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RESUMEN 

En anteriores trabajos, este investigador, ha desarrollado planteamientos o alternativas de solución 

relativas al Problema del Milenio de Yang – Mills. Sin embargo, ha sido indispensable ampliar el 

espectro, pues, la teoría de Yang – Mills, alcanza diversos escenarios de la física moderna, y ciertamente, 

es a mi criterio, un puente crucial para conciliar la relatividad einsteniana y la mecánica cuántica.  Tal 

es así, que, desde mi perspectiva, es la teoría cuántica de campos curvos o lo que he denominado como 

“campos cuánticos relativistas”, la que se constituye como una alternativa legítima para unificar las 

áreas de la física antes mencionadas. Mi investigación ha arrojado resultados significativos, sin 

embargo, resta mucho por desarrollar e investigar en la medida de alcanzar la mentada unificación.  En 

este artículo, cumplo con fortalecer la teoría cuántica de campos relativistas, desde las bases formales 

de la relatividad general y la relatividad especial respectivamente, hasta la teoría cuántica de campos, 

con especial énfasis, en los campos de Yang – Mills – Einstein. 

 

Palabras clave: mecánica cuántica, relatividad general, relatividad especial, teoría cuántica de campos 

curvos 
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Relativistic Quantum Fields: Theoretical-Mathematical Approaches 

Relative to Geometrically Deformed or Perforated Quantum Spaces by 

Supermassive and Massive Particles and Antiparticles and Hyperparticles 

and Supraparticles 

 

ABSTRACT 

In previous works, this researcher has developed approaches or alternative solutions related to the Yang-

Mills Millennium Problem. However, it has been essential to broaden the spectrum, since the Yang-

Mills theory reaches various scenarios of modern physics, and certainly, in my opinion, it is a crucial 

bridge to reconcile Einsteinian relativity and quantum mechanics. So much so, that, from my 

perspective, it is the quantum theory of curved fields or what I have called "relativistic quantum fields", 

which constitutes a legitimate alternative to unify the areas of physics mentioned above. My research 

has yielded significant results, however, there is still much to be developed and researched to the extent 

of achieving the aforementioned unification. In this article, I strengthen the quantum theory of 

relativistic fields, from the formal bases of general relativity and special relativity respectively, to 

quantum field theory, with special emphasis on the Yang – Mills – Einstein fields. 
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INTRODUCCIÓN 

Como se ha mencionado anteriormente, a lo largo de mis investigaciones, el propósito esencial de mi 

trabajo ha sido aproximar una alternativa de solución al Problema del Milenio de Yang – Mills. Sin 

embargo, en el cumplimento de ese objetivo, he arribado a una conclusión ineludible, la teoría cuántica 

de campo de Yang – Mills, es por mucho, la conexión necesaria para unificar la física relativista y la 

mecánica cuántica. Parece improbable, pero no imposible. Si bien ambos campos de la física 

contemporánea, son esencialmente distintos, en la medida en que el primero es determinista y el 

segundo, puramente probabilista, no es menos cierto que existe un componente unificador que permite 

fundir ambas teorías, y es la curvatura. Y es que, la teoría cuántica de campos curvos, de cardinal bagaje, 

ofrece esta posibilidad. Ha sido ampliamente desarrollado, el principio de dualidad holográfica, y no es 

para menos, pues, lo macroscópico y lo microscópico o subatómico, convergen y coinciden, sobre todo, 

cuando existe una curvatura. Al igual que sucede con el espacio – tiempo a nivel cósmico, esto es, que 

sufre de curvatura ante un objeto masivo o supermasivo, según sea el caso, deformando o perforando 

(agujeros negros) el tejido circundante, pues, ocurre lo mismo, con los espacios cuánticos en los que 

interactúan las distintas fuerzas fundamentales, y es precisamente esto, lo que propugna la teoría 

cuántica de campos relativistas. 

Para estos efectos, se han deducido las siguientes conjeturas: 1. Que, los espacios cuánticos, son 

susceptibles de deformación o perforación, a propósito de la interacción de las partículas y antipartículas 

que les sean congénitas. 2. Que, un campo cuántico, es susceptible de deformación geométrica, es decir, 

padece de curvatura, cuando una partícula o antipartícula, a propósito de su masa superior, modifica 

espacialmente su posición, repercutiendo en sus perímetros aproximados. 3. Que, un campo cuántico, 

es susceptible de deformación geométrica, es decir, padece de curvatura, cuando una partícula o 

antipartícula, se aproxima, alcanza o supera la velocidad de la luz, lo que explica además la brecha de 

masa que no es arbitraria y es habitualmente superior a cero. 4. Que, un campo cuántico, es susceptible 

de perforación, es decir, adherido a la existencia de microagujeros cuánticos, cuando una partícula o 

antipartícula, a propósito de su masa superlativa, modifica espacialmente su posición, repercutiendo en 

sus perímetros aproximados. 5. Las partículas y antipartículas mencionadas en el numeral 2, se 

denominarán para efectos de entender la presente teoría, como partículas masivas o antipartículas 
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masivas, según sea el caso, es decir, aquellas que, por su interacción temporal – espacial, deforman 

geométricamente el espacio cuántico en el que interactúan. 6. Las partículas y antipartículas 

mencionadas en el numeral 3, se denominarán para efectos de entender la presente teoría, como 

hiperpartículas, indistintamente si se trata de una partícula o una antipartícula, esto, cuando pese a no 

tener masa, se aproximan, alcanzan o superan la velocidad de la luz. Considérese también en este 

escenario, la existencia de suprapartículas, es decir, aquellas que a más de ser masivas o supermasivas, 

según sea el caso, a razón de su masa, son capaces de aproximarse, alcanzar o superar la velocidad de 

la luz, en cuyo caso, el surgimiento de microagujeros cuánticos es inevitable. 7. Que, la deformación de 

un espacio cuántico o en su defecto, la generación de agujeros negros cuánticos, ocurren por la existencia 

de fenómenos cuánticos propios e inherentes al sistema de partículas y antipartículas propuesto, esto es, 

fenómenos tales como la superposición, el entrelazamiento o la colisión, lo que, para todos los casos, 

aplica el puente Einstein – Rosen (Paradoja EPR). 8. En mérito a la deformación o perforación de los 

espacios cuánticos, se supone la existencia de ondas cuánticas, al igual que las ondas gravitacionales en 

cuanto a su fenomenología. 9. La perforación de un campo cuántico específico, no solamente supone la 

existencia de un agujero negro cuántico, el cual, incluso puede ser supermasivo, sino que además, 

supone la existencia de pluridimensiones en las que ocurre un fenómeno de dualidad divergente. 

Para sustentar las hipótesis antes referidas, se ha desplegado, no solamente en este trabajo, sino también 

en investigaciones a priori, modelos matemáticos que comprenden desde el cálculo tensorial hasta bases 

propias de la electrodinámica y cromodinámica cuánticas, además de la formalización matemática que 

exige la mecánica cuántica pero incorporando magnitudes relativistas esenciales, como el tensor y flujo 

de Ricci o símbolos de Christoffel, las identidades de Bianchi o la misma métrica de Einstein, para 

explicar la curvatura, o verbigracia, las ecuaciones de Tolman-Oppenheimer-Volkoff, para explicar la 

morfología y la sistematicidad de los objetos subatómicos antes referidos sin perder de vista sus 

características específicas inherentes, etc. 

METODOLOGÍA 

La formalización matemática formulada en el presente trabajo, comporta la aplicación de una 

metodología de investigación integral, esto es, bajo un enfoque híbrido, es decir, tanto en lo cualitativo 

como en lo cuantitativo. El tipo de investigación aplicado, es preeminentente predictivo, lo que es propio 
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en la física teórica. El estado del arte, es diferencialmente constructivista. Cabe precisar, que dada la 

naturaleza de esta investigación, no existe población de estudio. El componente bibliográfico ha sido un 

elemento indispensable para la elaboración de este trabajo. La técnica metodológica, dada la temática, 

es deductiva, pues la teorización ha sido desarrollada en fundamento a teorías físicas validadas y 

aceptadas por la comunidad científica internacional. Finalmente, las ecuaciones contenidas en esta 

investigación, se proyectan esencialmente a demostrar las hipótesis explicadas en la parte introductoria. 

RESULTADOS Y DISCUSIÓN 

Para efectos de demostrar los postulados contenidos en la parte introductoria de este trabajo, así como 

en los manuscritos anteriores, cada ecuación ha sido clasificada según la naturaleza y complejidad de 

cada elemento teórico estudiado, verbigracia la geometría riemanniana para explicar la curvatura de un 

campo cuántico específico, etc. En consecuencia, para la aplicación de las fórmulas en relación, se 

sugiere ajustarse a los distintos escenarios de suposición planteados por este investigador, es decir y en 

su núcleo duro, el comportamiento, morfología y sistematicidad de los objetos subatómicos en espacios 

cuánticos curvos o relativistas, incluyendo verbigracia, la existencia irrefutable de agujeros negros 

cuánticos u ondas cuánticas, etc. 

Las ecuaciones por componente, pasan a exponerse a detalle: 

Geometría de Lorentz en espacios cuánticos relativistas 

Cuestiones preliminares 

𝜕𝑓𝜙

𝜕𝜒𝑖
=

𝜕𝑓𝜙′

𝜕𝜒𝑗′

𝜕𝜒𝑗′

𝜕𝜒𝑖
 

𝜐𝜙ℐ

𝑖 = 𝜐𝜙𝒥

𝑗 𝜕𝜒ℐ
𝑖

𝜕𝜒𝒥
𝑗
 

𝜔𝑖 = 𝜔𝑗

𝜕𝜒𝑖

𝜕𝜒′𝑖
 

𝜃(𝑗)𝑒𝑖 = 𝛿𝑖
𝑗
 

𝜐(𝑓) ≔ 𝜐𝜙
𝑖

𝜕𝑓𝜙

𝜕𝜒𝜙
𝑖

 

𝜐(𝑓 + 𝑔) = 𝜐(𝑓) + 𝜐(𝑔) 
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𝜐(𝑓𝑔) = 𝑓𝜐(𝑔) + 𝑔𝜐(𝑓) 

𝜐(𝑓) ≔ 𝑒𝜙,(𝑖)(𝑓) =
𝜕𝑓(𝜙−1)

𝜕𝜒𝜙
𝑖

 

Campos tensoriales y tensores 

𝒯𝑖′𝑗′ =
𝜕𝜒ℏ

𝜕𝜒𝑖′

𝜕𝜒𝜅

𝜕𝜒𝑖′ 𝒯ℏ𝜅 

𝒯 = 𝒯𝑖𝑗𝑑𝜒𝑖 ⨂ 𝑑𝜒𝑗 

(𝑑𝜒𝑖 ⨂ 𝑑𝜒𝑗) (𝜐, 𝑚) = 𝜐𝑖𝜔𝑗 

(𝜔 ⨂ 𝒯)
𝑖

𝑗𝜅

= 𝜔𝑖𝒯
𝑗𝜅 

(𝑓⋇𝜔)𝑖(𝜒) =
𝜕𝛾𝛼

𝜕𝜒𝑖
𝜔𝛼(𝛾(𝜒)) 

(ℒ × 𝒯)(𝜒) ≔ lim
𝑡=0

[(𝑓𝑡
−1)′𝒯(𝑓𝑡(𝜒) − 𝒯(𝜒))] 

(ℒ × 𝒯)𝑗𝜅 = 𝜒𝑖
𝜕𝒯𝑗𝜅

𝜕𝜒𝑖
− 𝒯 𝑖𝜅

𝜕𝜒𝑗

𝜕𝜒𝑖
− 𝒯𝑗𝑖

𝜕𝜒𝜅

𝜕𝜒𝑖
 

(ℒ × 𝒯)𝑗𝜅 = 𝜒𝑖
𝜕𝒯𝑗𝜅

𝜕𝜒𝑖
+ 𝒯𝑖𝜅

𝜕𝜒𝑖

𝜕𝜒𝑗
+ 𝒯𝑗𝑖

𝜕𝜒𝑖

𝜕𝜒𝜅
 

𝜔 =
1

℘!
𝜔𝑖1⋅⋅⋅𝑖℘𝑑𝜒𝑖1 ∧⋅⋅⋅∧ 𝑑𝜒𝑖℘  

𝑑𝜒𝑖 ∧ 𝑑𝜒𝑗 = −𝑑𝜒𝑗 ∧ 𝑑𝜒𝑖 ≔
1

2
(𝑑𝜒𝑖 ⨂ 𝑑𝜒𝑗 − 𝑑𝜒𝑗 ⨂ 𝑑𝜒𝑖) 

𝑑𝜔 =
1

℘!
𝑑𝜔𝑖1⋅⋅⋅𝑖℘𝑑𝜒𝑖1 ∧⋅⋅⋅∧ 𝑑𝜒𝑖℘  

Métrica de Riemann 

det(𝑔) = det(𝑔′) (
𝒟(𝜒′)

𝒟(𝜒)
)

2

 

𝒯𝑖𝑗 = 𝑔𝑖ℏ𝑔𝑗𝜅𝒯ℏ𝜅 

𝑔 = 𝑔𝑖𝑗  𝑑𝜒𝑖𝑑𝜒𝑗 

𝜇𝑔 = |det 𝑔|1/2 𝑑𝜒1 ∧⋅⋅⋅∧ 𝑑𝜒𝜂 

𝜇𝑔 = |det 𝑔|1/2 𝑑𝜒1 ⋅⋅⋅ 𝑑𝜒𝜂 
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|𝑔𝜒(𝜐, 𝜐)|
1/2

≔ |𝑔𝑖𝑗(𝜒)𝜐𝑖𝜐𝑗|
1/2

 

ℓ = ∫ |𝑔𝑖𝑗(𝜒(𝜏))
𝑑𝜒𝑖

𝑑𝜏

𝑑𝜒𝑗

𝑑𝜏
|

1/2

𝑑𝜏

𝜏2

𝜏1

 

|𝑔𝑖𝑗(𝜒(𝑠))
𝑑𝜒𝑖

𝑑𝑠

𝑑𝜒𝑗

𝑑𝑠
| = 1 

𝑔 ≡ 𝑔𝛼𝛽𝑑𝜒𝛼𝑑𝜒𝛽 

𝑔 ≡ −(𝜃0)2 + ∑ (𝜃𝑖)
2

𝑖=1⋅⋅⋅𝜂

 

𝜃𝛼 = 𝑎𝛽
𝛼𝑑𝜒𝛽 

−𝒩2𝑑𝑡2 + 𝑔𝑖𝑗  𝑑𝜒𝑖𝑑𝜒𝑗 

𝑔𝑖0
′ =

𝜕𝜒𝑗

𝜕𝜒′𝑖
(𝑔𝑗0 + 𝑔𝑗ℏ

𝜕𝜒ℏ

𝜕𝜒′0) 

Conexión de Riemann 

∇(𝜐 + 𝜔) = ∇𝜐 + ∇𝜔 

∇(𝑓𝜐) = 𝑓∇𝜐 + 𝑑𝑓 ⨂ 𝜐 

∇𝜐 = 𝜐𝑖∇𝑒𝑖 + 𝑑𝜐𝑖 ⨂ 𝑒𝑖 

∇𝑒𝑖 = 𝜔𝑗𝑖
ℏ𝜃𝑗 ⨂ 𝑒ℏ 

𝜔𝑗𝑖
ℏ = 𝒜ℏ′

ℏ 𝜕𝑗𝒜𝑖
ℏ′

+ 𝒜ℏ
ℏ′

𝒜
𝑗′
𝑗
𝒜𝑖′

𝑖 𝜔𝑗′𝑖′
ℏ′

 

∇𝜐 = (∇𝑗𝜐
𝑖)𝜃𝑗 ⨂ 𝑒ℏ 

∇𝑗𝜐
𝑖 = 𝜕𝑗𝜐

𝑖 + 𝜔𝑗𝑖
ℏ𝜐ℏ 

∇𝑗𝜇𝑖 = 𝜕𝑗𝜇𝑖 + 𝜔𝑗𝑖
ℏ𝜇ℏ 

∇𝑖𝒯𝑗𝑙
ℏ𝜅 = 𝜕𝑖𝒯𝑗𝑙

ℏ𝜅 − 𝜔𝑖𝑗
𝑚𝒯𝑚𝑙

ℏ𝜅 + 𝜔𝑖𝑚
ℏ 𝒯𝑗𝑙

𝑚𝜅 + 𝜔𝑖𝑚
𝜅 𝒯𝑗𝑙

ℏ𝑚 − 𝜔𝑖𝑙
𝑚𝒯𝑗𝑚

ℏ𝜅 

Métrica de Christoffel 

Γ𝛼𝛽
𝜆 = Γ𝛽𝛼

𝜆  

𝜕𝜆𝑔𝛼𝛽 − Γ𝜆𝛼
𝜇

𝑔𝜇𝛽 − Γ𝜆𝛽
𝜇

𝑔𝛼𝜇 



pág. 8590 

Γ𝛼𝛽
𝜆 =

1

2
𝑔𝜆𝜇(𝜕𝛼𝑔𝜇𝛽 + 𝜕𝛽𝑔𝛼𝜇 − 𝜕𝜇𝑔𝛼𝛽) 

(ℒ𝑔𝜒)
𝛼𝛽

≡ ∇𝛼𝜒𝛽 + ∇𝛼𝜒𝛽 

(⋇ 𝜔)𝛼℘+1⋅⋅⋅𝛼𝜂
≔

1

℘!
𝜇𝛼0𝛼1⋅⋅⋅𝛼𝜂

𝜔𝛼0𝛼1⋅⋅⋅𝛼℘ 

(𝛿𝔉)𝛽 ≡ ∇𝛼𝔉𝛼𝛽 

Métrica Geodésica 

𝜇𝛼∇𝛼𝜐𝛽 = 0, 𝜇𝛼 =
𝑑𝜒𝛼

𝑑𝜆
 

𝜇𝛼∇𝛼𝜇𝛽
𝑑𝜒𝛼

𝑑𝜆
{
𝜕𝜇𝛽

𝜕𝜒𝛼
+ Γ𝛼𝜆

𝛽
𝜇𝛽}

𝑑2𝜒𝛽

𝑑𝜆2
+ Γ𝛼𝛾

𝛽 𝑑𝜒𝛼

𝑑𝜆

𝑑𝜒𝛾

𝑑𝜆
− 𝑔𝛼𝛽(𝜒)

𝑑𝜒𝛼

𝑑𝜆

𝑑𝜒𝛽

𝑑𝜆
= ℓ𝜎

2  

𝛿ℓ𝜎 ≡ −
ℓ𝜎

−1

2
∫ {

𝜕𝑔𝛼𝛽

𝜕𝜒𝜆
𝛿𝜒𝜆

𝑑𝜒𝛼

𝑑𝜆

𝑑𝜒𝛽

𝑑𝜆
+ 2𝑔𝛼𝛽

𝑑𝛿𝜒𝛼

𝑑𝜆

𝑑𝜒𝛽

𝑑𝜆
} 𝑑𝜆

1

0

 

𝛿ℓ ≡ −
ℓ𝜎

−1

2
∫ 𝛿𝜒𝛼 {

𝑑

𝑑𝜆
(2𝑔𝛼𝛽

𝑑𝜒𝛽

𝑑𝜆
−

𝜕𝑔𝜆𝛽

𝜕𝜒𝛼

𝑑𝜒𝜆

𝑑𝜆

𝑑𝜒𝛽

𝑑𝜆
)} 𝑑𝜆

1

0

 

𝛿ℓ𝜎0
≡ ℓ𝜎

−1 ∫ 𝛿𝜒𝛼 {𝜇𝜆𝜕𝜆𝜇𝛼 − Γ𝜆𝛼
𝛽

𝜇𝜆𝜇𝛽} 𝑑𝜆

1

0

 

𝜐𝛼∇𝛼𝜒𝛽 − 𝜒𝛼∇𝛼𝜐𝛽 

𝜐𝜆𝜐𝛼∇𝜆∇𝛼𝜒𝛽 − 𝜐𝜆∇𝜆𝜒𝛼∇𝛼𝜐𝛽 − 𝜒𝛼𝜐𝜆∇𝜆∇𝛼𝜐𝛽 

∇𝜐2
2 𝜒𝛽 ≡

𝒟2

𝒟𝑠2
𝜒𝛽 = 𝜒𝛼𝜐𝜆𝜐𝜇ℛ𝜆𝛼

𝛽𝜇
 

Curvatura 

(∇𝛼∇𝛽 − ∇𝛽∇𝛼)𝜐𝜆 ≡ ℛ𝛼𝛽
𝜆𝜇

𝜐𝜇 

∇𝛼𝜐𝛽 =
𝜕

𝜕𝜒𝛼
𝜐𝛽 + Γ𝛼𝜆

𝛽
𝜐𝜆 

ℛ𝛼𝛽
𝜆𝜇

= 𝜕𝛼Γ𝛽𝜇
𝜆 − 𝜕𝛽Γ𝛼𝜇

𝜆 + Γ𝛼℘
𝜆 Γ𝛽𝜇

℘ − Γ𝛽℘
𝜆 Γ𝛼𝜇

℘
 

ℛ𝛼𝛽
𝜆𝜇

+ ℛ𝜇𝛼
𝜆𝛽

+ ℛ𝛽𝜇
𝜆𝛼 − ℛ𝛼𝛽,𝜆𝜇 ≡ ℛ𝜆𝜇,𝛼𝛽 

{
𝑑2ℓ𝜎

𝑑𝜎2 }
𝜎=0

𝑑ℓ𝜎

𝑑𝜎
≡ ℓ𝜎

−1 ∫(𝜇𝜎
𝜆∇𝜆𝜇𝜎

𝛼)𝑔𝛼𝛽(𝜒)ℏ𝜎
𝛽
𝑑𝜆

1

0
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𝑑2ℓ𝜎

𝑑𝜎2
=

𝑑

𝑑𝜎
{ℓ𝜎

−1 ∫ 𝜇𝜎
𝛼

1

0

∇𝛼𝜇𝛽,𝜎ℏ𝜎
𝛽
𝑑𝜆} 𝜇𝜎

𝜆∇𝜆𝜇𝛽,𝜎 

{
𝑑2ℓ𝜎

𝑑𝜎2 }
𝜎=0

≡ ℓ𝜎
−1 ∫ {

𝜕

𝜕𝜎
{(𝜇𝜎

𝜆∇𝜆𝜇𝜎
𝛼)𝑔𝛼𝛽(𝜓)ℏ𝜎

𝛽
} 𝑑𝜆}

𝜎=0

1

0

 

{
𝑑2ℓ𝜎

𝑑𝜎2 }
𝜎=0

≡ ℓ𝜎
−1 ∫{ℏ𝜇ℏ𝛼∇𝜇(𝜐𝜆∇𝜆𝜐𝛼)}

𝜎=0
𝑑𝑠

1

0

 

ℏ𝜇∇𝜇(𝜐𝜆∇𝜆𝜐𝛼) ≡ ℏ𝜇∇𝜇𝜐𝜆∇𝜆𝜐𝛼 + ℏ𝜇𝜐𝜆∇𝜇∇𝜆𝜐𝛼 

ℏ𝜇∇𝜇(𝜐𝜆∇𝜆𝜐𝛼) ≡ ℏ𝜇∇𝜇𝜐𝜆∇𝜆𝜐𝛼 + ℏ𝜇𝜐𝜆(∇𝜇∇𝜆𝜐𝛼 + ℛ𝜇𝜆⋅⋅⋅𝛽
⋅⋅⋅𝛼 𝜐𝛽) 

ℏ𝜇∇𝜇𝜐𝜆 = 𝜐𝜇∇𝜇ℏ𝜆 

ℏ𝜇∇𝜇(𝜐𝜆∇𝜆𝜐𝛼) ≡ 𝜐𝜇∇𝜇(ℏ𝜆∇𝜆𝜐𝛼) + ℏ𝜇𝜐𝜆ℛ𝜇𝜆
𝛼𝛽

𝜐𝛽 

𝒥𝛼(ℏ) ≔ {ℏ𝜇∇𝜇(𝜐𝜆∇𝜆𝜐𝛼)}
𝛼=0

= 𝜐𝜇𝜐𝜆∇𝜇∇𝜆ℏ𝛼 + ℏ𝜇𝜐𝜆𝜐𝛽ℛ𝜇𝜆
𝛼𝛽

 

{
𝑑2ℓ(ℭ𝛼)

𝑑𝛼2 }
𝛼=0

= ℓ−1 ∫ 𝒥𝛼(ℏ)ℏ𝛼𝑑𝑠

1

0

 

𝒥𝛼(ℏ) ≡
𝒟2ℏ𝛼

𝒟𝜆2
− ℏ𝜇𝜐𝜆𝜐𝛽ℛ𝜇𝜆

𝛼𝛽
 

Identidades de Bianchi 

∇𝛾ℛ𝛼𝛽
𝜆𝜇

+ ∇𝛽ℛ𝛾𝛼
𝜆𝜇

+ ∇𝛼ℛ𝛽𝛾
𝜆𝜇

 

∇𝛾ℛ𝛽𝜇 − ∇𝛽ℛ𝛾𝜇 + ∇𝛼ℛ𝛽𝛾
𝜆𝜇

 

∇𝛼𝛿𝜇
𝛽

≡ 𝛿𝛼𝛽ℛ𝛼𝛽 −
1

2
𝑔𝛼𝛽ℛ 

𝛿(𝑔) ≔ 𝑅𝑖𝑐𝑐 (𝑔) −
1

2
𝑔ℛ 

Tensor de Ricci 

ℛ𝛼𝛽 ≔ ℛ𝜆𝛼
𝜆𝛽

≡ 𝜕𝜆Γ𝛼𝛽
𝜆 − 𝜕𝛼Γ𝛽𝜆

𝜆 + Γ𝛼𝛽
𝜆 Γ𝜆𝜇

𝜇
− Γ𝛼𝜇

𝜆 Γ𝛽𝛾
𝜇

 

ℛ ≔ 𝑔𝛼𝛽ℛ𝛼𝛽 

𝜐𝜆𝜐𝛼∇𝜆∇𝛼𝜒𝛽 − 𝜐𝜆∇𝜆𝜒𝛼∇𝛼𝜐𝛽 − 𝜒𝛼𝜐𝜆 (∇𝛼∇𝜆𝜐𝛽 + ℛ𝜆𝛼
𝛽𝜇

𝜐𝜇) 

𝜐𝜆𝜐𝛼∇𝜆∇𝛼𝜒𝛽 − 𝜐𝜆∇𝜆𝜒𝛼∇𝛼𝜐𝛽 − 𝜒𝛼∇𝛼𝜐𝜆∇𝜆𝜐𝛽 − 𝜒𝛼𝜐𝜆ℛ𝜆𝛼
𝛽𝜇

𝜐𝜇 
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𝜐𝜆𝜐𝛼∇𝜆∇𝛼𝜒𝛽 = 𝜒𝛼𝜐𝜆𝜐𝜇ℛ𝜆𝛼
𝛽𝜇

 

1.10. Tensores de Ricci y Einstein 

𝛿𝒫 ≔ 𝒫𝜇
′𝛿𝜇, 𝒫(𝜇 + 𝛿𝜇) − 𝒫(𝜇) = 𝒫𝜇

′(𝜇)𝛿𝜇 + 𝜊(|𝛿𝜇|)𝑔𝛼𝜆𝑔𝛼𝛽 = 𝛿𝛽
𝜆 

𝛿𝑔𝛼𝛽 = −𝑔𝛼𝜆𝑔𝛽𝜇ℏ𝜆𝜇 ≔ 𝛿𝑔𝜆𝜇 

𝛿Γ𝛼𝛽
𝜆 ≡

1

2
{∇𝛼ℏ𝛽

𝜆 + ∇𝛽ℏ𝛼
𝜆 − ∇𝛾ℏ𝛼𝛽} 

𝛿ℛ𝛼𝛽 ≡ −
1

2
∇𝜆∇𝜆ℏ𝛼𝛽 +

1

2
{∇𝜆∇𝛼ℏ𝛽

𝜆 + ∇𝜆∇𝛽ℏ𝛼
𝜆 − ∇𝛼∇𝛽ℏ𝜆

𝜆} 

𝛿ℛ ≡ 𝑔𝛼𝛽𝛿ℛ𝛼𝛽 + ℛ𝛼𝛽𝛿𝑔𝛼𝛽 

𝑔𝛼𝛽𝛿ℛ𝛼𝛽 ≡ −∇𝜆{∇𝜆ℏ𝛼
𝛼 − ∇𝛼ℏ𝜆𝛼} 

𝛿2𝒫 ≔ 𝒫𝜇2
′′ (𝛿𝜇, 𝛿𝜇)𝒫(𝜇 + 𝛿𝜇) − 𝒫(𝜇) = 𝒫𝜇

′(𝜇)𝛿𝜇 +
1

2
𝒫𝜇2

′′ (𝜇)(𝛿𝜇, 𝛿𝜇) + 𝜊(|𝛿𝜇|2) 

𝛿2ℛ𝛼𝛽 ≔ ℛ𝛼𝛽
′′ (𝑔)(ℏ, ℏ) 

𝛿2ℛ𝛼𝛽 ≡ −ℏ𝜆𝜇{∇𝜆(∇𝛼ℏ𝛽𝜇 + ∇𝛽ℏ𝛼𝜇 − ∇𝜇ℏ𝛼𝛽) − ∇𝛼∇𝛽ℏ𝜆𝜇} − ∇𝜆ℏ𝜆𝜇(∇𝛼ℏ𝛽𝜇 + ∇𝛽ℏ𝛼𝜇 − ∇𝜇ℏ𝛼𝛽)

+
1

2
∇𝛽ℏ𝜆𝜇∇𝛼ℏ𝜆𝜇 +

1

2
∇𝜆ℏ℘

℘
(∇𝛼ℏ𝛽𝜆 + ∇𝛽ℏ𝛼𝜆 − ∇𝜆ℏ𝛼𝛽) + ∇𝜆ℏ𝛼

𝜇
∇𝜆ℏ𝛽𝜇

− ∇𝜆ℏ𝛼
𝜇
ℏ𝛽𝜇∇𝜇ℏ𝛽

𝜆 

Relatividad especial en espacios cuánticos curvos 

Tensor de Maxwell 

𝜏𝛼𝛽 ≔ 𝔉𝛼
𝜆𝔉𝛽𝜆 −

1

4
𝜂𝛼𝛽𝔉𝜆𝜇𝔉𝜆𝜇 

𝜏00 =
1

2
(𝜉2 + ℋ2), 𝜏0𝑖 = −𝜀𝑖𝑗𝑙𝜉

𝑗ℋ𝑙 

∇𝛼𝜏𝛼𝛽 = 𝒥𝜆𝔉𝛽𝜆 

∇𝛼𝜏𝛽
𝛼 ≡ (∇𝛼𝔉𝛼𝜆)𝔉𝛽𝜆 + 𝔉𝛼𝜆∇𝛼𝔉𝛽𝜆 −

1

2
𝔉𝜆𝜇∇𝛽𝔉𝜆𝜇 

∇𝛼𝜏𝛽
𝛼 = (∇𝛼𝔉𝛼𝜆)𝔉𝛽𝜆 +

1

2
𝔉𝛼𝜆(∇𝛼𝔉𝛽𝜆 + ∇𝜆𝔉𝛼𝛽 + ∇𝛽𝔉𝜆𝛼) 
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Grupo de Poincaré 

𝜒𝛼 = 𝑓𝛼(𝜒′1 ⋅⋅⋅ 𝜒′𝜂) − (𝑑𝜒0)2 + ∑ (𝑑𝜒𝑖)
2

=

𝑖=1⋅⋅⋅𝜂

−(𝑑𝜒′0)2 + ∑ (𝑑𝜒′𝑖)
2

𝑖=1⋅⋅⋅𝜂

− (𝜐0)2 + ∑ (𝜐𝑖)
2

𝑖=1⋅⋅⋅𝜂

− (ℒ𝛼′
0 𝜐𝛼′

)
2

+ ∑ (ℒ𝛼′
𝑖 𝜐𝛼′

)
2

𝑖=1⋅⋅⋅𝜂

≡ −(𝜐′0)2 + ∑ (𝜐′𝑖)
2

𝑖=1⋅⋅⋅𝜂

 

Grupo de Lorentz 

(ℒ0′
0 )

2
= 1 + ∑ (ℒ0′

𝑖 )
2

𝑖=1⋅⋅⋅𝜂

≥ 1 det(ℒ) = 1 

ℒ = ℛ1ℒ𝛿ℛ2 

(ℒ0′
0 )

2
− (ℒ0′

1 )
2

= 1 

(ℒ1′
1 )

2
− (ℒ1′

0 )
2

= 1 

ℒ0′
0 ℒ1′

0 − ℒ1′
1 ℒ0′

1 = 0 

ℒ0′
0 = ℒ1′

1 = cosh 𝜑 

ℒ0′
1 = ℒ1′

0 = sinh 𝜑 

𝑡 − 𝜏 =
𝑡′ − 𝜏′ + 𝒱(𝜒′1 − 𝜉′1)

√1 − 𝒱2
, 𝜒1 − 𝜉1 =

𝜒′1 − 𝜉′1 + 𝒱(𝑡′ − 𝜏′)

√1 − 𝒱2
 

𝑑𝜒1

𝑑𝑡′
|
𝜒′1=𝑐𝑜𝑛𝑠𝑡

=
𝒱

√1 − 𝒱2
 

𝑑𝜒′1

𝑑𝑡
|
𝜒1=𝑐𝑜𝑛𝑠𝑡

=
−𝒱

√1 − 𝒱2
 

𝔉𝛼𝛽 ≡
𝜕𝜒𝛼′

𝜕𝜒𝛼

𝜕𝜒𝛽′

𝜕𝜒𝛽
𝔉𝛼′𝛽′ = ℒ𝛼

𝛼′
ℒ𝛽

𝛽′

𝔉𝛼′𝛽′ 

𝜉 = 𝜉′ + 𝜐 ∧ ℋ, ℋ = ℋ′ − 𝜐 ∧ 𝜉 

Contracción y dilatación de Lorentz 

𝜒1 − 𝜉1 =
𝜒′1 − 𝜉′1

√1 − 𝒱2
 

𝑡 − 𝜏 ≥ 𝑡′ − 𝜏′ 
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Operador temporal 

∫ {−𝜂 (
𝑑ℭ

𝑑𝑡
,
𝑑ℭ

𝑑𝑡
)}

1/2

𝑑𝑡

𝑡2

𝑡1

 

𝜂(𝜇, 𝜇) = −1 

𝒱𝑖 =
𝜐𝑖

𝜐0
 

|𝒱| ≡ {∑(𝒱𝑖)
2

𝑖

}

1/2

≤ 1 

𝒱 =
𝜇̃1

𝜇̃0
=

ℒ0′
1

ℒ0′
0  

𝑑𝜒1

𝑑𝑡
=

𝑑𝜒′1 + 𝒱𝑑𝑡′

𝑑𝑡′ + 𝒱𝑑𝜒′1
 

𝒰 =
𝒰′ + 𝒱

1 + 𝒰′𝒱
 

Dinámica relativista de masa 

𝑑(𝑚𝜐)

𝑑𝑡
= 𝑓 

𝑑

𝑑𝑡
(
1

2
𝑚𝜐2) = 𝑓 ⨂ 𝜐 

𝜇𝛼 =
𝑑𝜒𝛼

𝑑𝑠
, 𝜇𝛼𝜇𝛼 = −1 

𝜇𝛼∇𝛼(𝑚0𝜇𝛽) = 𝔉𝛽 − 𝜇𝛼𝜕𝛼𝑚0 = 𝜇𝛽𝔉𝛽 − 𝜂(℘, ℘) ≡ −℘𝛼℘𝛼 = (𝑚0)2 

𝜇𝛼∇𝛼℘𝛽 = 𝔉𝛽 

℘0 = 𝑚0 

𝑚0 {
𝑑2𝜒𝛽

𝑑𝑠2
+ Γ𝛼𝜆

𝛽 𝑑𝜒𝛼

𝑑𝑠

𝑑𝜒𝜆

𝑑𝑠
} = 𝔉𝛽 

Equivalencia de masa y energía 

𝒰𝑖 ≔
𝑑𝜒𝑖

𝑑𝑡
=

𝑑𝜒𝑖

𝑑𝑠

𝑑𝑠

𝑑𝑡
=

𝜇𝑖

𝜇0
 

𝜇𝑖 =
𝒰𝑖

√1 − |𝒰|2
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𝜇0 =
𝒰0

√1 − |𝒰|2
 

|𝒰|2 = ∑(𝒰𝑖)
2

𝑖

 

𝑑

𝑑𝑡

𝑚0𝒰𝑖

√1 − |𝒰|2
= 𝔉𝑖√1 − |𝒰|2 

𝑚 =
𝑚0

√1 − |𝒰|2
𝔉𝑖√1 − |𝒰|2 = 𝑓𝑖 

𝑑𝑚

𝑑𝑡
= 𝔉0√1 − |𝒰|2 = 𝑓⨂𝒰 

𝑚 ≅ 𝑚0 (1 +
1

2
|𝒰|2) 

Materia continua 

𝜕℘

𝜕𝑡
+ 𝜕𝑖(𝜌𝜐𝑖)

𝑑(𝜌𝜐𝑖)

𝑑𝑡
𝜕𝜅𝑡𝑖𝜅 , 𝜒𝑖 = 𝑡𝑖𝑗𝜂𝑗 

∇𝛼(𝑟𝜇𝛼) = 0 

𝜇𝛼∇𝛼𝜇𝛽 = 0 

𝒯𝛼𝛽 = 𝑟𝜇𝛼𝜇𝛽  

∇𝛼𝒯𝛼𝛽 = 0 

𝒯00 = 𝑟, 𝒯0𝑖 = 𝒯 𝑖0 = 0, 𝒯𝑖𝑗 = 0  

𝒯 𝑖𝑗 = ℘𝑒𝑖𝑗 

𝒯𝛼𝛽 = 𝑢𝜇𝛼𝜇𝛽 + ℘(𝜂𝛼𝛽 + 𝜇𝛼𝜇𝛽) 

Relatividad general en espacios cuánticos curvos 

Cuestiones preliminares 

𝔉𝑔𝑟𝑎𝑣 = 𝑚𝛾𝑔𝑟𝑎𝑣 

𝑑2𝜒𝑖

𝑑𝑡2
= 𝛾𝑔𝑟𝑎𝑣

𝑖 =
𝜕𝒰

𝜕𝜒𝑖
 

Δ𝒰 = −4𝜋𝜅𝜌 

𝑔 = −𝒩2(𝜒1)𝑑𝑡2 + 𝑔11(𝜒1)(𝑑𝜒1)2 + 𝑔𝛼𝛽𝑑𝜒𝛼𝑑𝜒𝛽 
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𝑑𝜒1

𝑑𝑡
=

√𝑔11

𝒩
 

𝑡(ℏ) = ∫
𝒩

√𝑔11

ℏ

0

(𝜒1)(𝑑𝜒1) + 𝑡(0) 

𝑡2(0) − 𝑡1(0) = 𝒩−1(0)𝒯(0) = 𝑡2(ℏ) − 𝑡1(ℏ) = 𝒩−1(ℏ)𝒯(ℏ) 

𝒯(ℏ) =
𝒩(ℏ)

𝒩(0)
𝒯 

𝒩2 ≅ 1 − 2
𝑚

𝜒1
 

ℛ𝑖𝑐𝑐𝑖(𝑔) = 0 

ℛ𝛼𝛽 ≡ 𝜕𝜆Γ𝛼𝛽
𝜆 − 𝜕𝛼Γ𝛽𝜆

𝜆 + Γ𝛼𝛽
𝜆 Γ𝜆𝜇

𝜇
− Γ𝛼𝜇

𝜆 Γ𝛽𝜆
𝜇

 

∇𝛼𝛿𝛼𝛽 ≡ 𝛿𝛼𝛽 ≡ ℛ𝛼𝛽 −
1

2
𝑔𝛼𝛽ℛ ≡ 𝑔𝜆𝜇ℛ𝜆𝜇 

𝜁𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛(𝑔) + Λ𝑔 ≡ ℛ𝑖𝑐𝑐𝑖(𝑔) −
1

2
𝑔ℛ(𝑔) + Λ𝑔 = 𝒯 

𝛿𝛼𝛽 + Λ𝑔𝛼𝛽 ≡ ℛ𝛼𝛽 −
1

2
𝑔𝛼𝛽ℛ + Λ𝑔𝛼𝛽 = 𝒯𝛼𝛽 

ℛ𝛼𝛽 = 𝜌𝛼𝛽 ≡ 𝒯𝛼𝛽 + (
𝑑

𝑑 − 2
Λ −

𝒯𝜆
𝜆

𝑑 − 2
) 𝑔𝛼𝛽 

∇𝛼𝒯𝛼𝛽 = 0 

𝔉 ≡
1

2
𝔉𝛼𝛽𝑑𝜒𝛼 ∧ 𝑑𝜒𝛽 

∇𝛼𝔉𝛽𝛾 + ∇𝛾𝔉𝛼𝛽 + ∇𝛽𝔉𝛾𝛼 

𝜏𝛼𝛽 ≔ 𝔉𝛼
𝜆𝔉𝛽𝜆 −

1

4
𝑔𝛼𝛽𝔉𝜆𝜇𝔉𝜆𝜇 

∇𝛼𝜏𝛼𝛽 = 𝒥𝜆𝔉𝜆
𝛽

 

𝛿𝛼𝛽 = 𝜏𝛼𝛽 

𝜉𝛼 = 𝔉𝛽𝛼𝜇𝛽 

( ℱ⋇ )𝛼𝛽 =
1

2
𝜇𝛼𝛽𝜆𝜇𝔉𝜆𝜇 

ℋ𝛼 ≔ ( ℱ⋇ )𝛼𝛽𝜇𝛽 
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𝒥𝛼 ≡ 𝑞𝜇𝛼 + 𝜎𝜉𝛼 

𝒥𝛼 ≔ 𝜏𝒫𝛼 

𝒫𝛼 ≔ 𝜇𝛼𝛽𝜆𝜇𝜇𝛽𝜉𝜆ℋ𝜇 

𝔉𝛼𝛽 = 𝜕𝛼𝒜𝛽 − 𝜕𝛽𝒜𝛼 

∇𝛼(∇𝛼𝒜𝛽 − ∇𝛽𝒜𝛼) = 𝒥𝛽 

∇𝛼∇𝛼𝒜𝛽 − ℜ𝜆
𝛽
𝒜𝜆 = 𝒥𝛽 

Campos de Yang – Mills 

𝔉 = 𝑑𝒜 + [𝒜, 𝒜], 𝔉𝛼𝛽 = 𝜕𝛼𝒜𝛽 − 𝜕𝛽𝒜𝛼 + [𝒜𝛼 , 𝒜𝛽]𝑑̂𝔉〈∇̂𝛼𝔉𝛽𝛾 + ∇̂𝛾𝔉𝛼𝛽〉 

∇̂𝛼𝔉𝛽𝛾 ≔ ∇𝛼𝔉𝛽𝛾 + [𝒜𝛼 , 𝔉𝛽𝛾] 

∇̂𝛼𝔉𝛼𝛽 ≔ ∇𝛼𝔉𝛼𝛽[𝒜𝛼 , 𝔉𝛼𝛽] 

𝜏𝛼𝛽 ≔ 𝔉𝛼
𝜆⨂𝔉𝛽𝜆 −

1

4
𝑔𝛼𝛽𝔉𝜆𝜇⨂𝔉𝜆𝜇 

ℛ𝛼𝛽 = 𝜌𝛼𝛽 ≡ 𝔉𝛼
𝜆⨂𝔉𝛽𝜆 −

1

2(𝑑 − 2)
𝑔𝛼𝛽𝔉𝜆𝜇⨂𝔉𝜆𝜇 

Campos escalares 

𝒯𝛼𝛽 ≡ 𝜕𝛼𝜓𝜕𝛽𝜓 −
1

2
𝑔𝛼𝛽𝜕𝜆𝜓𝜕𝜆𝜓 − 𝑔𝛼𝛽𝒰(𝜓) 

∇𝛼𝒯𝛼𝛽 ≡ {∇𝛼𝜕𝛼𝜓 − 𝒰′(𝜓)}𝜕𝛽𝜓
𝑑𝒰

𝑑𝜓
 

∇𝛼𝜕𝛼𝜓 − 𝒰′(𝜓) = 0 

𝒯𝜆
𝜆 ≡ 𝜕𝜆𝜓𝜕𝜆𝜓 (

2 − 𝑑

2
) − 𝑑𝒰(𝜓) 

ℛ𝛼𝛽 = 𝜕𝛼𝜓𝜕𝛽𝜓 +
𝑑 − 3

2
𝑔𝛼𝛽𝜕𝜆𝜓𝜕𝜆𝜓 +

𝑑

𝑑 − 2
𝑔𝛼𝛽𝒰(𝜓) 

𝒯𝛼𝛽 =
1

2
{𝔇𝛼𝜓(𝔇𝛽𝜓)

⋇
+ (𝔇𝛼𝜓)⋇𝔇𝛽𝜓 − 𝑔𝛼𝛽𝔇𝜆𝜓(𝔇𝜆𝜓)

†
} 

𝔇𝛼𝜓 = 𝜕𝛼𝜓 + 𝑖𝒜𝛼𝜓 

Mapa de ondas cuánticas. 

𝜒𝛼 ↦ 𝛾Α = 𝜇Α(𝜒𝛼) 

𝜕𝜇(𝜒) ∈ 𝒯𝜒
†𝒱⨂𝒯𝜇(𝜒)ℳ 
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∇̂𝛼𝑓𝛽
Α(𝜒) ≡ 𝜕𝛼𝑓𝛽

Α(𝜒) − Γ𝛼𝛽
𝜇 (𝜒)𝑓𝜇

Α(𝜒) + 𝜕𝛼𝜇𝛽(𝜒)Γℬ𝒞
𝒜 (𝜇(𝜒))𝑓𝛽

𝒞(𝜒) 

(∇̂𝛼∇̂𝛽 − ∇̂𝛽∇̂𝛼)𝑓𝜆
Α = ℛ𝛼𝛽𝜆𝜇𝑓𝜇

Α + 𝜕𝛼𝜇𝒞𝜕𝛽𝜇Βℛℬ𝒞
𝒜𝒟𝑓𝜇

𝒟 

𝑔𝛼𝛽∇̂𝛼𝜕𝛽𝜇Α ≡ 𝑔𝛼𝛽 {𝜕𝛼𝜕𝛽𝜇Α − Γ𝛼𝛽
𝜇 (𝜒)𝜕𝜇𝜇Α + Γℬ𝒞

𝒜 𝜕𝛼𝜇𝛽𝜕𝛽𝜇𝒞} 

𝒯𝛼𝛽 = 𝜕𝛼𝜇⨂𝜕𝛽𝜇 −
1

2
𝑔𝛼𝛽𝜕𝜆𝜇⨂𝜕𝜆𝜇 ∫ 𝑔(𝜕𝜇, 𝜕𝜇)𝜇𝑔

𝒱

 

Condiciones de energía 

𝒯𝛼𝛽𝜒𝛼𝜒𝛽 ≥ 0 

𝜌𝛼𝛽𝜒𝛼𝜒𝛽 ≥ 0 

𝜌𝛼𝛽 ≔ 𝒯𝛼𝛽 −
1

2
𝑔𝛼𝛽𝒯𝜆

𝜆 

Lagrangianos 

ℒ𝑔𝑟𝑎𝑣(𝑔) ≔ ∫ ℛ(𝑔)𝜇𝑔 

𝛿ℒ𝑔𝑟𝑎𝑣(𝑔) = ∫ 𝛿ℛ(𝑔)𝜇𝑔 + ∫ ℛ(𝑔)𝛿𝜇𝑔 

∫ 𝛿ℛ(𝑔)𝜇𝑔 = ∫ ℛ𝛼𝛽 𝛿𝑔𝛼𝛽𝜇𝑔 

𝛿𝜇𝑔 =
1

2
𝑔𝛼𝛽𝛿𝑔𝛼𝛽𝜇𝑔 =

1

2
𝑔𝛼𝛽𝛿𝑔𝛼𝛽𝜇𝑔 

𝛿ℒ𝑔𝑟𝑎𝑣(𝑔) ≡ ∫ (ℛ𝛼𝛽 −
1

2
𝑔𝛼𝛽ℛ) 𝛿𝑔𝛼𝛽𝜇𝑔 = − ∫ 𝛿𝛼𝛽𝛿𝑔𝛼𝛽𝜇𝑔 

ℒ𝑒⨂𝑚(ℱ, 𝑔) ≔ ∫ 𝔉𝛼𝛽𝔉𝛼𝛽𝜇𝑔 

ℒ𝑠𝑐𝑎𝑙(𝜑, 𝑔) ≔ ∫ 𝑔𝛼𝛽𝜕𝛼𝜑𝜕𝛽𝜑𝜇𝑔 

ℒ𝑠𝑜𝑢𝑟(𝑔, 𝜓) ≔ ∫ ℓ(𝑔, 𝜓)𝜇𝑔 

𝛿ℒ𝑠𝑜𝑢𝑟 ≡ ∫{𝜓(𝑔, 𝜓)⨂𝛿𝜓 + 𝒯𝛼𝛽(𝑔, 𝜓)𝛿𝑔𝛼𝛽}𝜇𝑔 

𝛿𝑔𝜆𝜇 = (ℒ⨂𝑔)𝜆𝜇 ≡ ∇𝜆𝜒𝜇 + ∇𝜇𝜒𝜆 

𝛿(ℒ𝑔𝑟𝑎𝑣 + ℒ𝑠𝑜𝑢𝑟) = ∬(−𝛿𝛼𝛽 + 𝒯𝛼𝛽)𝛿𝑔𝛼𝛽𝜇𝑔 
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Fluidos relativistas en espacios cuánticos curvos 

𝒯𝛼𝛽 ≔ 𝑢𝜇𝛼𝜇𝛽 + ℘(𝑔𝛼𝛽 + 𝜇𝛼𝜇𝛽) 

∇𝛼𝒯𝛼𝛽 ≡ 𝜇𝛽∇𝛼[(𝜇 + ℘)𝜇𝛼] + (𝜇 + ℘)𝜇𝛼∇𝛼𝜇𝛽 + 𝜕𝛽℘ 

∇𝛼[(𝜇 + ℘)𝜇𝛼] − 𝜇𝛽𝜕𝛽℘(𝜇 + ℘)𝜇𝛼∇𝛼𝜇𝛽 + (𝑔𝛼𝛽 + 𝜇𝛼𝜇𝛽)𝜕𝛼℘ 

Espacio – tiempo cuántico einsteniano 

𝜁𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛(𝑔) = 𝒯, 𝛿𝛼𝛽 = 𝒯𝛼𝛽 

∇𝛼𝜏𝛼𝛽 = 0 

Γ(𝑔) ∈ ℋ𝑠−1
𝑙𝑜𝑐 (𝒱) ⨂ℛ𝑖𝑒𝑚𝑎𝑛(𝑔)⨂ℛ𝑖𝑐𝑐𝑖(𝑔) ∈ ℋ𝑠−2

𝑙𝑜𝑐 (𝒱) − (𝑑𝜒0)2 + ∑(𝑑𝜒𝑖)
2

3

𝑖=1

 

𝑔00 = −(1 + 𝑓00), 𝑔0𝑖 = 𝑓0𝑖, 𝑔𝑖𝑗 = 𝛿𝑖𝑗 + 𝑓𝑖𝑗 

ℛ00 ≅ 𝜕𝑖Γ00
𝑖 ≅

1

2
Δ𝑓00 

Δ𝒰 = −4𝜋𝜅𝜌 

𝒯𝛼𝛽 = 𝑢𝜇𝛼𝜇𝛽 

𝜌00 ≅ 𝒯00 −
1

2
𝑔00𝒯 ≅

1

2
𝜇 

Δ𝑓00 ≅ 𝜇 

𝛿𝛼𝛽 = 8𝜋𝜅𝒯𝛼𝛽 

𝛿𝛼𝛽 = 𝒯𝛼𝛽 

𝒯𝛼𝛽 ≡ 𝑢𝜇𝛼𝜇𝛽 

𝑑2𝜒𝛼

𝑑𝑠2
+ Γ𝜇𝜆

𝛼 𝑑𝜒𝜆

𝑑𝑠

𝑑𝜒𝜇

𝑑𝑠

𝑑2𝜒𝑖

(𝑑𝜒0)2
∼ −Γ00

𝑖 ∼ −
1

2
𝜕𝑖𝑓00 

Ondas relativistas en espacios cuánticos curvos 

𝑔𝛼𝛽 = 𝜂𝛼𝛽 + ℏ𝛼𝛽 

ℛ𝛼𝛽 ≅ −
1

2
𝜂𝜆𝜇𝜕𝜆𝜇

2 ℏ𝛼𝛽 +
1

2
𝜕𝛼𝑓𝛽 +

1

2
𝜕𝛽𝑓𝛼 

𝑓𝛼 ≔ 𝜕𝜆ℏ𝛼
𝜆 −

1

2
𝜕𝛼ℏ𝜆

𝜆 

𝜂𝜆𝜇𝜕𝜆𝜇
2 ℏ𝛼𝛽 = 0 
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ℛ𝛼𝛽 ≡ ℛ𝛼𝛽
(ℏ)

+ ℒ𝛼𝛽 ≡
1

2
{𝑔𝛼𝜆𝜕𝛽ℱ𝜆 + 𝑔𝛽𝜆𝜕𝛼ℱ𝜆}, ℱ𝜆 ≔ 𝑔𝛼𝛽Γ𝛼𝛽

𝜆  

ℛ𝛼𝛽
(ℏ)

≡ −
1

2
𝑔𝜆𝜇𝜕𝜆𝜇

2 𝑔𝛼𝛽 + ℋ𝛼𝛽
𝜌𝜎𝛾𝛿𝜆𝜇(𝑔)𝜕℘𝑔𝛾𝛿𝜕𝜎𝑔𝜆𝜇 

𝑔
𝜇 ≔ ∇𝜆𝜕𝜆𝜇 ≡ 𝑔𝜆𝜇(𝜕𝜆𝜇

2 𝜇 − Γ𝜆𝜇
𝛼 𝜕𝛼𝜇) 

𝜇(𝜒) = 𝛼(𝜒)𝑒𝑖𝜔𝜙(𝜒) 

𝑔𝛼𝛽(𝜒, 𝜔𝜙(𝜒)) ≡ 𝑔𝛼𝛽(𝜒) + 𝜔−2𝜐𝛼𝛽(𝜒, 𝜔𝜙(𝜒)) 

ℛ𝛼𝛽 = 𝜔−2ℜ𝛼𝛽(𝜒, 𝜔) 

𝜕

𝜕𝜒𝛼
𝑓(𝜒, 𝜔𝜙(𝜒)) ≡ 𝜕𝛼𝑓(𝜒, 𝜉) + 𝜔𝜙𝛼𝑓′(𝜒, 𝜉)|𝜉=𝜔𝜙(𝜒) 

𝜕𝛼𝑓 ≔
𝜕

𝜕𝜒𝛼
𝑓(𝜒, 𝜉), 𝜙𝛼 ≔

𝜕𝜙

𝜕𝜒𝛼
, 𝑓′ ≔

𝜕

𝜕𝜉
𝑓(𝜒, 𝜉) lim

𝒯=0

1

𝒯
∫ 𝑓′(𝜒, 𝜉)𝑑𝜉

𝒯

0

 

𝑔𝛼𝛽(𝜒, 𝜔𝜙) = 𝑔𝛼𝛽 − 𝜔−2𝜐𝛼𝛽(𝜒, 𝜔𝜙) + 𝜔−3𝑔(3)𝛼𝛽(𝜒, 𝜔) 

Γ𝛼𝛽
𝜆 = Γ𝛼𝛽

𝜆 + 𝜔−1Γ𝛼𝛽
𝜆(1)

+ 𝜔−2Γ𝛼𝛽
𝜆(2)

+ 𝒪(𝜔−3) 

Γ𝛼𝛽
𝜆(1)

≔ 𝛾𝛼𝛽
𝜆 ≡

1

2
(𝜙𝛼𝜐𝛽

′𝜆 + 𝜙𝛽𝜐𝛼
′𝜆 − 𝜙𝜆𝜐𝛼𝛽

′ ), 𝛾𝛼𝛽
𝜆 ≔

1

2
𝜙𝛼𝜐𝜆

′𝜆 

Γ𝛼𝛽
𝜆(2)

≔ 𝜑𝛼𝛽
𝜆 ≡

1

2
(∇𝛼𝜐𝛽

𝜆 + ∇𝛽𝜐𝛼
𝜆 − ∇𝜆𝜐𝛼𝛽), 𝜑𝛼𝜆

𝜆 : ≡
1

2
∇𝛼(𝜐𝜆

𝜆) 

(∇𝛼𝜇𝛽)(𝜒, 𝜔𝜙) = {
𝜕

𝜕𝜒𝛼
𝜇𝛽(𝜒, 𝜉) + Γ𝛼𝜆

𝜆 (𝜒)𝜇𝜆(𝜒, 𝜉)}
𝜉=𝜔𝜙

 

ℛ𝛼𝛽 ≡ 𝜕𝜆Γ𝛼𝛽
𝜆 − 𝜕𝛼Γ𝛽𝜆

𝜆 + Γ𝛼𝛽
𝜆 Γ𝜆𝜇

𝜇
− Γ𝛼𝜇

𝜆 Γ𝛽𝜆
𝜇

 

ℛ𝛼𝛽(𝜒, 𝜔𝜙) = ℛ𝛼𝛽
(0)

(𝜒, 𝜔𝜙(𝜒)) + 𝜔−1ℛ𝛼𝛽
(1)

(𝜒, 𝜔𝜙(𝜒)) + 𝜔−2ℜ𝛼𝛽(𝜒, 𝜔) 

ℛ𝛼𝛽
(0)

(𝜒, 𝜔𝜙(𝜒)) ≡ ℛ𝛼𝛽 −
1

2
{𝑔𝜆𝜇𝜙𝜆𝜙𝜇𝜐𝛼𝛽

′′ − 𝜙𝛽𝒫𝛼
′′ − 𝜙𝛼𝒫𝛽

′′} (𝜒, 𝜔𝜙(𝜒)) 

𝒫𝛼
′′ ≔ 𝜙𝜇 (𝜐𝜇𝛼

′′ −
1

2
𝑔𝜇𝛼𝜐𝜌

′′𝜌
) 

𝒫𝛼 ≡ 𝜙𝜇 (𝜐𝜇𝛼 −
1

2
𝑔𝜇𝛼𝜐𝜌

𝜌
) ⟨𝜐𝜆𝜇|𝜙𝜆|𝜙𝜇⟩ 

𝜐𝛼𝛽 = 𝜙𝛼𝑓𝛽 + 𝜙𝛽𝑓𝛼 

𝜒𝛼 = 𝜒̃𝛼 + 𝜔−3ℏ𝛼(𝜒̃, 𝜔𝜙(𝜒̃)) 
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𝑔̃𝜆𝜇 = (𝑔𝛼𝛽 + 𝜔−2𝜐𝛼𝛽)
𝜕𝜒𝛼

𝜕𝜒̃𝜆

𝜕𝜒𝛽

𝜕𝜒̃𝜇
 

𝜕𝜒𝛼

𝜕𝜒̃𝜆
= 𝛿𝜆

𝛼 + 𝜔−2𝜙𝜆ℏ′𝛼 + 𝜔−3𝜕̃𝜆ℏ𝛼 

𝑔̃𝜆𝜇 = 𝑔𝜆𝜇 + 𝜔−2 (𝜐𝜆𝜇 + 𝑔𝜆𝛽𝜙𝜇ℏ′𝛽 + 𝑔𝜇𝛼𝜙𝜆ℏ′𝛼) + 𝜔−3ℳ𝜆𝜇 

ℛ𝛼𝛽
(1)

≡ ∇𝜆𝛾𝛼𝛽
𝜆 − ∇𝛼𝛾𝛽𝜆

𝜆 + 𝜙𝜆𝜑𝛼𝛽
′𝜆 − 𝜙𝛼𝜑𝛽𝜆

′𝜆  

ℛ𝛼𝛽
(1)

≡
1

2
{∇𝜆(𝜙𝛼𝜐𝛽

′𝜆 + 𝜙𝛽𝜐𝛼
′𝜆 − 𝜙𝜆𝜐𝛼𝛽

′ ) − ∇𝛼(𝜙𝛽𝜐𝜆
′𝜆)}

+
1

2
{𝜙𝜆(∇𝛼𝜐𝛽

′𝜆 + ∇𝛽𝜐𝛼
′𝜆 − ∇𝜆𝜐𝛼𝛽

′ ) − 𝜙𝛼(∇𝛽𝜐𝜆
′𝜆)} 

𝜙𝜆(∇𝛼𝜐𝛽
′𝜆) ≡ ∇𝛼(𝜙𝜆𝜐𝛽

′𝜆) − 𝜐𝛽
′𝜆∇𝛼𝜙𝜆∇𝜆𝜙𝛼 − 𝒫𝛼𝛽

+
1

2
{𝜙𝛽 (∇𝜇𝜐𝛼

′𝜇
−

1

2
𝜕𝛼𝜐𝜇

′𝜇
) + 𝜙𝛼 (∇𝜇𝜐𝛽

′𝜇
−

1

2
𝜕𝛽𝜐𝜇

′𝜇
)} 

𝒫𝛼𝛽 ≔ 𝜙𝜆∇𝜆𝜐𝛼𝛽
′ +

1

2
∇𝜆𝜙𝜆𝜐𝛼𝛽

′  

𝒫𝑖𝑗 ≡ 𝜙𝜆∇𝜆𝜐𝑖𝑗
′ +

1

2
∇𝜆𝜙𝜆𝜐𝑖𝑗

′  

𝜙𝜆∇𝜆(𝜙𝑖𝜐𝑖𝑗
′ ) +

1

2
∇𝜆𝜙𝜆(𝜙𝑖𝜐𝑖𝑗

′ ) − (𝜙𝜆∇𝜆𝜙𝑖)𝜐𝑖𝑗
′  

𝔉𝛼𝛽(𝜒) ≔ 𝔉𝛼𝛽(𝜒) + 𝜔−1ℌ𝛼𝛽(𝜒, 𝜔𝜙(𝜒)) 

𝜏𝛼𝛽 = 𝜏𝛼𝛽 + 𝜔−1 {𝔉𝛼
𝜆ℌ𝛽𝜆 + 𝔉𝛽𝜆ℌ𝛼

𝜆} + 𝒪(𝜔−2) 

𝜏𝛼𝛽 ≡ 𝔉𝛼
𝜆𝔉𝛽𝜆 −

1

4
𝑔𝛼𝛽𝔉𝜆𝜇𝔉𝜆𝜇(ℛ𝛼𝛽 − 𝜏𝛼𝛽)(𝜒, 𝜔𝜙(𝜒)) = 𝜔−2ℳ(𝜒, 𝜔)ℛ𝛼𝛽

(0)
− 𝜏𝛼𝛽〈ℛ𝛼𝛽 + 𝜏𝛼𝛽〉 

(𝑑𝔉)𝛼𝛽𝛾
(0)

= (𝑑𝔉)
𝛼𝛽𝛾

+ 𝜙𝛼ℌ𝛽𝛾
′ + 𝜙𝛾ℌ𝛼𝛽

′ + 𝜙𝛽ℌ𝛾𝛼
′  

(∇𝛼𝔉𝛽
𝛼)

(0)
≡ ∇𝛼𝔉𝛽

𝛼 + 𝜙𝛼ℌ𝛽𝛾
′ + 𝜙𝛾ℌ𝛼𝛽

′ + 𝜙𝛽ℌ𝛾𝛼
′ ‖𝜙𝛼ℌ𝛼𝛽

′ ‖⟨ℌ𝑖𝑗
′ |𝜙𝑖|ℌ𝑖0

′ ⟩ 

ℌ𝛼𝛽 = 𝑎𝛼𝜙𝛽 − 𝑎𝛽𝜙𝛼|𝜙𝛼𝑎𝛼| 

ℛ𝛼𝛽
(1)

− τ𝛼𝛽
(1)

= 0 

𝜙𝜆∇𝜆𝜐𝑖𝑗
′ +

1

2
∇𝜆𝜙𝜆𝜐𝑖𝑗

′ + 𝑔𝑖𝑗𝔉
0ℏ𝛼ℏ − 𝔉𝑖

0𝛼𝑗 − 𝔉𝑗
0𝛼𝑖 ⟨𝜙𝜆|𝔉𝜆𝜇⟩ 〈𝜅𝜙𝜇〉 

(𝑑𝔉)𝛼𝛽𝛾
(1)

≡ (𝑑ℌ)
𝛼𝛽𝛾

≡ 𝜕𝛼ℌ𝛽𝛾 + 𝜕𝛾ℌ𝛼𝛽 + 𝜕𝛽ℌ𝛾𝛼 
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(∇𝛼𝔉𝛽
𝛼)

(1)
≡ ∇𝛼ℌ𝛽

𝛼 + Γ𝛼𝜆
𝛼(1)

𝔉𝛽
𝜆 − Γ𝛼𝛽

𝜆(1)
𝔉𝜆

𝛼 

∇𝛼ℌ𝛽
𝛼 ≡ 𝜙𝛽∇𝛼𝑎𝛼 + 𝑎𝛼∇𝛼𝜙𝛽 − 𝜙𝛼∇𝛼𝑎𝛽 − 𝑎𝛽∇𝛼𝜙𝛼 

𝑎𝛼∇𝛼𝜙𝛽 ≡ 𝑎𝛼∇𝛽𝜙𝛼 ≡ ∇𝛽(𝑎𝛼𝜙𝛼) − 𝜙𝛼∇𝛽𝑎𝛼 = −𝜙𝛼∇𝛽𝑎𝛼〈𝜕𝑖𝛼𝑗 − 𝜕𝑗𝛼𝑖〉 

∇𝛼ℌ𝑖
𝛼 = −2𝜙𝛼∇𝛼𝛼𝑖 − 𝛼𝑖∇𝛼𝜙𝛼 

Γ𝛼𝑖
𝜆(1)

𝔉𝜆
𝛼 = 𝔉0𝑗𝜐𝑖𝑗

′ ⟨2𝜙𝛼∇𝛼𝛼𝑖|𝛼𝑖∇𝛼𝜙𝛼|𝔉0𝑗𝜐𝑖𝑗
′ ⟩ 

Condiciones de gauge 

𝑔𝛼𝛽 = 𝑔𝛼𝛽 + 𝜔−2𝜐𝛼𝛽 + 𝜔−3𝜔𝛼𝛽 

𝜙𝛽 (𝜙𝜇𝜔𝜇𝛼
′′ −

1

2
𝜙𝛼𝜔𝜌

′′𝜌
) + 𝜙𝛼 (𝜙𝜇𝜔𝜇𝛽

′′ −
1

2
𝜙𝛽𝜔𝜌

′′𝜌
) 

∇𝜇𝜐𝛼
′𝜇

−
1

2
𝜕𝛼𝜐𝜇

′𝜇
+ 𝜙𝜇𝜔𝜇𝛼

′′ −
1

2
𝜙𝛼𝜔𝜌

′′𝜌
 

Conservación de la energía 

∇𝜆 (𝜙𝜆𝜐
′𝑖𝑗

𝜐𝑖𝑗
′ ) 

𝜐
′𝑖𝑗

≔ 𝑔𝑖ℏ𝑔𝑗𝜅𝜐ℏ𝜅
′  

𝔈 ≔
1

4
𝜐

′𝑖𝑗
𝜐𝑖𝑗

′ , 𝜐
′𝑖𝑗

≔ 𝑔𝑖ℏ𝑔𝑗𝜅𝜐ℏ𝜅
′  

𝔈 =
1

4
{𝜐′𝛼𝛽𝜐𝛼𝛽

′ −
1

2
(𝜐𝛼

′𝛼)2} ∇𝜆(𝜙𝜆𝔈) 

∇𝛼 {𝜙𝛼 (𝛼𝑖𝛼𝑖 +
1

4
𝜐′𝑖𝑗𝜐𝑖𝑗

′ )} 𝛼𝑖𝛼𝑖 +
1

4
𝜐′𝑖𝑗𝜐𝑖𝑗

′ ∇𝛼(𝜙𝛼𝜉) 

𝜉 = 𝜉𝑔𝑟𝑎𝑣 + 𝜉𝑒⨂𝑚 ≔
1

4
{𝜐′𝛼𝛽𝜐𝛼𝛽

′ −
1

2
(𝜐𝛼

′𝛼)2} +
1

2
ℌ𝛼𝛽ℌ𝛼𝛽 

Agujeros negros cuánticos 

Métrica de Schwarzschild 

𝑒ℏ(𝜌)𝑑𝜌2 + 𝑓2(𝜌)(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

𝑔̅𝑡 = 𝑒𝜆(𝑟,𝑡)𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

𝑔 = −𝑒𝜈𝑑𝑡2 + 𝑒𝜆𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

𝑔 = −𝛼2(𝑟, 𝑡)𝑑𝑡2 + 2𝛽(𝑟, 𝑡)𝑑𝑡𝑑𝑟 + 𝑒𝜆(𝑟,𝑡)𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

𝑒−2𝜈𝜔 ≡ 𝑒−2𝜈(𝑡, 𝑟)(𝛼𝑑𝑡 − 𝛽𝑑𝑟) ≡ 𝑑𝜏 
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𝑔Schwarzschild = − (1 −
2𝑚

𝑟
) 𝑑𝑡2 + (1 −

2𝑚

𝑟
)

−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

Γ00
0 =

1

2
𝜕𝑡𝜈, Γ00

1 =
1

2
𝑒𝜈−𝜆𝜈′, Γ01

0 =
𝜈′

2
, Γ11

0 =
𝜕𝑡𝜆

2
𝑒𝜆−𝜈 , Γ01

1 =
𝜕𝑡𝜆

2
 

Γ11
1 =

𝜆′

2
, Γ22

1 = −𝑟𝑒−𝜆, Γ12
2 = Γ13

3 = 𝑟−1, Γ33
1 = −𝑟𝑠𝑖𝑛2𝜃𝑒−𝜆, Γ33

2 = − sin 𝜃 cos 𝜃 , Γ23
3 = cot 𝜃 

ℛ10 ≡ 𝑟−1𝜕𝑡𝜆, ℛ22 ≡ −𝑒−𝜆 (1 +
𝑟

2
(𝜈′ − 𝜆′)) + 1, ℛ33 ≡ sin2 𝜃ℛ22 

𝜈(𝑡, 𝑟) = 𝜈(𝑟) + 𝑓(𝑡)𝑠𝑒𝑡 𝜏 ≔ ∫ 𝑒
1
2
𝑓(𝑡)2

𝑑𝑡 

ℛ00 ≡ 𝑒𝜈−𝜆 {
𝜈′′

2
+

𝜈′2

4
−

𝜈′𝜆′

4
+

𝜈′

𝑟
} 

ℛ11 ≡ −
𝜈′′

2
−

𝜈′2

4
+

𝜆′𝜈′

4
+

𝜆′

𝑟
 

𝑟(𝑒𝜆−𝜈ℛ00 + ℛ11) ≡ 𝜈′ + 𝜆′ − 𝑒−𝜆(1 − 𝑟𝜆′) + 1(𝑒−𝜆)
′
+

𝑒−𝜆

𝑟
=

1

𝑟
 

𝑒−𝜆 = 1 +
Α

𝑟
, 𝑒ν = Β (1 +

Α

𝑟
) 

Coordenadas isotrópicas 

𝑟 ≔ ℛ (1 +
𝑚

2ℛ
)

2

 

𝜒 ≔ ℜ𝑟−1𝜒, 𝛾 ≔ ℜ𝑟−1𝛾, 𝒵 ≔ ℜ𝑟−1𝒵 

𝑔Schwarzschild = − (
2ℛ − 𝑚

2ℛ + 𝑚
)

2

𝑑𝑡2 + (1 +
𝑚

2ℛ
)

4

(𝑑𝜒2 + 𝑑𝛾2 + 𝑑𝓏2) 

Coordenadas de ondas cuánticas 

−
𝑟̅ − 𝑚

𝑟̅ + 𝑚
𝑑𝑡2 +

𝑟̅ + 𝑚

𝑟̅ − 𝑚
𝑑𝑟̅2 + (𝑟̅ + 𝑚)2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) − Α2𝑑𝑡2 + Β2𝑑𝑟̅2

+ 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) −
1

Α2

𝜕2𝜓

𝜕𝑡
+

1

𝑟2 {
1

ΑΒ

𝜕

𝜕𝑟̅
(ΑΒ−1𝑟2

𝜕𝜓

𝜕𝑟̅
) + Δ†𝜓} 

𝜕𝜒𝑖

𝜕𝑟̅
=

𝜒𝑖

𝑟̅
,
𝜕2𝜒𝑖

𝜕𝑟̅2
Δ†𝜒𝑖 = −2𝜒𝑖

1

ΑΒ

𝑑

𝑑𝑟̅
(ΑΒ−1𝑟2) − 2𝑟̅ 

Α ≡ √1 −
2𝑚

𝑟
, Β ≡ Α−1

𝑑𝑟

𝑑𝑟̅
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𝑑

𝑑𝑟
(
𝑑𝑟

𝑑𝑟̅
Α2𝑟2) − 2𝑟̅ ≡

𝑑

𝑑𝑟
(

𝑑𝑟̅

𝑑𝑟
(𝑟2 − 2𝑚𝑟)) − 2𝑟̅ 

𝑟 = 𝑚(1 + 𝓏) 

𝑑

𝑑𝓏
[(𝓏2 − 1)

𝑑𝑟̅

𝑑𝓏
] − 2𝓏|ℭ1𝓏 + ℭ2| (

𝓏

2
ln

𝓏 + 1

𝓏 − 1
− 1) 

𝑟̅ = 𝑚𝓏, 𝑟 = 𝑟̅ + 𝑚 

Coordenadas de Painlevé–Gullstrand 

− (1 −
2𝑚

𝑟
) 𝑑𝑡2 + 𝑑𝜒2 + 𝑑𝛾2 + 𝑑𝓏2 +

2

𝑟
√

2𝑚

𝑟
(𝜒𝑑𝜒 + 𝛾𝑑𝛾 + 𝓏𝑑𝓏)𝑑𝑡 

Coordenadas de Regge–Wheeler 

𝜌 = 𝑟 + 2𝑚 log(𝑟 − 2𝑚) 

𝑔Schwarzschild = (1 −
2𝑚

𝑟
) (−𝑑𝑡2 + 𝑑𝜌2) + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

Espacio – tiempo cuántico de Schwarzschild 

𝑑𝑠2 ≡ −𝑔𝛼𝛽𝑑𝜒𝛼𝑑𝜒𝛽
𝑑2𝜃

𝑑𝑠2
+

2

𝑟

𝑑𝑟

𝑑𝑠

𝑑𝜃

𝑑𝑠
− sin 𝜃 cos 𝜃 (

𝑑𝜑

𝑑𝑠
)

2 𝑑2𝜑

𝑑𝑠2
+

2

𝑟

𝑑𝑟

𝑑𝑠

𝑑𝜑

𝑑𝑠
𝑟2

𝑑𝜑

𝑑𝑠
= ℓ 

𝑑2𝑡

𝑑𝑠2
+

𝑑𝜈

𝑑𝑟

𝑑𝑟

𝑑𝑠

𝑑𝑡

𝑑𝑠
, 𝜈 ≡ log (1 −

2𝑚

𝑟
)

𝑑𝑡

𝑑𝑠
= 𝔈 

𝑑2𝑟

𝑑𝑠2
+

1

2

𝑑𝜆

𝑑𝑟
(
𝑑𝑟

𝑑𝑠
)

2

= 𝑒−𝜆 (
𝑑𝜑

𝑑𝑠
)

2

+
𝑒𝜈−𝜆

2

𝑑𝜈

𝑑𝑠
(
𝑑𝑡

𝑑𝑠
)

2 𝑑2𝜇

𝑑𝜑2
+ 𝜇

𝑚

ℓ2
+ 3𝑚𝜇2, 𝜇 ≡

1

𝑟
 

𝜇 = 𝜇𝑛𝑒𝑤𝑡𝑜𝑛 + 𝜐
𝑑2𝜐

𝑑𝜑2
+ 𝜐 − 3𝑚𝜇2 

1

𝑟
= 𝑚ℓ2(1 + 𝑒 cos 𝜑) ≔ 𝜇𝑛𝑒𝑤𝑡𝑜𝑛 

𝑑2𝜐

𝑑𝜑2
+ 𝜐 − 3𝑚𝜇𝑛𝑒𝑤𝑡𝑜𝑛

2 ≡ 3𝑚3𝜇𝑛𝑒𝑤𝑡𝑜𝑛
2

≡ 3𝑚3ℓ−4(1 + 2𝑒 cos 𝜑 + 𝑒2 cos2 𝜑)3𝑚3ℓ−4 (1 + 𝑒𝜑 sin 𝜑 + 𝑒2 (
1

2
−

1

6
cos 2𝜑)) 

𝜇𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛 ∼ 𝜇𝑛𝑒𝑤𝑡𝑜𝑛 + 3𝑚2ℓ−4𝑒𝜑 sin 𝜑 = 𝑚ℓ−2(1 + 𝑒 cos 𝜑 + 𝑒3𝑚2ℓ−2𝜑 sin 𝜑) 

𝜇𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛 ∼ 𝑚ℓ−2(1 + 𝑒 cos((1 − 3𝑚2ℓ−2)𝜑)) |
6𝜋𝑚

𝛼(1 − 𝑒2)
| 
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(1 −
2𝑚

𝑟
) 𝑡̇ = 𝜉 = (1 −

2𝑚

𝑟0
) 𝑡̇0 

1 = (1 −
2𝑚

𝑟
) 𝑡̇2 − (1 −

2𝑚

𝑟
)

−1

𝑟̇2 

𝑟̇2 = 𝜉2 − 1 +
2𝑚

𝑟
 

𝑟ℳ =
2𝑚

1 − 𝜉2
, 𝑟̇0

2 =
2𝑚

𝑟0
 

𝜃0 = (1 −
2𝑚

𝑟0
)

1/2

𝑑𝑡, 𝜃1 = (1 −
2𝑚

𝑟0
)

−1/2

𝑑𝑟 

𝒱1 = (1 −
2𝑚

𝑟0
)

−1/2

𝑟̇0, 𝒱0 = (1 −
2𝑚

𝑟0
)

1/2

𝑡̇0 

𝒱 ≔
𝒱1

𝒱0
= √

2𝑚

𝑟0
 

𝑔Schwarzschild = − (1 −
2𝑚

𝑟𝜂−2
) 𝑑𝑡2 + (1 −

2𝑚

𝑟𝜂−2
)

−1

𝑑𝑟2 + 𝑟2𝑑𝜔2 

𝑑

𝑑𝑟
[
𝑑𝑟̅

𝑑𝑟
𝑟𝜂−1(1 − 2𝑚𝑟2−𝜂)] − (𝜂 − 1)𝑟̅ 

𝑑

𝑑𝑠
[𝛿3−𝜂(1 − 2𝑚𝛿𝜂−2)

𝑑𝑟̅

𝑑𝑠
] = (𝜂 − 1)𝛿1−𝜂𝑟̅ 

𝑟̅ = 𝑟 +
𝑚

(𝜂 − 2)𝑟𝜂−3
+ {

𝑚2

4
𝑟−3 ln 𝑟 + 𝒪(𝑟−5 ln 𝑟) 𝜂 = 4

𝒪(𝑟5−2𝜂) 𝜂 ≥ 5

 

(𝑔Schwarzschild,m)
𝜇𝜈

= 𝜂𝜇𝜈 + (𝑓𝑚)𝜇𝜈 

𝑓𝑚,𝜇𝜈 =
1

𝑟𝜂−2
ℏ𝜇𝜈 (𝑚,

1

𝑟
,
𝜒̅

𝑟
) 𝜒̅ ≔ (𝜒𝑖) 

Dinámica orbital en espacios cuánticos curvos 

𝑔𝛼𝛽𝜒̇𝛼𝜒̇𝛽 = −1 

1

2
𝑟̇2 +

1

2
(1 −

2𝑚

𝑟
) (

ℓ2

𝑟2
+ 1) =

1

2
𝜉2 

𝒱(𝑟) ≡
1

2
(1 −

2𝑚

𝑟
) (

ℓ2

𝑟2
+ 1) 𝑟̈ +

𝑑𝒱

𝑑𝑟
≡ 𝑟−4[𝑚𝑟2 − ℓ2𝑟 + 3𝑚ℓ2] 
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ℛ± =
ℓ2 ± √ℓ4 − 12ℓ2𝑚2

2𝑚𝑟2
 

Desviación de la luz 

1

2
𝑟̇2 +

1

2
(1 −

2𝑚

𝑟
)

ℓ2

𝑟2
=

1

2
𝜉2 

1

𝑟4
(

𝑑𝑟

𝑑𝜙
) +

1

𝑟2
−

2𝑚

𝑟3
= 𝜅2 

(
𝑑𝜇

𝑑𝜙
)

2

+ 𝜇2 − 2𝑚𝜇3 = 𝜅2 

𝑑2𝜇

𝑑𝜑2
+ 𝜇 = 3𝑚𝜇2 

1

𝑟
≡ 𝜇𝛿𝑡𝑟 =

1

𝑟0
cos(𝜙 − 𝜙0) 

𝑑2𝜇

𝑑𝜑2
+ 𝜇 = 3𝑚𝜇𝛿𝑡𝑟

2  

1

𝑟
=

1

𝑟0
cos 𝜙 +

𝑚

𝑟0
2

(1 + sin2 𝜙) − sin 𝛼 +
𝑚

𝑟0

(1 + cos2 𝛼) 

𝛼 ≅
2

𝑟0
, 𝛿 ≅

4𝑚

𝑟0
 

Principio de Fermat 

𝑑𝑠2 = 𝑔00𝑑𝑡2 + 𝑔𝑖𝑗𝑑𝜒𝑖𝑑𝜒𝑗 

𝑑𝜎2 =
𝑔𝑖𝑗𝑑𝜒𝑖𝑑𝜒𝑗

𝑔00
 

ℓ = ∫ √
𝑔𝑖𝑗𝑑𝜒𝑖𝑑𝜒𝑗

𝑔00

𝑡1

𝑡2

 

Dilatación del tiempo 

𝒯𝒪 = (1 −
2𝑚

𝑟𝒪
) (1 −

2𝑚

𝑟Α
)

−1

𝒯Α 

𝒯Α

𝒯𝒪
≡

𝜈𝒪

𝜈Α
≅ 1 − 2𝑚 (

1

𝑟Α
−

1

𝑟𝒪
) 

𝛿Α = ∫
𝑑𝑠

𝑑𝑡
𝑑𝑡

𝑡ℳ

0

= ∫ 𝜉−1

𝑡ℳ

0

(1 −
2𝑚

𝑟
) 𝑑𝑡 = ∫

1 −
2𝑚
𝑟

𝑑𝑠

1 −
2𝑚
𝑟𝒪

𝑑𝑡

𝑡ℳ

0

(0)𝑑𝑡 
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(
𝑑𝑠

𝑑𝑡
(0))

2

= (1 −
2𝑚

𝑟0
) − (1 −

2𝑚

𝑟0
)

−1

(
𝑑𝑟

𝑑𝑡
(0))

2

 

𝛿Α ≅ ∫ (1 −
2𝑚

𝑟
+

𝑚

𝑟0
+

𝑚𝜐2

𝑟0
)

𝑡ℳ

0

𝑑𝑡 

𝛿𝒪 = ∫ √1 −
2𝑚

𝑟0
𝑑𝑡

𝑡ℳ

0

≅ ∫ (1 −
𝑚

𝑟0
)

𝑡ℳ

0

𝑑𝑡 

𝛿Α − 𝛿𝒪 ≅ ∫ (−
2𝑚

𝑟
+ 2

𝑚

𝑟0
+

𝑚𝜐2

𝑟0
)

𝑡ℳ

0

𝑑𝑡 > 0 

Simetría de masa - Ecuación Tolman–Oppenheimer–Volkov 

ℛ𝛼𝛽 −
1

2
𝑔𝛼𝛽ℛ = 𝒯𝛼𝛽 

𝑔 = −𝑒𝜈𝑑𝑡2 + 𝑒𝜆𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

𝒯𝛼𝛽 ≡ (𝜇 + 𝜌)𝜇𝛼𝜇𝛽 + ℘𝑔𝛼𝛽 

ℛ𝛼𝛽 = 𝜌𝛼𝛽 ≡ (𝜇 + ℘)𝜇𝛼𝜇𝛽 +
1

2
(𝜇 − ℘)𝑔𝛼𝛽 

𝒯00 ≡ 𝜇𝑒𝜈, 𝒯0𝑖 = 0, 𝒯𝑖𝑗 ≡ ℘𝑔𝑖𝑗 

ℛ22 +
1

sin2 𝜃
ℛ33 ≡ 2 {−𝑒−𝜆 (1 +

𝑟

2
(𝜈′ − 𝜆′)) + 1} 𝑟(𝑒𝜆−𝜈ℛ00 + ℛ11) ≡ 𝜈′ + 𝜆′ 

ℛ ≡ −𝑒−𝜈ℛ00 + 𝑒−𝜆ℛ11 + 𝑟−2(ℛ22 + 𝑠𝑖𝑛−2𝜃ℛ33) ≡ −𝑒−𝜆 (𝜈′′ +
𝜈′2

2
−

𝜈′𝜆′

2
+

𝜈′ − 𝜆′

𝑟
) 

𝛿00 ≡ ℛ00 −
1

2
𝑔00ℛ = 𝒯00 ≡ 𝜇𝑒𝜈 

𝑒−𝜆(𝑟𝜆′ − 1) + 1 = 2𝑟2𝜇 

𝑑

𝑑𝑟
[𝑟 − 𝑟𝑒−𝜆] = 2𝑟2𝜇 

𝑒−𝜆 = 1 −
2ℳ(𝑟)

𝑟
, ℳ(𝑟) ≡ ∫ 𝜌2𝜇(𝜌)𝑑𝜌

𝜏

0

 

ℳ(𝛼) ≡ ∫ 𝜌2𝜇(𝜌)𝑑𝜌 ≤
𝛼

2

𝛼

0
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ℳ𝛼 ≔ ∫ 𝜌2𝜇(𝜌) (1 −
2ℳ(𝜌)

𝜌
)

−1/2

𝑑𝜌

𝛼

0

 

𝜈′ + 𝜆′ ≡ 𝑟(𝑒𝜆−𝜈ℛ00 + ℛ11) = 𝑟(𝑒𝜆−𝜈𝜌00 + 𝜌11) ≡ 𝑟𝑒𝜆(𝜇 + ℘) 

𝜈′ = (𝑒𝜆 − 1)𝑟−1 + 𝑟𝑒(℘ − 𝜇) =
2ℳ(𝑟) + 𝑟3(℘ − 𝜇)

𝑟[𝑟 − 2ℳ(𝑟)]
 

(𝜇 + ℘)𝜇𝛼∇𝛼𝜇1 + 𝜕1℘ ≡ (𝜇 + ℘)𝜇0𝜇0Γ01
1 + 𝜕1℘ 

℘′ = −
1

2
(℘ + 𝜇)𝜈′ 

℘′ = −
1

2
(℘ + 𝜇)

2ℳ(𝑟) + 𝑟3(℘ − 𝜇)

𝑟[𝑟 − 2ℳ(𝑟)]
 

ℳ(𝑟) ≡ 𝜇0 ∫ 𝜌2𝑑𝜌

𝜏

0

=
1

3
𝜇0𝑟3 

℘(0) = 𝜇0

1 − (1 − 2𝛼−1ℳ(𝛼))
1/2

3[1 − 2𝛼−1ℳ(𝛼)]1/2 − 1
, ℳ(𝛼) ≥

4𝛼

9
 

Modelo einsteniano 

𝑔 = −𝑒𝜈𝑑𝑡2 + 𝑒𝜆𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

𝑔𝑚 = − (1 −
2𝑚

𝑟
) 𝑑𝑡2 + (1 −

2𝑚

𝑟
)

−1

+ 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

𝑚 = ℳ(𝑟𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒) ≡ ∫ 𝑟2𝜇(𝑟)𝑑𝑟

𝑟𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒

0

 

𝜇(𝑟) = 2𝑟−3ℳ(𝑟) ≡ 2𝑟−3 ∫ 𝜌2𝜇(𝜌)𝑑𝜌

𝜏

0

 

Agujero negro cuántico de Schwarzschild 

Horizonte de eventos 

𝑑𝑠2 = (1 − 2𝑚𝑟−1)𝑑𝑡2 − (1 − 2𝑚𝑟−1)−1𝑑𝑟2 

𝑑𝑟

𝑑𝑡
= ±(1 − 2𝑚𝑟−1) 

𝑡 − 𝑡0 = ± (𝑟 − 𝑟0 + 2𝑚 log [(
𝑟

2𝑚
− 1)] [(

𝑟0

2𝑚
− 1)])

−1

 

𝜐 = 𝑡 + 𝑟 + 2𝑚 ln (
𝑟

2𝑚
− 1) 
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− (
𝑟

2𝑚
− 1) 𝑑𝜐2 + 2𝑑𝑟𝑑𝜐 + 𝑟2(sin2 𝜃 𝑑𝜑2 + 𝑑𝜃2) 

𝜐 = 2𝑟 + 4𝑚 log|𝑟 − 2𝑚| + 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑟̇2 = 𝜉2 − (1 − 2𝑚𝑟−1) ∫
𝑟

1
2𝑑𝑟

√2𝑚 − (1 − 𝜉2)𝑟

𝑟0

0

− (1 −
2𝑚

𝑟
) 𝑑𝜐2 + 2𝑑𝑟𝑑𝜐 + 𝑟2(sin2 𝜃 𝑑𝜑2 + 𝑑𝜃2) 

Coordenadas de Kruskal–Szekeres 

32𝑚3

𝑟
𝑒−𝑟/2𝑚[𝑑𝓏2 − 𝑑𝜔2] + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

𝓏2 − 𝜔2 ≥ −1 

𝓏2 − 𝜔2 =
1

2𝑚
(𝑟 − 2𝑚)𝑒𝑟/2𝑚 

𝜇 = 𝑡 − 𝑟 − 2𝑚 log (
𝑟

2𝑚
− 1) 

Métrica de Tolman 

−𝑑𝑡2 + 𝑒2𝜔𝑑𝑟2 + ℛ2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

𝒯𝛼𝛽 = 𝑢𝜇𝛼𝜇𝛽 , ℛ̇′ − 𝜔̇ℛ′𝑒−𝜔𝑓(𝑟) 

∇𝛼𝜏𝛼0 ≡ 𝜇̇ + Γ𝛼0
𝛼 𝜇 ≡ 𝜇̇ + 𝜇(𝜔̇ + 2ℛ−1ℛ̇) 

𝜇(𝑡, 𝑟) =
𝑒−𝜔

ℛ2
𝜙(𝑟) 

𝜇(𝑡, 𝑟) =
𝑟2𝜇0

ℛ2ℛ′

1

2
ℛ̇2 −

ℳ(𝑟)

ℛ
=

1

2
[𝑓2(𝑟) − 1] 

ℳ(𝑟) = ∫ 𝑓(𝜌)𝜇(𝑡, 𝜌)ℛ2(𝑡, 𝜌)𝑒𝜔𝑑𝜌

𝑟

0

 

ℳ(𝑟) = ∫ 𝜇0(𝜌)𝜌2𝑑𝜌

𝑟

0

 

ℛ̇(0, 𝑟) = 2
ℳ(𝑟)

𝑟
+ 𝑓2(𝑟) − 1 

ℛ1/2ℛ̇ = ±√2ℳ(𝑟) 

ℛ(𝑟, 𝑡)3/2 = 𝜙(𝑟) −
3

2
√2ℳ(𝑟)𝑡 

3

2
√2ℳ(𝑟) ≔ ℏ1/2(𝑟) 
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ℛ(𝑟, 𝑡) = {𝑟
3
2 − ℏ

1
2(𝑟)𝑡}

2
3
 

𝑒𝜔 = ℛ′ = {𝑟
3
2 − ℏ

1
2(𝑟)𝑡}

−
1
3

{𝑟
1
2 −

1

3
ℏ−

1
2ℏ′(𝑟)𝑡} 

ℏ′(𝑟) =
9

2
𝑟2𝜇0(𝑟) 

𝜇(𝑡, 𝑟) =
𝑟2𝜇0

{𝑟
3
2 − ℏ

1
2(𝑟)𝑡} {𝑟

1
2 −

3
2

ℏ−
1
2ℏ′(𝑟)𝑡}

 

𝑑ℛ = 𝑒𝜔𝑑𝑟 + ℛ̇𝑑𝑡 = 𝑒𝜔𝑑𝑟 − ℛ1/2√2ℳ(𝑟)𝑑𝑡 

− (1 −
√2ℳ(𝑟)

ℛ
) 𝑑𝑡2 + 2ℛ

1
2√2ℳ(𝑟)𝑑ℛ𝑑𝑡 + 𝑑ℛ2 + ℛ2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

Densidad decreciente 

𝑡1(𝑟) = ℏ−
1
2(𝑟)𝑟

3
2 

𝑑𝑡1(𝑟)

𝑑𝑟
=

1

2
𝑟

1
2ℏ−

3
2{3ℏ(𝑟) − 𝑟ℏ′(𝑟)} =

9

4
𝑟

1
2ℏ−

3
2{3ℳ(𝑟) − 𝑟ℳ′(𝑟)} 

3ℳ(𝑟) − 𝑟ℳ′(𝑟) ≡ 3 ∫ 𝜇0(𝜌)𝜌2𝑑𝜌

𝑟

0

− 𝜇0(𝑟)𝑟3 

3

2
ℛ3/2ℛ′ = {

3

2
𝑟

1
2 −

1

2
ℏ−

1
2(𝑟)ℏ′(𝑟)𝑡} 

𝑡2 =
3ℏ

1
2(𝑟)𝑟

1
2

ℏ′(𝑟)
=

2ℏ
1
2(𝑟)

3𝑟
3
2𝜇0(𝑟)

≡
√2ℳ(𝑟)

𝑟
3
2𝜇0(𝑟)

,
𝑡1

𝑡2
=

ℏ′(𝑟)𝑟

3ℏ(𝑟)
 

𝑡0 = lim𝑟=0 [
𝑟3

ℏ(𝑟)
]

1/2

=
1

√3
2 𝜇0(0)

  

0 ≤ ℛ ≤ {𝛼
3
2 − ℏ

1
2(𝛼)𝑡}

2
3
 

ℳ(𝑟) = ℳ𝛼 ≔ ∫ 𝜇0(𝜌)𝜌2𝑑𝜌

𝛼

0

 

− (1 −
2ℳ𝛼

ℛ
) 𝑑𝑡2 + 2√

2ℳ𝛼

ℛ
𝑑ℛ𝑑𝑡 + 𝑑ℛ2 + ℛ2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 
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− (1 −
2ℳ𝛼

ℛ
) 𝑑𝑡2 + (1 −

2ℳ𝛼

ℛ
)

−1

𝑑ℛ2 + ℛ2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

𝑑𝜏 = 𝑑𝑡 − (1 −
2ℳ𝛼

ℛ
)

−1

√
2ℳ𝛼

ℛ
𝑑ℛ 

𝑔 = 𝑔𝑑𝑢𝑠𝑡, 0 ≤ ℛ ≤ {𝛼
3
2 − ℏ

1
2(𝛼)𝑡}

2
3
 

𝑔 = 𝑔𝑒𝑥𝑡, ℛ ≥ {𝛼
3
2 − ℏ

1
2(𝛼)𝑡}

2
3
 

{𝛼
3
2 − ℏ

1
2(𝛼)𝑡}

2
3

< 2ℳ𝛼 

𝑡3 = ℏ
1
2(𝛼) [𝛼

3
2 − (2ℳ𝛼)3/2] 

Solución de Reissner–Nordstr𝒐̈m 

− (1 −
2𝑚

𝑟
+

𝒬2

2𝑟2) 𝑑𝑡2 + (1 −
2𝑚

𝑟
+

𝒬2

2𝑟2)

−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) 

𝑟± = 𝑚 ± √𝑚2 − 𝒬2 

Bases cosmológicas de la teoría cuántica de campos curvos 

Isotropía 

𝒦(𝒫) ≔
ℛ𝑖𝑒𝑚𝑎𝑛𝑛(𝜒, 𝛾; 𝜒, 𝛾)

𝑔(𝜒, 𝜒)𝑔(𝛾, 𝛾) − 𝑔(𝜒, 𝛾)2
 

𝒦(𝒫) ≔
ℛ𝑖𝑗,ℏ𝜅𝜒𝑖, 𝛾𝑗; 𝜒ℏ, 𝛾𝜅

𝜒𝑖𝜒𝑖𝛾
𝑗𝛾𝑗 − (𝜒𝑖𝛾𝑖)

2
 

ℛ𝑖𝑗,ℏ𝜅(𝜒) = 𝜅(𝜒)(𝑔𝑖ℏ𝑔𝑗𝜅 − 𝑔𝑗ℏ𝑔𝑖𝜅)(𝜒) 

Homogeneidad 

ℛ𝑖ℏ = (𝜂 − 1)𝜅𝑔𝑖ℏ; ℛ = 𝜂(𝜂 − 1)𝜅 

0 ≡ ∇ℏ (ℛ𝑖
ℏ −

1

2
𝛿𝑖

ℏℛ) = −
1

2
(𝜂 − 1)(𝜂 − 2)𝜕𝑖𝜅 

𝑔 =
(𝑑𝜒1)2 +⋅⋅⋅ +(𝑑𝜒𝜂)2

1 +
𝜅
4

[(𝜒1)2 +⋅⋅⋅ +(𝜒𝜂)2]2
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𝑔 = ∑
(𝑑𝜒𝑖)

2

𝑓2(𝜒1 ⋅⋅⋅ 𝜒𝜂)
𝑖=1⋅⋅⋅𝜂

𝜕2𝑓

𝜕𝜒𝑖𝜕𝜒𝑗
𝑓 [

𝜕2𝑓

(𝜕𝜒𝑖)2
+

𝜕2𝑓

(𝜕𝜒𝑗)2
]

= 𝜅 + ∑ (
𝜕𝑓

𝜕𝜒ℏ
)

2

ℏ

𝜕2𝑓

(𝜕𝜒𝑗)2

𝜕2𝑓

(𝜕𝜒𝜅)2

𝑑2𝜒𝑗

(𝑑𝜒𝑗)2

𝑑2𝜒𝜅

(𝑑𝜒𝜅)2
 

𝑑2𝜒𝑗

(𝑑𝜒𝑗)2
= 𝑐,

𝑑𝜒𝑗

𝑑𝜒𝑗
= 𝑐𝜒𝑖 + 𝜆𝑗 

𝜒𝑗 =
𝑐

2
(𝜒𝑗)

2
+ 𝜇𝑗 , 𝑓 =

𝑐

2
∑(𝜒𝑖)

2
+ ∑ 𝜇𝑖

𝑖𝑖

 

𝑓 = 1 +
𝑐

2
∑(𝜒𝑖)

2

𝑖

∑ (𝜒Α)
2

Α=1⋅⋅⋅𝜂+1

= 𝜅−1 

∑ (𝜒𝑖)
2

− (𝜒𝜂+1)2 = |𝜅|−1

𝑖=1⋅⋅⋅𝜂

 

Espacio – tiempo cuántico de Robertson–Walker 

𝑔
(3)

≡ 𝑒𝜇 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

ℛ𝑖𝜅 ≡ 0, 𝑖 ≠ 𝜅,
(3)

ℛ11 ≡ 𝑟−1𝜇′ = 2𝜅𝑒𝜇 ,
(3)

sin−2 𝜃 ℛ33 ≡ ℛ22 ≡ −𝑒−𝜇(3)(3)
+ 1 +

𝑟

2
𝑒−𝜇𝜇′ = 2𝜅𝑟2| 

𝑒−𝜇 = 1 − 𝜅𝑟2 

𝑔
(3)

≡ |𝜅|−1𝛾𝜀 , 𝛾𝜀 ≡
𝑑𝑟2

1 − 𝜀𝑟2
+ 𝑟2(𝑠𝑖𝑛2𝜃𝑑𝜙2 + 𝑑𝜃2) 

𝛾+ = 𝑑𝛼2 + sin2 𝛼 (𝑠𝑖𝑛2𝜃𝑑𝜙2 + 𝑑𝜃2) 

𝛾− = 𝑑𝜒2 + sinℏ2 𝜒 (𝑠𝑖𝑛2𝜃𝑑𝜙2 + 𝑑𝜃2) 

−𝑑𝑡2 + ℛ2(𝑡)𝛾𝜀 

ℛ𝛼𝛽 = Λ𝑔𝛼𝛽 + 𝜌𝛼𝛽 ≡ 𝒯𝛼𝛽 −
1

2
𝑔𝛼𝛽𝒯 

Γ𝑖𝑗
0 ≡ ℛℛ̇𝛾𝑖𝑗, Γ0𝑖

𝑗
≡ ℛ−1ℛ̇𝛿𝑖

𝑗
, Γ𝑗ℏ

𝑖 = 𝛾𝑗ℏ
𝑖 , ℛ̇ =

𝑑ℛ

𝑑𝑡
 

ℛ00 ≡ 3ℛ−1ℛ̈, ℛ𝑖𝑗 ≡ {2𝜀 + (ℛℛ̈ + 2ℛ̇2)}𝛾𝑖𝑗 

𝜌𝛼𝛽 ≡ 𝒯𝛼𝛽 −
1

2
𝑔𝛼𝛽𝒯 = (𝜇 + ℘)𝜇𝛼𝜇𝛽 +

1

2
𝑔𝛼𝛽℘ 

𝜌00 ≡
1

2
(𝜇 + 3℘), 𝜌𝑖𝑗 ≡

1

2
ℛ2(𝜇 − ℘)𝛾𝑖𝑗, 𝛾

𝑖𝑗𝜌𝑖𝑗 ≡
3

2
ℛ2(𝜇 − ℘) 
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ℛ00 = −Λ + 𝜌00, ℛ𝑖𝑗 = Λ𝑔𝑖𝑗 + 𝜌𝑖𝑗 − 3ℛ−1ℛ̈ =
1

2
(𝜇 + 3℘) − Λ + 2ℛ−2𝜖 + (ℛ−1ℛ̈ + 2ℛ−2ℛ̇2)

=
1

2
(𝜇 − ℘) + Λ 

𝜇 ≡
1

2
{ℛ−2𝛾𝑖𝑗𝜌𝑖𝑗 + 𝜌00} = 3ℛ−2(ℛ̇2 + 𝜖) − Λ 

℘ = −2ℛ−1ℛ̈ − 2ℛ−2𝜖 − ℛ−2ℛ̇2 + Λ 

𝜇̇ = −3(𝜇 + ℘)ℛ−1ℛ̇ 

ℜ
𝑑𝜇

𝑑ℛ
+ 3𝜇 = −3℘,

𝑑

𝑑ℛ
(ℛ3𝜇) = −3℘ − 𝑑𝑡2 + ℛ0

2𝛾+, ℛ0𝛼 = 0, ℛ𝑖𝑗 = 2𝛾𝑖𝑗 , 𝜇0 = 3ℛ0
−2 − Λ, 𝜌0

= −2ℛ0
−2 + Λ 

𝓏 ≡
𝜈𝛿 − 𝜈0

𝜈0
 

1 + 𝓏 ≡
𝜈𝛿

𝜈0
=

ℛ(𝑡0)

ℛ(𝑡𝛿)
− 𝑑𝑡2 + 𝑑𝛼2 + 𝑓2𝛼(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

𝛼𝛿 = ∫
𝑑𝑡

ℛ(𝑡)

𝑡𝒪

𝑡𝛿

= ∫
𝑑𝑡

ℛ(𝑡)

𝑡𝒪+𝒯𝒪

𝑡𝛿+𝒯𝛿

∫
𝑑𝑡

ℛ(𝑡)

𝑡𝛿+𝒯𝛿

𝑡𝛿

= ∫
𝑑𝑡

ℛ(𝑡)

𝑡𝒪+𝒯𝒪

𝑡𝒪

𝒯𝛿

𝒯𝒪
=

ℛ(𝑡𝒪)

ℛ(𝑡𝛿)
 

𝑑𝑡

𝑑𝛼
= ±ℛ(𝑡) 

𝛼𝛿 = ∫
𝑑𝑡

ℛ(𝑡)

𝑡0

𝑡𝛿

 

𝛼𝛿 ≅ (𝑡0 − 𝑡𝛿)ℛ−1(𝑡𝛿) 

ℛ(𝑡0) ≅ ℛ(𝑡𝛿) + (𝑡𝒪 − 𝑡𝛿)ℛ̇(𝑡0) 

𝓏 ≅ 𝑑ℌ(𝑡𝒪), 𝑑 ≔ 𝛼𝛿ℛ(𝑡0) 

𝑞 =
ℛℛ̈

ℛ̇2
 

ℛ(𝑡𝛿) = ℛ(𝑡0) [1 + (𝑡𝛿 − 𝑡0)ℋ(𝑡0) −
1

2
𝑞ℋ2(𝑡𝛿 − 𝑡0)2] 

𝛼𝛿 = ℛ−1(𝑡0) [𝑡0 − 𝑡𝛿 +
ℋ

2
(𝑡𝒪 − 𝑡𝛿)2] 

𝓏 = ℋ𝑑 +
1

2
(𝑞 + 1)ℋ2𝑑2 
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Espacio – tiempo cuántico de Sitter 

ℛ00 = −Λ, ℛ𝑖𝑗 = Λ𝑔𝑖𝑗 

ℛ̈ − 𝜅2ℛ = 0, 𝜅2 ≔
Λ

3
 

ℛ̇2 − 𝜅2ℛ2 = −𝜀 

ℛ = Α𝑒𝜅𝑡 + Β𝑒−𝜅𝑡 − 𝑑𝑡2 + 𝑒𝜅𝑡{𝑑𝜒2 + 𝑑𝛾2 + 𝑑𝓏2} 

𝑔𝑑𝛿𝑖 ≔ −𝑑𝑡2 + 𝜅−2 cosh2(𝜅𝑡) {𝑑𝛼2 + sin2 𝛼 (𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2)} 

−𝑑𝒯2 + ∑ (𝑑𝜒Α)
2

𝒜=1⋅⋅⋅4

𝒯2 − ∑ (𝜒Α)
2

𝒜=1⋅⋅⋅4

= 𝜅−2 

𝒯 = 𝜅−1𝛿ℏ(𝜅𝑡), 𝜒Α = 𝜅−1𝑐ℏ(𝜅𝑡)𝜇Α 

∑ (𝜇Α)
2

𝒜=1⋅⋅⋅4

= 1, ∑ 𝜇Α𝑑𝜇Α

𝒜=1⋅⋅⋅4

= 0 

𝑑𝒯 = 𝒯−1 ∑ 𝜒Α𝑑𝜒Α

𝒜=1⋅⋅⋅4

= cosh(𝜅𝑡)𝑑𝑡 

[−𝑑𝒯2 + ∑ (𝑑𝜒Α)
2

𝒜=1⋅⋅⋅4

]

ℌ

= −𝑑𝑡2 + 𝜅−2 cosh2(𝜅𝑡)(𝑑𝛿3)2 

𝜏 ≔ 𝜅−1 log[𝜅(𝒯 + 𝜒4)] , 𝜉𝑖 =
𝜅−1𝜒𝑖

𝒯 + 𝜒4
− 𝑑𝜏2 + 𝑒2𝜅𝜏 ∑ (𝑑𝜉𝑖)

2

𝑖=1,2,3

 

𝑡′ = 2 arctan(exp 𝜅𝑡) 

𝑔𝑑𝛿𝑖 = 𝜅−2(cos 𝜒)2𝑔𝜉𝑖 

Espacio – tiempo cuántico Anti de Sitter 

ℛ = Α cos 𝜔𝑡 + Β sin 𝜔𝑡 − 𝑑𝑡2 + cos2 𝑡𝛾 , 𝛾−

≔ 𝑑𝜒2 + sinh2 𝜒(𝑠𝑖𝑛2𝜃𝑑𝜙2 + 𝑑𝜃2) − 𝑑𝑡2(cosh 𝜒)2 + 𝑑𝜒2

+ sinh2 𝜒(𝑠𝑖𝑛2𝜃𝑑𝜙2 + 𝑑𝜃2) 

𝑑𝑡 =
𝑑𝜒

cosh 𝜒
, 𝑡 = 𝑡0 + ∫

𝑑𝜒

cosh 𝜒

𝜒

𝜒0

 

𝑡 − 𝑡0 ≤ ∫
𝑑𝜒

cosh 𝜒

𝜒

0

≤ 2 ∫
𝑑𝜒

𝑒𝜒

∞

0

≔ 𝒯 
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Modelos Friedmann–Lema𝐢̂tre 

℘ = (𝛾 − 1)𝜇 

𝜇̇ = −3𝛾𝜇ℛ−1ℛ̇ 

𝜇ℛ3𝛾 = ℳ 

ℛ̇2 =
1

3
ℳℛ2−3𝛾 − 𝜖 

ℛ̇(𝑡0) =
ℛ(𝑡0)

𝑡0 − 𝒯
 

𝑡0 = ℋ(𝑡0)−1 + 𝒯 < ℋ(𝑡0)−1 

ℛ̇2 =
1

3
ℳℛ−1 − 𝜖 

ℛ(𝑡) = 𝑐𝑡2/3, 𝑐 ≡ (
3ℳ

4
)

1
3

− 𝑑𝑡2 + 𝑡4/3{𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2)} 

𝑑𝒯 =
𝑑𝑡

ℛ(𝑡)
 

ℛ =
ℳ

6
(1 − cos 𝒯), 𝑡 =

ℳ

6
(1 − sin 𝒯) 

ℛ =
ℳ

6
(cosh 𝒯 − 1) 

ℛ(𝑡) ≅ (
3ℳ

4
)

1
3

𝑡
2
3 

ℛ̇ℛ
3
2
𝛾−1 = ℭ 

ℛ(𝑡)
3
2
𝛾 = ℭ𝑡 + ℭ0 − 𝑑𝑡2 + 𝑡

4
3
𝛾{𝑑𝑟2 + 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2)} − 𝑑𝑡2

+ 𝑡2{𝑑𝑟2 + sinh2(𝑟)(𝑑𝜃2 + 𝑠𝑖𝑛2(𝜃)𝑑𝜙2)} 

Ω ≡
𝜇

3ℋ2
, Ω ≡ 1 +

𝜀

ℋ2ℛ2
 

Cosmologías cuánticas no isotrópicas 

[𝜒, 𝛾] = −[𝛾, 𝜒] ≔ ℒ𝜒𝛾 − ℒ𝛾𝜒 

[[𝜒, 𝛾], 𝒵] + [[𝒵, 𝜒], 𝛾] + [[𝛾, 𝒵], 𝜒][𝜒(𝑗), 𝜒(ℏ)] = 𝑐𝑗ℏ
𝑖 𝜒(𝑖) 

Α𝑖 ≔ 𝑐𝑗𝑖
𝑗
, 𝒬𝑖𝑗 ≔

1

2
𝜀𝑖ℏ𝜅(𝑐ℏ𝜅

𝑗
− 𝛿ℏ

𝑗
Α𝜅) 
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𝒬𝑖𝑗Α𝑖 = 0 

𝑐𝑙𝑚
𝑗

= 𝜀𝑖𝑙𝑚𝒬𝑖𝑗 +
1

2
(𝛿𝑙

𝑗
Α𝑚 − 𝛿𝑚

𝑗
Α𝑙) 

Espacio – tiempo cuántico de Bianchi 

𝑔 ≡ ∑ 𝛼𝑖(𝑡)(𝑑𝜒𝑖)
2

𝑖=1,2,3

 

ℛ00
(4)

≡ −
1

4
(𝜕0 log 𝛼𝑖)

2 −
1

2
𝜕0𝜕0 log 𝛼𝑖 

ℛ𝑖𝑗
(4)

≡ 0 

ℛ𝑖𝑖
(4)

≡ − {
1

2
(𝜕0 log 𝛼𝑖)𝜕0𝛼𝑖 ∑ (𝜕0 log 𝛼℘)

℘=1,2,3

−
1

2
𝜕00

2 𝛼𝑖} 

1

2
𝜕0 log 𝛼𝑖 = 𝛽𝑖, ℛ00

(4)
≡ ∑ {𝛽𝑖

2 + 𝜕0𝛽𝑖}

𝑖=1,2,3

1

2
𝛼𝑖

−1𝜕00
2 𝛼𝑖 ≡ 𝜕0 (

1

2
𝛼𝑖

−1𝜕0𝛼𝑖) +
1

2
𝛼𝑖

−2(𝜕0𝛼𝑖)
2 

𝛼𝑖
−1 ℛ𝑖𝑖

(4)
≡ 𝛽𝑖 ( ∑ 𝛽𝑗

𝑗=1,2,3

) + 𝜕0𝛽𝑖 

𝑔𝑖𝑗 ℛ𝑖𝑗
(4)

≡ ( ∑ 𝛽𝑖

𝑖=1,2,3

) + ∑(𝜕0𝛽𝑖) 

𝛿00
(4)

≡
1

2
( ℛ00

(4)
+ 𝑔𝑖𝑗 ℛ𝑖𝑗

(4)
) ≡ − ( ∑ 𝛽𝑖

𝑖=1,2,3

)

2

+ ∑ 𝛽𝑖
2

𝑖=1,2,3

 

𝜅 ≡ ∑ 𝛽𝑖

𝑖=1,2,3

≡ −𝜒−1𝜕0𝜒 

𝜒 ≔ (det 𝑔)1/2 ≡ (𝛼1𝛼2𝛼3)1/2 

ℛ𝑖𝑖
(4)

𝛼𝑖
−1 ≡

𝛽𝑖

𝑡
+ 𝜕0𝛽𝑖 ( ∑ ℘𝑖

𝑖=1,2,3

)

2

∑ ℘𝑖
2

𝑖=1,2,3

− 𝑑𝑡2 + 𝑡2℘1(𝑑𝜒1)2 + 𝑡2℘2(𝑑𝜒2)2 + 𝑡2℘2(𝑑𝜒3)2 

𝑡 = (𝑡′2 − 𝜒′2)
1
2, 𝜒′ = tanh−1 (

𝜒′

𝑡′ ) 

Modelos de cosmología cuántica con materia 

𝜌00 =
1

2
𝜇, 𝜌𝑖𝑗 =

1

2
𝜇𝑔𝑖𝑗 



pág. 8617 

𝛿00
(4)

≡ − ( ∑ 𝛽𝑖

𝑖=1,2,3

)

2

+ ∑ 𝛽𝑖
2

𝑖=1,2,3

= 𝜇 

𝑔𝑖𝑗 ℛ𝑖𝑗
(4)

≡ (𝜕0𝛾)2 + 𝜕00
2 𝛾 =

9

2
𝑚𝑒−𝛾 

𝑒𝛾 ≡ 𝜒 = 9
𝑚

2
𝑡(𝑡 + 𝜅) 

𝛼𝑖
−1 ℛ𝑖𝑖

(4)
≡ 𝛽𝑖

𝜕0𝜒

𝜒
+ 𝜕0𝛽𝑖 =

1

2
𝜇 =

3𝑚

4𝜒
𝜕0(𝛽𝑖𝜒) = 3

𝑚

4
 

𝛿00
(4)

≡ − ( ∑ 𝛽𝑖

𝑖=1,2,3

)

2

+ ∑ 𝛽𝑖
2

𝑖=1,2,3

=
3

2

𝑚

𝜒
− 𝑑𝑡2 + ∑ 𝛼𝑖(𝑡)(𝜃𝑖)

2

𝑖

 

ℛ00
(4)

≡ ∑{𝛽𝑖
2 + 𝜕0𝛽𝑖} ≡

𝑖

∑
𝜕00

2 𝛼𝑖
1/2

𝛼𝑖
1/2

𝑖

 

𝛼𝑖
−1 ℛ𝑖𝑖

(4)
≡ 𝛽𝑖𝜒

−1𝜕0𝜒 + 𝜕0𝛽𝑖 + 𝛼𝑖
−1ℛ𝑖𝑖𝜒

−1𝜕0 (𝛼2

1
2𝛼3

1
2𝜕0𝛼1

1
2) = 𝛼11

−1ℛ11

≡
1

2𝜒2
{(𝛼1)2 − (𝛼2 − 𝛼3)2} 

Modelo Kantowski–Sachs 

−𝑑𝑡2Α2(𝑡)𝑑𝜒2 + Β2(𝑡)𝑔2(𝜒)(𝑑𝜃2 + 𝑓2(𝜃)𝑑𝜙2) 

Espacio – tiempo cuántico de Taub 

𝜙2(𝑑𝜓 + 𝛼)2 + 𝑔
(3)

 

−𝒰−1𝑑𝑡2 + (2ℓ)2𝒰(𝑑𝜓 + cos 𝜃𝑑𝜙)2 + (𝑡2 + ℓ2)(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

𝒰 ≡ −1 +
2(𝑚𝑡 + ℓ2)

𝑡2 + ℓ2
 

𝑡±= 𝑚 ± (𝑚2 + ℓ2)1/2 

𝜓′ = 𝜓 +
1

2ℓ
∫

𝑑𝜏

𝒰(𝜏)

𝑡

0

4ℓ2𝑑𝜓′2 − 4ℓ𝑑𝜓′𝑑𝑡 + 4ℓ2𝒰 cos 𝜃𝑑𝜙𝑑𝜓′ − 2ℓ cos 𝜃𝑑𝑡𝑑𝜙

+ (𝑡2 + ℓ2)(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜙2) 

𝜓′′ = 𝜓 −
1

2ℓ
∫

𝑑𝜏

𝒰(𝜏)

𝑡

0

∇𝑖𝜐𝑗 + ∇𝑗𝜐𝑖 
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∇𝑖(∇𝑖𝜐𝑗 + ∇𝑗𝜐𝑖) = ∇𝑖∇𝑖𝜐𝑗 + ℛ𝑗
𝑖𝜐𝑖 ∭{−|∇𝜐|2 + ℛ𝑖𝑗𝜐

𝑖𝜐𝑗}

ℳ

𝑑𝜇𝑔 

Problema de Cauchy a escala cuántica. 

Cuestiones preliminares 

𝑑𝜃𝛼 ≡ −
1

2
ℭ𝛽𝛾

𝛼 𝜃𝛽 ∧ 𝜃𝛾 

[𝑒𝛼 , 𝑒𝛽] =
1

2
ℭ𝛼𝛽

𝛾
𝑒𝛾 

𝑑𝑓 ≡
𝜕𝑓

𝜕𝜒𝛼
𝑑𝜒𝛼 ≡ 𝜕𝛼𝑓𝜃𝛼 

𝜕𝛼𝑓 ≡ Α𝛼
𝛽 𝜕𝑓

𝜕𝜒𝛽
 

𝑑2𝑓 ≡
1

2
{𝜕𝛽𝜕𝛾𝑓 − 𝜕𝛾𝜕𝛽𝑓 − ℭ𝛽𝛾

𝛼 𝜕𝛼𝑓}𝜃𝛽 ∧ 𝜃𝛾(𝜕𝛼𝜕𝛽 − 𝜕𝛽𝜕𝛼)𝑓 ≡ ℭ𝛼𝛽
𝛾

𝜕𝛾𝑓 

𝑔 ≡ 𝑔𝛼𝛽𝜃𝛼𝜃𝛽 

𝜔𝛾
𝛽

≔ 𝜔𝛼𝛾
𝛽

𝜃𝛼 

∇𝛼𝜐𝛽 ≔ 𝜕𝛼𝜐𝛽 + 𝜔𝛼𝛾
𝛽

𝜐𝛾 

Conexión de Riemann 

𝑑𝜃𝛾 + 𝜔𝛼𝛽
𝛾

𝜃𝛼 ∧ 𝜃𝛽 

𝜔𝛽𝛾
𝛼 − 𝜔𝛾𝛽

𝛼 = ℭ𝛽𝛾
𝛼 〈∇𝛼𝜕𝛽𝑓 − ∇𝛽𝜕𝛼𝑓〉〈𝜕𝛼𝑔𝛽𝛾 − 𝜔𝛼𝛾

𝜆 𝑔𝛽𝜆 − 𝜔𝛼𝛽
𝜆 𝑔𝜆𝛾〉 

𝜔𝛼𝛾
𝛽

≡ Γ𝛼𝛾
𝛽

+ 𝑔𝛽𝜇𝜔̃𝛼𝛾,𝜇 

𝜔̃𝛼𝛾,𝜇 ≡
1

2
(𝑔𝜇𝜆ℭ𝛼𝛾

𝜆 − 𝑔𝜆𝛾ℭ𝛼𝜇
𝜆 − 𝑔𝛼𝜆ℭ𝛾𝜇

𝜆 ) 

Γ𝛼𝛾
𝛽

≡
1

2
𝑔𝛽𝜇(𝜕𝛼𝑔𝛾𝜇 + 𝜕𝛾𝑔𝛼𝜇 − 𝜕𝜇𝑔𝛼𝛾) 

Curvatura de Riemann 

(∇𝜆∇𝜇 − ∇𝜇∇𝜆)𝜐𝛼 ≡ ℛ𝜆𝜇
𝛼𝛽

𝜐𝛽 

ℛ𝜆𝜇
𝛼𝛽

≡ 𝜕𝜆𝜔𝜇𝛽
𝛼 − 𝜕𝜇𝜔𝜆𝛽

𝛼 + 𝜔𝜆𝜌
𝛼 𝜔𝜇𝛽

𝜌
− 𝜔𝜇𝜌

𝛼 𝜔𝜆𝛽
𝜌

− 𝜔𝜌𝛽
𝛼 ℭ𝜆𝜇

𝜌
 

〈ℛ𝛼𝛽,𝜆𝜇 + ℛ𝜇𝛼,𝛽𝜆 + ℛ𝜆𝜇,𝛼𝛽〉 
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Identidades de Bianchi 

∇𝛼ℛ𝛽𝛾,𝜆𝜇 + ∇𝛽ℛ𝛾𝛼,𝜆𝜇 + ∇𝛾ℛ𝛼𝛽,𝜆𝜇 

Tensor de Ricci 

ℛ𝛼𝛽 ≔ ℛ𝜆𝛼
𝜆𝛽

 

Curvatura escalar 

ℛ ≔ 𝑔𝛼𝛽ℛ𝛼𝛽 

Tensor de Einstein 

𝛿𝛼𝛽 ≔ ℛ𝛼𝛽 −
1

2
𝑔𝛼𝛽ℛ 

Identidad de Conservación 

∇𝛼ℛ𝛽𝛾
𝛼𝜇

− ∇𝛽ℛ𝛾𝜇 + ∇𝛾ℛ𝛽𝜇〈∇𝛼𝛿𝛼𝛽∇𝛼𝒯𝛼𝛽𝛿𝛼𝛽|𝒯𝛼𝛽|〉 

Sistema de Cauchy 

𝜕𝑖 =
𝜕

𝜕𝜒𝑖
 

𝜃𝑖 = 𝑑𝜒𝑖 + 𝛽𝑖𝑑𝑡 

𝜃0 = 𝑑𝑡 

𝜕0 ≡ 𝜕𝑡 − 𝛽𝑗𝜕𝑗, 𝜕𝑡 ≔
𝜕

𝜕𝑡
 

𝑑𝑠2 = −𝒩2(𝜃0)2 + 𝑔𝑖𝑗𝜃
𝑖𝜃𝑗 

Coeficientes de estructura 

ℭ0𝑗
𝑖 = −ℭ𝑗0

𝑖 = 𝜕𝑗𝛽
𝑖 

𝜔𝑗𝜅
𝑖 ≡ Γ𝑗𝜅

𝑖 ≡ Γ̅𝑗𝜅
𝑖  

𝜔00
𝑖 ≡ 𝒩𝑔𝑖𝑗𝜕𝑗𝒩, 𝜔0𝑖

0 ≡ 𝜔𝑖0
0 ≡ 𝒩−1𝜕𝑖𝒩, 𝜔00

0 ≡ 𝒩−1𝜕0𝒩 

𝜔𝑖𝑗
0 ≡

1

2
𝒩−2{𝜕0𝑔𝑖𝑗 + 𝑔ℏ𝑗ℭ𝑖0

ℏ + 𝑔𝑖ℏℭ𝑗0
ℏ } 

𝜔𝑖𝑗
0 ≡

1

2
𝒩−2𝜕̅0𝑔𝑖𝑗 

𝜕̅0 ≔
𝜕

𝜕𝑡
− ℒ̅𝛽 
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𝜅𝑖𝑗 ≡ −𝜔𝑖𝑗
0 𝜂0 ≡ −𝒩𝜔𝑖𝑗

0 ≡ −
1

2
𝒩−1𝜕̅0𝑔𝑖𝑗 

𝜔0𝑗
𝑖 ≡ −𝒩𝜅𝑗

𝑖 + 𝜕𝑗𝛽
𝑖, 𝜔𝑗0

𝑖 ≡ −𝒩𝜅𝑗
𝑖 

𝜏 ≡ 𝑡𝑟𝑔̅𝜅 ≡ 𝑔̅𝑖𝑗𝜅𝑖𝑗 

Curvatura extrínseca 

∇𝑖𝜂𝑗 = 𝜔𝑖𝑗
0 𝜂0 = −𝜔𝑖𝑗

0 𝒩 ≡ 𝜅𝑖𝑗 

∇𝛼𝜂𝛼 = ∇𝑖𝜂
𝑖 = 𝑔̅𝑖𝑗𝜅𝑖𝑗 ≔ 𝜏 

Tensor de Riemann 

ℛ𝑖𝑗,𝜅𝑙 ≡ ℛ̅𝑖𝑗,𝜅𝑙 + 𝜅𝑖𝜅𝜅𝑗𝑙 − 𝜅𝑖𝑙𝜅𝜅𝑗 

ℛ0𝑖,𝑗𝜅 ≡ 𝒩(∇̅𝑗𝜅𝜅𝑖 − ∇̅𝜅𝜅𝑗𝑖) 

ℛ0𝑖,0𝑗 ≡ 𝒩(𝜕̅0𝜅𝑖𝑗 + 𝒩𝜅𝑖𝜅𝜅𝑗
𝜅 + ∇̅𝑖𝜕𝑗𝒩) 

Curvatura de Ricci 

𝒩ℛ𝑖𝑗 ≡ 𝒩ℛ̅𝑖𝑗 − 𝜕̅0𝜅𝑖𝑗 + 𝒩𝜅𝑖𝑗𝜅ℏ
ℏ − 2𝒩𝜅𝑖𝜅𝜅𝑗

𝜅 − ∇̅𝑖𝜕𝑗𝒩 

𝒩−1ℛ0𝑗 ≡ 𝜕𝑗𝜅ℏ
ℏ − ∇̅ℏ𝜅𝑗

ℏ, ℛ00 ≡ 𝒩(𝜕̅0𝜅ℏ
ℏ − 𝒩𝜅𝑖𝑗𝜅

𝑖𝑗 + Δ̅𝒩) 

ℛ̅ ≔ 𝑔𝑖𝑗ℛ̅𝑖𝑗 , 𝑔
𝑖𝑗ℛ𝑖𝑗 = ℛ̅ − 𝒩−1𝜕̅0𝜅ℏ

ℏ + (𝜅ℏ
ℏ)

2
− 𝒩−1Δ̅𝒩 

ℛ ≡ −𝒩−2ℛ00 + 𝑔𝑖𝑗ℛ𝑖𝑗 = ℛ̅ + 𝜅𝑖𝑗𝜅
𝑖𝑗 + (𝜅ℏ

ℏ)
2

− 2𝒩−1𝜕̅0𝜅ℏ
ℏ − 2𝒩−1Δ̅𝒩 

𝛿00 ≡ ℛ00 −
1

2
𝑔00ℛ ≡

1

2
(ℛ00 + 𝑔𝑖𝑗ℛ𝑖𝑗) 

2𝒩−2𝛿00 ≡ −2𝛿0
0 ≡ ℛ̅ − 𝜅𝑖𝑗𝜅

𝑖𝑗 + (𝜅ℏ
ℏ)

2
 

𝒩ℛ𝑗
𝑖 = 𝒩ℛ̅𝑗

𝑖 − 𝜕̅0𝜅𝑗
𝑖 + 𝒩𝜅𝑗

𝑖𝜅ℏ
ℏ − ∇̅𝑖𝜕

𝑗𝒩 

𝜕̅0𝑔𝑖𝑗 = 2𝒩𝜅𝑖𝑗 

Restricciones y evolución 

𝛿𝛼𝛽 ≡ ℛ𝛼𝛽 −
1

2
𝑔𝛼𝛽ℛ = 𝒯𝛼𝛽 ≡ 𝜌𝛼𝛽 −

1

2
𝑔𝛼𝛽𝜌 

ℭ𝑖 ≡
1

𝒩
(ℛ0𝑖 − 𝜌0𝑖) ≡ −∇̅ℏ𝜅𝑖

ℏ + ∇̅𝑖𝜅ℏ
ℏ − 𝒩−1𝜌0𝑖 

ℭ0 ≡
2

𝒩2
(𝛿00 − 𝒯00) ≡ ℛ̅ − 𝜅𝑗

𝑖𝜅𝑖
𝑗

+ (𝜅ℏ
ℏ)

2
+ 2𝒯0

0 
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ℛ𝑖𝑗 ≡ ℛ̅𝑖𝑗 −
𝜕̅0𝜅𝑖𝑗

𝒩
− 2𝜅𝑗ℏ𝜅𝑖

ℏ + 𝜅𝑖𝑗𝜅ℏ
ℏ −

∇̅𝑗𝜕𝑖𝒩

𝒩
= 𝜌𝑖𝑗 

ℛ − 𝜌 = −𝒩2(ℛ00 − 𝜌00) 

𝛿00 − 𝒯00 =
1

2
(ℛ00 − 𝜌00), ℛ − 𝜌 = −2𝒩2(𝛿00 − 𝒯00) = 2(𝛿0

0 − 𝒯0
0) 

𝛿𝑖𝑗 − 𝒯 𝑖𝑗 =
1

2
𝑔̅𝑖𝑗(ℛ − 𝜌) = −𝑔̅𝑖𝑗(𝛿0

0 − 𝒯0
0) 

𝒩−2𝜕0Σ0
𝑖 + 𝑔̅𝑖𝑗𝜕𝑗Σ0

0, 𝜕0Σ0
0 + 𝜕𝑖Σ0

𝑖  

Lagrangiano y hamiltoniano 

ℒ(𝑔) ≔ ∫ ℛ𝜇𝑔 ∫{℘𝑞̇ − ℋ(℘, 𝑞)}

𝑡2

𝑡1

𝑑𝑡 

𝑞̇ =
𝜕ℋ

𝜕℘
, ℘̇ = −

𝜕ℋ

𝜕𝑞
 

ℒ(𝑔) ≔ ∫ ∫ ℛ𝒩𝜇𝑔̅𝑑𝑡

ℳ

𝑡2

𝑡1

≡ ∫ ∫{𝒩(ℛ̅ + |𝜅|2 + 𝜏2) − 2𝜕0𝜏 − 2Δ̅𝒩}𝜇𝑔̅𝑑𝑡

ℳ

𝑡2

𝑡1

 

ℋ ≔ ℛ̅ − |𝜅|2 + 𝜏2 

ℒ(𝑔) ≔ ∫ ∫{2𝒩|𝜅|2 + 𝒩ℋ − 2𝜕0𝜏 − 2Δ̅𝒩}𝜇𝑔̅𝑑𝑡

ℳ

𝑡2

𝑡1

 

∫ ∫ 𝜕0𝜏𝜇𝑔̅𝑑𝑡

ℳ

𝑡2

𝑡1

≡ ∫ ∫ {
𝜕𝜏

𝜕𝑡
− 𝛽𝑖

𝜕𝜏

𝜕𝜒𝑖
} (det 𝑔̅)

1
2𝑑𝜒1 ⋅⋅⋅ 𝑑𝜒𝜂𝑑𝑡

ℳ

𝑡2

𝑡1

 

∫ ∫ {
𝜕

𝜕𝑡
[𝜏(det 𝑔̅)

1
2] + [−𝜏(det 𝑔̅)−

1
2

𝜕

𝜕𝑡
(det 𝑔̅)

1
2 − ∇𝑖(𝛽𝑖𝜏) + 𝜏∇̅𝑖𝛽

𝑖] (det 𝑔̅)
1
2} 𝑑𝜒1 ⋅⋅⋅ 𝑑𝜒𝜂𝑑𝑡

ℳ

𝑡2

𝑡1

 

(det 𝑔̅)−
1
2

𝜕

𝜕𝑡
(det 𝑔̅)

1
2 − ∇̅𝑖𝛽

𝑖 ≡
1

2
𝑔𝑖𝑗𝜕̅0𝑔𝑖𝑗 ∭ 𝜕0𝜏𝜇𝑔̅𝑑𝑡 ≅ −

1

2
∬ 𝜏𝑔𝑖𝑗𝜕̅0𝑔𝑖𝑗𝜇𝑔̅𝑑𝑡 

ℒ(𝑔) ≅ ∫ ∫{2𝒩𝜅𝑖𝑗𝜅𝑖𝑗 + 𝒩ℋ + 𝜏𝑔𝑖𝑗𝜕̅0𝑔𝑖𝑗}𝜇𝑔̅𝑑𝑡

ℳ

𝑡2

𝑡1

 

ℒ(𝑔) ≅ ∫ ∫{𝒫𝑖𝑗𝜕̅0𝑔𝑖𝑗 + 𝒩ℋ}𝜇𝑔̅𝑑𝑡

ℳ

𝑡2

𝑡1

≡ ∫ ∫ {𝒫𝑖𝑗 (
𝜕

𝜕𝑡
𝑔𝑖𝑗 − 2∇̅𝑗𝛽𝑖) + 𝒩ℋ}𝜇𝑔̅𝑑𝑡

ℳ

𝑡2

𝑡1
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ℒ(𝑔) ≅ ∫ ∫ {𝒫𝑖𝑗
𝜕

𝜕𝑡
𝑔𝑖𝑗 − 2𝛽𝑖ℳ

𝑖 + 𝒩ℋ}

ℳ

𝑡2

𝑡1

𝜇𝑔̅𝑑𝑡 

ℒ(𝑔̅, 𝒫, 𝒩, 𝛽) ≔ ∫ ∫ {𝒫𝑖𝑗
𝜕

𝜕𝑡
𝑔𝑖𝑗 − 2𝛽𝑖ℳ

𝑖 + 𝒩ℋ}

ℳ

𝑡2

𝑡1

𝑑𝜇𝑔̅𝑑𝑡 

ℱ ≔ ∭ ℋ𝑡𝑜𝑡𝜇𝑔̅

ℳ

 

ℋ𝑡𝑜𝑡 ≔ 2𝛽𝑖ℳ
𝑖 − 𝒩ℋ 

ℋ ≡ ℛ̅ − 𝒫𝑖𝑗𝒫
𝑖𝑗 +

1

𝜂 − 1
(𝒫ℏ

ℏ)
2
 

𝛿ℒ ≡ ∭ {
𝜕ℒ

𝜕𝑔𝑖𝑗
𝛿𝑔𝑖𝑗 +

𝜕ℒ

𝜕𝒫𝑖𝑗
𝛿𝒫𝑖𝑗 +

𝜕ℒ

𝜕𝛽𝑖
𝛿𝛽𝑖 +

𝜕ℒ

𝜕𝒩
𝛿𝒩} 𝜇𝑔̅𝑑𝑡

ℳ

 

𝛿𝒫ℒ ≡ ∭ {
𝜕𝑔𝑖𝑗

𝜕𝑡
−

𝜕ℋ𝑡𝑜𝑡

𝜕𝒫𝑖𝑗
} 𝛿𝒫𝑖𝑗𝜇𝑔̅

ℳ

 

∭
𝜕ℋ𝑡𝑜𝑡

𝜕𝒫𝑖𝑗
𝛿𝒫𝑖𝑗𝜇𝑔̅ =

ℳ

∭{−2𝛽𝑖∇̅𝑗𝛿𝒫𝑖𝑗 − 𝒩𝛿𝒫ℋ}𝜇𝑔̅

ℳ

 

𝛿𝒫ℋ ≡ (𝒫𝑖𝑗 −
1

𝜂 − 1
𝑔𝑖𝑗𝒫ℏ

ℏ) 𝛿𝒫𝑖𝑗 ≡ 2𝜅𝑖𝑗𝛿𝒫𝑖𝑗 

𝜕ℋ𝑡𝑜𝑡

𝜕𝒫𝑖𝑗
= ∇̅𝑗𝛽𝑖 + ∇̅𝑖𝛽𝑗 − 2𝒩𝜅𝑖𝑗 

𝛿𝑔̅,𝒫ℱ ≡ ∭ {
𝜕ℋ𝑡𝑜𝑡

𝜕𝑔𝑖𝑗
𝛿𝑔𝑖𝑗 +

𝜕ℋ𝑡𝑜𝑡

𝜕𝒫𝑖𝑗
𝛿𝒫𝑖𝑗} 𝑑𝜇𝑔̅𝑑𝑡

ℳ

≡ ∭{2𝛽𝑖𝛿𝑔̅,𝒫ℳ𝑖 − 𝒩𝛿𝑔̅,𝒫ℋ}𝑑𝜇𝑔̅𝑑𝑡

ℳ

 

𝛿𝑔̅,𝒫ℱ ≡ 〈(𝛽, 𝒩), (𝜙′⨂(𝛿𝑔̅, 𝛿𝒫))〉 

𝛿𝑔̅,𝒫ℱ ≡ 〈(𝛽, 𝒩), 𝜙′⨂(𝛿𝑔̅, 𝛿𝒫)〉 ≡ 〈𝜙′†⨂(𝛽, 𝒩), (𝛿𝑔̅, 𝛿𝒫)〉 

〈𝜙′†⨂(𝛽, 𝒩), (𝛿𝑔̅, 𝛿𝒫)〉 = 〈(−
𝜕𝒫

𝜕𝑡
,
𝜕𝑔̅

𝜕𝑡
) , (𝛿𝑔̅, 𝛿𝒫)〉 

(
𝜕𝑔̅

𝜕𝑡
,
𝜕𝒫

𝜕𝑡
) = 𝒥𝜙′†⨂(𝛽, 𝒩) 

Ecuaciones ADM 
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𝜕𝑡𝑔𝑖𝑗 = −2𝒩𝜅𝑖𝑗 + ∇̅𝑖𝛽𝑗 + ∇̅𝑗𝛽𝑖 

𝜕𝑡𝜅𝑖𝑗 = 𝒩{ℛ̅𝑖𝑗 − 2𝜅𝑖ℏ𝜅𝑗
ℏ + 𝜅𝑖𝑗𝜅ℏ

ℏ} − ∇̅𝑖𝜕𝑗𝒩 + 𝛽ℏ∇̅𝜅𝑖𝑗 + 𝜅𝑖ℏ∇̅𝑗𝛽
ℏ + 𝜅ℏ𝑗∇̅𝑖𝛽

ℏ − 𝒩𝜌𝑖𝑗 

Coordenadas de ondas cuánticas 

𝑔𝜆𝜇∇𝜆𝜕𝜇𝜇 ≡ 𝑔𝜆𝜇 (𝜕𝜆𝜇
2 𝜇 − Γ𝜆𝜇

𝜌
𝜕𝜌𝜇) ≡ −𝑔𝜆𝜇Γ𝜆𝜇

𝛼  

ℛ𝛼𝛽
(ℏ)

≡ −
1

2
𝑔𝜆𝜇𝜕𝜆𝜇

2 𝑔𝛼𝛽 + 𝒫𝛼𝛽(𝑔, 𝜕𝑔) 

ℛ𝛼𝛽 ≡ ℛ𝛼𝛽
(ℏ)

+ ℒ𝛼𝛽 

ℒ𝛼𝛽 ≡
1

2
{𝑔𝛼𝜆𝜕𝛽ℱ𝜆 + 𝑔𝛽𝜆𝜕𝛼ℱ𝜆} 

ℛ𝛼𝛽
(ℏ)

≡ −
1

2
𝑔𝜆𝜇𝜕𝜆𝜇

2 𝑔𝛼𝛽 + 𝒫𝛼𝛽
𝜌𝜎𝛾𝛿𝜆𝜇(𝑔)𝜕𝜌𝑔𝛾𝛿𝜕𝜎𝑔𝜆𝜇 

𝒫𝛼𝛽
𝜌𝜎𝛾𝛿𝜆𝜇(𝑔)𝜕𝜌𝑔𝛾𝛿𝜕𝜎𝑔𝜆𝜇 ≡ −

1

2
(𝜕𝛽𝑔𝜆𝜇𝜕𝜆𝑔𝛼𝜇 + 𝜕𝛼𝑔𝜆𝜇𝜕𝜆𝑔𝛽𝜇) − Γ𝛼𝜆

𝜇
Γ𝛽𝜇

𝜆  

ℛ𝛼𝛽 ≡ ℛ(ℏ)
𝛼𝛽

+ ℳ𝛼𝛽 

ℳ𝛼𝛽 ≡
1

2
{𝑔𝛼𝜆𝜕𝜆ℱ𝛽 + 𝑔𝛽𝜆𝜕𝜆ℱ𝛼} 

ℛ(ℏ)
𝛼𝛽

≡
1

2
𝑔𝜆𝜇𝜕𝜆𝜇

2 𝑔𝛼𝛽 + 𝒬𝛼𝛽
𝜌𝜎𝛾𝛿𝜆𝜇(𝑔)𝜕𝜌𝑔𝛾𝛿𝜕𝜎𝑔𝜆𝜇 

𝜕𝜆𝑔𝛼𝛽 ≡ −𝑔𝛼𝜎𝑔𝛽𝜌𝜕𝜆𝑔𝜎𝜌 

ℱ𝛼 ≡ −∇𝜆𝑔𝜆(𝛼) 

∇𝜆∇𝛼𝑔𝜆(𝛽) ≡ ℛ𝜆𝜇
𝛼,𝜆𝑔𝜇(𝛽) ≡ ℛ𝛼𝛽 

ℛ(ℏ)
𝛼𝛽

≡
1

2
{∇𝜆∇𝛼𝑔𝜆(𝛽) + ∇𝜆∇𝛽𝑔𝜆(𝛼)} 

∇𝛼𝑔𝜆(𝛽) = −𝑔𝛼𝜌𝑔𝜆𝜇Γ𝜌𝜇
(𝛽)

= −𝑔𝛼𝜌𝑔𝜆𝜇𝑔𝛾(𝛽)[𝛾, 𝜌𝜇] 

ℛ(ℏ)
𝛼𝛽

≡
1

4
𝑔𝜆𝜇∇𝜆{(𝑔𝛼𝜌𝑔(𝛽)𝛾 + 𝑔𝛽𝜌𝑔(𝛼)𝛾)𝜕𝜇𝑔𝛾𝜌} ≡

1

4
𝑔𝜆𝜇∇𝜆{𝜕𝜇𝑔(𝛼)𝛽 + 𝜕𝜇𝑔𝛽(𝛼)} 

ℛ(ℏ)
𝛼𝛽

≡
1

2
𝑔𝜆𝜇𝜕𝜆𝜇

2 𝑔𝛼𝛽 + 𝒬𝛼𝛽,𝜌𝜎𝛾𝛿𝜆𝜇(𝑔)𝜕𝜌𝑔𝛾𝛿𝜕𝜎𝑔𝜆𝜇 

𝒬𝛼𝛽,𝜌𝜎𝛾𝛿𝜆𝜇(𝑔)𝜕𝜌𝑔𝛾𝛿𝜕𝜎𝑔𝜆𝜇 ≡ 𝑔𝜆𝜇 {−2Γ𝜆𝜇
𝜌

𝜕𝜌𝑔𝛼𝛽 + Γ𝜆𝜌
𝛼 𝜕𝜇𝑔𝜌𝛽 + Γ𝜌𝜆

𝛽
𝜕𝜇𝑔𝛼𝜌} 

𝛿𝛼𝛽 ≔ ℛ𝛼𝛽 −
1

2
ℛ𝑔𝛼𝛽 ≡ 𝛿(ℏ)

𝛼𝛽
+

1

2
{𝑔𝛼𝜆𝜕𝜆ℱ𝛽 + 𝑔𝛽𝜆𝜕𝜆ℱ𝛼 − 𝑔𝛼𝛽𝜕𝜆ℱ𝜆} 
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𝒢𝛼𝛽 ≡ 𝑔𝛼𝛽(det 𝑔)
1
2 

𝛿(ℏ)
𝛼𝛽

≡ ℛ(ℏ)
𝛼𝛽

−
1

2
𝑔𝛼𝛽ℛ(ℏ) 

ℛ(ℏ) ≡ 𝑔𝜆𝜇𝑔𝛼𝛽𝜕𝜆𝜇
2 𝑔𝛼𝛽 + 𝑔𝛼𝛽𝒬𝛼𝛽,𝜌𝜎𝛾𝛿𝜆𝜇(𝑔)𝜕𝜌𝑔𝛾𝛿𝜕𝜎𝑔𝜆𝜇 

𝑔𝛼𝛽𝜕𝜆𝜇
2 𝑔𝛼𝛽 ≡ 𝜕𝜆(𝑔𝛼𝛽𝜕𝜇𝑔𝛼𝛽) − 𝜕𝜆𝑔𝛼𝛽𝜕𝜇𝑔𝛼𝛽 

𝑔𝛼𝛽𝜕𝜆𝜇
2 𝑔𝛼𝛽 ≡ −𝜕𝜆(𝑔𝛼𝛽𝜕𝜇𝑔𝛼𝛽) − 𝜕𝜆𝑔𝛼𝛽𝜕𝜇𝑔𝛼𝛽 

𝑔𝛼𝛽𝜕𝜆𝜇
2 𝑔𝛼𝛽 ≡ −𝜕𝜆(|det 𝑔|−1𝜕𝜇|det 𝑔|) − 𝜕𝜆𝑔𝛼𝛽𝜕𝜇𝑔𝛼𝛽 

ℛ(ℏ) ∼ −
1

2
𝑔𝛼𝛽𝑔𝜆𝜇𝜕𝜆𝜇

2 𝑔𝛼𝛽 ∼ −
𝑔𝜆𝜇

|det 𝑔|
1
2

𝜕𝜆𝜇
2 |det 𝑔|

1
2 

𝛿(ℏ)
𝛼𝛽

∼
1

2
|det 𝑔|−

1
2𝑔𝜆𝜇𝜕𝜆𝜇

2 𝒢𝛼𝛽 

ℛ𝛼𝛽 ≡ ℛ𝛼𝛽
(ℏ)

+
1

2
{𝑔𝛼𝜆𝜕𝛽(ℱℋ

𝜆 + ℋ𝜆) + 𝑔𝛽𝜆𝜕𝛼(ℱℋ
𝜆 + ℋ𝜆)} 

ℛ𝛼𝛽
(ℏ,ℋ)

≡ ℛ𝛼𝛽
(ℏ)

+
1

2
{𝑔𝛼𝜆𝜕𝛽ℋ𝜆 + 𝑔𝛽𝜆𝜕𝛼ℋ𝜆} 

ℛ𝛼𝛽
(ℏ,ℋ,𝛾0)

≡ ℛ𝛼𝛽
(ℏ)

+
1

2
{𝑔𝛼𝜆𝜕𝛽ℋ𝜆 + 𝑔𝛽𝜆𝜕𝛼ℋ𝜆} +

1

2
𝛾0ℱℋ

𝜆 (𝑔𝛽𝜆𝜂𝛼 + 𝑔𝛼𝜆𝜂𝛽 − 𝑔𝛼𝛽𝜂𝜆) 

𝑔𝛼𝛽(𝜕𝛼𝛽
2 𝑓Α − Γ𝛼𝛽

𝜆 𝜕𝜆𝑓Α − Γℬ𝒞
𝒜 (𝑓)𝜕𝛼𝑓Β𝜕𝛽𝑓ℭ) 

ℱ̂𝜆 ≡ 𝑔𝛼𝛽(Γ𝛼𝛽
𝜆 − Γ̂𝛼𝛽

𝜆 ) 

ℛ𝛼𝛽
(𝑒̂)

≡ ℛ𝛼𝛽 −
1

2
{𝑔𝛼𝜆𝔇𝛽ℱ̂𝜆 + 𝑔𝛽𝜆𝔇𝛼ℱ̂𝜆} 

ℛ𝛼𝛽
(𝑒̂)

≡ −
1

2
𝑔𝜆𝜇𝔇𝜆𝔇𝜇𝑔𝛼𝛽 + 𝑓𝛼𝛽 

𝔇𝜆𝔇𝜇𝑔𝛼𝛽 = 𝜕𝜆𝜇
2 𝑔𝛼𝛽 − 𝑔𝜌𝛽𝜕𝜆Γ̂𝛼𝜇

𝜌
− 𝑔𝛼𝜌𝜕𝜆Γ̂𝜇𝛽

𝜌
 

ℱ̂𝛽 ≡ ℱ𝛽 − 𝑔𝜆𝜇Γ̂𝜆𝜇
𝛽

 

ℛ̂𝜇𝛼𝛽
𝜆 = 𝜕𝛼Γ̂𝜇𝛽

𝜆 − 𝜕𝛽Γ̂𝜇𝛼
𝜆  

𝑓𝛼𝛽 ≡ 𝒫𝛼𝛽
𝜌𝜎𝛾𝛿𝜆𝜇

𝔇𝜌𝑔𝛾𝛿𝔇𝜎𝑔𝜆𝜇 +
1

2
𝑔𝜆𝜇 {𝑔𝛼𝜌ℛ̂𝜆𝛽𝜇

𝜌
+ 𝑔𝛽𝜌ℛ̂𝜆𝛼𝜇

𝜌
} 

𝔇𝜆𝔇𝜇𝑔𝛼𝛽 = 𝜕𝜆𝜇
2 𝑔𝛼𝛽 + 𝑔𝜌𝛽𝜕𝜆Γ̂𝜇𝜌

𝛼 + 𝑔𝛼𝜌𝜕𝜆Γ̂𝜇𝜌
𝛽

 

ℛ𝛼𝛽 ≡ ℛ(𝑒̂)
𝛼𝛽

+
1

2
{𝑔𝛼𝜆𝔇𝜆ℱ̂𝛽 + 𝑔𝛽𝜆𝔇𝜆ℱ̂𝛼} 
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ℛ(𝑒̂)
𝛼𝛽

≡
1

2
𝑔𝜆𝜇𝔇𝜆𝔇𝜇𝑔𝛼𝛽 + 𝒬𝛾𝛿𝜆𝜇

𝛼𝛽𝜌𝜎(𝑔)𝔇𝜌𝑔𝛾𝛿𝔇𝜎𝑔𝜆𝜇 −
1

2
𝑔𝜆𝜇 {𝑔𝛼𝜌ℛ̂𝜇𝜆𝜌

𝛽
+ 𝑔𝛽𝜌ℛ̂𝜇𝜆𝜌

𝛼 } 

𝑅𝑖𝑐𝑐(𝑔)(𝑒̂) ≡
1

2
𝑔⨂𝔇2𝑔 + 𝒫(𝑔)(𝔇𝑔, 𝔇𝑔) − 𝑔⨂ℛ̂𝑖𝑒𝑚𝑎𝑛𝑛 

−𝒩̅−3(𝜕0𝒩̅̅ ̅̅ ̅̅ + 𝒩̅𝑔̅𝑖𝑗𝜅̅𝑖𝑗) = 𝑔𝜆𝜇Γ̂𝜆𝜇
0  

𝒩̅−1𝑔̅𝑖ℏ𝜕ℏ𝒩̅ − 𝒩̅−2𝑔̅𝑖ℏ𝜕𝑡𝑔0ℏ + 𝑔̅𝑗ℏΓ̂𝑗ℏ
𝑖 = 𝑔𝜆𝜇Γ̂𝜆𝜇

𝑖  

Preservación de las ondas cuánticas 

∇𝛼𝛿𝛼𝛽 ≡ 0 

ℛ(ℏ)
𝛼𝛽

= 𝜌𝛼𝛽 

𝛿𝛼𝛽 − 𝒯𝛼𝛽 = −
1

2
(𝑔𝛼𝜆𝜕𝜆ℱ̂𝛽 + 𝑔𝛽𝜆𝜕𝜆ℱ̂𝛼 − 𝑔𝛼𝛽𝜕𝜆ℱ̂𝜆) 

𝑔𝛼𝜆𝜕𝛼𝜆
2 ℱ̂𝛽 + Α𝛼

𝛽𝜆
𝜕𝜆ℱ̂𝛼 

ℛ𝛼𝛽
(ℏ)

+
1

2
{𝑔𝛼𝜆𝜕𝛽ℋ𝜆 + 𝑔𝛽𝜆𝜕𝛼ℋ𝜆} = 𝜌𝛼𝛽 

𝑔𝛼𝜆𝜕𝛼𝜆
2 ℱ̂ℋ

𝛽
+ Α𝛼

𝛽𝜆
𝜕𝜆ℱ̂ℋ

𝛼  

𝛿𝛼𝛽 − 𝒯𝛼𝛽 =
1

2
(𝑔𝛼𝜆𝔇𝛽ℱ̂𝜆 + 𝑔𝛽𝜆𝔇𝛼ℱ̂𝜆 − 𝑔𝛼𝛽𝔇𝜆ℱ̂𝜆) 

𝛿𝛼0 ≡ 𝛿(ℏ)
𝛼0 +

1

2
(𝑔𝛼𝜆𝜕𝜆ℱ̂0 + 𝑔0𝜆𝜕𝜆ℱ̂𝛼 − 𝑔𝛼0𝜕𝜆ℱ̂𝜆) 

𝛿𝛼0 ≡ 𝛿(ℏ)
𝛼0 +

1

2
𝑔00𝜕0ℱ𝛼 

𝑔𝜆𝜇 =
𝜕𝑓𝛼

𝜕𝜒𝜆

𝜕𝑓𝛽

𝜕𝜒𝜇
𝑔𝛼𝛽 

Γ𝑖𝑗
0 =

𝜕𝑓0

𝜕𝜒𝜆

𝜕ℱ𝛼

𝜕𝜒𝑖

𝜕ℱ𝛽

𝜕𝜒𝑗
Γ𝛼𝛽

𝜆 +
𝜕𝑓0

𝜕𝜒𝛼

𝜕

𝜕𝜒𝑖

𝜕ℱ𝛼

𝜕𝜒𝑗
 

ℭ𝛼 ≡
1

2
𝑔𝑖𝑗𝜕𝑖𝑗

2 𝒢𝛼0 −
1

2
𝑔00𝜕𝑖𝑡

2 𝒢𝛼𝑖 + 𝑔𝑖0𝜕𝑖𝑡
2 𝒢𝛼0 + 𝒦𝛼0 − 𝒯𝛼0 

ℭ0 ≡
1

2
𝑔𝑖𝑗𝜕𝑖𝑗

2 𝒢00 − 𝒜 

𝒜 ≔
1

2
𝑔00𝜕𝑖𝑡

2 𝒢𝛼𝑖 + 𝑔𝑖0𝜕𝑖𝑡
2 𝒢𝛼0 + 𝒦𝛼0 − 𝒯𝛼0 

ℭℏ ≡ −
1

2
𝑔00𝜕𝑖(𝜕𝑡𝒢

ℏ𝑖) + 𝔅ℏ 
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𝔅ℏ ≔
1

2
𝑔𝑖𝑗𝜕𝑖𝑗

2 𝒢ℏ0 + 𝑔𝑖0𝜕𝑖𝑡
2 𝒢ℏ0 + 𝒦𝛼0 − 𝒯𝛼0 

ℭ0 ≡
1

2
𝑔𝑖𝑗𝜕𝑖𝑗

2 𝒢00 − 𝑔0𝑖𝜕𝑖𝑗
2 𝒢𝑗0 − 𝑓0 

ℭℏ ≡
1

2
𝑔𝑖𝑗𝜕𝑖𝑗

2 𝒢0ℏ − 𝑓ℏ 

𝛿𝛼𝛽 = 𝜏𝛼𝛽 ≡ ℱ𝛼
𝜆ℱ𝛽𝜆 −

1

4
𝑔𝛼𝛽ℱ𝜆𝜇ℱ𝜆𝜇 

ℛ𝛼𝛽 = ℱ𝛼
𝜆ℱ𝛽𝜆 −

1

2(𝜂 − 1)
𝑔𝛼𝛽ℱ𝜆𝜇ℱ𝜆𝜇 

∇𝛼ℱ𝛼𝛽 = 𝑔𝛼𝜆 (𝜕𝜆ℱ𝛼𝛽 − Γ𝜆𝛽
𝜇

ℱ𝛼𝜇) − 𝑔𝛼𝜆Γ𝜆𝛼
𝜇

ℱ𝜇𝛽 

Γ𝜇 ≔ 𝑔𝛼𝜆Γ𝜆𝛼
𝜇

 

𝑔𝛼𝜆 {𝜕𝜆𝜕𝛼Α𝛽 − 𝜕𝜆𝜕𝛽Α𝛼 − Γ𝜆𝛽
𝜇

(𝜕𝛼Α𝜇 − 𝜕𝜇Α𝛼)} 

𝑔𝛼𝜆𝜕𝜆𝜕𝛼Α𝛽 − 𝜕𝛽(𝑔𝛼𝜆𝜕𝜆Α𝛼) + (𝜕𝛽𝑔𝛼𝜆)𝜕𝜆Α𝛼 − Γ𝜆𝛽
𝜇

(𝜕𝛼Α𝜇 − 𝜕𝜇Α𝛼) 

𝑔𝛼𝜆𝜕𝜆𝜕𝛼Α𝛽 = 𝑓𝛽(𝑔, 𝜕𝑔, 𝜕Α) 

𝑔𝛼𝜆𝜕𝜆Α𝛼 ≡ 𝑔𝛼𝜆(∇𝜆Α𝛼 + Γ𝛼𝜆
𝜇

Α𝜇) 

Restricciones 

Restricción hamiltoniana 

ℋ(𝑔̅, 𝜅) ≡ ℛ(𝑔̅) − |𝜅|𝑔̅
2 + (𝑡𝑟𝑔̅𝜅)

2
− 2𝜌 

ℛ̅ ≡ 𝑒−2𝜆{ℛ(𝛾) − 2(𝜂 − 1)Δ𝛾𝜆 − (𝜂 − 1)(𝜂 − 2)𝑔̅𝑖𝑗𝜕𝑖𝜆𝜕𝑗𝜆} 

ℛ(𝑔̅) ≡ 𝜑
−

(𝜂+2)
(𝜂−2) (𝜑ℛ(𝛾) −

4(𝜂 − 1)

𝜂 − 2
Δ𝛾𝜑) , 𝑔̅ ≡ 𝜑

4
(𝜂−2)𝛾𝑖𝑗 

Δ𝛾𝜑 − 𝜅𝜂ℛ(𝛾)𝜑 + 𝜅𝜂(|𝜅|𝑔̅
2 − 𝜏2 + 2𝜌)𝜑

(𝜂+2)
(𝜂−2) 

∇̅𝑖𝒫
𝑖𝑗 ≡ 𝜑

−2
(𝜂+2)
(𝜂−2)𝒟𝑖 {𝜑

−2
(𝜂+2)
(𝜂−2)𝒫𝑖𝑗} −

2

𝜂 − 2
𝜑−1𝛾𝑖𝑗𝜕𝑖𝜑𝑡𝑟𝛾𝒫 

Γ̅𝑗ℏ
𝑖 = ℭ𝑗ℏ

𝑖 +
2

𝜂 − 2
𝜑−1{𝛿𝑗

𝑖𝜕ℏ𝜑 + 𝛿ℏ
𝑖𝜕𝑗𝜑 − 𝛾𝑖𝜅𝛾𝑗ℏ𝜕𝜅𝜑} 

𝔎𝑖𝑗 = 𝜑
−2

(𝜂+2)
(𝜂−2)𝔎̃𝑖𝑗 +

1

𝜂
𝑔̅𝑖𝑗𝜏 
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𝔎𝑖𝑗 = 𝜑−2𝔎̃𝑖𝑗 +
1

𝜂
𝑔̅𝑖𝑗𝜏, 𝑔̅𝑖𝑗 = 𝜑

4
𝜂−2𝛾𝑖𝑗 

𝑡𝑟𝛾𝔎̃ ≡ 𝛾𝑖𝑗𝔎̃𝑖𝑗 = 𝜑
2𝜂

𝜂−2𝑔̅𝑖𝑗 (𝔎𝑖𝑗 −
1

𝜂
𝑔̅𝑖𝑗𝜏) 

𝒟𝑖𝔎̃
𝑖𝑗 =

𝜂 − 1

𝜂
𝜑

2𝜂
(𝜂−2)𝛾𝑖𝑗𝜕𝑖𝜏 + 𝜑

2
(𝜂+2)
(𝜂−2)𝔍 

|𝔎|𝑔̅
2 ≔ 𝑔̅𝑖ℏ𝑔̅𝑗𝜅𝔎𝑖𝑗𝔎ℏ𝜅 = 𝜑

(−3𝜂+2)
(𝜂−2) 𝛾̅𝑖ℏ𝛾̅𝑗𝜅𝔎̃𝑖𝑗𝔎̃ℏ𝜅 +

1

𝜂
𝜏2 ≡ 𝜑

(−3𝜂+2)
(𝜂−2) |𝔎̃|

𝛾

2
+

1

𝜂
𝜏2 

Δ𝛾𝜑 − 𝜅𝜂ℛ(𝛾)𝜑 + 𝜅𝜂𝜑
(−3𝜂+2)

(𝜂−2) |𝔎̃|
𝛾

2
−

𝜂 − 2

4𝜂
𝜑

(𝜂+2)
(𝜂−2)𝜏2 +

𝜂 − 2

2(𝜂 − 1)
𝜌𝜑

(𝜂+2)
(𝜂−2) 

ℋ ≡ Δ𝛾𝜑 − 𝑓(𝜑) 

Restricción de momentum 

ℳ(𝑔̅, 𝜅) ≡ ∇̅⨂𝜅 − ∇̅𝑡𝑟𝜅 − 𝔍 

ℳ𝑖 ≡ 𝒟𝑗𝔎̃
𝑖𝑗 − 𝔉𝑖 

𝔉𝑖 ≔
𝜂 − 1

𝜂
𝜑

2𝜂
(𝜂−2)𝛾𝑖𝑗𝜕𝑗𝜏 + 𝒥̅𝑖𝜑

2
(𝜂+2)
(𝜂−2) 

𝑓(𝜑) ≡ 𝔎𝜂ℛ(𝛾) − 𝔎𝜂|𝔎̃|
𝛾

2
𝜑

(−3𝜂+2)
(𝜂−2) +

𝜂 − 2

4𝜂
𝜏2𝜑

(𝜂+2)
(𝜂−2) 

𝑓(𝜑) ≡ 𝑟𝜑 − 𝛼𝜑
−

3𝜂+2
𝜂−2 − 𝑞1𝜑

−
𝜂

𝜂−2 − 𝑞2𝜑
−6+𝜂
𝜂−2 + 𝛽𝜑

𝜂+2
𝜂−2 

𝑟 ≡ 𝔎𝜂 (ℛ(𝛾) − |𝒟𝜓̅|
𝛾

2
) , 𝛼 ≡ 𝔎𝜂 (|𝔎̃|

𝛾

2
+ |𝜋̃|2) , 𝛽 ≡

𝜂 − 2

4𝜂
𝜏2 − 𝑞0 

𝑞1 = 𝔎𝜂(𝛾𝑖𝑗𝔈̅
𝑖𝔈̅𝑗 + 2𝜌̃), 𝑞2 = 𝔎𝜂𝛾𝑖ℏ𝛾𝑗𝜅𝔉̅𝑖𝑗𝔉̅ℏ𝜅 

𝑞0 = 2𝔎𝜂(𝒱(𝜓̅) + 𝜌̅0) 

𝒥̅𝑖𝜑
2
(𝜂+2)
(𝜂−2) ≡ 𝒥̃1

𝑖 + 𝜑
2
(𝜂+1)
(𝜂−2)𝒥̃0

𝑖  

𝒥̃1
𝑖 ≡ −𝛾𝑖𝑗(𝜕𝑗𝜓̅𝜋̃ + 𝜂̃𝑗𝜅𝑙𝔈̅

𝜅ℌ̅𝑙) + (1 + 𝛾ℏ𝑗𝜇̃
ℏ𝜇̃𝑗)

1
2𝜇̃𝑖(𝜇̃ + ℘̃) 

𝒥̃0
𝑖 ≡ (1 + 𝛾ℏ𝑗𝜇̃

ℏ𝜇̃𝑗)
1/2

𝜇̃𝑖(𝜇̃ + ℘̃) 

(Δ𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑖

≡ 𝔇𝑗(𝔏𝜒)𝑖𝑗 = 𝔉𝑖 

𝔉𝑖 ≡
𝜂 − 1

𝜂
𝜑

2𝜂
(𝜂−2)𝛾𝑖𝑗𝜕𝑗𝜏 + 𝜑

4
(𝜂−2)𝒥̃0

𝑖 + 𝒥̃1
𝑖 − 𝔇𝑗𝔘

𝑖𝑗  
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‖𝜒‖
𝒲2

℘ ≤ ℭ𝛾‖𝔉‖𝔏℘ 

∭ 𝜒𝑗(Δ𝛾,𝑐𝑜𝑛𝑓𝜒 − 𝜅𝜒)
𝑗
𝜇𝛾

ℳ

= − ∭ {|ℒ𝛾,𝑐𝑜𝑛𝑓𝜒|
𝛾

2
+ 𝓀|𝜒|𝛾

2}

ℳ

𝜇𝛾 

∭ 𝜒𝑗(Δ̃𝛾,𝑐𝑜𝑛𝑓𝜒 − 𝜅𝜒)
𝑗
𝜇𝛾

ℳ

≡ ∭ 𝜒𝑗𝔇𝑖

ℳ

{𝒩̃−1 (𝔇𝑖𝜒𝑗 + 𝔇𝑗𝜒𝑖 −
2

𝜂
𝛾𝑖𝑗) 𝔇𝜅𝜒𝜅} 𝜇𝛾

= − ∭ 𝒩̃−1

ℳ

(𝔇𝑖𝜒𝑗 + 𝔇𝑗𝜒𝑖 −
2

𝜂
𝛾𝑖𝑗𝔇𝜅𝜒𝜅) ⨂ (𝔇𝑖𝜒𝑗 + 𝔇𝑗𝜒𝑖 −

2

𝜂
𝛾𝑖𝑗𝔇𝑙𝜒

𝑙) 𝜇𝛾 

𝔇𝑖𝔇𝑖𝜒𝑗 + (1 −
2

𝜂
) 𝔇𝑗𝔇

𝑖𝜒𝑖 + 𝜌𝑗𝑙𝜒
𝑙 

∭ {−𝔇𝑖𝜒𝑗𝔇𝑖𝜒𝑗 − (1 −
2

𝜂
) 𝔇𝑗𝜒

𝑗𝔇𝑖𝜒𝑖 + 𝜌𝑗𝑙𝜒
𝑙𝜒𝑗}

ℳ

𝜇𝛾 

∭ 𝔇𝑖𝔘
𝑖𝑗𝜒𝑗𝜇𝛾

ℳ

= − ∭ 𝔘𝑖𝑗(ℒ𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑖𝑗

𝜇𝛾

ℳ

 

Restricciones de map 

ℋ(𝑔̅, 𝜅) ≡ ℛ̅ − |𝜅|𝑔̅
2 + (𝑡𝑟𝑔̅𝜅)

2
, ℛ̅ ≔ ℛ(𝑔̅), |𝜅|𝑔̅

2 ≔ 𝜅𝑗
𝑖𝜅𝑖

𝑗
, 𝑡𝑟𝑔̅𝜅 ≔ 𝜅𝑖

𝑖 

ℳ(𝑔̅, 𝜅) ≡ ∇̅𝜅 − 𝜕𝑡𝑟𝜅, ℳ𝑖(𝑔̅, 𝜅) ≡ ∇̅𝑗𝜅𝑗
𝑖 − 𝜕𝑖(𝑡𝑟𝜅) 

𝜙′ ≔ (ℏ, 𝜅) ↦ 𝛿𝜙 ≡ (𝛿ℋ, 2𝛿ℳ) 

𝛿ℋ = 𝛿ℛ̅ − 2𝜅⨂𝜅 + 2(𝑡𝑟𝑔̅𝜅)(𝑡𝑟𝑔̅𝔎) 

𝛿ℛ̅ = −Δ𝑔̅𝑡𝑟𝑔̅ℏ + 𝑑𝑖𝑣𝑔̅ (𝑑𝑖𝑣𝑔̅ℏ) − ℏ⨂𝑅𝑖𝑐𝑐𝑖(𝑔̅) 

𝑑𝑖𝑣𝑔̅ (𝑑𝑖𝑣𝑔̅ℏ) ≡ ∇̅𝑖∇̅𝑗ℏ𝑖𝑗 

𝛿ℳ𝑖 = ∇̅𝑗𝜅𝑖
𝑗

− 𝜕𝑖(𝑡𝑟𝜅) +
1

2
𝜅𝑖

𝑙𝜕𝑙𝑡𝑟𝑔̅ℏ −
1

2
𝜅𝑗𝑙∇̅𝑖ℏ𝑗𝑙 

𝜙′† ≔ (𝑓, 𝜒) ↦ 𝜙′⋆ ≔ (𝑓, 𝜒) ≡ (𝜙𝑔̅
′†(𝑓, 𝜒), 𝜙𝒫

′⋆(𝑓, 𝜒)) 

〈(ℏ, 𝜅), 𝜙′†(𝑓, 𝜒)〉 = 〈𝜙′⋆(ℏ, 𝜅), (𝑓, 𝜒)〉 

∭{ℏ⨂𝜙𝑔̅
′†(𝑓, 𝜒) + 𝜅⨂𝜙𝜅

′⋆(𝑓, 𝜒)}𝑑𝜇𝑔̅ = ∭{𝑓𝛿ℋ + 2𝜒𝑖𝛿ℳ𝑖} 𝜇𝑔̅ 

𝜙𝑔̅
′†(𝑓, 𝜒)𝑖𝑗 = −𝑔𝑖𝑗Δ𝑔̅𝑓 + ∇̅𝑖∇̅𝑗𝑓 − ℛ̅ 𝑖𝑗𝑓 − 𝑔𝑖𝑗∇̅ℏ(𝜒𝜅𝜅𝜅

ℏ) + ∇̅ℏ(𝜒ℏ𝜅𝑗
𝑖) 
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𝜙𝜅
′⋆(𝑓, 𝜒)𝑗

𝑖 ≡ −2𝑓(𝜅𝑗
𝑖 − 𝛿𝑗

𝑖𝜅ℏ
ℏ) − 2∇̅𝑗𝜒

𝑖 + 2𝛿𝑗
𝑖∇̅ℏ𝜒ℏ 

(
−𝑔𝑖𝑗Δ𝑔̅𝑓 + ∇̅𝑖∇̅𝑗𝑓 0

0 −2∇̅𝑗𝜒
𝑖 + 2𝛿𝑗

𝑖∇̅ℏ𝜒ℏ) 

Α⋇ ≡ (
(−𝑔𝑖𝑗𝜉ℏ𝜉ℏ + 𝜉𝑖𝜉𝑗)𝑓 0

0 −2𝜉𝑗𝜒
𝑖 + 2𝛿𝑗

𝑖ξℏ𝜒ℏ) 

𝒲𝛿
℘

= 𝑟𝑎𝑛𝑔𝑒𝜙′ + 𝑘𝑒𝑟𝜙′⋇ 

𝒲𝛿
℘

= 𝔈1 + 𝔈2, 𝔈1 ≔ 𝑘𝑒𝑟𝜙′, 𝔈2 ≔ 𝑟𝑎𝑛𝑔𝑒𝜙′⋇ 

𝐸𝑖𝑛𝑠𝑡𝑒𝑖𝑛 (𝑔) ≔ 𝛿(𝑔) 

𝛿𝑔
′ ⨂𝜒 ∭ 𝜒⨂𝛿𝑔,𝑔

′′ ⨂(𝜒, 𝜒)⨂𝜂𝑑𝜇𝑔̅

ℳ𝑡

 

Conservación de Taub 

𝑑2

𝑑𝜆2
𝜙(𝜇(𝜆)) ≡ 𝜙′(𝜇)

𝑑2𝜇

(𝑑𝜆)2
+ 𝜙′′(𝜇) (

𝑑𝜇

𝑑𝜆
,
𝑑𝜇

𝑑𝜆
) 

Criterio de Fisher–Marsden 

𝛿ℋ ≡ −Δ𝑔̅𝑡𝑟𝑔̅ℏ + ∇̅𝑖∇̅𝑗ℏ𝑖𝑗 − ℛ̅ 𝑖𝑗ℏ𝑖𝑗 − 2𝜅𝑖
𝑗
𝒦𝑗

𝑖 + 2(𝑡𝑟𝜅)(𝑡𝑟𝒦) = 𝑓0 

𝛿ℳ𝑖 ≡ ∇̅𝑗𝜅𝑖
𝑗

− 𝜕𝑖(𝑡𝑟𝜅) +
1

2
𝜅𝑖

𝑙𝜕𝑙𝑡𝑟𝑔̅ℏ −
1

2
𝜅𝑗𝑙∇̅𝑖ℏ𝑗𝑙 = 𝑓𝑖 

ℏ𝑖𝑗 =
1

𝜂
𝜆𝑔̅𝑖𝑗 , 𝜅𝑖

𝑗
=

1

2
{−𝜆𝒦𝑖

𝑗
+ (ℒ𝑐𝑜𝑛𝑓,𝑔̅𝜒)

𝑖

𝑗
} 

𝛿ℋ = (
1

𝜂
− 1) Δ𝑔̅𝜆 − 𝜆 (

1

𝜂
ℛ̅ − |𝜅|2) = 𝑓0 

(
1

𝜂
− 1) (Δ𝑔̅𝜆 − 𝜆|𝜅|2) − 𝜅𝑗

𝑖(ℒ𝑐𝑜𝑛𝑓,𝑔̅𝜒)
𝑖

𝑗
= 𝑓0 

𝛿ℳ𝑖 = (Δ̅𝑔̅,𝑐𝑜𝑛𝑓𝜒) ≔ ∇̅𝑗(ℒ𝑐𝑜𝑛𝑓,𝑔̅𝜒)
𝑖

𝑗
= 𝑓𝑖 

(ℒ𝛾,𝑐𝑜𝑛𝑓𝛾)
𝑖𝑗

≡ 𝒟𝑖𝛾𝑗 + 𝒟𝑗𝛾𝑖 −
2

𝜂
𝛾𝑖𝑗𝔇𝜅𝛾𝜅 

Δ𝛾,𝑐𝑜𝑛𝑓𝛾 ≔ 𝔇⨂(ℒ𝛾,𝑐𝑜𝑛𝑓𝛾) = 𝔉 

Δ𝛾,𝑐𝑜𝑛𝑓𝒵 ≡ 𝔇⨂(ℒ𝛾,𝑐𝑜𝑛𝑓𝒵) = −𝔇⨂𝔘 

𝔎𝑖𝑗 = 𝜑
−2

(𝜂+2)
(𝜂−2) [(ℒ𝛾,𝑐𝑜𝑛𝑓𝜒)

𝑖𝑗
+ 𝔘𝑖𝑗] +

1

𝜂
𝑔̅𝑖𝑗𝜏 
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Δ𝛾,𝑐𝑜𝑛𝑓𝜒 = 𝔉 

𝔉 ≔ −𝔇⨂𝔘 +
𝜂 − 1

𝜂
𝜑

2𝜂
(𝜂−2)𝜕𝜏 + 𝜑

2
(𝜂+2)
(𝜂−2)𝔍 

𝜑
2
(𝜂+2)
(𝜂−2)𝔍 = 𝒥̃1 + 𝒥̃0𝜑

4
(𝜂−2) 

𝔘′𝑖𝑗 ≡ 𝜃
−2

(𝜂+2)
(𝜂−2)𝔘𝑖𝑗 

(ℒ𝛾′,𝑐𝑜𝑛𝑓𝜒)
𝑖𝑗

≡ 𝜃
−4

(𝜂−2)(ℒ𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑖𝑗

 

ℒ̃𝛾,𝑐𝑜𝑛𝑓𝜒 ≔ 𝒩̃−1ℒ𝛾,𝑐𝑜𝑛𝑓𝜒 

(Δ̃𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑗

≔ 𝒟𝑖(ℒ̃𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑖𝑗

 

𝔎̃𝑖𝑗 ≡ (ℒ̃𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑖𝑗

+ 𝔘𝑖𝑗 

(ℒ̃𝛾′,𝑐𝑜𝑛𝑓𝜒)
𝑖𝑗

= 𝜃
−2

(𝜂+2)
(𝜂−2)(ℒ̃𝛾,𝑐𝑜𝑛𝑓𝜒)

𝑖𝑗
 

ℳ 𝑖 ≡ (Δ̃𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑗

+ 𝒟𝑖𝔘
𝑖𝑗 − {

𝜂 − 1

𝜂
𝜑

2𝜂
(𝜂−2)𝛾𝑖𝑗𝜕𝜏 + 𝒥̃1 + 𝒥̃0𝜑

4
(𝜂−2)} 

𝔎̃𝑖𝑗 ≡ (ℒ̃𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑖𝑗

+ 𝔘𝑖𝑗 

𝔎̃′𝑖𝑗 ≡ (ℒ̃𝛾′,𝑐𝑜𝑛𝑓𝜒)
𝑖𝑗

+ 𝔘′𝑖𝑗, 𝔘′𝑖𝑗 = 𝜃
−2

(𝜂+2)
(𝜂−2)𝔘𝑖𝑗, 𝒩̃′ = 𝜃

2𝜂
𝜂−2𝒩̃ 

𝔎𝒯
𝑖𝑗

= 𝜑
−2

(𝜂+2)
(𝜂−2) {𝒩̃−1(ℒ𝛾,𝑐𝑜𝑛𝑓𝜒)

𝑖𝑗
+ 𝔘𝑖𝑗} 

𝔎𝑖𝑗 =
1

2
𝒩̅−1 (𝜕𝑡𝑔

𝑖𝑗̅̅ ̅̅ ̅̅ ̅ + (ℒ̅𝛽𝑔̅)
𝑖𝑗

) , (ℒ̅𝛽𝑔̅)
𝑖𝑗

≡ ∇̅𝑖𝛽𝑗 + ∇̅𝑗𝛽𝑖 

𝜏 ≔ 𝑔̅𝑖𝑗𝔎
𝑖𝑗 = −

1

2
𝒩̅−1(𝜕𝑡 log(det 𝑔̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ + 2∇̅𝑖𝛽

𝑖) 

𝔎𝒯
𝑖𝑗

=
1

2
𝒩̅−1 {(ℒ𝑔̅,𝑐𝑜𝑛𝑓𝛽)

𝑖𝑗
+ (det 𝑔̅)−1/𝜂𝜕𝑡(𝑔̅

𝑖𝑗(det 𝑔̅)−1/𝜂)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ } 

1

2
𝒩̅−1(det 𝑔̅)−1/𝜂𝜕𝑡(𝑔̅

𝑖𝑗(det 𝑔̅)−1/𝜂)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝜑
−2

(𝜂+2)
(𝜂−2)𝔘𝑖𝑗 

𝜕𝑡(𝑔̅
𝑖𝑗(det 𝑔̅)−1/𝜂)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 2𝒩̃(det 𝛾)1/𝜂𝔘𝑖𝑗 

𝑔̅ = exp(2𝜆)𝛾 , 𝔎𝑖𝑗 = exp(4𝜆)𝔎̃𝑖𝑗 +
1

2
𝑔̅𝑖𝑗𝜏 

∇̅𝑖𝔎𝑖𝑗 ≡ exp(4𝜆)𝒟𝑖𝔎̃
𝑖𝑗 +

1

2
𝑔̅𝑖𝑗𝜕𝑖𝜏 
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∇̅𝑖𝔎𝑖𝑗 − 𝑔̅𝑖𝑗𝜕𝑖𝜏 ≡ exp(4𝜆)𝒟𝑖𝔎̃
𝑖𝑗 −

1

2
𝛾̅𝑖𝑗 exp(−2𝜆)𝜕𝑖𝜏 

Tensor de energía 

𝒯𝛼𝛽 ≡ 𝔉𝛼
𝜆𝔉𝛽𝛾 −

1

4
𝑔𝛼𝛽𝔉𝜆𝜇𝔉𝜆𝜇 

𝒥𝑖 = −𝒩−1𝒯0
𝑖 = −𝒩−1𝔉0

𝑗
𝔉𝑗

𝑖  

𝔈̅𝑖 ≔ 𝒩̅−1𝔉̅0
𝑖 ≡ 𝜑

2𝜂
𝜂−2𝔈̅𝑖, 𝔉̃𝑖𝑗 = 𝔉̅𝑖𝑗 

𝔍̅𝑖 = 𝜑
−2(𝜂+2)

𝜂−2 𝔍̃𝑖, 𝔍̃𝑖 ≡ 𝔈̅𝑖𝛾𝑖𝜅𝔉̃𝜅𝑗 

𝜌̅ ≡ 𝒩̅−2𝒯̅00 =
1

2
𝒩̅−2𝔉̅0𝑖𝔉̅0

𝑖 +
1

4
𝔉̅𝑖𝑗𝔉̅𝑖𝑗 

𝒩̅−1𝔉̅0𝑖 ≡ 𝒩̅−1𝑔̅𝑖𝑗𝔉̅0
𝑖 = 𝜑−2𝛾𝑖𝑗𝔈̅

𝑖 

𝒩̅−2𝔉̅0𝑖𝔉̅0
𝑖 = 𝜑

2(𝜂+1)
𝜂−2 𝛾𝑖𝑗𝔈̅

𝑖𝔈̅𝑗 

𝔉̅𝑖𝑗𝔉̅𝑖𝑗 = 𝜑
−

8
𝜂−2𝛾𝑖ℏ𝛾𝑗𝜅𝔉̃𝑖𝑗𝔉̃ℏ𝜅 

∇𝛼𝔉0
𝛼̅̅ ̅̅ ̅̅ ̅ ≡ ∂𝛼𝔉0

𝛼 − 𝜔𝛼0
𝛽

𝔉𝛽
𝛼 + 𝜔𝛼𝛽

𝛼 𝔉0
𝛽̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

 

∇𝛼𝔉0
𝛼̅̅ ̅̅ ̅̅ ̅ ≡ 𝒩̅∇̅𝔈̅𝑖 

∇̅𝑖𝔈̅
𝑖 ≡

1

√det 𝑔̅
𝜕𝑖(√det 𝑔̅ 𝑔̅𝑖𝑗𝜕𝑗𝔈̅

𝑖) = 𝜑
−2𝜂
𝜂−2∇̃𝑖𝔈̃

𝑖 

ℌ̅𝑖 =
1

2
𝜂̅𝑖𝑗𝔉̅𝑗𝜅 =

1

2
𝜑−6𝜂̃𝑖𝑗𝜅𝔉̃𝑗𝜅 ≡ 𝜑−6ℌ̃𝑖 

𝜌̅ =
1

2
𝑔̅𝑖𝑗(𝔈̅𝑖𝔈̅𝑗 + ℌ̅𝑖ℌ̅𝑗) ≡ 𝜑−8𝜌̃ 

𝜌̃ ≡
1

2
𝛾𝑖𝑗(𝔈̃𝑖𝔈̃𝑗 + ℌ̃𝑖ℌ̃𝑗) 

𝜌̅ =
1

2
(𝜋̅2 + 𝑔̅𝑖𝑗𝜕𝑖𝜓̅𝜕𝑗𝜓̅) + 𝒱(𝜓̅), 𝜋̅ ≔ 𝒩̅−1𝜕0𝜓̅̅ ̅̅ ̅ 

𝜋̅ ≡ 𝒩̅−1𝜕0𝜓̅̅ ̅̅ ̅ = 𝜑
−2𝜂

(𝜂−2)𝜋̃, 𝜋̃ ≔ 𝒩̃−1𝜕0𝜓̅̅ ̅̅ ̅ 

𝜌̅ =
1

2
(𝜑

−4𝜂
𝜂−2|𝜋̃|2 + 𝜑

−4
𝜂−2𝛾𝑖𝑗𝜕𝑖𝜓̅𝜕𝑗𝜓̅) + 𝒱(𝜓̅) 

𝒥̅𝑖 = −𝒩̅−1𝑔̅𝑖𝑗𝜕𝑗𝜓̅𝜕0𝜓̅̅ ̅̅ ̅ = −𝜑
−2

(𝜂+2)
(𝜂−2)𝛾𝑖𝑗𝜕𝑗𝜓̅𝜋̃ = 𝜑

−2
(𝜂+2)
(𝜂−2)𝒥̃𝑖 
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Tensor de materia 

𝒯𝛼𝛽 ≡ (𝜇 + ℘)𝜇𝛼𝜇𝛽 + ℘𝑔𝛼𝛽 

𝒩̅2(𝜇̅0)2 − 𝑔̅𝑖𝑗𝜇̅
𝑖𝜇̅𝑗 

𝜌̅ ≔ (𝒩̅𝜇̅0)2(𝜇̅ + ℘̅) − ℘̅, 𝒥̅𝑖 ≔ 𝒩̅(𝜇̅ + ℘̅)𝜇̅0𝜇̅𝑖 

𝒩̃2(𝜇̃0)2 − 𝛾𝑖𝑗𝜇̃
𝑖𝜇̃𝑗 

𝜇̃𝑖 = 𝜑
2

𝜂−2𝜇̅𝑖 

𝒩̅𝜇̅0 = 𝒩̃𝜇̃0 = (𝛾𝑖𝑗𝜇̃
𝑖𝜇̃𝑗 + 1)

1
2 

𝒥̅𝑖 ≔ 𝒩̅𝜇̅0(𝜇̅ + ℘̅)𝜇̅𝑖 = 𝜑
−

2
𝜂−2𝒩̃𝜇̃0𝜇̃𝑖(𝜇̅ + ℘̅) 

𝜇̅ = 𝜑
−2(𝜂+1)

𝜂−2 𝜇̃, ℘̅ = 𝜑
−2(𝜂+1)

𝜂−2 ℘̃, 𝒥̃𝑖 ≡ (𝛾𝑖𝑗𝜇̃
𝑖𝜇̃𝑗 + 1)

1
2𝜇̃𝑖(𝜇̃ + ℘̃) 

𝜌̅ = 𝜑
−2(𝜂+1)

𝜂−2 [(𝜇̃ + ℘̃)(𝒩̃𝜇̃0)
2

− ℘̃] ≡ 𝜑
−2(𝜂+1)

𝜂−2 𝜌̃ 

𝜇̅𝒩̅(det 𝑔̅)1/2 = 𝜇̃𝒩̃(det 𝛾)1/2 

𝒥̅𝑖 = 𝒩̅𝜇̅0𝜌̅𝜑
−

2
𝜂−2𝜇̃𝑖 ≔ 𝜑

−
2

𝜂−2𝒥̃𝑖 

Restricciones CF 

𝛾𝑖𝑗
′ ≡ 𝜃

4
(𝜂−2)𝛾𝑖𝑗 

|𝒟𝜓̅|
𝛾

2
≡ 𝜃

4
(𝜂−2)|𝒟𝜓̅|

𝛾′

2
 

Δ𝛾𝜑 − 𝔎𝜂ℛ(𝛾)𝜑 ≡ 𝜃
(𝜂+2)
(𝜂−2){Δ𝛾′𝜑′} − 𝔎𝜂ℛ(𝛾′)𝜑′ 

Δ𝛾𝜑 − 𝑟𝜑 ≡ 𝜃
(𝜂+2)
(𝜂−2){Δ𝛾′𝜑′ − 𝑟′𝜑′} 

𝒟𝑖
′𝔎̃′𝑖𝑗 ≡ 𝜃

−2
(𝜂+2)
(𝜂−2)𝔇𝑖𝔎̃

𝑖𝑗 

𝑞2
′ = 𝜃

−8
𝜂−2𝑞2 

𝜋̃′ ≡ 𝜃
−2𝜂

(𝜂−2)𝜋 

𝛼′ ≡ 𝔎𝜂(𝔎̃′ 𝔎̃′′ + (𝜋̃′)2) ≡ 𝜃
−4𝜂

(𝜂−2)𝛼 
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𝜌̃′ = 𝜃
−4

(𝜂−2)𝜌̃ 

𝑞1
′ = 𝜃

−4
(𝜂−2)𝑞1 

𝛾′𝑖𝑗𝜕𝑖𝜏 = 𝜃
−4

(𝜂−2)𝛾𝑖𝑗𝜕𝑖𝜏 

ℌ′(𝔎̃′, 𝜑′) ≡ 𝜃
−

(𝜂+2)
(𝜂−2)ℌ(𝔎̃, 𝜑) 

ℳ′𝑖(𝔎̃′, 𝜑′) ≡ 𝜃
−2

(𝜂+2)
(𝜂−2)ℳ𝑖(𝔎̃, 𝜑) 

Ecuación de Lichnerowicz 

ℋ ≡ Δ𝛾𝜑 − 𝑓(𝜑) ≡ 𝑟𝜑 − ∑ 𝛼ℐ𝜑
ℐ

𝕀

 

𝑟 ≡ 𝔎𝜂 [ℛ(𝛾) − |𝒟𝜓̅|
𝛾

2
] , 𝔎𝜂 =

𝜂 − 2

4(𝜂 − 1)
 

∑ 𝛼ℐ𝜑
ℐ

𝕀

≡ 𝔎𝜂 {(|𝔎̃|
𝛾

2
+ |𝜋̃|2) 𝜑

−
3𝜂−2
𝜂−2 − [

𝜂 − 2

4𝜂
𝜏2 − 𝒱(𝜓̅)] 𝜑

𝜂+2
𝜂−2} 

𝒥𝛾,𝑞(𝜑) ≡
∭ (𝔎𝜂

−1|∇𝜑|𝛾
2 + ℛ(𝛾)𝜑2)𝜇𝛾ℳ

(∭ 𝜑2𝑞𝜇𝛾ℳ
)

1/𝑞
 

∭ 𝜑
2𝜂

(𝜂−2)𝜇𝛾

ℳ

= ∭ 𝜑
′2𝜂

(𝜂−2)𝜇𝛾′

ℳ

 

∭(𝔎𝜂
−1|∇𝜑|𝛾

2 + ℛ(𝛾)𝜑2)𝜇𝛾 =

ℳ

∭ (𝔎𝜂
−1|∇𝜑|

𝛾′
2 + ℛ(𝛾′)𝜑2) 𝜇𝛾′

ℳ

 

∭(𝔎𝜂
−1|∇𝜑|𝛾

2 + ℛ(𝛾)𝜑2)𝜇𝛾

ℳ

≥ − |∭ ℛ(𝛾)𝜑2𝜇𝛾

ℳ

| ≥ −‖ℛ(𝛾)‖
ℒ𝑞/(𝑞−1)‖𝜑2‖ℒ𝑞 

𝜇 ≡ Inf
𝜑∈𝒲2

℘
,𝜑≢0

𝒥𝛾 (𝜑) 

Ecuación de Yamabe 

𝔎𝜂
−1Δ𝛾𝜑𝑚,𝑞 − ℛ(𝛾)𝜑𝑚,𝑞 + 𝜇𝑞𝜑𝑚,𝑞

2𝑞−1
 

𝑟 = 𝔎𝜂 [ℛ(𝛾) − |𝒟𝜓̅|
𝛾

2
] 
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𝒥𝛾,𝜓̅(𝜑) ≡
∭ {𝔎𝜂

−1|∇𝜑|𝛾
2 + [ℛ(𝛾) − |𝒟𝜓̅|

𝛾

2
] 𝜑2}

ℳ
𝜇𝛾

(∭ 𝜑
2𝜂

(𝜂−2)𝜇𝛾ℳ
)

(𝜂−2)
𝜂

 

|𝒟𝜓̅|
𝛾

2
≡ 𝛾𝑖𝑗𝜕𝑖𝜓̅𝜕𝑗𝜓̅ = 𝜃

4
𝜂−2𝛾′𝑖𝑗𝜕𝑖𝜓̅𝜕𝑗𝜓̅ ≡ 𝜃

4
𝜂−2|𝒟𝜓̅|

𝛾′

2
 

Δ
𝜑2

2𝑞
𝛾
(𝜑1𝜑2

−1) − 𝑟(𝜑2
2𝑞

𝛾)(𝜑1𝜑2
−1) ≡ −(𝜑1𝜑2

−1)(𝜂+2)/(𝜂−2)𝑟(𝜑1
2𝑞

𝛾) 

𝑟(𝜑1
2𝑞

𝛾) ≡ −𝜑1

−
(𝜂+2)
(𝜂−2)

{Δ𝛾𝜑1 − 𝜑1𝑟(𝛾)} = 𝜑1

−
(𝜂+2)
(𝜂−2)

𝛼ℐ𝜑1
𝒫ℐ  

Δ
𝜑2

2𝑞
𝛾
(𝜑1𝜑2

−1 − 1) − 𝜆{(𝜑1𝜑2
−1 − 1)} 

𝜆 ≡ 𝛼ℐ𝜑1
𝒫ℐ𝜑2

−
(𝜂+2)
(𝜂−2)

𝜇, 𝜇 ≔
(𝜑1𝜑2

−1)−𝒫ℐ

𝜑1𝜑2
−1 − 1

 

Δ𝛾𝜑 − 𝑟𝜑 + 𝛼𝜑
−3𝜂+2

𝜂−2 + 𝑞𝜑
−𝜂
𝜂−2 − 𝛽𝜑

𝜂+2
𝜂−2 

𝛾′ = 𝜃
4

𝜂−2𝛾 

𝑟(𝛾′) = 𝜃
−

𝜂+2
𝜂−2(−Δ𝛾𝜃 + 𝑟(𝛾)𝜃) 

Δ𝛾𝜃 − 𝓀𝜃 = −(𝛼 + 𝑞) 

𝑟(𝛾′) = 𝜃
−

𝜂+2
𝜂−2[−𝓀𝜃 + 𝑟(𝛾)𝜃 + 𝛼 + 𝑞] 

𝜃
−

𝜂+2
𝜂−2Δ𝛾′𝜑′ − [−𝓀𝜃 + 𝑟(𝛾)𝜃 + 𝛼 + 𝑞]𝜑′ + 𝛼′𝜑

′
−3𝜂+2

𝜂−2 + 𝑞′𝜑′
−𝜂
𝜂−2 − 𝛽′𝜑′

𝜂+2
𝜂−2 

[−𝓀𝜃 + 𝑟(𝛾)𝜃 − 𝛼 − 𝑞]𝛾 + 𝛼′𝛾
′
−3𝜂+2

𝜂−2 + 𝑞′𝛾′
−𝜂
𝜂−2 − 𝛽′𝛾′

𝜂+2
𝜂−2 

𝑚 ≥ 𝑀𝑎𝑥 {𝑆𝑢𝑝𝜃
−3𝜂+2

𝜂−2 , 𝑆𝑢𝑝𝜃
𝜂

𝜂−2, 𝑆𝑢𝑝𝜆𝜃−1} 

0 < ℓ ≤ 𝑀𝑖𝑛 {𝐼𝑛𝑓𝜃
−3𝜂+2

𝜂−2 , 𝐼𝑛𝑓𝜃
𝜂

𝜂−2, 𝐼𝑛𝑓𝜆𝜃−1} 

𝑓 ≡
1

𝑉𝑜𝑙 (ℳ, 𝛾)
∭ 𝑓𝜇𝛾

ℳ

 

𝑓(𝛾) ≡ 𝛾
−3𝜂+2

𝜂−2 ℏ(𝛾) 

ℏ(𝛾) ≡ 𝛽𝛾
4𝜂

𝜂−2 + 𝑟𝛾
4(𝜂−1)

𝜂−2 − 𝛼 
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ℏ(ℓ) ≡ 𝛽ℓ
4𝜂

𝜂−2 + 𝑟ℓ
4(𝜂−1)

𝜂−2 − 𝛼 ≤ 0 

ℏ(𝑚) ≡ 𝛽𝑚
4𝜂

𝜂−2 + 𝑟𝑚
4(𝜂−1)

𝜂−2 − 𝛼 ≥ 0 

𝑚+

2(𝜂−1)
(𝜂−2)

𝑀𝑎𝑥 {1,

Supa
ℳ+

Inf
ℳ+

(𝛽 + 𝑟)
} , 0 < ℓ+ ≤ 𝑀𝑎𝑥 {1,

Infa
ℳ+

Sup
ℳ+

(𝛽 + 𝑟)
} 

[𝛾𝑀𝑎𝑥(𝜒)]
4

𝜂−2 =
(𝜂 − 1)𝑟(𝜒)

𝜂|𝛽(𝜒)|
 

ℏ(𝛾𝑀𝑎𝑥) ≡
1

𝜂
[
(𝜂 − 1)

𝜂
]

𝜂−1
𝑟𝜂

|𝛽|𝜂−1
− 𝛼 

𝜂((𝜂 − 1)2|𝛽|𝜂−1𝛼 ≤ 𝑟𝜂) 

[Supz1
ℳ−

(𝜒)] ≤ Infz2
ℳ−

(𝜒) 

Sistema de restricciones 

𝑔̅𝑖𝑗 = 𝜑
4𝜂

𝜂−2𝛾𝑖𝑗, 𝔎
𝑖𝑗 = 𝜑

−2
(𝜂+2)
(𝜂−2) [(ℒ𝛾,𝑐𝑜𝑛𝑓𝜒)

𝑖𝑗
+ 𝔘𝑖𝑗] +

1

𝜂
𝑔̅𝑖𝑗𝜏 

𝜙: (𝜒, 𝛾) ↦ 𝜙(𝜒, 𝛾) ≡ (ℋ(𝜒, 𝛾), ℳ(𝜒, 𝛾)), 𝜒 ≡ (𝛾, 𝜏, 𝒰, 𝜓̅, 𝜋̃, 𝑞1, 𝑞2, 𝑞0, 𝒥1, 𝒥0), 𝛾 ≡ (𝜑, 𝜒) 

ℋ(𝜒, 𝛾) ≡ Δ𝛾𝜑 − 𝑟(𝛾, 𝜓̅)𝜑 + 𝛼(𝒰, 𝜋̃, 𝜒)𝜑
−3𝜂+2

𝜂−2 + 𝑞1𝜑
−

𝜂
𝜂−2 + 𝑞2𝜑

−
6−𝜂
𝜂−2 − (𝑞0 −

𝜂 − 2

4𝜂
𝜏2𝜑

𝜂+1
𝜂−2)

− {
𝜂 − 1

𝜂
𝜑

2𝜂
(𝜂−2)𝜕𝑖𝜏 + 𝒥1

𝑖 + 𝒥0
𝑖 𝜑

2
(𝜂+2)
(𝜂−2) − 𝒟𝑗𝔅

𝑖𝑗} 

Ω1 ≡ 𝔅1 ∩ {𝛾 ∈ ℳ2
℘

}, Ω2 ≡ 𝔅2 ∩ {𝜑 > 0}  

𝔅1 ≡ (𝒲2
℘

⨂ 𝒲1
℘

⨂( ⨂𝒲1
℘2 ) ⨂ ℒ℘ ⨂ ℒ℘ ⨂ 1 ⨂ ℒ℘⨂ 1 ⨂ ℒ℘) 

𝔅2 ≡ 𝒲2
℘ ⨂( ⨂𝒲2

℘1 ) 

𝛿𝜙𝜒,𝛾: (𝛿𝜒, 𝛿𝛾) ↦ 𝛿𝜙𝜒,𝛾(𝛿𝜒, 𝛿𝛾) ≡ (𝛿ℋ𝜒,𝛾(𝛿𝜒, 𝛿𝛾), 𝛿ℳ𝜒,𝛾(𝛿𝜒, 𝛿𝛾)) 

𝛿𝜙𝛾: 𝛿𝛾 ↦ 𝛿𝜙𝛾(𝛿𝛾) ≡ (𝛿ℋ𝛾(𝛿𝛾), 𝛿ℳ𝛾(𝛿𝛾)) 
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𝛿ℋ𝛾(𝛿𝛾) ≡ Δ𝛾𝛿𝜑

− {𝑟 +
3𝜂 − 2

𝜂 − 2
𝛼𝜑

−
2𝜂

𝜂−2 +
𝜂

𝜂 − 2
𝑞1𝜑

−
2(𝜂−1)

𝜂−2 +
6 − 𝜂

𝜂 − 2
𝑞2𝜑

−
4

𝜂−2 +
𝜂 + 2

𝜂 − 2
(𝛽̅)𝜑

4
𝜂−2} 𝛿𝜑

+ 𝛼𝜒
′ 𝜑

−3𝜂+2
𝜂−2 𝛿𝜒 

𝛿ℳ𝜒,𝛾(𝛿𝜒) ≡ (Δ𝛾,𝑐𝑜𝑛𝑓𝛿𝜒)
𝑖
− (

2(𝜂 − 1)

𝜂 − 2
𝜑

𝜂+2
𝜂−2𝜕𝑖𝜏 +

2(𝜂 + 2)

𝜂 − 2
𝜑

𝜂+6
𝜂−2𝒥0

𝑖 )𝛿𝜑 

(Δ𝑔̅,𝑐𝑜𝑛𝑓𝛿𝜒)
𝑖

= 𝛾 

Δ𝑔̅𝛿𝜑 − {𝑟̅ +
3𝜂 − 2

𝜂 − 2
𝛼̅ +

𝜂

𝜂 − 2
𝑞̅1 +

6 − 𝜂

𝜂 − 2
𝑞̅2 +

𝜂 + 2

𝜂 − 2
𝛽̅} 𝛿𝜑 + 𝛼̅𝜒

′ 𝛿𝜒 = 𝜓 

Δ𝑔̅𝛿𝜑 − {2𝛼̅ +
2(𝜂 − 1)

𝜂 − 2
𝑞̅1 +

4

𝜂 − 2
𝑞̅2 +

4

𝜂 − 2
𝛽̅} 𝛿𝜑 + 𝛼̅𝜒

′ 𝛿𝜒 = 𝜓 

Soluciones euclídeas 

‖𝜇‖
𝒲𝑠,𝛿

℘ = { ∑ ∭|𝜕𝑚𝜇|℘(1 + 𝑑2)
1
2
℘(𝛿+𝑚)

𝑑𝜇

𝒱0≤𝑚≤𝑠

}

1/℘

 

‖𝜇‖ℭ𝛽
𝑚 ≡ ∑ sup

ℳ
(|𝜕ℓ𝜇|(1 + 𝑑2)

1
2
(𝛽+ℓ)

)

0≤𝑚≤𝑠

 

𝒟𝑗(ℒ𝜒)𝑖𝑗 ≡ (Δ𝛾,𝑐𝑜𝑛𝑓𝜒)
𝑖

= 𝔉𝑖(𝜑) 

𝔉𝑖(𝜑) ≡ 𝒟𝑗𝒰
𝑖𝑗 +

𝜂 − 1

𝜂
𝜑

2𝜂
𝜂−2𝛾𝑖𝑗𝜕𝑗𝜏 + 𝜑

2
(𝜂+2)
(𝜂−2)𝒥0

𝑖 + 𝒥1
𝑖  

Solución de Lichnerowicz 

ℋ(𝜒, 𝜑) ≡ Δ𝛾𝜑 − 𝑓(𝜒, 𝜑) 

𝑓(𝜒, 𝜑) ≡ 𝑟𝜑 − 𝛼𝜑
−3𝜂+2

𝜂−2 − 𝑞1𝜑
−

𝜂
𝜂−2 − 𝑞2𝜑

−
6−𝜂
𝜂−2 + 𝛽𝜑

𝜂+2
𝜂−2 

∭{|𝔇𝑓|2 + 𝑟(𝛾, 𝜓̅)𝑓2}𝜇𝛾

ℳ

 

Δ𝛾𝜑 − 𝑟(𝛾, 𝜓̅)𝜑 

Δ𝛾𝜇 − 𝑟(𝛾, 𝜓̅)𝜇 = 𝑟(𝛾, 𝜓̅) 

Δ𝛾𝜑 − 𝔎𝑟(𝛾, 𝜓̅)𝜑 

Δ𝛾𝜇 − 𝔎𝑟(𝛾, 𝜓̅)𝜇 = 𝔎𝑟(𝛾, 𝜓̅) 
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‖𝜑𝓀′‖
ℒ𝑞(𝔅2ℜ)

≤ ℭ𝐼𝑛𝑓𝔅ℜ
𝜑𝓀′  

𝐼𝑛𝑓𝑓∈𝒟,𝑓≢0 (∭{|𝔇𝑓|2 + 𝔎𝜂ℛ(𝛾)𝑓2}𝜇𝛾

ℳ

) ∖ ‖𝑓‖
ℒ2𝜂/(𝜂−2)
2  

|𝔇𝑓|2 = |𝔇𝜃|2𝜑2 + 𝜑𝔇𝜑⨂𝔇(𝜃2) + 𝜃2|𝔇𝜑|2 

∭ 𝜑𝔇𝜑⨂𝔇(𝜃2)𝜇𝛾

ℳ

= ∭ −𝜃2𝔇(𝜑𝔇𝜑)𝜇𝛾

ℳ

 

∭ 𝜑𝔇𝜑⨂𝔇(𝜃2)𝜇𝛾

ℳ

= ∭ −𝜃2𝔇(𝜑Δ𝛾𝜑 + |𝔇𝜑|2)

ℳ

𝜇𝛾 

∭|𝔇𝜑|2𝜇𝛾

ℳ

= ∭{|𝔇𝜃|2𝜑2 − 𝜃2𝜑Δ𝛾𝜑}

ℳ

𝜇𝛾 

∭{|𝔇𝑓|2 + 𝛼0𝑓2}𝑑𝜇𝛾

ℳ

 

∭{|𝔇𝑓|𝛾
2 + 𝑟(𝛾, 𝜓̅)𝑓2}𝜇𝛾

ℳ

 

Δ𝛾𝜑 − 𝑟𝜑 + 𝛼𝜑
−3𝜂+2

𝜂−2 + 𝑞𝜑
−

𝜂
𝜂−2 − 𝛽𝜑

𝜂+2
𝜂−2 

Δ𝛾𝜑 + 𝛼𝜑
−3𝜂+2

𝜂−2 + 𝑞𝜑
−

𝜂
𝜂−2 − 𝛽𝜑

𝜂+2
𝜂−2 

Δ𝛾𝜑 + 𝛼𝜑
−3𝜂+2

𝜂−2 + 𝑞𝜑
−

𝜂
𝜂−2 

Δ𝛾𝜇+ = −(𝛼 + 𝑞) 

Δ𝛾𝜑+ = −(𝛼 + 𝑞) ≤ − (𝛼𝜑+

−3𝜂+2
𝜂−2

+ 𝑞𝜑+

−
𝜂

𝜂−2
) 

Δ𝛾𝜑 − 𝛽𝜑
𝜂+2
𝜂−2 

Δ𝛾𝜑 − 𝓀𝛽𝜑
𝜂+2
𝜂−2 

𝑓(𝛾) ≡ 𝑑𝛾
−

𝜂
𝜂−2 − 𝑟𝛾

−
𝜂

𝜂−2 + 𝛼 

𝛼𝑑𝜂−1 ≤ [
(𝜂 − 1)𝜂−1

𝜂𝜂
] 𝑟𝜂 
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Δ𝛾𝜑 − 𝑟𝜑 + 𝛼𝜑
−3𝜂+2

𝜂−2 − 𝛽𝜑
𝜂+2
𝜂−2 

Inf
𝜒∈ℳ

𝛾1(𝜒) > 0, Inf
𝜒∈ℳ

𝛾2(𝜒) ≥ max {1, sup
𝜒∈ℳ

𝛾1(𝜒)} 

𝑓𝜒(𝛾) ≡ −𝛽(𝜒)𝛾
𝜂

𝜂−2 − 𝑟(𝜒)𝛾
𝜂−1
𝜂−2 + 𝛼(𝜒)⟨𝑓𝜒(ℓ4)|𝑓𝜒(𝑚4)⟩ 

ℓ = min {1, inf
𝜒∈ℳ

𝛾1(𝜒)} , 𝑚 = max {1, inf
𝜒∈ℳ

𝛾2(𝜒)} 

Δ𝛾𝜑 − 𝑟𝜑 + 𝛼𝜑
−3𝜂+2

𝜂−2 + 𝑞𝜑
−

𝜂
𝜂−2 − 𝛽𝜑

𝜂+2
𝜂−2 

Δ𝛾𝜇𝜂 = −𝑟𝜑𝜂−1 + 𝛼𝜑𝜂−1

−3𝜂+2
𝜂−2

+ 𝑞𝜑𝜂−1

−
𝜂

𝜂−2
− 𝛽𝜑𝜂−1

𝜂+2
𝜂−2

 

‖𝜇𝜂‖
𝒲

2,𝛿̃

℘ ≤ ℭ𝔈 {𝒜 + ℛ(1 + ℳ) + ℬ(1 + ℳ)
𝜂+2
𝜂−2} 

Estándar de Schauder 

‖𝒩‖ℋ2(Ω) ≤ ℭ (‖𝔇ℜ†𝒩‖
ℒ2(Ω)

+ ‖𝒩‖ℒ2(Ω)) 

‖𝒩‖
ℋ𝜌

2(Ω)
2 ≔ ∭ 𝜌(𝒩2 + |∇2𝒩|2)𝑑𝜐𝑔

Ω

≤ ℭ ∭ 𝜌 (‖𝔇ℜ†𝒩‖
2

+ 𝒩2) 𝑑𝜐𝑔

Ω

 

Restricción de Schwarzschild 

𝑔Schwarzschild = (1 +
𝑚

2|𝓍 − 𝒸|
)

4

𝛿𝑖𝑗  

Singularidades en espacios cuánticos relativistas 

Cuestiones preliminares 

ℓ(ℭ) ≡ ∫ (𝒩2 − 𝑔𝑖𝑗 (
𝑑ℭ𝑖

𝑑𝑡
+ 𝛽𝑖) (

𝑑ℭ𝑗

𝑑𝑡
+ 𝛽𝑗))

1
2

𝑑𝑡

+∞

𝑡1

 

𝒩2 − 𝑔𝑖𝑗 (
𝑑ℭ𝑖

𝑑𝑡
+ 𝛽𝑖) (

𝑑ℭ𝑗

𝑑𝑡
+ 𝛽𝑗) ≥ 𝜅2 

𝜇𝛼∇𝛼𝜇𝜆 ≡ 𝜇𝛼𝜕𝛼𝜇𝜆 + 𝜔𝛼𝛾
𝜆 𝜇𝛼𝜇𝛾 

𝜇𝛼𝜕𝛼𝜇𝜆 ≡
𝑑𝑡

𝑑𝑠
[(

𝜕

𝜕𝑡
− 𝛽𝑖

𝜕

𝜕𝜒𝑖
) 𝜇𝜆] + (

𝑑𝜒𝑖

𝑑𝑠
+ 𝛽𝑖

𝑑𝑡

𝑑𝑠
)

𝜕

𝜕𝜒𝑖
𝜇𝜆

≡
𝑑𝜇𝜆

𝑑𝑠

𝑑

𝑑𝑡
(
𝑑𝑡

𝑑𝑠
) +

𝑑𝑡

𝑑𝑠
(𝜔00

0 + 2𝜔0𝑖
0 𝜐𝑖 + 𝜔𝑖𝑗

0 𝜐𝑖𝜐𝑗) 
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log
𝛾(𝑡)

𝛾(𝑡1)
= − ∫(𝜔00

0 + 2𝜔0𝑖
0 𝜐𝑖 + 𝜔𝑖𝑗

0 𝜐𝑖𝜐𝑗)𝑑𝑡

𝑡

𝑡1

 

log
𝛾(𝑡)

𝛾(𝑡1)
= ∫ 𝒩−1(−𝜕0𝒩 − 2𝜕𝑖𝒩𝜐𝑖 + 𝜅𝑖𝑗𝜐

𝑖𝜐𝑗)𝑑𝑡

𝑡

𝑡1

 

log
𝛾(𝑡)

𝛾(𝑡1)
≤ 2 log 𝒩𝑚

−1 + 𝒩𝑚
−1 ∫(|∇𝒩|𝑔𝑡𝒩ℳ + |𝜅|𝑔𝑡𝒩ℳ

2 )𝑑𝑡

𝑡

𝑡1

 

𝜅𝑖𝑗𝜐
𝑖𝜐𝑗 ≡ 𝒫𝑖𝑗𝜐

𝑖𝜐𝑗 +
1

𝜂
𝜏𝑔𝑖𝑗𝜐

𝑖𝜐𝑗 ≤ 𝒫𝑖𝑗𝜐
𝑖𝜐𝑗 

log
𝓏(𝑡)

𝓏(𝑡0)
= ∫ 𝒩−1(𝜕0𝒩 + 2𝜕𝑖𝒩𝜐𝑖 − 𝜅𝑖𝑗𝜐

𝑖𝜐𝑗)𝑑𝑡

𝑡

𝑡0

 

𝓏(𝑡) = 𝓏(𝑡1) exp ∫ 𝒩−1(𝜕0𝒩 + 2𝜕𝑖𝒩𝜐𝑖 − 𝜅𝑖𝑗𝜐
𝑖𝜐𝑗)𝑑𝑡

𝑡

𝑡0

 

𝓏(𝑡) = 𝓏(𝑡0)
𝒩(𝑡)

𝒩(𝑡0)
exp ∫(𝒩−1𝜕𝑖𝒩𝜐𝑖 − 𝜅𝑖𝑗𝜐

𝑖𝜐𝑗)𝑑𝑡

𝑡

𝑡0

 

|𝒩−1𝜕𝑖𝒩𝜐𝑖| ≤ |∇𝒩|𝑔̅|𝒩−1𝜐|𝑔̅ ≤ |∇𝒩|𝑔̅ ∫|∇𝒩|𝑔̅

𝑡

𝑡0

𝑑𝑡 = 𝑐 

𝓏(𝑡) ≤ 𝓏(𝑡0)
𝒩ℳ

𝒩(𝑡0)
(exp 𝑐) exp[−𝜅(𝑡 − 𝑡0)] 

|𝒫𝑖𝑗𝜐
𝑖𝜐𝑗| ≤ |𝒫|𝑔̅|𝜐|𝑔̅

2 ≤ 𝒩2|𝒫|𝑔̅ 

Singularidad de Hawking–Penrose. 

𝑑𝜒𝛼

𝑑𝜆
= 𝜇𝛼(𝜒) 

Ω𝛼𝛽 ≔ ∇𝛼𝜇𝛽 − ∇𝛽𝜇𝛼 

𝜇𝜆∇𝜆∇𝛼𝜇𝛽 ≡ 𝜇𝜆∇𝛼∇𝜆𝜇𝛽 + 𝜇𝜆ℛ𝜆𝛼𝛽𝛾𝜇𝛾 

𝜇𝜆∇𝜆∇𝛼𝜇𝛽 = −∇𝛼𝜇𝜆∇𝜆𝜇𝛽 + 𝜇𝜆ℛ𝜆𝛼𝛽𝛾𝜇𝛾 

𝜇𝜆∇𝜆Ω𝛼𝛽 = 𝜇𝜆∇𝜆{∇𝛼𝜇𝛽 − ∇𝛽𝜇𝛼} 

𝜇𝜆∇𝜆Ω𝛼𝛽 = −∇𝛼𝜇𝜆∇𝜆𝜇𝛽 + ∇𝛽𝜇𝜆∇𝜆𝜇𝛼 = (∇𝜆𝜇𝛼 − ∇𝛼𝜇𝜆)∇𝛽𝜇𝜆 + ∇𝛼𝜇𝜆(∇𝛽𝜇𝜆 − ∇𝜆𝜇𝛽) 
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𝜇𝜆∇𝜆Ω𝛼𝛽 = ∇𝛼𝜇𝜆Ω𝛽𝜆 + ∇𝛽𝜇𝜆Ω𝜆𝛼 

𝜇𝜆∇𝜆ℏ𝑖 = 𝜇𝜆 ∂𝜆ℏ𝑖 =
𝑑ℏ𝑖

𝑑𝑠
{

𝑑

𝑑𝑠
ℏ(𝑗)

𝑖 } 𝛿𝑗
𝑖 

𝔇ℏ(𝑗)
𝑖

𝔇𝑠
≡ 𝜇𝜆∇𝜆ℏ(𝑗)

𝑖 = ℏ(𝑗)
𝓀 ∇𝓀𝜇𝑖 

1

det 𝒜

𝑑(det 𝒜)

𝑑𝑠
=

𝑑(log det 𝒜)

𝑑𝑠
= 𝑡𝑟𝑎𝑐𝑒ℬ 

𝜃 ≔ ∇𝛼𝜇𝛼 = 𝜔𝛼0
𝛼 = 𝜔𝑖0

𝑖 = ∇𝑖𝜇
𝑖 ≔ 𝑡𝑟𝔅 

ℏ𝑖 = 𝒜𝑗
𝑖𝜔𝑗 

ℓ′′(ℏ, ℏ) = − ∫ ∑ (Α𝑖𝑗

𝑑𝜔𝑗

𝑑𝑠
)

2

𝑑𝑠

𝜂

𝑖=1

𝛿𝛽

𝛿𝛼

 

Tensores espaciales 

∇𝛼𝜇𝛽 ≡ 𝜔𝛼𝛽 + 𝜎𝛼𝛽 +
1

𝜂
𝜃𝜋𝛼𝛽 − (𝜇𝜆∇𝜆𝜇𝛼)𝜇𝛽 

𝜔𝛼𝛽 ≔
1

2
𝜋𝛼

𝜌
𝜋𝛽

𝜎{∇𝜌𝜇𝜎 − ∇𝜌𝜇𝜎} 

𝜎𝛼𝛽 ≔
1

2
𝜋𝛼

𝜌
𝜋𝛽

𝜎{∇𝜌𝜇𝜎 − ∇𝜌𝜇𝜎} −
1

𝜂
𝜃𝜋𝛼𝛽 

𝜔𝛼𝛽 ≔
1

2
{∇𝛼𝜇𝛽 − ∇𝛽𝜇𝛼 + (𝜇𝜆∇𝜆𝜇𝛼)𝜇𝛽 − (𝜇𝜆∇𝜆𝜇𝛽)𝜇𝛼} 

𝜎𝛼𝛽 ≔
1

2
{∇𝛼𝜇𝛽 − ∇𝛽𝜇𝛼 + (𝜇𝜆∇𝜆𝜇𝛼)𝜇𝛽 + (𝜇𝜆∇𝜆𝜇𝛽)𝜇𝛼} −

1

𝜂
𝜃𝜋𝛼𝛽 

𝜔𝛼𝛽 =
1

2
{∇𝛼𝜇𝛽 − ∇𝛽𝜇𝛼} 

𝜎𝛼𝛽 =
1

2
{∇𝛼𝜇𝛽 − ∇𝛽𝜇𝛼} −

1

𝜂
𝜃𝜋𝛼𝛽 

Derivación geodésica 

〈𝜇𝛼∇𝛼ℏ𝛽 − ℏ𝛼∇𝛼𝜇𝛽〉 

〈𝜇𝜆𝜇𝛼∇𝜆∇𝛼ℏ𝛽 − 𝜇𝜆∇𝜆ℏ𝛼∇𝛼𝜇𝛽 − ℏ𝛼𝜇𝜆∇𝜆∇𝛼𝜇𝛽〉 

𝜇𝜆𝜇𝛼∇𝛼ℏ𝛽 − 𝜇𝜆∇𝜆ℏ𝛼∇𝛼𝜇𝛽 − ℏ𝛼𝜇𝜆 (∇𝛼∇𝜆𝜇𝛽 + ℛ𝜆𝛼
𝛽𝜇

𝜇𝜇) 

ℏ𝛼𝜇𝜆∇𝛼∇𝜆𝜇𝛽 = −ℏ𝛼∇𝛼𝜇𝜆∇𝜆𝜇𝛽 = −𝜇𝛼∇𝛼ℏ𝜆∇𝜆𝜇𝛽 
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𝜇𝜆𝜇𝛼∇𝜆∇𝛼ℏ𝛽 = ℏ𝛼𝜇𝜆𝜇𝜇ℛ𝜆𝛼
𝛽𝜇

 

∇𝜇2
2 ℏ𝛽 ≔

𝔇2

𝔇𝑠2
ℏ𝛽 = ℏ𝛼𝜇𝜆𝜇𝜇ℛ𝜆𝛼

𝛽𝜇
 

Ecuación de Raychauduri 

𝑑𝜃

𝑑𝑠
≔ 𝜇𝜆∇𝜆𝜃 = −∇𝛼𝜇𝜆∇𝜆𝜇𝛼 − ℛ𝜆𝛾𝜇𝜆𝜇𝛾 

𝑑𝜃

𝑑𝑠
= −

𝜃2

𝜂
− 𝜎𝛼𝛽𝜎𝛼𝛽 + 𝜔𝛼𝛽𝜔𝛼𝛽 − ℛ𝜆𝛾𝜇𝜆𝜇𝛾 

𝑑𝜃

𝑑𝑠
≤ −

1

𝜂
𝜃2,

𝑑𝜃̃

𝑑𝑠
≥

1

𝜂
𝜃̃2 

𝛿(𝜃̃) ≤ 𝛿(𝜃̃0) + ∫
𝜂

𝜃̃2
𝑑𝜃̃

𝜃̃

𝜃̃0

≤ 𝛿∞ = 𝛿0 +
𝜂

𝜃̃0

 

Espacio – tiempo cuántico Eddington–Finkelstein 

(∇𝜇𝜐)
‡

= 𝜂𝛼(∇𝜇𝜐)
𝛼

 

(∇𝜇𝜐)
𝑗

= 𝜇𝑖∇𝑖𝜐
𝑗 = 𝜇𝑖(𝜕𝑖𝜐

𝑗 + Γ𝑖𝜅
𝑗
𝜐𝜅) ≡ 𝜇𝑖∇̅𝑖𝜐

𝑗 

𝔎(𝜇, 𝜐) ≔ 𝜂𝛼(∇𝜇𝜐)
𝛼

= −𝒩(∇𝜇𝜐)
0

= −𝒩𝜇𝑖∇𝑖𝜐
0 = −𝒩𝜇𝑖𝜔𝑖𝓀

0 𝜐𝜅 

𝔎+(𝜇, 𝜐) ≔ 𝑔(ℓ+, ∇𝜇𝜐) ≡ ℓ𝛼
+(∇𝜇𝜐)

𝛼
, 𝔎−(𝜇, 𝜐) ≔ ℓ𝛼

−(∇𝜇𝜐)
𝛼

 

𝔎𝛼𝛽
⋇ = 𝑔(∇𝑒𝛼

𝑒𝛽 , ℓ+) = 𝑔(𝑒𝛽 , ∇𝑒𝛼
ℓ+) ≡ ∇𝛼ℓ𝛽

+ 

𝜒+ = ℏ𝛼𝛽∇𝛼ℓ𝛽
+, 𝜒− = ℏ𝛼𝛽∇𝛼ℓ𝛽

− 

ℏ ≔ 𝑔 + 𝜂⨂𝜂 − 𝜐⨂𝜈 ≡ 𝑔 +
1

2
(ℓ+⨂ℓ− + ℓ−⨂ℓ+) 

ℏ𝛼𝛽 ≔ 𝑔𝛼𝛽 + 𝜂𝛼𝜂𝛽 − 𝜈𝛼𝜈𝛽 = 𝑔𝛼𝛽 −
1

2
(ℓ+

𝛼ℓ−
𝛽 + ℓ−

𝛼ℓ+
𝛽
) 

𝜒+ = 𝑔𝛼𝛽∇𝛼ℓ𝛽
+ ≡ ∇𝛼ℓ+

𝛼 

𝜒+ = −𝑡𝑟𝑔̅𝒦 + 𝒦(𝜈, 𝜈) + 𝑡𝑟ℏ𝔎 

𝑔𝛼𝛽∇𝛼ℓ𝛽
+ = (𝑔𝛼𝛽 + 𝜂𝛼𝜂𝛽 − 𝜈𝛼𝜈𝛽)∇𝛼(𝜂𝛽 + 𝜈𝛽) 

(𝑔𝛼𝛽 + 𝜂𝛼𝜂𝛽)∇𝛼𝜂𝛽 = −𝑡𝑟𝑔̅𝒦 

𝜈𝛼𝜈𝛽∇𝛼𝜂𝛽 = −𝜈𝑖𝜈𝑗𝔎𝑖𝑗 
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(𝑔𝛼𝛽 + 𝜂𝛼𝜂𝛽 − 𝜈𝛼𝜈𝛽)∇𝛼𝜈𝛽 = ℏ𝛼𝛽∇̅𝛼𝜈𝛽 = 𝑡𝑟ℏ𝔎 

𝜒+(Σ) ≔ −𝑡𝑟𝑔̅𝒦 + 𝒦(𝜈, 𝜈) + 𝑡𝑟ℏ𝔎 

Espacio – tiempo cuántico de Schwarzschild (métrica) 

𝑑𝑠2 = −(1 − 2𝑚𝑟−1)𝑑𝑡2 + (1 − 2𝑚𝑟−1)−1𝑑𝑟2 + 𝑟2(sin2 𝜃 𝑑𝜙2 + 𝑑𝜃2) 

Singularidad en agujeros negros cuánticos. 

𝑔𝑖𝑗 = 𝜇4(𝜒)𝛿𝑖𝑗  

𝜇(𝜒) = 𝛼 +
𝛽

|𝜒|
+ 𝒪 (

1

|𝜒|2
) 

𝑚 ≥ √
Α0

16𝜋
 

Espacio – tiempo cuántico simétrico 

𝑔 = −𝑔Σ + 𝑟2(𝑑𝜃2 + sin2 𝜃 𝑑𝜑2) 

𝑔Σ = −𝑒2𝜈𝑑𝜇2 − 2𝑒𝜈+𝜆𝑑𝜇𝑑𝑟 

𝑔Σ = −(𝑒𝜈𝑑𝜇 + 𝑒𝜆𝑑𝑟)
2

+ 𝑒2𝜆𝑑𝑟2 

𝛿𝛼𝛽 ≔ ℛ𝛼𝛽 −
1

2
𝑔𝛼𝛽ℛ = 8𝜋𝒯𝛼𝛽 ≡ 8𝜋𝜕𝛼𝜙𝜕𝛽𝜙 

ℓ+ ≔ 𝑒−𝜆
𝜕

𝜕𝑟
, ℓ− ≔ 𝑒−𝜈

𝜕

𝜕𝜇
−

1

2
𝑒−𝜆

𝜕

𝜕𝑟
 

𝜃+ =
1

2
𝑒𝜈𝑑𝜇 + 𝑒𝜆𝑑𝑟, 𝜃− = 𝑒𝜈𝑑𝜇, 𝜃3 = 𝑑𝜃, 𝜃4 = sin 𝜃 𝑑𝜙 

𝑔 = −2𝜃+𝜃− + 𝑟2(𝑑𝜃2 + sin2 𝜃 𝑑𝜑2) 

𝛿−− ≡ ℛ−− ≡
1

𝑟
{−2𝑒−(𝜈+𝜆) 𝜕𝜆

𝜕𝑟
+

1

2
𝑒−2𝜆 (

𝜕𝜆

𝜕𝑟
+

𝜕𝜈

𝜕𝑟
)} 

𝛿++ ≡ ℛ++ ≡ 2
𝑒−2𝜆

𝑟
(
𝜕𝜆

𝜕𝑟
+

𝜕𝜈

𝜕𝑟
) 

𝛿+− ≡ ℛ33 ≡ ℛ44 ≡
𝑒−2𝜆

𝑟
(
𝜕𝜆

𝜕𝑟
+

𝜕𝜈

𝜕𝑟
) +

1

𝑟2(1 − 𝑒−2𝜆)
 

𝛿33 ≡ 𝛿44 ≡ ℛ+− ≡ −𝑒−(𝜈+𝜆) 𝜕2(𝜈 + 𝜆)

𝜕𝜇𝜕𝑟
+ 𝑒−2𝜆 {

𝜕2𝜈

𝜕𝑟2
+ (

𝜕𝜈

𝜕𝑟
−

𝜕𝜆

𝜕𝑟
) (

1

𝑟
+

𝜕𝜈

𝜕𝑟
)} 

𝒯++ = 𝑒−2𝜆 (
𝜕𝜙

𝜕𝑟
)

2

, 𝒯−− = {𝑒−𝜈
𝜕𝜙

𝜕𝜇
−

1

2
𝑒−𝜆

𝜕𝜙

𝜕𝑟
}

2
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𝒯33 = 𝒯44 = −
1

2
𝑔𝛼𝛽𝜕𝛼𝜙𝜕𝛽𝜙 

Σ𝛼𝛽 ≔ 𝛿𝛼𝛽 − 8𝜋𝒯𝛼𝛽

𝜕Σ−−

𝜕𝑟
+ 2 (

𝜕𝜈

𝜕𝑟
+

1

𝑟
) Σ— 

𝜕(𝜈 + 𝜆)

𝜕𝑟
= 4𝜋𝑟 (

𝜕𝜙

𝜕𝑟
)

2 𝜕

𝜕𝑟
(𝑟𝑒𝜈−𝜆 −

1

𝑟
𝑒𝜈+𝜆) 

lim
𝑟=∞

𝜈 = 0, lim
𝑟=∞

𝜆 = 0 

𝜈 + 𝜆 = −4𝜋 ∭ 𝑟

∞

𝑟

(
𝜕𝜙

𝜕𝑟
)

2

𝑑𝑟 

𝑒𝜈−𝜆 =
1

𝑟
∭ 𝑒𝜈+𝜆𝑑𝑟

𝑟

0

 

ℏ ≔
𝜕(𝑟𝜙)

𝜕𝑟
, 𝛼 ≔ 𝑒𝜈+𝜆 

𝑓̅(𝜇, 𝑟) ≔
1

𝑟
∭ 𝑓(𝜇, 𝜌)𝑑𝜌

𝑟

0

 

𝜙 = ℏ,̅ 𝛼 = exp {−4𝜋 ∭
1

𝑟
(ℏ − ℏ̅)

2
𝑑𝑟

∞

𝑟

} , 𝑒𝜈−𝜆 = 𝛼̅ 

𝔇ℏ =
1

2𝑟
(𝛼 + 𝛼̅)(ℏ − ℏ̅) 

𝔇 ≔ 𝑒𝜈ℓ− ≡
𝜕

𝜕𝜇
−

1

2
𝛼̅

𝜕

𝜕𝑟
 

Masa de Bondi 

𝑚(𝜇, 𝑟) =
𝑟

2
(1 − 𝑒−2𝜆) ≡

𝑟

2
(1 −

𝛼̅

𝛼
) 

𝜕𝑚

𝜕𝑟
= 2𝜋

𝛼̅

𝛼
(ℏ − ℏ̅)

2
 

𝑚(𝜇, 𝑟) = 2𝜋 ∭
𝛼̅

𝛼

𝑟

0

(ℏ − ℏ̅)
2
(𝜇, 𝜌)𝑑𝜌 

𝔇𝑚 = −4𝜋
𝑟2

𝛼
(𝔇ℏ̅)

2
 

lim
𝑟=∞

𝑚(0, 𝑟) ≔ ℳ0 
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lim
𝑟=∞

𝑚(𝜇, 𝑟) ≔ ℳ(𝜇)
𝑑ℳ(𝜇)

𝑑𝜇
 

‖ℏ0‖ ≔ inf
𝛼>0

sup
𝛼>0

{[1 +
𝑟

𝛼
]
3

|ℏ0(𝑟)| + [1 +
𝑟

𝛼
]
4

|
𝑑ℏ0(𝑟)

𝑑𝑟
|} 

ℳ1 ≔ lim
𝜇↦∞

ℳ(𝜇) 

𝑒𝜈(𝜇,𝑟0) ≥ 𝛼̅(𝜇, 𝑟0) ≥ 1 −
2ℳ(𝜇)

𝑟0
≥

1

2
{1 −

2ℳ1

𝑟0
} 

∭ 𝑒𝜈(𝜇,𝑟0)𝑑𝜇

𝜇2

𝜇1

≥
1

2
{1 −

2ℳ1

𝑟0
} (𝜇2 − 𝜇1) 

𝔇ℏ =
1

2𝑟
(𝛼 + 𝛼̅)(ℏ − ℏ̅), 𝔇𝑚 = −

1

2
𝑟2

|𝔇ℏ̅|
2

𝛼
, 𝑚 ≔

𝑟

2
(1 −

𝛼̅

𝛼
) 

𝜉 ≔ lim
𝛿≥0

∭ 𝛼̅

𝑟

𝛿

(ℏ − ℏ̅)𝑟−1𝑑𝑟 

𝔇ℏ̅ =
𝜉

2𝑟
, 𝔇𝑚 = −𝜋𝛼−1𝜉2 ∭

𝛼

𝛼̅

𝜒(0,𝑟1)

0

(0, 𝑟)𝑑𝑟

= ∭
𝛼

𝛼̅
(𝜇1, 𝑟)𝑑𝑟 +

1

2
∭ 𝛼(𝜇, 0)𝑑𝜇

𝜇1

0

𝑟1

0

+ 2𝜋 ∭ ∭
𝛼𝜉2

𝛼̅2𝑟

𝜒(𝜇1,𝑟1)

0

𝜇1

0

𝑑𝑟𝑑𝜇 

𝔇𝜖ℏ𝜖 =
1

2(𝑟 + 𝜖)
(𝛼𝜖 + 𝛼̅𝜖)(ℏ𝜖 − ℏ̅𝜖) 

𝑓𝜖̅(𝜇, 𝑟) ≔
1

𝑟 + 𝜖
∭ 𝑓𝜖

𝑟

0

(𝜇, 𝜌)𝑑𝜌
𝜕𝑓𝜖̅

𝜕𝑟

𝑓𝜖 − 𝑓𝜖̅

𝜕𝑟
 

𝛼𝜖 = exp {−4𝜋 ∭
1

𝑟 + 𝜖
(ℏ𝜖 − ℏ̅𝜖)

2
𝑑𝑟

∞

𝑟

} 

𝔇𝜖ℏ𝜖 =
1

2(𝑟 + 𝜖)
(𝛼𝜖 − 𝛼̅𝜖)(ℏ𝜖 + ℏ̅𝜖) 

𝔇𝜖 ≔
𝜕

𝜕𝜇
−

1

2
𝛼̅𝜖

𝜕

𝜕𝑟
 

𝑚𝜖 ≔
1 + 𝜖

2
(1 −

𝛼̅𝜖

𝛼𝜖
) 
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𝔇𝜖𝑚𝜖 = −
𝜋

𝛼𝜖
𝜉𝜖

2, 𝜉𝜖 ≔ ∭ 𝛼̅𝜖(ℏ𝜖 + ℏ̅𝜖)
𝑑𝑟

𝑟 + 𝜖

𝑟

0

 

∭
𝛼𝜖

𝛼̅𝜖

𝜒𝜖(0,𝑟1)

0

(0, 𝑟)𝑑𝑟 = ∭
𝛼𝜖

𝛼̅𝜖

(𝜇1, 𝑟)𝑑𝑟 +
1

2
∭ 𝛼𝜖(𝜇, 0)𝑑𝜇

𝜇1

0

𝑟1

0

+ 2𝜋 ∭ ∭
𝛼𝜖𝜉2

𝛼̅2(𝑟 + 𝜖)

𝜒𝜖(𝜇1,𝑟1)

0

𝜇1

0

𝑑𝑟𝑑𝜇 

𝑔𝜖 ≔ −𝛼𝜖𝛼̅𝜖𝑑𝜇2 − 2𝛼𝜖𝑑𝜇𝑑𝑟 + (𝑟 + 𝜖)2(𝑑𝜃2 + sin2 𝜃) 

∭
𝛼𝜉2

𝛼̅2𝑟

𝑟0

0

(𝜇1, 𝑟)𝑑𝑟 

ℳ(𝜇) = ℳ(0) − 𝜋 ∭ Ξ2(𝜐)𝑑𝜐

𝜇

0

 

ℳ1 ≔ lim
𝜇=∞

lim
𝑟=∞

1

2
𝑟(1 − 𝑒−2𝜆(𝜇,𝑟)) = 2𝜋 lim

𝜇=∞
∭

𝛼̅

𝛼

∞

0

(ℏ − ℏ̅)
2
(𝜇, 𝜌)𝑑𝜌 

𝑔𝒬 = −Ω2𝑑𝜇𝑑𝜐 

Singularidades en cosmología cuántica 

𝑔𝑖𝑗(𝑡, 𝜒) = 𝛼2ℓ𝑖ℓ𝑗 + 𝛽2𝑚𝑖𝑚𝑗 + 𝑐2𝜂𝑖𝜂𝑗 

|𝑑𝑡| = 𝛼𝛽𝑐𝑑𝜏 

𝑑𝑠2 = −(𝒩̃√𝑔𝑑𝜏)
2

+ 𝑔𝑖𝑗𝜔
𝑖𝜔𝑗 

𝑔𝑖𝑗 = ∑ 𝑒−2𝛽𝛼

𝑑

𝛼=1

𝔑𝑖
𝛼𝔑𝑗

𝛼 

ℌ𝑎𝑠𝑦𝑚𝑝(𝛽, 𝜋) =
1

4
𝔊𝛼𝛽𝜋𝛼𝜋𝛽 + 𝔙𝔖

𝑎𝑠𝑦𝑚𝑝
+ 𝔙𝔊

𝑎𝑠𝑦𝑚𝑝
 

𝔊𝛼𝛽𝜋𝛼𝜋𝛽 ≡ ∑ 𝜋𝛼
2

𝑑

𝛼=1

−
1

𝑑 − 1
(∑ 𝜋𝛼

𝑑

𝛼=1

)

2

 

𝔊𝛼𝛽𝛽𝛼𝛽𝔅 = ∑(𝛽𝛼)2

𝑑

𝛼=1

− (∑ 𝛽𝛼

𝑑

𝛼=1

)

2

 

𝔙𝔖
𝑎𝑠𝑦𝑚𝑝

=
1

2
∑ 𝑒−2(𝛽𝛼+1−𝛽𝛼)(𝔓(0)𝛼

𝑖 𝔑(0)𝑖
𝛼+1)

2
𝑑−1

𝛼=1
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𝔙𝔊
𝑎𝑠𝑦𝑚𝑝

=
1

2
𝑒−2𝛼1𝑑−𝑑(𝛽)(ℭ(0)𝑑−1𝑑

1 )
2
 

𝜕𝜏𝛽(0)
𝛼 =

1

2
𝔊𝛼𝛽𝜋𝛽

(0)
, 𝜕𝜏𝜋𝛼

(0)

= −
𝜕

𝜕𝛽(0)
𝛼 {𝔙𝔖

𝑎𝑠𝑦𝑚𝑝
(𝛽(0); 𝔓(0); 𝔑(0))

+ 𝔙𝔊
𝑎𝑠𝑦𝑚𝑝

(𝛽(0); 𝔓(0); 𝔑(0); 𝜕𝜒𝔑(0))}⟨𝜕𝜏𝔑(0)𝑖
𝛼 |𝜕𝜏𝔓(0)𝛼

𝑖 ⟩ 

ℌ𝑎𝑠𝑦𝑚𝑝(𝛽(0); 𝜋(0); 𝔑(0); 𝜕𝜒𝔑(0); 𝔓(0); ) 

ℌ𝛼
𝑎𝑠𝑦𝑚𝑝

( 𝜕(0) 𝜒(0),(0)) 

Espacio – tiempo cuántico AVTD 

𝜕𝜏𝜇 − Α(𝜒)𝜇 = 𝑒−𝑡𝜇𝑓(𝑡, 𝜒, 𝜇, 𝔇𝜒𝜇) 

𝑓(𝑡, 𝜒, 𝜇, 𝔇𝜒𝜇) ≡ 𝑓0(𝑡, 𝜒, 𝜇) + 𝑓1(𝑡, 𝜒, 𝜇)𝔇𝜒𝜇 

𝑆𝑢𝑝𝓏∈ℳ̂|𝜎𝜇−1Α(𝓏)|𝜎𝛼 ≤ Σ 

𝑔 ≡ 𝑒−2𝜙 𝑔
(3)

+ 𝑒2𝜙(𝑑𝜃 + 𝛼)2, 𝑔
(3)

≡ 𝑔
(3)

𝛼𝛽𝑑𝜒𝛼𝑑𝜒𝛽 

𝔊 ≡ 2(𝑑𝜙)2 +
1

2
𝑒−4𝛾(𝑑𝜔)2𝑒4𝜙⨂𝔉 

𝔉𝛼𝛽 ≡
1

2
𝑒−4𝜙𝜂𝛼𝛽𝜆𝜕𝜆𝜔 

𝑔𝛼𝛽 ( ∇
(3)

𝛼𝜕𝛽𝜙 +
1

2
𝑒−4𝜙𝜕𝛼𝜔𝜕𝛽𝜔) − 𝑔𝛼𝛽 ( ∇

(3)
𝛼𝜕𝛽𝜔 − 4𝜕𝛼𝜔𝜕𝛽𝜔) ⟨𝑔𝛼𝛽| |∇𝛼|(3)

|𝜕𝛽𝜙⟩ 

ℛ
(3)

𝛼𝛽 = 𝜕𝛼𝜙⨂𝜕𝛽𝜙 ≔ 2𝜕𝛼𝜙⨂𝜕𝛽𝜙 +
1

2
𝑒−4𝛾𝜕𝛼𝜔𝜕𝛽𝜔 

𝑔
(3)

≡ −𝔑2𝑑𝑡2 + 𝑔𝛼𝛽𝑑𝜒𝛼𝑑𝜒𝛽⟨𝑒𝜆|𝜎𝛼𝛽⟩ 

𝔎𝛼𝛽 ≔ −
1

2𝔑
𝜕𝜏𝑔𝛼𝛽 ≡ −

1

2
(𝜎𝛼𝛽𝜕𝜏𝜆 + 𝜕𝜏𝜎𝛼𝛽) 

𝜏 ≔ 𝑔𝛼𝛽𝔎𝛼𝛽 ≡ −𝑒−𝜆 (𝜕𝜏𝜆 +
1

2
𝜓) 

𝜓 ≔ 𝜎𝛼𝛽𝜕𝜏𝜎𝛼𝛽 

Γ
(3)

𝛼𝛽
𝑐 = Γ𝛼𝛽

𝑐 (𝑔) = Γ𝛼𝛽
𝑐 (𝜎) +

1

2
(𝛿𝛽

𝑐𝜕𝛼𝜆 + 𝛿𝛼
𝑐𝜕𝛽𝜆 − 𝜎𝑐𝑑𝜎𝛼𝛽𝜕𝑑𝜆) 

Γ
(3)

00
0 = 𝜕𝜏𝜆, Γ

(3)
0𝛼
0 = 𝜕𝛼𝜆, Γ

(3)
00
𝛼 = 𝜎𝛼𝛽𝑒𝜆𝜕𝛼𝜆 



pág. 8647 

Γ
(3)

𝛼𝛽
0 = −𝑒−𝜆𝔎𝛼𝛽 , Γ

(3)
𝛼0
𝛽

= −𝑒𝜆𝔎𝛼
𝛽

 

𝑔
(3) 𝛼𝛽 Γ

(3)
𝛼𝛽
0 =

1

2
𝜓𝑒−2𝜆 

ℭ0 ≡ Σ0
0 ≡ −

1

2
{ℛ(𝑔) − 𝔎⨂𝔎 + 𝜏2 − 𝑒−2𝜆𝜕𝜏𝜙⨂𝜕𝜏𝜙 − 𝑔𝛼𝛽𝜕𝛼𝜙⨂𝜕𝛽𝜙} 

ℭ𝛼 ≡ 𝑒𝜆Σ𝛼
0 ≡ −{∇𝛽𝔎𝛽

𝛼 − 𝜕𝛼𝜏 + 𝑒−𝜆𝜕𝛼𝜙⨂𝜕𝛽𝜙} 

𝒩 ( ℛ
(3)

𝛼
𝛽

− 𝜌𝛼
𝛽
) ≡ −𝜕𝜏𝔎𝛼

𝛽
+ 𝒩𝜏𝔎𝛼

𝛽
− ∇𝛽𝜕𝛼𝔑 + 𝔑ℜ𝛼

𝛽
− 𝒩𝜕𝛼𝜙⨂𝜕𝛽𝜙 

𝜕𝑡𝜙 = 𝜙𝑡 , 𝜕𝑡𝜙𝛼 = 𝜕𝛼𝜙𝑡, 𝜕𝑡𝜎𝑐
𝛼𝛽

= ∇̃𝑐𝜕𝑡𝜎
𝛼𝛽 

𝜕𝑡𝜎
𝛼𝛽 = 2𝑒2𝜆𝔎𝛼𝛽 + 𝜎𝛼𝛽𝜕𝑡𝜆 

𝜎̂𝛼𝛽 = 𝜎̃𝛼𝛽, 𝑔𝛼𝛽 = 𝑒 𝜆̃𝜎̃𝛼𝛽, 𝜓̂ = 0, 𝑔𝛼𝛽 = 𝑒−𝜆̃𝜎̃𝛼𝛽𝜕𝑡𝑔̂𝛼𝛽 = 𝑒 𝜆̃𝜎̃𝛼𝛽𝜕𝑡𝜆̂ 

𝔎̂𝛼𝛽 = −
1

2
𝜎̃𝛼𝛽𝜕𝑡𝜆̂, 𝔎̂𝛼

𝛽
= −

1

2
𝑒−𝜆̂𝛿𝛼

𝛽
𝜕𝑡𝜆̂, 𝜏̂ ≔ 𝔎̂𝛼

𝛼 = −𝑒−𝜆̂𝜕𝑡𝜆̂ 

𝜕𝑡𝔎̂𝛼
𝛽

= 𝒩̂𝜏̂𝔎̂𝛼
𝛽

 

𝔎̂𝛼𝛽 =
1

2
𝜐̃𝜎̃𝛼𝛽 , 𝔎̂𝛼

𝛽
=

1

2
𝜐̃𝑒−𝜆̂𝛿𝛼

𝛽
, 𝜏̂ = 𝑒−𝜆̂𝜐̃ 

ℭ̂0 ≡ Σ̂0
0 ≡ −

1

2
{−𝔎̂⨂𝔎̂ + 𝜏̂2 − 𝑒−2𝜆̂𝜕𝜏𝜙̂⨂𝜕𝜏𝜙̂} ⟨𝜕𝑡𝑡

2 𝜙̂|𝜕𝜏𝜙̂ = −
1
2

𝜔̃⟩ 

−𝔎̂⨂𝔎̂ + 𝜏̂2 − 2𝑒−2𝜆̂𝜕𝜏𝜙̂⨂𝜕𝜏𝜙̂ =
𝑒−2𝜆

2
(𝜐̃2 − 𝜔̃2), 𝜙̂ = 𝜙̃ −

1

2
𝜐̃𝑡 

𝜎𝛼𝛽 = 𝜎̃𝛼𝛽 + 𝑒−𝜀𝜎𝜏𝜇𝜎
𝛼𝛽

 

𝔎𝛼
𝛽

= 𝑒−𝜆 (
1

2
𝜐̃𝛿𝛼

𝛽
+ 𝑒−𝜀𝜅𝜏𝜇𝜅,𝛼

𝛽
) , 𝜏 ≔ 𝔎𝛼

𝛼 ≡ 𝑒−𝜆 (𝜐̃ + 𝑒−𝜀𝜅𝜏𝜇𝜅,𝛼
𝛼 +

1

2
𝜓) 

𝜙 = 𝜙̂ + 𝑒−𝜀𝜙𝜏𝜇𝜙 ≡ 𝜙̃ −
1

2
𝜐̃𝑡 + 𝑒−𝜀𝜙𝜏𝜇𝜙 

𝜕𝜏𝜙 = 𝜙𝜏, 𝜕𝜏𝜙𝛼 = 𝜕𝛼𝜙𝜏, 𝜕𝜏𝜎𝑐
𝛼𝛽

= ∇̃𝑐𝜕𝜏𝜎𝛼𝛽 

𝜙𝜏 ≡ −
1

2
𝜐̃ + 𝑒−𝜀𝜙𝜏𝜇𝜙𝜏

, 𝜙𝛼 ≡ 𝜕𝛼𝜙̃ −
1

2
𝑡𝜕𝛼𝜐̃ + 𝑒−𝜀𝜙𝛼𝜏𝜇𝜙𝛼

 

𝜎𝑐
𝛼𝛽

≡ 𝑒−𝜀
𝜎′𝜏𝜇

𝜎′𝑐

𝛼𝛽
 

𝜕𝜏𝜇𝜎
𝛼𝛽

− 𝜀𝜎𝜇𝜎
𝛼𝛽

= 2𝑒(𝜀𝜎+𝜀𝜅)𝜏
𝜎𝛼𝑐𝜇𝜅,𝑐

𝛽
 

𝜕𝜏𝜇
𝜎′𝑐

𝛼𝛽
− 𝜀𝜎′𝜇

𝜎′𝑐

𝛼𝛽
= 𝑒(𝜀

𝜎′+𝜀𝜎)
𝜏

∇̃𝑐𝜇𝜎
𝛼𝛽
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𝜕𝜏𝜇𝜅,𝛼
𝛽

− 𝜀𝜅𝜇𝜅,𝛼
𝛽

−
1

2
𝜐̃𝛿𝛼

𝛽
𝜇𝜅,𝑐

𝑐 = 𝑒−𝜀𝜅𝜏𝜇𝜅,𝑐
𝑐 𝜇𝜅,𝛼

𝛽
+ 𝑒𝜆+𝜀𝜅𝜏𝔉𝛼

𝛽
(𝜏, 𝜒, 𝜇, 𝜇𝜒) 

𝜕𝜏𝜇𝜅,𝛼
𝛼 − 𝜀𝜅𝜇𝜅,𝛼

𝛼 − 𝜐̃𝜇𝜅,𝛼
𝛼 = 𝑒−𝜀𝜅𝜏𝜇𝜅,𝑐

𝑐 𝜇𝜅,𝛼
𝛼 + 𝑒𝜆+𝜀𝜅𝜏𝔉𝛼

𝛼(𝜏, 𝜒, 𝜇, 𝔇𝜒𝜇) 

𝜕𝜏
𝔗𝜇𝜅,𝛼

𝛽
− 𝜀𝜏

𝔗𝜇𝜅,𝛼
𝛽

= 𝑒−𝜀𝜅𝜏𝜇𝜅,𝑐
𝑐𝔗𝜇𝜅,𝛼

𝛽
+ 𝑒𝜆+𝜀𝜅𝜏𝔗𝔉𝛼

𝛽
(𝜏, 𝜒, 𝜇, 𝜇𝜒) 

𝜕𝜏𝜇𝜙𝜏
− 𝜀𝜙𝜏

𝜇𝜙𝜏
= 𝑒(𝜀𝜙𝜏−𝜀𝜅)

𝜏

𝔉 + 𝑒(𝜆+𝜀𝜙𝜏𝔗)𝔉 

𝜕𝜏𝜇 − Α𝜇 = 𝑒−𝜇𝜏𝑓(𝜏, 𝜒, 𝜇, 𝔇𝜒𝜇) 

𝜕𝜏(𝜙𝛼 − 𝜕𝛼𝜙) = 𝜕𝛼𝜙𝜏 − 𝜕𝛼𝜕𝜏𝜙 

𝜙𝛼 − 𝜕𝛼𝜙 = 𝑒−𝜀𝜙𝛼𝔗𝜇𝜙𝛼
− 𝑒−𝜀𝜙𝜏(𝜕𝛼𝜇𝜙 − 𝜀𝜙𝜇𝜙) 

𝒢 ≡
1

2
{
𝑑𝜔2 + 𝑑𝛾2

𝛾2 } = 𝛾𝑒2𝜙𝜔′′ − 2𝛾−1𝜔′𝛾′, 𝛾′′ + 𝛾−1𝜔′𝜒′, 𝜔̂ = 𝔅 + Α cos 𝜃 , 𝛾 = Α sin 𝜃 ,
𝜃′′

𝜃′

=
cos 𝜃

sin 𝜃
𝜃′ − 𝜔̃ sin 𝜃 , 𝑡𝑔

𝜃

2
= Θ̃𝑒−𝑖𝜔̃𝑡 

𝜙̂ = 𝜙̃ +
1

2
log(sin 𝜃) , 𝜔̂ = 𝜔̃ + 𝑒2𝜙̃ cos 𝜃 

𝜔̃ + 𝑒2𝜙̃ = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

Restricciones 

ℭ0 ≡ Σ̂0
0 ≡ −

1

2
{ℛ(𝑔) − 𝔎⨂𝔎 + 𝜏2 − 𝑒−2𝜆2|𝜕𝜏𝜙|2} 

ℭ𝛼 ≡ 𝑒𝜆Σ𝛼
0 ≡ − {∇𝛽𝔎𝛼

𝛽
− 𝜕𝛼𝜏 + 𝑒−𝜆2𝜕𝜏𝜙𝜕𝛼𝜙} 

Espacios cuánticos no estacionarios y agujeros negros cuánticos 

Cuestiones preliminares 

𝑔 ≡ −𝜓2(𝑑𝑡 + 𝛼)2 + 𝑔 

𝛼 ≡ 𝛼𝑖𝑑𝜒𝑖, 𝑔 ≡ 𝑔𝑖𝑗𝑑𝜒𝑖𝑑𝜒𝑗 

𝑡′ = 𝑡 + 𝑓 

𝑔 ≡ −𝜓2𝑑𝑡′2 + 𝑔𝑖𝑗𝑑𝜒𝑖𝑑𝜒𝑗 

𝑔 ≡ 𝜋†𝑔†(⋆) + (𝜋⋇𝜙⋆(⋇))𝜃2 

𝜋†𝑔†(⋆) = 𝑔⋄ = 𝑔𝛼𝛽𝑑𝜒𝛼𝑑𝜒𝛽 

𝜃 = 𝑑𝜒𝑚 + Α𝛼𝑑𝜒𝛼 
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𝜉 ≡ 𝑒𝑚 ≡
𝜕

𝜕𝜒𝑚
 

Α ↦ Α + ℏ−1𝑑ℏ 

𝑓 = 𝑑Α, 𝑓𝛼𝛽 = ∇𝛼Α𝛽 − ∇𝛽Α𝛼 

𝑐̂𝛼𝛽
𝑚 = −𝑓𝛼𝛽 

𝜔̂𝛽𝑐
𝛼 = Γ𝛽𝑐

𝛼  

𝜔̂𝑚𝑚
𝑚 = 0, 𝜔̂𝛼𝑚

𝑚 =
1

2
𝜙−1𝜕𝛼𝜙, 𝜔̂𝑚𝑚

𝛼 =
1

2
𝑔𝛼𝛽𝜕𝛽𝜙 

𝜔̂𝛼𝛽
𝑚 = −

1

2
𝑓𝛼𝛽

𝑚 , 𝜔̂𝑚𝛽
𝛼 = 𝜔̂𝛽𝑚

𝛼 = −
1

2
𝑓𝛽,𝑚

𝛼  

𝑓𝛼𝛽
𝑚 ≔ 𝑓𝛼𝛽 , 𝑓𝛼𝛽,𝑚 ≔ 𝜙𝑓𝛼𝛽 

Tensor de curvatura 

ℛ̂𝑐𝑑
𝛼𝛽

≡ ℛ𝑐𝑑
𝛼𝛽

+
1

2
𝑓𝛽,𝑚

𝛼 𝑓𝑐𝑑
𝑚 +

1

4
𝑓𝑚,𝑐

𝛼 𝑓𝛽𝑑
𝑚 −

1

4
𝑓𝑚,𝑑

𝛼 𝑓𝛽𝑐
𝑚 

ℛ̂𝑐𝑚
𝛼𝑚 ≡ ∇𝑐𝜔̂𝑚𝑚

𝛼 − 𝜔̂𝑚𝑑
𝛼 𝜔̂𝑐𝑚

𝑑  

ℛ̂𝑐𝑚
𝛼𝑚 ≡ −

1

2
∇𝑐∇𝛼𝜙 +

1

4
𝑓𝑚,𝑑

𝛼 𝑓𝑚,𝑐
𝑑 −

1

4
𝜙−1𝜕𝛼𝜙𝔇𝑐𝜙 

ℛ̂𝑐𝑑
𝛼𝑚 ≡

1

2
∇[𝑐𝑓𝑚,𝑑]𝛼 +

1

2
𝑔𝛼𝛽𝜕𝛽𝜙𝑓𝑐𝑑

𝑚 +
1

4
𝑓𝑚[𝑐 𝜙−1𝛼 𝜕𝑑]𝜙 

ℛ̂𝛼𝛽 ≡ ℛ𝛼𝛽 −
1

2
𝑓𝑚𝑏 𝑓𝑐

𝛼𝑐
𝑚 −

1

2
𝜙−1∇𝛼𝜕𝛽𝜙 +

1

4
𝜙−2𝜕𝛼𝜙𝜕𝛽𝜙 

ℛ̂𝛼𝑚 ≡
1

2
∇𝛼𝑓𝑚,𝛼

𝛽
+

1

4
𝑓𝑚,𝛼 𝜙−1𝛽

𝜕𝛽𝜙 

ℛ̂𝑚𝑚 ≡
1

4
𝑓𝑚,𝛼𝛽𝑓𝑚

𝛼𝛽
+ 𝜙−1𝜕𝛼𝜙𝜕𝛼𝜙 − 2∇𝛼∇𝛼𝜙 

ℛ̂𝛼𝑚 ≡
1

2𝜙
1
2

∇𝛽 (𝑓𝑚,𝛼 𝜙
1
2

𝛽
) ≡

1

2
∇𝛽 (𝑓𝛼 𝜓

3
2

𝛽
) , 𝜓 ≔ 𝜙

1
2 

ℛ̂𝑚𝑚 ≡
1

4
𝜓4𝑓𝛼

𝛽
𝑓𝛽

𝛼 − 𝜓∇𝛼𝜕𝛼𝜓 

Espacio – tiempo cuántico en sentido estricto 

𝑔 ≔ −𝜓2(𝑑𝑡 + 𝛼𝑖𝑑𝜒𝑖)
2

+ 𝑔𝑖𝑗𝑑𝜒𝑖𝑑𝜒𝑗 

ℛ̂𝑖𝑗 ≡ ℛ𝑖𝑗 +
𝜓2

2
𝑓𝑖 𝑓ℏ

𝑗ℏ − 𝜓−1∇𝑖𝜕𝑗𝜓 = 𝜌𝑖𝑗 
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ℛ̂𝑖0 ≡ −
1

2𝜓
∇𝑗(𝑓𝑖 𝜓

𝑗 3) = 𝜌𝑖0 

ℛ̂𝑖0 ≡
1

4
𝜓4𝑓𝑖

𝑗
𝑓𝑗

𝑖 + 𝜓Δ𝑔𝜓 = 𝜌00 

𝑔 ≔ −𝜓2𝑑𝑡2 + 𝑔𝑖𝑗𝑑𝜒𝑖𝑑𝜒𝑗 

ℛ̂𝑖𝑗 ≡ ℛ𝑖𝑗 − 𝜓−1∇𝑖𝜕𝑗𝜓 = 𝜌𝑖𝑗 

ℛ̂𝑖0 ≡ 0 = 𝜌0𝑖 

𝜓−1ℛ̂00 ≡ Δ𝑔𝜓 = 𝜓−1𝜌00 

∇𝑗(𝛼𝑖𝑓𝑗
𝑖𝜓3) =

1

2
𝜓3𝑓𝑖

𝑗
𝑓𝑗

𝑖 

∭ 𝛼𝑖𝑓𝑖
𝑗
𝜓3𝜂𝑗𝜇𝜕𝔅℘

𝜕𝔅℘

=
1

2
∭ 𝜓3𝑓𝑖

𝑗
𝑓𝑗

𝑖

𝔅℘

𝜇𝔅℘
 

𝑔 ≔ −𝜓2𝑑𝑡2 − 2𝜓𝛼𝑖𝑑𝜒𝑖𝑑𝑡 + (𝑔𝑖𝑗 − 𝛼𝑖𝛼𝑗)𝑑𝜒𝑖𝑑𝜒𝑗 , 𝜉0 = −𝜓2, 𝜉𝑖 = −𝛼𝑖𝜓 

𝑑𝜉 ≡ 2𝜓𝜕𝑖𝜓𝑑𝜒𝑖 ∧ 𝑑𝑡 −
1

2
𝜓𝑓𝑖𝑗𝑑𝜒𝑖 ∧ 𝑑𝜒𝑗 

𝜓 ≅ 1 −
𝑚

𝑟
+ 𝜊 (

1

𝑟
) , 𝜕𝑖𝜓 =

𝑚

𝑟2

𝜒𝑖

𝑟
+ 𝜊 (

1

𝑟2
) 

⊛ 𝑑𝜉|𝑟 ≅
𝜕𝜓

𝜕𝑟
𝜔𝛿2 

ℛ𝑖𝑐𝑐𝑖(𝑔)(𝜉, 𝜉) ≥ ℳ 

𝑑 ⊛ 𝑑𝜉|ℳ = 4ℛ̂00𝜔ℳ ≡ 4ℛ̂𝑖𝑐𝑐𝑖(𝜉, 𝜉)𝜔ℳ 

∭ Δ𝑔𝜓𝜔ℳ = 𝑙𝑖𝑚𝑟↦∞

ℳ

∭ 𝜂𝑖𝜕𝑖𝜓𝑟2𝜔𝛿2

𝛿2⨂{𝑟}

 

Ecuación de divergencia. 

𝜓𝛼𝑖ℛ̂𝑖0 ≡ −
1

2
∇𝑗(𝛼𝑖𝑓𝑖

𝑗
𝜓3) +

1

4
𝜓3𝑓𝑖

𝑗
𝑓𝑗

𝑖 

ℛ𝑡
𝑡 ≡ ℛ𝑡

𝑡 ≡ −𝜓−1∇𝑖 {𝜕𝑖𝜓 +
1

2
(𝛼𝑗𝑓𝑗𝑖𝜓

3)} 

𝛼𝑖∇𝑗(𝑓𝑖
𝑗
𝜓3) ≡ ∇𝑗(𝛼𝑖𝑓𝑖

𝑗
𝜓3) − 𝑓𝑖

𝑗
𝜓3∇𝑗𝛼

𝑖 

𝜃0 = 𝑑𝑡 + 𝛼𝑖𝑑𝜒𝑖 , 𝜃𝑖 = 𝑑𝜒𝑖 
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ℛ𝑡
𝑡 ≡ ℛ̂0

0 + 𝛼𝑖ℛ̂0
𝑖  

ℛ̂0
0 ≡ −𝜓−2ℛ̂00, ℛ̂0

𝑖 ≡ 𝑔𝑖𝑗ℛ̂0𝑗 

ℛ𝑡
𝑡 ≡ − {

1

4
𝜓2𝑓𝑖

𝑗
𝑓𝑗

𝑖 + 𝜓−1Δ𝑔𝜓 +
1

2
𝜓−1𝛼𝑖∇𝑗(𝑓𝑖

𝑗
𝜓3)} 

ℛ𝑡
𝑡 ≡ −𝜓−1 {Δ𝑔𝜓 +

1

2
∇𝑗(𝛼𝑖𝑓𝑖

𝑗
𝜓3)} 

Solitones cuánticos 

∭ 𝜓−1𝜌00𝜇𝑔

ℳ

∇𝑗(𝑓𝑖
𝑗
𝜓3) 

Δ𝑔𝜓 = −
1

4
𝜓3𝑓𝑖

𝑗
𝑓𝑗

𝑖, ℛ𝑖𝑗 = 𝜓−1∇𝑖𝜕𝑗𝜓 −
𝜓2

2
𝑓𝑖 𝑓𝑗ℏ

ℏ  

∭ 𝛼𝑖𝑓𝑖
𝑗
𝜓3𝜂𝑗𝜇𝜕𝔅℘

𝜕𝔅℘

= ∭
1

2
𝜓3𝑓𝑖

𝑗
𝑓𝑗

𝑖

𝔅℘

𝜇℘ 

Masa de Komar y masa ADM 

𝑑𝜉 ≡
1

2
(∇̂𝜆𝜉𝜇 − ∇̂𝜇𝜉𝜆) 𝑑𝜒𝜆 ∧ 𝑑𝜒𝜇 

⊛ 𝑑𝜉 ≔ 𝜂̂𝛼𝛽𝜆𝜇∇̂𝜆𝜉𝜇𝑑𝜒𝛼 ∧ 𝑑𝜒𝛽 

𝑚𝐾𝑜𝑚𝑎𝑟 ≔ 𝑙𝑖𝑚𝑟↦∞

1

4𝜋
∭ ⊛ 𝑑𝜉

𝛿2⨂{𝑟}

 

𝑑 ⊛ 𝑑𝜉 ≡ 𝜂̂𝛼𝛽𝜆𝜇∇̂𝛾∇̂𝜆𝜉𝜇𝑑𝜒𝛼 ∧ 𝑑𝜒𝛽 

⊛ 𝑑 ⊛ 𝑑𝜉 ≡ 𝜂̂𝜌𝛾𝛼𝛽𝜂̂𝛼𝛽𝜆𝜇∇̂𝛾∇̂𝜆𝜉𝜇𝑑𝜒𝜌 = 4(∇̂𝛾∇̂𝜌𝜉𝛾 − ∇̂𝜌∇̂𝛾𝜉𝛾)𝑑𝜒𝜌 = 4ℛ̂𝜌𝜇𝜉𝜇𝑑𝜒𝜌 

𝑚𝐾𝑜𝑚𝑎𝑟 =
1

4𝜋
∭⊛ 𝑑𝜉

𝜕ℳ

 

𝑚𝐾𝑜𝑚𝑎𝑟 =
1

4𝜋
∭ 𝑑 ⊛ 𝑑𝜉

ℳ

 

𝑚𝔄𝔇𝔐(𝑔) ≔
1

16𝜋
lim
𝑟=∞

∭ (𝜕𝑗𝑔𝑖𝑗 − 𝜕𝑖𝑔
𝑖𝑗)𝜂𝑖𝑟

2𝜔𝛿2

𝛿2⨂{𝑟}
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𝑚𝔄𝔇𝔐(𝛾) =
1

16𝜋
lim
𝑟↦∞

∭ 𝛿𝑖𝑗𝜂𝑖𝜒𝑗𝑟2𝜔𝛿2

𝛿2⨂{𝑟}

 

𝑔 = 𝜓−2𝑔̃, 𝜕𝑖𝑔ℏ𝓀 ≡ 𝜓−2(𝜕𝑖𝑔̃ℏ𝓀 − 2𝑔̃ℏ𝓀𝜓−1𝜕𝑖𝜓) 

𝜕𝑖𝜓 = 0 (
1

𝑟2
) , 𝑔𝑖𝑗 = 𝛿𝑖𝑗 + 0 (

1

𝑟
) 

𝑚𝔄𝔇𝔐(𝑔) = 𝑚𝔄𝔇𝔐(𝑔̃) − lim
𝑟=∞

∭ (𝜕𝑖𝜓 − 3𝜕𝑖𝜓)𝜂𝑖𝑟2𝜔𝛿2

𝛿2⨂{𝑟}

= 𝑚𝔄𝔇𝔐(𝑔)

= 𝑚𝔄𝔇𝔐(𝑔̃) + 2lim
𝑟=∞

∭ 𝜕𝑖𝜓𝜂𝑖𝑟2𝜔𝛿2

𝛿2⨂{𝑟}

 

𝑚(𝑔)𝔄𝔇𝔐 = 𝑚𝔄𝔇𝔐(𝑔̃) + 𝑚𝐾𝑜𝑚𝑎𝑟 

Tensor de Landau–Lifshitz 

𝑙𝑖𝑚𝑟↦∞ ∭ 𝓉𝑖𝑗𝜂
𝑖𝜒𝑗𝑟2𝜔𝛿2

𝛿2⨂{𝑟}

 

𝛿𝑖𝑗 + 𝓉𝑖𝑗 ≡ (det 𝛾)−1𝜕𝓀ℏ𝑖𝑗𝓀 

ℏ𝑖𝑗𝓀 ≔ 𝜕ℏ[det 𝛾 (𝛾𝑖𝑗𝛾𝓀ℓ − 𝛾𝑗𝓀𝛾𝑖ℓ)] 

𝜕𝓀𝜕𝑗ℏ
𝑖𝑗𝓀 ≡ ∭ 𝜒𝑖𝜕𝓀𝜕𝑗ℏ

𝑖𝑗𝓀𝑑𝜒1𝑑𝜒2𝑑𝜒3

ℝ4

lim
𝑟↦∞

∭ 𝛿𝑖𝑗𝜂
𝑖𝜒𝑗𝑟2𝜔𝛿2

𝛿2⨂{𝑟}

− ∭ 𝜕𝓀ℏ𝑖𝑗𝓀𝑑𝜒1𝑑𝜒2𝑑𝜒3

ℝ4

lim
𝑟=∞

∭ (𝜕𝑗𝛾𝑖𝑗 − 𝜕𝑖𝛾
𝑖𝑗)𝜂𝑖𝑟

2𝜔𝛿2

𝛿2⨂{𝑟}

 

Solitones cuánticos electrovac 

𝔉𝑖0 = 𝜕𝑖Α0 

∇̂𝛼𝔉𝛼0 ≡ −𝜓−1∇𝑖(𝜓−1𝜕𝑖Α0) ≡ −𝜓−𝒵(Δ𝑔Α0 − 𝜓−1𝜕𝑖𝜓𝜕𝑖Α0)⟨∇̂𝑖𝔉
𝑖𝑗|∇𝑖𝔉

𝑖𝑗⟩ 

Α𝑗∇𝑖𝔉
𝑖𝑗 ≡ ∇𝑖(Α𝑗𝔉

𝑖𝑗) − (∇𝑖Α𝑗)𝔉𝑖𝑗 , ∇𝑖(Α𝑗𝔉
𝑖𝑗) =

1

2
𝔉𝑖𝑗𝔉

𝑖𝑗 

Fórmula Kaluza – Klein 

𝑔 = 𝑔𝛿 + 𝜙𝑚𝜂( 𝑑𝜒𝑚 + Α𝛼
𝑚 𝑑𝜒𝛼)( 𝑑𝜒𝑚 + Α𝛼

𝑚 𝑑𝜒𝛼) 

𝑔𝛿 ≡ 𝑔𝛼𝛽𝑑𝜒𝛼𝑑𝜒𝛽 , 𝜙 ≡ 𝜙𝑚𝜂( 𝑑𝜒𝑚 + Α𝛼
𝑚 𝑑𝜒𝛼)( 𝑑𝜒𝑚 + Α𝛼

𝑚 𝑑𝜒𝛼) 
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𝜙 ≡ −𝒩2𝑑𝑡2 + 2𝛼𝑑𝑡𝑑𝜙 + 𝛽2𝑑𝜙2 

Métrica de Kerr 

𝑔𝔅𝔏 = Α (
𝑑𝑟2

𝔅
+ 𝑑𝜃2) − (1 −

2𝑚𝑟

Α
) 𝑑𝑡2 −

4𝑚𝛼𝑟 sin2 𝜃

Α
𝑑𝜙𝑑𝑡 +

2𝑚𝛼2 sin4 𝜃

Α
𝑑𝜙2 

Α ≔ 𝑟2 + 𝛼2 cos2 𝜃 , 𝔅 ≔ 𝑟2 − 2𝑚𝑟 + 𝛼2 

𝑑𝜐 = 𝑑𝑡 +
𝛼2 + 𝑟2

𝔅
 

𝑑Φ = 𝑑𝜙 +
𝛼

𝔅
𝑑𝑟 

𝑔𝜅𝛿 ≡ (1 −
2𝑚𝑟

Α
) 𝑑𝜐2 + 2𝑑𝑟𝑑𝜐 + Α𝑑𝜃2 +

Σ2

Α
sin2 𝜃 𝑑𝜙2 + 4𝛼𝑚𝑟

sin2 𝜃

Α
𝑑𝜐𝑑Φ + 2α sin2 𝜃 𝑑𝑟𝑑𝜙 

Σ2 ≡ (𝑟2 + 𝛼2)2 − 𝔅𝛼2 sin2 𝜃 

𝜒 = (𝑟2 + 𝛼2)1/2 sin 𝜙 sin 𝜃 , 𝛾 = (𝑟2 + 𝛼2)1/2 cos 𝜙 sin 𝜃 , 𝓏 = 𝑟 cos 𝜃 

Horizonte de eventos 

𝑟± = 𝑚 ± √𝑚2 − 𝛼2 |
2𝑚𝑟

Α
⟩ 

𝑟𝑠𝑡𝑎𝑡 = 𝑚 + √𝑚2 − 𝛼2 cos2 𝜃 ≥ 𝑟± 

Proceso de Penrose 

𝑔𝛼𝛽𝜒𝛼𝜒𝛽 ≡ − (1 −
2𝑚𝑟

Α
) 

Solución de Majumdar–Papapetrou 

𝑔 = −𝜇−2𝑑𝑡2 + 𝜇2(𝑑𝜒2 + 𝑑𝛾2 + 𝑑𝓏2), Α = 𝜇−1𝑑𝑡, 𝜇 = 1 + ∑
𝜇𝑖

𝜒 − 𝛼⃑𝑖

ℑ

𝑖=1

 

𝑑(𝑔(𝜒, 𝜒)) = −2𝜅𝜒𝒷 

〈ℳ𝑒𝑥𝑡〉 = 𝔍+(∪𝑡 𝜙𝑡(Σ𝑒𝑥𝑡)) ∩ 𝔍−(∪𝑡 𝜙𝑡(Σ𝑒𝑥𝑡)) 

𝜕Σ̅ ⊂ 𝜉∘ ≔ 𝜕(〈ℳ𝑒𝑥𝑡〉) ∩ ℑ+(Σ𝑒𝑥𝑡) 

Agujeros negros cuánticos completos 
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𝑔 = −
𝔉(𝜒)

𝔉(𝛾)
(𝑑𝑡 + √

𝜈

𝜉𝔉

𝜉1 − 𝛾

Α
𝑑𝜓)

2

+
𝔉(𝛾)

Α2(𝜒 − 𝛾)2
[−𝔉(𝜒) (

𝑑𝛾2

𝔊(𝛾)
+

𝔊(𝛾)

𝔉(𝛾)
𝑑𝜓2) + 𝔉(𝛾) (

𝑑𝜒2

𝔊(𝜒)
+

𝔊(𝜒)

𝔉(𝜒)
𝑑𝜑2)] 

𝔉(𝜉) = 1
𝜉

𝜉𝔉
, 𝔊(𝜉) = 𝜈𝜉3 − 𝜉2 + 1 = 𝜈(𝜉 − 𝜉1)(𝜉 − 𝜉2)(𝜉 − 𝜉3) 

𝜉𝔉 =
𝜉1𝜉2 − 𝜉3

2

𝜉1 − 2𝜉3 + 𝜉2
 

𝜌̃ = 2√𝜒 − 𝜉1, 𝜑 = 𝜆𝜑̃ 

𝜆 =
2√𝜉𝔉 − 𝜉1

𝜈√𝜉𝔉(𝜉2 − 𝜉1)(𝜉3 − 𝜉1)
 

ℛ⏟
𝑡

⨂ {( ℛ2⏟
𝛾,𝜓⟺𝜌̂,𝜑̂

⨂ 𝛿2⏟
𝜒,𝜓⟺𝜌̃,𝜑̃

) ∖ ({0} ⨂{𝒩})} 

𝑟̃ =
𝜌̃

𝔅(𝜌̃2 + 𝜌̂2)
, 𝑟̂ =

𝜌̂

𝔅(𝜌̃2 + 𝜌̂2)
 

(4𝔅)2𝔉2(𝜉1) = 𝜈Α2(𝜉1 − 𝜉2)(𝜉1 − 𝜉3) 

𝑔 = {𝜂𝜇𝜈 + 𝒪(𝑟−2)} 𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 

𝑔 = −𝔉(𝜒) [
𝑑𝑡2

𝔉(𝛾)
+ 2√

𝜈

𝜉𝔉

𝜉1 − 𝛾

Α𝔉(𝛾)
𝑑𝑡𝑑𝜓 +

1

Α2 {
𝜈(𝜉1 − 𝛾)2

𝜉𝔉 − 𝛾
+

𝔊(𝛾)

(𝜒 − 𝛾)2} 𝑑𝜓2 +
𝔉(𝛾)𝛾4

Α2(𝜒 − 𝛾)2𝔊(𝛾)
𝑑𝛾2]

+
𝔉2(𝛾)

Α2(𝜒 − 𝛾)2 (
𝑑𝜒2

𝔊(𝜒)
+

𝔊(𝜒)

𝔉(𝜒)
𝑑𝜑2) 

−𝔉(𝜒) [2
√𝜈𝜉𝔉

Α
𝑑𝑡𝑑𝜓 +

2𝜉1 + 𝑒́𝜒 − 1 − 𝜈𝜉𝔉

Α2
𝑑𝜓2 +

1

Α2𝜈𝜉𝔉
𝑑𝛾2] +

1

Α2𝜉𝔉
2 (

𝑑𝜒2

𝔊(𝜒)
+

𝔊(𝜒)

𝔉(𝜒)
𝑑𝜑2) 

𝑔 = (𝜕𝜏, 𝜕𝜏) = 𝑔𝜏𝜏 = −
𝔉(𝜒)

𝔉(𝛾)
= −

𝜉𝔉 − 𝜒

𝜉𝔉 − 𝛾
= −

(𝜉𝔉 − 𝜒)𝛾

𝛾𝜉𝔉 + 1
 

𝑑𝜒 = 𝑑𝜓 +
√−𝔉(𝒵)

𝔊(𝒵)
𝑑𝓏, 𝑑𝜐 = 𝑑𝑡 + √

𝜈

𝜉𝔉

(𝓏 − 𝜉1)
√−𝔉(𝒵)

Α𝔊(𝒵)
𝑑𝓏 
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𝑑𝑠2 = −
𝔉(𝜒)

𝔉(𝛾)
(𝑑𝜐 − √

𝜈

𝜉𝔉

𝓏 − 𝜉1

Α
𝑑𝜒)

2

+
1

Α2(𝜒 − 𝓏)2
[𝔉(𝜒) (−𝔊(𝒵)𝑑𝜒2 + 2√−𝔉(𝒵)𝑑𝜒𝑑𝓏)

+ 𝔉(𝒵)2 (
𝑑𝜒2

𝔊(𝜒)
+

𝔊(𝜒)

𝔉(𝜒)
𝑑𝜙2)] 

Cinética cuántica relativista 

Cuestiones preliminares 

𝑓: 𝒫𝒱 ↦ ℛ, (𝜒, ℘) ↦ 𝑓(𝜒, ℘), 𝜒 ∈ 𝒱, ℘ ∈ 𝒫𝜒 ⊂ 𝒯𝜒𝒱 

𝒫𝑚𝜒 ≡ 𝒯𝜒𝒱 ∩ {𝑔(℘, ℘) = −𝑚2, ℘0} 

𝜃 = 𝜔𝑔 ∧ 𝜔℘ 

𝜔𝑔 = (det 𝑔)1/2𝑑𝜒0 ∧ 𝑑𝜒1 ∧⋅⋅⋅∧ 𝑑𝜒𝜂 

𝜔℘ = (det ℘)1/2𝑑℘0 ∧ 𝑑℘1 ∧⋅⋅⋅∧ 𝑑℘𝜂 

𝑑 [
1

2
(𝑔𝛼𝛽 − 𝑚2)] ∧ 𝜔𝑚,℘ = 𝜔℘ 

𝜔𝑚,℘ =
(det 𝑔)1/2𝑑𝜂℘

℘0
, 𝑑𝜂℘ ≔ 𝑑℘1 ∧⋅⋅⋅∧ 𝑑℘𝜂 

Momento de distribución 

𝑟0(𝜒) ≔ ∭ 𝑓𝜔℘

𝒫𝜒

= ∭ 𝑓𝜇℘

𝒫𝜒

 

𝒩Σ = ∭ 𝑓

Σ

𝜒𝑖 𝜃 

𝜒𝑖 𝜃 ≡ 𝑖𝜒(𝜔𝑔 ∧ 𝜔℘) = 𝑖𝜒𝜔𝑔 ∧ 𝜔℘ + (−1)𝜂+1𝜔𝑔 ∧ 𝑖𝜒𝜔℘ 

( 𝜒𝑖 𝜃)
Σ

= (𝑖𝜒𝜔𝑔)
𝛿

∧ 𝜔℘ = ℘𝛼𝜂𝛼𝜔̅𝑔,𝛿 ∧ 𝜔℘ 

𝑟𝛿(𝜒) = ∭ 𝑓℘𝛼𝜂𝛼

𝒫𝜒

𝜔℘ 
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𝒫𝛼(𝜒) ≔ ∭ ℘𝛼𝑓(𝜒, ℘)𝜇℘

𝒫𝜒

 

𝑟2 ≔ −𝒫𝛼𝒫𝛼, 𝜇𝛼 ≔ 𝑟−1𝒫𝛼 

𝒯𝛼𝛽(𝜒) ≔ ∭ 𝑓(𝜒, ℘)℘𝛼℘𝛽𝜇℘

𝒫𝜒

 

𝑓(𝜒, ℘) ≡ ℱ(𝜒, 𝒱𝛼(𝜒)℘𝛼) 

𝒫𝛼(𝜒) ≡ ∭ ℘𝛼ℱ(𝜒, 𝒱𝛼(𝜒)℘𝛼)𝜇℘

𝒫𝜒

 

𝒫𝑖(𝜒) = ∭ ℘𝑖ℱ

𝒫𝜒

(𝜒, −𝜆(𝜒)℘0)𝜇℘ 

𝒫0(𝜒) = ∭ ℘0ℱ

𝒫𝜒

(𝜒, −𝜆(𝜒)℘0)𝜇℘ 

𝒯 𝑖𝑖 = ∭(℘𝑖)
2
ℱ

𝒫𝜒

(𝜒, −𝜆(𝜒)℘0)𝜇℘ 

𝒯00 = ∭(℘0)2ℱ

𝒫𝜒

(𝜒, −𝜆(𝜒)℘0)𝜇℘ 

ℳ𝛼1⋅⋅⋅𝛼℘ ≔ ∭ 𝑓(𝜒, ℘)℘𝛼1 ⋅⋅⋅ ℘𝛼℘𝜔

𝒫𝜒

 

𝒯𝛼𝛽(𝜒) ≔ ∑ ∭ 𝑓𝛼(𝜒, ℘)℘𝛼℘𝛽𝜔𝑚𝛼,℘

𝒫𝑚𝛼 ,𝜒𝛼

 

Ecuaciones de Vlasov 

℘𝛼 ≔
𝑑𝜒𝛼

𝑑𝜆
,
𝑑℘𝛼

𝑑𝜆
= 𝒬𝛼 ≔ −Γ𝜆𝜇

𝛼 ℘𝜆℘𝑚 

𝜕℘𝛼′

𝜕℘𝛼
= Α𝛼

𝛼′
,
𝜕℘𝛼′

𝜕𝜒𝛽
= 𝜕𝛽Α𝛼

𝛼′
 

℘′𝛼
′

= Α𝛼
𝛼′

℘𝛼, 𝒬′𝛼
′

= ℘𝛽𝜕𝛽Α𝛼
𝛼′

− Α𝛼
𝛼′

Γ𝜆𝜇
𝛼 ℘𝜆℘𝑚 
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Γ𝛽′𝛾′
′𝛼′ = Α𝛼

𝛼′
𝜕𝛽′Α𝛾′

𝛼 + Α𝛼
𝛼′

Α
𝛽′
𝛽

Α
𝛾′
𝛾

Γ𝛽𝛾
𝛼  

𝒬′𝛼
′

≡ −Γ𝛽′𝛾′
′𝛼′ ℘𝛽′

℘𝛾′
 

(℘𝛼
𝜕

𝜕𝜒𝛼
− Γ𝜆𝜇

𝛼 ℘𝜆℘𝜇
𝜕

𝜕℘𝛼
) 𝑔𝜎𝜌℘𝜎℘𝜌 

(ℒ⨂𝜃)01⋅⋅⋅𝜂𝜂+1⋅⋅⋅2(𝜂+1)

= ℘𝛼
𝜕

𝜕𝜒𝛼
𝜃01⋅⋅⋅𝜂𝜂+1⋅⋅⋅2(𝜂+1) + 𝜃Α1⋅⋅⋅2(𝜂+1)

𝜕𝜒Α

𝜕𝜒0
+ 𝜃0Α1⋅⋅⋅2𝜂+1Α

𝜕𝜒Α

𝜕𝜒1
+⋅⋅

⋅ +𝜃01⋅⋅⋅2𝜂+1Α

𝜕𝜒Α

𝜕𝜒2(𝜂+1)
 

𝜕

𝜕𝜒𝛼
𝜃01⋅⋅⋅𝜂𝜂+1⋅⋅⋅2(𝜂+1) = 𝑔𝜆𝜇 (

𝜕

𝜕𝜒𝛼
𝑔𝜆𝜇) 𝜃01⋅⋅⋅𝜂𝜂+1⋅⋅⋅2(𝜂+1) 

𝜃01⋅⋅⋅2(𝜂+1)

𝜕𝜒Α

𝜕𝜒Α
= 𝜃01⋅⋅⋅2(𝜂+1)

𝜕𝒬𝛼

𝜕℘𝛼
= −2Γ𝜆𝛼

𝜆 ℘𝛼 

ℒ𝜒 ≡ 𝑑𝑖𝜒 + 𝑖𝜒𝑑, ℒ𝛼𝜒𝑖𝜒𝜃 ≡ 𝑑(𝑖𝛼𝜒𝑖𝜒𝜃) 

∭ 𝑖𝜒𝜏𝑑𝜆,

𝛾

𝑖𝜒𝜏 ≡ 𝜒Α𝜏Α ≡ ℘𝛼𝜏α + 𝒬𝛼̅𝜏α̅ 

𝜏 ∧ 𝑖𝜒𝜃 = 𝜏Α𝑑𝜒Α ∧ (−1)Α𝜒Α𝜃0⋅⋅⋅Α⋅⋅⋅2(𝜂+1)𝑑𝜒0 ∧⋅⋅⋅∧ 𝑑𝜒̂Α ∧⋅⋅⋅ 𝑑𝜒2(𝜂+1) = 𝜃 

ℒ𝜒𝑓 ≡ ℘𝛼
𝜕𝑓

𝜕𝜒𝛼
+ 𝒬𝛼

𝜕𝑓

𝜕℘𝛼
 

(𝜒Α) = (℘𝛼 , 𝒬𝛽 , +𝜙𝛽), 𝜙𝛼 ≔ 𝑒ℱ𝛼𝛽℘𝛽𝜙𝛼
𝜕𝑔(℘, ℘)

𝜕℘𝛼
≡ 2𝑒ℱ𝛼𝛽℘𝛽℘𝛼 

𝑖(0,𝜙)𝜃 = 𝜔𝜒 ∧ 𝑖𝜙𝜔℘, 𝑑𝑖𝜙𝜔℘ ≡
𝜕𝜙𝛼

𝜕℘𝛼
𝜔℘ 

Ecuaciones de Yang – Mills – Vlasov 

𝑑𝜒𝛼

𝑑𝑠
= ℘𝛼,

𝑑℘𝛼

𝑑𝑠
= 𝒬𝛼 + 𝑞⨂ℱ𝛼𝛽℘𝛽,

𝑑𝑞𝛼

𝑑𝑠
= 𝒬̂𝛼 ≔ −℘𝛼[Α𝛼, 𝑞]𝛼 

ℒ𝜒𝑓 ≡ ℘𝛼
𝜕𝑓

𝜕𝜒𝛼
+ (𝒬𝛼 + 𝑞⨂ℱ𝛼𝛽℘𝛽)

𝜕𝑓

𝜕℘𝛼
+ 𝒬𝛼

𝜕𝑓

𝜕𝑞𝛼
 

ℒ𝜒𝕀
𝑓𝕀 = 0, 𝜒𝕀 ≔ (℘, 𝒬 + 𝜙𝕀), 𝜙𝕀

𝛼 ≔ 𝑒𝕀ℱ
𝛼𝛽℘𝛼 

𝑔𝛼𝛽℘𝛼℘𝛽 = −𝑚𝕀
2 
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𝑓𝑚𝕀
(𝜒𝛼 , ℘𝑖) = 𝑓𝕀 (𝜒𝛼 , ℘𝑖, ℘0(℘𝑖))

𝜕℘0

𝜕℘𝑖
= −

℘𝑖

℘0
,
𝜕℘0

𝜕𝜒𝛼
= −

℘𝜆℘𝜇

2℘0

𝜕𝑔𝜆𝜇

𝜕𝜒𝛼
 

℘𝛼
𝜕𝑓𝑚𝕀

𝜕𝜒𝛼
+ 𝜓𝑖

𝜕𝑓𝑚𝕀

𝜕℘𝑖
= ℘𝛼 (

𝜕𝑓𝕀

𝜕𝜒𝛼
−

℘𝜆℘𝜇

2℘0

𝜕𝑔𝜆𝜇

𝜕𝜒𝛼

𝜕𝑓𝕀

𝜕℘0) + 𝜓𝑖 (
𝜕𝑓𝕀

𝑑℘𝑖
−

℘𝑖

℘0

𝜕𝑓𝕀

𝜕℘0) 

𝒬𝛼℘𝛼 +
℘𝛼℘𝜆℘𝜇

2℘0

𝜕𝑔𝜆𝜇

𝜕𝜒𝛼
𝜙𝛼℘𝛼 

℘0
𝜕𝑓𝑚𝕀

𝜕𝜒0
+ ℘𝑖

𝜕𝑓𝑚𝕀

𝜕𝜒𝑖
+ 𝜓𝑖

𝜕𝑓𝑚𝕀

𝜕℘𝑖
≡ ℘𝛼

𝜕𝑓𝕀

𝜕𝜒𝛼
+ 𝒬𝛼

𝜕𝑓𝕀

𝜕℘𝑖
+ 𝜙𝛼

𝜕𝑓𝕀

𝑑℘𝛼
≡ ℒ𝜒𝑓𝕀 

𝜕𝑓𝑚𝕀

𝜕𝜒0
+

℘𝑖

℘0

𝜕𝑓𝑚𝕀

𝜕𝜒𝑖
+

𝜓𝑖

℘0

𝜕𝑓𝑚𝕀

𝜕℘𝑖
, 𝜓𝑖 ≡ −Γ𝜆𝜇

𝑖 ℘𝜆℘𝜇 + 𝜙𝕀
𝑖 

∇𝛼1
ℳ𝛼1𝛼2⋅⋅⋅𝛼℘ = ∭(ℒ𝜒𝑓)(𝜒, ℘)℘𝛼2 ⋅⋅⋅ ℘𝛼℘𝜇℘

𝒫𝜒

 

Ecuación de Liouville–Vlasov 

𝑑𝑓(𝜒(𝜆), ℘(𝜆))

𝑑𝜆
,
𝑑𝜒𝛼

𝑑𝜆
= ℘𝛼 ,

𝑑℘𝛼

𝑑𝜆
= 𝒬𝛼 ≡ Γ𝜆𝜇

𝛼 ℘𝜆℘𝜇 

𝜒𝛼(𝜆, 𝜉𝑖 , 𝜋𝛼), ℘𝛼(𝜆, 𝜉𝑖, 𝜋𝛼) 

𝜉0 = 𝜒0(0, 𝜉𝑖, 𝜋𝛼), 𝜉𝑖 = 𝜒𝑖(0, 𝜉𝑖, 𝜋𝛼), 𝜋𝛼 = ℘𝛼(0, 𝜉𝑖 , 𝜋𝛼) 

𝑓(𝜒, ℘) ≡ 𝑓̅(𝜉(𝜒, ℘), 𝜋(𝜒, ℘)) 

Espacio – tiempo cuántico de Robertson–Walker 

𝑔 ≡ −𝑑𝑡2 + ℛ2(𝑡)𝜎2 ≡ 𝛾𝑖𝑗  𝑑𝜒𝑖𝑑𝜒𝑗 

ℒ𝜒𝑓 ≡ ℘𝛼
𝜕𝑓

𝜕𝜒𝛼
− ℛℛ′𝛾𝑖𝑗℘

𝑖℘𝑗
𝜕𝑓

𝜕℘0
− 2ℛ−1ℛ′℘0℘𝑖

𝜕𝑓

𝜕℘𝑖
ℛ2𝛾𝑖𝑗℘

𝑖℘𝑗 = (℘0)2 − 𝑚2 

℘0
𝜕𝑓𝑚

𝜕𝑡
− ℛ−1ℛ′{(℘0)2 − 𝑚2}

𝜕𝑓𝑚

𝜕℘0
 

ℛ
𝜕𝑓𝑚

𝜕ℛ
− {(℘0)2 − 𝑚2}

1

℘0

𝜕𝑓𝑚

𝜕℘0
,

𝑑

𝑑ℛ
= −

℘0𝑑℘0

(℘0)2 − 1
= 𝑑𝜆 log ℛ +

1

2
log((℘0)2 − 𝑚2)

= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, ℛ2{(℘0)2 − 𝑚2} = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

(℘0)2 ≥ 𝑚2 + 𝔎ℛ−2(𝑡0), (℘0)2 ≥ 𝑚2 + 𝔎ℛ−2(𝑡) 

Estimaciones de energía 

𝑔 ≡ −𝒩2𝑑𝑡2 + 𝑔𝑖𝑗𝜃
𝑖𝜃𝑗, 𝜃𝑖 ≡  𝑑𝜒𝑖 + 𝛽𝑖𝑑𝑡 
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𝑒̂ = 𝑒𝑖𝑗𝑑𝜒𝑖𝑑𝜒𝑗 + 𝑑𝑡2 + 𝑒𝑖𝑗𝑑℘𝑖𝑑℘𝑗 + (𝑑℘0)2 

𝒫𝜒,𝑡 ≡ 𝒯𝜒,𝑡𝒱 ∩ {0 < 𝑚2 ≤ 𝒩2(℘0)2 − 𝑔𝑖𝑗℘
𝑖℘𝑗 ≤ ℳ2, ℘0} 

𝑚2 = 𝒩2(℘0)2 − 𝑔𝑖𝑗℘
𝑖℘𝑗, 𝒩2(℘0)2 − 𝑔𝑖𝑗℘

𝑖℘𝑗 = ℳ2 

ℒ𝜒(ℏ𝑓2𝜃) ≡ 𝑑𝑖𝜒(ℏ𝑓2𝜃) ∭ ℒ𝜒(ℏ𝑓2𝜃)

𝒱̂𝒯

= ∭ 𝑖𝜒(ℏ𝑓2𝜃)

𝜕𝒱̂𝒯

≡ ∭ ℏ𝑓2𝑖𝜒𝜃

𝜕𝒱̂𝒯

 

ℒ𝜒(ℏ𝑓2𝜃) = (ℒ𝜒ℏ)𝑓2𝜃, 𝑖𝜒𝜃 = ℘0𝒩𝑡
2𝜔𝑔̅𝑡

∧ 𝜔℘,𝑔̅𝑡
|ℳ̂𝑡⟩ 

2𝑔𝛼𝛽℘𝛽𝑑℘𝛼 + 𝑑𝑔𝛼𝛽℘𝛼𝛽 

𝔈ℏ(𝑡) ≔ ∭ ℏ𝑓2𝑖𝜒𝜃

ℳ̂𝑡

≡ ∭ ℏ𝑓2℘0𝒩𝑡𝜇𝑔𝑡
𝜇℘

ℳ̂𝑡

 

𝜇𝑔𝑡
= (det 𝑔̿𝑡)

1/2𝑑𝜒1 ⋅⋅⋅ 𝑑𝜒𝜂 , 𝜇℘ = (det 𝑔)1/2𝑑℘0𝑑℘1 ⋅⋅⋅ 𝑑℘𝜂 

𝔈ℏ(𝒯) − 𝔈ℏ(0) = ∭ ∭(ℒ𝜒ℏ)𝑓2𝒩𝑡𝜇𝑔̿𝑡
𝜇℘𝑑𝑡

ℳ̂𝑡

𝒯

0

 

ℒ𝜒ℏ = 𝒫(𝜐𝛼℘𝛼)𝒫−1𝜒Α𝜕Α(𝜐𝜆℘𝜆) 

𝜒Α𝜕Α(𝜐𝜆℘𝜆) = ℘𝜇℘𝜆 (
𝜕

𝜕𝜒𝜇
𝜐𝜆 − 𝜐𝛼Γ𝜆𝜇

𝛼 ) ≡ ℘𝜇℘𝜆∇𝜇𝜐𝜆 

(ℒ𝜐𝑔)𝜇𝜆 ≡ ∇𝜇𝜐𝜆 + ∇𝜆𝜐𝜇 

ℒ𝜒ℏ =
1

2
𝒫(𝜐𝛼℘𝛼)𝒫−1℘𝜇℘𝜆(ℒ𝜐𝑔)𝜇𝜆 

ℒ𝜒ℏ = −𝒫(℘0)𝒫−1℘𝜇℘𝜆Γ𝜆𝜇
0  

ℭ = sup
𝒱𝒯

|𝒫
℘𝜆℘𝜇

(℘0)2
Γ𝜆𝜇

0 | , 𝔈ℏ(𝑡) ≤ 𝔈ℏ(0)𝑒ℭ𝑡 

𝔈ℏ(𝑡) ≤ 𝔈ℏ(0) + ℭ ∭ 𝔈ℏ(𝜏)𝑑𝜏

𝑡

0

 

|𝜕𝜒𝑓|
2

≔ 𝑒𝛼𝛽
𝜕𝑓

𝜕𝜒𝛼

𝜕𝑓

𝜕𝜒𝛽
, |𝜕℘𝑓|

2
≔ 𝑒𝛼𝛽

𝜕𝑓

𝜕℘𝛼

𝜕𝑓

𝜕℘𝛽
 

ℒ𝜒|𝜕𝜒𝑓|
2

= 𝑞𝜒(𝜕𝑓, 𝜕𝑓), ℒ𝜒|𝜕℘𝑓|
2

= 𝑞℘(𝜕𝑓, 𝜕𝑓) 

|𝑞𝜒(𝜕𝑓, 𝜕𝑓)| ≤ ℭ{(℘0)2|𝜕𝜒𝑓||𝜕℘𝑓|}, |𝑞℘(𝜕𝑓, 𝜕𝑓)| ≤ ℭ {|𝜕𝜒𝑓||𝜕℘𝑓| + ℘0|𝜕℘𝑓|
2
} 
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ℒ𝜒|𝜕𝜒𝑓|
2

≡ 2𝑒𝛼𝛽
𝜕𝑓

𝜕𝜒𝛼
𝜒Α

𝜕𝑓

𝜕𝜒Α

𝜕𝑓

𝜕𝜒𝛽
𝑓 

ℒ𝜒|𝜕̿𝑓|
2

≡ 2𝑒𝛼𝛽
𝜕𝑓

𝜕𝜒𝛼 {
𝜕

𝜕𝜒𝛽
(𝜒Α

𝜕𝑓

𝜕𝜒Α
) −

𝜕𝜒Α

𝜕𝜒𝛽

𝜕𝑓

𝜕𝜒Α} 

ℒ𝜒|𝜕𝜒𝑓|
2

= 𝑞𝜒(𝜕𝑓, 𝜕𝑓) ≡ −2𝑒𝛼𝛽
𝜕𝒬𝛽

𝜕𝜒𝛼

𝜕𝑓

𝜕𝜒𝛽

𝜕𝑓

𝜕℘𝜆
 

ℒ𝜒|𝜕℘𝑓|
2

≡ 2𝑒𝛼𝛽
𝜕𝑓

𝜕℘𝛼 {
𝜕

𝜕℘𝛽
(𝜒Α

𝜕𝑓

𝜕𝜒Α
) −

𝜕𝜒Α

𝜕℘𝛽

𝜕𝑓

𝜕𝜒Α} 

ℒ𝜒|𝜕℘𝑓|
2

= 𝑞℘(𝜕𝑓, 𝜕𝑓) ≔ −2𝑒𝛼𝛽
𝜕𝑓

𝜕℘𝛼 {
𝜕𝑓

𝜕𝜒𝛽
+

𝜕𝒬𝛾

𝜕℘𝛽

𝜕𝑓

𝜕℘𝛾} 

𝒬𝛼 = −Γ𝜆𝜇
𝛼 ℘𝜆℘𝜇,

𝜕𝒬𝛼

𝜕𝜒𝑖
= −℘𝜆℘𝜇

𝜕Γ𝜆𝜇
𝛼

𝜕𝜒𝑗
,
𝜕𝒬𝛼

𝜕℘𝛾
= −2℘𝜇Γ𝜆𝜇

𝛼  

𝔈𝒫
(1)(𝑡) ≔ ∭ {(℘0)𝒫|𝜕𝜒𝑓|

2
+ (℘0)𝒫+2|𝜕℘𝑓|

2
}

ℳ̂𝑡

𝒩𝜇𝑔̅𝜇℘ 

𝔈𝒫
(1)

(𝑡) ≤ 𝔈𝒫
(1)

(0)𝑒ℭ𝑡, (℘0)𝒫−1|𝜕𝜒𝑓|
2
𝑖𝜒𝜃 + (℘0)𝒫′−1|𝜕℘𝑓|

2
𝑖𝜒𝜃 

𝔈𝒫
(1)

(𝑡) − 𝔈𝒫
(1)

(0) = ∭ ∭ ℒ𝜒 {(℘0)𝒫−1|𝜕𝜒𝑓|
2

+ (℘0)𝒫′−1|𝜕℘𝑓|
2
} 𝜃

ℳ̂𝑡

𝒯

0

 

ℒ𝜒(ℏℱ𝜃) = {(ℒ𝜒ℏ)ℱ + ℏ(ℒ𝜒ℱ)}𝜃 

ℒ𝜒 {(℘0)𝒫−1|𝜕𝜒𝑓|
2
} = |𝜕𝜒𝑓|

2
ℒ𝜒(℘0)𝒫−1 + (℘0)𝒫−1ℒ𝜒|𝜕𝜒𝑓|

2
 

ℒ𝜒(℘0)𝒫−1 = (𝒫 − 1)(℘0)𝒫−2ℒ𝜒℘0 ≤ ℭ(℘0)𝒫 

(℘0)𝒫−1|ℒ𝜒||𝜕𝜒𝑓|
2
| ≤ ℭ(℘0)𝒫/2|𝜕𝜒𝑓|(℘0)𝒫/2+1|𝜕℘𝑓| 

ℒ𝜒 {(℘0)𝒫′−1|𝜕℘𝑓|
2
|} ≤ ℭ(℘0)𝒫′

|𝜕℘𝑓|
2

+ (℘0)𝒫′−1|𝜕℘𝑓|{|℘0||𝜕℘𝑓| + |𝜕𝜒𝑓|} 

ℒ𝜒 {(℘0)𝒫′−1|𝜕℘𝑓|
2
|} ≤ ℭ(℘0)𝒫′

|𝜕℘𝑓|
2

+ (℘0)𝒫′/2|𝜕℘𝑓|(℘0)𝒫/2|𝜕𝜒𝑓| 

𝔈𝒫
(1)(𝑡) − 𝔈𝒫

(1)(0) ≤ ℭ ∭ 𝔈𝒫
(1)(𝜏)𝑑𝜏

𝒯

0

 

ℒ𝜒|𝜕2𝑓|2 = 𝑒𝔅ℭ𝑒𝔇𝔈𝜕𝔅𝔇𝑓𝜒Α𝜕Α𝜕ℭ𝔇𝑓 = 𝑒𝔅ℭ𝑒𝔇𝔈𝜕𝔅𝔇𝑓[𝜕ℭ𝔇(𝜒Α𝜕Α𝑓) − 𝜕ℭ(𝜕𝔇𝜒Α)𝜕𝔄𝑓 − 𝜕ℭ𝜒Α𝜕𝔄𝔇𝑓] 

ℒ𝜒

𝜕ℱ

𝜕𝜒Α
=

𝜕

𝜕𝜒Α
ℒ𝜒ℱ −

𝜕ℱ

𝜕𝜒𝔅

𝜕𝜒𝔅

𝜕𝜒Α
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ℒ𝜒

𝜕𝔎ℱ

𝜕𝜒Α1 ⋅⋅⋅ 𝜕𝜒Α𝓀
≡

𝜕𝔎(ℒ𝜒ℱ)

𝜕𝜒Α1 ⋅⋅⋅ 𝜕𝜒Α𝓀
+ ∑ ℭℓ

0≤ ℓ ≤ 𝓀
0<𝑖<𝑗 

𝜕𝔎−ℓℱ

𝜕𝜒Α1 ⋅⋅⋅ 𝜕𝜒Α𝓀−ℓ𝜕𝜒𝔅

𝜕ℓ𝜒𝔅

𝜕𝜒Α𝓀−ℓ+1 ⋅⋅⋅ 𝜕𝜒Α𝓀
 

|
𝜕ℓ𝜒℘

𝔅

𝜕𝜒Α𝓀−ℓ+1 ⋅⋅⋅ 𝜕𝜒Α𝓀
| ≤ ℭ|℘|2, |

𝜕ℓ𝜒℘
𝔅

𝜕𝜒Α𝓀−ℓ+1 ⋅⋅⋅ 𝜕𝜒Α𝓀
| ≤ ℭ|℘|, |

𝜕ℓ𝜒℘
𝔅

𝜕𝜒Α𝓀−ℓ+1 ⋅⋅⋅ 𝜕𝜒Α𝓀
| ≤ ℭ 

𝔈𝒫
(𝛿)

(𝑡) ≔ ∑ ∭(℘0)𝒫+𝓀℘|𝜕𝔎𝑓|
2
𝒩𝜇𝑔̅𝜇℘

ℳ̂𝑡
|𝓀|=1⋅⋅⋅𝛿

 

𝔈𝒫
(𝛿)

(𝑡) ≤ 𝔈𝒫
(𝛿)

(0)𝑒ℭ𝑡 

∑ (℘0)𝒫+𝓀℘|𝜕𝔎𝑓|
2
𝑖𝜒𝜃

|𝓀|=1⋅⋅⋅𝛿

, 𝔈𝒫
(𝛿)(𝑡) − 𝔈𝒫

(𝛿)(0) = ∭ ∭ ℒ𝜒 { ∑ (℘0)𝒫+𝓀℘|𝜕𝔎𝑓|
2

|𝓀|=1⋅⋅⋅𝛿

} 𝜃

ℳ̂𝑡

𝑡

0

 

𝔈𝒫
(𝛿)

(𝑡) ≤ 𝔈𝒫
(𝛿)

(0) ≤ ℭ ∭ 𝔈𝒫
(𝛿)

(𝜏)𝑑𝜏|

𝒯

0

 

|𝒯(𝜒, 𝑡)|2 ≔ |∭ 𝑓(𝜒, 𝑡, ℘)℘⨂℘𝜇℘

𝒫𝜒,𝑡

|

2

≤ Α ∭ 𝑓2(𝜒, 𝑡, ℘)|℘|𝒫𝜇℘

𝒫𝜒,𝑡

 

Α ≔ ∭|℘|4−𝒫𝜇℘

𝒫𝜒,𝑡

, ℘0 ≥ {𝒩−2𝑔𝑖𝑗℘
𝑖℘𝑗 + 𝑚2}

1/2
≥ 𝑚 

‖𝒯‖
ℒ2(ℳ𝑡)
2 ≤ Αℭ−𝒫 ∭ ∭ 𝑓2(𝜒, 𝑡, ℘)|℘0|𝒫𝒩𝜇𝑔̅𝜇℘ ≡ Αℭ−𝒫𝔈𝒫(𝑡)

𝒫𝜒,𝑡ℳ𝑡

 

|𝜕̅𝔎𝒯(𝜒, 𝑡)|
2

= |∭ 𝜕̅𝔎𝑓(𝜒, 𝑡, ℘)℘⨂℘𝜇℘

𝒫𝜒,𝑡

|

2

 

ℛ𝛼𝛽 = 𝜌𝛼𝛽 , 𝜌𝛼𝛽 ≡ 𝒯𝛼𝛽 −
1

1 − 𝜂
𝑔𝛼𝛽𝒯𝜆

𝜆 

𝒯𝛼𝛽(𝜒) ≔ ∭ 𝑓(𝜒, ℘)℘𝛼℘𝛽𝜇℘

𝒫𝜒,𝑡

 

ℒ𝜒𝑓 ≡ ℘𝛼
𝜕𝑓

𝜕℘𝛼
+ 𝒬𝛼

𝜕𝑓

𝜕℘𝛼
, 𝒬𝛼 ≔ −Γ𝜆𝜇

𝛼 ℘𝜆℘𝜇 

ℛ(𝑔) − |𝒦|𝑔̅
2 + (𝑡𝑟𝑔̿𝒦)

2
= 2𝒩2𝒯00∇̿⨂𝒦 − ∇̿𝑡𝑟𝒦 = 𝒩𝒯0𝑖 
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𝑓(𝜒, ℘0, ℘𝑖) = 𝑓(𝜒, ℘0, −℘̂), ℘̂ = (℘ℑ) 

𝒯0𝑖 ≔ ∭ 𝑓(℘0, −℘̂)℘0℘𝑖𝜔

𝒫𝜒

 

ℛ𝛼𝛽
(ℏ)

≡ −
1

2
𝑔𝜆𝜇𝜕𝜆𝜇

2 𝑔𝛼𝛽 + ℌ𝛼𝛽(𝑔)(𝜕ℊ, 𝜕ℊ) = 𝜌𝛼𝛽 

ℛ𝛼𝛽
(ℏ)

(𝑔2) = 𝜌𝛼𝛽(𝑓1), ℒ𝜒1
𝑓2 

Sistema Einstein–Maxwell–Vlasov 

ℒ𝜒𝑓 ≔ ℘𝛼
𝜕𝑓

𝜕𝜒𝛼
+ (𝒬𝛼 + 𝜙𝛼)

𝜕𝑓

𝜕℘𝛼
 

𝔍𝛼 = 𝑒 ∭ 𝑓(𝜒, ℘)℘𝛼𝜔𝜒

𝒫𝜒

 

𝔍𝛼 = ∑ 𝑒ℑ

ℑ

∭ 𝑓𝑚ℑ
(𝜒, ℘)℘𝛼𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

 

𝛿𝛼𝛽 = 𝒯𝛼𝛽 ≡ ℱ𝛼 ℱ𝛽𝛾
𝜆 −

1

4
𝑔𝛼𝛽ℱ𝜆𝜇ℱ𝜆𝜇 + ∭ 𝑓(𝜒, ℘)℘𝛼℘𝛽𝜔℘

𝒫𝜒

 

𝜕𝔍𝛼

𝜕𝜒𝛼
= ∑ 𝑒ℑ

ℑ

∭ 𝜙𝛼
𝜕𝑓𝑚𝕀

(𝜒, ℘)

𝜕℘𝛼
𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

 

∭ 𝜙𝛼
𝜕𝑓𝑚𝕀

(𝜒, ℘)

𝜕℘𝛼
𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

= − ∭ 𝑓𝑚𝕀
(𝜒, ℘)

𝜕𝜙𝛼

𝜕℘𝛼
𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

 

∇𝛼𝜏𝛼𝛽 = 𝔍𝜆ℱ𝜆
𝛽

 

∇𝛼 ∭ 𝑓(𝜒, ℘)℘𝛼℘𝛽𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

= ∭ 𝜙𝛼
𝜕𝑓(𝜒, ℘)

𝜕𝜒𝛼
𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

 

∇𝛼 ∭ 𝑓𝑚𝕀
(𝜒, ℘)℘𝛼℘𝛽𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

= − ∭ 𝜙𝛼
𝜕𝑓𝑚𝕀

(𝜒, ℘)

𝜕℘𝛼
𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

 

𝜙𝛼
𝜕𝑓𝑚𝕀

(𝜒, ℘)

𝜕℘𝛼
℘𝛽 ≡

𝜕

𝜕℘𝛼 [𝜙𝛼𝑓𝑚𝕀
(𝜒, ℘)℘𝛽] −

𝜕𝜙𝛼

𝜕℘𝛼
𝑓𝑚𝕀

℘𝛽 − 𝜙𝛽𝑓𝑚𝕀
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∇𝛼 ∑ 𝑒ℑ

ℑ

∭ 𝑓𝑚𝕀
(𝜒, ℘)℘𝛼℘𝛽𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

= ∑ 𝑒ℑ

ℑ

∭ 𝜙𝛽𝑓𝑚𝕀
𝜔𝑚ℑ,℘

𝒫𝑚ℑ
,𝜒

 

Ecuaciones de Boltzmann 

ℒ𝜒𝑓 = 𝔗𝑓 

℘′ + 𝑞′ = ℘ + 𝑞 

𝜉′ ∧ (⋀(𝑑(℘′𝛼 + 𝑞′𝛼))

𝛼

) = 𝜔℘′ ∧ 𝜔𝑞′  

(𝔗𝑓)(𝜒, ℘) ≡ ∭ ∭[𝑓(𝜒, ℘′)𝑓(𝜒, 𝑞′) − 𝑓(𝜒, ℘)𝑓(𝜒, 𝑞)]Α(𝜒, ℘, 𝑞, ℘′, 𝑞′)𝜉′ ∧ 𝜔𝑞′

Σ℘𝑞𝒫𝜒(𝑞)

 

Α(𝜒, ℘, 𝑞, ℘′, 𝑞′) = Α(𝜒, ℘′, 𝑞′, ℘, 𝑞) 

Α(𝜒, ℘, 𝑞, ℘′, 𝑞′)𝜉′ = 𝒮(𝜒, ℘, 𝑞, 𝜃, 𝜑) sin 𝜃 𝑑𝜃 ∧ 𝑑𝜑 

℘𝛼𝑞𝛼 = ℘′𝛼𝑞𝛼
′ = 𝑚2 − 2𝜆2 ≤ −𝑚2 

𝛼 =
1

2
(−℘𝛼𝑞𝛼 − 𝑚2)1/2 =

1

2
𝑔(℘ − 𝑞, ℘ − 𝑞)1/2 

𝜉′ = (2𝜆)−1𝛼 sin 𝜃 𝑑𝜃 ∧ 𝑑𝜑 

𝒮(℘, 𝑞, 𝜃, 𝜑) = Α(𝜒, ℘, 𝑞, ℘′, 𝑞′)(2𝜆)−1𝛼 

℘Σ℘𝑞

′ = 𝑞Σ℘𝑞

′ = {−
1

2
𝑔(℘ + 𝑞)

1
2 +

1

2
𝑔(℘ − 𝑞, ℘ − 𝑞)1/2(cos 𝜃 , sin 𝜃 cos 𝜑 , sin 𝜃 sin 𝜑)} 

Leyes de conservación de la energía 

𝒯𝛼1⋅⋅⋅𝛼𝜂(𝜒) ≔ ∭ ℘𝛼1 ⋅⋅⋅ ℘𝛼𝜂𝑓(𝜒, ℘)𝜔℘

𝒫𝜒

 

∇𝛼𝒯𝛼2⋅⋅⋅𝛼𝜂 ≡ ∭ ℘𝛼2 ⋅⋅⋅ ℘𝛼𝜂ℒ𝜒𝑓(𝜒, ℘)𝜔℘

𝒫𝜒

 

𝒫𝛼 ≔ ∭ ℘𝛼𝑓(𝜒, ℘)𝜔℘

𝒫𝜒

 

∇𝛼𝒫𝛼 ≡ ∭ ℒ𝜒𝑓(𝜒, ℘)𝜔℘

𝒫𝜒

= ∭(𝔗𝑓)(𝜒, ℘)𝜔℘

𝒫𝜒
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𝒯𝛼𝛽 ≔ ∭ ℘𝛼℘𝛽𝑓(𝜒, ℘)𝜔℘

𝒫𝜒

 

∇𝛼𝒯𝛼𝛽 ≡ ∭ ℘𝛽(𝔗𝑓)(𝜒, ℘)𝜔℘

𝒫𝜒

 

Cuestiones termodinámicas relativas a agujeros negros cuánticos 

ℋ𝛼(𝜒) ≔ 𝓀 ∭ ℘𝛼(𝑓 log 𝑓)(𝜒, ℘)𝜔℘

𝒫𝜒

 

(∇𝛼ℋ𝛼)(𝜒) ≡ −𝔎 ∭(ℒ𝜒[𝑓 log 𝑓])(𝜒, ℘)𝜔℘

𝒫𝜒

≡ −𝔎 ∭(ℒ𝜒𝑓[log 𝑓 + 1])(𝜒, ℘)𝜔℘

𝒫𝜒

 

∭ ∭[𝑓(𝜒, ℘′)𝑓(𝜒, 𝑞′) − 𝑓(𝜒, ℘)𝑓(𝜒, 𝑞)]Α(𝜒, ℘, 𝑞, ℘′, 𝑞′)𝜉′ ∧ 𝜔𝑞 ∧

Σ℘𝑞𝒫𝜒(𝑞)

𝜔℘ 

(∇𝛼ℋ𝛼)(𝜒) ≡ −𝔎 ∭ ∭[𝑓(𝜒, ℘′)𝑓(𝜒, 𝑞′) − 𝑓(𝜒, ℘)𝑓(𝜒, 𝑞)](log 𝑓)(𝜒, ℘)

Σ℘𝑞𝒫𝜒(𝑞)

Α(𝜒, ℘, 𝑞, ℘′, 𝑞′)𝜉′

∧ 𝜔𝑞 ∧ 𝜔℘ 

Α(𝜒, ℘, 𝑞, ℘′, 𝑞′) = Α(𝜒, ℘′, 𝑞′, ℘, 𝑞) 

∇𝛼ℋ𝛼 = −
𝔎

4
∭ ∭[𝑓(℘′)𝑓(𝑞′) − 𝑓(℘)𝑓(𝑞)] log

𝑓(℘)𝑓(𝑞)

𝑓(℘′)𝑓(𝑞′)
Σ℘𝑞𝒫𝜒(𝑞)

Α(℘, 𝑞, ℘′, 𝑞′)𝜉′ ∧ 𝜔𝑞 ∧ 𝜔℘ 

∭ ℋ0𝒩𝜇𝑔̅ ≥

ℳ𝒯

∭ ℋ0𝒩𝜇𝑔̅

ℳ0

 

𝑑(ℛ3Σ)

𝑑𝑡
, 𝑓(𝜒, ℘) = 𝛼(𝜒) exp(𝛽𝛼(𝜒)℘𝛼) 

ℒ𝜒𝑓 ≡ 𝑒𝛽𝜆℘𝜆
{℘𝛼

𝜕𝛼

𝜕𝜒𝛼
+

1

2
℘𝛼℘𝛽(∇𝛼𝛽𝜆 + ∇𝛽𝛽𝛼)} 

𝜆 = (𝔎𝔗)−1, ∇𝛼𝔗𝛼𝛽𝜇 ≡ ⟨ℑ𝛽𝜇|ℑ𝛼
𝛼|𝔗𝛽

𝛼𝛽
⟩ = 𝑚4𝑐4 

𝔗𝛼𝛽𝜇 ≡ 𝔗̂𝛼𝛽𝜇(𝔗𝜈, 𝔗𝛾𝜌), ℑ𝛼𝛽 ≡ ℑ̂𝛼𝛽(𝔗𝜈, 𝔗𝛾𝜌) 

ℋ𝛼 ≡ ℋ̂𝛼(𝔗𝜈, 𝔗𝛾𝜌) 
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𝔗𝛼 = 𝑟𝜇𝛼 , 𝔗𝛼𝛽 = 𝑡〈𝛼𝛽〉 + (℘ + 𝜋)ℏ𝛼𝛽 +
1

𝑐4 (𝜇𝛼𝑞𝛽 + 𝜇𝛽𝑞𝛼) +
𝑒

𝑐4
𝜇𝛼𝜇𝛽 , 𝔗𝛼𝛽𝛾

= (ℭ1 + ℭ2𝜋)𝜇𝛼𝜇𝛽𝜇𝛾 +
𝑐4

6
(𝑟 − ℭ1 + ℭ2𝜋)(𝑔𝛼𝛽𝜇𝛾 + 𝑔𝛽𝛾𝜇𝛼 + 𝑔𝛼𝛾𝜇𝛽)

+ ℭ3(𝑔𝛼𝛽𝑞𝛾 + 𝑔𝛽𝛾𝑞𝛼 + 𝑔𝛼𝛾𝑞𝛽) + ℭ4(𝑡〈𝛼𝛽〉𝜇𝛾 + 𝑡〈𝛽𝛾〉𝜇𝛼 + 𝑡〈𝛼𝛾〉𝜇𝛽)

−
6

𝑐4
ℭ5(𝜇𝛼𝜇𝛽𝑞𝛾 + 𝜇𝛽𝜇𝛾𝑞𝛼 + 𝜇𝛼𝜇𝛾𝑞𝛽) 

ℑ𝛼𝛽 = 𝔅1𝜋 (𝑔𝛼𝛽 −
4

𝑐2
𝜇𝛼𝜇𝛽) 𝔅2𝑡〈𝛼𝛽〉 +

1

𝑐2
𝔅3(𝑞𝛼𝜇𝛽 + 𝑞𝛽𝜇𝛼) 

𝔗𝛼Α(𝜒) = ∭ ℘𝛼℘Α𝑓𝜔℘, 𝜋Α(𝜒) = ∭ 𝒬℘Α𝑓𝜔℘ 

℘Α = {
1

℘𝛼1℘𝛼2 ⋅⋅⋅ ℘𝛼Α
, ℱαΑ = {

ℱα

ℱα𝛼1⋅⋅⋅𝛼Α
, 𝜋Α = {

0
𝜋𝛼1⋅⋅⋅𝛼Α

 

𝑓𝜂 = 𝑒𝜒/𝓀, 𝜒 = ∑ 𝜇Α
′ (𝜒)℘Α

𝜂

Α=0

, ∑ ℋ𝛼𝔄𝔅(𝜇ℭ
′ )𝜕𝛼𝜇𝔅

′

𝜂

𝔅=0

= 𝜋Α(𝜇ℭ
′ ) 

ℋ𝛼𝔄𝔅 = ∭
1

𝔎
𝑒(𝜒/𝓀)℘𝛼℘Α℘𝔅𝜔℘ det(ℋ𝛼𝔄𝔅𝜕𝛼𝜙) 

det(ℋ 𝑖𝔄𝔅𝜂𝑖 − 𝜆ℋ0𝔄𝔅)
2𝜂 − 1

𝛾

𝔎𝜂+1(𝛾)

𝔎𝜂+2(𝛾)
≤

𝜆𝑚𝑎𝑥
2

𝑐4
≥ 1 

Supersimetría de Yang – Mills, supermembranas y multidimensiones. 

Cuestiones preliminares – espacio – tiempo cuántico multidimensional. 

𝜒(𝜉): 𝜉𝜇(0 ≤ 𝜇 ≤ ℘) ↦ 𝜒ℳ(0 ≤ ℳ ≤ 𝔇 − 1) 

𝛿𝑝−𝑏𝑟𝑎𝑛𝑒 = ∭ 𝑑℘+1𝜉ℒ𝑝−𝑏𝑟𝑎𝑛𝑒 , ℒ𝑝−𝑏𝑟𝑎𝑛𝑒 = ℒ𝒩⨂𝔊 + ℒℭ℘+1
 

ℒ𝒩⨂𝔊 = −𝔗√−det 𝒢𝜇𝜈 , ℒℭ℘+1
=

1

(℘ + 1)!
𝜖𝜇1𝜇2⋅⋅⋅𝜇℘+1ℭ𝜇1𝜇2⋅⋅⋅𝜇℘+1

 

𝒢𝜇𝜈(𝜉) = 𝜕𝜇𝜒ℳ𝜕𝜈𝜒𝒩𝒢ℳ𝒩(𝜒), ℭ𝜇1𝜇2⋅⋅⋅𝜇℘+1
(𝜉) = 𝜕𝜇1

𝜒ℳ1𝜕𝜇2
𝜒ℳ2 ⋅⋅⋅ 𝜕𝜇℘+1

𝜒ℳ℘+1ℭℳ1ℳ2⋅⋅⋅ℳ℘+1
(𝜒) 

ℒ𝑃𝑜𝑙𝑦 = −
1

2
𝔗√−ℏ[ℏ−1𝜇𝜈𝜕𝜇𝜒ℒ𝜕𝜈𝜒ℳ𝒢ℒℳ(𝜒) + 1 − ℘] 

ℏ𝜇𝜈 = 𝜕𝜇𝜒ℒ𝜕𝜈𝜒ℳ𝒢ℒℳ(𝜒) 

ℏ𝜇𝜈 ∝ 𝜕𝜇𝜒ℒ𝜕𝜈𝜒ℳ𝒢ℒℳ(𝜒) 

𝜒± =
1

√2
(±𝜒0 + 𝜒𝔇−1)

𝜕𝒢ℒℳ

𝜕𝜒−

𝜕𝔉(℘+2)

𝜕𝜒−
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𝒢−− = 0, 𝒢−𝛼 = 0, 𝔉ℳ1ℳ2⋅⋅⋅ℳ℘+1
= 0, 𝔉𝛼1𝛼2⋅⋅⋅𝛼℘+2

 

𝑑𝑠2 = Α(𝛾, 𝜒+)[2𝑑𝜒+𝑑𝜒− − 2𝒱(𝛾, 𝜒+)𝑑𝜒+𝑑𝜒+ + 2𝔍𝛼(𝛾, 𝜒+)𝑑𝜒+𝑑𝛾𝛼 + 𝑔𝛼𝛽(𝛾, 𝜒+)𝑑𝛾𝛼𝑑𝛾𝛽] 

𝔉(℘+2) =
1

(℘ + 1)!
𝔉+𝛼1𝛼2⋅⋅⋅𝛼℘+1

(𝛾, 𝜒+) 𝑑𝜒+ ∧ 𝑑𝛾𝛼1 ∧⋅⋅⋅∧ 𝑑𝛾𝛼℘+1 

𝔉+𝛼1𝛼2⋅⋅⋅𝛼℘+1
= 𝜕𝛼1

𝒱𝛼2⋅⋅⋅𝛼℘+2
+ (−1)℘𝜕𝛼2

𝒱𝛼3⋅⋅⋅𝛼℘+2𝛼1
+⋅⋅⋅ +(−1)℘𝜕𝛼℘+1

𝒱𝛼1⋅⋅⋅𝛼℘
 

Morfología y sistematicidad a las partículas y antipartículas supermasivas y masivas e 

hiperpartículas. 

𝜏 = 𝜉0 ≡ 𝜒+ 

𝛿𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 = ∭ 𝑑𝜏 (ℒ𝒩⨂𝔊 − ℭ+(𝜒) − 𝜒−ℭ−(𝜒) − 𝛾𝛼ℭ𝛼(𝜒)) 

ℒ𝒩⨂𝔊 = −𝑚√−Α(𝛾, 𝜏)(2𝜒̀− − 2𝒱(𝛾, 𝜏) + 2𝔍𝛼(𝛾, 𝜏)𝛾̿𝛼 + 𝑔𝛼𝛽(𝛾, 𝜏)𝛾̿𝛼𝛾̿𝛽) 

℘− =
𝑚Α

√−Α(2𝜒̀− − 2𝒱 + 2𝔍𝛼𝛾̿𝛼 + 𝑔𝛼𝛽𝛾̿𝛼𝛾̿𝛽)

− ℭ− = −
𝑚4Α

ℒ𝒩⨂𝔊
− ℭ− 

℘𝛼 =
𝑚Α(𝑔𝛼𝛽𝛾̿𝛽 + 𝔍𝛼)

√−Α(2𝜒̀− − 2𝒱 + 2𝔍𝑐𝛾̿𝑐 + 𝑔𝑐𝑑𝛾̿𝑐𝛾̿𝑑)
− ℭ𝛼 = −(℘− + ℭ−)(𝑔𝛼𝛽𝛾̿𝛽 + 𝔍𝛼) 

𝛾̿𝛼 =
𝑔̅𝛼𝛽𝒫𝛽

𝒫−
− 𝔍̅𝛼 , 𝜒̀− = 𝒱̂̅ +

1

2
𝔍̃𝛼𝔍̅𝛼 −

𝑔̅𝛼𝛽𝒫𝛼𝒫𝛽 + 𝑚4Α

2𝒫−
2

 

𝒫−(℘, 𝜒) ≔ ℘− + ℭ−(𝜒−, 𝛾, 𝜏), 𝒫𝛼(℘, 𝜒) ≔ ℘𝛼 + ℭ𝛼(𝜒−, 𝛾, 𝜏) 

𝑔̅𝛼𝛽𝑔𝛽𝑐 = 𝛿𝑐
𝛼 , 𝔍̅𝛼(𝛾, 𝜏) ≔ 𝑔̅𝛼𝛽(𝛾, 𝜏)𝔍𝛽(𝛾, 𝜏), 𝔍2(𝛾, 𝜏) ≔ 𝔍𝛼(𝛾𝜏)𝔍̅𝛼(𝛾, 𝜏) 

ℌ =
𝑔̅𝛼𝛽(𝛾, 𝜏)𝒫𝛼(℘, 𝜒)𝒫𝛽(℘, 𝜒) + 𝑚4Α(𝛾, 𝜏)

2𝒫−(℘, 𝜒)
+ ℭ+(𝜒−, 𝛾, 𝜏) − 𝒫𝛼(℘, 𝜒)𝔍̅𝛼(𝛾, 𝜏)

+ 𝒫−(℘, 𝜒) (𝒱(𝛾, 𝜏) +
1

2
𝔍2(𝛾, 𝜏)) 

𝑑𝒫−

𝑑𝜏
= 𝔉+− + 𝔉𝛼−

𝜕ℋ

𝜕℘𝛼
,
𝑑𝒫𝛼

𝑑𝜏
= 𝔉+𝛼 + 𝔉−𝛼

𝜕ℋ

𝜕℘−
+ ℱ𝛼𝛽

𝜕ℋ

𝜕℘𝛽
−

𝜕̂

𝜕̂𝛾𝛼
(ℋ − ℭ+) ⟨

𝑑𝒫−

𝑑𝜏
| 

ℌ−(𝒫𝛼, 𝛾𝛽 , 𝜏) =
𝑔̅𝛼𝛽(𝛾, 𝜏)𝒫𝛼𝒫𝛽 + 𝑚4Α(𝛾, 𝜏)

2𝒫−
− 𝒫𝛼𝔍̅𝛼(𝛾, 𝜏) + 𝒫−𝒱(𝛾, 𝜏) +

1

2
𝒫−𝔍2(𝛾, 𝜏) − 𝒱(𝛾, 𝜏) 

𝑑𝛾𝛼

𝑑𝜏
=

𝜕̂ℋ−

𝜕̂𝒫𝛼

,
𝑑𝒫𝛼

𝑑𝜏
= −

𝜕̂ℋ−

𝜕̂𝛾𝛼
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ℒ−(𝛾, 𝜏) = 𝒫− [
1

2
𝑔𝛼𝛽(𝛾, 𝜏)𝛾̿𝛼𝛾̿𝛽 + 𝔍𝛼(𝛾, 𝜏)𝛾̿𝛼 − 𝒱(𝛾, 𝜏) −

1

2
𝑚̂4Α(𝛾, 𝜏)] 

ℒ𝒴ℳ
− = 𝒫−𝑡𝑟 [

1

2
𝔇𝑡𝜒

𝛼𝔇𝑡𝜒𝛼 + 𝔍𝛼(𝜒, 𝜏)𝔇𝑡𝜒
𝛼 − 𝒱(𝜒, 𝜏) −

1

2
𝑚̂4Α(𝜒, 𝜏)] + 𝑡𝑟[𝒱(𝜒, 𝜏)], 𝔇𝑡𝜒

= 𝜒̇ − 𝑖[Α0, 𝜒] 

𝜒 ⟶ 𝒰−1𝜒𝒰, Α0 ⟶ 𝒰−1Α0𝒰 + 𝑖𝒰−1𝜕𝑡𝒰, 𝒰 ∈ 𝒰(𝒩) 

Morfología y sistematicidad de la supermembrana 

𝜒ℳ(𝜉) ⟶ 𝜒′ℳ(𝜉) = 𝜒ℳ(𝜉′) 

𝒢𝜇𝜈(𝜉) ⟶ 𝒢𝜇𝜈
′ (𝜉) =

𝜕𝜉′𝜅

𝜕𝜉𝜇

𝜕𝜉′𝜆

𝜕𝜉𝜈
𝒢𝜅𝜆(𝜉′), 𝜉0 = 𝜏, 𝜉𝑖 = 𝜎𝑖(1 ≤ 𝑖 ≤ ℘), 𝜏 ≡ 𝜒+, 𝜏 ⟶ 𝜏′ = 𝜏, 𝜎𝑖 ⟶ 𝜎′𝑖

= 𝑓𝑖(𝜏, 𝜎) 

𝒢𝜏𝑖(𝜉) ⟶ 𝒢𝜏𝑖
′ (𝜉) =

𝜕𝑓𝑖

𝜕𝜎𝑖
𝒢𝑗𝜅(𝜉′) (𝜕𝜏𝑓𝜅(𝜏, 𝜎) + 𝒢̅𝜅𝑙(𝜉′)𝒢𝜏𝑖(𝜉)) 

𝜕𝜏𝑓𝜅(𝜏, 𝜎) = −𝒢̅𝜅𝑙(𝜏, 𝑓(𝜏, 𝜎))𝒢𝜏𝑙(𝜏, 𝑓(𝜏, 𝜎)) 

𝜏 ⟶ 𝜏′ = 𝜏, 𝜎𝑖 ⟶ 𝜎′𝑖 = 𝑓𝑖(𝜎) 

ℒ𝒩⨂𝔊 = −𝒯Α
℘+1

2 √(−2𝜒− + 2𝒱 − 2𝔍𝛼𝛾̿𝛼 + 𝑔𝛼𝛽𝛾̿𝛼𝛾̿𝛽) det(𝜕𝑖𝛾
𝛼𝜕𝑗𝛾

𝛽𝑔𝛼𝛽) 

ℒℭ℘+1
= −

1

℘!
𝜖𝜏𝑗1⋅⋅⋅𝑗℘𝜕𝑗𝑖

𝜒ℳ1 ⋅⋅⋅ 𝜕𝑗℘
𝜒ℳ℘ (ℭ+ℳ1⋅⋅⋅ℳ℘

(𝜒) + 𝜒̇−ℭ−ℳ1⋅⋅⋅ℳ℘
(𝜒) + 𝛾̿𝛼ℭ𝛼ℳ1⋅⋅⋅ℳ℘

(𝜒)) 

𝒫− ≔
𝜕ℒ𝒩⨂𝔊

𝜕𝜒̇−
= 𝒯Α

℘+1
2 √

det (𝜕𝑖𝛾
𝛼𝜕𝑗𝛾

𝛽𝑔𝛼𝛽(𝛾, 𝜏))

−2𝜒− + 2𝒱 − 2𝔍𝛼𝛾̿𝛼 + 𝑔𝛼𝛽𝛾̿𝛼𝛾̿𝛽
 

𝒫−(𝜏, 𝜎) ⟶ 𝒫−
′(𝜏, 𝜎) = |det (

𝜕𝜎′

𝜕𝜎
)| 𝒫−(𝜏, 𝜎)

𝜕𝒫−(0, 𝜎)

𝜕𝜎𝑖
 

𝜕𝜇 (
𝜕ℒ𝒩⨂𝔊

𝜕𝜕𝜇𝜒𝑚 ) −
𝜕ℒ𝒩⨂𝔊

𝜕𝜒𝑚
+ 𝜕𝜇 (

𝜕ℒℭ℘+1

𝜕𝜕𝜇𝜒𝑚) −
𝜕ℒℭ℘+1

𝜕𝜒𝑚
 

𝜕𝜇 (
𝜕ℒ𝒩⨂𝔊

𝜕𝜕𝜇𝜒𝑚 ) −
𝜕ℒ𝒩⨂𝔊

𝜕𝜒𝑚
=

1

(℘ + 1)!
𝜖𝜇1𝜇2⋅⋅⋅𝜇℘+1𝜕𝜇1

𝜒ℳ1 ⋅⋅⋅ 𝜕𝜇℘+1
𝜒ℳ℘+1𝔉𝑚ℳ1⋅⋅⋅ℳ℘+1

 

𝜕𝒫−

𝜕𝜏
=

1

℘!
𝜖𝜏𝑗1⋅⋅⋅𝑗℘𝜕𝑗1

𝜒ℳ1 ⋅⋅⋅ 𝜕𝑗℘
𝜒ℳ℘ (𝔉+−ℳ1⋅⋅⋅ℳ℘+1

+ 𝛾̇𝛼𝔉𝛼−ℳ1⋅⋅⋅ℳ℘+1
) ⟨

𝜕𝒫−

𝜕𝜉𝜇 | 

𝜕

𝜕𝜏
(
𝜕ℒ𝒩⨂𝔊

𝜕𝛾̇𝛼
) +

𝜕

𝜕𝜎𝑖
(
𝜕ℒ𝒩⨂𝔊

𝜕𝜕𝑖𝛾̇
𝛼

) −
𝜕ℒ𝒩⨂𝔊

𝜕𝛾̇𝛼
−

1

℘!
𝜖𝜏𝑗1⋅⋅⋅𝑗℘𝜕𝑗1

𝜒ℳ1 ⋅⋅⋅ 𝜕𝑗℘
𝜒ℳ℘𝔉+𝛼𝛽1⋅⋅⋅𝛽℘
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𝜕ℒ𝒩⨂𝔊

𝜕𝛾̇𝛼
= 𝒫−(𝑔𝛼𝛽 𝛾̇̂𝛽 + 𝔍𝛼),

𝜕ℒ𝒩⨂𝔊

𝜕𝜕𝑖𝛾̇
𝛼

= − (
𝒯2

2𝒫−
) Α℘+1

𝜕

𝜕𝜕𝑖𝛾̇
𝛼

det (𝜕𝑗𝛾
𝛼𝜕𝓀𝛾𝛽𝑔𝛼𝛽(𝛾, 𝜏)) 

𝜕ℒ𝒩⨂𝔊

𝜕𝛾̇𝛼
=

𝜕

𝜕𝛾̇𝛼
[𝒫− (

1

2
𝑔𝛽𝑐𝛾̿𝛽𝛾̿𝑐 + 𝔍𝛽𝛾̇𝛽 − 𝒱) − (

𝒯2

2𝒫−
)Α℘+1 det(𝜕𝑗𝛾

𝛼𝜕𝓀𝛾𝛽𝑔𝛼𝛽)] 

ℒ𝒱 ≔
1

℘!
𝜖𝜏𝑗1𝑗2⋅⋅⋅𝑗℘𝜕𝑗1

𝛾𝛼1𝜕𝑗2
𝛾𝛼2 ⋅⋅⋅ 𝜕𝑗℘

𝛾𝛼℘𝒱𝛼1𝛼2⋅⋅⋅𝛼℘
(𝛾, 𝜏) 

𝜕𝑖 (
𝜕ℒ𝒱

𝜕𝜕𝑖𝛾
𝛼
) −

𝜕ℒ𝒱

𝜕𝛾𝑖
= −

1

℘!
𝜖𝜏𝑗1⋅⋅⋅𝑗℘𝜕𝑗1

𝛾𝛽1 ⋅⋅⋅ 𝜕𝑗℘
𝛾𝛽℘𝔉+𝛼𝛽1⋅⋅⋅𝛽℘

 

ℒ− = 𝒫− [
1

2
𝑔𝛼𝛽(𝛾, 𝜏)𝛾̿𝛼𝛾̿𝛽 + 𝔍𝛼(𝛾, 𝜏)𝛾̇𝛼 − 𝒱(𝛾, 𝜏) −

1

2
𝒯−

2Α(𝛾, 𝜏)℘+1 det (𝜕𝑖𝛾
𝛼𝜕𝑗𝛾

𝛽𝑔𝛼𝛽(𝛾, 𝜏))]

+
1

℘!
𝜖𝜏𝑗1𝑗2⋅⋅⋅𝑗℘𝜕𝑗1

𝛾𝛼1𝜕𝑗2
𝛾𝛼2 ⋅⋅⋅ 𝜕𝑗℘

𝛾𝛼℘𝒱𝛼1𝛼2⋅⋅⋅𝛼℘
(𝛾, 𝜏) 

ℒ𝑠𝑡𝑟𝑖𝑛𝑔 =
1

2
(𝜕𝜏𝛾𝛼𝜕𝜏𝛾𝛽 − Α(𝛾, 𝜏)2𝜕𝜎𝛾𝛼𝜕𝜎𝛾𝛽)𝑔𝛼𝛽(𝛾, 𝜏) + 𝔍𝛼(𝛾, 𝜏)𝛾̇𝛼 − 𝒱(𝛾, 𝜏) + 𝒯−1𝜕𝜎𝛾𝛼𝒱𝛼 

{𝛾𝛼1 , 𝛾𝛼2 ⋅⋅⋅ 𝛾𝛼℘}𝒩⨂𝔅 ≔ 𝜖𝑗1𝑗2⋅⋅⋅𝑗℘
𝜕𝛾𝛼1

𝜕𝜎𝑗1

𝜕𝛾𝛼2

𝜕𝜎𝑗2
⋅⋅⋅

𝜕𝛾𝛼℘

𝜕𝜎𝑗℘
det(𝜕𝑖𝛾

𝛼𝜕𝑗𝛾
𝛽𝑔𝛼𝛽)

=
1

℘!
{𝛾𝛼1 , 𝛾𝛼2 ⋅⋅⋅ 𝛾𝛼℘}𝒩⨂𝔅{𝛾𝛽1 , 𝛾𝛽2 ⋅⋅⋅ 𝛾𝛽℘}

𝒩⨂𝔅
𝑔𝛼1𝛽1

𝑔𝛼2𝛽2
⋅⋅⋅ 𝑔𝛼℘𝛽℘

 

{𝛾𝛼1 , 𝛾𝛼2 ⋅⋅⋅ 𝛾𝛼℘}𝒩⨂𝔅 ⟺ (√−1)
1
2
℘(℘−1)

{𝜒𝛼1 , 𝜒𝛼2 ⋅⋅⋅ 𝜒𝛼℘} 

[ℳ𝛼1 , ℳ𝛼2 ⋅⋅⋅ ℳ𝛼℘] ≔ 𝜖𝑗1𝑗2⋅⋅⋅𝑗℘ℳ𝑗1
ℳ𝑗2

⋅⋅⋅ ℳ𝑗℘
 

{{𝑓1𝑓2 ⋅⋅⋅ 𝑓℘}
𝒩⨂𝔅

𝑔2 ⋅⋅⋅ 𝑔℘}
𝒩⨂𝔅

= ∑ {𝑓1 ⋅⋅⋅ 𝑓𝑗−1{𝑓𝑗, 𝑔2 ⋅⋅⋅ 𝑔℘}
𝒩⨂𝔅

, 𝑓𝑗+1 ⋅⋅⋅ 𝑓℘}
𝒩⨂𝔅

℘

𝑗=1

 

𝛿ℳ⨂𝔐 = ∭ 𝑑𝜏𝒫−ℒℳ⨂𝔐
−  

ℒℳ⨂𝔐
− = 𝑡𝑟 (

1

2
𝔇𝑡𝜒

𝛼𝔇𝑡𝜒𝛼 + 𝔍𝛼(𝜒, 𝜏)𝔇𝑡𝜒
𝛼 − 𝒱(𝜒, 𝜏))

+ 𝑡𝑟 (−
𝜅℘

2

2℘!
(−1)

1
2
℘(℘−1)

Α(𝜒, 𝜏)℘+1[𝜒𝛼1 , 𝜒𝛼2 ⋅⋅⋅ 𝜒𝛼℘]2)

+ 𝑡𝑟 (
𝜆℘

℘!
(√−1)

1
2
℘(℘−1)

[𝜒𝛽1 , 𝜒𝛽2 ⋅⋅⋅ 𝜒𝛽℘]𝒱𝛽1𝛽2⋅⋅⋅𝛽℘
(𝜒, 𝜏)) 

𝑓(𝜎) ⋆ 𝑔(𝜎) = 𝑓(𝜎)𝑒𝑖
𝜃
2

𝜕⃐  𝑖𝜖
𝑖𝑗𝜕  ⃑ 𝑗𝑔(𝜎) ⟹ 𝜎1 ⋆ 𝜎2 − 𝜎2 ⋆ 𝜎1 = 𝑖𝜃 
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𝒪(𝑓)𝒪(𝑔) = 𝒪(𝑓 ⋆ 𝑔) 

𝒪(𝜎𝑗1𝜎𝑗2 ⋅⋅⋅ 𝜎𝑗𝜂) ≔ ∑
1

𝜂!

𝜂!

𝒫=1

𝜎̂𝒫1𝜎̂𝒫2 ⋅⋅⋅ 𝜎̂𝒫𝜂  

[𝑓, 𝑔]⋆ = 𝑖𝜃{𝑓, 𝑔}𝒫⨂𝔅 + 𝔒(𝜃2) 

Matrices 

𝑑𝑠2 = 2𝑑𝜒+𝑑𝜒− −
1

𝜁
𝜇2(𝜒1

2𝜒2
2 ⋅⋅⋅ 𝜒𝜂

2)𝑑𝜒+𝑑𝜒+ + ∑ ∭ 𝑑𝜒𝛼𝑑𝜒𝛽

〈𝛼𝛽𝛾𝛿𝜖𝜁𝜂𝜆𝜇𝜌𝜎〉′

𝜁𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

𝜁𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

𝛼=1

 

ℒ𝔅𝔐𝔑
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

= 𝑡𝑟 (
1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
+ 𝑖

1

2
𝜓†𝔇𝜏𝜓 −

1

2
𝜓†Γ𝛼[𝜒𝛼, 𝜓])

+ 𝑖𝜇(𝜒1
2𝜒2

2 ⋅⋅⋅ 𝜒𝜂
2) ∑ ∭ 𝑑𝜒𝛼𝑑𝜒𝛽

〈𝛼𝛽𝛾𝛿𝜖𝜁𝜂𝜆𝜇𝜌𝜎〉′

𝜁𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

𝜁𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

𝛼=1

 

(Γ𝛼)𝔗 = (Γ𝛼)⊛ = ℭ−1Γ𝛼ℭ, ℭ = ℭ𝔗 = (ℭ†)
−1

 

𝛿Α0 = 𝑖𝜓†𝜀(𝜏), 𝛿𝜒𝛼 = 𝑖𝜓†Γ𝛼𝜀(𝜏), 𝛿𝜓

=

(

 
 
 
 
 

𝔇𝜏𝜒𝛼Γ𝛼 − 𝑖
1

2
[𝜒𝛼 , 𝜒𝛽]

2
Γ𝛼𝛽 ⟨𝜇|𝜒|Γ⟩

𝑐𝑑
𝛼𝛽⏞      

〈Γ𝜆𝜇
𝛼 ∇𝛽

𝛼Δ𝜌𝜎
𝜆𝜇

〉𝜁̂

⏟      

⟨𝜖|𝜁|Γ⟩
𝑐𝑑

𝛼𝛽⏞      

⟨𝜉|𝛾|Γ⟩
𝑐𝑑

𝛼𝛽

)

 
 
 
 
 

𝒢̂𝛼𝛽

𝒢′′ (𝜏)

ℜ̂⟨𝛼𝒯̂|𝛽|𝛿̂𝑐⟩

ℛ′′(𝑔)

|𝜀(𝑡)|𝛿𝑗
𝑖

 

𝜀℘𝑞𝑟(𝜏) = 𝑒
1
2
𝜏𝜇Γ𝜆𝜇

−
1

4
‖𝜇𝛽

𝛼 ⨂ Γ𝛽
𝛼‖

⏟        

𝜇⟨𝛽|
|𝛼⟩

Γ|𝛽⟩
⟨𝛼|

Δ𝑔𝜑 

ℒ𝒮𝒴ℳ = 𝑡𝑟 (−
1

4
𝔉ℒℳ𝔉ℒℳ − 𝑖

1

2
𝜓̂̿𝑖Γℒ𝔇𝔏𝜓̂̿𝑖) ⨂‖ℜ̂⟨𝛼𝒯̂|𝛽|𝛿̂𝑐⟩‖ 

𝔇𝔏𝜓̂̿𝑖 = 𝜕𝔏𝜓̂̿𝑖 − 𝑖 [Α𝔏, 𝜓𝑖] , 𝔉ℒℳ = 𝜕𝔏Αℳ − 𝜕ℳΑ𝔏 − 𝑖[Α𝔏, Αℳ] 

𝛿Αℳ = +𝑖𝜀̿𝑖Γℳ 𝜓̂̿𝑖 = 𝑖𝜓̂̿𝑖Γℳ𝜖𝑖, 𝛿𝜓̂̿𝑖 = −
1

2
𝔉ℳ𝒩Γℳ𝒩𝜖𝑖 

(Γ𝔏𝒫)
𝛼𝛽

(Γℒ𝒫)𝛾𝛿 + (Γ𝔏𝒫)
𝛾𝛽

(Γℒ𝒫)𝛼𝛿𝑡𝑟 (𝜓𝑖Γ𝔏 [𝑖𝜀̿𝑗Γℒ𝜓̂̿𝑗 , 𝜓̂̿𝑖]) 



pág. 8670 

ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

= 𝑡𝑟 (
1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
+ 𝑖

1

2
𝜓̂̿𝑖Γ𝑡𝔇𝜏𝜓̂̿𝑖

−
1

2
𝜓̂̿𝑖Γ𝛼 [𝜒𝛼 , 𝜓̂̿𝑖]) 𝑡𝑟 [𝜓̅ (ℳℒΓ𝔏 − 𝑖

1

3!
ℳ𝛼𝛽𝑐Γ𝛼𝛽𝑐) 𝜓] 

ℒ𝑡𝑦𝑝𝑒 𝐼
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

= 𝑡𝑟 (
1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖

1

2
𝜓̂̿𝑖Γ𝜏𝔇𝜏𝜓̂̿𝑖 −

1

2
𝜓̂̿𝑖Γ𝛼 [𝜒𝛼 , 𝜓̂̿𝑖] − 𝑖𝜇) ⨂(𝜒1

2𝜒2
2

⋅⋅⋅ 𝜒𝜂
2) ∑ ∭ 𝑑𝜒𝛼𝑑𝜒𝛽

〈𝛼𝛽𝛾𝛿𝜖𝜁𝜂𝜆𝜇𝜌𝜎〉′

𝜁𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

𝜁𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

𝛼=1

 

𝛿Α0 = 𝜓̂̿𝑖Γ0𝜖𝑖(𝜏), 𝛿𝜒𝛼 = 𝑖𝜓̂̿𝑖Γ𝛼𝜖𝑖(𝜏) 

𝛿𝜓𝑖 = (Γ𝑡𝛼𝔇𝜏𝜒𝛼 − 𝑖
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽 −

1

2
𝜇𝜒Γ𝜆𝜇 −

1

4
𝜇Γ𝜆𝜇𝜒) 

𝜒 = Γ𝛼𝜒𝛼 , 𝜖𝑖(𝜏) = 𝑒𝑖
1
2
𝜏′𝜇′′Γ′′𝜏′′(1)

𝜖𝑖(0) 

𝑡𝑟 (−𝑖𝜓̂̿𝑖Γ𝜏𝛿𝜓̂̿𝑖) ≔ 𝑖𝒬̅𝑖𝜖𝑖(𝜏), 𝒬̅𝑖 = (𝒬𝑖)
†Α = 𝜖𝑖𝑗(𝒬𝑗)

𝔗
ℭ 

[ℋ, 𝒬𝑖] = 𝑖
1

2
𝜇Γ𝑖𝒬𝑖, [ℋ, 𝒬̅𝑖] = −𝑖

1

2
𝜇𝒬̅𝑖Γ𝑖 

{𝒬𝑗𝒬̅
𝑗} = 2𝛿𝑗

𝑖 (Α (ℌ −
1

6
𝜇ℳ℘) −

1

6
𝜇𝜖℘𝑞𝑟Γ℘𝑞Γ℘𝑞ℳ𝑞𝑟ℳ℘𝑞) 𝒫+ + 𝑖

2

3
𝜇𝒯𝑗

𝑖Γ𝜁𝒫+ 

[ℳ℘𝑞 , ℳ𝑟𝑠] = 𝑖(𝛿℘𝑟ℳ𝑞𝑠 − 𝛿℘𝑠ℳ𝑞𝑟 − 𝛿𝑞𝑟ℳ℘𝑠 + 𝛿𝑞𝑠ℳ℘𝑟), ⌊𝒯𝑗
𝑖, 𝒬𝓀⌋ = 𝛿𝑗 𝒬𝑖𝓀 −

1

2
𝛿𝑖

𝑗
𝒬𝓀, ⌊𝒯𝑗

𝑖, 𝒯𝓀
ℓ⌋

= 𝛿𝓀
𝑗
𝒯𝑖

ℓ − 𝛿𝑖
ℓ𝒯𝓀

𝑗
⟦ℋ, ℳ℘𝑞⟧⌈ℋ, 𝒯𝑗

𝑖⌉⟨ℳ𝛼𝛽|𝒯𝑖
𝑗
⟩ 

𝜒1 = ℛ cos (
1

6
𝜏𝜇) , 𝜒2 = ℛ sin (

1

6
𝜏𝜇) , 𝜒℘ =

1

3
𝜇𝔍℘ 

Deformaciones 

𝜓 = 𝜓1, 𝜓̂̅ = 𝜓†Α = 𝜓̂̅1 
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ℒ𝑡𝑦𝑝𝑒 𝐼𝐼
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

= 𝑡𝑟 (
1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖𝜓̂̅Γ𝜏𝔇𝜏𝜓 − 𝜓̂̅Γ𝛼[𝜒𝛼, 𝜓])

+ 𝑡𝑟 (
1

4
𝜇′′𝜓̂̅′′Γ′𝜆′𝜇′

⟦𝜓𝜇⟧2) ⨂(𝜒1
2𝜒2

2 ⋅⋅⋅ 𝜒𝜂
2) ∑ ∭ 𝑑𝜒𝛼𝑑𝜒𝛽

〈𝛼𝛽𝛾𝛿𝜖𝜁𝜂𝜆𝜇𝜌𝜎〉′

𝜁𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

𝜁𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

𝛼=1

 

𝛿Α0 = 𝜓̂̅Γ0𝜖(𝜏) + 𝜖(̅𝜏)Γ0𝜓, 𝛿𝜒𝛼 = 𝜓̂̅Γ𝛼𝜖(𝜏) + 𝜖(̅𝜏)Γ𝛼𝜓 

𝛿𝜓 = (−𝑖𝔇𝜏𝜒𝛼Γ𝜏𝛼 −
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽 −

1

4
𝜇Γ𝜆𝜇(1)𝜒 −

1

2
𝜇′′Γ′′𝜆𝜇(1)𝜒) 𝜖(𝜏) 

𝜒 = Γ𝛼𝜒𝛼, 𝜖(𝜏) = 𝑒−𝑖
1
2
𝜏′𝜇′′Γ′′𝜏′′(1)

𝜖(0) 

{𝒬, 𝒬̅} = 2 (Αℋ + 𝑖
1

2
𝜇′′ℳ𝑚𝜂Γ𝑚𝜂 −

1

2
𝜇𝒯′Γ′) 𝒫+{𝒬, 𝒬}[ℋ, 𝒯], [ℋ, 𝒬] =

1

2
𝜇Γ𝜏, [ℋ, 𝒬̅]

=
1

2
𝜇𝒬̅Γ𝜏, [𝒯, 𝒬] = 𝒬, [𝒯, 𝒬̅] = −𝒬̅ 

Análisis en cuatro dimensiones ℝ4. 

Γ𝜇† = Γ𝜇 = −ΑΓ𝜇Α†, Α = Γ𝜏 = −Α† 

Γ𝜇⋆ = 𝔅Γ𝜇𝔅†, 𝔅𝜏 = 𝔅, 𝔅† = 𝔅−1 

Γ𝜇𝒯⊛ = −ℭΓ𝜇ℭ†, ℭ = −ℭ𝒯 = 𝔅Γ𝜏, ℭ† = ℭ−1 

𝜓̅ = 𝜓†Γ𝜏 = 𝜓𝒯ℭ ⟺ 𝜓⋇ = 𝔅𝜓 

ℒ4𝒟 𝒮𝒴ℳ = 𝑡𝑟 (−
1

4
𝔉𝜇𝜈𝔉𝜇𝜈 − 𝑖

1

2
𝜓̂̿𝑖Γ𝜇𝔇𝜇𝜓) 

𝛿Α𝜇 = 𝑖𝜀Γ̅𝜇𝜓 = −𝑖𝜓̅Γ𝜇𝜀, 𝛿𝜓 = −
1

2
𝔉𝜇𝜈𝔉𝜇𝜈𝜀 

(ℭΓ𝜇)𝛼𝛽(ℭΓ𝜇)
𝛾𝛿

+ (ℭΓ𝜇)𝛽𝛾(ℭΓ𝜇)
𝛼𝛿

+ (ℭΓ𝜇)𝛾𝛼(ℭΓ𝜇)
𝛽𝛿

 

ℒ0
𝒩=4 = 𝑡𝑟 (

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
+ 𝑖

1

2
𝜓̂̿Γ𝜏𝔇𝜏𝜓 −

1

2
𝜓̂̿Γ𝛼[𝜒𝛼 , 𝜓]) 

ℒ𝑡𝑦𝑝𝑒 𝐼
𝒩=4 = 𝑡𝑟 (

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖

1

2
𝜓̂̅Γ𝜏𝔇𝜏𝜓 − 𝜓̂̅Γ𝛼[𝜒𝛼 , 𝜓])

+ 𝑡𝑟 (𝑖
1

4
𝜇1𝜓̂̅′′𝜓′ +

1

4
𝜇2𝜓̂̅′′Γ′𝜆′𝜇′

𝜓′ − 𝑖𝜇2⟦𝜒1, 𝜒2⟧𝜒3 −
1

2
(𝜇1

2 + 𝜇2
2)𝜒𝛼𝜒𝛼) 

𝛿Α0 = −𝑖𝜓̂̅Γ𝜏𝜖(𝜏), 𝛿𝜒𝛼 = −𝑖𝜓̂̅Γ𝛼𝜖(𝜏) 
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𝛿𝜓 = (−Γ𝑡𝛼𝔇𝜏𝜒𝛼 + 𝑖
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽 −

1

3
𝜇1Γ𝜆𝜇(1)𝜒 +

1

3
𝜇2𝜒Γ𝜆𝜇(2)) 𝜖(𝜏) 

𝜖(𝜏) = 𝑒
1
6
𝜏(𝜇1Γ𝜏(1)−𝜇2Γ𝜏(2))𝜖(0) 

[ℋ, 𝒬] = −𝑖
1

6
(𝜇1Γ𝜏(1) − 𝜇2Γ𝜏(2))𝒬, {𝒬, 𝒬̅} = 2 (Γ𝜏ℋ +

1

6
𝜇1Γ𝛼𝛽ℳ𝛼𝛽 −

1

6
𝜇2𝜖𝛼𝛽𝑐Γ𝛼ℳ𝛽𝑐) 

𝔇𝜏𝜒𝛼 = 0, [𝜒𝛼 , 𝜒𝛽] = 𝑖
1

3
𝜇2𝜖𝛼𝛽𝑐𝜒𝑐 

ℒ𝑡𝑦𝑝𝑒 𝐼
𝒩=4 = 𝑡𝑟 [(

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖

1

3
𝜇2𝜖𝛼𝛽𝑐𝜒𝑐)

2

−
1

9
𝜇1

2𝜒𝛼𝜒𝛼]

+ 𝑡𝑟 (−𝑖
1

2
𝜓̂̅Γ𝑡𝔇𝜏𝜓 −

1

2
𝜓̂̅Γ𝛼[𝜒𝛼 , 𝜓] + 𝑖

1

4
𝜓̂̅(𝜇1 + 𝜇2Γ′𝜆′𝜇′

)𝜓) 

𝜓 ⟶ 𝑒
1
2
𝜏(𝜇3−𝜇2)Γ′𝜆′𝜇′

𝜓 

ℒ𝑡𝑦𝑝𝑒 𝐼
𝒩=4 |

𝜇1=0
= 𝑡𝑟 [

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
([𝜒𝛼, 𝜒𝛽] − 𝑖

1

3
𝜇2𝜖𝛼𝛽𝑐𝜒𝑐)

2

]

+ 𝑡𝑟 [−𝑖
1

2
𝜓̂̅Γ𝜏𝔇𝜏𝜓 −

1

2
𝜓̂̅Γ𝛼[𝜒𝛼 , 𝜓] + 𝑖

1

4
𝜇3𝜓̂̅Γ′𝜆′𝜇′

𝜓] 

𝛿Α0 = −𝑖𝜓̂̅Γ𝜏𝜖(𝜏), 𝛿𝜒𝛼 = −𝑖𝜓̂̅Γ𝛼𝜖(𝜏) 

𝛿𝜓 = (−Γ𝜏𝛼𝔇𝜏𝜒𝛼 + 𝑖
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽 +

1

3
𝜇2𝜒Γ𝜆𝜇(2)) 𝜖(𝜏) 

𝜖(𝜏) = 𝑒
1
6
𝜏(2𝜇2−3𝜇3)Γ𝜏(2)(3)

𝜖(0) 

[ℋ, 𝒬] = 𝑖
1

6
(2𝜇2 − 3𝜇3)Γ𝜏(2)(3)𝒬, [ℛ, 𝒬] = 𝑖Γ𝜏(1)(2)(3)𝒬, [ℋ, ℛ] = 0, {𝒬, 𝒬̅}

= 2 (Γ𝜏 (ℋ +
1

2
(𝜇3 − 𝜇2)ℜ) −

1

6
𝜇2𝜖𝛼𝛽𝑐Γ𝛼ℳ𝛽𝑐) 

Deformaciones tipo 2 

ℒ𝑡𝑦𝑝𝑒 𝐼
𝒩=4 = 𝑡𝑟 (

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖

1

2
𝜓̂̅Γ𝜏𝔇𝜏𝜓 −

1

2
𝜓̂̅Γ𝛼[𝜒𝛼 , 𝜓])

+ 𝑡𝑟 (𝑖
1

2
𝜇𝜓̂̅Γ𝜏𝜓 −

1

2
𝜇2(𝜒1

2 + 𝜒2
2 + 4𝜒3

2)) 

𝛿Α0 = −𝑖𝜓̂̅Γ𝜏𝜖(𝜏), 𝛿𝜒𝛼 = −𝑖𝜓̂̅Γ𝛼𝜖(𝜏) 

𝛿𝜓 = (−Γ𝜏𝛼𝔇𝜏𝜒𝛼 + 𝑖
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽 +

1

4
𝜇Γ𝜏𝜒) 𝜖(𝜏) 
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𝜖(𝜏) = 𝑒−
1
2
𝜏𝜇Γ𝜏

𝜖(0) 

[ℋ, 𝒬] = 𝑖
1

2
𝜇Γ𝑡𝒬, {𝒬, 𝒬̅} = 2Γ𝜏 (ℋ +

1

6
𝜇ℳ𝜏ℜ) 

𝜒1 = ℛ cos (
1

6
𝜏𝜇) , 𝜒2 = ℛ sin (

1

6
𝜏𝜇) , 𝜒℘ =

1

3
𝜇𝔍℘ 

ℒ0
𝒩=2 = 𝑡𝑟 (

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖

1

2
𝜓̂̅Γ𝜏𝔇𝜏𝜓 −

1

2
𝜓̂̅Γ𝛼[𝜒𝛼, 𝜓]) ⨂ 𝑖

1

4
𝑡𝑟 |𝜓̂̅𝜓| 

ℒ𝑀𝑎𝑠𝑠𝑖𝑣𝑒/𝑆𝑢𝑝𝑒𝑟𝑚𝑎𝑠𝑠𝑖𝑣𝑒
𝒩=2

= 𝑡𝑟 (
1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

2
[𝜒𝛼, 𝜒𝛽]

2
− 𝑖

1

2
𝜓̂̅Γ𝜏𝔇𝜏𝜓 −

1

2
𝜓̂̅Γ𝛼[𝜒𝛼 , 𝜓])

+ 𝑡𝑟 (𝑖
1

4
𝑡𝑟 |𝜓̂̅𝜓| −

1

6
𝜇2(𝜒1

2 + 𝜒2
2)) 

𝛿Α0 = −𝑖𝜓̂̅Γ𝜏𝜖(𝜏), 𝛿𝜒𝛼 = −𝑖𝜓̂̅Γ𝛼𝜖(𝜏) 

𝛿𝜓 = (−Γ𝜏𝛼𝔇𝜏𝜒𝛼 + 𝑖[𝜒1, 𝜒2]Γ𝛼𝛽 −
1

6
𝜇Γ𝛼𝜒𝛼) 𝜖(𝜏) 

𝜖(𝜏) = 𝑒
1
2
𝜏𝜇Γ𝑡

𝜖(0) 

[ℋ, 𝒬] = −𝑖
1

2
𝜇Γ𝜏𝒬, {𝒬, 𝒬̅} = 2Γ𝜏 (ℋ −

1

6
𝜇ℳ𝜏ℜ) 

𝜒1 = ℛ cos (
1

6
𝜏𝜇) , 𝜒2 = ℛ sin (

1

6
𝜏𝜇) 

ℒ𝑀𝑎𝑠𝑠𝑖𝑣𝑒/𝑆𝑢𝑝𝑒𝑟𝑚𝑎𝑠𝑠𝑖𝑣𝑒
𝒩=1+1 = 𝑡𝑟 [

1

2
(𝔇𝜏𝜒)2 + 𝑖

1

2
𝜓𝔇𝜏𝜓 − 𝜒𝜓𝜓 +

1

2
Λ(√−𝑔)𝜒2 + 𝜌(𝜏)𝜒] 

𝛿±Α0 = 𝛿±𝜒 = 𝑖𝑓±(𝜏)𝜓𝜀± 

𝛿±𝜓 = (𝑓±(𝜏)𝔇𝜏𝜒 − 𝑓±(𝜏)𝜒 − 𝜅±(𝜏)) 𝜀± 

𝑓±̈(𝜏) = 𝑓±(𝜏)Λ(√−𝑔) 

𝜅±(𝜏) ≔ ∭ 𝑑𝑡′𝜌(𝜏′)𝑓±(𝜏′)

𝜏

𝜏0

 

𝛿++Α0 = 𝛿++𝜒 = 𝑓+(𝑓+𝔇𝜏𝜒 − 𝑓+̇𝜒 − 𝜅+1), 𝛿++𝜓 = 0 

𝛿−−Α0 = 𝛿−−𝜒 = 𝑓−(𝑓−𝔇𝜏𝜒 − 𝑓−̇𝜒 − 𝜅−1), 𝛿−−𝜓 = 0 

𝛿{+,−}Α0 = 𝛿{+,−}𝜒 = 2𝑓+𝑓−𝔇𝜏𝜒 − (𝑓+̇𝑓− + 𝑓−𝑓+̇)𝜒 − (𝑓+𝜅− + 𝑓−𝜅+)1, 𝛿{+,−}𝜓 = 0 
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𝑓±(𝜏)𝔇𝜏𝜒 = 𝑓+̇(𝜏)𝜒 + 𝜅±(𝜏)1 

𝜒(𝜏) = 𝑓+(𝜏)𝜒 + ℏ+(𝜏)1 

𝜒(𝜏) = 𝑓−(𝜏)𝜒 + ℏ−(𝜏)1 

Cuántica supermasiva de Yang – Mills 

𝑑𝑠2 = 2𝑑𝜒+𝑑𝜒− −
1

72
𝜇2(𝜒1

2 + 𝜒2
2 + 4𝜒3

2)𝑑𝜒+𝑑𝜒+ + ∑ 𝑑𝜒𝛼𝑑𝜒𝛼

4

𝛼=1

 

Deformaciones de masa 

ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝑡𝑟 (

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖

1

2
𝜓̂̿𝑖Γ𝜏𝔇𝜏𝜓̂̿𝑖 −

1

2
𝜓̂̿𝑖Γ𝛼 [𝜒𝛼 , 𝜓̂̿𝑖]) 

ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝑡𝑟 (

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖𝜓̂̅Γ𝜏𝔇𝜏𝜓̂̅ − 𝜓̂̅Γ𝛼 [𝜒𝛼 , 𝜓̂̅]) 

ℒ1
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝑡𝑟 (𝜓̅ℳ𝜓 +

1

3!
𝛿𝛼𝛽𝑐𝜒𝛼𝜒𝛽𝜒𝑐 + 𝔍𝛼𝛽𝜒𝛼𝔇𝜏𝜒𝛽) 

ℳ = ℳ𝜏Γ𝜏 + ℳ𝛼Γ𝛼 − 𝑖
1

3!
ℳ𝛼𝛽𝑐Γ𝛼𝛽𝑐 

ℒ2
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = −𝑡𝑟 (

1

2
𝛿(𝛼𝛽)𝜒

𝛼𝜒𝛽) 

𝑡𝑟(𝔍𝛼𝛽𝜒𝛼𝔇𝜏𝜒𝛽) = 𝑡𝑟(𝔍[𝛼𝛽]𝜒
𝛼𝔇𝜏𝜒

𝛽) +
𝑑

𝑑𝜏
𝑡𝑟 (

1

2
𝔍(𝛼𝛽)𝜒

𝛼𝜒𝛽) − 𝑡𝑟 (
1

2
𝔍⃛(𝛼𝛽)𝜒

𝛼𝜒𝛽) 

ℒ𝒯 = ℒ−1, ℒ̂† = ℒ̂−1, ℒ̂Γ𝛼ℒ̂−1 = Γ𝛼ℒ𝛼
𝛽
, ℒ̂Γ𝜏 = Γ𝜏ℒ̂ 

𝔍𝛼𝛽 ⟶ 𝔍𝛼𝛽 − 2(ℒ𝒯ℒ⃛)
𝛼𝛽

 

ℳ = ℳ𝛼Γ𝛼 − 𝑖
1

6
ℳ𝛼𝛽𝑐Γ𝛼𝛽𝑐 

Γ𝜏ℳΓ𝜏 = ℳ, Γ𝛼ℳΓ𝛽 − Γ𝛽ℳΓ𝛼 + ℳΓ𝛼𝛽 = 4𝑖ℳ𝛼𝛽𝑐Γ𝑐 − 𝑖Γ𝛼𝛽ℳ 

[ℳ, Γ∫ 𝜂
∞

∞ ] = 0, ℳ2 = ℳ𝛼ℳ𝛼 +
1

6
ℳ𝛼𝛽𝑐ℳ𝛼𝛽𝑐 − 𝑖ℳ𝛼𝛽𝑐ℳ𝑐Γ𝛼𝛽 −

1

4
ℳ𝛼𝛽𝑒ℳ𝑐𝑑 Γ𝑒 𝛼𝛽𝑐𝑑 

𝛿Α0 = 𝜓̅Γ0𝜀(𝜏)Γ0𝜓, 𝛿𝜒𝛼 = 𝜓̅Γ𝛼𝜀(𝜏) + 𝜀(̅𝜏)Γ𝛼𝜓 

𝛿𝜓 = (−𝑖𝔇𝜏𝜒𝛼Γ𝜏𝛼 −
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽 + 𝜇Δ) 𝜀(𝜏) 

𝜀 ≔ 𝔊(𝜏)𝜀̂, 𝜕𝜏𝜀(𝜏) = 𝜇∏(𝜏)𝜀(𝜏), 𝜇∏(𝜏) ≔ 𝜕𝜏𝔊(𝜏)𝔊(𝜏)−1 
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𝛿ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙

≅ 𝜇𝑡𝑟 [𝜓̅Γ𝜏 (−𝑖𝔇𝜏Δ + Γ𝜏𝛼[𝜒𝛼 , Δ] − 𝔇𝜏𝜒𝛼Γ𝜏𝛼∏ + 𝑖
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽∏ − 𝑖𝜇Δ∏) 𝜀]

+ 𝒸⨂𝒸 

𝛿𝑡𝑟[𝜓̅ℳ𝜓] = 𝑡𝑟 [𝜓̅ℳ (−𝑖𝔇𝜏𝜒𝛼Γ𝜏𝛼 −
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽 + 𝜇Δ) 𝜀] + 𝒸⨂𝒸 

𝛿𝑡𝑟 [
1

3
𝛿𝛼𝛽𝑐𝜒𝛼𝜒𝛽𝜒𝑐] = 𝑡𝑟 [

1

2
𝛿𝛼𝛽𝑐𝜒𝛼𝜒𝛽Γ𝑐𝜀] + 𝒸⨂𝒸 

𝛿ℒ𝑀𝑎𝑠𝑠𝑖𝑣𝑒/𝑆𝑢𝑝𝑒𝑟𝑚𝑎𝑠𝑠𝑖𝑣𝑒
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 ⟹ 𝜇𝑡𝑟[𝜓̅𝔇𝜏(−𝑖Γ𝜏Δ + 𝜒𝛼Γ𝛼∏ − 𝑖ℳΓ𝜏𝜒𝛼Γ𝛼)𝜀] + 𝒸⨂𝒸 

Δ(1 + Γ(𝜆𝜇)) = (ℳ𝜒 − 𝑖𝜒Γ𝜏∏)(1 + Γ(𝜆𝜇)) 

Δ = ℳ𝜒 − 𝑖𝜒Γ𝜏∏ 

𝛿 [ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 + 𝜇𝑡𝑟 |𝜓̅ (ℳ𝛼Γ𝛼 − 𝑖

1

3!
ℳ𝛼𝛽𝑐Γ𝛼𝛽𝑐) 𝜓 + 𝑖

2

3
ℳ𝛼𝛽𝑐𝜒𝛼𝜒𝛽𝜒𝑐|]

=
1

2
𝜇𝑡𝑟[𝜓̅[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽(ℳ + 3𝑖Γ𝜏∏)𝜀]

+ 𝜇𝑡𝑟[𝜓̅(𝜇ℳΔ − 𝑖𝜇Γ𝜏Δ∏ − 𝜒∏̂ + 𝑖ℳ̃Γ𝜏𝜒)𝜖] + 𝒸⨂𝒸 

𝛿 [ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 + 𝜇𝑡𝑟 |𝜓̅ (ℳ𝛼Γ𝛼 − 𝑖

1

3!
ℳ𝛼𝛽𝑐Γ𝛼𝛽𝑐) 𝜓 + 𝑖

2

3
ℳ𝛼𝛽𝑐𝜒𝛼𝜒𝛽𝜒𝑐|]

= 𝜇2𝑡𝑟 [𝜓̅ (ℳ2𝜒 +
2

3
ℳ𝜒ℳ +

1

9
𝜒ℳ2 − 𝑖𝜇−1Γ𝜏 (ℳ̇𝜒 +

1

3
𝜒ℳ̇)) 𝜀] + 𝒸⨂𝒸 

ℒ0
𝒩=4 = 𝑡𝑟 (

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
− 𝑖

1

2
𝜓̂̅Γ𝜏𝔇𝜏𝜓 −

1

2
𝜓̂̅Γ𝛼[𝜒𝛼 , 𝜓]) 

𝜇ℒ𝜓
𝒩=4 = 𝑖𝜇𝑡𝑟 [𝜓̂̅(𝑐Γ𝜆𝜇 + Γ𝜏ℌ + 𝑟 cos 𝜃 + 𝑟 sin 𝜃 Γ𝜏)𝜓] 

(𝜓, 𝜓̅) ⟶ (𝑒𝜙Γ𝜏
𝜓, 𝜓̅𝑒𝜙Γ𝜏

) 

𝑢ℒ𝑀𝑦𝑒𝑟𝑠 = 𝜇𝑡𝑟(4𝑖[𝜒1, 𝜒2]𝜒3) 

𝛿Α0 = −𝑖𝜓̂̅Γ𝜏𝜀(𝜏), 𝛿𝜒𝛼 = −𝑖𝜓̂̅Γ𝛼𝜀(𝜏) 

𝛿𝜓 = (−Γ𝜏𝛼𝔇𝜏𝜒𝛼 + 𝑖
1

2
[𝜒𝛼 , 𝜒𝛽]Γ𝛼𝛽 + 𝜇Δ) 𝜀(𝜏) 

𝜕𝜏𝜀(𝜏) = 𝜇∏𝜀(𝜏) 

−𝜇𝑡𝑟 [𝜓̂̅(𝔇𝜏𝜒∏ + Γ𝜏𝔇𝜏Δ − 2(𝑐Γ𝜆𝜇 + Γ𝜏ℌ + 𝑟)Γ𝜏𝔇𝜏𝜒)𝜀] 

Δ = 2(𝑟 + Γ𝜏ℌ − 𝑐Γ𝜆𝜇)𝜒 + Γ𝜏𝜒∏〈𝑒2 + 𝑟2〉 
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𝜇ℒ𝜓
𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = −𝑖

1

2
𝜇𝑡𝑟(𝜓̂𝜓) 

−𝑖𝜇𝑡𝑟 [𝜓̂̅(𝔇𝜏𝜒∏ + Γ𝜏𝔇𝜏Δ − Γ𝜏𝔇𝜏𝜒)𝜀] 

Δ ≔ 𝜒 + Γ𝜏𝜒∏ 

−𝑖𝜇𝑡𝑟 [𝜓̂̅ℱ(1 − 3Γ𝜏∏)𝜀] 

ℒ0 = 𝑡𝑟 [
1

2
𝔇𝜏𝜒𝔇𝜏𝜒 + 𝑖

1

2
𝜓𝔇𝜏𝜓 + 𝜒𝜓𝜓] 

𝛿𝒴ℳΑ0 = 𝛿𝒴ℳχ = 𝑖𝜓𝜖, 𝛿𝒴ℳ𝜓 = 𝔇𝜏𝜒𝜖 

𝑡𝑟 [𝑖
1

2
𝜓𝔇𝜏𝜓 + 𝜒𝜓𝜓] = 𝑡𝑟 [𝑖

1

2
𝜓𝜕𝜏𝜓 + (𝜒 − Α0)𝜓𝜓] 

𝛿Α0 = 𝛿𝜒 = 𝑖𝑓(𝜏)𝜓𝜖, 𝛿𝜓 = (𝑓(𝜏)𝔇𝜏𝜒 + Δ)𝜖 

𝛿ℒ0 = 𝑡𝑟[𝑖𝜓𝜖(𝔇𝜏(𝑓𝜒 +△) − 𝑓𝜒 + 𝑖[𝜒, Δ])] + 𝜕𝜏𝔎 

𝔎 = 𝑡𝑟 (𝔇𝜏𝜒𝛿𝜒 − 𝑖
1

2
𝜓𝛿𝜓) 

Δ ≔ −𝑓𝜒 − 𝜅1 

𝛿 [ℒ0 + 𝑡𝑟 (
1

2
(
𝑓

𝑓
) 𝜒2 + (

𝜅̅

𝑓
) 𝜒)] 

ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝑡𝑟 (

1

2
𝔇𝜏𝜒𝛼𝔇𝜏𝜒𝛼 +

1

4
[𝜒𝛼 , 𝜒𝛽]

2
+ 𝑖

1

2
Ψ𝔗𝔇𝜏Ψ −

1

2
Ψ𝔗Γ𝛼[𝜒𝛼 , Ψ]) 

ℒ𝑀𝑎𝑠𝑠𝑖𝑣𝑒/𝑆𝑢𝑝𝑒𝑟𝑚𝑎𝑠𝑠𝑖𝑣𝑒
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝑡𝑟 (

1

2
𝑖Ψ𝔗ℳΨ +

1

3!
𝛿𝛼𝛽𝑐𝜒𝛼𝜒𝛽𝜒𝑐 + 𝔍𝛼𝛽𝜒𝛼𝔇𝜏𝜒𝛽) 

ℳ =
1

2
ℳ𝛼𝛽Γ𝛼𝛽 +

1

3!
ℳ𝛼𝛽𝑐Γ𝛼𝛽𝑐 

𝛿Α0 = 𝑖Ψ𝔗𝜖(𝜏), 𝛿𝜒𝛼 = 𝑖Ψ𝔗Γ𝛼𝜖(𝜏), 𝛿Ψ = (𝔇𝜏𝜒 + 𝔉 + 𝜇Δ)𝜖(𝜏) 

𝛿ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝑖𝜇𝑡𝑟[Ψ𝔗(𝔇𝜏Δ + 𝔇𝜏𝜒∏ + 𝔉∏ + 𝑖Γ𝛼[𝜒𝛼, Δ] + 𝜇Δ∏)]𝜖(𝜏) 

𝛿ℒ1
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝑖𝑡𝑟 [Ψ𝔗 (ℳ(𝔇𝜏𝜒 + 𝔉 + 𝜇Δ) +

1

2
𝛿𝛼𝛽𝑐𝜒𝛼𝜒𝛽𝜒𝑐)] 𝜖(𝜏) 

Δ ≔ −𝜒∏ − ℳ𝜒 

𝛿(ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 + 𝜇ℒ1

𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙) = 𝑖𝜇𝑡𝑟[Ψ𝔗𝔉(𝛼𝛽ℳ𝑐𝑑)Γ
𝛼𝛽𝑐𝑑]𝜖(𝜏) + 𝒪(𝜇2) 

𝛿(ℒ0
𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 + 𝜇ℒ1

𝒩=𝑚𝑢𝑙𝑡𝑖𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙) = −𝑖𝜇2𝑡𝑟[Ψ𝔗𝜒𝛼𝔐𝛼𝜖(𝜏)] 
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𝔐𝛼 ≡ 𝜇−1 (ℳ⃛Γ𝛼 +
1

3
Γ𝛼ℳ⃛) + ℳ4Γ𝛼 +

2

3
ℳΓ𝛼ℳ +

1

2
Γ𝛼ℳ4

=
1

4
ℳ𝛽𝑐𝑑ℳ𝛽𝑐𝑑Γ𝛼 −

2

3
ℳ𝛼𝛽𝑐ℳ𝛽𝑐𝑑Γ𝑑 +

1

3
𝜇−1ℳ⃛𝛼 Γ𝛽𝑐

𝛽𝑐 −
1

4
ℳ𝛼 ℳ𝛽𝑐 𝑑𝑒 Γ𝑐 𝛽𝑑𝑒

−
1

2
𝜇−1ℳ⃛𝛽𝑐𝑑Γ𝛼𝛽𝑐𝑑 +

1

3
ℳ𝛽𝑐𝑑ℳ𝑒𝑓 Γ𝑑 𝛼𝛽𝑐𝑒𝑓 +

1

3
ℳ𝛼 ℳ𝛽𝑐 𝑑𝑒𝑓Γ𝛽𝑐𝑑𝑒𝑓 

Modelo de Cuantización de Dirac para campos cuánticos relativistas. 

Cálculos preliminares 

𝒬|𝜓⟩ = 0, 𝛿|𝜓⟩ = 𝒬|Λ⟩ 

𝒬Α = 𝒬 + 𝒱(Α) +
1

2
𝒱2(Α, Α) 

𝛿𝒴ℳ =
1

2
〈𝒱(Α)𝒬𝒱(Α)〉 +

1

3
〈𝒱3(Α)〉 +

1

4
〈𝒱(Α){𝒱2(Α, Α), 𝒱(Α)}〉 

Comportamientos endógeno y exógeno de las partículas y antipartículas supermasivas y masivas 

e hiperpartículas 

𝛿𝑠𝑦𝑚𝑝 = ∭ 𝑑𝜏 [℘𝜇𝜒𝜇 − 𝑖𝛼̿𝜇 𝛼̂̅𝜇] 

ℌ ≔
1

2
℘2, ℒ ≔ 𝛼𝜇℘𝜇 , ℒ̃ ≔ 𝛼̃𝜇℘𝜇 

𝛿 = ∭ 𝑑𝜏[℘𝜇𝜒𝜇 − 𝑖𝛼̿𝜇 𝛼̂̅𝜇 − 𝑒ℋ − 𝜇̅ℒ − 𝜇ℒ̅] 

𝛿𝜒𝜇 = 𝜖℘𝜇 + 𝜉𝛼̿𝜇 + 𝜉̿𝛼𝜇 , 𝛿℘𝜇 

𝛿𝛼𝜇 = 𝑖𝜉℘𝜇 , 𝛿𝛼̿𝜇 = −𝑖𝜉̅℘𝜇 

𝛿𝜇 = 𝜉, 𝛿𝜇̅ = 𝜉, 𝛿𝜖 = 𝜖 + 2𝑖𝜇𝜉̅ − 2𝑖𝜇̅𝜉 

[𝜒𝜇 , ℘𝜈] = 𝑖𝛿𝜈
𝜇
, [𝛼̅𝜇 , 𝛼𝜈] = 𝜂𝜇𝜈 

[ℒ̃, ℒ] = 2ℌ, [ℋ, 𝔏] = 0, [ℋ, 𝔏̅] 

|𝜑⟩ = ∑|𝜑𝛿⟩

∞

𝛿=0

, |𝜑𝛿⟩ =
1

𝛿!
𝜑𝜇1⋅⋅⋅𝜇𝛿

(𝜒)𝛼𝜇1 ⋅⋅⋅ 𝛼𝜇𝛿|0⟩ 

℘𝜇 = −𝑖𝜕𝜇 , 𝛼̅𝜇 = 𝜂𝜇𝜈
𝜕

𝜕𝛼𝜈
, ℌ = −

1

2
, 𝔏 = −𝑖𝛼𝜇𝜕𝜇 , 𝔏̅ = −𝑖

𝜕

𝜕𝛼𝜇
𝜕𝜇 

𝑖𝔏|𝜑𝛿⟩ =
1

𝛿!
𝜕

(𝜇1𝜑𝜇2⋅⋅⋅𝜇𝛿+1
)
𝛼𝜇1 ⋅⋅⋅ 𝛼𝜇𝛿+1|0⟩, 𝑖𝔏̅|𝜑𝛿⟩ =

1

(𝛿 − 1)!
𝜕𝜑𝜈𝜇2⋅⋅⋅𝜇𝛿+1

𝜈 𝛼𝜇2 ⋅⋅⋅ 𝛼𝜇𝛿|0⟩ 
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⟨𝜑𝛿| =
1

𝛿!
𝜑𝜇1⋅⋅⋅𝜇𝛿

⊛ (𝜒)⟨0|𝛼̂𝜇1 ⋅⋅⋅ 𝛼̂𝜇𝛿 

⟨𝜒𝛿
′ |𝜑𝛿⟩ =

1

𝛿! 𝛿′!
∭ 𝑑𝔇𝓍𝜒𝜇1⋅⋅⋅𝜇

𝛿′

⊛ 𝜑𝜈1⋅⋅⋅𝜈𝛿
⋄ ⟨0|𝛼̂𝜇1 ⋅⋅⋅ 𝛼̂𝜇

𝛿′ 𝛼̂𝜈1 ⋅⋅⋅ 𝛼̂𝜈
𝛿′ |0⟩

= 𝛿𝓈𝓈′ ∭ 𝑑𝔇𝓍𝜒𝜇1⋅⋅⋅𝜇
𝛿′

⊛ 𝜑𝜈1⋅⋅⋅𝜈𝛿 

⟨𝜒|ℌ, 𝔏, 𝔏̅|𝜓⟩ = ∀𝜒, 𝜓 ∈ ℌ𝑝ℎ𝑦𝑠 

|𝜓⟩ ∈ ℌ𝑝ℎ𝑦𝑠 ⟺ ℌ|𝜑⟩ = 0, 𝔏̅|𝜑⟩ 

𝜑𝜇1⋅⋅⋅𝜇𝛿
= 0, 𝜕𝜑𝜈𝜇1⋅⋅⋅𝜇𝛿−1

𝜈  

𝛿𝜑𝜇1⋅⋅⋅𝜇𝛿
= 𝛿𝜕(𝜇1

𝜉𝜇2⋅⋅⋅𝜇𝛿) 

Α𝜇 = 0, 𝜕𝜇Α𝜇 

|𝜑𝑛𝑢𝑙𝑙⟩ = ℒ|𝜉⟩, ℌ|𝜉⟩ = ℒ̅|𝜉⟩ 

Cuantización BRST 

[𝔊𝑖, 𝔊𝑗] = 𝑓𝑖𝑗
𝓀𝔊𝓀 

𝔊𝑖 ↦ (𝛽𝑖, 𝑐
𝑖), {𝛽𝑖, 𝑐

𝑖} = 𝛿𝑖
𝑗
 

𝒬 ≔ 𝑐𝑖𝔊𝑖 −
1

2
𝑓𝑖𝑗

𝓀𝑐𝑖𝑐𝑗𝛽𝓀 

ℌ ↦ (𝛽, 𝑐), {𝛽, 𝑐}, 𝔏 ↦ (𝔅, ℭ̅), {𝔅, ℭ̅}, 𝔏̅ ↦ (𝔅̅, ℭ), {𝔅̅, ℭ} 

𝒬 ≔ 𝑐 + (ℭ̅𝛼𝜇 + ℭ𝛼̅𝜇)𝜕𝜇 − ℭℭ̅𝛽, 𝒬2 

(𝛼̅𝜇 , 𝛽, 𝔅̅, ℭ̅)|0⟩ 

|𝜓⟩ = ∑ ∑ 𝑐℘

4

℘,𝑞,𝑟=0

∞

𝛿=0

ℭ𝑞𝔅𝑟|𝜓𝛿,℘,𝑞,𝑟⟩, |𝜓𝛿,℘,𝑞,𝑟⟩ =
1

𝛿!
𝜓𝜇1⋅⋅⋅𝜇𝛿

(℘,𝑞,𝑟)
(𝜒)𝛼𝜇1 ⋅⋅⋅ 𝛼𝜇𝛿|0⟩ 

𝛼̅𝜇 =
𝜕

𝜕𝛼𝜇
, 𝛽 =

𝜕

𝜕𝑐
, 𝔅̅ =

𝜕

𝜕ℭ
, ℭ̅ =

𝜕

𝜕𝔅
 

𝑐† = 𝑐, 𝛽† = 𝛽, ℭ† = −ℭ̅, 𝔅† = −𝔅̅ 

𝔊 ≔ 𝑐𝛽 + ℭ𝔅̅ − 𝔅ℭ̅ = 𝔑𝑐 + 𝔑ℭ − 𝔑𝔅 

ℌ = ⨁
∞

𝛿 = 0
⨁

2
𝓀 = −1

ℌ𝓈,𝓀 
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|𝜑𝛿⟩ = |𝜑𝛿⟩ + 𝑐𝔅|𝑓𝛿−1⟩, |𝜑𝛿⟩ =
1

𝛿!
𝜑𝜇1⋅⋅⋅𝜇𝛿

(𝜒)𝛼𝜇1 ⋅⋅⋅ 𝛼𝜇𝛿|0⟩, |𝑓𝛿−1⟩

=
1

(𝛿 − 1)!
𝑓𝜇1⋅⋅⋅𝜇𝛿−1

(𝜒)𝛼𝜇1 ⋅⋅⋅ 𝛼𝜇𝛿−1|0⟩, |𝜒𝛿−2⟩

=
1

(𝛿 − 2)!
𝓍𝜇1⋅⋅⋅𝜇𝛿−2

(𝜒)𝛼𝜇1 ⋅⋅⋅ 𝛼𝜇𝛿−2|0⟩ 

𝜑𝜇1⋅⋅⋅𝜇𝛿
− 𝛿𝜕(𝜇1

𝑓𝜇2⋅⋅⋅𝜇𝛿), 𝜒𝜇1⋅⋅⋅𝜇𝛿
− 𝜕℘𝑓℘𝜇1𝜇2⋅⋅⋅𝜇𝛿−2

, 𝜕℘𝜑℘𝜇1𝜇2⋅⋅⋅𝜇𝛿−1
− (𝛿 − 1)𝜕(𝜇1

𝜒𝜇2⋅⋅⋅𝜇𝛿−1)

− 𝑓𝜇1⋅⋅⋅𝜇𝛿−1
 

|Λ𝛿⟩ = 𝔅|𝜉𝛿−1⟩, |𝜉𝛿−1⟩ =
1

(𝛿 − 1)!
𝜉𝜇1⋅⋅⋅𝜇𝛿−1

(𝜒)𝛼𝜇1 ⋅⋅⋅ 𝛼𝜇𝛿−1|0⟩ 

𝛿𝜑𝜇1⋅⋅⋅𝜇𝛿
= 𝛿𝜕(𝜇1

𝜉𝜇2⋅⋅⋅𝜇𝛿), 𝛿𝜒𝜇1⋅⋅⋅𝜇𝛿−2
= 𝜕℘𝜉℘𝜇1𝜇2⋅⋅⋅𝜇𝛿−1

, 𝛿𝑓𝜇1⋅⋅⋅𝜇𝛿−1
= 𝜉𝜇1⋅⋅⋅𝜇𝛿−1

 

𝛿𝑠𝑓𝑡 =
1

2
⟨𝜑𝛿|𝒬|𝜑𝛿⟩

=
1

2
∭ 𝑑𝔇𝓍 [

1

𝛿!
𝜑𝜇1⋅⋅⋅𝜇𝛿 𝜑𝜇1⋅⋅⋅𝜇𝛿

−
1

(𝛿 − 1)!
𝑓𝜇1⋅⋅⋅𝜇𝛿−1 𝑓𝜇1⋅⋅⋅𝜇𝛿−1

+
2

(𝛿 − 1)!
𝑓𝜇1⋅⋅⋅𝜇𝛿−1 (𝜕 ⨂ 𝜑𝜇1⋅⋅⋅𝜇𝛿−1

− (𝛿 − 1)𝜕𝜇1
𝜒𝜇2⋅⋅⋅𝜇𝛿−1

)

−
1

(𝛿 − 2)!
𝜒𝜇1⋅⋅⋅𝜇𝛿−2 𝜒𝜇1⋅⋅⋅𝜇𝛿−2

] 

𝛿 = ∭ 𝑑𝔇𝓍 [
1

2
Α𝜇 Α𝜇 −

1

2
𝑓2 + 𝑓𝜕 ⨂ Α] 

𝛿 = ∭ 𝑑𝔇𝓍 [
1

2
Α𝜇 Α𝜇 −

1

2
(𝜕 ⨂ Α)

2

] = −
1

4
∭ 𝑑𝔇𝓍𝔉𝜇𝜈 𝔉𝜇𝜈 

⟨𝜑𝛿|𝔈𝛿⟩ = ⟨𝜑𝛿|𝔈𝛿⟩

= ∭ 𝑑𝔇𝓍 [
1

𝛿!
𝜑𝜇1⋅⋅⋅𝜇𝛿 𝔈𝜇1⋅⋅⋅𝜇𝛿

+
1

(𝛿 − 1)!
𝑓𝜇1⋅⋅⋅𝜇𝛿−1 𝔈𝜇1⋅⋅⋅𝜇𝛿−1

−
1

(𝛿 − 2)!
𝜒𝜇1⋅⋅⋅𝜇𝛿−2 𝔈𝜇1⋅⋅⋅𝜇𝛿−2

] 

⟨Λ𝛿|𝔑𝛿⟩ = ⟨𝔑𝛿|Λ𝛿⟩ =
1

(𝛿 − 1)!
∭ 𝑑𝔇𝓍𝜉𝜇1⋅⋅⋅𝜇𝛿 𝔑𝜇1⋅⋅⋅𝜇𝛿

 

Cálculos cromodinámicos 

𝛿𝑝𝑖𝑔𝑚𝑒𝑛𝑡 = ∭ 𝑑𝜏[−𝑖𝜔̂𝛼𝜔̃𝛼] 
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|𝒱⟩𝑝𝑖𝑔𝑚𝑒𝑛𝑡 = ∑
1

𝑟!
𝒱𝛼1⋅⋅⋅𝛼𝑟𝜔𝛼1⋅⋅⋅𝛼𝑟

|0⟩𝑝𝑖𝑔𝑚𝑒𝑛𝑡

∞

𝑟=0

 

⟨𝒰|𝒱⟩ = 𝒰𝛼𝒱𝛽⟨𝜔̃𝛼|𝜔𝛽⟩ = 𝛿𝛼𝛽𝒰𝛼𝒱𝛽 

𝑡𝑟(𝔗𝛼𝔗𝛽) = ⟨𝜔̅𝑐|𝔗𝛼𝔗𝛽|𝜔𝑐⟩ = 𝑓𝛼𝑐 𝑓𝛽𝑑
𝑐𝑑 = 𝛿𝛼𝛽 

𝜒 ≔ ℌ1 ⨂ ℌ𝑝𝑖𝑔𝑚𝑒𝑛𝑡
1  

|𝜓⟩ = (𝛼𝜇
𝛼(𝜒)𝛼𝜇|0⟩ + 𝑓𝛼(𝜒)𝑐𝔅|0⟩) ⨂|𝜔𝛼⟩ 

𝒬 = 𝑐 + 𝛿𝜇𝜕𝜇 − ℳ𝛽, 𝛿𝜇 ≔ ℭ̅𝛼𝜇 + ℭ𝛼̅𝜇 , ℳ ≔ ℭℭ̅ 

𝛿𝜇𝜈 ≔ 𝛼̅𝜇𝛼𝜈 − 𝛼̅𝜈𝛼𝜇, [𝛿𝜇𝜈 , 𝛿𝜌] = 2𝜂[𝜈𝛿𝜇], [𝛿𝜇𝜈 , 𝛿𝜌𝜎] = 4𝜂[𝜌[𝜈𝛿𝜇]𝜎] 

𝛿𝜇𝛿𝜈 = 𝔐(𝜂𝜇𝜈 − 𝛿𝜇𝜈), 𝛿𝜇𝔐 = 𝔐𝛿𝜇 , [𝛿𝜇𝜈 , 𝔔] = 2𝛿[𝜇𝜕𝜈] 

Α𝜇 ≔ Α𝜇
𝛼𝜏𝛼 = Α𝜇

𝛼(𝜒)𝑓𝛼𝛽
𝑐 𝜔𝑐𝜔̅𝛽, 𝔇𝜇 ≔ 𝜕𝜇 + Α𝜇 , [𝔇𝜇 , 𝔇𝜈] = 𝔉𝜇𝜈, 𝔉𝜇𝜈

≔ 𝜕𝜇Α𝜈 − 𝜕𝜈Α𝜇 + [Α𝜇 , Α𝜈], 𝔉𝜇𝜈 ≔ 𝔉𝜇𝜈
𝛼 𝜏𝛼, 𝔉𝜇𝜈

𝛼 = 𝜕𝜇Α𝜈
𝛼 − 𝜕𝜈Α𝜇

𝛼 + 𝑓𝛽𝑐
𝛼 Α𝜇

𝛽
Α𝜈

𝑐  

𝒬Α ≔ 𝑐Δ + 𝛿𝜇𝔇𝜇 − 𝔐𝛽, Δ ≔ 𝔇𝜇𝔇𝜇 + 𝔉𝜇𝜈𝛿𝜇𝜈 

𝒬Α
2 ≔ −

3

2
𝔐𝛿𝜇𝜈𝔉𝜇𝜈 − 𝑐(𝛿𝜇𝔇𝜈𝔉𝜇𝜈 + 𝔇𝜇𝔉𝜈𝜌𝛿𝜇𝛿𝜈𝜌) 

𝔇𝜇𝔉𝜈𝜌 ≔ [𝔇𝜇 , 𝔉𝜈𝜌] = 𝔇𝜇𝔉𝜈𝜌
𝛼 𝔗𝛼 

𝛿𝜇𝛿𝜈𝜌|𝜒 = 2(ℭ̅𝛼𝜇 + ℭ𝛼̅𝜇)𝛼|𝜈𝛼𝜌||
𝜒

= 2𝛼𝜇𝛼|𝜈𝛼𝜌|ℭ̅ + ℭ𝛼|𝜈𝛼𝜌|𝛼̅𝜇 + ℭ𝜂𝜇|𝜈𝛼̅𝜌||
𝜒

= 2ℭ𝜂𝜇|𝜈𝛼̅𝜌| 

𝒬Α
2 |

𝜒
= 𝑐(ℭ̅𝛼𝜇 + ℭ𝛼̅𝜇)𝔇𝜌𝔉𝜌𝜇 

Espacio – tiempo cuántico relativista. Cálculos formales 

𝛿𝑠𝑓𝑡,Α[𝜓] =
1

2
⟨𝜓|𝒬Α|𝜓⟩ = ∭ 𝑑𝔇𝓍𝔇𝜇𝛼𝛼

𝜈𝔇𝜇𝛼𝜈
𝛼 −

1

2
𝑓𝛼𝑓𝛼 + 𝑓𝛼𝔇𝜇𝛼𝜇

𝛼 − 𝑓𝛽𝑐
𝛼 𝔉𝛼

𝜇𝜈
𝛼𝜇

𝛽
𝛼𝜈

𝑐 

𝛿𝑠𝑓𝑡,Α[𝛼] = ∭ 𝑑𝔇𝓍 [−
1

4
(𝔇𝜇𝛼𝛼

𝜈 − 𝔇𝜈𝛼𝛼
𝜇
)(𝔇𝜇𝛼𝜈

𝛼 − 𝔇𝜈𝛼𝜇
𝛼) −

1

2
𝑓𝛽𝑐

𝛼 𝔉𝛼
𝜇𝜈

𝛼𝜇
𝛽
𝛼𝜈

𝑐] 

𝛿𝒴ℳ[Α] = 𝛿𝒴ℳ[Α] + 𝛿1[Α, 𝛼] + 𝛿2[Α; 𝛼] + 𝔒(𝛼3), 𝛿1[Α, 𝛼]

= ∭ 𝑑𝔇𝓍𝛼𝜇
𝛼

𝛿𝛿𝒴ℳ

𝛿Α𝜇
𝛼 |

Α=𝔄

= ∭ 𝑑𝔇𝓍(𝔇𝜇𝔉𝜇𝜈
𝛼 𝛼𝛼

𝜈) , 𝛿2[Α; 𝛼] = 𝛿𝑠𝑓𝑡,Α[𝛼] 

𝛿𝛼𝜇
𝛼 = 𝔇𝜇𝜆𝛼 + 𝑓𝛽𝑐

𝛼 𝛼𝜇
𝛽
𝜆𝑐 = 𝛿0𝛼𝜇

𝛼 + 𝛿1𝛼𝜇
𝛼 

𝛿0𝛿2[Α; 𝛼] + 𝛿1𝛿1[Α; 𝛼] 
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|1⟩ ≔ 𝔅|0⟩, ⟨1| ≔ ⟨0|𝔅̂ = −(|1⟩)† 

〈𝔒(𝜒)〉 ≔ ∭ 𝑑𝔇𝓍𝑡𝑟⟨1|𝔒(𝜒)|1⟩ = ∭ 𝑑𝔇𝓍 ⟨𝜔̂𝛼|⨂⟨1|𝔒(𝜒)|1⟩⨂|𝜔𝛼⟩ 

𝒱(𝜆)|1⟩ = 𝜆𝛼(𝜒)𝔅|0⟩⨂𝜏𝛼 , 𝒱(𝔄)|1⟩ = (Α𝜇
𝛼(𝜒)𝛼𝜇 + 𝜕𝜇Α𝜇

𝛼(𝜒)𝑐𝔅)|0⟩⨂𝜏𝛼, 𝒱(𝔈)|1⟩

= 𝔈𝜇
𝛼(𝜒)𝑐𝛼𝜇|0⟩⨂𝜏𝛼, 𝒱(𝔑)|1⟩ = 𝔑𝛼(𝜒)𝑐ℭ|0⟩⨂𝜏𝛼 

〈𝒱(𝔄), 𝒱(𝔈)〉 = ∭ 𝑑𝔇𝓍Α𝜇
𝛼(𝜒)𝔈𝛼

𝜇(𝜒) 

𝛿𝒴ℳ[Α] = ∭ 𝑑𝔇𝓍Α𝜇
𝛼 [

1

2
𝔅1(Α) +

1

3!
𝔅2(Α, Α) +

1

4!
𝔅3(Α, Α, Α)]

𝛼

𝜇

 

𝛿𝒴ℳ[Α] =
1

2
〈𝒱(𝔄)𝒬𝒱(𝔄)〉 +

1

3
〈𝒱3(𝔄){𝒱2(Α, Α), 𝒱(𝔄)}〉 ≡ −

1

4
∭ 𝑑𝔇𝓍𝔉𝛼

𝜇𝜈
𝔉𝜇𝜈

𝛼  

Ecuación de Maurer-Cartan 

𝒬Α = 𝑐(𝔇𝜇𝔇𝜇 + 𝔉𝜇𝜈𝛿𝜇𝜈) + 𝛿𝜇𝔇𝜇 − 𝔐𝛽, 𝒬Α = 𝒬 + 𝒱(𝔄) +
1

2
𝒱2(Α, Α), 𝒱(𝔄)

≔ 𝛿𝜇Α𝜇 + 𝑐(2Α𝜇𝜕𝜇 + (Α𝜇𝜕𝜇) + 2(𝜕𝜇Α𝜈)𝛿𝜇𝜈), 𝒱2(Α, Α) ≔ 2𝑐(Α2 + [Α𝜇 , Α𝜈]𝛿𝜇𝜈) 

𝒬Α
2 ≔ {𝒬, 𝒱(𝔄)} +

1

2
{𝒱(𝔄), 𝒱(𝔄)} +

1

2
{𝒬, 𝒱2(Α, Α)} +

1

2
{𝒱(𝔄), 𝒱2(Α, Α)} 

𝒱(𝔈) ≔ 𝑐𝛿𝜇𝔈𝜇 , 𝛿𝜇 ≔ ℭ̅𝛼𝜇 − ℭ𝛼̅𝜇 , 𝔈𝜇 = 𝔈𝜇
𝛼𝜏𝛼 

𝛿𝒬Α = [𝒬Α, 𝒱(𝜆)] ↦ 𝛿(𝒬Α
2) = [𝒬Α

2 , 𝒱(𝜆)] 

[𝒬Α, 𝒱(𝜆)] = 𝑐(2(𝔇𝜇Λ)𝔇𝜇 + (𝔇2Λ) + [𝔉𝜇𝜈 , Λ]𝛿𝜇𝜈) + 𝛿𝜇(𝔇𝜇Λ) 

[𝒬Α, 𝒱(𝜆)] = 𝒬Α+δ𝜆Α − 𝒬Α 

[𝒬Α, 𝒱(𝔈)] = −𝑐𝔐𝔇𝜇𝔈𝜇
𝛼𝜏𝛼, 𝒱(𝔑) ≔ 𝑐𝔐𝔑 

CONCLUSIONES. 

En mérito a la formalización matemática contenida en el apartado de Resultados y Discusión, queda 

demostrado lo que sigue: 

1. Que, los espacios cuánticos, son susceptibles de deformación o perforación, a propósito de la 

interacción de las partículas y antipartículas que les sean congénitas.  

2. Que, un campo cuántico, es susceptible de deformación geométrica, es decir, padece de curvatura, 

cuando una partícula o antipartícula, a propósito de su masa superior, modifica espacialmente su 

posición, repercutiendo en sus perímetros aproximados.  
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3. Que, un campo cuántico, es susceptible de deformación geométrica, es decir, padece de curvatura, 

cuando una partícula o antipartícula, se aproxima, alcanza o supera la velocidad de la luz, lo que explica 

además la brecha de masa que no es arbitraria y es habitualmente superior a cero.  

4. Que, un campo cuántico, es susceptible de perforación, es decir, adherido a la existencia de 

microagujeros cuánticos, cuando una partícula o antipartícula, a propósito de su masa superlativa, 

modifica espacialmente su posición, repercutiendo en sus perímetros aproximados.  

5. Las partículas y antipartículas mencionadas en el numeral 2, se denominan partículas masivas o 

antipartículas masivas, según sea el caso, es decir, aquellas que, por su interacción temporal – espacial, 

deforman geométricamente el espacio cuántico en el que interactúan, provocando la curvatura en sentido 

estricto. 

6. Las partículas y antipartículas mencionadas en el numeral 3, se denominan hiperpartículas, 

indistintamente si se trata de una partícula o una antipartícula, esto, cuando pese a no tener masa, se 

aproximan, alcanzan o superan la velocidad de la luz. Considérese también en este escenario, la 

existencia de suprapartículas, es decir, aquellas que a más de ser masivas o supermasivas, según sea el 

caso, a razón de su masa, son capaces de aproximarse, alcanzar o superar la velocidad de la luz, en cuyo 

caso, el surgimiento de microagujeros cuánticos es inevitable.  

7. Que, la deformación de un espacio cuántico o en su defecto, la generación de agujeros negros 

cuánticos, ocurren por la existencia de fenómenos cuánticos propios e inherentes al sistema de partículas 

y antipartículas propuesto, esto es, fenómenos tales como la superposición, el entrelazamiento o la 

colisión, lo que, para todos los casos, aplica el puente Einstein – Rosen (Paradoja EPR).  

8. En mérito a la deformación o perforación de los espacios cuánticos, se supone la existencia de ondas 

cuánticas, al igual que las ondas gravitacionales en cuanto a su fenomenología.  

9. La perforación de un campo cuántico específico, no solamente supone la existencia de un agujero 

negro cuántico, el cual, incluso puede ser supermasivo, sino que, además, supone la existencia de 

pluridimensiones en las que ocurre un fenómeno de dualidad divergente. 
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APÉNDICE A 

Cuestiones secundarias relativas a la teoría cuántica de campos relativistas. 

Métrica de Levi-Civita. 

𝔊̂𝜇𝜈[𝒱(𝜆)]
𝜈

= 𝜆𝒱𝜇
(𝜆)

𝔊̂𝜇𝜎ℊ𝜇𝜎[𝒱(𝜆)]
𝜈

= 𝜆𝒱𝜇
(𝜆)

 [ln 𝔊̂]
𝜇𝜈

= 𝒱𝜇
(𝜆)

𝒱𝜈
(𝜆)

ln(𝜆), [𝔊̂−1]
𝜇𝜈

=

[𝒱(𝜆)]
𝜇
[𝒱(𝜆)]

𝜈
𝜆−1[ln(𝔊̂−1)]

𝜇𝜈
= −[𝒱(𝜆)]

𝜇
[𝒱(𝜆)]

𝜈
ln(𝜆) 

𝑇𝑟𝔊̂ = ∑ 𝜆

𝜆

 𝑇𝑟ℳ𝔊̂𝑔−1 = 𝔊̂𝜇𝜈ℊ𝜇𝜈 , ℌ = 𝑇𝑟𝔊̂ ln 𝔊̂−1 = 𝔊̂𝜇𝜈[ln(𝔊̂−1)]
𝜈𝜇

= − ∑ 𝜆 ln 𝜆 

ℌ = 𝑇𝑟𝑔 ln ℊ−1 

ℒ = −𝑇𝑟𝑔 ln ℊ−1 + 𝑇𝑟𝑔 ln 𝔊−1 , ℒ ≡ −𝑇𝑟ℳ𝔊𝑔−1 = ∑ ln(𝜆′)

𝜆′

 

𝛿 =
1

ℓ𝒫
𝑑 ∭ √|−ℊ| ℒ𝑑𝑟, 𝛿 =

1

ℓ𝒫
𝑑 ∭ √|−ℊ| ℒ̃𝑑𝑟, 𝛿 = 𝛽𝛿𝔊 + 𝛼𝛿ℳ , 𝛿𝔊 =

1

ℓ𝒫
𝑑 ∭ √|−ℊ|ℒ𝔊𝑑𝑟 , 𝛿ℳ

=
1

ℓ𝒫
𝑑 ∭ √|−ℊ|ℒℳ𝑑𝑟 , ℒ𝔊 = (ℜ𝒢 − 2Λ𝒢), ℒℳ = −ℳ𝒢, ℜ𝒢 = 𝑇𝑟𝔉ℊ̃𝒢

−1ℜ̃, ℳ𝒢

= 𝑇𝑟𝔉ℊ̃𝒢
−1ℳ̃, Λ𝒢 =

1

2𝛽
𝑇𝑟𝔉(𝒢̃ − ℑ̃ − ln 𝒢̃) −

1

√|−ℊ|

𝒮𝛿ℳ

𝑑ℊ𝜇𝜈
= 𝔗𝜇𝜈 , 𝛿

=
1

ℓ𝒫
∭ √|−ℊ| ℒ𝑑𝑟 

 

Campos cuánticos relativistas entrópicos. 

𝔊 = ℊ + 𝛼ℳ, ℳ𝜇𝜈 = ⟦∇𝜇𝜙̅⟧⟦∇𝜇𝜙⟧, |∇𝜙|2 = ∇𝜇𝜙̅ℊ𝜇𝜈∇𝜈𝜙, [𝔊−1]𝜇𝜈 = ℊ𝜇𝜈 − 𝛼
ℳ𝜇𝜈

1 + 𝛼|∇𝜙|2
[ln 𝔊]𝜇𝜈

= 𝑓(|∇𝜙|2)ℳ𝜇𝜈, [ln 𝔊−1]𝜇𝜈 = −𝑓(|∇𝜙|2)ℳ𝜇𝜈, 𝑓(𝜔) =
ln(1 + 𝛼𝜔)

𝜔
 

ℒ = − ln(1 + 𝛼|∇𝜙|2) ∇𝜇ℏ(|∇𝜙|2)𝑔𝜇𝜈∇𝜈𝜙, ℏ(𝜔) =
𝛼

1 + 𝛼𝜔
 

𝛿𝔖 = −ℏ(|∇𝜙|2)ℳ𝜇𝜈 −
1

2
ℒℊ𝜇𝜈 , |𝜙⟩ = 𝜙 ⨁ 𝜔𝜇𝑑𝜒𝜇 ⨁ 𝜁𝜇𝜈𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 , ⟨𝜙|

= 𝜙̅ ⨁ 𝜔̅𝜇𝑑𝜒𝜇 ⨁ 𝜁𝜇̅𝜈𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 

ℊ(2) = ℊ𝜇𝜌ℊ𝜈𝜎(𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) ⟦ℊ(2)⟧𝜇𝜈𝜌𝜎
(𝑑𝜒𝜇

∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) ⟦ℊ(2)⟧𝜇𝜈𝜌𝜎
=

1

2
(ℊ𝜇𝜌ℊ𝜈𝜎 − ℊ𝜇𝜎ℊ𝜈𝜌) 
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ℊ̃ = 1 ⨁ ℊ𝜇𝜈 𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 ⨁⟦ℊ(2)⟧𝜇𝜈𝜌𝜎
(𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) , ⟨𝜙|𝜙⟩

= |𝜙|2 + 𝜔̅𝜇𝜔𝜇 + 𝜁𝜇̅𝜈𝜁𝜇𝜈, |𝜙⟩⟨𝜙|

= 𝜙̅𝜙 ⨁ (𝜔̅𝜇𝜔𝜈𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈) ⨁ 𝜁𝜇̅𝜈𝜁𝜌𝜎 (𝑑𝜒𝜇

∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) , 𝔇|𝜙⟩

= −∇𝜇𝜔𝜇 ⨁(∇𝜇𝜙 − ∇𝜌𝜁𝜌𝜇)𝑑𝜒𝜇 ⨁ ∇𝜇𝜔𝜇𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 

𝔊̃ = 𝔊(0) ⨁[𝔊(1)]𝜇𝜈
𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 ⨁[𝔊(1)]𝜇𝜈𝜌𝜎

(𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) ℊ̃

+ 𝛼(𝔇|𝜙⟩⟨𝜙|𝔇) 

ℜ̃ = ℛ ⨁ (ℛ𝜇𝜈𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈) ⨁ ℛ𝜇𝜈𝜌𝜎 (𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) 

ℳ̃ = 𝔇|𝜙⟩⟨𝜙|𝔇 + (𝑚2 + 𝜉ℜ)|𝜙⟩⟨𝜙| 

𝔊̃ = ℊ̃ + 𝛼ℳ̃ − 𝛽ℜ̃ 

ℌ̃ = 𝑇𝑟ℊ̃ ln ℊ̃−1 = 1 ln 1 + 𝑇𝑟ℊ ln ℊ−1 + 𝑇𝑟ℊ(2) ln ℊ(2)
−1 , ℒ ≔ −𝑇𝑟ℊ̃ ln ℊ̃−1 + 𝑇𝑟ℊ̃ ln 𝔊̃−1 , ℒ

≔ −𝑇𝑟ℊ̃ ln 𝔊̃−1 = −𝑇𝑟𝔉 ln 𝔊̃ ℊ̃−1, ℒ

≔ ln⟦𝔊(0)⟧
−1

+ 𝑇𝑟𝑔 ln⟦𝔊(1)⟧
−1

+ 𝑇𝑟𝑔(2) ln⟦𝔊(2)⟧
−1

, ℒ ≔ −𝑇𝑟𝔉 ln 𝔊̃ ℊ̃−1

= − ln⟦𝔊(0)⟧ − 𝑇𝑟𝔉 ln⟦𝔊(1)⟧ ℊ−1 − 𝑇𝑟𝔉 ln⟦𝔊(2)⟧
−1

⟦ℊ(2)⟧
−1

, ℒ

= 3𝛽ℜ − 𝛼⟨𝜙|𝔇ℊ̃−1𝔇|𝜙⟩ − 𝛼(𝑚2 + 𝜉ℜ)(|𝜙|2 + 𝜔̅𝜇𝜔𝜇 + 𝜁𝜇̅𝜈𝜁𝜇𝜈), ⟨𝜙|𝔇ℊ̃−1𝔇|𝜙⟩

= |∇𝜙|2 + |∇𝜇𝜔𝜇|
2

+ |∇𝜌𝜁𝜌𝜇|
2

+ |𝜖𝜇𝜈𝜌∇𝜇𝜔𝜇𝜈|
2
, ℒ

= 3𝛽ℜ − 𝛼|∇𝜙|2 − 𝛼(𝑚2 + 𝜉ℜ)|𝜙|2, 𝔊̃ℊ̃−1 = Θ̃, ℒ̃

= −𝑇𝑟𝔉 ln Θ̃ − 𝑇𝑟𝔉𝒢̃(𝔊̃ℊ̃−1 − Θ̃) 

Θ̃ = Θ(0) ⨁ Θ(1) ⨁ Θ(2) , 𝒢̃ = 𝒢(0) ⨁ 𝒢(1) ⨁ 𝒢(2) , 𝒲 = 𝑇𝑟𝔉𝒢̃(𝔊̃ℊ̃−1 − Θ̃) = ∑ 𝒲𝜂

4

𝜂=0

, 𝒲0

= 𝒢(0)(𝔊(0) − Θ(0)), 𝒲1 = ⟦𝒢(1)⟧𝜌

𝜇
(‖𝔊(1)‖𝜇𝜈

ℊ𝜈𝜌 − ⟦Θ(1)⟧𝜇

𝜌
) , 𝒲2

= ⟦𝒢(2)⟧𝜂
𝜃𝜇𝜈 (‖𝔊(2)‖𝜇𝜈𝜌𝜎

‖ℊ(2)‖
𝜌𝜎𝜂𝜃

− ⟦Θ(2)⟧𝜇𝜈

𝜂𝜃
) 

Ecuación de movimiento. 

𝔇𝑔̃𝒢−1𝔇|𝜙⟩ + ℊ̃𝒢−1(𝑚2 + 𝜉ℜ)|𝜙⟩ℊ̃𝒢 = 𝒢̃−1ℊ 

Gravedad cuántica modificada.  

Θ̃ = ℑ̃ + 𝛼ℳ̃ℊ̃−1 − 𝛽ℜ̃ℊ̃−1, Θ(0) = 1 + 𝛼ℳ(0) − 𝛽ℛ, ⟦Θ(1)⟧𝜇

𝜈

= 𝛿𝜇
𝜈 + 𝛼‖ℳ(1)‖𝜇𝜌

𝑔𝜌𝜈 − 𝛽ℛ𝜇𝜌𝑔𝜌𝜈, ⟦Θ(2)⟧𝜇  ⃑

𝜈  ⃑

= 𝛿𝜇  ⃑
𝜌  ⃑

+ 𝛼‖ℳ(2)‖𝜇  ⃑ 𝜌  ⃑
⟦ℊ(2)⟧

𝜌  ⃑ 𝜈  ⃑
− 𝛽ℛ𝜇  ⃑ 𝜌  ⃑ ⟦ℊ(2)⟧

𝜌  ⃑ 𝜈  ⃑
(
𝑑
𝜂
) − 𝑇𝑟𝔉Θ(𝜂) + 𝛼𝑇𝑟𝔉ℳ(𝜂)ℊ(𝜂)

−1

= 𝛽ℜ, Θ̃−1 = 𝒢̃, 𝒢̃−1 = ℑ̃ + 𝛼ℳ̃ℊ̃−1 − 𝛽ℜ̃ℊ̃−1 
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Ecuación de Einstein – Hilbert. 

ℜ(𝜇𝜈)
𝒢

−
1

2
ℊ𝜇𝜈(ℜ𝒢 − 2Λ𝒢) + 𝔇(𝜇𝜈) = 𝜅𝔗𝜇𝜈 

ℜ𝜇𝜈
𝒢

= 𝒢(0)ℛ𝜇𝜈 + ⟦𝒢(1)⟧𝜇

𝜌
ℛ𝜌𝜈 − ⟦𝒢(2)⟧𝜌1𝜌2𝜇𝜂

ℜ𝜈
𝜂𝜌1𝜌2 + 2⟦𝒢(2)⟧𝜇

𝜂𝜌1𝜌2ℛ𝜌1𝜌2𝜈𝜂 

𝔇𝜇𝜈 = (∇𝜌∇𝜌ℊ𝜇𝜈 − ∇𝜇∇𝜈)𝒢(0) − ∇𝜌∇𝜈[𝒢(1)](𝜌𝜇)
+

1

2
∇𝜌∇𝜌[𝒢(1)]𝜇𝜈

+
1

2
∇𝜌∇𝜂[𝒢(1)]𝜌𝜂

ℊ𝜇𝜈

+ ∇𝜂∇𝜌[𝒢(2)]𝜇𝜌𝜈𝜂
+ ∇𝜌∇𝜂[𝒢(2)]𝜂𝜇𝜌𝜈

+
1

2
[∇𝜌, ∇𝜂][𝒢(2)]𝜌𝜂𝜇𝜈

+ |
2
⟩ ⟨

2
|

+ |
†
⟩ ⟨

⋆
| 

Campo abeliano. 

𝔉̃ = 𝜁 ⨁ 𝜁𝜇 𝑑𝜒𝜇 ⨁ 𝔉𝜇𝜈 𝔉𝜌𝜎(𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) 

𝔊̃ = ℊ̃ + 𝛼(ℳ̃ + 𝔉̃) − 𝛽ℜ̃ 

∇𝜇↦ ∇𝜇
(Α)

= ∇𝜇 − 𝑖𝑒Α𝜇 

Operadores cuánticos. 

⟨𝜔 = 𝜔𝜌𝜎𝑑𝜒𝜌𝜎 , 𝔊(1) = 〈𝔊(1)〉𝜇𝜈𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 , 𝔊(1) × 𝜔 = 𝜔̂ = 𝜔̂𝜇𝜈𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 , 𝜔̂𝜇𝜈

≔ 〈𝔊(1)〉𝜇𝜈𝜔𝜌𝜎⟨𝑑𝜒𝜎|𝑑𝜒𝜌⟩ = ℊ𝜎𝜌, 𝜔̂𝜇𝜈 = 〈𝔊(1)〉𝜇𝜈ℊ𝜎𝜌𝜔𝜌𝜎 , 𝔊(1) × 𝜔

= 〈𝔊(1)〉𝜇𝜈ℊ𝜎𝜌𝜔𝜌𝜎𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 , 𝔊(1) × 𝜔 ≡ 𝜆𝜔, 〈𝔊(1)〉𝜇𝜈ℊ𝜎𝜌𝜔𝜌𝜎𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈

= 𝜆𝜔𝜇𝜈| 

|𝜁 = 𝜁𝜂𝜃𝑑𝜒𝜂 ⨂ 𝑑𝜒𝜃 , 𝔊(2) = 〈𝔊(2)〉𝜇𝜈𝜌𝜎(𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) , 𝔊(2) × 𝜁

= 𝜁𝜇𝜈𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 , 𝜁𝜇𝜈 ≔
1

2
〈𝔊(2)〉𝜇𝜈𝜌𝜎𝜁𝜂𝜃⟨𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎|𝑑𝜒𝜂 ∧ 𝑑𝜒𝜃⟩, 𝜁𝜇𝜈

≔
1

2
〈𝔊(2)〉𝜇𝜈𝜌𝜎𝜁𝜂𝜃‖ℊ𝜌𝜂ℊ𝜎𝜃 − ℊ𝜌𝜃ℊ𝜎𝜂‖ = 〈𝔊(2)〉𝜇𝜈𝜌𝜎〈ℊ(2)〉

𝜌𝜎𝜂𝜃𝜁𝜂𝜃, 〈ℊ(2)〉𝜇𝜈𝜌𝜎

=
1

2
‖ℊ𝜇𝜌ℊ𝜈𝜎 − ℊ𝜇𝜎ℊ𝜈𝜌‖, 𝔊(2) × 𝜁 = 〈𝔊(2)〉𝜇𝜈𝜌𝜎〈ℊ(2)〉

𝜌𝜎𝜂𝜃𝜁𝜂𝜃𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 , 𝔊(2) × 𝜁

≡ 𝜆𝜁, 〈𝔊(2)〉𝜇𝜈𝜌𝜎〈ℊ(2)〉
𝜌𝜎𝜂𝜃𝜁𝜂𝜃

= 𝜆𝜁𝜇𝜈 −
1

4
‖ℊ𝜇𝜌ℊ𝜈𝜎 − ℊ𝜇𝜎ℊ𝜈𝜌‖‖ℊ𝜌𝜂ℊ𝜎𝜃 − ℊ𝜌𝜃ℊ𝜎𝜂‖𝜁𝜂𝜃 = 𝜆𝜁𝜇𝜈⟩ 

𝜁 = 𝜁𝜈1𝜈2⋅⋅⋅𝜈𝜂
𝑑𝜒𝜈1 ∧ 𝑑𝜒𝜈2 ∧⋅⋅⋅ 𝑑𝜒𝜈𝜂 , 𝔊(𝜂)

= 〈𝔊(𝜂)〉𝜇1𝜇2⋅⋅⋅𝜇𝜂𝜈1𝜈2⋅⋅⋅𝜈𝜂
|𝑑𝜒𝜇1 ∧ 𝑑𝜒𝜇2 ∧⋅⋅⋅ 𝑑𝜒𝜇𝜂| ⨂|𝑑𝜒𝜈1 ∧ 𝑑𝜒𝜈2 ∧⋅⋅⋅ 𝑑𝜒𝜈𝜂| , ℊ(𝜂)

= ∏ ℊ𝜇𝑖𝜌𝑖

𝜂

𝑖=1

|𝑑𝜒𝜇1 ∧ 𝑑𝜒𝜇2 ∧⋅⋅⋅ 𝑑𝜒𝜇𝜂| ⨂|𝑑𝜒𝜈1 ∧ 𝑑𝜒𝜈2 ∧⋅⋅⋅ 𝑑𝜒𝜈𝜂| , ℊ(𝜂)

= 〈ℊ(𝜂)〉𝜇1𝜇2⋅⋅⋅𝜇𝜂𝜈1𝜈2⋅⋅⋅𝜈𝜂
|𝑑𝜒𝜇1 ∧ 𝑑𝜒𝜇2 ∧⋅⋅

⋅ 𝑑𝜒𝜇𝜂| ⨂|𝑑𝜒𝜈1 ∧ 𝑑𝜒𝜈2 ∧⋅⋅⋅ 𝑑𝜒𝜈𝜂| , 〈ℊ(𝜂)〉𝜇1𝜇2⋅⋅⋅𝜇𝜂𝜈1𝜈2⋅⋅⋅𝜈𝜂

=
1

𝜂!
𝛿𝜎1𝜎2⋅⋅⋅𝜎𝜂

𝜌1𝜌2⋅⋅⋅𝜌𝜂 ∏ ℊ𝜇𝑖𝜌𝑖

𝜂

𝑖=1

, 𝔊(𝜂) ⋅ 𝜁 = 𝜁 
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𝜁𝜇  ⃑ 𝜈  ⃑ ≔
1

𝜂!
〈𝔊(𝜂)〉𝜇  ⃑ 𝜈  ⃑ 𝜁𝜌  ⃑ 𝜎  ⃑ |𝑑𝜒𝜇1 ∧ 𝑑𝜒𝜇2 ∧⋅⋅⋅ 𝑑𝜒𝜇𝜂 , 𝑑𝜒𝜈1 ∧ 𝑑𝜒𝜈2 ∧⋅⋅

⋅ 𝑑𝜒𝜈𝜂| ⨂|𝑑𝜒𝜌1 ∧ 𝑑𝜒𝜌2 ∧⋅⋅⋅ 𝑑𝜒𝜌𝜂 , 𝑑𝜒𝜎1 ∧ 𝑑𝜒𝜎2 ∧⋅⋅⋅ 𝑑𝜒𝜎𝜂| , 〈𝔊(𝜂)〉𝜇  ⃑ 𝜈  ⃑ 〈ℊ(𝜂)〉
𝜌  ⃑ 𝜎  ⃑ 𝜁𝜌  ⃑ 𝜎  ⃑

= 𝜆𝜁𝜇  ⃑ 𝜈  ⃑  

〈𝒩(1)〉𝜇
𝜈 ≔ 〈𝔊(𝜂)〉𝜇𝜈𝑔𝜌𝜎, 〈𝔊(2)

𝔉 〉𝜇𝜈,𝜌𝜎 = 2〈𝔊(2)〉𝜇𝜈,𝜌𝜎 , 〈ℊ(2)
𝔉 〉𝜇𝜈,𝜌𝜎 = 2〈ℊ(2)〉𝜇𝜈,𝜌𝜎 , 〈𝒩(2)〉𝜇𝜈

𝜂𝜃

≔ 〈𝔊(2)
𝔉 〉𝜇𝜈𝜌𝜎〈ℊ(2)

𝔉 〉𝜌𝜎𝜂𝜃, 〈𝔊(2)
𝔉 〉𝜇  ⃑ ;𝜈  ⃑ = 𝜂! 〈𝔊(2)〉𝜇  ⃑ ;𝜈  ⃑ , 〈ℊ(2)

𝔉 〉𝜇  ⃑ ;𝜈  ⃑ = 𝜂! 〈ℊ(2)〉𝜇  ⃑ ;𝜈  ⃑ , 〈𝒩(𝜂)〉𝜇  ⃑
𝜂  ⃑

≔ 〈𝔊(𝜂)
𝔉 〉𝜇  ⃑ 𝜌  ⃑ 〈ℊ(𝜂)

𝔉 〉𝜌  ⃑ 𝜂  ⃑  

ℊ(2)
𝔉 = 〈

ℊ00ℊ11 − ℊ01ℊ10 ℊ00ℊ12 − ℊ02ℊ10 ℊ01ℊ12 − ℊ02ℊ11

ℊ00ℊ21 − ℊ01ℊ20 ℊ00ℊ22 − ℊ02ℊ20 ℊ01ℊ22 − ℊ02ℊ21

ℊ10ℊ21 − ℊ11ℊ20 ℊ10ℊ22 − ℊ12ℊ20 ℊ11ℊ22 − ℊ12ℊ21

〉 

Tensores métricos. 

𝑇𝑟𝔊(𝜂) = 𝑇𝑟ℳ𝒩(𝜂), 𝑇𝑟𝔉𝔊(𝜂)ℊ(𝜂)
−1 = 𝑇𝑟𝔊(𝜂) = 𝑇𝑟ℳ𝒩(𝜂), 𝑇𝑟𝔉𝔊(𝜂)ℊ(𝜂)

−1 = 〈𝔊(𝜂)〉𝜇  ⃑ 𝜌  ⃑ 〈ℊ(𝜂)〉
𝜌  ⃑ 𝜇  ⃑ , 𝑇𝑟𝔊(1)

= 〈𝔊(1)〉𝜇𝜌ℊ𝜌𝜇 , 𝑇𝑟𝔊(2) = 〈𝔊(2)〉𝜇𝜈𝜌𝜎〈ℊ(2)〉
𝜌𝜎𝜇𝜈, 𝑇𝑟ℊ(𝜂) = (

𝑑
𝜂
) , ℌ = 𝑇𝑟𝔊(𝜂) ln 𝔊(𝜂)

−1

≔ − ∑ 𝜆 ln 𝜆

𝜆

, ℌ(𝜂) = 𝑇𝑟ℊ(𝜂) ln ℊ(𝜂)
−1 , 𝑇𝑟ℊ(𝜂) ln 𝔊(𝜂)

−1 ≔ −𝑇𝑟𝔉 ln 𝔊(𝜂)ℊ(𝜂)
−1

≔ −𝑇𝑟ℳ𝒩(𝜂) = − ∑ ln(𝜆′)

𝜇

 

Operadores cuánticos topológicos. 

|𝜓⟩ = 𝜓 ⨁ 𝜔𝜇𝑑𝜒𝜇 ⨁ 𝜁𝜇𝜈𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 , |𝜙⟩ = 𝜙̂ ⨁ 𝜔̂𝜇𝑑𝜒𝜇 ⨁ 𝜁𝜇𝜈𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 

〈〈𝜓, 𝜙〉〉 = ∭ √|−ℊ|(𝜙̅𝜙̂ + 𝜔̅𝜇𝜔̂𝜇 + 𝜁𝜇̅𝜈𝜁𝜇𝜈)𝑑𝑟 , ℊ̃−1

= 1 ⨁ ℊ𝜇𝜈𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 ⨁〈ℊ(2)〉
𝜇𝜈𝜌𝜎 (𝑑𝜒𝜇

∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) , 〈〈𝜓, 𝑐1𝜙1 + 𝑐2𝜙2〉〉

= 𝑐1〈〈𝜓, 𝜙1〉〉 + 𝑐2〈〈𝜓, 𝜙2〉〉, 〈〈𝑐1𝜓1 + 𝑐2𝜓2𝜙〉〉 = 𝑐1̅〈⟨𝜓1|𝜙⟩〉 + 𝑐2̅〈⟨𝜓2|𝜙⟩〉, 〈〈𝜓, 𝜙〉〉

∈ ℝ4, 〈⟨𝜙|𝜙⟩〉 ≥ ∞ 

𝔊̃ = ⟦𝔊(0)⟧ ⨁⟦𝔊(1)⟧𝜇𝜈
𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 ⨁⟦𝔊(2)⟧𝜇𝜈𝜌𝜎

(𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) , 𝔊̃ × |𝜙⟩

= 𝜙 ⨁⟦𝔊(1)⟧𝜇𝜈
𝜔𝜈𝑑𝜒𝜇 ⨁⟦𝔊(2)⟧𝜇𝜈𝜌𝜎

𝜁𝜌𝜎𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 

|𝜓⋆⟩ = 𝜓 ⨁ 𝜔𝜇𝑑𝜒𝜇 ⨁ 𝜁𝜇𝜈𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 , |𝜙⋆⟩ = 𝜙̂ ⨁ 𝜔̂𝜇𝑑𝜒𝜇 ⨁ 𝜁𝜇𝜈𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 

〈〈𝜓, 𝜙〉〉 = 〈〈𝜓⋆, 𝜙⋆〉〉⋆ 

𝔊̃⋆ = 𝔊(0)
⋆ ⨁⟦𝔊(1)

⋆ ⟧
𝜇𝜈

𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 ⨁⟦𝔊(2)
⋆ ⟧

𝜇𝜈𝜌𝜎
(𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) 
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〈〈𝜓, 𝔊̃ × 𝜙〉〉 = 〈〈𝔊̃⋆ × 𝜓⋆, 𝜙⋆〉〉⋆ 𝔊̃⋆ × |𝜙⋆⟩

= ⟦𝔊(0)
⋆ ⟧𝜙 ⨁⟦𝔊(1)

⋆ ⟧
𝜇𝜈

𝜔𝜈𝑑𝜒𝜇 ⨁⟦𝔊(2)
⋆ ⟧

𝜇𝜈𝜌𝜎
𝜁𝜌𝜎𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈 , 𝔊(0)

⋆

= 𝔊(0), ⟦𝔊(1)
⋆ ⟧

𝜇𝜈
= ⟦𝔊(1)⟧

𝜇𝜈
, ⟦𝔊(2)

⋆ ⟧
𝜇𝜈𝜌𝜎

= ⟦𝔊(2)⟧
𝜇𝜈𝜌𝜎

, ⟦𝔊(1)⟧
𝜇𝜈

= ℊ𝜇𝜌⟦𝔊(1)⟧𝜌𝜎
ℊ𝜈𝜎 , ⟦𝔊(2)⟧

𝜇𝜈𝜌𝜎
= ⟦ℊ(2)⟧

𝜇𝜈𝜂1𝜂2
⟦𝔊(2)⟧𝜂1𝜂2𝜃1𝜃2

⟦ℊ(2)⟧
𝜃1𝜃2𝜌𝜎

, 𝔊̃⋆

= ℊ̃−1𝔊̃ℊ̃−1, ℊ̃⋆ = ℊ̃−1, 𝔊̃ = 𝔊̃⋆⋆ = ℊ̃𝔊̃⋆ℊ̃, 𝔊̃𝜂

= 𝔊(0),𝜂 ⨁⟦𝔊(1),𝜂⟧
𝜇𝜈

𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 ⨁⟦𝔊(2),𝜂⟧
𝜇𝜈𝜌𝜎

(𝑑𝜒𝜇

∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) 

𝔊̃1ℊ̃−1𝔊̃2 = ⟦𝔊(0),12⟧ ⨁⟦𝔊(1),12⟧
𝜇𝜈

𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 ⨁⟦𝔊(2),12⟧
𝜇𝜈𝜌𝜎

(𝑑𝜒𝜇

∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) , ⟦𝔊(0),12⟧ = ⟦𝔊(0),1⟧⟦𝔊(0),2⟧, ⟦𝔊(1),12⟧
𝜇𝜈

= ⟦𝔊(1),1⟧
𝜇𝜂1

ℊ𝜂1𝜂2⟦𝔊(1),2⟧
𝜂2𝜈

, ⟦𝔊(2),12⟧
𝜇  ⃑ 𝜌  ⃑

= ⟦𝔊(1),1⟧
𝜇  ⃑ 𝜂  ⃑ 1

⟦ℊ(2)⟧
𝜂  ⃑ 1,𝜂  ⃑ 2

⟦𝔊(2),2⟧
𝜂  ⃑ 2𝜌  ⃑

 

𝔊̃1
⋆ℊ̃𝔊̃2

⋆ = ⟦𝔊(0),12
⋆ ⟧ ⨁⟦𝔊(1),12

⋆ ⟧
𝜇𝜈

𝑑𝜒𝜇 ⨂ 𝑑𝜒𝜈 ⨁⟦𝔊(2),12
⋆ ⟧

𝜇𝜈𝜌𝜎
(𝑑𝜒𝜇

∧ 𝑑𝜒𝜈) ⨂(𝑑𝜒𝜌 ∧ 𝑑𝜒𝜎) , ⟦𝔊(0),12
⋆ ⟧ = ⟦𝔊(0),1

⋆ ⟧⟦𝔊(0),2
⋆ ⟧, ⟦𝔊(1),12

⋆ ⟧
𝜇𝜈

= ⟦𝔊(1),1
⋆ ⟧

𝜇𝜂1ℊ𝜂1𝜂2
⟦𝔊(1),2

⋆ ⟧
𝜂2𝜈

, ⟦𝔊(2),12
⋆ ⟧

𝜇  ⃑ 𝜌  ⃑
= ⟦𝔊(2),1

⋆ ⟧
𝜇  ⃑ 𝜂  ⃑ 1

⟦ℊ(2)⟧𝜂  ⃑ 1,𝜂  ⃑ 2
⟦𝔊(2),1

⋆ ⟧
𝜂  ⃑ 2𝜌  ⃑

 

(𝔊̃⋆)
⋆

= 𝔊̃⋆⋆ = 𝔊̃, (𝔊̃1ℊ̃−1𝔊̃2)
⋆

= 𝔊̃1
⋆ℊ̃𝔊̃2

⋆ , (𝔊̃1
⋆ℊ̃𝔊̃2

⋆)
⋆

= 𝔊̃1ℊ̃−1𝔊̃2(𝑐1𝔊̃1 + 𝑐2𝔊̃2)
⋆

= 𝑐1̅𝔊̃1
⋆ + 𝑐2̅𝔊̃2

⋆ , (𝑐1𝔊̃1
⋆ + 𝑐2𝔊̃2

⋆)
⋆

= 𝑐1̅𝔊̃1 + 𝑐2̅𝔊̃2 

‖𝔊̃‖ = ‖𝔊̃⋆‖ = ∭ √|−ℊ|𝑇𝑟𝔉(𝔊̃𝔊̃⋆)𝑑𝑟 

𝑇𝑟𝔉(𝔊̃𝔊̃⋆) = 𝔊(0)
2 + ⟦𝔊(1)⟧𝜇𝜈

⟦𝔊(1)⟧
𝜈𝜇

+ ⟦𝔊(2)⟧𝜇𝜈𝜌𝜎
⟦𝔊(2)⟧

𝜌𝜎𝜇𝜈
 

Δ
𝔊̃,ℊ

1/2
= √𝔊̃𝔊̃⋆ = 𝔊̃ℊ̃−1, Δ

𝔊̃,ℊ

1/2|𝜙⟩

= 𝔊(0)𝜙 ⨁⟦𝔊(1)⟧𝜇𝜌
ℊ𝜌𝜈𝜔𝜈 𝑑𝜒𝜇 ⨁⟦𝔊(2)⟧𝜇𝜈𝜂1𝜂2

ℊ(2)
𝜂1𝜂2𝜌𝜎

𝜁𝜌𝜎(𝑑𝜒𝜇 ∧ 𝑑𝜒𝜈), ℒ

= −𝑇𝑟𝔉 ln Δ
𝔊̃,ℊ

1
2 = −𝑇𝑟𝔉 ln 𝔊̃ℊ̃−1 
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𝑑𝛾(𝜒)

𝑑𝜒
=

1

𝜒2

𝛿(𝑚)

ℌ(𝑚)
〈𝜎𝜐〉𝛾𝑒𝑞(𝜒)2, 𝛾(𝜒0 ≼ 1) = 𝛾0 ≼ 1, ℌ(𝜏) = √

4𝜋3

90
𝑔⋇

1
2

𝜏2

𝑚℘ℓ
, 𝛿(𝜏)

=
2𝜋2

90
𝑔⋇𝒮𝜏3, ℌ(𝜒) ↦ ℌ(𝜒) ⋅ ℱ(𝜒, 𝜒𝜏 , 𝛾), ℱ(𝜒, 𝜒𝜏, 𝛾) = {

(
𝜒𝜏

𝜒
)

𝛾

𝜒 ≤ 𝜒𝜏

1 𝜒 ≥ 𝜒𝜏

 

𝛾𝑒𝑞(𝜒) =
90

4𝜋4

𝑔

𝑔⋇𝒮
𝜒2𝔎2(𝜒) ⟶

𝜒≫4

90

√64𝜋9

𝑔

𝑔⋇𝒮
𝜒3/2 exp(−𝜒) , Ωℏ2 =

𝛿0

𝜌𝑐𝑟𝑖𝑡
0 /ℏ2

𝑚𝛾(𝜒 ↦ ∞), 𝛾𝑆𝑡𝑑(𝜒)

=
27103/2

256𝜛13/4

𝑔2𝑔⋇𝒮

𝑔⋇
5/2

𝑚℘ℓ𝑚〈𝜎𝜐〉[1 − exp(−2𝜒)(1 − 2𝜒)], Ωℏ𝑆𝑡𝑑
2

=
𝛿0

𝜌𝑐𝑟𝑖𝑡
0 /ℏ2

27103/2

256𝜛13/4

𝑔2𝑔⋇𝒮

𝑔⋇
5/2

𝑚℘ℓ𝑚2〈𝜎𝜐〉, 𝛾(𝜒𝜏,𝛾)(𝜒)

=
27103/2

256𝜛13/4

𝑔2𝑔⋇𝒮

𝑔⋇
5/2

𝑚℘ℓ𝑚2〈𝜎𝜐〉
[Γ(2 + 𝛾) − Γ(2 + 𝛾, 2𝜒)]

(2𝜒𝜏)𝛾
 

Γ(𝛼, 𝛽) = ∭ 𝑑𝛾𝛾𝛼−1

∞

𝛽

exp(−𝛾) , 𝛼, 𝛽 ∈ ℭ, Ωℏ(𝜒𝜏,𝛾)
2 = Ωℏ𝑆𝑡𝑑

2
Γ(2 + 𝛾)

(2𝜒𝜏)𝛾
 

𝓏 ≡ ln 𝜒 , 𝒲(𝓏) ≡ ln 𝒴(𝓏) , 𝒲𝜂(𝓏) = −
𝒲𝜂(𝓏)

𝒲0
exp[ℭ(𝑚〈𝜎𝜐〉)] ≡

〈𝜎𝜐〉𝛿(𝑚)

ℌ(𝑚)

= √
𝜋

90

𝑔⋇𝒮

𝑔⋇

1
2

𝑚℘ℓ𝑚〈𝜎𝜐〉, ℱ(𝓏, 𝓏𝜏, 𝛾) = exp[𝛾 ReLU(𝓏𝜏 − 𝓏) ] , 𝒲𝑒𝑞(𝓏)

= ln (
90

√64𝜛9

𝑔

𝑔⋇𝒮
) +

3

2
𝓏 − exp(𝓏) 𝜉 [𝓏, 𝒲,

𝑑𝒲

𝑑𝓏
; ℭ, 𝓏𝜏, 𝛾]

≡
𝑑𝒲

𝑑𝓏
− exp(ℭ − 𝛾 ReLU(𝓏𝜏 − 𝓏) − 𝓏 + 2𝒲𝑒𝑞 − 𝒲) 

ℒ𝐹𝑤𝑑 = 𝜆𝔅𝔈ℒ𝔅𝔈 + 𝜆ℑℭℒℑℭ 

ℒ𝔅𝔈 =
1

𝒩𝓏
∑ |𝜉 (𝓏𝑗, 𝒲(𝓏𝑗),

𝑑𝒲

𝑑𝓏
(𝓏𝑗); ℭ, 𝓏𝜏, 𝛾)|

𝒩𝓏

𝑗=1

, ℒℑℭ = |𝒲(𝓏0) − 𝒲0|, ℒ𝐹𝑤𝑑
′ = ℒ𝐹𝑤𝑑 + 𝜆+ℒ+, ℒ+

=
1

𝒩𝓏
∑ ReLU (−

𝑑𝒲

𝑑𝓏
(𝓏𝑗))

𝒩𝓏

𝑗=1

ℒ𝐼𝑛𝑣 = ℒ𝐹𝑤𝑑 + 𝜆Ωℏ2ℒΩℏ2 , ℒΩℏ2

= |𝒲𝜂(𝓏𝑓) − 𝒲Ωℏ2| Softplus𝛽(𝜒) ≔
1

𝛽
ln(1 + 𝑒𝛽𝜒) lim

𝛽↦∞
Softplus𝛽(𝜒) = ReLU(𝜒)

= max(0, 𝜒) , Softplus𝛽(𝜒) ∼ χ, χ ↦ ∞, ∀β ≥ 0, Softplus𝛽(𝜒) ∼ 0, χ ↦ −∞, ∀β

≥ 0,
𝜕Softplus𝛽(𝜒)

𝜕𝜒
|
𝜒=0

∀β 
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𝒢(𝜒, 𝜒𝜏, 𝛾; 𝛽) = exp[𝛾Softplus𝛽(𝜒)(𝓏𝜏 − 𝓏)] = [1 + (
𝜒𝜏

𝜒
)

𝛽

]

𝛾
𝛽

lim
𝛽↦∞

𝒢(𝜒, 𝜒𝜏 , 𝛾; 𝛽)

= ℱ(𝜒, 𝜒𝜏, 𝛾), 𝜉 [𝓏, 𝒲,
𝑑𝒲

𝑑𝓏
; ℭ, 𝓏𝜏 , 𝛾; 𝛽]

≡
𝑑𝒲

𝑑𝓏
− exp(ℭ − 𝛾 Softplus𝛽(𝜒)(𝓏𝜏 − 𝓏) − 𝓏 + 2𝒲𝑒𝑞 − 𝒲) 

ℭ𝑠𝑎𝑚𝑝𝑙𝑒 = 𝜇ℭ + 𝜎ℭ × 𝜖, ℒ𝐵𝑎𝑦𝑒𝑠𝑖𝑎𝑛 = ℒ𝐼𝑛𝑣 + 𝜆𝔎𝔏𝔇𝔎𝔏⟨℘(ℭ)||𝑞(ℭ)⟩ 

Cálculos cromodinámicos. 

𝒲
𝛿,𝛿′
𝜌,𝜇𝜈

= (℘, ℘′) = ⟨℘′, 𝛿′|𝑞̅(0)𝛾𝜌𝑖𝑔𝔊𝜇𝜈(0)𝑞(0)|℘, 𝛿⟩, 𝒲+,+𝑖(℘, ℘′)

= 𝜇̅(℘′, 𝛿′) {(𝒫+Δ⊥
𝑖 − 𝒫𝑖Δ+)𝛾+𝜙1(𝜏) + 𝒫+𝑚𝒩𝑖𝜎+𝑖𝜙2(𝜏)

+
1

𝑚𝒩
𝑖𝜎+𝜈Δ𝜈[𝒫+Δ⊥

𝑖 𝜙3(𝜏) − 𝒫𝑖Δ+𝜙4(𝜏)] +
𝒫+Δ+

𝑚𝒩
𝑖𝜎𝜈Δ𝜈𝜙5(𝜏)} 𝜇(℘, 𝛿) 

𝒪[𝑖{𝑗]4}
[5]

= −
1

4
𝑞̅(0)𝛾[𝑖𝛾5𝔇⃡  {𝑗]𝔇⃡  4}𝑞(0), 𝜙𝑖(𝜏) =

𝜙𝑖(0) + 𝛽𝑖𝛼

[1 − 𝜏 (
1
Λ𝑖

2 + 𝑐𝑖𝛼)]

2 

𝔉
𝛿′𝛿
𝑗 (𝛽) = ∭

𝑑2Δ⊥

(4𝜋)2
𝑒−𝑖𝛽⨂Δ⊥𝔉

𝛿′𝛿
𝑗 (Δ⊥), 𝔉

𝛿′𝛿
𝑗 (Δ⊥)

=
𝑖

√2𝒫+
⨂ ⟨℘+,

Δ⊥
2

, 𝛿′|𝑞̅(0)𝛾+𝑖𝑔𝔊+𝑗(0)𝑞(0)|℘+, −
Δ⊥
2

, 𝛿⟩ , 𝔉
𝛿′𝛿
𝑗 (𝛽)

=
𝑖

√2𝒫+
∭

𝑑2Δ⊥

(4𝜋)2
𝑒−𝑖𝛽⨂Δ⊥ ⨂ 𝜇̅(℘′, 𝛿′) [𝒫+Δ𝑗𝛾+𝜙1(𝜏) + 𝒫+𝑚𝒩𝑖𝜎+𝑗𝜙2(𝜏)

+
𝒫+Δ𝑗

𝑚𝒩
𝑖𝜎+𝜈Δ𝜈𝜙3(𝜏)] 𝜇(℘, 𝛿) 

Partículas y antipartículas relativistas - QCD. 

ℒ𝑄𝐶𝐷 = 𝑔𝛼𝛾𝛾𝜉⨂𝛽𝛼|𝑚𝛼
2 − 𝑚𝛾

2| ≤
8𝓀𝛾

ℒ𝑒𝑓𝑓
, 𝑚𝛼 = √𝑚𝛾

2 + 2𝑞𝜏𝓀𝛾 cos(𝜃𝛽)Δ𝜃 , 𝒫(𝛼 ↔ 𝛾)

= (
1

4
𝑔𝛼𝛾𝛾𝜉𝑒𝑓𝑓ℒ𝑒𝑓𝑓 cos 𝜃𝛽)

2

, ℒ𝑒𝑓𝑓 = 2ℒ𝑎𝑡𝑡
Β (1 − 𝑒

ℒ𝜒

2ℒ𝑎𝑡𝑡
Β

) Δ𝜃𝑅𝐶Δ𝜏 ≅
𝜆𝜒 tan 𝜃𝛽

𝑐
, 𝑐Δ𝜏

= 2ℓ tan 𝜃𝛽 sin 𝜃𝛽 , 𝒫(𝛼 ↔ 𝛾) ≅ (
1

4
𝑔𝛼𝛾𝛾𝜉𝑒𝑓𝑓ℒ𝑒𝑓𝑓𝜉Β cos 𝜃𝛽)

2

, 𝑔𝛼𝛾𝛾

≤ (
1

4
𝜉𝑒𝑓𝑓ℒ𝑒𝑓𝑓𝜉Β cos 𝜃𝛽)

−1

𝒫(𝛼 ↔ 𝛾)
1
2 

𝜂𝑖 =
1

𝔗𝐺𝑒
2

𝔈𝑖
𝐽𝐹,𝑐ℎ

𝔈𝑖∖𝜚
𝑖𝑛,𝑐ℎ

𝜂𝒩𝑖𝑛 = ∑ 𝜂𝑖

𝔈𝑖
𝑖𝑛,𝑎𝑞

𝓀𝛾
𝑖
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APÉNDICE B. 

1. Campos de Yang – Mills y gravedad cuántica. 

1.1. Transformaciones de Gauge. 

1.1.1. Campos de Yang – Mills. 

ℊ̂𝛼 ≡ (ℊ−1)𝛼ℊ⋆ℊ̂𝛼 = ℑ𝛼 , (ℊ⋆ℏ)⋆𝜙𝛼 = ℊ⋆(ℏ⋆𝜙), (ℊ⋆ℏ)⋆𝜙𝛼 ≡ ℊ⋆ℏ⋆𝜙𝛼 ≡ ℊ⋆(ℏ⋆𝜙) 

𝔊(ℊ) = 𝑒𝑖𝔤𝑖𝑡𝑖𝑡𝑟𝑡𝑖𝑡𝑗 =
1

2
𝛿𝑖𝑗[𝑡𝑖, 𝑡𝑗] = 𝑖𝑓𝑖𝑗𝜅𝑡𝜅𝔊(ℊ)𝔊(ℏ) = 𝔊(ℊ⋆ℏ), 𝑖ℊ⋆ℏ𝑖𝑡𝑖 = log (𝑒𝑖𝔤𝑖𝑡𝑖𝑒𝑖ℏ𝑖𝑡𝑖) , ℊ⋆ℏ𝑖

= −2𝑖𝑡𝑟𝑡𝑖 log (𝑒𝑖𝔤𝑗𝑡𝑗𝑒𝑖ℏ𝜅𝑡𝜅) , 𝑒𝑖𝔤𝑗𝑡𝑗𝑡𝑖𝑒
−𝑖𝑔𝑗𝑡𝑗 = (𝑒𝔉(𝔤))

𝑖𝜅
𝑡𝜅(𝑒−𝔉(𝔤))

𝜅𝑖
, (𝔉(𝔤))

𝜅

𝑖

≔ 𝑓𝑖𝑗𝜅𝑔𝑗, 𝒪(𝔤) = 𝑒𝔉(𝑔), ℊ⋆𝛼𝜇 = 𝔊(ℊ)𝛼𝜇𝒢−1(ℊ) + 𝑖𝔊(ℊ)𝜕𝜇𝒢−1(ℊ), ℊ⋆𝛼𝜇
𝜅

= 𝛼𝜇
𝑖 (𝑒𝔉(𝔤))

𝑖𝜅
+ 𝜕𝜇𝔤𝑖(𝑒𝔉(𝔤))

𝑖𝜅
 

1.1.2. Gravedad cuántica. 

ℏ⋆𝔤𝜇(𝜒) = ℏ𝜇(𝔤(𝜒)), 𝔤̂𝜇(𝔤(𝜒)) = 𝜒𝜇 , 𝔤𝜇(𝔤̂(𝜒)) = 𝜒𝜇 , ℏ⋆𝔤𝜇(𝜒) = 𝔤𝜇(ℏ(𝜒)) 

𝔤⋆ℊ𝜇𝜈(𝜒) =
𝜕𝔤̂𝜌(𝜒)

𝜕𝜒𝜇

𝜕𝔤̂𝜆(𝜒)

𝜕𝜒𝜈
ℊ𝜌𝜆(𝔤̂(𝜒)) 

1.1.3. Parametrizaciones estándar. 

ℊ⋆𝜙𝛼 = 𝔗𝛼 [𝔤]𝛽 𝜙𝛽 + 𝔗𝛼[𝔤], 𝔗𝛼 [𝔤̂]𝛽 𝔗𝛽 [𝔤]𝑐 = 𝛿𝑐
𝛼 , 𝔗𝛼 [𝔤]𝛽 𝔗𝛽 [𝔤̂]𝑐 = 𝛿𝑐

𝛼 , 𝔗𝛼[𝔤̂] = −𝔗𝛼 [𝔤̂]𝛽 𝔗𝛽[𝔤] 

𝜙̂𝛼[𝜙] = 𝔊̂[𝜙]⋆𝜙𝛼 = 𝔊̂[ℊ⋆𝜙] = 𝔊̂[𝜙]⋆𝔤̂, 𝜙̂𝛼[ℊ⋆𝜙] = 𝔊̂[ℊ⋆𝜙]⋆ℊ⋆𝜙𝛼 = 𝔊̂[𝜙]⋆ℊ̂⋆ℊ⋆𝜙
𝛼 = 𝔊̂[𝜙]⋆𝜙𝛼

= 𝜙̂𝛼[𝜙] 

𝔊[𝜙]⋆𝜙̂𝛼[𝜙] = 𝜙𝛼 , 𝔊𝛼[ℊ⋆𝜙] = ℊ⋆𝔊𝛼[𝜙] 

𝔈[ℊ
⋆
𝜙] = ℊ

⋆
𝔈[𝜙]⋆𝔤̂, 𝔈̂[ℊ

⋆
𝜙] = ℊ

⋆
𝔈̂[𝜙]⋆𝔤̂, 𝔈[ℊ

⋆
𝜙]

⋆
ℊ

⋆
𝜙 = ℊ

⋆
𝔈[𝜙]⋆𝜙, 𝜙𝛼 ⟶ 𝔈𝛼[𝜙] ≡ 𝔈̂[𝜙]⋆𝜙𝛼 

𝜑̂𝛼 = 𝔈𝛼
[𝜙̂] = 𝔈̂[𝜙̂]

⋆
𝜙̂𝛼, 𝜑̂𝛼[𝜙] = 𝔊̂[𝜙]⋆𝔈̂[𝜙]⋆𝜙, 𝜑̂𝛼[𝜙] = ℏ̂[𝜙]⋆𝜙, ℏ̂[𝜙] = 𝔊̂𝛼[𝔈[𝜙]⋆𝜙]

= 𝔊̂[𝜙]⋆𝔈̂[𝜙] 

ℏ̂𝛼[ℊ⋆𝜙] = 𝔊̂𝛼[ℊ⋆𝜙]⋆𝔈̂[ℊ⋆𝜙] = 𝔊̂𝛼[𝜙]⋆ℊ̂⋆ℊ⋆𝔈̂[𝜙]⋆𝔤̂ = 𝔊̂𝛼[𝜙]⋆𝔈̂[𝜙]⋆𝔤̂ = ℏ̂𝛼[𝜙]⋆𝔤̂, 𝔈[𝜙]

= ℏ[𝜙]⋆𝔊̂𝛼[𝜙] 

1.2. Transformaciones dinámicas en campos de Yang – Mills y gravedad cuántica. 

𝔇[𝜙] = 𝒢𝔈̂[𝜙], 𝔇[ℊ⋆𝜙] = 𝔇[𝜙]𝒢𝔤̂ 

𝔊̂𝜇̂(𝜒)|
𝜙↦ℊ⋆𝜙

= 𝔊̂𝜇̂(ℊ̂(𝜒)), 𝔊𝜇(𝜒̂)|𝜙↦ℊ⋆𝜙 = ℊ𝜇(𝔊𝜇(𝜒̂)), 𝔊̂𝜇(𝜒)|
𝜙↦ℊ⋆𝜙

= ℊ (𝔈̂(ℊ̂(𝜒))) , 𝔊̂𝛼̂[𝜙]

= 𝔇𝛼̂[𝜙] = 𝔇𝜇̂(𝜒)[𝜙] 

1.3. Derivadas funcionales. 
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𝛿ℊ𝛼

𝛿ℊ𝛽
= 𝛿𝛽

𝛼 = 𝛿(𝜒 − 𝛾)𝛿𝑗
𝑖, 𝛿𝛽

𝛼 = 𝛿(𝜒 − 𝛾)𝛿𝜈
𝜇
, 𝔗𝛼

𝔞 [ℊ, 𝜙] ≔
𝛿(ℊ⋆𝜙𝛼)

𝛿ℊ𝛼
, 𝔗𝛼

𝔞 [𝜙] ≔ 𝔗𝛼
𝔞 [1, 𝜙], 𝔗𝛼

𝔞 [𝜙]𝜖𝛼

= −ℒ𝜖𝑔𝜇𝜈 = −∇𝜇
(𝑔)

𝜖𝜇 , 𝔗𝛼
𝔞 [𝜙]𝜖𝛼 = 𝜕𝜇𝜖𝑖 + 𝑓𝑖𝑗𝑘𝒶𝜇

𝑗
𝜖𝜅 ≡ ∇𝜇

(Α)
𝜖𝑖, ℏ⋆𝜙𝛼

= ℏ⋆ℊ̂⋆ℊ⋆𝜙𝛼 , 𝔗𝛼
𝔞 [ℊ, 𝜙] = 𝒰𝛼 [ℊ̂⋆]

𝛽
𝔗𝛽

𝛼[ℊ⋆𝜙], 𝒰𝛾 [ℊ̂⋆]𝛼 ≔
𝛿ℏ⋆ℊ̂𝛼

𝛿ℏ𝛾
|
𝔥=𝔤

, 𝔗𝛼
𝔞 [ℊ, ℊ̂⋆𝜙]

= 𝒰𝛼 [ℊ̂]𝛽
𝔗𝛽

𝛼[𝜙], 𝔤[𝜙]⋆𝔤̂[𝜙]⋆𝜙
𝛼 = 𝜙𝛼𝒯𝛼 [𝔤]𝑐

𝛿ℊ̂⋆𝜙𝑐

𝛿𝜙𝛽
+

𝛿ℊ𝛼

𝛿𝜙𝛽
𝒰𝛼 [ℊ̂]𝛽

𝔗𝛽
𝛼[𝜙]

= 𝛿𝛽
𝛼 ,

𝛿ℊ⋆𝜙𝛼

𝛿𝜙𝛽
= 𝒯𝛼 [𝔤̂]𝑐 (𝛿𝛽

𝑐 −
𝛿ℊ𝛼

𝛿𝜙𝛽
𝒰𝛼 [ℊ̂]𝛽

𝔗𝛽
𝑐 [𝜙]) ,

𝛿ℊ̂⋆𝜙𝛼

𝛿𝜙𝛽

= 𝒯𝛼 [ℊ]𝑐 (𝛿𝛽
𝑐 −

𝛿ℊ̂𝛼

𝛿𝜙𝛽
𝒰𝛼 [ℊ]𝛽

𝔗𝛽
𝑐 [𝜙]) 

1.4. Integrales funcionales. 

𝒵 = ∭ 𝑑𝜙𝜇̃[𝜙]𝛿(1 − 𝔊̂[𝜙])𝑒−𝛿[𝜙] , 𝒬𝛼 [𝜙]𝛽 ≔
𝛿

𝛿ℊ𝛽
(𝔊̂[𝜙]⋆𝔤̂)

𝛼
|
𝔤=1

=
𝛿

𝛿ℊ𝛽
(𝔊̂[𝜙]⋆𝔤)

𝛼
|
𝔤=1

 

𝒵 = ∭ 𝑑𝜙𝜇̃[𝜙]𝛿(1 − ℌ̂[𝜙])𝑒−𝛿[𝜙] 𝑑(𝔈[𝜙]⋆𝜙)𝜇̃[𝔈[𝜙]⋆𝜙] = 𝑑𝜙𝜇̃[𝜙], 𝑑(𝔈[𝜙]⋆𝜙)

= 𝑑𝜙 det 𝒯𝛼 [𝔈]𝛽 ⨂ det (𝛿𝛽
𝛼 −

𝛿𝔈̂
𝛼

𝛿ℊ𝛽
𝒰𝛼 [𝔈]𝛽

𝔗𝛽
𝛼[𝜙]) , 𝑑(𝔈[𝜙]⋆𝜙)

= 𝑑𝜙 det 𝒯𝛼 [𝔈]𝛽 det 𝒯𝛼 [𝔈̂]
𝛽

 

𝒯𝛼 [𝔤]𝛽 ≔
𝛿ℊ⋆ℏ⋆ℊ̂𝛼

𝛿𝔥𝛽
|
𝔥=1

𝒯𝛼 [𝔤]𝛽 𝒯𝛽 [𝔤̂]𝛾 = 𝛿𝛾
𝛼 , 𝛾𝛼𝛽[𝜙] = 𝛾𝛼𝛽[ℊ⋆𝜙]

= 𝒯𝑐 [𝔤̂]𝛼 𝛾𝑐𝑑[𝜙]𝒯𝑑 [𝔤̂]𝛽 , 𝜂𝛼𝛽[ℊ⋆𝜙] = 𝒯𝛾 [𝔤̂]𝛼 𝜂𝛾𝛿[𝜙]𝒯𝛿 [𝔤̂]𝛽  

𝜇̃[𝜙] =
√det 𝛾𝛼𝛽[𝜙]

√det 𝜂𝛼𝛽[𝜙]

𝒯𝛼 𝜐𝛽
𝛽 = (𝑒−ℱ(𝔤(𝜒)))

𝑖𝑗
𝜐𝑗(𝜒), 𝒯𝛼 𝜐𝛽

𝛽 =
𝜕𝔤𝜇(𝜒)

𝜕𝜒𝜈
𝜐𝜈(𝔤̂(𝜒)), 𝛾𝑖,𝑗

𝜇,𝜈(𝜒, 𝛾)

=
𝜇2

𝑔
𝛿𝜇𝜈𝛿𝑖𝑗𝛿(𝜒 − 𝛾), 𝜂𝑖,𝑗(𝜒, 𝛾) =

𝜇4

𝑔
𝛿𝑖𝑗𝛿(𝜒 − 𝛾) 

𝛾𝜇𝜈,𝜌𝜎(𝜒, 𝛾) =
𝜇2

64𝜋𝒢𝒩
√𝑔(𝑔𝜇𝜌𝑔𝜈𝜎 + 𝑔𝜇𝜎𝑔𝜈𝜌 − 𝑔𝜇𝜈𝑔𝜌𝜎)𝛿(𝜒 − 𝛾), 𝜂𝜇,𝜈(𝜒, 𝛾)

=
𝜇4

32𝜋𝒢
√𝑔𝑔𝜇𝜈𝛿(𝜒 − 𝛾) 

1.5. Métrica de Faddeev-Popov. 

𝜒𝛼[ℊ⋆𝜙] = 0 ⟹ 𝑔 = 𝔊̂[𝜙], 𝛿(𝔤 − 𝔊̂[𝜙]) = 𝛿(𝜒[ℊ⋆𝜙]) |det
𝛿𝜒𝛼[ℊ⋆𝜙]

𝛿ℊ𝛽
| , 𝛿(𝔤 − 𝔊̂[𝜙])

= 𝛿(1 − 𝔊̂[𝜙]) = 𝛿(𝜒[𝜙]) |det
𝛿𝜒𝛼[ℊ⋆𝜙]

𝛿ℊ𝛽
|
𝔤=1

 

1.6. Campos armónicos de Landau. 
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ℑ(𝛼, 𝔤̂) = ∭ 𝑡𝑟(ℊ̂⋆𝛼𝜇)

𝜒

(ℊ̂⋆𝛼𝜇), 𝔇†∇𝜇∇𝜇𝔇 + (∇𝜇𝔇)
†
(∇𝜇𝔇), ℑ[𝑔, 𝔤̂]

= ∭ ℊ⋆(√𝑔𝑔𝜇𝜈)𝛿𝜇𝜈

𝜒

, ℑ[𝑔, 𝔤̂] = ∭ √𝑔𝑔𝜌𝜆𝛿𝜇𝜈

𝜒

𝜕𝜌ℊ𝜇̂𝜕𝜆ℊ𝜈̂𝛿𝜇𝜈̂ 

1.7. Acción BRST. 

𝒵 = ∭ 𝑑𝜙𝜇̃[𝜙]𝛿(𝔊̂[𝜙])𝑒−𝛿[𝜙] lim
𝜖↦0

𝛿𝜖(ℳ − 1) = 𝛿(ℳ − 1), 𝛿(ℳ − 1)ℱ(ℳ)

= 𝛿(ℳ − 1)ℱ(1), 𝛿𝜖(ℳ − 1) = ∭ 𝑑ℬ𝑒
− ∭

1
2
[𝜖𝑡𝑟ℬ̅ℬ+𝑡𝑟ℬ̅(ℳ−1)+𝑡𝑟(ℳ̅−1)ℬ]

𝜒  

ℬℑ𝔍 = 𝔅ℑ𝔍
ℜ + 𝑖𝔅ℑ𝔍

ℑ , ℬ̅ℑ𝔍 = 𝔅𝔍ℑ
ℜ − 𝑖𝔅ℑ𝔍

ℑ , 𝔅𝔍ℑ
ℜ =

1

2
(ℬℑ𝔍 + ℬ̅ℑ𝔍), 𝔅ℑ𝔍

ℑ = −
1

2
(ℬℑ𝔍 + ℬ̅ℑ𝔍), 𝛿(ℊ)

= lim
𝜖↦0

𝒩𝜖𝛿𝜖(𝒢[𝔤] − 1) , 𝒩𝜖 =
1

∭ 𝑑𝔥𝛿𝜖(𝒢[𝔥] − 1)
𝒢[𝔤] = 1 ⟹ 𝔤𝑖

= 0, ∭ 𝑑𝔤 lim
𝜖↦0

𝒩𝜖𝔉[𝔤]𝛿𝜖(𝒢[𝔤] − 1) 

𝛿𝔊̂[𝜙] = lim
𝜖↦0

𝒩𝜖 ∭ 𝑑ℬ𝑒
− ∭

1
2
[𝜖𝑡𝑟ℬ̅ℬ+𝑡𝑟ℬ̅(𝔇[𝜙]−1)+𝑡𝑟(𝔇̅[𝜙]−1)ℬ]

𝜒  

𝒩𝜖 ∼ ∭ 𝑑ℭ𝑑𝒜ℯ
−

1
2∭ 𝑡𝑟[𝜖2𝒜̅𝒜+𝑖𝒜̅𝑡𝑖ℭ

𝑖−𝑖𝒜𝑡̅𝑖ℭ
𝑖]𝜒 , 𝒬𝑖(𝜒, 𝛾) ≔ −

𝛿

𝛿𝔤𝑖(𝛾)
𝔇[ℊ⋆𝜙](𝜒)|ℊ=1, 𝒬𝑖(𝜒, 𝛾)

= 𝑖𝒟𝑡𝑖𝛿(𝜒 − 𝛾) 

𝒵 = ∭ 𝑑𝜙𝑑Α𝑑Β𝑑𝒞𝜇̃𝑒
−𝒮+

1
2 ∭ (𝑡𝑟ℬ+𝑡𝑟ℬ̅)

𝜒 , 𝒮 = 𝔖 +
1

2
∭ 𝑡𝑟[ℬ̅𝒟 + 𝒟̅ℬ + (𝒜̅𝒬𝑖 + 𝒜𝒬̅𝑖)ℭ

𝑖]

𝜒

, 𝒟𝛼̂

= (𝒟)ℐ𝒥(𝜒), 𝒮 = 𝔖 + ∭
1

2
[ℬ𝛼̂

⋇𝒟𝛼̂ + ℬ𝛼̂𝒟𝛼̂ + (𝒜𝛼̂
⋇𝒬𝛼

𝛼̂ + Α𝛼̂𝒬̅𝛼
𝛼̂)ℭ𝛼]

𝜒

 

𝒵 = ∭ 𝑑𝜙𝑑ℬ𝜇̃[𝜙]𝑒−𝛿[𝜙]−ℬ𝛼̂(𝒟𝛼̂[𝜙]−1𝛼̂) 𝒬̅𝜇
𝜇̂(𝜒, 𝛾) ≔ −

𝛿

𝛿𝔤𝜇(𝛾)
𝒟𝜇̂[ℊ⋆𝜙](𝜒)|

ℊ=1
, 𝒬̅𝜇

𝜇̂(𝜒, 𝛾)

= 𝜕𝜇𝒟𝜇̂𝛿(𝜒 − 𝛾) ∭ 𝑑Α𝑑𝒞𝑒−Α𝛼̂𝒬𝛼̂ 𝒞𝛽
𝛽  

𝒮 = 𝔖 + ∭(Α𝜇̂(𝜒)𝜕𝜇𝒟𝛼̂ℭ𝜇 + Β𝜇̂𝒟𝜇̂)

𝜒

, 𝒮 = 𝔖 + Α𝛼̂𝒬𝛼̂ 𝒞𝛽
𝛽 + Β𝛼̂𝒟𝛼̂, Β𝛼̂𝒟𝛼̂

= ∭ Β𝜇̂𝒟𝜇̂

𝜒

, Α𝛼̂𝒬𝛼̂ 𝒞𝛽
𝛽 = ∭ Α𝜇̂(𝜒)𝜕𝜇𝒟𝜇̂ℭ𝜇

𝜒

, 1𝛼̂Β𝛼̂ = ∭ 𝜒𝜇̂Β𝜇̂(𝜒)

𝜒

 

𝒵 = ∭ 𝑑𝜙𝑑ℬ𝑑𝒞𝜇̃[𝜙]𝑒−𝛿[𝜙,𝒜,ℬ,𝒞]+1𝛼̂Β𝛼̂ 

1.8. Simetrías. 

[𝒯 ⃑𝛼 , 𝒯 ⃑𝛽] = 𝑓𝛾 𝒯 ⃑𝛼𝛽 𝛾, 𝑓𝛾 𝜉𝛼𝛽
𝛼𝜖𝛽 = 𝑓𝑖𝑗

𝜅𝜉𝑖𝜖𝑗, 𝑓𝛾 𝜉𝛼𝛽
𝛼𝜖𝛽 = ℒ𝜉𝜖𝜇 = 𝜉𝜈𝜕𝜈𝜖𝜇 − 𝜕𝜈𝜉𝜇𝜖𝜈, 𝒬̅𝛼

𝛼̂ = −
𝛿𝒟𝛼̂

𝛿𝜙𝛼
𝔗𝛼

𝔞  
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𝛿𝜃𝜙𝛼 = 𝔗𝛼
𝔞 [𝜙]ℭ𝛼𝜃, 𝛿𝜃ℭ𝛼 =

1

2
ℭ𝛽𝑓𝛽𝛾

𝛼 ℭ𝛾𝜃, 𝛿𝜃Α𝛼̂ = −ℬ𝛼̂𝜃, 𝛿𝜃ℬ𝛼̂ = 1 

𝒮 = 𝔖 +
1

2
∭ 𝑡𝑟[ℬ̅𝒟 + 𝒟̅ℬ + 𝑖(𝒜̅𝔇ℭ − 𝒜ℭ𝔇̅̅̅̅̅)ℭ𝑖]

𝜒

, ℭ ≡ ℭ𝑖𝑡𝑖 , ℭ̅ ≡ ℭ𝑖𝑡𝑖̅, 𝛿𝜃𝒶𝜇 = ∇𝜇
𝛼ℭ𝜃, 𝛿𝜃ℭ

= −𝑖ℭ2𝜃, 𝛿𝜃𝑔𝜇𝜈 = −(∇𝜇ℭ𝜈 + ∇𝜈ℭ𝜇)𝜃, 𝛿𝜃ℭ𝜇 = ℭ𝜇∇𝜈
𝑔
ℭ𝜈𝜃 = ℭ𝜇𝜕𝜈ℭ𝜈𝜃 

ℊ⋆ℬ = ℬ𝒢̅[ℊ], ℊ⋆𝒜 = 𝒜𝒢̅[ℊ], ℊ⋆ℭ = 𝔊[ℊ]ℭ𝔊−1[ℊ], ℊ⋆ℬ̅ = 𝔊[ℊ]ℬ, ℊ⋆𝒜̅ = 𝔊[ℊ]𝒜, ℊ⋆𝒞̅

= 𝔊̅−1[ℊ]𝒞̅𝔊̅[ℊ], ℊ⋆ℭ𝑖 = (𝑒ℱ[ℊ])
𝑖

𝒞𝑗
𝑗  

ℊ⋆ℭ𝜇(𝜒) =
𝜕ℊ𝜇(𝜒)

𝜕𝜒𝜈
ℭ𝜈(ℊ̂(𝜒)), ℊ⋆Α𝜇̂(𝜒) = det |

𝜕ℊ̂(𝜒)

𝜕𝜒
| Α𝜇̂(ℊ̂(𝜒)), ℊ⋆Β𝜇̂(𝜒)

= det |
𝜕ℊ̂(𝜒)

𝜕𝜒
| Β𝜇̂(ℊ̂(𝜒)) 

𝑑[ℊ⋆𝜙]√det 𝛾[ℊ⋆𝜙] = 𝑑𝜙√det 𝜑[𝜙] , 𝑑[ℊ⋆ℭ]
1

√det 𝜂[ℊ⋆𝜙]
= 𝑑ℭ

1

√det 𝜂[𝜙]
 

𝑑𝒜𝑑ℬ = 𝑑[ℊ⋆𝒜]𝑑[ℊ⋆ℬ] 

1.9. Acción efectiva. 

1

2
∭ 𝑡𝑟(ℬ + ℬ̅) ↦

𝜒

∭ 𝑡𝑟(𝔎̅𝔅 + 𝑡𝑟𝔎𝔅̅)

𝜒

= 2 ∭(𝔅ℑ𝔍
ℜ 𝔎ℜ

ℑ𝔍 + 𝔅ℑ𝔍
ℑ 𝔎ℑ

ℑ𝔍
)

𝜒

∭ 𝜒𝜇̂ℬ𝜇̂

𝜒

↦ ∭ 𝒦𝜇̂ℬ𝜇̂

𝜒

 

𝑒𝒲[𝔍] = ∭ 𝑑𝜙𝜇̃[𝜙]𝑒−𝛿[𝜙]+𝔍𝔄𝜙𝒜
, Γ[𝜙] = sup𝔍 𝔍𝔄𝜙𝒜 − 𝒲[𝔍] , 𝜙𝒜 =

𝛿𝒲[𝔍]

𝛿𝔍𝔄

≡ 𝒰𝒜[𝔍], Γ[𝜙]𝒱𝔄[𝜙]𝜙𝒜 − 𝒲[𝒱[𝜙]], 𝔍𝔄 = 𝒱𝔄[𝜙] = Γ[𝜙]
𝛿

𝛿𝜙𝒜
, 𝔍𝔄 = 𝒱𝔄[𝒰[𝒥]]

= 𝔍𝔄, 𝒰𝒜[𝒱[𝜙]] = 𝜙𝒜 , 𝒫𝒜ℬ[𝜙]

= 〈𝜙𝒜𝜙ℬ〉𝒥

− 〈𝜙𝒜〉〈𝜙ℬ〉𝒥 ⟨
𝛿Γ

𝛿𝜙𝛼 |
𝛿Γ

𝛿Α𝛼̂
|

𝛿Γ
𝛿ℭ𝛼⟩ ⟨

𝛿Γ

𝔅ℑ𝔍
ℜ (𝜒)

|
𝛿Γ

𝛿𝔅ℑ𝔍
ℑ (𝜒)

|
𝛿Γ

𝛿Β𝜇̂(𝜒)
⟩ ⟨𝛿ℑ𝔍|𝜒𝜇̂⟩, 𝜙̅𝛼

= 〈𝜙̂𝛼〉, 𝒫𝛼𝛽[𝜙̅] = 〈𝜙̂𝛼𝜙̂𝛽〉 − 〈𝜙̂𝛼〉〈𝜙̂𝛽〉 

1.10. Difeomorfismo e invariancias.  

ℊ⋆𝜙𝒜 = 𝒯Α [𝔤]Β 𝜙ℬ + 𝒯Α[𝔤], ℊ⋆𝔍𝔄 = 𝔍𝔅𝒯𝔅 [𝔤̂]𝔄 , 𝒲[ℊ⋆𝒥] = 𝒲[𝒥] − 𝒯Α[𝔤̂]𝔍𝔄, ℊ⋆𝒰𝒜[𝒥]

= 𝒰𝒜[ℊ⋆𝒥], 𝒱𝔄[ℊ⋆𝒰[𝒥]] = 𝒱𝔄[𝒰[ℊ⋆𝒥]] = ℊ⋆𝒥, 𝒱𝔄[ℊ⋆𝜙] = ℊ⋆𝒱𝔄[𝜙], Γ[ℊ⋆𝜙]

= Γ[𝜙] 

1.11. Análisis SU(4) en Yang – Mills. 

𝒟𝛼̂ = 𝒟̅ℑ𝔍 = (𝔇−1)ℑ𝔍, 𝒴𝑖
ℐ𝒥(𝜒, 𝛾) = 𝑖𝑡𝑖

ℐ𝒥𝛿(𝜒 − 𝛾), 𝒴ℐ𝒥
𝑖 (𝜒, 𝛾) = −2𝑖𝑡𝑖

𝒥ℑ𝛿(𝜒 − 𝛾), 𝒴𝛼
𝛼̂𝒴𝛼̂

𝛽

= 𝛿𝛼
𝛽
, 𝒴𝛼

𝛼̂𝒴𝛼
𝛽̂

= Ξ⊥𝛼̂
𝛽̂

, Ξ⊥
ℑ𝔍 (𝜒, 𝛾)𝔎𝔏 = 2𝑡𝑖

𝒥ℑ𝑡𝔏𝔎
𝑖 𝛿(𝜒 − 𝛾) 
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𝜎𝛼𝛽̂ = 𝜎ℑ𝔍,𝔎𝔏(𝜒, 𝛾) = −
𝑔

2𝜇4
𝛿ℑ𝔏𝛿𝔍𝔎𝛿(𝜒 − 𝛾), 𝜎𝛼𝛽̂ℳ𝛽̂ = −

𝑔

2𝜇4 (ℳ𝒯)
𝛼̂
, 𝜎𝛽𝛼̂𝒴𝛼

𝛼̂ = 𝒴𝛼𝛽̂

= 𝜂𝛼𝛽𝒴
𝛽̂

𝛽
, 𝔗𝛼̂

𝔞 ≔ 𝒴𝛼̂
𝛼𝔗𝛼

𝔞 , 𝒟𝛼
𝛼̂ =

𝛿𝒟𝛼̂

𝛿𝜙𝛼
, 𝒟̅𝛼

𝛼̂ =
𝛿𝒟𝛼̂

𝛿𝜙𝛼
, 𝒟̅𝛼

𝛼̂ = −𝒟𝛼
𝛼̂, 𝒟𝛼

𝛼̂𝔗𝛼
𝔞 = −𝒴𝛼

𝛼̂, 𝒟𝛼
𝛼̂𝔗

𝛽̂
𝛼

= −Ξ
⊥𝛽̂
𝛼̂ 𝛿𝔖

𝛿𝜙𝛼
𝔇[𝜙] 

𝒮𝑝ℎ𝑦
(2)

=
|

|
𝒮𝛼𝛽

1

2
𝒟𝛼

𝛽̂
−

1

2
𝒟𝛼

𝛽̂

1

2
𝒟𝛽

𝛼̂ 0 −𝜖𝜎𝛼𝛽̂

−
1

2
𝒟𝛽

𝛼̂ −𝜖𝜎𝛼𝛽̂ 0

|

|
 

𝒮𝛼𝛽 ≡
𝛿2𝔖

𝛿𝜙𝛼𝛿𝜙𝛽
 

𝔓𝑝ℎ𝑦 = |
|

𝒫𝔟𝔠 𝒫𝛾̂
𝛽

𝒫̅𝛾̂
𝛽

𝒫
𝛽̂
𝑐 𝒫𝛼𝛽̂ ℛ𝛼𝛽̂

𝒫̅
𝛽̂
𝑐 ℛ𝛼𝛽̂ 𝒫̅𝛼𝛽̂

|
| 

‖

‖

|

|
𝒮𝛼𝛽

1

2
𝒟𝛼

𝛽̂
−

1

2
𝒟𝛼

𝛽̂

1

2
𝒟𝛽

𝛼̂ 0 −𝜖𝜎𝛼𝛽̂

−
1

2
𝒟𝛽

𝛼̂ −𝜖𝜎𝛼𝛽̂ 0

|

|

|
|

𝒫𝔟𝔠 𝒫𝛾̂
𝛽

𝒫̅𝛾̂
𝛽

𝒫
𝛽̂
𝑐 𝒫𝛼𝛽̂ ℛ𝛼𝛽̂

𝒫̅
𝛽̂
𝑐 ℛ𝛼𝛽̂ 𝒫̅𝛼𝛽̂

|
| |

𝛿𝑐
𝛼 0 0

0 𝛿𝛾̂
𝛼̂ 0

0 0 𝛿𝛾̂
𝛼̂

|
‖

‖
 

⟨𝒮𝛼𝛽|𝔗𝛼
𝛽
|𝒫𝛼̂

𝛼⟩ = −𝒫̅𝛼̂
𝛼 = −𝔗𝛼̂

𝔞 , 𝒫𝛼𝛽̂ = 𝒫̅𝛼𝛽̂ =
1

2𝜖
Ξ

𝛼𝛽̂
⊥ , ℛ𝛼𝛽̂ = −

1

𝜖
𝜎𝛼𝛽̂ +

1

2𝜖
Ξ

𝛼𝛽̂
⊥ , 𝒮𝛼𝑐𝒫𝑐𝛽 = ∏⊥𝛼

𝛽

≡ 𝛿𝛽
𝛼 + 𝔗𝛼̂

𝔞 𝒟𝛽
𝛼̂𝒫𝛽𝑐 = 𝜖𝒫𝑐𝛼̂ = −𝜖𝔗𝑐𝛼̂,

𝛼𝛽
= 𝒮𝛼𝛽 + 𝒟𝛼

𝛼̂𝒟𝛼𝛽̂ ,
𝛼𝛽

𝔗𝛼̂
𝛽

= −𝔇𝒶𝛼̂ , ℘𝛼𝛽𝒟𝛽
𝛼̂ = −𝔗𝛼𝛼̂ 

𝒫⊥
𝛼𝛽

= ℘𝛼𝛽 − 𝔗𝛼̂
𝔞 𝜎𝛼𝛽̂𝔗

𝛽̂

𝛽
= ℘𝛼𝛽 − 𝔗𝛼

𝔞 𝔗𝛽
𝛼 

𝔖𝑔ℎ
(2)

=
|

|
0

1

2
𝒴𝛼̂

𝛼 −
1

2
𝒴𝛼

𝛼̂

1

2
𝒴𝛼

𝛼̂ 0 −𝜖𝜎𝛼𝛽̂

−
1

2
𝒴𝛼

𝛼̂ −𝜖𝜎𝛼𝛽̂ 0

|

|
 

𝔓𝑔ℎ = |

0 𝒴𝛼̂
𝛼 −𝒴𝛼̂

𝛼

𝒴𝛼̂
𝛼 𝒫𝛼𝛽̂ ℛ𝛼𝛽̂

−𝒴𝛼̂
𝛼 ℛ𝛼𝛽̂ 𝒫𝛼𝛽̂

| 

𝑒−Γ = 𝑒−𝔖 √det 𝛾𝛼𝛽

√det 𝜂𝛼𝛽

√det 𝔖𝑔ℎ
(2)

√det 𝒮𝑝ℎ𝑦
(2)
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det
|

|
𝛿𝛽

𝛼 1

2
𝒟𝛽𝛼̂ −

1

2
𝒟𝛽𝛼̂

1

2
𝒟𝛼̂𝛽 0 −𝜖𝛿𝛼̂

𝛽̂

−
1

2
𝒟𝛼̂𝛽 −𝜖𝛿

𝛽̂
𝛼̂ 0

|

|
= det ||

℘𝛽
𝛼 0 0

0 𝛿
𝛽̂
𝛼̂ 0

0 0 𝛿
𝛽̂
𝛼̂

|| det
|

|
𝛿𝛽

𝛼 1

2
𝒟𝛽𝛼̂ −

1

2
𝒟𝛽𝛼̂

1

2
𝒟𝛼̂𝛽 0 −𝜖𝛿𝛼̂

𝛽̂

−
1

2
𝒟𝛼̂𝛽 −𝜖𝛿

𝛽̂
𝛼̂ 0

|

|
det

𝛽

𝛼

= det
|

|
∏⊥𝛽

𝛼 −
1

2
𝔗𝛽̂𝛼

1

2
𝔗𝛽̂𝛼

1

2
𝒟𝛼̂𝛽 0 −𝜖𝛿

𝛽̂
𝛼̂

−
1

2
𝒟𝛼̂𝛽 −𝜖𝛿

𝛽̂
𝛼̂ 0

|

|
det

𝛽

𝛼
 

det
|

|
∏⊥𝛽

𝛼 −
1

2
𝔗𝛽̂𝛼

1

2
𝔗𝛽̂𝛼

1

2
𝒟𝛼̂𝛽 0 −𝜖𝛿

𝛽̂
𝛼̂

−
1

2
𝒟𝛼̂𝛽 −𝜖𝛿

𝛽̂
𝛼̂ 0

|

|
∼ det

|

|
0

1

2
𝒴𝛼

𝛼̂ −
1

2
𝒴𝛼

𝛼̂

1

2
𝒴𝛼𝛼̂ 0 −𝜖𝛿𝛼𝛽̂

−
1

2
𝒴𝛼𝛼̂ −𝜖𝛿𝛼𝛽̂ 0

|

|
 

|

|
∏⊥𝛽

𝛼 −
1

2
𝔗𝛽̂𝛼

1

2
𝔗𝛽̂𝛼

1

2
𝒟𝛼̂𝛽 0 −𝜖𝛿

𝛽̂
𝛼̂

−
1

2
𝒟𝛼̂𝛽 −𝜖𝛿

𝛽̂
𝛼̂ 0

|

|
|

√2𝔗𝛼
𝛽
𝜐𝛼

−𝒴𝛽𝛼̂𝜐𝛼

𝒴𝛽𝛼̂𝜐𝛼

| =
1

√2
|
√2𝔗𝛼

𝛼𝜐𝛼

−𝒴𝛼̂𝛼𝜐𝛼

𝒴𝛼̂𝛼𝜐𝛼

| 

|

|
∏⊥𝛽

𝛼 −
1

2
𝔗𝛽̂𝛼

1

2
𝔗𝛽̂𝛼

1

2
𝒟𝛼̂𝛽 0 −𝜖𝛿

𝛽̂
𝛼̂

−
1

2
𝒟𝛼̂𝛽 −𝜖𝛿

𝛽̂
𝛼̂ 0

|

|
|

√2𝔗𝛼
𝛽
𝜐𝛼

−𝒴𝛽𝛼̂𝜐𝛼

𝒴𝛽𝛼̂𝜐𝛼

| = −
1

√2
|
√2𝔗𝛼

𝛼𝜐𝛼

−𝒴𝛼̂𝛼𝜐𝛼

𝒴𝛼̂𝛼𝜐𝛼

| 

|

|
∏⊥𝛽

𝛼 −
1

2
𝔗𝛽̂𝛼

1

2
𝔗𝛽̂𝛼

1

2
𝒟𝛼̂𝛽 0 −𝜖𝛿

𝛽̂
𝛼̂

−
1

2
𝒟𝛼̂𝛽 −𝜖𝛿

𝛽̂
𝛼̂ 0

|

|
|
𝜐⊥

𝛽

0
0

| |
𝜐⊥

𝛼

0
0

| 

|

|
0

1

2
𝒴𝛼

𝛼̂ −
1

2
𝒴𝛼

𝛼̂

1

2
𝒴𝛼𝛼̂ 0 0

−
1

2
𝒴𝛼𝛼̂ 0 0

|

|
|

√2𝜐𝛽

𝒴𝛽̂𝛼𝜐𝛼

−𝒴𝛽̂𝛼𝜐𝛼

| =
1

√2
|

√2𝜐𝛼

𝒴𝛼̂𝛼𝜐𝛼

−𝒴𝛼̂𝛼𝜐𝛼

| 

|

|
0

1

2
𝒴𝛼

𝛼̂ −
1

2
𝒴𝛼

𝛼̂

1

2
𝒴𝛼𝛼̂ 0 0

−
1

2
𝒴𝛼𝛼̂ 0 0

|

|
|

√2𝜐𝛽

𝒴𝛽̂𝛼𝜐𝛼

−𝒴𝛽̂𝛼𝜐𝛼

| = −
1

√2
|

√2𝜐𝛼

𝒴𝛼̂𝛼𝜐𝛼

−𝒴𝛼̂𝛼𝜐𝛼

| 
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𝑒−Γ = 𝑒−𝔖
1

√det
𝛽

𝛼
= 𝑒−𝔖√det ℘𝛽

𝛼 

𝑒−Γ = 𝑒−𝔖 = √
det 𝔗𝛽

𝛼 𝔗𝛽
𝔟

det⊥ 𝔖𝛽
𝛼  

𝑒−Γ = 𝑒−𝔖 =
det 𝔗𝛽

𝔟 𝔗𝛾
𝛽

√det 𝔖𝛽
𝛼 + 𝔗𝛼

𝛼𝔗𝛽
𝛼

 

1.12. Cálculos gravitatorios a escala cuántica. 

𝛿𝔖

𝛿𝜙𝛼
𝒟𝜇̂(𝜒) = 𝜒𝜇̂ 

|
𝛿𝛼𝛽 𝒟𝛼

𝛽̂

𝒟𝛽
𝛼̂ 0

| |
𝒫𝛽𝑐 𝒫𝛾̂

𝛽

𝒫
𝛽̂
𝑐 𝒫𝛽𝛾̂

| = |
𝛿𝛼𝛽𝒫𝛽𝑐 + 𝒟𝛼

𝛽̂
𝒫

𝛽̂
𝑐 𝛿𝛼𝛽𝒫𝛾̂

𝛽
+ 𝒟𝛼

𝛽̂
𝒫𝛽𝛾̂

𝒟𝛽
𝛼̂𝒫𝛽𝑐 𝒟𝛽

𝛼̂𝒫𝛾̂
𝛽

| = |
𝛿𝑐

𝛼 0

0 𝛿𝛾̂
𝛼̂| 

𝒫𝛼̂
𝛼 = 𝔗𝛼̂

𝛼, 𝒫
𝛽̂
𝛼𝒟𝛽

𝛽̂
= ∏‖𝛽

𝛼 ≡ −𝔗𝛼̂
𝛼𝒟𝛽

𝛼̂ , 𝛿𝛼𝛽𝒫𝛽𝑐 = ∏⊥𝑐
𝛼 ≡ 𝛿𝛽

𝛼 − ∏‖𝛽
𝛼  

𝛼𝛽
≡ 𝛿𝛼𝛽 + 𝒟𝛼

𝛼̂𝜂𝛼𝛽̂𝒟𝛽
𝛽̂
,

𝛼𝛽
𝒫𝛽𝑐 = 𝛿𝛼

𝑐 , ℘𝛼𝛽 = 𝒫𝛼𝛽 + 𝔗𝛼
𝛼𝜂𝛼𝛽𝔗𝛽

𝛽
, 𝒫𝛼𝛽

= ℘𝛼𝛽 − 𝔗𝛼
𝛼𝜂𝛼𝛽𝔗𝛽

𝛽
,

𝛼𝑐
𝒫𝛽𝑐 = ∏⊥𝛼

𝛽
, 𝒫𝛼𝛽 = ∏⊥𝑐

𝛼 ℘𝑐𝛽, 𝒫𝛼𝛽

= ∏⊥𝑐
𝛼 ℘𝑐𝑑∏⊥𝑑

𝛽
, ℘𝛼𝛽𝒟𝛽

𝛼 = −𝔗𝛽
𝛼𝜂𝛽𝛼,

𝛼𝛽
𝔗𝛼̂

𝛽
= 𝒟𝛼

𝛽̂
𝜂𝛽𝛼̂ 

𝑒−Γ = 𝑒−𝔖 √det 𝛾𝛼𝛽

√det |
𝛿𝛼𝛽 𝒟𝛼

𝛽̂

𝒟𝛽
𝛼̂ 0

| √det 𝜂𝛼𝛽

 

det |
𝛿𝛼𝛽 𝒟𝛼

𝛽̂

𝒟𝛽
𝛼̂ 0

|det 𝛾𝛼𝛽 det 𝜂𝛼𝛽 = det |
𝛿𝛽

𝛼 𝒟𝛽
𝛼̂

𝒟𝛽
𝛼̂ 0

| 

det |
𝛿𝛽

𝛼 𝒟𝛽
𝛼̂

𝒟𝛽
𝛼̂ 0

| = det |
𝛿𝛽

𝛼 𝒟𝛽
𝛼̂

𝒟𝛽
𝛼̂ 0

| = det |
℘𝛽

𝛼 0

0 𝛿𝛽
𝛼| det

𝛽

𝛼
= det |

∏⊥𝛽
𝛼 𝒟

𝛽̂
𝛼

−𝔗𝛽
𝛼̂ 0

|det
𝛽

𝛼
 

det |
∏⊥𝛽

𝛼 𝒟
𝛽̂
𝛼

−𝔗𝛽
𝛼̂ 0

| = 1 

|
∏⊥𝛽

𝛼 𝒟
𝛽̂
𝛼

−𝔗𝛽
𝛼̂ 0

|

2

= |
𝛿𝛽

𝛼 0

0 𝛿
𝛽̂
𝛼̂| 

𝑒−Γ = 𝑒−𝔖
1

√det
𝛽

𝛼
= 𝑒−𝔖√det ℘𝛽

𝛼 
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𝑒−Γ = 𝑒−𝔖√
det 𝔗𝛽

𝒷 𝔗𝛾
𝛽

det⊥ 𝔖𝛽
𝛼  

1.13. Gauge independiente. 

𝛿𝜃𝜙𝒜 = 𝛿Α𝜃, 𝑠 = 𝛿Α
𝛿

𝛿𝜙𝒜
= 𝔗𝛼[𝜙]𝛼ℭ𝛼

𝛿

𝛿𝜙𝛼
+

1

2
𝑓𝛽𝛾

𝛼 ℭ𝛽ℭ𝛾
𝛿

𝛿ℭ𝛼
− ℬ𝛼̂

𝛿

𝛿Α𝛼̂
− ℬ̅𝛼̂

𝛿

𝛿Α̅𝛼̂

 

𝜌̃ ≡ 𝜇̃𝑒−𝔖
𝛿

𝛿𝜙𝒜 (𝛿Α𝜌̃) 

𝜕

𝜕𝜁
𝒵 = ∭ 𝑑𝜙𝜌̃𝛿Α

𝛿

𝛿𝜙𝒜
Υ = ∭ 𝑑𝜙

𝛿

𝛿𝜙𝒜 (𝜌̃𝛿Α) Υ 

1.14. Ecuación fundamental. 

𝛿[𝜙] ↦ 𝛿[𝜙] − 𝛿Α[𝜙]𝜙Α
⋆ , 𝜌̃

𝛿

𝛿𝜙Α
⋆ = 𝛿Α𝜌̃,

𝛿

𝛿𝜙𝒜
𝜌̃

𝛿

𝛿𝜙Α
⋆ 𝒥𝒜

𝛿𝒲

𝛿𝜙Α
⋆ Γ

𝛿

𝛿𝜙𝒜

𝛿

𝛿𝜙Α
⋆ Γ[ℊ⋆𝜙, ℊ⋆𝜙⋆] 

𝛿Α𝜙Α
⋆ = ∭ (∇𝜇ℭ𝑖𝒶⋆𝑖

𝜇
+

1

2
𝑓𝑖𝑗

𝑘ℭ𝑖ℭ𝑗ℭ𝜅
⋆)

𝜒

+ ∭ 𝑡𝑟 (ΒΑ⋆
𝔗 + ΒΑ⋆

𝔗̅̅ ̅̅ ̅)

𝜒

 

∇𝜇ℭ𝑖𝒶⋆𝑖
𝜇

=
1

2
𝑡𝑟(𝜕𝜇ℭ − 𝑖[𝛼𝜇 , ℭ])𝒶⋆

𝜇
, ℊ⋆𝒶⋆

𝜇
= 𝔊[ℊ]𝛼⋆𝔊−1[ℊ],

1

2
𝑓𝑖𝑗

𝑘ℭ𝑖ℭ𝑗ℭ𝜅
⋆ = −𝑖2𝑡𝑟ℭ2ℭ𝜅

⋆ , ℊ⋆ℭ⋆

= 𝔊[ℊ]ℭ⋆𝔊−1[ℊ], ℊ⋆Α⋆ = Α⋆𝔊̅−1[ℊ] 

1.15. Cálculos referenciales relativos a BRST. 

𝑟 = Γ
𝛿

𝛿𝜙𝒜

𝛿

𝛿𝜙Α
⋆ − Γ

𝛿

𝛿𝜙Α
⋆

𝛿

𝛿𝜙𝒜
,

𝜕

𝜕𝜁
Γ = ψΑ

𝛿Γ

𝛿𝜙𝒜
, 𝑟Υ = ψΑ

𝛿Γ

𝛿𝜙𝒜
, 𝑟Υ

=
𝛿

𝛿𝜙𝒜

𝛿

𝛿𝜙Α
⋆ Υ − Γ

𝛿

𝛿𝜙Α
⋆

𝛿

𝛿𝜙𝒜
Υ − Γ

𝛿

𝛿𝜙Α
⋆

𝛿

𝛿𝜙𝒜
Υ =

𝛿Γ

𝛿𝜙𝒜
ΘΑ 

𝛿

𝛿𝜙𝒜
Γ

𝛿

𝛿𝜙Β

𝛿

𝛿𝜙Β
⋆ Γ +

𝛿

𝛿𝜙𝒜
Γ

𝛿

𝛿𝜙Β
⋆

𝛿

𝛿𝜙Β
Γ

𝛿

𝛿𝜙ℭ
⋆ Γ + 𝒫𝒞ℬ

𝛿

𝛿𝜙𝒜

𝛿

𝛿𝜙Β
⋆

𝛿

𝛿𝜙Β
Γ 

𝜕

𝜕𝜁
Γ = rΥΛ

𝜕

𝜕Λ
Γ = rΥ 

1.16. Cálculos suplementarios relativos a la teoría de Yang – Mills. 

[ℳ, 𝒩]𝜂 = [[ℳ, 𝒩]𝜂−1, 𝒩], 𝑒𝒩ℳ𝑒−𝒩 = ∑(−1)𝜂

∞

𝜂=0

1

𝜂!
[ℳ, 𝒩]𝜂 , [𝑡𝑖, 𝑖𝔤

𝑗𝑡𝑗]𝜂

= (−1)𝜂(ℱ𝜂(𝔤))
𝑖𝓀

𝑡𝓀, 𝑒𝑖𝔤𝑗𝑡𝑗𝑡𝑖𝑒
−𝑖𝔤𝑗𝑡𝑗 = ∑

1

𝜂!
(ℱ𝜂(𝔤))

𝑖𝓀
𝑡𝓀

∞

𝜂=0

= (𝑒ℱ(𝔤))
𝑖𝓀

𝑡𝓀

= 𝑡𝓀(𝑒−ℱ(𝔤))
𝓀𝑖

, 𝑒−𝑖𝔤𝑗𝑡𝑗𝑡𝑖 = 𝑡𝓀𝑒−𝑖𝔤𝑗𝑡𝑗(𝑒−ℱ(𝔤))
𝑘𝑖
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𝑖
𝜕

𝜕𝔥𝑖
(ℊ⋆𝔥⋆𝔤̂)𝑗𝑡𝑗|

𝔥=1

=
𝜕

𝜕𝔥𝑖
𝑒𝑖ℊ⋆𝔥⋆𝔤̂𝑗𝑡𝑗|

𝔥=1

𝑖
𝜕

𝜕𝔥𝑖
(ℊ⋆𝔥⋆𝔤̂)𝑗𝑡𝑗|

𝔥=1

=
𝜕

𝜕𝔥𝑖
𝑒𝑖𝔤𝑗𝑡𝑗𝑒𝑖𝔥𝑗𝑡𝑗𝑒−𝑖𝔤𝑗𝑡𝑗|

𝔥=1

= 𝑒𝑖𝔤𝑗𝑡𝑗𝑖𝑡𝑖𝑒
−𝑖𝔤𝑗𝑡𝑗 ,

𝜕

𝜕𝔥𝑖
(ℊ⋆𝔥⋆𝔤̂)𝓀|

𝔥=1

= (𝑒ℱ)
𝑖𝓀

= (𝑒−ℱ)
𝓀𝑖

 

ℊ⋆𝒶𝜇
𝑖 𝑡𝑖 = 𝑒𝑖𝔤𝑗𝑡𝑗𝒶𝜇

𝑖 𝑡𝑖𝑒
−𝑖𝔤𝑗𝑡𝑗 + 𝑒𝑖𝔤𝑗𝑡𝑗𝜕𝜇𝔤𝑖𝑡𝑖𝑒

−𝑖𝔤𝑗𝑡𝑗 = 𝒶𝜇
𝑖 (𝑒ℱ)

𝑖𝓀
𝑡𝓀 + 𝜕𝜇𝔤𝑖(𝑒ℱ)

𝑖𝓀
𝑡𝓀 

ℊ⋆𝒶𝜇
𝓀 = 𝒶𝜇

𝑖 (𝑒ℱ)
𝑖𝓀

+ 𝜕𝜇𝔤𝑖(𝑒ℱ)
𝑖𝓀

, ℊ⋆𝒶𝜇
𝓀 = (𝑒−ℱ)

𝓀𝑖
𝒶𝜇

𝑖 + (𝑒−ℱ)
𝓀𝑖

𝜕𝜇𝔤𝑖 

𝔗𝛼
𝛼[𝜙] = 𝔗𝜇𝑗

𝑖 𝜖𝑗 = 𝜕𝜇𝜖𝑖 + 𝑓𝑖𝑗𝑘Α𝜇
𝑗
𝜖𝓀 

1.17. Transformaciones de Yang – Mills. 

det 𝛿𝛽
𝛼 −

𝛿𝔈̂𝛼

𝛿𝜙𝛽
𝒰𝛼 [𝔈]𝛽

𝔗𝛽
𝛼[𝜙] = det 𝛿𝛽

𝛼 − 𝔗𝛽
𝛼[𝜙]

𝛿𝔈̂𝛾

𝛿𝜙𝛼
𝒰𝛾 [𝔈]𝛼 , 𝔗𝛽

𝛼[𝜙]
𝛿𝔈̂𝛾

𝛿𝜙𝛼

=
𝛿

𝛿ℊ𝛽
𝔈̂𝛾[ℊ⋆𝜙]|

ℊ=1

𝒰𝛾 [𝔈]𝛼 =
𝛿𝔥⋆𝔈𝛼

𝛿𝔥𝛾 |
𝔥=𝔈̂

, 𝔗𝛽
𝛼[𝜙]

𝛿𝔈̂𝛾

𝛿𝜙𝛼
𝒰𝛾 [𝔈]𝛼

=
𝛿

𝛿ℊ𝛽
𝔈̂𝛾[ℊ⋆𝜙]|

ℊ=1

𝛿𝔥⋆𝔈𝛼

𝛿𝔥𝛾 |
𝔥=𝔈̂

 

𝔗𝛽
𝛼[𝜙]

𝛿𝔈̂𝛾

𝛿𝜙𝛼
𝒰𝛾 [𝔈]𝛼 =

𝛿𝔈̂[ℊ⋆𝜙]⋆𝔈
𝛼[𝜙]

𝛿ℊ𝛽
|
ℊ=1

, 𝔗𝛽
𝛼[𝜙]

𝛿𝔈̂

𝛿𝜙𝛼
𝒰𝛾 [𝔈]𝛼

=
𝛿ℊ⋆𝔈̂𝛾[𝜙]⋆𝔈

𝛼[𝜙]

𝛿ℊ𝛽
|
ℊ=1

,
𝛿ℊ⋆𝔈̂[𝜙]⋆𝔈

𝛼[𝜙]

𝛿ℊ𝛽
|
ℊ=1

= 𝛿𝛽
𝛼 +

𝛿𝔈̂[𝜙]⋆ℊ̂⋆𝔈𝛼[𝜙]

𝛿ℊ𝛽
|
ℊ=1

= 𝛿𝛽
𝛼 −

𝛿𝔈̂[𝜙]⋆ℊ⋆𝔈𝛼[𝜙]

𝛿ℊ𝛽
|
ℊ=1

 

2. Supersimetría de Yang – Mills. 

2.1. Correlaciones de Wilson. 

(𝛼; 𝑞)0 ≔ 1, (𝛼; 𝑞)𝜂 ≔ ∏(1 − 𝛼𝑞𝜅)

𝜂−1

𝜅=0

, (𝑞)𝜂 ≔ ∏(1 − 𝑞𝜅)

𝜂

𝜅=1

, (𝛼; 𝑞)∞ ≔ ∏(1 − 𝛼𝑞𝜅)

∞

𝜅=0

, (𝑞)∞

≔ ∏(1 − 𝑞𝜅)

∞

𝜅=1

 

(𝛼𝜒±; 𝑞)𝜂 ≔ (𝛼𝜒; 𝑞)𝜂(𝛼𝜒−1; 𝑞)𝜂 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒢(𝜏; 𝑞)

=
1

|Weyl(𝔊)|

(𝑞)∞
2𝑟𝑎𝑛𝑘(𝔊)

(𝑞
1
2𝜏±2; 𝑞)

∞

𝑟𝑎𝑛𝑘(𝔊)
∰ ∏ 𝑑𝑠

𝛼∈𝑟𝑜𝑜𝑡(𝔊)

(𝛿𝛼; 𝑞)∞(𝑞𝛿𝛼; 𝑞)∞

(𝑞
1
2𝜏2𝛿𝛼; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝛼; 𝑞)

∞

∏ 𝜒ℛ𝑖

𝔤

𝜅

𝑖=1

 

𝔗𝔊(𝜏; 𝑞) ≔ 𝑇𝑟(−1)ℱ𝑞𝔍+
ℌ+ℭ

4 𝜏ℌ−ℭ 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒢(𝜏; 𝑞) =
〈𝒲ℛ1

⋅⋅⋅ 𝒲ℛ𝜅
〉𝒢(𝜏; 𝑞)

𝔗𝔊(𝜏; 𝑞)
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〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉1
2
ℬ𝒫𝒮

𝒢 (𝓆) =
1

|Weyl(𝔊)|

1

(1 − 𝓆2)𝑟𝑎𝑛𝑘(𝔊)
∰ ∏ 𝑑𝑠

𝛼∈𝑟𝑜𝑜𝑡(𝔊)

(1 − 𝛿𝛼)

(1 − 𝓆2𝛿𝛼)
∏ 𝜒ℛ𝑖

𝔤

𝜅

𝑖=1

 

1

𝒩!
∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

𝒩

𝑖=1

∏ 1 −
𝛿𝑖
𝛿𝑗

𝑖≠𝑗

∏ 1 − 𝜏
𝛿𝑖
𝛿𝑗

𝑖=𝑗

𝒫𝜇(𝛿, 𝜏)𝒫𝜆(𝛿−1, 𝜏) =
𝛿𝜇𝜆

(𝜏; 𝜏)𝒩−ℓ(𝜇) ∏ (𝜏; 𝜏)𝑚𝑗(𝜇)𝑗≥1
 

1

|Weyl(𝔊)|
∰ ∏ 𝑑𝑠(1 − 𝛿𝛼)

𝛼∈𝑟𝑜𝑜𝑡(𝔊)

∏ 𝜒ℛ𝑖

𝔤

𝜅

𝑖=1

 

2.2. Correaciones de ’t Hooft. 

〈𝔗𝔅𝔗𝔅〉𝒢(𝜏; 𝑞) = ∑
1

|Weyl(𝔊)|
𝜐∈Rep(𝔅)

(𝑞)∞
2𝑟𝑎𝑛𝑘(𝔊)

(𝑞
1
2𝜏±2; 𝑞)

∞

𝑟𝑎𝑛𝑘(𝔊) ∰ ∏ 𝑑𝑠

𝛼∈𝑟𝑜𝑜𝑡(𝔊)

⨂

(𝛿
|𝛼(𝔅)|

2 𝛿𝛼; 𝑞)
∞

(𝑞1+
|𝛼(𝔅)|

2 𝛿𝛼; 𝑞)
∞

(𝑞
1+|𝛼(𝔅)|

2 𝜏2𝛿𝛼; 𝑞)
∞

(𝑞
1+|𝛼(𝔅)|

2 𝜏−2𝛿𝛼; 𝑞)
∞

𝒵𝑏𝑢𝑏𝑏
(𝔅,𝜐)(𝑡, 𝛿; 𝑞) 

2.3. Teoría SYM en dimensión ℝ𝟒. 

(𝓏𝑒, 𝓏𝑚) ∈ ℤ2⨂ℤ2 

𝜒𝓈℘
𝛿𝜊(2𝒩+1)

= ∏ (𝛿
𝑖

1
2 + 𝛿

𝑖

−
1
2)

𝒩

𝑖=1

 

𝜒
𝛿𝜊(2𝒩+1)

= 1 + ∏(𝛿𝑖 + 𝛿𝑖
−1)

𝒩

𝑖=1

 

𝜒𝜆
𝛿𝜊(2𝒩+1)

=
det (𝛿𝑗

𝜆𝑖+𝒩−𝑖+1/2
− 𝛿𝑗

−(𝜆𝑖+𝒩−𝑖+1/2)
)

det (𝛿𝑗
𝒩−𝑖+1/2

− 𝛿𝑗
−(𝒩−𝑖+1/2)

)
 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒮𝒪(2𝒩+1) = ∭ 𝑑𝜇𝒮𝒪(2𝒩+1) exp [∑
1

𝜂
𝑓𝜂(𝑞, 𝜏)

𝒫̅𝜂(𝛿)2 − 𝒫̅2𝜂(𝛿)

2

∞

𝜂=1

] ∏ 𝜒ℛ𝑖

𝒮𝒪(2𝒩+1)

𝜅

𝑖=1

(𝛿) 

𝑑𝜇𝒮𝒪(2𝒩+1) =
1

2𝒩𝒩!
∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(1 − 𝛿𝑖)(1 − 𝛿𝑖
−1)

𝒩

𝑖=1

⨂ ∏ (1 − 𝛿𝑖𝛿𝑗)

1≤𝑖≤𝑗≤𝒩

(1 − 𝛿𝑖
−1𝛿𝑗

−1)(1

− 𝛿𝑖𝛿𝑗
−1)(1 − 𝛿𝑗𝛿𝑖

−1) 

𝑓𝜂(𝑞, 𝜏) =
𝑞𝜂/2(𝜏2𝜂 + 𝜏−2𝜂) − 2𝑞𝜂

1 − 𝑞𝜂
 

𝒫𝑚(𝛿) ≔ ∑(𝛿𝑖
𝑚 + 𝛿𝑖

−𝑚
)

𝒩

𝑖=1

 

𝒫𝑚(𝛿) ≔ 1 + 𝒫𝑚(𝛿) = 1 + ∑(𝛿𝑖
𝑚 + 𝛿𝑖

−𝑚
)

𝒩

𝑖=1
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ℳ𝜂(𝛿) =
𝒫𝜂(𝛿)2 − 𝒫̅2𝜂(𝛿)

2
= 𝒫𝜂(𝛿) +

𝒫𝜂(𝛿)2 − 𝒫2𝜂(𝛿)

2
exp (∑

1

𝜂
𝑓𝜂(𝑞, 𝜏)ℳ𝜂(𝛿)

∞

𝜂=1

)

= ∑
1

𝓏𝜆
𝜆

𝑓𝜆(𝑞, 𝜏)ℳ𝜆(𝛿) 

𝓏𝜆 = ∏ 𝑖𝑚𝑖𝑚𝑖!

∞

𝑖=1

, 𝑓𝜆(𝑞, 𝜏) = ∏ 𝑓𝜆𝑖
(𝑞, 𝜏)

ℓ(𝜆)

𝑖=1

, ℳ𝜆(𝛿) = ∏ ℳ𝜆𝑖
(𝛿)

ℓ(𝜆)

𝑖=1

 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒮𝒪(2𝒩+1) = ∑
1

𝓏𝜆
𝜆

𝑓𝜆(𝑞, 𝜏) ∭ 𝑑𝜇𝒮𝒪(2𝒩+1) ℳ𝜆(𝛿) ∏ 𝜒ℛ𝑖

𝒮𝒪(2𝒩+1)

𝜅

𝑖=1

(𝛿) 

∭ 𝑑𝜇𝒮𝒪(2𝒩+1) ℳ𝜆(𝛿) ∏ 𝜒ℛ𝑖

𝒮𝒪(2𝒩+1)

𝜅

𝑖=1

(𝛿) 

∭ 𝑑𝜇𝒮𝒪(2𝒩+1) 𝒫𝜇(𝛿) = ∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈ℜ2𝒩+1(|𝜇|)

+ ∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈𝒲2𝒩+1(|𝜇|)

 

ℜ𝜂(℘) = {𝜆 ⊢ ℘|ℓ(𝜆) ≤ 𝜂∀𝜆𝑖} 

𝒲𝜂(℘) = {𝜆 ⊢ ℘|ℓ(𝜆) = 𝜂∀𝜆𝑖} 

𝛿𝜆 = ∑
𝜒𝜆

𝛿(𝜇)

𝓏𝜇
℘𝜇

𝜇⊢𝜆

 

ℳ𝜆(𝛿) ∏ 𝜒ℛ𝑖

𝒮𝒪(2𝒩+1)

𝜅

𝑖=1

(𝛿) = ∑ 𝛼𝜆,ℛ
𝜇

𝜇

𝒫𝜇(𝛿) 

∭ 𝑑𝜇𝒮𝒪(2𝒩+1) ℳ𝜆(𝛿) ∏ 𝜒ℛ𝑖

𝒮𝒪(2𝒩+1)

𝜅

𝑖=1

(𝛿) = ∑ 𝛼𝜆,ℛ
𝜇

𝜇

∭ 𝑑𝜇𝒮𝒪(2𝒩+1) 𝒫𝜇(𝛿)

= ∑ 𝛼𝜆,ℛ
𝜇

𝜇

( ∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈ℜ2𝒩+1(|𝜇|)

+ ∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈𝒲2𝒩+1(|𝜇|)

) 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒮𝒪(2𝒩+1) = ∑
1

𝓏𝜆
𝜆

𝑓𝜆(𝑞, 𝜏) ∑ 𝛼𝜆,ℛ
𝜇

𝜇

( ∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈ℜ2𝒩+1(|𝜇|)

+ ∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈𝒲2𝒩+1(|𝜇|)

) 

(𝜒𝛿℘
𝒮𝒪(2𝒩+1)

)
2

= ∑(1 + 𝛿𝑖)(1 + 𝛿𝑖
−1)

𝒩

𝑖=1

 

𝑑𝜇𝒮𝒪(2𝒩+1) (𝜒𝛿℘
𝒮𝒪(2𝒩+1)

)
2

= 𝑑𝜇𝒰𝛿℘(2𝒩) 

𝑑𝜇𝒰𝛿℘(2𝒩) =
1

2𝒩𝒩!
∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖
(1 − 𝛿𝑖

2)(1 − 𝛿𝑖
−2)

𝒩

𝑖=1

⨂ ∏ (1 − 𝛿𝑖𝛿𝑗)

1≤𝑖≤𝑗≤𝒩

(1 − 𝛿𝑖
−1𝛿𝑗

−1)(1

− 𝛿𝑖𝛿𝑗
−1)(1 − 𝛿𝑗𝛿𝑖

−1) 
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〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(2𝒩+1) = ∭ 𝑑𝜇𝒰𝛿℘(2𝒩) exp (∑
1

𝜂
𝑓𝜂(𝑞, 𝜏)ℳ𝜂(𝛿)

∞

𝜂=1

)

= ∭ 𝑑𝜇𝒰𝛿℘(2𝒩) exp [∑
1

𝜂
𝑓𝜂(𝑞, 𝜏) (𝒫𝜂(𝛿) +

𝒫𝜂(𝛿)2 − 𝒫2𝜂(𝛿)

2
)

∞

𝜂=1

] 

𝔗𝒮𝒪(3)(𝜏, 𝑞) = 𝔗𝒰𝛿℘(2)(𝜏; 𝑞) = −

(𝑞
1
2𝜏±2; 𝑞)

∞

(𝑞; 𝑞)∞
2

∑
(𝑞

1
2𝜏−2)

℘1+℘2−2

(1 − 𝑞
℘1−

1
2𝜏2) (1 − 𝑞

℘2−
1
2𝜏2)℘1,℘2∈ℤ

℘1≤℘2

 

2.4. Spin de Wilson. 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(3)(𝜏; 𝑞) =
1

2

(𝑞)∞
2

(𝑞
1
2𝜏±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝛿

(𝛿±; 𝑞)
∞

(𝑞𝛿±; 𝑞)
∞

(𝑞
1
2𝜏2𝛿±

; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿±

; 𝑞)
∞

(𝛿1/2 + 𝛿−1/2
)

2
 

〈𝔗
(
1
2
)
𝔗

(
1
2
)
〉𝒰𝛿℘(2)/ℤ2 (𝜏; 𝑞)

=
(𝑞)∞

2

(𝑞
1
2𝜏±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝛿

(𝑞
1
2𝛿±2; 𝑞)

∞
(𝑞

3
2𝛿±2; 𝑞)

∞

(𝑞𝜏2𝛿±2; 𝑞)∞(𝑞𝜏−2𝛿±2; 𝑞)∞
(𝛿1/2 + 𝛿−1/2)

2
 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(3)(𝜏; 𝑞) = 〈𝔗
(
1
2)

𝔗
(
1
2)

〉𝒰𝛿℘(2)/ℤ2 (𝜏; 𝑞) 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(3)(𝜏; 𝑞) = 〈𝔗
(
1
2)

𝔗
(
1
2)

〉𝒰𝛿℘(2)/ℤ2 (𝜏; 𝑞) = 〈𝒲 𝒲 〉𝒮𝒰(2) (𝜏; 𝑞)

=
(𝑞

1
2𝜏±2; 𝑞)

∞

(𝑞𝜏±4; 𝑞)∞
∑

𝜏2𝑚 − 𝜏−2𝑚

𝜏2 − 𝜏−2
𝑚∈ℤ∖{0,𝜂}

𝑞
𝑚−1

2

1 − 𝑞𝑚 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(3)
(𝓆) = 〈𝔗

(
1
2)

𝔗
(
1
2)

〉1
2
𝔅𝔓𝔖

𝒰𝛿℘(2)/ℤ2 (𝓆) = 〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒰(2) (𝓆) =
1 + 𝓆2

1 − 𝓆4
=

1

1 − 𝓆2
 

〈𝒲𝛿℘𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉𝑆𝑝𝑖𝑛(3)
⏟              

2𝜅

(𝜏; 𝑞) = 〈𝒲 𝒲 ⋅⋅⋅ 𝒲 〉𝒮𝒰(2)
⏟                

2𝜅

(𝜏; 𝑞) 

2𝜅⏟
〈𝒲𝛿℘𝒲𝛿℘⋅⋅⋅𝒲𝛿℘〉𝑆𝑝𝑖𝑛(3)

(𝜏; 𝑞) = 2𝜅⏟
〈𝒲 𝒲 ⋅⋅⋅𝒲 〉𝒮𝒰(2)

(𝜏; 𝑞) 

 

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(3)

⏟            
2𝜅

(𝓆) = 𝔗1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) ∑ 𝛼𝜅

𝛿𝜊(3) (𝑖)𝛿℘ 𝓆2𝑖

𝜅

𝑖=0

=
1

1 − 𝓆4
∑ 𝛼𝜅

𝛿𝜊(3) (𝑖)𝛿℘ 𝓆2𝑖

𝜅

𝑖=0

 

𝛼𝜅
𝛿𝜊(3)

(𝑖)𝛿℘ = (2𝑖 + 1)
(2𝜅)!

(𝜅 − 𝑖)! (𝜅 + 𝑖 + 1)!
= ℭ𝜅+𝑖+1,2𝑖+1 
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ℭ𝑚,𝜂 =
𝑚

𝜂
(
2𝜂 − 𝑚 − 1

𝜂 − 1
) 

ℭ𝜅 =
1

𝜅 + 1
(
2𝜅
𝜅

) = ∏
𝑖 + 𝑗 + 2

𝑖 + 𝑗
1≤𝑖≤𝑗≤𝜅−1

 

1 − √1 − 4𝜒

2𝜒
= ∑ 𝛼𝜅

𝛿𝜊(3) (0)𝛿℘ 𝜒𝜅

∞

𝜅=0

 

1

𝜒𝑖+1
(
1 − √1 − 4𝜒

2𝜒
)

2𝑖+1

= ∑ 𝛼𝜅
𝛿𝜊(3) (𝑖)𝛿℘ 𝜒𝜅

∞

𝜅=0

 

∑ 𝜒𝜅

∞

𝜅=0

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(3)

⏟            
2𝜅

(𝓆) =
1

1 − 𝓆4
⨂

2(1 − √1 − 4𝜒)

4𝜒 − (1 − √1 − 4𝜒)
2
𝓆2

 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(5)(𝜏; 𝑞)

=
1

8

(𝑞)∞
4

(𝑞
1
2𝜏±; 𝑞)

∞

2 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝛿𝑖
±; 𝑞)

∞
(𝑞𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏2𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿𝑖

±; 𝑞)
∞

⨂
(𝛿1

±𝛿2
∓; 𝑞)

∞
(𝛿1

±𝛿2
±; 𝑞)

∞
(𝑞𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞𝛿1

±𝛿2
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿1

±𝛿2
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿1

±𝛿2
±; 𝑞)

∞

4

𝑖=1

 

〈𝔗
(
1
2
,
1
2
)
𝔗

(
1
2
,
1
2

)
〉𝒰𝛿℘(4)/ℤ2 (𝜏; 𝑞)

=
1

2

(𝑞)∞
4

(𝑞
1
2𝜏±2; 𝑞)

∞

2 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝑞
1
2𝛿𝑖

±2; 𝑞)
∞

(𝑞
3
2𝛿𝑖

±2; 𝑞)
∞

(𝑞𝜏2𝛿𝑖
±2; 𝑞)

∞
(𝑞𝜏−2𝛿𝑖

±2; 𝑞)
∞

⨂

(𝛿1
±𝛿2

∓; 𝑞)
∞

(𝑞
1
2𝛿1

±𝛿2
±; 𝑞)

∞
(𝑞𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞

3
2𝛿1

±𝛿2
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞𝜏2𝛿1

±𝛿2
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞𝜏−2𝛿1

±𝛿2
±; 𝑞)

∞

4

𝑖=1

 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(5)(𝜏; 𝑞) = 〈𝔗
(
1
2
,
1
2
)
𝔗

(
1
2
,
1
2
)
〉𝒰𝛿℘(4)/ℤ2 (𝜏; 𝑞) 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(5)
(𝓆) = 〈𝔗

(
1
2,

1
2)

𝔗
(
1
2,

1
2)

〉1
2
𝔅𝔓𝔖

𝒰𝛿℘(4)/ℤ2 (𝓆) =
1 + 𝓆2 + 𝓆4 + 𝓆6

(1 − 𝓆4)(1 − 𝓆8)
=

1

(1 − 𝓆2)(1 − 𝓆4)
 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(5)

⏟          
4

(𝓆) =
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 + 𝓆12

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(5)

⏟          
6

(𝓆) =
1

(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(5)

⏟          
8

(𝓆) =
1

(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 



pág. 8705 

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(5)

⏟            
2𝜅

(𝓆) =
∑ 𝛼𝜅

𝛿𝜊(5) (𝑖)𝛿℘ 𝓆2𝑖3𝜅
𝑖=0

(1 − 𝓆4)(1 − 𝓆8)
 

𝛼𝜅
𝛿𝜊(5) (0)𝛿℘ = ℭ𝜅ℭ𝜅+2 − ℭ𝜅+1

2 =
48(2𝜅 + 1)! (2𝜅 − 1)!

(𝜅 − 1)! 𝜅! (𝜅 + 2)! (𝜅 + 3)!
= ∏

𝑖 + 𝑗 + 4

𝑖 + 𝑗
1≤𝑖≤𝑗≤𝜅−1

 

𝔉23 (1,
1

2
,
3

2
, 6,8; 32𝜒) = ∑ 𝛼𝜅

𝛿𝜊(5) (0)𝛿℘ 𝜒𝜅

∞

𝜅=0

 

𝔉𝑞℘ = (𝛼1 ⋅⋅⋅ 𝛼℘; 𝛽1 ⋅⋅⋅ 𝛽℘; 𝜁) = ∑
(𝛼1)𝜅(𝛼2)𝜅 ⋅⋅⋅ (𝛼℘)

𝜅

(𝛽1)𝜅(𝛽2)𝜅 ⋅⋅⋅ (𝛽𝑞)
𝜅

∞

𝜅=0

𝜁𝜅

𝜅!
 

𝛼𝜅
𝛿𝜊(5)

(1)𝛿℘ =
120(2𝜅)! (2𝜅 + 2)!

(𝜅 − 1)! 𝜅! (𝜅 + 3)! (𝜅 + 4)!
 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)

⏟            
𝜅

(𝓆) =
∑ 𝛼𝜅

𝒮𝒪(5) (𝑖)𝓆2𝑖2𝜅
𝑖=0

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

𝓆4

(1 − 𝓆4)(1 − 𝓆8)
, 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8

(1 − 𝓆4)(1 − 𝓆8)

=
1 − 𝓆10

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)
, 〈𝒲 𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10

(1 − 𝓆4)(1 − 𝓆8)
, 〈𝒲 𝒲 𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)
(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8

+ 𝓆10), 〈𝒲 𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

𝛼𝜅
𝒮𝒪(5) (𝑖) = ∑ ℭ𝑖ℭ𝑖+1

⌊
𝜅
2

⌋

𝑖=0

(
𝜅
2𝑖

) − ∑ ℭ𝑖
2

⌊
𝜅+1

2
⌋

𝑖=0

(
𝜅

2𝑖 − 1
) = 𝜅3𝔉2 (

3

2
,
1

2
−

𝜅

2
) + 𝔉23 (1,

1

2
,
3

2
+

𝜅

2
) 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)

⏟            
𝜅

(𝓆) =

∑ 𝛼𝜅
𝒮𝒪(5) (𝑖)𝓆2𝑖3𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆8)
 



pág. 8706 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

𝓆2 + 𝓆6

(1 − 𝓆4)(1 − 𝓆8)
=

𝓆2

(1 − 𝓆4)2
, 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 + 𝓆12

(1 − 𝓆4)(1 − 𝓆8)

=
(1 − 𝓆6)(1 − 𝓆8)

(1 − 𝓆2)(1 − 𝓆4)3
, 〈𝒲 𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)
(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8

+ 𝓆10), 〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲(2) ⋅⋅⋅ 𝒲(2)〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)

⏟            
𝜅

(𝓆) =
∑ 𝛼𝜅

𝒮𝒪(5) (𝑖)𝓆2𝑖4𝜅
𝑖=0

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 〉1
2

𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

𝓆4 + 𝓆8

(1 − 𝓆4)(1 − 𝓆8)
=

𝓆4

(1 − 𝓆4)2
, 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 + 𝓆12 + 𝓆14 + 𝓆16

(1 − 𝓆4)(1 − 𝓆8)
, 〈𝒲 𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲(𝜅)〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

𝓆4𝜅−4 + 𝓆4𝜅

(1 − 𝓆4)(1 − 𝓆8)
=

𝓆4𝜅−4

(1 − 𝓆4)2
 

〈𝒲(𝜅)𝒲(𝜅)〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

∑ 𝛼2
𝒮𝒪(5) (𝑖)𝜅 𝓆2𝑖8𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 〉1
2

𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

1

(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲 𝒲 〉1
2

𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

1

(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲(∞)𝒲(∞)〉1
2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆) =

1 − 𝓆24

(1 − 𝓆2)(1 − 𝓆4)2(1 − 𝓆6)(1 − 𝓆8)2(1 − 𝓆12)
 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(7)(𝜏; 𝑞)

=
1

96

(𝑞)∞
6

(𝑞
1
2𝜏±; 𝑞)

∞

3 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝛿𝑖
±; 𝑞)

∞
(𝑞𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏2𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿𝑖

±; 𝑞)
∞

⨂ ∏
(𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖<𝑗

6

𝑖=1

 

∏ (𝛿
𝑖

1
2 − 𝛿

𝑖

−
1
2)

26

𝑖=1
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〈𝔗
(
1
2
,
1
2
,
1
2
)
𝔗

(
1
2
,
1
2

,
1
2
)
〉𝒰𝛿℘(6)/ℤ2 (𝜏; 𝑞)

=
1

6

(𝑞)∞
6

(𝑞
1
2𝜏±; 𝑞)

∞

3 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝛿𝑖
±; 𝑞)

∞
(𝑞𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏2𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿𝑖

±; 𝑞)
∞

⨂ ∏
(𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖<𝑗

6

𝑖=1

 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(7)
(𝓆) = 〈𝔗

(
1

2
,
1

2
,
1

2
)
𝔗

(
1

2
,
1

2
,
1

2
)
〉1
2
𝔅𝔓𝔖

𝒰𝛿℘(6)/ℤ2 (𝓆) =
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 + 𝓆12

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)

=
1

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆6)
 

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(7)
(𝓆)

⏟                
2𝜅

=
∑ 𝛼𝜅

𝒮𝒪(7)
(𝑖)𝛿℘ 𝓆2𝑖6𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(7)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(7)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

𝛼𝜅
𝛿𝜊(7)

(0)𝛿℘ = ∏
𝑖 + 𝑗 + 6

𝑖 + 𝑗
1≤𝑖≤𝑗≤𝜅−1

 

𝔉34 (1,
1

2
,
3

2
,
5

2
8,10; 12; 64𝜒) = ∑ 𝛼𝜅

𝛿𝜊(7)
(0)𝛿℘ 𝜒𝜅

∞

𝜅=0

 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(7)
(𝓆) =

∑ 𝛼𝜅
𝒮𝒪(7) (𝑖)𝓆2𝑖3𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7) (𝓆) =
𝓆6

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7) (𝓆) =
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 + 𝓆12

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)

=
1 − 𝓆14

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7) (𝓆) =
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 



pág. 8708 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7)
(𝓆) =

∑ 𝛼𝜅
𝒮𝒪(7)

(𝑖)𝓆2𝑖5𝜅
𝑖=0

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7)
(𝓆) =

∑ 𝛼𝜅
𝒮𝒪(7)

(𝑖)𝓆2𝑖6𝜅
𝑖=0

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7) (𝓆) =
𝓆2 + 𝓆6 + 𝓆10

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7)
(𝓆) =

1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7)
(𝓆) =

𝓆4 + 𝓆8 + 𝓆12

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7)
(𝓆) =

1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲(ℓ) ⋅⋅⋅ 𝒲(ℓ)〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(7)
(𝓆)

⏟                
𝜅

=
∑ 𝛼𝜅

𝒮𝒪(7)
(𝑖)(ℓ) 𝓆2𝑖3ℓ𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7) (𝓆) =
𝓆4 + 𝓆8 + 𝓆12

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(7) (𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

2.5. Operador fundamental de Wilson. 

〈𝒲 𝒲 〉𝒮𝒪(3) (𝜏; 𝑞)

=
1

2

(𝑞)∞
2

(𝑞
1
2𝜏±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝛿

(𝛿±; 𝑞)∞(𝑞𝛿±; 𝑞)∞

(𝑞
1
2𝜏2𝛿±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿±; 𝑞)

∞

(1 + 𝛿 + 𝛿−1)2 
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〈𝒲 𝒲 〉𝒮𝒪(3) (𝜏; 𝑞) = 〈𝒲 𝒲 〉𝒮𝒰(2) (𝜏; 𝑞)

=

(𝑞
1
2𝜏±2; 𝑞)

∞

(𝑞𝜏±4; 𝑞)∞
[
3

2
∑ (

𝜏2𝑚 − 𝜏−2𝑚

𝜏2 − 𝜏−2

𝑞
𝑚−1

2

1 − 𝑞𝑚
) −

2

1 − 𝑞
−

𝑞
1
2(𝜏2 + 𝜏−2)

1 − 𝑞2

𝑚∈ℤ∖{0}

] 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒰(2)
(𝓆) =

1 + 𝑞2 + 𝑞4

1 − 𝑞4
=

1 − 𝑞6

(1 − 𝑞2)(1 − 𝑞4)
 

〈𝒲 𝒲 〉𝒮𝒪(3)
⏟          

𝜅

(𝜏; 𝑞) = ∑ (
𝜅

𝑖
)

𝜅

𝑖=0

(−1)𝑖 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉𝒮𝒪(3)
⏟            

2(𝜅−𝑖)

(𝜏; 𝑞) 

〈𝒲 〉𝒮𝒪(3) (𝜏; 𝑞) = 〈𝒲𝛿℘𝒲𝛿℘〉𝒮𝒪(3)(𝜏; 𝑞) − 𝔗𝒮𝒪(3)(𝜏, 𝑞)

= −

(𝑞
1
2𝜏±2; 𝑞)

∞

(𝑞; 𝑞)∞
2

∑
(𝑞

1
2𝜏−2)

℘1+℘2−2

(1 − 𝑞
℘1−

1
2𝜏2) (1 − 𝑞

℘2−
1
2𝜏2)℘1,℘2∈ℤ

℘1≤℘2

 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) = 〈𝒲𝛿℘𝒲𝛿℘〉1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) − 𝔗1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

𝑞2

1 − 𝑞4
 

〈𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

= 〈𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) − 3〈𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘〉1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

+ 3〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) − 𝔗1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

1 + 3𝓆2 + 2𝓆4 + 𝓆6

1 − 𝓆4
 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
𝜅

(𝓆) =
∑ 𝛼𝜅

𝛿𝜊(3) (𝑖)𝓆2𝑖𝜅
𝑖=0

1 − 𝓆4
 

𝛼𝜅
𝛿𝜊(3) (𝑖) = 𝒸𝜅

(𝑖) − 𝒸𝜅
(𝑖+1)

 

(1 + 𝜒 + 𝜒2)𝜂 = ∑ 𝒸𝜅
(𝑖)

𝜒𝜅+𝑖

𝜅

𝑖=−𝜅

 

2.6. Números de Riordan. 

ℛ𝜂 = ∑(−1)𝜂−1 (
𝜂
𝑖
) ℭ𝑖

𝜂

𝑖=0

 

∑ ℛ𝜂

∞

𝜂=1

𝜒𝜂 =
1

2𝜒
(1 −

√1 − 3𝜒

√1 + 𝜒
) 

2.7. Simetría de Wilson. 
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〈𝒲(𝜅)𝒲(𝜅)〉
𝒮𝒪(3)(𝜏; 𝑞)

=
(𝑞

1
2𝜏±2; 𝑞)

∞

(𝑞𝜏±4; 𝑞)∞
[
2𝜅 + 1

2
∑ (

𝜏2𝑚 − 𝜏−2𝑚

𝜏2 − 𝜏−2

𝑞
𝑚−1

2

1 − 𝑞𝑚)

𝑚∈ℤ∖{0}

− ∑ (2𝜅 + 𝑚 + 1) (
𝜏2𝑚 − 𝜏−2𝑚

𝜏2 − 𝜏−2

𝑞
𝑚−1

2

1 − 𝑞𝑚)

2𝜅

𝑚=1

] 

〈𝒲(𝜅)𝒲(𝜅)〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

1 + 𝓆2 ⋅⋅⋅ 𝓆4

1 − 𝓆4
=

1 − 𝓆4𝜅+2

(1 − 𝓆2)(1 − 𝓆4)
 

〈𝒲(∞)𝒲(∞)〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

1

(1 − 𝓆2)(1 − 𝓆4)
 

〈𝒲 ⋅⋅⋅ 𝒲 〉𝒮𝒪(3)
⏟              

𝜅

(𝜏; 𝑞) = ∑ (
𝜅

𝜅1, 𝜅2, 𝜅3
) (−3)𝜅2

𝜅1+𝜅2+𝜅3=𝜅

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉𝒮𝒪(3)
⏟            

4𝜅1+2𝜅2

(𝜏; 𝑞) 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) = 〈𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘〉1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) − 6〈𝒲𝛿℘𝒲𝛿℘〉1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) + 𝔗1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

=
𝓆4

1 − 𝓆4
 

〈𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

= 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
12

(𝓆) − 18 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
10

(𝓆)

+ 60 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
(𝓆)

8

− 90 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
6

(𝓆)

+ 60 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

⏟              
4

− 18〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) + 𝔗1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

=
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 + 𝓆12

1 − 𝓆4
 

〈𝒲 ⋅⋅⋅ 𝒲 〉𝒮𝒪(3) (𝜏; 𝑞)

= ∑ (
𝜅

𝜅1, 𝜅2, 𝜅3, 𝜅4
) (−1)𝜅2+𝜅4

𝜅1+𝜅2+𝜅3+𝜅4=𝜅

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉𝒮𝒪(3)
⏟            

6𝜅2+4𝜅1+2𝜅2

(𝜏; 𝑞) 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

= 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
6

(𝓆) − 10 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
4

(𝓆)

+ 12〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) − 𝔗1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

𝓆6

1 − 𝓆4
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〈𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

= 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
18

(𝓆) − 30 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
16

(𝓆)

+ 186 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
14

(𝓆) − 616 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
12

(𝓆)

+ 1176 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
10

(𝓆) − 1302 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
8

(𝓆)

+ 798 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
6

(𝓆) − 246 〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)

⏟            
4

(𝓆)

+ 36〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) − 𝔗1

2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆)

=
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 + 𝓆12 + 𝓆14 + 𝓆16 + 𝓆18

1 − 𝓆4
 

𝜒(𝜅)
𝒮𝒪(3)

= ∑(−1)𝜂

𝜅

𝜂=0

(
2𝜅 − 𝜂

𝜂
) 𝜒𝛿℘

𝒮𝒪(3)2𝜅−2𝜂

 

〈𝒲(𝜅)〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

𝓆2𝜅

1 − 𝓆4
 

〈𝒲(𝜅)𝒲(ℓ)〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

𝓆2(ℓ−𝜅)(1 − 𝓆4𝜅+2)

(1 − 𝓆2)(1 − 𝓆4)
 

〈𝒲(𝜅)𝒲(𝜅)𝒲(𝜅)〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

1 + 𝓆2 − 3𝓆2𝜅+2 + 𝓆6𝜅+4

(1 − 𝓆2)2(1 − 𝓆4)
 

〈𝒲(∞)𝒲(∞)𝒲(∞)〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

1

(1 − 𝓆2)3
 

〈𝒲(𝜅)𝒲(𝜅)𝒲(𝜅)𝒲(𝜅)〉1
2
𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

2𝜅 + 1 − 3𝓆2 − (2𝜅 + 1)𝓆4 + 4𝓆4𝜅+4 − 𝓆8𝜅+6

(1 − 𝓆2)3(1 − 𝓆4)
 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(2𝒩+1)(𝜏; 𝑞) =
1

2𝒩𝒩!

(𝑞)∞
2𝒩

(𝑞
1
2𝜏±; 𝑞)

∞

𝒩 ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝛿𝑖
±; 𝑞)

∞
(𝑞𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏2𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿𝑖

±; 𝑞)
∞

𝒩

𝑖=1

 

⨂ ∏
(𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞
(𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞
(𝑞𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞
(𝑞𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

𝑖<𝑗

∏ (𝛿𝑖

1
2 − 𝛿𝑖

−1
2)

2𝒩

𝑖=1
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〈𝔗
(
1
2
,𝒩)

𝔗
(
1
2
,𝒩)

〉𝒰𝛿℘(2𝒩)/ℤ2 (𝜏; 𝑞)

=
1

𝒩!

(𝑞)∞
6

(𝑞
1
2𝜏±; 𝑞)

∞

3 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝑞
1
2𝛿𝑖

±2; 𝑞)
∞

(𝑞
3
2𝛿𝑖

±2; 𝑞)
∞

(𝑞𝜏2𝛿𝑖
±2; 𝑞)

∞
(𝑞𝜏−2𝛿𝑖

±2; 𝑞)
∞

⨂ ∏

(𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1
2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

3
2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖<𝑗

𝒩

𝑖=1

 

 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩+1)
(𝓆) = 〈𝔗

(
1
2
,𝒩)

𝔗
(
1
2
,𝒩)

〉1
2
𝔅𝔓𝔖

𝒰𝛿℘(2𝒩)/ℤ2 (𝓆) = ∏
1

(1 − 𝓆2𝜂)

𝒩

𝑖=1

 

𝔗1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩+1)
(𝓆) = ∏

1

1 − 𝓆4𝜂

𝒩

𝑖=1

 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩+1)
(𝓆) = ∏(1 − 𝓆2𝜂)

𝒩

𝑖=1

 

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉⏟        
2𝜅 1

2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩+1)
(𝓆) =

∑ 𝛼𝜅
𝛿𝜊(2𝒩+1) (𝑖)𝛿℘ 𝓆2𝑖

𝒩(𝒩+1)𝜅
2

𝑖=0

∏ (1 − 𝓆4𝜂)𝒩
𝑖=1

 

𝛼𝜅
𝛿𝜊(2𝒩+1) (0)

𝛿℘ = det(ℭ2𝒩−𝑖−𝑗+𝜅) = ∏
𝑖 + 𝑗 + 2𝒩

𝑖 + 𝑗
1≤𝑖≤𝑗≤𝜅−1

 

〈𝒲 ⋅⋅⋅ 𝒲 〉⏟        
2𝜅 1

2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

∑ 𝛼𝜅
𝛿𝜊(2𝒩+1) (𝑖)𝓆2𝑖𝒩𝜅

𝑖=0

∏ (1 − 𝓆4𝜂)𝒩
𝑖=1

 

 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

𝓆2𝒩

∏ (1 − 𝓆4𝜂)𝒩
𝜂=1

, 〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

1 + 𝓆2 + 𝓆4 ⋅⋅⋅ +𝓆4𝒩

∏ (1 − 𝓆4𝜂)𝒩
𝜂=1

=
1 − 𝓆4𝒩+2

(1 − 𝓆2) ∏ (1 − 𝓆4𝜂)𝒩
𝜂=1

 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) = 𝓆2𝒩 , 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

1 − 𝓆4𝒩+2

1 − 𝓆2
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖,𝒸

𝒮𝒪(2𝒩+1)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) − 〈𝒲 〉1

2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆)2 =

1 − 𝓆4𝒩

1 − 𝓆2
 

〈𝒲 ⋅⋅⋅ 𝒲 〉

⏟        
2𝜅 1

2𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

∑ 𝛼𝜅
𝛿𝜊(2𝒩+1) (𝑖)𝓆2𝑖(2𝒩−1)𝜅

𝑖=0

∏ (1 − 𝓆4𝜂)𝒩
𝑖=1
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〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

𝓆2 + 𝓆6 +⋅⋅⋅ +𝓆4𝒩−2

∏ (1 − 𝓆4𝜂)𝒩
𝜂=1

=
𝓆2(1 − 𝓆4𝒩)

(1 − 𝓆4) ∏ (1 − 𝓆4𝜂)𝒩
𝜂=1

 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

𝓆2(1 − 𝓆4𝒩)

∏ 1 − 𝓆4𝒩
𝜂=1

 

〈𝒲ℓ ⋅⋅⋅ 𝒲ℓ〉⏟      
𝜅 1

2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

∑ 𝛼𝜅
𝛿𝜊(2𝒩+1) (𝑖)(ℓ) 𝓆2𝑖𝒩ℓ𝜅

𝑖=0

∏ (1 − 𝓆4𝜂)𝒩
𝑖=1

 

𝜒
𝓊𝓈𝓅(2𝒩)

= ∑(𝛿𝑖 + 𝛿𝑖
−1)

𝒩

𝑖=1

 

𝜒
𝓊𝓈𝓅(2𝒩)

=
det (𝛿𝑗

𝜆𝑖+𝒩−𝑖+1
− 𝛿𝑗

−𝜆𝑖−𝒩+𝑖−1
)

det(𝛿𝑗
𝒩−𝑖+1 − 𝛿𝑗

−𝒩+𝑖−1)
 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒰𝒮℘(2𝒩) = ∭ 𝑑𝜇𝒰𝒮℘(2𝒩) exp (∑
1

𝜂
𝑓𝜂(𝑞, 𝜏)ℒ𝜂(𝛿)

∞

𝜂=1

) ∏ 𝜒ℛ𝑖

𝓊𝓈𝓅(2𝒩)

𝜅

𝑖=1

(𝛿) 

ℒ𝜂(𝛿) =
𝒫𝜂(𝛿)2 + 𝒫2𝜂(𝛿)

2
 

exp (∑
1

𝜂
𝑓𝜂(𝑞, 𝜏)ℒ𝜂(𝛿)

∞

𝜂=1

) = ∑
1

𝓏𝜆
𝜆

𝑓𝜆(𝑞, 𝜏)ℒ𝜆(𝛿) 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒰𝒮℘(2𝒩) = ∑
1

𝓏𝜆
𝜆

𝑓𝜆(𝑞, 𝜏) ∭ 𝑑𝜇𝒰𝒮℘(2𝒩)ℒ𝜆(𝛿) ∏ 𝜒ℛ𝑖

𝓊𝓈𝓅(2𝒩)

𝜅

𝑖=1

(𝛿) 

ℒ𝜆(𝛿) ∏ 𝜒ℛ𝑖

𝓊𝓈𝓅(2𝒩)

𝜅

𝑖=1

(𝛿) = ∑ 𝛽𝜆,ℛ
𝜇

𝜇

𝒫𝜇(𝛿) 

∭ 𝑑𝜇𝒰𝒮℘(2𝒩)𝒫𝜇(𝛿) = ∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈ℛ2𝒩+1
𝑐 (|𝜇|)

 

ℛ𝜂
𝑐(℘) = {𝜆 ⊣ ℘|ℓ(𝜆) ≤ 𝜂∀𝜆𝑖

′} 

∭ 𝑑𝜇𝒰𝒮℘(2𝒩)ℒ𝜆(𝛿) ∏ 𝜒ℛ𝑖

𝓊𝓈𝓅(2𝒩)

𝜅

𝑖=1

(𝛿) = ∑ 𝛽𝜆,ℛ
𝜇

𝜇

∭ 𝑑𝜇𝒰𝒮℘(2𝒩)𝒫𝜇(𝛿) = ∑ 𝛽𝜆,ℛ
𝜇

𝜇

∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈ℛ2𝒩
𝑐 (|𝜇|)

 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒰𝒮℘(2𝒩) = ∑
1

𝓏𝜆
𝜆

𝑓𝜆(𝑞, 𝜏) ∑ 𝛽𝜆,ℛ
𝜇

𝜇

∑ 𝜒𝜈
𝛿(𝜇)

𝜈∈ℛ2𝒩
𝑐 (|𝜇|)

 

〈𝒲 𝒲 〉𝒰𝒮℘(2𝒩) (𝜏; 𝑞) =
1

2

(𝑞)∞
2

(𝑞
1
2𝜏±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝛿

(𝛿±2; 𝑞)
∞

(𝑞𝛿±2; 𝑞)
∞

(𝑞
1
2𝜏2𝛿±2

; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿±2

; 𝑞)
∞

(𝛿 + 𝛿−1
)

2
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〈𝔗(1)𝔗(1)〉
𝒮𝒪(3)(𝜏; 𝑞) =

(𝑞)∞
2

(𝑞
1
2𝜏±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝛿

(𝑞
1
2𝛿±; 𝑞)

∞
(𝑞

3
2𝛿±2; 𝑞)

∞

(𝑞𝜏2𝛿±
; 𝑞)

∞
(𝑞𝜏−2𝛿±

; 𝑞)
∞

 

〈𝒲 𝒲 〉𝒰𝒮℘(2𝒩) (𝜏; 𝑞) = 〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(3)(𝜏; 𝑞) = 〈𝔗(1)𝔗(1)〉
𝒮𝒪(3)(𝜏; 𝑞)

= 〈𝔗(1/2)𝔗(1/2)〉
𝒰𝒮℘(2)/ℤ2(𝜏; 𝑞) 

〈𝒲 𝒲 〉1
2𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)
(𝓆) = 〈𝔗(1)𝔗(1)〉1

2𝔅𝔓𝔖

𝒮𝒪(3)
(𝓆) =

1 − 𝓆2

1 − 𝓆4
=

1

1 − 𝓆2
 

〈𝒲 𝒲 〉𝒰𝒮℘(2𝒩) (𝜏; 𝑞)

=
1

2

(𝑞)∞
2

(𝑞
1
2𝜏±2; 𝑞)

∞

∰
𝑑𝑠

2𝜋𝑖𝛿

(𝛿±2; 𝑞)
∞

(𝑞𝛿±2; 𝑞)
∞

(𝑞
1
2𝜏2𝛿±2

; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿±2

; 𝑞)
∞

(1 + 𝛿2 + 𝛿−2
)

2
 

〈𝒲(2𝜅)〉
𝒰𝒮℘(2𝒩)(𝜏; 𝑞) = 〈𝒲(𝜅)〉

𝒮𝒪(3)(𝜏; 𝑞) 

〈𝒲(2𝜅)〉1
2𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)(𝓆) =
𝓆2𝜅

(1 − 𝓆4)
 

〈𝒲(𝜅)𝒲(𝜅)〉1
2𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)(𝓆) =
1 − 𝓆2𝜅+2

(1 − 𝓆2)(1 − 𝓆4)
 

〈𝒲(∞)𝒲(∞)〉1
2𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)
(𝓆) =

1

(1 − 𝓆2)(1 − 𝓆4)
 

〈𝒲 𝒲 〉𝒰𝒮℘(4) (𝜏; 𝑞)

=
1

8

(𝑞)∞
4

(𝑞
1
2𝜏±2; 𝑞)

∞

2 ∰∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝛿𝑖
±2; 𝑞)

∞
(𝑞𝛿𝑖

±2; 𝑞)
∞

(𝑞
1
2𝜏2𝛿𝑖

±2; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿𝑖

±2; 𝑞)
∞

⨂
(𝛿1

±𝛿2
∓; 𝑞)

∞
(𝛿1

±𝛿2
±; 𝑞)

∞
(𝑞𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞𝛿1

±𝛿2
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿1

±𝛿2
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿1

±𝛿2
±; 𝑞)

∞

4

𝑖=1

[∑(𝛿𝑖

2

𝑖=1

+ 𝛿𝑖
−1)]

2

 

〈𝔗(1,0)𝔗(1,0)〉
𝒮𝒪(5)(𝜏; 𝑞) =

1

2

(𝑞)∞
4

(𝑞
1
2𝜏±2; 𝑞)

∞

2 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝑞
1
2𝛿1

±; 𝑞)
∞

(𝛿2
±; 𝑞)

∞
(𝑞

3
2𝛿1

±; 𝑞)
∞

(𝑞𝛿2
±; 𝑞)

∞

(𝑞𝜏2𝛿1
±; 𝑞)

∞
(𝑞

1
2𝜏2𝛿2

±; 𝑞)
∞

(𝑞𝜏−2𝛿1
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿2

±; 𝑞)
∞

⨂

(𝑞
1
2𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞

1
2𝛿1

±𝛿2
±; 𝑞)

∞
(𝑞

3
2𝛿1

±𝛿2
∓; 𝑞)

∞
(𝑞

3
2𝛿1

±𝛿2
±; 𝑞)

∞

(𝑞𝜏2𝛿1
±𝛿2

∓; 𝑞)
∞

(𝑞𝜏2𝛿1
±𝛿2

±; 𝑞)
∞

(𝑞𝜏−2𝛿1
±𝛿2

∓; 𝑞)
∞

(𝑞𝜏−2𝛿1
±𝛿2

±; 𝑞)
∞

4

𝑖=1

 

〈𝒲 𝒲 〉𝒰𝒮℘(4) (𝜏; 𝑞) = 〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(5)(𝜏; 𝑞) = 〈𝔗(1,0)𝔗(1,0)〉
𝒮𝒪(5)(𝜏; 𝑞)

= 〈𝔗
(
1
2
,
1
2
)
𝔗

(
1
2
,
1
2
)
〉𝒰𝒮℘(4)/ℤ2 (𝜏; 𝑞) 

〈𝒲 𝒲 〉1
2𝔅𝔓𝔖

𝒰𝒮℘(4) (𝓆) = 〈𝔗(1,0)𝔗(1,0)〉1
2𝔅𝔓𝔖

𝒮𝒪(5) (𝓆) =
1

(1 − 𝓆2)(1 − 𝓆4)
 

〈𝒲 〉𝒰𝒮℘(4) (𝜏; 𝑞) = 〈𝒲 〉𝒮𝒪(5) (𝜏; 𝑞) 
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〈𝒲 ⋅⋅⋅ 𝒲 〉

⏟        
𝜅

𝒰𝒮℘(4)
(𝜏; 𝑞) = 〈𝒲 ⋅⋅⋅ 𝒲 〉⏟        

𝜅

𝒮𝒪(5)
(𝜏; 𝑞) 

〈𝒲 ⋅⋅⋅ 𝒲 〉⏟            
𝜅

𝒰𝒮℘(4)
(𝜏; 𝑞) = 〈𝒲 ⋅⋅⋅ 𝒲 〉

⏟        
𝜅

𝒮𝒪(5)
(𝜏; 𝑞) 

〈𝒲(2ℓ) ⋅⋅⋅ 𝒲(2ℓ)〉⏟          
𝜅

𝒰𝒮℘(4)
(𝜏; 𝑞) = 〈𝒲(ℓ2) ⋅⋅⋅ 𝒲(ℓ2)〉⏟          

𝜅

𝒮𝒪(5)
(𝜏; 𝑞) 

〈𝒲(2ℓ) ⋅⋅⋅ 𝒲(2ℓ)〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(4)

⏟              
𝜅

(𝓆) =
∑ 𝛼𝜅

𝓊𝓈𝓅(4)
(𝑖)(2ℓ) 𝓆2𝑖3ℓ𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲(∞) ⋅⋅⋅ 𝒲(∞)〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(4)
(𝓆) = 〈𝒲(∞2) ⋅⋅⋅ 𝒲(∞2)〉1

2
𝔅𝔓𝔖

𝒮𝒪(5)
(𝓆)

=
1 − 𝓆16

(1 − 𝓆2)(1 − 𝓆4)3(1 − 𝓆6)(1 − 𝓆8)2
 

〈𝒲(ℓ2) ⋅⋅⋅ 𝒲(ℓ2)〉⏟          
𝜅

𝒰𝒮℘(4)
(𝜏; 𝑞) = 〈𝒲(ℓ) ⋅⋅⋅ 𝒲(ℓ)〉⏟        

𝜅

𝒮𝒪(5)
(𝜏; 𝑞) 

〈𝒲 𝒲 〉𝒰𝒮℘(6) (𝜏; 𝑞)

=
1

96

(𝑞)∞
6

(𝑞
1
2𝜏±2; 𝑞)

∞

3 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝛿𝑖
±2; 𝑞)

∞
(𝑞𝛿𝑖

±2; 𝑞)
∞

(𝑞
1
2𝜏2𝛿𝑖

±2; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿𝑖

±2; 𝑞)
∞

⨂ ∏
(𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞
(𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞
(𝑞𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞
(𝑞𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

𝑖<𝑗

6

𝑖=1

[∑(𝛿𝑖 + 𝛿𝑖
−1)

4

𝑖=1

]

2

 

〈𝔗(1,0,0)𝔗(1,0,0)〉
𝒮𝒪(7)(𝜏; 𝑞)

=
1

8

(𝑞)∞
6

(𝑞
1
2𝜏±2; 𝑞)

∞

3 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝑞
1
2𝛿𝑖,1; 𝛿𝑖

±, 𝑞)
∞

(𝑞1+
1
2𝛿𝑖,1𝛿𝑖

±2; 𝑞)
∞

(𝑞
1+𝛿𝑖,1

2 𝜏2𝛿𝑖
±; 𝑞)

∞
(𝑞

1+𝛿𝑖,1
2 𝜏−2𝛿𝑖

±; 𝑞)
∞

⨂ ∏

𝑖<𝑗

(𝑞
1
2𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞1+

1
2𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞1+

1
2𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝜏2𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝜏2𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝜏−2𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝜏−2𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

6

𝑖=1

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)
(𝓆) = 〈𝔗(1,0,0)𝔗(1,0,0)〉1

2
𝔅𝔓𝔖

𝒮𝒪(7)
=

1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10

(1 − 𝓆4)(1 − 𝓆8(1 − 𝓆12))

=
1

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)

⏟            
2𝜅

(𝓆) =
∑ 𝛼𝜅

𝓊𝓈𝓅(6)
(𝑖)𝓆2𝑖5𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
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〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

det (

𝔉0 𝔉1 𝔉2

𝔉1 𝔉2 𝔉3

𝔉2 𝔉3 𝔉4

) = ∑
𝛼𝜅

𝓊𝓈𝓅(6)
(0)

(2𝜅)!
𝜒2𝜅

∞

𝜅=0

 

𝔉𝑚(𝜒) ≔ ∑ (
𝑚
𝑗 )

𝑚

𝑗=0

(ℑ2𝑗−𝑚(2𝜒) − ℑ2𝑗−𝑚+2(2𝜒)) 

ℑ𝜅(2𝜒) ≔ ∑
𝜒2𝜂+𝜅

𝜂! (𝜂 + 𝜅)!

∞

𝜅=0

 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)
(𝓆) =

𝓆4 + 𝓆8

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 ⋅⋅⋅ 𝒲 〉⏟            
𝜅

𝒰𝒮℘(6)
(𝜏; 𝑞) = 〈𝒲 ⋅⋅⋅ 𝒲 〉

⏟        
𝜅

𝒮𝒪(7)
(𝜏; 𝑞) 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)
(𝓆) =

𝓆2 + 𝓆6 + 𝓆10

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲(2ℓ) ⋅⋅⋅ 𝒲(2ℓ)〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)

⏟              
𝜅

(𝓆) =
∑ 𝛼𝜅

𝓊𝓈𝓅(6)
(𝑖)(2ℓ) 𝓆2𝑖5ℓ𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(6)
(𝓆) =

𝓆4 + 𝓆8 + 𝓆12 + 𝓆16 + 𝓆20

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
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〈𝒲 𝒲 〉𝒰𝒮℘(2𝒩) (𝜏; 𝑞)

=
1

2𝒩𝒩!

(𝑞)∞
2𝒩

(𝑞
1
2𝜏±; 𝑞)

∞

𝒩 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝛿𝑖
±2; 𝑞)

∞
(𝑞𝛿𝑖

±2; 𝑞)
∞

(𝑞
1
2𝜏2𝛿𝑖

±2; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿𝑖

±2; 𝑞)
∞

⨂ ∏
(𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞
(𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞
(𝑞𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞
(𝑞𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

𝑖<𝑗

𝒩

𝑖=1

 

[∑(𝛿𝑖 + 𝛿𝑖
−1)

𝒩

𝑖=1

]

2

 

 

〈𝔗(1,0𝒩−1)𝔗(1,0𝒩−1)〉
𝒮𝒪(2𝒩+1) (𝜏; 𝑞)

=
1

2𝒩−1(𝒩 − 1)!

(𝑞)∞
2𝒩

(𝑞
1
2𝜏±; 𝑞)

∞

𝒩 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

(𝑞
1
2𝛿𝑖,1; 𝛿𝑖

±, 𝑞)
∞

(𝑞1+
1
2𝛿𝑖,1𝛿𝑖

±2; 𝑞)
∞

(𝑞
1+𝛿𝑖,1

2 𝜏2𝛿𝑖
±; 𝑞)

∞

(𝑞
1+𝛿𝑖,1

2 𝜏−2𝛿𝑖
±; 𝑞)

∞

⨂ ∏

𝑖<𝑗

(𝑞
1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝜏2𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝜏2𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝜏−2𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝜏−2𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

𝒩

𝑖=1

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)
(𝓆) = 〈𝔗(1,0𝒩−1)𝔗(1,0𝒩−1)〉1

2
𝔅𝔓𝔖

𝒮𝒪(2𝒩+1)
(𝓆) =

1

(1 − 𝓆2) ∏ (1 − 𝓆4𝜂)𝒩−1
𝜂=1

 

 

𝔗1
2
𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)
(𝓆) = ∏

1

1 − 𝓆4𝜂

𝒩

𝜂=1

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)
(𝓆) =

1 − 𝓆4𝒩

1 − 𝓆2
 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)

⏟              
𝜅

(𝓆) =
∑ 𝛼𝜅

𝓊𝓈𝓅(2𝒩)
(𝑖)𝓆2𝑖(2𝒩−1)𝜅

𝑖=0

∏ (1 − 𝓆4𝜂)𝒩−1
𝜂=1

 

det (𝔉𝑖+𝑗−2(𝜒)) = ∑
𝛼𝜅

𝓊𝓈𝓅(2𝒩)
(0)

(2𝜅)!
𝜒2𝜅

∞

𝜅=0

 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)

⏟              
𝜅

(𝓆) =

∑ 𝛼𝜅
𝓊𝓈𝓅(2𝒩)

(𝑖)𝓆2𝑖(2𝒩−1)𝜅
𝑖=0

∏ (1 − 𝓆4𝜂)𝒩
𝜂=1

 

〈𝒲 ⋅⋅⋅ 𝒲 〉𝒰𝒮℘(2𝒩) (𝜏; 𝑞) = 〈𝒲 ⋅⋅⋅ 𝒲 〉𝒮𝒪(2𝒩+1) (𝜏; 𝑞) 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)
(𝓆) =

𝓆2 + 𝓆6 +⋅⋅⋅ +𝓆4𝒩

∏ (1 − 𝓆4𝜂)𝒩−1
𝜂=1

=
𝓆2(1 − 𝓆4𝒩)

(1 − 𝓆4) ∏ (1 − 𝓆4𝜂)𝒩−1
𝜂=1
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〈𝒲(2ℓ) ⋅⋅⋅ 𝒲(2ℓ)〉1
2
𝔅𝔓𝔖

𝒰𝒮℘(2𝒩)

⏟              
𝜅

(𝓆) =
∑ 𝛼𝜅

𝓊𝓈𝓅(2𝒩)
(𝑖)(2ℓ) 𝓆2𝑖(2𝒩−1)𝜅

𝑖=0

∏ (1 − 𝓆4𝜂)𝒩
𝜂=1

 

𝜒𝛿℘
𝛿𝜊(2𝒩)

=
1

2
[∏ (𝛿

𝑖

1
2 − 𝛿

𝑖

−
1
2)

𝒩

𝜂=1

+ ∏ (𝛿
𝑖

1
2 − 𝛿

𝑖

−
1
2)

𝒩

𝜂=1

] 

𝜒
𝛿℘̅̅ ̅̅
𝛿𝜊(2𝒩)

=
1

2
[∏ (𝛿

𝑖

1
2 − 𝛿

𝑖

−
1
2)

𝒩

𝜂=1

− ∏ (𝛿
𝑖

1
2 − 𝛿

𝑖

−
1
2)

𝒩

𝜂=1

] 

𝜒
𝛿𝜊(2𝒩)

= ∑(𝛿𝑖 + 𝛿𝑖
−1)

𝒩

𝜂=1

 

𝜒𝜆
𝛿𝜊(2𝒩)

=
det (𝛿𝑗

𝜆𝑖+𝒩−𝑖
+ 𝛿𝑗

−𝜆𝑖−𝒩+𝑖
) + det (𝛿𝑗

𝜆𝑖+𝒩−𝑖
− 𝛿𝑗

−𝜆𝑖−𝒩+𝑖
)

det(𝛿𝑗
𝒩−𝑖 − 𝛿𝑗

−𝒩+𝑖)
 

〈𝒲ℛ1
⋅⋅⋅ 𝒲ℛ𝜅

〉𝒮𝒪(2𝒩) = ∭ 𝑑𝜇𝒮𝒪(2𝒩) exp (∑
1

𝜂
𝑓𝜂(𝑞, 𝜏)ℳ𝜂(𝛿)

∞

𝜂=1

) ∏ 𝜒ℛ𝑖

𝛿𝜊(2𝒩)

𝜅

𝑖=1

(𝛿) 

𝑑𝜇𝒮𝒪(2𝒩) =
1

2𝒩−1𝒩!
∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

𝒩

𝑖=1

∏ (1 − 𝛿𝑖𝛿𝑗)

1≤𝑖≤𝑗≤𝒩

(1 − 𝛿𝑖
−1𝛿𝑗

−1)(1 − 𝛿𝑖𝛿𝑗
−1)(1 − 𝛿𝑗𝛿𝑖

−1) 

ℳ𝜂(𝛿) =
𝒫𝜂(𝛿)2 + 𝒫2𝜂(𝛿)

2
 

𝔗𝒮𝒪(4)(𝜏; 𝑞) = 𝔗𝒮𝒰(2)(𝜏; 𝑞) ⊛ 𝔗𝒮𝒰(2)(𝜏; 𝑞)

=

(𝑞
1
2𝜏±2; 𝑞)

∞

2

(𝑞, 𝑞)∞
4

(

 
 

∑
(𝑞

1
2𝜏−2)

℘1+℘2−2

(1 − 𝑞
℘1−

1
2𝜏2) (1 − 𝑞

℘2−
1
2𝜏2)℘1,℘2∈ℤ

℘1≤℘2 )

 
 

2

 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(4)(𝜏; 𝑞)

=
1

4

(𝑞)∞
4

(𝑞
1
2𝜏±2; 𝑞)

∞

2 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

⨂
(𝛿1

±
𝛿2

∓
; 𝑞)∞

(𝛿1
±
𝛿2

±
; 𝑞)∞

(𝑞𝛿1
±
𝛿2

∓
; 𝑞)∞

(𝑞𝛿1
±
𝛿2

±
; 𝑞)∞

(𝑞

1

2𝜏2𝛿1
±𝛿2

∓; 𝑞)
∞

(𝑞

1

2𝜏2𝛿1
±𝛿2

±; 𝑞)
∞

(𝑞

1

2𝜏−2𝛿1
±𝛿2

∓; 𝑞)
∞

(𝑞

1

2𝜏−2𝛿1
±𝛿2

±; 𝑞)
∞

⨂(𝛿1
1/2

𝛿2
1/2

+ 𝛿1
−1/2

𝛿2
−1/2

)

4

𝑖=1

 

〈𝔗
(
1
2
)
𝔗

(
1
2
)
〉𝒮𝒪(4)/ℤ2 (𝜏; 𝑞)

=
1

2

(𝑞)∞
4

(𝑞
1
2𝜏±2; 𝑞)

∞

2 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

⨂
(𝑞

1/2
𝛿1

±
𝛿2

∓
; 𝑞)∞

(𝛿1
±
𝛿2

±
; 𝑞)∞

(𝑞
3/2

𝛿1
±
𝛿2

∓
; 𝑞)∞

(𝑞𝛿1
±
𝛿2

±
; 𝑞)∞

(𝑞𝜏2𝛿1
±𝛿2

∓; 𝑞)∞
(𝑞1/2𝜏2𝛿1

±𝛿2
±; 𝑞)∞

(𝑞𝜏−2𝛿1
±𝛿2

∓; 𝑞)∞
(𝑞1/2𝜏−2𝛿1

±𝛿2
±; 𝑞)∞

⨂

4

𝑖=1
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〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(4)(𝜏; 𝑞) = 〈𝔗
(
1
2
,
1
2
)
𝔗

(
1
2
,
1
2
)
〉
𝒮𝒪(4)

ℤ2 (𝜏; 𝑞) = 𝔗𝒮𝒰(2)(𝜏; 𝑞) 〈𝒲 𝒲 〉𝒮𝒰(2) 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆) = 〈𝔗

(
1
2
,
1
2
)
𝔗

(
1
2
,
1
2
)
〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
ℤ2 (𝓆) =

1 + 𝓆2

(1 − 𝓆4)2
=

1

(1 − 𝓆2)(1 − 𝓆4)
 

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉⏟        
2𝜅

𝑆𝑝𝑖𝑛(4)
(𝜏; 𝑞) = 𝔗𝒮𝒰(2)(𝜏; 𝑞) 〈𝒲 ⋅⋅⋅ 𝒲 〉⏟        

2𝜅

𝒮𝒰(2)
(𝜏; 𝑞) 

〈𝒲𝛿℘ ⋅⋅⋅ 𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)

⏟            
𝜅

(𝓆) = 𝔗1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) ∑ 𝛼𝜅

𝛿𝜊(4) (𝑖)𝛿℘ 𝓆2𝑖

𝜅

𝑖=0

=
1

(1 − 𝓆4)2
∑ 𝛼𝜅

𝛿𝜊(4) (𝑖)𝛿℘ 𝓆2𝑖

𝜅

𝑖=0

 

𝛼𝜅
𝛿𝜊(4)

(𝑖)𝛿℘ =
(2𝑖 + 1)(2𝜅)!

(𝜅 − 𝑖)! (𝜅 + 𝑖 + 1)!
 

〈𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆) =

1 + 𝓆2 + 𝓆4

(1 − 𝓆4)2
 

〈𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆) =

1 + 𝓆2 + 𝓆4 ⋅⋅⋅ 𝓆𝜂

(1 − 𝓆4)2
 

〈𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆) =

1 + 𝓆2 + 𝓆4 ⋅⋅⋅ 𝓆𝜂

(1 − 𝓆4)2
 

〈𝒲𝛿℘
2𝜅𝒲𝛿℘̅̅ ̅̅

2𝜅〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆) = (𝔗1

2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆))

−1

〈𝒲𝛿℘
2𝜅〉1

2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆)〈𝒲𝛿℘̅̅ ̅̅

2𝜅〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆)

= (1 − 𝓆4)2〈𝒲𝛿℘
2𝜅〉1

2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆)〈𝒲𝛿℘̅̅ ̅̅

2𝜅〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆) 

〈𝒲𝛿℘
2𝜅𝒲𝛿℘̅̅ ̅̅

2𝜅〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆) =

1

(1 − 𝓆4)2
(∑ 𝛼𝜅

𝛿𝜊(4) (𝑖)𝛿℘ 𝓆2𝑖

𝜅

𝑖=0

) (∑ 𝛼𝑚
𝛿𝜊(4) (𝑗)𝛿℘ 𝓆2𝑗

𝑚

𝑗=0

) 

〈𝒲 𝒲 〉𝒮𝒪(4) (𝜏; 𝑞)

=
1

4

(𝑞)∞
4

(𝑞
1
2𝜏±2; 𝑞)

∞

2 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

⨂
(𝛿1

±
𝛿2

∓
; 𝑞)∞

(𝛿1
±
𝛿2

±
; 𝑞)∞

(𝑞𝛿1
±
𝛿2

∓
; 𝑞)∞

(𝑞𝛿1
±
𝛿2

±
; 𝑞)∞

(𝑞

1

2𝜏2𝛿1
±𝛿2

∓; 𝑞)
∞

(𝑞

1

2𝜏2𝛿1
±𝛿2

±; 𝑞)
∞

(𝑞

1

2𝜏−2𝛿1
±𝛿2

∓; 𝑞)
∞

(𝑞

1

2𝜏−2𝛿1
±𝛿2

±; 𝑞)
∞

⨂(𝛿1 + 𝛿2 + 𝛿1
−1 + 𝛿2

−1)

4

𝑖=1

 

〈𝔗(1,0)𝔗(1,0)〉
𝒮𝒪(4)(𝜏; 𝑞)

=
(𝑞)∞

4

(𝑞
1
2𝜏±2; 𝑞)

∞

2 ∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

⨂
(𝑞

1/2
𝛿1

±
𝛿2

∓
; 𝑞)∞

(𝑞
1/2

𝛿1
±
𝛿2

±
; 𝑞)∞

(𝑞
3/2

𝛿1
±
𝛿2

∓
; 𝑞)∞

(𝑞
3/2

𝛿1
±
𝛿2

±
; 𝑞)∞

(𝑞𝜏2𝛿1
±𝛿2

∓; 𝑞)∞
(𝑞𝜏2𝛿1

±𝛿2
±; 𝑞)∞

(𝑞𝜏−2𝛿1
±𝛿2

∓; 𝑞)∞
(𝑞𝜏−2𝛿1

±𝛿2
±; 𝑞)∞

⨂

4

𝑖=1

 

〈𝒲 𝒲 〉𝒮𝒪(4) (𝜏; 𝑞) = 〈𝒲 𝒲 〉𝒮𝒰(2) (𝜏; 𝑞)2 
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〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1

(1 − 𝓆2)2
 

〈𝒲 ⋅⋅⋅ 𝒲 〉⏟        
2𝜅

𝒮𝒪(4)
(𝜏; 𝑞) = 〈𝒲 ⋅⋅⋅ 𝒲 〉⏟        

𝜅

𝒮𝒰(2)
(𝜏; 𝑞)2 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

∑ 𝛼𝜅
𝛿𝜊(4) (𝑖)𝓆2𝑖2𝜅

𝑖=0

(1 − 𝓆4)2
 

〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1 + 𝓆2 + 𝓆4

(1 − 𝓆4)2
 

〈𝒲 𝒲 𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1 + 𝓆2 + 𝓆4 ⋅⋅⋅ 𝓆𝜂

(1 − 𝓆4)2
 

〈𝒲 𝒲 𝒲 𝒲 𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4)
(𝓆)

=
1 + 𝓆2 + 𝓆4 ⋅⋅⋅ 𝓆𝜂

(1 − 𝓆4)2
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

𝛼𝜅
𝛿𝜊(4) (0) = ℭ𝜅

2  

〈𝒲 𝒲 〉𝒮𝒪(4)−
(𝜏; 𝑞) =

1

2

(𝑞)∞
2 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝜏±2; 𝑞)

∞
(−𝑞

1
2𝜏±2; 𝑞)

∞

 

∰ ∏

𝑑𝑠

2𝜋𝑖𝛿
⨂

(𝛿±; 𝑞)∞(−𝛿; 𝑞)∞(𝑞𝛿±; 𝑞)∞(−𝑞𝛿±; 𝑞)∞

(𝑞
1
2𝜏2𝛿±; 𝑞)

∞
(−𝑞

1
2𝜏2𝛿±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿±; 𝑞)

∞
(−𝑞

1
2𝜏−2𝛿±; 𝑞)

∞

⨂ (𝛿 + 𝛿
−1

)
2

4

𝑖=1

 

〈𝔗(1)𝔗(1)〉
𝒮𝒪(4)−

(𝜏; 𝑞) =
(𝑞)∞

2 (−𝑞; 𝑞)∞
2

(𝑞
1
2𝜏±2; 𝑞)

∞
(−𝑞

1
2𝜏±2; 𝑞)

∞

 

∰ ∏
𝑑𝑠

2𝜋𝑖𝛿
⨂

4

𝑖=1

(𝑞
1
2𝛿±; 𝑞)

∞
(−𝑞

1
2𝛿; 𝑞)

∞
(𝑞

3
2𝛿±; 𝑞)

∞
(−𝑞

3
2𝛿±; 𝑞)

∞

(𝑞𝜏2𝛿±; 𝑞)∞(−𝑞𝜏2𝛿±; 𝑞)∞(𝑞𝜏−2𝛿±; 𝑞)∞(−𝑞𝜏−2𝛿±; 𝑞)∞

 

〈𝒲 𝒲 〉𝒮𝒪(4)−
(𝜏; 𝑞) = 〈𝔗(1)𝔗(1)〉

𝒮𝒪(4)−
(𝜏; 𝑞) = 〈𝒲 𝒲 〉𝒮𝒰(2) (𝜏; 𝑞)2 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)−

(𝓆) = 〈𝔗(1)𝔗(1)〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)−

(𝓆) =
1

1 − 𝓆4
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)−

⏟          
2𝜅

(𝓆) =
∑ 𝛼𝜅

𝛿𝜊(4)−

(𝑖)𝓆4𝑖𝜅
𝑖=0

1 − 𝓆8
 

𝛼𝜅
𝛿𝜊(4)−

(𝑖) = (2𝑖 + 1)
(2𝜅)!

(𝜅 − 𝑖)! (𝜅 + 𝑖 + 1)!
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〈𝒲𝜆1
⋅⋅⋅ 𝒲𝜆𝜅

〉𝒪(4)−
(𝜏; 𝑞) =

1

2
〈𝒲𝜆1

⋅⋅⋅ 𝒲𝜆𝜅
〉𝒮𝒪(4)(𝜏; 𝑞) + 〈𝒲𝜆1

⋅⋅⋅ 𝒲𝜆𝜅
〉𝒮𝒪(4)−

(𝜏; 𝑞) 

〈𝒲 𝒲 〉𝒪(4)+
(𝜏; 𝑞) = 〈𝔗(1)𝔗(1)〉

𝒪(4)+
(𝜏; 𝑞) 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒪(4)+

⏟          
2𝜅

(𝓆) =
∑ 𝛼𝜅

𝜊(4) (𝑖)𝓆2𝑖2𝜅+1
𝑖=0

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒪(4)+

(𝓆) =
1 + 𝓆2 + 𝓆4 ⋅⋅⋅ 𝓆𝜂

(1 − 𝓆4)(1 − 𝓆8)
=

1

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒪(4)+

(𝓆) =
1 + 𝓆2 + 𝓆4 ⋅⋅⋅ 𝓆𝜂

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒪(4)+

(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)
(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

𝛼𝜅
𝜊(4) (0) =

1

2
(ℭ𝜅

2 + ℭ𝓀) 

〈𝒲 ⋅⋅⋅ 𝒲 〉𝒮𝒪(4) (𝜏; 𝑞) = 〈𝒲̅̅ ̅̅ ⋅⋅⋅ 𝒲̅̅ ̅̅ 〉𝒮𝒪(4) (𝜏; 𝑞)

= 𝔗𝒮𝒰(2)(𝜏; 𝑞) 〈𝒲 ⋅⋅⋅ 𝒲 〉𝒮𝒰(2) (𝜏; 𝑞) 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)

⏟            
𝜅

(𝓆) =

∑ 𝛼𝜅
𝛿𝜊(4) (𝑖)𝓆2𝑖𝜅

𝑖=0

(1 − 𝓆4)2
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

𝓆2

(1 − 𝓆4)2
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1 + 𝓆2 + 𝓆4

(1 − 𝓆4)2
 

〈𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆6

(1 − 𝓆4)2
 

〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8

(1 − 𝓆4)2
 

〈𝒲 𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10

(1 − 𝓆4)2
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〈𝒲 𝒲 𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆4)2
 

〈𝒲(ℓ) ⋅⋅⋅ 𝒲(ℓ)〉⏟        
𝜅

𝒮𝒪(4)
(𝜏; 𝑞) = 〈𝒲(ℓ) ⋅⋅⋅ 𝒲(ℓ)〉⏟        

𝜅

𝒮𝒰(2)
(𝜏; 𝑞)2 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)

⏟                
𝜅

(𝓆) =
∑ 𝛼𝜅

𝛿𝜊(4)−

(𝑖)𝓆2𝑖2𝜅
𝑖=0

(1 − 𝓆4)2
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

𝓆4

(1 − 𝓆4)2
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

(1 + 𝓆2 + 𝓆4)2

(1 − 𝓆4)2
 

〈𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

(1 + 𝓆2 + 𝓆4 +⋅⋅⋅ +𝓆𝜂)2

(1 − 𝓆4)2
 

𝛼𝜅
𝛿𝜊(4)−

(0) = ℜ𝜅
2 

𝛼𝜅
𝛿𝜊(4)−

(1) = 2ℜ𝜅ℜ𝜅+1 

〈(𝒲 )
𝜅
〉𝒮𝒪(4) (𝜏; 𝑞) = 〈(𝒲 )

𝜅

(𝒲̅̅ ̅̅ )

𝜅

〉𝒮𝒪(4) 

〈𝒲(2𝜅)〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

𝓆4𝜅

(1 − 𝓆4)2
 

〈𝒲(𝜅)𝒲(𝜅)〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

(1 − 𝓆2𝜅+2)2

(1 − 𝓆2)2(1 − 𝓆4)2
 

〈𝒲(∞)𝒲(∞)〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1

(1 − 𝓆2)2(1 − 𝓆4)2
 

〈𝒲(ℓ) ⋅⋅⋅ 𝒲(ℓ)〉⏟        
𝜅

𝒮𝒪(4)−

(𝜏; 𝑞) = 〈𝒲(ℓ) ⋅⋅⋅ 𝒲(ℓ)〉⏟        
𝜅

𝒮𝒰(2)
(𝜏; 𝑞)2 

〈𝒲(2ℓ)〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)−

(𝓆) =
1 − 𝓆4ℓ+4

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲(2ℓ)〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)+

(𝓆) =
𝓆4ℓ

(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲(ℓ)𝒲(ℓ)〉1
2
𝔅𝔓𝔖

𝒪(4)+

(𝓆) =
1 − 𝓆2 + 𝓆4 − 𝓆2ℓ+2 − 𝓆2ℓ+6 + 𝓆4ℓ+6

(1 − 𝓆2)2(1 − 𝓆4)(1 − 𝓆8)
 



pág. 8723 

〈𝒲(∞)𝒲(∞)〉1
2
𝔅𝔓𝔖

𝒪(4)+

(𝓆) =
1 − 𝓆2 + 𝓆4

(1 − 𝓆2)2(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲(ℓ,ℓ) ⋅⋅⋅ 𝒲(ℓ,ℓ)〉
𝒮𝒪(4)(𝜏; 𝑞) = 〈𝒲(ℓ,ℓ) ⋅⋅⋅ 𝒲(ℓ,ℓ)〉⏟          

𝜅

𝒮𝒪(4)
(𝜏; 𝑞)

= 𝔗𝒮𝒰(2)(𝜏; 𝑞) 〈𝒲(2ℓ) ⋅⋅⋅ 𝒲(2ℓ)〉⏟          
𝜅

𝒮𝒰(2)
(𝜏; 𝑞) 

〈𝒲(ℓ,ℓ)〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) = 〈𝒲(ℓ,−ℓ)〉1

2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

𝓆2ℓ

(1 − 𝓆4)2
 

〈𝒲(ℓ,ℓ)𝒲(ℓ,ℓ)〉1
2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) = 〈𝒲(ℓ,−ℓ)𝒲(ℓ,−ℓ)〉1

2
𝔅𝔓𝔖

𝒮𝒪(4)
(𝓆) =

1 − 𝓆4ℓ+2

(1 − 𝓆2)(1 − 𝓆4)2
 

〈𝒲(ℓ,ℓ)
𝜅 𝒲(ℓ,−ℓ)

𝜅 〉𝒮𝒪(4)(𝓆) = 〈𝒲(2ℓ)
𝜅 〉𝒮𝒪(4) 

𝔗𝒮𝒪(6)(𝜏; 𝑞) = 𝔗𝒮𝒰(2)(𝜏; 𝑞)

= −

(𝑞
1
2𝜏±2; 𝑞)

∞

(𝑞, 𝑞)∞
2

∑
(𝑞

1
2𝜏−2)

℘1+℘2+℘3+℘4−16

(1 − 𝑞℘1−1𝜏4)(1 − 𝑞℘2−1𝜏4)(1 − 𝑞℘3−1𝜏4)(1 − 𝑞℘4−1𝜏4)
℘1,℘2,℘3,℘4∈ℤ
℘1≤℘2≤℘3≤℘4

 

〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉𝑆𝑝𝑖𝑛(6)(𝜏; 𝑞) =
1

48

(𝑞)∞
6

(𝑞
1
2𝜏±2; 𝑞)

∞

3  

∰ ∏

𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

⨂ ∏
(𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖≠𝑗

⨂(1 + 𝛿1𝛿2 + 𝛿1𝛿3 + 𝛿2𝛿3) (1 + 𝛿1
−1𝛿2

−1 + 𝛿1
−1𝛿3

−1 + 𝛿2
−1𝛿3

−1)

6

𝑖=1

 

〈𝔗
(
1
2
,
1
2
,
1
2
)
𝔗

(
1
2
,
1
2
,
1
2
)
〉𝒮𝒪(6)/ℤ2 (𝜏; 𝑞) =

1

6

(𝑞)∞
6

(𝑞
1
2𝜏±2; 𝑞)

∞

3  

∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

⨂ ∏

(𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1
2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

3
2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖≤𝑗

6

𝑖=1

 

〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉𝑆𝑝𝑖𝑛(6)(𝜏; 𝑞) = 〈𝔗
(
1
2
,
1
2
,
1
2
)
𝔗

(
1
2
,
1
2
,
1
2
)
〉𝒮𝒪(6)/ℤ2 (𝜏; 𝑞) = 〈𝒲 𝒲̅̅ ̅̅ 〉𝒮𝒰(4) (𝜏; 𝑞) 

〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(6)
(𝓆) = 〈𝔗

(
1
2
,
1
2
,
1
2
)
𝔗

(
1
2
,
1
2
,
1
2
)
〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
ℤ2 (𝓆) =

1

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆6)
 

〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ ⋅⋅⋅ 𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉⏟              
2𝜅

𝑆𝑝𝑖𝑛(6)
(𝜏; 𝑞) = 〈𝒲 𝒲̅̅ ̅̅ ⋅⋅⋅ 𝒲 𝒲̅̅ ̅̅ 〉

⏟                
2𝜅

𝒮𝒰(4)
(𝜏; 𝑞) 
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〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ ⋅⋅⋅ 𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(6)

⏟                    
2𝜅

(𝓆) =
∑ 𝛼𝜅

𝛿𝜊(6) (𝑖)𝛿℘ 𝓆2𝑖3𝜅
𝑖=0

(1 − 𝓆4)(1 − 𝓆6)(1 − 𝓆8)
 

〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(6)
(𝓆) =

1 + 𝓆2 + 𝓆4 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆4)(1 − 𝓆6)(1 − 𝓆8)
 

〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(6)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆6)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 +⋅⋅⋅ +𝓆𝜂) 

det (

ℑ0(2𝜒) ℑ1(2𝜒) ℑ2(2𝜒)

ℑ1(2𝜒) ℑ0(2𝜒) ℑ1(2𝜒)

ℑ2(2𝜒) ℑ2(2𝜒) ℑ0(2𝜒)

ℑ3(2𝜒)

ℑ2(2𝜒)

ℑ1(2𝜒)
) = ∑

𝛼𝜅
𝓈ℴ(6) (0)𝓈𝓅

(𝜅!)2
𝜒2𝜅

∞

𝜅=0

 

〈𝒲 𝒲 〉𝒮𝒪(6) (𝜏; 𝑞) =
1

48

(𝑞)∞
6

(𝑞
1
2𝜏±2; 𝑞)

∞

3 ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

6

𝑖=1

 

⨂ ∏

(𝛿𝑖
±
𝛿𝑗

∓
; 𝑞)

∞
(𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞
(𝑞𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞
(𝑞𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
𝛿𝑗

∓
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
𝛿𝑗

±
; 𝑞)

∞

𝑖≠𝑗

⨂ (𝛿1 + 𝛿2 + 𝛿3 + 𝛿1
−1

+ 𝛿2
−1

+ 𝛿3
−1

)
2

 

〈𝔗(1,0,0)𝔗(1,0,0)〉
𝒮𝒪(6)(𝜏; 𝑞) =

1

4

(𝑞)∞
6

(𝑞
1
2𝜏±2; 𝑞)

∞

3 ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

6

𝑖=1

 

⨂ ∏

(𝑞
1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2

𝛿𝑖+𝑗,1𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

(𝑞
1
2

(1+𝛿𝑖+𝑗,1)𝜏2𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1
2

(1+𝛿𝑖+𝑗,1)𝜏2𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

𝑖≤𝑗

 

⨂

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2

(1+𝛿𝑖+𝑗,1)𝜏−2𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

 

〈𝒲 𝒲 〉𝒮𝒪(6) (𝜏; 𝑞) = 〈𝔗(1,0,0)𝔗(1,0,0)〉
𝒮𝒪(6)(𝜏; 𝑞) = 〈𝒲 𝒲 〉𝒮𝒰(4) (𝜏, 𝓆) 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆) = 〈𝔗(1,0,0)𝔗(1,0,0)〉1

2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆8

(1 − 𝓆4)(1 − 𝓆6)(1 − 𝓆8)

=
1

(1 − 𝓆2)(1 − 𝓆4)2
 

〈𝒲 𝒲 〉⏟      
2𝜅

𝒮𝒪(6)
(𝜏; 𝑞) = 〈𝒲 𝒲 〉

⏟      
2𝜅

𝒮𝒰(4)
(𝜏; 𝑞) 
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〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆) =

∑ 𝛼𝜅
𝛿𝜊(6) (𝑖)𝓆2𝑖4𝜅

𝑖=0

(1 − 𝓆4)(1 − 𝓆6)(1 − 𝓆8)
 

〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆6)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲 𝒲 𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆6)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲 𝒲 〉𝒮𝒪(6)−
(𝜏; 𝑞) =

1

8

(𝑞)∞
4 (−𝑞; 𝑞)∞

4

(𝑞
1
2𝜏±2; 𝑞)

∞
(−𝑞

1
2𝜏±2; 𝑞)

∞

 

⨂ ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

4

𝑖=1

(𝛿𝑖
±
; 𝑞)

∞
(−𝛿𝑖

±
; 𝑞)

∞
(𝑞𝛿𝑖

±
; 𝑞)

∞
(−𝑞𝛿𝑖

±
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±
; 𝑞)

∞

(−𝑞
1
2𝜏2𝛿𝑖

±
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿𝑖

±
; 𝑞)

∞

(−𝑞
1
2𝜏−2𝛿𝑖

±
; 𝑞)

∞

 

⨂

(𝛿1
±
𝛿2

∓
; 𝑞)

∞
(𝛿1

±
𝛿2

±
; 𝑞)

∞
(𝑞𝛿1

±
𝛿2

∓
; 𝑞)

∞
(𝑞𝛿1

±
𝛿2

±
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿1

±
𝛿2

∓
; 𝑞)

∞

(𝑞
1
2𝜏2𝛿1

±
𝛿2

±
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿1

±
𝛿2

∓
; 𝑞)

∞

(𝑞
1
2𝜏−2𝛿1

±
𝛿2

±
; 𝑞)

∞

⨂ (𝛿1 + 𝛿2 + 𝛿1
−1

+ 𝛿2
−1

)
2

 

〈𝔗(1,0)𝔗(1,0)〉
𝒮𝒪(6)−

(𝜏; 𝑞) =
1

2

(𝑞)∞
4 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝜏±2; 𝑞)

∞
(−𝑞

1
2𝜏±2; 𝑞)

∞

 

∰∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

⨂

4

𝑖=1

(𝑞
1
2𝛿1

±
; 𝑞)

∞

(𝛿2
±
; 𝑞)

∞
(−𝑞

1
2𝛿1

±
; 𝑞)

∞

(−𝛿2
±
; 𝑞)

∞

(𝑞𝜏2𝛿1
±
; 𝑞)

∞
(𝑞

1
2𝜏2𝛿2

±
; 𝑞)

∞

(−𝑞𝜏2𝛿1
±
; 𝑞)

∞
(−𝑞

1
2𝜏2𝛿2

±
; 𝑞)

∞

 

⨂

(𝑞
3
2𝛿1

±
; 𝑞)

∞

(𝑞𝛿2
±
; 𝑞)

∞
(−𝑞

3
2𝛿1

±
; 𝑞)

∞

(−𝑞𝛿2
±
; 𝑞)

∞

(𝑞𝜏−2𝛿1
±
; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿2

±
; 𝑞)

∞

(−𝑞𝜏−2𝛿1
±
; 𝑞)

∞
(−𝑞

1
2𝜏−2𝛿2

±
; 𝑞)

∞

 

⨂

(𝑞
1
2𝛿1

±
𝛿2

∓
; 𝑞)

∞

(𝑞
1
2𝛿1

±
𝛿2

±
; 𝑞)

∞

(𝑞
3
2𝛿1

±
𝛿2

∓
; 𝑞)

∞

(𝑞
3
2𝛿1

±
𝛿2

±
; 𝑞)

∞

(𝑞𝜏2𝛿1
±
𝛿2

∓
; 𝑞)

∞
(𝑞𝜏2𝛿1

±
𝛿2

±
; 𝑞)

∞
(𝑞𝜏−2𝛿1

±
𝛿2

∓
; 𝑞)

∞
(𝑞𝜏−2𝛿1

±
𝛿2

±
; 𝑞)

∞

 

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

(𝓆) = 〈𝔗(1,0)𝔗(1,0)〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

(𝓆) =
1 + 𝓆2 + 𝓆6 + 𝓆8

(1 − 𝓆6)(1 − 𝓆4)(1 − 𝓆8)

=
1

(1 − 𝓆2)(1 − 𝓆8)
 

〈𝒲 ⋅⋅⋅ 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

⏟            
2𝜅

(𝓆) =
∑ 𝛼𝜅

𝛿𝜊(6)−

(𝑖)𝓆2𝑖4𝜅
𝑖=0

(1 − 𝓆6)(1 − 𝓆4)(1 − 𝓆8)
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〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

(𝓆) =
1 + 𝓆2 + 𝓆4 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆6)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

(𝓆)

=
1

(1 − 𝓆6)(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

𝛼𝜅
𝛿𝜊(6)−

(0) = ℭ𝜅ℭ𝜅+2 − ℭ𝜅+1
2  

〈𝒲𝜆1
⋅⋅⋅ 𝒲𝜆𝜅

〉𝒪(6)+
(𝜏; 𝑞) =

1

2
[〈𝒲𝜆1

⋅⋅⋅ 𝒲𝜆𝜅
〉𝒮𝒪(6)+

(𝜏; 𝑞) + 〈𝒲𝜆1
⋅⋅⋅ 𝒲𝜆𝜅

〉𝒮𝒪(6)−
(𝜏; 𝑞)] 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)+

(𝓆) =
1 + 𝓆2 + 𝓆4 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
=

1

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)+

(𝓆)

=
1

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲 𝒲 〉

⏟      
𝜅

𝒮𝒪(6)
(𝜏; 𝑞) = 〈𝒲 𝒲 〉

⏟          
𝜅

𝒮𝔘(4)
(𝜏; 𝑞) 

〈𝒲 𝒲̅̅ ̅̅ 〉

⏟      
2𝜅

𝒮𝒪(6)
(𝜏; 𝑞) = 〈𝒲 𝒲 〉⏟          

2𝜅

𝒮𝔘(4)
(𝜏; 𝑞) 

 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆) =

𝓆2

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 
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〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

(𝓆) =
𝓆2

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

(𝓆) =
1 + 𝓆2 + 𝓆4 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)+

(𝓆) =
𝓆2

(1 − 𝓆4)2(1 − 𝓆8)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)+

(𝓆) =
1 + 𝓆2 + 𝓆4 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆4)2(1 − 𝓆8)
 

〈𝒲(ℓ) ⋅⋅⋅ 𝒲(ℓ)〉⏟        
2𝜅

𝒮𝒪(6)
(𝜏; 𝑞) = 〈𝒲(ℓ2) ⋅⋅⋅ 𝒲(ℓ2)̅̅ ̅̅ ̅̅ 〉⏟          

𝜅

𝒮𝔘(4)
(𝜏; 𝑞) 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆) =

𝓆4 + 𝓆8

(1 − 𝓆4)(1 − 𝓆6)(1 − 𝓆8)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)
(𝓆)

=
1

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
⨂(1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂) 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

(𝓆) =
𝓆4 + 𝓆8

(1 − 𝓆6)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)−

(𝓆) =
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆6)(1 − 𝓆2)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)+

(𝓆) =
𝓆4 + 𝓆8

(1 − 𝓆6)(1 − 𝓆4)(1 − 𝓆8)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(6)+

(𝓆) =
1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆4)(1 − 𝓆8)(1 − 𝓆12)
 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(2𝒩)(𝜏; 𝑞) =
1

2𝒩−1𝒩!

(𝑞)∞
2𝒩

(𝑞
1
2𝜏±2; 𝑞)

∞

𝒩 ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

𝒩

𝑖=1

 

⨂ ∏
(𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖≠𝑗

⨂
1

4
[∏ (𝛿

𝑖

1
2 + 𝛿

𝑖

−
1
2)

𝒩

𝑖=1

+ ∏ (𝛿
𝑖

1
2 − 𝛿

𝑖

−
1
2)

𝒩

𝑖=1

]

2
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〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉𝑆𝑝𝑖𝑛(2𝒩)(𝜏; 𝑞) =
1

2𝒩−1𝒩!

(𝑞)∞
2𝒩

(𝑞
1
2𝜏±2; 𝑞)

∞

𝒩 ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

𝒩

𝑖=1

 

⨂ ∏
(𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖≠𝑗

⨂
1

4
[∏ (𝛿

𝑖

1
2 + 𝛿

𝑖

−
1
2)

𝒩

𝑖=1

+ ∏ (𝛿
𝑖

1
2 − 𝛿

𝑖

−
1
2)

𝒩

𝑖=1

] [∏ (𝛿
𝑖

1
2 + 𝛿

𝑖

−
1
2) + ∏ (𝛿

𝑖

1
2 − 𝛿

𝑖

−
1
2)

𝒩

𝑖=1

𝒩

𝑖=1

] 

 

〈𝔗
(
1
2
,𝒩)

𝔗
(
1
2
,𝒩)

〉𝒮𝒪(2𝒩)/ℤ2 (𝜏; 𝑞) =
1

𝒩!

(𝑞)∞
2𝒩

(𝑞
1
2𝜏±2; 𝑞)

∞

𝒩 ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

𝒩

𝑖=1

 

⨂ ∏

(𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1
2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

3
2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖≤𝑗

 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩)
(𝓆) = 〈𝔗

(
1
2
,𝒩)

𝔗
(
1
2
,𝒩)

〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩)/ℤ2 = ∏
1

1 − 𝓆2𝜂

𝒩

𝜂=1

 

〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩)
(𝓆) = 〈𝔗

(
1
2
,𝒩)

𝔗
(
1
2
,𝒩)

〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩)/ℤ2 = ∏
1

1 − 𝓆2𝜂

𝒩

𝜂=1

 

𝔗1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩)
(𝓆) =

1

1 − 𝓆2𝒩
∏

1

1 − 𝓆4𝜂

𝒩−1

𝜂=1

 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩)
(𝓆) = 〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉1

2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩)
(𝓆) = ∏(1 + 𝓆2𝜂)

𝒩−1

𝜂=1

 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩=4𝜂)

⏟              
2𝜅

(𝓆) = 〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2𝒩=4𝜂+2)

⏟                
2𝜅

(𝓆) =
∑ 𝛼𝜅

𝛿𝜊(2𝒩) (𝑖)𝛿℘ 𝓆2𝑖
𝒩(𝒩+1)𝜅

2
𝑖=0

1 − 𝓆2𝒩 ∏ 1 − 𝓆4𝜂𝒩−1
𝜂=1

 

〈𝒲 𝒲 〉𝒮𝒪(2𝒩) (𝜏; 𝑞) =
1

2𝒩−1𝒩!

(𝑞)∞
2𝒩

(𝑞
1
2𝜏±2; 𝑞)

∞

𝒩 ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

𝒩

𝑖=1

 

⨂ ∏
(𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖≠𝑗

⨂ [∑(𝛿𝑖 + 𝛿𝑖
−1)

𝒩

𝑖=1

]

2
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〈𝔗(1,0,𝒩−1)𝔗(1,0,𝒩−1)〉
𝒮𝒪(2𝒩)(𝜏; 𝑞) =

1

2𝒩−2(𝒩 − 1)!

(𝑞)∞
2𝒩

(𝑞
1
2𝜏±2; 𝑞)

∞

𝒩 ⨂ ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

𝒩

𝑖=1

 

∏

(𝑞
1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖≤𝑗

 

⨂

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2
(1+𝛿𝑖+𝑗,1)𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2
(1+𝛿𝑖+𝑗,1)𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩)
(𝓆) =

1 + 𝓆2 + 𝓆4 + 𝓆6 + 𝓆8 + 𝓆10 +⋅⋅⋅ +𝓆𝜂

(1 − 𝓆2𝒩) ∏ (1 − 𝓆4𝜂)𝒩−1
𝜂=1

=
1

(1 − 𝓆2)(1 − 𝓆2(𝒩−1)) ∏ (1 − 𝓆4𝜂)𝒩−2
𝜂=1

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩)

⏟            
2𝜅

(𝓆) =
∑ 𝛼𝜅

𝛿𝜊(2𝒩) (𝑖)𝓆2𝑖(2𝒩−2)𝜅
𝑖=0

(1 − 𝓆2𝒩) ∏ (1 − 𝓆4𝜂)𝒩−1
𝜂=1

 

〈𝒲 𝒲 〉𝒮𝒪(2𝒩)−
(𝜏; 𝑞) =

1

2𝒩−1(𝒩 − 1)!

(𝑞)∞
2𝒩−2(−𝑞; 𝑞)∞

2

(𝑞
1
2𝜏±2; 𝑞)

∞

𝒩−1

(−𝑞
1
2𝜏±2; 𝑞)

∞

⨂ ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

𝒩−1

𝑖=1

 

(𝛿𝑖
±; 𝑞)

∞
(−𝛿𝑖

±; 𝑞)
∞

(𝑞𝛿𝑖
±; 𝑞)

∞
(−𝑞𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏2𝛿𝑖

±; 𝑞)
∞

(−𝑞
1
2𝜏2𝛿𝑖

±; 𝑞)
∞

(𝑞
1
2𝜏−2𝛿𝑖

±; 𝑞)
∞

(−𝑞
1
2𝜏−2𝛿𝑖

±; 𝑞)
∞

 

⨂ ∏
(𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞

(𝑞
1
2𝜏2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
∓; 𝑞)

∞
(𝑞

1
2𝜏−2𝛿𝑖

±𝛿𝑗
±; 𝑞)

∞
𝑖≤𝑗

⨂ [∑ (𝛿𝑖 + 𝛿𝑖
−1)

𝒩−1

𝑖=1

]

2

 

〈𝔗(1,0,𝒩−2)𝔗(1,0,𝒩−2)〉
𝒮𝒪(2𝒩)−

(𝜏; 𝑞)

=
1

2𝒩−2(𝒩 − 2)!

(𝑞)∞
2𝒩−2(−𝑞; 𝑞)∞

2

(𝑞
1
2𝜏±2; 𝑞)

∞

𝒩−1

(−𝑞
1
2𝜏±2; 𝑞)

∞

⨂ ∰ ∏
𝑑𝑠𝑖

2𝜋𝑖𝛿𝑖

𝒩−1

𝑖=1

 

⨂

(𝑞
1
2

𝛿𝑖,1𝛿𝑖
±; 𝑞)

∞
(𝑞−

1
2

𝛿𝑖,1𝛿𝑖
±; 𝑞)

∞
(𝑞1+

1
2

𝛿𝑖,1𝛿𝑖
±; 𝑞)

∞
(−𝑞1+

1
2

𝛿𝑖,1𝛿𝑖
±; 𝑞)

∞

(𝑞
1
2

(1+𝛿𝑖,1)𝜏2𝛿𝑖
±; 𝑞)

∞
(−𝑞

1
2

(1+𝛿𝑖,1)𝜏2𝛿𝑖
±; 𝑞)

∞
(𝑞

1
2

(1+𝛿𝑖,1)𝜏−2𝛿𝑖
±; 𝑞)

∞
(−𝑞

1
2

(1+𝛿𝑖,1)𝜏−2𝛿𝑖
±; 𝑞)

∞

 

∏

(𝑞
1
2

𝛿𝑖+𝑗,1𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1
2

𝛿𝑖+𝑗,1𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

(𝑞
1
2

(1+𝛿𝑖+𝑗,1)𝜏2𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1
2

(1+𝛿𝑖+𝑗,1)𝜏2𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

𝑖≤𝑗

 



pág. 8730 

⨂

(𝑞1+
1
2

𝛿𝑖+𝑗,1𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞1+
1
2

𝛿𝑖+𝑗,1𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

(𝑞
1
2

(1+𝛿𝑖+𝑗,1)𝜏−2𝛿𝑖
±𝛿𝑗

∓; 𝑞)
∞

(𝑞
1
2

(1+𝛿𝑖+𝑗,1)𝜏−2𝛿𝑖
±𝛿𝑗

±; 𝑞)
∞

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩)−

(𝓆) = 〈𝔗(1,0,𝒩−2)𝔗(1,0,𝒩−2)〉1
2
𝔅𝔓𝔖

𝒮𝒪(2𝒩)−

(𝓆) = 

1 + 𝓆2 +⋅⋅⋅ +𝓆2𝒩−4

∏ (1 − 𝓆4𝜂)𝒩−1
𝜂=1

=
1 − 𝓆2(𝒩−1)

1 − 𝓆2
 ∏

1

1 − 𝓆4𝜂

𝒩−1

𝜂=1

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒪(2𝒩)+

(𝓆) =
1 + 𝓆2 +⋅⋅⋅ +𝓆2𝒩−4

∏ (1 − 𝓆4𝜂)𝒩
𝜂=1

==
1

1 − 𝓆2
 ∏

1

1 − 𝓆4𝜂

𝒩−1

𝜂=1

 

𝔗1
2
𝔅𝔓𝔖

𝒪(2𝒩)+

(𝓆) = ∏
1

1 − 𝓆4𝜂

𝒩−1

𝜂=1

 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒪(2𝒩)+

(𝓆) =
1 − 𝓆4𝒩

1 − 𝓆2
 

𝔗𝒮𝒪(2∞+1)(𝜏; 𝑞) = 𝔗𝒰𝒮𝓅(2∞)(𝜏; 𝑞) = 𝔗𝒮𝒪(2∞)(𝜏; 𝑞) = 𝔗𝒪(2∞)+
(𝜏; 𝑞)

= ∏
(1 − 𝑞𝜂+𝑚+ℓ+

3
2𝜏−4𝑚+4ℓ±2)

2

(1 − 𝑞𝜂+𝑚+ℓ+1𝜏−4𝑚+4ℓ±4)(1 − 𝑞𝜂+𝑚+1𝜏−4𝑚+4ℓ)(1 − 𝑞𝜂+𝑚+ℓ+3𝜏−4𝑚+4ℓ)
𝜂,𝑚,ℓ=0

 

𝑖𝒜𝒹𝒮5×ℝℙ5
(𝜏; 𝑞) =

𝑞
1
2(𝜏2 + 𝜏−2) − 𝑞 − 𝑞2

(1 − 𝑞𝜏4)(1 − 𝑞𝜏−4)
−

𝑞
1
2(𝜏2 + 𝜏−2)

(1 + 𝑞
1
2𝜏2) (1 + 𝑞

1
2𝜏−2) (1 − 𝑞)

 

𝑖𝜒(𝜏; 𝑞) = 𝑇𝑟(−1)ℱ𝑞
ℏ+𝑗

2 𝜏2(𝑞2−𝑞3) 

𝑖1
2
𝔅𝔓𝔖

𝜒 (𝓆) = 𝑇𝑟(−1)ℱ𝑞2(𝑞2−𝑞3) 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2∞+1)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒰𝒮𝓅(2∞)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖,𝑐

𝒮𝒪(2∞)
(𝓆)

= 〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒪(2∞)+

(𝓆) =
1

1 − 𝓆2
 

〈𝒲 𝒲 〉𝒮𝒪(2∞+1) (𝜏; 𝑞) = 〈𝒲 𝒲 〉𝒰𝒮𝓅(2∞) (𝜏; 𝑞) = 〈𝒲 𝒲 〉𝒮𝒪(2∞) (𝜏; 𝑞)

= 〈𝒲 𝒲 〉𝒪(2∞)+
(𝜏; 𝑞) =

1 − 𝑞

(1 − 𝑞
1
2𝜏2) (1 − 𝑞

1
2𝜏−2)

 

𝑖𝑠𝑡𝑟𝑖𝑛𝑔(𝜏; 𝑞) = −𝑞 + 𝑞
1
2𝜏2 − 𝑞

1
2𝜏−2 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2∞+1)
(𝓆) = 〈𝒲 〉1

2
𝔅𝔓𝔖

𝒰𝒮𝓅(2∞)
(𝓆) = 〈𝒲 〉1

2
𝔅𝔓𝔖

𝒪(2∞)+

(𝓆) =
𝑞2

(1 − 𝓆4)
= 𝑞2 +⋅⋅⋅ +𝑞𝜂 
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〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2∞+1)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒰𝒮𝓅(2∞)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒪(2∞)+

(𝓆)

=
1 + 𝑞2 + 𝑞4

(1 − 𝓆4)2
= 𝑞2 +⋅⋅⋅ +𝑞𝜂 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2∞+1)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒰𝒮𝓅(2∞)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒪(2∞)+

(𝓆)

=
1

(1 − 𝓆2)(1 − 𝓆4)
= 𝑞2 +⋅⋅⋅ +𝑞𝜂 

〈𝒲𝜆𝒲𝜆〉1
2
𝔅𝔓𝔖,𝑐

𝒢 (𝓆) ≔ 〈𝒲𝜆𝒲𝜆〉1
2
𝔅𝔓𝔖

𝒢
− 〈𝒲𝜆〉1

2
𝔅𝔓𝔖,𝑐

𝒢 (𝑞)2 

〈𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2∞+1)
(𝓆) = 〈𝒲 〉1

2
𝔅𝔓𝔖

𝒰𝒮𝓅(2∞)
(𝓆) = 〈𝒲 〉1

2
𝔅𝔓𝔖

𝒪(2∞)+

(𝓆) =
𝑞

1
2(𝜏2 + 𝜏−2) − 𝑞 − 𝑞2

(1 − 𝑞𝜏4)(1 − 𝑞𝜏−4)
 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2∞+1)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒰𝒮𝓅(2∞)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒪(2∞)+

(𝓆)

=
1

(1 − 𝑞𝜏4)(1 − 𝑞𝜏−4)
(1 + (𝜏2 + 𝜏−2)𝑞

1
2 + (3 + 𝜏4 + 𝜏−4)𝑞

− 3(𝜏2 + 𝜏−2)𝑞
3
2 − (𝜏2 + 𝜏−2)𝑞2 − 3(𝜏2 + 𝜏−2)𝑞

5
2 + (3 + 𝜏4 + 𝜏−4)𝑞3

+ (𝜏2 + 𝜏−2)𝑞
7
2 + 𝑞4) 

〈𝒲 𝒲 〉1
2
𝔅𝔓𝔖

𝒮𝒪(2∞+1)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒰𝒮𝓅(2∞)
(𝓆) = 〈𝒲 𝒲 〉1

2
𝔅𝔓𝔖

𝒪(2∞)+

(𝓆)

=

(1 − 𝑞) (1 + 𝑞 − 𝑞
3
2(𝜏2 + 𝜏−2))

(1 − 𝑞
1
2𝜏2) (1 − 𝑞

1
2𝜏−2) (1 − 𝑞𝜏4)(1 − 𝑞𝜏−4)

 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(2∞+1)
(𝓆) = 〈𝒲𝛿℘𝒲𝛿℘〉1

2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4∞)
(𝓆) = 〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉1

2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(4∞+2)
(𝓆)

= ∏
1

1 − 𝑞4𝜂−2

∞

𝜂=1

 

〈𝒲𝛿℘𝒲𝛿℘〉1
2
𝔅𝔓𝔖

𝑆𝑝𝑖𝑛(∞)
(𝓆) = ∑ 𝑑{𝛿℘,𝛿℘}

(ℌ)

𝜂≥0

(𝜂)𝑞2𝜂 

𝑖1
2
𝔅𝔓𝔖

𝑓𝑎𝑡 𝑠𝑡𝑟𝑖𝑛𝑔(𝓆) =
𝑞2

1 − 𝓆4
= 𝑞2 +⋅⋅⋅ +𝑞𝜂 

𝛿𝔇5 = 𝒯5 ∭ 𝑑6𝜎√det(𝑔 + 2𝜋𝛼′ℱ) − 𝑖𝒯5 ∭ 2𝜋𝛼′ℱ ∧ 𝒞(4) 
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𝛿
𝔇5⏞

𝒜𝒹𝒮2×ℝℙ4

 

= 𝒯5 ∭ 𝑑6𝜎√det 𝑔 = 𝒯5 Vol(𝒜𝒹𝒮2) Vol(ℝℙ4) 

𝑑𝑠𝒜𝒹𝒮2

2 =
1

𝑟2
(−𝑑𝜏2 + 𝑑𝑟2), 𝑑𝑠4

2 = 𝑔𝑖𝑗𝑑𝜎𝑖𝑑𝜎𝑗  

𝛿 = 𝒯5 ∭ 𝑑6𝜎√𝑔(4)
1

2

1

𝑟2
[𝑟2(𝜕𝜏𝜙)2 − 𝑟2(𝜕𝑟𝜙)2 + (∇𝑖𝜙∇𝑖𝜙 − 4𝜙2)] 

𝜙(𝜏, 𝑟, Θ) = ∑ 𝜙𝜔(𝜏, 𝑟)

𝜔

Υ𝜔(Θ) 

𝛿 = 𝒯5 ∑
3

2
𝜋2

𝜔

∭ 𝑑6𝜎
1

𝑟2
[𝑟2(𝜕𝜏𝜙𝜔)2 − 𝑟2(𝜕𝑟𝜙𝜔)2 − 𝜔(ω + 1)𝜙𝜔

2 ] 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(2∞+1)(𝜏; 𝑞) = 〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(4∞)(𝜏; 𝑞) = 〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉𝑆𝑝𝑖𝑛(4∞+2)(𝜏; 𝑞)

= ∏ ∏
(1 − 𝑞1+𝜂+𝑚𝜏4𝜂−4𝑚)(1 − 𝑞2+𝜂+𝑚𝜏4𝜂−4𝑚)

(1 − 𝑞
1

2
+𝜂+𝑚

𝜏2+4𝜂−4𝑚) (1 − 𝑞
1

2
+𝜂+𝑚

𝜏−2+4𝜂+4𝑚)

∞

𝑚=0

∞

𝜂=0

 

〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(2∞+1)(𝜏; 𝑞) = 〈𝒲𝛿℘𝒲𝛿℘〉𝑆𝑝𝑖𝑛(4∞)(𝜏; 𝑞)

= 〈𝒲𝛿℘𝒲𝛿℘̅̅ ̅̅ 〉𝑆𝑝𝑖𝑛(4∞+2)(𝜏; 𝑞) ∏
(1 − 𝑞𝜂)2𝜂−1

(1 − 𝑞𝜂−1/2)2𝜂

∞

𝜂=1

= 𝑞2 +⋅⋅⋅ +𝑞𝜂 

𝑖𝑓𝑎𝑡 𝑠𝑡𝑟𝑖𝑛𝑔(𝓆) =
𝑞

1
2(𝜏2 + 𝜏−2) − 𝑞 − 𝑞2

(1 − 𝑞𝜏4)(1 − 𝑞𝜏−4)
 

3. Modelo Yang – Mills – Higgs para espacios cuánticos relativistas. 

3.1. Cálculos estocásticos. 

𝜕𝑡Α𝑖 = ΔΑ𝑖 + [Α𝑗 , 2𝜕𝑗Α𝑖 − 𝜕𝑖Α𝑗 + [Α𝑗; Α𝑖]] + (ℭΑ
𝜀 Α)𝑖

+ 𝜉𝑖
𝜀 lim

𝜀↓0
|ℭΑ

𝜀 − ℭ̅Α
𝜀 | |𝔈𝒲ℓ[ℱ𝑠(Α

𝛼)] − 𝔈𝒲ℓ[ℱ𝑠(Α𝛽)]| 

𝜒𝜀(𝑡, 𝜒) = 𝜀−5𝜒(𝜀−2𝑡, 𝜀−1𝜒), 𝜉 = ℊ3⨁𝒱 

𝜕𝑡Α𝑖 = ΔΑ𝑖 + [Α𝑗 , 2𝜕𝑗Α𝑖 − 𝜕𝑖Α𝑗 + [Α𝑗; Α𝑖]] − 𝔅((𝜕𝑖𝜙 + Α𝑖𝜙)⨂𝜙) + (ℭΑ
𝜀 Α)𝑖 + 𝜉𝑖

𝜀 , 𝜕𝑡𝜙

= Δ𝜙 + 2Α𝑗𝜕𝑗𝜙 + Α𝑗
2𝜙 − |𝜙|2𝜙 + ℭϕ

𝜀 ϕ + 𝜉ℌ
𝜀(Α(0), 𝜙(0)) = (𝛼, 𝜑) ∈ ℭ∞ 

〈𝔅(𝜇⨂𝜈), ℏ〉ℊ = 〈𝜇, ℏ𝜈〉𝒱 

𝜕𝑡𝜒 = Δ𝜒 + 𝜒𝜕𝜒 + 𝜒3 + ℭ𝜀𝜒 + 𝜒𝜀 ⋇ 𝜉, 𝜒 ≔ (Α, 𝜙): [0, 𝒯] × 𝒯3 ↦ 𝜉 

ℭ = {ℭ𝜀}𝜀∈(0,1) = {ℭΑ
𝜀 , ℭϕ

𝜀 }
𝜀∈(0,1)

, 𝔊𝜚 ≝ 𝔊𝜚(𝒯3, 𝔊), 𝑔 ⋅ Α ≜ Α𝑑𝑔(Α) − (𝑑𝑔)𝑔−1, 𝑔 ⋅ ϕ ≜ 𝑔𝜙 

𝑔 ⋅ SYMH(ℭ, (𝛼, 𝜑)) law SYMH(ℭ, 𝑔(0) ⋅ (𝛼, 𝜑)) 

𝑔−1(𝜕𝑡𝑔) = 𝜕𝑗(𝑔−1𝜕𝑗𝑔) + [Α𝑗 , 𝑔
−1𝜕𝑗𝑔], ℭ̌ ∈ ℒ𝒢(ℊ) 
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[SYMH(ℭ, (𝛼, 𝜑))]law[SYMH(ℭ, 𝑔(0) ⋅ (𝛼, 𝜑))] 

𝜕𝑠Α𝑖 = ΔΑ𝑖 + [Α𝑗 , 2𝜕𝑗Α𝑖 − 𝜕𝑖Α𝑗 + [Α𝑗; Α𝑖]] Α(0) = 𝛼 

𝑑𝓎𝑡 = 𝓎𝑡𝑑ℓΑ, ℓΑ(𝑡) = ∭〈Α(ℓs), ℓ̇s〉𝑑𝑠

𝑡

0

 

𝒲ℓ(Α) = 𝑇𝑟 hol(Α, ℓ) 

ℭ⏞
∘

Α = ℭ̌ + 𝑐 ∈ ℒ𝒢(ℊ3), ℭ𝜀 = (ℭ𝒴ℳ
𝜀 + ℭ⏞

∘

Α , ℭϕ
𝜀 ) ∈ ℒ𝒢(ℊ3)⨁ℒ𝒢(𝒱) 

𝜒 = (𝛼, 𝜑) ∈ 𝔊∞(𝒯3, 𝜉), 𝑔 ∈ 𝒢∞ 

SYMH(ℭ, 𝜒) = (Α(1), 𝜙(1)), SYMH(ℭ, 𝑔 ⋅ 𝜒) = (Α(2), 𝜙(2)) 

|𝔈𝒲ℓ [ℱ𝑠(Α𝑡
(1)

)] − 𝔈𝒲ℓ [ℱ𝑠(Α𝑡
(2)

)]| ≥ 𝜎𝑡1+𝑟 

|𝔈𝒲ℓ[ℱ𝑠(Α𝑡)] − 𝔈𝒲ℓ[ℱ𝑠(Α̃𝑡)]| ≥ 𝜎𝑡1+𝑟 

𝜕𝑡𝜒 = Δ𝜒̃ + 𝜒̃𝜕𝜒̃ + 𝜒̃3 + 𝜒𝜀 ⋇ 𝜉 + ℭ𝜀𝜒̃ + (𝑐𝑑𝑔̃𝑔̃−1, 0) 

𝜕𝑡𝑔̃ = Δ𝑔̃ − (𝜕𝑗𝑔̃)𝑔̃−1(𝜕𝑗𝑔̃) + [Α̃𝑗 , (𝜕𝑗𝑔̃)𝑔̃−1]𝑔̃ 

(𝜕𝑡𝑔)𝑔−1 = 𝜕𝑗 ((𝜕𝑗𝑔)𝑔−1) + [𝔅𝑗 , (𝜕𝑗𝑔)𝑔−1] 

𝜕𝑡𝛾 = Δ𝛾 + 𝛾𝜕𝛾 + 𝛾3 + ℭ𝜀𝛾 + (ℭ𝜀𝑑𝑔𝑔−1, 0) + Α𝑑ℊ(𝜒𝜀 ⋇ 𝜉) 

𝜕𝑡𝜒̅ = Δ𝜒̅ + 𝜒̅𝜕𝜒̅ + 𝜒̅3 + ℭ𝜀𝜒̅ + (𝑐𝑑𝑔̅𝑔̅−1, 0) + 𝜒𝜀 ⋇ (Α𝑑ℊ𝜉) 

𝔈𝒲ℓ [ℱ𝑠(Α𝑡
(1)

)] = 𝔈𝒲ℓ[ℱ𝑠(Α̃𝑡)] + 𝒪(𝑡ℳ) 

|𝔈𝒲ℓ[ℱ𝑠(Α̃𝑡)] − 𝔈𝒲ℓ [ℱ𝑠(Α𝑡
(2)

)]| ≥ 𝜎𝑡1+𝑟 

𝒫𝑡 ⋆ 𝑓 = ∭ 𝒫𝑡−𝑠

𝑡

0

𝑓𝑠𝑑𝑠 

|𝑓|ℭ𝔅 = sup
𝑠∈(0,1)

𝑠−𝛽/2 |𝒫𝑠𝑓|∞|𝑓|ℭ𝔅(ℝ4) ≝ max
|𝜅|≤⌊𝛽⌋

|𝜕𝜅𝑓|
ℭ𝔅−⌊𝛽⌋ ≤ ∞ 

|𝑓|ℭ𝜂 = sup
𝜒≠𝛾

|𝜒 − 𝛾|−𝜂|𝑓(𝜒) − 𝑓(𝛾)| 

𝒪 = [−1,2] × 𝒯3 

|𝜉|ℭ𝔅(𝒪) = sup
𝓏∈𝒪

sup
𝜑∈𝔅𝑟

sup
𝜆∈𝔅𝑟(0,1]

𝜆−𝛽|〈𝜉, 𝜑𝓏
𝜆〉| 

𝜑(𝑠,𝑦)
𝜆 (𝑡, 𝜒) = 𝜆−5𝜑((𝑡 − 𝑠)𝜆−2, (𝜒 − 𝛾)𝜆−1) 
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𝜕𝑡𝜒 = Δ𝜒 + 𝜒𝜕𝜒 + 𝜒3 + 𝜒𝜀 ⋇ 𝜉 + ℭ𝜀𝜒 + (𝑐ℏ, 0), 𝜕𝑡ℏ𝑖

= Δℏ𝑖 − [ℏ𝑗 , 𝜕𝑗ℏ𝑖] + [[Α𝑗 , ℏ𝑗], ℏ𝑖] + 𝜕𝑖[Α𝑗 , ℏ𝑗] 

|𝑓1𝑓2|
𝔇𝛼

𝛾,𝜂 ≼ |𝑓1|
𝔇𝛼1

𝛾1,𝜂1 |𝑓2|
𝔇𝛼2

𝛾2,𝜂2 |𝜕𝑓|
𝔇𝛼−1

𝛾−1,𝜂−1|𝑓|
𝔇𝛼

𝛾,𝜂  

𝜒 = 𝒫𝜒(0) + 𝜓 + 𝒫1+ {𝜒𝜕𝜒 + 𝜒3 + ℭ⏞
∘

𝜒 + 𝑐ℋ} ≝ 𝒫𝜒(0) + 𝜓 + 𝒫1+{𝒬𝒴ℳℋ(𝜒) + 𝑐ℋ}, ℌ

= 𝒫ℏ(0) + 𝒫1+(ℌ𝜕ℌ + 𝜒ℌ2) + 𝒫′1+(𝜒ℌ) 

𝜓 = 𝒫1+𝜉1+Ξ ∈ 𝔇
−

1
2
−𝜅

3
2
+2𝜅,−

1
2
−𝜅

 

𝛾 = 𝒫𝜒(0) + 𝒫1+ {𝜒3 + 𝑐ℋ + ℭ⏞
∘

𝜒} + 𝒫𝜓𝜕𝜓(𝜓𝜕𝜓) + 𝒫1+(𝛾𝜕𝜓 + 𝜓𝜕𝛾 + 𝛾𝜕𝛾)

= 𝒫𝜒(0) + 𝒫1+{𝒬̃𝒴ℳℋ(𝛾) + 𝑐ℋ} + 𝒫𝜓𝜕𝜓(𝜓𝜕𝜓) 

𝒬̃𝒴ℳℋ(𝛾) = 𝜒3 + ℭ⏞
∘

𝜒 + 𝛾𝜕𝜓 + 𝜓𝜕𝛾 + 𝛾𝜕𝛾, 𝒬̃𝒴ℳℋ: 𝔇−𝜅

3
2
+2𝜅,𝜔

↬ 𝔇
−

3
2
−2𝜅

𝜅,𝜔−
3
2
−𝜅

, 𝔇−𝜅

3
2
+2𝜅,𝜔

⨂𝔇
−

3
2
−2𝜅

1
2
+2𝜅,−

3
2
−𝜅

↫ 𝔇
−

3
2
−2𝜅

𝜅,𝜔−
3
2
−𝜅

 

(𝛾, ℌ) ∈ 𝔇−𝜅

3
2
+2𝜅,𝜔

⨂𝔇0
1+2𝜅,0 

|𝒫1+𝑓|𝔇𝛾+2,𝜂̅ ≅ 𝑡
𝜃
2|𝑓|𝔇𝛾,𝜂 , |𝒫′1+𝑓|𝔇𝛾+1,𝜂̅−1 ≅ 𝑡

𝜃
2|𝑓|𝔇𝛾,𝜂  

|𝒫𝜔1+𝑓|𝔇𝛾+2,𝜂̅ ≅ 𝑡
𝜃
2(|𝑓|𝔇𝛾,𝜂 + |𝜔|ℭ𝜂∧𝛼(𝒪)) 

𝜏−1/𝑞 ≅ 2 + ‖|𝒵|‖3
2
+2𝜅;𝒪

+ |𝜒(0)|ℭ3 + |ℏ(0)|ℭ3 + |𝒫 ⋆ 1+𝜉|
ℭ([−1,3],ℭ

−
1
2−𝜅

)

+ |𝒫 ⋆ (𝜓𝜕𝜓)|ℭ([−1,3],ℭ−2𝜅) 

|𝒫′1+(𝜒ℌ)|𝔇0
1+2𝜅−𝜅 ≼ 𝑡

1
4|𝜒ℌ|

𝔇
−

1
2

−𝜅

1
2

+𝜅,−
1
2

−𝜅
≼ 𝑡

1
4|𝜒|

𝔇
−

1
2

−𝜅

3
2

+2𝜅,−
1
2

−𝜅
|ℌ|

𝔇0
1+2𝜅,0 ≼ 𝑡

1
4 

|𝒫1+(ℋ𝜕ℋ)|𝔇0
1+2𝜅−𝜅 ≼ 𝑡, |𝒫1+(𝜒ℋ2)|

𝔇0

3
2

+𝜅,−𝜅
≼ 𝑡

3
4 

𝛾 = 𝒫𝜒(0) + 𝒪
𝔇−𝜅

3
2

+2𝜅,𝜔
(𝑡−

𝜔
2

−
𝜅
2) , |𝒫1+ (𝒬̃𝒴ℳℋ(𝛾))|

𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
4
−

𝜅
2|𝒬̃𝒴ℳℋ(𝛾)|

𝔇
−

3
2

−2𝜅

𝜅,𝜔−
3
2

−𝜅

≼ 𝑡
1
4
−

𝜅
2 

|𝒫𝜓𝜕𝜓(𝜓𝜕𝜓)|
𝔇−𝜅

3
2

+2𝜅,𝜔
≼ 𝑡−

(𝜅+𝜔)
2  
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|𝒫ℋ|
𝔇−𝜅

3
2

+2𝜅,𝜔
≼ |𝔓𝒫ℏ(0)|

𝔇−𝜅

3
2

+2𝜅,𝜔
+ |𝒫𝒪𝔇0

1+2𝜅−𝜅 (𝑡
1
4)|

𝔇−𝜅

3
2

+2𝜅,𝜔
≼ 𝑡−

𝜔
2 |𝒫ℏ(0)|

𝔇0
0+,0 + 𝑡

1
4
+1−

𝜅
2

−
𝜔
2

≼ 𝑡1−
𝜔
2  

𝔅0 = 𝒫𝜒(0) + 𝜓, ℏ0 = 𝒫ℏ(0) 

𝔅𝜂 = 𝒫 (ℭ⏞
∘

𝔅𝜂−41𝜂≥4) + ∑ 𝒫(𝔅𝜅1
𝜕𝔅𝜅2

)

𝜅1+𝜅2=𝜂−1

+ ∑ 𝒫(𝔅𝜅1
𝔅𝜅2

𝔅𝜅3
)

𝜅1+𝜅2+𝜅3=𝜂−2

 

𝜒 = ∑ 𝔅𝑖 + 𝑐1𝜂=5𝒫ℏ0 + 𝑟𝜂

𝜂

𝑖=1

, ℋ = ℏ0 + 𝑞0, 𝑟0 = 𝒪
𝔇−𝜅

3
2

+2𝜅,𝜔
(𝑡−

𝜔
2

−
𝜅
2) , 𝑞0 = 𝒪𝔇0

1+2𝜅,−𝜅 (𝑡
1
4) 

𝜂(0) = −
1

2
− 𝜅, 𝜂(𝓃) = −

1

2
+ 2𝜅(1 ≤ 𝜂 ≤ 5), 𝒷(0) = 0, 𝒷(𝜂)

= (
1

4
−

𝜅

2
) 𝜂 −

3𝜅

2
(1 ≤ 𝜂 ≤ 5) 

|𝔅𝜂|
𝔇

𝛼(𝓃)

3
2

+2𝜅,η(𝓃) ≼ 𝑡𝒷(𝜂)∀0 ≤ 𝜂 ≤ 5, 𝑟0 = 𝒪
𝔇−𝜅

3
2

+2𝜅,𝜔
(𝑡−

𝜔
2

−
𝜅
2) , 𝑟𝜂 = 𝒪

𝔇0

3
2

+2𝜅,𝜔
(𝑡

(𝜂+1)
4

−𝜅𝜂) ∀1 ≤ 𝜂

≤ 5, 𝜅𝜂 ≝
1

2
(𝜔 +

1

2
) + (1 +

𝜂

2
) 𝜅 

1

2
𝜂(𝓃) + 𝒷(𝜂) = −

1

4
−

𝜅

2
+ (

1

4
−

𝜅

2
) 𝜂 

|𝒫(𝔅𝜅1
𝜕𝔅𝜅2

)|
𝔇

𝛼(𝜂)

3
2

+2𝜅,−
1
2

+2𝜅
≼ 𝑡

1
2
(𝜂(𝜅1)+𝜂(𝜅2)+

3
2
−2𝜅)|𝔅𝜅1

𝜕𝔅𝜅2
|
𝔇

𝛼(𝜅1)+𝛼(𝜅2)−1
𝜅,𝜂(𝜅1)+𝜂(𝜅2)−1

≼ 𝑡
1
2
(𝜂(𝜅1)+𝜂(𝜅2)+

3
2
−2𝜅)|𝔅𝜅1

|
𝔇

𝛼(𝜅1)

3
2

+2𝜅,𝜂(𝜅1)|𝜕𝔅𝜅2
|
𝔇

𝛼(𝜅2)−1

1
2

+2𝜅,𝜂(𝜅2)−1

≼ 𝑡
1
2
(𝜂(𝜅1)+𝜂(𝜅2)+

3
2
−2𝜅) ⊛ 𝑡𝒷(𝜅1) ⊛ 𝑡𝒷(𝜅2) = 𝑡𝒷(𝜂) 

|𝒫(𝔅𝜅1
𝔅𝜅2

𝔅𝜅3
)|

𝔇
𝛼(𝜂)

3
2

+2𝜅,−
1
2

+2𝜅
≼ 𝑡

1
2
(∑ 𝜂(𝜅𝑖)+

5
2
−2𝜅𝑖 ) ∏|𝔅𝜅𝑖

|
𝔇

𝛼(𝜅𝑖)

3
2

+2𝜅,𝜂(𝜅𝑖)

3

𝑖=1

≼ 𝑡
1
2
(∑ 𝜂(𝜅𝑖)+

5
2
−2𝜅𝑖 )⨀𝑡∑ 𝒷(𝜅𝑖)𝑖 = 𝑡𝒷(𝜂) 

|𝒫(𝔅𝜂−4)|
𝔇

𝛼(𝜂)

3
2

+2𝜅,−
1
2

+2𝜅
≼ 𝑡

1
2
(𝜂(𝜂−4)+

5
2
−2𝜅)|𝔅𝜂−4|

𝔇
𝛼(𝜂−4)

3
2

+2𝜅,𝜂(𝜂−4) ≼ 𝑡(
1
4
−

𝜅
2

)𝜂+
𝜅
2⨀𝑡𝒷(𝜂) 

∑ 𝔅𝑖 + 𝑐1𝜂=5𝒫ℏ0 + 𝑟𝜂

𝜂

𝑖=1

= 𝔅0 + 𝑐1+{𝒬𝒴ℳℋ(𝜒) + 𝑐ℋ} 

𝑟𝜂 = 𝒫1+ {𝒬𝒴ℳℋ (∑ 𝔅𝑖 + 𝑟𝜂−1

𝜂−1

𝑖=0

) + 𝑐(ℏ0 + 𝑞0 − 1𝜂=5ℏ0)} − ∑ 𝔅𝑖

𝜂

𝑖=1
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𝑟𝜂 =  𝒫1+

(

 
 

∑ 𝔅𝜅1
𝜕𝔅𝜅2

𝜅1+𝜅2≥𝜂

+ ∑ 𝔅𝜅1
𝔅𝜅2

𝔅𝜅3

𝜅1+𝜅2+𝜅3≥𝜂−1

+ 𝑟𝜂−1𝜕𝑟𝜂−1 + (∑ 𝔅𝑖

𝜂−1

𝑖=0

) 𝜕𝑟𝜂−1

+ 𝑟𝜂−1𝜕 (∑ 𝔅𝑖

𝜂−1

𝑖=0

) + 𝑟𝜂−1
3 + 3𝑟𝜂−1

2 (∑ 𝔅𝑖

𝜂−1

𝑖=0

) + 3𝑟𝜂−1 (∑ 𝔅𝑖

𝜂−1

𝑖=0

)

2

+ 𝑐(ℏ0 + 𝑞0 − 1𝜂=5ℏ0) + ℭ⏞
∘

( ∑ 𝔅𝑖

𝜂−1

𝑖=(𝜂−3)∨0

+ 𝑟𝜂−1)

)

 
 

 

|𝒫(𝔅𝜅1
𝜕𝔅𝜅2

)|
𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
2
(𝜂(𝜅1)+𝜂(𝜅2)+1−𝜔)

⊛ 𝑡𝒷(𝜅1) ⊛ 𝑡𝒷(𝜅2) ≼ 𝑡−
𝜔
2

−𝜅+1(
1
4
−

𝜅
2

)𝜂 = 𝑡
(𝜂+1)
4−𝜅𝜂  

|𝒫(𝔅𝜅1
𝔅𝜅2

𝔅𝜅3
)|

𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
2
(∑ 𝜂(𝜅𝑖)+2−𝜔𝑖 )

⊛ 𝑡∑ 𝒷(𝜅𝑖)𝑖 ≼ 𝑡
1
4
−

𝜔
2

−
3
2
𝜅+(

1
4
−

𝜅
2

)(𝜂−1)
= 𝑡

(𝜂+1)
4−𝜅𝜂  

|𝒫(𝔅𝑖)|
𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
2
(𝜂(𝑖)+2−𝜔)|𝔅𝑖|

𝔇
𝛼(𝑖)

3
2

+2𝜅,𝜂(𝑖)
≼ 𝑡(𝜂(𝑖)+2−𝜔) ⊠ 𝑡𝒷(𝑖) = 𝑡

3
4
−

𝜔
2

−
𝜅
2

+(
1
4
−

𝜅
2

)𝑖 ≤ 𝑡
(𝜂+1)
4−𝜅𝜂  

|𝒫(𝔅0𝜕𝑟𝜂−1)|
𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
4
−

𝜅
2|𝔅0𝜕𝑟𝜂−1|

𝔇
−

3
2

−2𝜅

𝜅,𝜔−
3
2

−𝜅
≼ 𝑡

1
4
−

𝜅
2|𝔅0|

𝔇
−

1
2

−𝜅

3
2

+2𝜅,−
1
2

−𝜅
|𝜕𝑟𝜂−1|

𝔇−1−𝜅

1
2

+2𝜅,𝜔−1

≼ 𝑡
1
4
−

𝜅
2𝑡

𝜂
4−𝜅𝜂−1 = 𝑡

(𝜂+1)
4−𝜅𝜂  

|𝒫(𝑟𝜂−1𝜕𝔅0)|
𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

(𝜂+1)
4−𝜅𝜂  

|𝒫(𝔅0
2𝑟𝜂−1)|

𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
2
−𝜅|𝔅0

2𝑟𝜂−1|
𝔇−1−3𝜅

1
2

,𝜔−1−2𝜅
≼ 𝑡

1
2
−𝜅|𝔅0|

𝔇
−

1
2

−𝜅

3
2

+2𝜅,−
1
2

−𝜅

2 |𝑟𝜂−1|
𝔇−𝜅

3
2

+2𝜅,𝜔

≼ 𝑡
1
4
−𝜅𝑡

𝜂
4−𝜅𝜂−1 = 𝑡

1
4
−

𝜅
2𝑡

(𝜂+1)
4−𝜅𝜂 ≼ 𝑡

(𝜂+1)
4−𝜅𝜂  

|𝒫(𝔅0𝑟𝜂−1
2 )|

𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

𝜔
2

+
3
4
−

𝜅
2|𝔅0𝑟𝜂−1

2 |
𝔇

−
1
2

−3𝜅

1,2𝜔−
1
2

−𝜅
≼ 𝑡

𝜔
2

+
3
4
−

𝜅
2|𝔅0|

𝔇
−

1
2

−𝜅

3
2

+2𝜅,−
1
2

−𝜅
|𝑟𝜂−1|

𝔇−𝜅

3
2

+2𝜅,𝜔

2

≼ 𝑡
1
4
−𝜅𝑡

𝜂
4−𝜅𝜂−1 ≼ 𝑡

𝜔
2

+
3
4
−

𝜅
2 (𝑡

𝜂
4−𝜅𝜂−1)

2

≼ 𝑡
(𝜂+1)
4−𝜅𝜂  

|𝒫(𝑟𝜂−1𝜕𝑟𝜂−1)|
𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡(1+𝜔)/2|𝑟𝜂−1𝜕𝑟𝜂−1|

𝔇−1−2𝜅

1
2

+𝜅,2𝜔−1

≼ 𝑡(1+𝜔)/2|𝑟𝜂−1|
𝔇−𝜅

3
2

+2𝜅,𝜔
|𝜕𝑟𝜂−1|

𝔇−1−𝜅

1
2

+2𝜅,𝜔−1
≼ 𝑡(1+𝜔)/2 (𝑡

𝜂
4−𝜅𝜂−1)

2

≼ 𝑡
(𝜂+1)
4−𝜅𝜂  
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|𝒫(𝑟𝜂−1
3 )|

𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡1+𝜔|𝑟𝜂−1

3 |
𝔇−3𝜅

3
2

,3𝜔
≼ 𝑡1+𝜔|𝑟𝜂−1

3 |
𝔇−𝜅

3
2

+2𝜅,𝜔

3
≼ 𝑡1+𝜔 (𝑡

𝜂
4−𝜅𝜂−1)

3

≼ 𝑡
(𝜂+1)
4−𝜅𝜂  

|𝒫(𝑞0)|
𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
2
(2−𝜅−𝜔)|𝑞0|

𝔇0

1
2

+2𝜅,−𝜅
≼ 𝑡

1
2
(2−𝜅−𝜔)

⨂𝑡
1
4 ≼ 𝑡

(𝜂+1)
4−𝜅𝜂  

|𝒫(ℏ0)|
𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
2
(2−𝜔)|ℏ0|

𝔇0

1
2

+2𝜅,0
≼ 𝑡

(𝜂+1)
4−𝜅𝜂  

𝜓 = ℛ𝜓 = 𝒫 ⋆ 1+𝜉, (ℛ𝜒)(𝑡) = 𝜒(0) + 𝜓𝑡 + 𝒫 ⋆ (𝜓𝜕𝜓) + 𝒪ℒ∞ (𝑡
1
4
−

3𝜅
2 ) 

ℛ𝔅1 = 𝒫 ⋆ (𝒫𝜒(0)𝒫′𝜒(0) + 𝒫𝜒(0)𝜕𝜓 + 𝒫′𝜒(0)𝜓 + 𝜓𝜕𝜓) 

|𝜓|ℒ∞ ≲ 𝑡−
3
4
−

𝜅
2 , |𝑟1|

𝔇0

3
2

+2𝜅,𝜔
≼ 𝑡

1
2
−𝜅1 , |(ℛ𝑟1)(𝑡)|ℒ∞ ≼ 𝑡

1
2
−𝜅1+

𝜔
2 = 𝑡

1
4
−

3𝜅
2  

𝒩(𝒜): (0, ∞) ↦ ℭ∞(𝔗3, ℊ3⨂(ℊ3)3), 𝒩𝑠(𝒜) ≝ 𝒫𝑠𝒜⨂∇𝒫𝑠𝒜 

ℒ = 𝔗3 × {𝜐 ∈ ℝ4: ≤
1

4
} 

|𝑓|𝛾−𝑔𝑟 = sup
ℓ∈ℒ

|∭
ℓ
𝑓| /|ℓ|𝛾  

∭ 𝑓

ℓ

= ∭|𝜐|𝑓(𝛾 + 𝑡𝜐)𝑑𝑡 ∈ ℱ

1

0

 

⟦Α; Β⟧𝛾,𝛿 ≜ sup
𝑠∈(0,1)

𝑠𝛿|𝒩𝑠Α − 𝒩𝑠Β|𝛾−𝑔𝑟 , ⟦Α⟧𝛾,𝛿 = ⟦Α; 0⟧𝛾,𝛿 

⟦Α; Β⟧𝛽,𝛿 ≞ sup
𝑠∈(0,1)

𝑠𝛿|𝒩𝑠Α − 𝒩𝑠Β|ℭ𝛽 , |‖Α‖|𝛼,𝜃 ≜ sup
𝑠∈(0,1)

|𝒫𝑠𝒜|𝛼−𝑔𝑟;≤𝑠𝜃 , |Α|𝛼−𝑔𝑟;≤𝑟

≝ sup
ℓ∈ℒ,|ℓ|≤𝑟

(Α(ℓ))

|ℓ|𝛼
|Α|ℭ𝜂 ≼ |‖Α‖|𝛼,𝜃, ∑(Α) ≝ |‖Α − Β‖|𝛼,𝜃 + ⟦Α; Β⟧𝛾,𝛿

≼ ∞ ∑(Α, Β) ≝ |‖Α − Β‖|𝛼,𝜃 + ⟦Α; Β⟧𝛾,𝛿 ≼ ∞ 

𝛼 ∈ (0,
1

2
) , 𝜃 ≥ 0, 𝛾 ∈ (

1

2
, 1] , 𝛿 ∈ (0,1), 𝜂 ≝ (1 + 2𝜃)(𝛼 − 1) ≥ −

2

3
, 𝜇

≝ 𝛾 − 1 + 2(1 − 𝛿) ∈ (−
1

2
, 0) 𝜂 + 𝜇 ≥ −1 

|ℱ𝑠Α|∞ ≲ 𝑠
𝜂
2 ∑(Α) , |𝜕ℱ𝑠Α|∞ ≲ 𝑠

𝜂
2

−
1
2 ∑(Α) 

|𝒫𝑠Α|∞ ≲ 𝑠
𝜂
2|Α|ℭ𝜂 , |𝜕𝒫𝑠Α|∞ ≲ 𝑠

𝜂
2

−
1
2|Α|ℭ𝜂 

|𝒫𝑠Α|𝛾−𝑔𝑟 ≲ 𝑠𝜆|‖Α‖|
𝛼,𝜃
𝜁 |Α|

ℭ𝜂
1−𝜁

 

𝜆 ≝ (1 − 𝜁)𝜂/2 − 𝜃(1 − 𝛼)𝜁 
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|𝒫𝑠Α|𝛾−𝑔𝑟 ≲ 𝑠𝜆|‖Α‖|𝛼,𝜃 

0 ≤ 𝜈 ≤ min {
𝜂

2
+

𝜇

2
+

1

2
, 1 +

3𝜂

2
, 𝜇 +

1

2
} 

|𝒫𝑠 ⋆ 𝒩𝒜|𝛾−𝑔𝑟 ≲ ∭|𝒩𝑟Α|𝛾−𝑔𝑟𝑑𝑟

𝑠

0

≲ ∭ 𝑟−𝛿⟦Α⟧𝛾,𝛿𝑑𝑟

𝑠

0

≲ 𝑠1−𝛿⟦Α⟧𝛾,𝛿 

ℱ𝑠Α = 𝒫𝑠Α + 𝒫𝑠 ⋆ 𝒩𝒜 + ℛ𝑠Α, |ℛ𝑠Α|∞ ≲ 𝑠𝜈 (∑(Α) + ∑(Α)3) 

ℛ𝑠 = ∭ 𝒫𝑠−𝑟{(𝒫𝑟Α + 𝒫𝑟 ⋆ 𝒩𝒜 + ℛ𝑟)𝜕(𝒫𝑟Α + 𝒫𝑟 ⋆ 𝒩𝒜 + ℛ𝑟) + (ℱ𝑟Α)3}

𝑠

0

𝑑𝑟 − 𝒫𝑠 ⋆ 𝒩𝒜 

|𝒫𝑠 ⋆ 𝒩𝒜|∞ ≲ ∭ 𝒫𝑠−𝑟|𝒩𝑟Α|∞𝑑𝑟

𝑠

0

≲ ∭(𝑠 − 𝑟)
𝛾−1

2 |𝒩𝑟Α|ℭ𝛾−1𝑑𝑠

𝑠

0

≲ ∭(𝑠 − 𝑟)
𝛾−1

2

𝑠

0

|𝒩𝑟Α|𝛾−𝑔𝑟𝑑𝑠 ≲ ∭(𝑠 − 𝑟)
𝛾−1

2

𝑠

0

𝑟−𝛿⟦Α⟧𝛾,𝛿𝑑𝑠 ≍ 𝑠
𝜇
2⟦Α⟧𝛾,𝛿 

|𝜕𝒫𝑠 ⋆ 𝒩𝒜|∞ ≲ 𝑠
𝜇
2

−
1
2⟦Α⟧𝛾,𝛿 ∭ {𝑟

𝜂
2

+
𝜇
2

−
1
2 + 𝑟𝜇−

1
2 + 𝑟

3𝜂
2 } 𝑑𝑟 ≍ 𝑠

𝜂
2

+
𝜇
2

+
1
2 + 𝑠𝜇+

1
2 + 𝑟1+

3𝜂
2

𝑠

0

 

|ℛ|ℬ ≝ sup
𝑠∈(0,𝒯)

{𝑠−𝜈|ℛ𝑠|∞ + 𝑠−𝜈+
1
2|𝜕ℛ𝑠|∞} 

𝑠−𝜈|ℛ|∞ ≲ ∑(Α) + ∑(Α)3 + 𝑠𝜅′
|ℛ|ℬ (∑(Α) + ∑(Α)2) + 𝑠𝜅′′

|ℛ|ℬ
2 (1 + ∑(Α))

+ 𝑠1+2𝜈|ℛ|ℬ
3  

𝜅′ = min {
𝜂

2
+

1

2
, 1 + 𝜂} =

𝜂

2
+

1

2
 

𝜅′′ = min {
1

2
+ 𝜈, 1 +

𝜂

2
+ 𝜈} =

1

2
+ 𝜈 

|ℛ|ℬ ≲ ∑(Α) + ∑(Α)3 + 𝒯𝜅(|ℛ|ℬ + |ℛ|ℬ
3 ) (1 + ∑(Α)2) 

ℱ𝑠Α = 𝒫𝑠Α + 𝒪Ω𝛾−𝑔𝑟{ℊ,ℊ} (𝑠𝜈 (∑(Α) + ∑(Α)3)) , 𝒫𝑠Α = 𝒪Ω𝛾−𝑔𝑟
(𝑠𝜆) 

ℱ𝑠Α̃ = ℱ𝑠Α + 𝒫𝑠𝑟 + 𝒪ℒ∞{ℊ,ℊ} (𝑠
𝜂
2

+
1
2|𝑟|∞) 

ℱ𝑠Α + 𝒬𝑠 = 𝒫𝑠(𝒜 + 𝑟) ∭ 𝒫𝑠−𝜇 {(ℱ𝜇Α + 𝒬𝜇)𝜕(ℱ𝜇Α + 𝒬𝜇) + (ℱ𝜇Α + 𝒬𝜇)
3
} 𝑑𝜇

𝑠

0
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𝒬𝑠 = 𝒫𝑠𝑟 + ∭ 𝒫𝑠−𝜇 (𝒬𝜇𝜕ℱ𝜇Α + (ℱ𝜇Α)𝜕𝒬𝜇 + 𝒬𝜇𝜕𝒬𝜇 + (ℱ𝜇Α)
2
𝒬𝜇 + (ℱ𝜇Α)𝒬𝜇

2 + 𝒬𝜇
3) 𝑑𝜇

𝑠

0

 

∭ {|𝒬𝜇|
∞

𝜇
𝜂
2

−
1
2 + 𝜇

𝜂
2|𝒬𝜇|

ℭ1 + |𝒬𝜇|
∞

|𝒬𝜇|
ℭ1 + 𝜇𝜂|𝒬𝜇|

∞
+ 𝜇

𝜂
2|𝒬𝜇|

∞

2
+ |𝒬𝜇|

∞

3
} 𝑑𝜇

𝑠

0

≲ |𝒬𝜇|
∞

𝑠
𝜂
2

−
1
2 + 𝑠

𝜂
2

+
1
2|𝒬𝜇|

ℒ1
2

∞ℭ1 + 𝑠
1
2|𝒬𝜇|

∞
|𝒬𝜇|

ℒ1
2

∞ℭ1 + 𝑠𝜂+1|𝒬𝜇|
∞

+ 𝑠
𝜂
2

+1|𝒬|∞
2

+ 𝑠|𝒬|∞
3  

|𝒬|∞ + |𝒬|ℒ1
2

∞ℭ1 ≲ |𝑟|∞ 

𝒬𝑠 = 𝒫𝑠𝑟 + 𝒪ℒ∞ (𝑠
𝜂
2

+
1
2|𝑟|∞) 

𝜒̃ = Β + 𝑐ℏ̅ + 𝒪
𝔇0

3
2

+2𝜅,𝜔
(𝑡

3
2
−𝜅5) , 𝜒̃ = Β + 𝑐𝔓𝒫ℏ(0) + 𝒪

𝔇0

3
2

+2𝜅,𝜔
(𝑡

3
2
−𝜅5) 

𝒜̃ = 𝒜 + 𝑐𝑡𝒫𝑡ℏ(0) + 𝒪ℒ∞ (𝑡
5
4
−

7𝜅
2 ) 

ℱ𝑠Α̃ = ℱ𝑠Α + 𝒫𝑠 (𝑐𝑡𝒫𝑡ℏ(0) + 𝒪ℒ∞ (𝑡
5
4
−

7𝜅
2 )) + 𝒪ℒ∞{ℊ,ℊ} (𝑠

𝜂
2

+
1
2𝑡) 

|𝑓|𝓅−𝑣𝑎𝑟 ≝ sup
𝒫⊂[0,1]

( ∑ |𝑓(𝑡) + 𝑓(𝑠)|℘

[𝑠,𝑡]∈𝒫

)

1/℘

 

𝑑𝔍𝛾(𝜒) = 𝔍𝛾(𝜒)𝑑𝛾(𝜒), 𝔍𝛾(0) = 𝑖𝑑 

𝔍𝛾+𝜁(1) = 𝔍𝛾(1) ∭ 𝑑𝜁(𝜒)

1

0

∭ ∭{𝑑𝜁(𝜒)𝑑𝛾(𝓎) + 𝑑𝛾(𝜒)𝑑𝜁(𝓎)}

𝜒

0

1

0

+ 𝒪{𝜐(𝜔2 + 𝜔ℒ−1) + 𝜔ℒ + 𝜔ℒ+1 + 𝜐ℒ+1 + 𝜐2(1 + 𝜔 + 𝜐 + 𝜔ℒ−3)} 

𝔍𝛾(1) = 𝑖𝑑 + ℑ𝛾 + ∭⋅⋅⋅ ∭ 𝔍𝛾(𝜒ℒ)

𝜒ℒ−1

0

𝑑𝛾(𝜒ℒ)𝑑𝛾(𝜒ℒ−1) ⋅⋅⋅

1

0

𝑑𝛾(𝜒1) 

ℑ𝛾+𝜁 = ℑ𝛾 + ∭ 𝑑𝜁(𝜒)

1

0

∭ ∭{𝑑𝜁(𝜒)𝑑𝛾(𝓎) + 𝑑𝛾(𝜒)𝑑𝜁(𝓎)}

𝜒

0

1

0

+ 𝒪{𝜐2 + 𝜐(𝜔2 + 𝜔ℒ−1)}

+ 𝒪{𝜐2(𝜔 + 𝜐 + 𝜔ℒ−3)} 

|ℓ𝛼|1
𝛾

−𝑣𝑎𝑟
≤ |ℓ𝛼|𝛾−ℋ𝑜̈𝑙 ≤ |𝛼|𝛾−𝑔𝑟 
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𝒲ℓℱ𝑠Α̃ = 𝒲ℓ(ℱ𝑠Α) + 𝑡𝑇𝑟 ∭ 𝑐ℏ(0) + 𝑡𝑇𝑟

ℓ

∭ 𝑑ℓ𝒜(0)(𝜒1)𝑑ℓ𝑐ℏ(0)(𝜒2)

[0,1]2

+ 𝒪 (𝑡
5
4
−

7𝜅
2 + 𝑡𝑠 + 𝑡𝑠𝜆|‖ψ𝑡

𝒴ℳ
‖|

𝛼,𝜃
+ 𝑡𝑠𝜆|‖𝒫𝑡 ⋆ (𝜓𝜕𝜓)𝒴ℳ‖|

𝛼,𝜃

+ |𝒜(0)|ℒ∞𝑠
𝜂
2

+
1
2𝑡 + 𝑠𝜈𝑡 (∑(Α) + ∑(Α)3) + 𝑡(𝜇2 + 𝜇ℒ−1) + 𝑠𝜈ℒ + 𝜇ℒ

+ 𝑡2𝜇) 

𝛾(𝜒) = ∭(ℱ𝑠Α)1(𝛾, 0,0)𝑑𝛾 = ℓℱ𝑠Α(𝜒)

𝜒

0

 

𝔇ℏ ≝  𝑐𝑡𝒫𝑡+𝑠ℏ(0) = 𝑐𝑡ℏ(0) + 𝒪ℒ∞(𝑡(𝑡 + 𝑠)) 

𝔇𝑒𝑟𝑟 ≝ 𝒪ℒ∞{ℊ,ℊ} (𝑠
𝜂
2

+
1
2𝑡) + 𝒪ℒ∞ (𝑡

5
4
−

7𝜅
2 ) 

𝒲ℓ(ℱ𝑠Α) = 𝑇𝑟𝔍𝛾(1), 𝒲ℓ(ℱ𝑠Α̃) = 𝑇𝑟𝔍𝛾+𝜁(1), 𝒲ℓ(ℱ𝑠Α̃)

= 𝒲ℓ(ℱ𝑠Α) + 𝑇𝑟 (∭ 𝑑𝜁(𝜒)

1

0

) + 𝑇𝑟 ∭ ∭{𝑑𝜁(𝜒)𝑑𝛾(𝓎) + 𝑑𝛾(𝜒)𝑑𝜁(𝓎)}

𝜒

0

1

0

+ 𝒪{𝜐(𝜔2 + 𝜔ℒ−1) + 𝜔ℒ + 𝜔ℒ+1 + 𝜐ℒ+1 + 𝜐2(1 + 𝜔 + 𝜐 + 𝜔ℒ−3)} 

𝑇𝑟 (∭ 𝑑𝜁(𝜒)

1

0

) = 𝑡𝑇𝑟 ∭ 𝑐ℏ(0) + 𝑡𝑇𝑟

ℓ

+ 𝒪 (𝑡
5
4
−

7𝜅
2 + 𝑡𝑠) 

𝑇𝑟 ∭ ∭{𝑑𝜁(𝜒)𝑑𝛾(𝓎) + 𝑑𝛾(𝜒)𝑑𝜁(𝓎)}

𝜒

0

1

0

= ∭{𝑑𝜁(𝜒)𝑑𝛾(𝓎)}

[0,1]2

 

ℱ𝑠Α = 𝒫𝑠Α + 𝒪𝛾−𝑔𝑟 (𝑠𝜈 (∑(Α) + ∑(Α)3)) 

𝒜 = 𝒜(0) + ψ𝑡
𝒴ℳ

+ 𝒫𝑡 ⋆ (𝜓𝜕𝜓)𝒴ℳ + 𝒪ℒ∞ (𝑡
1
4
−

3𝜅
2 ) 

∭ 𝑑𝛾(𝜒)

1

0

= ∭ 𝑑ℓ𝒜(0)(𝜒) + 𝒪 (𝑠𝜆|‖ψ𝑡
𝒴ℳ

‖|
𝛼,𝜃

+ 𝑠𝜆|‖𝒫𝑡 ⋆ (𝜓𝜕𝜓)𝒴ℳ‖|
𝛼,𝜃

)

[0,1]2

+ 𝒪 (𝑡
1
4
−

3𝜅
2 + 𝑠𝜈 (∑(Α) + ∑(Α)3)) 

∭ 𝑑𝜁(𝓎) = 𝑡

1

0

∭ 𝑑ℓ𝑐ℏ(0)(𝓎) + 𝒪 (𝑡
5
4
−

7𝜅
2 + 𝑠

𝜂
2

+
1
2𝑡)

[0,1]2
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𝑇𝑟 ∭{𝑑𝜁(𝜒)𝑑𝛾(𝓎)}

[0,1]2

= 𝑡𝑇𝑟 ( ∭ 𝑑ℓ𝒜(0)(𝜒1)𝑑ℓ𝑐ℏ(0)(𝜒2)

[0,1]2

)

+ 𝒪 (𝑡𝑠𝜆|‖ψ𝑡
𝒴ℳ

‖|
𝛼,𝜃

+ 𝑡𝑠𝜆|‖𝒫𝑡 ⋆ (𝜓𝜕𝜓)𝒴ℳ‖|
𝛼,𝜃

+ 𝑡
5
4
−

7𝜅
2 )

+ 𝒪 (𝑡𝑠𝜈 ∑(Α) + ∑(Α)3 + 𝑠
𝜂
2

+
1
2𝑡|𝒜(0)|ℒ∞) 

𝜔 = |𝛾|1
𝛾

−𝑣𝑎𝑟
≤ |ℱ𝑠Α|𝛾−𝑔𝑟 = |𝒫𝑠Α|𝛾−𝑔𝑟 + 𝒪(𝑠𝜈) = 𝒪(𝑠𝜈)|‖𝒜(0)‖|𝛼,𝜃 + 𝒪(𝑠𝜈) 

𝜐 = |𝜁|1
𝛾

−𝑣𝑎𝑟
≤ |𝔇ℏ + 𝔇𝑒𝑟𝑟|𝛾−𝑔𝑟 ≲ 𝑠

𝜂
2

+
1
2𝑡 + 𝑡 = 𝒪(𝑡) 

⟦Α + Β⟧𝛾,𝛿 ≲ ⟦Α⟧𝛾,𝛿 + |Β|ℭ𝜂̅(|Α|ℭ𝜂 + |Β|ℭ𝜂̅) 

𝒩𝑠(Α + Β) = 𝒩𝑠Α + 𝒩𝑠Β + 𝒫𝑠Α⨂∇𝒫𝑠Β + 𝒫𝑠Β⨂∇𝒫𝑠Α 

|𝒫𝑠Α⨂∇𝒫𝑠Β|∞ + |𝒫𝑠Β⨂∇𝒫𝑠Α|∞ ≲ 𝑠(𝜂+𝜂̅−1)/2|Α|ℭ𝜂|Β|ℭ𝜂̅ ≲ 𝑠−𝛿|Α|ℭ𝜂|Β|ℭ𝜂̅ 

𝒵𝑠,𝑡 = 𝑠𝛿𝒩𝑠𝜓𝑡 

𝔈 [| sup
(𝑠,𝑡)≠(𝑠̅,𝑡̅)

|𝒵𝑠,𝑡 − 𝒵𝑠̅,𝑡̅|𝛾−𝑔𝑟

(|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅̅
|

℘

]

1/℘

 

(𝔈|𝒵𝑠,𝑡 − 𝒵𝑠̅,𝑡̅|𝛾−𝑔𝑟

℘
)

1/℘

≲ (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅/2 

𝔈 | sup
𝒫⊂[0,1]

𝑡𝜅̅⟦𝜓𝑡⟧𝛾,𝛿|

℘

|ℭ𝑠,𝑠̅;𝑡,𝑡̅(𝜒)| ≲ (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|𝜒|4𝛿−4−2𝜅|∇ℭ𝑠,𝑠̅;𝑡,𝑡̅(𝜒)|

≲ (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|𝜒 − 𝛾|4𝛿−4−2𝜅 

|∇ℭ𝑟,𝑠(𝜒)| ≲ |𝜒|−2, |∇ (ℭ𝑟,𝑟 − ℭ𝑟,𝑠(𝜒))| ≲ |𝑟 − 𝑠|𝜅|𝜒|−2−2𝜅 

𝑑((𝜒, 𝜐), (𝜒, 𝜐̅̅ ̅̅̅)) ≝ |𝜒 − 𝜒̅| ∨ |𝜒 + 𝜐 − (𝜒̅ + 𝜐̅)| 

(𝔈 |∭(𝒵𝑠,𝑡 − 𝒵𝑠̅,𝑡̅)

ℓ

|

℘

)

1/℘

≲ (|𝑡 − 𝑡|̅ + |𝑠 − 𝑠̅|)𝜅|ℓ|2𝛿−1−𝜅 

(𝔈 |(∭ −

ℓ

∭

ℓ

) (𝒵𝑠,𝑡 − 𝒵𝑠̅,𝑡̅)|

℘

)

1/℘

≲ (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅/2𝑑|ℓ, ℓ̅|
2𝛿−3/2−𝜅
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𝔈 |∭(𝒵𝑠,𝑡 − 𝒵𝑠̅,𝑡̅)

ℓ

|

2

= |ℓ|2 ∭ ℭ((𝑟 − 𝑟̅)𝜐)𝑑𝑟𝑑𝑟̅

[0,1]2

≲ (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|ℓ|2𝛿−2−2𝜅 ∭|𝑟 − 𝑟̅|4𝛿−4+2𝜅𝑑𝑟𝑑𝑟̅

[0,1]2

≲ (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|ℓ|4𝛿−2−2𝜅 

𝔈 |(∭ −

ℓ

∭

ℓ

) (𝒵𝑠,𝑡 − 𝒵𝑠̅,𝑡̅)|

2

= |ℓ|2 ∭{ℭ((𝑟 − 𝑟̅)𝜐) − ℭ(𝑟𝜐 − 𝑟𝜐̅̅̅) − ℭ(𝑟𝜐 − 𝑟𝜐̅̅̅) + ℭ((𝑟 − 𝑟̅)𝜐̅)}𝑑𝑟𝑑𝑟̅

[0,1]2

= |ℓ|2 ∭{2ℭ((𝑟 − 𝑟̅)𝜐) − 2ℭ(𝑟𝜐 − 𝑟𝜐̅̅̅)}𝑑𝑟𝑑𝑟̅

[0,1]2

 

(|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|ℓ|4𝛿−2−2𝜅 ∭ 𝑟4𝛿−4−2𝜅

ℏ

0

𝑑𝑟 ≍ (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|ℓ|4𝛿−2−2𝜅ℏ4𝛿−3−2𝜅

= (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|ℓ||𝜐 − 𝜐̅|4𝛿−3−2𝜅 

(|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|ℓ|4𝛿−2−2𝜅|𝜐 − 𝜐̅| ∭ 𝑟4𝛿−5−2𝜅

1

0

𝑑𝑟

≍ (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|ℓ|4𝛿−3−2𝜅|𝜐 − 𝜐̅|ℏ4𝛿−4−2𝜅

= (|𝑡 − 𝑡̅| + |𝑠 − 𝑠̅|)𝜅|ℓ||𝜐 − 𝜐̅|4𝛿−3−2𝜅 

𝔈 |(∭ −

ℓ

∭

ℓ

) (𝒵𝑠,𝑡 − 𝒵𝑠̅,𝑡̅)|

2

≲ (|𝑡 − 𝑡|̅ + |𝑠 − 𝑠̅|)𝜅|ℓ||𝜐 − 𝜐̅|4𝛿−3−2𝜅 

(𝔈 |∭ Α

ℓ

|

℘

)

1/℘

≤ ℳ℘|ℓ|𝛼 

(𝔈 |(∭ −

ℓ

∭

ℓ

) Α|

℘

)

1/℘

≤ ℳ℘𝑑|ℓ, ℓ̅|
𝛽

 

𝔈|Α|𝛾−𝑔𝑟
℘ ≤ 𝜆ℳ℘ 

sup
ℓ∈𝒟

|∭ 𝒜
ℓ

|

|ℓ|𝛾
≲ sup

𝛼∈𝒟Ν

|∭ 𝒜
𝛼

|

2−𝛾Ν/𝜔
+ sup

Ν≥1
sup

𝛼,𝒷∈𝒟Ν

𝑑(𝛼,𝒷)≤𝒦2−𝒩

|(∭ ∭
𝒷𝛼

) 𝒜|

2−𝛾Ν/𝜔
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𝔈 |sup
ℓ∈𝒟

|∭ 𝒜
ℓ

|

|ℓ|𝛾
| ≲ ℳ℘

℘ ∑{2𝒩(6−℘(𝛼−𝛾)/𝜔) + 2𝒩(12−℘(𝛽−𝛾/𝜔))}

𝒩≥1

 

|‖𝑓‖|𝛼,𝜃 ≲ |𝑓|ℭ𝜂̅ , 𝒫 ⋆ (𝜓𝜕𝜓) = lim
𝜀↓0

𝒫 ⋆ (𝜓𝜀𝜕𝜓𝜀) , 𝔈|‖𝜓𝑡‖|𝛼,𝜃
℘ + 𝔈|𝒫 ⋆ (𝜓𝜕𝜓)|

ℭ𝜂̅
℘

+ 𝔈⟦𝜓⟧𝛾,𝛿
℘

= 𝒪(𝑡℘𝜀) 

𝒬𝑡 = {‖𝒵‖3
2
+2𝜅;𝒪

+ |𝒫 ⋆ 1+𝜉|ℭ([−1,3],ℭ−1/2−𝜅) + |𝒫 ⋆ (𝜓𝜕𝜓)|ℭ([−1,3],ℭ2−𝜅) + 𝑡−𝜀|‖𝜓𝑡‖|𝛼,𝜃

+ 𝑡−𝜀|𝒫 ⋆ (𝜓𝜕𝜓)|ℭ𝜂̅ + 𝑡−𝜀⟦𝜓⟧𝛾,𝛿} 

{‖𝒵‖3
2
+2𝜅;𝒪

+ |𝒫 ⋆ 1+𝜉|ℭ([−1,3],ℭ−1/2−𝜅) + |𝒫 ⋆ (𝜓𝜕𝜓)|ℭ([−1,3],ℭ2−𝜅)} ⊃ 𝒬𝑡 

𝔈𝒲ℓ(ℱ𝑠Α̃)1𝒬𝑡
− 𝔈𝒲ℓ(ℱ𝑠Α)1𝒬𝑡

= 𝒫(𝒬𝑡) {𝑡𝑇𝑟 (∭ 𝑐ℏ(0)

ℓ

) + 𝑡𝑇𝑟 ( ∭ 𝑑ℓ𝒜(0)(𝜒1)𝑑ℓ𝑐ℏ(0)(𝜒2)

[0,1]2

)

+ 𝒪(𝑡1+𝑟+𝛽/6 + 𝑡1+3𝑟/2 + 𝑡1+𝑟+𝜈𝛽)} 

|‖Α‖|𝛼,𝜃 ≤ |Α(0)|∞ + |‖𝜓𝑡‖|𝛼,𝜃 + |‖𝒫𝑡 ⋆ (𝜓𝜕𝜓)‖|𝛼,𝜃 + 𝒪 (𝑡
1
4
−

3𝜅
2 ) ≲ 𝑡𝑟 , 𝛽 = −

𝑟

4𝜆
, 𝜇

= 𝑠𝜆|‖Α‖|𝛼,𝜃 ≲ 𝑠𝜆𝑡𝑟 = 𝑡
3𝑟
4  

⟦Α⟧𝛾,𝛿 ≲ ⟦𝜓𝑡⟧𝛾,𝛿 + |𝜓|ℭ𝜂 {|Α(0)|ℒ∞ + |𝒫𝑡 ⋆ (𝜓𝜕𝜓)|ℭ𝜂̅ + 𝒪 (𝑡
1
4
−

3𝜅
2 )} ≲ 𝑡𝑟 

𝑡
5
4
−

7𝜅
2 + 𝑡𝑠 ≲ 𝑡1+

3𝑟
2 , 𝑡𝑠𝜆(|‖𝜓𝑡‖|𝛼,𝜃 + |‖𝒫𝑡 ⋆ (𝜓𝜕𝜓)‖|𝛼,𝜃) ≲ 𝑠𝜆𝑡1+𝜀 ≲ 𝑡1+

3𝑟
2 , |Α(0)|ℒ∞𝑠

𝜂
2

+
1
2𝑡

≲ 𝑡𝑟+1𝑡(
𝜂
2

+
1
2
)𝛽 ≲ 𝑡1+𝑟+𝛽/6, 𝑠𝜈𝑡 (∑(Α) + ∑(Α)3) ≲ 𝑡1+𝑟+𝜈𝛽 , 𝑡(𝜇2 + 𝜇ℒ−1)

≲ 𝑡1+3𝑟/2 

|𝔈{𝒲ℓ(ℱ𝑠Α̃) − 𝒲ℓ(ℱ𝑠Α)}1𝒬𝑡
| ≳ 𝑡1+𝑟 , Α(0) = 𝑡𝑟𝑐ℏ(0) ∭ 𝑐ℏ(0)

ℓ

= ∭ 𝑐1
(1)

ℏ1(0) = 𝑐1
(1)

𝜁(1)

ℓ

 

|𝔈𝒲ℓ(ℱ𝑠Α̃)1𝒬𝑡
− 𝔈𝒲ℓ(ℱ𝑠Α)1𝒬𝑡

| ≳ 𝑡 

|𝔈𝒲ℓ(ℱ𝑠Α̃)1𝒬𝑡
− 𝔈𝒲ℓ(ℱ𝑠Α)1𝒬𝑡

| ≳ 𝑡1+𝑟 |𝑇𝑟 ({𝑐1
(1)

𝜁(1)}
2
)| − 𝜊(𝑡1+𝑟) ≳ 𝑡1+𝑟 

𝜇(𝜒, 𝛾, 𝑧) = {

𝑒𝜓(𝛾)𝜒 ∷ 𝛾 ∈ [0,1/4]

1 ∷ 𝛾 ∈ [1/4,3/4]

𝑒𝜓(𝛾−1)𝜒 ∷ 𝛾 ∈ [3/4,1]
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ℏ2(𝜒, 0,0) ≝ (𝜕2𝜇)𝜇−1(𝜒, 0,0) = 𝜒 

∭ 𝑐ℏ

ℓ

∭ 𝑐1
(2)

ℏ2(𝜒, 0,0) = 𝑐1
(2)

𝜒

ℓ

 

4. Mecanismo de Brout-Englert-Higgs para espacios cuánticos relativistas. 

4.1. Cálculos de simetría en lagrangiano. 

ℒℏ(𝜒) = |(𝑖𝜕𝜇 + 𝑔𝔅𝜇)ℏ|
2

− 𝜇2|ℏ|2 − 𝜆|ℏ|4 −
𝑚𝑓

𝜐ℏ
ℏ𝜑̅𝜑 

ℒ0(𝜒) = −
1

4
𝔉𝜇𝜈𝔉𝜇𝜈 + 𝜑̅(𝑖𝜕𝜇 + 𝑔𝔅𝜇)𝛾𝜇𝜑 

𝜑(𝜒) =
1

√𝒱
∑[𝛼𝓈(℘)𝜇𝓈(𝓅)𝑒𝑖𝓅𝜒 + 𝛽𝓈†(℘)𝜈𝓈(𝓅)𝑒𝑖𝓅𝜒]

𝓅,𝓈

 

4.2. Transformaciones de Lorentz. 

𝑡2
′ − 𝑡1

′ =
1

√1 − (
𝜈
𝑐)

2
[𝑡2 − 𝑡1 −

𝜈

𝑐2
(𝜒2 − 𝜒1)] , 𝛼̃𝑠(℘)

= cos 𝜃𝜌𝛼𝓈 (℘) + sin 𝜃𝜌𝛽𝓈† (−℘), 𝛽𝑠(−℘)

= cos 𝜃𝜌𝛽𝓈 (−℘) + sin 𝜃𝜌𝛼𝓈† (℘) 

|0̃⟩ = ∏[cos 𝜃𝜌 + sin 𝜃𝜌𝑒𝑖𝛼(𝜒)𝛽𝓈† (−℘)𝛼𝓈†(℘)]|0⟩

𝓅,𝓈

 

4.3. Cálculos de simetría parametrizados. 

𝜑̅(𝜒)(𝑖𝜕 + 𝒰0)𝜑(𝜒) cos2 𝜃𝜌 =
1

2

(

 1 +
𝜖𝜌

√𝜖𝜌
2 + 𝒰0

2

)

 , sin2 𝜃𝜌 =
1

2

(

 1 −
𝜖𝜌

√𝜖𝜌
2 + 𝒰0

2

)

  

[𝒫𝓀, 𝒫
𝓀′
† ] = 0, 𝓀 ≠ 𝓀′, [𝒫𝓀, 𝒫𝓀

†] = 1 − (𝜂𝓀,↑ + 𝜂−𝓀,↓), 𝒫𝓀
2 = 𝒫𝓀

†2 

𝑓(𝜒1, 𝜒2 ⋯ ) =
1

√𝒱
3 ∑ (𝒫𝓀𝜈̅𝓈(−𝓀)𝜇𝓈(𝓀) + 𝒫−𝓀

† 𝜇̅𝓈(−𝓀)𝜈𝓈(𝓀))

𝓀,𝓈

exp (𝑖 ∑ 𝓀𝜒𝑗

∞

𝑗

) 

ℌ𝑒𝑓 = ∭ ∑ |
𝜕

𝜕𝜒𝑖
𝑓(𝜒1, 𝜒2 ⋯ )|

2∞

𝑖

∏ 𝑑3𝜒𝑖

∞

𝑖

= − ∭ 𝑓†(𝜒1, 𝜒2 ⋯ ) ∑ Δ𝑖𝑓(𝜒1, 𝜒2 ⋯ )

∞

𝑖

∏ 𝑑3𝜒𝑖

∞

𝑖

 

𝑔𝑟𝑟(𝑟) =
𝑑𝑚

2

𝑟2
, (𝑑𝑚 ≲ 𝑟 ⋛ ℓ𝑐), 𝑔𝑟𝑟(𝑟) = 1, (0 ≲ 𝑟 ⋛ 𝑑𝑚, ℓ𝑐 ⋙ 𝑟) 
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ℌ𝑒𝑓 = ∭ 𝑔𝜇𝜈

𝜕𝑓 †̂

𝜕𝜒𝑖
𝜇

𝜕𝑓

𝜕𝜒𝑖
𝜈 ∏ 𝑑3𝜒𝑖

∞

𝑖

+ ∭ ∑ 𝒲(𝜒𝑖)𝑓†̂

∞

𝑖

(𝜒1, 𝜒2 ⋯ ) 𝑓(𝜒1, 𝜒2 ⋯ ) ∏ 𝑑3𝜒

∞

𝑖

 

𝒲(𝜒𝑖) =
1

4

𝜕

𝜕𝜒𝑖
𝜇 (𝑔𝜇𝜈

𝜕 ln 𝑔

𝜕𝜒𝑖
𝜈 ) +

1

32
𝑔𝜇𝜈 (

𝜕 ln 𝑔

𝜕𝜒𝑖
𝜇 ) (

𝜕 ln 𝑔

𝜕𝜒𝑖
𝜈 ) 

𝒲(𝑟) =
3

2

𝑑𝑚
2

𝑟4
+

1

4

𝑑𝑚
2

𝑟4
 

𝜖0
2 =

1

𝑑𝑚
∭ 𝒲(𝑟)𝑑𝑟

ℓ𝑐

𝑑𝑚

=
1

𝑑𝑚
2

[1 − (
𝑑𝑚

ℓ𝑐
)

3

] 

⟨0̃| ∭ 𝑑4𝜒1ℒ0
𝑚𝑖𝑛(𝜒1) exp (𝑖 ∭ ℌℑ(𝜒2)𝑑4𝜒2) |0̃⟩

= ⟨0̃| ∭ 𝑑4𝜒1𝜑̅(𝜒1)𝛾𝜇[𝑖𝜕𝜇 + 𝑔𝔅𝜇(𝜒1)]𝜑̅(𝜒1)|0̃⟩

+ ⟨0̃| ∭ 𝑑4𝜒1𝜑̅(𝜒1)𝛾𝜇[𝑖𝜕𝜇 + 𝑔𝔅𝜇(𝜒1)]𝜑̅(𝜒1)𝑖𝑔 ∭ 𝑑4𝜒2𝔧𝜈(𝜒2)𝔅𝜈(𝜒2)|0̃⟩ 

⟨0̃| ∭ 𝑑4𝜒1ℌℑ(𝜒1) ∭ 𝑑4𝜒2𝔧𝜈ℌℑ(𝜒2)|0̃⟩ 

𝑔2 ∭⟨0̃| ∭ 𝔧𝜇(𝜒1)𝑑2𝜒1 ∭ 𝔧𝜇(𝜒2)𝑑2𝜒2|0̃⟩𝔅𝜇(𝜒2)𝑑2𝜒1𝑑2𝜒2

= 𝑔2 ∭⟨0̃| ∭ 𝔧𝜇(𝒴)𝔧𝜇(0)𝑑4𝒴|0̃⟩ ⨂ 𝔅𝜇(𝒳)𝔅𝜇(𝒳)𝑑4𝒳

= ℳ2 ∭ 𝔅𝜇(𝒳)𝔅𝜇(𝒳)𝑑4𝒳 = 𝑔2⟨0̃| ∭ 𝔧𝜇(𝒴)𝔧𝜇(0)𝑑4𝒴|0̃⟩ ≡ ℳ2 

⟨0̃|𝔧𝜇(𝒴)𝔧𝜇(0)|0̃⟩

= ⟨0̃| (𝔧𝜇(0) + [
𝜕

𝜕𝒴𝜇
[𝜑̅(𝒴)𝛾𝜇𝜑(𝒴)]]

𝒴𝜇=0

𝒴𝜇

+ ⋯ ) 𝔧𝜇(0)|0̃⟩ (
↻
↺

) ⟨0̃|𝔧𝜇(0)𝔧𝜇(0)|0̃⟩ 

𝑚𝔅
2 = 2𝑔2⟨0̃| ∭[𝜑†(0)𝜑(0)]2𝑑4

𝒴∈2𝒵𝒸

𝒴|0̃⟩ 

⟨0̃|[𝜑†(0)𝜑(0)]2|0̃⟩

= ⟨0̃|
1

𝑑𝑚
6 ∑([𝛼𝓈†(℘)𝜇𝓈†(𝓅) + 𝛽𝓈(−℘)𝜈𝓈†(−𝓅)][𝛼𝓈(℘)𝜇𝓈(𝓅)

𝓅,𝓈

+ 𝛽𝓈†(−℘)𝜈𝓈(−𝓅)])2 |0̃⟩ =
1

𝑑𝑚
6 ∏(sin2 𝜃𝜌 + cos2 𝜃𝜌)

2

𝓅,𝓈

=
1

𝑑𝑚
6  
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𝑚𝔅
2 = 2𝑔2

1

𝑑𝑚
6 ∭ 𝑑4𝒴

𝒴∈2𝒵𝒸

= 𝑔2 (
2ℓ𝑐

2

𝑑𝑚
3 )

2

 

𝑔⟨0̃| ∭ 𝑑4𝜒1𝔧𝜇(𝜒1) ∭ 𝑑4𝜒2 𝔧𝜈(𝜒2)𝔅𝜈(𝜒2)𝜕𝜇|0̃⟩

+ 𝑔𝜕𝜇⟨0̃| ∭ 𝑑4𝜒1𝔧𝜇(𝜒1) ∭ 𝑑4𝜒2 𝔧𝜈(𝜒2)𝔅𝜈(𝜒2)𝜕𝜇|0̃⟩ 

2𝑖

𝑔
𝑚𝔅

2 ∭ 𝔅𝜇(𝒳)𝜕𝜇𝛼(𝒳)𝑑4𝒳

≡ 𝑚ℬ ∭ 𝔅𝜇(𝒳)𝜕𝜇𝒢(𝒳)𝑑4𝒳 ∭
𝑑𝒳4

(2𝜋)4
⟨0̃|𝒯[𝒢(𝒳)𝒢(0)]|0̃⟩𝑒𝑖𝑞𝒳 =

𝑖

𝑞2
 

𝔅𝜇(𝑞) [𝑖𝑚𝔅
2 𝑔𝜇𝜈 − 𝑚ℬ𝑞𝜇

𝑖

𝑞2
𝑚ℬ𝑞𝜈] 𝔅𝜈(𝑞) = 𝑖𝑚𝔅

2 (𝑔𝜇𝜈 −
𝑞𝜇𝑞𝜈

𝑞2
) 𝔅𝜇(𝑞)𝔅𝜈(𝑞) 

𝔇𝜇𝜈(𝑞) =
−𝑖

𝑞2 − 𝑚𝔅
2 (𝑔𝜇𝜈 −

𝑞𝜇𝑞𝜈

𝑞2
) ≡ 𝑖𝔇(𝑞2) (𝑔𝜇𝜈 −

𝑞𝜇𝑞𝜈

𝑞2
) 

𝑖⟨0̃| ∭ 𝑑4𝜒1𝔧𝜇(𝜒1) ∂𝜇|0̃⟩ + 𝑖 ∂𝜇⟨0̃| ∭ 𝑑4𝜒1𝔧𝜇(𝜒1)|0̃⟩ 

𝑔

𝑚ℬ
= ⟨0̃| ∭ 𝑑4𝜒1𝜑̅(𝜒1)𝛾𝜇𝜑(𝜒1) ∂𝜇𝒢(𝜒1)|0̃⟩ 

4.4. Superpartículas. Entiéndase por superpartículas, como aquellas partículas o antipartículas, según 

sea el caso, cuya masa superior o superlativa o cuya energía (carga) superior o superlativa o cuando pese 

a no tener carga ni masa, despliegan una cantidad de movimiento que se aproxima, igual o supera la 

velocidad de la luz, las mismas que, al comportar la morfología y sistematicidad antes referidas, 

deforman el espacio – tiempo cuántico o en su defecto, crean agujeros negros cuánticos. En 

consecuencia, el modelo matemático propuesto por este autor, en trabajos anteriores, aplica en sentido 

general, a las superpartículas, siguiendo la definición antes esgrimida. Precísese adicionalmente, que 

cuando una superpartícula deforma o perfora el espacio – tiempo cuántico, según sea el caso, desarrolla 

una brecha de masa superior a cero. 

𝜑̅(𝜒)[𝑖𝜕 + 𝒰0 + 𝒰1(𝜒)]𝜑(𝜒), 𝜑̅(𝜒)[𝑖𝜕 + 𝒰0 + 𝑔̂ℌ(𝜒)]𝜑(𝜒) 

𝑔̂ =
𝑚𝑓

𝑚ℬ
𝑔 

𝑖𝑞2𝜒(𝑞2) = (−𝑖𝑔̂2)2(−1) ∭
𝑑4𝜌

(2𝜋)4

Λ

0

𝑡𝑟 [
𝑖

𝜌 − 𝑚𝑓

𝑖

𝜌 + 𝜚 − 𝑚𝑓
] 

𝑞2𝜒(𝑞2) = −4𝑔̂4 ∭ 𝑑𝜒

1

0

∭
𝑑Ω4

(2𝜋)4
∭ ℓ𝜉

3𝑑ℓ𝜉

√Λ2+𝜒2𝜚2

√𝜒2𝜌2

[
−ℓ𝜉

2

(ℓ𝜉
2 + Δ)

2 +
Δ

(ℓ𝜉
2 + Δ)

2] 
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ℑ(𝑚, 𝜂) ≡ ∭ ℓ𝜉
𝑚(ℓ𝜉

2 + Δ)
𝜂
𝑑ℓ𝜉 ℑ(5, −2) − Δ⨂ℑ(3, −2)

= ℑ(1,0) − 3Δ⨂ℑ(1, −1) + 2Δ2⨂ℑ(1, −2), ℑ(1,0) =
1

2
ℓ𝜉

2, ℑ(1, −1)

=
1

2
ln|ℓ𝜉

2 + Δ|, ℑ(1, −2) = −
1

2(ℓ𝜉
2 + Δ)

 

𝑞2𝜒(𝑞2) =
𝑔̂4

4𝜋2
Λ2 −

𝑔̂4

2𝜋2
∭ 𝑑𝜒Δ2 (

1

Λ2 + 𝜒2𝜚2 + Δ
−

1

𝜒2𝜚2 + Δ
)

1

0

−
𝑔̂4

2𝜋2
∭ 𝑑𝜒

3

2
Δ ln |1 +

Λ2

𝜒2𝜚2 + Δ
|

1

0

∭
𝑑4𝜒

(2𝜋)4
⟨0̃|𝒯[ℌ(𝜒)ℌ(0)]|0̃⟩𝑒𝑖𝜚𝜒

=
1

𝜚2[1 − 𝜒(𝜚2)]
 

∭ 𝑑𝜒
1

Λ2 + 𝜒2𝜚2 + Δ

1

0

↭
3

4(Λ2 − 𝑚𝑓
2)

∭ 𝑑𝜒 ln |1 +
Λ2

𝜒2𝜚2 + Δ
|

1

0

⇆⇄ ln |
𝜆2 + 𝑚𝑓

2

𝑚𝑓
2 | 

𝑚𝔥
2 =

𝑔̂4

4𝜋2
[Λ2 +

3

2
𝑚𝑓

2 (1 −
𝑚𝑓

2

Λ2 + 𝑚𝑓
2) 3𝑚𝑓

2 ln |
Λ2 + 𝑚𝑓

2

𝑚𝑓
2 |] (𝜕𝜇ℌ)

2
− 𝑚𝔥

2ℌ2 +
𝑚𝑓

𝑚ℬ
𝑔𝜑̅𝜑ℌ 

ℒ̃(𝜒) = −
1

4
𝔉𝜇𝜈𝔉𝜇𝜈 + 𝑚𝔅

2 ℬ𝜇ℬ𝜇 + 𝜓̅(𝑖𝜕𝜇 + 𝑔𝔅𝜇)𝛾𝜇𝜓 − 𝑚𝑓𝜓̅𝜓 + (𝜕𝜇𝔊)
2

+ 𝑚ℬℬ𝜇𝜕𝜇𝒢

+
𝑔

𝑚ℬ
𝜓̅𝛾𝜇𝜓𝜕𝜇𝔊 + (𝜕𝜇ℌ)

2
− 𝑚𝔥

2ℌ2 +
𝑚𝑓

𝑚ℬ
𝑔𝜑̅𝜑ℌ 

𝜇2

2𝜆
= (

2ℓ𝑐
2

𝑑𝑚
3 ) , (‡ 𝜈𝔥

2)2𝜇2 =
𝑔̂4

4𝜋2
[Λ2 +

3

2
𝒰0

2 (1 −
𝒰0

2

Λ2 + 𝒰0
2) − 3𝒰0

2 ln (1 +
Λ2

𝒰0
2)] (‡ 𝑚𝔥

2) 

𝑔2𝜈𝔥
2ℬ𝜇ℬ𝜇 (1 +

𝔥1

𝜈𝔥
)

2

+ 𝑔2ℬ𝜇ℬ𝜇𝔥2
2 + 2𝑔ℬ𝜇(𝔥1𝜕𝜇𝔥2 + 𝔥2𝜕𝜇𝔥1) + (𝒸⨀𝒸) 

𝜎(𝑒+𝑒− ↬ 𝜁𝑠𝑢𝑝𝑒𝑟𝑚𝑎𝑠𝑠𝑖𝑣𝑒 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒)

=
4𝜋𝛼2

𝛿
[Im 𝑐1(𝜚2) + Im 𝑐𝜑̅𝜑⟨0|𝑚𝜑̅𝜑|0⟩ + Im 𝑐𝔉2

(𝜚2)⟨0|‖𝔉𝛼𝛽
𝒶 ‖|0⟩] 

𝑒−𝑖𝒦ℱ𝑒𝑖𝒦 = ℱ + [−𝑖𝒦, ℱ] +
1

2!
[−𝑖𝒦, [−𝑖𝒦, ℱ]] 

𝒦 = 𝑖 ∑ 𝜃𝜌[𝛽𝓈†(−℘)𝛼𝓈†(℘) − 𝛼𝓈(℘)𝛽𝓈(−℘)]

𝜌,𝛿

, 𝛼̃𝓈(℘) = 𝑒−𝑖𝒦𝛼𝓈(℘)𝑒𝑖𝒦 , 𝛽𝓈(−℘)

= 𝑒−𝑖𝒦𝛽𝓈(−℘)𝑒𝑖𝒦 
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|0̃⟩ = exp (∑ 𝜃𝜌[𝛽𝓈†(−℘)𝛼𝓈†(℘) − 𝛼𝓈(℘)𝛽𝓈(−℘)]

𝜌,𝛿

) |0⟩

= ∏ [∑
1

𝜂!
𝜂

𝜃𝜌
𝜂[𝛽𝓈†(−℘)𝛼𝓈†(℘) − 𝛼𝓈(℘)𝛽𝓈(−℘)]𝜂] |0⟩

𝜌,𝛿

 

∑
𝜃𝜂

𝜂!
(𝛽†𝛼† − 𝛼𝛽)𝜂|0⟩ = |0⟩ + 𝜃𝛽†𝛼†|0⟩

𝜂

−
𝜃2

2!
𝛼𝛽𝛽†𝛼†|0⟩ −

𝜃3

3!
𝛽†𝛼†𝛼𝛽𝛽†𝛼†|0⟩

+
𝜃4

4!
𝛼𝛽𝛽†𝛼†𝛼𝛽𝛽†𝛼†|0⟩ + ⋯ 

ℌ0 = − ∭ 𝑑3𝜒𝑓†(𝜒)Δ𝑓(𝜒) ⟨𝑓(𝜒)|𝑓(𝜒)⟩ = ∭ √𝑔(𝜒)𝑑3𝜒𝑓†(𝜒)𝑓(𝜒)
𝔇𝔄𝜇

𝑑𝜒𝜇

=
𝑑𝔄𝜇

𝑑𝜒𝜇
+ Γ𝜈𝜇

𝜇
Α𝜈 

Γ𝜈𝜇
𝜇

=
1

2𝑔

𝜕𝑔

𝜕𝜒𝜈

𝔇𝔄𝜇

𝑑𝜒𝜇
=

1

√𝑔

𝜕(√𝑔Α𝜇)

𝜕𝜒𝜇
 

⟨𝑓(𝜒)|Δ|𝑓(𝜒)⟩ = ∭ √𝑔𝑑3𝜒𝑓†
1

√𝑔

𝜕

𝜕𝜒𝜇
(√𝑔𝑔𝜇𝜈

𝜕𝑓

𝜕𝜒𝜈
)

= ∭ √𝑔(𝜒)𝑔𝜇𝜈𝑑3𝜒
𝜕𝑓†

𝜕𝜒𝜇

𝜕𝑓

𝜕𝜒𝜈
∭ √𝑔𝑑3𝜒𝑓†(𝜒)𝑓(𝜒) = ∭ 𝑑3𝜒𝑓†̂(𝜒)𝑓(𝜒) 

𝜕𝑓

𝜕𝜒
= 𝑔−1/4 (

𝜕

𝜕𝜒
−

1

4

𝜕 ln 𝑔

𝜕𝜒
) 𝑓(𝜒) 

⟨𝑓(𝜒)|Δ|𝑓(𝜒)⟩ = ∭ 𝑑3𝜒𝑔𝜇𝜈 (
𝜕

𝜕𝜒𝜇
−

1

4

𝜕 ln 𝑔

𝜕𝜒𝜇
) 𝑓†̂(𝜒) (

𝜕

𝜕𝜒𝜈
−

1

4

𝜕 ln 𝑔

𝜕𝜒𝜈
) 𝑓(𝜒) 

⟨𝑓(𝜒)|Δ|𝑓(𝜒)⟩ = ∭ 𝑑3𝜒𝑔𝜇𝜈

𝜕𝑓†̂

𝜕𝜒𝜇

𝜕𝑓

𝜕𝜒𝜈
+ ∭ 𝒲(𝜒)𝑓†̂(𝜒)𝑓(𝜒)𝑑3𝜒 

𝒲(𝜒) =
1

4

𝜕

𝜕𝜒𝜇
(𝑔𝜇𝜈

𝜕 ln 𝑔

𝜕𝜒𝜈
) +

1

32
𝑔𝜇𝜈 (

𝜕 ln 𝑔

𝜕𝜒𝜇
) (

𝜕 ln 𝑔

𝜕𝜒𝜈
) 

⟨𝑓(𝜒1, ⋯ )|𝑓(𝜒1, ⋯ )⟩ = ∭ ∏ √𝑔(𝜒𝑖)𝑑𝒱𝑖𝑓
†(𝜒1, ⋯ )𝑓(𝜒1, ⋯ )

∞

𝑖=1

 

⟨𝑓(𝜒1, ⋯ )| ∑ Δ𝑖
∞
𝑖=1 |𝑓(𝜒1, ⋯ )⟩

= ∭ 𝑓†(𝜒1, ⋯ ) ∑
1

√𝑔

𝜕

𝜕𝜒𝜇

∞

𝑖=1

(√𝑔𝑔𝜇𝜈

𝜕𝑓(𝜒1, ⋯ )

𝜕𝜒𝜈
) ∏ √𝑔(𝜒𝑖)𝑑𝒱𝑖

∞

𝑖=1

= ∭ 𝑔𝜇𝜈 ∑
𝜕𝑓†(𝜒1, ⋯ )

𝜕𝜒𝑖
𝜇

𝑠

𝑖=1

𝜕𝑓(𝜒1, ⋯ )

𝜕𝜒𝑖
𝜈 ∏ √𝑔(𝜒𝑖)𝑑𝒱𝑖

∞

𝑖=1
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𝑓(𝜒1, ⋯ ) = ∏ 𝑔(𝜒𝑖)
1/4𝑓(𝜒1, ⋯ )

∞

𝑖=1

∭ ∏ √𝑔(𝜒𝑖)𝑑𝒱𝑖𝑓
†(𝜒1, ⋯ )𝑓(𝜒1, ⋯ )

∞

𝑖=1

= ∏ 𝑑𝒱𝑖𝑓†̂(𝜒1, ⋯ )𝑓(𝜒1, ⋯ )

∞

𝑖=1

 

𝜕𝑓(𝜒1, ⋯ )

𝜕𝜒𝑖
= 𝑔−1/4 (

𝜕

𝜕𝜒𝑖
−

1

4

𝜕 ln 𝑔

𝜕𝜒𝑖
) 𝑓†̂(𝜒1, ⋯ ) 

⟨𝑓(𝜒1, ⋯ )| ∑ Δ𝑖
∞
𝑖=1 |𝑓(𝜒1, ⋯ )⟩

= ∭ ∑ 𝑔𝜇𝜈

∞

𝑖=1

(
𝜕

𝜕𝜒𝜇
−

1

4

𝜕 ln 𝑔

𝜕𝜒𝜇
)

𝑖

𝑓†̂(𝜒1, ⋯ ) (
𝜕

𝜕𝜒𝜈

−
1

4

𝜕 ln 𝑔

𝜕𝜒𝜈
)

𝑖

𝑓(𝜒1, ⋯ ) ∏ 𝑑𝒱𝑖

∞

𝑖=1

 

⟨𝑓(𝜒1, ⋯ )| ∑ Δ𝑖
∞
𝑖=1 |𝑓(𝜒1, ⋯ )⟩

= ∭ ∑ 𝑔𝜇𝜈

𝜕𝑓†(𝜒1, ⋯ )

𝜕𝜒𝑖
𝜇

∞

𝑖=1

𝜕𝑓(𝜒1, ⋯ )

𝜕𝜒𝑖
𝜈 ∏ 𝑑𝒱𝑖

∞

𝑖=1

+ ∭ ∑ 𝒲(𝜒𝑖)

∞

𝑖=1

𝑓†̂(𝜒1, ⋯ )𝑓(𝜒1, ⋯ ) ∏ 𝑑𝒱𝑖

∞

𝑖=1

 

𝑖𝜓(𝜒) = ∭
𝑑2𝜌

(2𝜋)3
∑

1

√2𝜉𝜌𝑠

[𝛼̂𝓈(℘)𝜇̂𝓈(𝓅)𝑒−𝑖𝓅𝒳 + 𝛽̂𝓈†(℘)𝜈̂𝓈(𝓅)𝑒𝑖𝓅𝒳] 

5. Modelo de Dirac para espacios cuánticos relativistas. 

𝓏 = 𝑒
𝑟
ℏ

+𝑖𝜃, 𝓏̅ = 𝑒
𝑟
ℏ

−𝑖𝜃 , 𝜕𝓏 = 𝑒−(
𝑟
ℏ

+𝑖𝜃) (
ℏ

2
𝜕𝑟 −

𝑖

2
𝜕𝜃) , 𝜕𝓏̅ = 𝑒−(

𝑟
ℏ
−𝑖𝜃) (

ℏ

2
𝜕𝑟 +

𝑖

2
𝜕𝜃) , 𝑑𝓏

= 𝑒
𝑟
ℏ

+𝑖𝜃 (
1

ℏ
𝑑𝑟 + 𝑖𝑑𝜃) , 𝑑𝓏̅ = 𝑒

𝑟
ℏ

−𝑖𝜃 (
1

ℏ
𝑑𝑟 − 𝑖𝑑𝜃) , 𝓏 = 𝑒ℏ′𝑟+𝑖𝜃, 𝓏̅ = 𝑒ℏ′𝑟−𝑖𝜃, 

𝑑𝑠2̂ = 𝑔𝓏𝓏̅𝑑𝓏𝑑𝓏̅, 𝑑𝑠2̂ = 𝑔𝓏𝓏̅𝑒
2𝑟
ℏ (

1

ℏ2
𝑑𝑟2 + 𝑑𝜃2) , 𝑑𝑠2 = 𝑑𝑟2, 𝑔 ≐ |

1 0
0 0

| , ℏ ≐ |
0 0
0 1

| , ℏ𝑔

= 𝑔ℏ ≐ |
0 0
0 0

| , 𝜀 = |
0 1
0 0

| 𝑟̃ = 𝑟̃(𝑟), 𝜃̃ = 𝜃̃0(𝑟) + 𝜃𝜕𝑟𝑟̃(𝑟), 𝛿𝑟 = 𝑓(𝑟), 𝛿𝜃

= ℱ(𝑟) + 𝜃𝜕𝑟𝑓(𝑟) 

𝑑̂𝑓 =
1

ℏ
𝜕𝑟𝑓𝑑𝑟 + 𝜕𝜃𝑓𝑑𝜃, 𝑑𝑓 = 𝜕𝑟𝑓(𝑟, 𝜃)𝑑𝑟 

⟨𝑓1|𝑓2⟩ = ∭ 𝑑2𝜎√𝑔̂𝑓1(𝜎)𝑓2(𝜎)
Σ̂

 

⟨𝜔1|𝜔2⟩ = ∭ 𝑑2𝜎√𝑔̂𝑔̂𝛼𝛽(𝜎)𝜔𝛼(𝜎)𝜔𝛽(𝜎)
Σ̂
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Δ̂ = 𝑑†̂𝑑̂ + 𝑑̂𝑑†̂, Δ̂𝑓 =
1

√𝑔̂
𝜕𝑖 (√𝑔̂𝑔̂𝑖𝑗𝜕𝑖𝑓) , Δ̂𝑓 = 4𝜕𝓏𝜕𝓏̅𝑓, Δ̂𝑓 = 𝑒−

2𝑟
ℏ |ℏ2𝜕𝑟

2𝑓 + 𝜕𝜃
2𝑓|, Δ𝑓

= 𝑒−
2𝑟
ℏ 𝜕𝜃

2𝑓, Δ = lim
ℏ⇝0

𝑒
2𝑟
ℏ Δ̂ = 𝜕𝜃

2 

𝔇 = 𝛾𝑟𝜕𝑟 + 𝛾𝜃𝜕𝜃, 𝑓(𝑟, 𝜃) = 𝑓0(𝑟) + 𝜃𝑓1(𝑟), 𝑓 = exp (
ℱ(𝑟, 𝜃)

ℏ
+ 𝑖Θ(𝑟, 𝜃)) 

Δ̂𝑓

𝑓
= 𝑒−

2𝑟
ℏ [(𝜕𝑟ℱ)2 − (𝜕𝜃Θ)2 +

1

ℏ2
(𝜕𝜃ℱ)2 − ℏ2(𝜕𝑟Θ)2 + ℏ𝜕𝑟

2ℱ +
1

ℏ
𝜕𝜃

2ℱ]

+ 𝑖𝑒−
2𝑟
ℏ [2ℏ𝜕𝑟ℱ𝜕𝑟Θ +

2𝜕𝜃ℱ𝜕𝜃Θ

ℏ
+ ℏ2𝜕𝑟

2Θ + 𝜕𝜃
2Θ] 

Δ̂𝑓 = lim
ℏ⇝0

𝑒
2𝑟
ℏ

Δ̂𝑓

𝑓
= (𝜕𝜃ℱ)2 + 𝑖(2𝜕𝜃ℱ𝜕𝜃Θ) 

Δ̂𝑓

𝑓
= 𝑒−

2𝑟
ℏ [(𝜕𝑟ℱ)2 − (𝜕𝜃Θ)2 − ℏ2(𝜕𝑟Θ)2 + ℏ𝜕𝑟

2ℱ] + 𝑖𝑒−
2𝑟
ℏ [2ℏ𝜕𝑟ℱ𝜕𝑟Θ + ℏ2𝜕𝑟

2Θ + 𝜕𝜃
2Θ] 

Δ̂𝑓 = lim
ℏ⇝0

𝑒
2𝑟
ℏ

Δ̂𝑓

𝑓
= [(𝜕𝜃ℱ)2 − (𝜕𝜃Θ)2] + 𝑖[𝜕𝜃

2Θ]⨂(𝜕𝑟ℱ)2 − (𝜕𝜃Θ)2⨂〈𝜕𝜃
2Θ〉 

Θ(𝑟, 𝜃) = Θ0(𝑟) + 𝜃Θ1(𝑟), ℱ(𝑟) = ℱ0 + ∭ 𝑑𝑟̃Θ1(𝑟̃)

𝑟

0

, Θ(𝑟, 𝜃) = Θ0(𝑟) + 𝜂𝜃, ℱ(𝑟)

= ℱ0 + 𝜂𝑟 

𝑑𝑠2̂ = (
𝑑𝑟2

𝑑ℏ2
+ 𝑑𝜃2 + 𝑑𝜏2) , Δ̂ = (ℏ2

𝜕2

𝜕𝑟2
+

𝜕2

𝜕𝜃2
+

𝜕2

𝜕𝜏2
) , Δ =

𝜕2

𝜕𝜃2
+

𝜕2

𝜕𝜏2
≜  ℏ

≐ |
0 0 0
0 1 0
0 0 1

| 𝑔 ≐ |
0 0 0
0 1 0
0 0 1

| 

𝒟 = 𝛼
𝜕

𝜕𝑟
+ 𝛽

𝜕

𝜕𝜃
+ 𝑐

𝜕

𝜕𝜏
, {𝛾ℑ, 𝛾𝔍} = ℏℑ𝔍 
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𝔄 = 𝔅⨂𝛼ℬ, 𝛼 = |
02 𝔈
−𝔈 02

| = |

0 0 0
0 0 0
0 −1 0

 1
 0
 0

0 0 0    0

| , ℰ = |
0 1
0 0

| , 𝛽 = |
ℑ2 0
0 ℑ2

|

= |

1 0 0
0 1 0
0 0 −1

 0
 0
 0

0 0 0  −1

| , 𝑐 = |
0 ℑ2

ℑ2 0
| = |

0 0 1
0 1 0
1 0 −1

 0
 1
 0

0 1 0    0

| , 𝔇

= ||

 𝜕𝜃 0 𝜕𝜏

 0 𝜕𝜃 0
   𝜕𝜏 −𝜕𝑟 −𝜕𝜃

 𝜕𝑟

 𝜕𝜏

 0
    0    𝜕𝜏   0   −𝜕𝜃

|| , 𝔇2

= |
|

𝜕𝜃
2 + 𝜕𝜏

2 0 0

 0 𝜕𝜃
2 + 𝜕𝜏

2 0

0 −𝜕𝑟 𝜕𝜃
2 + 𝜕𝜏

2

 0
 0
 0

                 0
                 0
                 0

          0             0               0       0            − 𝜕𝜃
2 + 𝜕𝜏

2

|
| , 𝔇

= |
𝜖𝜕𝑟 𝜕𝜃 − 𝑖𝜕𝜏

𝜕𝜃 + 𝑖𝜕𝜏 −𝜖𝜕𝑟
| , 𝔇2 = |

𝜕𝜃
2 + 𝜕𝜏

2 0

0 𝜕𝜃
2 + 𝜕𝜏

2
| 

𝛽 =
1

√2
(𝛽 + 𝑖𝑐), 𝛽† =

1

√2
(𝛽 − 𝑖𝑐), 𝛽2 = (𝛽†)2 = {𝛽, 𝛽†} = 𝛽𝛽† + 𝛽†𝛽 = 𝛽2 + 𝑐2, 𝛽

= ‖0 √2
0 0

‖ , 𝛽† = ‖
0 0

√2 0
‖ , 𝛽 =

1

√2
(𝛽 + 𝛽†) =

1

√2
‖ 0 √2

√2 0
‖

= (
0 1
1 0

) , 𝑐 =
−𝑖

√2
(𝛽 − 𝛽†) =

−𝑖

√2
‖ 0 √2

−√2 0
‖ = (

0 −𝑖
𝑖 0

) , 𝛼 = 𝜖 (
1 0
0 −1

) 

Δ⏞
⋆

𝜙 =
𝜕2𝜙

𝜕𝑟2
{𝛾ℑ, 𝛾𝔍} = ℏ⏞

⋆ℑ𝔍

≐ ⟦
1 0 0
0 0 0
0 0 0

⟧ , 𝛼 = ⟦

1 0 0
0 −1 0
0 0 −1

 0
 0
 0

 0   0      0  1

⟧ , 𝛽 = ⟦

0 0 0
1 0 0
0 0 −1

 0
 0
 0

 0   0  1  0

⟧ , 𝑐

= ⟦

0 0 0
0 0 0
1 0 −1

  0
  0
   0

 0 −1 0  0 

⟧ 

𝔇⏞
⋆

= ⟦

 𝜕𝑟 0 0
  𝜕𝜃 −𝜕𝑟 0
   𝜕𝜏 0 −𝜕𝑟

   0
   0
   0

    0   −𝜕𝜏     𝜕𝜃  𝜕𝑟

⟧ , 𝔇⏞
⋆ 2

= ⟦

𝜕𝑟
2 0 0

 0 𝜕𝑟
2 0

0 0 𝜕𝑟
2

   0
   0
   0

  0  0    0  𝜕𝑟
2

⟧ 

𝛼 = 〈1 0
0 −1

〉 , 𝛽 = 〈0 𝜖
0 0

〉 , 𝑐 = 〈0 0
𝜖 0

〉 

𝔇⏞
⋆

= [
𝜕𝑟 𝜖𝜕𝜃

𝜖𝜕𝜏 −𝜕𝑟
] 

𝒟𝜓 = (
𝜓1

𝜓2
) + 𝜖 (

𝜙1

𝜙2
) 

(𝜕𝜃 − 𝑖𝜕𝜏)𝜓2 + 𝜖(𝜕𝑟𝜓1 + (𝜕𝜃 − 𝑖𝜕𝜏)𝜙2), (𝜕𝜃 + 𝑖𝜕𝜏)𝜓1 + 𝜖((𝜕𝜃 − 𝑖𝜕𝜏)𝜙1 − 𝜕𝑟𝜓2) 
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(𝜕𝜃 + 𝑖𝜕𝜏)𝜓1(𝜕𝜃 − 𝑖𝜕𝜏)𝜓2𝜕𝑟𝜓1 + (𝜕𝜃 − 𝑖𝜕𝜏)𝜙2(𝜕𝜃 + 𝑖𝜕𝜏)𝜙1, (𝜕𝜃 − 𝑖𝜕𝜏)𝜙2

= −𝜕𝑟𝜓1, (𝜕𝜃 + 𝑖𝜕𝜏)𝜙1 = 𝜕𝑟𝜓2 

𝜓† = (𝜓1
† − 𝜖𝜙1

†, 𝜓2
† − 𝜖𝜙2

†), ‖𝑞2‖ = (𝜒 − 𝜖𝛾)(𝜒 + 𝜖𝛾) = 𝜒2 

𝜙′ = 𝑒℧𝜖𝜙 = (1 + ℧𝜖)𝜙 = 𝜙 + ℧𝜖𝜙 

‖𝜙′‖2 = (𝜙 − ℧𝜖𝜙)(𝜙 + ℧𝜖𝜙) = ‖𝜙‖2 

ℒ = 𝜓†𝔇𝜓 

ℒ = 𝜓1
†((𝜕𝜃 − 𝑖𝜕𝜏)𝜓2 + 𝜖(𝜕𝑟𝜓1 + (𝜕𝜃 − 𝑖𝜕𝜏)𝜙2)) − 𝜖𝜙1

†(𝜕𝜃 − 𝑖𝜕𝜏)𝜓2

+ 𝜓2
† ((𝜕𝜃 + 𝑖𝜕𝜏)𝜓1 + 𝜖((𝜕𝜃 + 𝑖𝜕𝜏)𝜙1 − 𝜕𝑟𝜓2)) − 𝜖𝜙2

†(𝜕𝜃 + 𝑖𝜕𝜏)𝜓1 

∏𝜓1
= 𝑖𝜓2

† − 𝑖𝜖𝜙2
†, ∏𝜙1

= 𝑖𝜖𝜓2
†, ∏𝜓2

= −𝑖𝜓1
† + 𝑖𝜖𝜙1

†, ∏𝜙2
= −𝑖𝜖𝜓1

†{𝜓1, ∏𝜓1
}

= {𝜓2, ∏𝜓2
} = 𝑖 

𝛿𝜙1 = 𝛼𝜙1
, 𝛿𝜙2 = 𝛼𝜙2

, 𝛿𝜙1
† = 𝛼

𝜙1
† , 𝛿𝜙2

† = 𝛼
𝜙2

† 

𝜒1 = ∏𝜓1
− 𝑖𝜓2

†, 𝜒2 = ∏𝜓2
− 𝑖𝜓1

†, 𝜒3 = ∏
𝜓1

† , 𝜒4 = ∏
𝜓2

† 

{𝜓𝑖 , 𝜓𝑗
†}

𝒟
= {𝜓𝑖 , 𝜓𝑗

†} − {𝜓𝑖 , 𝜒𝓀}ℭ𝓀ℓ{𝜒ℓ, 𝜓𝑗
†}, {𝜓1, 𝜓1

†}
𝒟

= −{𝜓2, 𝜓2
†}

𝒟
= 1 

𝜓′(𝑟, 𝜃, 𝜏) = 𝑒𝑖𝛼(𝑟,𝜃,𝜏)𝜓(𝑟, 𝜃, 𝜏) 

𝒟𝒜 = 𝛾ℑ𝔇ℑ
𝔄 = 𝛾ℑ(𝜕ℑ + 𝔄ℑ) = 𝛼(𝜕𝓇 + 𝔄𝓇) + 𝛾𝑖(𝜕𝒾 + 𝔄𝒾) 

𝒟𝒜 = ‖
𝜖(𝜕𝓇 + 𝔄𝓇) (𝜕𝜃 − 𝑖𝜕𝜏) + (Α𝜃 − 𝑖Α𝜏)

(𝜕𝜃 + 𝑖𝜕𝜏) + (Α𝜃 + 𝑖Α𝜏) −𝜖(𝜕𝓇 + 𝔄𝓇)
‖ 

(𝒟𝒜)2 = 𝛾ℑ𝛾𝔍(𝜕ℑ + 𝔄ℑ)(𝜕𝔍 + 𝔄𝔍), (𝒟𝒜)2 = 𝔥ℑ𝔍𝔇ℑ
𝔄𝔇𝔍

𝔄 +
1

2
[𝛾ℑ, 𝛾𝔍](𝜕ℑ𝔄𝔍 − 𝜕𝔍𝔄ℑ)

= 𝔥𝒾𝒿𝔇𝒾
𝔄𝔇𝒿

𝔄 +
1

2
[𝛾ℑ, 𝛾𝔍](𝜕ℑ𝔄𝔍 − 𝜕𝔍𝔄ℑ) 

ℱℑ𝔍 = 𝜕ℑ𝔄𝔍 − 𝜕𝔍𝔄ℑ 

[𝛼, 𝛽] = 𝛼𝛽 − 𝛽𝛼 = 2𝑖𝜖 (
0 −𝑖
𝑖 0

) , [𝛼, 𝑐] = 𝛼𝑐 − 𝑐𝛼 = −2𝑖𝜖 (
0 1
1 0

) , [𝛽, 𝑐] = 𝛽𝑐 − 𝑐𝛽

= 2𝑖 (
1 0
0 −1

) 

(𝒟𝒜)2 = ‖
(𝜕𝒾 + 𝔄𝒾)

2 + 𝑖𝔉𝜃𝜏 𝜖𝔉𝑟𝜃 − 𝒾𝜖𝔉𝑟𝜏

−𝜖𝔉𝑟𝜃 − 𝒾𝜖𝔉𝑟𝜏 (𝜕𝒾 + 𝔄𝒾)
2 − 𝑖𝔉𝜃𝜏

‖ 

ℒ = 𝜓†𝒟𝒜𝜓 

ℒ0 = 𝜓1
†((𝜕𝜃 − 𝑖𝜕𝜏)𝜓2 + (𝒜𝜃 − 𝑖𝒜𝜏))𝜓2 + 𝜓2

†((𝜕𝜃 + 𝑖𝜕𝜏)𝜓1 + (𝒜𝜃 + 𝑖𝒜𝜏))𝜓1 

ℒ1 = 𝜖[𝜓1
†(𝜕𝑟 + Α𝑟)𝜓1 − 𝜓2

†(𝜕𝑟 − Α𝑟)𝜓2 − 𝜙2
†((𝜕𝜃 + 𝑖𝜕𝜏) + (Α𝜃 + 𝑖Α𝜏))𝜓1

+ 𝜓1
†((𝜕𝜃 − 𝑖𝜕𝜏) + (Α𝜃 − 𝑖Α𝜏))𝜙2 + 𝜓2

†((𝜕𝜃 + 𝑖𝜕𝜏) + (Α𝜃 + 𝑖Α𝜏))𝜙1

− 𝜙1
†((𝜕𝜃 + 𝑖𝜕𝜏) + (Α𝜃 + 𝑖Α𝜏))𝜓2] 
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∭ 𝑑𝜖𝑒−𝛿0−𝜖𝛿1 = ∭ 𝑑𝜖𝑒−𝛿0(1 − 𝜖𝛿1) = −𝑒−𝛿0𝛿1 

𝜂Α(𝓈) = ∑
sign(𝜆)

|𝜆|𝛿
𝜆∦0

=
1

Γ (
𝛿 + 1

2 )
∭ 𝓉

𝛿−1
2

∞

0

𝑇𝑟(Α𝑒−𝓉𝔄2
)𝑑𝓉 

6. Modelo de Englert-Brout-Higgs para espacios cuánticos relativistas. Cálculos 

secundarios en relación al rompimiento de simetrías de gauge. 

𝔏 = 𝜕𝛼𝜙1
⋆𝜕𝛼𝜙1 + 𝜕𝛼𝜙2

⋆𝜕𝛼𝜙2 − 𝑚1
2|𝜙1|2 − 𝑚2

2|𝜙2|2 − 𝜇2(𝜙1
⋆𝜙2 − 𝜙2

⋆𝜙1) 

ℳ±
2 =

1

2
(𝑚1

2 + 𝑚2
2) ±

1

2
√(𝑚1

2 + 𝑚2
2)2 − 4𝜇4 

𝜂 ≡
2𝜇2

|𝑚1
2 + 𝑚2

2|
≲ 1 

𝒫𝒯 ≑ 𝜙 ⊯ (
𝜙1

𝜙2
) ↭ (

𝜙1
⋆

𝜙2
⋆) 

Im 𝔖 = 𝑖𝜇2 ∭ 𝑑4𝜒(𝜙1
⋆𝜙2 − 𝜙2

⋆𝜙1) 

𝛿𝔖

𝛿𝜙†
≡

𝜕𝔏

𝜕𝜙†
− 𝜕𝛼

𝜕𝔏

𝜕(𝜕𝛼𝜙†)
⋧

𝛿𝔖

𝛿𝜙
≡

𝜕𝔏

𝜕𝜙
− 𝜕𝛼

𝜕𝔏

𝜕(𝜕𝛼𝜙)
 

𝔏 = 𝜙‡ (
− − 𝑚1

2 −𝜇2

−𝜇2 + 𝑚2
2
) Φ 

𝛿𝔖

𝛿𝜙‡
≡

𝜕𝔏

𝜕𝜙‡
− 𝜕𝛼

𝜕𝔏

𝜕(𝜕𝛼𝜙‡)
⋦ (

𝛿𝔖

𝛿𝜙
)

‡

≡ (
𝜕𝔏

𝜕𝜙
− 𝜕𝛼

𝜕𝔏

𝜕(𝜕𝛼𝜙)
)

‡

 

𝛿𝔖

𝛿𝜙
≡

𝜕𝔏

𝜕𝜙
− 𝜕𝛼

𝜕𝔏

𝜕(𝜕𝛼𝜙)
⊭

𝛿𝔖

𝛿𝜙⋆

𝛿𝔖⋆

𝛿𝜙
⋠

𝛿𝔖

𝛿𝜙
(
𝛿𝔖

𝛿𝜙
)

⋄

⋆

 

𝜕𝑡∏
† = −

𝜕ℋ

𝜕𝜙†
, 𝜕𝑡∏ = −

𝜕ℋ

𝜕𝜙
⋩ (𝜕𝑡∏

†)† 

Ξ ≡ ℜ𝜙, Ξ̅ ≡ ℜ−1 

ℛ = 𝒩 |
𝜂 1 − √1 − 𝜂2

1 − √1 − 𝜂2 𝜂
| 

𝒩−1 ≅ √2𝜂2 − 2 + 2√1 − 𝜂2 

𝔏 = Ξ̅ (
− − ℳ+

2 0

0 − − ℳ−
2
) ⟨

𝛿𝔖
𝛿Ξ̅

|
𝛿𝔖
𝛿Ξ

⟩ 

𝒿+
𝛼 ≡ 𝒾(𝜙1

⋆𝜕𝛼𝜙1 − 𝜙1𝜕𝛼𝜙1
⋆) + 𝒾(𝜙2

⋆𝜕𝛼𝜙2 − 𝜙2𝜕𝛼𝜙2
⋆) 
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𝜙 ↱ 𝑒−𝑖𝜃𝔓𝜙 = ‖
𝑒−𝑖𝜃𝜙1

𝑒𝑖𝜃𝜙2

‖ 

𝒿−
𝛼 = 𝒾(𝜙1

⋆𝜕𝛼𝜙1 − 𝜙1𝜕𝛼𝜙1
⋆) − 𝒾(𝜙2

⋆𝜕𝛼𝜙2 − 𝜙2𝜕𝛼𝜙2
⋆) 

𝔏𝜃 = 𝜕𝛼𝜙1
⋆𝜕𝛼𝜙1 + 𝜕𝛼𝜙2

⋆𝜕𝛼𝜙2 − 𝑚1
2|𝜙1|2 − 𝑚2

2|𝜙2|2 − 𝜇2(𝑒2𝑖𝜃𝜙1
⋆𝜙2 − 𝑒−2𝑖𝜃𝜙2

⋆𝜙1) 

𝔏 = 𝜕𝛼𝜙1
⋆𝜕𝛼𝜙1 + 𝜕𝛼𝜙2

⋆𝜕𝛼𝜙2 + 𝑚1
2|𝜙1|2 − 𝑚2

2|𝜙2|2 − 𝜇2(𝜙1
⋆𝜙2 − 𝜙2

⋆𝜙1)

−
𝑔

4
√

〈|𝜙1|4|𝜙2|4〉

〈|𝜙1
⋆|4|𝜙2

⋆|4〉
 

𝜁 = (𝑔|𝜙1|2 − 2𝑚1
2)𝜙1 + 2𝜇2𝜙2 = 𝑚2

2𝜙2 − 𝜇2𝜙1 (
𝜐1

𝜐2
) = √2

𝑚1
2𝑚2

2 − 𝜇4

𝑔𝑚1
2𝑚2

2 (

1
𝜇4

𝑚2
2
) 

𝒰(𝜙̂1, 𝜙̂2) = −
2𝜇4

𝑚2
2 𝜐1𝜙̂1 + 2𝑚2

2𝜐2𝜙̂2 + 𝑚̃1
2|𝜙̂1|

2
+

𝑔

4
𝜐1

2 (𝜙̂1
2 + (𝜙̂1

⋆)
2
) + 𝑚2

2|𝜙̂2|
2

+ 𝜇2(𝜙̂1
⋆𝜙̂2 − 𝜙̂2

⋆𝜙̂1)
2

+
𝑔

2
𝜐1(𝜙̂1 + 𝜙̂1

⋆)|𝜙1|2 +
𝑔

4
|𝜙̂1|

4
 

(− − 𝑚̃1
2)𝜙̂1 = 𝜇2𝜙̂2 +

𝑔

2
𝜐1

2𝜙̂1
⋆ +

𝑔

2
(𝜐1𝜙̂1

2 + 2𝜐1|𝜙̂1|
2

+ |𝜙̂1|
2
𝜙̂1) (− − 𝑚2

2)𝜙̂2

= −𝜇2𝜙̂1 

ℳ2 =
|

|

𝑚̃1
2

𝑔

2
𝜐1

2 𝜇2

𝑔

2
𝜐1

2 𝑚̃1
2 0

−𝜇2 0 𝑚2
2

 0
𝜇2

 0

0 −𝜇2 0  𝑚2
2

|

|
 

𝒢1 = √
2𝑚2

4

𝑚2
4 − 𝜇4

[Im(𝜙̂1) −
𝜇2

𝑚2
2 Im(𝜙̂2)] 

𝜆2 = 𝑚2
2 −

𝜇4

𝑚2
2 , 𝜆± =

1

2𝑚2
2 (2𝑚1

2𝑚2
2 − 3𝜇4 + 𝑚2

4 ± √(2𝑚1
2𝑚2

2 − 3𝜇4 + 𝑚2
4) − 4𝜇4𝑚2

4) 

 

𝒢2 = √
2𝑚2

4

𝑚2
4 − 𝜇4

[Im(𝜙̂2) −
𝜇2

𝑚2
2 Im(𝜙̂1)] 

𝔊± =
√2

√|𝜆± − 𝑚2
2|

2
− 𝜇4

[|𝜆± − 𝑚2
2| Re(𝜙̂1) + 𝜇2 Re(𝜙̂2)] 

𝔏 = [𝔇𝛼
+𝜙1]⋆𝔇+

𝛼𝜙1 + [𝔇𝛼
−𝜙2]⋆𝔇−

𝛼𝜙2 − 𝑚1
2|𝜙1|2 − 𝑚2

2|𝜙2|2 − 𝜇2(𝜙1
⋆𝜙2 − 𝜙2

⋆𝜙1)

−
1

4
ℱ𝛼𝛽ℱ𝛼𝛽 
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𝒿Α,−
𝛼 = 𝒾𝓆(𝜙1

⋆𝔇+
𝛼𝜙1 − 𝜙1[𝔇+

𝛼𝜙1]⋆) − 𝒾𝓆(𝜙2
⋆𝔇−

𝛼𝜙2 − 𝜙2[𝔇−
𝛼𝜙2]⋆) 

𝜙1(𝜒) ⇌ 𝜙1(𝜒)𝑒−𝒾𝓆𝒻(𝜒), 𝜙2(𝜒) ⇋ 𝜙2(𝜒)𝑒𝒾𝓆𝒻(𝜒), Α𝛼(𝜒) (
↻
↺

) Α𝛼(𝜒) + 𝜕𝛼𝑓(𝜒) 

ℳ2(𝜒) = ‖
𝑚1

2 𝜇2𝑒𝒾𝓆𝒻(𝜒)

−𝜇2𝑒−𝒾𝓆𝒻(𝜒) 𝑚2
2

‖ ≅ ‖
𝑚1

2 𝜇2(𝜒)

[−𝜇2(𝜒)]⋆ 𝑚2
2 ‖ 

ℜ(𝜒) = 𝒩 (
𝜂𝑒−2𝒾𝓆𝒻(𝜒) 1 − √1 − 𝜂2

1 − √1 − 𝜂2 𝜂𝑒2𝒾𝓆𝒻(𝜒)
) 

𝜅𝛼∏𝛼𝛽(𝜅2) =
𝑞2

16𝜛2

𝜅𝛽𝜇4

⟦ℳ+
2 − ℳ−

2⟧3
〈ℳ+

4 − ℳ−
4 + 2ℳ+

2ℳ−
2 ln |

ℳ−
2

ℳ+
2|〉 

𝔏𝔚 = [𝔇𝛼
+𝜙1]⋆𝔇+

𝛼𝜙1 + [𝔇𝛼
−𝜙2]⋆𝔇−

𝛼𝜙2 − 𝑚1
2|𝜙1|2 − 𝑚2

2|𝜙2|2

− 𝜇2(𝔚⋆2(𝜒)𝜙1
⋆𝜙2 − 𝔚2(𝜒)𝜙2

⋆𝜙1) −
1

4
ℱ𝛼𝛽ℱ𝛼𝛽 

𝔚(𝜒) = exp [𝒾𝓆 ∭ 𝔄𝛼𝑑𝛾𝛼

𝒳

] 𝔚(𝜒)𝑒𝒾𝓆𝒻(𝜒) 

𝒿Α,+
𝛼 = 𝒾𝓆(𝜙1

⋆𝔇𝛼𝜙1 − 𝜙1[𝔇𝛼𝜙1]⋆) + 𝒾𝓆(𝜙2
⋆𝔇𝛼𝜙2 − 𝜙2[𝔇𝛼𝜙2]⋆) 

𝜕𝛼𝒿Α,+
𝛼 = 2𝒾𝓆𝜇2(𝜙2

⋆𝜙1 − 𝜙1
⋆𝜙2) −

1

2𝜉
(𝜕𝛼Α𝛼)2 

Α𝛼 − (1 −
1

𝜉
𝜕𝛼𝜕𝛽Α𝛽) = 𝒿Α,+

𝛼
1

𝜉
𝜕𝛼Α𝛼 = 2𝒾𝓆𝜇2(𝜙2

⋆𝜙1 − 𝜙1
⋆𝜙2) 

𝜋0 = 2𝒾𝓆𝜇2(𝜙1
⋆𝜙2 − 𝜙2

⋆𝜙1) 

𝔏𝜌 = [𝒟𝛼𝜙1]⋆𝔇𝛼𝜙1 + [𝒟𝛼𝜙2]⋆𝔇𝛼𝜙2 − 𝑚1
2|𝜙1|2 − 𝑚2

2|𝜙2|2 − 𝜇2(𝜙1
⋆𝜙2 − 𝜙2

⋆𝜙1)

−
1

4
ℱ𝛼𝛽ℱ𝛼𝛽 +

1

2
(𝑚0Α𝛼 − 𝜕𝛼𝜌)(𝑚0Α𝛼 − 𝜕𝛼𝜌) −

1

2𝜉
(𝜕𝛼Α𝛼 + 𝜉𝑚0𝜌)2 

𝜙1,2(𝜒) ⇌ 𝜙1,2(𝜒)𝑒−𝒾𝓆𝒻(𝜒), Α𝛼(𝜒) (
↻
↺

) Α𝛼(𝜒) + 𝜕𝛼𝑓(𝜒), ρ(𝜒) (
↺
↻

) ρ(𝜒) + 𝑚0𝑓(𝜒) 

Α𝛽
𝛼 =

1

𝒵

𝛿𝒵

𝛿𝔍𝛼
 

𝒵 = ∭ 𝔇[Α𝛼 , 𝜙, 𝜙‡] exp (−𝛿𝜖 + ∭ 𝑑4𝜒(𝔍𝛼Α𝛼 + 𝜒1
𝒫𝒯𝜙1 + 𝜙1

𝒫𝒯𝜒1 + 𝜒2
𝒫𝒯𝜙2 + 𝜙2

𝒫𝒯𝜒2)) 

𝒵 = ∭ 𝔇[Α𝛼, 𝜙, 𝜙‡] exp (−𝛿𝜖 + ∭ 𝑑4𝜒(𝔍𝛼Α𝛼 + 𝜒1
𝒫𝒯𝜙1 + 𝜙1

⋆𝜒1 + 𝜒2
𝒫𝒯𝜙2 + 𝜙2

⋆𝜒2)) 

𝒵⋆ = ∭ 𝔇[Α𝛼, 𝜙, 𝜙‡] exp (−𝛿𝜖
⋆

+ ∭ 𝑑4𝜒(𝔍𝛼Α𝛼 + (𝜒1
𝒫𝒯)

⋆
𝜙1

⋆ + 𝜙1𝜒1
⋆ + (𝜒2

𝒫𝒯)
⋆
𝜙2

⋆ + 𝜙2𝜒2
⋆)) 
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𝒵⋆ = ∭ 𝔇[Α𝛼, 𝜙, 𝜙‡] exp (−𝛿𝜖
⋆

+ ∭ 𝑑4𝜒(𝔍𝛼Α𝛼 + (𝜒1
𝒫𝒯)

⋆
𝜙1

⋆ + 𝜙1𝜒1
⋆ + (𝜒2

𝒫𝒯)
⋆
𝜙2

⋆ + 𝜙2𝜒2
⋆)) 

𝜙2
𝛽

=
1

𝒵

𝛿𝒵

𝛿𝜒2
𝒫𝒯 , (𝜙2

𝛽
)

𝒫𝒯

=
1

𝒵

𝛿𝒵

𝛿𝜒2
= −(𝜙2

𝛽
)

⋆

 

𝔏 = [𝒟𝛼𝜙1]⋆𝔇𝛼𝜙1 + [𝒟𝛼𝜙2]⋆𝔇𝛼𝜙2 − 𝑚1
2|𝜙1|2 − 𝑚2

2|𝜙2|2 − 𝜇2(𝜙1
⋆𝜙2 − 𝜙2

⋆𝜙1) −
𝑔

4
|𝜙1|4

−
1

4
ℱ𝛼𝛽ℱ𝛼𝛽 −

1

2𝜉
(𝜕𝛼Α𝛼)2 

𝔏 = 𝜕𝛼𝜙̂1
⋆𝜕𝛼𝜙̂1 + 𝜕𝛼𝜙̂2

⋆𝜕𝛼𝜙̂2 − 𝒰(𝜙̂1, 𝜙̂2) − −
1

4
ℱ𝛼𝛽ℱ𝛼𝛽 −

1

2𝜉
(𝜕𝛼Α𝛼)2

+ 𝓆2Α𝛼Α𝛼 (|𝜐1 + 𝜙̂1|
2

+ |𝜐2 + 𝜙̂2|
2
) − Α𝛼𝒿+

𝛼 

(−𝒟2 − 𝑚̃1
2)𝜙̂1

= 𝜇2𝜙̂2 − 𝓆2𝜐1𝒜2 + 𝒾𝓆𝜐1𝜕𝛼Α𝛼 +
𝑔

2
𝜐1

2𝜙̂1
⋆

+
𝑔

2
(𝜐1𝜙̂1

2 + 2𝜐1|𝜙̂1|
2

+ |𝜙̂1|
2
𝜙̂1) (−𝒟2 − 𝑚2

2)𝜙̂2

= −𝜇2𝜙̂1 − 𝑞2𝜐2Α2 + 𝒾𝓆𝜐2𝜕𝛼Α𝛼(− − ℳ𝒜
2 )Α𝛼 + (1 −

1

𝜉
) 𝜕𝛼𝜕𝛽Α𝛽

= 2𝓆2(𝜐1
⋆𝜙̂1 + 𝜐1𝜙̂1

⋆ + 𝜐2
⋆𝜙̂2 + 𝜐2𝜙̂2

⋆)Α𝛼 + 2𝓆2 (|𝜙̂1|
2

+ |𝜙̂2|
2
) Α𝛼 − 𝒿+

𝛼 

ℳ𝒜
2 = (|𝜐1|2 + |𝜐2|2) 
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APÉNDICE C.  

1. Campos cuánticos relativistas, supergravedad cuántica y supermembranas. 

1.1. Métrica de Green-Schwarz. 

𝔖 = ∭ 𝑑2𝜎√−𝑔

Σ

+ ∭ ℒ𝒲𝒵

Σ

+ ∭ 𝒜

∂Σ

 

ℒ𝒲𝒵 = −𝑖𝜃̅Γ𝜇Γ11𝑑𝜃 (𝑑𝜒𝜇 −
𝑖

2
𝜃̅Γ𝜇𝑑𝜃) 

𝑔𝑟𝑠 = ∏𝑟
𝜇
∏𝑠

𝜈𝜂𝜇𝜈(𝑟, 𝑠 = 𝜏, 𝜎), ∏𝑟
𝜇

= 𝜕𝑟𝜒𝜇 − 𝑖𝜃̅Γ𝜇𝜕𝑟𝜃 

𝛿𝜖𝜒𝜇 = −𝑖𝜃̅Γ𝜇𝜖, 𝛿𝜖𝜃 = 𝜖, 𝛿𝜅𝜒𝜇 = −𝑖𝜃̅Γ𝜇(1 + Γ)𝜅, 𝛿𝜅𝜃 = (1 + Γ)𝜅 

Γ =
𝜖𝑟𝑠

2√−𝑔
∏𝑟

𝜇
∏𝑠

𝜈Γ𝜇𝜈Γ11, (Γ)2 = ℑ32, ℭ−1Γ𝔗ℭ = Γ 

𝛿𝜅𝒮 = ∭ [
1

2
(𝜃̅Γ𝜇Γ11𝑑𝜃𝜃̅Γ𝜇𝛿𝜅𝜃 + 𝜃̅Γ𝜇Γ11𝛿𝜅𝜃𝜃̅Γ𝜇𝑑𝜃) + 𝑖𝜃̅Γ𝜇Γ11𝛿𝜅𝜃𝑑𝜒𝜇] + ∭ 𝑑𝜒𝜇𝛿𝜅

∂Σ

𝜒𝜈𝔉𝜈𝜇

∂Σ

 

𝑑𝜒𝛼̅ = 𝜃̅Γ𝛼̅𝑑𝜃 = 𝜃̅Γ𝛼̅(1 + Γ)𝜅, 𝜃̅Γ𝜇Γ11(1 + Γ)𝜅 = 𝔉𝜇𝜈𝜃̅Γ𝜈(1 + Γ)𝜅 

𝛿𝜖𝒮 = ∭ [−
1

6
(𝜃̅Γ𝜇Γ11𝜖𝜃̅Γ𝜇𝑑𝜃 + 𝜃̅Γ𝜇𝜖𝜃̅Γ𝜇Γ11𝑑𝜃) − 𝑖𝜃̅Γ𝜇Γ11𝜖𝑑𝜒𝜇] + ∭ 𝑑𝜒𝜇(−𝑖𝜃̅Γ𝜈𝜖)𝔉𝜈𝜇

∂Σ∂Σ

 

𝑑𝜒𝛼̅ = 𝜃̅Γ𝛼̅𝑑𝜃 = 𝜃̅Γ𝛼̅𝜖, 𝜃̅Γ𝜇Γ11𝜖 = 𝔉𝜇𝜈𝜃̅Γ𝜈𝜖 

𝛿𝜒𝛼‾ = 𝜃‾Γ𝛼‾ 𝛿𝜃 = 0 (𝑎‾ = 𝑝 + 1, … ,9), 𝜃‾Γ𝜇Γ11𝛿𝜃 = 𝐹𝜇𝜈𝜃‾Γ𝜈𝛿𝜃 (𝜇 = 0,1, ⋯ , ℘) 

𝜒𝛼‾ =  const, 𝜃 = 𝑒
1
2
𝛾𝜇𝜈Γ

𝜇𝜈
Γ11(Γ11)

℘−2
2 Γ(℘)𝜃, = 𝑒

1
4
𝛾𝜇𝜈Γ

𝜇𝜈
Γ11(Γ11)

℘−2
2 Γ(℘)𝑒

−
1
4
𝛾𝜇𝜈Γ

𝜇𝜈
Γ11𝜃 

𝜃(+) ≡
1

2
(1 + 𝑒

1
2
𝛾𝜇𝜈Γ

𝜇𝜈
Γ11(Γ11)

℘−2
2 Γ(℘))) 𝜃 

𝜙𝜇 ≡ √−𝑔𝑔𝜎𝑠Π𝑠

𝜇
− 𝔉𝜇 Π𝜏

𝜈
𝜈 , Π𝑟

𝜇
Γ𝜇(√−𝑔𝑔𝑟𝑠𝜕𝑠 + 𝜖𝑟𝑠Γ11𝜕𝑠)𝜃Π𝜎

𝜇
, 𝜕𝜎𝜒𝜇 = 𝜕𝜎𝜃(+) = 𝜕Σ 

𝜒+ = 𝜏, Γ+𝜃 = 0, 𝑔𝑟𝑠 ∝ 𝛿𝑟𝑠, 𝜕𝜎𝜒𝛼 = 𝔉𝛼𝛽𝜕𝜏𝜒𝑏 + 𝐹𝑎+, [1 + 𝑒
1
2𝑌𝑎𝑏𝑎𝑎𝑏Γ11(Γ11)

𝑝−2
2 Γ(𝑝))] 𝜕𝜎𝜃 = 𝜕Σ 

𝑆 = − ∫ 
Σ

 𝑑3𝜉√−𝑔 + ∫ 
Σ

 ℒ𝑊𝑍 + ∫  
𝜕Σ

 𝐵 

ℒ𝑊𝑍 =
𝑖

2
𝜃‾Γ𝜇𝜈𝑑𝜃 [(𝑑𝑋𝜇 − 𝑖𝜃‾Γ𝜇𝑑𝜃)𝑑𝑋𝜈 −

1

3
𝜃‾Γ𝜇𝑑𝜃𝜃‾Γ𝜈𝑑𝜃] 

𝑔𝑖𝑗  = Π𝑖
𝜇
Π𝑗

𝜈𝜂𝜇𝜈, (𝑖, 𝑗 = 0,1,2) 

Π𝑖
𝜇

= 𝜕𝑖𝑋
𝜇 − 𝑖𝜃‾Γ𝜇𝜕𝑖𝜃 

𝛿𝜖𝑋𝜇 = −𝑖𝜃‾Γ𝜇𝜖, 𝛿𝜖𝜃 = 𝜖 

𝛿𝜅𝑋𝜇 = 𝑖𝜃‾Γ𝜇(1 + Γ)𝜅, 𝛿𝜅𝜃 = (1 + Γ)𝜅 

Γ =
𝜖𝑖𝑗𝑘

3! √−𝑔
Π𝑖

𝜇
Π𝑗

𝜈Π𝑘
𝜌
Γ𝜇𝜈𝜌,  

(Γ)2 = 𝐼32, 𝒞−1Γ𝑇𝒞 = Γ, Π𝑖
𝜇
ΓΓ𝜇 = Π𝑖

𝜇
Γ𝜇Γ =

𝑔𝑖𝑚

2√−𝑔
𝜖𝑚𝑘𝑙Π𝑘

𝜈Π𝑙
𝜌
Γ𝜈𝜌  
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𝛿𝜅𝑆 = ∫  
𝜕Σ

  [
𝑖

2
𝜃‾Γ𝜇𝜈𝑑𝜃 (𝑖𝑑𝑋𝜇𝜃‾Γ𝜈𝛿𝜅𝜃 +

1

3
𝜃‾Γ𝜇𝑑𝜃𝜃‾Γ𝜈𝛿𝜅𝜃)

+
𝑖

2
𝜃‾Γ𝜇𝜈𝛿𝜅𝜃 (𝑑𝑋𝜇𝑑𝑋𝜈 − 𝑖𝜃‾Γ𝜇𝑑𝜃𝑑𝑋𝜈 −

1

3
𝜃‾Γ𝜇𝑑𝜃𝜃‾Γ𝜈𝑑𝜃)]

 + ∫  
𝜕Σ

  (−
𝑖

2
𝑑𝑋𝜇𝑑𝑋𝜈𝐻𝜇𝜈𝜌𝜃‾Γ𝜌𝛿𝜅𝜃) ,

𝛿𝜖𝑆 = ∫  
𝜕Σ

  [−
𝑖

2
𝜃‾Γ𝜇𝜈𝜖 (𝑑𝑋𝜇𝑑𝑋𝜈 −

𝑖

3
𝜃‾Γ𝜇𝑑𝜃𝑑𝑋𝜈 −

1

15
𝜃‾Γ𝜇𝑑𝜃𝜃‾Γ𝜈𝑑𝜃)

+
1

6
𝜃‾Γ𝜈𝜖𝜃‾Γ𝜇𝜈𝑑𝜃 (𝑑𝑋𝜇 −

𝑖

5
𝜃‾Γ𝜇𝑑𝜃)]

+ ∫  
𝜕Σ

𝑖

2
𝑑𝑋𝜇𝑑𝑋𝜈𝐻𝜇𝜈𝜌𝜃‾Γ𝜌𝜖 

𝛿𝑋𝑎‾  = 𝜃‾Γ𝑎‾𝛿𝜃 

𝜃‾Γ𝜇𝜈𝛿𝜃 = 𝐻𝜇𝜈𝜌𝜃‾Γ𝜌𝛿𝜃 

𝜃 = 𝐹 (Γ𝜇; 𝐻𝜇𝜈ρ) Γ(𝑝)𝜃, 𝐹(Γ𝜇; 0) = 𝐼32 

𝐼32 = (𝐹 (Γ𝜇; 𝐻𝜇𝜈𝜌) Γ(𝑝))
2
 

𝜃 = exp (
−1

3
ℎ𝜇ν𝜌Γ𝜇ν𝜌) Γ(5)𝜃, ℎ𝜇𝜈𝜌 =

1

3!
𝜖𝜇𝜈𝜌𝜎𝜅𝜆ℎ

𝜎𝜅𝜆
 (=  const. ). . .  

𝐻𝜇𝜈𝜌 = 4ℎ𝜇𝜈𝜎(1 − 2𝑘)𝜌
−1𝜎

,  

Φ𝜇 ≡ √−𝑔𝑔1𝑘Π𝑘

𝜇
− 𝐻𝜇 𝜈𝜌Π2

𝜈
Π𝜏‾

𝜌
 

𝜕1𝑋𝜇 = 0

(1 + Γ(𝑝))𝜕1𝜃 = 0
 

𝛿𝑣𝑋𝜇 = 𝑣𝑖𝜕𝑖𝑋
𝜇 , 𝛿𝑣(𝜕𝑖𝑋

𝜇) = 𝑣𝑗𝜕𝑗(𝜕𝑖𝑋
𝜇) + 𝜕𝑖𝑣

𝑗𝜕𝑗𝑋
𝜇 

𝛿𝑣𝑆 = ∫ 
Σ

𝑑3𝜉𝜕𝑖(𝑣𝑖ℒ) = − ∫  
𝜕Σ

𝑑𝜏𝑑𝜎2𝑣1ℒ. 

𝑣1 = 0
𝜕1𝑣0 = 𝜕1𝑣2 = 0

 

1.2. Formulación de gauge. 

𝑋+ = 𝜏 

Γ+𝜃 = 0 

𝑔𝜏𝑟 = 𝜕𝑟𝑋− − 𝑖𝜃‾Γ−𝜕𝑟𝜃 + 𝜕𝜏𝑋𝑎𝜕𝑟𝑋𝑎,

𝑔𝜏𝜏 = 2(𝜕𝜏𝑋− − 𝑖𝜃‾Γ−𝜕𝜏𝜃) + 𝜕𝜏𝑋𝑎𝜕𝜏𝑋𝑎 = −
1

(𝑃0
+√𝑤)

2 det(𝑔𝑟𝑠) = −
1

2(𝑃0)2 ({𝑋𝑎 , 𝑋𝑏})
2 

{𝐴, 𝐵} =
𝜖𝑟𝑠

√𝑤
𝜕𝑟𝐴𝜕𝑠𝐵  

𝑆 = ∫  𝑑𝜏 ∫  
Σ(2)

 𝑑2𝜎√𝑤 [
1

2
𝑃0

+(𝜕𝜏𝑋𝑎)2 − 𝑖𝑃0
+𝜃‾Γ−𝜕𝜏𝜃 −

1

4𝑃0
+ ({𝑋𝑎 , 𝑋𝑏})

2
+ 𝑖𝜃‾Γ−Γ𝑎{𝑋𝑎, 𝜃}]  

𝑆 = ∫  𝑑𝜏 ∫  
Σ2

 𝑑2𝜎√𝑤 [
𝑃0

+

2
(𝜕𝜏𝑋𝑎)2 +

𝑖

2
𝜃𝑇𝜕𝜏𝜃 −

1

4𝑃0
+ ({𝑋𝑎 , 𝑋𝑏})

2
+

𝑖

2𝑃0
+ 𝜃𝑇𝛾𝑎{𝑋𝑎 , 𝜃}]  

𝛿𝑋𝑎‾  = (1 − Γ(5))𝜃 

𝜕1𝑋𝜇 = (1 + Γ(5))𝜕1𝜃 = 𝜕Σ 

𝑤(𝜎) = det(𝑤𝑟𝑠(𝜎)),  𝑤12|𝜕Σ(2) = 0,  𝜕𝑟(√𝑤𝑤𝑟1)|
𝜕Σ(2)  

𝑋𝑎‾(𝜎) = ∑  

𝐴

 𝑌𝐴
(𝐷)

(𝜎)𝑋𝑎‾𝐴, 𝜃(+)(𝜎) = ∑  

𝐴

 𝑌𝐴
(𝐷)

(𝜎)𝜃(+)𝐴,

𝑋𝑎(𝜎) = ∑  

𝐴

 𝑌𝐴
(𝑁)

(𝜎)𝑋𝑎𝐴, 𝜃(−)(𝜎) = ∑  

𝐴

 𝑌𝐴
(𝑁)

(𝜎)𝜃(−)𝐴,
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Δ𝑌𝐴
(𝐷,𝑁)

≡
1

√𝑤
𝜕𝑟 (√𝑤𝑤𝑟𝑠𝜕𝑠𝑌𝐴

(𝐷,𝑁)
) = −𝜔𝐴

(𝐷,𝑁)
𝑌𝐴

(𝐷,𝑁)
 

∫  
Σ(2)

 𝑑2𝜎√𝑤𝑌𝐴
(𝐷)

(𝑌𝐵
(𝐷)

)
∗
 = 𝛿𝐴

𝐵
 

∫  
Σ(2)

𝑑2𝜎√𝑤𝑌𝐴
(𝑁)

(𝑌𝐵
(𝑁)

)
∗

= 𝛿𝐴
𝐵 

𝜃|𝑆𝑂(10,1) =
1

23/4√𝑃0
+

(
0

𝜃|𝑆𝑂(9)
) 

(𝑋𝑎‾(𝜎), 𝑃𝑏‾(𝜎′))
𝐷𝐵

 = 𝛿𝑎‾𝑏‾𝛿(𝐷)(𝜎, 𝜎′),

(𝜃𝛼
(+)

(𝜎), 𝜃𝛽
(+)

(𝜎′))
𝐷𝐵

 =
−𝑖

√𝑤(𝜎)
(
1 + 𝛾(4)

2
)

𝛼𝛽
𝛿(𝐷)(𝜎, 𝜎′),

(𝑋𝑎(𝜎), 𝑃𝑏(𝜎′))
𝐷𝐵

 = 𝛿𝑎𝑏𝛿(𝑁)(𝜎, 𝜎′)

 

(𝜃𝛼
(−)

(𝜎), 𝜃𝛽
(−)

(𝜎′))
𝐷𝐵

=
−𝑖

√𝑤(𝜎)
(
1 − 𝛾(4)

2
)

𝛼𝛽

𝛿(𝑁)(𝜎, 𝜎′) 

𝛿(𝐷,𝑁)(𝜎, 𝜎′) ≡ √𝑤(𝜎) ∑  

𝐴

𝑌𝐴
(𝐷,𝑁)

(𝜎) (𝑌𝐴
(𝐷,𝑁)(𝜎′))

∗

 

𝐻 = ∫  
Σ(2)

 𝑑2𝜎
√𝑤

𝑃0
+ [

(𝑃𝑎)2

2𝑤
+

1

4
({𝑋𝑎 , 𝑋𝑏})

2
−

𝑖

2
𝜃𝑇𝛾𝑎{𝑋𝑎 , 𝜃}] =

(𝑃0

𝑎
)

2
+ ℳ2

2𝑃0
+  

𝜑(𝜎)  = − {
𝑃𝑎

√𝑤
, 𝑋𝑎} −

𝑖

2
{𝜃𝑇 , 𝜃}

𝜑𝜆  = ∫  𝑑2𝜎𝜙(𝜆)𝑟
(𝑃𝑎𝜕𝑟𝑋𝑎 +

𝑖

2
√𝑤𝜃𝑇𝜕𝑟𝜃)

 

𝛿𝜁𝑋𝑎  = {𝜁, 𝑋𝑎} 

𝛿(𝜆)𝑋
𝑎 = 𝜙(𝜆)𝑟𝜕𝑟𝑋𝑎 

𝜁(𝜎) = 𝜕Σ 

𝑆 = ∫  𝑑𝑡 ∫  
Σ(2)

 𝑑2𝜎√𝑤 [
1

2
(𝐷𝑡𝑋

𝑎)2 +
𝑖

2
𝜃𝑇𝐷𝑡𝜃 −

1

4
({𝑋𝑎 , 𝑋𝑏})

2
+

𝑖

2
𝜃𝑇𝛾𝑎{𝑋𝑎 , 𝜃}] ,  

𝛿𝜁𝜔 = 𝐷𝑡𝜁 = 𝜕𝑡𝜁 − {𝜔, 𝜁}  

𝜔(𝑡, 𝜎) = 𝜕Σ  

1.3. Regularizaciones. 

(𝑤𝑟𝑠) = (
4 0
0 1

). 

 Dirichlet (DD sector) ∶ 𝑌𝐴
(𝐷)(𝜎1 = 0, 𝜎2) = 𝑌𝐴

(𝐷)(𝜎1 = 1/2, 𝜎2) 

 Neumann (NN sector) : 𝜕1𝑌𝐴
(𝑁)(𝜎1 = 0, 𝜎2) = 𝜕1𝑌𝐴

(𝑁)(𝜎1 = 1/2, 𝜎2) 

𝑌𝐴
(𝐷)

(𝜎) = √2𝑒2𝜋𝑖𝐴2𝜎2
sin (2𝜋𝐴1𝜎1)

𝑌𝐴
(𝑁)

(𝜎) = √2𝑒2𝜋𝑖𝐴2𝜎2
cos (2𝜋𝐴1𝜎1) para 𝐴1 ≠ 0

 

𝑌(0,𝐴2)
(𝑁)

(𝜎) = 𝑒2𝜋𝑖𝐴2𝜎2
 

∫  
Σ(2)

 𝑑2𝜎√𝑤[( Dirichlet ) × ( Dirichlet ) + ( Neumann ) × ( Neumann )]  

𝑆 = ∫  𝑑𝑡Tr (
1

2
(𝐷𝑡𝑋

𝑎)2 +
𝑖

2
𝜃𝑇𝐷𝑡𝜃 +

1

4
([𝑋𝑎 , 𝑋𝑏])

2
−

1

2
𝜃𝑇𝛾𝑎[𝑋𝑎 , 𝜃]) , 

𝜑 = −𝑖[𝑃𝑎 , 𝑋𝑎] +
1

2
[𝜃𝛼, 𝜃𝛼]+ 
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𝜑2 = ∫  𝑑2𝜎√𝑤 [𝑃0
+𝜕2𝑋− +

𝑃𝑎

√𝑤
𝜕2𝑋𝑎 +

𝑖

2
𝜃𝑇𝜕2𝜃] ≈ 0.  

∫  
1/2

0

 𝑑𝜎𝑒2𝜋𝑖𝑚𝜎 = {

1/2 𝑚 = 0

𝑖
1 − (−1)𝑚

2𝜋𝑚
𝑚 ≠ 0

 

Tr′(𝐴𝐵) = Tr′(𝐵𝐴)  

Tr′𝐴 = Tr𝒫𝐴, 𝒫 = (
𝐼𝑀 0𝑀

0𝑀 0𝑀
)  

1

𝑁
Tr′𝑈𝑚𝑉𝑛 =

{
 

 
1

2
𝛿𝑛0 𝑚 = 0

𝛿𝑛0

1 − (−1)𝑚

𝑁(1 − 𝜔𝑚)
𝑚 ≠ 0

  

𝑈′ = (

1 0 ⋯ 0
0 𝜔′ ⋯ 0
⋮ ⋱ ⋮
0 ⋯ (𝜔′)𝑁−1

) 𝜔′ = 𝑒𝜋𝑖/𝑁  

1.4. Algebra de gauge.  

𝑄− = √𝑃0
+ ∫  𝑑2𝜎√𝑤𝜃 

𝑄+ =
1

√𝑃0
+

∫  𝑑2𝜎 (𝑃𝑎𝛾𝑎 +
√𝑤

2
{𝑋𝑎 , 𝑋𝑏}𝛾𝑎𝑏) 𝜃 

𝛿−𝑋𝑎 = 0, 𝛿−𝜃 = 𝜖′  

𝛿+𝑋𝑎 = 𝜖𝛾𝑎𝜃, 𝛿+𝜃 = +𝑖 (
𝑃𝑎

√𝑤
𝛾𝑎 −

1

2
{𝑋𝑎 , 𝑋𝑏}𝛾𝑎𝑏) 𝜖  

𝑄(−)
−  ≡

1 − 𝛾(4)

2
𝑄− 

𝑄(+)
+  ≡

1 + 𝛾(4)

2
𝑄+ 

𝑖(𝑄(−)𝛼
− , 𝑄(−)𝛽

− )
𝐷𝐵

 = (𝒫(−))
𝛼𝛽

𝑃0
+

𝑖(𝑄(−)𝛼
− , 𝑄(+)𝛽

+ )
𝐷𝐵

 = (𝒫(−)𝛾𝑎)
𝛼𝛽

𝑃0

𝑎
+ (𝒫(−)𝛾𝑎‾𝑏)

𝛼𝛽
𝑍𝑎‾𝑏,

 

𝑖(𝑄(+)𝛼
+ , 𝑄(+)𝛽

+ )
𝐷𝐵

= 2𝐻(𝒫(+))
𝛼𝛽

+ 2(𝒫+𝛾𝑎‾)𝛼𝛽𝑍𝑎‾  

𝑍𝑎𝑏 = − ∫  𝑑2𝜎√𝑤{𝑋𝑎 , 𝑋𝑏},

𝑍𝑎  =
1

𝑃0
+ ∫  𝑑2𝜎√𝑤 ({𝑋𝑎 , 𝑋𝑏}

𝑃𝑏

√𝑤
+

𝑖

2
𝜃𝑇{𝑋𝑎, 𝜃})

 

= − ∫  𝑑2𝜎√𝑤{𝑋𝑎 , 𝑋−} 

𝑄 ≡ (
√2𝑄−

𝑄+ )  

𝑄̃ ≡ (
√2𝑄(−)

−

𝑄(+)
+ ) =

1 − Γ(5)

2
𝑄  
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𝑖(𝑄̃, 𝑄̃𝑇)
𝐷𝐵

= (
2𝑃0

+𝒫(−) √2𝒫(−)(𝑃 + 𝑍 (2))

√2𝒫(+)(𝑃 − 𝑍 (2)) 2𝒫(+)(𝐻 ⋅ 𝐼16 + 𝑍 (1))
)

 = (
√2𝑃0

+𝒫(−) 0

𝒫(+)(𝑃 − 𝑍 (2)) 𝒫(+))

(

 
 

1

𝑃0
+ 𝒫(−) 0

0
1

𝑃0
+ 𝐦

)

 
 

(
√2𝑃0

+𝒫(−) 𝒫(−)(𝑃 − 𝑍 (2))

0 𝒫(+)
)

 

𝐦 ≡ 𝒫(+)[2𝑃0
+(𝐻 ⋅ 𝐼16 + Z̸(1)) − (𝑃 − Z̸(2))(𝑃 + Z̸(2))] 

= 𝑃(+)[(𝑀2 − 𝑍𝑎‾𝑏 − 𝑍𝑎‾𝑏 −)𝐼16 + 2(𝑍𝑎‾𝑃0
+ + 𝑍𝑎‾𝑐 − 𝑃0

𝑐
)𝛾𝑎‾ − 𝑍𝑎‾𝑏 − 𝑍𝑐‾𝑑 − 𝛾𝑎‾𝑐‾𝑏𝑑] 

∫  𝑑2𝜎√𝑤{𝑋[𝑎 , 𝑋𝑏}{𝑋𝑐 , 𝑋𝑑]} 

1.5. Configuraciones BPS.  

𝑋𝑎‾ |
𝜎1=0

= 0,  𝑋𝑎‾ |
𝜎1=1/2

= 𝑏𝛿10
𝑎‾ ,  𝜕1𝑋𝑎|𝜎1=0 = 𝜕1𝑋𝑎|𝜎1=1/2 = 0  

𝑋𝑎 ∼ 𝑋𝑎 + 2𝜋𝑅𝑎, 𝑋− ∼ 𝑋− + 2𝜋𝑅  

𝑋𝑎 =
𝑅𝑚𝑎

𝑅𝑎𝑚
𝜏 + 2𝜋𝑅𝑎𝑛𝛼𝜎2 + 𝑋0

𝑎
+ 𝑋̂𝑎(𝜏, 𝜎),

𝑋𝑎‾  = 2𝑏𝛿10
𝑎‾ 𝜎1 + 𝑋̂𝑎‾(𝜏, 𝜎),

𝑋− = −
𝑅

𝑚
𝐻𝜏 + 2𝜋𝑅𝑛𝜎2 + 𝑋̂−(𝜏, 𝜎)

 

𝜃(−) = 𝜃0
(−)

+ 𝜃̂(−)(𝜏, 𝜎), 𝜃(+) = 𝜃̂(+)(𝜏, 𝜎) 

0 ≈ 𝜑(𝜎) = ∇𝑎 (
𝑃̂𝑎

√𝑤
) + {𝑋̂𝑎 ,

𝑃̂𝑎

√𝑤
} −

𝑖

2
{𝜃̂𝑇 , 𝜃̂} 

0 ≈ 𝜑2 = 2𝜋(𝑛𝑚 + 𝑛𝑎𝑚𝑎) + ∫  𝑑2𝜎 (𝑃̂𝑎𝜕2𝑋̂𝑎 +
𝑖

2
√𝑤𝜃̂𝑇𝜕2𝜃̂) 

𝑍𝑎‾𝑏‾  = 𝑍𝑎𝑏 = 𝑍𝑎 = 0,

𝑍𝑎‾𝑏 = −(2𝜋𝑏𝑅𝑏𝑛𝑏)𝛿10
𝑎‾  

𝑍𝑎‾ = −(2𝜋𝑏𝑅𝑛)𝛿10
𝑎‾  

0 = ℳ2 − 𝑍𝑎‾𝑏 − 𝑍𝑎‾𝑏

 = ∫  𝑑2𝜎√𝑤 [(𝑃̂𝑎/√𝑤)
2

+
1

2
({𝑋𝑎 , 𝑋𝑏} + 𝑍𝑎𝑏)

2
− 𝑖𝜃̂𝑇𝛾𝑎{𝑋𝑎, 𝜃̂}]

0 = 𝑍𝑎‾𝑃0
+ + 𝑍𝑎‾𝑐𝑃0

𝑐
= −2𝜋𝑏𝛿10

𝑎‾ (𝑛𝑚 + 𝑛c𝑚𝑐)

 

≈ 𝑏𝛿10
𝑎‾ ∫  𝑑2𝜎 (𝑃̂𝑎𝜕2𝑋̂𝑎 +

𝑖

2
√𝑤𝜃̂𝑇𝜕2𝜃̂) 

𝑋𝑎 =
𝑅𝑚𝑎

𝑅𝑎𝑚
𝜏 + 2𝜋𝑅𝑎𝑛𝑎𝜎2, 𝑋𝑎‾ = 2𝑏𝛿10

𝑎‾ 𝜎1,

𝑋− = −
𝑅

𝑚
𝐻𝜏 + 2𝜋𝑅𝑛𝜎2 (𝑚𝑛 + 𝑛𝑎𝑚𝑎)

 

𝜃(−) = 𝜃0
(−)

, 𝜃(+) = 0 

ℳ2 − 𝑍𝑎‾𝑏𝑍𝑎‾𝑏 ∓ 2(𝑍10𝑃0
+ + 𝑍10𝑐𝑃0

𝑐
)  

𝑃̂10 = 0
𝑃̂𝑖

√𝑤
 = ±({𝑋10, 𝑋𝑖} + 𝑍10𝑖)

 

0 = {𝑋𝑖, 𝑋𝑗} + 𝑍𝑖𝑗 

𝑄̃(∓) ≡ 𝒫(+)
1 ∓ 𝛾10

2
∫  𝑑2𝜎 [𝑃̂𝑎𝛾𝑎 +

√𝑤

2
({𝑋𝑎 , 𝑋𝑏} + 𝑍𝑎𝑏)𝛾𝑎𝑏] 𝜃̂  
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𝑋𝑎‾  = 2𝑏𝛿10
𝑎‾ 𝜎1,

𝑋𝑎 =
𝑅𝑚𝑎

𝑅𝑎𝑚
𝜏 + 2𝜋𝑅𝑎𝑛𝑎𝜎2 + 𝑋̂𝑎(𝜏, 𝜎2)

 

∫  𝑑2𝜎√𝑤𝜖𝑎𝑏𝑐𝑑{𝑋𝑎 , 𝑋𝑏}{𝑋𝑐 , 𝑋𝑑} 

𝑋− = −
𝑅

𝑚
𝐻𝜏 + 2𝜋𝑅𝑛𝜎2 + 𝑋̂−(𝜏, 𝜎2)

𝜃(+) = 0

 

𝜃(−) = 𝜃0
(−)

+ 𝜃̂(−)(𝜏, 𝜎2) 

0 ≈ 𝜑2 = 2𝜋(𝑛𝑚 + 𝑛𝑎𝑚𝑎) + ∰ 𝑑𝜎2 (
𝑃̂𝑎

√𝑤
𝜕2𝑋̂𝑎 +

𝑖

2
𝜃̂(−)𝑇𝜕2𝜃̂(−)) 

𝜕𝜏𝑋̂𝑎 = ±
𝑅𝑏

𝑚
𝜕2𝑋̂𝑎

 

𝜃̂(−) = ∓𝛾10𝜃̂(−) 

1.6. Métrica de Clifford. 

Γ𝜇Γ𝜈 = 𝜂𝜇𝜈𝐼32 + Γ𝜇𝜈  

Γ𝜇1⋯𝜇𝑛 ≡ Γ[𝜇1 ⋯ Γ𝜇𝑛]. 

𝒞−1(Γ𝜇)𝑇𝒞 = −Γ𝜇  

𝒞−1(Γ𝜇1⋯𝜇𝑛)𝑇𝒞 = (−)
𝑛(𝑛+1)

2 Γ𝜇1⋯𝜇𝑛 

(𝒞Γ𝜇𝜈)
(𝛼𝛽

(𝒞Γ𝜈)𝛾𝛿) 

𝒞−1(Γ(𝑝))
𝑇
𝒞 = (−)𝑝(Γ(𝑝))

−1
 

Γ0 = 𝒞 = (
0 𝐼16

−𝐼16 0
) , Γ1 = (

0 −𝐼16

−𝐼16 0
) , Γ𝑎 = (

𝛾𝑎 0
0 −𝛾𝑎)  

Γ(5) = Γ01⋯5 =
𝜖𝜇𝜈𝜌𝜎𝜅𝜆

6!
Γ𝜇𝜈𝜌𝜎𝜅𝜆 

(Γ(5))
2

= 𝐼32, Γ(5)Γ
𝜇 + Γ𝜇Γ(5)  

Γ𝜇𝜈𝜌𝜎𝜅𝜆 = −𝜖𝜇𝜈𝜌𝜎𝜅𝜆Γ(5),

Γ𝜇𝜈𝜌𝜎𝜅 = −𝜖𝜇𝜈𝜌𝜎𝜅𝜆Γ(5)Γ
𝜆,

Γ𝜇𝜈𝜌𝜎 =
1

2
𝜖𝜇𝜈𝜌𝜎𝜅𝜆Γ(5)Γ

𝜅𝜆,

 

Γ𝜇𝜈𝜌 =
1

3!
𝜖𝜇𝜈𝜌𝜎𝜅𝜆Γ(5)Γ

𝜎𝜅𝜆 

ℎ𝜇𝜈𝜌 =
1

3!
𝜖𝜇𝜈𝜌𝜎𝜅𝜆ℎ𝜎𝜅𝜆  

𝑘𝜇

𝜇
= h𝜇𝜈𝜌ℎ𝜇𝜈𝜌, h𝜇𝜈𝜅ℎ𝜌𝜎𝜅 = δ 𝜅

[𝜌

[𝜇

𝜎]

𝜈]
, 𝑘𝜎

𝜇
h𝜎𝜈𝜌 = 𝑘𝜎

𝜈
h𝜇𝜎𝜌, ℎ𝜇[𝜈 ℎ

𝜌𝜎]𝜅
𝜅 , 𝑘𝜇

𝜌
𝑘𝜌

𝜈

=
1

6
𝛿𝜇

𝜈
(𝑘𝜎

𝜌
𝑘𝜌

𝜎
) , 𝑘𝜇

𝜎
𝑘𝜈

𝜅
ℎ𝜎𝜅𝜌 =

1

6
(𝑘𝜅

𝜆
𝑘𝜆

𝜅
) ℎ𝜇𝜈𝜌 

𝜃′ ≡ exp (
1

3!
ℎ𝜇𝜈𝜌Γ𝜇𝜈𝜌) 𝜃 = Γ(5)𝜃

′  

0 = 𝜃‾′Γ𝜇𝜈𝛿𝜃′

 = 𝜃‾exp (
1

3!
ℎ𝜌𝜎𝜅Γ𝜌𝜎𝜅) Γ𝜇𝜈exp (

1

3!
ℎ𝜌𝜎𝜅Γ𝜌𝜎𝜅) 𝛿𝜃

 

= 𝜃‾Γ𝜇ν𝛿𝜃 − 2ℎ𝜇𝜈𝜌𝜃‾Γ𝜌(1 + Γ(5))𝛿𝜃 

Γ(5)𝜃 = (1 +
1

3
ℎ𝜇𝜈𝜌Γ𝜇𝜈𝜌) 𝜃  
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(1 + 2𝑘)𝜈

𝜇
Γ𝜈Γ(5)𝜃 = (1 − 2𝑘)𝜈

𝜇
Γ𝜈𝜃 + 2h𝜇𝜈𝜌Γ𝜈𝜌𝜃  

𝜃‾Γ𝜇ν𝛿𝜃 − 𝑘𝜇

𝜌
𝜃‾Γ𝜌ν𝛿𝜃 − 𝑘ν

𝜌
Γ𝜇𝜌𝛿𝜃 = 4ℎ𝜇𝜈𝜌𝜃‾Γ𝜌𝛿𝜃  

𝜃‾Γ𝜇𝜈𝛿𝜃 = 4 (1 −
2

3
𝑘𝜎

𝜌
𝑘𝜌

𝜎
)

−1

(ℎ𝜇𝜈𝜅 + 𝑘𝜇
𝜆
ℎ𝜆𝜈𝜅 + 𝑘𝜈

𝜆
ℎ𝜇𝜆𝜅) 𝜃‾Γ𝜅𝛿𝜃 

1.7. Aproximaciones matriciales. 

𝑌𝐴(𝜎) ≡ 𝑒2𝜋𝑖(𝐴1𝜎1+𝐴2𝜎2) ⟵
𝑁→∞

𝑇𝐴 ≡
1

√𝑁
𝑒−

𝜋𝑖
𝑁

𝐴1𝐴2𝑉𝐴1𝑈𝐴2  

𝑈𝑁 = 𝑉𝑁 = 1, 𝑉𝑈 = 𝑒
2𝜋
𝑁

𝑖𝑈𝑉, 𝑈† = 𝑈−1, 𝑉† = 𝑉−1  

(𝑇𝐴)† = 𝑇−𝐴  

𝑈 =

(

  
 

1 0

𝑒
2𝜋
𝑁

𝑖

⋱
⋱

0 𝑒
2𝜋𝑖
𝑁

(𝑁−1))

  
 

, 𝑉 =

(

 
 

0 1 0
0 1

⋱ ⋱
⋱ 1

1 0 )

 
 

 

𝑇(−𝐴1,𝐴2) = (𝑇(𝐴1,𝐴2))
𝑇

 

𝑌𝐴
(𝐷)

=
−𝑖

√2
(𝑌(𝐴1,𝐴2) − 𝑌(−𝐴1,𝐴2))  ⟵

𝑁→∞
𝑇𝐴

(𝐷)
≡

−𝑖

√2
(𝑇𝐴 − (𝑇𝐴)𝑇), 

𝑌𝐴
(𝑁)

=
1

√2
(𝑌(𝐴1,𝐴2) + 𝑌(−𝐴1,𝐴2))  ⟵

𝑁→∞
𝑇𝐴

(𝑁)
≡

1

√2
(𝑇𝐴 − (𝑇𝐴)𝑇) 

𝑇(−𝐴1,𝐴2) = (𝑇(𝐴1,𝐴2))
∗

 

∫  
1/2

0

𝑑𝜎1 ∫  
1

0

𝑑𝜎22𝐹(𝜎) = ∫  
1

0

𝑑𝜎1 ∫  
1

0

𝑑𝜎2𝐹(𝜎) 

∫  
Σ(2)

 𝑑2𝜎√𝑤𝐴{𝐵, 𝐶} = ∫  
Σ(2)

 𝑑2𝜎√𝑤𝐵{𝐶, 𝐴}  

 
 L.H.S.  = ∫  𝑑2𝜎𝐴𝜖𝑟𝑠𝜕𝑟𝐵𝜕𝑠𝐶

 = − ∫  𝑑2𝜎𝐵𝜖𝑟𝑠𝜕𝑟𝐴𝜕𝑠𝐶 + ∫  𝑑𝜎2(𝐴𝐵𝜕2𝐶)||
𝜎1=0

𝜎1=1/2 

 L.H.S.  = ∫  𝑑2𝜎√𝑤𝐵{𝐶, 𝐴} + ∫  𝑑𝜎2(𝐴𝐵𝜕2𝐶)|
𝜎1=0

𝜎1=1/2

= 𝑅. 𝐻. 𝑆. 

1.8. Soluciones BPS. 

𝑋− = −𝐻𝑡 + 2𝜋𝑅𝑛𝑟𝜎𝑟 + 𝑋̂−(𝜎1, 𝜎2, 𝑡)

𝑋𝑎 =
𝑚𝑎

𝑅𝑎
𝑡 + 2𝜋𝑅𝑎𝑛𝑟

𝑎𝜎𝑟 + 𝑋̂𝑎(𝜎1, 𝜎2, 𝑡)
 

𝑃𝑎 ≡ 𝜕𝑡𝑋
𝑎 =

𝑚𝑎

𝑅𝑎
+ 𝑃̂𝑎(𝜎1, 𝜎2, 𝑡) 

𝑉9 = 𝑒𝑎
(9)

𝑉𝑎 , 𝑉𝑖 = 𝑒𝑎
(𝑖)

𝑉𝑎 

𝑃̂9  = 0
𝑃̂𝑖  = ±({𝑋9, 𝑋𝑖} + 𝑧9𝑖)

0 = {𝑋𝑖 , 𝑋𝑗} + 𝑧𝑖𝑗

 

0 = 𝜑(𝜎) = ∇𝑎𝑃̂𝑎 + {𝑋̂𝑎 , 𝑃̂𝑎}

0 = 𝜑𝑟 = 𝑚𝑛𝑟 + 𝑚𝑎𝑛𝑟
𝑎 +

1

2𝜋
∫  𝑑2𝜎𝑃̂𝑎𝜕𝑟𝑋̂𝑎

0 = 𝑃0
+𝑧𝑖 − 𝑃0

𝑐𝑧𝑐𝑖
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𝑃0
+𝑧𝑖 − 𝑃0

𝑐𝑧𝑐𝑖 = ∫  𝑑2𝜎𝑃̂𝑐∇𝑖𝑋̂𝑐

 = ∫  𝑑2𝜎𝑃̂𝑐(∇𝑖𝑋̂𝑐 − ∇𝑐𝑋̂𝑖 + {𝑋̂𝑖, 𝑋̂𝑐})

 = ∫  𝑑2𝜎𝑃̂𝑗({𝑋𝑖 , 𝑋𝑗} + 𝑧𝑖𝑗)

 

𝑋9 = 𝑃0
9𝑡 + 2𝜋𝑅̃𝑟

9𝜎𝑟 + 𝜉(𝜎1, 𝜎2)  

𝑋9 = 𝑃0
9𝑡 + 2𝜋𝑅̃𝑟

9𝜎𝑟 + 𝜉(𝑅̃𝑟
9𝜎𝑟)  

∇𝑖𝑋̂𝑗 − ∇𝑗𝑋̂𝑖 = 0, ∇𝑖≡ 𝑒𝑎
(𝑖)

∇𝑎= 2𝜋(𝑅̃1
𝑖 𝜕2 − 𝑅̃2

𝑖 𝜕1)  

𝑋̂𝑖 = ∇𝑖𝜖𝑖𝑗(𝜎
1, 𝜎2, 𝑡) + 𝜂𝑖(𝜎1, 𝜎2, 𝑡) 

𝑋̂𝑗  = ∇𝑗𝜖𝑖𝑗(𝜎
1, 𝜎2, 𝑡) + 𝜂𝑖(𝜎1, 𝜎2, 𝑡) 

∇𝑗𝜂𝑖 = ∇𝑖𝜂𝑗  

𝑋𝑖 = 𝑃0
𝑖𝑡 + 2𝜋𝑘𝑖𝑅̃𝑟𝜎𝑟 + ∇𝑖𝜖(𝜎1, 𝜎2, 𝑡) + 𝜂𝑖(𝑅̃𝑟𝜎𝑟, 𝑡)  

𝑋𝑖 = 𝑃0
𝑖𝑡 + 2𝜋𝑅̃𝑟

𝑖 𝜎𝑟 + ∇𝑖𝜖(𝜎1, 𝜎2, 𝑡)  

∇9𝜖(𝜎1, 𝜎2) − 𝜉(𝑅̃𝑟
9𝜎𝑟)  

𝜉 = 0, 𝜖 = 𝜖(𝑅̃𝑟
9𝜎𝑟)  

𝑋9 = 𝑃0
9𝑡 + 2𝜋𝑅̃𝑟

9𝜎𝑟, 𝑋𝑖 = 𝑃0
𝑖𝑡 + 2𝜋𝑅̃𝑟

𝑖 𝜎𝑟  

(𝜕𝑡 ∓ ∇9)𝜂𝑖(𝑅̃𝑟𝜎𝑟, 𝑡) = ±𝑘𝑖∇ (∇9𝜖(𝜎1, 𝜎2) − 𝜉(𝑅̃𝑟
9𝜎𝑟))  

(
𝑚

𝑅
𝜕𝑡 ∓ ∇9) 𝜂𝑖  = 0

𝜖(𝜎1, 𝜎2)  = 𝜖(1)(𝑅̃𝑟𝜎𝑟) + 𝜖(2)(𝑅̃𝑟
9𝜎𝑟)

𝜉(𝑅̃𝑟
9𝜎𝑟)  = 0

 

𝑋9 = 𝑃0
9𝑡 + 2𝜋𝑅̃𝑟

9𝜎𝑟 

𝑋𝑖 = 𝑃0
𝑖𝑡 + 2𝜋𝑘𝑖𝑅̃𝑟𝜎𝑟 + 𝜂𝑖(𝑅̃𝑟𝜎𝑟) 

(
𝜎1

𝜎2
) = (

𝑎 𝑏
𝑐 𝑑

) (
𝜎1

′

𝜎2
′) , (

𝑎 𝑏
𝑐 𝑑

) ∈ 𝑆𝐿(2, 𝐙)  

𝑋9 = 𝑃0
9𝑡 + 2𝜋𝑅̃𝑟

′9𝜎𝑟 

𝑋𝑖 = 𝑃0
𝑖𝑡 + 2𝜋𝑘𝑖𝑅̃′𝜎1 + 𝑋̂𝑖(𝜎1, 𝑡) 

𝜕𝑡𝑋̂
𝑖 = ∓2𝜋𝑅̃2

9𝜕1𝑋̂𝑖  

2. Modelo de Supermembrana de Yang – Mills. 

2.1. Cálculos preliminares. 

𝜏2
2𝜕𝜏𝜕𝜏‾𝜕𝑚

2 log 𝑍|
𝑚=0

 

𝜏 → 𝜏′ =
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

⟨𝑆(𝑥 1, 𝑌1) ⋯ 𝑆(𝑥 4, 𝑌4)⟩ =
1

𝑥 12
4 𝑥 34

4 [𝒮 free + 𝒯(𝑈, 𝑉)Θ   ] ⋅ ℬ    

𝒮 free  ≡ (1 𝑈2
𝑈2

𝑉2

1

𝑐

𝑈2

𝑉

1

𝑐

𝑈

𝑉

1

𝑐
𝑈)

ℬ ≡ (𝑌12
2 𝑌34

2 𝑌13
2 𝑌24

2 𝑌14
2 𝑌23

2 𝑌13𝑌14𝑌23𝑌24 𝑌12𝑌14𝑌23𝑌34 𝑌12𝑌13𝑌24𝑌34).

 

Θ   ≡ (𝑉 𝑈𝑉 𝑈 𝑈(𝑈 − 𝑉 − 1) 1 − 𝑈 − 𝑉 𝑉(𝑉 − 𝑈 − 1)) 

𝒯(𝑈, 𝑉) = ∫  
𝑖∞

−𝑖∞

 
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈

𝑠
2𝑉

𝑢
2

−2Γ [2 −
𝑠

2
]
2

Γ [2 −
𝑡

2
]
2

Γ [2 −
𝑢

2
]
2

ℳ(𝑠, 𝑡)  

ℳ(𝑠, 𝑡) =
𝛼

(𝑠 − 2)(𝑡 − 2)(𝑢 − 2)

1

𝑐
+

𝛽

𝑐7/4
+

ℳ1-loop (𝑠, 𝑡)

𝑐2
+

𝛾1(𝑠2 + 𝑡2 + 𝑢2) + 𝛾2

𝑐
9
4

+ ⋯  

𝒜(𝐬, 𝐭) = 𝒜SG tree (𝐬, 𝐭)𝑓(𝐬, 𝐭)  
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𝑓(𝐬, 𝐭) ≡ 1 + 𝑓𝑅4(𝐬, 𝐭)ℓ𝑠
6 + 𝑓1−loop(𝐬, 𝐭)ℓ𝑠

8 + 𝑓𝐷4𝑅4(𝐬, 𝐭)ℓ𝑠
10 + ⋯  

𝑓𝑅4 =
𝐬𝐭𝐮

64
𝑔𝑠

3
2𝐸 (

3

2
, 𝜏𝑠, 𝜏‾𝑠) 

𝑓𝐷4𝑅4 =
𝐬𝐭𝐮(𝐬2 + 𝐭2 + 𝐮2)

211
𝑔𝑠

5
2𝐸 (

5

2
, 𝜏𝑠, 𝜏‾𝑠) 

𝐸(𝑟, 𝜏𝑠, 𝜏‾𝑠) =
2𝜁(2𝑟)

𝑔𝑠
𝑟 + 2√𝜋𝑔𝑠

𝑟−1
Γ (𝑟 −

1
2
)

Γ(𝑟)
𝜁(2𝑟 − 1)

 +
2𝜋𝑟

Γ(𝑟)√𝑔𝑠

∑  

𝑘≠0

  |𝑘|𝑟−
1
2𝜎1−2𝑟(|𝑘|)𝐾

𝑟−
1
2

(2𝜋𝑔𝑠
−1|𝑘|)𝑒2𝜋𝑖𝑘𝜒𝑠

 

𝑓(𝐬, 𝐭) =
𝐬𝐭𝐮

211𝜋2𝑔𝑠
2ℓ𝑠

8 lim
𝐿/ℓ𝑠→∞

 𝐿14 ∫  
𝜅+𝑖∞

𝜅−𝑖∞

 
𝑑𝛼

2𝜋𝑖
𝑒𝛼𝛼−6ℳ (

𝐿2

2𝛼
𝐬,

𝐿2

2𝛼
𝐭)  

𝜏𝑠 = 𝜏,
𝐿4

ℓ𝑠
4 = 𝜆 = 𝑔YM

2 √4𝑐 + 1  

𝛽(𝜏, 𝜏‾) =
15

4√2𝜋3
𝐸 (

3

2
, 𝜏, 𝜏‾) , 𝛾1(𝜏, 𝜏‾) =

315

128√2𝜋5
𝐸 (

5

2
, 𝜏, 𝜏‾)  

𝜕𝜏𝜕𝜏‾𝜕𝑚
2 log 𝑍

𝜕𝜏𝜕𝜏‾ log 𝑍
|
𝑚=0

= 2 −
𝛽(𝜏, 𝜏‾)

5𝑐3/4
+

𝐶1-loop 

𝑐
−

16𝛾1(𝜏, 𝜏‾) + 7𝛾2(𝜏, 𝜏‾)

35𝑐5/4
+ ⋯  

𝜕𝜏𝜕𝜏‾ log 𝑍|𝑚=0 =
𝑐

2(Im𝜏)2  

𝜕𝑚
2 log 𝑍|𝑚=0 = −(4𝑐 + 1)log Im𝜏 −

√2

𝜋3/2
𝐸 (

3

2
, 𝜏, 𝜏‾) 𝑐1/4 +

3

16√2𝜋5
𝐸 (

5

2
, 𝜏, 𝜏‾)

1

𝑐1/4
+ ⋯  

𝛾2 = −3𝛾1  

2.2. Series de Eisenstein. 

𝑍(𝑚, 𝜏, 𝜏‾) = ∫  𝑑𝑁−1𝑎
∏  𝑖<𝑗  𝑎𝑖𝑗

2 𝐻2(𝑎𝑖𝑗)

𝐻(𝑚)𝑁−1 ∏  𝑖≠𝑗  𝐻(𝑎𝑖𝑗 + 𝑚)
𝑒

−
8𝜋2

𝑔YM
∑  𝑖  𝑎𝑖

2

|𝑍inst(𝑚, 𝜏, 𝑎𝑖𝑗)|
2

 

𝑍inst (𝑚, 𝜏, 𝑎𝑖𝑗) = ∑  

∞

𝑘=0

  𝑒2𝜋𝑖𝑘𝜏𝑍inst 

(𝑘)
(𝑚, 𝑎𝑖𝑗)  

𝜕𝑚
2 log 𝑍|𝑚=0 = 𝜕𝑚

2 log 𝑍|𝑚=0
pert 

+ 𝜕𝑚
2 log 𝑍|𝑚=0

inst 

𝜕𝑚
2 log 𝑍|𝑚=0

pert 
≡ ⟨𝜕𝑚

2 ∏  

𝑖<𝑗

 
𝐻2(𝑎𝑖𝑗)

𝐻(𝑎𝑖𝑗 − 𝑚)𝐻(𝑎𝑖𝑗 + 𝑚)
⟩|

𝑚=0

,

𝜕𝑚
2 log 𝑍|𝑚=0

inst ≡ ∑  

∞

𝑘=1

  (𝑒𝑖𝑘𝜃 + 𝑒−𝑖𝑘𝜃)𝑒
−

8𝜋2𝑘

𝑔YM
2

⟨𝜕𝑚
2 𝑍inst 

(𝑘)
(𝑚, 𝑎𝑖𝑗)⟩|

𝑚=0

 

𝜕𝑚
2 log 𝑍|𝑚=0

pert
= 2𝑁2log 𝑔YM + √𝑁 [

16𝜁(3)

𝑔YM
3 +

𝑔YM

3
] −

1

√𝑁
[
12𝜁(5)

𝑔YM
5 +

𝑔YM
3

1440
] + ⋯  

𝑒
−

8𝜋2𝑘

𝑔YM
2

⟨𝜕𝑚
2 𝑍inst 

(𝑘)
(𝑚, 𝑎𝑖𝑗)⟩|

𝑚=0

= −
16√𝑁

𝑔YM
𝑘𝜎−2(𝑘)𝐾1(8𝜋2𝑘/𝑔YM

2 )

 +
2

𝑔YM√𝑁
𝑘2𝜎−4(𝑘)𝐾2(8𝜋2𝑘/𝑔YM

2 ) + ⋯

 

𝑍𝑆𝑈(𝑁)|
𝑚=0

= ∫  𝑑𝑁𝑎𝛿 (∑  

𝑖

 𝑎𝑖) 𝑒
−

8𝜋2

𝑔YM
∑  𝑖  𝑎𝑖

2

∏  

𝑖<𝑗

𝑎𝑖𝑗
2 ,  𝑍𝑈(𝑁)|

𝑚=0
= ∫  𝑑𝑁𝑎𝑒

−
8𝜋2

𝑔YM
∑  𝑖  𝑎𝑖

2

∏  

𝑖<𝑗

𝑎𝑖𝑗
2  
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∫  𝑑𝑁𝑎𝛿 (∑  

𝑖

 𝑎𝑖) 𝑒
−

8𝜋2

𝑔YM
2 ∑  𝑖  𝑎𝑖

2

𝐹(𝑎𝑖𝑗) = √
8𝜋

𝑔YM
2 𝑁

∫  𝑑𝑁𝑎𝑒
−

8𝜋2

𝑔YM
2 ∑  𝑖  𝑎𝑖

2

𝐹(𝑎𝑖𝑗) 

2.3. Sector de Instantones.  

𝑍inst
(1)

(𝑚, 𝑎𝑖𝑗) = −𝑚2 ∑  

𝑁

𝑙=1

 ∏  

𝑗≠𝑙

 
(𝑎𝑙 − 𝑎𝑗 + 𝑖)

2
− 𝑚2

(𝑎𝑙 − 𝑎𝑗)(𝑎𝑙 − 𝑎𝑗 + 2𝑖)
 

𝜕𝑚
2 𝑍inst 

(1)
|
𝑚=0

= 𝐼1, 𝐼1 ≡ −2 ∑  

𝑁

𝑙=1

 ∏  

𝑗≠𝑙

 
(𝑎𝑙 − 𝑎𝑗 + 𝑖)

2

(𝑎𝑙 − 𝑎𝑗)(𝑎𝑙 − 𝑎𝑗 + 2𝑖)
 

𝐼1 = 4 ∫  
𝑑𝑧

2𝜋
[∏  

𝑗

 
(𝑧 − 𝑎𝑗)

2

(𝑧 − 𝑎𝑗)
2

+ 1
− 1] = 4 ∫  

𝑑𝑧

2𝜋
[exp (∑  

𝑗

 log 
(𝑧 − 𝑎𝑗)

2

(𝑧 − 𝑎𝑗)
2

+ 1
) − 1]  

⟨𝐼1⟩ ≈ 4 ∫  
∞

−∞

 
𝑑𝑧

2𝜋
[exp ⟨∑  

𝑗

 log 
(𝑧 − 𝑎𝑗)

2

(𝑧 − 𝑎𝑗)
2

+ 1
⟩ − 1]  

𝜌(𝑏) =
2

𝜋
√1 − 𝑏2, 𝑏 ∈ [−1,1]  

⟨𝐼1⟩ ≈ 2√𝑁
𝑔YM

𝜋
∫  

∞

−∞

 
𝑑𝑥

2𝜋
[exp (−𝑁 ∫  

1

−1

 𝑑𝑏𝜌(𝑏)log (1 +
4𝜋2

𝑁𝑔YM
2 (𝑥 − 𝑏)2

)) − 1]  

⟨𝐼1⟩ ≈ 2√𝑁
𝑔YM

𝜋
∫  

∞

−∞

 
𝑑𝑥

2𝜋
[exp (−

8𝜋

𝑔YM
2 ∫  

1

−1

 𝑑𝑏
√1 − 𝑏2

(𝑥 − 𝑏)2) − 1]  

∫  
1

−1

 𝑑𝑏
√1 − 𝑏2

(𝑥 − 𝑏)2
= {

𝜋 (−1 +
1

√1 − 𝑥−2
) ,  Si |𝑥| > 1

∞,  Si |𝑥| < 1

 

⟨𝐼1⟩ ≈ 2√𝑁
𝑔YM

𝜋
𝑒

8𝜋2

𝑔YM ∫  
∞

−∞

 
𝑑𝑥

2𝜋
[𝑒

−
8𝜋2

𝑔YM
2

1

√1−𝑥−2𝜃(|𝑥| − 1) − 𝑒
−

8𝜋2

𝑔YM]  

𝑡 =
𝑥

√𝑥2 − 1
 ⟺  𝑥 =

𝑡

√𝑡2 − 1
 

⟨𝐼1⟩ ≈ 2√𝑁
𝑔YM

𝜋2
𝑒

8𝜋2

𝑔YM
2

[−𝑒
−

8𝜋2

𝑔YM
2

+ ∫  
∞

1

 
𝑑𝑡

(𝑡2 − 1)3/2
(𝑒

−
8𝜋2

𝑔YM
2 𝑡

− 𝑒
−

8𝜋2

𝑔YM)]  

∫  
∞

1

 𝑑𝑡
𝑒−𝑎𝑡 − 𝑒−𝑎

(𝑡2 − 1)3/2
= 𝑒−𝑎 − 𝑎𝐾1(𝑎)  

⟨𝐼1⟩|
√𝑁 = −√𝑁

16

𝑔YM
𝑒

8𝜋2

𝑔YM𝐾1(8𝜋2/𝑔YM
2 )  

𝑒
−

8𝜋2

𝑔YM
2

⟨𝜕𝑚
2 𝑍inst 

(1)
(𝑚, 𝑎𝑖𝑗)⟩|

𝑚=0

≈ −√𝑁
16𝐾1(8𝜋2/𝑔YM

2 )

𝑔YM
 

𝑁log (1 +
4𝜋2

(𝑥 − 𝑏)2𝑔YM
2 𝑁

) =
4𝜋2

(𝑥 − 𝑏)2𝑔YM
2 −

8𝜋4

(𝑥 − 𝑏)4𝑔YM
4 𝑁

+ ⋯  

⟨𝐼1⟩|1/√𝑁 =
1

√𝑁

32𝜋2

𝑔YM
3 ∫  

∞

−∞

 
𝑑𝑥

2𝜋
(∫  

1

−1

 𝑑𝑏
√1 − 𝑏2

(𝑥 − 𝑏)4) exp (−
8𝜋

𝑔YM
2 ∫  

1

−1

 𝑑𝑏
√1 − 𝑏2

(𝑥 − 𝑏)2)  

⟨𝐼1⟩|1/√𝑁 =
1

√𝑁

16𝜋2

𝑔YM
3 ∫  

∞

1

 𝑑𝑡𝑡√𝑡2 − 1𝑒
−

8𝜋2

𝑔YM
(𝑡−1)

=
1

√𝑁
𝑒

8𝜋2

𝑔YM
2𝐾2(8𝜋2/𝑔YM

2 )

𝑔YM

 

𝑒
−

8𝜋2

𝑔YM
2

⟨𝜕𝑚
2 𝑍inst

(1)
(𝑚, 𝑎𝑖𝑗)⟩|

𝑚=0

= −√𝑁
16𝐾1(8𝜋2/𝑔YM

2 )

𝑔YM
+

1

√𝑁

2𝐾2(8𝜋2/𝑔YM
2 )

𝑔YM
+ 𝒪(𝑁−1)  
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𝑍inst 

(𝑘)
(𝑚, 𝑎𝑖𝑗) = ∑  

|𝑌  |=𝑘

 𝑍𝑘,𝑌  (𝑚, 𝑎𝑖𝑗)  

𝑍𝑘,𝑌  (𝑚, 𝑎𝑖𝑗) =
1

𝑘!
(

𝜖+(𝑚2 + 𝜖−
2/4)

𝜖1𝜖2(𝑚2 + 𝜖+
2/4)

)

𝑘

∰ ∏  

𝑘

𝐼=1

 
𝑑𝜙𝐼

2𝜋
∏  

𝑁

𝑖=1

 
(𝜙𝐼 − 𝑎𝑗)

2
− 𝑚2

(𝜙𝐼 − 𝑎𝑗)
2

+ 𝜖+
2/4

  

 × ∏  

𝑘

𝐼<𝐽

 
𝜙𝐼𝐽

2 [𝜙𝐼𝐽
2 + 𝜖+

2][𝜙𝐼𝐽
2 + (𝑖𝑚 − 𝜖−/2)2][𝜙𝐼𝐽

2 + (𝑖𝑚 + 𝜖−/2)2]

[𝜖1
2][𝜙𝐼𝐽

2 + 𝜖2
2][𝜙𝐼𝐽

2 + (𝑖𝑚 + 𝜖+/2)2][𝜙𝐼𝐽
2 + (𝑖𝑚 − 𝜖+/2)2]

 

{𝜙𝐼 ∣ 1 ≤ 𝐼 ≤ 𝑘} = {𝑎𝑗 + 𝑖𝜖+/2 + (𝛼 − 1)𝑖𝜖1 + (𝛽 − 1)𝑖𝜖2 ∣ (𝛼, 𝛽) ∈ 𝑌𝑖 , 1 ≤ 𝑖 ≤ 𝑁} 

𝑍𝑘,𝑌  (𝑚, 𝑎𝑖𝑗) =
1

𝑘!
(

2𝑚2

𝑚2 + 1
)

𝑘

∰ ∏  

𝑘

𝐼=1

 
𝑑𝜙𝐼

2𝜋
∏  

𝑁

𝑖=1

 
(𝜙𝐼 − 𝑎𝑖)

2 − 𝑚2

(𝜙𝐼 − 𝑎𝑖)
2 + 1

  

 × ∏  

𝑘

𝐼<𝐽

 
𝜙𝐼𝐽

2 (𝜙𝐼𝐽
2 + 4)(𝜙𝐼𝐽

2 − 𝑚2)
2

(𝜙𝐼𝐽
2 + 1)

2
[(𝜙𝐼𝐽 − 𝑚)

2
+ 1] [(𝜙𝐼𝐽 + 𝑚)

2
+ 1]

 

{𝜙𝐼 ∣ 1 ≤ 𝐼 ≤ 𝑘} = {𝑎𝑗 + (𝛼 + 𝛽 − 1)𝑖 ∣ (𝛼, 𝛽) ∈ 𝑌𝑖 , 1 ≤ 𝑖 ≤ 𝑁}  

𝑌  = {… , , … , }, 𝑌  = {… , , … , }, 𝑌  = {… , , … , , … }  

2.4. Diagramas de Young. 

𝐼𝑘 ≡ 𝜕𝑚
2 𝑍inst 

(𝑘)
(𝑚, 𝑎𝑖𝑗)|

𝑚=0
 

𝑌𝑖 = ∅  Si  𝑖 ≠ 𝑖
𝑌𝑖̂ = 𝑌𝑝×𝑞  for  𝑝 ≤ 𝑞 ∈ ℤ+, 𝑝𝑞 = 𝑘

 

𝑌  = {… , , … }, 𝑌  = {… , , … }  

𝑌  = {… , , … }  

ℎ(𝛼, 𝛽) ≡ 𝜆𝛽
𝑇 − 𝛼, 𝑣(𝛼, 𝛽) ≡ 𝜆𝛼 − 𝛽  

𝐼𝑘,𝑌  ≡ 𝜕𝑚
2 𝑍𝑘,𝑌  (𝑚, 𝑎𝑖𝑗)|

𝑚=0
∼ (𝜖−)−2+∑  𝑁

𝑖=1  𝜇(𝑌𝑖)  

𝜇(𝑌) = 2𝑛0(𝑌) − 𝑛−1(𝑌) − 𝑛1(𝑌)  

𝜇(𝑌𝑝×𝑞) = {
1,  Si  𝑝 ≠ 𝑞
2,  Si  𝑝 = 𝑞

 

𝑌  = {… , , … }, 𝑌  = {… , , … }  

𝑅1 = Res𝜙1=𝑎𝑗+𝑖𝜖+/2Res𝜙2=𝜙1+𝑖𝜖1
, 𝑅2 = Res𝜙2=𝑎𝑗+𝑖𝜖+/2Res𝜙1=𝜙2+𝑖𝜖1  

𝐼1×2 =∰
𝑑𝑧

2𝜋
∏  

𝑘𝑎

 ∏  

𝑁

𝑗=1

 
(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)

2

(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)
2

+ 1
  

 × [5 + ∑  

𝑁

𝑗=1

 
3𝑖

(𝑧 − 𝑎𝑗 + 2𝑖)(𝑧 − 𝑎𝑗 + 𝑖)(𝑧 − 𝑎𝑗)
]

 

𝑌  = {… , , … }, 𝑌  = {… , , … }  
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𝑌  = {… , , … }, 𝑌  = {… , , … }, 𝑌  = {… , }  

𝐼1×4 = ∰
𝑑𝑧

2𝜋
∏  

𝑘𝑎

 ∏  

𝑁

𝑗=1

 
(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)

2

(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)
2

+ 1
  

 × [
17

4
+ ∑  

𝑁

𝑗=1

 
45𝑖

2(𝑧 − 𝑎𝑗 + 4𝑖)(𝑧 − 𝑎𝑗 + 3𝑖)(𝑧 − 𝑎𝑗)
]

 

𝐼2×2 = ∰
𝑑𝑧

2𝜋
∏  

𝑘𝑎

 ∏  

𝑁

𝑗=1

 
(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)

2

(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)
2

+ 1
   

𝐼𝑝×𝑞 = ∰
𝑑𝑧

2𝜋
∏  

𝑘𝑎

 ∏  

𝑁

𝑗=1

 
(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)

2

(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)
2

+ 1
× [

4

1 + 𝛿𝑝𝑞
(

1

𝑝2
+

1

𝑞2
)  

+ ∑  

𝑁

𝑗=1

 
𝑖𝑓(𝑝, 𝑞)

(𝑧 − 𝑎𝑗 + (𝑝 + 𝑞 − 1)𝑖)(𝑧 − 𝑎𝑗 + (𝑞 − 1)𝑖)(𝑧 − 𝑎𝑗 + (𝑝 − 1)𝑖)
]

 

𝑘𝑎 = {0,1, ⋯ , 𝑝 − 1; 1,2, ⋯ , 𝑝; ⋯ ; 𝑞 − 1, 𝑞, ⋯ , 𝑝 + 𝑞 − 2}.  

𝑓(𝑝, 𝑞) =
2(𝑞 + 𝑝)(𝑞 − 𝑝)2

𝑝𝑞
 

⟨𝐼𝑝×𝑞⟩ ≈
√𝑁𝑔YM

2𝜋
∫  

∞

−∞

 
𝑑𝑥

2𝜋

(

 
 

exp 

[
 
 
 
 

−𝑁 ∫  
1

−1

 𝑑𝑏𝜌(𝑏) ∑  

𝑘𝑎

 log 

(

 
 

1 +
4𝜋2

𝑁𝑔YM
2 (𝑥 − 𝑏 +

2𝜋𝑖

√𝑁𝑔YM

𝑘𝑎)

2

)

 
 

]
 
 
 
 

×

(

 
4

1 + 𝛿𝑝𝑞

𝑝2 + 𝑞2

𝑝2𝑞2
+ 𝑖

(
2𝜋
𝑔YM

)
3

√𝑁
∫  

1

−1

 𝑑𝑏𝜌(𝑏)
𝑓(𝑝, 𝑞)

𝑔(𝑥, 𝑏)

)

 −
4

1 + 𝛿𝑝𝑞

𝑝2 + 𝑞2

𝑝2𝑞2

)

 

 

𝑔(𝑥, 𝑏) = [𝑥 − 𝑏 +
2𝜋𝑖

√𝑁𝑔YM

(𝑝 + 𝑞 − 1)] [𝑥 − 𝑏 +
2𝜋𝑖

√𝑁𝑔YM

(𝑞 − 1)] [𝑥 − 𝑏 +
2𝜋𝑖

√𝑁𝑔YM

(𝑝 − 1)]  

⟨𝐼𝑝×𝑞⟩|
√𝑁

=
√𝑁𝑔YM

2𝜋2 (−
4

1 + 𝛿𝑝𝑞

𝑝2 + 𝑞2

𝑝2𝑞2 ) +
√𝑁𝑔YM

𝜋
exp [𝑘

8𝜋2

𝑔YM
2 ] (

4

1 + 𝛿𝑝𝑞

𝑝2 + 𝑞2

𝑝2𝑞2 )

 × ∫  
∞

1

 
𝑑𝑥

2𝜋
(exp [−

8𝑘𝜋2𝑥

𝑔YM
2 (𝑥2 − 1)

1
2

] − exp [−𝑘
8𝜋2

𝑔YM
2 ])

 

⟨𝐼𝑝×𝑞⟩|
√𝑁

= −
𝑘

1 + 𝛿𝑝𝑞
(

1

𝑝2
+

1

𝑞2
)

16√𝑁

𝑔YM
exp [𝑘

8𝜋2

𝑔YM
2 ] 𝐾1 (𝑘

8𝜋2

𝑔YM
2 )  

∑  

𝑝𝑞=𝑘,0<𝑝≤𝑞

  ⟨𝐼𝑝×𝑞⟩|

√𝑁

= −
16√𝑁

𝑔YM
𝑘𝜎−2(𝑘)exp [𝑘

8𝜋2

𝑔YM
2 ] 𝐾1 (𝑘

8𝜋2

𝑔YM
2 )  

∑  

𝑝𝑞=𝑘,0<𝑝≤𝑞

 
1

1 + 𝛿𝑝𝑞
(

1

𝑝2
+

1

𝑞2
) = 𝜎−2(𝑘)  
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⟨𝐼𝑝×𝑞⟩|
1/√𝑁

=
1

1 +
+

16𝜋𝑝𝑞
2

√𝑁𝑔YM
5 𝑘2

exp [𝑘
8𝜋2

𝑔YM
2 ] ∫  

∞

1

 𝑑𝑥 (exp [−
8𝑘𝜋2𝑥

𝑔YM
2 (𝑥2 − 1)

1
2

]

× [
𝑐1𝑔YM

2 𝑥

(𝑥2 − 1)
5
2

−
𝑐2𝜋2

(𝑥2 − 1)3])

 

𝑐1 = 𝑘(𝑝 − 𝑞)2(𝑝 + 𝑞)(2𝑝 + 2𝑞 − 3) + (𝑘 + 6 ∑  

𝑎

 𝑘𝑎
2) (𝑝2 + 𝑞2),

𝑐2 = 8𝑘(𝑝 − 𝑞)2(𝑝 + 𝑞) ∑  𝑘𝑎 + 16(𝑝2 + 𝑞2) (∑  

𝑎

 𝑘𝑎)

2  

⟨𝐼𝑝×𝑞⟩|
1/√𝑁

 =
1

1 + 𝛿𝑝𝑞

16𝜋2

√𝑁𝑔YM
5 𝑘2

exp [𝑘
8𝜋2

𝑔YM
2 ]

[
 
 
 
 

𝑐1𝑔YM
2

(𝑘
8𝜋2

𝑔YM
2 )

−
3𝑐2𝜋2

(𝑘
8𝜋2

𝑔YM
2 )

2

]
 
 
 
 

𝐾2 (𝑘
8𝜋2

𝑔YM
2 )

 =
𝑘2

1 + 𝛿𝑝𝑞
(

1

𝑝4
+

1

𝑞4
)

2

√𝑁𝑔YM

exp [𝑘
8𝜋2

𝑔YM
2 ] 𝐾2 (𝑘

8𝜋2

𝑔YM
2 ) .

 

∑  

𝑝𝑞=𝑘,0<𝑝≤𝑞

 
1

1 + 𝛿𝑝𝑞
(

1

𝑝4
+

1

𝑞4
) = 𝜎−4(𝑘)  

−
16√𝑁

𝑔YM
𝑘𝜎−2(𝑘)exp [𝑘

8𝜋2

𝑔YM
2 ] 𝐾1 (𝑘

8𝜋2

𝑔YM
2 ) +

2

√𝑁𝑔YM

𝑘2𝜎−4(𝑘)exp [𝑘
8𝜋2

𝑔YM
2 ] 𝐾2 (𝑘

8𝜋2

𝑔YM
2 )  

2.5. Series de Eisenstein. Cálculos complementarios. 

𝜕𝑚
2 log 𝑍|𝑚=0 =2𝑁2log 𝑔YM −

√𝑁

𝜋
3
2

𝐸 (
3

2
, 𝜏, 𝜏‾) +

3

16√𝑁𝜋
5
2

𝐸 (
5

2
, 𝜏, 𝜏‾)

 +
1

𝑁
3
2

[−
13

29𝜋
3
2

𝐸 (
3

2
, 𝜏, 𝜏‾) +

135

211𝜋
7
2

𝐸 (
7

2
, 𝜏, 𝜏‾)]

 +
1

𝑁
7
2

[
1533

218𝜋
3
2

𝐸 (
3

2
, 𝜏, 𝜏‾) −

80325

221𝜋
7
2

𝐸 (
7

2
, 𝜏, 𝜏‾) +

2480625

223𝜋
11
2

𝐸 (
11

2
, 𝜏, 𝜏‾)]

 +𝑂 (𝑁−
9
2) + (anti)ambiguedad holomórfica 

 

𝜏2
2𝜕𝜏𝜕𝜏𝜕𝑚

2 log 𝑍|
𝑚=0

=
𝑁2

4
−

3√𝑁

24𝜋
3
2

𝐸 (
3

2
, 𝜏, 𝜏‾) +

45

28√𝑁𝜋
5
2

𝐸 (
5

2
, 𝜏, 𝜏‾)

 +
1

𝑁
3
2

[−
39

213𝜋
3
2

𝐸 (
3

2
, 𝜏, 𝜏‾) +

4725

215𝜋
7
2

𝐸 (
7

2
, 𝜏, 𝜏‾)]

 +
1

𝑁
5
2

[−
1125

216𝜋
5
2

𝐸 (
5

2
, 𝜏, 𝜏‾) +

99225

218𝜋
9
2

𝐸 (
9

2
, 𝜏, 𝜏‾)]

 +
1

𝑁
7
2

[
4599

222𝜋
3
2

𝐸 (
3

2
, 𝜏, 𝜏‾) −

2811375

225𝜋
7
2

𝐸 (
7

2
, 𝜏, 𝜏‾) +

245581875

227𝜋
11
2

𝐸 (
11

2
, 𝜏, 𝜏‾)]

 +𝑂 (𝑁−
9
2)
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𝜕𝑚
2 log 𝑍|𝑚=0

pert 
=2𝑁2log 𝑔YM + √𝑁 [−

16𝜁(3)

𝑔YM
3 −

𝑔YM

3
] +

1

√𝑁
[
12𝜁(5)

𝑔YM
5 +

𝑔YM
3

1440
]

 +
1

𝑁
3
2

[
135𝜁(7)

8𝑔YM
7 +

𝑔YM
5

215040
−

13𝜁(3)

32𝑔YM
3 −

13𝑔YM

1536
]

 +
1

𝑁
7
2

[
2480625𝜁(11)

2048𝑔YM
11 +

25𝑔YM
9

2491416576
−

80325𝜁(7)

8192𝑔YM
7 −

17𝑔YM
5

6291456

+
1533𝜁(3)

16384𝑔YM
3 +

511𝑔YM

262144
] + 𝑂 (𝑁−

9
2)

 

𝑊𝑛(𝑦1, … , 𝑦𝑛) ≡ 𝑁𝑛−2 ⟨∑  

𝑖1

 
1

𝑦1 − 𝑎𝑖1

⋯ ∑  

𝑖𝑛

 
1

𝑦𝑛 − 𝑎𝑖𝑛

⟩

conn. 

 

𝑊𝑛(𝑦1, … , 𝑦𝑛) ≡ ∑  

∞

𝑚=0

 
1

𝑁2𝑚
𝑊𝑚

𝑛(𝑦1, … , 𝑦𝑛)  

𝐼1 = −
4Γ (𝑁 +

1
2)

√𝜋Γ(𝑁)
−

3Γ (𝑁 −
1
2)

2√𝜋Γ(𝑁 + 2)
𝐶2 +

315Γ (𝑁 −
3
2)

32√𝜋Γ(𝑁 + 4)
𝐶2

2 −
15(3 − 𝑁 + 4𝑁2)Γ (𝑁 −

3
2)

16√𝜋Γ(𝑁 + 4)
𝐶4 + ⋯  

𝐶𝑝 = ∑  

𝑗,𝑘

  (𝑎𝑗 − 𝑎𝑘)
𝑝

 

⟨𝐶2⟩ = 𝜆 [
𝑁2

8𝜋2
−

1

8𝜋2
] , ⟨𝐶2

2⟩ = 𝜆2 [
𝑁4

64𝜋4
−

1

64𝜋4
] , ⟨𝐶4⟩ = 5𝜆2 [

𝑁2

128𝜋4
−

1

128𝜋4
]  

⟨𝐼1⟩ = √𝑁 [−
4

√𝜋
−

3𝑔YM
2

16𝜋5/2
+

15𝑔YM
4

2048𝜋9/2
+ 𝑂(𝑔YM

6 )]

 +
1

√𝑁
[

1

2√𝜋
+

15𝑔YM
2

128𝜋5/2
+

105𝑔YM
4

16384𝜋9/2
+ 𝑂(𝑔YM

6 )]

 +
1

𝑁
5
2

[−
5

256√𝜋
+

285𝑔YM
2

16384𝜋5/2
+

24675𝑔YM
4

2097152𝜋9/2
+ 𝑂(𝑔YM

6 )]

 +
1

𝑁
7
2

[
21

8192√𝜋
+

5103𝑔YM
2

524288𝜋5/2
+

1158885𝑔YM
4

67108864𝜋9/2
+ 𝑂(𝑔YM

6 )] + 𝑂 (𝑁−
9
2)

 

⟨𝜕𝑚
2 𝑍inst

(1)
(𝑚, 𝑎𝑖𝑗)⟩|

𝑚=0
= 𝑒

8𝜋2

𝑔YM [−√𝑁
16𝐾1(8𝜋2/𝑔YM

2 )

𝑔YM
+

2𝐾2(8𝜋2/𝑔YM
2 )

√𝑁𝑔YM

 +
1

32𝑔YM𝑁
3
2

[−13𝐾1(8𝜋2/𝑔YM
2 ) + 9𝐾3(8𝜋2/𝑔YM

2 )]

 +
1

𝑔YM𝑁
7
2

[
 
 
 
 1533𝐾1 (

8𝜋2

𝑔YM
2 )

16384
−

5355𝐾3 (
8𝜋2

𝑔YM
2 )

32768
+

2625𝐾5 (
8𝜋2

𝑔YM
2 )

32768

]
 
 
 
 

+ 𝑂 (𝑁−
9
2)

]
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2.6. Series no holomórficas de Eisenstein. 

𝒜(𝐬, 𝐭) =
𝑅4

ℓ𝑠
8𝑔𝑠

2 (
1

𝐬𝐭𝐮
+

ℓ𝑠
6𝑔𝑠

3
2

26
𝐸 (

3

2
, 𝜏, 𝜏‾) +

ℓ𝑠
10𝑔𝑠

5
2

211
(𝐬2 + 𝐭2 + 𝐮2)𝐸 (

5

2
, 𝜏, 𝜏‾)

+
ℓ𝑠

12𝑔𝑠
3

212
(𝐬3 + 𝐭3 + 𝐮3)ℰ(𝜏, 𝜏‾) + ⋯ )

 

(Δ𝜏 − 𝑟(𝑟 − 1))𝐸(𝑟, 𝜏, 𝜏‾)  

𝐸(𝑟, 𝜏, 𝜏‾) = ∑  

(𝑚,𝑛)≠(0,0)

 
𝜏2

𝑟

|𝑚𝜏 + 𝑛|2𝑟  

𝐸(𝑟, 𝜏, 𝜏‾) → 𝐸(𝑟, 𝜏′, 𝜏‾′),  𝜏 → 𝜏′ =
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

𝐸(𝑟, 𝜏, 𝜏‾) = ∑  

𝑘∈ℤ

 ℱ𝑘(𝑟, 𝜏2)𝑒2𝜋𝑖𝑘𝜏1
 

ℱ0(𝑟, 𝜏2) = 2𝜁(2𝑟)𝜏2
𝑟 +

2√𝜋Γ (𝑟 −
1
2
) 𝜁(2𝑟 − 1)

Γ(𝑟)
𝜏2

1−𝑟  

ℱ𝑘(𝑟, 𝜏2) =
2𝜋𝑟

Γ(𝑟)
|𝑘|𝑟−

1
2𝜎1−2𝑟(|𝑘|)√𝜏2𝐾

𝑟−
1
2

(2𝜋|𝑘|𝜏2), 𝑘 ≠ 0  

𝜎𝑝(𝑘) = ∑  

𝑑>0,𝑑∣𝑘

 𝑑𝑝
 

𝐾𝜈(𝑧) ∼ √
𝜋

2𝑧
𝑒−𝑧 (1 + 𝑂 (

1

𝑧
))  

(Δ𝜏 − 12)ℰ(𝜏, 𝜏‾) = −𝐸2 (
3

2
, 𝜏, 𝜏‾)  

ℱ0,ℰ(𝜏2): = ∫  

1
2

−
1
2

 𝑑𝜏1ℰ(𝜏, 𝜏‾) =
2𝜁(3)2

3
𝜏2

3 +
4𝜁(2)𝜁(3)

3
𝜏2 +

4𝜁(4)

𝜏2
+ 𝑂(𝑒−4𝜋𝜏2)  

𝑍inst 

(𝑘)
(𝑚, 𝑎𝑖𝑗, 𝜖1,2) = ∑  

|𝑌  |=𝑘

 𝑍𝑌  

𝑍𝑌  ≡
∏  𝑁

𝑖,𝑗=1  ∏  𝑠∈𝑌𝑖
 (𝐸(𝑎𝑖𝑗, 𝑌𝑖 , 𝑌𝑗 , 𝑠) − 𝑖𝑚 − 𝜖+/2) ∏  𝑡∈𝑌𝑗

  (−𝐸(𝑎𝑗𝑖, 𝑌𝑗 , 𝑌𝑖, 𝑡) − 𝑖𝑚 + 𝜖+/2)

∏  𝑠∈𝑌𝑖
 𝐸(𝑎𝑖𝑗 , 𝑌𝑖, 𝑌𝑗, 𝑠) ∏  𝑡∈𝑌𝑗

  (𝜖+ − 𝐸(𝑎𝑗𝑖, 𝑌𝑗 , 𝑌𝑖 , 𝑡))

 

𝐸(𝑎𝑖𝑗 , 𝑌𝑖 , 𝑌𝑗, 𝑠) ≡ 𝑖𝑎𝑗𝑖 − 𝜖1ℎ𝑗(𝑠) + 𝜖2(𝑣𝑖(𝑠) + 1)  

ℎ(𝑠) = 𝜆𝛽
𝑇 − 𝛼, 𝑣(𝑠) = 𝜆𝛼 − 𝛽  

𝐼𝑘(𝑎𝑖𝑗) ≡ 𝜕𝑚
2 ( lim

𝜖1,2→1
 𝑍inst 

(𝑘)
(𝑚, 𝑎𝑖𝑗 , 𝜖1,2))|

𝑚=0

 

𝑌𝑖 = ∅ Si 𝑖 ≠ 𝑖

𝑌𝑖̂ = [𝑝, 𝑝, … , 𝑝]⏟      
𝑞

 𝑝𝑞 = 𝑘 for 𝑝, 𝑞 ∈ ℤ+ 

PT𝛼(𝑌) = [𝜆1, 𝜆2, … , 𝜆𝛼−1, 𝜆1
′ , … , 𝜆𝜆𝛼

′ ]  

PT𝛼(𝑌) = (𝑌 ∖ 𝑃) ⊔ 𝑃𝑇  

max[Δ(𝑌𝑝×𝑞)] = 𝑝 + 𝑞  

Δ𝐵(𝑌) ≡ {𝛼 + 𝜆𝛼 ∣ 1 ≤ 𝛼 ≤ 𝑀}  

(𝛼, 𝛽) = (𝛼, 𝜆𝛼 + 1) = (𝜆𝛽
𝑇 + 1, 𝛽)  

𝜇(𝑌) = 2𝑛0(𝑌) − (𝑛1(𝑌) + 𝑛−1(𝑌))  

{𝜌𝛽
𝑇 + 𝛽 + (𝛼̂ − 𝜆𝛼 − 𝛼) ∣ 1 ≤ 𝛽 ≤ 𝜆𝛼}  

{𝜌𝛽 + 𝛽 + (𝛼̂ − 𝜆𝛼 − 𝛼) ∣ 1 ≤ 𝛽 ≤ 𝜆𝛼}  

𝑛0(𝑌) = min(𝑝, 𝑞), 𝑛1(𝑌) = min(𝑝 − 1, 𝑞), 𝑛−1(𝑌) = min(𝑝, 𝑞 − 1)  
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𝜇(𝑌𝑝×𝑞) = {
2  Si 𝑝 = 𝑞
1  Si 𝑝 ≠ 𝑞

 

𝑌min = 𝑌𝑝×𝑞  
𝜇(𝑌) ≥ 𝑐  

𝐺𝑌1,𝑌2
(𝑎) ≡ ∏  

𝑠∈𝑌1

  (𝑎 − (ℎ𝑌1
(𝑠) − 𝑣𝑌2

(𝑠))) ∏  

𝑡∈𝑌2

  (−𝑎 − (ℎ𝑌2
(𝑡) − 𝑣𝑌1

(𝑡))  

𝐺𝑌1,𝑌2
(𝑎) = 𝐺𝑌1,𝑌2

𝑇(𝑎)  

𝐺𝑌1,𝑌2
(𝑎) =

∏  (𝛼,𝛽)∈𝑌1
  (𝑎 + 1 + 𝑀 − 𝛼 − 𝛽) ∏  (𝛼,𝛽)∈𝑌2

  (−𝑎 + 1 + 𝑀 − 𝛼 − 𝛽)

∏  𝑀
𝛼=𝛽=1   (𝑎 + 𝛼 − 𝛽)

 × ∏  

𝑀

𝛼=𝛽=1

  (𝑎 − (ℎ𝑌1
((𝛼, 𝛽))) − 𝑣𝑌2

((𝛼, 𝛽)))

 

∏  

𝑀

𝛼=1

  (𝛼 + 𝜌𝛼) = ∏  

𝑀

𝛼=1

  (𝛼 + 𝜌𝛼
𝑇)  

𝑍𝑌  = 𝐹1(𝑌)𝐹2(𝑌)  

𝐹1(𝑌) = ∏  

𝑠∈𝑌

 
(𝐸(0, 𝑌, 𝑌, 𝑠) − 𝑖𝑚 − 𝜖+/2)(−𝐸(0, 𝑌, 𝑌, 𝑠) − 𝑖𝑚 + 𝜖+/2)

𝐸(0, 𝑌, 𝑌, 𝑠)(𝜖+ − 𝐸(0, 𝑌, 𝑌, 𝑠))
,

𝐹2(𝑌) = ∏  

𝑁

𝑗=1,𝑗≠𝑖̂

 ∏  

𝑠∈𝑌

 
(𝐸(𝑎𝑖̂𝑗, 𝑌, ∅, 𝑠) − 𝑖𝑚 − 𝜖+/2)

𝐸(𝑎𝑖̂𝑗, 𝑌, ∅, 𝑠)

(𝐸(𝑎𝑖̂𝑗 , 𝑌, ∅, 𝑠) + 𝑖𝑚 − 𝜖+/2)

𝐸(𝑎𝑖̂𝑗̂, 𝑌, ∅, 𝑠) − 𝜖+

.

 

𝐹1(𝑌) = 𝐹1
0(𝑌)𝐹1

+(𝑌)𝐹1
−(𝑌)𝐹1

𝑟(𝑌),  
𝑌0 = {𝑠 ∈ 𝑌 ∣ ℎ(𝑠) − 𝑣(𝑠) = 0},
𝑌± = {𝑠 ∈ 𝑌 ∣ ℎ(𝑠) − 𝑣(𝑠) = ±1},

𝑌𝑟 = 𝑌 ∖ (𝑌0 ⊔ 𝑌+ ⊔ 𝑌−)
 

𝐹1
0 = ∏  

𝑠∈𝑌0

 
(ℎ𝜖− +

𝜖−
2 + 𝑚) (ℎ𝜖− +

𝜖−
2 − 𝑚)

(ℎ𝜖− − 𝜖2)(ℎ𝜖− + 𝜖1)
,

𝐹1
+ = ∏  

𝑠∈𝑌+

 
(ℎ𝜖− +

𝜖+
2

+ 𝑚) (ℎ𝜖− +
𝜖+
2

− 𝑚)

ℎ𝜖−(ℎ𝜖− + 𝜖+)
,

𝐹1
− = ∏  

𝑠∈𝑌−

 
(ℎ𝜖− +

𝜖+
2 + 𝑚 − 2𝜖2) (ℎ𝜖− +

𝜖+
2 − 𝑚 − 2𝜖2)

(ℎ𝜖− − 2𝜖2)(ℎ + 1)𝜖−

 

𝐹1
0 = ∏  

𝑠∈𝑌0

  (−𝑚2 − (ℎ + 1/2)2𝜖−
2)(1 + 𝒪(𝜖−

2)),

𝐹1
+ = ∏  

𝑠∈𝑌+

 
1

2ℎ𝜖−
(1 +

3

2
ℎ𝜖− + 𝒪(𝜖−

2)) ,

𝐹1
− = ∏  

𝑠∈𝑌−

 
1

−2(ℎ + 1)𝜖−
(1 −

3

2
(ℎ + 1)𝜖− + 𝒪(𝜖−

2))

 

𝐹1
0 ≃ ∏  

𝑠∈𝑌0

  (−𝑚2 − (ℎ + 1/2)2𝜖−
2),

𝐹1
+ ≃ ∏  

𝑠∈𝑌+

 
1

2ℎ𝜖−
(1 +

3

2
ℎ𝜖−) ,

𝐹1
− ≃ ∏  

𝑠∈𝑌−

 
1

−2(ℎ + 1)𝜖−
(1 −

3

2
(ℎ + 1)𝜖−)

𝐹1
𝑟 ≃ 𝐹1

𝑟|𝑚=0
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𝐹1(𝑌) ≃ 𝑚2𝜖−
𝜇(𝑌)−2 (𝐹1

(0)
+ 𝜖−𝐹1

(1)
) 𝐹1

𝑟  

𝐹1
(0)

(𝑌) =
1

∏  𝑠∈𝑌+
  (2ℎ) ∏  𝑠∈𝑌−

  (−2𝑣)
∏  

𝑠∈𝑌0

  (ℎ +
1

2
)

2

∑  

𝑠∈𝑌0

 
1

(ℎ +
1
2
)

2  

𝐹1
(1)

(𝑌) =
3

2
𝐹1

(0)
(𝑌) (∑  

𝑠∈𝑌+

 ℎ − ∑  

𝑠∈𝑌−

 𝑣)  

𝐹1
𝑟 = 𝐹1

𝑟(0)
+ 𝜖−𝐹1

𝑟(1)  

𝐹1
𝑟(0)

(𝑌) = ∏  

𝑠∈𝑌

 
(ℎ − 𝑣)2

(ℎ − 𝑣)2 − 1
 

𝐹2(𝑌) ≃ 𝐹2
(0)

(𝑌) + 𝜖−𝐹2
(1)

(𝑌)  

𝐹2
(0)

(𝑌) = ∏  

𝑁

𝑗=1,𝑗≠𝑖̂

 ∏  

𝑠∈𝑌

 
(𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠))2

(𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠))2 − 1
 

𝐹2
(1)

(𝑌)

=𝐹2
(0)

(𝑌) ∑  

𝑁

𝑗=1,𝑗≠𝑖̂

 ∑  

𝑠∈𝑌

 
ℎ∅(𝑠) + 𝑣𝑌(𝑠) + 1

(𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠)) (𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠) + 1)) (𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠) − 1))

 

𝐼𝑘,𝑌  ∼ lim
𝜖−→0

 𝜖−
𝜇(𝑌)−2

 

𝐹1(𝑌) ≃ 𝑚2𝐹1
(0)

(𝑌), 𝐹2(𝑌) ≃ 𝐹2
(0)

(𝑌)  

𝐼𝑘,𝑌  = 2𝐹1
(0)

(𝑌)𝐹2
(0)

(𝑌).  

𝑞2 ≥ 𝑝1 + 𝑝2 + 1, 𝑞1 > 𝑝2  
𝐼𝑘,𝑌  + 𝐼𝑘,𝑌  ′ = 0  

𝐹2
(0)

(𝑌) = ∏  

𝑁

𝑗=1,𝑗≠𝑖̂

  ∏  

𝑠∈𝑌∖𝑃

 
(𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠))2

(𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠))2 − 1
∏  

𝑠∈𝑃

 
(𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠))2

(𝑖𝑎𝑗𝑖̂ − (ℎ∅(𝑠) − 𝑣𝑌(𝑠))2 − 1
 

ℎ∅(𝑠) − 𝑣𝑌(𝑠) = −𝛼 − (𝜆𝛼 − 𝛽)  
ℎ∅(𝛼, 𝛽) − 𝑣𝑌(𝛼, 𝛽)  = −𝛼 − (𝑙 − 𝑚) − 𝜌𝛼 + 𝛽

ℎ∅(𝛽, 𝛼) − 𝑣PT(𝑌)(𝛽, 𝛼)  = −𝛽 − (𝑙 − 𝑚) − 𝜌𝛽
𝑇 + 𝛼

 

𝛼 → 1 + 𝜌𝛽
𝑇 − 𝛼, 𝛽 → 1 + 𝜌𝛼 − 𝛽  

𝐹2
(0)

(𝑌) = 𝐹2
(0)

(PT(𝑌))  

𝐹1
(0)

(𝑌) = 𝑓1(𝑌)𝑓2(𝑌)𝑓3(𝑌)

𝑓1 =
1

∏  𝑠∈𝑌+
  (2ℎ) ∏  𝑠∈𝑌−

  (−2𝑣)

𝑓2 = ∏  

𝑠∈𝑌0

 (ℎ +
1

2
)

2

∑  

𝑠∈𝑌0

 
1

(ℎ +
1
2)

2

𝑓3 = ∏  

𝑠∈𝑌𝑟

 
(ℎ − 𝑣)2

(ℎ − 𝑣)2 − 1

 

𝑓𝑖(𝑌) = ∏  

𝑠∈𝑌∖𝑊𝑌

 ⋯ ∏  

𝑠∈𝑊𝑌

 ⋯ ≡ 𝑓𝑖
1(𝑌)𝑓𝑖

2(𝑌)  

𝑓1
2(𝑌) = −𝑓1

2(𝜄𝑌(𝑌)), 𝑓2
2(𝑌) = 𝑓2

2(𝜄𝑌(𝑌)), 𝑓3
2(𝑌) = 𝑓3

2(𝜄𝑌(𝑌))  

𝑟 − 𝛼 + (𝑞 + 𝑝 + 𝑡) − 𝜆𝛼 ≤ −2  
(𝑝, 𝑞, 𝑡, 𝑟) → (𝑞, 𝑝, 𝑟 − 𝑥 + 1, 𝑡 + 𝑥 − 1)  

𝑡 + 𝑥 − 1 − 𝛼 + (𝑞 + 𝑝 + 𝑡 − 𝑥 + 1) − 𝜆𝛼 ≤ −2  

𝐹1
(0)

(𝑌) = −𝐹1
(0)(𝜄𝑌(𝑌))  
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𝑌  = {𝑌1, 𝑌2, ∅, … , ∅}  

𝑌  ′ = {𝑌1, 𝑌2
𝑇 , ∅, … , ∅}  

𝑍𝑌  = 𝑍𝑌1
𝑍𝑌2

𝑍𝑌1,𝑌2  

𝑍𝑌1,𝑌2
≃ ∏  

𝑠∈𝑌1

 
(𝑖𝑎21 − (ℎ𝑌1

(𝑠) − 𝑣𝑌2
(𝑠))

2

(𝑖𝑎21 − (ℎ𝑌1
(𝑠) − 𝑣𝑌2

(𝑠))
2

− 1
∏  

𝑡∈𝑌2

 
(𝑖𝑎12 − (ℎ𝑌2

(𝑡) − 𝑣𝑌1
(𝑡))

2

(𝑖𝑎12 − (ℎ𝑌2
(𝑡) − 𝑣𝑌1

(𝑡))
2

− 1
 

𝑍𝑌1,𝑌2
= 𝑍𝑌1,𝑌2

𝑇  

2.7. Relaciones de recursividad.  

𝑍𝑘,𝑌  (𝑚, 𝑎𝑖𝑗 , 𝜖𝑖)  =
1

𝑘!
(

𝜖+(𝑚2 + 𝜖−
2/4)

𝜖1𝜖2(𝑚2 + 𝜖+
2/4)

)

𝑘

∮   ∏  

𝑘

𝐼=1

 
𝑑𝜙𝐼

2𝜋
∏  

𝑁

𝑗=1

 
(𝜙𝐼 − 𝑎𝑗)

2
− 𝑚2

(𝜙𝐼 − 𝑎𝑗)
2

+ 𝜖+
2/4

 × ∏  

𝑘

𝐼<𝐽

 
𝜙𝐼𝐽

2 [𝜙𝐼𝐽
2 + 𝜖+

2][𝜙𝐼𝐽
2 + (𝑖𝑚 − 𝜖−/2)2][𝜙𝐼𝐽

2 + (𝑖𝑚 + 𝜖−/2)2]

[𝜙𝐼𝐽
2 + 𝜖1

2][𝜙𝐼𝐽
2 + 𝜖2

2][𝜙𝐼𝐽
2 + (𝑖𝑚 + 𝜖+/2)2][𝜙𝐼𝐽

2 + (𝑖𝑚 − 𝜖+/2)2]

 

𝑍𝑘,𝑌  (𝑚, 𝑎𝑖𝑗) =
1

𝑘!
(

2𝑚2

𝑚2 + 1
)

𝑘

∮   ∏  

𝑘

𝐼=1

 
𝑑𝜙𝐼

2𝜋
∏  

𝑁

𝑖=1

 
(𝜙𝐼 − 𝑎𝑖)

2 − 𝑚2

(𝜙𝐼 − 𝑎𝑖)
2 + 1

 × ∏  

𝑘

𝐼<𝐽

 
𝜙𝐼𝐽

2 (𝜙𝐼𝐽
2 + 4)(𝜙𝐼𝐽

2 − 𝑚2)
2

(𝜙𝐼𝐽
2 + 1)

2
[(𝜙𝐼𝐽 − 𝑚)

2
+ 1] [(𝜙𝐼𝐽 + 𝑚)

2
+ 1]

 

𝑍𝑘+1,𝑌̂+
(𝑚, 𝑎𝑖𝑗 , 𝜖𝑖) = 𝑍𝑘,𝑌  (𝑚, 𝑎𝑖𝑗 , 𝜖𝑖)

1

𝑘 + 1

𝜖+(𝑚2 + 𝜖−
2/4)

𝜖1𝜖2(𝑚2 + 𝜖+
2/4)

∮   
𝑑𝜙

2𝜋
∏  

𝑁

𝑗=1

 
(𝜙 − 𝑎𝑗)

2
− 𝑚2

(𝜙 − 𝑎𝑗)
2

+ 𝜖+
2/4

 

 × ∏  

𝑘

𝐽=1

 
(𝜙 − 𝜙̂𝐽)

2
[(𝜙 − 𝜙̂𝐽)

2
+ 𝜖+

2] [(𝜙 − 𝜙̂𝐽)
2

+ (𝑖𝑚 − 𝜖−/2)2] [(𝜙 − 𝜙̂𝐽)
2

+ (𝑖𝑚 + 𝜖−/2)2]

[(𝜙 − 𝜙̂𝐽)
2

+ 𝜖1
2] [(𝜙 − 𝜙̂𝐽)

2
+ 𝜖2

2] [(𝜙 − 𝜙̂𝐽)
2

+ (𝑖𝑚 + 𝜖+/2)2] [(𝜙 − 𝜙̂𝐽)
2

+ (𝑖𝑚 − 𝜖+/2)2]

 

𝐼1×𝑘(𝜖1, 𝜖2) = 𝜕𝑚
2 𝑍𝑘,(…,𝑌1×𝑘,… )(𝑚, 𝑎𝑖𝑗 , 𝜖𝑖)|

𝑚=0
 

𝐼1×2(𝜖1, 𝜖2) =∰
𝑑𝑧

2𝜋
[

3(𝑧 − 𝑎1)(𝑧 − 𝑎1 + 𝑖𝜖1)

4𝜖1
2(𝑧 − 𝑎1 − 𝑖𝜖1)(𝑧 − 𝑎1 + 2𝑖𝜖1)

1

𝜖1 − 𝜖2
  

+
3𝜖1

4 + (𝑧 − 𝑎1)(𝑧 − 𝑎1 + 𝑖𝜖1) (22𝜖1
2 + 8(𝑧 − 𝑎1)(𝑧 − 𝑎1 + 𝑖𝜖1))

4𝜖1
3(𝑧 − 𝑎1 − 𝑖𝜖1)2(𝑧 − 𝑎1 + 2𝑖𝜖1)2

]

 

𝐼1×𝑘(𝜖1, 𝜖2) = ∰
𝑑𝑧

2𝜋
[
(2𝑘2 − 2)(𝑧 − 𝑎1)((𝑧 − 𝑎1) + 𝑖(𝑘 − 1)𝜖1)

𝜖1
2𝑘2𝑘! ((𝑧 − 𝑎1) − 𝑖𝜖1)((𝑧 − 𝑎1) + 𝑖𝑘𝜖1)

1

𝜖1 − 𝜖2
  

+
(𝑘 − 1)2(𝑘 + 1)𝜖1

4 + (𝑧 − 𝑎1)(𝑧 − 𝑎1 + 𝑖(𝑘 − 1)𝜖1) ((6𝑘2 − 2)𝜖1
2 + 4𝑘(𝑧 − 𝑎1)(𝑧 − 𝑎1 + 𝑖(𝑘 − 1)𝜖1))

𝑘𝑘! 𝜖1
3(𝑧 − 𝑎1 − 𝑖𝜖1)2(𝑧 − 𝑎1 + 𝑖𝑘𝜖1)2

]

 

𝐼𝑘×1(𝜖1, 𝜖2) = 𝐼1×𝑘(𝜖2, 𝜖1)  
𝐼1×𝑘 =[𝐼1×𝑘(𝜖1, 𝜖2) + 𝐼𝑘×1(𝜖1, 𝜖2)]|𝜖1=𝜖2=1

=∰
𝑑𝑧

2𝜋
∏  

𝑘−1

𝑘𝑎=0

 
(𝑧 − 𝑎1 + 𝑘𝑎𝑖)2

(𝑧 − 𝑎1 + 𝑘𝑎𝑖)2 + 1
×

1

𝑘!
[

4

1 + 𝛿1𝑘
(1 +

1

𝑘2
) 

+
2𝑖(𝑘 + 1)(𝑘 − 1)2

𝑘(𝑧 − 𝑎1 + 𝑘𝑖)(𝑧 − 𝑎1 + (𝑘 − 1)𝑖)(𝑧 − 𝑎1)
]
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𝐼1×𝑘 =∰
𝑑𝑧

2𝜋
∏  

𝑘−1

𝑘𝑎=0

 ∏  

𝑁

𝑗=1

 
(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)

2

(𝑧 − 𝑎𝑗 + 𝑘𝑎𝑖)
2

+ 1
×

1

𝑘!
[

4

1 + 𝛿1𝑘
(1 +

1

𝑘2
) 

+ ∑  

𝑁

𝑗=1

 
2𝑖(𝑘 + 1)(𝑘 − 1)2

𝑘(𝑧 − 𝑎𝑗 + 𝑘𝑖)(𝑧 − 𝑎𝑗 + (𝑘 − 1)𝑖)(𝑧 − 𝑎𝑗)
]

 

2.8. Instantones de alto orden. 

𝐼𝑝×𝑞(𝑁, 𝑎𝑖𝑗) = 𝐼𝑝×𝑞
(0)

(𝑁) + 𝐼𝑝×𝑞
(2)

(𝑁)𝐶2(𝑎𝑖𝑗) + ⋯  

(−1600𝑁2 − 7310𝑁 − 8256)𝐼2×1
(0)

(𝑁 + 2) + (1440𝑁2 + 5859𝑁 + 5958)𝐼2×1
(0)

(𝑁 + 3)

 +(𝑁 + 2)(160𝑁 + 491)𝐼2×1
(0)

(𝑁 + 1) = 0, 𝐼2×1
(0)

(2) = −
134

27
, 𝐼2×1

(0)
(3) = −

517

81

 

(−320𝑁2 − 734𝑁 − 456)𝐼2×1
(2)

(𝑁 + 2) + (288𝑁2 + 1323𝑁 + 684)𝐼2×1
(2)

(𝑁 + 3)

 +𝑁(32𝑁 + 51)𝐼2×1
(2)

(𝑁 + 1) = 0, 𝐼2×1
(2)

(2) = −
10

243
, 𝐼2×1

(2)
(3) = −

20

729

 

𝐼2×1
(0)

= −5√
2

𝜋
√𝑁 +

17√1
𝑁

8√2𝜋
+

325 (
1
𝑁)

3/2

1024√2𝜋
+

2155 (
1
𝑁)

5/2

8192√2𝜋
+

1543605 (
1
𝑁)

7/2

4194304√2𝜋
+ 𝑂 (𝑁−

9
2) ,

𝐼2×1
(2)

= −
15

8√2𝜋𝑁5/2
+

255

128√2𝜋𝑁7/2
−

11025

16384√2𝜋𝑁9/2
+

478485

131072√2𝜋𝑁11/2
+ 𝑂 (𝑁−

13
2 )

 

⟨𝜕𝑚
2 𝑍inst

𝑝×𝑞
(𝑚, 𝑎𝑖𝑗)⟩|

𝑚=0
=

𝑒

8𝑝𝑞𝜋2

𝑔YM
2

1 + 𝛿𝑝,𝑞

[
 
 
 
 

−√𝑁

16𝐾1 (
8𝑝𝑞𝜋2

𝑔YM
2 )

𝑔YM
(
𝑝

𝑞
+

𝑞

𝑝
) +

2𝐾2 (
8𝑝𝑞𝜋2

𝑔YM
2 )

𝑔YM√𝑁
(
𝑝2

𝑞2
+

𝑞2

𝑝2)

 +
1

32𝑔YM𝑁
3
2

[−13𝐾1 (
8𝑝𝑞𝜋2

𝑔YM
2 ) (

𝑝

𝑞
+

𝑞

𝑝
) + 9𝐾3 (

8𝑝𝑞𝜋2

𝑔YM
2 )(

𝑝3

𝑞3
+

𝑞3

𝑝3)]

 +
1

128𝑔YM𝑁
5
2

[−25𝐾2 (
8𝑝𝑞𝜋2

𝑔YM
2 )(

𝑝2

𝑞2
+

𝑞2

𝑝2) + 15𝐾4 (
8𝑝𝑞𝜋2

𝑔YM
2 ) (

𝑝4

𝑞4
+

𝑞4

𝑝4)]

 +
1

𝑔YM𝑁
7
2

[
 
 
 
 1533𝐾1 (

8𝑝𝑝𝜋2

𝑔YM
2 )

16384
(
𝑝

𝑞
+

𝑞

𝑝
) −

5355𝐾3 (
8𝑝𝑞𝜋2

𝑔YM
2 )

32768
(
𝑝3

𝑞3
+

𝑞3

𝑝3) +

2625𝐾5 (
8𝑝𝑞𝜋2

𝑔YM
2 )

32768
(
𝑝5

𝑞5
+

𝑞5

𝑝5)

]
 
 
 
 

+𝑂 (𝑁−
9
2)]

 

𝑍𝑆𝑈(𝑁)|
𝑚=0

= ∫  𝑑𝑁𝑎𝛿 (∑  

𝑖

 𝑎𝑖) 𝑒
−

8𝜋2

𝑔YM
∑  𝑖  𝑎𝑖

2

∏  

𝑖<𝑗

 𝑎𝑖𝑗
2 ,  𝑍𝑈(𝑁)|

𝑚=0
= ∫  𝑑𝑁𝑎𝑒

−
8𝜋2

𝑔YM
∑  𝑖  𝑎𝑖

2

∏  

𝑖<𝑗

 𝑎𝑖𝑗
2

 

∫  𝑑𝑁𝑎𝛿 (∑  

𝑖

 𝑎𝑖) 𝑒
−

8𝜋2

𝑔Y
2 ∑  𝑖  𝑎𝑖

2

𝐹(𝑎𝑖𝑗) = √
8𝜋

𝑔YM
2 𝑁

∫  𝑑𝑁𝑎𝑒
−

8𝜋2

𝑔YM
2 ∑  𝑖  𝑎𝑖

2

𝐹(𝑎𝑖𝑗) 

𝐸̂(𝑟, 𝜏, 𝜏‾) = 𝜋−𝑟Γ(𝑟)𝜁(2𝑟)
1

2
∑  

𝛾∈Γ∞∖𝑆𝐿(2,ℤ)

Im(𝛾(𝜏))𝑟 
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2.9. Correlaciones, localización y acoplamiento. 

ℳ𝑝 =𝑐−1 (𝐵1
1ℳ𝑝

1 + 𝜆−
3
2[𝐵4

4ℳ𝑝
4 + 𝐵1

4ℳ𝑝
1] + 𝜆−2[𝐵5

5ℳ𝑝
5 + 𝐵4

5ℳ𝑝
4 + 𝐵1

5ℳ𝑝
1]

+𝜆−
5
2[𝐵6,1

6 ℳ𝑝
6,1 + 𝐵6,2

6 ℳ𝑝
6,2 + 𝐵5

6ℳ𝑝
5 + 𝐵4

6ℳ𝑝
4 + 𝐵1

6ℳ𝑝
1] + 𝑂(𝜆−3)) + 𝑂(𝑐−2)

 

𝒜 = 𝒜0𝑓(𝑠, 𝑡) 𝑓(𝑠, 𝑡) ≡ −
𝑠𝑡𝑢ℓ𝑠

6

64

Γ (−
ℓ𝑠

2𝑠
4 ) Γ (−

ℓ𝑠
2𝑡
4 ) Γ (−

ℓ𝑠
2𝑢
4 )

Γ (1 +
ℓ𝑠

2𝑠
4 ) Γ (1 +

ℓ𝑠
2𝑡
4 ) Γ (1 +

ℓ𝑠
2𝑢
4 )

+ 𝑂(𝑔𝑠
2)  

𝑓(𝑠, 𝑡) = [1 + ℓ𝑠
6𝑓𝑅4(𝑠, 𝑡) + ℓ𝑠

10𝑓𝐷4𝑅4(𝑠, 𝑡) + ℓ𝑠
12𝑓𝐷6𝑅4(𝑠, 𝑡) + ⋯ ] + 𝑂(𝑔𝑠

2)  

𝑓𝑅4(𝑠, 𝑡) =
𝜁(3)

32
𝑠𝑡𝑢, 𝑓𝐷4𝑅4(𝑠, 𝑡) =

𝜁(5)

210
𝑠𝑡𝑢(𝑠2 + 𝑡2 + 𝑢2), 𝑓𝐷6𝑅4(𝑠, 𝑡) =

𝜁(3)2(𝑠𝑡𝑢)2

211
 

𝑓(𝑠, 𝑡) = 1 + ℓ𝑠
6𝑓̃𝑅4(𝑠, 𝑡) + ℓ𝑠

8𝑓1−loop(𝑠, 𝑡) + ℓ𝑠
10𝑓̃𝐷4𝑅4(𝑠, 𝑡) + 𝑂(ℓ𝑠

12)  

𝑐 =
𝑁2 − 1

4
 

𝑆𝐼1…𝐼𝑝(𝑥 ) = 𝑁𝑝 [tr (𝜙𝐼1 ⋯ 𝜙𝐼𝑝) − 𝑆𝑂(6) rastros ]  

𝑆𝑝(𝑥 , 𝑌) ≡ 𝑆𝐼1…𝐼𝑝(𝑥 )𝑌𝐼1 … 𝑌𝐼𝑝  

⟨𝑆𝑝(𝑥 1, 𝑌1)𝑆𝑝(𝑥 2, 𝑌2)⟩ =
𝑌12

𝑝

|𝑥 12|2𝑝
, 𝑌12 ≡ 𝑌1 ⋅ 𝑌2, 𝑥 12 ≡ 𝑥 1 − 𝑥 2  

𝑁𝑝 =
(2𝜋)𝑝

√𝑝(4𝑐)𝑝/4
 

⟨𝑆2(𝑥 1, 𝑌1)𝑆2(𝑥 2, 𝑌2)𝑆𝑝(𝑥 3, 𝑌3)𝑆𝑝(𝑥 4, 𝑌4)⟩ =

𝑌34
𝑝−2

𝑥 12
4 𝑥 34

2𝑝 [𝒮𝑝
1(𝑈, 𝑉)𝑌12

2 𝑌34
2 + 𝒮𝑝

2(𝑈, 𝑉)𝑌13
2 𝑌24

2 + 𝒮𝑝
3(𝑈, 𝑉)𝑌14

2 𝑌23
2

 +𝒮𝑝
4(𝑈, 𝑉)𝑌13𝑌14𝑌23𝑌24 + 𝒮𝑝

5(𝑈, 𝑉)𝑌12𝑌14𝑌23𝑌34 + 𝒮𝑝
6(𝑈, 𝑉)𝑌12𝑌13𝑌24𝑌34]

 

𝑈 ≡
𝑥12

2 𝑥34
2

𝑥13
2 𝑥24

2 , 𝑉 ≡
𝑥14

2 𝑥23
2

𝑥13
2 𝑥24

2
 

𝒮𝑝
𝑖 (𝑈, 𝑉) = Θ𝑖(𝑈, 𝑉)𝒯𝑝(𝑈, 𝑉) + 𝒮𝑝, free 

𝑖 (𝑈, 𝑉),

Θ𝑖(𝑈, 𝑉) ≡ (
𝑉 𝑈𝑉 𝑈 𝑈(𝑈 − 𝑉 − 1) 1 − 𝑈 − 𝑉      𝑉(𝑉 − 𝑈 − 1)

)
 

𝒮2, free 
𝑖 (𝑈, 𝑉) = (1 𝑈2

𝑈2

𝑉2

1

𝑐

𝑈2

𝑉

1

𝑐

𝑈

𝑉

1

𝑐
𝑈)  

𝒮𝑝,free
𝑖 (𝑈, 𝑉) = (1 0 0

𝑝(𝑝 − 1)

2𝑐

𝑈2

𝑉

𝑝

2𝑐

𝑈

𝑉
 
𝑝

2𝑐
𝑈) + 𝑂(1/𝑐2)  

𝑔𝑠 =
𝑔YM

2

4𝜋
 

𝒯𝑝(𝑈, 𝑉) =  ∫  
𝑖∞

−𝑖∞

 
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈

𝑠
2𝑉

𝑢−𝑝−2
2 Γ [2 −

𝑠

2
] Γ [𝑝 −

𝑠

2
]

 × Γ2 [
2 + 𝑝

2
−

𝑡

2
] Γ2 [

2 + 𝑝

2
−

𝑢

2
] ℳ𝑝(𝑠, 𝑡)

 

ℳ𝑝(𝑠, 𝑡) = ℳ𝑝(𝑠, 𝑢), ℳ2(𝑠, 𝑡) = ℳ2(𝑢, 𝑡)  

ℳ𝑝 =𝑐−1 (𝐵1
1ℳ𝑝

1 + 𝜆−
3
2[𝐵4

4ℳ𝑝
4 + 𝐵1

4ℳ𝑝
1] + 𝜆−2[𝐵5

5ℳ𝑝
5 + 𝐵4

5ℳ𝑝
4 + 𝐵1

5ℳ𝑝
1]

+𝜆−
5
2[𝐵6,1

6 ℳ𝑝
6,1 + 𝐵6,2

6 ℳ𝑝
6,2 + 𝐵5

6ℳ𝑝
5 + 𝐵4

6ℳ𝑝
4 + 𝐵1

6ℳ𝑝
1] + ⋯ ) + 𝑂(𝑐−2)
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ℳ𝑝
1 =

1

(𝑠 − 2)(𝑡 − 𝑝)(𝑢 − 𝑝)
,        

ℳ𝑝
4 = 1,         ℳ𝑝

5 = 𝑠

ℳ𝑝
6,1 = 𝑠2 + 𝑡2 + 𝑢2,         ℳ𝑝

6,2 = 𝑠2

 

𝒯𝑝(𝑈, 𝑉) = 𝑐−1 [𝐵1
1𝒯𝑝

1 + 𝜆−
3
2(𝐵4

4𝒯𝑝
4 + 𝐵1

4𝒯𝑝
1) + 𝜆−2(𝐵5

5𝒯𝑝
5 + 𝐵4

5𝒯𝑝
4 + 𝐵1

5𝒯𝑝
1)

+𝜆−
5
2(𝐵6,1

6 𝒯𝑝
6,1 + 𝐵6,2

6 𝒯𝑝
6,2 + 𝐵5

6𝒯𝑝
5 + 𝐵4

6𝒯𝑝
4 + 𝐵1

6𝒯𝑝
1) + ⋯ ] + 𝑂(𝑐−2)

 

𝒯𝑝
1 = −

1

8
𝑈𝑝𝐷‾𝑝,𝑝+2,2,2(𝑈, 𝑉)

𝒯𝑝
4 = 𝑈𝑝𝐷‾𝑝+2,𝑝+2,4,4(𝑈, 𝑉)

𝒯𝑝
5 = 2𝑈𝑝(2𝐷‾𝑝+2,𝑝+2,4,4(𝑈, 𝑉) − 𝐷‾𝑝+2,𝑝+2,5,5(𝑈, 𝑉)),

𝒯𝑝
6,1 = 2𝑈𝑝(2(1 + 𝑈 + 𝑉)𝐷‾𝑝+3,𝑝+3,5,5 − (4 + 4𝑝 − 𝑝2)𝐷‾𝑝+2,𝑝+2,4,4(𝑈, 𝑉)),

𝒯𝑝
6,2 = 4𝑈𝑝(𝐷‾𝑝+2,𝑝+2,6,6(𝑈, 𝑉) − 5𝐷‾𝑝+2,𝑝+2,5,5(𝑈, 𝑉) + 4𝐷‾𝑝+2,𝑝+2,4,4(𝑈, 𝑉))

 

𝐵1
1(𝑝) =

4𝑝

Γ(𝑝 − 1)
, 𝐵1

𝑛(𝑝) 𝑛 > 1  

𝟐𝟎′  → (𝟏, 𝟏)±𝟐 ⊕ (𝟑, 𝟑)𝟎 ⊕ (𝟏, 𝟏)𝟎 ⊕ (𝟐, 𝟐)±𝟏

𝑆2  → {𝒜2, 𝒜2} ⊕ ℬ(𝑎𝑏)
(𝛼𝛽)

⊕  𝒞 ⊕ {𝒟𝑎
𝛼 , 𝒟𝑎

𝛼
}

 

[0𝑝0]  → (𝟏, 𝟏)±𝐩 ⊕ …

𝑆𝑝  → {𝒜𝑝, 𝒜𝑝} ⊕ …
 

𝑚𝛼𝛽 ∫  𝑑4𝑥𝑄̃2ℬ(𝛼𝛽)(𝑥) +  c.c.  

𝜏𝑝 ∫  𝑑4𝑥𝑄̃4𝒜𝑝(𝑥) +  c.c  

𝑆𝑚 = ∫  𝑑4𝑥√𝑔 (𝑚 [
𝑖

𝑟
𝐽 + 𝐾] + 𝑚2𝐿)  

𝐽 ≡
1

2
∑  

2

𝑖=1

 tr[(𝑍𝑖)
2 + (𝑍‾𝑖)

2], 𝐾 ≡ −
1

2
∑  

2

𝑖=1

 tr(𝜒𝑖𝜎2𝜒𝑖 + 𝜒̃𝑖𝜎2𝜒̃𝑖), 𝐿 ≡ ∑  

2

𝑖=1

 tr|𝑍𝑖|
2  

𝒞 ≡
1

3
tr[|𝑍1|2 + |𝑍2|2 − 2|𝑍3|2], 𝒦 ≡

2

3
∑  

3

𝑖=1

 tr|𝑍𝑖|
2  

𝐽 = 𝑁𝐽[𝑆11 + 𝑆22 − 𝑆44 − 𝑆55],

𝒞 = 𝑁𝒞[𝑆11 + 𝑆22 + 𝑆33 + 𝑆44 − 2𝑆55 − 2𝑆66]

𝐾 = 𝑁𝐾[𝑃11 + 𝑃22 + 𝑃‾11 + 𝑃‾22]

 

𝑁𝐾
2 = 8𝑁𝐽

2 = 36𝑁𝒞
2 =

𝑁2 − 1

4𝜋4
 

𝑆𝜏𝑝
= 𝜏𝑝 ∫  𝑑4𝑥√𝑔 (𝑀𝑝(𝑥) − 𝑖

𝑝 − 2

𝑟
(𝜎2)𝑎𝑏𝑁𝑝

(𝑎𝑏)
(𝑥) +

2(𝑝 − 2)(𝑝 − 3)

𝑟2
𝒜𝑝(𝑥))  

𝑆𝜏𝑝
= 𝜏𝑝𝒜𝑝(𝑁)  

𝑆𝜏‾𝑝
= 𝜏‾𝑝𝒜𝑝(𝑆)  

𝒜𝑝 ∝ 𝑆𝑝(𝑌0), 𝒜𝑝 ∝ 𝑆𝑝(𝑌‾0)  

𝑙𝑝 ≡
𝜕𝑚

2 𝜕𝜏𝑝
𝜕𝜏‾𝑝

log 𝑍

𝜕𝜏𝑝
𝜕𝜏‾𝑝

log 𝑍
= 𝑙𝑝

(4)
+ 𝑙𝑝

(3)
 

𝑙𝑝
(4)

=
∫  𝑑4𝑥 1𝑑4𝑥 2√𝑔(𝑥 1)√𝑔(𝑥 2)⟨(𝑖𝐽(𝑥 1) + 𝐾(𝑥 1))(𝑖𝐽(𝑥 2) + 𝐾(𝑥 2))𝒜𝑝(𝑁)𝒜𝑝(𝑆)⟩

⟨𝒜𝑝(𝑁)𝒜𝑝(𝑆)⟩
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𝑙𝑝
(3)

=
2 ∫  𝑑4𝑥 √𝑔(𝑥 )⟨𝒞(𝑥 )𝒜𝑝(𝑁)𝒜𝑝(𝑆)⟩

⟨𝒜𝑝(𝑁)𝒜𝑝(𝑆)⟩
 

⟨𝒞(𝑥 1)𝒜𝑝(𝑥 2)𝒜𝑝(𝑥 3)⟩

⟨𝒜𝑝(𝑥 2)𝒜𝑝(𝑥 3)⟩
= −

𝑝

6𝜋2

𝑥 23
2

𝑥 12
2 𝑥 13

2 + 𝑂(1/𝑐)  

𝑥 𝑖𝑗 → Ω(𝑥 𝑖)
−1/2Ω(𝑥 𝑗)

−1/2
𝑥 𝑖𝑗  

𝑙𝑝
(3)

= −
𝑝

3𝜋2
∫  𝑑4𝑥 

1

𝑥 2 (1 +
𝑥 2

4
)

2 + 𝑂(1/𝑐) = −
4𝑝

3
+ 𝑂(1/𝑐)

 

⟨(𝑖𝐽(𝑥 1) + 𝐾(𝑥 1))(𝑖𝐽(𝑥 2) + 𝐾(𝑥 2))𝒜𝑝(𝑥 3)𝒜𝑝(𝑥 4)⟩

⟨𝒜𝑝(𝑥 3)𝒜𝑝(𝑥 4)⟩
= 4𝑁𝐽

2 [−
𝒮𝑝

1

𝑥 12
4 + 8

ℛ𝑝
1 − ℛ𝑝

2 + ℛ𝑝
3

𝑥 12
6 ]  

𝑙𝑝
(4)

= 4𝑁𝐽
2 [−𝐼2[𝒮𝑝

1] + 8𝐼3[ℛ𝑝
1 − ℛ𝑝

2 + ℛ𝑝
3]]  

𝐼Δ[𝒢] = lim
|𝑥 3|→0
|𝑥4|→∞

 ∫  𝑑4𝑥 1𝑑4𝑥 2

(1 +
𝑥1

2

4
)

Δ−4

(1 +
𝑥2

2

4
)

Δ−4

𝑥 12
2Δ

𝒢(𝑈, 𝑉)  

𝐼Δ[𝒢]

= Vol(𝑆3)Vol(𝑆2) ∫ 𝑑𝑟1𝑑𝑟2𝑑𝜃𝑟1
3𝑟2

3sin2𝜃
(1 +

𝑟1
2

4
)

Δ−4

(1 +
𝑟2

2

4
)

Δ−4

(𝑟1
2 + 𝑟2

2 − 2𝑟1𝑟2cos 𝜃)Δ
𝒢 (

𝑟1
2 + 𝑟2

2 − 2𝑟1𝑟2cos 𝜃

𝑟1
2 ,

𝑟2
2

𝑟1
2) 

𝐼Δ[𝒢] = 211−2Δ𝜋3 ∫  𝑑𝑟𝑑𝜌𝑑𝜃𝑟3𝜌7sin2 𝜃
(1 + 𝜌2)Δ−4(1 + 𝜌2𝑟2)Δ−4

𝜌2Δ(1 + 𝑟2 − 2𝑟cos 𝜃)Δ
𝒢(1 + 𝑟2 − 2𝑟cos 𝜃, 𝑟2)  

𝐼2[𝒢] = 128𝜋3 ∫  𝑑𝑟𝑑𝜃𝑟3sin2 𝜃
1 − 𝑟2 + (1 + 𝑟2)log 𝑟𝒢(1 + 𝑟2 − 2𝑟cos 𝜃, 𝑟2)

(𝑟2 − 1)3

𝐼3[𝒢] = 32𝜋3 ∫  𝑑𝑟𝑑𝜃𝑟3sin2 𝜃
log 𝑟cos 𝜃)2

𝑟2 − 1

𝒢(1 + 𝑟2 − 2𝑟cos 𝜃, 𝑟2)

(1 + 𝑟2 − 2𝑟cos 𝜃)3

 

−𝐼2[𝒮𝑝
1] + 8𝐼3[ℛ𝑝

1 − ℛ𝑝
2 + ℛ𝑝

3] = 16𝜋4𝐼[𝒯𝑝] −
2𝜋4

𝑐
𝑙𝑝
(3)  

𝐼[𝒢] ≡
4

𝜋
∫  𝑑𝑟𝑑𝜃𝑟3sin2 𝜃

𝑟2 − 1 − 2𝑟2log 𝑟

(𝑟2 − 1)2

𝒢(1 + 𝑟2 − 2𝑟cos 𝜃, 𝑟2)

(1 + 𝑟2 − 2𝑟cos 𝜃)2
 

𝑙𝑝 = 𝑙𝑝
(3)

+ 𝑙𝑝
(4)

= 8𝑐𝐼[𝒯𝑝]  

𝑍(𝑚, 𝜆) = ∫  𝑑𝑁−1𝑎 (∏  

𝑖<𝑗

 
(𝑎𝑖 − 𝑎𝑗)

2
𝐻2(𝑎𝑖 − 𝑎𝑗)

𝐻(𝑎𝑖 − 𝑎𝑗 − 𝑚)𝐻(𝑎𝑖 − 𝑎𝑗 + 𝑚)
) 𝑒

−
8𝜋2𝑁

𝜆
∑  𝑖  𝑎𝑖

2

|𝑍inst|
2  

𝑍(𝑚, 𝜆, 𝜏𝑝
′ , 𝜏‾𝑝

′ )  = ∫  𝑑𝑁−1𝑎 (∏  

𝑖<𝑗

 
(𝑎𝑖 − 𝑎𝑗)

2
𝐻2(𝑎𝑖 − 𝑎𝑗)

𝐻(𝑎𝑖 − 𝑎𝑗 − 𝑚)𝐻(𝑎𝑖 − 𝑎𝑗 + 𝑚)
) 𝑒

−
8𝜋2𝑁

𝜆
∑  𝑖  𝑎𝑖

2

 × 𝑒𝑖 ∑  𝑝  𝜋𝑝/2(𝜏𝑝
′ −𝜏𝑝

′ ) ∑  𝑖  𝑎𝑖
𝑝

|𝑍inst |
2

 

𝐀𝑝𝑞 ≡
𝜕2log 𝑍

𝜕𝜏𝑝
′ 𝜕𝜏‾𝑞

′ |
𝑚=𝜏𝑝

′ =𝜏‾𝑝
′ =0

 

𝑙𝑛 =
𝐁𝑝𝑞𝑣𝑛

𝑞
𝑣𝑛

𝑝

𝐀𝑝𝑞𝑣𝑛
𝑝
𝑣𝑛

𝑞  

𝐁𝑝𝑞 ≡
𝜕4log 𝑍

𝜕𝑚2𝜕𝜏𝑝
′ 𝜕𝜏‾𝑞

′ |
𝑚=𝜏𝑝

′ =𝜏‾𝑝
′ =0
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𝑍(𝑚, 𝜆, 𝜏𝑝, 𝜏‾𝑝) = ∫  𝑑𝑁𝑎𝑒−𝑁2𝐹(𝑎)  

𝐹 ≈
1

2
∫  𝑑𝑥𝑑𝑦𝜌(𝑥)𝜌(𝑦)log 

𝐻(𝑥 − 𝑦 + 𝑚)𝐻(𝑥 − 𝑦 − 𝑚)

𝐻2(𝑥 − 𝑦)|𝑥 − 𝑦|2
+ ∫  𝑑𝑥𝜌(𝑥)𝑉(𝑥),

𝑉(𝑥) ≡
8𝜋2

𝜆
𝑥2 + ∑  

∞

𝑝=2

 
8𝜋𝑝/2+1

𝜆𝑝
𝑥𝑝

 

∫  𝑑𝑥𝜌(𝑥) = 1  

∫  𝑑𝑦𝜌(𝑦) (
1

𝑥 − 𝑦
− 𝐾(𝑥 − 𝑦) +

1

2
𝐾(𝑥 − 𝑦 + 𝑚) +

1

2
𝐾(𝑥 − 𝑦 − 𝑚)) =

8𝜋2

𝜆
𝑥 + ∑  

∞

𝑝=2

 
4𝑝𝜋𝑝/2+1

𝜆𝑝
𝑥𝑝−1 

𝜌0(𝑥) =
𝑄(𝑥)

2𝜋
√𝑏2 − 𝑥2  

𝑉′(𝑥)

√𝑥2 − 𝑏2
− 𝑄(𝑥) →

2

𝑥2
, 𝑥 → ∞  

log 𝑍(0, 𝜆, 𝜏𝑝
′ , 𝜏‾𝑝

′ ) ≈ −𝑁24𝜋2 ∫  𝑑𝑥𝜌0(𝑥) [
𝑥2

𝜆
−

log 𝑥

4𝜋2
+ ∑  

𝑝

 
𝜋𝑝/2−1𝑥𝑝

𝜆𝑝
]  

𝐀𝑝𝑞 =
2Γ (

𝑝 + 1
2

) Γ (
𝑞 + 1

2
)

𝜋(𝑝 + 𝑞)Γ (
𝑝
2
) Γ (

𝑞
2
)

(
𝜆

4𝜋
)

𝑝+𝑞
2

 

𝑣2
𝑝
 = (1 0 0 0 ⋯)

𝑣4
𝑝
 = (−

𝜆

4𝜋
1 0 0 ⋯) ,

𝑣6
𝑝
 = (

9𝜆2

256𝜋2
−

3𝜆

8𝜋
1 0 ⋯)

 

𝑣𝑛
𝑝

= (−1)𝑛/22−𝑛𝑛𝜋
−1
2 (

𝜆

4𝜋
)

𝑛−𝑝
2 Γ (

1 − 𝑝
2 ) Γ (

𝑝 + 𝑛
2 )

Γ (
𝑝 + 2

2
) Γ (

𝑛 − 𝑝 + 2
2

)
 

𝑣𝑛
𝑝
𝐀𝑝𝑞𝑣𝑛

𝑞
= 𝑛 (

𝜆

16𝜋
)

𝑛

 

𝜕2log 𝑍

𝜕𝑚2
≈ 𝑁2 ∫  𝑑𝑥𝑑𝑦𝜌0(𝑥)𝜌0(𝑦)𝐾′(𝑥 − 𝑦)  

𝐾′(𝑥) = − ∫  
∞

0

 𝑑𝜔
2𝜔[cos (2𝜔𝑥) − 1]

sinh2 𝜔
 

𝜕2log 𝑍

𝜕𝑚2
≈ −

𝑁2𝑏4

2𝜋2
∫  

1

−1

 𝑑𝜉𝑑𝜂𝑄(𝑏𝜉)𝑄(𝑏𝜂)√1 − 𝜉2√1 − 𝜂2 ∫  
∞

0

 
𝜔[cos [2𝑏𝜔(𝜉 − 𝜂)] − 1]

sinh2 𝜔
 

𝑙𝑝 = 4𝑝 ∫  
∞

0

 𝑑𝜔𝜔

𝐽1 (
√𝜆
𝜋 𝜔)

2

− 𝐽𝑝 (
√𝜆
𝜋 𝜔)

2

sinh2 𝜔

 

𝑙𝑝 = 2(𝑝 − 1) −
4𝑝(𝑝2 − 1)𝜁(3)

𝜆3/2
−

3𝑝(𝑝2 − 1)(3 − 2𝑝2)𝜁(5)

𝜆5/2

 −
15𝑝(𝑝2 − 1)(135 − 124𝑝2 + 16𝑝4)𝜁(7)

32𝜆7/2

 −
35𝑝(𝑝2 − 1)(1575 − 1654𝑝2 + 320𝑝4 − 16𝑝6)𝜁(9)

64𝜆9/2
+ ⋯
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ℳ𝑝(𝑠, 𝑡) =
4𝑝

Γ(𝑝 − 1)

1

𝑐
[

1

(𝑠 − 2)(𝑡 − 𝑝)(𝑢 − 𝑝)
+

(𝑝 + 1)3

4
𝜁(3)

1

𝜆3/2

 +
(𝑝 + 1)5

32
𝜁(5) [𝑠2 + 𝑡2 + 𝑢2 +

2𝑝(𝑝 − 2)

𝑝 + 5
𝑠 + (−2𝑝2 +

50 + 20𝑝(𝑝 + 2)

(𝑝 + 4)(𝑝 + 5)
)]

1

𝜆5/2

 + ⋯ ] + 𝑂(𝑐−2)

 

ℳ2(𝑠, 𝑡) =
8

𝑐
[

1

(𝑠 − 2)(𝑡 − 2)(𝑢 − 2)
+

15𝜁(3)

𝜆3/2
+

315𝜁(5)

4𝜆5/2
(𝑠2 + 𝑡2 + 𝑢2 − 3) + ⋯ ] + 𝑂(𝑐−2) 

𝐼[𝒯𝑝
1] =

Γ(𝑝)

16𝑝
, 𝐼[𝒯𝑝

4] = −
Γ(𝑝 + 2)

2(𝑝)4
, 𝐼[𝒯𝑝

5] = −2𝑝
Γ(𝑝 + 2)

(𝑝)5

𝐼[𝒯𝑝
6,1] = (16 + 20𝑝 − 12𝑝2 − 5𝑝3 − 𝑝4)

Γ(𝑝 + 2)

(𝑝)6
,

𝐼[𝒯𝑝
6,2] = −8𝑝(𝑝 − 1)

Γ(𝑝 + 2)

(𝑝)6

 

𝑙𝑝 = 8 [𝐵1
1(𝑝)

Γ(𝑝)

16𝑝
− 𝐵4

4(𝑝)
Γ(𝑝 + 2)

2(𝑝)4

1

𝜆
3
2

−
[4𝑝𝐵5

5(𝑝) + (𝑝 + 4)𝐵4
5(𝑝)]Γ(𝑝 + 2)

2(𝑝)

1

𝜆2

 + [
2𝐵6,1

6 (𝑝)(16 + 20𝑝 − 12𝑝2 − 5𝑝3 − 𝑝4) − 16𝑝(𝑝 − 1)𝐵6,2
6 (𝑝) − 𝐵5

6(𝑝)4𝑝(𝑝 + 5) − 𝐵4
6(𝑝)(𝑝 + 4)(𝑝 + 5)

2(𝑝)6
]

× Γ(𝑝 + 2)
1

𝜆
5
2

+ ⋯ ]

 

𝑅4:𝐵4
4(𝑝) = 𝜁(3)

(𝑝)4

Γ(𝑝 − 1)
,

𝐷2𝑅4:4𝑝𝐵5
5(𝑝) + (4 + 𝑝)𝐵4

5(𝑝) = 0,

𝐷4𝑅4:2𝐵6,1
6 (𝑝)(16 + 20𝑝 − 12𝑝2 − 5𝑝3 − 𝑝4) − 16𝑝(𝑝 − 1)𝐵6,2

6 (𝑝)

 −𝐵5
6(𝑝)4𝑝(𝑝 + 5) − 𝐵4

6(𝑝)(𝑝 + 4)(𝑝 + 5) =
3(2𝑝2 − 3)(𝑝)6

4Γ(𝑝 − 1)
𝜁(5)

 

𝒜(𝜂𝑖, 𝑠, 𝑡)  = Γ (
1

2
ΔΣ − 2) [∫  

𝑆5
 𝑑5𝑥√𝑔 ∏  

4

𝑖=1

 Ψ𝜂𝑖

𝒪𝑖(𝑛  )]

 × lim
𝐿→∞

 𝐿6 ∫  
𝜅+𝑖∞

𝜅−𝑖∞

 
𝑑𝛼

2𝜋𝑖
𝑒𝛼𝛼2−

1
2
ΔΣ𝑀𝒪1𝒪2𝒪3𝒪4 (

𝐿2

2𝛼
𝑠,

𝐿2

2𝛼
𝑡)

 

𝐿4

ℓ𝑠
4 = 𝜆 = 𝑔YM

2 𝑁, 𝑔𝑠 =
𝑔YM

2

4𝜋
 

𝑀𝑝
𝑖 (𝑠, 𝑡) ≈

1

16
(𝑡2𝑢2 𝑠2𝑢2 𝑠2𝑡2 2𝑠2𝑡𝑢 2𝑠𝑡2𝑢 2𝑠𝑡𝑢2)ℳ𝑝(𝑠, 𝑡)  

𝑓(𝑠, 𝑡) =
1

𝒩
lim
𝐿→∞

 𝐿14 ∫  
𝜅+𝑖∞

𝜅−𝑖∞

 
𝑑𝛼

2𝜋𝑖
𝑒𝛼𝛼−4−𝑝ℳ𝑝 (

𝐿2

2𝛼
𝑠,

𝐿2

2𝛼
𝑡)  

𝒩 = (4𝜋)2𝐵1
1(𝑝)

32𝑔𝑠
2ℓ𝑠

8

𝑠𝑡𝑢
∫  

𝑑𝛼

2𝜋𝑖
𝑒𝛼𝛼−1−𝑝 =

2048𝜋2𝑔𝑠
2ℓ𝑠

8

𝑠𝑡𝑢

𝑝

Γ(𝑝 − 1)Γ(𝑝 + 1)
 

𝑓(𝑠, 𝑡) =
𝑠𝑡𝑢

𝐵1
1(𝑝)

[
𝐵1

1(𝑝)

𝑠𝑡𝑢
+

𝐵4
4(𝑝)

23(𝑝 + 1)3
ℓ𝑠

6 +
𝐵5

5(𝑝)𝑠

24(𝑝 + 1)4
ℓ𝑠

8

+
𝐵6,1

6 (𝑝)(𝑠2 + 𝑡2 + 𝑢2) + 𝐵6,2
6 (𝑝)𝑠2

25(𝑝 + 1)5
ℓ𝑠

10 + ⋯ ] + 𝑂(𝑔𝑠
2)
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𝑅4:𝐵4
4(𝑝) = 𝜁(3)

(𝑝)4

Γ(𝑝 − 1)
        

𝐷2𝑅4:𝐵5
5(𝑝) = 0          

𝐷4𝑅4:𝐵6,1
6 (𝑝) = 𝜁(5)

(𝑝)6

8Γ(𝑝 − 1)
, 𝐵6,2

6 (𝑝) = 0         

 

𝐵6,1
6 (2) = −

𝐵4
6(2)

3
= 630𝜁(5), 𝐵6,2

6 (2) = 0  

𝐵𝑘
𝑛(𝑝) = 𝐶𝑘

𝑛(𝑝)
(𝑝)𝑘

Γ(𝑝 − 1)
 

𝐵5
6(𝑝) = (𝑝 − 2)(𝑎1𝑝 + 𝑎0)

𝜁(5)(𝑝)5

Γ(𝑝 − 1)
, 𝐵4

6(𝑝) = (𝑏4𝑝4 + 𝑏3𝑝3 + 𝑏2𝑝2 + 𝑏1𝑝 + 𝑏0)
𝜁(5)(𝑝)4

Γ(𝑝 − 1)
 

𝑏0 =
25

4
, 𝑏1 = 8𝑎0 + 5, 𝑏2 = 8𝑎1 − 4𝑎0 −

9

2

𝑏3 = −4𝑎1 −
5

4
, 𝑏4 = −

1

4

 

𝐵5
6(𝑝) =

1

4
𝑝(𝑝 − 2)

𝜁(5)(𝑝)5

Γ(𝑝 − 1)
, 𝐵4

6(𝑝) = −
1

4
(𝑝4 + 9𝑝3 + 𝑐2𝑝2 − 20𝑝 + 𝑐1)

𝜁(5)(𝑝)4

Γ(𝑝 − 1)
 

𝑎1 = −
1

4
, 𝑎0 = 1, 𝑐1 = −25, 𝑐2 = 10  

𝛾𝑗|𝑐−1 = −
24

(𝑗 + 1)(𝑗 + 6)
−

1

𝜆
3
2

4320𝜁(3)

7
𝛿𝑗,0 −

𝜁(5)

𝜆
5
2

[30600𝛿𝑗,0 +
201600

11
𝛿𝑗,2] + 𝑂(𝜆−3)  

𝛾𝑗|
𝑐−2𝜆

−
3
2

= −103680
(𝑗 + 2)4(𝑗2 + 7𝑗 + 16)(𝑗2 + 7𝑗 + 54)

(𝑗 − 4)6(𝑗 + 6)6
𝜁(3),  for  𝑗 > 4,

𝛾𝑗|
𝑐−2𝜆

−
5
2

= −(77𝑗4(𝑗 + 7)4 + 15452𝑗3(𝑗 + 7)3 + 1610364𝑗2(𝑗 + 7)2 + 48199536𝑗(𝑗 + 7) + 401725440)

 ×
1036800(𝑗 + 2)4

(𝑗 − 6)8(𝑗 + 6)8

𝜁(5)

8
, para  𝑗 > 6

 

𝒯(𝑈, 𝑉) = 𝐵̃1
1(𝜏)𝒯1(𝑈, 𝑉)

1

𝑐
+ 𝐵̃4

4(𝜏)𝒯4(𝑈, 𝑉)
1

𝑐
7
4

+ 𝒯1−loop(𝑈, 𝑉)
1

𝑐2
+

 +(𝐵̃6
6(𝜏)𝒯6(𝑈, 𝑉) + 𝐵̃4

6(𝜏)𝒯4(𝑈, 𝑉))
1

𝑐
9
4

+ ⋯

 

𝐵̃1
1 = 𝐵1

1(2) = 8  

𝑓(𝑠, 𝑡) = 1 + ℓ𝑠
6𝑓̃𝑅4(𝑠, 𝑡) + ℓ𝑠

8𝑓1−loop(𝑠, 𝑡) + ℓ𝑠
10𝑓̃𝐷4𝑅4(𝑠, 𝑡) + 𝑂(ℓ𝑠

12)  

𝑓𝑅4(𝑠, 𝑡) =
𝑠𝑡𝑢

64
𝑔𝑠

3
2ℰ3/2(𝜏𝑠, 𝜏‾𝑠) =

𝑠𝑡𝑢

64
[2𝜁(3) +

2𝜋2

3
𝑔𝑠

2 + 𝑂(𝑒−1/𝑔𝑠)]

𝑓𝐷4𝑅4(𝑠, 𝑡) = 𝑔𝑠

5
2ℰ5/2(𝜏𝑠, 𝜏‾𝑠)

𝑠𝑡𝑢

211
(𝑠2 + 𝑡2 + 𝑢2) =

𝑠𝑡𝑢

210
(𝜁(5) +

2𝜋4

135
𝑔𝑠

4 + 𝒪(𝑒−1/𝑔𝑠)) (𝑠2 + 𝑡2 + 𝑢2)

 

ℰ𝑟(𝜏𝑠, 𝜏‾𝑠) = ∑  

(𝑚,𝑛)≠(0,0)

 
𝑔𝑠

−𝑟

|𝑚 + 𝑛𝜏𝑠|
2𝑟

 = 2𝜁(2𝑟)𝑔𝑠
−𝑟 + 2√𝜋𝑔𝑠

𝑟−1
Γ(𝑟 − 1/2)

Γ(𝑟)
𝜁(2𝑟 − 1) +

2𝜋𝑟

Γ(𝑟)√𝑔𝑠

∑  

𝑚,𝑛≠0

  |
𝑚

𝑛
|
𝑟−1/2

𝐾𝑟−1/2(2𝜋𝑔𝑠
−1|𝑚𝑛|)𝑒2𝜋𝑖𝑚𝑛𝜒𝑠

 

𝐵̃4
4 = 60𝑔𝑠

3/2
ℰ3/2(𝜏, 𝜏‾)  

𝜕4log 𝑍

𝜕𝜏𝜕𝜏‾𝜕𝑚2
|
𝑚=0

=
𝑐𝑔YM

4

16𝜋2
−

3𝑐
1
4

128√2𝜋7/2
𝑔YM

4 ℰ3/2(𝜏, 𝜏‾) + 𝑂(𝑐0)  

4𝑔𝑠
−2𝜕𝜏𝑠

𝜕𝜏‾𝑠
ℰ𝑟 = 𝑟(𝑟 − 1)ℰ𝑟  
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𝜕2log 𝑍

𝜕𝑚2
|
𝑚=0

= [8𝑐log 𝑔YM −
√2𝑐

1
4

𝜋3/2
ℰ3/2(𝜏, 𝜏‾) + 𝑂(𝑐0)] + 𝜅1(𝜏) + 𝜅2(𝜏‾)  

𝛾𝑗 = −
1

𝑐

24

(𝑗 + 1)(𝑗 + 6)
−

1

𝑐
7
4

135ℰ3/2(𝜏1, 𝜏2)

7√2𝜋
3
2

𝛿𝑗,0 + 𝑂(𝑐−2)  

𝜆 → 𝑔YM
2 √4𝑐 + 1, 𝜁(3) →

𝑔YM
3

16𝜋
3
2

ℰ3/2(𝜏, 𝜏‾), 𝜁(5) →
𝑔YM

5

64𝜋
5
2

ℰ5/2(𝜏, 𝜏‾)  

𝑃(𝑥 , 𝑋‾) ≡ 𝑃𝐴𝐵(𝑥 )𝑋‾𝐴𝑋‾𝐵, 𝑃‾(𝑥 , 𝑋) ≡ 𝑃‾𝐴𝐵(𝑥 )𝑋𝐴𝑋𝐵  

𝐶1 = (
0 𝜎1

−𝜎1 0
) , 𝐶2 = (

0 −𝜎3

𝜎3 0
) , 𝐶3 = (

𝑖𝜎2 0
0 𝑖𝜎2

)

𝐶4 = −𝑖 (
0 𝑖𝜎2

𝑖𝜎2 0
) 𝐶5 = −𝑖 (

0 𝐼2
−𝐼2 0

) ,
𝐶6 = −𝑖 (

−𝑖𝜎2 0
0 𝑖𝜎2

) , 𝑙  

𝑋 ∧ 𝑋 → 𝑌𝐼: = 𝑋𝐴𝐶𝐼𝐴𝐵𝑋𝐵 ,𝑋‾ ∧ 𝑋‾ → 𝑌𝐼: = 𝑋‾ 𝐴𝐶‾𝐴𝐵
𝐼 𝑋‾𝐵

𝑌 ∧ 𝑋 → 𝑋‾𝐴: = 𝑌𝐼𝐶
𝐼𝐴𝐵𝑋𝐵 ,𝑌 ∧ 𝑋‾ → 𝑋𝐴: = 𝑌𝐼𝐶‾𝐴𝐵

𝐼 𝑋‾𝐵  

𝜒𝛼(𝑥 , 𝑋‾, 𝑌) ≡ 𝜒𝛼  𝐼𝐴(𝑥 )𝑌𝐼𝑋‾ 𝐴, 𝜒‾𝛼̇(𝑥 , 𝑋, 𝑌) ≡ 𝜒‾𝐼
𝛼̇𝐴(𝑥 )𝑌𝐼𝑋𝐴  

𝑗𝜇(𝑥 , 𝑌1, 𝑌2) ≡ 𝑗[𝐼1𝐼2]
𝜇

(𝑥 )𝑌1
𝐼1𝑌2

𝐼2 , 𝐹𝛼𝛽(𝑥 , 𝑌) ≡ 𝐹𝐼
𝛼𝛽

(𝑥 )𝑌𝐼 , 𝐹‾ 𝛼̇𝛽̇(𝑥 , 𝑌) ≡ 𝐹‾𝐼
𝛼̇𝛽̇

(𝑥 )𝑌𝐼  

⟨𝜒𝛼(𝑥1, 𝑋‾1, 𝑌1)𝜒‾𝛼̇(𝑥2, 𝑋2, 𝑌2)⟩ =
𝑌12(𝑋‾1 ⋅ 𝑋2)𝑖𝑥12

𝜇
𝜎𝜇

𝛼𝛼̇

𝑥12
6 ,

⟨𝑗𝜇(𝑥 1, 𝑌1, 𝑌1′)𝑗𝜈(𝑥 2, 𝑌2, 𝑌2′)⟩ =
4[𝑌12𝑌1′2′ − 𝑌12′𝑌1′2)]

𝑥12
6 (𝛿𝜇𝜈 − 2

𝑥12
𝜇

𝑥12
𝜈

𝑥12
2 )

⟨𝐹𝛼𝛽(𝑥1, 𝑌1)𝐹‾ 𝛼̇𝛽̇(𝑥2, 𝑌2)⟩ =
𝑌12𝑥12

𝜇
𝑥12

𝜈 𝜎𝜇
(𝛼𝛼̇

𝜎𝜈
𝛽)𝛽̇

𝑥12
8 ,

⟨𝑃(𝑥 1, 𝑋‾1)𝑃‾(𝑥 2, 𝑋2)⟩ =
(𝑋‾1 ⋅ 𝑋2)2

𝑥12
6

 

⟨𝑃(𝑥 1, 𝑋‾1)𝑃‾(𝑥 2, 𝑋2)𝑆𝑝(𝑥 3, 𝑌3)𝑆𝑝(𝑥 4, 𝑌4)⟩ =
𝑌34

𝑝−2

𝑥12
6 𝑥34

2𝑝 [ℛ1,𝑝(𝑈, 𝑉)𝑌34
2 (𝑋‾1 ⋅ 𝑋2)2

 +ℛ2,𝑝(𝑈, 𝑉)𝑌34(𝑋‾1 ⋅ 𝑋2){𝑋2, 𝑋‾1, 𝑌3, 𝑌4} + ℛ3,𝑝(𝑈, 𝑉){𝑋2, 𝑋‾1, 𝑌3, 𝑌4}2]

 

{𝑋, 𝑋‾ ′, 𝑌, 𝑌′} =
1

2
𝑋𝐴𝑋‾ ′𝐵𝑌𝐼𝑌𝐽

′(𝐶‾𝐵𝐶
𝐼 𝐶𝐽𝐶𝐴 − 𝐶‾𝐵𝐶

𝐽 𝐶𝐼𝐶𝐴)  

⟨𝑆2(𝑥 1, 𝑌1)𝑆2(𝑥 2, 𝑌2)𝜒𝛼(𝑥 3, 𝑋‾3, 𝑌3)𝜒‾𝛽̇(𝑥 4, 𝑋4, 𝑌4)⟩

=
𝑖𝑥34

𝜇
𝜎𝜇

𝛼𝛽̇

𝑥12
4 𝑥34

6
[𝑌12(𝑋‾3 ⋅ 𝑋4)(𝑌12𝑌34𝒜11 + 𝑌13𝑌24𝒜12 + 𝑌14𝑌23𝒜13)

+{𝑋4, 𝑋‾3, 𝑌1, 𝑌2}(𝑌12𝑌34𝒜14 + 𝑌13𝑌24𝒜15 + 𝑌14𝑌23𝒜16)]

 +
𝑖𝜎𝜇

𝛼𝛽̇

2𝑥12
6 𝑥34

6 (𝑥24
2 𝑥31

𝜇
− 𝑥14

2 𝑥32
𝜇

+ 𝑥23
2 𝑥41

𝜇
− 𝑥13

2 𝑥42
𝜇

− 𝑥34
2 𝑥21

𝜇
− 𝑥12

2 𝑥43
𝜇

− 2𝜀𝜇𝜈𝜌𝜎𝑥𝜈42𝑥𝜌13𝑥𝜎12)

[𝑌12(𝑋‾3 ⋅ 𝑋4)(𝑌12𝑌34𝒜21 + 𝑌13𝑌24𝒜22 + 𝑌14𝑌23𝒜23)

+{𝑋4, 𝑋‾3, 𝑌1, 𝑌2}(𝑌12𝑌34𝒜24 + 𝑌13𝑌24𝒜25 + 𝑌14𝑌23𝒜26)]
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⟨𝑆2(𝑥 1, 𝑌1)𝑆2(𝑥 2, 𝑌2)𝑆2(𝑥 3, 𝑌3)𝑗𝜇(𝑥 4, 𝑌4, 𝑌5)⟩

 =
1

𝑥12
4 𝑥34

4 (
𝑥24

𝜇

𝑥24
2 −

𝑥34
𝜇

𝑥34
2 ) [(𝑌14𝑌25 − 𝑌24𝑌15)𝑌13𝑌23𝒲11

+(𝑌14𝑌25 − 𝑌24𝑌15)𝑌13𝑌12𝒲12 + (𝑌14𝑌25 − 𝑌24𝑌15)𝑌12𝑌23𝒲13]

 +
1

𝑥12
4 𝑥34

4 (
𝑥24

𝜇

𝑥24
2 −

𝑥14
𝜇

𝑥14
2 ) [(𝑌14𝑌25 − 𝑌24𝑌15)𝑌13𝑌23𝒲21

+(𝑌14𝑌25 − 𝑌24𝑌15)𝑌13𝑌12𝒲22 + (𝑌14𝑌25 − 𝑌24𝑌15)𝑌12𝑌23𝒲23]

 

⟨𝑆2(𝑥 1, 𝑌1)𝑃(𝑥 2, 𝑋‾2)𝜒‾𝛼̇(𝑥 3, 𝑋3, 𝑌3)𝜒‾𝛽̇(𝑥 4, 𝑋4, 𝑌4)⟩

=
𝑥14

2

𝑥12
6 𝑥34

6 𝑥24
2 ((𝑥32

2 + 𝑥42
2 − 𝑥34

2 )𝜀𝛼̇𝛽̇ − 4𝑥23
𝜇

𝑥24
𝜈 𝜎‾𝜇𝜈

𝛼̇𝛽̇
)

[𝑌13𝑌14(𝑋‾2 ⋅ 𝑋3)(𝑋‾2 ⋅ 𝑋4)ℬ11 + {𝑋3, 𝑋‾2, 𝑌1, 𝑌4}{𝑋4, 𝑋‾2, 𝑌1, 𝑌3}ℬ12

+𝑌14(𝑋‾2 ⋅ 𝑋3){𝑋4, 𝑋‾2, 𝑌1, 𝑌3}ℬ13 + 𝑌13(𝑋‾2 ⋅ 𝑋4){𝑋3, 𝑋‾2, 𝑌1, 𝑌4}ℬ14]

 +
1

𝑥12
6 𝑥34

6 ((𝑥31
2 + 𝑥41

2 − 𝑥34
2 )𝜀𝛼̇𝛽̇ − 4𝑥13

𝜇
𝑥14

𝜈 𝜎‾𝜇𝜈
𝛼̇𝛽̇

)

[𝑌13𝑌14(𝑋‾2 ⋅ 𝑋3)(𝑋‾2 ⋅ 𝑋4)ℬ21 + {𝑋3, 𝑋‾2, 𝑌1, 𝑌4}{𝑋4, 𝑋‾2, 𝑌1, 𝑌3}ℬ22

+𝑌14(𝑋‾2 ⋅ 𝑋3){𝑋4, 𝑋‾2, 𝑌1, 𝑌3}ℬ23 + 𝑌13(𝑋‾2 ⋅ 𝑋4){𝑋3, 𝑋‾2, 𝑌1, 𝑌4}ℬ24]

 

⟨𝑆2(𝑥 1, 𝑌1)𝑆2(𝑥 2, 𝑌2)𝑃(𝑥 3, 𝑋‾3)𝐹‾ 𝛼̇𝛽̇(𝑥 4, 𝑌4)⟩

 =
𝑥14

2 𝑥23
𝜇

𝑥43
𝜈 + 𝑥24

2 𝑥31
𝜇

𝑥41
𝜈 + 𝑥34

2 𝑥12
𝜇

𝑥42
𝜈

𝑥12
6 𝑥34

8 𝜎‾𝜇𝜈
𝛼̇𝛽̇

𝑌12{(𝑌1 ∧ 𝑋‾3), 𝑋‾3, 𝑌2, 𝑌4}𝒞11

 

2.10. Identidades de Ward. 

𝛿‾𝛼̇(𝑋‾)𝑆2(𝑥 , 𝑌) = 𝜒‾𝛼̇(𝑥 , 𝑋‾ ∧ 𝑌, 𝑌),

𝛿‾𝛼̇(𝑋‾)𝜒𝛽(𝑥 , 𝑋‾ ′, 𝑌) =
1

4
𝜎𝜇

𝛼̇𝛽
𝑗𝜇(𝑥 , 𝑋‾ ∧ 𝑋‾ ′, 𝑌) + 2𝜎𝜇

𝛼̇𝛽
𝜕𝜇𝑆(𝑥 , 𝑋‾ ∧ 𝑋‾ ′, 𝑌),

𝛿‾𝛼̇(𝑋‾)𝜒‾𝛽̇(𝑥 , 𝑋′, 𝑌) =
1

4
𝜖𝛼̇𝛽̇𝑃‾(𝑥 , 𝑋′, 𝑋‾ ∧ 𝑌) + (𝑋‾ ⋅ 𝑋′)𝐹‾ 𝛼̇𝛽̇(𝑥 , 𝑌),

𝛿‾𝛼̇(𝑋‾)𝑃(𝑥 , 𝑋‾ ′) =
1

4
𝜎𝜇

𝛼̇𝛽
𝜕𝜇𝜒𝛽(𝑥 , 𝑋‾ ′, 𝑋‾ ∧ 𝑋‾ ′),

 

0 = 𝛿‾⟨𝑆2𝑆2𝑆2𝜒⟩ = ⟨𝜒‾𝑆2𝑆2𝜒⟩ + ⟨𝑆2𝜒‾𝑆2𝜒⟩ + ⟨𝑆2𝑆2𝜒‾𝜒⟩ + ⟨𝑆2𝑆2𝑆2𝑗⟩ + ⟨𝑆2𝑆2𝑆2𝜕𝑆2⟩  

𝜕𝑈𝒮2
4(𝑈, 𝑉) =

2

𝑈
𝒮2

4(𝑈, 𝑉) + (
2

𝑈
− 𝜕𝑈 − 𝜕𝑉) 𝒮2

2(𝑈, 𝑉) + (
2

𝑈
+ (𝑈 − 1)𝜕𝑈 + 𝑉𝜕𝑉) 𝒮2

3(𝑈, 𝑉)

𝜕𝑉𝒮2
4(𝑈, 𝑉) = −

1

𝑉
𝒮2

4(𝑈, 𝑉) −
1

𝑉
(2 − 𝑈𝜕𝑈 + (1 − 𝑈)𝜕𝑉)𝒮2

2(𝑈, 𝑉) − (𝜕𝑈 + 𝜕𝑉)𝒮2
3(𝑈, 𝑉)

 

𝒮2
3(𝑈, 𝑉) = 𝒮2

2 (
𝑈

𝑉
,
1

𝑉
) , 𝒮2

6(𝑈, 𝑉) = 𝒮2
4 (

𝑈

𝑉
,
1

𝑉
)

𝒮2
2(𝑈, 𝑉) = 𝑈2𝒮2

1 (
1

𝑈
,
𝑉

𝑈
) , 𝒮2

5(𝑈, 𝑉) = 𝑈2𝒮2
4 (

1

𝑈
,
𝑉

𝑈
)

 

0 = 𝛿‾⟨𝑆2𝑆2𝑃𝜒‾⟩ = ⟨𝜒‾𝑆2𝑃𝜒‾⟩ + ⟨𝑆2𝜒‾𝑃𝜒‾⟩ + ⟨𝑆2𝑆2𝜕𝜒𝜒‾⟩ + ⟨𝑆2𝑆2𝑃𝑃‾⟩ + ⟨𝑆2𝑆2𝑃𝐹‾⟩  



pág. 8784 

ℛ1,𝑝(𝑈, 𝑉) =
1

8
[2𝑈(𝑈 − 𝑉 − 3)𝜕𝑈𝒮1,𝑝(𝑈, 𝑉) + 𝑈𝑉(2 − 𝑈 + 2𝑉)𝜕𝑉

2𝒮1,𝑝(𝑈, 𝑉)

 +𝑈2(𝑈 − 2 − 2𝑉)𝜕𝑈
2𝒮1,𝑝(𝑈, 𝑉) − (4𝑉2 − 4 + 𝑈[1 + 𝑈 − 5𝑉])𝜕𝑉𝒮1,𝑝(𝑈, 𝑉)

 −𝑈(𝑈 − 2 − 2𝑉)(𝑈 + 𝑉 − 1)𝜕𝑉𝜕𝑈𝒮1,𝑝(𝑈, 𝑉) + 8𝒮1,𝑝(𝑈, 𝑉)]

ℛ2,𝑝(𝑈, 𝑉) =
1

4
[(4𝑉 + 2𝑈𝑉 − 2 − 2𝑉2)𝜕𝑉𝒮1,𝑝(𝑈, 𝑉) + 𝑈𝑉(𝑉 − 1)𝜕𝑉

2𝒮1,𝑝(𝑈, 𝑉)

 +𝑈(1 + 𝑈 − 𝑉)𝜕𝑈𝒮1,𝑝(𝑈, 𝑉) + 𝑈(𝑉 − 1)(𝑈 + 𝑉 − 1)𝜕𝑉𝜕𝑈𝒮1,𝑝(𝑈, 𝑉)

 +𝑈2(𝑉 − 1)𝜕𝑈
2𝒮1,𝑝(𝑈, 𝑉)]

ℛ3,𝑝(𝑈, 𝑉) =
1

8
[𝑈(1 + 𝑈 − 𝑉)𝜕𝑉𝒮1,𝑝(𝑈, 𝑉) + 𝑈2𝑉𝜕𝑉

2𝒮1,𝑝

 +𝑈2(𝑈 + 𝑉 − 1)𝜕𝑉𝜕𝑈𝒮1,𝑝(𝑈, 𝑉) + 𝑈3𝜕𝑈
2𝒮1,𝑝(𝑈, 𝑉)]

 

2.11. Amplitudes de Mellin. 

𝒮𝑝,conn
𝑖 (𝑈, 𝑉) ≡ 𝒮𝑝

𝑖 (𝑈, 𝑉) − 𝒮𝑝,disc
𝑖 (𝑈, 𝑉)  

𝒮2, disc 
𝑖 (𝑈, 𝑉) = (1 𝑈2

𝑈2

𝑉2
0 0 0)

𝒮𝑝, disc 
𝑖 (𝑈, 𝑉) = (1 0 0 0 0 0) for 𝑝 > 2.

 

𝒮𝑝, conn 
𝑖 (𝑈, 𝑉) =  ∫  

𝑖∞

−𝑖∞

 
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈

𝑠
2𝑉

𝑢−𝑝−2
2 Γ [2 −

𝑠

2
] Γ [𝑝 −

𝑠

2
]

 × Γ2 [
2 + 𝑝

2
−

𝑡

2
] Γ2 [

2 + 𝑝

2
−

𝑢

2
] 𝑀𝑝

𝑖 (𝑠, 𝑡)

 

𝒮𝑝
𝑖 (𝑈, 𝑉) = Θ𝑖(𝑈, 𝑉)𝒯𝑝(𝑈, 𝑉) + 𝒮𝑝, free 

𝑖 (𝑈, 𝑉)

Θ𝑖(𝑈, 𝑉) ≡ (𝑉 𝑈𝑉 𝑈 𝑈(𝑈 − 𝑉 − 1) 1 − 𝑈 − 𝑉 𝑉(𝑉 − 𝑈 − 1)
)  

𝑀𝑝
𝑖 (𝑠, 𝑡) = Θ̂𝑖(𝑈, 𝑉) ∘ ℳ𝑝  

𝑈𝑚𝑉𝑛̂ ∘ ℳ𝑝(𝑠, 𝑡) = ℳ𝑝(𝑠 − 2𝑚, 𝑡 − 2𝑛) (
4 − 𝑠

2
)

𝑚

2

(
4 − 𝑡

2
)

2−𝑚−𝑛

2

(
4 − 𝑢

2
)

𝑛

2

 

𝑈𝑚𝑉𝑛̂ ∘ ℳ𝑝(𝑠, 𝑡) ⟶
𝑠,𝑡→∞

1

16
𝑠2𝑚𝑡4−2𝑚−2𝑛𝑢2𝑛ℳ𝑝(𝑠, 𝑡)  

2.12. Expansión supersimétrica usando las representaciones de Mellin-Barnes. 

𝑙𝑝 = 4𝑝 ∫  
∞

0

 𝑑𝜔𝜔

𝐽1 (
√𝜆
𝜋 𝜔)

2

− 𝐽𝑝 (
√𝜆
𝜋 𝜔)

2

sinh2 (𝜔)

 

𝐼𝑝(𝑥) = ∫  
∞

0

 𝑑𝜔
𝜔𝐽𝑝(𝑥𝜔)2

sinh2 𝜔
 

𝐽𝜇(𝑥)𝐽𝜈(𝑥) =
1

2𝜋𝑖
∫  

𝑐+∞𝑖

𝑐−∞𝑖

 
Γ(−𝑠)Γ(2𝑠 + 𝜇 + 𝜈 + 1) (

1
2 𝑥)

𝜇+𝜈+2𝑠

Γ(𝑠 + 𝜇 + 1)Γ(𝑠 + 𝜈 + 1)Γ(𝑠 + 𝜇 + 𝜈 + 1)
 

𝐼𝑝(𝑥) = ∫  
∞

0

 𝑑𝜔 ∫  
∞

−𝑖∞

 𝑑𝑠
Γ(−𝑠)Γ(2𝑠 + 2𝑝 + 1)𝑥2𝑝+2𝑠

22𝑝+2𝑠Γ(𝑠 + 𝑝 + 1)2Γ(𝑠 + 2𝑝 + 1)

𝜔2𝑝+2𝑠+1

sinh2 𝜔
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∫  
∞

0

 𝑑𝜔
𝜔2𝑝+2𝑠+1

sinh2 𝜔
=

1

22𝑝+2𝑠
Γ(2𝑝 + 2𝑠 + 2)𝜁(2𝑝 + 2𝑠 + 1)  

𝐼𝑝(𝑥) =
1

2𝜋𝑖
∫  

𝑐+𝑖∞

𝑐−𝑖∞

 𝑑𝑠
Γ(−𝑠)Γ(2𝑠 + 2𝑝 + 1)Γ(2𝑝 + 2𝑠 + 2)𝜁(2𝑝 + 2𝑠 + 1)

Γ(𝑠 + 𝑝 + 1)2Γ(𝑠 + 2𝑝 + 1)
(
𝑥

4
)

2𝑝+2𝑠

 

𝐼𝑝(𝑥)  ∼
1

2𝑝
−

1

𝜋
𝑥−1 − ∑  

∞

𝑛=1

 
2(−1)𝑛Γ (𝑛 +

1
2
) Γ (𝑛 + 𝑝 +

1
2
) 𝜁(2𝑛 + 1)

𝜋
3
2
+2𝑛𝑥2𝑛+1Γ(𝑛)Γ (𝑝 − 𝑛 +

1
2
)

 =
1

2𝑝
−

1

𝜋
𝑥−1 +

4𝑝2 − 1

4𝜋3
𝜁(3)𝑥−3 −

3(9 − 40𝑝2 + 16𝑝4)

32𝜋5
𝜁(5)𝑥−5 + ⋯

 

2.13. Amplitudes de Yang – Mills. Acción Pura de Spin en superpartículas. 

𝐴 = ∑  𝑖∈Γ𝑖
 
𝑐𝑖𝑛𝑖

𝐷𝑖
 

𝑐𝑖 + 𝑐𝑗 + 𝑐𝑘 = 0 ⇒ 𝑛𝑖 + 𝑛𝑗 + 𝑛𝑘 = 0  

𝑆 = ∫  𝑑𝜏 [𝑃𝑚𝜕𝜏𝑋
𝑚 + 𝑝𝛼𝜕𝜏𝜃𝛼 + 𝑤𝛼𝜕𝜏𝜆𝛼 −

1

2
𝑃2]  

𝑄 = 𝜆𝛼𝑑𝛼  

Ψ(𝑥, 𝜃, 𝜆) = Ψ(0)(𝑥, 𝜃, 𝜆) + Ψ(1)(𝑥, 𝜃, 𝜆) + Ψ(2)(𝑥, 𝜃, 𝜆) + Ψ(3)(𝑥, 𝜃, 𝜆)  

𝑄Ψ(1) = 0, 𝛿Ψ(1) = 𝑄Λ  

(𝛾𝑚𝑛𝑝𝑞𝑟)𝛼𝛽𝐷𝛼𝐴𝛽 = 0, 𝛿𝐴𝛼 = 𝐷𝛼Λ  

𝐴𝛼(𝑥, 𝜃) =
1

2
(𝛾𝑚𝜃)𝛼𝑎𝑚(𝑥) −

1

3
(𝛾𝑚𝜃)𝛼(𝜃𝛾𝑚𝜒(𝑥)) −

1

16
(𝛾𝑝𝜃)

𝛼
(𝜃𝛾𝑚𝑛𝑝𝜃)𝜕𝑚𝑎𝑛(𝑥)

 +
1

60
(𝛾𝑝𝜃)

𝛼
(𝜃𝛾𝑚𝑛𝑝𝜃)(𝜃𝛾𝑚𝜕𝑛𝜒(𝑥)) + ⋯

 

⟨(𝜆𝛾𝑚𝜃)(𝜆𝛾𝑛𝜃)(𝜆𝛾𝑝𝜃)(𝜃𝛾𝑚𝑛𝑝𝜃)⟩ = 1  

𝑆 = ∫  𝑑𝜏 [𝑃𝑚𝜕𝜏𝑋𝑚 + 𝑝𝛼𝜕𝜏𝜃𝛼 + 𝑤𝛼𝜕𝜏𝜆
𝛼 + 𝑤‾ 𝛼𝜕𝜏𝜆‾𝛼 + 𝑠𝛼𝜕𝜏𝑟𝛼 −

1

2
𝑃2]  

𝑄 = 𝑄0 + 𝑟𝛼𝑤‾ 𝛼  

[𝑑𝜆]𝜆𝛽𝜆𝛿𝜆𝛾  = (𝜖𝑇−1)𝛼1…𝛼11

𝛽𝛿𝛾
𝑑𝜆𝛼1 … 𝑑𝜆𝛼11

[𝑑𝜆‾]𝜆‾𝛽𝜆‾𝛿𝜆‾𝛾  = (𝜖𝑇)𝛽𝛿𝛾
𝛼1…𝛼11𝑑𝜆‾𝛼1

… 𝑑𝜆‾𝛼11

[𝑑𝑟]  = (𝜖𝑇−1)𝛽𝛿𝛾𝜆‾𝛽𝜆‾𝛿𝜆‾𝛾 (
𝜕

𝜕𝑟𝛼1

) … (
𝜕

𝜕𝑟𝛼11

)

 

(𝜖𝑇)𝛽𝛾𝛿
𝛼1…𝛼11 = 𝜖𝛼1…𝛼16(𝛾𝑚)𝛼12𝜂(𝛾𝑛)𝛼13𝜖(𝛾𝑝)𝛼14𝜅(𝛾𝑚𝑛𝑝)

𝛼15𝛼16
[𝛿(𝛽

𝜂
𝛿𝛾

𝜖𝛿𝛿)
𝜅 −

1

40
(𝛾𝑞)(𝛽𝛾𝛿𝛿)

𝜂
(𝛾𝑞)

𝜖𝜅
]  

𝑆 = ∫  𝑑10𝑥𝑑16𝜃[𝑑𝑍]𝒩 (
1

2
Ψ𝑄Ψ)  

(𝐴, 𝐵) = ∫  
𝛿𝑅𝐴

𝛿Ψ(𝑍)
[𝑑𝑍]

𝛿𝐿𝐵

𝛿Ψ(𝑍)
 

(𝑆, 𝑆) = 0  

𝑆 = ∫  𝑑10𝑥𝑑16𝜃[𝑑𝑍]𝒩Tr (
1

2
Ψ𝑄Ψ +

𝑔

3
ΨΨΨ)  

𝑄Ψ + 𝑔ΨΨ = 0, 𝛿Ψ = 𝑄Λ + 𝑔[Ψ, Λ]  

(𝛾𝑚𝑛𝑝𝑞𝑟)𝛼𝛽(𝐷𝛼𝐴𝛽 + 𝑔𝐴𝛼𝐴𝛽) = 0, 𝛿𝐴𝛼 = 𝐷𝛼Λ + 𝑔[𝐴𝛼 , Λ]  

{𝑄, 𝑏} =
𝑃2

2
 

𝑏 =
(𝜆‾𝛾𝑚𝑑)

2(𝜆𝜆‾)
𝑃𝑚 +

(𝜆‾𝛾𝑚𝑛𝑝𝑟)[−(𝑑𝛾𝑚𝑛𝑝𝑑)+24𝑁𝑚𝑛𝑃𝑝]

192(𝜆𝜆‾ )2 −
(𝑟𝛾𝑚𝑛𝑝𝑟)(𝜆‾𝛾𝑚𝑑)𝑁𝑛𝑝

16(𝜆𝜆‾)3

 −
(𝑟𝛾𝑚𝑛𝑝𝑟)(𝜆‾𝛾𝑝𝑞𝑟𝑟)𝑁𝑚𝑛𝑁𝑞𝑟

128(𝜆𝜆‾)4
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[𝑄, 𝐀𝛼]  = −𝑑𝛼 + (𝛾𝑚𝜆)𝛼𝐀𝑚

{𝑄, 𝐀𝑚}  = 𝑃𝑚 + (𝜆𝛾𝑚𝐖)

[𝑄, 𝐖𝛼]  =
1

4
(𝛾𝑚𝑛)𝛼

𝛽
𝜆𝛼𝐅𝑚𝑛

{𝑄, 𝐅𝑚𝑛}  = −2(𝜆𝛾[𝑚𝜕𝑛]𝐖)

 

𝐷𝛼𝐴𝛽 + 𝐷𝛽𝐴𝛼 = (𝛾𝑚)𝛼𝛽𝐴𝑚,𝐷𝛼𝐴𝑚 = 𝜕𝑚𝐴𝛼 + (𝛾𝑚𝑊)𝛼 ,

𝐷𝛼𝑊𝛽 =
1

4
(𝛾𝑚𝑛)𝛼

𝛽
𝐹𝑚𝑛,𝐷𝛼𝐹𝑚𝑛 = −2(𝛾[𝑚𝜕𝑛]𝑊)

𝛼

 

𝐀𝛼  =
1

4(𝜆𝜆‾)
[𝑁𝑚𝑛(𝛾𝑚𝑛𝜆‾)

𝛼
+ 𝐽𝜆‾𝛼]

𝐀𝑚  =
(𝜆‾𝛾𝑚𝑑)

2(𝜆𝜆‾)
+

(𝜆‾𝛾𝑚𝑛𝑝𝑟)

8(𝜆𝜆‾)2 𝑁𝑛𝑝

𝐖𝛼  =
(𝛾𝑚𝜆‾)

𝛼

2(𝜆𝜆‾)
𝚫𝐦

𝐅𝑚𝑛  = −
(𝑟𝛾𝑚𝑛𝐖)

2(𝜆𝜆‾)
=

(𝜆‾𝛾𝑚𝑛
𝑝

𝑟)

4(𝜆𝜆‾)
𝚫𝐩

 

𝚫𝐦 = −𝑃𝑚 +
(𝑟𝛾𝑚𝑑)

2(𝜆𝜆‾ )
+

(𝑟𝛾𝑚𝑛𝑝𝑟)

8(𝜆𝜆‾)2 𝑁𝑛𝑝  

𝐀̂𝛼Ψ(1)  = 𝐴𝛼 + (𝜆𝛾𝑚)𝛼𝜎𝑚

𝐀̂𝑚Ψ(1)  = 𝐴𝑚 − (𝜆𝛾𝑚𝜌) + 𝑄𝜎𝑚

𝐖̂𝛼Ψ(1)  = 𝑊𝛼 − 𝑄𝜌𝛼 + (𝛾𝑚𝑛𝜆)𝛼𝑠𝑚𝑛 + 𝜆𝛼𝑠

𝐅̂𝑚𝑛Ψ(1)  = 𝐹𝑚𝑛 − 4𝑄𝑠𝑚𝑛 + (𝜆𝛾[𝑚𝑔𝑛]) + (𝜆𝛾𝑚𝑛𝑔)

 

𝜎𝑚 = −
(𝜆‾𝛾𝑚𝐴)

2(𝜆𝜆‾)
, 𝜌𝛼 =

(𝛾𝑝𝜆‾)
𝛼

2(𝜆𝜆‾)
(𝐴𝑝 + 𝑄𝜎𝑝), 𝜉𝛼 = 𝑊𝛼 − 𝑄𝜌𝛼

𝑠𝑚𝑛 =
(𝜆‾𝛾𝑚𝑛𝜉)

8(𝜆𝜆‾)
, 𝑠 =

(𝜆‾𝜉)

4(𝜆𝜆‾)
, 𝑟𝑚𝑛 = −𝐹𝑚𝑛 + 4𝑄𝑠𝑚𝑛,

𝑔𝛼 =
(𝛾𝑚𝑛𝜆‾)

𝛼

8(𝜆𝜆‾)
𝑟𝑚𝑛 −

𝜆‾𝛼

2(𝜆𝜆‾)
𝑄𝑠, 𝑔𝑚

𝛼 =
(𝛾𝑛𝜆‾)

𝛼

(𝜆𝜆‾ )
𝑟𝑛𝑚

 

𝑃𝑚 → 𝜕𝑚, 𝑑𝛼 → 𝐷𝛼, 𝑤𝛼 → −𝜕𝜆𝛼  

𝑏 =
1

2
[𝑃𝑚𝐀𝑚 − 𝑑𝛼𝐖𝛼 −

1

2
𝑁𝑚𝑛𝐅𝑚𝑛]  

𝑃𝑚𝐀̂𝑚 − 𝐷𝛼𝐖̂𝛼 −
1

2
𝑁𝑚𝑛𝐅̂𝑚𝑛 = 𝜕𝑚𝐀𝑚 − 𝑑𝛼𝐖𝛼 +

1

4
(𝜆𝛾𝑚𝑛𝜕𝜆)𝐅𝑚𝑛  

{𝑏, Ψ(1)} = 𝑃𝑚𝐴𝑚 − 𝐷𝛼𝑊𝛼 −
1

2
𝑁𝑚𝑛𝐹𝑚𝑛 + 𝑄Σ,  

Σ = 𝑃𝑚𝜎𝑚 − 𝑑𝛼𝜌𝛼 + (𝜆𝛾𝑚𝑛𝑤)𝑠𝑚𝑛 − (𝜆𝑤)𝑠  

  

2.14. Reglas de Feynman. 

𝑆 = ∫  𝑑10𝑥𝑑16𝜃[𝑑𝑍]𝒩Tr [
1

2
Ψ𝑄Ψ +

𝑔

3
ΨΨΨ + 𝑒(𝑏0Ψ − 𝑄Ξ)]  

𝑏0Ψ(1) = 𝑄[𝜕𝑚𝜎𝑚 − 𝐷𝛼𝜌𝛼 − (𝜆𝛾𝑚𝑛𝜕𝜆)𝑠𝑚𝑛 + 7(𝜆𝜕𝜆)𝑠]  

𝑆 = ∫  𝑑10𝑥𝑑16𝜃[𝑑𝑍]𝒩 [
1

2
Ψ𝑎𝑄Ψ𝑎 +

𝑔

6
𝑓𝑎𝑏𝑐Ψ𝑎Ψ𝑏Ψ𝑐 + 𝑒𝑎(𝑏0Ψ𝑎 − 𝑄Ξ𝑎)]  

𝒢𝑎𝑏(𝑍, 𝑍′) = 𝛿𝑎𝑏 2𝑏0 𝛿(𝑍 − 𝑍′)  

𝒱𝑎𝑏𝑐 = 𝑔𝑓𝑎𝑏𝑐 ∫  𝑑10𝑥𝑑16𝜃[𝑑𝑍]𝒩  

𝒜𝑛 = ∑  𝑖∈Γ𝑛
 
𝑐𝑖𝑛𝑖

𝐷𝑖
 

𝒜𝑛 = ∑  𝜎∈𝑆𝑛−1
 𝐴𝜎(1,…,𝑛−1),𝑛Tr(𝑇𝜎1 … 𝑇𝜎𝑛−1𝑇𝑛)  

𝒢(𝑍, 𝑍′) =
2𝑏0 𝛿(𝑍 − 𝑍′)  

𝒱 = 𝑔 ∫  𝑑10𝑥𝑑16𝜃[𝑑𝑍]𝒩  
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2.15. Reglas de Berends-Giele. 

𝑄Ψ + ΨΨ − 𝑔𝑏0(𝑒)  = 0
𝑏0Ψ − 𝑄Ξ = 0

 

1

2
Ψ + 𝑏0(ΨΨ) = 0,  

Ψ = ∑  𝑃  Ψ𝑃𝑇𝑃𝑒𝑘𝑃⋅𝑥 = ∑  𝑖  Ψ𝑖𝑇
𝑎𝑖𝑒𝑘𝑖⋅𝑥 + ∑  𝑖,𝑗  Ψ𝑖𝑗𝑇

𝑎𝑖𝑇𝑎𝑗𝑒𝑘𝑖𝑗⋅𝑥 + ⋯  

𝑄𝑉𝑖 = 0, Ψ𝑃 = −
1

𝑠𝑃
∑  𝑄𝑅=𝑃  𝑏0(Ψ𝑄Ψ𝑅), 𝑏0𝑉𝑖 = 𝑄Ξ𝑖  

𝐴1…𝑛 = (−1)𝑛 ∑  𝑃𝑄=(1…𝑛−1)   ⟨Ψ𝑃Ψ𝑄𝑉𝑛⟩  

𝐴123 = ⟨𝑉1𝑉2𝑉3⟩  

Ψ123 =

 = −
𝑏0

𝑠123
(Ψ12𝑉3 + 𝑉1Ψ23)

 =
𝑏0

𝑠123
(

𝑏0

𝑠12
(𝑉1𝑉2)𝑉3 + 𝑉1

𝑏0

𝑠23
(𝑉2𝑉3))

 

𝐴1234 =
1

𝑠12
⟨𝑏0(𝑉1𝑉2)𝑉3𝑉4⟩ +

1

𝑠23
⟨𝑉1𝑏0(𝑉2𝑉3)𝑉4⟩  

𝑏0(𝑉1𝑉2) = 𝑉12 + 𝑄Λ12  

𝐴1234 =
1

𝑠12
⟨𝑉12𝑉3𝑉4⟩ +

1

𝑠23
⟨𝑉1𝑉23𝑉4⟩  

Ψ1234 =

 = −
𝑏0

𝑠1234
[
𝑏0(𝑏0(𝑉1𝑉2)𝑉3)𝑉4

𝑠123𝑠12
+

𝑏0(𝑉1𝑏0(𝑉2𝑉3))𝑉4

𝑠123𝑠23
+

𝑏0(𝑉1𝑉2)𝑏0(𝑉3𝑉4)

𝑠12𝑠34

+
𝑉1𝑏0(𝑉2𝑏0(𝑉3𝑉4))

𝑠234𝑠34
+

𝑉1𝑏0(𝑏0(𝑉2𝑉3)𝑉4)

𝑠234𝑠23
]

 

𝐴12345 = −
⟨𝑉1𝑏0(𝑉2(𝑏0(𝑉3𝑉4))𝑉5⟩

𝑠234𝑠34
−

⟨𝑉1𝑏0(𝑏0(𝑉2𝑉3)𝑉4)𝑉5⟩

𝑠234𝑠23
−

⟨𝑏0(𝑉1𝑉2)𝑏0(𝑉3𝑉4)𝑉5⟩

𝑠12𝑠34

 −
⟨𝑏0(𝑉1(𝑏0(𝑉2𝑉3))𝑉4𝑉5⟩

𝑠123𝑠23
−

⟨𝑏0(𝑏0(𝑉1𝑉2)𝑉3)𝑉4𝑉5⟩

𝑠123𝑠12

 

𝑏0(𝑏0(𝑉𝑖𝑉𝑗)𝑉𝑘) = 𝑉𝑖𝑗𝑘 + 𝑠𝑖𝑗𝑇𝑖𝑗𝑘 + 𝑠𝑖𝑗𝑘Λ𝑖𝑗𝑉𝑘 + 𝑄(Λ[𝑖𝑗]𝑘)  

𝑇𝑖𝑗𝑘 = Λ𝑖𝑉𝑗𝑉𝑘 − Λ𝑖𝑗𝑉𝑘 + cyclic(𝑖𝑗𝑘)  

𝐴12345 =
⟨[𝑉342+𝑠34𝑇342+𝑠342Λ34𝑉2]𝑉1𝑉5⟩

𝑠234𝑠34
−

⟨[𝑉234+𝑠23𝑇234+𝑠123Λ23𝑉4]𝑉1𝑉5⟩

𝑠234𝑠23

 +
⟨(𝑉12+𝑄Λ12)(𝑉34+𝑄Λ34)𝑉5⟩

𝑠12𝑠34
−

⟨[𝑉231+𝑠23𝑇231+𝑠231Λ23𝑉1]𝑉4𝑉5⟩

𝑠123𝑠23

 +
⟨[𝑉123+𝑠12𝑇123+𝑠123Λ12𝑉3]𝑉4𝑉5⟩

𝑠123𝑠12

 

𝐴12345|𝑠123
−1 = ⟨𝑇123𝑉4𝑉5⟩ − ⟨𝑇231𝑉4𝑉5⟩  

𝐴12345|𝑠34
−1 = ⟨Λ34𝑉2𝑉1𝑉5⟩ +

⟨(𝑉12+𝑄Λ12)𝑄Λ34𝑉5⟩

𝑠12

 = ⟨Λ34𝑉2𝑉1𝑉5⟩ +
⟨Λ34𝑄(𝑉12+𝑄Λ12)𝑉5⟩

𝑠12

 = ⟨Λ34𝑉2𝑉1𝑉5⟩ + ⟨Λ34𝑉1𝑉2𝑉5⟩

 

𝐴12345 = ⟨𝑉1𝑀234𝑉5⟩ + ⟨𝑀12𝑀34𝑉5⟩ + ⟨𝑀123𝑉4𝑉5⟩  

𝑀𝑖𝑗 =
𝑉𝑖𝑗

𝑠𝑖𝑗
,  and  𝑀𝑖𝑗𝑘 =

1

𝑠𝑖𝑗𝑘
(

𝑉𝑖𝑗𝑘

𝑠𝑖𝑗
−

𝑉𝑗𝑘𝑖

𝑠𝑗𝑘
)  
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2.16. Invariancia de gauge y bloques BRST. 

𝑄𝑏0(𝑏0(Ψ𝛼Ψ𝛽)Ψ𝛾) = 𝑠𝛼𝛽𝛾𝑏0(Ψ𝛼Ψ𝛽)Ψ𝛾 − 𝑠𝛼𝛽𝑏0(Ψ𝛼Ψ𝛽Ψ𝛾) + ⋯  

𝑄𝑏0(𝑏0(𝑏0(𝑉1𝑉2)𝑉3)𝑉4) =𝑠1234𝑏0(𝑏0(𝑉1𝑉2)𝑉3)𝑉4 − 𝑠123𝑏0(𝑏0(𝑉1𝑉2)𝑉3𝑉4)

 +𝑠12𝑏0(𝑏0(𝑉1𝑉2𝑉3)𝑉4)
 

𝑄Ψ𝑍 = − ∑  𝑋𝑌=𝑍  Ψ𝑋Ψ𝑌  

𝛿𝐴12…𝑛 = ∑  𝑋𝑌=(1…𝑛−1)   ⟨Ψ𝑋Ψ𝑌𝑄𝜔⟩

 = ∑  𝑋𝑌=(1…𝑛−1)   ⟨𝑄(Ψ𝑋Ψ𝑌)𝜔⟩

 = ∑  𝑋𝑌=(1…𝑛−1)   (− ∑  𝐴𝐵=𝑋   ⟨Ψ𝐴Ψ𝐵Ψ𝑌𝜔⟩ + ∑  𝐴𝐵=𝑌   ⟨Ψ𝑋Ψ𝐴Ψ𝐵𝜔⟩)

 

𝑏0(𝑏0(𝑏0(𝑄𝜔𝑉2)𝑉3)𝑉4) =𝑠1234𝑏0(𝑏0(𝜔𝑉2)𝑉3)𝑉4 − 𝑠123𝑏0(𝑏0(𝜔𝑉2)𝑉3𝑉4)

 +𝑠12𝑏0(𝑏0(𝜔𝑉2𝑉3)𝑉4)
 

𝑏0(𝑏0(… )𝑉𝑛)|𝑉𝑖→𝑄𝜔 = ±[𝑄𝑏0(𝑏0(… )𝑉𝑛)]|𝑉𝑖→𝜔  

𝑄𝑉1…𝑛 = ∑  𝑛
𝑗=2  𝑠1…𝑗( ∑  𝛼∈𝑃(𝛽𝑗)  𝑉1…(𝑗−1)𝛼𝑉𝑗(𝛽𝑗−𝛼)

+ ∑  𝛼̃∈𝑃(𝛽(𝑗+1))
 𝑉1…(𝑗)𝛼̃𝑉𝑗+1(𝛽(𝑗−1)−𝛼̃)) ,

 

𝑄𝑉1234 = 𝑠1234𝑉123𝑉4 − 𝑠123(𝑉123𝑉4 − 𝑉12𝑉34 − 𝑉124𝑉3)

 +𝑠12(𝑉1𝑉234 − 𝑉12𝑉34 + 𝑉13𝑉24 + 𝑉14𝑉23 − 𝑉124𝑉3 + 𝑉134𝑉2)
 

𝑏0(𝑏0(… )𝑉𝑛) = 𝑉12…𝑛 + 𝒞𝑛  

𝑏0(𝑉12…𝑛𝑉𝑛+1) = 𝑉12…𝑛+1 + 𝒞  

2.17. Dualidad Color – Kinemática. 

𝑏 = [𝑃𝑚 +
(𝜆𝛾𝑚𝑛𝑟)

4(𝜆𝜆‾)
𝐀𝑛] 𝐀𝑚  

𝑏 = −Δ𝑚𝐀𝑚  

𝑏0(𝑉1𝑉2) = (𝑏0𝑉1)𝑉2 + Δ̂𝑚𝑉1𝐀̂𝑚𝑉2 − 𝐀̂𝑚𝑉1Δ̂𝑚𝑉2 − 𝑉1(𝑏0𝑉2)  

𝑏0(𝑉1𝑉2𝑉3) =𝑏0(𝑉1𝑉2)𝑉3 + 𝑏0(𝑉2𝑉3)𝑉1 + 𝑏0(𝑉3𝑉1)𝑉2

 −(𝑏0𝑉1)𝑉2𝑉3 + 𝑉1(𝑏0𝑉2)𝑉3 − 𝑉1𝑉2(𝑏0𝑉3)
 

𝑏0(𝒱1𝒱2)  = Δ̂𝑚𝒱1𝐀̂𝑚𝒱2 − 𝐀̂𝑚𝒱1Δ̂𝑚𝒱2

𝑏0(𝒱1𝒱2𝒱3)  = 𝑏0(𝒱1𝒱2)𝒱3 + 𝑏0(𝒱2𝒱3)𝒱1 + 𝑏0(𝒱3𝒱1)𝒱2
 

{𝑋, 𝑌} = Δ̂𝑚𝑋𝐀̂𝑚𝑌 − 𝐀̂𝑚𝑋Δ̂𝑚𝑌  

𝑏0(𝒱1𝒱2) = {𝒱1, 𝒱2}  

𝑏0(𝑏0(𝒱1𝒱2)𝒱3) + 𝑏0(𝑏0(𝒱2𝒱3)𝒱1) + 𝑏0(𝑏0(𝒱3𝒱1)𝒱2)  

𝑛123456 =

 = ⟨𝑏0(𝑏0(𝑏0(𝒱1𝒱2)𝒱3)𝒱4)𝒱5𝒱6⟩

 

{{𝒱1, 𝒱2}, 𝒱3} + {{𝒱2, 𝒱3}, 𝒱1} + {{𝒱3, 𝒱1}, 𝒱2}  

𝐿𝜓: = Δ̂𝑚(𝜓)𝐀̂𝑚 − 𝐀̂𝑚(𝜓)Δ̂𝑚  

[𝐿𝜓, 𝐿𝜙] = 𝐿𝑏0(𝜓𝜙)  
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2.18. Operador fantasma. 

𝑏0𝑉 = (𝜕𝑚𝐀̂𝑚 − 𝐷𝛼𝐖̂𝛼 +
1

4
(𝜆𝛾𝑚𝑛𝜕𝜆)𝐅̂𝑚𝑛) 𝑉  

𝑏0𝑉 = 𝑄[𝜕𝑚𝜎𝑚 − 𝐷𝛼𝜌𝛼 − (𝜆𝛾𝑚𝑛𝜕𝜆)𝑠𝑚𝑛] − (𝜆𝐷)𝑠 +
9

4
(𝜆𝛾𝑛𝑔𝑛) +

1

4
𝜆𝛼(𝜆𝛾𝑚)𝛽𝜕𝜆𝛼𝑔𝑚

𝛽

 −
45

2
(𝜆𝑔) −

5

2
𝜆𝛼𝜆𝛽𝜕𝜆𝛼𝑔𝛽

 = 𝑄[𝜕𝑚𝜎𝑚 − 𝐷𝛼𝜌𝛼 − (𝜆𝛾𝑚𝑛𝜕𝜆)𝑠𝑚𝑛] − (𝜆𝐷)𝑠 + 2(𝜆𝛾𝑛𝑔𝑛) − 20(𝜆𝑔) +
5

4
(𝜆𝐷)𝑠 −

5

4
𝑄𝑠

 −
(𝜆𝛾𝑚𝑛𝜆‾)

4(𝜆𝜆‾)
(𝜆𝐷)𝑠𝑚𝑛 +

(𝜆𝛾𝑚𝑛𝜆‾)

4(𝜆𝜆‾)
𝑄𝑠𝑚𝑛

 

𝜕𝜆𝛼𝑔𝑚
𝛽

= −
𝜆‾𝛼

(𝜆𝜆‾ )
𝑔𝑚

𝛽
+

4(𝛾𝑛𝜆‾)
𝛽

(𝜆𝜆‾ )
[𝐷𝛼𝑠𝑚𝑛 − 𝑄 (

𝜆‾𝛼

(𝜆𝜆‾ )
𝑠𝑚𝑛)]

𝜕𝜆𝛼𝑔𝛽 = −
𝜆‾𝛼

(𝜆𝜆‾ )
𝑔𝛽 −

𝜆‾𝛼

2(𝜆𝜆‾)
[𝐷𝛽𝑠 − 𝑄 (

𝜆‾𝛽

(𝜆𝜆‾ )
𝑠)]

 +
(𝛾𝑚𝑛𝜆‾)

𝛽

2(𝜆𝜆‾)
[𝐷𝛽𝑠𝑚𝑛 − 𝑄 (

𝜆‾𝛽

(𝜆𝜆‾ )
𝑠𝑚𝑛)]

 

2(𝜆𝛾𝑛𝑔𝑛) − 20(𝜆𝑔) =
(𝜆𝛾𝑚𝑛𝜆‾)

2(𝜆𝜆‾)
𝐹𝑚𝑛 − 2

(𝜆𝛾𝑚𝑛𝜆‾)

(𝜆𝜆‾ )
𝑄𝑠𝑚𝑛 + 10𝑄𝑠  

𝑏0𝑉 = 𝑄[𝜕𝑚𝜎𝑚 − 𝐷𝛼𝜌𝛼 − (𝜆𝛾𝑚𝑛𝜕𝜆)𝑠𝑚𝑛] +
1

4
(𝜆𝐷)𝑠 −

5

4
𝑄𝑠 +

(𝜆𝛾𝑚𝑛𝜆‾)

2(𝜆𝜆‾)
𝐹𝑚𝑛

 −
(𝜆𝛾𝑚𝑛𝜆‾)

4(𝜆𝜆‾)
(𝜆𝐷)𝑠𝑚𝑛 +

(𝜆𝛾𝑚𝑛𝜆‾)

4(𝜆𝜆‾)
𝑄𝑠𝑚𝑛 − 2

(𝜆𝛾𝑚𝑛𝜆‾)

(𝜆𝜆‾ )
𝑄𝑠𝑚𝑛 + 10𝑄𝑠

 

(𝜆𝛾𝑚𝑛𝜆‾)

(𝜆𝜆‾ )
𝑄𝑠𝑚𝑛 =

𝜆‾𝑄𝜉

(𝜆𝜆‾)
+ 𝑄𝑠  

𝑏0𝑉 = 𝑄[𝜕𝑚𝜎𝑚 − 𝐷𝛼𝜌𝛼 − (𝜆𝛾𝑚𝑛𝜕𝜆)𝑠𝑚𝑛] +
1

4
(𝜆𝐷)𝑠 −

5

4
𝑄𝑠 + 8(𝜆𝐷)𝑠 −

5

4
(𝜆𝐷)𝑠

 −7(𝜆𝐷)𝑠 −
7

4
𝑄𝑠 + 10𝑄𝑠

 = 𝑄[𝜕𝑚𝜎𝑚 − 𝐷𝛼𝜌𝛼 − (𝜆𝛾𝑚𝑛𝜕𝜆)𝑠𝑚𝑛 + 7𝑠]

 

Λ = −
𝜕𝑚(𝜆‾𝛾𝑚𝐴)

(𝜆𝜆‾)
+ 2

(𝜆‾𝑊)

(𝜆𝜆‾)
+

(𝜆‾𝛾𝑚𝐷)

4(𝜆𝜆‾)2
(𝑟𝛾𝑚𝐴)  

𝑏0(𝑉1𝑉2) = 𝑉12 + 𝑄Λ12  

𝐴12𝛼 =
1

2
[(𝑘2 ⋅ 𝐴1)𝐴2𝛼 − (𝑘1 ⋅ 𝐴2)𝐴1𝛼 + (𝛾𝑝𝑊1)𝛼𝐴2𝑝 − (𝛾𝑝𝑊2)𝛼𝐴1𝑝]  

Λ12 = −
𝑏0(𝑉12)

𝑠12
 

𝐷𝛼𝐴12𝛽 + 𝐷𝛽𝐴12𝛼  = (𝛾𝑚)𝛼𝛽𝐴12𝑚 + (𝑘1 ⋅ 𝑘2)(𝐴1𝛼𝐴2𝛽 + 𝐴1𝛽𝐴2𝛼)

𝐷𝛼𝐴12𝑚  = (𝛾𝑚𝑊12)𝛼 + 𝑘12𝑚𝐴12𝛼 + (𝑘1 ⋅ 𝑘2)(𝐴1𝛼𝐴2𝑚 − 𝐴2𝛼𝐴1𝑚)

𝐷𝛼𝑊12
𝛽

 =
1

4
(𝛾𝑚𝑛)𝛼

𝛽
𝐹12𝑚𝑛 + (𝑘1 ⋅ 𝑘2) (𝐴1𝛼𝑊2

𝛽
− 𝐴2𝛼𝑊1

𝛽
)

𝐷𝛼𝐹12𝑚𝑛  = 𝑘12𝑚(𝛾𝑛𝑊12)𝛼 − 𝑘12𝑛(𝛾𝑚𝑊12)𝛼 + (𝑘1 ⋅ 𝑘2)[𝐴1𝛼𝐹2𝑚𝑛 − 𝐴2𝛼𝐹1𝑚𝑛

+𝐴1𝑛(𝛾𝑚𝑊2)𝛼 − 𝐴2𝑛(𝛾𝑚𝑊1)𝛼 − 𝐴1𝑚(𝛾𝑛𝑊2)𝛼 + 𝐴2𝑚(𝛾𝑛𝑊1)𝛼]

 

𝐴12𝑚  =
1

2
[𝐴2𝑚(𝑘2 ⋅ 𝐴1) − 𝐴1𝑚(𝑘1 ⋅ 𝐴2) + (𝑘2𝑚 − 𝑘1𝑚)(𝐴1 ⋅ 𝐴2) + 2(𝑊1𝛾𝑚𝑊2)]

𝑊12
𝛼  =

1

4
(𝛾𝑚𝑛𝑊2)𝛼𝐹1𝑚𝑛 + 𝑊2

𝛼(𝑘2 ⋅ 𝐴1) −
1

4
(𝛾𝑚𝑛𝑊1)𝛼𝐹2𝑚𝑛 − 𝑊1

𝛼(𝑘1 ⋅ 𝐴2)

𝐹12𝑚𝑛  = 𝑘12𝑚𝐴12𝑛 − 𝑘12𝑛𝐴12𝑚 − (𝑘1 ⋅ 𝑘2)(𝐴1𝑚𝐴2𝑛 − 𝐴1𝑛𝐴2𝑚)

 

𝐀̂𝛼𝑉12 = 𝐴12𝛼 + (𝜆𝛾𝑚)𝛼𝜎12𝑚  

𝜎12𝑚 = −
(𝜆‾𝛾𝑚𝐴12)

2(𝜆𝜆‾)
 

𝐀̂𝑚𝑉12 =
(𝛾𝑚𝜆‾)

𝛼
𝜆𝛽

2(𝜆𝜆‾)
[𝐷𝛼𝐴12𝛽 + 𝐷𝛽𝐴12𝛼] +

(𝜆‾𝛾𝑚𝛾𝑝𝜆)

2(𝜆𝜆‾)
𝑄 [−

(𝜆‾𝛾𝑝𝐴12)

2(𝜆𝜆‾)
]  

𝐀̂𝑚𝑉12 = 𝐴12𝑚 − (𝜆𝛾𝑚𝜌12) + 𝑄(𝜎12𝑚) + (𝑘1 ⋅ 𝑘2) [
1

2(𝜆𝜆‾)
(𝑉1(𝜆‾𝛾𝑚𝐴2) − 𝑉2(𝜆‾𝛾𝑚𝐴1))]  

𝜌12
𝛼 =

(𝛾𝑝𝜆‾)
𝛼

2(𝜆𝜆‾)
[𝐴12𝑝 + 𝑄(𝜎12𝑝)]  
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𝐖̂𝛼𝑉12 =
(𝛾𝑚𝜆‾)

𝛼

2(𝜆𝜆‾)
[−𝜕𝑚𝑉12 + 𝑄𝐴12𝑚 − (𝜆𝛾𝑚𝑄𝜌12) 

𝐖̂𝛼𝑉12 =
(𝛾𝑚𝜆‾)

𝛼

2(𝜆𝜆‾)
[−𝜕𝑚𝑉12 + 𝑄𝐴12𝑚 − (𝜆𝛾𝑚𝑄𝜌12)

+(𝑘1 ⋅ 𝑘2)𝑄 [
1

2(𝜆𝜆‾)
(𝑉1(𝜆‾𝛾𝑚𝐴2) − 𝑉2(𝜆‾𝛾𝑚𝐴1))]]

 

𝐖̂𝛼𝑉12 =𝜉12
𝛼 + (𝛾𝑚𝑛𝜆)𝛼𝑠12𝑚𝑛 + 𝜆𝛼𝑠12 + (𝑘1 ⋅ 𝑘2) [

(𝛾𝑚𝜆‾)
𝛼

2(𝜆𝜆‾)
(𝑉1𝐴2𝑚 − 𝑉2𝐴1𝑚)

+
(𝛾𝑚𝜆‾)

𝛼

4(𝜆𝜆‾)2 (−𝑉1(𝑟𝛾𝑚𝐴2) + 𝑉2(𝑟𝛾𝑚𝐴1))]

 

𝜉12
𝛼 = 𝑊12

𝛼 − 𝑄𝜌12
𝛼  𝑠12𝑚𝑛 =

(𝜆‾𝛾𝑚𝑛𝜉12)

8(𝜆𝜆‾)
, 𝑠12 =

(𝜆‾𝜉12)

4(𝜆𝜆‾)
 

𝐅̂𝑚𝑛𝑉12 =𝐹12𝑚𝑛 − 4𝑄𝑠12𝑚𝑛 − (𝜆𝛾[𝑚𝑔12𝑛]) + (𝜆𝛾𝑚𝑛𝑔12) +
(𝑘1⋅𝑘2)

2(𝜆𝜆‾)
[𝑉1(𝜆‾𝛾𝑚𝑛𝑊2)

 −𝑉2(𝜆‾𝛾𝑚𝑛𝑊1) +
(𝜆‾𝛾𝑚𝑛𝑝𝑟)

2(𝜆𝜆‾)
(𝑉1𝐴2𝑚 − 𝑉2𝐴1𝑚)

+
(𝜆‾𝛾𝑚𝑛𝑝𝑟)

4(𝜆𝜆‾)2 (−𝑉1(𝑟𝛾𝑝𝐴2)} + 𝑉2(𝑟𝛾𝑚𝐴1))]

 

𝑟12𝑚𝑛 = −𝐹12𝑚𝑛 + 4𝑄𝑠12𝑚𝑛, 𝑔12𝛼 =
(𝛾𝑚𝑛𝜆‾)

𝛼

8(𝜆𝜆‾)
𝑟12𝑚𝑛 −

𝜆‾𝛼

2(𝜆𝜆‾)
𝑄𝑠12

𝑔12𝑚
𝛼 =

(𝛾𝑛𝜆‾)
𝛼

(𝜆𝜆‾ )
𝑟12𝑚𝑛

 

−Λ12 =
𝑏0(𝑉12)

𝑠12

 = −(𝐴1𝑊2 − 𝐴2𝑊1) −
2

(𝜆𝜆‾)
[𝑉1(𝜆‾𝑊2) − 𝑉2(𝜆‾𝑊1)] +

𝑘12
𝑚

2(𝜆𝜆‾)
[𝑉1(𝜆‾𝛾𝑚𝐴2) − 𝑉2(𝜆‾𝛾𝑚𝐴1)]

 −
(𝜆‾𝛾𝑚𝐷)

2(𝜆𝜆‾)
[𝑉1𝐴2𝑚 − 𝑉2𝐴1𝑚] −

(𝜆‾𝛾𝑚𝐷)

4(𝜆𝜆‾)2
[−𝑉1(𝑟𝛾𝑚𝐴2) + 𝑉2(𝑟𝛾𝑚𝐴1)]

 +
1

4
(𝜆𝛾𝑚𝑛𝜕𝜆) [

1

2(𝜆𝜆‾)
(𝑉1(𝜆‾𝛾𝑚𝑛𝑊2) − 𝑉2(𝜆‾𝛾𝑚𝑛𝑊1)) +

(𝜆‾𝛾𝑚𝑛𝑝𝑟)

4(𝜆𝜆‾)2 (𝑉1𝐴2𝑝 − 𝑉2𝐴1𝑝)

+
(𝜆‾𝛾𝑚𝑛𝑝𝑟)

8(𝜆𝜆‾)3 (−𝑉1(𝑟𝛾𝑝𝐴2) + 𝑉2(𝑟𝛾𝑝𝐴1))]

 

−Λ12 = 𝑘12𝑚𝑉1(𝜆‾𝛾𝑚𝐴2) − 𝑘12𝑚𝑉2(𝜆‾𝛾𝑚𝐴1) + 2𝑉1(𝜆‾𝑊2) − 2𝑉2(𝜆‾𝑊1)

 −
1

(𝜆𝜆‾)
(𝜆𝛾𝑚𝑝𝜆‾)𝐴1𝑚𝐴2𝑝 + 𝑄0 [

1

2(𝜆𝜆‾)
[(𝜆‾𝛾𝑚𝐴1)𝐴2𝑚 − (𝜆‾𝛾𝑚𝐴2)𝐴1𝑚]] + 𝑂(𝑟)

 

−
1

2(𝜆𝜆‾)
(𝜆‾𝛾𝑚𝐷)[𝑉1𝐴2𝑚 − 𝑉2𝐴1𝑚] = 𝑄0 [

1

2(𝜆𝜆‾)
[(𝜆‾𝛾𝑚𝐴1)𝐴2𝑚 − (𝜆‾𝛾𝑚𝐴2)𝐴1𝑚]]

 +
𝑘12𝑚

2(𝜆‾)
(𝜆‾𝛾𝑚𝐴1)𝑉2 −

𝑘12𝑚

2(𝜆‾ )
(𝜆‾𝛾𝑚𝐴2)𝑉1

 +
(𝜆𝛾𝑚𝑝𝜆‾)

(𝜆𝜆‾ )
𝐴1𝑝𝐴2𝑚 + 5𝑉1(𝜆‾𝑊2) − 5𝑉2(𝜆‾𝑊1)

 +
(𝜆‾𝛾𝑚𝐴1)

2(𝜆𝜆‾)
(𝜆𝛾𝑚𝑊2) −

(𝜆‾𝛾𝑚𝐴2)

2(𝜆𝜆‾)
(𝜆𝛾𝑚𝑊1)

 

1

4
(𝜆𝛾𝑚𝑛𝜕𝜆) [

1

2(𝜆𝜆)
(𝑉1(𝜆‾𝛾𝑚𝑛𝑊2) −𝑉2(𝜆‾𝛾𝑚𝑛𝑊1))] =

5

4(𝜆𝜆‾)2 [𝑉2(𝜆‾𝑊1) − 𝑉1(𝜆‾𝑊2)]

 +
1

2(𝜆𝜆‾)
[(𝜆𝛾𝑚𝑊2)(𝜆‾𝛾𝑚𝐴1) − (𝜆𝛾𝑚𝑊1)(𝜆‾𝛾𝑚𝐴2)]

 +
1

4(𝜆𝜆‾)
[𝑉1(𝜆‾𝑊2) − 𝑉2(𝜆‾𝑊1)] + 𝐴1𝑊2 − 𝐴2𝑊1
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(𝜆‾𝛾𝑚𝑛𝑝𝑟)

16(𝜆𝜆‾)2 [(𝜆𝛾𝑚𝑛𝐴1)𝐴2𝑝 − (𝜆𝛾𝑚𝑛𝐴2)𝐴1𝑝] =
1

2(𝜆𝜆‾)
(𝑟𝛾𝑝𝐴1)𝐴2𝑝 −

(𝜆𝑟)

2(𝜆𝜆‾ )2 (𝜆‾𝛾𝑝𝐴1)𝐴2𝑝

 −
1

4(𝜆𝜆‾)2 (𝜆‾𝛾𝑚𝐴1)(𝜆𝛾𝑝𝛾𝑚𝑟)𝐴2𝑝

 −
1

2(𝜆𝜆‾)
(𝑟𝛾𝑝𝐴2)𝐴1𝑝 +

(𝜆𝑟)

2(𝜆𝜆‾)2 (𝜆‾𝛾𝑝𝐴2)𝐴1𝑝

 +
1

4(𝜆𝜆‾)2 (𝜆‾𝛾𝑚𝐴2)(𝜆𝛾𝑝𝛾𝑚𝑟)𝐴1𝑝

 

(𝜆‾𝛾𝑚𝑛𝑝𝑟)

32(𝜆𝜆‾)2 [−(𝜆𝛾𝑚𝑛𝐴1)(𝑟𝛾𝑝𝐴2) + (𝜆𝛾𝑚𝑛𝐴2)(𝑟𝛾𝑝𝐴1)] = −
(𝑟𝛾𝑝𝐴1)

4(𝜆𝜆‾)2 (𝑟𝛾𝑝𝐴2)

 +
(𝜆𝑟)

2(𝜆𝜆‾)3 (𝜆‾𝛾𝑝𝐴1)(𝑟𝛾𝑝𝐴2) −
(𝜆‾𝛾𝑚𝐴1)

8(𝜆𝜆‾)3
(𝜆𝛾𝑚𝛾𝑝𝑟)(𝑟𝛾𝑝𝐴2)

 +
(𝑟𝛾𝑝𝐴2)

4(𝜆𝜆‾)2 (𝑟𝛾𝑝𝐴1) −
(𝜆𝑟)

2(𝜆𝜆‾)3 (𝜆‾𝛾𝑝𝐴2)(𝑟𝛾𝑝𝐴1)

 +
(𝜆‾𝛾𝑚𝐴2)

8(𝜆𝜆‾)3
(𝜆𝛾𝑚𝛾𝑝𝑟)(𝑟𝛾𝑝𝐴1)

 

1

4(𝜆𝜆‾)2 (𝜆‾𝛾𝑚𝐷)[𝑉1(𝑟𝛾𝑚𝐴2) −𝑉2(𝑟𝛾𝑚𝐴1)] = 𝑄0 [−
(𝜆‾𝛾𝑚𝐴1)

4(𝜆𝜆‾)2
(𝑟𝛾𝑚𝐴2) +

(𝜆‾𝛾𝑚𝐴2)

4(𝜆𝜆‾)2
(𝑟𝛾𝑚𝐴1)]

 +
(𝑟𝛾𝑚𝐷)

4(𝜆‾)2 [𝑉2(𝜆‾𝛾𝑚𝐴1) − 𝑉1(𝜆‾𝛾𝑚𝐴2)]

 +
1

4(𝜆𝜆‾)2 [(𝜆‾𝛾𝑚𝐴1)(𝑟𝛾𝑚𝛾𝑠𝜆)𝐴2𝑠 − (𝜆‾𝛾𝑚𝐴2)(𝑟𝛾𝑚𝛾𝑠𝜆)𝐴1𝑠

+(𝜆‾𝛾𝑚𝛾𝑠𝜆)𝐴1𝑠(𝑟𝛾𝑚𝐴2) − (𝜆‾𝛾𝑚𝛾𝑠𝜆)𝐴2𝑠(𝑟𝛾𝑚𝐴1)]

 

Λ12 = 𝑘12𝑚𝑉1(𝜆‾𝛾𝑚𝐴2) − 𝑘12𝑉2(𝜆‾𝛾𝑚𝐴1) + 2𝑉1(𝜆‾𝑊2) − 2𝑉2(𝜆‾𝑊1) −
(𝜆𝛾𝑚𝑝𝜆‾)

(𝜆𝜆‾ )
𝐴1𝑚𝐴2𝑝

 +
(𝜆𝛾𝑝𝛾𝑚𝑟)

4(𝜆‾ )2 (𝜆‾𝛾𝑚𝐴1)𝐴2𝑝 −
(𝜆𝛾𝑝𝛾𝑚𝑟)

4(𝜆𝜆‾)2 (𝜆‾𝛾𝑚𝐴2)𝐴1𝑝 +
(𝜆𝛾𝑚𝛾𝑝𝑟)

8(𝜆‾ )3 (𝜆‾𝛾𝑚𝐴1)(𝑟𝛾𝑝𝐴2)

 −
(𝜆𝛾𝑚𝛾𝑝𝑟)

8(𝜆𝜆‾)3 (𝜆‾𝛾𝑚𝐴2)(𝑟𝛾𝑝𝐴1) +
1

4(𝜆𝜆‾)2
(𝑟𝛾𝑚𝐷)[𝑉2(𝜆‾𝛾𝑚𝐴1) − 𝑉1(𝜆‾𝛾𝑚𝐴2)]

 +𝑄 [
1

2(𝜆𝜆‾)
[(𝜆‾𝛾𝑚𝐴1)𝐴2𝑚 − (𝜆‾𝛾𝑚𝐴2)𝐴1𝑚]]

 

𝑏0(𝑏0(𝑉1𝑉2)𝑉3)  

𝐷𝛼𝐴123𝛽 + 𝐷𝛽𝐴123𝛼 =(𝛾𝑚)𝛼𝛽𝐴123𝑚 + (𝑘1 ⋅ 𝑘2)[𝐴1𝛼𝐴23𝛽 + 𝐴2𝛼𝐴31𝛽 + (𝛼 ↔ 𝛽)]

 +(𝑘12 ⋅ 𝑘3)[𝐴12𝛼𝐴3𝛽 − (12 ↔ 3)]
 

𝐴123𝛼 =
1

2
[(𝑘3 ⋅ 𝐴12)𝐴3𝛼 − (𝑘12 ⋅ 𝐴3)𝐴12𝛼 + (𝛾𝑝𝑊12)𝛼𝐴3𝑝 − (𝛾𝑝𝑊3)𝛼𝐴12𝑝]  

𝑄𝑉123 = 𝑠123𝑉12𝑉3 + 𝑠12[𝑉1𝑉23 + 𝑉2𝑉31 + 𝑉3𝑉12]  

𝑠123𝑉123 − 𝑄(𝑏0(𝑉123)) = 𝑠123𝑏0(𝑉12𝑉3) + 𝑠12𝑏0[𝑉1𝑉23 + 𝑉2𝑉31 + 𝑉3𝑉12]  

𝑠123𝑉123 − 𝑄(𝑏0(𝑉123)) = 𝑠123[𝑏0(𝑏0(𝑉1𝑉2)𝑉3) + 𝑠12(𝑉1Λ23 + 𝑉2Λ31 + 𝑉3Λ12) − 𝑠123Λ12𝑉3]

 +𝑠12𝑏0(𝑉1𝑏0(𝑉2𝑉3)) + 𝑠12𝑏0(𝑉2𝑏0(𝑉3𝑉1)) + 𝑠12𝑏0(𝑉3𝑏0(𝑉1𝑉2))

 +𝑄[𝑠123𝑏0(Λ12𝑉3) − 𝑠12(𝑏0(𝑉1Λ23) + 𝑏0(𝑉2Λ31) + 𝑏0(𝑉3Λ12))]

 

𝑉123 = [𝑏0(𝑏0(𝑉1𝑉2)𝑉3) + 𝑠12(𝑉1Λ23 + 𝑉2Λ31 + 𝑉3Λ12) − 𝑠123Λ12𝑉3]

 −𝑠12(Λ1𝑉2𝑉3 + 𝑉1Λ2𝑉3 + 𝑉1𝑉2Λ3) + 𝑄 [𝑏0(Λ12𝑉3) −
𝑠12

𝑠123
[𝑏0(𝑉1Λ23

+𝑉2Λ31 + 𝑉3Λ12 − Λ1𝑉2𝑉3 − 𝑉1Λ2𝑉3 − 𝑉1𝑉2Λ3)] +
𝑏0(𝑉123)

𝑠123
]

 

𝑏0(𝑏0(𝑉1𝑉2)𝑉3) = 𝑉123 + 𝑠12𝑇123 + 𝑠123Λ12𝑉3 + 𝑄Λ[12]3  

Λ[12]3 = −𝑏0 [
𝑠12

𝑠123
𝑇123 +

𝑉123

𝑠123
+ Λ12𝑉3]  
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2.19. Teorías de Super Yang-Mills y deformación de masa. 

ℒSYM = tr [−
1

2
𝐹𝛼𝛽𝐹𝛼𝛽 − 𝐷𝛼𝜙𝑎𝐷𝛼𝜙𝑎 +

𝑔2

2
[𝜙𝑎 , 𝜙𝑏]2 + 𝑖𝜓‾𝑝𝛾𝛼𝐷𝛼𝜓𝑝 − 𝑔(𝜓‾𝑝(Γ𝑎

𝑝𝑞
𝑃+ + Γ‾𝑎

𝑝𝑞
𝑃−)[𝜙𝑎, 𝜓𝑞])] 

𝛿𝜖𝐴𝛼 = 𝑖𝜓‾𝑝𝛾𝛼𝜖𝑝, 𝛿𝜖𝜙𝑎 = −𝑖𝜓‾𝑝(Γ𝑎
𝑝𝑞

𝑃+ + Γ‾𝑎
𝑝𝑞

𝑃−)𝜖𝑞 ,

𝛿𝜖𝜓𝑝 = 𝑖𝐹𝛼𝛽Σ𝛼𝛽𝜖𝑝 + 𝛾𝛼𝐷𝛼𝜙𝑎(Γ𝑎
𝑝𝑞

𝑃+ + Γ‾𝑎
𝑝𝑞

𝑃−)𝜖𝑞 − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏
𝑝𝑞

𝑃+ + Γ‾𝑎𝑏
𝑝𝑞

𝑃−)𝜖𝑞

 

Γ𝑎𝑏
𝑝𝑞

=
𝑖

4
(Γ‾𝑎

𝑝𝑟
Γ𝑏

𝑟𝑞
− Γ‾𝑏

𝑝𝑟
Γ𝑎

𝑟𝑞
), Γ‾𝑎𝑏

𝑝𝑞
=

𝑖

4
(Γ𝑎

𝑝𝑟
Γ‾𝑏

𝑟𝑞
− Γ𝑏

𝑝𝑟
Γ‾𝑎

𝑟𝑞
)  

Γ1
𝑝𝑞

= 𝑖(𝛿𝑝1𝛿𝑞4 − 𝛿𝑝4𝛿𝑞1 + 𝛿𝑝2𝛿𝑞3 − 𝛿𝑝3𝛿𝑞2), Γ2
𝑝𝑞

= 𝑖(𝛿𝑝1𝛿𝑞2 − 𝛿𝑝2𝛿𝑞1 + 𝛿𝑝3𝛿𝑞4 − 𝛿𝑝4𝛿𝑞3),

Γ3
𝑝𝑞

= 𝑖(𝛿𝑝1𝛿𝑞3 − 𝛿𝑝3𝛿𝑞1 − 𝛿𝑝2𝛿𝑞4 + 𝛿𝑝4𝛿𝑞2), Γ4
𝑝𝑞

= −(𝛿𝑝1𝛿𝑞4 − 𝛿𝑝4𝛿𝑞1 − 𝛿𝑝2𝛿𝑞3 + 𝛿𝑝3𝛿𝑞2),

Γ5
𝑝𝑞

= (𝛿𝑝1𝛿𝑞2 − 𝛿𝑝2𝛿𝑞1 − 𝛿𝑝3𝛿𝑞4 + 𝛿𝑝4𝛿𝑞3), Γ6
𝑝𝑞

= −(𝛿𝑝1𝛿𝑞3 − 𝛿𝑝3𝛿𝑞1 + 𝛿𝑝2𝛿𝑞4 − 𝛿𝑝4𝛿𝑞2),

 

𝜖𝑝 = 𝛿𝑝4𝜖  

𝛿𝜖𝐴𝛼 = 𝑖𝜓‾4𝛾𝛼𝜖, 𝛿𝜖𝜙𝑎 = −𝑖𝜓‾𝑝(Γ𝑎
𝑝4

𝑃+ + Γ‾𝑎
𝑝4

𝑃−)𝜖,

𝛿𝜖𝜓𝑝 = 𝑖𝐹𝛼𝛽Σ𝛼𝛽𝛿𝑝4𝜖 + 𝛾𝛼𝐷𝛼𝜙𝑎(Γ𝑎
𝑝4

𝑃+ + Γ‾𝑎
𝑝4

𝑃−)𝜖 − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏
𝑝4

𝑃+ + Γ‾𝑎𝑏
𝑝4

𝑃−)𝜖
 

𝛿𝜖
′𝜓𝑝 = 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)𝜖  

(𝛿𝜖 + 𝛿𝜖
′)ℒSYM = tr(2𝑖𝜇𝑝𝑞𝜓‾𝑝(𝛿𝜖 + 𝛿𝜖

′)𝜓𝑞 + 2𝑀𝑎𝑏𝜙𝑎𝛿𝜖𝜙𝑏 − 3𝑖𝑔𝑇𝑎𝑏𝑐[𝜙𝑏 , 𝜙𝑐]𝛿𝜖𝜙𝑎)  

𝑇234 =
1

3
(𝜇1 − 𝜇2 − 𝜇3), 𝑇126 =

1

3
(𝜇1 − 𝜇2 + 𝜇3),

𝑇135 =
1

3
(𝜇1 + 𝜇2 − 𝜇3), 𝑇456 =

1

3
(𝜇1 + 𝜇2 + 𝜇3)

 

ℒ𝜇 = tr(−𝑖𝜇𝑝𝑞𝜓‾𝑝𝜓𝑞 − 𝑀𝑎𝑏𝜙𝑎𝜙𝑏 + 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇)  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 𝛿𝜖

′ℒSYM + 𝛿𝜖ℒ𝜇 + 𝛿𝜖
′ℒ𝜇  

𝛿𝜖
′ℒSYM =tr[2𝑖(𝜕𝛼𝜇𝑚)𝜓‾𝑚𝛾𝛼𝜙𝑎(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)𝜖 + 2𝑖𝜇𝑚𝜓‾𝑚𝛾𝛼𝐷𝛼𝜙𝑎(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)𝜖 

𝛿𝜖
′ℒSYM =tr[2𝑖(𝜕𝛼𝜇𝑚)𝜓‾𝑚𝛾𝛼𝜙𝑎(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)𝜖 + 2𝑖𝜇𝑚𝜓‾𝑚𝛾𝛼𝐷𝛼𝜙𝑎(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)𝜖

−2𝑔𝜇𝑚𝜓‾𝑝[𝜙𝑎, 𝜙𝑏](Γ𝑎
𝑝𝑚

Γ𝑏
𝑚4𝑃+ + Γ‾𝑎

𝑝𝑚
Γ‾𝑏

𝑚4𝑃−)𝜖]
 

𝛿𝜖ℒ𝜇 =tr[−2𝑖𝜇𝑚𝐷𝛼𝜙𝑎𝜓‾𝑚𝛾𝛼(Γ𝑎
𝑚4𝑃+ + Γ‾𝑎

𝑚4𝑃−)𝜖 − 𝑔𝜇𝑚[𝜙𝑎 , 𝜙𝑏]𝜓‾𝑚(Γ‾𝑎
𝑚𝑝

Γ𝑏
𝑝4

𝑃+ + Γ𝑎
𝑚𝑝

Γ‾𝑏
𝑝4

𝑃−)𝜖

+2𝑖𝑀𝑎𝑏𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4

𝑃+ + Γ‾𝑏
𝑝4

𝑃−)𝜖 + 3𝑔𝑇𝑎𝑏𝑐[𝜙𝑏, 𝜙𝑐])𝜓‾𝑝(Γ𝑎
𝑝4

𝑃+ + Γ‾𝑎
𝑝4

𝑃−)𝜖]

𝛿𝜖
′ℒ𝜇 =tr[−2𝑖𝜇𝑝𝑟𝜇𝑟𝑞𝜙𝑎𝜓‾𝑝(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)𝜖]

 

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 2𝑖(𝜕𝛼𝜇𝑚)tr[(−∑  3

𝑎=1  + ∑  6
𝑎=4  )𝜙𝑎𝜓‾𝑚(Γ𝑎

𝑚4𝑃+ + Γ‾𝑎
𝑚4𝑃−)]𝛾𝛼𝜖  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 2𝑖(𝜕𝛼𝜇𝑝)tr[(− ∑  3

𝑎=1  + ∑  6
𝑎=4  )𝜙𝑎𝜓‾𝑝(Γ𝑎

𝑝4
𝑃+ + Γ‾𝑎

𝑝4
𝑃−)]𝛾𝛼𝜖

 = tr[−2𝑖(𝜕𝛼𝐽𝑎𝑏)𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4

𝑃+ + Γ‾𝑏
𝑝4

𝑃−)𝛾𝛼𝜖]
 

𝐽𝑎𝑏 = diag(𝜇1, 𝜇3, 𝜇2, −𝜇1, −𝜇3, −𝜇2)  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr[−2𝑖𝐽𝑎𝑏

′ 𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝4

𝑃+ + Γ‾𝑏
𝑝4

𝑃−)𝛾1𝜖]  

𝛾1𝜖 = 𝜖  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr[2𝐽𝑎𝑏

′ 𝜙𝑎(−𝑖𝜓‾𝑝(Γ𝑏
𝑝4

𝑃+ + Γ‾𝑏
𝑝4

𝑃−)𝜖)] = tr[2𝐽𝑎𝑏
′ 𝜙𝑎𝛿𝜙𝑏]  

ℒ𝐽 = −tr(𝐽𝑎𝑏
′ 𝜙𝑎𝜙𝑏)  

𝑇𝜇𝜈 = tr [2𝜕𝜇𝜙𝑎𝜕𝜈𝜙𝑎 + 𝑔𝜇𝜈 (−𝜕𝛼𝜙𝑎𝜕𝛼𝜙𝑎 +
𝑔2

2
[𝜙𝑎 , 𝜙𝑏]2 − (𝑀𝑎𝑏 + 𝐽𝑎𝑏

′ )𝜙𝑎𝜙𝑏 +

𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])] 

𝐸0 = ∫  𝑑3𝑥𝑇00 = ∫  𝑑3𝑥tr [𝜙𝑎
′ 𝜙𝑎

′ −
𝑔2

2
[𝜙𝑎 , 𝜙𝑏]2 + (𝑀𝑎𝑏 + 𝐽𝑎𝑏

′ )𝜙𝑎𝜙𝑏 − 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐]]  

(𝛿𝜖 + 𝛿𝜖
′)𝜓𝑝 =𝑖𝐹𝛼𝛽Σ𝛼𝛽𝛿𝑝4𝜖 + 𝐷𝛼𝜙𝑎(Γ𝑎

𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+)𝛾𝛼𝜖 − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−)𝜖

 +𝜇𝑝𝑞𝜙𝑎(Γ𝑎
𝑞4

𝑃+ + Γ‾𝑎
𝑞4

𝑃−)𝜖
 

(𝛿𝜖 + 𝛿𝜖
′)𝜓𝑝 = [𝜙𝑎

′ (Γ𝑎
𝑝4

𝑃− + Γ‾𝑎
𝑝4

𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏
𝑝4

𝑃+ + Γ‾𝑎𝑏
𝑝4

𝑃−) + 𝜇𝑝𝑞𝜙𝑎(Γ𝑎
𝑞4

𝑃+ + Γ‾𝑎
𝑞4

𝑃−)]𝜖  
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tr [|𝜙𝑎
′ (Γ𝑎

𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)|

2
]

 = tr [𝜙𝑎
′ 𝜙𝑎

′ −
𝑖𝑔

3
(𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏, 𝜙𝑐])

′
− 𝐽𝑎𝑏(𝜙𝑎𝜙𝑏)′ −

𝑔2

2
[𝜙𝑎 , 𝜙𝑏]2 − 𝑖𝑔𝑇𝑎𝑏𝑐𝜙𝑎[𝜙𝑏, 𝜙𝑐] + 𝑀𝑎𝑏𝜙𝑎𝜙𝑏]

 

𝑇̃126 = 𝑇̃135 = −𝑇̃234 = −𝑇̃456 = −1  

𝐸0 = ∫ 𝑑3𝑥tr [|𝜙𝑎
′ (Γ𝑎

𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)|

2
]

 + ∫  𝑑3𝑥𝒦′
 

𝒦 = tr (𝐽𝑎𝑏𝜙𝑎𝜙𝑏 +
𝑖𝑔

3
𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏 , 𝜙𝑐])  

𝜙𝑎
′ (Γ𝑎

𝑝4
𝑃− + Γ‾𝑎

𝑝4
𝑃+) − 𝑔[𝜙𝑎 , 𝜙𝑏](Γ𝑎𝑏

𝑝4
𝑃+ + Γ‾𝑎𝑏

𝑝4
𝑃−) + 𝜇𝑝𝑞𝜙𝑎(Γ𝑎

𝑞4
𝑃+ + Γ‾𝑎

𝑞4
𝑃−)  

𝜙𝑎
′ Γ‾𝑎

𝑝4
− 𝑔[𝜙𝑎 , 𝜙𝑏]Γ𝑎𝑏

𝑝4
+ 𝜇𝑝𝑞𝜙𝑎Γ𝑎

𝑞4
, 𝜙𝑎

′ Γ𝑎
𝑝4

− 𝑔[𝜙𝑎 , 𝜙𝑏]Γ‾𝑎𝑏
𝑝4

+ 𝜇𝑝𝑞𝜙𝑎Γ‾𝑎
𝑞4

 

𝜙𝑎
′ Γ‾𝑎

𝑝4
−

𝑖𝑔

2
[𝜙𝑎 , 𝜙𝑏]Γ‾𝑎

𝑝𝑟
Γ𝑏

𝑟4 + 𝜇𝑝𝑞𝜙𝑎Γ𝑎
𝑞4

 ∫  
𝑥𝑅

𝑥𝐿
 𝑑𝑥𝒦′ = 0 ⟺  𝒦|𝑥→𝑥𝐿

= 𝒦|𝑥→𝑥𝑅

 

𝑖𝜙1
′ + 𝜙4

′ − 𝑔(𝑖([𝜙2, 𝜙3] + [𝜙5, 𝜙6]) + ([𝜙2, 𝜙6] + [𝜙3, 𝜙5])) − 𝜇1(𝑖𝜙1 − 𝜙4),

𝑖𝜙3
′ − 𝜙6

′ + 𝑔(−𝑖([𝜙1, 𝜙2] − [𝜙4, 𝜙5]) + ([𝜙1, 𝜙5] − [𝜙2, 𝜙4])) − 𝜇2(𝑖𝜙3 + 𝜙6),

𝑖𝜙2
′ + 𝜙5

′ + 𝑔(𝑖([𝜙1, 𝜙3] + [𝜙4, 𝜙6]) + ([𝜙1, 𝜙6] + [𝜙3, 𝜙4])) − 𝜇3(𝑖𝜙2 − 𝜙5),

[𝜙1, 𝜙4] + [𝜙2, 𝜙5] − [𝜙3, 𝜙6]

 

Φ1 = 𝑔(𝜙1 + 𝑖𝜙4), Φ3 = 𝑔(𝜙2 + 𝑖𝜙5), Φ2 = 𝑔(𝜙3 − 𝑖𝜙6)  

Φ𝑖
†′

+
1

2
∑  3

𝑗,𝑘=1   𝜖𝑖𝑗𝑘[Φ𝑗, Φ𝑘] − 𝜇𝑖Φ𝑖  ∑  3
𝑖=1   [Φ𝑖, Φ𝑖

†]  

lim
𝑥𝐿→−∞

 𝜇𝑖(𝑥𝐿) = 𝜇𝐿𝑖, lim
𝑥𝑅→∞

 𝜇𝑖(𝑥𝑅) = 𝜇𝑅𝑖 , (𝑖 = 1,2,3)  

[Φ𝑖, Φ𝑗] − 𝜖𝑖𝑗𝑘(𝜇0𝑘Φ𝑘) ∑  3
𝑖=1   [Φ𝑖

†, Φ𝑖]  

Φ1 = −𝑖√𝜇02𝜇03𝑇1, Φ2 = −𝑖√𝜇01𝜇03𝑇2, Φ3 = −𝑖√𝜇01𝜇02𝑇3  

𝑇𝑖 = (

𝑇𝑖
(𝑛1)

⋱

𝑇𝑖
(𝑛𝑙)

)  

∑  𝑙
𝑘=1  𝑛𝑘 = 𝑁  

∑  ∞
𝑛=1  𝑛𝑁𝑛 = 𝑁  

𝜙1 = 𝜙2 = 𝜙3 = 0, 𝜙4 = −
√𝜇02𝜇03

𝑔
𝑇1, 𝜙5 = −

√𝜇01𝜇02

𝑔
𝑇3, 𝜙6 =

√𝜇01𝜇03

𝑔
𝑇2  

𝒦|vac  = −
1

3𝑔2 𝜇01𝜇02𝜇03tr(𝑇1
2 + 𝑇2

2 + 𝑇3
2)

 = −
1

12𝑔2 𝜇01𝜇02𝜇03 ∑  ∞
𝑛=1  𝑛(𝑛2 − 1)𝑁𝑛

 

𝜇𝐿1𝜇𝐿2𝜇𝐿3 ∑  ∞
𝑛=1  𝑛(𝑛2 − 1)𝑁𝑛

(𝐿)
= 𝜇𝑅1𝜇𝑅2𝜇𝑅3 ∑  ∞

𝑛=1  𝑛(𝑛2 − 1)𝑁𝑛
(𝑅)  

𝑅𝑘
2 ∼

𝜇01𝜇02𝜇03

4𝑁
𝑛𝑘(𝑛𝑘

2 − 1)  

𝜇𝑖(𝑥) = 𝑚𝑖0 + 𝑚𝑖(𝑥) ∫  
𝜏

0
 𝑚𝑖(𝑥)𝑑𝑥  

Φ𝑖(𝑥) = 𝑒𝐾𝑖(𝑥)Φ̃𝑖(𝑥),

𝐾𝑖(𝑥) = 𝑚𝑖0(𝜉𝑖 − 𝑥) − Λ𝑖(𝑥),

Λ𝑖 = ∫ 𝑚𝑖
𝑥

𝑚𝑖(𝑥
′)𝑑𝑥′

 

𝑑𝜉𝑖

𝑑𝑥
= 𝑒𝐾𝑖−∑  𝑖′≠𝑖  𝐾

𝑖′  

𝑒∑  𝑖′≠𝑖  𝐾
𝑖′ (

𝑑Φ̃𝑖
†

𝑑𝜉𝑖
+

1

2
∑  3

𝑗,𝑘=1  𝜖𝑖𝑗𝑘[Φ̃𝑗, Φ̃𝑘] + 𝑚𝑖0Φ̃𝑖
†) = 𝑒∑  𝑖′≠𝑖  𝐾

𝑖′𝜇𝑖(Φ̃𝑖
† + Φ̃𝑖)

 ∑  3
𝑖=1   𝑒2𝐾𝑖[Φ̃𝑖, Φ̃𝑖

†]

 

𝑑Φ̃𝑖

𝑑𝜉𝑖
−

1

2
∑  3

𝑗,𝑘=1  𝜖𝑖𝑗𝑘[Φ̃𝑗, Φ̃𝑘] + 𝑚𝑖0Φ̃𝑖  
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Φ𝑖(𝑥) = 𝑒𝐾(𝑥)Φ̃𝑖(𝑥)

𝐾(𝑥) = 𝑚0(𝜉 − 𝑥) − Λ(𝑥) Λ = ∫ 𝑚
𝑥

𝑚(𝑥′)𝑑𝑥′,
 

(
𝑑𝜉

𝑑𝑥
) (𝑥) = 𝑒−𝐾(𝑥) = 𝑒−𝑚0(𝜉−𝑥)+Λ(𝑥)  

(
𝑑𝑥

𝑑𝜉
) (𝑥) = 𝑚0 ∫  

𝑥

−∞
  𝑒𝑚0(𝑥′−𝑥)+(Λ(𝑥′)−Λ(𝑥))𝑑𝑥′  

(
𝑑𝑥

𝑑𝜉
) (𝑥 + 𝜏) = 𝑚0 ∫  

𝑥+𝜏

−∞
  𝑒𝑚0(𝑥′−𝑥−𝜏)+(Λ(𝑥′)−Λ(𝑥))𝑑𝑥′

 = 𝑚0 ∫  
𝑥

−∞
  𝑒𝑚0(𝑥′′−𝑥)+(Λ(𝑥′′)−Λ(𝑥))𝑑𝑥′′ = (

𝑑𝑥

𝑑𝜉
) (𝑥)

 

𝑑Φ̃𝑖

𝑑𝜉𝑖
−

1

2
∑  3

𝑗,𝑘=1   𝜖𝑖𝑗𝑘[Φ̃𝑗, Φ̃𝑘]  

Φ̃𝐷
𝑖 = diag(𝑎1

𝑖 , 𝑎2
𝑖 , ⋯ , 𝑎𝑁

𝑖 )  

𝜇(𝑥) = 𝑚1sin 𝑞𝑥  

Φ𝑖(𝑥) = 𝑒
𝑚1
𝑞

cos 𝑞𝑥
Φ̃𝐷

𝑖  

Φ𝑖(𝑥) = (
𝑑𝑥

𝑑𝜉
) Φ̃𝑖(𝑥)  

(
𝑑𝑥

𝑑𝜉
)

𝑥
 = 𝑚0 ∫  

𝑥

−∞
 𝑒

𝑚0(𝑥′−𝑥)−
𝑚1
𝑞

(cos 𝑞𝑥′−cos 𝑞𝑥)
𝑑𝑥′

Φ̃𝑖(𝑥) = −𝑖𝑚0𝑇𝑖

 

 

2.20. Supersimetrías. 

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 2𝑖(𝜕𝛼𝜇)tr[(− ∑  3

𝑎=1  + ∑  6
𝑎=4  )𝜙𝑎𝜓‾𝑚(Γ𝑎

𝑚𝑖𝑃+ + Γ‾𝑎
𝑚𝑖𝑃−)𝛾𝛼𝜖𝑖]  

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = 2𝑖(𝜕𝛼𝜇)tr[(− ∑  𝑎=1,3  + ∑  𝑎=4,6  )𝜙𝑎𝜓‾𝑝(Γ𝑎

𝑝𝑖
𝑃+ + Γ‾𝑎

𝑝𝑖
𝑃−)𝛾𝛼𝜖𝑖]

 = tr[−2𝑖𝜕𝛼𝐽𝑎𝑏𝜙𝑎𝜓‾𝑝(Γ𝑏
𝑝𝑖

𝑃+ + Γ‾𝑏
𝑝𝑖

𝑃−)𝛾𝛼𝜖𝑖]
 

(𝛿𝜖 + 𝛿𝜖
′)(ℒSYM + ℒ𝜇) = tr[2𝐽𝑎𝑏

′ 𝜙𝑎(−𝑖𝜓‾𝑝(Γ𝑏
𝑝𝑖

𝑃+ + Γ‾𝑏
𝑝𝑖

𝑃−)𝜖𝑖)] = tr(2𝐽𝑎𝑏
′ 𝜙𝑎𝛿𝜙𝑏)  

ℒ𝐽 = −tr(𝐽𝑎𝑏
′ 𝜙𝑎𝜙𝑏)  

𝜙𝑎
′ Γ‾𝑎

𝑝𝑖
−

𝑖𝑔

2
[𝜙𝑎 , 𝜙𝑏]Γ‾𝑎

𝑝𝑟
Γ𝑏

𝑟𝑖 + 𝜇𝑝𝑟𝜙𝑎Γ𝑎
𝑟𝑖  (𝐽𝑎𝑏𝜙𝑎𝜙𝑏 +

𝑖𝑔

3
𝑇̃𝑎𝑏𝑐𝜙𝑎[𝜙𝑏, 𝜙𝑐])|

boundary 
 

𝜙3
′ − 𝑖𝑔[𝜙1, 𝜙5] − 𝜇𝜙3 = 0, [𝜙1, 𝜙2] = 0,

𝜙6
′ − 𝑖𝑔[𝜙4, 𝜙5] + 𝜇𝜙6 = 0, [𝜙2, 𝜙4] = 0,

𝜙4
′ − 𝑖𝑔[𝜙5, 𝜙6] + 𝜇𝜙4 = 0, [𝜙2, 𝜙6] = 0,

𝜙1
′ + 𝑖𝑔[𝜙3, 𝜙5] − 𝜇𝜙1 = 0, [𝜙2, 𝜙3] = 0,

[𝜙1, 𝜙4] − [𝜙3, 𝜙6] = 0, [𝜙2, 𝜙5] = 0,

𝜙5
′ + 𝑖𝑔([𝜙1, 𝜙3] + [𝜙4, 𝜙6]) = 0, 𝜙2

′ = 0,

[𝜙1, 𝜙6] + [𝜙3, 𝜙4] = 0
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2.21. Superespacios y Superamplitudes. 

Φ(𝑝𝑎𝑎̇ , 𝜂𝐴) = 𝑔+(𝑝) + 𝜂𝐴𝑔̃𝐴(𝑝) +
1

2
𝜂𝐴𝜂𝐵𝑆𝐴𝐵(𝑝) +

1

6
𝜂𝐴𝜂𝐵𝜂𝐶𝜖𝐴𝐵𝐶𝐷𝑔̃

𝐷
(𝑝) +

1

24
𝜂𝐴𝜂𝐵𝜂𝐶𝜂𝐷𝜖𝐴𝐵𝐶𝐷𝑔−(𝑝) 

𝑝𝑎𝑎̇ = 𝜆𝑎𝜆̃𝑎̇  

{𝜂𝐴, 𝜂𝐵} = 0  

𝛿4(∑  𝑛
𝑖=1  𝜆𝑖

𝑎𝜆̃𝑖
𝑎̇)𝛿8(∑  𝑛

𝑖=1  𝜆𝑖
𝑎𝜂𝑖

𝐴)  

𝒜𝑛(𝜆𝑖
𝑎 , 𝜆̃𝑖

𝑎̇, 𝜂𝑖
𝐴) = ∑  𝑛−4

𝑘=0  𝒜𝑛
N𝑘MHV(𝜆𝑖

𝑎, 𝜆̃𝑖
𝑎̇, 𝜂𝑖

𝐴)  

𝑥𝑖
𝑎𝑎̇ − 𝑥𝑖+1

𝑎𝑎̇ = 𝑝𝑖
𝑎𝑎̇  

𝜃𝑖
𝑎𝐴 − 𝜃𝑖+1

𝑎𝐴 = 𝜆𝑖
𝑎𝜂𝑖

𝐴  

𝛿4(𝑝)𝛿8(𝑞) = 𝛿4(𝑥𝑛+1 − 𝑥1)𝛿8(𝜃𝑛+1 − 𝜃1)  

log 
𝒜𝑛

MHV(𝑝1,…,𝑝𝑛)

𝒜𝑛
MHV(𝑝1,…,𝑝𝑛)|

tree−level 

= log ⟨𝑊(𝑥1, … , 𝑥𝑛)⟩  

log ⟨𝑊(𝑥1, … , 𝑥𝑛)⟩ = ∑  𝑛
𝑖=1  Div(𝑥𝑖−1,𝑖+1

2 ; 𝜖) + Fin𝑛(𝑥𝑖𝑗
2 )  

Div(𝑥2; 𝜖) = −
1

4
∑  ∞

𝐿=1  𝑔2𝐿(−𝑥2𝜇2)𝐿𝜖 [
Γcusp 

(𝐿)

(𝐿𝜖)2 +
Γcollinear 

(𝐿)

𝐿𝜖
]  

𝑔2 ≡
𝑔YM

2 𝑁

16𝜋2 =
𝜆

16𝜋2
 

𝐾𝜇Fin𝑛(𝑥𝑖𝑗
2 ) =

1

2
Γcusp (𝑔

2) ∑  𝑛
𝑖=1  𝑥𝑖,𝑖+1

𝜇
log (𝑥𝑖,𝑖+2

2 /𝑥𝑖−1,𝑖+1
2 )  

𝐾𝜇 = ∑  𝑛
𝑖=1   [2𝑥𝑖

𝜇
𝑥𝑖

𝜈 𝜕

𝜕𝑥𝑖𝜈
− 𝑥𝑖

2 𝜕

𝜕𝑥𝑖𝜇
]  

𝑢 =
𝑥13

2 𝑥46
2

𝑥14
2 𝑥36

2 , 𝑣 =
𝑥24

2 𝑥51
2

𝑥25
2 𝑥41

2 , 𝑤 =
𝑥35

2 𝑥62
2

𝑥36
2 𝑥52

2  

𝑍𝑖
𝐼 = (𝜆𝑖

𝑎, 𝑥𝑖
𝑏𝑎̇𝜆𝑖𝑏)  

𝑍 ∈ Gr(4, 𝑛)/GL(1)𝑛−1  

𝑥𝑖𝑗
2 → det(𝑍𝑖−1𝑍𝑖𝑍𝑗−1𝑍𝑗)  

Ω𝑛,𝑘
ℓ− loop 

= 𝑑𝜇1𝑑𝜇2 … 𝑑𝜇ℓℐ𝑛,𝑘
ℓ− loop 

 

Ω𝑛,𝑘
ℓ− loop 

= 𝜔𝑛,𝑘
ℓ− loop (𝑑𝑍𝑖 → 𝜂𝑖)  

𝒮6 = {𝑢, 𝑣, 𝑤, 1 − 𝑢, 1 − 𝑣, 1 − 𝑤, 𝑦𝑢, 𝑦𝑣 , 𝑦𝑤}  

𝑦𝑢 =
𝑢−𝑧+

𝑢−𝑧−
, 𝑦𝑣 =

𝑣−𝑧+

𝑣−𝑧−
, 𝑦𝑤 =

𝑤−𝑧+

𝑤−𝑧−
 

𝑧± =
1

2
[−1 + 𝑢 + 𝑣 + 𝑤 ± √Δ], Δ = (1 − 𝑢 − 𝑣 − 𝑤)2 − 4𝑢𝑣𝑤  

2.22. Correspondencias.  

𝑅6 =
𝑔𝑌𝑀

2

8𝜋2
 

𝐹 = −
(9/4+𝑚2)

2

96𝜋
𝜆𝑁2  

𝐼𝐴𝑑𝑆 = −
5𝜋𝑅6

12𝑟
𝑁3  

⟨𝑊⟩ ∼ exp (
𝜆

8𝜋
)  

⟨𝑊⟩ ∼ exp ((9/4 + 𝑚2)
𝜆

8𝜋
)  

⟨𝑊⟩𝐴𝑑𝑆 ∼ exp (
2𝜋𝑁𝑅6

𝑟
)  

𝑅6 =
5𝑔𝑌𝑀

2

32𝜋2
 

𝐿vector =
1

𝑔𝑌𝑀
2 Tr [

1

2
𝐹𝑚𝑛𝐹𝑚𝑛 − 𝐷𝑚𝜎𝐷𝑚𝜎 −

1

2
𝐷𝐼𝐽𝐷

𝐼𝐽 +
2

𝑟
𝜎𝑡𝐼𝐽𝐷𝐼𝐽 −

10

𝑟2 𝑡𝐼𝐽𝑡𝐼𝐽𝜎
2

+𝑖𝜆𝐼Γ
𝑚𝐷𝑚𝜆𝐼 − 𝜆𝐼[𝜎, 𝜆𝐼] −

𝑖

𝑟
𝑡𝐼𝐽𝜆𝐼𝜆𝐽]
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𝐿𝑣𝑒𝑐𝑡𝑜𝑟 =
1

𝑔𝑌𝑀
2 [

1

2
𝐹𝑚𝑛𝐹𝑚𝑛 − 𝐷𝑚𝜎𝐷𝑚𝜎 −

4

𝑟2 𝜎2 + ⋯ ]  

𝐿escalar = 𝐷𝑚𝜙𝐷𝑚𝜙 +
𝑑−2

4(𝑑−1)
ℛ𝜙2

 

𝐿escalar = 𝐷𝑚𝜙𝐷𝑚𝜙 +
15

4𝑟2 𝜙2  

𝐿materia =𝜖𝐼𝐽𝐷𝑚𝑞‾𝐼𝐷
𝑚𝑞𝐽 − 𝜖𝐼𝐽𝑞‾𝐼𝜎

2𝑞𝐽 +
15

4𝑟2 𝜖𝐼𝐽𝑞‾𝐼𝑞𝐽 − 2𝑖𝜓‾D̸𝜓 − 2𝜓‾𝜎𝜓

 −4𝜖𝐼𝐽𝜓‾𝜆𝐼𝑞𝐽 − 𝑖𝑞𝐼𝐷
𝐼𝐽𝑞𝐽,

 

𝐿𝑚𝑎𝑠𝑎 = −𝑀2𝜖𝐼𝐽𝑞‾𝐼𝑞𝐽 +
2𝑖

𝑟
𝑀𝑡𝐼𝐽𝑞‾𝐼𝑞𝐽 − 2𝑀𝜓‾𝜓  

−
4

𝑟2 𝜎2 + (
15

4𝑟2 − 𝑀2) 𝜖𝐼𝐽𝑞‾𝐼𝑞𝐽 +
2𝑖

𝑟
𝑀𝑡𝐼𝐽𝑞‾𝐼𝑞𝐽  

−
4

𝑟2 𝜎2 +
3

𝑟2 𝑞‾1𝑞1 +
4

𝑟2 𝑞‾2𝑞2  

𝑍 = ∫  
Cartan 

  [𝑑𝜙]𝑒
−

8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)−

𝜋𝑘

3
Tr(𝜙3)

𝑍1−loop 
vect (𝜙)𝑍1− loop 

hyper 
(𝜙) + 𝒪 (𝑒

−
16𝜋3𝑟

𝑔𝑌𝑀
2

)  

𝑍1− loop 
vect (𝜙) = ∏  𝛽  ∏  𝑡≠0   (𝑡 − ⟨𝛽, 𝑖𝜙⟩)

(1+
3

2
𝑡+

1

2
𝑡2)  

𝑍1− loop 

hyper
(𝜙) = ∏  𝜇  ∏  𝑡   (𝑡 − ⟨𝑖𝜙, 𝜇⟩ +

3

2
)

−(1+
3

2
𝑡+

1

2
𝑡2)

 

𝑆 =
1

𝑔𝑌𝑀
2 ∫  

𝑆5  Tr(𝐹 ∧∗ 𝐹) + ⋯ +
𝑖𝑘

24𝜋2 ∫  
𝑆5  Tr(𝐴 ∧ 𝑑𝐴 ∧ 𝑑𝐴) + ⋯  

𝒫 = 𝑥 ∏  ∞
𝑡=1   (𝑡 + 𝑥)

(1+
3

2
𝑡+

1

2
𝑡2)

(𝑡 − 𝑥)
(1−

3

2
𝑡+

1

2
𝑡2)  

log 𝒫 = ∑  ∞
𝑡=1   (3𝑥 −

𝑥2

2
) +  parte convergente  

𝑆3(𝑥) = 2𝜋𝑒−𝜁′(−2)𝑥𝑒
𝑥2

4
−

3

2
𝑥 ∏  ∞

𝑡=1  ((1 +
𝑥

𝑡
)

(1+
3

2
𝑡+

1

2
𝑡2)

(1 −
𝑥

𝑡
)

(1−
3

2
𝑡+

1

2
𝑡2)

𝑒
𝑥2

2
−3𝑥)  

log (𝑍1− loop 
vect (𝜙)𝑍1− loop 

hyper 
(𝜙)) = −

𝜋Λ𝑟

2
∑  𝛽   (⟨𝛽, 𝑖𝜙⟩)2 +

𝜋Λ𝑟

2
∑  𝜇   (⟨𝑖𝜙, 𝜇⟩)2 +  parte convergente

= 𝜋Λ𝑟(𝐶2(adj) − 𝐶2(𝑅))Tr(𝜙2) + parte convergente 

 

1

𝑔𝑒𝑓𝑓
2 =

1

𝑔𝑌𝑀
2 −

Λ

8𝜋2
(𝐶2(adj) − 𝐶2(𝑅))  

𝑍 = ∫  𝑑𝜙𝑒
−

8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)−

𝜋𝑘

3
Tr(𝜙3)

det𝐴𝑑(𝑆3(𝑖𝜙))det𝑅
−1 (𝑆3 (𝑖𝜙 +

3

2
))  

𝑆3(−𝑥) = 𝑆3(𝑥 + 3), 𝑆3 (𝑥 +
3

2
) = 𝑆3 (−𝑥 +

3

2
)  

det𝑅 (𝑆3 (𝑖𝜙 +
3

2
)) = det𝑅 (𝑆3 (−𝑖𝜙 +

3

2
)) = det𝑅‾ (𝑆3 (𝑖𝜙 +

3

2
))  

𝑍 = ∫  𝑑𝜙𝑒
−

8𝜋3𝑟

𝑔𝑌
2 Tr(𝜙2)−

𝜋𝑘

3
Tr(𝜙3)

det𝐴𝑑(𝑆3(𝑖𝜙))det𝑅
−1 (𝑆3 (𝑖𝜙 + 𝑖𝑚 +

3

2
))  

det𝑅 (𝑆3 (𝑖𝜙 + 𝑖𝑚 +
3

2
)) = det𝑅‾ (𝑆3 (𝑖𝜙 − 𝑖𝑚 +

3

2
))  

∫ 𝑑𝜙𝑒
−

8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)−

𝜋𝑘

3
Tr(𝜙3)

det𝐴𝑑(𝑆3(𝑖𝜙))

 × det𝑅
−1/2

(𝑆3 (𝑖𝜙 + 𝑖𝑚 +
3

2
)) det𝑅‾

−1/2
(𝑆3 (𝑖𝜙 − 𝑖𝑚 +

3

2
))

 

∫ 𝑑𝜙𝑒−ℱ  

ℱ =
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2) +

𝜋𝑘

3
Tr(𝜙3) − ∑  𝛽  log 𝑆3(⟨𝑖𝜙, 𝛽⟩) + ∑  𝜇  log 𝑆3 (⟨𝑖𝜙, 𝜇⟩ + 𝑖𝑚 +

3

2
)  

log 𝑆3(𝑧) ∼ −sgn(Im𝑧)𝜋𝑖 (
1

6
𝑧3 −

3

4
𝑧2 + 𝑧 + ⋯ )  

1

2𝜋𝑟3 ℱ =
4𝜋2

𝑔𝑌𝑀
2 Tr(𝜙2) +

𝑘

6
Tr(𝜙3) +

1

12
(∑  𝛽   |⟨𝜙, 𝛽⟩|3 − ∑  𝜇   |⟨𝜙, 𝜇⟩ + 𝑚|3) + 𝑂(𝑟−2)  
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ℱ =
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2) +

𝜋𝑘

3
Tr(𝜙3) +

𝜋

6
(∑  𝛽   |⟨𝜙, 𝛽⟩|3 − ∑  𝜇   |⟨𝜙, 𝜇⟩|3)

−
𝜋

2
𝑚 ∑  𝜇  sgn(⟨𝜙, 𝜇⟩)(⟨𝜙, 𝜇⟩)2 − 𝜋 ∑  𝛽   |⟨𝜙, 𝛽⟩| −

𝜋

2
(𝑚2 +

1

4
) ∑  𝜇   |⟨𝜙, 𝜇⟩| + ⋯ ,

 

ℱ =
8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2) +

𝜋𝑘

3
Tr(𝜙3) − ∑  𝛽 log 𝑆3(⟨𝑖𝜙, 𝛽⟩) − sgn(𝑚)

𝜋

2
∑  𝜇 (

1

3
(⟨𝜙, 𝜇⟩)3 + 𝑚(⟨𝜙, 𝜇⟩)2) 

Tr(𝑇𝐴𝑇𝐵𝑇𝐶 + 𝑇𝐴𝑇𝐶𝑇𝐵) = 𝐶3(𝑅)𝑑𝐴𝐵𝐶  

∑  𝜇   (⟨𝜙, 𝜇⟩)3 = 𝐶3(𝑅)Tr(𝜙3)  

𝑘𝑒𝑓𝑓 = 𝑘 − sgn(𝑚)
𝐶3(𝑅)

2
 

𝑟

𝑔𝑒𝑓𝑓
2 =

𝑟

𝑔𝑌𝑀
2 −

|𝑚|

8𝜋2 𝐶2(𝑅)  

𝑆3(𝑧) = 2𝑒−𝜁′(−2)sin (𝜋𝑧)𝑒
1

2
𝑓(𝑧)𝑒

3

2
𝑙(𝑧)  

𝑙(𝑧) = −𝑧log (1 − 𝑒2𝜋𝑖𝑧) +
𝑖

2
(𝜋𝑧2 +

1

𝜋
Li2(𝑒2𝜋𝑖𝑧)) −

𝑖𝜋

12
 

𝑓(𝑧) =
𝑖𝜋𝑧3

3
+ 𝑧2 log(1 − 𝑒−2𝜋𝑖𝑧) +

𝑖𝑧

𝜋
Li2(𝑒−2𝜋𝑖𝑧) +

1

2𝜋2 Li3(𝑒−2𝜋𝑖𝑧) −
𝜁(3)

2𝜋2
 

𝑍 = ∫  
Cartan 

  [𝑑𝜙]𝑒
−

8𝜋3𝑟

𝑔𝑌𝑀
2 Tr(𝜙2)

 ∏  𝛽   (sin (𝜋⟨𝛽, 𝑖𝜙⟩)𝑒
−

1

4
𝑙(

1

2
−𝑖𝑚−⟨𝛽,𝑖𝜙⟩)−

1

4
𝑙(

1

2
−𝑖𝑚+⟨𝛽,𝑖𝜙⟩)

 × 𝑒
1

2
𝑓(⟨𝛽,𝑖𝜙⟩)−

1

4
𝑓(

1

2
−𝑖𝑚−⟨𝛽,𝑖𝜙⟩)−

1

4
𝑓(

1

2
−𝑖𝑚+⟨𝛽,𝑖𝜙⟩)

+ ⋯

 

𝜆 =
𝑔𝑌𝑀

2 𝑁

𝑟
 

𝑍 ∼ ∫  ∏  𝑁
𝑖=1  𝑑𝜙𝑖exp (−

8𝜋3𝑁

𝜆
∑  𝑖  𝜙𝑖

2 + ∑  𝑗≠𝑖  ∑  𝑖   [log [sinh (𝜋(𝜙𝑖 − 𝜙𝑗))]

 −
1

4
𝑙 (

1

2
− 𝑖𝑚 + 𝑖(𝜙𝑖 − 𝜙𝑗)) −

1

4
𝑙 (

1

2
− 𝑖𝑚 − 𝑖(𝜙𝑖 − 𝜙𝑗)) +

1

2
𝑓 (𝑖(𝜙𝑖 − 𝜙𝑗)) −

−
1

4
𝑓 (

1

2
− 𝑖𝑚 + 𝑖(𝜙𝑖 − 𝜙𝑗)) −

1

4
𝑓 (

1

2
− 𝑖𝑚 − 𝑖(𝜙𝑖 − 𝜙𝑗))]) .

 

𝑑𝑓(𝑧)

𝑑𝑧
= 𝜋𝑧2cot (𝜋𝑧); 

𝑑𝑙(𝑧)

𝑑𝑧
= −𝜋𝑧cot (𝜋𝑧)  

lim
|𝑥|→∞

 Re𝑓 (
1

2
+ 𝑖𝑥) = −

𝜋

3
|𝑥|3 +

𝜋

4
|𝑥|; lim

𝑥→∞
 Im𝑓 (

1

2
± 𝑖𝑥) = ±

𝜋

2
𝑥2;

lim
|𝑥|→∞

 Re𝑙 (
1

2
+ 𝑖𝑥) = −

𝜋

2
|𝑥|; lim

𝑥→∞
 Im𝑙 (

1

2
± 𝑖𝑥) = ∓

𝜋

2
𝑥2;

lim
|𝑥|→∞

 Re𝑓(𝑖𝑥) = −
𝜋

3
|𝑥|3; Im𝑓(𝑖𝑥) = 0

 

16𝜋3𝑁

𝜆
𝜙𝑖 = 𝜋 ∑  𝑗≠𝑖   [(2 − (𝜙𝑖 − 𝜙𝑗)

2
) coth (𝜋(𝜙𝑖 − 𝜙𝑗))

 +
1

2
(

1

4
+ (𝜙𝑖 − 𝜙𝑗 − 𝑚)

2
) tanh (𝜋(𝜙𝑖 − 𝜙𝑗 − 𝑚))

+
1

2
(

1

4
+ (𝜙𝑖 − 𝜙𝑗 + 𝑚)

2
) tanh (𝜋(𝜙𝑖 − 𝜙𝑗 + 𝑚))]

 

16𝜋3𝑁

𝜆
𝜙𝑖 ≈ 2 ∑  𝑗≠𝑖  

1

𝜙𝑖−𝜙𝑗
 

𝜌(𝜙) ≡
1

𝑁

𝑑𝑛

𝑑𝜙
=

2

𝜋𝜙0
2 √𝜙0

2 − 𝜙2 𝜙0 = √
𝜆

4𝜋3
 

∫ 𝜌(𝜙)𝑑𝜙 = 1  

𝐹 = −log 𝑍 ≈ −𝑁2log √𝜆  

16𝜋3𝑁

𝜆
𝜙𝑖 = 𝜋 (

9

4
+ 𝑚2) ∑  𝑗≠𝑖  sign(𝜙𝑖 − 𝜙𝑗)  

𝜙𝑖 =
(9+4𝑚2)𝜆

64𝜋2𝑁
(2𝑖 − 𝑁)  

𝜌(𝜙) =
32𝜋2

(9+4𝑚2)𝜆
|𝜙| ≤ 𝜙𝑚, 𝜙𝑚 =

(9+4𝑚2)𝜆

64𝜋2

= 0 |𝜙| > 𝜙𝑚

 

𝑍 ∼ ∫  ∏  𝑖  𝑑𝜙𝑖𝑒
−

8𝜋3𝑁

𝜆
∑  𝑖  𝜙𝑖

2+
𝜋

2
(

9

4
+𝑚2) ∑  𝑗≠𝑖  ∑  𝑖  |𝜙𝑖−𝜙𝑗|  
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𝐹 ≡ −log 𝑍 ≈ −
𝑔𝑌𝑀

2 𝑁3

96𝜋𝑟
(

9

4
+ 𝑚2)

2
 

∑  𝑁
𝑖=1   (2𝑖 − 𝑁)2 ≈

1

3
𝑁3, ∑  𝑗≠𝑖  ∑  𝑁

𝑖=1   |𝑖 − 𝑗| ≈
1

3
𝑁3  

𝐹 = −
25𝑔𝑌𝑀

2 𝑁3

384𝜋𝑟
 

16𝜋3𝑁

𝜆
𝜙𝑖 = 𝜋 ∑  𝑗≠𝑖   [(2 − (𝜙𝑖 − 𝜙𝑗)

2
) coth (𝜋(𝜙𝑖 − 𝜙𝑗)) + 2𝑚(𝜙𝑖 − 𝜙𝑗)]

 = 2𝜋𝑚𝑁𝜙𝑖 + 𝜋 ∑  𝑗≠𝑖   (2 − (𝜙𝑖 − 𝜙𝑗)
2
) coth (𝜋(𝜙𝑖 − 𝜙𝑗))

 

16𝜋3𝑁

𝜆𝑒𝑓𝑓
𝜙𝑖 = 𝜋 ∑  𝑗≠𝑖  (2 − (𝜙𝑖 − 𝜙𝑗)

2
) coth (𝜋(𝜙𝑖 − 𝜙𝑗))  

1

𝜆𝑒𝑓𝑓
=

1

𝜆
−

𝑚

8𝜋2  

2.23. Supersimetrías y Loops de Wilson. 

⟨𝑊⟩ =
1

𝑁
⟨Tr𝑒2𝜋𝜙𝑖⟩  

⟨𝑊⟩ ∼
1

𝑁
∫  ∏  𝑖  𝑑𝜙𝑖 ∑  𝑖   𝑒2𝜋𝜙𝑖𝑒

−
8𝜋3𝑁

𝜆
∑  𝑖  𝜙𝑖

2+
𝜋

2
(

9

4
+𝑚2) ∑  𝑗≠𝑖  ∑  𝑖  |𝜙𝑖−𝜙𝑗|  

⟨𝑊⟩ = ∫  𝑑𝜙𝜌(𝜙)𝑒2𝜋𝜙  

⟨𝑊⟩ ≈ ∫  𝑑𝜙𝜌(𝜙)(1 + 2𝜋2𝜙2) = 1 +
𝜆

8𝜋
≈ exp (

𝜆

8𝜋
)  

⟨𝑊⟩ ≈
32𝜋2

(9+4𝑚2)𝜆
∫  

𝜙𝑚

−𝜙𝑚
 𝑒2𝜋𝜙𝑑𝜙 ∼ exp (

𝜆

8𝜋
(

9

4
+ 𝑚2))  

16𝜋3𝑁

𝜆
𝜓𝑖

(𝑟)
= 𝜋 [∑  𝑗≠𝑖   (2 − (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟)
)

2
) coth (𝜋 (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟)
))

+ (∑  𝑗   [
1

4
(

1

4
+ (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟+1)
− 𝑚)

2
) tanh (𝜋 (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟+1)
− 𝑚))

 +
1

4
(

1

4
+ (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟−1)
− 𝑚)

2
) tanh (𝜋 (𝜓𝑖

(𝑟)
− 𝜓𝑗

(𝑟−1)
− 𝑚))]]

 +(𝑚 → −𝑚)).

 

𝜓𝑖
(𝑟)

=
(9+4𝑚2)𝜆

64𝜋2𝑁
(2𝑖 − 𝑁/𝑘)  

𝐹 ≈ −𝑘
𝑔𝑌𝑀

2 𝑁3

96𝜋𝑟𝑘3 (
9

4
+ 𝑚2)

2
= −

𝑔𝑌𝑀
2 𝑁3

96𝜋𝑟𝑘2 (
9

4
+ 𝑚2)

2
 

⟨𝑊⟩ ≈ exp (
𝜆

8𝜋𝑘
) .  

⟨𝑊⟩ ∼ exp (
𝜆

8𝜋𝑘
(

9

4
+ 𝑚2))  

𝜏
𝑑𝜙𝑖

𝑑𝑡
= −

𝜕ℱ

𝜕𝜙𝑖
 

𝑎3 = 𝑐1 + 𝑐2𝑚 + 𝑐3𝑚2 + 𝑐4𝑚3 + ⋯  

2.24. Supergravedad. 

𝑑𝑠2 = ℓ2(cosh2 𝜌𝑑𝜏2 + 𝑑𝜌2 + sinh2 𝜌𝑑Ω5
2)  

𝐼𝐴𝑑𝑆 = 𝐼bulk + 𝐼surface + 𝐼ct  

𝐼bulk = −
1

16𝜋𝐺𝑁
Vol(𝑆4) ∫  𝑑7𝑥√𝑔(𝑅 − 2Λ)  

𝑅 − 2Λ = −
12

ℓ2  

𝐼bulk = −
1

256𝜋8ℓ𝑝𝑙
9 (

𝜋2ℓ4

6
)

2𝜋𝑅6

𝑟
𝜋3(−12ℓ5) ∫  

𝜌0

0
 cosh 𝜌sinh5 𝜌𝑑𝜌 =

4𝜋𝑅6

3𝑟
𝑁3sinh6 𝜌0  

sinh6 𝜌0 =
1

64
𝜖−6 −

3

32
𝜖−4 +

15

64
𝜖−2 −

5

16
+ O(𝜖2)  

𝐼𝐴𝑑𝑆 = −
5𝜋𝑅6

12𝑟
𝑁3  

⟨𝑊⟩ ∼ 𝑒−𝑇(2) ∫  𝑑𝑉  

∫ 𝑑𝑉 = 𝑙3 ∫  
2𝜋𝑅6

𝑟
0

 𝑑𝜏 ∫  
2𝜋

0
 𝑑𝜙 ∫  

𝜌0

0
 𝑑𝜌sinh (𝜌)cosh (𝜌)  
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𝑇(2) ∫  𝑑𝑉 =
𝜋𝑁𝑅6

𝑟
(

1

𝜖
− 2 + 𝜖)  

⟨𝑊⟩ ∼ exp (
2𝜋𝑁𝑅6

𝑟
)  

𝑅6 =
𝑔𝑌𝑀

2

16𝜋2 (
9

4
+ 𝑚2)  

𝑅6 =
𝑔𝑌𝑀

2

16𝜋2

5

2
 

𝐼𝐴𝑑𝑆 = −
5𝜋𝑅6

12𝑟𝑘
𝑁3  

𝑅6 =
𝑔𝑌𝑀

2

16𝜋2𝑘
(

9

4
+ 𝑚2)  
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Apéndice D. 

 

1. Supermembranas y supergravedad cuántica. Ecuaciones de movimiento en 

supercampos cuánticos relativistas y superespacios cuánticos con curvatura. 

 
{𝑍𝑀} ≡ {𝑥𝜇 , 𝜃𝛼}, 𝜇 = 0,1,2,3, 𝛼 = 1,2,3,4  

𝐸𝑎 = 𝑑𝑍𝑀𝐸𝑀
𝑎 (𝑍), 𝐸𝛼 = 𝑑𝑍𝑀𝐸𝑀

𝛼(𝑍), 𝐸‾ 𝛼̇ = 𝑑𝑍𝑀𝐸‾𝑀
𝛼̇(𝑍)

𝑎 = 0,1,2,3, 𝛼 = 1,2, 𝛼̇ = 1,2
 

𝐸𝐴 = (𝐸𝑎, 𝐸𝛼) = (𝐸𝑎 , 𝐸𝛼 , 𝐸‾ 𝛼̇) = 𝑑𝑍𝑀𝐸𝑀
𝐴(𝑍)  

𝑇𝑎: = 𝒟𝐸𝑎 = 𝑑𝐸𝑎 − 𝐸𝑏 ∧ 𝑤𝑏 𝑎 =
1

2
𝐸𝐵 ∧ 𝐸𝐶𝑇𝐶𝐵 𝑎

𝑇𝛼: = 𝒟𝐸𝛼 = 𝑑𝐸𝛼 − 𝐸𝛽 ∧ 𝑤𝛽 𝛼 =
1

2
𝐸𝐵 ∧ 𝐸𝐶𝑇𝐶𝐵 𝛼, 𝑤𝛽 𝛼: =

1

4
𝑤𝑎𝑏𝜎𝑎𝑏𝛽 𝛼

𝑇𝛼̇: = 𝒟𝐸𝛼̇ = 𝑑𝐸𝛼̇ − 𝐸𝛽̇ ∧ 𝑤𝛽̇
𝛼̇ =

1

2
𝐸𝐵 ∧ 𝐸𝐶𝑇𝐶𝐵 𝛼̇ , 𝑤𝛽̇ 𝛼̇: =

1

4
𝑤𝑎𝑏𝜎̃𝑎𝑏 𝛼̇  𝛽̇

 

𝜎𝑎𝜎̃𝑏 = 𝜂𝑎𝑏 +
𝑖

2
𝜖𝑎𝑏𝑐𝑑𝜎𝑐𝜎̃𝑑 , 𝜎̃𝑎𝜎𝑏 = 𝜂𝑎𝑏 −

𝑖

2
𝜖𝑎𝑏𝑐𝑑𝜎̃𝑐𝜎𝑑  

𝒟𝑇𝑎 + 𝐸𝑏 ∧ 𝑅𝑏 𝑎 = 0, 𝒟𝑇𝛼 + 𝐸𝛽 ∧ 𝑅𝛽 𝛼 = 0, 𝒟𝑇𝛼̇ + 𝐸𝛽̇ ∧ 𝑅𝛽̇
𝛼̇ = 0  

𝑅𝑎𝑏 = (𝑑𝑤 − 𝑤 ∧ 𝑤)𝑎𝑏 =
1

2
𝐸𝐵 ∧ 𝐸𝐶𝑅𝐶𝐵 𝑎𝑏  

𝑆𝑆𝐺 = ∫  𝑑8𝑍𝐸: = ∫  𝑑4𝑥𝑑̃4𝜃sdet(𝐸𝑀
𝐴)  

𝑇𝑎  = −2𝑖𝜎𝛼𝛼̇
𝑎 𝐸𝛼 ∧ 𝐸‾ 𝛼̇ −

1

8
𝐸𝑏 ∧ 𝐸𝑐𝜀𝑎 𝑏𝑐𝑑𝐺𝑑

𝑇𝛼 ∶= (𝑇𝛼̇)
∗

=
𝑖

8
𝐸𝑐 ∧ 𝐸𝛽(𝜎𝑐𝜎̃𝑑)𝛽

𝛼𝐺𝑑 −
𝑖

8
𝐸𝑐 ∧ 𝐸‾𝛽̇𝜖𝛼𝛽𝜎𝑐𝛽𝛽̇𝑅 +

1

2
𝐸𝑐 ∧ 𝐸𝑏𝑇𝑏𝑐 𝛼

 

𝒟𝛼𝑅‾ = 0, 𝒟𝛼̇𝑅 = 0,

𝒟
𝛼̇
𝐺𝛼𝛼̇ = −𝒟𝛼𝑅, 𝒟𝛼𝐺𝛼𝛼̇ = −𝒟𝛼̇𝑅‾

 

𝑇𝛼𝛼̇𝛽𝛽̇𝛾 ≡ 𝜎𝛼𝛼̇
𝑎 𝜎𝛽𝛽̇

𝑏 𝜖𝛾𝛿𝑇𝑎𝑏 𝛿 = −
1

8
𝜖𝛼𝛽𝒟(𝛼̇∣𝐺𝛾∣𝛽̇) −

1

8
𝜖𝛼̇𝛽̇[𝑊𝛼𝛽𝛾 − 2𝜖𝛾(𝛼𝒟𝛽)𝑅]  

𝒟𝛼̇𝑊𝛼𝛽𝛾 = 0, 𝒟𝛼𝑊‾ 𝛼̇𝛽̇𝛾̇ = 0

𝒟𝛾𝑊𝛼𝛽𝛾 = 𝒟𝛾̇𝒟(𝛼𝐺𝛽)𝛾̇
 

𝜖𝑎𝑏𝑐𝑑𝑇𝑏𝑐  𝛼𝜎𝑑𝛼𝛼̇ =
𝑖

8
𝜎̃𝑎𝛽̇𝛽𝒟(𝛽̇∣𝐺𝛽∣𝛼̇) +

3𝑖

8
𝜎𝛽𝛼̇

𝑎 𝒟𝛽𝑅  

𝑅𝑏𝑐  𝑎𝑐 =
1

32
(𝒟𝛽𝒟

𝛼̇∣
𝐺𝛼∣𝛽̇) − 𝒟

𝛽̇
𝒟(𝛽𝐺𝛼)𝛼̇) 𝜎𝛼𝛼̇

𝑎 𝜎𝑏𝛽𝛽̇ −
3

64
(𝒟𝒟𝑅‾ + 𝒟𝒟𝑅 − 4𝑅𝑅‾)𝛿𝑏

𝑎  

𝐺𝑎 = 0,

𝑅 = 0, 𝑅‾ = 0
 

𝛿𝑆𝑆𝐺 = ∫  𝑑8𝑍𝐸 [
1

6
𝐺𝑎𝛿𝐻𝑎 − 2𝑅𝛿𝒰 − 2𝑅‾𝛿𝒰]  

𝑆𝑝=2 =
1

2
∫  𝑑3𝜉√𝑔 − ∫  

𝑊3
  𝐶̂3 = −

1

6
∫  

𝑊3
  ∗ 𝐸̂𝑎 ∧ 𝐸̂𝑎 − ∫  

𝑊3
  𝐶̂3  

𝑔𝑚𝑛 = 𝐸̂𝑚
𝑎 𝜂𝑎𝑏𝐸̂𝑛

𝑏, 𝐸̂𝑚
𝑎 : = 𝜕𝑚𝑍̂𝑀(𝜉)𝐸𝑀

𝑎 (𝑍̂)  

𝑊3 ⊂ Σ(4∣4): 𝑍𝑀 = 𝑍̂𝑀(𝜉) = (𝑥̂𝜇(𝜉), 𝜃̂𝛼̆(𝜉))  

𝐸̂𝑎 = 𝑑𝜉𝑚𝐸̂𝑚
𝑎 = 𝑑𝑍̂𝑀(𝜉)𝐸𝑀

𝑎 (𝑍̂)  

∗ 𝐸̂𝑎: =
1

2
𝑑𝜉𝑚 ∧ 𝑑𝜉𝑛√𝑔𝜖𝑚𝑛𝑘𝑔𝑘𝑙𝐸̂𝑙

𝑎  

𝐶3 =
1

3!
𝑑𝑍𝑀 ∧ 𝑑𝑍𝑁 ∧ 𝑑𝑍𝐾𝐶𝐾𝑁𝑀(𝑍) =

1

3!
𝐸𝐶 ∧ 𝐸𝐵 ∧ 𝐸𝐴𝐶𝐴𝐵𝐶(𝑍)  
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𝐶̂3 =
1

3!
𝑑𝑍̂𝑀 ∧ 𝑑𝑍̂𝑁 ∧ 𝑑𝑍̂𝐾𝐶𝐾𝑁𝑀(𝑍̂(𝜉)) =

1

3!
𝐸̂𝐶 ∧ 𝐸̂𝐵 ∧ 𝐸̂𝐴𝐶𝐴𝐵𝐶(𝑍̂) =

 =
1

3!
𝑑𝜉𝑚 ∧ 𝑑𝜉𝑛 ∧ 𝑑𝜉𝑘𝐶̂𝑘𝑛𝑚 = 𝑑3𝜉𝜖𝑚𝑛𝑘𝐶̂𝑘𝑛𝑚

 

𝐻4𝐿 = −
𝑖

4
𝐸𝑏 ∧ 𝐸𝑎 ∧ 𝐸𝛼 ∧ 𝐸𝛽𝜎𝑎𝑏𝛼𝛽 −

1

128
𝐸𝑑 ∧ 𝐸𝑐 ∧ 𝐸𝑏 ∧ 𝐸𝑎𝜖𝑎𝑏𝑐𝑑𝑅, 𝑑𝐻4𝐿 = 0  

𝐻4: = 𝑑𝐶3 =
1

4!
𝐸𝐴4 ∧ … ∧ 𝐸𝐴1𝐻𝐴1…𝐴4

(𝑍) = 𝐻4𝐿 + 𝐻4𝑅  

∫  
𝑊3

 𝐶3 = ∫  
𝑊4:𝜕𝑊4=𝑊3

 𝐻4  

𝛿𝑆𝑝=2 = ∫  
𝑊3

  (
1

2
ℳ3𝑎𝐸𝑀

𝑎 (𝑍̂) + 𝑖Ψ3𝛼𝐸𝑀
𝛼(𝑍̂) + 𝑖Ψ3𝛼̇𝐸𝑀

𝛼̇(𝑍̂)) 𝛿𝑍̂𝑀(𝜉)  

ℳ3𝑎: =𝒟 ∗ 𝐸̂𝑎 + 𝑖𝐸̂𝑏 ∧ 𝐸̂𝛼 ∧ 𝐸̂𝛽𝜎𝑎𝑏𝛽𝛼 − 𝑖𝐸̂𝑏 ∧ 𝐸‾̂ 𝛼̇ ∧ 𝐸‾̂𝛽̇𝜎̃𝑎𝑏𝛽̇𝛼̇ −

 −
1

8
𝐸̂𝑏 ∧ 𝐸̂𝑐 ∧ 𝐸̂𝑑𝜖𝑎𝑏𝑐𝑑(𝑅 + 𝑅‾) = 0

 

Ψ‾ 3𝛼̇: =∗ 𝐸̂𝑎 ∧ (𝐸̂𝛼𝜎𝛼𝛼̇
𝑎 − (𝛾̃̃𝜎𝑎)

𝛼̇𝛽̇
𝐸‾̂𝛽̇) = 0

Ψ3𝛼: =∗ 𝐸̂𝑎 ∧ (𝜎𝛼𝛼̇
𝑎 𝐸‾̂ 𝛼̇ + 𝐸̂𝛽(𝜎𝑎𝛾‾̃)𝛼𝛽) = 0

 

𝛾‾𝛽𝛼̇ = 𝜖𝛽𝛼𝜖𝛼̇𝛽̇𝛾‾̃𝛽̇𝛼 =
𝑖

3! √𝑔
𝜎𝛽𝛼̇

𝑎 𝜖𝑎𝑏𝑐𝑑𝜖𝑚𝑛𝑘𝐸̂𝑚
𝑏 𝐸̂𝑛

𝑐𝐸̂𝑘
𝑑 = −(𝛾‾𝛼𝛽̇)

∗
 

𝛾‾𝛽𝛼̇𝛾‾̃ 𝛼̇𝛼 = 𝛿𝛽  𝛼 , 𝛾‾̃ 𝛼̇𝛼𝛾‾𝛼𝛽̇ = 𝛿𝛽̇
𝛼̇

 

𝛾‾𝜎̃𝑎 = −𝜎𝑎 𝛾̃̃ +
𝑖

3! √𝑔
𝜖𝑎𝑏𝑐𝑑𝜖𝑚𝑛𝑘𝐸̂𝑚

𝑏 𝐸̂𝑛
𝑐𝐸̂𝑘

𝑑

∗ 𝐸̂𝑎𝛾‾𝜎̃𝑎𝛾‾ =∗ 𝐸̂𝑎𝜎𝑎 ,∗ 𝐸̂𝑎𝛾‾𝜎̃𝑎 = − ∗ 𝐸̂𝑎𝜎𝑎𝛾̃
1

2
𝐸̂𝑏 ∧ 𝐸̂𝑎 ∧ 𝐸̂𝛽𝜎𝑎𝑏𝛽𝛼 =∗ 𝐸̂𝑎 ∧ 𝐸̂𝛽(𝜎𝑎𝛾‾̃)𝛽𝛼

1

2
𝐸̂𝑏 ∧ 𝐸̂𝑎 ∧ 𝐸̂𝛽̇𝜎̃𝑎𝑏𝛽̇𝛼̇ = − ∗ 𝐸̂𝑎 ∧ 𝐸‾̂𝛽̇(𝜎̃𝑎𝛾‾)𝛽̇𝛼̇

 

𝛿𝜅𝑍̂𝑀 = 𝜅𝛼(𝜉) (𝐸𝛼
𝑀(𝑍̂) + 𝛾‾𝛼𝛼̇𝜖𝛼̇𝛽̇𝐸𝛽̇

𝑀(𝑍̂))  

𝜅𝛼(𝜉) = −𝜅‾𝛼̇(𝜉)𝛾̃̃𝛼̇𝛼  ⇔  𝜅‾𝛼̇(𝜉) = −𝜅𝛼(𝜉)𝛾‾𝛼𝛼̇  

𝛿𝐶3 =
1

3!
𝐸𝐶 ∧ 𝐸𝐵 ∧ 𝐸𝐴𝛽𝐴𝐵𝐶(𝛿)  

𝛿𝒰 =
𝑖

12
𝛿𝑉, 𝛿𝒰 = −

𝑖

12
𝛿𝑉  

𝛿𝑆𝑆𝐺 =
1

6
∫  𝑑8𝑍𝐸[𝐺𝑎𝛿𝐻𝑎 + (𝑅 − 𝑅‾)𝑖𝛿𝑉]  

𝐺𝑎 = 0  

𝑅 − 𝑅‾ = 0  

𝑅 = 4𝑐, 𝑅‾ = 4𝑐, 𝑐 =  const = 𝑐∗  

𝑅𝑏𝑐  𝑎𝑐 = 3𝑐2𝛿𝑏 𝑎  

𝑆 = 𝑆𝑆𝐺 + 𝑇2𝑆𝑝=2 = ∫  𝑑8𝑍𝐸(𝑍) +
𝑇2

2
∫  𝑑3𝜉√𝑔 − 𝑇2 ∫  

𝑊3
  𝐶̂3  

𝐺𝑎 = 𝑇2𝐽𝑎  

𝑅 − 𝑅‾ = −𝑖𝑇2𝒳  
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𝐽𝑎 = ∫  
𝑊3

 
3

𝐸̂
𝐸̂𝑏 ∧ 𝐸̂𝛼 ∧ 𝐸̂𝛽𝜎𝑎𝑏𝛼𝛽𝛿8(𝑍 − 𝑍̂) −

 − ∫  
𝑊3

 
3𝑖

𝐸̂
(∗ 𝐸̂𝑎 ∧ 𝐸̂𝛼 +

𝑖

2
𝐸̂𝑏 ∧ 𝐸̂𝑐 ∧ 𝐸̂𝛽̇𝜖𝑎𝑏𝑐𝑑𝜎̃𝑑𝛽̇𝛼) 𝒟𝛼𝛿8(𝑍 − 𝑍̂) + 𝑐. 𝑐 −

 − ∫  
𝑊3

 
𝑖

8𝐸̂
𝐸̂𝑏 ∧ 𝐸̂𝑐 ∧ 𝐸̂𝑑𝜖𝑎𝑏𝑐𝑑 (𝒟𝒟 −

1

2
𝑅‾) 𝛿8(𝑍 − 𝑍̂) + 𝑐. 𝑐. +

 + ∫  
𝑊3

 
1

4𝐸̂
∗ 𝐸̂𝑏 ∧ 𝐸̂𝑏𝐺𝑎𝛿8(𝑍 − 𝑍̂) −

 − ∫  
𝑊3

 
1

4𝐸̂
∗ 𝐸̂𝑐 ∧ 𝐸̂𝑏𝜎̃𝑑𝛼̇𝛼(3𝛿𝑎

𝑐𝛿𝑏
𝑑 − 𝛿𝑎

𝑑𝛿𝑏
𝑐)[𝒟𝛼, 𝒟𝛼̇]𝛿8(𝑍 − 𝑍̂)

 

 

𝒳 =
6𝑖

𝐸
∫  

𝑊3
  𝐸̂𝑎 ∧ 𝐸̂𝛼 ∧ 𝐸̂𝛼̇𝜎𝛼𝛼̇

𝑎 𝛿8(𝑍 − 𝑍̂) −

 −
3

2
∫  

𝑊3
 
𝐸̂𝑏 ∧ 𝐸̂𝑎 ∧ 𝐸̂𝛼

𝐸̂
𝜎𝑎𝑏𝛼

𝛽
𝒟𝛽𝛿8(𝑍 − 𝑍̂) + 𝑐. 𝑐 +

 + ∫  
𝑊3

 
𝐸̂𝑏 ∧ 𝐸̂𝑐 ∧ 𝐸̂𝑑

8𝐸̂
𝜖𝑎𝑏𝑐𝑑𝜎̃𝑎𝛼̇𝛼[𝒟𝛼, 𝒟𝛼̇]𝛿8(𝑍 − 𝑍̂) +

 +𝑖 ∫  
𝑊3

 
∗ 𝐸̂𝑎 ∧ 𝐸̂𝑎

4𝐸̂
(𝒟𝒟 − 𝑅‾)𝛿8(𝑍 − 𝑍̂) + 𝑐. 𝑐. +

 + ∫  
𝑊3

 
1

4𝐸̂
𝐸̂𝑏 ∧ 𝐸̂𝑐 ∧ 𝐸̂𝑑𝜖𝑎𝑏𝑐𝑑𝐺𝑎𝛿8(𝑍 − 𝑍̂).

 

𝒟
𝛼̇
𝐽𝛼𝛼̇ = 𝑖𝒟𝛼𝒳, 𝒟𝛼𝐽𝛼𝛼̇ = −𝑖𝒟𝛼̇𝒳  

𝑖𝜃𝐸𝛼: = 𝜃
𝛼
𝐸𝛼 𝛼 = 𝜃𝛼, 𝑖𝜃𝐸𝛼̇: = 𝜃

𝛼
𝐸𝛼

𝛼̇ = 𝜃‾ 𝛼̇

𝜃𝛼: = 𝜃𝐵𝛿𝛽
𝛼 , 𝜃‾ 𝛼̇: = 𝜃𝛽𝛿𝛽

𝛼̇

𝑖𝜃𝐸𝑎: = 𝜃  人𝐸𝛼
𝑎

= 0

𝑖𝜃𝑤𝑎𝑏: = 𝜃𝛽𝑤𝛽

𝑎𝑏
= 0

 

𝜃̂𝛼(𝜉) = 0 ⇔ 𝜃̂𝛼(𝜉) = 0, 𝜃‾̂ 𝛼̇(𝜉) = 0  

𝐸𝑁
𝐴|

𝜃=0
= (

𝑒𝜈
𝑎(𝑥) 𝜓

𝛼

𝜈
(𝑥)

0 𝛿𝛽̆𝛼
)  ⇒  𝐸𝐴

𝑁|

𝜃=0

= (
𝑒𝑎

𝜈(𝑥) −𝜓𝑎
𝛽̆
(𝑥)

0 𝛿𝛼
𝛽̆

)  

𝑇𝑎𝑏
𝛼 |𝜃=0 = 2𝑒𝑎

𝜇
𝑒𝑏

𝜈𝒟[𝜇𝜓𝜈]
𝛼 (𝑥) −

𝑖

4
(𝜓[𝑎𝜎𝑏])𝛽̇

𝐺𝛼𝛽̇|
𝜃=0

−
𝑖

4
(𝜓‾[𝑎𝜎̃𝑏])

𝛼
𝑅|

𝜃=0
 

𝜖𝛼 = 𝜖‾̂𝛼̇𝛾‾̃ 𝛼̇𝛼  

𝐸̂𝑎 = 𝑒̂𝑎 = 𝑑𝑥̂𝜇𝑒𝜇
𝑎(𝑥̂), 𝐸̂𝛼 = 𝜓̂𝛼 = 𝑑𝑥̂𝜇𝜓𝜇

𝛼(𝑥̂)  

𝒟𝛼𝛿8(𝑍 − 𝑍̂) =
1

8
𝜃𝛼𝜃‾𝜃‾𝛿4(𝑥 − 𝑥̂)+∝ 𝜃∧4, 𝒟𝛼̇𝛿8(𝑍 − 𝑍̂) = −

1

8
𝜃‾𝛼̇𝜃𝜃𝛿4(𝑥 − 𝑥̂) + 𝜃∧4

𝒟𝛼𝒟𝛼𝛿8(𝑍 − 𝑍̂) = −
1

4
𝜃‾𝜃‾𝛿4(𝑥 − 𝑥̂)+∝ 𝜃𝜃‾𝜃‾

𝒟𝛼̇𝒟
𝛼̇
𝛿8(𝑍 − 𝑍̂) = −

1

4
𝜃𝜃𝛿4(𝑥 − 𝑥̂)+∝ 𝜃𝜃𝜃‾

[𝒟𝛼, 𝒟𝛼̇]𝛿8(𝑍 − 𝑍̂) = −
1

2
𝜃𝛼𝜃‾𝛼̇𝛿4(𝑥 − 𝑥̂)+∝ 𝜃∧3
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𝒫𝑎  𝑏(𝑥) ∶= ∫  
𝑊3

 
1

𝑒̂
∗ 𝑒̂𝑎 ∧ 𝑒̂𝑏𝛿4(𝑥 − 𝑥̂)

𝒫𝑎(𝑥) ∶= ∫  
𝑊3

 
1

𝑒̂
𝜖𝑎𝑏𝑐𝑑𝑒̂𝑏 ∧ 𝑒̂𝑐 ∧ 𝑒̂𝑑𝛿4(𝑥 − 𝑥̂) =

 = 𝑒𝑎
𝜇
(𝑥) ∫  

𝑊3
  𝜖𝜇𝜈𝜌𝜎𝑑𝑥̂𝜈 ∧ 𝑑𝑥̂𝜌 ∧ 𝑑𝑥̂𝜎𝛿4(𝑥 − 𝑥̂)

 

𝐽𝛼𝛼̇|𝜃̂=0 =
𝜃𝛽𝜃‾𝛽̇

8
(3𝒫𝑎  𝑏(𝑥)𝜎𝛼𝛼̇

𝑎 𝜎̃𝑏
𝛽𝛽̇

− 2𝛿𝛼  𝛽𝛿𝛼̇
𝛽̇
𝒫𝑏 𝑏(𝑥)) − 𝑖

(𝜃𝜃 − 𝜃‾𝜃‾)

32
𝜎𝛼𝛼̇

𝑎 𝒫𝑎(𝑥)+∝ 𝜃∧3  

𝒳|𝜃̂=0 = −
𝜃𝜎𝑎𝜃‾

16
𝒫𝑎 + 𝑖

(𝜃𝜃 − 𝜃‾𝜃‾)

16
𝒫𝑎 𝑎(𝑥)+∝ 𝜃∧3  

𝜖𝜇𝜈𝜌𝜎𝑒𝜈
𝑎(𝑥)𝒟𝜌𝜓𝜎

𝛼(𝑥)𝜎𝑎𝛼𝛼̇ = 0  

𝑅𝑏𝑐
𝑎𝑐|𝜃=0 =

1

32
(𝒟𝛽𝒟

(𝛼̇∣
𝐽𝛼∣𝛽̇) − 𝒟

𝛽̇
𝒟(𝛽𝐽𝛼)𝛼̇)|

𝜃=0
𝜎𝛼𝛼̇

𝑎 𝜎𝑏𝛽𝛽̇ −
3𝑖

64
(𝒟𝒟𝒳 − 𝒟𝒟𝒳)|

𝜃=0
𝛿𝑏

𝑎 +

 +
3

16
(𝑅𝑅‾)|

𝜃=0
𝛿𝑏

𝑎

 

𝑅𝑏𝑐  𝑎𝑐|𝜃=0,𝜃̂=0 = −
3

32
𝑇2 (𝒫𝑏 𝑎(𝑥) −

1

2
𝛿𝑏

𝑎𝒫𝑐 𝑐(𝑥)) +
3

64
(𝑅 + 𝑅‾)2|

𝜃=0
𝛿𝑏

𝑎  

𝜕𝜇(𝑅 + 𝑅‾)|
𝜃=0

=
𝑇2

16
∫  

𝑊3
  𝜖𝜇𝜈𝜌𝜎𝑑𝑥̂𝜈 ∧ 𝑑𝑥̂𝜌 ∧ 𝑑𝑥̂𝜎𝛿4(𝑥 − 𝑥̂)  

𝑅(𝑥) + 𝑅‾(𝑥) = 8𝑐 +
𝑇2

16
∫  

𝑥

𝑥0

 𝑑𝑥̃𝜇 ∫  
𝑊3

  𝜖𝜇𝜈𝜌𝜎𝑑𝑥̂𝜈 ∧ 𝑑𝑥̂𝜌 ∧ 𝑑𝑥̂𝜎𝛿4(𝑥̃ − 𝑥̂)  

Θ(𝑥, 𝑥0 ∣ 𝑥̂): = ∫  
𝑥

𝑥0

 𝑑𝑥̃𝜇 ∫  
𝑊3

 𝜖𝜇𝜈𝜌𝜎𝑑𝑥̂𝜈 ∧ 𝑑𝑥̂𝜌 ∧ 𝑑𝑥̂𝜎𝛿4(𝑥̃ − 𝑥̂)  

𝜕𝜇Θ(𝑥, 𝑥0 ∣ 𝑥̂) = ∫  
𝑊3

  𝜖𝜇𝜈𝜌𝜎𝑑𝑥̂𝜈 ∧ 𝑑𝑥̂𝜌 ∧ 𝑑𝑥̂𝜎𝛿4(𝑥 − 𝑥̂)  

𝑅(𝑥) + 𝑅‾(𝑥) = 8𝑐 +
𝑇2

16
Θ(𝑥, 𝑥0 ∣ 𝑥̂)  

𝑅𝑏𝑐  𝑎𝑐(𝑥) = −
3𝑇2

32
(𝒫𝑏 𝑎(𝑥) −

1

2
𝛿𝑏

𝑎𝒫𝑐 𝑐(𝑥)) + 3𝛿𝑏
𝑎 (𝑐2 + ((

𝑇2

128
+ 𝑐)

2

− 𝑐2) Θ(𝑥, 𝑥0 ∣ 𝑥̂))  

𝑅𝑎𝑐𝑏
𝑐 (𝑥) = 𝜂𝑎𝑏3𝑐2 + 𝑇2(𝒯𝑎𝑏

𝑠𝑖𝑛𝑔
(𝑥) + 𝒯𝑎𝑏

𝑟𝑒𝑔
(𝑥))  

𝒯𝑎𝑏
sing 

(𝑥) = −𝑇2

3

32
(𝒫𝑏𝑎(𝑥) −

1

2
𝜂𝑏𝑎𝒫𝑐

𝑐(𝑥)) =

 = −
3𝑇2

32
∫  

𝑊3
 
1

𝑒̂
∗ 𝑒̂𝑎 ∧ 𝑒̂𝑏𝛿4(𝑥 − 𝑥̂) +

3𝑇2

64
𝜂𝑏𝑎 ∫  

𝑊3
 
1

𝑒̂
∗ 𝑒̂𝑐 ∧ 𝑒̂𝑐𝛿4(𝑥 − 𝑥̂)

 

𝒯𝑎𝑏
𝑟𝑒𝑔

(𝑥) = 𝜂𝑎𝑏𝒯𝑟𝑒𝑔(𝑥), 𝒯𝑟𝑒𝑔(𝑥) = +
3𝑇2

64
(

𝑇2

256
+ 𝑐) Θ(𝑥, 𝑥0 ∣ 𝑥̂)  

𝑀+
4: 𝑅𝑎𝑐𝑏 𝑐(𝑥) = 3𝜂𝑎𝑏 (

𝑇2

128
+ 𝑐)

2

𝑀−
4: 𝑅𝑎𝑐𝑏

𝑐 (𝑥) = 3𝜂𝑎𝑏𝑐2

 

𝐷𝜖𝛼 +
𝑖

8
𝑒𝑐(𝜖𝜎𝑐𝜎̃𝑑)𝛽

𝛼𝐺𝑑|
𝜃=0

+
𝑖

8
𝑒𝑐(𝜖‾𝜎̃𝑐)𝛼𝑅|

𝜃=0
= 0  

𝐷𝜖𝛼 +
𝑖

2
𝑒𝑎(𝜖‾𝜎̃𝑎)𝛼 (𝑐 +

𝑇2

128
Θ(𝑥, 𝑥0 ∣ 𝑥̂)) = 0  

𝑀−
4: 𝐷𝜖𝛼 +

𝑖

2
𝑒𝑎(𝜖‾𝜎̃𝑎)𝛼𝑐 = 0

𝑀+
4: 𝐷𝜖𝛼 +

𝑖

2
𝑒𝑎(𝜖‾𝜎̃𝑎)𝛼 (𝑐 +

𝑇2

128
) = 0

 

𝑊3 = ±𝜕𝑀±
4 : 𝜖𝛼 = 𝜖‾̂𝛼̇ 𝛾̃̃𝛼̇𝛼, 𝜖𝛼: = 𝜖𝛼(𝑥̂(𝜉)), 𝜖‾̂𝛼̇: = 𝜖‾𝛼̇(𝑥̂(𝜉))  
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𝑀−
4: 𝑅𝑎𝑏𝜖𝛽𝜎𝑎𝑏𝛽 𝛼 =

1

4
|𝑐|2𝑒𝑑 ∧ 𝑒𝑐𝜖𝛽𝜎𝑐𝑑𝛽 𝛼

𝑀+
4: 𝑅𝑎𝑏𝜖𝛽𝜎𝑎𝑏𝛽 𝛼 =

1

4
|𝑐 +

𝑇2

128
|
2

𝑒𝑑 ∧ 𝑒𝑐𝜖𝛽𝜎𝑐𝑑𝛽 𝛼
 

𝑀−
4: 𝑅𝑐𝑑  𝑎𝑏 =

1

2
|𝑐|2𝛿[𝑐  𝑎𝛿𝑑]

𝑏

𝑀+
4: 𝑅𝑐𝑑  𝑎𝑏 =

1

2
|𝑐 +

𝑇2

128
|
2

𝛿[𝑐  𝑎𝛿𝑑]
𝑏

 

𝛿𝐸𝑎  = 𝐸𝑎(Λ(𝛿) + Λ‾(𝛿)) −
1

4
𝐸𝑏𝜎̃𝑏

𝛼̇𝛼[𝒟𝛼 , 𝒟𝛼̇]𝛿𝐻𝑎 + 𝑖𝐸𝛼𝒟𝛼𝛿𝐻𝑎 − 𝑖𝐸‾ 𝛼̇𝒟𝛼̇𝛿𝐻𝑎

𝛿𝐸𝛼  = 𝐸𝑎Ξ𝑎
𝛼(𝛿) + 𝐸𝛼Λ(𝛿) +

1

8
𝐸‾ 𝛼̇𝑅𝜎𝑎𝛼̇

𝛼 𝛿𝐻𝑎

 

2Λ(𝛿) + Λ‾(𝛿) =
1

4
𝜎̃𝑎

𝛼̇𝛼𝒟𝛼𝒟𝛼̇𝛿𝐻𝑎 +
1

8
𝐺𝑎𝛿𝐻𝑎 + 3(𝒟𝒟 − 𝑅‾)𝛿𝒰  

𝛿𝐻4 =
1

2
𝐸𝑏 ∧ 𝐸𝛼 ∧ 𝐸𝛽 ∧ 𝐸𝛾𝜎𝑎𝑏(𝛼𝛽𝐷𝛾)𝛿𝐻𝑎 −

1

2
𝐸𝑏 ∧ 𝐸𝛼 ∧ 𝐸𝛽 ∧ 𝐸‾ 𝛾̇𝜎𝑎𝑏𝛼𝛽𝐷‾𝛾̇𝛿𝐻𝑎 + 𝑐. 𝑐. −

 −
𝑖

2
𝐸𝑏 ∧ 𝐸𝑎 ∧ 𝐸𝛼 ∧ 𝐸𝛽 (𝜎𝑎𝑏𝛼𝛽(2Λ(𝛿) + Λ‾(𝛿)) +

1

4
𝜎𝑐[𝑎∣𝛼𝛽𝜎̃∣𝑏]𝛾̇𝛾[𝐷𝛾, 𝐷‾𝑗̇]𝛿𝐻𝑐) + 𝑐. 𝑐. +

 +
𝑖

16
𝐸𝑏 ∧ 𝐸𝑎 ∧ 𝐸𝛼 ∧ 𝐸‾𝛽̇(𝑅𝜎𝑎𝑏𝜎̃𝑐 − 𝑅‾𝜎𝑐𝜎̃𝑎𝑏)𝛼𝛽̇𝛿𝐻𝑐+∝ 𝐸𝑐 ∧ 𝐸𝑏 ∧ 𝐸𝑎

 

𝛿𝐻4 = 𝑑(𝛿𝐶3)  

(𝒟𝒟 − 𝑅‾)𝛿𝒰 =
1

12
(𝒟𝒟 − 𝑅‾) (𝑖𝛿𝑉 +

1

2
𝒟𝛼̇𝛿𝜅‾𝛼̇)  

𝛿𝒰 =
𝑖

12
𝛿𝑉 +

1

24
𝒟𝛼̇𝛿𝜅‾𝛼̇ +

𝑖

24
𝒟𝛼𝛿𝜈𝛼  

𝛽𝛼𝛽𝛾(𝛿) = 0 = 𝛽𝛼𝛽𝛾̇(𝛿), 𝛽𝛼𝛽̇𝑎(𝛿) = 𝑖𝜎𝑎𝛼𝛽̇𝛿𝑉  

𝛽𝛼𝛽𝑎(𝛿) = −𝜎𝑎𝑏𝛼𝛽(𝛿𝐻𝑏 + 𝜎̃𝑏𝛾𝛾̇𝐷𝛾𝛿𝜅‾𝛾̇)

𝛽𝛼𝑎𝑏(𝛿) =
1

2
𝜖𝑎𝑏𝑐𝑑𝜎𝛼𝛼̇

𝑐 𝐷‾ 𝛼̇𝛿𝐻𝑑 +
1

2
𝜎𝑎𝑏𝛼 𝛽𝐷𝛽𝛿𝑉 −

𝑖

4
𝜎̃𝑎𝑏𝛽̇𝛾̇𝐷‾𝛽̇𝐷𝛼𝜅‾𝛾̇ +

𝑖

4
𝜎𝑎𝑏𝛼

𝛽
𝐷‾𝛽̇𝐷𝛽𝜅‾𝛽̇

𝛽𝑎𝑏𝑐(𝛿) =
𝑖

8
𝜖𝑎𝑏𝑐𝑑 ((𝒟𝒟 −

1

2
𝑅) 𝛿𝐻𝑑 − 𝑐. 𝑐. ) +

 +
1

4
𝜖𝑎𝑏𝑐𝑑𝐺𝑑𝛿𝑉 +

1

8
𝜖𝑎𝑏𝑐𝑑𝜎̃𝑑𝛾̇𝛾[𝒟𝛾, 𝒟𝛾̇]𝛿𝑉 −

𝑖

16
𝜖𝑎𝑏𝑐𝑑𝜎̃𝑑𝛾̇𝛾 ((𝒟𝒟 +

5

2
𝑅‾) 𝒟𝛾̇𝜅𝛾 − 𝑐. 𝑐. )

 

𝛿𝑆𝑆𝐺 =
1

6
∫  𝑑8𝑍𝐸[𝐺𝑎𝛿𝐻𝑎 + (𝑅 − 𝑅‾)𝑖𝛿𝑉] −

 −
1

12
∫  𝑑8𝑍𝐸(𝑅𝒟𝛼𝛿𝜅𝛼 + 𝑅‾𝒟𝛼̇𝛿𝜅‾𝛼̇)
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Apéndice E. 
 
Teoría de Yang-Mills-Utiyama para campos cuánticos relativistas. 

 
𝑑G: End(Γ): 𝔞 ↦ 𝑑G𝔞: = 𝑑𝔞 − 𝑖𝑐G[𝔄G, 𝔞]∧, [𝔄G, 𝔞]∧: = 𝔄G ∧ 𝔞 − (−1)𝑝𝔞 ∧ 𝔄G  

𝔉G: = 𝑑𝔄G − 𝑖𝑐G𝔄G ∧ 𝔄G = ∑  

𝐼

 (𝑑𝔄G
𝐼 +

𝑐G

2
∑  

𝐽,𝐾

 𝑓𝐽𝐾
𝐼 𝔄G

𝐽
∧ 𝔄G

𝐾) 𝜏𝐼  

[𝜏𝐽, 𝜏𝐾] = 𝜏𝐽𝜏𝐾 − 𝜏𝐾𝜏𝐽 =: 𝑖 ∑  

𝐼

 𝑓𝐽𝐾
𝐼 𝜏𝐼  

𝑑G𝝓 = 𝑑𝝓 − 𝑖𝑐G[𝔄G, 𝝓]∧ = ∑  

𝐼

 (𝑑𝜙𝐼 + 𝑐G ∑  

𝐽,𝐾

 𝑓𝐽𝐾
𝐼 𝔄G

𝐽
𝜙𝐾) 𝜏𝐼 ∈ Γ(𝑀, 𝑉(𝐸), 𝐺)  

Γ𝜇𝜈
𝜆 : =

1

2
𝑔𝜆𝜎(𝜕𝜇𝑔𝜈𝜎 + 𝜕𝜈𝑔𝜇𝜎 − 𝜕𝜎𝑔𝜇𝜈) 

(ℳG ⊗ ℳL, 𝜋I, ℳG, 𝑆𝑂(1,3))  
𝜋I: ℳG ⊗ ℳL → ℳG: ℳL(𝑝) ↦ 𝑝 

𝜋𝐼
#: Ω1(𝑇∗ℳG) → Γ(ℳL, 𝑇∗ℳL, 𝑆𝑂(1,3)): 𝑑𝑥𝜇 ↦ 𝔢𝑎: = ℰ𝜇

𝑎(𝑝)𝑑𝑥𝜇 

𝜉𝑎(𝑥, 𝑥) = 0,  ℰ𝜇
𝑎(𝑥): =

𝜕𝜉𝑎(𝑦, 𝑥)

𝜕𝑦𝜇 |
𝑦=𝑥

 

𝔳: =
1

4!
𝜖∘0∘∘𝔢

∘ ∧ 𝔢∘ ∧ 𝔢∘ ∧ 𝔢∘ = det[ℰ]𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3, det[ℰ] > 0  

𝑔𝜇𝜈 = [ℰ𝑡𝜼Lℰ]𝜇𝜈 = 𝜂L∘∘ℰ𝜇
∘ℰ𝜈

∘ , det[𝒈] = det[𝜼L]det[ℰ]2 = −det[ℰ]2 < 0 

𝔳 = √−det[𝒈]𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3  

𝔖𝑎𝑏: =
1

2
𝜖𝑎𝑏∘∘𝔢

∘ ∧ 𝔢∘, 𝔙𝑎: =
1

3!
𝜖𝑎∘∘∘𝔢

∘ ∧ 𝔢∘ ∧ 𝔢∘  

𝔴𝑎𝑏 = 𝜔𝜇
𝑎𝑏𝑑𝑥𝜇 ∈ 𝑉2(𝑇ℳL) ⊗ Ω1(𝑇∗ℳL) ⊗ Ad(𝔤𝑆𝑂(1,3)) 

𝑑𝔴𝔞𝑎: = 𝑑𝔞𝑎 + 𝑐𝑔𝑟𝜂L∘∘𝔴
𝑎∘ ∧ 𝔞∘, 𝔞 ∈ Ω1(𝑇∗ℳL)  

𝔗𝑎: = 𝑑𝔴𝔢𝑎 ∈ 𝑉1(𝑇ℳL) ⊗ Ω2(𝑇∗ℳL)  

𝔞 = 𝑎𝑖1⋯𝑖𝑝  𝑗1⋯𝑗𝑞
(𝜕𝑖1 ⊗ ⋯ ⊗ 𝜕𝑖𝑝) (𝔢𝑗1 ∧ ⋯ ∧ 𝔢𝑗𝑞)  

⟨𝒖, 𝒗⟩L = 𝒖𝑡 ⋅ 𝜼L ⋅ 𝒗 = 𝜂L∘∘𝑢
∘𝑣∘  

𝒖′ = 𝒈L ⋅ 𝒖 
𝐺𝑆𝑂: 𝔢 ↦ 𝐺𝑆𝑂(𝔢) = 𝔢′ = 𝒈L ⋅ 𝔢

𝐺𝑆𝑂: 𝔴 ↦ 𝐺𝑆𝑂(𝔴) = 𝔴′ = 𝒈L ⋅ 𝔴 ⋅ 𝒈L
−1 + 𝑐𝑔𝑟

−1𝒈L ⋅ 𝑑𝒈L
−1 

𝐺𝑆𝑂(𝑑𝔴𝔢) = 𝑑𝔴′ ⋅ 𝔢′ 

𝑆𝑂↑(1,3): = {𝒈L ∈ 𝑆𝑂(1,3) ∣ [𝒈L]0
0 > 0}  𝑆𝑂↓(1,3): = {𝒈L ∈ 𝑆𝑂(1,3) ∣ [𝒈L]0

0 < 0} 
𝑶T: = diag[−1,1,1,1], 𝑶P: = diag[1, −1, −1, −1] 

ℜ𝑎𝑏: = 𝑑𝔴𝑎𝑏 + 𝑐𝑔𝑟𝔴𝑎  ∘ ∧ 𝔴∘𝑏 ∈ 𝑉2(𝑇ℳL) ⊗ Ω2(𝑇∗ℳL) ⊗ 𝐴𝑑(𝔤𝑆𝑂(1,3))  

ℜ𝑎𝑏 = ∑  

𝑐<𝑑

𝑅𝑐𝑑
𝑎𝑏𝔢𝑐 ∧ 𝔢𝑑 =

1

2
𝑅∘∘

 𝑎𝑏𝔢∘ ∧ 𝔢∘ 

𝑅𝑎𝑏: = 𝜂L𝑎⋆𝑅∘⋆
∘⋆, 𝑅: = 𝑅∘⋆

∘⋆  
𝑑𝔴(𝑑𝔴𝔢𝑎) = 𝑐𝑔𝑟𝜂L∘∘ℜ

𝑎∘ ∧ 𝔢∘, 𝑑𝔴ℜ𝑎𝑏 = 0  

𝒗, 𝒖 ∈ 𝑉(𝑇ℳE), ⟨𝒖, 𝒗⟩E = 𝒖𝑡 ⋅ 𝜼E ⋅ 𝒗 = 𝜂E∘∘𝑢
∘𝑣∘ 

|
∂Γ

∂ζ
|
L→E

⟹ 𝔳E: = det[𝐸E]𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 det[𝒈E] = det[𝜼E]det[𝐸]2 = det[ℰ]2 > 0; 

𝔳E = √det[𝒈E]𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 
ISO(1,3) = 𝑆𝑂(1,3) ⋉ 𝑇4 
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[𝑃𝑎 , 𝑃𝑏] = 0
[𝐽𝑎𝑏, 𝑃𝑐] = −𝜂𝑎𝑐𝑃𝑏 + 𝜂𝑏𝑐𝑃𝑎

[𝐽𝑎𝑏 , 𝐽𝑐𝑑] = −𝜂𝑎𝑐𝐽𝑏𝑑 + 𝜂𝑏𝑐𝐽𝑎𝑑 − 𝜂𝑏𝑑𝐽𝑎𝑐 + 𝜂𝑎𝑑𝐽𝑏𝑐

 

(ℳG ⊗ ℳL, 𝜋I, ℳG, 𝐺cP)  

[Θ𝐼]𝑎𝑏: = {
𝑃𝑎𝑏 , 𝐼 = 1
𝐽𝑎𝑏 , 𝐼 = 2

 

[𝑃𝑎𝑏 , 𝑃𝑐𝑑] = 0, [𝐽𝑎𝑏 , 𝑃𝑐𝑑] = −𝜂𝑎𝑐𝑃𝑏𝑑 + 𝜂𝑏𝑐𝑃𝑎𝑑,  [𝐽𝑎𝑏, 𝐽𝑐𝑑] = |
∂Γ

∂ζ
|
L→E

 

[Θ𝐼 , Θ𝐽]: = ℱ𝐼𝐽
𝐾Θ𝐾  

{

ℱ11
1 = ℱ2 11 = ℱ12

2 = ℱ2 21 = ℱ1 22 = 0,

[ℱ1 12]𝑎𝑏;𝑐𝑑
𝑒𝑓

= −[ℱ21
1  21]𝑐𝑑;𝑎𝑏 = 𝜂𝑎𝑐𝛿𝑏

𝑒𝛿𝑑
𝑓

− 𝜂𝑏𝑐𝛿𝑎
𝑒𝛿𝑑

𝑓
,

[ℱ22
2 ]𝑎𝑏;𝑐𝑑

𝑒𝑓
= −𝜂𝑎𝑐𝛿𝑏

𝑒𝛿𝑑
𝑓

+ 𝜂𝑏𝑐𝛿𝑎
𝑒𝛿𝑑

𝑓
− 𝜂𝑏𝑑𝛿𝑎

𝑒𝛿𝑐
𝑓

+ 𝜂𝑎𝑑𝛿𝑏
𝑒𝛿𝑐

𝑓

 

𝔄cP
𝐼 = {

𝐽∘∘ ⊗ 𝔴∘∘, 𝐼 = 1,
𝑃∘∘ ⊗ 𝔖∘∘, 𝐼 = 2,

 ∈ Ω1(𝑇∗ℳ) ⊗ 𝐴𝑑(𝔤cP)

𝔉cP
𝐼 = {

𝐽∘∘ ⊗ ℜ∘∘, 𝐼 = 1,
𝑃∘∘ ⊗ 𝑑𝔴𝔖∘∘, 𝐼 = 2,

 ∈ Ω2(𝑇∗ℳ) ⊗ Ad(𝔤cP)
 

𝔞: =
1

𝑝!
𝑎𝑖1⋯𝑖𝑝𝔢𝑖1 ∧ ⋯ ∧ 𝔢𝑖𝑝 ∈ Ω𝑝(𝑇∗ℳ∎), 𝔟: =

1

𝑝!
𝑏𝑖1⋯𝑖𝑝𝔢𝑖1 ∧ ⋯ ∧ 𝔢𝑖𝑝 ∈ Ω𝑝(𝑇∗ℳ∎) 

⟨𝔞, 𝔟⟩∎: =
1

𝑝!
𝜂∎

𝑖1𝑗1 ⋯ 𝜂∎

𝑖𝑝𝑗𝑝𝑎𝑖1⋯𝑖𝑝𝑏𝑗1⋯𝑗𝑝
 

‖𝔞‖∎
2 : = ⟨𝔞, 𝔞⟩∎  

𝔞 ∧ Ĥ∎(𝔟): = det[𝜼∎]1/2⟨𝔞, 𝔟⟩∎𝔳∎  

Ĥ∎: Ω𝑝 → Ω𝑛−𝑝: 𝔟 ↦ 𝔟̂: = Ĥ(𝔟) =
det[𝜼∎]1/2

𝑝! (𝑛 − 𝑝)!
𝑏𝑖1⋯𝑖𝑝[𝝐]𝑖1⋯𝑖𝑝  𝑖𝑝+1⋯𝑖𝑛𝔢𝑖𝑝+1 ∧ ⋯ ∧ 𝔢𝑖𝑛  

[𝜖]𝑖1⋯𝑖𝑝  𝑖𝑝+1⋯𝑖𝑛 : =
1

𝑝!
𝜂∎

𝑖1𝑗1 ⋯ 𝜂∎

𝑖𝑝𝑗𝑝𝜖𝑗1⋯𝑗𝑝𝑖𝑝+1⋯𝑖𝑛  

Ĥ∎: 𝑏𝑖1⋯𝑖𝑝 ↦ 𝑏̂𝑖𝑝+1⋯𝑖𝑛 : =
det[𝜼∎]1/2

𝑝!
𝑏𝑖1⋯𝑖𝑝[𝝐]

𝑖𝑝+1⋯𝑖𝑛

𝑖1⋯𝑖𝑝  

𝔟̂ =
1

(𝑛 − 𝑝)!
𝑏̂𝑖1⋯𝑖𝑛−𝑝

𝔢𝑖1 ∧ ⋯ ∧ 𝔢𝑖𝑛−𝑝  

Ĥ∎ ∘ Ĥ∎(𝔞) = det[𝜼∎](−1)𝑝(𝑛−𝑝)𝔞 ⟹ Ĥ∎
−1(𝔞) = det[𝜼∎]−1(−1)𝑝(𝑛−𝑝)Ĥ∎(𝔞)  

Ĥ∎(1) = det[𝜼∎]1/2𝔢0 ∧ ⋯ ∧ 𝔢𝑛−1 = det[𝜼∎]1/2𝔳 = det[𝜼∎]det[ℰ]𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 

𝑑̂: Ω𝑝(𝑇∗ℳ∎) → Ω𝑝−1(𝑇∗ℳ∎): 𝔞 ↦ 𝑑̂𝔞: = (−1)𝑝Ĥ∎
−1(𝑑Ĥ∎(𝔞))

 = det[𝜼∎]−1(−1)𝑝(𝑛−𝑝+1)Ĥ∎(𝑑Ĥ∎(𝔞))
 

∫  ⟨𝑑𝔞, 𝔟⟩∎𝔙∎ = det[𝜼∎]−1/2 ∫  𝑑𝔞 ∧ Ĥ∎(𝔟) = det[𝜼∎]−1/2(−1)𝑝 ∫  𝔞 ∧ 𝑑Ĥ∎(𝔟)

 = det[𝜼∎]−1/2 ∫  𝔞 ∧ Ĥ∎ ((−1)𝑝Ĥ∎
−1(𝑑Ĥ∎(𝔟))) = ∫  ⟨𝔞, 𝑑̂𝔟̂⟩∎𝔳∎

 

Δ∎: = 𝑑𝑑̂ + 𝑑̂𝑑  

⟨Δ∎𝔞, 𝔟⟩∎ = ⟨𝑑𝑑̂𝔞, 𝔟⟩∎ + ⟨𝑑̂𝑑𝔞, 𝔟⟩∎ = ⟨𝔞, 𝑑𝑑̂𝔟⟩∎ + ⟨𝔞, 𝑑̂𝑑𝔟⟩∎ = ⟨𝔞, ΔΔ∎𝔟⟩∎ 

|
∂Γ

∂ζ
|
L→E

⟹ Ĥ∎ ∘ Ĥ∎(𝔞) = (−1)𝑛2/4det[𝜼∎]𝔞 ∈ Ω𝑝(𝑇∗ℳ) 

𝔖̃𝐼: = 𝔢𝑖𝑝(1 ∧ ⋯ ∧ 𝔢𝑖𝑛/2) 𝐼 = 1, ⋯ , 𝑚: =
𝑛!

((𝑛/2)!)2
 

Ĥ∎(𝔖̃𝐼) = (−1)𝑛/2𝔖̃𝐽, Ĥ∎(𝔖̃𝐽) = 𝔖̃𝐼 

𝔖̃±: = 𝔖̃𝐼 ± (−1)𝑛/2𝔖̃𝐽  

Ĥ∎(𝔖̃+) = (−1)𝑛/2(𝔖̃𝐽 + 𝔖̃𝐼) = +(−1)𝑛/2𝔖̃+ ∈ 𝕍Ĥ
+(Ω𝑛/2)

Ĥ∎(𝔖̃−) = (−1)𝑛/2(𝔖̃𝐽 − 𝔖̃𝐼) = −(−1)𝑛/2𝔖̃− ∈ 𝕍Ĥ
−(Ω𝑛/2)

 

𝕍(Ω𝑛/2) = 𝕍+(Ω𝑛/2) ⊕ 𝕍−(Ω𝑛/2)  
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𝑃
Ĥ
±: =

1

2
(1 ± Ĥ∎)  

𝑃
Ĥ
±𝔞 = 𝔞± Ĥ∎(𝔞±) = ±𝔞± ∈ 𝕍

Ĥ
±(Ω2(𝑇∗ℳ∎))  

ĤE(𝔢E
0 ∧ 𝔢E

1) = 𝔢E
2 ∧ 𝔢E

3 , ĤE(𝔢E
0 ∧ 𝔢E

2) = −𝔢E
1 ∧ 𝔢E

3 , ĤE(𝔢E
0 ∧ 𝔢E

3) = 𝔢E
1 ∧ 𝔢E

2 ,

ĤE(𝔢E
1 ∧ 𝔢E

2) = 𝔢E
0 ∧ 𝔢E

3 , ĤE(𝔢E
1 ∧ 𝔢E

3) = −𝔢E
0 ∧ 𝔢E

2 , ĤE(𝔢E
2 ∧ 𝔢E

3) = 𝔢E
0 ∧ 𝔢E

1
 

𝔖E
+𝑎: = {𝔢E

0 ∧ 𝔢E
1 + 𝔢E

2 ∧ 𝔢E
3 , 𝔢E

0 ∧ 𝔢E
2 − 𝔢E

1 ∧ 𝔢E
3 , 𝔢E

0 ∧ 𝔢E
3 + 𝔢E

1 ∧ 𝔢E
2}

𝔖E
−𝑎: = {𝔢E

0 ∧ 𝔢E
1 − 𝔢E

2 ∧ 𝔢E
3 , 𝔢E

0 ∧ 𝔢E
2 + 𝔢E

1 ∧ 𝔢E
3 , 𝔢E

0 ∧ 𝔢E
3 − 𝔢E

1 ∧ 𝔢E
2}

 

ĤE(𝔖E
±) = ±𝔖E

± ∈ 𝕍
Ĥ
±, 𝑃

Ĥ
±(𝔖E

±) = 𝔖E
±,  𝑃

Ĥ
±(𝔖E

∓) = 0  

ĤL(𝔢L
0 ∧ 𝔢L

1) = 𝑖𝔢L
2 ∧ 𝔢L

3, ĤL(𝔢L
0 ∧ 𝔢L

2) = −𝑖𝔢L
1 ∧ 𝔢L

3, ĤL(𝔢L
0 ∧ 𝔢L

3) = 𝑖𝔢L
1 ∧ 𝔢L

2

ĤL(𝔢L
1 ∧ 𝔢L

2) = −𝑖𝔢L
0 ∧ 𝔢L

3, ĤL(𝔢L
1 ∧ 𝔢L

3) = 𝑖𝔢L
0 ∧ 𝔢L

2, ĤL(𝔢L
2 ∧ 𝔢L

3) = −𝑖𝔢L
0 ∧ 𝔢L

1
 

𝔖L
+𝑎 ∶= {𝔢L

0 ∧ 𝔢L
1 + 𝑖𝔢L

2 ∧ 𝔢L
3, 𝔢L

0 ∧ 𝔢L
2 − 𝑖𝔢L

1 ∧ 𝔢L
3, 𝔢L

0 ∧ 𝔢L
3 + 𝑖𝔢L

1 ∧ 𝔢L
2}

𝔖L
−𝑎 ∶= {𝔢L

0 ∧ 𝔢L
1 − 𝑖𝔢L

2 ∧ 𝔢L
3, 𝔢L

0 ∧ 𝔢L
2 + 𝑖𝔢L

1 ∧ 𝔢L
3, 𝔢L

0 ∧ 𝔢L
3 − 𝑖𝔢L

1 ∧ 𝔢L
2}

 

𝔉L
±: = 𝑃

Ĥ
±𝔉L, ĤL(𝔉L

±) = ±𝔉L
± ∈ 𝕍

Ĥ
±(ΩL

2), 
𝔰𝔬(4)  = 𝔰𝔲(2) ⊕ 𝔰𝔲(2)

𝔰𝔬(1,3) ⊗ ℂ = 𝔰𝔩(2, ℂ) ⊕ 𝔰𝔩(2, ℂ)
 

𝔰𝔬(3)  = 𝔰𝔲(2)
𝔰𝔬(3) ⊗ ℂ = 𝔰𝔲(2) ⊗ ℂ = 𝔰𝔩(2, ℂ)

 

Spin(4) = 𝑆𝑈(2) × 𝑆𝑈(2), Spin(1,3) = 𝑆𝐿(2, ℂ)  
Spin(4) = 𝑆𝑂(4) ×ℤ2

𝑈(1), Spin(1,3) = 𝑆𝑂(1,3) ×ℤ2
𝑈(1)  

𝑆3: = {𝑧1, 𝑧2 ∈ ℂ||𝑧1|2 + |𝑧2|2 = 1}  

𝑴: = (
𝑧1 −𝑧2

𝑧2
∗ 𝑧1

∗) det[𝑴] = 1, 𝑴† ⋅ 𝑴 = 𝟏2 

𝕍𝑠
E ∋ 𝜆𝑠(𝑧1, 𝑧2) = ∑  

0≤𝑘≤2𝑠

  𝑐𝑘𝑧1
𝑘𝑧2

2𝑠−𝑘,  𝑐𝑘 ∈ ℝ, {𝑧1, 𝑧2} ∈ 𝑆3
 

(𝜋𝑠(𝒈E) ∘ 𝜆𝑠)(𝑧1, 𝑧2) = 𝜆𝑠(𝑧1
′ , 𝑧2

′ )  (
𝑧1

′

𝑧2
′ ) = 𝒈E

−1 (
𝑧1

𝑧2
)  

𝜋̇𝑠(𝔤E) ∘ 𝜆𝑠: =
𝑑

𝑑𝑡
𝜆𝑠(𝑒

𝑡𝔤𝑧1, 𝑒𝑡𝔤𝑧2)|
𝑡=0

 

⟨𝜆𝑠
′ , 𝜆𝑠⟩: =

1

𝜋2
∫  

ℂ2
 𝜆𝑠

′∗𝜆𝑠𝑒
−(|𝑧1|2+|𝑧2|2)𝑑𝑥1𝑑𝑦1𝑑𝑥2𝑑𝑦2, 𝑧𝑎: = 𝑥𝑎 + 𝑖𝑦𝑎 < ∞  

‖𝜆𝑠‖: = ⟨𝜆𝑠, 𝜆𝑠⟩
1/2  

𝑐𝑘 = (𝑘! (2𝑠 − 𝑘)!)−1/2 

𝜆1/2(𝑧1, 𝑧2) = 𝒄̃𝑡 ⋅ 𝒛 = (𝑐̃1, 𝑐̃2) (
𝑧1

𝑧2
) = 𝑐̃1𝑧1 + 𝑐̃2𝑧2 

(𝜋1/2(𝒈E) ∘ 𝜆1/2)(𝑧1, 𝑧2) = 𝜆1/2(𝑧1
′ , 𝑧2

′ ) = 𝒄̃𝑡 ⋅ (𝒈E
† ⋅ 𝒛) = (𝒈E𝒄̃)† ⋅ 𝒛 

𝜋𝑠1⊗𝑠2

E : = (𝜋𝑠1
(𝒈E) ⊗ 𝜋𝑠2

(𝒈E), 𝕍𝑠1
E ⊗ 𝕍𝑠2

E )  ,  𝑠1, 𝑠2 = 0,
1

2
, 1,

3

2
, 2, ⋯  

𝜋1/2(𝒈L) = 𝒈L = (𝒈L
𝑡 )−1  ,  𝜋1/2

(𝒈L) = 𝒈L
∗ = (𝒈L

†)
−1

 

𝜋̇𝑠1⊗𝑠‾2
L : = 𝜋̇𝑠1

(𝔤L) ⊗ 𝜋̇𝑠2
(𝔤L)  ⟹ 𝜋𝑠1⊗𝑠‾2

L : = (𝜋𝑠1
(𝒈L) ⊗ 𝜋𝑠‾2

(𝒈L), 𝕍𝑠1
L ⊗ 𝕍𝑠‾2

L )  

𝕍1/2,1/2
L : = 𝕍1/2

L ⊗ 𝕍1/2
L  

𝜁, 𝜒 ∈ 𝒞ℓ(𝑉𝑛), 𝜁𝜒 + 𝜒𝜁 = 2⟨𝜁, 𝜒⟩𝒞ℓ  
⟨𝜁, 𝜒⟩𝒞ℓ: = 𝜻𝑡 ⋅ 𝜼 ⋅ 𝝌 = 𝜂∘∘𝜁

∘𝜒∘  
𝛾: 𝑉𝑛 → 𝒞ℓ(𝑉𝑛): 𝑒𝑎 ↦ 𝛾𝑎 , 𝑎 = 0,1, ⋯ , 𝑛 − 1 

Spin(𝑉𝑛): = {𝛾 ∈ 𝒞ℓ0(𝑉𝑛) ∣  𝛾𝛾 = ±𝟏𝑠𝑝, 𝛾
∗
𝒗𝛾 ∈ 𝑉𝑛, ∀𝒗 ∈ 𝑉𝑛} 

𝜏(𝛾)(𝒗): = 𝛾𝒗𝛾
∗

 

⟨𝜏(𝛾)(𝒗), 𝜏(𝛾)(𝒖)⟩ = ⟨𝛾𝒗 ∗, 𝛾𝒖 𝛾
∗ ⟩ = (sign[𝛾𝛾

∗
])2⟨𝒗, 𝒖⟩ = ⟨𝒗, 𝒖⟩. 
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Spin(𝑉𝑛) ∋ Γ𝑠: = √
1

det[𝜼]
𝛾0𝛾1𝛾2𝛾3 det[𝜼] = {

+1 𝜼 = 𝜼E

−1 𝜼 = 𝜼L
 

 |
∂Γ

∂ζ
|
L→E

 ⟹ Γ𝑠𝛾
𝑎 = −𝛾𝑎Γ𝑠,  

∀𝑎 ∈ {0,1,2,3}  

𝑃𝑠
±: =

1

2
(𝟏𝑠𝑝 ± Γ𝑠) ∈ (𝕍𝑠), 𝑃𝑠

±𝑃𝑠
± = 𝑃𝑠

±, 𝑃𝑠
±𝑃𝑠

∓ = 0  

𝕍𝑠 = 𝕍𝑠
+ ⊕ 𝕍𝑠

−  

𝜉±: = 𝑃𝑠
±𝜉 ∈ 𝕍𝑠

±, 𝕍𝑠
±: = Im(𝑃𝑠

±) = Ker(𝑃𝑠
∓)  

Γ𝑠: End(𝕍𝑠
±): 𝜉± ↦ Γ𝑠𝜉

± = ±𝜉±  

𝛾SE = {𝛾SE
0 , 𝛾SE

1 , 𝛾SE
2 , 𝛾SE

3 }
𝑡

= {(
0 1
1 0

) , (
0 𝑖
−𝑖 0

) , (
0 𝑗
−𝑗 0

) , (
0 𝑘

−𝑘 0
)}

𝑡

 

𝑖2 = 𝑗2 = 𝑘2 = −1, 𝑖𝑗 + 𝑗𝑖 = 𝑗𝑘 + 𝑘𝑗 = 𝑘𝑖 + 𝑖𝑘 = 0,  ,  𝑖𝑗 = 𝑘  

ΓSE = √
1

det[𝜼E]
𝛾SE

0 𝛾SE
1 𝛾SE

2 𝛾SE
3 = 𝛾SE

0 𝛾SE
1 𝛾SE

2 𝛾SE
3 = (

−1 0
0 1

)  

𝑃SE
+ : =

1 + ΓSE

2
= (

0 0
0 1

)  , 𝑃SE
− : =

1 − ΓSE

2
= (

1 0
0 0

)  

ΣE: 𝑆𝑝(1) → 𝑆𝑈(2): {1, 𝑖, 𝑗, 𝑘} ↦ 𝝈E: = {𝟏2, −𝑖𝝈}  

ΣE: 𝜸SE ↦ 𝜸VE = (𝛾VE
0 , 𝛾VE

1 , 𝛾VE
2 , 𝛾VE

3 )
𝑡
 

𝛾VE
𝑎 𝛾VE

𝑎† = 𝟏2, det[𝛾VE
𝑎 ] = 1 ⟹ 𝛾VE

𝑎 ∈ 𝑆𝑈(2) for 𝑎 = 1, ⋯ ,4 

ΣE: 𝑃SE
± ↦ 𝑃VE

± = 𝑃SE
± |

0→𝟎2,1→𝟏2
 

ΣL
±: 𝑆𝑝(1) → ℋ(2) ∩ 𝑆𝐿(2, ℂ): {1, 𝑖, 𝑗, 𝑘} ↦ 𝝈L

±: = {𝟏2, ±𝝈}  

𝜸VL = (𝛾VL
0 , 𝛾VL

1 , 𝛾VL
2 , 𝛾VL

3 )
𝑡

= ((
𝟎2 𝟏2

𝟏2 𝟎2
) , (

𝟎2 𝝈1

−𝝈1 𝟎2
) , (

𝟎2 𝝈2

−𝝈2 𝟎2
) , (

𝟎2 𝝈3

−𝝈3 𝟎2
))

𝑡

 

𝛾VE
𝑎 = 𝛾VE

𝑎†, det[𝛾VL
𝑎 ] = 1 ⟹ 𝛾VL

𝑎 ∈ ℋ(2) ∩ 𝑆𝐿(2, ℂ), 𝑎 = 1, ⋯ ,4 

ΓVL = √
1

det[𝜼L]
𝛾VL

0 𝛾VL
1 𝛾VL

2 𝛾VL
3 = 𝑖𝛾VL

0 𝛾VL
1 𝛾VL

2 𝛾VL
3 = (

−𝟏2 𝟎2

𝟎2 𝟏2
)  

ΣL
±: 𝑃SE

± ↦ 𝑃VE
± = 𝑃SE

± |
0→𝟎2,1→𝟏2

 

𝑃VL
± = 𝑃VE

±  
𝛼𝑖 ∈ ℂ, 𝛽𝑖 ∈ ℍ ⟶ (𝛼1 ⊗ 𝛽1)(𝛼2 ⊗ 𝛽2) = 𝛼1𝛼2 ⊗ 𝛽1𝛽2

𝛼 ∈ ℂ, 𝛽 ∈ ℍ(2) ⟶ (𝛼 ⊗ 𝛽)† = 𝛼∗ ⊗ 𝛽†  

(√−1 ⊗ 1) × (1 ⊗ 𝑖) = √−1 ⊗ 𝑖 ≠ −1 →
𝑠∎ℎ∎𝑛∎

√−1𝑖 ≠ −1 

ΓSL = √−1𝛾SL
0 𝛾SL

1 𝛾SL
2 𝛾SL

3 = ΓSE = −Γ‾SL  

𝑃SL
+ = 𝑃‾SL

− = 𝑃SE
+   ,  𝑃SL

− = 𝑃‾SL
+ = 𝑃SE

−  
(𝛾∎ L

𝑎)† = 𝛾∎ L
0𝛾∎ L

𝑎𝛾∎ L
0, 𝑎 ∈ {0,1,2,3} 

𝜆1/2(𝜙U, 𝜙D): = 𝜙W = (
𝜙U

𝜙D
) ∈ 𝕍1/2

E , 𝜙U, 𝜙D ∈ ℂ  

ΓSE𝝓W
U = −𝝓W

U ∈ 𝕍1/2
EU ⟹ 𝑃SE

− 𝝓w = 𝝓W
U = (

𝜙U

0
)

ΓSE𝝓W
D = +𝝓W

D ∈ 𝕍1/2
ED ⟹ 𝑃SE

+ 𝝓W = 𝝓W
D = (

0

𝜙D
)

 

𝝓H ∈ {𝝓W
U , 𝝓w

D } ⊂ 𝕍1/2
E = 𝕍1/2

EU ⊕ 𝕍1/2
ED  

𝜙̂W
U : = 𝜙W

U /𝜙U = (
1

0
)   ,  𝜙̂w

D: = 𝜙w
D/𝜙D = (

0

1
)  

𝜙𝐴
′ = [𝒈E

†]
𝐴

𝐵
𝜙𝐵 
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𝜋1/2(𝒈𝑟) = 𝒈𝑟
𝑎(𝜑): = 𝑒−𝑖(𝜑/2)𝜎𝑎

=

{
 
 

 
 (

cos 𝜑/2 −𝑖sin 𝜑/2
−𝑖sin 𝜑/2 cos 𝜑/2

) 𝑎 = 1

(
cos 𝜑/2 −sin 𝜑/2
sin 𝜑/2 cos 𝜑/2

) 𝑎 = 2

(𝑒−𝑖𝜑/2 0
0 𝑒𝑖𝜑/2

) 𝑎 = 3

 ∈ 𝑆(2), 

⟨𝜙w, 𝜑w⟩: = 𝜙𝐴
∗𝛿𝐴𝐵𝜑𝐵 = (𝜙𝐴)∗𝜑𝐴 = 𝜙w

† ⋅ 𝝋w,  𝛿𝐴𝐵 = [𝟏2]𝐵
𝐴  

𝑆𝑝𝑖𝑛(4) = 𝑆𝑈𝑅(2) × 𝑆𝑈𝐿(2) = 𝑆𝑂(4) ⊗ {𝑅, 𝐿}  

𝜆1/2(𝜉U, 𝜉D): = 𝝃 = (
𝜉U

𝜉D
) ∈ 𝕍1/2

L , 𝜉U, 𝜉D ∈ ℂ  

𝜆1/2(𝜉̇U̇, 𝜉̇Ḋ): = 𝝃̇ = (
𝜉̇U̇

𝜉̇Ḋ

) ∈ 𝕍
 L

1/2
, 𝜉̇U̇, 𝜉̇Ḋ ∈ ℂ  

𝝃′ = 𝜋1/2
L (𝒈L)𝝃 = 𝒈L

†(𝜑)𝝃, [𝝃′]𝐴 = [𝒈L(𝜑)]𝐴
𝐵[𝝃]𝐵  

𝝃̇′ = 𝜋
L

1/2
(𝒈L)𝝃̇ = 𝒈L

∗ (𝜑)𝝃̇, [𝝃̇′]
𝐴̇

= [𝒈L
∗ (𝜑)]𝐴̇

𝐵̇[𝝃̇]𝐵̇  

𝜉𝐴 = 𝜖2 𝐴𝐵𝜉𝐵 , 𝜉̇ 𝐴̇ = 𝜖2
𝐴̇𝐵̇𝜉̇𝐵̇ 

[𝜖2]𝐴𝐵 = [𝜖2]𝐴̇𝐵̇ = (
0 1

−1 0
) = −[𝜖2]𝐴𝐵 = −[𝜖2]𝐴̇𝐵̇ 

⟨𝝃, 𝜻⟩: = 𝜉𝐴𝜖2
𝐴𝐵𝜁𝐵 = 𝜉U𝜁D − 𝜉D𝜁U, ⟨𝝃̇, 𝜻̇⟩: = 𝜉̇𝐴̇𝜖2

𝐴̇𝐵̇𝜁𝐵̇ = 𝜉̇U̇𝜁Ḋ − 𝜉̇D𝜁U̇  

⟨𝝃′, 𝜻′⟩ = ⟨𝒈L𝝃, 𝒈L𝜻⟩ = [𝒈L𝝃]𝐴𝜖2 𝐴𝐵[𝒈L𝜻]𝐵 = 𝜉𝐴[𝒈L
t ]𝐶

𝐴𝜖2
𝐶𝐷[𝒈L]𝐷

𝐵𝜁𝐵 = 𝜉𝐴𝜁𝐴 = ⟨𝝃, 𝜻⟩ 
[𝒈L

𝑡 ]𝐶
𝐴𝜖2

𝐶𝐷[𝒈L]𝐷
𝐵 = 𝜖2 𝐴𝐵 

[𝝃𝑇]𝐵: = 𝜉𝐴𝜖2
𝐴𝐵 = 𝜉𝐵, [𝝃̇𝑇]

𝐵̇
: = 𝜉̇𝐴̇𝜖2 𝐴̇𝐵̇ = 𝜉̇𝐵̇ ⟹ ⟨𝝃, 𝜻⟩ = 𝝃𝑇 ⋅ 𝜻, ⟨𝝃̇, 𝜻̇⟩ = 𝝃̇𝑇 ⋅ 𝜻̇  

𝜋1/2(𝒈𝑏) = 𝒈𝑏
𝑎(𝜒): = 𝑒(𝜒/2)𝜎𝑎

=

{
 
 

 
 (

cosh 𝜒/2 sinh 𝜒/2
sinh 𝜒/2 cosh 𝜒/2

) 𝑎 = 1

(
cosh 𝜒/2 −𝑖sinh 𝜒/2
𝑖sinh 𝜒/2 cosh 𝜒/2

) 𝑎 = 2

(𝑒𝜒/2 0
0 𝑒−𝜒/2

) 𝑎 = 3

 ∈ ℋ(2)  

𝕍1/2
L = 𝕍1/2

UL ⊕ 𝕍1/2
LD  

ΓSL𝝃U = −𝝃U ∈ 𝕍1/2
LR ⟹ 𝑃SL

− 𝝃 = 𝝃U = (
𝜉U

0
)

ΓSL𝝃D = +𝝃D ∈ 𝕍1/2
LD ⟹ 𝑃SL

+ 𝝃 = 𝝃D = (
0

𝜉D
)

 

𝝃 ∈ {𝝃U, 𝝃D} ⊂ 𝕍1/2
L = 𝕍1/2

LU ⊕ 𝕍1/2
LD  

Γ‾SL𝝃̇U = +𝝃̇U ∈ 𝕍
LU

1/2
⟹ 𝑃‾SL

+ 𝝃̇ = 𝝃̇U = (
𝜉̇U̇

0
)

Γ‾SL𝝃̇D = −𝝃̇D ∈ 𝕍
LD

1/2
⟹ 𝑃‾SL

− 𝝃̇ = 𝝃̇D = (
0

𝜉̇D
)

 

𝝃̇ ∈ {𝝃̇U, 𝝃̇D} ⊂ 𝕍 L
1/2

= 𝕍
LU

1/2
⊕ 𝕍1/2

LD
 

𝔤𝑆𝑝𝑖𝑛(1,3) = 𝔰𝔩(2, ℂ) ⊕ 𝔰𝔩(2, ℂ) = 𝔰𝔬(1,3) ⊗ {𝑅, 𝐿}  

𝜓: = (
𝝃̇

𝝃
) ∈ 𝕍

1/2⊗1/2
L : = 𝕍1/2

L ⊗ 𝕍1/2
L ,  𝝃 ∈ 𝕍1/2

L , 𝝃̇ ∈ 𝕍1/2
L  

𝜓𝐿: = 𝑃VL
− 𝜓 = (

𝝃̇

𝟎SL
) , ΓVL𝜓𝐿 = −𝜓𝐿

𝜓𝑅: = 𝑃VL
+ 𝜓 = (

𝟎̇SL

𝝃
) , ΓVL𝜓𝑅 = +𝜓𝑅

 

ΣE: 𝑆3 → 𝑆𝑈(2): 𝒗̂VE ↦ 𝒗̂SE: = 𝝈E
𝑡 ⋅ 𝒗̂VE = ( 𝑣̂0 − 𝑖𝑣̂3 −𝑖𝑣̂1 − 𝑣̂2

−𝑖𝑣̂1 + 𝑣̂2 𝑣̂0 + 𝑖𝑣̂3)  
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𝕍1/2,1/2
E ∋ (

𝜙U

𝜙D
) ⊗ (

𝜙U

𝜙D
)

∗

↦ (
𝜙U −𝜙D

∗

𝜙D 𝜙U
∗ ) 

⟨𝒖̂SE, 𝒗̂SE⟩ ∶=
1

2
(Tr[𝒖̂SE]Tr[𝒗̂SE] − Tr[𝒖̂SE𝒗̂SE]) = 𝑢̂0𝑣̂0 + 𝑢̂1𝑣̂1 + 𝑢̂2𝑣̂2 + 𝑢̂3𝑣̂3

‖𝒖̂SE‖2 : ∶= ⟨𝒖̂SE, 𝒖̂SE⟩ = det[𝒖̂SE] = 1
 

𝒖SE = ‖𝒖SE‖𝒗̂SE,  , ‖𝒖SE‖2 > 0 
ΣE: 𝑂(4) → 𝑆𝑈(2) ⊗ ℝ: 𝒗VE ↦ 𝒗SE 

 

𝒗̂SE
′ = 𝜏(𝒈𝑟

𝑎(𝜑))(𝒗̂SE) = 𝝈E
𝑡 ⋅

{
 
 
 
 
 
 

 
 
 
 
 
 

(

𝑣̂0

𝑣̂1

(𝑣̂2cos 𝜑 − 𝑣̂3sin 𝜑

𝑣̂2sin 𝜑 + 𝑣̂3cos 𝜑

) 𝑎 = 1

(

𝑣̂0

𝑣̂1cos 𝜑 + 𝑣̂3sin 𝜑

𝑣̂2

−𝑣̂1sin 𝜑 + 𝑣̂3cos 𝜑

)  

(

𝑣̂0

𝑣̂1cos 𝜑 − 𝑣̂2sin 𝜑

𝑣̂1sin 𝜑 + 𝑣̂2cos 𝜑

𝑣̂3

) 𝑎 = 3

𝑎 = 2  

𝜏(𝒈𝑟)(𝒗SE): = 𝒈𝑟𝒗SE𝒈𝑟
†  

𝑔: ℝ → 𝐺: 𝜑 ↦ 𝑔(𝜑), 𝑔(𝜗 + 𝜑) = 𝑔(𝜗)𝑔(𝜑) , 𝑔(0) = 𝟏id 

ΣL
±: Hyp3 → ℋ(2) ∩ (𝑆𝐿(2, ℂ) ⊗ {−1,1}): 𝒖̂VL ↦ 𝒖̂SL

± : = (𝝈L
±)

𝑡
⋅ 𝒖̂VL = (

𝑢̂0 ± 𝑢̂3 ±𝑢̂1 ∓ 𝑖𝑢̂2

±𝑢̂1 ± 𝑖𝑢̂2 𝑢̂0 ∓ 𝑢̂3)  

𝕍
1/2,1/2
L ∋ (

𝜉U

𝜉D
) ⊗ (

𝜉U

𝜉D
)

∗

↦ (
(𝜉U + 𝜉U

∗ )/2 𝜉D
∗

𝜉D 𝑖(𝜉U
∗ − 𝜉U)/2

). 

⟨𝒖̂SL, 𝒗̂SL⟩ ∶=
1

2
(Tr[𝒖̂SL]Tr[𝒗̂SL] − Tr[𝒖̂SL𝒗̂SL]) = 𝑣̂0𝑣̂0 − 𝑢̂1𝑣̂1 − 𝑢̂2𝑣̂2 − 𝑢̂3𝑣̂3

‖𝒖̂SL‖2 ∶= ⟨𝒖̂SL, 𝒖̂SL⟩ = (𝑢̂0)2 − (𝑢̂1)2 − (𝑢̂2)2 − (𝑢̂3)2 = det[𝒖̂SL]
 

ΣL
±: 𝑂(1,3) ⊗ ℝ → ℋ(2) ⊗ ℝ: 𝒖VL ↦ 𝒖SL 

𝒖SL
±′

=

{
 
 
 
 
 
 

 
 
 
 
 
 

𝜏(𝒈𝑏
𝑎(𝜒))(𝒖L

+)

𝜏(𝒈𝑏
𝒂∗∗(𝜒))(𝒖SL)

, 𝝈L
±𝑡

⋅

{
 
 
 
 
 
 

 
 
 
 
 
 

(

𝑢0cosh 𝜒 + 𝑢1sinh 𝜒

𝑢0sinh 𝜒 + 𝑢1cosh 𝜒

𝑢2

𝑢3

) 𝑎 = 1

(

𝑢0cosh 𝜒 + 𝑢2sinh 𝜒

𝑢1

𝑢0sinh 𝜒 + 𝑢2cosh 𝜒

𝑢3

)

(

𝑢0cosh 𝜒 + 𝑢3sinh 𝜒

𝑢1

𝑢2

𝑢0sinh 𝜒 + 𝑢3cosh 𝜒

) 𝑎 = 3

𝑎 = 2  

𝜏(𝒈𝑏)(𝒗SL): = 𝒈𝑏𝒗SL𝒈𝑏
†  

𝒈𝐿
+(𝜑, 𝜒): = 𝒈𝑟(𝜑) ⊗ 𝒈𝑏(𝜒) , 𝒈𝐿

−(𝜑, 𝜒): = 𝒈𝑟(𝜑) ⊗ 𝒈𝑏
∗ (𝜒)  

𝒈𝑟(𝜑) ∘ 𝒈𝑏
(∗)

(𝜒) = 𝒈𝑏
(∗)

(𝜒) ∘ 𝒈𝑟(𝜑) 

Ω2(𝑇∗ℳ) ⊗ 𝑉2(𝑇ℳ) ∋ ℜ =
1

2
ℜ𝑎𝑏(𝜕𝑎 × 𝜕𝑏) =

1

4
𝑅𝑐𝑑

𝑎𝑏(𝔢𝑐 ∧ 𝔢𝑑)(𝜕𝑎 × 𝜕𝑏)  

𝑅𝑎𝑏 𝑐𝑑 = 𝒲𝑏𝑑
𝑎𝑏 +

2

3
𝛿[𝑐

[𝑎
𝜂𝑏]∘𝑅̂𝑑]∘ +

1

2
(𝛿𝑐

𝑎𝛿𝑑
𝑏 + 𝛿𝑑

𝑎𝛿𝑐
𝑏)𝑅 

𝑅̂𝑎𝑏 = 𝑅𝑎𝑏 −
1

4
𝜂𝑎𝑏𝑅 
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Ω1(𝑇∗ℳG) ⊗ 𝑉1(𝑇ℳL) ∋ 𝔢 = 𝔢𝑎𝜕𝑎 = ℰ𝜇 𝑎(𝑥 ∈ ℳG)𝑑𝑥𝜇𝜕𝑎  

𝑔𝜇𝜈 = 𝜂∘∘ℰ𝜇
∘ℰ𝜈

∘ ⇒ 𝜇 ⊗ 𝜈 = ⨁ =
̂

⨁∎⨁  

𝑔𝜇𝜈(𝑥 ∈ ℳG) = 𝜂𝜇𝜈 + ℎ𝜇𝜈(𝑥 ∈ ℳG), ℎ𝜇𝜈( ∀𝑥 ∈ ℳG) ≪ 1  

𝛾𝜇𝜈(𝑥): = ℎ𝜇𝜈(𝑥) −
1

𝜼 ⋅ 𝜼
𝜂𝜇𝜈(ℎ𝜌𝜎(𝑥)𝜂𝜌𝜎) ⟹ 𝜂𝜇𝜈𝛾𝜇𝜈(𝑥) = 0  

Ω1(𝑇∗ℳ) ⊗ 𝑉2(𝑇ℳ) ∋ 𝔴 =
1

2
𝔴𝑎𝑏(𝜕𝑎 × 𝜕𝑏) =

1

2
𝜔𝑐

𝑎𝑏𝔢𝑐(𝜕𝑎 × 𝜕𝑏)  

𝔢𝑎𝜕𝑏 = ℰ𝜇
𝑎ℰ𝑏

𝜈𝑑𝑥𝜇 (
𝜕

𝜕𝑥𝜈
) = 𝛿𝑏

𝑎 

𝑎 ⇒ 𝜔𝑎: = 𝜔∘
𝑎∘,

𝑏̂

𝑎
𝑏̂ ⇒ 𝜔𝑎𝑏̂: = 𝜔𝑏̂ 𝑎𝑏̂ −

1

3
𝜔𝑎

𝑎

𝑏

𝑐

⇒ 𝜔‾𝑐
𝑎𝑏 = 0

 

 
(𝜔𝑎𝑏̂ = 0) ∧ (𝜔𝑎 ≠ 0) ∧ (𝜕∘𝜔

∘ = 0)  

∂ : 𝕍± → 𝕍∓: 𝜉± ↦ ∂ 𝜉± ∈ 𝕍∓ 

∂ : = 𝜄𝛾𝑑: Γ(ℳ, Ω0) →
𝑑 

Γ(ℳ, Ω1) →
𝜄𝛾 

Γ(ℳ, Ω0)  

𝝃 ∈ 𝕍1/2
L → 𝝃 ∈ 𝕍1/2

L , 𝝃̇ ∈ 𝕍1/2
L →∤ 𝝃̇ ∈ 𝕍1/2

L  

𝜄𝛾 ∂ 𝜙SE = ∂ SE: = 𝛾SE
∘ 𝜕∘ = (

0 ℎE
∘ 𝜕∘

ℎ‾E
∘ 𝜕∘ 0

)  

ℎE
𝑎: = (1, 𝑖, 𝑗, 𝑘),  ℎ‾E

𝑎: = (1, −𝑖, −𝑗, −𝑘)  

𝑃𝑠
± ∂ SE𝑃𝑠

± = 0, 𝑃𝑠
∓ ∂ SE𝑃𝑠

± = ∂ SE𝑃𝑠
± 

𝑑SL𝝃: = 𝜄𝛾𝑑SL𝝃 = 𝛾SL
∘ (𝜕∘𝝃) =: ∂ SL, 𝜙‾SL𝝃̇: = 𝜄𝛾‾ 𝑑‾SL𝝃̇ = 𝛾‾SL

∘ (𝜕∘𝝃̇) =: 𝜙‾SL𝝃  

𝝏SL: = 𝝈E 𝑡 ⋅ 𝝏 = 𝟏2𝜕0 − 𝑖𝝈1𝜕1 − 𝑖𝝈2𝜕2 − 𝑖𝜎3𝝏3 = (
𝜕0 − 𝑖𝜕3 −𝑖𝜕1 − 𝜕2

−𝑖𝜕1 + 𝜕2 𝜕0 + 𝑖𝜕3
)

𝝏SL: = 𝝈L
+𝑡 ⋅ 𝝏 = 𝟏2𝜕0 + 𝝈1𝜕1 + 𝝈2𝜕2 + 𝝈3𝜕3 = (

𝜕0 + 𝜕3 𝜕1 − 𝑖𝜕2

𝜕1 + 𝑖𝜕2 𝜕0 − 𝜕3
)

 

⟨𝝏s∙, 𝒗s∙⟩ = 𝜕0𝑣0 ± 𝜕1𝑣1 ± 𝜕2𝑣2 ± 𝜕3𝑣3 

d VL𝜓 = 𝜄𝛾𝑑𝜓 = 𝜄𝛾 ((𝜕𝑗𝜓)𝔢𝑗) = 𝛾VL
∘ 𝜕∘𝜓 =: ∂ VL𝜓  

𝜓± ∈ 𝕍
1/2⊗1/2
L±

⟹ ∂ VL𝜓± = ∂ VL (
𝟏𝑠𝑝 ± ΓVL

2
𝜓) =

𝟏𝑠𝑝 ∓ ΓVL

2
(∂ VL𝜓) ∈ 𝕍

1/2⊗1/2
L∓

 

∂ VL
2 = ((𝜕0)2 − (𝜕1)2 − (𝜕2)2 − (𝜕3)2)𝟏𝑠𝑝 =: ΔVL 

d VE = 𝜄𝛾𝑑 = 𝜄𝛾 ((𝜕𝑗)𝔢𝑗) = 𝛾VE
∘ 𝜕∘ =: ∂ VE  

∂ VE
2 = ((𝜕0)2 + (𝜕1)2 + (𝜕2)2 + (𝜕3)2)𝟏𝑠𝑝 =: ΔVE  

𝜙SL𝝓H = 𝜕̈SL𝝓H, ∂ SL(𝑃SE
± 𝝓H) = 𝑃SE

∓ (𝜕SL𝝓H)  

𝑖𝜙SL: = 𝑖𝜙SL
† ⟨𝑖𝜙SL𝜙H, 𝜙H⟩ = ⟨𝜙H, 𝑖𝜙SL𝜙H⟩  
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∫  
ℳL

  ⟨𝑖𝛿SL𝜙H, 𝜙H⟩ = −𝑖 ∫  
ℳL

  (𝛾SL
∘  †𝜕∘𝜙H)

†
𝜙H = −𝑖 ∫  

ℳL

  (𝜕∘𝜙H
†)𝛾SL

∘ 𝜙H

 = −𝑖 ∫  
ℳL

 𝜕∘(𝜙H
†𝛾SL

∘ 𝜙H) + 𝑖 ∫  
ℳL

 𝜙H
†𝛾SL

∘ (𝜕∘𝜙H),

 = ∫  
ℳL

  ⟨𝜙H, 𝑖 ∂ SL𝜙H⟩

 

𝜙SL⟨𝜙H, 𝜙H⟩: = ⟨𝜙SL𝜙H, 𝜙H⟩ + ⟨𝜙H, 𝜙SL𝜙H⟩ = 2⟨𝜙H, 𝜙SL𝜙H⟩ 

(ℳ ⊗ (𝕍1/2
L ⊕

𝕍1/2
L

 L
) , 𝜋sp , ℳ, 𝐺cP ⊗ Spin(1,3)) 

𝜏cov : 𝑆Spin(1,3) → 𝑆𝑂(1,3) ⊗ {𝑅, 𝐿} 

𝜋sp : = 𝜏𝑐𝑜𝑣/{𝑅, 𝐿}: ℳ ⊗ (𝕍1/2 ⊕ 𝕍1/2) → ℳ/{𝑅, 𝐿}: 𝝃|𝑝 ↦ 𝑝 ∈ ℳ 

𝔄𝑠𝑝: = Tr𝒞[𝔴𝑆‾] =
𝑖

2
𝔴∘∘𝑆‾∘∘, 𝔄𝑠𝑝: = Tr𝒞[𝔴𝑆] =

𝑖

2
𝔴∘∘𝑆∘∘  

𝑆‾𝑎𝑏: = 𝑖 [
𝛾‾𝑎

2
,
𝛾‾𝑏

2
] , 𝑆𝑎𝑏: = 𝑖 [

𝛾𝑎

2
,
𝛾𝑏

2
]  

𝑑‾𝑠𝑝𝝃̇: = 𝑑𝝃̇ − 𝑖𝑐𝑔𝑟𝔄𝑠𝑝𝝃̇, 𝑑𝑠𝑝𝝃: = 𝑑𝝃 − 𝑖𝑐𝑔𝑟𝔄𝑠𝑝𝝃  

𝔉𝑠𝑝: = 𝑑𝔄𝑠𝑝 + 𝑖𝑐𝑔𝑟𝔄𝑠𝑝 ∧ 𝔄𝑠𝑝 =
1

2
𝑆‾∘∘ℜ

∘∘, 𝔉𝑠𝑝: = 𝑑𝔄𝑠𝑝 + 𝑖𝑐𝑔𝑟𝔄𝑠𝑝 ∧ 𝔄𝑠𝑝 =
1

2
𝑆∘∘ℜ

∘∘  

𝜙‾𝑠𝑝: = 𝜄𝛾𝑑‾𝑠𝑝 = (Λ‾ − 𝑖𝑐𝑔𝑟𝔄𝑠𝑝), 𝜙𝑠𝑝: = 𝜄𝛾𝑑𝑠𝑝 = (∂ − 𝑖𝑐𝑔𝑟𝔄𝑠𝑝)  

(ℳ ⊗ 𝕍1/2
E , 𝜋𝑆𝑈 , ℳ, 𝑆𝑈w(2)) 

𝐺𝑆𝑈: End(Γw): 𝝓w ↦ 𝐺𝑆𝑈(𝜙w): = 𝒈𝑆𝑈𝝓w 

[𝐺𝑆𝑈(𝝓w)]𝐼 = [𝒈𝑆𝑈]𝐼
𝐽[𝝓w]𝐽, 𝐼, 𝐽 ∈ {U, D} 

𝐺𝑆𝑈(𝔄𝑆𝑈) = 𝒈𝑆𝑈
−1𝔄𝑆𝑈𝒈𝑆𝑈 + 𝑖𝑐𝑆𝑈

−1𝒈𝑆𝑈
−1𝑑𝒈𝑆𝑈 = 𝒈𝑆𝑈

−1𝔄𝑆𝑈𝒈𝑆𝑈  

𝐺𝑆𝑂: End(Ω1(𝑇∗ℳ)): 𝔄𝑆𝑈 ↦ 𝐺𝑆𝑂(𝔄𝑆𝑈) = 𝚲𝔄𝑆𝑈  

𝔉𝑆𝑈 = 𝔉𝑆𝑈
𝐼 𝜏𝐼∶= 𝑑𝔄𝑆𝑈 − 𝑖𝑐𝑆𝑈𝔄𝑆𝑈 ∧ 𝔄𝑆𝑈

 = (𝑑𝔄𝑆𝑈
𝐼 +

𝑐𝑆𝑈

2
𝑓𝐽𝐾

𝐼 𝔄𝑆𝑈
𝐽

∧ 𝔄𝑆𝑈
𝐾 ) 𝜏𝐼 ∈ Ω2(𝑇∗ℳ) ⊗ Ad(𝔰𝔲(2)).

 

𝑑𝑔𝔞: = 𝟏𝑆𝑈𝑑𝔞 −
𝑖

2
𝑐𝑆𝑈[𝔄𝑆𝑈, 𝔞]∧ = 𝟏𝑆𝑈𝑑𝔞 − 𝑖𝑐𝑆𝑈𝔄𝑆𝑈 ∧ 𝔞  

(𝑑𝑔 ∧ 𝑑𝑔)𝔞𝑎 = −𝑖𝑐𝑆𝑈𝔉𝑆𝑈 ∧ 𝔞𝑎 , 𝑑𝑔𝔉𝑆𝑈 = 0  

𝔄𝑆𝑈 = 𝔄𝑆𝑈
𝐼 𝜏𝐼 =: 𝒜𝑎

𝐼 𝔢𝑎𝜏𝐼 ,  𝔉𝑆𝑈 = 𝔉𝑆𝑈
𝐼 𝜏𝐼 =:

1

2
ℱ𝑎𝑏

𝐼 𝔢𝑎 ∧ 𝔢𝑏𝜏𝐼  

⟹ ℱ𝑎𝑏
𝐼 = 𝜕𝑎𝒜𝑏

𝐼 − 𝜕𝑏𝒜𝑎
𝐼 + 𝑐𝑆𝑈𝑓𝐼 𝐽𝐾𝒜𝑎

𝐽 𝒜𝑏
𝐾  

𝜙𝑔𝜙w: = (𝟏𝑆𝑈 ∂ − 𝑖𝑐𝑆𝑈𝔄𝑆𝑈)𝜙w,  𝔄𝑆𝑈 = 𝛾∘𝒜o
𝐼 𝜏𝐼  

[𝜏𝐼𝝓H]𝐴: = [𝜏𝐼]𝐴
𝐵𝜙𝐵, 𝐴, 𝐵 ∈ {U, D}  

(ℳ ⊗ (𝕍1/2
L ⊕ 𝕍1/2

L ) ⊗ 𝕍1/2
E , 𝜋𝑠𝑝 ⊕ 𝜋𝑆𝑈, ℳ, 𝐺cp ⊗ Spin(1,3) ⊗ 𝑆𝑈w(2)) 

𝔄𝑠𝑔 = 𝔄𝑆𝑈 ⊗ 𝟏𝑠𝑝 + 𝟏𝑆𝑈 ⊗ 𝔄𝑠𝑝,  𝔉𝑠𝑔 = 𝔉𝑆𝑈 ⊗ 𝟏𝑠𝑝 + 𝟏𝑆𝑈 ⊗ 𝔉𝑠𝑝  

𝑑𝑠𝑔: = (𝟏𝑆𝑈 ⊗ 𝟏𝑠𝑝)𝑑 − 𝑖𝑐𝑆𝑈(𝔄𝑆𝑈 ⊗ 𝟏𝑠𝑝) − 𝑖𝑐𝑔𝑟(𝟏𝑆𝑈 ⊗ 𝔄𝑠𝑝)  

𝚵1 = 𝝃1 ⊗ 𝝓w 1, 𝚵2 = 𝝃2 ⊗ 𝝓w 2 ⟹

{
 
 

 
 

⟨𝚵1, 𝚵2⟩ = ⟨𝝃1, 𝝃2⟩⟨𝝓w 1, 𝝓w 2⟩

⟨𝝃1, 𝚵2⟩ = ⟨𝝃1, 𝝃2⟩𝝓w
2

⟨𝚵1, 𝝃2⟩ = ⟨𝝃1, 𝝃2⟩𝝓w 2

⟨𝚵𝟏, 𝝓𝐰 𝟐⟩ = ⟨⟨𝝓w
1 , 𝝓w 2⟩𝝃1

⟨𝝓w
1 , 𝚵2⟩ = ⟨𝝓w

1 , 𝝓w
2 ⟩𝝃2

𝝃 ⊗ 𝝓w 1 + 𝝃 ⊗ 𝝓w 2 = 𝝃 ⊗ (𝝓w 1 + 𝝓w 2), 𝝃1 ⊗ 𝝓w + 𝝃2 ⊗ 𝝓w = (𝝃1 + 𝝃2) ⊗ 𝝓w

 

𝚵w: = 𝝃1 ⊗ 𝝓̂w
U + 𝝃2 ⊗ 𝝓̂w

D ∈ Γ(𝑇ℳL, 𝕍1/2
L ⊗ 𝕍1/2

E , 𝑆pin (1,3) ⊗ 𝑆𝑈w(2))  

𝚵̇w: = 𝝃̇1 ⊗ 𝝓̂w
U + 𝝃̇2 ⊗ 𝝓̂w

D ∈ Γ(𝑇ℳL, 𝕍1/2
L ⊗ 𝕍1/2

E , 𝑆pin(1,3) ⊗ 𝑆𝑈w(2))  

⟨Ξ̇w, Ξ̇w⟩ = ⟨𝝃̇1, 𝝃1⟩⟨𝜙̂w
U, 𝝓̂w

U ⟩ + ⟨𝝃̇2, 𝝃1⟩⟨𝜙̂w
D, 𝝓̂w

U ⟩ + ⟨𝝃̇1, 𝝃2⟩⟨𝜙̂w
U, 𝝓̂w

D ⟩ + ⟨𝝃̇2, 𝝃2⟩⟨𝝓̂w
D , 𝝓̂w

D ⟩

 = ⟨𝝃̇1, 𝝃1⟩ + ⟨𝝃̇2, 𝝃2⟩
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𝜋1/2(𝒈E)Ξ̇W = 𝝃̇1 ⊗ (𝒈E
†𝝓̂W

U ) + 𝝃̇2 ⊗ (𝒈E
†𝝓̂W

D ),

 = [𝒈E
†]

1
 1𝜉̇1 ⊗ (

1

0
) + [𝒈E

†]
2
 1𝝃̇1 ⊗ (

0

1
) + [𝒈E

†]
1
 2𝝃̇2 ⊗ (

1

0
) + [𝒈E

†]
2
 2𝝃̇2 ⊗ (

0

1
) ,

 = ([𝒈E
†]

1
 1𝝃̇1 + [𝒈E

†]
1
 2𝝃̇2) ⊗ (

1

0
) + ([𝒈E

†]
2
 1𝝃̇1 + [𝒈E

†]
2

2
𝝃̇2) ⊗ (

0

1
) ,

 = [𝒈E
∗ ]1 𝐴[𝝃̇𝐴]

1
⊗ 𝝓̂W

U + [𝒈E
∗ ]2 𝐴[𝝃̇𝐴]

2
⊗ 𝝓̂W

D

 

⟨𝚵̇W
′ , 𝚵̇w

′ ⟩ = ⟨𝚵̇W, 𝚵̇w⟩,  𝚵̇w
′ = 𝜋1/2(𝒈E)𝚵̇w  

𝝉𝐼 ⋅ 𝚵̇w: = 𝝃̇1 ⊗ 𝝉𝐼 ⋅ 𝝓̂w
U + 𝝃̇2 ⊗ 𝝉𝐼 ⋅ 𝝓̂w

D = 𝝉𝐼  

𝛾𝑎𝚵 = (𝛾SL
𝑎 𝝃) ⊗ 𝝓W ⟹ ⟨𝚵̇W

∗ , 𝛾SL
𝑎 𝚵W⟩ = ⟨𝝃̇1∗, 𝛾SL

𝑎 𝝃1⟩ + ⟨𝝃̇2∗, 𝛾SL
𝑎 𝝃2⟩. = 𝝃̇1†𝜖𝛾SL

𝑎 𝝃1 + 𝝃̇2†𝜖𝛾SL
𝑎 𝝃2  

𝜙‾𝑠𝑔: End (𝕍L
 L

1/2
⊗ 𝕍1/2

E ) : Ξ̇w ↦ 𝜙‾sgΞ̇w: = (𝜄𝛾‾𝑑𝑠𝑔)Ξ̇W

 = ∂ Ξ̇W − 𝑖𝑐𝑔𝑟 ((𝔄𝑠𝑝𝜉̇1) ⊗ 𝜙̂W
U + (𝔄𝑠𝑝𝜉̇2) ⊗ 𝜙̂w

D) − 𝑖𝑐𝑆𝑈 (𝜉̇1 ⊗ (𝔄𝑆𝑈𝜙̂W
U ) + 𝜉̇2 ⊗ (𝔄𝑆𝑈𝜙̂W

D ))  

 = (∂ 𝜉̇1) ⊗ 𝜙̂W
U + (∂ 𝜉̇2) ⊗ 𝜙̂w

D

 −𝑖𝑐𝑔𝑟 ((𝔄𝑠𝑝𝜉̇1) ⊗ 𝜙̂W
U + (𝔄𝑠𝑝𝜉̇2) ⊗ 𝜙̂w

D) − 𝑖𝑐𝑆𝑈𝒜∘
𝐼𝛾‾∘ (𝜉̇1 ⊗ (𝜏𝐼 ⋅ 𝜙̂W

U ) + 𝜉̇2 ⊗ (𝜏𝐼 ⋅ 𝜙̂W
D ))

 

𝔏YMU = 𝔏YM + 𝔏GR + 𝔏FM
+ 𝔏H + 𝔏FM−H  

ℐ∎: = ∫  
𝔗⋇ℳL

 𝔏∎,∙∈ {YM, GR,  FM, H, M − H}  

𝔏𝐺(𝔄𝐺): = 𝐶DIMTr𝐺[𝔉𝐺 ∧ 𝔉̂𝐺] = 𝑖𝐶DIMTr𝐺[‖𝔉𝐺‖2]𝔳  
𝛿𝒮𝐺(𝔄𝐺)

𝛿𝔄𝐺
= 0 ⟹ 𝑑̂𝐺𝔉𝐺: = 𝑑̂𝔉𝐺 − 𝑖𝑐𝐺[𝔄̂𝐺 , 𝔉𝐺]

∧
= 0  

𝑑̂𝔞 =  𝔄̂𝐺 ∧ 𝔞: = det[𝜼]−1(−1)𝑝(𝑛−𝑝+1)Ĥ(𝔄𝐺 ∧ Ĥ(𝔞))

 ⟹ ∫  ⟨𝑑𝐺𝔞, 𝔟⟩𝔳 = ∫  ⟨𝔞, 𝑑̂𝐺𝔟⟩𝔳
 

1

𝑖𝐶DIM 

𝛿ℐ𝐺(𝔄𝐺)

𝛿𝔄𝐺
∶=

1

𝑖𝐶𝐺
lim
𝑡→0

 
𝑑

𝑑𝑡
ℐ𝐺(𝔄𝐺 + 𝑡𝔞) = lim

𝑡→0
 
𝑑

𝑑𝑡
∫  ‖𝔉𝐺(𝔄𝐺 + 𝑡𝔞)‖2𝔳

 = 2lim
𝑡→0

 ∫  ⟨
𝑑

𝑑𝑡
𝔉𝐺(𝔄𝐺 + 𝑡𝔞), 𝔉𝐺(𝔄𝐺 + 𝑡𝔞)⟩ 𝔳 = 2lim

𝑡→0
 ∫  ⟨𝑑𝐺𝔞, 𝔉𝐺(𝔄𝐺)⟩𝔳

 = 2lim
𝑡→0

 ∫  ⟨𝔞, 𝑑̂𝐺𝔉𝐺(𝔄𝐺)⟩𝔳 = 0 ⟹ δ

 

𝔏YM(𝔄𝑆𝑈): = 𝑖Tr𝑆𝑈 [‖𝔉𝑠𝑔(𝔄𝑆𝑈)‖
2
] 𝔳 = Tr𝑆𝑈[𝔉𝑠𝑔(𝔄𝑆𝑈) ∧ 𝔉̂𝑆𝑈(𝔄̂𝑆𝑈)]  

𝛿ℱYM(𝔄𝑆𝑈)

𝛿𝔄𝑆𝑈
= 0̇ ⟹ 𝑑̂𝑆𝑈𝔉𝑆𝑈 = 0̇  

∂Λ =
1

4
ℱ ∘

𝐼ℱ𝐼
∘∘𝔳, ℱ𝑎𝑏

𝐼 = δϵ  

𝜂L ∘∘(𝜕∘ℱ
oa 𝐼 + 𝑐𝑆𝑈𝑓𝐼 𝐽𝐾𝒜O

𝐽 ℱ∘𝑎
𝐾)𝜏𝐼 = 0̇  

[𝜕] = [𝒜] = [𝒯] = 𝐿−1, [𝔳] = 𝐿4 ⟹ [𝔏YM(𝔄𝑆𝑈)] = 1 

𝔏GR(𝔴, 𝔢): = −
𝑖

ℏ𝜅E
TrCP[‖𝔉CP‖2]𝔳 = −

1

ℏ𝜅E
TrCP[𝔉CP ∧ 𝔉̂CP]  

ℏ𝜅E𝔏GR = −TrCP[𝔉cP ∧ 𝔉̂CP] = −ℱ𝐼𝐽
𝐾Tr𝑆𝑂[𝔉CP

𝐼 ∧ 𝔉̂CP
𝐽

]Θ𝐾

 = −Tr𝑆𝑂[ℜ(𝔴) ∧ 𝔖(𝔢)] =
1

2
ℜ∘∘(𝔴) ∧ 𝔖∘∘(𝔢)

 

1

ℏ𝜅E
Tr𝑆𝑂[ℜ(𝔴) ∧ 𝔖(𝔢)] =

1

ℏ𝜅E
𝑅𝔳  

[𝑅] = [ℏ𝜅E]−1 = 𝐿−2, [𝔳] = 𝐿4 ⟹ [𝔏GR] = 1 
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𝛿ℐGR(𝔴, 𝔢)

𝛿𝔢
= 0̇ ⟹

1

𝜅E
𝔊𝑎 = 0̇, 𝔊𝑎: =

1

2
𝜖𝑎∘0∘ℜ

∘∘ ∧ 𝔢∘

𝛿𝒢GR(𝔴, 𝔢)

𝛿𝔴
= 0̇ ⟹

1

ℏ𝜅E
𝑑𝔴𝔢𝑎 =

1

ℏ𝜅E
𝔗𝑎 = 0̇

 

1

ℏ𝜅E
𝔊𝑎 = 0̇ ⟹

1

ℏ𝜅E
𝐺E

𝑎𝑏 = 0̇,  𝐺E
𝑎𝑏: = 𝑅𝑎𝑏 −

1

2
𝜂𝑎𝑏𝑅

1

ℏ𝜅E
𝔗𝑎 = 0̇ ⟹

1

2ℏ𝜅E
(𝜕𝜇ℰ𝜈

𝑎 + 𝑐𝑔𝑟𝜔𝜇∘ 
𝑎ℰ𝜈

∘ − (𝜇 ↔ 𝜈)) = 0̇

 

𝔏FN
: = 𝔏Fu

𝑅 + 𝔏Fu

𝐿 = (ℒFu

𝑅 + ℒFN

𝐿 )𝔳  

ℒFM

𝑅 (𝝃𝑒 , 𝝃𝑒†𝜖): = ⟨𝝃𝑒∗, 𝑖𝑑𝑠𝑝𝝃𝑒⟩ = 𝑖𝝃𝑒†𝜖(𝑑𝑠𝑝𝝃𝑒)  

𝛿ℐFu

𝑅 (𝝃𝑒 , 𝝃†𝜖)

𝛿𝝃⊖†𝜖
= 0̇ ⟹ 𝑖𝜙𝑠𝑝𝝃𝑒 = 0̇ ⟹ 𝛾∘ (𝑖𝜕∘ −

1

2
𝑐𝑔𝑟𝜔∘

⋆⋆𝑆⋆⋆) 𝝃𝑒 = 0̇  

ℒFN

𝐿 (𝚵̇W, 𝚵̇W
†𝑒): = ⟨𝚵̇W

∗ , 𝑖𝜙‾𝑠𝑔𝚵̇w⟩ = 𝑖𝚵̇W
†𝑒(𝜙‾𝑠𝑔𝚵̇w)  

𝛿ℐFN

𝐿 (𝚵̇W, 𝚵̇W
†𝑒)

𝛿𝚵̇W
†𝑒

= 0̇ ⟹ 𝑖𝜙‾𝑠𝑔𝚵̇W = 𝛾‾∘ (𝟏𝑆𝑈 (𝑖𝜕∘ −
1

2
𝑐𝑔𝑟𝜔∘

⋆⋆𝑆‾⋆⋆) + 𝑐𝑆𝑈𝒜∘
𝐼𝝉𝐼) 𝚵̇w = 0̇  

𝛿ℐFN

𝐿 (𝔄𝑆𝑈)

𝛿𝔄𝑆𝑈
= 0̇ ⟹ −𝑐𝑆𝑈𝚵̇W

†𝜖𝛾∘𝚵̇w𝔙∘−
∇

− 𝑐𝑆𝑈 (𝝃̇𝜈†𝜖
𝛾∘𝝃̇𝜈 + 𝝃̇𝑒†𝜖𝛾∘𝝃̇𝑒) 𝔙∘ = 0̇  

𝛿ℐFN

𝐿 (𝔄𝑆𝑈)

𝛿𝔄𝑆𝑈
⟹ 𝑑̂𝑠𝑔𝔉𝑠𝑔 = 𝑐𝑆𝑈𝚵̇w

†𝜖𝛾∘𝚵̇w𝔙∘, ⟹ 𝜂𝑎∘[ℏℸ]]
∘

= 𝑐𝑆𝑈𝚵̇W
†𝜖𝛾𝑎𝚵̇w  

𝔏H(𝝓H, 𝝓H
† ): = 𝔏H

𝑘𝑖𝑛(𝝓H, 𝝓H
† ) − 𝑉(𝝓H, 𝝓H

† )𝔳  

𝔏H
𝑘𝑖𝑛(𝜙H, 𝜙H

†): =
1

4
(𝑖𝜙𝑆𝑈) ∘ (𝑖𝜙𝑆𝑈)⟨𝜙H

∗ , 𝜙H⟩𝔳 =
1

2
(𝑖𝜙𝑆𝑈)⟨𝜙H

∗ , 𝑖𝜙𝑆𝑈𝝓H⟩𝔳,

 = ⟨𝜙H
∗ , (𝑖𝜙𝑆𝑈)2𝝓H⟩𝔳 = 𝝓H

† ⋅ ((𝑖𝜙𝑆𝑈)2𝝓H)𝔳

 

𝛿ℐH(𝝓H, 𝝓H
† )

𝛿𝝓H
†

= 0̇ ⟹ ((𝑖𝜙𝑆𝑈)2 −
𝛿𝑉(𝝓H, 𝝓H

† )

𝛿𝝓H
† ) 𝝓H = 0̇  

−(𝑖𝑑𝑆𝑈)2 = 𝟏𝑆𝑈Δ + 𝒳̂𝑆𝑈  
𝔵𝑆𝑈: = 𝜄𝛾𝜄𝛾(𝑑𝑆𝑈 ∧ 𝑑𝑆𝑈)  

𝛿ℐH(𝝓H, 𝝓H
† )

𝛿𝝓H
†

 = 𝜄𝛾𝜄𝛾((𝟏𝑆𝑈𝑑 − 𝑖𝑐𝑆𝑈𝔄𝑆𝑈) ∧ (𝟏𝑆𝑈𝑑 − 𝑖𝑐𝑆𝑈𝔄𝑆𝑈))

 = −𝑖𝑐𝑆𝑈(𝔄𝑆𝑈 ∂ + (∂ 𝔄𝑆𝑈) − 𝑖𝑐𝑆𝑈𝔄𝑆𝑈𝔄𝑆𝑈)

 = −(𝑖𝟏𝑆𝑈 ∂ + 𝑐𝑆𝑈𝔄𝑆𝑈)(𝑖𝟏𝑆𝑈 ∂ + 𝑐𝑆𝑈𝔄𝑆𝑈) − 𝟏𝑆𝑈Δ = −(𝑖𝑑𝑆𝑈)2 − 𝟏𝑆𝑈Δ

 ⟹
𝛿ℐFN

𝐿 (𝚵̇W, 𝚵̇W
†𝑒)

𝛿𝚵̇W
†𝑒

 

𝟏𝑆𝑈Δ = (𝜄𝛾𝑑𝑆𝑈)(𝜄𝛾𝑑𝑆𝑈) − 𝜄𝛾𝜄𝛾(𝑑𝑆𝑈 ∧ 𝑑𝑆𝑈)  
(𝔄𝑆𝑈 ∧ 𝑑 + 𝑑𝔄𝑆𝑈)𝜙H = 𝔄𝑆𝑈 ∧ 𝑑𝝓H + 𝑑(𝔄𝑆𝑈𝝓H) = 𝔄𝑆𝑈 ∧ 𝑑𝝓H + 𝑑(𝔄𝑆𝑈)𝝓H − 𝔄𝑆𝑈 ∧ 𝑑𝝓H

= (𝑑𝔄𝑆𝑈)𝝓H 

𝔉̂𝑆𝑈 = −𝑖𝑐𝑆𝑈𝜄𝛾𝜄𝛾((𝑑𝔄𝑆𝑈) − 𝑖𝑐𝑆𝑈𝔄𝑆𝑈 ∧ 𝔄𝑆𝑈) = −𝑖𝑐𝑆𝑈ß𝑆𝑈 = −𝑖𝑐𝑆𝑈 (
1

2
ℱ∘∘

𝐼 𝛾∘𝛾∘𝜏𝐼) 

𝛿ℐH(𝝓H, 𝝓H
† )

𝛿𝝓H
†

 ⟹ 𝔏H(𝝓H, 𝝓H
† ) = −𝝓H

† (𝟏𝑆𝑈Δ + 𝑖𝑐𝑆𝑈𝒳𝑆𝑈)𝝓H − 𝑉(𝝓H)

𝛿ℐFN

𝐿 (𝚵̇W, 𝚵̇W
†𝑒)

𝛿𝚵̇W
†𝑒

⟹ (𝟏𝑆𝑈Δ + 𝑖𝑐𝑆𝑈ℬ𝑆𝑈 +
𝛿𝑉(𝝓H, 𝝓H

† )

𝛿𝝓H
† ) 𝝓H = 0̇

 

ℒFM

𝑚𝑒 = 𝑚𝑒⟨𝝃̇𝑒∗, 𝝃𝑒⟩ = 𝑚𝑒(𝝃̇𝑒)
†𝜖 ⋅ 𝝃𝑒 = 𝑚𝑒[𝝃̇𝑒̇∗

]
𝐴
𝜖2

𝐴𝐵[𝝃𝑒]𝐵  

𝝃𝑒 = 𝝃U
𝑒 + 𝝃D

𝑒 , 𝝃̇𝑒 = 𝝃̇U
𝑒 + 𝝃̇D

𝑒  

⟨𝝃̇U
𝑒∗, 𝝃U

𝑒 ⟩ = ⟨𝝃̇D
𝑒∗, 𝝃D

𝑒 ⟩ = 0 ⟹ ℒFT

𝑚𝑒 = −𝑚𝑒(⟨𝝃̇U
𝑒∗, 𝝃D

𝑒 ⟩ − ⟨𝝃̇D
𝑒∗, 𝝃U

𝑒 ⟩)  
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⟨𝚵̇w, 𝝓w⟩ ⟶
√−g

⟨𝝓w
U , 𝝓̂w

U ⟩𝝃̇𝜈 + ⟨𝝓w
D , 𝝓̂w

D ⟩𝝃̇𝑒 = 𝜙U𝝃̇𝜈 + 𝜙D𝝃̇𝑒  

ℒFM

𝑚𝑒 = 𝜆 ⟨⟨𝚵̇W
∗ , 𝝓w⟩, 𝚵w⟩ = 𝜆𝜙U⟨𝝃̇𝜈∗, 𝝃𝜈⟩ + 𝜆𝜙D⟨𝝃̇𝑒∗, 𝝃𝑒⟩

 = −𝜆𝜙D(⟨𝝃̇U
𝑒∗, 𝝃D

𝑒 ⟩ − ⟨𝝃̇D
𝑒∗, 𝝃U

𝑒 ⟩) − 𝜆𝜙U(⟨𝝃̇U
𝜈∗, 𝝃D

𝜈 ⟩ − ⟨𝝃̇D
∗∗, 𝝃U

𝜈 ⟩)
 

(𝜙U = 0, 𝜙D = 𝑣0/√2 ∈ ℝ, 𝑚𝑒 = 𝜆𝑣0/√2)  

1

2
𝜖𝑎𝑏∘∘𝔗∎

∘ ∧ 𝔢∘: =
𝛿𝔏∎

𝛿𝔴𝑎𝑏
− 𝑑 (

𝛿𝔏∎

𝛿(𝑑𝔴𝑎𝑏)
) ,  𝔈𝑎

∎: = ℏ (
𝛿𝔏∎

𝛿𝔢𝑎
− 𝑑 (

𝛿𝔏∎

𝛿(𝑑𝔢𝑎)
))  

[𝔗∎] = 𝐿−1  ,  [𝔈∎] = 𝐸 

𝔗∎
𝑎 =:

1

2
𝑇∎

𝑎  ∘∘𝔢
∘ ∧ 𝔢∘, 𝔈𝑎

∎ =: 𝐸∎𝔙𝑎 

[𝑇∎] = 𝐿−1/𝐿2  ,  [𝐸∎] = 𝐸/𝐿3 
1

2
𝜖𝑎𝑏∘∘𝔗FM

∘ ∧ 𝔢∘ =
𝛿𝔏FM

𝛿𝔴𝑎𝑏
= 𝑐𝑔𝑟𝐾𝑎𝑏

∘ 𝔙∘  

𝑐𝑔𝑟(𝝃†𝜖𝛾∘𝑆𝑎𝑏𝝃)
1

3!
𝜖0⋆⋆⋆𝔢

⋆ ∧ 𝔢⋆ ∧ 𝔢⋆ = 𝑐𝑔𝑟(𝝃†𝜖𝛾∘𝑆𝑎𝑏𝝃)𝔙∘  

𝐾𝑎𝑏
𝑐 : = 𝝃†𝜖𝛾𝑐𝑆𝑎𝑏𝝃  

𝜖𝑎𝑏∘∘𝔗FM

∘ ∧ 𝔢∘ = 𝑐𝑔𝑟𝐾𝑎𝑏
∘ 𝔙∘ ⟹ 𝑇FM𝑏𝑐

𝑎 = 𝝃†(𝛾𝑎𝑆𝑏𝑐 + 2𝛿[𝑏
𝑎 𝜂𝑐]∘𝛾

∘)𝝃 ⟹ 𝔗FM

𝑎 =
1

2
𝑇FM∘∘

𝑎 𝔢∘ ∧ 𝔢∘  

𝔏∎(𝔳) = Φ∎(𝑓)𝔳  as  𝔈𝑎
∎ = ℏ

𝛿𝔏∎(𝔳)

𝛿𝔢𝑎
= ℏΦ∎(𝑓)

𝛿

𝛿𝔢𝑎
(

1

4!
𝜖∘∘∘∘𝔢

∘ ∧ 𝔢∘ ∧ 𝔢∘ ∧ 𝔢∘)

 = ℏΦ∎(𝑓)
ℏ

3!
𝜖𝑎∘∘∘𝔢

∘ ∧ 𝔢∘ ∧ 𝔢∘ = ℏΦ∎(𝑓)𝔙𝑎

⟹ 𝐸∎ = ℏΦ∎(𝑓)

 

⟹ 𝐸YM = −
ℏ

4
ℱ∘∘

𝐼 ℱ𝐼
∘∘

⟹ 𝐸FM = ℏ𝝃†𝜖𝛾∘ (𝑖𝜕∘ −
1

2
𝑐𝑔𝑟𝜔∘

⋆⋆𝑆⋆⋆ + 𝑐𝑆𝑈𝒜∘
𝐼𝜏𝐼) 𝝃

⟹ 𝐸𝑎
H = ℏ (𝜂∘∘(𝜕∘𝝓H

† )(𝜕∘𝝓H) − 𝑖𝑐𝑆𝑈

1

2
ℱ∘∘

𝐼 𝛾∘𝛾∘𝜏𝐼(𝝓H
† 𝝓H) − 𝑉(𝝓H, 𝝓H

† ))

⟹ 𝐸𝑚𝑒 = −ℏ𝑚𝑒(⟨𝝃̇U
𝑒∗, 𝝃D

𝑒 ⟩ − ⟨𝝃̇D
𝑒∗, 𝝃U

𝑒 ⟩)

 

𝔊𝑎
GR = 𝔈𝑎

YM + 𝔈𝑎
FM + 𝔈𝑎

H + 𝔈𝑎
𝑚𝑒 , 𝔗GR

𝑎 = 𝔗FN

𝑎  

𝔊𝑎
GR: =

1

𝜅E
𝔊𝑎 =

1

2𝜅E
𝜖𝑎∘∘∘ℜ

∘∘ ∧ 𝔢∘, 𝔗GR
𝑎 : =

1

ℏ𝜅E
𝔗𝑎 =

1

ℏ𝜅E
𝑑𝔴𝔢𝑎  

 
⟹ Σ𝜃: 𝑆𝑝(1) → 𝐺𝐿(2, ℂ): {1, 𝑖, 𝑗, 𝑘}𝑡 ↦ 𝝈𝜃: = {𝟏2, 𝜅(𝜃)𝝈}𝑡  

𝜅(𝜃): = 𝑒𝑖𝜋(𝜃−1)/2 = {
+1 𝜃 = +1
−𝑖 𝜃 = 0
−1 𝜃 = −1

 

Σ𝜃: ℝ4 → 𝐴𝑚𝑝ℎ𝑜(2) ⊂ 𝐺𝐿(2, ℂ): 𝒗v𝜃 ↦ 𝒗s𝜃: = 𝝈𝜃
𝑡 ⋅ 𝒗v𝜃 = (

𝑣0 + 𝜅(𝜃)𝑣3 𝜅(𝜃)(𝑣1 − 𝑖𝑣2)

𝜅(𝜃)(𝑣1 + 𝑖𝑣2) 𝑣0 − 𝜅(𝜃)𝑣3 )  

⟨𝒖S𝜃, 𝒗S𝜃⟩: =
1

2
(Tr[𝒖s𝜃]Tr[𝒗s𝜃] − Tr[𝒖s𝜃𝒗s𝜃]) = 𝒖S𝜃

𝑡 𝜼𝜃𝒗s𝜃 = 𝑢0𝑣0 + 𝑒𝑖𝜋𝜃(𝑢1𝑣1 + 𝑢2𝑣2 + 𝑢3𝑣3)  

⟹ 𝜼𝜃 = diag[1, 𝑒𝑖𝜋𝜃, 𝑒𝑖𝜋𝜃, 𝑒𝑖𝜋𝜃], 𝜼𝜃 = {
𝜼E, 𝜃 = 0
𝜼L, 𝜃 = ±1

 

‖𝒗s𝜃‖2: = ⟨𝒗s𝜃, 𝒗s𝜃⟩ = det[𝒗s𝜃] = (𝑣0)2 + 𝑒𝑖𝜋𝜃((𝑣1)2 + (𝑣2)2 + (𝑣3)2)  

𝒈𝑐(𝜃 = ±1) ∈ 𝑆𝑂↑(1,3) ⊂ 𝑆𝑂(1,3)  , 𝒈𝑐(𝜃 = 0) ∈ 𝑆𝑂⊥(3) ⊂ 𝑆𝑂(4)  
𝒈𝑐: End(Caus(2)): 𝒗s𝜃 ↦ 𝒗s𝜃

′ : = 𝜏(𝒈𝑐)(𝒗s𝜃)  

𝒈𝑐
𝑎(𝜃; 𝜑, 𝜒): = 𝒈𝑟

𝑎(𝜑) ∘ 𝒈𝑏
𝑎(𝜒)|𝝈→(𝜒𝜃−𝑖𝜑)𝝈 = exp (−𝑖𝜎𝑎

𝜑

2
) exp (𝜎𝑎

𝜒𝜃

2
)  
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𝒗s𝜃
′ = 𝜏(𝒈𝑐

𝑎(𝜃; 𝜑, 𝜒))(𝒗s𝜃) = Σ𝜃

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

(

 
 

𝑣0cosh (𝜒𝜃) + 𝑣𝜃
1sinh (𝜒𝜃)

𝑣0sinh (𝜒𝜃) + 𝑣𝜃
1cosh (𝜒𝜃)

𝑣𝜃
2cos (𝜑) − 𝑣𝜃

3sin (𝜑)

𝑣𝜃
2sin (𝜑) + 𝑣𝜃

3cos (𝜑) )

 
 

 𝑎 = 1,

(

 
 

𝑣0cosh (𝜒𝜃) + 𝑣𝜃
2sinh (𝜒𝜃)

𝑣𝜃
1cos (𝜑) + 𝑣𝜃

3sin (𝜑)

𝑣0sinh (𝜒𝜃) + 𝑣𝜃
2cosh (𝜒𝜃)

−𝑣𝜃
1sin (𝜑) + 𝑣𝜃

3cos (𝜑) )

 
 

 𝑎 = 2,

(

 
 

𝑣0cosh (𝜒𝜃) + 𝑣𝜃
3sinh (𝜒𝜃)

𝑣𝜃
1cos (𝜑) − 𝑣𝜃

2sin (𝜑)

𝑣𝜃
1sin (𝜑) + 𝑣𝜃

2cos (𝜑)

𝑣0sinh (𝜒𝜃) + 𝑣𝜃
3cosh (𝜒𝜃))

 
 

 𝑎 = 3,

 

(𝑣0, 𝑣𝜃
1, 𝑣𝜃

2, 𝑣𝜃
3): = (𝑣0, 𝜅(𝜃)𝑣1, 𝜅(𝜃)𝑣2, 𝜅(𝜃)𝑣3)  

det[𝒈𝑐
𝑎(𝜃; 𝜑, 𝜒)] = det [exp (−𝑖𝜎𝑎

𝜑

2
)] det [exp (𝜎𝑎

𝜒𝜃

2
)] = exp (Tr [−𝑖𝜎𝑎

𝜑

2
]) exp (Tr [𝜎𝑎

𝜒𝜃

2
])

= 1, 
𝒈𝑐

𝑎(𝜃; 𝜑, 𝜒)∗ = 𝒈𝑟
𝑎=2(𝜋)𝒈𝑐

𝑎(−𝜃; 𝜑, 𝜒)𝒈𝑟
𝑎=2(𝜋)† for 𝑎 = 1,2,3  

𝒈𝑐 = 𝒈𝑐
𝑎1(𝜃; 𝜑1, 𝜒1) ⋯ 𝒈𝑐

𝑎𝑛(𝜃; 𝜑𝑛, 𝜒𝑛)  
𝜃 = −1 ⟷ 𝜃 = 0 ⟷ 𝜃 = 1

↓ ↓ ↓
𝒗SL

− ⟷ 𝒗SE ⟷ 𝒗SL
+

↓ ↓ ↓
𝜏(𝒈L

∗ )(𝒗SL
− ) ⟷ 𝜏(𝒈E)−(𝒗SE) ⟷ 𝜏(𝒈L)(𝒗SE

+ )

 

𝑧1 = Re[𝑧̃1] + 𝜅(𝜃)Im[𝑧̃1], 𝑧2 = −𝑖𝜅(𝜃)(Re[𝑧̃2] + 𝑖Im[𝑧̃2]),  |𝑧̃1|2 + |𝑧̃2|2 = 1  

Amp: 𝑆𝑈(2) ⊗ [−1,1] → Caus(2): (𝑧̃1, 𝑧̃2) ⊗ 𝜃 ↦ Amp(𝜃)(𝑧̃1, 𝑧̃2)) ∈ Caus(2) ⊂ Ampho(2)  

Amp(𝜃) (√∂Γ|𝑑4𝜉|𝑧𝑖→𝑧̃𝑖
) ⟹ (𝜋𝑠

𝜃(𝒈𝜃) ∘ 𝜆𝑠
𝜃)(𝑧1, 𝑧2) = 𝜆𝑠

𝜃(𝑧1
′ , 𝑧2

′ ),  (
𝑧1

′

𝑧2
′ ) = 𝒈𝜃

−1 (
𝑧1

𝑧2
)  

𝜋𝑠
𝜃(𝒈𝑐) = 𝒈𝑐 ,  ,  𝜋̇𝑠

𝜃(𝔤𝑐) = 𝔤𝑐 ∈ ℭ𝜃  

𝜋𝑠
𝜃(𝒈𝑐)|

𝜃=0
= 𝒈E,  𝜋𝑠

𝜃(𝒈𝑐)|
𝜃=1

= 𝒈L,  𝜋𝑠
𝜃(𝒈𝑐)|

𝜃=−1
= 𝜋𝑠‾(𝒈L) = 𝒈L

∗  

 
𝕍S(𝜃1, 𝜃2; 𝐺): = 𝕍1/2

𝜃1 [𝒈𝑐 ∈ Caus(2)] ⊗𝐺 𝕍1/2
𝜃2 [𝒈𝑐 ∈ Caus(2)]  

𝕍1/2
𝜃 [𝒈𝜃 ∈ Caus(2)]|

𝜃=0
= 𝕍1/2

E ,  𝕍1/2
𝜃 [𝒈𝜃 ∈ Caus(2)]|

𝜃=1
= 𝕍1/2

L ,  ,  𝕍1/2
𝜃 [𝒈𝜃 ∈ Caus(2)]|

𝜃=−1

= 𝕍1/2
L  

⟨𝝃(𝜃), 𝜻(𝜃)⟩ = [𝜉(−𝜃)]𝐴
∗ [𝝐(𝜃)]𝐴𝐵[𝜻(𝜃)]𝐵, 𝝐(𝜃): = (

cos (𝜋𝜃/2) sin (𝜋𝜃/2)
−sin (𝜋𝜃/2) cos (𝜋𝜃/2)

)  

𝝐(0) = 𝟏2  ⟹ ⟨𝝃(0), 𝜻(0)⟩ = ⟨𝝓H, 𝝋H⟩  
𝝃(𝜃)|𝜃=+1 ∈ 𝕍1/2

L ⟺ 𝝃∗(−𝜃)|𝜃=+1 ∈ 𝕍1/2
L

𝝃(𝜃)|𝜃=−1 ∈ 𝕍1/2
L ⟺ 𝝃∗(−𝜃)|𝜃=−1 ∈ 𝕍

1/2
L  
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𝝃∗(−𝜃) = 𝝃(𝜃) ⟹ 𝝃∗(−1) = 𝝃(1) = 𝝃L, 𝝃∗(1) = 𝝃(−1) = 𝝃̇L 
𝝐(±1) = ±𝝐2 ⟹ ⟨𝝃(1), 𝜻(1)⟩ = ⟨𝝃L, 𝜻L⟩, ⟨𝝃(−1), 𝜻(−1)⟩ = −⟨𝝃̇L, 𝜻̇L⟩ 

[𝝃†𝜖(𝜃)]
𝐴
: = [𝝃(𝜃)]𝐴

∗ [𝝐(𝜃)]𝐴𝐵 ⟹ ⟨𝝃(𝜃), 𝜻(𝜃)⟩ = 𝝃†𝜖(−𝜃)𝜻(𝜃) = 𝝃𝑡(𝜃) ⋅ 𝝐(𝜃) ⋅ 𝜻(𝜃)  

𝜃 = −1 ⟷ 𝜃 = 0 ⟷ 𝜃 = 1
↓ ↓ ↓

𝝃(𝜃) = 𝝃(0) ⟷ 𝝃(1)

‖ ⟷ ‖ ‖

𝝃̇𝝃 ⟷ 𝝓H ⟷ 𝝃

 

 
→ 𝔞𝜃 ∧ Ĥ𝜃(𝔟𝜃): = det[𝜼𝜃]1/2⟨𝔞𝜃, 𝔟𝜃⟩𝔳𝜃  

det[𝜼𝜃]1/2 ⇒ 𝑒3𝑖𝜋𝜃/2  

⟨𝔞∎, 𝔟∎⟩ →
𝜂∎↦𝜂𝜃

⟨𝔞𝜃, 𝔟𝜃⟩, ‖𝔞∎‖𝔳∎ →
𝜂∎↦𝜂𝜃

‖𝔞𝜃‖𝔳𝜃 ∙∈ {E, L} 

𝔳𝜃: =
1

4!
𝜖∘∘∘∘𝔢𝜃

∘ ∧ 𝔢𝜃
∘ ∧ 𝔢𝜃

∘ ∧ 𝔢𝜃
∘ , 𝔞∎ =

1

𝑝!
𝑎𝑖1⋯𝑖𝑝𝔢∎

𝑖1 ∧ ⋯ ∧ 𝔢∎

𝑖𝑝 → 𝔞𝜃 =
1

𝑝!
𝑎𝑖1⋯𝑖𝑝𝔢𝜃

𝑖1 ∧ ⋯ ∧ 𝔢
𝜃

𝑖𝑝  

𝔢𝜃
𝑎|𝜃=0 = 𝔢E

𝑎, 𝔢𝜃
𝑎|𝜃=±1 = 𝔢L

𝑎 

𝔢𝜃
𝑎 = (𝔢𝜃

0 , 𝔢𝜃
1 , 𝔢𝜃

2 , 𝔢𝜃
3): = (𝔢0, 𝑖𝜅(𝜃)𝔢1, 𝑖𝜅(𝜃)𝔢2, 𝑖𝜅(𝜃)𝔢3)  

Δ𝜃 = 𝑑𝜃𝑑̂𝜃 + 𝑑̂𝜃𝑑𝜃 = 𝜕0 + 𝑒𝑖𝜋𝜃(𝜕1 + 𝜕2 + 𝜕3) 
Ĥ𝜃(𝔢𝜃

0 ∧ 𝔢𝜃
1) = 𝔢𝜃

2 ∧ 𝔢𝜃
3 , Ĥ𝜃(𝔢𝜃

0 ∧ 𝔢𝜃
2) = 𝔢𝜃

3 ∧ 𝔢𝜃
1 , Ĥ𝜃(𝔢𝜃

0 ∧ 𝔢𝜃
3) = 𝔢𝜃

1 ∧ 𝔢𝜃
2 ,

Ĥ𝜃(𝔢𝜃
1 ∧ 𝔢𝜃

2) = 𝔢𝜃
0 ∧ 𝔢𝜃

3 , Ĥ𝜃(𝔢𝜃
1 ∧ 𝔢𝜃

3) = 𝔢𝜃
2 ∧ 𝔢𝜃

0 , Ĥ𝜃(𝔢𝜃
2 ∧ 𝔢𝜃

3) = 𝔢𝜃
0 ∧ 𝔢𝜃

1 ,
 

𝔖𝜃
+𝑎: = {𝔢𝜃

0 ∧ 𝔢𝜃
1 + 𝔢𝜃

2 ∧ 𝔢𝜃
3 , 𝔢𝜃

0 ∧ 𝔢𝜃
2 − 𝔢𝜃

1 ∧ 𝔢𝜃
3 , 𝔢𝜃

0 ∧ 𝔢𝜃
3 + 𝔢𝜃

1 ∧ 𝔢𝜃
2}

𝔖𝜃
−𝑎: = {𝔢𝜃

0 ∧ 𝔢𝜃
1 − 𝔢𝜃

2 ∧ 𝔢𝜃
3 , 𝔢𝜃

0 ∧ 𝔢𝜃
2 + 𝔢𝜃

1 ∧ 𝔢𝜃
3 , 𝔢𝜃

0 ∧ 𝔢𝜃
3 − 𝔢𝜃

1 ∧ 𝔢𝜃
2}

 

𝑃
Ĥ
±𝔖𝜃

±𝑎 = ±𝔖𝜃
±𝑎  

𝔖𝜃
±𝑎 ∧ 𝔖𝜃

±𝑏 = {
0 𝑎 ≠ 𝑏

±2𝑒3𝑖𝜋𝜃/2𝔳𝜃 𝑎 = 𝑏
, 𝔖𝜃

±𝑎 ∧ 𝔖𝜃
∓𝑏 = 0  

𝔖1
±𝑎: = 𝔖𝜃

±𝑎|
𝜃=1

= 𝔖L
±𝑎, 𝔖−1

±𝑎: = 𝔖𝜃
±𝑎|

𝜃=−1
= 𝔖L

∓𝑎 , 𝔖0
±𝑎: = 𝔖𝜃

±𝑎|
𝜃=0

= 𝔖E
±𝑎  

⟹ 𝑃0
±: = 𝑃

Ĥ
±|

𝜃=0
= 𝑃E

±, 𝑃1
±: = 𝑃

Ĥ
±|

𝜃=1
= 𝑃L

± = 𝑃−1
∓  

𝑃−1
± 𝔖−1

± = 𝑃L
∓𝔖L

∓ = 𝔖L
∓ 

𝔉𝜃
±: = 𝑃

Ĥ
±𝔉𝜃Ĥ𝜃(𝔉𝜃

±) = ±𝔉𝜃
± ∈ 𝕍

Ĥ
± (Ω𝜃

2(𝑇∗ℳ𝜃)) ⊗ Ad(𝔤)  

𝔢𝑐ℎ
𝑎 : = (𝔢0 − 𝜅(𝜃)𝔢3, 𝔢0 + 𝜅(𝜃)𝔢3, 𝔢1 + 𝑖𝔢2, 𝔢1 − 𝑖𝔢2)  

𝔢𝑐ℎ
1 ∧ 𝔢𝑐ℎ

3 = [𝔖𝜃
+]1 + 𝑖[𝔖𝜃

+]2 ∈ 𝕍
𝐻̂̂

+(Ω𝜃
2), 𝔢𝑐ℎ

1 ∧ 𝔢𝑐ℎ
4 = [𝔖𝜃

−]1 − 𝑖[𝔖𝜃
−]2 ∈ 𝕍

𝐻̂̂

−(Ω𝜃
2)

𝔢𝑐ℎ
2 ∧ 𝔢𝑐ℎ

3 = [𝔖𝜃
−]1 + 𝑖[𝔖𝜃

−]2 ∈ 𝕍Ĥ
−(Ω𝜃

2), 𝔢𝑐ℎ
2 ∧ 𝔢𝑐ℎ

4 = [𝔖𝜃
+]1 − 𝑖[𝔖𝜃

+]2 ∈ 𝕍Ĥ
+(Ω𝜃

2)
 

⟶ {

𝔢𝑐ℎ
3 ∈  polarización derecha →

𝜂∎↦𝜂𝜃

{𝔢𝑐ℎ
1 , 𝔢𝑐ℎ

3 } ∈  quiral-derecha = SD

𝔢𝑐ℎ
4 ∈  polarización izquierda →

𝜂∎↦𝜂𝜃

{𝔢𝑐ℎ
2 , 𝔢𝑐ℎ

4 } ∈  quiral-izquierda = ASD

  

 

{𝛾𝜃
𝑎 , 𝛾𝜃

𝑏} = 2𝜂𝜃
𝑎𝑏𝟏𝑠𝑝  

𝛾𝜃
0: = 𝛾E

0, 𝛾𝜃
𝑎: = 𝑒𝑖𝜋𝜃/2𝛾E

𝑎 for 𝑎 = 1,2,3  
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𝛾𝜃 = {

𝛾L, 𝜃 = +1
𝛾E, 𝜃 = 0
𝛾‾L, 𝜃 = −1

 

𝑆𝜃
𝑎𝑏: = 𝑖 [

𝛾𝜃 𝑎

2
,
𝛾𝜃 𝑏

2
]  

Γ𝜃 = √
1

det[𝜼𝜃]
𝛾𝜃

0𝛾𝜃
1𝛾𝜃

2𝛾𝜃
3 = 𝑓Γ(𝜃)𝛾E

0𝛾E
1𝛾E

2𝛾E
3,  𝑓Γ(𝜃): =

𝑒3𝑖𝜋𝜃/2

√𝑒3𝑖𝜋𝜃
 

𝑓Γ(𝜃) = {
+1, 𝜃 → 1 + 0,
−1, 𝜃 → −1 − 0
−1 − 0, 𝜃 → −1 + 0

,   Re[√∎] ≥ 0  

√𝑒3𝑖𝜋𝜃 = 𝑒3𝑖𝜋𝜃/2 ⟹ 𝑓Γ(𝜃) = 1  

Λ = 𝛾E
0𝛾E

1𝛾E
2𝛾E

3 = {
(
−𝟏2 𝟎2

𝟎2 𝟏2
) , dim − 4

(
−1 0

0 1
) , dim − 2

 

𝑃𝜃
±: =

1

2
(𝟏𝑠𝑝 ± Γ𝜃) = 𝑃𝜃

± ∘ 𝑃𝜃
± = 𝑃𝜃

±, 𝑃𝜃
±𝑃𝜃

∓ = 0  

d 𝜃: = 𝜄𝛾𝑑𝜃 = ∂ 𝜃 = 𝛾𝜃
𝑎𝜕𝑎, ∂ 𝜃𝑃𝜃

± = 𝑃𝜃
∓ ∂ 𝜃  

(∂ 𝜃)2 = Δ𝜃𝟏𝑠𝑝, Δ𝜃: = (𝜕0)2 + 𝑒𝑖𝜋𝜃((𝜕1)2 + (𝜕2)2 + (𝜕3)2)  

Γ𝜃𝝃U(𝜃) = −𝝃U(𝜃) ⟹ 𝑃𝜃
−𝝃(𝜃) = 𝝃U(𝜃) ∈ 𝕍1/2

𝜃U

Γ𝜃𝝃D(𝜃) = +𝝃D(𝜃) ⟹ 𝑃𝜃
+𝝃(𝜃) = 𝝃D(𝜃) ∈ 𝕍1/2

𝜃D
 

 
𝜃 = −1 ⟷ 𝜃 = 0 ⟷ 𝜃 = 1

↓ ↓ ↓
𝝃U(𝜃) = 𝝃U(−1) = 𝝃̇U ⟷ 𝝃U(0) = 𝝓U ⟷ 𝝃U(1) = 𝝃U

𝝃D(𝜃) = 𝝃D(−1) = 𝝃̇D ⟷ 𝝃D(0) = 𝝓D ⟷ 𝝃D(1) = 𝝃D

 

⟹ 𝔏YM(𝔄𝜃): = det[𝜼𝜃]1/2Tr[‖𝔉𝜃(𝔄𝜃)‖2]𝔳𝜃 = Tr[𝔉𝜃(𝔄𝜃) ∧ 𝔉̂𝜃(𝔄̂𝜃)]  

Λ = −
1

4
𝜂𝜃 ∘⋆𝜂𝜃 ∘⋆ℱ𝜃∘∘ℱ𝜃⋆⋆𝔳𝜃, ℱ𝜃𝑎𝑏: = ℱ𝜃𝑎𝑏

𝐼 𝜏𝐼  

𝑑̂𝔄𝔉𝜃 = 𝑑̂𝔉𝜃 +
𝑐𝑆𝑈

2
[𝔄̂𝜃, 𝔉𝜃]

∧
= 𝜂𝜃 ∘∘(𝜕∘ℱ𝜃∘⋆

𝐼 + 𝑐𝑆𝑈𝑓𝐼 𝐽𝐾𝒜𝜃∘
𝐽 ℱ𝜃∘⋆

𝐾 )𝔙𝜃 ⋆  

𝔉𝜃 = 𝔉𝜃
+ + 𝔉𝜃

−,  𝔉̂𝜃 = 𝔉𝜃
+ − 𝔉𝜃

−  
(‖𝔉𝜃

+‖2 + ‖𝔉𝜃
−‖2)𝔳𝜃  

ℐYM = det[𝜼𝜃]1/2 ∫  
𝑇∗ℳ𝜃

 ‖𝔉𝜃‖2𝔳𝜃 = det[𝜼𝜃]1/2 ∫  
𝑇∗ℳ𝜃

  (‖𝔉𝜃
+‖2 + ‖𝔉𝜃

−‖2)𝔳𝜃  

𝑐2(𝔉𝜃) =
1

8𝜋2
∫  

𝑇∗ℳ𝜃

  (Tr[𝔉𝜃 ∧ 𝔉𝜃] − Tr[𝔉𝜃]2)𝔳𝜃 =
det[𝜼𝜃]1/2

8𝜋2
∫  

𝑇∗ℳ𝜃

  (‖𝔉𝜃
+‖2 − ‖𝔉𝜃

−‖2)𝔳𝜃  

ℐYM ≥ 8𝜋2|𝑐2(𝔉E)| 
𝒲+: = ℳ𝜃 ⊗ 𝜃 ∈ [0,1], 𝒲−: = ℳ𝜃 ⊗ 𝜃 ∈ [−1,0],  𝒲: = 𝒲+ ∪ 𝒲− = ℳ𝜃 ⊗ 𝜃 ∈ [−1,1] 

𝔉𝜃 = ∑  

𝑖

 𝛼𝑖 (‖𝒓𝜃
𝑖 ‖

2
+ 𝜆)

−𝑚

+ 𝛽  

𝑑̂𝔉0
+ = 0, 𝔉0

+ = 𝑑𝔄0
+ − 𝑖𝑐𝑆𝑈𝔄0

+ ∧ 𝔄0
+  

𝑇∗𝒲𝜃
+: = 𝑇∗ℳ𝜃 ⊗ 𝜃 ∈ [0,1], 𝑇∗ℳL: = 𝑇∗ℳL ∖ {𝒓L

𝑖 (𝑡) ∣ ‖𝒓L
𝑖 (𝑡)‖

2
+ 𝜆 = 0}  

𝔞 ∈ ΩSD
2 (𝑇∗𝒲𝜃) ⟹ Ĥ𝜃(𝔞) = +𝔞  

{𝔄L
+, 𝔉L

+} ∈ ΩSD
2 (𝑇∗ℳL) ⊗ Ad(𝔰𝔩(2, ℂ))  

∞ > | lim
𝜃→±1

 ∫  
𝑇∗ℳ𝜃

 ‖𝔉𝜃
+‖2𝔳𝜃| =: |𝑐2(𝔉L)| = |ℱYM

L |  

𝔉L = 𝛼𝔉L
+ + 𝛽𝔉L

− 𝛼, 𝛽 ∈ ℂ  

𝔖L
±𝑎 → 𝔖𝜃

±𝑎, 𝜼L → 𝜼𝜃 in 𝜃 ∈ [−1,1]  
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 ⟹ 𝔏GR(𝔴𝜃, 𝔢𝜃): = −
det[𝜼𝜃]1/2

ℏ𝜅E
TrCP[‖𝔉CP(𝔄𝜃)‖𝜃

2]𝔳𝜃 = −
1

ℏ𝜅E
TrCP[𝔉CP(𝔄𝜃) ∧ 𝔉̂CP(𝔄̂𝜃)]  

Tr𝑆𝑂[ℜ𝜃(𝔴𝜃) ∧ 𝔖𝜃(𝔢𝜃)] = Tr𝑆𝑂[ℜ𝜃
+(𝔴𝜃) ∧ 𝔖𝜃

+(𝔢𝜃)] + Tr𝑆𝑂[ℜ𝜃
−(𝔴𝜃) ∧ 𝔖𝜃

−(𝔢𝜃)] 

ℜ𝜃
±(𝔴𝜃): = 𝑃

Ĥ
±ℜ𝜃(𝔴𝜃) , 𝔖𝜃

±(𝔢𝜃): = 𝑃
Ĥ
±𝔖(𝔢𝜃) 

−Tr𝑆𝑂[ℜ𝜃(𝔴𝜃) ∧ 𝔖𝜃(𝔢𝜃)] = 𝑅(𝔴𝜃)𝔳𝜃  ,  − Tr𝑆𝑂[ℜ𝜃
±(𝔴𝜃) ∧ 𝔖𝜃

±(𝔢𝜃)] =
1

2
(𝑅(𝔴𝜃) ± (𝑅0 + 𝑅0))𝔳𝜃 

𝑅0: = 𝑖
𝜅(−𝜃)

2
𝜖𝜃0 ⋆⋆𝑅⋆⋆

0∘(𝔴𝜃) = 𝑖𝜅(−𝜃)(𝑅23
01 − 𝑅13

02 + 𝑅12
03)(𝔴𝜃) 

𝑅0: = 𝑖
𝜅(𝜃)

2
𝜖𝜃∘∘ 

0⋆𝑅0⋆
∘∘ (𝔴𝜃) = 𝑖𝜅(𝜃)(𝑅03

12 − 𝑅13
02 + 𝑅01

23)(𝔴𝜃) 

0 = 𝔴𝜃 𝑎  ∘ ∧ 𝔗𝜃
∘ = 𝔴𝜃 𝑎  ∘ ∧ 𝑑𝔢𝜃

∘ + 𝔴𝜃 𝑎  ∘ ∧ 𝔴𝜃 ⋆ ⋆ ∧ 𝔢𝜃 ⋆ = 𝜂𝜃∘∘ℜ
𝑎∘(𝔴𝜃) ∧ 𝔢∘ − 𝑑(𝔴𝜃 𝑎  ∘ ∧ 𝔢𝜃

∘ ) 
𝔗𝑎(𝔢𝜃) = 0 ⟹ 𝜂𝜃∘∘ℜ

𝑎∘(𝔴𝜃) ∧ 𝔢∘ = 0  
𝜂𝜃𝑎∘𝜂𝜃𝑏∘𝑅𝑐𝑑

∘∘ (𝔴𝜃) = 𝜂𝜃𝑐∘𝜂𝜃𝑑∘𝑅𝑎𝑏
∘∘ (𝔴𝜃)  

𝑅𝑎𝑏𝑐𝑑 = 𝑅𝑐𝑑𝑎𝑏  
𝑅0 = −𝑅0 

Tr𝑆𝑂[ℜ𝜃
+(𝔴𝜃) ∧ 𝔖𝜃

+(𝔢𝜃)] = Tr𝑆𝑂[ℜ𝜃
−(𝔴𝜃) ∧ 𝔖𝜃

−(𝔢𝜃)] = −
1

2
𝑅(𝔴𝜃)𝔳𝜃  

𝔏GR(𝔴𝜃) = −2
det[𝜼𝜃]1/2

ℏ𝜅
Tr𝑆𝑂[ℜ𝜃

+(𝔴𝜃) ∧ 𝔖𝜃
+(𝔢𝜃)], 𝔗𝑎(𝔢𝜃) 

1

3!
𝔳 = −𝑓(𝜃)Tr𝑆𝑂[𝔖𝜃

+(𝔢𝜃) ∧ 𝔖𝜃
+(𝔢𝜃)] = 𝑓(𝜃)Tr𝑆𝑂[𝔖𝜃

−(𝔢𝜃) ∧ 𝔖𝜃
−(𝔢𝜃)] 

𝑓(𝜃): =
𝑖

4
(3𝜅(−𝜃) + 𝜅(𝜃)) = {

1, 𝜃 = 0
−𝑖/2, 𝜃 = ±1 

𝚵w(𝜃𝜈, 𝜃𝑒): = 𝝃𝜈(𝜃𝜈) ⊗ 𝝓̂w
U + 𝝃𝑒(𝜃𝑒) ⊗ 𝝓̂w

D ⟶ {

𝝃𝜈 ⊗ 𝝓̂W
U + 𝝃𝑒 ⊗ 𝝓̂w

D

𝝃̇𝜈 ⊗ 𝝓̂W
U + 𝝃̇𝑒 ⊗ 𝝓̂W

D , 𝜃𝜈 = 𝜃𝑒 = +1

𝜃𝑒 = −1

 

ℒFM

𝜃𝐿 (𝚵W, 𝚵W
†𝜖): = −⟨𝚵W

∗ (𝜃𝜈, 𝜃𝑒), 𝑖𝜙Θ
𝑠𝑔

𝚵w(𝜃𝜈, 𝜃𝑒)⟩  

𝑖𝜙Θ
𝑠𝑔

: = 𝑖𝜙𝜃𝜈

𝑠𝑔
𝜙̂W

U + 𝑖𝜙𝜃𝑒

𝑠𝑔
𝜙̂W

D ,  , 𝑖𝜙𝜃
𝑠𝑔

: = 𝛾𝜃
∘ (𝟏𝑆𝑈 ⊗ (𝑖𝜕∘ −

1

2
𝑐𝑔𝑟𝜔𝜃∘

⋆⋆𝑆𝜃⋆⋆) + 𝑐𝑆𝑈𝒜∘
𝐼𝜏𝐼)  

→
𝜃𝜈=𝜃𝑒=−1 

ℒF𝑀

𝐿  

𝑑̂𝔄𝜃
𝔉𝜃 = 𝑐𝑆𝑈𝚵†𝜖(𝜃𝜈, 𝜃𝑒)𝛾S𝜃

∘ 𝚵(𝜃𝜈, 𝜃𝑒)𝔙𝜃∘ →
𝜃𝜈=𝜃𝑒=−1 

  

ℒFM

𝜃𝑅(𝝃𝑒 , 𝝃𝑒†𝜖) = ⟨𝝃𝑒∗(𝜃), 𝑖𝜒𝜃
𝑠𝑝

𝝃𝑒(𝜃)⟩ →
𝜃=1 

ℒFM

𝑅  

𝑖𝜙𝜃
𝑠𝑝

: = 𝛾𝜃
∘ (𝑖𝜕∘ −

1

2
𝑐𝑔𝑟𝜔𝜃∘

⋆⋆𝑆𝜃⋆⋆)  

 
→ 𝔏H(𝝃(𝜃), 𝝃†𝜃(𝜃)): = 𝔏H

𝑘𝑖𝑛(𝝃(𝜃), 𝝃†𝜃(𝜃)) − 𝑉(𝝃(𝜃), 𝝃†𝜃(𝜃))𝔳𝜃  

𝔏H
𝑘𝑖𝑛(𝝃(𝜃), 𝝃†𝜃(𝜃)): =

1

4
(𝑖𝒅𝜃) ∘ (𝑖𝑑𝜃)⟨𝝃(𝜃), 𝝃(𝜃)⟩𝔳𝜃  
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𝛿ℐH(𝝃(𝜃), 𝝃†𝜃(𝜃))

𝛿𝝃†𝜃(𝜃)
= 0 ⟹ (Δ𝜃 + 𝑖𝑐𝑆𝑈𝒳𝜃 +

𝛿𝑉(𝝃(𝜃), 𝝃†𝜃(𝜃))

𝛿𝝃†(𝜃)
) 𝝃(𝜃) =  ℱ𝜃: = ℱ𝑆𝑈|𝛾SL→𝛾𝜃

 

→ −(𝑖𝑑𝜃)2 = Δ𝜃 + 𝔉̂𝜃, ℱ̂𝜃: = 𝜄𝛾𝜃
𝜄𝛾𝜃

(𝑑𝑠𝑔 ∧ 𝑑𝑠𝑔)  

𝔅̂𝜃 = 𝜄𝛾𝜃
𝜄𝛾𝜃

(𝑑 − 𝑖𝑐𝑆𝑈(𝔄𝑆𝑈 ⊗ 𝟏𝑠𝑝) − 𝑖𝑐𝑔𝑟(𝟏𝑆𝑈 ⊗ 𝔄𝑠𝑝))
2∧

 = −𝑖𝜄𝛾𝜃𝜄𝛾𝜃
(𝑐𝑆𝑈(𝑑𝔄𝑆𝑈 − 𝑖𝑐𝑆𝑈𝔄𝑆𝑈 ∧ 𝔄𝑆𝑈) + 𝑐𝑔𝑟(𝑑𝔄𝑠𝑝 − 𝑖𝑐𝑔𝑟𝔄𝑠𝑝 ∧ 𝔄𝑠𝑝))

 

𝔄𝑠𝑝 =
𝑖

2
(𝜄𝛾𝜃

𝔴𝜃
∘∘)𝑆SL∘∘|

𝛾𝑠→𝛾𝜃

= −
1

8
𝜔⋄

∘⋆𝛾𝜃
⋄𝜂𝜃∘∘𝜂𝜃⋆⋆[𝛾𝜃

∘ , 𝛾𝜃
⋆] = −

1

4
𝜔⋄

∘⋆𝛾𝜃
⋄𝜂𝜃∘∘𝜂𝜃⋆⋆𝛾𝜃

∘𝛾𝜃
⋆ 

ℜ̂ = −𝑐𝑔𝑟𝜄𝛾𝜃
𝜄𝛾𝜃

ℜ = −
𝑐𝑔𝑟

8
𝑅𝜃

∘∘ ⋆⋆𝛾𝜃∘𝛾𝜃∘(𝜂𝜃 ⋆⋄𝛾𝜃⋄)(𝜂𝜃 ⋆⋄𝛾𝜃⋄)  

𝑅𝑏𝑐𝑑
𝑎 + 𝑅𝑐𝑑𝑏

𝑎 + 𝑅𝑑𝑏𝑐
𝑎  ⨂ 𝑅𝑏𝑐𝑑

𝑎 : = 𝜂L𝑏∘𝑅
𝑎∘ 𝑐𝑑  

∑  

𝑐≠𝑏≠𝑑

 𝑅𝑏
𝑎 𝑐𝑑𝛾SL

𝑏 𝛾SL
𝑐 𝛾sL

𝑑
 

𝑅𝑎𝑏𝑐𝑑𝛾SL
𝑎 𝛾SL

𝑏 𝛾SL
𝑐 𝛾SL

𝑑  ≜ 𝜂L
∘∘(−𝑅∘𝑏𝑎∘ + 𝑅∘𝑏∘𝑎)𝛾SL

𝑎 𝛾SL
𝑏 = 2𝜂L

∘∘𝑅𝑏∘𝑎∘𝛾SL
𝑎 𝛾SL

𝑏 ,

 ≜ 2𝑅∘⋆
∘⋆ →

𝜃=1 
− 𝑐𝑔𝑟

𝑅

4

 

→ −(𝑖𝑑𝜃)2 = Δ(𝜃) − 𝑖𝑐𝑆𝑈𝒵𝜃 − 𝑐𝑔𝑟

𝑅𝜃

4
 

⟹ (Δ𝜃 + 𝑖𝑐𝑆𝑈ℬ𝜃 + 𝑐𝑔𝑟

𝑅𝜃

4
+

𝛿𝑉(𝝃(𝜃), 𝝃†𝜃(𝜃))

𝛿𝝃𝜃(𝜃)
) 𝝃(𝜃)  

⟹ ⟨𝚵w(𝜃𝜈, 𝜃𝑒), 𝝃H(𝜃H = 0)⟩  

𝜉H(0) = 𝜙w 

ℒFM

𝜃𝑚𝑒 = 𝜆⟨⟨𝚵W
∗ (−𝜃𝜈, −𝜃𝑒), 𝜙W⟩, 𝚵W(𝜃𝜈, 𝜃𝑒)⟩ = −𝜆𝜙D(⟨𝝃U

𝑒∗(−𝜃𝑒), 𝝃D
𝑒 (𝜃𝑒)⟩ − ⟨𝝃D

𝑒∗(−𝜃𝑒), 𝝃U
𝑒 (𝜃𝑒)⟩)

 −𝜆𝜙U(⟨𝝃U
𝜈∗(−𝜃𝜈), 𝝃D

𝜈 (𝜃𝜈)⟩ − ⟨𝝃D
𝜈∗(−𝜃𝜈), 𝝃U

𝜈 (𝜃𝜈)⟩)
 

Λ|𝜃𝜈=𝜃𝑒=1 ⟹ δ  
ℜL

+ ∈ ΩsD
2 (𝑇∗ℳL) ⊕ Ad(ℭ1 = 𝔰𝔩(2, ℂ))

↑ ↑ 𝜃 → 1
↑ 𝜃 → 1 ↑

𝔉𝜃
+ ∈ ΩsD

2 (𝑇∗𝒲𝜃
+) ⊕ Ad(ℭ𝜃)

↓ 𝜃 → 1 ↓ ↓ 𝜃 → 0
𝔉𝑆𝑈

+ ∈ ΩsD
2 (𝑇∗ℳL) ⊕ Ad(ℭ0 = 𝔰𝔲𝑅(2))

 

 

⟹ −
1

2
𝑐𝑔𝑟𝜔0

⋆⋆(𝜙H
†𝜈∘𝑆⋆⋆𝝓H)  

𝑑𝑠Schw
2 = 𝑓Schw

2 (𝑟)𝑑𝑡2 − 𝑓Schw
−2 (𝑟)𝑑𝑟2 − 𝑟2(𝑑𝜗2 + sin2 𝜑𝑑𝜑2),  𝑓Schw

2 (𝑟) = 1 − 16𝜋𝜅E𝑚𝑒/𝑟  

𝔢Schw 
𝑎 = (𝑓Schw 𝑑𝑡, 𝑓Schw 

−1 𝑑𝑟, 𝑟𝑑𝜗, 𝑟sin 𝜗𝑑𝜑)  

𝔴Schw =

(

 

0 −8𝜋𝜅E𝑚𝑒/𝑟2𝑑𝑡 0 0

0 𝑓Schw𝑑𝜗 𝑓Schwsin 𝜗𝑑𝜑

0 cos 𝜗𝑑𝜑

0 )

  

Λ ≈ −
1

2
𝑐𝑔𝑟 ∑  

𝑝𝑖∈{𝑡,𝑟,𝜗,𝜑}

 𝜂𝑝1𝑝2
𝜂𝑝3𝑝4

𝜔𝑡
𝑝1𝑝3𝛾𝑡𝑆𝑝2𝑝4  
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𝛾𝑡

 = 𝛾VL
0 ,

𝛾𝑟  = sin 𝜗cos 𝜑𝛾VL
1 + sin 𝜗sin 𝜑𝛾VL

2 + cos 𝜗𝛾VL
3 ,

𝛾𝜗 = cos 𝜗cos 𝜑𝛾VL
1 + cos 𝜗sin 𝜑𝛾VL

2 + sin 𝜗𝛾VL
3 ,

𝛾𝜑 =  −sin 𝜑𝛾VL
2 + cos 𝜑𝛾VL

3 ,
   𝜂𝑡𝑡 = 1, 𝜂𝑟𝑟 = 𝜂𝜗𝜗 = 𝜂𝜑𝜑 = −1,  𝜂𝑎𝑏 = 0,

 

⟹ {𝛾𝑝1 , 𝛾𝑝2} = 2𝜂L
𝑝1𝑝2𝟏𝑠𝑝  for  𝑝𝑖 ∈ {𝑡, 𝑟, 𝜗, 𝜑} 

Δ = 4𝜋𝑖𝑐𝑔𝑟

𝜅E𝑚𝑒

𝑟2
⟨𝝓H, 𝛾VL

1 𝝓H⟩.  

𝐾: = {
𝑆𝑂(2) (𝔽 = ℝ)
𝑆𝑈(2) (𝔽 = ℂ)

𝑇: = {𝑡(𝑎) = (
𝑎 0
0 𝑎−1)|  𝑎 ∈ 𝔽 ∖ {0}}

𝐴: = {𝑎(𝜑) = (
𝑒𝜑 0
0 𝑒−𝜑)|  𝜑 ∈ ℝ}

𝑁: = {(
1 𝑏
0 1

)|  𝑏 ∈ 𝔽}

𝐵: = 𝑇𝑁𝑡 = {(
𝑎 0
𝑏 𝑎−1)|  𝑎 ∈ 𝔽 ∖ {0}, 𝑏 ∈ 𝔽}

𝑀: = 𝐾 ∩ 𝑇 = {
±𝟏2 (𝔽 = ℝ)

(𝑒𝑖𝜑 0
0 𝑒−𝑖𝜑

) (𝔽 = ℂ)

 

𝑇 = 𝑀𝐴, 𝐺 = 𝐾𝑇𝑁 = 𝐾𝐴𝑁,  ,  𝐺 = 𝐾𝑇𝑁𝑡 = 𝐾𝐴𝑁𝑡  

𝐺 = 𝐾𝐴𝑁 = 𝐾𝐴𝑁𝑡  

𝐾 ∶= {𝑘(𝜗) = (
cos (𝜗/2) 𝑖sin (𝜗/2)
𝑖sin (𝜗/2) cos (𝜗/2)

)|  0 ≤ 𝜗 < 4𝜋}

𝑀 ∶= {𝑚(𝜑) = (𝑒𝑖𝜑/2 0
0 𝑒−𝑖𝜑/2

)|  0 ≤ 𝜑 < 4𝜋}
 

𝑚(𝜑)𝑘(𝜗)𝑚(𝜓) = (
cos (𝜗/2)𝑒𝑖(𝜑+𝜓)/2 𝑖sin (𝜗/2)𝑒𝑖(𝜑−𝜓)/2

𝑖sin (𝜗/2)𝑒−𝑖(𝜑−𝜓)/2 cos (𝜗/2)𝑒−𝑖(𝜑+𝜓)/2
)  

0 ≤ 𝜓 < 4𝜋, 0 ≤ 𝜗 < 𝜋,  ,  0 ≤ 𝜑 < 2𝜋  

𝑑𝜓𝑑𝜙 = 𝒗̂SE ⟹ 𝒗̂VE = ΣE
−1𝒗̂SE = (

cos (𝜗/2)cos ((𝜑 + 𝜓)/2)
sin (𝜗/2)cos ((𝜑 − 𝜓)/2)

−sin (𝜗/2)sin ((𝜑 − 𝜓)/2)
cos (𝜗/2)sin ((𝜑 + 𝜓)/2)

)  

𝔙E

0
=

1

16𝜋2
sin 𝜗sin 𝜑𝑑𝜗𝑑𝜑𝑑𝜓  

𝒗̂VE = (

cos 𝜗
sin 𝜗cos 𝜑
sin 𝜗sin 𝜑cos 𝜓
sin 𝜗sin 𝜑sin 𝜓

)   , 0 ≤ 𝜓 ≤ 2𝜋, 0 ≤ 𝜗 < 𝜋,  , 0 ≤ 𝜑 < 𝜋  

𝔙E

0
=

1

2𝜋2
sin2 𝜗sin 𝜑𝑑𝜗𝑑𝜑𝑑𝜓  

Δ𝜃𝑢(𝑥, 𝜃) = 𝑓(𝑥, 𝜃)  
𝑢(𝑥, 𝜃 = 0) ∈ 𝑊2

2 

𝑢(𝑥, 𝜃): = ‖𝔲, 𝔲‖
𝜃

1
2   ,  𝑓(𝑥, 𝜃): = ‖𝔣, 𝔣‖

𝜃

1
2  

‖𝑢‖𝐿2
≤ 𝑁‖Δ0𝑢‖𝐿2

= 𝑁‖𝑓‖𝐿2  

‖𝑣(𝜃)‖𝐿2
: = (∫  

𝐷(Δ0)

  |𝑣(𝑥, 𝜃)|2𝔳E)

1
2

≥ 0 

Δ𝜃0+𝛿𝜃
𝑢(𝑥, 𝜃0 + 𝛿𝜃) = 𝑓(𝑥, 𝜃0 + 𝛿𝜃)  

|𝛿𝜃| < |Δ𝜃0
𝜕𝜃𝑢(𝑥, 𝜃)|

𝜃→𝜃0
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Δ𝜃0+𝛿𝜃
𝑢(𝑥, 𝜃0 + 𝛿𝜃)

=(Δ𝜃0
− 𝑖𝜋𝑒−𝑖𝜋𝜃𝛿𝜃(𝜕𝜃)2|

𝜃→𝜃0
) (𝑢(𝑥, 𝜃) + 𝛿𝜃[𝜕𝜃𝑢(𝑥, 𝜃)]𝜃→𝜃0

),

≃𝑓(𝑥, 𝜃0) + 𝛿𝜃[(Δ𝜃 − 𝑖𝜋𝑒−𝑖𝜋𝜃(𝜕𝜃)2)(𝜕𝜃𝑢(𝑥, 𝜃))]
𝜃→𝜃0

=𝑓(𝑥, 𝜃0) + 𝛿𝜃[𝜕𝜃(Δ𝜃𝑢(𝑥, 𝜃))]𝜃→𝜃0

=𝑓(𝑥, 𝜃0) + 𝛿𝜃[𝜕𝜃𝑓(𝑥, 𝜃)]𝜃→𝜃0

=𝑓(𝑥, 𝜃0 + 𝛿𝜃) + 𝒪(𝛿𝜃
2)

 

𝑑(𝑥, 𝜃) = ∑  

𝑖

∏  

𝑗

(𝑒𝑖𝜋𝜃𝑑0
𝑖𝑗

(𝑥) + 𝑑1
𝑖𝑗

(𝑥))
𝛼𝑖𝑗

 

Ω𝐶
𝑛: = {𝑛-dimensional}/∼ 

(𝜕𝑊, 𝜕𝜔𝑊) = (𝑀, −𝜔𝑀) ⨿ (𝑁, 𝜔𝑁) 

𝑓(𝑝1, 𝑝2, ⋯ )[𝑀] = ∫  
𝑀

𝑓(𝑝(𝑀)) = ∫  
𝜕𝑀

𝜄#(𝑓(𝑝(𝑊))) = ∫  
𝑊

𝑑𝑓(𝑝(𝑊)) 

ℳE ↪ 𝒲𝜃: ℳE = 𝒲0,  ℳL ↪ 𝒲𝜃: ℳL = 𝒲1 

⟨𝑣 ∣ 𝑢⟩𝜃: = ∑  

𝑎,𝑏=1,𝑛

[𝜼𝜃]𝑎𝑏𝑣𝑎𝑢𝑏 ∈ ℂ, 𝜂𝜃: = diag(1, 𝑒𝑖𝜋𝜃, 𝑒𝑖𝜋𝜃, ⋯ , 𝑒𝑖𝜋𝜃) 

𝜋𝜃: ℳE → ℳL: (𝑥1, ⋯ , 𝑥𝑛, 0) ∈ 𝒲0 ↦ (𝑥1, ⋯ , 𝑥𝑛, 1) ∈ 𝒲1 

𝒜𝜃(𝜌) = 𝑖𝜅(𝜃)
𝜌2

𝜌2 + 𝜆2
𝒈(𝜌)𝑑𝒈−1(𝜌))  0 < 𝜆 ∈ ℝ  

𝒈(𝝆): =
1

√𝝆2
𝝈𝜃𝝆, 𝜌2: = 𝜂𝜃∘∘𝜌

∘𝜌∘
 

𝔄𝜃
𝐼 = [𝒜𝜃

𝐼 ]]
∘
𝔢𝜃
∘ =

1

𝜌2 + 𝜆2
× {

𝑥𝜃𝑑𝑡 − 𝑡𝑑𝑥𝜃 + 𝑧𝜃𝑑𝑦𝜃 − 𝑦𝜃𝑑𝑧𝜃, (𝐼 = 1)
𝑦𝜃𝑑𝑡 − 𝑧𝜃𝑑𝑥𝜃 − 𝑡𝑑𝑦𝜃 + 𝑥𝜃𝑑𝑧𝜃, (𝐼 = 2)
𝑧𝜃𝑑𝑡 + 𝑦𝜃𝑑𝑥𝜃 − 𝑥𝜃𝑑𝑦𝜃 − 𝑡𝑑𝑧𝜃, (𝐼 = 3)

 

𝔉𝜃
𝐼 =

1

2
[ℱ𝜃

𝐼]
∘∘

𝔢𝜃
∘ ∧ 𝔢𝜃

∘ = −
𝜆2

𝜌2 + 𝜆2
× {

𝑑𝑡 ∧ 𝑑𝑥𝜃 + 𝑑𝑦𝜃 ∧ 𝑑𝑧𝜃 = 𝔖𝜃
+1 (𝐼 = 1)

𝑑𝑡 ∧ 𝑑𝑦𝜃 − 𝑑𝑥𝜃 ∧ 𝑑𝑧𝜃 = 𝔖𝜃
+2 (𝐼 = 2)

𝑑𝑡 ∧ 𝑑𝑧𝜃 + 𝑑𝑥𝜃 ∧ 𝑑𝑦𝜃 = 𝔖𝜃
+3 (𝐼 = 3)

 

𝔉𝜃|𝜃=0 = 𝔉E
+,  𝔉𝜃|𝜃=1 = 𝔉L

+. 
𝝆E

𝑡 : = (𝑟Ecos 𝜗1, 𝑟Esin 𝜗1cos 𝜗2, 𝑟Esin 𝜗1sin 𝜗2cos 𝜗3, 𝑟Esin 𝜗1sin 𝜗2sin 𝜗3) 

∫  𝔳E = ∫  
∞

0

𝑑𝑟E ∫  
𝜋

0

𝑑𝜗1 ∫  
𝜋

0

𝑑𝜗2 ∫  
2𝜋

0

𝑑𝜗3𝑟E
3sin2 𝜗1sin 𝜗2 

𝑟E ↦ 𝑟E
′ = {

𝑟E/𝜆, 0 ≤ 𝑟E ≤ 𝜆
𝜆/𝑟E, 𝜆 < 𝑟E < ∞

 

ℳE = 𝐷in
4 ∪ 𝐷out 

4 ,  𝐷in
4 ∩ 𝐷out 

4 = 𝜕𝐷in
4 = −𝜕𝐷out 

4 = 𝑆3 

𝑐2(𝔉𝜃) = −
1

8𝜋2
∫  Tr𝑆𝑈[𝔉𝜃 ∧ 𝔉𝜃] = 𝑒3𝑖𝜋𝜃/2

6

𝜋2
∫  (

𝜆

𝝆𝜃
2 + 𝜆2

)

4

𝔳𝜃 

∫  
𝐷in

4
𝑐2(𝔉E) = ∫  

𝐷out 
4

𝑐2(𝔉E) =
6

𝜋2
∫  

1

0

𝑟E
′3

(𝑟E
′2 + 1)4

𝑑𝑟E
′ ∫  

𝑆3
𝑑Ω4 =

1

2
 

ch(ℳE) = ∫  
𝐷in 

4
𝑐2(𝔉E) + ∫  

𝐷out 
4

𝑐2(𝔉E) = 1. 

𝜕𝐷in ∋ 𝜗𝑖
in = 𝜗𝑖

out ∈ −𝜕𝐷out  
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ch(ℳ𝜃) = 𝑒𝑖𝜋𝜃/2
Λ4

𝜋2
∫  

1

0

 𝑑𝑟𝜃 ∫  
𝜋

0

 𝑑𝜗1 ∫  
𝜋

0

 𝑑𝜗2 ∫  
2𝜋

0

 𝑑𝜗3𝑟𝜃
3sin2 𝜗1sin 𝜗2

 × [(2 + 𝑟𝜃
2(1 + cos 2𝜗1 + 2𝑒𝑖𝜋𝜃sin2 𝜗1))

−4
+ (1 + 2𝑟𝜃

2 + cos 2𝜗1 + 2𝑒𝑖𝜋𝜃sin2 𝜗1)
−4

]

 = 𝑒𝑖𝜋𝜃/2
23

𝜋
∫  

𝜋

0

 𝑑𝜗1

sin2 𝜗1

(1 + cos 2𝜗1 + 2𝑒𝑖𝜋𝜃sin2 𝜗1)2

 = {
+1 4𝑛 − 1 < 𝜃 < 4𝑛 + 1
−1 4𝑛 + 1 < 𝜃 < 4𝑛 + 3, 𝑛 ∈ ℤ
 indefinido 𝜃 = 2𝑛 + 1

 

ch(ℳL): = ch(ℳ𝜃=1−𝜖)|𝜖→+0 = 1 

𝔉L
𝐼 = −

𝜆2

𝜌2 + 𝜆2
𝔖L

+𝑎=𝐼  

𝒜𝜃(𝜌) = Γ|𝜆→𝜆𝜃
,  𝜆𝜃: = 𝑖𝜅(𝜃)𝜆  

 Γ ⟹ 𝔉𝜃
𝐼 = {

−𝜆2/(𝜌2 + 𝜆2)𝔖E
+𝑎=𝐼 , 𝜃 = 0

+𝜆2/(𝜌2 − 𝜆2)𝔖L
+𝑎=𝐼 , 𝜃 = ±1

 

1 = ch(ℳ𝜃) = ch(ℳE) = ch(ℳ𝜃=1−𝜖)|𝜖→+0 =: ch(ℳL)  

𝔄L
𝐼 = [𝒜L

𝐼 ]
o
𝔢L
∘ =

1

𝜌2 − 𝜆2
× {

𝑥𝑑𝑡̃ − 𝑡̃𝑑𝑥 − 𝑧𝑑𝑦 + 𝑦𝑑𝑧, (𝐼 = 1)

𝑦𝑑𝑡̃ + 𝑧𝑑𝑥 − 𝑡̃𝑑𝑦 − 𝑥𝑑𝑧, (𝐼 = 2),

𝑧𝑑𝑡̃ − 𝑦𝑑𝑥 + 𝑥𝑑𝑦 − 𝑡̃𝑑𝑧, (𝐼 = 3)

  , 𝜌2 = 𝑡2 − 𝑥2 − 𝑦2 − 𝑧2  

 

REFERENCIAS BIBLIOGRÁFICAS ADICIONALES. 
Yoshimasa Kurihara, Yang–Mills–Utiyama Theory and Graviweak Correspondence, 
arXiv:2501.04738v1 [gr-qc] 8 Jan 2025. 
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Apéndice F. 

 

1. Supergravedad cuántica, agujeros negros cuánticos, supersimetrías de gauge y 

supermembranas para espacios cuánticos curvos o relativistas. 

 

Γ012𝜀 = −𝜀, Γ013456𝜀 = 𝜀  

𝛿𝜓𝜇 ≡ ∇𝜇𝜖 +
1

288
(Γ𝜇

𝜈𝜌𝜆𝜎
− 8𝛿𝜇

𝜈Γ𝜌𝜆𝜎) 𝐹𝜈𝜌𝜆𝜎𝜖  

Γ012345678910 = 𝟙  

Γ0178910𝜀 = −𝜀  

𝑑𝑠11
2 = 𝑒2𝐴0 [−𝑑𝑡2 + 𝑑𝑦2 + 𝑒−3𝐴0(−𝜕𝑧𝑤)−

1
2𝑑𝑢  ⋅ 𝑑𝑢  + 𝑒−3𝐴0(−𝜕𝑧𝑤)

1
2𝑑𝑣 ⋅ 𝑑𝑣 

+(−𝜕𝑧𝑤)(𝑑𝑧 + (𝜕𝑧𝑤)−1(∇   𝑢   𝑤) ⋅ 𝑑𝑢  )
2
]

 

𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴0𝑑𝑦,         𝑒2 = 𝑒𝐴0(−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)−1(∇   𝑢   𝑤) ⋅ 𝑑𝑢  ),

𝑒𝑖+2 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)−

1
4𝑑𝑢𝑖,        𝑒

𝑖+6 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)

1
4𝑑𝑣𝑖, 𝑖 = 1,2,3,4

 

𝐶(3) = −𝑒0 ∧ 𝑒1 ∧ 𝑒2 +
1

3!
𝜖𝑖𝑗𝑘ℓ((𝜕𝑧𝑤)−1(𝜕𝑢ℓ

𝑤)𝑑𝑢𝑖 ∧ 𝑑𝑢𝑗 ∧ 𝑑𝑢𝑘 − (𝜕𝑣ℓ
𝑤)𝑑𝑣𝑖 ∧ 𝑑𝑣𝑗 ∧ 𝑑𝑣𝑘)  

ℒ𝑢 ≡ ∇𝑢   ⋅ ∇𝑢   , ℒ𝑣 ≡ ∇𝑣  ⋅ ∇𝑣   

ℒ𝑣𝐺0 = (ℒ𝑢𝐺0)(𝜕𝑧𝜕𝑧𝐺0) − (∇𝑢   𝜕𝑧𝐺0) ⋅ (∇𝑢   𝜕𝑧𝐺0)  

𝑤 = 𝜕𝑧𝐺0, 𝑒−3𝐴0(−𝜕𝑧𝑤)
1
2 = ℒ𝑣𝐺0

 

𝑒−3𝐴0(𝜕𝑧𝑤)−
1
2 − (𝜕𝑧𝑤)−1(∇𝑢   𝑤) ⋅ (∇𝑢   𝑤) = −ℒ𝑢𝐺0

 

𝑑𝑠11
2 = 𝑒2𝐴0[ −𝑑𝑡2 + 𝑑𝑦2 + (−𝜕𝑧𝑤)(𝑑𝑧 + (𝜕𝑧𝑤)−1(𝜕𝑢𝑤)𝑑𝑢)2

+𝑒−3𝐴0(−𝜕𝑧𝑤)−
1
2(𝑑𝑢2 + 𝑢2𝑑Ω3

2) + 𝑒−3𝐴0(−𝜕𝑧𝑤)
1
2(𝑑𝑣2 + 𝑣2𝑑Ω′

3
2
)]

 

𝑒0 = 𝑒𝐴0𝑑𝑡,  𝑒1 = 𝑒𝐴0𝑑𝑦, 𝑒2 = 𝑒𝐴0(−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)−1(𝜕𝑢𝑤)𝑑𝑢),

𝑒3 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)−

1
4𝑑𝑢, 𝑒4 = 𝑒−

1
2
𝐴0(−𝜕𝑧𝑤)

1
4𝑑𝑣

𝑒𝑖+4 = 𝑒−
1
2
𝐴0(−𝜕𝑧𝑤)−

1
4𝜎𝑖, 𝑒𝑖+7 = 𝑒−

1
2
𝐴0(−𝜕𝑧𝑤)

1
4𝜎̃𝑖, 𝑖 = 1,2,3

 

𝐶(3) = −𝑒0 ∧ 𝑒1 ∧ 𝑒2 + (𝜕𝑧𝑤)−1(𝑢3𝜕𝑢𝑤)Vol(𝑆3) + (𝑣3𝜕𝑣𝑤)Vol(𝑆′3)  

𝐺0 = −
1

2
𝑧2𝑔̂2(𝑢, 𝑣) + 𝑧𝑔̂1(𝑢, 𝑣) + 𝑔̂0(𝑢, 𝑣)  
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ℒ𝑣  𝑔̂2 + 𝑔̂2ℒ𝑢   𝑔̂2 − 2(∇   𝑢   𝑔̂2)
2

= 0

ℒ𝑣  𝑔̂1 + 𝑔̂2ℒ𝑢   𝑔̂1 − 2(∇   𝑢   𝑔̂1) ⋅ (∇   𝑢   𝑔̂2) = 0

ℒ𝑣  𝑔̂0 + 𝑔̂2ℒ𝑣  𝑔̂0 − (∇   𝑢   𝑔̂1)
2

= 0

 

ℒ𝑣  𝑔̂2 − 𝑔̂2
3ℒ𝑢   (𝑔̂2

−1) = 0  

𝑔̂2 =
ℎ2(𝑣 )

ℎ1(𝑢  )
 

𝐺0 = −
1

2
𝑧2

ℎ2(𝑣 )

ℎ1(𝑢  )
+ 𝑔̂0(𝑢, 𝑣)  

1

ℎ1(𝑢  )
ℒ𝑢   𝑔̂0 +

1

ℎ2(𝑣 )
ℒ𝑣  𝑔̂0 = 0  

𝑤 = 𝜕𝑧𝐺0 = −𝑧
ℎ2(𝑣 )

ℎ1(𝑢  )
 

𝑒−𝐴0𝑒2 = (−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)−1(∇   𝑢   𝑤) ⋅ 𝑑𝑢  ) = (

ℎ2(𝑣 )

ℎ1(𝑢  )
)

1
2

[𝑑𝑧 −
𝑧

ℎ1(𝑢  )
(∇   𝑢   ℎ1(𝑢  )) ⋅ 𝑑𝑢  ]

 = (ℎ1(𝑢  )ℎ2(𝑣 ))
1
2 [

𝑑𝑧

ℎ1(𝑢  )
−

𝑧

(ℎ1(𝑢  ))2 (∇   𝑢   ℎ1(𝑢  )) ⋅ 𝑑𝑢  ] = (ℎ1(𝑢  )ℎ2(𝑣 ))
1
2𝑑𝑧̂

 

𝑧̂ ≡
𝑧

ℎ1(𝑢  )
 

ℒ𝑢   𝑔̂0 = −ℎ0(𝑢  , 𝑣 )ℎ1(𝑢  ), ℒ𝑣  𝑔̂0 = ℎ0(𝑢  , 𝑣 )ℎ2(𝑣 )  

𝑔̂0 = 𝑓2(𝑣 )ℎ1(𝑢  ) − 𝑓1(𝑢  )ℎ2(𝑣 ),  donde  ℒ𝑢   𝑓1 = ℎ1
2, ℒ𝑣  𝑓2 = ℎ2

2  

𝐺0 = −
1

2
𝑧2

ℎ2(𝑣 )

ℎ1(𝑢  )
+ 𝑓2(𝑣 )ℎ1(𝑢  ) − 𝑓1(𝑢  )ℎ2(𝑣 )  

𝑤 = −𝑧
ℎ2(𝑣 )

ℎ1(𝑢  )
, 𝑒−3𝐴0 (

ℎ2(𝑣 )

ℎ1(𝑢  )
)

1
2

= ℎ1(𝑢  )ℎ2
2(𝑣 )  ⇒  𝑒−2𝐴0 = ℎ1(𝑢  )ℎ2(𝑣 )  

𝑑𝑠11
2 = (ℎ1(𝑢  )ℎ2(𝑣 ))−1(−𝑑𝑡2 + 𝑑𝑦2) + 𝑑𝑧̂2 + ℎ1(𝑢  )𝑑𝑢  ⋅ 𝑑𝑢  + ℎ2(𝑣 )𝑑𝑣 ⋅ 𝑑𝑣  

𝑑𝑠11
2 = 𝑒2𝐴(𝑓̂1

2𝑑𝑠𝐴𝑑𝑆3

2 + 𝑓2
2𝑑𝑠𝑆3

2 + 𝑓3
2𝑑𝑠𝑆′

2 + ℎ𝑖𝑗𝑑𝜎𝑖𝑑𝜎𝑗)

𝐶(3) = 𝑏1𝑒̂012 + 𝑏2𝑒̂345 + 𝑏3𝑒̂678
 

 

ℎ𝑖𝑗𝑑𝜎𝑖𝑑𝜎𝑗 =
𝜕𝑤ℎ𝜕𝑤‾ ℎ

ℎ2
|𝑑𝑤|2  

𝜕𝑤𝜕𝑤‾ ℎ = 0  
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𝑤 = 𝜉 + 𝑖𝜌 ⇒  𝜕𝑤 =
1

2
(𝜕𝜉 − 𝑖𝜕𝜌), 𝜕𝑤‾ =

1

2
(𝜕𝜉 + 𝑖𝜕𝜌)  

𝜕𝑤‾ (−ℎ̃ + 𝑖ℎ) = 0  

−ℎ̃ + 𝑖ℎ = 𝛽𝑤 = 𝛽(𝜉 + 𝑖𝜌)  

ℎ𝑖𝑗𝑑𝜎𝑖𝑑𝜎𝑗 =
𝑑𝜉2 + 𝑑𝜌2

4𝜌2
 

𝜕𝑤𝐺 =
1

2
(𝐺 + 𝐺‾)𝜕𝑤log (ℎ)  

𝜕𝜉𝑔1 + 𝜕𝜌𝑔2 = 0, 𝜕𝜉𝑔2 − 𝜕𝜌𝑔1 = −
1

𝜌
𝑔1  

𝜕𝑤Φ = 𝐺‾𝜕𝑤ℎ ⇔ 𝜕𝜉Φ = −𝛽𝑔2, 𝜕𝜌Φ = 𝛽𝑔1  

(𝜕𝜉
2 + 𝜕𝜌

2 −
1

𝜌
𝜕𝜌) Φ = 0  

𝜕𝜉Φ̃ = −
𝛽

𝜌
𝑔1 = −

1

𝜌
𝜕𝜌Φ, 𝜕𝜌Φ̃ = −

𝛽

𝜌
𝑔2 =

1

𝜌
𝜕𝜉Φ  

𝜕𝜉
2Φ̃ +

1

𝜌
𝜕𝜌(𝜌𝜕𝜌Φ̃) = 0  

𝑊± ≡ |𝐺 ± 𝑖|2 + 𝛾±1(𝐺𝐺‾ − 1)  

𝛾(𝐺𝐺‾ − 1) ≥ 0  

𝛾 > 0, |𝐺| ≥ 1  

𝑐1 = 𝛾1/2 + 𝛾−1/2 > 0, 𝑐2 = −𝛾1/2 < 0, 𝑐3 = −𝛾−1/2 < 0, 𝜎 = +1  

𝑓1
−2 = 𝛾−1(𝛾 + 1)2(𝐺𝐺‾ − 1), 𝑓2

−2 = 𝑊+, 𝑓3
−2 = 𝑊−  

𝑒6𝐴 = ℎ2(𝐺𝐺‾ − 1)𝑊+𝑊− = 𝛾(𝛾 + 1)−2ℎ2𝑓̂1
−2𝑓2

−2𝑓3
−2  

𝑏1 =
𝜈1

𝑐1
3 [

ℎ(𝐺 + 𝐺‾)

(𝐺𝐺‾ − 1)
+ 𝛾−1(𝛾 + 1)2Φ − (𝛾 − 𝛾−1)ℎ̃] ,

𝑏2 =
𝜈2

𝑐2
3 [−

ℎ(𝐺 + 𝐺‾)

𝑊+
+ (Φ − ℎ̃)] , 𝑏3 =

𝜈3

𝑐3
3 [

ℎ(𝐺 + 𝐺‾)

𝑊−
− (Φ + ℎ̃)]

 

 

𝑑𝑠𝐴𝑑𝑆3

2 =
𝑑𝜇2

𝜇2
+ 𝜇2(−𝑑𝑡2 + 𝑑𝑦2)  

𝜇 → 𝜆𝜇, (𝑡, 𝑦) → 𝜆−1(𝑡, 𝑦)  

(𝑢, 𝑣) → √𝜆(𝑢, 𝑣), 𝑧 → 𝜆−1𝑧  
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𝑒𝐴0 → 𝜆𝑒𝐴0 , 𝑤 → 𝜆−1𝑤  

𝑢 = √𝜇𝑚1(𝜌, 𝜉),         𝑣 = √𝜇𝑚2(𝜌, 𝜉),

𝑤 = 𝜇−1𝑚4(𝜌, 𝜉),        𝑒𝐴0 = 𝜇𝑚5(𝜌, 𝜉),
𝑧 = 𝜇−1𝑚3(𝜌, 𝜉) 

𝑒2𝐴𝑓1
2𝜇2 = 𝑒2𝐴0 , 𝑒2𝐴𝑓̂2

2 = 𝑒−𝐴0(−𝜕𝑧𝑤)−
1
2𝑢2, 𝑒2𝐴𝑓̂3

2 = 𝑒−𝐴0(−𝜕𝑧𝑤)
1
2𝑣2  

𝑒2𝐴 (𝑓1
2

𝑑𝜇2

𝜇2
+

𝑑𝜉2 + 𝑑𝜌2

4𝜌2 ) = 𝑒−𝐴0 ((−𝜕𝑧𝑤)−
1
2𝑑𝑢2 + (−𝜕𝑧𝑤)

1
2𝑑𝑣2)

 +𝑒2𝐴0(−𝜕𝑧𝑤)(𝑑𝑧 + (−𝜕𝑧𝑤)−1(𝜕𝑢𝑤)𝑑𝑢)2

 

𝛾

(1 + 𝛾)2

1

(𝐺𝐺‾ − 1)

𝑑𝜇2

𝜇2
+

𝑑𝜉2 + 𝑑𝜌2

4𝜌2

 =
1

𝑊+

𝑑𝑢2

𝑢2
+

1

𝑊−

𝑑𝑣2

𝑣2
+

1

𝛽2𝜌2(𝐺𝐺‾ − 1)

𝑊+

𝑊−
(𝑢2𝑑𝑧 + (𝜕𝑧𝑤)−1(𝑢3𝜕𝑢𝑤)

𝑑𝑢

𝑢
)

2 

𝑢2𝑣2 =
𝛽2𝛾

(𝛾 + 1)2
𝜇2𝜌2, (−𝜕𝑧𝑤)

𝑣2

𝑢2
=

𝑊+

𝑊−
, 𝑒𝐴0 =

𝛽√𝛾𝜇𝜌

(𝛾 + 1)
𝑒−2𝐴(𝑊+𝑊−)

1
2  

𝑢 = √𝑎𝜇𝜌𝑒𝛼(𝜌,𝜉), 𝑣 = √𝑎𝜇𝜌𝑒−𝛼(𝜌,𝜉), 𝑧 = 𝜇−1𝑒−2𝛼(𝜌,𝜉)𝑝(𝜌, 𝜉)  

𝑎 ≡
𝛽√𝛾

(𝛾 + 1)
 

(𝜕𝑧𝑤)−1(𝑢3𝜕𝑢𝑤) = 𝑏2, (𝑣3𝜕𝑣𝑤) = 𝑏3  

𝛾

(1 + 𝛾)2

1

(𝐺𝐺‾ − 1)

𝑑𝜇2

𝜇2
+

𝑑𝜉2 + 𝑑𝜌2

4𝜌2

 =
1

𝑊+

𝑑𝑢2

𝑢2
+

1

𝑊−

𝑑𝑣2

𝑣2
+

1

𝛽2𝜌2(𝐺𝐺‾ − 1)

𝑊+

𝑊−
(𝑢2𝑑𝑧 + 𝑏2

𝑑𝑢

𝑢
)

2 

𝜕𝜉𝛼 = −
𝜀1

2𝜌
𝑔1, 𝜕𝜌𝛼 =

1

2𝜌
𝑔2, 𝑏2 = 2𝑎𝜌𝑝 +

𝜀2𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 + 𝑔2

𝜕𝜉𝑝 = −
𝜀1𝜀2𝛽

2𝑎𝜌
(𝑔2 − 1), 𝜕𝜌𝑝 = −

1

𝜌
(𝑝 +

𝜀2𝛽

2𝑎
𝑔1)

 

𝛼 = −
1

2𝛽
Φ̃  

𝑝 = −
𝜀2

2𝑎𝜌
(Φ + 𝛽𝜉)  

𝑏2 = 𝜀2 (
𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 + 𝑔2

− (Φ + 𝛽𝜉)) = 𝜀2 (
ℎ(𝐺 + 𝐺‾)

𝑊+
− (Φ − ℎ̃))  

𝛾 = 1, 𝑢 = (
1

2
𝛽𝜇𝜌)

1
2

𝑒
−

1
2𝛽

Φ̃
, 𝑣 = (

1

2
𝛽𝜇𝜌)

1
2

𝑒
+

1
2𝛽

Φ̃
, 𝑧 = −

𝜀2

𝛽𝜌𝜇
𝑒

1
𝛽

Φ̃
(Φ + 𝛽𝜉)  
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𝜕𝑧𝑤 = −
𝑔1

2 + 𝑔2
2 + 𝑔2

𝑔1
2 + 𝑔2

2 − 𝑔2

𝑒
−

2
𝛽

Φ̃
, (𝜕𝑧𝑤)−1(𝑢3𝜕𝑢𝑤) = 𝑏2, (𝑣3𝜕𝑣𝑤) = 𝑏3  

𝑑𝑤 = (𝜕𝑧𝑤)𝑑𝑧 + (𝜕𝑢𝑤)𝑑𝑢 + (𝜕𝑣𝑤)𝑑𝑣 = 𝑑 [
𝜀2

𝛽𝜌𝜇
𝑒

−
1
𝛽

Φ̃
(Φ − 𝛽𝜉)]  

𝑤 =
𝜀2

𝛽𝜌𝜇
𝑒

−
1
𝛽

Φ̃
(Φ − 𝛽𝜉)  

𝑏3 = 𝜀2 (
𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 − 𝑔2

− (Φ − 𝛽𝜉)) = 𝜀2 (
ℎ(𝐺 + 𝐺‾)

𝑊−
− (Φ + ℎ̃))  

𝑢2𝑧 = −
1

2
𝜀2(Φ + 𝛽𝜉), 𝑣2𝑤 =

1

2
𝜀2(Φ − 𝛽𝜉)  

Φ → −Φ, Φ̃ → −Φ̃  ⇒  𝑢 ↔ 𝑣, 𝑧 ↔ 𝑤  

𝜔 ≡ 𝑒3𝐴0(−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)−1(𝜕𝑢𝑤)𝑑𝑢)  

𝜔 =
𝑊+𝜇2

4(𝐺𝐺‾ − 1)
(𝑢2𝑑𝑧 + (𝜕𝑧𝑤)−1(𝑢3𝜕𝑢𝑤)

𝑑𝑢

𝑢
)

 =
𝜀2

4
[(

𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 − 1
+ 2Φ) 𝜇𝑑𝜇 − 𝑑(𝜇2Φ)]

 =
𝜀2

8
[(

ℎ(𝐺 + 𝐺‾)

(𝐺𝐺‾ − 1)
+ 4Φ) 𝜇𝑑𝜇 − 𝑑(2𝜇2Φ)] =

𝜀2

𝜈1
𝑏1𝜇𝑑𝜇 −

𝜀2

4
𝑑(𝜇2Φ)

 

𝑏1 =
𝜈1

4
(

𝛽𝜌𝑔1

𝑔1
2 + 𝑔2

2 − 1
+ 2Φ)  

𝐶𝑡𝑦𝑧
(3)

= −𝑒0 ∧ 𝑒1 ∧ 𝑒2 = −𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝜔 = −
𝜀2

𝜈1
𝑏1𝜇𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝜇 +

𝜀2

4
𝑑(𝜇2Φ𝑑𝑡 ∧ 𝑑𝑦)  

𝐶𝑡𝑦𝑧
(3)

= 𝑏1𝜇𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝜇  

𝑒0 =
𝜇𝑒𝐴

2√𝐺𝐺‾ − 1
𝑑𝑡, 𝑒1 =

𝜇𝑒𝐴

2√𝐺𝐺‾ − 1
𝑑𝑦,

𝑒2 =
𝜀2𝑒𝐴

𝜌√(𝐺𝐺‾ − 1)𝑊+𝑊−

(𝜌𝑔1

𝑑𝜇

𝜇
+ (𝐺𝐺‾ − 1)(𝑔2𝑑𝜉 − 𝑔1𝑑𝜌))

𝑒3 =
𝑒𝐴

2√𝑊+

(
𝑑𝜇

𝜇
+

𝑑𝜌

𝜌
+

1

𝜌
(𝑔1𝑑𝜉 + 𝑔2𝑑𝜌)) ,

𝑒4 =
𝑒𝐴

2√𝑊−

(
𝑑𝜇

𝜇
+

𝑑𝜌

𝜌
−

1

𝜌
(𝑔1𝑑𝜉 + 𝑔2𝑑𝜌)) ,

𝑒𝑖+4 =
𝑒𝐴

2√𝑊+

𝜎𝑖, 𝑒
𝑖+7 =

𝑒𝐴

2√𝑊−

𝜎̃𝑖, 𝑖 = 1,2,3
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𝜕𝜉𝑏1 = 𝜀2𝜕𝜉 [−
𝛽𝜌𝑔1

4(𝐺𝐺‾ − 1)
] +

1

2
𝜀2𝛽𝑔2, 𝜕𝜌𝑏1 = 𝜀2𝜕𝜌 [−

𝛽𝜌𝑔1

4(𝐺𝐺‾ − 1)
] −

1

2
𝜀2𝛽𝑔1,

𝜕𝜉𝑏2 = 𝜀2𝜕𝜉 [−
2𝛽𝜌𝑔1

𝑊+
+ 𝛽𝜉] − 𝜀2𝛽𝑔2, 𝜕𝜌𝑏2 = 𝜀2𝜕𝜌 [−

2𝛽𝜌𝑔1

𝑊+
+ 𝜀2𝛽𝜉] + 𝜀2𝛽𝑔1,

𝜕𝜉𝑏3 = 𝜀2𝜕𝜉 [−
2𝛽𝜌𝑔1

𝑊−
− 𝛽𝜉] − 𝜀2𝛽𝑔2, 𝜕𝜌𝑏3 = 𝜀2𝜕𝜌 [−

2𝛽𝜌𝑔1

𝑊−
− 𝛽𝜉] + 𝜀2𝛽𝑔1

 

𝑏1 = −𝜀2 (
𝛽𝜌𝑔1

4(𝐺𝐺‾ − 1)
+

1

2
Φ) , 𝑏2 = −𝜀2 (

2𝛽𝜌𝑔1

𝑊+
− (Φ + 𝛽𝜉)) , 𝑏3 = −𝜀2 (

2𝛽𝜌𝑔1

𝑊−
− (Φ − 𝛽𝜉))  

Γ012𝜀 = 𝜂1𝜀, Γ013567𝜀 = 𝜂2𝜀, Γ0148910𝜀 = −𝜂1𝜂2𝜀  

𝑏1 = 𝜀2𝜂1 (
𝛽𝜌𝑔1

4(𝐺𝐺‾ − 1)
+

1

2
Φ) , 𝑏2 = 𝜀2𝜂1𝜂2 (

2𝛽𝜌𝑔1

𝑊+
− (Φ + 𝛽𝜉))

𝑏3 = −𝜀2𝜂2 (
2𝛽𝜌𝑔1

𝑊−
− (Φ − 𝛽𝜉))

 

𝜂1 = −1, 𝜂2 = +1, 𝜀2 = +1  

𝑑𝑠IIB
2  = √ℎ11 [−𝑒3𝐴𝑑𝑡2 + 𝑒3𝐴ℎ𝑎𝑏𝑑𝑟𝑎𝑑𝑟𝑏 +

𝑒−3𝐴

detℎ
𝑑𝑤2

2 + 𝑑𝒚6
2]

𝑒2𝜙  =
ℎ11

2

detℎ
, 𝐶0 = −

ℎ12

ℎ11
, 𝐵2 = 𝑒3𝐴ℎ1𝑎𝑑𝑡 ∧ 𝑑𝑟𝑎 , 𝐶2 = 𝑒3𝐴ℎ2𝑎𝑑𝑡 ∧ 𝑑𝑟𝑎

 

ℎ𝑎𝑏 =
1

2
𝜕𝑎𝜕𝑏𝐾(𝑟1, 𝑟2, 𝒚)  

Δ𝑦𝐾 + 2𝑒−3𝐴 = 0  

𝑟1 → 𝑧, 𝑟2 → 𝑢1, 𝑤2 → 𝑢2, 𝑦1 → 𝑢3, 𝑦2 → 𝑦, 𝑦3,4,5,6 → 𝑣3,4,5,6  

𝑑𝑠2 =
1

√detℎ
(−𝑑𝑡2 + 𝑑𝑦2) +

√detℎ

ℎ11

(𝑑𝑢2
2 + 𝑑𝑢3

2) + √detℎ(𝑒3𝐴ℎ𝑎𝑏𝑑𝑟𝑎𝑑𝑟𝑏 + 𝑑𝑠ℝ4
2 )

𝑒2𝜙 =
√detℎ

ℎ11
, 𝐵2 =

ℎ12

ℎ11
𝑑𝑢2 ∧ 𝑑𝑢3

 

𝐶3 = 𝑒3𝐴ℎ1𝑎𝑑𝑡 ∧ 𝑑𝑟𝑎 ∧ 𝑑𝑦 −
𝑣3

2
𝜕𝑣𝜕𝑧𝐾𝑑Ω3

′

𝐶5 =
1

ℎ11
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦 +

𝑣3

2
(
ℎ12

ℎ11
𝜕𝑣𝜕𝑧𝐾 − 𝜕𝑣𝜕𝑢1

𝐾) 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 

𝑑𝑠11
2  = 𝑒

−2𝜙
3 𝑑𝑠10

2 + 𝑒
4𝜙
3 (𝑑𝑥 + 𝐶1)2

𝐶3
′  = 𝐶3 + 𝐵2 ∧ 𝑑𝑥

 

𝑑𝑠11
2 =

ℎ11
1/3

(detℎ)2/3
(−𝑑𝑡2 + 𝑑𝑦2) +

(detℎ)1/3

ℎ11
2/3

(𝑑𝑢2
2 + 𝑑𝑢3

2 + 𝑑𝑢4
2)

 +(detℎ)1/3ℎ11
1/3

(𝑒3𝐴ℎ𝑎𝑏𝑑𝑟𝑎𝑑𝑟𝑏 + 𝑑𝑠ℝ4
2 )
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𝐶3 =
ℎ11

detℎ
𝑑𝑡 ∧ 𝑑𝑧 ∧ 𝑑𝑦 +

ℎ12

detℎ
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑦 −

ℎ12

ℎ11
𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑢4 −

𝑣3

2
𝜕𝑣𝜕𝑧𝐾𝑑Ω3

′  

𝑑𝑠11
2 =

ℎ11
1/3

(detℎ)2/3
(−𝑑𝑡2 + 𝑑𝑦2) +

(detℎ)1/3

ℎ11
2/3

(𝑑𝑢1
2 + 𝑑𝑢2

2 + 𝑑𝑢3
2 + 𝑑𝑢4

2)

 +
ℎ11

4/3

(detℎ)2/3
(𝑑𝑧 +

ℎ12

ℎ11
𝑑𝑢1)

2

+ (detℎ)1/3ℎ11
1/3(𝑑𝑣2 + 𝑣2𝑑Ω3

′2)

 

𝑑𝑠11
2 = 𝑒2𝐴0(−𝑑𝑡2 + 𝑑𝑦2) + 𝑒−𝐴0(−𝜕𝑧𝑤)−

1
2(𝑑𝑢1

2 + 𝑑𝑢2
2 + 𝑑𝑢3

2 + 𝑑𝑢4
2)

 +𝑒2𝐴0(−𝜕𝑧𝑤)(𝑑𝑧 + (𝜕𝑧𝑤)−1(𝜕𝑢1
𝑤)𝑑𝑢1)

2
+ 𝑒−𝐴0(−𝜕𝑧𝑤)

1
2(𝑑𝑣2 + 𝑣2𝑑Ω3

2)

𝐶(3) = −𝑒3𝐴0(−𝜕𝑧𝑤)
1
2𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑧 + 𝑒3𝐴0(−𝜕𝑧𝑤)−

1
2(𝜕𝑥1

𝑤)𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑥1

 +(−𝜕𝑧𝑤)−1(𝜕𝑢1
𝑤)𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑢4 + (𝑣3𝜕𝑣𝑤)𝑑Ω3

′

 

𝑒2𝐴0 =
ℎ11

1/3

(detℎ)2/3
, ℎ11 = −𝜕𝑧𝑤, ℎ12 = −𝜕𝑢1

𝑤  

𝑡 = 𝜂0, 𝑦 = 𝜂1, 𝑧 = 𝜂2, 𝑢  , 𝑣  constante  

𝐶𝑡𝑦𝑧
(3)

= −𝑒0 ∧ 𝑒1 ∧ 𝑒2  

𝜌 = 𝑘1𝜇−1, Φ̃(𝜉, 𝜌) = 𝑘2  

𝑡 = 𝜂0, 𝑦 = 𝜂1, 𝜇 = 𝑒𝜂2 , 𝜉 = 𝜎1(𝜂2), 𝜌 = 𝜎2(𝜂2)  

𝑑𝑠̂3
2 = 𝑒2𝐴 [𝑓1

2 (𝑑𝜂2
2 + 𝑒2𝜂2(−𝑑𝜂0

2 + 𝑑𝜂1
2)) +

(𝜎1
′)2 + (𝜎2

′)2

4𝜎2
2 𝑑𝜂2

2]  

ℒDBI  = 𝑒3𝐴𝑓1
2𝑒2𝜂2 (𝑓1

2 +
(𝜎1

′)2 + (𝜎2
′)2

4𝜎2
2 )

1
2

 = ℎ𝑓1
2𝑒2𝜂2 [(𝐺𝐺‾ − 1)𝑊+𝑊− (𝑓1

2 +
(𝜎1

′)2 + (𝜎2
′)2

4𝜎2
2 )]

1
2

 

(𝜎1
′)2 + (𝜎2

′)2

𝜎2
2 =

𝑔1
2 + 𝑔2

2

𝑔1
2

 

[(𝐺𝐺‾ − 1)𝑊+𝑊− (𝑓1
2 +

(𝜎1
′)2 + (𝜎2

′)2

4𝜎2
2 )] = (

𝑊+𝑊−

4𝑔1
)

2

 

ℒDBI = 𝑒2𝜂2
𝛽𝜎2((𝑔1

2 + 𝑔2
2)2 − 𝑔2

2)

4𝑔1(𝑔1
2 + 𝑔2

2 − 1)
 

𝐶̂(3) = 𝑏1𝑒2𝜂2𝑑𝜂0 ∧ 𝑑𝜂1 ∧ 𝑑𝜂2  

𝐶̃(3) = 𝑒2𝜂2(𝑏1 + 2Λ + (𝜕𝜉Λ)𝜎1
′ + (𝜕𝜌Λ)𝜎2

′)𝑑𝜂0 ∧ 𝑑𝜂1 ∧ 𝑑𝜂2  
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𝐶̃(3)  = 𝑒2𝜂2
𝜈1

𝑐1
3 [

ℎ(𝐺 + 𝐺‾)

(𝐺𝐺‾ − 1)
− 2(𝜕𝜉Φ)𝜎1

′ − 2(𝜕𝜌Φ)𝜎2
′] 𝑑𝜂0 ∧ 𝑑𝜂1 ∧ 𝑑𝜂2

 = 𝜈1𝑒2𝜂2
𝛽𝜎2

4
[

𝑔1

(𝑔1
2 + 𝑔2

2 − 1)
+ 𝑔2

𝜎1
′

𝜎2
− 𝑔1

𝜎2
′

𝜎2
] 𝑑𝜂0 ∧ 𝑑𝜂1 ∧ 𝑑𝜂2

 

𝜎2 = 𝑘1𝑒−𝜂2 ,
𝜎1

′

𝜎2
=

𝑔2

𝑔1

 

𝑔1𝜎1
′ + 𝑔2𝜎2

′ = 0 ⇔ 𝜕𝜉Φ̃𝜎1
′ + 𝜕𝜌Φ̃𝜎2

′ = 0  

𝜂0 = 𝑡, 𝜂1 = −𝑢1, 𝜂2 = 𝑢2, 𝜂3 = 𝑢3, 𝜂4 = 𝑦  

𝑑𝑠̃5
2 =

1

√detℎ
(−𝑑𝑡2 + 𝑑𝑦2) +

ℎ22

√detℎ
𝑑𝑢1

2 +
√detℎ

ℎ11

(𝑑𝑢2
2 + 𝑑𝑢3

2)  

𝐵̃2 =
ℎ12

ℎ11
𝑑𝑢2 ∧ 𝑑𝑢3,

𝐶̃3 = −
ℎ12

detℎ
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑦,

𝐶̃5 = −
1

ℎ11
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 

𝑆DBI = −𝑇4 ∫  𝑑5𝜎𝑒−𝜙√−det(𝐺̃𝛼𝛽 + 𝐹𝛼𝛽 + 𝐵̃𝛼𝛽) = −𝑇4 ∫  𝑑5𝜎
ℎ22

detℎ

𝑆𝑊𝑍 = −𝑇4 ∫  𝑒𝐵̃2+𝐹̃2 ∧⊕𝑛 𝐶̃𝑛 = 𝑇4 ∫  𝑑5𝜎
ℎ22

detℎ

 

ℎ = −𝑖𝑤 + 𝑖𝑤‾ , 𝐺 = ± [𝑖 + ∑  

𝑛+1

𝑎=1

 
𝜁𝑎Im(𝑤)

(𝑤‾ − 𝜉𝑎)|𝑤 − 𝜉𝑎|
]  

𝑔1 = ± ∑  

𝑛+1

𝑎=1

 
𝜁𝑎𝜌(𝜉 − 𝜉𝑎)

((𝜉 − 𝜉𝑎)2 + 𝜌2)
3
2

, 𝑔2 = ± [1 + ∑  

𝑛+1

𝑎=1

 
𝜁𝑎𝜌2

((𝜉 − 𝜉𝑎)2 + 𝜌2)
3
2

]  

Φ̃ = ±2 [−log 𝜌 + ∑  

𝑛+1

𝑎=1

 
𝜁𝑎

√(𝜉 − 𝜉𝑎)2 + 𝜌2
] , Φ = ∓2 [𝜉 + ∑  

𝑛+1

𝑎=1

 
𝜁𝑎(𝜉 − 𝜉𝑎)

√(𝜉 − 𝜉𝑎)2 + 𝜌2
]  

𝑑𝑠11 = −𝑒2𝐴0𝑑𝑡2 + 𝑒2𝐴1(𝑑𝑦 − 𝑃𝑑𝑡)2 +𝑒2𝐴2𝑑𝑢2 + 𝑒2𝐴3𝑑𝑣2 + 𝑢2𝑒2𝐴4𝑑Ω3
2 + 𝑣2𝑒2𝐴5𝑑Ω3

′2

 +𝑒2𝐴6(𝑑𝑧 + 𝐵1𝑑𝑢)2  

𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴1(𝑑𝑦 − 𝑃𝑑𝑡), 𝑒2 = 𝑒𝐴6(𝑑𝑧 + 𝐵1𝑑𝑢)

𝑒3 = 𝑒𝐴2𝑑𝑢, 𝑒4 = 𝑒𝐴3𝑑𝑣, 𝑒𝑖+4 = 𝑢𝑒𝐴4𝜎𝑖, 𝑒
𝑖+7 = 𝑣𝑒𝐴5𝜎̃𝑖, 𝑖 = 1,2,3

 

Γ01𝜀 = −𝜀, Γ012𝜀 = −𝜀, Γ013456𝜀 = 𝜀  

Γ0178910𝜀 = −𝜀  

𝛿𝜓𝜇 ≡ ∇𝜇𝜖 +
1

288
(Γ𝜇

𝜈𝜌𝜆𝜎
− 8𝛿𝜇

𝜈Γ𝜌𝜆𝜎) 𝐹𝜈𝜌𝜆𝜎𝜖 = 0  
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𝑃 ≡ 1 − 𝑒𝐴0−𝐴1  

𝐴̂0 ≡
1

2
(𝐴0 + 𝐴1), 𝐴̂1 ≡

1

2
(𝐴0 − 𝐴1)  

𝑑𝑠11 = 𝑒2𝐴̂0[ −𝑒2𝐴̂1𝑑𝑡2 + 𝑒−2𝐴̂1(𝑑𝑦 + (𝑒2𝐴̂1 − 1)𝑑𝑡)
2

+ (−𝜕𝑧𝑤)(𝑑𝑧 + (𝜕𝑧𝑤)−1(𝜕𝑢𝑤)𝑑𝑢)2

+𝑒−3𝐴̂0(−𝜕𝑧𝑤)−
1
2(𝑑𝑢2 + 𝑢2𝑑Ω3

2) + 𝑒−3𝐴̂0(−𝜕𝑧𝑤)
1
2(𝑑𝑣2 + 𝑣2𝑑Ω′

3
2
)]

 

𝑒0 = 𝑒 𝐴̂0+𝐴̂1𝑑𝑡, 𝑒1 = 𝑒 𝐴̂0−𝐴̂1(𝑑𝑦 + (𝑒2𝐴̂1 − 1)𝑑𝑡)

𝑒2 = 𝑒 𝐴̂0(−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)−1(𝜕𝑢𝑤)𝑑𝑢)

𝑒3 = 𝑒−
1
2
𝐴̂0(−𝜕𝑧𝑤)−

1
4𝑑𝑢, 𝑒4 = 𝑒−

1
2
𝐴̂0(−𝜕𝑧𝑤)

1
4𝑑𝑣,

𝑒𝑖+4 =
1

2
𝑢𝑒−

1
2
𝐴̂0(−𝜕𝑧𝑤)−

1
4𝜎𝑖, 𝑒

𝑖+7 =
1

2
𝑣𝑒−

1
2
𝐴̂0(−𝜕𝑧𝑤)

1
4𝜎̃𝑖, 𝑖 = 1,2,3

 

𝐶(3) = −𝑒0 ∧ 𝑒1 ∧ 𝑒2 + (𝜕𝑧𝑤)−1(𝑢3𝜕𝑢𝑤)Vol(𝑆3) + (𝑣3𝜕𝑣𝑤)Vol(𝑆′3)  

𝐹1 ≡ (−𝜕𝑧𝑤)
1
2𝑒−3𝐴̂0 , 𝐹2 ≡ (−𝜕𝑧𝑤)−

1
2𝑒−3𝐴̂0 + (−𝜕𝑧𝑤)−1(𝜕𝑢𝑤)2  

ℒ(𝐻) = 𝑒2𝐴̂0(−𝜕𝑧𝑤)−
1
2[(−𝜕𝑧𝑤)

1

𝑢3
𝜕𝑢(𝑢3𝜕𝑢𝐻) +

1

𝑣3
𝜕𝑣(𝑣3𝜕𝑣𝐻) + 2(𝜕𝑢𝑤)𝜕𝑢𝜕𝑧𝐻

+ ((−𝜕𝑧𝑤)−
1
2𝑒−3𝐴̂0 + (−𝜕𝑧𝑤)−1(𝜕𝑢𝑤)2)) 𝜕𝑧

2𝐻]
 

ℒ(𝑒−2𝐴̂1) = 0  

𝑑𝑠11
2 = 𝑒2𝐴[𝑓1

2 (
𝑑𝜇2

𝜇2
+ 𝜇2 (−𝑒2𝐴̂1𝑑𝑡2 + 𝑒−2𝐴̂1(𝑑𝑦 + (𝑒2𝐴̂1 − 1)𝑑𝑡)

2
))

+𝑓2
2𝑑𝑠𝑆3

2 + 𝑓3
2𝑑𝑠𝑆′3

2 +
𝑑𝜉2 + 𝑑𝜌2

4𝜌2
]

 

ℒ(𝐻) = 4𝑒−𝐴 [(𝐺𝐺‾ − 1)
1

𝜇
𝜕𝜇(𝜇3𝜕𝜇𝐻) +

1

𝜌
𝜕𝜌(𝜌3𝜕𝜌𝐻) + 𝜌2𝜕𝜉

2𝐻]  

1

𝜌
𝜕𝜌(𝜌3𝜕𝜌𝐾) + 𝜌2𝜕𝜉

2𝐾 + 𝑝(𝑝 + 2)(𝐺𝐺‾ − 1)𝐾 = 0  

𝐾 =
𝑐1

𝑢2
+

𝑐2

𝑣2
=

2

𝛽𝜌
(𝑐1𝑒

1
𝛽

Φ̃
+ 𝑐2𝑒

−
1
𝛽

Φ̃
)  

(𝑢2 + 𝑣2)−3 ∼ 𝜇−3𝜌−3  

1

𝜌3
𝜕𝜌(𝜌3𝜕𝜌𝐾) + 𝜕𝜉

2𝐾 +
𝑝(𝑝 + 2)

𝜌2
(𝐺𝐺‾ − 1)𝐾 = 0  

ℒ4(𝐾) ≡
1

𝜌3
𝜕𝜌(𝜌3𝜕𝜌𝐾) + 𝜕𝜉

2𝐾  

𝑑𝑠5
2 ≡ 𝑑𝜌2 + 𝜌2𝑑Ω3

2 + 𝑑𝜉2  
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ℒ4 (
1

(𝜌2 + 𝜉2)
3
2

)  

𝑝(𝑝 + 2)

𝜌2
(𝐺𝐺‾ − 1) ∼

𝑐0

(𝜌2 + 𝜉2)
3
2

 

𝐾 =
𝑄

(𝜌2 + 𝜉2)
3
2

(1 −
𝑐0

4

1

√𝜌2 + 𝜉2
+ ⋯ )  

𝑒−2𝐴̂1 = 𝑉0 + 𝑉1𝜇−2  

𝑉0 = 1 + ∑  

𝑚

𝑎=1

 
𝑘𝑎

((𝜉 − 𝜉̃𝑎)
2

+ 𝜌2)

3
2

, 𝑉1 = 𝑞0 + ∑  

𝑚′

𝑎=1

 
𝑞𝑎

((𝜉 − 𝜉̂𝑎)
2

+ 𝜌2)

3
2

 

𝑒−2𝐴̂1 = 1 + 𝛼 + 𝑄𝜇−2  

𝑑𝜇2

𝜇2
+ 𝜇2 (−𝑒2𝐴̂1𝑑𝑡2 + 𝑒−2𝐴̂1(𝑑𝑦 + (𝑒2𝐴̂1 − 1)𝑑𝑡)

2
)

 =
𝑑𝜇2

𝜇2
−

𝜇4

𝑄 + 𝜇2
𝑑𝑡2 + (𝑄 + 𝜇2) (𝑑𝑦 −

𝑄

𝑄 + 𝜇2
𝑑𝑡)

2

 =
𝑑𝜇2

𝜇2
+ 𝜇2(−𝑑𝑡2 + 𝑑𝑦2) + 𝑄(𝑑𝑦 − 𝑑𝑡)2

 

𝑑𝑠11
2 = 𝑒2𝛼0(−𝑑𝑡2 + 𝑑𝑦2) + 𝑒2𝛼1𝑑Ω3

2 + 𝑒2𝛼2𝑑Ω3
′2 + 𝑔𝑖𝑗𝑑𝑧𝑖𝑑𝑧𝑗  

𝑑𝑠3
2 = 𝑔𝑖𝑗𝑑𝑧𝑖𝑑𝑧𝑗 = 𝑒2𝛼3𝑑𝑧2 + 𝑒2𝛼4𝑑𝑢2 + 𝑒2𝛼5𝑑𝑣2  

𝑒0 = 𝑒𝛼0𝑑𝑡, 𝑒1 = 𝑒𝛼0𝑑𝑦, 𝑒2 = 𝑒𝛼1𝑑𝑧 𝑒3 = 𝑒𝛼2𝑑𝑢, 𝑒4 = 𝑒𝛼3𝑑𝑣,

𝑒𝑖+4 = 𝑒𝛼4𝜎𝑖, 𝑒𝑖+7 = 𝑒𝛼5𝜎̃𝑖, 𝑖 = 1,2,3
 

Γ012𝜀 = −𝜀, Γ013567𝜀 = 𝜀, Γ0148910𝜀 = −𝜀  

𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴0𝑑𝑦, 𝑒2 = 𝑒𝐴1(𝑑𝑧 + 𝐵1𝑑𝑢 + 𝐵2𝑑𝑣)

𝑒3 = 𝑒𝐴2𝑑𝑢, 𝑒4 = 𝑒𝐴3𝑑𝑣, 𝑒𝑖+4 = 𝑢𝑒𝐴4𝜎𝑖, 𝑒
𝑖+7 = 𝑣𝑒𝐴5𝜎̃𝑖, 𝑖 = 1,2,3

 

𝐵2 ≡ 0  

𝑒0 = 𝑒𝐴0𝑑𝑡, 𝑒1 = 𝑒𝐴0𝑑𝑦, 𝑒2 = 𝑒𝐴1(𝑑𝑧 + 𝐵1𝑑𝑢)

𝑒3 = 𝑒𝐴2𝑑𝑢, 𝑒4 = 𝑒𝐴3𝑑𝑣, 𝑒𝑖+4 = 𝑢𝑒𝐴4𝜎𝑖, 𝑒
𝑖+7 = 𝑣𝑒𝐴5𝜎̃𝑖, 𝑖 = 1,2,3

 

𝑑𝑠11
2 = 𝑒2𝐴0(−𝑑𝑡2 + 𝑑𝑦2)  + 𝑒2𝐴2𝑑𝑢2 + 𝑒2𝐴3𝑑𝑣2 + 𝑢2𝑒2𝐴4𝑑Ω3

2 + 𝑣2𝑒2𝐴5𝑑Ω3
′2

 +𝑒2𝐴1(𝑑𝑧 + 𝐵1𝑑𝑢)2  

𝐹(4) =𝑒0 ∧ 𝑒1 ∧ (𝑏1𝑒2 ∧ 𝑒3 + 𝑏2𝑒2 ∧ 𝑒4 + 𝑏3𝑒3 ∧ 𝑒4)

 +(𝑏4𝑒2 + 𝑏5𝑒3 + 𝑏6𝑒4) ∧ 𝑒5 ∧ 𝑒6 ∧ 𝑒7 + (𝑏7𝑒2 + 𝑏8𝑒3 + 𝑏9𝑒4) ∧ 𝑒8 ∧ 𝑒9 ∧ 𝑒10 
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𝜖 = 𝑒
1
2
𝐴0𝜖0

 

𝜕𝑢(𝐴5 − 𝐴3) = 𝜕𝑧(𝐴5 − 𝐴3) = 0, 𝜕𝑣(𝐴4 − 𝐴2) = 𝜕𝑧(𝐴4 − 𝐴2) = 0  

𝐴4 = 𝐴2, 𝐴5 = 𝐴3  

𝑑𝑠11
2 = 𝑒2𝐴0(−𝑑𝑡2 + 𝑑𝑦2) +𝑒2𝐴2(𝑑𝑢2 + 𝑢2𝑑Ω3

2) + 𝑒2𝐴3(𝑑𝑣2 + 𝑣2𝑑Ω3
′2)

 +𝑒2𝐴1(𝑑𝑧 + 𝐵1𝑑𝑢)2  

𝐴3 = −(𝐴0 + 𝐴2)  

𝐴1 = −2𝐴2  

𝑑𝑠11
2 = 𝑒2𝐴0[(−𝑑𝑡2 + 𝑑𝑦2) +𝑒2(𝐴2−𝐴0)(𝑑𝑢2 + 𝑢2𝑑Ω3

2) + 𝑒−2(𝐴2+2𝐴0)(𝑑𝑣2 + 𝑣2𝑑Ω3
′

3

2
)

+𝑒−2(𝐴0+2𝐴2)(𝑑𝑧 + 𝐵1𝑑𝑢)2]
 

𝜕𝑧(𝐵1𝑒−2(𝐴0+2𝐴2)) = 𝜕𝑢(𝑒−2(𝐴0+2𝐴2))  

𝐵1𝑒−2(𝐴0+2𝐴2) = −𝜕𝑢𝑤, 𝑒−2(𝐴0+2𝐴2) = −𝜕𝑧𝑤  

𝐵1 = (𝜕𝑧𝑤)−1𝜕𝑢𝑤, 𝑒−2(𝐴0+2𝐴2) = −𝜕𝑧𝑤  

𝐹1 ≡ (−𝜕𝑧𝑤)
1
2𝑒−3𝐴0 , 𝐹2 ≡ (−𝜕𝑧𝑤)−

1
2𝑒−3𝐴0 + (−𝜕𝑧𝑤)−1(𝜕𝑢𝑤)2  

𝐻1 ≡ ℒ𝑣𝑤 − 𝜕𝑧𝐹1, 𝐻2 ≡ ℒ𝑢𝑤 + 𝜕𝑧𝐹2  

𝜕𝑧𝐻1 = 𝜕𝑢𝐻1 = 𝜕𝑧𝐻2 = 𝜕𝑣𝐻2 = 0  

𝑤 = 𝜕𝑧𝐺0, 𝐹1 = ℒ𝑣𝐺0, 𝐹2 = −ℒ𝑢𝐺0  

ℒ𝑣𝐺0 = (𝜕𝑧
2𝐺0)(ℒ𝑢𝐺0) − (𝜕𝑢𝜕𝑧𝐺0)2  

(
𝜕𝐹

𝜕𝜂
)

𝜁,𝜉
 

𝑑𝑤 = (
𝜕𝑤

𝜕𝑧
)

𝑢   ,𝑣  
𝑑𝑧 + (

𝜕𝑤

𝜕𝑢𝑖
)

𝑧,𝑣  

𝑑𝑢𝑖 + (
𝜕𝑤

𝜕𝑣𝑖
)

𝑧,𝑢   

𝑑𝑣𝑖  

(
𝜕𝑧

𝜕𝑢𝑖
)

𝑤,𝑣  

= − ((
𝜕𝑤

𝜕𝑧
)

𝑢   ,𝑣  
)

−1

(
𝜕𝑤

𝜕𝑢𝑖
)

𝑧,𝑣  

, (
𝜕𝑧

𝜕𝑣𝑖
)

𝑤,𝑢   

= − ((
𝜕𝑤

𝜕𝑧
)

𝑢   ,𝑣  
)

−1

(
𝜕𝑤

𝜕𝑣𝑖
)

𝑧,𝑢   

 

(
𝜕𝑧

𝜕𝑤
)

𝑢   ,𝑣  
= ((

𝜕𝑤

𝜕𝑧
)

𝑢   ,𝑣  
)

−1
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𝑒2 = (−𝜕𝑧𝑤)
1
2(𝑑𝑧 + (𝜕𝑧𝑤)−1(∇   𝑢   𝑤) ⋅ 𝑑𝑢  )

 = −(−𝜕𝑧𝑤)−
1
2 ((𝜕𝑧𝑤)𝑑𝑧 + (∇   𝑢   𝑤) ⋅ 𝑑𝑢  ) = −(−𝜕𝑧𝑤)−

1
2(𝑑𝑤 − (∇   𝑣  𝑤) ⋅ 𝑑𝑣 )

= −((−𝜕𝑤𝑧)𝑢   ,𝑣  )
1
2 (𝑑𝑤 + ((

𝜕𝑧

𝜕𝑤
)

𝑣  ,𝑢   
)

−1

(
𝜕𝑧

𝜕𝑣𝑖
)

𝑤,𝑣  

) 𝑑𝑣𝑖)

 = −(−𝜕𝑤𝑧)
1
2(𝑑𝑤 + (𝜕𝑤𝑧)−1(∇   𝑣  𝑧) ⋅ 𝑑𝑣 )

 

𝐶(3) = −𝑒0 ∧ 𝑒1 ∧ 𝑒2 +
1

3!
𝜖𝑖𝑗𝑘ℓ(−(𝜕𝑢ℓ

𝑧)𝑑𝑢𝑖 ∧ 𝑑𝑢𝑗 ∧ 𝑑𝑢𝑘 + (𝜕𝑤𝑧)−1(𝜕𝑣ℓ
𝑧)𝑑𝑣𝑖 ∧ 𝑑𝑣𝑗 ∧ 𝑑𝑣𝑘)  

𝑑𝑠2 = 𝐺𝑥𝑥(𝑑𝑥 + 𝐴𝜇𝑑𝑥𝜇)
2

+ 𝑔̂𝜇𝜈𝑑𝑥𝜇𝑑𝑥𝜈 ,

𝐵2 = 𝐵𝜇𝑥𝑑𝑥𝜇 ∧ (𝑑𝑥 + 𝐴𝜇𝑑𝑥𝜇) + 𝐵̂2,

𝐶𝑝 = 𝐶(𝑝−1)𝑥 ∧ (𝑑𝑥 + 𝐴𝜇𝑑𝑥𝜇) + 𝐶̂𝑝

 

 

𝑑𝑠̃2 = 𝐺𝑥𝑥
−1(𝑑𝑥 + 𝐵𝜇𝑥𝑑𝑥𝜇)

2
+ 𝑔̂𝜇𝜈𝑑𝑥𝜇𝑑𝑥𝜈,

𝑒2𝜙̃ = 𝐺𝑥𝑥
−1𝑒2𝜙,

𝐵̃2 = 𝐴𝜇𝑑𝑥𝜇 ∧ 𝑑𝑥 + 𝐵̂2,

𝐶̃𝑝 = 𝐶̂𝑝−1 ∧ (𝑑𝑥 + 𝐵𝜇𝑥𝑑𝑥𝜇) + 𝐶(𝑝)𝑥

 

𝑔̃𝜇𝜈 = √𝐶0
2 + 𝑒−2𝜙𝑔𝜇𝜈 , 𝑒−𝜙̃ =

𝑒−𝜙

𝐶0
2 + 𝑒−2𝜙

, 𝐶̃0 = −
𝐶0

𝐶0
2 + 𝑒−2𝜙

𝐵̃2 = −𝐶2, 𝐶̃2 = 𝐵2, 𝐶̃4 = 𝐶4 + 𝐵2 ∧ 𝐶2

 

𝑑𝑠2 =
√detℎ

ℎ11

(𝑑𝑢2
2 + 𝑑𝑢3

2) +
1

√detℎ
(−𝑑𝑡2 + 𝑑𝑦2) + √detℎ(𝑒3𝐴ℎ𝑎𝑏𝑑𝑟𝑎𝑑𝑟𝑏 + 𝑑𝑠ℝ4

2 )

𝑒2𝜙 =
√detℎ

ℎ11
, 𝐵2 =

ℎ12

ℎ11
𝑑𝑢2 ∧ 𝑑𝑢3

𝐶3 = 𝑒3𝐴ℎ1𝑎𝑑𝑡 ∧ 𝑑𝑟𝑎 ∧ 𝑑𝑦, 𝐶5 =
1

ℎ11
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 

𝐹𝑝 = 𝑑𝐶𝑝−1  para 𝑝 < 3,

𝐹𝑝 = 𝑑𝐶𝑝−1 + 𝐻3 ∧ 𝐶𝑝−3  para 𝑝 ≥ 3,

𝐹6 =⋆ 𝐹4, 𝐹8 =⋆ 𝐹2.

 

𝑣3 = 𝑣cos 𝜙1

𝑣4 = 𝑣sin 𝜙1cos 𝜙2

𝑣5 = 𝑣sin 𝜙1sin 𝜙2cos 𝜙3

𝑣6 = 𝑣sin 𝜙1sin 𝜙2sin 𝜙3

𝑑𝑠ℝ4
2  = 𝑑𝑣2 + 𝑣2 (𝑑𝜙1

2 + sin2 𝜙1(𝑑𝜙2
2 + sin2 𝜙2𝑑𝜙3

2))
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𝑑𝐶5
𝑒 = −

1

ℎ11
2

(𝜕𝑧ℎ11𝑑𝑧 + 𝜕𝑣ℎ11𝑑𝑣) ∧ 𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

𝐻3 ∧ 𝐶3
𝑒 = [𝜕𝑧 (

ℎ12

ℎ11
) 𝑒3𝐴ℎ12 − 𝜕𝑢1

(
ℎ12

ℎ11
) 𝑒3𝐴ℎ11] 𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑧 ∧ 𝑑𝑦

 −𝜕𝑣 (
ℎ12

ℎ11
) 𝑒3𝐴ℎ11𝑑𝑧 ∧ 𝑑𝑡 ∧ 𝑑𝑣 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 −𝜕𝑣 (
ℎ12

ℎ11
) 𝑒3𝐴ℎ12𝑑𝑢1 ∧ 𝑑𝑡 ∧ 𝑑𝑣 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 

𝐹6
𝑒 =𝑓1𝑑𝑡 ∧ 𝑑𝑧 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦

 +𝑓2𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦 ∧ 𝑑𝑣

 −𝑓3𝑑𝑡 ∧ 𝑑𝑧 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦 ∧ 𝑑𝑣

 

𝑓1 =
1

ℎ11
2 𝜕𝑧ℎ11 − 𝜕𝑧 (

ℎ12

ℎ11
) 𝑒3𝐴ℎ12 + 𝜕𝑢1

(
ℎ12

ℎ11
) 𝑒3𝐴ℎ11

𝑓2 =
1

ℎ11
2 𝜕𝑣ℎ11 − 𝜕𝑣 (

ℎ12

ℎ11
) 𝑒3𝐴ℎ12,

𝑓3 = 𝜕𝑣 (
ℎ12

ℎ11
) 𝑒3𝐴ℎ11.

 

 

𝐹4
𝑚 = −𝑣3ℎ11(𝑓2ℎ11 + 𝑓3ℎ12)𝑑𝑧 ∧ 𝑑Ω3

′ − 𝑣3ℎ11(𝑓2ℎ12 + 𝑓3ℎ22)𝑑𝑢1 ∧ 𝑑Ω3
′

 +𝑟3𝑓1ℎ11detℎ𝑑𝑟 ∧ 𝑑Ω3
′  

𝐹4
𝑚 = −(𝑣3𝜕𝑣ℎ11𝑑𝑧 + 𝑣3𝜕𝑣ℎ12𝑑𝑢1) ∧ 𝑑Ω3

′

 +𝑣3(ℎ22𝜕𝑧ℎ11 − ℎ12𝜕𝑧ℎ12 − ℎ12𝜕𝑢1
ℎ11 + ℎ11𝜕𝑢1

ℎ12)𝑑𝑣 ∧ 𝑑Ω3
′  

 −
1

2
𝑣3𝜕𝑣𝜕𝑧

2𝐾𝑑𝑧 −
1

2
𝑣3𝜕𝑣𝜕𝑧𝜕𝑢1

𝐾𝑑𝑢1 = −
1

2
𝑑(𝑣3𝜕𝑣𝜕𝑧𝐾) +

1

2
𝜕𝑣(𝑣3𝜕𝑣𝜕𝑧𝐾)𝑑𝑣

 = −
1

2
𝑑(𝑣3𝜕𝑣𝜕𝑧𝐾) +

𝑣3

2
𝜕𝑧 (

1

𝑣3
𝜕𝑣(𝑣3𝜕𝑣𝐾))𝑑𝑣 = −

1

2
𝑑(𝑣3𝜕𝑣𝜕𝑧𝐾) +

𝑣3

2
𝜕𝑧Δ𝑦𝐾𝑑𝑣

 

𝑣3

4
(𝜕𝑢1

2 𝐾𝜕𝑧
3𝐾 − 2𝜕𝑧𝜕𝑢1

𝐾𝜕𝑧
2𝜕𝑢1

𝐾 + 𝜕𝑧
2𝐾𝜕𝑧𝜕𝑢1

2 𝐾)𝑑𝑣 = 𝑣3𝜕𝑧(detℎ)  

𝐹4
𝑚 = −

1

2
𝑑(𝑣3𝜕𝑣𝜕𝑧𝐾) ∧ 𝑑Ω3

′ +
𝑣3

2
𝜕𝑧(Δ𝑦𝐾 + 2detℎ)𝑑𝑣 ∧ 𝑑Ω3

′  

𝐶3
𝑚 = −

1

2
𝑣3𝜕𝑣𝜕𝑧𝐾𝑑Ω3

′  

𝑑𝐶3
𝑒 = −[𝜕𝑢1

(𝑒3𝐴ℎ11) − 𝜕𝑧(𝑒3𝐴ℎ12)]𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑧 ∧ 𝑑𝑦

 −[𝜕𝑣(𝑒3𝐴ℎ11)𝑑𝑧 + 𝜕𝑣(𝑒3𝐴ℎ12)𝑑𝑢1] ∧ 𝑑𝑡 ∧ 𝑑𝑣 ∧ 𝑑𝑦
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𝐹6
𝑚 =

𝑣3detℎ

ℎ11

[ℎ12𝜕𝑣(𝑒3𝐴ℎ11) − ℎ11𝜕𝑣(𝑒3𝐴ℎ12)]𝑑𝑧 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 +
𝑣3detℎ

ℎ11

[ℎ22𝜕𝑣(𝑒3𝐴ℎ11) − ℎ12𝜕𝑣(𝑒3𝐴ℎ12)]𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 −
𝑣3(detℎ)2

ℎ11
[𝜕𝑢1

(𝑒3𝐴ℎ11) − 𝜕𝑧(𝑒3𝐴ℎ12)]𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑣 ∧ 𝑑Ω3
′ ,

 

𝐹6
𝑚 =𝑣3 (

ℎ12

ℎ11
𝜕𝑣ℎ11 − 𝜕𝑣ℎ12) 𝑑𝑧 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 +𝑣3 (
ℎ12

ℎ11
𝜕𝑣ℎ12 − 𝜕𝑣ℎ22) 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 +𝑣3 (𝜕𝑢1
(detℎ) −

ℎ12

ℎ11
𝜕𝑧(detℎ)) 𝑑𝑣 ∧ 𝑑𝑥2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 

1

2

ℎ12

ℎ11
𝑑Σ(𝑣3𝜕𝑣𝜕𝑧𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′ −
1

2
𝑑Σ(𝑣3𝜕𝑣𝜕1𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′  

𝐹6
𝑚 − 𝐻 ∧ 𝐶3

𝑚 =[
ℎ12

ℎ11
𝑑Σ (

𝑣3

2
𝜕𝑣𝜕𝑧𝐾) + 𝑑 (

ℎ12

ℎ11
)

𝑣3

2
𝜕𝑣𝜕𝑧𝐾] ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 −𝑑Σ (
𝑣3

2
𝜕𝑣𝜕𝑢1

𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 +𝑣3 (𝜕𝑢1
(detℎ) −

ℎ12

ℎ11
𝜕𝑧(detℎ)) 𝑑𝑣 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑Ω3

′

 

𝑑 (
𝑣3

2

ℎ12

ℎ11
𝜕𝑣𝜕𝑧𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′ −
ℎ12

ℎ11
𝜕𝑣 (

𝑣3

2
𝜕𝑣𝜕𝑧𝐾) 𝑑𝑣 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3

′

 −𝑑 (
𝑣3

2
𝜕𝑣𝜕𝑢1

𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′ + 𝜕𝑣 (

𝑣3

2
𝜕𝑣𝜕𝑢1

𝐾) 𝑑𝑣 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′

 

𝑣3

2
𝜕𝑢1

[2detℎ +
1

𝑣3
𝜕𝑣(𝑣3𝜕𝑣𝐾)] −

𝑣3

2

ℎ12

ℎ11
𝜕𝑧 [2detℎ +

1

𝑣3
𝜕𝑣(𝑣3𝜕𝑣𝐾)]  

𝐹6
𝑚 − 𝐻 ∧ 𝐶3

𝑚 = 𝑑 (
𝑣3

2

ℎ12

ℎ11
𝜕𝑣𝜕𝑧𝐾 −

𝑣3

2
𝜕𝑣𝜕𝑢1

𝐾) ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′  

𝐶5
𝑚 =

𝑣3

2
(
ℎ12

ℎ11
𝜕𝑣𝜕𝑧𝐾 − 𝜕𝑣𝜕𝑢1

𝐾) 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′  

𝑑𝑠2 =
1

√detℎ
(−𝑑𝑡2 + 𝑑𝑦2) +

√detℎ

ℎ11

(𝑑𝑢2
2 + 𝑑𝑢3

2) + √detℎ(𝑒3𝐴ℎ𝑎𝑏𝑑𝑟𝑎𝑑𝑟𝑏 + 𝑑𝑠ℝ4
2 )

𝑒2𝜙 =
√detℎ

ℎ11
, 𝐵2 =

ℎ12

ℎ11
𝑑𝑢2 ∧ 𝑑𝑢3

𝐶3 = 𝑒3𝐴ℎ1𝑎𝑑𝑡 ∧ 𝑑𝑟𝑎 ∧ 𝑑𝑦 −
𝑣3

2
𝜕𝑣𝜕𝑧𝐾𝑑Ω3

′

𝐶5 =
1

ℎ11
𝑑𝑡 ∧ 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑦 +

𝑣3

2
(
ℎ12

ℎ11
𝜕𝑣𝜕𝑧𝐾 − 𝜕𝑣𝜕𝑢1

𝐾) 𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑Ω3
′
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𝑑𝑠2  = 𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2 + 𝑑𝑥2

2) + 𝑍1/2(𝑑𝑥3
2 + ⋯ + 𝑑𝑥9

2)

𝑒Φ  = 𝑍1/4

𝐶3  = 𝑍−1𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2

 

𝑍 = 1 +
𝑄

𝑟2
, 𝑟2 ≡ 𝑥6

2 + ⋯ + 𝑥9
2  

𝑥2 = 𝑥2
′ 𝑐 + 𝑥3

′ 𝑠

𝑥3 = −𝑥2
′ 𝑠 + 𝑥3

′ 𝑐
 

𝑊 ≡ 𝑐2𝑍 + 𝑠2  

𝑑𝑠2 =𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2) + 𝑍1/2(𝑑𝑥4

2 + ⋯ + 𝑑𝑥9
2)

 +𝑍−1/2𝑊(𝑑𝑥3 − 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2)2 + 𝑍1/2𝑊−1𝑑𝑥2
2

𝑒2Φ =𝑍1/2

𝐶3 =𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑥1 ∧ (𝑑𝑥3 − 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2)

 +𝑊−1𝑐𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2

 

𝑑𝑠2  = 𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2) + 𝑍1/2(𝑑𝑥4

2 + ⋯ + 𝑑𝑥9
2) + 𝑍1/2𝑊−1(𝑑𝑥2

2 + 𝑑𝑥3
2)

𝑒2Φ  = 𝑊−1𝑍, 𝐵2 = −𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2 ∧ 𝑑𝑥3

𝐶2  = 𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑥1, 𝐶4 = 𝑊−1𝑐𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3

 

𝑑𝑠2 = 𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2 + 𝑑𝑥4

2) + 𝑍1/2(𝑑𝑥5
2 + ⋯ + 𝑑𝑥9

2) + 𝑍1/2𝑊−1(𝑑𝑥2
2 + 𝑑𝑥3

2)

𝑒2Φ = 𝑍1/2𝑊−1

𝐶3 = 𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥4, 𝐶5 = 𝑊−1𝑐𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4

 

ℎ11 = 𝑐2𝑍 + 𝑠2, ℎ22 = 𝑠2𝑍 + 𝑐2

ℎ12 = 𝑐𝑠(𝑍 − 1), detℎ = 𝑍
 

𝑑𝐵2 ∧ 𝐶3  = [−𝑐𝑠𝜕𝑙((𝑍 − 1)𝑊−1)𝑑𝑥𝑙 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3] ∧ [𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥4]

 = 𝑐𝑠2𝑊−2𝑍−1(𝜕𝑙𝑍)𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 ∧ 𝑑𝑥𝑙

 

𝑑𝐶5  = 𝑐𝜕𝑙(𝑊
−1)𝑑𝑥𝑙 ∧ 𝑑𝑡 ∧ 𝑑𝑥1 ∧ ⋯ ∧ 𝑑𝑥4

 = 𝑐3𝑊−2(𝜕𝑙𝑍)𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 ∧ 𝑑𝑥𝑙
 

𝐹6  = 𝑐𝑊−1𝑍−1(𝜕𝑙𝑍)𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥4 ∧ 𝑑𝑥𝑙

 = 𝑐𝑍−1(𝜕𝑙𝑍)𝑒0 ∧ 𝑒1 ∧ 𝑒2 ∧ 𝑒3 ∧ 𝑒4 ∧ 𝑒𝑙  

𝐹4
(𝑚)

 = 𝑐
𝜕𝑙𝑍

𝑍

𝜖(𝑙−4),𝑎𝑏𝑐𝑑

4!
𝑒4+𝑎 ∧ 𝑒4+𝑏 ∧ 𝑒4+𝑐 ∧ 𝑒4+𝑑

 = 𝑐(𝜕𝑙𝑍)
𝜖(𝑙−4),𝑎𝑏𝑐𝑑

4!
𝑑𝑥4+𝑎 ∧ 𝑑𝑥4+𝑏 ∧ 𝑑𝑥4+𝑐 ∧ 𝑑𝑥4+𝑑

 

𝐹4
(𝑚)

= −𝑐
𝑥𝑙

𝑟
(𝜕𝑟𝑍)

𝜖(𝑙−5),𝑎𝑏𝑐

3!
𝑑𝑥5 ∧ 𝑑𝑥5+𝑎 ∧ 𝑑𝑥5+𝑏 ∧ 𝑑𝑥5+𝑐  

𝐶3
(𝑚)

 = −𝑐
𝑥5𝑥𝑙

𝑟
(𝜕𝑟𝑍)

𝜖(𝑙−5),𝑎𝑏𝑐

3!
𝑑𝑥5+𝑎 ∧ 𝑑𝑥5+𝑏 ∧ 𝑑𝑥5+𝑐

 = −𝑐𝑥5𝑟3(𝜕𝑟𝑍)𝑑Ω3
′

 



pág. 8839 

𝑑𝑠2 =𝑍−1/6𝑊1/3[𝑍−1/2(−𝑑𝑡2 + 𝑑𝑥1
2 + 𝑑𝑥4

2) + 𝑍1/2(𝑑𝑥5
2 + ⋯ + 𝑑𝑥9

2)]

 +𝑍1/3𝑊−2/3(𝑑𝑥2
2 + 𝑑𝑥3

2 + 𝑑𝑥11
2 ),

𝐶3 =𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑥1 ∧ 𝑑𝑥4 − 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑥2 ∧ 𝑑𝑥3 ∧ 𝑑𝑥11 − 𝑐𝑥5𝑟3(𝜕𝑟𝑍)𝑑Ω3
′

 

𝑥4 → 𝑐𝑢1 + 𝑠𝑧, 𝑥5 → −𝑠𝑢1 + 𝑐𝑧
𝑥1 → 𝑦, 𝑥2 → 𝑢2, 𝑥3 → 𝑢3, 𝑥11 → −𝑢4, 𝑥6,7,8,9 → 𝑣1,2,3,4

 

𝑑𝑠2 =𝑊1/3𝑍−2/3(−𝑑𝑡2 + 𝑑𝑦2) + 𝑊4/3𝑍−2/3(𝑑𝑧 − 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑢1)2

 +𝑊1/3𝑍1/3(𝑑𝑣1
2 + ⋯ + 𝑑𝑣4

2) + 𝑊−2/3𝑍1/3(𝑑𝑢1
2 + 𝑑𝑢2

2 + 𝑑𝑢3
2 + 𝑑𝑢4

2)

𝐶3 =𝑍−1𝑠𝑑𝑡 ∧ 𝑑𝑦 ∧ (𝑠𝑑𝑧 + 𝑐𝑑𝑢1) + 𝑐𝑠(𝑍 − 1)𝑊−1𝑑𝑢2 ∧ 𝑑𝑢3 ∧ 𝑑𝑢4 + 𝑐(𝑠𝑢1 − 𝑐𝑧)𝑣3(𝜕𝑣𝑍)𝑑Ω3
′

 

 

𝑒𝐴0 = 𝑊1/6𝑍−1/3, (−𝜕𝑧𝑤) = 𝑊

(𝜕𝑢1
𝑤) = 𝑐𝑠(𝑍 − 1)

 

(𝜕𝑣𝑙
𝑤) = 𝑐(𝑠𝑢1 − 𝑐𝑧)𝑣𝑙

𝜕𝑣𝑍

𝑣
 

𝛿𝐶3 = −𝑐2𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑧 + 𝑐𝑠𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑢1  

𝑤 ≡ −𝑧𝑊 + 𝑐𝑠(𝑍 − 1)𝑢1  

𝐺0 = −
1

2
𝑍(𝑐𝑧 − 𝑠𝑢1)2 −

1

2
(𝑠𝑧 + 𝑐𝑢1)2 + 𝑓(𝑣)  

 

Entiéndase que la supergravedad cuántica, para efectos de este trabajo, comporta la simetría entre dos 

partículas o antipartículas, según sea el caso, de las cuales, una de ellas, es una superpartícula 

(Véase la definición proporcionada por este autor respecto de las superpartículas en sentido 

lato), a propósito de la deformación o perforación del espacio cuántico de que se trate, 

combinando en consecuencia, relatividad general y supersimetría. Entiéndase por supersimetría, 

para efectos de este trabajo, comporta la interacción de dos partículas o antipartículas, según sea 

el caso, de las cuales, una de ellas, es una superpartícula (Véase la definición proporcionada por 

este autor), a propósito de la deformación o perforación del espacio cuántico de que se trate, por 

acción de las superpartículas. Entiéndase que las supermembranas, para efectos de este trabajo, 

comporta la existencia de infinitas dimensiones a propósito de la deformación o perforación del 

espacio cuántico de que se trate, por acción de las superpartículas. Finalmente, entiéndase por 

superespacio, para efectos de este trabajo, como la existencia de un espacio cuántico relativista, 
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el mismo que posee dimensiones ordinarias y anticonmutativas, a propósito de la deformación 

o perforación del espacio cuántico de que se trate, por acción de las superpartículas. 

 

REFERENCIAS BIBLIOGRÁFICAS ADICIONALES. 

Iosif Bena, Anthony Houppe, Dimitrios Toulikas y Nicholas P. Warner, Maze topiary in supergravity, 

JHEP03(2025)120. 
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Apéndice G.  

 

1. Modelo Diósi – Penrose para campos cuánticos relativistas, a propósito de la existencia de 

superpartículas por gravitación. 

𝜏DP =
ℏ

Δ𝐸DP
 

Δ𝐸DP(𝒅) = −8𝜋𝐺 ∫  𝑑𝒓 ∫  𝑑𝒓′
𝜇(𝒓)[𝜇(𝒓′ + 𝒅) − 𝜇(𝒓′)]

|𝒓 − 𝒓′|
 

𝑑𝜌(𝑡)

𝑑𝑡
= −

𝑖

ℏ
[𝐻, 𝜌(𝑡)] −

4𝜋𝐺

ℏ
∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
[𝑀̂(𝒚), [𝑀̂(𝒙), 𝜌(𝑡)]]  

𝑑Γ𝑡

𝑑𝜔
=

2

3

𝐺𝑒2𝑁2𝑁𝑎

𝜋3/2𝜀0𝑐3𝑅0
3𝜔

 

𝑧𝑠(𝑅0) = ∑  

𝑖

 ∫  
Δ𝐸

 
𝑑Γ𝑡

𝑑𝐸
|

𝑖

𝑇𝜖𝑖(𝐸)𝑑𝐸 =
𝑎

𝑅0
3  

𝑑

𝑑𝜔
Γ𝑡 =

𝑘2

𝑐
∑  

𝜇

 ∫  𝑑Ω𝑘

𝑑

𝑑𝑡
⟨𝑎𝐤𝜇

† 𝑎𝐤𝜇⟩
𝑡

 

𝑑𝜌(𝑡)

𝑑𝑡
= −

𝑖

ℏ
[𝐻, 𝜌(𝑡)] + ∫  𝑑𝑸 ∑  

𝑛,𝑛′

  Γ̃𝑛,𝑛′(𝑸) (𝑒
𝑖
ℏ
𝑸⋅𝒙𝑛𝜌(𝑡)𝑒−

𝑖
ℏ
𝑸⋅𝒙

𝑛′ −
1

2
{𝑒

−
𝑖
ℏ
𝑸⋅𝒙

𝑛′𝑒
𝑖
ℏ
𝑸⋅𝒙𝑛 , 𝜌(𝑡)})  

Γ̃𝑛,𝑛′(𝑸) =
4𝐺

𝜋ℏ2

𝜇̃𝑛(𝑸)𝜇̃𝑛′
∗ (𝑸)

𝑄2
 

𝜇̃(𝑸) =
1

2𝜋ℏ3
∫  𝑑𝒚𝜇(𝒚)𝑒−

𝑖
ℏ
𝑸⋅𝒚

 

𝑑

𝑑𝑡
𝑂(𝑡) =

𝑖

ℏ
[𝐻, 𝑂(𝑡)] + ∫  𝑑𝑸 ∑  

𝑘,𝑘′

  Γ̃𝑘,𝑘′(𝑸) (𝑒
−

𝑖
ℏ
𝑸⋅𝒙

𝑘′𝑂(𝑡)𝑒
𝑖
ℏ
𝑸⋅𝒙𝑘 −

1

2
{𝑂(𝑡), 𝑒

−
𝑖
ℏ
𝑸⋅𝒙

𝑘′𝑒
𝑖
ℏ
𝑸⋅𝒙𝑘})  

𝐻 = 𝐻s + 𝐻R + 𝐻INT  

𝐻s = ∑  

𝑗

 (
𝒑𝑗

2

2𝑚𝑗
+ 𝑉(𝒙𝑗) + ∑  

𝑖<𝑗

 𝑈(𝒙𝑗 − 𝒙𝑖))  

𝐻R = ∑  

𝜇

 ∫  𝑑𝒌ℏ𝜔𝑘 (
1

2
+ 𝑎𝒌,𝜇

† 𝑎𝒌,𝜇)  
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𝐻INT = ∑  

𝑗

 (−
𝑒𝑗

𝑚𝑗
) 𝑨(𝒙𝑗) ⋅ 𝒑𝑗 + ∑  

𝑗

 
𝑒𝑗

2

2𝑚𝑗
𝑨2(𝒙𝑗)  

𝑨(𝒙) = ∫  𝑑𝒌 ∑  

𝜇

 𝛼𝑘[𝜖 𝒌,𝜇𝑎𝒌,𝜇𝑒𝑖𝒌⋅𝒙 + 𝜖 𝒌,𝜇𝑎𝒌,𝜇
† 𝑒−𝑖𝒌⋅𝒙]  

∫  
Δ𝐸

 
𝑑Γ𝑡

𝑑𝐸
|
𝑖

𝑇𝜖𝑖(𝐸)𝑑𝐸  

𝑝(𝑧𝑐 ∣ Λ𝑐) =
Λ𝑐

𝑧𝑐𝑒−Λ𝑐

𝑧𝑐!
 

Λ𝑐(𝑅0) = Λ𝑏 + Λ𝑠(𝑅0) = 𝑧𝑏 + 𝑧𝑠(𝑅0)  

𝑝̃ (Λ𝑐(𝑅0) ∣ 𝑝(𝑧𝑐 ∣ Λ𝑐(𝑅0))) =
𝑝(𝑧𝑐 ∣ Λ𝑐(𝑅0)) ⋅ 𝑝̃0(Λ𝑐(𝑅0))

∫  
𝐷

 𝑝(𝑧𝑐 ∣ Λ𝑐(𝑅0)) ⋅ 𝑝̃0(Λ𝑐(𝑅0))𝑑[Λ𝑐(𝑅0)]
 

𝑝̃0(Λ𝑐(𝑅0)) = 𝜃(Λ𝑐
max − Λ𝑐(𝑅0))  

𝑝̃(Λ𝑐(𝑅0)) =
Λ𝑐

𝑧𝑐𝑒−Λ𝑐𝜃(Λ𝑐
max − Λ𝑐)

∫  
Λ𝑐

max

0
 Λ𝑐

𝑧𝑐𝑒−Λ𝑐𝑑Λ𝑐

 

𝑃̃(Λ‾ 𝑐) =
𝛾(𝑧𝑐 + 1, Λ‾ 𝑐)

𝛾(𝑧𝑐 + 1, Λ𝑐
max)

 

Λ𝑐(𝑅0) = Λ𝑠(𝑅0) + Λ𝑏 < 617 ⇒
𝑎

𝑅0
3 + Λ𝑏 + 1 < 617 ⇒ 𝑅0 > √

𝑎

616 − Λ𝑏

3

 

∑  

𝑖

 ∫  
𝐸3

𝐸2

 
𝑑Γ𝑡

𝑑𝐸
|

𝑖

𝑇𝑑𝐸 = ∑  

𝑖

 ∫  
𝐸3

𝐸2

 𝑁𝑖
2𝑁𝑎𝑖𝛽𝑇

1

𝑅0
3𝐸

𝑑𝐸 =
𝑏

𝑅0
3  

𝛽 =
2

3

𝐺𝑒2

𝜋3/2𝜀0𝑐3
 

𝑧𝑠(𝑅0) =
𝑎

𝑅0
3 +

𝑓𝑏

𝑅0
3 >

𝑎

𝑅0
3  

𝑧𝑠(𝑅0) = ∑  

𝑖

 ∫  
𝐸2

𝐸1

 
𝑑Γ

𝑑𝐸
|

𝑖

𝑇𝜖𝑖(𝐸)𝑑𝐸 + ∑  

𝑖

  𝜖𝑖
max ∫  

𝐸3

𝐸2

 
𝑑Γ

𝑑𝐸
|

𝑖

𝑇𝑑𝐸 =

 ((1.756 + 5.712) × 10−29)
m3

𝑅0
3 =

𝑎 + 𝑓𝑏

𝑅0
3

 

𝑝(𝑧𝑐 ∣ Λ𝑐) =
Λ𝑐

𝑧𝑐𝑒−Λ𝑐

𝑧𝑐!
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𝜖𝑖(𝐸) = ∑  

𝑐𝑖

𝑗=0

  𝜉𝑖𝑗𝐸
𝑗  

𝑧𝑠(𝑅0) = ∑  

𝑖

 ∫  
𝐸2

𝐸1

 
𝑑Γ𝑡

𝑑𝐸
|

𝑖

𝑇𝜖𝑖(𝐸)𝑑𝐸 =

 = ∑  

𝑖

 ∫  
𝐸2

𝐸1

 𝑁𝑖
2𝑁𝑎𝑖𝛽𝑇

1

𝑅0
3𝐸

∑  

𝑐𝑖

𝑗=0

  𝜉𝑖𝑗𝐸
𝑗𝑑𝐸

 = 1.756 × 10−29
 m3

𝑅0
3 =

𝑎

𝑅0
3

 

𝛽 =
2

3

𝐺𝑒2

𝜋3/2𝜀0𝑐3
 

𝑧𝑏,𝑖𝑗 =
𝑚𝑖𝐴𝑖𝑗𝑇𝑁𝑟𝑒𝑐,𝑖𝑗

𝑁𝑖𝑗
 

𝑧𝑏 = ∑  

𝑖,𝑗

  𝑧𝑏,𝑖𝑗  

Λ𝑐(𝑅0) = Λ𝑠 + Λ𝑏 =
𝑎

𝑅0
3  

𝑝̃(Λ𝑐 ∣ 𝑝(𝑧𝑐 ∣ Λ𝑐)) =
𝑝(𝑧𝑐 ∣ Λ𝑐) ⋅ 𝑝̃0(Λ𝑐)

∫  
𝐷

 𝑝(𝑧𝑐 ∣ Λ𝑐) ⋅ 𝑝̃0(Λ𝑐)𝑑Λ𝑐
 

𝑝̃(Λ𝑐 ∣ 𝑝(𝑧𝑐 ∣ Λ𝑐)) =
Λ𝑐

𝑧𝑐𝑒−Λ𝑐

Γ(𝑧𝑐 + 1)
 

𝑃̃(Λ‾ 𝑐) =
∫  

Λ‾ 𝑐

0
 Λ𝑐

𝑧𝑐𝑒−Λ𝑐𝑑Λ𝑐

Γ(𝑧𝑐 + 1)
=

𝛾(𝑧𝑐 + 1, Λ‾ 𝑐)

Γ(𝑧𝑐 + 1)
 

𝑝̃0(Λ𝑐) = 𝜃(Λ𝑐
max − Λ𝑐)  

Λ𝑐
max =

𝑎

[𝑅0
min]

3  

𝑝̃(Λ𝑐 ∣ 𝑝(𝑧𝑐 ∣ Λ𝑐)) =
Λ𝑐

𝑧𝑐𝑒−Λ𝑐𝜃(Λ𝑐
max − Λ𝑐)

∫  
Λ𝑐

max

0
 Λ𝑐

𝑧𝑐𝑒−Λ𝑐𝑑Λ𝑐

 

𝑃̃(Λ‾ 𝑐) =
𝛾(𝑧𝑐 + 1, Λ‾ 𝑐)

𝛾(𝑧𝑐 + 1, Λ𝑐
max)

 

Λ𝑠(𝑅0) + Λ𝑏 < 617 ⇒
𝑎

𝑅0
3 + Λ𝑏 + 1 < 617 ⇒ 𝑅0 > √

𝑎

616 − Λ𝑏

3

 



pág. 8844 

Δ𝐸DP =
1

𝐺
∫  𝑑𝒓(𝑔𝑎(𝒓) − 𝑔𝑏(𝒓))2  

Δ𝐸DP = 4𝜋𝐺 ∫  𝑑𝒓 ∫  𝑑𝒓′
[𝜇𝑎(𝒓) − 𝜇𝑏(𝒓)][𝜇𝑎(𝒓′) − 𝜇𝑏(𝒓′)]

|𝒓 − 𝒓′|
 

𝜇(𝒓) = ∑  

𝑁

𝑖=1

 𝜇𝑅0
(𝒓 − 𝒙𝑖)  

𝜇𝑅0
(𝒓) =

3𝑚

4𝜋𝑅0
3 𝜃(𝑅0 − 𝑟), 𝑟 = |𝒓|  

Δ𝐸DP(𝒅) = −8𝜋𝐺 ∫  𝑑𝒓′[𝜇𝑅0
(𝒓′ + 𝒅) − 𝜇𝑅0

(𝒓′)]𝐼𝑅0
(𝒓′)

 = −8𝜋𝐺 ∫  𝑑𝒓′𝜇𝑅0
(𝒓′)[𝐼𝑅0

(𝒓′ − 𝒅) − 𝐼𝑅0
(𝒓′)]

 

𝐼𝑅0
(𝒓′): = ∫  𝑑𝒓

𝜇𝑅0
(𝒓)

|𝒓 − 𝒓′|
=

{
 

 
3𝑚

2𝑅0
3 (𝑅0

2 −
𝑟′2

3
)  si 𝑟′ ≤ 𝑅0

𝑚

𝑟′
 si 𝑟′ ≥ 𝑅0

 

𝐼𝑅0
(𝒓′ − 𝒅) − 𝐼𝑅0

(𝒓′) =

{
 
 

 
 

𝑚

𝑅0
3 (𝒓′ ⋅ 𝒅 −

𝑑2

2
)  si |𝒓′ − 𝒅| ≤ 𝑅0

𝑚

|𝒓′ − 𝒅|
−

3𝑚

2𝑅0
3 (𝑅0

2 −
𝑟′2

3
)  si |𝒓′ − 𝒅| ≥ 𝑅0

 

Δ𝐸DP(𝒅) ≃ −
8𝜋𝐺𝑚

𝑅0
3 ∫  𝑑𝒓′𝜇𝑅0

(𝒓′) (𝒓′ ⋅ 𝒅 −
𝑑2

2
) =

4𝜋𝐺𝑚2𝑑2

𝑅0
3  

Δ𝐸DP(𝒅) = −8𝜋𝐺 ∫  𝑑𝒓′𝜇𝑅0
(𝒓′) [

𝑚

|𝒓′ − 𝒅|
−

3𝑚

2𝑅0
3 (𝑅0

2 −
𝑟′2

3
)] =

8𝜋𝐺𝑚2

𝑅0
(
6

5
−

𝑅0

𝑑
)  

Δ𝐸DP(𝒅) = −8𝜋𝐺 ∑  

𝑁

𝑖,𝑗=1

 ∫  𝑑𝒓 ∫  𝑑𝒓′
𝜇𝑅0

(𝒓 − 𝒙𝑖)[𝜇𝑅0
(𝒓′ + 𝒅 − 𝒙𝑗) − 𝜇𝑅0

(𝒓′ − 𝒙𝑗)]

|𝒓 − 𝒓′|
 

Δ𝐸Dp(𝒅) = 𝑁
8𝜋𝐺𝑚2

𝑅0
(
6

5
−

𝑅0

𝑑
)  

Δ𝐸DP(𝒅) ≃ 4.61 × 10−32 J  

𝜏DP =
ℏ

Δ𝐸DP(𝒅)
≃ 0.0023 s  

𝜏DP =
ℏ

Δ𝐸DP(𝒅)
≃ 0.013 s  

𝐷: = −8𝜋𝐺𝐼  
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𝐼: = ∑  

𝑁

𝑖≠𝑗

 ∫  𝑑𝒚 ∫  𝑑𝒚′
𝜇𝑅0

(𝒚)[𝜇𝑅0
(𝒚′ + 𝒅) − 𝜇𝑅0

(𝒚′)]

|𝒚 − 𝒚′ + 𝒙𝑖 − 𝒙𝑗|
 

𝐼 = ∑  

𝑁

𝑖≠𝑗

 ∫  𝑑𝒚 ∫  𝑑𝒚′
𝜇𝑅0

(𝒚)[𝜇𝑅0
(𝒚′ + 𝒅) − 𝜇𝑅0

(𝒚′)]

|𝒚 − 𝒚′ + 𝒙𝑖 − 𝒙𝑗|
≃ ∑  

𝑁

𝑖≠𝑗

 (
𝑚2

|𝒅 + 𝒙𝑖𝑗|
−

𝑚2

|𝑥𝑖𝑗|
)

 = ∑  

𝑁

𝑖≠𝑗

 
𝑚2

𝑥𝑖𝑗

(

 
 
 

1

√(
𝑑
𝑥𝑖𝑗

)
2

+ 1

− 1

)

 
 
 

≃ ∑  

𝑁

𝑖≠𝑗

 
𝑚2

𝑥𝑖𝑗
(−

1

2
(

𝑑

𝑥𝑖𝑗
)

2

) = −
𝑑2𝑚2

2
∑  

𝑁

𝑖≠𝑗

 
1

𝑥𝑖𝑗
3

 

𝒙𝑖 = 𝑖1𝑎𝒙̂ + 𝑖2𝑎𝒚̂ + 𝑖3𝑎𝒛̂ 

𝑥𝑖𝑗 = 𝑎√(𝑖1 − 𝑗1)2 + (𝑖2 − 𝑗2)2 + (𝑖3 − 𝑗3)2 

𝐼 ≃ −
𝑑2𝑚2

2𝑎3
𝑆 

𝑆: = ∑  

𝑁

𝑖=1

∑  

𝑁

𝑗=1,(𝑗≠𝑖)

1

[(𝑖1 − 𝑗1)2 + (𝑖2 − 𝑗2)2 + (𝑖3 − 𝑗3)2]
3
2

 

𝑆 ≪ 𝑁 ∑  

𝑛/2

𝑗1=−𝑛/2
(𝑗1,𝑗2,𝑗3)≠(0,0,0)

  ∑  

𝑛/2

𝑗2=−𝑛/2

  ∑  

𝑛/2

𝑗3=−𝑛/2

 
1

(𝑗1
2 + 𝑗2

2 + 𝑗3
2)

3
2

 

𝑆 ≪ 𝑁 ∑  

𝑛/2

𝑗1=−𝑛/2
(𝑗1,𝑗2,𝑗3)≠(0,0,0)

∑  

𝑛/2

𝑗2=−𝑛/2

∑  

𝑛/2

𝑗3=−𝑛/2

1

(𝑗1
2 + 𝑗2

2 + 𝑗3
2)

3
2

 

𝑆 ≪ 𝑁23 ∑  

𝑛/2

𝑗1=0
(𝑗1,𝑗2,𝑗3)≠(0,0,0)

  ∑  

𝑛/2

𝑗2=0

  ∑  

𝑛/2

𝑗3=0

 
1

(𝑗1
2 + 𝑗2

2 + 𝑗3
2)

3
2

 = 𝑁23

(

 
 

∑  

1

𝑗1=0
(𝑗1,𝑗2,𝑗3)≠(0,0,0)

  ∑  

1

𝑗2=0

  ∑  

1

𝑗3=0

 + 3 ∑  

1

𝑗1=0

  ∑  

1

𝑗2=0

  ∑  

𝑛/2

𝑗3=2

 + 3 ∑  

1

𝑗1=0

  ∑  

𝑛/2

𝑗2=2

  ∑  

𝑛/2

𝑗3=2

 + ∑  

𝑛/2

𝑗1=2

  ∑  

𝑛/2

𝑗2=2

  ∑  

𝑛/2

𝑗3=2

 

)

 
 1

(𝑗1
2 + 𝑗2

2 + 𝑗3
2)

3
2

 

∑  

𝑛

𝑗=𝑘

 
1

(𝑎 + 𝑗2)
3
2

≤ ∫  
𝑛

𝑘−1

 𝑑𝑥
1

(𝑎 + 𝑥2)
3
2
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𝑆 ≪ 𝑁23 [4.25 + 3 ∫  
𝑛/2

1

 𝑑𝑥 (
1

𝑥3
+

2

(1 + 𝑥2)
3
2

+
1

(2 + 𝑥2)
3
2

) +

3
𝜋

2
∫  

𝑛/√2

1

 𝑑𝑟 (
1

𝑟2
+

𝑟

(1 + 𝑟2)
3
2

) +
𝜋

2
∫  

√3𝑛/2

1

 𝑑𝑟
1

𝑟
]

 

3 ∫  
𝑛/2

1

 𝑑𝑥 (
1

𝑥3
+

2

(1 + 𝑥2)
3
2

+
1

(2 + 𝑥2)
3
2

) =
6𝑛

√𝑛2 + 4
+

3𝑛

2√𝑛2 + 8
−

6

𝑛2
− 3√2 −

√3

2
+

3

2
≃

 ≃ 9 − 3√2 −
√3

2
≃ 3.89

3
𝜋

2
∫  

𝑛/√2

1

 𝑑𝑟 (
1

𝑟2
+

𝑟

(1 + 𝑟2)
3
2

) =
3

4
𝜋 (−

2√2

√𝑛2 + 2
−

2√2

𝑛
+ √2 + 2) ≃

3

4
𝜋(√2 + 2) ≃ 8.04

 

𝜋

2
∫  

√3𝑛/2

1

𝑑𝑟
1

𝑟
=

𝜋

2
ln (

√3𝑛

2
) 

𝑆 ≪ 𝑁23 (17 +
𝜋

2
ln [

√3

2
(√𝑁

3
− 1)]) ∼

4𝜋

3
𝑁ln (𝑁) ∼ 1016 

|𝐼| =
𝑑2𝑚2

2𝑎3
|𝑆| ≪

10−26(5 × 10−26)2

2 × 10−30
1016 ∼ 10−31Kg2 m−1, 

|𝐷| = 8𝜋𝐺|𝐼| ≪ 1.7 × 10−40 J  

𝜌(𝑡 + 𝑑𝑡) = (1 − 𝜆𝑑𝑡) [𝜌(𝑡) −
𝑖

ℏ
[𝐻, 𝜌(𝑡)]𝑑𝑡] + 𝜆𝑑𝑡𝒢[𝜌(𝑡)]  

𝑑𝜌(𝑡)

𝑑𝑡
= −

𝑖

ℏ
[𝐻, 𝜌(𝑡)] + 𝜆(𝒢[𝜌(𝑡)] − 𝜌(𝑡))  

ℒ[𝜌(𝑡)] = ∫  𝑑𝑸Γ̃(𝑸) ∑  

∞

𝑗=1

  [(𝑒
𝑖
ℏ
𝑸⋅𝒙̂𝐿𝑗(𝑸, 𝒑̂)𝜌(𝑡)𝐿𝑗

†(𝑸, 𝒑̂)𝑒−
𝑖
ℏ
𝑸⋅𝒙̂ −

1

2
{𝐿𝑗

†(𝑸, 𝒑̂)𝐿𝑗(𝑸, 𝒑̂), 𝜌(𝑡)})]  

ℒ[𝜌(𝑡)] = ∫  𝑑𝑸Γ̃(𝑸) (𝑒
𝑖
ℏ
𝑸⋅𝒙̂𝜌(𝑡)𝑒−

𝑖
ℏ
𝑸⋅𝒙̂ − 𝜌(𝑡))  

𝑑𝜌(𝑡)

𝑑𝑡
= −

𝑖

ℏ
[𝐻, 𝜌(𝑡)] + ∫  𝑑𝑸Γ̃(𝑸) (𝑒

𝑖
ℏ
𝑸⋅𝒙̂𝜌(𝑡)𝑒−

𝑖
ℏ
𝑸⋅𝒙̂ − 𝜌(𝑡))  

⟨𝒂|ℒ[𝜌(𝑡)]|𝒃⟩ = [
8𝜋𝐺

ℏ
∫  𝑑𝒓 ∫  𝑑𝒓′

𝜇(𝒓 − 𝒂)𝜇(𝒓′ − 𝒃) − 𝜇(𝒓)𝜇(𝒓′)

|𝒓 − 𝒓′|
] ⟨𝒂|𝜌̂𝑡|𝒃⟩  

8𝜋𝐺

ℏ
∫  𝑑𝒓 ∫  𝑑𝒓′

𝜇(𝒓 − 𝒂)𝜇(𝒓′ − 𝒃) − 𝜇(𝒓)𝜇(𝒓′)

|𝒓 − 𝒓′|
= ∫  𝑑𝑸Γ̃(𝑸) (𝑒

𝑖
ℏ
𝑸⋅(𝒂−𝒃) − 1)  

Γ(𝒚) =
1

(2𝜋ℏ)3
∫  𝑑𝑸Γ̃(𝑸)𝑒

𝑖
ℏ
𝑸⋅𝒚
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Γ(𝒅) =
8𝜋𝐺

ℏ(2𝜋ℏ)3
∫  𝑑𝒓 ∫  𝑑𝒓′

𝜇(𝒓)𝜇(𝒓′ + 𝒅)

|𝒓 − 𝒓′|
 

∫  𝑑𝒔
𝑒−

𝑖
ℏ
𝑄⋅𝒔

|𝒔|
=

4𝜋ℏ2

𝑄2
 

Γ̃(𝑸) =
8𝜋𝐺

ℏ(2𝜋ℏ)3
𝜇̃(𝑸)

4𝜋ℏ2

𝑄2
𝜇̃(−𝑸)  

Γ̃(𝑸) =
4𝐺

𝜋ℏ2

|𝜇̃(𝑸)|2

𝑄2
 

𝑑𝜌(𝑡)

𝑑𝑡
= −

𝑖

ℏ
[𝐻, 𝜌(𝑡)] + ∫  𝑑𝑸Γ̃(𝑸) (𝑒

𝑖
ℏ
𝑸⋅𝐱̂

𝜌(𝑡)𝑒
−

𝑖
ℏ
𝑸⋅𝒙̂

− 𝜌(𝑡))  

𝑑𝜌(𝑡)

𝑑𝑡
= −

𝑖

ℏ
[𝐻, 𝜌(𝑡)] −

4𝜋𝐺

ℏ
∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
[𝜇(𝒚, 𝒙̂), [𝜇(𝒙, 𝒙̂), 𝜌(𝑡)]]  

𝑑𝜌(𝑡)

𝑑𝑡
= −

𝑖

ℏ
[𝐻, 𝜌(𝑡)] −

4𝜋𝐺

ℏ
∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
[𝑀̂(𝒚), [𝑀̂(𝒙), 𝜌(𝑡)]]  

𝑑

𝑑𝜔𝑘
Γ𝑡 =

𝑘2

𝑐
∑  

𝜈

 ∫  𝑑Ω𝑘

𝑑

𝑑𝑡
⟨𝑎𝐤𝜈

† 𝑎𝐤𝜈⟩
𝑡  

𝑑

𝑑𝑡
𝑂(𝑡) =

𝑖

ℏ
[𝐻, 𝑂(𝑡)] + ∫  𝑑𝑸 ∑  

𝑘,𝑘′

  Γ̃𝑘,𝑘′(𝑸) (𝑒
−

𝑖
ℏ
𝑸⋅𝒙

𝑘′𝑂(𝑡)𝑒
𝑖
ℏ
𝑸⋅𝒙𝑘 −

1

2
{𝑂(𝑡), 𝑒

−
𝑖
ℏ
𝑸⋅𝒙

𝑘′𝑒
𝑖
ℏ
𝑸⋅𝒙𝑘})  

𝑑

𝑑𝑡
𝑂𝐼(𝑡) = 𝒞𝑡

𝐼[𝑂𝐼(𝑡)] + ℒ𝑡
𝐼[𝑂𝐼(𝑡)]  

𝒞𝑡
𝐼[𝑂𝐼(𝑡)]: =

𝑖

ℏ
[𝐻INT

𝐼 (𝑡), 𝑂𝐼(𝑡)]

ℒ𝑡
𝐼[𝑂𝐼(𝑡)]: = ∫  𝑑𝑸 ∑  

𝑛,𝑛′

  Γ̃𝑛,𝑛′(𝑸) (𝑒−
𝑖
ℏ
𝑸⋅𝒙

𝑛′
𝐼 (𝑡)𝑂𝐼(𝑡)𝑒

𝑖
ℏ
𝑸⋅𝒙𝑛

𝐼 (𝑡) −
1

2
{𝑂𝐼(𝑡), 𝑒

−
𝑖
ℏ
𝑸⋅(𝒙

𝑛′
𝐼 (𝑡)−𝒙𝑛

𝐼 (𝑡))
})

 

𝑂(𝑡) = 𝑂(0) + ∫  
𝑡

0

 𝑑𝑡1𝒞𝑡1
𝑂(𝑡1) + ∫  

𝑡

0

 𝑑𝑡1ℒ𝑡1
𝑂(𝑡1)  

𝑂(𝑡) = 𝑂(0) + ∫  
𝑡

0

 𝑑𝑡1𝒞𝑡1
𝑂(0) + ∫  

𝑡

0

 𝑑𝑡1ℒ𝑡1
𝑂(0) + ∫  

𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2𝒞𝑡1
𝒞𝑡2

𝑂(𝑡2)

+ ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2𝒞𝑡1
ℒ𝑡2

𝑂(𝑡2) + ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2ℒ𝑡1
𝒞𝑡2

𝑂(𝑡2) + ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2ℒ𝑡1
ℒ𝑡2

𝑂(𝑡2)
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𝑂(𝑡) = 𝑂 + ∫  
𝑡

0

 𝑑𝑡1𝒞𝑡1
𝑂 + ∫  

𝑡

0

 𝑑𝑡1ℒ𝑡1
𝑂 + ∫  

𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2𝒞𝑡1
𝒞𝑡2

𝑂 + ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2𝒞𝑡1
ℒ𝑡2

𝑂

 + ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2ℒ𝑡1
𝒞𝑡2

𝑂 + ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3𝒞𝑡1
𝒞𝑡2

ℒ𝑡3
𝑂

 + ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3𝒞𝑡1
ℒ𝑡2

𝒞𝑡3
𝑂 + ∫  

𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3ℒ𝑡1
𝒞𝑡2

𝒞𝑡3
𝑂

 

⟨𝑎𝐤𝜈
† 𝑎𝐤𝜈𝜈⟩

𝑡
= Tr[(𝑎𝐤𝜈

† 𝑎𝐤𝜈)(𝑡)𝜌]  

⟨𝑎𝐤𝜇
† 𝑎𝐤𝜇⟩

𝑡
= 𝐴1 + 𝐴2 + 𝐴3  

𝐴1: = ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2Tr[𝜌𝑖ℒ𝑡1
𝒞𝑡2

𝑎𝐤𝜈
† 𝑎𝐤𝜈]

𝐴2: = ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3Tr[𝜌𝑖𝒞𝑡1
ℒ𝑡2

𝒞𝑡3
𝑎𝐤𝜈

† 𝑎𝐤𝜈]

𝐴3: = ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3Tr[𝜌𝑖ℒ𝑡1
𝒞𝑡2

𝒞𝑡3
𝑎𝐤𝜈

† 𝑎𝐤𝜈]

 

𝑑

𝑑𝑡
𝐴3 =

1

ℏ2𝜔𝑘
2

4𝜋𝐺

ℏ
(

𝛼𝑘
2ℏ2

(2𝜋)3) [∑  

𝑛

 
𝑒𝑛

2

𝑅0𝑛
10 (2 ∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
(𝑒

−
𝑦2+𝒙2

2𝑅0𝑛
2

(𝜖 𝒌,𝜈 ⋅ 𝒚)(𝜖 𝒌,𝜈 ⋅ 𝒙)))]  

𝑑

𝑑𝜔𝑘
Γ𝑡 =

𝑘2

𝑐
∑  

𝜈

 ∫  𝑑Ω𝑘

𝑑

𝑑𝑡
𝐴3  

∫  𝑑Ω𝑘 ∑  

𝜈

𝜖𝐤𝜈
𝑖 𝜖𝐤𝜈

𝑗
=

8

3
𝜋𝛿𝑖𝑗 

𝑑

𝑑𝜔𝑘
Γ𝑡 =

𝑘2

𝑐

1

ℏ2𝜔𝑘
2

4𝜋𝐺

ℏ
(

𝛼𝑘
2ℏ2

(2𝜋)3) 2 (
8

3
𝜋) [∑  

𝑛

 
𝑒𝑛

2

𝑅0𝑛
10 (∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
𝑒

−
𝑦2+𝑥2

2𝑅0𝑛
2

𝒚 ⋅ 𝒙)]. 

∫  𝑑𝒙 ∫  𝑑𝒚
1

|𝒙 − 𝒚|
𝑒

−
𝑦2+𝑥2

2𝑅0𝑛
2

𝒚 ⋅ 𝒙 = 4𝜋5/2𝑅0𝑛
7  

𝑑

𝑑𝜔𝑘
Γ𝑡 =

2𝐺

3𝜋3/2𝜀0𝑐3𝜔𝑘
[∑  

𝑛

 
𝑒𝑛

2

𝑅0𝑛
3 ]  

𝑑

𝑑𝜔𝑘
Γ𝑡 =

2𝐺𝑒2

3𝜋3/2𝜀0𝑐3𝜔𝑘
[

𝑁

𝑅0𝑒
3 +

𝑁2

𝑅0
3]  

𝑑

𝑑𝜔𝑘
Γ𝑡 =

2𝐺𝑒2𝑁2𝑁𝐴

3𝜋3/2𝜀0𝑐3𝑅0
3𝜔𝑘

 

𝐻INT(𝑡) = 𝐻1(𝑡) + 𝐻2(𝑡)  
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𝑨(𝒙, 𝑡) = ∫  𝑑𝒌 ∑  

𝜈

 𝛼𝑘[𝜖 𝒌,𝜈𝑎𝒌,𝜈𝑒𝑖𝒌⋅𝒙+𝑖𝜔𝑘𝑡 + 𝜖 𝒌,𝜈𝑎𝒌,𝜈
† 𝑒−𝑖𝒌⋅𝒙−𝑖𝜔𝑘𝑡]  

𝐻1(𝑡): = ∑  

𝑗

 (−
𝑒𝑗

𝑚𝑗
) 𝑨(𝒙𝑗(𝑡), 𝑡) ⋅ 𝒑𝑗(𝑡) = ∫  𝑑𝒌 ∑  

𝜈

  (𝑅𝒌,𝜈(𝑡)𝑎𝒌,𝜈 + 𝑅𝒌,𝜈
† (𝑡)𝑎𝒌,𝜈

† )  

𝑅𝒌,𝜈(𝑡): = −𝛼𝑘𝑒+𝑖𝜔𝑘𝑡 ∑  

𝑁𝑝

𝑗=1

 
𝑒𝑗

𝑚𝑗
𝜖 𝒌,𝜈 ⋅ 𝒑𝑗(𝑡)𝑒

𝑖𝒌⋅𝒙𝑗(𝑡)  

𝐻2(𝑡) = ∑  

𝑗

 
𝑒𝑗

2

2𝑚𝑗
𝑨2(𝒙𝑗(𝑡), 𝑡)  

𝒞𝑡𝑎𝐤𝜈
† 𝑎𝐤𝜈 =

𝑖

ℏ
[𝐻INT(𝑡), 𝑎𝐤𝜈

† 𝑎𝐤𝜈] = 𝑎𝐤𝜈
† 𝒞𝑡𝑎𝐤𝜈 + 𝒞𝑡[𝑎𝐤𝜈

† ]𝑎𝐤𝜈  

𝒞𝑡𝑎𝐤𝜈 =
𝑖

ℏ
[𝐻1(𝑡), 𝑎𝐤𝜈] = −

𝑖

ℏ
𝑅𝐤,𝜈

† (𝑡)  

𝒞𝑡[𝑎𝐤𝜈
† ] = (𝒞𝑡𝑎𝐤𝜈)† =

𝑖

ℏ
𝑅𝐤,𝜈(𝑡)  

𝒞𝑡𝑎𝐤𝜈
† 𝑎𝐤𝜈 = −

𝑖

ℏ
𝑎𝐤𝜈

† 𝑅𝒌,𝜈
† (𝑡) +

𝑖

ℏ
𝑅𝒌,𝜈(𝑡)𝑎𝐤𝜈  

𝒞𝑡2
𝒞𝑡3

𝑎𝐤𝜈
† 𝑎𝐤𝜈 = 𝒞𝑡2

(𝑎𝐤𝜈
† 𝒞𝑡3

𝑎𝐤𝜈 + 𝒞𝑡3
[𝑎𝐤𝜈

† ]𝑎𝐤𝜈)

= 𝒞𝑡2
[𝑎𝐤𝜈

† ]𝒞𝑡3
[𝑎𝐤𝜈] + 𝒞𝑡3

[𝑎𝐤𝜈
† ]𝒞𝑡2

[𝑎𝐤𝜈] =
1

ℏ2
(𝑅𝒌,𝜈(𝑡2)𝑅𝐤,𝜈

† (𝑡3) + 𝑅𝒌,𝜈(𝑡3)𝑅𝐤,𝜈
† (𝑡2))

 

∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3𝒞𝑡2
𝒞𝑡3

𝑎𝐤𝜈
† 𝑎𝐤𝜈 =

1

ℏ2
∫  

𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3 (𝑅𝒌,𝜈(𝑡2)𝑅𝒌,𝜈
† (𝑡3) + 𝑅𝒌,𝜈(𝑡3)𝑅𝒌,𝜈

† (𝑡2)) =

1

ℏ2
∫  

𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3𝑅𝒌,𝜈(𝑡2)𝑅𝒌,𝜈
† (𝑡3) +

1

ℏ2
∫  

𝑡1

0

 𝑑𝑡3 ∫  
𝑡1

𝑡3

 𝑑𝑡2𝑅𝒌,𝜈(𝑡3)𝑅𝒌,𝜈
† (𝑡2) =

=
1

ℏ2
∫  

𝑡1

0

 𝑑𝑡2 ∫  
𝑡1

0

 𝑑𝑡3𝑅𝒌,𝜈(𝑡2)𝑅𝒌,𝜈
† (𝑡3)

 

𝐴3 = ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡1

0

 𝑑𝑡3Tr [𝜌𝑔 (
1

ℏ2
∫  𝑑𝑸 ∑  

𝑛,𝑛′

  Γ̃𝑛,𝑛′(𝑸) [𝑒
−

𝑖
ℏ
𝑄⋅𝑥

𝑛′(𝑡1)
𝑅𝒌,𝜈(𝑡2)𝑅𝒌,𝜈

† (𝑡3)𝑒
𝑖
ℏ
𝑄⋅𝒙𝑛(𝑡1)

−
1

2
{𝑅𝒌,𝜈(𝑡2)𝑅𝑘,𝜈

† (𝑡3), 𝑒
−

𝑖
ℏ
𝑄⋅(𝑥

𝑛′(𝑡1)−𝒙𝑛(𝑡1))
}])]

 

𝑅𝒌,𝜈(𝑡2)𝑅𝒌,𝜈
† (𝑡3)

= 𝛼𝑘
2𝑒+𝑖𝜔𝑘(𝑡2−𝑡3) ∑  

𝑗,𝑗′

𝑒𝑗𝑒𝑗′

𝑚𝑗𝑚𝑗′
(𝜖 𝒌,𝜈 ⋅ 𝒑𝑗(𝑡2)𝑒𝑖𝒌⋅𝒙𝑗(𝑡2)) (𝜖 𝒌,𝜈

⋅ 𝒑𝑗′(𝑡3)𝑒
−𝑖𝒌⋅𝒙

𝑗′(𝑡3)
) 
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𝑇1∶= ∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡1

0

 𝑑𝑡3⟨𝑔|𝑒−
𝑖
ℏ
𝑄⋅𝑥

𝑛′(𝑡1)
𝑅𝑘,𝜈(𝑡2)𝑅𝑘,𝜈

† (𝑡3)𝑒
𝑖
ℏ
𝑄⋅𝑥𝑛(𝑡1)

|𝑔⟩ =

 = ∑  

𝑓

  ⟨𝑔|𝑒
−

𝑖
ℏ
𝑄⋅𝑥

𝑛′(𝑡1)
(∫  

𝑡1

0

 𝑑𝑡2𝑅𝑘,𝜈(𝑡2)) |𝑓⟩⟨𝑓| (∫  
𝑡1

0

 𝑑𝑡3𝑅𝑘,𝜈
† (𝑡3)) 𝑒

𝑖
ℏ
𝑄⋅𝑥𝑛(𝑡1)

|𝑔⟩

 

 ⟨𝑔|𝑒
−

𝑖
ℏ
𝑄⋅𝑥

𝑛′(𝑡1)
(∫  

𝑡1

0

 𝑑𝑡2𝑅𝑘,𝜈(𝑡2)) |𝑓⟩ = ∫  
𝑡1

0

 𝑑𝑡2 ∑  

𝐸

  ⟨𝑔|𝑒
−

𝑖
ℏ
𝑄⋅𝑥

𝑛′(𝑡1)
|𝐸⟩⟨𝐸|𝑅𝑘,𝜈(𝑡2)|𝑓⟩ =

 = ∑  

𝐸

  𝑒
−

𝑖
ℏ(𝐸𝑔−𝐸)𝑡1 (∫  

𝑡1

0

 𝑑𝑡2𝑒
−

𝑖
ℏ(𝐸−𝐸𝑓−ℏ𝜔𝑘)𝑡2) ⟨𝑔|𝑒

−
𝑖
ℏ
𝑄⋅𝑥

𝑛′ |𝐸⟩⟨𝐸|𝑅𝑘,𝜈(0)|𝑓⟩ =

 = ∑  

𝐸

 (
𝑒

−
𝑖
ℏ(𝐸𝑔−𝐸𝑓−ℏ𝜔𝑘)𝑡1 − 𝑒

−
𝑖
ℏ(𝐸𝑔−𝐸)𝑡1

−
𝑖
ℏ

(𝐸 − 𝐸𝑓 − ℏ𝜔𝑘)
) ⟨𝑔|𝑒

−
𝑖
ℏ
𝑄⋅𝑥

𝑛′ |𝐸⟩⟨𝐸|𝑅𝑘,𝜈(0)|𝑓⟩

 

∫  
𝑡1

0

 𝑑𝑡2𝑒
−

𝑖
ℏ(𝐸−𝐸𝑓−ℏ𝜔𝑘)𝑡2 ⟶ ∫  

𝑡1

−∞

 𝑑𝑡2𝑒
−

𝑖
ℏ(𝐸−𝐸𝑓−ℏ𝜔𝑘)𝑡2+𝜖𝑡2 =

𝑒[−
𝑖
ℏ(𝐸−𝐸𝑓−ℏ𝜔𝑘)+𝜖]𝑡1

𝜖 −
𝑖
ℏ

(𝐸 − 𝐸𝑓 − ℏ𝜔𝑘)
 

 ⟨𝑔|𝑒−
𝑖
ℏ
𝑄⋅𝑥

𝑛′(𝑡1)
∫  

𝑡1

0

 𝑑𝑡2𝑅𝑘,𝜈(𝑡2)|𝑓⟩ = ∑  

𝐸

 (
𝑒

[−
𝑖
ℏ(𝐸𝑔−𝐸𝑓−ℏ𝜔𝑘)+𝜖]𝑡1

𝜖 −
𝑖
ℏ (𝐸 − 𝐸𝑓 − ℏ𝜔𝑘)

) ⟨𝑔|𝑒−
𝑖
ℏ
𝑄⋅𝑥

𝑛′ |𝐸⟩⟨𝐸|𝑅𝑘,𝜈(0)|𝑓⟩

 ≃
𝑒

[−
𝑖
ℏ(𝐸𝑔−𝐸𝑓−ℏ𝜔𝑘)+𝜖]𝑡1

𝜖 + 𝑖𝜔𝑘
⟨𝑔|𝑒

−
𝑖
ℏ
𝑄⋅𝑥

𝑛′𝑅𝑘,𝜈(0)|𝑓⟩

 

𝑇1 = ∑  

𝑓

 
𝑒2𝜖𝑡1

𝜖2 + 𝜔𝑘
2 ⟨𝑔|𝑒

−
𝑖
ℏ
𝑄⋅𝑥

𝑛′𝑅𝒌,𝜈(0)|𝑓⟩⟨𝑓|𝑅𝒌,𝜈
† (0)𝑒

𝑖
ℏ
𝑸⋅𝑥𝑛(𝑡1)

|𝑔⟩

 =
𝑒2𝜖𝜖1

𝜖2 + 𝜔𝑘
2 ⟨𝑔|𝑒−

𝑖
ℏ
𝑄⋅𝑥

𝑛′𝑅𝒌,𝜈(0)𝑅𝒌,𝜈
† (0)𝑒

𝑖
ℏ
𝑄⋅𝑥𝑛(𝑡1)

|𝑔⟩.

 

𝑑

𝑑𝑡
𝐴3 = lim

𝜖→0
 
𝑑

𝑑𝑡
∫  

𝑡

−∞

 𝑑𝑡1

𝑒3𝜖𝑡1

𝜖2 + 𝜔𝑘
2

1

ℏ2
Tr[𝜌𝑔𝑋] = lim

𝜖→0
 

𝑒3𝜖𝑡

𝜖2 + 𝜔𝑘
2

1

ℏ2
Tr[𝜌𝑔𝑋] =

1

ℏ2𝜔𝑘
2 Tr[𝜌𝑔𝑋]  

𝑋: = ∫  𝑑𝑸 ∑  

𝑛,𝑛′

  Γ̃𝑛,𝑛′(𝑸) [𝑒
−

𝑖
ℏ
𝑸⋅𝒙

𝑛′𝑅𝒌,𝜈(0)𝑅𝒌,𝜈
† (0)𝑒

𝑖
ℏ
𝑸⋅𝒙𝑛 −

1

2
{𝑅𝒌,𝜈(0)𝑅𝒌,𝜈

† (0), 𝑒−
𝑖
ℏ
𝑸⋅(𝒙

𝑛′−𝒙𝑛)}]  

𝑋 =
8𝜋𝐺

ℏ
∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
(𝑀(𝒙)𝑅𝒌,𝜈(0)𝑅𝒌,𝜈

† (0)𝑀(𝒚) −
1

2
{𝑀(𝒙)𝑀(𝒚), 𝑅𝒌,𝜈(0)𝑅𝒌,𝜈

† (0)})

 = −
4𝜋𝐺

ℏ
∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
[𝑀(𝒚), [𝑀(𝒙), 𝑅𝒌,𝜈(0)𝑅𝑘,𝜈

† (0)]]

 

𝑀(𝒙) = ∑  

𝑛

 𝜇𝑛(𝒙, 𝒙𝑛) = ∑  

𝑛

 𝑚𝑛

1

(2𝜋𝑅0𝑛
2 )

3
2

𝑒
−

(𝒙−𝒙𝑛)2

2𝑅0𝑛
2

: = ∑  

𝑛

 𝑚𝑛𝑔𝑛(𝒙)  
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𝑅𝑘,𝜈(0)𝑅𝑘,𝜈
† (0) = 𝛼𝑘

2 ∑  

𝑁𝑝

𝑗,𝑗′=1

 
𝑒𝑗𝑒𝑗′

𝑚𝑗𝑚𝑗′
(𝜖 𝒌,𝜈 ⋅ 𝒑𝑗𝑒

𝑖𝒌⋅𝑥𝑗) (𝜖 𝒌,𝜈 ⋅ 𝒑𝑗′𝑒
−𝑖𝒌⋅𝑥

𝑗′)

 = 𝛼𝑘
2 ∑  

𝑁𝑝

𝑗,𝑗′=1

 
𝑒𝑗𝑒𝑗′

𝑚𝑗𝑚𝑗′
𝑒

𝑖𝒌⋅(𝒙𝑗−𝒙
𝑗′)(𝜖 𝒌,𝜈 ⋅ 𝒑𝑗)(𝜖 𝒌,𝜈 ⋅ 𝒑𝑗′),

 

 

𝑋 = −
4𝜋𝐺𝛼𝑘

2

ℏ
∑  

𝑛,𝑛′,𝑗,𝑗′

 
𝑚𝑛′𝑚𝑛𝑒𝑗𝑒𝑗′

𝑚𝑗𝑚𝑗′
∫  𝑑𝒙 ∫  𝑑𝒚

[𝑔𝑛′(𝒚), [𝑔𝑛(𝒙), 𝑒
𝑖𝒌⋅(𝒙𝑗−𝒙

𝑗′)(𝜖 𝒌,𝜈 ⋅ 𝒑𝑗)(𝜖 𝒌,𝜈 ⋅ 𝒑𝑗′)]]

|𝒙 − 𝒚|

 = −
4𝜋𝐺𝛼𝑘

2

ℏ
∑  

𝑛,𝑛′,𝑗,𝑗′

 
𝑚𝑛′𝑚𝑛𝑒𝑗𝑒𝑗′

𝑚𝑗𝑚𝑗′
𝑒

𝑖𝒌⋅(𝒙𝑗−𝒙
𝑗′) ∫  𝑑𝒙 ∫  𝑑𝒚

[𝑔𝑛′(𝒚), [𝑔𝑛(𝒙), (𝜖 𝒌,𝜈 ⋅ 𝒑𝑗)(𝜖 𝒌,𝜈 ⋅ 𝒑𝑗′)]]

|𝒙 − 𝒚|

 

𝐶 ∶= [𝑔𝑛′(𝒚), [𝑔𝑛(𝒙), (𝜖 𝒌,𝜈 ⋅ 𝒑𝑗)(𝜖 𝒌,𝜈 ⋅ 𝒑𝑗′)]]

 = [𝑔𝑛′(𝒚), (𝜖 𝒌,𝜈 ⋅ 𝒑𝑗)][𝑔𝑛(𝒙), (𝜖 𝒌,𝜈 ⋅ 𝒑𝑗′)] + [𝑔𝑛(𝒙), (𝜖 𝒌,𝜈 ⋅ 𝒑𝑗)][𝑔𝑛′(𝒚), (𝜖 𝒌,𝜈 ⋅ 𝒑𝑗′)]
 

[𝑔𝑛(𝒙), (𝜖 𝒌,𝜈 ⋅ 𝒑𝑗)] =
𝜖 𝒌,𝜈

(2𝜋𝑅0𝑛
2 )

3
2

⋅ [𝑒
−

(𝑥−𝒙𝑛)2

2𝑅0𝑛
2

, 𝒑𝑗] =
𝜖 𝒌,𝜈

(2𝜋𝑅0𝑛
2 )

3
2

⋅ (𝑖ℏ∇𝑗𝑒
−

(𝒙−𝒙𝑛)2

2𝑅0𝑛
2

)

 = 𝛿𝑗𝑛𝑖ℏ (𝜖 𝒌,𝜈 ⋅ (𝒙 − 𝒙𝑛))
𝑒

−
(𝒙−𝒙𝑛)2

2𝑅0𝑛
2

(2𝜋)3/2𝑅0𝑛
5

 

𝐶 = −
ℏ2(𝛿𝑗𝑛′𝛿𝑗′𝑛 + 𝛿𝑗𝑛𝛿𝑗′𝑛′)

(2𝜋)3𝑅0𝑛′
5 𝑅0𝑛

5
(𝑒

−
(𝒚−𝒙

𝑛′)
2

2𝑅0𝑛′
−

(𝒙−𝒙𝑛)2

2𝑅0𝑛
2

(𝜖 𝒌,𝜈 ⋅ (𝒙 − 𝒙𝑛)) (𝜖 𝒌,𝜈 ⋅ (𝒚 − 𝒙𝑛′)))  

𝑋 =
4𝜋𝐺𝛼𝑘

2

ℏ
(

ℏ2

(2𝜋)3) ∑  

𝑛,𝑛′

 
𝑒𝑛′𝑒𝑛

𝑅0𝑛′
5 𝑅0𝑛

5
{2cos [𝒌 ⋅ (𝒙𝑛 − 𝒙𝑛′)] ×

× ∫  𝑑𝒙 ∫  𝑑𝒚
1

|𝒙 − 𝒚|
[𝑒

−
(𝑦−𝒙′)

2

2𝑅
0𝑛′
2 −

(𝑥−𝑥𝑛)2

2𝑅0𝑛
2

(𝜖 𝒌,𝜈 ⋅ (𝒙 − 𝒙𝑛)) (𝜖 𝒌,𝜈 ⋅ (𝒚 − 𝒙𝑛′))]} .

 

Tr[𝜌𝑔𝑋] ≃
4𝜋𝐺

ℏ
(

𝛼𝑘
2ℏ2

(2𝜋)3) [∑  

𝑛

 
𝑒𝑛

2

𝑅0𝑛
10 (2 ∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
(𝑒

−
𝑦2+𝑥2

2𝑅0𝑛
2

(𝜖 𝒌,𝜈 ⋅ 𝒚)(𝜖 𝒌,𝜈

⋅ 𝒙)))]. 
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𝑑

𝑑𝑡
𝐴3 =

1

ℏ2𝜔𝑘
2

4𝜋𝐺

ℏ
(

𝛼𝑘
2ℏ2

(2𝜋)3) [∑𝑛  
𝑒𝑛

2

𝑅0𝑛
10 (2∫ 𝑑𝒙∫ 𝑑𝒚

1

|𝒙 − 𝒚|
(𝑒

−
𝑦2+𝑥2

2𝑅0𝑛
2

(𝜖 𝒌,𝜈 ⋅ 𝒚)(𝜖 𝒌,𝜈 ⋅ 𝒙)))] 

 

𝐴2: = ∫  
𝑡

0

 𝑑𝑡1 ∫  
𝑡1

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3Tr[𝜌𝑖𝒞𝑡1
ℒ𝑡2

𝒞𝑡3
𝑎𝐤𝜈

† 𝑎𝐤𝜈]  

𝒞𝑡1
ℒ𝑡2

𝒞𝑡3
𝑎𝐤𝜈

† 𝑎𝐤𝜈 = −
𝑖

ℏ
𝒞𝑡1

(𝑎𝐤𝜈
† ℒ𝑡2

[𝑅𝒌,𝜈
† (𝑡3)]) +

𝑖

ℏ
𝒞𝑡1

(ℒ𝑡2
[𝑅𝐤,𝜈(𝑡3)]𝑎𝐤𝜈𝜈)  

ℒ𝑡𝑂
† = [ℒ𝑡𝑂]†

𝒞𝑡𝑂
† =

𝑖

ℏ
[𝐻1(𝑡), 𝑂†] = (−

𝑖

ℏ
[𝑂, 𝐻1(𝑡)])

†

= (𝒞𝑡𝑂)†
 

𝒞𝑡1
ℒ𝑡2

𝒞𝑡3
𝑎𝐤𝜈

† 𝑎𝐤𝜈 =
𝑖

ℏ
𝒞𝑡1

(ℒ𝑡2
[𝑅𝐤,𝜈(𝑡3)]𝑎𝐤𝜈) +  H.c  

𝒞𝑡1
(ℒ𝑡2

[𝑅𝒌,𝜈(𝑡3)]𝑎𝐤𝜈) = 𝒞𝑡1
(ℒ𝑡2

[𝑅𝒌,𝜈(𝑡3)])𝑎𝐤𝜈 + ℒ𝑡2
[𝑅𝒌,𝜈(𝑡3)] (−

𝑖

ℏ
𝑅𝑘,𝜈

† (𝑡1))  

𝒞𝑡1
ℒ𝑡2

𝒞𝑡3
𝑎𝐤𝜈

† 𝑎𝐤𝜈 =
1

ℏ2
∫  𝑑𝑸 ∑  

𝑛,𝑛′

  Γ̃𝑛,𝑛′(𝑸) (𝑒−
𝑖
ℏ
𝑄⋅𝒙

𝑛′(𝑡2)
𝑅𝒌,𝜈(𝑡3)𝑒

𝑖
ℏ
𝑄⋅𝑥𝑛(𝑡2)

−
1

2
{𝑅𝑘,𝜈(𝑡3), 𝑒

−
𝑖
ℏ
𝑄⋅(𝑥

𝑛′(𝑡2)−𝑥𝑛(𝑡2))
}) (𝑅𝒌,𝜈

† (𝑡1)) + 𝐻. 𝑐

 

𝑑

𝑑𝑡
𝐴2∶=

1

ℏ2
∫  𝑑𝑸 ∑  

𝑛,𝑛′

  Γ̃𝑛,𝑛′(𝑸) ∫  
𝑡

0

 𝑑𝑡2 ∫  
𝑡2

0

 𝑑𝑡3⟨𝑔| (𝑒−
𝑖
ℏ
𝑸⋅𝒙

𝑛′(𝑡2)
𝑅𝑘,𝜈(𝑡3)𝑒

𝑖
ℏ
𝑄⋅𝒙𝑛(𝑡2)

−
1

2
{𝑅𝒌,𝜈(𝑡3), 𝑒

−
𝑖
ℏ
𝑸⋅(𝒙

𝑛′(𝑡2)−𝒙𝑛(𝑡2))
}) (𝑅𝑘,𝜈

† (𝑡))|𝑔⟩ + 𝐻. 𝑐

 

 ∫  
𝑡

−∞

 𝑑𝑡2𝑒𝜖𝑡2 ∫  
𝑡2

−∞

 𝑑𝑡3𝑒𝜖𝑡3 ∑  

𝑓,𝐸,𝐸′

  ⟨𝑔|𝑒−
𝑖
ℏ
𝑄⋅𝑥

𝑛′(𝑡2)|𝐸′⟩⟨𝐸′|𝑅𝑘,𝜈(𝑡3)|𝐸⟩⟨𝐸|𝑒
𝑖
ℏ
𝑄⋅𝑥𝑛(𝑡2)

|𝑓⟩⟨𝑓|𝑅𝑘,𝜈
† (𝑡)|𝑔⟩ =

 = ∑  

𝑓,𝐸,𝐸′

 ∫  
𝑡

−∞

 𝑑𝑡2𝑒
[−

𝑖
ℏ(𝐸𝑔−𝐸′+𝐸−𝐸𝑓)𝑡2+𝜖𝑡2]

∫  
𝑡2

−∞

 𝑑𝑡3𝑒
[−

𝑖
ℏ(𝐸′−𝐸−ℏ𝜔𝑘)𝑡3+𝜖𝑡3]

𝑒
−

𝑖
ℏ(𝐸𝑓+ℏ𝜔𝑘−𝐸𝑔)𝑡

×

 × ⟨𝑔|𝑒−
𝑖
ℏ
𝑄⋅𝑥

𝑛′|𝐸′⟩⟨𝐸′|𝑅𝑘,𝜈(0)|𝐸⟩⟨𝐸|𝑒
𝑖
ℏ

𝑄⋅𝑥𝑛|𝑓⟩⟨𝑓|𝑅𝑘,𝜈
† (0)|𝑔⟩=

 = − ∑  

𝑓,𝐸,𝐸′

 
ℏ2𝑒2𝑡𝜖

[𝐸 − 𝐸′ + ℏ(𝜔𝑘 − 𝑖𝜖)][𝐸𝑓 − 𝐸𝑔 + ℏ(𝜔𝑘 − 2𝑖𝜖)]
×

 × ⟨𝑔|𝑒−
𝑖
ℏ
𝑄⋅𝑥

𝑛′|𝐸′⟩⟨𝐸′|𝑅𝑘,𝜈(0)|𝐸⟩⟨𝐸|𝑒
𝑖
ℏ

𝑄⋅𝑥𝑛|𝑓⟩⟨𝑓|𝑅𝑘,𝜈
† (0)|𝑔⟩≃

 ≃ −
𝑒2𝑡𝜖

[(𝜔𝑘 − 𝑖𝜖)][(𝜔𝑘 − 2𝑖𝜖)]
⟨𝑔|𝑒−

𝑖
ℏ
𝑄⋅𝑥

𝑛′𝑅𝑘,𝜈(0)𝑒
𝑖
ℏ
𝑄⋅𝑥𝑛𝑅𝑘,𝜈

† (0)|𝑔⟩ →

𝜖 → 0            ⟶ −
1

𝜔𝑘
2 ⟨𝑔|𝑒−

𝑖
ℏ
𝑄⋅𝑥

𝑛′𝑅𝑘,𝜈(0)𝑒
𝑖
ℏ

𝑄⋅𝑥𝑛𝑅𝑘,𝜈
† (0)|𝑔⟩.
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𝑑

𝑑𝑡
𝐴2 ∶= −

1

ℏ2𝜔𝑘
2 ∫  𝑑𝑸 ∑  

𝑛,𝑛′

  Γ̃𝑛,𝑛′(𝑸)

 × ⟨𝑔| (𝑒
−

𝑖
ℏ
𝑸⋅𝒙

𝑛′𝑅𝒌,𝜈(0)𝑒
𝑖
ℏ
𝑸⋅𝒙𝑛 −

1

2
{𝑅𝒌,𝜈(0), 𝑒

−
𝑖
ℏ
𝑸⋅(𝒙

𝑛′−𝒙𝑛)
}) 𝑅𝒌,𝜈

† (0)|𝑔⟩ + 𝐻. 𝑐

 

 ∫  𝑑𝑸 ∑  

𝑛,𝑛′

  Γ̃𝑛,𝑛′(𝑸) (𝑒
−

𝑖
ℏ
𝑄⋅𝒙

𝑛′𝑅𝒌,𝜈(0)𝑒
𝑖
ℏ
𝑄⋅𝒙𝑛 −

1

2
{𝑅𝒌,𝜈(0), 𝑒

−
𝑖
ℏ
𝑄⋅(𝒙

𝑛′−𝒙𝑛)
})

 = −
4𝜋𝐺

ℏ
∫  𝑑𝒙 ∫  𝑑𝒚

1

|𝒙 − 𝒚|
[𝑀(𝒚), [𝑀(𝒙), 𝑅𝑘,𝜈(0)]]

 

d

 d𝑡
𝜌̂(𝑡) = −

𝑖

ℏ
[𝐻̂𝑁, 𝜌̂(𝑡)] + 𝒟[𝜌̂(𝑡)]  

𝒟[𝜌̂(𝑡)] = −
4𝜋𝐺

ℏ
∫   d𝐫 ∫   d𝐫′

1

|𝐫 − 𝐫′|
[𝜇̂(𝐫′), [𝜇̂(𝐫), 𝜌̂(𝑡)]]  

𝜇̂(𝐫) = ∑  

𝑁

𝑖=1

 
𝑚𝑖

(2𝜋𝑅eff,𝑖
2 )

3/2
𝑒

−
(𝐫−𝑥̂𝑖)

2

2𝑅eff,𝑖
2

 

⟨𝐱|𝜌̂CM(𝑡)|𝐲⟩ ≃ ⟨𝐱|𝜌̂CM(0)|𝐲⟩exp [−𝑡/𝜏(𝐱 − 𝐲)]  

Δ𝐸(𝐝) = −8𝜋𝐺 ∫   d𝐫 ∫   d𝐫′
𝜇(𝐫)[𝜇(𝐫′ + 𝐝) − 𝜇(𝐫′)]

|𝐫 − 𝐫′|
 

Δ𝐸(𝐝) = 8𝜋𝐺𝑚2 ∑  

𝑁

𝑖=1

 ∑  

𝑁

𝑗=1

 𝑓(𝐫𝑖𝑗, 𝑅0, 𝐝)  

𝑓(𝐫𝑖𝑗, 𝑅0, 𝐝) =
erf (

𝑟𝑖𝑗

2𝑅eff 
)

𝑟𝑖𝑗
−

erf (
|𝐝 − 𝐫𝑖𝑗|

2𝑅eff 
)

|𝐝 − 𝐫𝑖𝑗|

 

∑  

𝑁

𝑖=1

 ∑  

𝑁

𝑗=1

 𝑓(𝐫𝑖𝑗, 𝑅0, 𝐝) = ∑  

𝐫∈𝒟

 𝜔(𝐫)𝑓(𝐫, 𝑅0, 𝐝)  

𝒟 = {|𝑛1𝐚1 + 𝑛2𝐚2|, donde 𝑛𝑖 ∈ [−(𝑁𝑖 − 1), (𝑁𝑖 − 1)]} 

𝜔(𝑛1, 𝑛2) = (𝑁1 − |𝑛1|)(𝑁2 − |𝑛2|)  

∑  

𝑁1−1

𝑛1=−(𝑁1−1)

  ∑  

𝑁2−1

𝑛2=−(𝑁2−1)

 𝜔(𝑛1, 𝑛2)𝑓(𝑛1𝐚1 + 𝑛2𝐚2, 𝑅0, 𝐝)  

𝒟[𝜌̂CM(𝑡)] = −
8𝜋𝐺

ℏ
∫  

𝑡

0

  d𝑠 ∫   d𝐫 ∫   d𝐫′
𝑓(𝑡 − 𝑠)

|𝐫 − 𝐫′|

×[𝜇̂(𝐫′), [𝑒
𝑖
ℏ
𝐻̂𝑁(𝑠−𝑡)𝜇̂(𝐫)𝑒−

𝑖
ℏ
𝐻̂𝑁(𝑠−𝑡), 𝜌̂CM(𝑡)]]
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𝜏(𝐝, 𝑡) =
ℏ

Δ𝐸(𝐝)

𝑡

𝑔(𝑡)
 

𝑔(𝑡 > 0) = 𝑡 [1 −
1

ΩC𝑡
(1 − 𝑒−ΩC𝑡)]  

𝐱̂𝑖 = 𝐱̂ + 𝐱𝑖
(0)

 

𝒟[𝜌̂(𝑡)] = −
4𝜋𝐺

ℏ
∫   d𝐫 ∫   d𝐫′

1

|𝐫 − 𝐫′|
[𝜇̂CM(𝐫′), [𝜇̂CM(𝐫), 𝜌̂CM]]  

𝜇̂CM(𝐫) = ∑  

𝑁

𝑖=1

 
𝑚𝑖

(2𝜋𝑅eff
2 )

3/2
exp [−

(𝐱̂ + 𝐱𝑖
(0)

− 𝐫)
2

2𝑅eff
2 ]  

𝜇̂CM(𝐫) = ∑  

𝑁

𝑖=1

 
𝑚𝑖

(2𝜋)3
∫   d𝐪𝑒

−𝑖𝐪⋅(𝐱̂+𝐱𝑖
(0)

−𝐫)
𝑒−𝑅eff

2 𝑞2/2  

𝒟[𝜌̂CM(𝑡)] =

 −
4𝜋𝐺

ℏ
∫   d𝐫 ∫   d𝐫′

1

|𝐫 − 𝐫′|
∑  

𝑁

𝑖,𝑗=1

 
𝑚𝑖𝑚𝑗

(2𝜋)6
∫   d𝐪 ∫   d𝐤𝑒−𝑅eff

2 (𝐪2+𝐤2)/2𝑒−𝑖𝐪⋅(𝐱𝑖
(0)

−𝐫′)
𝑒

−𝑖𝐤⋅(𝐱𝑗
(0)

−𝐫)
[𝑒−𝑖𝐪⋅𝐱̂, [𝑒−𝑖𝐤⋅𝐱̂, 𝜌̂(𝑡)]]

 

1

|𝐫 − 𝐫′|
=

1

2𝜋2
∫   d𝐩

𝑒−𝑖𝐩⋅(𝐫−𝐫′)

𝑝2
 

d𝜌̂CM(𝑡)

d𝑡
= −

𝑖

ℏ
[𝐻̂CM, 𝜌̂CM(𝑡)] + ∫  d𝐩𝐹(𝐩)(𝑒𝑖𝐩⋅𝐱̂𝜌̂CM(𝑡)𝑒−𝑖𝐩⋅𝐱̂ − 𝜌̂CM(𝑡))  

𝐹(𝐩) =
4𝐺

𝜋ℏ
∑  

𝑁

𝑖,𝑗=1

 𝑚𝑖𝑚𝑗

𝑒−𝑅eff
2 𝑝2

𝑝2
𝑒

𝑖𝐩⋅(𝐱𝑖
(0)

−𝐱𝑗
(0)

)
 

𝜒(𝝂, 𝝁, 𝑡) = Tr [𝜌̂CM(𝑡)𝑒
𝑖
ℏ
(𝝂⋅𝐱̂+𝝁⋅𝐩̂)

]  

d

 d𝑡
𝜒(𝝂, 𝝁, 𝑡) =

1

𝑀
𝝂 ⋅ ∇𝝁𝜒(𝝂, 𝝁, 𝑡) +

1

ℏ
(𝐸(𝝁) − 𝐸(𝟎))𝜒(𝝂, 𝝁, 𝑡)  

𝐸(𝝁) = ℏ ∫  d𝐩𝐹(𝐩)𝑒𝑖𝝁⋅𝐩  

𝜒(𝝂, 𝝁, 𝑡) = 𝜒0 (𝝂, 𝝁 + 𝝂
𝑡

𝑀
, 𝑡) exp [

1

ℏ
∫  

𝑡

0

  d𝜏 (𝐸 (𝝁 + 𝝂
𝜏

𝑀
) − 𝐸(𝟎))]  

d

 d𝑡
𝜒0(𝝂, 𝝁, 𝑡) =

1

𝑀
𝝂 ⋅ ∇𝝁𝜒0(𝝂, 𝝁, 𝑡)  

⟨𝐱|𝜌̂CM(𝑡)|𝐲⟩ =
1

(2𝜋ℏ)3
∫   d𝝂𝑒−

𝑖
2ℏ

𝝂⋅(𝐱+𝐲)𝜒(𝝂, 𝐱 − 𝐲, 𝑡)  
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⟨𝐱|𝜌̂CM(𝑡)|𝐲⟩ =
1

(2𝜋ℏ)3
∫   d𝝂 ∫   d𝐳𝑒

𝑖
ℏ
𝝂⋅𝐳⟨𝐳 + 𝐱|𝜌̂CM

QM(𝑡)|𝐳 + 𝐲⟩exp [
1

ℏ
∫  

𝑡

0

  d𝜏 (𝐸 (𝝂
𝜏

𝑀
+ 𝐱 − 𝐲) − 𝐸(𝟎))] 

𝐸(𝝁) = 8𝜋𝐺 ∑  

𝑁

𝑖,𝑗=1

 𝑚𝑖𝑚𝑗

erf (
|𝐱𝑖

(0)
− 𝐱𝑗

(0)
+ 𝝁|

2𝑅eff 
)

|𝐱𝑖
(0)

− 𝐱𝑗
(0)

+ 𝝁|

 

Δ𝐸(𝐝) = 8𝜋𝐺𝑚2 ∑  

𝑁

𝑖,𝑗=1

 

[
 
 
 
 erf (

𝑟𝑖𝑗

2𝑅eff 
)

𝑟𝑖𝑗
−

erf (
|𝐝 + 𝐫𝑖𝑗|

2𝑅eff 
)

|𝐝 + 𝐫𝑖𝑗|

]
 
 
 
 

 

𝜓(𝐱, 0) =
1

𝒩
[𝑒

−
1

2𝜎2(𝐱−𝐝/2)2

+ 𝑒
−

1
2𝜎2(𝐱+𝐝/2)2

]  

𝒩 = [2(√𝜋𝜎)3 (1 + 𝑒
−

𝑑2

4𝜎2)]

1/2

 

𝜓(𝐱, 𝑡) =
1

𝒩

(

 
𝜎

√𝜎2 +
𝑖ℏℏ
𝑀 )

 

3

(𝑒

−
(𝐱+d/2)2

2(𝜎2+
𝑖ℏ𝑡
𝑀

)
+ 𝑒

−
(𝐱−d/2)2

2(𝜎2+
𝑖ℏ𝑡
𝑀

)
)  

⟨𝐱|𝜌̂CM
QM(𝑡)|𝐲⟩ = 𝜓∗(𝐱, 𝑡)𝜓(𝐲, 𝑡) =

1

𝒩2

𝜎6 (𝑒

−
(𝐱+d/2)2

2(𝜎2−
𝑖ℏ𝑡
𝑀

)
+ 𝑒

−
(𝐱−d/2)2

2(𝜎2−
𝑖ℏ𝑡
𝑀

)
) (𝑒

−
(𝐲+d/2)2

2(𝜎2+
ℏ𝑡
𝑀

)
+ 𝑒

−
(𝐲−d/2)2

2(𝜎2+
𝑖ℏ𝑡
𝑀

)
)

(𝜎4 + (
ℎ𝑡
𝑀)

2

)

3/2

 

⟨−𝐝/2|𝜌̂CM(𝑡)|𝐝/2⟩ = 𝒦1 + 𝒦2 + 𝒦3,  donde  𝒦𝑗 = ∫  d𝝂𝑒−𝝂2
ℱ(𝐝/2, 𝝂)𝒢𝑗(𝐝/2, 𝝂)  

𝒦1 =
1

𝒩2 (
1

1 + (
ℏ𝑡

𝑀𝜎2)
2)

3/2

exp [(𝑓(𝐝) − 𝑓(0))𝑡],

𝒦2 = exp [−
𝑑2

𝜎2 (1 −
𝑡2ℏ2

𝑀2𝜎4 + 𝑡2ℏ2)] 𝒦1,

𝒦3 = 2exp (−
𝑑2

4𝜎2

2𝑀2𝜎4

𝑀2𝜎4 + 𝑡2ℏ2) cos (
𝑀𝜎2𝑡ℏ

𝑀2𝜎4 + 𝑡2ℏ2

𝑑2

2𝜎2) 𝒦1.

 

𝒦1=
1

𝒩2
exp [𝑓(𝐝) − 𝑓(𝟎))𝑡]

𝒦2 = 𝑒
−

𝑑2

𝜎2𝒦1

𝒦3 = 2𝑒
−

𝑑2

2𝜎2𝒦1
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⟨−𝐝/2|𝜌̂CM(𝑡)|𝐝/2⟩ =
1

𝒩2 (1 + 𝑒
−

𝑑2

2𝜎2)

2

exp [(𝑓(𝐝) − 𝑓(𝟎))𝑡]  

d

 d𝑡
𝜒(𝝂, 𝝁, 𝑡) = (𝑓(𝝁) − 𝑓(𝟎))𝜒(𝝂, 𝝁, 𝑡)  

𝜒(𝝂, 𝝁, 𝑡) = 𝜒(𝝂, 𝝁, 0)exp [(𝑓(𝐝) − 𝑓(𝟎))𝑡]  

⟨𝐱|𝜌̂CM(𝑡)|𝐲⟩ = ⟨𝐱|𝜌̂CM
QM

(0)|𝐲⟩exp [(𝑓(𝐝) − 𝑓(𝟎))𝑡]  

⟨𝐱|𝜌̂CM
QM(0)|𝐲⟩ = 𝜓∗(𝐱, 0)𝜓(𝐲, 0)  

𝑆1 = ∑  

𝑁

𝑖,𝑗=1

 
erf (

𝑟𝑖𝑗

2𝑅eff
)

𝑟𝑖𝑗
,

𝑆2 = ∑  

𝑁

𝑖,𝑗=1

 

erf (
| d + 𝐫𝑖𝑗|

2𝑅eff
)

|𝐝 + 𝐫𝑖𝑗|
,

 

∑  

𝑁

𝑖=1

 
erf (

𝑟𝑖𝑖
2𝑅eff

)

𝑟𝑖𝑖
⟶

𝑟𝑖𝑖→0
∑  

𝑁

𝑖=1

 
1

√𝜋𝑅eff

 

𝑆1 =
𝑁

√𝜋𝑅eff

+ ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
erf (

𝑟𝑖𝑗

2𝑅eff
)

𝑟𝑖𝑗
 

{
 

  para 1 ≤
𝑟𝑖𝑗

𝑅eff 

≤ 4,
1

2
< erf (

𝑟𝑖𝑗

2𝑅eff
) < 1

 para 4 ≤
𝑟𝑖𝑗

𝑅eff 

, erf (
𝑟𝑖𝑗

2𝑅eff 

) ∼ 1
 

∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

2

1

𝑟𝑖𝑗
≤ ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
erf (

𝑟𝑖𝑗

2𝑅eff 
)

𝑟𝑖𝑗
≤ ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑟𝑖𝑗
 

∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑟𝑖𝑗
= ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑎√(𝑛𝑥
𝑖 − 𝑛𝑥

𝑗
)

2
+ (𝑛𝑦

𝑖 − 𝑛𝑦
𝑗
)

2  

∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑟𝑖𝑗
≤ ∑  

𝑁

𝑖=1

  ∑  

√𝑁/2

𝑛𝑥
𝑗
,𝑛𝑦

𝑗
=−√𝑁/2

(𝑛𝑥
𝑗
,𝑛𝑦

𝑗
)≠(0,0)

 
1

𝑎√(𝑛𝑥
𝑗
)

2
+ (𝑛𝑦

𝑗
)

2
=

𝑁

𝑎
∑  

√𝑁/2

𝑛𝑥
𝑗
,𝑛𝑦

𝑗
=−√𝑁/2

(𝑛𝑥
𝑗
,𝑛𝑦

𝑗
)≠(0,0)

 
1

√(𝑛𝑥
𝑗
)

2
+ (𝑛𝑦

𝑗
)

2  

𝑁

𝑎
∫  

√𝑁/2

−√𝑁/2

  d𝑥 ∫  
√𝑁/2

−√𝑁/2

  d𝑦
1

√𝑥2 + 𝑦2
=

𝜂+𝑁√𝑁

𝑎
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𝐫𝑖𝑗 = 𝑎(−√𝑁/2 − 𝑛𝑥
𝑗
, −√𝑁/2 − 𝑛𝑦

𝑗
) 𝑟𝑖𝑗 = 𝑎√(√𝑁/2 + 𝑛𝑥

𝑗
)

2
+ (√𝑁/2 + 𝑛𝑦

𝑗
)

2
 

∑  𝑁
𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑟𝑖𝑗
≥ ∑  𝑁

𝑖=1  ∑  √𝑁/2

𝑛𝑥
𝑗
,𝑛𝑦

𝑗
=−√𝑁/2

(𝑛𝑥
𝑗
,𝑛𝑦

𝑗
)≠(0,0)

 
1

𝑎√(√𝑁/2+𝑛𝑥
𝑗
)

2
+(√𝑁/2+𝑛𝑦

𝑗
)

2
 

𝑁

𝑎
∫  

√𝑁/2

−√𝑁/2

  d𝑥 ∫  
√𝑁/2

−√𝑁/2

  d𝑦
1

√(√𝑁/2 + 𝑥)2 + (√𝑁/2 + 𝑦)2

=
2𝜂−𝑁√𝑁

𝑎  

𝑁

√𝜋𝑅eff

+
𝜂−𝑁√𝑁

𝑎
≤ 𝑆1 ≤

𝑁

√𝜋𝑅eff

+
𝜂+𝑁√𝑁

𝑎
 

𝑅eff ≲
𝑎

𝜂±√𝜋𝑁
 

erf (
𝑥

2
) ≃ {

𝑥

√𝜋
, 𝑥 ≤ 2

1, 𝑥 ≥ 2
 

erf (
𝑟𝑖𝑗

2𝑅eff
)

𝑟𝑖𝑗
≃

1

√𝜋𝑅eff

 

∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗,𝑟𝑖𝑗≤2𝑅eff

 
erf (

𝑟𝑖𝑗

2𝑅eff
)

𝑟𝑖𝑗
≃ 𝑁 × (

2𝑅eff

𝑎
)

2 1

√𝜋𝑅eff

= 4𝑁
𝑅eff

√𝜋𝑎2  

erf (
𝑟𝑖𝑗

2𝑅eff
)

𝑟𝑖𝑗
≃

1

𝑟𝑖𝑗

 

∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗,𝑟𝑖𝑗≥2𝑅eff

 
erf (

𝑟𝑖𝑗

2𝑅eff
)

𝑟𝑖𝑗
≃ ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑟𝑖𝑗
− ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗,𝑟𝑖𝑗≤2𝑅eff

 
1

𝑟𝑖𝑗
 

∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗,𝑟𝑖𝑗≤2𝑅eff

 
1

𝑟𝑖𝑗
≥ ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗,𝑟𝑖𝑗≤2𝑅eff

 
1

2𝑅eff
= 𝑁 × (

2𝑅eff

𝑎
)

2 1

2𝑅eff
=

4𝑁𝑅eff

𝑎2  

∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗,𝑟𝑖𝑗≤2𝑅eff

 
1

𝑟𝑖𝑗
≤

2𝜋𝑁

𝑎
ℱ𝐺 ∫  

2𝑅eff
𝑎

1

  d𝑟 =
2𝜋𝑁

𝑎
ℱ𝐺 (

2𝑅eff

𝑎
− 1)

 

ℱ𝐺 =
𝐿2

𝐿2 + 4𝐿𝑅eff + 𝜋𝑅eff
2

4𝑅eff
2

𝜋(4𝑅eff
2 − 𝑎2)

 



pág. 8858 

𝑁

√𝜋𝑅eff

+
𝜂−𝑁√𝑁

𝑎
+

4𝑁𝑅eff

√𝜋𝑎2
−

2𝜋𝑁

𝑎
ℱ𝐺 (

2𝑅eff

𝑎
− 1) ≤ 𝑆1 ≤

𝑁

√𝜋𝑅eff

+
𝜂+𝑁√𝑁

𝑎
+

4𝑁𝑅eff

𝑎2
(

1

√𝜋
− 1)  

𝑅eff ≳
𝜂±𝑁√𝑁𝜋𝑎

4
 

 c.   tercer intervalo: 𝐿 ≤ 𝑅𝑒𝑓𝑓 ≤ 𝑑 

𝑆1 ≃
𝑁

√𝜋𝑅eff

+ ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

√𝜋𝑅eff
 

𝑆1 ≃
𝑁2

√𝜋𝑅eff

 

 d. cuarto intervalo: 𝑑 ≤ 𝑅eff  

𝑆1 ≃
𝑁2

√𝜋𝑅eff

 

𝑑 − 𝐿 ≤ |𝐝 + 𝐫𝑖𝑗| ≤ √(𝑑 + 𝐿)2 + 𝐿2 ≤ 𝑑 + 2𝐿  

𝑆2 ≃ ∑  

𝑁

𝑖,𝑗=1

 
1

|𝐝 + 𝐫𝑖𝑗|
 

𝑁2

𝑑 + 2𝐿
≤ 𝑆2 ≤

𝑁2

𝑑 − 𝐿
 

 b. segundo intervalo: (𝑑 − 𝐿)/2 ≤ 𝑅eff ≤ (𝑑 + 2𝐿)/2 

𝑑 − 𝐿

𝑑 + 2𝐿
≤

|𝐝 + 𝐫𝑖𝑗|

2𝑅eff
≤

𝑑 + 2𝐿

𝑑 − 𝐿
 

1

2𝑅eff

erf (
𝑑 + 2𝐿
𝑑 − 𝐿

)

𝑑 + 2𝐿
𝑑 − 𝐿

≤

erf (
|𝐝 + 𝐫𝑖𝑗|

2𝑅eff
)

|𝐝 + 𝐫𝑖𝑗|
≤

1

2𝑅eff

erf (
𝑑 − 𝐿
𝑑 + 2𝐿

)

𝑑 − 𝐿
𝑑 + 2𝐿

 

𝜖−𝑁2

2𝑅eff
≤ 𝑆2 ≤

𝜖+𝑁2

2𝑅eff

 

𝜖± =

erf [(
𝑑 − 𝐿
𝑑 + 2𝐿

)
±1

]

(
𝑑 − 𝐿
𝑑 + 2𝐿

)
±1

 

 c. primer intervalo: (𝑑 + 2𝐿)/2 ≤ 𝑅eff  
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𝑆2 ≃
𝑁2

√𝜋𝑅eff

 

Δ𝐸(𝐝) ≃ 8𝜋𝐺𝑚2 ∑  

𝑁

𝑖,𝑗=1

 (−
𝑟𝑖𝑗

2

12√𝜋𝑅eff
3

+
|𝐝 + 𝐫𝑖𝑗|

2

12√𝜋𝑅eff
3

) =
2

3
√𝜋𝐺𝑚2 ∑  

𝑁

𝑖,𝑗=1

 
𝑑2 + 2𝐫𝑖𝑗 ⋅ 𝐝

𝑅eff
3  

Intervalos para 𝑅eff  Valores o límites en Δ𝐸( d)/(8𝜋𝐺𝑚2) = 𝑆1 − 𝑆2 = Δ𝑆 

𝑅eff ≤ 𝑎 𝑁

√𝜋𝑅eff 

+
𝜂−𝑁√𝑁

𝑎
−

𝑁2

𝑑 − 𝐿
≤ Δ𝑆 ≤

𝑁

√𝜋𝑅eff 

+
𝜂+𝑁√𝑁

𝑎
−

𝑁2

𝑑 + 𝐿
 

𝑎 ≤ 𝑅eff 

≤ 𝐿 

𝑁

√𝜋𝑅eff 

+
𝜂−𝑁√𝑁

𝑎
−

𝑁2

𝑑 − 𝐿
+

4𝑁𝑅eff 

√𝜋𝑎2
−

2𝜋𝑁

𝑎
ℱ𝐺 (

2𝑅eff 

𝑎
− 1) ≤ Δ𝑆

≤
𝑁

√𝜋𝑅eff 

+
𝜂+𝑁√𝑁

𝑎
−

𝑁2

𝑑 + 𝐿
+

4𝑁𝑅eff 

𝑎2
(

1

√𝜋
− 1) 

𝐿 ≤ 𝑅eff 

≤
(𝑑 − 𝐿)

2
 

𝑁2

√𝜋𝑅eff 

−
𝑁2

𝑑 − 𝐿
≤ Δ𝑆 ≤

𝑁2

√𝜋𝑅eff 

−
𝑁2

𝑑 + 2𝐿
 

(𝑑 − 𝐿)

2

≤ 𝑅eff 

≤
(𝑑 + 2𝐿)

2
 

𝑁2

√𝜋𝑅eff 

−
𝜖+𝑁2

2𝑅eff 

≤ Δ𝑆 ≤
𝑁2

√𝜋𝑅eff 

−
𝜖−𝑁2

2𝑅eff 

 

(𝑑 + 2𝐿)

2

≤ 𝑅eff ≤ 𝑑 

Δ𝑆 =
𝑁2𝑑2

12√𝜋𝑅eff 
3

 

𝑑 ≤ 𝑅eff  
Δ𝑆 =

𝑁2𝑑2

12√𝜋𝑅eff 
3

 

 

Δ𝐸(𝐝) ≃
2

3
√𝜋𝐺𝑚2𝑁2

𝑑2

𝑅eff
3  

𝑆1 =
𝑁

√𝜋𝑎
+ ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
erf (

𝑟𝑖𝑗

2𝑎)

𝑟𝑖𝑗
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∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑟𝑖𝑗
= ∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑎 (∑  𝐷
𝑘=1   (𝑛𝑘

𝑖 − 𝑛𝑘
𝑗
)

2
)

1
2

 

∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

𝑟𝑖𝑗
≲

𝑁

𝑎
∑  

{𝑛𝑘
𝑗
}
𝑘=1

𝐷
∈𝑆𝐷

 
1

(∑  𝐷
𝑘=1   (𝑛𝑘

𝑗
)

2
)

1
2

 

𝑁

𝑎
Ω𝐷 ∫  

𝑁𝐷/2

0

  d𝑥𝑥𝐷−1
1

𝑥
=

𝑁

𝑎

2𝜋𝐷/2

Γ(𝐷/2)

𝑁
𝐷−1

𝐷

2𝐷−1(𝐷 − 1)
 

 

Δ𝐸(𝐝) ≃
8𝜋𝐺𝑚2

𝑎

𝜋𝐷/2

Γ(𝐷/2)

𝑁
2𝐷−1

𝐷

2𝐷−2(𝐷 − 1)
 

∑  

𝑁

𝑖=1

 ∑  

𝑁

𝑗=1

 𝑓(𝐫𝑖𝑗, 𝑅0, 𝐝)  

∑  

𝑁

𝑖=1

 ∑  

𝑁

𝑗=1

 𝑓(𝐫𝑖𝑗, 𝑅0, 𝐝) = ∑  

𝐫∈𝒟

 𝜔(𝐫)𝑓(𝐫, 𝑅0, 𝐝)  

 

𝐫𝑖𝑗𝛼𝛽 = 𝐱𝑖,𝛼 − 𝐱𝑗,𝛽 = 𝑛1
𝑖𝑗

𝐚1 + 𝑛2
𝑖𝑗

𝐚2 + 𝐛𝛼𝛽,  con  𝑛1
𝑖𝑗

, 𝑛2
𝑖𝑗

∈ ℤ  

𝐫(𝑛1, 𝑛2, 𝛾) = 𝑛1𝐚1 + 𝑛2𝐚2 + 𝐜𝛾  

𝐜𝛾 ∈ 𝒟𝑏 = {𝐛𝛼 − 𝐛𝛽 ∣ 𝛼, 𝛽 = 1, … , 𝐾}  

𝒟 = {𝐫(𝑛1, 𝑛2, 𝛾) ∣ 𝑛𝑖 ∈ [−𝑁𝑖 + 1, 𝑁𝑖 − 1], 𝐜𝛾 ∈ 𝒟𝑏}  

𝜔(𝑛1, 𝑛2, 𝛾) = 𝜔𝛾(𝑁1 − |𝑛1|)(𝑁2 − |𝑛2|)  

𝒟𝑏 = {𝐜1 = 𝐛1 − 𝐛1, 𝐜2 = 𝐛1 − 𝐛2, 𝐜3 = 𝐛2 − 𝐛1, 𝐜4 = 𝐛2 − 𝐛2},

 = {𝐜1 = (0,0), 𝐜2 = −𝑎 (
1

2
,
√3

6
) , 𝐜3 = 𝑎 (

1

2
,
√3

6
) , 𝐜4 = (0,0)}

 

∑  

𝐫∈𝒟

 𝜔(𝐫)𝑓(𝐫, 𝑅0, 𝐝) = ∑  

𝑁1−1

𝑛1=−𝑁1+1

  ∑  

𝑁2−1

𝑛2=−𝑁2+1

  ∑  

𝐜𝛾∈𝒟𝑏

 𝜔𝛾(𝑁1 − |𝑛1|)(𝑁2 − |𝑛2|)𝑓(𝐫(𝑛1, 𝑛2, 𝛾), 𝑅0, 𝐝)  

(2𝑁1 − 1)(2𝑁2 − 1)[1 + 𝐾(𝐾 − 1)] ≃ 4𝑁1𝑁2[1 + 𝐾(𝐾 − 1)] = 4
[1 + 𝐾(𝐾 − 1)]

𝐾
𝑁  
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d|𝜓𝑡⟩ = [ −
𝑖

ℏ
𝐻̂ d𝑡 + ∫  d3𝐱(𝑀̂(𝐱) − ⟨𝑀̂(𝐱)⟩𝑡)d𝑊𝑡(𝐱)

−
1

2
∬   d3𝐱 d3𝐲𝒢(𝐱 − 𝐲)(𝑀̂(𝐱) − ⟨𝑀̂(𝐱)⟩𝑡)(𝑀̂(𝐲) − ⟨𝑀̂(𝐲)⟩𝑡)d𝑡] |𝜓𝑡⟩

 

𝑀̂(𝐱) = ∑  

𝑁

𝑗=1

 𝑚𝑗𝛿(𝐱 − 𝐫̂𝑗)  

𝔼(𝑤(𝑡, 𝐱)) = 0, 𝔼(𝑤(𝑡1, 𝐱)𝑤(𝑡2, 𝐲)) = 𝛿(𝑡1 − 𝑡2)𝒢(𝐱 − 𝐲)  

𝒢(x) =
𝐺

ℏ

1

|x|
 

𝜕

𝜕𝑡
𝜌̂(𝑡) = −

𝑖

ℏ
[𝐻̂, 𝜌̂(𝑡)] + ℒ[𝜌̂(𝑡)]  

ℒ[𝜌̂(𝑡)] =
𝐺

ℏ
∬  

 d3𝐱 d3𝐲

|𝐱 − 𝐲|
(𝑀̂(𝐱)𝜌̂(𝑡)𝑀̂(𝐲) −

1

2
{𝑀̂(𝐱)𝑀̂(𝐲), 𝜌̂(𝑡)})  

ℒ[𝜌̂(𝑡)] =
𝐺

2𝜋2ℏ2
∑  

𝑁

𝑗,𝑙=1

 𝑚𝑗𝑚𝑙 ∫  
 d3𝐐

𝑄2
(𝑒

𝑖
ℏ
𝐐⋅𝐫̂𝑗𝜌̂(𝑡)𝑒−

𝑖
ℏ
𝐐⋅𝐫̂𝑙 −

1

2
{𝑒

𝑖
ℏ
𝐐⋅𝐫̂𝑗𝑒−

𝑖
ℏ
𝐐⋅𝐫̂𝑙 , 𝜌̂(𝑡)})

= −Λ𝜌̂(𝑡) +
𝐺

2𝜋2ℏ2
∑  

𝑁

𝑗=1

 𝑚𝑗
2 ∫  

 d3𝐐

𝑄2
𝑒

𝑖
ℏ
𝐐⋅𝐫̂𝑗𝜌̂(𝑡)𝑒−

𝑖
ℏ
𝐐⋅𝐫̂𝑗

 +
𝐺

2𝜋2ℏ2
∑  

𝑁

𝑗≠𝑙=1

 𝑚𝑗𝑚𝑙 ∫  
 d3𝐐

𝑄2
(𝑒

𝑖
ℏ
𝐐⋅𝐫̂𝑗𝜌̂(𝑡)𝑒−

𝑖
ℏ
𝐐⋅𝐫̂𝑙 − {𝑒

𝑖
ℏ
𝐐⋅𝐫̂𝑗𝑒−

𝑖
ℏ
𝐐⋅𝐫̂𝑙 , 𝜌̂(𝑡)})

 

Λ =
𝐺

2𝜋2ℏ2
∑  

𝑁

𝑗,𝑙=1

 𝑚𝑗𝑚𝑙 ∫  
 d3𝐐

𝑄2
=

2𝐺𝑀2

𝜋ℏ2
∫  

∞

0

 d𝑄  

𝑀̂′(𝐱) =
3

4𝜋𝑅0
3 ∫   d3𝐲𝜃(𝑅0 − |𝐱 − 𝐲|)𝑀̂(𝐲)  

𝑀̂′(𝐱) = (2𝜋𝑅0
2)−3/2 ∫   d3𝐲exp (−

|𝐱 − 𝐲|2

2𝑅0
2 ) 𝑀̂(𝐲)  

ℒ[𝜌̂(𝑡)] =
𝐺

2𝜋2ℏ2
∑  

𝑁

𝑗,𝑙=1

 𝑚𝑗𝑚𝑙 ∫  
 d3𝐐

𝑄2
𝑓(𝑄) ×

(𝑒
𝑖
ℏ
𝐐⋅𝐫̂𝑗𝜌̂(𝑡)𝑒−

𝑖
ℏ
𝐐⋅𝐫̂𝑙 −

1

2
{𝑒

𝑖
ℏ
𝐐⋅𝐫̂𝑗𝑒−

𝑖
ℏ
𝐐⋅𝐫̂𝑙 , 𝜌̂(𝑡)})

 

𝑓(𝑄) =
9ℏ6

𝑅0
6𝑄6

(sin (
𝑄𝑅0

ℏ
) −

𝑄𝑅0

ℏ
cos (

𝑄𝑅0

ℏ
))

2

 

𝑓(𝑄) = exp (−
𝑄2𝑅0

2

ℏ2 )  
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ℒ[𝜌̂(𝑡)] =
𝐺

2𝜋2ℏ2
∑  

𝑁

𝑗,𝑙=

 𝑚𝑗𝑚𝑙 ∫  
𝑄max

0

 d𝑄 ∬   d2𝐧̃ ×

(𝑒
𝑖
ℏ
𝑄𝐧̃⋅𝐫̂𝑗𝜌̂(𝑡)𝑒−

𝑖
ℏ
𝑄𝐧̃⋅𝐫̂𝑙 −

1

2
{𝑒

𝑖
ℏ
𝑄𝐧̃⋅𝐫̂𝑗𝑒−

𝑖
ℏ
𝑄𝐧̃⋅𝐫̂𝑙 , 𝜌̂(𝑡)})

 

ℒ[𝜌̂(𝑡)] = ∫  d3𝐐ΓDP(𝐐) (𝑒
𝑖
ℏ
𝐐⋅𝐫̂

𝜌̂(𝑡)𝑒
−

𝑖
ℏ
𝐐⋅𝐫̂

− 𝜌̂(𝑡))  

ΓDP(𝐐) =
𝐺𝑚2

2𝜋2ℏ2

1

𝑄2
exp (−

𝑄2𝑅0
2

ℏ2 )  

ΛDP = ∫  d3𝐐ΓDP(𝐐) =
𝐺𝑚2

√𝜋ℏ𝑅0

, en la dimensión [ΛDP] = s−1  

𝜌(𝐱, 𝐱′, 𝑡) = ∬  d3𝐲
 d3𝐩

(2𝜋ℏ)3
𝜌0(𝐱 + 𝐲, 𝐱′ + 𝐲, 𝑡) ×

 exp (−
𝑖

ℏ
𝐲 ⋅ 𝐩 −

1

ℏ
∫  

𝑡

0

 𝑑𝜏 (𝑈 (−
𝐩𝜏

𝑚
+ 𝐱 − 𝐱′) − 𝑈(0)))

 

𝑈(𝐱) = −𝐺 ∬  
 d3𝐫 d3𝐫′𝑀′(𝐫)𝑀′(𝐫′)

|𝐱 + 𝐫 − 𝐫′|
= −𝐺𝑚2

Erf(|𝐱|/2𝑅0)

|𝐱|
 

𝜌(𝐱, 𝐱′, 𝑡) = exp (−
𝑡

𝜏(𝐱, 𝐱′)
) 𝜌(𝐱, 𝐱′, 0)  

𝜏(𝐱, 𝐱′) =
ℏ

𝑈(𝐱 − 𝐱′) − 𝑈(0)
 

𝜕

𝜕𝑡
|𝜓𝑡⟩ = [−

𝑖

ℏ
𝐻̂ +

√𝛾

𝑚0
∫   d3𝐱(𝑀̂(𝐱) − ⟨𝑀̂(𝐱)⟩𝑡)d𝑊𝑡(𝐱)

−
𝛾

2𝑚0
2 ∬   d3𝐱 d3𝐲𝒢(𝐱 − 𝐲)(𝑀̂(𝐱) − ⟨𝑀̂(𝐱)⟩𝑡)(𝑀̂(𝐲) − ⟨𝑀̂(𝐲)⟩𝑡)] |𝜓𝑡⟩

 

𝒢(𝐱) =
1

(4𝜋𝑟𝑐)3/2
exp (−

𝐱2

4𝑟𝑐
2)  

𝜕

𝜕𝑡
𝜌̂(𝑡) = −

𝑖

ℏ
[𝐻̂, 𝜌̂(𝑡)] + ∫  d3𝐐ΓCSL(𝐐) (𝑒

𝑖
ℏ
𝐐⋅𝐫̂𝜌̂(𝑡)𝑒−

𝑖
ℏ
𝐐⋅𝐫̂ − 𝜌̂(𝑡))  

ΓCSL(𝐐) =
𝛾

(2𝜋ℏ)3

𝑚2

𝑚0
2 exp (−

𝑄2𝑟𝑐
2

ℏ2 ) ; 𝑚0 = 1amu  

Φ(𝐱) = ∫  d3𝐐𝑒
𝑖
ℏ
𝐐⋅𝐱ΓCSL(𝐐) =

𝑚2

𝑚0
2

𝛾

(4𝜋𝑟𝑐)3/2
exp (−

𝑥2

4𝑟𝑐
2)  

𝜏CSL(𝐱, 𝐱′) =
1

Φ(0) − Φ(𝐱 − 𝐱′)
 

 



pág. 8863 

ΛCSL = ∫  d3𝐐ΓCSL(𝐐) =
𝑚2

𝑚0
2

𝛾

(4𝜋𝑟𝑐
2)3/2

 

ℒ[𝜌̂M(𝑡)] = ∫  d3𝐐ΓM(𝐐) (𝑒
𝑖
ℏ
𝐐⋅𝐑̂

𝜌̂M(𝑡)𝑒
−

𝑖
ℏ
𝐐⋅𝐑̂

− 𝜌̂M(𝑡))  

ΓDP
M (𝐐) =

𝐺

2𝜋2ℏ2𝑄2
|𝜚̃rel(𝐐)|2exp (−

𝑄2𝑅0
2

ℏ2 )  

ΓDP
M (𝑄) ≈

𝐺𝑀2

2𝜋2ℏ2

1

𝑄2
exp (−

𝑄2(𝑅2 + 𝑅0
2)

ℏ2 )  

ΛDP
M = ∫  d3𝐐ΓM(𝐐) ≈

𝐺𝑀2

ℏ√𝜋(𝑅2 + 𝑅0
2)

 

ΓCSL
M (𝑄) ≈

𝛾

(2𝜋ℏ)3

𝑀2

𝑚0
2 exp (−

𝑄2(𝑅2 + 𝑟𝐶
2)

ℏ2 )  

ΛCSL
M = ∫  d3𝐐ΓM(𝐐) ≈

𝛾𝑀2

8𝜋3/2𝑚0
2(𝑅2 + 𝑟𝐶

2)3/2
 

d𝐸DP(𝑡)

d𝑡
=

2𝜋

𝑚
∫  

∞

0

 d𝑄ΓDP(𝑄)𝑄4 =
𝑚𝐺ℏ

4√𝜋𝑅0
3  

ℒ[𝜌̂(𝑡)] = ∫  d3𝐐 (𝑒
𝑖
ℏ
𝐐⋅𝐫̂

𝐿̂(𝐐, 𝐩̂)𝜌̂(𝑡)𝐿̂†(𝐐, 𝐩̂)𝑒
−

𝑖
ℏ
𝐐⋅𝐫̂

−
1

2
{𝐿̂†(𝐐, 𝐩̂)𝐿̂(𝐐, 𝐩̂), 𝜌̂(𝑡)})  

𝐿̂(𝐐, 𝐩̂) ≡
𝑚√𝐺

𝜋√2ℏ

1

𝑄
exp [−

𝑅0
2

2ℏ2
((1 + 𝑘)𝑄 + 2𝑘

𝐩̂ ⋅ 𝐐

𝑄
)

2

]  

𝑘 =
𝑚𝑟

𝑚
 

𝐿̂DEC(𝐐, 𝐩̂) ∝ exp [−
1

16𝑚en𝑘𝐵𝑇
((1 +

𝑚en

𝑚
) 𝑄 + 2

𝑚en

𝑚

𝐩̂ ⋅ 𝐐

𝑄
)

2

]  

𝑚𝑟 ⟷ 𝑚en ;  𝑅0 ⟷
ℏ

√8𝑚en 𝑘𝐵𝑇
 

d

 d𝑡
𝐸DP(𝑡) =

1

2𝑚
∫   d3𝐐Tr (𝜌̂(𝑡)𝐿̂†(𝐐, 𝐩̂)𝐿̂(𝐐, 𝐩̂)(𝑄2 + 2𝐩̂ ⋅ 𝐐))  

d

 d𝑡
𝐸DP(𝑡) = 𝛾DP − 𝜉DP𝐸DP(𝑡)  

𝛾DP =
𝑚𝐺ℏ

4√𝜋(1 + 𝑘)3𝑅0
3

;  𝜉DP =
4𝑚2𝐺𝑘

3√𝜋(1 + 𝑘)3ℏ𝑅0
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𝐸DP(𝑡) = 𝐸DP(0)𝑒−𝜉DP𝑡𝑡 +
𝛾DP

𝜉DP
(1 − 𝑒−𝜉DP𝑡)  

𝑇 =
2𝛾DP

3𝑘𝐵𝜉DP
=

ℏ2

8𝑘𝐵

1

𝑚𝑟𝑅0
2  

𝜈𝑒𝑞(𝐩̂) = (2𝜋𝑀𝑘𝐵𝑇)−3/2exp (−
𝐩̂2

2𝑀𝑘𝐵𝑇
)  

𝐿̂̃(𝐐, 𝐩̂) ≡
𝑚√𝐺

𝜋√2ℏ

1

𝑄
exp [−

𝑅0
2

2ℏ2
((1 + 𝑘)𝐐 + 2𝑘𝐩̂ ⋅ 𝐐)2]  

𝑇 =
10−19

𝑚𝑟𝑅0
2 ,  en las dimensiones [𝑇] =  Kelvin, [𝑚𝑟] =  amu, y [𝑅0] = m 

𝑇 ∼ 1 K ⟹ 𝑚𝑟𝑅0
2 ∼ 10−19,  con [𝑚𝑟] = amu, y [𝑅0] = m  

𝑃(𝐐) =
𝐶

𝑄2
exp (−

𝑘2𝑅0
2

ℏ2
(𝑄 + 2𝐩 ⋅ 𝐐/𝑄)2)  

|𝜓1⟩: = ∑  

2

𝑗=1

 𝛼𝑗|𝐚
𝑗⟩, |𝜓2⟩: = ∑  

2

𝑗=1

 𝛽𝑗|𝐛
𝑗⟩  

𝜌0 = |𝜓1⟩⟨𝜓1| ⊗ |𝜓2⟩⟨𝜓2|  

∑  

𝑖

 𝑝𝑖𝜌𝑖
1 ⊗ 𝜌𝑖

2
 

𝐻𝐺 = ∑  

2

𝑖=1

 
𝐏𝑖

2

2𝑚𝑖
−

𝐺𝑚1𝑚2

‖𝐗1 − 𝐗2‖
 

|𝜓(𝑡)⟩ ≈ ∑  

2

𝑗,𝑘=1

 𝛼𝑗𝛽𝑘𝑒
−𝑖

𝐺𝑚1𝑚2𝑡

ℏ‖𝐚𝑗−𝐛𝑘‖|𝐚𝑗⟩|𝐛𝑘⟩  

𝐶 = ∑  

𝑖,𝑗,𝑘,𝑙

 𝐶𝑖,𝑗,𝑘,𝑙|𝑖⟩⟨𝑗| ⊗ |𝑘⟩⟨𝑙|  

𝐶𝑇1: = ∑  

𝑖,𝑗,𝑘,𝑙

 𝐶𝑖,𝑗,𝑘,𝑙|𝑗⟩⟨𝑖| ⊗ |𝑘⟩⟨𝑙|  

𝐺𝑚1𝑚2𝑡

2𝜋ℏ
(
1

𝑑
+

1

𝑑 + 2𝐿
−

2

𝑑 + 𝐿
) ∉ ℤ  

d𝜌

 d𝑡
= −

𝑖

ℏ
[𝐻, 𝜌] +

𝐺

2ℏ
𝐴(𝜌)  
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𝐴(𝜌) = − ∫  drds
1

‖𝐫 − 𝐬‖
[𝜇𝜎(r), [𝜇𝜎(𝐬), 𝜌]]

 +𝑖 ∫  drds
1

‖𝐫 − 𝐬‖
[𝜇𝜎(𝐫)𝜇𝜎(𝐬), 𝜌]

 

𝜇𝜎(𝐱)d𝐱: =
1

(2𝜋)3/2𝜎3
∑  

𝑛

𝑗=1

 𝑚𝑗𝑒
−

‖𝐱−𝐱𝑗‖
2

2𝜎2  d𝐱  

𝑉𝐺: = − ∫  d𝐫 d𝐬
𝐺𝑚(𝐬)𝜇𝜎(𝐫)

‖𝐫 − 𝐬‖
 

⟨𝐱|𝐴(𝜌)|𝐲⟩ = 𝑔(𝐱, 𝐲)⟨𝐱|𝜌|𝐲⟩  

𝑔(x, y)∶= ∑  

𝑛

𝑗,𝑘=1

 𝑚𝑗𝑚𝑘[(𝑖 − 1)𝑓(x𝑗, x𝑘)

+(−𝑖 − 1)𝑓(𝐲𝑖 , 𝐲𝑘) + 2𝑓(x𝑗, 𝐲𝑘)]

 

 

𝑓(𝑧): = {

erf (
𝑧

2𝜎
) /𝑧  si 𝑧 ≠ 0

1

𝜎√𝜋
 si 𝑧 = 0

 

𝑓(𝑧) =
1

𝜎√𝜋
+

𝑧2

12√𝜋𝜎3
+ 𝑂(𝑧3/𝜎4)  

|𝜓‾1⟩: =
1

√2
(|𝐚1⟩ + |𝐚2⟩),

|𝜓‾2⟩: =
1

√2
(|𝐛1⟩ + |𝐛2⟩).

 

|0⟩1: = |𝐚1⟩, |1⟩1: = |𝐚2⟩, |0⟩2: = |𝐛1⟩, |1⟩2: = |𝐛2⟩  

(𝕀 − |+⟩⟨+ |⊗2)𝜌̇(0)𝑇1(𝕀 − |+⟩⟨+ |⊗2)  

 ⟨𝜙|𝜌(0)𝑇1|𝜙⟩ = |⟨𝜙 ∣ +⟩⊗2|
2

= 0

 d

 d𝑡
⟨𝜙|𝜌(𝑡)𝑇1|𝜙⟩|

𝑡=0
= 𝜆

 

𝐸−: =
𝐺𝑚2

2ℏ
(

1

√𝜋𝜎
− 𝑓(𝐿)

−
1

√2
|𝑓(𝑑 + 2𝐿) + 𝑓(𝑑) − 2𝑓(𝐿 + 𝑑)|)

 

d

 d𝑡
𝜌̃(𝑡) =

𝑖

ℏ
[𝐻, 𝜌̃(𝑡)] −

𝑖

ℏ
[𝐻, 𝜌̃(𝑡)] +

𝐺

2ℏ
𝑒𝑖𝐻𝑡𝐴(𝜌𝐻(𝑡))𝑒−𝑖𝐻𝑡

 =
𝐺

2ℏ
𝑒𝑖𝐻𝑡𝐴(𝜌𝐻(𝑡))𝑒−𝑖𝐻𝑡
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lim
𝐿→0

 
𝐸−

𝐿2
=

𝐺𝑚2

2ℏ
(−

1

2
𝑓(0) −

1

√2
|𝑓(𝑑)|) =: 𝛾(𝑑)  

1

√𝜋𝜎
− 𝑓(𝐿) − √2 (𝑓(𝑑) − 𝑓 (√𝐿2 + 𝑑2)) < 0  

⟨𝐱|𝜌(𝑡)|𝐲⟩: = 𝑒
𝐺
2ℏ

𝑔(𝐱,𝐲)𝑡
⟨𝐱|𝜌(0)|𝐲⟩  

∫  d𝐫 d𝐬
1

‖𝐫 − 𝐬‖
𝜇𝜎(𝐫)𝜇𝜎(𝐬)𝜌  

∑  

𝑛

𝑖,𝑗=1

 
𝑚𝑖𝑚𝑗

(2𝜋)3𝜎6
∫   d𝐫 d𝐬

1

‖𝐫 − 𝐬‖
𝑒

−
‖𝐬−𝐱𝑖‖

2+‖𝐫−𝐱𝑗‖
2

2𝜎2 ⟨𝐱|𝜌|𝐲⟩  

𝐼: = ∫  d𝐫 d𝐬
1

‖𝐫 − 𝐬‖
𝑒−‖𝐬−𝐱‖2/2𝜎2

𝑒−‖𝐫−𝐲‖2/2𝜎2
 

(
𝐮

𝐯
) = (

1 −1
1 1

) (
𝐫

𝐬
)  

𝐼 =
𝑒−(𝐱2+𝐲2)/2𝜎2

23
𝐽1𝐽2  

𝐽1: = ∫  d𝐯𝑒−𝐯2/4𝜎2
𝑒𝐯⋅(𝐱+𝐲)/2𝜎2

 

𝐽2: = ∫  d𝐮
1

‖𝐮‖
𝑒−𝐮2/4𝜎2

𝑒𝐮⋅(𝐱−𝐲)/2𝜎2
 

𝐽1 = (√4𝜋𝜎2)
3

𝑒(𝐱+𝐲)2/4𝜎2
 

𝐽2 = 2𝜋 ∫  
∞

0

 d𝜆𝜆𝑒−𝜆2/4𝜎2
∫  

𝜋

0

 d𝜃sin (𝜃)𝑒𝜆‖𝐱−𝐲‖cos (𝜃)/2𝜎2

 = 8𝜋𝜎2 ∫  
∞

0

 d𝜆
1

‖𝐱 − 𝐲‖
𝑒−𝜆2/4𝜎2

sinh (𝜆‖𝐱 − 𝐲‖/2𝜎2)

 =
8𝜎3√𝜋

‖𝐱 − 𝐲‖
𝑒‖𝐱−𝐲‖2/4𝜎2

erf(‖𝐱 − 𝐲‖/2𝜎)

 

𝐼 =
(2𝜋𝜎2)3

‖𝐱 − 𝐲‖
erf(‖𝐱 − 𝐲‖/2𝜎)  

𝜌 → (𝑟(𝐗1) ⊗ 𝑠(𝐗2))𝜌(𝑟(𝐗1) ⊗ 𝑠(𝐗2))
†

 

𝜌(𝑡; 𝜓1, 𝜓2) = (𝐶1 ⊗ 𝐶2)𝜌(𝑡; 𝜓‾1, 𝜓‾2)(𝐶1 ⊗ 𝐶2)†  

⟨𝜑𝑖(0) ∣ 𝜑𝑖(𝑡)⟩ = 1, 𝑖 = 0, … ,3  

(𝜌𝑇1(𝑡) − 𝜆𝑖(𝑡))|𝜑𝑖(𝑡)⟩ = 0  
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(𝜌𝑇1(0) − 𝜆𝑖(0))|𝜑𝑖(0)⟩ = 0,

(𝜌𝑇1(0) − 𝜆𝑖(0))|𝜑̇𝑖(0)⟩ + (𝜌̇𝑇1(0) − 𝜆̇𝑖(0))|𝜑𝑖(0)⟩ = 0,

1

2
(𝜌𝑇1(0) − 𝜆𝑖(0))|𝜑̈𝑖(0)⟩ + (𝜌̇𝑇1(0) − 𝜆̇𝑖(0))|𝜑̇𝑖(0)⟩

 +
1

2
(𝜌̈𝑇1(0) − 𝜆̈𝑖(0))|𝜑𝑖(0)⟩ = 0

 

⟨𝜑𝑗(0)|𝜌̇𝑇1(0)|𝜑𝑖(0)⟩ = 𝜆̇𝑖(0)𝛿𝑖𝑗  

𝑃𝜌̇𝑇1(0)𝑃|𝜑𝑖(0)⟩ = 𝜆̇𝑖(0)|𝜑𝑖(0)⟩  

𝐸±: =
𝐺𝑚2

2ℏ
(

1

√𝜋𝜎
− 𝑓(𝐿)

±
1

√2
|𝑓(𝑑 + 2𝐿) + 𝑓(𝑑) − 2𝑓(𝐿 + 𝑑)|)

 

 

1

2
(⟨𝜑3(0)|𝜌̈𝑇1(0)|𝜑3(0)⟩ − 𝜆̈3(0))

 +⟨𝜑3(0)|𝜌̇𝑇1(0)|𝜑̇3(0)⟩ = 0
 

⟨𝜑0(0) ∣ 𝜑̇3(0)⟩ + ⟨𝜑0(0)|𝜌̇(0)𝑇1|𝜑3(0)⟩ = 0  

⟨𝜑3(0)|𝜌̇𝑇1(0)|𝜑̇3(0)⟩

 = ⟨𝜑3(0)|𝜌̇𝑇1(0)𝑃|𝜑̇3(0)⟩

 +⟨𝜑3(0)|𝜌̇𝑇1(0)|𝜑0(0)⟩⟨𝜑0(0) ∣ 𝜑̇3(0)⟩

= −|⟨𝜑3(0)|𝜌̇𝑇1(0)|𝜑0(0)⟩ |2,

 

𝜆̈3(0) = ⟨− |⊗2𝜌̈𝑇1(0) ∣ −⟩
⊗2

 −2 |⟨− |⊗2𝜌̇𝑇1(0) ∣ +⟩
⊗2

|
2

=: 2𝜈
 

𝜈 =
𝐺2𝑚4

8ℏ2
[2 (

1

√𝜋𝜎
− 𝑓(𝐿))

2

+(𝑓(𝑑) + 𝑓(2𝐿 + 𝑑) − 2𝑓(𝐿 + 𝑑))2]

 

1

2
(|(0,0,0)⟩ + |(0, 𝐿, 0)⟩) ⊗ (|(𝑑, 0,0)⟩ + |(𝑑, 𝐿, 0)⟩)  

𝜈‾ =
𝐺2𝑚4

4ℏ2
[(

1

√𝜋𝜎
− 𝑓(𝐿))

2

+ 2 (𝑓(𝑑) − 𝑓 (√𝑎2 + 𝐿2))
2

]

𝐸‾±: =
𝐺𝑚2

2ℏ
(

1

√𝜋𝜎
− 𝑓(𝐿) ± √2 (𝑓(𝑑) − 𝑓 (√𝐿2 + 𝑑2)))

 

𝐺𝑚2

2ℏ
(

1

√𝜋𝜎
− √2𝑓(𝑑))  
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Apéndice H.  

 

1. Agujeros negros cuánticos, supermembranas, superespacios, dimensión temporal y 

supergravedad cuántica para campos cuánticos relativistas o curvos. 

 

𝑆𝐸𝐻[𝑔] =
𝑐3

16𝜋𝐺𝑁
(𝑑)

∫  
ℳ

 𝑑𝑑𝑥√|𝑔|𝑅(𝑔) + (−1)𝑑
𝑐3

8𝜋𝐺𝑁
(𝑑)

∫  
𝜕ℳ

 𝑑𝑑−1Σ𝒦 + 𝑆materia  

𝑑𝑑−1Σ ≡ 𝑛2𝑑𝑑−1Σ𝜌𝑛𝜌

𝑑𝑑−1Σ𝜌 =
1

(𝑑 − 1)! √|𝑔|
𝜖𝜌𝜇1⋯𝜇𝑑−1

𝑑𝑥𝜇1 ∧ … 𝑑𝑥𝜇𝑑−1
 

𝐹 = −
8(𝑑 − 3)𝜋𝐺𝑁

(𝑑)
𝑚𝑀

(𝑑 − 2)𝜔𝑑−2

𝑥 𝑑−1

|𝑥 𝑑−1|𝑑−1
 

𝒵 = ∫  𝐷𝑔𝑒+𝑖𝑆𝐸𝐻/ℏ  

𝑆𝐸𝐻

ℏ
=

2𝜋

ℓPlanck 
𝑑−2 ∫  𝑑𝑑𝑥 …  

ℓPlanck 
𝑑−2

2𝜋
=

16𝜋𝐺𝑁
(𝑑)

ℏ

𝑐3
 

ℓPlanck =
ℓPlanck 

2𝜋
. 

𝜆Compton =
ℏ

𝑀𝑐
 

𝑅𝑠 = (
16𝜋𝑀𝐺𝑁

(𝑑)
𝑐−2

(𝑑 − 2)𝜔(𝑑−2)
)

1
𝑑−3

 

𝑀Planck = (
ℏ𝑑−3

𝐺𝑁
(𝑑)

𝑐𝑑−5
)

1
𝑑−2

 

𝑐3

𝐺𝑁
(𝑑)

ℏ
= (

𝑀Planck 𝑐

ℏ
)

𝑑−2

 

𝑀 ∼ 𝑀Planck ⇒ 𝜆Compton ∼ 𝑅𝑠 ∼ ℓPlanck  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 0. ⇒ 𝑅𝜇𝜈  
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𝑑𝑠2 = 𝑊(𝑟)(𝑑𝑐𝑡)2 − 𝑊−1(𝑟)𝑑𝑟2 − 𝑅2(𝑟)𝑑Ω(2)
2

𝑑Ω(2)
2  = 𝑑𝜃2 + sin2 𝜃𝑑𝜑2

 

𝑑𝑠2 = 𝑊(𝑑𝑐𝑡)2 − 𝑊−1𝑑𝑟2 − 𝑟2𝑑Ω(2)
2 , 𝑊 = 1 +

𝜔

𝑟
 

𝑀 = −
𝜔𝑐2

2𝐺𝑁
(4)

, ⇒ 𝜔 = −𝑅𝑆  

𝑀 =
1

8𝜋𝐺𝑁
(4)

∫  
𝑆∞

2
 𝑑2𝑆𝑖(𝜕𝑗𝑔𝑖𝑗 − 𝜕𝑖𝑔𝑗𝑗)  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 =

8𝜋𝐺(𝑁)
(4)

𝑐4
𝑇materia 𝜇𝜈

 

𝑑𝑠2 = (1 −
𝑅𝑠

𝑟
) 𝑑𝑣2 − 2𝑑𝑣𝑑𝑟 − 𝑟2𝑑Ω(2)

2  

𝑣 = 𝑐𝑡 + 𝑟 + 𝑅𝑆log |1 −
𝑅𝑠

𝑟
|  

𝑑𝑠2 =
4𝑅𝑆

3𝑒−𝑟/𝑅𝑆

𝑟
[(𝑑𝑐𝑇)2 − 𝑑𝑋2] − 𝑟2𝑑Ω(2)

2  

 

(
𝑟

𝑅𝑆
− 1) 𝑒𝑟/𝑅𝑆  = 𝑋2 − 𝑐2𝑇2

𝑐𝑡

𝑅𝑆
= ln (

𝑋 + 𝑐𝑇

𝑋 − 𝑐𝑇
) = 2arcth(𝑐𝑇/𝑋)

 

𝑑𝑠2 = 𝑊
2𝑀
𝜔

−1𝑊𝑑𝑡2 − 𝑊1−
2𝑀
𝜔 [𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 ]

𝜑 = 𝜑0 +
Σ

𝜔
ln 𝑊

𝑊 = 1 +
𝜔

𝑟
, 𝜔 = ±2√𝑀2 + Σ2

 

𝐴 = ∫  
𝑟=𝑅𝑆

 𝑑𝜃𝑑𝜑𝑟2 = 4𝜋𝑅𝑆
2

 

𝜅2 = −
1

2
(∇𝜇𝑘𝜈)(∇𝜇𝑘𝜈)|

horizonte 

 

𝑑𝑠2 = 𝑔𝑡𝑡(𝑟)𝑑𝑡2 + 𝑔𝑟𝑟(𝑟)𝑑𝑟2 − 𝑟2𝑑Ω(2)
2

 

𝜅 =
1

2

𝜕𝑟𝑔𝑡𝑡

√−𝑔𝑡𝑡𝑔𝑟𝑟

,  

𝜅 =
𝑐4

4𝐺𝑁
(4)

𝑀
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𝑑𝐸 = 𝑇𝑑𝑆  

𝑑𝑀 ∼
1

𝐺𝑁
(4)

𝜅𝑑𝐴  

𝑑𝑀 =
1

8𝜋𝐺𝑁
(4)

𝜅𝑑𝐴  

𝑀 =
1

4𝜋𝐺𝑁
(4)

𝜅𝐴  

𝑇 =
ℏ𝜅

2𝜋𝑐
 

𝑆 =
𝐴𝑐3

4ℏ𝐺𝑁
(4)  

𝑆 =
1

32𝜋2

𝐴

ℓPlanck 
2  

𝑇 =
ℏ𝑐3

8𝜋𝐺𝑁
(4)

𝑀
, 𝑆 =

4𝜋𝐺𝑁
(4)

𝑀2

ℏ𝑐
 

𝑑𝑀𝑐2 = 𝑇𝑑𝑆, 𝑀𝑐2 = 2𝑇𝑆  

 

𝐶−1 =
𝜕𝑇

𝜕𝑀
=

−ℏ𝑐3

8𝜋𝐺𝑁
(4)

𝑀2
< 0  

𝑆(𝐸) = log 𝜌(𝐸)  

𝜌(𝑀) ∼ 𝑒𝑀2
 

𝒵 = Tr𝑒−(𝐻−𝜇𝑖𝐶𝑖)/𝑇  

𝑊 = 𝐸 − 𝑇𝑆 − 𝜇𝑖𝐶𝑖  

𝑒−𝛽𝑊 = 𝒵  

𝑆 =
1

𝑇
(𝐸 − 𝜇𝑖𝐶𝑖) + log 𝒵  

𝒵 = ∫  𝐷𝑔𝑒−𝑆̃𝐸𝐻/ℏ  

𝑆𝐸𝐻[𝑔] =
𝑐3

16𝜋𝐺𝑁
(4)

∫  
ℳ

 𝑑4𝑥√|𝑔|𝑅 +
𝑐3

8𝜋𝐺𝑁
(4)

∫  
𝜕ℳ

  (𝒦 − 𝒦0)  

𝒵 = 𝑒−𝑆̃𝐸𝐻( on-shell )  
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(
𝑟

𝑅𝑆
− 1) 𝑒𝑟/𝑅𝑆 = 𝑋2 − 𝑇2

 

(
𝑟

𝑅𝑆
− 1) 𝑒𝑟/𝑅𝑆 = 𝑋2 + 𝒯2 > 0  

𝑋 + 𝑇

𝑋 − 𝑇
= 𝑒𝑡/𝑅𝑆  

𝑋 − 𝑖𝒯

𝑋 + 𝒯
= 𝑒−2𝑖Arg(𝑋+𝑖𝒯) = 𝑒−𝑖𝜏/𝑅𝑆  

𝑛𝜇 = −
𝛿𝜇𝑟

√−𝑛2
= −√−𝑔𝑟𝑟𝛿𝜇𝑟  

𝑑𝑠(3)
2 = ℎ𝜇𝜈𝑑𝑥𝜇𝑑𝑥𝜈 = 𝑔𝑡𝑡𝑑𝑡2 − 𝑟2𝑑Ω(2)

2 |
𝑟=𝑟0

 

∇𝜇𝑛𝜈 = −√−𝑔𝑟𝑟{𝛿𝜇𝑟𝛿𝜈𝑟𝜕𝑟log √−𝑔𝑟𝑟 − Γ𝜇𝜈
𝑟 }  

𝒦 = ℎ𝜇𝜈∇𝜇𝑛𝜈 =
1

√−𝑔𝑟𝑟

{
1

2
𝜕𝑟log 𝑔𝑡𝑡 +

2

𝑟
}|

𝑟=𝑟0

 

𝒦0 =
2

𝑟
|
𝑟=𝑟0

 

𝑔𝑡𝑡 ∼ 1 −
2𝑀

𝑟
, 𝑔𝑟𝑟 ∼ − (1 +

2𝑀

𝑟
)  

(𝒦 − 𝒦0)|𝑟=𝑟0
∼ −

𝑀

𝑟0
2  

𝑖

8𝜋
∫  

𝑟0→∞

 𝑑3𝑥√|ℎ|(𝒦 − 𝒦0) = lim
𝑟0→∞

 
𝑖

8𝜋
∫  

−𝑖𝛽

0

 𝑑𝑡 ∫  
𝑆2

 𝑑Ω2𝑟0
2√𝑔𝑡𝑡(𝑟0)(𝒦 − 𝒦0)

 = lim
𝑟0→∞

 
𝛽

2
𝑟0

2(𝒦 − 𝒦0) = −
𝛽𝑀

2

 

𝑆 = 𝛽𝑀 + log 𝒵 =
𝛽𝑀

2
= 4𝜋𝑀2  

𝑆𝐸𝑀[𝑔, 𝐴] = 𝑆𝐸𝐻[𝑔] +
1

𝑐
∫  𝑑𝑑𝑥√|𝑔| [−

1

4
𝐹2]  

𝐹𝜇𝜈 = 2𝜕[𝜇𝐴𝜈]  

𝐴𝜇
′ = 𝐴𝜇 + 𝜕𝜇Λ  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 −

8𝜋𝐺𝑁
(4)

𝑐3
𝑇𝜇𝜈  = 0

∇𝜇𝐹𝜇𝜈  = 0
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𝑇𝜇𝜈 =
−2𝑐

√|𝑔|

𝛿𝑆𝑀[𝐴]

𝛿𝑔𝜇𝜈
= 𝐹𝜇𝜌𝐹𝜈

𝜌
−

1

4
𝑔𝜇𝜈𝐹2

 

∇𝜇 ⋆𝐹𝜇𝜈
 

𝐴 ≡ 𝐴𝜇𝑑𝑥𝜇 , 𝐹 =
1

2
𝐹𝜇𝜈𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈 ≡ 𝑑𝐴  

𝑑⋆𝐹 = 0, 𝑑𝐹 = 0. (𝜕[𝛼𝐹𝛽𝛾] = 0)  

1

𝑐2
∫  𝑑𝑑𝑥√|𝑔|[−𝐴𝜇𝑗𝜇]  

∇𝜇𝑗𝜇 = 0, (𝑑⋆𝑗 = 0)  

𝜕𝜇j𝜇 = 0  

∇𝜇𝐹𝜇𝜈 =
1

𝑐
𝑗𝜈, (𝑑⋆𝐹 =

1

𝑐
⋆ 𝑗)  

𝑗𝜇(𝑦) = 𝑞𝑐 ∫ 
𝛾

 𝑑𝑋𝜇
1

√|𝑔|
𝛿(4)(𝑦 − 𝑋(𝜉))  

𝑗𝜇(𝑦0, 𝑦 ) = 𝑞𝑐 ∫  𝑑𝑋0
𝑑𝑋𝜇

𝑑𝑋0

1

√|𝑔|
𝛿(3)(𝑦 − 𝑋 )𝛿(𝑦0 − 𝑋0) = 𝑞𝑉𝜇

𝛿(3) (𝑦 − 𝑋 (𝑦0))

√|𝑔|
 

𝑗𝜇(𝑦0, 𝑦 ) = 𝑞𝑐𝛿𝜇0
𝛿(3)(𝑦 )

√|𝑔|
 

−
𝑞

𝑐
∫  

𝛾(𝜉)

 𝐴𝜇𝑥̇𝜇𝑑𝜉 = −
𝑞

𝑐
∫ 

𝛾

 𝐴  

𝑆𝑀,𝑞[𝑋𝜇(𝜉)] = −𝑀𝑐 ∫  𝑑𝜉√𝑔𝜇𝜈(𝑋)𝑋̇𝜇𝑋̇𝜈 −
𝑞

𝑐
∫  𝐴𝜇𝑋̇𝜇  

0 = ∫  
𝑉

 𝑑⋆𝑗  

∫ 
𝑉

 𝑑⋆𝑗 = ∫  
𝑥0=𝑥2

0
   ⋆𝑗 − ∫  

⋆

𝑥0=𝑥1
0

 𝑗 = 0  

𝑞 =
1

𝑐
∫  

𝑥0= constant 

   ⋆𝑗,  

𝑞 = ∫  
𝑆∞

2
   ⋆𝐹  

𝑆𝐸𝑀[𝑔, 𝐴] =
1

16𝜋𝐺𝑁
(𝑑)

∫  𝑑𝑑𝑥√|𝑔| [𝑅 −
1

4
𝐹2]  
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𝑞 =
1

16𝜋𝐺𝑁
(𝑑)

∫  
𝑆∞

𝑑−2
   ⋆𝐹  

𝐸𝑟 = 𝐹0𝑟 ∼
4𝐺𝑁

(4)
𝑞

𝑟2
 

𝐹𝑡𝑟 ∼ ±
1

𝑅2(𝑟)
 

𝑑𝑠2 = 𝑓(𝑟)𝑑𝑡2 − 𝑓−1(𝑟)𝑑𝑟2 − 𝑟2𝑑Ω(2)
2

𝐹𝑡𝑟 = −
4𝐺𝑁

(4)
𝑞

𝑟2

𝑓(𝑟) = 𝑟−2(𝑟 − 𝑟+)(𝑟 − 𝑟−)

𝑟± = 𝐺𝑁
(4)

𝑀 ± 𝑟0, 𝑟0 = 𝐺𝑁
(4)

(𝑀2 − 4𝑞2)1/2

 

𝐴𝜇 = 𝛿𝜇𝑡

−4𝐺𝑁
(4)

𝑞

𝑟
 

𝐴 = 4𝜋𝑟+
2  

 

𝐴extreme = 4𝜋𝑟+
2 = 4𝜋 (𝐺𝑁

(4)
𝑀)

2
 

 

𝐹12 = −𝐺𝑁
(4) 𝑀1𝑀2

𝑟12
2 + 4𝐺𝑁

(4) 𝑞1𝑞2

𝑟12
2  

𝑑𝑠2 = 𝐻−2𝑑𝑡2 − 𝐻2𝑑𝑥 3
2

𝐴𝜇 = −2sign(𝑞)(𝐻−1 − 1)𝛿𝜇𝑡 ,

𝐻 = 1 +
𝐺𝑁

(4)
𝑀

|𝑥 3|

 

𝜕𝑖𝜕𝑖𝐻 = 0  

𝑑𝑠2 = 𝐻−2𝑑𝑡2 − 𝐻2𝑑𝑥 3
2,

𝐴𝜇 = 𝛿𝜇𝑡𝛼(𝐻−1 − 1), 𝛼 = ±2

𝜕𝑖𝜕𝑖𝐻 = 0.

 

𝐻(𝑥 3) = 1 + ∑  

𝑁

𝑖=1

 
2𝐺𝑁

(4)|𝑞𝑖|

|𝑥 3 − 𝑥 3,𝑖|
 

𝑑𝑠2  =
𝜌2

𝑅𝐴𝑑𝑆
2 𝑑𝑡2 − 𝑅𝐴𝑑𝑆

2
𝑑𝜌2

𝜌2
− 𝑅𝐴𝑑𝑆

2 𝑑Ω(2)
2

𝐴𝑡  = −
2𝜌

𝑅𝐴𝑑𝑆
, 𝐹𝜌𝑡 = −

2

𝑅𝐴𝑑𝑆
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𝑑𝑠2 = 𝐻−2𝑊𝑑𝑡2 − 𝐻2[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(2)
2 ]

𝐴𝜇 = 𝛿𝜇𝑡𝛼(𝐻−1 − 1)

𝐻 = 1 +
ℎ

𝜌
, 𝑊 = 1 +

𝜔

𝜌
, 𝜔 = ℎ [1 − (

𝛼

2
)

2

]

 

𝛼 = −
4𝐺𝑁

(4)
𝑞

𝑟±
, ℎ = 𝑟±, 𝜔 = ±2𝑟0  

𝑆[𝑔, 𝐴𝐼] =
1

16𝜋𝐺𝑁
(4)

∫  𝑑4𝑥√|𝑔| [𝑅 −
1

4
∑  

𝐼=𝑁

𝐼=1

  (𝐹𝐼)2]  

𝑑𝑠2 = 𝐻−2𝑊𝑑𝑡2 − 𝐻2[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(2)
2 ]

𝐴𝜇
𝑖  = 𝛿𝜇𝑡𝛼

𝑖(𝐻−1 − 1)

𝐻 = 1 +
ℎ

𝜌
, 𝑊 = 1 +

𝜔

𝜌
, 𝜔 = ℎ [1 − ∑  

𝑖=𝑁

𝑖=1

 (
𝛼𝑖

2
)

2

]

 

𝛼𝑖 = −
4𝐺𝑁

(4)
𝑞𝑖

𝑟±
, ℎ = 𝑟±, 𝜔 = ±2𝑟0  

𝑟± = 𝐺𝑁
(4)

𝑀 ± 𝑟0, 𝑟0 = 𝐺𝑁
(4)√𝑀2 − 4 ∑  

𝑖=𝑁

𝑖=1

 𝑞𝑖
2  

𝑑𝑀 =
1

8𝜋𝐺𝑁
(4)

𝜅𝑑𝐴 + Φ𝑑𝑞  

𝜅 =
1

𝐺𝑁
(4)

√𝑀2 − 4𝑞2

(𝑀 + √𝑀2 − 4𝑞2)
2  

𝑇 =
1

2𝜋𝐺𝑁
(4)

√𝑀2 − 4𝑞2

(𝑀 + √𝑀2 − 4𝑞2)
2 , 𝑆 = 𝜋𝐺𝑁

(4)
(𝑀 + √𝑀2 − 4𝑞2)

2

 

𝐸  ̃ = 𝐵  , 𝐵  ̃ = −𝐸   

𝐹̃ = 𝑎𝐹 + 𝑏⋆𝐹, ⇒⋆ 𝐹̃ = −𝑏𝐹 + 𝑎⋆𝐹, 𝑎2 + 𝑏2 ≠ 0  

𝐹 ≡ (
𝐹

 ⋆𝐹
) ,⋆ 𝐹 = (

0 1
−1 0

) 𝐹  

∇𝜇𝐹 𝜇𝜈 = 0  

𝐹 ̃ = 𝑀𝐹 , 𝑀 = (
𝑎 𝑏

−𝑏 𝑎
)  
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∫  
𝑆∞

2
   ⋆𝐹 = (

16𝜋𝐺𝑁
(4)

𝑞

𝑝
) ≡ 16𝜋𝐺𝑁

(4)
𝑞 , 𝑞 = (

𝑞

𝑝/16𝜋𝐺𝑁
(4))  

𝐴̃𝜇(𝑥) = − ∫  
1

0

 𝑑𝜆𝜆𝑥𝜈
𝜖𝜇𝜈

𝜌𝜎

√|𝑔|
𝜕𝜌𝐴𝜎(𝜆𝑥)  

𝐺𝜇𝜈 − 𝐹 𝜇
𝑇𝜌

𝐹 𝜈𝜌  

𝐹 ≡ (
𝑒−2𝐹

 ⋆𝐹
) , 𝐺𝜇𝜈 + (𝐹 𝜇

𝜌
)

𝑇
(

0 1
−1 0

) 𝐹 𝜈𝜌  

𝑀 = (
𝑎 0
0 1/𝑎

) , 𝑒′ = 𝑎−1𝑒

𝑀 = (
0 1

−1 0
) , 𝑒′ =

1

𝑒

 

{
𝐹̃  = cos 𝜉𝐹 + sin 𝜉⋆𝐹

⋆ 𝐹̃  = −sin 𝜉𝐹 + cos 𝜉⋆𝐹
 

{
 
 

 
 

𝐹̃𝑡𝑟 =
−4𝐺𝑁

(4)
cos 𝜉𝑞

𝑟2

𝐹̃𝜃𝜑 = 4𝐺𝑁
(4)

sin 𝜉𝑞sin 𝜃
 

𝑞̃ = cos 𝜉𝑞, 𝑝̃ = −16𝐺𝑁
(4)

sin 𝜉𝑞, ⇒ 𝑞̃2 + (
𝑝̃

16𝜋𝐺𝑁
(4)

) = 𝑞2  

𝑑𝑠2 = 𝑓(𝑟)𝑑𝑡2 − 𝑓−1(𝑟)𝑑𝑟2 − 𝑟2𝑑Ω(2)
2

𝐹𝑡𝑟 = −
4𝐺𝑁

(4)
𝑞

𝑟2
, 𝐹𝜃𝜑 = −

𝑝

4𝜋
sin 𝜃,

𝑓(𝑟) = 𝑟−2(𝑟 − 𝑟+)(𝑟 − 𝑟−),

𝑟± = 𝐺𝑁
(4)

𝑀 ± 𝑟0, 𝑟0 = 𝐺𝑁
(4)

{𝑀2 − 4 [𝑞2 + (
𝑝

16𝜋𝐺𝑁
(4)

)

2

]}

1/2

 

[𝑄𝛼 , 𝑀𝑎𝑏] = Γ𝑠(𝑀𝑎𝑏)𝛼 𝛽𝑄𝛽  

{𝑄𝛼 , 𝑄𝛽} = 𝑖(𝛾𝑎𝒞−1)𝛼𝛽𝑃𝑎  

[𝑀𝑎𝑏 , 𝑀𝑐𝑑] = −𝑀𝑒𝑏Γ𝑣(𝑀𝑐𝑑)𝑒 𝑎 − 𝑀𝑎𝑒Γ𝑣(𝑀𝑐𝑑)𝑒 𝑏
[𝑃𝑎 , 𝑀𝑏𝑐] = −𝑃𝑒Γ𝑣(𝑀𝑏𝑐)𝑒 𝑎,

[𝑄𝛼 , 𝑀𝑎𝑏] = Γ𝑠(𝑀𝑎𝑏)𝛼  𝛽𝑄𝛽 ,

{𝑄𝛼 , 𝑄𝛽} = 𝑖(𝛾𝑎𝒞−1)𝛼𝛽𝑃𝑎.

 

𝐴𝜇 = 𝑒𝑎  𝜇𝑃𝑎 +
1

2
𝜔𝜇 𝑎𝑏𝑀𝑎𝑏 + 𝜓‾𝜇𝛼𝑄𝛼  
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Λ = 𝜎𝑎𝑃𝑎 +
1

2
𝜎𝑎𝑏𝑀𝑎𝑏 + 𝜖‾𝛼𝑄𝛼  

𝛿𝐴𝜇 = 𝜕𝜇Λ + Λ, 𝐴𝜇 ≡ 𝔻𝜇Λ  

𝑆[𝑒𝑎 𝜇 , 𝜔𝜇 𝑎𝑏 , 𝜓𝜇] = ∫  𝑑4𝑥𝑒[𝑅(𝑒, 𝜔) + 2𝑒−1𝜖𝜇𝜈𝜌𝜎𝜓‾𝜇𝛾5𝛾𝜈∇𝜌𝜓𝜎]  

𝑅(𝑒, 𝜔) = 𝑒𝑎  𝜇𝑒𝑏 𝜈𝑅𝜇𝜈  𝑎𝑏(𝜔)  

𝜔𝑎𝑏𝑐 = −Ω𝑎𝑏𝑐 + Ω𝑏𝑐𝑎 − Ω𝑐𝑎𝑏 ,

Ω𝜇𝜈  𝑎 = Ω𝜇𝜈  𝑎(𝑒) +
1

2
𝑇𝜇𝜈  𝑎 ,

Ω𝜇𝜈  𝑎(𝑒) = 𝜕[𝜇𝑒𝑎 𝜈], 𝑇𝜇𝜈  𝑎 = 𝑖𝜓‾𝜇𝛾𝑎𝜓𝜈.

 

{

𝛿𝜉𝑥𝜇  = 𝜉𝜇

𝛿𝜉𝑒𝑎  𝜇  = −𝜉𝜈𝜕𝜈𝑒𝑎 𝜇 − 𝜕𝜇𝜉𝜈𝑒𝑎 𝜈
𝛿𝜉𝜓𝜇  = −𝜉𝜈𝜕𝜈𝜓𝜇 − 𝜕𝜇𝜉𝜈𝜓𝜈

 

{
𝛿𝜎𝑒𝑎 𝜇  = 𝜎𝑎  𝑏𝑒𝑏 𝜇

𝛿𝜎𝜓𝜇  =
1

2
𝜎𝑎𝑏𝛾𝑎𝑏𝜓𝜇

 

{
𝛿𝜖𝑒𝑎  𝜇  = −𝑖𝜖‾𝛾𝜓𝜇

𝛿𝜖𝜓𝜇  = ∇𝜇𝜖
 

[𝑀𝑎𝑏, 𝑀𝑐𝑑] = −𝑀𝑒𝑏Γ𝑣(𝑀𝑐𝑑)𝑒 𝑎 − 𝑀𝑎𝑒Γ𝑣(𝑀𝑐𝑑)𝑏
𝑒 ,

[𝑃𝑎 , 𝑀𝑏𝑐] = −𝑃𝑒Γ𝑣(𝑀𝑏𝑐)𝑒 𝑎 ,

[𝑄𝛼𝑖, 𝑀𝑎𝑏] = Γ𝑠(𝑀𝑎𝑏)𝛼 𝛽𝑄𝛽𝑖,

{𝑄𝛼𝑖, 𝑄𝛽𝑗} = 𝑖𝛿𝑖𝑗(𝛾𝑎𝒞−1)𝛼𝛽𝑃𝑎 − 𝑖(𝒞−1)𝛼𝛽𝑄𝑖𝑗 − 𝛾5(𝒞−1)𝛼𝛽𝑃𝑖𝑗

 

𝐴𝜇 = 𝑒𝑎 𝜇𝑃𝑎 +
1

2
𝜔𝜇 𝑎𝑏𝑀𝑎𝑏 +

1

2
𝐴𝑖𝑗  𝜇𝑄𝑖𝑗 + 𝜓‾ 𝑖  𝜇𝛼𝑄𝑖𝛼  

1

𝑛!
(𝛾𝑎1⋯𝑎𝑛𝒞−1)𝛼𝛽𝑍𝑎1⋯𝑎𝑛

𝑖𝑗  

[𝑍𝑐1⋯𝑐𝑛
𝑘𝑙 , 𝑀𝑎𝑏] = −𝑛Γ𝑣(𝑀𝑎𝑏)𝑒 [𝑐1

𝑍|𝑒|𝑐2⋯𝑐𝑛]
𝑘𝑙

 

𝒞−1, 𝛾5𝒞−1, 𝛾5𝛾𝑎𝒞−1, 𝛾𝑎𝑏𝑐𝒞−1, 𝛾𝑎𝑏𝑐𝑑𝒞−1  

𝛾𝑎𝒞−1, 𝛾𝑎𝑏𝒞−1, 𝛾5𝛾𝑎𝑏𝒞−1, 𝛾5𝛾𝑎𝑏𝑐𝒞−1  

{𝑄𝛼𝑖, 𝑄𝛽𝑗} =𝑖𝛿𝑖𝑗(𝛾𝑎𝒞−1)𝛼𝛽𝑃𝑎 + 𝑖(𝒞−1)𝛼𝛽𝑍[𝑖𝑗] + 𝛾5(𝒞−1)𝛼𝛽𝑍̃[𝑖𝑗]

 +(𝛾𝑎𝒞−1)𝛼𝛽𝑍𝑎
(𝑖𝑗)

+ 𝑖(𝛾5𝛾𝑎𝒞−1)𝛼𝛽𝑍𝑎
[𝑖𝑗]

 +𝑖(𝛾𝑎𝑏𝒞−1)
𝛼𝛽

𝑍𝑎𝑏
(𝑖𝑗)

+ (𝛾5𝛾𝑎𝑏𝒞−1)
𝛼𝛽

𝑍̃𝑎𝑏
(𝑖𝑗)

 

𝛿𝑔𝜇𝜈 = −2∇(𝜇𝑘𝜈)  
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𝛿𝜖𝐵 ∼ 𝜖𝐹 = 0,

𝛿𝜖𝐹 ∼ {
𝜕𝜖 + 𝐵𝜖

𝜕𝐵𝜖 + 𝐵𝜖
} = 0

 

𝛿𝜖𝜓𝜇 = ∇𝜇𝜖 = 0  

(1 − 𝛾0𝛾1)𝜖 = 0  

𝑘𝜇 ∼ 𝜖‾𝛾𝜇𝜖  

𝛿𝜖|𝑠 >∼ 𝜖‾𝛼
𝑖 𝑄𝑖𝛼|𝑠 >= 0  

𝜖‾𝔐𝜖 = 0,

𝔐 ≡ 𝑖𝛿𝑖𝑗𝛾𝑎𝑃𝑎 + 𝑖𝑍[𝑖𝑗] + 𝛾5𝑍̃[𝑖𝑗] + 𝛾𝑎𝑍𝑎
(𝑖𝑗)

+ 𝑖𝛾5𝛾𝑎𝑍𝑎
[𝑖𝑗]

+ 𝑖𝛾𝑎𝑏𝑍𝑎𝑏
(𝑖𝑗)

+ 𝛾5𝛾𝑎𝑏𝑍̃𝑎𝑏
(𝑖𝑗) 

𝔐 = 𝑖𝑝𝛾0(1 ± 𝛾0𝛾1)  

𝔐 = 𝑖𝛾0𝑀 (𝛿𝑖𝑗 +
𝑄

𝑀
𝛾0𝜖𝑖𝑗)  

(𝛿𝑖𝑗 ± 𝛾0𝜖𝑖𝑗)𝜖𝑗 = 0  

𝑀 = |𝑍| 

𝑀 = |𝑍1| = |𝑍2| 

𝑀 = |𝑍1| ≠ |𝑍2|. 

𝑀 = |𝑍1| = |𝑍2| = |𝑍3| = |𝑍4|, 

𝑀 = |𝑍1| = |𝑍2| ≠ |𝑍3,4|, 

𝑀 = |𝑍1| ≠ |𝑍2,3,4|. 

(𝛿𝑖𝑗 + 𝛾0𝛼𝑖𝑗)  

𝔐 = 𝑖𝛾0𝑀 (𝛿𝑖𝑗 +
𝑍(𝑝)

𝑀
𝛾0𝛾1 ⋯ 𝛾𝑝𝛼𝑖𝑗)  

𝑀 ≥ |𝑍𝑖|, 𝑖 = 1, … , [𝑁/2]  

{𝑒𝑎 𝜇 , 𝜓𝜇 = (
𝜓𝜇

1

𝜓𝜇
2) , 𝐴𝜇}  

𝑆 = ∫  𝑑4𝑥𝑒{𝑅(𝑒, 𝜔) + 2𝑒−1𝜖𝜇𝜈𝜌𝜎𝜓‾𝜇𝛾5𝛾𝜈∇𝜌𝜓𝜎 − ℱ2 + 𝒥(𝑚) 
𝜇𝜈(𝒥(𝑒)𝜇𝜈 + 𝒥(𝑚)𝜇𝜈)}  

{

ℱ𝜇𝜈  = 𝐹̃𝜇𝜈 + 𝒥(𝑚)𝜇𝜈

𝐹̃𝜇𝜈  = 𝐹𝜇𝜈 + 𝒥(𝑒)𝜇𝜈

𝐹𝜇𝜈  = 2𝜕[𝜇𝐴𝜈]
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{

𝒥(𝑒)𝜇𝜈 = 𝑖𝜓‾𝜇𝜎2𝜓𝜈

𝒥(𝑚)𝜇𝜈 = −
1

2𝑒
𝜖𝜇𝜈𝜌𝜎𝜓‾𝜌𝛾5𝜎2𝜓𝜎

 

𝑇𝜇𝜈  𝑎 = 𝑖𝜓‾𝜇𝛾𝑎𝜓𝜈(≡ 𝑖𝜓‾𝑗𝜇𝛾𝑎𝜓𝜈
𝑗
)  

{

𝛿𝜖𝑒𝑎 𝜇  = −𝑖𝜖‾𝛾𝑎𝜓𝜇

𝛿𝜖𝐴𝜇  = −𝑖𝜖‾𝜎2𝜓𝜇

𝛿𝜖𝜓𝜇  = ∇̃𝜇𝜖

 

∇̃𝜇= ∇𝜇 +
1

4
𝐹̃𝛾𝜇𝜎2 

{
𝐹̃𝜇𝜈

′  = cos 𝜃𝐹̃𝜇𝜈 + sin 𝜃⋆𝐹̃𝜇𝜈

𝜓𝜇
′  = 𝑒

𝑖
2
𝜃𝛾5𝜓𝜇

 

{𝑒𝑎 𝜇 , 𝐴(𝑛) 𝜇 , 𝜙, 𝑎, 𝜓𝜇
𝑖 , 𝜆𝑖}  

𝑆 = ∫  𝑑4𝑥√|𝑔| {𝑅 + 2(𝜕𝜙)2 +
1

2
𝑒4𝜙(𝜕𝑎)2 − 𝑒−2𝜙 ∑  

6

𝑛=1

 𝐹(𝑛)𝐹(𝑛) + 𝑎 ∑  

6

𝑛=1

 𝐹(𝑛)⋆𝐹(𝑛)}  

𝜏 = 𝑎 + 𝑖𝑒−2𝜙  

𝐹̃𝜇𝜈
(𝑛)

= 𝜕𝜇𝐴̃𝜈
(𝑛)

− 𝜕𝜈𝐴̃𝜇
(𝑛)

 

Λ = (
𝑎 𝑏
𝑐 𝑑

) , 𝑎𝑑 − 𝑏𝑐 = 1 

(
𝐹̃(𝑛) 𝜇𝜈

𝐹(𝑛) 𝜇𝜈
) ⟶ Λ (

𝐹̃(𝑛) 𝜇𝜈

𝐹(𝑛) 𝜇𝜈
)  

𝜏 ⟶
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

𝑀2 +
|𝑍1𝑍2|2

𝑀2
− |𝑍1|2 − |𝑍2|2 ≥ 0  

𝜕𝑖𝜕𝑖ℋ1 = 𝜕𝑖𝜕𝑖ℋ2 = 0  

∑  

𝑁

𝑛=1

  (𝑘(𝑛))
2

= 0, ∑  

𝑁

𝑛=1

  |𝑘(𝑛)|
2

=
1

2
 

𝑒−2𝑈  = 2ℑ m(ℋ1ℋ2)

𝜕[[]𝜔𝑗]  = 𝜖𝑖𝑗𝑘ℜe(ℋ1𝜕𝑘ℋ2 − ℋ2𝜕𝑘ℋ1)
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𝑑𝑠2  = 𝑒2𝑈(𝑑𝑡2 + 𝜔𝑖𝑑𝑥𝑖)
2

− 𝑒−2𝑈𝑑𝑥 2

𝜆 =
ℋ1

ℋ2

𝐴𝑡
(𝑛)

 = 2𝑒2𝑈ℜe(𝑘(𝑛)ℋ2)

𝐴̃𝑡
(𝑛)

 = −2𝑒2𝑈ℜe(𝑘(𝑛)ℋ1)

 

ℋ1 = 𝑖ℋ2 =
1

√2
𝑉−1  

Υ = −2
∑  𝑛  Γ(𝑛)

2

𝑀
 

𝑀2 + |Υ|2 − 4 ∑  

𝑛

  |Γ(𝑛)|
2

= 0  

1

2
|𝑍1,2|

2
= ∑  

𝑛

  |Γ(𝑛)|
2

± [(∑  

𝑛

  |Γ(𝑛)|
2
)

2

− |∑  

𝑛

 Γ(𝑛)2|

2

]

1
2

 

𝐴 = 4𝜋(|𝑀|2 − |Υ|2) = 4𝜋||𝑍1|2 − |𝑍2|2 ∣  

𝐴 = 8𝜋√det [(
𝑝̃ 𝑡

𝑞̃ 𝑡
) (𝑝̃ 𝑞̃ )]  

(
𝑝̃ 

𝑞̃ 
)

′

= 𝑅 ⊗ 𝑆 (
𝑝̃ 

𝑞̃ 
)  

+
1

6!
(Γ̂̂𝑎̂̂1⋯𝑎̂6 𝒞̂̂−1))

𝛼̂̂𝛽̂̂

𝒵̂
𝑎̂̂1⋯𝑎̂̂6

(6)
+

𝑖

9!
(Γ̂̂𝑎̂̂1⋯𝑎̂̂9𝒞̂−1))

𝛼̂̂𝛽̂̂

𝒵𝑎1⋯𝑎9

(9)

 +
1

10!
(Γ̂̂𝑎̂̂1⋯𝑎̂10𝒞̂−1) 𝛼̂̂𝛼̂𝛽̂𝒵̂

𝑎̂̂1⋯⋯𝑎̂10

(10)
.

 

{𝑒̂̂
𝜇̂̂
𝑎̂̂, 𝐶̂̂

𝜇̂̂𝜌̂̂𝐿̂̂
ˆ , 𝜓̂̂𝜇̂̂}  

𝑆̂̂ =
1

16𝜋𝐺𝑁
(11)

∫  𝑑11𝑥̂̂√|𝑔̂̂|

[
 
 
 

𝑅̂̂ −
1

2 ⋅ 4!
𝐺̂̂2 −

1

(144)2

1

√∣ 𝑔̂̂

𝜖𝐺̂̂𝐺̂̂𝐶̂̂𝐶̂̂

]
 
 
 

 

𝐺̂̂ = 4𝜕𝐶̂̂  
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𝛿𝜒̂̂𝐶̂̂ = 3𝜕𝜒̂̂  

 

𝜕 ( ⋆𝐺̂̂ +
35

2
𝐶̂̂𝐺̂̂)  

∗ 𝐺̂̂ = 7(𝜕𝐶̃̃
ˆ
− 10𝐶̂̂𝜕𝐶̂̂) ≡ 𝐺̃̃

ˆ  

𝛿𝜒̂̂𝐶̂̃
ˆ

= 6𝜕𝜒̂̃  

𝛿𝜒̂̂𝐶̂̃
ˆ

= −30𝜕𝜒̂̂𝐶̂̂  

𝑃̂̂𝑎̂̂ = (𝑃̂𝑎̂ , 𝑍̂(0)), 𝑍̂̂
𝑎̂̂𝑏̂̂

(2)
= (𝑍̂

𝑎̂𝑏̂

(2)
, 𝑍̂𝑎̂

(1)
) , 𝑍̂

𝑎̂̂1⋯𝑎̂5

(5)
= (𝑍̂𝑎̂1⋯𝑎̂5

(5)
, 𝑍̂𝑎̂1⋯𝑎̂4

(4)
)  

𝑍̂̂
𝑎̂̂1⋯𝑎̂6

(6)
= (𝑍̂𝑎̂1⋯𝑎̂6

(6)
,⋅) , 𝑍̂̂𝑎̂1⋯𝑎̂9

(9)
= (⋅, 𝑍̂𝑎̂1⋯𝑎̂8

(8)
)  

{𝑄̂𝛼̂ , 𝑄̂𝛽̂} =𝑖(Γ̂𝑎̂𝒞̂−1) 𝛼̂𝛽̂𝑃̂𝑎̂ + ∑  

𝑛=0,1,4,8

 
𝑐𝑛

𝑛!
(Γ̂𝑎̂1⋯𝑎̂𝑛Γ̂11𝒞̂−1)𝛼̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂𝑛

(𝑛)

 + ∑  

𝑛=2,5,6

 
𝑐𝑛

𝑛!
(Γ̂𝑎̂1⋯𝑎̂𝑛Γ̂11𝒞̂−1)𝛼̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂𝑛

(𝑛)
 

{𝑔̂𝜇̂𝜈̂ , 𝐵̂𝜇̂𝜈̂ , 𝜙̂, 𝐶̂(3) 𝜇̂𝜈̂𝜌̂, 𝐶̂(1) 𝜇̂ , }.  

𝑐5

5!
(Γ̂𝑎̂1⋯𝑎̂5Γ̂11𝒞̂−1)

𝛼̂𝛽̂
𝑍̂𝑎̂1⋯𝑎̂5

(5)
+

𝑐9

9!
(Γ̂𝑎̂1⋯𝑎̂9𝒞̂−1)𝛼̂𝛽̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂9

(9)
 

𝑔̂̂𝜇̂𝜈̂ = 𝑒−
2
3
𝜙̂𝑔̂𝜇̂𝜈̂ − 𝑒

4
3
𝜙̂𝐶̂(1)𝜇̂(1)𝜈̂, 𝐶̂̂𝜇̂𝜈̂𝜌̂ = 𝐶̂(3)𝜇̂𝜈̂𝜌̂

𝑔̂̂𝜇̂𝑧 = −𝑒
4
3
𝜙̂𝐶̂(1)𝜇̂, 𝐶̂̂𝜇̂𝜈̂𝑧 = 𝐵̂𝜇̂𝜈̂ ,

𝑔̂̂𝑧𝑧 = −𝑒
4
3
𝜙̂.

 

(𝑒̂𝜇̂̂ 𝑎̂̂𝑢̂ = (
𝑒−

1
3
𝜙̂𝑒̂

𝜇̂

 𝑎̂ 𝑒
2
3
𝜙̂𝐶̂(1)𝜇̂

0 𝑒
2
3
𝜙̂

) ,

(𝑒̂̂𝑎̂̂ 𝜇̂̂) = (
𝑒

1
3𝜙̂𝑒̂𝑒̂𝑎̂

𝜇̂
−𝑒

1
3
𝜙̂𝐶̂(1)𝑎̂

0 𝑒−
2
3
𝜙̂

) .
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𝑆̂ =
2𝜋𝑡lanck 

(11)

16𝜋𝐺𝑁
(1)

∫  𝑑10𝑥̂√|𝑔̂| {𝑒−2𝜙̂ [𝑅̂ − 4(𝜕𝜙̂)2 +
1

2 ⋅ 3!
𝐻̂2]

− [
1

4
(𝐺̂(2))

2
+

1

2 ⋅ 4!
(𝐺̂(4))

2
] −

1

144

1

√|𝑔̂|
𝜖𝜕𝐶̂(3)𝜕𝐶̂(3)𝐵̂}

 

𝑔̂𝜇̂𝜈̂ → 𝑒
2
3
𝜙̂0𝜂̂𝜇̂𝜈̂

 

𝑔̂𝜇̂𝜈̂ → 𝑒
2
3
𝜙̂0𝑔̂𝜇̂𝜈̂ , 𝐶̂(1)𝜇̂ → 𝑒

1
3
𝜙̂0𝐶̂(1)𝜇̂,

𝐵̂𝜇̂𝜈̂ → 𝑒
2
3
𝜙̂0𝐵̂𝜇̂𝜈̂ , 𝐶̂(3)𝜇̂𝜈̂𝜌̂ → 𝑒𝜙̂0𝐶̂(3) 𝜇̂𝜈̂𝜌̂

 

𝑆̂ =
𝑔𝐴

2

16𝜋𝐺𝑁𝐴
100 ∫  𝑑10𝑥̂√|𝑔̂| {𝑒−2𝜙̂ [𝑅̂ − 4(𝜕𝜙̂)2 +

1

2 ⋅ 3!
𝐻̂2]

− [
1

4
(𝐺̂(2))

2
+

1

2 ⋅ 4!
(𝐺̂(4))

2
] −

1

144

1

√|𝑔̂|
𝜖𝜕𝐶̂(3)𝜕𝐶̂(3)𝐵̂}

 

𝑔𝐴 = 𝑒𝜙̂0  

2𝜋ℓPlanck 

(11)
𝑒

8
3
𝜙̂0

16𝜋𝐺𝑁
(11)

=
𝑔𝐴

2

16𝜋𝐺𝑁𝐴
(10)

 

𝐺𝑁
(10)

=
𝐺𝑁

(11)

2𝜋ℓ
Planck 

(11)
𝑔𝐴

2/3
 

𝑅11 =
1

2𝜋
lim
𝑟→∞

 ∫  √|𝑔̂̂𝑧𝑧|𝑑𝑧 = ℓPlanck 

(11)
𝑒

2
3
𝜙̂0 = ℓPlanck 

(11)
𝑔𝐴

2/3
 

𝐺𝑁𝐴
(10)

=
𝐺𝑁

(11)

2𝜋𝑅11
=

𝐺𝑁
(11)

𝑉11

 

𝐺𝑁𝐴
(10)

=
(ℓPlanck

(11)
)

8

32𝜋2𝑔𝐴
2/3

 

𝐺𝑁𝐴
(10)

= 8𝜋6𝑔𝐴
2ℓ𝑠

8  

ℓPlanck 

(11)
= 2𝜋ℓ𝑠𝑔𝐴

1/3

𝑅11 = ℓ𝑠𝑔𝐴

 

𝐺̂(10−𝑘) = (−1)[𝑘/2]⋆𝐺̂(𝑘)  

𝐺̂ = 𝑑𝐶̂ − 𝐻̂ ∧ 𝐶̂  

𝑑𝐺̂ − 𝐻̂ ∧ 𝐺̂ = 0, 𝑑⋆𝐺̂ + 𝐻̂ ∧⋆ 𝐺̂  

𝐻̂(7) = 𝑒−2𝜙̂⋆𝐻̂  
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𝑑𝐻 = 0, 𝑑(𝑒2𝜙⋆𝐻̂(7))  

𝑑(𝑒−2𝜙⋆𝐻̂) +
1

2
⋆ 𝐺̂ ∧ 𝐺̂ = 0, 𝑑𝐻̂(7) +

1

2
⋆ 𝐺̂ ∧ 𝐺̂  

𝐻̂(7) = 𝑑𝐵̂(6) −
1

2
∑  

𝑛=4

𝑛=1

  ⋆ 𝐺̂(2𝑛+2) ∧ 𝐶̂(2𝑛−1)  

{
 
 

 
 𝜖 = 𝑒−

1
6(𝜙̂−−𝜙̂0)𝜖

𝜓̂̂𝑎̂ = 𝑒
1
6(𝜙̂−𝜙̂0) (2𝜓̂𝑎̂ −

1

3
Γ̂𝑎̂𝜆̂)

𝜓̂̂𝑧 =
2𝑖

3
𝑒

1
6(𝜙̂−𝜙̂0)Γ̂11𝜆̂

 

𝛿𝜖̂𝑒̂𝜇̂
𝑎̂ = −𝑖𝜖Γ̂𝑎̂𝜓̂𝜇̂ ,

𝛿𝜖̂𝜓̂𝜇̂ = {𝜕𝜇̂ −
1

4
(𝜓𝜇̂ +

1

2
Γ11𝐻̂𝜇)} 𝜖 +

𝑖

8
𝑒𝑒̂ ∑  

𝑛=1,2

 
1

(2𝑛)!
𝜖(2𝑛)Γ̂𝜇̂(−Γ̂11)

𝑛
𝜖,

𝛿𝜖̂𝛽̂𝜇̂𝜈̂ = −2𝑖𝜖Γ̂[𝜇̂Γ̂11𝜓̂𝜈̂],

𝛿𝜖̂𝐶̂(1) 𝜇̂ = −𝑒𝜙̂𝜖̂Γ̂11 (𝜓̂𝜇̂ −
1

2
Γ̂𝜇̂𝜆̂) ,

𝛿𝜖̂𝐶̂(3) 𝜇̂𝜈̂𝜌̂ = 3𝑒𝜙̂𝜖‾Γ̂𝜇̂𝜈̂ (𝜓̂𝜌̂] −
1

3!
Γ̂𝜌̂]𝜆̂) + 3𝐶̂(1) [𝜇̂𝛿𝜖̂𝐵̂𝜇̂𝜈̂],

𝛿𝜖̂𝜆̂ = (𝜕𝜕𝜙𝜙̂ +
1

12
Γ̂11𝐻̂) 𝜖 +

𝑖

4
𝑒𝜙̂ ∑  

𝑛=1,2

 
5 − 2𝑛

(2𝑛)!
𝜁(2𝑛)(−Γ̂11)

𝑛
𝜖,

𝛿𝜖̂𝜙̂ = −
𝑖

2
𝜖𝜖

 

{𝑄̂𝑖𝛼̂ , 𝑄̂𝑗𝛽̂} =𝑖𝛿𝑖𝑗(Γ̂𝑎̂𝒞̂−1) 𝛼̂𝛽̂𝑃̂𝑎̂ + (Γ̂𝑎̂𝒞̂−1)𝛼̂𝛽̂̂𝑍̂𝑎̂
(1)(𝑖𝑗)

+
𝑖

3!
(Γ̂𝑎̂1𝑎̂2𝑎̂3𝒞̂−1)𝛼̂𝛽̂𝑍̂𝑎̂1𝑎̂2𝑎̂3

(3)[𝑖𝑗]

 +
𝑖

5!
(Γ̂𝑎̂1⋯𝑎̂5𝒞̂−1)𝛼̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂5

(5)(𝑖𝑗)
+

𝑖

7!
(Γ̂𝑎̂1⋯𝑎̂7𝒞̂−1)𝛼̂𝛼̂𝑍̂

𝑎̂1⋯𝑎̂7

(7)[𝑖𝑗]ˆ

 +
𝑖

9!
(Γ̂𝑎̂1⋯𝑎̂9𝒞̂−1)𝛼̂𝛽̂𝑍̂𝑎̂1⋯𝑎̂9

(9)(𝑖𝑗)
.

 

𝑍̂𝑎̂
(1)(𝑖𝑗)

= 𝑍̂𝑎̂
(1)0

𝛿𝑖𝑗𝑍̂𝑎̂
(1)1

𝜎1 + 𝑍̂𝑎̂
(1)3

𝜎3  

𝑍̂𝑎̂1𝑎̂2𝑎̂3

(3)
= 𝑍̂𝑎̂1𝑎̂2𝑎̂3

(𝑖)
𝑖𝜎2  

{𝚥𝜇̂𝜈̂ , ℬ̂𝜇̂𝜈̂ , 𝜑̂}  

{𝐶(0)ˆ , 𝐶(2)ˆ 𝜇̂𝜈̂̂, 𝐶(4)ˆ 𝜇̂𝜈̂𝜌̂𝜎̂}  

{
 
 

 
 ℋ̂  = 3𝜕ℬ

𝐺̂(1)  = 𝜕𝐶̂(0)

𝐺̂(3)  = 3(𝜕𝐶̂(2) − 𝜕ℬ̂𝐶̂(0))

𝐺̂(5)  = 5(𝜕𝐶̂(4) − 6𝜕ℬ̂𝐶̂(2))

 

𝐺̂(5) = +⋆𝐺̂(5)  
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(𝐺̂(5))
2

= ( ⋆𝐺̂(5))
2

= −(𝐺̂(5))
2

⇒= 0  

𝑆NSD =
𝑔𝐵

2

16𝜋𝐺𝑁𝐵
(10)

∫  𝑑10𝑥̂√|𝚥| {𝑒−2𝜑̂ [𝑅̂(𝚥) − 4(𝜕𝜑̂)2 +
1

2 ⋅ 5!
ℋ̂2]

 +
1

2
(𝐺̂(0))

2
+

1

2 ⋅ 3!
(𝐺̂(3))

2
+

1

4 ⋅ 3!
(𝐺̂(5))

2

 −
1

192

1

√|𝚥|
∈ 𝜕𝐶̂(4)𝜕𝐶̂(2)ℬ̂}

 

𝑔𝐵 = 𝑒𝜑̂0  

𝛿𝜀̂𝑒̂𝜇̂
𝑎̂ = −𝑖𝜀Γ̂𝑎̂𝜁𝜇̂,

𝛿𝜀̂𝜁𝜇̂ =∇𝜇̂𝜀 −
1

8
ℋ̂𝜇̂𝜎3𝜀 +

1

8
𝑒𝜑̂ ∑  

𝑛=1,2,3

 
1

(2𝑛 − 1)!
𝑙(2𝑛−1)Γ̂𝜇̂𝒫𝑛𝜀,

𝛿𝜀̂ℬ̂𝜇̂𝜈̂ = −2𝑖𝜀𝜎3Γ̂[𝜇̂𝜁𝜈̂],

𝛿𝜀̂𝐶̂(2𝑛−2) 𝜇̂1⋯𝜇̂2𝑛−2
=𝑖(2𝑛 − 2)𝑒−𝜑̂𝜀𝒫𝑛Γ̂[𝜇̂1⋯𝜇̂2𝑛−3

(𝜁𝜇̂2𝑛−2] −
1

2(2𝑛 − 2)
Γ̂𝜇̂2𝑛−2]𝜒̂))

 +
1

2
(2𝑛 − 2)(2𝑛 − 3)𝐶̂(2𝑛−4) [𝜇̂1⋯𝜇̂2𝑛−4

𝛿𝜀̂ℬ̂𝜇̂2𝑛−3𝜇̂2𝑛−4
,

𝛿𝜀̂𝜒̂ =(∂ 𝜑̂ −
1

12
ℋ̂𝜎3) 𝜀 +

1

2
𝑒𝜑̂ ∑  

𝑛=1,2,3

 
(𝑛 − 3)

(2𝑛 − 1)!
𝜁(2𝑛−1)𝒫𝑛𝜀,

𝛿𝜀̂𝜑̂ = −
𝑖

2
𝜀𝜒̂

 

𝒫𝑛 = {
𝜎1, 𝑛 

𝑖𝜎2, 𝑛 
 

𝚥𝐸𝜇𝜈 = 𝑒−𝜑/2𝚥𝜇𝜈  

{
ℬ   ̂ = (

𝐶̂(2)

ℬ̂
)

𝐷̂ = 𝐶̂(4) − 3ℬ̂𝐶̂(2)

 

{

ℋ   ̂  = 3𝜕ℬ   ̂

𝐹̂  = 𝐺̂(5) = +⋆𝐹̂

= 5 (𝜕𝐷̂ − ℬ   ̂𝑇𝜂ℋ   ̂)

 

𝜂 = 𝑖𝜎2 = (
0 1

−1 0
) = −𝜂−1 = −𝜂𝑇  

Λ𝜂Λ𝑇 = 𝜂, ⇒ 𝜂Λ𝜂𝑇 = (Λ−1)𝑇 , Λ ∈ 𝑆𝐿(2, ℝ)  

ℳ̂ = 𝑒𝜑̂ (
|𝜏̂|2 𝐶̂(0)

𝐶̂(0) 1
) , ℳ̂−1 = 𝑒𝜑̂ (

1 −𝐶̂(0)

−𝐶̂(0) |𝜏̂|2
)  

𝜏̂ = 𝐶̂(0) + 𝑖𝑒−𝜑̂  
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ℳ̂′ = Λℳ̂Λ𝑇 ,

ℬ′ˆ  = Λℬ   ̂
 

𝜏̂′ =
𝑎𝜏̂ + 𝑏

𝑐𝜏̂ + 𝑑
 

𝑆̂NSD =
𝑔𝐵

2

16𝜋𝐺𝑁
100 ∫  𝑑10𝑥̂√|𝚥𝐸| {𝑅̂(𝚥𝐸) +

1

4
Tr(𝜕ℳ̂ℳ̂−1)

2

+
1

2 ⋅ 3!
ℋ   ̂𝑇ℳ̂−1ℋ   ̂ +

1

4 ⋅ 5!
𝐹̂2 −

1

27 ⋅ 33

1

√|𝚥𝐸|
∈ 𝐷̂ℋ   ̂ 𝑇𝜂ℋ   ̂}

 

𝑔𝐵
′ = 1/𝑔𝐵  

𝚥′ = |𝑐𝜆̂ + 𝑑|𝚥  

𝚥′ = 𝑒−𝜑̂𝚥  

𝑅′ = 𝑅/𝑔𝐵  

{𝑄𝑖𝛼 , 𝑄𝑗𝛽} =𝑖(Γ𝑎𝒞−1)𝛼𝛽 (𝛿𝑖𝑗𝑃𝑎 + 𝜎1𝑖𝑗𝑍𝑎
(1)1

+ 𝜎3𝑖𝑗𝑍𝑎
(1)3

)

 +(𝒞−1)𝛼𝛽(𝛿𝑖𝑗𝑍(0)0 + 𝜎1𝑖𝑗𝑍(0)1 + 𝜎3𝑖𝑗𝑍(0)3)

 +
𝑖

2!
(Γ𝑎1𝑎2𝒞−1)𝛼𝛽𝜎2𝑖𝑗𝑍𝑎1𝑎2

(2)
+

1

3!
(Γ𝑎1𝑎2𝑎3𝒞−1

)
𝛼𝛽

𝜎2𝑖𝑗𝑍𝑎1𝑎2𝑎3

(3)

 +
1

4!
(Γ𝑎1⋅𝑎4𝒞−1)𝛼𝛽 (𝜎1𝑖𝑗𝑍𝑎1⋅𝑎4

(4)1
+ 𝜎3𝑖𝑗𝑍𝑎1⋅𝑎4

(4)3
)

 +
𝑖

5!
(Γ𝑎1⋅𝑎5𝒞−1)𝛼𝛽 (𝛿𝑖𝑗𝑍𝑎1⋅𝑎5

(5)0
+ 𝜎1𝑖𝑗𝑍𝑎1⋅𝑎5

(5)1
+ 𝜎3𝑖𝑗𝑍𝑎1⋅𝑎5

(5)3
)

 +
𝑖

6!
(Γ𝑎1⋯𝑎6𝒞−1)𝛼𝛽𝜎2𝑖𝑗 (𝑍𝑎1⋯𝑎6

(6)
+ 𝑍𝑎1⋯𝑎6

(6)!
)

 +
1

7!
(Γ𝑎1⋯𝑎7𝒞−1)𝛼𝛽𝜎2𝑖𝑗 (𝑍𝑎1⋯𝑎7

(7)
+ 𝑍𝑎1⋯𝑎7

(7)!
)

 +
1

8!
(Γ𝑎1⋅𝑎8𝒞−1)𝛼𝛽 (𝜎1𝑖𝑗𝑍𝑎1⋅𝑎8

(8)1
+ 𝜎3𝑖𝑗𝑍𝑎1⋅𝑎8

(8)3
)

 

𝑔̂𝜇𝜈 = 𝑔𝜇𝜈 − 𝑘2𝐴(1) 𝜇𝐴(1) 𝜈, 𝑔𝜇𝜈 = 𝑔̂𝜇𝜈 − 𝑔̂𝜇𝑥𝑔̂𝜈𝑥/𝑔̂𝑥𝑥,

𝐵̂𝜇𝜈 = 𝐵𝜇𝜈 + 𝐴(1) [𝜇𝐴(2) 𝜈], 𝐵𝜇𝜈 = 𝐵̂𝜇𝜈 + 𝑔̂[𝜇|𝑥|𝐵̂𝜈]𝑥/𝑔̂𝑥𝑥,

𝜙̂ = 𝜙 +
1

2
log 𝑘, 𝜙 = 𝜙̂ −

1

4
log |𝑔̂𝑥𝑥|,

𝑔̂𝜇𝑥 = −𝑘2𝐴(1) 𝜇 , 𝐴(1) 𝜇 = 𝑔̂𝜇𝑥/𝑔̂𝑥𝑥,

𝐵̂𝜇𝑥 = −𝐴(2) 𝜇 , 𝐴(2) 𝜇 = −𝐵̂𝜇𝑥 ,

𝑔̂𝑥𝑥 = −𝑘2, 𝑘 = |𝑔̂𝑥𝑥|
1/2

 

𝐶̂(2𝑛−1) 𝜇1⋯𝜇2𝑛−1
= 𝐶(2𝑛−1) 𝜇1⋯𝜇2𝑛−1

+ (2𝑛 − 1)𝐴(1) [𝜇1
𝐶(2𝑛−2) 𝜇2⋯𝜇2𝑛−1],

𝐶̂(2𝑛+1) 𝜇1⋯𝜇2𝑛𝑥 = 𝐶(2𝑛) 𝜇1⋯𝜇2𝑛
,

𝐶(2𝑛−1) 𝜇1⋯𝜇2𝑛−1
= 𝐶̂(2𝑛−1) 𝜇1⋯𝜇2𝑛−1

− (2𝑛 − 1)𝑔̂[𝜇1|𝑥|𝐶̂
(2𝑛−1) 𝜇2⋯𝜇2𝑛−1]𝑥/𝑔̂𝑥𝑥,

𝐶(2𝑛) 𝜇1⋯𝜇2𝑛
= 𝐶̂(2𝑛+1) 𝜇1⋯𝜇2𝑛𝑥
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𝚥𝜇𝜈 = 𝑔𝜇𝜈 − 𝑘−2𝐴(2) 𝜇𝐴(2) 𝜈 , 𝑔𝜇𝜈 = 𝚥𝜇𝜈 − 𝚥𝜇𝑦𝚥𝜈𝑦/𝚥𝑦𝑦,

ℬ̂𝜇𝜈 = 𝐵𝜇𝜈 + 𝐴(1) [𝜇𝐴(2) 𝜈], 𝐵𝜇𝜈 = ℬ̂𝜇𝜈 + 𝚥[𝜇|𝑦|ℬ̂𝜈]𝑦/𝚥𝑦𝑦,

𝜑̂ = 𝜙 −
1

2
log 𝑘, 𝜙 = 𝜑̂ −

1

4
log |𝚥𝑦𝑦| ,

𝚥𝜇𝑦 = −𝑘−2𝐴(2) 𝜇 , 𝐴(1) 𝜇 = ℬ̂𝜇𝑦,

ℬ̂𝜇𝑦 = 𝐴(1) 𝜇 , 𝐴(2) 𝜇 = 𝚥𝜇𝑦/𝚥𝑦𝑦,

𝚥𝑦𝑦 = −𝑘−2, 𝑘 = |𝚥𝑦𝑦|
−1/2

 

𝐶̂(2𝑛) 𝜇1⋯𝜇2𝑛
= 𝐶(2𝑛) 𝜇1⋯𝜇2𝑛

− (2𝑛)𝐴(2) [𝜇1
𝐶(2𝑛−1) 𝜇2⋯𝜇2𝑛],

𝐶̂(2𝑛) 𝜇1⋯𝜇2𝑛−1𝑦 = −𝐶(2𝑛−1) 𝜇1⋯𝜇2𝑛−1
,

𝐶(2𝑛) 𝜇1⋯𝜇2𝑛
= 𝐶̂(2𝑛) 𝜇1⋯𝜇2𝑛

+ (2𝑛)𝚥
[𝜇1∣𝑦

𝐶̂(2𝑛) 𝜇2⋯𝜇2𝑛]𝑦/𝚥𝑦,

𝐶(2𝑛−1) 𝜇1⋯𝜇2𝑛−1
= −𝐶̂(2𝑛) 𝜇1⋯𝜇2𝑛−1𝑦

 

𝚥𝜇𝜈 = 𝑔̂𝜇𝜈 − (𝑔̂𝜇𝑥𝑔̂𝜈𝑥 − 𝐵̂𝜇𝑥𝐵̂𝜈𝑥)/𝑔̂𝑥𝑥, 𝚥𝜇𝑦 = 𝐵̂𝜇𝑥/𝑔̂𝑥𝑥 ,

ℬ̂𝜇𝜈 = 𝐵̂𝜇𝜈 + 2𝑔̂[𝜇∣𝑥𝐵̂𝜈]𝑥/𝑔̂𝑥𝑥, ℬ̂𝜇𝑦 = 𝑔̂𝜇𝑥/𝑔̂𝑥𝑥,

𝜑̂ = 𝜙̂ −
1

2
log |𝑔̂𝑥𝑥|, 𝚥𝑦𝑦 = 1/𝑔̂𝑥𝑥,

𝐶̂(2𝑛) 𝜇1…𝜇2𝑛
= 𝐶̂(2𝑛+1) 𝜇1…𝜇2𝑛𝑥

+ 2𝑛𝐵̂[𝜇1|𝑥|𝐶̂
(2𝑛−1) 𝜇2…𝜇2𝑛]

 −2𝑛(2𝑛 − 1)𝐵̂[𝜇1|𝑥|𝑔̂𝜇2|𝑥|𝐶̂
(2𝑛−1) 𝜇3…𝜇2𝑛]𝑥/𝑔̂𝑥𝑥,

𝐶̂(2𝑛) 𝜇1…𝜇2𝑛−1𝑦 = −𝐶̂(2𝑛−1) 𝜇1…𝜇2𝑛−1

 +(2𝑛 − 1)𝑔̂[𝜇1|𝑥|𝐶̂
(2𝑛−1) 𝜇2…𝜇2𝑛−1]𝑥/𝑔̂𝑥𝑥

 

𝑔̂𝜇𝜈 = 𝚥𝜇𝜈 − (𝚥𝜇𝑦𝚥𝑦 − ℬ̂𝜇𝑦ℬ̂𝜈𝑦) /𝚥𝑦𝑦, 𝑔̂𝜇𝑥 = ℬ̂𝜇𝑦/𝚥𝑦𝑦,

𝐵̂𝜇𝜈 = ℬ̂𝜇𝜈 + 2𝚥[𝜇∣1ℬ̂𝜈]𝑦/𝚥𝑦, 𝐵̂𝜇𝑥 = 𝚥𝜇𝑦/𝚥𝑦𝑦,

𝜙̂ = 𝜑̂ −
1

2
log |𝑦̂𝑦𝑦| , 𝑔̂𝑥𝑥 = 1/𝚥𝑦𝑦,

𝐶̂(2𝑛+1) 𝜇1…𝜇2𝑛+1
= −𝐶̂(2𝑛+2) 𝜇1…𝜇2𝑛+1𝑦 + (2𝑛 + 1)ℬ̂

[𝜇1|𝑦|
𝐶̂(2𝑛) 𝜇2…𝜇2𝑛+1]

 −2𝑛(2𝑛 + 1)ℬ̂
[𝜇1|𝑦|

𝚥𝜇2∣𝑦𝐶̂(2𝑛) 𝜇3…𝜇2𝑛+1]1/𝚥𝑦𝑦,

𝐶̂(2𝑛+1) 𝜇1…𝜇2𝑛𝑥 = 𝐶̂(2𝑛) 𝜇1…𝜇2𝑛

 +2𝑛𝚥
[𝜇1|𝑦|

𝐶̂(2𝑛) 𝜇2…𝜇2𝑛]𝑦/𝚥𝑦𝑦

 

𝚥𝑦𝑦 = 1/𝑔̂𝑥𝑥, 𝑔̂𝑥𝑥 = 1/𝚥𝑦𝑦  

𝑔̂𝑥𝑥 → (𝑅𝐴/ℓ𝑠)
2, 𝚥𝑦𝑦 → (𝑅𝐵/ℓ𝑠)

2
 

𝑅𝐴,𝐵 = ℓ𝑠
2/𝑅𝐵,𝐴  

𝑔𝐴,𝐵 = 𝑔𝐵,𝐴/𝑅𝐵,𝐴  

𝑔 ≪ 1, ℓ𝑠 ≪ 1  
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ℓ𝑠/𝑅𝑐 ≪ 1  

𝑆𝑁𝐺
(𝑝)[𝑋𝜇(𝜉)] = −𝑇(𝑝) ∫  𝑑𝑝+1𝜉√|𝑔𝑖𝑗|  

𝑔𝑖𝑗 = 𝑔𝜇𝜈(𝑋)𝜕𝑖𝑋
𝜇𝜕𝑗𝑋

𝜈
 

𝑆𝑃
(𝑝)

[𝑋𝜇 , 𝛾𝑖𝑗] = −
𝑇(𝑝)

2
∫  𝑑𝑝+1𝜉√|𝛾|[𝛾𝑖𝑗𝜕𝑖𝑋

𝜇𝜕𝑗𝑋
𝜈𝑔𝜇𝜈 + (1 − 𝑝)]  

𝛾𝑖𝑗 = 𝑔𝑖𝑗  

𝛾𝑖𝑗 = Ω(𝜉)𝑔𝑖𝑗  

𝑆𝑁𝐺
(𝑝)[𝑋𝜇(𝜉)] = −

𝑇(𝑝)

𝐾0
𝛼 ∫  𝑑𝑝+1𝜉𝐾(𝑋)𝛼√|𝑔𝑖𝑗| −

𝜇

𝐾0
𝛼(𝑝 + 1)!

∫  𝑑𝑝+1𝜉𝜖𝑖1⋯𝑖𝑝+1𝐴(𝑝+1)𝑖1⋯𝑖𝑝+1
 

𝐴(𝑝+1)𝑖1⋯𝑖𝑝+1
= 𝐴(𝑝+1)𝜇1⋯𝜇𝑝+1

(𝑋)𝜕𝑖1𝑋𝜇1 … 𝜕𝑖𝑝+1
𝑋𝜇𝑝+1  

𝛿𝐴(𝑝+1) = (𝑝 + 1)𝜕Λ(𝑝)  

𝑆𝑁𝐺
(𝑝)[𝑋𝜇(𝜉)] = −

𝑇(𝑝)

𝐾0
𝛼 ∫  𝑑𝑝+1𝜉𝐾𝛼(𝑋)√|𝑔𝑖𝑗 + 𝐹𝑖𝑗| + ⋯ , 𝐹𝑖𝑗 = 2𝜕[𝑖𝑉𝑗]  

𝑆𝑁𝐺
(𝑝)[𝑋𝜇(𝜉)] = −

𝑇(𝑝)

𝐾0
𝛼 ∫  𝑑𝑝+1𝜉𝐾𝛼(𝑋)√|𝑔𝑖𝑗| {1 −

1

2
ℱ2 + ⋯ }  

𝑆 =
1

16𝜋𝐺𝑁
(𝑑)

∫  𝑑𝑑𝑥√|𝑔| [𝑅 + 2(𝜕log 𝐾)2 +
(−1)𝑝+1

2 ⋅ (𝑝 + 2)!
𝐾𝛽𝐹(𝑝+2)

2 ]  

𝐹(𝑝+2) = (𝑝 + 2)𝜕𝐴(𝑝+1)  

𝑆 = −𝑇 ∫  𝑑2𝜉√|𝑔̂𝑖𝑗| −
𝑇

2
∫  𝑑2𝜉𝜖𝑖𝑗𝐵̂𝑖𝑗  

𝑆(𝑝) = −𝑇(𝑝)𝑒
2𝜙0 ∫  𝑑𝑝+1𝜉𝑒−2𝜙√|𝑔𝑖𝑗| + ⋯  

𝑆 = −𝑇𝑆5𝑒2𝜙̂0 ∫  𝑑6𝜉𝑒−2𝜙̂√|𝑔̂𝑖𝑗| −
𝑇𝑆5𝑒2𝜙̂0

6!
∫  𝑑6𝜉𝜖𝑖1⋯𝑖6𝐵̂𝑖1⋯𝑖6

(6)  

𝑆 = −𝑇𝐷𝑝𝑒𝜙̂0 ∫  𝑑𝑝+1𝜉𝑒−𝜙̂√|𝑔̂𝑖𝑗 + 2𝜋𝛼′ℱ𝑖𝑗| −
𝑇𝑆𝐷𝑝𝑒𝜙̂0

6!
∫  𝑑6𝜉𝜖𝑖1⋯𝑖𝑝+1𝐶̂𝑖1⋯𝑖𝑝+1

(𝑝+1)  

ℱ𝑖𝑗 = 𝐹𝑖𝑗 +
1

2𝜋𝛼′
𝐵̂𝑖𝑗 , 𝐹𝑖𝑗 = 2𝜕[𝑖𝑉𝑗]  

𝑅𝐴,𝐵  = ℓ𝑠
2/𝑅𝐵,𝐴

𝑔𝐴,𝐵  = 𝑔𝐵ℓ𝑠/𝑅𝐵,𝐴
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𝑔′  = 1/𝑔

𝑅𝑖
′  = 𝑅𝑖/√𝑔

 

𝑀′ = 𝑔1/2𝑀  

𝑀𝐹1 =
𝑅9

ℓ𝑠
2  

𝑀𝐷1 = 𝑀𝐹1
′ = 𝑔1/2𝑀𝐹1 = 𝑔1/2

𝑅9

ℓ𝑠
2 =

𝑅9
′

𝑔′ℓ𝑠
2  

𝑀𝐷0 = 𝑀𝐷1
′ =

𝑅9

𝑔ℓ𝑠
2 =

ℓ𝑠
2/𝑅9

′

𝑔′ℓ𝑠/𝑅9
′ ℓ𝑠

2 =
1

𝑔′ℓ𝑠
 

𝑀𝐷0 = 𝑀𝐷1
′ =

𝑅9

𝑔ℓ𝑠
2 =

𝑅9

𝑔′ℓ𝑠/𝑅8
′ ℓ𝑠

2 =
𝑅8𝑅9

𝑔′ℓ𝑠
3  

𝑀𝐷𝑝 =
𝑅10−𝑝 … 𝑅9

𝑔ℓ𝑠
𝑝+1  

𝑀𝑆5 = 𝑔1/2𝑀𝐷5
′ = 𝑔1/2

𝑅5 … 𝑅9

𝑔ℓ𝑠
6 = 𝑔′−1/2

𝑅5
′ /𝑔′1/2 … 𝑅9

′ /𝑔1/2

𝑔′−1ℓ𝑠
6 =

𝑅5 … 𝑅9

𝑔2ℓ𝑠
6

 

 

Objeto 

Supermasiv

o  

Masa Masa Objeto Masivo 

F1m 𝑅9
−1   

D0 𝑔𝐴
−1ℓ𝑠

−1 𝑅10
−1 WM(+, − 10) 

F1w 𝑅9ℓ𝑠
−2 𝑅10𝑅9 (ℓPlanck 

(11)
)

−3
 M2(+, − 8, +2) 

D2 𝑅9𝑅8𝑔𝐴
−1ℓ𝑠

−3 𝑅9𝑅8 (ℓPlanck 

(11)
)

−3
 M2(+, −7, +2, −) 

D4 𝑅9 … 𝑅6𝑔𝐴
−1ℓ𝑠

−5 𝑅10𝑅9 … 𝑅5 (ℓPlanck 

(11)
)

−6
 M5(+, − 5, + 5) 

S5A 𝑅9 … 𝑅5𝑔𝐴
−2ℓ𝑠

−6 𝑅9 … 𝑅5 (ℓPlanck 

(11)
)

−6
 M5(+, −4, +5, −) 
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D6 𝑅9 … 𝑅4𝑔𝐴
−1ℓ𝑠

−7 𝑅10
2 𝑅9 … 𝑅4 (ℓPlanck 

(11)
)

−9
 KK7M(+, −3, +6, −⋆) 

KK6A 𝑅9
2𝑅8 … 𝑅4𝑔𝐴

−2ℓ𝑠
−8 𝑅10𝑅9

2 … 𝑅4 (ℓPlanck 

(11)
)

−9
 KK7M(+,  3, +5, +⋆, +) 

D8 𝑅9 … 𝑅2𝑔𝐴
−1ℓ𝑠

−9 𝑅10
3 𝑅9 … 𝑅4 (ℓPlanck 

(11)
)

−12
 KK9M(+, −, +8, +⋆) 

KK8A 𝑅9
3𝑅8 … 𝑅2𝑔𝐴

−3ℓ𝑠
−11 𝑅10𝑅9

3𝑅8 … 𝑅2 (ℓPlanck 

(11)
)

−12
 KK9M(+, −, +7, +⋆, +) 

KK9A 𝑅9
3𝑅8 … 𝑅1𝑔𝐴

−4ℓ𝑠
−12 𝑅10𝑅9

3𝑅8 … 𝑅1 (ℓPlanck 

(11)
)

−12
 KK9M(+, +8, +⋆, −) 

 

 

Objeto Supermasivo Masa Objeto Masivo Masa 

F1m 𝑅9
−1 KK6A 𝑅9

2𝑅8 … 𝑅4𝑔𝐵
−2ℓ𝑠

−8 

F1w 𝑅9ℓ𝑠
−2 D7 𝑅9 … 𝑅3𝑔𝐵

−1ℓ𝑠
−8 

D1 𝑅9𝑔𝐵
−1ℓ𝑠

−2 Q7 𝑅9 … 𝑅3𝑔𝐵
−3ℓ𝑠

−8 

D3 𝑅9 … 𝑅7𝑔𝐵
−1ℓ𝑠

−4 D9 𝑅9 … 𝑅1𝑔𝐵
−1ℓ𝑠

−10 

D5 𝑅9 … 𝑅5𝑔𝐵
−1ℓ𝑠

−6 Q9 𝑅9 … 𝑅1𝑔𝐵
−4ℓ𝑠

−10 

S5B 𝑅9 … 𝑅5𝑔𝐵
−2ℓ𝑠

−6   

 

𝑆 = −𝑇𝑀2 ∫  𝑑3𝜉√|𝑔̂̂𝑖𝑗| −
𝑇𝑀2

3!
∫  𝑑3𝜉𝜖𝑖1⋯𝑖3 𝐶̂̂𝑖1⋯𝑖3

 

ℓ𝑠  = ℓPlanck 

(11)
/𝑅10

1/2

𝑔𝐴  = 𝑅10
3/2

/ℓPlanck 

(11)
 

𝑀𝑀2 = 𝑀𝐹1𝐴 =
𝑅9

ℓ𝑠
2 =

𝑅9𝑅10

(ℓ
Planck 

(11)
)

3  
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𝑀𝑀2 =
𝑅8𝑅9

(ℓ
Planck 

(11)
)

3 =
𝑅8𝑅9

𝑔𝐴ℓ𝑠
3  

𝑀𝑀5 = 𝑀𝐷4 =
𝑅6 … 𝑅9

𝑔𝐴ℓ𝑠
5

=
𝑅6 … 𝑅10

(ℓ
Planck 

(11)
)

6  

𝑀𝑀5 =
𝑅5 … 𝑅9

(ℓ
Planck 

(11)
)

6 =
𝑅5 … 𝑅9

𝑔𝐴
2ℓ𝑠

6  

𝑀𝐷0 =
1

𝑔𝐴ℓ𝑠
=

1

𝑅10
 

 

Objeto Súper Masa 

WM 0 

M2 𝑅10𝑅9 (ℓPlanck 

(11)
)

−3
 

M5 𝑅10 … 𝑅6 (ℓPlanck 

(11)
)

−6
 

KK7M 𝑅10
2 𝑅9 … 𝑅4 (ℓPlanck 

(11)
)

−9
 

KK9M 𝑅10
3 𝑅9 … 𝑅4 (ℓPlanck 

(11)
)

−12
 

 

𝑆 =
1

16𝜋𝐺𝑁
(𝑑)

∫  𝑑𝑑𝑥√|𝑔| [𝑅 + 2(𝜕𝜑)2 +
(−1)𝑝+1

2 ⋅ (𝑝 + 2)!
𝑒−2𝑎𝜑𝐹(𝑝+2)

2 ]  

𝐹(𝑝+2) = 𝑑𝐴(𝑝+1), 𝐹(𝑝+2)𝜇1…𝜇𝑝+2
= (𝑝 + 2)𝜕[𝜇1

𝐴(𝑝+1)𝜇2…𝜇𝑝+2]  

𝑑𝑠2  = 𝑓[𝑊𝑑𝑡2 − 𝑑𝑦 𝑝
2] − 𝑔−1[𝑊−1𝑑𝜌2 − 𝜌2𝑑Ω(𝑝̃+2)

2 ]

𝐴𝑡𝑡𝑦1…𝑦𝑝  = 𝛼(𝐻−1 − 1)
 

𝑝̃ ≡ 𝑑 − 𝑝 − 4  

𝐻 = 1 +
ℎ

𝜌𝑝̃+1
, 𝑊 = 1 +

𝜔

𝜌𝑝̃+1
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𝑑𝑠2 = 𝐻
2𝑥−2
𝑝+1 [𝑊𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻
−(2𝑥−2)

𝑝̃+1 [𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(𝑝̃+2)
2 ]

𝑒−2𝑎𝜑 = 𝑒−2𝑎𝜑0𝐻2𝑥, 𝐴𝑡𝑦1…𝑦𝑝 = 𝑒𝑎𝜑0𝛼(𝐻−1 − 1),

𝐻 = 1 +
ℎ

𝜌𝑝̃+1
, 𝑊 = 1 +

𝜔

𝜌𝑝̃+1
,

𝜔 = ℎ [1 −
𝑎2

4𝑥
𝛼2] ,

𝑥 =

𝑎2

2
𝑐

1 +
𝑎2

2
𝑐

, 𝑐 =
(𝑝 + 1) + (𝑝̃ + 1)

(𝑝 + 1)(𝑝̃ + 1)

 

𝑑𝑠2 = 𝐻
2𝑥−2
𝑝+1 (𝑑𝑡2 − 𝑑𝑦 𝑝

2) − 𝐻
−(2𝑥−2)

𝑝̃+1 𝑑𝑥 (𝑝̃+3)
2 ,

𝑒−2𝑎𝜑 = 𝑒−2𝑎𝜑0𝐻2𝑥, 𝐴𝑡𝑡𝑔1…𝑦𝑝 = 𝑒𝑎𝜑0𝛼(𝐻−1 − 1)

𝜕𝑚𝜕𝑚𝐻 = 0,

𝑥 =

𝑎2

2

1 +
𝑎2

2

, 𝑐 =
(𝑝 + 1) + (𝑝̃ + 1)

(𝑝 + 1)(𝑝̃ + 1)
, 𝛼2 =

4𝑥

𝑎2

 

𝐻 = 1 +
ℎ

|𝑥 (𝑝̃+3)|
𝑝̃+1  

𝐻 = 1 + ∑  

𝑁

𝐼=1

 
ℎ𝐼

|𝑥 (𝑝̃+3) − 𝑥 (𝑝̃+3)∣|
𝑝̃+1

 

𝑑𝑠2  = 𝑊𝑑𝑡2 − 𝑑𝑦 𝑝
2 − 𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(𝑝̃+2)

2

𝑊 = 1 +
𝜔

𝜌𝑝̃+1

 

𝑆 = 𝑆𝑎 + 𝑆𝑝  

𝑆𝑝[𝑋𝜇 , 𝛾𝑖𝑗] = −
𝑇

2
∫  𝑑𝑝+1𝜉√|𝛾|[𝑒−2𝑏𝜑𝛾𝑖𝑗𝜕𝑖𝑋

𝜇𝜕𝑗𝑋
𝜈𝑔𝜇𝜈 − (𝑝 − 1)]

 −
𝜇

(𝑝 + 1)!
∫  𝑑𝑝+1𝜉𝐴(𝑝+1)𝜇1⋯𝜇𝑝+1

𝜕𝑖1𝑋𝜇1 … 𝜕𝑖𝑝+1
𝑋𝜇𝑝+1

 

𝑌𝑖(𝜉) = 𝜉𝑖  

𝑋𝑚(𝜉) = 0  

𝑎 = −(𝑝 + 1)𝑏  

𝜇 = 𝑇/𝛼  

𝐻 = 𝜖 +
ℎ

|𝑥 (𝑝̃+3)|
𝑝̃+1  
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ℎ =
16𝜋𝐺𝑁

(𝑑)
𝑇

(𝑝̃ + 1)𝛼2𝜔(𝑝̃+2)

 

𝑑𝑠̂̂𝐸
2 = 𝐻𝑀2

−2/3[𝑊𝑑𝑡2 − 𝑑𝑦 2
2] − 𝐻𝑀2

1/3
[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(7)

2 ]

𝐶̂̂𝑡𝑦1𝑦2 = 𝛼(𝐻𝑀2
−1 − 1),

𝐻𝑀2 = 1 +
ℎ𝑀2

𝜌6
, 𝑊 = 1 +

𝜔

𝜌6
,

𝜔 = ℎ𝑀2[1 − 𝛼2]

 

𝑑𝑠̂̂2 = 𝐻𝑀2
−2/3[𝑑𝑡2 − 𝑑𝑦 2

2] − 𝐻𝑀2
1/3

𝑑𝑥 8
2,

𝐶̂̂𝑡𝑦1𝑦2
 = ±(𝐻𝑀2

−1 − 1),

𝐻𝑀2 = 1 +
ℎ𝑀2

|𝑥 8|6

 

ℎ𝑀2 =
16𝜋𝐺𝑁

(11)
𝑇𝑀2

6𝜔(7)

 

𝑇𝑀2 =
𝑀𝑀2

(2𝜋)2𝑅9𝑅10
=

1

(2𝜋)2 (ℓ
Planck 

(11)
)

3 =
2𝜋

(ℓ
Planck 

(11)
)

3  

ℎ𝑀2 =
(ℓPlanck 

(11)
)

6

6𝜔(7)

 

𝑑𝑠̂̂2 = 𝐻𝑀5
−1/3[𝑊𝑑𝑡2 − 𝑑𝑦 5

2] − 𝐻𝑀5
2/3

[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(4)
2 ]

𝐶̂̂
˜
𝑡𝑡𝑦1⋯𝑦5 = 𝛼(𝐻𝑀5𝑠

−1 − 1),

𝐻𝑀5 = 1 +
ℎ𝑀5

𝜌3
, 𝑊 = 1 +

𝜔

𝜌3
,

𝜔 = ℎ𝑀5[1 − 𝛼2]

 

𝑑𝑠̂̂2 = 𝐻𝑀5
−1/3[𝑑𝑡2 − 𝑑𝑦 5

2] − 𝐻𝑀5
2/3

𝑑𝑥 5
2,

𝐶̂̂
˜
𝑡𝑡1⋯𝑦5 = ±(𝐻𝑀5

−1 − 1),

𝐻𝑀5 = 1 +
ℎ𝑀5

|𝑥 5|3

 

ℎ𝑀5 =
(ℓPlanck 

(11)
)

3

3𝜔(4)

 

𝑆 =
1

16𝜋𝐺𝑁
(𝑑)

∫  𝑑𝑑𝑥√|𝑔𝑠| {𝑒−2𝜙 [𝑅𝑠 − 4(𝜕𝜙)2 +
(−1)𝑝1+1

2 ⋅ (𝑝1 + 2)!
𝐹(𝑝1+2)

2 ] +
(−1)𝑝2+1

2 ⋅ (𝑝2 + 2)!
𝐹(𝑝2+2)

2 }  

𝑔𝑠𝜇𝜈 = 𝑒
4

(𝑑−2)
𝜙

𝑔𝜇𝜈
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𝑆 =
1

16𝜋𝐺𝑁
(𝑑)

∫  𝑑𝑑𝑥√|𝑔| [𝑅 +
4

(𝑑 − 2)
(𝜕𝜙)2

+
(−1)𝑝1+1

2 ⋅ (𝑝1 + 2)!
𝑒

−4
(𝑝1+1)
(𝑑−2)

𝜙
𝐹(𝑝1+2)

2 +
(−1)𝑝2+1

2 ⋅ (𝑝2 + 2)!
𝑒

2
(𝑝̃̃2−𝑝1)
(𝑑−2)

𝜙
𝐹(𝑝2+2)

2 }

 

𝜙 = √
(𝑑 − 2)

2
𝜑  

𝑎1 =
2(𝑝1 + 1)

√2(𝑑 − 2)
, (NS − NS)

𝑎2 =
−(𝑝̃2 − 𝑝2)

√2(𝑑 − 2)
. (RR)

 

𝑎3 = −
2(𝑝1̃ + 1)

√2(𝑑 − 2)
 

𝑑𝑠̃̂𝐸
2 = 𝐻𝐹1

−3/4[𝑊𝑑𝑡2 − 𝑑𝑦2] − 𝐻𝐹1
1/4

[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(7)
2 ],

𝑑𝑠̂𝑠
2 = 𝐻𝐹1

−1[𝑊𝑑𝑡2 − 𝑑𝑦2] − [𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(7)
2 ],

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝐹1,

𝐵̂𝑡𝑦 = 𝛼(𝐻𝐹1
−1 − 1),

𝐻𝐹1 = 1 +
ℎ𝐹1

𝜌6
, 𝑊 = 1 +

𝜔

𝜌6
,

𝜔 = ℎ𝐹1[1 − 𝛼2]

 

𝑑𝑠̃̂𝐸
2 = 𝐻𝐹1

−3/4[𝑑𝑡2 − 𝑑𝑦2] − 𝐻𝐹1
1/4

𝑑𝑥 8
2

𝑑𝑠̂𝑠
2 = 𝐻𝐹1

−1[𝑑𝑡2 − 𝑑𝑦2] − 𝑑𝑥 8
2,

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝐹1,

𝐵̂𝑡𝑦 = ±(𝐻𝐹1
−1 − 1),

𝐻𝐹1 = 1 +
ℎ𝐹1

|𝑥 8|6

 

ℎ𝐹1 =
25𝜋6ℓ𝑠

6𝑔2

3𝜔(7)
 

𝑑𝑠̃̂𝐸
2 = 𝐻𝑆5

−1/4[𝑊𝑑𝑡2 − 𝑑𝑦 5
2] − 𝐻𝑆5

3/4
[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(3)

2 ]

𝑑𝑠̂𝑠
2 = [𝑊𝑑𝑡2 − 𝑑𝑦 5

2] − 𝐻𝑆5[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(3)
2 ]

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝑆5
−1,

𝐵̂(6) 𝑡𝑡𝑦1…𝑦5 = 𝛼𝑒−2𝜙̂0(𝐻𝑆5
−1 − 1)

𝐻𝑆5 = 1 +
ℎ𝑝𝑠

𝜌2
, 𝑊 = 1 +

𝜔

𝜌2
,

𝜔 = ℎ𝑆5[1 − 𝛼2]
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𝑑𝑠̃̂𝐸
2 = 𝐻𝑆5

−1/4[𝑑𝑡2 − 𝑑𝑦 5
2] − 𝐻𝑆5

3/4
𝑑𝑥 4

2,

𝑑𝑠̂𝑠
2 = [𝑑𝑡2 − 𝑑𝑦 5

2] − 𝐻𝑆5𝑑𝑥 4
2,

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝑆5
−1,

𝐵̃̂(6) 𝑡𝑡𝑦1⋯𝑦5 = ±𝑒−2𝜙̂0(𝐻𝑆5
−1 − 1),

𝐻𝑆5 = 1 +
ℎ𝑆5

|𝑥 4|2

 

ℎ𝑆5 = ℓ𝑠
2  

𝑑𝑠̃̂𝐸
2 = 𝐻𝐷𝑝

−−
(7−𝑝)

8 [𝑊𝑑𝑡2 − 𝑑𝑦 𝑝
2] − 𝐻𝐷𝑝

(𝑝+1)
8 [𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(8−𝑝)

2 ]

𝑑𝑠̂𝑠
2 = 𝐻𝐷𝑝

−1/2
[𝑊𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻𝐷𝑝
1/2

[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω(8−𝑝)
2 ],

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝐷𝑝

(𝑝−3)
2 ,

𝐶̂(𝑝+1) 𝑡𝑦1…𝑦𝑝  = 𝛼𝑒−𝜙̂0(𝐻𝐷𝑝
−1 − 1),

𝐻𝐷𝑝 = 1 +
ℎ𝐷𝑝

𝜌7−𝑝
, 𝑊 = 1 +

𝜔

𝜌7−𝑝
,

𝜔 = ℎ𝐷𝑝
[1 − 𝛼2]

 

𝐻 ∼ ℎlog 𝜌, 𝑊 ∼ 𝜔log 𝜌  

𝐻 ∼ ℎ𝜌, 𝑊 ∼ 𝜔𝜌  

𝑑𝑠̃̂𝐸
2 = 𝐻𝐷𝑝

𝑝−7
8 [𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻𝐷𝑝

𝑝+1
8 𝑑𝑥 9−𝑝

2 ,

𝑑𝑠̂𝑠
2 = 𝐻𝐷𝑝

−1/2
[𝑑𝑡2 − 𝑑𝑦 𝑝

2] − 𝐻𝐷𝑝
1/2

𝑑𝑥 9−𝑝
2 ,

𝑒−2(𝜙̂−𝜙̂0) = 𝐻𝐷𝑝

(𝑝−3)
2 ,

𝐶̂(𝑝+1)𝑡𝑦1 ⋯ 𝑦𝑝 = ±𝑒−𝜙̂0(𝐻𝐷𝑝
−1 − 1),

𝐻𝐷𝑝 = 1 +
ℎ𝐷𝑝

|𝑥 9−𝑝|
7−𝑝

 

𝐻𝐷7 = 1 + ℎ𝐷7log |𝑥 2|  

𝐻𝐷8 = 1 + ℎ𝐷8|𝑥|  

ℎ𝐷𝑝 =
(2𝜋ℓ𝑠)

(7−𝑝)𝑔

(7 − 𝑝)𝜔(8−𝑝)
 

ℎ𝐷7 =, ℎ𝐷8 =
𝑔

4𝜋ℓ𝑠
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{
 
 

 
 𝑑𝑠̂̂2  = 𝐻𝑀2

−2/3
[𝑑𝑡2 − 𝑑𝑦2 − 𝑒

4
3
𝜙̂0𝑑𝑧2] − 𝐻𝑀2

1/3
𝑑𝑥 8

2

𝐶̂̂𝑡𝑦𝑧  = ±𝑒
2
3
𝜙̂0(𝐻𝑀2

−1 − 1)

𝐻𝑀2  = 1 +
ℎ𝑀2

|𝑥 8|6

 

 

ℎ𝑀2 =
(ℓPlanck

(11)
)

6

6𝜔(7)
=

(2𝜋ℓ𝑠𝑔
1/3)

6

6𝜔(7)
=

(2𝜋ℓ𝑠)
6𝑔2

6𝜔(7)
= ℎ𝐷2

 

 

𝐻𝑀2 = 1 + ℎ𝑀2 ∑  

𝑛=+∞

𝑛=−∞

 
1

(|𝑥 7|2 + (𝑧 + 2𝜋𝑛𝑅11)2 ∣)3
 

𝑢𝑛 =
(𝑧 − 2𝜋𝑛𝑅11)

|𝑥 7|
, 𝑢𝑛 ∈ [

2𝜋𝑛𝑅11

|𝑥 7|
,
2𝜋(𝑛 + 1)𝑅11

|𝑥 7|
]  

𝐻𝑀2  = 1 +
ℎ𝑀2

|𝑥 7|6
∑  

𝑛=+∞

𝑛=−∞

 
1

(1 + 𝑢𝑛
2)3

∼ 1 +
ℎ𝑀2

|𝑥 7|6
1

2𝜋𝑅11/|𝑥 7|
∫  

+∞

−∞

 
𝑑𝑢

(1 + 𝑢2)3

 = 1 +
ℎ𝑀2𝜔(5)

2𝜋𝑅11𝜔(4)

1

|𝑥 7|5

 

ℎ𝑀2𝜔(5)

2𝜋𝑅11𝜔(4)
= ℎ𝐷2  

𝐻𝑝 = 1 + ℎ𝑝 ∑  

𝑛=+∞

𝑛=−∞

 
1

(|𝑥 𝑛+1|2 + (𝑧 + 2𝜋𝑛𝑅)2 ∣)𝑛/2
∼ 1 +

ℎ𝑝𝜔(𝑛−1)

2𝜋𝑅𝜔(𝑛−2)

1

|𝑥 𝑛+1|𝑛−1
 

ℎ𝑝
′ =

ℎ𝑝𝜔(𝑛−1)

2𝜋𝑅𝜔(𝑛−2)
 

ℎ𝑝
′ =

ℎ𝑝𝜔(𝑛−1)

𝑉𝑚𝜔(𝑛−𝑚−1)
, 𝑉𝑚 = (2𝜋)𝑚𝑅1 … 𝑅𝑚  

ℎ𝐷𝑝𝜔(6−𝑝)

2𝜋𝑅𝜔(5−𝑝)
=

(2𝜋ℓ𝑠)
7−𝑝𝑔

2𝜋𝑅

𝜔(6−𝑝)

(7 − 𝑝)𝜔(8−𝑝)𝜔(6−𝑝)
 

𝜔(𝑛−1)

𝑛𝜔(𝑛+1)𝜔(𝑛−2)
=

1

(𝑛 − 1)𝜔(𝑛)
 

{
𝑒̂̂𝑖2  𝑗 = 𝐻𝑀2

−1/3
𝛿𝑖

𝑗

𝑒̂̂𝑚
𝑛 = 𝐻𝑀2

1/6
𝛿𝑚

𝑛
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{
 
 

 
 𝜔̂̂𝑚 𝑛𝑙  = −

1

3
𝐻𝑀2

−1𝜕𝑞𝐻𝑀2𝜂𝑚
[𝑛

𝜂𝑝]𝑞

𝜔̂̂2 𝑚𝑗  =
2

3
𝐻𝑀2

−3/2
𝜕𝑞𝐻𝑀2𝜂𝑖

[𝑚
𝜂𝑗]𝑞

𝐺̂̂𝑚𝑡𝑦1𝑦2  = ∓𝐻𝑀2
−2𝜕𝑚𝐻𝑀2

 

{
𝛿𝜖̂̂𝜓̂̂𝑖 =

1

3
𝐻𝑀2

−3/2
𝜕𝑛𝐻𝑀2Γ̂̂(𝑖)

𝑛 (1 ∓
𝑖

2
𝜖(𝑖)𝑗𝑘Γ̂̂(𝑖)𝑗𝑘) 𝜖 = 0,

𝛿
𝜖̂̂

𝜓̂̂
𝑚

= 2𝜕𝑚𝜖 −
1

6
𝐻𝑀2

−1𝜕𝑛𝐻𝑀2 [Γ̂̂𝑚𝑛 ∓ 𝑖 (Γ̂̂𝑚𝑛 + 2𝛿𝑚𝑛) Γ̂̂012] 𝜖 

(1 ∓ 𝑖Γ̂̂012) 𝜖 = 0  

𝛿𝜖̂̂𝜓̂̂𝑚 = 2 (𝜕𝑚 +
1

6
𝐻𝑀2

−1𝜕𝑚𝐻𝑀2) 𝜖  

𝜖 = 𝐻𝑀2
−1/6

𝜖0, (1 ∓ 𝑖Γ̂̂012) 𝜖0  

{
𝑒̂̂𝑖

𝑗
= 𝐻𝑀5

−1/6
𝛿𝑖 

𝑗 ,

𝑒̂̂𝑚 𝑛 = 𝐻𝑀5
1/3

𝛿𝑚 𝑛
 

{
 
 

 
 𝜔̂̂𝑚 𝑛𝑙  = −

2

3
𝐻𝑀5

−1𝜕𝑞𝐻𝑀2𝜂𝑚
[𝑛

𝜂𝑝]𝑞

𝜔̂̂𝑚 𝑚𝑗  =
1

3
𝐻𝑀5

−3/2
𝜕𝑞𝐻𝑀2𝜂𝑖

[𝑚
𝜂𝑗]𝑞

𝐺̂̂𝑚1⋯𝑚4
 = ±𝜖𝑚1⋯𝑚5

𝜕𝑚5
𝐻𝑀5

 

𝜖 = 𝐻𝑀5
−1/12

𝜖0, (1 ∓ Γ̂̂012345) 𝜖0  

{
 
 

 
 𝛿𝜖̂𝜓̂𝜇̂  = {𝜕𝜇̂ −

1

4
𝜓̈𝜇̂ +

𝑖

8
𝑒𝜙̂

1

(𝑝 + 2)!
𝜖(𝑝+2)Γ̂𝜇̂(−Γ̂11)

𝑝+2
2 } 𝜖

𝛿𝜖̂𝜆̂  = {𝜕𝜙̂ −
𝑖

4
𝑒𝜙̂

(𝑝 − 3)

(𝑝 + 2)!
𝜁(𝑝+2)(−Γ̂11)

𝑝+2
2 } 𝜖

 

{
 

 𝛿𝜀̂𝜁𝜇̂  = {𝜕𝜇̂ −
1

4
𝜓𝜇̂ +

1

8
𝑒𝜑̂

1

(𝑝 + 2)!
𝜖(𝑝+2)Γ̂𝜇̂𝒫𝑝+3

2
} 𝜀

𝛿𝜀̂𝜒̂  = {𝜕𝜑̂ +
1

4
𝑒𝜑̂ (

(𝑝 − 3)

(𝑝 + 2)!
𝜖(𝑝+2)𝒫𝑝+3

2
} 𝜀

 

𝒫𝑛 = {
𝜎1, 𝑛 par 

𝑖𝜎2, 𝑛 impar 
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{
 
 

 
 𝜓̈𝑖  = −

1

2
𝐻𝐷𝑝

−3/2
𝜕𝑛𝐻𝐷𝑝𝜂𝑖𝑗Γ

𝑛𝑗

𝜓𝑚  =
1

2
𝐻𝐷𝑝

−1𝜕𝑛𝐻𝐷𝑝𝜂𝑚𝑞Γ̂𝑛𝑞

𝐺̂(𝑝+2)  = ∓𝑒−𝜙̂0𝐻𝐷𝑝

𝑝
4

−2
𝜕𝑚𝐻𝐷𝑝Γ̂𝑚Γ̂01⋯𝑝

 

 IIA: 𝜖 = 𝐻𝐷𝑝
−1/8

𝜖0, [1 ∓ 𝑖Γ̂01⋯𝑝(−Γ̂11)
𝑝+2

2 ] 𝜖0 = 0

 IIB: 𝜀 = 𝐻𝐷𝑝
−1/8

𝜀0, (1 ± 𝑖Γ̂01⋯𝑝𝒫𝑝+3
2

) 𝜀0 = 0

 

{
𝛿𝜖̂𝜓̂𝜇̂  = {𝜕𝜇̂ −

1

4
(𝜓𝜇̂ +

1

2
𝐻̂𝜇̂𝒪)} 𝜖

𝛿𝜖̂𝜆̂  = {𝜕𝜕𝜙̂ −
1

12
𝐻̂𝒪} 𝜖

 

𝜓𝑖 = −𝐻𝐹1
−3/2

𝜕𝑚𝐻𝐹1Γ𝑖
𝑚

𝐻𝑖 = ∓2𝐻𝐹1
−1𝜕𝑚𝐻𝐹1Γ01

𝐻𝑚 = ±𝜖𝑖𝑗𝐻𝐹1
−3/2

𝜕𝑚𝐻𝐹1Γ𝑚𝑗

 

𝜖 = 𝐻𝐹1
1/4

𝜖0, (1 ± Γ̂01𝒪)𝜖0  

{
 
 

 
 𝛿𝜖̂𝜓̂𝜇̂ = {𝜕𝜇̂ −

1

4
(𝜔̂𝜇̂ +

1

7!
𝑒2𝜙̂𝐻̂(7)𝑎̂1 ⋯ 𝑎̂7

Γ̂𝜇̂𝑎̂1⋯𝑎̂7
𝒪)}𝜖

𝛿𝜖̂𝜆̂ = {𝜕𝜕𝜙̂ +
1

2
𝐻̂(7)𝒪} 𝜖

 

𝜖 = 𝜖0, (1 ± Γ̂0⋯5𝒪)𝜖0  

{
  
 

  
 𝑑𝑠̃𝐸

2  = 𝐻𝐹1
−6/7

𝑑𝑡2 − 𝐻𝐹1
1/7

𝑑𝑥 8
2

𝑑𝑠𝑠
2  = 𝐻𝐹1

−1𝑑𝑡2 − 𝑑𝑥 8
2

𝐴𝑡  = ±(𝐻𝐹1
−1 − 1)

𝑒−2(𝜙−𝜙0)  = 𝐻𝐹1
1/2

𝐾/𝐾0  = 𝐻𝐹1
−1/2

 

{
 
 

 
 𝑑𝑠̃𝐸

2  = 𝐻𝑆5
−2/3

𝑑𝑡2 − 𝐻𝑆5
1/3

𝑑𝑥 4
2

𝑑𝑠𝑠
2  = 𝑑𝑡2 − 𝐻𝑆5𝑑𝑥 4

2,

𝐴𝑡  = ±(𝐻𝑆5
−1 − 1),

𝑒−2(𝜙−𝜙0)  = 𝐻𝑆5
−1,

𝐾/𝐾0  = 1
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{
 
 
 
 

 
 
 
 𝑑𝑠̃𝐸

2  = 𝐻𝐷𝑝

−
7−𝑝
8−𝑝

𝑑𝑡2 − 𝐻𝐷𝑝

1
8−𝑝

𝑑𝑥 9−𝑝
2

𝑑𝑠𝑠
2  = 𝐻𝐷𝑝

−1/2
𝑑𝑡2 − 𝐻𝐷𝑝

1/2
𝑑𝑥 4

2

𝐴𝑡  = ±(𝐻𝐷𝑝
−1 − 1)

𝑒−2(𝜙−𝜙0)  = 𝐻𝐷𝑝

𝑝−6
4

𝐾/𝐾0  = 𝐻𝐷𝑝
−𝑝/4

 

5 −  pluridimensión ‖+∣ + + + + + − − −  

𝑃𝑝𝜖 = (1 ± Γ01⋯𝑝𝒪𝑝)𝜖  

[𝑃𝑝, 𝑃𝑝′] = 0  

 

D𝑝 ⊥ D(𝑝+4)(𝑝)  

𝑞𝐹1 ∼ ∫  
𝑆7

  𝑒−2𝜑⋆ℋ̂  

𝑑𝑒−2𝜑⋆ℋ̂ = 0  

𝑞𝐹1 ∼ ∫  
𝑆7

  (𝑒−2𝜑⋆ℋ̂ −  ⋆𝐺̂(3)𝐶̂(0) − 𝐺̂(5)𝐶̂(2))  

∫  
𝑆5

  𝐺̂(5) ∫  
𝑆2

  𝐶̂(2)
 

𝑞𝐹1 ∼ ∫  
𝑆2

 𝑑𝑉(1)
 

F1 ⊥ D𝑝(0)  

D𝑝 ⊥ D𝑝+2(𝑝 − 1), 𝑝 ≥ 1  

D𝑝 ⊥ D𝑝+4(𝑝)  

F1 ⊥  S5 B(0)  

D𝑝 ⊥ D𝑝(𝑝 − 2), 𝑝 ≥ 2  

D𝑝 ⊥  S5(𝑝 − 1), 𝑝 ≥ 1  

F1‖S5,  F1 ⊥ D𝑝(0),

S5 ⊥  S5(1), S5 ⊥  S5(1), S5 ⊥ D𝑝(𝑝 − 1)(𝑝 > 1),

D𝑝 ⊥ D𝑝′(𝑚)𝑝 + 𝑝′ = 4 + 2𝑚,

 W‖ F1,  W‖S5,  W‖D𝑝,

KK ⊥ 𝐷𝑝(𝑝 − 2).
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M2 ⊥ M2(0), M2 ⊥ M5(1), M5 ⊥ M5(1), M5 ⊥ M5(3),

W‖M2,  W‖M5,

KK‖M2, KK ⊥ M2(0), KK‖M5, KK ⊥ M5(1), KK ⊥ M5(3),

W‖KK,  W ⊥ KK(2), W ⊥ KK(4).

 

𝑑𝑠̂𝑠
2 = 𝐻𝐷𝑝

−1/2
𝐻𝐹1

−1𝑑𝑡2 − 𝐻𝐷𝑝
+1/2

𝐻𝐹1
−1𝑑𝑦2 − 𝐻𝐷𝑝

−1/2
𝑑𝑧 𝑝

2 − 𝐻𝐷𝑝
+1/2

𝑑𝑥 8−𝑝
2 ,

𝑒
−2(𝜙̂𝜙̂𝜙̂0)

 = 𝐻
𝐷𝑝

2

(𝑝−3)
2 𝐻𝐹1,

𝐶̂(𝑝+1)𝑡𝑡1 ⋯ ⋯ 𝑧𝑝 = ±𝑒−𝜙̂0(𝐻𝐷𝑝
−1 − 1),

𝐵̂𝑡𝑡 = ±(𝐻𝐹1
−1 − 1),

𝐻𝐷𝑝,𝐹1 = 1 +
ℎ𝐷𝑝,𝐹1

|𝑥 8−𝑝|
6−𝑝

 

{
 
 

 
 

𝑑𝑠2  = 𝐻𝛼[𝑊𝑑𝑡2 − 𝑑𝑦 𝑝−1
2 − 𝑑𝑧2] − 𝐻𝛽[𝑊−1𝑑𝜌2 + 𝜌2𝑑Ω2]

𝑒−2(𝜙−𝜙0)  = 𝐻𝛾

𝐴(𝑝+1)𝑡𝑦1⋯𝑦𝑝−1𝑧  = 𝛼(𝐻−1 − 1)

𝑊 = 1 +
𝜔

𝜌𝑛
, 𝐻 = 1 +

ℎ

𝜌𝑛

 

(
𝑡

𝑧
) → (

cosh 𝛾 sinh 𝛾
sinh 𝛾 cosh 𝛾

) (
𝑡

𝑧
)  

𝑊𝑑𝑡2 − 𝑑𝑧2 → 𝑑𝑡2 − 𝑑𝑧2 + cosh2 𝛾(𝑊 − 1)(𝑑𝑡 + tanh2 𝛾𝑑𝑧)2  

𝐻𝑊
−1𝑑𝑡2 − 𝐻𝑊[𝑑𝑧 − (𝐻𝑊

−1 − 1)𝑑𝑡]2, 𝐻𝑊 = 1 +
ℎ𝑊

𝜌𝑛
 

𝑑𝑠2 = 𝐻𝛼{𝐻𝑊
−1𝑑𝑡2 − 𝐻𝑊[𝑑𝑧 − (𝐻𝑊

−1 − 1)𝑑𝑡]2 − 𝑑𝑦 𝑝−1
2 } − 𝐻𝛽𝑑𝑥 2  

𝑑𝑠2 = 𝐻𝑊
−1𝑑𝑡2 − 𝐻𝑊[𝑑𝑧 + 𝛼(𝐻𝑊

−1 − 1)𝑑𝑡]2 − 𝑑𝑥 𝑑−2
2 ,

𝐻𝑊 = 1 +
ℎ𝑊

|𝑥 𝑑−2|𝑑−4
, 𝛼 = ±1

 

𝐻𝑊 = 1 +
ℎ𝑊

|𝑥 𝑑−2|𝑑−4
𝛿(𝑢𝛼). 𝑢𝛼 =

1

√2
(𝑡 − 𝛼𝑧)  

ℎ𝑊 = −𝛼
√2|𝑝𝑧|8𝜋𝐺𝑁

(𝑑)

(𝑑 − 4)𝜔(𝑑−3)

 

𝛿(𝑢𝛼) ∼ −𝛼
√2

2𝜋𝑅𝑧

 

ℎ𝑊 =
|𝑁|8𝐺𝑁

(𝑑)

𝑅𝑧
2(𝑑 − 4)𝜔(𝑑−3)
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{
 
 
 

 
 
 𝑑𝑠̂𝑠

2 = 𝐻𝐷1
−1/2

𝐻𝐷5
−1/2{𝐻𝑊

−1𝑑𝑡2 − 𝐻𝑊[𝑑𝑦1 + 𝛼𝑊(𝐻𝑊
−1 − 1)𝑑𝑡]2}

 −𝐻𝐷1
1/2

𝐻𝐷5
−1/2

𝑑𝑦 4
2 − 𝐻𝐷1

1/2
𝐻𝐷5

1/2
𝑑𝑥 4

2,

𝑒−2(𝜙̂−𝜙̂0)

𝐶̂𝐷5/𝐻𝐷1

𝑡𝑡𝑦ˆ (2) = 𝛼𝐷1(𝐻𝐷1
−1 − 1)

𝐶̂(6) 𝑡𝑡1⋯𝑦5 = 𝛼𝐷5(𝐻𝐷5
−1 − 1)

 

𝐻𝑖 = 1 +
𝑟𝑖

2

|𝑥 4|2
, 𝑖 = 𝐷1, 𝐷5, 𝑊  

𝑟𝐷5
2 = 𝑁𝐷5ℎ𝐷5 = 𝑁𝐷5ℓ𝑠

2𝑔  

𝑟𝐷1
2 = 𝑁𝐷1ℎ𝐷1

𝜔(5)

𝑉4𝜔(1)
=

𝑁𝐷1ℓ𝑠
6𝑔

𝑉
, 𝑉 ≡ 𝑅2 … 𝑅5  

𝑟𝑊
2 = ℎ𝑊

𝜔(5)

𝑉4𝜔(1)
=

𝑁𝑊ℓ𝑠
8𝑔2

𝑅2𝑉
 

𝑑𝑠̃𝐸
2 = (𝐻𝐷1𝐻𝐷5𝐻𝑊)−2/3𝑑𝑡2 − (𝐻𝐷1𝐻𝐷5𝐻𝑊)1/3𝑑𝑥 4

2

𝑑𝑠𝑠
2 = (𝐻𝐷1𝐻𝐷5)−1/2𝐻𝑊

−1𝑑𝑡2 − (𝐻𝐷1𝐻𝐷5)1/2𝑑𝑥 4
2

𝐴(𝐷1,𝐷5,𝑊)𝑡 = 𝛼𝐷1,𝐷5,𝑊(𝐻𝐷1,𝐷5,𝑊
−1 − 1)

𝐾𝑉/𝐾𝑉0 = 𝐻𝐷1/𝐻𝐷5, 𝑒−2(𝜙−𝜙0) = 𝐾𝑅/𝐾𝑅0 = (𝐻𝐷1𝐻𝐷5)−1/4𝐻𝑊
1/2

 

𝐴 = 𝜔(3) ( lim
|𝑥 4|→0

 |𝑥 4|6𝐻𝐷1𝐻𝐷5𝐻𝑊)
1/2

= 2𝜋2(𝑟𝐷1𝑟𝐷5𝑟𝑊)1/2

 = 2𝜋2√𝑁𝐷1𝑁𝐷5𝑁𝑊

ℓ𝑠
8𝑔2

𝑅𝑉

 

𝑆 =
𝐴

4𝐺𝑁
(5)

, 𝐺𝑁
(5)

=
𝐺𝑁

(10)

(2𝜋)5𝑅𝑉
=

𝜋

4

ℓ𝑠
8𝑔2

𝑅𝑉
 

𝑆 = 2𝜋√𝑁𝐷1𝑁𝐷5𝑁𝑊  

𝑀 =
𝑁𝐷1𝑅

𝑔ℓ𝑠
+

𝑁𝐷5𝑅𝑉

𝑔ℓ𝑠
6 +

𝑁𝑊

𝑅
 

𝑑𝑠2 = 𝐻−2𝑑𝑡2 − 𝐻𝑑𝑥 4
2, 𝐻 = 𝐻𝐷1 = 𝐻𝐷5 = 𝐻𝑊  

𝜌(𝐸) ∼ 𝑒√𝜋(𝑐−24𝐸0)𝐸𝐿/3  

𝜌(𝐸) = 𝑒2𝜋√𝑁𝐷1𝑁𝐷5𝑁𝑊  

𝑒𝑎 𝜇𝑒𝑏 𝜈𝑔𝜇𝜈 = 𝜂𝑎𝑏 , 𝑒𝜇 𝑎𝑒𝜈
𝑏𝜂𝑎𝑏 = 𝑔𝜇𝜈  
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∇𝜇𝜉𝜈 = 𝜕𝜇𝜉𝜈 + Γ𝜇𝜌 𝜈𝜉𝜌,

𝒟𝜇𝜉𝑎 = 𝜕𝜇𝜉𝑎 + 𝜔𝜇𝑏 𝑎𝜉𝑏,

∇𝜇𝜓 = 𝜕𝜇𝜓 −
1

4
𝜔𝜇 𝑎𝑏Γ𝑎𝑏𝜓

 

[∇𝜇 , ∇𝜈]𝜉𝜌 = 𝑅𝜇𝜈𝜎  𝜌(Γ)𝜉𝜎 + 𝑇𝜇𝜈  𝜎∇𝜎𝜉𝜌

[𝒟𝜇 , 𝒟𝜈]𝜉𝑎 = 𝑅𝜇𝜈𝑏  𝑎(𝜔)𝜉𝑏
 

𝑅𝜇𝜈𝜌
𝜎 (Γ)  = 2𝜕[𝜇Γ𝜈]𝜌

𝜎 + 2Γ[𝜇∣𝜆 𝜎Γ𝜈]𝜌

𝑅𝜇𝜈𝑎 𝑏(𝜔)  = 2𝜕[𝜇𝜔𝜈]𝑎
𝑏 − 2𝜔[𝜇∣𝑎 𝑐𝜔∣𝜈]𝑐

𝑏  

∇𝜇𝑒𝑎
𝜇

= 0  

𝜔𝜇𝑎  𝑏 = Γ𝜇𝑎  𝑏 + 𝑒𝑎  𝜈𝜕𝜇𝑒𝜈
𝑏  

𝑅𝜇𝜈𝜌 𝜎(Γ) = 𝑒𝜌 𝑎𝑒𝜎 𝑏𝑅𝜇𝜈𝑎 𝑏(𝜔)  

∇𝜇𝑔𝜌𝜎 = 0  

Γ𝜇𝜈
𝜌

= {
𝜌
𝜇𝜈} + 𝐾𝜇𝜈

𝜌
= Γ𝜇𝜈

𝜌
(𝑔) + 𝐾𝜇𝜈

𝜌
 

{
𝜌
𝜇𝜈} =

1

2
𝑔𝜌𝜎{𝜕𝜇𝑔𝜈𝜎 + 𝜕𝜈𝑔𝜇𝜎 − 𝜕𝜎𝑔𝜇𝜈}  

𝐾𝜇𝜈
𝜌

=
1

2
𝑔𝜌𝜎{𝑇𝜇𝜎𝜈 + 𝑇𝜈𝜎𝜇 − 𝑇𝜇𝜈𝜎}  

𝜔𝑎𝑏𝑐 = 𝜔𝑎𝑏𝑐(𝑒) + 𝐾𝑎𝑏𝑐 , 𝜔𝑎𝑏𝑐(𝑒) = −Ω𝑎𝑏𝑐 + Ω𝑏𝑐𝑎 − Ω𝑐𝑎𝑏 , Ω𝑎𝑏
𝑐 = 𝑒𝑎  𝜇𝑒𝑏 𝜈𝜕[𝜇𝑒𝑐  𝜈]  

{Γ̂̂𝑎̂̂, Γ̂̂
ˆ 𝑏̂̂} = +2𝜂̂̂𝑎̂̂𝑏̂̂  

Γ̂̂1̂0̂ = 𝑖Γ̂̂ 0̂̂ … Γ̂̂𝜌̂̂ ≡ −𝑖Γ̂11̂
 

Γ̂̂𝑎̂̂⋆ = −Γ̂̂𝑎̂̂  

Γ̂̂ 0̂̂† = +Γ̂̂0̂̂.

Γ̂̂ 𝑖̂̂† = −Γ̂̂ î, 𝑖 = 1, … ,10.
 

Γ̂̂0̂̂𝑇 = −Γ̂̂0̂̂.

Γ̂̂𝑖𝑇 = +Γ̂̂ 𝑖̂̂, 𝑖 = 1, … ,10.
 

Γ̂̂
0̂̂

 ̂̂ Γ̂𝑎̂  ̂̂0̂̂
ˆ

= Γ̂̂𝑎̂̂†  

𝒟̂̂ = 𝑖Γ̂̂0  

𝒟̂̂Γ̂̂𝑎̂1…𝑎̂̂𝑛 𝒟̂̂−1 = (−1)[𝑛/2] (Γ̂̂𝑎̂̂1…𝑎̂𝑛)
†
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𝒞̂̂ = 𝒟̂̂ = 𝑖Γ̂̂0  

𝒞̂̂𝑇 = 𝒞̂̂† = 𝒞̂̂−1 = −𝒞̂̂  

𝒞̂̂Γ̂̂𝑎̂̂𝒞̂̂−1 = −Γ̂̂𝑎̂
ˆ 2̂

 

𝒞̂̂Γ̂̂𝑎̂̂1…𝑎̂̂𝑛 𝒞̂̂−1 = (−1)𝑛+[𝑛/2] (Γ̂̂𝑎̂̂1…𝑎̂̂𝑛)
𝑇

 

𝜆̂ = 𝜆̂̂†𝒟̂  

𝜆̂̂𝑐 = 𝜆̂̂𝑇 𝒞̂̂  

𝜆̂̂ = 𝜆̂̂𝑐  

𝜖𝑎̂̂̂𝑎̂1⋯𝑎̂̂𝑛 𝜓̂̂ = (−1)𝑛+[𝑛/2]  ̂̂𝑁̂
ˆ 𝑎̂1⋯𝑎̂̂𝑛

𝜖
 

(𝜖Γ̂̂𝑎̂̂1⋯𝑎̂̂𝑛 𝜓̂̂)
†

= (−1)[𝑛/2]  ̂̂Γ̂̂𝑎̂̂1…𝑎̂̂𝑛𝜖  

Γ̂̂𝑎̂̂1…𝑎̂̂𝑛 = 𝑖
(−1)[𝑛/2]+1

(11 − 𝑛)!
𝜖 𝑎̂̂1…𝑎̂̂𝑛𝑏̂̂1…𝑏̂̂11−𝑛 Γ̂̂

𝑏̂̂1…𝑏̂̂11−𝑛
 

{
Γ̂̂𝑎̂ = Γ̂𝑎̂, 𝑎̂ = 0, … ,9

Γ̂̂10 = +𝑖Γ̂0 … Γ̂9
 

Γ̂11 = −Γ̂0 … Γ̂9 = 𝑖Γ̂̂10  

Γ̂11𝜓̂(±) = ±𝜓̂(±)  

Γ̂11 = 𝕀16×16 ⊗ 𝜎3 = (
𝕀16×16 0

0 −𝕀16×16
)  

𝜓̂ = (
𝜓̂(+)

𝜓̂(−)
)  

Γ11Γ̂𝑎̂1⋯𝑎̂𝑛 =
(−1)[(10−𝑛)/2]+1

(10 − 𝑛)!
𝜖𝑎̂1⋯𝑎̂𝑛𝑏̂1⋯𝑏̂10−𝑛Γ̂𝑏̂1⋯𝑏̂10−𝑛

 

{
Γ̂𝑎 = Γ𝑎 ⊗ 𝜎2, 𝑎 = 0, … ,8

Γ̂9 = 𝕀16×16 ⊗ 𝑖𝜎1  

Γ8 = Γ0 ⋯ Γ7  

Γ(8)9 = 𝑖Γ8 = 𝑖Γ0 ⋯ Γ7  

𝛾5 = −𝑖𝛾0𝛾1𝛾2𝛾3 =
𝑖

4!
𝜖𝑎𝑏𝑐𝑑𝛾𝑎𝑏𝑐𝑑  
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𝛾𝑎1⋯𝑎𝑛 =
(−1)[𝑛/2]𝑖

(4 − 𝑛)!
𝜖𝑎1⋯𝑎𝑛𝑏1⋯𝑏4−𝑛𝛾𝑏1⋯𝑏4−𝑛

𝛾5  

𝑛𝜇𝑛𝜇 = 𝜀, {
𝜀 = +1, Σ espacio 

𝜀 = −1, Σ tiempo 
 

ℎ𝜇𝜈 = 𝑔𝜇𝜈 − 𝜀𝑛𝜇𝑛𝜈  

𝒦𝜇𝜈 ≡ ℎ𝜇 𝛼ℎ𝜈 𝛽∇(𝛼𝑛𝛽)  

𝒦𝜇𝜈 =
1

2
£𝑛ℎ𝜇𝜈  

𝒦 = ℎ𝜇𝜈𝒦𝜇𝜈 = ℎ𝜇𝜈∇𝜇𝑛𝜈  

{
 
 

 
 

𝑥1 = 𝜌𝑛−1sin 𝜑

𝑥2  = 𝜌𝑛−1cos 𝜑

𝑥3 = 𝜌𝑛−2cos 𝜃1

⋮ ⋮
𝑥𝑘 = 𝜌𝑛−𝑘+1cos 𝜃𝑘−2, 3 ≤ 𝑘 ≤ 𝑛 + 1

 

{
𝜌𝑙 = [(𝑥1)2 + ⋯ + (𝑥𝑛+1−𝑙)

2
]
1/2

= 𝑟 ∏  

𝑙

𝑚=1

 sin 𝜃𝑛−𝑚,

𝜌0 = 𝑟 = [(𝑥1)2 + ⋯ + (𝑥𝑛+1)2]1/2

 

𝑑Ω𝑛 ≡ 𝑑𝜑 ∏  

𝑛−1

𝑖=1

  sin𝑖 𝜃𝑖𝑑𝜃𝑖  

𝑑Ω𝑛 =
1

𝑛! 𝑟𝑛+1
𝜖𝜇1…𝜇𝑛+1

𝑥𝜇𝑛+1𝑑𝑥𝜇1 … 𝑑𝑥𝜇𝑛  

{
𝑑𝑛+1𝑥 = 𝑟𝑛𝑑𝑟𝑑Ω𝑛,

𝑟𝑛𝑑Ω𝑛 = 𝑑𝑛𝑦√|𝑔|
 

𝜔(𝑛) = ∫  
𝑆𝑛

 𝑑Ω𝑛 =
2𝜋

𝑛+1
2

Γ (
𝑛 + 1

2 )
 

Γ(𝑥 + 1) = 𝑥Γ(𝑥), Γ(0) = 1, Γ(1/2) = 𝜋1/2  

𝑑𝑥 2 =𝑑𝜌0
2 + 𝜌0

2𝑑𝜃𝑛−1
2 + ⋯ + 𝜌𝑛−2

2 𝑑𝜃1
2 + 𝜌𝑛−1

2 𝑑𝜑2

=𝑑𝑟2 + 𝑟2{𝑑𝜃𝑛−1
2 + sin2 𝜃𝑛−1[𝑑𝜃𝑛−2

2 + sin2 𝜃𝑛−2(𝑑𝜃𝑛−3
2 + sin2 𝜃𝑛−3(⋯

⋯ sin2 𝜃2(𝑑𝜃1
2 + sin2 𝜃1𝑑𝜑2) ⋯ ]}

=𝑑𝑟2 + 𝑟2𝑑Ω(𝑛)
2

 

𝑷 = 𝑃𝐴𝑮𝐴  

[𝑷, 𝑸] = 𝑷𝑸 − (−1)𝑝𝑞𝑸  
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[𝑷, 𝑸] = 𝑃𝐴𝑄𝐵[𝑮𝐴, 𝑮𝐵],  si 𝑃𝐴 o 𝑄𝐵

[𝑷, 𝑸] = 𝑃𝐴𝑄𝐵{𝑮𝐴, 𝑮𝐵},  si 𝑃𝐴 y 𝑄𝐵  

[𝑮𝐴, 𝑮𝐵]  = 𝑮𝐴𝑮𝐵 − 𝑮𝐵𝑮𝐴

{𝑮𝐴, 𝑮𝐵}  = 𝑮𝐴𝑮𝐵 + 𝑮𝐵𝑮𝐴
 

D𝒁 = d𝒁 + [𝑨, 𝒁]  

𝑨 → 𝑨′ = 𝑔(𝑨 − 𝑔−1 d𝑔)𝑔−1  

𝛿𝑨 = −D𝝀  

⟨⋯ ⟩𝑟: 𝔤 × ⋯ × 𝔤⏟      
𝑟

→ ℂ
 

⟨⋯ 𝑷𝑸 ⋯ ⟩𝑟 = (−1)𝑝𝑞⟨⋯ 𝑸𝑷 ⋯ ⟩𝑟  

⟨(𝑔𝒁1𝑔−1) ⋯ (𝑔𝒁𝑟𝑔−1)⟩𝑟 = ⟨𝒁1 ⋯ 𝒁𝑟⟩𝑟,  

⟨[𝝀, 𝒁1]𝒁2 ⋯ 𝒁𝑟⟩𝑟 + ⋯ + ⟨𝒁1 ⋯ 𝒁𝑟−1[𝝀, 𝒁𝑟]⟩𝑟  

⟨[𝑨, 𝒁1]𝒁2 ⋯ 𝒁𝑟⟩𝑟 + (−1)𝑝1⟨𝒁1[𝑨, 𝒁2]𝒁3 ⋯ 𝒁𝑟⟩𝑟 +

 + ⋯ + (−1)𝑝1+⋯+𝑝𝑟−1⟨𝒁1 ⋯ 𝒁𝑟−1[𝑨, 𝒁𝑟]⟩𝑟
 

⟨D(𝒁1 ⋯ 𝒁𝑟)⟩𝑟 = d⟨𝒁1 ⋯ 𝒁𝑟⟩𝑟  

⟨D(𝒁1 ⋯ 𝒁𝑟)⟩𝑟 =⟨(D𝒁1)𝒁2 ⋯ 𝒁𝑟⟩𝑟 + (−1)𝑝1⟨𝒁1(D𝒁2)𝒁3 ⋯ 𝒁𝑟⟩𝑟 +

 + ⋯ + (−1)𝑝1+⋯+𝑝𝑟−1⟨𝒁1 ⋯ 𝒁𝑟−1(D𝒁𝑟)⟩𝑟
 

[𝑷𝑎 , 𝑷𝑏]  = 0
[𝑱𝑎𝑏, 𝑷𝑐]  = 𝜂𝑐𝑏𝑷𝑎 − 𝜂𝑐𝑎𝑷𝑏

[𝑱𝑎𝑏 , 𝑱𝑐𝑑]  = 𝜂𝑐𝑏𝑱𝑎𝑑 − 𝜂𝑐𝑎𝑱𝑏𝑑 + 𝜂𝑑𝑏𝑱𝑐𝑎 − 𝜂𝑑𝑎𝑱𝑐𝑏

 

⟨𝑱𝑎𝑏𝑷𝑐⟩ = 𝜀𝑎𝑏𝑐  

⟨[𝑨, 𝑱𝑎𝑏]𝑷𝑐⟩ + ⟨𝑱𝑎𝑏[𝑨, 𝑷𝑐]⟩  

𝑨 = 𝑒𝑎𝑷𝑎 +
1

2
𝜔𝑎𝑏𝑱𝑎𝑏  

𝜔𝑎
𝑒𝜀𝑒𝑏𝑐 + 𝜔𝑏

𝑒𝜀𝑎𝑒𝑐 + 𝜔𝑐
𝑒𝜀𝑎𝑏𝑒 = 0  

D𝜔𝜀𝑎𝑏𝑐 = 0  

𝛿𝑎𝑏𝑐𝑑
𝑒𝑓𝑔ℎ

= 0  

0 = 𝜔𝑑  𝑒𝛿𝑎𝑏𝑐𝑑
𝑒𝑓𝑔ℎ

 = 𝜔𝑑  𝑒(𝛿𝑎
𝑒𝛿𝑏𝑐𝑑

𝑓𝑔ℎ
− 𝛿𝑏

𝑒𝛿𝑎𝑐𝑑
𝑓𝑔ℎ

+ 𝛿𝑐
𝑒𝛿𝑎𝑏𝑑

𝑓𝑔ℎ
− 𝛿𝑑

𝑒𝛿𝑎𝑏𝑐
𝑓𝑔ℎ

)

 = 𝜔𝑑  𝑎𝛿𝑏𝑏𝑑
𝑓𝑔ℎ

− 𝜔𝑑  𝑏𝛿𝑎𝑐𝑑
𝑓𝑔ℎ

+ 𝜔𝑑  𝑐𝛿𝑎𝑏𝑑
𝑓𝑔ℎ

 = 𝜔𝑒 𝑎𝛿𝑒𝑏𝑐
𝑓𝑔ℎ

+ 𝜔𝑒 𝑏𝛿𝑎𝑒𝑐
𝑓𝑔ℎ

+ 𝜔𝑒 𝑐𝛿𝑎𝑏𝑒
𝑓𝑔ℎ

.

 

𝜔𝑎
𝑒𝜀𝑒𝑏𝑐 + 𝜔𝑏

𝑒𝜀𝑎𝑒𝑐 + 𝜔𝑒 𝑐𝜀𝑎𝑏𝑒 = 0  
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𝒬CS
(2𝑛+1)

≡ (𝑛 + 1) ∫  
1

0

 𝑑𝑡⟨𝑨(𝑡 d𝑨 + 𝑡2𝑨2)𝑛⟩  

𝒬CS
(3)

= ⟨𝑨d𝑨 +
2

3
𝑨3⟩

𝒬CS
(5)

= ⟨𝑨(d𝑨)2 +
3

2
𝑨3 d𝑨 +

3

5
𝑨5⟩

 

d𝒬CS
(2𝑛+1)

= ⟨𝑭𝑛+1⟩  

d𝛿gauge 𝒬CS
(2𝑛+1)

= 0  

𝒬CS
(2𝑛+1)

(𝑨′) = 𝒬CS
(2𝑛+1)

(𝑨) + (−1)𝑛+1
𝑛! (𝑛 + 1)!

(2𝑛 + 1)!
⟨(𝑔−1 d𝑔)2𝑛+1⟩ + dΩfin

(2𝑛)
 

𝛿gauge 𝒬CS
(2𝑛+1)

= dΩ(2𝑛)  

𝐿YM  = −
1

4
⟨𝑭 ∧⋆ 𝑭⟩

𝐿CS
(2𝑛+1)

 = (𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨𝑨(𝑡 d𝑨 + 𝑡2𝑨2)𝑛⟩
 

[𝑷𝑎 , 𝑷𝑏]  = 𝑱𝑎𝑏

[𝑱𝑎𝑏, 𝑷𝑐]  = 𝜂𝑐𝑏𝑷𝑎 − 𝜂𝑐𝑎𝑷𝑏

[𝑱𝑎𝑏 , 𝑱𝑐𝑑]  = 𝜂𝑐𝑏𝑱𝑎𝑑 − 𝜂𝑐𝑎𝑱𝑏𝑑 + 𝜂𝑑𝑏𝑱𝑐𝑎 − 𝜂𝑑𝑎𝑱𝑐𝑏

 

𝑨 =
1

ℓ
𝑒𝑎𝑷𝑎 +

1

2
𝜔𝑎𝑏𝑱𝑎𝑏  

𝝀 =
1

ℓ
𝜆𝑎𝑷𝑎 +

1

2
𝜆𝑎𝑏𝑱𝑎𝑏  

𝛿𝑒𝑎  = 𝜆𝑎 𝑏𝑒𝑏 − D𝜔𝜆𝑎

𝛿𝜔𝑎𝑏  = −D𝜔𝜆𝑎𝑏 +
1

ℓ2 (𝜆𝑎𝑒𝑏 − 𝜆𝑏𝑒𝑎)
 

𝑭 =
1

ℓ
𝑇𝑎𝑷𝑎 +

1

2
(𝑅𝑎𝑏 +

1

ℓ2
𝑒𝑎𝑒𝑏) 𝑱𝑎𝑏 

𝑇𝑎  = D𝜔𝑒𝑎

𝑅𝑎𝑏  = d𝜔𝑎𝑏 + 𝜔𝑎 𝑐𝜔𝑐𝑏  

⟨𝑱𝑎1𝑎2
⋯ 𝑱𝑎2𝑛−1𝑎2𝑛

𝑷𝑎2𝑛+1
⟩ =

2𝑛

𝑛 + 1
𝜀𝑎1⋯𝑎2𝑛+1

 

𝒆 =
1

ℓ
𝑒𝑎𝑷𝑎

𝝎 =
1

2
𝜔𝑎𝑏𝑱𝑎𝑏

 

𝑻 = d𝒆 + [𝝎, 𝒆]

𝑹 = d𝝎 + 𝝎2
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𝑻 =
1

ℓ
𝑇𝑎𝑷𝑎

𝑹 =
1

2
𝑅𝑎𝑏𝑱𝑎𝑏

 

𝐿CS
(2𝑛+1)

= (𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨(𝑹 + 𝑡2𝒆2)𝑛𝒆⟩ + d𝐵CS
(2𝑛)

 

𝐿CS
(2𝑛+1)

=
𝑘

ℓ
𝜀𝑎1⋯𝑎2𝑛+1

∫  
1

0

 𝑑𝑡 (𝑅𝑎1𝑎2 +
𝑡2

ℓ2
𝑒𝑎1𝑒𝑎2) × ⋯ ×

 × (𝑅𝑎2𝑛−1𝑎2𝑛 +
𝑡2

ℓ2
𝑒𝑎2𝑛−1𝑒𝑎2𝑛) 𝑒𝑎2𝑛+1 + d𝐵CS

(2𝑛)

 

𝒬
𝑨←𝑨

(2𝑛+1)
≡ (𝑛 + 1) ∫  

1

0

 𝑑𝑡⟨𝚯𝑭𝑡
𝑛⟩  

𝚯 ≡ 𝑨 − 𝑨

𝑨𝑡  ≡ 𝑨 + 𝑡𝚯

𝑭𝑡  ≡  d𝑨𝑡 + 𝑨𝑡
2

 

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = ∫  
1

0

 𝑑𝑡
𝑑

𝑑𝑡
⟨𝑭𝑡

𝑛+1⟩  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = (𝑛 + 1) ∫  
1

0

 𝑑𝑡 ⟨𝑭𝑡
𝑛

𝑑

𝑑𝑡
𝑭𝑡⟩  

𝑑

𝑑𝑡
𝑭𝑡 = D𝑡𝚯  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = (𝑛 + 1) ∫  
1

0

 𝑑𝑡⟨𝑭𝑡
𝑛D𝑡𝚯⟩  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = (𝑛 + 1) ∫  
1

0

 𝑑𝑡⟨D𝑡(𝑭𝑡
𝑛𝚯)⟩  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = (𝑛 + 1)d ∫  
1

0

 𝑑𝑡⟨𝑭𝑡
𝑛𝚯⟩  

⟨𝑭𝑛+1⟩ − ⟨𝑭
𝑛+1

⟩ = d𝒬
𝑨←𝑨

(2𝑛+1)
 

⟨𝑭𝑛+1⟩ = d𝒬𝑨←0
(2𝑛+1)

 

𝑆T[𝑨, 𝑨] = 𝑘 ∫  
𝑀

 𝒬
𝑨←𝑨

(2𝑛+1)
 

𝛿dif𝑨 = −£𝜉𝑨

𝛿dif𝑨 = −£𝜉𝑨
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𝛿gauge 𝑨 = −D𝝀

𝛿gauge 𝑨 = −D𝝀
 

𝑆T
(2𝑛+1)

[𝑨, 𝑨] = −𝑆T
(2𝑛+1)

[𝑨, 𝑨]  

𝚯 → −𝚯
𝑨𝑡  → 𝑨1−𝑡

𝑭𝑡  → 𝑭1−𝑡

 

∫  
1

0

 𝑓(𝑡)𝑑𝑡 = ∫  
1

0

 𝑓(1 − 𝑡)𝑑𝑡  

𝛿𝑆T
(2𝑛+1)

= (𝑛 + 1)𝑘 ∫  
𝑀

  (⟨𝛿𝑨𝑭𝑛⟩ − ⟨𝛿𝑨𝑭
𝑛
⟩) + ∫  

𝜕𝑀

 Ξ  

Ξ ≡ 𝑛(𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝒬
𝑨←𝑨

(2𝑛+1)
= (𝑛 + 1) ∫  

1

0

 𝑑𝑡⟨𝚯𝑭𝑡
𝑛⟩  

𝛿𝚯 = 𝛿𝑨 − 𝛿𝑨

𝛿𝑨𝑡  = 𝛿𝑨 + 𝑡𝛿𝚯
𝛿𝑭𝑡  = D𝑡𝛿𝑨𝑡

 

𝛿𝒬
𝑨←𝑨

(2𝑛+1)
= (𝑛 + 1) ∫  

1

0

 𝑑𝑡⟨𝛿𝚯𝑭𝑡
𝑛⟩ + 𝑛(𝑛 + 1) ∫  

1

0

 𝑑𝑡⟨𝚯D𝑡𝛿𝑨𝑡𝑭𝑡
𝑛−1⟩  

⟨𝚯D𝑡𝛿𝑨𝑡𝑭𝑡
𝑛−1⟩ = ⟨D𝑡𝚯𝛿𝑨𝑡𝑭𝑡

𝑛−1⟩ + d⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝑑

𝑑𝑡
𝑭𝑡  = D𝑡𝚯

𝑑

𝑑𝑡
𝛿𝑨𝑡  = 𝛿𝚯

 

𝑛⟨D𝑡𝚯𝛿𝑨𝑡𝑭𝑡
𝑛−1⟩ =

𝑑

𝑑𝑡
⟨𝛿𝑨𝑡𝑭𝑡

𝑛⟩ − ⟨𝛿𝚯𝑭𝑡
𝑛⟩  

𝑛⟨𝚯D𝑡𝛿𝑨𝑡𝑭𝑡
𝑛−1⟩ =

𝑑

𝑑𝑡
⟨𝛿𝑨𝑡𝑭𝑡

𝑛⟩ − ⟨𝛿𝚯𝑭𝑡
𝑛⟩ + 𝑛 d⟨𝛿𝑨𝑡𝚯𝑭𝑡

𝑛−1⟩  

𝛿𝒬
𝑨←𝑨

(2𝑛+1)
= (𝑛 + 1) ∫  

1

0

 𝑑𝑡
𝑑

𝑑𝑡
⟨𝛿𝑨𝑡𝑭𝑡

𝑛⟩ + 𝑛(𝑛 + 1)d ∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝛿𝒬
𝑨←𝑨

(2𝑛+1)
= (𝑛 + 1) (⟨𝛿𝑨𝑭𝑛⟩ − ⟨𝛿𝑨𝑭

𝑛
⟩) + 𝑛(𝑛 + 1)d ∫  

1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

⟨𝑭𝑛𝑮𝐴⟩  = 0

⟨𝑭
𝑛
𝑮𝐴⟩  = 0
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∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩|

𝜕𝑀

 

d ⋆ 𝐽 = 0  

⋆ 𝐽gauge  = 𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩

⋆ 𝐽dif  = 𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩

 

𝑄gauge (𝝀)  = 𝑛(𝑛 + 1)𝑘 ∫  
𝜕Σ

 ∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩

𝑄dif (𝜉)  = 𝑛(𝑛 + 1)𝑘 ∫  
𝜕Σ

 ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩

 

𝛿𝝀𝑄gauge (𝜼)  = −𝑄gauge ([𝝀, 𝜼])

𝛿𝝀𝑄dif (𝜉)  = −𝑄gauge (£𝜉𝝀)
 

{𝑄𝜼, 𝑄𝝀} = 𝑄[𝜼,𝜆]  

C (𝑆T
(2𝑛+1)

)  = −𝑆T
(2𝑛+1)

PT (𝑆T
(2𝑛+1)

)  = −𝑆T
(2𝑛+1)

 

CPT (𝑆T
(2𝑛+1)

) = 𝑆T
(2𝑛+1)

 

𝛿𝐿T
(2𝑛+1)

 = (𝑛 + 1)𝑘 (⟨𝛿𝑨𝑭𝑛⟩ − ⟨𝛿𝑨𝑭
𝑛
⟩) + dΞ

Ξ = 𝑛(𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩

 

𝛿gauge 𝑨 = −D𝝀

𝛿gauge 𝑨 = −D𝝀  

𝛿gauge 𝐿T
(2𝑛+1)

= −(𝑛 + 1)𝑘 d (⟨𝝀𝑭𝑛⟩ − ⟨𝝀𝑭
𝑛
⟩) + dΞgauge  

⋆ 𝐽gauge 
′ ≡ (𝑛 + 1)𝑘 (⟨𝝀𝑭𝑛⟩ − ⟨𝝀𝑭

𝑛
⟩) − Ξgauge  

Ξgauge = −𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩ + (𝑛 + 1)𝑘 (⟨𝝀𝑭𝑛⟩ − ⟨𝝀𝑭

𝑛
⟩)  

⋆ 𝐽gauge 
′ = 𝑛(𝑛 + 1)𝑘 d ∫  

1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩  

𝛿dif𝑨 = −£𝜉𝑨

𝛿dif𝑨 = −£𝜉𝑨
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𝛿dif𝐿T
(2𝑛+1)

= −(𝑛 + 1)𝑘 (⟨£𝜉𝑨𝑭𝑛⟩ − ⟨£𝜉𝑨𝑭
𝑛
⟩) + dΞdif  

£𝜉𝑨 = I𝜉𝑭 + DI𝜉𝑨  

⟨£𝜉𝑨𝑭𝑛⟩ = ⟨I𝜉𝑭𝑭𝑛⟩ + ⟨DI𝜉𝑨𝑭𝑛⟩  

⟨£𝜉𝑨𝑭𝑛⟩ = d⟨I𝜉𝑨𝑭𝑛⟩  

𝛿dif𝐿T
(2𝑛+1)

= −(𝑛 + 1)𝑘 d (⟨I𝜉𝑨𝑭𝑛⟩ − ⟨I𝜉𝑨𝑭
𝑛
⟩) + dΞdif  

𝛿dif 𝐿T
(2𝑛+1)

 = −£𝜉𝐿T
(2𝑛+1)

 = −dI𝜉𝐿T
(2𝑛+1)

,
 

⋆ 𝐽dif
′ ≡ (𝑛 + 1)𝑘 (⟨I𝜉𝑨𝑭𝑛⟩ − ⟨I𝜉𝑨𝑭

𝑛
⟩) − Ξdif − I𝜉𝐿T

(2𝑛+1)
 

Ξdif + I𝜉𝐿T
(2𝑛+1)

= −𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩ +

 +(𝑛 + 1)𝑘 (⟨I𝜉𝑨𝑭𝑛⟩ − ⟨I𝜉𝑨𝑭
𝑛
⟩)

 

⋆ 𝐽dif
′ = 𝑛(𝑛 + 1)𝑘 d ∫  

1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝑆T
(2𝑛+1)

[𝑨, 𝑨] = 𝑆CS
(2𝑛+1)

[𝑨] − 𝑆CS
(2𝑛+1)

[𝑨] + ∫  
𝜕𝑀

 ℬ(2𝑛)  

−𝑆CS
(2𝑛+1)

[𝑨] = − ∫  
𝑀

 𝐿CS
(2𝑛+1)

(𝑨) = ∫  
−𝑀

 𝐿CS
(2𝑛+1)

(𝑨)  

𝐿T
(2𝑛+1)

(𝑨, 𝑨) = (𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨𝚯𝑭𝑡
𝑛⟩  

d𝒬
𝑨←𝑨

(2𝑛+1)
+ d𝒬

𝑨̃←𝑨̃

(2𝑛+1)
+ d𝒬

𝑨̃←𝑨

(2𝑛+1)
= 0  

d𝒬
𝑨←𝑨

(2𝑛+1)
+ d𝒬

𝑨←𝑨̃

(2𝑛+1)
+ d𝒬

𝑨̃←𝑨

(2𝑛+1)
=⟨𝑭𝑛+1⟩ − ⟨𝑭

𝑛+1
⟩ + ⟨𝑭

𝑛+1
⟩ +

 −⟨𝑭̃𝑛+1⟩ + ⟨𝑭̃𝑛+1⟩ − ⟨𝑭𝑛+1⟩

=0.

 

𝒬
𝑨←𝑨

(2𝑛+1)
+ 𝒬

𝑨←𝑨̃

(2𝑛+1)
+ 𝒬

𝑨̃←𝑨

(2𝑛+1)
= d𝒬

𝑨←𝑨̃←𝑨

(2𝑛)
 

𝒬
𝑨←𝑨

(2𝑛+1)
= 𝒬

𝑨←𝑨̃

(2𝑛+1)
+ 𝒬

𝑨̃←𝑨

(2𝑛+1)
+ d𝒬

𝑨←𝑨̃←𝑨

(2𝑛)
 

𝑡𝑖  ≥ 0, 𝑖 = 0, … , 𝑟 + 1

∑  

𝑟+1

𝑖=0

  𝑡𝑖  = 1
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𝑨𝑡 = ∑  

𝑟+1

𝑖=0

  𝑡𝑖𝑨𝑖  

 

𝑭𝑡 = d𝑨𝑡 + 𝑨𝑡
2  

𝑇𝑟+1 = (𝑨0𝑨1 ⋯ 𝑨𝑟+1)  

d: Ω𝑎(𝑀) × Ω𝑏(𝑇𝑟+1)  → Ω𝑎+1(𝑀) × Ω𝑏(𝑇𝑟+1)

d𝑡: Ω
𝑎(𝑀) × Ω𝑏(𝑇𝑟+1)  → Ω𝑎(𝑀) × Ω𝑏+1(𝑇𝑟+1)

 

𝑙𝑡: Ω
𝑎(𝑀) × Ω𝑏(𝑇𝑟+1) → Ω𝑎−1(𝑀) × Ω𝑏+1(𝑇𝑟+1)  

𝑙𝑡𝑨𝑡  = 0
𝑙𝑡𝑭𝑡  = d𝑡𝑨𝑡

 

d2  = 0
 d𝑡

2  = 0

[𝑙𝑡 , d]  = d𝑡

[𝑙𝑡 ,  d𝑡]  = 0
{ d,  d𝑡}  = 0

 

∫  
𝜕𝑇𝑟+1

 
𝑙𝑡
𝑝

𝑝!
𝜋 = ∫  

𝑇𝑟+1

 
𝑙𝑡
𝑝+1

(𝑝 + 1)!
d𝜋 + (−1)𝑝+𝑞 d ∫  

𝑇𝑟+1

 
𝑙𝑡
𝑝+1

(𝑝 + 1)!
𝜋  

𝜋 = ∑  

𝑝

 𝛼𝑝 ⟨𝑨𝑡

𝑎𝑝𝑭𝑡

𝑏𝑝( d𝑡𝑨𝑡)
𝑐𝑝( d𝑡𝑭𝑡)

𝑑𝑝⟩  

𝑎𝑝 + 2𝑏𝑝 + 𝑐𝑝 + 2𝑑𝑝  = 𝑚

𝑐𝑝 + 𝑑𝑝  = 𝑞
 

(𝑝 + 1)d𝑡𝑡𝑡
𝑝
𝜋 = 𝑙𝑡

𝑝+1
 d𝜋 − d𝑙𝑡

𝑝+1
𝜋  

[𝑙𝑡
𝑝+1

, d] = (𝑝 + 1)d𝑡𝑙𝑡
𝑝

 

[𝑙𝑡
2, d] = 𝑙𝑡[𝑙𝑡, d] + [𝑙𝑡, d]𝑙𝑡

 = 𝑙𝑡 d𝑡 + d𝑡𝑙𝑡
 = 2 d𝑡𝑙𝑡.

 

[𝑙𝑡
𝑘+2, d] = 𝑙𝑡[𝑙𝑡

𝑘+1, d] + [𝑙𝑡 , d]𝑙𝑡
𝑘+1

 = (𝑘 + 1)𝑙𝑡 d𝑡𝑙𝑡
𝑘 + d𝑡𝑙𝑡

𝑘+1

 = (𝑘 + 2)d𝑡𝑙𝑡
𝑘+1

 

(𝑝 + 1) ∫  
𝜕𝑇𝑟+1

  𝑙𝑡
𝑝
𝜋 = ∫  

𝑇𝑟+1

  𝑙𝑡
𝑝+1

 d𝜋 − ∫  
𝑇𝑟+1

  d𝑙𝑡
𝑝+1

 

d ∫  
𝑇𝑠

 𝛼 = (−1)𝑠 ∫  
𝑇𝑠

  d𝛼  
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(𝑝 + 1) ∫  
𝜕𝑇𝑟+1

  𝑙𝑡
𝑝
𝜋 = ∫  

𝑇𝑟+1

  𝑙𝑡
𝑝+1

 d𝜋 + (−1)𝑝+𝑞 d ∫  
𝑇𝑟+1

  𝑙𝑡
𝑝+1

𝜋  

𝜋 = ⟨𝑭𝑡
𝑛+1⟩  

∫  
𝜕𝑇𝑝+1

 
𝑙𝑡
𝑝

𝑝!
⟨𝑭𝑡

𝑛+1⟩ = (−1)𝑝 d ∫  
𝑇𝑝+1

 
𝑙𝑡
𝑝+1

(𝑝 + 1)!
⟨𝑭𝑡

𝑛+1⟩  

∫  
𝜕𝑇1

  ⟨𝑭𝑡
𝑛+1⟩ = d ∫  

𝑇1

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩  

𝑨𝑡 = 𝑡0𝑨0 + 𝑡1𝑨1  

𝜕𝑇1 = (𝑨1) − (𝑨0)  

∫  
𝜕𝑇1

  ⟨𝑭𝑡
𝑛+1⟩ = ⟨𝑭1

𝑛+1⟩ − ⟨𝑭0
𝑛+1⟩  

𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ = (𝑛 + 1)⟨(𝑙𝑡𝑭𝑡)𝑭𝑡

𝑛⟩  

𝑙𝑡𝑭𝑡 = d𝑡𝑨𝑡

 = d𝑡0𝑨0 + d𝑡1𝑨1

 = d𝑡1(𝑨1 − 𝑨0).

 

⟨𝑭1
𝑛+1⟩ − ⟨𝑭0

𝑛+1⟩ = (𝑛 + 1)d ∫  
𝑇1

  d𝑡1⟨(𝑨1 − 𝑨0)𝑭𝑡
𝑛⟩  

⟨𝑭1
𝑛+1⟩ − ⟨𝑭0

𝑛+1⟩ = d𝒬𝑨1←𝑨0

(2𝑛+1)
 

𝒬𝑨1←𝑨0

(2𝑛+1)
 = ∫  

(𝑨0𝑨1)

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩

 = (𝑛 + 1) ∫  
1

0

  d𝑡1⟨(𝑨1 − 𝑨0)𝑭𝑡
𝑛⟩.

 

∫  
𝜕𝑇2

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ = −d ∫  

𝑇2

 
𝑙𝑡
2

2
⟨𝑭𝑡

𝑛+1⟩  

𝑨𝑡 = 𝑡0𝑨0 + 𝑡1𝑨1 + 𝑡2𝑨2  

𝜕𝑇2 = (𝑨1𝑨2) − (𝑨0𝑨2) + (𝑨0𝑨1)  

∫  
𝜕𝑇2

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ = ∫  

(𝑨1𝑨2)

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ − ∫  

(𝑨0𝑨2)

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ + ∫  

(𝑨0𝑨1)

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩  

∫  
𝜕𝑇2

  𝑙𝑡⟨𝑭𝑡
𝑛+1⟩ = 𝒬𝑨2←𝑨1

(2𝑛+1)
− 𝒬𝑨2←𝑨0

(2𝑛+1)
+ 𝒬𝑨1←𝑨0

(2𝑛+1)
 

𝑙𝑡
2⟨𝑭𝑡

𝑛+1⟩ = 𝑛(𝑛 + 1)⟨(d𝑡𝑨𝑡)
2𝑭𝑡

𝑛−1⟩  
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∫  
𝑇2

 
𝑙𝑡
2

2
⟨𝑭𝑡

𝑛+1⟩ = 𝒬𝑨2←𝑨1←𝑨0

(2𝑛)
 

𝒬𝑨2←𝑨1←𝑨0

(2𝑛)
≡ 𝑛(𝑛 + 1) ∫  

1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠⟨(𝑨2 − 𝑨1)(𝑨1 − 𝑨0)𝑭𝑡
𝑛−1⟩  

𝑨𝑡 = 𝑨0 + 𝑠(𝑨2 − 𝑨1) + 𝑡(𝑨1 − 𝑨0)  

𝒬𝑨2←𝑨1

(2𝑛+1)
− 𝒬𝑨2←𝑨0

(2𝑛+1)
+ 𝒬𝑨1←𝑨0

(2𝑛+1)
= −d𝒬𝑨2←𝑨1←𝑨0

(2𝑛)
 

𝒬𝑨2←𝑨0

(2𝑛+1)
= 𝒬𝑨2←𝑨1

(2𝑛+1)
+ 𝒬𝑨1←𝑨0

(2𝑛+1)
+ d𝒬𝑨2←𝑨1←𝑨0

(2𝑛)
 

𝐿T
(2𝑛+1)

(𝑨, 𝑨) = 𝑘𝒬
𝑨←𝑨

(2𝑛+1)
 

𝒬
𝑨←𝑨

(2𝑛+1)
= 𝒬

𝑨←𝑨̃

(2𝑛+1)
+ 𝒬

𝑨̃←𝑨

(2𝑛+1)
+ d𝒬

𝑨←𝑨̃←𝑨

(2𝑛)
 

𝒬
𝑨←𝑨̃←𝑨

(2𝑛)
≡ 𝑛(𝑛 + 1) ∫  

1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠⟨(𝑨 − 𝑨̃)(𝑨̃ − 𝑨)𝑭𝑠𝑡
𝑛−1⟩  

𝑨𝑠𝑡 = 𝑨 + 𝑠(𝑨 − 𝑨̃) + 𝑡(𝑨̃ − 𝑨)  

𝑨 = 𝒂0 + 𝒂1,

𝑨 = 𝒂0 + 𝒂1
 

𝒬𝒂0+𝒂1←𝒂0+𝒂1

(2+1
= 𝒬𝒂0+𝒂1←𝒂0

(2+1)
+ 𝒬𝒂0←𝒂0+𝒂1

(2𝑛+1)
+ d𝒬𝒂0+𝒂1←𝒂0←𝒂0+𝒂1

(2𝑛)
 

𝒬𝑎0←𝒂0+𝑎‾1

(2𝑛+1)
= 𝒬𝑎0←𝒂0

(2𝑛+1)
+ 𝒬𝒂0←𝒂0+𝒂1

(2𝑛+1)
+ d𝒬𝑎0←𝒂0←𝑎‾0+𝒂1

(2𝑛)
 

𝒬𝒂0+𝒂1←𝒂0+𝒂1

(2𝑛+1)
=𝒬𝒂0+𝒂1←𝒂0

(2𝑛+1)
+ 𝒬𝒂0←𝒂0+𝒂1

(2𝑛+1)
+ 𝒬𝒂0←𝒂0

(2𝑛+1)
+

 +d𝒬𝒂0←𝒂0←𝒂0+𝒂1

(2𝑛)
+ d𝒬𝑎0+𝒂1←𝒂0←𝒂0+𝒂1

(2𝑛)
 

𝒬𝒂0+𝒂1←𝒂0+𝒂1

(2𝑛+1)
=𝒬𝒂0+𝒂1←𝒂0

(2𝑛+1)
− 𝒬𝒂0+𝒂1←𝒂0

(2𝑛+1)
+ 𝒬𝒂0←𝒂0

(2𝑛+1)
+

 +d𝒬𝒂0←𝒂0←𝒂0+𝒂1

(2𝑛)
+ d𝒬𝒂0+𝒂1←𝒂0←𝒂0+𝒂1

(2𝑛
.
 

𝒬
𝑨←𝑨

(2𝑛+1)
= 𝒬

𝑨←𝑨̃

(2𝑛+1)
+ 𝒬

𝑨̃←𝑨

(2𝑛+1)
+ d𝒬

𝑨←𝑨̃←𝑨

(2𝑛)
 

𝒬CS
(2𝑛+1)

(𝑨) = 𝒬𝑨←0
(2𝑛+1)

 

𝒬
𝑨←𝑨

(2𝑛+1)
= 𝒬CS

(2𝑛+1)
(𝑨) − 𝒬CS

(2𝑛+1)
(𝑨) + dℬ(2𝑛)  

ℬ(2𝑛) = −𝑛(𝑛 + 1) ∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠⟨𝑨𝑨𝑭𝑠𝑡
𝑛−1⟩  

𝑨𝑠𝑡  = 𝑠𝑨 + (1 − 𝑡)𝑨

𝑭𝑠𝑡  = 𝑭 + D(𝑠𝑨 − 𝑡𝑨) + (𝑠𝑨 − 𝑡𝑨)2
 



pág. 8913 

[𝑷𝑎 , 𝑷𝑏]  = 𝑱𝑎𝑏

[𝑱𝑎𝑏, 𝑷𝑐]  = 𝜂𝑐𝑏𝑷𝑎 − 𝜂𝑐𝑎𝑷𝑏

[𝑱𝑎𝑏 , 𝑱𝑐𝑑]  = 𝜂𝑐𝑏𝑱𝑎𝑑 − 𝜂𝑐𝑎𝑱𝑏𝑑 + 𝜂𝑑𝑏𝑱𝑐𝑎 − 𝜂𝑑𝑎𝑱𝑐𝑏

 

⟨𝑱𝑎1𝑎2
⋯ 𝑱𝑎2𝑛−1𝑎2𝑛

𝑷𝑎2𝑛+1
⟩ =

2𝑛

𝑛 + 1
𝜀𝑎1⋯𝑎2𝑛+1

 

𝐿G
(2𝑛+1)

= 𝑘𝒬
𝑨←𝑨

(2𝑛+1)
 

𝐴‾ = 𝜔‾
𝐴 = 𝑒 + 𝜔

 

𝑭 = 𝑹
𝑭 = 𝑹 + 𝑒2 + 𝑻

 

𝑹 = d𝝎 + 𝝎2

𝑻 = d𝒆 + [𝝎, 𝒆]
 

𝑨̃ = 𝜔  

𝒬𝑒+𝜔←𝜔‾
(2𝑛+1)

= 𝒬𝑒+𝜔←𝜔
(2𝑛+1)

+ 𝒬𝜔←𝜔‾
(2𝑛+1)

+ d𝒬𝑒+𝜔←𝜔←𝜔‾
(2𝑛)

 

𝒬𝑒+𝜔←𝝎
(2𝑛+1)

= (𝑛 + 1) ∫  
1

0

 𝑑𝑡⟨𝒆𝑭𝑡
𝑛⟩  

𝑨𝑡  = 𝝎 + 𝑡𝒆

𝑭𝑡  = 𝑹 + 𝑡2𝒆2 + 𝑡𝑻
 

𝒬𝒆+𝝎←𝝎
(2𝑛+1)

= (𝑛 + 1) ∫  
1

0

 𝑑𝑡⟨𝒆(𝑹 + 𝑡2𝒆2)𝑛⟩  

𝒬𝜔←𝜔‾
(2𝑛+1)

= 0  

𝒬𝑒+𝜔←𝜔←𝜔‾
(2𝑛)

= 𝑛(𝑛 + 1) ∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠⟨𝒆𝜽𝑭𝑠𝑡
𝑛−1⟩  

𝜃 ≡ 𝜔 − 𝜔‾  

𝑨𝑠𝑡  = 𝝎 + 𝑠𝒆 + 𝑡𝜽

𝑭𝑠𝑡  = 𝑹 + D𝝎(𝑠𝒆 + 𝑡𝜽) + 𝑠2𝒆2 + 𝑠𝑡[𝒆, 𝜽] + 𝑡2𝜽2
 

𝒬𝒆+𝝎←𝝎←𝝎
(2𝑛)

= 𝑛(𝑛 + 1) ∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠 ⟨𝒆𝜽(𝑹 + 𝑡D𝜔‾ 𝜽 + 𝑠2𝒆2 + 𝑡2𝜽2)
𝑛−1

⟩  

𝐿G
(2𝑛+1)

= (𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨𝒆(𝑹 + 𝑡2𝒆2)𝑛⟩ +

 +𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡 ∫  
𝑡

0

 𝑑𝑠 ⟨𝒆𝜽(𝑹 + 𝑡D𝝎𝜽 + 𝑠2𝒆2 + 𝑡2𝜽2)
𝑛−1

⟩
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⟨𝑱𝑎𝑏(𝑹 + 𝒆2)𝑛−1𝑻⟩  = 0

⟨𝑷𝑎(𝑹 + 𝒆2)𝑛⟩  = 0
 

ℛ𝑎𝑏𝑐 ≡ ⟨𝑭𝑛−1𝑱𝑎𝑏𝑷𝑐⟩  

ℛ𝑎𝑏𝑐𝑇𝑐  = 0

ℛ𝑎𝑏𝑐 (𝑅𝑎𝑏 +
1

ℓ2
𝑒𝑎𝑒𝑏)  = 0

 

ℛ𝑎𝑏𝑐 =
2

𝑛 + 1
𝜀𝑎𝑏𝑐𝑎1⋯𝑎2𝑛−2

(𝑅𝑎1𝑎2 +
1

ℓ2
𝑒𝑎1𝑎2) ⋯

 ⋯ (𝑅𝑎2𝑛−3𝑎2𝑛−2 +
1

ℓ2
𝑒𝑎2𝑛−3𝑎2𝑛−2)

 

∫  
1

0

 𝑑𝑡⟨(𝛿𝝎 + 𝑡𝛿𝜽 + 𝑡𝛿𝒆)(𝜽 + 𝒆)𝑭𝑡
𝑛−1⟩|

𝜕𝑀

 

𝑨𝑡  = 𝝎 + 𝑡(𝒆 + 𝜽)

𝑭𝑡  = 𝑹 + 𝑡D𝝎(𝒆 + 𝜽) + 𝑡2(𝒆2 + [𝒆, 𝜽] + 𝜽2)
 

𝛿𝝎|𝜕𝑀 = 0  

∫  
1

0

 𝑑𝑡 ⟨𝑡(𝛿𝜽𝒆 − 𝜽𝛿𝒆)(𝑹 + 𝑡2𝒆2 + 𝑡2𝜽2)
𝑛−1

⟩|
𝜕𝑀

 

𝛿𝜃[𝑎𝑏𝑒𝑐] = 𝜃[𝑎𝑏𝛿𝑒𝑐]  

𝝎 → 𝝎 + 𝒆g  

𝒬𝜔←𝜔‾
(2𝑛+1)

= 0 → 𝒬𝜔+𝑒𝑔←𝜔‾ +𝑒‾𝑔

(2𝑛+1)
≠ 0  

𝜆𝛼1
⋯ 𝜆𝛼𝑛

= 𝜆𝛾(𝛼1,…,𝛼𝑛)  

𝐾𝛼1⋯𝛼𝑛

𝜌
= {

1,  cuando 𝜌 = 𝛾(𝛼1, … , 𝛼𝑛)
0,  ∞ 

 

𝐾𝛼1⋯𝛼𝑛
 𝜌 = 𝐾𝛼1⋯𝛼𝑛−1

 𝜎𝐾𝜎𝛼𝑛
 𝜌 = 𝐾𝛼1𝜎 𝜌𝐾𝛼2⋯𝛼𝑛

 𝜎  

(𝜆𝛼)𝜇 𝜈 = 𝐾𝜇𝛼  𝜈  

(𝜆𝛼)𝜇 𝜎(𝜆𝛽)
𝜎
 𝜈 = 𝐾𝛼𝛽 𝜎(𝜆𝜎)𝜇 𝜈 = (𝜆𝛾(𝛼,𝛽))𝜇

 𝜈  

𝑆𝑝 × 𝑆𝑞 = {𝜆𝛾 ∣ 𝜆𝛾 = 𝜆𝛼𝑝
𝜆𝛼𝑞

, con 𝜆𝛼𝑝
∈ 𝑆𝑝, 𝜆𝛼𝑞

∈ 𝑆𝑞}  

0𝑆𝜆𝛼 = 𝜆𝛼0𝑆 = 0𝑆  

[𝑻𝑎0
, 𝑻𝑏0

] = 𝐶𝑎0𝑏0
 𝑐0𝑻𝑐0

+ 𝐶𝑎0𝑏0
 𝑐1𝑻𝑐1

[𝑻𝑎0
, 𝑻𝑏1

] = 𝐶𝑎0𝑏1
 𝑐𝑻𝑐1

[𝑻𝑎1
, 𝑻𝑏1

] = 𝐶𝑎1𝑏1
 𝑐𝑻𝑐0

+ 𝐶𝑎1𝑏1
 𝑐1𝑻𝒄1
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𝐶(𝐴,𝛼)(𝐵,𝛽) 
(𝐶,𝛾) = 𝐾𝛼𝛽 𝛾𝐶𝐴𝐵 𝐶  

[𝑻(𝐴,𝛼), 𝑻(𝐵,𝛽)] ≡ 𝜆𝛼𝜆𝛽[𝑻𝐴, 𝑻𝐵]

 = 𝜆𝛾(𝛼,𝛽)𝐶𝐴𝐵 𝐶𝑻𝐶

 = 𝐶𝐴𝐵
𝐶 𝑻(𝐶,𝛾(𝛼,𝛽))

 

𝐾𝛼𝛽
𝜌

= {
1,  cuando 𝜌 = 𝛾(𝛼, 𝛽)
0,  ∞ 

 

[𝑻(𝐴,𝛼), 𝑻(𝐵,𝛽)] = 𝐾𝛼𝛽 𝜌𝐶𝐴𝐵 𝐶𝑻(𝐶,𝜌)  

𝐶(𝐴,𝛼)(𝐵,𝛽) 
(𝐶,𝛾) = 𝐾𝛼𝛽 𝛾𝐶𝐴𝐵 𝐶  

𝐶(𝐴,𝛼)(𝐵,𝛽) 
(𝐶,𝛾) = −(−1)𝔮(𝐴)𝔮(𝐵)𝐶(𝐵,𝛽)(𝐴,𝛼) 

(𝐶,𝛾)  

𝐾𝑖,𝑁+1
𝑗

 = 𝐾𝑁+1,𝑖
𝑗

= 0

𝐾𝑖,𝑁+1 𝑁+1  = 𝐾𝑁+1,𝑖
𝑁+1 = 1

𝐾𝑁+1,𝑁+1
𝑗

 = 0

𝐾𝑁+1,𝑁+1 𝑁+1  = 1

 

[𝑻(𝐴,𝑖), 𝑻(𝐵,𝑗)]  = 𝐾𝑖𝑗 
𝑘𝐶𝐴𝐵 𝐶𝑻(𝐶,𝑘) + 𝐾𝑖𝑗  

𝑁+1𝐶𝐴𝐵 𝐶𝑻(𝐶,𝑁+1)

[𝑻(𝐴,𝑁+1), 𝑻(𝐵,𝑗)]  = 𝐶𝐴𝐵 𝐶𝑻(𝐶,𝑁+1)

[𝑻(𝐴,𝑁+1), 𝑻(𝐵,𝑁+1)]  = 𝐶𝐴𝐵 𝐶𝑻(𝐶,𝑁+1)

 

[𝑻(𝐴,𝑖), 𝑻(𝐵,𝑗)] = 𝐶(𝐴,𝑖)(𝐵,𝑗) 
(𝐶,𝑘)𝑻(𝐶,𝑘)  

𝐶(𝐴,𝑖)(𝐵,𝑗) 
(𝐶,𝑘) = 𝐾𝑖𝑗  

𝑘𝐶𝐴𝐵 𝐶  

𝑻(𝐴,𝑁+1) = 0𝑆𝑻𝐴 = 𝟎  

𝐶(𝐴,𝑖)(𝐵,𝑗) 
(𝐶,𝑘) = {

0,  cuando 𝑖 + 𝑗 ≠ 𝑘

𝐶𝐴𝐵
𝐶 ,  cuando 𝑖 + 𝑗 = 𝑘

 

𝑆E
(𝑁)

= {𝜆𝛼 , 𝛼 = 0, … , 𝑁, 𝑁 + 1}  

𝜆𝛼𝜆𝛽 = {
𝜆𝛼+𝛽 ,  cuando 𝛼 + 𝛽 ≤ 𝑁

𝜆𝑁+1,  cuando 𝛼 + 𝛽 ≥ 𝑁 + 1
 

𝐾𝛼𝛽
𝛾

= {
𝛿𝛼+𝛽

𝛾
,  cuando 𝛼 + 𝛽 ≤ 𝑁

𝛿𝑁+1
𝛾

,  cuando 𝛼 + 𝛽 ≥ 𝑁 + 1
 

𝐶(𝐴,𝛼)(𝐵,𝛽) 
(𝐶,𝛾) = {

𝛿𝛼+𝛽
𝛾

𝐶𝐴𝐵 𝐶 ,  cuando 𝛼 + 𝛽 ≤ 𝑁

𝛿𝑁+1
𝛾

𝐶𝐴𝐵
𝐶 ,  cuando 𝛼 + 𝛽 ≥ 𝑁 + 1

 

𝐶(𝐴,𝑖)(𝐵,𝑗) 
(𝐶,𝑘) = 𝛿𝑖+𝑗

𝑘 𝐶𝐴𝐵 𝐶  

𝜆𝛼𝜆𝛽 = 𝜆𝛼+𝛽  
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𝜆𝛼 = 0  cuando 𝛼 > 𝑁  

[𝑉𝑝, 𝑉𝑞] ⊂ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 𝑉𝑟  

𝑆𝑝 × 𝑆𝑞 ⊂ ⋂  

𝑟∈𝑖(𝑝,𝑞)

 𝑆𝑟  

𝑊𝑝 ≡ 𝑆𝑝 ⊗ 𝑉𝑝  

𝔊R ≡ ⨁  

𝑝∈𝐼

 𝑊𝑝  

[𝑊𝑝, 𝑊𝑞] ⊂ (𝑆𝑝 × 𝑆𝑞) ⊗ [𝑉𝑝, 𝑉𝑞]

 ⊂ ⋂  

𝑠∈𝑖(𝑝,𝑞)

 𝑆𝑠 ⊗ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 𝑉𝑟

 ⊂ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 ( ⋂  

𝑠∈𝑖(𝑝,𝑞)

 𝑆𝑠) ⊗ 𝑉𝑟.

 

⋂  

𝑠∈𝑖(𝑝,𝑞)

 𝑆𝑠 ⊂ 𝑆𝑟  

[𝑊𝑝, 𝑊𝑞] ⊂ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 𝑆𝑟 ⊗ 𝑉𝑟  

[𝑊𝑝, 𝑊𝑞] ⊂ ⨁  

𝑟∈𝑖(𝑝,𝑞)

 𝑊𝑟  

𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = 𝐾𝛼𝑝𝛽𝑞

 𝛾𝑟𝐶𝑎𝑝𝑏𝑞
 𝑐𝑟  

[𝑉0, 𝑉0] ⊂ 𝑉0,
[𝑉0, 𝑉1] ⊂ 𝑉1,
[𝑉1, 𝑉1] ⊂ 𝑉0.

 

𝑆0 = {𝜆2𝑚, con 𝑚 = 0, … , [
𝑁

2
]} ∪ {𝜆𝑁+1},

𝑆1 = {𝜆2𝑚+1, con 𝑚 = 0, … , [
𝑁 − 1

2
]} ∪ {𝜆𝑁+1}

 

𝑆0 × 𝑆0 ⊂ 𝑆0,
𝑆0 × 𝑆1 ⊂ 𝑆1,
𝑆1 × 𝑆1 ⊂ 𝑆0

 

𝔊R = 𝑊0 ⊕ 𝑊1  

𝑊0 = 𝑆0 ⊗ 𝑉0

𝑊1 = 𝑆1 ⊗ 𝑉1
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𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = {

𝛿𝛼𝑝+𝛽𝑞

𝛾𝑟 𝐶𝑎𝑝𝑏𝑞
 𝑐𝑟 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≤ 𝑁

𝛿𝑁+1
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞

𝑐𝑟,  cuando 𝛼𝑝 + 𝛽𝑞 ≥ 𝑁 + 1
 

𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = {

𝛿𝛼𝑝+𝛽𝑞

𝛾𝑟 𝐶𝑎𝑝𝑏𝑞𝑏𝑞

𝑐𝑟 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≤ 𝑁

𝛿𝑁+1
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞

,  cuando 𝛼𝑝 + 𝛽𝑞 ≥ 𝑁 + 1
 

𝑁0 = 2 [
𝑁

2
]

𝑁1 = 2 [
𝑁 − 1

2
] + 1

 

𝑆0 = {𝜆0, 𝜆2, 𝜆4},

𝑆1 = {𝜆1, 𝜆3, 𝜆4}
 

[𝑉0, 𝑉0] ⊂ 𝑉0,
[𝑉0, 𝑉1] ⊂ 𝑉1,
[𝑉0, 𝑉2] ⊂ 𝑉2,

[𝑉1, 𝑉1] ⊂ 𝑉0 ⊕ 𝑉2,
[𝑉1, 𝑉2] ⊂ 𝑉1,

[𝑉2, 𝑉2] ⊂ 𝑉0 ⊕ 𝑉2

 

𝑆𝑝 = {𝜆2𝑚+𝑝, con 𝑚 = 0, … , [
𝑁 − 𝑝

2
]} ∪ {𝜆𝑁+1}, 𝑝 = 0,1,2  

𝑆0 × 𝑆0 ⊂ 𝑆0,
𝑆0 × 𝑆1 ⊂ 𝑆1,
𝑆0 × 𝑆2 ⊂ 𝑆2,

𝑆1 × 𝑆1 ⊂ 𝑆0 ∩ 𝑆2,
𝑆1 × 𝑆2 ⊂ 𝑆1,

𝑆2 × 𝑆2 ⊂ 𝑆0 ∩ 𝑆2

 

𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = {

𝛿
𝛼𝑝+𝛽𝑞

𝛾𝑞 𝐶𝑎𝑝𝑏𝑐
 𝑐𝑟 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≤ 𝑁

𝛿𝑁+1
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞

,  cuando 𝛼𝑝 + 𝛽𝑞 ≥ 𝑁 + 1
 

𝐶(𝑎𝑝,𝛼𝑝)(𝑏𝑞,𝛽𝑞) 
(𝑐𝑟,𝛾𝑟) = {

𝛿𝛼𝑝+𝛽𝑞

𝛾𝑟 𝐶𝑎𝑝𝑏𝑞𝑏𝑟

𝑐𝑟 ,  cuando 𝛼𝑝 + 𝛽𝑞 ≤ 𝑁

𝛿𝑁+1
𝛾𝑟 𝐶𝑎𝑝𝑏𝑞

,  cuando 𝛼𝑝 + 𝛽𝑞 ≥ 𝑁 + 1
 

𝑁𝑝 = 2 [
𝑁 − 𝑝

2
] + 𝑝, 𝑝 = 0,1,2  

[𝑺𝜅𝜆, 𝑺𝜇𝜈] = −𝑖(𝛿𝜇𝜆𝑺𝜅𝜈 − 𝛿𝜇𝜅𝑺𝜆𝜈 + 𝛿𝜈𝜆𝑺𝜇𝜅 − 𝛿𝜈𝜅𝑺𝜇𝜆)  

 𝑎 𝑏 

𝑎 𝑎 𝑏 

𝑏 𝑏 𝑎 
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[𝑮𝑖, 𝑮𝑗] = 𝑖𝜀𝑖𝑗𝑘𝑮𝑘, 

𝑱𝑖  = 𝑎𝑮𝑖,
𝑲𝑖  = 𝑏𝑮𝑖,

 

[𝑱𝑖, 𝑱𝑗]  = 𝑖𝜀𝑖𝑗𝑘𝑱𝑘,

[𝑱𝑖, 𝑲𝑗]  = 𝑖𝜀𝑖𝑗𝑘𝑲𝑘,

[𝑲𝑖, 𝑲𝑗]  = 𝑖𝜀𝑖𝑗𝑘𝑱𝑘

 

𝑴𝑖𝑗  = 𝜀𝑖𝑗𝑘𝑱𝑘 ,

𝑴𝑖4  = 𝑲𝑖,
 

[𝑴𝜅𝜆, 𝑴𝜇𝜈] = −𝑖(𝛿𝜇𝜆𝑴𝜅𝜈 − 𝛿𝜇𝜅𝑴𝜆𝜈 + 𝛿𝜈𝜆𝑴𝜇𝜅 − 𝛿𝜈𝜅𝑴𝜇𝜆)  

[𝑷𝑎 , 𝑷𝑏] = 𝑱𝑎𝑏 ,

[𝑱𝑎𝑏 , 𝑷𝑐] = 𝛿𝑒𝑐
𝑎𝑏𝑷𝑒 ,

[𝑷𝑎 , 𝒁𝑏1⋯𝑏5
] = −

1

5!
𝜀𝑎𝑏1⋯𝑏5𝑐1⋯𝑐5

𝒁𝑐1⋯𝑐5 ,

[𝑱𝑎𝑏 , 𝑱𝑐𝑑] = 𝛿ecd 
𝑎𝑏𝑓

𝑱𝑒 𝑓 ,

[𝑱𝑎𝑏 , 𝒁𝑐1⋯𝑐5
] =

1

4!
𝛿𝑑𝑐1⋯𝑐5

𝑎𝑏𝑒1⋯𝑒4𝒁𝑒1⋯𝑒4
𝑑 ,

[𝒁𝑎1⋯𝑎5 , 𝒁𝑏1⋯𝑏5
] = 𝜂[𝑎1⋯𝑎5][𝑐1⋯𝑐5]𝜀𝑐1⋯𝑐5𝑏1⋯𝑏5𝑒𝑷𝑒 + 𝛿𝑑𝑏1⋯𝑏5

𝑎1⋯𝑎5𝑒
𝑱𝑑  𝑒

 −
1

3! 3! 5!
𝜀𝑐1⋯𝑐11

𝛿𝑑1𝑑2𝑑3𝑏1⋯𝑏5

𝑎1⋯𝑎5𝑐4𝑐5𝑐6  [𝑐1𝑐2𝑐3][𝑑1𝑑2𝑑3]𝒁𝑐7⋯𝑐11 ,

[𝑷𝑎 , 𝑸] = −
1

2
Γ𝑎𝑸,

[𝑱𝑎𝑏 , 𝑸] = −
1

2
Γ𝑎𝑏𝑸,

[𝒁𝑎𝑏𝑐𝑑𝑒 , 𝑸] = −
1

2
Γ𝑎𝑏𝑐𝑑𝑒𝑸,

 {𝑸, 𝑸} =
1

8
(Γ𝑎𝑷𝑎 −

1

2
Γ𝑎𝑏𝑱𝑎𝑏 +

1

5!
Γ𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒)

 

Superespacios de 𝔊R Generadores 

𝑆0 ⊗ 𝑉0 

𝑱𝑎𝑏 = 𝜆0𝑱𝑎𝑏
((0.5) 

 

𝒁𝑎𝑏 = 𝜆2𝑱𝑎𝑏
(0.sp) 

 

𝟎

= 𝜆3𝑱𝑎𝑏
(osp) 

 

𝑆1 ⊗ 𝑉1 𝑸 = 𝜆1𝑸(osp)  
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𝟎 = 𝜆3𝑸(0sp)  

𝑆2 ⊗ 𝑉2 

𝑷𝑎 = 𝜆2𝑷𝑎
(osp) 

 

𝒁abcde = 𝜆2𝒁abcde 

(0sp) 
 

𝟎 = 𝜆3𝑷𝑎
(osp) 

 

0 = 𝜆3𝒁abcde 

(0sp) 
 

 

[𝑱𝑎𝑏 , 𝑱𝑐𝑑]  = 𝛿𝑒𝑐𝑑
𝑎𝑏𝑓

𝑱𝑓
𝑒 ,

[𝑱𝑎𝑏, 𝑷𝑐]  = 𝛿𝑒𝑐
𝑎𝑏𝑷𝑒 ,

[𝑱𝑎𝑏 , 𝒁𝑐𝑑]  = 𝛿𝑒𝑐𝑑
𝑎𝑓𝑓

𝒁𝑓
𝑒 ,

[𝑱𝑎𝑏 , 𝒁𝑐1⋯𝑐5
]  =

1

4!
𝑎𝑑𝑐1⋯𝑐5

𝑎𝑏𝑒4 𝒁𝑒1⋯𝑒4
𝑑 ,

[𝑱𝑎𝑏 , 𝑸]  = −
1

2
Γ𝑎𝑏𝑸,

[𝑷𝑎 , 𝑷𝑏]  = 𝟎,
[𝑷𝑎 , 𝒁𝑏𝑐]  = 𝟎,

[𝑷𝑎 , 𝒁𝑏1⋯𝑏5
]  = 𝟎,

[𝒁𝑎𝑏 , 𝒁𝑐𝑑]  = 𝟎,

[𝒁𝑎𝑏 , 𝒁𝑐1⋯𝑐5
]  = 𝟎,

[𝒁𝑎1⋯𝑎5
, 𝒁𝑏1⋯𝑏5

]  = 𝟎,

[𝑷𝑎 , 𝑸]  = 𝟎,
[𝒁𝑎𝑏 , 𝑸]  = 𝟎,

[𝒁𝑎𝑏𝑐𝑑𝑒 , 𝑸]  = 𝟎,

{𝑸, 𝑸}  =
1

8
(Γ𝑎𝑷𝑎 −

1

2
Γ𝑎𝑏𝒁𝑎𝑏 +

1

5!
Γ𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒)

 

[𝑷𝑎 , 𝑸]  = −
1

2
Γ𝑎𝑸′,

[𝒁𝑎𝑏 , 𝑸]  = −
1

2
Γ𝑎𝑏𝑸′,

[𝒁𝑎𝑏𝑐𝑑𝑒 , 𝑸]  = −
1

2
Γ𝑎𝑏𝑐𝑑𝑒𝑸′

 

Superespacios de 𝔊R Generadores 

𝑆0 ⊗ 𝑉0 

𝑱𝑎𝑏

= 𝜆0𝑱𝑎𝑏
(osp) 
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𝒁𝑎𝑏

= 𝜆2𝑱𝑎𝑏
(osp) 

 

𝟎

= 𝜆4𝑱𝑎𝑏
(osp) 

 

𝑆1 ⊗ 𝑉1 

𝑸 = 𝜆1𝑸(osp ) 

𝑸′ = 𝜆3𝑸((osp)  

𝟎 = 𝜆4𝑸((s.p)  

𝑆2 ⊗ 𝑉2 

𝑷𝑎 = 𝜆2𝑷𝑎
(osp) 

 

𝒁abcde = 𝜆2𝒁abcde 

(osp) 
 

𝟎 = 𝜆4𝑷𝑎
(osp) 

 

𝟎 = 𝜆4𝒁abcde 

(osp) 
 

 

𝜆𝛼𝜆𝛽 = 𝜆(𝛼+𝛽)mod4  

𝑆0 = {𝜆0, 𝜆2},

𝑆1 = {𝜆1, 𝜆3},

𝑆2 = {𝜆0, 𝜆2}.

 

𝑆E
(2)

 ℤ4 

0 1 2 3 0 1 2 3 

1 2 3 3 1 2 3 0 

2 3 3 3 2 3 0 1 

3 3 3 3 3 0 1 2 
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Subespacios de 𝔊R Generadores 

𝑆0 ⊗ 𝑉0 
𝑱𝑎𝑏 = 𝜆0𝑱𝑎𝑏

((osp) )

𝒁𝑎𝑏 = 𝜆2𝑱𝑎𝑏
(osp) )

 

𝑆1 ⊗ 𝑉1 

𝑸 = 𝜆1𝑸((0.5p) )

𝑸′ = 𝜆3𝑸((asp )  

𝑆2 ⊗ 𝑉2 

𝑷𝑎
′  = 𝜆0𝑷𝑎

(osp )

 𝑎𝑏𝑐𝑐𝑑𝑒 = 𝜆0𝒁𝑎𝑏𝑐𝑑𝑒
(osp )

𝑷𝑎 = 𝜆2𝑷𝑎
(osp) )

𝑎𝑏𝑐𝑐𝑒𝑒 = 𝜆2𝒁𝑎𝑏𝑐𝑑𝑒
(osp )

 

 

{𝑸, 𝑸}  ∼ 𝑷 + 𝒁2 + 𝒁5,
{𝑸′, 𝑸′}  ∼ 𝑷 + 𝒁2 + 𝒁5,
{𝑸, 𝑸′}  ∼ 𝑷′ + 𝑱 + 𝒁5

′
 

[𝑷, 𝑷]  ∼ 𝑱

[𝑷′, 𝑷′]  ∼ 𝑱
[𝑷, 𝑷′]  ∼ 𝒁2

 

[𝒁2, 𝒁2] ∼ 𝑱,
[𝒁2, 𝒁5] ∼ 𝒁5

′ ,

[𝒁2, 𝒁5
′ ] ∼ 𝒁5,

[𝒁5, 𝒁5] ∼ 𝑷′ + 𝑱 + 𝒁5
′ ,

[𝒁5, 𝒁5
′ ] ∼ 𝑷 + 𝒁2 + 𝒁5,

[𝒁5
′ , 𝒁5

′ ] ∼ 𝑷′ + 𝑱 + 𝒁5
′

 

[𝑷, 𝑸] ∼ 𝑸′,
[𝒁2, 𝑸] ∼ 𝑸′,
[𝒁5, 𝑸] ∼ 𝑸′

[𝑷, 𝑸′] ∼ 𝑸,
[𝒁2, 𝑸′] ∼ 𝑸,
[𝒁5, 𝑸′] ∼ 𝑸,
[𝑷′, 𝑸] ∼ 𝑸,
[𝑱, 𝑸] ∼ 𝑸,

[𝒁5
′ , 𝑸] ∼ 𝑸,

[𝑷′, 𝑸′] ∼ 𝑸′

[𝑱, 𝑸′] ∼ 𝑸′

[𝒁5
′ , 𝑸′] ∼ 𝑸′

 

|𝑻(𝐴1,𝛼1) ⋯ 𝑻(𝐴𝑛,𝛼𝑛)| ≡ 𝛼𝛾𝐾𝛼1⋯𝛼𝑛
 𝛾|𝑻𝐴1

⋯ 𝑻𝐴𝑛
|  
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∑  

𝑛

𝑝=1

 𝑋𝐴0⋯𝐴𝑛

(𝑝)
= 0  

𝑋𝐴0⋯𝐴𝑛

(𝑝)
= (−1)

𝔮(𝐴0)(𝔮(𝐴1)+⋯+𝔮(𝐴𝑝−1))
𝐶𝐴0𝐴𝑝

𝐵 ×

 × |𝑻𝐴1
⋯ 𝑻𝐴𝑝−1

𝑻𝐵𝑻𝐴𝑝+1
⋯ 𝑻𝐴𝑛

| ,
 

𝑋(𝐴0,𝛼0)⋯(𝐴𝑛,𝛼𝑛)
(𝑝)

= (−1)
𝔮(𝐴0,𝛼0)(𝔮(𝐴1,𝛼1)+⋯+𝔮(𝐴𝑝−1,𝛼𝑝−1))

×

 × 𝐶(𝐴0,𝛼0)(𝐴𝑝,𝛼𝑝) 
(𝐵,𝛽) ∣ 𝑻(𝐴1,𝛼1) ⋯ 𝑻(𝐴𝑝−1,𝛼𝑝−1)

 × 𝑻(𝐵,𝛽)𝑻(𝐴𝑝+1,𝛼𝑝+1) ⋯ 𝑻(𝐴𝑛,𝛼𝑛) ∣,

 

𝑋(𝐴0,𝛼0)⋯(𝐴𝑛,𝛼𝑛)
(𝑝)

= 𝛼𝛾𝐾𝛼0⋯𝛼𝑛
 𝛾𝑋𝐴0⋯𝐴𝑛

(𝑝)
 

∑  

𝑛

𝑝=1

 𝑋(𝐴0,𝛼0)⋯(𝐴𝑛,𝛼𝑛)
(𝑝)

= 0  

|𝑻(𝐴1,𝛼1) ⋯ 𝑻(𝐴𝑛,𝛼𝑛)| = ∑  

𝑀

𝑚=0

 𝛼𝛾
𝛽1⋯𝛽𝑚𝐾𝛽1⋯𝛽𝑚𝛼1⋯𝛼𝑛

 𝛾|𝑻𝐴1
⋯ 𝑻𝐴𝑛

|  

STr(𝑻(𝐴1,𝛼1) ⋯ 𝑻(𝐴𝑛,𝛼𝑛)) = 𝐾𝛾𝛼1⋯𝛼𝑛
 𝛾Str(𝑻𝐴1

⋯ 𝑻𝐴𝑛
)  

|𝑻(𝑎𝑝1 ,𝛼𝑝1) ⋯ 𝑻(𝑎𝑝𝑛 ,𝛼𝑝𝑛)| = 𝛼𝛾𝐾𝛼𝑝1⋯𝛼𝑝𝑛

𝛾
|𝑻𝑎𝑝1

⋯ 𝑻𝑎𝑝𝑛
|  

|𝑻(𝐴1,𝑖1) ⋯ 𝑻(𝐴𝑛,𝑖𝑛)| ≡ 𝛼𝑗𝐾𝑖1⋯𝑖𝑛  𝑗|𝑻𝐴1
⋯ 𝑻𝐴𝑛

|  

𝑌(𝐴0,𝑖0)⋯(𝐴𝑛,𝑖𝑛)
(𝑝)

= (−1)
𝔮(𝐴0,𝑖0)(𝔮(𝐴1,𝑖1)+⋯+𝔮(𝐴𝑝−1,𝑖𝑝−1))

×

 × 𝐶(𝐴0,𝑖0)(𝐴𝑝,𝑖𝑝) 
(𝐵,𝑗) ∣ 𝑻(𝐴1,𝑖1) ⋯ 𝑻(𝐴𝑝−1,𝑖𝑝−1)

 × 𝑻(𝐵,𝑗)𝑻(𝐴𝑝+1,𝑖𝑝+1) ⋯ 𝑻(𝐴𝑛,𝑖𝑛) ∣.

 

𝑌(𝐴0,𝑖0)⋯(𝐴𝑛,𝑖𝑛)
(𝑝)

= 𝛼𝑘𝐾𝑖0𝑖𝑝  𝑗𝐾𝑖1⋯𝑖𝑝−1𝑗𝑖𝑝+1⋯𝑖𝑛  𝑘𝑋𝐴0⋯𝐴𝑛

(𝑝)
 

𝐾𝑖0𝑖𝑝  𝑗𝐾𝑖1⋯𝑖𝑝−1𝑗𝑖𝑝+1⋯𝑖𝑛  𝑘 =𝐾𝑖0𝑖𝑝  𝛾𝐾𝑖1⋯𝑖𝑝−1𝛾𝑖𝑝+1⋯𝑖𝑛  𝑘 +

 −𝐾𝑖0𝑖𝑝  𝑁+1𝐾𝑖1⋯𝑖𝑝−1(𝑁+1)𝑖𝑝+1⋯𝑖𝑛  𝑘

 = 𝐾𝑖0⋯𝑖𝑛  𝑘 − 𝐾𝑖0𝑖𝑝  𝑁+1𝐾𝑖1⋯𝑖𝑝−1(𝑁+1)𝑖𝑝+1⋯𝑖𝑛  𝑘 .

 

𝐾𝑖0𝑖𝑝  𝑗𝐾𝑖1⋯𝑖𝑝−1𝑗𝑖𝑝+1⋯𝑖𝑛  𝑘 = 𝐾𝑖0⋯𝑖𝑛  𝑘  

𝑌(𝐴0,𝑖0)⋯(𝐴𝑛,𝑖𝑛)
(𝑝

= 𝛼𝑘𝐾𝑖0⋯𝑖𝑛  𝑘𝑋𝐴0⋯𝐴𝑛

(𝑝)
 

∑  

𝑛

𝑝=1

 𝑌(𝐴0,𝑖0)⋯(𝐴𝑛,𝑖𝑛)
(𝑝)

= 0  

|𝑻(𝑎𝑝1
,𝑖𝑝1) ⋯ 𝑻(𝑎𝑝𝑛 ,𝑖𝑝𝑛)| = 𝛼𝑗𝐾𝑖𝑝1⋯𝑖𝑝𝑛

 𝑗 |𝑻𝑎𝑝1
⋯ 𝑻𝑎𝑝𝑛

|  
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STr(𝑻(𝐴1,𝑖1) ⋯ 𝑻(𝐴𝑛,𝑖𝑛)) =𝐾𝑗1𝑖1   2𝐾𝑗2𝑖2  𝑗3 ⋯ 𝐾𝑗𝑛−1𝑖𝑛−1
 𝑗𝑛 ×

 × 𝐾𝑗𝑛𝑖𝑛   1Str(𝑻𝐴1
⋯ 𝑻𝐴𝑛

).
 

𝐾𝑗1𝑖1⋯𝑖𝑛  𝑗1 = 𝐾𝑗1𝑖1   2𝐾𝛾2𝑖2   3 ⋯ 𝐾𝛾𝑛−1𝑖𝑛−1
 𝛾𝑛𝐾𝛾𝑛𝑖𝑛  𝑗1

 = 𝐾𝑗1𝑖1   2𝐾𝑗2𝑖2  2 ⋯ 𝐾𝑗𝑛−1𝑖𝑛−1
 𝑛𝐾𝑗𝑛𝑖𝑛 1,

 

STr(𝑻(𝐴1,𝑖1) ⋯ 𝑻(𝐴𝑛,𝑖𝑛)) = 𝐾𝑗1𝑖1⋯𝑖𝑛  𝑗1Str(𝑻𝐴1
⋯ 𝑻𝐴𝑛

)  

STr(𝑻(𝐴1,𝑖1) ⋯ 𝑻(𝐴𝑛,𝑖𝑛)) = 𝐾𝑖1⋯𝑖𝑛  0Str(𝑻𝐴1
⋯ 𝑻𝐴𝑛

)  

STr(𝑻(𝐴1,0) ⋯ 𝑻(𝐴𝑛,0)) = Str(𝑻𝐴1
⋯ 𝑻𝐴𝑛

)  

{𝑸, 𝑸} = 2𝛾𝑎𝑷𝑎  

{𝑸, 𝑸} =
1

8
(Γ𝑎𝑷𝑎 −

1

2
Γ𝑎𝑏𝒁𝑎𝑏 +

1

5!
Γ𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒)  

[𝑱𝑎𝑏, 𝒁𝑐𝑑]  = 𝛿𝑒𝑐𝑑
𝑎𝑏𝑓

𝒁𝑓
𝑒 ,

[𝑱𝑎𝑏, 𝒁𝑐1⋯𝑐5
]  =

1

4!
𝛿𝑑𝑐1⋯𝑐5

𝑎𝑏𝑒1⋯𝑒4𝒁𝑒1⋯𝑒4
𝑑

 

𝜆𝛼𝜆𝛽 = {
𝜆𝛼+𝛽 ,  cuando 𝛼 + 𝛽 ≤ 2

𝜆3,  cuando 𝛼 + 𝛽 ≥ 3
 

⟨𝑻(𝐴1,𝑖1) ⋯ 𝑻(𝐴𝑛,𝑖𝑛)⟩ = 𝛼𝑗𝐾𝑖1⋯𝑖𝑛  𝑗⟨𝑻𝐴1
⋯ 𝑻𝐴𝑛

⟩  

𝐾𝑖1⋯𝑖𝑛  𝑗 = 𝛿𝑖1+⋯+𝑖𝑛

𝑗
 

⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎6𝑏6

⟩
M

= 𝛼0⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎6𝑏6

⟩
 𝑜𝑠𝑝

⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎5𝑏5

𝑷𝑐⟩
M

= 𝛼2⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎5𝑏5

𝑷𝑐⟩
osp 

,

⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎5𝑏5

𝒁𝑐𝑑⟩
M

= 𝛼2⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎5𝑏5

𝑱𝑐𝑑⟩
osp 

,

⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎5𝑏5

𝒁𝑐1⋯𝑐5
⟩
M

= 𝛼2⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎5𝑏5

𝒁𝑐1⋯𝑐5
⟩
 𝑜𝑠𝑝

,

⟨𝑸𝑱𝑎1𝑏1
⋯ 𝑱𝑎4𝑏4

𝑸⟩
M

= 𝛼2⟨𝑸𝑱𝑎1𝑏1
⋯ 𝑱𝑎4𝑏4

𝑸⟩
osp 

 

𝐺 = [
𝐶𝛼𝛽 0

0 1
]  

𝑷𝑎  = [
1

2
(Γ𝑎)𝛼 0

0 0
] ,

𝑱𝑎𝑏  = [
1

2
(Γ𝑎𝑏)𝛼 0

0 0
] ,

𝒁𝑎𝑏𝑐𝑑𝑒  = [
1

2
(Γ𝑎𝑏𝑐𝑑𝑒)𝛼 0

0 0
]

𝑸𝛾  = [
0 𝐶𝛾𝛼

𝛿𝛽
𝛾

0 ]
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𝐴 = [
𝐴𝛼  𝛽 𝐴𝛼

𝐴𝛽 0
]  

{𝐴1}  = 𝐴1

{𝐴1 ⋯ 𝐴𝑛}  =
1

𝑛
∑  

𝑛

𝑝=1

 𝐴𝑝{𝐴1 ⋯ 𝐴̂𝑝 ⋯ 𝐴𝑛}
 

⟨𝐴1 ⋯ 𝐴6⟩ = STr{𝐴1 ⋯ 𝐴6}  

⟨𝐴1 ⋯ 𝐴6⟩ = Tr{𝐴1 ⋯ 𝐴6}  

⟨𝐴1 ⋯ 𝐴6⟩ = Tr({𝐴1 ⋯ 𝐴5}𝐴6)  

⟨𝜒𝜁𝐴1 ⋯ 𝐴4⟩ = −
2

5
𝜒‾{𝐴1 ⋯ 𝐴4}𝜁  

{𝐴1𝐴2} = 2Tr(𝐴1𝐴2)𝟙 + 𝐴1𝐴2Γ[4],

{𝐴1𝐴2𝐴3} = ∑  

⟨𝑖𝑗𝑘⟩

  (Tr(𝐴𝑖𝐴𝑗)𝐴𝑘 −
4

3
[𝐴𝑖𝐴𝑗𝐴𝑘]) Γ[2] + 𝐴1𝐴2𝐴3Γ[6],

{𝐴1 ⋯ 𝐴4} = ∑  

⟨𝑖𝑗𝑘𝑙⟩

 (
1

2
Tr(𝐴𝑖𝐴𝑗)Tr(𝐴𝑘𝐴𝑙) −

2

3
Tr(𝐴𝑖𝐴𝑗𝐴𝑘𝐴𝑙)) 𝟙 +

 + ∑  

⟨𝑖𝑗𝑘𝑙⟩

  (
1

2
Tr(𝐴𝑖𝐴𝑗)𝐴𝑘𝐴𝑙 −

4

3
𝐴𝑖[𝐴𝑗𝐴𝑘𝐴𝑙]) Γ[4] +

 +(𝐴1 ⋯ 𝐴4)Γ[8],

{𝐴1 ⋯ 𝐴5} = ∑  

⟨𝑖𝑗𝑘𝑙𝑚⟩

  (
1

2
Tr(𝐴𝑖𝐴𝑗)Tr(𝐴𝑘𝐴𝑙)𝐴𝑚 −

2

3
Tr(𝐴𝑖𝐴𝑗𝐴𝑘𝐴𝑙)𝐴𝑚 +

−
4

3
Tr(𝐴𝑖𝐴𝑗)[𝐴𝑘𝐴𝑙𝐴𝑚] +

32

15
[𝐴𝑖𝐴𝑗𝐴𝑘𝐴𝑙𝐴𝑚]) Γ[2] +

 + ∑  

⟨𝑖𝑗𝑘𝑙𝑚⟩

 (
1

6
Tr(𝐴𝑖𝐴𝑗)𝐴𝑘𝐴𝑙𝐴𝑚 −

2

3
𝐴𝑖𝐴𝑗[𝐴𝑘𝐴𝑙𝐴𝑚]) Γ[6] +

 +(𝐴1 ⋯ 𝐴5)Γ[10]

 

Tr(𝐴𝑖1 ⋯ 𝐴𝑖𝑛)  = (𝐴𝑖1)
𝑐1

𝑐1
(𝐴𝑖1)

𝑐2  𝑐3
⋯ (𝐴𝑖𝑛)

𝑐𝑛

[𝐴𝑖1 ⋯ 𝐴𝑖𝑛]
𝑎𝑏

 = (𝐴𝑖1)
𝑎
 𝑐1

(𝐴𝑖2)
1

𝑐1  𝑐2
⋯ (𝐴𝑖𝑛)

𝑐𝑛−1𝑏
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⟨𝑱5𝑷⟩
osp 

=
1

2
𝜀𝑎1⋯𝑎11

𝐿1
𝑎1𝑎2 ⋯ 𝐿5

𝑎9𝑎10𝐵1
𝑎11 ,

⟨𝑱6⟩osp =
1

3
∑  

⟨𝑖1⋯𝑖6⟩

  [
1

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +

 − Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +
16

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐿𝑖6)] ,

⟨𝑱5𝒁⟩
osp 

=
1

3
𝜀𝑎1⋯𝑎11

∑  

⟨𝑖1⋯𝑖5⟩

  [−
5

4
𝐿𝑖1

𝑎1𝑎2 ⋯ 𝐿𝑖4

𝑎7𝑎8(𝐿𝑖5)
𝑏𝑐

𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +10𝐿𝑖1

𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3

𝑎5𝑎6(𝐿𝑖4)
𝑎7

(𝐿𝑖5)
𝑎8

 𝑐𝐵5
𝑏𝑎9𝑎10𝑎11 +

 +
1

4
𝐿𝑖1

𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3

𝑎5𝑎6𝐵5
𝑎7⋯𝑎11Tr(𝐿𝑖4𝐿𝑖5) +

−𝐿𝑖1

𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4[𝐿𝑖3𝐿𝑖4𝐿𝑖5]
5

𝑎5𝑎6
𝐵5

𝑎7⋯𝑎11] ,

⟨𝑸𝑱4𝑸⟩
osp 

= −
1

240
𝜀𝑎1⋯𝑎8𝑎𝑏𝑐𝐿1

𝑎1𝑎2 ⋯ 𝐿4
𝑎7𝑎8(𝜒‾Γ𝑎𝑏𝑐𝜁) +

 +
1

60
∑  

⟨𝑖1⋯𝑖4⟩

  [
3

4
Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4

𝑎3𝑎4(𝜒‾Γ𝑎1⋯𝑎4
𝜁) +

 −2𝐿𝑖1𝑎2

𝑎1 [𝐿𝑖2𝐿𝑖3𝐿𝑖4]
𝑎3𝑎4

(𝜒‾Γ𝑎1⋯𝑎4
𝜁) +

+
3

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)𝜒‾𝜁 − Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)𝜒‾𝜁]

 

⟨𝑱5𝑷⟩
osp 

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿5

𝑎5𝑏5𝐵1
𝑐⟨𝑱𝑎1𝑏1

⋯ 𝑱𝑎5𝑏5
𝑷𝑐⟩

osp 

⟨𝑱6⟩osp  = 𝐿1
𝑎1𝑏1 ⋯ 𝐿6

𝑎6𝑏6⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎6𝑏6

⟩
osp 

⟨𝑱5𝒁⟩
osp 

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿5

𝑎5𝑏5𝐵5
𝑐1⋯𝑐5⟨𝑱𝑎1𝑏1

⋯ 𝑱𝑎5𝑏5
𝒁𝑐1⋯𝑐5

⟩
osp 

⟨𝑸𝑱4𝑸⟩
osp 

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿4

𝑎4𝑏4𝜒‾𝛼𝜁𝛽 ⟨𝑸𝛼𝑱𝑎1𝑏1
⋯ 𝑱𝑎4𝑏4

𝑸𝛽⟩
osp 

 

Tr(𝐴𝑖1 ⋯ 𝐴𝑖𝑛) = (𝐴𝑖1)
𝑐1

 𝑐2
(𝐴𝑖1)

𝑐2
⋯ (𝐴𝑖𝑛)

𝑐𝑛
 𝑐1

,

[𝐴𝑖1 ⋯ 𝐴𝑖𝑛]
𝑎𝑏

 = (𝐴𝑖1)
𝑎
 𝑐1

(𝐴𝑖2)
𝑐1  𝑐2

⋯ (𝐴𝑖𝑛)
𝑐𝑛−1𝑏

.
 

⟨𝑱5𝑷⟩
osp 

=
1

2
𝜀𝑎1⋯𝑎11

𝐿1
𝑎1𝑎2 ⋯ 𝐿5

𝑎9𝑎10𝐵1
𝑎11 ,

⟨𝑱6⟩osp =
1

3
∑  

⟨𝑖1⋯𝑖6⟩

  [
1

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +

−Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +
16

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐿𝑖6)]
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⟨𝑱5𝒁⟩
osp 

=
1

3
𝜀𝑎1⋯𝑎11

∑  

⟨𝑖1⋯𝑖5⟩

  [−
5

4
𝐿𝑖1

𝑎1𝑎2 ⋯ 𝐿𝑖4

𝑎7𝑎8(𝐿𝑖5)
𝑏𝑐

𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +10𝐿𝑖1

𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3

𝑎5𝑎6(𝐿𝑖4)
𝑎7

 𝑏(𝐿𝑖5)
𝑎8

 𝑐𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +
1

4
𝐿𝑖1

𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3

𝑎5𝑎6𝐵5
𝑎7⋯𝑎11Tr(𝐿𝑖4𝐿𝑖5) +

−𝐿𝑖1

𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4[𝐿𝑖3𝐿𝑖4𝐿𝑖5]
𝑎5𝑎6

𝐵5
𝑎7⋯𝑎11] ,

⟨𝑸𝑱4𝑸⟩
osp 

= −
1

240
𝜀𝑎1⋯𝑎8𝑎𝑏𝑐𝐿1

𝑎1𝑎2 ⋯ 𝐿4
𝑎7𝑎8(𝜒‾Γ𝑎𝑏𝑐𝜁) +

+
1

60
∑  

⟨𝑖1⋯𝑖4⟩

  [
3

4
Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4

𝑎3𝑎4(𝜒‾Γ𝑎1⋯𝑎4
𝜁) +

−2𝐿𝑖1

𝑎1𝑎2[𝐿𝑖2𝐿𝑖3𝐿𝑖4]
𝑎3𝑎4

(𝜒‾Γ𝑎1⋯𝑎4
𝜁) +

+
3

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)𝜒‾𝜁 − Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)𝜒‾𝜁] ,

 

⟨𝑱5𝑷⟩
osp 

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿5

𝑎5𝑏5𝐵1
𝑐⟨𝑱𝑎1𝑏1

⋯ 𝑱𝑎5𝑏5
𝑷𝑐⟩

osp 
,

⟨𝑱6⟩osp  = 𝐿1
𝑎1𝑏1 ⋯ 𝐿6

𝑎6𝑏6⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎6𝑏6

⟩
osp 

,

⟨𝑱5𝒁⟩
osp 

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿5

𝑎5𝑏5𝐵5
𝑐1⋯𝑐5⟨𝑱𝑎1𝑏1

⋯ 𝑱𝑎5𝑏5
𝒁𝑐1⋯𝑐5

⟩
osp 

,

⟨𝑸𝑱4𝑸⟩
osp 

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿4

𝑎4𝑏4𝜒‾𝛼𝜁𝛽 ⟨𝑸𝛼𝑱𝑎1𝑏1
⋯ 𝑱𝑎4𝑏4

𝑸𝛽⟩
osp 

.

 

 

⟨𝑱6⟩M =
1

3
𝛼0 ∑  

⟨𝑖1⋯𝑖6⟩

  [
1

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +

−Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +
16

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐿𝑖6)]

⟨𝑱5𝑷⟩
M

=
1

2
𝛼2𝜀𝑎1⋯𝑎11

𝐿1
𝑎1𝑎2 ⋯ 𝐿5

𝑎9𝑎10𝐵1
𝑎11

⟨𝑱5𝒁2⟩
M

=

 𝛼2 ∑  

⟨𝑖1⋯𝑖5⟩

  [
1

2
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐵2) +

 −
4

3
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐵2) +

 −
2

3
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐵2) +

+
32

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐵2)]
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⟨𝑱5𝒁5⟩
M

=
1

3
𝛼2𝜀𝑎1⋯𝑎11

∑  
⟨𝑖1⋯𝑖5⟩

  [−
5

4
𝐿𝑖1

𝑎1𝑎2 ⋯ 𝐿𝑖4

𝑎7𝑎8(𝐿𝑖5)
𝑏𝑐

𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +10𝐿𝑖1

𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4𝐿𝑖3

𝑎5𝑎6(𝐿𝑖4)
𝑎7

 𝑏(𝐿𝑖5)
𝑎8

 𝑐𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +
1

4
Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4

𝑎3𝑎4𝐿𝑖5

𝑎5𝑎6𝐵5
𝑎7⋯𝑎11 +

−𝐿𝑖1

𝑎1𝑎2𝐿𝑖2

𝑎3𝑎4[𝐿𝑖3𝐿𝑖4𝐿𝑖5]
𝑎5𝑎6

𝐵5
𝑎7⋯𝑎11] ,

⟨𝑸𝑱4𝑸⟩
M

= −
𝛼2

240
𝜀𝑎1⋯𝑎8𝑎𝑏𝑐𝐿1

𝑎1𝑎2 ⋯ 𝐿4
𝑎7𝑎8(𝜒‾Γ𝑎𝑏𝑐𝜁) +

+
𝛼2

60
∑  

⟨𝑖1⋯𝑖4⟩

  [
3

4
Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4

𝑎3𝑎4(𝜒‾Γ𝑎1⋯𝑎4
𝜁) +

−2𝐿𝑖1

𝑎1𝑎2[𝐿𝑖2𝐿𝑖3𝐿𝑖4]
3𝑎4

𝑎3
(𝜒‾Γ𝑎1⋯𝑎4

𝜁) +

+
3

4
Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)𝜒‾𝜁 − Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)𝜒‾𝜁] ,

 

⟨𝑱6⟩M  = 𝐿1
𝑎1𝑏1 ⋯ 𝐿6

𝑎6𝑏6⟨𝑱𝑎1𝑏1
⋯ 𝑱𝑎6𝑏6

⟩
M

,

⟨𝑱5𝑷⟩
M

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿5

𝑎5𝑏5𝐵1
𝑐⟨𝑱𝑎1𝑏1

⋯ 𝑱𝑎5𝑏5
𝑷𝑐⟩

M
,

⟨𝑱5𝒁2⟩
M

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿5

𝑎5𝑏5𝐵2
𝑐𝑑⟨𝑱𝑎1𝑏1

⋯ 𝑱𝑎55𝑏5
𝒁𝑐𝑑⟩

M

⟨𝑱5𝒁5⟩
M

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿5

𝑎5𝑏5𝐵5
𝑐1⋯𝑐5 ⟨𝑱𝑎1𝑏1

⋯ 𝑱𝑎5 𝒄𝑐1𝑐5
⟩
M

,

⟨𝑸𝑱4𝑸⟩
M

 = 𝐿1
𝑎1𝑏1 ⋯ 𝐿4

𝑎4𝑏4𝜒‾𝛼𝜁𝛽⟨𝑸𝛼𝑱𝑎1𝑏1
⋯ 𝑱𝑎4𝑏4

𝑸𝛽⟩
M

.

 

⟨⋯ ⟩M
′ = ⟨⋯ ⟩6=6 + 𝛽4+2⟨⋯⟩6=4+2 + 𝛽2+2+2⟨⋯ ⟩6=2+2+2  

⟨𝑱6⟩M
′ =

1

3
𝛼0 ∑  

⟨𝑖1⋯𝑖6⟩

  [
1

4
𝛾5Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +

−𝜅15Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐿𝑖6) +
16

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐿𝑖6)]

 

⟨𝑱5𝑷⟩
M

′
=

1

2
𝛼2𝜀𝑎1⋯𝑎11

𝐿1
𝑎1𝑎2 ⋯ 𝐿5

𝑎9𝑎10𝐵1
𝑎11 

⟨𝑱5𝒁2⟩
M

′
=𝛼2 ∑  

⟨𝑖1⋯𝑖5⟩

  [
1

2
𝛾5Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐵2) +

 −
4

3
𝜅15Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐵2) +

 −
2

3
𝜅15Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)Tr(𝐿𝑖5𝐵2) +

+
32

15
Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4𝐿𝑖5𝐵2)] ,
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⟨𝐽5𝒁5⟩
M

′
=

1

3
𝛼2𝜀𝑎1⋯𝑎11

∑  
⟨𝑖1⋯𝑖5⟩

  [−
5

4
𝐿𝑖1

𝑎1𝑎2 ⋯ 𝐿𝑖4

𝑎4𝑎8(𝐿𝑖5)
𝑏𝑐

𝑏5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +10𝐿𝑖1

𝑎1𝑎2𝐿𝑖2𝑎4

𝑎3 𝐿𝑖3

𝑎3𝑎6(𝐿𝑖4)
𝑎7

 𝑏(𝐿𝑖5)
𝑎8

 𝑐𝐵5
𝑏𝑐𝑎9𝑎10𝑎11 +

 +
1

4
𝜅15Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4𝑎4𝑎4

𝑎55𝐿5𝑎6𝐵5
𝑎7⋯𝑎11 +

−𝐿
𝑖1𝑎2𝑎2

𝐿𝑖2

𝑎3𝑎4[𝐿𝑖3𝐿𝑖4𝐿𝑖5
𝑎5𝑎6

𝐵5
𝑎7⋯𝑎11] ,

⟨𝑸𝑱4𝑸⟩
M

′
= −

𝛼2

240
𝜀𝑎1⋯𝑎8𝑎𝑏𝑐𝐿1

𝑎1𝑎2 ⋯ 𝐿4
𝑎7𝑎8(𝜒‾Γ𝑎𝑏𝑐𝜁) +

 +
𝛼2

60
∑  

⟨𝑖1⋯𝑖4⟩

  {
3

4
𝜅9Tr(𝐿𝑖1𝐿𝑖2)𝐿𝑖3

𝑎1𝑎2𝐿𝑖4

𝑎3𝑎4(𝜒‾Γ𝑎1⋯𝑎4
𝜁) +

 −2𝐿𝑖1

𝑎2𝑎2[𝐿𝑖2𝐿𝑖3𝐿𝑖4]
3

𝑎3𝑎4
(𝜒‾Γ𝑎1⋯𝑎4

𝜁) +

 +
3

4
(5𝛾9 − 4)Tr(𝐿𝑖1𝐿𝑖2)Tr(𝐿𝑖3𝐿𝑖4)𝜒‾𝜁 +

−𝜅3Tr(𝐿𝑖1𝐿𝑖2𝐿𝑖3𝐿𝑖4)𝜒‾𝜁},

 

𝜅𝑛  = 1 +
1

𝑛
𝛽4+2Tr(𝟙),

𝛾𝑛  = 𝜅𝑛 +
1

15
𝛽2+2+2[Tr(𝟙)]2

 

𝛽4+2  =
1

Tr(𝟙)
𝑛(𝜅𝑛 − 1),

𝛽2+2+2  =
15

[Tr(𝟙)]2
(𝛾𝑛 − 𝜅𝑛)

 

𝜅𝑚 = 1 +
𝑛

𝑚
(𝜅𝑛 − 1)

𝛾𝑚 = 𝛾𝑛 + (
𝑛

𝑚
− 1) (𝜅𝑛 − 1)

 

𝛽4+2 = 0 ⇔ 𝜅𝑛 = 1
𝛽2+2+2 = 0 ⇔ 𝛾𝑛 = 𝜅𝑛.

 

𝑨 = 𝝎 + 𝒆 + 𝒃2 + 𝒃5 + 𝝍

𝑨 = 𝝎 + 𝒆 + 𝒃2 + 𝒃5 + 𝜒‾
 

𝝎 =
1

2
𝜔𝑎𝑏𝑱𝑎𝑏,

𝒆 =
1

ℓ
𝑒𝑎𝑷𝑎,

𝒃2  =
1

2
𝑏2

𝑎𝑏𝒁𝑎𝑏,

𝒃5  =
1

5!
𝑏5

𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒 ,

𝝍  = 𝜓‾𝛼𝑸𝛼

 

𝑭 = 𝑹 + 𝑭𝑃 + 𝑭2 + 𝑭5 + D𝜔𝝍  
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𝑹 =
1

2
𝑅𝑎𝑏𝑱𝑎𝑏 ,

𝑭𝑃  = (
1

ℓ
𝑇𝑎 +

1

16
𝜓‾Γ𝑎𝜓) 𝑷𝑎 ,

𝑭2  =
1

2
(D𝜔𝑏𝑎𝑏 −

1

16
𝜓‾Γ𝑎𝑏𝜓) 𝒁𝑎𝑏 ,

𝑭5  =
1

5!
(D𝜔𝑏𝑎1⋯𝑎5 +

1

16
𝜓‾Γ𝑎1⋯𝑎5𝜓) 𝒁𝑎1⋯𝑎5

,

D𝜔𝝍 = D𝜔𝜓‾𝑸

 

D𝜔𝜓 = d𝜓 +
1

4
𝜔𝑎𝑏Γ𝑎𝑏𝜓,

D𝜔𝜓‾ = d𝜓‾ −
1

4
𝜔𝑎𝑏𝜓‾Γ𝑎𝑏

 

𝛿gauge 𝑨 = −D𝝀,

𝛿gauge 𝑨 = −D𝝀
 

𝝀 =
1

2
𝜆𝑎𝑏𝑱𝑎𝑏 +

1

ℓ
𝜅𝑎𝑷𝑎 +

1

2
𝜅𝑎𝑏𝒁𝑎𝑏 +

1

5!
𝜅𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒 + 𝜀‾𝑸  

• 𝝀 = (1/ℓ)𝜅𝑎𝑷𝑎, 

𝛿𝑒𝑎  = −D𝜔𝜅𝑎 ,

𝛿𝑏2
𝑎𝑏  = 0,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  = 0,

𝛿𝜔𝑎𝑏  = 0,
𝛿𝜓 = 0

 

• 𝒁2: 𝝀 = (1/2)𝜅𝑎𝑏𝒁𝑎𝑏, 

𝛿𝑒𝑎  = 0,

𝛿𝑏2
𝑎𝑏  = −D𝜔𝜅𝑎𝑏 ,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  = 0,

𝛿𝜔𝑎𝑏  = 0,
𝛿𝜓 = 0.

 

• 𝒁5: 𝝀 = (1/5!)𝜅𝑎𝑏𝑐𝑑𝑒𝒁𝑎𝑏𝑐𝑑𝑒, 

𝛿𝑒𝑎  = 0,

𝛿𝑏2
𝑎𝑏  = 0,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  = −D𝜔𝜅𝑎𝑏𝑐𝑑𝑒 ,

𝛿𝜔𝑎𝑏  = 0,
𝛿𝜓 = 0.

 

• 𝝀 = (1/2)𝜆𝑎𝑏𝑱𝑎𝑏, 
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𝛿𝑒𝑎  = 𝜆𝑎 𝑏𝑒𝑏 ,

𝛿𝑏2
𝑎𝑏  = −2𝜆[𝑎  𝑐𝑏2

𝑏]𝑐
,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  = 5𝜆[𝑎 𝑓𝑏5

𝑏𝑐𝑒𝑑]
,

𝛿𝜔𝑎𝑏  = −D𝜔𝜆𝑎𝑏,

𝛿𝜓 =
1

4
𝜆𝑎𝑏Γ𝑎𝑏𝜓.

 

• 𝝀 = 𝜀‾𝑸, 

𝛿𝑒𝑎  =
ℓ

8
𝜀‾Γ𝑎𝜓,

𝛿𝑏2
𝑎𝑏  = −

1

8
𝜀‾Γ𝑎𝑏𝜓,

𝛿𝑏5
𝑎𝑏𝑐𝑑𝑒  =

1

8
𝑐‾Γ𝑎𝑏𝑐𝑑𝑒𝜓,

𝛿𝜔𝑎𝑏  = 0,
𝛿𝜓 = −D𝜔𝜀

 

𝐿M
(11)

(𝑨, 𝑨) = 𝒬
𝑨←𝑨

(11)
 

𝐿M
(11)

(𝑨, 𝑨) = 𝒬𝑨←𝝎
(11)

+ 𝒬
𝝎←𝑨

(11)
+ d𝒬

𝑨←𝝎←𝑨

(10)
 

𝒬𝐴←𝜔‾
(11)

= 𝒬𝑨←𝜔
(11)

+ 𝒬𝜔←𝜔‾
(11)

+ d𝒬𝑨←𝜔←𝜔‾
(10)

 

𝐿M
(11)

(𝑨, 𝑨) = 𝒬𝑨←𝝎
(11)

− 𝒬
𝑨←𝜔‾

(11)
+ 𝒬𝝎←𝝎

(11)
+ dℬM

(10)
 

ℬM
(10)

= 𝒬𝑨←𝝎←𝜔‾
(10)

+ 𝒬
𝑨←𝜔‾ ←𝑨

(10)
 

𝑨0 = 𝝎
𝑨1 = 𝝎 + 𝒆

𝑨2 = 𝝎 + 𝒆 + 𝒃2

𝑨3 = 𝝎 + 𝒆 + 𝒃2 + 𝒃5

𝑨4 = 𝝎 + 𝒆 + 𝒃2 + 𝒃5 + 𝝍

 

𝒬𝑨𝟒←𝑨0

(11
= 𝒬𝑨4←𝑨3

(11)
+ 𝒬𝑨𝟑←𝑨0

(11)
+ d𝒬𝑨4←𝑨3←𝑨0

(10)

𝒬𝑨𝟑←𝑨0

(11)
= 𝒬𝑨3←𝑨𝟐

(11)
+ 𝒬𝑨2←𝑨0

+ d𝒬𝑨3←𝑨2←𝑨0

𝒬𝑨2←𝑨0
= 𝒬𝑨𝟐←𝑨1

+ 𝒬𝑨1←𝑨0
+ d𝒬𝑨𝟐←𝑨1←𝑨0

 

𝒬𝑨4←𝑨0

(11)
= 6 [𝐻𝑎𝑒𝑎 +

1

2
𝐻𝑎𝑏𝑏2

𝑎𝑏 +
1

5!
𝐻𝑎𝑏𝑐𝑑𝑒𝑏5

𝑎𝑏𝑐𝑑𝑒 −
5

2
𝜓‾ℛD𝜔𝜓]  

𝐻𝑎  ≡ ⟨𝑹5𝑷𝑎⟩
M

,

𝐻𝑎𝑏  ≡ ⟨𝑹5𝒁𝑎𝑏⟩
M

,

𝐻𝑎𝑏𝑐𝑐𝑒  ≡ ⟨𝑹5𝒁𝑎𝑏𝑐𝑑𝑒⟩
M

,

ℛ𝛼  𝛽  ≡ ⟨𝑸𝛼𝑹4𝑸𝛽⟩
M

,
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𝐻𝑎 =
𝛼2

64
𝑅𝑎

(5)
,

𝐻𝑎𝑏 = 𝛼2 [
5

2
(𝑅4 −

3

4
𝑅2𝑅2) 𝑅𝑎𝑏 + 5𝑅2𝑅𝑎𝑏

3 − 8𝑅𝑎𝑏
5 ]

𝐻𝑎𝑏𝑐𝑑𝑒 = −
5

16
𝛼2 [5𝑅[𝑎𝑏𝑅𝑐𝑑𝑒]

(4)
− 40𝑅[𝑎

𝑓
𝑅𝑔 𝑏𝑅𝑐𝑑𝑒]𝑓𝑔

(3)
+

−𝑅2𝑅𝑎𝑏𝑐𝑑𝑒
(3)

+ 4𝑅𝑎𝑏𝑐𝑑𝑒𝑓𝑔
(2) (𝑅3)𝑓𝑔] ,

ℛ =  −
𝛼2

40
{(𝑅4 −

3

4
𝑅2𝑅2) 𝟙 +

1

96
𝑅𝑎𝑏𝑐

(4)
Γ𝑎𝑏𝑐 +

−
3

4
[𝑅2𝑅𝑎𝑏 −

8

3
(𝑅3)𝑎𝑏] 𝑅𝑐𝑑Γ𝑎𝑏𝑐𝑑}

 

𝑅𝑛  = 𝑅𝑎𝑎2⋯
𝑎1 ⋯ 𝑅 𝑎1

𝑎𝑛

𝑅𝑎𝑏
𝑛  = 𝑅𝑎𝑐1

𝑐1 𝑐 𝑐2
⋯ 𝑅𝑐𝑛−1  𝑏

𝑅𝑎1⋯𝑎𝑑−2𝑛

(𝑛)
 = 𝜀𝑎1⋯𝑎𝑑−2𝑛𝑏1⋯𝑏2𝑛

𝑅𝑏1𝑏2 ⋯ 𝑅𝑏2𝑛−1𝑏2𝑛

 

𝒬𝜔←𝜔‾
(11)

= 3 ∫  
1

0

 𝑑𝑡𝜃𝑎𝑏𝐿𝑎𝑏(𝑡)  

𝐿𝑎𝑏(𝑡)  = ⟨𝑹𝑡
5𝑱𝑎𝑏⟩

M

𝑹𝑡  =
1

2
𝑅𝑡

𝑎𝑏𝑱𝑎𝑏,

𝑅𝑡
𝑎𝑏  = 𝑅‾𝑎𝑏 + 𝑡D𝜔‾ 𝜃𝑎𝑏 + 𝑡2𝜃𝑎  𝑐𝜃𝑐𝑏

 

𝐿𝑎𝑏(𝑡) = 𝛼0 [
5

2
(𝑅𝑡

4 −
3

4
𝑅𝑡

2𝑅𝑡
2) (𝑅𝑡)𝑎𝑏 + 5𝑅𝑡

2(𝑅𝑡
3)𝑎𝑏 − 8(𝑅𝑡

5)
𝑎𝑏

]  

𝒬𝜔←𝜔‾
(11)

= 𝒬𝜔←0
(11)

− 𝒬𝜔‾ ←0
(11)

+ d𝒬𝜔←𝑨3←𝜔‾
(10)

 

⟨𝑭5𝑮𝐴⟩
M

= 0  

𝐻𝑎  = 0,
𝐻𝑎𝑏  = 0,

𝐻𝑎𝑏𝑐𝑑𝑒  = 0,
ℛD𝜔𝜓 = 0

 

𝐿𝑎𝑏 − 10(D𝜔𝜓‾)𝒵𝑎𝑏(D𝜔𝜓) + 5𝐻𝑎𝑏𝑐 (𝑇𝑐 +
1

16
𝜓‾Γ𝑐𝜓) +

+
5

2
𝐻𝑎𝑏𝑐𝑑 (D𝜔𝑏𝑐𝑑 −

1

16
𝜓‾Γ𝑐𝑑𝜓) +

1

24
𝐻𝑎𝑏𝑐1⋯𝑐5

(D𝜔𝑏𝑐1⋯𝑐5 +
1

16
𝜓‾Γ𝑐1⋯𝑐5𝜓) = 0

 

𝐿𝑎𝑏  ≡ ⟨𝑹5𝑱𝑎𝑏⟩
M

,

(𝒵𝑎𝑏)𝛼  ≡ ⟨𝑸𝛼𝑹3𝑱𝑎𝑏𝑸𝛽⟩
M

,

𝐻𝑎𝑏𝑐  ≡ ⟨𝑹4𝑱𝑎𝑏𝑷𝑐⟩M,

𝐻𝑎𝑏𝑐𝑑  ≡ ⟨𝑹4𝑱𝑎𝑏𝒁𝑐𝑑⟩M,

𝐻𝑎𝑏𝑐𝑑𝑒𝑓𝑔  ≡ ⟨𝑹4𝑱𝑎𝑏𝒁𝑐𝑑𝑒𝑓𝑔⟩
M

.
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𝐻𝑐  =
1

2
𝑅𝑎𝑏𝐻𝑎𝑏𝑐 ,

𝐻𝑐𝑑  =
1

2
𝑅𝑎𝑏𝐻𝑎𝑏𝑐𝑑,

𝐻𝑐𝑑𝑒𝑓𝑔  =
1

2
𝑅𝑎𝑏𝐻𝑎𝑏𝑐𝑑𝑒𝑓𝑔,

ℛ𝛽
𝛼  =

1

2
𝑅𝑎𝑏(𝒵𝑎𝑏)𝛼 𝛽

 

𝐿𝑎𝑏 = 𝛼0 [
5

2
(𝑅4 −

3

4
𝑅2𝑅2) 𝑅𝑎𝑏 + 5𝑅2𝑅𝑎𝑏

3 − 8𝑅𝑎𝑏
5 ]

𝒵𝑎𝑏 =
𝛼2

40
{2 (𝑅𝑎𝑏

3 −
3

4
𝑅2𝑅𝑎𝑏) 𝟙 −

1

48
𝑅𝑎𝑏𝑐𝑑𝑒

(3)
Γ𝑐𝑑𝑒 +

−
3

4
(𝑅𝑎𝑏𝑅𝑐𝑑 −

1

2
𝑅2𝛿𝑎𝑏

𝑐𝑑) 𝑅𝑒𝑓Γ𝑐𝑑𝑒𝑓 +

− [𝛿𝑎𝑏
𝑐𝑔

𝑅𝑔ℎ𝑅ℎ𝑑𝑅𝑒𝑓 − 𝑅𝑎
𝑐𝑅𝑏

𝑑𝑅𝑒𝑓 +
1

2
𝛿𝑎𝑏

𝑒𝑓(𝑅3)𝑐𝑑] Γ𝑐𝑑𝑒𝑓)

𝐻𝑎𝑏𝑐 =
𝛼2

32
𝑅𝑎𝑏𝑐

(4)

 

𝐻𝑎𝑏𝑐𝑑 =𝛼2𝛿𝑎𝑏
𝑒𝑓

𝑔𝑐𝑑
𝑔ℎ

[
3

4
𝑅2𝑅𝑒𝑓𝑅𝑔ℎ − 𝑅𝑒𝑓

3 𝑅𝑔ℎ − 𝑅𝑒𝑓𝑅𝑔ℎ
3 +

 −
4

5
(𝑅𝑒ℎ𝑅𝑓𝑔

3 + 𝑅𝑒ℎ
3 𝑅𝑓𝑔 − 𝑅𝑒ℎ

2 𝑅𝑓𝑔
2 ) +

1

2
𝑅2𝑅𝑒ℎ𝑅𝑓𝑔 +

+
1

8
𝜂[𝑒𝑓][𝑔ℎ] (𝑅4 −

3

4
𝑅2𝑅2) − 𝜂𝑓𝑔 (𝑅2𝑅𝑒ℎ

2 −
8

5
𝑅𝑒ℎ

4 )] ,

𝐻𝑎𝑏𝑐1⋯𝑐5
=

𝛼2

80
𝛿𝑐1…𝑐5

clefg 
(−

5

3
𝑅𝑎𝑏𝑐𝑐𝑑𝑒

(3)
𝑅𝑓𝑔 + 10𝑅abcdepq 

(2)
𝑅𝑝 𝑓𝑅𝑞 𝑔 +

 −
1

6
𝑅𝑎𝑏𝑅cdefg 

(3)
+

1

4
𝑅2𝑅abcdefg 

(2)
−

2

3
𝑅abcdefgpq 

(1) (𝑅3)𝑝𝑞 +

 +
1

3
𝑅𝑝 𝑎𝑅𝑞 𝑏𝑅clefgpq 

(2)
−

1

3
𝑅𝑞 𝑎𝑅𝑏𝑐𝑑𝑒𝑓𝑔𝑝

(2)
𝑅𝑝 𝑞 +

1

3
𝑅𝑞 𝑏𝑅acclefgp 

(2)
𝑅𝑝 𝑞 +

−
10

3
𝜂𝑔𝑎𝑅𝑏𝑐𝑑𝑒𝑝

(3)
𝑅𝑝 𝑓 +

10

3
𝜂𝑔𝑏𝑅acdep 

(3)
𝑅𝑝 𝑓 −

5

24
𝜂[𝑎𝑏][𝑐𝑑]𝑅efg 

(4)
) .

 

⟨𝑭𝑛𝑮𝐴⟩ = 0  

d𝑠2 = 𝑒−2𝜉|𝑧| (d𝑧2 + 𝑔̃𝛼𝛽
(𝑑)

d𝑥𝛼d𝑥𝛽) + 𝛾𝜅𝜆
(10−𝑑)

d𝑦𝜅d𝑦𝜆  

𝑅𝑎𝑏  = 𝑅̃𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏 + 2𝜉𝜃(𝑧)(𝑒̃𝑎𝜅𝑏 − 𝑒̃𝑏𝜅𝑎) − 𝜅𝑎𝜅𝑏 ,

𝑅𝑎𝑍  = −2𝑒𝜉|𝑧|𝜉𝛿(𝑧)𝐸𝑍𝑒̃𝑎 − 2𝜉𝜃(𝑧)𝑇̃𝑎 + D𝜔̃𝜅𝑎 ,

𝑇𝑎  = 𝜅𝑎𝐸𝑍 + 𝑒−𝜉|𝑧|𝑇̃𝑎 ,

𝑇𝑍  = −𝑒−𝜉|𝑧|𝜅𝑎𝑒̃𝑎

 

𝜉𝑒𝜉|𝑧|𝛿(𝑧)𝐸𝑍𝜀𝑎𝑏𝑐𝑑(𝑅̃𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏)𝑒̃𝑐 = 𝒯𝑑

𝜀𝑎𝑏𝑐𝑑(𝑅̃𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏)(𝑅̃𝑐𝑑 − 𝜉2𝑒̃𝑐𝑒̃𝑑) = 𝒯
 

𝜉𝑒𝜉|𝑧|𝛿(𝑧)𝐸𝑍𝜀𝑎𝑏𝑐𝑑(𝑅̃𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏)𝑒̃𝑐 = 𝒯𝑑 ,

𝜀𝑎𝑏𝑐𝑑(𝑅̃𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏)(𝑅̃𝑐𝑑 − 𝜉2𝑒̃𝑐𝑒̃𝑑) = 𝒯,
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𝒯𝑑 =2𝐸𝑍𝑒𝜉|𝑧|𝜉𝛿(𝑧)𝜀𝑎𝑏𝑐𝑑 (
1

2
𝜅𝑎𝜅𝑏 − 𝜉𝜃(𝑧)(𝑒̃𝑎𝜅𝑏 − 𝑒̃𝑏𝜅𝑎)) 𝑒̃𝑐 +

 +𝜀𝑎𝑏𝑐𝑑[𝑅̃𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏 + 2𝜉𝜃(𝑧)(𝑒̃𝑎𝜅𝑏 − 𝑒̃𝑏𝜅𝑎) − 𝜅𝑎𝜅𝑏] ×

 × (
1

2
D𝜔̃𝜅𝑐 − 𝜉𝜃(𝑧)𝑇̃𝑐) ,

 

𝒯 = −4𝜀𝑎𝑏𝑐𝑑 (𝑅̃𝑎𝑏 − 𝜉2𝑒̃𝑎𝑒̃𝑏 + 𝜉𝜃(𝑧)(𝑒̃𝑎𝜅𝑏 − 𝑒̃𝑏𝜅𝑎) −
1

2
𝜅𝑎𝜅𝑏) ×

 × (𝜉𝜃(𝑧)(𝑒̃𝑐𝜅𝑑 − 𝑒̃𝑑𝜅𝑐) −
1

2
𝜅𝑐𝜅𝑑)

 

𝛿𝐿 = 𝐸(𝜙)𝛿𝜙 + dΞ(𝜙, 𝛿𝜙)  

𝛿gauge 𝐿 = dΩ  

⋆ 𝐽gauge = Ω − Ξgauge  

𝛿dif 𝐿 = −£𝜉𝐿

 = −(dI𝜉 + I𝜉d)𝐿

 = −dI𝜉𝐿,

 

⋆ 𝐽dif = −Ξdif − I𝜉𝐿  

Ξ = 𝑛(𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨𝛿𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

⋆ 𝐽gauge = Ω − Ξgauge  

Ω = 0  

𝛿gauge 𝑨 = −D𝝀,

𝛿gauge 𝑨 = −D𝝀
 

𝛿gauge 𝑨𝑡 = −D𝑡𝝀  

Ξgauge = −𝑛(𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨D𝑡𝝀𝚯𝑭𝑡
𝑛−1⟩  

Ξgauge = −𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩ + 𝑛(𝑛 + 1)𝑘 ∫  

1

0

 𝑑𝑡⟨𝝀D𝑡𝚯𝑭𝑡
𝑛−1⟩  

Ξgauge = −𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩ + (𝑛 + 1)𝑘 ∫  

1

0

 𝑑𝑡
𝑑

𝑑𝑡
⟨𝝀𝑭𝑡

𝑛⟩  

Ξgauge = −𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩ + (𝑛 + 1)𝑘 (⟨𝝀𝑭𝑛⟩ − ⟨𝝀𝑭

𝑛
⟩)  

⋆ 𝐽gauge = 𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨𝝀𝚯𝑭𝑡
𝑛−1⟩  
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⋆ 𝐽dif = −Ξdif − I𝜉𝐿T
(2𝑛+1)

 

𝛿dif𝑨 = −£𝜉𝑨,

𝛿dif𝑨 = −£𝜉𝑨
 

𝛿dif𝑨𝑡 = −£𝜉𝑨𝑡  

Ξdif = −𝑛(𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨£𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

£𝜉𝑨𝑡 = I𝜉𝑭𝑡 + D𝑡I𝜉𝑨𝑡  

Ξdif = −𝑛(𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨I𝜉𝑭𝑡𝚯𝑭𝑡
𝑛−1⟩ − 𝑛(𝑛 + 1)𝑘 ∫  

1

0

 𝑑𝑡⟨D𝑡I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

Ξdif = −I𝜉𝐿T
(2𝑛+1)

+ (𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨I𝜉𝚯𝑭𝑡
𝑛⟩ +

 −𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩ +

 +𝑛(𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡D𝑡𝚯𝑭𝑡
𝑛−1⟩.

 

𝑑

𝑑𝑡
𝑭𝑡  = D𝑡𝚯

𝑑

𝑑𝑡
I𝜉𝑨𝑡  = I𝜉𝚯

 

Ξdif = −I𝜉𝐿T
(2𝑛+1)

+ (𝑛 + 1)𝑘 ∫  
1

0

 𝑑𝑡
𝑑

𝑑𝑡
⟨I𝜉𝑨𝑡𝑭𝑡

𝑛⟩ +

 −𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩,

 

Ξdif + I𝜉𝐿T
(2𝑛+1)

= −𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩ +

 +(𝑛 + 1)𝑘 (⟨I𝜉𝑨𝑭𝑛⟩ − ⟨I𝜉𝑨𝑭
𝑛
⟩) .

 

⋆ 𝐽dif = 𝑛(𝑛 + 1)𝑘 d ∫  
1

0

 𝑑𝑡⟨I𝜉𝑨𝑡𝚯𝑭𝑡
𝑛−1⟩  

𝛿𝑏1⋯𝑏𝑛

𝑎1⋯𝑎𝑛 ≡ det

[
 
 
 
 
𝛿𝑏1

𝑎1 𝛿𝑏2

𝑎1 ⋯ 𝛿𝑏𝑛

𝑎1

𝛿𝑏1

𝑎2 𝛿𝑏2

𝑎2 ⋯ 𝛿𝑏𝑛

𝑎2

⋮ ⋮ ⋱ ⋮
𝛿𝑏1

𝑎𝑛 𝛿𝑏2

𝑎𝑛 ⋯ 𝛿𝑏𝑛

𝑎𝑛
]
 
 
 
 

 

𝛿𝑏1⋯𝑏𝑟𝑎𝑟+1⋯𝑎𝑛

𝑎1⋯𝑎𝑟𝑎𝑟+1⋯𝑎𝑛 =
(𝑑 − 𝑟)!

(𝑑 − 𝑛)!
𝛿𝑏1⋯𝑏𝑟

𝑎1⋯𝑎𝑟  
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𝛿𝑎1⋯𝑎𝑛

𝑎1⋯𝑎𝑛 =
𝑑!

(𝑑 − 𝑛)!
 

𝛿𝑏1⋯𝑏𝑛

𝑎1⋯𝑎𝑛𝐴𝑏1⋯𝑏𝑛  = 𝑛! 𝐴𝑎1⋯𝑎𝑛 ,

𝛿𝑏1⋯𝑏𝑛

𝑎𝑛 𝐴𝑎1⋯𝑎𝑛
 = 𝑛! 𝐴𝑏1⋯𝑏𝑛

 

𝜀𝑎1⋯𝑎𝑑
= 𝛿𝑎1⋯𝑎𝑑

1⋯⋯ ,

𝜀𝑎1⋯𝑎𝑑 = 𝛿1⋯𝑑
𝑎1⋯𝑎𝑑

 

𝜀𝑎1⋯𝑎𝑑𝜀𝑏1⋯𝑏𝑑
= 𝛿𝑏1⋯𝑏𝑑

𝑎1⋯𝑎𝑑  

𝛿𝑏1⋯𝑏𝑛

𝑎1⋯𝑎𝑛 = ∑  

𝑛

𝑝=1

  (−1)𝑝+1𝛿𝑏𝑝

𝑎1𝒱𝑏1⋯𝑏𝑝⋯𝑏𝑛

𝑎2⋯𝑎𝑛  

𝛿𝑏1⋯𝑏𝑛

𝑎1⋯𝑎𝑛 = ∑  

𝑛−1

𝑝=1

  ∑  

𝑛

𝑞=𝑝+1

  (−1)𝑝+𝑞+1𝛿𝑏𝑝𝑏𝑞

𝑎1𝑎2𝛿
𝑏1⋯𝑏̂𝑝⋯𝑏̂𝑞⋯𝑏𝑛

𝑎2⋯⋯
 

𝛿𝑏1⋯𝑏𝑛

𝑎1⋯𝑎𝑛 = (−1)𝑟(𝑟+1)/2 ∑  

𝑛−𝑟+1

𝑝1=1

  ∑  

𝑛−𝑟+2

𝑝2=𝑝1+1

 ⋯ ∑  

𝑛−1

𝑝𝑟−1=𝑝𝑟−2+1

 

 ∑  

𝑛

𝑝𝑟=𝑝𝑟−1+1

  (−1)𝑝1+⋯+𝑝𝑟𝛿
𝑏𝑝1⋯𝑏𝑝𝑟

𝑎11⋯𝑎𝑟

𝛿𝑏1⋯𝑏𝑝1⋯𝑏𝑝𝑟⋯𝑏𝑛

𝑎𝑟+1⋯𝑎𝑛 .
 

𝛿𝑏1⋯𝑏𝑛

𝑎1⋯𝑎𝑛 = (−1)𝑟(𝑟+1)/2 ∑  

𝑛−𝑟+1

𝑝1=1

  ∑  

𝑛−𝑟+2

𝑝2=𝑝1+1

 ⋯ ∑  

𝑛−1

𝑝𝑟−1=𝑝𝑟−2+1

 

 ∑  

𝑛

𝑝𝑟=𝑝𝑟−1+1

  (−1)𝑝1+⋯+𝑝𝑟𝛿𝑏1⋯𝑏𝑟

𝑎𝑝1⋯𝑎𝑝𝑟 𝛿𝑏𝑟+1⋯𝑏𝑛

𝑎1⋯𝑎̂𝑝1⋯𝑎̂𝑝𝑟⋯𝑎𝑛
.

 

𝛿𝑏1⋯𝑏𝑛

𝑎1⋯𝑎𝑛 = (
𝑛

𝑝
) 𝛿𝑏1⋯𝑏𝑝

[𝑎1⋯𝑎𝑝𝛿𝑏𝑝+1⋯𝑏𝑛

𝑎𝑝+1⋯𝑎𝑛]
= (

𝑛

𝑝
) 𝛿

[𝑏1⋯𝑏𝑝

𝑎1⋯𝑎𝑝 𝛿
𝑏𝑝+1⋯𝑏𝑛]

𝑎𝑝+1⋯𝑎𝑛
 

𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝] ≡ 𝛿𝑎1⋯𝑎𝑝

𝑐1⋯𝑐𝑝 (𝜂𝑏1𝑐1
⋯ 𝜂𝑏𝑝𝑐𝑝

) ,

𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝] ≡ 𝛿𝑐1⋯𝑐𝑝

𝑎1⋯𝑎𝑝(𝜂𝑏1𝑐1 ⋯ 𝜂𝑝𝑏𝑝𝑐𝑝)
 

𝜂[𝑏1⋯𝑏𝑝][𝑎1⋯𝑎𝑝] = 𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝],

𝜂𝑏1⋯𝑏𝑝][𝑎1⋯𝑎𝑝] = 𝜂𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝].
 

𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝]𝐴
𝑏1⋯𝑏𝑝 = 𝑝! 𝐴𝑎1⋯𝑎𝑝

,

𝜂[𝑎1⋯𝑎𝑝][𝑏1⋯𝑏𝑝]𝐴𝑏1⋯𝑏𝑝
= 𝑝! 𝐴𝑎1⋯𝑎𝑝 .

 

𝜂[𝑎1⋯𝑎𝑝][𝑐1⋯𝑐𝑝]𝜂[𝑐1⋯𝑐𝑝][𝑏1⋯𝑏𝑝] = 𝑝! 𝛿𝑏1⋯𝑏𝑝⋯𝑎𝑝

𝑎1  

{Γ𝑎 , Γ𝑏} = 2𝜂𝑎𝑏  
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Γ𝑎1⋯𝑎𝑝
 ≡ Γ[𝑎1

⋯ Γ𝑎𝑝]

 =
1

𝑝!
𝛿𝑎1⋯𝑎𝑝

𝑏1⋯𝑏𝑝Γ𝑏1
⋯ Γ𝑏𝑝

 

Γ∗  ≡ Γ0 ⋯ Γ𝑑−1

 =
1

𝑑!
𝜀𝑎1⋯𝑎𝑑Γ𝑎1

⋯ Γ𝑎𝑑

 =
1

𝑑!
𝜀𝑎1⋯𝑎𝑑Γ𝑎1⋯𝑎𝑑

 

Γ∗
2  = (−1)(𝑑−2)(𝑑+1)/2

Γ∗Γ𝑎  = (−1)𝑑+1Γ𝑎Γ∗,

Γ∗Γ𝑎1⋯𝑎𝑝
 = (−1)𝑝(𝑑+1)Γ𝑎1⋯𝑎𝑝

Γ∗.

 

Γ𝑎1⋯𝑎𝑑−𝑘
=

1

𝑘!
(−1)𝑘(𝑘−1)/2𝜀𝑎1⋯𝑎𝑑

Γ𝑎𝑑−𝑘+1⋯𝑎𝑑Γ∗  

Γ𝑎
𝑇 = 𝜉𝐶Γ𝑎𝐶−1  

𝐶𝑇 = 𝜆𝐶  

𝑑mod8 𝜆 𝜉 S A 

0 +1 +1 1,4 2,3 

0 +1 -1 3,4 1,2 

1 +1 +1 1,4 2,3 

2 +1 +1 1,4 2,3 

2 -1 -1 1,2 3,4 

3 -1 -1 1,2 3,4 

4 -1 +1 2,3 1,4 

4 -1 -1 1,2 3,4 

5 -1 +1 2,3 1,4 

6 -1 +1 2,3 1,4 

6 +1 -1 3,4 1,2 
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7 +1 -1 3,4 1,2 

 

(𝐶Γ𝑎1⋯𝑎𝑝
)

𝑇
= (−1)𝑝(𝑝−1)/2𝜆𝜉𝑝 (𝐶Γ𝑎1⋯𝑎𝑝

)  

Tr (Γ𝑎1⋯𝑎𝑝Γ𝑏1⋯𝑏𝑞
) = (−1)𝑝(𝑝−1)/2𝑚𝛿𝑏1⋯𝑏𝑞

𝑎1⋯𝑎𝑝
 

𝑀 = ∑  

𝑝≥0

 
1

𝑝!
𝑘𝑎1⋯𝑎𝑝

Γ𝑎1⋯𝑎𝑝
 

𝑘𝑎1⋯𝑎𝑝
=

1

𝑚
(−1)𝑝(𝑝−1)/2Tr (𝑀Γ𝑎1⋯𝑎𝑝

)  

Γ𝑎1⋯𝑎𝑖
Γ𝑏1⋯𝑏𝑗 = ∑  

𝑖+𝑗

𝑘=|𝑖−𝑗|

 
𝑖! 𝑗!

𝑠! 𝑡! 𝑢!
𝛿[𝑎𝑖

[𝑏1 ⋯ 𝛿𝑎𝑡+1

𝑏𝑠 Γ𝑎1⋯𝑎𝑡] 
𝑏𝑠+1⋯𝑏𝑗]  

𝑠 =
1

2
(𝑖 + 𝑗 − 𝑘)

𝑡 =
1

2
(𝑖 − 𝑗 + 𝑘)

𝑢 =
1

2
(−𝑖 + 𝑗 + 𝑘)

 

Γ𝑎1⋯𝑎𝑖Γ𝑏1⋯𝑏𝑗
= ∑  

min(𝑖,𝑗)

𝑠=0

 
1

𝑡! 𝑢!
(−1)𝑠(𝑠−1)/2𝛿𝑑1⋯𝑑𝑡𝑏1⋯𝑏𝑗

𝑎1⋯𝑎𝑖𝑒1⋯𝑒𝑢Γ𝑑1⋯𝑑𝑡  𝑒1⋯𝑒𝑢
 

𝑡 = 𝑖 − 𝑠,
𝑢 = 𝑗 − 𝑠

 

[Γ𝑎1⋯𝑎𝑖 , Γ𝑏1⋯𝑏𝑗
] = ∑  

min(𝑖,𝑗)

𝑠=0

 
1

𝑡! 𝑢!
(−1)𝑠(𝑠−1)/2 ×

 × [1 − (−1)𝑖𝑗−𝑠2
]𝛿𝑑1⋯𝑑𝑡𝑏1⋯𝑏𝑗

𝑎1⋯𝑎𝑖𝑒1⋯𝑒𝑢Γ𝑒1⋯𝑒𝑢

𝑑1⋯𝑑𝑡 ,

 

{Γ𝑎1⋯𝑎𝑖 , Γ𝑏1⋯𝑏𝑗
} = ∑  

min(𝑖,𝑗)

𝑠=0

 
1

𝑡! 𝑢!
(−1)𝑠(𝑠−1)/2 ×

 × [1 + (−1)𝑖𝑗−𝑠2
]𝛿𝑑1⋯𝑑𝑡𝑏1⋯𝑏𝑗

𝑎1⋯𝑎𝑖𝑒1⋯𝑒𝑢Γ𝑑1⋯𝑑𝑡  𝑒1⋯𝑒𝑢
.

 

Γ𝑎1⋯𝑎𝑖
Γ𝑏1⋯𝑏𝑗

= ∑  

min(𝑖,𝑗)

𝑠=0

 𝐷𝑎1⋯𝑎𝑖𝑏1⋯𝑏𝑗
(𝑠)  
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𝐷𝑎1⋯𝑎𝑖𝑏1⋯𝑏𝑗
(𝑠) = (−1)𝑠(𝑖−𝑠)+𝑠(𝑠−1)/2 ∑  

1+𝑗−𝑠

𝑝1=1

 ⋯ ∑  

𝑗

𝑝𝑠=𝑝𝑠−1+1

 

 ∑  

1+𝑖−𝑠

𝑞1=1

 ⋯ ∑  

𝑖

𝑞𝑠=𝑞𝑠−1+1

  (−1)𝑝1+⋯+𝑝𝑠+𝑞1+⋯+𝑞𝑠

𝜂[𝑎𝑞1
⋯𝑎𝑞𝑠][𝑏𝑝1

⋯𝑏𝑝𝑠]Γ𝑎1⋯𝑎̂𝑞1⋯𝑎̂𝑞𝑠⋯𝑎𝑖𝑏1⋯𝑏̂𝑝1⋯𝑏̂𝑝𝑠⋯𝑏𝑗
.

 

𝐴𝑖𝐵𝑗 = ∑  

min(𝑖,𝑗)

𝑠=0

  (
𝑖

𝑠
) (

𝑗

𝑠
) (−1)𝑠(𝑠−1)/2𝜂[𝑏1⋯𝑏𝑠][𝑐1⋯𝑐𝑠]

𝐴𝑎1⋯𝑎𝑖−𝑠𝑏1⋯𝑏𝑠𝐵𝑐1⋯𝑐𝑠𝑎𝑖−𝑠+1⋯𝑎𝑖+𝑗−2𝑠Γ𝑎1⋯𝑎𝑖+𝑗−2𝑠
,

 

𝐴𝑖𝐵𝑗 = ∑  

min(𝑖,𝑗)

𝑠=0

  (
𝑖

𝑠
) (

𝑗

𝑠
) (−1)𝑠(𝑠−1)/2𝜂[𝑏1⋯𝑏𝑠][𝑐1⋯𝑐𝑠]

𝐴𝑎1⋯𝑎𝑖−𝑠𝑏1⋯𝑏𝑠𝐵𝑐1⋯𝑐𝑠𝑎𝑖−𝑠+1⋯𝑎𝑖+𝑗−2𝑠Γ𝑎1⋯𝑎𝑖+𝑗−2𝑠
,

 

𝐴𝑖 = 𝐴𝑎1⋯𝑎𝑖Γ𝑎1⋯𝑎𝑖
,

𝐵𝑗 = 𝐵𝑏1⋯𝑏𝑗Γ𝑏1⋯𝑏𝑗

 

𝜓′ = exp (
1

4
𝜆𝑎𝑏Γ𝑎𝑏) 𝜓  

𝛿𝜓 =
1

4
𝜆𝑎𝑏Γ𝑎𝑏𝜓  

𝜓‾𝛼 = 𝜓𝛽𝐶𝛽𝛼  

𝜓𝛼 = 𝜓‾𝛽𝐶𝛽𝛼  

𝐶𝛼𝛾𝐶𝛾𝛽 = 𝐶𝛽𝛾𝐶𝛾𝛼 = 𝛿𝛽
𝛼

 

𝜒‾𝜁 = 𝜁‾𝜒

𝜒‾𝑆𝜁 = −𝜁‾𝑆𝜒

𝜒‾𝐴𝜁 = 𝜁‾𝐴𝜒

 

 

𝐴𝑑𝑆2 × 𝑆2 × 𝑆4 × Σ  

 (𝑎; 𝑞)0: = 1, (𝑎; 𝑞)𝑛: = ∏  

𝑛−1

𝑘=0

  (1 − 𝑎𝑞𝑘), (𝑞)𝑛: = ∏  

𝑛

𝑘=1

  (1 − 𝑞𝑘),

 (𝑎; 𝑞)∞: = ∏  

∞

𝑘=0

  (1 − 𝑎𝑞𝑘), (𝑞)∞: = ∏  

∞

𝑘=1

  (1 − 𝑞𝑘)
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⟨𝑊ℛ1
⋯ 𝑊𝑅𝑘

⟩
𝐺
(𝑡; 𝑞)

 =
1

|Weyl(𝐺)|

(𝑞)∞
2rank(𝐺)

(𝑞
1
2𝑡±2; 𝑞)

∞

rank(𝐺)
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠
(𝑠𝛼; 𝑞)∞(𝑞𝑠𝛼; 𝑞)∞

(𝑞
1
2𝑡2𝑠𝛼; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝛼; 𝑞)

∞

∏  

𝑘

𝑖=1

 𝜒ℛ𝑖
  

ℐ𝐺(𝑡; 𝑞): = Tr(−1)𝐹𝑞𝐽+
𝐻+𝐶

4 𝑡𝐻−𝐶  

⟨𝒲ℛ1
⋯ 𝒲ℛ𝑘

⟩
𝐺
(𝑡; 𝑞) =

⟨𝑊ℛ1
⋯ 𝑊ℛ𝑘

⟩
𝐺
(𝑡; 𝑞)

ℐ𝐺(𝑡; 𝑞)
 

⟨𝑊ℛ1
⋯ 𝑊ℛ𝑘

⟩1
2
BPS

𝐺
(𝔮)

 =
1

|Weyl(𝐺)|

1

(1 − 𝔮2)rank(𝐺)
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠
(1 − 𝑠𝛼)

(1 − 𝔮2𝑠𝛼)
∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

𝔤
 

1

𝑁!
∰ ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

∏  𝑖≠𝑗  1 −
𝑠𝑖
𝑠𝑗

∏  𝑖,𝑗  1 − 𝔱
𝑠𝑖
𝑠𝑗

𝑃𝜇(𝑠; 𝔱)𝑃𝜆(𝑠−1; 𝔱) =
𝛿𝜇𝜆

(𝔱; 𝔱)𝑁−𝑙(𝜇) ∏  𝑗≥1   (𝔱; 𝔱)𝑚𝑗(𝜇)
 

1

|Weyl(𝐺)|
∰ ∏  

𝛼∈root(𝐺)

 𝑑𝑠(1 − 𝑠𝛼) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

𝔤
  

⟨𝑇𝐵𝑇𝐵⟩𝐺(𝑡; 𝑞) = ∑  

𝑣∈Rep(𝐵)

 
1

|Weyl(𝐵)|

(𝑞)∞
2rank(𝐺)

(𝑞
1
2𝑡±2; 𝑞)

∞

rank(𝐺)
∮ ∏  

𝛼∈root(𝐺)

 𝑑𝑠  

 ×

(𝑞
|𝛼(𝐵)|

2 𝑠𝛼; 𝑞)
∞

(𝑞
1+

|𝛼(𝐵)|
2 | 

𝑠𝛼; 𝑞)
∞

(𝑞
1+|𝛼(𝐵)|

2 𝑡2𝑠𝛼; 𝑞)
∞

(𝑞
1+|𝛼(𝐵)|

2 𝑡−2𝑠𝛼; 𝑞)
∞

𝑍bubb 

(𝐵,𝑣)
(𝑡, 𝑠; 𝑞).

 

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ2 × ℤ2  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,0)  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (0,1)  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,1)  

𝜒sp
𝔰𝔭(2𝑁+1)

= ∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)  

𝜒◻
so (2𝑁+1)

= 1 + ∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1).  
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𝜒𝜆
so (2𝑁+1)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖+1/2
− 𝑠𝑗

−(𝜆𝑖+𝑁−𝑖+1/2)
)

det (𝑠𝑗
𝑁−𝑖+1/2

− 𝑠𝑗
−(𝑁−𝑖+1/2)

)
 

⟨𝑊ℛ1
⋯ 𝑊ℛ𝑘

⟩
𝑆𝑂(2𝑁+1)

 = ∫  𝑑𝜇𝑆𝑂(2𝑁+1)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)

𝑃‾𝑛(𝑠)2 − 𝑃‾2𝑛(𝑠)

2
] ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

𝔰𝔬(2𝔑+1)
(𝑠)

 

𝑑𝜇𝑆𝑂(2𝑁+1) =
1

2𝑁𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(1 − 𝑠𝑖)(1 − 𝑠𝑖
−1)

 × ∏  

1≤𝑖<𝑗≤𝑁

 (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗)

 

𝑓𝑛(𝑞, 𝑡) =
𝑞𝑛/2(𝑡2𝑛 + 𝑡−2𝑛) − 2𝑞𝑛

1 − 𝑞𝑛
 

𝑃𝑚(𝑠): = ∑  

𝑁

𝑖=1

  (𝑠𝑖
𝑚 + 𝑠𝑖

−𝑚)

𝑃‾𝑚(𝑠): = 1 + 𝑃𝑚(𝑠) = 1 + ∑  

𝑁

𝑖=1

  (𝑠𝑖
𝑚 + 𝑠𝑖

−𝑚)

 

𝑀‾𝑛(𝑠) =
𝑃‾𝑛(𝑠)2 − 𝑃‾2𝑛(𝑠)

2
= 𝑃𝑛(𝑠) +

𝑃𝑛(𝑠)2 − 𝑃2𝑛(𝑠)

2
 

exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀‾𝑛(𝑠)) = ∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)𝑀‾𝜆(𝑠)  

𝑧𝜆 = ∏  

∞

𝑖=1

  𝑖𝑚𝑖𝑚𝑖!, 𝑓𝜆(𝑞, 𝑡) = ∏  

ℓ(𝜆)

𝑖=1

 𝑓𝜆𝑖
(𝑞, 𝑡), 𝑀‾𝜆(𝑠) = ∏  

ℓ(𝜆)

𝑖=1

 𝑀‾𝜆𝑖
(𝑠)  

⟨𝑊ℛ1
⋯ 𝑊ℛ𝑘

⟩
𝑆𝑂(2𝑁+1)

= ∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡) ∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

so(2N+1)
(𝑠)  

∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

𝔰𝔬(2𝑁+1)
(𝑠)  

∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑃‾𝜇(𝑠) = ∑  

𝜈∈𝑅2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇) + ∑  

𝜈∈𝑊2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇)  

𝑅𝑛(𝑝)  = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) ≤ 𝑛 and ∀𝜆𝑖 is even }

𝑊𝑛(𝑝)  = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) = 𝑛 and ∀𝜆𝑖 is odd }
 

𝑠𝜆 = ∑  

𝜇⊢𝜆

 
𝜒𝜆

𝑆(𝜇)

𝑧𝜇
𝑝𝜇  
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𝑀‾𝜆(𝑠) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

so (2𝑁+1)
(𝑠) = ∑  

𝜇

 𝑎𝜆,ℛ
𝜇

𝑃‾𝜇(𝑠)  

 ∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑀‾𝜆(𝑠) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

soo (2𝑁+1)
(𝑠) = ∑  

𝜇

 𝑎𝜆,ℛ
𝜇

∫  𝑑𝜇𝑆𝑂(2𝑁+1)𝑃‾𝜇(𝑠)

 = ∑  

𝜇

 𝑎𝜆,ℛ
𝜇

( ∑  

𝜈∈𝑅2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇) + ∑  

𝜈∈𝑊2𝑁+1(|𝜇|)

 𝜒𝜈
𝑆(𝜇))

 

(𝜒sp
so(2𝑁+1)

)
2

= ∏  

𝑁

𝑖=1

  (1 + 𝑠𝑖)(1 + 𝑠𝑖
−1)  

𝑑𝜇𝑆𝑂(2𝑁+1) (𝜒sp
so(2𝑁+1)

)
2

= 𝑑𝜇𝑈𝑆𝑝(2𝑁)  

𝑑𝜇𝑈𝑆𝑝(2𝑁) =
1

2𝑁𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
(1 − 𝑠𝑖

2)(1 − 𝑠𝑖
−2)

 × ∏  

1≤𝑖<𝑗≤𝑁

  (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗)

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁+1)

= ∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀‾𝑛(𝑠)]

 = ∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)exp [∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡) (𝑃𝑛(𝑠) +

𝑃𝑛(𝑠)2 − 𝑃2𝑛(𝑠)

2
)]

 

ℐ𝑆𝑂(3)(𝑡; 𝑞) = ℐ𝑈𝑆𝑝(2)(𝑡; 𝑞)

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞
2 ∑  

𝑝1,𝑝2∈ℤ
𝑝1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)

.
 

 

⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±; 𝑞)∞(𝑞𝑠±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(𝑠
1
2 + 𝑠−

1
2)

2
 

 

〈𝑇
(
1
2
)
𝑇

(
1
2
)
〉𝑈𝑆𝑝(2)/ℤ2 (𝑡; 𝑞)

 =
(𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑞
1
2𝑠±2; 𝑞)

∞
(𝑞

3
2𝑠±2; 𝑞)

∞

(𝑞𝑡2𝑠±2; 𝑞)∞(𝑞𝑡−2𝑠±2; 𝑞)∞
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⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
)
𝑇

(
1
2
)
⟩

𝑈𝑆𝑝(2)/ℤ2

(𝑡; 𝑞) 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(3)

(𝑡; 𝑞) = 〈𝑇
(
1
2
)
𝑇

(
1
2
)
〉𝑈𝑆𝑝(2)/ℤ2 (𝑡; 𝑞)

 = ⟨𝑊◻𝑊◻⟩𝑆𝑈(2)(𝑡; 𝑞) =

(𝑞
1
2𝑡22; 𝑞)

∞

(𝑞𝑡±4; 𝑞)∞
∑  

𝑚∈ℤ∖{0,𝑛}

 
𝑡2𝑚 − 𝑡−2𝑚

𝑡2 − 𝑡−2

𝑞
𝑚−1

2

1 − 𝑞𝑚
.

 

⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(3)
(𝔮) = ⟨𝑇

(
1
2
)
𝑇

(
1
2
)
⟩
1
2
BPS

𝑈𝑆𝑆(2)/ℤ2

(𝔮)

 = ⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑈(2)
(𝔮) =

1 + 𝔮2

1 − 𝔮4
=

1

1 − 𝔮2
.

 

⟨𝑊sp 𝑊sp ⋯ 𝑊sp ⏟          
2𝑘

⟩𝑆𝑝𝑖𝑛(3)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻ ⋯ 𝑊◻⏟        
2𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞)
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Sin(3)
(𝔮)  =

2 + 3𝔮2 + 𝔮4

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Sin(3)
(𝔮)  =

5 + 9𝔮2 + 5𝔮4 + 𝔮6

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(3)
(𝔮)  =

14 + 28𝔮2 + 20𝔮4 + 7𝔮6 + 𝔮8

1 − 𝔮4

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Sin(3)
(𝔮)  =

42 + 90𝔮2 + 75𝔮4 + 35𝔮6 + 9𝔮8 + 𝔮10

1 − 𝔮4

 

 ⟨𝑊sp ⋯ 𝑊sp ⏟      
2𝑘

⟩1
2
BPS

Spin(3)
(𝔮) = ℐ1

2
BPS

𝑆𝑂(3)
(𝔮) ∑  

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(3)

(𝑖)𝔮2𝑖

 =
1

1 − 𝔮4
∑  

𝑘

𝑖=0

 𝑎𝑘sp
𝔰𝔬(3)

(𝑖)𝔮2𝑖

𝑎𝑘sp
so(3)

(𝑖) = (2𝑖 + 1)
(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!

 = 𝐶𝑘+𝑖+1,2𝑖+1 

 

𝐶𝑛,𝑚 =
𝑚

𝑛
(
2𝑛 − 𝑚 − 1

𝑛 − 1
)  

𝐶𝑘 =
1

𝑘 + 1
(
2𝑘

𝑘
)

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 2

𝑖 + 𝑗

 

1 − √1 − 4𝑥

2𝑥
= ∑  

∞

𝑘=0

 𝑎𝑘sp
so(3)

(0)𝑥𝑘  
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1

𝑥𝑖+1
(
1 − √1 − 4𝑥

2
)

2𝑖+1

= ∑  

∞

𝑘=0

 𝑎𝑘sp
so(3)

(𝑖)𝑥𝑘  

∑  

∞

𝑘=0

 𝑥𝑘⟨𝑊sp ⋯ 𝑊sp⏟      
2𝑘

⟩1
2

 BPS 

Sin(3)
(𝔮) =

1

1 − 𝔮4
⋅

2(1 − √1 − 4𝑥)

4𝑥 − (1 − √1 − 4𝑥)2𝔮2
 

⟨𝑊◻𝑊◻⟩𝑆𝑂(3)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±; 𝑞)∞(𝑞𝑠±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(1 + 𝑠 + 𝑠−1)2 

⟨𝑊◻𝑊◻⟩𝑆𝑂(3)(𝑡; 𝑞) = ⟨𝑊◻◻𝑊◻◻⟩𝑆𝑈(2)(𝑡; 𝑞)

 =

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞𝑡±4; 𝑞)∞
[
3

2
∑  

𝑚∈ℤ∖{0}

 (
𝑡2𝑚 − 𝑡−2𝑚

𝑡 − 𝑡−2

𝑞
𝑚−1

2

1 − 𝑞𝑚
) −

2

1 − 𝑞
−

𝑞
1
2(𝑡2 + 𝑡−2)

1 − 𝑞2 ]
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊◻𝑊◻◻⟩1

2
BPS

𝑆𝑈(2)
(𝔮)

 =
1 + 𝔮2 + 𝔮4

1 − 𝔮4

 =
1 − 𝔮6

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

⟩𝑆𝑂(3)(𝑡; 𝑞) = ∑  

𝑘

𝑖=0

  (
𝑘

𝑖
) (−1)𝑖⟨𝑊sp ⋯ 𝑊sp)

𝑆𝑂(3)

⏟          
2(𝑘−𝑖)

(𝑡; 𝑞)  

⟨𝑊◻⟩𝑆𝑂(3)(𝑡; 𝑞) = ⟨𝑊sp𝑊sp⟩
𝑆𝑂(3)

(𝑡; 𝑞) − ℐ𝑆𝑂(3)(𝑡; 𝑞)

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞
2 ∑  

𝑝1,𝑝2∈ℤ
𝑝1+1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)

 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
𝔮2

1 − 𝔮4
.

 

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − 3⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1

2
BPS

𝑆𝑂(3)
(𝔮)

 +3⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 3𝔮2 + 2𝔮4 + 𝔮6

1 − 𝔮4
.
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〈𝑊◻𝑊◻𝑊◻𝑊◻〉 1
2
BPS

𝑆𝑂(3)
(𝔮)  =

3 + 6𝔮2 + 6𝔮4 + 3𝔮6 + 𝔮8

1 − 𝔮4

〈𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻〉 1
2
BPS

𝑆𝑂(3)
(𝔮)  =

6 + 15𝔮2 + 15𝔮4 + 10𝔮6 + 4𝔮8 + 𝔮10

1 − 𝔮4

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮)  =

15 + 36𝔮2 + 40𝔮4 + 29𝔮6 + 15𝔮8 + 5𝔮10 + 𝔮12

1 − 𝔮4

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

∑  𝑘
𝑖=0  𝑎𝑘

𝔰𝔬(3)
(𝑖)𝔮2𝑖

1 − 𝔮4
 

𝑎𝑘
so (3)

(𝑖) = 𝑐𝑘
(𝑖)

− 𝑐𝑘
(𝑖+1)

 

(1 + 𝑥 + 𝑥2)𝑛 = ∑  

𝑘

𝑖=−𝑘

  𝑐𝑘
(𝑖)

𝑥𝑘+𝑖  

𝑅𝑛 = ∑  

𝑛

𝑖=0

  (−1)𝑛−𝑖 (
𝑛

𝑖
) 𝐶𝑖  

∑  

∞

𝑛=1

 𝑅𝑛𝑥𝑛 =
1

2𝑥
(1 −

√1 − 3𝑥

√1 + 𝑥
)  

⟨𝑊(𝑘)𝑊(𝑘)⟩
𝑆𝑂(3)

(𝑡; 𝑞) =

(𝑞
1
2
𝑡±2

; 𝑞)
∞

(𝑞𝑡±4; 𝑞)∞
[
2𝑘 + 1

2
∑  

𝑚∈ℤ∖{0}

 (
𝑡2𝑚 − 𝑡−2𝑚

𝑡 − 𝑡−2

𝑞
𝑚−1

2

1 − 𝑞𝑚
)

− ∑  

2𝑘

𝑚=1

  (2𝑘 − 𝑚 + 1) (
𝑡2𝑚 − 𝑡−2𝑚

𝑡 − 𝑡−2

𝑞
𝑚−1

2

1 − 𝑞𝑚
)]

 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(3)
(𝔮) =

1 + 𝔮2 + ⋯ + 𝔮4𝑘

1 − 𝔮4

 =
1 − 𝔮4𝑘+2

(1 − 𝔮2)(1 − 𝔮4)

 

⟨𝑊(∞)𝑊(∞)⟩1
2BPS

𝑆𝑂(3)
(𝔮) =

1

(1 − 𝔮2)(1 − 𝔮4)
 

⟨𝑊◻◻ ⋯ 𝑊◻⏟      
𝑘

⟩𝑆𝑂(3)(𝑡; 𝑞) = ∑  

𝑘1+𝑘2+𝑘3=𝑘

  (
𝑘

𝑘1, 𝑘2, 𝑘3
) (−3)𝑘2⟨𝑊sp ⋯ 𝑊sp⏟      

4𝑘1+2𝑘2

)𝑆𝑂(3)(𝑡; 𝑞)  
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⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp 𝑊sp 𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − 3⟨𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) + ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
𝔮4

1 − 𝔮4
,

⟨𝑊◻𝑊◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(3)
(𝔮) = ⟨𝑊sp ⋯ 𝑊sp ⏟      

12

)1
2
BPS

𝑆𝑂(3)
(𝔮) − 9⟨𝑊sp ⋯ 𝑊sp ⏟      

10

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 +30⟨𝑊sp ⋯ 𝑊sp ⏟      
8

⟩
1

2

BPS

𝑆𝑂(3)
(𝔮) − 45⟨𝑊sp ⋯ 𝑊sp ⏟      

6

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 +30⟨𝑊sp ⋯ 𝑊sp ⏟      
4

⟩1
2
BPS

𝑆𝑂(𝔮)
(𝔮) − 9⟨𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) + ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 3𝔮2 + 5𝔮4 + 4𝔮6 + 3𝔮8 + 2𝔮10 + 𝔮12

1 − 𝔮4
.

 

 ⟨𝑊◻◻◻ ⋯ 𝑊◻◻⏟        
𝑘

⟩𝑆𝑂(3)(𝑡; 𝑞)

 = ∑  

𝑘1+𝑘2+𝑘3+𝑘4=𝑘

  (
𝑘

𝑘1, 𝑘2, 𝑘3, 𝑘4
) (−1)𝑘2+𝑘45𝑘26𝑘3⟨ 𝑊sp ⋯ 𝑊sp⏟      

6𝑘2+4𝑘1+2𝑘2

⟩𝑆𝑂(3)(𝑡; 𝑞).
 

 

⟨𝑊◻◻
◻ ⟩1

2
BPS

𝑆𝑂(3)
(𝔮)

 = ⟨𝑊sp ⋯ 𝑊sp ⏟      
6

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 5⟨𝑊sp ⋯ 𝑊sp ⏟      

4

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 6⟨𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
𝔮6

1 − 𝔮4
,

 

⟨𝑊◻
𝑊◻◻𝑊◻◻⟩1

2
BPS

𝑆𝑂(3)
(𝔮)

 = ⟨𝑊sp ⋯ 𝑊sp ⏟      
18

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 15⟨𝑊sp ⋯ 𝑊sp ⏟      

16

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 93⟨𝑊sp ⋯ 𝑊sp ⏟      

14

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 −308⟨𝑊sp ⋯ 𝑊sp ⏟      
12

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 588⟨𝑊sp ⋯ 𝑊sp ⏟      

10

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 651⟨𝑊sp ⋯ 𝑊sp ⏟      

8

⟩1
2
BPS

𝑆𝑂(3)
(𝔮)

 +399⟨𝑊sp ⋯ 𝑊sp ⏟      
6

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) − 123⟨𝑊sp ⋯ 𝑊sp ⏟      

4

⟩1
2
BPS

𝑆𝑂(3)
(𝔮) + 18⟨𝑊sp 𝑊sp ⟩1

2
BPS

𝑆𝑂(3)
(𝔮) − ℐ1

2
BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 3𝔮2 + 5𝔮4 + 7𝔮6 + 6𝔮8 + 5𝔮10 + 4𝔮12 + 3𝔮14 + 2𝔮16 + 𝔮18

1 − 𝔮4
.

 

𝜒(𝑘)
so(3)

= ∑  

𝑘

𝑛=0

  (−1)𝑛 (
2𝑘 − 𝑛

𝑛
) 𝜒sp

so(3)2𝑘−2𝑛

 

⟨𝑊(𝑘)⟩1
2BPS

𝑆𝑂(3)
(𝔮) =

𝔮2𝑘

1 − 𝔮4
 

⟨𝑊(𝑘)𝑊(𝑙)⟩1
2BPS

𝑆𝑂(3)
(𝔮) =

𝔮2(𝑙−𝑘)(1 − 𝔮4𝑘+2)

(1 − 𝔮2)(1 − 𝔮4)
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⟨𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)⟩1
2BPS

𝑆𝑂(3)
(𝔮) =

1 + 𝔮2 − 3𝔮2𝑘+2 + 𝔮6𝑘+4

(1 − 𝔮2)2(1 − 𝔮4)
 

⟨𝑊(∞)𝑊(∞)𝑊(∞)⟩1
2BPS

𝑆𝑂(3)
(𝔮) =

1

(1 − 𝔮2)3  

⟨𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)𝑊(𝑘)⟩⟩1
2BPS

𝑆𝑂(3)
(𝔮) =

2𝑘 + 1 − 3𝔮2 − (2𝑘 + 1)𝔮4 + 4𝔮4𝑘+4 − 𝔮8𝑘+6

(1 − 𝔮2)3(1 − 𝔮4)
 

⟨𝑊sp𝑊sp⟩
Spin(5)

(𝑡; 𝑞)

 =
1

8

(𝑞)∞
4

(𝑞
1
2𝑡±; 𝑞)

∞

2 ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

  

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

∏  

2

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)

2

 

⟨𝑇
(
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
)
⟩

𝑈𝑆𝑝(4)/ℤ2

(𝑡; 𝑞)

 =
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠𝑖

±2; 𝑞)
∞

(𝑞
3
2𝑠𝑖

±2; 𝑞)
∞

(𝑞𝑡2𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 ×

(𝑠1
±𝑠2

∓; 𝑞)
∞

(𝑞
1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(5)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
)
⟩

𝑈𝑆𝑝(4)/ℤ2

(𝑡; 𝑞)  

⟨𝑊sp 𝑊sp ⟩1
2
BPS

Spin(5)
 (𝔮) = ⟨𝑇

(
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
)
⟩
1
2
BPS

𝑈𝑆𝑝(4)/ℤ2

(𝔮)

 =
1 + 𝔮2 + 𝔮4 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)

 =
1

(1 − 𝔮2)(1 − 𝔮4)
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⟨𝑉sp ⋯ 𝑊sp ⏟      
4

⟩1
2
BPS

𝑆Sin(5)
(𝔮)  =

3 + 6𝔮2 + 8𝔮4 + 9𝔮6 + 6𝔮8 + 3𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

⟨Ssp ⋯ 𝑊sp ⏟      
6

⟩1
2
BPS

𝑆Sin(5)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)
(14 + 40𝔮2 + 66𝔮4 + 85𝔮6

+81𝔮8 + 59𝔮10 + 34𝔮12 + 15𝔮14 + 5𝔮16 + 𝔮18)

⟨Ssp ⋯ 𝑊sp ⏟      
8

⟩1
2
BPS

Sin(5)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)
(84 + 300𝔮2 + 581𝔮4 + 840𝔮6 + 945𝔮8 + 842𝔮10

+616𝔮12 + 378𝔮14 + 195𝔮16 + 83𝔮18 + 28𝔮20 + 7𝔮22 + 𝔮24)

 

⟨𝑊sp ⋯ 𝑊sp ⏟      
2𝑘

)1
2
BPS

𝑆𝑝(5)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘 𝑠𝑝

so (5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

𝑎𝑘 sp 

𝑎sp (0)
 = 𝐶𝑘𝐶𝑘+2 − 𝐶𝑘+1

2

 =
24(2𝑘 + 1)! (2𝑘 − 1)!

(𝑘 − 1)! 𝑘! (𝑘 + 2)! (𝑘 + 3)!

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 4

𝑖 + 𝑗
,

 

 3𝐹2 (1,
1

2
,
3

2
; 3,4; 16𝑥) = ∑  

∞

𝑘=0

 𝑎𝑘sp
𝑠so(5)

(0)𝑥𝑘  

 𝑝𝐹𝑞(𝑎1, ⋯ , 𝑎𝑝; 𝑏1, ⋯ , 𝑏𝑞; 𝑧) = ∑  

∞

𝑘=0

 
(𝑎1)𝑘(𝑎2)𝑘 ⋯ (𝑎𝑝)

𝑘

(𝑏1)𝑘(𝑏2)𝑘 ⋯ (𝑏𝑞)
𝑘

𝑧𝑘

𝑘!
 

𝑎𝑘sp
so (5)

(1) =
60(2𝑘)! (2𝑘 + 2)!

(𝑘 − 1)! 𝑘! (𝑘 + 3)! (𝑘 + 4)!
 

⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

 1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘

𝔰𝔬𝔫(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮4

(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)

 =
1 − 𝔮10

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮2 + 3𝔮4 + 3𝔮6 + 3𝔮8 + 2𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(3 + 3𝔮2 + 9𝔮4 + 15𝔮6 + 12𝔮8

+12𝔮10 + 6𝔮12 + 𝔮16)

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 10𝔮2 + 24𝔮4 + 36𝔮6 + 44𝔮8

+41𝔮10 + 31𝔮12 + 19𝔮14 + 10𝔮16 + 4𝔮18 + 𝔮20)
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𝑎𝑘◻
so(5)

(0) = ∑  

⌊
𝑘
2

⌋

𝑖=0

 𝐶𝑖𝐶𝑖+1 (
𝑘

2𝑖
) − ∑  

⌊
𝑘+1

2
⌋

𝑖=0

 𝐶𝑖
2 (

𝑘

2𝑖 − 1
)

 = −𝑘3𝐹2 (
3

2
,
1

2
−

𝑘

2
; 3,3; 16) +  3𝐹2 (

3

2
,
1

2
−

𝑘

2
; 2,3; 16)

 

⟨⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

 1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘

𝔨𝔑𝔰(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮2 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)

 =
𝔮2

(1 − 𝔮4)2
,

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 3𝔮8 + 𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)

 =
(1 − 𝔮6)(1 − 𝔮8)

(1 − 𝔮2)(1 − 𝔮4)3
,

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 6𝔮2 + 9𝔮4 + 16𝔮6 + 15𝔮8

+15𝔮10 + 9𝔮12 + 6𝔮14 + 2𝔮16 + 𝔮18)

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(6 + 22𝔮2 + 54𝔮4 + 82𝔮6 + 15𝔮8

+15𝔮10 + 9𝔮12 + 6𝔮14 + 2𝔮16 + 𝔮18)

 

⟨𝑊(2) ⋯ 𝑊(2)⟩⏟        
𝑘

⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

∑  4𝑘
𝑖=0  𝑎𝑘

𝔰𝔬𝔫(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮4 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)

 =
𝔮4

(1 − 𝔮4)2
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 3𝔮8 + 2𝔮10 + 3𝔮12 + 𝔮14 + 𝔮16

(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻◻𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)

 × (1 + 3𝔮2 + 9𝔮4 + 13𝔮6 + 20𝔮8 + 21𝔮10

+22𝔮12 + 18𝔮14 + 15𝔮16 + 9𝔮18 + 6𝔮20 + 2𝔮22 + 𝔮24)

 

⟨𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

𝔮4𝑘−4 + 𝔮4𝑘

(1 − 𝔮4)(1 − 𝔮8)

 =
𝔮4𝑘−4

(1 − 𝔮4)2
.

 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2BPS

𝑆𝑂(5)
(𝔮) =

∑  8𝑘
𝑖=0  𝑎2

𝔰𝔬𝔡(5)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
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⟨𝑊◻◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 4𝔮8 + 4𝔮10

+6𝔮12 + 5𝔮14 + 5𝔮16 + 4𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24)

⟨𝑊◻◻◻𝑊◻◻◻⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)
(1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 5𝔮8 + 5𝔮10

 +8𝔮12 + 8𝔮14 + 10𝔮16 + 9𝔮18 + 10𝔮20 + 7𝔮22 + 7𝔮24

+4𝔮26 + 3𝔮28 + 𝔮30 + 𝔮32)

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(5)
(𝔮)

 = 1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 9𝔮8 + 11𝔮10 + 21𝔮12 + 26𝔮14 + 44𝔮16 + 54𝔮18 + 84𝔮20 + ⋯
 

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑆𝑂(5)
(𝔮) =

1 − 𝔮24

(1 − 𝔮2)(1 − 𝔮4)2(1 − 𝔮6)(1 − 𝔮8)2(1 − 𝔮12)
 

⟨𝑊sp𝑊sp⟩
Spin(7)

(𝑡; 𝑞)

 =
1

48

(𝑞)∞
6

(𝑞
1
2𝑡𝑡±; 𝑞)

∞

3 ∫ ∏  

3

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

(𝑠𝑖
±; 𝑞)

∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

 × ∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

∏  

3

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)

2

.

 

 

⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
,
1
2
)
⟩

𝑈𝑆𝑝(6)/ℤ2

(𝑡; 𝑞)

 =
1

6

(𝑞)∞
6

(𝑞
1
2±±2; 𝑞)

∞

3 ∮ ∏  

3

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠𝑖

±2; 𝑞)
∞

(𝑞
3
2𝑠𝑖

±2; 𝑞)
∞

(𝑞𝑡2𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 × ∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

⟨𝑊sp𝑊sp⟩1
2
BPS

Spin(7)
(𝔮) = 〈𝑇

(
1
2
,
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
,
1
2
)
〉1
2
BPS

𝑈𝑆𝑝(6)/ℤ2 (𝔮)

 =
1 + 𝔮2 + 𝔮4 + 2𝔮6 + 𝔮8 + 𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮6)
.

 

⟨𝑊sp ⋯ 𝑊sp ⏟      
2𝑘

⟩1
2
BPin(7)

SPS (𝔮) =
∑  6𝑘

𝑖=0  𝑎𝑘 sp 

𝔰𝔬(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
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⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(7)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
(4 + 9𝔮2 + 15𝔮4

 +25𝔮6 + 29𝔮8 + 32𝔮10 + 33𝔮12 + 26𝔮14 + 20𝔮16

+13𝔮18 + 6𝔮20 + 3𝔮22 + 𝔮24),

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(7)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
(30 + 105𝔮2 + 235𝔮4

 +435𝔮6 + 650𝔮8 + 855𝔮10 + 1010𝔮12 + 1055𝔮14

 +1006𝔮16 + 865𝔮18 + 665𝔮20 + 470𝔮22 + 299𝔮24

+170𝔮26 + 89𝔮28 + 40𝔮30 + 15𝔮32 + 5𝔮34 + 𝔮36).

 

𝑎𝑘sp
so (7)

(0) = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 6

𝑖 + 𝑗  

 4𝐹3 (1,
1

2
,
5

2
,
3

2
; 4,5,6; 64𝑥) = ∑  

∞

𝑘=0

 𝑎𝑘sp
so (7)

(0)𝑥𝑘  

⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(7)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘

𝔰𝔬𝔫(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

𝔮6

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 =
1 − 𝔮14

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮)  =

𝔮4 + 3𝔮6 + 3𝔮8 + 3𝔮10 + 3𝔮12 + 3𝔮14 + 2𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 

⟨𝑊◻
◻

⋯ 𝑊◻
◻⏟      

𝑘

⟩1
2
SPS

𝑆𝑂(7)
(𝔮) =

∑  5𝑘
𝑖=0  𝑎

𝑘◻
◻

so(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻
◻
◻

⋯ 𝑊◻
◻
◻⏟      

𝑘

⟩1
2
SPS

𝑆𝑂(7)
(𝔮) =

∑  6𝑘
𝑖=0  𝑎

𝑘
◻
◻
◻

so(7)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(7)

(𝔮) =
𝔮2 + 𝔮6 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(7)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10

+5𝔮12 + 2𝔮14 + 3𝔮16 + 𝔮18 + 𝔮20).
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⟨𝑊◻
◻
◻

⟩

1
2BPS

𝑆𝑂(7)

(𝔮) =
𝔮4 + 𝔮8 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻
◻

⟩

1
2BPS

𝑆𝑂(7)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 7𝔮8 + 6𝔮10

+9𝔮12 + 6𝔮14 + 7𝔮16 + 4𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24).

 

⟨𝑊(𝑙) ⋯ 𝑊(𝑙)⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(7)
(𝔮) =

∑  3𝑙𝑘
𝑖=0  𝑎𝑘(𝑙)

50 (7)

 
(𝑖)𝔮2𝑖

 

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(7)
 (𝔮) =

𝔮4 + 𝔮8 + 𝔮12

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(7)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 4𝔮8 + 3𝔮10 + 5𝔮12

+3𝔮14 + 5𝔮16 + 2𝔮18 + 3𝔮20 + 𝔮22 + 𝔮24)

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁+1)

(𝑡; 𝑞)

 =
1

2𝑁𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±; 𝑞)

∞

𝑁 ∮ ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑠𝑖
±; 𝑞)

∞
(𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

  

 × ∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2)

2

.

 

 

〈𝑇
(
1
2
)

𝑁𝑇
(
1
2
)

𝑁〉𝑈𝑆𝑝(2𝑁)/ℤ2 (𝑡; 𝑞)

 =
1

𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮ ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠𝑖

±2; 𝑞)
∞

(𝑞
3
2𝑠𝑖

±2; 𝑞)
∞

±2

; 𝑞)
∞

 
(𝑞𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 × ∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑡2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞𝑡2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(2𝑁+1)
(𝔮) = 〈𝑇

(
1
2

𝑁
)
𝑇

(
1
2

𝑁
)
〉1
2
BPS

𝑈𝑆𝑝(2𝑁)/ℤ2 (𝔮)

 = ∏  

𝑁

𝑛=1

 
1

(1 − 𝔮2𝑛)
.
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ℐ1
2
BPS

𝑆𝑝𝑖𝑛(2𝑁+1)
(𝔮) = ∏  

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
 

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2𝑁+1)
(𝔮) = ∏  

𝑁

𝑛=1

  (1 + 𝔮2𝑛)  

⟨𝑊sp ⋯ 𝑊sp ⏟      
2𝑘

)1
2
BPS

Spin(2𝑁+1)
(𝔮) =

∑  
𝑁(𝑁+1)𝑘

2
𝑖=0

 𝑎𝑘 sp 

so (2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

𝑎𝑘sp
so (2𝑁+1)

(0) = det(𝐶2𝑁−𝑖−𝑗+𝑘)

 = ∏  

1≤𝑖≤𝑗≤𝑘−1

 
𝑖 + 𝑗 + 2𝑁

𝑖 + 𝑗
,
 

⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

⟩1
2
BPS

𝑆(2𝑁+1)
(𝔮) =

∑  𝑁𝑘
𝑖=0  𝑎𝑘◻

𝑠𝑜(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

𝔮2𝑁

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

,

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

1 + 𝔮2 + 𝔮4 + ⋯ + 𝔮4𝑁

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
1 − 𝔮4𝑁+2

(1 − 𝔮2) ∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝒲◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  = 𝔮2𝑁,

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)  =

1 − 𝔮4𝑁+2

1 − 𝔮2

 

⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2𝑁+1)
(𝔮) = ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) − ⟨𝒲◻⟩1

2
BPS

𝑆𝑂(2𝑁+1)
(𝔮)2

 =
1 − 𝔮4𝑁

1 − 𝔮2
.

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

⟩
1
2
BPS 𝑆𝑂(2𝑁+1)(𝔮) =

∑  
(2𝑁−1)𝑘
𝑖=0  𝑎𝑘◻◻

𝔰𝔬(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) =

𝔮2 + 𝔮6 + ⋯ + 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
𝔮2(1 − 𝔮𝑁𝑁)

(1 − 𝔮4) ∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

.

 

⟨𝒲◻
◻

⟩
1
2
BPS

𝑆𝑂(2𝑁+1)

(𝔮) =
𝔮2(1 − 𝔮4𝑁)

1 − 𝔮4
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⟨𝑊(𝑙) ⋯ 𝑊(𝑙)⏟      
𝑘

⟩1
2
BPS

𝑆𝑂(2𝑁+1)
(𝔮) =

∑  𝑁𝑙𝑘
𝑖=0  𝑎𝑘(𝑙)

so(2𝑁+1)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ2 × ℤ2  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,0)  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (0,1)  

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (1,1)  

𝜒◻
usp(2𝑁)

= ∑  

𝑁

𝑖=1

 (𝑠𝑖 + 𝑠𝑖
−1)  

𝜒◻
𝜇sp(2𝑁)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖+1
− 𝑠𝑗

−𝜆𝑖−𝑁+𝑖−1
)

det(𝑠𝑗
𝑁−𝑖+1 − 𝑠𝑗

−𝑁+𝑖−1)
 

⟨𝑊ℛ1
⋯ 𝑊ℛ𝑘

⟩
𝑈𝑆𝑝(2𝑁)

 = ∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝐿𝑛(𝑠)) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

𝒖𝒔𝒑(2𝑁)
(𝑠),

 

𝐿𝑛(𝑠) =
𝑃𝑛(𝑠)2 + 𝑃2𝑛(𝑠)

2
 

exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝐿𝑛(𝑠)) = ∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡)𝐿𝜆(𝑠)  

⟨𝑊ℛ1
⋯ 𝑊ℛ𝑘

⟩
𝑈𝑆𝑝(2𝑁)

= ∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡) ∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝐿𝜆(𝑠) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

usp(2𝑁)
(𝑠)  

𝐿𝜆(𝑠) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

𝐮𝐬𝐩(2𝑁)
(𝑠) = ∑  

𝜇

 𝑏𝜆,ℛ
𝜇

𝑃𝜇(𝑠)  

∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝑃𝜇(𝑠) = ∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇),  

𝑅𝑛
𝑐(𝑝) = {𝜆 ⊢ 𝑝 ∣ ℓ(𝜆) ≤ 𝑛 and ∀𝜆𝑖

′  is even }  

∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝐿𝜆(𝑠) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

𝜇𝔰𝔭(2𝑁)
(𝑠) = ∑  

𝜇

 𝑏𝜆,ℛ
𝜇

∫  𝑑𝜇𝑈𝑆𝑝(2𝑁)𝑃𝜇(𝑠)

 = ∑  

𝜇

 𝑏𝜆,ℛ
𝜇

∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇).
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⟨𝑊ℛ1
⋯ 𝑊ℛ𝑘

⟩
𝑈𝑆𝑝(2𝑁)

= ∑  

𝜆

 
1

𝑧𝜆
𝑓𝜆(𝑞, 𝑡) ∑  

𝜇

 𝑏𝜆,ℛ
𝜇

∑  

𝜈∈𝑅2𝑁
𝑐 (|𝜇|)

 𝜒𝜈
𝑆(𝜇)  

⟨𝑊◻𝑊◻⟩𝑈𝑆𝑝(2)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±2; 𝑞)∞(𝑞𝑠±2; 𝑞)∞

(𝑞
1
2𝑡2𝑠±2; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±2; 𝑞)

∞

(𝑠 + 𝑠−1)2 

⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(3)

(𝑡; 𝑞)

 =
(𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑞
1
2𝑠±; 𝑞)

∞
(𝑞

3
2𝑠±; 𝑞)

∞

(𝑞𝑡2𝑠±; 𝑞)∞(𝑞𝑡−2𝑠±; 𝑞)∞

 

⟨𝑊◻𝑊◻⟩𝑈𝑆𝑝(2)(𝑡; 𝑞)

 = ⟨𝑊sp𝑊sp⟩
Spin(3)

(𝑡; 𝑞)

 = ⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(3)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
)
𝑇

(
1
2
)
⟩

𝑈𝑆𝑝(2)/ℤ2

(𝑡; 𝑞)

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(2)
(𝔮) = ⟨𝑇(1)𝑇(1)⟩1

2BPS

𝑆𝑂(3)
(𝔮)

 =
1 + 𝔮2

1 − 𝔮4

 =
1

1 − 𝔮2

 

⟨𝑊◻◻𝑊◻◻⟩𝑈𝑆𝑝(2)(𝑡; 𝑞)

 =
1

2

(𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠

(𝑠±2; 𝑞)∞(𝑞𝑠±2; 𝑞)∞

(𝑞
1
2𝑡2𝑠±2; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±2; 𝑞)

∞

(1 + 𝑠2 + 𝑠−2)2   

⟨𝑊(2𝑘)⟩
𝑈𝑆𝑝(2)

(𝑡; 𝑞) = ⟨𝑊(𝑘)⟩
𝑆𝑂(3)

(𝑡; 𝑞).  

⟨𝑊(2𝑘)⟩1
2BPS

𝑈𝑆𝑝(2)
(𝔮) =

𝔮2𝑘

(1 − 𝔮4)
 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2BPS

𝑈𝑆𝑝(2)
(𝔮) =

1 − 𝔮2𝑘+2

(1 − 𝔮2)(1 − 𝔮4)
 

⟨𝑊(∞)𝑊(∞)⟩1
2BPS

𝑈𝑆𝑆(2)
(𝔮) =

1

(1 − 𝔮2)(1 − 𝔮4)
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⟨𝑊◻𝑊◻⟩𝑈𝑆𝑝(4)(𝑡; 𝑞)

 =
1

8

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

[∑  

2

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

,

 

 

⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(5)

(𝑡; 𝑞)

 =
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑞
1
2𝑠1

±; 𝑞)
∞

(𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±; 𝑞)
∞

; 𝑞)
∞

(𝑞
1
2𝑡2𝑠2

±; 𝑞𝑠∞
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠2

±; 𝑞)
∞

 
 

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞

(𝑞𝑡2𝑠1
±𝑠2

±; 𝑞)
∞

(𝑞𝑡−2𝑠1
±𝑠2

∓; 𝑞)
∞

(𝑞𝑡−2𝑠1
±𝑠2

±; 𝑞)
∞

.

 

⟨𝑊◻𝑊◻⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊sp𝑊sp⟩
Spin(5)

(𝑡; 𝑞)

= ⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(5)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
)
⟩

𝑈𝑆𝑝(4)/ℤ2

(𝑡; 𝑞).
 

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮) = ⟨𝑇(1,0)𝑇(1,0)⟩1

2
BPS

𝑆𝑂(5)
(𝔮)

 =
1

(1 − 𝔮2)(1 − 𝔮4)
,

 

⟨𝑊◻
◻

⟩
𝑈𝑆𝑝(4)

(𝑡; 𝑞) = ⟨𝑊◻
◻

⟩
𝑆𝑂(5)

(𝑡; 𝑞)  

⟨𝑊◻
◻

⋯ 𝑊◻
◻⏟      

𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊◻
◻

⋯ 𝑊◻
◻⏟      

𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞)
 

⟨𝑊◻◻ ⋯ 𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊◻
◻

⋯ 𝑊◻
◻⏟      

𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞)
 

⟨𝑊(2𝑙) ⋯ 𝑊(2𝑙)⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊(𝑙2) ⋯ 𝑊(𝑙2)⏟        
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞)
 

⟨𝑊(2𝑙) ⋯ 𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮) =

∑  3𝑙𝑘
𝑖=0  𝑎𝑘

usp (4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮) = ⟨𝑊(∞2)𝑊(∞2)⟩1

2
BPS

𝑆𝑂(5)

(𝔮)

 = 1 + 𝔮2 + 4𝔮4 + 5𝔮6 + 13𝔮8 + 16𝔮10 + 33𝔮12 + 41𝔮14 + 73𝔮16 + 90𝔮18 + 145𝔮20 + ⋯ .
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⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑈𝑆𝑝(4)
(𝔮) = ⟨𝑊(∞2)𝑊(∞2)⟩1

2
BPS

𝑆𝑂(5)

(𝔮)

 =
1 − 𝔮16

(1 − 𝔮2)(1 − 𝔮4)3(1 − 𝔮6)(1 − 𝔮8)2
.

 

⟨𝑊(𝑙2) ⋯ 𝑊(𝑙2)⏟        
𝑘

⟩𝑈𝑆𝑝(4)(𝑡; 𝑞) = ⟨𝑊(𝑙) ⋯ 𝑊(𝑙)⏟      
𝑘

⟩𝑆𝑂(5)(𝑡; 𝑞)
 

⟨𝑊◻𝑊◻⟩𝑈𝑆𝑝(6)(𝑡; 𝑞)

 =
1

48

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮ ∏  

3

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 × ∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

3

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

.

 

 

⟨𝑇(1,0,0)𝑇(1,0,0)⟩
𝑆𝑂(7)

(𝑡; 𝑞)

 =
1

8

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮ ∏  

3

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑞
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(𝑞1+
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(𝑞
1+𝛿𝑖,1

2 𝑡2𝑠𝑖
±; 𝑞)

∞

(𝑞
1+𝛿𝑖,1

2 𝑡−2𝑠𝑖
±; 𝑞)

∞

  

 × ∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

.

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) = ⟨𝑇(1,0,0)𝑇(1,0,0)⟩1

2
BPS

𝑆𝑂(7)
(𝔮)

 =
1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8(1 − 𝔮12))

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

∑  5𝑘
𝑖=0  𝑎𝑘◻

usp(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
(3 + 6𝔮2 + 9𝔮4 + 12𝔮6 + 14𝔮8

+15𝔮10 + 12𝔮12 + 9𝔮14 + 6𝔮16 + 3𝔮18 + 𝔮20)

 

det (
𝐹0 𝐹1 𝐹2

𝐹1 𝐹2 𝐹3

𝐹2 𝐹3 𝐹4

) = ∑  

∞

𝑘=0

 
𝑎𝑘◻

usp (6)
(0)

(2𝑘)!
𝑥2𝑘  
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𝐹𝑚(𝑥): = ∑  

𝑚

𝑗=0

  (
𝑚

𝑗
) (𝐼2𝑗−𝑚(2𝑥) − 𝐼2𝑗−𝑚+2(2𝑥))  

𝐼𝑘(2𝑥): = ∑  

∞

𝑛=0

 
𝑥2𝑛+𝑘

𝑛! (𝑛 + 𝑘)!
 

⟨𝑊◻
◻

⟩
1
2
BPS

𝑈𝑆𝑝(6)

(𝔮) =
𝔮4 + 𝔮8

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑈𝑆𝑝(6)

(𝔮) =
1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 3𝔮8 + 2𝔮10 + 3𝔮12 + 𝔮14 + 𝔮16

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.

 

 

⟨𝑊◻
◻
◻

𝑊◻
◻
◻

⟩

1
2
BPS

𝑈𝑆𝑆(6)

(𝔮) =
1 + 𝔮2 + 𝔮4 + 2𝔮6 + 2𝔮8 + 2𝔮10 + 2𝔮12 + 𝔮14 + 𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻◻ ⋯ 𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(6)(𝑡; 𝑞) = ⟨𝑊◻
◻

⋯ 𝑊◻
◻⏟      

𝑘

⟩𝑆𝑂(7)(𝑡; 𝑞)
 

⟨𝑊◻◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮)  =

𝔮2 + 𝔮6 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮)  =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10

+5𝔮12 + 2𝔮14 + 3𝔮16 + 𝔮18 + 𝔮20)

 

⟨𝑊(2𝑙) ⋯ 𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

∑  5𝑙𝑘
𝑖=0  𝑎𝑘(2𝑙)

𝑢𝔰𝔭𝔭(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻◻◻⟩1
2
BPS

𝑈𝑆𝑝(6)
(𝔮) =

𝔮4 + 𝔮8 + 2𝔮12 + 𝔮16 + 𝔮20

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
 

⟨𝑊◻𝑊◻⟩𝑈𝑆𝑝(2𝑁)(𝑡; 𝑞)

 =
1

2𝑁𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮ ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑠𝑖
±2; 𝑞)

∞
(𝑞𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±2; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±2; 𝑞)
∞

  

 × ∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

.
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〈𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)〉
𝑆𝑂(2𝑁+1) (𝑡; 𝑞)

 =
1

2𝑁−1(𝑁 − 1)!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁  ∮ ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖

(𝑞
1
2

𝛿𝑖,1𝑠𝑖
±; 𝑞)

∞
(𝑞1+

1
2

𝛿𝑖,1𝑠𝑖
±; 𝑞)

∞

(
1 + 𝛿𝑖,1

2
𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1+𝛿𝑖,1

2 𝑡−2𝑠𝑖
±; 𝑞)

∞

 

 × ∏  

𝑖<𝑗

 

(𝑞
1
2

𝛿𝑖+𝑗,1𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1
2

𝛿𝑖+𝑗,1𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞1+
1
2

𝛿𝑖+𝑗,1𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+

1
2

𝛿𝑖+𝑗,1,1
± 𝑠𝑖

±𝑠𝑗
±;𝑞)

∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2

2 𝑡−2𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1+𝛿𝑖+𝑗,1

2 𝑡−2𝑠𝑖
±𝑠𝑗

±; 𝑞)
∞

.

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) = ⟨𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)⟩1

2
BPS

𝑆𝑂(2𝑁+1)

(𝔮)

 =
1

(1 − 𝔮2) ∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

.

 

ℐ1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) = ∏  

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
 

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

1 − 𝔮4𝑁

1 − 𝔮2  

⟨𝑊◻ ⋯ 𝑊◻⏟      ⟩

2𝑘

 1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

∑  
(2𝑁−1)𝑘
𝑖=0  𝑎𝑘◻

usp (2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

det(𝐹𝑖+𝑗−2(𝑥)) = ∑  

∞

𝑘=0

𝑎𝑘◻
usp (2𝑁)

(0)

(2𝑘)!
𝑥2𝑘 

⟨𝑊◻
◻

⋯ 𝑊◻
◻⏟      

𝑘

⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

∑  
2(𝑁−1)𝑘
𝑖=0  𝑎

𝑘◻
◻

usp(2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

⟨𝑊◻◻ ⋯ 𝑊◻◻⏟        
𝑘

⟩𝑈𝑆𝑝(2𝑁)(𝑡; 𝑞) = ⟨𝑊◻
◻

⋯ 𝑊◻
◻⏟      

𝑘

⟩𝑆𝑂(2𝑁+1)(𝑡; 𝑞)
 

⟨𝑊◻◻⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

𝔮2 + 𝔮6 + ⋯ + 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
𝔮2(1 − 𝔮4𝑁)

(1 − 𝔮4) ∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

.

 

⟨𝑊(2𝑙) ⋯ 𝑊(2𝑙)⏟        
𝑘

⟩1
2
BPS

𝑈𝑆𝑝(2𝑁)
(𝔮) =

∑  
(2𝑁−1)𝑙𝑘
𝑖=0  𝑎𝑘(2𝑙)

usp(2𝑁)
(𝑖)𝔮2𝑖

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) ∈ (ℤ2 × ℤ2) × (ℤ2 × ℤ2)  
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Spin(2𝑁),

𝑆𝑂(2𝑁) = Spin(2𝑁)/ℤ2
𝑉 ,

𝑆𝑠(2𝑁) = Spin(2𝑁)/ℤ2
𝑆,

𝑆𝑐(2𝑁) = Spin(2𝑁)/ℤ2
𝐶 ,

𝑆𝑂(2𝑁)/ℤ2 = Spin(2𝑁)/(ℤ2
𝑆 × ℤ2

𝐶).

 

 

𝑆𝑠(2𝑁)+: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,1),

𝑆𝑠(2𝑁)−: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,1; 0,1).

 

𝑆𝑠(2𝑁)+: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 1,0),

𝑆𝑠(2𝑁)−: (𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (1,0; 0,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,1; 1,0).

 

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (0,0; 0,0)

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (𝑛𝑆𝑆, 𝑛𝑆𝐶 ; 1,0),

(𝑧𝑒,𝑆, 𝑧𝑒,𝐶 ; 𝑧𝑚,𝑆, 𝑧𝑚,𝐶) = (𝑛𝐶𝑆, 𝑛𝐶𝐶; 0,1),

 

(𝑧𝑒 , 𝑧𝑚) ∈ ℤ4 × ℤ4  

Spin(2𝑁),

𝑆𝑂(2𝑁) = Spin(2𝑁)/ℤ2,

𝑆𝑂(2𝑁)/ℤ2 = Spin(2𝑁)/ℤ4.

 

(𝑧𝑒 , 𝑧𝑚) = (0,0), (𝑧𝑒 , 𝑧𝑚) = (𝑛, 1)  

𝜒sp
𝔰𝔬(2𝑁)

=
1

2
[∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) + ∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)]  

𝜒sp
so(2𝑁)

=
1

2
[∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) − ∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)]  

𝜒◻
so (2𝑁)

= ∑  

𝑁

𝑖=1

 (𝑠𝑖 + 𝑠𝑖
−1)  

𝜒𝜆
so(2𝑁)

=
det (𝑠𝑗

𝜆𝑖+𝑁−𝑖
+ 𝑠𝑗

−𝜆𝑖−𝑁+𝑖
) + det (𝑠𝑗

𝜆𝑖+𝑁−𝑖
− 𝑠𝑗

−𝜆𝑖−𝑁+𝑖
)

det(𝑠𝑗
𝑁−𝑖 + 𝑠𝑗

−𝑁+𝑖)
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⟨𝑊ℛ1
⋯ 𝑊ℛ𝑘

⟩
𝑆𝑂(2𝑁)

 = ∫  𝑑𝜇𝑆𝑂(2𝑁)exp (∑  

∞

𝑛=1

 
1

𝑛
𝑓𝑛(𝑞, 𝑡)𝑀𝑛(𝑠)) ∏  

𝑘

𝑖=1

 𝜒ℛ𝑖

𝔰𝔬(2𝑁)
(𝑠),

 

𝑑𝜇𝑆𝑂(2𝑁) =
1

2𝑁−1𝑁!
∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
∏  

1≤𝑖<𝑗≤𝑁

 (1 − 𝑠𝑖𝑠𝑗)(1 − 𝑠𝑖
−1𝑠𝑗

−1)(1 − 𝑠𝑖𝑠𝑗
−1)(1 − 𝑠𝑖

−1𝑠𝑗)  

𝑀𝑛(𝑠) =
𝑃𝑛(𝑠)2 + 𝑃2𝑛(𝑠)

2
 

ℐ𝑆𝑂(4)(𝑡; 𝑞) = ℐ𝑆𝑈(2)(𝑡; 𝑞) × ℐ𝑆𝑈(2)(𝑡; 𝑞)

 =

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(𝑞; 𝑞)∞
4

(

 
 

∑  
𝑝1,𝑝2∈ℤ
𝑝1<𝑝2

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2−2

(1 − 𝑞𝑝1−
1
2𝑡2) (1 − 𝑞𝑝2−

1
2𝑡2)

)

 
 

2

.
 

 

⟨𝑊sp𝑊sp⟩
Spin(4)

(𝑡; 𝑞) =
1

4

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 × (𝑠1

1
2𝑠2

1
2 + 𝑠1

−
1
2𝑠2

−
1
2)

2

.

 

 

⟨𝑇
(
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
)
⟩

𝑆𝑂(4)/ℤ2

(𝑡; 𝑞) =
1

2

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

.

 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(4)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
)
⟩

𝑆𝑂(4)/ℤ2

(𝑡; 𝑞)

 = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊◻𝑊◻⟩𝑆𝑈(2)(𝑡; 𝑞),

 



pág. 8961 

⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆pin(4)
(𝔮) = ⟨𝑇

(
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
)
⟩
1
2
BPS

𝑆𝑂(4)/ℤ2

(𝔮)

 =
1 + 𝔮2

(1 − 𝔮4)2

 =
1

(1 − 𝔮2)(1 − 𝔮4)
.

 

⟨𝑊sp ⋯ 𝑊sp ⏟      
2𝑘

⟩𝑆𝑝𝑖𝑛(4)(𝑡; 𝑞) = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞)
 

⟨𝑊sp ⋯ 𝑊sp⏟      
2𝑘

)1
2
BPS

Spin(4)
(𝔮) = ℐ1

2
BPS

𝑆𝑂(4)
(𝔮) ∑  

𝑘

𝑖=0

 𝑎𝑘sp
so (4)

(𝑖)𝔮2𝑖

 =
1

(1 − 𝔮4)2
∑  

𝑘

𝑖=0

 𝑎𝑘sp
so (4)

(𝑖)𝔮2𝑖

 

𝑎𝑘sp
so (4)

(𝑖) =
(2𝑖 + 1)(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

Spin(4)
(𝔮)  =

2 + 3𝔮2 + 𝔮4

(1 − 𝔮4)2
,

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(4)
(𝔮)  =

5 + 9𝔮2 + 5𝔮4 + 𝔮6

(1 − 𝔮4)2
,

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(4)
(𝔮)  =

14 + 28𝔮2 + 20𝔮4 + 7𝔮6 + 𝔮8

(1 − 𝔮4)2
.

 

⟨𝑊sp
2𝑘𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮) = (ℐ1

2
BPS

𝑆𝑂(4)
(𝔮))

−1

⟨𝑊sp
2𝑘⟩1

2
BPS

Spin(4)
(𝔮)⟨𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮)

 = (1 − 𝔮4)2⟨𝑊sp
2𝑘⟩1

2
BPS

Sin(4)
(𝔮)⟨𝑊sp

2𝑚⟩1
2
BPS

Sin(4)
(𝔮).

 

⟨𝑊sp
2𝑘𝑊sp

2𝑚⟩1
2
BPS

Spin(4)
(𝔮) =

1

(1 − 𝔮4)2
(∑  

𝑘

𝑖=0

 𝑎𝑘sp
so(4)

(𝑖)𝔮2𝑖) (∑  

𝑚

𝑗=0

 𝑎𝑚sp
so(4)

(𝑗)𝔮2𝑗)  

⟨𝑊◻𝑊◻⟩𝑆𝑂(4)(𝑡; 𝑞) =
1

4

(𝑞)∞
4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 × (𝑠1 + 𝑠2 + 𝑠1
−1 + 𝑠2

−1)2.
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⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(4)

(𝑡; 𝑞) =
(𝑞)∞

4

(𝑞
1
2𝑡±2; 𝑞)

∞

2 ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞

(𝑞𝑡2𝑠1
±𝑠2

±; 𝑞)
∞

(𝑞𝑡−2𝑠1
±𝑠2

∓; 𝑞)
∞

(𝑞𝑡−2𝑠1
±𝑠2

±; 𝑞)
∞

.

 

⟨𝑊◻𝑊◻⟩𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻⟩𝑆𝑈(2)(𝑡; 𝑞)2  

⟨𝑊◻𝑊◻⟩ 1
2
BPS

𝑆𝑂(4)
(𝔮) =

1

(1 − 𝔮2)2
 

⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞)2
 

⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘

𝔰𝔬(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)2
 

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

4 + 12𝔮2 + 13𝔮4 + 6𝔮6 + 𝔮8

(1 − 𝔮4)2

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩ 1
2
BPS

𝑆𝑂(4)
(𝔮)  =

25 + 90𝔮2 + 131𝔮4 + 100𝔮6 + 43𝔮8 + 10𝔮10 + 𝔮12

(1 − 𝔮4)2

 

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

1

(1 − 𝔮4)2
(196 + 784𝔮2 + 1344𝔮4 + 1316𝔮6

+820𝔮8 + 336𝔮10 + 89𝔮12 + 14𝔮14 + 𝔮16).

 

𝑎
𝑘

so(4) 
(0) = 𝐶𝑘

2
 

⟨𝑊◻𝑊◻⟩𝑆𝑂(4)−
(𝑡; 𝑞) =

1

2

(𝑞)∞
2 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞
(−𝑞

1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠
 

 ×
(𝑠±; 𝑞)∞(−𝑠; 𝑞)∞(𝑞𝑠±; 𝑞)∞(−𝑞𝑠±; 𝑞)∞

(𝑞
1
2𝑡2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑡2𝑠±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑡−2𝑠±; 𝑞)

∞

(𝑠 + 𝑠−1)2.

 

 

⟨𝑇(1)𝑇(1)⟩
𝑆𝑂(4)−

(𝑡; 𝑞) =
(𝑞)∞

2 (−𝑞; 𝑞)∞
2

(𝑞
1
2𝑡±2; 𝑞)

∞
(−𝑞

1
2𝑡±2; 𝑞)

∞

∮
𝑑𝑠

2𝜋𝑖𝑠
  

 ×

(𝑞
1
2𝑠±; 𝑞)

∞
(−𝑞

1
2𝑠; 𝑞)

∞
(𝑞

3
2𝑠±; 𝑞)

∞
(−𝑞

3
2𝑠±; 𝑞)

∞

(𝑞𝑡2𝑠±; 𝑞)∞(−𝑞𝑡2𝑠±; 𝑞)∞(𝑞𝑡−2𝑠±; 𝑞)∞(−𝑞𝑡−2𝑠±; 𝑞)∞
.
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⟨𝑊◻𝑊◻⟩𝑆𝑂(4)−
(𝑡; 𝑞) = ⟨𝑇(1)𝑇(1)⟩

𝑆𝑂(4)−

(𝑡; 𝑞)

 = ⟨𝑊◻𝑊◻⟩𝑆𝑈(2)(𝑡2; 𝑞2).
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(4)−

(𝔮) = ⟨𝑇(1)𝑇(1)⟩1
2
BPS

𝑆𝑂(4)−

(𝔮)

 =
1

1 − 𝔮4
.

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(4)−

(𝔮) =
∑  𝑘

𝑖=0  𝑎𝑘◻
𝔰𝔬(4)−

(𝑖)𝔮4𝑖

1 − 𝔮8

𝑎𝑘◻
𝔰𝔬(4)−

(𝑖) = (2𝑖 + 1)
(2𝑘)!

(𝑘 − 𝑖)! (𝑘 + 𝑖 + 1)!
,

 

⟨𝑊𝜆1
⋯ 𝑊𝜆𝑘

⟩
𝑂(4)+

(𝑡; 𝑞) =
1

2
[⟨𝑊𝜆1

⋯ 𝑊𝜆𝑘
⟩
𝑆𝑂(4)

(𝑡; 𝑞) + ⟨𝑊𝜆1
⋯ 𝑊𝜆𝑘

⟩
𝑆𝑂(4)−

(𝑡; 𝑞)] .  

⟨𝑊◻𝑊◻⟩𝑂(4)+
(𝑡; 𝑞) = ⟨𝑇(1)𝑇(1)⟩

𝑂(4)+

(𝑡; 𝑞)  

⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑂(4)+

(𝔮) =
∑  2𝑘+1

𝑖=0  𝑎𝑘◻
𝑜(4)

(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+

(𝔮) =
1 + 𝔮2 + 𝔮4 + 𝔮6

(1 − 𝔮4)(1 − 𝔮8)

 =
1

(1 − 𝔮2)(1 − 𝔮4)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+

(𝔮) =
3 + 6𝔮2 + 9𝔮4 + 9𝔮6 + 6𝔮8 + 3𝔮10

(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(4)+

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)
(15 + 45𝔮2 + 80𝔮4 + 95𝔮6 + 85𝔮8

+55𝔮10 + 20𝔮12 + 5𝔮14).

 

𝑎
𝑘

𝔬(4)
(0) =

1

2
(𝐶𝑘

2 + 𝐶𝑘) 

◻
◻

= (1,1),
◻
◻

‾
= (1, −1)  

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
𝑘

⟩  1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  𝑘
𝑖=0  𝑎

𝑘◻
◻

so(4)
(𝑖)𝔮2𝑖

(1 − 𝔮4)2
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⟨𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
𝔮2

(1 − 𝔮4)2
,

⟨𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
1 + 𝔮2 + 𝔮4

(1 − 𝔮4)2
,

⟨𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
1 + 3𝔮2 + 2𝔮4 + 𝔮6

(1 − 𝔮4)2

⟨𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
3 + 6𝔮2 + 6𝔮4 + 3𝔮6 + 𝔮8

(1 − 𝔮4)2

⟨𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
6 + 15𝔮2 + 15𝔮4 + 10𝔮6 + 4𝔮8 + 𝔮10

(1 − 𝔮4)2
,

⟨𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) =
15 + 36𝔮2 + 40𝔮4 + 29𝔮6 + 15𝔮8 + 5𝔮10 + 𝔮12

(1 − 𝔮4)2

 

 

⟨(𝑊◻
◻

)
𝑘

(𝑊◻
◻
̅ )

𝑚

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) = (1 − 𝔮4)2 ⟨(𝑊◻
◻

)
𝑘

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮) ⟨(𝑊◻
◻
̅ )

𝑚

⟩
1
2
BPS

𝑆𝑂(4)

(𝔮)  

⟨𝑊(𝑙) ⋯ 𝑊(𝑙)⟩⏟        
𝑘

𝑆𝑂(4)
(𝑡; 𝑞) = ⟨𝑊(𝑙) ⋯ 𝑊(𝑙)⟩⏟        

𝑘

𝑆𝑈(2)
(𝑡; 𝑞)2

 

⟨𝑊◻◻ ⋯ 𝑊◻◻⏟        
𝑘

⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

∑  2𝑘
𝑖=0  𝑎𝑘◻◻

so (4)−

(𝑖)𝔮2𝑖

(1 − 𝔮4)2
 

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

𝔮4

(1 − 𝔮4)2

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

(1 + 𝔮2 + 𝔮4)2

(1 − 𝔮4)2

⟨𝑊◻◻𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  =

(1 + 3𝔮2 + 2𝔮4 + 𝔮6)2

(1 − 𝔮4)2

 

𝑎𝑘◻◻
so(4)− 

(0) = 𝑅𝑘
2

𝑎𝑘◻◻
so(4)− 

(1) = 2𝑅𝑘𝑅𝑘+1

 

⟨(𝑊◻◻)𝑘⟩
𝑆𝑂(4)

= ⟨(𝑊◻
◻

)
𝑘

(𝑊◻
◻
̅ )

𝑘

⟩

𝑆𝑂(4)

 

⟨𝑊(2𝑘)⟩1
2BPS

𝑆𝑂(4)
(𝔮) =

𝔮4𝑘

(1 − 𝔮4)2
 

⟨𝑊(𝑘)𝑊(𝑘)⟩1
2
BPS

𝑆𝑂(4)
(𝔮) =

(1 − 𝔮2𝑘+2)
2

(1 − 𝔮2)2(1 − 𝔮4)2
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⟨𝑊(∞)𝑊(∞)⟩1
2BPS

𝑆𝑂(4)
(𝔮) =

1

(1 − 𝔮2)2(1 − 𝔮4)2  

⟨𝑊(𝑙) ⋯ 𝑊(𝑙)⏟      
𝑘

⟩𝑆𝑂(4)−
(𝑡; 𝑞) = ⟨𝑊(𝑙) ⋯ 𝑊(𝑙)⏟      

𝑘

⟩𝑆𝑈(2)(𝑡2; 𝑞2)
 

⟨𝑊(2𝑙)⟩1
2
BPS

𝑆𝑂(4)−

(𝔮)  =
𝔮4𝑙

1 − 𝔮8
,

⟨𝑊(𝑙)𝑊(𝑙)⟩1
2
BPS

𝑆𝑂(4)−

(𝔮)  =
1 − 𝔮4𝑙+4

(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊(2𝑙)⟩1
2
BPS

𝑂(4)+

(𝔮)  =
𝔮4𝑙

(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊(𝑙)𝑊(𝑙)⟩1
2
BPS

𝑂(4)+

(𝔮)  =
1 − 𝔮2 + 𝔮4 − 𝔮2𝑙+2 − 𝔮2𝑙+6 + 𝔮4𝑙+6

(1 − 𝔮2)2(1 − 𝔮4)(1 − 𝔮8)

 

⟨𝑊(∞)𝑊(∞)⟩1
2
BPS

𝑂(4)+

(𝔮) =
1 − 𝔮2 + 𝔮4

(1 − 𝔮2)2(1 − 𝔮4)(1 − 𝔮8)
 

⟨𝑊(𝑙,𝑙) ⋯ 𝑊(𝑙,𝑙)⏟        
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞) = ⟨𝑊(𝑙,−𝑙) ⋯ 𝑊(𝑙,−𝑙)⏟          
𝑘

⟩𝑆𝑂(4)(𝑡; 𝑞)

 = ℐ𝑆𝑈(2)(𝑡; 𝑞)⟨𝑊(2𝑙) ⋯ 𝑊(2𝑙)⏟        
𝑘

⟩𝑆𝑈(2)(𝑡; 𝑞).
 

⟨𝑊(𝑙,𝑙)⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  = ⟨𝑊(𝑙,−𝑙)⟩1

2
BPS

𝑆𝑂(4)
(𝔮) =

𝔮2𝑙

(1 − 𝔮4)2
,

⟨𝑊(𝑙,𝑙)𝑊(𝑙,𝑙)⟩1
2
BPS

𝑆𝑂(4)
(𝔮)  = ⟨𝑊(𝑙,−𝑙)𝑊(𝑙,−𝑙)⟩1

2
BPS

𝑆𝑂(4)
(𝔮) =

1 − 𝔮4𝑙+2

(1 − 𝔮2)(1 − 𝔮4)2
.

 

⟨𝑊(𝑙,𝑙)
𝑘 𝑊(𝑙,−𝑙)

𝑘 ⟩
𝑆𝑂(4)

= ⟨𝑊(2𝑙)
𝑘 ⟩

𝑆𝑂(4)
 

ℐ𝑆𝑂(6)(𝑡; 𝑞) = ℐ𝑆𝑈(4)(𝑡; 𝑞)

 = −

(𝑞
1
2𝑡±2; 𝑞)

∞

(𝑞; 𝑞)∞
2 ∑  

𝑝1,𝑝2,𝑝3,𝑝4∈ℤ
𝑝1<𝑝2<𝑝3<𝑝4

 
(𝑞

1
2𝑡−2)

𝑝1+𝑝2+𝑝3+𝑝4−8

(1 − 𝑞𝑝1−1𝑡4)(1 − 𝑞𝑝2−1𝑡4)(1 − 𝑞𝑝3−1𝑡4)(1 − 𝑞𝑝4−1𝑡4)

 

⟨𝑊sp𝑊sp⟩
Spin(6)

(𝑡; 𝑞) =
1

24

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮ ∏  

3

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 × ∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 × (1 + 𝑠1𝑠2 + 𝑠1𝑠3 + 𝑠2𝑠3)(1 + 𝑠1
−1𝑠2

−1 + 𝑠1
−1𝑠3

−1 + 𝑠2
−1𝑠3

−1)
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⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
,
1
2
)
⟩

𝑆𝑂(6)/ℤ2

(𝑡; 𝑞) =
1

6

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮ ∏  

3

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 × ∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(6)

(𝑡; 𝑞) = 〈𝑇
(
1
2
,
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
,
1
2
)
〉𝑆𝑂(6)/ℤ2 (𝑡; 𝑞)

 = ⟨𝑊◻𝑊◻‾ ⟩𝑆𝑈(4)(𝑡; 𝑞).
 

⟨𝑊sp𝑊sp⟩
𝑆𝑝𝑖𝑛(6)

(𝑡; 𝑞) = ⟨𝑇
(
1
2
,
1
2
,
1
2
)
𝑇

(
1
2
,
1
2
,
1
2
)
⟩
1
2
BPS

𝑆𝑂(6)/ℤ2

(𝔮) =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮6)
 

⟨𝑊sp𝑊sp ⋯ 𝑊sp𝑊sp ⏟            
2𝑘

⟩𝑆𝑝𝑖𝑛(6)(𝑡; 𝑞) = ⟨𝑊◻𝑊◻‾ ⋯ 𝑊◻𝑊◻‾⏟          
2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞)
 

⟨𝑊sp𝑊sp ⋯ 𝑊sp𝑊sp⏟            
2𝑘

⟩1
2
BPS

𝑆𝑝𝑖𝑛(6)
(𝔮) =

∑  3𝑘
𝑖=0  𝑎𝑘 sp 

so (6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(6)
 (𝔮) =

2 + 4𝔮2 + 6𝔮4 + 7𝔮6 + 5𝔮8 + 3𝔮10 + 𝔮12

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
 

⟨𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(6 + 18𝔮2 + 35𝔮4 + 50𝔮6

+53𝔮8 + 45𝔮10 + 29𝔮12 + 14𝔮14 + 5𝔮16 + 𝔮18).

 

 

det (

𝐼0(2𝑥) 𝐼1(2𝑥) 𝐼2(2𝑥) 𝐼3(2𝑥)
𝐼1(2𝑥) 𝐼0(2𝑥) 𝐼1(2𝑥) 𝐼2(2𝑥)
𝐼2(2𝑥) 𝐼1(2𝑥) 𝐼0(2𝑥) 𝐼1(2𝑥)
𝐼3(2𝑥) 𝐼2(2𝑥) 𝐼1(2𝑥) 𝐼0(2𝑥)

) = ∑  

∞

𝑘=0

 
𝑎𝑘   sp

so(6)
(0)

(𝑘!)2
𝑥2𝑘  

 

⟨𝑊◻𝑊◻⟩𝑆𝑂(6)(𝑡; 𝑞) =
1

24

(𝑞)∞
6

(𝑞
1
2𝑡±2; 𝑞)

∞

3 ∮ ∏  

3

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 × ∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 × (𝑠1 + 𝑠2 + 𝑠3 + 𝑠1
−1 + 𝑠2

−1 + 𝑠3
−1)2.
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⟨𝑇(1,0,0)𝑇(1,0,0)⟩
𝑆𝑂(6)

(𝑡; 𝑞) =
1

4

(𝑞)∞
6

(𝑞
1
2𝑡2; 𝑞)

∞

3 ∮ ∏  

3

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 × ∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1,𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2(1+𝛿𝑖+𝑗,1,1𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.

 

⟨𝑊◻𝑊◻⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑇(1,0,0)𝑇(1,0,0)⟩
𝑆𝑂(6)

(𝑡; 𝑞)

 = ⟨𝑊◻
◻

⋯ 𝑊◻
◻

⟩
𝑆𝑈(4)

(𝑡; 𝑞).
 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮) = ⟨𝑇(1,0,0)𝑇(1,0,0)⟩1

2BPS

𝑆𝑂(6)
(𝔮)

 =
1 + 𝔮2 + 2𝔮4 + 𝔮6 + 𝔮8

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)

 =
1

(1 − 𝔮2)(1 − 𝔮4)2
.

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊◻
◻

⋯ 𝑊◻
◻⏟      

2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞)
 

⟨⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(6)
(𝔮) =

∑  4𝑘
𝑖=0  𝑎

𝑘

𝔰𝔬𝔫(6)
(𝑖)𝔮2𝑖

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
 

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(3 + 7𝔮2 + 15𝔮4 + 18𝔮6 + 20𝔮8

+14𝔮10 + 9𝔮12 + 3𝔮14 + 𝔮16),

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
(16 + 60𝔮2 + 149𝔮4 + 249𝔮6

 +334𝔮8 + 347𝔮10 + 301𝔮12 + 206𝔮14 + 119𝔮16

+53𝔮18 + 20𝔮20 + 5𝔮22 + 𝔮24).

 

⟨𝑊◻𝑊◻⟩𝑆𝑂(6)−
(𝑡; 𝑞) =

1

8

(𝑞)∞
4 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(−𝑞
1
2𝑡±2; 𝑞)

∞

 × ∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
 

(𝑠𝑖
±; 𝑞)

∞
(−𝑠𝑖

±; 𝑞)
∞

(𝑞𝑠𝑖
±; 𝑞)

∞
(−𝑞𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞

(−𝑞
1
2𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

(−𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

 ×
(𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠1

±𝑠2
±; 𝑞)

∞

 × (𝑠1 + 𝑠2 + 𝑠1
−1 + 𝑠2

−1)2.
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⟨𝑇(1,0)𝑇(1,0)⟩
𝑆𝑂(6)−

(𝑡; 𝑞) =
1

2

(𝑞)∞
4 (−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

2

(−𝑞
1
2𝑡±; 𝑞)

∞

∮ ∏  

2

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
 

 ×

(𝑞
1
2𝑠1

±; 𝑞)
∞

(𝑠2
±; 𝑞)

∞
(−𝑞

1
2𝑠1

±; 𝑞)
∞

(−𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±; 𝑞)

∞
(𝑞

1
2𝑡2𝑠2

±; 𝑞)
∞

(−𝑞𝑡2𝑠1
±; 𝑞)

∞
(−𝑞

1
2𝑡2𝑠2

±; 𝑞)
∞

 ×

(𝑞
3
2𝑠1

±; 𝑞)
∞

(𝑞𝑠2
±; 𝑞)

∞
(−𝑞

3
2𝑠1

±; 𝑞)
∞

(−𝑞𝑠2
±; 𝑞)

∞

(𝑞𝑡−2𝑠1
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠2

±; 𝑞)
∞

(−𝑞𝑡−2𝑠1
±; 𝑞)

∞
(−𝑞

1
2𝑡−2𝑠2

±; 𝑞)
∞

 ×

(𝑞
1
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

1
2𝑠1

±𝑠2
±; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
∓; 𝑞)

∞
(𝑞

3
2𝑠1

±𝑠2
±; 𝑞)

∞

(𝑞𝑡2𝑠1
±𝑠2

∓; 𝑞)
∞

(𝑞𝑡2𝑠1
±𝑠2

±; 𝑞)
∞

(𝑞𝑡−2𝑠1
±𝑠2

∓; 𝑞)
∞

(𝑞𝑡−2𝑠1
±𝑠2

±; 𝑞)
∞

,

 

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)−
(𝔮) = ⟨𝑇(1,0)𝑇(1,0)⟩1

2BPS

𝑆𝑂(6)−

(𝔮)

 =
1 + 𝔮2 + 𝔮6 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)

 =
1

(1 − 𝔮2)(1 − 𝔮8)
.

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

⟩1
2
BPS

𝑆𝑂(6)−

(𝔮) =
∑  4𝑘

𝑖=0  𝑎𝑘
𝑠𝑜(6)−

(𝑖)𝔮2𝑖

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)8
,  

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)−

(𝔮)  =
3 + 5𝔮2 + 3𝔮4 + 6𝔮6 + 8𝔮8 + 4𝔮10 + 3𝔮12 + 3𝔮14 + 𝔮16

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)

⟨𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(6)−

(𝔮)  =
1

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
(14 + 30𝔮2 + 31𝔮4 + 49𝔮6

 +66𝔮8 + 55𝔮10 + 49𝔮12 + 46𝔮14 + 29𝔮16 + 15𝔮18

+10𝔮20 + 5𝔮22 + 𝔮24)

 

𝑎𝑘
𝑠𝑜(6)−

(0) = 𝐶𝑘𝐶𝑘+2 − 𝐶𝑘+1
2  

⟨𝑊𝜆1
⋯ 𝑊𝜆𝑘

⟩
𝑂(6)+

(𝑡; 𝑞) =
1

2
[⟨𝑊𝜆1

⋯ 𝑊𝜆𝑘
⟩
𝑆𝑂(6)+

(𝑡; 𝑞) + ⟨𝑊𝜆1
⋯ 𝑊𝜆𝑘

⟩
𝑆𝑂(6)−

(𝑡; 𝑞)]  

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑂(6)+

(𝔮) =
1 + 𝔮2 + 𝔮4 + 𝔮6 + 𝔮8 + 𝔮10

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻𝑊◻𝑊◻𝑊◻⟩1
2
BPS

𝑂(6)+

(𝔮) =
1

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
(3 + 6𝔮2 + 9𝔮4 + 12𝔮6

+15𝔮8 + 15𝔮10 + 12𝔮12 + 9𝔮14 + 6𝔮16 + 3𝔮18).
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⟨𝑊◻
◻
◻

⋯ 𝑊◻
◻
◻

̅

⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊◻◻ ⋯ 𝑊◻◻⏟        
2𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞)
 

⟨𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(6)

(𝔮) =
𝔮2

(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(6)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 2𝔮2 + 4𝔮4 + 6𝔮6 + 7𝔮8 + 7𝔮10

+6𝔮12 + 5𝔮14 + 3𝔮16 + 𝔮18),

⟨𝑊◻
◻
◻

𝑊◻
◻
◻

⟩

1
2BPS

𝑆𝑂(6)

(𝔮) =
1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 2𝔮4 + 3𝔮6 + 3𝔮8 + 3𝔮10

+3𝔮12 + 2𝔮14 + 𝔮16 + 𝔮18).

 

⟨𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(6)−

(𝔮) =
𝔮2

(1 + 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑆𝑂(6)−

(𝔮) =
1 + 𝔮2 + 2𝔮4 + 𝔮8

(1 + 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
.

 

⟨𝑊◻
◻

⟩
1
2
BPS

𝑂(6)+

(𝔮) =
𝔮2

(1 − 𝔮4)2(1 − 𝔮8)
,

⟨𝑊◻
◻

𝑊◻
◻

⟩
1
2
BPS

𝑂(6)+

(𝔮) =
1 + 𝔮2 + 2𝔮4 + 𝔮6 + 2𝔮8

(1 − 𝔮4)2(1 − 𝔮8)
.

 

⟨𝑊(𝑙) ⋯ 𝑊(𝑙)⏟      
2𝑘

⟩𝑆𝑂(6)(𝑡; 𝑞) = ⟨𝑊(𝑙2) ⋯ 𝑊
(𝑙2)⏟        

𝑘

⟩𝑆𝑈(4)(𝑡; 𝑞)
 

⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮) =

𝔮4 + 𝔮8

(1 + 𝔮4)(1 − 𝔮6)(1 − 𝔮8)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)
(𝔮) =

1

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)

 × (1 + 𝔮2 + 3𝔮4 + 4𝔮6 + 6𝔮8 + 6𝔮10 + 7𝔮12

+6𝔮14 + 4𝔮16 + 4𝔮18 + 𝔮20 + 𝔮22)
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⟨𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)−

(𝔮) =
𝔮4 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑆𝑂(6)−

(𝔮) =
1 + 2𝔮8 − 2𝔮10 + 𝔮12 − 𝔮14 − 𝔮18

(1 + 𝔮6)(1 − 𝔮2)(1 − 𝔮4)(1 − 𝔮8)
.

 

 

⟨𝑊◻◻⟩1
2
BPS

𝑂(6)+

(𝔮) =
𝔮4 + 𝔮8

(1 + 𝔮6)(1 − 𝔮4)(1 − 𝔮8)
,

⟨𝑊◻◻𝑊◻◻⟩1
2
BPS

𝑂(6)+

(𝔮) =
1 + 𝔮2 + 2𝔮4 + 2𝔮6 + 4𝔮8 + 3𝔮10 + 4𝔮12 + 2𝔮14 + 2𝔮16 + 𝔮18

(1 − 𝔮4)(1 − 𝔮8)(1 − 𝔮12)
.

 

⟨𝑊sp𝑊sp⟩
Spin(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮  ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
 

 × ∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×
1

4
[∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) + ∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)]

2

.

 

 

⟨𝑊sp𝑊sp̅̅̅̅ ⟩
Spin(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡𝑡±2; 𝑞)

∞

𝑁 ∮ ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 × ∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×
1

4
[∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) + ∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)] [∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 + 𝑠

𝑖

−
1
2) − ∏  

𝑁

𝑖=1

 (𝑠
𝑖

1
2 − 𝑠

𝑖

−
1
2)]

 

〈𝑇
(
1
2
 𝑁)

𝑇
(
1
2
 𝑁)

〉𝑆𝑂(2𝑁)/ℤ2 (𝑡; 𝑞) =
1

𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁 ∮ ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 × ∏  

𝑖<𝑗

 

(𝑠𝑖
±𝑠𝑗

∓; 𝑞)
∞

(𝑞
1
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

3
2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.
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⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆pin(2𝑁)
(𝔮) = 〈𝑇

(
1
2

𝑁
)
𝑇

(
1
2
 𝑁)

〉1
2
BPS

𝑆𝑂(2𝑁)/ℤ2 (𝔮)

 = ∏  

𝑁

𝑛=1

 
1

1 − 𝔮2𝑛

 

 

⟨𝑊sp𝑊sp⟩1
2
BPS

𝑆𝑝𝑖𝑛(2𝑁)
(𝔮) = ⟨𝑇

(
1
2

𝑁
)
𝑇

(
1
2
 𝑁)

⟩

1
2BPS

𝑆𝑂(2𝑁)/ℤ2

(𝔮)

 = ∏  

𝑁

𝑛=1

 
1

1 − 𝔮2𝑛

 

ℐ1
2
BPS

𝑆𝑝𝑖𝑛(2𝑁)
(𝔮) =

1

1 − 𝔮2𝑁
∏  

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛
 

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2𝑁)
(𝔮) = ⟨𝒲sp𝒲sp⟩1

2
BPS

Spin(2𝑁)
(𝔮)

 = ∏  

𝑁−1

𝑛=1

  (1 + 𝔮2𝑛).
 

 ⟨𝑊sp ⋯ 𝑊sp⏟      
2𝑘

⟩1
2
BPS

Spin(2𝑁=4𝑛)
(𝔮) = ⟨𝑊sp ⋯ 𝑊sp⏟      

2𝑘

⟩1
2
BPS

Spin(2𝑁=4𝑛+2)
(𝔮)

 =
∑  

𝑁(𝑁+1)𝑘
2

𝑖=0
 𝑎𝑘𝔰𝔭

𝔰𝔭(2𝑁)
(𝑖)𝔮2𝑖

1 − 𝔮2𝑁 ∏  𝑁−1
𝑛=1  1 − 𝔮4𝑛

,

 

⟨𝑊◻𝑊◻⟩𝑆𝑂(2𝑁)(𝑡; 𝑞) =
1

2𝑁−1𝑁!

(𝑞)∞
2𝑁

(𝑞
1
2
𝑡𝑡±2; 𝑞)

∞

𝑁 ∮  ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
 

 × ∏  

𝑖≠𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁

𝑖=1

  (𝑠𝑖 + 𝑠𝑖
−1)]

2

.

 

⟨𝑇(1,0𝑁−1)𝑇(1,0𝑁−1)⟩
𝑆𝑂(2𝑁)

(𝑡; 𝑞) =
1

2𝑁−2(𝑁 − 1)!

(𝑞)∞
2𝑁

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁

 × ∮ ∏  

𝑁

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  ∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.
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⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁)
(𝔮) =

1 + 𝔮2 + ⋯ 𝔮2𝑁−4 + 2𝔮2𝑁−2 + 𝔮2𝑁 + ⋯ 𝔮4𝑁−4

(1 − 𝔮2𝑁) ∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

 =
1

(1 − 𝔮2)(1 − 𝔮2(𝑁−1)) ∏  𝑁−2
𝑛=1   (1 − 𝔮4𝑛)

.

 

⟨𝑊◻ ⋯ 𝑊◻⏟      
2𝑘

 1
2
BPS

𝑆𝑂(2𝑁)
(𝔮) =

∑  
(2𝑁−2)𝑘
𝑖=0  𝑎𝑘

𝔰𝔬(2𝑁)
(𝑖)𝔮2𝑖

(1 − 𝔮2𝑁) ∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

.  

⟨𝑊◻𝑊◻⟩𝑆𝑂(2𝑁)−
(𝑡; 𝑞) =

1

2𝑁−1(𝑁 − 1)!

(𝑞)∞
2𝑁−2(−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁−1

(−𝑞
1
2𝑡±2; 𝑞)

∞

 × ∮ ∏  

𝑁−1

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

(𝑠𝑖
±; 𝑞)

∞
(−𝑠𝑖

±; 𝑞)
∞

(𝑞𝑠𝑖
±; 𝑞)

∞
(−𝑞𝑠𝑖

±; 𝑞)
∞

𝑡2𝑠𝑖
±; 𝑞)

∞
(−𝑞

1
2𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

(−𝑞
1
2𝑡−2𝑠𝑖

±; 𝑞)
∞

 × ∏  

𝑖<𝑗

 
(𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

[∑  

𝑁−1

𝑖=1

 (𝑠𝑖 + 𝑠𝑖
−1)]

2

.

 

 

〈𝑇(1,0𝑁−2)𝑇(1,0𝑁−2)〉
𝑆𝑂(2𝑁)−

(𝑡; 𝑞)

 =
1

2𝑁−2(𝑁 − 2)!

(𝑞)∞
2𝑁−2(−𝑞; 𝑞)∞

2

(𝑞
1
2𝑡±2; 𝑞)

∞

𝑁−1

(−𝑞
1
2𝑡±2; 𝑞)

∞

∮ ∏  

𝑁−1

𝑖=1

 
𝑑𝑠𝑖

2𝜋𝑖𝑠𝑖
  

 ×

(𝑞
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(−𝑞
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(𝑞1+
1
2𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(−𝑞1+
1
2
𝛿𝑖,1𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2(1+𝛿𝑖,1)𝑡2𝑠𝑖

±; 𝑞)
∞

(−𝑞
1
2(1+𝛿𝑖,1)𝑡2𝑠𝑖

±; 𝑞)
∞

(𝑞
1
2(1+𝛿𝑖,1)𝑡−2𝑠𝑖

±; 𝑞)
∞

(−𝑞
1
2(1+𝛿𝑖,1)𝑡−2𝑠𝑖

±; 𝑞)
∞

 × ∏  

𝑖<𝑗

 

(𝑞
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2(1+𝛿𝑖+𝑗,1)𝑡2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

 ×

(𝑞1+
1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞1+

1
2
𝛿𝑖+𝑗,1𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

(𝑞
1
2(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
∓; 𝑞)

∞
(𝑞

1
2(1+𝛿𝑖+𝑗,1)𝑡−2𝑠𝑖

±𝑠𝑗
±; 𝑞)

∞

.
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⟨𝑊◻𝑊◻⟩1
2
BPS

𝑆𝑂(2𝑁)−

(𝔮) = ⟨𝑇(1,0𝑁−2)𝑇(1,0𝑁−2)⟩1
2
BPS

𝑆𝑂(2𝑁)−

(𝔮)

 =
1 + 𝔮2 + ⋯ + 𝔮2𝑁−4

∏  𝑁−1
𝑛=1   (1 − 𝔮4𝑛)

 =
1 − 𝔮2(𝑁−1)

1 − 𝔮2
∏  

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛

 

⟨𝑊◻𝑊◻⟩1
2
BPS

𝑂(2𝑁)+

(𝔮) =
1 + 𝔮2 + ⋯ + 𝔮4𝑁−2

∏  𝑁
𝑛=1   (1 − 𝔮4𝑛)

 =
1

1 − 𝔮2
∏  

𝑁−1

𝑛=1

 
1

1 − 𝔮4𝑛
.

 

ℐ1
2
BPS

𝑂(2𝑁)+

(𝔮) = ∏  

𝑁

𝑛=1

 
1

1 − 𝔮4𝑛
 

⟨𝒲◻𝒲◻⟩1
2
BPS

𝑂(2𝑁)+

(𝔮) =
1 − 𝔮4𝑁

1 − 𝔮2  

ℐ𝑆𝑂(2∞+1)(𝑡; 𝑞) = ℐ𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ℐ𝑆𝑂(2∞)(𝑡; 𝑞) = ℐ𝑂(2∞)+
(𝑡; 𝑞)

 = ∏  

∞

𝑛,𝑚,𝑙=0

 
(1 − 𝑞𝑛+𝑚+𝑙+

3
2𝑡−4𝑚+4𝑙±2)

2

(1 − 𝑞𝑛+𝑚+𝑙+1𝑡−4𝑚+4𝑙±4)(1 − 𝑞𝑛+𝑚++1𝑡−4𝑚+4𝑙)(1 − 𝑞𝑛+𝑚+𝑙+3𝑡−4𝑚+4𝑙)
.
 

𝑖𝐴𝑑𝑆5×ℝℙ5
(𝑡; 𝑞) =

𝑞
1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
−

𝑞
1
2(𝑡2 + 𝑡−2)

(1 + 𝑞
1
2𝑡2) (1 + 𝑞

1
2𝑡−2) (1 − 𝑞)

 

𝑖𝑋(𝑡; 𝑞): = Tr(−1)𝐹𝑞
ℎ+𝑗

2 𝑡2(𝑞2−𝑞3)  

𝑖1
2
BPS

𝑋 (𝔮): = Tr(−1)𝐹𝔮2(𝑞2−𝑞3)
 

⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑈𝑆𝑝(2∞)
(𝔮)

= ⟨𝒲◻𝒲◻⟩1
2
BPS,𝑐

𝑆𝑂(2∞
(𝔮) = ⟨𝒲◻𝒲◻⟩1

2
BPS

𝑂(2∞)+

(𝔮) =
1

1 − 𝔮2
.
 

 

⟨𝒲◻𝒲◻⟩𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻𝒲◻⟩𝑈𝑆𝑝(2∞)(𝑡; 𝑞)

 = ⟨𝒲◻𝒲◻⟩𝑆𝑂(2∞)(𝑡; 𝑞) = ⟨𝒲◻𝒲◻⟩𝑂(2∞)+
(𝑡; 𝑞) =

1 − 𝑞

(1 − 𝑞
1
2
𝑡2

) (1 − 𝑞
1
2𝑡−2)

. 

𝑖string (𝑡; 𝑞) = −𝑞 + 𝑞
1
2𝑡2 + 𝑞

1
2𝑡−2  
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⟨𝒲◻
◻

⟩
1
2
BPS

𝑆𝑂(2∞+1)

(𝔮) = ⟨𝒲◻◻⟩1
2
BPS

𝑈𝑆𝑝(2∞)
(𝔮) = ⟨𝒲◻◻⟩1

2
BPS

𝑂(2∞)+

(𝔮)

 =
𝔮2

(1 − 𝔮4)

 = 𝔮2 + 𝔮6 + 𝔮10 + 𝔮14 + 𝔮18 + ⋯ .

 

⟨𝒲◻
◻

𝒲◻
◻

⟩
1
2
BPS

𝑆𝑂(2∞+1)

(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑈𝑆𝑝(2∞)
(𝔮) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
1
2
BPS

𝑂(2∞)+

(𝔮)

 =
1 + 𝔮2 + 𝔮4

(1 − 𝔮4)2

 = 1 + 𝔮2 + 3𝔮4 + 2𝔮6 + 5𝔮8 + 3𝔮10 + 7𝔮12 + 4𝔮14 + 9𝔮16 + ⋯ .

 

 

⟨𝒲◻
◻

𝒲◻
◻

⟩  1
2
BPS,𝑐

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1

2
BPS,𝑐

𝑈𝑆𝑝(2∞)
(𝔮)⟨𝒲◻𝒲◻⟩1

2
BPS,𝑐

𝑂(2∞)+

 =
1

(1 − 𝔮2)(1 − 𝔮4)
= 1 + 𝔮22𝔮4 + 2𝔮6 + 3𝔮8 + 3𝔮10 + 4𝔮12 + 4𝔮14 + 5𝔮16 + 5𝔮18 + ⋯ 

⟨𝒲𝜆𝒲𝜆⟩1
2
BPS,𝑐

𝐺 (𝔮): = ⟨𝒲𝜆𝒲𝜆⟩1
2
BPS

𝐺 (𝔮) − ⟨𝒲𝜆⟩1
2
BPS

𝐺 (𝔮)2.  

⟨𝒲◻
◻

⟩
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻⟩𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ⟨𝒲◻
◻

⟩
𝑂(2∞)+

(𝑡; 𝑞)

 =
𝑞

1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡4)

 

 

⟨𝒲◻
◻

𝒲◻
◻

⟩
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩𝑈𝑆𝑝(2∞)(𝑡; 𝑞) = ⟨𝒲◻
◻

𝒲◻
◻

⟩
𝑂(2∞)+

(𝑡; 𝑞)

 =
1

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
(1 + (𝑡2 + 𝑡−2)𝑞

1
2 + (3 + 𝑡4 + 𝑡−4)𝑞 − 3(𝑡2 + 𝑡−2)𝑞

3
2

−(𝑡2 + 𝑡−2)𝑞2 − 3(𝑡2 + 𝑡−2)𝑞
5
2 + (3 + 𝑡4 + 𝑡−4)𝑞3 + (𝑡2 + 𝑡−2)𝑞

7
2 + 𝑞4) .

 

 

⟨𝒲◻
◻

𝒲◻
◻

⟩
𝑐

𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻
◻

𝒲◻
◻

⟩
𝑐

𝑂(2∞)+

(𝑡; 𝑞)

 =

(1 − 𝑞) (1 + 𝑞 − 𝑞
3
2(𝑡2 + 𝑡−2))

(1 − 𝑞
1
2𝑡2) (1 − 𝑞

1
2𝑡−2) (1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)

.
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⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(2∞+1)
(𝔮) = ⟨𝒲sp𝒲sp⟩1

2
BPS

Sin(4∞)
(𝔮) = ⟨𝒲sp𝒲sp⟩ 1

2
BPS

𝑆
Sin(4∞+2)

(𝔮)

 = ∏  

∞

𝑛=1

 
1

1 − 𝔮4𝑛−2
.

 

⟨𝒲sp𝒲sp⟩1
2
BPS

Spin(∞)
(𝔮) = ∑  

𝑛≥0

 𝑑{sp,sp}
(𝐻)

(𝑛)𝔮2𝑛
 

𝑖1
2

 BPS 

fat string 
(𝔮) =

𝔮2

1 − 𝔮4
= 𝔮2 + 𝔮6 + 𝔮10 + ⋯  

𝑆D5 = 𝑇5 ∫  𝑑6𝜎√det(𝑔 + 2𝜋𝛼′𝐹) − 𝑖𝑇5 ∫  2𝜋𝛼′𝐹 ∧ 𝐶(4)  

𝑆D5𝐴𝑑𝑆2×ℝℙ4 = 𝑇5 ∫  𝑑6𝜎√det𝑔 = 𝑇5vol(𝐴𝑑𝑆2)vol(ℝℙ4)  

𝑑𝑠𝐴𝑑𝑆2

2 =
1

𝑟2
(−𝑑𝑡2 + 𝑑𝑟2), 𝑑𝑠4

2 = 𝑔𝑖𝑗𝑑𝜎𝑖𝑑𝜎𝑗, 𝑖, 𝑗 = 1,2,3,4  

𝑆 = 𝑇5 ∫  𝑑6𝜎√𝑔(4)
1

2

1

𝑟2 [𝑟2(𝜕𝑡𝜙)2 − 𝑟2(𝜕𝑟𝜙)2 + (∇𝑖𝜙∇𝑖𝜙 − 4𝜙2)].  

𝜙(𝑡, 𝑟, Θ) = ∑  

𝑤

 𝜙𝑤(𝑡, 𝑟)𝑌𝑤(Θ).  

𝑆 = 𝑇5 ∑  

𝑤

 
2

3
𝜋2 ∫  𝑑2𝜎

1

𝑟2
(𝑟2(𝜕𝑡𝜙𝑤)2 − 𝑟2(𝜕𝑟𝜙𝑤)2 − 𝑤(𝑤 + 1)𝜙𝑤

2 )  

ℎ =
1

2
+ √

1

4
+ 𝑚2  

⟨𝒲sp𝒲sp⟩
Spin(2∞+1)

(𝑡; 𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞)

(𝑡; 𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞+2)

(𝑡; 𝑞)

 = ∏  

∞

𝑛=0

  ∏  

∞

𝑚=0

 
(1 − 𝑞1+𝑛+𝑚𝑡4𝑛−4𝑚)(1 − 𝑞2+𝑛+𝑚𝑡4𝑛−4𝑚)

(1 − 𝑞
1
2
+𝑛+𝑚𝑡2+4𝑛−4𝑚) (1 − 𝑞

1
2
+𝑛+𝑚𝑡−2+4𝑛+4𝑚)

 

 

⟨𝒲sp𝒲sp⟩
Spin(2∞+1)

(𝑞) = ⟨𝒲sp𝒲sp⟩
Spin(4∞)

(𝑞) = ⟨𝒲sp𝒲sp)
Spin(4∞+2)

(𝑞)

 = ∏  

∞

𝑛=1

 
(1 − 𝑞𝑛)2𝑛−1

(1 − 𝑞𝑛−
1
2)

2𝑛

 = 1 + 2𝑞1/2 + 2𝑞2 + 6𝑞3/2 + 7𝑞2 + 10𝑞5/2 + 21𝑞3 + 22𝑞7/2 + ⋯ .

 

𝑖fat string (𝑡; 𝑞) =
𝑞

1
2(𝑡2 + 𝑡−2) − 𝑞 − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
.  
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⟨𝒲◻◻⟩1
2
BPS

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻

◻
⟩
1
2
BPS

𝑈𝑆𝑝(2∞)

(𝔮) = ⟨𝒲◻◻⟩1
2
BPS

𝑂(2∞)+

(𝔮)

 =
𝔮4

(1 − 𝔮4)

 

⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑆𝑂(2∞+1)
(𝔮) = ⟨𝒲◻

◻
𝒲◻

◻
⟩
1
2
BPS

𝑈𝑆𝑝(2∞)

(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑂(2∞)+

(𝔮)

 =
1 + 𝔮2 + 𝔮8

(1 − 𝔮4)2
.

 

⟨𝒲◻◻𝒲◻◻⟩1
2
BPS,𝑐

𝑆𝑂(2∞+1)
(𝔮) == ⟨𝒲◻

◻
𝒲◻

◻
⟩
1
2
BPS

𝑈𝑆𝑝(2∞)

(𝔮) = ⟨𝒲◻◻𝒲◻◻⟩1
2
BPS

𝑂(2∞)+

(𝔮)

 =
1

(1 − 𝔮2)(1 − 𝔮4)
,

 

⟨𝒲◻◻⟩𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻
◻

⟩
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻⟩𝑂(2∞)+
(𝑡; 𝑞)

 =
𝑞(1 + 𝑡4 + 𝑡−4) − 𝑞

3
2(𝑡2 + 𝑡−2) − 𝑞2

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)

 

⟨𝒲◻◻𝒲◻◻⟩𝑆𝑂(2∞+1)(𝑡; 𝑞) = ⟨𝒲◻
◻

𝒲◻
◻

⟩
𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩𝑂(2∞)+
(𝑡; 𝑞)

 =
1

(1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)
(1 + (𝑡2 + 𝑡−2)𝑞

1
2 + 𝑞 − (𝑡2 + 𝑡−2)𝑞

3
2 + (𝑡8 + 𝑡4 + 𝑡−4 + 𝑡−8)𝑞2

−(2𝑡6 + 5𝑡2 + 5𝑡−2 + 2𝑡−6)𝑞
5
2 + 𝑞3 + 3(𝑡2 + 𝑡−2)𝑞

7
2 + 𝑞4) .

 

⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑆𝑂(2∞+1)

(𝑡; 𝑞) = ⟨𝒲◻
◻

𝒲◻
◻

⟩
𝑐

𝑈𝑆𝑝(2∞)

(𝑡; 𝑞) = ⟨𝒲◻◻𝒲◻◻⟩𝑐
𝑂(2∞)+

(𝑡; 𝑞)

 =

(1 − 𝑞) (1 + 𝑞 − 𝑞
3
2(𝑡2 + 𝑡−2))

(1 − 𝑞
1
2𝑡2) (1 − 𝑞

1
2𝑡−2) (1 − 𝑞𝑡4)(1 − 𝑞𝑡−4)

.

 

 

𝜒𝜆
usp(2𝑁)

 = det (𝐸𝜆𝑖
′−𝑖+𝑗 − 𝐸𝜆𝑖

′−𝑖−𝑗)
1≤𝑖,𝑗≤𝑙(𝜆′)

𝜒𝜆
so(2N+1)

 = det(𝐻‾𝜆𝑖−𝑖+𝑗 − 𝐻‾𝜆𝑖−𝑖−𝑗)1≤𝑖,𝑗≤𝑙(𝜆)

 

𝐸𝑘  = 𝑒𝑘(𝑠1, … , 𝑠𝑁 , 𝑠1
−1, … , 𝑠𝑁

−1)

𝐻‾𝑘  = ℎ𝑘(𝑠1, … , 𝑠𝑁 , 𝑠1
−1, … , 𝑠𝑁

−1, 1)
 

𝑃𝑘  = 𝑝𝑘(𝑠1, … , 𝑠𝑁 , 𝑠1
−1, … , 𝑠𝑁

−1)

𝑃‾𝑘  = 𝑝𝑘(𝑠1, … , 𝑠𝑁 , 𝑠1
−1, … , 𝑠𝑁

−1, 1)
 

𝑝𝑘(𝑥1, … , 𝑥𝑛) = ∑  

𝑛

𝑖=1

 𝑥𝑖
𝑘  
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𝜒◻
usp (2𝑁)

= 𝑃1, 𝜒◻
so (2𝑁+1)

= 𝑃‾1,

𝜒◻◻
usp (2𝑁)

=
𝑃2

2
+

𝑃1
2

2
, 𝜒◻◻

so (2𝑁+1)
=

𝑃‾2
2

+
𝑃‾1

2

2
− 1,

𝜒◻
◻

usp (2𝑁)
= −

𝑃2

2
+

𝑃1
2

2
− 1, 𝜒◻

◻

so (2𝑁+1)
= −

𝑃‾2
2

+
𝑃‾1

2

2
,

𝜒◻◻◻
usp (2𝑁)

=
𝑃3

3
+

𝑃2𝑃1

2
+

𝑃1
3

6
, 𝜒◻◻◻

so (2𝑁+1)
=

𝑃‾3
3

+
𝑃‾2𝑃‾1

2
+

𝑃‾1
3

6
− 𝑃‾1,

𝜒◻◻
◻

usp (2𝑁)
= −

𝑃3

3
+

𝑃1
3

3
− 𝑃1, 𝜒◻◻

◻

so (2𝑁+1)
= −

𝑃‾3
3

+
𝑃‾1

3

3
− 𝑃‾1,

𝜒◻
◻
◻

usp (2𝑁)
=

𝑃3

3
−

𝑃2𝑃1

2
+

𝑃1
3

6
− 𝑃1, 𝜒◻

◻
◻

so (2𝑁+1)
=

𝑃‾3
3

−
𝑃‾2𝑃‾1

2
+

𝑃‾1
3

6
.

 

𝑇𝑝ℳℂ = 𝑇𝑝ℳ+ ⊕ 𝑇𝑝ℳ−,  

𝑇𝑝ℳ± = {𝑍 ∈ 𝑇𝑝ℳℂ/𝒥𝑝𝑍 = ±𝑖𝑍}  

𝒥𝑝(𝒫±𝑍) = 𝒥𝑝𝑍± = ±𝑖(𝒫±𝑍) = ±𝑖𝑍±  

𝒩(𝑢, 𝑣) ≡ [𝒥𝑢, 𝒥𝑣] − 𝒥[𝑢, 𝒥𝑣] − 𝒥[𝒥𝑢, 𝑣] − [𝑢, 𝑣]  

𝜙(𝑝) ≡ 𝑧𝜇 ≡ 𝑥𝜇 + 𝑖𝑦𝜇 , 𝜓(𝑝) ≡ 𝑤𝜇 ≡ 𝑢𝜇 + 𝑖𝑣𝜇 , 1 ≤ 𝜇, 𝜈 ≤ 𝑛  

𝜕𝑢𝜈

𝜕𝑥𝜇
=

𝜕𝑣𝜈

𝜕𝑦𝜇
,
𝜕𝑢𝜈

𝜕𝑦𝜇
= −

𝜕𝑣𝜈

𝜕𝑥𝜇
.  

𝒥𝑝

𝜕

𝜕𝑥𝜇
=

𝜕

𝜕𝑦𝜇
, 𝒥𝑝

𝜕

𝜕𝑦𝜇
= −

𝜕

𝜕𝑥𝜇
,  entonces 

𝒥𝑝

𝜕

𝜕𝑢𝜇
=

𝜕

𝜕𝑣𝜇
, 𝒥𝑝

𝜕

𝜕𝑣𝜇
= −

𝜕

𝜕𝑢𝜇

 

(𝒥𝑝) = (
0 𝕀

−𝕀 0
) , ∀𝑝 ∈ ℳ  

(𝒥𝑝) = (
𝑖𝕀 0
0 −𝑖𝕀

) , ∀𝑝 ∈ ℳ  

𝛼 = ∑  

𝑝+𝑞=𝑘

 𝛼(𝑝,𝑞), 𝛼(𝑝,𝑞) =
1

𝑝! 𝑞!
𝛼𝜇1…𝜇𝑝𝜈‾1…𝜈‾𝑞

𝑑𝑧𝜇1 ∧ … ∧ 𝑑𝑧𝜇𝑝 ∧ 𝑑𝑧‾𝜈‾1 … ∧ 𝑑𝑧‾𝜈‾𝑞
 

𝑑 = 𝜕 + 𝜕‾,  

𝜕𝛼(𝑝,𝑞) = 𝛼(𝑝+1,𝑞), 𝜕‾𝛼(𝑝,𝑞) = 𝛼(𝑝,𝑞+1),  

𝛼(𝑝+1,𝑞)  =
1

𝑝! 𝑞!
𝜕𝜇𝛼𝜇1…𝜇𝑝𝜈‾1…𝜈‾𝑞

(𝑝,𝑞)
𝑑𝑧𝜇 ∧ 𝑑𝑧𝜇1 ∧ … ∧ 𝑑𝑧𝜇𝑝 ∧ 𝑑𝑧‾𝜈‾1 … ∧ 𝑑𝑧‾𝜈‾𝑞 .

𝛼(𝑝,𝑞+1)  =
1

𝑝! 𝑞!
𝜕𝜈‾ 𝛼𝜇1…𝜇𝑝𝜈‾1…𝜈‾𝑞

(𝑝,𝑞𝑧𝜇1
∧ … ∧ 𝑑𝑧𝜇𝑝 ∧ 𝑑𝑧‾𝜈‾ ∧ 𝑑𝑧‾𝜈‾1 … ∧ 𝑑𝑧‾𝜈‾𝑞 .

 

𝜕2 = 𝜕𝜕‾ + 𝜕‾𝜕 = 𝜕‾2  
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𝒢𝑝(𝒥𝑝𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(𝑢, 𝑣) ∀𝑝 ∈ ℳ, 𝑢, 𝑣 ∈ 𝑇𝑝ℳ  

𝒢𝑝(𝑢, 𝑣) ≡ 𝑔𝑝(𝑢, 𝑣) + 𝑔𝑝(𝒥𝑝𝑢, 𝒥𝑝𝑣) ∀𝑝 ∈ ℳ, 𝑢, 𝑣 ∈ 𝑇𝑝ℳ  

𝒢𝑝(𝒥𝑝𝑢, 𝑢) = 𝒢𝑝(𝒥𝑝
2𝑢, 𝒥𝑝𝑢) = −𝒢𝑝(𝑢, 𝒥𝑝𝑢) = −𝒢𝑝(𝒥𝑝𝑢, 𝑢)  

𝒢𝜇𝜈 ≡ 𝒢 (
𝜕

𝜕𝑧𝜇
,

𝜕

𝜕𝑧𝜈
) = 𝒢 (𝒥𝑝

𝜕

𝜕𝑧𝜇
, 𝒥𝑝

𝜕

𝜕𝑧𝜈
) = −𝒢 (

𝜕

𝜕𝑧𝜇
,

𝜕

𝜕𝑧𝜈
)

𝒢𝜇𝜈‾ ≡ 𝒢 (
𝜕

𝜕𝑧‾𝜇‾
,

𝜕

𝜕𝑧‾𝜈‾
) = 𝒢 (𝒥𝑝

𝜕

𝜕𝑧‾𝜇‾
, 𝒥𝑝

𝜕

𝜕𝑧‾𝜈‾
) = −𝒢 (

𝜕

𝜕𝑧‾𝜇‾
,

𝜕

𝜕𝑧‾𝜈‾
)

𝒢𝜇𝜈‾ ≡ 𝒢 (
𝜕

𝜕𝑧𝜇
,

𝜕

𝜕𝑧‾𝜈‾
) = 𝒢 (𝒥𝑝

𝜕

𝜕𝑧𝜇
, 𝒥𝑝

𝜕

𝜕𝑧‾𝜈‾
) = 𝒢 (

𝜕

𝜕𝑧‾𝜈‾
,

𝜕

𝜕𝑧𝜇‾
) = 𝒢𝜈‾𝜇

 

𝒢 = 𝒢𝜇𝜈‾ 𝑑𝑧𝜇 ⊗ 𝑑𝑧‾𝜈‾ + 𝒢𝜈‾𝜇𝑑𝑧‾𝜈‾ ⊗ 𝑑𝑧𝜇  

𝜔𝑝(𝑢, 𝑣) ≡ 𝒢𝑝(𝒥𝑝𝑢, 𝑣) ∀𝑢, 𝑣 ∈ 𝑇𝑝ℳ.  

𝜔𝑝(𝑢, 𝑣) = 𝒢𝑝(𝒥𝑝
2𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(−𝑢, 𝒥𝑝𝑣) = −𝒢𝑝(𝒥𝑝𝑣, 𝑢) = −𝜔(𝑢, 𝑣).  

𝜔𝑝(𝒥𝑝𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(𝒥𝑝
2𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(−𝑢, 𝒥𝑝𝑣) = 𝜔(𝑢, 𝑣)  

𝜔 = 𝑖𝒢𝜇𝜈‾ 𝑑𝑧𝜇 ∧ 𝑑𝑧‾𝜈‾  

[𝜔] ∈ 𝐻
𝜕‾
(1,1)

(ℳ; ℂ)  

𝜔 = 𝑖𝜕𝜇𝜕𝜈‾ 𝒦(𝑧, 𝑧‾)𝑑𝑧𝜇 ∧ 𝑑𝑧‾𝜈‾  

𝒦′ = 𝒦 + 𝑓 + 𝑓′,  

𝜔(𝒦′) = 𝑖𝜕𝜕‾(𝒦 + 𝑓 + 𝑓′) = 𝑖𝜕𝜕‾𝒦 = 𝜔(𝒦).  

Γ𝜇𝜈
𝜌

= 𝒢𝜌𝜌‾ 𝜕𝜇𝒢𝜌‾ 𝜈 , Γ𝜇‾ 𝜈‾
𝜌‾

= 𝒢𝜌‾ 𝜌𝜕𝜇‾ 𝒢𝜌𝜈‾

𝑅𝜇𝜈‾ =
1

2
𝜕𝜇𝜕𝜈‾ (log det𝒢).

 

ℜ ≡ 𝑖𝑅𝜇𝜈‾ 𝑑𝑧𝜇 ∧ 𝑑𝑧‾𝜈‾  

Ψ(𝑖) = 𝑒−(𝑞𝑓(𝑖,𝑗)+𝑞‾𝑓‾(𝑖,𝑗))Ψ(𝑗),  

𝒦(𝑖) = 𝒦(𝑗) + 𝑓(𝑖,𝑗) + 𝑓‾(𝑖,𝑗).  

𝒬 ≡ (2𝑖)−1(𝑑𝑧𝜇𝜕𝜇𝒦 − 𝑑𝑧‾𝜈‾ 𝜕𝜈‾ 𝒦)  

𝒬(𝑖) = 𝒬(𝑗) −
𝑖

2
𝜕𝑓(𝑖,𝑗),  

𝔇𝜇 ≡ ∇𝜇 + 𝑖𝑞𝒬𝜇 , 𝔇𝜈‾ ≡ ∇𝜈‾ − 𝑖𝑞‾𝒬𝜈‾  

𝐷𝜇 ≡ 𝜕𝜇 + 𝑖𝑞𝒬𝜇 , 𝐷𝜈‾ ≡ 𝜕𝜈‾ − 𝑖𝑞‾𝒬𝜈‾  



pág. 8979 

Ω ≡ (
𝒳Λ

ℱΣ
) → {

⟨Ω ∣ Ω‾ ⟩ ≡ 𝒳
Λ
ℱΛ − 𝒳ΛℱΛ = −𝑖𝑒−𝒦

𝜕𝜈‾ Ω = 0

⟨𝜕𝜇Ω ∣ Ω⟩ = 0

 

𝒱 ≡ (
ℒΛ

ℳΣ
) →

{
 
 

 
 ⟨𝒱 ∣ 𝒱⟩ ≡ ℒ

Λ
ℳΛ − ℒΛℳΛ = −𝑖

𝔇𝜈‾ 𝒱 = (𝜕𝜈‾ +
1

2
𝜕ℒ𝒦) 𝒱 = 0,

⟨𝔇𝜇𝒱 ∣ 𝒱⟩ = 0

 

𝒰𝜇 ≡ 𝔇𝜇𝒱 = (
𝑓Λ 𝜇
ℎΣ𝜇

) , 𝒰𝜈‾ = 𝒰𝜈 ,  

𝔇𝜈‾ 𝒰𝜇 = 𝒢𝜇𝜈‾ 𝒱⟨𝒰𝜇 ∣ 𝒰𝜈‾ ⟩ = 𝑖𝒢𝜇𝜈‾

⟨𝒰𝜇 ∣ 𝒱⟩ = 0, ⟨𝒰𝜇 ∣ 𝒱⟩ = 0
 

⟨𝔇𝜇𝒰𝜈 ∣ 𝒱⟩ = ⟨𝒰𝜈 ∣ 𝒰𝜇⟩ = 0.  

𝒜 = 𝑖⟨𝒜 ∣ 𝒱⟩𝒱 − 𝑖⟨𝒜 ∣ 𝒱⟩𝒱 + 𝑖⟨𝒜 ∣ 𝒰𝜇⟩𝒢𝜇𝜈‾ 𝒰𝜈‾ − 𝑖⟨𝒜 ∣ 𝒰𝜈‾ ⟩𝒢
𝜇𝜈‾ 𝒰𝜇  

𝒞𝜇𝜈𝜌 ≡ ⟨𝔇𝜇𝒰𝜈 ∣ 𝒰𝜌⟩  →  𝔇𝜇𝒰𝜈 = 𝑖𝒞𝜇𝜈𝜌𝒢𝜌𝜖‾ 𝒰𝜖‾  

𝔇𝜇‾ 𝒞𝜈𝜌𝜖 = 0, 𝔇[𝜇𝒞𝜈]𝜌𝜖 = 0  

ℳΛ = 𝒩ΛΣℒΣ, ℎΛ𝜇 = 𝒩ΛΣ𝑓Σ 𝜇 .  

ℒΛℑ𝑚𝒩ΛΣℒ
Σ

 = −
1

2
,

ℒΛℑ𝑚𝒩ΛΣ𝑓Σ 𝜇  = ℒΛℑ𝑚𝒩ΛΣ𝑓‾Σ 𝜈‾ = 0

𝑓Λ 𝜇ℑ𝑚𝒩ΛΣ𝑓‾Σ 𝜈‾  = −
1

2
𝒢𝜇𝜈‾ .

 

(𝜕𝜇𝒩ΛΣ)ℒΣ  = −2𝑖ℑ𝑚(𝒩)ΛΣ𝑓Σ 𝜇

𝜕𝜇𝒩ΛΣ𝑓Σ 𝜈  = −2𝒞𝜇𝜈𝜌𝒢𝜌𝜌‾ ℑ𝑚𝒩ΛΣ𝑓‾Σ 𝜌‾

𝒞𝜇𝜈𝜌  = 𝑓Λ 𝜇𝑓Σ 𝜈𝜕𝜌𝒩ΛΣ

ℒΣ𝜕𝜈‾ 𝒩ΛΣ  = 0,

𝜕𝜈‾ 𝒩ΛΣ𝑓Σ 𝜇  = 2𝑖𝒢𝜇𝜈‾ ℑ𝑚𝒩ΛΣℒΣ.

𝑈ΛΣ ≡ 𝑓Λ 𝜇𝒢𝜇𝜈‾ 𝑓‾Σ 𝜈‾  = −
1

2
ℑ𝑚(𝒩)−1∣ΛΣ − ℒ

Λ
ℒΣ

 

𝒯Λ  ≡ 2𝑖ℒΛ = 2𝑖ℒΣℑm𝒩ΣΛ,

𝒯𝜇 Λ  ≡ −𝑓‾Λ 𝜇 = −𝒢𝜇𝜈‾ 𝑓‾Σ 𝜈‾ ℑm𝒩ΣΛ.
 

𝜕𝜇𝒩ΛΣ = 4𝒯𝜇(Λ𝒯Σ),

𝜕𝜈‾ 𝒩ΛΣ = 4𝒞𝜈‾ 𝜌‾ 𝜖‾ 𝒯
𝜈‾  (Λ𝒯𝜌‾  Σ).

 

𝑒−𝒦 = −2ℑ𝑚𝒩ΛΣ𝒳Λ𝒳
Σ
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𝜕𝜇𝒳Λ[2ℱΛ − 𝜕Λ(𝒳ΣℱΣ)] = 0.  

ℱΛ = 𝜕Λℱ(𝒳)  

𝒩ΛΣ = ℱΛΣ + 2𝑖
ℑ mℱΛΛ′𝒳Λ′

ℑsmℱΣΣ′𝒳Σ′

𝒳ΩℑmℱΩΩ′𝒳Ω′ .  

𝒞𝜇𝜈𝜌 = 𝑒𝒦𝜕𝜇𝒳Λ𝜕𝜈𝒳Σ𝜕𝜌𝒳ΩℱΛΣΩ,  

[𝑃𝜇 , 𝑃𝜈]  = 0

[𝑃𝜇 , 𝐽𝜈𝜌]  = (𝜂𝜇𝜈𝑃𝜌 − 𝜂𝜇𝜌𝑃𝜈),

[𝐽𝜇𝜈, 𝐽𝜌𝛾]  = −(𝜂𝜇𝜌𝐽𝜈𝛾 + 𝜂𝜈𝛾𝐽𝜇𝜌 − 𝜂𝜇𝛾 , 𝐽𝜈𝜌 − 𝜂𝜈𝜌𝐽𝜇𝛾),

 

[𝑇𝑟, 𝑇𝑠] = 𝑓𝑟𝑠
𝑡 𝑇𝑡 ,  

[𝑃𝜇 , 𝑇𝑠] = [𝐽𝜇𝜈, 𝑇𝑠] = 0  

[𝑄𝛼
𝐿 , 𝐽𝜇𝜈]  = (𝜎𝜇𝜈)

𝛼

𝛽
𝑄𝛽

𝐿 ,

[𝑄𝛼
𝐿 , 𝑃𝜇]  = [𝑄‾𝛼̇

𝐿 , 𝑃𝜇] = 0

{𝑄𝛼
𝐿 , 𝑄‾𝛽̇𝑀}  = 2(𝜎𝜇)𝛼𝛽̇𝑃𝜇𝛿𝑀

𝐿 ,

{𝑄𝛼
𝐿 , 𝑄𝛽

𝑀}  = 𝜖𝛼𝛽𝑍𝐿𝑀,

 

[𝑄𝛼
𝐿 , 𝑇𝑟] = 𝑆𝑟 𝑀

𝐿 𝑄𝛼
𝑀 ≠ 0,  

[𝛿𝜖1
, 𝛿𝜖2

] = (𝜖‾1𝛾𝜇𝜖2)𝜕𝜇 + ⋯  

𝛿𝜖𝐵 ∼ 𝜖‾𝐹,
𝛿𝜖𝐹 ∼ 𝐵𝜖.

 

𝛿𝜖𝐵 ∼ 𝜖‾𝐹,
𝛿𝜖𝐹 ∼ 𝜕𝜖 + 𝐵𝜖.

 

𝑆𝐸𝐻[𝐞, 𝜔] = ∫  ⋆ 𝐑(𝜔) ∧ 𝐞 ∧ 𝐞.  

𝑆 = ∫  𝑑4𝑥√|𝑔|{𝑅 + 𝒢𝑖𝑗(𝜙)𝜕𝜇𝜙𝑖𝜕𝜇𝜙𝑗 + 2ℑ𝑚𝒩ΛΣ(𝜙)𝐹Λ 𝜇𝜈𝐹Σ𝜇𝜈

−2ℜ𝑒𝒩ΛΣ(𝜙)𝐹Λ 𝜇𝜈 ⋆ 𝐹Σ𝜇𝜈},
 

ℰ𝜇𝜈  = 𝐺𝜇𝜈 + 𝒢𝑖𝑗 [𝜕𝜇𝜙𝑖𝜕𝜈𝜙𝑗 −
1

2
𝜕𝜌𝜙𝑖𝜕𝜌𝜙𝑗] + 8ℑ𝑚𝒩ΛΣ𝐹𝜇

Λ+𝜌
𝐹𝜈𝜌

Σ− = 0,

ℰ𝑖  = ∇𝜇(𝒢𝑖𝑗𝜕
𝜇𝜙𝑗) −

1

2
𝜕𝑖𝒢𝑗𝑘𝜕𝜌𝜙𝑗𝜕𝜌𝜙𝑘 + 𝜕𝑖[𝐹̃Λ

𝜈𝜇∗
𝐹𝜇𝜈

Λ ] = 0,

ℰΛ
𝜇

 = ∇𝜈 ⋆ 𝐹̃Λ
𝜈𝜇

= 0,

 

𝐹̃Λ𝜇𝜈 ≡ −
1

4√|𝑔|

𝛿𝑆

𝛿 ⋆ 𝐹Λ𝜇𝜈
= ℜ𝑒𝒩ΛΣ𝐹𝜇𝜈

Σ + ℑ𝑚𝒩ΛΣ
∗ 𝐹𝜇𝜈

Σ .  

ℬΛ𝜇 ≡ ∇𝜈 ⋆ 𝐹Λ𝜈𝜇 = 0.  
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ℰ𝜇
𝑀 ≡ (

ℬ𝜇
Λ

ℰΛ𝜇
)  

ℰ𝜇
𝑀 = 0 → 𝑚𝑀 𝑁ℰ𝜇

𝑁 = 0, 𝑚𝑀 𝑁 ∈ GL(2𝑛𝑣 + 2, ℝ).  

𝐹𝜇
𝑀 ≡ (

𝐹Λ

𝐹̃Λ
) , 𝐹′𝑀 = 𝑚𝑀 𝑁𝐹𝑁.  

𝐹̃Λ𝜇𝜈
′ ≡ −

1

4√|𝑔|

𝛿𝑆′

𝛿 ⋆ 𝐹′Λ𝜇𝜈
.  

𝔦: Diff(ℳescalar ) → GL(2𝑛𝑣 + 2, ℝ)  

{𝜙, 𝐹𝑀, 𝒩ΣΛ(𝜙)} →
𝜉 

{𝜉(𝜙), (𝔦(𝜉))𝑀 𝑁𝐹𝑁, 𝒩ΣΛ
′ (𝜉(𝜙))}.  

𝔦: Diff(ℳescalar ) → Sp(2𝑛𝑣 + 2, ℝ)  

𝒩′(𝜉(𝜙)) = (𝐴𝒩(𝜙) + 𝐵)(𝐶𝒩(𝜙) + 𝐷)−1  

𝑚 ≡ (
𝐷 𝐶
𝐵 𝐴

) ∈ Sp(2𝑛𝑣 + 2, ℝ)  

𝔦: Isometrías(ℳescalar , 𝒢𝑖𝑗) → Sp(2𝑛𝑣 + 2, ℝ).  

𝑆 =  ∫  𝑑4𝑥√|𝑔|{𝑅 + ℎ𝑢𝑣(𝑞)𝜕𝜇𝑞𝑢𝜕𝜇𝑞𝑣 + 𝒢𝑖𝑗‾(𝑧, 𝑧‾)𝜕𝜇𝑧𝑖𝜕𝜇𝑧‾𝑗‾

+2ℑΛΣ(𝑧, 𝑧‾)𝐹Λ 𝜇𝜈𝐹Σ𝜇𝜈 − 2ℜΛΣ(𝑧, 𝑧‾)𝐹Λ 𝜇𝜈 ⋆ 𝐹Σ𝜇𝜈}
 

ℱ = −
1

3!
𝜅𝑖𝑗𝑘

0 𝑧𝑖𝑧𝑗𝑧𝑘 +
𝑖𝑐

2
+

𝑖

(2𝜋)3
∑  

{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒2𝜋𝑖𝑑𝑖𝑧
𝑖
)  

ℱP = −
1

3!
𝜅𝑖𝑗𝑘

0 𝑧𝑖𝑧𝑗𝑧𝑘 +
𝑖𝑐

2
,  

ℱNP =
𝑖

(2𝜋)3
∑  

{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒2𝜋𝑖𝑑𝑖𝑧
𝑖
) .  

𝐹(𝒳) = −
1

3!
𝜅𝑖𝑗𝑘

0 𝒳 𝑖𝒳𝑗𝒳𝑘

𝒳0
+

𝑖𝑐(𝒳0)2

2
+

𝑖(𝒳0)2

(2𝜋)3
∑  
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖

𝒳𝑖

𝜒0)  

𝑧𝑖 =
𝒳𝑖

𝒳0
 

ℬ ≡ ℳ − 𝐼−(ℐ+),  

∇𝜇𝜉2 = −2𝜅𝜉𝜇 .  

𝛿𝑀 =
1

8𝜋
𝜅𝛿𝐴 + Ω𝛿𝐽 + Φ𝛿𝑄  
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𝛿𝐴 ≥ 0.  

𝑇 =
𝜅

2𝜋
.  

𝑆bh =
𝐴

4
.  

𝛿𝜖𝐵 ∼ 𝜖‾𝐹 = 0,
𝛿𝜖𝐹 ∼ 𝜕𝜖 + 𝐵𝜖 = 0,

 

𝐠 = (1 −
2𝑀

𝑟
) 𝑑𝑡 ⊗ 𝑑𝑡 − (1 −

2𝑀

𝑟
)

−1

𝑑𝑟 ⊗ 𝑑𝑟 − 𝑟2(𝑑𝜃 ⊗ 𝑑𝜃 + sin2 𝜃𝑑𝜙 ⊗ 𝑑𝜙)  

𝛿𝜖Ψ𝜇|
Schw. 

= 0  

𝐠 = (1 −
2𝑀

𝑟
+

𝑞2

𝑟2) 𝑑𝑡 ⊗ 𝑑𝑡 − (1 −
2𝑀

𝑟
+

𝑞2

𝑟2)

−1

𝑑𝑟 ⊗ 𝑑𝑟 − 𝑟2(𝑑𝜃 ⊗ 𝑑𝜃 + sin2 𝜃𝑑𝜙 ⊗ 𝑑𝜙)  

𝑇 =
𝜅

2𝜋
=

𝑟+ − 𝑟−

4𝜋𝑟+
2 =

√𝑀2 − 𝑞2

2𝜋2𝑟+
2 = 0.  

𝛿𝜖Ψ𝜇|
RN

 extr. = 0  

𝐠 = 𝑒2𝑈(𝜏)𝑑𝑡 ⊗ 𝑑𝑡 − 𝑒−2𝑈(𝜏)𝛾𝑚𝑛𝑑𝑥𝑚 ⊗ 𝑑𝑥𝑛,

𝛾𝑚𝑛𝑑𝑥𝑚 ⊗ 𝑑𝑥𝑛 =
𝑟0

2

sinh2 𝑟0𝜏
[

𝑟0
2

sinh2 𝑟0𝜏
𝑑𝜏 ⊗ 𝑑𝜏 + ℎ𝑆2]

ℎ𝑆2  = 𝑑𝜃 ⊗ 𝑑𝜃 + sin2 𝜃𝑑𝜙 ⊗ 𝑑𝜙,

 

𝐠 = 𝑒2𝑈(𝜏)𝑑𝑡 ⊗ 𝑑𝑡 − 𝑒−2𝑈(𝜏)[𝛿𝑎𝑏𝑑𝑥𝑎 ⊗ 𝑑𝑥𝑏],  

lim
𝜏→−∞

 𝑒−2𝑈 =
𝐴

4𝜋
lim

𝜏→−∞
 𝜏2, lim

𝜏→−∞
 𝜏

𝑑𝜙𝑖

𝑑𝜏
= 0, 𝑖 = 1, … , 𝑛𝑣

 

lim
𝜏→−∞

 𝜙𝑖 = 𝜙ℎ
𝑖 , 𝒢 𝑖𝑗(𝜙ℎ)𝜕𝑗𝑉bh(𝜙ℎ) = 0  

𝜕𝑗𝑉bh(𝜙ℎ) = 0,  

𝑆 = 𝜋𝑉bh(𝜙ℎ(𝒬)) = 0,  

𝐼FGK[𝑈, 𝑧𝑖] = ∫  𝑑𝜏{(𝑈̇)2 + 𝒢𝑖𝑗𝑧̇
𝑖𝑧‾̇𝑗‾ − 𝑒2𝑈𝑉bh(𝑧, 𝑧‾, 𝒬)},  

(𝑈̇)2 + 𝒢𝑖𝑗𝑧̇
𝑖𝑧‾̇𝑗̇ + 𝑒2𝑈𝑉bh(𝑧, 𝑧‾, 𝒬) = 𝑟0

2.  

𝑉bh(𝑧, 𝑧‾, 𝒬) ≡
1

2
ℳ𝑀𝑁(𝒩)𝒬𝑀𝒬𝑁,  

(𝒬𝑀) = (
𝑝Λ

𝑞Λ
) ,  
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(ℳ𝑀𝑁(𝒩)) ≡ (𝐼 + 𝑅𝐼−1𝑅 −𝑅𝐼−1

−𝐼−1𝑅 𝐼−1 )  

𝑋 ≡
1

√2
𝑒𝑈+𝑖𝛼  

ℱΛ ≡
𝜕ℱ

𝜕𝒳Λ
  y  ℱΛΣ ≡

𝜕2ℱ

𝜕𝒳Λ𝜕𝒳Σ
,  se tiene  ℱΛ = ℱΛΣ𝒳Σ  

(𝒱𝑀) = (
ℒΛ

ℳΛ
) = 𝑒𝒦/2 (

𝒳Λ

ℱΛ
)  

ℳΛ

𝑋
= ℱΛΣ

ℒΛ

𝑋
.  

ℛ𝑀 ≡ ℜ𝔢(𝒱𝑀/𝑋), ℐ𝑀 ≡ ℑ𝔪(𝒱𝑀/𝑋),  

ℛ𝑀 = −ℳ𝑀𝑁(ℱ)ℐ𝑀  

𝑑ℛ𝑀 = −ℳ𝑀𝑁(ℱ)𝑑ℐ𝑀  

𝜕ℐ𝑀

𝜕ℛ𝑁
=

𝜕ℐ𝑁

𝜕ℛ𝑀
= −

𝜕ℛ𝑀

𝜕ℐ𝑁
= −

𝜕ℛ𝑁

𝜕ℐ𝑀
= −ℳ𝑀𝑁(ℱ).  

𝐻𝑀 ≡ ℐ𝑀(𝑋, 𝑧, 𝑋‾, 𝑧‾)  

𝑧𝑖 =
𝒱𝑖/𝑋

𝒱0/𝑋
=

𝐻̃𝑖(𝐻) + 𝑖𝐻𝑖

𝐻̃0(𝐻) + 𝑖𝐻0
, 𝑒−2𝑈 =

1

2|𝑋|2
= 𝐻̃𝑀(𝐻)𝐻𝑀.  

𝛼̇ = 2|𝑋|2𝐻̇𝑀𝐻𝑀 − [
1

2𝑖
𝑧̇𝑖𝜕𝑖𝒦 + 𝑐. 𝑐. ] .  

𝐖(𝐻) ≡ 𝐻̃𝑀(𝐻)𝐻𝑀 = 𝑒−2𝑈,  

𝐻̃𝑀 =
1

2

𝜕 W

𝜕𝐻𝑀
≡

1

2
𝜕𝑀 W, 𝐻𝑀 =

1

2

𝜕 W

𝜕𝐻̃𝑀
.  

−𝐼H−FGK[𝐻]  = ∫  𝑑𝜏 {
1

2
𝑔𝑀𝑁𝐻̇𝑀𝐻̇𝑁 − 𝑉}

𝑟0
2  =

1

2
𝑔𝑀𝑁𝐻̇𝑀𝐻̇𝑁 + 𝑉

 

𝑔𝑀𝑁 ≡ 𝜕𝑀𝜕𝑁log  W − 2
𝐻𝑀𝐻𝑁

 W
 

𝑉(𝐻) ≡ {−
1

4
𝑔𝑀𝑁 +

𝐻𝑀𝐻𝑁

2𝐖2 }𝒬𝑀𝒬𝑁  

𝑉bh = −W𝑉.  

𝑔𝑀𝑁𝐻̈𝑁 + [𝑃𝑄, 𝑀]𝐻̇𝑃𝐻̇𝑄 + 𝜕𝑀𝑉 = 0  
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[𝑃𝑄, 𝑀] ≡ 𝜕(𝑃𝑔𝑄)𝑀 −
1

2
𝜕𝑀𝑔𝑃𝑄  

𝐻̃𝑀(𝐻̈𝑀 − 𝑟0
2𝐻𝑀) +

(𝐻̇𝑀𝐻𝑀)2

 W
= 0,  

𝐻̇𝑀𝐻𝑀 = 0,  

𝐻̃𝑀(𝐻̈𝑀 − 𝑟0
2𝐻𝑀) = 0,  

𝐻𝑀 = 𝐴𝑀 −
𝐵𝑀

√2
𝜏,  

𝐻𝑀 = 𝐴𝑀cosh (𝑟0𝜏) + 𝐵𝑀sinh (𝑟0𝜏)  

𝐻𝑀 = 𝐴𝑀 −
𝒬𝑀

√2
𝜏,  

𝐻0 = 𝐻0 = 𝐻𝑖 = 0, 𝑝0 = 𝑝0 = 𝑞𝑖 = 0,  

𝐻𝑖 = 𝑎𝑖 −
𝑝𝑖

√2
𝜏, 𝑟0 = 0,  

𝐻𝑀 = 𝐻𝑀(𝑎, 𝑏),  

{𝐻𝑃 = 0, 𝒬𝑃 = 0}  ⇒ ℰ𝑃 = 0,  

(
𝑖𝐻𝑖

𝐻̃𝑖
) =

𝑒𝒦/2

𝑋
(

𝒳 𝑖

𝜕𝐹(𝒳)
𝜕𝒳𝑖

) , (
𝐻̃0

0
) =

𝑒𝒦/2

𝑋
(

𝒳0

𝜕𝐹(𝒳)
𝜕𝒳0

) ,  

𝑒−2𝑈 = 𝐻̃𝑖𝐻
𝑖, 𝑧𝑖 = 𝑖

𝐻𝑖

𝐻̃0
,  

𝜕𝐹(𝐻)

𝜕𝐻̃0
= 0  

𝐹(𝐻) =
𝑖

3!
𝜅𝑖𝑗𝑘

0 𝐻𝑖𝐻𝑗𝐻𝑘

𝐻̃0
+

𝑖𝑐(𝐻̃0)
2

2
+

𝑖(𝐻̃0)
2

(2𝜋)3
∑  
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻‾ 0)  

𝐻̃𝑖 = −𝑖
𝜕𝐹(𝐻)

𝜕𝐻𝑖
,  

−
1

3!
𝜅𝑖𝑗𝑘

0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 + 𝑐 +

1

4𝜋3
∑  
{𝑑𝑖}

 𝑛{𝑑𝑖} [𝐿𝑖3 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻0) + 𝐿𝑖2 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻0) [
𝜋𝑑𝑖𝐻

𝑖

𝐻̃0
]]  

lim
|𝑤|→0

 𝐿𝑖𝑠(𝑤) = 𝑤, ∀𝑠 ∈ ℕ  
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−
1

3!
𝜅𝑖𝑗𝑘

0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 + 𝑐 +

1

4𝜋3
∑  

{𝑑𝑖}

𝑛{𝑑𝑖} [𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻0 + 𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻0 [
𝜋𝑑𝑖𝐻

𝑖

𝐻̃0
]] = 0, ℑ m𝑧𝑖 ≫ 1 

−
1

3!
𝜅𝑖𝑗𝑘

0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 + 𝑐 +

1

4𝜋3
∑  
{𝑑𝑖}

 𝑛{𝑑𝑖}𝑒
−2𝜋𝑑𝑖

𝐻𝑖

𝐻‾ 0 [
𝜋𝑑𝑖𝐻

𝑖

𝐻̃0
]  

−
1

3!
𝜅𝑖𝑗𝑘

0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 + 𝑐 +

𝑛̂

4𝜋3
𝑒

−2𝜋𝑑̂𝑖
𝐻𝑖

𝐻0 [
𝜋𝑑̂𝑖𝐻

𝑖

𝐻̃0
]  

𝑒−2𝑈 = 𝐖(𝐻) = 𝛼|𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘|

2/3
 

𝑉bh =
W(𝐻)

4
𝜕𝑖𝑗log  W(𝐻)𝒬𝑖𝒬𝑗,  

𝑧𝑖 = 𝑖(3! 𝑐)1/3
𝐻𝑖

(𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘)

1/3
,  

𝜅𝑖𝑗𝑘
0 ℑ m𝑧𝑖ℑ m𝑧𝑗ℑ m𝑧𝑘 >

3𝑐

2
.  

𝑐 >
𝑐

4
 

𝑒−𝒦 = 6𝑐  

𝑐 > 0 ⇒ ℎ11 > ℎ21  

𝑋3,1 ⇒ 𝜅111
0 = 48, 𝜅222

0 = 𝜅333
0 = 8

𝑌3,1 ⇒ 𝜅122
0 = 6, 𝜅222

0 = 18, 𝜅333
0 = 8

 

𝐖(𝐻) = 𝛼|48(𝐻1)3 + 8[(𝐻2)3 + (𝐻3)3]|2/3,

𝐖(𝐻) = 𝛼|18(𝐻2)2[𝐻1 + 𝐻2] + 8(𝐻3)3|2/3.
 

𝐻 = 𝑎cosh (𝑟0𝜏) +
𝑏

𝑟0
sinh (𝑟0𝜏), 𝑏 = 𝑠𝑏

√𝑟0
2𝑎2 +

𝑝2

2
,  

𝑧1 = 𝑖(3! 𝑐)1/3𝜆−1/3 = 𝑠2,3𝑧2,3  

𝜆 = [48 + 8(𝑠2 + 𝑠3)] para 𝑋3,1

𝜆 = [18 + 18𝑠2 + 8𝑠3] para 𝑌3,1.
 

𝑑𝑠2  = [
1

2
(3! 𝑐)1/3 [𝑎cosh (𝑟0𝜏) +

𝑏

𝑟0
sinh (𝑟0𝜏)]

2

]

−1

𝑑𝑡2

 −
1

2
(3! 𝑐)1/3 [𝑎cosh (𝑟0𝜏) +

𝑏

𝑟0
sinh (𝑟0𝜏)]

2

[
𝑟0

4

sinh4 𝑟0𝜏
𝑑𝜏2 +

𝑟0
2

sinh2 𝑟0𝜏
𝑑Ω(2)

2 ]
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2𝜋𝑖𝑑𝑖𝑧
𝑖 ∼ −

1

3
∑  

3

𝑖=1

 𝑑𝑖, 𝑑𝑖 ≥ 1  

𝑠2 = 𝑠3 = −1,  para 𝑋3,1,

𝑠2 = −𝑠3 = 1,  para 𝑌3,1.
 

𝒢𝑖𝑗∗ = 𝜕𝑖𝜕𝑗∗𝒦  

𝑎 = −𝑠𝑏

ℑ𝑚𝑧1

√3𝑐
.  

𝑀 = 𝑟0√1 +
3𝑐𝑝2

2𝑟0
2(ℑ m𝑧1)2

,

𝑆± = 𝑟0
2𝜋 (√1 +

3𝑐𝑝2

2𝑟0
2(ℑ m𝑧1)2

± 1)

2

.

 

𝑆+𝑆− =
𝜋2𝛼2

4
𝑝4𝜆4/3.  

𝑒−2𝑈 = 𝐖(𝐻) = 𝛼|𝐻1𝐻2𝐻3|2/3,  

𝑧𝑖 = 𝑖𝑐1/3
𝐻𝑖

(𝐻1𝐻2𝐻3)1/3
.  

𝐻𝑖 = 𝑎𝑖cosh (𝑟0𝜏) +
𝑏𝑖

𝑟0
sinh (𝑟0𝜏), 𝑏𝑖 = 𝑠𝑏

𝑖 √𝑟0
2(𝑎𝑖)2 +

(𝑝𝑖)2

2
.  

𝑎𝑖 = −𝑠𝑏
𝑖

ℑ𝑚𝑧∞
𝑖

√3𝑐
.  

𝑀 =
𝑟0

3
∑  

𝑖

 √1 +
3𝑐(𝑝𝑖)2

2𝑟0
2(ℑ𝑚𝑧∞

𝑖 )
2

𝑆± = 𝑟0
2𝜋 ∏  

𝑖

 (√1 +
3𝑐(𝑝𝑖)2

2𝑟0
2(ℑ m𝑧∞

𝑖 )
2 ± 1)

2/3  

𝑆+𝑆− =
𝜋2𝛼2

4
∏  

𝑖

  (𝑝𝑖)
4/3

 

−
1

3!
𝜅𝑖𝑗𝑘

0 𝐻𝑖𝐻𝑗𝐻𝑘

(𝐻̃0)
3 +

𝑛̂

4𝜋3
𝑒

−2𝜋𝑑̂𝑙
𝐻𝑙

𝐻0 [
𝜋𝑑̂𝑛𝐻𝑛

𝐻̃0
]  
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𝐻̃0 =
𝜋𝑑̂𝑙𝐻

𝑙

𝑊𝑎 (𝑠𝑎√
3𝑛̂(𝑑̂𝑛𝐻𝑛)

3

2𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘)

,

 

𝐻̃𝑖 =
1

2
𝜅𝑖𝑗𝑘

0 𝐻𝑗𝐻𝑘

𝜋𝑑̂𝑙𝐻
𝑙
𝑊𝑎 (𝑠𝑎

√
3𝑛̂(𝑑̂𝑚𝐻𝑚)

3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

) .  

𝑒−2𝑈 = W(𝐻) =
𝜅𝑖𝑗𝑘

0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑚𝐻𝑚
𝑊𝑎 (𝑠𝑎

√
3𝑛̂(𝑑̂𝑙𝐻

𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

)

𝑧𝑖 = 𝑖
𝐻𝑖

𝜋𝑑̂𝑚𝐻𝑚
𝑊𝑎 (𝑠𝑎

√
3𝑛̂(𝑑̂𝑙𝐻

𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

) .

 

𝑠0 ≡ sign [𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

𝑑̂𝑚𝐻𝑚
] ,

𝑠−1 ≡ −1

 

𝐻𝑖 = 𝑎𝑖 −
𝑝𝑖

√2
𝜏, 𝑟0 = 0.  

𝑆 =
1

2
𝜅𝑖𝑗𝑘

0 𝑝𝑖𝑝𝑗𝑝𝑘

𝑑̂𝑚𝑝𝑚
𝑊𝑎(𝑠𝑎𝛽),

𝛽 = √
3𝑛̂(𝑑̂𝑙𝑝

𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝑝𝑝𝑝𝑞𝑝𝑟

,

 

𝑀 = 𝑈̇(0) =
1

2√2
[
3𝜅𝑖𝑗

0 𝑝𝑖𝑎𝑗𝑎𝑘

𝜅𝑝𝑞𝑟
0 𝑎𝑝𝑎𝑞𝑎𝑟

[1 −
1

1 + 𝑊𝑎(𝑠𝑎𝛼)
] −

𝑑𝑙𝑝
𝑙

𝑑𝑛𝑎𝑛
[1 −

3

2(1 + 𝑊𝑎(𝑠𝑎𝛼))
]] ,

𝛼 = √
3𝑛̂(𝑑𝑙𝑎𝑙)3

2𝜅𝑝𝑞𝑟
0 𝑎𝑝𝑎𝑞𝑎𝑟

.

 

𝑊𝑎(𝑥)𝑒−2𝑊𝑎(𝑥) ≫ 𝑒−2𝑊𝑎(𝑥).  

𝑒−2𝑈  =
𝜅𝑖𝑗𝑘

0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑚𝐻𝑚
𝑊0 (√

3𝑛̂(𝑑̂𝑙𝐻
𝑙)

3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

) ,

𝑧𝑖  = 𝑖
𝐻𝑖

𝜋𝑑̂𝑚𝐻𝑚
𝑊0 (√

3𝑛̂(𝑑̂𝑙𝐻
𝑙)

3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

) .
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𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑛𝐻𝑛
> 0 ∀𝜏 ∈ (−∞, 0],

𝜅𝑖𝑗𝑘
0 𝑎𝑖𝑎𝑗𝑎𝑘

2𝜋𝑑̂𝑚𝑎𝑚
𝑊0(𝛼) = 1,

 

𝑒−2𝑈 →
𝜏→−∞ 𝜅𝑖𝑗𝑘

0 𝑝𝑖𝑝𝑗𝑝𝑘

8𝜋𝑑̂𝑚𝑝𝑚
𝑊0(𝛽)𝜏2.  

𝐿 = ⨁  

𝑁

𝑘=0

 𝐿𝑘 ,  

𝑢𝑗 ∘ 𝑢𝑘 ∈ 𝐿(𝑗+𝑘)mod(𝑁+1).  

𝑢0 ∘ 𝑣0 ∈ 𝐿0, ∀𝑢0, 𝑣0 ∈ 𝐿0, 

𝑢0 ∘ 𝑢1 ∈ 𝐿1, ∀𝑢0 ∈ 𝐿0, 𝑣1 ∈ 𝐿1, 

𝑢1 ∘ 𝑣1 ∈ 𝐿0, ∀𝑢1, 𝑣1 ∈ 𝐿1, 

• Supersimetrización: ∀𝑥𝑖 ∈ 𝐿𝑖, ∀𝑥𝑗 ∈ 𝐿𝑗𝑖, 𝑗 = 0,1, 𝑥𝑖 ∘ 𝑥𝑗 = −(−1)𝑖𝑗𝑥𝑗 ∘ 𝑥𝑖. 

• Identidades de Jacobi: ∀𝑥𝑘 ∈ 𝐿𝑘 , ∀𝑥𝑙 ∈ 𝐿𝑙 , ∀𝑥𝑚 ∈ 𝐿𝑚, 𝑘, 𝑙, 𝑚 = 0,1, 𝑥𝑘 ∘ (𝑥𝑙 ∘ 𝑥𝑚)(−1)𝑘𝑚 +

𝑥𝑙 ∘ (𝑥𝑚 ∘ 𝑥𝑘)(−1)𝑙𝑘 + 𝑥𝑚 ∘ (𝑥𝑘 ∘ 𝑥𝑙)(−1)𝑚𝑙 = 0. 

𝑥𝜇 ∘ 𝑥𝜈 ≡ 𝑥𝜇𝑥𝜈 − (−1)𝑔𝜇𝑔𝜈𝑥𝜈𝑥𝜇 = 𝑐𝜇𝜈
𝜔 𝑥𝜔  

𝐿𝑖𝑤(𝑧) = ∑  

∞

𝑗=1

 
𝑧𝑗

𝑗𝑤
, 𝑧, 𝑤 ∈ ℂ.  

𝐿𝑖𝑤−1(𝑧) = 𝑧
𝜕𝐿𝑖𝑤(𝑧)

𝜕𝑧
.  

𝐿𝑖1(𝑧) = −log (1 − 𝑧)  

𝐿𝑖0(𝑧) =
𝑧

1 − 𝑧
, 𝐿𝑖−𝑛(𝑧) = (𝑧

𝜕

𝜕𝑧
)

𝑛 𝑧

1 − 𝑧
.  

𝐿𝑖𝑤(𝑧) = ∫  
𝑧

0

 
𝐿𝑖𝑤−1(𝑠)

𝑠
𝑑𝑠  

𝑧 = 𝑊(𝑧)𝑒𝑊(𝑧), ∀𝑧 ∈ ℂ.  

𝑑𝑊(𝑧)

𝑑𝑧
=

𝑊(𝑧)

𝑧(1 + 𝑊(𝑧))
, ∀𝑧 ∉ {0, −1/𝑒},  

𝑑𝑊(𝑧)

𝑑𝑧
|
𝑧=0

 

lim
𝑥→−1/𝑒

 
𝑑𝑊0(𝑥)

𝑑𝑥
= ∞, lim

𝑥→−1/𝑒
 
𝑑𝑊−1(𝑥)

𝑑𝑥
= −∞.  
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𝑋 × 𝑆 

𝜇1,1 ∈ Ω0,1(𝑋,  T𝑋) ⊗ 𝐶∞(𝑆) 

𝜇1,1 = 𝜇𝑗
𝑖 (𝑧, 𝑧‾, 𝑡)d𝑧‾𝑖

𝜕

𝜕𝑧𝑗
 

𝛾1,0 ∈ Ω1,0(𝑋) ⊗ 𝐶∞(𝑆), 𝛾1,2 ∈ Ω1,2(𝑋) ⊗ 𝐶∞(𝑆) 

𝜕‾𝜇1,1 +
1

2
[𝜇1,1, 𝜇1,1] + Ω−1 ∨ (𝜕𝛾1,0 ∧ 𝜕𝛾1,2) = 0 

Ω0,∙(𝑋, 𝑉) = (Ω0,𝑗(𝑋, 𝑉)[−𝑗], 𝜕‾) 

𝜕Ω(𝜇) ∧ Ω = 𝐿𝜇(Ω) 

𝜕Ω: Ω0,∙(𝑋,  T𝑋) → Ω0,∙(𝑋) 

Ω0,∙(𝑋,  T𝑋) →
𝜕Ω 

Ω0,∙(𝑋)  

[𝜇, 𝜇′] = 𝐿𝜇𝜇′

[𝜇, 𝜈] = 𝐿𝜇𝜈
 

(Sym(ℒ∨[−1]), 𝛿ℒ) 

Φ∗: C∙(ℒ′) → C∙(ℒ)  

Ψ∞: 𝜈 ↦ 1 − 𝑒−𝜈, 𝜇 ↦ 𝑒−𝜈𝜇  

[𝜇]1 = 𝜕‾𝜇 + 𝜕Ω𝜇
[𝜇1, 𝜇2]2 = 𝜕Ω(𝜇1 ∧ 𝜇2)

[𝜈, 𝜇1, 𝜇2]3 = 𝜕Ω(𝜈𝜇1 ∧ 𝜇2)

 

[𝜈1, … , 𝜈𝑘−2, 𝜇1, 𝜇2]𝑘 = 𝜕Ω(𝜈1 ⋯ 𝜈𝑘𝜇1 ∧ 𝜇2)

[𝜈1, … , 𝜈𝑘−3, 𝜇1, 𝜇2, 𝛾]𝑘 = 𝜈1 ⋯ 𝜈𝑘−3(𝜇 ∧ 𝜇′) ∨ 𝜕𝛾.
[𝜈1, … , 𝜈𝑘−2, 𝜇, 𝛾]𝑘 = 𝜈1 ⋯ 𝜈𝑘−2𝜇 ∨ 𝜕𝛾.

 

[𝑥 ⊗ 𝑎]1 = [𝑥]1
ℒ ⊗ 𝑎 + (−1)|𝑥|𝑥 ⊗  d𝒜𝑎

[𝑥1 ⊗ 𝑎1, … , 𝑥𝑘 ⊗ 𝑎𝑘]𝑘 = [𝑥1, … , 𝑥𝑘]𝑘
ℒ ⊗ (𝑎1 ⋯ 𝑎𝑘), 𝑘 ⩾ 2.

 

F𝐴 = [𝐴]1 +
1

2
[𝐴, 𝐴]2 +

1

3!
[𝐴, 𝐴, 𝐴]3 + ⋯ 

 (𝐴, 𝐵) ∈ ℒ[1] ⊕ ℒ![−2] 

−𝑛 −𝑛 + 1 −1 0

Ω0(𝑋; 𝑆) →
𝜕 

Ω1(𝑋; 𝑆) PV1(𝑋; 𝑆) →
𝜕Ω 

PV0(𝑋; 𝑆).
 

Ω𝑖(𝑋; 𝑆) = Ω𝑖,∙;∙(𝑋; 𝑆)

 =⊕𝑗,𝑘 PV𝑖,𝑗(𝑋) ⊗ Ω𝑘(𝑆)[−𝑗 − 𝑘]
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𝑛 = dimℂ(𝑋) + dimℝ(𝑆) − 1  

∫  
Ω

𝑋×𝑆

𝜇 ∨ 𝛾 + ∫  
Ω

𝑋×𝑆

𝜈𝛽 

𝑆𝐵𝐹,0 = ∫ [𝛽 ∧ (𝜕‾ + d𝑆)𝜈 + 𝛾 ∧ (𝜕‾ + d𝑆)𝜇 + 𝛽 ∧ 𝜕Ω𝜇 +
1

2
[𝜇, 𝜇] ∨ 𝛾 + [𝜇, 𝜈]𝛽]

Ω

[𝛽 ∧ (𝜕‾ + d𝑆)𝜈 + 𝛾 ∧ (𝜕‾ + d𝑆)𝜇 + 𝛽 ∧ 𝜕Ω𝜇 +
1

2
[𝜇, 𝜇] ∨ 𝛾 + [𝜇, 𝜈]𝛽] . 

𝑆𝐵𝐹,∞ = ∫ [𝛽 ∧ (𝜕‾ + d𝑆)𝜈 + 𝛾 ∧ (𝜕‾ + d𝑆)𝜇 + 𝛽 ∧ 𝜕Ω𝜇 +
1

2

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾]

Ω

[𝛽 ∧ (𝜕‾ + d𝑆)𝜈 + 𝛾 ∧ (𝜕‾ + d𝑆)𝜇 + 𝛽 ∧ 𝜕Ω𝜇 +
1

2

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾] . 

𝜇 ↦ 𝑒−𝜈𝜇, 𝜈 ↦ 1 − 𝑒−𝜈, 𝛽 ↦ (𝛽 − 𝜇 ∨ 𝛾)𝑒𝜈, 𝛾 ↦ 𝑒𝜈𝛾  

     

Ω0(𝑋; 𝑆)𝛽 →
𝜕 

Ω1(𝑋; 𝑆)𝛾 PV1(𝑋; 𝑆)𝜇 →
𝜕Ω 

PV0(𝑋; 𝑆)𝜈 .
 

𝑆𝐵𝐹 + 𝑔𝐽  

{𝑆𝐵𝐹 + 𝑔𝐽, 𝑆𝐵𝐹 + 𝑔𝐽} = 0  

{𝑆𝐵𝐹 , 𝐽} = {𝐽, 𝐽} = 0  

𝐽 =
1

6
𝛾 ∧ 𝜕𝛾 ∧ 𝜕𝛾  

𝛾1,𝑖;𝑗 ∈ Ω1,𝑖(𝑋) ⊗ Ω𝑗(𝑆) 

deg(𝐽) = 6  

{𝛽 ∧ 𝜕Ω𝜇, 𝐽} =
1

2
𝜕𝛽 ∧ 𝜕𝛾 ∧ 𝜕𝛾 = 0  

{
1

2

1

1 − 𝜈
𝜕𝛾 ∨ 𝜇2,

1

6
𝛾 ∧ 𝜕𝛾 ∧ 𝜕𝛾} =

1

2
(𝜇 ∨ 𝜕𝛾) ∧ 𝜕𝛾 ∧ 𝜕𝛾 

Sym3(⊟) ≅⊞⊕ ∄  

∧3 (∃) ≅⊟⊕⊟  

𝛾 ↦ √𝑔𝛾, 𝛽 ↦ √𝑔𝛽 

1

√𝑔
(𝑆𝐵𝐹,∞ + 𝐽) 

𝐽 =
1

6
𝑒𝜈𝛾 ∧ 𝜕(𝑒𝜈𝛾) ∧ 𝜕(𝑒𝜈𝛾) 

𝜕‾𝜈 + d𝑆𝜈 + 𝜕Ω𝜇 = 0  

𝜕‾𝜇 + d𝑆𝜇 +
1

2

1

1 − 𝜈
𝜕Ω(𝜇2) +

1

2
(𝜕𝛾 ∧ 𝜕𝛾) ∨ (𝑔Ω−1) = 0  

(𝜕‾ + d𝑆)𝛾 + 𝜕𝛽 +
1

1 − 𝜈
(𝜇 ∨ 𝜕𝛾) = 0  
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(𝜕‾ + d𝑆)𝛽 +
1

2

1

(1 − 𝜈)2
𝜇2 ∨ 𝜕𝛾 = 0  

• 𝜇 = ∑  𝑖,𝑗 𝜇𝑖;𝑗 𝜇𝑖;𝑗 ∈ PV1,𝑖(𝑋) ⊗ Ω𝑗(ℝ), 𝑖 = 0, … ,5, 𝑗 = 0,1 

• 𝜈 = ∑  𝑖,𝑗 𝜈𝑖;𝑗 𝜈𝑖;𝑗 ∈ PV0,𝑖(𝑋,  T𝑋) ⊗ Ω𝑗(ℝ), 𝑖 = 0, … ,5, 𝑗 = 0,1 

• 𝛾 = ∑  𝑖,𝑗 𝛾𝑖;𝑗 𝛾𝑖;𝑗 ∈ Ω1,𝑖(𝑋) ⊗ Ω𝑗(ℝ), 𝑖 = 0, … ,5, 𝑗 = 0,1 

• 𝛽 = ∑  𝑖,𝑗 𝛽𝑖;𝑗 𝛽𝑖;𝑗 ∈ Ω0,𝑖(𝑋) ⊗ Ω𝑗(ℝ), 𝑖 = 0, … ,5, 𝑗 = 0,1 

𝜕‾𝜇1;0 +
1

2
[𝜇1;0, 𝜇1;0] + (

1

2
𝜕𝛾1;0 ∧ 𝜕𝛾1;0 + 𝜕𝛾2;0 ∧ 𝜕𝛾0;0) ∨ (𝑔Ω−1) = 0  

𝛼 =
 def 

𝜕𝛾0;0 

Ω𝑋
2, hol →

∧𝛼 
Ω𝑋

4, hol ≅  Ω𝒯𝑋
hol  

𝜕‾𝜉 +
1

2
[𝜉, 𝜉] = 𝛼 ∨ 𝜌 

𝜇1;0 = 𝜇𝑖
𝑗
(𝑧, 𝑧‾, 𝑡)d𝑧‾𝑗𝜕𝑧𝑖

𝜇0;1 = 𝜇𝑖
𝑡(𝑧, 𝑧‾, 𝑡)d𝑡𝜕𝑧𝑖

 

𝜇0;0 = 𝜇𝑖(𝑧, 𝑧‾, 𝑡)𝜕𝑧𝑖
 

𝛽3;0 = 𝛽𝑖𝑗𝑘(𝑧, 𝑧‾, 𝑡)d𝑧‾𝑖 d𝑧‾𝑗 d𝑧‾𝑘, 𝛽2;1 = 𝛽𝑡
𝑖𝑗

(𝑧, 𝑧‾, 𝑡)d𝑧‾𝑖 d𝑧‾𝑗 d𝑡

𝛾2;0 = 𝛾𝑖𝑗𝑘(𝑧, 𝑧‾, 𝑡)d𝑧𝑖 d𝑧‾𝑗 d𝑧‾𝑘 , 𝛾1;1 = 𝛾𝑡
𝑖𝑗

(𝑧, 𝑧‾, 𝑡)d𝑧𝑖 d𝑧‾𝑗 d𝑡.
 

𝜇𝑖𝜕𝑧𝑖
 ∈ Vect(ℂ5) ≅ 𝒪(ℂ5)𝜕𝑧𝑖

, 𝜈 ∈ 𝒪(ℂ5)

𝛽 ∈ 𝒪(ℂ5), 𝛾𝑖 d𝑧𝑖 ∈ Ω1(ℂ5) ≅ 𝒪(ℂ5)d𝑧𝑖

 

𝝁(𝑚𝑗)
𝑖 : 𝜇𝑖 ↦ 𝜕𝑧1

𝑚1𝜕𝑧2

𝑚2𝜕𝑧3

𝑚3𝜕𝑧4

𝑚4𝜕𝑧5

𝑚5𝜇𝑖

𝝂(𝑚𝑗): 𝜈 ↦ 𝜕𝑧1

𝑚1𝜕𝑧2𝑚2

𝜕𝑧3

𝑚3𝜕𝑧4

𝑚4𝜕𝑧5

𝑚5𝜈

𝜸(𝑚𝑗)
𝑖 : 𝛾𝑖 ↦ 𝜕𝑧1

𝑚1𝜕𝑧2𝑚2

𝜕𝑧3

𝑚3𝜕𝑧4

𝑚4𝜕𝑧5

𝑚5𝛾𝑖

𝜷(𝑚𝑗): 𝛽 ↦ 𝜕𝑧1

𝑚1𝜕𝑧2

𝑚2𝜕𝑧3

𝑚3𝜕𝑧4

𝑚4𝜕𝑧5

𝑚5𝛽

 

𝑖(𝑞1, … , 𝑞5) =
∑  5

𝑖=1  𝑞𝑖

∏  5
𝑖=1   (1 − 𝑞𝑖)

+
∑  5

𝑖=1  𝑞𝑖
−1

∏  5
𝑖=1   (1 − 𝑞𝑖

−1)
 

𝑞1
𝑚1+1

⋯ 𝑞𝑖
𝑚𝑖 ⋯ 𝑞5

𝑚5+1
. 

𝑞1
𝑚1 ⋯ 𝑞𝑖

𝑚𝑖+1
⋯ 𝑞5

𝑚5 
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∑  

5

𝑖=1

 ( ∑  

(𝑚𝑖)∈ℤ⩾0
5

 𝑞1
𝑚1 ⋯ 𝑞𝑖

𝑚𝑖+1
⋯ 𝑞5

𝑚5 − ∑  

(𝑚𝑖)∈ℤ⩾0
5

 𝑞1
𝑚1+1

⋯ 𝑞𝑖
𝑚𝑖 ⋯ 𝑞5

𝑚5+1
)  

−
∑  5

𝑖=1  𝑞1 ⋯ 𝑞̂𝑖 ⋯ 𝑞5

∏  5
𝑖=1   (1 − 𝑞𝑖)

+
∑  5

𝑖=1  𝑞𝑖

∏  5
𝑖=1   (1 − 𝑞𝑖)

 

∏  

5

𝑖=1

∏  

(𝑚𝑖)∈ℤ⩾0
5

1 − 𝑞1
𝑚1+1

⋯ 𝑞𝑖
𝑚𝑖 ⋯ 𝑞5

𝑚5+1

1 − 𝑞1
𝑚1 ⋯ 𝑞𝑖

𝑚𝑖+1
⋯ 𝑞5

𝑚5
 

𝐸(5,10)+ = Vect0(ℂ5) 

𝐸(5,10)− = Ω𝑐𝑙
2 (ℂ5) 

[𝛼, 𝛼′] = Ω−1 ∨ (𝛼 ∧ 𝛼′)  

𝛿 = {𝑆𝐵𝐹,∞ + 𝐽, −} 

𝛿(1) = 𝜕‾ + dℝ + 𝜕Ω|𝜇→𝜈 + 𝜕|𝛽→𝛾  

Vect(ℂ5) →
𝜕Ω 

𝒪(ℂ5)

𝒪(ℂ5) →
𝜕 

Ω1(ℂ5)

 

𝜇 = 𝜇 ⊗ 1 ∈ ΠVect0(ℂ5) ⊗ Ω0(ℝ) 

 [𝛾] = [𝛾] ⊗ 1 ∈ (Ω1(ℂ5)/d (𝒪(ℂ5)) ⊗ Ω0(ℝ) 

 (𝜇, [𝛾], 𝑏) ∈ Vect0(ℂ5) ⊕ ΠΩ1(ℂ5)/𝜕𝒪(ℂ5) ⊕ ℂ 

[[𝛾], [𝛾′]] = Ω−1 ∨ (𝜕𝛾 ∧ 𝜕𝛾′) ∈ Vect0(ℂ5)  

𝜕: Ω1(ℂ5)/d ((ℂ5) ⟹
≅

Ω𝑐𝑙
2 (ℂ5)) 

 𝐾 ⟷ (Πℰ, 𝛿(1)) ⇄
 
𝑞

(𝐸(5,10) ⊕ ℂ𝑏 , 0),  

𝐾̃𝜕𝛾 + 𝜕𝐾𝛾 = 𝛾  

𝛾 − 𝐾̃𝜕𝛾 = 𝜕𝐾𝛾 

[𝜇, 𝜇′, [𝛾]]3 = 𝜑(𝜇, 𝜇′, [𝛾]) 

𝜑: 𝐸(5,10) × 𝐸(5,10) × 𝐸(5,10)  → ℂ𝑏

𝜑(𝜇, 𝜇′, 𝛼)  = ⟨𝜇 ∧ 𝜇′, 𝛼⟩|𝑧=0
 

Ceven (ℒ) = C2∙,+(ℒ) ⊕ C2∙+1,−(ℒ)

Codd (ℒ) = C2∙,−(ℒ) ⊕ C2∙+1,+(ℒ)
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𝔱11𝑑 = 𝑉 ⊕ Π𝑆 

Sym2(𝑆) ≅ 𝑉 ⊕∧2 𝑉 ⊕∧5 𝑉  

[𝜓, 𝜓′] = Γ∧1(𝜓, 𝜓′) 

𝔰𝔦𝔰𝔬11𝑑 = 𝔰𝔬(11, ℂ) ⋉ 𝔱11𝑑 

𝑐𝑀2 ∈ C2,+(𝔰𝔦𝔰𝔬11𝑑; Ω∙(ℝ11)[2]) 

𝑐𝑀2(𝜓, 𝜓′) = Γ∧2(𝜓, 𝜓′) ∈ Ω2(ℝ11) 

𝑉 = 𝐿 ⊕ 𝐿∨ ⊕ ℂ𝑡, 𝑆 =∧∙ 𝐿  

𝔰𝔩(𝐿) ⊕∧2 𝐿 ⊕∧2 𝐿∨ ⊕ 𝐿 ⊕ 𝐿∨ ⊕ ℂ 

𝑆 =∧∙ (𝐿) = ℂ ⊕ 𝐿 ⊕∧2 𝐿 ⊕∧3 𝐿 ⊕∧4 𝐿 ⊕∧5 𝐿 

Stab(𝑄) = 𝔰𝔩(𝐿) ⊕∧2 𝐿∨ ⊕ 𝐿∨ ⊂ 𝔰𝔬(11, ℂ) 

𝐿 ⊕ Stab(𝑄) ⊕ Π(∧2 𝐿∨) ⊕ ℂ  

 [𝑄, −]: 𝔰𝔬(11, ℂ) → 𝑆 

[𝜓, 𝜓′]2 = 𝜓 ∧ 𝜓′ ∈∧4 𝐿∨ ≅ 𝐿𝑣  

[𝑣, 𝑣′, 𝜓]3 = 4⟨𝑣 ∧ 𝑣′, 𝜓⟩ ∈ ℂ𝑏  

[𝑧𝑖 ∧ 𝑧𝑗, 𝑧𝑘 ∧ 𝑧𝑙]2
= 𝜖𝑖𝑗𝑘𝑙𝑚𝜕𝑧𝑚

 

[𝜕𝑧𝑖
, 𝜕𝑧𝑗

, 𝑧𝑘 ∧ 𝑧ℓ]
3

= 4(𝛿𝑘
𝑖 𝛿ℓ

𝑗
− 𝛿ℓ

𝑖𝛿𝑘
𝑗
) 

𝐻∙(𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄) ⊕ (𝐿∨ →
𝔹 

Π𝐿∨) 

[𝑣, 𝜆] = ⟨𝑣, 𝜆⟩ ∈ ℂ𝑏

[𝑣, 𝜓] = ⟨𝑣, 𝜓⟩ ∈ Π𝐿𝜆̃
 

𝔤 ⇝ 𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄 

𝐻: Ω2(ℝ11) → Ω1(ℝ11) 

𝜓̃ = 𝜓 − 𝐻Γ∧2(𝑄, 𝜓) ∈ Π𝑆 ⊕ ΠΩ1 

 [𝑣, 𝜓̃] = −𝐿𝑣(𝐻Γ∧2(𝑄, 𝜓)) = −⟨𝑣, Γ∧2(𝑄, 𝜓)⟩ − d⟨𝑣, 𝐻Γ∧2(𝑄, 𝜓)⟩ 

𝑣 ⊗ 𝜓 ↦ ⟨𝑣, 𝐻Γ∧2(𝑄, 𝜓)⟩ ∈ 𝐿𝜆 

𝐾 ↻ (𝔤, 𝛿) ⇄
𝑞

𝑖
(𝐻∙(𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄), 0)  

𝐻∙(𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄) ⇝ ℒ(ℂ5 × ℝ) 
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𝐿∨ ↦ 0
∧2 𝐿1

∨ ↦ 0

𝑧𝑖 ∧ 𝑧𝑗 ∈∧2 𝐿2
∨  ↦

1

2
(𝑧𝑖 d𝑧𝑗 − 𝑧𝑗 d𝑧𝑖) ∈ Ω1,0(ℂ5) ⊗̂ Ω0(ℝ)

𝐴𝑖𝑗 ∈ 𝔰𝔩(5) ↦ ∑  

𝑖𝑗

 𝐴𝑖𝑗𝑧𝑖𝜕𝑧𝑗
∈ PV1,0(ℂ5) ⊗̂ Ω0(ℝ)

𝜕𝑧𝑗
∈ 𝐿 ↦ 𝜕𝑧𝑖

∈ PV1,0(ℂ5) ⊗̂ Ω0(ℝ5)

1 ∈ ℂ𝑏 ↦ 1 ∈ Ω0,0(ℂ5) ⊗̂ Ω0(ℝ).

 

[𝑧𝑖 ∧ 𝑧𝑗 , 𝑧𝑘 ∧ 𝑧𝑙] = 𝜖𝑖𝑗𝑘𝑙𝑚𝜕𝑧𝑚
 

[𝜕𝑧𝑖
, 𝑧𝑗 d𝑧𝑘 − 𝑧𝑘 d𝑧𝑗] = 𝛿𝑗

𝑖 d𝑧𝑘 − 𝛿𝑘
𝑖  d𝑧𝑗 

Φ(2)(𝜕𝑧𝑖
, 𝑧𝑗 ∧ 𝑧𝑘) =

1

2
(𝛿𝑗

𝑖𝑧𝑘 − 𝛿𝑘
𝑖 𝑧𝑗).  

[Φ(1)(𝜕𝑧𝑖
), Φ(1)(𝑧𝑗 ∧ 𝑧𝑘)] = 𝜕Φ(2)(𝜕𝑧𝑖

, 𝑧𝑗 ∧ 𝑧𝑘) 

Φ(1) [𝜕𝑧𝑖
, 𝜕𝑧𝑗

, 𝑧𝑘 ∧ 𝑧𝑙]
3

= [Φ(1)(𝜕𝑧𝑖
), Φ(1)(𝜕𝑧𝑖

), Φ(1)(𝑧𝑘 ∧ 𝑧𝑙)]3

 + [𝜕𝑧𝑖
, Φ(2) (𝜕𝑧𝑗

, 𝑧𝑘 ∧ 𝑧𝑙)] + [𝜕𝑧𝑗
, Φ(2)(𝜕𝑧𝑖

, 𝑧𝑘 ∧ 𝑧𝑙)]
 

𝐻∙(𝔪2𝔟𝔯𝔞𝔫𝔢 𝑄) → 𝐸(5,10)̂  

𝐿 ⊕ Stab(𝑄) ⊕ Π(∧3 𝐿) ⊕ ℂ𝑏 → 𝐸(5,10) ⊕ ℂ𝑏′ 

𝐿1
∨ ↦ 0

∧2 𝐿1
∨ ↦ 0

𝑧𝑖 ∧ 𝑧𝑗 ∈∧2 𝐿2 ↦  d𝑧𝑖 ∧  d𝑧𝑗 ∈ Ω𝑐𝑙
2 (ℂ5)

𝐴𝑖𝑗 ∈ 𝔰𝔩(5) ↦ ∑  

𝑖𝑗

 𝐴𝑖𝑗𝑧𝑖𝜕𝑧𝑗
∈ Vect0(ℂ5)

𝜕𝑧𝑖
∈ 𝐿 ↦ 𝜕𝑧𝑖

∈ Vect0(ℂ5)

𝑏 ∈ ℂ𝑏 ↦ 𝑏 ∈ ℂ𝑏′ .

 

𝜇2(𝜓, 𝜓′, 𝑣, 𝑣′) = ⟨𝑣 ∧ 𝑣′, Γ(𝜓, 𝜓′)⟩ 

𝐴 ∈ ΠΩ0,∙(ℂ2) ⊗̂ Ω∙(ℝ7), 

𝜕‾𝐴 + dℝ7𝐴 + 𝜕𝑧1
𝐴 ∧ 𝜕𝑧2

𝐴 = 0 

ℂ2 × ℝ7 

𝑄 + 𝑄𝑛𝑚 

𝑄𝑛𝑚 ∈∧2 (𝐿∨) 

ℂ5 × ℝ = ℂ𝑧𝑖
2 × ℂ𝑤𝑎

3 × ℝ 

𝑄𝑛𝑚 = d𝑧1 ∧  d𝑧2 
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∏  

(𝑛1,𝑛2)∈ℤ⩾0
2

1

1 − 𝑞−𝑛1+𝑛2
 

𝑨(𝑛1,𝑛2): 𝐴 ↦ 𝜕𝑤1

𝑛1𝜕𝑤2

𝑛2𝐴(0) 

∑  

(𝑛1,𝑛2)∈ℤ⩾0
2

 𝑞−𝑛1+𝑛2
 

∏  

(𝑛1,𝑛2)∈ℤ⩾0
2

1

1 − 𝑞−𝑛1+𝑛2
 

𝑞1𝑞2 = 1, 𝑞3𝑞4𝑞5 = 1 

𝑖(𝑞) =
1

(1 − 𝑞)(1 − 𝑞−1)
 

𝛾𝑛𝑚 =
1

2
(𝑧1 d𝑧2 − 𝑧2 d𝑧1) ∈ Ω1,0(ℂ5) ⊗ Ω0(ℝ)  

d𝑧1 ∧  d𝑧2 ∈ Ω𝑐𝑙
2 (ℂ5) 

[𝑓𝑙𝜕𝑧𝑙
, d𝑧1 ∧  d𝑧2] = 𝜕𝑓𝑖 ∧  d𝑧𝑗 − 𝜕𝑓𝑗 ∧  d𝑧𝑖

[𝑔𝑎𝜕𝑤𝑎
, d𝑧1 ∧  d𝑧2] = 0

[ℎ𝑎𝑏 d𝑤𝑎 ∧  d𝑤𝑏 , d𝑧1 ∧  d𝑧2] = 𝜖𝑎𝑏𝑐ℎ𝑎𝑏𝜕𝑤𝑐
.

 

𝜕𝑧1
𝑓 + 𝜕𝑧2

𝑔 = 0 

𝐻∙(𝐸(5,10), [d𝑧1 ∧  d𝑧2, −]) ≃ Vect0(ℂ2) 

0 → ℂ → 𝒪(ℂ2) → Vect0(ℂ2) → 0  

𝐻∙(𝐸(5,10̂ ), [d𝑧1 ∧  d𝑧2, −]) ≃ 𝒪(ℂ2) 

𝜑(𝜇, 𝜇′, 𝛼) = ⟨𝜇 ∧ 𝜇′, 𝛼⟩|𝑧=0 

(𝑓𝑖𝜕𝑧𝑖
, 𝑔𝑗𝜕𝑧𝑗

) ↦ (𝑓1𝑔2 − 𝑓2𝑔1)(𝑧1 = 𝑧2 = 0) 

𝑍 × 𝑀 

𝛼 ∈ ΠΩ0,∙(𝑍) ⊗̂ Ω∙(𝑀) 

{𝛼𝐼(𝑧, 𝑧‾)d𝑧‾𝐼 , 𝛼
𝐽(𝑧, 𝑧‾)d𝑧‾𝐽}𝑝𝑏

= (𝜕𝑧1
𝛼𝐼𝜕𝑧2

𝛼𝐽 ± 𝜕𝑧2
𝛼𝐼𝜕𝑧1

𝛼𝐽)d𝑧‾𝐼 ∧  d𝑧‾𝐽 

1

2
∫  

𝑍×𝑀

  (𝛼 ∧  d𝛼) ∧ 𝜔𝑍
2,0 +

1

6
∫  

𝑍×𝑀

 𝛼 ∧ {𝛼, 𝛼}𝑝𝑏 ∧ 𝜔𝑍
2,0

 

𝜇𝑧 ∈ PV1,∙(ℂ𝑧
2) ⊗ PV0,∙(ℂ𝑤

3 ) ⊗ Ω∙(ℝ)

𝜇𝑤 ∈ PV0,∙(ℂ𝑧
2) ⊗ PV1,∙(ℂ𝑤

3 ) ⊗ Ω∙(ℝ)
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1

2
∫  

ℂ2×ℂ3×ℝ

 
1

1 − 𝜈
(𝜕𝛾 ∨ 𝜇2) ∧ (d2𝑧 ∧  d3𝑤)  

1

6
∫  

ℂ2×ℂ3×ℝ

 𝛾𝜕𝛾𝜕𝛾  

∫  
1

1 − 𝜈
(
1

2
𝜕𝑤𝛾𝑤 ∨ 𝜇𝑤

2 + 𝜕𝑧𝛾𝑤 ∨ 𝜇𝑤𝜇𝑧 + 𝜕𝑤𝛾𝑧 ∨ 𝜇𝑤𝜇𝑧 +
1

2
𝜕𝑧𝛾𝑧 ∨ 𝜇𝑧

2) ∧ (d2𝑧 ∧  d3𝑤)

 +
1

2
∫  

1

1 − 𝜈
(d2𝑧 ∨ 𝜇𝑧

2) ∧ (d2𝑧 ∧  d3𝑤)

 

1

6
∫  (𝛾𝑤𝜕𝑧𝛾𝑤𝜕𝑧𝛾𝑤 + 𝛾𝑤𝜕𝑤𝛾𝑤𝜕𝑧𝛾𝑧 + 𝛾𝑤𝜕𝑤𝛾𝑧𝜕𝑤𝛾𝑧) +

1

2
∫  (𝛾𝑤𝜕𝑤𝛾𝑤) ∧ d2𝑧  

1

2
∫  ( d2𝑧 ∨ 𝜇𝑧

2) ∧ (d2𝑧 ∧  d3𝑤) +
1

2
∫  (𝛾𝑤 ∧ 𝜕𝑤𝛾𝑤) ∧ d2𝑧  

Ω𝑍
1,∙ ⊗̂ Ω𝑊

0,∙ →
𝜔𝑍

2,0⊗𝟙 

PV𝑍
1,∙ ⊗̂ PV𝑊

0,∙
 

Ω𝑍
0,∙ ⊗̂ Ω𝑊

1,∙ →
𝟙⊗𝜕𝑤 

Ω𝑍
0,∙ ⊗̂ Ω𝑊

2,∙ →
𝟙⊗Ω𝑊 

PV𝑍
0,∙ ⊗̂ PV𝑊

1,∙
 

Ω𝑍
0,∙ ⊗̂ Ω𝑊

∙∙ ⊗̂ Ω𝐿
∙ =⊕𝑘=0

3 Ω𝑍
0,∙ ⊗̂ Ω𝑊

𝑘,∙ ⊗̂ Ω𝐿
∙  

𝜇𝑧 = (1 − 𝛼̃3)(𝜕𝑧1
∧ 𝜕𝑧2

) ∨ 𝜕𝑧𝛼0, 𝜇𝑤 = (𝜕𝑤1
∧ 𝜕𝑤2

∧ 𝜕𝑤3
) ∨ 𝛼2, 𝜈 = 𝛼̃3

𝛽 = 𝛼0, 𝛾𝑤 = 𝛼1, 𝛾𝑧 = 0
 

∫  ∑  

3

𝑘=0

 𝛼𝑘(𝜕‾ + dℝ)𝛼3−𝑘  

∫  𝛼0𝜕𝑤𝛼2 − ∫  𝛼0𝜕𝑧𝛼0𝜕𝑧𝛼3  

∫  
1

2
𝛼1𝜕𝑤𝛼1  

1

2
∫  

1

1 − 𝛼̃3
𝜕𝑤𝛼1(𝛼̃2)2 d2𝑧 + ∫  𝛼2𝜕𝑧𝛼0𝜕𝑧𝛼1 +

1

2
∫  (1 − 𝛼3)𝜕𝑧𝛼0𝜕𝑧𝛼0  

1

6
∫  𝛼1𝜕𝑧𝛼1𝜕𝑧𝛼1  

𝑆𝑝𝐶𝑆(𝛼) + ∫  
1

2

1

1 − 𝛼̃3
𝜕𝑤𝛼1(𝛼̃2)2 d2𝑧  

1

6
∫  

1

1 − 𝛼̃3
𝛼2(𝛼̃2)2  

1

2
∫  

1

1 − 𝛼̃3
𝜕𝑤𝛼1(𝛼̃2)2 +

1

6
∫  

1

1 − 𝛼̃3
𝜕𝑤(𝛼2)𝛼2(𝛼̃2)2 
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PV𝑖,𝑗(𝑋) = Ω0,𝑗(𝑋,∧𝑖  T𝑋)  

𝜕Ω: PV𝑖,∙(𝑋) → PV𝑖−1,∙(𝑋) 

(PV∙∙(𝑋)[[𝑢]][2], 𝜕‾ + 𝑢𝜕Ω)  

(𝜕Ω ⊗ 1)𝛿Δ⊂𝑋×𝑋 ∈ [PV∙∙(𝑋)]⊗̂2 

𝐼𝐵𝐶𝑂𝑉(Σ) = Tr𝑋⟨exp Σ⟩0 = ∑  

𝑛⩾0

 Tr𝑋⟨Σ⊗𝑛⟩
0  

⟨𝑢𝑘1𝜇1 ⊗ ⋯ ⊗ 𝑢𝑘𝑚𝜇𝑚⟩
0
: = (∫  

ℳ0,𝑚

 𝜓1
𝑘1 ⋯ 𝜓𝑚

𝑘𝑚) 𝜇1 ⋯ 𝜇𝑚 = (
𝑚 − 3

𝑘1, ⋯ , 𝑘𝑚
) 𝜇1 ⋯ 𝜇𝑚  

Σ ↦ [𝑢(exp (Σ/𝑢) − 1)]+ 

( ⨁  

𝑖+𝑗⩽𝑑−1

 𝑢𝑖PV𝑗,∙(𝑋)[2], 𝜕‾ + 𝑢𝜕Ω)  

PV1,∙ →
𝑢𝜕Ω 

𝑢PV0,∙

PV2,∙ →
𝑢𝜕Ω 

𝑢PV1,∙ →
𝑢𝜕Ω 

𝑢2PV0,∙

PV3,∙ →
𝑢𝜕Ω 

𝑢PV2,∙ →
𝑢𝜕Ω 

𝑢2PV1,∙ →
𝑢𝜕Ω 

𝑢3PV0,∙

 

𝛼 = ∑  

𝑛

 𝛼𝑛𝑢𝑛 ∈ ℰ𝑚𝐾𝑆(ℂ4) ⊗ Ω∙(ℝ2)  

𝐼𝐼𝐼𝐴 = ∫  
ℂ4×ℝ2

𝛼0
3 + ⋯ 

𝜂 ∈ PV0,∙(ℂ4) ⊗ Ω∙(ℝ2), 𝜇 + 𝑢𝜈 ∈ PV1,∙(ℂ4) ⊗ Ω∙(ℝ2) ⊕ 𝑢PV0,∙(ℂ4) ⊗ Ω∙(ℝ2)

Π ∈ PV3,∙(ℂ4) ⊗ Ω∙(ℝ2), 𝜎 ∈ PV3,∙(ℂ4) ⊗ Ω∙(ℝ2)
 

𝐼𝐼𝐼𝐴 =
1

2
Trℂ4×ℝ2

1

1 − 𝜈
𝜇2 ∧ Π + Trℂ4×ℝ2

1

1 − 𝜈
𝜂 ∧ 𝜇 ∧ 𝜎 +

1

2
Trℂ4×ℝ2

1

1 − 𝜈
𝜂 ∧ Π2 + ⋯  

PV0,∙(ℂ4) ⊗ Ω∙(ℝ2)𝜂

𝑢−1Ω0,∙(ℂ4) ⊗ Ω∙(ℝ2)𝛽 →
𝑢𝜕 

Ω1,∙(ℂ4) ⊗ Ω∙(ℝ2)𝛾

Ω0,∙(ℂ4) ⊗ Ω∙(ℝ2)𝜃

 

∫  
Ω

ℂ4×ℝ2
𝜂𝜃 + ∫  

Ω

ℂ4×ℝ2
𝜇 ∨ 𝛾 + ∫  

Ω

ℂ4×ℝ2
𝜈𝛽 

𝐼𝐼𝐼𝐴 =
1

2
∫  

Ω

ℂ4×ℝ2
 

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾 + ∫  

Ω

ℂ4×ℝ2
 

1

1 − 𝜈
(𝜂 ∧ 𝜇) ∨ 𝜕𝜃 +

1

2
∫  

ℂ4×ℝ2
 

1

1 − 𝜈
𝜂 ∧ 𝜕𝛾 ∧ 𝜕𝛾  

𝑀 × 𝑉 → 𝑀 × 𝑉ℝ  

ℂ4 × ℂ × ℝ𝑡 → ℂ4 × ℝ𝑥 × ℝ𝑡 ≅ ℂ4 × ℝ2 
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𝜈11𝑑 ∈ PV0,∙(ℂ5) ⊗ Ω∙(ℝ) 

𝜈(𝑧𝑖, 𝑥, 𝑡) = 𝜈11𝑑(𝑧𝑖, 𝑥, 𝑦 = 0, 𝑡)|d𝑧‾5=d𝑥 

𝛽(𝑧𝑖 , 𝑥, 𝑡) = 𝛽11𝑑(𝑧𝑖, 𝑥, 𝑦 = 0, 𝑡)|d𝑧‾5=d𝑥. 

𝜇11𝑑 = 𝜇11𝑑
0 + 𝜃11𝑑𝜕𝑧5

 

𝜇11𝑑
0  ∈ PV1,∙(ℂ4) ⊗ Ω0,∙(ℂ𝑧5

) ⊗ Ω∙(ℝ𝑡)

𝜃11𝑑 ∈ Ω0,∙(ℂ4) ⊗ Ω0,∙(ℂ𝑧5
) ⊗ Ω∙(ℝ𝑡).

 

𝜇(𝑧𝑖 , 𝑥, 𝑡) = 𝜇11𝑑
0 (𝑧𝑖, 𝑥, 𝑦 = 0, 𝑡)|

d𝑧‾5=d𝑥
. 

𝜃(𝑧𝑖 , 𝑥, 𝑡) = 𝜃11𝑑(𝑧𝑖, 𝑥, 𝑦 = 0, 𝑡)|d𝑧‾5=d𝑥 

𝛾11𝑑 = 𝛾11𝑑
0 + 𝜂11𝑑 d𝑧5 

𝛾11𝑑
0 ∈ Ω1,∙(ℂ4) ⊗ Ω0,∙(ℂ𝑧5

) ⊗ Ω∙(ℝ𝑡)

𝜂11𝑑 ∈ PV0,∙(ℂ4) ⊗ Ω0,∙(ℂ𝑧5
) ⊗ Ω∙(ℝ𝑡)

 

𝛾(𝑧𝑖 , 𝑥, 𝑡) = 𝛾11𝑑
0 (𝑧𝑖, 𝑥, 𝑦 = 0, 𝑡)|

d𝑧‾5=d𝑥
 

𝜂(𝑧𝑖, 𝑥, 𝑡) = 𝜂11𝑑(𝑧𝑖, 𝑥, 𝑦 = 0, 𝑡)|d𝑧‾5=d𝑥 

∫  
Ωℂ4

ℂ4×ℝ2
 

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾 + ∫  

Ωℂ4

ℂ4×ℝ2
 

1

1 − 𝜈
(𝜃 ∧ 𝜇) ∨ 𝜕𝜂  

∫  
ℂ4×ℝ2

 𝜂 ∧ 𝜕𝛾 ∧ 𝜕𝛾  

𝜃̃ =
1

1 − 𝜈
𝜃, 𝜂̃ = (1 − 𝜈)𝜂, 𝛽̃ = 𝛽 +

1

1 − 𝜈
𝜂 ∧ 𝜃 

 ∫  
Ω

ℂ4

ℂ4×ℝ2
 

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾 + ∫  

Ωℂ 4

ℂ4×ℝ2
 

1

1 − 𝜈
𝜂̃ ∧ 𝜕𝛾 ∧ 𝜕𝛾 + ∫  

Ωℂ
4

ℂ4×ℝ2
  (𝜃̃ ∧ 𝜇) ∨ 𝜕 (

1

1 − 𝜈
𝜂̃)

 + ∫  
Ωℂ4

ℂ4×ℝ2
 

1

1 − 𝜈
(𝜂̃ ∧ 𝜃̃)𝜕Ω𝜇

 

− ∫  
Ω

ℂ4

ℂ4×ℝ2
(

1

1 − 𝜈
𝜂̃) 𝜕Ω(𝜃̃𝜇) + ∫  

Ω
ℂ4

ℂ4×ℝ2
(

1

1 − 𝜈
𝜂̃) 𝜃̃𝜕Ω𝜇 

 

𝐼typeI = Trℂ5

1

1 − 𝜈
𝜇2 ∨ 𝜎 + ⋯  
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𝐼typeI =
1

2
∫  

Ω

ℂ5
 

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾̃  

 

ℳ𝑡=0, ℳ𝑡=1 ⊂ ℰ𝜕 

ℳ𝑡=0 ×
⊵

ℰ𝜕ℳ𝑡=1. 

ℳ𝑡=0:  𝛾|𝑡=0 = 𝛽|𝑡=0 = 0 

ℳ𝑡=1:  𝛾|𝑡=1 = 𝛽|𝑡=1 = 0 

ℂ5 × [0,1] → ℂ5 

 

 

ℳ𝑡=0 ↪ ℳ̃𝑡=0 → ℰ𝜕 

 

ℂ5 × 𝑆1 → ℂ5 

𝜇 + 𝜖𝜇′ ∈ ΠPV1,∙(ℂ5)[𝜖] 
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 ∫  
Ω

ℂ5
  (𝛽′ ∧ 𝜕‾𝜈 + 𝛽 ∧ 𝜕‾𝜈′ + 𝛾′ ∧ 𝜕‾𝜇 + 𝛾 ∧ 𝜕‾𝜇′ + 𝛽′ ∧ 𝜕Ω𝜇 + 𝛽 ∧ 𝜕Ω𝜇′)

 + ∫  
Ω

ℂ5
 (

1

2

1

1 − 𝜈
𝜇2 ∨ 𝜕𝛾′ +

1

1 − 𝜈
(𝜇 ∧ 𝜇′) ∨ 𝜕𝛾′ +

1

2

𝜈′

(1 − 𝜈)2
𝜇2 ∨ 𝜕𝛾)

 +
1

2
∫  

ℂ5
 𝛾′ ∧ 𝜕𝛾 ∧ 𝜕𝛾

 

𝑋 × ℂ2 × ℝ → ℂ2 × ℝ 

𝛼, 𝜂 ∈ ΠΩ0,∙(ℂ2) ⊗ Ω∙(ℝ) 

𝐴grav , 𝐵grav ∈ ΠΩ0,∙(ℂ2) ⊗ Ω∙(ℝ) 

∫  
Ω

ℂ2×ℝ

  (𝜂𝜕‾𝛼 + 𝐵grav 𝜕‾𝐴grav + 𝐵𝜕‾𝐴 + 𝜓𝜕‾𝜒)

 + ∫  
Ω

ℂ2×ℝ

  (
1

2
𝜂{𝛼, 𝛼} + 𝐵grav {𝛼, 𝐴grav } + 𝐵{𝛼, 𝐴} + 𝜓{𝛼, 𝜒})

 +
1

6
∫  

ℂ2×ℝ

 𝐵grav 𝜕𝐵grav 𝜕𝐵grav 

 

PV0,∙(𝑋 × ℂ2) ⊗ Ω∙(ℝ) ≃ 𝐻∙(𝑋, 𝒪) ⊗ PV0,∙(ℂ2) ⊗ Ω∙(ℝ)

 = PV0,∙(ℂ2) ⊗ Ω∙(ℝ) ⊕ ΠΩ‾ 𝑋PV0,∙(ℂ2) ⊗ Ω∙(ℝ)
 

𝜈11𝑑 = 𝜈 + Ω‾ 𝑋𝜈 

ΠPV1,∙(𝑋 × ℂ2) ⊗ Ω∙(ℝ) ≃ Π𝐻∙(𝑋, 𝒪) ⊗ PV1,∙(ℂ2) ⊗ Ω∙(ℝ)

 ⊕ Π𝐻∙(𝑋,  T𝑋) ⊗ PV0,∙(ℂ2) ⊗ Ω∙(ℝ)

 = ΠPV1,∙(ℂ2) ⊗ Ω∙(ℝ) ⊕ Ω‾ 𝑋PV1,∙(ℂ2) ⊗ Ω∙(ℝ)

 ⊕ 𝐻1(𝑋,  T𝑋) ⊗ PV0,∙(ℂ2) ⊗ Ω∙(ℝ) ⊕ Π𝐻2(𝑋,  T𝑋) ⊗ PV0,∙(ℂ2) ⊗ Ω∙(ℝ)

 

𝜇11𝑑 = 𝜇 + Ω‾ 𝑋𝜇̃

 +𝑒𝑖𝜒𝑖 + 𝑓𝑎𝐴𝑎 + (Ω𝑋
−1 ∨ 𝜔2)𝐴grav 

 

𝐻2(𝑋, Ω𝑋
2)⊥ ⊂ 𝐻2(𝑋, Ω𝑋

2) ≅ 𝐻2(𝑋,  T𝑋) 

𝛽11𝑑 = 𝛽 + Ω‾ 𝑋𝛽̃

𝛾11𝑑 = 𝛾 + Ω‾ 𝑋𝛾̃ + 𝑒𝑖𝜓
𝑖 + 𝑓𝑎𝐵𝑎 + 𝜔 ∧ 𝐵grav 

 

𝛼, 𝜒 ∈ Ω0,∙(ℂ2) ⊗ Ω∙(ℝ) 

𝜂 = (d2𝑧)−1 ∨ 𝜕𝛾̃, 𝜓 = (d2𝑧)−1 ∨ 𝜕𝛾 ∈ Ω0,∙(ℂ2) ⊗ Ω∙(ℝ) 

𝛼, 𝐴grav ∈ ΠΩ0,∙(ℂ2) ⊗ Ω∙(ℝ), 𝜂, 𝐵grav ∈ Ω0,∙(ℂ2) ⊗ Ω∙(ℝ)

𝜒, 𝜒𝑖 ∈ Ω0 ∙ (ℂ2) ⊗ Ω∙(ℝ), 𝜓, 𝜓𝑖 ∈ Ω0,(ℂ2) ⊗ Ω∙(ℝ), 𝑖 = 1, … , ℎ2,1

𝐴𝑎 ∈ ΠΩ0,∙(ℂ2) ⊗ Ω∙(ℝ), 𝐵𝑎 ∈ ΠΩ0,(ℂ2) ⊗ Ω∙(ℝ), 𝑎 = 1, … , ℎ1,1 − 1.

 

∫  
Ω

ℂ2×ℝ

  (
1

2
𝜕𝛼 ∧ 𝜕𝛼 ∧ 𝜂 + 𝜕𝐴grav ∧ 𝜕𝐴grav ∧ 𝐵grav )

 + ∫  
Ω

ℂ2×ℝ

 (𝜕𝛼 ∧ 𝜕𝜒 ∧ 𝜓 + 𝜕𝛼 ∧ 𝜕𝜒𝑖 ∧ 𝜓𝑖 + 𝜕𝛼 ∧ 𝜕𝐴𝑎 ∧ 𝐵𝑎)
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1

6
∫  

ℂ2×ℝ

 𝐵grav 𝜕𝐵grav 𝜕𝐵grav  

𝐻∙(𝑋, Ω∙) =⊕𝑖,𝑗 𝐻𝑖(𝑋, Ω𝑋
𝑗
) 

𝐻∙(𝑋, Ω∙) ⊗ 𝒪(ℂ2) 

 [[𝜔] ⊗ 𝑓, [𝜔] ⊗ 𝑔] = [𝜔2] ⊗ {𝑓, 𝑔} ∈ 𝐻2,2(𝑋, Ω2) ⊗ 𝒪(ℂ2) 

ℂ𝑤
4 × ℂ𝑧 × ℝ 

𝐼𝑀2(𝛾) = 𝑁 ∫  
ℂ𝑧

𝛾 + ⋯ 

𝐼𝐷2(𝛾) = 𝑁 ∫  
ℝ×ℂ𝑧

𝛾 + ⋯ 

𝜕‾𝜇 +
1

2
[𝜇, 𝜇] + 𝜕𝛾𝜕𝛾 = 𝑁Ω−1𝛿𝑤=0  

𝜕Ω𝜇 = 0  

𝐹𝑀2 =
6

(2𝜋𝑖)4

∑  4
𝑎=1  𝑤‾𝑎 d𝑤‾1 ⋯  d̂𝑎 ⋯  d𝑤‾4

‖𝑤‖8
𝜕𝑧 

𝜕‾(𝑁𝐹𝑀2) +
1

2
[𝑁𝐹𝑀2, 𝑁𝐹𝑀2] = 𝑁Ω−1𝛿𝑤=0

𝜕Ω(𝑁𝐹𝑀2) = 0
 

[𝐹𝑀2, 𝐹𝑀2] = 0 

𝜕

𝜕𝑧
, 𝑧

𝜕

𝜕𝑧
−

1

4
∑  

4

𝑎=1

𝑤𝑎

𝜕

𝜕𝑤𝑎
, 𝑧 (𝑧

𝜕

𝜕𝑧
−

1

2
∑  

4

𝑎=1

 𝑤𝑎

𝜕

𝜕𝑤𝑎
) ∈ PV1,0(ℂ5) ⊗ Ω0(ℝ) 

∑  

4

𝑎,𝑏=1

𝐵𝑎𝑏𝑤𝑎

𝜕

𝜕𝑤𝑏
∈ PV1,0(ℂ5) ⊗ Ω0(ℝ), (𝐵𝑎𝑏) ∈ 𝔰𝔩(4) 

(∧2 ℂ4)+1 ⊕ (∧2 ℂ4)−1 

1

2
(𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎) ∈ Ω1,0(ℂ5) ⊗ Ω0(ℝ), 𝑎, 𝑏 = 1,2,3,4 

1

2
𝑧(𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎) ∈ Ω1,0(ℂ5) ⊗ Ω0(ℝ), 𝑎, 𝑏 = 1,2,3,4 

𝑖𝑀2: 𝔬𝔰𝔭(6 ∣ 1) ↪ 𝐸(5,10) 

d𝑤𝑎 ∧  d𝑤𝑏 , 𝑎, 𝑏 = 1,2,3,4 

𝑧 d𝑤𝑎 ∧  d𝑤𝑏 +
1

2
 d𝑧 ∧ (𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎), 𝑎, 𝑏 = 1,2,3,4 
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(ℂ5 × ℝ) ∖ {𝑤 = 0} ≅ (ℂ𝑤
4 ∖ 0) × ℂ𝑧 × ℝ 

[𝐹, −]: PV𝑖,∙(ℂ𝑤
4 ∖ 0) ⊗ PV𝑗,∙(ℂ𝑧) ⊗ Ω∙(ℝ) → PV𝑖,∙+3(ℂ𝑤

4 ∖ 0) ⊗ PV𝑗,∙(ℂ𝑧) ⊗ Ω∙(ℝ)

[𝐹, −]: Ω𝑖,∙(ℂ𝑤
4 ∖ 0) ⊗ Ω𝑗,∙(ℂ𝑧) ⊗ Ω∙(ℝ) → Ω𝑖,∙+3(ℂ𝑤

4 ∖ 0) ⊗ Ω𝑗,∙(ℂ𝑧) ⊗ Ω∙(ℝ)
 

𝛿(1) = 𝜕‾ + dℝ + 𝜕Ω|𝜇→𝜈 + 𝜕|𝛽→𝛾 

 

ℂ[𝑧] ↪ 𝐻∙(ℂ, ℱ) 

ℂ[𝑤1, … , 𝑤4] ↪ 𝐻0(ℂ4 ∖ 0, 𝒪)

ℂ[𝑤1, … , 𝑤4]{𝜕𝑤𝑖
} ↪ 𝐻0(ℂ4 ∖ 0, T)

ℂ[𝑤1, … , 𝑤4]{d𝑤𝑖} ↪ 𝐻0(ℂ4 ∖ 0, Ω1)

 

(𝑤1 ⋯ 𝑤4)−1ℂ[𝑤1
−1, … , 𝑤4

−1] ↪ 𝐻3(ℂ4 ∖ 0, 𝒪)

(𝑤1 ⋯ 𝑤4)−1ℂ[𝑤1
−1, … , 𝑤4

−1]{𝜕𝑤𝑖
} ↪ 𝐻3(ℂ4 ∖ 0, T)

(𝑤1 ⋯ 𝑤4)−1ℂ[𝑤1
−1, … , 𝑤4

−1]{d𝑤𝑖} ↪ 𝐻3(ℂ4 ∖ 0, Ω1)

 

𝐻∙(ℒ(ℂ5 × ℝ ∖ {𝑤 = 0}), 𝜕‾) 

 

 

 [𝐹] = (𝑤1 ⋯ 𝑤4)−1𝜕𝑧 ∈ 𝐻3(ℂ4 ∖ 0, 𝒪)[𝑧]𝜕𝑧 

[[𝐹], 𝑧(𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎)] = (𝑤1 ⋯ 𝑤4)−1(𝑤𝑎 d𝑤𝑏 − 𝑤𝑏 d𝑤𝑎) = 0 

{𝑤1 = 𝑤2 = 𝑡 = 0} ⊂ ℂ𝑧
3 × ℂ𝑤

2 × ℝ 

𝐼𝑀5 = 𝑁 ∫  
ℂ𝑧

3
𝜕Ω

−1𝜇 ∨ Ω + ⋯ 

𝑁 ∫  
ℂ2×ℝ

𝜕Ω
−1𝜇 ∨ Ωℂ4 + ⋯ 

𝜕‾𝜕𝛾 + 𝜕Ω (
1

1 − 𝜈
𝜇) ∧ 𝜕𝛾 = 𝑁𝛿𝑤1=𝑤2=𝑡=0  
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(𝜕‾ + dℝ)𝜇 + 𝜕𝛾𝜕𝛾 = 0  

𝐹𝑀5 =
1

(2𝜋𝑖)3

𝑤‾1 d𝑤‾ 2 ∧  d𝑡 − 𝑤‾ 2 d𝑤‾1 ∧  d𝑡 + 𝑡 d𝑤‾1 ∧  d𝑤‾ 2

(‖𝑤‖2 + 𝑡2)5/2
∧  d𝑤1 ∧  d𝑤2 

𝜕‾(𝑁𝐹𝑀5) + dℝ(𝑁𝐹𝑀5) = 𝑁𝛿𝑤1=𝑤2=𝑡=0

(𝑁𝐹𝑀5) ∧ (𝑁𝐹𝑀5) = 0.
 

𝜕‾𝐹 + dℝ𝐹 = 𝑁𝛿𝑤1=𝑤2=𝑡=0 

(ℂ2 × ℝ) ∖ 0 ≃ 𝑆4 × ℝ 

∮ 𝑁𝐹 = 𝑁

  𝑆4

 

ℂ5 × ℝ = ℂ𝑧
3 × ℂ𝑤

2 × ℝ𝑡 

𝔰𝔩(4) ⊕ 𝔰𝔩(2) 

𝜕

𝜕𝑧𝑖
∈ PV1,0(ℂ5) ⊗ Ω0(ℝ), 𝑖 = 1,2,3 

𝐴𝑖𝑗𝑧𝑖

𝜕

𝜕𝑧𝑗
∈ PV1,0(ℂ5) ⊗ Ω0(ℝ), (𝐴𝑖𝑗) ∈ 𝔰𝔩(3) 

∑  

3

𝑖=1

𝑧𝑖

𝜕

𝜕𝑧𝑖
−

3

2
∑  

2

𝑎=1

𝑤𝑎

𝜕

𝜕𝑤𝑎
∈ PV1,0(ℂ5) ⊗ Ω0(ℝ) 

𝑧𝑗 (∑  

3

𝑖=1

  𝑧𝑖

𝜕

𝜕𝑧𝑖
− 2 ∑  

2

𝑎=1

 𝑤𝑎

𝜕

𝜕𝑤𝑎
) ∈ PV1,0(ℂ5) ⊗ Ω0(ℝ) 

𝑤1

𝜕

𝜕𝑤2
, 𝑤2

𝜕

𝜕𝑤1
,
1

2
(𝑤1

𝜕

𝜕𝑤1
− 𝑤2

𝜕

𝜕𝑤2
) ∈ PV1,0(ℂ5) ⊗ Ω0(ℝ) 

𝐿 ⊗ 𝑅 ⊕∧2 𝐿 ⊗ 𝑅 ≅ ℂ3 ⊗ ℂ2 ⊕∧2 ℂ3 ⊗ ℂ 

𝑧𝑖 d𝑤𝑎 ∈ Ω1,0(ℂ5) ⊗ Ω0(ℝ), 𝑎 = 1,2, 𝑖 = 1,2,3 

1

2
𝑤𝑎(𝑧𝑖 d𝑧𝑗 − 𝑧𝑗 d𝑧𝑖) ∈ Ω1,0(ℂ5) ⊗ Ω0(ℝ), 𝑎 = 1,2, 𝑘 = 1,2,3 

𝑖𝑀5: 𝔬𝔰𝔭(6 ∣ 1) ↪ 𝐸. 

d𝑧𝑖 ∧  d𝑤𝑎 , 𝑖 = 1,2,3, 𝑎 = 1,2. 

𝑤𝑎 d𝑧𝑖 ∧  d𝑧𝑗 +
1

2
 d𝑤𝑎 ∧ (𝑧𝑖 d𝑧𝑗 − 𝑧𝑗 d𝑧𝑖), 𝑖, 𝑗 = 1,2,3, 𝑎 = 1,2 

Ω0,∙(ℂ5) ⊗ Ω∙(ℝ) 
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Ω0,∙(ℂ5) ⊗ Ω∙(ℝ) ≅ Ω∙(ℂ5 × ℝ)/(d𝑧1, … , d𝑧5) 

ℂ5 × ℝ ∖ ℂ3 ≅ ℂ𝑧
3 × (ℂ𝑤

2 × ℝ ∖ 0) 

Ω∙(ℂ5 × ℝ ∖ ℂ3)/(d𝑧1, d𝑧2, d𝑧3, d𝑤1, d𝑤2) 

Ω0,∙(ℂ𝑧
3) ⊗ (Ω∙(ℂ𝑤

2 × ℝ ∖ 0)/(d𝑤1, d𝑤2)) 

ℂ[𝑤1, 𝑤2] ↪ 𝐻0(Ω∙(ℂ𝑤
2 × ℝ ∖ 0)/(d𝑤1, d𝑤2)) 

𝑤1
−1𝑤2

−1ℂ[𝑤1, 𝑤2] ↪ 𝐻2(Ω∙(ℂ𝑤
2 × ℝ ∖ 0)/(d𝑤1, d𝑤2)) 

𝑤‾1 d𝑤‾ 2 ∧  d𝑡 − 𝑤‾ 2 d𝑤‾1 ∧  d𝑡 + 𝑡 d𝑤‾1 ∧  d𝑤‾ 2

(‖𝑤‖2 + 𝑡2)5/2
 

𝛿(1) = 𝜕‾ + dℝ + 𝜕Ω|𝜇→𝜈 + 𝜕|𝛽→𝛾 . 

ℂ5 × ℝ ∖ {𝑤1 = 𝑤2 = 𝑡 = 0} ≅ ℂ𝑧
3 × (ℂ𝑤

2 × ℝ ∖ 0) 

 

[[𝐹], 𝑓𝑖(𝑧, 𝑤)d𝑧𝑖] = 𝜖𝑖𝑗𝑘𝑤1
−1𝑤2

−1𝜕𝑧𝑗
𝑓𝑖(𝑧, 𝑤)𝜕𝑧𝑘

 

ℂ[𝑤1
−1, 𝑤2

−1][𝑧1, 𝑧2, 𝑧3]{𝜕𝑧𝑖
} ⊂ 𝐻0(ℂ3, T) ⊗ 𝐻2(Ω∙(ℂ2 × ℝ ∖ 0)/(d𝑤1, d𝑤2)) 

[[𝐹], 𝑤𝑎(𝑧𝑖 d𝑧𝑗 − 𝑧𝑗 d𝑧𝑖)] = 2𝜖𝑖𝑗𝑘(𝑤1
−1𝑤2

−1) ⋅ 𝑤𝑎𝜕𝑧𝑘
= 0 

𝜕𝑡𝐴𝑖 = Δ𝐴𝑖 + [𝐴𝑗, 2𝜕𝑗𝐴𝑖 − 𝜕𝑖𝐴𝑗 + [𝐴𝑗, 𝐴𝑖]] + (𝐶A
𝜀𝐴)𝑖 + 𝜉𝑖

𝜀  

lim
𝜀↓0

 |𝐶A
𝜀 − 𝐶‾A

𝜀| = 0 

|𝐄𝑊ℓ[ℱ𝑠(𝐴
𝑎)] − 𝐄𝑊ℓ[ℱ𝑠(𝐴𝑏)]| ≳ 𝑡

10
9  

𝜒𝜀(𝑡, 𝑥) = 𝜀−5𝜒(𝜀−2𝑡, 𝜀−1𝑥) 

𝐸 = 𝔤3 ⊕ 𝐕 

𝔤 ∋ 𝑣 ↦ Ad𝑔𝑣 ∈ 𝔤  and  𝔤3 ∋ (𝑣1, 𝑣2, 𝑣3) ↦ (Ad𝑔𝑣1, Ad𝑔𝑣2, Ad𝑔𝑣3) ∈ 𝔤3 

𝐶YM
𝜀 ∈ 𝐿𝐺(𝔤), 𝐶Higgs

𝜀 ∈ 𝐿𝐺(𝐕) 

𝐶A
𝜀 = 𝐶YM

𝜀 + 𝐶̇A ∈ 𝐿(𝔤3)  and  𝐶Φ
𝜀 = 𝐶Higgs 

𝜀 + 𝐶̇Φ ∈ 𝐿(𝐕).  
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𝜕𝑡𝐴𝑖 = Δ𝐴𝑖 +[𝐴𝑗, 2𝜕𝑗𝐴𝑖 − 𝜕𝑖𝐴𝑗 + [𝐴𝑗, 𝐴𝑖]]

 −𝐁((𝜕𝑖Φ + 𝐴𝑖Φ) ⊗ Φ) + (𝐶A
𝜀𝐴)𝑖 + 𝜉𝑖

𝜀

𝜕𝑡Φ = ΔΦ +2𝐴𝑗𝜕𝑗Φ + 𝐴𝑗
2Φ − |Φ|2Φ + 𝐶Φ

𝜀 Φ + 𝜉H
𝜀

(𝐴(0), Φ(0)) = (𝑎, 𝜑) ∈ 𝒞∞,

 

⟨𝐁(𝑢 ⊗ 𝑣), ℎ⟩𝔤 = ⟨𝑢, ℎ𝑣⟩𝐯. 

𝜕𝑡𝑋 = Δ𝑋 + 𝑋𝜕𝑋 + 𝑋3 + 𝐶𝜀𝑋 + 𝜒𝜀 ∗ 𝜉  

𝑋 = (𝐴, Φ): [0, 𝑇] × 𝐓3 → 𝐸 

𝐶 = {𝐶𝜀}𝜀∈(0,1) = {𝐶A
𝜀 , 𝐶Φ

𝜀 }𝜀∈(0,1)  

𝔊𝜚 =
 def  

𝒞𝜚(𝐓3, 𝐺) 

𝑔 ⋅ 𝐴 =
 def 

Ad𝑔(𝐴) − (d𝑔)𝑔−1,  and  𝑔 ⋅ Φ =
 def 

𝑔Φ  

𝑔 ⋅ SYMH(𝐶, (𝑎, 𝜑)) =
law

SYMH(𝐶, 𝑔(0) ⋅ (𝑎, 𝜑))  

𝑔−1(𝜕𝑡𝑔) = 𝜕𝑗(𝑔−1𝜕𝑗𝑔) + [𝐴𝑗, 𝑔
−1𝜕𝑗𝑔]  

𝐶̌ ∈ 𝐿𝐺(𝔤)  

 [SYMH(𝐶, (𝑎, 𝜑))] =
law

[SYMH(𝐶, 𝑔(0) ⋅ (𝑎, 𝜑))] 

𝜕𝑠𝐴𝑖  = Δ𝐴𝑖 + [𝐴𝑗, 2𝜕𝑗𝐴𝑖 − 𝜕𝑖𝐴𝑗 + [𝐴𝑗, 𝐴𝑖]]

𝐴(0)  = 𝑎
 

d𝑦𝑡 = 𝑦𝑡 dℓ𝐴, 𝑦0 = 1 

ℓ𝐴(𝑡) = ∫  
𝑡

0

  ⟨𝐴(ℓ𝑠), ℓ̇𝑠⟩d𝑠  

𝑊ℓ(𝐴) = Trhol(𝐴, ℓ) 

𝐶
∘

A = 𝐶̌ + 𝑐 ∈ 𝐿𝐺(𝔤3), 𝐶𝜀 = (𝐶YM
𝜀 + 𝐶̇A, 𝐶Φ

𝜀 ) ∈ 𝐿𝐺(𝔤3) ⊕ 𝐿𝐺(𝐕) 

SYMH(𝐶, 𝑥) = (𝐴(1), Φ(1)), SYMH(𝐶, 𝑔 ∙ 𝑥) = (𝐴(2), Φ(2))  

|𝐄𝑊ℓ [ℱ𝑠 (𝐴𝑡
(1)

)] − 𝐄𝑊ℓ [ℱ𝑠 (𝐴𝑡
(2)

)]| ≥ 𝜎𝑡1+𝑟  

|𝐄𝑊ℓ[ℱ𝑠(𝐴𝑡)] − 𝐄𝑊ℓ[ℱ𝑠(𝐴̃𝑡)]| ≥ 𝜎𝑡1+𝑟  

𝜕𝑡𝑋̃ = Δ𝑋̃ + 𝑋̃𝜕𝑋̃ + 𝑋̃3 + 𝜒𝜀 ∗ 𝜉 + 𝐶𝜀𝑋̃ + (𝑐 d𝑔̃𝑔̃−1, 0), 𝑋̃(0) = 𝑥̃ 

𝜕𝑡𝑔̃ = Δ𝑔̃ − (𝜕𝑗𝑔̃)𝑔̃−1(𝜕𝑗𝑔̃) + [𝐴̃𝑗, (𝜕𝑗𝑔̃)𝑔̃−1]𝑔̃  

(𝜕𝑡𝑔)𝑔−1 = 𝜕𝑗 ((𝜕𝑗𝑔)𝑔−1) + [𝐵𝑗, (𝜕𝑗𝑔)𝑔−1] 
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𝜕𝑡𝑌 = Δ𝑌 + 𝑌𝜕𝑌 + 𝑌3 + 𝐶𝜀𝑌 + (𝐶𝜀d𝑔𝑔−1, 0) + Ad𝑔(𝜒𝜀 ∗ 𝜉) 

𝐄𝑊ℓ [ℱ𝑠 (𝐴𝑡
(1)

)] = 𝐄𝑊ℓ[ℱ𝑠(𝐴̃𝑡)] + 𝑂(𝑡𝑀)  

|𝐄𝑊ℓ[ℱ𝑠(𝐴̃𝑡)] − 𝐄𝑊ℓ [ℱ𝑠 (𝐴𝑡
(2)

)]| ≥ 𝜎𝑡1+𝑟  

𝒫𝑡 ⋆ 𝑓 = ∫  
𝑡

0

 𝑃𝑡−𝑠𝑓𝑠 d𝑠  

|𝑓|𝒞𝛽 = sup
𝑠∈(0,1)

 𝑠−𝛽/2|𝑃𝑠𝑓|∞  

|𝑓|𝒞𝛽(𝐑3) =
 def 

max
|𝑘|<⌊𝛽⌋

 |𝜕𝑘𝑓|
∞

+ max
|𝑘|=⌊𝛽⌋

 |𝜕𝑘𝑓|
𝒞𝛽−⌊𝛽⌋ < ∞, 

|𝑓|𝒞𝜂 = sup
𝑥≠𝑦

 |𝑥 − 𝑦|−𝜂|𝑓(𝑥) − 𝑓(𝑦)| 

𝑂 = [−1,2] × 𝐓3 

|𝜉|𝒞𝛽(𝑂) = sup
𝑧∈𝑂

  sup
𝜑∈ℬ𝑟

  sup
𝜆∈(0,1]

 𝜆−𝛽|⟨𝜉, 𝜑𝑧
𝜆⟩| 

𝜑(𝑠,𝑦)
𝜆 (𝑡, 𝑥) = 𝜆−5𝜑((𝑡 − 𝑠)𝜆−2, (𝑥 − 𝑦)𝜆−1). 

𝜕𝑡𝑋 = Δ𝑋 + 𝑋𝜕𝑋 + 𝑋3 + 𝜒𝜀 ∗ 𝜉 + 𝐶𝜀𝑋 + (𝑐ℎ, 0),

𝜕𝑡ℎ𝑖 = Δℎ𝑖 − [ℎ𝑗, 𝜕𝑗ℎ𝑖] + [[𝐴𝑗, ℎ𝑗], ℎ𝑖] + 𝜕𝑖[𝐴𝑗, ℎ𝑗],
 

𝜔 ∈ (−1/2,0), 𝜅 =
 def 1

100
(𝜔 + 1/2) ∧

1

100
(−𝜔) ∈ (0,

1

200
)  

|𝑓1𝑓2|
𝒟𝛼

𝛾,𝜂
𝛾𝑛 ≲ |𝑓1|

𝒟1
𝛾1 ,𝜂1

|𝑓2|
𝒟2

𝛾2,𝜂2  

|𝜕𝑓|
𝒟𝛼−1

𝛾−1,𝜂−1 ≲ |𝑓|𝒟𝛼
𝛾,𝜂  

𝒳 = 𝑃𝑋(0) + 𝚿 + 𝒫𝟏+{𝒳𝜕𝒳 + 𝒳3 + 𝐶̇𝒳 + 𝑐ℋ}

 =
 def 

𝑃𝑋(0) + 𝚿 + 𝒫𝟏+{𝑄YMH(𝒳) + 𝑐ℋ}

ℋ = 𝑃ℎ(0) + 𝒫𝟏+(ℋ𝜕ℋ + 𝒳ℋ2) + 𝒫′𝟏+(𝒳ℋ)

 

𝚿 = 𝒫𝟏+𝜉𝟏+Ξ ∈ 𝒟
−

1
2
−𝜅

3
2
+2𝜅,−

1
2
−𝜅

 

𝒳 = 𝒴 + 𝚿, 

𝒴 = 𝑃𝑋(0) + 𝒫𝟏+{𝒳3 + 𝑐ℋ + 𝐶̌𝒳} + 𝒫Ψ𝜕Ψ(Ψ𝜕Ψ)

 +𝒫𝟏+(𝒴𝜕Ψ + 𝚿𝜕𝒴 + 𝒴𝜕𝒴)

 = 𝑃𝑋(0) + 𝒫𝟏+{𝑄̃YMH(𝒴) + 𝑐ℋ} + 𝒫Ψ𝜕Ψ(Ψ𝜕Ψ),

 

𝑄̃YMH(𝒴) = 𝒳3 + 𝐶̇𝒳 + 𝒴𝜕Ψ + 𝚿𝜕𝒴 + 𝒴𝜕𝒴 
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𝑄̃YMH: 𝒟−𝜅

3
2
+2𝜅,𝜔

→ 𝒟
−

3
2
−2𝜅

𝜅,𝜔−
3
2
−𝜅

  

𝒟−𝜅

3
2
+2𝜅,𝜔

× 𝒟
−

3
2
−𝜅

1
2
+2𝜅,−

3
2
−𝜅

→ 𝒟
−

3
2
−2𝜅

𝜅,𝜔−
3
2
−𝜅

. 

 (𝒴, ℋ) ∈ 𝒟−𝜅

3
2
+2𝜅,𝜔

× 𝒟0
1+2𝜅,0

 

|𝒫𝟏+𝑓|𝒟𝛾+2,𝜂‾ ≲ 𝑡𝜃/2|𝑓|𝒟𝛾,𝜂 , |𝒫′𝟏+𝑓|𝒟𝛾+1,𝜂‾−1 ≲ 𝑡𝜃/2|𝑓|𝒟𝛾,𝜂  

|𝒫𝑤𝟏+𝑓|𝒟𝛾+2,𝜂‾ ≲ 𝑡𝜃/2(|𝑓|𝒟𝛾,𝜂 + |𝑤|𝒞𝜂∧𝛼(𝑂))  

𝜏−1/𝑞 ≲ 2 + ‖𝑍‖3
2
+2𝜅;𝑂

+ |𝑋(0)|𝒞3 + |ℎ(0)|𝒞3

 +|𝒫 ⋆ 𝟏+𝜉|𝒞([−1,3],𝒞−1/2−𝜅) + |𝒫 ⋆ (Ψ𝜕Ψ)|𝒞([−1,3],𝒞−2𝜅)

 

|𝒫′𝟏+(𝒳ℋ)|𝒟0
1+2𝜅,−𝜅  ≲ 𝑡1/4|𝒳ℋ|

𝒟
−

1
2

−𝜅

1
2

+𝜅,−
1
2

−𝜅

 ≲ 𝑡1/4|𝒳|
𝒟

−
1
2

−𝜅

2

3
2
+2𝜅,−

1
2
−𝜅

|ℋ|𝒟0
1+2𝜅,0 ≲ 𝑡1/4

 

|𝒫𝟏+(ℋ𝜕ℋ)|𝒟0
1+2𝜅,0 ≲ 𝑡, |𝒫𝟏+(𝒳ℋ2)|

𝒟0

3
2

+𝜅,−𝜅
≲ 𝑡3/4 

|𝒫𝟏+(𝑄̃YMH(𝒴))|
𝒟0

3
2

+2𝜅,𝜔
≲ 𝑡1/4−𝜅/2|𝑄̃YMH(𝒴)|

𝒟
𝜅,𝜔−

3
2

−2𝜅

−
3
2
−𝜅

≲ 𝑡1/4−𝜅/2 

|𝒫Ψ𝜕Ψ(𝚿𝜕𝚿)|
𝒟−𝜅

3
2

+2𝜅,𝜔
≲ 𝑡−(𝜅+𝜔)/2 

|𝒫ℋ|
𝒟−𝜅

3 +2𝜅,𝜔

3
2  ≲ |𝒫𝑃ℎ(0)|

𝒟−𝜅

3
2

+2𝜅,𝜔
+ |𝒫𝑂𝒟0

1+2𝜅,−𝜅(𝑡1/4)|
𝒟−𝜅

3
2

+2𝜅,𝜔

 ≲ 𝑡1−
𝜔
2 |Ph(0)|𝒟0

0+,0 + 𝑡1/4+1−
𝜅
2

−
𝜔
2 ≲ 𝑡1−𝜔/2

 

𝐵0 = 𝑃𝑋(0) + 𝚿, ℎ0 = 𝑃ℎ(0) 

𝐵𝑛 = 𝒫(𝐶̇𝐵𝑛−4𝟏𝑛≥4) + ∑  

𝑘1+𝑘2=𝑛−1

 𝒫(𝐵𝑘1
𝜕𝐵𝑘2

) + ∑  

𝑘1+𝑘2+𝑘3=𝑛−2

 𝒫(𝐵𝑘1
𝐵𝑘2

𝐵𝑘3
)  

𝒳 = ∑  

𝑛

𝑖=0

 𝐵𝑖 + 𝑐𝟏𝑛=5𝒫ℎ0 + 𝑟𝑛, ℋ = ℎ0 + 𝑞0  

𝑟0 = 𝑂
𝒟−𝜅

3
2

+2𝜅,𝜔
(𝑡−𝜔/2−𝜅/2), 𝑞0 = 𝑂𝒟0

1+2𝜅,−𝜅(𝑡1/4)  

𝜂(0) = −1/2 − 𝜅,         𝜂(𝑛) = −1/2 + 2𝜅 (1 ≤ 𝑛 ≤ 5)

𝑏(0) = 0,         𝑏(𝑛) = (1/4 − 𝜅/2)𝑛 − 3𝜅/2 (1 ≤ 𝑛 ≤ 5)
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|𝐵𝑛|
𝒟𝛼(𝑛)

3
2

+2𝜅,𝜂(𝑛)
≲ 𝑡𝑏(𝑛) ∀0 ≤ 𝑛 ≤ 5 

𝑟0 = 𝑂
𝒟−𝜅

3
2

+2𝜅,𝜔
(𝑡−𝜔/2−𝜅/2), 𝑟𝑛 = 𝑂

𝒟0

3
2

+2𝜅,𝜔
(𝑡(𝑛+1)/4−𝜅𝑛) ∀1 ≤ 𝑛 ≤ 5, 

 

1

2
𝜂(𝑛) + 𝑏(𝑛) = −

1

4
−

𝜅

2
+ (

1

4
−

𝜅

2
) 𝑛 ∀𝑛 ≥ 0 

|𝒫(𝐵𝑘1
𝜕𝐵𝑘2

)|
𝒟𝛼(𝑛)

2

3
2
+2𝜅,−

1
2
+2𝜅

 ≲ 𝑡
1
2
(𝜂(𝑘1)+𝜂(𝑘2)+

3
2
−2𝜅)

|𝐵𝑘1
𝜕𝐵𝑘2

|
𝒟

𝛼(𝑘1)+𝛼(𝑘2)−1
𝜅,𝜂(𝑘1)+𝜂(𝑘2)−1

 ≲ 𝑡
1
2
(𝜂(𝑘1)+𝜂(𝑘2)+

3
2
−2𝜅)

|𝐵𝑘1
|
𝒟

𝛼(𝑘1)

3
2

+2𝜅,𝜂(𝑘1)
| 
|𝜕𝐵𝑘2

|
𝒟

𝛼(𝑘2)−1

1
2

+2𝜅(𝑘2)−1

 ≲ 𝑡
1
2
(𝜂(𝑘1)+𝜂(𝑘2)+

3
2
−2𝜅)

⋅ 𝑡𝑏(𝑘1) ⋅ 𝑡𝑏(𝑘2) = 𝑡𝑏(𝑛).

 

|𝒫(𝐵𝑘1
𝐵𝑘2

𝐵𝑘3
)|

𝒟𝛼(𝑛)

3
2

+2𝜅,−
1
2

+2𝜅
≲ 𝑡

1
2
(∑  𝑖  𝜂(𝑘𝑖)+

5
2
−2𝜅)

∏  

3

𝑖=1

  |𝐵𝑘𝑖
|
𝒟

𝛼(𝑘𝑖)

3
2

+2𝜅,𝜂(𝑘𝑖)

≲ 𝑡
1
2
(∑  𝑖  𝜂(𝑘𝑖)+

5
2
−2𝜅)

⋅ 𝑡∑  𝑖  𝑏(𝑘𝑖) = 𝑡𝑏(𝑛).

 

|𝒫(𝐵𝑛−4)|
𝒟

𝛼(𝑛)

3
2

+2𝜅,−
1
2

+2𝜅
 ≲ 𝑡

1
2
(𝜂(𝑛−4)+

5
2
−2𝜅)|𝐵𝑛−4|

𝒟
𝛼(𝑛−4)

3
2

+2𝜅,𝜂(𝑛−4)

 ≲ 𝑡
(
1
4
−

𝜅
2

)𝑛+
𝜅
2 ≤ 𝑡𝑏(𝑛)

 

∑  

𝑛

𝑖=0

𝐵𝑖 + 𝑐𝟏𝑛=5𝒫ℎ0 + 𝑟𝑛 = 𝐵0 + 𝒫𝟏+{𝑄YMH(𝒳) + 𝑐ℋ} 

𝑟𝑛 = 𝒫𝟏+ {𝑄YMH (∑  

𝑛−1

𝑖=0

 𝐵𝑖 + 𝑟𝑛−1) + 𝑐(ℎ0 + 𝑞0 − 𝟏𝑛=5ℎ0)} − ∑  

𝑛

𝑖=1

𝐵𝑖 

𝑟𝑛 =𝒫𝟏+ ( ∑  

𝑘1+𝑘2≥𝑛

 𝐵𝑘1
𝜕𝐵𝑘2

+ ∑  

𝑘1+𝑘2+𝑘3≥𝑛−1

 𝐵𝑘1
𝐵𝑘2

𝐵𝑘3

 +𝑟𝑛−1𝜕𝑟𝑛−1 + (∑  

𝑛−1

𝑖=0

 𝐵𝑖) 𝜕𝑟𝑛−1 + 𝑟𝑛−1𝜕 (∑  

𝑛−1

𝑖=0

 𝐵𝑖)

 +𝑟𝑛−1
3 + 3𝑟𝑛−1

2 (∑  

𝑛−1

𝑖=0

 𝐵𝑖) + 3𝑟𝑛−1 (∑  

𝑛−1

𝑖=0

 𝐵𝑖)

2

+ 𝑐(ℎ0 + 𝑞0 − 𝟏𝑛=5ℎ0)

+𝐶
∘

( ∑  

𝑛−1

𝑖=(𝑛−3)∨0

 𝐵𝑖 + 𝑟𝑛−1)) ,
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|𝒫(𝐵𝑘1
𝜕𝐵𝑘2

)|
𝒟0

3
2

+2𝜅,𝜔
 ≲ 𝑡

1
2
(𝜂(𝑘1)+𝜂(𝑘2)+1−𝜔)

⋅ 𝑡𝑏(𝑘1) ⋅ 𝑡𝑏(𝑘2)

 ≤ 𝑡−𝜔/2−𝜅+(1/4−𝜅/2)𝑛 = 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝐵𝑘1
𝐵𝑘2

𝐵𝑘3
)|

𝒟0

3
2

+2𝜅,𝜔
 ≲ 𝑡

1
2
(∑  𝑖  𝜂(𝑘𝑖)+2−𝜔)

⋅ 𝑡∑  𝑖  𝑏(𝑘𝑖)

 ≤ 𝑡
1
4
−

𝜔
2

−
3
2
𝜅+(1/4−𝜅/2)(𝑛−1) = 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫𝐵𝑖|
𝒟0

3
2+2𝜅,𝜔

 ≲ 𝑡
1
2
(𝜂(𝑖)+2−𝜔)|𝐵𝑖|

𝒟𝛼(𝑖)

3
2+2𝜅,𝜂(𝑖)

 ≲ 𝑡
1
2
(𝜂(𝑖)+2−𝜔) ⋅ 𝑡𝑏(𝑖) = 𝑡

3
4
−

𝜔
2

−
𝜅
2

+(
1
4
−

𝜅
2

)𝑖
≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝐵0𝜕𝑟𝑛−1)|
𝒟0

3
2

+2𝜅,𝜔
 ≲ 𝑡1/4−𝜅/2|𝐵0𝜕𝑟𝑛−1|

𝒟
−

3
2

−2𝜅

𝜅,𝜔−
3
2

−𝜅

 ≲ 𝑡1/4−𝜅/2|𝐵0|
𝒟

−
1
2

−𝜅

3
2

+2𝜅,−
1
2

−𝜅
|𝜕𝑟𝑛−1|

𝒟−1−𝜅

1
2

+2𝜅,𝜔−1

 ≲ 𝑡1/4−𝜅/2𝑡𝑛/4−𝜅𝑛−1 = 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝑟𝑛−1𝜕𝐵0)|
𝒟0

3
2

+2𝜅,𝜔
≲ 𝑡(𝑛+1)/4−𝜅𝑛 

|𝒫(𝐵0
2𝑟𝑛−1)|

𝒟0

3
2

+2𝜅,𝜔
 ≲ 𝑡1/2−𝜅|𝐵0

2𝑟𝑛−1|
𝒟−1−3𝜅

1
2

,𝜔−1−2𝜅

 ≲ 𝑡1/2−𝜅|𝐵0|
𝒟

−
1
2−𝜅

3
2+2𝜅,−

1
2−𝜅

2 |𝑟𝑛−1|
𝒟−𝜅

3
2+2𝜅,𝜔

 ≲ 𝑡1/2−𝜅𝑡𝑛/4−𝜅𝑛−1 = 𝑡
1
4
−

𝜅
2𝑡(𝑛+1)/4−𝜅𝑛 ≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝐵0𝑟𝑛−1
2 )|

𝒟0

3
2

+2𝜅,𝜔
 ≲ 𝑡

𝜔
2

+
3
4
−

𝜅
2|𝐵0𝑟𝑛−1

2 |
𝒟

1,2𝜔−
1
2
−3𝜅

 ≲ 𝑡
𝜔
2

+
3
4
−

𝜅
2|𝐵0|

𝒟
−

1
2−𝜅

3
2+2𝜅,−

1
2−𝜅

|𝑟𝑛−1|
𝒟−𝜅

3 +2𝜅,𝜔
2

 ≲ 𝑡
𝜔
2

+
3
4
−

𝜅
2(𝑡𝑛/4−𝜅𝑛−1)

2
≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝑟𝑛−1𝜕𝑟𝑛−1)|
𝒟0

3
2

+2𝜅,𝜔
 ≲ 𝑡(1+𝜔)/2|𝑟𝑛−1𝜕𝑟𝑛−1|

𝒟−1−2𝜅

1
2

+𝜅,2𝜔−1

 ≲ 𝑡(1+𝜔)/2|𝑟𝑛−1|
𝒟−𝜅

3
2

+2𝜅,𝜔
| 

|𝜕𝑟𝑛−1|
𝒟−1−𝜅

1+2𝜅−1

1
2
+2

 ≲ 𝑡(1+𝜔)/2(𝑡𝑛/4−𝜅𝑛−1)
2

≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫(𝑟𝑛−1
3 )|

𝒟0

3
2

+2𝜅,𝜔
 ≲ 𝑡1+𝜔|𝑟𝑛−1

3 |
𝒟−3𝜅

3
2

,3𝜔
≲ 𝑡1+𝜔|𝑟𝑛−1|

𝒟−𝜅
3

3 + 2𝜅, 𝜔

 ≲ 𝑡1+𝜔(𝑡𝑛/4−𝜅𝑛−1)
3

≤ 𝑡(𝑛+1)/4−𝜅𝑛

 

|𝒫𝑞0|
𝒟0

3
2

+2𝜅,𝜔
≲ 𝑡

1
2
(2−𝜅−𝜔)|𝑞0|

𝒟0

1
2

+2𝜅,−𝜅
≲ 𝑡

1
2
(2−𝜅−𝜔) ⋅ 𝑡

1
4 ≤ 𝑡(𝑛+1)/4−𝜅𝑛 
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|𝒫ℎ0|
𝒟0

3
2

+2𝜅,𝜔
≲ 𝑡

1
2
(2−𝜔)|ℎ0|

𝒟0

1
2

+2𝜅,0
≲ 𝑡(𝑛+1)/4−𝜅𝑛 

Ψ = ℛΨ = 𝒫 ⋆ 𝟏+𝜉  

 (ℛ𝒳)(𝑡) = 𝑋(0) + Ψ𝑡 + 𝒫𝑡 ⋆ (Ψ𝜕Ψ) + 𝑂𝐿∞ (𝑡
1
4
−3𝜅/2). 

ℛ𝐵1 = 𝒫 ⋆ (𝑃𝑋(0)𝑃′𝑋(0) + 𝑃𝑋(0)𝜕Ψ + 𝑃′𝑋(0)Ψ + Ψ𝜕Ψ) 

|Ψ|𝐿∞ ≲ 𝑡−
1
4
−𝜅/2, |𝜕Ψ|𝐿∞ ≲ 𝑡−

3
4
−𝜅/2

 

|𝑟1|
𝒟0

3
2

+2𝜅,𝜔
≲ 𝑡

1
2
−𝜅1 , |(ℛ𝑟1)(𝑡)|𝐿∞ ≲ 𝑡

1
2
−𝜅1+𝜔/2 = 𝑡

1
4
−3𝜅/2

 

𝒩(𝐴): (0, ∞) → 𝒞∞(𝐓3, 𝔤3 ⊗ (𝔤3)3), 𝒩𝑠(𝐴) =
 def 

𝑃𝑠𝐴 ⊗ ∇𝑃𝑠𝐴  

ℒ = 𝐓3 × {𝑣 ∈ 𝐑3: |𝑣| ≤ 1/4} 

|𝑓|𝛾−gr = sup
ℓ∈ℒ

 
|∫  

ℓ
 𝑓|

|ℓ|𝛾
, 

∫ 
ℓ

𝑓 = ∫  
1

0

|𝑣|𝑓(𝑦 + 𝑡𝑣)d𝑡 ∈ 𝐹 

 [ [𝐴; 𝐵] ]𝛾,𝛿 =
 def 

sup
𝑠∈(0,1)

 𝑠𝛿|𝒩𝑠𝐴 − 𝒩𝑠𝐵|𝛾−gr, [ [𝐴] ]𝛾,𝛿 = [ [𝐴; 0] ]𝛾,𝛿 

 [ [𝐴; 𝐵] ]𝛽,𝛿 =
 def 

sup
𝑠∈(0,1)

 𝑠𝛿|𝒩𝑠𝐴 − 𝒩𝑠𝐵|
𝒞𝛽 

‖𝐴‖𝛼,𝜃 =
 def 

sup
𝑠∈(0,1)

 |𝑃𝑠𝐴|
𝛼−gr;<𝑠𝜃 

|𝐴|𝛼−gr;<𝑟 =
 def 

sup
ℓ∈ℒ,|ℓ|<𝑟

 
|𝐴(ℓ)|

|ℓ|𝛼
 

|𝐴|𝒞𝜂 ≲ ‖𝐴‖𝛼,𝜃  

Σ(𝐴) =
 def 

‖𝐴‖𝛼,𝜃 + [ [𝐴] ]𝛾,𝛿 < ∞ 

Σ(𝐴, 𝐵) =
 def 

‖𝐴 − 𝐵‖𝛼,𝜃 + [ [𝐴; 𝐵] ]𝛾,𝛿 < ∞ 

𝛼 ∈ (0,1/2), 𝜃 > 0, 𝛾 ∈ (1/2,1], 𝛿 ∈ (0,1)

𝜇 =
 def 

𝛾 − 1 + 2(1 − 𝛿) ∈ (−1/2,0),  and  𝜂 + 𝜇 > −1
 

|ℱ𝑠𝐴|∞ ≲ 𝑠
𝜂
2Σ(𝐴), |𝜕ℱ𝑠𝐴|∞ ≲ 𝑠

𝜂
2

−
1
2Σ(𝐴) 

|𝑃𝑠𝐴|∞ ≲ 𝑠
𝜂
2|𝐴|𝒞𝜂 , |𝜕𝑃𝑠𝐴|∞ ≲ 𝑠

𝜂
2

−
1
2|𝐴|𝒞𝜂  
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𝜆 =
 def 

(1 − 𝜁)𝜂/2 − 𝜃(1 − 𝛼)𝜁 < 0  

|𝑃𝑠𝐴|𝛾−gr ≲ 𝑠𝜆‖𝐴‖𝛼,𝜃  

0 < 𝜈 ≤ min {
𝜂

2
+

𝜇

2
+

1

2
, 1 + 3𝜂/2, 𝜇 +

1

2
}  

|𝒫𝑠 ⋆ 𝒩𝐴|𝛾−gr ≲ ∫  
𝑠

0

  |𝒩𝑟𝐴|𝛾−gr d𝑟 ≲ ∫  
𝑠

0

  𝑟−𝛿[ [𝐴] ]𝛾,𝛿d𝑟 ≲ 𝑠1−𝛿[ [𝐴] ]𝛾,𝛿  

ℱ𝑠𝐴 = 𝑃𝑠𝐴 + 𝒫𝑠 ⋆ 𝒩𝐴 + 𝑅𝑠𝐴 

|𝑅𝑠𝐴|∞ ≲ 𝑠𝜈(Σ(𝐴) + Σ(𝐴)3) 

𝑅𝑠 = ∫  
𝑠

0

 𝑃𝑠−𝑟{(𝑃𝑟𝐴 + 𝒫𝑟 ⋆ 𝒩𝐴 + 𝑅𝑟)𝜕(𝑃𝑟𝐴 + 𝒫𝑟 ⋆ 𝒩𝐴 + 𝑅𝑟)

+(ℱ𝑟𝐴)3}d𝑟 − 𝒫𝑠 ⋆ 𝒩𝐴

 

|𝒫𝑠 ⋆ 𝒩𝐴|∞ ≲ ∫  
𝑠

0

  |𝑃𝑠−𝑟(𝒩𝑟𝐴)|∞d𝑟 ≲ ∫  
𝑠

0

  (𝑠 − 𝑟)
𝛾−1

2 |𝒩𝑟𝐴|𝒞𝛾−1 d𝑠

 ≲ ∫  
𝑠

0

  (𝑠 − 𝑟)
𝛾−1

2 |𝒩𝑟𝐴|𝛾−gr d𝑠

 ≲ ∫  
𝑠

0

  (𝑠 − 𝑟)
𝛾−1

2 𝑟−𝛿[ [𝐴] ]𝛾,𝛿d𝑠 ≍ 𝑠𝜇/2[ [𝐴] ]𝛾,𝛿 ,

 

|𝜕𝒫𝑠 ⋆ 𝒩𝐴|∞ ≲ 𝑠𝜇/2−
1
2[ [𝐴] ]𝛾,𝛿 

∫  
𝑠

0

{𝑟
𝜂
2

+
𝜇
2

−
1
2 + 𝑟𝜇−

1
2 + 𝑟3𝜂/2} d𝑟 ≍ 𝑠

𝜂
2

+
𝜇
2

+
1
2 + 𝑠𝜇+

1
2 + 𝑠1+3𝜂/2 

|𝑅|ℬ =
 def 

sup
𝑠∈(0,𝑇)

  {𝑠−𝜈|𝑅𝑠|∞ + 𝑠−𝜈+
1
2|𝜕𝑅𝑠|∞} 

𝑠−𝜈|𝑅|∞ ≲ Σ(𝐴) + Σ(𝐴)3 + 𝑠𝜅′
|𝑅|ℬ(Σ(𝐴) + Σ(𝐴)2)

+𝑠𝜅′′
|𝑅|ℬ

2 (1 + Σ(𝐴)) + 𝑠1+2𝜈|𝑅|ℬ
3

 

𝜅′ = min {
𝜂

2
+

1

2
, 1 + 𝜂} =

𝜂

2
+

1

2

𝜅′′ = min {
1

2
+ 𝜈, 1 +

𝜂

2
+ 𝜈} =

1

2
+ 𝜈

 

|𝑅|ℬ ≲ Σ(𝐴) + Σ(𝐴)3 + 𝑇𝜅(|𝑅|ℬ + |𝑅|ℬ
3 )(1 + Σ(𝐴)2) 

ℱ𝑠𝐴 = 𝑃𝑠𝐴 + 𝑂
Ω𝛾−gr[𝔤,𝔤](𝑠𝜈(Σ(𝐴)+Σ(𝐴)3)),𝑃𝑠𝐴=𝑂Ω𝛾−gr(𝑠𝜆).....  

ℱ𝑠𝐴̃ = ℱ𝑠𝐴 + 𝑃𝑠𝑟 + 𝑂𝐿∞[𝔤,𝔤] (𝑠𝜂/2+
1
2|𝑟|∞)  

ℱ𝑠𝐴 + 𝑄𝑠 = 𝑃𝑠(𝐴 + 𝑟) + ∫0

𝑠
 𝑃𝑠−𝑢{(ℱ𝑢𝐴 + 𝑄𝑢)𝜕(ℱ𝑢𝐴 + 𝑄𝑢) + (ℱ𝑢𝐴 + 𝑄𝑢)3}d𝑢 
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𝑄𝑠 = 𝑃𝑠𝑟 + ∫  
𝑠

0

 𝑃𝑠−𝑢(𝑄𝑢𝜕ℱ𝑢𝐴 + (ℱ𝑢𝐴)𝜕𝑄𝑢 + 𝑄𝑢𝜕𝑄𝑢

+(ℱ𝑢𝐴)2𝑄𝑢 + (ℱ𝑢𝐴)𝑄𝑢
2 + 𝑄𝑢

3)d𝑢

 

 ∫  
𝑠

0

  {|𝑄𝑢|∞𝑢𝜂/2−
1
2 + 𝑢𝜂/2|𝑄𝑢|𝒞1 + |𝑄𝑢|∞|𝑄𝑢|𝒞1

 +𝑢𝜂|𝑄𝑢|∞ + 𝑢𝜂/2|𝑄𝑢|∞
2 + |𝑄𝑢|∞

3 }d𝑢

 ≲ |𝑄|∞𝑠𝜂/2+
1
2 + 𝑠𝜂/2+

1
2|𝑄|𝐿1/2

∞ 𝒞1 + 𝑠1/2|𝑄|∞|𝑄|𝐿1/2
∞ 𝒞1

 +𝑠𝜂+1|𝑄|∞ + 𝑠𝜂/2+1|𝑄|∞
2 + 𝑠|𝑄|∞

3 ,

 

|𝑄|∞ + |𝑄|𝐿1/2
∞ 𝒞1 ≲ |𝑟|∞ 

𝑄𝑠 = 𝑃𝑠𝑟 + 𝑂𝐿∞ (𝑠𝜂/2+
1
2|𝑟|∞) 

𝒳̃ = 𝐵 + 𝑐ℎ‾ + 𝑂
𝒟0

3
2

+2𝜅,𝜔
(𝑡3/2−𝜅5) 

𝒳̃ = 𝐵 + 𝑐𝒫Ph(0) + 𝑂
𝒟0

3
2

+2𝜅,𝜔
(𝑡3/2−𝜅5), 

𝐴̃ = 𝐴 + 𝑐𝑡𝑃𝑡ℎ(0) + 𝑂𝐿∞(𝑡5/4−7𝜅/2). 

ℱ𝑠𝐴̃ = ℱ𝑠𝐴 + 𝑃𝑠 (𝑐𝑡𝑃𝑡ℎ(0) + 𝑂𝐿∞(𝑡5/4−7𝜅/2)) + 𝑂𝐿∞[𝔤,𝔤] (𝑠𝜂/2+
1
2𝑡)  

|𝑓|𝑝−var =
 def 

sup
𝑃⊂[0,1]

 ( ∑  

[𝑠,𝑡]∈𝑃

  |𝑓(𝑡) − 𝑓(𝑠)|𝑝)

1/𝑝

 

d𝐽𝛾(𝑥) = 𝐽𝛾(𝑥)d𝛾(𝑥), 𝐽𝛾(0) = id  

𝐽𝛾+𝜻(1) = 𝐽𝛾(1) + ∫  
1

0

  d𝜻(𝑥) + ∫  
1

0

 ∫  
𝑥

0

  { d𝜻(𝑥)d𝜸(𝑦) + d𝜸(𝑥)d𝜻(𝑦)}

 +𝑂{𝑣(𝑤2 + 𝑤𝐿−1) + 𝑤𝐿 + 𝑤𝐿+1 + 𝑣𝐿+1 + 𝑣2(1 + 𝑤 + 𝑣 + 𝑤𝐿−3)}

 

𝐽𝛾(1) = id + 𝐼𝛾 + ∫  
1

0

⋯ ∫  
𝑥𝐿−1

0

𝐽𝛾(𝑥𝐿)d𝛾(𝑥𝐿)d𝛾(𝑥𝐿−1) … d𝛾(𝑥1) 

𝐼𝛾+𝜻 = 𝐼𝛾 + ∫  
1

0

  d𝜻(𝑥) + ∫  
1

0

 ∫  
𝑥

0

  { d𝜻(𝑥)d𝜸(𝑦) + d𝜸(𝑥)d𝜻(𝑦)}

 +𝑂{𝑣2 + 𝑣(𝑤2 + 𝑤𝐿−1)} + 𝑂{𝑣2(𝑤 + 𝑣 + 𝑤𝐿−3 + 𝑣𝐿−3)}

 

|ℓ𝑎|1
𝛾

-var 
≤ |ℓ𝑎|𝛾−Höl ≤ |𝑎|𝛾−gr  
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𝑊ℓ(ℱ𝑠𝐴̃) = 𝑊ℓ(ℱ𝑠𝐴) + 𝑡Tr ∫ 
ℓ

 ch(0) + 𝑡Tr ∫  
[0,1]2

  dℓ𝐴(0)(𝑥1)dℓch(0)(𝑥2)

 +𝑂 (𝑡5/4−7𝜅/2 + 𝑡𝑠 + 𝑡𝑠𝜆‖Ψ𝑡
YM‖

𝛼,𝜃
+ 𝑡𝑠𝜆‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)YM‖

𝛼,𝜃
+ |𝐴(0)|𝐿∞𝑠𝜂/2+

1
2𝑡

 +𝑠𝜈𝑡(Σ(𝐴) + Σ(𝐴)3) + 𝑡(𝑢2 + 𝑢𝐿−1) + 𝑠𝜈𝐿 + 𝑢𝐿 + 𝑢𝐿+1 + 𝑡2𝑢)

 

𝛾(𝑥) = ∫  
𝑥

0

(ℱ𝑠𝐴)1(𝑦, 0,0)d𝑦 = ℓℱ𝑠𝐴(𝑥) 

𝑊ℓ(ℱ𝑠𝐴) = Tr𝐽𝛾(1), 𝑊ℓ(ℱ𝑠𝐴̃) = Tr𝐽𝛾+𝜁(1) 

𝐷ℎ =
 def 

𝑐𝑡𝑃𝑡+𝑠ℎ(0) = 𝑐𝑡ℎ(0) + 𝑂𝐿∞(𝑡(𝑡 + 𝑠)),

𝐷err =
 def 

𝑂𝐿∞[𝔤,𝔤] (𝑠𝜂/2+
1
2𝑡) + 𝑂𝐿∞(𝑡5/4−7𝜅/2).

 

 

𝑊ℓ(ℱ𝑠𝐴̃) = 𝑊ℓ(ℱ𝑠𝐴) + Tr (∫  
1

0

  d𝜁(𝑥))

 +Tr ∫  
1

0

 ∫  
𝑥

0

  { d𝜁(𝑥)d𝛾(𝑦) + d𝛾(𝑥)d𝜁(𝑦)}

 +𝑂{𝑣(𝑤2 + 𝑤𝐿−1) + 𝑤𝐿 + 𝑤𝐿+1 + 𝑣𝐿+1 + 𝑣2(1 + 𝑤 + 𝑣 + 𝑤𝐿−3)}

 

Tr (∫  
1

0

  d𝜁(𝑥)) = 𝑡Tr ∫ 
ℓ

ch(0) + 𝑂(𝑡5/4−7𝜅/2 + 𝑡𝑠) 

Tr ∫  
1

0

∫  
𝑥

0

{ d𝜻(𝑥)d𝜸(𝑦) + d𝜸(𝑥)d𝜻(𝑦)} = Tr ∫  
[0,1]2

{ d𝜻(𝑥)d𝜸(𝑦)} 

ℱ𝑠𝐴 = 𝑃𝑠𝐴 + 𝑂𝛾−gr(𝑠𝜈(Σ(𝐴) + Σ(𝐴)3)) 

𝐴 = 𝐴(0) + Ψ𝑡
YM + 𝒫𝑡 ⋆ (Ψ𝜕Ψ)YM + 𝑂𝐿∞(𝑡1/4−3𝜅/2)  

∫  
1

0

 d𝛾(𝑥) = ∫  
1

0

 dℓ𝐴(0)(𝑥) + 𝑂 (𝑠𝜆‖Ψ𝑡
YM‖

𝛼,𝜃
+ 𝑠𝜆‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)YM‖

𝛼,𝜃
) 

+𝑂 (𝑡1/4−3𝜅/2 + 𝑠𝜈(Σ(𝐴) + Σ(𝐴)3)) 

∫  
1

0

 d𝜻(𝑦) = 𝑡 ∫  
1

0

 dℓch(0)(𝑦) + 𝑂 (𝑡5/4−7𝜅/2 + 𝑠𝜂/2+
1
2𝑡) 

Tr ∫  
[0,1]2

  { d𝜻(𝑥)d𝛾(𝑦)} = 𝑡Tr (∫  
[0,1]2

  dℓ𝐴(0)(𝑥1)dℓ𝑐ℎ(0)(𝑥2))

 +𝑂 (𝑡𝑠𝜆‖Ψ𝑡
YM‖

𝛼,𝜃
+ 𝑡𝑠𝜆‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)YM‖

𝛼,𝜃
+ 𝑡5/4−7𝜅/2)

 +𝑂 (𝑡𝑠𝜈(Σ(𝐴) + Σ(𝐴)3) + 𝑠𝜂/2+
1
2𝑡|𝐴(0)|𝐿∞)
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𝑤 = |𝛾|1
𝛾

−var
≤ |ℱ𝑠𝐴|𝛾−gr = |𝒫𝑠𝐴|𝛾−gr + 𝑂(𝑠𝜈) = 𝑂(𝑠𝜆)‖𝐴‖𝛼,𝜃 + 𝑂(𝑠𝜈)  

𝑣 = |𝜻|1
𝛾

−var
≤ |𝐷ℎ + 𝐷err|𝛾−gr ≲ 𝑠𝜂/2+

1
2𝑡 + 𝑡 = 𝑂(𝑡)  

 [ [𝐴 + 𝐵] ]𝛾,𝛿 ≲ [ [𝐴] ]𝛾,𝛿 + |𝐵|𝒞𝜂‾
(|𝐴|𝒞𝜂 + |𝐵|𝒞𝜂‾ ) 

𝒩𝑠(𝐴 + 𝐵) = 𝒩𝑠𝐴 + 𝒩𝑠𝐵 + 𝑃𝑠𝐴 ⊗ ∇𝑃𝑠𝐵 + 𝑃𝑠𝐵 ⊗ ∇𝑃𝑠𝐴 

𝑍𝑠,𝑡 = 𝑠𝛿𝒩𝑠Ψ𝑡 

𝐄 [| sup
(𝑠,𝑡)≠(𝑠‾,𝑡‾)

 
|𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾|𝛾−gr

(|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅‾ |

𝑝

]

1/𝑝

< ∞ 

(𝐄 ∣ 𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾𝜏‾𝛾−gr
𝑝

)
1/𝑝

≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅/2 

𝐄 | sup
𝑡∈[0,1]

 𝑡−𝜅‾ [ [Ψ𝑡] ]𝛾,𝛿|

𝑝

< ∞ 

|𝐶𝑠,𝑠‾;,𝑡,𝑡‾(𝑥)| ≲ (|𝑠 − 𝑠‾| + |𝑡 − 𝑡‾|)𝜅|𝑥|4𝛿−4−2𝜅  

|∇𝐶𝑠,𝑠‾;,𝑡𝑡‾| ≲ (|𝑠 − 𝑠‾| + |𝑡 − 𝑡‾|)𝜅|𝑥 − 𝑦|4𝛿−5−2𝜅  

|∇𝐶𝑟,𝑠(𝑥)| ≲ |𝑥|−2, |∇(𝐶𝑟,𝑟 − 𝐶𝑟,𝑠)(𝑥)| ≲ |𝑟 − 𝑠|𝜅|𝑥|−2−2𝜅 

𝑑((𝑥, 𝑣), (𝑥‾, 𝑣‾)) =
 def 

|𝑥 − 𝑥‾| ∨ |𝑥 + 𝑣 − (𝑥‾ + 𝑣‾)| 

(𝐄 |∫ 
ℓ

 (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾|
𝑝
)

1/𝑝
≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅| ℓ|

2𝛿−1−𝜅

 

(𝐄 |(∫ 
ℓ

 − ∫ 
ℓ‾
 ) (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾)|

𝑝

)

1/𝑝

≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅/2𝑑(ℓ, ℓ‾)2𝛿−3/2−𝜅  

𝐄 |∫ 
ℓ

  (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾)|

2

 = |ℓ|2 ∫  
[0,1]2

 𝐶((𝑟 − 𝑟‾)𝑣)d𝑟 d𝑟‾

 ≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−2−2𝜅 ∫  
[0,1]2

  |𝑟 − 𝑟‾|4𝛿−4−2𝜅 d𝑟 d𝑟‾

 ≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−2−2𝜅

 

𝐄 ∣ (∫ℓ  − ∫ℓ‾  ) (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾|
2

= |ℓ|2∫[0,1]2  {𝐶((𝑟 − 𝑟‾)𝑣) − 𝐶(𝑟𝑣 − 𝑟‾𝑣‾) 

−𝐶(𝑟𝑣‾ − 𝑟‾𝑣) + 𝐶((𝑟 − 𝑟‾)𝑣‾)}d𝑟 d𝑟‾

= |ℓ|2 ∫  
[0,1]2

  {2𝐶((𝑟 − 𝑟‾)𝑣) − 2𝐶(𝑟𝑣 − 𝑟‾𝑣‾)}d𝑟 d𝑟‾, 
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 (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−2−2𝜅 ∫  
ℎ

0

  𝑟4𝛿−4−2𝜅 d𝑟

 ≍ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−2−2𝜅ℎ4𝛿−3−2𝜅

 = (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ||𝑣 − 𝑣‾|4𝛿−3−2𝜅

 

 (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−3−2𝜅|𝑣 − 𝑣‾| ∫  
1

ℎ

  𝑟4𝛿−5−2𝜅 d𝑟

 ≍ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ|4𝛿−3−2𝜅|𝑣 − 𝑣‾|ℎ4𝛿−4−2𝜅

 = (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ||𝑣 − 𝑣‾|4𝛿−3−2𝜅

 

𝐄 ∣ (∫ 
ℓ

 − ∫ 
ℓ‾
 ) (𝑍𝑠,𝑡 − 𝑍𝑠‾,𝑡‾|

2
≲ (|𝑡 − 𝑡‾| + |𝑠 − 𝑠‾|)𝜅|ℓ‖𝑣 − 𝑣‾|4𝛿−3−2𝜅 

(𝐄 |∫ 
ℓ

 𝐴|

𝑝

)

1/𝑝

≤ 𝑀𝑝|ℓ|𝛼  

(𝐄 |(∫ 
ℓ

 − ∫ 
ℓ‾
 ) 𝐴|

𝑝

)

1/𝑝

≤ 𝑀𝑝𝑑(ℓ, ℓ‾)𝛽  

(𝐄|𝐴|𝛾−gr
𝑝

)
1/𝑝

≤ 𝜆𝑀𝑝 

sup
ℓ∈𝐷

 
|∫  

ℓ
 𝐴|

|ℓ|𝛾
≲ sup

𝑁≥1
  sup

𝑎∈𝐷𝑁

|𝑎|≤𝐾2−𝑁/𝜔

 
|∫  

𝑎
 𝐴|

2−𝛾𝑁/𝜔
+ sup

𝑁≥1
  sup

𝑎,𝑏∈𝐷𝑁

𝑑(𝑎,𝑏)≤𝐾2−𝑁

 
|(∫  

𝑎
 − ∫  

𝑏
 )𝐴|

2−𝛾𝑁/𝜔
.  

𝐄 |sup
ℓ∈𝐷

 
|∫  

ℓ
 𝐴|

|ℓ|𝛾
|

𝑝

≲ 𝑀𝑝
𝑝

∑  

𝑁≥1

{2𝑁(6−𝑝(𝛼−𝛾)/𝜔) + 2𝑁(12−𝑝(𝛽−𝛾/𝜔))} 

𝛼 =
1

2
− 𝜀, 𝜃 = 𝜀, 𝛾 =

1

2
+ 𝜀, 𝛿 = 1 − 𝜀, 𝜈 = −𝜂‾ = 𝜀/2 

‖𝑓‖𝛼,𝜃 ≲ |𝑓|𝒞𝜂‾  

𝒫 ⋆ (Ψ𝜕Ψ) = lim
𝜀↓0

 𝒫 ⋆ (Ψ𝜀𝜕Ψ𝜀),  

𝐄‖Ψ𝑡‖𝛼,𝜃
𝑝

+ 𝐄|𝒫𝑡 ⋆ (Ψ𝜕Ψ)|
𝒞𝜂‾
𝑝

+ 𝐄[ [Ψ] ]𝛾,𝛿
𝑝

= 𝑂(𝑡𝑝𝜀). 

𝑄𝑡 ={‖𝑍‖3
2
+2𝜅;𝑂

+ |𝒫 ⋆ 𝟏+𝜉|𝒞([−1,3],𝒞−1/2−𝜅) + |𝒫 ⋆ (Ψ𝜕Ψ)|𝒞([−1,3],𝒞−2𝜅)

+𝑡−𝜀‖Ψ𝑡‖𝛼,𝜃 + 𝑡−𝜀|𝒫𝑡 ⋆ (Ψ𝜕Ψ)|𝒞𝜂‾ + 𝑡−𝜀[ [Ψ𝑡] ]𝛾,𝛿 < 𝑀}
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𝐄𝑊ℓ(ℱ𝑠𝐴̃)𝟏𝑄𝑡
− 𝐄𝑊ℓ(ℱ𝑠𝐴)𝟏𝑄𝑡

= 𝐏[𝑄𝑡] {𝑡Tr (∫ 
ℓ

 ch(0))

 +𝑡Tr (∫  
[0,1]2

  dℓ𝐴(0)(𝑥1)dℓ𝑐ℎ(0)(𝑥2)) + 𝑂(𝑡1+𝑟+𝛽/6 + 𝑡1+3𝑟/2 + 𝑡1+𝑟+𝜈𝛽)}

 

‖𝐴‖𝛼,𝜃 ≤ |𝐴(0)|∞ + ‖Ψ𝑡‖𝛼,𝜃 + ‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)‖𝛼,𝜃 + 𝑂(𝑡1/4−3𝜅/2) ≲ 𝑡𝑟  

𝛽 = −
𝑟

4𝜆
> 0 

𝑢 = 𝑠𝜆‖𝐴‖𝛼,𝜃 ≲ 𝑠𝜆𝑡𝑟 = 𝑡3𝑟/4  

[ [𝐴] ]𝛾,𝛿 ≲ [ [Ψ𝑡] ]𝛾,𝛿 + |Ψ|𝒞𝜂{|𝐴(0)|𝐿∞ + |𝒫𝑡(Ψ𝜕Ψ)|𝒞𝜂‾ + 𝑂(𝑡1/4−3𝜅/2)} ≲ 𝑡𝑟  

𝑡5/4−7𝜅/2 + 𝑡𝑠 ≲ 𝑡1+3𝑟/2,

𝑡𝑠𝜆(‖Ψ𝑡‖𝛼,𝜃 + ‖𝒫𝑡 ⋆ (Ψ𝜕Ψ)‖𝛼,𝜃) ≲ 𝑠𝜆𝑡1+𝜀 ≲ 𝑡1+3𝑟/2,

|𝐴(0)|𝐿∞𝑠𝜂/2+
1
2𝑡 ≲ 𝑡𝑟+1𝑡

(
𝜂
2

+
1
2
)𝛽

≲ 𝑡1+𝑟+𝛽/6,

𝑠𝜈𝑡(Σ(𝐴) + Σ(𝐴)3) ≲ 𝑡1+𝑟+𝜈𝛽 ,

𝑡(𝑢2 + 𝑢𝐿−1) ≲ 𝑡1+3𝑟/2,

 

|𝐄{𝑊ℓ(ℱ𝑠𝐴̃) − 𝑊ℓ(ℱ𝑠𝐴)}𝟏𝑄𝑡
| ≳ 𝑡1+𝑟  

𝐴(0) = 𝑡𝑟ch(0). 

∫ 
ℓ

ch(0) = ∫ 
ℓ

𝑐1
(1)

ℎ1(0) = 𝑐1
(1)

𝜁(1). 

|𝐄𝑊ℓ(ℱ𝑠𝐴̃)𝟏𝑄𝑡
− 𝐄𝑊ℓ(ℱ𝑠𝐴)𝟏𝑄𝑡

| ≳ 𝑡 

|𝐄𝑊ℓ(ℱ𝑠𝐴̃)𝟏𝑄𝑡
− 𝐄𝑊ℓ(ℱ𝑠𝐴)𝟏𝑄𝑡

| ≳ 𝑡1+𝑟 |Tr ({𝑐1
(1)

𝜁(1)}
2
)| − 𝑜(𝑡1+𝑟) ≳ 𝑡1+𝑟 

𝑢(𝑥, 𝑦, 𝑧) =

{
 
 

 
 𝑒𝜓(𝑦)𝑋  if 𝑦 ∈ [0,

1

4
]

1  if 𝑦 ∈ [
1

4
,
3

4
]

𝑒𝜓(𝑦−1)𝑋  if 𝑦 ∈ [
3

4
, 1]

 

ℎ2(𝑥, 0,0) =
 def 

(𝜕2𝑢)𝑢−1(𝑥, 0,0) = 𝑋, 𝑥 ∈ [0,1] 

∫ 
ℓ

𝑐ℎ = ∫  
1

0

𝑐1
(2)

ℎ2(𝑥, 0,0)d𝑥 = 𝑐1
(2)

𝑋 

𝛿𝜓𝑎‾
+ = 𝐷𝑎‾𝜖

+ +
1

16
𝐹#𝛾𝑎‾𝜖

−, 𝛿𝜌+ = 𝛾𝑎𝐷𝑎𝜖+,

𝛿𝜓𝑎
− = 𝐷𝑎𝜖− +

1

16
𝐹#

𝑇𝛾𝑎𝜖+, 𝛿𝜌− = 𝛾𝑎‾𝐷𝑎‾𝜖
−.
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𝑅𝑎𝑏‾ +
1

16
Φ−1⟨𝐹, Γ𝑎𝑏‾𝐹⟩ = 0, 𝑆 = 0, Γ𝐴𝐷𝐴𝐹 = 0,  

𝛾𝑏𝐷𝑏𝜓𝑎‾
+ − 𝐷𝑎‾𝜌

+ =
1

16
𝛾𝑏𝐹#𝛾𝑎‾𝜓𝑏

−, 𝛾𝑎𝐷𝑎𝜌+ − 𝐷𝑎‾𝜓𝑎‾
+ = −

1

16
𝐹#𝜌−,

𝛾𝑏‾𝐷𝑏‾𝜓𝑎
− − 𝐷𝑎𝜌− =

1

16
𝛾𝑏‾𝐹#

𝑇𝛾𝑎𝜓𝑏‾
+, 𝛾𝑎‾𝐷𝑎‾𝜌

− − 𝐷𝑎𝜓𝑎
− = −

1

16
𝐹#

𝑇𝜌+.

 

{𝑔𝜇𝜈 , 𝐵𝜇𝜈 , 𝜙, 𝐴𝜇1…𝜇𝑛

(𝑛)
, 𝜓𝜇

±, 𝜆±}  

𝜓𝜇 = 𝜓𝜇
+ + 𝜓𝜇

− 𝛾(10)𝜓𝜇
± = ∓𝜓𝜇

±

𝜆 = 𝜆+ + 𝜆−  𝛾(10)𝜆± = ±𝜆±
 

𝜓𝜇 = (
𝜓𝜇

+

𝜓𝜇
−)    𝛾(10)𝜓𝜇

± = 𝜓𝜇
±

𝜆 = (
𝜆+

𝜆−)    𝛾(10)𝜆± = −𝜆±.

 

𝜌±: = 𝛾𝜇𝜓𝜇
± − 𝜆±,  

𝑆B =
1

2𝜅2
∫  √−𝑔 [e−2𝜙 (ℛ + 4(𝜕𝜙)2 −

1

12
𝐻2) −

1

4
∑  

𝑛

 
1

𝑛!
(𝐹(𝑛)

(𝐵)
)

2
] ,  

𝐹(𝐵) = ∑  

𝑛

 𝐹(𝑛)
(𝐵)

= ∑  

𝑛

  e𝐵 ∧  d𝐴(𝑛−1),  

𝐹(𝑛)
(𝐵)

= (−)[𝑛/2] ∗ 𝐹(10−𝑛)
(𝐵)

,  

𝑆F = −
1

2𝜅2
∫  √−𝑔[e−2𝜙(2𝜓‾+𝜇𝛾𝜈∇𝜈𝜓𝜇

+ − 4𝜓‾+𝜇∇𝜇𝜌+ − 2𝜌‾+∇ 𝜌+

 −
1

2
𝜓‾+𝜇H̸𝜓𝜇

+ − 𝜓‾𝜇
+𝐻𝜇𝜈𝜆𝛾𝜈𝜓𝜆

+ −
1

2
𝜌+𝐻𝜇𝜈𝜆𝛾𝜇𝜈𝜓𝜆

+ +
1

2
𝜌+𝐻/𝜌+)

+e−2𝜙(2𝜓‾−𝜇𝛾𝜈∇𝜈𝜓𝜇
− − 4𝜓‾−𝜇∇𝜇𝜌− − 2𝜌‾−∇ 𝜌−

 +
1

2
𝜓‾−𝜇𝐻𝐻𝜓𝜇

− + 𝜓‾𝜇
−𝐻𝜇𝜈𝜆𝛾𝜈𝜓𝜆

− +
1

2
𝜌−𝐻𝜇𝜈𝜆𝛾𝜇𝜈𝜓𝜆

− −
1

2
𝜌−𝐻/𝜌−)

−
1

4
e−𝜙(𝜓‾𝜇

+𝛾𝜈F̸(𝐵)𝛾𝜇𝜓𝜈
− + 𝜌+𝐹(𝐵)𝜌−)] .

 

ℛ𝜇𝜈 −
1

4
𝐻𝜇𝜆𝜌𝐻𝜈 𝜆𝜌 + 2∇𝜇∇𝜈𝜙 −

1

4
e2𝜙 ∑  

𝑛

 
1

(𝑛 − 1)!
𝐹𝜇𝜆1…𝜆𝑛−1

(𝐵)
𝐹𝜈

(𝐵)𝜆1…𝜆𝑛−1 = 0

∇𝜇(e−2𝜙𝐻𝜇𝜈𝜆) −
1

2
∑  

𝑛

 
1

(𝑛 − 2)!
𝐹𝜇𝜈𝜆1…𝜆𝑛−2

(𝐵)
𝐹(𝐵)𝜆1…𝜆𝑛−2 = 0

∇2𝜙 − (∇𝜙)2 +
1

4
ℛ −

1

48
𝐻2 = 0

 d𝐹(𝐵) − 𝐻 ∧ 𝐹(𝐵) = 0
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𝛾𝜈 [(∇𝜈 ∓
1

24
𝐻𝜈𝜆𝜌𝛾𝜆𝜌 − 𝜕𝜈𝜙) 𝜓𝜇

± ±
1

2
𝐻𝜈𝜇 𝜆𝜓𝜆

±] − (∇𝜇 ∓
1

8
𝐻𝜇𝜈𝜆𝛾𝜈𝜆) 𝜌±

=
1

16
e𝜙 ∑  

𝑛

  (±)[(𝑛+1)/2]𝛾𝜈𝜓(𝑛)
(𝐵)

𝛾𝜇𝜓𝜈
∓,

(∇𝜇 ∓
1

8
𝐻𝜇𝜈𝜆𝛾𝜈𝜆 − 2𝜕𝜇𝜙) 𝜓𝜇± − 𝛾𝜇 (∇𝜇 ∓

1

24
𝐻𝜇𝜈𝜆𝛾𝜈𝜆 − 𝜕𝜇𝜙) 𝜌±

=
1

16
e𝜙 ∑  

𝑛

  (±)[(𝑛+1)/2]𝐹(𝑛)
(𝐵)

𝜌∓,

 

𝜖 = 𝜖+ + 𝜖−  𝛾(10)𝜖± = ∓𝜖±  

𝜖 = (
𝜖+

𝜖−)   𝛾(10)𝜖± = 𝜖±  

𝛿𝑒𝜇
𝑎 =𝜖‾+𝛾𝑎𝜓𝜇

+ + 𝜖‾−𝛾𝑎𝜓𝜇
−

𝛿𝐵𝜇𝜈 =2𝜖‾+𝛾[𝜇𝜓𝜈]
+ − 2𝜖‾−𝛾[𝜇𝜓𝜈]

− ,

𝛿𝜙 −
1

4
𝛿log (−𝑔) = −

1

2
𝜖‾+𝜌+ −

1

2
𝜖‾−𝜌−,

(e𝐵 ∧ 𝛿𝐴)𝜇1…𝜇𝑛

(𝑛)
=

1

2
(e−𝜙𝜓‾𝜈

+𝛾𝜇1…𝜇𝑛
𝛾𝜈𝜖− − e−𝜙𝜖‾+𝛾𝜇1…𝜇𝑛

𝜌−)

 ∓
1

2
(e−𝜙𝜖‾+𝛾𝜈𝛾𝜇1…𝜇𝑛

𝜓𝜈
− + e−𝜙𝜌‾+𝛾𝜇1…𝜇𝑛

𝜖−),

 

𝛿𝜓𝜇
±  = (∇𝜇 ∓

1

8
𝐻𝜇𝜈𝜆𝛾𝜈𝜆) 𝜖± +

1

16
e𝜙 ∑  

𝑛

  (±)[(𝑛+1)/2]𝐹(𝑛)
(𝐵)

𝛾𝜇𝜖∓,

𝛿𝜌±  = 𝛾𝜇 (∇𝜇 ∓
1

24
𝐻𝜇𝜈𝜆𝛾𝜈𝜆 − 𝜕𝜇𝜙) 𝜖±.

 

𝐵(𝑖) = 𝐵(𝑗) − dΛ(𝑖𝑗)  

Λ(𝑖𝑗) + Λ(𝑗𝑘) + Λ(𝑘𝑖) = dΛ(𝑖𝑗𝑘),  

𝐴(𝑖) = edΛ(𝑖𝑗) ∧ 𝐴(𝑗) + dΛ̂(𝑖𝑗),  

𝐵(𝑖)
′ = 𝐵(𝑖) − d𝜆(𝑖), 𝐴(𝑖)

′ = ed𝜆(𝑖)𝐴(𝑖),  

Ωcl
2 (𝑀) ⟶ 𝐺NS ⟶ Diff(𝑀),  

𝛿𝑣+𝜆𝑔 = ℒ𝑣𝑔, 𝛿𝑣+𝜆𝜙 = ℒ𝑣𝜙, 𝛿𝑣+𝜆𝐵(𝑖) = ℒ𝑣𝐵(𝑖) − d𝜆(𝑖),  

d𝜆(𝑖) = d𝜆(𝑗) − ℒ𝑣 dΛ(𝑖𝑗)  

𝜆(𝑖) = 𝜆(𝑗) − 𝑖𝑣 dΛ(𝑖𝑗),  

0 ⟶ 𝑇∗𝑀 ⟶ 𝐸 ⟶ 𝑇𝑀 ⟶ 0  

𝑣(𝑖) + 𝜆(𝑖) = 𝑣(𝑗) + (𝜆(𝑗) − 𝑖𝑣(𝑗)
dΛ(𝑖𝑗)) ,  

⟨𝑉, 𝑉⟩ = 𝑖𝑣𝜆,  
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𝐸̃ = det𝑇∗𝑀 ⊗ 𝐸  

⟨𝐸̂𝐴, 𝐸̂𝐵⟩ = Φ2𝜂𝐴𝐵 ,  𝜂 =
1

2
(
0 1
1 0

) .  

𝐹̃ = {(𝑥, {𝐸̂𝐴}): 𝑥 ∈ 𝑀, and {𝐸̂𝐴} 𝐸̃𝑥}.  

𝑉𝐴 ↦ 𝑉′𝐴 = 𝑀𝐵
𝐴𝑉𝐵, 𝐸̂𝐴 ↦ 𝐸̂𝐴

′ = 𝐸̂𝐵(𝑀−1)𝐵 𝐴.  

𝑉𝑀 = {
𝑣𝜇  for 𝑀 = 𝜇
𝜆𝜇  for 𝑀 = 𝜇 + 𝑑

.  

𝐸(𝑝)
⊗𝑛 = (det𝑇∗𝑀)𝑝 ⊗ 𝐸 ⊗ ⋯ ⊗ 𝐸.  

{Γ𝐴, Γ𝐵} = 2𝜂𝐴𝐵  

𝑉𝐴Γ𝐴Ψ(𝑖) = 𝑖𝑣Ψ(𝑖) + 𝜆(𝑖) ∧ Ψ(𝑖)  

Ψ(𝑖) = edΛ(𝑖𝑗) ∧ Ψ(𝑗)  

𝑆(𝑝)
± = (det𝑇∗𝑀)𝑝 ⊗ 𝑆±(𝐸)  

⟨Ψ, Ψ′⟩ = ∑  

𝑛

  (−)[(𝑛+1)/2]Ψ(𝑑−𝑛) ∧ Ψ′(𝑛) ∈ Γ((det𝑇∗𝑀)2𝑝)  

𝐸̂𝐴 = {
𝐸̂𝑎 = (det𝑒)(𝑒̂𝑎 + 𝑖𝑒̂𝑎

𝐵)  para 𝐴 = 𝑎

𝐸𝑎 = (det𝑒)𝑒𝑎  para 𝐴 = 𝑎 + 𝑑
 

⟨𝐸̂𝐴, 𝐸̂𝐵⟩ = (det𝑒)2𝜂𝐴𝐵  

𝑉(𝐵)  = 𝑣𝑎(det𝑒)𝑒̂𝑎 + 𝜆𝑎(det𝑒)𝑒𝑎

 = 𝑣(𝑖) + 𝜆(𝑖) − 𝑖𝑣(𝑖)
𝐵(𝑖),

 

𝑀 = (det𝐴)−1 (
1 0
𝜔 1

) (
𝐴 0
0 (𝐴−1)𝑇) ,  

𝐸̂𝐴 = {
𝐸̂𝑎 = e−2𝜙(det𝑒)(𝑒̂𝑎 + 𝑖𝑒̂𝑎

𝐵)  para 𝐴 = 𝑎

𝐸𝑎 = e−2𝜙(det𝑒)𝑒𝑎  para 𝐴 = 𝑎 + 𝑑
 

𝑉(𝐵,𝜙) = e2𝜙 (𝑣(𝑖) + 𝜆(𝑖) − 𝑖𝑣(𝑖)
𝐵(𝑖)) .  

Ψ(𝐵) = ∑  

𝑛

 
1

𝑛!
Ψ𝑎1…𝑎𝑛

(𝐵)
𝑒𝑎1 ∧ ⋯ ∧ 𝑒𝑎𝑛 = e𝐵(𝑖) ∧ Ψ(𝑖),  

Ψ(𝐵,𝜙) = e𝑝𝜙e𝐵(𝑖) ∧ Ψ(𝑖).  

𝐿𝑉𝑊 = ℒ𝑣𝑤 + ℒ𝑣𝜁 − 𝑖𝑤 d𝜆  

ℒ𝑣𝑤𝜇 = 𝑣𝜈𝜕𝜈𝑤𝜇 − 𝑤𝜈𝜕𝜈𝑣𝜇 + 𝑝(𝜕𝜈𝑣𝜈)𝑤𝜇 ,

ℒ𝑣𝜁𝜇 = 𝑣𝜈𝜕𝜈𝜁𝜇 + (𝜕𝜇𝑣𝜈)𝜁𝜈 + 𝑝(𝜕𝜈𝑣𝜈)𝜁𝜇 .
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𝜕𝑀 = {
𝜕𝜇  para 𝑀 = 𝜇

0  para 𝑀 = 𝜇 + 𝑑
.  

𝐿𝑉𝑊𝑀 = 𝑉𝑁𝜕𝑁𝑊𝑀 + (𝜕𝑀𝑉𝑁 − 𝜕𝑁𝑉𝑀)𝑊𝑁 + 𝑝(𝜕𝑁𝑉𝑁)𝑊𝑀  

𝑚 ⋅ 𝑊 = (
𝑎 0

−𝜔 −𝑎𝑇) (
𝑤

𝜁
) − 𝑝tr𝑎 (

𝑤

𝜁
)  

𝐿𝑉𝛼𝑀1…𝑀𝑛 =𝑉𝑁𝜕𝑁𝛼𝑀1…𝑀𝑛 + (𝜕𝑀1𝑉𝑁 − 𝜕𝑁𝑉𝑀1)𝛼𝑁 𝑀2…𝑀𝑛

 + ⋯ + (𝜕𝑀𝑛𝑉𝑁 − 𝜕𝑁𝑉𝑀𝑛)𝛼𝑀1…𝑀𝑛−1  𝑁 + 𝑝(𝜕𝑁𝑉𝑁)𝑊𝑀 

𝐿𝑉Ψ = 𝑉𝑁𝜕𝑁Ψ +
1

4
(𝜕𝑀𝑉𝑁 − 𝜕𝑁𝑉𝑀)Γ𝑀𝑁Ψ + 𝑝(𝜕𝑀𝑉𝑀)Ψ  

[ [𝑉, 𝑊] ]  =
1

2
(𝐿𝑉𝑊 − 𝐿𝑊𝑉)

 = [𝑣, 𝑤] + ℒ𝑣𝜁 − ℒ𝑤𝜆 −
1

2
 d(𝑖𝑣𝜁 − 𝑖𝑤𝜆),

 

[ [𝑈, 𝑉] ]𝑀 = 𝑈𝑁𝜕𝑁𝑉𝑀 − 𝑉𝑁𝜕𝑁𝑈𝑀 −
1

2
(𝑈𝑁𝜕𝑀𝑉𝑁 − 𝑉𝑁𝜕𝑀𝑈𝑁).  

(dΨ)(𝑖) =
1

2
Γ𝑀𝜕𝑀Ψ(𝑖) = dΨ(𝑖),  

𝐷𝑀𝑊𝐴 = 𝜕𝑀𝑊𝐴 + Ω̃𝑀 𝐴 𝐵𝑊𝐵  

Ω̃𝑀 𝐴 𝐵 = Ω𝑀 𝐴 𝐵 − Λ𝑀𝛿𝐴 𝐵,  

Ω𝑀
𝐴𝐵 = −Ω𝑀 𝐵𝐴.  

𝐷𝑀𝛼𝐴1…𝐴𝑛 = 𝜕𝑀𝛼𝐴1…𝐴𝑛 + Ω𝑀 𝐴1  𝐵𝛼𝐵𝐴2…𝐴𝑛

 + ⋯ + Ω𝑀 𝐴𝑛  𝐵𝛼𝐴1…𝐴𝑛−1𝐵 − 𝑝Λ𝑀𝛼𝐴1…𝐴𝑛 .
 

𝐷𝑀Ψ = (𝜕𝑀 +
1

4
Ω𝑀

𝐴𝐵Γ𝐴𝐵 − 𝑝Λ𝑀) Ψ  

𝑊 = 𝑊𝐴𝐸̂𝐴 = 𝑤𝑎𝐸̂𝑎 + 𝜁𝑎𝐸𝑎  

(𝐷𝑀
∇ 𝑊𝐴)𝐸̂𝐴 = {

(∇𝜇𝑤𝑎)𝐸̂𝑎 + (∇𝜇𝜁𝑎)𝐸𝑎  para 𝑀 = 𝜇

0  para 𝑀 = 𝜇 + 𝑑
.  

𝑇(𝑉) ⋅ 𝛼 = 𝐿𝑉
𝐷𝛼 − 𝐿𝑉𝛼  

𝑇𝐴𝐵𝐶 = −3Ω̃[𝐴𝐵𝐶] + Ω̃𝐷 𝐷 𝐵𝜂𝐴𝐶 − Φ−2⟨𝐸̂𝐴, 𝐿Φ−1𝐸̂𝐵
𝐸̂𝐶⟩  

𝑇 ∈ Γ(Λ3𝐸 ⊕ 𝐸)  

𝑇𝑀 𝑃𝑁 = (𝑇1)𝑀 𝑃𝑁 − (𝑇2)𝑃𝛿𝑀 𝑁,  

(𝑇1)𝑀𝑁𝑃  = −3Ω̃[𝑀𝑁𝑃] = −3Ω[𝑀𝑁𝑃]

(𝑇2)𝑀  = −Ω̃𝑄  𝑀 = Λ𝑀 − Ω𝑄  𝑀
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Γ𝑀𝐷𝑀Ψ = Γ𝑀 (𝜕𝑀Ψ +
1

4
Ω𝑀𝑁𝑃Γ𝑁𝑃Ψ −

1

2
Λ𝑀Ψ)

 = Γ𝑀𝜕𝑀Ψ +
1

4
Ω[𝑀𝑁𝑃]Γ

𝑀𝑁𝑃Ψ −
1

2
(Λ𝑀 − Ω𝑁  𝑀)Γ𝑀Ψ

 = 2 dΨ −
1

12
(𝑇1)[𝑀𝑁𝑃]Γ

𝑀𝑁𝑃Ψ −
1

2
(𝑇2)𝑀Γ𝑀Ψ.

 

Γ𝑀𝐷𝑀Ψ = 2 dΨ  

𝐿Φ−1
𝐸̂𝐴 𝐸̂𝐵 = (𝐿Φ−1𝐸̂𝐴

Φ)Φ−1𝐸̂𝐵 + Φ (𝐿Φ−1𝐸̂𝐴
(Φ−1𝐸̂𝐵))  

𝐿Φ−1𝐸̂𝐴
Φ = {

−e−2𝜙(det𝑒)(𝑖𝑒̂𝑎
𝑖𝑒̂𝑏

 d𝑒𝑏 + 2𝑖𝑒̂𝑎
 d𝜙)  para 𝐴 = 𝑎

0  para 𝐴 = 𝑎 + 𝑑
 

𝐿Φ−1𝐸̂𝐴
Φ−1𝐸̂𝐵 = (

[𝑒̂𝑎, 𝑒̂𝑏] + 𝑖𝑒̂𝑎,𝑒̂𝑏
𝐵 − 𝑖𝑒̂𝑎

𝑖𝑒̂𝑏
𝐻 ℒ𝑒̂𝑎

𝑒𝑏

−ℯ̂𝑒̂𝑏
𝑒𝑎 0

)
𝐴𝐵

 

𝑇1 = −4𝐻, 𝑇2 = −4 d𝜙,  

𝑅(𝑈, 𝑉, 𝑊) = [𝐷𝑈, 𝐷𝑉]𝑊 − 𝐷[ [𝑈,𝑉] ]𝑊  

[𝐷𝑓𝑈, 𝐷𝑔𝑉]ℎ𝑊 − 𝐷[ [𝑓𝑈,𝑔𝑉] ]ℎ𝑊

 = fgh([𝐷𝑈, 𝐷𝑉]𝑊 − 𝐷[ [𝑈,𝑉] ]𝑊) −
1

2
ℎ⟨𝑈, 𝑉⟩𝐷(𝑓 d𝑔−𝑔 d𝑓)𝑊,

 

𝐸 = 𝐶+ ⊕ 𝐶−,  

⟨𝐸̂𝑎
+, 𝐸̂𝑏

+⟩ = Φ2𝜂𝑎𝑏,

⟨𝐸̂𝑎‾
−, 𝐸̂𝑏‾

−⟩ = −Φ2𝜂𝑎‾𝑏‾ ,

⟨𝐸̂𝑎
+, 𝐸̂𝑎‾

−⟩ = 0.

 

𝐸̂𝐴 = {
𝐸̂𝑎

+ para 𝐴 = 𝑎

𝐸̂𝑎‾
− para 𝐴 = 𝑎‾ + 𝑑

 

⟨𝐸̂𝐴, 𝐸̂𝐵⟩ = Φ2𝜂𝐴𝐵,  where  𝜂𝐴𝐵 = (
𝜂𝑎𝑏 0
0 −𝜂𝑎‾𝑏‾

)  

𝐸̂𝐴 = {
𝐸̂+𝑎  para 𝐴 = 𝑎

−𝐸̂−𝑎‾  para 𝐴 = 𝑎‾ + 𝑑
,  

𝐸̂𝑎
+ = e−2𝜙√−𝑔(𝑒̂𝑎

+ + 𝑒𝑎
+ + 𝑖𝑒̂𝑎

+𝐵),

𝐸̂𝑎‾
− = e−2𝜙√−𝑔(𝑒̂𝑎‾

− − 𝑒𝑎‾
− + 𝑖𝑒̂𝑎‾

𝐵),
 

Φ = e−2𝜙√−𝑔  

𝑔 = 𝜂𝑎𝑏𝑒+𝑎 ⊗ 𝑒+𝑏 = 𝜂𝑎‾𝑏‾𝑒
−𝑎‾ ⊗ 𝑒−𝑏‾ ,

𝑔(𝑒̂𝑎
+, 𝑒̂𝑏

+) = 𝜂𝑎𝑏 , 𝑔(𝑒̂𝑎‾
−, 𝑒̂𝑏‾

−) = 𝜂𝑏‾𝑏‾ .
 

𝐺 = Φ−2(𝜂𝑎𝑏𝐸̂𝑎
+ ⊗ 𝐸̂𝑏

+ + 𝜂𝑎‾𝑏‾ 𝐸̂𝑎‾
− ⊗ 𝐸̂𝑏‾

−)  
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𝐺𝑀𝑁 =
1

2
(
𝑔 − 𝐵𝑔−1𝐵 −𝐵𝑔−1

𝑔−1𝐵 𝑔−1 )
𝑀𝑁

 

Γ(+) =
1

𝑑!
𝜖𝑎1…𝑎𝑑Γ𝑎1

… Γ𝑎𝑑
, Γ(−) =

1

𝑑!
𝜖𝑎‾1…𝑎‾𝑑Γ𝑎‾1

… Γ𝑎‾𝑑
.  

Γ𝑎 ⋅ Ψ(𝐵) = 𝑖𝑒̂𝑎
+Ψ(𝐵) + 𝑒𝑎

+ ∧ Ψ(𝐵), Γ𝑎‾ ⋅ Ψ(𝐵) = 𝑖𝑒̂𝑎
−Ψ(𝐵) − 𝑒𝑎

− ∧ Ψ(𝐵)  

Γ(+)Ψ(𝑛)
(𝐵)

= (−)[𝑛/2] ∗ Ψ(𝑛)
(𝐵)

, Γ(−)Ψ(𝑛)
(𝐵)

= (−)𝑑(−)[𝑛+1/2] ∗ Ψ(𝑛)
(𝐵)

 

Γ(−)Γ𝐴Γ(−)−1 = 𝐺𝐵
𝐴Γ𝐵  

𝐷𝐺 = 0, 𝐷Φ = 0  

𝑊 = 𝑤+
𝑎𝐸̂𝑎

+ + 𝑤−
𝑎‾ 𝐸̂𝑎‾

−,  

𝐷𝑀𝑊𝐴 = {
𝜕𝑀𝑤+

𝑎 + Ω𝑀  𝑎  𝑏𝑤+
𝑏  para 𝐴 = 𝑎

𝜕𝑀𝑤−
𝑎‾ + Ω𝑀  𝑎‾  𝑏‾𝑤−

𝑏‾  para 𝐴 = 𝑎‾
,  

Ω𝑀𝑎𝑏 = −Ω𝑀𝑏𝑎 , Ω𝑀𝑎‾𝑏‾ = −Ω𝑀𝑏‾𝑎‾ .  

∇𝜇𝑣𝜈 = (𝜕𝜇𝑣𝑎 + 𝜔𝜇
+𝑎 𝑏𝑣𝑏)(𝑒̂𝑎

+)𝜈 = (𝜕𝜇𝑣𝑎‾ + 𝜔𝜇
−𝑎‾𝑏‾𝑣𝑏‾)(𝑒̂𝑎‾

−)𝜈.  

𝐷𝑀
∇ 𝑊𝑎 = {

∇𝜇𝑤+
𝑎  para 𝑀 = 𝜇

0  para 𝑀 = 𝜇 + 𝑑
, 𝐷𝑀

∇ 𝑊𝑎‾ = {
∇𝜇𝑤−

𝑎‾  para 𝑀 = 𝜇

0  para 𝑀 = 𝜇 + 𝑑
.  

𝑊 = 𝑤+
𝑎𝐸̂𝑎

+ + 𝑤−
𝑎‾ 𝐸̂𝑎‾

− = (𝑤+
𝑎 + 𝑤−

𝑎)𝐸̂𝑎 + (𝑤+𝑎 − 𝑤−𝑎)𝐸𝑎,  

𝑇1 = −4𝐻, 𝑇2 = −4 d𝜙  

𝐷𝑀𝑊𝐴 = 𝐷𝑀
∇ 𝑊𝐴 + Σ𝑀 𝐴 𝐵𝑊𝐵  

Σ𝑀𝑎𝑏 = −Σ𝑀𝑏𝑎 , Σ𝑀𝑎‾𝑏‾ = −Σ𝑀𝑏‾𝑎‾ .  

(𝑇1)𝐴𝐵𝐶 = −4𝐻𝐴𝐵𝐶 − 3Σ[𝐴𝐵𝐶], (𝑇2)𝐴 = −4 d𝜙𝐴 − Σ𝐶  𝐴
𝐶 .  

d𝑥𝜇 =
1

2
Φ−1(𝑒̂𝑎

+𝜇
𝐸̂+𝑎 − 𝑒̂𝑎‾

−𝜇
𝐸̂−𝑎‾),  

d𝜙 =
1

2
𝜕𝑎𝜙(Φ−1𝐸̂+𝑎) −

1

2
𝜕𝑎‾𝜙(Φ−1𝐸̂−𝑎‾).  

Λ3𝑇∗𝑀 ↪ Λ3𝐸 ≃ Λ3𝐶+ ⊕ (Λ2𝐶+ ⊗ 𝐶−) ⊕ (𝐶+ ⊗ Λ2𝐶−) ⊕ Λ3𝐶−,  



pág. 9023 

d𝜙𝐴 =

{
 
 
 

 
 
 

1

2
𝜕𝑎𝜙 𝐴 = 𝑎

1

2
𝜕𝑎‾𝜙 𝐴 = 𝑎‾ + 𝑑

, 𝐻𝐴𝐵𝐶 =

{
 
 
 

 
 
 

1

8
𝐻𝑎𝑏𝑐 (𝐴, 𝐵, 𝐶) = (𝑎, 𝑏, 𝑐)

1

8
𝐻𝑎𝑏𝑐‾ (𝐴, 𝐵, 𝐶) = (𝑎, 𝑏, 𝑐‾ + 𝑑)

1

8
𝐻𝑎𝑏‾𝑐‾ (𝐴, 𝐵, 𝐶) = (𝑎, 𝑏‾ + 𝑑, 𝑐‾ + 𝑑)

1

8
𝐻𝑎‾𝑏‾𝑐‾ (𝐴, 𝐵, 𝐶) = (𝑎‾ + 𝑑, 𝑏‾ + 𝑑, 𝑐‾ + 𝑑)

 

Σ[𝑎𝑏𝑐] = −
1

6
𝐻𝑎𝑏𝑐, Σ𝑎‾𝑏𝑐 = −

1

2
𝐻𝑎‾𝑏𝑐, Σ𝑎  𝑎 𝑏 = −2𝜕𝑏𝜙,

Σ[𝑎‾𝑏‾𝑐‾] = +
1

6
𝐻𝑎‾𝑏‾𝑐‾, Σ𝑎𝑏‾𝑐‾ = +

1

2
𝐻𝑎𝑏‾𝑐‾, Σ𝑎‾  𝑏‾ = −2𝜕𝑏‾𝜙.

 

𝐷𝑎𝑤+
𝑏 = ∇𝑎𝑤+

𝑏 −
1

6
𝐻𝑎 𝑏 𝑐𝑤+

𝑐 −
2

9
(𝛿𝑎  𝑏𝜕𝑐𝜙 − 𝜂𝑎𝑐𝜕𝑏𝜙)𝑤+

𝑐 + 𝐴𝑎
+𝑏 𝑐𝑤+

𝑐 ,

𝐷𝑎‾𝑤+
𝑏 = ∇𝑎‾𝑤+

𝑏 −
1

2
𝐻𝑎‾  

𝑏 𝑐𝑤+
𝑐 ,

𝐷𝑎𝑤−
𝑏‾ = ∇𝑎𝑤−

𝑏‾ +
1

2
𝐻𝑎 𝑏

‾
 𝑐‾𝑤−

𝑐‾,

𝐷𝑎‾𝑤−
𝑏‾ = ∇𝑎‾𝑤−

𝑏‾ +
1

6
𝐻𝑎‾

𝑏‾  𝑐‾𝑤−
𝑐‾ −

2

9
(𝛿𝑎‾  

𝑏‾ 𝜕𝑐‾𝜙 − 𝜂𝑎‾𝑐‾𝜕
𝑏‾𝜙)𝑤−

𝑐‾ + 𝐴𝑎‾
−𝑏‾ 𝑐‾𝑐‾𝑤−

𝑐‾,

 

𝐴𝑎𝑏𝑐
+ = −𝐴𝑎𝑐𝑏

+ , 𝐴[𝑎𝑏𝑐]
+ = 0, 𝐴𝑎

+𝑎 𝑏 = 0,

𝐴𝑎‾𝑏‾𝑐‾
− = −𝐴𝑎‾𝑐‾𝑏‾

− , 𝐴[𝑎‾𝑏‾𝑐‾]
− = 0, 𝐴𝑎‾

−𝑎‾𝑏‾ = 0
 

𝐷𝑎‾𝑤+
𝑏 = ∇𝑎‾𝑤+

𝑏 −
1

2
𝐻𝑎‾  

𝑏 𝑐𝑤+
𝑐 ,

𝐷𝑎𝑤−
𝑏‾  = ∇𝑎𝑤−

𝑏‾ +
1

2
𝐻𝑎  𝑏

‾
 𝑐‾𝑤−

𝑐‾,

 

𝐷𝑎𝑤+
𝑎 = ∇𝑎𝑤+

𝑎 − 2(𝜕𝑎𝜙)𝑤+
𝑎,

𝐷𝑎‾𝑤−
𝑎‾ = ∇𝑎‾𝑤−

𝑎‾ − 2(𝜕𝑎‾𝜙)𝑤−
𝑎‾ .

 

𝐷𝑀𝜖+ = 𝜕𝑀𝜖+ +
1

4
Ω𝑀 𝑎𝑏𝛾𝑎𝑏𝜖+,

𝐷𝑀𝜖− = 𝜕𝑀𝜖− +
1

4
Ω𝑀 𝑎‾𝑏‾𝛾𝑎‾𝑏‾𝜖

−.

 

 

𝐷𝑎‾𝜖
+ = (∇𝑎‾ −

1

8
𝐻𝑎‾𝑏𝑐𝛾𝑏𝑐) 𝜖+,

𝐷𝑎𝜖− = (∇𝑎 +
1

8
𝐻𝑎𝑏‾𝛾

𝑏‾𝑐‾) 𝜖−,

𝛾𝑎𝐷𝑎𝜖+ = (𝛾𝑎∇𝑎 −
1

24
𝐻𝑎𝑏𝑐𝛾𝑎𝑏𝑐 − 𝛾𝑎𝜕𝑎𝜙) 𝜖+,

𝛾𝑎‾𝐷𝑎‾𝜖
− = (𝛾𝑎‾∇𝑎‾ +

1

24
𝐻𝑎‾𝑏‾𝑐‾𝛾

𝑎‾𝑐‾ − 𝛾𝑎‾𝜕𝑎‾𝜙) 𝜖−.

 

𝑅𝑎𝑏‾𝑤+
𝑎 = [𝐷𝑎, 𝐷𝑏‾ ]𝑤+

𝑎  

𝑅𝑎‾𝑏𝑤−
𝑎‾ = [𝐷𝑎‾ , 𝐷𝑏]𝑤−

𝑎‾  
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1

2
𝑅𝑎𝑏‾𝛾

𝑎𝜖+ = [𝛾𝑎𝐷𝑎, 𝐷𝑏‾ ]𝜖
+,

1

2
𝑅𝑎‾𝛾𝛾𝑎‾𝜖− = [𝛾𝑎‾𝐷𝑎‾ , 𝐷𝑏]𝜖−.

 

−
1

4
𝑆𝜖+ = (𝛾𝑎𝐷𝑎𝛾𝑏𝐷𝑏 − 𝐷𝑎‾𝐷𝑎‾)𝜖+  

−
1

4
𝑆𝜖− = (𝛾𝑎‾𝐷𝑎‾𝛾

𝑏‾𝐷𝑏‾ − 𝐷𝑎𝐷𝑎)𝜖−  

𝑅𝑎𝑏 = ℛ𝑎𝑏 −
1

4
𝐻𝑎𝑐𝑑𝐻𝑏

𝑐𝑑 + 2∇𝑎∇𝑏𝜙 +
1

2
e2𝜙∇𝑐(e−2𝜙𝐻𝑐𝑎𝑏),  

𝑆 = ℛ + 4∇2𝜙 − 4(𝜕𝜙)2 −
1

12
𝐻2  

d𝑠10
2 = d𝑠2(ℝ9−𝑑,1) + d𝑠𝑑

2  

{𝑔, 𝐵, 𝜙} ∈
𝑂(10,10)

𝑂(9,1) × 𝑂(1,9)
× ℝ+  

𝛿𝑉𝐺 = 𝐿𝑉𝐺, 𝛿𝑉Φ = 𝐿𝑉Φ  

𝜓𝑎‾
+ ∈ Γ (𝐶− ⊗ 𝑆∓(𝐶+)) , 𝜓𝑎

− ∈ Γ(𝐶+ ⊗ 𝑆+(𝐶−)),  

𝜌+ ∈ Γ (𝑆±(𝐶+)) , 𝜌− ∈ Γ(𝑆+(𝐶−))  

𝜖+ ∈ Γ (𝑆∓(𝐶+)) , 𝜖− ∈ Γ(𝑆+(𝐶−))  

𝐹 ∈ Γ(𝑆(1/2)
± ),  

𝐹(𝐵) = e𝐵(𝑖) ∧ 𝐹(𝑖) = e𝐵(𝑖) ∧ ∑  

𝑛

  d𝐴(𝑖)
(𝑛−1)

.  

Γ𝐴 = {
𝛾𝑎 ⊗ 1  para 𝐴 = 𝑎

𝛾(10) ⊗ 𝛾𝑎‾𝛾(10)  para 𝐴 = 𝑎‾ + 𝑑
 

𝑆(1/2) ≃ 𝑆(𝐶+) ⊗ 𝑆(𝐶−)  

𝐹#: 𝑆(𝐶−) → 𝑆(𝐶+).  

𝐹#
𝑇 = (𝐶𝐹#𝐶−1)𝑇 ,  

F̸(𝐵,𝜙) = ∑  

𝑛

 
1

𝑛!
𝐹𝑎1…𝑎𝑛

(𝐵,𝜙)
𝛾𝑎1…𝑎𝑛 .  

𝐹# = Λ+F̸(𝐵,𝜙)(Λ−)−1  
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𝐹(𝑖) = e−𝐵(𝑖) ∧ 𝐹(𝐵) = e−𝜙e−𝐵(𝑖) ∧ 𝐹(𝐵,𝜙)

 = e−𝜙e−𝐵(𝑖) ∧ ∑  

𝑛

  [
1

32(𝑛!)
(−)[𝑛/2]tr(𝛾(𝑛)(Λ

+)−1𝐹#Λ−)] .
 

Γ(−)𝐹 = −𝐹,  

𝛿𝜓𝑎‾
+ = 𝐷𝑎‾𝜖

+ +
1

16
𝐹#𝛾𝑎‾𝜖

−,

𝛿𝜓𝑎
− = 𝐷𝑎𝜖− +

1

16
𝐹#

𝑇𝛾𝑎𝜖+

𝛿𝜌+ = 𝛾𝑎𝐷𝑎𝜖+,

𝛿𝜌− = 𝛾𝑎‾𝐷𝑎‾𝜖
−,

 

𝛿̃𝐸̂𝑎
+ = (𝛿log Φ)𝐸̂𝑎

+ − (𝛿Λ𝑎𝑏‾
+ )𝐸̂−𝑏‾ ,

𝛿̃𝐸̂𝑎‾
− = (𝛿log Φ)𝐸̂𝑎‾

− − (𝛿Λ𝑎‾𝑏
− )𝐸̂+𝑏 ,

 

𝛿Λ𝑎𝑎‾
+ = 𝜖‾+𝛾𝑎𝜓𝑎‾

+ + 𝜖‾−𝛾𝑎‾𝜓𝑎
−,

𝛿Λ𝑎𝑎‾
− = 𝜖‾+𝛾𝑎𝜓𝑎‾

+ + 𝜖‾−𝛾𝑎‾𝜓𝑎
−,

 

𝛿log Φ = −2𝛿𝜙 +
1

2
𝛿log (−𝑔) = 𝜖‾+𝜌+ + 𝜖‾−𝜌−  

𝛿̃𝑒𝜇
+𝑎 = 𝜖‾+𝛾𝜇𝜓+𝑎 + 𝜖‾−𝛾𝑎𝜓𝜇

−,

𝛿̃𝑒𝜇
−𝑎‾ = 𝜖‾+𝛾𝑎‾𝜓𝜇

+ + 𝜖‾𝛾𝜇𝜓−𝑎‾ ,
 

𝛿̃𝑔𝜇𝜈 = 2𝜖‾+𝛾(𝜇𝜓𝜈)
+ + 2𝜖‾𝛾(𝜇𝜓𝜈)

−  

𝛿̃𝑒𝜇
+𝑎 = 𝛿𝑒𝜇

+𝑎 − (𝜖‾+𝛾𝑎𝜓+𝑏 − 𝜖‾+𝛾𝑏𝜓+𝑎)𝑒𝜇𝑏
+ ,

𝛿̃𝑒𝜇
−𝑎‾ = 𝛿𝑒𝜇

+𝑎‾ − (𝜖‾−𝛾𝑎‾𝜓−𝑏‾ − 𝜖‾𝛾𝑏‾𝜓−𝑎‾)𝑒𝜇𝑏‾
− .

 

𝛿𝐺𝑎𝑎‾ = 𝛿𝐺𝑎‾𝑎 = 2(𝜖‾+𝛾𝑎𝜓𝑎‾
+ + 𝜖‾𝛾𝑎‾𝜓𝑎

−)  

1

16
(𝛿𝐴#) = (𝛾𝑎𝜖+𝜓‾𝑎

− − 𝜌+𝜖‾−) ∓ (𝜓𝑎‾
+𝜖‾−𝛾𝑎‾ + 𝜖+𝜌‾−)  

𝑅𝑎𝑏‾ +
1

16
Φ−1⟨𝐹, Γ𝑎𝑏‾𝐹⟩ = 0  

𝑆 = 0  

1

2
Γ𝐴𝐷𝐴𝐹 = d𝐹 = 0  

𝑆𝐵 =
1

2𝜅2
∫  (Φ𝑆 +

1

4
⟨𝐹, Γ(−)𝐹⟩)  
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𝑆𝐹 = −
1

2𝜅2
∫  2Φ[𝜓‾+𝑎‾𝛾𝑏𝐷𝑏𝜓𝑎‾

+ + 𝜓‾−𝑎𝛾𝑏‾𝐷𝑏‾ 𝜓𝑎
−

 +2𝜌‾+𝐷𝑎‾𝜓
+𝑎‾ + 2𝜌‾−𝐷𝑎𝜓−𝑎

 −𝜌‾+𝛾𝑎𝐷𝑎𝜌+ − 𝜌‾−𝛾𝑎‾𝐷𝑎‾𝜌
−

−
1

8
(𝜌‾+𝐹#𝜌− + 𝜓‾𝑎‾

+𝛾𝑎𝐹#𝛾𝑎‾𝜓𝑎
−)] .

 

𝛾𝑏𝐷𝑏𝜓𝑎‾
+ − 𝐷𝑎‾𝜌

+ = +
1

16
𝛾𝑏𝐹#𝛾𝑎‾𝜓𝑏

−,

𝛾𝑏‾𝐷𝑏‾𝜓𝑎
− − 𝐷𝑎𝜌− = +

1

16
𝛾𝑏‾𝐹#

𝑇𝛾𝑎𝜓𝑏‾
+,

𝛾𝑎𝐷𝑎𝜌+ − 𝐷𝑎‾𝜓𝑎‾
+ = −

1

16
𝐹#𝜌−,

𝛾𝑎‾𝐷𝑎‾𝜌
− − 𝐷𝑎𝜓𝑎

− = −
1

16
𝐹#

𝑇𝜌+,

 

𝜔(𝑘) =
1

𝑘!
𝜔𝜇1…𝜇𝑘

 d𝑥𝜇1 ∧ ⋯ ∧  d𝑥𝜇𝑘

𝜔(𝑘) ∧ 𝜂(𝑙) =
1

(𝑘 + 𝑙)!
(
(𝑘 + 𝑙)!

𝑘! 𝑙!
𝜔[𝜇1…𝜇𝑘

𝜂𝜇𝑘+1…𝜇𝑘+𝑙]) d𝑥𝜇1 ∧ ⋯ ∧  d𝑥𝜇𝑘+𝑙

∗ 𝜔(𝑘) =
1

(10 − 𝑘)!
(

1

𝑘!
√−𝑔𝜖𝜇1…𝜇10−𝑘𝜈1…𝜈𝑘

𝜔𝜈1…𝜈𝑘) d𝑥𝜇1 ∧ ⋯ ∧  d𝑥𝜇10−𝑘

 

{𝛾𝜇 , 𝛾𝜈} = 2𝑔𝜇𝜈 , 𝛾𝜇1…𝜇𝑘 = 𝛾[𝜇1 … 𝛾𝜇𝑘]  

𝐶𝛾𝜇𝐶−1 = −(𝛾𝜇)𝑇 , 𝐶𝑇 = −𝐶  

𝐶𝛾𝜇1…𝜇𝑘𝐶−1 = (−)[(𝑘+1)/2](𝛾𝜇1…𝜇𝑘)𝑇 ,

𝜖‾𝛾𝜇1…𝜇𝑘𝜒 = (−)[(𝑘+1)/2]𝜒‾𝛾𝜇1…𝜇𝑘𝜖,
 

𝛾(10) = 𝛾0𝛾1 … 𝛾9 =
1

10!
𝜖𝜇1…𝜇10

𝛾𝜇1…𝜇10  

𝛾𝜇1…𝜇𝑘
𝛾(10) = (−)[𝑘/2]

1

(10 − 𝑘)!
√−𝑔𝜖𝜇1…𝜇𝑘𝜈1…𝜈10−𝑘

𝛾𝜈1…𝜈10−𝑘 ,  

𝛾(𝑘)𝛾(10) = (−)[𝑘/2] ∗ 𝛾(10−𝑘)  

Ψ = ∑  

𝑘

 
1

𝑘!
Ψ𝜇1…𝜇𝑘

𝛾𝜇1…𝜇𝑘  

𝐹 = {(𝑥, {𝑒̂𝑎}): 𝑥 ∈ 𝑀 and {𝑒̂𝑎} 𝑇𝑥𝑀}.  

𝑣𝑎 ↦ 𝑣′𝑎 = 𝐴𝑎  𝑏𝑣𝑏, 𝑒̂𝑎 ↦ 𝑒̂𝑎
′ = 𝑒̂𝑏(𝐴−1)𝑏 𝑎.  

ℒ𝑣𝑤 = −ℒ𝑤𝑣 = [𝑣, 𝑤],  

ℒ𝑣𝛼𝜈1…𝜈𝑞

𝜇1…𝜇𝑝 = 𝑣𝜇𝜕𝜇𝛼𝜈1…𝜈𝑞

𝜇1…𝜇𝑝

 +(𝜕𝜇𝑣𝜇1)𝛼𝜈1…𝜈𝑞

𝜇𝜇2…𝜇𝑝 + ⋯ + (𝜕𝜇𝑣𝜇𝑝)𝛼𝜈1…𝜈𝑞

𝜇1…𝜇𝑝−1𝜇

 −(𝜕𝜈1
𝑣𝜇)𝛼𝜇𝜈2…𝜈𝑞

𝜇1…𝜇𝑝 − ⋯ − (𝜕𝜈𝑞
𝑣𝜇) 𝛼𝜈1…𝜈𝑞−1𝜇

𝜇1 .
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𝑇(𝑣, 𝑤) = ∇𝑣𝑤 − ∇𝑤𝑣 − [𝑣, 𝑤].  

𝑇𝜇 𝜈𝜆 = 𝜔𝜈  𝜇 𝜆 − 𝜔𝜆 𝜇 𝜈,  

𝑇𝑎 𝑏𝑐 = 𝜔𝑏 𝑎 𝑐 − 𝜔𝑐  𝑎  𝑏 + [𝑒̂𝑏 , 𝑒̂𝑐]𝑎.  

(𝑖𝑣𝑇)𝛼 = ℒ𝑣
∇𝛼 − ℒ𝑣𝛼,  

ℛ(𝑢, 𝑣)𝑤 = [∇𝑢, ∇𝑣]𝑤 − ∇[𝑢,𝑣]𝑤,

ℛ𝜇𝜈  𝜆 𝜌𝑣𝜌 = [∇𝜇 , ∇𝜈]𝑣𝜆 − 𝑇𝜌 𝜇𝜈∇𝜌𝑣𝜆.
 

ℛ𝜇𝜈 = ℛ𝜆𝜇𝜈 𝜆.  

ℛ = 𝑔𝜇𝜈ℛ𝜇𝜈  

𝑃 = {(𝑥, {𝑒̂𝑎}) ∈ 𝐹: 𝑔(𝑒̂𝑎 , 𝑒̂𝑏) = 𝛿𝑎𝑏},  

𝑔|𝑥 ∈ 𝐺𝐿(𝑑, ℝ)/𝑂(𝑑)  

∇𝜕/𝜕𝑥𝜇 𝑒̂𝑎 = 𝜔𝜇 𝑏 𝑎𝑒̂𝑏 .  

∇𝜇𝐴𝛼  𝛽: = 𝜕𝜇𝐴𝛼  𝛽 − Γ𝛽𝜇
𝜌

𝐴𝜌
𝛼 + Γ𝜌𝜇

𝛼 𝐴𝜌 𝛽. 

Γ𝜇𝜈
𝜌

: = {
𝜌
𝜇𝜈} + 𝐾𝜇𝜈

𝜌
+ 𝐿𝜌 𝜇𝜈, 

{
𝜌
𝜇𝜈} : =

1

2
𝑔𝜌𝜆(𝜕𝜇𝑔𝜆𝜈 + 𝜕𝜈𝑔𝜇𝜆 − 𝜕𝜆𝑔𝜇𝜈), 

𝐾𝜌 𝜇𝜈: =
1

2
(𝑇𝜇 𝜌 𝜈 + 𝑇𝜈  𝜌 𝜇 − 𝑇𝜌 𝜇𝜈), 

𝐿𝜌 𝜇𝜈: =
1

2
(𝑄𝜌 𝜇𝜈 − 𝑄𝜇

𝜌
 𝜈 − 𝑄𝜈  𝜌 𝜇). 

𝑅𝜈𝜌𝜎
𝜇

: = 𝜕𝜌Γ𝜈𝜎
𝜇

− 𝜕𝜎Γ𝜈𝜌
𝜇

+ Γ𝜏𝜌
𝜇

Γ𝜈𝜎
𝜏 − Γ𝜏𝜎

𝜇
Γ𝜈𝜌

𝜏 , 

𝑇𝜈𝜌
𝜇

: = 2Γ[𝜌𝜈]
𝜇

≡ Γ𝜌𝜈
𝜇

− Γ𝜈𝜌
𝜇

, 

𝑄𝜇𝜈𝜌: = ∇𝜇𝑔𝜈𝜌 ≡ 𝜕𝜇𝑔𝜈𝜌 − 2Γ(𝜈∣𝜇
𝜆 𝑔𝜌)𝜆 ≠ 0. 

𝑅𝜈𝜌𝜎
𝜇

= −𝑅𝜈𝜎𝜌
𝜇

, 

𝑇𝜈𝜌
𝜇

= −𝑇𝜌𝜈
𝜇

, 

𝑄𝜇𝜈𝜌 = 𝑄𝜇𝜌𝜈. 

𝑅[𝜈𝜌𝜎]
𝜇

 = ∇[𝜈𝑇𝜌𝜎]
𝜇

+ 𝑇𝛼[𝜈
𝜇

𝑇𝜌𝜎]
𝛼 ,

∇[𝛼𝑅|𝜈|𝜌𝜎]
𝜇

 = −𝑅𝜈𝜏[𝛼
𝜇

𝑇𝜌𝜎]
𝜏  
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𝜕𝜇: = (
𝜕

𝜕𝑥𝜇)
𝑝
, 

d𝑥𝜇𝜕𝜈 = 𝛿𝜈
𝜇

. 

𝑒𝐴: = 𝑒𝐴
𝜇
𝜕𝜇 , 𝑒𝐴: = 𝑒𝜇

𝐴 d𝑥𝜇, 

𝑔𝜇𝜈 = 𝜂𝐴𝐵𝑒𝐴𝑒𝐵 𝜈, 𝜂𝐴𝐵 = 𝑔𝜇𝜈𝑒𝐴
𝜇
𝑒𝐵

𝜈. 

[𝑒𝐴, 𝑒𝐵]∶= 𝑒𝐴𝑒𝐵 − 𝑒𝐵𝑒𝐴

 = (𝑒𝐴
𝜇
𝜕𝜇)(𝑒𝐵

𝜈𝜕𝜈) − (𝑒𝐵
𝜈𝜕𝜈)(𝑒𝐴

𝜇
𝜕𝜇)

 = [𝑒𝐴
𝜇
𝑒𝜈

𝐶(𝜕𝜇𝑒𝐵
𝜈) − 𝑒𝐵

𝜈𝑒𝜇
𝐶(𝜕𝜈𝑒𝐵

𝜇
)]𝑒𝐶

 = 𝑒𝐴
𝜇
𝑒𝐵

𝜈[𝜕𝜈𝑒𝜇
𝐶 − 𝜕𝜇𝑒𝜈

𝐶]𝑒𝐶

 = 𝑓𝐴𝐵
𝐶 𝑒𝐶 ,

 

𝑓𝐴𝐵
𝐶 : = 𝑒𝐴

𝜇
𝑒𝐵

𝜈[𝜕𝜈𝑒𝜇
𝐶 − 𝜕𝜇𝑒𝜈

𝐶] 

d𝜔 = 𝜕𝜇𝜔𝜈d𝑥𝜇 ∧ d𝑥𝜈
 

d𝑥𝜇 ∧ d𝑥𝜈 = d𝑥𝜇 ⊗ d𝑥𝜈 − d𝑥𝜈 ⊗ d𝑥𝜇  

d𝜔(𝑢, 𝑣) = 𝑢𝜔(𝑣) − 𝑣𝜔(𝑢) − 𝜔([𝑢, 𝑣]ℒ)  

d𝜔(𝑢, 𝑣) ∶= 𝜕𝜇𝜔𝜈(𝑢𝜇𝑣𝜈 − 𝑢𝑣𝑣𝜇),

𝑢𝜔(𝑣) ∶= 𝑢𝜇𝑣𝜈𝜕𝜇𝜔𝑣 + 𝑢𝜇𝜔𝜈𝜕𝜇𝑣𝑣,

𝜔([𝑢, 𝑣]ℒ) ∶= 𝜔𝜈(𝑢𝜇𝜕𝜇𝑣𝜈 − 𝑣𝜇𝜕𝜇𝑢𝜈),

 

{d𝑒𝐶(𝑒𝐴, 𝑒𝐵)}𝑒𝐶 ={𝑒𝐴[𝑒𝐶(𝑒𝐵)] − 𝑒𝐵[𝑒𝐶(𝑒𝐴)]

−𝑒𝐶([𝑒𝐴, 𝑒𝐵]ℒ)}𝑒𝐶

= −𝑒𝐶([𝑒𝐴, 𝑒𝐵]ℒ
𝐿𝑒𝐿)𝑒𝐶

= −[𝑒𝐴, 𝑒𝐵]ℒ .

 

∇𝑒𝐴
𝑒𝐵 = 𝛾𝐴𝐵

𝐶 𝑒𝐶 ,  

𝛾𝜆𝜈𝜇: = 𝑒𝜇
𝐴𝑒𝜆

𝐵∇𝐴(𝑒𝜈)𝐵 

 = −𝑒𝜇
𝐴(𝑒𝑣)𝐵∇𝐴𝑒𝜆

𝐵

 = −𝑒𝜇
𝐴𝑒𝜈

𝐵∇𝐴(𝑒𝜆)𝐵 = −𝛾𝜈𝜆𝜇,
 

𝛾𝐴𝐵
𝐶 = 𝜔𝐵

𝐶(𝑒𝐴)  ⇔ 𝜔𝐵
𝐶 = 𝛾𝐴𝐵

𝐶 𝑒𝐴  

[∇𝜇 , 𝜕𝜈] = ∇𝜇𝜕𝜈 − ∇𝜈𝜕𝜇

 = (Γ𝜇𝜈
𝜆 − Γ𝜈𝜇

𝜆 )𝜕𝜆

 = 𝑇𝜇𝜈
𝜆 𝜕𝜆,

 

𝑇(𝑣, 𝑢): = ∇𝑣𝑢 − ∇𝑢𝑣 − [𝑣, 𝑢]ℒ .  
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𝑇(𝑒𝐴, 𝑒𝐵) = ∇𝑒𝐴
𝑒𝐵 − ∇𝑒𝐵

𝑒𝐴 − [𝑒𝐴, 𝑒𝐵]ℒ

 = [𝜔𝐵
𝐶(𝑒𝐴) − 𝜔𝐴

𝐶(𝑒𝐵) + d𝑒𝐶(𝑒𝐴, 𝑒𝐵)]𝑒𝐶

 = [(𝜔𝐷
𝐶 ∧ 𝑒𝐷 + d𝑒𝐶)(𝑒𝐴, 𝑒𝐵)]𝑒𝐶 .

 

𝑇 = Ω𝐶 ⊗ 𝑒𝐶  

𝑑𝑒𝐶∶= −𝜔𝐴
𝐶 ∧ 𝑒𝐴

 = −
1

2
(𝛾𝐴𝐵

𝐶 − 𝛾𝐵𝐴
𝐶 )𝑒𝐴 ∧ 𝑒𝐵

 = −
1

2
𝑒𝐴

𝜇
𝑒𝐵

𝑣(𝜕𝜈𝑒𝜇
𝐶 − 𝜕𝜇𝑒𝜈

𝐶)𝑒𝐴 ∧ 𝑒𝐵

 = −
1

2
𝑓𝐴𝐵

𝐶 𝑒𝐴 ∧ 𝑒𝐵,

 

𝜂𝐴𝐵 = 𝜂𝜇𝜈𝑒𝐴
𝜇
𝑒𝐵

𝜈. 

Λ𝑣
𝜇
: 𝑥𝜇 ⟶ 𝑥′𝜇 = Λ𝑣

𝜇
(𝑥)𝑥𝜈, 

𝜂𝜇𝜈𝑥𝜇𝑥𝜈 = −𝑡2 + 𝑥2 + 𝑦2 + 𝑧2. 

Λ𝛼  𝛽 = 𝒢 ⋅ [
𝛾 −𝛾ℛ𝑖 𝑗

𝑣𝑗

𝑐

−𝛾ℛ𝑖 𝑗 
𝑗 𝑣𝑗

𝑐
ℛ𝑖 𝑗 (𝛿𝑗

𝑖 + (𝛾 − 1)
𝑣𝑖𝑣𝑗

𝑣2 )
], 

 

𝟙 ∶= diag(1,1,1,1)
ℙ ∶= diag(1, −1, −1, −1)

𝕋 ∶= diag(−1,1,1,1)
 

𝑒‾𝐴 𝜇 = Λ𝐵
𝐴𝑒𝐵 𝜇, 

𝑔𝜇𝜈 = 𝜂𝐴𝐵𝑒‾𝜇
𝐴𝑒‾𝐵 𝜈 𝜂𝐴𝐵 = 𝑔𝜇𝜈𝑒‾𝐴

𝜇
𝑒‾𝐵

𝜈. 

Λ𝛼  𝛽 = 𝛿𝛽
𝛼 + 𝜔𝛼  𝛽 + 𝒪 [(𝜔𝛽

𝛼)
2
]. 

(𝐽𝐴𝐵)𝐷
𝐶 : = 2𝑖𝜂[𝐵∣𝐷𝛿𝐴]

𝐶 = 𝑖(𝜂𝐵𝐷𝛿𝐴
𝐶 − 𝜂𝐴𝐷𝛿𝐵

𝐶). 

Λ = 𝑒
𝑖

2
𝜔𝐴𝐵𝐽𝐴𝐵

. 

𝜔𝜇: 𝐽𝐴𝐵 ∈ 𝔏 ⟶ 𝜔𝜇: =
1

2
𝜔𝐴𝐵 𝜇𝐽𝐴𝐵, 

𝒟𝜇: = 𝜕𝜇 − 𝜔𝜇 = 𝜕𝜇 −
𝑖

2
𝜔𝐴𝐵 𝜇𝐽𝐴𝐵, 

𝒟𝜇𝑒𝐶 = 𝜕𝜇𝑒𝐶 −
𝑖

2
𝜔𝐴𝐵 𝜇[𝑖(𝜂𝐵𝐷𝛿𝐴

𝐶 − 𝜂𝐴𝐷𝛿𝐵
𝐶)]𝑒𝐷

 = 𝜕𝜇𝑒𝐶 +
1

2
[𝜔𝐴 𝐷𝜇𝛿𝐴

𝐶 + 𝜔𝐵 𝐷𝜇𝛿𝐵
𝐶]𝑒𝐷

 = 𝜕𝜇𝑒𝐶 + 𝜔𝐶  𝐷𝜇𝑒𝐷 .
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𝒟𝜇(𝑒𝜆
𝐶𝑑𝑥𝜆) = 𝒟𝜇(𝑒𝜆

𝐶)d𝑥𝜆 + 𝑒𝜆
𝐶𝒟𝜇(d𝑥𝜆)

 = 𝒟𝜇(𝑒𝜆
𝐶)d𝑥𝜆 + 𝑒𝜆

𝐶(𝛿𝜇
𝜆 + 𝑒𝐸

𝜆𝑒𝜇
𝐷𝜔𝐸  𝐷𝜌 d𝑥𝜌)

 = 𝒟𝜇(𝑒𝜆
𝐶)d𝑥𝜆 + 𝑒𝜇

𝐶 ,

𝒟𝜇(𝑒𝜆
𝐶𝑑𝑥𝜆) = 𝜕𝜇(𝑒𝜆

𝐶𝑑𝑥𝜆) + 𝜔𝐶  𝐷𝜇𝑒𝜆
𝐷 d𝑥𝜆

 = 𝜕𝜇(𝑒𝜆
𝐶)𝑑𝑥𝜆 + 𝑒𝜇

𝐶 + 𝜔𝐶  𝐷𝜇𝑒𝜆
𝐷 d𝑥𝜆.

 

𝒟𝜇(𝑒𝜆
𝐶) = 𝜕𝜇(𝑒𝜆

𝐶) + 𝜔𝐶  𝐷𝜇𝑒𝜆
𝐷. 

∇̃𝜇𝑋𝐵
𝐴: = 𝜕𝜇 + 𝜔𝐴 𝐶𝜇𝑋𝐶  𝐵 − 𝜔𝐶  𝐵𝜇𝑋𝐶

𝐴. 

 

∇𝑉 = (∇𝜇𝑉𝜈)d𝑥𝜇 ⊗ 𝜕𝜈

 = (𝜕𝜇𝑉 + Γ𝜇𝜆
𝑣 𝑉𝜆)d𝑥𝜇 ⊗ 𝜕𝜈.

 

∇̃𝑉 = (∇̃𝜇𝑉𝐴)d𝑥𝜇 ⊗ 𝑒𝐴

 = (𝜕𝜇𝑉𝐴 + 𝜔𝐴 𝐵𝜇𝑉𝐵)d𝑥𝜇 ⊗ 𝑒𝐴

 = [𝜕𝜇(𝑒𝜆
𝐴𝑉𝜆) + 𝜔𝐴 𝐵𝜇𝑒𝜆

𝐵𝑉𝜆]d𝑥𝜇 ⊗ (𝑒𝐴
𝑣𝜕𝜈)

 = [𝜕𝜇𝑉𝑣 + (𝑒𝐴
𝑣𝜕𝜇𝑒𝜆

𝐴 + 𝜔𝐴 𝐵𝜇𝑒𝐴
𝑣𝑒𝜆

𝐵)𝑉𝜆]d𝑥𝜇 ⊗ 𝜕𝜈

 = [𝜕𝜇𝑉𝑣 + (𝑒𝐴
𝑣𝒟𝜇𝑒𝜆

𝐴)𝑉𝜆]d𝑥𝜇 ⊗ 𝜕𝑣 .

 

Γ𝜇𝜈
𝜆 ≡ 𝑒𝐴

𝜆𝒟𝜇𝑒𝐴 𝜈 

𝜔𝐵𝜇
𝐴 = 𝑒𝜆

𝐴𝑒𝐵
𝜈Γ𝜇𝜈

𝜆 + 𝑒𝜎
𝐴𝜕𝜇𝑒𝐵

𝜎 ≡ 𝑒𝜈
𝐴∇𝜇𝑒𝐵

𝜈  

𝜔𝐴𝐵 = 𝜔𝐴𝐵 𝜇d𝑥𝜇, 

∇𝜇𝑒𝜈
𝐴 = 𝜕𝜇𝑒𝜈

𝐴 − Γ𝜇𝜈
𝜆 𝑒𝜆

𝐴 + 𝜔𝐵𝜇
𝐴 𝑒𝜈

𝐵 = 0;  

0 = ∇𝜆𝑔𝜇𝜈 = 𝜕𝜆𝑔𝜇𝜈 − Γ𝜆𝜇
𝜎 𝑔𝜎𝜈 − Γ𝜆𝜈

𝜎 𝑔𝜇𝜎

 = 𝜕𝜆(𝑒𝜇
𝐴𝑒𝜈

𝐵𝜂𝐴𝐵) − 𝑒𝐴
𝜎𝑔𝜎𝜈𝒟𝜆𝑒𝜇

𝐴 − 𝑒𝐴
𝜎𝑔𝜇𝜎𝒟𝜆𝑒𝜈

𝐴

 = −𝑒𝜈
𝐴𝑒𝜇

𝐷(𝜔𝐴𝐷𝜆 − 𝜔𝐷𝐴𝜆),

 

𝜕𝜇𝑥′𝐴 = 𝜕𝜇(Λ𝐵
𝐴(𝑥)𝑥𝐵)

 = (𝜕𝜇𝑥𝐵)Λ𝐵
𝐴(𝑥) + 𝑥𝐵(𝜕𝜇Λ𝐵

𝐴(𝑥)),

𝜕𝜇𝑥′𝐴 = 𝑒′ 𝜇𝜕𝐶
′ 𝑥′𝐴 = 𝑒′𝐴 𝜇 = 𝑒𝜇

𝐶Λ𝐶
𝐴(𝑥).

 

𝑒𝜇
𝐴 = 𝜕𝜇𝑥𝐴 + 𝜔̇𝐴 𝐵𝜇𝑥𝐵 ≡ 𝒟𝜇𝑥𝐴, 

𝜔̇𝐴 𝐵𝜇: = Λ𝐶
𝐴(𝑥)𝜕𝜇Λ𝐵

𝐶 (𝑥)  

 

𝜔𝐴 𝐵𝜇 = Λ𝐶
𝐴(𝑥)𝜔′𝐶  𝐷𝜇Λ𝐶

𝐷
⏟          

non inertial 

+ Λ𝐶
𝐴𝜕𝜇Λ𝐵

𝐶 (𝑥)⏟      
inertial 

. 
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𝑓𝐴𝐵
𝐶 = 𝜔̇𝐵𝐴

𝐶 − 𝜔̇𝐴𝐵
𝐶 . 

as 

𝜔̇𝐵𝐶
𝐴 =

1

2
(𝑓𝐵 𝐴 𝐶 + 𝑓𝐶  𝐴 𝐵 − 𝑓𝐵𝐶

𝐴 ). 

 

𝑅𝐵𝜇𝜈
𝐴 = 𝜕𝜈𝜔̇𝐵𝜇

𝐴 − 𝜕𝜇𝜔̇𝐵𝜈
𝐴 + 𝜔̇𝐸𝑣

𝐴 𝜔̇𝐵𝜇
𝐸 −

𝜔̇𝐸𝜇
𝐴 𝜔̇𝐵𝜈

𝐸 ≡ 0, 

𝑇𝜈𝜇
𝐴 = 𝜕𝜈𝑒𝜇

𝐴 − 𝜕𝜇𝑒𝜈
𝐴 + 𝜔̇𝐸𝑣

𝐴 𝑒𝜇
𝐸 − 𝜔̇𝐸𝜇

𝐴 𝑒𝜈
𝐸. 

𝑔𝜇𝜈(𝜑(𝑝)) = 𝜂𝜇𝜈 , 𝜕𝜆𝑔𝜇𝜈(𝜑(𝑝)) = 0. 

d2𝜉𝛼

d𝑠2 = 0, 

d2𝑥𝜆

d𝑠2 + Γ
∘

𝜇𝜈
𝜆 d𝑥𝜇

d𝑠

 d𝑥𝜈

d𝑠
= 0, 

Γ
∘

𝜇𝜈
𝜆 : =

𝜕𝑥𝜆

𝜕𝜉𝜎

𝜕2𝜉𝜎

𝜕𝑥𝜇𝜕𝑥𝜈, 

[∇
∘

𝜇 , ∇
∘

𝜈] 𝑣𝛼 = 𝑅
∘

𝛽𝜇𝜈
𝛼 𝑣𝛽. 

𝑅
∘

𝜇𝜈𝛼𝛽 = −𝑅
∘

𝜈𝜇𝛼𝛽, 

𝑅
∘

𝜇𝜈𝛼𝛽 = 𝑅
∘

𝛼𝛽𝜇𝜈. 

𝑇𝜇 =
𝜕𝑥𝜇

𝜕𝑡
, 𝑆𝜇 =

𝜕𝑥𝜇

𝜕𝑠
. 

𝑉𝜇 = 𝑇𝜈∇
∘

𝜈𝑇𝜇, 

𝐴𝜇 = 𝑇𝜈∇
∘

𝜈𝑉𝜇. 

𝐴𝜇 = 𝑅
∘
 𝜆𝛼𝛽
𝜇

𝑇𝜆𝑇𝛼𝑆𝛽, 

 

𝑆GR: =
𝑐4

16𝜋𝐺
∫   d4𝑥√−𝑔(ℒGR + ℒm), 

 

𝐺
∘

𝜇𝜈: = 𝑅
∘

𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅

∘
=

8𝜋𝐺

𝑐4 𝑇𝜇𝜈, 

𝑇𝜇𝜈 = −
1

2√−𝑔

𝛿ℒ𝑚

𝛿𝑔𝜇𝜈
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d𝑒𝐶 + 𝜔
∘

𝐵
𝐴 ∧ 𝑒𝐵 = 0, 

𝜔
∘

𝐴𝐵 + 𝜔
∘

𝐵𝐴 = d𝑔𝐴𝐵, 

d𝜔
∘

𝐵
𝐴 + 𝜔

∘

𝐶
𝐴 ∧ 𝜔

∘ 𝐶  𝐵 =
1

2
𝑟
∘

𝐵𝐶𝐷𝑒𝐶 ∧ 𝑒𝐷, 

𝜔
∘

𝐵𝜇
𝐴 : = 𝑒𝜈

𝐴∇
∘

𝜇𝑒𝐵
𝜈, 

𝑓
∘

𝐵𝐶
𝐴 : = 𝛾̇𝐵𝐶

𝐴 − 𝛾̇𝐶𝐵
𝐴 , 

d𝑔𝐴𝐵 = 𝜕𝐶𝑔𝐴𝐵𝑒𝐶, 

𝛾̇𝐵𝐶
𝐴 =

1

2
(𝑓

∘

𝐵𝐶
𝐴 − 𝑔𝐶𝐿𝑔𝐴𝑀𝑓

∘

𝐵𝑀
𝐿 − 𝑔𝐵𝐿𝑔𝐴𝑀𝑓

∘

𝐶𝑀
𝐿 )  

+Γ
∘

𝐵𝐶
𝐴 . 

 

𝑟
∘

𝐵𝐶𝐷
𝐴 =𝜕𝐷𝛾

∘

𝐵𝐶
𝐴 − 𝜕𝐶𝛾

∘

𝐵𝐷
𝐴 + 𝛾

∘

𝐶𝑀
𝐴 𝛾

∘

𝐷𝐵
𝑀

 −𝛾̇𝐷𝑀
𝐴 𝛾

∘

𝐶𝐵
𝑀 − 𝛾̇𝑀𝐵

𝐴 𝛾̇𝐶𝐷
𝑀 .

 

𝑥𝐴 ⟶ 𝑥‾𝐴 = 𝑥𝐴 + 𝜀𝐴(𝑥𝜇), 

𝑃𝐴: = 𝜕𝐴. 

[𝑃𝐴, 𝑃𝐵] ≡ [𝜕𝐴, 𝜕𝐵] = 0. 

𝛿𝑥‾𝐴 = 𝜀(𝑥𝜇)𝐵𝜕𝐵𝑥𝐴 = 𝜀(𝑥𝜇)𝐴. 

𝛿𝜀Ψ = 𝜖𝐴(𝑥𝜇)𝜕𝐴Ψ. 

𝜕𝜀(𝜕𝜇Ψ) = 𝜀𝐴𝜕𝐴(𝜕𝜇Ψ). 

𝜕𝜀(𝜕𝜇Ψ) = 𝜀𝐴(𝑥𝜇)𝜕𝐴(𝜕𝜇Ψ)⏟          
correct 

+ (𝜕𝜇𝜀𝐴(𝑥𝜇)) 𝜕𝐴Ψ⏟          
spurious 

, 

𝑒𝜇
′ Ψ ≡ 𝜕𝜇Ψ = 𝜕𝜇 + 𝐵𝜇

𝐴𝜕𝐴Ψ, 

𝛿𝜀𝐵𝜇
𝐴 = −𝜕𝜇𝜀𝐴(𝑥𝜇). 

𝜕𝜀(𝑒𝜇
′ Ψ) = 𝜀𝐴(𝑥𝜇)𝜕𝐴(𝜕𝜇Ψ)⏟          

correct 

, 

𝑒𝜇 = Ψ = 𝑒𝜇
𝐴𝜕𝐴Ψ, 𝑒𝜇

𝐴 = 𝜕𝜇𝑥𝐴 + 𝐵𝜇
𝐴, 

𝐵𝜇
𝐴 ⟶ Λ𝐵

𝐴(𝑥)𝐵𝜇
𝐵. 

𝑒𝜇Ψ = 𝜕𝜇 + 𝜔̇𝐵𝜇
𝐴 𝑥𝐵𝜕𝐴Ψ + 𝐵𝜇

𝐴𝜕𝐴Ψ, 
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𝑒𝜇
𝐴 = 𝜕𝜇𝑥𝐴 + 𝜔̇𝐵𝜇

𝐴 𝑥𝐵 + 𝐵𝜇
𝐴 = 𝒟̇𝜇𝑥𝐴 + 𝐵𝜇

𝐴. 

𝛿𝜀𝐵𝜇
𝐴 = −𝒟̇𝜇𝜀𝐴(𝑥𝜇). 

𝑒𝜇
′𝐴 ⟶ 𝑒𝜇

𝐴, 

𝜂𝜇𝜈 ⟶ 𝑔𝜇𝜈. 

𝜕𝜇Ψ → 𝒟𝜇
′ Ψ = 𝜕𝜇Ψ 

+
1

2
𝑒′𝐴 𝜇(𝑓𝐵

′  𝐴
𝐶 + 𝑓𝐴

′ 𝐵
𝐶 − 𝑓𝐵𝐴

′𝐶)𝑆𝐶
𝐵Ψ,  

 

𝜕𝜇Ψ →𝒟𝜇Ψ = 𝜕𝜇Ψ

 +
1

2
𝑒𝐴 𝜇(𝑓𝐵

𝐶  𝐴
𝐶 + 𝑓𝐴𝐶𝐵

𝐶 − 𝑓𝐵𝐴
𝐶 )𝑆𝐶

𝐵Ψ,
 

{
𝑒′𝐴 ⟶ 𝑒𝐴

𝜕𝜇 ⟶ 𝒟𝜇
}

⏟        
grav. coupling prescription in TG 

⇔ 𝜂𝜇𝜈 ⟶ 𝑔𝜇𝜈⏟      
grav. coupling prescription in GR 

 

d𝑢′𝐴

 d𝜎
= 0, 

d𝑢′𝐴

 d𝜎
= Λ𝐵

𝐴(𝑥)
d𝑢𝐵

 d𝜎⏟      
correct 

+
dΛ𝐵

𝐴(𝑥)

d𝜎
𝑢𝐵

⏟      
spurious 

. 

d𝑢′𝐴

 d𝜎
= 0 ⟶

 d𝑢𝐵

 d𝜎
+ 𝜔̇𝐵𝜇

𝐴 𝑢𝐵𝑢𝜇 = 0. 

𝛾̇(𝜏): =
d𝛾𝜇

d𝜏
𝜕𝜇. 

d𝑌𝜇

d𝜏
: = ∇𝛾𝑌𝜇 ≡

d𝑌𝜇

d𝜏
+ Γ𝛼𝛽

𝜇
𝑌𝛼 d𝛾𝛽

d𝜏
= 0, 

∇𝛾𝛾̇ ≡
d2𝑥𝜇

d𝜏2 + Γ𝛼𝛽
𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
= 0, 

d2𝑥𝜇

d𝜏2 + Γ
∘

𝛼𝛽
𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
= −𝐾𝛼𝛽

𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
, 

d2𝑥𝜇

d𝜏2 + Γ̇𝛼𝛽
𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
= −𝐿𝛼𝛽

𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
. 

d2𝑥𝜇

d𝜏2 + Γ𝛼𝛽
𝜇 d𝑥𝛼

d𝜏

d𝑥𝛽

d𝜏
= − (

d𝜆

d𝜏
)

2  d2𝜏

 d𝜆2

 d𝛾𝜇

d𝜏
. 

[𝑒𝜇 , 𝑒𝜈] = 𝑇̂𝜈𝜇
𝐴 𝜕𝐴, 

𝑇̂𝜇𝜈
𝐴 = 𝜕𝜈𝐵𝜇

𝐴 − 𝜕𝜇𝐵𝜈
𝐴 + 𝜔̇𝐵𝜈

𝐴 𝐵𝜇
𝐵 − 𝜔̇𝐵𝜇

𝐴 𝐵𝜈
𝐵  

𝒟̇𝜇(𝒟̇𝜈𝑥𝐴) − 𝒟̇𝜈(𝒟̇𝜇𝑥𝐴) ≡ 0  
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𝑇̂𝜇𝜈
𝐴 = 𝜕𝜈𝑒𝜇

𝐴 − 𝜕𝜇𝑒𝐴 + 𝜔̇𝐵𝜈
𝐴 𝑒𝐵 − 𝜔̇𝐵𝜇

𝐴 𝑒𝐵 𝜈. 

𝑇̂𝜇𝜈
𝜆 = 𝑒𝐴

𝜆𝑇̂𝜇𝜈
𝜆 : = Γ𝜈𝜇

𝜆 − Γ𝜇𝜈
𝜆 . 

𝑒(r)𝜇
𝐴 : = lim

𝐺→0
 𝑒𝐴 𝜇. 

𝑇̂𝐵𝐶
𝐴 (𝑒𝜇

𝐴, 𝜔̇𝐵𝜇
𝐴 ) = 𝜔̇𝐵𝐶

𝐴 − 𝜔̇𝐵𝐶
𝐴 − 𝑓𝐵𝐶

𝐴 (𝑒(r)) = 0, 

𝜔̇𝐵𝐶
𝐴 =

1

2
𝑒(r)𝜇

𝐶 [𝑓𝐵 𝐴 𝐶(𝑒(r)) + 𝑓𝐶  𝐵
𝐴(𝑒(r)) − 𝑓𝐵𝐶

𝐴 (𝑒(r))]. 

𝜔̇𝐴𝐵
𝐶 − 𝜔̇̇𝐵𝐴

𝐶 = 𝑓𝐴𝐵
𝐶 + 𝑇𝐴𝐵

𝐶 . 

1

2
(𝑓𝐵

𝐶  𝐴 + 𝑓𝐴𝐶𝐵
𝐶 − 𝑓𝐵𝐴

𝐶 ) = 𝜔̇̇𝐵𝐴
𝐶 − 𝐾̂𝐵𝐴

𝐶 , 

𝐾̂𝐵𝐴
𝐶 =

1

2
(𝑇̂𝐵

𝐶  𝐴 + 𝑇̂𝐴
𝐶  𝐵 − 𝑇̂𝐵𝐴

𝐶 ), 

 

𝜔̇𝐵𝜇
𝐶 − 𝐾̂𝐵𝜇

𝐶 = 𝜔
∘

𝐵𝜇
𝐶 , 

𝑆̂𝐴
𝜇𝜈

: = 𝐾̂𝜇𝑣  𝐴 − 𝑒𝐴 𝜈𝑇̂𝜇 + 𝑒𝐴
𝜇
𝑇̂𝜈, 

𝑇̂∶=
1

2
𝑆̂𝐴

𝜇𝜈
𝑇̂𝜇𝜈

𝐴

 =
1

4
𝑇̂𝜇𝜈

𝜌
𝑇̂𝜌

𝜇𝜈
+

1

2
𝑇̂𝜇𝜈

𝜌
𝑇̂𝜌

𝜈𝜇
− 𝑇̂𝜇𝑇̂𝜇 ,

 

𝑅̂ = 𝑅
∘

+ 𝑇̂ +
2

𝑒
𝜕𝜇(𝑒𝑇̂𝜇) = 0, 

𝑅
∘

= −𝑇̂ −
2

𝑒2𝜕𝜇(𝑒𝑇𝜇)
.

⏟      
boundary term 

. 

𝑆TEGR = −
𝑐4

16𝜋𝐺
∫   d4𝑥𝑒 ℒTEGR⏟  

−𝑇̂

+ ∫  d4𝑥𝑒ℒ𝑚, 

𝐺̂𝜇𝜈: =
1

𝑒
𝜕𝜆(𝑒𝑆̂𝜇𝜈  𝜆) −

4𝜋𝐺

𝑐4 𝔱𝜇𝜈 =
4𝜋𝐺

𝑐4 𝑇𝜇𝜈, 

 

𝔱𝜇𝜈 =
𝑐4

4𝜋𝐺
𝑆̂𝜆𝜈  𝜌Γ𝜌𝜇

𝜆 − 𝑔𝜇𝜈

𝑐4

16𝜋𝐺
𝑇̂  

𝑆̂𝐴 𝜇𝜈 = −
8𝜋𝐺

𝑐4𝑒

𝜕ℒTEGR 

𝜕(𝜕𝜈𝑒𝐴 𝜇)
. 

 

𝐺̂𝜇𝜈∶=
1

𝑒
𝑒𝐴 𝜇𝑔𝜈𝜌𝜕𝜎(𝑒𝑆̂𝐴

𝜌𝜎
) − 𝑆̂𝐵

𝜎  𝜈𝑇̂𝜎𝜇
𝐵  
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𝑇̂gen : = −
𝑐1

4
𝑇̂𝛼𝜇𝜈𝑇̂𝛼𝜇𝜈 −

𝑐2

2
𝑇̂𝛼𝜇𝜈𝑇̂𝜇𝛼𝜈 + 𝑐3𝑇̂𝛼𝑇̂𝛼, 

𝑇̂[𝜇𝜈] = 𝑒[𝜇
𝐴 𝑔𝜈]𝜌𝑇̂𝐴

𝜌
= 0. 

ℒTEGR (𝑒𝜇
𝐴, 0), ℒTEGR (𝑒𝜇

𝐴, 𝜔̇𝐵𝜇
𝐴 ), 

 

ℒTEGR (𝑒𝜇
𝐴, 𝜔̇𝐵𝜇

𝐴 ) + 𝜕𝜇 [
𝑒𝑐4

8𝜋𝐺
𝑇̂𝜇(𝑒𝜇

𝐴, 𝜔̇𝐵𝜇
𝐴 )] = ℒTEGR (𝑒𝜇

𝐴, 0) + 𝜕𝜇 [
𝑒𝑐4

8𝜋𝐺
𝑇̂𝜇(𝑒𝜇

𝐴, 0)] ,  

𝑇̂𝜇(𝑒𝜇
𝐴, 𝜔̇𝐵𝜇

𝐴 ) = 𝑇̂𝜇(𝑒𝜇
𝐴, 0) − 𝜔̇𝜇. 

ℒTEGR (𝑒𝜇
𝐴, 𝜔̇𝐵𝜇

𝐴 ) = ℒTEGR (𝑒𝜇
𝐴, 0) + 𝜕𝜇 [

𝑒𝑐4

8𝜋𝐺
𝜔̇𝜇]. 

𝑔𝜈𝜆𝜇
∇
∇

 𝜆 = 𝜇
∇
⇀

𝑣𝜈 − 𝑣𝜆𝜇𝜈𝜆
𝑄
 

 

𝑇𝜆∇
⇀

𝜆𝑣 ⋅ 𝑤 = 𝑇𝜆𝑣𝜇𝑤𝜈𝑄
∘

𝜆𝜇𝜈
 

𝑇𝜆∇
⇀

𝜆 (
𝑣 ⋅ 𝑤

|𝑣||𝑤|
) ≠ 0  

𝑎𝜇: = 𝑢𝜆∇
⋄

𝜆𝑢𝜇

𝑎̃𝜇: = 𝑢𝜆∇
⋄

𝜆𝑢𝜇 = 𝑎𝜇 + 𝜆𝑣𝜇
⋄
 

𝑢𝜆𝑢𝜈
 

𝑢𝜇𝑎𝜇 = 𝑢𝜇𝑢𝜆∇
⋄

𝜆𝑢𝜇

 = 𝑢𝜆𝜆
∇
∇

(𝑢𝜇𝑢𝜇) − 𝑢𝜇𝑢𝜆∇
⋄

𝜆𝑢𝜇

 = 𝑄
⋄

𝜆𝜇𝜈𝑢𝜆𝑢𝜇𝑢𝜈 + 2𝑢𝜇𝑎𝜇 − 𝑎̃𝜇𝑢𝜇 ,

 

𝑎𝜇𝑢𝜇 = 𝑎̃𝜇𝑢𝜇 − 𝑄
⋄

𝜆𝜇𝜈𝑢𝜆𝑢𝜇𝑢𝜈.  

(𝑎̃𝜇 − 𝑎𝜇)𝑢𝜇 = 𝑄
⋄

𝜆𝜇𝜈𝑢𝜆𝑢𝜇𝑢𝜈  

𝑎𝜇 = 0, 𝑎̃𝜇 = 𝑄
⋄

𝜆𝜈𝜇𝑢𝜆𝑢𝜈;  

𝑄
⋄

(𝜆𝜇𝜈) = 0, 𝑄
⋄

(𝜆𝜇)𝑣 = 0  

𝑆STEGR: = ∫  d4𝑥√−𝑔[
𝑐4

16𝜋𝐺
ℒSTEGR⏟    

𝑄
⋄

+ ℒ𝑚],  
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 𝑄
⋄

: = 𝑔𝜇𝜈 (𝐿
⋄
𝛼 𝛽𝜇𝐿

⋄
𝛽 𝜈𝛼 − 𝐿

⋄
𝛼  𝛽𝛼𝐿

⋄
𝛽 𝜇𝜈)

 =
1

4
(𝑄

⋄

𝛼𝑄
⋄

𝛼 − 𝑄
⋄

𝛼𝛽𝛾𝑄
⋄

𝛼𝛽𝛾)

 +
1

2
(𝑄

⋄

𝛼𝛽𝛾𝑄
⋄

𝛽𝛼𝛾 − 𝑄
⋄

𝛼𝑄
⋄

𝛼) ,

 

𝑄
⋄

= 𝑅
⋄

+ ∇
⋄

𝜇 (𝑄
⋄

𝜇 − 𝑄̅
⋄

𝜇) ,  

∇
⋄

𝜇 (𝑄
⋄

𝜇 − 𝑄̅
⋄

𝜇) ≡
1

√−𝑔
𝜕𝜇 [√−𝑔 (𝑄

⋄
𝜇 − 𝑄̅

⋄
𝜇)]  

𝑄
∘

gen: = 𝑐1𝑄
∘

𝛼𝛽𝛾𝑄̀𝛼𝛽𝛾 + 𝑐2𝑄
∘

𝛼𝛽𝛾𝑄
∘

𝛽𝛼𝛾 + 𝑐3𝑄
∘

𝛼𝑄̀𝛼

 +𝑐4𝑄
𝜚

𝛼𝑄
∘

𝛼 + 𝑐5𝑄
∘

𝛼𝑄
𝜚

𝛼,

 

𝑃
⋄

𝜇𝜈
𝛼 : =

1

2√−𝑔

𝜕(√−𝑔𝑄
⋄

)

𝜕𝑄̀𝛼
𝜇𝜈

=
1

4
𝑄
⋄

𝛼  𝜇𝜈 −
1

4
𝑄
⋄

(𝜇 𝛼  𝜈) −
1

4
𝑔𝜇𝜈𝑄

⋄
𝛼𝛽 𝛽

 +
1

4
[𝑄

⋄

𝛽
𝛽𝛼

𝑔𝜇𝜈 +
1

2
𝛿(𝜇

𝛼 𝑄
⋄

𝜈) 
𝛽 𝛽] .

 

 

𝑄
⋄

: = 𝑄
⋄

𝛼𝜇𝜈𝑃
⋄

𝛼𝜇𝜈. 

1

√−𝑔
𝑞
⋄

𝜇𝜈: =
1

√−𝑔

𝜕(√−𝑔𝑄
⋄

)

𝜕𝑔𝜇𝜈
−

1

2
𝑄
⋄

𝑔𝜇𝜈

 =
1

4
(2𝑄

⋄

𝛼𝛽𝜇𝑄
⋄

𝛼𝛽 𝑣 − 𝑄
⋄

𝜇𝛼𝛽𝑄
⋄

𝜈 𝛼𝛽)

 −
1

4
(2𝑄

⋄

𝛼  𝛽 𝛽𝑄
⋄

𝛼 𝜇𝜈 − 𝑄
⋄

𝜇 𝛽 𝛽𝑄
⋄

𝜈  𝛽 𝛽)

 −
1

2
(𝑄

⋄

𝛼𝛽𝜇 − 𝑄
∘

𝜈  𝛽𝛼 𝛼𝑄
⋄

𝛼 𝜇𝜈) .

 

𝐺
⋄

𝜇𝜈: = −2∇𝛼 (√−𝑔𝑃
⋄

𝜇𝜈
𝛼 )

 +𝑞
⋄

𝜇𝜈 −
√−𝑔

2
𝑄
⋄

𝑔𝜇𝜈
=

8𝜋𝐺

𝑐4
𝑇𝜇𝜈 ,

 

∇𝜇∇𝜈 (√−𝑔𝑃
⋄

𝛼
𝜇𝜈

) = 0, 

 

Γ𝜇𝜈
𝛼 : = (𝑒−1)𝛼  𝛽𝜕𝜇𝑒𝛽 𝜈. 

𝑇𝜇𝜈
𝛼 : = (𝑒−1)𝛽

𝛼𝜕[𝜈𝑒𝜇]
𝛽

= 0, 
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𝜕𝜇𝑒𝛽 𝜈 = 𝜕𝜈𝑒𝛽 𝜇  ⇔  𝑒𝛽
𝛼 ≡ 𝑒𝛽

′𝛼: = 𝜕𝛽𝜉𝛼, 

Γ𝜇𝜈
𝛼 =

𝜕𝑥𝛼

𝜕𝜉𝜆 𝜕𝜇𝜕𝜈𝜉𝜆. 

𝜉𝛼: = 𝑀𝛽
𝛼𝑥𝛽 + 𝜉0

𝛼, 

∇
⋄

𝜇= 𝜕𝜇 , 𝐿
⋄

𝜇𝜈
𝜆 = −Γ

⋄

𝜇𝜈
𝜆 . 

 

∇𝜆𝑅𝛽𝜇𝜈
𝛼 + ∇𝜇𝑅𝛽𝜈𝜆

𝛼 + ∇𝜈𝑅𝛽𝜆𝜇
𝛼

 = 𝑇𝜇𝜆
𝜌

𝑅𝛽𝜈𝜌
𝛼 + 𝑇𝜈𝜆

𝜌
𝑅𝛽𝜇𝜌

𝛼 + 𝑇𝜈𝜇
𝜌

𝑅𝛽𝜆𝜌
𝛼 ,

 

∇
∘

𝜆𝑅
∘

𝛽𝜇𝜈
𝛼 + ∇

∘

𝜇𝑅
∘

𝛽𝜈𝜆
𝛼 + ∇

∘

𝜈𝑅
∘

𝛽𝜆𝜇
𝛼 = 0. 

𝜕𝜆𝑅
∘

𝛽𝜇𝜈
𝜆 + 𝜕𝜇𝑅

∘

𝛽𝜈𝜆
𝜆 + 𝜕𝜈𝑅

∘

𝛽𝜆𝜇
𝜆 = 0. 

𝜕𝜆𝑅
∘

𝛽𝜇𝜈
𝜆 − 𝜕𝜇𝑅

∘

𝛽𝜆𝜈
𝜆 + 𝜕𝜈𝑅

∘

𝛽𝜆𝜇
𝜆 = 0. 

−𝜕𝜆𝑅
∘

𝜈
𝜆 − 𝜕𝛽𝑅

∘
 𝑣
𝛽

+ 𝜕𝜈𝑅
∘

= 0, 

𝜕𝜇𝑅
∘

𝜈
𝜇

−
1

2
𝜕𝜈𝑅

∘
= 0. 

𝜕𝜇 (𝑅
∘

𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅̂) = 0 ⇒ ∇

∘

𝜇 (𝑅
∘

𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅̂) = 0, 

∇
∘

𝜇𝐺
∘

𝜇𝜈 = 0, ⇔ ∇
∘

𝜇𝑇𝜇𝜈 = 0. 

∇̂𝜆𝑅𝛼 𝛽𝜇𝜈 + ∇̂𝜈𝑅𝛽𝜆𝜇
𝛼 + ∇̂𝜇𝑅𝛽𝜈𝜆

𝛼 = 0, 

𝒦̂𝛽𝜇𝜈
𝛼 : =∇

∘

𝜇𝐾̂𝛽𝜈
𝛼 − ∇

∘

𝜈𝐾
∘

𝛽𝜇
𝛼

 +𝐾̂𝜎𝜇
𝛼 𝐾̂𝛽𝜈

𝜎 − 𝐾̂𝜎𝜈
𝛼 𝐾̂𝛽𝜇

𝜎 ,
 

𝒦̂𝛼 𝛽𝜇𝜈 = −𝒦̂𝛽 𝛼  𝜇𝜈, 𝒦̂𝛼  𝛽𝜇𝜈 = −𝒦̂𝛼 𝛽𝜈𝜇. 
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∇̂𝜆𝑅
∘

𝛽𝜇𝜈
𝜆 + ∇̂𝜇𝑅

∘

𝛽𝜈𝜆
𝜆 + ∇̂𝜈𝑅

∘

𝛽𝜆𝜇
𝜆

 +∇̂𝜆𝒦̂𝛽𝜇𝜈
𝜆 + ∇̂𝜇𝒦̂𝛽𝜈𝜆

𝜆 + ∇̂𝜈𝒦̂𝛽𝜆𝜇
𝜆 = 0.

 

 

∇̂𝜇 (𝑅
∘

𝜈
𝜇

+ 𝒦̂𝜈
𝜇
) −

1

2
∇̂𝜈(𝑅

∘
+ 𝒦̂) = 0, 

𝑅
∘

𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅

∘
= −𝒦̂𝜇𝜈 +

1

2
𝑔𝜇𝜈𝒦̂, 

𝒦̂𝜇𝜈 −
1

2
𝑔𝜇𝜈𝒦̂ = 0, 

𝒦̂𝜇𝜈 = ∇
∘

𝛼𝐾̂𝛼 𝜇𝜈 − ∇
∘

𝜈𝐾̂𝛼 𝜇𝛼 + 𝐾̂𝜎  𝜇𝜈𝐾̂𝛼 𝜎𝛼 − 𝐾̂𝜎  𝜇𝛼𝐾̂𝛼 𝜎𝜈 

 = ∇
∘

𝛼𝐾̂𝜇𝜈
𝛼 + ∇

∘

𝜈𝑇̂𝜇 − 𝐾̂𝜎𝜇𝜈𝑇̂𝜎 − 𝐾̂𝜇𝛼
𝜎 𝐾̂𝜎𝜈

𝛼

 = ∇
∘

𝛼𝑆̂𝜈 𝜇
𝛼 + ∇

∘

𝛼𝑇̂𝛼𝑔𝜇𝜈 − 𝐾̂𝜎𝜈
𝛼 𝑆̂𝛼  𝜇

𝜎,
 

𝐾̂𝛼  𝜇𝛼 = −𝑇̂𝜇, 

𝐾̂𝛼  𝛼𝜇 = 0, 

𝐾̂𝜈𝜆
𝜇

= 𝑆̂𝜆
𝜇𝜈

+ 𝛿𝜆
𝜈𝑇̂𝜇 − 𝛿𝜆

𝜇
𝑇̂𝜈. 

𝒦̂ = 2∇
∘

𝜆𝑇̂𝜆 + 𝑇̂ =
2

𝑒
𝜕𝜆(𝑒𝑇̂𝜆) + 𝑇̂. 

∇
∘

𝛼𝑆̂𝜈𝜇 𝛼 + 𝐾̂𝜎𝜈
𝛼 𝑆̂𝛼 𝜎  𝜇 +

1

2
𝑔𝜇𝜈𝑇̂ = 0, 

 

𝜕𝜆𝑅𝛽𝜇𝜈
𝛼 + 𝜕𝜈𝑅𝛽𝜆𝜇

𝛼 + 𝜕𝜇𝑅𝛽𝜈𝜆
𝛼 = 0, 

ℒ
∘

𝛼  𝛽𝜇𝜈 = ∇
∘

𝜇𝐿
⋄
𝛼  𝛽𝜈 − ∇

∘

𝜈𝐿
⋄
𝛼  𝛽𝜇 + 𝐿

⋄

𝛼
𝛼𝐿

∘
𝜎  𝛽𝜈 − 𝐿

⋄
𝛼  𝜎𝜈𝐿

⋄
𝜎 𝛽𝜇, 

 

 

 

𝜕𝜆𝑅
∘

𝛽𝜇𝜈 + 𝜕𝜇𝑅
∘

𝛽𝜈𝜆
𝜆 + 𝜕𝜈𝑅

∘

𝛽𝜆𝜇

 +𝜕𝜆ℒ
⋄

𝛽𝜇𝜈
𝜆 + 𝜕𝜇ℒ

⋄

𝛽𝜈𝜆
𝜆 + 𝜕𝜈ℒ

⋄

𝛽𝜆𝜇
𝜆 = 0.

 

 

𝑅
∘

𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅

∘
= −ℒ

⋄

𝜇𝜈 +
1

2
𝑔𝜇𝜈ℒ

⋄

, 
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ℒ
⋄

𝜇𝜈 −
1

2
𝑔𝜇𝜈ℒ

⋄

= 0, 

 

ℒ
⋄

𝜇𝜈 = ∇
∘

𝛼ℒ
⋄

𝛼 𝜇𝜈 − ∇
∘

𝜈ℒ
⋄

𝛼 𝜇𝛼 + ℒ
⋄

𝜎  𝜇𝜈ℒ
⋄

𝛼 𝜎𝛼 − 𝐿
⋄
𝜎  𝜇𝛼ℒ

⋄
𝛼 𝜎𝜈

 = ∇
∘

𝛼ℒ
⋄

𝛼 𝜇𝜈 +
1

2
∘𝜈  𝜈𝑄

⋄

𝜇 −
1

2
𝑄
⋄

𝛼ℒ
⋄

𝛼  𝜇𝜈

 −
1

4
[𝑄

⋄

𝜇 𝜎  𝛼𝑄
⋄

𝜈 𝛼 𝜎 + 2𝑄
⋄

𝛼  𝜎𝑣 (𝑄
⋄

𝜎  𝛼𝜇 − 𝑄
⋄

𝛼  𝜎𝜇)] ,

 

𝐿
⋄

𝜇𝛼
𝛼  = −

1

2
𝑄
⋄

𝜇

𝐿
⋄
𝛼  𝜇𝜈  = 2𝑃

⋄

𝜇𝜈
𝛼 +

1

2
𝑔𝜇𝜈 (𝑄

⋄
𝛼 − 𝑄̅

⋄
𝛼)

 −
1

4
(𝛿𝜇

𝛼𝑄
⋄

𝜈 + 𝛿𝜈
𝛼𝑄

⋄

𝜇)

 

ℒ
⋄

=∇
∘

𝛼 (𝑄
⋄

𝛼 − 𝑄
⋄

𝛼) +
1

4
𝑄
⋄

𝛼𝛽𝛾𝑄
⋄

𝛼𝛽𝛾 −
1

2
𝑄
⋄

𝛼𝛽𝛾𝑄
⋄

𝛾𝛽𝛼

 −
1

4
𝑄
⋄

𝛼𝑄
⋄

𝛼 +
1

2
𝑄
⋄

𝛼𝑄
⋄

𝛼

=∇
∘

𝛼 (𝑄
⋄

𝛼 − 𝑄
⋄

𝛼) − 𝑄
⋄

.

 

 

 

 

2𝜕𝛼𝑃𝛼 𝜇𝜈 +
1

2
𝑄
⋄

𝛼𝜇𝜈 (𝑄
⋄

𝛼 − 𝑄̃
⋄

𝛼) +
1

2
𝑔𝜇𝜈𝜕𝛼 (𝑄

⋄
𝛼 − 𝑄̃

⋄
𝛼)

 +
1

2
𝐿
⋄
𝜎 𝜇𝜈𝑄

⋄

𝜎 +
1

4
𝑄
⋄

𝜇 𝛼  𝜎𝑄
⋄

𝜈 𝜎 𝛼 +
1

2
𝑄
⋄

𝛼  𝜎𝜇 (𝑄
⋄

𝜎  𝜈𝛼 − 𝑄
⋄

𝛼  𝜎  𝜈)

 −
1

2
𝑔𝜇𝜈∇

∘

𝛼 (𝑄
⋄

𝛼 − 𝑄
⋄

𝛼) +
1

2
𝑔𝜇𝜈𝑄

⋄

,

 

2

√−𝑔
𝜕𝛼 (√−𝑔𝑃

⋄

𝜇𝜈
𝛼 ) −

1

√−𝑔
𝑞
⋄

𝜇𝜈 +
1

2
𝑔𝜇𝜈𝑄

⋄

= 0. . . . 
. 

 

d𝑠2 = −𝑒𝜈(𝑡,𝑟)d𝑡2 + 𝑒𝜆(𝑡,𝑟)d𝑟2 + 𝑟2 d𝜑2, 

−𝑒𝜈(𝑡,𝑟) ≈ −1 +
2𝑀

𝑟
, 

d𝑠2 = − (1 −
2𝑀

𝑟
) d𝑡2 + (1 −

2𝑀

𝑟
)

−1
 d𝑟2 + 𝑟2 d𝜑2, 

𝑓(𝑡, 𝑟): =
d𝑓(𝑡,𝑟)

d𝑡
, 𝑓′(𝑡, 𝑟): =

d𝑓(𝑡,𝑟)

d𝑟
. 
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𝐺
∘

𝜇𝜈 ≡ 𝑅
∘

𝜇𝜈 = 0, 

𝐺
∘

𝑡𝑟 ≡
𝜆̇(𝑡,𝑟)

𝑟
= 0, ⇒  𝜆 = 𝜆(𝑟). 

𝐺
∘

𝑟𝑟 ≡ −𝑒𝜆(𝑟) + 𝑟𝜈′(𝑡, 𝑟) + 1 = 0, 

𝐺
∘

𝑡𝑡 ≡ 𝑒−𝜆(𝑟)(𝑟𝜆′(𝑟) − 1) + 1 = 0. 

[𝑒−𝜆(𝑟)𝑟]
′
= 1 ⇒ 𝑒−𝜆(𝑟) = 1 −

𝐶1

𝑟
, 

𝜆′(𝑟) + 𝑣′(𝑟) = 0, ⇒  𝜆(𝑟) + 𝑣(𝑟) = 𝐶2, 

−𝑒𝜈(𝑟) = 1 −
2𝑀

𝑟
, 𝑒𝜆(𝑟) =

1

1−
2𝑀

𝑟

. 

𝑒𝜇
𝐴 =

(

 
 

√−𝑒𝜈(𝑟) 0 0 0

0 √𝑒𝜆(𝑟) 0 0
0 0 𝑟 0
0 0 0 𝑟sin 𝜃)

 
 

. 

 

𝑇̂𝑡𝑟
𝑡 = −

1

2
𝑣′(𝑟) = −

𝑀

𝑟2 (1 −
2𝑀

𝑟
)

−1
, 

𝑇̂𝑟𝜑
𝜑

=
1

𝑟
. 

𝐾̂𝑡𝑡𝑟  =
1

2
𝑒𝜈(𝑟)𝑣′(𝑟) =

𝑀

𝑟2

𝐾̂𝜑𝑟𝜑  = 𝑟
 

𝑆̂𝑡̂
𝑡𝑟 =

2𝑒−𝜆(𝑟)√𝑒−𝜈(𝑟)

𝑟
=

2

𝑟
√1 −

2𝑀

𝑟
, 

𝑆̂𝜑̂
𝑟𝜑

= −
𝑒−𝜆(𝑟)(𝑟𝜈′(𝑟)+2)

2𝑟2 =
𝑀−𝑟

𝑟3 . 

𝑇̂ = −
2𝑒−𝜆(𝑟)(𝑟𝜈′(𝑟)+1)

𝑟2 = −
2

𝑟2, 

𝑄
⋄

𝑟𝜇𝜈  = (
−𝑒𝜈(𝑟)𝜈′(𝑟) 0 0

0 𝑒𝜆(𝑟)𝜆′(𝑟) 0
0 0 2𝑟

)

 =

(

 
 
 

−
2𝑀

𝑟2
0 0

0 −
2𝑀

𝑟2 (1 −
2𝑀
𝑟 )

2 0

0 0 2𝑟)

 
 
 

,
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𝑃
⋄

𝑡𝑟
𝑡 =

𝑟𝜆′(𝑟) − 𝑟𝑣′(𝑟) + 4

8𝑟
=

1

8
(𝜆′(𝑟) + 𝑣′(𝑟)),

𝑃
⋄

𝑟𝑟
𝑟 =

𝑒𝑣(𝑟)−𝜆(𝑟)

𝑟
=

1

𝑟
(1 −

2𝑀

𝑟
)

2

,

𝑃
⋄

𝜑𝜑
𝑟 = −

1

4
𝑟𝑒−𝜆(𝑟)(𝑟𝑣′(𝑟) + 2) =

𝑀 − 𝑟

2
,

𝑃
⋄

𝑟𝜑
𝜑

=
1

8
(𝜆′(𝑟) + 𝑣′(𝑟)) = 0,

 

𝑞
⋄

𝜇𝜈

√−𝑔
 =

(

 
 
 
 

2𝑒𝜈(𝑟)−𝜆(𝑟)𝜈′(𝑟)

𝑟
0 0

0
2𝑟𝜈′(𝑟) + 2

𝑟2
0

0 0 −
𝑟𝜈′(𝑟) + 2

𝑒𝜆(𝑟) )

 
 
 
 

 =

(

 
 
 
 

4𝑀

𝑟3
(1 −

2𝑀

𝑟
) 0 0

0
2

𝑟2 (1 −
2𝑀
𝑟

)
0

0 0
2𝑀

𝑟
− 2)

 
 
 
 

.

 

𝑒𝜇
𝐴𝑔𝜈𝜌𝜕𝜎𝑆̂𝐴 𝜌𝜎 + 𝑒−1𝑒𝜇

𝐴𝑔𝜈𝜌𝜕𝜎𝑒

−𝑆̂𝐵 𝜎 𝜈𝑇𝐵 𝜎𝜇 +
1

2
𝑔𝜇𝜈𝑇̂ = 0.

 

𝜕𝜎𝑆̂𝜇𝜈 𝜎 − 𝑆̂𝛼𝜈 𝜎Γ𝛼 𝜈𝜎 − 𝑆̂𝛼𝜇 𝜎Γ𝛼  𝜈𝜎 − 𝑆̂𝜇 𝜌𝜎Γ𝛼  𝜌𝜎𝑔𝜈𝛼

 −𝑆̂𝛼  𝜎 𝜈𝑇̂𝜎𝜇
𝛼 + Γ𝛼𝜎

𝛼 𝑆̂𝜇𝜈  𝜎 +
1

2
𝑇̂𝑔𝜇𝜈 = 0.

 

∇
∘

𝜎𝑆̂𝜇𝜈  𝜎 − 𝐾̂𝛼  𝜇𝜎𝑆̂𝛼𝜈 𝜎 − 𝐾̂𝛼  𝜈𝜎𝑆̂𝜇𝛼  𝜎

 +𝐾̂𝜎 𝛼𝜎𝑆̂𝜇𝜈 𝛼 − 𝐾̂𝜈𝜌𝜎𝑆̂𝜇 𝜌𝜎 + 𝑇̂𝜎𝑆̂𝜇𝜈  𝜎

 −𝑆̂𝛼 𝜎 𝜈𝑇̂𝛼 𝜎𝜇 +
1

2
𝑔𝜇𝜈𝑇̂ = 0.

 

 

−𝐾̂𝛼 𝜈𝜎𝑆̂𝜇𝛼  𝜎 − 𝐾̂𝜈𝜌𝜎𝑆̂𝜇 𝜌𝜎 = 0, 

𝐾̂𝜎  𝛼𝜎𝑆̂𝜇𝜈  𝛼 + 𝑇̂𝜎𝑆̂𝜇𝜈  𝜎 = 0. 

 ∇
∘
𝑆̂𝜇𝜈 𝜎 + 𝐾̂𝜇𝜎

𝛼 𝑆̂𝛼 𝜈 − 𝑇̂𝛼 𝜎𝜇𝑆̂𝛼 𝜈 +
1

2
𝑇̂𝑔𝜇𝜈 = ∇

∘

𝜎𝑆̂𝜇𝜈  𝜎 + 𝐾̂𝛼  𝜎𝜇𝑆̂𝛼 𝜈 𝜈 +
1

2
𝑔𝜇𝜈𝑇̂ = 0  

𝜕𝛼√−𝑔

√−𝑔
= Γ

⋄

𝛼𝜎
𝜎 = −𝐿

⋄

𝛼𝜎
𝜎 =

1

2
𝑄
⋄

𝛼. 
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2𝜕𝛼𝑃𝛼 𝜇𝜈 +
1

2
𝑄
⋄

𝛼𝜇𝜈 (𝑄
⋄

𝛼 − 𝑄̃
⋄

𝛼) +
1

2
𝑔𝜇𝜈𝜕𝛼 (𝑄

⋄
𝛼 − 𝑄̃𝛼

⋄

)

 +
1

2
𝐿
⋄
𝜎 𝜇𝜈𝑄

⋄

𝜎 +
1

4
𝑄
⋄

𝜇 𝛼  𝜎𝑄
⋄

𝜈 𝜎 𝛼 +
1

2
𝑄
⋄

𝛼  𝜎𝜇 (𝑄
⋄

𝜎  𝜈𝛼 − 𝑄
⋄

𝛼  𝜎  𝜈)

 −
1

2
𝑔𝜇𝜈∇

∘

𝛼 (𝑄
⋄

𝛼 − 𝑄̃
⋄

𝛼) +
1

2
𝑔𝜇𝜈  𝑄

 

= 0.

 

ℙ(𝑥𝑛, 𝑡𝑛 ∣ 𝑥1, 𝑡1; … ; 𝑥𝑛−1, 𝑡𝑛−1) = ℙ(𝑥𝑛, 𝑡𝑛 ∣ 𝑥𝑛−1, 𝑡𝑛−1)  

ℰ̂(𝑡)(𝜌̂(0)) = 𝜌̂(𝑡)  

ℰ̂(𝑡1 + 𝑡2) = ℰ̂(𝑡1)ℰ̂(𝑡2),  

𝑑𝜌̂

𝑑𝑡
(𝑡) = ℒ̂𝜌̂(𝑡)  

𝐻̂ = 𝐻̂S + 𝐻̂B + 𝐻̂SB  

𝐻̂S =
𝑃̂2

2𝑀
+ 𝑉(𝑄̂),  

𝐻̂B
(𝑘)

= ∑  

𝑁

𝑘=1

 (
𝑝̂𝑘

2

2𝑚𝑘
+

𝑚𝑘𝜔𝑘
2𝑞̂𝑘

2

2
) ,

𝐻̂SB
(𝑘)

= ∑  

𝑁

𝑘=1

 (𝑔𝑘𝑞̂𝑘𝑄̂ +
𝑔𝑘

2

2𝑚𝑘𝜔𝑘
2 𝑄̂2) .

 

𝑑2𝑄̂

𝑑𝑡2
(𝑡) + 𝑉′(𝑄̂(𝑡)) +

1

𝑀
∫  

𝑡

0

 𝑘(𝑡 − 𝑡′)𝑃̂(𝑡′)𝑑𝑡′ + 𝑘(𝑡)𝑄̂(0) = 𝑓(𝑡)  

𝑘(𝑡) = ∑  

𝑁

𝑖=1

 
𝑔𝑘

2

𝑚𝑘𝜔𝑘
2 cos (𝜔𝑘𝑡)  

𝑓(𝑡) = ∑  

𝑁

𝑖=1

 (𝑔𝑘𝑞̂𝑘(0)cos (𝜔𝑘𝑡) +
𝑔𝑘𝑝̂𝑘(0)

𝑚𝑘𝜔𝑘
sin (𝜔𝑘𝑡))  

⟨𝑓(𝑡)⟩ = Tr(𝑓(𝑡)𝜌th) = 0  

⟨{𝑓(𝑡), 𝑓(𝑡′)}⟩ = ∑  

𝑁

𝑘=1

 
ℏ𝑔𝑘

2

𝑚𝑘𝜔𝑘
coth (

ℏ𝜔𝑘

2𝑘𝐵𝑇
) cos (𝜔𝑘(𝑡 − 𝑡′)),  

 

Θ̂𝒒̂Θ̂−1 = 𝒒̂, Θ̂𝒑̂Θ̂−1 = −𝒑̂,  

𝐴̂𝑅(𝑡) = Θ̂𝐴̂(−𝑡)Θ̂−1  

𝒒̂𝑅(𝑡) = Θ̂𝒒̂(−𝑡)Θ̂−1 = 𝒒̂(𝑡), 𝒑̂𝑅(𝑡) = Θ̂𝒑̂(−𝑡)Θ̂−1 = −𝒑̂(𝑡).  
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𝑀
𝑑2𝑄̂

𝑑𝑡2
(−𝑡) + 𝑉′(𝑄̂(−𝑡)) +

1

𝑀
∫  

−𝑡

0

 𝑘(−𝑡 − 𝑡′)𝑃̂(𝑡′)𝑑𝑡′ + 𝑘(−𝑡)𝑄̂(0) = 𝑓(−𝑡)  

𝑑𝜌̂𝑅

𝑑𝑡
= −Θ̂

𝑑𝜌̂

𝑑𝑡
Θ̂−1 = −Θ̂ℒ̂Θ̂−1Θ̂𝜌̂Θ̂−1 = −ℒ̂𝑅𝜌̂𝑅 .  

𝜌̂(𝑡) = ℰ̂(𝑡)𝜌̂(0), ℰ̂(𝑡) = exp (−ℒ̂𝑡).  

Θ̂ℰ̂(𝑡)Θ̂−1 = exp (−Θ̂ℒ̂Θ̂−1𝑡) = exp (−ℒ̂𝑅𝑡).  

Θ̂ℰ̂(𝑡)Θ̂−1 = exp (ℒ̂𝑡) = ℰ̂(𝑡)−1.  

Θ̂𝑈̂(𝑡)Θ̂−1 = 𝑈̂(−𝑡)  

𝑑𝜌̂

𝑑𝑡
= ℒ̂(𝑡)𝜌̂(𝑡)  

𝑑𝜌̂𝑅

𝑑𝑡
(𝑡) = −Θ̂

𝑑𝜌̂

𝑑𝑡
(−𝑡)Θ̂−1 = −ℒ̂𝑅(−𝑡)𝜌̂𝑅(𝑡)  

𝜌̂(𝑡) = ℰ̂(𝑡, 0)𝜌̂(0), ℰ̂(𝑡2, 𝑡1) = 𝒯̂exp (− ∫  
𝑡2

𝑡1

  ℒ̂(𝑡′)𝑑𝑡′) ,  

Θ̂ℰ̂(𝑡1, 𝑡2)Θ̂−1 = 𝒯̂exp (− ∫  
𝑡2

𝑡1

  Θ̂ℒ̂(𝑡′)Θ̂−1𝑑𝑡′) = 𝒯̂exp (− ∫  
𝑡2

𝑡1

  ℒ̂𝑅(𝑡′)𝑑𝑡′) .  

Θ̂ℰ̂(𝑡1, 𝑡2)Θ̂−1 = 𝒯exp (− ∫  
𝑡1

𝑡2

  ℒ̂(𝑡′)𝑑𝑡′) = ℰ(𝑡2, 𝑡1)−1.  

∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′ < ∞  

∫  
𝜏𝐵

0

 𝑘(𝑡′)𝑑𝑡′ ≈ ∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′  

∫  
𝑡

0

 𝑘(𝑡 − 𝑡′)𝑃̂(𝑡′)𝑑𝑡′ = ∫  
𝑡

0

 𝑘(𝑡′)𝑃̂(𝑡 − 𝑡′)𝑑𝑡′ ≈ 𝑃̂(𝑡) ∫  
𝜏𝐵

0

 𝑘(𝑡′)𝑑𝑡′ = 𝑃̂(𝑡) ∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′  

∫  
𝑡

0

 𝑘(𝑡′)𝑑𝑡′ = sgn(𝑡) ∫  
|𝑡|

0

 𝑘(𝑡′)𝑑𝑡′,  

∫  
𝑡

0

 𝑘(𝑡 − 𝑡′)𝑃̂(𝑡′)𝑑𝑡′ ≈ sgn(𝑡)𝑃̂(𝑡) ∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′  

𝑀
𝑑2𝑄̂

𝑑𝑡2
+ 𝑉′(𝑄̂(𝑡)) + sgn(𝑡)𝛾𝑃̂(𝑡) = 𝑓(𝑡).  

∫  
∞

0

 𝑘(𝑡′)𝑑𝑡′ = 𝑀𝛾  
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⟨{𝑓(𝑡), 𝑓(𝑡′)}⟩ =
𝛾𝑀ℏ

𝜋
∫  

Λ

0

 𝜔coth (
ℏ𝜔

2𝑘𝐵𝑇
) cos (𝜔(𝑡 − 𝑡′))𝑑𝜔  

⟨{𝑓(𝑡), 𝑓(𝑡′}⟩ = 2𝛾𝑀𝑘𝐵𝑇𝛿(𝑡 − 𝑡′).  

TrS(𝑌̂𝜇̂(𝑡)) = TrS(𝜌̂S𝑌̂(𝑡))  

𝜇̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜇̂(𝑡)] +

𝑖

2ℏ
[{𝛾sgn(𝑡)𝑃̂, 𝜇̂(𝑡)}, 𝑄̂] +

𝑖

2ℏ
[{𝑓(𝑡), 𝜇̂(𝑡)}, 𝑄̂]  

𝜌̂(𝑡) = ⟨𝜇̂(𝑡)⟩: = TrB(𝜇̂(𝑡)𝜌̂th),  

𝜌̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜌̂(𝑡)] +

𝑖sgn(𝑡)

2ℏ
[{𝛾𝑃̂, 𝜌̂(𝑡)}, 𝑄̂] −

Γ(𝑡)

ℏ2
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂].  

Γ(𝑡) = ∫  
𝑡

0

  ⟨{𝑓(𝑡), 𝑓(𝑡′)}⟩𝑑𝑡′  

∫  
𝑡

0

  ⟨{𝑓(𝑡), 𝑓(𝑡′)}⟩𝑑𝑡′ = sgn(𝑡) ∫  
|𝑡|

0

  ⟨{𝑓(|𝑡|), 𝑓(𝑡′)}⟩𝑑𝑡′  

lim
𝑡→∞

 ∫  
|𝑡|

0

  ⟨{𝑓(|𝑡|), 𝑓(𝑡′)}⟩𝑑𝑡′ = 2𝛾𝑀𝑘𝐵𝑇.  

𝜌̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜌̂(𝑡)] +

𝑖sgn(𝑡)

2ℏ
[{𝛾𝑃̂, 𝜌̂(𝑡)}, 𝑄̂] − sgn(𝑡)

2𝛾𝑀𝑘𝐵𝑇

ℏ2
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂].  

𝑑𝜌̂

𝑑𝑡
(𝑡) = (𝑖ℒ̂𝐻 + sgn(𝑡)ℒ̂𝐷)𝜌̂(𝑡)  

ℒ̂𝐻𝜌̂(𝑡) = −
1

ℏ
[𝐻̂S, 𝜌̂(𝑡)]

ℒ̂𝐷𝜌̂(𝑡) =
𝑖

2ℏ
[{𝛾𝑃̂, 𝜌̂(𝑡)}, 𝑄̂] −

2𝛾𝑀𝑘𝐵𝑇

ℏ2
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂].

 

𝑑𝜌̂𝑅

𝑑𝑡
(𝑡) = −Θ̂

𝑑𝜌̂

𝑑𝑡
(𝑡)Θ̂−1 = (𝑖ℒ̂𝐻 + sgn(𝑡)ℒ̂𝐷)𝜌̂𝑅(𝑡)  

𝜌̂(𝑡) = ℰ̂(𝑡)𝜌̂(0), ℰ̂(𝑡) = exp (𝑖ℒ̂𝐻𝑡 + ℒ̂𝐷|𝑡|)  

𝜌(𝑝, 𝑞, 𝑡) =
1

√𝜋𝑁(𝑡)
exp (

−(𝑞 + sgn(𝑡)𝐴(𝑡)𝑝)2

𝑁(𝑡)
− 𝐵(𝑡)𝑝2)  

𝑁(𝑡) =
𝑚𝑘𝐵𝑇

ℏ2 (1 − 𝑒−2𝛾|𝑡|) +
𝑒−2𝛾|𝑡|

𝜎2

𝐴(𝑡) =
𝑖ℏ

2𝜎2𝑚𝛾
𝑒−𝛾|𝑡|(1 − 𝑒−𝛾|𝑡|) −

𝑖𝑘𝐵𝑇

2ℏ𝛾
(1 − 𝑒−𝛾|𝑡|)

2

𝐵(𝑡) =
ℏ2

4𝜎2𝑚2𝛾2 (1 − 𝑒−𝛾|𝑡|))
2

+
𝜎2

4
+

𝑘𝐵𝑇

𝑚𝛾2 (2𝛾|𝑡| − 3 + 4𝑒−𝛾|𝑡| − 𝑒−2𝛾|𝑡|).
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𝜓(𝑥, 0) =
1

(𝜎2𝜋)1/4
exp (−

𝑥2

2𝜎2) .  

𝑆vN(𝜉) =
1 − 𝜉

2𝜉
log (

1 + 𝜉

1 − 𝜉
) − log (

2𝜉

1 + 𝜉
)  

𝐻̂ = 𝐻̂S + 𝐻̂B + 𝐻̂SB  

𝐻̂I(𝑡) = 𝑒
𝑖
ℏ(𝐻̂S+𝐻̂B)𝑡𝐻̂SB𝑒

−𝑖
ℏ (𝐻̂S+𝐻̂B)𝑡  

𝑑

𝑑𝑡
𝜌̂I(𝑡) = −

𝑖

ℏ
[𝐻̂I(𝑡), 𝜌̂I(𝑡)]  

𝑑

𝑑𝑡
𝜌̂S(𝑡) = −

1

ℏ2
∫  

𝑡

0

 TrB ([𝐻̂I(𝑡), [𝐻̂I(𝑠), 𝜌̂I(𝑠)]]) 𝑑𝑠  

𝑑

𝑑𝑡
𝜌̂S(𝑡) = −

1

ℏ2
∫  

𝑡

0

 TrB ([𝐻̂I(𝑡), [𝐻̂I(𝑠), 𝜌̂S(𝑡) ⊗ 𝜌̂B]]) 𝑑𝑠  

𝐻̂I(𝑡) = ∑  

𝛼,𝜔

  𝑒−𝑖𝜔𝑡𝐴̂𝛼(𝜔) ⊗ 𝐵̂𝛼(𝑡)  

𝑑

𝑑𝑡
𝜌̂S(𝑡) =

 −
1

ℏ2 ∑  

𝛼,𝛽,𝜔

  [Γ𝛼𝛽(𝜔, 𝑡)𝐴̂𝛼
† (𝜔)𝐴̂𝛽(𝜔)𝜌̂S(𝑡) + Γ𝛽𝛼

∗ (𝜔, 𝑡)𝜌̂S(𝑡)𝐴̂𝛼
† (𝜔)𝐴̂𝛽(𝜔)(Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼

∗ (𝜔, 𝑡))𝐴̂𝛽(𝜔)𝜌̂S(𝑡)𝐴̂𝛼
† (𝜔)].

 

 

Γ𝛼𝛽(𝜔, 𝑡) = ∫  
𝑡

0

  𝑒𝑖𝜔𝑠Tr(𝐵̂𝛼
†(𝑡)𝐵̂𝛽(𝑡 − 𝑠)𝜌̂B)𝑑𝑠  

Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼
∗ (𝜔, 𝑡) = sgn(𝑡) ∫  

|𝑡|

−|𝑡|

  𝑒𝑖𝜔𝑠Tr(𝐵̂𝛼
†(𝑠)𝐵̂𝛽(0)𝜌̂𝐵)𝑑𝑠.  

Γ𝛼𝛽(𝜔, 𝑡) + Γ𝛽𝛼
∗ (𝜔, 𝑡) ≈ sgn(𝑡)𝛾𝛼𝛽(𝜔)  

𝛾𝛼𝛽(𝜔) = ∫  
∞

−∞

  𝑒𝑖𝜔𝑠Tr(𝐵̂𝛼
†(𝑠)𝐵̂𝛽(0)𝜌̂𝐵)𝑑𝑠  

𝜂𝛼𝛽(𝜔) =
1

2𝑖
(Γ𝛼𝛽(𝜔, 𝑡) − Γ𝛽𝛼

∗ (𝜔, 𝑡)).  

𝑑

𝑑𝑡
𝜌̂S(𝑡) = −

𝑖

ℏ
[𝐻̂S, 𝜌̂S] +

sgn(𝑡)

ℏ2
∑  

𝛼,𝛽,𝜔

  𝒟̂𝛼𝛽(𝜔)𝜌̂S(𝑡)  

𝐻̂S =
1

ℏ
∑  

𝛼,𝛽,𝜔

 𝜂𝛼𝛽(𝜔)𝐴̂𝛼
† (𝜔)𝐴̂𝛽(𝜔)  
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𝒟̂𝛼𝛽(𝜔)𝜌̂S(𝑡) = 𝛾𝛼𝛽(𝜔) (𝐴̂𝛽(𝜔)𝜌̂S(𝑡)𝐴̂𝛼
† (𝜔) −

1

2
{𝐴̂𝛼

† (𝜔)𝐴̂𝛽(𝜔), 𝜌̂S(𝑡)}) .  

Θ̂𝛾𝛼𝛽(𝜔)Θ̂−1 = ∫  
∞

−∞

  𝑒𝑖𝜔𝑠Tr(Θ̂𝐵̂𝛼
†(𝑠)𝐵̂𝛽(0)Θ̂−1𝜌̂𝐵)𝑑𝑠 = 𝛾𝛼𝛽(𝜔).  

𝑑

𝑑𝑡
𝜌𝑛(𝑡) = ∑  

𝑛′≠𝑛

  (𝑊𝑛,𝑛′𝜌𝑛′(𝑡) − 𝑊𝑛′,𝑛𝜌𝑛(𝑡)),  

⟨𝑛|𝐴̂𝛼
† (𝜔)𝐴̂𝛽(𝜔)|𝑛′⟩ = 𝛿𝑛,𝑛′⟨𝑛|𝐴̂𝛼|𝑚⟩⟨𝑚|𝐴̂𝛽|𝑛⟩,  

𝑑

𝑑𝑡
𝜌𝑛(𝑡) =

sgn(𝑡)

ℏ2
∑  

𝑛≠𝑛′

  (𝑊𝑛,𝑛′𝜌𝑛′(𝑡) − 𝑊𝑛′,𝑛𝜌𝑛(𝑡)),  

𝑊𝑛′,𝑛 = ∑  

𝛼,𝛽

 𝛾𝛼𝛽(𝜀𝑛 − 𝜀𝑛′)⟨𝑛|𝐴̂𝛼|𝑛′⟩⟨𝑛′|𝐴̂𝛽|𝑛⟩  

𝐻̂ = 𝐻̂0 + 𝜆𝐻̂SB  

𝑑

𝑑𝑡
𝜌𝜀,𝑘(𝑡) =

𝜆2

ℏ2
∑  

𝜀′,𝑘′

 ∫  
𝑡

0

 Λ𝜀,𝑘,𝜀′,𝑘′(𝑡 − 𝑠)(𝜌𝜀′,𝑘′(𝑠) − 𝜌𝜀,𝑘(𝑠))𝑑𝑠,  

Λ𝜀,𝑘,𝜀′,𝑘′(𝑡) = 2|⟨𝜀, 𝑘|𝐻̂SB|𝜀′, 𝑘′⟩ |2cos (
𝜀 − 𝜀′

ℏ
𝑡)  

∫  
𝑡

0

 Λ𝜀,𝑘,𝜀′,𝑘′(𝑡 − 𝑠)𝑑𝑠 = 2ℏ
|⟨𝜀, 𝑘|𝐻̂SB|𝜀′, 𝑘′⟩ |2

𝜀 − 𝜀′
sin (

𝜀 − 𝜀′

ℏ
𝑡) .  

ℏ

𝜀 − 𝜀′
sin (

𝜀 − 𝜀′

ℏ
𝑡) ≈ sgn(𝑡)𝜋ℏ𝛿(𝜀 − 𝜀′)  

𝑑

𝑑𝑡
𝜌𝜀,𝑘(𝑡) = sgn(𝑡) ∑  

𝑘′

 (𝑊𝑘,𝑘′
𝜀 𝜌𝜖,𝑘′(𝑡) − 𝑊𝑘′,𝑘

𝜖 𝜌𝜖,𝑘(𝑡))  

𝑊𝑘,𝑘′
𝜀 =

2𝜆2

ℏ
|⟨𝜀, 𝑘|𝐻̂SB|𝜀, 𝑘′⟩ |2𝜂(𝜀)  

𝜓𝑅(𝑥, 𝑎 + 𝑡) = 𝜓∗(𝑥, 𝑎 − 𝑡)  

𝑑𝑊

𝑑𝑡
= −

𝑝

𝑀

𝑑𝑊

𝑑𝑥
+ ∑  

∞

𝑛=0

 
(−ℏ2)𝑛𝑉(2𝑛+1)(𝑥)

(2𝑛 + 1)! 22𝑛

𝑑2𝑛+1𝑊

𝑑𝑝2𝑛+1
+ sgn(𝑡)𝛾

𝑑

𝑑𝑝
(𝑝𝑊) + sgn(𝑡)2𝛾𝑀𝑘𝐵𝑇

𝑑2𝑊

𝑑𝑝2
 

𝑑𝑊

𝑑𝑡
= −

𝑝

𝑀

𝑑𝑊

𝑑𝑥
+

𝑑𝑉

𝑑𝑥

𝑑𝑊

𝑑𝑝
+ sgn(𝑡)𝛾

𝑑

𝑑𝑝
(𝑝𝑊) + sgn(𝑡)2𝛾𝑀𝑘𝐵𝑇

𝑑2𝑊

𝑑𝑝2
 

𝜇̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜇̂(𝑡)] +

𝑖

2ℏ
[{𝛾sgn(𝑡)𝑃̂, 𝜇̂(𝑡)}, 𝑄̂] +

𝑖

2ℏ
[{𝑓(𝑡), 𝜇̂(𝑡)}, 𝑄̂],  
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𝜌̂(𝑡) = ⟨𝜇̂(𝑡)⟩: = TrB(𝜇̂(𝑡)𝜌̂th),  

𝐴̂𝜇̂(𝑡) = −
𝑖

ℏ
[𝐻̂s, 𝜇̂(𝑡)]  +

𝑖

2𝑀ℏ
[{𝛾sgn(𝑡)𝑃̂, 𝜇̂(𝑡)}, 𝑄̂],

𝐵̂𝜇̂(𝑡)  =
𝑖

ℏ
[𝜇̂(𝑡), 𝑄̂],

𝛼̂(𝑡)𝜇̂(𝑡) =
1

2
{𝑓(𝑡), 𝜇̂(𝑡)},

 

𝜂̂(𝑡) = exp (−𝐴̂𝑡)𝜇̂(𝑡).  

𝜂̇̂(𝑡) = 𝐵̂(𝑡)𝛼̂(𝑡)𝜂̂(𝑡),  

𝑑

𝑑𝑡
⟨𝜂̂(𝑡)⟩ = 𝐵̂(𝑡)⟨𝛼̂(𝑡)𝜇̂(0)⟩ + ∫  

𝑡

0

  𝐵̂(𝑡)𝐵̂(𝑡′)⟨𝛼̂(𝑡)𝛼̂(𝑡′)𝜇̂(𝑡′)⟩𝑑𝑡′  

𝑑𝜌̂

𝑑𝑡
(𝑡) = 𝐴̂𝜌̂(𝑡) + ∫  

𝑡

0

  ⟨𝛼̂(𝑡)𝛼̂(𝑡′)𝐼⟩𝐵̂𝐵̂(𝑡′ − 𝑡)𝜌̂(𝑡′)𝑑𝑡′  

𝑑𝜌̂

𝑑𝑡
(𝑡) = 𝐴̂𝜌̂(𝑡) − ∫  

𝑡

0

  ⟨𝛼̂(𝑡)𝛼̂(𝑡′)𝐼⟩𝑑𝑡′
1

ℏ
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂].  

𝜌̇̂(𝑡) = −
𝑖

ℏ
[𝐻̂S, 𝜌̂(𝑡)] +

𝑖

2ℏ
[{𝛾sgn(𝑡)𝑃̂, 𝜌̂(𝑡)}, 𝑄̂] −

Γ(𝑡)

ℏ2
[[𝜌̂(𝑡), 𝑄̂], 𝑄̂],  

∑  

𝑚1

𝑘=1

 Pr(1 ∣ [1, 𝑘]) = 1

∑  

𝑚2

𝑘=1

 Pr(1 ∣ [2, 𝑘]) = 1

…

∑  
𝑚𝑛−1
𝑘=1  Pr(1 ∣ [𝑛 − 1, 𝑘]) = 1

∑  
𝑚𝑛
𝑘=1  Pr(1 ∣ [𝑛, 𝑘]) = {

0, NCHV,
1, Q

 

∑  

𝑖∈𝑉

 Pr(1 ∣ 𝑖) − ∑  

(𝑖,𝑗)∈𝐸

 Pr(1,1 ∣ 𝑖, 𝑗) ⩽
 NCHV 

𝛼(𝐺) ⩽
Q

𝜗(𝐺)  

𝛼(𝐺) = 𝑛 − 1, 𝜗(𝐺) = 𝑛, and 𝜒(𝐺‾) = 𝑛  

𝑝1: = ∑  

19

𝑘=1

 Pr(1 ∣ 𝑘) = 1

𝑝2: = ∑  

38

𝑘=20

 Pr(1 ∣ 𝑘) = 1

 

𝑝3: = ∑  

57

𝑘=39

Pr(1 ∣ 𝑘) = {
0, NCHV
1, Q

 

 |𝒂⟩ = (
𝑎1 𝑎2 ⋯

𝑎𝑑
)

†

 ↔ {|𝛼1, Δ𝑡⟩, |𝛼2, 2Δ𝑡⟩, ⋯ , |𝛼𝑑 , 𝑑Δ𝑡⟩}
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⟨𝚥 ∣ 𝒂⟩ = ∑  

𝑏

𝑘=1

  ⟨𝚥𝑘 ∣ 𝒂⟩  

𝑝1 = 0.9939(15), 𝑝2 = 0.9980(2), 𝑝3 = 0.9983(2)  

∑  

𝑖∈𝑉

 Pr(1 ∣ 𝑖) = 2.9902(4)

𝛼(𝐺) + ∑  

(𝑖,𝑗)∈𝐸

 Pr(1,1 ∣ 𝑖, 𝑗) = 2.651(4)
 

max
𝐁

 𝜗 = tr(BJ)

  𝐁 ⩾ 0, tr(𝐁) = 1

𝐵𝑖𝑗 = 0, ∀(𝑖, 𝑗) ∈ 𝐸(𝐺)

 

ℎ0 = 𝛼̃Re (𝑒−𝑖𝜙 ∑  

𝑘=1

 𝑐𝑘𝑒𝑖𝑘𝜑)  

 

ℎ1 = 𝛼̃Re (𝑒−𝑖𝜙+𝜋/2 ∑  

𝑘=1

  𝑐𝑘𝑒𝑖𝑘𝜑)  

ℎ2 = 𝛼̃Re (𝑒−𝑖𝜙+𝜋/2 ∑  

𝑘=4

  𝑐𝑘𝑒𝑖𝑘𝜑)  

𝑃(1,1 ∣ 𝑖, 𝑗) = 𝑃(1 ∣ 𝑖)𝑃(1 ∣ 𝑗, 𝑖 = 1)  

ℋ̂(𝑁)/ℏ = 𝜔0𝑎̂†𝑎̂ + 𝜔a (𝑆̂𝑧 +
𝑁

2
) +

2𝑔

√𝑁
(𝑎̂† + 𝑎̂)𝑆̂𝑥  

𝑔 >
√𝜔a𝜔0

2
 

ℋ̂spin = ℋ̂Fe + ℋ̂Er + ℋ̂Fe−Er  



pág. 9049 

ℋ̂Fe = ∑  

𝑠=A, B

 ∑  

𝑁0

𝑖=1

 𝜇0𝜇B𝔤Fe
𝑥 𝑆𝑖,𝑥

𝑠 𝐻𝑥
DC + 𝐽Fe ∑  

𝑖,𝑖′

  S𝑖
A ⋅ 𝐒𝑖′

B

 −𝐷Fe
𝑦

∑  

𝑖,𝑗′

  (𝑆𝑖,𝑧
A 𝑆𝑖′,𝑥

B − 𝑆𝑖′,𝑧
B 𝑆𝑖,𝑥

A )

 − ∑  

𝑠=𝐴,𝐵

 ∑  

𝑁0

𝑖=1

  [𝐴Fe
𝑥 (𝑆𝑖,𝑥

𝑠 )
2

+ 𝐴Fe
𝑧 (𝑆𝑖,𝑧

𝑠 )
2
] ,

ℋ̂Er = ∑  

𝑠=A, B

 ∑  

𝑁0

𝑖=1

 𝜇0𝜇B𝔤Er
𝑥 𝔞𝑖,𝑥

𝑠 𝐻𝑥
DC + 𝐽Er ∑  

𝑖,𝑖′

 ℨ𝑖
A ⋅ ℨ𝑖′

B

 − ∑  

𝑠=A, B

 ∑  

𝑁0

𝑖=1

  [𝐴Er
𝑥 (3𝑖,𝑥

𝑠 )
2

+ 𝐴Er
𝑧 (𝛯𝑖,𝑧

𝑠 )
2
] ,

ℋ̂Fe−Er = ∑  

𝑁0

𝑖=1

  ∑  

𝑠,𝑠′=A, B

  [ J𝑖
𝑠 ⋅  S𝑖

𝑠′
+ D𝑠,𝑠′

⋅ (ℨ𝑖
𝑠 × S𝑖

𝑠′
)]

 

⟨𝔅‖
𝑠⟩  = −

1

2
tanh (

𝔤Er𝜇B |𝐁Er

𝑠
|

2𝑘B𝑇
)

⟨𝑆‖
𝑠⟩  = −𝐵𝑆 (

𝑆𝔤Fe𝜇B |𝐁Fe

𝑠
|

𝑘B𝑇
)

 

ℏ
𝑑

𝑑𝑡
𝛿𝔅𝑠 = −𝛿𝔰𝑠 × 𝔤Er𝜇B𝐁Er

𝑠
(𝔤A/B, 𝐒A/B) − 𝔰

𝑠
× 𝔤Er𝜇B𝐁Er

𝑠 (𝛿𝔰A/B, 𝛿𝐒A/B)

ℏ
𝑑

𝑑𝑡
𝛿𝐒𝑠 = −𝛿𝐒𝑠 × 𝔤Fe𝜇B𝐁Er

𝑠
(𝔤A/B, 𝐒A/B) − 𝐒

𝑠
× 𝔤Fe𝜇B𝐁Er

𝑠 (𝛿𝔰A/B, 𝛿𝐒A/B)

 

ℋ̂Dicke 

ℏ
∼ 𝜔0𝑎̂†𝑎̂ + 𝜔aΣ̂𝑥

+ +
𝑖𝑔𝑧

√𝑁0

(𝑎̂† − 𝑎̂)Σ̂𝑧
− + ⋯  

ℏ
𝑑𝔰𝑠

𝑑𝑡
= −𝔅𝑠 × 𝔤Er𝜇B𝐁Er

𝑠 (𝔤A/B, 𝐒A/B)

ℏ
𝑑𝐒𝑠

𝑑𝑡
= −𝐒𝑠 × 𝔤Fe𝜇B𝐁Fe

𝑠 (𝔥A/B, 𝐒A/B)

 

𝐁Er
𝑠 = 𝐁DC +

2𝑧Er𝐽Er

𝜇B𝔤Er
𝔰𝑠‾ +

2

𝜇B𝔤Er
∑  

𝑠′=A, B

  [𝐽𝐒𝑠 − (𝐃𝑠,𝑠′
× 𝐒𝑠) − 𝐀Er ⋅ 𝔰𝑠]

𝐁Fe
𝑠 = 𝐁DC +

2𝑧Fe JFe

𝜇B𝔤Fe
𝒔𝑠‾ −

𝑧Fe

𝜇B𝔤Fe
𝐃Fe × 𝒔𝑠‾ +

2

𝜇B𝔤Fe
∑  

𝑠′=A, B

  [𝐽𝑺𝑠 − (𝐃𝑠,𝑠′
× 𝐒𝑠) − 𝐀Fe ⋅ 𝔰𝑠]

 

ℋEr
𝑠 = 𝔤Er𝜇Bℨ𝑠 ⋅ 𝐁Er

𝑠
= 𝔤Er𝜇Bℨ‖

𝑠 |𝐁Er

𝑠
|

ℋFe
𝑠 = 𝔤Fe𝜇B𝐒𝑠 ⋅ 𝐁Fe

𝑠
= 𝔤Fe𝜇B S‖

𝑠 |𝐁Fe

𝑠
|
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⟨𝔥‖
𝑠⟩  = −

1

2
tanh (

𝔤Er𝜇B |𝐁Er

𝑠
|

2𝑘B𝑇
)

⟨𝑆‖
𝑠⟩  = −𝐵𝑆 (

𝑆𝔤Fe𝜇B |𝐁Fe

𝑠
|

𝑘B𝑇
)

 

ℏ
𝑑

𝑑𝑡
𝛿𝔰𝑠 = −𝛿𝔰𝑠 × 𝔤Er𝜇B𝐁Er

𝑠
(𝔤A/B, 𝐒A/B) − 𝔰

𝑠
× 𝔤Er𝜇B𝐁Er

𝑠 (𝛿3A/B, 𝛿𝐒A/B) 

ℏ
𝑑

𝑑𝑡
𝛿𝐒𝑠 = −𝛿𝐒𝑠 × 𝔤Fe𝜇B𝐁Er

𝑠
(𝔰A/B, 𝐒A/B) − 𝐒

𝑠
× 𝔤Fe𝜇B𝐁Er

𝑠 (𝛿𝟑A/B, 𝛿𝐒A/B)  

𝐶 = ∑  

𝑖

 
𝑤𝑖

𝑁𝑖
∑  

𝑗∈𝑖th mode 

 
(𝑓𝑖𝑗 − 𝑓𝑖𝑗)

2

𝑓𝑖𝑗
2

 

𝐒0

A
= (

𝑆sin 𝛽0

0
−𝑆cos 𝛽0

) , 𝐒0

B
= (

𝑆sin 𝛽0

0
𝑆cos 𝛽0

)  

𝛽0 = −
1

2
arctan [

𝑧Fe𝐷Fe
𝑦

𝑧Fe𝐽Fe − 𝐴Fe
𝑥 + 𝐴Fe

𝑧 ]  

ℋ̂Fe ≈ ∑  

𝑘=0,𝜋

 ℏ𝜔𝑘𝑎𝑘
†𝑎𝑘 +  const  

𝜔𝑘 = 𝔤Fe𝜇B/ℏ√(𝑏cos 𝑘 − 𝑎)(𝑑cos 𝑘 + 𝑐) 

𝑎 = [𝑆/(𝔤Fe
𝑥 𝜇B)][−𝐴Fe

𝑧 − 𝐴Fe
𝑥 − (𝑧Fe𝐽Fe + 𝐴Fe

𝑧 − 𝐴Fe
𝑥 )cos (2𝛽0) + 𝑧Fe𝐷Fe

𝑦
sin (2𝛽0)]  

𝑏 = [𝑆/(𝔤Fe
𝑥 𝜇B)]𝑧Fe𝐽Fe  

𝑐 = [𝑆/(𝔤Fe
𝑥 𝜇B)][(𝑧Fe𝐽Fe + 2𝐴Fe

𝑧 − 2𝐴Fe
𝑥 )cos (2𝛽0) + 𝑧Fe𝐷Fe

𝑦
sin (2𝛽0)]  

𝑑 = [𝑆/(𝔤Fe
𝑥 𝜇B)][−𝑧Fe𝐽Fecos (2𝛽0) − 𝑧Fe𝐷Fe

𝑦
sin (2𝛽0)]  

𝛿𝐒𝑖
A ≈ √

𝑆

2𝑁0
[

−(𝑇0 − 𝑇𝜋)cos 𝛽0

(𝑌0 − 𝑌𝜋)

−(𝑇0 − 𝑇𝜋)sin 𝛽0

]

𝛿𝐒𝑖
B ≈ √

𝑆

2𝑁0
[

(𝑇0 + 𝑇𝜋)cos 𝛽0

(𝑌0 + 𝑌𝜋)

−(𝑇0 + 𝑇𝜋)sin 𝛽0

]

 

𝑇𝑘 = (
𝑏cos 𝑘 − 𝑎

𝑑cos 𝑘 − 𝑎
)

1/4 𝑎−𝑘
† + 𝑎𝑘

√2
 

𝑌𝑘 = (
𝑑cos 𝑘 + 𝑐

𝑏cos 𝑘 − 𝑎
)

1/4𝑖(𝑎−𝑘
† −𝑎𝑘)

√2
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ℑ𝑖
𝑠  =

1

𝑁0
∑  

𝑁0

𝑗=1

 ℑ𝑗
𝑠

 ≡
1

𝑁0
Σ𝑗

𝑠

 

ℋ̂Er ≈ 𝜇0𝜇B𝔤Er
𝑥 𝐻𝑥

DCΣ𝑥
+ + 𝑧Er𝐽Er ∑  

𝑁0

𝑖=1

  𝔰𝑖
A ⋅ ∑  

𝑁0

𝑖′=1

 
𝔰𝑖′
B

𝑁0

 − ∑  

𝑖

  ∑  

𝜉=𝑥,𝑧

 𝐴Er
𝜉

∑  

𝑠=A, B

 (
1

𝑁0
∑  

𝑗

 3𝑗,𝜉
𝑠 )

2

 = 𝜇0𝜇B𝔤Er
𝑥 𝐻𝑥

DCΣ𝑥
+ +

𝑧Er𝐽Er

𝑁0
ΣA ⋅ ΣB − ∑  

𝑠=A, B𝜉=𝑥,𝑧

 ∑  

Er

 
𝐴Er

𝜉

𝑁0
(Σ𝜉

𝑠)
2

 

 

ℋ̂Fe−Er = 4𝑆(𝐽sin 𝛽0 + 𝐷𝑦cos 𝛽0)Σ𝑥
+ + (−4𝑆𝐷𝑥cos 𝛽0)Σ𝑦

−

 +√
𝑆

𝑁0
[(𝐽cos 𝛽0 − 𝐷𝑦sin 𝛽0)𝑇𝜋Σ𝑥

+ + 𝐽𝑌0Σ𝑦
+

+(𝐷𝑥sin 𝛽0)𝑇𝜋Σ𝑦
− + 𝐷𝑥𝑌𝜋Σ𝑧

− − (𝐽sin 𝛽0 + 𝐷𝑦cos 𝛽0)𝑇0Σ𝑧
+]

 

 

ℋ̂Dicke ≈ ∑  

𝑚=qFM,qAFM

 ℏ𝜔𝑚𝑎𝑚
† 𝑎𝑚 + 𝐸𝑥Σ𝑥

+ + 𝐸𝑦Σ𝑦
− + 𝜇0𝜇B𝔤Er

𝑥 𝐻𝑥
DCΣ𝑥

+

 +
𝑧Er𝐽Er

𝑁0
ΣA ⋅ ΣB − ∑  

𝜉=𝑥,𝑧𝑠=𝐴, B

 ∑  

0

 
𝐴Er

𝜉

𝑁0
(Σ𝜉

𝑠)
2

+
ℏ𝑔𝑥

√𝑁0

(𝑎qAFM
† + 𝑎qAFM)Σ𝑥

+

 +
𝑖ℏ𝑔𝑦

√𝑁0

(𝑎qFM
† − 𝑎qFM)Σ𝑦

+ +
ℏ𝑔𝑦′

√𝑁0

(𝑎qAFM
† + 𝑎qAFM)Σ𝑦

−

 +
𝑖ℏ𝑔𝑧

√𝑁0

(𝑎qAFM
† − 𝑎qAFM)Σ𝑧

− +
ℏ𝑔𝑧′

√𝑁0

(𝑎qFM
† + 𝑎qFM)Σ𝑧

+

 

ℏ𝑔𝑥 = √𝑥𝑆(𝐽cos 𝛽0 − 𝐷𝑦sin 𝛽0) (
𝑏 + 𝑎

𝑑 − 𝑐
)

1/4

= ℎ√𝑥

ℏ𝑔𝑦 = √𝑥𝑆𝐽 (
𝑑 + 𝑐

𝑏 − 𝑎
)

1/4

= ℎ√𝑥

ℏ𝑔𝑦′ = √𝑥𝑆𝐷𝑥sin 𝛽0 (
𝑏 + 𝑎

𝑑 − 𝑐
)

1/4

= ℎ√𝑥

ℏ𝑔𝑧 = √𝑥𝑆𝐷𝑥 (
𝑑 − 𝑐

𝑏 + 𝑎
)

1/4

= ℎ√𝑥

ℏ𝑔𝑧′ = √𝑥𝑆(−𝐽sin 𝛽0 − 𝐷𝑦cos 𝛽0) (
𝑏 − 𝑎

𝑑 + 𝑐
)

1/4

= ℎ√𝑥

 

𝑥 = tanh [
|𝐸𝑥 + 𝜇0𝜇BgEr

𝑥 He𝑥
DC|

2𝑘B𝑇
] 
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𝜀 ∝
2𝜋

ℏ
∑  

𝛼

  | ∑  

(𝑣𝑖,𝑐𝑖,𝑖=1,2,3)

  ⟨𝑒3ℎ3|𝐞 ⋅ 𝑝̂| 𝑒1ℎ1𝑒2ℎ2⟩  𝛼|2Γ  
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