,𝛼1)⋯𝑻(𝐴𝑝−1,𝛼𝑝−1)

 × 𝑻(𝐵,𝛽)𝑻(𝐴𝑝+1,𝛼𝑝+1)⋯𝑻(𝐴𝑛,𝛼𝑛) ∣,

 

𝑋(𝐴0,𝛼0)⋯(𝐴𝑛,𝛼𝑛)
(𝑝)

= 𝛼𝛾𝐾𝛼0⋯𝛼𝑛  
𝛾𝑋𝐴0⋯𝐴𝑛

(𝑝)
 

∑ 

𝑛

𝑝=1

 𝑋(𝐴0,𝛼0)⋯(𝐴𝑛,𝛼𝑛)
(𝑝)

= 0  

|𝑻(𝐴1,𝛼1)⋯𝑻(𝐴𝑛,𝛼𝑛)| = ∑  

𝑀

𝑚=0

 𝛼𝛾
𝛽1⋯𝛽𝑚𝐾𝛽1⋯𝛽𝑚𝛼1⋯𝛼𝑛  

𝛾|𝑻𝐴1⋯𝑻𝐴𝑛|  

STr(𝑻(𝐴1,𝛼1)⋯𝑻(𝐴𝑛,𝛼𝑛)) = 𝐾𝛾𝛼1⋯𝛼𝑛  
𝛾Str(𝑻𝐴1⋯𝑻𝐴𝑛)  

|𝑻(𝑎𝑝1 ,𝛼𝑝1)
⋯𝑻(𝑎𝑝𝑛 ,𝛼𝑝𝑛)

| = 𝛼𝛾𝐾𝛼𝑝1⋯𝛼𝑝𝑛
𝛾

|𝑻𝑎𝑝1 ⋯𝑻𝑎𝑝𝑛 |  

|𝑻(𝐴1,𝑖1)⋯𝑻(𝐴𝑛,𝑖𝑛)| ≡ 𝛼𝑗𝐾𝑖1⋯𝑖𝑛  
𝑗|𝑻𝐴1⋯𝑻𝐴𝑛|  

𝑌(𝐴0,𝑖0)⋯(𝐴𝑛,𝑖𝑛)
(𝑝)

= (−1)𝔮
(𝐴0,𝑖0)(𝔮(𝐴1,𝑖1)+⋯+𝔮(𝐴𝑝−1,𝑖𝑝−1)) ×

 × 𝐶(𝐴0,𝑖0)(𝐴𝑝,𝑖𝑝) 
(𝐵,𝑗) ∣ 𝑻(𝐴1,𝑖1)⋯𝑻(𝐴𝑝−1,𝑖𝑝−1)

 × 𝑻(𝐵,𝑗)𝑻(𝐴𝑝+1,𝑖𝑝+1)⋯𝑻(𝐴𝑛,𝑖𝑛) ∣.

 

𝑌(𝐴0,𝑖0)⋯(𝐴𝑛,𝑖𝑛)
(𝑝)

= 𝛼𝑘𝐾𝑖0𝑖𝑝  
𝑗𝐾𝑖1⋯𝑖𝑝−1𝑗𝑖𝑝+1⋯𝑖𝑛  

𝑘𝑋𝐴0⋯𝐴𝑛
(𝑝)
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𝐾𝑖0𝑖𝑝  
𝑗𝐾𝑖1⋯𝑖𝑝−1𝑗𝑖𝑝+1⋯𝑖𝑛  

𝑘 =𝐾𝑖0𝑖𝑝  
𝛾𝐾𝑖1⋯𝑖𝑝−1𝛾𝑖𝑝+1⋯𝑖𝑛  

𝑘 +

 −𝐾𝑖0𝑖𝑝  
𝑁+1𝐾𝑖1⋯𝑖𝑝−1(𝑁+1)𝑖𝑝+1⋯𝑖𝑛  

𝑘

 = 𝐾𝑖0⋯𝑖𝑛  
𝑘 − 𝐾𝑖0𝑖𝑝  

𝑁+1𝐾𝑖1⋯𝑖𝑝−1(𝑁+1)𝑖𝑝+1⋯𝑖𝑛  
𝑘.

 

𝐾𝑖0𝑖𝑝  
𝑗𝐾𝑖1⋯𝑖𝑝−1𝑗𝑖𝑝+1⋯𝑖𝑛  

𝑘 = 𝐾𝑖0⋯𝑖𝑛  
𝑘  

𝑌(𝐴0,𝑖0)⋯(𝐴𝑛,𝑖𝑛)
(𝑝

= 𝛼𝑘𝐾𝑖0⋯𝑖𝑛  
𝑘𝑋𝐴0⋯𝐴𝑛

(𝑝)
 

∑ 

𝑛

𝑝=1

 𝑌(𝐴0,𝑖0)⋯(𝐴𝑛,𝑖𝑛)
(𝑝)

= 0  

|𝑻(𝑎𝑝1 ,𝑖𝑝1)
⋯𝑻(𝑎𝑝𝑛 ,𝑖𝑝𝑛)

| = 𝛼𝑗𝐾𝑖𝑝1⋯𝑖𝑝𝑛  
𝑗 |𝑻𝑎𝑝1 ⋯𝑻𝑎𝑝𝑛 |  

STr(𝑻(𝐴1,𝑖1)⋯𝑻(𝐴𝑛,𝑖𝑛)) =𝐾𝑗1𝑖1 
 2𝐾𝑗2𝑖2 

𝑗3⋯𝐾𝑗𝑛−1𝑖𝑛−1 
𝑗𝑛 ×

 × 𝐾𝑗𝑛𝑖𝑛  
 1Str(𝑻𝐴1⋯𝑻𝐴𝑛).

 

𝐾𝑗1𝑖1⋯𝑖𝑛  
𝑗1 = 𝐾𝑗1𝑖1  

 2𝐾𝛾2𝑖2 
 3⋯𝐾𝛾𝑛−1𝑖𝑛−1 

𝛾𝑛𝐾𝛾𝑛𝑖𝑛  
𝑗1

 = 𝐾𝑗1𝑖1  
 2𝐾𝑗2𝑖2  

2⋯𝐾𝑗𝑛−1𝑖𝑛−1  𝑛𝐾𝑗𝑛𝑖𝑛 1,
 

STr(𝑻(𝐴1,𝑖1)⋯𝑻(𝐴𝑛,𝑖𝑛)) = 𝐾𝑗1𝑖1⋯𝑖𝑛  
𝑗1Str(𝑻𝐴1⋯𝑻𝐴𝑛)  

STr(𝑻(𝐴1,𝑖1)⋯𝑻(𝐴𝑛,𝑖𝑛)) = 𝐾𝑖1⋯𝑖𝑛  
0Str(𝑻𝐴1⋯𝑻𝐴𝑛)  

STr(𝑻(𝐴1,0)⋯𝑻(𝐴𝑛,0)) = Str(𝑻𝐴1⋯𝑻𝐴𝑛)  

{𝑸,𝑸} = 2𝛾𝑎𝑷𝑎  

{𝑸,𝑸} =
1

8
(Γ𝑎𝑷𝑎 −

1

2
Γ𝑎𝑏𝒁𝑎𝑏 +

1

5!
Γ𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒)  

[𝑱𝑎𝑏 , 𝒁𝑐𝑑]  = 𝛿𝑒𝑐𝑑
𝑎𝑏𝑓

𝒁𝑓
𝑒 ,

[𝑱𝑎𝑏 , 𝒁𝑐1⋯𝑐5]  =
1

4!
𝛿𝑑𝑐1⋯𝑐5
𝑎𝑏𝑒1⋯𝑒4𝒁𝑒1⋯𝑒4

𝑑
 

𝜆𝛼𝜆𝛽 = {
𝜆𝛼+𝛽 ,  cuando 𝛼 + 𝛽 ≤ 2

𝜆3,  cuando 𝛼 + 𝛽 ≥ 3
 

⟨𝑻(𝐴1,𝑖1)⋯𝑻(𝐴𝑛,𝑖𝑛)⟩ = 𝛼𝑗𝐾𝑖1⋯𝑖𝑛  
𝑗⟨𝑻𝐴1⋯𝑻𝐴𝑛⟩  

𝐾𝑖1⋯𝑖𝑛  
𝑗 = 𝛿𝑖1+⋯+𝑖𝑛

𝑗
 

⟨𝑱𝑎1𝑏1⋯𝑱𝑎6𝑏6⟩M
= 𝛼0⟨𝑱𝑎1𝑏1⋯𝑱𝑎6𝑏6⟩ 𝑜𝑠𝑝

⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝑷𝑐⟩M
= 𝛼2⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝑷𝑐⟩osp 

,

⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝒁𝑐𝑑⟩M
= 𝛼2⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝑱𝑐𝑑⟩osp 

,

⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝒁𝑐1⋯𝑐5⟩M
= 𝛼2⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝒁𝑐1⋯𝑐5⟩ 𝑜𝑠𝑝

,

⟨𝑸𝑱𝑎1𝑏1⋯𝑱𝑎4𝑏4𝑸⟩M = 𝛼2⟨𝑸𝑱𝑎1𝑏1⋯𝑱𝑎4𝑏4𝑸⟩osp 

 

𝐺 = [
𝐶𝛼𝛽 0

0 1
]  



pág. 7347 

 

𝑷𝑎  = [
1

2
(Γ𝑎)

𝛼 0

0 0

] ,

𝑱𝑎𝑏  = [
1

2
(Γ𝑎𝑏)

𝛼 0

0 0

] ,

𝒁𝑎𝑏𝑐𝑑𝑒  = [
1

2
(Γ𝑎𝑏𝑐𝑑𝑒)

𝛼 0

0 0

]

𝑸𝛾  = [
0 𝐶𝛾𝛼

𝛿𝛽
𝛾

0 ]

 

𝐴 = [
𝐴𝛼  𝛽 𝐴𝛼

𝐴𝛽 0
]  

{𝐴1}  = 𝐴1

{𝐴1⋯𝐴𝑛}  =
1

𝑛
∑  

𝑛

𝑝=1

 𝐴𝑝{𝐴1⋯𝐴̂𝑝⋯𝐴𝑛}
 

⟨𝐴1⋯𝐴6⟩ = STr{𝐴1⋯𝐴6}  
⟨𝐴1⋯𝐴6⟩ = Tr{𝐴1⋯𝐴6}  

⟨𝐴1⋯𝐴6⟩ = Tr({𝐴1⋯𝐴5}𝐴6)  

⟨𝜒𝜁𝐴1⋯𝐴4⟩ = −
2

5
𝜒‾{𝐴1⋯𝐴4}𝜁  

{𝐴1𝐴2} = 2Tr(𝐴1𝐴2)𝟙 + 𝐴1𝐴2Γ[4],

{𝐴1𝐴2𝐴3} = ∑  

⟨𝑖𝑗𝑘⟩

  (Tr(𝐴𝑖𝐴𝑗)𝐴𝑘 −
4

3
[𝐴𝑖𝐴𝑗𝐴𝑘]) Γ[2] + 𝐴1𝐴2𝐴3Γ[6],

{𝐴1⋯𝐴4} = ∑  

⟨𝑖𝑗𝑘𝑙⟩

 (
1

2
Tr(𝐴𝑖𝐴𝑗)Tr(𝐴𝑘𝐴𝑙) −

2

3
Tr(𝐴𝑖𝐴𝑗𝐴𝑘𝐴𝑙)) 𝟙 +

 + ∑  

⟨𝑖𝑗𝑘𝑙⟩

  (
1

2
Tr(𝐴𝑖𝐴𝑗)𝐴𝑘𝐴𝑙 −

4

3
𝐴𝑖[𝐴𝑗𝐴𝑘𝐴𝑙]) Γ[4] +

 +(𝐴1⋯𝐴4)Γ[8],

{𝐴1⋯𝐴5} = ∑  

⟨𝑖𝑗𝑘𝑙𝑚⟩

  (
1

2
Tr(𝐴𝑖𝐴𝑗)Tr(𝐴𝑘𝐴𝑙)𝐴𝑚 −

2

3
Tr(𝐴𝑖𝐴𝑗𝐴𝑘𝐴𝑙)𝐴𝑚 +

−
4

3
Tr(𝐴𝑖𝐴𝑗)[𝐴𝑘𝐴𝑙𝐴𝑚] +

32

15
[𝐴𝑖𝐴𝑗𝐴𝑘𝐴𝑙𝐴𝑚]) Γ[2] +

 + ∑  

⟨𝑖𝑗𝑘𝑙𝑚⟩

 (
1

6
Tr(𝐴𝑖𝐴𝑗)𝐴𝑘𝐴𝑙𝐴𝑚 −

2

3
𝐴𝑖𝐴𝑗[𝐴𝑘𝐴𝑙𝐴𝑚]) Γ[6] +

 +(𝐴1⋯𝐴5)Γ[10]

 

Tr(𝐴𝑖1⋯𝐴𝑖𝑛)  = (𝐴𝑖1)𝑐1

𝑐1
(𝐴𝑖1)

𝑐2
 𝑐3⋯(𝐴𝑖𝑛)

𝑐𝑛

[𝐴𝑖1⋯𝐴𝑖𝑛]
𝑎𝑏
 = (𝐴𝑖1)

𝑎
 𝑐1(𝐴𝑖2)1

𝑐1
 𝑐2⋯(𝐴𝑖𝑛)

𝑐𝑛−1𝑏
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⟨𝑱5𝑷⟩osp =
1

2
𝜀𝑎1⋯𝑎11𝐿1

𝑎1𝑎2⋯𝐿5
𝑎9𝑎10𝐵1

𝑎11 ,

⟨𝑱6⟩osp =
1

3
∑  

⟨𝑖1⋯𝑖6⟩

  [
1

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +

 −Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +
16

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐿𝑖6)] ,

⟨𝑱5𝒁⟩osp =
1

3
𝜀𝑎1⋯𝑎11 ∑  

⟨𝑖1⋯𝑖5⟩

  [−
5

4
𝐿𝑖1
𝑎1𝑎2⋯𝐿𝑖4

𝑎7𝑎8(𝐿𝑖5)𝑏𝑐
𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +10𝐿𝑖1
𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3
𝑎5𝑎6(𝐿𝑖4)

𝑎7
(𝐿𝑖5)

𝑎8
 𝑐𝐵5

𝑏𝑎9𝑎10𝑎11 +

 +
1

4
𝐿𝑖1
𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3
𝑎5𝑎6𝐵5

𝑎7⋯𝑎11Tr(𝐿𝑖4𝐿𝑖5) +

−𝐿𝑖1
𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4[𝐿𝑖3𝐿𝑖4𝐿𝑖5]5
𝑎5𝑎6

𝐵5
𝑎7⋯𝑎11] ,

⟨𝑸𝑱4𝑸⟩
osp 

= −
1

240
𝜀𝑎1⋯𝑎8𝑎𝑏𝑐𝐿1

𝑎1𝑎2⋯𝐿4
𝑎7𝑎8(𝜒‾Γ𝑎𝑏𝑐𝜁) +

 +
1

60
∑  

⟨𝑖1⋯𝑖4⟩

  [
3

4
Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4
𝑎3𝑎4(𝜒‾Γ𝑎1⋯𝑎4𝜁) +

 −2𝐿𝑖1𝑎2
𝑎1 [𝐿𝑖2𝐿𝑖3𝐿𝑖4]

𝑎3𝑎4
(𝜒‾Γ𝑎1⋯𝑎4𝜁) +

+
3

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)𝜒‾𝜁 − Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)𝜒‾𝜁]

 

⟨𝑱5𝑷⟩osp  = 𝐿1
𝑎1𝑏1⋯𝐿5

𝑎5𝑏5𝐵1
𝑐⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝑷𝑐⟩osp 

⟨𝑱6⟩osp  = 𝐿1
𝑎1𝑏1⋯𝐿6

𝑎6𝑏6⟨𝑱𝑎1𝑏1⋯𝑱𝑎6𝑏6⟩osp 

⟨𝑱5𝒁⟩osp  = 𝐿1
𝑎1𝑏1⋯𝐿5

𝑎5𝑏5𝐵5
𝑐1⋯𝑐5⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝒁𝑐1⋯𝑐5⟩osp 

⟨𝑸𝑱4𝑸⟩
osp 

 = 𝐿1
𝑎1𝑏1⋯𝐿4

𝑎4𝑏4𝜒‾𝛼𝜁
𝛽 ⟨𝑸𝛼𝑱𝑎1𝑏1⋯𝑱𝑎4𝑏4𝑸𝛽⟩

osp 

 

Tr(𝐴𝑖1⋯𝐴𝑖𝑛) = (𝐴𝑖1)
𝑐1
 𝑐2(𝐴𝑖1)

𝑐2
⋯(𝐴𝑖𝑛)

𝑐𝑛
 𝑐1 ,

[𝐴𝑖1⋯𝐴𝑖𝑛]
𝑎𝑏
 = (𝐴𝑖1)

𝑎
 𝑐1(𝐴𝑖2)

𝑐1
 𝑐2⋯(𝐴𝑖𝑛)

𝑐𝑛−1𝑏
.
 

⟨𝑱5𝑷⟩osp =
1

2
𝜀𝑎1⋯𝑎11𝐿1

𝑎1𝑎2⋯𝐿5
𝑎9𝑎10𝐵1

𝑎11 ,

⟨𝑱6⟩osp =
1

3
∑  

⟨𝑖1⋯𝑖6⟩

  [
1

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +

−Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +
16

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐿𝑖6)]
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⟨𝑱5𝒁⟩osp =
1

3
𝜀𝑎1⋯𝑎11 ∑  

⟨𝑖1⋯𝑖5⟩

  [−
5

4
𝐿𝑖1
𝑎1𝑎2⋯𝐿𝑖4

𝑎7𝑎8(𝐿𝑖5)𝑏𝑐
𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +10𝐿𝑖1
𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3
𝑎5𝑎6(𝐿𝑖4)

𝑎7
 𝑏(𝐿𝑖5)

𝑎8
 𝑐𝐵5

𝑏𝑐𝑎9𝑎10𝑎11 +

 +
1

4
𝐿𝑖1
𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3
𝑎5𝑎6𝐵5

𝑎7⋯𝑎11Tr(𝐿𝑖4𝐿𝑖5) +

−𝐿𝑖1
𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4[𝐿𝑖3𝐿𝑖4𝐿𝑖5]
𝑎5𝑎6

𝐵5
𝑎7⋯𝑎11],

⟨𝑸𝑱4𝑸⟩
osp 

= −
1

240
𝜀𝑎1⋯𝑎8𝑎𝑏𝑐𝐿1

𝑎1𝑎2⋯𝐿4
𝑎7𝑎8(𝜒‾Γ𝑎𝑏𝑐𝜁) +

+
1

60
∑  

⟨𝑖1⋯𝑖4⟩

  [
3

4
Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4
𝑎3𝑎4(𝜒‾Γ𝑎1⋯𝑎4𝜁) +

−2𝐿𝑖1
𝑎1𝑎2[𝐿𝑖2𝐿𝑖3𝐿𝑖4]

𝑎3𝑎4
(𝜒‾Γ𝑎1⋯𝑎4𝜁) +

+
3

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)𝜒‾𝜁 − Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)𝜒‾𝜁] ,

 

⟨𝑱5𝑷⟩osp  = 𝐿1
𝑎1𝑏1⋯𝐿5

𝑎5𝑏5𝐵1
𝑐⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝑷𝑐⟩osp 

,

⟨𝑱6⟩osp  = 𝐿1
𝑎1𝑏1⋯𝐿6

𝑎6𝑏6⟨𝑱𝑎1𝑏1⋯𝑱𝑎6𝑏6⟩osp 
,

⟨𝑱5𝒁⟩osp  = 𝐿1
𝑎1𝑏1⋯𝐿5

𝑎5𝑏5𝐵5
𝑐1⋯𝑐5⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝒁𝑐1⋯𝑐5⟩osp 

,

⟨𝑸𝑱4𝑸⟩
osp 
 = 𝐿1

𝑎1𝑏1⋯𝐿4
𝑎4𝑏4𝜒‾𝛼𝜁

𝛽 ⟨𝑸𝛼𝑱𝑎1𝑏1⋯𝑱𝑎4𝑏4𝑸𝛽⟩
osp 

.

 

 

⟨𝑱6⟩M =
1

3
𝛼0 ∑  

⟨𝑖1⋯𝑖6⟩

  [
1

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +

−Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +
16

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐿𝑖6)]

⟨𝑱5𝑷⟩M =
1

2
𝛼2𝜀𝑎1⋯𝑎11𝐿1

𝑎1𝑎2⋯𝐿5
𝑎9𝑎10𝐵1

𝑎11

⟨𝑱5𝒁2⟩M =

 𝛼2 ∑  
⟨𝑖1⋯𝑖5⟩

  [
1

2
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐵2) +

 −
4

3
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐵2) +

 −
2

3
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐵2) +

+
32

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐵2)]
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⟨𝑱5𝒁5⟩M =
1

3
𝛼2𝜀𝑎1⋯𝑎11 ∑  

⟨𝑖1⋯𝑖5⟩

  [−
5

4
𝐿𝑖1
𝑎1𝑎2⋯𝐿𝑖4

𝑎7𝑎8(𝐿𝑖5)𝑏𝑐
𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +10𝐿𝑖1
𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3
𝑎5𝑎6(𝐿𝑖4)

𝑎7
 𝑏(𝐿𝑖5)

𝑎8
 𝑐𝐵5

𝑏𝑐𝑎9𝑎10𝑎11 +

 +
1

4
Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4
𝑎3𝑎4𝐿𝑖5

𝑎5𝑎6𝐵5
𝑎7⋯𝑎11 +

−𝐿𝑖1
𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4[𝐿𝑖3𝐿𝑖4𝐿𝑖5]
𝑎5𝑎6

𝐵5
𝑎7⋯𝑎11],

⟨𝑸𝑱4𝑸⟩
M
= −

𝛼2
240

𝜀𝑎1⋯𝑎8𝑎𝑏𝑐𝐿1
𝑎1𝑎2⋯𝐿4

𝑎7𝑎8(𝜒‾Γ𝑎𝑏𝑐𝜁) +

+
𝛼2
60

∑  

⟨𝑖1⋯𝑖4⟩

  [
3

4
Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4
𝑎3𝑎4(𝜒‾Γ𝑎1⋯𝑎4𝜁) +

−2𝐿𝑖1
𝑎1𝑎2[𝐿𝑖2𝐿𝑖3𝐿𝑖4]3𝑎4

𝑎3
(𝜒‾Γ𝑎1⋯𝑎4𝜁) +

+
3

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)𝜒‾𝜁 − Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)𝜒‾𝜁] ,

 

⟨𝑱6⟩M  = 𝐿1
𝑎1𝑏1⋯𝐿6

𝑎6𝑏6⟨𝑱𝑎1𝑏1⋯𝑱𝑎6𝑏6⟩M
,

⟨𝑱5𝑷⟩M  = 𝐿1
𝑎1𝑏1⋯𝐿5

𝑎5𝑏5𝐵1
𝑐⟨𝑱𝑎1𝑏1⋯𝑱𝑎5𝑏5𝑷𝑐⟩M

,

⟨𝑱5𝒁2⟩M  = 𝐿1
𝑎1𝑏1⋯𝐿5

𝑎5𝑏5𝐵2
𝑐𝑑⟨𝑱𝑎1𝑏1⋯𝑱𝑎55𝑏5𝒁𝑐𝑑⟩M

⟨𝑱5𝒁5⟩M  = 𝐿1
𝑎1𝑏1⋯𝐿5

𝑎5𝑏5𝐵5
𝑐1⋯𝑐5 ⟨𝑱𝑎1𝑏1⋯𝑱𝑎5 𝒄𝑐1𝑐5⟩M

,

⟨𝑸𝑱4𝑸⟩
M
 = 𝐿1

𝑎1𝑏1⋯𝐿4
𝑎4𝑏4𝜒‾𝛼𝜁

𝛽⟨𝑸𝛼𝑱𝑎1𝑏1⋯𝑱𝑎4𝑏4𝑸𝛽⟩M
.

 

⟨⋯ ⟩M
′ = ⟨⋯ ⟩6=6 + 𝛽4+2⟨⋯ ⟩6=4+2 + 𝛽2+2+2⟨⋯ ⟩6=2+2+2  

⟨𝑱6⟩M
′ =

1

3
𝛼0 ∑  

⟨𝑖1⋯𝑖6⟩

  [
1

4
𝛾5Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +

−𝜅15Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +
16

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐿𝑖6)]

 

⟨𝑱5𝑷⟩M
′ =

1

2
𝛼2𝜀𝑎1⋯𝑎11𝐿1

𝑎1𝑎2⋯𝐿5
𝑎9𝑎10𝐵1

𝑎11 

⟨𝑱5𝒁2⟩M
′ =𝛼2 ∑  

⟨𝑖1⋯𝑖5⟩

  [
1

2
𝛾5Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐵2) +

 −
4

3
𝜅15Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐵2) +

 −
2

3
𝜅15Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐵2) +

+
32

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐵2)] ,
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⟨𝐽5𝒁5⟩M
′ =

1

3
𝛼2𝜀𝑎1⋯𝑎11 ∑  

⟨𝑖1⋯𝑖5⟩

  [−
5

4
𝐿𝑖1
𝑎1𝑎2⋯𝐿𝑖4

𝑎4𝑎8(𝐿𝑖5)𝑏𝑐
𝑏5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +10𝐿𝑖1
𝑎1𝑎2𝐿𝑖2𝑎4

𝑎3 𝐿𝑖3
𝑎3𝑎6(𝐿𝑖4)

𝑎7
 𝑏(𝐿𝑖5)

𝑎8
 𝑐𝐵5

𝑏𝑐𝑎9𝑎10𝑎11 +

 +
1

4
𝜅15Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4𝑎4𝑎4
𝑎55𝐿5𝑎6𝐵5

𝑎7⋯𝑎11 +

−𝐿
𝑖1𝑎2𝑎2

𝐿𝑖2
𝑎3𝑎4[𝐿𝑖3𝐿𝑖4𝐿𝑖5𝑎5𝑎6𝐵5

𝑎7⋯𝑎11] ,

⟨𝑸𝑱4𝑸⟩
M

′
= −

𝛼2
240

𝜀𝑎1⋯𝑎8𝑎𝑏𝑐𝐿1
𝑎1𝑎2⋯𝐿4

𝑎7𝑎8(𝜒‾Γ𝑎𝑏𝑐𝜁) +

 +
𝛼2
60

∑  

⟨𝑖1⋯𝑖4⟩

  {
3

4
𝜅9Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4
𝑎3𝑎4(𝜒‾Γ𝑎1⋯𝑎4𝜁) +

 −2𝐿𝑖1
𝑎2𝑎2[𝐿𝑖2𝐿𝑖3𝐿𝑖4]3

𝑎3𝑎4
(𝜒‾Γ𝑎1⋯𝑎4𝜁) +

 +
3

4
(5𝛾9 − 4)Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)𝜒‾𝜁 +

−𝜅3Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)𝜒‾𝜁},

 

𝜅𝑛  = 1 +
1

𝑛
𝛽4+2Tr(𝟙),

𝛾𝑛  = 𝜅𝑛 +
1

15
𝛽2+2+2[Tr(𝟙)]

2

 

𝛽4+2  =
1

Tr(𝟙)
𝑛(𝜅𝑛 − 1),

𝛽2+2+2  =
15

[Tr(𝟙)]2
(𝛾𝑛 − 𝜅𝑛)

 

𝜅𝑚 = 1 +
𝑛

𝑚
(𝜅𝑛 − 1)

𝛾𝑚 = 𝛾𝑛 + (
𝑛

𝑚
− 1) (𝜅𝑛 − 1)

 

𝛽4+2 = 0 ⇔ 𝜅𝑛 = 1
𝛽2+2+2 = 0 ⇔ 𝛾𝑛 = 𝜅𝑛.

 

𝑨 = 𝝎 + 𝒆 + 𝒃2 + 𝒃5 +𝝍

𝑨 = 𝝎+ 𝒆 + 𝒃2 + 𝒃5 + 𝜒‾
 

𝝎 =
1

2
𝜔𝑎𝑏𝑱𝑎𝑏 ,

𝒆 =
1

ℓ
𝑒𝑎𝑷𝑎,

𝒃2  =
1

2
𝑏2
𝑎𝑏𝒁𝑎𝑏 ,

𝒃5  =
1

5!
𝑏5
𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒 ,

𝝍  = 𝜓‾𝛼𝑸
𝛼

 

𝑭 = 𝑹 + 𝑭𝑃 + 𝑭2 + 𝑭5 + D𝜔𝝍  
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𝑹 =
1

2
𝑅𝑎𝑏𝑱𝑎𝑏 ,

𝑭𝑃  = (
1

ℓ
𝑇𝑎 +

1

16
𝜓‾Γ𝑎𝜓)𝑷𝑎,

𝑭2  =
1

2
(D𝜔𝑏

𝑎𝑏 −
1

16
𝜓‾Γ𝑎𝑏𝜓)𝒁𝑎𝑏 ,

𝑭5  =
1

5!
(D𝜔𝑏

𝑎1⋯𝑎5 +
1

16
𝜓‾Γ𝑎1⋯𝑎5𝜓)𝒁𝑎1⋯𝑎5 ,

D𝜔𝝍 = D𝜔𝜓‾𝑸

 

D𝜔𝜓 = d𝜓 +
1

4
𝜔𝑎𝑏Γ𝑎𝑏𝜓,

D𝜔𝜓‾ = d𝜓‾ −
1

4
𝜔𝑎𝑏𝜓‾Γ𝑎𝑏

 

𝛿gauge 𝑨 = −D𝝀,

𝛿gauge 𝑨  = −D𝝀
 

𝝀 =
1

2
𝜆𝑎𝑏𝑱𝑎𝑏 +

1

ℓ
𝜅𝑎𝑷𝑎 +

1

2
𝜅𝑎𝑏𝒁𝑎𝑏 +

1

5!
𝜅𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒 + 𝜀‾𝑸  

• 𝝀 = (1/ℓ)𝜅𝑎𝑷𝑎, 
𝛿𝑒𝑎  = −D𝜔𝜅

𝑎,

𝛿𝑏2
𝑎𝑏  = 0,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  = 0,

𝛿𝜔𝑎𝑏  = 0,
𝛿𝜓 = 0

 

• 𝒁2: 𝝀 = (1/2)𝜅𝑎𝑏𝒁𝑎𝑏, 
𝛿𝑒𝑎  = 0,

𝛿𝑏2
𝑎𝑏  = −D𝜔𝜅

𝑎𝑏 ,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  = 0,

𝛿𝜔𝑎𝑏  = 0,
𝛿𝜓 = 0.

 

• 𝒁5: 𝝀 = (1/5!)𝜅𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒, 
𝛿𝑒𝑎  = 0,

𝛿𝑏2
𝑎𝑏  = 0,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  = −D𝜔𝜅

𝑎𝑏𝑐𝑑𝑒,

𝛿𝜔𝑎𝑏  = 0,
𝛿𝜓 = 0.

 

• 𝝀 = (1/2)𝜆𝑎𝑏𝑱𝑎𝑏, 
𝛿𝑒𝑎  = 𝜆𝑎 𝑏𝑒

𝑏 ,

𝛿𝑏2
𝑎𝑏  = −2𝜆[𝑎 𝑐𝑏2

𝑏]𝑐
,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  = 5𝜆[𝑎 𝑓𝑏5

𝑏𝑐𝑒𝑑]
,

𝛿𝜔𝑎𝑏  = −D𝜔𝜆
𝑎𝑏,

𝛿𝜓 =
1

4
𝜆𝑎𝑏Γ𝑎𝑏𝜓.

 

• 𝝀 = 𝜀‾𝑸, 
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𝛿𝑒𝑎  =
ℓ

8
𝜀‾Γ𝑎𝜓,

𝛿𝑏2
𝑎𝑏  = −

1

8
𝜀‾Γ𝑎𝑏𝜓,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  =

1

8
𝑐‾Γ𝑎𝑏𝑐𝑑𝑒𝜓,

𝛿𝜔𝑎𝑏  = 0,
𝛿𝜓 = −D𝜔𝜀

 

𝐿M
(11)

(𝑨, 𝑨) = 𝒬
𝑨←𝑨

(11)
 

𝐿M
(11)

(𝑨, 𝑨) = 𝒬𝑨←𝝎
(11)

+ 𝒬
𝝎←𝑨

(11)
+ d𝒬

𝑨←𝝎←𝑨

(10)
 

𝒬𝐴←𝜔‾
(11)

= 𝒬𝑨←𝜔
(11)

+ 𝒬𝜔←𝜔‾
(11)

+ d𝒬𝑨←𝜔←𝜔‾
(10)  

𝐿M
(11)

(𝑨, 𝑨) = 𝒬𝑨←𝝎
(11)

− 𝒬
𝑨←𝜔‾

(11)
+ 𝒬𝝎←𝝎

(11)
+ dℬM

(10)
 

ℬM
(10)

= 𝒬𝑨←𝝎←𝜔‾
(10)

+ 𝒬
𝑨←𝜔‾ ←𝑨

(10)
 

𝑨0 = 𝝎
𝑨1 = 𝝎+ 𝒆

𝑨2 = 𝝎+ 𝒆 + 𝒃2
𝑨3 = 𝝎 + 𝒆 + 𝒃2 + 𝒃5

𝑨4 = 𝝎+ 𝒆 + 𝒃2 + 𝒃5 +𝝍

 

𝒬𝑨𝟒←𝑨0
(11

= 𝒬𝑨4←𝑨3
(11)

+ 𝒬𝑨𝟑←𝑨0
(11)

+ d𝒬𝑨4←𝑨3←𝑨0
(10)

𝒬𝑨𝟑←𝑨0
(11)

= 𝒬𝑨3←𝑨𝟐
(11)

+ 𝒬𝑨2←𝑨0 + d𝒬𝑨3←𝑨2←𝑨0
𝒬𝑨2←𝑨0 = 𝒬𝑨𝟐←𝑨1 + 𝒬𝑨1←𝑨0 + d𝒬𝑨𝟐←𝑨1←𝑨0

 

𝒬𝑨4←𝑨0
(11)

= 6 [𝐻𝑎𝑒
𝑎 +

1

2
𝐻𝑎𝑏𝑏2

𝑎𝑏 +
1

5!
𝐻𝑎𝑏𝑐𝑑𝑒𝑏5

𝑎𝑏𝑐𝑑𝑒 −
5

2
𝜓‾ℛD𝜔𝜓]  

𝐻𝑎  ≡ ⟨𝑹5𝑷𝑎⟩M,

𝐻𝑎𝑏  ≡ ⟨𝑹5𝒁𝑎𝑏⟩M,

𝐻𝑎𝑏𝑐𝑐𝑒  ≡ ⟨𝑹5𝒁𝑎𝑏𝑐𝑑𝑒⟩M,

ℛ𝛼 𝛽  ≡ ⟨𝑸𝛼𝑹4𝑸𝛽⟩
M
,

 

𝐻𝑎 =
𝛼2
64
𝑅𝑎
(5)
,

𝐻𝑎𝑏 = 𝛼2 [
5

2
(𝑅4 −

3

4
𝑅2𝑅2)𝑅𝑎𝑏 + 5𝑅2𝑅𝑎𝑏

3 − 8𝑅𝑎𝑏
5 ]

𝐻𝑎𝑏𝑐𝑑𝑒 = −
5

16
𝛼2 [5𝑅[𝑎𝑏𝑅𝑐𝑑𝑒]

(4)
− 40𝑅[𝑎

𝑓
𝑅𝑔 𝑏𝑅𝑐𝑑𝑒]𝑓𝑔

(3)
+

−𝑅2𝑅𝑎𝑏𝑐𝑑𝑒
(3)

+ 4𝑅𝑎𝑏𝑐𝑑𝑒𝑓𝑔
(2) (𝑅3)𝑓𝑔],

ℛ =  −
𝛼2
40
{(𝑅4 −

3

4
𝑅2𝑅2) 𝟙 +

1

96
𝑅𝑎𝑏𝑐
(4)
Γ𝑎𝑏𝑐 +

−
3

4
[𝑅2𝑅𝑎𝑏 −

8

3
(𝑅3)𝑎𝑏] 𝑅𝑐𝑑Γ𝑎𝑏𝑐𝑑}

 

𝑅𝑛  = 𝑅𝑎𝑎2⋯
𝑎1 ⋯𝑅 𝑎1

𝑎𝑛

𝑅𝑎𝑏
𝑛  = 𝑅𝑎𝑐1

𝑐1 𝑐  𝑐2⋯𝑅𝑐𝑛−1  𝑏

𝑅𝑎1⋯𝑎𝑑−2𝑛
(𝑛)

 = 𝜀𝑎1⋯𝑎𝑑−2𝑛𝑏1⋯𝑏2𝑛𝑅
𝑏1𝑏2⋯𝑅𝑏2𝑛−1𝑏2𝑛
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𝒬𝜔←𝜔‾
(11)

= 3∫  
1

0

 𝑑𝑡𝜃𝑎𝑏𝐿𝑎𝑏(𝑡)  

𝐿𝑎𝑏(𝑡)  = ⟨𝑹𝑡
5𝑱𝑎𝑏⟩M

𝑹𝑡  =
1

2
𝑅𝑡
𝑎𝑏𝑱𝑎𝑏 ,

𝑅𝑡
𝑎𝑏  = 𝑅‾𝑎𝑏 + 𝑡D𝜔‾ 𝜃

𝑎𝑏 + 𝑡2𝜃𝑎  𝑐𝜃
𝑐𝑏

 

𝐿𝑎𝑏(𝑡) = 𝛼0 [
5

2
(𝑅𝑡

4 −
3

4
𝑅𝑡
2𝑅𝑡

2) (𝑅𝑡)𝑎𝑏 + 5𝑅𝑡
2(𝑅𝑡

3)𝑎𝑏 − 8(𝑅𝑡
5)𝑎𝑏]  

𝒬𝜔←𝜔‾
(11)

= 𝒬𝜔←0
(11)

− 𝒬𝜔‾ ←0
(11)

+ d𝒬𝜔←𝑨3←𝜔‾
(10)

 

⟨𝑭5𝑮𝐴⟩M = 0  
𝐻𝑎  = 0,
𝐻𝑎𝑏  = 0,
𝐻𝑎𝑏𝑐𝑑𝑒  = 0,
ℛD𝜔𝜓 = 0

 

𝐿𝑎𝑏 − 10(D𝜔𝜓‾)𝒵𝑎𝑏(D𝜔𝜓) + 5𝐻𝑎𝑏𝑐 (𝑇
𝑐 +

1

16
𝜓‾Γ𝑐𝜓) +

+
5

2
𝐻𝑎𝑏𝑐𝑑 (D𝜔𝑏

𝑐𝑑 −
1

16
𝜓‾Γ𝑐𝑑𝜓) +

1

24
𝐻𝑎𝑏𝑐1⋯𝑐5 (D𝜔𝑏

𝑐1⋯𝑐5 +
1

16
𝜓‾Γ𝑐1⋯𝑐5𝜓) = 0

 

𝐿𝑎𝑏  ≡ ⟨𝑹5𝑱𝑎𝑏⟩M,

(𝒵𝑎𝑏)
𝛼  ≡ ⟨𝑸𝛼𝑹3𝑱𝑎𝑏𝑸𝛽⟩

M
,

𝐻𝑎𝑏𝑐  ≡ ⟨𝑹4𝑱𝑎𝑏𝑷𝑐⟩M,

𝐻𝑎𝑏𝑐𝑑  ≡ ⟨𝑹4𝑱𝑎𝑏𝒁𝑐𝑑⟩M,

𝐻𝑎𝑏𝑐𝑑𝑒𝑓𝑔  ≡ ⟨𝑹4𝑱𝑎𝑏𝒁𝑐𝑑𝑒𝑓𝑔⟩M.

 

𝐻𝑐  =
1

2
𝑅𝑎𝑏𝐻𝑎𝑏𝑐 ,

𝐻𝑐𝑑  =
1

2
𝑅𝑎𝑏𝐻𝑎𝑏𝑐𝑑,

𝐻𝑐𝑑𝑒𝑓𝑔  =
1

2
𝑅𝑎𝑏𝐻𝑎𝑏𝑐𝑑𝑒𝑓𝑔,

ℛ𝛽
𝛼  =

1

2
𝑅𝑎𝑏(𝒵𝑎𝑏)

𝛼 𝛽

 

𝐿𝑎𝑏 = 𝛼0 [
5

2
(𝑅4 −

3

4
𝑅2𝑅2)𝑅𝑎𝑏 + 5𝑅2𝑅𝑎𝑏

3 − 8𝑅𝑎𝑏
5 ]

𝒵𝑎𝑏 =
𝛼2
40
{2 (𝑅𝑎𝑏

3 −
3

4
𝑅2𝑅𝑎𝑏) 𝟙 −

1

48
𝑅𝑎𝑏𝑐𝑑𝑒
(3)

Γ𝑐𝑑𝑒 +

−
3

4
(𝑅𝑎𝑏𝑅

𝑐𝑑 −
1

2
𝑅2𝛿𝑎𝑏

𝑐𝑑)𝑅𝑒𝑓Γ𝑐𝑑𝑒𝑓 +

− [𝛿𝑎𝑏
𝑐𝑔
𝑅𝑔ℎ𝑅

ℎ𝑑𝑅𝑒𝑓 − 𝑅𝑎
𝑐𝑅𝑏

𝑑𝑅𝑒𝑓 +
1

2
𝛿𝑎𝑏
𝑒𝑓(𝑅3)𝑐𝑑] Γ𝑐𝑑𝑒𝑓)

𝐻𝑎𝑏𝑐 =
𝛼2
32
𝑅𝑎𝑏𝑐
(4)
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𝐻𝑎𝑏𝑐𝑑 =𝛼2𝛿𝑎𝑏
𝑒𝑓
𝑔𝑐𝑑
𝑔ℎ
[
3

4
𝑅2𝑅𝑒𝑓𝑅𝑔ℎ − 𝑅𝑒𝑓

3 𝑅𝑔ℎ − 𝑅𝑒𝑓𝑅𝑔ℎ
3 +

 −
4

5
(𝑅𝑒ℎ𝑅𝑓𝑔

3 + 𝑅𝑒ℎ
3 𝑅𝑓𝑔 − 𝑅𝑒ℎ

2 𝑅𝑓𝑔
2 ) +

1

2
𝑅2𝑅𝑒ℎ𝑅𝑓𝑔 +

+
1

8
𝜂[𝑒𝑓][𝑔ℎ] (𝑅

4 −
3

4
𝑅2𝑅2) − 𝜂𝑓𝑔 (𝑅

2𝑅𝑒ℎ
2 −

8

5
𝑅𝑒ℎ
4 )] ,

𝐻𝑎𝑏𝑐1⋯𝑐5 =
𝛼2
80
𝛿𝑐1…𝑐5

clefg 
(−

5

3
𝑅𝑎𝑏𝑐𝑐𝑑𝑒
(3)

𝑅𝑓𝑔 + 10𝑅abcdepq 
(2)

𝑅𝑝 𝑓𝑅
𝑞 𝑔 +

 −
1

6
𝑅𝑎𝑏𝑅cdefg 

(3)
+
1

4
𝑅2𝑅abcdefg 

(2)
−
2

3
𝑅abcdefgpq 
(1) (𝑅3)𝑝𝑞 +

 +
1

3
𝑅𝑝 𝑎𝑅

𝑞 𝑏𝑅clefgpq 
(2)

−
1

3
𝑅𝑞 𝑎𝑅𝑏𝑐𝑑𝑒𝑓𝑔𝑝

(2)
𝑅𝑝 𝑞 +

1

3
𝑅𝑞 𝑏𝑅acclefgp 

(2)
𝑅𝑝 𝑞 +

−
10

3
𝜂𝑔𝑎𝑅𝑏𝑐𝑑𝑒𝑝

(3)
𝑅𝑝 𝑓 +

10

3
𝜂𝑔𝑏𝑅acdep 

(3)
𝑅𝑝 𝑓 −

5

24
𝜂[𝑎𝑏][𝑐𝑑]𝑅efg 

(4)
) .

 

⟨𝑭𝑛𝑮𝐴⟩ = 0  

d𝑠2 = 𝑒−2𝜉|𝑧| (d𝑧2 + 𝑔̃𝛼𝛽
(𝑑)
d𝑥𝛼d𝑥𝛽) + 𝛾𝜅𝜆

(10−𝑑)
d𝑦𝜅d𝑦𝜆  

𝑅𝑎𝑏  = 𝑅̃𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏 + 2𝜉𝜃(𝑧)(𝑒̃𝑎𝜅𝑏 − 𝑒̃𝑏𝜅𝑎) − 𝜅𝑎𝜅𝑏 ,

𝑅𝑎𝑍  = −2𝑒𝜉|𝑧|𝜉𝛿(𝑧)𝐸𝑍𝑒̃𝑎 − 2𝜉𝜃(𝑧)𝑇̃𝑎 + D𝜔̃𝜅
𝑎,

𝑇𝑎  = 𝜅𝑎𝐸𝑍 + 𝑒−𝜉|𝑧|𝑇̃𝑎,

𝑇𝑍  = −𝑒−𝜉|𝑧|𝜅𝑎𝑒̃𝑎

 

𝜉𝑒𝜉|𝑧|𝛿(𝑧)𝐸𝑍𝜀𝑎𝑏𝑐𝑑(𝑅̃
𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏)𝑒̃𝑐 = 𝒯𝑑

𝜀𝑎𝑏𝑐𝑑(𝑅̃
𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏)(𝑅̃𝑐𝑑 − 𝜉2𝑒̃𝑐𝑒̃𝑑) = 𝒯

 

𝜉𝑒𝜉|𝑧|𝛿(𝑧)𝐸𝑍𝜀𝑎𝑏𝑐𝑑(𝑅̃
𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏)𝑒̃𝑐 = 𝒯𝑑 ,

𝜀𝑎𝑏𝑐𝑑(𝑅̃
𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏)(𝑅̃𝑐𝑑 − 𝜉2𝑒̃𝑐𝑒̃𝑑) = 𝒯,

 

𝒯𝑑 =2𝐸
𝑍𝑒𝜉|𝑧|𝜉𝛿(𝑧)𝜀𝑎𝑏𝑐𝑑 (

1

2
𝜅𝑎𝜅𝑏 − 𝜉𝜃(𝑧)(𝑒̃𝑎𝜅𝑏 − 𝑒̃𝑏𝜅𝑎)) 𝑒̃𝑐 +

 +𝜀𝑎𝑏𝑐𝑑[𝑅̃
𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏 + 2𝜉𝜃(𝑧)(𝑒̃𝑎𝜅𝑏 − 𝑒̃𝑏𝜅𝑎) − 𝜅𝑎𝜅𝑏] ×

 × (
1

2
D𝜔̃𝜅

𝑐 − 𝜉𝜃(𝑧)𝑇̃𝑐) ,

 

𝒯 = −4𝜀𝑎𝑏𝑐𝑑 (𝑅̃
𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏 + 𝜉𝜃(𝑧)(𝑒̃𝑎𝜅𝑏 − 𝑒̃𝑏𝜅𝑎) −

1

2
𝜅𝑎𝜅𝑏) ×

 × (𝜉𝜃(𝑧)(𝑒̃𝑐𝜅𝑑 − 𝑒̃𝑑𝜅𝑐) −
1

2
𝜅𝑐𝜅𝑑)

 

𝛿𝐿 = 𝐸(𝜙)𝛿𝜙 + dΞ(𝜙, 𝛿𝜙)  
𝛿gauge 𝐿 = dΩ  

⋆ 𝐽gauge = Ω − Ξgauge  
𝛿dif 𝐿 = −£𝜉𝐿

 = −(dI𝜉 + I𝜉d)𝐿

 = −dI𝜉𝐿,

 

⋆ 𝐽dif = −Ξdif − I𝜉𝐿  

Ξ = 𝑛(𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

⋆ 𝐽gauge = Ω − Ξgauge  
Ω = 0  



pág. 7356 

 

𝛿gauge 𝑨 = −D𝝀,

𝛿gauge 𝑨  = −D𝝀
 

𝛿gauge 𝑨𝑡 = −D𝑡𝝀  

Ξgauge = −𝑛(𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨D𝑡𝝀𝚯𝑭𝑡
𝑛−1⟩  

Ξgauge = −𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩ + 𝑛(𝑛 + 1)𝑘∫  

1

0

 𝑑𝑡⟨𝝀D𝑡𝚯𝑭𝑡
𝑛−1⟩  

Ξgauge = −𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩ + (𝑛 + 1)𝑘∫  

1

0

 𝑑𝑡
𝑑

𝑑𝑡
⟨𝝀𝑭𝑡

𝑛⟩  

Ξgauge = −𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩ + (𝑛 + 1)𝑘 (⟨𝝀𝑭𝑛⟩ − ⟨𝝀𝑭

𝑛
⟩)  

⋆ 𝐽gauge = 𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩  

⋆ 𝐽dif = −Ξdif − I𝜉𝐿T
(2𝑛+1)  

𝛿dif𝑨 = −£𝜉𝑨,

𝛿dif𝑨 = −£𝜉𝑨
 

𝛿dif𝑨𝑡 = −£𝜉𝑨𝑡  

Ξdif = −𝑛(𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨£𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

£𝜉𝑨𝑡 = I𝜉𝑭𝑡 + D𝑡I𝜉𝑨𝑡  

Ξdif = −𝑛(𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨I𝜉𝑭𝑡𝚯𝑭𝑡
𝑛−1⟩ − 𝑛(𝑛 + 1)𝑘∫  

1

0

 𝑑𝑡⟨D𝑡I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

Ξdif = −I𝜉𝐿T
(2𝑛+1)

+ (𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨I𝜉𝚯𝑭𝑡
𝑛⟩ +

 −𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩ +

 +𝑛(𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡D𝑡𝚯𝑭𝑡
𝑛−1⟩.

 

𝑑

𝑑𝑡
𝑭𝑡  = D𝑡𝚯

𝑑

𝑑𝑡
I𝜉𝑨𝑡  = I𝜉𝚯

 

Ξdif = −I𝜉𝐿T
(2𝑛+1)

+ (𝑛 + 1)𝑘∫  
1

0

 𝑑𝑡
𝑑

𝑑𝑡
⟨I𝜉𝑨𝑡𝑭𝑡

𝑛⟩ +

 −𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩,

 

Ξdif + I𝜉𝐿T
(2𝑛+1)

= −𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩ +

 +(𝑛 + 1)𝑘 (⟨I𝜉𝑨𝑭
𝑛⟩ − ⟨I𝜉𝑨𝑭

𝑛
⟩) .

 

⋆ 𝐽dif = 𝑛(𝑛 + 1)𝑘 d∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  
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𝛿𝑏1⋯𝑏𝑛
𝑎1⋯𝑎𝑛 ≡ det

[
 
 
 
 
𝛿𝑏1
𝑎1 𝛿𝑏2

𝑎1 ⋯ 𝛿𝑏𝑛
𝑎1

𝛿𝑏1
𝑎2 𝛿𝑏2

𝑎2 ⋯ 𝛿𝑏𝑛
𝑎2

⋮ ⋮ ⋱ ⋮
𝛿𝑏1
𝑎𝑛 𝛿𝑏2

𝑎𝑛 ⋯ 𝛿𝑏𝑛
𝑎𝑛
]
 
 
 
 

 

𝛿𝑏1⋯𝑏𝑟𝑎𝑟+1⋯𝑎𝑛
𝑎1⋯𝑎𝑟𝑎𝑟+1⋯𝑎𝑛 =

(𝑑 − 𝑟)!

(𝑑 − 𝑛)!
𝛿𝑏1⋯𝑏𝑟
𝑎1⋯𝑎𝑟  

𝛿𝑎1⋯𝑎𝑛
𝑎1⋯𝑎𝑛 =

𝑑!

(𝑑 − 𝑛)!
 

𝛿𝑏1⋯𝑏𝑛
𝑎1⋯𝑎𝑛𝐴𝑏1⋯𝑏𝑛  = 𝑛! 𝐴𝑎1⋯𝑎𝑛 ,

𝛿𝑏1⋯𝑏𝑛
𝑎𝑛 𝐴𝑎1⋯𝑎𝑛  = 𝑛! 𝐴𝑏1⋯𝑏𝑛

 

𝜀𝑎1⋯𝑎𝑑 = 𝛿𝑎1⋯𝑎𝑑
1⋯⋯ ,

𝜀𝑎1⋯𝑎𝑑 = 𝛿1⋯𝑑
𝑎1⋯𝑎𝑑

 

𝜀𝑎1⋯𝑎𝑑𝜀𝑏1⋯𝑏𝑑 = 𝛿𝑏1⋯𝑏𝑑
𝑎1⋯𝑎𝑑  

𝛿𝑏1⋯𝑏𝑛
𝑎1⋯𝑎𝑛 =∑  

𝑛

𝑝=1

  (−1)𝑝+1𝛿𝑏𝑝
𝑎1𝒱𝑏1⋯𝑏𝑝⋯𝑏𝑛

𝑎2⋯𝑎𝑛  

𝛿𝑏1⋯𝑏𝑛
𝑎1⋯𝑎𝑛 =∑  

𝑛−1

𝑝=1

  ∑  

𝑛

𝑞=𝑝+1

  (−1)𝑝+𝑞+1𝛿𝑏𝑝𝑏𝑞
𝑎1𝑎2𝛿

𝑏1⋯𝑏̂𝑝⋯𝑏̂𝑞⋯𝑏𝑛

𝑎2⋯⋯  

𝛿𝑏1⋯𝑏𝑛
𝑎1⋯𝑎𝑛 = (−1)𝑟(𝑟+1)/2 ∑  

𝑛−𝑟+1

𝑝1=1

  ∑  

𝑛−𝑟+2

𝑝2=𝑝1+1

 ⋯ ∑  

𝑛−1

𝑝𝑟−1=𝑝𝑟−2+1

 

 ∑  

𝑛

𝑝𝑟=𝑝𝑟−1+1

  (−1)𝑝1+⋯+𝑝𝑟𝛿
𝑏𝑝1⋯𝑏𝑝𝑟

𝑎11⋯𝑎𝑟

𝛿𝑏1⋯𝑏𝑝1⋯𝑏𝑝𝑟⋯𝑏𝑛
𝑎𝑟+1⋯𝑎𝑛 .

 

𝛿𝑏1⋯𝑏𝑛
𝑎1⋯𝑎𝑛 = (−1)𝑟(𝑟+1)/2 ∑  

𝑛−𝑟+1

𝑝1=1

  ∑  

𝑛−𝑟+2

𝑝2=𝑝1+1

 ⋯ ∑  

𝑛−1

𝑝𝑟−1=𝑝𝑟−2+1

 

 ∑  

𝑛

𝑝𝑟=𝑝𝑟−1+1

  (−1)𝑝1+⋯+𝑝𝑟𝛿𝑏1⋯𝑏𝑟
𝑎𝑝1⋯𝑎𝑝𝑟𝛿𝑏𝑟+1⋯𝑏𝑛

𝑎1⋯𝑎̂𝑝1⋯𝑎̂𝑝𝑟⋯𝑎𝑛 .

 

𝛿𝑏1⋯𝑏𝑛
𝑎1⋯𝑎𝑛 = (

𝑛

𝑝
) 𝛿𝑏1⋯𝑏𝑝

[𝑎1⋯𝑎𝑝𝛿𝑏𝑝+1⋯𝑏𝑛
𝑎𝑝+1⋯𝑎𝑛] = (

𝑛

𝑝
) 𝛿

[𝑏1⋯𝑏𝑝

𝑎1⋯𝑎𝑝𝛿
𝑏𝑝+1⋯𝑏𝑛]

𝑎𝑝+1⋯𝑎𝑛
 

𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝] ≡ 𝛿𝑎1⋯𝑎𝑝
𝑐1⋯𝑐𝑝 (𝜂𝑏1𝑐1⋯𝜂𝑏𝑝𝑐𝑝) ,

𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝] ≡ 𝛿𝑐1⋯𝑐𝑝
𝑎1⋯𝑎𝑝(𝜂𝑏1𝑐1⋯𝜂𝑝𝑏𝑝𝑐𝑝)

 

𝜂[𝑏1⋯𝑏𝑝][𝑎1⋯𝑎𝑝] = 𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝],

𝜂𝑏1⋯𝑏𝑝][𝑎1⋯𝑎𝑝] = 𝜂𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝].
 

𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝]𝐴
𝑏1⋯𝑏𝑝 = 𝑝!𝐴𝑎1⋯𝑎𝑝 ,

𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝]𝐴𝑏1⋯𝑏𝑝 = 𝑝!𝐴𝑎1⋯𝑎𝑝 .
 

𝜂[𝑎1⋯𝑎𝑝][𝑐1⋯𝑐𝑝]𝜂[𝑐1⋯𝑐𝑝][𝑏1⋯𝑏𝑝] = 𝑝! 𝛿𝑏1⋯𝑏𝑝⋯𝑎𝑝
𝑎1  

{Γ𝑎, Γ𝑏} = 2𝜂𝑎𝑏  
Γ𝑎1⋯𝑎𝑝  ≡ Γ[𝑎1⋯Γ𝑎𝑝]

 =
1

𝑝!
𝛿𝑎1⋯𝑎𝑝
𝑏1⋯𝑏𝑝Γ𝑏1⋯Γ𝑏𝑝
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Γ∗  ≡ Γ0⋯Γ𝑑−1

 =
1

𝑑!
𝜀𝑎1⋯𝑎𝑑Γ𝑎1⋯Γ𝑎𝑑

 =
1

𝑑!
𝜀𝑎1⋯𝑎𝑑Γ𝑎1⋯𝑎𝑑

 

Γ∗
2  = (−1)(𝑑−2)(𝑑+1)/2

Γ∗Γ𝑎  = (−1)𝑑+1Γ𝑎Γ∗,

Γ∗Γ𝑎1⋯𝑎𝑝  = (−1)𝑝(𝑑+1)Γ𝑎1⋯𝑎𝑝Γ∗.

 

Γ𝑎1⋯𝑎𝑑−𝑘 =
1

𝑘!
(−1)𝑘(𝑘−1)/2𝜀𝑎1⋯𝑎𝑑Γ

𝑎𝑑−𝑘+1⋯𝑎𝑑Γ∗  

Γ𝑎
𝑇 = 𝜉𝐶Γ𝑎𝐶

−1  

𝐶𝑇 = 𝜆𝐶  

𝑑mod8 𝜆 𝜉 S A 

0 +1 +1 1,4 2,3 

0 +1 -1 3,4 1,2 

1 +1 +1 1,4 2,3 

2 +1 +1 1,4 2,3 

2 -1 -1 1,2 3,4 

3 -1 -1 1,2 3,4 

4 -1 +1 2,3 1,4 

4 -1 -1 1,2 3,4 

5 -1 +1 2,3 1,4 

6 -1 +1 2,3 1,4 

6 +1 -1 3,4 1,2 

7 +1 -1 3,4 1,2 

 

(𝐶Γ𝑎1⋯𝑎𝑝)
𝑇

= (−1)𝑝(𝑝−1)/2𝜆𝜉𝑝 (𝐶Γ𝑎1⋯𝑎𝑝)  

Tr (Γ𝑎1⋯𝑎𝑝Γ𝑏1⋯𝑏𝑞) = (−1)𝑝(𝑝−1)/2𝑚𝛿𝑏1⋯𝑏𝑞
𝑎1⋯𝑎𝑝

 

𝑀 =∑ 

𝑝≥0

 
1

𝑝!
𝑘𝑎1⋯𝑎𝑝Γ

𝑎1⋯𝑎𝑝
 

𝑘𝑎1⋯𝑎𝑝 =
1

𝑚
(−1)𝑝(𝑝−1)/2Tr (𝑀Γ𝑎1⋯𝑎𝑝)  

Γ𝑎1⋯𝑎𝑖Γ
𝑏1⋯𝑏𝑗 = ∑  

𝑖+𝑗

𝑘=|𝑖−𝑗|

 
𝑖! 𝑗!

𝑠! 𝑡! 𝑢!
𝛿[𝑎𝑖
[𝑏1⋯𝛿𝑎𝑡+1

𝑏𝑠 Γ𝑎1⋯𝑎𝑡] 
𝑏𝑠+1⋯𝑏𝑗]  
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𝑠 =
1

2
(𝑖 + 𝑗 − 𝑘)

𝑡 =
1

2
(𝑖 − 𝑗 + 𝑘)

𝑢 =
1

2
(−𝑖 + 𝑗 + 𝑘)

 

Γ𝑎1⋯𝑎𝑖Γ𝑏1⋯𝑏𝑗 = ∑  

min(𝑖,𝑗)

𝑠=0

 
1

𝑡! 𝑢!
(−1)𝑠(𝑠−1)/2𝛿𝑑1⋯𝑑𝑡𝑏1⋯𝑏𝑗

𝑎1⋯𝑎𝑖𝑒1⋯𝑒𝑢Γ𝑑1⋯𝑑𝑡  𝑒1⋯𝑒𝑢  

𝑡 = 𝑖 − 𝑠,
𝑢 = 𝑗 − 𝑠

 

[Γ𝑎1⋯𝑎𝑖 , Γ𝑏1⋯𝑏𝑗] = ∑  

min(𝑖,𝑗)

𝑠=0

 
1

𝑡! 𝑢!
(−1)𝑠(𝑠−1)/2 ×

 × [1 − (−1)𝑖𝑗−𝑠
2
]𝛿𝑑1⋯𝑑𝑡𝑏1⋯𝑏𝑗

𝑎1⋯𝑎𝑖𝑒1⋯𝑒𝑢Γ𝑒1⋯𝑒𝑢
𝑑1⋯𝑑𝑡 ,

 

{Γ𝑎1⋯𝑎𝑖 , Γ𝑏1⋯𝑏𝑗} = ∑  

min(𝑖,𝑗)

𝑠=0

 
1

𝑡! 𝑢!
(−1)𝑠(𝑠−1)/2 ×

 × [1 + (−1)𝑖𝑗−𝑠
2
]𝛿𝑑1⋯𝑑𝑡𝑏1⋯𝑏𝑗

𝑎1⋯𝑎𝑖𝑒1⋯𝑒𝑢Γ𝑑1⋯𝑑𝑡  𝑒1⋯𝑒𝑢 .

 

Γ𝑎1⋯𝑎𝑖Γ𝑏1⋯𝑏𝑗 = ∑  

min(𝑖,𝑗)

𝑠=0

 𝐷𝑎1⋯𝑎𝑖𝑏1⋯𝑏𝑗(𝑠)  

𝐷𝑎1⋯𝑎𝑖𝑏1⋯𝑏𝑗(𝑠) = (−1)
𝑠(𝑖−𝑠)+𝑠(𝑠−1)/2 ∑  

1+𝑗−𝑠

𝑝1=1

 ⋯ ∑  

𝑗

𝑝𝑠=𝑝𝑠−1+1

 

 ∑  

1+𝑖−𝑠

𝑞1=1

 ⋯ ∑  

𝑖

𝑞𝑠=𝑞𝑠−1+1

  (−1)𝑝1+⋯+𝑝𝑠+𝑞1+⋯+𝑞𝑠

𝜂[𝑎𝑞1⋯𝑎𝑞𝑠][𝑏𝑝1⋯𝑏𝑝𝑠]
Γ𝑎1⋯𝑎̂𝑞1⋯𝑎̂𝑞𝑠⋯𝑎𝑖𝑏1⋯𝑏̂𝑝1⋯𝑏̂𝑝𝑠⋯𝑏𝑗

.

 

𝐴𝑖𝐵𝑗 = ∑  

min(𝑖,𝑗)

𝑠=0

  (
𝑖

𝑠
) (
𝑗

𝑠
) (−1)𝑠(𝑠−1)/2𝜂[𝑏1⋯𝑏𝑠][𝑐1⋯𝑐𝑠]

𝐴𝑎1⋯𝑎𝑖−𝑠𝑏1⋯𝑏𝑠𝐵𝑐1⋯𝑐𝑠𝑎𝑖−𝑠+1⋯𝑎𝑖+𝑗−2𝑠Γ𝑎1⋯𝑎𝑖+𝑗−2𝑠 ,

 

𝐴𝑖𝐵𝑗 = ∑  

min(𝑖,𝑗)

𝑠=0

  (
𝑖

𝑠
) (
𝑗

𝑠
) (−1)𝑠(𝑠−1)/2𝜂[𝑏1⋯𝑏𝑠][𝑐1⋯𝑐𝑠]

𝐴𝑎1⋯𝑎𝑖−𝑠𝑏1⋯𝑏𝑠𝐵𝑐1⋯𝑐𝑠𝑎𝑖−𝑠+1⋯𝑎𝑖+𝑗−2𝑠Γ𝑎1⋯𝑎𝑖+𝑗−2𝑠 ,

 

𝐴𝑖 = 𝐴𝑎1⋯𝑎𝑖Γ𝑎1⋯𝑎𝑖 ,

𝐵𝑗 = 𝐵𝑏1⋯𝑏𝑗Γ𝑏1⋯𝑏𝑗
 

𝜓′ = exp (
1

4
𝜆𝑎𝑏Γ𝑎𝑏)𝜓  

𝛿𝜓 =
1

4
𝜆𝑎𝑏Γ𝑎𝑏𝜓  

𝜓‾𝛼 = 𝜓𝛽𝐶𝛽𝛼  

𝜓𝛼 = 𝜓‾𝛽𝐶
𝛽𝛼  

𝐶𝛼𝛾𝐶𝛾𝛽 = 𝐶𝛽𝛾𝐶
𝛾𝛼 = 𝛿𝛽

𝛼
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𝜒‾𝜁 = 𝜁‾𝜒

𝜒‾𝑆𝜁 = −𝜁‾𝑆𝜒

𝜒‾𝐴𝜁 = 𝜁‾𝐴𝜒

 

 
𝐴𝑑𝑆2 × 𝑆

2 × 𝑆4 × Σ  

 (𝑎; 𝑞)0: = 1, (𝑎; 𝑞)𝑛: =∏  

𝑛−1

𝑘=0

  (1 − 𝑎𝑞𝑘), (𝑞)𝑛: =∏  

𝑛

𝑘=1

  (1 − 𝑞𝑘),

 (𝑎; 𝑞)∞: =∏  

∞

𝑘=0

  (1 − 𝑎𝑞𝑘), (𝑞)∞: =∏  

∞

𝑘=1

  (1 − 𝑞𝑘)

 

⟨𝑊ℛ1⋯𝑊𝑅𝑘
⟩
𝐺
(𝑡; 𝑞)

 =
1

|Weyl(𝐺)|

(𝑞)∞
2rank(𝐺)

(𝑞
1
2𝑡±2; 𝑞)

∞

rank(𝐺)
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠
(𝑠𝛼; 𝑞)∞(𝑞𝑠

𝛼; 𝑞)∞

(𝑞
1
2𝑡2𝑠𝛼; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝛼; 𝑞)

∞

∏ 

𝑘

𝑖=1

 𝜒ℛ𝑖  
 

ℐ𝐺(𝑡; 𝑞):= Tr(−1)𝐹𝑞𝐽+
𝐻+𝐶
4 𝑡𝐻−𝐶  

⟨𝒲ℛ1⋯𝒲ℛ𝑘
⟩
𝐺
(𝑡; 𝑞) =

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝐺
(𝑡; 𝑞)

ℐ𝐺(𝑡; 𝑞)
 

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩1
2
BPS

𝐺
(𝔮)

 =
1

|Weyl(𝐺)|

1

(1 − 𝔮2)rank(𝐺)
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠
(1 − 𝑠𝛼)

(1 − 𝔮2𝑠𝛼)
∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔤

 

1

𝑁!
∰∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏  𝑖≠𝑗  1 −
𝑠𝑖
𝑠𝑗

∏  𝑖,𝑗  1 − 𝔱
𝑠𝑖
𝑠𝑗

𝑃𝜇(𝑠; 𝔱)𝑃𝜆(𝑠
−1; 𝔱) =

𝛿𝜇𝜆

(𝔱; 𝔱)𝑁−𝑙(𝜇)∏  𝑗≥1   (𝔱; 𝔱)𝑚𝑗(𝜇)
 

1

|Weyl(𝐺)|
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠(1 − 𝑠𝛼)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔤   

⟨𝑇𝐵𝑇𝐵⟩
𝐺(𝑡; 𝑞) = ∑  

𝑣∈Rep(𝐵)

 
1

|Weyl(𝐵)|

(𝑞)∞
2rank(𝐺)

(𝑞
1
2𝑡±2; 𝑞)

∞

rank(𝐺)
∮ ∏  

𝛼∈root(𝐺)

 𝑑𝑠  

 ×

(𝑞
|𝛼(𝐵)|
2 𝑠𝛼; 𝑞)

∞
(𝑞

1+
|𝛼(𝐵)|
2

| 
𝑠𝛼; 𝑞)

∞

(𝑞
1+|𝛼(𝐵)|

2 𝑡2𝑠𝛼; 𝑞)
∞
(𝑞

1+|𝛼(𝐵)|
2 𝑡−2𝑠𝛼; 𝑞)

∞

𝑍bubb 
(𝐵,𝑣)

(𝑡, 𝑠; 𝑞).

 

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ2 × ℤ2  
(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,0)  
(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (0,1)  
(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,1)  

𝜒sp
𝔰𝔭(2𝑁+1)

=∏ 

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)  
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𝜒◻
so (2𝑁+1)

= 1 +∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1).  

𝜒𝜆
so (2𝑁+1)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖+1/2 − 𝑠𝑗
−(𝜆𝑖+𝑁−𝑖+1/2))

det (𝑠𝑗
𝑁−𝑖+1/2

− 𝑠𝑗
−(𝑁−𝑖+1/2)

)
 

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝑆𝑂(2𝑁+1)

 = ∫  𝑑𝜇𝑆𝑂(2𝑁+1)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)

𝑃‾𝑛(𝑠)
2 − 𝑃‾2𝑛(𝑠)

2
]∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰𝔬(2𝔑+1)

(𝑠)
 

𝑑𝜇𝑆𝑂(2𝑁+1) =
1

2𝑁𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(1 − 𝑠𝑖)(1 − 𝑠𝑖
−1)

 × ∏  

1≤𝑖<𝑗≤𝑁

  (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗)

 

𝑓𝑛(𝑞, 𝑡) =
𝑞𝑛/2(𝑡2𝑛 + 𝑡−2𝑛) − 2𝑞𝑛

1 − 𝑞𝑛
 

𝑃𝑚(𝑠): =∑  

𝑁

𝑖=1

  (𝑠𝑖
𝑚 + 𝑠𝑖

−𝑚)

𝑃‾𝑚(𝑠):= 1 + 𝑃𝑚(𝑠) = 1 +∑  

𝑁

𝑖=1

  (𝑠𝑖
𝑚 + 𝑠𝑖

−𝑚)

 

𝑀‾𝑛(𝑠) =
𝑃‾𝑛(𝑠)

2 − 𝑃‾2𝑛(𝑠)

2
= 𝑃𝑛(𝑠) +

𝑃𝑛(𝑠)
2 − 𝑃2𝑛(𝑠)

2
 

exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀‾𝑛(𝑠)) =∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)𝑀‾𝜆(𝑠)  

𝑧𝜆 =∏ 

∞

𝑖=1

  𝑖𝑚𝑖𝑚𝑖!, 𝑓𝜆(𝑞, 𝑡) =∏ 

ℓ(𝜆)

𝑖=1

 𝑓𝜆𝑖(𝑞, 𝑡),𝑀
‾
𝜆(𝑠) =∏ 

ℓ(𝜆)

𝑖=1

 𝑀‾𝜆𝑖(𝑠)
 

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝑆𝑂(2𝑁+1)

=∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
so(2N+1)(𝑠)  

∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰𝔬(2𝑁+1)

(𝑠)  

∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑃‾𝜇(𝑠) = ∑  

𝜈∈𝑅2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇) + ∑  

𝜈∈𝑊2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇)  

𝑅𝑛(𝑝)  = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) ≤ 𝑛 and ∀𝜆𝑖 is even }

𝑊𝑛(𝑝)  = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) = 𝑛 and ∀𝜆𝑖 is odd }
 

𝑠𝜆 =∑  

𝜇⊢𝜆

 
𝜒𝜆
𝑆(𝜇)

𝑧𝜇
𝑝𝜇  

𝑀‾𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
so (2𝑁+1)

(𝑠) =∑  

𝜇

 𝑎𝜆,ℛ
𝜇
𝑃‾𝜇(𝑠)  
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 ∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
soo (2𝑁+1)

(𝑠) =∑  

𝜇

 𝑎𝜆,ℛ
𝜇
∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑃‾𝜇(𝑠)

 = ∑  

𝜇

 𝑎𝜆,ℛ
𝜇 ( ∑  

𝜈∈𝑅2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇) + ∑  

𝜈∈𝑊2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇))

 

(𝜒sp
so(2𝑁+1)

)
2

=∏ 

𝑁

𝑖=1

  (1 + 𝑠𝑖)(1 + 𝑠𝑖
−1)  

𝑑𝜇𝑆𝑂(2𝑁+1)(𝜒sp
so(2𝑁+1)

)
2

= 𝑑𝜇𝑈𝑆𝑝(2𝑁)  

𝑑𝜇𝑈𝑆𝑝(2𝑁) =
1

2𝑁𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(1 − 𝑠𝑖
2)(1 − 𝑠𝑖

−2)

 × ∏  

1≤𝑖<𝑗≤𝑁

  (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗)

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁+1)

= ∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀‾𝑛(𝑠)]

 = ∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡) (𝑃𝑛(𝑠) +

𝑃𝑛(𝑠)
2 − 𝑃2𝑛(𝑠)

2
)]

 

ℐ𝑆𝑂(3)(𝑡; 𝑞) = ℐ𝑈𝑆𝑝(2)(𝑡; 𝑞)

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞2
∑  

𝑝1,𝑝2∈ℤ
𝑝1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)

.
 

 

⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±; 𝑞)∞(𝑞𝑠
±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(𝑠
1
2 + 𝑠−

1
2)

2
 

 
〈𝑇

(
1
2
)
𝑇
(
1
2
)
〉𝑈𝑆𝑝(2)/ℤ2 (𝑡; 𝑞)

 =
(𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑞
1
2𝑠±2; 𝑞)

∞
(𝑞

3
2𝑠±2; 𝑞)

∞

(𝑞𝑡2𝑠±2; 𝑞)∞(𝑞𝑡−2𝑠±2; 𝑞)∞
 
 

⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
)
𝑇
(
1
2
)
⟩
𝑈𝑆𝑝(2)/ℤ2

(𝑡; 𝑞) 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(3)

(𝑡; 𝑞) = 〈𝑇
(
1
2
)
𝑇
(
1
2
)
〉𝑈𝑆𝑝(2)/ℤ2 (𝑡; 𝑞)

 = ⟨𝑊◻𝑊◻⟩
𝑆𝑈(2)(𝑡; 𝑞) =

(𝑞
1
2𝑡22; 𝑞)

∞

(𝑞𝑡±4; 𝑞)∞
∑  

𝑚∈ℤ∖{0,𝑛}

 
𝑡2𝑚 − 𝑡−2𝑚

𝑡2 − 𝑡−2
𝑞
𝑚−1
2

1 − 𝑞𝑚
.
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⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(3)
(𝔮) = ⟨𝑇

(
1
2
)
𝑇
(
1
2
)
⟩
1
2
BPS

𝑈𝑆𝑆(2)/ℤ2

(𝔮)

 = ⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑈(2)
(𝔮) =

1 + 𝔮2

1 − 𝔮4
=

1

1 − 𝔮2
.

 

⟨𝑊sp 𝑊sp ⋯𝑊sp ⏟          
2𝑘

⟩𝑆𝑝𝑖𝑛(3)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻⋯𝑊◻⏟        
2𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞)
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Sin(3)
(𝔮)  =

2 + 3𝔮2 + 𝔮4

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Sin(3)
(𝔮)  =

5 + 9𝔮2 + 5𝔮4 + 𝔮6

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(3)
(𝔮)  =

14 + 28𝔮2 + 20𝔮4 + 7𝔮6 + 𝔮8

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Sin(3)
(𝔮)  =

42 + 90𝔮2 + 75𝔮4 + 35𝔮6 + 9𝔮8 + 𝔮10

1 − 𝔮4

 

 ⟨𝑊sp ⋯𝑊sp ⏟      
2𝑘

⟩1
2
BPS

Spin(3)
(𝔮) = ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)∑  

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(3)

(𝑖)𝔮2𝑖

 =
1

1 − 𝔮4
∑ 

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(3)

(𝑖)𝔮2𝑖

𝑎𝑘sp
so(3)

(𝑖) = (2𝑖 + 1)
(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!

 = 𝐶𝑘+𝑖+1,2𝑖+1 

 

𝐶𝑛,𝑚 =
𝑚

𝑛
(
2𝑛 −𝑚 − 1

𝑛 − 1
)  

𝐶𝑘 =
1

𝑘 + 1
(
2𝑘

𝑘
)

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 2

𝑖 + 𝑗

 

1 − √1 − 4𝑥

2𝑥
=∑  

∞

𝑘=0

 𝑎𝑘sp
so(3)

(0)𝑥𝑘  

1

𝑥𝑖+1
(
1 − √1 − 4𝑥

2
)

2𝑖+1

=∑  

∞

𝑘=0

 𝑎𝑘sp
so(3)

(𝑖)𝑥𝑘  

∑ 

∞

𝑘=0

 𝑥𝑘⟨𝑊sp⋯𝑊sp⏟      
2𝑘

⟩1
2

 BPS 

Sin(3)
(𝔮) =

1

1 − 𝔮4
⋅

2(1 − √1 − 4𝑥)

4𝑥 − (1 − √1 − 4𝑥)2𝔮2
 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(3)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±; 𝑞)∞(𝑞𝑠
±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(1 + 𝑠 + 𝑠−1)2 
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⟨𝑊◻𝑊◻⟩
𝑆𝑂(3)(𝑡; 𝑞) = ⟨𝑊◻◻𝑊◻◻⟩

𝑆𝑈(2)(𝑡; 𝑞)

 =

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞𝑡±4; 𝑞)∞
[
3

2
∑  

𝑚∈ℤ∖{0}

 (
𝑡2𝑚 − 𝑡−2𝑚

𝑡 − 𝑡−2
𝑞
𝑚−1
2

1 − 𝑞𝑚
) −

2

1 − 𝑞
−
𝑞
1
2(𝑡2 + 𝑡−2)

1 − 𝑞2
]
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊◻𝑊◻◻⟩1

2
BPS

𝑆𝑈(2)
(𝔮)

 =
1 + 𝔮2 + 𝔮4

1 − 𝔮4

 =
1 − 𝔮6

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩𝑆𝑂(3)(𝑡; 𝑞) =∑  

𝑘

𝑖=0

  (
𝑘

𝑖
) (−1)𝑖⟨𝑊sp⋯𝑊sp)

𝑆𝑂(3)

⏟          
2(𝑘−𝑖)

(𝑡; 𝑞)  

⟨𝑊◻⟩
𝑆𝑂(3)(𝑡; 𝑞) = ⟨𝑊sp𝑊sp⟩

𝑆𝑂(3)
(𝑡; 𝑞) − ℐ𝑆𝑂(3)(𝑡; 𝑞)

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞2
∑  

𝑝1,𝑝2∈ℤ
𝑝1+1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)

 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
𝔮2

1 − 𝔮4
.

 

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − 3⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮)

 +3⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 3𝔮2 + 2𝔮4 + 𝔮6

1 − 𝔮4
.

 

 
 

〈𝑊◻𝑊◻𝑊◻𝑊◻〉 1
2
BPS

𝑆𝑂(3)
(𝔮)  =

3 + 6𝔮2 + 6𝔮4 + 3𝔮6 + 𝔮8

1 − 𝔮4

〈𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻〉 1
2
BPS

𝑆𝑂(3)
(𝔮)  =

6 + 15𝔮2 + 15𝔮4 + 10𝔮6 + 4𝔮8 + 𝔮10

1 − 𝔮4

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮)  =

15 + 36𝔮2 + 40𝔮4 + 29𝔮6 + 15𝔮8 + 5𝔮10 + 𝔮12

1 − 𝔮4

 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

∑  𝑘
𝑖=0  𝑎𝑘

𝔰𝔬(3)
(𝑖)𝔮2𝑖

1 − 𝔮4
 

𝑎𝑘
so (3)

(𝑖) = 𝑐𝑘
(𝑖)
− 𝑐𝑘

(𝑖+1)  

(1 + 𝑥 + 𝑥2)𝑛 = ∑  

𝑘

𝑖=−𝑘

  𝑐𝑘
(𝑖)
𝑥𝑘+𝑖  
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𝑅𝑛 =∑  

𝑛

𝑖=0

  (−1)𝑛−𝑖 (
𝑛

𝑖
) 𝐶𝑖  

∑ 

∞

𝑛=1

 𝑅𝑛𝑥
𝑛 =

1

2𝑥
(1 −

√1 − 3𝑥

√1 + 𝑥
)  

⟨𝑊(𝑘)𝑊(𝑘)⟩
𝑆𝑂(3)

(𝑡; 𝑞) =

(𝑞
1
2
𝑡±2; 𝑞)

∞

(𝑞𝑡±4; 𝑞)∞
[
2𝑘 + 1

2
∑  

𝑚∈ℤ∖{0}

 (
𝑡2𝑚 − 𝑡−2𝑚

𝑡 − 𝑡−2
𝑞
𝑚−1
2

1 − 𝑞𝑚
)

−∑  

2𝑘

𝑚=1

  (2𝑘 − 𝑚 + 1)(
𝑡2𝑚 − 𝑡−2𝑚

𝑡 − 𝑡−2
𝑞
𝑚−1
2

1 − 𝑞𝑚
)]

 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

1 + 𝔮2 +⋯+ 𝔮4𝑘

1 − 𝔮4

 =
1 − 𝔮4𝑘+2

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

1

(1 − 𝔮2)(1 − 𝔮4)
 

⟨𝑊◻◻⋯𝑊◻⏟      
𝑘

⟩𝑆𝑂(3)(𝑡; 𝑞) = ∑  

𝑘1+𝑘2+𝑘3=𝑘

  (
𝑘

𝑘1, 𝑘2, 𝑘3
) (−3)𝑘2⟨𝑊sp⋯𝑊sp⏟      

4𝑘1+2𝑘2

)𝑆𝑂(3)(𝑡; 𝑞)  

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp 𝑊sp 𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − 3⟨𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) + ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
𝔮4

1 − 𝔮4
,

⟨𝑊◻𝑊◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp ⋯𝑊sp ⏟      

12

)1
2
BPS

𝑆𝑂(3)
(𝔮) − 9⟨𝑊sp ⋯𝑊sp ⏟      

10

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 +30⟨𝑊sp ⋯𝑊sp ⏟      
8

⟩
1

2

BPS

𝑆𝑂(3)
(𝔮) − 45⟨𝑊sp ⋯𝑊sp ⏟      

6

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 +30⟨𝑊sp ⋯𝑊sp ⏟      
4

⟩1
2
BPS

𝑆𝑂(𝔮)
(𝔮) − 9⟨𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) + ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 3𝔮2 + 5𝔮4 + 4𝔮6 + 3𝔮8 + 2𝔮10 + 𝔮12

1 − 𝔮4
.

 

 ⟨𝑊◻◻◻⋯𝑊◻◻⏟        
𝑘

⟩𝑆𝑂(3)(𝑡; 𝑞)

 = ∑  

𝑘1+𝑘2+𝑘3+𝑘4=𝑘

  (
𝑘

𝑘1, 𝑘2, 𝑘3, 𝑘4
) (−1)𝑘2+𝑘45𝑘26𝑘3⟨𝑊sp⋯𝑊sp⏟      

6𝑘2+4𝑘1+2𝑘2

⟩𝑆𝑂(3)(𝑡; 𝑞).
 

 

⟨𝑊◻◻
◻ ⟩1

2
BPS

𝑆𝑂(3)
(𝔮)

 = ⟨𝑊sp ⋯𝑊sp ⏟      
6

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 5⟨𝑊sp ⋯𝑊sp ⏟      

4

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 6⟨𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
𝔮6

1 − 𝔮4
,
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⟨𝑊◻
𝑊◻◻𝑊◻◻⟩1

2
BPS

𝑆𝑂(3)
(𝔮)

 = ⟨𝑊sp ⋯𝑊sp ⏟      
18

⟩1
2BPS

𝑆𝑂(3)
(𝔮) − 15⟨𝑊sp ⋯𝑊sp ⏟      

16

⟩1
2BPS

𝑆𝑂(3)
(𝔮) + 93⟨𝑊sp ⋯𝑊sp ⏟      

14

⟩1
2BPS

𝑆𝑂(3)
(𝔮)

 −308⟨𝑊sp ⋯𝑊sp ⏟      
12

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 588⟨𝑊sp ⋯𝑊sp ⏟      

10

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 651⟨𝑊sp ⋯𝑊sp ⏟      

8

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 +399⟨𝑊sp ⋯𝑊sp ⏟      
6

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 123⟨𝑊sp ⋯𝑊sp ⏟      

4

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 18⟨𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 3𝔮2 + 5𝔮4 + 7𝔮6 + 6𝔮8 + 5𝔮10 + 4𝔮12 + 3𝔮14 + 2𝔮16 + 𝔮18

1 − 𝔮4
.

 

𝜒(𝑘)
so(3)

=∑  

𝑘

𝑛=0

  (−1)𝑛 (
2𝑘 − 𝑛

𝑛
)𝜒sp

so(3)2𝑘−2𝑛  

⟨𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

𝔮2𝑘

1 − 𝔮4
 

⟨𝑊(𝑘)𝑊(𝑙)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

𝔮2(𝑙−𝑘)(1 − 𝔮4𝑘+2)

(1 − 𝔮2)(1 − 𝔮4)
 

⟨𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

1 + 𝔮2 − 3𝔮2𝑘+2 + 𝔮6𝑘+4

(1 − 𝔮2)2(1 − 𝔮4)
 

⟨𝑊(∞)𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

1

(1 − 𝔮2)3
 

⟨𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)⟩⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

2𝑘 + 1 − 3𝔮2 − (2𝑘 + 1)𝔮4 + 4𝔮4𝑘+4 − 𝔮8𝑘+6

(1 − 𝔮2)3(1 − 𝔮4)
 

⟨𝑊sp𝑊sp⟩
Spin(5)

(𝑡; 𝑞)

 =
1

8

(𝑞)∞
4

(𝑞
1
2𝑡±; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

  

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

∏ 

2

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)

2

 

⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
𝑈𝑆𝑝(4)/ℤ2

(𝑡; 𝑞)

 =
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠𝑖

±2; 𝑞)
∞
(𝑞

3
2𝑠𝑖

±2; 𝑞)
∞

(𝑞𝑡2𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 ×

(𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(5)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
𝑈𝑆𝑝(4)/ℤ2

(𝑡; 𝑞)  
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⟨𝑊sp 𝑊sp ⟩1
2
BPS

Spin(5)
 (𝔮) = ⟨𝑇

(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
1
2
BPS

𝑈𝑆𝑝(4)/ℤ2

(𝔮)

 =
1 + 𝔮2 + 𝔮4 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)

 =
1

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑉sp ⋯𝑊sp ⏟      
4

⟩1
2
BPS

𝑆Sin(5)
(𝔮)  =

3 + 6𝔮2 + 8𝔮4 + 9𝔮6 + 6𝔮8 + 3𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

⟨Ssp ⋯𝑊sp ⏟      
6

⟩1
2
BPS

𝑆Sin(5)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)
(14 + 40𝔮2 + 66𝔮4 + 85𝔮6

+81𝔮8 + 59𝔮10 + 34𝔮12 + 15𝔮14 + 5𝔮16 + 𝔮18)

⟨Ssp ⋯𝑊sp ⏟      
8

⟩1
2
BPS

Sin(5)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)
(84 + 300𝔮2 + 581𝔮4 + 840𝔮6 + 945𝔮8 + 842𝔮10

+616𝔮12 + 378𝔮14 + 195𝔮16 + 83𝔮18 + 28𝔮20 + 7𝔮22 + 𝔮24)

 

⟨𝑊sp ⋯𝑊sp ⏟      
2𝑘

)1
2
BPS

𝑆𝑝(5)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘 𝑠𝑝

so (5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

𝑎
𝑘 sp 

𝑎sp (0)
 = 𝐶𝑘𝐶𝑘+2 − 𝐶𝑘+1

2

 =
24(2𝑘 + 1)! (2𝑘 − 1)!

(𝑘 − 1)! 𝑘! (𝑘 + 2)! (𝑘 + 3)!

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 4

𝑖 + 𝑗
,

 

 3𝐹2 (1,
1

2
,
3

2
; 3,4; 16𝑥) = ∑  

∞

𝑘=0

 𝑎𝑘sp
𝑠so(5)

(0)𝑥𝑘  

 𝑝𝐹𝑞(𝑎1,⋯ , 𝑎𝑝; 𝑏1, ⋯ , 𝑏𝑞; 𝑧) = ∑  

∞

𝑘=0

 
(𝑎1)𝑘(𝑎2)𝑘⋯(𝑎𝑝)𝑘
(𝑏1)𝑘(𝑏2)𝑘⋯(𝑏𝑞)𝑘

𝑧𝑘

𝑘!
 

𝑎𝑘sp
so (5)

(1) =
60(2𝑘)! (2𝑘 + 2)!

(𝑘 − 1)! 𝑘! (𝑘 + 3)! (𝑘 + 4)!
 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

 1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘

𝔰𝔬𝔫(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
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⟨𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮4

(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻⟩1
2BPS

𝑆𝑂(5)
(𝔮) =

1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)

 =
1 − 𝔮10

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮2 + 3𝔮4 + 3𝔮6 + 3𝔮8 + 2𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(3 + 3𝔮2 + 9𝔮4 + 15𝔮6 + 12𝔮8

+12𝔮10 + 6𝔮12 + 𝔮16)

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 10𝔮2 + 24𝔮4 + 36𝔮6 + 44𝔮8

+41𝔮10 + 31𝔮12 + 19𝔮14 + 10𝔮16 + 4𝔮18 + 𝔮20)

 

𝑎𝑘◻
so(5)

(0) = ∑  

⌊
𝑘
2
⌋

𝑖=0

 𝐶𝑖𝐶𝑖+1 (
𝑘

2𝑖
) − ∑  

⌊
𝑘+1
2
⌋

𝑖=0

 𝐶𝑖
2 (

𝑘

2𝑖 − 1
)

 = −𝑘3𝐹2 (
3

2
,
1

2
−
𝑘

2
; 3,3; 16) +  3𝐹2 (

3

2
,
1

2
−
𝑘

2
; 2,3; 16)

 

⟨⟨𝑊◻⋯𝑊◻⏟      
𝑘

 1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘

𝔨𝔑𝔰(5)(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮2 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)

 =
𝔮2

(1 − 𝔮4)2
,

⟨𝑊◻𝑊◻⟩1
2BPS

𝑆𝑂(5)
(𝔮) =

1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 3𝔮8 + 𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

 =
(1 − 𝔮6)(1 − 𝔮8)

(1 − 𝔮2)(1 − 𝔮4)3
,

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 6𝔮2 + 9𝔮4 + 16𝔮6 + 15𝔮8

+15𝔮10 + 9𝔮12 + 6𝔮14 + 2𝔮16 + 𝔮18)

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(6 + 22𝔮2 + 54𝔮4 + 82𝔮6 + 15𝔮8

+15𝔮10 + 9𝔮12 + 6𝔮14 + 2𝔮16 + 𝔮18)

 

⟨𝑊(2)⋯𝑊(2)⟩⏟        
𝑘

⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  4𝑘
𝑖=0  𝑎𝑘

𝔰𝔬𝔫(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
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⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮4 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)

 =
𝔮4

(1 − 𝔮4)2
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 3𝔮8 + 2𝔮10 + 3𝔮12 + 𝔮14 + 𝔮16

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻◻𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)

 × (1 + 3𝔮2 + 9𝔮4 + 13𝔮6 + 20𝔮8 + 21𝔮10

+22𝔮12 + 18𝔮14 + 15𝔮16 + 9𝔮18 + 6𝔮20 + 2𝔮22 + 𝔮24)

 

⟨𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮4𝑘−4 + 𝔮4𝑘

(1 − 𝔮4)(1 − 𝔮8)

 =
𝔮4𝑘−4

(1 − 𝔮4)2
.

 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  8𝑘
𝑖=0  𝑎2

𝔰𝔬𝔡(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊◻◻◻𝑊◻◻⟩1
2BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 4𝔮8 + 4𝔮10

+6𝔮12 + 5𝔮14 + 5𝔮16 + 4𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24)

⟨𝑊◻◻◻𝑊◻◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 5𝔮8 + 5𝔮10

 +8𝔮12 + 8𝔮14 + 10𝔮16 + 9𝔮18 + 10𝔮20 + 7𝔮22 + 7𝔮24

+4𝔮26 + 3𝔮28 + 𝔮30 + 𝔮32)

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(5)
(𝔮)

 = 1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 9𝔮8 + 11𝔮10 + 21𝔮12 + 26𝔮14 + 44𝔮16 + 54𝔮18 + 84𝔮20 +⋯
 

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1 − 𝔮24

(1 − 𝔮2)(1 − 𝔮4)2(1 − 𝔮6)(1 − 𝔮8)2(1 − 𝔮12)
 

⟨𝑊sp𝑊sp⟩
Spin(7)

(𝑡; 𝑞)

 =
1

48

(𝑞)∞
6

(𝑞
1
2𝑡𝑡±; 𝑞)

∞

3 ∫∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  
(𝑠𝑖

±; 𝑞)
∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

∏ 

3

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)

2

.
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⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩
𝑈𝑆𝑝(6)/ℤ2

(𝑡; 𝑞)

 =
1

6

(𝑞)∞
6

(𝑞
1
2±±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠𝑖

±2; 𝑞)
∞
(𝑞

3
2𝑠𝑖

±2; 𝑞)
∞

(𝑞𝑡2𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 ×∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞
(𝑞

1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

⟨𝑊sp𝑊sp⟩1
2
BPS

Spin(7)
(𝔮) = 〈𝑇

(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
〉1
2
BPS

𝑈𝑆𝑝(6)/ℤ2 (𝔮)

 =
1 + 𝔮2 + 𝔮4 + 2𝔮6 + 𝔮8 + 𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮6)
.

 

⟨𝑊sp ⋯𝑊sp ⏟      
2𝑘

⟩1
2
BPin(7)

SPS (𝔮) =
∑  6𝑘
𝑖=0  𝑎𝑘 sp 

𝔰𝔬(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(7)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
(4 + 9𝔮2 + 15𝔮4

 +25𝔮6 + 29𝔮8 + 32𝔮10 + 33𝔮12 + 26𝔮14 + 20𝔮16

+13𝔮18 + 6𝔮20 + 3𝔮22 + 𝔮24),

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(7)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
(30 + 105𝔮2 + 235𝔮4

 +435𝔮6 + 650𝔮8 + 855𝔮10 + 1010𝔮12 + 1055𝔮14

 +1006𝔮16 + 865𝔮18 + 665𝔮20 + 470𝔮22 + 299𝔮24

+170𝔮26 + 89𝔮28 + 40𝔮30 + 15𝔮32 + 5𝔮34 + 𝔮36).

 

𝑎𝑘sp
so (7)

(0) = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 6

𝑖 + 𝑗  

 4𝐹3 (1,
1

2
,
5

2
,
3

2
; 4,5,6; 64𝑥) = ∑  

∞

𝑘=0

 𝑎𝑘sp
so (7)

(0)𝑥𝑘  

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(7)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘

𝔰𝔬𝔫(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

𝔮6

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 =
1 − 𝔮14

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

𝔮4 + 3𝔮6 + 3𝔮8 + 3𝔮10 + 3𝔮12 + 3𝔮14 + 2𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
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⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩1
2
SPS

𝑆𝑂(7)
(𝔮) =

∑  5𝑘
𝑖=0  𝑎𝑘◻◻

so(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻
◻
◻

⋯𝑊◻
◻
◻⏟      

𝑘

⟩1
2
SPS

𝑆𝑂(7)
(𝔮) =

∑  6𝑘
𝑖=0  𝑎

𝑘
◻
◻
◻

so(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻
◻
⟩
1
2
BPS

𝑆𝑂(7)

(𝔮) =
𝔮2 + 𝔮6 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(7)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10

+5𝔮12 + 2𝔮14 + 3𝔮16 + 𝔮18 + 𝔮20).

 

⟨𝑊◻
◻
◻

⟩

1
2
BPS

𝑆𝑂(7)

(𝔮) =
𝔮4 + 𝔮8 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻
◻

⟩

1
2
BPS

𝑆𝑂(7)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 7𝔮8 + 6𝔮10

+9𝔮12 + 6𝔮14 + 7𝔮16 + 4𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24).

 

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(7)
(𝔮) =

∑  3𝑙𝑘
𝑖=0  𝑎𝑘(𝑙)

50 (7)

 
(𝑖)𝔮2𝑖  

⟨𝑊◻◻⟩1
2BPS

𝑆𝑂(7)
 (𝔮) =

𝔮4 + 𝔮8 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 4𝔮8 + 3𝔮10 + 5𝔮12

+3𝔮14 + 5𝔮16 + 2𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24)

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁+1)

(𝑡; 𝑞)

 =
1

2𝑁𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

  

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

∏ 

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)

2

.
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〈𝑇
(
1
2
)
𝑁𝑇

(
1
2
)
𝑁〉𝑈𝑆𝑝(2𝑁)/ℤ2 (𝑡; 𝑞)

 =
1

𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠𝑖

±2; 𝑞)
∞
(𝑞

3
2𝑠𝑖

±2; 𝑞)
∞

±2

; 𝑞)
∞

 
(𝑞𝑡−2𝑠𝑖

±2; 𝑞)
∞
  

 ×∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞
(𝑞

1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑡2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(2𝑁+1)
(𝔮) = 〈𝑇

(
1
2

𝑁
)
𝑇
(
1
2

𝑁
)
〉1
2
BPS

𝑈𝑆𝑝(2𝑁)/ℤ2 (𝔮)

 =∏  

𝑁

𝑛=1

 
1

(1 − 𝔮2𝑛)
.

 

ℐ1
2
BPS

𝑆𝑝𝑖𝑛(2𝑁+1)
(𝔮) =∏  

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
 

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2𝑁+1)
(𝔮) =∏  

𝑁

𝑛=1

  (1 + 𝔮2𝑛)  

⟨𝑊sp ⋯𝑊sp ⏟      
2𝑘

)1
2
BPS

Spin(2𝑁+1)
(𝔮) =

∑  
𝑁(𝑁+1)𝑘

2
𝑖=0

 𝑎𝑘 sp 
so (2𝑁+1)

(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

𝑎𝑘sp
so (2𝑁+1)

(0) = det(𝐶2𝑁−𝑖−𝑗+𝑘)

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 2𝑁

𝑖 + 𝑗
,
 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆(2𝑁+1)
(𝔮) =

∑  𝑁𝑘
𝑖=0  𝑎𝑘◻

𝑠𝑜(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝑊◻⟩1
2BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

𝔮2𝑁

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

,

⟨𝑊◻𝑊◻⟩1
2BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

1 + 𝔮2 + 𝔮4 +⋯+ 𝔮4𝑁

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
1 − 𝔮4𝑁+2

(1 − 𝔮2)∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝒲◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  = 𝔮2𝑁 ,

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

1 − 𝔮4𝑁+2

1 − 𝔮2

 

⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2𝑁+1)
(𝔮) = ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) − ⟨𝒲◻⟩1

2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)2

 =
1 − 𝔮4𝑁

1 − 𝔮2
.
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⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩
1
2
BPS 𝑆𝑂(2𝑁+1)(𝔮) =

∑  
(2𝑁−1)𝑘
𝑖=0  𝑎𝑘◻◻

𝔰𝔬(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) =

𝔮2 + 𝔮6 +⋯+ 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
𝔮2(1 − 𝔮𝑁𝑁)

(1 − 𝔮4)∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

.

 

⟨𝒲◻
◻
⟩
1
2
BPS

𝑆𝑂(2𝑁+1)

(𝔮) =
𝔮2(1 − 𝔮4𝑁)

1 − 𝔮4
 

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) =

∑  𝑁𝑙𝑘
𝑖=0  𝑎𝑘(𝑙)

so(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ2 × ℤ2  
(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,0)  
(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (0,1)  
(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,1)  

𝜒◻
usp(2𝑁)

=∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)  

𝜒◻
𝜇sp(2𝑁)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖+1 − 𝑠𝑗
−𝜆𝑖−𝑁+𝑖−1)

det(𝑠𝑗
𝑁−𝑖+1 − 𝑠𝑗

−𝑁+𝑖−1)
 

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝑈𝑆𝑝(2𝑁)

 = ∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝐿𝑛(𝑠))∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝒖𝒔𝒑(2𝑁)

(𝑠),
 

𝐿𝑛(𝑠) =
𝑃𝑛(𝑠)

2 + 𝑃2𝑛(𝑠)

2
 

exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝐿𝑛(𝑠)) =∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)𝐿𝜆(𝑠)  

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝑈𝑆𝑝(2𝑁)

=∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝐿𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
usp(2𝑁)

(𝑠)  

𝐿𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝐮𝐬𝐩(2𝑁)

(𝑠) =∑  

𝜇

 𝑏𝜆,ℛ
𝜇
𝑃𝜇(𝑠)  

∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝑃𝜇(𝑠) = ∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇),  

𝑅𝑛
𝑐(𝑝) = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) ≤ 𝑛 and ∀𝜆𝑖

′ is even }  

∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝐿𝜆(𝑠)∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝜇𝔰𝔭(2𝑁)

(𝑠) = ∑  

𝜇

 𝑏𝜆,ℛ
𝜇
∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝑃𝜇(𝑠)

 = ∑  

𝜇

 𝑏𝜆,ℛ
𝜇

∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇).

 

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝑈𝑆𝑝(2𝑁)

=∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)∑  

𝜇

 𝑏𝜆,ℛ
𝜇

∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇)  
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⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(2)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±2; 𝑞)∞(𝑞𝑠
±2; 𝑞)∞

(𝑞
1
2𝑡2𝑠±2; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±2; 𝑞)

∞

(𝑠 + 𝑠−1)2 

⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(3)

(𝑡; 𝑞)

 =
(𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑞
1
2𝑠±; 𝑞)

∞
(𝑞

3
2𝑠±; 𝑞)

∞

(𝑞𝑡2𝑠±; 𝑞)∞(𝑞𝑡−2𝑠±; 𝑞)∞

 

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(2)(𝑡; 𝑞)

 = ⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞)

 = ⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(3)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
)
𝑇
(
1
2
)
⟩
𝑈𝑆𝑝(2)/ℤ2

(𝑡; 𝑞)

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(2)
(𝔮) = ⟨𝑇(1)𝑇(1)⟩1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 𝔮2

1 − 𝔮4

 =
1

1 − 𝔮2

 

⟨𝑊◻◻𝑊◻◻⟩
𝑈𝑆𝑝(2)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±2; 𝑞)∞(𝑞𝑠
±2; 𝑞)∞

(𝑞
1
2𝑡2𝑠±2; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±2; 𝑞)

∞

(1 + 𝑠2 + 𝑠−2)2   

⟨𝑊(2𝑘)⟩
𝑈𝑆𝑝(2)

(𝑡; 𝑞) = ⟨𝑊(𝑘)⟩
𝑆𝑂(3)

(𝑡; 𝑞).  

⟨𝑊(2𝑘)⟩1
2
BPS

𝑈𝑆𝑝(2)
(𝔮) =

𝔮2𝑘

(1 − 𝔮4)
 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑈𝑆𝑝(2)
(𝔮) =

1 − 𝔮2𝑘+2

(1 − 𝔮2)(1 − 𝔮4)
 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑈𝑆𝑆(2)
(𝔮) =

1

(1 − 𝔮2)(1 − 𝔮4)
 

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(4)(𝑡; 𝑞)

 =
1

8

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

[∑  

2

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

,
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⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(5)

(𝑡; 𝑞)

 =
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠1

±; 𝑞)
∞
(𝑠2

±; 𝑞)
∞
(𝑞

3
2𝑠1

±; 𝑞)
∞
; 𝑞)

∞

(𝑞
1
2𝑡2𝑠2

±; 𝑞𝑠∞
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠2

±; 𝑞)
∞

 
 

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

.

 

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊sp𝑊sp⟩

Spin(5)
(𝑡; 𝑞)

= ⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(5)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
𝑈𝑆𝑝(4)/ℤ2

(𝑡; 𝑞).
 

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮) = ⟨𝑇(1,0)𝑇(1,0)⟩1

2
BPS

𝑆𝑂(5)
(𝔮)

 =
1

(1 − 𝔮2)(1 − 𝔮4)
,

 

⟨𝑊◻
◻
⟩
𝑈𝑆𝑝(4)

(𝑡; 𝑞) = ⟨𝑊◻
◻
⟩
𝑆𝑂(5)

(𝑡; 𝑞)  

⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞)
 

⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞)
 

⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊(𝑙2)⋯𝑊(𝑙2)⏟        
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞)
 

⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮) =

∑  3𝑙𝑘
𝑖=0  𝑎𝑘

usp (4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮) = ⟨𝑊(∞2)𝑊(∞2)⟩1

2
BPS

𝑆𝑂(5)

(𝔮)

 = 1 + 𝔮2 + 4𝔮4 + 5𝔮6 + 13𝔮8 + 16𝔮10 + 33𝔮12 + 41𝔮14 + 73𝔮16 + 90𝔮18 + 145𝔮20 +⋯ .

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮) = ⟨𝑊(∞2)𝑊(∞2)⟩1

2
BPS

𝑆𝑂(5)

(𝔮)

 =
1 − 𝔮16

(1 − 𝔮2)(1 − 𝔮4)3(1 − 𝔮6)(1 − 𝔮8)2
.

 

⟨𝑊(𝑙2)⋯𝑊(𝑙2)⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞)
 

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(6)(𝑡; 𝑞)

 =
1

48

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

3

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

.
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⟨𝑇(1,0,0)𝑇(1,0,0)⟩
𝑆𝑂(7)

(𝑡; 𝑞)

 =
1

8

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(𝑞1+

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(𝑞
1+𝛿𝑖,1
2 𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1+𝛿𝑖,1
2 𝑡−2𝑠𝑖

±; 𝑞)
∞

  

 ×∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

.

 

⟨𝑊◻𝑊◻⟩1
2BPS

𝑈𝑆𝑝(6)
(𝔮) = ⟨𝑇(1,0,0)𝑇(1,0,0)⟩1

2
BPS

𝑆𝑂(7)
(𝔮)

 =
1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8(1 − 𝔮12))

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

∑  5𝑘
𝑖=0  𝑎𝑘◻

usp(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
(3 + 6𝔮2 + 9𝔮4 + 12𝔮6 + 14𝔮8

+15𝔮10 + 12𝔮12 + 9𝔮14 + 6𝔮16 + 3𝔮18 + 𝔮20)

 

det (
𝐹0 𝐹1 𝐹2
𝐹1 𝐹2 𝐹3
𝐹2 𝐹3 𝐹4

) = ∑  

∞

𝑘=0

 
𝑎𝑘◻

usp (6)
(0)

(2𝑘)!
𝑥2𝑘  

𝐹𝑚(𝑥): =∑  

𝑚

𝑗=0

  (
𝑚

𝑗
) (𝐼2𝑗−𝑚(2𝑥) − 𝐼2𝑗−𝑚+2(2𝑥))  

𝐼𝑘(2𝑥):= ∑  

∞

𝑛=0

 
𝑥2𝑛+𝑘

𝑛! (𝑛 + 𝑘)!
 

⟨𝑊◻
◻
⟩
1
2
BPS

𝑈𝑆𝑝(6)

(𝔮) =
𝔮4 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑈𝑆𝑝(6)

(𝔮) =
1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 3𝔮8 + 2𝔮10 + 3𝔮12 + 𝔮14 + 𝔮16

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.

 

 

⟨𝑊◻
◻
◻

𝑊◻
◻
◻

⟩

1
2
BPS

𝑈𝑆𝑆(6)

(𝔮) =
1 + 𝔮2 + 𝔮4 + 2𝔮6 + 2𝔮8 + 2𝔮10 + 2𝔮12 + 𝔮14 + 𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(6)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑆𝑂(7)(𝑡; 𝑞)
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⟨𝑊◻◻⟩1
2BPS

𝑈𝑆𝑝(6)
(𝔮)  =

𝔮2 + 𝔮6 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10

+5𝔮12 + 2𝔮14 + 3𝔮16 + 𝔮18 + 𝔮20)

 

⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

∑  5𝑙𝑘
𝑖=0  𝑎𝑘(2𝑙)

𝑢𝔰𝔭𝔭(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻◻◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

𝔮4 + 𝔮8 + 2𝔮12 + 𝔮16 + 𝔮20

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻𝑊◻⟩
𝑈𝑆𝑝(2𝑁)(𝑡; 𝑞)

 =
1

2𝑁𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

.

 

 
〈𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)〉

𝑆𝑂(2𝑁+1) (𝑡; 𝑞)

 =
1

2𝑁−1(𝑁 − 1)!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁  ∮∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

(𝑞
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(𝑞1+

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(
1 + 𝛿𝑖,1
2 𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1+𝛿𝑖,1
2 𝑡−2𝑠𝑖

±; 𝑞)
∞

 

 ×∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1+
1
2
𝛿𝑖+𝑗,1,1
± 𝑠𝑖

±𝑠𝑗
±;𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2

2 𝑡−2𝑠𝑖
±𝑠𝑗

∓; 𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

.

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) = ⟨𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)⟩1

2
BPS

𝑆𝑂(2𝑁+1)

(𝔮)

 =
1

(1 − 𝔮2)∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

.

 

ℐ1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =∏ 

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
 

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

1 − 𝔮4𝑁

1 − 𝔮2
 

⟨𝑊◻⋯𝑊◻⏟      ⟩

2𝑘

 1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

∑  
(2𝑁−1)𝑘
𝑖=0  𝑎𝑘◻

usp (2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

det(𝐹𝑖+𝑗−2(𝑥)) = ∑  

∞

𝑘=0

𝑎𝑘◻
usp (2𝑁)

(0)

(2𝑘)!
𝑥2𝑘 
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⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

∑  
2(𝑁−1)𝑘
𝑖=0  𝑎

𝑘◻◻

usp(2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(2𝑁)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
𝑘

⟩𝑆𝑂(2𝑁+1)(𝑡; 𝑞)
 

⟨𝑊◻◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

𝔮2 + 𝔮6 +⋯+ 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
𝔮2(1 − 𝔮4𝑁)

(1 − 𝔮4)∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

.

 

⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

∑  
(2𝑁−1)𝑙𝑘
𝑖=0  𝑎𝑘(2𝑙)

usp(2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) ∈ (ℤ2 × ℤ2) × (ℤ2 × ℤ2)  
Spin(2𝑁),

𝑆𝑂(2𝑁) = Spin(2𝑁)/ℤ2
𝑉,

𝑆𝑠(2𝑁) = Spin(2𝑁)/ℤ2
𝑆,

𝑆𝑐(2𝑁) = Spin(2𝑁)/ℤ2
𝐶 ,

𝑆𝑂(2𝑁)/ℤ2 = Spin(2𝑁)/(ℤ2
𝑆 × ℤ2

𝐶).

 

 

𝑆𝑠(2𝑁)+: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,1),

𝑆𝑠(2𝑁)−: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,1; 0,1).

 

𝑆𝑠(2𝑁)+: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 1,0),

𝑆𝑠(2𝑁)−: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,1; 1,0).

 

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0)

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (𝑛𝑆𝑆, 𝑛𝑆𝐶 ; 1,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (𝑛𝐶𝑆, 𝑛𝐶𝐶 ; 0,1),

 

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ4 × ℤ4  
Spin(2𝑁),

𝑆𝑂(2𝑁) = Spin(2𝑁)/ℤ2,

𝑆𝑂(2𝑁)/ℤ2 = Spin(2𝑁)/ℤ4.

 

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (𝑛, 1)  

𝜒sp
𝔰𝔬(2𝑁)

=
1

2
[∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)]  
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𝜒sp
so(2𝑁)

=
1

2
[∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) −∏ 

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)]  

𝜒◻
so (2𝑁)

=∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)  

𝜒𝜆
so(2𝑁)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖 + 𝑠𝑗
−𝜆𝑖−𝑁+𝑖) + det (𝑠𝑗

𝜆𝑖+𝑁−𝑖 − 𝑠𝑗
−𝜆𝑖−𝑁+𝑖)

det(𝑠𝑗
𝑁−𝑖 + 𝑠𝑗

−𝑁+𝑖)
 

⟨𝑊ℛ1⋯𝑊ℛ𝑘
⟩
𝑆𝑂(2𝑁)

 = ∫  𝑑𝜇𝑆𝑂(2𝑁)exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀𝑛(𝑠))∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
𝔰𝔬(2𝑁)

(𝑠),
 

𝑑𝜇𝑆𝑂(2𝑁) =
1

2𝑁−1𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

∏  

1≤𝑖<𝑗≤𝑁

  (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗)  

𝑀𝑛(𝑠) =
𝑃𝑛(𝑠)

2 + 𝑃2𝑛(𝑠)

2
 

ℐ𝑆𝑂(4)(𝑡; 𝑞) = ℐ𝑆𝑈(2)(𝑡; 𝑞) × ℐ𝑆𝑈(2)(𝑡; 𝑞)

 =

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(𝑞; 𝑞)∞4

(

 ∑  
𝑝1,𝑝2∈ℤ
𝑝1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)

)

 

2

.
 

 

⟨𝑊sp𝑊sp⟩
Spin(4)

(𝑡; 𝑞) =
1

4

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 × (𝑠1

1
2𝑠2

1
2 + 𝑠1

−
1
2𝑠2

−
1
2)

2

.

 

 

⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
𝑆𝑂(4)/ℤ2

(𝑡; 𝑞) =
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

.

 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(4)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
𝑆𝑂(4)/ℤ2

(𝑡; 𝑞)

 = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊◻𝑊◻⟩
𝑆𝑈(2)(𝑡; 𝑞),
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⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆pin(4)
(𝔮) = ⟨𝑇

(
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
)
⟩
1
2
BPS

𝑆𝑂(4)/ℤ2

(𝔮)

 =
1 + 𝔮2

(1 − 𝔮4)2

 =
1

(1 − 𝔮2)(1 − 𝔮4)
.

 

⟨𝑊sp ⋯𝑊sp ⏟      
2𝑘

⟩𝑆𝑝𝑖𝑛(4)(𝑡; 𝑞) = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞)
 

⟨𝑊sp⋯𝑊sp⏟      
2𝑘

)1
2
BPS

Spin(4)
(𝔮) = ℐ1

2
BPS

𝑆𝑂(4)
(𝔮)∑  

𝑘

𝑖=0

 𝑎𝑘sp
so (4)

(𝑖)𝔮2𝑖

 =
1

(1 − 𝔮4)2
∑ 

𝑘

𝑖=0

 𝑎𝑘sp
so (4)

(𝑖)𝔮2𝑖

 

𝑎𝑘sp
so (4)

(𝑖) =
(2𝑖 + 1)(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(4)
(𝔮)  =

2 + 3𝔮2 + 𝔮4

(1 − 𝔮4)2
,

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(4)
(𝔮)  =

5 + 9𝔮2 + 5𝔮4 + 𝔮6

(1 − 𝔮4)2
,

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(4)
(𝔮)  =

14 + 28𝔮2 + 20𝔮4 + 7𝔮6 + 𝔮8

(1 − 𝔮4)2
.

 

⟨𝑊sp
2𝑘𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮) = (ℐ1

2
BPS

𝑆𝑂(4)
(𝔮))

−1

⟨𝑊sp
2𝑘⟩1

2
BPS

Spin(4)
(𝔮)⟨𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮)

 = (1 − 𝔮4)2⟨𝑊sp
2𝑘⟩1

2
BPS

Sin(4)
(𝔮)⟨𝑊sp

2𝑚⟩1
2
BPS

Sin(4)
(𝔮).

 

⟨𝑊sp
2𝑘𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮) =

1

(1 − 𝔮4)2
(∑  

𝑘

𝑖=0

 𝑎𝑘sp
so(4)

(𝑖)𝔮2𝑖)(∑  

𝑚

𝑗=0

 𝑎𝑚sp
so(4)

(𝑗)𝔮2𝑗)  

⟨𝑊◻𝑊◻⟩
𝑆𝑂(4)(𝑡; 𝑞) =

1

4

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 × (𝑠1 + 𝑠2 + 𝑠1
−1 + 𝑠2

−1)2.

 

 

⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(4)

(𝑡; 𝑞) =
(𝑞)∞

4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

.
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⟨𝑊◻𝑊◻⟩
𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻⟩

𝑆𝑈(2)(𝑡; 𝑞)2  

⟨𝑊◻𝑊◻⟩ 1
2
BPS

𝑆𝑂(4)
(𝔮) =

1

(1 − 𝔮2)2
 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞)2  

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘

𝔰𝔬(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)2
 

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

4 + 12𝔮2 + 13𝔮4 + 6𝔮6 + 𝔮8

(1 − 𝔮4)2

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩ 1
2
BPS

𝑆𝑂(4)
(𝔮)  =

25 + 90𝔮2 + 131𝔮4 + 100𝔮6 + 43𝔮8 + 10𝔮10 + 𝔮12

(1 − 𝔮4)2

 

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

1

(1 − 𝔮4)2
(196 + 784𝔮2 + 1344𝔮4 + 1316𝔮6

+820𝔮8 + 336𝔮10 + 89𝔮12 + 14𝔮14 + 𝔮16).

 

𝑎
𝑘

so(4) 
(0) = 𝐶𝑘

2  

⟨𝑊◻𝑊◻⟩
𝑆𝑂(4)−(𝑡; 𝑞) =

1

2

(𝑞)∞
2 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞
(−𝑞

1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠
 

 ×
(𝑠±; 𝑞)∞(−𝑠; 𝑞)∞(𝑞𝑠

±; 𝑞)∞(−𝑞𝑠
±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(𝑠 + 𝑠−1)2.

 

 

⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(4)−

(𝑡; 𝑞) =
(𝑞)∞

2 (−𝑞; 𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞
(−𝑞

1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠
  

 ×

(𝑞
1
2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑠; 𝑞)

∞
(𝑞

3
2𝑠±; 𝑞)

∞
(−𝑞

3
2𝑠±; 𝑞)

∞

(𝑞𝑡2𝑠±; 𝑞)∞(−𝑞𝑡2𝑠±; 𝑞)∞(𝑞𝑡−2𝑠±; 𝑞)∞(−𝑞𝑡−2𝑠±; 𝑞)∞
.

 

 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(4)−(𝑡; 𝑞) = ⟨𝑇(1)𝑇(1)⟩

𝑆𝑂(4)−

(𝑡; 𝑞)

 = ⟨𝑊◻𝑊◻⟩
𝑆𝑈(2)(𝑡2; 𝑞2).

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)−
(𝔮) = ⟨𝑇(1)𝑇(1)⟩1

2
BPS

𝑆𝑂(4)−

(𝔮)

 =
1

1 − 𝔮4
.

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(4)−
(𝔮) =

∑  𝑘
𝑖=0  𝑎𝑘◻

𝔰𝔬(4)−
(𝑖)𝔮4𝑖

1 − 𝔮8

𝑎𝑘◻
𝔰𝔬(4)−

(𝑖) = (2𝑖 + 1)
(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!
,

 

⟨𝑊𝜆1⋯𝑊𝜆𝑘
⟩
𝑂(4)+

(𝑡; 𝑞) =
1

2
[⟨𝑊𝜆1⋯𝑊𝜆𝑘

⟩
𝑆𝑂(4)

(𝑡; 𝑞) + ⟨𝑊𝜆1⋯𝑊𝜆𝑘
⟩
𝑆𝑂(4)−

(𝑡; 𝑞)] .  

⟨𝑊◻𝑊◻⟩
𝑂(4)+(𝑡; 𝑞) = ⟨𝑇(1)𝑇(1)⟩

𝑂(4)+

(𝑡; 𝑞)  
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⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑂(4)+
(𝔮) =

∑  2𝑘+1
𝑖=0  𝑎𝑘◻

𝑜(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+
(𝔮) =

1 + 𝔮2 + 𝔮4 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)

 =
1

(1 − 𝔮2)(1 − 𝔮4)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+
(𝔮) =

3 + 6𝔮2 + 9𝔮4 + 9𝔮6 + 6𝔮8 + 3𝔮10

(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(15 + 45𝔮2 + 80𝔮4 + 95𝔮6 + 85𝔮8

+55𝔮10 + 20𝔮12 + 5𝔮14).

 

𝑎
𝑘

𝔬(4)
(0) =

1

2
(𝐶𝑘

2 + 𝐶𝑘) 

◻
◻
= (1,1),

◻
◻

‾
= (1,−1)  

 

⟨𝑊◻⋯𝑊◻⏟      
𝑘

⟩  1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  𝑘
𝑖=0  𝑎𝑘◻◻

so(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)2
 

⟨𝑊◻
◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
𝔮2

(1 − 𝔮4)2
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
1 + 𝔮2 + 𝔮4

(1 − 𝔮4)2
,

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
1 + 3𝔮2 + 2𝔮4 + 𝔮6

(1 − 𝔮4)2

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
3 + 6𝔮2 + 6𝔮4 + 3𝔮6 + 𝔮8

(1 − 𝔮4)2

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
6 + 15𝔮2 + 15𝔮4 + 10𝔮6 + 4𝔮8 + 𝔮10

(1 − 𝔮4)2
,

⟨𝑊◻
◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
15 + 36𝔮2 + 40𝔮4 + 29𝔮6 + 15𝔮8 + 5𝔮10 + 𝔮12

(1 − 𝔮4)2

 

 

⟨(𝑊◻
◻
)
𝑘

(𝑊◻
◻
̅)

𝑚

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) = (1 − 𝔮4)2 ⟨(𝑊◻
◻
)
𝑘

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) ⟨(𝑊◻
◻
̅)

𝑚

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮)  
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⟨𝑊(𝑙)⋯𝑊(𝑙)⟩⏟        
𝑘

𝑆𝑂(4)
(𝑡; 𝑞) = ⟨𝑊(𝑙)⋯𝑊(𝑙)⟩⏟        

𝑘

𝑆𝑈(2)
(𝑡; 𝑞)2  

⟨𝑊◻◻⋯𝑊◻◻⏟        
𝑘

⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘◻◻

so (4)−
(𝑖)𝔮2𝑖

(1 − 𝔮4)2
 

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

𝔮4

(1 − 𝔮4)2

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

(1 + 𝔮2 + 𝔮4)2

(1 − 𝔮4)2

⟨𝑊◻◻𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

(1 + 3𝔮2 + 2𝔮4 + 𝔮6)2

(1 − 𝔮4)2

 

𝑎𝑘◻◻
so(4)− 

(0) = 𝑅𝑘
2

𝑎𝑘◻◻
so(4)− 

(1) = 2𝑅𝑘𝑅𝑘+1
 

⟨(𝑊◻◻)
𝑘⟩𝑆𝑂(4) = ⟨(𝑊◻

◻
)
𝑘

(𝑊◻
◻
̅)

𝑘

⟩

𝑆𝑂(4)

 

⟨𝑊(2𝑘)⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

𝔮4𝑘

(1 − 𝔮4)2
 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

(1 − 𝔮2𝑘+2)2

(1 − 𝔮2)2(1 − 𝔮4)2
 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

1

(1 − 𝔮2)2(1 − 𝔮4)2
 

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
𝑘

⟩𝑆𝑂(4)
−
(𝑡; 𝑞) = ⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      

𝑘

⟩𝑆𝑈(2)(𝑡2; 𝑞2)
 

⟨𝑊(2𝑙)⟩1
2
BPS

𝑆𝑂(4)−

(𝔮)  =
𝔮4𝑙

1 − 𝔮8
,

⟨𝑊(𝑙)𝑊(𝑙)⟩1
2
BPS

𝑆𝑂(4)−

(𝔮)  =
1 − 𝔮4𝑙+4

(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊(2𝑙)⟩1
2
BPS

𝑂(4)+

(𝔮)  =
𝔮4𝑙

(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊(𝑙)𝑊(𝑙)⟩1
2
BPS

𝑂(4)+

(𝔮)  =
1 − 𝔮2 + 𝔮4 − 𝔮2𝑙+2 − 𝔮2𝑙+6 + 𝔮4𝑙+6

(1 − 𝔮2)2(1 − 𝔮4)(1 − 𝔮8)

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑂(4)+

(𝔮) =
1 − 𝔮2 + 𝔮4

(1 − 𝔮2)2(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊(𝑙,𝑙)⋯𝑊(𝑙,𝑙)⏟        
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊(𝑙,−𝑙)⋯𝑊(𝑙,−𝑙)⏟          
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞)

 = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊(2𝑙)⋯𝑊(2𝑙)⏟        
𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞).
 

⟨𝑊(𝑙,𝑙)⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  = ⟨𝑊(𝑙,−𝑙)⟩1

2
BPS

𝑆𝑂(4)
(𝔮) =

𝔮2𝑙

(1 − 𝔮4)2
,

⟨𝑊(𝑙,𝑙)𝑊(𝑙,𝑙)⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  = ⟨𝑊(𝑙,−𝑙)𝑊(𝑙,−𝑙)⟩1

2
BPS

𝑆𝑂(4)
(𝔮) =

1 − 𝔮4𝑙+2

(1 − 𝔮2)(1 − 𝔮4)2
.

 

⟨𝑊(𝑙,𝑙)
𝑘 𝑊(𝑙,−𝑙)

𝑘 ⟩
𝑆𝑂(4)

= ⟨𝑊(2𝑙)
𝑘 ⟩

𝑆𝑂(4)
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ℐ𝑆𝑂(6)(𝑡; 𝑞) = ℐ𝑆𝑈(4)(𝑡; 𝑞)

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞2
∑  

𝑝1,𝑝2,𝑝3,𝑝4∈ℤ
𝑝1<𝑝2<𝑝3<𝑝4

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2+𝑝3+𝑝4−8

(1 − 𝑞𝑝1−1𝑡4)(1 − 𝑞𝑝2−1𝑡4)(1 − 𝑞𝑝3−1𝑡4)(1 − 𝑞𝑝4−1𝑡4)

 

⟨𝑊sp𝑊sp⟩
Spin(6)

(𝑡; 𝑞) =
1

24

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 × (1 + 𝑠1𝑠2 + 𝑠1𝑠3 + 𝑠2𝑠3)(1 + 𝑠1
−1𝑠2

−1 + 𝑠1
−1𝑠3

−1 + 𝑠2
−1𝑠3

−1)

 

⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩
𝑆𝑂(6)/ℤ2

(𝑡; 𝑞) =
1

6

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞
(𝑞

1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(6)

(𝑡; 𝑞) = 〈𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
〉𝑆𝑂(6)/ℤ2 (𝑡; 𝑞)

 = ⟨𝑊◻𝑊◻‾ ⟩
𝑆𝑈(4)(𝑡; 𝑞).

 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(6)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇
(
1
2
,
1
2
,
1
2
)
⟩
1
2
BPS

𝑆𝑂(6)/ℤ2

(𝔮) =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮6)
 

⟨𝑊sp𝑊sp⋯𝑊sp𝑊sp ⏟            
2𝑘

⟩𝑆𝑝𝑖𝑛(6)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻‾ ⋯𝑊◻𝑊◻‾⏟          
2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞)
 

⟨𝑊sp𝑊sp⋯𝑊sp𝑊sp⏟            
2𝑘

⟩1
2
BPS

𝑆𝑝𝑖𝑛(6)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘 sp 

so (6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(6)
 (𝔮) =

2 + 4𝔮2 + 6𝔮4 + 7𝔮6 + 5𝔮8 + 3𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(6 + 18𝔮2 + 35𝔮4 + 50𝔮6

+53𝔮8 + 45𝔮10 + 29𝔮12 + 14𝔮14 + 5𝔮16 + 𝔮18).

 

 

det(

𝐼0(2𝑥) 𝐼1(2𝑥) 𝐼2(2𝑥) 𝐼3(2𝑥)
𝐼1(2𝑥) 𝐼0(2𝑥) 𝐼1(2𝑥) 𝐼2(2𝑥)
𝐼2(2𝑥) 𝐼1(2𝑥) 𝐼0(2𝑥) 𝐼1(2𝑥)
𝐼3(2𝑥) 𝐼2(2𝑥) 𝐼1(2𝑥) 𝐼0(2𝑥)

) = ∑  

∞

𝑘=0

 
𝑎𝑘   sp
so(6)

(0)

(𝑘!)2
𝑥2𝑘  
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⟨𝑊◻𝑊◻⟩
𝑆𝑂(6)(𝑡; 𝑞) =

1

24

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 × (𝑠1 + 𝑠2 + 𝑠3 + 𝑠1
−1 + 𝑠2

−1 + 𝑠3
−1)2.

 

 

⟨𝑇(1,0,0)𝑇(1,0,0)⟩
𝑆𝑂(6)

(𝑡; 𝑞) =
1

4

(𝑞)∞
6

(𝑞
1
2𝑡2; 𝑞)

∞

3 ∮∏ 

3

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1,𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1,1𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑇(1,0,0)𝑇(1,0,0)⟩

𝑆𝑂(6)
(𝑡; 𝑞)

 = ⟨𝑊◻
◻
⋯𝑊◻

◻
⟩
𝑆𝑈(4)

(𝑡; 𝑞).
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮) = ⟨𝑇(1,0,0)𝑇(1,0,0)⟩1

2
BPS

𝑆𝑂(6)
(𝔮)

 =
1 + 𝔮2 + 2𝔮4 + 𝔮6 + 𝔮8

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)

 =
1

(1 − 𝔮2)(1 − 𝔮4)2
.

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊◻
◻
⋯𝑊◻

◻⏟      
2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞)
 

⟨⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2BPS

𝑆𝑂(6)
(𝔮) =

∑  4𝑘
𝑖=0  𝑎𝑘

𝔰𝔬𝔫(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
 

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2BPS

𝑆𝑂(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(3 + 7𝔮2 + 15𝔮4 + 18𝔮6 + 20𝔮8

+14𝔮10 + 9𝔮12 + 3𝔮14 + 𝔮16),

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(16 + 60𝔮2 + 149𝔮4 + 249𝔮6

 +334𝔮8 + 347𝔮10 + 301𝔮12 + 206𝔮14 + 119𝔮16

+53𝔮18 + 20𝔮20 + 5𝔮22 + 𝔮24).
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⟨𝑊◻𝑊◻⟩
𝑆𝑂(6)−(𝑡; 𝑞) =

1

8

(𝑞)∞
4 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(−𝑞
1
2𝑡±2; 𝑞)

∞

 × ∮∏  

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

 
(𝑠𝑖

±; 𝑞)
∞
(−𝑠𝑖

±; 𝑞)
∞
(𝑞𝑠𝑖

±; 𝑞)
∞
(−𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 × (𝑠1 + 𝑠2 + 𝑠1
−1 + 𝑠2

−1)2.

 

⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(6)−

(𝑡; 𝑞) =
1

2

(𝑞)∞
4 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(−𝑞
1
2𝑡±; 𝑞)

∞

∮∏ 

2

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

 

 ×

(𝑞
1
2𝑠1

±; 𝑞)
∞
(𝑠2

±; 𝑞)
∞
(−𝑞

1
2𝑠1

±; 𝑞)
∞
(−𝑠2

±; 𝑞)
∞

(𝑞𝑡2𝑠1
±; 𝑞)

∞
(𝑞

1
2𝑡2𝑠2

±; 𝑞)
∞
(−𝑞𝑡2𝑠1

±; 𝑞)
∞
(−𝑞

1
2𝑡2𝑠2

±; 𝑞)
∞

 ×

(𝑞
3
2𝑠1

±; 𝑞)
∞
(𝑞𝑠2

±; 𝑞)
∞
(−𝑞

3
2𝑠1

±; 𝑞)
∞
(−𝑞𝑠2

±; 𝑞)
∞

(𝑞𝑡−2𝑠1
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠2

±; 𝑞)
∞
(−𝑞𝑡−2𝑠1

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠2

±; 𝑞)
∞

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

,

 

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)−
(𝔮) = ⟨𝑇(1,0)𝑇(1,0)⟩1

2
BPS

𝑆𝑂(6)−

(𝔮)

 =
1 + 𝔮2 + 𝔮6 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)

 =
1

(1 − 𝔮2)(1 − 𝔮8)
.

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(6)−
(𝔮) =

∑  4𝑘
𝑖=0  𝑎𝑘

𝑠𝑜(6)−
(𝑖)𝔮2𝑖

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)8
,  

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2BPS

𝑆𝑂(6)−
(𝔮)  =

3 + 5𝔮2 + 3𝔮4 + 6𝔮6 + 8𝔮8 + 4𝔮10 + 3𝔮12 + 3𝔮14 + 𝔮16

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)−
(𝔮)  =

1

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
(14 + 30𝔮2 + 31𝔮4 + 49𝔮6

 +66𝔮8 + 55𝔮10 + 49𝔮12 + 46𝔮14 + 29𝔮16 + 15𝔮18

+10𝔮20 + 5𝔮22 + 𝔮24)

 

𝑎𝑘
𝑠𝑜(6)−

(0) = 𝐶𝑘𝐶𝑘+2 − 𝐶𝑘+1
2  

⟨𝑊𝜆1⋯𝑊𝜆𝑘
⟩
𝑂(6)+

(𝑡; 𝑞) =
1

2
[⟨𝑊𝜆1⋯𝑊𝜆𝑘

⟩
𝑆𝑂(6)+

(𝑡; 𝑞) + ⟨𝑊𝜆1⋯𝑊𝜆𝑘
⟩
𝑆𝑂(6)−

(𝑡; 𝑞)]  
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⟨𝑊◻𝑊◻⟩1
2
BPS

𝑂(6)+
(𝔮) =

1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(6)+
(𝔮) =

1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
(3 + 6𝔮2 + 9𝔮4 + 12𝔮6

+15𝔮8 + 15𝔮10 + 12𝔮12 + 9𝔮14 + 6𝔮16 + 3𝔮18).

 

 

⟨𝑊◻
◻
◻

⋯𝑊◻
◻
◻

̅

⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊◻◻⋯𝑊◻◻⏟        
2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞)  

⟨𝑊◻
◻
⟩
1
2
BPS

𝑆𝑂(6)

(𝔮) =
𝔮2

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(6)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 2𝔮2 + 4𝔮4 + 6𝔮6 + 7𝔮8 + 7𝔮10

+6𝔮12 + 5𝔮14 + 3𝔮16 + 𝔮18),

⟨𝑊◻
◻
◻

𝑊◻
◻
◻

⟩

1
2
BPS

𝑆𝑂(6)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 3𝔮8 + 3𝔮10

+3𝔮12 + 2𝔮14 + 𝔮16 + 𝔮18).

 

⟨𝑊◻
◻
⟩
1
2
BPS

𝑆𝑂(6)−

(𝔮) =
𝔮2

(1 + 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑆𝑂(6)−

(𝔮) =
1 + 𝔮2 + 2𝔮4 + 𝔮8

(1 + 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊◻
◻
⟩
1
2
BPS

𝑂(6)+

(𝔮) =
𝔮2

(1 − 𝔮4)2(1 − 𝔮8)
,

⟨𝑊◻
◻
𝑊◻

◻
⟩
1
2
BPS

𝑂(6)+

(𝔮) =
1 + 𝔮2 + 2𝔮4 + 𝔮6 + 2𝔮8

(1 − 𝔮4)2(1 − 𝔮8)
.

 

⟨𝑊(𝑙)⋯𝑊(𝑙)⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊(𝑙2)⋯𝑊
(𝑙2)⏟        

𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞)
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⟨𝑊◻◻⟩1
2BPS

𝑆𝑂(6)
(𝔮) =

𝔮4 + 𝔮8

(1 + 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 6𝔮8 + 6𝔮10 + 7𝔮12

+6𝔮14 + 4𝔮16 + 4𝔮18 + 𝔮20 + 𝔮22)

 

⟨𝑊◻◻⟩1
2BPS

𝑆𝑂(6)−
(𝔮) =

𝔮4 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)−
(𝔮) =

1 + 2𝔮8 − 2𝔮10 + 𝔮12 − 𝔮14 − 𝔮18

(1 + 𝔮6)(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
.

 

 

⟨𝑊◻◻⟩1
2BPS

𝑂(6)+
(𝔮) =

𝔮4 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑂(6)+
(𝔮) =

1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 4𝔮8 + 3𝔮10 + 4𝔮12 + 2𝔮14 + 2𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮  ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

 

 ×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×
1

4
[∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)]

2

.

 

 

⟨𝑊sp𝑊sp̅̅̅̅ ⟩
Spin(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡𝑡±2; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×
1

4
[∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) +∏ 

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)] [∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) −∏ 

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)]

 

〈𝑇
(
1
2
 𝑁)
𝑇
(
1
2
 𝑁)
〉𝑆𝑂(2𝑁)/ℤ2 (𝑡; 𝑞) =

1

𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮∏ 

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞
(𝑞

1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.
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⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆pin(2𝑁)
(𝔮) = 〈𝑇

(
1
2

𝑁
)
𝑇
(
1
2
 𝑁)
〉1
2
BPS

𝑆𝑂(2𝑁)/ℤ2 (𝔮)

 =∏  

𝑁

𝑛=1

 
1

1 − 𝔮2𝑛

 

 

⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(2𝑁)
(𝔮) = ⟨𝑇

(
1
2

𝑁
)
𝑇
(
1
2
 𝑁)
⟩

1
2
BPS

𝑆𝑂(2𝑁)/ℤ2

(𝔮)

 =∏  

𝑁

𝑛=1

 
1

1 − 𝔮2𝑛

 

ℐ1
2
BPS

𝑆𝑝𝑖𝑛(2𝑁)
(𝔮) =

1

1 − 𝔮2𝑁
∏ 

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛
 

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2𝑁)
(𝔮) = ⟨𝒲sp𝒲sp⟩1

2
BPS

Spin(2𝑁)
(𝔮)

 =∏ 

𝑁−1

𝑛=1

  (1 + 𝔮2𝑛).
 

 ⟨𝑊sp⋯𝑊sp⏟      
2𝑘

⟩1
2
BPS

Spin(2𝑁=4𝑛)
(𝔮) = ⟨𝑊sp⋯𝑊sp⏟      

2𝑘

⟩1
2
BPS

Spin(2𝑁=4𝑛+2)
(𝔮)

 =
∑  
𝑁(𝑁+1)𝑘

2
𝑖=0

 𝑎𝑘𝔰𝔭
𝔰𝔭(2𝑁)

(𝑖)𝔮2𝑖

1 − 𝔮2𝑁∏  𝑁−1
𝑛=1  1 − 𝔮4𝑛

,

 

⟨𝑊◻𝑊◻⟩
𝑆𝑂(2𝑁)(𝑡; 𝑞) =

1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2
𝑡𝑡±2; 𝑞)

∞

𝑁 ∮  ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

 

 ×∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

.

 

⟨𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)⟩
𝑆𝑂(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−2(𝑁 − 1)!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁

 × ∮∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  ∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.
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⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁)
(𝔮) =

1 + 𝔮2 +⋯𝔮2𝑁−4 + 2𝔮2𝑁−2 + 𝔮2𝑁 +⋯𝔮4𝑁−4

(1 − 𝔮2𝑁)∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

 =
1

(1 − 𝔮2)(1 − 𝔮2(𝑁−1))∏  𝑁−2
𝑛=1   (1 − 𝔮

4𝑛)
.

 

⟨𝑊◻⋯𝑊◻⏟      
2𝑘

 1
2
BPS

𝑆𝑂(2𝑁)
(𝔮) =

∑  
(2𝑁−2)𝑘
𝑖=0  𝑎𝑘

𝔰𝔬(2𝑁)
(𝑖)𝔮2𝑖

(1 − 𝔮2𝑁)∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

.  

⟨𝑊◻𝑊◻⟩
𝑆𝑂(2𝑁)−(𝑡; 𝑞) =

1

2𝑁−1(𝑁 − 1)!

(𝑞)∞
2𝑁−2(−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁−1

(−𝑞
1
2𝑡±2; 𝑞)

∞

 × ∮∏ 

𝑁−1

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  
(𝑠𝑖

±; 𝑞)
∞
(−𝑠𝑖

±; 𝑞)
∞
(𝑞𝑠𝑖

±; 𝑞)
∞
(−𝑞𝑠𝑖

±; 𝑞)
∞

𝑡2𝑠𝑖
±; 𝑞)

∞
(−𝑞

1
2𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

 ×∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁−1

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

.

 

 
〈𝑇(1,0𝑁−2)𝑇(1,0𝑁−2)〉

𝑆𝑂(2𝑁)− (𝑡; 𝑞)

 =
1

2𝑁−2(𝑁 − 2)!

(𝑞)∞
2𝑁−2(−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁−1

(−𝑞
1
2𝑡±2; 𝑞)

∞

∮∏ 

𝑁−1

𝑖=1

 
𝑑𝑠𝑖
2𝜋𝑖𝑠𝑖

  

 ×

(𝑞
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(𝑞1+

1
2𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞
(−𝑞1+

1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2
(1+𝛿𝑖,1)𝑡2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2
(1+𝛿𝑖,1)𝑡2𝑠𝑖

±; 𝑞)
∞
(𝑞

1
2
(1+𝛿𝑖,1)𝑡−2𝑠𝑖

±; 𝑞)
∞
(−𝑞

1
2
(1+𝛿𝑖,1)𝑡−2𝑠𝑖

±; 𝑞)
∞

 ×∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁)−
(𝔮) = ⟨𝑇(1,0𝑁−2)𝑇(1,0𝑁−2)⟩1

2
BPS

𝑆𝑂(2𝑁)−

(𝔮)

 =
1 + 𝔮2 +⋯+ 𝔮2𝑁−4

∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

 =
1 − 𝔮2(𝑁−1)

1 − 𝔮2
∏ 

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛
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⟨𝑊◻𝑊◻⟩1
2
BPS

𝑂(2𝑁)+
(𝔮) =

1 + 𝔮2 +⋯+ 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
1

1 − 𝔮2
∏ 

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛
.

 

ℐ1
2
BPS

𝑂(2𝑁)+
(𝔮) =∏ 

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
 

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑂(2𝑁)+
(𝔮) =

1 − 𝔮4𝑁

1 − 𝔮2
 

ℐ𝑆𝑂(2∞+1)(𝑡; 𝑞) = ℐ𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ℐ𝑆𝑂(2∞)(𝑡; 𝑞) = ℐ𝑂(2∞)
+
(𝑡; 𝑞)

 = ∏  

∞

𝑛,𝑚,𝑙=0

 
(1 − 𝑞𝑛+𝑚+𝑙+

3
2𝑡−4𝑚+4𝑙±2)

2

(1 − 𝑞𝑛+𝑚+𝑙+1𝑡−4𝑚+4𝑙±4)(1 − 𝑞𝑛+𝑚++1𝑡−4𝑚+4𝑙)(1 − 𝑞𝑛+𝑚+𝑙+3𝑡−4𝑚+4𝑙)
.
 

𝑖𝐴𝑑𝑆5×ℝℙ
5
(𝑡; 𝑞) =

𝑞
1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
−

𝑞
1
2(𝑡2 + 𝑡−2)

(1 + 𝑞
1
2𝑡2) (1 + 𝑞

1
2𝑡−2) (1 − 𝑞)

 

𝑖𝑋(𝑡; 𝑞): = Tr(−1)𝐹𝑞
ℎ+𝑗
2 𝑡2(𝑞2−𝑞3)  

𝑖1
2
BPS

𝑋 (𝔮):= Tr(−1)𝐹𝔮2(𝑞2−𝑞3)  

⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑈𝑆𝑝(2∞)
(𝔮)

= ⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2∞
(𝔮) = ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑂(2∞)+
(𝔮) =

1

1 − 𝔮2
.
 

 
⟨𝒲◻𝒲◻⟩

𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻𝒲◻⟩
𝑈𝑆𝑝(2∞)(𝑡; 𝑞)

 = ⟨𝒲◻𝒲◻⟩
𝑆𝑂(2∞)(𝑡; 𝑞) = ⟨𝒲◻𝒲◻⟩

𝑂(2∞)+(𝑡; 𝑞) =
1 − 𝑞

(1 − 𝑞
1
2
𝑡2) (1 − 𝑞

1
2𝑡−2)

. 

𝑖string (𝑡; 𝑞) = −𝑞 + 𝑞
1
2𝑡2 + 𝑞

1
2𝑡−2  

⟨𝒲◻
◻
⟩
1
2
BPS

𝑆𝑂(2∞+1)

(𝔮) = ⟨𝒲◻◻⟩1
2
BPS

𝑈𝑆𝑝(2∞)
(𝔮) = ⟨𝒲◻◻⟩1

2
BPS

𝑂(2∞)+
(𝔮)

 =
𝔮2

(1 − 𝔮4)

 = 𝔮2 + 𝔮6 + 𝔮10 + 𝔮14 + 𝔮18 +⋯ .

 

⟨𝒲◻
◻
𝒲◻

◻
⟩
1
2
BPS

𝑆𝑂(2∞+1)

(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑈𝑆𝑝(2∞)
(𝔮) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
1
2
BPS

𝑂(2∞)+

(𝔮)

 =
1 + 𝔮2 + 𝔮4

(1 − 𝔮4)2

 = 1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10 + 7𝔮12 + 4𝔮14 + 9𝔮16 +⋯ .
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⟨𝒲◻
◻
𝒲◻

◻
⟩  1
2
BPS,𝑐

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1

2
BPS,𝑐

𝑈𝑆𝑝(2∞)
(𝔮)⟨𝒲◻𝒲◻⟩1

2
BPS,𝑐

𝑂(2∞)+

 =
1

(1 − 𝔮2)(1 − 𝔮4)
= 1 + 𝔮22𝔮4 + 2𝔮6 + 3𝔮8 + 3𝔮10 + 4𝔮12 + 4𝔮14 + 5𝔮16 + 5𝔮18 +⋯ 

⟨𝒲𝜆𝒲𝜆⟩1
2
BPS,𝑐

𝐺 (𝔮):= ⟨𝒲𝜆𝒲𝜆⟩1
2
BPS

𝐺 (𝔮) − ⟨𝒲𝜆⟩1
2
BPS

𝐺 (𝔮)2.  

⟨𝒲◻
◻
⟩
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻⟩
𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ⟨𝒲◻

◻
⟩
𝑂(2∞)+

(𝑡; 𝑞)

 =
𝑞
1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡4)

 

 

⟨𝒲◻
◻
𝒲◻

◻
⟩
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩
𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
𝑂(2∞)+

(𝑡; 𝑞)

 =
1

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
(1 + (𝑡2 + 𝑡−2)𝑞

1
2 + (3 + 𝑡4 + 𝑡−4)𝑞 − 3(𝑡2 + 𝑡−2)𝑞

3
2

−(𝑡2 + 𝑡−2)𝑞2 − 3(𝑡2 + 𝑡−2)𝑞
5
2 + (3 + 𝑡4 + 𝑡−4)𝑞3 + (𝑡2 + 𝑡−2)𝑞

7
2 + 𝑞4) .

 

 

⟨𝒲◻
◻
𝒲◻

◻
⟩
𝑐

𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻
◻
𝒲◻

◻
⟩
𝑐

𝑂(2∞)+

(𝑡; 𝑞)

 =

(1 − 𝑞) (1 + 𝑞 − 𝑞
3
2(𝑡2 + 𝑡−2))

(1 − 𝑞
1
2𝑡2) (1 − 𝑞

1
2𝑡−2) (1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)

.

 

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2∞+1)
(𝔮) = ⟨𝒲sp𝒲sp⟩1

2
BPS

Sin(4∞)
(𝔮) = ⟨𝒲sp𝒲sp⟩ 1

2
BPS

𝑆
Sin(4∞+2)

(𝔮)

 =∏ 

∞

𝑛=1

 
1

1 − 𝔮4𝑛−2
.

 

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(∞)
(𝔮) =∑  

𝑛≥0

 𝑑{sp,sp}
(𝐻)

(𝑛)𝔮2𝑛  

𝑖1
2

 BPS 

fat string 
(𝔮) =

𝔮2

1 − 𝔮4
= 𝔮2 + 𝔮6 + 𝔮10 +⋯  

𝑆D5 = 𝑇5∫  𝑑6𝜎√det(𝑔 + 2𝜋𝛼′𝐹) − 𝑖𝑇5∫  2𝜋𝛼′𝐹 ∧ 𝐶(4)  

𝑆D5𝐴𝑑𝑆2×ℝℙ4 = 𝑇5∫  𝑑6𝜎√det𝑔 = 𝑇5vol(𝐴𝑑𝑆2)vol(ℝℙ
4)  

𝑑𝑠𝐴𝑑𝑆2
2 =

1

𝑟2
(−𝑑𝑡2 + 𝑑𝑟2), 𝑑𝑠4

2 = 𝑔𝑖𝑗𝑑𝜎
𝑖𝑑𝜎𝑗 , 𝑖, 𝑗 = 1,2,3,4  

𝑆 = 𝑇5∫  𝑑6𝜎√𝑔(4)
1

2

1

𝑟2
[𝑟2(𝜕𝑡𝜙)

2 − 𝑟2(𝜕𝑟𝜙)
2 + (∇𝑖𝜙∇

𝑖𝜙 − 4𝜙2)].  

𝜙(𝑡, 𝑟, Θ) =∑  

𝑤

 𝜙𝑤(𝑡, 𝑟)𝑌
𝑤(Θ).  
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𝑆 = 𝑇5∑ 

𝑤

 
2

3
𝜋2∫  𝑑2𝜎

1

𝑟2
(𝑟2(𝜕𝑡𝜙𝑤)

2 − 𝑟2(𝜕𝑟𝜙𝑤)
2 − 𝑤(𝑤 + 1)𝜙𝑤

2 )  

ℎ =
1

2
+ √

1

4
+𝑚2  

⟨𝒲sp𝒲sp⟩
Spin(2∞+1)

(𝑡; 𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞)

(𝑡; 𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞+2)

(𝑡; 𝑞)

 =∏  

∞

𝑛=0

 ∏  

∞

𝑚=0

 
(1 − 𝑞1+𝑛+𝑚𝑡4𝑛−4𝑚)(1 − 𝑞2+𝑛+𝑚𝑡4𝑛−4𝑚)

(1 − 𝑞
1
2
+𝑛+𝑚𝑡2+4𝑛−4𝑚) (1 − 𝑞

1
2
+𝑛+𝑚𝑡−2+4𝑛+4𝑚)

 

 

⟨𝒲sp𝒲sp⟩
Spin(2∞+1)

(𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞)

(𝑞) = ⟨𝒲sp𝒲sp)
Spin(4∞+2)

(𝑞)

 =∏  

∞

𝑛=1

 
(1 − 𝑞𝑛)2𝑛−1

(1 − 𝑞𝑛−
1
2)

2𝑛

 = 1 + 2𝑞1/2 + 2𝑞2 + 6𝑞3/2 + 7𝑞2 + 10𝑞5/2 + 21𝑞3 + 22𝑞7/2 +⋯ .

 

𝑖fat string (𝑡; 𝑞) =
𝑞
1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
.  

⟨𝒲◻◻⟩1
2
BPS

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻

◻
⟩
1
2
BPS

𝑈𝑆𝑝(2∞)

(𝔮) = ⟨𝒲◻◻⟩1
2
BPS

𝑂(2∞)+
(𝔮)

 =
𝔮4

(1 − 𝔮4)

 

⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
1
2
BPS

𝑈𝑆𝑝(2∞)

(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑂(2∞)+
(𝔮)

 =
1 + 𝔮2 + 𝔮8

(1 − 𝔮4)2
.

 

⟨𝒲◻◻𝒲◻◻⟩1
2
BPS,𝑐

𝑆𝑂(2∞+1)(𝔮) == ⟨𝒲◻
◻
𝒲◻

◻
⟩
1
2
BPS

𝑈𝑆𝑝(2∞)

(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑂(2∞)+
(𝔮)

 =
1

(1 − 𝔮2)(1 − 𝔮4)
,

 

⟨𝒲◻◻⟩
𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻

◻
⟩
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻⟩
𝑂(2∞)+(𝑡; 𝑞)

 =
𝑞(1 + 𝑡4 + 𝑡−4) − 𝑞

3
2(𝑡2 + 𝑡−2) − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)

 

⟨𝒲◻◻𝒲◻◻⟩
𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩
𝑂(2∞)+(𝑡; 𝑞)

 =
1

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
(1 + (𝑡2 + 𝑡−2)𝑞

1
2 + 𝑞 − (𝑡2 + 𝑡−2)𝑞

3
2 + (𝑡8 + 𝑡4 + 𝑡−4 + 𝑡−8)𝑞2

−(2𝑡6 + 5𝑡2 + 5𝑡−2 + 2𝑡−6)𝑞
5
2 + 𝑞3 + 3(𝑡2 + 𝑡−2)𝑞

7
2 + 𝑞4) .
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⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻
◻
𝒲◻

◻
⟩
𝑐

𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑂(2∞)+

(𝑡; 𝑞)

 =

(1 − 𝑞) (1 + 𝑞 − 𝑞
3
2(𝑡2 + 𝑡−2))

(1 − 𝑞
1
2𝑡2) (1 − 𝑞

1
2𝑡−2) (1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)

.

 

 

𝜒𝜆
usp(2𝑁)

 = det (𝐸𝜆𝑖
′−𝑖+𝑗 − 𝐸𝜆𝑖

′−𝑖−𝑗)
1≤𝑖,𝑗≤𝑙(𝜆′)

𝜒𝜆
so(2N+1)  = det(𝐻‾𝜆𝑖−𝑖+𝑗 − 𝐻‾𝜆𝑖−𝑖−𝑗)1≤𝑖,𝑗≤𝑙(𝜆)

 

𝐸𝑘  = 𝑒𝑘(𝑠1, … , 𝑠𝑁 , 𝑠1
−1, … , 𝑠𝑁

−1)

𝐻‾𝑘  = ℎ𝑘(𝑠1, … , 𝑠𝑁 , 𝑠1
−1, … , 𝑠𝑁

−1, 1)
 

𝑃𝑘  = 𝑝𝑘(𝑠1, … , 𝑠𝑁 , 𝑠1
−1, … , 𝑠𝑁

−1)

𝑃‾𝑘  = 𝑝𝑘(𝑠1, … , 𝑠𝑁 , 𝑠1
−1, … , 𝑠𝑁

−1, 1)
 

𝑝𝑘(𝑥1, … , 𝑥𝑛) =∑  

𝑛

𝑖=1

 𝑥𝑖
𝑘  

𝜒◻
usp (2𝑁)

= 𝑃1, 𝜒◻
so (2𝑁+1)

= 𝑃‾1,

𝜒◻◻
usp (2𝑁)

=
𝑃2
2
+
𝑃1
2

2
, 𝜒◻◻

so (2𝑁+1)
=
𝑃‾2
2
+
𝑃‾1
2

2
− 1,

𝜒◻
◻

usp (2𝑁)
= −

𝑃2
2
+
𝑃1
2

2
− 1, 𝜒◻

◻

so (2𝑁+1)
= −

𝑃‾2
2
+
𝑃‾1
2

2
,

𝜒◻◻◻
usp (2𝑁)

=
𝑃3
3
+
𝑃2𝑃1
2

+
𝑃1
3

6
, 𝜒◻◻◻

so (2𝑁+1)
=
𝑃‾3
3
+
𝑃‾2𝑃‾1
2

+
𝑃‾1
3

6
− 𝑃‾1,

𝜒◻◻
◻

usp (2𝑁)
= −

𝑃3
3
+
𝑃1
3

3
− 𝑃1, 𝜒◻◻

◻

so (2𝑁+1)
= −

𝑃‾3
3
+
𝑃‾1
3

3
− 𝑃‾1,

𝜒◻
◻
◻

usp (2𝑁)
=
𝑃3
3
−
𝑃2𝑃1
2

+
𝑃1
3

6
− 𝑃1, 𝜒◻

◻
◻

so (2𝑁+1)
=
𝑃‾3
3
−
𝑃‾2𝑃‾1
2

+
𝑃‾1
3

6
.

 

𝑇𝑝ℳ
ℂ = 𝑇𝑝ℳ

+⊕𝑇𝑝ℳ
−,  

𝑇𝑝ℳ
± = {𝑍 ∈ 𝑇𝑝ℳ

ℂ/𝒥𝑝𝑍 = ±𝑖𝑍}  

𝒥𝑝(𝒫
±𝑍) = 𝒥𝑝𝑍

± = ±𝑖(𝒫±𝑍) = ±𝑖𝑍±  
𝒩(𝑢, 𝑣) ≡ [𝒥𝑢, 𝒥𝑣] − 𝒥[𝑢, 𝒥𝑣] − 𝒥[𝒥𝑢, 𝑣] − [𝑢, 𝑣]  

𝜙(𝑝) ≡ 𝑧𝜇 ≡ 𝑥𝜇 + 𝑖𝑦𝜇, 𝜓(𝑝) ≡ 𝑤𝜇 ≡ 𝑢𝜇 + 𝑖𝑣𝜇, 1 ≤ 𝜇, 𝜈 ≤ 𝑛  
𝜕𝑢𝜈

𝜕𝑥𝜇
=
𝜕𝑣𝜈

𝜕𝑦𝜇
,
𝜕𝑢𝜈

𝜕𝑦𝜇
= −

𝜕𝑣𝜈

𝜕𝑥𝜇
.  

𝒥𝑝
𝜕

𝜕𝑥𝜇
=

𝜕

𝜕𝑦𝜇
, 𝒥𝑝

𝜕

𝜕𝑦𝜇
= −

𝜕

𝜕𝑥𝜇
,  entonces 

𝒥𝑝
𝜕

𝜕𝑢𝜇
=

𝜕

𝜕𝑣𝜇
, 𝒥𝑝

𝜕

𝜕𝑣𝜇
= −

𝜕

𝜕𝑢𝜇

 

(𝒥𝑝) = (
0 𝕀
−𝕀 0

) , ∀𝑝 ∈ ℳ  

(𝒥𝑝) = (
𝑖𝕀 0
0 −𝑖𝕀

) , ∀𝑝 ∈ ℳ  

𝛼 = ∑  

𝑝+𝑞=𝑘

 𝛼(𝑝,𝑞), 𝛼(𝑝,𝑞) =
1

𝑝! 𝑞!
𝛼𝜇1…𝜇𝑝𝜈‾1…𝜈‾𝑞𝑑𝑧

𝜇1 ∧ …∧ 𝑑𝑧𝜇𝑝 ∧ 𝑑𝑧‾𝜈‾1 …∧ 𝑑𝑧‾𝜈‾𝑞  
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𝑑 = 𝜕 + 𝜕‾,  
𝜕𝛼(𝑝,𝑞) = 𝛼(𝑝+1,𝑞), 𝜕‾𝛼(𝑝,𝑞) = 𝛼(𝑝,𝑞+1),  

𝛼(𝑝+1,𝑞)  =
1

𝑝! 𝑞!
𝜕𝜇𝛼𝜇1…𝜇𝑝𝜈‾1…𝜈‾𝑞

(𝑝,𝑞)
𝑑𝑧𝜇 ∧ 𝑑𝑧𝜇1 ∧ …∧ 𝑑𝑧𝜇𝑝 ∧ 𝑑𝑧‾𝜈‾1 …∧ 𝑑𝑧‾𝜈‾𝑞 .

𝛼(𝑝,𝑞+1)  =
1

𝑝! 𝑞!
𝜕𝜈‾𝛼𝜇1…𝜇𝑝𝜈‾1…𝜈‾𝑞

(𝑝,𝑞𝑧𝜇1 ∧ …∧ 𝑑𝑧𝜇𝑝 ∧ 𝑑𝑧‾𝜈‾ ∧ 𝑑𝑧‾𝜈‾1 …∧ 𝑑𝑧‾𝜈‾𝑞 .

 

𝜕2 = 𝜕𝜕‾ + 𝜕‾𝜕 = 𝜕‾2  
𝒢𝑝(𝒥𝑝𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(𝑢, 𝑣) ∀𝑝 ∈ ℳ, 𝑢, 𝑣 ∈ 𝑇𝑝ℳ  

𝒢𝑝(𝑢, 𝑣) ≡ 𝑔𝑝(𝑢, 𝑣) + 𝑔𝑝(𝒥𝑝𝑢, 𝒥𝑝𝑣) ∀𝑝 ∈ ℳ, 𝑢, 𝑣 ∈ 𝑇𝑝ℳ  

𝒢𝑝(𝒥𝑝𝑢, 𝑢) = 𝒢𝑝(𝒥𝑝
2𝑢, 𝒥𝑝𝑢) = −𝒢𝑝(𝑢, 𝒥𝑝𝑢) = −𝒢𝑝(𝒥𝑝𝑢, 𝑢)  

𝒢𝜇𝜈 ≡ 𝒢 (
𝜕

𝜕𝑧𝜇
,
𝜕

𝜕𝑧𝜈
) = 𝒢 (𝒥𝑝

𝜕

𝜕𝑧𝜇
, 𝒥𝑝

𝜕

𝜕𝑧𝜈
) = −𝒢 (

𝜕

𝜕𝑧𝜇
,
𝜕

𝜕𝑧𝜈
)

𝒢𝜇𝜈‾ ≡ 𝒢 (
𝜕

𝜕𝑧‾𝜇‾
,
𝜕

𝜕𝑧‾𝜈‾
) = 𝒢 (𝒥𝑝

𝜕

𝜕𝑧‾𝜇‾
, 𝒥𝑝

𝜕

𝜕𝑧‾𝜈‾
) = −𝒢 (

𝜕

𝜕𝑧‾𝜇‾
,
𝜕

𝜕𝑧‾𝜈‾
)

𝒢𝜇𝜈‾ ≡ 𝒢 (
𝜕

𝜕𝑧𝜇
,
𝜕

𝜕𝑧‾𝜈‾
) = 𝒢 (𝒥𝑝

𝜕

𝜕𝑧𝜇
, 𝒥𝑝

𝜕

𝜕𝑧‾𝜈‾
) = 𝒢 (

𝜕

𝜕𝑧‾𝜈‾
,
𝜕

𝜕𝑧𝜇‾
) = 𝒢𝜈‾𝜇

 

𝒢 = 𝒢𝜇𝜈‾𝑑𝑧
𝜇 ⊗𝑑𝑧‾𝜈‾ + 𝒢𝜈‾𝜇𝑑𝑧‾

𝜈‾ ⊗𝑑𝑧𝜇  

𝜔𝑝(𝑢, 𝑣) ≡ 𝒢𝑝(𝒥𝑝𝑢, 𝑣) ∀𝑢, 𝑣 ∈ 𝑇𝑝ℳ.  

𝜔𝑝(𝑢, 𝑣) = 𝒢𝑝(𝒥𝑝
2𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(−𝑢, 𝒥𝑝𝑣) = −𝒢𝑝(𝒥𝑝𝑣, 𝑢) = −𝜔(𝑢, 𝑣).  

𝜔𝑝(𝒥𝑝𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(𝒥𝑝
2𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(−𝑢, 𝒥𝑝𝑣) = 𝜔(𝑢, 𝑣)  

𝜔 = 𝑖𝒢𝜇𝜈‾𝑑𝑧
𝜇 ∧ 𝑑𝑧‾𝜈‾  

[𝜔] ∈ 𝐻
𝜕‾
(1,1)

(ℳ;ℂ)  

𝜔 = 𝑖𝜕𝜇𝜕𝜈‾𝒦(𝑧, 𝑧‾)𝑑𝑧
𝜇 ∧ 𝑑𝑧‾𝜈‾  

𝒦′ = 𝒦 + 𝑓 + 𝑓′,  
𝜔(𝒦′) = 𝑖𝜕𝜕‾(𝒦 + 𝑓 + 𝑓′) = 𝑖𝜕𝜕‾𝒦 = 𝜔(𝒦).  

Γ𝜇𝜈
𝜌
= 𝒢𝜌𝜌‾𝜕𝜇𝒢𝜌‾𝜈 , Γ𝜇‾ 𝜈‾

𝜌‾
= 𝒢𝜌‾𝜌𝜕𝜇‾𝒢𝜌𝜈‾

𝑅𝜇𝜈‾ =
1

2
𝜕𝜇𝜕𝜈‾ (log det𝒢).

 

ℜ ≡ 𝑖𝑅𝜇𝜈‾𝑑𝑧
𝜇 ∧ 𝑑𝑧‾𝜈‾  

Ψ(𝑖) = 𝑒−(𝑞𝑓(𝑖,𝑗)+𝑞‾𝑓
‾
(𝑖,𝑗))Ψ(𝑗),  

𝒦(𝑖) = 𝒦(𝑗) + 𝑓(𝑖,𝑗) + 𝑓‾(𝑖,𝑗).  

𝒬 ≡ (2𝑖)−1(𝑑𝑧𝜇𝜕𝜇𝒦 − 𝑑𝑧‾𝜈‾𝜕𝜈‾𝒦)  

𝒬(𝑖) = 𝒬(𝑗) −
𝑖

2
𝜕𝑓(𝑖,𝑗),  

𝔇𝜇 ≡ ∇𝜇 + 𝑖𝑞𝒬𝜇, 𝔇𝜈‾ ≡ ∇𝜈‾ − 𝑖𝑞‾𝒬𝜈‾  
𝐷𝜇 ≡ 𝜕𝜇 + 𝑖𝑞𝒬𝜇, 𝐷𝜈‾ ≡ 𝜕𝜈‾ − 𝑖𝑞‾𝒬𝜈‾  

Ω ≡ (
𝒳Λ

ℱΣ
) → {

⟨Ω ∣ Ω‾ ⟩ ≡ 𝒳
Λ
ℱΛ −𝒳ΛℱΛ = −𝑖𝑒−𝒦

𝜕𝜈‾Ω = 0

⟨𝜕𝜇Ω ∣ Ω⟩ = 0

 

𝒱 ≡ (
ℒΛ

ℳΣ
) →

{
 
 

 
 ⟨𝒱 ∣ 𝒱⟩ ≡ ℒ

Λ
ℳΛ − ℒΛℳΛ = −𝑖

𝔇𝜈‾𝒱 = (𝜕𝜈‾ +
1

2
𝜕ℒ𝒦)𝒱 = 0,

⟨𝔇𝜇𝒱 ∣ 𝒱⟩ = 0
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𝒰𝜇 ≡ 𝔇𝜇𝒱 = (
𝑓Λ 𝜇
ℎΣ𝜇

) ,𝒰𝜈‾ = 𝒰𝜈 ,  

𝔇𝜈‾𝒰𝜇 = 𝒢𝜇𝜈‾𝒱⟨𝒰𝜇 ∣ 𝒰𝜈‾ ⟩ = 𝑖𝒢𝜇𝜈‾

⟨𝒰𝜇 ∣ 𝒱⟩ = 0, ⟨𝒰𝜇 ∣ 𝒱⟩ = 0
 

⟨𝔇𝜇𝒰𝜈 ∣ 𝒱⟩ = ⟨𝒰𝜈 ∣ 𝒰𝜇⟩ = 0.  

𝒜 = 𝑖⟨𝒜 ∣ 𝒱⟩𝒱 − 𝑖⟨𝒜 ∣ 𝒱⟩𝒱 + 𝑖⟨𝒜 ∣ 𝒰𝜇⟩𝒢
𝜇𝜈‾𝒰𝜈‾ − 𝑖⟨𝒜 ∣ 𝒰𝜈‾ ⟩𝒢

𝜇𝜈‾𝒰𝜇  

𝒞𝜇𝜈𝜌 ≡ ⟨𝔇𝜇𝒰𝜈 ∣ 𝒰𝜌⟩  →  𝔇𝜇𝒰𝜈 = 𝑖𝒞𝜇𝜈𝜌𝒢
𝜌𝜖‾𝒰𝜖‾  

𝔇𝜇‾𝒞𝜈𝜌𝜖 = 0,𝔇[𝜇𝒞𝜈]𝜌𝜖 = 0  

ℳΛ = 𝒩ΛΣℒ
Σ, ℎΛ𝜇 = 𝒩ΛΣ𝑓

Σ 𝜇.  

ℒΛℑ𝑚𝒩ΛΣℒ
Σ
 = −

1

2
,

ℒΛℑ𝑚𝒩ΛΣ𝑓
Σ 𝜇  = ℒΛℑ𝑚𝒩ΛΣ𝑓‾

Σ 𝜈‾ = 0

𝑓Λ 𝜇ℑ𝑚𝒩ΛΣ𝑓‾
Σ 𝜈‾  = −

1

2
𝒢𝜇𝜈‾ .

 

(𝜕𝜇𝒩ΛΣ)ℒ
Σ  = −2𝑖ℑ𝑚(𝒩)ΛΣ𝑓

Σ 𝜇

𝜕𝜇𝒩ΛΣ𝑓
Σ 𝜈  = −2𝒞𝜇𝜈𝜌𝒢

𝜌𝜌‾ℑ𝑚𝒩ΛΣ𝑓‾
Σ 𝜌‾

𝒞𝜇𝜈𝜌  = 𝑓Λ 𝜇𝑓
Σ 𝜈𝜕𝜌𝒩ΛΣ

ℒΣ𝜕𝜈‾𝒩ΛΣ  = 0,

𝜕𝜈‾𝒩ΛΣ𝑓
Σ 𝜇  = 2𝑖𝒢𝜇𝜈‾ℑ𝑚𝒩ΛΣℒ

Σ.

𝑈ΛΣ ≡ 𝑓Λ 𝜇𝒢
𝜇𝜈‾𝑓‾Σ 𝜈‾  = −

1

2
ℑ𝑚(𝒩)−1∣ΛΣ − ℒ

Λ
ℒΣ

 

𝒯Λ  ≡ 2𝑖ℒΛ = 2𝑖ℒΣℑm𝒩ΣΛ,

𝒯𝜇 Λ  ≡ −𝑓‾Λ 
𝜇 = −𝒢𝜇𝜈‾𝑓‾Σ 𝜈‾ℑm𝒩ΣΛ.

 

𝜕𝜇𝒩ΛΣ = 4𝒯𝜇(Λ𝒯Σ),

𝜕𝜈‾𝒩ΛΣ = 4𝒞𝜈‾𝜌‾ 𝜖‾𝒯
𝜈‾  (Λ𝒯

𝜌‾  Σ).
 

𝑒−𝒦 = −2ℑ𝑚𝒩ΛΣ𝒳
Λ𝒳

Σ
 

𝜕𝜇𝒳
Λ[2ℱΛ − 𝜕Λ(𝒳

ΣℱΣ)] = 0.  
ℱΛ = 𝜕Λℱ(𝒳)  

𝒩ΛΣ = ℱΛΣ + 2𝑖
ℑ mℱΛΛ′𝒳

Λ′ℑsmℱΣΣ′𝒳
Σ′

𝒳ΩℑmℱΩΩ′𝒳Ω′
.  

𝒞𝜇𝜈𝜌 = 𝑒𝒦𝜕𝜇𝒳
Λ𝜕𝜈𝒳

Σ𝜕𝜌𝒳
ΩℱΛΣΩ,  

[𝑃𝜇, 𝑃𝜈]  = 0

[𝑃𝜇, 𝐽𝜈𝜌]  = (𝜂𝜇𝜈𝑃𝜌 − 𝜂𝜇𝜌𝑃𝜈),

[𝐽𝜇𝜈 , 𝐽𝜌𝛾]  = −(𝜂𝜇𝜌𝐽𝜈𝛾 + 𝜂𝜈𝛾𝐽𝜇𝜌 − 𝜂𝜇𝛾 , 𝐽𝜈𝜌 − 𝜂𝜈𝜌𝐽𝜇𝛾),

 

[𝑇𝑟 , 𝑇𝑠] = 𝑓𝑟𝑠
𝑡 𝑇𝑡,  

[𝑃𝜇, 𝑇𝑠] = [𝐽𝜇𝜈 , 𝑇𝑠] = 0  

[𝑄𝛼
𝐿 , 𝐽𝜇𝜈]  = (𝜎𝜇𝜈)𝛼

𝛽
𝑄𝛽
𝐿 ,

[𝑄𝛼
𝐿 , 𝑃𝜇]  = [𝑄‾𝛼̇

𝐿 , 𝑃𝜇] = 0

{𝑄𝛼
𝐿 , 𝑄‾𝛽̇𝑀}  = 2(𝜎𝜇)𝛼𝛽̇𝑃𝜇𝛿𝑀

𝐿 ,

{𝑄𝛼
𝐿 , 𝑄𝛽

𝑀}  = 𝜖𝛼𝛽𝑍
𝐿𝑀,

 

[𝑄𝛼
𝐿 , 𝑇𝑟] = 𝑆𝑟 𝑀

𝐿 𝑄𝛼
𝑀 ≠ 0,  
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[𝛿𝜖1 , 𝛿𝜖2] = (𝜖‾1𝛾
𝜇𝜖2)𝜕𝜇 +⋯  

𝛿𝜖𝐵 ∼ 𝜖‾𝐹,
𝛿𝜖𝐹 ∼ 𝐵𝜖.

 

𝛿𝜖𝐵 ∼ 𝜖‾𝐹,
𝛿𝜖𝐹 ∼ 𝜕𝜖 + 𝐵𝜖.

 

𝑆𝐸𝐻[𝐞,𝜔] = ∫  ⋆ 𝐑(𝜔) ∧ 𝐞 ∧ 𝐞.  

𝑆 = ∫  𝑑4𝑥√|𝑔|{𝑅 + 𝒢𝑖𝑗(𝜙)𝜕𝜇𝜙
𝑖𝜕𝜇𝜙𝑗 + 2ℑ𝑚𝒩ΛΣ(𝜙)𝐹

Λ 𝜇𝜈𝐹
Σ𝜇𝜈

−2ℜ𝑒𝒩ΛΣ(𝜙)𝐹
Λ 𝜇𝜈 ⋆ 𝐹

Σ𝜇𝜈},
 

ℰ𝜇𝜈  = 𝐺𝜇𝜈 + 𝒢𝑖𝑗 [𝜕𝜇𝜙
𝑖𝜕𝜈𝜙

𝑗 −
1

2
𝜕𝜌𝜙

𝑖𝜕𝜌𝜙𝑗] + 8ℑ𝑚𝒩ΛΣ𝐹𝜇
Λ+𝜌

𝐹𝜈𝜌
Σ− = 0,

ℰ𝑖  = ∇𝜇(𝒢𝑖𝑗𝜕
𝜇𝜙𝑗) −

1

2
𝜕𝑖𝒢𝑗𝑘𝜕𝜌𝜙

𝑗𝜕𝜌𝜙𝑘 + 𝜕𝑖[𝐹̃Λ
𝜈𝜇∗
𝐹𝜇𝜈
Λ ] = 0,

ℰΛ
𝜇
 = ∇𝜈 ⋆ 𝐹̃Λ

𝜈𝜇
= 0,

 

𝐹̃Λ𝜇𝜈 ≡ −
1

4√|𝑔|

𝛿𝑆

𝛿 ⋆ 𝐹Λ𝜇𝜈
= ℜ𝑒𝒩ΛΣ𝐹𝜇𝜈

Σ + ℑ𝑚𝒩ΛΣ
∗ 𝐹𝜇𝜈

Σ .  

ℬΛ𝜇 ≡ ∇𝜈 ⋆ 𝐹
Λ𝜈𝜇 = 0.  

ℰ𝜇
𝑀 ≡ (

ℬ𝜇
Λ

ℰΛ𝜇
)  

ℰ𝜇
𝑀 = 0 → 𝑚𝑀 𝑁ℰ𝜇

𝑁 = 0,𝑚𝑀 𝑁 ∈ GL(2𝑛𝑣 + 2,ℝ).  

𝐹𝜇
𝑀 ≡ (

𝐹Λ

𝐹̃Λ
) , 𝐹′𝑀 = 𝑚𝑀 𝑁𝐹

𝑁.  

𝐹̃Λ𝜇𝜈
′ ≡ −

1

4√|𝑔|

𝛿𝑆′

𝛿 ⋆ 𝐹′Λ𝜇𝜈
.  

𝔦: Diff(ℳescalar ) → GL(2𝑛𝑣 + 2,ℝ)  

{𝜙, 𝐹𝑀,𝒩ΣΛ(𝜙)} →
𝜉 
{𝜉(𝜙), (𝔦(𝜉))𝑀 𝑁𝐹

𝑁,𝒩ΣΛ
′ (𝜉(𝜙))}.  

𝔦: Diff(ℳescalar ) → Sp(2𝑛𝑣 + 2,ℝ)  
𝒩′(𝜉(𝜙)) = (𝐴𝒩(𝜙) + 𝐵)(𝐶𝒩(𝜙) + 𝐷)−1  

𝑚 ≡ (
𝐷 𝐶
𝐵 𝐴

) ∈ Sp(2𝑛𝑣 + 2,ℝ)  

𝔦: Isometrías(ℳescalar , 𝒢𝑖𝑗) → Sp(2𝑛𝑣 + 2,ℝ).  

𝑆 =  ∫  𝑑4𝑥√|𝑔|{𝑅 + ℎ𝑢𝑣(𝑞)𝜕𝜇𝑞
𝑢𝜕𝜇𝑞𝑣 + 𝒢𝑖𝑗‾(𝑧, 𝑧‾)𝜕𝜇𝑧

𝑖𝜕𝜇𝑧‾𝑗‾

+2ℑΛΣ(𝑧, 𝑧‾)𝐹
Λ 𝜇𝜈𝐹

Σ𝜇𝜈 − 2ℜΛΣ(𝑧, 𝑧‾)𝐹
Λ 𝜇𝜈 ⋆ 𝐹

Σ𝜇𝜈}
 

ℱ = −
1

3!
𝜅𝑖𝑗𝑘
0 𝑧𝑖𝑧𝑗𝑧𝑘 +

𝑖𝑐

2
+

𝑖

(2𝜋)3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖𝑧

𝑖
)  

ℱP = −
1

3!
𝜅𝑖𝑗𝑘
0 𝑧𝑖𝑧𝑗𝑧𝑘 +

𝑖𝑐

2
,  

ℱNP =
𝑖

(2𝜋)3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖𝑧

𝑖
) .  

𝐹(𝒳) = −
1

3!
𝜅𝑖𝑗𝑘
0 𝒳𝑖𝒳𝑗𝒳𝑘

𝒳0
+
𝑖𝑐(𝒳0)2

2
+
𝑖(𝒳0)2

(2𝜋)3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖

𝒳𝑖

𝜒0)  
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𝑧𝑖 =
𝒳𝑖

𝒳0
 

ℬ ≡ ℳ − 𝐼−(ℐ+),  
∇𝜇𝜉2 = −2𝜅𝜉𝜇.  

𝛿𝑀 =
1

8𝜋
𝜅𝛿𝐴 + Ω𝛿𝐽 + Φ𝛿𝑄  

𝛿𝐴 ≥ 0.  

𝑇 =
𝜅

2𝜋
.  

𝑆bh =
𝐴

4
.  

𝛿𝜖𝐵 ∼ 𝜖‾𝐹 = 0,
𝛿𝜖𝐹 ∼ 𝜕𝜖 + 𝐵𝜖 = 0,

 

𝐠 = (1 −
2𝑀

𝑟
)𝑑𝑡 ⊗ 𝑑𝑡 − (1 −

2𝑀

𝑟
)
−1

𝑑𝑟 ⊗ 𝑑𝑟 − 𝑟2(𝑑𝜃 ⊗ 𝑑𝜃 + sin2 𝜃𝑑𝜙 ⊗ 𝑑𝜙)  

𝛿𝜖Ψ𝜇|Schw. 
= 0  

𝐠 = (1 −
2𝑀

𝑟
+
𝑞2

𝑟2
)𝑑𝑡 ⊗ 𝑑𝑡 − (1 −

2𝑀

𝑟
+
𝑞2

𝑟2
)

−1

𝑑𝑟 ⊗ 𝑑𝑟 − 𝑟2(𝑑𝜃 ⊗ 𝑑𝜃 + sin2 𝜃𝑑𝜙 ⊗ 𝑑𝜙)  

𝑇 =
𝜅

2𝜋
=
𝑟+ − 𝑟−

4𝜋𝑟+
2 =

√𝑀2 − 𝑞2

2𝜋2𝑟+
2 = 0.  

𝛿𝜖Ψ𝜇|RN extr. = 0  

𝐠 = 𝑒2𝑈(𝜏)𝑑𝑡 ⊗ 𝑑𝑡 − 𝑒−2𝑈(𝜏)𝛾𝑚𝑛𝑑𝑥
𝑚⊗𝑑𝑥𝑛,

𝛾𝑚𝑛𝑑𝑥
𝑚 ⊗𝑑𝑥𝑛 =

𝑟0
2

sinh2 𝑟0𝜏
[

𝑟0
2

sinh2 𝑟0𝜏
𝑑𝜏 ⊗ 𝑑𝜏 + ℎ𝑆2]

ℎ𝑆2  = 𝑑𝜃 ⊗ 𝑑𝜃 + sin2 𝜃𝑑𝜙 ⊗ 𝑑𝜙,

 

𝐠 = 𝑒2𝑈(𝜏)𝑑𝑡 ⊗ 𝑑𝑡 − 𝑒−2𝑈(𝜏)[𝛿𝑎𝑏𝑑𝑥
𝑎 ⊗𝑑𝑥𝑏],  

lim
𝜏→−∞

 𝑒−2𝑈 =
𝐴

4𝜋
lim
𝜏→−∞

 𝜏2, lim
𝜏→−∞

 𝜏
𝑑𝜙𝑖

𝑑𝜏
= 0, 𝑖 = 1,… , 𝑛𝑣  

lim
𝜏→−∞

 𝜙𝑖 = 𝜙ℎ
𝑖 , 𝒢𝑖𝑗(𝜙ℎ)𝜕𝑗𝑉bh(𝜙ℎ) = 0  

𝜕𝑗𝑉bh(𝜙ℎ) = 0,  
𝑆 = 𝜋𝑉bh(𝜙ℎ(𝒬)) = 0,  

𝐼FGK[𝑈, 𝑧
𝑖] = ∫  𝑑𝜏{(𝑈̇)2 + 𝒢𝑖𝑗𝑧̇

𝑖𝑧‾̇𝑗‾ − 𝑒2𝑈𝑉bh(𝑧, 𝑧‾, 𝒬)},  

(𝑈̇)2 + 𝒢𝑖𝑗𝑧̇
𝑖𝑧‾̇𝑗̇ + 𝑒2𝑈𝑉bh(𝑧, 𝑧‾, 𝒬) = 𝑟0

2.  

𝑉bh(𝑧, 𝑧‾, 𝒬) ≡
1

2
ℳ𝑀𝑁(𝒩)𝒬𝑀𝒬𝑁 ,  

(𝒬𝑀) = (
𝑝Λ

𝑞Λ
) ,  

(ℳ𝑀𝑁(𝒩)) ≡ (𝐼 + 𝑅𝐼−1𝑅 −𝑅𝐼−1

−𝐼−1𝑅 𝐼−1
)  

𝑋 ≡
1

√2
𝑒𝑈+𝑖𝛼  

ℱΛ ≡
𝜕ℱ

𝜕𝒳Λ
  y  ℱΛΣ ≡

𝜕2ℱ

𝜕𝒳Λ𝜕𝒳Σ
,  se tiene  ℱΛ = ℱΛΣ𝒳

Σ  

(𝒱𝑀) = (
ℒΛ

ℳΛ
) = 𝑒𝒦/2 (

𝒳Λ

ℱΛ
)  
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ℳΛ

𝑋
= ℱΛΣ

ℒΛ

𝑋
.  

ℛ𝑀 ≡ ℜ𝔢(𝒱𝑀/𝑋), ℐ𝑀 ≡ ℑ𝔪(𝒱𝑀/𝑋),  
ℛ𝑀 = −ℳ𝑀𝑁(ℱ)ℐ

𝑀  
𝑑ℛ𝑀 = −ℳ𝑀𝑁(ℱ)𝑑ℐ

𝑀  
𝜕ℐ𝑀

𝜕ℛ𝑁
=
𝜕ℐ𝑁

𝜕ℛ𝑀
= −

𝜕ℛ𝑀

𝜕ℐ𝑁
= −

𝜕ℛ𝑁

𝜕ℐ𝑀
= −ℳ𝑀𝑁(ℱ).  

𝐻𝑀 ≡ ℐ𝑀(𝑋, 𝑧, 𝑋‾, 𝑧‾)  

𝑧𝑖 =
𝒱𝑖/𝑋

𝒱0/𝑋
=
𝐻̃𝑖(𝐻) + 𝑖𝐻𝑖

𝐻̃0(𝐻) + 𝑖𝐻0
, 𝑒−2𝑈 =

1

2|𝑋|2
= 𝐻̃𝑀(𝐻)𝐻

𝑀.  

𝛼̇ = 2|𝑋|2𝐻̇𝑀𝐻𝑀 − [
1

2𝑖
𝑧̇𝑖𝜕𝑖𝒦 + 𝑐. 𝑐. ] .  

𝐖(𝐻) ≡ 𝐻̃𝑀(𝐻)𝐻
𝑀 = 𝑒−2𝑈,  

𝐻̃𝑀 =
1

2

𝜕 W

𝜕𝐻𝑀
≡
1

2
𝜕𝑀 W,𝐻𝑀 =

1

2

𝜕 W

𝜕𝐻̃𝑀
.  

−𝐼H−FGK[𝐻]  = ∫  𝑑𝜏 {
1

2
𝑔𝑀𝑁𝐻̇

𝑀𝐻̇𝑁 − 𝑉}

𝑟0
2  =

1

2
𝑔𝑀𝑁𝐻̇

𝑀𝐻̇𝑁 + 𝑉

 

𝑔𝑀𝑁 ≡ 𝜕𝑀𝜕𝑁log  W− 2
𝐻𝑀𝐻𝑁

 W
 

𝑉(𝐻) ≡ {−
1

4
𝑔𝑀𝑁 +

𝐻𝑀𝐻𝑁
2𝐖2

} 𝒬𝑀𝒬𝑁  

𝑉bh = −W𝑉.  
𝑔𝑀𝑁𝐻̈

𝑁 + [𝑃𝑄,𝑀]𝐻̇𝑃𝐻̇𝑄 + 𝜕𝑀𝑉 = 0  

[𝑃𝑄,𝑀] ≡ 𝜕(𝑃𝑔𝑄)𝑀 −
1

2
𝜕𝑀𝑔𝑃𝑄  

𝐻̃𝑀(𝐻̈
𝑀 − 𝑟0

2𝐻𝑀) +
(𝐻̇𝑀𝐻𝑀)

2

 W
= 0,  

𝐻̇𝑀𝐻𝑀 = 0,  
𝐻̃𝑀(𝐻̈

𝑀 − 𝑟0
2𝐻𝑀) = 0,  

𝐻𝑀 = 𝐴𝑀 −
𝐵𝑀

√2
𝜏,  

𝐻𝑀 = 𝐴𝑀cosh (𝑟0𝜏) + 𝐵𝑀sinh (𝑟0𝜏)  

𝐻𝑀 = 𝐴𝑀 −
𝒬𝑀

√2
𝜏,  

𝐻0 = 𝐻0 = 𝐻𝑖 = 0, 𝑝0 = 𝑝0 = 𝑞𝑖 = 0,  

𝐻𝑖 = 𝑎𝑖 −
𝑝𝑖

√2
𝜏, 𝑟0 = 0,  

𝐻𝑀 = 𝐻𝑀(𝑎, 𝑏),  
{𝐻𝑃 = 0, 𝒬𝑃 = 0}  ⇒ ℰ𝑃 = 0,  

(
𝑖𝐻𝑖

𝐻̃𝑖
) =

𝑒𝒦/2

𝑋
(

𝒳𝑖

𝜕𝐹(𝒳)
𝜕𝒳𝑖

) , (
𝐻̃0

0
) =

𝑒𝒦/2

𝑋
(

𝒳0

𝜕𝐹(𝒳)
𝜕𝒳0

) ,  

𝑒−2𝑈 = 𝐻̃𝑖𝐻
𝑖, 𝑧𝑖 = 𝑖

𝐻𝑖

𝐻̃0
,  

𝜕𝐹(𝐻)

𝜕𝐻̃0
= 0  



pág. 7400 

 

𝐹(𝐻) =
𝑖

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

𝐻̃0
+
𝑖𝑐(𝐻̃0)

2

2
+
𝑖(𝐻̃0)

2

(2𝜋)3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻‾ 0)  

𝐻̃𝑖 = −𝑖
𝜕𝐹(𝐻)

𝜕𝐻𝑖
,  

−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 + 𝑐 +

1

4𝜋3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖} [𝐿𝑖3 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻0) + 𝐿𝑖2 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻0) [
𝜋𝑑𝑖𝐻

𝑖

𝐻̃0
]]  

lim
|𝑤|→0

 𝐿𝑖𝑠(𝑤) = 𝑤, ∀𝑠 ∈ ℕ  

−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 + 𝑐 +

1

4𝜋3
∑ 
{𝑑𝑖}

𝑛{𝑑𝑖} [𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻0 + 𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻0 [
𝜋𝑑𝑖𝐻

𝑖

𝐻̃0
]] = 0, ℑ m𝑧𝑖 ≫ 1 

−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 + 𝑐 +

1

4𝜋3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻‾ 0 [
𝜋𝑑𝑖𝐻

𝑖

𝐻̃0
]  

−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 + 𝑐 +

𝑛̂

4𝜋3
𝑒
−2𝜋𝑑̂𝑖

𝐻𝑖

𝐻0 [
𝜋𝑑̂𝑖𝐻

𝑖

𝐻̃0
]  

𝑒−2𝑈 = 𝐖(𝐻) = 𝛼|𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘|

2/3
 

𝑉bh =
W(𝐻)

4
𝜕𝑖𝑗log  W(𝐻)𝒬

𝑖𝒬𝑗 ,  

𝑧𝑖 = 𝑖(3! 𝑐)1/3
𝐻𝑖

(𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘)

1/3
,  

𝜅𝑖𝑗𝑘
0 ℑ m𝑧𝑖ℑ m𝑧𝑗ℑ m𝑧𝑘 >

3𝑐

2
.  

𝑐 >
𝑐

4
 

𝑒−𝒦 = 6𝑐  

𝑐 > 0 ⇒ ℎ11 > ℎ21  
𝑋3,1 ⇒ 𝜅111

0 = 48, 𝜅222
0 = 𝜅333

0 = 8

𝑌3,1 ⇒ 𝜅122
0 = 6, 𝜅222

0 = 18, 𝜅333
0 = 8

 

𝐖(𝐻) = 𝛼|48(𝐻1)3 + 8[(𝐻2)3 + (𝐻3)3]|2/3,

𝐖(𝐻) = 𝛼|18(𝐻2)2[𝐻1 + 𝐻2] + 8(𝐻3)3|2/3.
 

𝐻 = 𝑎cosh (𝑟0𝜏) +
𝑏

𝑟0
sinh (𝑟0𝜏), 𝑏 = 𝑠𝑏√𝑟0

2𝑎2 +
𝑝2

2
,  

𝑧1 = 𝑖(3! 𝑐)1/3𝜆−1/3 = 𝑠2,3𝑧
2,3  

𝜆 = [48 + 8(𝑠2 + 𝑠3)] para 𝑋3,1

𝜆 = [18 + 18𝑠2 + 8𝑠3] para 𝑌3,1.
 

𝑑𝑠2  = [
1

2
(3! 𝑐)1/3 [𝑎cosh (𝑟0𝜏) +

𝑏

𝑟0
sinh (𝑟0𝜏)]

2

]

−1

𝑑𝑡2

 −
1

2
(3! 𝑐)1/3 [𝑎cosh (𝑟0𝜏) +

𝑏

𝑟0
sinh (𝑟0𝜏)]

2

[
𝑟0
4

sinh4 𝑟0𝜏
𝑑𝜏2 +

𝑟0
2

sinh2 𝑟0𝜏
𝑑Ω(2)

2 ]

 

2𝜋𝑖𝑑𝑖𝑧
𝑖 ∼ −

1

3
∑  

3

𝑖=1

 𝑑𝑖, 𝑑𝑖 ≥ 1  
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𝑠2 = 𝑠3 = −1,  para 𝑋3,1,

𝑠2 = −𝑠3 = 1,  para 𝑌3,1.
 

𝒢𝑖𝑗∗ = 𝜕𝑖𝜕𝑗∗𝒦  

𝑎 = −𝑠𝑏
ℑ𝑚𝑧1

√3𝑐
.  

𝑀 = 𝑟0√1 +
3𝑐𝑝2

2𝑟0
2(ℑ m𝑧1)2

,

𝑆± = 𝑟0
2𝜋(√1 +

3𝑐𝑝2

2𝑟0
2(ℑ m𝑧1)2

± 1)

2

.

 

𝑆+𝑆− =
𝜋2𝛼2

4
𝑝4𝜆4/3.  

𝑒−2𝑈 = 𝐖(𝐻) = 𝛼|𝐻1𝐻2𝐻3|2/3,  

𝑧𝑖 = 𝑖𝑐1/3
𝐻𝑖

(𝐻1𝐻2𝐻3)1/3
.  

𝐻𝑖 = 𝑎𝑖cosh (𝑟0𝜏) +
𝑏𝑖

𝑟0
sinh (𝑟0𝜏), 𝑏

𝑖 = 𝑠𝑏
𝑖√𝑟0

2(𝑎𝑖)2 +
(𝑝𝑖)2

2
.  

𝑎𝑖 = −𝑠𝑏
𝑖
ℑ𝑚𝑧∞

𝑖

√3𝑐
.  

𝑀 =
𝑟0
3
∑  

𝑖

 √1 +
3𝑐(𝑝𝑖)2

2𝑟0
2(ℑ𝑚𝑧∞

𝑖 )2

𝑆± = 𝑟0
2𝜋∏  

𝑖

 (√1 +
3𝑐(𝑝𝑖)2

2𝑟0
2(ℑ m𝑧∞

𝑖 )2
± 1)

2/3  

𝑆+𝑆− =
𝜋2𝛼2

4
∏ 

𝑖

  (𝑝𝑖)
4/3

 

−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 +

𝑛̂

4𝜋3
𝑒
−2𝜋𝑑̂𝑙

𝐻𝑙

𝐻0 [
𝜋𝑑̂𝑛𝐻

𝑛

𝐻̃0
]  

𝐻̃0 =
𝜋𝑑̂𝑙𝐻

𝑙

𝑊𝑎 (𝑠𝑎√
3𝑛̂(𝑑̂𝑛𝐻𝑛)

3

2𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘)

,

 

𝐻̃𝑖 =
1

2
𝜅𝑖𝑗𝑘
0 𝐻𝑗𝐻𝑘

𝜋𝑑̂𝑙𝐻𝑙
𝑊𝑎 (𝑠𝑎√

3𝑛̂(𝑑̂𝑚𝐻𝑚)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

) .  

𝑒−2𝑈 = W(𝐻) =
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑚𝐻𝑚
𝑊𝑎 (𝑠𝑎√

3𝑛̂(𝑑̂𝑙𝐻𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

)

𝑧𝑖 = 𝑖
𝐻𝑖

𝜋𝑑̂𝑚𝐻𝑚
𝑊𝑎 (𝑠𝑎√

3𝑛̂(𝑑̂𝑙𝐻
𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

) .
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𝑠0 ≡ sign [𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

𝑑̂𝑚𝐻𝑚
] ,

𝑠−1 ≡ −1

 

𝐻𝑖 = 𝑎𝑖 −
𝑝𝑖

√2
𝜏, 𝑟0 = 0.  

𝑆 =
1

2
𝜅𝑖𝑗𝑘
0 𝑝𝑖𝑝𝑗𝑝𝑘

𝑑̂𝑚𝑝𝑚
𝑊𝑎(𝑠𝑎𝛽),

𝛽 = √
3𝑛̂(𝑑̂𝑙𝑝𝑙)

3

2𝜅𝑝𝑞𝑟
0 𝑝𝑝𝑝𝑞𝑝𝑟

,

 

𝑀 = 𝑈̇(0) =
1

2√2
[
3𝜅𝑖𝑗

0 𝑝𝑖𝑎𝑗𝑎𝑘

𝜅𝑝𝑞𝑟
0 𝑎𝑝𝑎𝑞𝑎𝑟

[1 −
1

1 +𝑊𝑎(𝑠𝑎𝛼)
] −

𝑑𝑙𝑝
𝑙

𝑑𝑛𝑎𝑛
[1 −

3

2(1 +𝑊𝑎(𝑠𝑎𝛼))
]] ,

𝛼 = √
3𝑛̂(𝑑𝑙𝑎𝑙)3

2𝜅𝑝𝑞𝑟
0 𝑎𝑝𝑎𝑞𝑎𝑟

.

 

𝑊𝑎(𝑥)𝑒
−2𝑊𝑎(𝑥) ≫ 𝑒−2𝑊𝑎(𝑥).  

𝑒−2𝑈  =
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑚𝐻𝑚
𝑊0(√

3𝑛̂(𝑑̂𝑙𝐻𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

) ,

𝑧𝑖  = 𝑖
𝐻𝑖

𝜋𝑑̂𝑚𝐻𝑚
𝑊0(√

3𝑛̂(𝑑̂𝑙𝐻𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

) .

 

𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑛𝐻𝑛
> 0 ∀𝜏 ∈ (−∞, 0],

𝜅𝑖𝑗𝑘
0 𝑎𝑖𝑎𝑗𝑎𝑘

2𝜋𝑑̂𝑚𝑎𝑚
𝑊0(𝛼) = 1,

 

𝑒−2𝑈 →
𝜏→−∞ 𝜅𝑖𝑗𝑘

0 𝑝𝑖𝑝𝑗𝑝𝑘

8𝜋𝑑̂𝑚𝑝𝑚
𝑊0(𝛽)𝜏

2.  

𝐿 =⨁ 

𝑁

𝑘=0

 𝐿𝑘,  

𝑢𝑗 ∘ 𝑢𝑘 ∈ 𝐿(𝑗+𝑘)mod(𝑁+1).  
𝑢0 ∘ 𝑣0 ∈ 𝐿0, ∀𝑢0, 𝑣0 ∈ 𝐿0, 
𝑢0 ∘ 𝑢1 ∈ 𝐿1, ∀𝑢0 ∈ 𝐿0, 𝑣1 ∈ 𝐿1, 
𝑢1 ∘ 𝑣1 ∈ 𝐿0, ∀𝑢1, 𝑣1 ∈ 𝐿1, 

• Supersimetrización: ∀𝑥𝑖 ∈ 𝐿𝑖 , ∀𝑥𝑗 ∈ 𝐿𝑗𝑖, 𝑗 = 0,1, 𝑥𝑖 ∘ 𝑥𝑗 = −(−1)𝑖𝑗𝑥𝑗 ∘ 𝑥𝑖. 

• Identidades de Jacobi: ∀𝑥𝑘 ∈ 𝐿𝑘 , ∀𝑥𝑙 ∈ 𝐿𝑙 , ∀𝑥𝑚 ∈ 𝐿𝑚, 𝑘, 𝑙, 𝑚 = 0,1, 𝑥𝑘 ∘ (𝑥𝑙 ∘
𝑥𝑚)(−1)

𝑘𝑚 + 𝑥𝑙 ∘ (𝑥𝑚 ∘ 𝑥𝑘)(−1)
𝑙𝑘 + 𝑥𝑚 ∘ (𝑥𝑘 ∘ 𝑥𝑙)(−1)

𝑚𝑙 = 0. 
𝑥𝜇 ∘ 𝑥𝜈 ≡ 𝑥𝜇𝑥𝜈 − (−1)𝑔𝜇𝑔𝜈𝑥𝜈𝑥𝜇 = 𝑐𝜇𝜈

𝜔 𝑥𝜔  

𝐿𝑖𝑤(𝑧) =∑  

∞

𝑗=1

 
𝑧𝑗

𝑗𝑤
, 𝑧, 𝑤 ∈ ℂ.  

𝐿𝑖𝑤−1(𝑧) = 𝑧
𝜕𝐿𝑖𝑤(𝑧)

𝜕𝑧
.  
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𝐿𝑖1(𝑧) = −log (1 − 𝑧)  

𝐿𝑖0(𝑧) =
𝑧

1 − 𝑧
, 𝐿𝑖−𝑛(𝑧) = (𝑧

𝜕

𝜕𝑧
)
𝑛 𝑧

1 − 𝑧
.  

𝐿𝑖𝑤(𝑧) = ∫  
𝑧

0

 
𝐿𝑖𝑤−1(𝑠)

𝑠
𝑑𝑠  

𝑧 = 𝑊(𝑧)𝑒𝑊(𝑧), ∀𝑧 ∈ ℂ.  
𝑑𝑊(𝑧)

𝑑𝑧
=

𝑊(𝑧)

𝑧(1 +𝑊(𝑧))
, ∀𝑧 ∉ {0,−1/𝑒},  

𝑑𝑊(𝑧)

𝑑𝑧
|
𝑧=0

 

lim
𝑥→−1/𝑒

 
𝑑𝑊0(𝑥)

𝑑𝑥
= ∞, lim

𝑥→−1/𝑒
 
𝑑𝑊−1(𝑥)

𝑑𝑥
= −∞.  

 
𝑋 × 𝑆 

𝜇1,1 ∈ Ω0,1(𝑋,  T𝑋) ⊗ 𝐶∞(𝑆) 

𝜇1,1 = 𝜇𝑗
𝑖(𝑧, 𝑧‾, 𝑡)d𝑧‾𝑖

𝜕

𝜕𝑧𝑗
 

𝛾1,0 ∈ Ω1,0(𝑋)⊗ 𝐶∞(𝑆), 𝛾1,2 ∈ Ω1,2(𝑋) ⊗ 𝐶∞(𝑆) 

𝜕‾𝜇1,1 +
1

2
[𝜇1,1, 𝜇1,1] + Ω−1 ∨ (𝜕𝛾1,0 ∧ 𝜕𝛾1,2) = 0 

Ω0,∙(𝑋, 𝑉) = (Ω0,𝑗(𝑋, 𝑉)[−𝑗], 𝜕‾) 

𝜕Ω(𝜇) ∧ Ω = 𝐿𝜇(Ω) 

𝜕Ω: Ω
0,∙(𝑋,  T𝑋) → Ω0,∙(𝑋) 

Ω0,∙(𝑋,  T𝑋) →
𝜕Ω 

Ω0,∙(𝑋)  

[𝜇, 𝜇′] = 𝐿𝜇𝜇
′

[𝜇, 𝜈] = 𝐿𝜇𝜈
 

(Sym(ℒ∨[−1]), 𝛿ℒ) 
Φ∗: C∙(ℒ′) → C∙(ℒ)  

Ψ∞: 𝜈 ↦ 1 − 𝑒−𝜈 , 𝜇 ↦ 𝑒−𝜈𝜇  
[𝜇]1 = 𝜕‾𝜇 + 𝜕Ω𝜇

[𝜇1, 𝜇2]2 = 𝜕Ω(𝜇1 ∧ 𝜇2)

[𝜈, 𝜇1, 𝜇2]3 = 𝜕Ω(𝜈𝜇1 ∧ 𝜇2)

 

[𝜈1, … , 𝜈𝑘−2, 𝜇1, 𝜇2]𝑘 = 𝜕Ω(𝜈1⋯𝜈𝑘𝜇1 ∧ 𝜇2)

[𝜈1, … , 𝜈𝑘−3, 𝜇1, 𝜇2, 𝛾]𝑘 = 𝜈1⋯𝜈𝑘−3(𝜇 ∧ 𝜇
′) ∨ 𝜕𝛾.

[𝜈1, … , 𝜈𝑘−2, 𝜇, 𝛾]𝑘 = 𝜈1⋯𝜈𝑘−2𝜇 ∨ 𝜕𝛾.

 

[𝑥 ⊗ 𝑎]1 = [𝑥]1
ℒ ⊗𝑎 + (−1)|𝑥|𝑥 ⊗  d𝒜𝑎

[𝑥1⊗𝑎1, … , 𝑥𝑘 ⊗𝑎𝑘]𝑘 = [𝑥1, … , 𝑥𝑘]𝑘
ℒ ⊗ (𝑎1⋯𝑎𝑘), 𝑘 ⩾ 2.

 

F𝐴 = [𝐴]1 +
1

2
[𝐴, 𝐴]2 +

1

3!
[𝐴, 𝐴, 𝐴]3 +⋯ 

 (𝐴, 𝐵) ∈ ℒ[1] ⊕ ℒ![−2] 
−𝑛 −𝑛 + 1 −1 0

Ω0(𝑋; 𝑆) →
𝜕 
Ω1(𝑋; 𝑆) PV1(𝑋; 𝑆) →

𝜕Ω 
PV0(𝑋; 𝑆).

 

Ω𝑖(𝑋; 𝑆) = Ω𝑖,∙;∙(𝑋; 𝑆)

 =⊕𝑗,𝑘 PV
𝑖,𝑗(𝑋)⊗ Ω𝑘(𝑆)[−𝑗 − 𝑘]

 

𝑛 = dimℂ(𝑋) + dimℝ(𝑆) − 1  

∫  
Ω

𝑋×𝑆

𝜇 ∨ 𝛾 + ∫  
Ω

𝑋×𝑆

𝜈𝛽 

𝑆𝐵𝐹,0 = ∫ [𝛽 ∧ (𝜕‾ + d𝑆)𝜈 + 𝛾 ∧ (𝜕‾ + d𝑆)𝜇 + 𝛽 ∧ 𝜕Ω𝜇 +
1

2
[𝜇, 𝜇] ∨ 𝛾 + [𝜇, 𝜈]𝛽]

Ω

[𝛽 ∧ (𝜕‾ + d𝑆)𝜈 + 𝛾 ∧ (𝜕‾ + d𝑆)𝜇 + 𝛽 ∧ 𝜕Ω𝜇 +
1

2
[𝜇, 𝜇] ∨ 𝛾 + [𝜇, 𝜈]𝛽] . 
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𝑆𝐵𝐹,∞ = ∫ [𝛽 ∧ (𝜕‾ + d𝑆)𝜈 + 𝛾 ∧ (𝜕‾ + d𝑆)𝜇 + 𝛽 ∧ 𝜕Ω𝜇 +
1

2

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾]

Ω

[𝛽 ∧ (𝜕‾ + d𝑆)𝜈 + 𝛾 ∧ (𝜕‾ + d𝑆)𝜇 + 𝛽 ∧ 𝜕Ω𝜇 +
1

2

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾] . 

𝜇 ↦ 𝑒−𝜈𝜇, 𝜈 ↦ 1 − 𝑒−𝜈 , 𝛽 ↦ (𝛽 − 𝜇 ∨ 𝛾)𝑒𝜈 , 𝛾 ↦ 𝑒𝜈𝛾  
     

Ω0(𝑋; 𝑆)𝛽 →
𝜕 
Ω1(𝑋; 𝑆)𝛾 PV1(𝑋; 𝑆)𝜇 →

𝜕Ω 
PV0(𝑋; 𝑆)𝜈 .

 

𝑆𝐵𝐹 + 𝑔𝐽  
{𝑆𝐵𝐹 + 𝑔𝐽, 𝑆𝐵𝐹 + 𝑔𝐽} = 0  
{𝑆𝐵𝐹, 𝐽} = {𝐽, 𝐽} = 0  

𝐽 =
1

6
𝛾 ∧ 𝜕𝛾 ∧ 𝜕𝛾  

𝛾1,𝑖;𝑗 ∈ Ω1,𝑖(𝑋) ⊗ Ω𝑗(𝑆) 
deg(𝐽) = 6  

{𝛽 ∧ 𝜕Ω𝜇, 𝐽} =
1

2
𝜕𝛽 ∧ 𝜕𝛾 ∧ 𝜕𝛾 = 0  

{
1

2

1

1 − 𝜈
𝜕𝛾 ∨ 𝜇2,

1

6
𝛾 ∧ 𝜕𝛾 ∧ 𝜕𝛾} =

1

2
(𝜇 ∨ 𝜕𝛾) ∧ 𝜕𝛾 ∧ 𝜕𝛾 

Sym3(⊟) ≅⊞⊕∄  
∧3 (∃) ≅⊟⊕⊟  

𝛾 ↦ √𝑔𝛾, 𝛽 ↦ √𝑔𝛽 
1

√𝑔
(𝑆𝐵𝐹,∞ + 𝐽) 

𝐽 =
1

6
𝑒𝜈𝛾 ∧ 𝜕(𝑒𝜈𝛾) ∧ 𝜕(𝑒𝜈𝛾) 

𝜕‾𝜈 + d𝑆𝜈 + 𝜕Ω𝜇 = 0  

𝜕‾𝜇 + d𝑆𝜇 +
1

2

1

1 − 𝜈
𝜕Ω(𝜇

2) +
1

2
(𝜕𝛾 ∧ 𝜕𝛾) ∨ (𝑔Ω−1) = 0  

(𝜕‾ + d𝑆)𝛾 + 𝜕𝛽 +
1

1 − 𝜈
(𝜇 ∨ 𝜕𝛾) = 0  

(𝜕‾ + d𝑆)𝛽 +
1

2

1

(1 − 𝜈)2
𝜇2 ∨ 𝜕𝛾 = 0  

• 𝜇 = ∑  𝑖,𝑗 𝜇
𝑖;𝑗 𝜇𝑖;𝑗 ∈ PV1,𝑖(𝑋) ⊗ Ω𝑗(ℝ), 𝑖 = 0,… ,5, 𝑗 = 0,1 

• 𝜈 = ∑  𝑖,𝑗 𝜈
𝑖;𝑗 𝜈𝑖;𝑗 ∈ PV0,𝑖(𝑋,  T𝑋) ⊗ Ω𝑗(ℝ), 𝑖 = 0,… ,5, 𝑗 = 0,1 

• 𝛾 = ∑  𝑖,𝑗 𝛾
𝑖;𝑗 𝛾𝑖;𝑗 ∈ Ω1,𝑖(𝑋) ⊗ Ω𝑗(ℝ), 𝑖 = 0,… ,5, 𝑗 = 0,1 

• 𝛽 = ∑  𝑖,𝑗 𝛽
𝑖;𝑗 𝛽𝑖;𝑗 ∈ Ω0,𝑖(𝑋) ⊗ Ω𝑗(ℝ), 𝑖 = 0,… ,5, 𝑗 = 0,1 

𝜕‾𝜇1;0 +
1

2
[𝜇1;0, 𝜇1;0] + (

1

2
𝜕𝛾1;0 ∧ 𝜕𝛾1;0 + 𝜕𝛾2;0 ∧ 𝜕𝛾0;0) ∨ (𝑔Ω−1) = 0  

𝛼 =
 def 

𝜕𝛾0;0 

Ω𝑋
2, hol →

∧𝛼 
Ω𝑋
4, hol ≅  Ω𝒯𝑋

hol  

𝜕‾𝜉 +
1

2
[𝜉, 𝜉] = 𝛼 ∨ 𝜌 

𝜇1;0 = 𝜇𝑖
𝑗
(𝑧, 𝑧‾, 𝑡)d𝑧‾𝑗𝜕𝑧𝑖

𝜇0;1 = 𝜇𝑖
𝑡(𝑧, 𝑧‾, 𝑡)d𝑡𝜕𝑧𝑖

 

𝜇0;0 = 𝜇𝑖(𝑧, 𝑧‾, 𝑡)𝜕𝑧𝑖 

𝛽3;0 = 𝛽𝑖𝑗𝑘(𝑧, 𝑧‾, 𝑡)d𝑧‾𝑖 d𝑧‾𝑗 d𝑧‾𝑘 , 𝛽
2;1 = 𝛽𝑡

𝑖𝑗
(𝑧, 𝑧‾, 𝑡)d𝑧‾𝑖 d𝑧‾𝑗 d𝑡

𝛾2;0 = 𝛾𝑖𝑗𝑘(𝑧, 𝑧‾, 𝑡)d𝑧𝑖 d𝑧‾𝑗 d𝑧‾𝑘 , 𝛾
1;1 = 𝛾𝑡

𝑖𝑗
(𝑧, 𝑧‾, 𝑡)d𝑧𝑖 d𝑧‾𝑗 d𝑡.
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𝜇𝑖𝜕𝑧𝑖  ∈ Vect(ℂ
5) ≅ 𝒪(ℂ5)𝜕𝑧𝑖 , 𝜈 ∈ 𝒪(ℂ

5)

𝛽 ∈ 𝒪(ℂ5), 𝛾𝑖 d𝑧𝑖 ∈ Ω
1(ℂ5) ≅ 𝒪(ℂ5)d𝑧𝑖

 

𝝁(𝑚𝑗)
𝑖 : 𝜇𝑖 ↦ 𝜕𝑧1

𝑚1𝜕𝑧2
𝑚2𝜕𝑧3

𝑚3𝜕𝑧4
𝑚4𝜕𝑧5

𝑚5𝜇𝑖

𝝂(𝑚𝑗)
: 𝜈 ↦ 𝜕𝑧1

𝑚1𝜕𝑧2𝑚2

𝜕𝑧3
𝑚3𝜕𝑧4

𝑚4𝜕𝑧5
𝑚5𝜈

𝜸(𝑚𝑗)
𝑖 : 𝛾𝑖 ↦ 𝜕𝑧1

𝑚1𝜕𝑧2𝑚2

𝜕𝑧3
𝑚3𝜕𝑧4

𝑚4𝜕𝑧5
𝑚5𝛾𝑖

𝜷(𝑚𝑗)
: 𝛽 ↦ 𝜕𝑧1

𝑚1𝜕𝑧2
𝑚2𝜕𝑧3

𝑚3𝜕𝑧4
𝑚4𝜕𝑧5

𝑚5𝛽

 

𝑖(𝑞1, … , 𝑞5) =
∑  5
𝑖=1  𝑞𝑖

∏  5
𝑖=1   (1 − 𝑞𝑖)

+
∑  5
𝑖=1  𝑞𝑖

−1

∏  5
𝑖=1   (1 − 𝑞𝑖

−1)
 

𝑞1
𝑚1+1⋯𝑞𝑖

𝑚𝑖⋯𝑞5
𝑚5+1. 

𝑞1
𝑚1⋯𝑞𝑖

𝑚𝑖+1⋯𝑞5
𝑚5 

∑ 

5

𝑖=1

 ( ∑  

(𝑚𝑖)∈ℤ⩾0
5

 𝑞1
𝑚1⋯𝑞𝑖

𝑚𝑖+1⋯𝑞5
𝑚5 − ∑  

(𝑚𝑖)∈ℤ⩾0
5

 𝑞1
𝑚1+1⋯𝑞𝑖

𝑚𝑖⋯𝑞5
𝑚5+1)  

−
∑  5
𝑖=1  𝑞1⋯𝑞̂𝑖⋯𝑞5
∏  5
𝑖=1   (1 − 𝑞𝑖)

+
∑  5
𝑖=1  𝑞𝑖

∏  5
𝑖=1   (1 − 𝑞𝑖)

 

∏ 

5

𝑖=1

∏  

(𝑚𝑖)∈ℤ⩾0
5

1 − 𝑞1
𝑚1+1⋯𝑞𝑖

𝑚𝑖⋯𝑞5
𝑚5+1

1 − 𝑞1
𝑚1⋯𝑞𝑖

𝑚𝑖+1⋯𝑞5
𝑚5

 

𝐸(5,10)+ = Vect0(ℂ
5) 

𝐸(5,10)− = Ω𝑐𝑙
2 (ℂ5) 

[𝛼, 𝛼′] = Ω−1 ∨ (𝛼 ∧ 𝛼′)  
𝛿 = {𝑆𝐵𝐹,∞ + 𝐽,−} 

𝛿(1) = 𝜕‾ + dℝ + 𝜕Ω|𝜇→𝜈 + 𝜕|𝛽→𝛾  

Vect(ℂ5) →
𝜕Ω 

𝒪(ℂ5)

𝒪(ℂ5) →
𝜕 
Ω1(ℂ5)

 

𝜇 = 𝜇 ⊗ 1 ∈ ΠVect0(ℂ
5) ⊗ Ω0(ℝ) 

 [𝛾] = [𝛾] ⊗ 1 ∈ (Ω1(ℂ5)/d(𝒪(ℂ5)) ⊗ Ω0(ℝ) 

 (𝜇, [𝛾], 𝑏) ∈ Vect0(ℂ
5) ⊕ ΠΩ1(ℂ5)/𝜕𝒪(ℂ5) ⊕ ℂ 

[[𝛾], [𝛾′]] = Ω−1 ∨ (𝜕𝛾 ∧ 𝜕𝛾′) ∈ Vect0(ℂ
5)  

𝜕: Ω1(ℂ5)/d ((ℂ5) ⟹
≅
Ω𝑐𝑙
2 (ℂ5)) 

 𝐾 ⟷ (Πℰ, 𝛿(1)) ⇄
 
𝑞

(𝐸(5,10)⊕ ℂ𝑏 , 0),
 

𝐾̃𝜕𝛾 + 𝜕𝐾𝛾 = 𝛾  

𝛾 − 𝐾̃𝜕𝛾 = 𝜕𝐾𝛾 
[𝜇, 𝜇′, [𝛾]]3 = 𝜑(𝜇, 𝜇′, [𝛾]) 

𝜑: 𝐸(5,10) × 𝐸(5,10) × 𝐸(5,10)  → ℂ𝑏
𝜑(𝜇, 𝜇′, 𝛼)  = ⟨𝜇 ∧ 𝜇′, 𝛼⟩|𝑧=0

 

Ceven (ℒ) = C2∙,+(ℒ) ⊕ C2∙+1,−(ℒ)

Codd (ℒ) = C2∙,−(ℒ) ⊕ C2∙+1,+(ℒ)
 

𝔱11𝑑 = 𝑉 ⊕Π𝑆 
Sym2(𝑆) ≅ 𝑉 ⊕∧2 𝑉 ⊕∧5 𝑉  
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[𝜓, 𝜓′] = Γ∧1(𝜓, 𝜓
′) 

𝔰𝔦𝔰𝔬11𝑑 = 𝔰𝔬(11, ℂ) ⋉ 𝔱11𝑑 
𝑐𝑀2 ∈ C

2,+(𝔰𝔦𝔰𝔬11𝑑; Ω
∙(ℝ11)[2]) 

𝑐𝑀2(𝜓, 𝜓
′) = Γ∧2(𝜓, 𝜓

′) ∈ Ω2(ℝ11) 
𝑉 = 𝐿 ⊕ 𝐿∨⊕ℂ𝑡, 𝑆 =∧

∙ 𝐿  
𝔰𝔩(𝐿) ⊕∧2 𝐿 ⊕∧2 𝐿∨⊕𝐿⊕ 𝐿∨⊕ℂ 

𝑆 =∧∙ (𝐿) = ℂ⊕ 𝐿⊕∧2 𝐿 ⊕∧3 𝐿 ⊕∧4 𝐿 ⊕∧5 𝐿 
Stab(𝑄) = 𝔰𝔩(𝐿) ⊕∧2 𝐿∨⊕𝐿∨ ⊂ 𝔰𝔬(11, ℂ) 

𝐿 ⊕ Stab(𝑄)⊕ Π(∧2 𝐿∨) ⊕ ℂ  
 [𝑄, −]: 𝔰𝔬(11, ℂ) → 𝑆 

[𝜓, 𝜓′]2 = 𝜓 ∧ 𝜓′ ∈∧4 𝐿∨ ≅ 𝐿𝑣  
[𝑣, 𝑣′, 𝜓]3 = 4⟨𝑣 ∧ 𝑣′, 𝜓⟩ ∈ ℂ𝑏  

[𝑧𝑖 ∧ 𝑧𝑗 , 𝑧𝑘 ∧ 𝑧𝑙]2 = 𝜖𝑖𝑗𝑘𝑙𝑚𝜕𝑧𝑚 

[𝜕𝑧𝑖 , 𝜕𝑧𝑗 , 𝑧𝑘 ∧ 𝑧ℓ]3
= 4(𝛿𝑘

𝑖𝛿ℓ
𝑗
− 𝛿ℓ

𝑖𝛿𝑘
𝑗
) 

𝐻∙(𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄) ⊕ (𝐿∨ →
𝔹 
Π𝐿∨) 

[𝑣, 𝜆] = ⟨𝑣, 𝜆⟩ ∈ ℂ𝑏
[𝑣, 𝜓] = ⟨𝑣, 𝜓⟩ ∈ Π𝐿𝜆̃

 

𝔤 ⇝ 𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄 
𝐻:Ω2(ℝ11) → Ω1(ℝ11) 

𝜓̃ = 𝜓 − 𝐻Γ∧2(𝑄, 𝜓) ∈ Π𝑆 ⊕ΠΩ1 

 [𝑣, 𝜓̃] = −𝐿𝑣(𝐻Γ∧2(𝑄, 𝜓)) = −⟨𝑣, Γ∧2(𝑄, 𝜓)⟩ − d⟨𝑣, 𝐻Γ∧2(𝑄, 𝜓)⟩ 
𝑣 ⊗ 𝜓 ↦ ⟨𝑣,𝐻Γ∧2(𝑄, 𝜓)⟩ ∈ 𝐿𝜆 

𝐾 ↻ (𝔤, 𝛿) ⇄
𝑞

𝑖
(𝐻∙(𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄), 0)  

𝐻∙(𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄) ⇝ ℒ(ℂ5 × ℝ) 
𝐿∨ ↦ 0

∧2 𝐿1
∨ ↦ 0

𝑧𝑖 ∧ 𝑧𝑗 ∈∧
2 𝐿2

∨  ↦
1

2
(𝑧𝑖 d𝑧𝑗 − 𝑧𝑗 d𝑧𝑖) ∈ Ω

1,0(ℂ5) ⊗̂ Ω0(ℝ)

𝐴𝑖𝑗 ∈ 𝔰𝔩(5) ↦∑  

𝑖𝑗

 𝐴𝑖𝑗𝑧𝑖𝜕𝑧𝑗 ∈ PV
1,0(ℂ5) ⊗̂ Ω0(ℝ)

𝜕𝑧𝑗 ∈ 𝐿 ↦ 𝜕𝑧𝑖 ∈ PV
1,0(ℂ5) ⊗̂ Ω0(ℝ5)

1 ∈ ℂ𝑏 ↦ 1 ∈ Ω0,0(ℂ5) ⊗̂ Ω0(ℝ).

 

[𝑧𝑖 ∧ 𝑧𝑗 , 𝑧𝑘 ∧ 𝑧𝑙] = 𝜖𝑖𝑗𝑘𝑙𝑚𝜕𝑧𝑚  

[𝜕𝑧𝑖 , 𝑧𝑗 d𝑧𝑘 − 𝑧𝑘 d𝑧𝑗] = 𝛿𝑗
𝑖 d𝑧𝑘 − 𝛿𝑘

𝑖  d𝑧𝑗 

Φ(2)(𝜕𝑧𝑖 , 𝑧𝑗 ∧ 𝑧𝑘) =
1

2
(𝛿𝑗

𝑖𝑧𝑘 − 𝛿𝑘
𝑖 𝑧𝑗).  

[Φ(1)(𝜕𝑧𝑖),Φ
(1)(𝑧𝑗 ∧ 𝑧𝑘)] = 𝜕Φ(2)(𝜕𝑧𝑖 , 𝑧𝑗 ∧ 𝑧𝑘) 

Φ(1) [𝜕𝑧𝑖 , 𝜕𝑧𝑗 , 𝑧𝑘 ∧ 𝑧𝑙]3
= [Φ(1)(𝜕𝑧𝑖),Φ

(1)(𝜕𝑧𝑖),Φ
(1)(𝑧𝑘 ∧ 𝑧𝑙)]3

 + [𝜕𝑧𝑖 , Φ
(2) (𝜕𝑧𝑗 , 𝑧𝑘 ∧ 𝑧𝑙)] + [𝜕𝑧𝑗 , Φ

(2)(𝜕𝑧𝑖 , 𝑧𝑘 ∧ 𝑧𝑙)]
 

𝐻∙(𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄) → 𝐸(5,10)̂  
𝐿 ⊕ Stab(𝑄)⊕ Π(∧3 𝐿) ⊕ ℂ𝑏 → 𝐸(5,10)⊕ ℂ𝑏′ 



pág. 7407 

 

𝐿1
∨ ↦ 0

∧2 𝐿1
∨ ↦ 0

𝑧𝑖 ∧ 𝑧𝑗 ∈∧
2 𝐿2 ↦  d𝑧𝑖 ∧  d𝑧𝑗 ∈ Ω𝑐𝑙

2 (ℂ5)

𝐴𝑖𝑗 ∈ 𝔰𝔩(5) ↦∑  

𝑖𝑗

 𝐴𝑖𝑗𝑧𝑖𝜕𝑧𝑗 ∈ Vect0(ℂ
5)

𝜕𝑧𝑖 ∈ 𝐿 ↦ 𝜕𝑧𝑖 ∈ Vect0(ℂ
5)

𝑏 ∈ ℂ𝑏 ↦ 𝑏 ∈ ℂ𝑏′ .

 

𝜇2(𝜓, 𝜓
′, 𝑣, 𝑣′) = ⟨𝑣 ∧ 𝑣′, Γ(𝜓, 𝜓′)⟩ 

𝐴 ∈ ΠΩ0,∙(ℂ2) ⊗̂ Ω∙(ℝ7), 
𝜕‾𝐴 + dℝ7𝐴 + 𝜕𝑧1𝐴 ∧ 𝜕𝑧2𝐴 = 0 

ℂ2 ×ℝ7 
𝑄 + 𝑄𝑛𝑚 

𝑄𝑛𝑚 ∈∧2 (𝐿∨) 
ℂ5 × ℝ = ℂ𝑧𝑖

2 × ℂ𝑤𝑎
3 ×ℝ 

𝑄𝑛𝑚 = d𝑧1 ∧  d𝑧2 

∏  

(𝑛1,𝑛2)∈ℤ⩾0
2

1

1 − 𝑞−𝑛1+𝑛2
 

𝑨(𝑛1,𝑛2): 𝐴 ↦ 𝜕𝑤1
𝑛1𝜕𝑤2

𝑛2𝐴(0) 

∑  

(𝑛1,𝑛2)∈ℤ⩾0
2

 𝑞−𝑛1+𝑛2  

∏  

(𝑛1,𝑛2)∈ℤ⩾0
2

1

1 − 𝑞−𝑛1+𝑛2
 

𝑞1𝑞2 = 1, 𝑞3𝑞4𝑞5 = 1 

𝑖(𝑞) =
1

(1 − 𝑞)(1 − 𝑞−1)
 

𝛾𝑛𝑚 =
1

2
(𝑧1 d𝑧2 − 𝑧2 d𝑧1) ∈ Ω

1,0(ℂ5) ⊗ Ω0(ℝ)  

d𝑧1 ∧  d𝑧2 ∈ Ω𝑐𝑙
2 (ℂ5) 

[𝑓𝑙𝜕𝑧𝑙 , d𝑧1 ∧  d𝑧2] = 𝜕𝑓𝑖 ∧  d𝑧𝑗 − 𝜕𝑓𝑗 ∧  d𝑧𝑖

[𝑔𝑎𝜕𝑤𝑎 , d𝑧1 ∧  d𝑧2] = 0

[ℎ𝑎𝑏 d𝑤𝑎 ∧  d𝑤𝑏 , d𝑧1 ∧  d𝑧2] = 𝜖𝑎𝑏𝑐ℎ
𝑎𝑏𝜕𝑤𝑐 .

 

𝜕𝑧1𝑓 + 𝜕𝑧2𝑔 = 0 

𝐻∙(𝐸(5,10), [d𝑧1 ∧  d𝑧2, −]) ≃ Vect0(ℂ
2) 

0 → ℂ → 𝒪(ℂ2) → Vect0(ℂ
2) → 0  

𝐻∙(𝐸(5,10̂ ), [d𝑧1 ∧  d𝑧2, −]) ≃ 𝒪(ℂ2) 

𝜑(𝜇, 𝜇′, 𝛼) = ⟨𝜇 ∧ 𝜇′, 𝛼⟩|𝑧=0 

(𝑓𝑖𝜕𝑧𝑖 , 𝑔𝑗𝜕𝑧𝑗) ↦ (𝑓1𝑔2 − 𝑓2𝑔1)(𝑧1 = 𝑧2 = 0) 

𝑍 × 𝑀 

𝛼 ∈ ΠΩ0,∙(𝑍) ⊗̂ Ω∙(𝑀) 

{𝛼𝐼(𝑧, 𝑧‾)d𝑧‾𝐼 , 𝛼
𝐽(𝑧, 𝑧‾)d𝑧‾𝐽}𝑝𝑏 = (𝜕𝑧1𝛼

𝐼𝜕𝑧2𝛼
𝐽 ± 𝜕𝑧2𝛼

𝐼𝜕𝑧1𝛼
𝐽)d𝑧‾𝐼 ∧  d𝑧‾𝐽 

1

2
∫  
𝑍×𝑀

  (𝛼 ∧  d𝛼) ∧ 𝜔𝑍
2,0 +

1

6
∫  
𝑍×𝑀

 𝛼 ∧ {𝛼, 𝛼}𝑝𝑏 ∧ 𝜔𝑍
2,0
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𝜇𝑧 ∈ PV
1,∙(ℂ𝑧

2) ⊗ PV0,∙(ℂ𝑤
3 ) ⊗ Ω∙(ℝ)

𝜇𝑤 ∈ PV
0,∙(ℂ𝑧

2) ⊗ PV1,∙(ℂ𝑤
3 ) ⊗ Ω∙(ℝ)

 

1

2
∫  
ℂ2×ℂ3×ℝ

 
1

1 − 𝜈
(𝜕𝛾 ∨ 𝜇2) ∧ (d2𝑧 ∧  d3𝑤)  

1

6
∫  
ℂ2×ℂ3×ℝ

 𝛾𝜕𝛾𝜕𝛾  

∫  
1

1 − 𝜈
(
1

2
𝜕𝑤𝛾𝑤 ∨ 𝜇𝑤

2 + 𝜕𝑧𝛾𝑤 ∨ 𝜇𝑤𝜇𝑧 + 𝜕𝑤𝛾𝑧 ∨𝜇𝑤𝜇𝑧 +
1

2
𝜕𝑧𝛾𝑧 ∨ 𝜇𝑧

2) ∧ (d2𝑧 ∧  d3𝑤)

 +
1

2
∫  

1

1 − 𝜈
(d2𝑧 ∨ 𝜇𝑧

2) ∧ (d2𝑧 ∧  d3𝑤)

 

1

6
∫  (𝛾𝑤𝜕

𝑧𝛾𝑤𝜕
𝑧𝛾𝑤 + 𝛾𝑤𝜕

𝑤𝛾𝑤𝜕
𝑧𝛾𝑧 + 𝛾𝑤𝜕

𝑤𝛾𝑧𝜕
𝑤𝛾𝑧) +

1

2
∫  (𝛾𝑤𝜕

𝑤𝛾𝑤) ∧ d
2𝑧  

1

2
∫  ( d2𝑧 ∨ 𝜇𝑧

2) ∧ (d2𝑧 ∧  d3𝑤) +
1

2
∫  (𝛾𝑤 ∧ 𝜕

𝑤𝛾𝑤) ∧ d
2𝑧  

Ω𝑍
1,∙ ⊗̂ Ω𝑊

0,∙ →
𝜔𝑍
2,0⊗𝟙 

PV𝑍
1,∙ ⊗̂ PV𝑊

0,∙ 

Ω𝑍
0,∙ ⊗̂ Ω𝑊

1,∙ →
𝟙⊗𝜕𝑤 

Ω𝑍
0,∙ ⊗̂ Ω𝑊

2,∙ →
𝟙⊗Ω𝑊 

PV𝑍
0,∙ ⊗̂ PV𝑊

1,∙ 

Ω𝑍
0,∙ ⊗̂ Ω𝑊

∙∙ ⊗̂ Ω𝐿
∙ =⊕𝑘=0

3 Ω𝑍
0,∙ ⊗̂ Ω𝑊

𝑘,∙ ⊗̂ Ω𝐿
∙  

𝜇𝑧 = (1 − 𝛼̃3)(𝜕𝑧1 ∧ 𝜕𝑧2) ∨ 𝜕
𝑧𝛼0, 𝜇𝑤 = (𝜕𝑤1 ∧ 𝜕𝑤2 ∧ 𝜕𝑤3) ∨ 𝛼

2, 𝜈 = 𝛼̃3

𝛽 = 𝛼0, 𝛾𝑤 = 𝛼1, 𝛾𝑧 = 0
 

∫  ∑  

3

𝑘=0

 𝛼𝑘(𝜕‾ + dℝ)𝛼
3−𝑘  

∫  𝛼0𝜕𝑤𝛼2 −∫  𝛼0𝜕𝑧𝛼0𝜕𝑧𝛼3  

∫  
1

2
𝛼1𝜕𝑤𝛼1  

1

2
∫  

1

1 − 𝛼̃3
𝜕𝑤𝛼1(𝛼̃2)2 d2𝑧 + ∫  𝛼2𝜕𝑧𝛼0𝜕𝑧𝛼1 +

1

2
∫  (1 − 𝛼3)𝜕𝑧𝛼0𝜕𝑧𝛼0  

1

6
∫  𝛼1𝜕𝑧𝛼1𝜕𝑧𝛼1  

𝑆𝑝𝐶𝑆(𝛼) + ∫  
1

2

1

1 − 𝛼̃3
𝜕𝑤𝛼1(𝛼̃2)2 d2𝑧  

1

6
∫  

1

1 − 𝛼̃3
𝛼2(𝛼̃2)2  

1

2
∫  

1

1 − 𝛼̃3
𝜕𝑤𝛼1(𝛼̃2)2 +

1

6
∫  

1

1 − 𝛼̃3
𝜕𝑤(𝛼2)𝛼2(𝛼̃2)2 

PV𝑖,𝑗(𝑋) = Ω0,𝑗(𝑋,∧𝑖  T𝑋)  

𝜕Ω: PV
𝑖,∙(𝑋) → PV𝑖−1,∙(𝑋) 

(PV∙∙(𝑋)[[𝑢]][2], 𝜕‾ + 𝑢𝜕Ω)  

(𝜕Ω⊗1)𝛿Δ⊂𝑋×𝑋 ∈ [PV
∙∙(𝑋)]⊗̂2 

𝐼𝐵𝐶𝑂𝑉(Σ) = Tr𝑋⟨exp Σ⟩0 = ∑  

𝑛⩾0

 Tr𝑋⟨Σ
⊗𝑛⟩

0  

⟨𝑢𝑘1𝜇1⊗⋯⊗𝑢𝑘𝑚𝜇𝑚⟩0: = (∫  
ℳ0,𝑚

 𝜓1
𝑘1⋯𝜓𝑚

𝑘𝑚)𝜇1⋯𝜇𝑚 = (
𝑚 − 3

𝑘1, ⋯ , 𝑘𝑚
) 𝜇1⋯𝜇𝑚  

Σ ↦ [𝑢(exp (Σ/𝑢) − 1)]+ 
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( ⨁  

𝑖+𝑗⩽𝑑−1

 𝑢𝑖PV𝑗,∙(𝑋)[2], 𝜕‾ + 𝑢𝜕Ω)  

PV1,∙ →
𝑢𝜕Ω 

𝑢PV0,∙

PV2,∙ →
𝑢𝜕Ω 

𝑢PV1,∙ →
𝑢𝜕Ω 

𝑢2PV0,∙

PV3,∙ →
𝑢𝜕Ω 

𝑢PV2,∙ →
𝑢𝜕Ω 

𝑢2PV1,∙ →
𝑢𝜕Ω 

𝑢3PV0,∙

 

𝛼 =∑  

𝑛

 𝛼𝑛𝑢
𝑛 ∈ ℰ𝑚𝐾𝑆(ℂ

4) ⊗ Ω∙(ℝ2)  

𝐼𝐼𝐼𝐴 = ∫  
ℂ4×ℝ2

𝛼0
3 +⋯ 

𝜂 ∈ PV0,∙(ℂ4) ⊗ Ω∙(ℝ2), 𝜇 + 𝑢𝜈 ∈ PV1,∙(ℂ4) ⊗ Ω∙(ℝ2) ⊕ 𝑢PV0,∙(ℂ4) ⊗ Ω∙(ℝ2)

Π ∈ PV3,∙(ℂ4) ⊗ Ω∙(ℝ2), 𝜎 ∈ PV3,∙(ℂ4) ⊗ Ω∙(ℝ2)
 

𝐼𝐼𝐼𝐴 =
1

2
Trℂ4×ℝ2

1

1 − 𝜈
𝜇2 ∧ Π + Trℂ4×ℝ2

1

1 − 𝜈
𝜂 ∧ 𝜇 ∧ 𝜎 +

1

2
Trℂ4×ℝ2

1

1 − 𝜈
𝜂 ∧ Π2 +⋯  

PV0,∙(ℂ4) ⊗ Ω∙(ℝ2)𝜂

𝑢−1Ω0,∙(ℂ4) ⊗ Ω∙(ℝ2)𝛽 →
𝑢𝜕 

Ω1,∙(ℂ4) ⊗ Ω∙(ℝ2)𝛾

Ω0,∙(ℂ4) ⊗ Ω∙(ℝ2)𝜃

 

∫  
Ω

ℂ4×ℝ2
𝜂𝜃 + ∫  

Ω

ℂ4×ℝ2
𝜇 ∨ 𝛾 + ∫  

Ω

ℂ4×ℝ2
𝜈𝛽 

𝐼𝐼𝐼𝐴 =
1

2
∫  
Ω

ℂ4×ℝ2
 
1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾 + ∫  

Ω

ℂ4×ℝ2
 
1

1 − 𝜈
(𝜂 ∧ 𝜇) ∨ 𝜕𝜃 +

1

2
∫  
ℂ4×ℝ2

 
1

1 − 𝜈
𝜂 ∧ 𝜕𝛾 ∧ 𝜕𝛾  

𝑀 × 𝑉 → 𝑀 × 𝑉ℝ  
ℂ4 × ℂ × ℝ𝑡 → ℂ4 × ℝ𝑥 ×ℝ𝑡 ≅ ℂ4 × ℝ2 

𝜈11𝑑 ∈ PV
0,∙(ℂ5) ⊗ Ω∙(ℝ) 

𝜈(𝑧𝑖, 𝑥, 𝑡) = 𝜈11𝑑(𝑧𝑖 , 𝑥, 𝑦 = 0, 𝑡)|d𝑧‾5=d𝑥 

𝛽(𝑧𝑖, 𝑥, 𝑡) = 𝛽11𝑑(𝑧𝑖 , 𝑥, 𝑦 = 0, 𝑡)|d𝑧‾5=d𝑥. 

𝜇11𝑑 = 𝜇11𝑑
0 + 𝜃11𝑑𝜕𝑧5 

𝜇11𝑑
0  ∈ PV1,∙(ℂ4) ⊗ Ω0,∙(ℂ𝑧5) ⊗ Ω∙(ℝ𝑡)

𝜃11𝑑  ∈ Ω
0,∙(ℂ4) ⊗ Ω0,∙(ℂ𝑧5) ⊗ Ω∙(ℝ𝑡).

 

𝜇(𝑧𝑖, 𝑥, 𝑡) = 𝜇11𝑑
0 (𝑧𝑖 , 𝑥, 𝑦 = 0, 𝑡)|

d𝑧‾5=d𝑥
. 

𝜃(𝑧𝑖, 𝑥, 𝑡) = 𝜃11𝑑(𝑧𝑖 , 𝑥, 𝑦 = 0, 𝑡)|d𝑧‾5=d𝑥 

𝛾11𝑑 = 𝛾11𝑑
0 + 𝜂11𝑑 d𝑧5 

𝛾11𝑑
0 ∈ Ω1,∙(ℂ4) ⊗ Ω0,∙(ℂ𝑧5) ⊗ Ω∙(ℝ𝑡)

𝜂11𝑑 ∈ PV
0,∙(ℂ4) ⊗ Ω0,∙(ℂ𝑧5) ⊗ Ω∙(ℝ𝑡)

 

𝛾(𝑧𝑖, 𝑥, 𝑡) = 𝛾11𝑑
0 (𝑧𝑖 , 𝑥, 𝑦 = 0, 𝑡)|

d𝑧‾5=d𝑥
 

𝜂(𝑧𝑖, 𝑥, 𝑡) = 𝜂11𝑑(𝑧𝑖 , 𝑥, 𝑦 = 0, 𝑡)|d𝑧‾5=d𝑥 

∫  
Ω
ℂ4

ℂ4×ℝ2
 
1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾 + ∫  

Ω
ℂ4

ℂ4×ℝ2
 
1

1 − 𝜈
(𝜃 ∧ 𝜇) ∨ 𝜕𝜂  

∫  
ℂ4×ℝ2

 𝜂 ∧ 𝜕𝛾 ∧ 𝜕𝛾  

𝜃̃ =
1

1 − 𝜈
𝜃, 𝜂̃ = (1 − 𝜈)𝜂, 𝛽 = 𝛽 +

1

1 − 𝜈
𝜂 ∧ 𝜃 
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 ∫  
Ω
ℂ4

ℂ4×ℝ2
 
1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾 + ∫  

Ωℂ 
4

ℂ4×ℝ2
 
1

1 − 𝜈
𝜂̃ ∧ 𝜕𝛾 ∧ 𝜕𝛾 + ∫  

Ωℂ
4

ℂ4×ℝ2
  (𝜃̃ ∧ 𝜇) ∨ 𝜕 (

1

1 − 𝜈
𝜂̃)

 +∫  
Ω
ℂ4

ℂ4×ℝ2
 
1

1 − 𝜈
(𝜂̃ ∧ 𝜃̃)𝜕Ω𝜇

 

−∫  
Ω
ℂ4

ℂ4×ℝ2
(

1

1 − 𝜈
𝜂̃) 𝜕Ω(𝜃̃𝜇) + ∫  

Ω
ℂ4

ℂ4×ℝ2
(

1

1 − 𝜈
𝜂̃) 𝜃̃𝜕Ω𝜇 

 

𝐼typeI = Trℂ5
1

1 − 𝜈
𝜇2 ∨ 𝜎 +⋯  

 

𝐼typeI =
1

2
∫  
Ω

ℂ5
 
1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾̃  

 
ℳ𝑡=0,ℳ𝑡=1 ⊂ ℰ𝜕 

ℳ𝑡=0 ×
⊵
ℰ𝜕ℳ𝑡=1. 

ℳ𝑡=0:  𝛾|𝑡=0 = 𝛽|𝑡=0 = 0 
ℳ𝑡=1:  𝛾|𝑡=1 = 𝛽|𝑡=1 = 0 

ℂ5 × [0,1] → ℂ5 

 

 
ℳ𝑡=0 ↪ ℳ̃𝑡=0 → ℰ𝜕 

 
ℂ5 × 𝑆1 → ℂ5 

𝜇 + 𝜖𝜇′ ∈ ΠPV1,∙(ℂ5)[𝜖] 
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 ∫  
Ω

ℂ5
  (𝛽′ ∧ 𝜕‾𝜈 + 𝛽 ∧ 𝜕‾𝜈′ + 𝛾′ ∧ 𝜕‾𝜇 + 𝛾 ∧ 𝜕‾𝜇′ + 𝛽′ ∧ 𝜕Ω𝜇 + 𝛽 ∧ 𝜕Ω𝜇

′)

 +∫  
Ω

ℂ5
 (
1

2

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾′ +

1

1 − 𝜈
(𝜇 ∧ 𝜇′) ∨ 𝜕𝛾′ +

1

2

𝜈′

(1 − 𝜈)2
𝜇2 ∨ 𝜕𝛾)

 +
1

2
∫  
ℂ5
 𝛾′ ∧ 𝜕𝛾 ∧ 𝜕𝛾

 

𝑋 × ℂ2 × ℝ → ℂ2 × ℝ 
𝛼, 𝜂 ∈ ΠΩ0,∙(ℂ2) ⊗ Ω∙(ℝ) 

𝐴grav , 𝐵grav ∈ ΠΩ
0,∙(ℂ2) ⊗ Ω∙(ℝ) 

∫  
Ω

ℂ2×ℝ

  (𝜂𝜕‾𝛼 + 𝐵grav 𝜕‾𝐴grav + 𝐵𝜕‾𝐴 + 𝜓𝜕‾𝜒)

 +∫  
Ω

ℂ2×ℝ

  (
1

2
𝜂{𝛼, 𝛼} + 𝐵grav {𝛼, 𝐴grav } + 𝐵{𝛼, 𝐴} + 𝜓{𝛼, 𝜒})

 +
1

6
∫  
ℂ2×ℝ

 𝐵grav 𝜕𝐵grav 𝜕𝐵grav 

 

PV0,∙(𝑋 × ℂ2) ⊗ Ω∙(ℝ) ≃ 𝐻∙(𝑋, 𝒪)⊗ PV0,∙(ℂ2) ⊗ Ω∙(ℝ)

 = PV0,∙(ℂ2) ⊗ Ω∙(ℝ)⊕ ΠΩ‾𝑋PV
0,∙(ℂ2) ⊗ Ω∙(ℝ)

 

𝜈11𝑑 = 𝜈 + Ω‾𝑋𝜈 
ΠPV1,∙(𝑋 × ℂ2) ⊗ Ω∙(ℝ) ≃ Π𝐻∙(𝑋, 𝒪) ⊗ PV1,∙(ℂ2) ⊗ Ω∙(ℝ)

 ⊕ Π𝐻∙(𝑋,  T𝑋) ⊗ PV0,∙(ℂ2) ⊗ Ω∙(ℝ)

 = ΠPV1,∙(ℂ2) ⊗ Ω∙(ℝ)⊕ Ω‾𝑋PV
1,∙(ℂ2) ⊗ Ω∙(ℝ)

 ⊕ 𝐻1(𝑋,  T𝑋) ⊗ PV0,∙(ℂ2) ⊗ Ω∙(ℝ)⊕ Π𝐻2(𝑋,  T𝑋) ⊗ PV0,∙(ℂ2) ⊗ Ω∙(ℝ)

 

𝜇11𝑑 = 𝜇 + Ω‾𝑋𝜇̃

 +𝑒𝑖𝜒𝑖 + 𝑓𝑎𝐴𝑎 + (Ω𝑋
−1 ∨ 𝜔2)𝐴grav 

 

𝐻2(𝑋, Ω𝑋
2)⊥ ⊂ 𝐻2(𝑋, Ω𝑋

2) ≅ 𝐻2(𝑋,  T𝑋) 
𝛽11𝑑 = 𝛽 + Ω‾𝑋𝛽

𝛾11𝑑 = 𝛾 + Ω‾𝑋𝛾̃ + 𝑒𝑖𝜓
𝑖 + 𝑓𝑎𝐵

𝑎 + 𝜔 ∧ 𝐵grav 
 

𝛼, 𝜒 ∈ Ω0,∙(ℂ2) ⊗ Ω∙(ℝ) 
𝜂 = (d2𝑧)−1 ∨ 𝜕𝛾̃, 𝜓 = (d2𝑧)−1 ∨ 𝜕𝛾 ∈ Ω0,∙(ℂ2) ⊗ Ω∙(ℝ) 

𝛼, 𝐴grav ∈ ΠΩ0,∙(ℂ2) ⊗ Ω∙(ℝ), 𝜂, 𝐵grav ∈ Ω0,∙(ℂ2) ⊗ Ω∙(ℝ)

𝜒, 𝜒𝑖 ∈ Ω0 ∙ (ℂ2) ⊗ Ω∙(ℝ), 𝜓, 𝜓𝑖 ∈ Ω0,(ℂ2) ⊗ Ω∙(ℝ), 𝑖 = 1,… , ℎ2,1

𝐴𝑎 ∈ ΠΩ0,∙(ℂ2) ⊗ Ω∙(ℝ), 𝐵𝑎 ∈ ΠΩ0,(ℂ2) ⊗ Ω∙(ℝ), 𝑎 = 1,… , ℎ1,1 − 1.

 

∫  
Ω

ℂ2×ℝ

  (
1

2
𝜕𝛼 ∧ 𝜕𝛼 ∧ 𝜂 + 𝜕𝐴grav ∧ 𝜕𝐴grav ∧ 𝐵grav )

 +∫  
Ω

ℂ2×ℝ

  (𝜕𝛼 ∧ 𝜕𝜒 ∧ 𝜓 + 𝜕𝛼 ∧ 𝜕𝜒𝑖 ∧ 𝜓
𝑖 + 𝜕𝛼 ∧ 𝜕𝐴𝑎 ∧ 𝐵

𝑎)

 

1

6
∫  
ℂ2×ℝ

 𝐵grav 𝜕𝐵grav 𝜕𝐵grav  

𝐻∙(𝑋, Ω∙) =⊕𝑖,𝑗 𝐻
𝑖(𝑋, Ω𝑋

𝑗
) 
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𝐻∙(𝑋, Ω∙) ⊗ 𝒪(ℂ2) 
 [[𝜔] ⊗ 𝑓, [𝜔] ⊗ 𝑔] = [𝜔2] ⊗ {𝑓, 𝑔} ∈ 𝐻2,2(𝑋, Ω2) ⊗ 𝒪(ℂ2) 

ℂ𝑤
4 × ℂ𝑧 ×ℝ 

𝐼𝑀2(𝛾) = 𝑁∫  
ℂ𝑧

𝛾 +⋯ 

𝐼𝐷2(𝛾) = 𝑁∫  
ℝ×ℂ𝑧

𝛾 +⋯ 

𝜕‾𝜇 +
1

2
[𝜇, 𝜇] + 𝜕𝛾𝜕𝛾 = 𝑁Ω−1𝛿𝑤=0  

𝜕Ω𝜇 = 0  

𝐹𝑀2 =
6

(2𝜋𝑖)4
∑  4
𝑎=1  𝑤‾𝑎 d𝑤‾1⋯  d̂𝑎⋯  d𝑤‾4

‖𝑤‖8
𝜕𝑧 

𝜕‾(𝑁𝐹𝑀2) +
1

2
[𝑁𝐹𝑀2, 𝑁𝐹𝑀2] = 𝑁Ω−1𝛿𝑤=0

𝜕Ω(𝑁𝐹𝑀2) = 0
 

[𝐹𝑀2, 𝐹𝑀2] = 0 

𝜕

𝜕𝑧
, 𝑧
𝜕

𝜕𝑧
−
1

4
∑  

4

𝑎=1

𝑤𝑎
𝜕

𝜕𝑤𝑎
, 𝑧 (𝑧

𝜕

𝜕𝑧
−
1

2
∑  

4

𝑎=1

 𝑤𝑎
𝜕

𝜕𝑤𝑎
) ∈ PV1,0(ℂ5) ⊗ Ω0(ℝ) 

∑  

4

𝑎,𝑏=1

𝐵𝑎𝑏𝑤𝑎
𝜕

𝜕𝑤𝑏
∈ PV1,0(ℂ5) ⊗ Ω0(ℝ), (𝐵𝑎𝑏) ∈ 𝔰𝔩(4) 

(∧2 ℂ4)+1⊕ (∧2 ℂ4)−1 
1

2
(𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎) ∈ Ω

1,0(ℂ5) ⊗ Ω0(ℝ), 𝑎, 𝑏 = 1,2,3,4 

1

2
𝑧(𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎) ∈ Ω

1,0(ℂ5) ⊗ Ω0(ℝ), 𝑎, 𝑏 = 1,2,3,4 

𝑖𝑀2: 𝔬𝔰𝔭(6 ∣ 1) ↪ 𝐸(5,10) 
d𝑤𝑎 ∧  d𝑤𝑏 , 𝑎, 𝑏 = 1,2,3,4 

𝑧 d𝑤𝑎 ∧  d𝑤𝑏 +
1

2
 d𝑧 ∧ (𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎), 𝑎, 𝑏 = 1,2,3,4 

(ℂ5 × ℝ) ∖ {𝑤 = 0} ≅ (ℂ𝑤
4 ∖ 0) × ℂ𝑧 × ℝ 

[𝐹, −]: PV𝑖,∙(ℂ𝑤
4 ∖ 0) ⊗ PV𝑗,∙(ℂ𝑧) ⊗ Ω∙(ℝ) → PV𝑖,∙+3(ℂ𝑤

4 ∖ 0) ⊗ PV𝑗,∙(ℂ𝑧)⊗ Ω∙(ℝ)

[𝐹,−]: Ω𝑖,∙(ℂ𝑤
4 ∖ 0) ⊗ Ω𝑗,∙(ℂ𝑧)⊗ Ω∙(ℝ) → Ω𝑖,∙+3(ℂ𝑤

4 ∖ 0) ⊗ Ω𝑗,∙(ℂ𝑧) ⊗ Ω∙(ℝ)
 

𝛿(1) = 𝜕‾ + dℝ + 𝜕Ω|𝜇→𝜈 + 𝜕|𝛽→𝛾 

 
ℂ[𝑧] ↪ 𝐻∙(ℂ,ℱ) 

ℂ[𝑤1, … , 𝑤4] ↪ 𝐻0(ℂ4 ∖ 0, 𝒪)

ℂ[𝑤1, … , 𝑤4]{𝜕𝑤𝑖} ↪ 𝐻0(ℂ4 ∖ 0, T)

ℂ[𝑤1, … , 𝑤4]{d𝑤𝑖} ↪ 𝐻0(ℂ4 ∖ 0, Ω1)

 



pág. 7413 

 

(𝑤1⋯𝑤4)
−1ℂ[𝑤1

−1, … , 𝑤4
−1] ↪ 𝐻3(ℂ4 ∖ 0, 𝒪)

(𝑤1⋯𝑤4)
−1ℂ[𝑤1

−1, … , 𝑤4
−1]{𝜕𝑤𝑖} ↪ 𝐻3(ℂ4 ∖ 0, T)

(𝑤1⋯𝑤4)
−1ℂ[𝑤1

−1, … , 𝑤4
−1]{d𝑤𝑖} ↪ 𝐻3(ℂ4 ∖ 0, Ω1)

 

𝐻∙(ℒ(ℂ5 ×ℝ ∖ {𝑤 = 0}), 𝜕‾) 

 

 
 [𝐹] = (𝑤1⋯𝑤4)

−1𝜕𝑧 ∈ 𝐻
3(ℂ4 ∖ 0, 𝒪)[𝑧]𝜕𝑧 

[[𝐹], 𝑧(𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎)] = (𝑤1⋯𝑤4)
−1(𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎) = 0 

{𝑤1 = 𝑤2 = 𝑡 = 0} ⊂ ℂ𝑧
3 × ℂ𝑤

2 × ℝ 

𝐼𝑀5 = 𝑁∫  
ℂ𝑧
3
𝜕Ω
−1𝜇 ∨ Ω +⋯ 

𝑁∫  
ℂ2×ℝ

𝜕Ω
−1𝜇 ∨ Ωℂ4 +⋯ 

𝜕‾𝜕𝛾 + 𝜕Ω (
1

1 − 𝜈
𝜇) ∧ 𝜕𝛾 = 𝑁𝛿𝑤1=𝑤2=𝑡=0  

(𝜕‾ + dℝ)𝜇 + 𝜕𝛾𝜕𝛾 = 0  

𝐹𝑀5 =
1

(2𝜋𝑖)3
𝑤‾1 d𝑤‾ 2 ∧  d𝑡 − 𝑤‾ 2 d𝑤‾1 ∧  d𝑡 + 𝑡 d𝑤‾1 ∧  d𝑤‾ 2

(‖𝑤‖2 + 𝑡2)5/2
∧  d𝑤1 ∧  d𝑤2 

𝜕‾(𝑁𝐹𝑀5) + dℝ(𝑁𝐹𝑀5) = 𝑁𝛿𝑤1=𝑤2=𝑡=0
(𝑁𝐹𝑀5) ∧ (𝑁𝐹𝑀5) = 0.

 

𝜕‾𝐹 + dℝ𝐹 = 𝑁𝛿𝑤1=𝑤2=𝑡=0 

(ℂ2 × ℝ) ∖ 0 ≃ 𝑆4 × ℝ 

∮ 𝑁𝐹 = 𝑁

  𝑆4

 

ℂ5 ×ℝ = ℂ𝑧
3 × ℂ𝑤

2 × ℝ𝑡 
𝔰𝔩(4) ⊕ 𝔰𝔩(2) 

𝜕

𝜕𝑧𝑖
∈ PV1,0(ℂ5) ⊗ Ω0(ℝ), 𝑖 = 1,2,3 

𝐴𝑖𝑗𝑧𝑖
𝜕

𝜕𝑧𝑗
∈ PV1,0(ℂ5) ⊗ Ω0(ℝ), (𝐴𝑖𝑗) ∈ 𝔰𝔩(3) 

∑ 

3

𝑖=1

𝑧𝑖
𝜕

𝜕𝑧𝑖
−
3

2
∑  

2

𝑎=1

𝑤𝑎
𝜕

𝜕𝑤𝑎
∈ PV1,0(ℂ5) ⊗ Ω0(ℝ) 

𝑧𝑗 (∑  

3

𝑖=1

  𝑧𝑖
𝜕

𝜕𝑧𝑖
− 2∑  

2

𝑎=1

 𝑤𝑎
𝜕

𝜕𝑤𝑎
) ∈ PV1,0(ℂ5) ⊗ Ω0(ℝ) 

𝑤1
𝜕

𝜕𝑤2
, 𝑤2

𝜕

𝜕𝑤1
,
1

2
(𝑤1

𝜕

𝜕𝑤1
−𝑤2

𝜕

𝜕𝑤2
) ∈ PV1,0(ℂ5) ⊗ Ω0(ℝ) 

𝐿 ⊗ 𝑅⊕∧2 𝐿 ⊗ 𝑅 ≅ ℂ3⊗ℂ2⊕∧2 ℂ3⊗ℂ 
𝑧𝑖 d𝑤𝑎 ∈ Ω

1,0(ℂ5) ⊗ Ω0(ℝ), 𝑎 = 1,2, 𝑖 = 1,2,3 
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1

2
𝑤𝑎(𝑧𝑖 d𝑧𝑗 − 𝑧𝑗 d𝑧𝑖) ∈ Ω

1,0(ℂ5) ⊗ Ω0(ℝ), 𝑎 = 1,2, 𝑘 = 1,2,3 

𝑖𝑀5: 𝔬𝔰𝔭(6 ∣ 1) ↪ 𝐸. 
d𝑧𝑖 ∧  d𝑤𝑎, 𝑖 = 1,2,3, 𝑎 = 1,2. 

𝑤𝑎 d𝑧𝑖 ∧  d𝑧𝑗 +
1

2
 d𝑤𝑎 ∧ (𝑧𝑖 d𝑧𝑗 − 𝑧𝑗 d𝑧𝑖), 𝑖, 𝑗 = 1,2,3, 𝑎 = 1,2 

Ω0,∙(ℂ5) ⊗ Ω∙(ℝ) 
Ω0,∙(ℂ5) ⊗ Ω∙(ℝ) ≅ Ω∙(ℂ5 × ℝ)/(d𝑧1, … , d𝑧5) 

ℂ5 × ℝ ∖ ℂ3 ≅ ℂ𝑧
3 × (ℂ𝑤

2 ×ℝ ∖ 0) 
Ω∙(ℂ5 ×ℝ ∖ ℂ3)/(d𝑧1, d𝑧2, d𝑧3, d𝑤1, d𝑤2) 
Ω0,∙(ℂ𝑧

3) ⊗ (Ω∙(ℂ𝑤
2 × ℝ ∖ 0)/(d𝑤1, d𝑤2)) 

ℂ[𝑤1, 𝑤2] ↪ 𝐻0(Ω∙(ℂ𝑤
2 × ℝ ∖ 0)/(d𝑤1, d𝑤2)) 

𝑤1
−1𝑤2

−1ℂ[𝑤1, 𝑤2] ↪ 𝐻2(Ω∙(ℂ𝑤
2 ×ℝ ∖ 0)/(d𝑤1, d𝑤2)) 

𝑤‾1 d𝑤‾ 2 ∧  d𝑡 − 𝑤‾ 2 d𝑤‾1 ∧  d𝑡 + 𝑡 d𝑤‾1 ∧  d𝑤‾ 2
(‖𝑤‖2 + 𝑡2)5/2

 

𝛿(1) = 𝜕‾ + dℝ + 𝜕Ω|𝜇→𝜈 + 𝜕|𝛽→𝛾. 

ℂ5 × ℝ ∖ {𝑤1 = 𝑤2 = 𝑡 = 0} ≅ ℂ𝑧
3 × (ℂ𝑤

2 × ℝ ∖ 0) 

 
[[𝐹], 𝑓𝑖(𝑧, 𝑤)d𝑧𝑖] = 𝜖𝑖𝑗𝑘𝑤1

−1𝑤2
−1𝜕𝑧𝑗𝑓

𝑖(𝑧, 𝑤)𝜕𝑧𝑘 

ℂ[𝑤1
−1, 𝑤2

−1][𝑧1, 𝑧2, 𝑧3]{𝜕𝑧𝑖} ⊂ 𝐻0(ℂ3, T) ⊗ 𝐻2(Ω∙(ℂ2 × ℝ ∖ 0)/(d𝑤1, d𝑤2)) 

[[𝐹], 𝑤𝑎(𝑧𝑖 d𝑧𝑗 − 𝑧𝑗 d𝑧𝑖)] = 2𝜖𝑖𝑗𝑘(𝑤1
−1𝑤2

−1) ⋅ 𝑤𝑎𝜕𝑧𝑘 = 0 

𝜕𝑡𝐴𝑖 = Δ𝐴𝑖 + [𝐴𝑗 , 2𝜕𝑗𝐴𝑖 − 𝜕𝑖𝐴𝑗 + [𝐴𝑗 , 𝐴𝑖]] + (𝐶A
𝜀𝐴)𝑖 + 𝜉𝑖

𝜀  

lim
𝜀↓0
 |𝐶A

𝜀 − 𝐶‾A
𝜀| = 0 

|𝐄𝑊ℓ[ℱ𝑠(𝐴
𝑎)] − 𝐄𝑊ℓ[ℱ𝑠(𝐴

𝑏)]| ≳ 𝑡
10
9  

𝜒𝜀(𝑡, 𝑥) = 𝜀−5𝜒(𝜀−2𝑡, 𝜀−1𝑥) 
𝐸 = 𝔤3⊕𝐕 

𝔤 ∋ 𝑣 ↦ Ad𝑔𝑣 ∈ 𝔤  and  𝔤3 ∋ (𝑣1, 𝑣2, 𝑣3) ↦ (Ad𝑔𝑣1, Ad𝑔𝑣2, Ad𝑔𝑣3) ∈ 𝔤
3 

𝐶YM
𝜀 ∈ 𝐿𝐺(𝔤), 𝐶Higgs

𝜀 ∈ 𝐿𝐺(𝐕) 

𝐶A
𝜀 = 𝐶YM

𝜀 + 𝐶̇A ∈ 𝐿(𝔤
3)  and  𝐶Φ

𝜀 = 𝐶Higgs 
𝜀 + 𝐶̇Φ ∈ 𝐿(𝐕).  

𝜕𝑡𝐴𝑖 = Δ𝐴𝑖 +[𝐴𝑗 , 2𝜕𝑗𝐴𝑖 − 𝜕𝑖𝐴𝑗 + [𝐴𝑗 , 𝐴𝑖]]

 −𝐁((𝜕𝑖Φ+ 𝐴𝑖Φ)⊗Φ) + (𝐶A
𝜀𝐴)𝑖 + 𝜉𝑖

𝜀

𝜕𝑡Φ = ΔΦ +2𝐴𝑗𝜕𝑗Φ+ 𝐴𝑗
2Φ− |Φ|2Φ+ 𝐶Φ

𝜀Φ+ 𝜉H
𝜀

(𝐴(0),Φ(0)) = (𝑎, 𝜑) ∈ 𝒞∞,

 

⟨𝐁(𝑢 ⊗ 𝑣), ℎ⟩𝔤 = ⟨𝑢, ℎ𝑣⟩𝐯. 

𝜕𝑡𝑋 = Δ𝑋 + 𝑋𝜕𝑋 + 𝑋3 + 𝐶𝜀𝑋 + 𝜒𝜀 ∗ 𝜉  
𝑋 = (𝐴,Φ): [0, 𝑇] × 𝐓3 → 𝐸 

𝐶 = {𝐶𝜀}𝜀∈(0,1) = {𝐶A
𝜀 , 𝐶Φ

𝜀 }𝜀∈(0,1)  

𝔊𝜚 =
 def  

𝒞𝜚(𝐓3, 𝐺) 
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𝑔 ⋅ 𝐴 =
 def 

Ad𝑔(𝐴) − (d𝑔)𝑔
−1,  and  𝑔 ⋅ Φ =

 def 
𝑔Φ  

𝑔 ⋅ SYMH(𝐶, (𝑎, 𝜑)) =
law

SYMH(𝐶, 𝑔(0) ⋅ (𝑎, 𝜑))  

𝑔−1(𝜕𝑡𝑔) = 𝜕𝑗(𝑔
−1𝜕𝑗𝑔) + [𝐴𝑗 , 𝑔

−1𝜕𝑗𝑔]  

𝐶̌ ∈ 𝐿𝐺(𝔤)  

 [SYMH(𝐶, (𝑎, 𝜑))] =
law

[SYMH(𝐶, 𝑔(0) ⋅ (𝑎, 𝜑))] 

𝜕𝑠𝐴𝑖  = Δ𝐴𝑖 + [𝐴𝑗 , 2𝜕𝑗𝐴𝑖 − 𝜕𝑖𝐴𝑗 + [𝐴𝑗 , 𝐴𝑖]]

𝐴(0)  = 𝑎
 

d𝑦𝑡 = 𝑦𝑡 dℓ𝐴, 𝑦0 = 1 

ℓ𝐴(𝑡) = ∫  
𝑡

0

  ⟨𝐴(ℓ𝑠), ℓ̇𝑠⟩d𝑠  

𝑊ℓ(𝐴) = Trhol(𝐴, ℓ) 

𝐶
∘

A = 𝐶̌ + 𝑐 ∈ 𝐿𝐺(𝔤
3), 𝐶𝜀 = (𝐶YM

𝜀 + 𝐶̇A, 𝐶Φ
𝜀 ) ∈ 𝐿𝐺(𝔤

3) ⊕ 𝐿𝐺(𝐕) 

SYMH(𝐶, 𝑥) = (𝐴(1), Φ(1)), SYMH(𝐶, 𝑔 ∙ 𝑥) = (𝐴(2), Φ(2))  

|𝐄𝑊ℓ [ℱ𝑠(𝐴𝑡
(1)
)] − 𝐄𝑊ℓ [ℱ𝑠(𝐴𝑡

(2)
)]| ≥ 𝜎𝑡1+𝑟  

|𝐄𝑊ℓ[ℱ𝑠(𝐴𝑡)] − 𝐄𝑊ℓ[ℱ𝑠(𝐴̃𝑡)]| ≥ 𝜎𝑡1+𝑟  

𝜕𝑡𝑋̃ = Δ𝑋̃ + 𝑋̃𝜕𝑋̃ + 𝑋̃3 + 𝜒𝜀 ∗ 𝜉 + 𝐶𝜀𝑋̃ + (𝑐 d𝑔̃𝑔̃−1, 0), 𝑋̃(0) = 𝑥̃ 

𝜕𝑡𝑔̃ = Δ𝑔̃ − (𝜕𝑗𝑔̃)𝑔̃
−1(𝜕𝑗𝑔̃) + [𝐴̃𝑗 , (𝜕𝑗𝑔̃)𝑔̃

−1]𝑔̃  

(𝜕𝑡𝑔)𝑔
−1 = 𝜕𝑗 ((𝜕𝑗𝑔)𝑔

−1) + [𝐵𝑗, (𝜕𝑗𝑔)𝑔
−1] 

𝜕𝑡𝑌 = Δ𝑌 + 𝑌𝜕𝑌 + 𝑌3 + 𝐶𝜀𝑌 + (𝐶𝜀d𝑔𝑔−1, 0) + Ad𝑔(𝜒
𝜀 ∗ 𝜉) 

𝐄𝑊ℓ [ℱ𝑠(𝐴𝑡
(1)
)] = 𝐄𝑊ℓ[ℱ𝑠(𝐴̃𝑡)] + 𝑂(𝑡𝑀)  

|𝐄𝑊ℓ[ℱ𝑠(𝐴̃𝑡)] − 𝐄𝑊ℓ [ℱ𝑠(𝐴𝑡
(2)
)]| ≥ 𝜎𝑡1+𝑟  

𝒫𝑡 ⋆ 𝑓 = ∫  
𝑡

0

 𝑃𝑡−𝑠𝑓𝑠 d𝑠  

|𝑓|𝒞𝛽 = sup
𝑠∈(0,1)

 𝑠−𝛽/2|𝑃𝑠𝑓|∞  

|𝑓|𝒞𝛽(𝐑3) =
 def 

max
|𝑘|<⌊𝛽⌋

 |𝜕𝑘𝑓|∞ + max
|𝑘|=⌊𝛽⌋

 |𝜕𝑘𝑓|𝒞𝛽−⌊𝛽⌋ < ∞, 

|𝑓|𝒞𝜂 = sup
𝑥≠𝑦

 |𝑥 − 𝑦|−𝜂|𝑓(𝑥) − 𝑓(𝑦)| 

𝑂 = [−1,2] × 𝐓3 

|𝜉|𝒞𝛽(𝑂) = sup
𝑧∈𝑂

  sup
𝜑∈ℬ𝑟

  sup
𝜆∈(0,1]

 𝜆−𝛽|⟨𝜉, 𝜑𝑧
𝜆⟩| 

𝜑(𝑠,𝑦)
𝜆 (𝑡, 𝑥) = 𝜆−5𝜑((𝑡 − 𝑠)𝜆−2, (𝑥 − 𝑦)𝜆−1). 

𝜕𝑡𝑋 = Δ𝑋 + 𝑋𝜕𝑋 + 𝑋3 + 𝜒𝜀 ∗ 𝜉 + 𝐶𝜀𝑋 + (𝑐ℎ, 0),

𝜕𝑡ℎ𝑖  = Δℎ𝑖 − [ℎ𝑗 , 𝜕𝑗ℎ𝑖] + [[𝐴𝑗 , ℎ𝑗], ℎ𝑖] + 𝜕𝑖[𝐴𝑗 , ℎ𝑗],
 

𝜔 ∈ (−1/2,0), 𝜅 =
 def 1

100
(𝜔 + 1/2) ∧

1

100
(−𝜔) ∈ (0,

1

200
)  

|𝑓1𝑓2|𝒟𝛼
𝛾,𝜂

𝛾𝑛 ≲ |𝑓1|𝒟1
𝛾1 ,𝜂1

|𝑓2|𝒟2
𝛾2,𝜂2  

|𝜕𝑓|
𝒟𝛼−1
𝛾−1,𝜂−1 ≲ |𝑓|𝒟𝛼

𝛾,𝜂  

𝒳 = 𝑃𝑋(0) +𝚿 + 𝒫𝟏+{𝒳𝜕𝒳 +𝒳3 + 𝐶̇𝒳 + 𝑐ℋ}

 =
 def 

𝑃𝑋(0) + 𝚿+ 𝒫𝟏+{𝑄
YMH(𝒳) + 𝑐ℋ}

ℋ = 𝑃ℎ(0) + 𝒫𝟏+(ℋ𝜕ℋ +𝒳ℋ2) + 𝒫′𝟏+(𝒳ℋ)
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𝚿 = 𝒫𝟏+𝜉𝟏+Ξ ∈ 𝒟
−
1
2
−𝜅

3
2
+2𝜅,−

1
2
−𝜅

 

𝒳 = 𝒴 +𝚿, 

𝒴 = 𝑃𝑋(0) + 𝒫𝟏+{𝒳
3 + 𝑐ℋ + 𝐶̌𝒳} + 𝒫Ψ𝜕Ψ(Ψ𝜕Ψ)

 +𝒫𝟏+(𝒴𝜕Ψ +𝚿𝜕𝒴 + 𝒴𝜕𝒴)

 = 𝑃𝑋(0) + 𝒫𝟏+{𝑄̃
YMH(𝒴) + 𝑐ℋ} + 𝒫Ψ𝜕Ψ(Ψ𝜕Ψ),

 

𝑄̃YMH(𝒴) = 𝒳3 + 𝐶̇𝒳 + 𝒴𝜕Ψ+𝚿𝜕𝒴 + 𝒴𝜕𝒴 

𝑄̃YMH: 𝒟−𝜅

3
2
+2𝜅,𝜔

→ 𝒟
−
3
2
−2𝜅

𝜅,𝜔−
3
2
−𝜅
  

𝒟−𝜅

3
2
+2𝜅,𝜔

× 𝒟
−
3
2
−𝜅

1
2
+2𝜅,−

3
2
−𝜅
→ 𝒟

−
3
2
−2𝜅

𝜅,𝜔−
3
2
−𝜅
. 

 (𝒴,ℋ) ∈ 𝒟−𝜅

3
2
+2𝜅,𝜔

× 𝒟0
1+2𝜅,0 

|𝒫𝟏+𝑓|𝒟𝛾+2,𝜂‾ ≲ 𝑡𝜃/2|𝑓|𝒟𝛾,𝜂 , |𝒫
′𝟏+𝑓|𝒟𝛾+1,𝜂‾−1 ≲ 𝑡𝜃/2|𝑓|𝒟𝛾,𝜂  

|𝒫𝑤𝟏+𝑓|𝒟𝛾+2,𝜂‾ ≲ 𝑡𝜃/2(|𝑓|𝒟𝛾,𝜂 + |𝑤|𝒞𝜂∧𝛼(𝑂))  

𝜏−1/𝑞 ≲ 2 + ‖𝑍‖3
2
+2𝜅;𝑂

+ |𝑋(0)|𝒞3 + |ℎ(0)|𝒞3

 +|𝒫 ⋆ 𝟏+𝜉|𝒞([−1,3],𝒞−1/2−𝜅) + |𝒫 ⋆ (Ψ𝜕Ψ)|𝒞([−1,3],𝒞−2𝜅)
 

|𝒫′𝟏+(𝒳ℋ)|𝒟0
1+2𝜅,−𝜅  ≲ 𝑡1/4|𝒳ℋ|

𝒟
−
1
2
−𝜅

1
2
+𝜅,−

1
2
−𝜅

 ≲ 𝑡1/4|𝒳|
𝒟
−
1
2
−𝜅

2

3
2
+2𝜅,−

1
2
−𝜅
|ℋ|𝒟0

1+2𝜅,0 ≲ 𝑡1/4
 

|𝒫𝟏+(ℋ𝜕ℋ)|𝒟0
1+2𝜅,0 ≲ 𝑡, |𝒫𝟏+(𝒳ℋ

2)|
𝒟0

3
2
+𝜅,−𝜅

≲ 𝑡3/4 

|𝒫𝟏+(𝑄̃
YMH(𝒴))|

𝒟0

3
2
+2𝜅,𝜔

≲ 𝑡1/4−𝜅/2|𝑄̃YMH(𝒴)|
𝒟
𝜅,𝜔−

3
2
−2𝜅

−
3
2
−𝜅

≲ 𝑡1/4−𝜅/2 

|𝒫Ψ𝜕Ψ(𝚿𝜕𝚿)|
𝒟−𝜅

3
2
+2𝜅,𝜔

≲ 𝑡−(𝜅+𝜔)/2 

|𝒫ℋ|
𝒟−𝜅
3 +2𝜅,𝜔

3
2  ≲ |𝒫𝑃ℎ(0)|

𝒟−𝜅

3
2
+2𝜅,𝜔

+ |𝒫𝑂𝒟0
1+2𝜅,−𝜅(𝑡1/4)|

𝒟−𝜅

3
2
+2𝜅,𝜔

 ≲ 𝑡1−
𝜔
2 |Ph(0)|𝒟0

0+,0 + 𝑡1/4+1−
𝜅
2
−
𝜔
2 ≲ 𝑡1−𝜔/2

 

𝐵0 = 𝑃𝑋(0) + 𝚿, ℎ0 = 𝑃ℎ(0) 

𝐵𝑛 = 𝒫(𝐶̇𝐵𝑛−4𝟏𝑛≥4) + ∑  

𝑘1+𝑘2=𝑛−1

 𝒫(𝐵𝑘1𝜕𝐵𝑘2) + ∑  

𝑘1+𝑘2+𝑘3=𝑛−2

 𝒫(𝐵𝑘1𝐵𝑘2𝐵𝑘3)  

𝒳 =∑ 

𝑛

𝑖=0

 𝐵𝑖 + 𝑐𝟏𝑛=5𝒫ℎ0 + 𝑟𝑛,ℋ = ℎ0 + 𝑞0  

𝑟0 = 𝑂
𝒟−𝜅

3
2
+2𝜅,𝜔

(𝑡−𝜔/2−𝜅/2), 𝑞0 = 𝑂𝒟0
1+2𝜅,−𝜅(𝑡1/4)  

𝜂(0) = −1/2 − 𝜅,         𝜂(𝑛) = −1/2 + 2𝜅 (1 ≤ 𝑛 ≤ 5)

𝑏(0) = 0,         𝑏(𝑛) = (1/4 − 𝜅/2)𝑛 − 3𝜅/2 (1 ≤ 𝑛 ≤ 5)
 

|𝐵𝑛|
𝒟
𝛼(𝑛)

3
2
+2𝜅,𝜂(𝑛)

≲ 𝑡𝑏(𝑛) ∀0 ≤ 𝑛 ≤ 5 
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𝑟0 = 𝑂
𝒟−𝜅

3
2
+2𝜅,𝜔

(𝑡−𝜔/2−𝜅/2), 𝑟𝑛 = 𝑂
𝒟0

3
2
+2𝜅,𝜔

(𝑡(𝑛+1)/4−𝜅𝑛) ∀1 ≤ 𝑛 ≤ 5, 

 
1

2
𝜂(𝑛) + 𝑏(𝑛) = −

1

4
−
𝜅

2
+ (

1

4
−
𝜅

2
)𝑛 ∀𝑛 ≥ 0 

|𝒫(𝐵𝑘1𝜕𝐵𝑘2)|𝒟𝛼(𝑛)
2

3
2
+2𝜅,−

1
2
+2𝜅

 ≲ 𝑡
1
2
(𝜂(𝑘1)+𝜂(𝑘2)+

3
2
−2𝜅)|𝐵𝑘1𝜕𝐵𝑘2|𝒟

𝛼(𝑘1)+𝛼(𝑘2)−1
𝜅,𝜂(𝑘1)+𝜂(𝑘2)−1

 ≲ 𝑡
1
2
(𝜂(𝑘1)+𝜂(𝑘2)+

3
2
−2𝜅)|𝐵𝑘1|

𝒟
𝛼(𝑘1)

3
2
+2𝜅,𝜂(𝑘1)

| 
|𝜕𝐵𝑘2|

𝒟
𝛼(𝑘2)−1

1
2
+2𝜅(𝑘2)−1

 ≲ 𝑡
1
2
(𝜂(𝑘1)+𝜂(𝑘2)+

3
2
−2𝜅) ⋅ 𝑡𝑏(𝑘1) ⋅ 𝑡𝑏(𝑘2) = 𝑡𝑏(𝑛).

 

|𝒫(𝐵𝑘1𝐵𝑘2𝐵𝑘3)|
𝒟
𝛼(𝑛)

3
2
+2𝜅,−

1
2
+2𝜅

≲ 𝑡
1
2
(∑  𝑖  𝜂(𝑘𝑖)+

5
2
−2𝜅)∏ 

3

𝑖=1

  |𝐵𝑘𝑖|
𝒟
𝛼(𝑘𝑖)

3
2
+2𝜅,𝜂(𝑘𝑖)

≲ 𝑡
1
2
(∑  𝑖  𝜂(𝑘𝑖)+

5
2
−2𝜅) ⋅ 𝑡∑  𝑖  𝑏(𝑘𝑖) = 𝑡𝑏(𝑛).

 

|𝒫(𝐵𝑛−4)|
𝒟𝛼(𝑛)

3
2
+2𝜅,−

1
2
+2𝜅
 ≲ 𝑡

1
2
(𝜂(𝑛−4)+

5
2
−2𝜅)|𝐵𝑛−4|

𝒟𝛼(𝑛−4)

3
2
+2𝜅,𝜂(𝑛−4)

 ≲ 𝑡(
1
4
−
𝜅
2
)𝑛+

𝜅
2 ≤ 𝑡𝑏(𝑛)

 

∑ 

𝑛

𝑖=0

𝐵𝑖 + 𝑐𝟏𝑛=5𝒫ℎ0 + 𝑟𝑛 = 𝐵0 + 𝒫𝟏+{𝑄
YMH(𝒳) + 𝑐ℋ} 

𝑟𝑛 = 𝒫𝟏+ {𝑄
YMH (∑  

𝑛−1

𝑖=0

 𝐵𝑖 + 𝑟𝑛−1) + 𝑐(ℎ0 + 𝑞0 − 𝟏𝑛=5ℎ0)} −∑  

𝑛

𝑖=1

𝐵𝑖 

𝑟𝑛 =𝒫𝟏+( ∑  

𝑘1+𝑘2≥𝑛

 𝐵𝑘1𝜕𝐵𝑘2 + ∑  

𝑘1+𝑘2+𝑘3≥𝑛−1

 𝐵𝑘1𝐵𝑘2𝐵𝑘3

 +𝑟𝑛−1𝜕𝑟𝑛−1 + (∑  

𝑛−1

𝑖=0

 𝐵𝑖)𝜕𝑟𝑛−1 + 𝑟𝑛−1𝜕 (∑  

𝑛−1

𝑖=0

 𝐵𝑖)

 +𝑟𝑛−1
3 + 3𝑟𝑛−1

2 (∑  

𝑛−1

𝑖=0

 𝐵𝑖) + 3𝑟𝑛−1 (∑  

𝑛−1

𝑖=0

 𝐵𝑖)

2

+ 𝑐(ℎ0 + 𝑞0 − 𝟏𝑛=5ℎ0)

+𝐶
∘

( ∑  

𝑛−1

𝑖=(𝑛−3)∨0

 𝐵𝑖 + 𝑟𝑛−1)) ,

 

|𝒫(𝐵𝑘1𝜕𝐵𝑘2)|
𝒟0

3
2
+2𝜅,𝜔

 ≲ 𝑡
1
2
(𝜂(𝑘1)+𝜂(𝑘2)+1−𝜔) ⋅ 𝑡𝑏(𝑘1) ⋅ 𝑡𝑏(𝑘2)

 ≤ 𝑡−𝜔/2−𝜅+(1/4−𝜅/2)𝑛 = 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝐵𝑘1𝐵𝑘2𝐵𝑘3)|
𝒟0

3
2
+2𝜅,𝜔

 ≲ 𝑡
1
2
(∑  𝑖  𝜂(𝑘𝑖)+2−𝜔) ⋅ 𝑡∑  𝑖  𝑏(𝑘𝑖)

 ≤ 𝑡
1
4
−
𝜔
2
−
3
2
𝜅+(1/4−𝜅/2)(𝑛−1) = 𝑡(𝑛+1)/4−𝜅𝑛
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|𝒫𝐵𝑖|
𝒟0

3
2
+2𝜅,𝜔

 ≲ 𝑡
1
2
(𝜂(𝑖)+2−𝜔)|𝐵𝑖|

𝒟
𝛼(𝑖)

3
2
+2𝜅,𝜂(𝑖)

 ≲ 𝑡
1
2
(𝜂(𝑖)+2−𝜔) ⋅ 𝑡𝑏(𝑖) = 𝑡

3
4
−
𝜔
2
−
𝜅
2
+(
1
4
−
𝜅
2
)𝑖 ≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝐵0𝜕𝑟𝑛−1)|
𝒟0

3
2
+2𝜅,𝜔

 ≲ 𝑡1/4−𝜅/2|𝐵0𝜕𝑟𝑛−1|
𝒟
−
3
2
−2𝜅

𝜅,𝜔−
3
2
−𝜅

 ≲ 𝑡1/4−𝜅/2|𝐵0|
𝒟
−
1
2
−𝜅

3
2
+2𝜅,−

1
2
−𝜅
|𝜕𝑟𝑛−1|

𝒟−1−𝜅

1
2
+2𝜅,𝜔−1

 ≲ 𝑡1/4−𝜅/2𝑡𝑛/4−𝜅𝑛−1 = 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝑟𝑛−1𝜕𝐵0)|
𝒟0

3
2
+2𝜅,𝜔

≲ 𝑡(𝑛+1)/4−𝜅𝑛 

|𝒫(𝐵0
2𝑟𝑛−1)|

𝒟0

3
2
+2𝜅,𝜔

 ≲ 𝑡1/2−𝜅|𝐵0
2𝑟𝑛−1|

𝒟−1−3𝜅

1
2
,𝜔−1−2𝜅

 ≲ 𝑡1/2−𝜅|𝐵0|
𝒟
−
1
2
−𝜅

3
2
+2𝜅,−

1
2
−𝜅

2 |𝑟𝑛−1|
𝒟−𝜅

3
2
+2𝜅,𝜔

 ≲ 𝑡1/2−𝜅𝑡𝑛/4−𝜅𝑛−1 = 𝑡
1
4
−
𝜅
2𝑡(𝑛+1)/4−𝜅𝑛 ≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝐵0𝑟𝑛−1
2 )|

𝒟0

3
2
+2𝜅,𝜔

 ≲ 𝑡
𝜔
2
+
3
4
−
𝜅
2|𝐵0𝑟𝑛−1

2 |
𝒟

1,2𝜔−
1
2
−3𝜅

 ≲ 𝑡
𝜔
2
+
3
4
−
𝜅
2|𝐵0|

𝒟
−
1
2
−𝜅

3
2
+2𝜅,−

1
2
−𝜅
|𝑟𝑛−1|𝒟−𝜅3 +2𝜅,𝜔

2

 ≲ 𝑡
𝜔
2
+
3
4
−
𝜅
2(𝑡𝑛/4−𝜅𝑛−1)

2
≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝑟𝑛−1𝜕𝑟𝑛−1)|
𝒟0

3
2
+2𝜅,𝜔

 ≲ 𝑡(1+𝜔)/2|𝑟𝑛−1𝜕𝑟𝑛−1|
𝒟−1−2𝜅

1
2
+𝜅,2𝜔−1

 ≲ 𝑡(1+𝜔)/2|𝑟𝑛−1|
𝒟−𝜅

3
2
+2𝜅,𝜔

| 

|𝜕𝑟𝑛−1|𝒟−1−𝜅1+2𝜅−1

1
2
+2

 ≲ 𝑡(1+𝜔)/2(𝑡𝑛/4−𝜅𝑛−1)
2
≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝑟𝑛−1
3 )|

𝒟0

3
2
+2𝜅,𝜔

 ≲ 𝑡1+𝜔|𝑟𝑛−1
3 |

𝒟−3𝜅

3
2
,3𝜔

≲ 𝑡1+𝜔|𝑟𝑛−1|𝒟−𝜅3
3 + 2𝜅,𝜔

 ≲ 𝑡1+𝜔(𝑡𝑛/4−𝜅𝑛−1)
3
≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫𝑞0|
𝒟0

3
2
+2𝜅,𝜔

≲ 𝑡
1
2
(2−𝜅−𝜔)|𝑞0|

𝒟0

1
2
+2𝜅,−𝜅

≲ 𝑡
1
2
(2−𝜅−𝜔) ⋅ 𝑡

1
4 ≤ 𝑡(𝑛+1)/4−𝜅𝑛 

|𝒫ℎ0|
𝒟0

3
2
+2𝜅,𝜔

≲ 𝑡
1
2
(2−𝜔)|ℎ0|

𝒟0

1
2
+2𝜅,0

≲ 𝑡(𝑛+1)/4−𝜅𝑛 

Ψ = ℛΨ = 𝒫 ⋆ 𝟏+𝜉  

 (ℛ𝒳)(𝑡) = 𝑋(0) + Ψ𝑡 + 𝒫𝑡 ⋆ (Ψ𝜕Ψ) + 𝑂𝐿∞ (𝑡
1
4
−3𝜅/2). 

ℛ𝐵1 = 𝒫 ⋆ (𝑃𝑋(0)𝑃′𝑋(0) + 𝑃𝑋(0)𝜕Ψ+ 𝑃′𝑋(0)Ψ + Ψ𝜕Ψ) 

|Ψ|𝐿∞ ≲ 𝑡−
1
4
−𝜅/2, |𝜕Ψ|𝐿∞ ≲ 𝑡−

3
4
−𝜅/2 

|𝑟1|
𝒟0

3
2
+2𝜅,𝜔

≲ 𝑡
1
2
−𝜅1 , |(ℛ𝑟1)(𝑡)|𝐿∞ ≲ 𝑡

1
2
−𝜅1+𝜔/2 = 𝑡

1
4
−3𝜅/2 

𝒩(𝐴): (0,∞) → 𝒞∞(𝐓3, 𝔤3⊗ (𝔤3)3),𝒩𝑠(𝐴) =
 def 

𝑃𝑠𝐴⊗ ∇𝑃𝑠𝐴  

ℒ = 𝐓3 × {𝑣 ∈ 𝐑3: |𝑣| ≤ 1/4} 
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|𝑓|𝛾−gr = sup
ℓ∈ℒ

 
|∫  
ℓ
 𝑓|

|ℓ|𝛾
, 

∫ 
ℓ

𝑓 = ∫  
1

0

|𝑣|𝑓(𝑦 + 𝑡𝑣)d𝑡 ∈ 𝐹 

 [ [𝐴; 𝐵] ]𝛾,𝛿 =
 def 

sup
𝑠∈(0,1)

 𝑠𝛿|𝒩𝑠𝐴 −𝒩𝑠𝐵|𝛾−gr, [ [𝐴] ]𝛾,𝛿 = [ [𝐴; 0] ]𝛾,𝛿 

 [ [𝐴; 𝐵] ]𝛽,𝛿 =
 def 

sup
𝑠∈(0,1)

 𝑠𝛿|𝒩𝑠𝐴 −𝒩𝑠𝐵|𝒞𝛽 

‖𝐴‖𝛼,𝜃 =
 def 

sup
𝑠∈(0,1)

 |𝑃𝑠𝐴|𝛼−gr;<𝑠𝜃 

|𝐴|𝛼−gr;<𝑟 =
 def 

sup
ℓ∈ℒ,|ℓ|<𝑟

 
|𝐴(ℓ)|

|ℓ|𝛼
 

|𝐴|𝒞𝜂 ≲ ‖𝐴‖𝛼,𝜃  

Σ(𝐴) =
 def 

‖𝐴‖𝛼,𝜃 + [ [𝐴] ]𝛾,𝛿 < ∞ 

Σ(𝐴, 𝐵) =
 def 

‖𝐴 − 𝐵‖𝛼,𝜃 + [ [𝐴; 𝐵] ]𝛾,𝛿 < ∞ 

𝛼 ∈ (0,1/2), 𝜃 > 0, 𝛾 ∈ (1/2,1], 𝛿 ∈ (0,1)

𝜇 =
 def 

𝛾 − 1 + 2(1 − 𝛿) ∈ (−1/2,0),  and  𝜂 + 𝜇 > −1
 

|ℱ𝑠𝐴|∞ ≲ 𝑠
𝜂
2Σ(𝐴), |𝜕ℱ𝑠𝐴|∞ ≲ 𝑠

𝜂
2
−
1
2Σ(𝐴) 

|𝑃𝑠𝐴|∞ ≲ 𝑠
𝜂
2|𝐴|𝒞𝜂 , |𝜕𝑃𝑠𝐴|∞ ≲ 𝑠

𝜂
2
−
1
2|𝐴|𝒞𝜂  

𝜆 =
 def 

(1 − 𝜁)𝜂/2 − 𝜃(1 − 𝛼)𝜁 < 0  

|𝑃𝑠𝐴|𝛾−gr ≲ 𝑠𝜆‖𝐴‖𝛼,𝜃  

0 < 𝜈 ≤ min {
𝜂

2
+
𝜇

2
+
1

2
, 1 + 3𝜂/2, 𝜇 +

1

2
}  

|𝒫𝑠 ⋆𝒩𝐴|𝛾−gr ≲ ∫  
𝑠

0

  |𝒩𝑟𝐴|𝛾−gr d𝑟 ≲ ∫  
𝑠

0

  𝑟−𝛿[ [𝐴] ]𝛾,𝛿d𝑟 ≲ 𝑠1−𝛿[ [𝐴] ]𝛾,𝛿  

ℱ𝑠𝐴 = 𝑃𝑠𝐴 + 𝒫𝑠 ⋆ 𝒩𝐴 + 𝑅𝑠𝐴 
|𝑅𝑠𝐴|∞ ≲ 𝑠𝜈(Σ(𝐴) + Σ(𝐴)3) 

𝑅𝑠 = ∫  
𝑠

0

 𝑃𝑠−𝑟{(𝑃𝑟𝐴 + 𝒫𝑟 ⋆𝒩𝐴 + 𝑅𝑟)𝜕(𝑃𝑟𝐴 + 𝒫𝑟 ⋆𝒩𝐴 + 𝑅𝑟)

+(ℱ𝑟𝐴)
3}d𝑟 − 𝒫𝑠 ⋆𝒩𝐴

 

|𝒫𝑠 ⋆𝒩𝐴|∞ ≲ ∫  
𝑠

0

  |𝑃𝑠−𝑟(𝒩𝑟𝐴)|∞d𝑟 ≲ ∫  
𝑠

0

  (𝑠 − 𝑟)
𝛾−1
2 |𝒩𝑟𝐴|𝒞𝛾−1 d𝑠

 ≲ ∫  
𝑠

0

  (𝑠 − 𝑟)
𝛾−1
2 |𝒩𝑟𝐴|𝛾−gr d𝑠

 ≲ ∫  
𝑠

0

  (𝑠 − 𝑟)
𝛾−1
2 𝑟−𝛿[ [𝐴] ]𝛾,𝛿d𝑠 ≍ 𝑠𝜇/2[ [𝐴] ]𝛾,𝛿 ,

 

|𝜕𝒫𝑠 ⋆𝒩𝐴|∞ ≲ 𝑠𝜇/2−
1
2[ [𝐴] ]𝛾,𝛿 

∫  
𝑠

0

{𝑟
𝜂
2
+
𝜇
2
−
1
2 + 𝑟𝜇−

1
2 + 𝑟3𝜂/2} d𝑟 ≍ 𝑠

𝜂
2
+
𝜇
2
+
1
2 + 𝑠𝜇+

1
2 + 𝑠1+3𝜂/2 

|𝑅|ℬ =
 def 

sup
𝑠∈(0,𝑇)

  {𝑠−𝜈|𝑅𝑠|∞ + 𝑠−𝜈+
1
2|𝜕𝑅𝑠|∞} 

𝑠−𝜈|𝑅|∞ ≲ Σ(𝐴) + Σ(𝐴)3 + 𝑠𝜅
′
|𝑅|ℬ(Σ(𝐴) + Σ(𝐴)2)

+𝑠𝜅
′′
|𝑅|ℬ

2 (1 + Σ(𝐴)) + 𝑠1+2𝜈|𝑅|ℬ
3
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𝜅′ = min {
𝜂

2
+
1

2
, 1 + 𝜂} =

𝜂

2
+
1

2

𝜅′′ = min {
1

2
+ 𝜈, 1 +

𝜂

2
+ 𝜈} =

1

2
+ 𝜈

 

|𝑅|ℬ ≲ Σ(𝐴) + Σ(𝐴)3 + 𝑇𝜅(|𝑅|ℬ + |𝑅|ℬ
3 )(1 + Σ(𝐴)2) 

ℱ𝑠𝐴 = 𝑃𝑠𝐴 + 𝑂
Ω𝛾−gr[𝔤,𝔤](𝑠

𝜈(Σ(𝐴)+Σ(𝐴)3)),𝑃𝑠𝐴=𝑂Ω𝛾−gr(𝑠
𝜆).....  

ℱ𝑠𝐴̃ = ℱ𝑠𝐴 + 𝑃𝑠𝑟 + 𝑂𝐿∞[𝔤,𝔤] (𝑠
𝜂/2+

1
2|𝑟|∞)  

ℱ𝑠𝐴 + 𝑄𝑠 = 𝑃𝑠(𝐴 + 𝑟) + ∫
0

𝑠
 𝑃𝑠−𝑢{(ℱ𝑢𝐴 + 𝑄𝑢)𝜕(ℱ𝑢𝐴 + 𝑄𝑢) + (ℱ𝑢𝐴 + 𝑄𝑢)

3}d𝑢 

 

𝑄𝑠 = 𝑃𝑠𝑟 + ∫  
𝑠

0

 𝑃𝑠−𝑢(𝑄𝑢𝜕ℱ𝑢𝐴 + (ℱ𝑢𝐴)𝜕𝑄𝑢 + 𝑄𝑢𝜕𝑄𝑢

+(ℱ𝑢𝐴)
2𝑄𝑢 + (ℱ𝑢𝐴)𝑄𝑢

2 +𝑄𝑢
3)d𝑢

 

 ∫  
𝑠

0

  {|𝑄𝑢|∞𝑢
𝜂/2−

1
2 + 𝑢𝜂/2|𝑄𝑢|𝒞1 + |𝑄𝑢|∞|𝑄𝑢|𝒞1

 +𝑢𝜂|𝑄𝑢|∞ + 𝑢𝜂/2|𝑄𝑢|∞
2 + |𝑄𝑢|∞

3 }d𝑢

 ≲ |𝑄|∞𝑠
𝜂/2+

1
2 + 𝑠𝜂/2+

1
2|𝑄|𝐿1/2

∞ 𝒞1 + 𝑠1/2|𝑄|∞|𝑄|𝐿1/2
∞ 𝒞1

 +𝑠𝜂+1|𝑄|∞ + 𝑠𝜂/2+1|𝑄|∞
2 + 𝑠|𝑄|∞

3 ,

 

|𝑄|∞ + |𝑄|𝐿1/2
∞ 𝒞1 ≲ |𝑟|∞ 

𝑄𝑠 = 𝑃𝑠𝑟 + 𝑂𝐿∞ (𝑠
𝜂/2+

1
2|𝑟|∞) 

𝒳̃ = 𝐵 + 𝑐ℎ‾ + 𝑂
𝒟0

3
2
+2𝜅,𝜔

(𝑡3/2−𝜅5) 

𝒳̃ = 𝐵 + 𝑐𝒫Ph(0) + 𝑂
𝒟0

3
2
+2𝜅,𝜔

(𝑡3/2−𝜅5), 

𝐴̃ = 𝐴 + 𝑐𝑡𝑃𝑡ℎ(0) + 𝑂𝐿∞(𝑡
5/4−7𝜅/2). 

ℱ𝑠𝐴̃ = ℱ𝑠𝐴 + 𝑃𝑠 (𝑐𝑡𝑃𝑡ℎ(0) + 𝑂𝐿∞(𝑡
5/4−7𝜅/2)) + 𝑂𝐿∞[𝔤,𝔤] (𝑠

𝜂/2+
1
2𝑡)  

|𝑓|𝑝−var =
 def 

sup
𝑃⊂[0,1]

 ( ∑  

[𝑠,𝑡]∈𝑃

  |𝑓(𝑡) − 𝑓(𝑠)|𝑝)

1/𝑝

 

d𝐽𝛾(𝑥) = 𝐽𝛾(𝑥)d𝛾(𝑥), 𝐽𝛾(0) = id  

𝐽𝛾+𝜻(1) = 𝐽𝛾(1) + ∫  
1

0

  d𝜻(𝑥) + ∫  
1

0

 ∫  
𝑥

0

  { d𝜻(𝑥)d𝜸(𝑦) + d𝜸(𝑥)d𝜻(𝑦)}

 +𝑂{𝑣(𝑤2 + 𝑤𝐿−1) + 𝑤𝐿 + 𝑤𝐿+1 + 𝑣𝐿+1 + 𝑣2(1 + 𝑤 + 𝑣 + 𝑤𝐿−3)}

 

𝐽𝛾(1) = id + 𝐼𝛾 +∫  
1

0

⋯∫  
𝑥𝐿−1

0

𝐽𝛾(𝑥𝐿)d𝛾(𝑥𝐿)d𝛾(𝑥𝐿−1)…d𝛾(𝑥1) 

𝐼𝛾+𝜻 = 𝐼𝛾 +∫  
1

0

  d𝜻(𝑥) + ∫  
1

0

 ∫  
𝑥

0

  { d𝜻(𝑥)d𝜸(𝑦) + d𝜸(𝑥)d𝜻(𝑦)}

 +𝑂{𝑣2 + 𝑣(𝑤2 + 𝑤𝐿−1)} + 𝑂{𝑣2(𝑤 + 𝑣 + 𝑤𝐿−3 + 𝑣𝐿−3)}

 

|ℓ𝑎|1
𝛾

-var 
≤ |ℓ𝑎|𝛾−Höl ≤ |𝑎|𝛾−gr  
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𝑊ℓ(ℱ𝑠𝐴̃) = 𝑊ℓ(ℱ𝑠𝐴) + 𝑡Tr∫ 
ℓ

 ch(0) + 𝑡Tr∫  
[0,1]2

  dℓ𝐴(0)(𝑥1)dℓch(0)(𝑥2)

 +𝑂 (𝑡5/4−7𝜅/2 + 𝑡𝑠 + 𝑡𝑠𝜆‖Ψ𝑡
YM‖

𝛼,𝜃
+ 𝑡𝑠𝜆‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)

YM‖𝛼,𝜃 + |𝐴(0)|𝐿∞𝑠
𝜂/2+

1
2𝑡

 +𝑠𝜈𝑡(Σ(𝐴) + Σ(𝐴)3) + 𝑡(𝑢2 + 𝑢𝐿−1) + 𝑠𝜈𝐿 + 𝑢𝐿 + 𝑢𝐿+1 + 𝑡2𝑢)

 

𝛾(𝑥) = ∫  
𝑥

0

(ℱ𝑠𝐴)1(𝑦, 0,0)d𝑦 = ℓℱ𝑠𝐴(𝑥) 

𝑊ℓ(ℱ𝑠𝐴) = Tr𝐽𝛾(1),𝑊ℓ(ℱ𝑠𝐴̃) = Tr𝐽𝛾+𝜁(1) 

𝐷ℎ =
 def 

𝑐𝑡𝑃𝑡+𝑠ℎ(0) = 𝑐𝑡ℎ(0) + 𝑂𝐿∞(𝑡(𝑡 + 𝑠)),

𝐷err =
 def 

𝑂𝐿∞[𝔤,𝔤] (𝑠
𝜂/2+

1
2𝑡) + 𝑂𝐿∞(𝑡

5/4−7𝜅/2).
 

 

𝑊ℓ(ℱ𝑠𝐴̃) = 𝑊ℓ(ℱ𝑠𝐴) + Tr (∫  
1

0

  d𝜁(𝑥))

 +Tr∫  
1

0

 ∫  
𝑥

0

  { d𝜁(𝑥)d𝛾(𝑦) + d𝛾(𝑥)d𝜁(𝑦)}

 +𝑂{𝑣(𝑤2 + 𝑤𝐿−1) + 𝑤𝐿 + 𝑤𝐿+1 + 𝑣𝐿+1 + 𝑣2(1 + 𝑤 + 𝑣 + 𝑤𝐿−3)}

 

Tr (∫  
1

0

  d𝜁(𝑥)) = 𝑡Tr∫ 
ℓ

ch(0) + 𝑂(𝑡5/4−7𝜅/2 + 𝑡𝑠) 

Tr∫  
1

0

∫  
𝑥

0

{ d𝜻(𝑥)d𝜸(𝑦) + d𝜸(𝑥)d𝜻(𝑦)} = Tr∫  
[0,1]2

{ d𝜻(𝑥)d𝜸(𝑦)} 

ℱ𝑠𝐴 = 𝑃𝑠𝐴 + 𝑂𝛾−gr(𝑠
𝜈(Σ(𝐴) + Σ(𝐴)3)) 

𝐴 = 𝐴(0) + Ψ𝑡
YM + 𝒫𝑡 ⋆ (Ψ𝜕Ψ)

YM + 𝑂𝐿∞(𝑡
1/4−3𝜅/2)  

∫  
1

0

 d𝛾(𝑥) = ∫  
1

0

 dℓ𝐴(0)(𝑥) + 𝑂 (𝑠𝜆‖Ψ𝑡
YM‖

𝛼,𝜃
+ 𝑠𝜆‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)

YM‖𝛼,𝜃) 

+𝑂 (𝑡1/4−3𝜅/2 + 𝑠𝜈(Σ(𝐴) + Σ(𝐴)3)) 

∫  
1

0

 d𝜻(𝑦) = 𝑡∫  
1

0

 dℓch(0)(𝑦) + 𝑂 (𝑡5/4−7𝜅/2 + 𝑠𝜂/2+
1
2𝑡) 

Tr∫  
[0,1]2

  { d𝜻(𝑥)d𝛾(𝑦)} = 𝑡Tr (∫  
[0,1]2

  dℓ𝐴(0)(𝑥1)dℓ𝑐ℎ(0)(𝑥2))

 +𝑂 (𝑡𝑠𝜆‖Ψ𝑡
YM‖

𝛼,𝜃
+ 𝑡𝑠𝜆‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)

YM‖𝛼,𝜃 + 𝑡5/4−7𝜅/2)

 +𝑂 (𝑡𝑠𝜈(Σ(𝐴) + Σ(𝐴)3) + 𝑠𝜂/2+
1
2𝑡|𝐴(0)|𝐿∞)

 

𝑤 = |𝛾|1
𝛾
−var

≤ |ℱ𝑠𝐴|𝛾−gr = |𝒫𝑠𝐴|𝛾−gr + 𝑂(𝑠𝜈) = 𝑂(𝑠𝜆)‖𝐴‖𝛼,𝜃 + 𝑂(𝑠𝜈)  

𝑣 = |𝜻|1
𝛾
−var

≤ |𝐷ℎ + 𝐷err|𝛾−gr ≲ 𝑠𝜂/2+
1
2𝑡 + 𝑡 = 𝑂(𝑡)  

 [ [𝐴 + 𝐵] ]𝛾,𝛿 ≲ [ [𝐴] ]𝛾,𝛿 + |𝐵|𝒞𝜂‾ (|𝐴|𝒞𝜂 + |𝐵|𝒞𝜂‾ ) 

𝒩𝑠(𝐴 + 𝐵) = 𝒩𝑠𝐴 +𝒩𝑠𝐵 + 𝑃𝑠𝐴⊗ ∇𝑃𝑠𝐵 + 𝑃𝑠𝐵⊗ ∇𝑃𝑠𝐴 
𝑍𝑠,𝑡 = 𝑠𝛿𝒩𝑠Ψ𝑡 
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𝐄 [| sup
(𝑠,𝑡)≠(𝑠‾,𝑡‾)

 
|𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾|𝛾−gr

(|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅‾
|

𝑝

]

1/𝑝

< ∞ 

(𝐄 ∣ 𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾𝜏‾𝛾−gr
𝑝 )

1/𝑝
≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅/2 

𝐄 | sup
𝑡∈[0,1]

 𝑡−𝜅‾ [ [Ψ𝑡] ]𝛾,𝛿|

𝑝

< ∞ 

|𝐶𝑠,𝑠‾;,𝑡,𝑡‾(𝑥)| ≲ (|𝑠 − 𝑠‾| + |𝑡 − 𝑡‾|)𝜅|𝑥|4𝛿−4−2𝜅  

|∇𝐶𝑠,𝑠‾;,𝑡𝑡‾| ≲ (|𝑠 − 𝑠‾| + |𝑡 − 𝑡‾|)𝜅|𝑥 − 𝑦|4𝛿−5−2𝜅  

|∇𝐶𝑟,𝑠(𝑥)| ≲ |𝑥|−2, |∇(𝐶𝑟,𝑟 − 𝐶𝑟,𝑠)(𝑥)| ≲ |𝑟 − 𝑠|𝜅|𝑥|−2−2𝜅 

𝑑((𝑥, 𝑣), (𝑥‾, 𝑣‾)) =
 def 

|𝑥 − 𝑥‾| ∨ |𝑥 + 𝑣 − (𝑥‾ + 𝑣‾)| 

(𝐄 |∫ 
ℓ

  (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾|
𝑝
)
1/𝑝

≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅| ℓ|

2𝛿−1−𝜅

 

(𝐄 |(∫ 
ℓ

 − ∫ 
ℓ‾
 ) (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾)|

𝑝

)

1/𝑝

≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅/2𝑑(ℓ, ℓ‾)2𝛿−3/2−𝜅  

𝐄 |∫ 
ℓ

  (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾)|

2

 = |ℓ|2∫  
[0,1]2

 𝐶((𝑟 − 𝑟‾)𝑣)d𝑟 d𝑟‾

 ≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−2−2𝜅∫  
[0,1]2

  |𝑟 − 𝑟‾|4𝛿−4−2𝜅 d𝑟 d𝑟‾

 ≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−2−2𝜅

 

𝐄 ∣ (∫
ℓ
 − ∫

ℓ‾
 ) (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾|

2
= |ℓ|2∫

[0,1]2
 {𝐶((𝑟 − 𝑟‾)𝑣) − 𝐶(𝑟𝑣 − 𝑟‾𝑣‾) 

−𝐶(𝑟𝑣‾ − 𝑟‾𝑣) + 𝐶((𝑟 − 𝑟‾)𝑣‾)}d𝑟 d𝑟‾

= |ℓ|2∫  
[0,1]2

  {2𝐶((𝑟 − 𝑟‾)𝑣) − 2𝐶(𝑟𝑣 − 𝑟‾𝑣‾)}d𝑟 d𝑟‾, 

 (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−2−2𝜅∫  
ℎ

0

  𝑟4𝛿−4−2𝜅 d𝑟

 ≍ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−2−2𝜅ℎ4𝛿−3−2𝜅

 = (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ||𝑣 − 𝑣‾|4𝛿−3−2𝜅

 

 (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−3−2𝜅|𝑣 − 𝑣‾|∫  
1

ℎ

  𝑟4𝛿−5−2𝜅 d𝑟

 ≍ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−3−2𝜅|𝑣 − 𝑣‾|ℎ4𝛿−4−2𝜅

 = (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ||𝑣 − 𝑣‾|4𝛿−3−2𝜅

 

𝐄 ∣ (∫ 
ℓ

 − ∫ 
ℓ‾
 ) (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾|

2
≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ‖𝑣 − 𝑣‾|4𝛿−3−2𝜅 

(𝐄 |∫ 
ℓ

 𝐴|

𝑝

)

1/𝑝

≤ 𝑀𝑝|ℓ|
𝛼  

(𝐄 |(∫ 
ℓ

 − ∫ 
ℓ‾
 ) 𝐴|

𝑝

)

1/𝑝

≤ 𝑀𝑝𝑑(ℓ, ℓ‾)
𝛽  

(𝐄|𝐴|𝛾−gr
𝑝 )

1/𝑝
≤ 𝜆𝑀𝑝 
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sup
ℓ∈𝐷

 
|∫  
ℓ
 𝐴|

|ℓ|𝛾
≲ sup

𝑁≥1
  sup

𝑎∈𝐷𝑁
|𝑎|≤𝐾2−𝑁/𝜔

 
|∫  
𝑎
 𝐴|

2−𝛾𝑁/𝜔
+ sup

𝑁≥1
  sup

𝑎,𝑏∈𝐷𝑁
𝑑(𝑎,𝑏)≤𝐾2−𝑁

 
|(∫  

𝑎
 − ∫  

𝑏
 )𝐴|

2−𝛾𝑁/𝜔
.  

𝐄 |sup
ℓ∈𝐷

 
|∫  
ℓ
 𝐴|

|ℓ|𝛾
|

𝑝

≲ 𝑀𝑝
𝑝∑  

𝑁≥1

{2𝑁(6−𝑝(𝛼−𝛾)/𝜔) + 2𝑁(12−𝑝(𝛽−𝛾/𝜔))} 

𝛼 =
1

2
− 𝜀, 𝜃 = 𝜀, 𝛾 =

1

2
+ 𝜀, 𝛿 = 1 − 𝜀, 𝜈 = −𝜂‾ = 𝜀/2 

‖𝑓‖𝛼,𝜃 ≲ |𝑓|𝒞𝜂‾  
𝒫 ⋆ (Ψ𝜕Ψ) = lim

𝜀↓0
 𝒫 ⋆ (Ψ𝜀𝜕Ψ𝜀),  

𝐄‖Ψ𝑡‖𝛼,𝜃
𝑝 + 𝐄|𝒫𝑡 ⋆ (Ψ𝜕Ψ)|𝒞𝜂‾

𝑝
+ 𝐄[ [Ψ] ]𝛾,𝛿

𝑝 = 𝑂(𝑡𝑝𝜀). 

𝑄𝑡 ={‖𝑍‖3
2
+2𝜅;𝑂

+ |𝒫 ⋆ 𝟏+𝜉|𝒞([−1,3],𝒞−1/2−𝜅) + |𝒫 ⋆ (Ψ𝜕Ψ)|𝒞([−1,3],𝒞−2𝜅)

+𝑡−𝜀‖Ψ𝑡‖𝛼,𝜃 + 𝑡−𝜀|𝒫𝑡 ⋆ (Ψ𝜕Ψ)|𝒞𝜂‾ + 𝑡
−𝜀[ [Ψ𝑡] ]𝛾,𝛿 < 𝑀}

 

 

𝐄𝑊ℓ(ℱ𝑠𝐴̃)𝟏𝑄𝑡 − 𝐄𝑊ℓ(ℱ𝑠𝐴)𝟏𝑄𝑡 = 𝐏[𝑄𝑡] {𝑡Tr (∫ 
ℓ

 ch(0))

 +𝑡Tr (∫  
[0,1]2

  dℓ𝐴(0)(𝑥1)dℓ𝑐ℎ(0)(𝑥2)) + 𝑂(𝑡1+𝑟+𝛽/6 + 𝑡1+3𝑟/2 + 𝑡1+𝑟+𝜈𝛽)}

 

‖𝐴‖𝛼,𝜃 ≤ |𝐴(0)|∞ + ‖Ψ𝑡‖𝛼,𝜃 + ‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)‖𝛼,𝜃 + 𝑂(𝑡1/4−3𝜅/2) ≲ 𝑡𝑟  

𝛽 = −
𝑟

4𝜆
> 0 

𝑢 = 𝑠𝜆‖𝐴‖𝛼,𝜃 ≲ 𝑠𝜆𝑡𝑟 = 𝑡3𝑟/4  

[ [𝐴] ]𝛾,𝛿 ≲ [ [Ψ𝑡] ]𝛾,𝛿 + |Ψ|𝒞𝜂{|𝐴(0)|𝐿∞ + |𝒫𝑡(Ψ𝜕Ψ)|𝒞𝜂‾ + 𝑂(𝑡1/4−3𝜅/2)} ≲ 𝑡𝑟  

𝑡5/4−7𝜅/2 + 𝑡𝑠 ≲ 𝑡1+3𝑟/2,

𝑡𝑠𝜆(‖Ψ𝑡‖𝛼,𝜃 + ‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)‖𝛼,𝜃) ≲ 𝑠𝜆𝑡1+𝜀 ≲ 𝑡1+3𝑟/2,

|𝐴(0)|𝐿∞𝑠
𝜂/2+

1
2𝑡 ≲ 𝑡𝑟+1𝑡(

𝜂
2
+
1
2
)𝛽 ≲ 𝑡1+𝑟+𝛽/6,

𝑠𝜈𝑡(Σ(𝐴) + Σ(𝐴)3) ≲ 𝑡1+𝑟+𝜈𝛽 ,

𝑡(𝑢2 + 𝑢𝐿−1) ≲ 𝑡1+3𝑟/2,

 

|𝐄{𝑊ℓ(ℱ𝑠𝐴̃) −𝑊ℓ(ℱ𝑠𝐴)}𝟏𝑄𝑡| ≳ 𝑡1+𝑟  

𝐴(0) = 𝑡𝑟ch(0). 

∫ 
ℓ

ch(0) = ∫ 
ℓ

𝑐1
(1)
ℎ1(0) = 𝑐1

(1)
𝜁(1). 

|𝐄𝑊ℓ(ℱ𝑠𝐴̃)𝟏𝑄𝑡 − 𝐄𝑊ℓ(ℱ𝑠𝐴)𝟏𝑄𝑡| ≳ 𝑡 

|𝐄𝑊ℓ(ℱ𝑠𝐴̃)𝟏𝑄𝑡 − 𝐄𝑊ℓ(ℱ𝑠𝐴)𝟏𝑄𝑡| ≳ 𝑡1+𝑟 |Tr ({𝑐1
(1)
𝜁(1)}

2
)| − 𝑜(𝑡1+𝑟) ≳ 𝑡1+𝑟 

𝑢(𝑥, 𝑦, 𝑧) =

{
 
 

 
 𝑒𝜓(𝑦)𝑋  if 𝑦 ∈ [0,

1

4
]

1  if 𝑦 ∈ [
1

4
,
3

4
]

𝑒𝜓(𝑦−1)𝑋  if 𝑦 ∈ [
3

4
, 1]

 

ℎ2(𝑥, 0,0) =
 def 

(𝜕2𝑢)𝑢
−1(𝑥, 0,0) = 𝑋, 𝑥 ∈ [0,1] 
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∫ 
ℓ

𝑐ℎ = ∫  
1

0

𝑐1
(2)
ℎ2(𝑥, 0,0)d𝑥 = 𝑐1

(2)
𝑋 

𝛿𝜓𝑎‾
+ = 𝐷𝑎‾𝜖

+ +
1

16
𝐹#𝛾𝑎‾𝜖

−, 𝛿𝜌+ = 𝛾𝑎𝐷𝑎𝜖
+,

𝛿𝜓𝑎
− = 𝐷𝑎𝜖

− +
1

16
𝐹#
𝑇𝛾𝑎𝜖

+, 𝛿𝜌− = 𝛾𝑎‾𝐷𝑎‾𝜖
−.

 

𝑅𝑎𝑏‾ +
1

16
Φ−1⟨𝐹, Γ𝑎𝑏‾𝐹⟩ = 0, 𝑆 = 0, Γ𝐴𝐷𝐴𝐹 = 0,  

𝛾𝑏𝐷𝑏𝜓𝑎‾
+ − 𝐷𝑎‾𝜌

+ =
1

16
𝛾𝑏𝐹#𝛾𝑎‾𝜓𝑏

−, 𝛾𝑎𝐷𝑎𝜌
+ − 𝐷𝑎‾𝜓𝑎‾

+ = −
1

16
𝐹#𝜌

−,

𝛾𝑏‾𝐷𝑏‾𝜓𝑎
− − 𝐷𝑎𝜌

− =
1

16
𝛾𝑏‾𝐹#

𝑇𝛾𝑎𝜓𝑏‾
+, 𝛾𝑎‾𝐷𝑎‾𝜌

− − 𝐷𝑎𝜓𝑎
− = −

1

16
𝐹#
𝑇𝜌+.

 

{𝑔𝜇𝜈 , 𝐵𝜇𝜈 , 𝜙, 𝐴𝜇1…𝜇𝑛
(𝑛)

, 𝜓𝜇
±, 𝜆±}  

𝜓𝜇 = 𝜓𝜇
+ + 𝜓𝜇

− 𝛾(10)𝜓𝜇
± = ∓𝜓𝜇

±

𝜆 = 𝜆+ + 𝜆−  𝛾(10)𝜆± = ±𝜆±
 

𝜓𝜇 = (
𝜓𝜇
+

𝜓𝜇−
)    𝛾(10)𝜓𝜇

± = 𝜓𝜇
±

𝜆 = (
𝜆+

𝜆−
)    𝛾(10)𝜆± = −𝜆±.

 

𝜌±: = 𝛾𝜇𝜓𝜇
± − 𝜆±,  

𝑆B =
1

2𝜅2
∫  √−𝑔 [e−2𝜙 (ℛ + 4(𝜕𝜙)2 −

1

12
𝐻2) −

1

4
∑  

𝑛

 
1

𝑛!
(𝐹(𝑛)

(𝐵)
)
2

] ,  

𝐹(𝐵) =∑  

𝑛

 𝐹(𝑛)
(𝐵)

=∑  

𝑛

  e𝐵 ∧  d𝐴(𝑛−1),  

𝐹(𝑛)
(𝐵)

= (−)[𝑛/2] ∗ 𝐹(10−𝑛)
(𝐵)

,  

𝑆F = −
1

2𝜅2
∫  √−𝑔[e−2𝜙(2𝜓‾+𝜇𝛾𝜈∇𝜈𝜓𝜇

+ − 4𝜓‾+𝜇∇𝜇𝜌
+ − 2𝜌‾+∇̸𝜌+

 −
1

2
𝜓‾+𝜇H̸𝜓𝜇

+ − 𝜓‾𝜇
+𝐻𝜇𝜈𝜆𝛾𝜈𝜓𝜆

+ −
1

2
𝜌+𝐻𝜇𝜈𝜆𝛾𝜇𝜈𝜓𝜆

+ +
1

2
𝜌+𝐻/𝜌+)

+e−2𝜙(2𝜓‾−𝜇𝛾𝜈∇𝜈𝜓𝜇
− − 4𝜓‾−𝜇∇𝜇𝜌

− − 2𝜌‾−∇̸𝜌−

 +
1

2
𝜓‾−𝜇𝐻𝐻𝜓𝜇

− + 𝜓‾𝜇
−𝐻𝜇𝜈𝜆𝛾𝜈𝜓𝜆

− +
1

2
𝜌−𝐻𝜇𝜈𝜆𝛾𝜇𝜈𝜓𝜆

− −
1

2
𝜌−𝐻/𝜌−)

−
1

4
e−𝜙(𝜓‾𝜇

+𝛾𝜈F̸
(𝐵)
𝛾𝜇𝜓𝜈

− + 𝜌+𝐹(𝐵)𝜌−)] .

 

ℛ𝜇𝜈 −
1

4
𝐻𝜇𝜆𝜌𝐻𝜈 

𝜆𝜌 + 2∇𝜇∇𝜈𝜙 −
1

4
e2𝜙∑ 

𝑛

 
1

(𝑛 − 1)!
𝐹𝜇𝜆1…𝜆𝑛−1
(𝐵)

𝐹𝜈
(𝐵)𝜆1…𝜆𝑛−1  = 0

∇𝜇(e−2𝜙𝐻𝜇𝜈𝜆) −
1

2
∑  

𝑛

 
1

(𝑛 − 2)!
𝐹𝜇𝜈𝜆1…𝜆𝑛−2
(𝐵)

𝐹(𝐵)𝜆1…𝜆𝑛−2  = 0

∇2𝜙 − (∇𝜙)2 +
1

4
ℛ −

1

48
𝐻2 = 0

 d𝐹(𝐵) − 𝐻 ∧ 𝐹(𝐵) = 0
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𝛾𝜈 [(∇𝜈 ∓
1

24
𝐻𝜈𝜆𝜌𝛾

𝜆𝜌 − 𝜕𝜈𝜙)𝜓𝜇
± ±

1

2
𝐻𝜈𝜇 

𝜆𝜓𝜆
±] − (∇𝜇 ∓

1

8
𝐻𝜇𝜈𝜆𝛾

𝜈𝜆) 𝜌±

=
1

16
e𝜙∑ 

𝑛

  (±)[(𝑛+1)/2]𝛾𝜈𝜓(𝑛)
(𝐵)
𝛾𝜇𝜓𝜈

∓,

(∇𝜇 ∓
1

8
𝐻𝜇𝜈𝜆𝛾

𝜈𝜆 − 2𝜕𝜇𝜙)𝜓
𝜇± − 𝛾𝜇 (∇𝜇 ∓

1

24
𝐻𝜇𝜈𝜆𝛾

𝜈𝜆 − 𝜕𝜇𝜙)𝜌
±

=
1

16
e𝜙∑ 

𝑛

  (±)[(𝑛+1)/2]𝐹(𝑛)
(𝐵)
𝜌∓,

 

𝜖 = 𝜖+ + 𝜖−  𝛾(10)𝜖± = ∓𝜖±  

𝜖 = (
𝜖+

𝜖−
)   𝛾(10)𝜖± = 𝜖±  

𝛿𝑒𝜇
𝑎 =𝜖‾+𝛾𝑎𝜓𝜇

+ + 𝜖‾−𝛾𝑎𝜓𝜇
−

𝛿𝐵𝜇𝜈 =2𝜖‾
+𝛾[𝜇𝜓𝜈]

+ − 2𝜖‾−𝛾[𝜇𝜓𝜈]
− ,

𝛿𝜙 −
1

4
𝛿log (−𝑔) = −

1

2
𝜖‾+𝜌+ −

1

2
𝜖‾−𝜌−,

(e𝐵 ∧ 𝛿𝐴)𝜇1…𝜇𝑛
(𝑛)

=
1

2
(e−𝜙𝜓‾𝜈

+𝛾𝜇1…𝜇𝑛𝛾
𝜈𝜖− − e−𝜙𝜖‾+𝛾𝜇1…𝜇𝑛𝜌

−)

 ∓
1

2
(e−𝜙𝜖‾+𝛾𝜈𝛾𝜇1…𝜇𝑛𝜓𝜈

− + e−𝜙𝜌‾+𝛾𝜇1…𝜇𝑛𝜖
−),

 

𝛿𝜓𝜇
±  = (∇𝜇 ∓

1

8
𝐻𝜇𝜈𝜆𝛾

𝜈𝜆) 𝜖± +
1

16
e𝜙∑ 

𝑛

  (±)[(𝑛+1)/2]𝐹(𝑛)
(𝐵)
𝛾𝜇𝜖

∓,

𝛿𝜌±  = 𝛾𝜇 (∇𝜇 ∓
1

24
𝐻𝜇𝜈𝜆𝛾

𝜈𝜆 − 𝜕𝜇𝜙) 𝜖
±.

 

𝐵(𝑖) = 𝐵(𝑗) − dΛ(𝑖𝑗)  
Λ(𝑖𝑗) + Λ(𝑗𝑘) + Λ(𝑘𝑖) = dΛ(𝑖𝑗𝑘),  

𝐴(𝑖) = edΛ(𝑖𝑗) ∧ 𝐴(𝑗) + dΛ̂(𝑖𝑗),  

𝐵(𝑖)
′ = 𝐵(𝑖) − d𝜆(𝑖), 𝐴(𝑖)

′ = ed𝜆(𝑖)𝐴(𝑖),  

Ωcl
2 (𝑀) ⟶ 𝐺NS ⟶Diff(𝑀),  

𝛿𝑣+𝜆𝑔 = ℒ𝑣𝑔, 𝛿𝑣+𝜆𝜙 = ℒ𝑣𝜙, 𝛿𝑣+𝜆𝐵(𝑖) = ℒ𝑣𝐵(𝑖) − d𝜆(𝑖),  
d𝜆(𝑖) = d𝜆(𝑗) − ℒ𝑣 dΛ(𝑖𝑗)  
𝜆(𝑖) = 𝜆(𝑗) − 𝑖𝑣 dΛ(𝑖𝑗),  

0 ⟶ 𝑇∗𝑀 ⟶ 𝐸 ⟶ 𝑇𝑀⟶ 0  

𝑣(𝑖) + 𝜆(𝑖) = 𝑣(𝑗) + (𝜆(𝑗) − 𝑖𝑣(𝑗)dΛ(𝑖𝑗)) ,  

⟨𝑉, 𝑉⟩ = 𝑖𝑣𝜆,  

𝐸̃ = det𝑇∗𝑀⊗𝐸  

⟨𝐸̂𝐴, 𝐸̂𝐵⟩ = Φ2𝜂𝐴𝐵,  𝜂 =
1

2
(
0 1
1 0

) .  

𝐹̃ = {(𝑥, {𝐸̂𝐴}): 𝑥 ∈ 𝑀, and {𝐸̂𝐴} 𝐸̃𝑥}.  

𝑉𝐴 ↦ 𝑉′𝐴 = 𝑀𝐵
𝐴𝑉𝐵, 𝐸̂𝐴 ↦ 𝐸̂𝐴

′ = 𝐸̂𝐵(𝑀
−1)𝐵 𝐴.  

𝑉𝑀 = {
𝑣𝜇  for 𝑀 = 𝜇
𝜆𝜇  for 𝑀 = 𝜇 + 𝑑

.  

𝐸(𝑝)
⊗𝑛 = (det𝑇∗𝑀)𝑝⊗𝐸⊗⋯⊗𝐸.  

{Γ𝐴, Γ𝐵} = 2𝜂𝐴𝐵  
𝑉𝐴Γ𝐴Ψ(𝑖) = 𝑖𝑣Ψ(𝑖) + 𝜆(𝑖) ∧ Ψ(𝑖)  

Ψ(𝑖) = edΛ(𝑖𝑗) ∧ Ψ(𝑗)  
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𝑆(𝑝)
± = (det𝑇∗𝑀)𝑝⊗𝑆±(𝐸)  

⟨Ψ,Ψ′⟩ =∑  

𝑛

  (−)[(𝑛+1)/2]Ψ(𝑑−𝑛) ∧ Ψ′(𝑛) ∈ Γ((det𝑇∗𝑀)2𝑝)  

𝐸̂𝐴 = {
𝐸̂𝑎 = (det𝑒)(𝑒̂𝑎 + 𝑖𝑒̂𝑎𝐵)  para 𝐴 = 𝑎

𝐸𝑎 = (det𝑒)𝑒𝑎  para 𝐴 = 𝑎 + 𝑑
 

⟨𝐸̂𝐴, 𝐸̂𝐵⟩ = (det𝑒)2𝜂𝐴𝐵  

𝑉(𝐵)  = 𝑣𝑎(det𝑒)𝑒̂𝑎 + 𝜆𝑎(det𝑒)𝑒
𝑎

 = 𝑣(𝑖) + 𝜆(𝑖) − 𝑖𝑣(𝑖)𝐵(𝑖),
 

𝑀 = (det𝐴)−1 (
1 0
𝜔 1

) (
𝐴 0
0 (𝐴−1)𝑇

) ,  

𝐸̂𝐴 = {
𝐸̂𝑎 = e−2𝜙(det𝑒)(𝑒̂𝑎 + 𝑖𝑒̂𝑎𝐵)  para 𝐴 = 𝑎

𝐸𝑎 = e−2𝜙(det𝑒)𝑒𝑎  para 𝐴 = 𝑎 + 𝑑
 

𝑉(𝐵,𝜙) = e2𝜙 (𝑣(𝑖) + 𝜆(𝑖) − 𝑖𝑣(𝑖)𝐵(𝑖)) .  

Ψ(𝐵) =∑  

𝑛

 
1

𝑛!
Ψ𝑎1…𝑎𝑛
(𝐵)

𝑒𝑎1 ∧ ⋯∧ 𝑒𝑎𝑛 = e𝐵(𝑖) ∧ Ψ(𝑖),  

Ψ(𝐵,𝜙) = e𝑝𝜙e𝐵(𝑖) ∧ Ψ(𝑖).  
𝐿𝑉𝑊 = ℒ𝑣𝑤 + ℒ𝑣𝜁 − 𝑖𝑤 d𝜆  

ℒ𝑣𝑤
𝜇 = 𝑣𝜈𝜕𝜈𝑤

𝜇 − 𝑤𝜈𝜕𝜈𝑣
𝜇 + 𝑝(𝜕𝜈𝑣

𝜈)𝑤𝜇,

ℒ𝑣𝜁𝜇  = 𝑣𝜈𝜕𝜈𝜁𝜇 + (𝜕𝜇𝑣
𝜈)𝜁𝜈 + 𝑝(𝜕𝜈𝑣

𝜈)𝜁𝜇.
 

𝜕𝑀 = {
𝜕𝜇  para 𝑀 = 𝜇

0  para 𝑀 = 𝜇 + 𝑑
.  

𝐿𝑉𝑊
𝑀 = 𝑉𝑁𝜕𝑁𝑊

𝑀 + (𝜕𝑀𝑉𝑁 − 𝜕𝑁𝑉𝑀)𝑊𝑁 + 𝑝(𝜕𝑁𝑉
𝑁)𝑊𝑀  

𝑚 ⋅ 𝑊 = (
𝑎 0
−𝜔 −𝑎𝑇

) (
𝑤

𝜁
) − 𝑝tr𝑎 (

𝑤

𝜁
)  

𝐿𝑉𝛼
𝑀1…𝑀𝑛 =𝑉𝑁𝜕𝑁𝛼

𝑀1…𝑀𝑛 + (𝜕𝑀1𝑉𝑁 − 𝜕𝑁𝑉𝑀1)𝛼𝑁 
𝑀2…𝑀𝑛

 +⋯+ (𝜕𝑀𝑛𝑉𝑁 − 𝜕𝑁𝑉𝑀𝑛)𝛼𝑀1…𝑀𝑛−1  𝑁 + 𝑝(𝜕𝑁𝑉
𝑁)𝑊𝑀 

𝐿𝑉Ψ = 𝑉𝑁𝜕𝑁Ψ+
1

4
(𝜕𝑀𝑉𝑁 − 𝜕𝑁𝑉𝑀)Γ

𝑀𝑁Ψ+ 𝑝(𝜕𝑀𝑉
𝑀)Ψ  

[ [𝑉,𝑊] ]  =
1

2
(𝐿𝑉𝑊 − 𝐿𝑊𝑉)

 = [𝑣, 𝑤] + ℒ𝑣𝜁 − ℒ𝑤𝜆 −
1

2
 d(𝑖𝑣𝜁 − 𝑖𝑤𝜆),

 

[ [𝑈, 𝑉] ]𝑀 = 𝑈𝑁𝜕𝑁𝑉
𝑀 − 𝑉𝑁𝜕𝑁𝑈

𝑀 −
1

2
(𝑈𝑁𝜕

𝑀𝑉𝑁 − 𝑉𝑁𝜕
𝑀𝑈𝑁).  

(dΨ)(𝑖) =
1

2
Γ𝑀𝜕𝑀Ψ(𝑖) = dΨ(𝑖),  

𝐷𝑀𝑊
𝐴 = 𝜕𝑀𝑊

𝐴 + Ω̃𝑀 
𝐴 𝐵𝑊

𝐵  

Ω̃𝑀 
𝐴 𝐵 = Ω𝑀 

𝐴 𝐵 − Λ𝑀𝛿
𝐴 𝐵,  

Ω𝑀
𝐴𝐵 = −Ω𝑀 

𝐵𝐴.  
𝐷𝑀𝛼

𝐴1…𝐴𝑛 = 𝜕𝑀𝛼
𝐴1…𝐴𝑛 + Ω𝑀 

𝐴1  𝐵𝛼
𝐵𝐴2…𝐴𝑛

 +⋯+ Ω𝑀 
𝐴𝑛  𝐵𝛼

𝐴1…𝐴𝑛−1𝐵 − 𝑝Λ𝑀𝛼
𝐴1…𝐴𝑛 .

 

𝐷𝑀Ψ = (𝜕𝑀 +
1

4
Ω𝑀
𝐴𝐵Γ𝐴𝐵 − 𝑝Λ𝑀)Ψ  

𝑊 = 𝑊𝐴𝐸̂𝐴 = 𝑤𝑎𝐸̂𝑎 + 𝜁𝑎𝐸
𝑎  

(𝐷𝑀
∇𝑊𝐴)𝐸̂𝐴 = {

(∇𝜇𝑤
𝑎)𝐸̂𝑎 + (∇𝜇𝜁𝑎)𝐸

𝑎  para 𝑀 = 𝜇

0  para 𝑀 = 𝜇 + 𝑑
.  
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𝑇(𝑉) ⋅ 𝛼 = 𝐿𝑉
𝐷𝛼 − 𝐿𝑉𝛼  

𝑇𝐴𝐵𝐶 = −3Ω̃[𝐴𝐵𝐶] + Ω̃𝐷 
𝐷 𝐵𝜂𝐴𝐶 −Φ−2⟨𝐸̂𝐴, 𝐿Φ−1𝐸̂𝐵

𝐸̂𝐶⟩  

𝑇 ∈ Γ(Λ3𝐸 ⊕𝐸)  
𝑇𝑀 𝑃𝑁 = (𝑇1)

𝑀 𝑃𝑁 − (𝑇2)𝑃𝛿
𝑀 𝑁 ,  

(𝑇1)𝑀𝑁𝑃  = −3Ω̃[𝑀𝑁𝑃] = −3Ω[𝑀𝑁𝑃]

(𝑇2)𝑀  = −Ω̃𝑄 𝑀 = Λ𝑀 − Ω𝑄 𝑀
 

Γ𝑀𝐷𝑀Ψ = Γ𝑀 (𝜕𝑀Ψ+
1

4
Ω𝑀𝑁𝑃Γ

𝑁𝑃Ψ−
1

2
Λ𝑀Ψ)

 = Γ𝑀𝜕𝑀Ψ+
1

4
Ω[𝑀𝑁𝑃]Γ

𝑀𝑁𝑃Ψ−
1

2
(Λ𝑀 − Ω𝑁 𝑀)Γ

𝑀Ψ

 = 2 dΨ −
1

12
(𝑇1)[𝑀𝑁𝑃]Γ

𝑀𝑁𝑃Ψ−
1

2
(𝑇2)𝑀Γ

𝑀Ψ.

 

Γ𝑀𝐷𝑀Ψ = 2 dΨ  

𝐿Φ−1
𝐸̂𝐴 𝐸̂𝐵 = (𝐿Φ−1𝐸̂𝐴

Φ)Φ−1𝐸̂𝐵 +Φ(𝐿Φ−1𝐸̂𝐴
(Φ−1𝐸̂𝐵))  

𝐿Φ−1𝐸̂𝐴
Φ = {

−e−2𝜙(det𝑒)(𝑖𝑒̂𝑎𝑖𝑒̂𝑏 d𝑒𝑏 + 2𝑖𝑒̂𝑎 d𝜙)  para 𝐴 = 𝑎

0  para 𝐴 = 𝑎 + 𝑑
 

𝐿Φ−1𝐸̂𝐴
Φ−1𝐸̂𝐵 = (

[𝑒̂𝑎, 𝑒̂𝑏] + 𝑖𝑒̂𝑎,𝑒̂𝑏𝐵 − 𝑖𝑒̂𝑎𝑖𝑒̂𝑏𝐻 ℒ𝑒̂𝑎𝑒
𝑏

−ℯ̂𝑒̂𝑏𝑒
𝑎 0

)
𝐴𝐵

 

𝑇1 = −4𝐻, 𝑇2 = −4 d𝜙,  
𝑅(𝑈, 𝑉,𝑊) = [𝐷𝑈 , 𝐷𝑉]𝑊 − 𝐷[ [𝑈,𝑉] ]𝑊  

[𝐷𝑓𝑈, 𝐷𝑔𝑉]ℎ𝑊 − 𝐷[ [𝑓𝑈,𝑔𝑉] ]ℎ𝑊

 = fgh([𝐷𝑈, 𝐷𝑉]𝑊 − 𝐷[ [𝑈,𝑉] ]𝑊)−
1

2
ℎ⟨𝑈, 𝑉⟩𝐷(𝑓 d𝑔−𝑔 d𝑓)𝑊,

 

𝐸 = 𝐶+⊕𝐶−,  
⟨𝐸̂𝑎

+, 𝐸̂𝑏
+⟩ = Φ2𝜂𝑎𝑏 ,

⟨𝐸̂𝑎‾
−, 𝐸̂𝑏‾

−⟩ = −Φ2𝜂𝑎‾𝑏‾ ,

⟨𝐸̂𝑎
+, 𝐸̂𝑎‾

−⟩ = 0.

 

𝐸̂𝐴 = {
𝐸̂𝑎
+ para 𝐴 = 𝑎

𝐸̂𝑎‾
− para 𝐴 = 𝑎‾ + 𝑑

 

⟨𝐸̂𝐴, 𝐸̂𝐵⟩ = Φ2𝜂𝐴𝐵,  where  𝜂𝐴𝐵 = (
𝜂𝑎𝑏 0
0 −𝜂𝑎‾𝑏‾

)  

𝐸̂𝐴 = {
𝐸̂+𝑎  para 𝐴 = 𝑎

−𝐸̂−𝑎‾  para 𝐴 = 𝑎‾ + 𝑑
,  

𝐸̂𝑎
+ = e−2𝜙√−𝑔(𝑒̂𝑎

+ + 𝑒𝑎
+ + 𝑖𝑒̂𝑎+𝐵),

𝐸̂𝑎‾
− = e−2𝜙√−𝑔(𝑒̂𝑎‾

− − 𝑒𝑎‾
− + 𝑖𝑒̂𝑎‾𝐵),

 

Φ = e−2𝜙√−𝑔  

𝑔 = 𝜂𝑎𝑏𝑒
+𝑎 ⊗ 𝑒+𝑏 = 𝜂𝑎‾𝑏‾𝑒

−𝑎‾ ⊗ 𝑒−𝑏‾ ,

𝑔(𝑒̂𝑎
+, 𝑒̂𝑏

+) = 𝜂𝑎𝑏 , 𝑔(𝑒̂𝑎‾
−, 𝑒̂𝑏‾

−) = 𝜂𝑏‾𝑏‾ .
 

𝐺 = Φ−2(𝜂𝑎𝑏𝐸̂𝑎
+⊗ 𝐸̂𝑏

+ + 𝜂𝑎‾𝑏‾ 𝐸̂𝑎‾
−⊗ 𝐸̂𝑏‾

−)  

𝐺𝑀𝑁 =
1

2
(
𝑔 − 𝐵𝑔−1𝐵 −𝐵𝑔−1

𝑔−1𝐵 𝑔−1
)
𝑀𝑁

 

Γ(+) =
1

𝑑!
𝜖𝑎1…𝑎𝑑Γ𝑎1 …Γ𝑎𝑑 , Γ(−) =

1

𝑑!
𝜖𝑎‾1…𝑎‾𝑑Γ𝑎‾1 …Γ𝑎‾𝑑 .  

Γ𝑎 ⋅ Ψ
(𝐵) = 𝑖𝑒̂𝑎+Ψ

(𝐵) + 𝑒𝑎
+ ∧ Ψ(𝐵), Γ𝑎‾ ⋅ Ψ

(𝐵) = 𝑖𝑒̂𝑎−Ψ
(𝐵) − 𝑒𝑎

− ∧ Ψ(𝐵)  
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Γ(+)Ψ(𝑛)
(𝐵)

= (−)[𝑛/2] ∗ Ψ(𝑛)
(𝐵)
, Γ(−)Ψ(𝑛)

(𝐵)
= (−)𝑑(−)[𝑛+1/2] ∗ Ψ(𝑛)

(𝐵)
 

Γ(−)Γ𝐴Γ(−)−1 = 𝐺𝐵
𝐴Γ𝐵  

𝐷𝐺 = 0, 𝐷Φ = 0  

𝑊 = 𝑤+
𝑎𝐸̂𝑎

+ +𝑤−
𝑎‾ 𝐸̂𝑎‾

−,  

𝐷𝑀𝑊
𝐴 = {

𝜕𝑀𝑤+
𝑎 + Ω𝑀 

𝑎 𝑏𝑤+
𝑏  para 𝐴 = 𝑎

𝜕𝑀𝑤−
𝑎‾ + Ω𝑀 

𝑎‾  𝑏‾𝑤−
𝑏‾  para 𝐴 = 𝑎‾

,  

Ω𝑀𝑎𝑏 = −Ω𝑀𝑏𝑎, Ω𝑀𝑎‾𝑏‾ = −Ω𝑀𝑏‾𝑎‾ .  

∇𝜇𝑣
𝜈 = (𝜕𝜇𝑣

𝑎 + 𝜔𝜇
+𝑎 𝑏𝑣

𝑏)(𝑒̂𝑎
+)𝜈 = (𝜕𝜇𝑣

𝑎‾ + 𝜔𝜇
−𝑎‾𝑏‾𝑣𝑏‾)(𝑒̂𝑎‾

−)𝜈 .  

𝐷𝑀
∇𝑊𝑎 = {

∇𝜇𝑤+
𝑎  para 𝑀 = 𝜇

0  para 𝑀 = 𝜇 + 𝑑
,𝐷𝑀

∇𝑊𝑎‾ = {
∇𝜇𝑤−

𝑎‾  para 𝑀 = 𝜇

0  para 𝑀 = 𝜇 + 𝑑
.  

𝑊 = 𝑤+
𝑎𝐸̂𝑎

+ + 𝑤−
𝑎‾ 𝐸̂𝑎‾

− = (𝑤+
𝑎 + 𝑤−

𝑎)𝐸̂𝑎 + (𝑤+𝑎 − 𝑤−𝑎)𝐸
𝑎,  

𝑇1 = −4𝐻, 𝑇2 = −4 d𝜙  
𝐷𝑀𝑊

𝐴 = 𝐷𝑀
∇𝑊𝐴 + Σ𝑀 

𝐴 𝐵𝑊
𝐵  

Σ𝑀𝑎𝑏 = −Σ𝑀𝑏𝑎, Σ𝑀𝑎‾𝑏‾ = −Σ𝑀𝑏‾𝑎‾ .  
(𝑇1)𝐴𝐵𝐶 = −4𝐻𝐴𝐵𝐶 − 3Σ[𝐴𝐵𝐶], (𝑇2)𝐴 = −4 d𝜙𝐴 − Σ𝐶  𝐴

𝐶 .  

d𝑥𝜇 =
1

2
Φ−1(𝑒̂𝑎

+𝜇
𝐸̂+𝑎 − 𝑒̂𝑎‾

−𝜇
𝐸̂−𝑎‾),  

d𝜙 =
1

2
𝜕𝑎𝜙(Φ

−1𝐸̂+𝑎) −
1

2
𝜕𝑎‾𝜙(Φ

−1𝐸̂−𝑎‾).  

Λ3𝑇∗𝑀 ↪ Λ3𝐸 ≃ Λ3𝐶+⊕ (Λ2𝐶+⊗𝐶−) ⊕ (𝐶+⊗Λ2𝐶−) ⊕ Λ3𝐶−,  

d𝜙𝐴 =

{
 
 
 

 
 
 

1

2
𝜕𝑎𝜙 𝐴 = 𝑎

1

2
𝜕𝑎‾𝜙 𝐴 = 𝑎‾ + 𝑑

, 𝐻𝐴𝐵𝐶 =

{
 
 
 

 
 
 
1

8
𝐻𝑎𝑏𝑐 (𝐴, 𝐵, 𝐶) = (𝑎, 𝑏, 𝑐)

1

8
𝐻𝑎𝑏𝑐‾ (𝐴, 𝐵, 𝐶) = (𝑎, 𝑏, 𝑐‾ + 𝑑)

1

8
𝐻𝑎𝑏‾𝑐‾ (𝐴, 𝐵, 𝐶) = (𝑎, 𝑏‾ + 𝑑, 𝑐‾ + 𝑑)

1

8
𝐻𝑎‾𝑏‾𝑐‾ (𝐴, 𝐵, 𝐶) = (𝑎‾ + 𝑑, 𝑏‾ + 𝑑, 𝑐‾ + 𝑑)

 

Σ[𝑎𝑏𝑐] = −
1

6
𝐻𝑎𝑏𝑐 , Σ𝑎‾𝑏𝑐 = −

1

2
𝐻𝑎‾𝑏𝑐, Σ𝑎 

𝑎 𝑏 = −2𝜕𝑏𝜙,

Σ[𝑎‾𝑏‾𝑐‾] = +
1

6
𝐻𝑎‾𝑏‾𝑐‾, Σ𝑎𝑏‾𝑐‾ = +

1

2
𝐻𝑎𝑏‾𝑐‾, Σ𝑎‾  𝑏‾ = −2𝜕𝑏‾𝜙.

 

𝐷𝑎𝑤+
𝑏 = ∇𝑎𝑤+

𝑏 −
1

6
𝐻𝑎  

𝑏 𝑐𝑤+
𝑐 −

2

9
(𝛿𝑎 

𝑏𝜕𝑐𝜙 − 𝜂𝑎𝑐𝜕
𝑏𝜙)𝑤+

𝑐 + 𝐴𝑎
+𝑏 𝑐𝑤+

𝑐 ,

𝐷𝑎‾𝑤+
𝑏 = ∇𝑎‾𝑤+

𝑏 −
1

2
𝐻𝑎‾  

𝑏 𝑐𝑤+
𝑐 ,

𝐷𝑎𝑤−
𝑏‾ = ∇𝑎𝑤−

𝑏‾ +
1

2
𝐻𝑎  

𝑏‾  𝑐‾𝑤−
𝑐‾,

𝐷𝑎‾𝑤−
𝑏‾ = ∇𝑎‾𝑤−

𝑏‾ +
1

6
𝐻𝑎‾
𝑏‾  𝑐‾𝑤−

𝑐‾ −
2

9
(𝛿𝑎‾  

𝑏‾𝜕𝑐‾𝜙 − 𝜂𝑎‾𝑐‾𝜕
𝑏‾𝜙)𝑤−

𝑐‾ + 𝐴𝑎‾
−𝑏‾𝑐‾𝑐‾𝑤−

𝑐‾,

 

𝐴𝑎𝑏𝑐
+ = −𝐴𝑎𝑐𝑏

+ , 𝐴[𝑎𝑏𝑐]
+ = 0, 𝐴𝑎

+𝑎 𝑏 = 0,

𝐴𝑎‾𝑏‾𝑐‾
− = −𝐴𝑎‾𝑐‾𝑏‾

− , 𝐴[𝑎‾𝑏‾𝑐‾]
− = 0, 𝐴𝑎‾

−𝑎‾𝑏‾ = 0
 

𝐷𝑎‾𝑤+
𝑏 = ∇𝑎‾𝑤+

𝑏 −
1

2
𝐻𝑎‾  

𝑏 𝑐𝑤+
𝑐 ,

𝐷𝑎𝑤−
𝑏‾  = ∇𝑎𝑤−

𝑏‾ +
1

2
𝐻𝑎 

𝑏‾  𝑐‾𝑤−
𝑐‾,
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𝐷𝑎𝑤+
𝑎 = ∇𝑎𝑤+

𝑎 − 2(𝜕𝑎𝜙)𝑤+
𝑎,

𝐷𝑎‾𝑤−
𝑎‾ = ∇𝑎‾𝑤−

𝑎‾ − 2(𝜕𝑎‾𝜙)𝑤−
𝑎‾ .

 

𝐷𝑀𝜖
+ = 𝜕𝑀𝜖

+ +
1

4
Ω𝑀 

𝑎𝑏𝛾𝑎𝑏𝜖
+,

𝐷𝑀𝜖
− = 𝜕𝑀𝜖

− +
1

4
Ω𝑀 

𝑎‾𝑏‾𝛾𝑎‾𝑏‾𝜖
−.

 

 

𝐷𝑎‾𝜖
+ = (∇𝑎‾ −

1

8
𝐻𝑎‾𝑏𝑐𝛾

𝑏𝑐) 𝜖+,

𝐷𝑎𝜖
− = (∇𝑎 +

1

8
𝐻𝑎𝑏‾𝛾

𝑏‾𝑐‾) 𝜖−,

𝛾𝑎𝐷𝑎𝜖
+ = (𝛾𝑎∇𝑎 −

1

24
𝐻𝑎𝑏𝑐𝛾

𝑎𝑏𝑐 − 𝛾𝑎𝜕𝑎𝜙) 𝜖
+,

𝛾𝑎‾𝐷𝑎‾𝜖
− = (𝛾𝑎‾∇𝑎‾ +

1

24
𝐻𝑎‾𝑏‾𝑐‾𝛾

𝑎‾𝑐‾ − 𝛾𝑎‾𝜕𝑎‾𝜙) 𝜖
−.

 

𝑅𝑎𝑏‾𝑤+
𝑎 = [𝐷𝑎, 𝐷𝑏‾ ]𝑤+

𝑎  
𝑅𝑎‾𝑏𝑤−

𝑎‾ = [𝐷𝑎‾ , 𝐷𝑏]𝑤−
𝑎‾  

1

2
𝑅𝑎𝑏‾𝛾

𝑎𝜖+ = [𝛾𝑎𝐷𝑎, 𝐷𝑏‾ ]𝜖
+,

1

2
𝑅𝑎‾𝛾𝛾

𝑎‾𝜖− = [𝛾𝑎‾𝐷𝑎‾ , 𝐷𝑏]𝜖
−.

 

−
1

4
𝑆𝜖+ = (𝛾𝑎𝐷𝑎𝛾

𝑏𝐷𝑏 − 𝐷𝑎‾𝐷𝑎‾)𝜖
+  

−
1

4
𝑆𝜖− = (𝛾𝑎‾𝐷𝑎‾𝛾

𝑏‾𝐷𝑏‾ − 𝐷𝑎𝐷𝑎)𝜖
−  

𝑅𝑎𝑏 = ℛ𝑎𝑏 −
1

4
𝐻𝑎𝑐𝑑𝐻𝑏

𝑐𝑑 + 2∇𝑎∇𝑏𝜙 +
1

2
e2𝜙∇𝑐(e−2𝜙𝐻𝑐𝑎𝑏),  

𝑆 = ℛ + 4∇2𝜙 − 4(𝜕𝜙)2 −
1

12
𝐻2  

d𝑠10
2 = d𝑠2(ℝ9−𝑑,1) + d𝑠𝑑

2  

{𝑔, 𝐵, 𝜙} ∈
𝑂(10,10)

𝑂(9,1) × 𝑂(1,9)
× ℝ+  

𝛿𝑉𝐺 = 𝐿𝑉𝐺, 𝛿𝑉Φ = 𝐿𝑉Φ  

𝜓𝑎‾
+ ∈ Γ (𝐶−⊗𝑆∓(𝐶+)) , 𝜓𝑎

− ∈ Γ(𝐶+⊗𝑆+(𝐶−)),  

𝜌+ ∈ Γ(𝑆±(𝐶+)), 𝜌
− ∈ Γ(𝑆+(𝐶−))  

𝜖+ ∈ Γ (𝑆∓(𝐶+)) , 𝜖
− ∈ Γ(𝑆+(𝐶−))  

𝐹 ∈ Γ(𝑆(1/2)
± ),  

𝐹(𝐵) = e𝐵(𝑖) ∧ 𝐹(𝑖) = e𝐵(𝑖) ∧∑  

𝑛

  d𝐴(𝑖)
(𝑛−1)

.  

Γ𝐴 = {
𝛾𝑎 ⊗1  para 𝐴 = 𝑎

𝛾(10)⊗𝛾𝑎‾𝛾(10)  para 𝐴 = 𝑎‾ + 𝑑
 

𝑆(1/2) ≃ 𝑆(𝐶+) ⊗ 𝑆(𝐶−)  
𝐹#: 𝑆(𝐶−) → 𝑆(𝐶+).  
𝐹#
𝑇 = (𝐶𝐹#𝐶

−1)𝑇 ,  

F̸
(𝐵,𝜙)

=∑  

𝑛

 
1

𝑛!
𝐹𝑎1…𝑎𝑛
(𝐵,𝜙)

𝛾𝑎1…𝑎𝑛 .  
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𝐹# = Λ+F̸
(𝐵,𝜙)(Λ−)−1  

𝐹(𝑖) = e−𝐵(𝑖) ∧ 𝐹(𝐵) = e−𝜙e−𝐵(𝑖) ∧ 𝐹(𝐵,𝜙)

 = e−𝜙e−𝐵(𝑖) ∧∑  

𝑛

  [
1

32(𝑛!)
(−)[𝑛/2]tr(𝛾(𝑛)(Λ

+)−1𝐹#Λ
−)] .

 

Γ(−)𝐹 = −𝐹,  

𝛿𝜓𝑎‾
+ = 𝐷𝑎‾𝜖

+ +
1

16
𝐹#𝛾𝑎‾𝜖

−,

𝛿𝜓𝑎
− = 𝐷𝑎𝜖

− +
1

16
𝐹#
𝑇𝛾𝑎𝜖

+

𝛿𝜌+ = 𝛾𝑎𝐷𝑎𝜖
+,

𝛿𝜌− = 𝛾𝑎‾𝐷𝑎‾𝜖
−,

 

𝛿̃𝐸̂𝑎
+ = (𝛿log Φ)𝐸̂𝑎

+ − (𝛿Λ𝑎𝑏‾
+ )𝐸̂−𝑏‾ ,

𝛿̃𝐸̂𝑎‾
− = (𝛿log Φ)𝐸̂𝑎‾

− − (𝛿Λ𝑎‾𝑏
− )𝐸̂+𝑏 ,

 

𝛿Λ𝑎𝑎‾
+ = 𝜖‾+𝛾𝑎𝜓𝑎‾

+ + 𝜖‾−𝛾𝑎‾𝜓𝑎
−,

𝛿Λ𝑎𝑎‾
− = 𝜖‾+𝛾𝑎𝜓𝑎‾

+ + 𝜖‾−𝛾𝑎‾𝜓𝑎
−,

 

𝛿log Φ = −2𝛿𝜙 +
1

2
𝛿log (−𝑔) = 𝜖‾+𝜌+ + 𝜖‾−𝜌−  

𝛿̃𝑒𝜇
+𝑎 = 𝜖‾+𝛾𝜇𝜓

+𝑎 + 𝜖‾−𝛾𝑎𝜓𝜇
−,

𝛿̃𝑒𝜇
−𝑎‾ = 𝜖‾+𝛾𝑎‾𝜓𝜇

+ + 𝜖‾𝛾𝜇𝜓
−𝑎‾ ,

 

𝛿̃𝑔𝜇𝜈 = 2𝜖‾+𝛾(𝜇𝜓𝜈)
+ + 2𝜖‾𝛾(𝜇𝜓𝜈)

−  

𝛿̃𝑒𝜇
+𝑎 = 𝛿𝑒𝜇

+𝑎 − (𝜖‾+𝛾𝑎𝜓+𝑏 − 𝜖‾+𝛾𝑏𝜓+𝑎)𝑒𝜇𝑏
+ ,

𝛿̃𝑒𝜇
−𝑎‾ = 𝛿𝑒𝜇

+𝑎‾ − (𝜖‾−𝛾𝑎‾𝜓−𝑏‾ − 𝜖‾𝛾𝑏‾𝜓−𝑎‾)𝑒𝜇𝑏‾
− .

 

𝛿𝐺𝑎𝑎‾ = 𝛿𝐺𝑎‾𝑎 = 2(𝜖‾+𝛾𝑎𝜓𝑎‾
+ + 𝜖‾𝛾𝑎‾𝜓𝑎

−)  
1

16
(𝛿𝐴#) = (𝛾𝑎𝜖+𝜓‾𝑎

− − 𝜌+𝜖‾−) ∓ (𝜓𝑎‾
+𝜖‾−𝛾𝑎‾ + 𝜖+𝜌‾−)  

𝑅𝑎𝑏‾ +
1

16
Φ−1⟨𝐹, Γ𝑎𝑏‾𝐹⟩ = 0  

𝑆 = 0  
1

2
Γ𝐴𝐷𝐴𝐹 = d𝐹 = 0  

𝑆𝐵 =
1

2𝜅2
∫  (Φ𝑆 +

1

4
⟨𝐹, Γ(−)𝐹⟩)  

𝑆𝐹 = −
1

2𝜅2
∫  2Φ[𝜓‾+𝑎‾𝛾𝑏𝐷𝑏𝜓𝑎‾

+ + 𝜓‾−𝑎𝛾𝑏
‾
𝐷𝑏‾𝜓𝑎

−

 +2𝜌‾+𝐷𝑎‾𝜓
+𝑎‾ + 2𝜌‾−𝐷𝑎𝜓

−𝑎

 −𝜌‾+𝛾𝑎𝐷𝑎𝜌
+ − 𝜌‾−𝛾𝑎‾𝐷𝑎‾𝜌

−

−
1

8
(𝜌‾+𝐹#𝜌

− + 𝜓‾𝑎‾
+𝛾𝑎𝐹#𝛾

𝑎‾𝜓𝑎
−)] .

 

𝛾𝑏𝐷𝑏𝜓𝑎‾
+ − 𝐷𝑎‾𝜌

+ = +
1

16
𝛾𝑏𝐹#𝛾𝑎‾𝜓𝑏

−,

𝛾𝑏‾𝐷𝑏‾𝜓𝑎
− − 𝐷𝑎𝜌

− = +
1

16
𝛾𝑏‾𝐹#

𝑇𝛾𝑎𝜓𝑏‾
+,

𝛾𝑎𝐷𝑎𝜌
+ − 𝐷𝑎‾𝜓𝑎‾

+ = −
1

16
𝐹#𝜌

−,

𝛾𝑎‾𝐷𝑎‾𝜌
− − 𝐷𝑎𝜓𝑎

− = −
1

16
𝐹#
𝑇𝜌+,
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𝜔(𝑘) =
1

𝑘!
𝜔𝜇1…𝜇𝑘 d𝑥𝜇1 ∧ ⋯∧  d𝑥𝜇𝑘

𝜔(𝑘) ∧ 𝜂(𝑙) =
1

(𝑘 + 𝑙)!
(
(𝑘 + 𝑙)!

𝑘! 𝑙!
𝜔[𝜇1…𝜇𝑘𝜂𝜇𝑘+1…𝜇𝑘+𝑙]) d𝑥

𝜇1 ∧ ⋯∧  d𝑥𝜇𝑘+𝑙

∗ 𝜔(𝑘) =
1

(10 − 𝑘)!
(
1

𝑘!
√−𝑔𝜖𝜇1…𝜇10−𝑘𝜈1…𝜈𝑘𝜔

𝜈1…𝜈𝑘) d𝑥𝜇1 ∧ ⋯∧  d𝑥𝜇10−𝑘

 

{𝛾𝜇, 𝛾𝜈} = 2𝑔𝜇𝜈 , 𝛾𝜇1…𝜇𝑘 = 𝛾[𝜇1 …𝛾𝜇𝑘]  
𝐶𝛾𝜇𝐶−1 = −(𝛾𝜇)𝑇 , 𝐶𝑇 = −𝐶  

𝐶𝛾𝜇1…𝜇𝑘𝐶−1 = (−)[(𝑘+1)/2](𝛾𝜇1…𝜇𝑘)𝑇 ,

𝜖‾𝛾𝜇1…𝜇𝑘𝜒 = (−)[(𝑘+1)/2]𝜒‾𝛾𝜇1…𝜇𝑘𝜖,
 

𝛾(10) = 𝛾0𝛾1…𝛾9 =
1

10!
𝜖𝜇1…𝜇10𝛾

𝜇1…𝜇10  

𝛾𝜇1…𝜇𝑘𝛾
(10) = (−)[𝑘/2]

1

(10 − 𝑘)!
√−𝑔𝜖𝜇1…𝜇𝑘𝜈1…𝜈10−𝑘𝛾

𝜈1…𝜈10−𝑘 ,  

𝛾(𝑘)𝛾(10) = (−)[𝑘/2] ∗ 𝛾(10−𝑘)  

Ψ =∑ 

𝑘

 
1

𝑘!
Ψ𝜇1…𝜇𝑘𝛾

𝜇1…𝜇𝑘  

𝐹 = {(𝑥, {𝑒̂𝑎}): 𝑥 ∈ 𝑀 and {𝑒̂𝑎} 𝑇𝑥𝑀}.  
𝑣𝑎 ↦ 𝑣′𝑎 = 𝐴𝑎  𝑏𝑣

𝑏 , 𝑒̂𝑎 ↦ 𝑒̂𝑎
′ = 𝑒̂𝑏(𝐴

−1)𝑏 𝑎.  
ℒ𝑣𝑤 = −ℒ𝑤𝑣 = [𝑣,𝑤],  

ℒ𝑣𝛼𝜈1…𝜈𝑞
𝜇1…𝜇𝑝 = 𝑣𝜇𝜕𝜇𝛼𝜈1…𝜈𝑞

𝜇1…𝜇𝑝

 +(𝜕𝜇𝑣
𝜇1)𝛼𝜈1…𝜈𝑞

𝜇𝜇2…𝜇𝑝 +⋯+ (𝜕𝜇𝑣
𝜇𝑝)𝛼𝜈1…𝜈𝑞

𝜇1…𝜇𝑝−1𝜇

 −(𝜕𝜈1𝑣
𝜇)𝛼𝜇𝜈2…𝜈𝑞

𝜇1…𝜇𝑝 −⋯− (𝜕𝜈𝑞𝑣
𝜇) 𝛼𝜈1…𝜈𝑞−1𝜇

𝜇1 .

 

𝑇(𝑣,𝑤) = ∇𝑣𝑤 − ∇𝑤𝑣 − [𝑣,𝑤].  
𝑇𝜇 𝜈𝜆 = 𝜔𝜈 

𝜇 𝜆 − 𝜔𝜆 
𝜇 𝜈 ,  

𝑇𝑎 𝑏𝑐 = 𝜔𝑏 
𝑎 𝑐 − 𝜔𝑐 

𝑎 𝑏 + [𝑒̂𝑏 , 𝑒̂𝑐]
𝑎.  

(𝑖𝑣𝑇)𝛼 = ℒ𝑣
∇𝛼 − ℒ𝑣𝛼,  

ℛ(𝑢, 𝑣)𝑤 = [∇𝑢, ∇𝑣]𝑤 − ∇[𝑢,𝑣]𝑤,

ℛ𝜇𝜈 
𝜆 𝜌𝑣

𝜌 = [∇𝜇, ∇𝜈]𝑣
𝜆 − 𝑇𝜌 𝜇𝜈∇𝜌𝑣

𝜆.
 

ℛ𝜇𝜈 = ℛ𝜆𝜇𝜈 
𝜆.  

ℛ = 𝑔𝜇𝜈ℛ𝜇𝜈  
𝑃 = {(𝑥, {𝑒̂𝑎}) ∈ 𝐹: 𝑔(𝑒̂𝑎, 𝑒̂𝑏) = 𝛿𝑎𝑏},  

𝑔|𝑥 ∈ 𝐺𝐿(𝑑,ℝ)/𝑂(𝑑)  
∇𝜕/𝜕𝑥𝜇 𝑒̂𝑎 = 𝜔𝜇 

𝑏 𝑎𝑒̂𝑏.  

∇𝜇𝐴
𝛼 𝛽: = 𝜕𝜇𝐴

𝛼  𝛽 − Γ𝛽𝜇
𝜌
𝐴𝜌
𝛼 + Γ𝜌𝜇

𝛼 𝐴𝜌 𝛽. 

Γ𝜇𝜈
𝜌
: = {

𝜌
𝜇𝜈} + 𝐾𝜇𝜈

𝜌
+ 𝐿𝜌 𝜇𝜈, 

{
𝜌
𝜇𝜈} :=

1

2
𝑔𝜌𝜆(𝜕𝜇𝑔𝜆𝜈 + 𝜕𝜈𝑔𝜇𝜆 − 𝜕𝜆𝑔𝜇𝜈), 

𝐾𝜌 𝜇𝜈: =
1

2
(𝑇𝜇 

𝜌 𝜈 + 𝑇𝜈 
𝜌 𝜇 − 𝑇𝜌 𝜇𝜈), 

𝐿𝜌 𝜇𝜈: =
1

2
(𝑄𝜌 𝜇𝜈 − 𝑄𝜇

𝜌
 𝜈 − 𝑄𝜈 

𝜌 𝜇). 

𝑅𝜈𝜌𝜎
𝜇

: = 𝜕𝜌Γ𝜈𝜎
𝜇
− 𝜕𝜎Γ𝜈𝜌

𝜇
+ Γ𝜏𝜌

𝜇
Γ𝜈𝜎
𝜏 − Γ𝜏𝜎

𝜇
Γ𝜈𝜌
𝜏 , 

𝑇𝜈𝜌
𝜇
: = 2Γ[𝜌𝜈]

𝜇
≡ Γ𝜌𝜈

𝜇
− Γ𝜈𝜌

𝜇
, 

𝑄𝜇𝜈𝜌: = ∇𝜇𝑔𝜈𝜌 ≡ 𝜕𝜇𝑔𝜈𝜌 − 2Γ(𝜈∣𝜇
𝜆 𝑔𝜌)𝜆 ≠ 0. 
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𝑅𝜈𝜌𝜎
𝜇

= −𝑅𝜈𝜎𝜌
𝜇

, 

𝑇𝜈𝜌
𝜇
= −𝑇𝜌𝜈

𝜇
, 

𝑄𝜇𝜈𝜌 = 𝑄𝜇𝜌𝜈. 

𝑅[𝜈𝜌𝜎]
𝜇

 = ∇[𝜈𝑇𝜌𝜎]
𝜇
+ 𝑇𝛼[𝜈

𝜇
𝑇𝜌𝜎]
𝛼 ,

∇[𝛼𝑅|𝜈|𝜌𝜎]
𝜇

 = −𝑅𝜈𝜏[𝛼
𝜇

𝑇𝜌𝜎]
𝜏  

𝜕𝜇: = (
𝜕

𝜕𝑥𝜇
)
𝑝
, 

d𝑥𝜇𝜕𝜈 = 𝛿𝜈
𝜇

. 

𝑒𝐴: = 𝑒𝐴
𝜇
𝜕𝜇, 𝑒

𝐴: = 𝑒𝜇
𝐴 d𝑥𝜇, 

𝑔𝜇𝜈 = 𝜂𝐴𝐵𝑒
𝐴𝑒𝐵 𝜈 , 𝜂𝐴𝐵 = 𝑔𝜇𝜈𝑒𝐴

𝜇
𝑒𝐵
𝜈. 

[𝑒𝐴, 𝑒𝐵]∶= 𝑒𝐴𝑒𝐵 − 𝑒𝐵𝑒𝐴
 = (𝑒𝐴

𝜇
𝜕𝜇)(𝑒𝐵

𝜈𝜕𝜈) − (𝑒𝐵
𝜈𝜕𝜈)(𝑒𝐴

𝜇
𝜕𝜇)

 = [𝑒𝐴
𝜇
𝑒𝜈
𝐶(𝜕𝜇𝑒𝐵

𝜈) − 𝑒𝐵
𝜈𝑒𝜇

𝐶(𝜕𝜈𝑒𝐵
𝜇
)]𝑒𝐶

 = 𝑒𝐴
𝜇
𝑒𝐵
𝜈[𝜕𝜈𝑒𝜇

𝐶 − 𝜕𝜇𝑒𝜈
𝐶]𝑒𝐶

 = 𝑓𝐴𝐵
𝐶 𝑒𝐶 ,

 

𝑓𝐴𝐵
𝐶 : = 𝑒𝐴

𝜇
𝑒𝐵
𝜈[𝜕𝜈𝑒𝜇

𝐶 − 𝜕𝜇𝑒𝜈
𝐶] 

d𝜔 = 𝜕𝜇𝜔𝜈d𝑥
𝜇 ∧ d𝑥𝜈  

d𝑥𝜇 ∧ d𝑥𝜈 = d𝑥𝜇 ⊗d𝑥𝜈 − d𝑥𝜈 ⊗d𝑥𝜇  
d𝜔(𝑢, 𝑣) = 𝑢𝜔(𝑣) − 𝑣𝜔(𝑢) − 𝜔([𝑢, 𝑣]ℒ)  

d𝜔(𝑢, 𝑣) ∶= 𝜕𝜇𝜔𝜈(𝑢
𝜇𝑣𝜈 − 𝑢𝑣𝑣𝜇),

𝑢𝜔(𝑣) ∶= 𝑢𝜇𝑣𝜈𝜕𝜇𝜔𝑣 + 𝑢
𝜇𝜔𝜈𝜕𝜇𝑣

𝑣,

𝜔([𝑢, 𝑣]ℒ) ∶= 𝜔𝜈(𝑢
𝜇𝜕𝜇𝑣

𝜈 − 𝑣𝜇𝜕𝜇𝑢
𝜈),

 

{d𝑒𝐶(𝑒𝐴, 𝑒𝐵)}𝑒𝐶 ={𝑒𝐴[𝑒
𝐶(𝑒𝐵)] − 𝑒𝐵[𝑒

𝐶(𝑒𝐴)]

−𝑒𝐶([𝑒𝐴, 𝑒𝐵]ℒ)}𝑒𝐶
= −𝑒𝐶([𝑒𝐴, 𝑒𝐵]ℒ

𝐿𝑒𝐿)𝑒𝐶
= −[𝑒𝐴, 𝑒𝐵]ℒ.

 

∇𝑒𝐴𝑒𝐵 = 𝛾𝐴𝐵
𝐶 𝑒𝐶 ,  

𝛾𝜆𝜈𝜇: = 𝑒𝜇
𝐴𝑒𝜆

𝐵∇𝐴(𝑒𝜈)𝐵 

 = −𝑒𝜇
𝐴(𝑒𝑣)𝐵∇𝐴𝑒𝜆

𝐵

 = −𝑒𝜇
𝐴𝑒𝜈

𝐵∇𝐴(𝑒𝜆)𝐵 = −𝛾𝜈𝜆𝜇 ,
 

𝛾𝐴𝐵
𝐶 = 𝜔𝐵

𝐶(𝑒𝐴)  ⇔  𝜔𝐵
𝐶 = 𝛾𝐴𝐵

𝐶 𝑒𝐴  

[∇𝜇, 𝜕𝜈] = ∇𝜇𝜕𝜈 − ∇𝜈𝜕𝜇

 = (Γ𝜇𝜈
𝜆 − Γ𝜈𝜇

𝜆 )𝜕𝜆

 = 𝑇𝜇𝜈
𝜆 𝜕𝜆,

 

𝑇(𝑣, 𝑢): = ∇𝑣𝑢 − ∇𝑢𝑣 − [𝑣, 𝑢]ℒ.  
𝑇(𝑒𝐴, 𝑒𝐵) = ∇𝑒𝐴𝑒𝐵 − ∇𝑒𝐵𝑒𝐴 − [𝑒𝐴, 𝑒𝐵]ℒ

 = [𝜔𝐵
𝐶(𝑒𝐴) − 𝜔𝐴

𝐶(𝑒𝐵) + d𝑒𝐶(𝑒𝐴, 𝑒𝐵)]𝑒𝐶
 = [(𝜔𝐷

𝐶 ∧ 𝑒𝐷 + d𝑒𝐶)(𝑒𝐴, 𝑒𝐵)]𝑒𝐶 .

 

𝑇 = Ω𝐶 ⊗ 𝑒𝐶  
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𝑑𝑒𝐶∶= −𝜔𝐴
𝐶 ∧ 𝑒𝐴

 = −
1

2
(𝛾𝐴𝐵

𝐶 − 𝛾𝐵𝐴
𝐶 )𝑒𝐴 ∧ 𝑒𝐵

 = −
1

2
𝑒𝐴
𝜇
𝑒𝐵
𝑣(𝜕𝜈𝑒𝜇

𝐶 − 𝜕𝜇𝑒𝜈
𝐶)𝑒𝐴 ∧ 𝑒𝐵

 = −
1

2
𝑓𝐴𝐵
𝐶 𝑒𝐴 ∧ 𝑒𝐵,

 

𝜂𝐴𝐵 = 𝜂𝜇𝜈𝑒𝐴
𝜇
𝑒𝐵
𝜈. 

Λ𝑣
𝜇
: 𝑥𝜇 ⟶ 𝑥′𝜇 = Λ𝑣

𝜇
(𝑥)𝑥𝜈, 

𝜂𝜇𝜈𝑥
𝜇𝑥𝜈 = −𝑡2 + 𝑥2 + 𝑦2 + 𝑧2. 

Λ𝛼 𝛽 = 𝒢 ⋅ [
𝛾 −𝛾ℛ𝑖  𝑗

𝑣𝑗

𝑐

−𝛾ℛ𝑖 𝑗  
𝑗 𝑣

𝑗

𝑐
ℛ𝑖 𝑗 (𝛿𝑗

𝑖 + (𝛾 − 1)
𝑣𝑖𝑣𝑗

𝑣2
)
], 

 
𝟙 ∶= diag(1,1,1,1)

ℙ ∶= diag(1, −1,−1,−1)
𝕋 ∶= diag(−1,1,1,1)

 

𝑒‾𝐴 𝜇 = Λ𝐵
𝐴𝑒𝐵 𝜇, 

𝑔𝜇𝜈 = 𝜂𝐴𝐵𝑒‾𝜇
𝐴𝑒‾𝐵 𝜈 𝜂𝐴𝐵 = 𝑔𝜇𝜈𝑒‾𝐴

𝜇
𝑒‾𝐵
𝜈. 

Λ𝛼 𝛽 = 𝛿𝛽
𝛼 + 𝜔𝛼 𝛽 + 𝒪 [(𝜔𝛽

𝛼)
2
]. 

(𝐽𝐴𝐵)𝐷
𝐶 : = 2𝑖𝜂[𝐵∣𝐷𝛿𝐴]

𝐶 = 𝑖(𝜂𝐵𝐷𝛿𝐴
𝐶 − 𝜂𝐴𝐷𝛿𝐵

𝐶). 

Λ = 𝑒
𝑖

2
𝜔𝐴𝐵𝐽

𝐴𝐵

. 

𝜔𝜇: 𝐽𝐴𝐵 ∈ 𝔏 ⟶ 𝜔𝜇: =
1

2
𝜔𝐴𝐵 𝜇𝐽𝐴𝐵, 

𝒟𝜇: = 𝜕𝜇 − 𝜔𝜇 = 𝜕𝜇 −
𝑖

2
𝜔𝐴𝐵 𝜇𝐽𝐴𝐵, 

𝒟𝜇𝑒
𝐶  = 𝜕𝜇𝑒

𝐶 −
𝑖

2
𝜔𝐴𝐵 𝜇[𝑖(𝜂𝐵𝐷𝛿𝐴

𝐶 − 𝜂𝐴𝐷𝛿𝐵
𝐶)]𝑒𝐷

 = 𝜕𝜇𝑒
𝐶 +

1

2
[𝜔𝐴 𝐷𝜇𝛿𝐴

𝐶 + 𝜔𝐵 𝐷𝜇𝛿𝐵
𝐶]𝑒𝐷

 = 𝜕𝜇𝑒
𝐶 + 𝜔𝐶  𝐷𝜇𝑒

𝐷 .

 

𝒟𝜇(𝑒𝜆
𝐶𝑑𝑥𝜆) = 𝒟𝜇(𝑒𝜆

𝐶)d𝑥𝜆 + 𝑒𝜆
𝐶𝒟𝜇(d𝑥

𝜆)

 = 𝒟𝜇(𝑒𝜆
𝐶)d𝑥𝜆 + 𝑒𝜆

𝐶(𝛿𝜇
𝜆 + 𝑒𝐸

𝜆𝑒𝜇
𝐷𝜔𝐸  𝐷𝜌 d𝑥𝜌)

 = 𝒟𝜇(𝑒𝜆
𝐶)d𝑥𝜆 + 𝑒𝜇

𝐶 ,

𝒟𝜇(𝑒𝜆
𝐶𝑑𝑥𝜆) = 𝜕𝜇(𝑒𝜆

𝐶𝑑𝑥𝜆) + 𝜔𝐶  𝐷𝜇𝑒𝜆
𝐷 d𝑥𝜆

 = 𝜕𝜇(𝑒𝜆
𝐶)𝑑𝑥𝜆 + 𝑒𝜇

𝐶 + 𝜔𝐶  𝐷𝜇𝑒𝜆
𝐷 d𝑥𝜆.

 

𝒟𝜇(𝑒𝜆
𝐶) = 𝜕𝜇(𝑒𝜆

𝐶) + 𝜔𝐶  𝐷𝜇𝑒𝜆
𝐷. 

∇̃𝜇𝑋𝐵
𝐴: = 𝜕𝜇 + 𝜔𝐴 𝐶𝜇𝑋

𝐶  𝐵 − 𝜔𝐶  𝐵𝜇𝑋𝐶
𝐴. 

 

∇𝑉 = (∇𝜇𝑉
𝜈)d𝑥𝜇 ⊗𝜕𝜈

 = (𝜕𝜇𝑉 + Γ𝜇𝜆
𝑣 𝑉𝜆)d𝑥𝜇 ⊗𝜕𝜈 .
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∇̃𝑉 = (∇̃𝜇𝑉
𝐴)d𝑥𝜇 ⊗𝑒𝐴

 = (𝜕𝜇𝑉
𝐴 + 𝜔𝐴 𝐵𝜇𝑉

𝐵)d𝑥𝜇 ⊗ 𝑒𝐴

 = [𝜕𝜇(𝑒𝜆
𝐴𝑉𝜆) + 𝜔𝐴 𝐵𝜇𝑒𝜆

𝐵𝑉𝜆]d𝑥𝜇 ⊗ (𝑒𝐴
𝑣𝜕𝜈)

 = [𝜕𝜇𝑉
𝑣 + (𝑒𝐴

𝑣𝜕𝜇𝑒𝜆
𝐴 + 𝜔𝐴 𝐵𝜇𝑒𝐴

𝑣𝑒𝜆
𝐵)𝑉𝜆]d𝑥𝜇 ⊗𝜕𝜈

 = [𝜕𝜇𝑉
𝑣 + (𝑒𝐴

𝑣𝒟𝜇𝑒𝜆
𝐴)𝑉𝜆]d𝑥𝜇 ⊗𝜕𝑣.

 

Γ𝜇𝜈
𝜆 ≡ 𝑒𝐴

𝜆𝒟𝜇𝑒
𝐴 𝜈 

𝜔𝐵𝜇
𝐴 = 𝑒𝜆

𝐴𝑒𝐵
𝜈Γ𝜇𝜈

𝜆 + 𝑒𝜎
𝐴𝜕𝜇𝑒𝐵

𝜎 ≡ 𝑒𝜈
𝐴∇𝜇𝑒𝐵

𝜈  

𝜔𝐴𝐵 = 𝜔𝐴𝐵 𝜇d𝑥
𝜇, 

∇𝜇𝑒𝜈
𝐴 = 𝜕𝜇𝑒𝜈

𝐴 − Γ𝜇𝜈
𝜆 𝑒𝜆

𝐴 + 𝜔𝐵𝜇
𝐴 𝑒𝜈

𝐵 = 0;  
0 = ∇𝜆𝑔𝜇𝜈 = 𝜕𝜆𝑔𝜇𝜈 − Γ𝜆𝜇

𝜎 𝑔𝜎𝜈 − Γ𝜆𝜈
𝜎 𝑔𝜇𝜎

 = 𝜕𝜆(𝑒𝜇
𝐴𝑒𝜈

𝐵𝜂𝐴𝐵) − 𝑒𝐴
𝜎𝑔𝜎𝜈𝒟𝜆𝑒𝜇

𝐴 − 𝑒𝐴
𝜎𝑔𝜇𝜎𝒟𝜆𝑒𝜈

𝐴

 = −𝑒𝜈
𝐴𝑒𝜇

𝐷(𝜔𝐴𝐷𝜆 − 𝜔𝐷𝐴𝜆),

 

𝜕𝜇𝑥
′𝐴 = 𝜕𝜇(Λ𝐵

𝐴(𝑥)𝑥𝐵)

 = (𝜕𝜇𝑥
𝐵)Λ𝐵

𝐴(𝑥) + 𝑥𝐵(𝜕𝜇Λ𝐵
𝐴(𝑥)),

𝜕𝜇𝑥
′𝐴 = 𝑒′ 𝜇𝜕𝐶

′𝑥′𝐴 = 𝑒′𝐴 𝜇 = 𝑒𝜇
𝐶Λ𝐶

𝐴(𝑥).

 

𝑒𝜇
𝐴 = 𝜕𝜇𝑥

𝐴 + 𝜔̇𝐴 𝐵𝜇𝑥
𝐵 ≡ 𝒟𝜇𝑥

𝐴, 

𝜔̇𝐴 𝐵𝜇: = Λ𝐶
𝐴(𝑥)𝜕𝜇Λ𝐵

𝐶 (𝑥)  
 
𝜔𝐴 𝐵𝜇 = Λ𝐶

𝐴(𝑥)𝜔′𝐶  𝐷𝜇Λ𝐶
𝐷

⏟          
non inertial 

+ Λ𝐶
𝐴𝜕𝜇Λ𝐵

𝐶 (𝑥)⏟      
inertial 

. 

 

𝑓𝐴𝐵
𝐶 = 𝜔̇𝐵𝐴

𝐶 − 𝜔̇𝐴𝐵
𝐶 . 

as 

𝜔̇𝐵𝐶
𝐴 =

1

2
(𝑓𝐵 

𝐴 𝐶 + 𝑓𝐶  
𝐴 𝐵 − 𝑓𝐵𝐶

𝐴 ). 

 
𝑅𝐵𝜇𝜈
𝐴 = 𝜕𝜈𝜔̇𝐵𝜇

𝐴 − 𝜕𝜇𝜔̇𝐵𝜈
𝐴 + 𝜔̇𝐸𝑣

𝐴 𝜔̇𝐵𝜇
𝐸 −

𝜔̇𝐸𝜇
𝐴 𝜔̇𝐵𝜈

𝐸 ≡ 0, 

𝑇𝜈𝜇
𝐴 = 𝜕𝜈𝑒𝜇

𝐴 − 𝜕𝜇𝑒𝜈
𝐴 + 𝜔̇𝐸𝑣

𝐴 𝑒𝜇
𝐸 − 𝜔̇𝐸𝜇

𝐴 𝑒𝜈
𝐸. 

𝑔𝜇𝜈(𝜑(𝑝)) = 𝜂𝜇𝜈 , 𝜕𝜆𝑔𝜇𝜈(𝜑(𝑝)) = 0. 
d2𝜉𝛼

d𝑠2
= 0, 

d2𝑥𝜆

d𝑠2
+ Γ

∘

𝜇𝜈
𝜆 d𝑥𝜇

d𝑠

 d𝑥𝜈

d𝑠
= 0, 

Γ
∘

𝜇𝜈
𝜆 : =

𝜕𝑥𝜆

𝜕𝜉𝜎
𝜕2𝜉𝜎

𝜕𝑥𝜇𝜕𝑥𝜈
, 

[∇
∘

𝜇, ∇
∘

𝜈] 𝑣
𝛼 = 𝑅

∘

𝛽𝜇𝜈
𝛼 𝑣𝛽. 

𝑅
∘

𝜇𝜈𝛼𝛽 = −𝑅
∘

𝜈𝜇𝛼𝛽, 

𝑅
∘

𝜇𝜈𝛼𝛽 = 𝑅
∘

𝛼𝛽𝜇𝜈. 

𝑇𝜇 =
𝜕𝑥𝜇

𝜕𝑡
, 𝑆𝜇 =

𝜕𝑥𝜇

𝜕𝑠
. 

𝑉𝜇 = 𝑇𝜈∇
∘

𝜈𝑇
𝜇, 

𝐴𝜇 = 𝑇𝜈∇
∘

𝜈𝑉
𝜇. 
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𝐴𝜇 = 𝑅
∘

 𝜆𝛼𝛽
𝜇

𝑇𝜆𝑇𝛼𝑆𝛽, 

 

𝑆GR: =
𝑐4

16𝜋𝐺
∫   d4𝑥√−𝑔(ℒGR + ℒm), 

 

𝐺
∘

𝜇𝜈: = 𝑅
∘

𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅

∘

=
8𝜋𝐺

𝑐4
𝑇𝜇𝜈, 

𝑇𝜇𝜈 = −
1

2√−𝑔

𝛿ℒ𝑚
𝛿𝑔𝜇𝜈

 

d𝑒𝐶 + 𝜔
∘

𝐵
𝐴 ∧ 𝑒𝐵 = 0, 

𝜔
∘

𝐴𝐵 + 𝜔
∘

𝐵𝐴 = d𝑔𝐴𝐵, 

d𝜔
∘

𝐵
𝐴 + 𝜔

∘

𝐶
𝐴 ∧ 𝜔

∘ 𝐶  𝐵 =
1

2
𝑟
∘

𝐵𝐶𝐷𝑒
𝐶 ∧ 𝑒𝐷, 

𝜔
∘

𝐵𝜇
𝐴 : = 𝑒𝜈

𝐴∇
∘

𝜇𝑒𝐵
𝜈, 

𝑓
∘

𝐵𝐶
𝐴 : = 𝛾̇𝐵𝐶

𝐴 − 𝛾̇𝐶𝐵
𝐴 , 

d𝑔𝐴𝐵 = 𝜕𝐶𝑔𝐴𝐵𝑒
𝐶, 

𝛾̇𝐵𝐶
𝐴 =

1

2
(𝑓
∘

𝐵𝐶
𝐴 − 𝑔𝐶𝐿𝑔

𝐴𝑀𝑓
∘

𝐵𝑀
𝐿 − 𝑔𝐵𝐿𝑔

𝐴𝑀𝑓
∘

𝐶𝑀
𝐿 )  

+Γ
∘

𝐵𝐶
𝐴 . 

 

𝑟
∘

𝐵𝐶𝐷
𝐴 =𝜕𝐷𝛾

∘

𝐵𝐶
𝐴 − 𝜕𝐶𝛾

∘

𝐵𝐷
𝐴 + 𝛾

∘

𝐶𝑀
𝐴 𝛾

∘

𝐷𝐵
𝑀

 −𝛾̇𝐷𝑀
𝐴 𝛾

∘

𝐶𝐵
𝑀 − 𝛾̇𝑀𝐵

𝐴 𝛾̇𝐶𝐷
𝑀 .

 

𝑥𝐴 ⟶ 𝑥‾𝐴 = 𝑥𝐴 + 𝜀𝐴(𝑥𝜇), 
𝑃𝐴: = 𝜕𝐴. 
[𝑃𝐴, 𝑃𝐵] ≡ [𝜕𝐴, 𝜕𝐵] = 0. 
𝛿𝑥‾𝐴 = 𝜀(𝑥𝜇)𝐵𝜕𝐵𝑥

𝐴 = 𝜀(𝑥𝜇)𝐴. 
𝛿𝜀Ψ = 𝜖𝐴(𝑥𝜇)𝜕𝐴Ψ. 

𝜕𝜀(𝜕𝜇Ψ) = 𝜀𝐴𝜕𝐴(𝜕𝜇Ψ). 

𝜕𝜀(𝜕𝜇Ψ) = 𝜀𝐴(𝑥𝜇)𝜕𝐴(𝜕𝜇Ψ)⏟          
correct 

+ (𝜕𝜇𝜀
𝐴(𝑥𝜇)) 𝜕𝐴Ψ⏟          
spurious 

, 

𝑒𝜇
′Ψ ≡ 𝜕𝜇Ψ = 𝜕𝜇 + 𝐵𝜇

𝐴𝜕𝐴Ψ, 

𝛿𝜀𝐵𝜇
𝐴 = −𝜕𝜇𝜀

𝐴(𝑥𝜇). 

𝜕𝜀(𝑒𝜇
′Ψ) = 𝜀𝐴(𝑥𝜇)𝜕𝐴(𝜕𝜇Ψ)⏟          

correct 

, 

𝑒𝜇 = Ψ = 𝑒𝜇
𝐴𝜕𝐴Ψ, 𝑒𝜇

𝐴 = 𝜕𝜇𝑥
𝐴 + 𝐵𝜇

𝐴, 

𝐵𝜇
𝐴 ⟶ Λ𝐵

𝐴(𝑥)𝐵𝜇
𝐵. 

𝑒𝜇Ψ = 𝜕𝜇 + 𝜔̇𝐵𝜇
𝐴 𝑥𝐵𝜕𝐴Ψ+ 𝐵𝜇

𝐴𝜕𝐴Ψ, 

𝑒𝜇
𝐴 = 𝜕𝜇𝑥

𝐴 + 𝜔̇𝐵𝜇
𝐴 𝑥𝐵 + 𝐵𝜇

𝐴 = 𝒟̇𝜇𝑥
𝐴 + 𝐵𝜇

𝐴. 

𝛿𝜀𝐵𝜇
𝐴 = −𝒟̇𝜇𝜀

𝐴(𝑥𝜇). 

𝑒𝜇
′𝐴 ⟶ 𝑒𝜇

𝐴, 

𝜂𝜇𝜈 ⟶ 𝑔𝜇𝜈. 

𝜕𝜇Ψ → 𝒟𝜇
′Ψ = 𝜕𝜇Ψ 

+
1

2
𝑒′𝐴 𝜇(𝑓𝐵

′  𝐴
𝐶 + 𝑓𝐴

′ 𝐵
𝐶 − 𝑓𝐵𝐴

′𝐶)𝑆𝐶
𝐵Ψ,  
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𝜕𝜇Ψ →𝒟𝜇Ψ = 𝜕𝜇Ψ

 +
1

2
𝑒𝐴 𝜇(𝑓𝐵

𝐶  𝐴
𝐶 + 𝑓𝐴𝐶𝐵

𝐶 − 𝑓𝐵𝐴
𝐶 )𝑆𝐶

𝐵Ψ,
 

{
𝑒′𝐴 ⟶ 𝑒𝐴

𝜕𝜇 ⟶𝒟𝜇
}

⏟      
grav. coupling prescription in TG 

⇔ 𝜂𝜇𝜈 ⟶ 𝑔𝜇𝜈⏟      
grav. coupling prescription in GR 

 

d𝑢′𝐴

 d𝜎
= 0, 

d𝑢′𝐴

 d𝜎
= Λ𝐵

𝐴(𝑥)
d𝑢𝐵

 d𝜎⏟      
correct 

+
dΛ𝐵

𝐴(𝑥)

d𝜎
𝑢𝐵⏟      

spurious 

. 

d𝑢′𝐴

 d𝜎
= 0 ⟶

 d𝑢𝐵

 d𝜎
+ 𝜔̇𝐵𝜇

𝐴 𝑢𝐵𝑢𝜇 = 0. 

𝛾̇(𝜏):=
d𝛾𝜇

d𝜏
𝜕𝜇. 

d𝑌𝜇

d𝜏
: = ∇𝛾𝑌

𝜇 ≡
d𝑌𝜇

d𝜏
+ Γ𝛼𝛽

𝜇
𝑌𝛼

d𝛾𝛽

d𝜏
= 0, 

∇𝛾𝛾̇ ≡
d2𝑥𝜇

d𝜏2
+ Γ𝛼𝛽

𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
= 0, 

d2𝑥𝜇

d𝜏2
+ Γ

∘

𝛼𝛽
𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
= −𝐾𝛼𝛽

𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
, 

d2𝑥𝜇

d𝜏2
+ Γ̇𝛼𝛽

𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
= −𝐿𝛼𝛽

𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
. 

d2𝑥𝜇

d𝜏2
+ Γ𝛼𝛽

𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
= −(

d𝜆

d𝜏
)
2  d2𝜏

 d𝜆2
 d𝛾𝜇

d𝜏
. 

[𝑒𝜇, 𝑒𝜈] = 𝑇̂𝜈𝜇
𝐴 𝜕𝐴, 

𝑇̂𝜇𝜈
𝐴 = 𝜕𝜈𝐵𝜇

𝐴 − 𝜕𝜇𝐵𝜈
𝐴 + 𝜔̇𝐵𝜈

𝐴 𝐵𝜇
𝐵 − 𝜔̇𝐵𝜇

𝐴 𝐵𝜈
𝐵  

𝒟̇𝜇(𝒟̇𝜈𝑥
𝐴) − 𝒟̇𝜈(𝒟̇𝜇𝑥

𝐴) ≡ 0  

𝑇̂𝜇𝜈
𝐴 = 𝜕𝜈𝑒𝜇

𝐴 − 𝜕𝜇𝑒
𝐴 + 𝜔̇𝐵𝜈

𝐴 𝑒𝐵 − 𝜔̇𝐵𝜇
𝐴 𝑒𝐵 𝜈. 

𝑇̂𝜇𝜈
𝜆 = 𝑒𝐴

𝜆𝑇̂𝜇𝜈
𝜆 : = Γ𝜈𝜇

𝜆 − Γ𝜇𝜈
𝜆 . 

𝑒(r)𝜇
𝐴 : = lim

𝐺→0
 𝑒𝐴 𝜇. 

𝑇̂𝐵𝐶
𝐴 (𝑒𝜇

𝐴, 𝜔̇𝐵𝜇
𝐴 ) = 𝜔̇𝐵𝐶

𝐴 − 𝜔̇𝐵𝐶
𝐴 − 𝑓𝐵𝐶

𝐴 (𝑒(r)) = 0, 

𝜔̇𝐵𝐶
𝐴 =

1

2
𝑒(r)𝜇
𝐶 [𝑓𝐵 

𝐴 𝐶(𝑒(r)) + 𝑓𝐶  𝐵
𝐴(𝑒(r)) − 𝑓𝐵𝐶

𝐴 (𝑒(r))]. 

𝜔̇𝐴𝐵
𝐶 − 𝜔̇̇𝐵𝐴

𝐶 = 𝑓𝐴𝐵
𝐶 + 𝑇𝐴𝐵

𝐶 . 
1

2
(𝑓𝐵

𝐶  𝐴 + 𝑓𝐴𝐶𝐵
𝐶 − 𝑓𝐵𝐴

𝐶 ) = 𝜔̇̇𝐵𝐴
𝐶 − 𝐾̂𝐵𝐴

𝐶 , 

𝐾̂𝐵𝐴
𝐶 =

1

2
(𝑇̂𝐵

𝐶  𝐴 + 𝑇̂𝐴
𝐶  𝐵 − 𝑇̂𝐵𝐴

𝐶 ), 

 

𝜔̇𝐵𝜇
𝐶 − 𝐾̂𝐵𝜇

𝐶 = 𝜔
∘

𝐵𝜇
𝐶 , 

𝑆̂𝐴
𝜇𝜈
: = 𝐾̂𝜇𝑣 𝐴 − 𝑒𝐴 

𝜈𝑇̂𝜇 + 𝑒𝐴
𝜇
𝑇̂𝜈, 

𝑇̂∶=
1

2
𝑆̂𝐴
𝜇𝜈
𝑇̂𝜇𝜈
𝐴

 =
1

4
𝑇̂𝜇𝜈
𝜌
𝑇̂𝜌
𝜇𝜈
+
1

2
𝑇̂𝜇𝜈
𝜌
𝑇̂𝜌
𝜈𝜇
− 𝑇̂𝜇𝑇̂

𝜇,

 

𝑅̂ = 𝑅
∘

+ 𝑇̂ +
2

𝑒
𝜕𝜇(𝑒𝑇̂

𝜇) = 0, 

𝑅
∘

= −𝑇̂ −
2

𝑒2𝜕𝜇(𝑒𝑇𝜇)
.

⏟      
boundary term 

. 
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𝑆TEGR = −
𝑐4

16𝜋𝐺
∫   d4𝑥𝑒 ℒTEGR⏟  

−𝑇̂

+ ∫  d4𝑥𝑒ℒ𝑚, 

𝐺̂𝜇𝜈: =
1

𝑒
𝜕𝜆(𝑒𝑆̂𝜇𝜈 

𝜆) −
4𝜋𝐺

𝑐4
𝔱𝜇𝜈 =

4𝜋𝐺

𝑐4
𝑇𝜇𝜈, 

 

𝔱𝜇𝜈 =
𝑐4

4𝜋𝐺
𝑆̂𝜆𝜈 

𝜌Γ𝜌𝜇
𝜆 − 𝑔𝜇𝜈

𝑐4

16𝜋𝐺
𝑇̂  

𝑆̂𝐴 
𝜇𝜈 = −

8𝜋𝐺

𝑐4𝑒

𝜕ℒTEGR 

𝜕(𝜕𝜈𝑒𝐴 𝜇)
. 

 

𝐺̂𝜇𝜈∶=
1

𝑒
𝑒𝐴 𝜇𝑔𝜈𝜌𝜕𝜎(𝑒𝑆̂𝐴

𝜌𝜎
) − 𝑆̂𝐵

𝜎 𝜈𝑇̂𝜎𝜇
𝐵  

𝑇̂gen : = −
𝑐1

4
𝑇̂𝛼𝜇𝜈𝑇̂

𝛼𝜇𝜈 −
𝑐2

2
𝑇̂𝛼𝜇𝜈𝑇̂

𝜇𝛼𝜈 + 𝑐3𝑇̂𝛼𝑇̂
𝛼, 

𝑇̂[𝜇𝜈] = 𝑒[𝜇
𝐴 𝑔𝜈]𝜌𝑇̂𝐴

𝜌
= 0. 

ℒTEGR (𝑒𝜇
𝐴, 0), ℒTEGR (𝑒𝜇

𝐴, 𝜔̇𝐵𝜇
𝐴 ), 

 

ℒTEGR (𝑒𝜇
𝐴, 𝜔̇𝐵𝜇

𝐴 ) + 𝜕𝜇 [
𝑒𝑐4

8𝜋𝐺
𝑇̂𝜇(𝑒𝜇

𝐴, 𝜔̇𝐵𝜇
𝐴 )] = ℒTEGR (𝑒𝜇

𝐴, 0) + 𝜕𝜇 [
𝑒𝑐4

8𝜋𝐺
𝑇̂𝜇(𝑒𝜇

𝐴, 0)] ,  

𝑇̂𝜇(𝑒𝜇
𝐴, 𝜔̇𝐵𝜇

𝐴 ) = 𝑇̂𝜇(𝑒𝜇
𝐴, 0) − 𝜔̇𝜇. 

ℒTEGR (𝑒𝜇
𝐴, 𝜔̇𝐵𝜇

𝐴 ) = ℒTEGR (𝑒𝜇
𝐴, 0) + 𝜕𝜇 [

𝑒𝑐4

8𝜋𝐺
𝜔̇𝜇]. 

𝑔𝜈𝜆𝜇
∇
∇

 𝜆 = 𝜇
∇
⇀

𝑣𝜈 − 𝑣𝜆𝜇𝜈𝜆
𝑄
 

 

𝑇𝜆∇
⇀

𝜆𝑣 ⋅ 𝑤 = 𝑇𝜆𝑣𝜇𝑤𝜈𝑄
∘

𝜆𝜇𝜈
 

𝑇𝜆∇
⇀

𝜆 (
𝑣 ⋅ 𝑤

|𝑣||𝑤|
) ≠ 0  

𝑎𝜇: = 𝑢𝜆∇
⋄

𝜆𝑢
𝜇

𝑎̃𝜇: = 𝑢𝜆∇
⋄

𝜆𝑢𝜇 = 𝑎𝜇 + 𝜆𝑣𝜇
⋄
 

𝑢𝜆𝑢𝜈
 

𝑢𝜇𝑎
𝜇 = 𝑢𝜇𝑢

𝜆∇
⋄

𝜆𝑢
𝜇

 = 𝑢𝜆𝜆
∇
∇

(𝑢𝜇𝑢
𝜇) − 𝑢𝜇𝑢𝜆∇

⋄

𝜆𝑢𝜇

 = 𝑄
⋄

𝜆𝜇𝜈𝑢
𝜆𝑢𝜇𝑢𝜈 + 2𝑢𝜇𝑎

𝜇 − 𝑎̃𝜇𝑢
𝜇,

 

𝑎𝜇𝑢𝜇 = 𝑎̃𝜇𝑢
𝜇 − 𝑄

⋄

𝜆𝜇𝜈𝑢
𝜆𝑢𝜇𝑢𝜈 .  

(𝑎̃𝜇 − 𝑎𝜇)𝑢
𝜇 = 𝑄

⋄

𝜆𝜇𝜈𝑢
𝜆𝑢𝜇𝑢𝜈  

𝑎𝜇 = 0, 𝑎̃𝜇 = 𝑄
⋄

𝜆𝜈𝜇𝑢
𝜆𝑢𝜈;  

𝑄
⋄

(𝜆𝜇𝜈) = 0, 𝑄
⋄

(𝜆𝜇)𝑣 = 0  

𝑆STEGR: = ∫  d4𝑥√−𝑔[
𝑐4

16𝜋𝐺
ℒSTEGR⏟    

𝑄
⋄

+ ℒ𝑚],  
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 𝑄
⋄

: = 𝑔𝜇𝜈 (𝐿
⋄
𝛼  𝛽𝜇𝐿

⋄
𝛽 𝜈𝛼 − 𝐿

⋄
𝛼  𝛽𝛼𝐿

⋄
𝛽 𝜇𝜈)

 =
1

4
(𝑄
⋄

𝛼𝑄
⋄
𝛼 − 𝑄

⋄

𝛼𝛽𝛾𝑄
⋄
𝛼𝛽𝛾)

 +
1

2
(𝑄
⋄

𝛼𝛽𝛾𝑄
⋄
𝛽𝛼𝛾 − 𝑄

⋄

𝛼𝑄
⋄
𝛼) ,

 

𝑄
⋄

= 𝑅
⋄

+ ∇
⋄

𝜇 (𝑄
⋄
𝜇 − 𝑄̅

⋄
𝜇) ,  

∇
⋄

𝜇 (𝑄
⋄
𝜇 − 𝑄̅

⋄
𝜇) ≡

1

√−𝑔
𝜕𝜇 [√−𝑔 (𝑄

⋄
𝜇 − 𝑄̅

⋄
𝜇)]  

𝑄
∘

gen: = 𝑐1𝑄
∘

𝛼𝛽𝛾𝑄̀
𝛼𝛽𝛾 + 𝑐2𝑄

∘

𝛼𝛽𝛾𝑄
∘
𝛽𝛼𝛾 + 𝑐3𝑄

∘

𝛼𝑄̀
𝛼

 +𝑐4𝑄
𝜚

𝛼𝑄
∘
𝛼 + 𝑐5𝑄

∘

𝛼𝑄
𝜚
𝛼,

 

𝑃
⋄

𝜇𝜈
𝛼 : =

1

2√−𝑔

𝜕(√−𝑔𝑄
⋄

)

𝜕𝑄̀𝛼
𝜇𝜈

=
1

4
𝑄
⋄
𝛼 𝜇𝜈 −

1

4
𝑄
⋄

(𝜇 
𝛼 𝜈) −

1

4
𝑔𝜇𝜈𝑄

⋄
𝛼𝛽 𝛽

 +
1

4
[𝑄
⋄

𝛽
𝛽𝛼
𝑔𝜇𝜈 +

1

2
𝛿(𝜇
𝛼 𝑄

⋄

𝜈) 
𝛽 𝛽] .

 

 

𝑄
⋄

: = 𝑄
⋄

𝛼𝜇𝜈𝑃
⋄
𝛼𝜇𝜈. 

1

√−𝑔
𝑞
⋄

𝜇𝜈: =
1

√−𝑔

𝜕(√−𝑔𝑄
⋄

)

𝜕𝑔𝜇𝜈
−
1

2
𝑄
⋄

𝑔𝜇𝜈

 =
1

4
(2𝑄

⋄

𝛼𝛽𝜇𝑄
⋄
𝛼𝛽 𝑣 − 𝑄

⋄

𝜇𝛼𝛽𝑄
⋄

𝜈 
𝛼𝛽)

 −
1

4
(2𝑄

⋄

𝛼 
𝛽 𝛽𝑄

⋄
𝛼 𝜇𝜈 − 𝑄

⋄

𝜇 
𝛽 𝛽𝑄

⋄

𝜈 
𝛽 𝛽)

 −
1

2
(𝑄
⋄

𝛼𝛽𝜇 − 𝑄
∘

𝜈 
𝛽𝛼 𝛼𝑄

⋄
𝛼 𝜇𝜈) .

 

𝐺
⋄

𝜇𝜈: = −2∇𝛼 (√−𝑔𝑃
⋄

𝜇𝜈
𝛼 )

 +𝑞
⋄

𝜇𝜈 −
√−𝑔

2
𝑄
⋄

𝑔𝜇𝜈 =
8𝜋𝐺

𝑐4
𝑇𝜇𝜈 ,

 

∇𝜇∇𝜈 (√−𝑔𝑃
⋄

𝛼
𝜇𝜈
) = 0, 

 

Γ𝜇𝜈
𝛼 : = (𝑒−1)𝛼 𝛽𝜕𝜇𝑒

𝛽 𝜈. 

𝑇𝜇𝜈
𝛼 : = (𝑒−1)𝛽

𝛼𝜕[𝜈𝑒𝜇]
𝛽
= 0, 

𝜕𝜇𝑒
𝛽 𝜈 = 𝜕𝜈𝑒

𝛽 𝜇  ⇔  𝑒𝛽
𝛼 ≡ 𝑒𝛽

′𝛼: = 𝜕𝛽𝜉
𝛼, 

Γ𝜇𝜈
𝛼 =

𝜕𝑥𝛼

𝜕𝜉𝜆
𝜕𝜇𝜕𝜈𝜉

𝜆. 

𝜉𝛼: = 𝑀𝛽
𝛼𝑥𝛽 + 𝜉0

𝛼, 

∇
⋄

𝜇= 𝜕𝜇, 𝐿
⋄

𝜇𝜈
𝜆 = −Γ

⋄

𝜇𝜈
𝜆 . 
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∇𝜆𝑅𝛽𝜇𝜈

𝛼 + ∇𝜇𝑅𝛽𝜈𝜆
𝛼 + ∇𝜈𝑅𝛽𝜆𝜇

𝛼

 = 𝑇𝜇𝜆
𝜌
𝑅𝛽𝜈𝜌
𝛼 + 𝑇𝜈𝜆

𝜌
𝑅𝛽𝜇𝜌
𝛼 + 𝑇𝜈𝜇

𝜌
𝑅𝛽𝜆𝜌
𝛼 ,

 

∇
∘

𝜆𝑅
∘

𝛽𝜇𝜈
𝛼 + ∇

∘

𝜇𝑅
∘

𝛽𝜈𝜆
𝛼 + ∇

∘

𝜈𝑅
∘

𝛽𝜆𝜇
𝛼 = 0. 

𝜕𝜆𝑅
∘

𝛽𝜇𝜈
𝜆 + 𝜕𝜇𝑅

∘

𝛽𝜈𝜆
𝜆 + 𝜕𝜈𝑅

∘

𝛽𝜆𝜇
𝜆 = 0. 

𝜕𝜆𝑅
∘

𝛽𝜇𝜈
𝜆 − 𝜕𝜇𝑅

∘

𝛽𝜆𝜈
𝜆 + 𝜕𝜈𝑅

∘

𝛽𝜆𝜇
𝜆 = 0. 

−𝜕𝜆𝑅
∘

𝜈
𝜆 − 𝜕𝛽𝑅

∘

 𝑣
𝛽
+ 𝜕𝜈𝑅

∘

= 0, 

𝜕𝜇𝑅
∘

𝜈
𝜇
−

1

2
𝜕𝜈𝑅

∘

= 0. 

𝜕𝜇 (𝑅
∘
𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅̂) = 0 ⇒ ∇

∘

𝜇 (𝑅
∘
𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅̂) = 0, 

∇
∘

𝜇𝐺
∘
𝜇𝜈 = 0,⇔ ∇

∘

𝜇𝑇
𝜇𝜈 = 0. 

∇̂𝜆𝑅
𝛼 𝛽𝜇𝜈 + ∇̂𝜈𝑅𝛽𝜆𝜇

𝛼 + ∇̂𝜇𝑅𝛽𝜈𝜆
𝛼 = 0, 

𝒦̂𝛽𝜇𝜈
𝛼 : =∇

∘

𝜇𝐾̂𝛽𝜈
𝛼 − ∇

∘

𝜈𝐾
∘

𝛽𝜇
𝛼

 +𝐾̂𝜎𝜇
𝛼 𝐾̂𝛽𝜈

𝜎 − 𝐾̂𝜎𝜈
𝛼 𝐾̂𝛽𝜇

𝜎 ,
 

𝒦̂𝛼 𝛽𝜇𝜈 = −𝒦̂𝛽 
𝛼 𝜇𝜈 , 𝒦̂

𝛼 𝛽𝜇𝜈 = −𝒦̂𝛼 𝛽𝜈𝜇. 

∇̂𝜆𝑅
∘

𝛽𝜇𝜈
𝜆 + ∇̂𝜇𝑅

∘

𝛽𝜈𝜆
𝜆 + ∇̂𝜈𝑅

∘

𝛽𝜆𝜇
𝜆

 +∇̂𝜆𝒦̂𝛽𝜇𝜈
𝜆 + ∇̂𝜇𝒦̂𝛽𝜈𝜆

𝜆 + ∇̂𝜈𝒦̂𝛽𝜆𝜇
𝜆 = 0.

 

 

∇̂𝜇 (𝑅
∘

𝜈
𝜇
+ 𝒦̂𝜈

𝜇
) −

1

2
∇̂𝜈(𝑅

∘

+ 𝒦̂) = 0, 

𝑅
∘

𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅

∘

= −𝒦̂𝜇𝜈 +
1

2
𝑔𝜇𝜈𝒦̂, 

𝒦̂𝜇𝜈 −
1

2
𝑔𝜇𝜈𝒦̂ = 0, 

𝒦̂𝜇𝜈 = ∇
∘

𝛼𝐾̂
𝛼  𝜇𝜈 − ∇

∘

𝜈𝐾̂
𝛼 𝜇𝛼 + 𝐾̂𝜎 𝜇𝜈𝐾̂

𝛼  𝜎𝛼 − 𝐾̂𝜎  𝜇𝛼𝐾̂
𝛼  𝜎𝜈 

 = ∇
∘

𝛼𝐾̂𝜇𝜈
𝛼 + ∇

∘

𝜈𝑇̂𝜇 − 𝐾̂𝜎𝜇𝜈𝑇̂
𝜎 − 𝐾̂𝜇𝛼

𝜎 𝐾̂𝜎𝜈
𝛼

 = ∇
∘

𝛼𝑆̂𝜈 𝜇
𝛼 + ∇

∘

𝛼𝑇̂
𝛼𝑔𝜇𝜈 − 𝐾̂𝜎𝜈

𝛼 𝑆̂𝛼 𝜇
𝜎,

 

𝐾̂𝛼 𝜇𝛼 = −𝑇̂𝜇, 

𝐾̂𝛼 𝛼𝜇 = 0, 

𝐾̂𝜈𝜆
𝜇
= 𝑆̂𝜆

𝜇𝜈
+ 𝛿𝜆

𝜈𝑇̂𝜇 − 𝛿𝜆
𝜇
𝑇̂𝜈. 
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𝒦̂ = 2∇
∘

𝜆𝑇̂
𝜆 + 𝑇̂ =

2

𝑒
𝜕𝜆(𝑒𝑇̂

𝜆) + 𝑇̂. 

∇
∘

𝛼𝑆̂𝜈𝜇 
𝛼 + 𝐾̂𝜎𝜈

𝛼 𝑆̂𝛼 
𝜎 𝜇 +

1

2
𝑔𝜇𝜈𝑇̂ = 0, 

 
𝜕𝜆𝑅𝛽𝜇𝜈

𝛼 + 𝜕𝜈𝑅𝛽𝜆𝜇
𝛼 + 𝜕𝜇𝑅𝛽𝜈𝜆

𝛼 = 0, 

ℒ
∘
𝛼  𝛽𝜇𝜈 = ∇

∘

𝜇𝐿
⋄
𝛼 𝛽𝜈 − ∇

∘

𝜈𝐿
⋄
𝛼 𝛽𝜇 + 𝐿

⋄

𝛼
𝛼𝐿
∘
𝜎  𝛽𝜈 − 𝐿

⋄
𝛼 𝜎𝜈𝐿

⋄
𝜎 𝛽𝜇, 

 

 
 

𝜕𝜆𝑅
∘

𝛽𝜇𝜈 + 𝜕𝜇𝑅
∘

𝛽𝜈𝜆
𝜆 + 𝜕𝜈𝑅

∘

𝛽𝜆𝜇

 +𝜕𝜆ℒ
⋄

𝛽𝜇𝜈
𝜆 + 𝜕𝜇ℒ

⋄

𝛽𝜈𝜆
𝜆 + 𝜕𝜈ℒ

⋄

𝛽𝜆𝜇
𝜆 = 0.

 

 

𝑅
∘

𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅

∘

= −ℒ
⋄

𝜇𝜈 +
1

2
𝑔𝜇𝜈ℒ

⋄

, 

ℒ
⋄

𝜇𝜈 −
1

2
𝑔𝜇𝜈ℒ

⋄

= 0, 

 

ℒ
⋄

𝜇𝜈 = ∇
∘

𝛼ℒ
⋄
𝛼 𝜇𝜈 − ∇

∘

𝜈ℒ
⋄
𝛼  𝜇𝛼 + ℒ

⋄
𝜎 𝜇𝜈ℒ

⋄
𝛼  𝜎𝛼 − 𝐿

⋄
𝜎  𝜇𝛼ℒ

⋄
𝛼  𝜎𝜈

 = ∇
∘

𝛼ℒ
⋄
𝛼 𝜇𝜈 +

1

2
∘𝜈  𝜈𝑄

⋄

𝜇 −
1

2
𝑄
⋄

𝛼ℒ
⋄
𝛼  𝜇𝜈

 −
1

4
[𝑄
⋄

𝜇 
𝜎 𝛼𝑄

⋄

𝜈 
𝛼 𝜎 + 2𝑄

⋄
𝛼 𝜎𝑣 (𝑄

⋄
𝜎 𝛼𝜇 − 𝑄

⋄

𝛼 
𝜎𝜇)] ,

 

𝐿
⋄

𝜇𝛼
𝛼  = −

1

2
𝑄
⋄

𝜇

𝐿
⋄
𝛼  𝜇𝜈  = 2𝑃

⋄

𝜇𝜈
𝛼 +

1

2
𝑔𝜇𝜈 (𝑄

⋄
𝛼 − 𝑄̅

⋄
𝛼)

 −
1

4
(𝛿𝜇

𝛼𝑄
⋄

𝜈 + 𝛿𝜈
𝛼𝑄
⋄

𝜇)

 

ℒ
⋄

=∇
∘

𝛼 (𝑄
⋄
𝛼 −𝑄

⋄
𝛼) +

1

4
𝑄
⋄

𝛼𝛽𝛾𝑄
⋄
𝛼𝛽𝛾 −

1

2
𝑄
⋄

𝛼𝛽𝛾𝑄
⋄
𝛾𝛽𝛼

 −
1

4
𝑄
⋄

𝛼𝑄
⋄
𝛼 +

1

2
𝑄
⋄

𝛼𝑄
⋄
𝛼

=∇
∘

𝛼 (𝑄
⋄
𝛼 −𝑄

⋄
𝛼) − 𝑄

⋄

.

 

 

 
 

2𝜕𝛼𝑃
𝛼  𝜇𝜈 +

1

2
𝑄
⋄

𝛼𝜇𝜈 (𝑄
⋄
𝛼 − 𝑄̃

⋄
𝛼) +

1

2
𝑔𝜇𝜈𝜕𝛼 (𝑄

⋄
𝛼 − 𝑄̃

⋄
𝛼)

 +
1

2
𝐿
⋄
𝜎  𝜇𝜈𝑄

⋄

𝜎 +
1

4
𝑄
⋄

𝜇 
𝛼 𝜎𝑄

⋄

𝜈 
𝜎 𝛼 +

1

2
𝑄
⋄
𝛼 𝜎𝜇 (𝑄

⋄
𝜎 𝜈𝛼 − 𝑄

⋄

𝛼 
𝜎  𝜈)

 −
1

2
𝑔𝜇𝜈∇

∘

𝛼 (𝑄
⋄
𝛼 − 𝑄

⋄

𝛼) +
1

2
𝑔𝜇𝜈𝑄

⋄

,
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2

√−𝑔
𝜕𝛼 (√−𝑔𝑃

⋄

𝜇𝜈
𝛼 ) −

1

√−𝑔
𝑞
⋄

𝜇𝜈 +
1

2
𝑔𝜇𝜈𝑄

⋄

= 0. . . . 
. 

 

d𝑠2 = −𝑒𝜈(𝑡,𝑟)d𝑡2 + 𝑒𝜆(𝑡,𝑟)d𝑟2 + 𝑟2 d𝜑2, 

−𝑒𝜈(𝑡,𝑟) ≈ −1 +
2𝑀

𝑟
, 

d𝑠2 = −(1 −
2𝑀

𝑟
) d𝑡2 + (1 −

2𝑀

𝑟
)
−1

 d𝑟2 + 𝑟2 d𝜑2, 

𝑓(𝑡, 𝑟): =
d𝑓(𝑡,𝑟)

d𝑡
, 𝑓′(𝑡, 𝑟):=

d𝑓(𝑡,𝑟)

d𝑟
. 

𝐺
∘

𝜇𝜈 ≡ 𝑅
∘

𝜇𝜈 = 0, 

𝐺
∘

𝑡𝑟 ≡
𝜆̇(𝑡,𝑟)

𝑟
= 0,⇒  𝜆 = 𝜆(𝑟). 

𝐺
∘

𝑟𝑟 ≡ −𝑒𝜆(𝑟) + 𝑟𝜈′(𝑡, 𝑟) + 1 = 0, 

𝐺
∘

𝑡𝑡 ≡ 𝑒−𝜆(𝑟)(𝑟𝜆′(𝑟) − 1) + 1 = 0. 

[𝑒−𝜆(𝑟)𝑟]
′
= 1 ⇒ 𝑒−𝜆(𝑟) = 1 −

𝐶1

𝑟
, 

𝜆′(𝑟) + 𝑣′(𝑟) = 0,⇒  𝜆(𝑟) + 𝑣(𝑟) = 𝐶2, 

−𝑒𝜈(𝑟) = 1 −
2𝑀

𝑟
, 𝑒𝜆(𝑟) =

1

1−
2𝑀

𝑟

. 

𝑒𝜇
𝐴 = (

√−𝑒𝜈(𝑟) 0 0 0

0 √𝑒𝜆(𝑟) 0 0
0 0 𝑟 0
0 0 0 𝑟sin 𝜃

). 

 

𝑇̂𝑡𝑟
𝑡 = −

1

2
𝑣′(𝑟) = −

𝑀

𝑟2
(1 −

2𝑀

𝑟
)
−1

, 

𝑇̂𝑟𝜑
𝜑
=

1

𝑟
. 

𝐾̂𝑡𝑡𝑟  =
1

2
𝑒𝜈(𝑟)𝑣′(𝑟) =

𝑀

𝑟2

𝐾̂𝜑𝑟𝜑  = 𝑟
 

𝑆̂𝑡̂
𝑡𝑟 =

2𝑒−𝜆(𝑟)√𝑒−𝜈(𝑟)

𝑟
=

2

𝑟
√1 −

2𝑀

𝑟
, 

𝑆̂𝜑̂
𝑟𝜑
= −

𝑒−𝜆(𝑟)(𝑟𝜈′(𝑟)+2)

2𝑟2
=

𝑀−𝑟

𝑟3
. 

𝑇̂ = −
2𝑒−𝜆(𝑟)(𝑟𝜈′(𝑟)+1)

𝑟2
= −

2

𝑟2
, 

𝑄
⋄

𝑟𝜇𝜈 = (
−𝑒𝜈(𝑟)𝜈′(𝑟) 0 0

0 𝑒𝜆(𝑟)𝜆′(𝑟) 0
0 0 2𝑟

)

 =

(

 
 
 
−
2𝑀

𝑟2
0 0

0 −
2𝑀

𝑟2 (1 −
2𝑀
𝑟 )

2 0

0 0 2𝑟)

 
 
 
,
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𝑃
⋄

𝑡𝑟
𝑡 =

𝑟𝜆′(𝑟) − 𝑟𝑣′(𝑟) + 4

8𝑟
=
1

8
(𝜆′(𝑟) + 𝑣′(𝑟)),

𝑃
⋄

𝑟𝑟
𝑟 =

𝑒𝑣(𝑟)−𝜆(𝑟)

𝑟
=
1

𝑟
(1 −

2𝑀

𝑟
)
2

,

𝑃
⋄

𝜑𝜑
𝑟 = −

1

4
𝑟𝑒−𝜆(𝑟)(𝑟𝑣′(𝑟) + 2) =

𝑀 − 𝑟

2
,

𝑃
⋄

𝑟𝜑
𝜑
=
1

8
(𝜆′(𝑟) + 𝑣′(𝑟)) = 0,

 

𝑞
⋄

𝜇𝜈

√−𝑔
 =

(

 
 
 
 

2𝑒𝜈(𝑟)−𝜆(𝑟)𝜈′(𝑟)

𝑟
0 0

0
2𝑟𝜈′(𝑟) + 2

𝑟2
0

0 0 −
𝑟𝜈′(𝑟) + 2

𝑒𝜆(𝑟) )

 
 
 
 

 =

(

 
 
 
 

4𝑀

𝑟3
(1 −

2𝑀

𝑟
) 0 0

0
2

𝑟2 (1 −
2𝑀
𝑟 )

0

0 0
2𝑀

𝑟
− 2)

 
 
 
 

.

 

𝑒𝜇
𝐴𝑔𝜈𝜌𝜕𝜎𝑆̂𝐴 

𝜌𝜎 + 𝑒−1𝑒𝜇
𝐴𝑔𝜈𝜌𝜕𝜎𝑒

−𝑆̂𝐵 
𝜎 𝜈𝑇

𝐵 𝜎𝜇 +
1

2
𝑔𝜇𝜈𝑇̂ = 0.

 

𝜕𝜎𝑆̂𝜇𝜈 
𝜎 − 𝑆̂𝛼𝜈 

𝜎Γ𝛼 𝜈𝜎 − 𝑆̂𝛼𝜇 
𝜎Γ𝛼 𝜈𝜎 − 𝑆̂𝜇 

𝜌𝜎Γ𝛼 𝜌𝜎𝑔𝜈𝛼

 −𝑆̂𝛼 
𝜎 𝜈𝑇̂𝜎𝜇

𝛼 + Γ𝛼𝜎
𝛼 𝑆̂𝜇𝜈 

𝜎 +
1

2
𝑇̂𝑔𝜇𝜈 = 0.

 

∇
∘

𝜎𝑆̂𝜇𝜈 
𝜎 − 𝐾̂𝛼  𝜇𝜎𝑆̂𝛼𝜈 

𝜎 − 𝐾̂𝛼 𝜈𝜎𝑆̂𝜇𝛼 
𝜎

 +𝐾̂𝜎 𝛼𝜎𝑆̂𝜇𝜈 
𝛼 − 𝐾̂𝜈𝜌𝜎𝑆̂𝜇 

𝜌𝜎 + 𝑇̂𝜎𝑆̂𝜇𝜈 
𝜎

 −𝑆̂𝛼 
𝜎 𝜈𝑇̂

𝛼  𝜎𝜇 +
1

2
𝑔𝜇𝜈𝑇̂ = 0.

 

 

−𝐾̂𝛼 𝜈𝜎𝑆̂𝜇𝛼 
𝜎 − 𝐾̂𝜈𝜌𝜎𝑆̂𝜇 

𝜌𝜎 = 0, 

𝐾̂𝜎  𝛼𝜎𝑆̂𝜇𝜈 
𝛼 + 𝑇̂𝜎𝑆̂𝜇𝜈 

𝜎 = 0. 

 ∇
∘

𝑆̂𝜇𝜈 
𝜎 + 𝐾̂𝜇𝜎

𝛼 𝑆̂𝛼 𝜈 − 𝑇̂𝛼 𝜎𝜇𝑆̂𝛼 𝜈 +
1

2
𝑇̂𝑔𝜇𝜈 = ∇

∘

𝜎𝑆̂𝜇𝜈 
𝜎 + 𝐾̂𝛼 𝜎𝜇𝑆̂𝛼 𝜈 𝜈 +

1

2
𝑔𝜇𝜈𝑇̂ = 0  

𝜕𝛼√−𝑔

√−𝑔
= Γ

⋄

𝛼𝜎
𝜎 = −𝐿

⋄

𝛼𝜎
𝜎 =

1

2
𝑄
⋄

𝛼. 

2𝜕𝛼𝑃
𝛼  𝜇𝜈 +

1

2
𝑄
⋄

𝛼𝜇𝜈 (𝑄
⋄
𝛼 − 𝑄̃

⋄
𝛼) +

1

2
𝑔𝜇𝜈𝜕𝛼 (𝑄

⋄
𝛼 − 𝑄̃𝛼

⋄

)

 +
1

2
𝐿
⋄
𝜎  𝜇𝜈𝑄

⋄

𝜎 +
1

4
𝑄
⋄

𝜇 
𝛼 𝜎𝑄

⋄

𝜈 
𝜎 𝛼 +

1

2
𝑄
⋄
𝛼 𝜎𝜇 (𝑄

⋄
𝜎 𝜈𝛼 − 𝑄

⋄

𝛼 
𝜎  𝜈)

 −
1

2
𝑔𝜇𝜈∇

∘

𝛼 (𝑄
⋄
𝛼 − 𝑄̃

⋄
𝛼) +

1

2
𝑔𝜇𝜈  

𝑄
 

= 0.

 

ℙ(𝑥𝑛, 𝑡𝑛 ∣ 𝑥1, 𝑡1; … ; 𝑥𝑛−1, 𝑡𝑛−1) = ℙ(𝑥𝑛, 𝑡𝑛 ∣ 𝑥𝑛−1, 𝑡𝑛−1)  

ℰ̂(𝑡)(𝜌̂(0)) = 𝜌̂(𝑡)  

ℰ̂(𝑡1 + 𝑡2) = ℰ̂(𝑡1)ℰ̂(𝑡2),  
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𝑑𝜌̂

𝑑𝑡
(𝑡) = ℒ̂𝜌̂(𝑡)  

𝐻̂ = 𝐻̂S + 𝐻̂B + 𝐻̂SB  

𝐻̂S =
𝑃̂2

2𝑀
+ 𝑉(𝑄̂),  

𝐻̂B
(𝑘)

=∑  

𝑁

𝑘=1

 (
𝑝̂𝑘
2

2𝑚𝑘
+
𝑚𝑘𝜔𝑘

2𝑞̂𝑘
2

2
) ,

𝐻̂SB
(𝑘)

=∑  

𝑁

𝑘=1

 (𝑔𝑘𝑞̂𝑘𝑄̂ +
𝑔𝑘
2

2𝑚𝑘𝜔𝑘
2 𝑄̂

2) .

 

𝑑2𝑄̂

𝑑𝑡2
(𝑡) + 𝑉′(𝑄̂(𝑡)) +

1

𝑀
∫  
𝑡

0

 𝑘(𝑡 − 𝑡′)𝑃̂(𝑡′)𝑑𝑡′ + 𝑘(𝑡)𝑄̂(0) = 𝑓(𝑡)  

𝑘(𝑡) =∑  

𝑁

𝑖=1

 
𝑔𝑘
2

𝑚𝑘𝜔𝑘
2 cos (𝜔𝑘𝑡)  

𝑓(𝑡) =∑  

𝑁

𝑖=1

 (𝑔𝑘𝑞̂𝑘(0)cos (𝜔𝑘𝑡) +
𝑔𝑘𝑝̂𝑘(0)

𝑚𝑘𝜔𝑘
sin (𝜔𝑘𝑡))  

⟨𝑓(𝑡)⟩ = Tr(𝑓(𝑡)𝜌th) = 0  

⟨{𝑓(𝑡), 𝑓(𝑡′)}⟩ = ∑  

𝑁

𝑘=1

 
ℏ𝑔𝑘

2

𝑚𝑘𝜔𝑘
coth (

ℏ𝜔𝑘
2𝑘𝐵𝑇

) cos (𝜔𝑘(𝑡 − 𝑡′)),  

 

Θ̂𝒒̂Θ̂−1 = 𝒒̂, Θ̂𝒑̂Θ̂−1 = −𝒑̂,  

𝐴̂𝑅(𝑡) = Θ̂𝐴̂(−𝑡)Θ̂−1  

𝒒̂𝑅(𝑡) = Θ̂𝒒̂(−𝑡)Θ̂−1 = 𝒒̂(𝑡), 𝒑̂𝑅(𝑡) = Θ̂𝒑̂(−𝑡)Θ̂−1 = −𝒑̂(𝑡).  

𝑀
𝑑2𝑄̂

𝑑𝑡2
(−𝑡) + 𝑉′(𝑄̂(−𝑡)) +

1

𝑀
∫  
−𝑡

0

 𝑘(−𝑡 − 𝑡′)𝑃̂(𝑡′)𝑑𝑡′ + 𝑘(−𝑡)𝑄̂(0) = 𝑓(−𝑡)  

𝑑𝜌̂𝑅
𝑑𝑡

= −Θ̂
𝑑𝜌̂

𝑑𝑡
Θ̂−1 = −Θ̂ℒ̂Θ̂−1Θ̂𝜌̂Θ̂−1 = −ℒ̂𝑅𝜌̂𝑅 .  

𝜌̂(𝑡) = ℰ̂(𝑡)𝜌̂(0), ℰ̂(𝑡) = exp (−ℒ̂𝑡).  

Θ̂ℰ̂(𝑡)Θ̂−1 = exp (−Θ̂ℒ̂Θ̂−1𝑡) = exp (−ℒ̂𝑅𝑡).  

Θ̂ℰ̂(𝑡)Θ̂−1 = exp (ℒ̂𝑡) = ℰ̂(𝑡)−1.  

Θ̂𝑈̂(𝑡)Θ̂−1 = 𝑈̂(−𝑡)  
𝑑𝜌̂

𝑑𝑡
= ℒ̂(𝑡)𝜌̂(𝑡)  

𝑑𝜌̂𝑅
𝑑𝑡

(𝑡) = −Θ̂
𝑑𝜌̂

𝑑𝑡
(−𝑡)Θ̂−1 = −ℒ̂𝑅(−𝑡)𝜌̂𝑅(𝑡)  

𝜌̂(𝑡) = ℰ̂(𝑡, 0)𝜌̂(0), ℰ̂(𝑡2, 𝑡1) = 𝒯̂exp (−∫  
𝑡2

𝑡1

  ℒ̂(𝑡′)𝑑𝑡′) ,  

Θ̂ℰ̂(𝑡1, 𝑡2)Θ̂
−1 = 𝒯̂exp (−∫  

𝑡2

𝑡1

  Θ̂ℒ̂(𝑡′)Θ̂−1𝑑𝑡′) = 𝒯̂exp (−∫  
𝑡2

𝑡1

  ℒ̂𝑅(𝑡
′)𝑑𝑡′) .  

Θ̂ℰ̂(𝑡1, 𝑡2)Θ̂
−1 = 𝒯exp (−∫  

𝑡1

𝑡2

  ℒ̂(𝑡′)𝑑𝑡′) = ℰ(𝑡2, 𝑡1)
−1.  

∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′ < ∞  
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∫  
𝜏𝐵

0

 𝑘(𝑡′)𝑑𝑡′ ≈ ∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′  

∫  
𝑡

0

 𝑘(𝑡 − 𝑡′)𝑃̂(𝑡′)𝑑𝑡′ = ∫  
𝑡

0

 𝑘(𝑡′)𝑃̂(𝑡 − 𝑡′)𝑑𝑡′ ≈ 𝑃̂(𝑡)∫  
𝜏𝐵

0

 𝑘(𝑡′)𝑑𝑡′ = 𝑃̂(𝑡)∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′  

∫  
𝑡

0

 𝑘(𝑡′)𝑑𝑡′ = sgn(𝑡)∫  
|𝑡|

0

 𝑘(𝑡′)𝑑𝑡′,  

∫  
𝑡

0

 𝑘(𝑡 − 𝑡′)𝑃̂(𝑡′)𝑑𝑡′ ≈ sgn(𝑡)𝑃̂(𝑡)∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′  

𝑀
𝑑2𝑄̂

𝑑𝑡2
+ 𝑉′(𝑄̂(𝑡)) + sgn(𝑡)𝛾𝑃̂(𝑡) = 𝑓(𝑡).  

∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′ = 𝑀𝛾  

⟨{𝑓(𝑡), 𝑓(𝑡′)}⟩ =
𝛾𝑀ℏ

𝜋
∫  
Λ

0

 𝜔coth (
ℏ𝜔

2𝑘𝐵𝑇
) cos (𝜔(𝑡 − 𝑡′))𝑑𝜔  

⟨{𝑓(𝑡), 𝑓(𝑡′}⟩ = 2𝛾𝑀𝑘𝐵𝑇𝛿(𝑡 − 𝑡′).  

TrS(𝑌̂𝜇̂(𝑡)) = TrS(𝜌̂S𝑌̂(𝑡))  

𝜇̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜇̂(𝑡)] +

𝑖

2ℏ
[{𝛾sgn(𝑡)𝑃̂, 𝜇̂(𝑡)}, 𝑄̂] +

𝑖

2ℏ
[{𝑓(𝑡), 𝜇̂(𝑡)}, 𝑄̂]  

𝜌̂(𝑡) = ⟨𝜇̂(𝑡)⟩:= TrB(𝜇̂(𝑡)𝜌̂th),  

𝜌̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜌̂(𝑡)] +

𝑖sgn(𝑡)

2ℏ
[{𝛾𝑃̂, 𝜌̂(𝑡)}, 𝑄̂] −

Γ(𝑡)

ℏ2
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂].  

Γ(𝑡) = ∫  
𝑡

0

  ⟨{𝑓(𝑡), 𝑓(𝑡′)}⟩𝑑𝑡′  

∫  
𝑡

0

  ⟨{𝑓(𝑡), 𝑓(𝑡′)}⟩𝑑𝑡′ = sgn(𝑡)∫  
|𝑡|

0

  ⟨{𝑓(|𝑡|), 𝑓(𝑡′)}⟩𝑑𝑡′  

lim
𝑡→∞

 ∫  
|𝑡|

0

  ⟨{𝑓(|𝑡|), 𝑓(𝑡′)}⟩𝑑𝑡′ = 2𝛾𝑀𝑘𝐵𝑇.  

𝜌̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜌̂(𝑡)] +

𝑖sgn(𝑡)

2ℏ
[{𝛾𝑃̂, 𝜌̂(𝑡)}, 𝑄̂] − sgn(𝑡)

2𝛾𝑀𝑘𝐵𝑇

ℏ2
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂].  

𝑑𝜌̂

𝑑𝑡
(𝑡) = (𝑖ℒ̂𝐻 + sgn(𝑡)ℒ̂𝐷)𝜌̂(𝑡)  

ℒ̂𝐻𝜌̂(𝑡) = −
1

ℏ
[𝐻̂S, 𝜌̂(𝑡)]

ℒ̂𝐷𝜌̂(𝑡) =
𝑖

2ℏ
[{𝛾𝑃̂, 𝜌̂(𝑡)}, 𝑄̂] −

2𝛾𝑀𝑘𝐵𝑇

ℏ2
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂].

 

𝑑𝜌̂𝑅
𝑑𝑡

(𝑡) = −Θ̂
𝑑𝜌̂

𝑑𝑡
(𝑡)Θ̂−1 = (𝑖ℒ̂𝐻 + sgn(𝑡)ℒ̂𝐷)𝜌̂𝑅(𝑡)  

𝜌̂(𝑡) = ℰ̂(𝑡)𝜌̂(0), ℰ̂(𝑡) = exp (𝑖ℒ̂𝐻𝑡 + ℒ̂𝐷|𝑡|)  

𝜌(𝑝, 𝑞, 𝑡) =
1

√𝜋𝑁(𝑡)
exp (

−(𝑞 + sgn(𝑡)𝐴(𝑡)𝑝)2

𝑁(𝑡)
− 𝐵(𝑡)𝑝2)  
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𝑁(𝑡) =
𝑚𝑘𝐵𝑇

ℏ2
(1 − 𝑒−2𝛾|𝑡|) +

𝑒−2𝛾|𝑡|

𝜎2

𝐴(𝑡) =
𝑖ℏ

2𝜎2𝑚𝛾
𝑒−𝛾|𝑡|(1 − 𝑒−𝛾|𝑡|) −

𝑖𝑘𝐵𝑇

2ℏ𝛾
(1 − 𝑒−𝛾|𝑡|)

2

𝐵(𝑡) =
ℏ2

4𝜎2𝑚2𝛾2
(1 − 𝑒−𝛾|𝑡|))

2
+
𝜎2

4
+
𝑘𝐵𝑇

𝑚𝛾2
(2𝛾|𝑡| − 3 + 4𝑒−𝛾|𝑡| − 𝑒−2𝛾|𝑡|).

 

𝜓(𝑥, 0) =
1

(𝜎2𝜋)1/4
exp (−

𝑥2

2𝜎2
) .  

𝑆vN(𝜉) =
1 − 𝜉

2𝜉
log (

1 + 𝜉

1 − 𝜉
) − log (

2𝜉

1 + 𝜉
)  

𝐻̂ = 𝐻̂S + 𝐻̂B + 𝐻̂SB  

𝐻̂I(𝑡) = 𝑒
𝑖
ℏ
(𝐻̂S+𝐻̂B)𝑡𝐻̂SB𝑒

−𝑖
ℏ
(𝐻̂S+𝐻̂B)𝑡  

𝑑

𝑑𝑡
𝜌̂I(𝑡) = −

𝑖

ℏ
[𝐻̂I(𝑡), 𝜌̂I(𝑡)]  

𝑑

𝑑𝑡
𝜌̂S(𝑡) = −

1

ℏ2
∫  
𝑡

0

 TrB ([𝐻̂I(𝑡), [𝐻̂I(𝑠), 𝜌̂I(𝑠)]])𝑑𝑠  

𝑑

𝑑𝑡
𝜌̂S(𝑡) = −

1

ℏ2
∫  
𝑡

0

 TrB ([𝐻̂I(𝑡), [𝐻̂I(𝑠), 𝜌̂S(𝑡) ⊗ 𝜌̂B]]) 𝑑𝑠  

𝐻̂I(𝑡) =∑  

𝛼,𝜔

  𝑒−𝑖𝜔𝑡𝐴̂𝛼(𝜔) ⊗ 𝐵̂𝛼(𝑡)  

𝑑

𝑑𝑡
𝜌̂S(𝑡) =

 −
1

ℏ2
∑  

𝛼,𝛽,𝜔

  [Γ𝛼𝛽(𝜔, 𝑡)𝐴̂𝛼
† (𝜔)𝐴̂𝛽(𝜔)𝜌̂S(𝑡) + Γ𝛽𝛼

∗ (𝜔, 𝑡)𝜌̂S(𝑡)𝐴̂𝛼
† (𝜔)𝐴̂𝛽(𝜔)(Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼

∗ (𝜔, 𝑡))𝐴̂𝛽(𝜔)𝜌̂S(𝑡)𝐴̂𝛼
† (𝜔)].

 

 

Γ𝛼𝛽(𝜔, 𝑡) = ∫  
𝑡

0

  𝑒𝑖𝜔𝑠Tr(𝐵̂𝛼
†(𝑡)𝐵̂𝛽(𝑡 − 𝑠)𝜌̂B)𝑑𝑠  

Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼
∗ (𝜔, 𝑡) = sgn(𝑡)∫  

|𝑡|

−|𝑡|

  𝑒𝑖𝜔𝑠Tr(𝐵̂𝛼
†(𝑠)𝐵̂𝛽(0)𝜌̂𝐵)𝑑𝑠.  

Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼
∗ (𝜔, 𝑡) ≈ sgn(𝑡)𝛾𝛼𝛽(𝜔)  

𝛾𝛼𝛽(𝜔) = ∫  
∞

−∞

  𝑒𝑖𝜔𝑠Tr(𝐵̂𝛼
†(𝑠)𝐵̂𝛽(0)𝜌̂𝐵)𝑑𝑠  

𝜂𝛼𝛽(𝜔) =
1

2𝑖
(Γ𝛼𝛽(𝜔, 𝑡) − Γ𝛽𝛼

∗ (𝜔, 𝑡)).  

𝑑

𝑑𝑡
𝜌̂S(𝑡) = −

𝑖

ℏ
[𝐻̂S, 𝜌̂S] +

sgn(𝑡)

ℏ2
∑  

𝛼,𝛽,𝜔

  𝒟̂𝛼𝛽(𝜔)𝜌̂S(𝑡)  

𝐻̂S =
1

ℏ
∑  

𝛼,𝛽,𝜔

 𝜂𝛼𝛽(𝜔)𝐴̂𝛼
† (𝜔)𝐴̂𝛽(𝜔)  

𝒟̂𝛼𝛽(𝜔)𝜌̂S(𝑡) = 𝛾𝛼𝛽(𝜔) (𝐴̂𝛽(𝜔)𝜌̂S(𝑡)𝐴̂𝛼
† (𝜔) −

1

2
{𝐴̂𝛼

† (𝜔)𝐴̂𝛽(𝜔), 𝜌̂S(𝑡)}) .  

Θ̂𝛾𝛼𝛽(𝜔)Θ̂
−1 = ∫  

∞

−∞

  𝑒𝑖𝜔𝑠Tr(Θ̂𝐵̂𝛼
†(𝑠)𝐵̂𝛽(0)Θ̂

−1𝜌̂𝐵)𝑑𝑠 = 𝛾𝛼𝛽(𝜔).  
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𝑑

𝑑𝑡
𝜌𝑛(𝑡) = ∑  

𝑛′≠𝑛

  (𝑊𝑛,𝑛′𝜌𝑛′(𝑡) −𝑊𝑛′,𝑛𝜌𝑛(𝑡)),  

⟨𝑛|𝐴̂𝛼
† (𝜔)𝐴̂𝛽(𝜔)|𝑛

′⟩ = 𝛿𝑛,𝑛′⟨𝑛|𝐴̂𝛼|𝑚⟩⟨𝑚|𝐴̂𝛽|𝑛⟩,  
𝑑

𝑑𝑡
𝜌𝑛(𝑡) =

sgn(𝑡)

ℏ2
∑  

𝑛≠𝑛′

  (𝑊𝑛,𝑛′𝜌𝑛′(𝑡) −𝑊𝑛′,𝑛𝜌𝑛(𝑡)),  

𝑊𝑛′,𝑛 =∑  

𝛼,𝛽

 𝛾𝛼𝛽(𝜀𝑛 − 𝜀𝑛′)⟨𝑛|𝐴̂𝛼|𝑛
′⟩⟨𝑛′|𝐴̂𝛽|𝑛⟩  

𝐻̂ = 𝐻̂0 + 𝜆𝐻̂SB  
𝑑

𝑑𝑡
𝜌𝜀,𝑘(𝑡) =

𝜆2

ℏ2
∑  

𝜀′,𝑘′

 ∫  
𝑡

0

 Λ𝜀,𝑘,𝜀′,𝑘′(𝑡 − 𝑠)(𝜌𝜀′,𝑘′(𝑠) − 𝜌𝜀,𝑘(𝑠))𝑑𝑠,  

Λ𝜀,𝑘,𝜀′,𝑘′(𝑡) = 2|⟨𝜀, 𝑘|𝐻̂SB|𝜀
′, 𝑘′⟩ |2cos (

𝜀 − 𝜀′

ℏ
𝑡)  

∫  
𝑡

0

 Λ𝜀,𝑘,𝜀′,𝑘′(𝑡 − 𝑠)𝑑𝑠 = 2ℏ
|⟨𝜀, 𝑘|𝐻̂SB|𝜀

′, 𝑘′⟩ |2

𝜀 − 𝜀′
sin (

𝜀 − 𝜀′

ℏ
𝑡) .  

ℏ

𝜀 − 𝜀′
sin (

𝜀 − 𝜀′

ℏ
𝑡) ≈ sgn(𝑡)𝜋ℏ𝛿(𝜀 − 𝜀′)  

𝑑

𝑑𝑡
𝜌𝜀,𝑘(𝑡) = sgn(𝑡)∑  

𝑘′

  (𝑊𝑘,𝑘′
𝜀 𝜌𝜖,𝑘′(𝑡) −𝑊𝑘′,𝑘

𝜖 𝜌𝜖,𝑘(𝑡))  

𝑊𝑘,𝑘′
𝜀 =

2𝜆2

ℏ
|⟨𝜀, 𝑘|𝐻̂SB|𝜀, 𝑘

′⟩ |2𝜂(𝜀)  

𝜓𝑅(𝑥, 𝑎 + 𝑡) = 𝜓∗(𝑥, 𝑎 − 𝑡)  

𝑑𝑊

𝑑𝑡
= −

𝑝

𝑀

𝑑𝑊

𝑑𝑥
+∑  

∞

𝑛=0

 
(−ℏ2)𝑛𝑉(2𝑛+1)(𝑥)

(2𝑛 + 1)! 22𝑛
𝑑2𝑛+1𝑊

𝑑𝑝2𝑛+1
+ sgn(𝑡)𝛾

𝑑

𝑑𝑝
(𝑝𝑊) + sgn(𝑡)2𝛾𝑀𝑘𝐵𝑇

𝑑2𝑊

𝑑𝑝2
 

𝑑𝑊

𝑑𝑡
= −

𝑝

𝑀

𝑑𝑊

𝑑𝑥
+
𝑑𝑉

𝑑𝑥

𝑑𝑊

𝑑𝑝
+ sgn(𝑡)𝛾

𝑑

𝑑𝑝
(𝑝𝑊) + sgn(𝑡)2𝛾𝑀𝑘𝐵𝑇

𝑑2𝑊

𝑑𝑝2
 

𝜇̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜇̂(𝑡)] +

𝑖

2ℏ
[{𝛾sgn(𝑡)𝑃̂, 𝜇̂(𝑡)}, 𝑄̂] +

𝑖

2ℏ
[{𝑓(𝑡), 𝜇̂(𝑡)}, 𝑄̂],  

𝜌̂(𝑡) = ⟨𝜇̂(𝑡)⟩:= TrB(𝜇̂(𝑡)𝜌̂th),  

𝐴̂𝜇̂(𝑡) = −
𝑖

ℏ
[𝐻̂s, 𝜇̂(𝑡)]  +

𝑖

2𝑀ℏ
[{𝛾sgn(𝑡)𝑃̂, 𝜇̂(𝑡)}, 𝑄̂],

𝐵̂𝜇̂(𝑡)  =
𝑖

ℏ
[𝜇̂(𝑡), 𝑄̂],

𝛼̂(𝑡)𝜇̂(𝑡) =
1

2
{𝑓(𝑡), 𝜇̂(𝑡)},

 

𝜂̂(𝑡) = exp (−𝐴̂𝑡)𝜇̂(𝑡).  

𝜂̇̂(𝑡) = 𝐵̂(𝑡)𝛼̂(𝑡)𝜂̂(𝑡),  
𝑑

𝑑𝑡
⟨𝜂̂(𝑡)⟩ = 𝐵̂(𝑡)⟨𝛼̂(𝑡)𝜇̂(0)⟩ + ∫  

𝑡

0

  𝐵̂(𝑡)𝐵̂(𝑡′)⟨𝛼̂(𝑡)𝛼̂(𝑡′)𝜇̂(𝑡′)⟩𝑑𝑡′  

𝑑𝜌̂

𝑑𝑡
(𝑡) = 𝐴̂𝜌̂(𝑡) + ∫  

𝑡

0

  ⟨𝛼̂(𝑡)𝛼̂(𝑡′)𝐼⟩𝐵̂𝐵̂(𝑡′ − 𝑡)𝜌̂(𝑡′)𝑑𝑡′  

𝑑𝜌̂

𝑑𝑡
(𝑡) = 𝐴̂𝜌̂(𝑡) − ∫  

𝑡

0

  ⟨𝛼̂(𝑡)𝛼̂(𝑡′)𝐼⟩𝑑𝑡′
1

ℏ
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂].  
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𝜌̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜌̂(𝑡)] +

𝑖

2ℏ
[{𝛾sgn(𝑡)𝑃̂, 𝜌̂(𝑡)}, 𝑄̂] −

Γ(𝑡)

ℏ2
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂],  

∑ 

𝑚1

𝑘=1

 Pr(1 ∣ [1, 𝑘]) = 1

∑  

𝑚2

𝑘=1

 Pr(1 ∣ [2, 𝑘]) = 1

…

∑  
𝑚𝑛−1
𝑘=1  Pr(1 ∣ [𝑛 − 1, 𝑘]) = 1

∑  
𝑚𝑛
𝑘=1  Pr(1 ∣ [𝑛, 𝑘]) = {

0, NCHV,
1, Q

 

∑ 

𝑖∈𝑉

 Pr(1 ∣ 𝑖) − ∑  

(𝑖,𝑗)∈𝐸

 Pr(1,1 ∣ 𝑖, 𝑗) ⩽
 NCHV 

𝛼(𝐺) ⩽
Q

𝜗(𝐺)  

𝛼(𝐺) = 𝑛 − 1, 𝜗(𝐺) = 𝑛, and 𝜒(𝐺‾) = 𝑛  

𝑝1: = ∑  

19

𝑘=1

 Pr(1 ∣ 𝑘) = 1

𝑝2: = ∑  

38

𝑘=20

 Pr(1 ∣ 𝑘) = 1

 

𝑝3: = ∑  

57

𝑘=39

Pr(1 ∣ 𝑘) = {
0, NCHV
1, Q

 

 |𝒂⟩ = (
𝑎1 𝑎2 ⋯

𝑎𝑑
)
†

 ↔ {|𝛼1, Δ𝑡⟩, |𝛼2, 2Δ𝑡⟩,⋯ , |𝛼𝑑 , 𝑑Δ𝑡⟩}
 

 

⟨𝚥 ∣ 𝒂⟩ = ∑  

𝑏

𝑘=1

  ⟨𝚥𝑘 ∣ 𝒂⟩  

𝑝1 = 0.9939(15), 𝑝2 = 0.9980(2), 𝑝3 = 0.9983(2)  

∑ 

𝑖∈𝑉

 Pr(1 ∣ 𝑖) = 2.9902(4)

𝛼(𝐺) + ∑  

(𝑖,𝑗)∈𝐸

 Pr(1,1 ∣ 𝑖, 𝑗) = 2.651(4)
 

max
𝐁
 𝜗 = tr(BJ)

  𝐁 ⩾ 0, tr(𝐁) = 1

𝐵𝑖𝑗 = 0, ∀(𝑖, 𝑗) ∈ 𝐸(𝐺)

 

ℎ0 = 𝛼̃Re(𝑒−𝑖𝜙∑ 

𝑘=1

  𝑐𝑘𝑒
𝑖𝑘𝜑)  

 

ℎ1 = 𝛼̃Re(𝑒−𝑖𝜙+𝜋/2∑ 

𝑘=1

  𝑐𝑘𝑒
𝑖𝑘𝜑)  

ℎ2 = 𝛼̃Re (𝑒−𝑖𝜙+𝜋/2∑ 

𝑘=4

  𝑐𝑘𝑒
𝑖𝑘𝜑)  

𝑃(1,1 ∣ 𝑖, 𝑗) = 𝑃(1 ∣ 𝑖)𝑃(1 ∣ 𝑗, 𝑖 = 1)  

ℋ̂(𝑁)/ℏ = 𝜔0𝑎̂
†𝑎̂ + 𝜔a (𝑆̂𝑧 +

𝑁

2
) +

2𝑔

√𝑁
(𝑎̂† + 𝑎̂)𝑆̂𝑥  
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𝑔 >
√𝜔a𝜔0

2
 

ℋ̂spin = ℋ̂Fe + ℋ̂Er + ℋ̂Fe−Er  

ℋ̂Fe = ∑  

𝑠=A, B

 ∑  

𝑁0

𝑖=1

 𝜇0𝜇B𝔤Fe
𝑥 𝑆𝑖,𝑥

𝑠 𝐻𝑥
DC + 𝐽Fe∑ 

𝑖,𝑖′

  S𝑖
A ⋅ 𝐒𝑖′

B

 −𝐷Fe
𝑦
∑ 

𝑖,𝑗′

  (𝑆𝑖,𝑧
A 𝑆𝑖′,𝑥

B − 𝑆𝑖′,𝑧
B 𝑆𝑖,𝑥

A )

 − ∑  

𝑠=𝐴,𝐵

 ∑  

𝑁0

𝑖=1

  [𝐴Fe
𝑥 (𝑆𝑖,𝑥

𝑠 )
2
+ 𝐴Fe

𝑧 (𝑆𝑖,𝑧
𝑠 )

2
] ,

ℋ̂Er = ∑  

𝑠=A, B

 ∑  

𝑁0

𝑖=1

 𝜇0𝜇B𝔤Er
𝑥 𝔞𝑖,𝑥

𝑠 𝐻𝑥
DC + 𝐽Er∑ 

𝑖,𝑖′

 ℨ𝑖
A ⋅ ℨ𝑖′

B

 − ∑  

𝑠=A, B

 ∑  

𝑁0

𝑖=1

  [𝐴Er
𝑥 (3𝑖,𝑥

𝑠 )
2
+ 𝐴Er

𝑧 (𝛯𝑖,𝑧
𝑠 )

2
] ,

ℋ̂Fe−Er =∑  

𝑁0

𝑖=1

  ∑  

𝑠,𝑠′=A, B

  [ J𝑖
𝑠 ⋅  S𝑖

𝑠′ + D𝑠,𝑠
′
⋅ (ℨ𝑖

𝑠 × S𝑖
𝑠′)]

 

⟨𝔅‖
𝑠⟩  = −

1

2
tanh (

𝔤Er𝜇B |𝐁Er
𝑠
|

2𝑘B𝑇
)

⟨𝑆‖
𝑠⟩  = −𝐵𝑆 (

𝑆𝔤Fe𝜇B |𝐁Fe
𝑠
|

𝑘B𝑇
)

 

ℏ
𝑑

𝑑𝑡
𝛿𝔅𝑠 = −𝛿𝔰𝑠 × 𝔤Er𝜇B𝐁Er

𝑠
(𝔤A/B, 𝐒A/B) − 𝔰

𝑠
× 𝔤Er𝜇B𝐁Er

𝑠 (𝛿𝔰A/B, 𝛿𝐒A/B)

ℏ
𝑑

𝑑𝑡
𝛿𝐒𝑠 = −𝛿𝐒𝑠 × 𝔤Fe𝜇B𝐁Er

𝑠
(𝔤A/B, 𝐒A/B) − 𝐒

𝑠
× 𝔤Fe𝜇B𝐁Er

𝑠 (𝛿𝔰A/B, 𝛿𝐒A/B)

 

ℋ̂Dicke 

ℏ
∼ 𝜔0𝑎̂

†𝑎̂ + 𝜔aΣ̂𝑥
+ +

𝑖𝑔𝑧

√𝑁0
(𝑎̂† − 𝑎̂)Σ̂𝑧

− +⋯  

ℏ
𝑑𝔰𝑠

𝑑𝑡
= −𝔅𝑠 × 𝔤Er𝜇B𝐁Er

𝑠 (𝔤A/B, 𝐒A/B)

ℏ
𝑑𝐒𝑠

𝑑𝑡
= −𝐒𝑠 × 𝔤Fe𝜇B𝐁Fe

𝑠 (𝔥A/B, 𝐒A/B)

 

𝐁Er
𝑠 = 𝐁DC +

2𝑧Er𝐽Er
𝜇B𝔤Er

𝔰𝑠‾ +
2

𝜇B𝔤Er
∑  

𝑠′=A, B

  [𝐽𝐒𝑠 − (𝐃𝑠,𝑠′ × 𝐒𝑠) − 𝐀Er ⋅ 𝔰
𝑠]

𝐁Fe
𝑠 = 𝐁DC +

2𝑧Fe JFe
𝜇B𝔤Fe

𝒔𝑠‾ −
𝑧Fe
𝜇B𝔤Fe

𝐃Fe × 𝒔
𝑠‾ +

2

𝜇B𝔤Fe
∑  

𝑠′=A, B

  [𝐽𝑺𝑠 − (𝐃𝑠,𝑠′ × 𝐒𝑠) − 𝐀Fe ⋅ 𝔰
𝑠]

 

ℋEr
𝑠 = 𝔤Er𝜇Bℨ

𝑠 ⋅ 𝐁Er
𝑠
= 𝔤Er𝜇Bℨ‖

𝑠 |𝐁Er
𝑠
|

ℋFe
𝑠 = 𝔤Fe𝜇B𝐒

𝑠 ⋅ 𝐁Fe
𝑠
= 𝔤Fe𝜇B S‖

𝑠 |𝐁Fe
𝑠
|
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⟨𝔥‖
𝑠⟩  = −

1

2
tanh (

𝔤Er𝜇B |𝐁Er
𝑠
|

2𝑘B𝑇
)

⟨𝑆‖
𝑠⟩  = −𝐵𝑆 (

𝑆𝔤Fe𝜇B |𝐁Fe
𝑠
|

𝑘B𝑇
)

 

ℏ
𝑑

𝑑𝑡
𝛿𝔰𝑠 = −𝛿𝔰𝑠 × 𝔤Er𝜇B𝐁Er

𝑠
(𝔤A/B, 𝐒A/B) − 𝔰

𝑠
× 𝔤Er𝜇B𝐁Er

𝑠 (𝛿3A/B, 𝛿𝐒A/B) 

ℏ
𝑑

𝑑𝑡
𝛿𝐒𝑠 = −𝛿𝐒𝑠 × 𝔤Fe𝜇B𝐁Er

𝑠
(𝔰A/B, 𝐒A/B) − 𝐒

𝑠
× 𝔤Fe𝜇B𝐁Er

𝑠 (𝛿𝟑A/B, 𝛿𝐒A/B)  

𝐶 =∑  

𝑖

 
𝑤𝑖
𝑁𝑖

∑  

𝑗∈𝑖th mode 

 
(𝑓𝑖𝑗 − 𝑓𝑖𝑗)

2

𝑓𝑖𝑗
2

 

𝐒0
A
= (

𝑆sin 𝛽0
0

−𝑆cos 𝛽0

) , 𝐒0
B
= (

𝑆sin 𝛽0
0

𝑆cos 𝛽0

)  

𝛽0 = −
1

2
arctan [

𝑧Fe𝐷Fe
𝑦

𝑧Fe𝐽Fe − 𝐴Fe
𝑥 + 𝐴Fe

𝑧 ]  

ℋ̂Fe ≈ ∑  

𝑘=0,𝜋

 ℏ𝜔𝑘𝑎𝑘
†𝑎𝑘 +  const  

𝜔𝑘 = 𝔤Fe𝜇B/ℏ√(𝑏cos 𝑘 − 𝑎)(𝑑cos 𝑘 + 𝑐) 

𝑎 = [𝑆/(𝔤Fe
𝑥 𝜇B)][−𝐴Fe

𝑧 − 𝐴Fe
𝑥 − (𝑧Fe𝐽Fe + 𝐴Fe

𝑧 − 𝐴Fe
𝑥 )cos (2𝛽0) + 𝑧Fe𝐷Fe

𝑦
sin (2𝛽0)]  

𝑏 = [𝑆/(𝔤Fe
𝑥 𝜇B)]𝑧Fe𝐽Fe  

𝑐 = [𝑆/(𝔤Fe
𝑥 𝜇B)][(𝑧Fe𝐽Fe + 2𝐴Fe

𝑧 − 2𝐴Fe
𝑥 )cos (2𝛽0) + 𝑧Fe𝐷Fe

𝑦
sin (2𝛽0)]  

𝑑 = [𝑆/(𝔤Fe
𝑥 𝜇B)][−𝑧Fe𝐽Fecos (2𝛽0) − 𝑧Fe𝐷Fe

𝑦
sin (2𝛽0)]  

𝛿𝐒𝑖
A ≈ √

𝑆

2𝑁0
[

−(𝑇0 − 𝑇𝜋)cos 𝛽0
(𝑌0 − 𝑌𝜋)

−(𝑇0 − 𝑇𝜋)sin 𝛽0

]

𝛿𝐒𝑖
B ≈ √

𝑆

2𝑁0
[

(𝑇0 + 𝑇𝜋)cos 𝛽0
(𝑌0 + 𝑌𝜋)

−(𝑇0 + 𝑇𝜋)sin 𝛽0

]

 

𝑇𝑘 = (
𝑏cos 𝑘 − 𝑎

𝑑cos 𝑘 − 𝑎
)
1/4 𝑎−𝑘

† + 𝑎𝑘

√2
 

𝑌𝑘 = (
𝑑cos 𝑘 + 𝑐

𝑏cos 𝑘 − 𝑎
)
1/4𝑖(𝑎−𝑘

† −𝑎𝑘) √2

 
 

ℑ𝑖
𝑠  =

1

𝑁0
∑ 

𝑁0

𝑗=1

 ℑ𝑗
𝑠

 ≡
1

𝑁0
Σ𝑗
𝑠
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ℋ̂Er ≈ 𝜇0𝜇B𝔤Er
𝑥 𝐻𝑥

DCΣ𝑥
+ + 𝑧Er𝐽Er∑ 

𝑁0

𝑖=1

  𝔰𝑖
A ⋅ ∑  

𝑁0

𝑖′=1

 
𝔰𝑖′
B

𝑁0

 −∑  

𝑖

  ∑  

𝜉=𝑥,𝑧

 𝐴Er
𝜉

∑  

𝑠=A, B

 (
1

𝑁0
∑ 

𝑗

 3𝑗,𝜉
𝑠 )

2

 = 𝜇0𝜇B𝔤Er
𝑥 𝐻𝑥

DCΣ𝑥
+ +

𝑧Er𝐽Er
𝑁0

ΣA ⋅ ΣB − ∑  

𝑠=A, B𝜉=𝑥,𝑧

 ∑  

Er

 
𝐴Er
𝜉

𝑁0
(Σ𝜉

𝑠)
2

 

 

ℋ̂Fe−Er = 4𝑆(𝐽sin 𝛽0 + 𝐷𝑦cos 𝛽0)Σ𝑥
+ + (−4𝑆𝐷𝑥cos 𝛽0)Σ𝑦

−

 +√
𝑆

𝑁0
[(𝐽cos 𝛽0 − 𝐷𝑦sin 𝛽0)𝑇𝜋Σ𝑥

+ + 𝐽𝑌0Σ𝑦
+

+(𝐷𝑥sin 𝛽0)𝑇𝜋Σ𝑦
− + 𝐷𝑥𝑌𝜋Σ𝑧

− − (𝐽sin 𝛽0 + 𝐷𝑦cos 𝛽0)𝑇0Σ𝑧
+]

 

 

ℋ̂Dicke ≈ ∑  

𝑚=qFM,qAFM

 ℏ𝜔𝑚𝑎𝑚
† 𝑎𝑚 + 𝐸𝑥Σ𝑥

+ + 𝐸𝑦Σ𝑦
− + 𝜇0𝜇B𝔤Er

𝑥 𝐻𝑥
DCΣ𝑥

+

 +
𝑧Er𝐽Er
𝑁0

ΣA ⋅ ΣB − ∑  

𝜉=𝑥,𝑧𝑠=𝐴, B

 ∑  

0

 
𝐴Er
𝜉

𝑁0
(Σ𝜉

𝑠)
2
+
ℏ𝑔𝑥

√𝑁0
(𝑎qAFM

† + 𝑎qAFM)Σ𝑥
+

 +
𝑖ℏ𝑔𝑦

√𝑁0
(𝑎qFM

† − 𝑎qFM)Σ𝑦
+ +

ℏ𝑔𝑦′

√𝑁0
(𝑎qAFM

† + 𝑎qAFM)Σ𝑦
−

 +
𝑖ℏ𝑔𝑧

√𝑁0
(𝑎qAFM

† − 𝑎qAFM)Σ𝑧
− +

ℏ𝑔𝑧′

√𝑁0
(𝑎qFM

† + 𝑎qFM)Σ𝑧
+

 

ℏ𝑔𝑥 = √𝑥𝑆(𝐽cos 𝛽0 − 𝐷𝑦sin 𝛽0) (
𝑏 + 𝑎

𝑑 − 𝑐
)
1/4

= ℎ√𝑥

ℏ𝑔𝑦 = √𝑥𝑆𝐽 (
𝑑 + 𝑐

𝑏 − 𝑎
)
1/4

= ℎ√𝑥

ℏ𝑔𝑦′ = √𝑥𝑆𝐷𝑥sin 𝛽0 (
𝑏 + 𝑎

𝑑 − 𝑐
)
1/4

= ℎ√𝑥

ℏ𝑔𝑧 = √𝑥𝑆𝐷𝑥 (
𝑑 − 𝑐

𝑏 + 𝑎
)
1/4

= ℎ√𝑥

ℏ𝑔𝑧′ = √𝑥𝑆(−𝐽sin 𝛽0 − 𝐷𝑦cos 𝛽0) (
𝑏 − 𝑎

𝑑 + 𝑐
)
1/4

= ℎ√𝑥

 

𝑥 = tanh [
|𝐸𝑥 + 𝜇0𝜇BgEr

𝑥 He𝑥
DC|

2𝑘B𝑇
] 

𝜀 ∝
2𝜋

ℏ
∑  

𝛼

  | ∑  
(𝑣𝑖,𝑐𝑖,𝑖=1,2,3)

  ⟨𝑒3ℎ3|𝐞 ⋅ 𝑝̂| 𝑒1ℎ1𝑒2ℎ2⟩  𝛼|
2Γ  
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