Ciencia Latina Revista Cientifica Multidisciplinar, Ciudad de México, México.
ISSN 2707-2207 / ISSN 2707-2215 (en linea), enero-febrero 2025,
Volumen 9, Numero 1.

https://doi.org/10.37811/cl rcm.v9il

CAMPOS CUANTICOS RELATIVISTAS:
APROXIMACIONES TEORICO - MATEMATICAS
RELATIVAS A LOS ESPACIOS CUANTICOS
GEOMETRICAMENTE DEFORMADOS O PERFORADOS
POR PARTICULAS Y ANTIPARTICULAS
SUPERMASIVAS Y MASIVAS E HIPERPARTICULAS Y
SUPRAPARTICULAS

RELATIVISTIC QUANTUM FIELDS: THEORETICAL-
MATHEMATICAL APPROACHES RELATIVE TO
GEOMETRICALLY DEFORMED OR PERFORATED
QUANTUM SPACES BY SUPERMASSIVE AND MASSIVE
PARTICLES AND ANTIPARTICLES AND
HYPERPARTICLES AND SUPRAPARTICLES

Manuel Ignacio Albuja Bustamante
Investigador Independiente, Ecuador



v . . o
O[E: Ciencia Latfina

Ciencia Latina Revista Cientifica Multidisciplinar
Enero - Febrero, 2025, Volumen 9, Numero 1

Educacion

DOI: https://doi.org/10.37811/cl rcm.v9il.16494
Campos Cuénticos Relativistas: Aproximaciones Tedrico — Matematicas

Relativas a los Espacios Cuanticos Geométricamente Deformados o
Perforados por Particulas y Antiparticulas Supermasivas y Masivas E
Hiperparticulas y Supraparticulas

Manuel Ignacio Albuja Bustamante!
ignaciomanuelalbujabustamante@gmail.com
https://orcid.org/0009-0005-0115-767X

Investigador Independiente

Ecuador

RESUMEN

En anteriores trabajos, este investigador, ha desarrollado planteamientos o alternativas de solucion
relativas al Problema del Milenio de Yang — Mills. Sin embargo, ha sido indispensable ampliar el
espectro, pues, la teoria de Yang — Mills, alcanza diversos escenarios de la fisica moderna, y ciertamente,
es a mi criterio, un puente crucial para conciliar la relatividad einsteniana y la mecanica cuantica. Tal
es asi, que, desde mi perspectiva, es la teoria cuantica de campos curvos o lo que he denominado como
“campos cuanticos relativistas”, la que se constituye como una alternativa legitima para unificar las
areas de la fisica antes mencionadas. Mi investigacion ha arrojado resultados significativos, sin
embargo, resta mucho por desarrollar e investigar en la medida de alcanzar la mentada unificacién. En
este articulo, cumplo con fortalecer la teoria cuantica de campos relativistas, desde las bases formales
de la relatividad general y la relatividad especial respectivamente, hasta la teoria cuantica de campos,
con especial énfasis, en los campos de Yang — Mills — Einstein.
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Relativistic Quantum Fields: Theoretical-Mathematical Approaches
Relative to Geometrically Deformed or Perforated Quantum Spaces by
Supermassive and Massive Particles and Antiparticles and Hyperparticles
and Supraparticles

ABSTRACT

In previous works, this researcher has developed approaches or alternative solutions related to the Yang-
Mills Millennium Problem. However, it has been essential to broaden the spectrum, since the Yang-
Mills theory reaches various scenarios of modern physics, and certainly, in my opinion, it is a crucial
bridge to reconcile Einsteinian relativity and quantum mechanics. So much so, that, from my
perspective, it is the quantum theory of curved fields or what | have called "relativistic quantum fields",
which constitutes a legitimate alternative to unify the areas of physics mentioned above. My research
has yielded significant results, however, there is still much to be developed and researched to the extent
of achieving the aforementioned unification. In this article, | strengthen the quantum theory of
relativistic fields, from the formal bases of general relativity and special relativity respectively, to
guantum field theory, with special emphasis on the Yang — Mills — Einstein fields.
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INTRODUCCION

Como se ha mencionado anteriormente, a lo largo de mis investigaciones, el propdsito esencial de mi
trabajo ha sido aproximar una alternativa de solucion al Problema del Milenio de Yang — Mills. Sin
embargo, en el cumplimento de ese objetivo, he arribado a una conclusion ineludible, la teoria cuantica
de campo de Yang — Mills, es por mucho, la conexion necesaria para unificar la fisica relativista y la
mecéanica cuantica. Parece improbable, pero no imposible. Si bien ambos campos de la fisica
contemporénea, son esencialmente distintos, en la medida en que el primero es determinista y el
segundo, puramente probabilista, no es menos cierto que existe un componente unificador que permite
fundir ambas teorias, y es la curvatura. Y es que, la teoria cuantica de campos curvos, de cardinal bagaje,
ofrece esta posibilidad. Ha sido ampliamente desarrollado, el principio de dualidad hologréfica, y no es
para menos, pues, lo macroscépico y lo microscopico o subatémico, convergen y coinciden, sobre todo,
cuando existe una curvatura. Al igual que sucede con el espacio — tiempo a nivel cdsmico, esto es, que
sufre de curvatura ante un objeto masivo o supermasivo, segln sea el caso, deformando o perforando
(agujeros negros) el tejido circundante, pues, ocurre lo mismo, con los espacios cuénticos en los que
interacttan las distintas fuerzas fundamentales, y es precisamente esto, lo que propugna la teoria
cuéntica de campos relativistas.

Para estos efectos, se han deducido las siguientes conjeturas: 1. Que, los espacios cuanticos, son
susceptibles de deformacion o perforacion, a propdsito de la interaccion de las particulas y antiparticulas
que les sean congénitas. 2. Que, un campo cuantico, es susceptible de deformacion geométrica, es decir,
padece de curvatura, cuando una particula o antiparticula, a prop6sito de su masa superior, modifica
espacialmente su posicion, repercutiendo en sus perimetros aproximados. 3. Que, un campo cuéantico,
es susceptible de deformacién geométrica, es decir, padece de curvatura, cuando una particula o
antiparticula, se aproxima, alcanza o supera la velocidad de la luz, lo que explica ademés la brecha de
masa que no es arbitraria y es habitualmente superior a cero. 4. Que, un campo cuantico, es susceptible
de perforacion, es decir, adherido a la existencia de microagujeros cuanticos, cuando una particula o
antiparticula, a proposito de su masa superlativa, modifica espacialmente su posicion, repercutiendo en

sus perimetros aproximados. 5. Las particulas y antiparticulas mencionadas en el numeral 2, se

denominarén para efectos de entender la presente teoria, como particulas masivas o antiparticulas




masivas, segun sea el caso, es decir, aquellas que, por su interaccion temporal — espacial, deforman
geométricamente el espacio cuéntico en el que interactian. 6. Las particulas y antiparticulas
mencionadas en el numeral 3, se denominardn para efectos de entender la presente teoria, como
hiperparticulas, indistintamente si se trata de una particula o una antiparticula, esto, cuando pese a no
tener masa, se aproximan, alcanzan o superan la velocidad de la luz. Considérese también en este
escenario, la existencia de supraparticulas, es decir, aquellas que a méas de ser masivas 0 supermasivas,
segun sea el caso, a razon de su masa, son capaces de aproximarse, alcanzar o superar la velocidad de
la luz, en cuyo caso, el surgimiento de microagujeros cuanticos es inevitable. 7. Que, la deformacién de
un espacio cuantico o en su defecto, la generacion de agujeros negros cuanticos, ocurren por la existencia
de fendbmenos cuanticos propios e inherentes al sistema de particulas y antiparticulas propuesto, esto es,
fendmenos tales como la superposicion, el entrelazamiento o la colisién, lo que, para todos los casos,
aplica el puente Einstein — Rosen (Paradoja EPR). 8. En mérito a la deformacion o perforacion de los
espacios cuanticos, se supone la existencia de ondas cuanticas, al igual que las ondas gravitacionales en
cuanto a su fenomenologia. 9. La perforacion de un campo cuéntico especifico, no solamente supone la
existencia de un agujero negro cuantico, el cual, incluso puede ser supermasivo, sino que ademas,
supone la existencia de pluridimensiones en las que ocurre un fendmeno de dualidad divergente.

Para sustentar las hipdtesis antes referidas, se ha desplegado, no solamente en este trabajo, sino también
en investigaciones a priori, modelos mateméticos que comprenden desde el célculo tensorial hasta bases
propias de la electrodinamica y cromodindmica cuanticas, ademas de la formalizacion matematica que
exige la mecanica cuéntica pero incorporando magnitudes relativistas esenciales, como el tensor y flujo
de Ricci o simbolos de Christoffel, las identidades de Bianchi o la misma métrica de Einstein, para
explicar la curvatura, o verbigracia, las ecuaciones de Tolman-Oppenheimer-Volkoff, para explicar la
morfologia y la sistematicidad de los objetos subatomicos antes referidos sin perder de vista sus
caracteristicas especificas inherentes, etc.

METODOLOGIA

La formalizaciébn matemética formulada en el presente trabajo, comporta la aplicacion de una

metodologia de investigacion integral, esto es, bajo un enfoque hibrido, es decir, tanto en lo cualitativo

como en lo cuantitativo. El tipo de investigacion aplicado, es preeminentente predictivo, lo que es propio




en la fisica tedrica. El estado del arte, es diferencialmente constructivista. Cabe precisar, que dada la
naturaleza de esta investigacion, no existe poblacion de estudio. EI componente bibliogréafico ha sido un
elemento indispensable para la elaboracion de este trabajo. La técnica metodoldgica, dada la temética,
es deductiva, pues la teorizacion ha sido desarrollada en fundamento a teorias fisicas validadas y
aceptadas por la comunidad cientifica internacional. Finalmente, las ecuaciones contenidas en esta
investigacion, se proyectan esencialmente a demostrar las hipétesis explicadas en la parte introductoria.
RESULTADOS Y DISCUSION

Para efectos de demostrar los postulados contenidos en la parte introductoria de este trabajo, asi como
en los manuscritos anteriores, cada ecuacion ha sido clasificada segun la naturaleza y complejidad de
cada elemento tedrico estudiado, verbigracia la geometria riemanniana para explicar la curvatura de un
campo cuantico especifico, etc. En consecuencia, para la aplicacion de las formulas en relacion, se
sugiere ajustarse a los distintos escenarios de suposicion planteados por este investigador, es decir y en
su ndcleo duro, el comportamiento, morfologia y sistematicidad de los objetos subatomicos en espacios
cuénticos curvos o relativistas, incluyendo verbigracia, la existencia irrefutable de agujeros negros
cuanticos u ondas cuénticas, etc.

Las ecuaciones por componente, pasan a exponerse a detalle:
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:Raﬁ’ = w'ziRaﬁ()(, a))

w¢(X)) = aaf()(ﬁ f) + w¢af'()(, f)|f=w¢0()

0 _ 9
of =5 b = g = (Ol ff(xf)df

9P wep) = g% — w0 (f, wg) + 02 gPD (x, w)

M2 =T+ 0 T + 02157 + 0(w0™)

A _ A
Tap ™ = Yap

1
> (Pavi + bgved — 9™vip) vap = %vﬁ

FA(Z) (p =

N| =

(Vovj + Vi — Vugg), 041 = % Va(v7)
(Vab?) 0t 08) = {5 i ) + L 0O ),
=wd

Rap = 01Tag — 0ol + Taglh, — Taulhs
Rap (0 0B) = RGP (1, 0p(0) + 07 RG) (1, 0 () + 0™ *Rp Ot )
RO (i b (1)) = Rap 5 (g babuly — b il — 9P} (1. 09(0)
Py = 04 (v~ 5 900t}
7o = 9" (00 = 500008 ) (07410116,

Uap = ¢afﬁ + ¢ﬁfa

X¢ =7+ 0 h (70 (D)




Ax*ayh

G = (Gap + 0 "vap) g

a

ox*
gt

6}? + w_2¢,1h’“ + (1)_351ha
Gau = Gau+w™? (U/lu + Qlﬁ‘l’uhlﬁ + Qua‘l’/lh’a) + 0™ My,
Rc(zl,[g = Vavag — Ya¥pa + $a0up — baps
1 1 1 ! I
Rep = 5 {Va(Pavf’ + Bpuit — ¢ vip) = Va(dpvi))
1 1 I ! 1
+ 5 {02 (Vari + Vpvit = VPvgg) — da(Vp07")}
A\ — 1A A
¢A(2avﬁ ) =Vq (d)lv[)’ —Ug VahaVada — :Paﬁ
1 ! 1 ! ! 1 !
#7100 (T = 50 + 90 (T - 5000
A ! 1 Yy
Pap =" Vavep + EYA‘P Vop
— 4 A ! 1 y
Pij = " Vyu;4 +§Y,1¢ Vj;
2 i N Lo L Afain AU 4Dy
P V(o)) + SVad (p'vi;) — (9 Va0")vi;
Sap Q) = gaﬁ()() + w_lsjaﬁ (X: w¢()())
Tap = Tap T 07! {E&lﬁﬁz + @nﬁ&l} +0(w™?)
1
Tap = %é%ﬂl — Zgaﬁigwihu(ﬁaﬁ - Ta[;)()(, 0)¢(X)) = (;_)_ZM()(, w)-'R[(zO;; - Iaﬂ(gaﬁ + Iaﬂ)

@)y = (4B),, +PaSiy + by Dip + 95D}

(v.52)

= V3% + 0apy + by Sip + 09l 0 Sisll(97]0Hi0)
Dap = AaPp — apdald“a,l

(€Y ) _

A 1 A
¢ Vv + Ez}&blvz’j + 95" an - Fla; — Fla <¢A|§’“‘> (kpt)

@), = (49) . = 0uSpy + Oy B + ISy




(€Y

(VeBF) " = Vaf + Loy "h — Tag &4

Zaéﬁ = ¢Bzaaa + aazagbﬁ - ¢azaaﬁ - aﬁzad)a

aaza¢ﬁ = aaz,ﬁ’(pa = ZB(aa(pa) - ¢a28aa = _¢a28aa<aiaj -

Za$? = —2¢%Voa; — a;Vy,
2
(1)%)L — c&O}UU< ¢av al|a Va¢a|$0]vu>
Condiciones de gauge
9ap = Jap + W P ap + w3 wep
u "o 1 Ilp + u 173 _ 1 Ilp
¢[>’ ¢ Wy ) ¢awp b | P wyup ) ¢Bwp
u 1 u W, Ilp
Zuva _Eaavy +¢ Wy, __¢a
Conservacion de la energia
w (445
v = gihgicup,

1_, .
Jor —U K,/
€= ZU Vi,V g g] Unie

1
G = Z{v/aﬁv&[; _ Ia Z}V (¢/1@)

1 . 1 ..
{qb“ (a a; + 4v’”v1)}a‘ai + Zv’”vf,-za@“s‘)

1 1 1
§=&grav + Se@m = Z{U'aﬂvéﬁ - E(U&a 2} + Eﬁaﬁﬁaﬁ
Agujeros negros cuanticos
Métrica de Schwarzschild
e"Pdp? + £2(p)(d? + sin?0d¢?)
Ge = e*"dr? 4 r2(d62? + sin?0dg?)

g = —evdt? + e*dr? + r2(d6? + sin?0dp?)

Bjai)

g = —a?(r,t)dt? + 28(r, t)dtdr + eA*TDdr? + r2(d6? + sin0d¢p?)

e 2w =e ?(t,r)(adt — fdr) = dt




2m 2my~?
Jschwarzschild = — (1 - T) dt® + (1 - 7) dr® +r?(de* + sinZBdth)

1 v oA 9,2
Tgo = Eatv' oo =5 eV M, Igy = ?;F& = Te/l V.l =—-
A’
Iy = ?,lez =—re NTE =T =r~1, T} = —rsin?fe "}, TE = —sinf cos 6,55 = cotd

r
Rlo = T_latl, Rzz = —e_l (1 + E(V’ - A’)> + 1,R33 = Sinz 9?22

v(t,r) =v(r) + f(t)set T = fe%f(t)zdt

R =eV—/1 V_”+£_ﬂ+v_,
00 = 2 4 4 7

-1

r(e*VRoo + Ry1) =V + A —e M1 —1A) + 1(e_’1)’ + eT = %

i A A
=1+_,¢" —B(1+;)

Coordenadas isotropicas
2

r:=R(1+%)

x=Rrlyy =Rrly, 2 =Rr"1Z

2R — m\?
ISchwarzschild = —

2 2
T )dt (1+—2 )(d)( + dy? + dz?)
Coordenadas de ondas cuanticas

r—m 2
— = dt
T+m

r+m
+=— mdr‘z + (F + m)?(d6? + sin?0d¢p?) — A%dt? + B2di?

621[1 i} 61/)
2 2 ) 2y _ +
+ r*(d6* + sin“0d¢p~) TS +r2 {ABE) (AB 6f> + A 1/)}

or

aXi B Xi aZXi
7' 02




d (dr _d (dr B
—(—A2r2>—2r = d—(r —2mr) | =27

r=m(l+3)

d ar z. z+1
2 1y 2] = 2 _
iz [(z 1) dz] 23|C, 3 + G, (2 lnz — 1)

r=mzgr=r+m

Coordenadas de Painlevé-Gullstrand
2m 2 [2m
- <1 - T) dt? +dy? + dy? + dz? + - /T (xdy +ydy + zdz)dt

Coordenadas de Regge-Wheeler
p =1+ 2mlog(r — 2m)

2m
9schwarzschild = (1 - T) (_dtz + dpz) + r2(d92 + Sinzedd)z)

Espacio — tiempo cuantico de Schwarzschild

d20 2drde do\?d%p 2drde .d
T (fp) ¢ 2drde ,de _,

= _ B_ - T
ds® Gapdx“dx ds? rdsd sinf cos 6 ds) ds? rdsds ds

d*t dvdrdt dt
V= 0g(1——>

dsz Tardsds’ ds

d2r+1d,1(dr) _A(d<p)2+"’1dv<dt)du+ L3 1
dsz " 2dr\das) — ¢ \Gs 2 ds\ds) do? " M2 it =

d?v

u= ﬂnewton+vd¢ +v — 3my?

1
-= me2(1+ e cos @) = Unewton

d®v 2 — 23,2
d_(pz tv-— 3m.unewt0n =3m Hnewton
_ 11
=3m3¢7*(1+ 2ecos ¢ + e? cos? p)3m3£~*( 1 + ep singp + e? (E — g cos 2(p)

Unewton + 3m?* € *e@ sing = me72(1 + e cos ¢ + e3m?£ ™2 sin @)

Heinstein ~

6mm
Ueinstein ~ m{"z(l +e cos((l - 3m2{"2)(p)) |0[(1 ey




2m
2=82—-1+—
2m ., 2m
T 0Ty
2y 1/2 2 ~1/2
0= (12" ot = (122"
To To
2 ~1/2 ' 2 1/2
V1= ( ——) 7, V0 = (1——) to
To To
vt 2m
1% 70

-1

Zm 2 2m 2 2 2
ISchwarzschild = — (1 - m) dt- + (1 - T"l__2> dr -+ redw

d [ar
— | ==m-1q = 2-M| = (n = 17
e drr 1-2mr )] (n—Dr

d dr
J— 3-m J— n-2y_ = —_ 1-n4x
Is [6 (1-2mé )ds] (n—1D6' 7

m? .
m —7r3Inr+ 0@ Inr) n=4

Ferd+————+
— n-3
m—2)r 0(7‘5_277) n=5

(gSchwarzschild,m)uv =Ny + (fm)/,w

1 1 1 _ .
fm,uv = rn__zhuv ("‘b;;;)){ = (Xl)

Dinamica orbital en espacios cuanticos curvos

gaﬁ)fa)ﬁﬁ=—1
1,2+1(1 Zm) 2o\ 1.
2" T2 ) \72 =3¢

1 2m)\ (2 av
V() = 5(1 - 7) <r_ + 1)1’"’ + — =r"*mr? — £2r + 3mé?]

2 dr




Desviacion de la luz

ré\d¢/ r?z r3
dun2

(ﬁ) +u? —2mud = k?

d?u
_ 2

d_<p2 +u=3mu

1 _ 1 ( )

7 = Hour = - coS ¢ — o
d?u
dp? +p = 3mug,,

1 1 m m
—=—cos¢ +— (1 +sin?¢) —sina + — (1 + cos? a)
r TO TO TO

Principio de Fermat

ds? = goodt? + g;jdx'dy’

do? = gijdXide

{,_f /gudx dy’

Dilatacion del tiempo




ty
2m m  mv?
SAzf 1——4+—+—dt
r Ty T
0
ty ty
2m m
60=f 1——dt5f (1——)dt
To To
0 0
tw
2m m  mv?
5A—505f S 2 aes o
r o T

Simetria de masa - Ecuacién Tolman-Oppenheimer-Volkov

1
Rap =5 9apR = Tap
g = —evdt? + e*dr? + r?(d6? + sin?6d¢p?)
Tap = (U + Pliakp + £YGap
1
Rap = Pap = (1 + @aktp +5 (U~ $)gap

Too = ne”,Jo; = 0,7 = $g;;

1 r
Roz+ 555 Res =2 {—e"’l <1 +o 0 - A’)) + 1}7‘(3’1"’7200 +Ryy) =V + A

,VIZ ,VIAI ,VI _ AI
R=—e"VRyo+e Ry +1772(Ryy + 5in"20R33) = —e ™ (v” t———+ )

1
800 = Roo — 590073 = Too = pe
e A —1)+1=2r%u
d

- [r —re ] = 2r?u

2M (1)

eh=1- M) = f p2u(p)dp

0

a

M(a) = f p?up)dp < 5
0




; 20 (p)\ /2
M = f p*u(p) (1— (p)> dp
0

vi+ A = r(e)‘_"Roo + .‘Rll) = r(e)‘_vpoo + P11) =ret(u+ p)

2M () +13(p — )

v = (et —1)rt+re(p—p) = rlr — 2M ()]

(1 + @) Vauy + 0100 = (u+ 0)uuoloy + 0160

I 1 !
[ ——E(SO"'#)V
1 2M(r) + 7 — )
e __5(804-”) rlr—2M(r)]

T

— 2 1 3
M(r) = o | podp =5 Hor
0

1/2 4a

1-(1-2a M (a))
1 ,M(a) = ?

3[1 - 2a M (a)]Y/2 —

#(0) = po

Modelo einsteniano
g = —evdt? + e*dr? + r2(d6? + sin?0d¢p?)
-1

2m 2m
Gm = — (1 — T) dt? + (1 - T) + r2(d6? + sin®0dp?)

Tparticle

m= M(rparticle) = f r2u(r)dr
0

T

() = 2r3M () = 2073 f p2u(p)dp
0

Agujero negro cuantico de Schwarzschild
Horizonte de eventos

ds? = (1 = 2mr Ydt? — (1 — 2mr~)"1dr?

dr
— =+ —_ -1
o +(1-2mr™1)

t—ty = i(T—To + 2m10g[(%— 1)] [(Zr_ron_ 1)])

v=t+r+2mln(#—1)




(T 2 2(cin2 2 2
(Zm 1) dv? + 2drdv + r2(sin 0 dp? + d6?)

v = 2r + 4mlog|r — 2m| + constant

1
ra2dr

-1-&Hr

To
2m
F2=¢§2-(1- 2mr‘1)f - (1 - —) dv? + 2drdv + r2(sin? 8 dp? + d6?)
] \/Zm r

Coordenadas de Kruskal-Szekeres

32m3

e—r/Zm[dZZ _ d(x)z] + r2(d92 + sin29d¢2)

32— w?>-1
ZZ _ wz — i(r _ Zm)er/Zm
2m

u= t—r—2mlog(#— 1)
Métrica de Tolman
—dt? + e??dr? + R?(d6? + sin?0d¢?)
Tap = Ulap, R — OR'e™f(r)

Vot® =i+ TS u = i+ p(o + 2R7IR)

utr) = S b0)

uy 1 .. M@) 1
_ P2 _ — Z[Ff2 _
= Ripiz® T -1

u(t,7)

M) = f FOIu(t, RE(E, pe®dp
0

T

M(r) = f to(p)p*dp
0

R(0,7) = 2@+f2(r) -1

RYZR = +./2M (1)

R(r, t)3/? = ¢p(r) — ;/ZM(r)t

;/ZM(r) = hl/2(r)




[SSRN]

R(r, 1) = {r% - h%(r)t}

3 1 3(1 1 _1
e? =R = {rZ — hZ(r)t} {rz —§h Zh’(r)t}

9
(r) = 572001

2
" Ho

{r% — h%(r)t} {r% - % h_%h’(r)t}

p(t,r) =

dR = e®dr + Rdt = e“dr — RY2\[2M (r)dt
2M 1
- (1 - %) dt? 4 2R2\/2M (r)dRdt + dR? + R%(d6? + sin®0dp?)

Densidad decreciente

t,(r) = h_%(r)r%

dt;ir) - %r%h_g{Sh(r) R () = %r%h_%BM(r) — M)
30) =M () = 3 [ o(pdp?dp — o)1
0
3 3 1
ER3/2R’ = {ET% — Eh_%(r)h’(r)t}
o Bh%(r)r% B Zh%(T) _ A 2M (1) t h(r)r
RO 33um) w2 30

r3 M2 1
to = limr=0 [h ] =
@ ,/%ﬂo(o)

3 1 %
0<R< {aZ — hz(a)t}

M) = M, = f to(p)p?dp
0

20, /2]\/[
- (1 - T"‘) dt? +2 Tadﬂedt + dR? + R?(d6? + sin*0d p?)




2M, 2M\ "
_ (1 - R“) de? + (1 - R“) dR? + R?(dO? + sin?06dp?)

dr = dt (1 ZM"‘)_l 2Ma 2
t= R R

3 1
9= Gausr 0 SR < {ai - hf(a)t}

wiN

3 1y
g =Gext: R 2 {az - hz(“)t}

3 1y
{aZ — h2 (a)t} <2M,

1 3
ty = hZ(a) [af - (zma)3/2]

Solucion de Reissner—Nordstrom

2m 2 2m 271
- 1——+Q— dt? + 1——+—Q dr? +r%(d6? + sin*0d¢p?)
T T r  2r?

Bases cosmoldgicas de la teoria cuantica de campos curvos

Isotropia
Riemann(x,v; x,v)
K(P) = >
g0 v) -9ty
R" il ]l hl K
.7((.7)) — ijaeX VXY

vy — v)?
Rij (0 = k0 (Gingjx — 9jngix) 0
Homogeneidad

Rin=mM—Drgin; R =11 — Dk
_ h 1 h 1
0=V, (Ri — 4] 33) = —201- D0 - Doy

(dxD)? 4+ +(dx™)?

TR0 G




_ (dx') 2f f 2f
9= Z TG oo [(ax")2+(6xj)2]

Porf o diyy dxe
S Z( ) (0x7)% (0x*)* (dx7)* (dx*)?

d?yx; dx;
(d)(f)z_ "dx ]_C)( +A

Xj = %(x")z +uf = %Z(xi)z +Zﬂi
F=1eg W) QL ) =x

- n+1

Z (Xi) (Xn+1)2 |K| -1

i=1...17

Espacio — tiempo cuéntico de Robertson-Walker
®g = ek +r2(d62 + sin?0d¢?)
r
R =0,i =k, PRy =r1y = 2ket, sin20P Ry, = PRy, = —eH + 1+ Ee‘“,u’ = 2kr?|

e h=1—kr?

2

r
Tt r2(sin?0d¢? + d6?)

Dg = il e, ve =

v+ = da? + sin? a (sin®0d¢p? + d6?)
Y- = dy? + sinh? y (sin?6d¢? + d6?)

—dt? + R%(t)y,

1
Rap =DAgap + Pap = Tap — EgaBT

dR

I% = RRy;;, T = RIRS!, T = yi R = —

Roo = 3R7IR,R;j = {2 + (RR + 2R?) }y;;

1 1
Pap = Tap =5 9apT = (U + @ptaup + > 9ap$

1
Poo =5 (1 +30).pij =

R*(u— )

N| -
N| W

R*(u—0)yij vV pyj =




| . .
Roo = =A+ poo, Rij = Agij + pij = 3RTIR =5 (u +3p) = A+ 2R % + (R7IR + 2R72R?)

R 3=
ar " oH

1
=5L-p)+A

1
EE{R Y9pij + poo} = 3R(R*+€) — A

P =-2RTR-2R2e—RZR>+ A

fir==3u+pPR'R

d
3&@(?3#) = =3 — dt? + R§y4, Roa = 0, Ryj = 2vij, 10 = 3R5> — A, po

= —2Ry%+ A
Vs — Vo
z3=—"
Vo
Vé‘ R(to) .

1 42 2 2 2 2 2
+3 =30 Rty dt* +da*+ f°a(d8* + sin“0d¢*)
to+Jp ts+Ts to+Tp

f dt dt T R(ty)
a —=
o :R(t) - ae(t) RO~ ) RO R(w)
§TJ§ (0]
U re
da —
to
[ dt
%= ] ®@
ts

as = (ty — ts)R(ts)
R(to) = R(ts) + (to — t5)R(to)
z =d9H(ty), d == asR(ty)

RR
q="—

R2
1
R(t5) = R(to) [1+ (65 — ) (o) — 5 4% (t5 = t0)?]

H
as = R 1(ty) [to —ts+ > (to — ta)z]

1
z=Hd +§(q + 1)H?d?




Espacio — tiempo cuéntico de Sitter

Roo = —ARij = Agyj

.. A
R—Kk?R =0,k =3

R? — k?R% = —¢
R = Ae¥t + Be ™ *t — dt? + e*{dy? + dy? + dz?}

Gasi = —dt? + k% cosh?(kt) {da? + sin? a (d6? + sin?0d$?)}

—ar4 Y (@h) T - Y () =k
A=1--4 A=1---4

T =k 18h(kt), y2 = k Lch(kt)u?

D) =1 ) whdpt=o0
A=1-4 A=1-4

dr =771 Z xAdy® = cosh(xt)dt
A=T-4

= —dt? + k2 cosh?(kt)(d53)?
9

—dT? + Z (dx™)’

A=1-4

K1yt .
T+))((4_dT2+eZKT Z (dfl)z

i=1,2,3

7= K log[k(T + x*)], & =

t' = 2 arctan(exp kt)
Jasi = Kk~ *(cos x)?ge;
Espacio — tiempo cuéantico Anti de Sitter
R = Acoswt + Bsinwt — dt? + cos® ty,y_

= dy? + sinh? y(sin?0d¢? + d6?) — dt?(cosh y)? + dy?

+ sinh? y(sin?0d¢? + d6?)




Modelos Friedmann-Lemaitre

#=>F—-Du
ft = =3yuR™'R
UR3 =M

to=H(ty) 1+ T < H(ty)™ !

L, 1
R:= MR —e

1
3M\3
R(t) = ct?/3,c = (T) —dt? + t*3{dr? + r2(d6? + sin?0d¢?)}

4T = dt
10)

M M ,
32=?(1—cosf7"),t=?(1—smf]")

R_M
6

R(t) = (%) té

(coshT —1)

.3
RRZY ' =¢
3 4
R®Z = Gt + €y — dt? + t3"{dr? + r2(d6? + sin?0d¢?)} — dt?

+ t2{dr? + sinh?(1)(d6? + sin?(8)d¢p?)}

£
K 0=1

0 , +o—s
332 H2R?

Cosmologias cuanticas no isotrépicas
Lovl=—-lv.xl =Ly —Lyx

[[X' ]/],Z] + [[Z,X], Y] + [[]/,Z],){] [X(])'X(h)] = C}fl)((i)

S 1 . : :
Avi= ¢y 0 = 2 (ch, — 51A)




QYA; =0

. . 1 . .
i, = €umQY + E(5{Am - 8LA))

Espacio — tiempo cuéntico de Bianchi

g= > a®(dr)’
i=1,2,3

1 1
(4)R00 =— 2 (9plog a;)? — 56060 log a;

(4):Rij =0

1 1
@Ry =— {f (g log a;)dpa; Z (09 logay,) — > agoai}
»=1,2,3

1 1 1 1
S0loga; =B, PR = Y {7+ 0B} 4 0o = 0 (507 B0 ) + 5 a7 (0p)?

i=1,2,3

a7t Wr,; = ﬁi( B; | + 90Pi

j=12,3

m) + ) @)
=1,2,3

2
<Z /fi) + D B
i=1,2,3 i=1,2,3

K= Z Bi = —x"10ox
i=1,2,3

gij(4)Rij = <

4

~
S
(7
[«%)
o
o
Il
N =
~
N
N
w\/
[=)
o
+
Q
<
N
N
w\/
N——
11l
I

x = (detg)¥? = (ayaya5)*/?

2
+aoﬁi< > sm) D P de? + 2Oy + 02 (dx?) + £ dy)?
,3 i=1,2,3

t=(t"?- ’2)% '’ = tanh™! (JL')
X")aX ¢

Modelos de cosmologia cuantica con materia

1 1
Poo = Eli'pij = Eﬂgij




. 9
9" Ry = (B0v)? + 0oy = Sme™

m
e”z)(=9?t(t+x)

B Oox 1 3m m
a; 1(4)Rii = ,Bi%'l' 00B; = K= anwi%) - 3Z

2
3 .
(‘”6005—( > m) + > ﬁ?=£—dt2+ziaict)(9‘)2

i=1,2,3 i=1,2,3

1/2

98o;
DRog = Y (B2 + 0B} =) o
i i i

11 1
“{1(4)73& = Bix " 0ox + 00fi + ai 'Ryx 0, (0—’30—’5600—’%> = aif Ry;

1
= ﬁ{(%)z — (ay — a3)?}

Modelo Kantowski—Sachs
—dt?A?(t)dy? + B*()g* () (d6? + f2(6)de?)
Espacio — tiempo cuéantico de Taub
$2(dyp + a)? + Vg
—Utdt? + 20)*U(dyY + cos8dp)? + (t2 + £2)(dB? + sin?0d¢p?)

U = 1+2(mt+1€2)
- t2 + 2

t+=m+ (m? + £2)1/2

t
, 1 dt
V=Vt | oo

2 2 _ / 2 r_
2 ) T 402dyp"% — 40dy' dt + 402U cos Odpdi)’ — 24 cos Odtdp
0

+ (t% + £2)(d6? + sin?0d¢p?)

oo 1 ] dt
v —‘l"ﬁom

Vin + Vj'Ui




Vi(Vl-vj + Vjvi) = ViVivj + :R}Ui ]ﬂ{—IVUIZ + Rijvivj} d,l,lg
M

Problema de Cauchy a escala cuantica.

Cuestiones preliminares
do® = —1(5“ LN
=T By

1
leareg] = EGZBey

af
dx“

df = dy*=0,f0“

af
— AB
Oof = Aq axP

1

d*f =—{0p0,f — 0,0pf — €, 0af}07 167 (0405 — Ip0a)f = G0y f
g = gap0°0F
wf = wfyea

Vo uf = 0,0F + wgyvy

Conexién de Riemann
doY + wy 0% A 6F
Wy, — wyg = CF (Vadgf — VpdafN0agpy — WiyIpr — Wopday)

gy = ny + gﬁﬂﬁay‘ﬂ

)
~ _1 1 2 vl
Wayu =7 (glu'l@ay — 9y Cap — gafl(zyu)
1 sy
oy = 29 (augw + 0y Gap — augay)

Curvatura de Riemann
(VaV, =V, Va)u® = R{EvP

aB _ a a a P p a P
R = 020up = Ouwig + Wiy s = Wipwyg — Wpp G,

(:Raﬁ,/lu + Rua,ﬁl + :Rxlu,aﬁ)




Identidades de Bianchi
Va:RBy,/lu + VB:RVa,/lu + VyRaB,/lu

Tensor de Ricci
A
Rap = 73/15

Curvatura escalar
R = gaBRaﬁ

Tensor de Einstein

1
Oap = Rap = 5 JapR

Identidad de Conservacion

ap
V“Rﬁy — VpRyu + VVRBuWaaaBVaTaBSaB|Ta[>’|>

Sistema de Cauchy

0
% or
0t =dy' + pldt
0° = dt

dSZ = —N2(00)2 + gUB‘GJ

Coeficientes de estructura




Kij = —w?jno = qu = ——J\f 1009:
= —NK} +6jﬁ‘ ]'0 = —NK
T = trye = §Yk;
Curvatura extrinseca
Vinj = wing = —wiN = Kky;
Van® =Vin' = glk;j =1
Tensor de Riemann
Riji = Rijua + Kickji — KigKyj
Roijic = N (Vi — Viki)
Roi0j = N(0okij + Ny + V;0,N)
Curvatura de Ricci
NRi; = NRij — Ookij + Nijih — 2N ke — Vid; N
N7IRy; = 0jxcf — Uk, Rog = N(Fpch — Nicyje/ + AN)
R = gYR;;, guR;j = R — N 10k} + (Kffl‘)z - NT1AN
R = —N"2Rgo + gURy; = R+ ryjrcd + (i) — 2V =13k} — 2N ~1AN
1 1 .
800 = Roo — EgoofR = E(-'Roo + guﬁij)
2N 72859 = =280 = R — kK + (K;f)z
NR} = NR} — 0ok} + Njxf —V;0/ N
50gif = 2Nkl
Restricciones y evolucion

1 1
8ap = Rap — 59apR =Tap = Pap =5 GapP

W(Rm poi) = —Viukl + Vi — N py;

2 _
GOE]\T(SOO_%O)— — K] +(Kh) + 275




1
800 = Too = 5 (RY = p*), R — p = —22(5%° = 7%) = 2(8§ - 79)
6 —Tii = 2gU(R = p) = =g (63 — T)

N 20,28 + gUa;2, 0,28 + 0,2}

Lagrangiano y hamiltoniano

£(g) = f Ru, f (94 — H(p, ) dt
t

t;

£(9) _f fRNugdt—f f{N(R+|K|2+T2)—200T—2AN}ugdt

ty M
H:=R—|k|* +12

t2

L(g) = f f{ZNlKlZ + NH — 2007 — 2AN Jugdt
tl M

f faoT#gdt—f f =~ ‘ (detg)zd)( - dy"dt
Jt}f T(detg)Z] [ t(detg)” 2—(detg)2—V ([)”1')+er[)”] (detg)z} e dydt
ty M

10 o1 1 o
(detg) 2 (detg)z — Vif' =59 00gi f f f OoTpgdt = — = f f 197 009;j1gdt

t2

L(g) = f f{ZNK ]KU +NH +1g faogl]}ugdt

ty M

L(g) = J J (PUGy gy + NH Jugdt = J ] gl] ZVj,[?l-)+N}[}/.tgdt




L(g)“’] f ?Jatgl] Z,Bl-Mi+N7-(},ugdt

2
.0 .
L(g_,IP,N,ﬁ) = f f{?”&gij—ZﬁiMlﬁ'N}f}dﬂgdt

= [0

Heor = 2B M = NH

5L—M 0L s +—= spii 4 O£ 5pi 4 25 sar L ugar
~ ) agy 95 T 5pi gt oF T O Ha

agu aﬂ-fwt .,
e [ (2 Tl

f ff agmj §PYpg ff f {—2B.V;6PY — N SpH Yy
M

1 .. .,
6})7‘[ = (:Pl] _nTlgU:Pftl) OPY = 2Kij6:P”

aj{tot _ v + v _ ZN
9PU iBi + Vip; Kij
a7{tot a7'[tot _ .
ngT fff{ agU a:Pl] 6?” d#gdt = fff{Zﬂlag‘?Ml _ Nag‘})g'[}dﬂgdt
M

859F = (B, W), (#'®(65,6P)))

, _ 0P dg
(@1 @B, N, (85,57)) = ((~ -5 ) (85,67))
og 0P
(.2)- spr0

Ecuaciones ADM




0:9ij = —2N'rij + Vi + V;
atKij = N{.‘I_QU — ZKihK]ﬁ + Kl']'Kff:} - vla]N + ﬁhVKij + Kl'hvj'ﬂh + Khjviﬁh - N,Dl]
Coordenadas de ondas cuanticas
9HV30,1 = M (07, — Tf,001) = —g TS,
1
n — A
R = 50703905 + Pap9.0)
— h
Rap = RYY + Lag
— 1 A A
[’aﬁ = E{ga)ﬁBT + gmaaT }
1
h) _ 6
folg = _Eg/walzugaﬁ + :P(f;y ﬂ(g)apgyéaaglu
1
62, —
:Papﬁay #(g)apgysaaglu == E (aﬁglﬂalgau + aaglﬂalgﬁu) - Fglrély
_ papf
R = R + M P
1 A A
M = E{g“ 0,FF + gPra,F}
1 82
:R?fg = Eglﬂafygaﬁ + QZ?/ u(g)apgySao'glu

0,9 = —g* gPP 0195,
Fe = -V, gH®

Vﬂvag/l(ﬁ) = R/C{Ifgﬂ(ﬁ) = :Raﬁ

{Vlvagfl(ﬁ) + Vlvﬁgl(a)}

—~
=
Ntz
Il
N[ =

Vag/l(ﬁ) = _gupgl#[‘lgﬁ) = —g“pg’“‘gym) [y, pul

1 1
Rg‘fg = g {(g g7 + gPrg@)a,g,,} = Z g*v,{0,9@F + 9,gP @}

1
“szfg = Eglua)%uguﬁ + Qaﬁ,payé‘lu (g)apgy:Saag/'lu

Qaﬁ,payélu(g)apgygadglﬂ = glll {_zr‘fuapgaﬁ + F,{’;,augpﬁ + Fflaugap}

1 1
50:[? = .'Raﬁ — Engaﬁ = Saﬁ + E{g“’lalfﬁ + gmaﬂ-"“ — g“ﬁal?l}

(M)




1
G4 = g% (det g)2

af _
56 = R “9 PR m)

Ry = 9" 9ap05,9%F + GopQ PPV (9)0, 9y 505924
9ap03.9%F = 03(9ap0,9F) — 019050,9%F
gaﬁa)%ugaﬁ = _al(gaﬁaugaﬁ) - algaﬁaugaﬁ

9ap03,9%F = —0;(Idet g|d,|det g|) — 0390309

1 g Auq2 g, 1
Ry ~ =599 03,90p ~ —ﬁazﬂldetglz
detg|2

5% |detg| 29’1“02 g“ﬁ’

m "~

Rap = Reg +5 {ga,la,;(ﬂ[ +HA) + gpr0q (Fi + 1)}

flIH' _ h

RHYe) — (R
Rz(xﬁ o) = ()"' {galaﬂ}[ + 9520, H }"‘ Vng{(gﬁ/ma'i'gaﬂlﬁ Gapa)

g P (0Zpf™ — T 203 A — Tt (f)0afBopf®)
P2 = g8 (T} — Ty)

1 ~ ~
R = Rap — E{gaﬂ)ﬁf’l + gmbaT’l}

5 1
Rap = =5 9™ D10uGap + fap
fblbugaﬁ = a}?ugaﬁ - gpﬁalﬁ?u - gapalf‘:ﬁ
P = FF _ ghuph
Au
A _ fA
Rl s = 0alils — 05T,

6
:PPU'Y 'ub

1 Au g’ép g’ép
faﬁ = pgyé‘fbaglu + Eg {gap ABu + ng /’Lau}

fblbugaﬁ = Bf#g“ﬁ + gpﬁa,lfﬁp +g“p61f‘fp

1 . ~
fRaB fRaB + E{galb,lf}:ﬁ + gﬁADAT“}

Q)




1 ~ ~
RE = 2 gDy, 0 + 0L (4D, 07 Do — 5 g™ {g R, + PR, )

| o
Ricc(g)® = Eg@bzg +P(g9)(Dg,Dg) — gQRiemann
—J\_f"3(60N +ﬁgl]fl]) = glﬂflou
N1gho, N — N=2g"0,gop + g = g™ T},

Preservacion de las ondas cuanticas

1 - N -
50!/3’ - T(xﬁ = —E(g“’laﬂfﬁ + gma,lT“ - gaﬁa,ﬁ')‘)
gL FP + AL g, PO
w1 2 P
Rep + E{galaﬁ’g{ + 9p20.H} = pag
galaleﬁ Aﬁlalg:}[
1 A2 A2 A1
Oap — Tap = E(gaADBT + 91D F* — gupDiF?)
1 R ~ N
6(10 — S(h) 1 E(ga/Ia)J:O +golalg:a _ gaOaATA)
1
6(10 = 6(fl + = gooaoT“

of*oft
Iau = 5)(’1 FPTEL “nYap

. Of°0FTaFF . af° 9 aF“
U = - - + — -
9yt axt oy @B T gya ax' oy’

g* = l]aZQaO ;'gOOaltgal +g1062ga0 +fKa0 g-vaO

NIH

1 ..
@0 = Egl]aingOO _

A = ;gOOaZQal _l_gLOa gao + K0 _ ga0

(gfl — __gOOai(atghi) + EBh




Bl = 1gl]aZQh0 + gLOaZQhO + K0 — a0
2
1 . .
(;/0 — z]az gOO Olaingjo _fO
Q:fl = 1 Uazgofl fh
Sup = Tap = FAF 1 — ~ gupF T
ap apf = Ja’t pA 4ga,8 Au

5 9P,
2(n—1) H

Rap = FiFpa
VeFap = 0% (01F ap — TfsFun) — 9°MTfeFoup
TH = gaarlua
9 {01005 — 020580 — Tf5 (9aA — 048}
90,0,A5 — 05(9%02A0) + (9p9")NAe — Tip(9aAy — 9,A)
9%*010,A5 = f3(g,9,,0A)
90,7, = g (V;A, +THA,)
Restricciones
Restriccion hamiltoniana
H(g, 1) = R(G) — Ixl3 + (trgr)” — 2p

R=eMR(y) —2(n - DA A— (n — D — 2)770;40,2}
4

5 4(n —1) S
:R(g_) =@ n-2) ((PR(]/) - ? y(p) g_ = (p(ﬂ_z)yu

(n+2)
Ay —kn R + iy (Ik|% — 72+ 2p) -2

. _,(n+2) ,(n+2) 2
ViPi=¢ *Gr- 2)D; {(P (- Z)SDU}_’?—ZQD }’Ual(ptr}'jJ

T = G + nTz‘P_l{‘SjlaW +8,0;0 — ¥*¥;n 0}

,(n+2)

%ij = (p (T) Z)ﬁl] + — gUT
n




~ 1 .. =
Kij =07 R + ﬁgUT' ij = "7y

I 2 1_.
tr, ]} =y R = @n-2gY (ﬁu - Eg” T)

~.. n—1 21_ (n+2)
DiRY = ——-2DyU ot + ¢ 1-DJ
n
5 o iian C3n+2) siimme | 1 (3n+2) . q
|R|g = gl'f['g]'KRUR K — 0] n-2) ‘yihyjKRUR K +ET2 = 7 n-2) |R|y +ET2
A, —K,R n-2) || — —— -2 -t = n—2
vy — kR + Ky 18], — =4 9T+ 5y PP
H=200—f(p)
Restriccion de momentum
M(g,x) = VQk — Vtrk — 5
Mi=D;RY — '
. -1 _2n_ _. pn+2)
F = T(p(ﬂ—z)yuaj‘[ + J‘¢ n-2)
2 &31%2) p 2 (n+2)
f((P) = Rn:R(y) - R11|~%|y(p (n-2) + W‘[Z(p(n_z)
3n+2 n —-6+7 n+2
fl@)=rp—ap 172 —qip 172 = qpp 172 + B2
_ -2 _ ~2 » _n—=2
r=&, (32(]/) — |Dl/)|y),0{ =], (|S"t|y + |1T|2),ﬁ =" 2 —qq

a1 = Sy (v €® +2p), 42 = Ky "V T T
qo = 28, V() + po)

UL N O L) I
Jo =2 = Ji + @ =2 J5

. o _ R
Ji = —vY (07 + 7€ %") + (1 + vy i3l )20 (7 + )
o o o\1/2 i~
Jo= 1 +ypaal) i+ p)

(Byconsx) =Dy = §

2 4

' n_o W= i o Al l
Fi = 77_" =2yt + =2 Js + J; — D;UY




Il < 6, I1Fler

J 2
Jf] Xj(Ay,coan_KX) Hy = _jfj {lLy,coan|y+k|X|)2/}.uy
M M
i.J J 2 ij
X](Ayconf)( i)’ uy— XD Dx + Dy —Y )33 X }
=1 (i J j i 2 ij K 2 l
=N (Dx + Dy —EV Dix >®(®i)(j+®j)(i_ﬁyij®l)().“y
M
i 2 i 1
DDy + (1 _E> DD +pjix
i.,J 2 JjaNi l.Jj
D Dix; — 1—5 DD xi +pix Xty
M

ff DUy, = —ff uij(‘cy,conf)()ijﬂy
M M
Restricciones de map
H(g k) = |K|g + (tTgK) R = R(9), |K|g = ] L,tTgK = K’
M (g, k) = Vk — otre, M;(g, k) = Vj;c}' — 0;(trk)
¢' = (h, k) » §¢p = (6H,26M)
SH = 6R — 2@k + 2(tryi)(trz &)
8R = —Agtrzh + divy (divyh) — h@Ricci(g)
divg (divgh) = V'V,
SM; = Vj;cij — 0;(trk) + %K%E)ltrgh - %Kﬂvihﬂ
't = (f.0) o 0™ = (.0 = (05 (£,20, 05 (F.2)
(R10), 9" (f, 20) = ("™ (B 1), (f, 1))

|| re851 .00 + xodi 7. o0)dug = ||| (r83¢ + 220634} g

b (f )Y = —gUAsf +VVIf — RUF — gUT,(x*sck) + Vi (x"c})




(08 = —2f (it — 81k) — 29" + 28/ Tpx"

0 —2Vix 4+ 28/Vyx"
g = (9780 E)f 0
- 0 —2&x" + 28] & x"

WE = range¢’ + kerp'*
Wgo =€, + C,,C, = kerd', €, :=rangedp’™

Einstein (g) = 6(g)

501 [[| 2855580 0®ndig
M

Conservacion de Taub

d? _ ey A, (e dp
@) = /6 555 + "W (55 35)

Criterio de Fisher—-Marsden
SH = —Agtrzh + V'V h;; — RUR; — ZK{JC]-" + 2(tre) (tr¥) = fy
—g .J 1 l 1 jlg
OM; = Vjk; — 9;(trr) + E;cialtrgh —ZkK Vihj, = f;

hij = ﬁﬂg_ij,lci] = E{—)UCL-] + (Lconf,g)()Z}

SH (1 1) AzA— 2 (1 R—| |2) fi
=—— gt — —J T K =
n 7 ’7 0
1 2 i J
(ﬁ_ 1) (852 = Alcl?) = 15 (Leons,gX); = fo
63; = (BgconsX) = Vi(Leons.g2); = fi
U = piyi 4 Dyt — Zyiip yx
(Ly,confy) =D + DIyt - EY Dy

Ay,confy = 3)®(Ly,conf}’) =g
Dy confZ = DR(Ly confZ) = —DRU

_,(n+2)

Gl = 1) (n-2) [(L]/,Conf)()ij + ul}] + %g—ij-[




Ay,coan =g

n—1 21 (n+2)
X = —DRU + T(p(n—Z)aT + ¢ -2

,(n+2) 4
1) HOE % = <71 +30(p(n 2)

B ,(+2)
ui=g 262 Yl

L. —4 L.
(Lyljconf)()l] = H(U—Z)(Ly,conf)()u
[:y,conf)( = ﬁ_lLy,coan
(Zy,conf)()j = Di([:y,conf)()ij

—(F b i)
Y= (Ly,conf)() +uv
.. (n+2) ..
~ ij 25~ ij
([’y’,conf)() =6 =2 (Ly,conf)()
-1 n 4
= (3, conf?() +DUY — {T‘P(" DyUor + Jy + Jop - 2)}

v = (‘Ey,conf)()ij + uij

,(n1+2) 2n

KU = (f:y',confx)ij F WU WY = 90U, § = 912

iy _,n+2) L i 3
&7 = ¢ D {F Ly conpx)” + 1Y}

1_ — \ij N = —
&1 = N1 (397 + (£59)”) . (£s9)” = VB + VP!

. | _ .
Ti= g &Y = —EN‘l(at log(det g) + 2V;5")

1 iy
&) =N {(LgconsB)” + (det §)/13,(3" (det 3)~ /M)

_,(n+2)

1 _
EN"l(detg)"l/nat(g‘U(detg‘)—l/ﬂ) A CEAN 0}

9,(g" (det §)~1/1) = 2V (dety) /1t

. ~.. 1 ..
g =exp(A)y,]Y = exp(41)KY + EQ_UT

o 1
V&Y = exp(4)DRY + 5 g0




. . ~.. 1 .
VIRY — gUo,t = exp(41)D;RY — EV” exp(—22)0;t
Tensor de energia

— i 1 Au
Taﬁ’ = %a%ﬁy - Zgaﬁ$ %Au
J'= NI = NI,

77

G = N1 = o126, §y = Ty

—2(n+2)~_ .
=¢ 172 F,F

i

(_Eiyixng

e

= _ Ar—24 1 - o= =i 1_ij_
P=EN"Ty = EN SoiSo +ch§ Bij
N0 = N 71,6 = 072y €

o 2m+1)
N2F0iTh =@ 172 y,;CC

8
T =@ 12y My e

Va g = aa%g - “’go??% + wgﬁgg

V&% = NVE

V.G = -0;(y/detg g7 9,€") = - V@'

detg

T

5i:1ﬁij§, =1 —o[UKE . = 0!
2 JjK 2§0 n ]K—§0

1
p =594 (CC +9'8) = 0™%
5=l (GE + 5%
p=5v;(CC +5'%)
L ijaTaT TN = . 1A
P=§(7T +370:4p0;) + V), T = N gy

I _=2n_ o
T=N"10yp = -2, 7t := N 195

4n -4

p= ; <<pn 2| |% + =2y 0,10 1!)) +VW)

B L _,n+2) _,(n+2)
Jt=-N"1g"0pogp = - 202 DyUoppft = RCED) 2) gt




Tensor de materia
Tap = (1 + Olatip + £FGap

N2(a%?% - gt
p= W)@+ p) - pJ =N+ p)ip
N2(%)? —yyatp/

2
it = @2t

1
N =N = (yyd'e) +1)?
2
Ji= N+ Pt = ¢ 7EN AR (7 + )

—2(n+1) -2(n+1)
A=¢ 172 Gp=¢ 172 B,J —(V,##’+1)2u(u+so)

—-2(n+1) —-2(n+1)

p=¢ 172 [(#+80)(N#0) - ]Ew =2 p

AN (det§)'/? = AN (dety)/?

Restricciones CF

D‘2=90f+2>1>‘2
[DY[, = D%,

(n+2)
By = RyRWp = 60-D{4, 19"} = &) R(y )’

(n+2)
Ayp—rp= B(U‘Z){Ayr(p' — r’(p'}

. ,(n+2)
DR =0 2= 9D, RY

-8
qz = 0172q;

= &, (& &+ (#)?)=00-Dq




qi = B(W—Z)ql
g 4
y'Yo,r = 00-2yYUo;r
~ _@m+2)
5'(R.9) =0 @-2%(8 9)

Hegr N\ — _28;_% i(&
MY (K, 9)=0 MUK, )

Ecuacion de Lichnerowicz

WEAyw—f(w)Eﬂp—zagqog
I
n—2

r=% [R0) - [P35 = 10—

ST = R P g om#2
zaaw” =8y {(|~‘"‘|y+ 72) @ -2 —[ A<D <p"‘2}

I

e (85 Vo l} + RGP uy

(111, 9291,)”
(] 65, = [[[ 7750

M(REHV‘P'? + ROy = ﬂf (87 1V0I2 + RG9?) 1y
M M

Jyq(@) =

ff (5511012 + Ry = — ff ROI04y| = IR jaria 19212
M M
= Inf
p ooz Iy (@)

Ecuacion de Yamabe

R;lAygom'q - :R(y)(l’m,q + quo‘rzrgq_l

r=%&, [R(y) - |D1/3|f/]




[ye (8711901 + [RG) = DB ] 02} 1y
Jy(@) = m-2)

(052, "

N AR S
|Dy|, = yYoupopp = 072y oppopp = 07-2|Dy|
A2, (9105 = 7(937Y)(@193") = = (9103721 (1)

3 3
2 _ -2 -2 P
(o) = -, T V{By 01 — oW} =0, T Y age;?

Az, (@107 — 1) — H(p197* — 1}
2

(n+2) —1\—
1=a (p?g(p_(:;—z)# [ = (1077
T PR gt -1
—3n+2 -1 n+2
=)

Ay —To+ap 172 +qpi=2— Bol

4

y' =612y
_n+z
r(y')=0 U‘Z(—Aye + r(y)@)
A — 40 =—(a+q)

_n+2
r(y") =0 1 2[—£0 +r(y)0 + a + q]

+

ﬁl(pln_

=
N

_n+2 (3042 it/
0 120,0" —[-£O+T(Y)0+a+qle' +ta'p 172 +q'p'M2 -

N

N

,—311+2 /B +
[-#0 +r(Y)0 —a—qly +a'y 172 +q'y"m"2 = p'y'n"

=

N

—3n+2 n_
m > Max {Supe n-2 ,SquW—Z,SupAH‘l}

—3n42

_n
0<?< Min {Inf@ n-2 ,lnfen—Z,lnf/w-l}

! Wg T

—3n+2
f) =y 172 h(y)

4n 4(m-1

h(y) =ByT 2 +ry 172 —a




4n 4(n-1)
h)=pen24+rL 12 —a<0

An 4(n-1)
Am)=pmn-2+rm 172 —a =0

2((71 1)) Supa Infa
n-2 < oM
Max 1If(ﬂ+ S ,0< ¥, < Max 1S (B+r)
i =Dr()
-2 =
-]
h(yMax) —_[ |,3|’7 1 —a
n((m—D2BI" ta < rM)
[Supzl()()] < Infz,(x)
M_ M_
Sistema de restricciones
An ,(n+2)

g1 1
Gij = 0T 2y, & = ¢ @D [(Ly,confx)”+ulf]+ﬁgllr

¢: (Xt]/) = ¢(Xi]/) = (}[(XIY)'M(XIY))'X = (]/,T,u,ll_],ﬁ', q1,92, %:(71':70):)’ = (QO:X)

_ —37+2 n 6-1 n—2 1+l
Hxy) =00 -1, Yo +a(U,f,x)e 172 +q10 "2+ g0 172 — (qO v T2<p"‘2)

-1 ,(n+2)
- Tgo(’? Z)O‘T +Ji + Jho =2 — D, BY

=8 n{yem’}0,=8,n{p>0}
B, = (wf@wf’@(2®wf)®w®w®1®w®l®w)
8, =wf (X)(‘owf)

8by: (61,87) > 8, (8%, 8Y) = (83, (8, 8¥), My, (6%, 67))

Sy 8y = 8¢, (8y) = ((my(ay), (wy((sy))




SH,(8y) = A, 09

3n—2 -2 q 20-) -y A p42, . A
_ n-2 n—2 -2, 1 = n-2
{r+n_2a<p t e T 00 T 5 (B)em 80
—3n+2
+a,p 172 5y

i (2(n—1) n*¥2 . 2(n+2) nts .
6,7\/[)”,(6)() = (Ay,confSX)l — (T(pn_zal‘[ + T’IT(pn_ Jé 5§0

i

(Ag,confSX) =Y
A8 {_+3n—2_+ N g +2715 +n+2_}6 +a, sy =
L U AT LL n—zﬁ ptaby=vy

nop—loa+ 217D o p t ot Sl s aey =
509 at— =g Wt 3% n—zﬁ p+aby=y

Soluciones euclideas

1/$

1
lilhye, =4 D" [[[1omatoc1 + a2z

0smss

z : 1
lullgm = sup (|64’#|(1 + dZ)f(BH’))
k M

osmss

Dj(LX)ij = (Ay,coan)i = %i(go)

-1 2n m+2) ,
P12y 0T + @ =2 J5 + Ji

F(p) = Djuij + 1
Solucién de Lichnerowicz

HOue) =80 — f(t0)

—3n+2 _n 6—1 n+2
fe)=re—ap 172 —qu¢ 172 — g, 172+ B2

|| s+ v
M

Ay =1, P
Ayp—rl, Pu=ry,P)

A, @ — Sr(y, P

Ayp— Kr(y, P)u = Kry, )




”(plz’ ||Lq(93zm) < Cinfg,@p

Infren s20 ff (D717 + SR 2ty |\ W
M

IDfI? = |DO|?¢? + pDP@D(6?) + 62Dy

J ﬂ PDP®D(0%)p, = f ﬂ —0?D(pDe)u,
M M

fﬂ POODDEny = fﬂ —6D (b, ¢ +1D01%) uy
M M

ﬂ |®<p|2uy=ﬂf{|®9|2 2= 0200 0},

[[J rori + aorian,
M

[[[ st + 10 sy
M

—3n+2 n n+2
Ay —ro+ap 172 +qp 172 = Ben2

—3n+2 n n+2

Dy +ap 172 +q@ 172 — fon2

—3n+2 _n
Ayo+ap 172 +qp 172

Ayﬂ+ =—(a+q)

—3n+2 n
Aoy =—(a+q) < - <a<p+""2 + q<p+"_2>

+

Ay — Bon~

o
N

N

Ay — £Bpn—2




—3n+2 n+

Ay —rp+ap 172 — Bon =

Inf > 0, Inf >max41, su
Xth()() XeMYz(X) { X@gh(}()}

_n_ n-1
fr @) = =BOOYT=2 = QY172 + aQ)(fy, €9 fy (m))
{= min{l,){iél]‘f/[yl(x)},m = max{l,xig]‘f/[yz()()}

—3n+2 n n+2
Dyp—rptap 172 +qe 17— Bon=?

—3n+2 __n n+2
-2 -2 -2
Aypn = —Tpy-1 +ap, 1" +q0, "7 = Boy )

n+2
”“n”wso < G {cﬂ +R(1+ M) + B+ M- z}

Estandar de Schauder

12 < €(DRIN o ) + 1V 200)

2
IV ez 0y = ﬂfp(NZ + V2N [2)dy, < csﬂfp(“mzwn + N'?) dug
Q Q
Restriccion de Schwarzschild

m 4
ISchwarzschild = (1 + m) 6ij

Singularidades en espacios cuénticos relativistas
Cuestiones preliminares
+00

dg! ac/ 2
o= (- ()00

t1

, dG! dc/
o) or) o

UV u? = p*out + wl, uu”

dtijo 0 Ayt .dt\ 0
a A="I__pi_—~ \,2 i\ A
HE0alt” = g [(61: a;ﬁ)” ]+<ds th ds)f))(i

_dutd (dt

dt i
= ) (woo + 200;v" + w)v'v’)

ds




t
log y(( ) J.(‘Uoo + 2wdvt + w? v l)de
® _ [
t . .
log AT fN‘l(—aoN — 20NVt + Kvtv7 )dt
y(&1) ;
y(©)

log

< 2log Nzt + Ny f(lVngt]\fM+|K|gtNM)dt
t1

y(t) —

1
}cl]vv _?Uv v1+n‘rglvv <% vvf

log f]\f 10V + 20, N — k;jv'v/)dt

z(t) = z(ty) exp fN‘l(aoN +20; vt — rcijvivj)dt

to

t
z(t) = z(to)%exp f(N‘laiNvi — Kgjvivl)dt

|V R Vv < VIV ||V ]y < VIV fIVJV”Ig— dt=c

to

3(t) < z(tg) ———~ (exp c) exp[—k(t — to)]

Nog
N (to)
|P /| < 1Pl < V2P,

Singularidad de Hawking—Penrose.

dyx®
Qop = Valig — Vgl
WiValp = 1V Vaug + 1 Ryapy i
HVaVallg = WV Vol T B Rpapgy
WAV aig = —VouVoug + u*Rycp, 1"

130 = utVi{Vang — Vaua}

1VQep = =Vl Vapg + VourVang = (Vang — Vau) Ve + Vou (Ve — Viug)




1V Q0p = Vot Qg + Vput

dn' (d
WAVaRE = ot = iy Lo

mo)

A
De = KVahiy) = h(Ven!

1 d(detA) d(logdetA)
detA ds B ds

= traceB

0 = Vou® = wiy = wly = V' = trB
Al = Alw

53,1

dw’
‘f”(h h)— fz< ij dS)
Tensores espaciales
— 1 A a
Vallg = Wap + 0gp + Een'aﬁ’ - (.u Vau )HB
1
Wap = Engng{vpua — Vot }
1 pP_o
Oap = E”a”ﬁ {Vp#a pﬂa} 97'[0:,8
1 ) )
Wap =5 {Vaktp = Vgt + (1" Vakta)utp — (4" Varg)ua}
1 1
Oap = 5{Vaktp = Vpta + (1 Vau" g + (W' V0P Jua} =  Oap
1
Wap = 5 {Vatp — Vgha}

1 1
9ap =5 (Vattp = Vgha} = 6Tap
Derivacion geodésica
(U*Vo P — RO uP)
(UAu*VaV 1P — p VOV uP — ROtV V)

prpaV P — AV P — ot (VaV)LHB + R4 u”)

ROV Vauf = —n* Vo ut VP = —pov,ntvuf




WAV V0B = ROt REE

D?
2 — — 1 B
Veahf = Do hP = n*pturRiY

Ecuacion de Raychauduri

de A A a A,y
s = W8 = =V Vau® — Rayutu
do 62 ap ap y
E-—;—aaﬁa + wapw® 73/1;/##
deo 1 .d6 1
— < ——0%—>-62
ds n 'ds 7
i
5(8) < 5(8,) + f 48 < 8 = 8y + -
A o 0
Espacio — tiempo cuantico Eddington—Finkelstein
¥ a
(Vuv)" = ne(Vyv)
(Vuv) = u'Viul = (0,07 +T, ") v

K v) = 0 (V)" = —N(V,0)° = —NuiVp® = —Npiwdo*

K () = g(£*, V) = 4 (Vuv)a, K (wv) = G(Vuv)a
Rap = 9(Ve ep.¢%) = g(ep, Ve, £7) = Vat)
x*t = hPV L T = WPVt

1
h=g+n®n—-v@v=g+ E({“'@{" + £~ ®%%)

hoP = g% + nnf —vayh = goh —%({’ﬁﬂf + {"f{’f)
xt =g Vo th = V8
xt = —trgK + K, v) + tr, &
9PV th = (g% +nnf —vvE)Vo(ng + vp)

(9% +n*nP)Vonp = —tr;xK

v“vﬁvanﬁ = —v"vjfiij




(9% + %P —vavP)V, v = AT v = try &
X @) = —trgK + K(v,v) + tr, &
Espacio — tiempo cuéntico de Schwarzschild (métrica)
ds? = —(1 =2mr Ydt? + (1 — 2mr~Y)"'dr? + r?(sin? 0 d¢p? + d6?)

Singularidad en agujeros negros cuanticos.

= u* (06
a0l L
k) =a+ 540 (5p)

Ao
m2 |

Espacio — tiempo cuantico simétrico
g =—gZ+1r%(dh? + sin? 6 dgp?)
gs = —e?Vdu? — 2e¥*dudr

gz =—(e¥du + e}‘dr)2 + e2Adr?

1
Sap = Rap = 5 JapR = 8nTyp = 8m0,pOpd

0 o 1

0
Pt o— oA S eV L _ oA

at = ou 2% or
1
ot = Ee"du +etdr,0” = e¥dy,0° = df,0* = sin6 d¢
g =-20%0"+r%(d6? + sin” 6 dg?)

S__=R__= 1{ 200D _— oA += 1 -22 (Q + 6_1/)}
r

or 2 dr Or
24 91 dv
Ot =Ry = 2_<6r ar)
_ B e 2 90 v 1
04 =Raz = Ray = r (6r 6r> * r2(1—e~24)

?(v+ 1 0° 0 oA\ /1 ov
By = by =R, = —- 00 IV FD {_v+(_v__)(_+_)}

ouor or? \or or or




1
T33 = T4 = —Eg“ﬁ’aa(j)aﬁgb

0X__ ov 1
Zaﬁ’ = 5015 - 87[7'0‘57 +2 (E + ;) X

o +2) _ o (6¢)2 i(re”"l 1 v+/1)

or or) or re

limv=0,limA=0
r=00 r=00

v+)l=—4rrﬂ]r(—) dr
ar
e
T
ev—lzlfff eVt idr
r
0

6(T¢) o= ev+/1
or

h =

flum) ==% ff f(u, p)dp
0

_ 1
¢=ha= expi—él-nff ;(h - h)zdr},e"—/1 =a
T

1 ~ _
Dh=;(a+a)(h—h)

Masa de Bondi
m(u, 1) > (1-e2Y) = 5 1 "

om a —\2
5 = ZnE(h—h)

mur) = 2n [[[ 5 (= 7))
0

Tz —\2
Dm = —4n—(Dh)

lim m(0,71) = M,




llm m(u,r) = M (u) dM(#)

dhy(r)

7ol = 1nfsup{[1+ ] |h0(r)|+[1+_] ‘

}

M, = lim M (u)
ul—)w

V1) > G(u,ry) =1 —

M(u) > 2{1 3 ZMl}

To To
. 1( 2Mm
fff evinrody > 5{1 - 1} (2 — 1)
0
H1

Dh = %(a+ a)(h— 1), Dm = —%rz [oA) ,m = Z(1 —E)

;r(}fff (h—n)r~tdr

X(O'rl)

Dh = %,Dm = —ma~1&? J(ﬂ g(O,r)dr

uy x(uqmy)

ﬂf (g, m)dr + = ﬂfa(u,o)du+2nfff M —drdy

1 _ _
Dehe = Z(T T 6) (ae + ae)(he - he)
fur) = —fff Fo Guprdp TS S
a. = exp {—41r ﬂf #(he — ﬁe)zdr}
1 B —
Dehe = 20r + €) (ae - ae)(he + he)
. g 1_0
«“ou 2%or

1+e€ .
me == (1——)

2




Oume =~ g4 = fffae(h +h) T

xe(0,11) U1 xe(tyre)

I o= s amoaosan [ [ s

Je = —acqedu® — 2a.dudr + (r + €)*(d0? + sin® 0)
To
a&?
fﬂ E(Ilbr)d?‘

0

u
M) = M(0) - nﬂf E2(v)du

0

My = lim lim - r(l—e‘u(‘”)) = anlm fﬂ. (h h) (w, p)dp

I.lOOTOO

9o = —Q*dudv
Singularidades en cosmologia cuantica
9i;(t, ) = a?€i4; + p*mym; + c*nin;
|dt| = aBcdt
ds? = —(ﬁ\/gdr)z + gijo'w’

da
gy = ) e wEny

a=1

1 asymp asymp
UM (B,m) = 7 6*Frmg +Be” " + B

2

d ) d
(SBTL'T[B:ETICZK—m Zﬂ'a
a=1 a=1
d d z
GapB B = ) (B = D
a=1 a=1

d-1
1 _ a+l_pa
QBagsymp — 5 Z 2(B B )(51;(0)“%‘(104511

a=1

drdu




1
B =5 e raa-alb (Soyaa)

1
0ufiy = 36 n(”,ocn)

0
T B, (8™ (Bw: B Nw)

+ 85" (Boy: Bioy; R0y Iy R0)) H0: RG] 0:Boyer)
O CORIOR O EORIOD)

asymp
92" ((0y0x(00(0))

Espacio — tiempo cuantico AVTD
Ot — AQO = e~ e f(t, x, 1, Dylt)
(6 mDyn) = folt 1) + f1(t, X, WDyt
Sup,em|ot A@|o% < 3

G=e20®g 4 e20(dh + a)?, g = (g)gaﬁd)(ad)(ﬁ
1
G = 2(d¢)2 + Ee“”’(da))ze‘“”@g’
_1 —4¢ p)
ap = e Napard”*w
1
. ((3)Va6;;¢ N 56‘4¢6aw63w) — 9% (V4050 — 49,0050) <g“3|(3)lval|6,;¢>
1
(3)Ra’ﬁ = aa¢®aﬁ¢ = 26a¢®6ﬁ¢ + 58_4},605(1)6!;(1)
Dg = —92dt? + gopdx“dxP(e*|oag)
1 1
%uﬁ = —ﬁargaﬁ = —E(O'aﬁar)l. + araa[;)
1
T:i= g“ﬁﬁuﬁ =—¢ 4 (ar)l + El/))
¢ = a“ﬁa,aaﬁ

1
®rey =T5(g) = T5p(0) + 5 (85042 + 850p2 — 04043042

s = 8,2, Fr, = 8,2, 1 = 0 et A




3 _ 3
( )Fgﬁ = ¢ Aﬁaﬁ’( )Ffo = _elﬁg

1
©get I, = - ye 2

1
Co =2 = —E{R(g) - RQK + 12 — e 0,0Q0,¢ — g*P0,9@0p ¢}

Co = e85 = —{VpRE — 0,7 + e 10,005}

N (ORE - pf) = —0.80 + N1&R] - VPO, + NRE - N0,0@0P ¢

0td = @1, 0t = by, atacaﬁ = ﬁcataaﬁ

0,0%F = 2e?*&%F + 5*F 9,7

Gup = Gap Jap = €*Gap P = 0,Jup = € *Gapdifap = e*Gapdih
~ 1 A~ 1 - A ~ PN
Raﬁ = —E&a‘gatl,ﬁg = —Ee"lé‘gat)t,f =K = —e_/latll

-22

e . - 1
~2 _ ~2 — s
3 @] @), =¢ 2vt

—ROR + 2 — 27229 $p®0,p =
g% = Gap + e‘gﬂfugﬁ

. 1
& = e (51765 + e‘ekfuf,a)'f =g =e (’7 T et E’p)

_

=0+ e Ty =P — Eﬁt +e % uy
0: = Pr, 0: g = 0q Py, a‘ro'caﬁ = vca‘ro'aﬁ

1 -1
r = —Eﬁ + €_£¢Tﬂ¢r, Go = 0,0 — Etaaﬁ + e’ed’afy%

af — _—& 7,aB
o, =e @ Ky

aTﬂgﬁ _ Eaﬂgﬁ = ¢ (s,,+£,c)fo.ac#ﬁ

K,C

arﬂzlﬁc - ga’llz'ﬁc = e(£”’+ga) ’ﬁcﬂzﬁ




1
a‘r“f,a - gmug,a - EUSgHiCc,c = e_gkr,u;c;,c.uf,a + e/H-SKTC&g (T; XU, .u)()

Ocliff o — Ecliifq — D g = e75KTUE i, + e ETFE(T, x, 1, Dypt)

OFul oy — Xl = e s Uyl | + e G (1, 1 1y)

O, — Ep Hp = e(eor=a) g 4 o (e D
Orpt — Ap = e HTf (T, X, 11, Dypit)
0:(pa — 0aP) = 0qpr — 0,0
b — 0o = e~ 0a iy, — e (Oaitg — £glp)
_ l{dwz + dyz} 0"

> 2 =ye?®?w" =2y W'y, v +y tw'y,® =B +Acosh,P = Asine,w

cos @

= 0’ — @sin@,tg— = Oe i@t
sin8 @smb.tg5 ¢

~ -1 .
p=0¢ +§log(sin9),&) =& +e?*®coso
@ + e2® = constant
Restricciones

- 1
Co =350 = —E{R(g) - K®K + 12 — e~ 12|08, 41}

Cq = *35 = — {VpR1 — 047 + 420,40, 0}
Espacios cuanticos no estacionarios y agujeros negros cuanticos
Cuestiones preliminares
G=—Y*dt+a)’+g
a = ady',g = gijdx'dy’

t'=t+f

g = —2dt"* + g;;dxtdy’

ntgt® = g° = gpdx®dx?

0 =dy™+A,dy*




0
aym

§

em

A- A+ hldh

f = dA, faﬁ = VaAﬁ - VﬁAa

62})’ = _fa[i’
@ge = Tge
1 1
Omm = 0, gy = E‘p_laa(p; Omm = Ega'gaﬁ’(p

&)

1 1
ap = =5 fap Omp = Opm =~ 5 fgm

fo:;l? = fa[)"fa[)’,m = ¢faﬁ

Tensor de curvatura

~ 1 1 1
RE = Relf + 5 [fimf 08+ 3 ke f g — 3 Foafe

jégrrr;l = Vc&)\gim - &)\gnd&’\gm
sam — _ 1 a Lo ca L s-1ga
R = —5 VeV +me,dfm,,,- —2¢ 0“¢pD ¢
~am — 1 1 ap m 1 a -1
Red' =5 Viepmare + 59 0pdfea + 7 fmlc "¢ a1
2 2 4

Rag =R L e L “1v,0 +1 20,00
af = *ap zfmb fac 2¢ aB¢ 4¢ a¢ B¢

D

_1 B 1 B -1
am = Evafm,a + me,a ¢ aﬁ¢

) — 1 ap -1 a g a
:Rmm = 4fm,aﬁfm + ¢ 60_,(]56 ¢ zvav ¢
1 g 1y _ 1 5,2 1
Roam = _1Vﬁ (fm,a ¢2> = EVB (fa IPZ),IIJ = ¢2
242

~ 1
Rmm = Z¢4fuﬁfﬁa - l/JVaaal/J

Espacio — tiempo cuéntico en sentido estricto

g = —zpz(dt + aid)(i)z + gijd)(id)(j
R 2

Rij+ = fi "fin — YTV = pyj

:Rij =




~ 1 .
Rip = —ﬁvj(fi TP3) = pio

A+ AP = poo

B

Rio

g =—y*dt* + g;;dx‘dy’
Rij = Ryj — ™ 'V059 = py
Rio =0 = py;

P IRy = Agp =P~ pog

- 1.
vi(a@'fiv?) =S f

[[f s wonmon, = [[[ w55 o,
98By, %

g = —?dt® - 2pa;dytdt + (gi; — aja;)dxtdy), &0 = —9%, & = —ayp
; 1 . ;
dé = 2yo;pdyt Adt — El,bfijd)(‘ Ady’
m 1 t 1
v=1-T4o () ow =540 ()
oy
® dél, =y

Ricci(§) (€, €) = M

d® dé|ay = 4R gowyr = 4Ricci(§,8)wyy

ﬂf DAgPwar = limy, e ﬂf n‘opriwg:
M

62@{r}

Ecuacion de divergencia.
i = 1 ifgig3 1 3c)fi
pa'Rio = V(@' f/¥?) + 7931
t — pt — —-1yi 1 j 3
.‘thfktz—lp \% 611/1+§(a f]llp )

a’ivj(fijll’3) = Vj(aifing) —f%jll)3vjai

00 = dt + a;dyt, 0' = dyt




RE= RS+ oy R

Ry = -2 R0, Rh = gijﬁoj
Rt = 12]’1’ -1 1—1iV1'3
f= -V T A+ ST ()
Rt = -1JA 1V if)y3
E= -0 80w + 5T (@ 9?)
Solitones cuanticos
ff I/J_lpooligvj(ﬁ']l/)g)
M

4

1 . 2
Agy = —Z¢3fi]fjl: Rij =~V 0; — fz "fin

ﬂ-f a"fl-jl/JSleliaﬂsp = _U %lpsfijfji#p
0%, B,

Masa de Komar y masa ADM

—_

dé = —(V’lf" — v“f’l) dy* A dy*

N

® d€ = figpa YV EHdx® AdxP

Mgkomar = llmrn—»oo ff ® d¢

62®{r}
d ® d& = figpa,V, VAE#dx® NdxP

®d®dé= ﬁpyaﬁﬁaﬁ’ll‘vyﬂfﬁd}(" = 4(Vyvpfy - vayfy)d)(p = 4R, dxP

Mgomar = %JJJ@ 23

1
mKomarzg'U‘ d®dé
M

mmm:re(g) = _hm fff (a]gl] — 0,9 ])mr Ws2
52Q{r}




Mypm(y) = — lim jﬂ Sim' X rtwse

16T r-c
52Q({r}

9 =v"2G,0i9ns = V" 2(0:Gns — 2Gnp " 01))

a¢_0(1) gU—6U+O(1>

Mapm(9) = Mupm(g) — lim J.ﬂ (0 — 30p)n'r* wsz = myom(9)
§2@(r}

= Mypom(§) + 21im ﬂf dm'riws?
§2@{r}

m(g)QISDSR = m‘lISDﬂﬁ(g) + Myomar

Tensor de Landau—L.ifshitz
limTHoo fff tijrli)(jrza)é'z
52@{r}
61']' + tl] = (dety)_lakhijl‘
piik — ah[dety (yijyla{’ _ yjlayi{’)]

04,0;hU* = ﬂf x'0,0;,R T dy dy?dy® llm -Uf Sim'xiriws?
52@{r}

ff 0y h Tt dytdy?dy® lim fff (07y:j — 0y )nir? wge
52®(r)

Solitones cuanticos electrovac
Fio = 0iA¢
VaFe = —p IV (P10;A0) = —E(BgAg — P00 A0 ) (Vi Y |V;FY)
AV = V(A7) - (Vis)TY, Vi(A8Y) = 5 8
Férmula Kaluza — Klein

9= g5+ Gmn(dx™ + Ag dy*)(dx™ + Ag dx?)

95 = Gapdx®dxP, ¢ = Gy (dx™ + AR dx®)(dx™ + AR dx*)




¢ = —N?2dt? + 2adtdp + f?d¢p?

Meétrica de Kerr

—_ 2
1-= ddt + ——"——d¢

A <dr2 N d92> ( Zmr) i 4mar sin? 6 2ma? sin* 6
Ine = A\ o - - —_—
B

A=1?4+a%cos?0,B=r>-2mr+a?

gy =g 4 LT

v= B

dd = do + —d
= ¢ 231'

2mry , P 5 sin?
gng(l—T)dv + 2drdv + Ad6 +Ksm 0d¢- + 4amr a

0
dvd® + 2asin? 8 drd¢
22 = (r? + a?)? — Ba?sin? 6
x=0?+a®>)?sin¢gsind,y = (r?> + a?)? cos¢p sin@,z = r cos 0

Horizonte de eventos

2mr>
A

ry =m++m? —a?

Tstat =M+ m? — a? cos? 6 > Ty
Proceso de Penrose

Zmr)

44 ﬁE— 1——
JapX X ( A

Solucién de Majumdar—Papapetrou

~

N

g = —p2de? + p2(dy? + dy? + dz?), A = plde = 1 +Z a
i=1

X —Q
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Cinética cuantica relativista
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Supersimetria de Yang — Mills, supermembranas y multidimensiones.
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Modelo de Cuantizacion de Dirac para campos cuanticos relativistas.
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CONCLUSIONES.
En mérito a la formalizacién matematica contenida en el apartado de Resultados y Discusion, queda
demostrado lo que sigue:
1. Que, los espacios cuanticos, son susceptibles de deformacién o perforacion, a propdésito de la
interaccion de las particulas y antiparticulas que les sean congénitas.

2. Que, un campo cuéntico, es susceptible de deformacion geométrica, es decir, padece de curvatura,

cuando una particula o antiparticula, a propdsito de su masa superior, modifica espacialmente su

posicion, repercutiendo en sus perimetros aproximados.




3. Que, un campo cuantico, es susceptible de deformacion geométrica, es decir, padece de curvatura,
cuando una particula o antiparticula, se aproxima, alcanza o supera la velocidad de la luz, lo que explica
ademas la brecha de masa que no es arbitraria y es habitualmente superior a cero.

4. Que, un campo cuantico, es susceptible de perforacion, es decir, adherido a la existencia de
microagujeros cuanticos, cuando una particula o antiparticula, a propésito de su masa superlativa,
modifica espacialmente su posicién, repercutiendo en sus perimetros aproximados.

5. Las particulas y antiparticulas mencionadas en el numeral 2, se denominan particulas masivas o
antiparticulas masivas, segun sea el caso, es decir, aquellas que, por su interaccién temporal — espacial,
deforman geométricamente el espacio cuantico en el que interact(ian, provocando la curvatura en sentido
estricto.

6. Las particulas y antiparticulas mencionadas en el numeral 3, se denominan hiperparticulas,
indistintamente si se trata de una particula o una antiparticula, esto, cuando pese a no tener masa, se
aproximan, alcanzan o superan la velocidad de la luz. Considérese también en este escenario, la
existencia de supraparticulas, es decir, aquellas que a mas de ser masivas 0 supermasivas, segun sea el
caso, a razon de su masa, son capaces de aproximarse, alcanzar o superar la velocidad de la luz, en cuyo
caso, el surgimiento de microagujeros cuanticos es inevitable.

7. Que, la deformacion de un espacio cuantico o en su defecto, la generacién de agujeros negros
cuénticos, ocurren por la existencia de fendmenos cuanticos propios e inherentes al sistema de particulas
y antiparticulas propuesto, esto es, fenémenos tales como la superposicion, el entrelazamiento o la
colision, lo que, para todos los casos, aplica el puente Einstein — Rosen (Paradoja EPR).

8. En mérito a la deformacién o perforacion de los espacios cuénticos, se supone la existencia de ondas
cuanticas, al igual que las ondas gravitacionales en cuanto a su fenomenologia.

9. La perforacion de un campo cuantico especifico, no solamente supone la existencia de un agujero
negro cuantico, el cual, incluso puede ser supermasivo, sino que, ademas, supone la existencia de
pluridimensiones en las que ocurre un fenémeno de dualidad divergente.
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APENDICE A

Cuestiones secundarias relativas a la teoria cuantica de campos relativistas.
Meétrica de Levi-Civita.
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Campos cuanticos relativistas entropicos.
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Ecuacion de Einstein — Hilbert.
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Morfologia y sistematicidad de una particula o antiparticula relativista en materia oscura.
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Particulas y antiparticulas relativistas - QCD.
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APENDICE B.
1. Campos de Yang - Mills y gravedad cuantica.
1.1. Transformaciones de Gauge.

1.1.1. Campos de Yang - Mills.
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1.1.2. Gravedad cuantica.
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1.2. Transformaciones dinamicas en campos de Yang - Mills y gravedad cuantica.
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1.3. Derivadas funcionales.
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1.5. Métrica de Faddeev-Popov.
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1.6. Campos armonicos de Landau.
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1.13. Gauge independiente.
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1.16. Calculos suplementarios relativos a la teoria de Yang - Mills.
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2. Supersimetria de Yang - Mills.
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4. Mecanismo de Brout-Englert-Higgs para espacios cudnticos relativistas.

4.1. Calculos de simetria en lagrangiano.
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4.2. Transformaciones de Lorentz.
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4.4. Superparticulas. Entiéndase por superparticulas, como aquellas particulas o antiparticulas, segun
sea el caso, cuya masa superior o superlativa o cuya energia (carga) superior o superlativa o cuando pese
a no tener carga ni masa, despliegan una cantidad de movimiento que se aproxima, igual o supera la
velocidad de la luz, las mismas que, al comportar la morfologia y sistematicidad antes referidas,
deforman el espacio — tiempo cuéntico o en su defecto, crean agujeros negros cuanticos. En
consecuencia, el modelo matematico propuesto por este autor, en trabajos anteriores, aplica en sentido
general, a las superparticulas, siguiendo la definicion antes esgrimida. Precisese adicionalmente, que
cuando una superparticula deforma o perfora el espacio — tiempo cuantico, segun sea el caso, desarrolla
una brecha de masa superior a cero.
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5. Modelo de Dirac para espacios cuanticos relativistas.
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6. Modelo de Englert-Brout-Higgs para espacios cuanticos relativistas. Calculos
secundarios en relacion al rompimiento de simetrias de gauge.
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APENDICE C.
1. Campos cuanticos relativistas, supergravedad cuantica y supermembranas.

1.1. Métrica de Green-Schwarz.
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1.3. Regularizaciones.
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1
¢ = _i[PaiXa] +E[6aJ9a]+




pe i
92 = f d?ow [PJGZX‘ +——0,X° +59T629] ~ 0.
w

N
1/2 1/2 m=0
f doe?™mo — 1-(=D™
0 [————— m=*0
2mm

Tr'(AB) = Tr' (BA)
Tr'A = TrPA,P = (’M OM)

0y Oy
1
1 > 8no m=0
T ymyn —
NTrU Vn = s 1—(=1)m »
1 0 - 0
' 0 w - , /N
U= : . : w =e
0 (a)')N‘l

1.4. Algebra de gauge.

0 = /P0+ f 4200
S_Xa = 0, 6_0 = E’

a

P 1
6, X%=€y0,6,0 = +i (—Ya - E{Xa,Xb}yab> €

1
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VTR

Vw
N (e
Q=—7—0"
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1
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= —f d*oVw{X%, X7}
_(V20°
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(@0, =(

ZPJ'.'P(_) \/E?(_) (H + Z(z))
V2PM(F—275) 2PO(H L+ 7))

ig:(—) 0
B <\/§P0+IP(‘) PO(R - Z(z))>
1
il 0 P
\ 0 B m
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= PM[(M? — 2% — 782 [ ¢ + 2(Z%Pg + Z%€ — Py )ya — Z%2 — Z2 — y 404
J d?ovw{xle xP}{x¢, x4}

_( V2P PO 0 >
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1.5. Configuraciones BPS.
X iy =0, Xa|01=1/2 = b6y, 01X% 5120 = 01X%y1y/ = 0
X% ~ X2+ 27R%4, X~ ~ X~ + 27R

a

R N
X2 = ra tt 2nR%n%% + X; + X4(1, 0),

X% =2b8&%at + X%(z,0),

ol=

R o
X = —EHT + 2nRno? + X (z,0)
6 = 95_) +09)(1,0),60 = M) (1,0)

0~ ¢(0) va(Pa>+{)?a pa} i{éT 6}
~ o) = — —p —— ,
Y Vw Vw) 2
. R i A R
0 =~ ¢, = 2m(nm + n%m2) +f dza(PaazXa + E\/WHTGZH)

A
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) 1 A .
- f @0 [(Be W)+ (x4 X} + 200" — 107y {x°, )
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] T
~ b% f dza(Paazxa +§\/W9Taza)

Z
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a
a

a

R _ _
Xe = Ra " + 2nR%n%0?, X% = 2b6f 01,

R
X = —EHT + 2mRno? (mn + n4m%)

) =66 =0
M? —78bzab F 2(Z10PF + Z10¢PY)
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f)i 10 yi 10i
— = +({x0,x1} + 710
== H(nx) £ 2)

0={X, X/} +2zV

A w N
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Xd = 2b5f()0'1,

a
T+ 2mR%n%0? + X%(1,02)

- R%m
f d2oweabediya xbyrxe xd}

a

R N
X = —;lHT + 2nRno? + X~ (1,0%)
eH) =0
6 =68 + 6 (1,02
2 Pe e e Th (-
0~ ¢, = 2m(nm + n%m%) + P do? [ —=0,X2 + =679,
Jw 2
. Rb_ .
0,88 = £—0,%8

60 = Ty, 60

1.6. Métrica de Clifford.
THTY = VI3, + THY

1 Hn = F[#l [‘#n].
ci([rMre = -+
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C~I(TH k)T = (=) 2 THHn
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Egzgd_MF(S)FM'
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1 gkl
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W Ry = 81 ey koh®2 = kght2, e Y
1

1 v P.,o - g, K A K
- €6E_ (kékﬁ_ ke howp = 6 (kEk/T ) huvp
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T =

uvp:

1
6’ = exp (ﬁhﬁzgf‘ﬁzg> 0 =TI(s)0’
0=§T,, 60’
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_ 1 ook 1
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1
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(1 + 2k), T ()6 = (1 — 2k),T?6 + 2ht2T, .0

~ p= p =
BFEESG — kE—BFB!c‘SB — k!—FE(SB = 4hﬁ2£9F259

. 2
01,60 = 4 (1 - §k§k§> (Pugse + Kby + hya,c) OT%68

1.7. Aproximaciones matriciales.
N—-oo 1 _T[_i

Yy (o) = e2mi(A1014420%) " T = o FA1A2pAs A
4(0) —_
2T,
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T
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) _ —i N-oo _(py _ l
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ol=1/2
=R.H.S.
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1.8. Soluciones BPS.
X~ = —Ht 4+ 2nRn,o” + X~ (c%,0%,t)
ma N
X% = ﬁt + 2nRn%" + X%(ot,0%,t)
m*
P%=0,X% = T + P%(cl,0%,t)
Vo = 61(19)Va’Vi — e‘gi)Va
P? =0
pi = i({Xg,X"}+z9i)
0 = {X\ X/} + 7Y
0 = ¢(0) = V4P + {X, P4}

1 R N
0 = @, = mn, + m*n? + Ef d*oP%9,X°

— pt,i c,ci




Pyzt — P§z¢ = j d?cPevixe
- j d2aPe(ViRe — VeR! + {£, %))

- j d2a P ({x4, X1} + 21
X% =PJt + 2nR)o" + &é(ot,0?)
X = PJt+ 2nRlo” + E(R7o™)
ViR — vkt = 0,vi= e{’ve= 2n(R{d, - Rid,)
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. . . vin' - vin/ o
X' = P{t+2nk'R.0" + Vie(c!, 0% 0) + n'(R,07,1)
Xt = Pit + 2nRLo” + Vie(a!, 02, t)
Voe(ot,02) —&(RYa™)
§=0,e=¢(Rlo")
X° = PJt + 2nR7o", X! = Pit + 2mRLo™
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t n
m_ _ .
(Eat FV)n' =0
e(ot,0%) =eD(R.06™) + P (Rla")
§(RPo™) =0
X% =PJt + 2nR)a”
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01 a b\(91\ (a b
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X% =PJt + 2nR%c”

Xt = Pit + 2nkiR'c* + Xi(ol,t)
9. Xt = F2mRJ0, Xt

2. Modelo de Supermembrana de Yang — Mills.

2.1. Célculos preliminares.
150,0:0%log Z| _
, ar+b
T—>T =
101' +d
=5 |Stree + T(U,V)O] - B
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C C Z
C
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a‘l(S, t) = "qSG tree (Sr t)f(S, t)
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0.0zlog Z| =0 = 2(mn)?

02log Z = —(4c + Dlog 1 \/753-1/4 3155-1
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2.2. Series de Eisenstein.
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87'[ k
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nst

m=0
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r P + 1440
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=~ ko 2 (K, (87%k/ g%y)

m=0

164(3
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i<j i<j

4




i 1 8 2z Yia Lz
f dNaS(Z )e g%MZ F(ay) = ’ - j thae o (a;)
i

2.3. Sector de Instantones.

N (a—a-+i)2—m2
Zipn(m, ay) = —m? Z 1_[ )
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IR o | pELCELED
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1 1672 (*® _ 1 87 2K, (812 /g3
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2.4. Diagramas de Young.
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q=k@—qY@+thHﬂq—$+(k+6§:%)@2+¥)
¢ 2
¢ = 8k(p— 2@ +q) ) Ko+ 160 + ) <Z ka>

T 1 16m? [k 8m ] C19%M 3¢, X <k 8n2>
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2.5. Series de Eisenstein. Calculos complementarios.
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4 39\2(M 159§‘?M 6

()= VN [_T ~Toxs72 * 20ago2 T 0(9m)

159%M 105g$M ( 6 )
2\/_ 128m5/2 * 16384m9/2 ™

2859%\ 24675gym
Tt 5 [ + 163847m5/2 52719/2 + O(gSG(M)
N3l 256vm T 2097152

1[ 21 5103g%y 1158885gyy 9
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2.6. Series no holomorficas de Eisenstein.
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BL0) = R s

(OG5 L6 ¢ )4

Bé(p) = (p — 2)(a1p + ap) B (p) = (byp* + b3p® + byp* + byp + by)

Tp-1) Tp-1)
25 9
b0=T,b1=8a0+5,b2=8a1—4a0—5
5 1
b3:—4‘a1_z,b4:_z
{B)P)s BS(p) — 1, 3 ) {B)(P)a
BS(p) = 4p( )r( 1 By (p) = Z(p +9p° + c3p 20p+61)( D
1
a1=—Z o=1,¢ =-25,.c,=10
24 1 4320((3) 201600

_ ¢(5) _3

(1+2)4(/2+7j+16)(iz+7j+54) ,
- =—103680 3), for j > 4,
Ml 23 G — e +6)e ¢@), for j

Vil s =—(77j*G + 7)* + 15452/ + 7)° + 16103642 (j + 7)* + 48199536 (j + 7) + 401725440)
1036800 +2),¢(5)
(I 6)s(j +6)s 8
T, V)= B1 (T)Tl(U V) + B4 (‘[)T“(U V) =+ T1- loop(U V)
c4
F(BE@TOW, V) + BS@THU, V)~ St
c4

,para j > 6

Bl =B}(2)=8
f(s t) =1+ l’ﬁfm(s £) + €3 f1-100p (S, ) + €50 f pags (s, t) + O(£52)

. stu 2m? "
fre(s:t) =22 gseg/z(rs,rs) = |8 @) +5-gt+0(e71%)
5 St 21T 4
Forrt(s,8) = 92Es 2 (T Te) o 211 S(s2 4t uR) = 15| $) + 3595 + 0(e7%) | (s? + 2 +u?)
_ gs"
Er (15, Ts) = T TAL:
(m,n)=(0,0)
=20(2 2\/_ r—1 ( 1/2) 2r—1 _r 1/2 2 -1 2mimnyg
F( )\/—mnio
Bf = 6093/ 53/2(T' 7)
1
d*log Z _ CgYum 3c%

9¢M53/2 (t,7) + 0(c®)

9toTom?| _ ~ 16m*  128V2n’/2

49520, 07, =1(r — 1E,




1
d%log Z V2ct _
0
R = |8clog gym — ng/z(‘f; T) + 0(c”) | + K1(7) + K2(D)
m=0

1 24 1 13583/2(‘[1,‘[2)

Cc(+DG+E) 2 s

)/j = 6]',0 + O(C_Z)
W) gim _ gim _
A - gymVéc +1,4(3) - 5E3/2(1,7),4(5) - £ Es5/2(T, T)
~ léemz _ 6412
P(%,X) = Pyg(X)XAXB,P(%,X) = PAB (X)X, Xp

g1 _ 0 —03 _ iO'Z 0)
0)' CZ‘(a3 0)' C3‘(0 i, .(—iaz 0)
Ce =—i . ,
0 ioy

0
G = (—01 g
=i(8, ) o=i(5, %)
XAX->Yh=X,CBXp X ANX > Y= XAC, X5
YAX > X4 =Y,CBXp Y ANX > X,:=Y,CipXB
XXX Y) = )% aEY' XA 74X X, Y) = 74 RDY' X,
Y = @YY F R Y) = B @Y, P (R, Y) = B @y

Y (X - Xp)ixg, oY

(Xa(xp)?pY1))Zd(x2;Xz,Y2)> = 3 )
X12
A[Y;,Y 1y — Y Yy xt xY.
(H* (X, Y1»Y1’)]'v(5f)2;Y2;Y2’)) = LEAEE 6 12V5)l <6W -2 122 12)
X12 ' X12
o Yooxh xv a(adaﬁ)ﬁ
(Faﬁ(prl)Faﬁ(xz,YZ)): 12412 128[,1 v ’
X12
s S NFro (X1 ‘Xz)z
(P(X1, X1)P (X3, X)) = — 6
12
. Yh? _
(P(%1, X)) P (X, X5)S, (%3, Y3)S, (%4, Ya)) = 2577 [R1p (U, VYL (X, - X5)?
12734

+R;p (U, V) Y3u (X - X2) (X0, X1, Y3, Yad + Ry (U, V){Xp, X1, Y3, YV 32
_ 1 . _ _
{X,X’, Y, YI} — EXAX’BYIY],(CéCC]CA _ CéCCICA)

(52 Gia, 0)S2 G, V)X G Ko YO (R Xa Vo)

. u _af
ix4,0, _
=t .6 [Yia (X3 - X4) (V1234411 + Yi3V2sA12 + V14 Y23A13)
12X34
+{X4,X3_, Y1, Vo3 (YV12YsaeA 4 + VigYouAys + Vi Yo3A46)]
. _af
io,
n
+ —2x162 3?4 (x§4xgl - xﬁxé‘z + x§3xf:1 - xfgxffz - x§4xétl - x%zxfg - 2t'praxmz95,01395012)

[le(X3_' X4)(Y12Y34Az1 + Yi3YoucAop + Y14Y23A53)
X4, X3, Y1, Y23 (Y12Ya0A04 + Yi3YVoucAss + YiaYozeApe)]




(SZ (.7_C)1, Yl)SZ ()_C)Zl YZ)SZ (553' Y3)j# (5544 Y4-' YS))

! <x§4 x§‘4> [(YiaYos — YouYic)YiaYes W
=2 2\ 2 14125 = I24115) 113123 W11
xf2x§‘,‘4 x224 x§4

+(Y14-Y25 - Y24Y15)Y13Y12W12 + (Y14-Y25 - Y24Y15)Y12Y23W13]

1 [xE,
+—— (—22‘* ——é“) [(Y14Y25 — Y24 Yi5) Y13 Yos W)y
X12X34 \X24 X14

+(Y14-Y25 - Y24Y15)Y13Y12W22 + (Y14-Y25 - Y24Y15)Y12Y23W23]

(52(551:Y1)P(5C>2.X2))?d(923,X3,Y3))?ﬁ(9_54»X4'Y4)>
= i ((x2 +x2, — x2,)eP — 4xt Y 60‘3)
) 32 T X4y — X34 23%X240,y
[Y13Y14-(X2 : X3)(X2 : X4-)Bll + {X3FX21 Yll Y4}{X41 XZ! Yll Y3}BIZ

+Y14(X; - X3){Xy, X2, Y1, Ya}Baz + Vi (X - X0) (X3, X5, Y1, Y4 }By4]
+ —_—
x162x364_ B B B
[Y13Y14_(X2 : X3)(Xz_' X4)By1 + {X3,X2,_Y1, Y4}{X4:X%, Y1,Y3}By,

+Y14 (X3 - X3){X4, X5, Y1, Y3} Bos + Vi3(X - X0 ){X3, X5, 11, Yy }Boy]

2 2 2 \oaf uov =ap
((x31 +x3; — x3,)e*F — 4xX13X140,y )

CAICRAACRALIEM STLUCHA)

2 LKLY 2 KUY 2 KLY
_ XiaX53Xa3 + X54X31X41 F X34X15X4

6 .8
X12%X34

0_';?VBY12{(Y1 A Xg), X31 YZI Y4}611

2.10. ldentidades de Ward.

Sa(X)SZ(J?I Y) = )Za(fﬁ)?/\ Yﬁ Y);
5BV P (7 X, Y) = ~ 0B jhE K AR Y) + 20°PORS(E R AR, Y

P EXLY) =70, FEXAXLY) + 20, (X, XAX',Y),
o 1 .. _ _ _
SYXDiP (%, X', Y) = ZevfﬁP(az,X',X AY) + (X - XDEFP(R,Y),

Sacy > v 1, S VLT oAV

§¢(X)P(E X" = Za;j‘ﬁ’alt;(,;(x,x JXAXD,

0 = 8(5252820) = (S28200) + {S2XS2x) + (S2520x) + (525252)) + (525,5,057)
2 2 2
AyS3 (U, V) = Esﬁ(u, V) + (U -0y — aV) S2(U, V) + (5 + (U -1)dy + V6V> S3(U,V)

1 1
yS7(U,V) = _VSEL(UrV) _V(Z —Udy + (1 —U)3,)S;(U, V) — (0y + 3y)S3 (U, V)

S3(U,V) = 82 (2 l) S$,V) = 3 (H 1)
2\ V) =z \yry ) 2\ ST 2\yy

1V 1V
2 _gr2el(2 0 5 —q2c4(_ _

0 = 5(S;S,P ) = (XS2PX) + (SoXPX) + (S2S20x %) + (S5, PP) + (S,S,PF)




1
RipUV) =3 [2UU =V —3)8yS8,,(U,V) + UV(2 — U + 2V)33S, ,(U, V)
+U(U — 2 —2V)838,,(U, V) — (4V2 — 4+ U[1 + U — 5V])3y S, ,(U, V)
—UU —2=-2V)(U+V —1)8,0y8;,(U, V) + 88, ,(U, V)]

1
Rop(UV) =7 [(4V + 20V — 2 = 2V2)8y S, ,(U, V) + UV(V — 1)93S, ,(U, V)
+UL+U—=V)oyS1,(U V) + UV — 1)U 4V — 1)8,0yS,,,(U, V)
+U(V = 1)838,,(U, V)]

1
R3p(U,V) = 3 [UA+U-V)ays,,(U,V) +U?VES,,
+UA(U +V = 1)0y0yS,,(U, V) + U383S, ,(U, V)]

2.11. Amplitudes de Mellin.

S} com (U, V) = 85U, V) = 8L 416 (U, V)
2

, U
SE,disc(U,V)=(1 U2 sz 00 0)

L UV)=(1 0 0 0 0 0)forp> 2

85, com (U, V) = fim (ZscgzUSV r[z——] [p——]

[2+p ] [2+p—E]M‘(st)
‘Szl; (U' V) = Gi(U' V):J;J (U' V) + 3 p, free (U, V) )
iU, V=WV UV U UU-V-1) 1-U-VVy-U-1)

M (s, t) = 0;(U, V) o M,

__ 4—s5\* (4—t\? 4 —uy?
Umv™m o My, (s, t) = My(s —2m,t — Zn)( ) (—) ( )
2 m 2 2-m-n 2 n

myn o _ o2mid4-2m-2n,,2n
Umym o My (s, t) S't—_goo 16S t u“" M, (s, t)
2.12. Expansion supersimétrica usando las representaciones de Mellin-Barnes.
2 2
Vi N (V2
J1 T @ ]p e

sinh? (w)

2
I()—f do a)]p(xa))

L, = 4pf dww
0

“sinh? @

U+v+2s

1 ettt T(=s)I@s+pu+v+1) (% x)
Juy () = 2_fc_ooi T(s+u+DI(s+v+DI(s+u+v+1)

* °° T(—s)T(2s + 2p + 1)x2P*2s  y2pt2stl
-1

S 22p+2$1"(5 +p+ I)ZF(S +2p+1) sinh? w




o 2p+2s+1 1
f Ao = oaprzs L 2P+ 25+ 2)((2p + 25 + 1)
0

c+ioco _ s
I(x) = LJ_ 4 TESIT(2s +2p + DI(2p +25 +2){(2p +25 +1) G) P+

2mi Jo_ioo [(s+p+1?I(s+2p+1)
1, < 2(—1)"F(n+%)[‘(n+p+ 7)¢@n+1)
L(x) ~0———=x""—
P 3
2 ™ n=1 2 2y 2+ 1T () (p -n+ %)
1 1 p - 1 309 40p? + 16p*)
- __ 5)x 5 4 ...

2.13. Amplitudes de Yang — Mills. Accién Pura de Spin en superparticulas.
A= Yier; 5 L
citcit+cy —0=>nl+n]+nk=0
S = dt[PnocX™ +pa0.6% + w,0,4% — 2 P?|
Q=2%,
Y(x,0,) =¥O0x,0,1) +¥D(x,0,1) + Y3 (x,0,1) + ¥O)(x,06,1)
QY™ =0,6¥M = QA
(ym"r’qr)“ﬁ’l) Ap = 0,64, = D A
Ay(x,0) == (Vme)aam(x) - (V’"H)a(eymx(x)) - (ypH) Oy™"P )0y an (x)
+= (Vpe)a(eym”pe)(eym Opx(x)) + -
(y™8) Y™ 0) (Ay?6) (B¥imnpb)) = 1
S=[ dr [Pmaer + Dg0,0% + Wed A% + W1, + s%,1, — %PZ]
Q=0Qy+rgw
[dAIAP 28 = (eT~DEY , dA%s ..daon

(215 A5h, = (€T) 55" dAy, ... dA

' 11

- 0
[dT] = (ET 1)55]//13/‘[6),), (a) ...(arall)

1
(€M) 5h:7 = €16 (™) (V) e VP )ary e (Virmp) 8056585 — — (D ey (va) ™
By 15016 B 40 )
S = d"xd"6[dz]V (;¥Q¥)

_ SRrA 5.B
4,B) =] 5¥(2) [dZ] 5¥(2)
5,8)=0

S = dxd"6[dZINTr (;¥QY +Lwww)
Q¥ + g¥Y¥ =0,8¥ = QA + g[¥, A]
(ymParYeB (D, Ap + gAgAg) = 0,64, = Dy + glAg, Al

p2
h= (Ay™a) P , (Ay™Pr)[=(dYmnp @) +24Nmn Pp) _ (ry™Pr)(A¥md)Nnp
T 2 ' 192(A1)2 16(A2)3

_ (ry™"Pr) (Zypqrr)Nmanr

128(A1)*




[Q, Aa] =—dg+ (™D Am
{0, Am} =bp+ (ﬂVmW)

[QW =3 (r™) A% Fyry

{Q,Fn} = —2(Aypn0mW)

DaAﬁ + DﬁAa = (Vm)aBAvaaAm = amAa + (me)a;
DaWﬁ = %(an)ganvDaan = _Z(V[man]w)a
1 _
A, = 2(A) [Nmn(ymn/Da +]/1a]

_ (rmd) | (W¥mnpr) np
m T 2Ad) + 8(A1)2 N

« _ ()"
wh = 2(A0) Am
__ YmaW) _ (Avint)
Finn = 200  4(A) Ap

_ ymd) | (YmnpT) ynp
Ap = —Fn+ 2(A2) + 8(A1)2 N

Aatp(l) = Aq + (AW aOm
A D = A, — (Aymp) + Qo
Wep) = we — Qp% + (y™"2)%s,,, + A%s
l’ﬁmnlp(l) = Fun —40Smn + (’h’[mgn]) + (Amng)

o=~ o OO0 (4 4 Qo) 6% = W — Q"

200) 2(A0)
_ (iymnf) _ (A8) _
mn = g7 ) S = 4(/1/—1)rrmn = —Fpn +40Q05mn,

— (ymni)a Ao a — (Vni)a
a 8().2) mn Z(AZ) QS‘ gm - Wrnm
P, = 0m,dy = Dy, w, = —0ja

b =3[Py — dgW® — I N™F,,
PRy — DgWo — > N™ By = 8™ Ay — dg W + 3 (Ay™0;)Fpy
{b, W@} = P™A,, — D,WE = ZN™F,, + 5,
L =PMoy, —dep® + (Ay"™w)spmn — (Aw)s

2.14. Reglas de Feynman.
S=[ d®xd'g[dZ]NTr E‘PQ‘P +2WPY + e (bW — Qs)]
boW® = Q[0™ 0y, — Dap® — (AY™03)Spn + 7(A03)s]
S=[ d%de[dZ]N Elpanpa +2 pabepagbye 4 0@ (hypa — Qsa)]
G (2,2 = 6 56(Z - 2")
pabe = gfabe [ Gl0xq16g[q7]| N

cin;
Cﬂ = Z . #
n ier'y D;

Ap = ZO'ESn_l Ao‘(l,...,n—1),nTr(Ta1 .. TOn=2T™)
G(z,2") = %6(2 — 7"
V=g/[ d%d'9[dZ|N




2.15. Reglas de Berends-Giele.
Q¥ + YW — gby(e) =0
bW — QE =

LW+ boww) =0,
W=Yp WpTPekr™ = 3 WTUe ™ + 3, ; WyTUT e ™ + -
1 -~
QV;=0,¥p = _;ZQR=P bo(WoWr), boV: = Q;

= (_1)nZPQ (1..n-1) (LPPLPQV>
Aqpz = (V1V,V3)

/<\/>\

—0 (lp12V3 + V1¥23)

5123

=2 (”“ ViV +Vy 2> (V2V3)>

Aqz34 = ; (bo(V1V)V3V,) + g(V1bo(V2V3)V4)
bo(V1V2) =V, + QA12
Aqz34 = —(V12V3V4) + (V1V23V4)

:A“L/%JFA\*AJF&\
i 23 4 1 23 4 1 2 3 4 1 2 3 4 1 2 3 4

Wi234 =

__bo [bo(bo(V1V2)V3)V4 + bo(V1bo(V2V3))Vy + bo(V1V3)bo(V3V,)

S1234 $123512 $123523 S12534
+ Vibo(V2bo(V3Va)) + V1bo(bo(V2V3)V4)]
5234534 5234523
Ajpags = — (Vabo (V2 (b (V3V4))Vs) _ (Vabo(bo(VaV3)Va)Vs)  (bo(V1V2)bo(VaVy)Vs)
5234534 5234523 $12534
_ {bo(Va(bo(VaV3))VaVs)  (bo(bo(V1V2)V3)VaVs)
5123523 $123512

bo(bo(ViVj)Vie) = Viji + siTijic + SijielhijVie + Q(Apijre)
Tiji = AViVie — Ay;Vi + cyclic(ijk)

([Vaa2+534T342+5342A34V2]V1V5)  ([Vaza+S23T234+S123023ValV1V5)

A1234-5

5234534 5234523
+ ((V12+QA12)(V34+QA34)V5)  ([Va31+S23T231+5231A23V1]VaVs)
$12534 5123523
+ ([Vi23+512T123+5123A12V3]VaVs)
S123512

A12345|5123 (T123VaVs) — (T3, VaVs)
((V12+QA12)QA34Vs)
A12345|5§41 = <A34,V2V1V5) 4+ 12 12 34V5

S12
(A34Q(V12+QA12)V5)
S12

= (N34 VoV Vs) +

= (A34VoV1Vs) + (A3, V1 Vo Vs)
A1z345 = (V1M334Vs) + (M3 M3,Vs) + (M153V,Vs)
ij = ?, and M;j = ! (V”k M)

ij Sijk

M

ij Sjk




2.16. Invariancia de gauge y bloques BRST.
Qbo(bo (lpalpﬁ)lpy) = Sapybo (lpaqjﬁ)qjy — Sapbo (Lpaqjﬁqjy) + o
Qbo(bo(bo(V1V2)V3)V,) =S1234b0(bo(V1V2)V3)Vy — S123bo(bo(V1V2)V3V,)
+512b0(bo (V1 V2V3)V,)
Q¥; = — Xxy=z Yx¥y
0A12.n = ZXY=(1...n—1) (Px¥yQuw)
= ZXY=(1...n—1) (Q(Px¥y)w)
= ZXY=(1...n—1) (—Xap=x (Va¥pW¥yw) + Xap=y (Px¥,¥pw))
bo(bo(bo (QwV5)V3)V,) =S1234b0(bo(wV2)V5)V, — S123b0(bo(wV3)V5V,)
+512b0 (o (WV2V3)V,)
bo(bo (- IV lvmw = £[Qbo (bo (- IV )lly ;0
QVi.n = Z?:Z Sl...j(ZaeP(ﬁj) Vl...(j—l)an(ﬁj—a)

+ Z:&EP([)’(j+1)) Vl---(f)de+1([3(j_1)—d)) )
QVi234 = S1234V123Va — S123(Vi23Va — ViaVas — Vi24V3)
+512(ViVaza — VioVas + VizVas + ViaVas — VigaVs + VizaVs)
bO(bO(---)Vn) =Viz.n+tCy
bo(Viz2.nVns1) =Viz.n41 +C
2.17. Dualidad Color — Kinematica.

_ m (Ay™"r)
b= [P + 4(A2) A"] Am
b=—-A"A,,

by(V1Vo) = (boV)Vo + A™V, A,V — A™V, AV, — Vi (boVy)
bo(V1V,V3) =bo(V1V,)V3 + bo(V2V3)Vy + b (V3V1) Vs
_(b0V12V2V3 A+ Vi (bolfz)V_?, - V1V, (boV3)
by (V1V2) = AmVlAsz - Amlemvz
bo(V1V,V3) = bo(V1V,) V5 + bo(V,V3)Vy + bo(V3 V1)V,
{X,Y} =A"XA,,Y — A"XA,Y
by (V1V2) = {vaz}
bo(bo(V1V3)V3) + bo(bo(V,V3)V1) + bo(bo(V3V1)V;)

N123456 =
= (bo (bo (bo (Vlvz)vs)vzt)vsve)

{3, Y3} + {0, Vel Wi} + {(Vs, V13,1,
Ly:= Am (lp)Am - Am(d’)ﬁm
[Lyr Lp] = Ly




2.18. Operador fantasma.
boV = (0™ A — DeW® +35 (™0, By ) V
boV = Q[0™ 0, — Dep® — (AY™3)Smn] — (AD)s +2 (A" gy) + 5 A%(y™) 509
45 5
—>(A9) =2 2% djagp
= Q0™ 0y — Dap® — (Y™ 33)Smn] — (AD)s + 2(Ay™gy) — 20(Ag) + = (AD)s — = Qs

(Ay n7) (Aymn])
4(A0) 4(A0) QSmn
B _ _Ja _p 40D (e
G = (Ai)gm'i' (/1/‘1) [D Smn Q((M)Smn)]

Z(M) [D BS Q((M) )]

(AD)Smn +

Opagp = ( a /1) —=dgp —

()’ _o(2e
o [P~ @\ Gy Smn
Aymna Ay™"A
20" ga) — 20(Ag) = L T L F — 220 zu) Qs + 1005
boV = Q[0™ 0y, — Dep® — (XY™ 91)Spn] + = S AD)s —~ 2Qs + (’12]/(1:;)/1) m
3 1 Aymng Aymn)
(I(AA))(AD) Smn (:(A/_l))QSmn 2( )(,/1/1) )Qsmn +100s
(™) _ 208

boV = Q[0™ 0, — Dep™ — (Ay™0;)Spn] + 3 (AD)s — 2 Qs + 8(AD)s — = (AD)s
—7(AD)s — ZQS +100Qs

= Q[0™0p — Dep® — (Ay™01)Smn + 75]
_0™(lymA) aw) , (Ay™D)
A= %) +2 a2 + 4(A2)? (rymA)
bo(V1V,) = Viz + QA4
1
A12q =3 [(kz A Az — (ky - A2) A1 + (VP W) A2y — (prz)aA1p]

_ bo(Vy3)
A12 —_ _—S
12

DoAizp + DpAize = (¥™)apAizam + (ky - kz)(AmAzﬁ + AlﬂAZa)
DaArzm = (rmWi2)a + kizmAiza + (k1 - k2)(A1aA2m — AzaAim)
DWWy =2 (/™) Figmn + Uy - k2) (AraWf = Az W)

DoFipmn = k12m(VnW12)a ki2nrmWiz)a + (ky - k) [A1aFomn — AzaFimn
+A10mW2)a — Azn (YmWia — Aitm (taW2) o + Aom (i Wi)al
Aiom = % [Azm (kz - A1) = Aim (k1 - Az) + (kom — kam) (A1 - A2) + 2(Wyym W2)]
Wy, = %()’mnwz)a[ﬁmn + W5t (ky - Ay) = % "W Py — W1 (ky - Az)
Fiomn = k12mA12An — kianA1am — (k1 - k2)(AymAon — A1ndom)

AgViz = Aza + (AY™)a012m

_ _ (ymAs)
_ m)aF y™yP2) o[ (ArpAsz)
A 1 _ _
A Viz = Apm — (AWmp12) + Q(012m) + (ky - k3) [m (V1 (AVmAz) -V (AYmA1))]

l
p12 - (:(,1,1) [A12p + Q(012p)]




N m2)*
W, = (12/(11)) [=0mVi2 + QA12m — (A¥mQp12)

- ma)®
W, = (]2/(/11)) [=0mV12 + QA12m — (W Qp12)

(k1 k2)Q 3555 (Vi (ArmAz) = Vs (A‘ymAl))]]
. 1
WV, =80 + (V™ D) S12mn + %512 + (ky - k2) [(}zl(u)) (Vidgm — V2 A1)

Lo (- Vl(rymA2)+Vz(erA1))]

4(M)2
Ymné Zf
§f = Wi — Qpf% S12mn = ﬁ; 12 = %

N (kq-k) 7
FrnVi2 =Fi2mn — 4QS12mn — (’W[mgun]) + (AYmng12) + 2(11;) [V1(/1anW2)

= A
—Vz(/lymnW1) + (™) V1Azm — VoAim)

2(07)
Ay™mnPy
+ 4(A1)2 : (—Vi(rrpA2)} + V, (TYmA1)>]
T =-F + 4Qs = mr _ o Q
12mn 12mn 12mn» 912a sGm 1zmn T 307
y")"
9i2m = %rlzmn
—Ayy boiVlz)
12
k™ = =
=—-(A, W= - A2W1) - @ [V1 (AWZ) v, (AWI)] 2()15-1) [Vl (/WmAz) -V (AVmA1)]
Ay™D Ay™D
(2}(,11)) [Vidzm = V2Aim] = (4(]:1;1)2) [=Vi(Vimdz) + Vo (rymA)]

_ _ 7y mnp
+ 2 (/Wmnaa) [ﬁ (V1 (/Wmnwz) -V (Aymnwl)) + % (VlAZp - V2A1p)

AYmnpT
+{ e ) (=Vy(ryPAz) + V,(ry? Al))]

—Aqp = klval(,TymAz) kiomVa(Ay™Ay) + 2V, (AW,) — 2V, (AW;)

) (/1)/ pfl)A1mA2p + Qo [Z(M) [(AY Al)AZm (/W Az)Alm]] +0(r)

LK m
21(3’;1 (Ay™A, )V, — 21(3) (Ay™4,)V,

P
+ (Aa ,1)/1) AypAgm + 5V, (IW5) — 5V, (W)

(Ay™A,) A1) _ (r™a,) AZ)

%(A]’mnazl) [ﬁ (Vl (/TymnWZ) =V, ('ﬁ’mnW1))] = W [Vz (AW1) - (’TWZ)]
2(,1,1) [(AymWZ)(Aym 1) - (Aymwl)(/lym 2)]
(AW,) = Vo, (AW)] + A W, — A, W4

+am Vs




Aymnp 1 ) s
O [ Wmn A Azy = A Ary] = 50 (Y P AD Az = S22 (TyP ) A

16(A0)?
1 -
EbTeviT (Ay™ A1) AYPyimr) Az

1 ar) /3
200 (ryPA3)Aqp, + 2002 (AYPAZ)AW

1 -
oo (Ay™A2) AyPymr) A1y

A PA
O [~ (WA P A3) + Wimn A (7P AD] = — T (v, 4,)

32(/11)2
A Ay™MA
2&33 (P A,)(rypAz) — (SLZ)J) (AYmyPr)(r1pAz)

e
(Zagi)( pA1) — 2&33 (ArP42)(rrpAs)

Ay™A
+ (8(12)32) WmyPr)(r1pA1)

(Y™ D) VoA ~Va(rymA)] = Qo [~ CE2 (rydy) + E02) Gy )|

+ (?E/_l)l;) [Vz (AVmA1) - (AVmAz)]

+ 1005 L™ A) my D Azs = (™ A5) Yy D Ass
HAY ™Y ) A (rymAz) — (Ay™y 1) Ags (rymAs)]
— — — — mp 3
Az = kgmVi (Ay™Az) — ki Vo (y™AL) + 2V, (AW,) — 2V,(AW,) — (AZH)”AMAZ,,

+ QD) (Fym g ) Ay, — BT (Fymp ) Ay, + BT (3 g ) (ry, A

4@/1)2

4(1)2 4(A2)2 8(1)3
— LD (™ 45) (rvps) + 1557 VDI Va(mAr) = Vi (A2
+Q 555 — (Ay™A2)Arm]
bo(bo(V1V2)V3)

DoAi23p + DpAizzq =(¥™)apAizzm + (kq - kz)[AlaAZSﬁ + AyqAzip + (@ © .3)]
+(kqz k3)[A12aA3/3 —(12e 3)]
A123q = % [(k3 “A12)Aszq — (kyz - A3)A12q + (VpW12)aA3p - (YpW3)aA12p]
QVi23 = $123V12V3 + s12[V1Va3 + Vo V3y + V3Vi5]
S123V123 — Q(bo (V123)) = S123b9(V12V3) + S12b[V1 Va3 + Vo V3q + V3Vi,]
$123Viz2s — Q(bo(V123)) = S123[bo (bo (ViV2)V3) + 512 (ViAgz + VoAsgy + VaAip) — S12301,V5]
+512b0(V1b0(V2V3)) + 512b0(V2b0(V3V1)) + 512b0(V3b0(V1V2))
+Q[5123b0(A12V3) — S12 (bo(V1A23) + bo(V2A31) + bo(V3A12))]
Vias = [bo(bo(V1V2)V5) + s12(ViAg3 + Volgq + VaAyz) — S1230125V5]
—512(M VoV + VAR Vs + ViVaA3) + Q [bo(A12V3) - Si [bo(V1A23

by (V-
HV2ls1 +Vahiz — AiVoVs = VidoVs — V11V2A3)] + Os(lzl:S)]
bO(bO(V1V2)V3) = V123 + 512T123 + 5123A12V3 + QA[12]3
V;
A[12]3 = —b, [512 Typs + Vias +A12V3]




2.19. Teorias de Super Yang-Mills y deformacién de masa.
1 2 T T =
Lsym = tr [~ 2 FupF® = DuDopa + L [P, $11% + iy “Duthy — (B (T2OP1 + T21P) [ )]

8cAq = WPpYap, g = —i, (TP, + TPIP ey,
Sy = 1FapE® ey + y Do (TP + TP )eq — glda, o5 (TH Py + TLIP )e,
AR A VAR VA VA B (A VAR VA VA
IP7 = (81844 — 6pabqr + 6p2843 — Gp38q2), 37 = i(8p1842 — 6p2841 + Ep38qa — 8paby3),
I‘fq = i(5p15q3 — 6p30q1 — 6p20ga + 51346(12)' qu = _(5p15q4 ~ Opadq1 — Opalgz + ‘51’35‘72)’
Fqu = (5p15q2 — 0p20q1 — 6p30ga + 51346(13)' Fg)q = _(5p15q3 — 0p30q1 + 8paga — ‘51’45‘72)’
€p = Ops€
SeAq = PaYa€, Sepq = =iy (T4 Py + TL*P)e,
Sep = iFugL® 8,46 + Y Do (TE*Py + TP P )e — glpa, dp)(TFy Py + Ty P )e
8y = Hpgba(Td Py + T3 P)e
(6 + 6)Lgym = tr(Ziﬂpql/;p(‘Se + Sé)lpq + 2Map$aSePp — 3igTapc[Pb, ¢c]5e¢a)
Ty34 = %(#1 — Uy —H3), Tize = %(#1 — pp + U3),
Ti35 = g(lﬁ + Uy —u3), Tuse = %(lh + Uy + p3)
L, = tr(_i.upql/;plpq — MapaPp + i9TapcPaldp, ¢c])
(8 + 8 (Lsym + L)
(8 + 61 (Lsym + L) = 6LLsym + 6Ly, + 6LL,
SeLsym =tr[2i(0attm)Pmy * Pa (7 Py + T PL)E + 2itm Py “Do e (T*Py + TP )e
SeLsym =tr[2i (0o tim) Pmy * o (TG Py + TF*P)€ + 2iptm Py * Do (TP, + TP )e
—2g1mPplba dp1 (TG TPy + T TP )e]
8eLy =tr[=2itmDobaPmy (T Py + T*P)e — Gt [ba, b 1Pm (Ta FTY Py + TPy P e
+2iMgybq Py (T2 Py + T3 *P_)e + 3gTapc[bp, dcl ) (TF Py + TP )e]
SLLy, =tr[—=2iptyrttrqPatp (T84 Py + TP )e]
(8 + ) (Lsym + L) = 2i0ait)tr[(= X321 + X524 )PP TT*P, + TP )]y %e
(8 + 8 (Lsym + £,) = 2i(Batty Jtr[(—= 3oy + 254 )batPp (T2 Py + T2 P) ]y e
= tr[—2i(0u)ap) PaPp (TF *Py + TP P )y %e]
Jab = diag(uy, s, o, —H1, —U3, —H2)
(e + 8D (Lsym + L,,) = tr[ =24y patlp (T4 Py + TP )y le]
vle=¢€
(56 + 5é)(LSYM + Lu) = tr[2]&b¢a(_i¢p(rl?4p+ + f54p—)6)] = tr[2]¢,1b¢a5¢b]
L] = _tr(]clzbqbaqbb)
Tuv =t [zau¢aav¢a + Iuv (_aa(;baaa(:ba + g?z [¢a' ¢b]2 - (Mab +]¢11b)¢a¢b +
i9Tapcbalds, dcl )]

Eo = [ d°xToo = [ d’xtr [¢:’z¢¢'x - g; [0, $p]° + Map + Jap)Pa®b — i9TapcPal P, Pc]

(e + 8Dy, =iFp2® §pue + Dop (TP*P_ + TP P, )y%e — gla, ¢l (TH, Py + THIP )€

HitpgPa (TP, + TP )e
(8c + 80P, = [pa(TE*P- + TL*P,) — glpa, $u1(Tay Pi + Ty P) + ttpgba (T Py + T3 "P_) €




tr [|ga(TP* P + T2*P,) = glga dul (T2n Py + T0FPL) + g (T8 Py + T84 P)|[7]
=tr [d)(’;(,b(’z - % (Tabc(»ba [¢b' ¢c]), - ]ab (¢a¢b)’ - ? [¢av ¢b]2 - lgTabc¢a [¢br (pc] + Mab¢a¢b]

T126 = 7~1135 = —71234 = _T456 =-1
Eo = [ dPxtr [| @ (TP + TP*P,) = glda $p](T20 Py + TERP) + pqeba (TP + T2 EL)[]
+ [ d3xX’
=t (JapPa®s + 2 TapcPalds, c1)
b4 (TP + r’”‘*m) 9lda Dp)(TEy Py + TEIP) + g (Ta Py + T *P)
GLTE" — glopa, dpITT, + upquar"“ M”“ — 9lba, $ITE) + tpgdala*

baly* = Lo, pIT8 T5* + tpgPala

L K =0 o Ky, = Ko
i + Py — g(i([¢2,¢3] + [¢s, P6]) + ([P2, 6] + [¢3:¢5D) — 11 (i1 — Pa),
i3 — e + g(—i([¢1,¢2] — [P, Ps]) + ([¢1, Ps] — [¢2,¢4])) — (i3 + e),

iy + Ps + g(i([¢1,¢3] + (¢4, d6]) + ([P1, 6] + [¢3:¢4])) — uz (i, — ¢s),

[P1, Pal + [P2, Ps] — [@3, P6]
Dy = gy + ihs), 3 = gl + ihs), P, = g3 — i)

! 1
Of + 58 ks €0 Py Pu] - @i By @ 9]
lim p;(x,) = pp, lim w;(xg) = pgg, (0 = 1,2,3)
[@4, ;] — €iji (o ®y) T3, [@], @]

= —i\/H02H03T1:¢2 = —i\/.u01.u03T2"D3 = —i\/.u01H02T3

Ti(nl)
Ti =
Ti(nl)
Z%{=1 ng =N
2;‘?:1 nNn = N
Hozlt VHoil \/u u
P1=P2=Pp3=0,¢, = ——"Z”TL% = b g, g, =ity

1
Klvac = —gﬂmﬂozﬂmtr(ﬂz +T7 +T%)
1 [ee)
= T 12g7 Ho1Moz2Mo3 Xn=1 n(nz - 1N,

[ee] L 0 R
Ur1M2l3 Daeey N(N? — 1)N( ) = Iir1HR2UR3 2pie1 N(NZ — 1)NT(l )
RE ~ Mn r(n2 —1)

pi(x) = myy + mi(x) fo m;(x)dx
d;(x) = eXiDP,(x),
Ki(x) = mp (& — x) — Ay(x),
A; = [Fmym;(x")dx'
d_fi— Ki— Zl’ i l
dx e *
lezt i’ (df: + = Z] k=1 El]k[ fI)k] + miod);r) = ezi’ii Ki/‘ui(c‘l’);f + C‘I‘Dl)

¥iq e*i[dy, &

dcbi 13 ~ ~ o
a5 z&ik=1 eiji| ), D] + myp®;




®;(x) = eXMd;(x)
K(x) = mo(§ —x) —A(X) A= [“mm(x")dx’,
(;Li) (x) = e K@ = g=Mo(E=0)+A(0)
() ) = mo [, emoe=+06) A g
(8) (x4 1) = mg [17 emole'~x-DHAGN -0 g

=m, f_xw emo(x”_x)+(A(xH)_A(x))dxu — (Z_’;) )

dd; 1 3 - 1
a5 2 k=1 €ijic [, D]

oL = diag(ai,aé,---,a,i\,)
u(x) = mysin qx

COS qX % {

(x) = e 7,
(x) = (§) Bu(x)

d_) = mg f_xoo emo(x’—x)—%(cos qx'—cos qx)dx,

ag
(T)i(x = —imOTi

2.20. Supersimetrias.
(6 + 6é)(LSYM + Lu) = Zi(aaﬂ)tr[(_ 23:1 + 22:4 )¢al/;m(rc€nip+ + fgnip_)yaei]
(8 + 8D (Lsym + £,,) = 2i@tr[(— Zacrs + Lazas )baWp(Th Py + TP )y %]
= tr[~2i04) oy Doy (TF'P, + TP )y %]
(8e + 6D (Lsym + L) = tr[2) oy ba(—itpp (T Py + TF'P)€;)] = tr(2) iy baSbs)
L] = _tr(](,zbqbaqbb)
$ale = L1, ool T3 + 1y $alet (JarPads + 2 TapcPalds, cl)
¢3 —iglds, ¢s] —ugp3 =0, [
b6 — iglps ds] + s =0, {¢2'¢4 =0,
[

boundary

¢y — iglds, el + uds =0,
b1 +igles, ds] —pup =0,
[¢11 ¢4] - [¢3' ¢6] = 0, [¢21 ¢5 = 01
¢s +ig([¢1, d3] + [Pa. ds]) =0, ¢3 =0,

[p1, P6] + [¢p3, 4] = 0




2.21. Superespacios y Superamplitudes.
i n 1 1 =D
®(p*4n*) = g* () + 1 Ga®) + 510" Sas () + 100 eapcng () +
1 -
— 1 nPnnPeapcpg™ ()
pad = 124
"} =0
64(Z?=1 /1?/1?)58(2&1 /1?77?4)
~ _ k ~
An (28, A nft) = BR2g AN MRV (28, AL )
0" — 01 = Ain;
5* @)% (@) = 6*(Xpy1 — X1)8% (041 — 61)

‘A%Hv(pli"vpn) _
log AV D100 reotovel log (W (x4, ..., x5))

log (W (xq, ..., X)) = Dieq Div(xl-z_LHl; 6) + Finn(xizj)

(L) (L)

. 1 r | R
DlV(XZ; E) — _ZZZO=1 gZL(—XZHZ)LE [(22;1; + col;:ear]
2 _ 9%umN __4
9 = 16m2 16m2

. 1
K”an(xizj) = Ercusp (92)2?=1 xip,li+110g (xi2,i+2/xi2—1,i+1)

a 3
KH =31 |2xFx) — — x?
Xiy i

i=1 i
t a Oxiy
2 .2 2 .2 2 .2
__ X13X36 __ X24X51 _ X35X62
— 2.2V~ 2 2 W —=73735
X14%X36 X25X41 X36X52

zl = (28, xb%)
Z € Gr(4,n)/GL(D)"
xizj - det(Zi_1ZiZj—1Z]')
oo -1
Dok °P = du,dp, e ATy oo

{—1loop __ +¢-loop
Qpk =wy, - (dZ; =)

Se ={u,v,w,1—u,1—-v,1—w,yy, Y, Yu}
_u-zy _v-zy _w-zy
yu—u—z_'yv_v—z_' Wz

[-1+u+v+w+VALA=(1—-u—v—w)?—duvw

N | =

Zi =
2.22. Correspondencias.

2
9ym
Rg = 2t
6 812
2
9/4+m?) P
F = —(—AN
96T
_ 57TR6 3
Lags = =N

s (2)
(W) ~ exp ((9/4 + mﬂ%)

27NRg

(W)aas ~ exp (—r )
R — Sglsz
6 7 32p2

1 1 1 712 . 10 ; 2
Luector =57=Tr |5 FanF™ = DyyoD™a — 3 DyyDY + 20t Dy — ety 0

HiA T DA = Ayl X1 = 2t 2,2




Lyector = L[lanan —D,,cD™0g — igz + ]
Lescatar = DinD™ ¢ + 4( - 1)R¢2
Lescalar = DpppD™ + - = 5 2
Lnaeria =€/ D D™y = €/G,0%4 + 35 €710, = 200D — 2hap
_4611’10/11511 iq;D ]CI],
Linasa = —M*€"q;q; + Z?thUqu] —2Mynp
4

—Z0’ (__MZ) 11‘71‘1] +2_thU‘71‘I]

-r2

——cr + quq + quq

8” T 16m3r
Tr(¢?)-5Tr(9?) h -
ZY%500p ()2 oo, () + 0 e om

Z= fCartan [dd)]

Yeclgop (@) = H[)’ [Tezo (t— (B, i¢))(1+;t+%t2)
ilyri‘g(r;p (d)) = Hﬂ Ht (t _ <l¢) ‘u> + ) (1+Et+2t )
S= Efss Te(F A% F) + o+ 5o oo Te(ANANdA) + -+
P = a2y (¢ +0) (@ - ()

log P =Y, (3x - x;) + parte convergente
3 1 3 1
5309 = 2me¢ 0T 1z, ((142) ) (120 )

t

108 (71l (23210 (9)) = =57 Ty (B 190 + 757, (4 0))? + parte convergente
= mAr(C,(adj) — C,(R))Tr(¢?>) + parte convergente
é = i = = (C2(adj) — G,(R))
Y [ ave _onr (¢2)—“_k Tr(¢%) det,y (S5 (ip))detz? (53 (i¢ + %))

S3(—=x) = S3(x + 3), S5 (x n %) s, (_x 4 ;)

det (53 (i + 3)) = dety (53 (—igp + %)) = dety (53 (i + %))

Z =f doe ;y (¢2)— (¢3)d tAd(SS(i(P))detl_?l (53 (l¢ +im +%)>

detp (53 (i¢ +im + 3)) = detp (53 (icl) —im+ %))
sn T (¢2)_n_k (¢3)

J dge detyq(S3(id))
X detRl/Z (53 (i¢ +im+ %)) det"/? <53 (i¢ —im + %))
Jdpe™™
F= %)+ ZTr(§?) — B log S3((ih, BY) + 5, log S ((igp, ) + im +2)
log S3(z) ~ —sgn(Imz)m( z3 — —z +z+- )
S = () + ETr @) + 5 (S KB — Ty () + ml7) +00)




=2y Ko.ml?)

~Im3, sgn(<¢.u))(<¢.u>)2 —nzﬁ (. 5)] —;(m +4)2u ()] + -+,
log S3((ip, B)) — sgn(m) T X, (5 (b, 1) + m((, 1))?)

Tr(TpTgTe + TaTcTg) = C3(R)dapc
Yu (@, u)? = C3(R)Tr(¢?)

g:_

F =

C ( )
keff =k — sgn(m) —=—
ro_r |m|
Gy Gtm BT Z(R)

S5(2) = 2¢~¢'Dsin (nz)er! @ ex'®
I(z) = —zlog (1 — e?™7) + —(nz + —L1 (eanz)) _ ;_7;
f@2) = im3 2log(1—e7?miz) + = L1 ,(e72miz) +5Li s(e72m%) — 25132)
Z= [ [dole ") [1s (sin (B, ip))e = (z‘lm-<ﬁrl¢>)—z (G-im+(B.id))
o (BN~ (-im—(Bid))—3f (5-im+(Bid)) |
A= gYMN

Z~ [ TIV, doexp (—ﬂzl b? +Z,¢l % [log [sinh (n(¢: - ¢)))]
—%l(;— im+i(¢p; — ])> _ZI(E_ im—i(¢; — ¢j)) +%f(i(¢i —qu)) -
~f (G- imi(pi- ) =3 (G- m— (o - 9)]).

dl (z)

X ez

%(Z) = nmz?cot (nz); = —qzcot (nz)
= _T 1,3 ; 1. T x2;
I}anwRef( + Lx) =-3 TixP+ X " |x|, il_r)?olmf (2 + Lx) tox
ix) = —Z x| i Lhix) = FZEx2;
Jll_r?ooRel( + lx) =3 |x|; J31_)1'{)1olml (2 + Lx) =+5x
|1fm Ref(ix) = =% |x|%; Imf (ix) = 0
X|—>00

om0 o)
L byt (01— 9y -m)
( +(pi—¢; + m)z) tanh (ﬂ(¢i —¢;+ m))]

16m3N 1
2y ——
1 ¢l Z]#—'l i ¢

P(P) = yop = mea\[B5 — &% o = J;

Jp(@)de =1
F = —log Z ~ —NZ2log V1

167;31\’ b, =m G + mz) X sign(d: — ¢;)

1
t3
41
+3

9+4m?)A ...
bi = ( 6471'ZN) (2i=N)
32m? 9+4m?)A
P@) =i 1Bl S b = o)
= 0 || > b

3 .
2~ [ Tl dgre 7 ZiEH5(Hm?) Smi i l6i0,]




=_ ~ _OPMN (9 5)?
F=-logz~ 96mr (4+m)

N 3 ~1 N s . ~1
YN, (2i— N)? ~§N3r2j¢i =1 |t =]l ~§N3
__ 25g¢mN?
F= 384nr

16m3N

b= (2 (90— ¢5)") coth (n(¢i — ¢))) +2m(¢i — )]
=2mmN¢; + Y sy (2 — ((I)i - ¢j)2) coth (”(d’i - ¢j))
i =S (2= (81— ¢5)°) coth (n(1 - 9))

1

m

1
leff ) 872

2.23. Supersimetrias y Loops de Wilson.
(W) = %(Treznd’i)

3N
(W) ~ %f [1; do: X 2o 7 i T3 (5Hm?) e i 904

(W) = [ dgp(¢)e*
(w) ~ [ d¢p(¢)(1+2n2¢2)=1+$zexp (2)

8T

(W) =~ m[ e?™d¢p ~ exp (i (2 + m2)>
167 N¢<r> _ n[E, » (2_ (z/;(r) w(r)) )Coth( (¢(r> 1/}(r>))
+ (zj 1+ (7 =7 =) anh (e (97 =" = m))
_l_%(% + (ll)i(r) _ lp]gr-l) B m)z)tanh (n (‘l’i(r) _ w}(r-l) _ m))]]

+(m - —m)).

D =R i /Ky

2 3 2 3 2

gymN” (9 2 -gYMN 9 2

F ~ —k="— (— m =
96mrk3 \4 + " 96mrk? + m

(W) = exp (ﬁ)

(W) ~ exp (L (2 + mz))
d¢; _ _ oF
dt a¢l
as = ¢, + c;m+ cgm? + ¢,m3 + -
2.24. Supergravedad.
ds? = £2(cosh? pdt? + dp? + sinh? pdQZ)

Lyas = Touik + Lsurface T Ict

Ioulk = ~ Tomem Vol(S*) [ d7x,[g(R — 2A)
R—2A=—-%
Toulk = — 256;8{,21 (nZ: )an(’ 3(—=12¢5) fp" cosh psinh® pdp = —=2N3sinh® p,
sinh® p, = ae‘ﬁ — 2t +2—i Tz E+ 0(62)
Ly = — SR 3

12r

(W) ~ —T(Z) [ av

fav =1 [ 5 [I" d¢ [ dpsinh (p)cosh (p)




T [ av =" (1-2+¢)

T

(W) ~ exp (Z2Ee)

Re —g%—M(g+m2)

T 16m2 \4
_9m 5
6~ 1em22
I - _ 571'R6 3
AdS |12k
_ 9ym (9 2
6~ 16n2k(z+m )
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Apéndice D.

1. Supermembranas y supergravedad cuantica. Ecuaciones de movimiento en
supercampos cuanticos relativistas y superespacios cuanticos con curvatura.
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Apéndice E.
Teoria de Yang-Mills-Utiyama para campos cuanticos relativistas.
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b @)= b = (5°) € Vi dudn e C

Tsedw = —Pw € Vi), = Pippy = iy = (qz)u)

0
Tsepv = +wy € Vi), = Pludpw = ¢y = (¢D)
¢u € {¢W' ¢w} c v1/2 1/2 S v1/2

~

W= 0%sou = ;) 88:= #0/90 = ()
b4 = [gg]j‘%

1




( cos ¢/2 —isin <p/2) —1q
( —isin ¢@/2 cos ¢/2 a=

— ar. — o—i(@/2)0% _ cos ¢/2 —sin (p/2> _
ﬂl/Z(gT) gr((p)- e i (Sin (p/z cos (p/z a 2 ES(Z)r

e iw/2 0 _
( 0 ei‘/’/2> a=3

(wr Pw): = $16%B 05 = (0™ 04 = DY, - @y, 648 = [1,]4
Spin(4) = SUR(2) X SUL(2) = SO(4) ® {R, L}

hatEoir=§= (1) € V]f/z o6 € C
Maya($u.ép):=§ = (?’) - /2 o ép €C
¢ = nha(@08 = gl €1 = [9.IEIELs

¢ —ﬂl—/z(gL)f gi@E 8], = gL (@]41€1

f'ﬁllz €2 ABEB:fA = E2 f
[fz]AB = [fz]AB ( 2 (1)) —lezlap = —le2lap
(§,0):= EAeé‘chB =¢&ylp — foU (f () = S(AGZB(B = éﬁf[’) - éDZU
(€.7)=4(9.§,9.9) = [QLE]Afz [gL(]B = fA[gL]éEZCD[gL]LB;(B =&, =(§Q)
[gL]CEZD[gL]D : €4
[€715:= 6468 = €5, [§T) =i, B =P = (5,00 =8 L&D = ¢
cosh y/2 sinh y/2 —1
(sinh x/2 cosh )(/2) a=

— ar. — (/200 cosh y/2 —isinh )(/2) _

nl/Z(cgb) gb(X) e (lSlnh X/Z cosh X/Z a 2 € }[(2)
eX/2 0 ) _
( 0 e-x/2 a=3

Vi, =V @ Vl/z

sy =—Su EVip = P =&y = (?)

0
Ts.ép = +ép € Vi), = Pi§ = §p = (fn)

§€{éu.ép}c V1/2 = V]fyz ) V1/2
Fsndy = Vil o prg—g, = (%
sLéu = +éy € 1_/2$ SLf—fu—(())
ko= ~dp eV = Bt =fo=(; )
s.ép = —$p 12 sL$ =$p = £
fe{éyéplcV =v£@vw
¢ UrSD 1/L2 1/2 1/2
Gspin(1,3) = 81(2,C) D sl(2,C) = s0(1,3) ® {R, L}
0= (}) Vo= Vi @ Vi g€V BV,
Yhi= Py = <OE )rFVLll’L = -yt
SL

YRi= Phy = <°§L),FVL¢R = +yF

PO —ip3 —ipl — 192>
—ivt 4+ 92 P04 ip3

TE:S3 5 SUR):Dyg » Dgpi= ok - Dyg = (




Va2 (3@ (5Y) -~ (50 )

1
(Qsg, Dsg) = E(Tr[ﬁSE]Tr[f7$E] — Trlisgdsg]) = 4°0° + a0t + 2292 +

S
w
<

litsgll? : := (fisg, ftsg) = det[itsg] = 1
usg = |lusglldsg, | llusgll* >0
ZE: 0(4) d SU(Z) ® R: Vyg P Usg

0
1

(

D D

~D A3 . a=1
(D“cos @ — D°sin ¢

?2sin @ + D3cos ¢

1}0
o . plcos ¢ + D3sin
Ve = 1(g% (@) (Dse) = ok - I
—?1sin @ + ?3cos @
1}0
Plcos @ — D?sin ¢
plsin ¢ + D2cos ¢
\ ,33

(9-)(Wsp): = grVsegs

g:R=> G0 g(),g@+o)= g(ﬁ)g(fp) 9(0) = Lia

St Hyp? - H(2) 0 (SR, ©) @ (11t » 1= (1) o, =

Vijaiza 2 (2) ® (2) - (% EEU)/Z i EDfu)/z '

(fgr, Ds) = 5 (Trlits, ] Tr[ds ] — Trlitg, Ds]) = 9°0° — atdt — 4292 — 4393

sy l? == (fgp, s = (0°)* — (@) — (@%)? — (@%)? = det[itg, ]
25 0(1,3) QR - H(2) @ Riuyy, = ug,
( ( /u®cosh y + ulsinh y
u®sinh y + ulcosh y
u2
u3
u®cosh y + u?sinh y
+ ) (g5 ) (i) it » ul
7(9p 00 us) u%sinh y + u?cosh y
3
u
u%cosh y + u3sinh
ul
o2 a=3
\ \\u’sinh y + u3cosh y
7(gp)(WsL): = gb”SLgZ
91 (@, 0):=gr(9) ® gb(x) , gZ(qo.x): = 9:(9) ® 9,0
gr(@)° gb 00 =957 (0) ° 9. (9)

Q% (T* M)®V2(TM)99%——‘R“”(6 xab)—lR P(e€ A e?) (9, X 0p)

a=3

00
it i

R ., =Wgb 6[[gnb]°Rd]° +5 (5g5d +83¢80)R

N

1
Rap = Rap — ZnabR




QYT M) @ VH(TML) 3 e = e?0, = £, *(x € Mg)dx 9,

Guv = N..E5E = [H] ® V] = I:De% = Eljea-e%
Guv(x € M) = nyy + Ry (x € M), by (Vx € M) < 1
1
Vuv(x): = huv(x) - ﬂnuv(hpa(x)npa) = TI”VVuv(x) =0
17 * 2 1 ab 1 ab ,c
QLT M) @ VA(TM) 3 w = S0 (3, X 8y) = 5 w6 (9, X 3y)
0
0y, = egeydat (5) = o
[a] = w* = s,

:;‘waﬁ::wﬁaﬁ_%wa

S S = I 1 I oD ]{E.‘:E{i}

(0% = 0) A (0? # 0) A (3.0° = 0)
VE s VhEE s gt e vt
L
3= 1,d:T(M, 0% 5 T, Q1) S 1, Q°)
S W]1“/2 -~ € VII/Zr $€ V]1“/2 -t € V]1“/2
) 0 hyd.
ly 0psg = Jsg: = Vfan = <EE6° 0 )
hg:= (L,4,j,k), A= (1,~i,—j,—k)
P GspPst = 0, BT GspPst = dsgPt o
dsp&: = 1,ds.& = y3.(0.8) =: 05y, Psr.&: = 1pds € = 73.(0.€) =: PpsL.&
0y —i0;3 —id;—0
P t.q — _iala 223 33 _ 0 3 1 2
Jgi:=0g'-0=1,0)—i0° 0, —i6°0, —ic°0; (—i61 +0, 9o + i63)
0p+0; 0,—1i0
i gtt. g = 1 2 37 _ (% T03 0O 2
dg:= 01t - @ = 1,0, + 010, + 020, + 0°05 (61+i62 60_63)
(as.,vs.) = aovo i 61171 i 62172 i 63173
dyLyp = lydlli =y ((ajlp)ej) = yyL0.Y =: 9y Y

+ o ylt +_ 12\ 15+ LT
L W1/2®1_/2 = dyp* = aVL( ) Y= > @viy) € W1/2®1/—2

¥, = ((00)% = (01)* — (3)* = (93)*) 15 =: Ay,
dve =y d =1y, ((aj)ej) = yye0, =: Qv
3%g = ((0)2 + (81)% + (82)% + (83)) 1, =: Ay
PsLPu = Os.@u, Is1.(Pe:Pu) = Pd(Bs.dn)
isi: = ipd (ipsLdn, Pu) = (P, idsLPn)




f (1051 bp, b) = —i f (e, Toupw) s = —i f (0.5 dm
My, My, My,
= - f 0.(dhyadn) + i f Sl @),
My, My

= J. <¢HriaSL¢H>
M

L

GsL{Pu, Pu): = <¢SL¢H' du) + (Pu, dsLdu) = 2(Pu, Ps.du)

M (vt @Vl/z e, M, Gp @ Spin(1,3
1/2 L sp’ cP pln( )

Teov : SSPINn(1,3) = SO0(1,3) ® {R, L}
Ty = Teon/{RL}: M ® (vl/z ®Vi;) - M/R, L}-Elp spEM

lep = Tre[wS] = —m *Soer Usp: = Tre[wS] = w0 S,
Yo v Y Y
cab. _ ; ab
ST [2 2] S [2 2

dspé:=d§ —icy, spf' dspé: = d§ — icg Usp$
Bopi = AUy + iy A Ui = 15‘ R, Fopi = AUy + iy Ugy AUy = %Soom”
bspi=t,dsp = (A - lcgr sp) bsp: = tydspy = (0 — icgrUsp)
(M ® Vi), sy, M, SUW (2))
Gsy: End(ly): @ » Gsy(Pw): = gsuPw
[Gsy(Pw)] = [gsu]lj[fl’w]]: 1,] € {U,D}
GsyUsy) = 955WsuGsu + icsy 9s5dgsu = 9si¥suIsu
Gso: End(QU(T*M)): Usy — Gsp (Usy) = AUgy
Fsu = Foytri= dUsy — icsyUsy A Usy
1 CSU 1 o) K 2
= (a2, + = Wy 1 AL, ) 7, € Q2(T" M) ® Ad(su(2)).

dga:= 1gyda — %CSU [Usy, alp = Lgpda — icsyWsy A a
(dg Adg)a® = —icsyFsy Aa%, dyFsy =0
sy = Uy = AGe 1, Fsy = FsuT ::%Tébea Aelr,
= Fly = 0, A} — 0pAL + csyf ! jALAL
bgbw: = (Lsy 0 = icsyAsy) P, Usy = ¥ AT
[TI(PH]A: = [Tl]ﬁ(l)BlAf B e {U, D}
(M ® (Vi ® Vi);) ® Vi) sy © sy, M, G ® Spin(1,3) @ SUy (2))
msg =Usy @ lsp +1y ® ?Isp' gsg =8sv ® 1sp +1y ® cl?')'sp
dsg: = (15U b2 1sp)d - iCSU(QISU X 1sp) - icgr(lsu X QIsp)
(El; EZ) = (Elrfzxd’w 1'¢w 2)
(§4,8%) (&L 8 9%
=8 @ Py LEE = @ Py 2 = {(ELEP) (§L80w

EL w2 =@, dy 2)E!
(W, B%) = (P, p%)§*
E®¢w1+§®¢w2 _E®(¢w1+¢w2) El®¢w+62®¢w= (El+fz)®¢w
=8 QPu+E Q@Y e (TM, Vi), ® v1/2 Spin (1,3) @ SU,(2))
=& ® Py + & @ ¢U € T(TMy, V), @ V5 )5, Spin(1,3) @ SU,(2))
(Ew, sw (fl ENPS, D% + (82,8 )P0, pU) + (81, 82)(hY, d2) + (62, 8)(PD, d5)
(fl:fl) (fz'fz>




m1/2(gp)Ew = £ © (gEdW) + & ® (95R),
. 1 . 0 . 1 . 0
= [gl], ¢ @ () + o], "¢ ® ;) + [ol], 282 ® () + 61,78 ® ().
. . 1 . . 0
= (lgt1, & + [a1], &) ® ) + (Iak], & + [611;8) ® ().
= [gi]' 4[8%], ® bk + 9517 4[¢7], © B%
(E\’N' E"N> = (EWr EW>J E\,N = 7T1/2 (gE)Ew

TI_'EW:=$1®TII‘$%+32®'_fl"2’\]/3v:‘51 _ _
VOE = (5L @ dw = (B, vSLEw) = (€7, v6L8") + (627, v8L.8%). = ETey§ &' + E2Teyd &
({Bsg: End (Wlk/z ® V?/2) tEy o (ﬁsgsw: = (‘Vdsg)gw
L

= aEW - icgr ((ﬁspél) ® (l;\lljv + (ﬁspéz) ® (l;v[\)/) - iCSU (El ® (QISUd;\l/JV) + éz ® (QISU(;B\]/)V))
= (9¢") ® pw + (9¢?) ® diy
—ngr ((ﬁspél) & CB\I/JV + (ﬁspéz) & (i;v]\)I) - iCSUC’qg‘VO (fl ® (TI ) (f’\lljv) + Séz X (TI ’ ‘i)\]/)v))

Lymu = Lym + Lor + Ly + Ly + Lry—n

Ig:= f 24,€ {YM,GR, Fy, H,M — H}

TxML,

Le(¥Ug): = ComTre[Fe AFe] = iComTrellIFel1]o

65 (Q[ ) ~ 4 . N
su = 0= doTei = A6 e[, ], = 0

da= g Aa:= det[n] 1(—1)PPTOH(A; A H(a))

=>f (dGa,b)n=f (a,dgb)o
1 69,() 1

d d
PR 3 —_— — . e 2
iCon 0% 1= ic. ltl—r>% dtja(%(; + ta) %1_{% dtf [|Fc(Ag + ta)||*o

d
= 2lim (Eg‘c(mc + ta), Fe (WU + tﬂ))” = thi_r)%f (dga, Fe(Ug))o

t—-0
= 2%11’%[ (a, dAG?fG(QIG)>D =0=256

. 2 o N
Lym Usy): = iTrgy [”g‘sg(msu)” ]U = TrSU[CLTfsg Usy) A %SU(QISU)]
8Fym (Wsy) _
6Usy
1 I oo 1
JA = ZT°T1 v,Fqp = O€
L (0.F % + ey f! ]quéﬂlé)fl =0
[0] = [A] = [T] = L7} [v] = L* = [Sym(Usp)] = 1

i 1 N
= —— T 2lp= ——T A
Ler(w, e) . l‘cp[”?cp” Io hreg rcp[gfp &epl
hrg8cr = —Trep[Fep A Fep] = —FF Trso[Fep A "LTFép]@K

1
= —Trgo[R(w) A S(e)] = EiR“(m) A Boo(e)

0= Cisuﬁsu =0

1 1
fl_KETrSO [R(w) AS(e)] = h—KERD

[R] = [hKg]™" = L7%,[v] = L* = [Ler] = 1




0Jgr(w, e . 1
% = 0= =6 = 0,60 = 5 a0 R A
0Ggr(w,e) 1 _ a_
sm 0 g ot hEz =0
1
— - — ab_ — Rab abR
hKE(s O=>hEG =0, G 2'7
1 .
h_KEza =0= e th (0uE3 + cgra. *&5 — (o)) =0
Lryi= CF + 8k = (LR + Lg v
LE (88,8%T): = (§°",idp&°) = i&°Te(dpE°)
ST (&¢,&Te)

) i - 1 *x ;
6;61‘5 =0= l¢)spfe =0= ]/ (la Cgr(l) S**)f =0
Li (Ew, El): = (Eyy, is En) = l:;‘;& (fsgEw)
57tk (Ew, gl . _ . 1 _
FN(AV-I\-: w) =0= igsgEw =7" (1su (16 cgrw S**) + csy A TI) Ey=0
8 (QIsu) . v te s s : .
3 = 0= —cou iy BB — o (fw yegY + fe“V"Ee) B, =0
6Ugy
53¢, (Usy) e X
5 = dyFsg = CsuBa Y EwB., = n¥[AT]| = cspEley 8w
6Ugy

2 (fﬁ. ¢h): = 2" (du 1) — Vgch. ol
Blflm(d’H: ¢1T1)= = 2 (idsy) ° (ipsy){Pp, Pulo = 2 (ipsu)(Pn, idsyPu)v,

= (i1, (ipsy)2Pr)o = @ - ((ipsy)>Pr)v

RO ( ) W(¢H,¢;)> ¢
S0l =0=((ipsy) A‘W’I{ ¢u=0
—(idsy)? = 1syA + Xgy
Tyt = 4ty (dsy A dsy)
+
67H(6('pq;’ ) = tyty ((Lsyd — icsyWsy) A (Lsyd — icsyUsy))
H

= —icsyUsy 7 + (0Usy) — icsyWsyUsy)

= —(ilsy 0 + csyWsy) (ilsy T + csyWsy) — Ly = —(idsy)? — LsyA
ate

_ 87¢ (Bw, Evg

=Te
"'W

1gyA = (lydsu)(lydsu) — 4yt (dsy N dsy)

sy Ad + dUsy)py = Usy Adpy + dUsyPy) = Usy A ddpy + dUsy) Py — Usy A dy
= (dUsy) Py

~

1
Esu = —iCsulyly((d‘usu) — icsyUsy A QISU) = —icsylsy = —icsy (EToIoYOYoT )
87 (¢w bl .
((STH) = 2y(Pu, 4’;) = _¢11:I(15UA + icsyXsy)Pu — V(py)
H

63 -W> "'1-8 6V ) 1- .
FNg—‘frle (150A + icsyBsy + —(¢H Ll >¢H =0
2w

L;nb: = m€<ée*'fe> = Tne(ée)-l-E ’ = me[fe ] E Ee]B
. . Eezfﬁ"'feDr;lée_fU"'fD _
(867, 80) = (§57.45) = 0 = Lg7 = —m ({88, §5) — (§87.45))




(Eu o) > (DU BUNE + (9D, BD)E = ¥ + pé?
£t = A((Ei, du) Bw) = A9ulE”, €) + A9p(E, £°)
= —2¢p ({57, €5) — (687, €0)) — 2ou (& &) — (&5, &)
(¢u = 0,¢p = vo/VZ € R,m, = vy/V2)

1 T A et 68y d( 68y ) G = A 68q d( 83.)
2 Cabeem A= mab — “\§(awed))” T T M Fea T “\5(de)
[Tal=L7", [€*]=E
1
I% =:§T.“ e’ A&, EY = E"B,
[Tal =L7%/1% , [E*] = E/I®

eaboofIFM Ne’ = = CgrKapBs

Fum
2 5 s ab
Cgr(f-reyosabf) 560***8 ANe*Net = Cgr(f-reyosabf)%o
Kgy:= §TeySapé .
E€aboo Ty N € = CgrKapBo = T, e = §(y*Spe + 26[‘},nc]°y°)f = If, = ETF‘IMW& Ae’

524 (v) 5 /1
L) = Dy (o a5 G =R 2= hCD.(f)W(Zemoe" Ae Ae A e°)
h
= hdg(f) geam& ANe’Ne’ = hdg(f)B,
= h®g4(f)

h
= EYM — _Z?;IOTIOO
1
= EFM = pgteye (16 cgrw *Sex + csuc/llrl) &

1
=Ed=nh <n°°(ao¢;)(ao¢ﬂ) icsy 5 Foov vt (@hidn) - V(¢H.¢H))

= E™e = —hm,({§%",§5) — (§8",$5))
@GR EM + G + Clf + 67, Tip = TH,
1 1 1

GSR: = —(6 = —— € RN, Tt = — T = —d,e®
a Kg a ZKE a GR hKE hK'E

= %g:Sp(1) - GL(2,0):{1,i,j,k} » ag:= {1,,k(0)a}t

0 =+1
K(6): = em0-1/2 = {—i 6=0
-1 6=-1

v+ k(@) k(@) —iv?)
To:R* > Ampho(2) € GL(2,C): Vyg P Vgg: = Gl - Vyg = (K(G)(vl Liv?) O — k(@)

1 ;
(usp, vsg): = E(Tl‘[use]Tl‘[vse] — Trlusgvsol) = ugeﬂevse =u®v® + e (ulv! + u?v? + udv?)

=N = diag[l,e"”g,ei”f’,ei”f’], No = {71]3, 6=0

n., 6==1
lvsgll?: = (vsg, vsg) = det[vgg] = (v°)* + e"”f’((v&)2 + @2+ (*)?)
g:.(0 =+1) €50"(1,3) € S0(1,3) , g.(6 = 0) € SOL(3) c SO(4)
dc: End(caus(z)):vse = véei = T(gc)(vse)

@
9¢(6;9,0):= g7 (9) ° 9500 oo(x6-ip)s = €XP ( io® 5) exp (0 7)




( [v°cosh (x8) + vjsinh (x0)
(vosinh (x6) + vjcosh (x0)
vgcos (¢) — vgsin ()
\ vasin () + vjicos (@)
(vocosh (x8) + vésinh (x0)
1 3
vio = (gt 0. 0)) = To1 | 0T
\ —vgsin (@) + vjcos (@)
vcosh (x8) + vjsinh (y8)
( vgcos (¢) — vgsin (¢)
vgsin (@) + vicos (@)
L\vosinh (x8) + vicosh (x8)
(v°,vg,v§,v3): = (W°, k(B)VY, k(B)v?, K(B)V®)
det[g2(0; ¢, x)] = det [exp (—iaa %)] det [exp (Ja)%g)] = exp (Tr [—io“ %]) exp (Tr [aa )%HD
=1,

9%(6;0,0)" = g¥=2(m)g2(—6; ¢, x)g¢=2(m) fora = 1,2,3
a; an
9dc=9;. (9;(p1ﬁX1)"'gc (91 (pn')(n)

l l l
Vg, — UsE — v,
l l l

t(gi)(wsy) < tw(ge) (wsp) < t(gL) (W)
z1 = Re[Z;] + k(0)Im[Z], z, = —ix(6)(Re[Z,] + ilm[Z,]), |Z;1* +|Z,]* = 1
Amp: SU(2) ® [-1,1] = Caus(2):(71,7Z,) Q 6 » Amp(H)(z"l,Zz)) € Caus(2) € Ampho(2)

nsg(gc) =9c ffse(gc) =g. €GCy
(9, = 98 7G| _, = 91 7 (9,__, = s(9L) = g1

——> s0(4) = su(2) &3] su(2)
U \J
Colo—o S5 Colp—o
o 1
Co®[—1,1] = €®[0,1] & €y [—1,0]
X 1
Colp—1 D Colo—_1
[l [l
— 50(1,3)) @ C = sl(2,C) &3] sl(2,C)

Vs(8s,02; 6): = Vi3, [g. € Caus(2)] @ V13, [g. € Caus(2)]
Ve )2[g6 € Caus(2)]|,_ = Vi), Vi)2[g0 € Caus)]|,_, = Vijo , Vi)2lg0 € Caus(]|,__
= WI1“/2

(E©),30) = 0@ @5, e0):= (o g/ 0 )
€(0) = 1, = (§(0),4(0)) = (s @)
§O)lo=+1 € Vi)y = & (=0)lg=11 € Vi

§(0)lg=—1 E Vi3 & (—0)|g=—1 € V]{—/Z




F(-0)=§0)=FD=5D)=5,5M=§-D=¢§
€(+1) = 2€; = (§(1),{(1)) = (51, L) (§(—1),¢(—1)) = —{§1, L)
[g7(®)]": = [£(6)]a [6(9)]AB ? (§(6), ((g)) ; §he(- 99)((91) =§1(6) - €()- 4(9)
J, \) )
§(6)=¢(0) < §(1)

I < I

|
éf < ¢y — '3

f=—-1 +— —-1<0<0 +— #=0 +— 0<b<l +— 0O=1
J { 3 3 \
51(2.C)  +— Caus(2) —  su(2) +—  Caus(2) <+— sl(2.C)

w W w
gr(pi—1) «—  gi(p:0) = gip:0) «—  gi(g:0) <«— gi(pl)

| I
gr (e 1) g () m/2(g,)

— ag A Hg(bg): = det[ng]"/*(ag, bg)vg
det[ng]l/z = e3l7‘[9/2

NaMe 71
(0, Da) = (ae,bg) llaullo IIaeIIve E{E L}

Dgi= —€oooop Neg Neg ANep, Qg = — T lpel.lA Ae - ap =— al1 lpeel\ Aee
p! p!

41
eglo=o = ¢, eGlo=+1 = ef
ed = (g, ep,e5,ep): = (e°, ix(0)el, i (0)e?, ir(0)e®)
Ag = dgdg + dgdg = 8 + ™0 (0, + 0, + 3)
Ho(ednef) =einel, Ho(egned) =ejnel, Ho(egned) =epAe,
Ho(egnef) =egne), Holegney) =einey, Ho(eh Aed) =ef Ae,
Gy%={ed Nep +ej Nej,ed Nej —ep Ned,ed Nej + ey Aef)
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— =ta
_6E

{v6,v8) = 218" 1,
vo:=vE, y§:= e/ 2y % fora = 1,2,3




YL, 9 = +1
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1
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dsgchw = fszchw(r)dt2 - fS_c}21w(r)dr - 2(d192 + Sln (pd(pz)' fszchw(r) =1- 167TKEme/r
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‘[Dfn c2(Fe) —fD . c2(Fp) = nzf c 7 1)4drEf dQ, =E
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ch(My): = Ch(M92=1—E)|E—>+0 =1
%{, = _pz + 22 6Ia=I
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r:g{,:{ 22/(p? + 12)SEe=, 6 =0
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Apéndice F.

1. Supergravedad cuéntica, agujeros negros cuanticos, supersimetrias de gauge Yy

supermembranas para espacios cuanticos curvos o relativistas.

[012g — _g 013456, _ ¢

_ 1 vpio Y
8y = Ve + oz (17— 88TPA7) Fy e

1-'01234-5678910 =1

[0178910, — _

1 1
dsf, = e?%o [_dtz +dy? + e (=0,w) 2dii - dil + e (=0, w)2dV - dV

+(—0,w)(dz + (aZW)_l(v)ﬁW) . dﬁ)z]

1 —
e = edodt, el = edody, e? = e’ (—a,w)2(dz + (8,w) "} (Vgw) - di),
_ 1 1 _ 1 1
el*2 = e72% (g, w) ady;, et = e 2% (—d,w)idy;, i = 1,2,3,4
1 . . . .
C® =—e%pel ne? + ﬁeijk{)((azw)‘l(au{,w)du‘ Aduw A du® — (9,,w)dvt Adv) A dvF)

L,Gy = (LuGO)(azazGO) - (Vﬁ'azGO) : (Vﬁ'aZGO)
1
w = 0,6y, e 34 (—0,w)2 = L,G,

1
—340 O,w) 2 — (azw)_l(vﬁw) - (Vgw) = —L,,G,

Q
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1 1
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1
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1 1 1 1
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. 1, 1 . 1, 1
ettt =e72%(-9,w) 40, ett? = e72%0(—9,w)46,,i = 1,2,3

€GP = —e%pAel Ae? + (0,w) 1 (w3a,w)Vol(S3) + (v3a,w)Vol(S"?)

1. R n
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L3G, + 92L332 2(V gz) =0
L3g1 + 92L3G1 — Z(V 91) (V g2) =0
L3go+ 9 (V 91) =0
Lyds — 93Lz(g2") =0
~ h, (D)
927 @
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Gy, = ——Zz—_,-l' j u,v
0 27 @ Jo(u,v)

1
—— LiGo + —= Lo = 0
G T Ry @)
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NG e
(V@) - ] = (g @ha (3202

]

- (@R[ s~

V4
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Z
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1 h,(w
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1
h, (¥ h, (9)\2
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. 1 _ 1 _
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d5(=h+ih) =0
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o,w = _we B® (9,w) " (w3d,w) = by, (W3d,w) = bs
91+ 95— 92
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e = = p91— + (GG — 1)(g.d§ — g1dp)
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Entiéndase que la supergravedad cuantica, para efectos de este trabajo, comporta la simetria entre dos
particulas o antiparticulas, segin sea el caso, de las cuales, una de ellas, es una superparticula
(\éase la definicion proporcionada por este autor respecto de las superparticulas en sentido
lato), a proposito de la deformacion o perforacion del espacio cuantico de que se trate,
combinando en consecuencia, relatividad general y supersimetria. Entiéndase por supersimetria,
para efectos de este trabajo, comporta la interaccion de dos particulas o antiparticulas, segin sea
el caso, de las cuales, una de ellas, es una superparticula (\VVéase la definicidn proporcionada por
este autor), a propdsito de la deformacion o perforacion del espacio cuantico de que se trate, por
accion de las superparticulas. Entiéndase que las supermembranas, para efectos de este trabajo,
comporta la existencia de infinitas dimensiones a propdsito de la deformacién o perforacion del

espacio cuéntico de que se trate, por accion de las superparticulas. Finalmente, entiéndase por

superespacio, para efectos de este trabajo, como la existencia de un espacio cuantico relativista,




el mismo que posee dimensiones ordinarias y anticonmutativas, a propdsito de la deformacion

o perforacion del espacio cuéntico de que se trate, por accion de las superparticulas.
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Apéndice G.

1. Modelo Didsi — Penrose para campos cuénticos relativistas, a proposito de la existencia de
superparticulas por gravitacion.
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Apéndice H.

1. Agujeros negros cuanticos, supermembranas, superespacios, dimension temporal y

supergravedad cuantica para campos cuanticos relativistas o curvos.
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. 1 : I~
€ = Vu(Gij0"d7) —50:G0, ¢ 97" + ;[ F{" Fy] = 0,
Ex =Vy*x ¥ =0,

. 1 éS

Frpy = —————+—=ReNysFEE + SMN,SEE,.
Auv 4@6*FAIW AZtuy AZ v

BM =V, « FA =0,




A
3 gAu

Ef =0->mMyE) =0,mM y € GL(2n, + 2,R).

1 oS’
Anv = 4@5*F'Auv'

2 Diff(Mugearar ) = GL(21p + 2, R)

3
{, FM, Nza (@)} = {E(), GEN™ nFY, N5a(§(#))}.
i Diff(Mescalar) - Sp(znv +2, R)
N'(E(@)) = (AN($) + BY(CN (¢) + D)™*
— (D C

m =

5 A) € Sp(2n, + 2,R)

i: Isometrias( Moo, Gij) = SP(2n, + 2, R).

$= [ @ /IGIR + ha @0,0044° + Gy (2. D207
+23A2(ZI Z_)FA #VFZMV - 293,\2(2, Z_)FA w * FZMV}

1 . ic i . i
F = ——K?jkz‘zfzk + =+ TZ n{di}Lig (eZmdiz )
{d}

3! 2 (2m)3
i
1 o ic
Fp = —ikg-kzlzlzk +E'
i . idi 7
Fnp = (2m)3 Z ngaylis (ezmdlzl)-
{di}
1, XiXixk ic(x®)? i(x0)? | 2mials
F(X) = ~ 3k 50 + > + (Zn)? Z ngyLiz| e X
{d;}
R A
zt = .XT

B=M-1"(7Y),

VHEZ = —2KéEH,

1
oM = —kbA + Q6] + P6Q
8w




Sph =

6B ~ €F =0,
6.F ~ 0de + Be =0,

-1

g=(1—27M)dt®dt—(1—27M> dr @ dr —r2(d6 ® d6 + sin? 0d¢ ® d¢b)

Y

€ I"|Schw. =0

2

-1
3 q° 2M q 5 -
g= 1_T+r_2 dt ® dt — 1_T+r_2 dr @ dr —r“(df ® df + sin® 0d¢ Q d¢)

- K _r+—r__,/M2—q2_

- -0,
2 Anr? 2m2r?

6E‘P#|RN extr. =0

g=e2VOdt @ dt — e‘zu(r)ymdxm ® dx2,
8 ré

sinh? 7,7 [sinh? 7yt

hgz = df @ d6 + sin? 8d¢ @ d¢,

Ymndx™ @ dxt =

dr @ dt + hy2

g=e2YOdt @ dt — e 2YD[§,,dx* @ dx"],

A i
lim e 2V = — lim 7%, lim 7 =

0,i=1,..,n,
dim ¢f = ¢4, G ()0 Von(9n) = 0
aijh(¢h) =0,

S =nVpn(Pn(Q)) =0,
Irck|U, 2] = f de{(U)? + Gi;z'7) — e*"Vin(2,2,Q)},

(D2 + Gz 2 + e*Von(2,2,Q) = 1.

1
Von(2,2,Q) = EMMN(N)QMQN;

A
wy _ (P
Q") (qA).




_(I+RI"T'R —RI?
M@ = (TR TR

X = ieU+ia

V2

o0F . __0F
axh Y A= 5xrhg Xt

LA xA
My — — ,X/2
v (MA> ¢ (T A)

MmA LA
X ey

Fp = se tiene Fy = FpsXZ

RM = Re(VM/X), M = Sm(VM /X)),
RM = _MMN(T)jM

aIM  agN  9RM IRV N
dRy ORy 0Ty 37y

H" =3M(X,z,X,2)

VX  HY(H)+iH! 1 3
i— 0/ S ( ) : ‘e—zu — 5= HM(H)HM.
VO/X  HO(H) + iH® 2|X|

. 1 .
& = 2|X|?HMH,, — [Z—iz"alﬂ( +c.c.|.

W(H) = Hy,(H)HM = 72,

i 1 —1a WHM_1aw
M= oM = 2m W T e aM

1 N
~tyraxlH) = [ dr{zaun Y - v}
1 N

=5 gunH"HY +V
HurHy
w

gun = Oydylog W—2

1 HyH
V(H) —{ 7 9mN + ZszN}QMQN

Vbh = —-WV.




1
[PQ,M] = dppgoym — EaMgPQ

(HYHy)? _

Ao (M — 2™
m( o HY) + W

0,
HMHM = O,

Ay (M = 12HM) = 0,

M
HY =AM — —1,

V2

HM = AMcosh (r,T) + BMsinh (1y7)

HM =AM — =1,

V2
H =H.=H. =01"=p,=0g: =0
0 i P Po qi )

i
. P
H'=a'"——1,15 =0,

V2
HM = HM(a, b),

{HP =0,0P =0} =2 &, =0,

<iHi> e%/z( xt > fo eX/2 x°
T JdF(X) < >= dF(X) |,
H; X - X
! Xt 0 X0
~ . . i
e_ZU = Hl'Hl,ZL = lm,

dF (H)
—_— = 0
oHO°
. i itrk . 70 2 (170 2 Hi
i o H'HIH* ic(A°)" i(H°) o —ona
F(H) _ikijk I:IO 5 + (27_[)3 n{di}Ll3 e tao
{d;}
. _OF(H)
Hi= =
1 H'HIH* 1 _omg HE g HY [md;HE
=g € g ) e [ ( zndl“‘))“"z < )[ iz ]
) (H ) di}

lim Lig(w) =w,¥s €N
lw|—=0




1 HiHIHk 1 H H' [d.HE ,
0 —2ndi—5 —2ndi5 L ~ i
——K;; +c+ Nigale HO 4+ ¢ H |l——[=0,3mz' > 1
1k T L 13 3 E {di} [ 0 ] ’
3! (HO) it oAl H

1 H'HIH* 1 —omga L [md; H
K} +c+ Z g, e 2mdis [ ]

L]k 3
3! ( 0) 4 )

1 , H'H/HK fl _ml_[nd H‘]

——K2
mmﬂ(gq3+c+4n

e~V = W(H) = |k, HHIH [

Voh = Qaulog W(H)Q! QJ

Hi

zt=i(3lc)/3 —
(;cg.kHleHk)

1/3°

0 iy 3¢
KiijmZJm \SmZ >7

¢
C —
4
e X =6¢

c>0=hll>p2t

3,1 0 _ 0 _ .0 _
X" = Ki11 = 48,K35, = K333 =8
3,1 0 _ 0 _ 0 _

W(H) = al48(H")? + 8[(H?)* + (H*)3]|*/3,
W(H) = a|18(H?)?[H* + H?] + 8(H?)3|?/3.

b , , . D?
H = acosh (ry7) + T—smh (rot),b =53 |1rfa? + =
0

21 = i(310) /3413 = 5, 5223

= [48 + 8(s, + s3)] para X31
= [18 + 18s, + 8s3] para Y1,

-1
1 b :
ds? = [— (3lc)/3 [acosh (ro1) + —sinh (7‘01')] ] dt?

b ré
—= (3' c)/3 [acosh (ro7) +— smh (ror)] [— dr? + ——— dﬂ%z)]

sinh* ryt sinh? r,t




3
, 1
27Tl.dl'ZL ~ —§Z di'di =1

i=1
s, = §3 = —1, para X31,
s, = —s3 = 1, para Y31,

Gij» = 0;0pK

o~ 1

Smz

N

M 1+ Scp?
=7 -
0 21¢(3 mz1)?’

Sy =13 1+ 3cp” 1
t=T’l 2r2 (I mz1)2 —

a= —Sp

2,2
@ p4/14/3.

S,S_ =

“2U = W(H) = alH'H?H3|*/3,

Hi

i — ;~1/3
z e (H1H2H3)1/3'

, . bi iy2
H' = a'cosh (ry7) + r—sinh (ro7), bt = Sb\/"o (ah)? + (p )
0

; Imzt,
at =—s :
’ V3¢
Z 3@
3 2r0 (Smzk,)*
2/3
3c(pi)?
P o [ T
; 213 (3 mzoo)
_ n?a? i\4/3
1 0 H'HIH* i _Z,le_ nd H”
31 ik (a 0) T




T[dAlHl

W 3 (d,H")
S T ST
“\ 2K H HIHE
1, HIH 3 (dy ™)
Hi =§KijkA—lWa Sa W
nd,H 2KpqrHPHIH
0 pigipgk NG 3
ki HHH 3a(d,H!
e = W(H) = LWy | 54 [ (f)
2nd, H™ 2K0 g HPHIH"
. ~ 3
, Ht 3n(d,H!
Zt=i— Wol Sa |50 (dif!)
nd, H™ 2Kp g HPHIH"

A0 =

[, H'H/H*
So = S1gn [Kijk d\mHm ]1
S_1 = _1

i
H'=d —p—r,ro = 0.

V2

1, p'p/p*
S= EK?jk WWa(saﬂ),

5 3(d,pt)”
2KpqrPPPIpT’

M=U(0) =

1 [3x)piala* [ 1 d;p* 3
14+ W, (sqa)l dja™

3fl(dlal)3
*= 2k0 aPada’’
par

W, (x)e=2Wa(®) 55 g=2Wa(x),
Ly _ 3(d,HY)’
e = ~ 0 s a1
2md H™ 0\ \| 260 HPHIHT
. ~ 3
. H: 37 (d, H!
zt =i ~ WO 0 ( ! ) -
nd, H™ 20, HPHIH

2V2 |kpgraPada” B 2(1+ Wy (sga))]|’




n > 0Vt € (—o0,0],
2nd,H"
0 i, jk
K;.aa’a
;kd —Wo(@) =1,
Tam
_y T Kipp'pIp"
e~?Y g ool (1L
Tam
N
- o
k=0

Uj © Uy € Lijtrymod(n+1)-
Ug © Vg € Ly, YVuy, vy € Ly,
Ugouq € L,Vug € Ly, vq € Lq,
Uy ° Vg € Ly, Vuq,v1 € Ly,
e Supersimetrizacion: Vx; € L;, Vx; € Lji,j = 0,1,x; o x; = —(—1)Yx; o x;.
e Identidades de Jacobi: Vxj € Ly, Vx; € L, VX, € Ly, k, L, m = 0,1, x5 © (x; 0 x,,) (—1)F™ +
xp 0 (Xm © %) (D™ + xpy 0 (g 0 ) (=)™ = 0.

Xy © Xy = XXy, — (—1)99vx,x, = ¢y x,,

Li,(2) = Z - ZwEeC
— ]
Jj=1
) oLi,(z)
Liy,_1(2) =z (;'VZ .

Li;(z) = —log (1 —2)

] _z ] (. 0 "oz
Liy(z) = E,Ll_n(z) = (za) 1=
; _ (7 Liw-1(s)
LlW(Z) = _[0 Tds
z=W(z)e"?, vz e C.
aw(z) — W(2) dW (z)
Z zasway ZEOe =

dWy(x) — o lim dW_1(x) _

m
x->-1/e dx "x—>-1/e dx




XxS

ptt € QOH(X, Ty) ® C*(S)
utt = pi(z,z t)dz_ii
J aZ]
Yy e QX)) ® €2 (S), v € QM2 (X) ® C*(S)
- 1
aﬂl’l + E [!11'1.111'1] +01v (6]/1'0 A 6}/1'2) =0
Q% (X, V) = (% (X,V)[-],0)

00 (1) A Q = L,(@)

0q: Q% (X, Ty) - Q% (X)

a
Q%(X, Ty) > Q% (X)

[w '] = Ly’
[wv]=Lyv

(Sym(LV[-1]),8,)
d*:C' (L) - C(L)
Yovel—eV,umeVu

[u]1 = Ou + dgu
(1, uzlz = 0 (g A pz)
[V, 1, 213 = 0 (Vg A i)

[V, s Viem2, e, Ha]ie = O (vy = Viehty A pz)
[V, o Ve, e M2, Y]k = Vi Vs (R A ) V Oy
[Vl, v V=2, My Y]k = V1 VgtV OY.

x®al,=[xfQa+ (-D¥lx® dya
X @ ay, ... x, @ agle = X1, s X5 @ (ay -+ ap), k > 2.

1 1
FA = [A]1 +E[A,A]2 +§[A,A,A]3 + .-

(4,B) € L[1] ® £'[-2]

-n -n+1 -1 0
] dq
Q°(x;S) - QY(X; ) PVi(X;S) - PVO(X;S).

QL(X; S) = QY (X;S)
=@ PV (X) ® Q*(S)[-j — k]




n = dimc¢(X) + dimg(S) — 1

Q Q
J uvy + j v
XxS XxS

ap ) 1 a i 1
SBF,Ozj [ﬁ’/\(6+ds)v+yl\(6+d5)u+[3A69u+§[,u,u]V}/+[u,v][i”ﬁ/\(6+d5)v+y/\(6+ds)y+ﬁ/\6“y+§[,u,u]v1/+[y,v]ﬁ].

o - - 11 - - 11
SBF,.X,=] [ﬁ/\(6+ds)v+yl\(6+ds)u+ﬂA69u+Em,u2V6y”ﬁ/\(6+d5)v+y/\(6+d5),u+ﬁ/\6mu+§m,uzvay].

ur e_v.u'rv ~1 _e_vrﬂ ind (ﬁ —yVy)ev,y = eV-y

d da
Q°(X; S)p = QN(X; ), PVI(X;S), = PVO(X;S),.
Sgr + 9/
{Ser+9J,Sgr + 9/} =0

{Ser, )} ={.]}=0

1
]=EV/\3V/\3V

yH e QM (X) @ 0/ (S)

deg(/) = 6

1
{ﬁ/\anu,]}=§6/3/\6y/\0y= 0

{1 ! 6V21 AO /\6}-1 VOy)AOy AD
ST =50V VR Y Ay AOyg=5(uV dy) Ady Ady

Sym3(H) =H® A
A3 (3) =HSH
y = Jgv.B = JaB

1

_(SBF,oo +])
N
.1

J= ge”V Ad(e"y) Ad(e"y)
ov+dsv+0dqu =0

_ 1
ou+deu + =
u sH 21—y

1
0o () + s @y noy)v @™ =0

- 1
(6+ds)y+6ﬂ+m(uvay)=0




(0 +ds) It evay=o
sy VY=

o =Y u e PVHX) ® /(R),i=0,..,5j=01
o v=Y;; viI Vi e PVU(X, Ty) ® Y (R),i =0,..,5j =0,1
° 'y = Zl,} 'yl'] yl'] € Ql'L(X) ® Q](R),l = O; ---;S;j = 071

e B=Y; BY BV e QX)) Q@ V(R),i=0,..5j=01

_ 1 1
a‘ul;O + E [#1;0’”1;0] + (E ayl;O A ayl;O + ay2;0 A ay0;0> Vv (gﬂ_l) =0

a = ay%°
2,hol A% 4 hol hol
'QX g 'QX = Qg;(

-1
3 +5l6¢1=avp

w0 = pl(z,z,t)dzo,,
p = pf(z,z,t)dtd,,

1 = (2 7,0,

B30 = BUk(z,7,t)dz; dz; dz, B> = (2,7 t)dz, dz; dt
Y20 = yik(z, 7, t)dz; dz; dz, Y5t = v (z 2, t)dz; dz; dt.

119, € Vect(C®) = 0(C*)d,, v € 0(C%)
B € 0(C3),y! dz; € Q1(C%) = 0(C%)dz;

i L0 Mq 4My AM3 AMy 4AMs5 |
;)"K' 0z, 07,705,700, 1
9,30, 49,5y
. my 4723 “z4 “Zg
v(mj).v L azl azzmz
m3 oMy ,Ms_ §
i s 6"‘16623 624 625 yt
Y(mj)-y Z1 “Zym,
. M1 My 4M3 41y /M5
ﬁ(mj)'ﬂ = aZl a22 a23 624 Oz P

5

5 ] 5 -1
i(@ys o qs) = i=1 qi i=1 qi
o (U—q) T, (1—-q7Y)
my+1 m; ms+1
ql e qi cee q5 .

my m;+1 ms
ql ces qi cee qs




5
Z Z gt g gl Z gt g gt

i=1 (mi)EZ;O (mi)EZ;O
_21'521 ql.“q\i.“qS l5=1 ql
i5=1 1-gqp) z'5=1 1—-gqy)
5 .
[] [] e
it1
1_q;n1...qi7nl ...q;ns

i=1 (mpezs,
E(5,10), = Vecty(C>)
E(5,10)_ = 02(C°)
[a,a']=Q7 v (ana’)
8§ ={Sprw +J,—}

6(1) = 5+ d]R+ aﬂlu_)v + alﬁ_)y

Vect(C>) ™ 0(c®)
0(C® 5 Q(c®

u=pu®1E€eMVecty(C>) ® Q°(R)
V=[] ®1€(Q'(c5)/d(0(C%)) ® 2°(R)
(1 [¥], b) € Vecty(C%) @ 101 (C)/00(C%) @ €

[[¥] [¥']] = Q71 v (3y A dy") € Vecty(C5)

9:Q1(C%)/d (((CS) = 03(C5))

q
x < (€,6W) 2 (E(5,10) @ C,,0),
Koy + 0Ky =y

y — Kdy = 0Ky

[ ', [¥1ls = o, ', [yD

©:E(5,10) x E(5,10) X E(5,10) - C,
o', a) =(uAp, a)l,=o

Ceven (L) — CZ-,+ (L) @ C2-+1,—(L)
codd (L) =(C2%~ (L) > C2-+1,+(L)




tiig =V @IS
Sym?(S) =V A2V DAV
[, 9] =T, ¥")
sis0114 = $0(11,C) X 1114
Cuz € C¥F (sisny14; @ (RM[2])
ez, ") =T (¥, 9") € (R
V=L®L ®C,S=NL
SIL) BN LON L DLBL D C
S=A(L)=COLDONLONLDOA*L DAL
Stab(Q) = sI(L) ®A? LY @ LV < s0(11,C)
L @ Stab(Q) (A% LY) D C
[Q,—]:60(11,C) = S
W'l =AY ent Ly =1L,
[v, v, Y]; = 4w AV, ) €EC,

[Zi 74N Zj, Zy VAN Zl]2 = Eijklma

Zm

(020,21 z{,]3 = 4(516] - 5151)

B
H (m2brane ¢) @ (LV - l'ILV)

[v,4

]= (U,/l) (S (Cb
[v, ] =(

v, ) € 1L
g +» m2brare ¢
H: Q*(R') - Q1(R')
¥ =1 - Hl2(Q,%) €IS ® NO
[v, ] = —L,(HT2(Q, %)) = —(v, T2 (Q,¥)) — d(v, HT,2(Q, ¥))
vy - (v, HL2(Q,¥)) € Ly

q
K U (g,8) 2 (H (m2brane ¢),0)
L

H (m2brane 9) w» L£(C> x R)




Vw0
ALY -0

1 _
Zj /\Zj E/\2 L\é g E (Zi dZ] —Zj le') € Ql,O((CS) ® QO(R)
Ayj € 5I(5) m Z Ayjz0,, € PVO(CY) ® 0°(R)
ij
9y, € L= 9, € PVMO(CY) ® Q°(R5)

1€C, - 1€0%(C5) ®Q°(R).
[Zi /\Zj,Zk A Zl] = Eijklma

Zm

[0, 2; Az, — zy dz;] = &} dzy — 6}, dz
1, .
®@ (0,2 Azy) = 3 (8/ 2k — 6i2)).
[@D)(8,,), @D (zj A z;)] = 00D (0,2 A z.)

ISy [azi, Bz 21 A zlL = [0M(a,,), ®M(3,,), @D (2, A 2)],
+ [0, @@ (0,2 A 22)| + [0, @D (9, 21 A 21)]
H (m2brane @) - E(5,10)
L @ Stab(Q) @ (A3 L) B C;, > E(5,10) B C,
LY~ 0

ALY -0
Z; /\Zj E/\2 LZ [ dZi VA dZ] € le((CS)

Aij € 51(5) xd Z AijZiaZj € Vecto((Cs)
ij
0,, € L 0,, € Vecty(C®)

12, 9", v,v") = AV, T, 9P")
A €N (CH) X Q(RY),
0A + dgrA+ 0, AND,A=0
C? xR’
Q + Qnm
Qnm EN* (LY)

CxR=CxC,, xR

Qnm = dz; A dz;




1

1 —_ q —-Nn,+n,
(nl,n2)62§0

A ny): A - 0,,10,,2A(0)

q—n1+n2
(nl,n2)62§0

1

1 — q—n1 +le
(ny,n7)€Z,

4192 = 1,939495s = 1

1
1-91-g™H

i(q) =

1
Yum = 5 (@2 dz — 2, dzy) € Q29(C%) ® O°(R)

dz; A dz, € Q2,(C%)

[flazl, dz; A dzz] =0f; A dz; — af; A dz;
[gaawa, dz; A dzz] =0
[A% dw, A dw,, dz; A dz,] = €4pch* Ow,-

0, f +0,0 =0
H (E(5,10),[dz; A dz,,—]) = Vect,y(C?)
0 - C - 0(C?) - Vecty(C?) - 0
H(E(5,10),[dzy A dzy,—]) = 0(C?)
e p’,a) =(pAp, a)l=o
(fiazi'gjazj) = (fi92 — [291)(z1 = 2, = 0)
ZxM
a €N10Y(2) ® O'(M)

{a’(z,z')dz’,,af(z,z_)dz_]}pb = (0,,a'0,,0! £0,,a'0, a’)dz; A dz;

1 2,0 1 2,0
= (a AN da) ANwy” + = a AMa, alpp A Wy
2Jzxm 6 Jzxm

p, € PV (CH) @ PV (C3) ® Q'(R)
iy € PVY(C2) @ PVY'(C)) ® Q'(R)




lf L(ay vu2)an(d?z A ddw)
2 Jeaxeaxr 1=V

1
3 f ydydy
C2xC3xR

1 /1 1
f g, <§6W)fw V bty + 0%V V phhty + 0"V V bty + 507, V u%) A(d*z A dPw)

1 1
il R 2 2 3
+2f 1—v(d zVuz) A(dez A d°w)
1 z z w z w w 1 w 2
‘ (Vw0 Yw0?¥w + Yw0" Yw 0%y, + ¥ 0"y, 0 Vz)+§ (rw0%vw) Ad*z

1 2 2 2 3 1 w 2
3 (szuZ)A(dzAdw)+§ (rw A% yw) Ad°z

2,0

1 = O.wZ ®1 1. = 0,
Q 0, - PV, QPVy,
a1 10V, 100 S ol
Rl > 0¥ ®0E - PV ®PVY
0, S N A - 3 0, & k. & .
QZ ®QW®QL —@k=0 QZ ®Qw®QL

py = (1 —a@*)(0,, A0,,) V02a®, py = (0, Ay, Ady,) Va?v=a’

ﬁ = ao’yW = al’YZ = 0

3
f Z ak(0 + dg)a®7*
k=0
f aoawaz—f al9?a®9%a3

1
_ law 1
f SaloVa

1 1 1
Ef 1— a3 oval(@®)? d*z +f a’?0%a®0%a’ +Ef (1—a3)d?a’9%a®

lf ald?alo?al
6

11 3
Spes(@) +f S oVal(@?)? d’z

1 1
Ef = a?(@?)?

aW(aZ)aZ (5{2)2

2) 1-a3 6) 1-—a3

lf L ogwai(a?y? + lf




PV (X) = Q% (XA Tx)
0q: PVE(X) - PVITL(X)
(PV"(0)[[u]1[2],0 + udq)
(9 ® 1)8acxxx € [PV (X)]®2

Igcov(Z) = Trx(exp Z)o = Z TI‘X(Z®”>0

n>o0

k Ko m—3
(e @ @ i) o= ([ el Yo s = (70 Y
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1
S=R+4V2¢p — 4(0¢)% — EH2

ds?, = ds?(R9"%1) + ds3

0(10,10)

x Rt
0(9,1) x 0(1,9)

{9.B, ¢} €
8yG = LyG,8,® = L, ®
¥E er(C-®ST(C)) ¥z €T(C: ®ST(C)),
pt €T (S(C,)),p~ €T(SH(C))
et er(s¥(cy), e er(s*t(c))
F €T(Si2),

— B — B (n-1)
F® = eBi AFyy = P /\Z dAgy -
n

FA_{y“(X)l paraA = a
T Oy parad=a+d
Sayz) = S(C) ® S(C)
Fy:S(C.) = S(C,).

Fi = (CF,C™DT,

1
FED) _ 2 —~ FE®) yar.an,

n

F# — A+F(B:¢) (A—)—l




Fgy = e BoAFB) = g~ B A FB®)

1
= e e AN [ (I (g (A )
n

32(nh)
rF = -F,

+ . 1 -
6Y; = Dge +1—6F#yde ,

1
S5Y; = Dye + 1—6F#Tyae+
6,0+ — ]/aDaE+,
8p~ =y%Dze™,
it = (Slog ®)EF — (8AL;)EP,
= (Slog BBz — (z,)E*,

On

Q| Q4

A

On

SAe = EYVai + € vaa,
SAgq = €Yy i + € vala,

1
Slog ® = —28¢ + Eé‘log (—g)=€tpt+ép~

6Gad = 6Gda = 2(€+Va¢g + (:T}/dlll(;)

1 1. T e a1 J—
1—6(6A#) = (%t —pte ) F Wieyi+etp)

1
Ry + Ecb-l(F, I;F)=0




1 o _ _
SP=-53 29[+ Dk + P~y Dy
+2p*Dagp*® + 2p~ Doyp™°
—p*yY*Dapt — p ¥4 Dap™
1 ~+ - T, a a,n—
—g(p Fyp™ + gy Fey®a)|.

1 _
YPDppE — Dap™ = +—yPFyyay,

16
_ 1 -
YPDyg — Dap™ = +1—6V”F#T YoV,
] 1
YeDap* — DY = T
1

=_ Hi A ... Iz
Wy = k!wﬂl---ﬂk dx#t A= A dxHE

1 (k+ D!
Wiy ANy = (k + D! ( k! w[ﬂ1---#kn#k+1---ﬂk+z]>

daxcH1 A oo A dxcHk+t
1 1
* W) = m (F /_geul"_Hlo_kvlmvkwvl---vk) daxH1 Ao A dxHro-k

{—yu’ —}/V} = 29”1}’—}/”1"-”‘]( = -y[”-l "_-yuk]
CyrCt=—-(M",CT=—C

Cytr-teC—1 = (_)[(k+1)/2] (yHa-H)T,
gyHa-tiy = (_)[(k+1)/2] qyH-tke,

1
y(lo) = yoyl ]/9 = 1_()!6111---#10}/”1"#10

1
0 = k 2 an -
yﬂl---#ky(l ) = (_)[ / ]mv _gEIl1-..IlkV1---V10—kyv1 Vio-k,
y®y0) = (ylk/2] 4 ) (10-k)

1
Y = Z Hlpul---ﬂkyulmuk
k

F ={(x,{é,}):x € M and {é,} T, M}.

4 v =A% vP e, m e =é,(ADP .

Lw=—-L,v=[v,w]
HiHp _ u Hi--Hp
Lvdvlqu =v aﬂavl...vq
KUz Hi--Up-1H
u P ... u 4
+(6H17 l)avl...vq + + (aﬂv p)avl...vq
Uil
- U P wy) gt
(6V1v )aﬂvz...vq (aqu )avl...vq_lu-




T(v,w) =V,w—-V,v—[v,w]
T oa=w,*—wy#
T pe=wp®c—wcp+[ép 8]
(i,Na = LYa — L,a,

R(u,v)w = [V, V,]w — V[uv]w,

Ry * pvP = [V, Vo [0 = TP V02
Ry = Ry ™.
R =g" Ry,
P ={(x,{é.}) € F:g(&s,éy) = Sap},
9lx € GL(d,R)/0(d)
Va/oxt€q = wy P 4.
VA% gi= 0,A% p — T AS + TS, AP p.

Fp

o {p}+K§’v+LPW,

uv
{p =-g” G G
yv} _g ( wIav + O Gua — ag,w),
V=%(T#pv+Tvpu_Tpuv):

1
Lpuv:ZE(quv_Qﬁv_vau)-

RH

vpo:

i = 0pTy — 05Ty, + Tip Iy — Tip T

ptvo T VP
Typ:= 200, = T3, — Ty,

Quvp* = VuGvp = 0uGvp — ZF()llllugp)/l # 0.

RYps = —Riop.
Typ = —Toy,
Quvp = Qupv-
Rﬁ/pdl V[v po] H[v paa]'
V["‘Rllllpal = Rﬁr[anTa]




0= (%),

_ sl
dx#o0, =6,
ea:=ey0,, et =ef dx¥,
— A,B — ", v
9uv = Nape”€” v,Nap = Guv€s €p-

lea, egl:= e ep — epey
= (e4',)(e}d,) — (ekdy,)(ef ;)
= [exey (9 eE)—eBeu (dvep)]ec
=e, eB[a eu d ev]ec

= fazec,
figi=elep|d e —a,ef]
dw = 9w, dx* A dx"
dx* Adx = dx* @ dxV — dx¥ ® dxH
dw(w,v) = uw®) — vo(u) — w((u,v],)

dw(u,v) := dw, U v¥ —u’v#),
uw(v) = utv'o,w, + utw,d,v",
w([u,v]g) = wy(uhd, v — vio,u’),

{dec(eA, eg)tec ={es [36(33)] —ép [ec(eA)]
_ec([eAfeB]L)}eC
= —ec([eA;eB]f:eL)ec
= —[ea, ep];.

—_ .,C
Ve, 8 = Yigec,
.— A BV
Yavu:= €, €; 2(ey)p
B
= _eftq (ev)BvAeA
= _eftqeva(eA)B = ~Yvaw

c _ ,.C cC_.,C A
Yip = wg(es) © wp =V4pe

[V, 0,]=V,0,—V,d,

= (F;flv - mﬂ)afl

T;ﬁ/ al ’

T(v,u):=V,u—V,v—[v,ul,.




T(eq ep) = Ve,ep = Vep€4 — lea epl.
[wB (ea) — w§(ep) + de€ (e, eB)]eC
= [(w§ A eP + de€) (e ep)]ec.

T = QC ® ec
deC:= —w§ Nnet

=—c (VEB —yEa)e? nef

1
—EeAeB(a es —d,e5)et neB

= ——f el neb
Nap = quefl‘eg-
AL xt — x™* = AL (0xY,
Nuxtx? = —t? + x* + y? 4 22,
v]
. Y —yR'

—yIR‘ 1”C Ri (6l+(y—1)"—"’)

1 := diag(1,1,1,1)
P := diag(1,-1,-1,-1)
T := diag(—1,1,1,1)
= NgeB w
Guv = Na€ie® v Nap = gu €, €p.
A =65 + 0% 5+ 0 [(wf)]
(/AB)LC)= = 2i7][3|D5X] = i(UBDéf - 77AD5§)-
A = ez©an)®
wyiJap €L — wy: ——a) y]AB,
Dy:i=0, —w, =0, —%wABIL]AB,

-

D,e€ =0,e¢ — %wAB uli(nep8s — 1485 )]e”

1
= 6#ec +E[(UA D#(SX + (UB D‘ué‘g]eD

=0,e + w® p,e’.




D, (efdx)‘) =D, (e )dx* + efDu (dx’l)
=D, (ef)dx? + ef (61 + efel wF p, dxP)
D, (ef)ax? + e,

D, (efdx*) = 9, (ef dx*) + wC p ef dx?
=d,(ef )dx* + ef + wC pyep dx.

Du(er) = 0u(er) + @ puer

VﬂX§:= a# + (l)A C#XCB — (l)C BuXéq'

W= (v, V)dx* ® 9,
= (9,V +THVH)dx* @ 0,

VW = (WﬂVA)dx” R ey
= (0,VA+ w5, VE)dx* ® e,
= [0,(efV?) + w” p e VA]dx* ® (efd,)
=[0,V" + (efa,ef + w” g efer )V ]dx* @ o,
= [auvv + (e}(Duej{‘)V)‘]dx” X d,,.

% =eiDye?,
wh, = ef ey} +efo,ed = efV, el
WwAB — (AB Ldx,
Vel = e —Thef + whef =0;

0= Vlg/w = a/lguv - F/{Lgav - F/g/gua
= di(efednas) — ef g Daefl — ef GusDaed

= _3134 e;? (Wapa — Wpaa),

9,x" = 9, (AB(x)xB)
= (8,xB)AG (x) + x5 (0,A%(x)),
dux't=e',0cx" = e, = el AE(x).

A_ A A B — A
eu—aux + 0” pux” =Dyx”,

@A Bu'= Aé(x)auACB(x)

w? gy = AW p AL + AL, A (x).

non inertial inertial




C _ ~C .C
fap = Wpa — Wyp-
as

: 1
ofc =5(fs " c+fc® s~ féc)-

A — A A A - E
RBuv - avau - auva + WEyWpy -
<A E —
WguWgy =0,
A _ A A A JE A JE
Ty = Ovey — duey + wppe, — Wgyey.

Iuw(@®)) = Ny, 029 (@(P)) = 0.

d2$a
dsz =~ '

d?xt | 2g dxf dxV

ds? KV ds ds !

l?‘)- o axﬂ. aZfo‘
HV: ™" 980 gxtoxV’

39,0 = A5 08,

Ruvaﬁ = _Rvuaﬂy

Ruvap = Rapuy-

_oxt M ax#

u — X"

T at ’ ds
VK =TVV,TH,
AF =TVV,VH,

AM =R gTATSP,

4
SGr: = ﬁf d*x/—g(Ler + Lm),




de® + wh nef =0,
wyp + wpa = dgap,

o o o 1 o
dwf + ¢ Aw® g =-r5cpe’ Ae®,
° A Ag v
wpy: = ey Vyeg,
o
A._ A A
fBci=Vsc — VB
_ c
dgap = 0cgape”,
1 o o o
A A AM ¢L AM £L
YBc = E(ch —9c.9”" fem — 9BLY fCM)

+T4..

”o'éqw =aD]°,é4€ — dcvip + }jéquo’gB
~VBuvlh — Vitsvlh.
x4 — x4 = x4 + e4(xH),
Py:= 0,.
[Pa, Pg] = [04,05] = 0.
5x4 = e(xM)Bogx? = e(xH)A.
5. W =eA(x*)a,W.

0:(0,¥) = €40,(0,¥).

9:(3,%) = e4(x)0,(9,¥) + (aﬂeA(xﬂ)) W,

correct spurious

_ _ A
)W = 8,¥ = a, +BA,Y,
8:Bf = —0,%(x).

0:(e, W) = e (x*)0,(0, W),

correct
W LA A _ A A
eM—‘P—euaA‘P,e# —aux + B/,

Bf — Ag(x)BS.

e ¥ =0, + 0, x50, ¥ + B0, ¥,




A _ Ay A B A_ gy LA A
ey = 0,x" + wg,x” + By =Dyx” + B

8B = =D, (xH).

1A A
e, — ey,
Nuwv — Guv-

"y —
9,¥ - DW= 9,V
+l 1A ( IC_I_ rC _ ’C)SBLP
29 ufBA fA B BA)°C 1)
9, ¥ >D,¥ = 9,¥
1
A ccC C C B
+§e u(fB A+ faCs — fBA)SC W,
e'd — el
{au _)Dl»l} < Nuwv — Guv
- — grav. coupling prescription in GR
grav. coupling prescription in TG
dulA
=0,
do

du'4 Ar ~duf  dAA(x)

do = A (%) do + do u.

correct spurious
du'A duB A B
= _ L H =
e 0— 1o T WpuuuU 0.

. dy#
y(@):= %au.

dyH dy# dy#
- .= w=" ,r#yalV” _
ek vV, Yt = = +FaﬂY = 0,

o d%xH u dx®dxf

VWEGr i =0

d?xF Py dx®dxf _ p dx®dxF
dr? af dr dr af dr drc’
At dx*dxf _ p dx®dxf
dr2 af dr dr af dr dt’
x| pu dx@dxf (d_/l)z d?t dy#
dr2 aB dr dr dr/ daz de’

[e#, ev] = fvlitaA'

T4 = 8,B2 — 0,By' + 0, BE — wfh,BE

Dy (Dyx*) — D, (Duxt) = 0




Tﬂ“}, = dyef — 0 e + ap,ef — g ef .
™A JATA L 1A A
TMV =ey TIW' = Fvu — Fuv-

el = (l;i_rgeA#.

Téqc(e;iq; ‘bgu) = d’gc - d’gc - fé"c(e(r)) =0,

e = %e(cr)u[fB 4 clew) +fe B(ew) — fic(ew)]:
Wfip — Wha = [z + Tip-

%(fBCA + faC§ — figa) = 0fa — Kfa,

kgA = %(TBCA + TAC B — TgA)'
wg, — K§, = ci)g”,

Sﬂv: = R”VA — €y VT” + e:’f'v,

A
1
. SUV
fi=2 5114
1 1
_ P Uy A0 VU LSS
=7 lwlp +§T’WTP —TuT”,
R=R+T+2q,(ef") =0,
: A 2
R= - e2d,(eTH) "’
—_———
boundary term
ct
STEGR = _ﬁf d4x€ LTEGR +f d4xeLm,

=T

A o, _1 & A 4TG __4nG
G =201(eS ") = tw = 5 Tvs

8mG 6LTEGR
cte 3(dye4 )

§Auv=_

,\ 1 . .
Guvi= - e’ 1 9vp05(eS57) — S8 15,




gen *

N C1 4 A Co 4 A A A
Toen:= :Ta#VTa#v - 7TauvTuav + C3TaTa,

‘o — A ™P
Tw) = €juguipTy = 0.

Lrecr (3;14 , 0); Lrecr (3;14 , (béu),

LTEGR (e# , wB;L) + 6 [_T (eu , wBu)] LTEGR (eﬂ , O) + 6 [_T (e# , 0)] ,

4 (ef, i) = PH(ef 0) — ot
Lrtecr (e# ) wBu) Lrecr (eu ,0) + O |5mg d)#]
v -
v v Q

Goalh * = pv, — viuva

TV v-w = T)“v“w"QMw

T2V (”'W)qto
vl w]

o
at: = u)‘V,lu”

o o
5 oe— A — A,,v
a,:=u"Vau, = a, + lvuu'u

o
U — A u
u,a u,uVyu
v
I it
= 1Y — yH
=u A(uuu ) ubuVyu,

o
= Q,lw,ulu”u" + 2uyat — a,u*,
o
— 5 A v
atu, = a,ut — Qyututu’,
2
(a# — au)u” Q,lm,u ubfuY
©
at =0,a, = leuu’lu";

Quaw) = 0,0y =0

4

c
SSTEGR: = f d*xy _g[mLSTEGR + L],
Q




° ° ° 1 13 °
(@ -0") == auly=o (e - o]

égen' =0 éaﬁyoaﬁy +c éaﬁyéﬁay tc3 éa@a

[ o 0@
+C4QaQ + CSQaQ ’
pa. L a(J_ Q)
uv: — 2\/'—9 aQ
1 °
=_Q Q(u V) _ZgquaBﬁ

[Qﬁ 9w t ES&QV) g B] .

o © o
Q:= Qauvpalw-

1070 1
\/'— aguv ngﬂV
(ZQaﬁ/LQ b _QuaﬁQv aﬁ)

~ (2007 0% 1w = 0.7 50, * )
(Qa[y’u évﬁaaéauv)-

Gt = ~2V, (V=9PS)

+qu _Tquv = Toa ww

—_

j

NID—\~[>|D—\..[>|p_\

AN (\/—_gﬁ;”’) =0,

&= (e™)* goyef ..

= (e™D)fdel; = 0,




ouef , =0,ef , © ef = ef*:= 05",
9x2

L% = 5 9,0,&%.

§*: = ngﬁ + &5,

N

LTEGR 4 > ZSTEGR

S N

A A o o [od <_>
~T—Fa,(eT#) 0V, (01— Om)

VaRg,, + VuRG,2 + VuRE),
_ TP p P
- Twlevp + TvARgup + TvuRgflp'
VaR§,, + VuRE,; + VRS, = 0.
0aR}uy + 0,RG,1 + 0yRG, = 0.
03R%,y — 0uRf, + 0yRYy, = 0.
~0;R} — 9RE +9,R =0,
1 o

d,Ry —=0,R =0.

2 v
o 1 A o o 1 A
8, (R =2g™R) = 0=V, (R -1 g"R) =0,
V,GH =0, V,TH = 0.
VaR® gy + VyREy, + VuRE,, = 0,
K =V K, — Vo K,
+K2,R7, — K&KS,,

fcaﬁuv = _f(ﬂ auv'fca Buv = _fcaﬁvu-




VaR}, + VuRG,2 + VuRE,
+Va R + V. RKE, + VR, = 0.

=Vqu ;?v"'vv ,u_KauvTa_ ;fa gv
= Vasvﬁ + VaTaguv - I%gvsa Z:
ke, =-T
na o
K% 4, =0,

R = §1 4 67T — 51,
R = 20,12 + 1 = 20,(ef4) + 7.

[ n n 1 n
VaSuu @+ RES.® 49T =0,

GAR;;ZIW + anglu + O”Rgvl = 0,

o o o o

l:a Buv = VﬂLa Bv — VvLa Bu + LgLO- Bv — La GVLG Bus

<o O <o

<o
aﬁuv = _ﬁﬁauv’ Eaﬁuv = _Eaﬁvw

2Rpyuy + 0,R3,1 + 0y Ry

+a,1L§W + auzzg,,,1 + avL;},w =0.




o o 1 o 1o o
=V LY uv +E°v qu _EQaLa uv
I - 0 u oa oa ° -
_Z[Qu alv o+ 2Q av(Q au_Qa .u)]'
oa 1 e
Lua Z_EQu
Ta pa 1 N o_a
L uv =2Puv+§guv(Q -Q )
1 o o
-2 (650, + 550,
o ° oa oa 1 e oaﬁy 1 e oyﬁa
£ =V (Q% = Q%) + 3 Qupy Q%Y =5 QupyQ
1 e oa 1 e oa
_ZQaQ +§QaQ

o

=7, (0“ - 0%) - 0.

b)

5, & Uy # B, 8 O, | IR o
aaQ =VaQ +L oron =VaQ _EQaQ

1o o 2 1 o )
200P oy + 5 Qe (Q° = %) + 5 gy (0 = 0%)

1o 0 °

1 0 1 0
+§L6quJ+ZQuaanaa+§Qa au(Qava_Qaav)
1 ° 0 ° 1 o
_Eguvva (Qa - Qa) + Egqu:
2 o 1 o 1 o
\/?gaa (\/__gpu%)_\/?gquv+§guv0 =O

ds? = —eVENde? 4 e AN dr2 4 12 de?,

_eV(t,T') ~ -1+ ﬂ'
r

ds? = — (1 —g) de? + (1 - g)_l dr? +r2 de?,

; df(tr) df (tr)
fler):= =22 f (6 r) = 2 2=




Grr = =D +1v'(t,1) +1 =0,

G =e MDAV (T)—-1)+1=0.

[e_}“(r)r]’ =1 M=1-59
-

Ar)+v'(r) =0,= A(r) +v(r) =C,,

—ev® =1 M LA = L
T

r

V—ev® 0 0 0
0 Jei® o
T
0

SN 1
Trp = =
N 1
Kty = Eev(r)vl(r) =3
Korg =7
N A1)/ o=Vv(T)
Sftrzu:z\/l_m,
T T T
e _ _ e MO (+2) _ M-r
® 212 o
A 27O (+1) 2
T = S —— 2
. -/ (1) 0 0
Qruv = 0 el(r)/ll (T‘) 0
0 0 2r
2M
—z 0 0
2M
= 0 - U2 0 |
2 —_—_—
r(1-5)




o rA’(r)—rv'(r)+4 1 ,
Pl = = =S @@+,
o e?M-A(m 1 2 M\ 2
PT? = = _(1 - _> 1)
r r T
Igr — 1 —-A(r) ’ 2) = -r
""P__Zre (rv'(r) + )_T'
O(P 1 ! !
Pr(p = g(l (r+v'(r) =0,
Zev(r)_)l-(r)v’ T
() 0 0
0 T
Quwv_ _ 0 2rv’(1;) +2 0
rv'(r) +2
0 0 T
4M 2M
(-2 o
T r
0 2 0
= 2M
2(1 24
(1-5)
2M
0 —=2
T

e;‘gv,,aaﬁ,, Pe + e teflg,,0,e
S o B 1 7
=S5 %,T out Egm,T =0.

A A A

aasuv 7 =Sy T y5 — Sau °T? yg — ﬁu pore po9va

A A A 1,
—Sa T VTG + TgsSuw ° + ETgm, =0.

o
+K 0680 © = RypoSy P7 + 158, °
1 A
—S, 7, T% ou T EguvT =0
—K% y6Sua © = KypsSy P7 =0,
RO 468 “+ 158, 7 =0

P o a & 1, > a o a & 1 7
VS,W + KWSa v—T wSa v+ ETguv = VGSW + K auSa vy +ngT =0




1o ° ¢ 1 ° °
ZaaP“ uv + EQauv (Qa - Qa> + Eguvaa (Qa - Qa)
217 0+ 30 00 50 0 (07 v = 0u )
2 wv¥e Ty tp oy a Ty ou va a v

1 ° (2 ‘ia 1 0
__guvva (Q -q )+_guv =0.
2 2
PQep tn | X1, 805 5 X1, tno1) = P, ty | X1, tp—1)

E®(P(0)) = p(t)
E(ty + 1) = E(t)E(Ly),
dp t) = LA(t
T () = Lp(t)

I:I = I:IS + I:IB + I:ISB
. p? .

Hg = M +V(Q),

N

Fl(k)=z P _I_mszchh%
P4em 2 )

N

2
NG 2 : N oA Ik Ao

Hew = Q+ .
SB <gkCIk 2my, lzc >

k=1

dz0

A 1 (¢ N A A
T O V@) + 7 | ke~ P + k@O0 = @

N 2

k(t) = Z mgz)z cos (wyt)

im Tk

9Pk (0)
mywg

f =

=

<gqu(0)cos (wit) + sin (a)kt)>

=1

(f®©) =Te(f(©)pw) = 0

. S hgl h
{fo,fen}) = Z m,;ga’j coth (2:;’;,) cos (w(t —t"),

Ap(t) = OA(-1)67T

r(t) = 64(—)07" = q(6), Pr(t) = OP(-1)0~" = —p(®).




dz0

M_
dt?

A 1t N A A
=D +V'QE=D) + M-[o k(=t =t)P()dt" + k(=t)Q(0) = f (1)

p(t) = E)H(0), (1) = exp (—Lt).

OE()07t = exp (—OLO7t) = exp (—Lgt).

(&

EMO T =exp (Lt) =E@)7L

U6 =0(-t)

db _ ~ovs
2 = LOpO

dpr
dt

A dpA A—1 r A
) =-0_- (=07 = —Lr(—1)hp(t)

ty
p() = £(t,0)p(0), E(ta, t1) = Texp <—f ﬁ(t')dt'>,

ty

ty ty
O&(ty,t,)071 = Texp (—f (:)fl(t’)(:)‘ldt’> = Texp (—f LR(t’)dt’>.
t1 ty

ty
0&(ty,t,)071 = Texp <—f f:(t’)dt’) = E(ty, ty) L.

t2

f k(t')dt' < oo
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