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RESUMEN 

En recientes trabajos, este autor ha esbozado planteamientos generales a propósito de la supergravedad 

cuántica relativista, la misma que, en sentido estricto, se tiene como una teoría del todo. La 

supergravedad cuántica relativista, es un pilar esencial en la Teoría Cuántica de Campos Relativistas o 

Curvos, planteada por este investigador, en la medida en que, unifica la relatividad general y la 

relatividad especial con la mecánica cuántica. Sin embargo, a diferencia de los postulados que son 

propios de la supergravedad, la supergravedad cuántica relativista, usa la supersimetría en grupos de 

gauge infinitos (supersimetrías de gauge) con la finalidad de integrar la gravedad a escala subatómica, 

a partir de la existencia de superpartículas, capaces de deformar el espacio – tiempo cuántico, en 

dimensiones más altas (supersimetrías de gauge en dimensiones D), lo que ocurre, por interacción de la 

propia superpartícula a razón de su masa y energía extremadamente densas, o por interacción de la 

superpartícula con el supergravitón, incluyendo, aquellas interacciones con regiones de antimateria, lo 

que supone, la permeabilización del campo cuántico repercutido por el campo supergravitónico. En este 

trabajo, se robustecerá este concepto esencial que sostiene la Teoría Cuántica de Campos Relativistas o 

Curvos. 

 

Palabras clave: Supersimetría, Supergravedad en D dimensiones, relatividad general, grupos de gauge, 

superpartículas, supergravitón. 
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ABSTRACT 

In recent works, this author has outlined general approaches to relativistic quantum supergravity, which, 

strictly speaking, is considered a theory of everything. Relativistic quantum supergravity is an essential 

pillar in the Quantum Theory of Relativistic or Curved Fields, proposed by this researcher, insofar as it 

unifies general relativity and special relativity with quantum mechanics. However, unlike the postulates 

that are typical of supergravity, relativistic quantum supergravity uses supersymmetry in infinite gauge 

groups (gauge supersymmetries) in order to integrate gravity at the subatomic scale, based on the 

existence of superparticles, capable of deforming quantum space-time, in higher dimensions (gauge 

supersymmetries in D dimensions).  which occurs by interaction of the superparticle itself due to its 

extremely dense mass and energy, or by interaction of the superparticle with the supergraviton, including 

those interactions with regions of antimatter, which supposes the permeabilization of the supergravitonic 

field, which supposes the permeabilization of the quantum field impacted by the supergravitonic field. 

In this work, this essential concept that explains the Quantum Theory of Relativistic or Curved Fields 

will be strengthened. 

 

Keywords: Supersymmetry, Supergravity in D dimensions, general relativity, gauge groups, 

superparticles, supergraviton. 
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INTRODUCCIÓN. 

A diferencia de otras líneas de investigación relacionadas a la supergravedad, en este trabajo, abordaré 

la supergravedad a escala cuántica y en dimensión relativista, en D dimensiones, sin regulación por 

campos de gauge finitos, sino en contrario, suponiendo que, a escala cuántica, la supersimetría de gauge, 

está dada en infinitas dimensiones, a propósito de la distorsión del espacio – tiempo cuántico, en 

dimensiones más altas, a causa de la interacción de la superpartícula, por su propio centro de masa o 

energía (en el caso de las partículas estrella o blancas), o por interacción de la superpartícula con el 

supergravitón, incluyendo, aquellas interacciones con regiones de antimateria. 

En este trabajo, esbozaré un modelo matemático unitario, a propósito de la supergravedad cuántica 

relativista, concebida así, en la Teoría Cuántica de Campos Relativistas o Curvos, esto es, la 

deformación del espacio – tiempo cuántico, y su desdoblamiento en dimensiones infinitas, por efectos 

de la gravedad causada por la interacción de la superpartícula, con el supergravitón, lo que supone, la 

permeabilización del campo cuántico repercutido por el campo supergravitónico, o en su propio campo 

cuántico, en condiciones relativistas, a razón de su masa y energía, extremadamente densas, como ocurre 

con las partículas blancas. 

RESULTADOS Y DISCUSIÓN. 

Este trabajo, se encuentra dividido en dos volúmenes. En consecuencia, los cálculos aquí desarrollados 

se complementan con el volumen II de este manuscrito. 

DESARROLLO MATEMÁTICO: En un escenario inflacionario oscilatorio, la supergravedad 

cuántica relativista en un campo de gauge perturbativo, se calcula así: 

Métrica EMDA.  

ℒ = √−𝑔 [𝑅 −
1

2
(𝜕𝜙)2 − 𝑒𝑎𝜙𝐹2 −

1

2
𝑒𝑐𝜙(𝜕𝜒)2 + 𝑏𝜒𝐹̃𝜇𝜈𝐹𝜇𝜈]  

𝜙 ⟶ 𝜙 + 𝜆, 𝐴𝜇 ⟶ 𝑒−
1
2
𝑎𝜆𝐴𝜇  

𝜒 ⟶ 𝑒−
1
2
𝑐𝜆𝜒  

𝑐 = −2𝑎.  

𝑉± = ±𝜕𝑟∗𝑓 + 𝑓
2 + 2𝛽𝑓 = ±𝜕𝑟∗𝑊 +𝑊2 − 𝛽2 
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𝑅𝜇𝜈=
1

2
𝜕𝜇𝜙𝜕𝜈𝜙 +

1

2
𝑒𝑐𝜙𝜕𝜇𝜒𝜕𝜈𝜒 + 2𝑒

𝑎𝜙 (𝐹𝜇𝜌𝐹𝜈
𝜌
−
1

4
𝐹𝜌𝜎𝐹𝜌𝜎𝑔𝜇𝜈) 

∇𝜈(𝑒
𝑎𝜙𝐹𝜇𝜈 − 𝑏𝜒𝐹̃𝜇𝜈) = 0  

◻ 𝜙= 𝑎𝑒𝑎𝜙𝐹2 +
1

2
𝑐𝑒𝑐𝜙(𝜕𝜒)2  

∇𝜇(𝑒
𝑐𝜙∇𝜇𝜒) + 𝑏𝐹̃𝜇𝜈𝐹𝜇𝜈  = 0

 

𝑑𝑠2= −Δ𝑑𝑡2 +
𝑑𝑟2

Δ
+ 𝑅2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2) 

𝑒−𝑎𝜙= 𝑓−

2𝑎2

1+𝑎2 , 𝜒 = 0, 𝐴 =
𝑄

𝑟
𝑑𝑡  

Δ = 𝑓+𝑓−

1−𝑎2

1+𝑎2 , 𝑅 = 𝑟𝑓−

𝑎2

1+𝑎2 , 𝑓± = 1 −
𝑟±
𝑟

 

𝑄2 =
𝑟+𝑟−
1 + 𝑎2

 

𝑑𝑠2 = −𝑒2𝜈𝑑𝑡2 + 𝑒2𝜇1𝑑𝑟2 + 𝑒2𝜇2𝑑𝜃2 + 𝑒2𝜓(𝑑𝜑 − ℬ𝛼𝑑𝑥
𝛼)2  

𝑒0 = 𝑒𝜈𝑑𝑡, 𝑒1 = 𝑒𝜇1𝑑𝑟, 𝑒2 = 𝑒𝜇2𝑑𝜃, 𝑒3 = 𝑒𝜓(𝑑𝜑 − ℬ𝛼𝑑𝑥
𝛼)  

𝐸0
𝜇
𝜕𝜇 = 𝑒

−𝜈 (
𝜕

𝜕𝑡
+ ℬ0

𝜕

𝜕𝜑
) ,𝐸1

𝜇
𝜕𝜇 = 𝑒

−𝜇1 (
𝜕

𝜕𝑟
+ ℬ1

𝜕

𝜕𝜑
)

𝐸2
𝜇
𝜕𝜇 = 𝑒

−𝜇2 (
𝜕

𝜕𝜃
+ ℬ2

𝜕

𝜕𝜑
) ,𝐸3

𝜇
𝜕𝜇 = 𝑒

−𝜓
𝜕

𝜕𝜑

 

 ℸ𝑎𝑥𝑖𝑎𝑙 : (𝛿ℬ0, 𝛿ℬ1, 𝛿ℬ2, 𝛿𝐹03, 𝛿𝐹13, 𝛿𝐹23, 𝛿𝜒)

 ℷ𝑝𝑜𝑙𝑎𝑟 : (𝛿𝜈, 𝛿𝜇1, 𝛿𝜇2, 𝛿𝜓, 𝛿𝐹0, 𝛿𝐹0, 𝛿𝐹12, 𝛿𝜙)
 

𝜈= 𝜈‾ + 𝜖𝛿𝜈, 𝜇1 = 𝜇‾1 + 𝜖𝛿𝜇1, 𝜇2 = 𝜇‾2 + 𝜖𝛿𝜇2, 𝜓 = 𝜓‾ + 𝜖𝛿𝜓 

ℬ𝛼  = 𝜖𝛿ℬ𝛼 , 𝜙 = 𝜙‾ + 𝜖𝛿𝜙, 𝜒 = 𝜖𝛿𝜒
 

𝐹𝑎𝑏 = 𝐹‾𝑎𝑏 + 𝜖𝛿𝐹𝑎𝑏  

𝜈‾ =
1

2
log Δ, 𝜇‾1 = −𝜈‾, 𝜇‾2 = log 𝑅, 𝜓‾ = log 𝑅 + log sin 𝜃

ℬ𝛼 = 0, 𝑎𝜙‾ = 2log 𝑟 − 2log 𝑅, 𝐹‾01 =
𝑄

𝑟2

 

(𝔈𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛)𝑎𝑏 ≡𝑅𝑎𝑏 −
1

2
𝑅𝜂𝑎𝑏 −

1

2
𝜙𝑎𝜙𝑏 +

1

4
𝜙𝑐𝜙𝑐𝜂𝑎𝑏 −

1

2
𝑒𝑐𝜙𝜒𝑎𝜒𝑏 +

1

4
𝑒𝑐𝜙𝜒𝑐𝜒𝑐𝜂𝑎𝑏

 −2𝑒𝑎𝜙 (𝐹𝑎𝑐𝐹𝑏
𝑐 −

1

4
𝜂𝑎𝑏𝐹

𝑐𝑑𝐹𝑐𝑑) = 0

(𝔐𝑚𝑎𝑥𝑤𝑒𝑙𝑙)
𝑎 ≡𝑒𝜇

𝑎𝜕𝜈 (√𝑔𝐸
𝑏𝜇𝐸𝑐𝜈(𝑒𝑎𝜙𝐹𝑏𝑐 − 𝑏𝜒𝐹̃𝑏𝑐)) = 0

𝐸𝜙 ≡◻ 𝜙 − 𝑎𝑒
𝑎𝜙𝐹𝑎𝑏𝐹𝑎𝑏 −

1

2
𝑐𝑒𝑐𝜙𝜒𝑎𝜒𝑎 = 0

𝐸𝜒 ≡𝜕𝜇(√𝑔𝑒
𝑐𝜙𝐸𝑎𝜇𝜒𝑎) + 𝑏√𝑔𝐹̃

𝑎𝑏𝐹𝑎𝑏 = 0

 

( ℶBianchi )
𝑎 ≡ 𝑒𝜇

𝑎𝜀𝜇𝜈𝜌𝜎𝜕𝜈(𝑒𝜌
𝑏𝑒𝜎
𝑐𝐹𝑏𝑐) = 0  
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(𝔈𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛)13: 𝑒𝜈‾−𝜇‾ 2
1

sin2 𝜃
𝜕𝜃(sin

3 𝜃𝛿𝒢12) + 𝑒
−𝜈‾+𝜇‾ 2sin 𝜃𝜕𝑡𝛿𝒢01 −

4𝑄

𝑟2
𝑒𝑎𝜙

‾
𝛿𝐹03 = 0

(𝔈𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛)23: 𝑒−2𝜇‾ 2𝜕𝑟(𝑒
2𝜈‾+2𝜇‾ 2𝛿𝒢12) − 𝑒

−2𝜈‾𝜕𝑡𝛿𝒢02 = 0
 

(𝔐𝑚𝑎𝑥𝑤𝑒𝑙𝑙)
3: 𝑒−𝜈‾−𝜇‾ 2𝜕𝑡𝛿𝐹03 − 𝑒

−2𝜇‾ 2−𝑎𝜙‾ 𝜕𝑟(𝑒
𝜈‾+𝜇‾ 2+𝑎𝜙‾ 𝛿𝐹13) −

𝑒−2𝜇‾ 2𝜕𝜃 (𝛿𝐹23 +
𝑏𝑄

𝑟2
𝛿𝜒) +

𝑄sin 𝜃

𝑟2
𝛿𝒢01 = 0

 

𝐸𝜒:−𝑒
−2𝜈‾+𝑐𝜙‾ 𝜕𝑡

2𝛿𝜒 + 𝑒−2𝜇‾ 2𝜕𝑟(𝑒
2𝜈‾+2𝜇‾ 2+𝑐𝜙‾ 𝜕𝑟𝛿𝜒)  

 +𝑒−2𝜇‾ 2+𝑐𝜙
‾ 1

sin 𝜃
𝜕𝜃(sin 𝜃𝜕𝜃𝛿𝜒) −

4𝑏𝑄

𝑟2
𝛿𝐹23 = 0

 

(ℶBianchi )
1: 𝜕𝑡𝛿𝐹23 = 𝑒

𝜈‾−𝜇‾ 2
1

sin 𝜃
𝜕𝜃(sin 𝜃𝛿𝐹03)

(ℶBianchi )
2: 𝜕𝑡𝛿𝐹13 = 𝑒

𝜈‾−𝜇‾ 2𝜕𝑟(𝑒
𝜈‾+𝜇‾ 2𝛿𝐹03)

 

𝛿𝐹03(𝑡, 𝑟, 𝜃) =
i𝜔ℓ(ℓ + 1)𝑒−𝜈‾

𝑟sin 𝜃
𝑒−i𝜔𝑡𝐵03(𝑟)𝐶ℓ+1

−
1
2 (cos 𝜃) =

−i𝜔𝑒−𝜈‾

𝑟
𝑒−i𝜔𝑡𝐵03(𝑟)𝜕𝜃𝑃ℓ(cos 𝜃)  

 

𝛿𝒢12(𝑡, 𝑟, 𝜃)=
2i𝜔𝜇ℓ(ℓ + 1)𝑒−2𝜈‾−𝜇‾ 2

3sin3 𝜃
𝑒−i𝜔𝑡𝒢12(𝑟)𝐶ℓ+2

−
3
2 (cos 𝜃)  

 =
−2i𝜔𝑒−2𝜈‾−𝜇‾ 2

𝜇
𝑒−i𝜔𝑡𝒢12(𝑟)𝜕𝜃(csc 𝜃𝜕𝜃𝑃ℓ(cos 𝜃)),

𝛿𝐹23(𝑡, 𝑟, 𝜃) =
𝑒−𝜇‾ 2

𝑟
𝑒−i𝜔𝑡𝐵23(𝑟)𝑃ℓ(cos 𝜃),

𝛿𝜒(𝑡, 𝑟, 𝜃) = −2√ℓ(ℓ + 1)𝑒
−𝜇‾ 2−

1
2
𝑐𝜙‾ 𝑒−i𝜔𝑡𝜒(𝑟)𝑃ℓ(cos 𝜃),

 

𝜇 = √ℓ(ℓ + 1) − 2  

(𝜕𝑟∗
2 +𝜔2)𝐵0++ 𝑇1𝐵03 + 𝑆1𝒢12 + 𝑃1𝜒= 0,  

(𝜕𝑟∗
2 +𝜔2)𝒢12 + 𝑇2𝒢12 + 𝑆1𝐵03= 0,  

(𝜕𝑟∗
2 +𝜔2)𝜒 + 𝑇3𝜒 + 𝑃1𝐵03 = 0,

 

𝑇1 =−𝑒
4𝜈‾ (𝑎𝜈‾′𝜙‾ ′ +

1

4
𝑎2𝜙‾ ′2 +

1

2
𝑎𝜙‾ ′′) −

1

𝑟2
𝑒2𝜈‾+𝑎𝜙

‾
(
4𝑄2

𝑟2
+ ℓ(ℓ + 1))  

𝑇2 =−𝑒
4𝜈‾ (𝑎𝜈‾′𝜙‾ ′ +

1

4
𝑎2𝜙‾ ′2 +

1

2
𝑎𝜙‾ ′′ +

2

𝑟2
−
2

𝑟
𝜈‾′ −

𝑎

𝑟
𝜙‾ ′) −

1

𝑟2
𝑒2𝜈‾+𝑎𝜙

‾
(ℓ(ℓ + 1) − 2)

𝑇3 =−𝑒
4𝜈‾ (−(𝑎 − 𝑐)𝜈‾′𝜙‾ ′ +

1

4
(𝑎 − 𝑐)2𝜙‾ ′2 −

1

2
(𝑎 − 𝑐)𝜙‾ ′′ +

2

𝑟
𝜈‾′ −

(𝑎 − 𝑐)

𝑟
𝜙‾ ′)  

 

𝑆1 =−
1

𝑟2
𝑒2𝜈‾+𝑎𝜙

‾
ℓ(ℓ + 1) −

2𝜇𝑄

𝑟3
𝑒2𝜈‾+𝑎𝜙

‾
 

𝑃1 = −
2𝑏√ℓ(ℓ + 1)𝑄

𝑟3
𝑒2𝜈‾−

𝑐
2
𝜙‾

 

𝜕𝑟∗ = 𝑒
2𝜈‾𝜕𝑟  
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𝑒𝜇‾ 2 = 𝑟𝑒−
1
2
𝑎𝜙‾  

𝐵23 = −ℓ(ℓ + 1)𝐵03.  

𝑎 = 1, 𝑐 = −2  

𝛿𝒢01= 2𝑒
−𝜇‾ 2𝑒−i𝜔𝑡𝒢01(𝑟)csc 𝜃𝜕𝜃𝑃ℓ  

𝛿𝒢02=
2𝑒−𝜇‾ 2

𝜇
𝑒−i𝜔𝑡𝒢02(𝑟)𝜕𝜃(csc 𝜃𝜕𝜃𝑃ℓ)  

𝛿𝒢12= −2i𝜔
𝑒−2𝜈‾−𝜇‾ 2

𝜇
𝑒−i𝜔𝑡𝒢12(𝑟)𝜕𝜃(csc 𝜃𝜕𝜃𝑃ℓ) 

𝛿𝐹03= −i𝜔
𝑒−𝜈‾

𝑟
𝑒−i𝜔𝑡𝐵03(𝑟)𝜕𝜃𝑃ℓ  

𝛿𝐹13=
𝑒−𝜈‾

𝑟
𝑒−i𝜔𝑡𝐵13(𝑟)𝜕𝜃𝑃ℓ  

𝛿𝐹23=
𝑒−𝜇‾ 2

𝑟
𝑒−i𝜔𝑡𝐵23(𝑟)𝑃ℓ  

𝛿𝜒 = −2√ℓ(ℓ + 1)𝑒
−𝜇‾ 2−

1
2
𝑐𝜙‾ 𝑒−i𝜔𝑡𝜒(𝑟)𝑃ℓ

 

(𝔈𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛)13:
2𝑄

𝑟
𝐵03 − 𝑒

2𝜇‾ 2𝒢01 +√(ℓ + 2)(ℓ − 1)𝒢12 = 0

(𝔈𝑒𝑖𝑛𝑠𝑡𝑒𝑖𝑛)23: 𝑒
−𝜇‾ 2𝜕𝑟(𝑒

𝜇‾ 2𝒢12) − 𝑒
−2𝜈‾𝒢02 = 0

(ℶBianchi )
1: ℓ(ℓ + 1)𝐵03 +𝐵23 = 0

(ℶBianchi )
2: 𝑟𝑒−𝜇‾ 2𝜕𝑟 (

1

𝑟
𝑒𝜇‾ 2𝐵03) − 𝑒

−2𝜈‾𝐵13 = 0

(𝔐𝑚𝑎𝑥𝑤𝑒𝑙𝑙)
3:
1

𝑟
𝑒𝜇‾ 2𝜕𝑟(𝑟𝑒

−𝜇‾ 2𝐵13) + 𝜔
2𝑒−2𝜈‾𝐵03 + 𝑒

−2𝜇‾ 2𝐵23

 −
2𝑄

𝑟
𝒢01 −

2𝑏√ℓ(ℓ + 1)𝑄

𝑟3
𝑒−

1
2
𝑐𝜙‾ 𝜒 = 0

𝐸𝜒: 𝜒
′′ + 2𝜈‾′𝜒′ + [𝜔2𝑒−4𝜈‾ − 𝜇‾2

′ (𝜇‾2
′ + 2𝜈‾′) − 𝑐𝜙‾ ′ (𝜇‾2

′ + 𝜈‾′ +
1

4
𝑐𝜙‾ ′) − 𝜇‾2

′′

−
1

2
𝑐𝜙‾ ′′ − ℓ(ℓ + 1)𝑒−2𝜇‾ 2−2𝜈‾ ] 𝜒 +

2𝑏𝑄

√ℓ(ℓ + 1)

𝑒−2𝜈‾−
1
2
𝑐𝜙‾

𝑟3
𝐵2 = 0

𝑑𝒢: 𝑒𝜇‾ 2𝜕𝑟(𝑒
−𝜇‾ 2𝒢02) + 𝜔

2𝑒−2𝜈‾𝒢12 −√(ℓ + 2)(ℓ − 1)𝒢01 = 0

 

{𝒢02, 𝒢12, 𝐵03, 𝐵13, 𝜒, 𝜉}  

𝑛 =
1

2
ℓ(ℓ + 1) − 1 =

1

2
𝜇2  
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𝒢02
′ =𝜇‾2

′𝒢02 + (2𝑛𝑒
−2𝜇‾ 2 −𝜔2𝑒−2𝜈‾ )𝒢12 +

2√2𝑛𝑄

𝑟
𝑒−2𝜇‾ 2𝐵03

𝒢12
′ =𝑒−2𝜈‾𝒢02 − 𝜇‾2

′ 𝒢12

𝐵03
′ =(

1

𝑟
− 𝜇‾2

′ ) 𝐵03 + 𝑒
−2𝜈‾𝐵13

𝐵13
′ =(2(𝑛 + 1)𝑒−2𝜇‾ 2 − 𝜔2𝑒−2𝜈‾ +

4𝑄2

𝑟2
𝑒−2𝜇‾ 2)𝐵03 − (

1

𝑟
− 𝜇‾2

′ ) 𝐵13 +
2√2𝑛𝑄

𝑟
𝑒−2𝜇‾ 2𝒢12 +

2𝑏√2(𝑛 + 1)𝑄

𝑟3
𝑒−

1
2
𝑐𝜙‾ 𝜒

 
𝜒′ =𝜉

𝜉′ =[2(𝑛 + 1)𝑒−2𝜇‾ 2−2𝜈‾ + 𝜇‾2
′ (𝜇‾2

′ + 2𝜈‾′) + 𝑐𝜙‾ ′ (𝜇‾2
′ + 𝜈‾′ +

1

4
𝑐𝜙‾ ′) + 𝜇‾2

′′ +
1

2
𝑐𝜙‾ ′′ − 𝜔2𝑒−4𝜈‾ ] 𝜒 +

2𝑏√2(𝑛 + 1)𝑄

𝑟3
𝑒−2𝜈‾−

1
2
𝑐𝜙‾ 𝐵03 − 2𝜈‾

′𝜉

 

 

(𝜕𝑟∗
2 +𝜔2)𝑍− − 𝑉−𝑍− = 0  

𝑍− = 𝑓1𝒢12 + 𝑓2𝐵03 + 𝑓3𝜒  

𝑒1𝒢02 + 𝑒2𝒢12 + 𝑒3𝐵03 + 𝑒4𝐵13 + 𝑒5𝜒 + 𝑒6𝜉 = 0  

𝑒𝑖 = 0, 1 ≤ 𝑖 ≤ 6  

𝑒1 = 2𝑓+𝑓−

1−𝑎2

1+𝑎2𝑓1
′ = 0⟹ 𝑓1 = 𝑐1  

𝑒4 = 2𝑓+𝑓−

1−𝑎2

1+𝑎2𝑓2
′ = 0⟹ 𝑓2 = 𝑐2  

𝑒6 = 2(𝑓+𝑓−)
2𝑓−

−4𝑎2

1+𝑎2𝑓3
′ = 0 ⟹ 𝑓3 = 𝑐3

 

𝑉− =
1

(1 + 𝑎2)2𝑐1𝑟
5
𝑓+𝑓−

−4𝑎2

1+𝑎2[2(𝑛 + 1)(1 + 𝑎2)2𝑐1𝑟
3

− (1 + 𝑎2) [[(2𝑛(1 + 𝑎2) + (5 − 𝑎2))𝑟− + 3(1 + 𝑎
2)𝑟+]𝑐1

− 2√2𝑛𝑄(1 + 𝑎2)𝑐2] 𝑟
2+[(3𝑟− + 7(1 + 𝑎

2)𝑟+)𝑟−𝑐1 − 2√2𝑛𝑄(1 + 𝑎
2)2𝑐2𝑟−]𝑟

− (4 + 𝑎2)𝑐1𝑟−
2𝑟+] 

(
3 − 𝑎2

1 + 𝑎2
𝑟− + 3𝑟+)𝑐1𝑐2 + 2√2𝑛𝑄(𝑐1

2 − 𝑐2
2) + 2𝑏√2(𝑛 + 1)𝑄𝑓−

𝑎(2𝑎+𝑐)
1+𝑎2 𝑐1𝑐3 = 0

√2𝑛𝑄𝑟(𝑟 − 𝑟−)𝑐2𝑐3 − 𝑏√2(𝑛 + 1)𝑄𝑟(𝑟 − 𝑟−)𝑓−

𝑎(2𝑎+𝑐)
1+𝑎2 𝑐1𝑐2 − 𝐵(𝑟)𝑐1𝑐3 = 0

 

𝐵(𝑟) =
1

2(1 + 𝑎2)2
[4(1 + 𝑎2)[(1 + 𝑎2)𝑟+ + (1 − 𝑎

2)𝑟−]𝑟
2

+𝑟−[(𝑎
2𝑐2 − 4)𝑟− − (1 + 𝑎

2)(𝑎𝑐 + 10)𝑟+]𝑟 + (𝑎𝑐 + 2)(3 + 𝑎
2 − 𝑎𝑐)𝑟−

2𝑟+]

 

𝐵(𝑟) =
(𝑟 − 𝑟−)

1 + 𝑎2
[2[(1 + 𝑎2)𝑟+ + (1 − 𝑎

2)𝑟−]𝑟 − 3(1 − 𝑎
2)𝑟−𝑟+]  

𝑎 = 1, 𝑐 = −2  
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(𝑟− + 3𝑟+)𝑐1𝑐2 + 2√2𝑛𝑄(𝑐1
2 − 𝑐2

2) + 2𝑏√2(𝑛 + 1)𝑄𝑐1𝑐3  = 0

(√2𝑛𝑐3 − 𝑏√2(𝑛 + 1)𝑐1)𝑄𝑐2 − 2𝑟+𝑐1𝑐3  = 0
 

𝑐1 = −
𝑝𝑐2𝑟−

4√2𝑛𝑄
,  

𝑐3 = −
𝑏√2(𝑛 + 1)𝑄𝑐2𝑝

2(𝑝 + 2𝑛)𝑟+
 

Λ̃(𝑝) ≡ 𝑝3𝑟− + 𝑝
2[2𝑛(1 + 𝑏2)𝑟− − 2(1 − 𝑏

2)𝑟− − 6𝑟+] − 4𝑛𝑝(𝑟− + 7𝑟+) − 32𝑛
2𝑟+ = 0.  

𝑍(𝑝)
− = 𝑐1𝒢12 + 𝑐2𝐵03 + 𝑐3𝜒  

(𝜕𝑟∗
2 +𝜔2)𝑍(𝑝)

− − 𝑉(𝑝)
− 𝑍(𝑝)

− = 0  

𝑉(𝑝)
− =

(𝑟 − 𝑟+)[8(𝑛 + 1)𝑟
3 − 4(2(𝑛 + 1)𝑟− + 3𝑟+)𝑟

2 + (3𝑟− + 14𝑟+)𝑟−𝑟 − 5𝑟−
2𝑟+]

4(𝑟 − 𝑟−)
2𝑟4

 −
8𝑛(𝑟 − 𝑟+)𝑟+
𝑝(𝑟 − 𝑟−)𝑟

3

 

𝐷𝑝 =64𝑛
2[16(𝑛 + 1)3𝑟−

3𝑟+𝑏
6 + (𝑛 + 1)2(𝑟−

2 + (48𝑛 − 34)𝑟−𝑟+ − 95𝑟+
2)𝑟−

2𝑏4

+2(𝑛 + 1)[(𝑛 − 1)𝑟−
3 + (24𝑛2 + 2𝑛 + 7)𝑟−

2𝑟+ + (157𝑛 + 53)𝑟−𝑟+
2 + 69𝑟+

3] 𝑟−𝑏
2

+[(𝑛 + 1)𝑟− − 𝑟+]
2[𝑟−

2 + 2(8𝑛 + 3)𝑟−𝑟+ + 9𝑟+
2]]

 

𝐷𝑝 = 64𝑛
2[16(𝑛 + 1)𝑏2𝑟−𝑟+[3𝑟+ − (𝑛 + 1)𝑏

2𝑟−]
2 + 𝑟+

2[3𝑟+ − (𝑛 + 1)(3 + 𝑏
2)𝑟−]

2 

+4(𝑛 + 1)(77𝑛 + 25)𝑏2𝑟−
2𝑟+
2 + 𝑟−[𝑟− + 2(8𝑛 + 3)𝑟+][𝑟+ − (𝑛 + 1)𝑟−]

2 

+2(𝑛 + 1)𝑏2𝑟−
3[(𝑛 − 1)𝑟− + (24𝑛

2 + 2𝑛 + 7)𝑟+]  

+(𝑛 + 1)2𝑏4𝑟−
3[𝑟− + (48𝑛 − 34)𝑟+]]

 

𝑝1𝑝2𝑝3 =
32𝑛2𝑟+
𝑟−

> 0  and  𝑝1𝑝2 + 𝑝2𝑝3 + 𝑝1𝑝3 = −
4𝑛(𝑟− + 7𝑟+)

𝑟−
< 0  

𝑝1 ≤ 𝑝2 < 0, 𝑝3 > 0  

𝑏2 = 1  

Λ̃1(𝑝) ≡ 𝑝
3𝑟− + 𝑝

2[4𝑛𝑟− − 6𝑟+] − 4𝑛𝑝(𝑟− + 7𝑟+) − 32𝑛
2𝑟+ = 0  

𝑉± = ±𝜕𝑟∗𝑓 + 𝛼𝑓
2 + 2𝛽𝑓  

𝑉+ − 𝑉− = 2𝜕𝑟∗𝑓  

𝑟+ =
𝑝[𝑝2 + 4𝑛𝑝 − 4𝑛]𝑟−
2(2𝑛 + 𝑝)(8𝑛 + 3𝑝)

 

𝑓(𝑝) =
𝑟−(𝑟 − 𝑟+)[(4𝑛 + 2𝑝)𝑟 − 𝑝𝑟−]

2𝑟2(𝑟 − 𝑟−)(4𝑛𝑟 + 𝑝𝑟−)
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𝛼(𝑝) = 1, 𝛽(𝑝) =
4𝑛(𝑛 + 1)

(2𝑛 + 𝑝)𝑟−
 

𝑉(𝑝)
± = ±𝜕𝑟∗𝑓(𝑝) + 𝑓(𝑝)

2 +
8𝑛(𝑛 + 1)

(2𝑛 + 𝑝)𝑟−
𝑓(𝑝).  

[𝜕𝑟∗
2 +𝜔2 − 𝑉±]𝑍± = 0  

𝐷−𝐷+𝑍
− + (𝜔2 + 𝛽2)𝑍− = 0

𝐷+𝐷−𝑍
+ + (𝜔2 + 𝛽2)𝑍+ = 0

 

𝐷± = 𝜕𝑟∗ ± (𝑓 + 𝛽),  

𝐷−𝑍
+ = (i𝜔 − 𝛽)𝑍−, 𝐷+𝑍

− = (i𝜔 + 𝛽)𝑍+  

𝜔 = ±i𝛽  

𝐷+𝑍
− = 0,𝐷−𝑍

+ = 0  

𝑍± = exp [±∫ (𝑓(𝑟′) + 𝛽)
𝑟

(𝑓(𝑟′) + 𝛽)𝑒−2𝜈‾ (𝑟
′)𝑑𝑟′]  

𝑍(𝑝)
+ = 𝑒𝛽(𝑝)𝑟∗ (1 −

𝑟−
𝑟
)

1
2
(4𝑛 +

𝑝𝑟−
𝑟
)
−1

 

𝑍(𝑝)
−  = 𝑒−𝛽(𝑝)𝑟∗ (1 −

𝑟−
𝑟
)
−
1
2
(4𝑛 +

𝑝𝑟−
𝑟
)

 

𝑒−i𝜔𝑡𝑍(𝑝)
+ = 𝑒𝛽(𝑝)(𝑟∗±𝑡) (1 −

𝑟−
𝑟
)

1
2
(4𝑛 +

𝑝𝑟−
𝑟
)
−1

 

𝑒−i𝜔𝑡𝑍(𝑝)
−  = 𝑒−𝛽(𝑝)(𝑟∗∓𝑡) (1 −

𝑟−
𝑟
)
−
1
2
(4𝑛 +

𝑝𝑟−
𝑟
)

 

𝑍̃(𝑝)
+ (𝑟) = 𝑍(𝑝)

+ (𝑟)∫
𝑒−2𝜈‾ (𝑟

′)

(𝑍(𝑝)
+ (𝑟′))

2

𝑟

𝑒−2𝜈‾(𝑟
′)

(𝑍(𝑝)
+ (𝑟′))

2 𝑑𝑟
′, 𝑍̃(𝑝)

− (𝑟) = 𝑍(𝑝)
− (𝑟)∫

𝑒−2𝜈‾(𝑟
′)

(𝑍(𝑝)
− (𝑟′))

2

𝑟

𝑒−2𝜈‾(𝑟
′)

(𝑍(𝑝)
− (𝑟′))

2 𝑑𝑟
′ 

𝑟+ − 𝑟− =
[𝑝 + 2(ℓ − 1)][𝑝 − 2(ℓ + 2)][𝑝 + 2(ℓ + 2)(ℓ − 1)]𝑟−

2[𝑝 + (ℓ + 2)(ℓ − 1)][3𝑝 + 4(ℓ + 2)(ℓ − 1)]
 

(𝟏):𝑝 > 2(ℓ + 2)
(𝟐):−(ℓ + 2)(ℓ − 1) < 𝑝 < −2(ℓ − 1)  

(𝟑): −2(ℓ + 2)(ℓ − 1) < 𝑝 < −
4

3
(ℓ + 2)(ℓ − 1)

 

ℓ = 2 + 𝑦, 𝑟 = 𝑟+(1 + 𝑧)  

  𝑝 = 2(ℓ + 2)(1 + 𝑥) 
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 𝑝 = −(ℓ + 2)(ℓ − 1) +
ℓ(ℓ − 1)

1 + 𝑥

 𝑝 = −2(ℓ + 2)(ℓ − 1) +
2(ℓ + 2)(ℓ − 1)

3(1 + 𝑥)

 

𝑉𝑖
− = 𝑅𝑖𝑃𝑖, 𝑖 = 1,2,3  

ℒ = √−𝑔 [𝑅 −
1

2
(𝜕𝜙)2 − 𝑒𝜙𝐹2 −

1

2
𝑒−2𝜙(𝜕𝜒)2 + 𝜒𝐹̃𝜇𝜈𝐹𝜇𝜈

−
𝑒−2𝜙

1 + 𝜒2𝑒2𝜙
(𝑒𝜙𝐻2 + 𝜒𝐻̃𝜇𝜈𝐻𝜇𝜈)]

 

𝛿𝐻03(𝑡, 𝑟, 𝜃) = −
i𝜔𝑒−𝜈‾+𝜙

‾

𝑟
𝑒−i𝜔𝑡𝑍𝐻

−(𝑟)𝜕𝜃𝑃ℓ(cos 𝜃),  

𝛿𝐻12(𝑡, 𝑟, 𝜃) = −
i𝜔𝑒−𝜈‾+𝜙

‾

𝑟2
𝑒−i𝜔𝑡𝑍𝐻

+(𝑟)𝜕𝜃𝑃ℓ(cos 𝜃)  

𝛿𝐻13= 𝑒
𝜈‾−𝜇‾ 2𝜕𝑟(𝑟𝑒

−𝜇‾ 2𝑍𝐻
−(𝑟))𝑒−i𝜔𝑡𝜕𝜃𝑃ℓ(cos 𝜃)  

𝛿𝐻23 = −
ℓ(ℓ + 1)𝑒−𝜇‾ 2+𝜙

‾

𝑟
𝑍𝐻
−(𝑟)𝑒−i𝜔𝑡𝑃ℓ(cos 𝜃)

 

𝛿𝐻12= −
i𝜔𝑒−𝜈‾+𝜙

‾

𝑟2
𝑍𝐻
+(𝑟)𝑒−i𝜔𝑡𝜕𝜃𝑃ℓ(cos 𝜃)  

𝛿𝐻01 =
ℓ(ℓ + 1)𝑒−𝜇‾ 2+𝜙

‾

𝑟2
𝑍𝐻
+(𝑟)𝑒−i𝜔𝑡𝑃ℓ(cos 𝜃)

 

(𝜕𝑟∗
2 +𝜔2 − 𝑉𝐻

±)𝑍𝐻
± = 0  

𝑉𝐻
± =

2(𝑛 + 1)𝑒2𝜈‾+𝜙
‾

𝑟2
+ 𝑒4𝜈‾ [

1

4
𝜙‾ ′2 ± (𝜈‾′𝜙‾ ′ +

1

2
𝜙‾ ′′)]  

𝑉𝐻
± = ±𝜕𝑟∗𝑓𝐻 + 𝑓𝐻

2 + 2𝛽𝐻𝑓𝐻  

𝑓𝐻 =
1

2
𝑒2𝜈‾𝜙‾ ′, 𝛽𝐻 =

2(𝑛 + 1)𝑒𝜙
‾

𝑟2𝜙‾ ′
= −

2(𝑛 + 1)

𝑟−
 

𝑉𝐻
−  =

(𝑟 − 𝑟+)[8(𝑛 + 1)𝑟
3 − 4(2𝑛 + 3)𝑟−𝑟

2 + 3(𝑟− + 2𝑟+)𝑟−𝑟 − 5𝑟−
2𝑟+]

4𝑟4(𝑟 − 𝑟−)
2

𝑉𝐻
+  =

(𝑟 − 𝑟+)[8(𝑛 + 1)𝑟
3 − 4(2𝑛 + 1)𝑟−𝑟

2 − (𝑟− + 6𝑟+)𝑟−𝑟 + 3𝑟−
2𝑟+]

4𝑟4(𝑟 − 𝑟−)
2

 

𝑓𝐻 = −
𝑟−(𝑟 − 𝑟+)

2𝑟2(𝑟 − 𝑟−)
, 𝛽𝐻 = −

2(𝑛 + 1)

𝑟−
 

𝜔 = ±i𝛽𝐻 = ∓
2i(𝑛 + 1)

𝑟−

𝑍𝐻
+ = 𝑒𝛽𝐻𝑟∗ (1 −

𝑟−
𝑟
)
−
1
2
, 𝑍𝐻
− = 𝑒−𝛽𝐻𝑟∗ (1 −

𝑟−
𝑟
)

1
2
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𝑒−i𝜔𝑡𝑍𝐻
+ = 𝑒𝛽𝐻(𝑟∗±𝑡) (1 −

𝑟−
𝑟
)
−
1
2  

𝑒−i𝜔𝑡𝑍𝐻
− = 𝑒−𝛽𝐻(𝑟∗∓𝑡) (1 −

𝑟−
𝑟
)

1
2  

𝑍̃𝐻
+ =

(2𝛽𝐻𝑟−𝑒
𝛽𝐻(𝑟−2𝑟+)Ei[1 + 2𝛽𝐻𝑟+, 2𝛽𝐻(𝑟 − 𝑟+)] − 𝑒

−𝛽𝐻𝑟)√𝑟

2𝛽𝐻√𝑟 − 𝑟−(𝑟 − 𝑟+)
𝛽𝐻𝑟+

 

𝑟+ − 𝑟− =
𝑟−(𝑝

3 + [2𝑛(1 + 𝑏2) − 2(1 − 𝑏2) − 6]𝑝2 − 32𝑛𝑝 − 32𝑛2)

2(𝑝 + 2𝑛)(3𝑝 + 8𝑛)
 

𝑏2 = 0:Λ̃(𝑝) = (𝑝 + 2𝑛)[𝑟−𝑝
2 − 2(𝑟− + 3𝑟+)𝑝 − 16𝑛𝑟+]

𝑏2 =
4𝑛 + 3

12(𝑛 + 1)
:Λ̃(𝑝) =

1

6
(3𝑝 + 8𝑛)[2𝑟−𝑝

2 − 3(𝑟− + 4𝑟+)𝑝 − 24𝑛𝑟+]
 

 Fixed : 𝑝 = −2𝑛

 Range (i) :  −
8𝑛

3
< 𝑝 < 4(1 − √𝑛 + 1) < 0

 Range (ii) : 0 < 4(1 + √𝑛 + 1) < 𝑝 < ∞

 

Fixed :  𝑝 = −
8𝑛

3
 

Range (i) :  −2𝑛 < 𝑝 <
15

4
(1 − √1 +

64𝑛

75
) < 0 

 Range (ii) :  0 <
15

4
(1 + √1 +

64𝑛

75
) < 𝑝 < ∞.  

𝑏2 =
(𝑝𝑧 + 2𝑛)[2(ℓ + 2) − 𝑝𝑧][𝑝𝑧 + 2(ℓ − 1)]

2𝑝𝑧
2(𝑛 + 1)

> 0 ∀𝑝𝑧 < −2𝑛  

𝑏2 =
4(4𝑛 + 3)𝑥3 + 12(2𝑛 + 1)𝑥2 + 9𝑛𝑥

3(𝑛 + 1)(3 + 4𝑥)2(1 + 𝑥)
,  with  0 < 𝑥 < ∞  

 Range (i) :  −
8𝑛

3
< 𝑝 < 𝑝𝑎 < −2𝑛  where  𝑝𝑎 = −

2𝑛(3 + 4𝑥)

3(1 + 𝑥)
,

 Range (ii) :  − 2𝑛 < 𝑝 < 𝑝−,𝑎 < 0  where  𝑝−,𝑎 =
4(3(1 + 𝑥)(3 + 5𝑥) − √𝑃𝑎)

(3 + 4𝑥)2
,

 Range (iii) :  0 < 𝑝+,𝑎 < 𝑝 < ∞  where  𝑝+,𝑎 =
4(3(1 + 𝑥)(3 + 5𝑥) + √𝑃𝑎)

(3 + 4𝑥)2
,

  where  𝑃𝑎 = 3𝑛(1 + 𝑥)(3 + 4𝑥)
3 + [3(1 + 𝑥)(3 + 5𝑥)]2.

 

𝑏2 =
(1 + 4𝑥)(4𝑛𝑥2 + 8𝑛𝑥 + 4𝑛 + 12𝑥 + 3)

12(1 + 𝑥)2(𝑛 + 1)
< ∞,  with  0 < 𝑥 < ∞  
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 Range (i): −∞ < 𝑝𝑏 < 𝑝 < −
8𝑛

3
  where  𝑝𝑏 = −

8𝑛

3
(1 + 𝑥)

 Range (ii) : −2𝑛 < 𝑝 < 𝑝−,𝑏 < 0  where  𝑝−,𝑏 =
3(5 + 8𝑥) − √𝑃𝑏

4(1 + 𝑥)2

 Range (iii) : 0 < 𝑝+,𝑏 < 𝑝 < ∞  where  𝑝+,𝑏 =
3(5 + 8𝑥) + √𝑃𝑏

4(1 + 𝑥)2

  where 𝑃𝑏 = 3𝑛[4(1 + 𝑥)]
3 + [3(5 + 8𝑥)]2

 

𝑉(𝑝)
− = −

𝐴

𝑝
+ 𝐵  

𝐴 =
8𝑛(𝑟 − 𝑟+)𝑟+
(𝑟 − 𝑟−)𝑟

3

𝐵 =
(𝑟 − 𝑟+)[8(𝑛 + 1)𝑟

3 − 4(2(𝑛 + 1)𝑟− + 3𝑟+)𝑟
2 + (3𝑟− + 14𝑟+)𝑟−𝑟 − 5𝑟−

2𝑟+]

4(𝑟 − 𝑟−)
2𝑟4

 

𝑟 = 𝑟+(1 + 𝑧), 𝑟+ = 𝑟−(1 + 𝑤)  

𝐵 =
(𝑟 − 𝑟+)𝑟−

2𝑟+
4𝑟4(𝑟 − 𝑟−)

2
[8(𝑛 + 1)(1 + 𝑤)2𝑧3 + 4(1 + 𝑤)[4𝑛 + 1 + 3(2𝑛 + 1)𝑤]𝑧2

+[8𝑛 + 1 + 2(16𝑛 − 1)𝑤 + 24𝑛𝑤2]𝑧 + 2𝑤[4𝑛 − 1 + 2(2𝑛 − 1)𝑤]]

 

𝑟+ = 2𝑟−, ℓ = 2, 𝑏 = 5  

𝑉(𝑝)
− =

(𝑟 − 𝑟+)

4𝑟4(𝑟 − 𝑟−)
2
𝑈(𝑟)  

𝑈(𝑟) =8(𝑛 + 1)𝑟3 − 4[(2(𝑛 + 1)𝑟− + 3𝑟+]𝑟
2 + (3𝑟− + 14𝑟+)𝑟−𝑟 − 5𝑟−

2𝑟+

 −
32𝑛(𝑟 − 𝑟−)𝑟+𝑟

𝑝

 

𝑈(𝑟) ⟶ −∞  when  𝑟 ⟶ −∞
𝑈(𝑟) ⟶ +∞  when  𝑟 ⟶ +∞

 

𝑈(0) = −5𝑟+𝑟−
2 < 0,𝑈(𝑟−) = −3(𝑟+ − 𝑟−)𝑟−

2 < 0  

𝑟1𝑟2𝑟3 =
5

8(𝑛 + 1)
𝑟+𝑟−

2 > 0  

𝑟1
𝑟+

𝑟2
𝑟+

𝑟3
𝑟+
=

5

8(𝑛 + 1)

𝑟−
2

𝑟+
2

 

𝑟1
𝑟−
=

5

8(𝑛 + 1)

𝑟+
𝑟3

𝑟−
𝑟2

 

𝑈(𝑟) =
(𝑟 − 𝑟3)

𝑟3(𝑟3 − 𝑟−)
𝑃2(𝑟)  

𝑃2(𝑟) =8(𝑛 + 1)𝑟3(𝑟3 − 𝑟−)𝑟
2 − 𝑟−[8(𝑛 + 1)𝑟3

2 − (8𝑛 + 5)𝑟3𝑟− + 2𝑟3𝑟+ − 5𝑟−𝑟+]𝑟

 +5(𝑟3 − 𝑟−)𝑟−
2𝑟+
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𝑈(𝑟+) =
2(𝑟+ − 𝑟−)𝑟+

𝑝
[𝑝𝑟− + (4𝑛𝑝 − 2𝑝 − 16𝑛)𝑟+],  

𝑝 =
𝑢𝑟− + 16𝑛𝑟+

2(2𝑛 − 1)𝑟+ + 𝑟−
,  

𝑈′(𝑟+) =
𝑟−
3

[2(2𝑛 − 1)𝑟+ + 𝑟−]
[48𝑛 + (8𝑛 + 1)𝑢 + 2[64𝑛2 + 72𝑛 + (16𝑛 − 1)𝑢]𝑤

+8𝑛(32𝑛 + 28 + 3𝑢)𝑤2 + 128𝑛(𝑛 + 1)𝑤3]

 

𝑈(𝑟+) = 2(𝑟+ − 𝑟−)𝑟+𝑊(𝑟+),𝑊(𝑟+) =
𝑝𝑟− − 2(𝑝 + 8𝑛 − 2𝑛𝑝)𝑟+

𝑝
 

𝑈(𝑟+) = 0 ⟹  𝑝 =
16𝑛𝑟+

2(2𝑛 − 1)𝑟+ + 𝑟−
 

𝑏2 =
[𝑟− + 2(2𝑛 + 3)𝑟+][3𝑟−

2 − 2𝑟−𝑟+ + (𝑛 + 1)(2𝑛 − 1)𝑟+
2]

16(𝑛 + 1)𝑟−𝑟+[𝑟− + 2(2𝑛 − 1)𝑟+]
 

𝑟+ = 𝑟−(1 + 𝑤), 𝑛 = 2 + 𝑦  

𝜕𝑏2

𝜕𝑤
> 0, ∀𝑤 ≥ 0  

𝑟+⟶ 𝑟−  

𝑝 =
16𝑛

4𝑛 − 1
, 𝑏2 =

(4𝑛 + 7)(16𝑛2 + 8𝑛 − 7)

16(𝑛 + 1)(4𝑛 − 1)
 

𝑏min = {1.80525,2.53171,3.23273,3.93299,⋯ }  

ℒ = √−𝑔 [𝑅 −
1

2
(𝜕𝜙)2 − 𝑒𝜙𝐹2 −

1

2
𝑒−2𝜙(𝜕𝜒)2 + 𝑏𝜒𝐹̃𝜇𝜈𝐹𝜇𝜈]  

𝑉± = ±𝜕𝑟∗𝑊 +𝑊2 − 𝛽2  

𝒬 = (𝐩 + i𝑊)𝐛  

{𝐛†, 𝐛} = 1, {𝐛, 𝐛} = 0, {𝐛†, 𝐛†} = 0, [𝐩, 𝐛] = 0, [𝐩, 𝐛†] = 0  

𝐻 =
1

2
(−𝜕𝑟∗

2 + 𝑉+ + 𝛽2)𝐛𝐛† +
1

2
(−𝜕𝑟∗

2 + 𝑉− + 𝛽2)𝐛†𝐛  

𝐻 =
1

2
(
−𝜕𝑟∗

2 + 𝑉+ + 𝛽2 0

0 −𝜕𝑟∗
2 + 𝑉− + 𝛽2

)  

𝐙 = (
𝑍+

𝑍−
)  

𝐻𝐙 =
1

2
(𝜔2 + 𝛽2)𝐙  
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𝑎 = 1, 𝑐 = −2  

(𝜕𝑟∗
2 +𝜔2 + 𝑇1)Ψ +

𝑒2𝜈‾+𝜙
‾

𝑟3
𝑊Ψ = 0,Ψ = (

𝒢12
𝐵03
𝜒
)  

𝑊 = (

𝑟− + 3𝑟+ −2√2𝑛𝑄 0

−2√2𝑛𝑄 0 −2√2(𝑛 + 1)𝑏𝑄

0 −2√2(𝑛 + 1)𝑏𝑄 𝑟− − 𝑟+

)  

𝑆𝑖1
𝑆𝑖2

=
2√𝑛√𝑟−𝑟+

(𝑟− + 3𝑟+ − 𝑠𝑖)
,
𝑆𝑖3
𝑆𝑖2

= −
4𝑛𝑟−𝑟+ + (𝑟− + 3𝑟+ − 𝑠𝑖)𝑠𝑖

2𝑏√𝑛 + 1√𝑟−𝑟+(𝑟− + 3𝑟+ − 𝑠𝑖)
,  

𝑠3 − 2(𝑟− + 𝑟+)𝑠
2 + (𝑟−

2 − 3𝑟+
2 + 2𝑟−𝑟+[1 − 2𝑛 − 2(𝑛 + 1)𝑏

2])𝑠

 +4𝑟−𝑟+[𝑛(𝑟− − 𝑟+) + (𝑛 + 1)𝑏
2(𝑟− + 3𝑟+)] = 0

 

𝑆𝑖1
𝑆𝑖2

=
𝑐1
𝑐2
,
𝑆𝑖3
𝑆𝑖2

=
𝑐3
𝑐2
,  

𝑠 = 𝑟− + (3 +
8𝑛

𝑝
) 𝑟+  

Cuyos superespacios de Sitter y anti – de Sitter, se calculan así:  

𝑑𝑠𝐼,𝑠𝑡
2 = 𝑓(𝑣⃗)AdS𝑑+1 + 𝑔𝑖𝑗,(9−𝑑)(𝑣⃗)𝑑𝑣

𝑖𝑑𝑣𝑗, Φ(𝑣⃗)

AdS𝑑+1 =
𝑢2

𝑙2
(𝜆𝑑𝑡2 + 𝑑𝑥⃗𝑑−2

2 + 𝑑𝑦2) +
𝑙2𝑑𝑢2

𝑢2

 

𝑑𝑠𝐼𝐼,𝑠𝑡
2 =𝑓(𝑣⃗, 𝑢)[𝑠1(𝑢)(𝜆𝑑𝑡

2 + 𝑑𝑥⃗𝑑−3
2 + 𝑑𝑦2) + 𝑠2(𝑢)𝑑𝑢

2 + 𝑠3(𝑢)𝑑𝜙
2]+

 +𝑔𝑖𝑗,(9−𝑑)(𝑣⃗, 𝑢)(𝑑𝑣
𝑖 − 𝐴𝑖)(𝑑𝑣𝑗 − 𝐴𝑗),Φ(𝑣⃗, 𝑢)

𝐴𝑖 = 𝑠4,𝑖(𝑢)𝑑𝜙

 

𝑑𝑠𝐼𝐼𝐼,𝑠𝑡
2 = ℎ̂(𝑢)−

1
2(𝜆𝑑𝑡2 + 𝑑𝑦2 + 𝑑𝑥⃗𝑑−2

2 ) + ℎ̂(𝑢)
1
2𝑒2𝑘(𝑢)𝑑𝑢2 + 𝑔𝑖𝑗,(9−𝑑)(𝑢, 𝑣⃗)𝑑𝑣

𝑖𝑑𝑣𝑗, Φ(𝑢)  

Σ8,𝐼 = Σ8,𝐼𝐼𝐼 = [𝑢, 𝑥⃗𝑑−2, 𝑣⃗9−𝑑], Σ8,𝐼𝐼 = [𝑢, 𝑥⃗𝑑−3, 𝜙, 𝑣⃗9−𝑑]

  𝑡(𝑢), 𝑦(𝑢)
 

𝑑𝑠Σ8,𝐼
2  = 𝑓(𝑣⃗) (𝑑𝑢2 [

𝑙2

𝑢2
+
𝑢2

𝑙2
(𝜆𝑡′2 + 𝑦′2)] +

𝑢2

𝑙2
𝑑𝑥⃗𝑑−2

2 ) + 𝑔𝑖𝑗,(9−𝑑)(𝑣⃗)𝑑𝑣
𝑖𝑑𝑣𝑗

𝑑𝑠Σ8,𝐼𝐼
2  = 𝑓(𝑣⃗, 𝑢)(𝑑𝑢2[𝑠2(𝑢) + 𝑠1(𝑢)(𝜆𝑡

′2 + 𝑦′2)] + 𝑠1(𝑢)𝑑𝑥⃗𝑑−3
2 + 𝑠3(𝑢)𝑑𝜙

2) + 𝑔𝑖𝑗,(9−𝑑)(𝑣⃗, 𝑢)(𝑑𝑣
𝑖 − 𝐴𝑖)(𝑑𝑣𝑗 − 𝐴𝑗)

𝑑𝑠Σ8,𝐼𝐼𝐼
2  = 𝑑𝑢2 [ℎ̂(𝑢)

1
2𝑒2𝑘 + ℎ̂(𝑢)−

1
2(𝜆𝑡′2 + 𝑦′2)] + ℎ̂(𝑢)−

1
2𝑑𝑥⃗𝑑−2

2 + 𝑔𝑖𝑗,(9−𝑑)(𝑣⃗, 𝑢)𝑑𝑣
𝑖𝑑𝑣𝑗

 

4𝐺10𝑆𝐸𝐸 = ∫  
Σ8

 √𝑒−4Φdet[𝑔𝑖𝑛𝑑,Σ8]  
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𝑒−4Φdet[𝑔Σ8,𝐼] = 𝑒
−4Φ(𝑣⃗⃗)𝑓(𝑣⃗)𝑑−1det[𝑔9−𝑑] [(

𝑢

𝑙
)
2(𝑑−3)

+ (
𝑢

𝑙
)
2(𝑑−1)

(𝑦′2 + 𝜆𝑡′2)]

4𝐺10𝑆𝐸𝐸,𝐼 = 𝒩𝐼∫  𝑑𝑢√𝐹
2(𝑢)(𝑦′2 + 𝜆𝑡′2) + 𝐺2(𝑢),

𝐹(𝑢) = (
𝑢

𝑙
)
(𝑑−1)

, 𝐺(𝑢) = (
𝑢

𝑙
)
(𝑑−3)

,𝒩𝐼 = ∫  𝑑
9−𝑑𝑣𝑑𝑑−2𝑥√𝑒−4Φ(𝑣⃗⃗)𝑓(𝑣⃗)𝑑−1det[𝑔9−𝑑]

 

𝑒−4Φdet[𝑔Σ8,𝐼𝐼] = 𝑒
−4Φ(𝑣⃗⃗,𝑢)𝑓(𝑣⃗, 𝑢)𝑑−1det[𝑔9−𝑑(𝑣⃗, 𝑢)]𝑠3(𝑢)𝑠1(𝑢)

𝑑−3[𝑠1(𝑢)(𝜆𝑡
′2 + 𝑦′2) + 𝑠2(𝑢)]

𝑒−4Φdet[𝑔Σ8,𝐼𝐼𝐼] = 𝑒
−4Φ(𝑢)det[𝑔9−𝑑(𝑣⃗, 𝑢)]ℎ̂(𝑢)

(1−𝑑)
2 [𝜆𝑡′2 + 𝑦′2 + 𝑒2𝑘ℎ̂(𝑢)]

 

4𝐺10𝑆𝐸𝐸 = 𝒩∫  
∞

𝑢0

 𝑑𝑢√𝐹2(𝑢)(𝑦′2 + 𝜆𝑡′2) + 𝐺2(𝑢)  

𝐹2𝑡′

√𝐺2 + 𝐹2(𝜆𝑡′2 + 𝑦′2)
= 𝜆𝑐𝑡 ,

𝐹2𝑦′

√𝐺2 + 𝐹2(𝜆𝑡′2 + 𝑦′2)
= 𝑐𝑦 

𝑡′2(𝑢) =
𝑐𝑡
2𝐺2(𝑢)

𝐹2(𝑢)(𝐹2(𝑢) − 𝐹2(𝑢0))
, 𝑦′2(𝑢) =

𝑐𝑦
2𝐺2(𝑢)

𝐹2(𝑢)(𝐹2(𝑢) − 𝐹2(𝑢0))
 

𝐹2(𝑢0) = 𝑐𝑦
2 + 𝜆𝑐𝑡

2  

𝑇 = 2𝑐𝑡∫  
∞

𝑢0

 𝑑𝑢
𝐺(𝑢)

𝐹(𝑢)√𝐹2(𝑢) − 𝐹2(𝑢0)
, 𝑌 = 2𝑐𝑦∫  

∞

𝑢0

 𝑑𝑢
𝐺(𝑢)

𝐹(𝑢)√𝐹2(𝑢) − 𝐹2(𝑢0)
 

4𝐺10
𝒩

𝑆𝑡𝐸𝐸 = 2∫  
∞

𝑢0

 𝑑𝑢
𝐺(𝑢)𝐹(𝑢)

√𝐹2(𝑢) − 𝐹2(𝑢0)
− 2∫  

∞

𝑢∗

 𝐺(𝑢)𝑑𝑢  

𝑇𝑎𝑝𝑝(𝑢0) = 𝜋
𝐺(𝑢0)

𝐹′(𝑢0)
 

𝑑𝑆(𝑢0)

𝑑𝑌(𝑢0)
= 𝐹(𝑢0).  

𝑑𝑆(𝑢0)

𝑑𝑇(𝑢0)
≈
𝑑𝑆approx (𝑢0)

𝑑𝑇app (𝑢0)
≈ 𝐹(𝑢0),  

𝑆approx (𝑢0) = ∫  𝐹(𝑢0)𝑑𝑇app (𝑢0) = 𝜋∫  𝐹(𝑢0)
𝑑

𝑑𝑢0
(
𝐺(𝑢0)

𝐹′(𝑢0)
)𝑑𝑢0 

 

𝑑𝑠𝐼,𝑠𝑡
2 = 𝑓(𝑣⃗)AdS𝑑+1 + 𝑔𝑖𝑗,(9−𝑑)(𝑣⃗)𝑑𝑣

𝑖𝑑𝑣𝑗, Φ(𝑣⃗)  

AdS𝑑+1 =
𝑢2

𝑙2
(𝜆𝑑𝑡2 + 𝑑𝑥⃗𝑑−2

2 + 𝑑𝑦2) +
𝑙2𝑑𝑢2

𝑢2

 or, 

𝐴𝑑𝑆𝑑+1 = 𝑢
2 (𝜆𝑑𝑡2 + 𝑡2𝑑Ω𝑑−2

(𝜆)
+ 𝑑𝑦2) +

𝑑𝑢2

𝑢2
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𝑇 = 2𝑐𝑡𝑙
𝑑+1∫  

∞

𝑢0

 
𝑑𝑢

𝑢2
1

√𝑢2(𝑑−1) − 𝑢0
2(𝑑−1)

, 𝑌 = 2𝑐𝑦𝑙
𝑑+1∫  

∞

𝑢0

 
𝑑𝑢

𝑢2
1

√𝑢2(𝑑−1) − 𝑢0
2(𝑑−1)  

4𝐺10
𝒩

𝑆𝐸𝐸 =
2

𝑙𝑑−3

[
 
 
 

∫  
∞

𝑢0

 𝑑𝑢
𝑢2𝑑−4

√𝑢2𝑑−2 − 𝑢0
2𝑑−2

−∫  
∞

0

 𝑢𝑑−3𝑑𝑢

]
 
 
 

 

𝑢0 = (𝑐𝑦
2 − 𝑐𝑡

2)
1

2(𝑑−1)  

𝑢0 = 𝑒
𝑖𝜋

2(𝑑−1) [√|𝑐𝑦
2 − 𝑐𝑡

2|]

1
𝑑−1

= (𝑖𝑢̃0)
1
𝑑−1  

𝑇 =
2𝑐𝑡𝑙

𝑑+1

𝑢0
𝑑 𝐼1, 𝑌 =

2𝑐𝑦𝑙
𝑑+1

𝑢0
𝑑 𝐼1  

𝐼1 = ∫  
1

0

 𝑑𝑟
𝑟𝑑−1

√1 − 𝑟2(𝑑−1)
=
√𝜋Γ(

𝑑
2𝑑 − 2

)

Γ (
1

2(𝑑 − 1)
)

 

2𝐺10𝑙
𝑑−3

𝒩𝑢0
𝑑−2 𝑆𝐸𝐸 = 𝐼2 − 𝐼3,

𝐼2 = ∫  
1

𝜖

 
𝑑𝑟

𝑟𝑑−1√1 − 𝑟2𝑑−2
= −

1

(𝑑 − 2)𝑟𝑑−2
 2𝐹1 (

1

2
,
2 − 𝑑

2𝑑 − 2
;

𝑑

2(𝑑 − 1)
; 𝑟2𝑑−2)|

𝜖

1

𝐼3 = ∫  
∞

𝜖

 
𝑑𝑟

𝑟𝑑−1
=

1

(𝑑 − 2)𝜖𝑑−2

 

2𝐺𝑁,10𝑙
𝑑−3

𝒩𝑢0
𝑑−2 𝑆𝐸𝐸 =

1

(2 − 𝑑)
 2𝐹1 (

1

2
,
2 − 𝑑

2𝑑 − 2
;

𝑑

2𝑑 − 2
; 1)  

𝑐𝑡 =
𝑇

2𝑙𝑑+1𝐼1
𝑢0
𝑑 , 𝑐𝑦 =

𝑌

2𝑙𝑑+1𝐼1
𝑢0
𝑑 , 𝑢0 =

2𝑙𝑑+1𝐼1

√𝑌2 − 𝑇2
 

𝑆𝐸𝐸 =
𝒩(𝐼2 − 𝐼3)2

𝑑−3𝑙(𝑑−1)
2
𝐼1
𝑑−2

𝐺10
×

1

(𝑌2 − 𝑇2)
(𝑑−2)
2

 

𝑆𝐸𝐸 =
𝒩(𝐼2 − 𝐼3)2

𝑑−3𝑙(𝑑−1)
2
𝐼1
𝑑−2

𝐺10
×

𝑒−𝑖𝜋
(𝑑−2)
2

|𝑌2 − 𝑇2|
(𝑑−2)
2

 

𝑇𝑎𝑝𝑝 = 𝜋
𝐺(𝑢0)

𝐹′(𝑢0)
=

𝜋

(𝑑 − 1)√𝜆𝑢0

𝑆𝐸𝐸, approx = ∫ 𝑑
𝑢0

𝑑𝑧𝐹(𝑧)𝑇𝑎𝑝𝑝
′ (𝑧) = −

𝜋

(𝑑2 − 3𝑑 + 2)
𝑢0
𝑑−2
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𝑆𝐸𝐸, approx = −
𝜋𝑑−1

√𝜆𝑑−2(𝑑 − 1)𝑑−2(𝑑2 − 3𝑑 + 2)

1

|𝑇𝑎𝑝𝑝|
𝑑−2  

𝑑𝑠8
2|
Σ8
= 𝑓(𝑣⃗)[1 + 𝜆𝑢4𝑡′2(𝑢)]

𝑑𝑢2

𝑢2
+ 𝑓(𝑣⃗)𝑢2𝑡2𝑑Ω𝑑−2

(𝜆)
+ 𝑔𝑖𝑗(𝑣⃗)𝑑𝑣

𝑖𝑑𝑣𝑗  

𝑆𝐸𝐸
(𝜆)[Σ8] =

1

4𝐺10
∫  𝑑8𝑥√𝑒−4Φdet𝑔8 =

𝒩̂

4𝐺10
∫  𝑑𝑢𝑢𝑑−3𝑡𝑑−2√1+ 𝜆𝑢4𝑡′2(𝑢)  

𝒩̂ = Vol (Ω𝑑−2
(𝜆)

)∫  𝑑9−𝑑𝑣√𝑒−4Φdet𝑔𝑖𝑗𝑓
𝑑−1
2 (𝑣⃗)  

𝜆𝑢3𝑡(𝑢)((𝑑 − 1)𝜆𝑢4𝑡′(𝑢)3 + (𝑑 + 1)𝑡′(𝑢) + 𝑢𝑡′′(𝑢)) − (𝑑 − 2)(𝜆𝑢4𝑡′(𝑢)2 + 1) = 0

𝑡(𝑢) =
√𝑅2𝑢2 − 𝜆

𝑢
, 𝜆 = ±1

 

4𝐺10

𝒩̂√𝜆𝑑−2
𝑆𝐸𝐸
(𝜆)[Σ8] = ∫  

𝑅

√𝜆𝜖

1

 𝑑𝑥(𝑥2 − 1)
𝑑−3
2  

4𝐺10

𝒩̂√𝜆𝑑−2
𝑆𝐸𝐸
(𝜆)[Σ8] = ∑  

[
𝑑−3
2
]

𝑗=0

 

(
3 − 𝑑
2
)
𝑗

𝑗! (𝑑 − 2𝑗 − 2)
(
𝑅

√𝜆𝜖
)
𝑑−2𝑗−2

− (−1)
𝑑+1
2

√𝜋Γ (
(𝑑 − 1)
2 )

2Γ (
𝑑
2
)

 

4𝐺10

𝒩̂√𝜆𝑑−2
𝑆𝐸𝐸
(𝜆)[Σ8]= ∑  

[
𝑑−3
2
]

𝑗=0

 

(
3 − 𝑑
2
)
𝑗

𝑗! (𝑑 − 2𝑗 − 2)
(
𝑅

√𝜆𝜖
)
𝑑−2𝑗−2

 

 −
Γ (
𝑑 − 1
2 )

Γ (
𝑑
2
)

(−1)𝑑/2

√𝜋
(log (

2𝑅

𝜖√𝜆
) +

1

2
ℋ𝑑−2

2
)

 

(𝑑 − 2)!! 𝑐𝐿𝑀,𝑜𝑑𝑑 = (𝑅𝜕𝑅 − 1)⋯(𝑅𝜕𝑅 − 𝑑 + 2)𝑆𝐸𝐸
(𝜆)[Σ8].  

(𝑑 − 2)!! 𝑐𝐿𝑀, even = 𝑅𝜕𝑅⋯(𝑅𝜕𝑅 − 𝑑 + 2)𝑆𝐸𝐸
(𝜆)[Σ8]  

𝑐𝑠𝑙𝑎𝑏 = 𝜅
𝑇𝑑−2

𝐿𝑑−2
𝑇𝜕𝑇𝑆𝐸𝐸

(𝜆)[Σ8]  

𝑐𝑠𝑙𝑎𝑏 =
𝒩

4𝐺10

𝜅

𝐿𝑑−2
(
2√𝜋Γ(

𝑑
2𝑑 − 2

)

Γ (
1

2(𝑑 − 1)
)
)

𝑑−1

1

√𝜆𝑑−2
 

𝐹𝑖 = 2𝑁𝑖 −𝑁𝑖−1 −𝑁𝑖+1,  

𝐺global = 𝑆𝑈(𝐹1) × …× 𝑆𝑈(𝐹𝑃), 𝐺local = 𝑆𝑈(𝑁1) × …× 𝑆𝑈(𝑁𝑃). 
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ℛ(𝜂) = {

𝑁1𝜂 0 ≤ 𝜂 ≤ 1

𝑁𝑙 + (𝑁𝑙+1 −𝑁𝑙)(𝜂 − 𝑙) 𝑙 ≤ 𝜂 ≤ 𝑙 + 1, 𝑙: = 1,… . , 𝑃 − 2
𝑁𝑃−1(𝑃 − 𝜂) (𝑃 − 1) ≤ 𝜂 ≤ 𝑃.

 

ℛ′′(𝜂) =∑  

𝑃

𝑖=1

 𝐹𝑖𝛿(𝜂 − 𝑖).  

𝑅𝑘 =
2

𝑃
∫  
𝑃

0

 ℛ(𝜂)sin (
𝑘𝜋𝜂

𝑃
)𝑑𝜂 =

2𝑃

𝜋2𝑘2
∑  

𝑃−1

𝑗=1

 𝐹𝑗sin (
𝑘𝜋𝑗

𝑃
) .  

𝑑𝑠10
2 = 𝑓1[𝑑𝑠𝐴𝑑𝑆4

2 + 𝑓2𝑑Ω2(𝜃, 𝜙) + 𝑓3𝑑Ω̃2(𝜃̃, 𝜙̃) + 𝑓4(𝑑𝜎
2 + 𝑑𝜂2)]

𝑑𝑠𝐴𝑑𝑆4
2 = 𝑢2(𝜆𝑑𝑡2 + 𝑑𝑥2 + 𝑑𝑦2) +

𝑑𝑢2

𝑢2
, 𝑒−4Φ = 𝑓5

2
 

𝑓1 =
𝜋

2
√
𝜎3𝜕𝜎𝜂

2 𝑉

𝜕𝜎(𝜎𝜕𝜂𝑉)
, 𝑓2 = −

𝜕𝜂𝑉𝜕𝜎(𝜎𝜕𝜂𝑉)

𝜎Λ
, 𝑓3 =

𝜕𝜎(𝜎𝜕𝜂𝑉)

𝜎𝜕𝜎𝜂
2 𝑉

𝑓4 = −
𝜕𝜎(𝜎𝜕𝜂𝑉)

𝜎2𝜕𝜂𝑉
, 𝑓5 = −16Λ

𝜕𝜂𝑉

𝜕𝜎𝜂
2 𝑉

, Λ = 𝜕𝜂𝑉𝜕𝜎𝜂
2 𝑉 + 𝜎(𝜕𝜎𝜂

2 𝑉)
2
+ 𝜎(𝜕𝜂

2𝑉)
2

 

𝑉(𝜎, 𝜂) =
1

𝜎
∑  

∞

𝑘=1

 𝑅𝑘cos (
𝑘𝜋𝜂

𝑃
) 𝑒−

𝑘𝜋|𝜎|
𝑃  

𝑑𝑠8
2 =

𝑓1
𝑢2
(1 − 𝜆𝑢4𝑡′2(𝑢))𝑑𝑢2 + 𝑓1𝑢

2𝑑𝑥1
2 + 𝑓1𝑓2𝑑Ω2(𝜃, 𝜙) + 𝑓1𝑓3𝑑Ω̃2(𝜃̃, 𝜙̃) + 𝑓1𝑓4(𝑑𝜎

2 + 𝑑𝜂2)  

4𝐺10
𝒩

𝑆𝐸𝐸[Σ8] =

{
 
 
 

 
 
 
−
4𝜋Γ(

3
4
)
2

Γ (
1
4)
2

1

|𝑇|
(𝜆 = +1) 

4𝜋𝑖Γ (
3
4)
2

Γ (
1
4)
2

1

|𝑇|
(𝜆 = −1) 

 

𝒩 = −16𝜋6𝐿𝑥1∫  
∞

0

 𝑑𝜎∫  
𝑃

0

 𝑑𝜂𝜎2𝜕𝜂𝑉𝜕𝜎(𝜎𝜕𝜂𝑉)  

𝑇𝑎𝑝𝑝 =

{
 

 
𝜋

2𝑢0
 (𝜆 = +1)  

−𝑖𝜋

2𝑢0
   (𝜆 = −1) 

𝑆𝐸𝐸, approx =

{
 
 

 
 −

𝜋2

4

1

|𝑇𝑎𝑝𝑝|
 (𝜆 = +1)  

𝑖𝜋2

4

1

|𝑇𝑎𝑝𝑝|
  (𝜆 = −1)  
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4𝐺10

𝒩̂
𝑆𝐸𝐸
(𝜆)[Σ8] = {

𝑅

𝜖
− 1   (𝜆 = +1)  

𝑅

𝜖
− 𝑖   (𝜆 = −1)  

 

𝒩̂ = −16𝜋6Vol (Ω1
(𝜆)
)∫  

∞

0

 𝑑𝜎∫  
𝑃

0

 𝑑𝜂𝜎2𝜕𝜂𝑉𝜕𝜎(𝜎𝜕𝜂𝑉)  

𝑐𝐿𝑀 =
𝒩̂

4𝐺10
, 𝑐slab =

𝒩

4𝐺10

𝜅

𝐿

4𝜋Γ (
3
4
)
2

Γ (
1
4
)
2  

𝑐𝐿𝑀 ∝ 𝑐𝑠𝑙𝑎𝑏 ∝ 𝑐ℎ𝑜𝑙 ∼∑  

∞

𝑘=1

 𝑘𝑅𝑘
2  

𝑑𝑠10
2 = √𝑓1

3𝑓5[4𝑑𝑠𝐴𝑑𝑆5
2 + 𝑓2𝑑Ω2(𝜃, 𝜙) + 𝑓3𝑑𝜒

2 + 𝑓4(𝑑𝜎
2 + 𝑑𝜂2)]

𝑑𝑠𝐴𝑑𝑆5
2 = 𝑢2(𝜆𝑑𝑡2 + 𝑑𝑥1

2 + 𝑑𝑥2
2 + 𝑑𝑦2) +

𝑑𝑢2

𝑢2

𝑒−4Φ = (𝑓1𝑓5)
−3

 

𝑓1
3 =

𝑉̇Δ

2𝑉′′
, 𝑓2 =

2𝑉′′𝑉̇

Δ
, 𝑓3 =

4𝜎2𝑉′′

2𝑉̇ − 𝑉̈
, 𝑓4 =

2𝑉′′

𝑉̇
, 𝑓5 =

2(2𝑉̇ − 𝑉̈)

𝑉̇Δ
Δ = (2𝑉̇ − 𝑉̈)𝑉′′ + (𝑉̇′)2, 𝑉̇ = 𝜎𝜕𝜎𝑉, 𝑉

′′ = 𝜕𝜂
2𝑉

 

𝑉(𝜎, 𝜂) = −∑  

∞

𝑘=1

 𝑅𝑘sin (
𝑘𝜋𝜂

𝑃
)𝐾0 (

𝑘𝜋𝜎

𝑃
)  

4𝐺10
𝒩

𝑆𝐸𝐸 [Σ8
(𝜆)
] =

{
 
 
 

 
 
 
−
4𝜋3/2Γ(

2
3
)
3

Γ (
1
6)
3

1

|𝑇|2
  (𝜆 = +1) 

4𝜋3/2Γ(
2
3)
3

Γ (
1
6)
3

1

|𝑇|2
  (𝜆 = −1) 

 

𝒩 = 256𝜋2𝐿𝑥1𝐿𝑥2∫  
∞

0

 𝑑𝜎∫  
𝑃

0

 𝑑𝜂𝜎𝑉̇𝑉′′  

𝑇𝑎𝑝𝑝 =

{
 

 
𝜋

3𝑢0
  (𝜆 = +1)  

−𝑖𝜋

3𝑢0
  (𝜆 = −1)  
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𝑆𝐸𝐸, approx =

{
 
 

 
 −

𝜋3

54

1

|𝑇𝑎𝑝𝑝|
2   (𝜆 = +1) 

𝜋3

54

1

|𝑇𝑎𝑝𝑝|
2   (𝜆 = −1)  

 

4𝐺10

𝒩̂
𝑆𝐸𝐸 [Σ̂8

(𝜆)
] =

{
 

 
𝑅2

2𝜖2
−
1

2
log (

2𝑅

𝜖
) −

1

4
 (𝜆 = +1)

𝑅2

2𝜖2
+
1

2
log (

2𝑅

𝜖
) +

1

4
(1 − 𝑖𝜋)   (𝜆 = −1) 

 

𝒩̂ = 256𝜋2Vol (Ω2
(𝜆)
)∫  

∞

0

 𝑑𝜎∫  
𝑃

0

 𝑑𝜂𝜎𝑉̇𝑉′′  

𝑐𝐿𝑀 =
𝒩̂

8𝐺10
, 𝑐𝑠𝑙𝑎𝑏 =

𝒩

4𝐺10

𝜅

𝐿𝑥1𝐿𝑥2

8𝜋3/2Γ (
2
3
)
3

Γ (
1
6
)
3  

𝑐𝐿𝑀 ∝ 𝑐𝑠𝑙𝑎𝑏 ∝ 𝑐ℎ𝑜𝑙 ∼ 𝑃∑  

∞

𝑘=1

 𝑅𝑘
2  

𝑑𝑠10
2 = 𝑓1[𝑑𝑠𝐴𝑑𝑆6

2 + 𝑓2𝑑Ω2(𝜃, 𝜙) + 𝑓3(𝑑𝜎
2 + 𝑑𝜂2)]

𝑑𝑠𝐴𝑑𝑆6
2 = 𝑢2(𝜆𝑑𝑡2 + 𝑑𝑥1

2 + 𝑑𝑥2
2 + 𝑑𝑥3

2 + 𝑑𝑦2) +
𝑑𝑢2

𝑢2

𝑒−4Φ = 𝑓6
2

 

𝑓1 =
2

3
(
𝜎(𝜎𝜕𝜂

2𝑉 + 3𝜕𝜎𝑉)

𝜕𝜂
2𝑉

)

1/2

, 𝑓2 =
𝜕𝜎𝑉𝜕𝜂

2𝑉

3Λ̃
, 𝑓3 =

𝜕𝜂
2𝑉

3𝜎𝜕𝜎𝑉

𝑓6 = 18
2
3𝜎2𝜕𝜎𝑉𝜕𝜂

2𝑉Λ̃

(3𝜕𝜎𝑉 + 𝜎𝜕𝜂
2𝑉)

2 , Λ̃ = 𝜎(𝜕𝜎𝜂
2 𝑉)

2
+ 𝜕𝜂

2𝑉(𝜕𝜎𝑉 − 𝜎𝜕𝜎
2𝑉)

 

𝑉(𝜎, 𝜂) = −
1

𝜎
∑  

∞

𝑘=1

 
𝑃

2𝜋𝑘
𝑅𝑘sin (

𝑘𝜋𝜂

𝑃
) 𝑒−

𝑘𝜋|𝜎|
𝑃  

4𝐺10
𝒩

𝑆𝐸𝐸 [Σ8
(𝜆)
] =

{
 
 
 

 
 
 
−
16𝜋2Γ (

5
8)
4

3Γ (
1
8)
4

1

|𝑇|3
  (𝜆 = +1)  

−
16𝑖𝜋2Γ(

5
8)
4

3Γ (
1
8)
4

1

|𝑇|3
  (𝜆 = −1)  

 

𝒩 =
28𝜋

3
𝐿𝑥1𝐿𝑥2𝐿𝑥3∫  

∞

0

 𝑑𝜎∫  
𝑃

0

 𝑑𝜂𝜎3𝜕𝜎𝑉𝜕𝜂
2𝑉  
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𝑇𝑎𝑝𝑝 =

{
 

 
𝜋

4𝑢0
  (𝜆 = +1)  

−𝑖𝜋

4𝑢0
  (𝜆 = −1)  

𝑆𝐸𝐸, approx =

{
 
 

 
 −

𝜋4

768

1

|𝑇𝑎𝑝𝑝|
3   (𝜆 = +1) 

−
𝑖𝜋4

768

1

|𝑇𝑎𝑝𝑝|
3  (𝜆 = −1)  

 

4𝐺10

𝒩̂
𝑆𝐸𝐸 [Σ̂8

(𝜆)
] =

{
 

 
𝑅3

3𝜖3
−
𝑅

𝜖
+
2

3
  (𝜆 = +1) 

𝑅3

3𝜖3
+
𝑅

𝜖
− 𝑖

2

3
  (𝜆 = −1)  

 

𝒩̂ =
28𝜋

3
Vol (Ω3

(𝜆)
)∫  

∞

0

 𝑑𝜎 ∫  
𝑃

0

 𝑑𝜂𝜎3𝜕𝜎𝑉𝜕𝜂
2𝑉  

𝑐𝐿𝑀 =
𝒩̂

4𝐺10

2

3
, 𝑐slab =

𝒩

4𝐺10

𝜅

𝐿𝑥1𝐿𝑥2𝐿𝑥3

16𝜋2Γ(
5
8
)
4

Γ (
1
8)
4  

𝑐𝐿𝑀 ∝ 𝑐𝑠𝑙𝑎𝑏 ∝ 𝑐ℎ𝑜𝑙 ∼ 𝑃
2∑  

∞

𝑘=1

 
𝑅𝑘
2

𝑘
 

𝑑𝑠10
2 = 𝑓1𝑑𝑠𝐴𝑑𝑆7

2 + 𝑓2𝑑𝜂
2 + 𝑓3𝑑Ω2(𝜃, 𝜙)

𝑑𝑠𝐴𝑑𝑆6
2 = 𝑢2(𝜆𝑑𝑡2 + 𝑑𝑥1

2 + 𝑑𝑥2
2 + 𝑑𝑥3

2 + 𝑑𝑥4
2 + 𝑑𝑦2) +

𝑑𝑢2

𝑢2

𝑒−4Φ = 𝑓6
−4

 

𝑓1 = 8√2𝜋√−
𝑉

𝑉′′
, 𝑓2 = √2𝜋√−

𝑉′′

𝑉

𝑓3 = 𝑓2
𝑉2

(𝑉′2 − 2𝑉𝑉′′)
, 𝑓6
4 =

25𝜋10316 (−
𝑉
𝑉′′)

3

(𝑉′2 − 2𝑉𝑉′′)2

 

𝑉′′′ = −162𝜋3𝐹0  

4𝐺10
𝒩

𝑆𝐸𝐸 [Σ8
(𝜆)
] =

{
 
 
 

 
 
 
−
8𝜋5/2Γ(

3
5
)
5

Γ (
1
10)

5

1

|𝑇|4
 (𝜆 = +1)  

−
8𝜋5/2Γ(

3
5
)
5

Γ (
1
10)

5

1

|𝑇|4
  (𝜆 = −1) 

 

𝒩 =
4

3
(
2

3
)
7

𝐿𝑥1 … . 𝐿𝑥4∫  
𝑃

0

  (−𝑉′′𝑉)𝑑𝜂  
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𝑇𝑎𝑝𝑝 =

{
 

 
𝜋

5𝑢0
  (𝜆 = +1)  

−𝑖𝜋

5𝑢0
  (𝜆 = −1)  

𝑆𝐸𝐸, approx =

{
 
 

 
 −

𝜋5

12500

1

|𝑇𝑎𝑝𝑝|
4   (𝜆 = +1)  

−
𝜋5

12500

1

|𝑇𝑎𝑝𝑝|
4  (𝜆 = −1)  

 

4𝐺10

𝒩̂
𝑆𝐸𝐸
(𝜆)
[Σ̂8
(𝜆)
] =

{
 

 
𝑅4

4𝜖4
−
3

4

𝑅2

𝜖2
+
3

8
(log (

2𝑅

𝜖
) +

3

4
)  (𝜆 = +1)  

𝑅4

4𝜖4
+
3

4

𝑅2

𝜖2
+
3

8
(log (

2𝑅

𝜖
) −

𝑖𝜋

2
+
3

4
)   (𝜆 = −1)  

 

𝒩̂ =
4

3
(
2

3
)
7

Vol (Ω4
(𝜆)
)∫  

𝑃

0

  (−𝑉′′𝑉)𝑑𝜂  

𝑐𝐿𝑀 =
𝒩̂

4𝐺10

3

8
, 𝑐𝑠𝑙𝑎𝑏 =

𝒩

4𝐺10

𝜅

𝐿𝑥1 …𝐿𝑥4

32𝜋5/2Γ (
3
5
)
5

Γ (
1
10
)
5  

𝑐𝐿𝑀 ∝ 𝑐𝑠𝑙𝑎𝑏 ∝ 𝑐ℎ𝑜𝑙 ∼ 𝑃
3∑  

∞

𝑘=1

 
𝑅𝑘
2

𝑘2
 

𝑑𝑠2  =
𝐺̂

√ℎ̂4ℎ8

(𝑑𝑠2(AdS3) +
ℎ8ℎ̂4

4ℎ8ℎ̂4 + (𝐺̂
′)
2 𝑑𝑠

2( S2)) + √
ℎ̂4
ℎ8
𝑑𝑠2(CY2) +

√ℎ̂4ℎ8

𝐺̂
𝑑𝜌2

𝑒−Φ  =
ℎ8

3
4

2ℎ̂4

1
4√𝐺̂

√4ℎ8ℎ̂4 + (𝐺̂
′)
2
⋅  𝑑𝑠2(AdS3) =

𝑢2

𝑙2
(−𝑑𝑡2 + 𝑑𝑦2) +

𝑙2𝑑𝑢2

𝑢2

 

𝑑𝑠Σ8
2 =

𝐺̂

√ℎ̂4ℎ8

(𝑑𝑢2 [
𝑙2

𝑢2
+
𝑢2

𝑙2
(𝑦′2 − 𝑡′2)] +

ℎ8ℎ̂4

4ℎ8ℎ̂4 + (𝐺̂
′)
2 𝑑𝑠

2( S2))+√
ℎ̂4
ℎ8
𝑑𝑠2(CY2) +

√ℎ̂4ℎ8

𝐺̂
𝑑𝜌2

𝑒−4Φdet[𝑔Σ8] =
ℎ̂4
2ℎ8
2

16
Vol𝑆2Vol𝐶𝑌2 [

𝑙2

𝑢2
+
𝑢2

𝑙2
(𝑦′2 − 𝑡′2)]

 

4𝐺10
𝒩

𝑆𝐸𝐸 = ∫  
∞

𝑢0

 𝑑𝑢√
𝑙2

𝑢2
+
𝑢2

𝑙2
(𝑦′2 − 𝑡′2)

𝒩 = 𝜋Vol𝐶𝑌2∫  
𝑃

0

  ℎ̂4ℎ8𝑑𝜌
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𝑇

2𝑐𝑡𝑙
3
=

𝑌

2𝑐𝑦𝑙
3
= ∫  

∞

𝑢0

 
𝑑𝑢

𝑢2√𝑢2 − 𝑢0
2
=
1

𝑢0
2

4𝐺10
𝒩

𝑆𝐸𝐸 = lim
Λ→∞

 ∫  
Λ

𝑢0

 
𝑑𝑢

√𝑢2 − 𝑢0
2
−∫  

Λ

1
Λ

 
𝑑𝑢

𝑢
= log [

√𝑌2 − 𝑇2

Λ𝑙3
]

 

𝑑𝑠10
2  =

𝑢2

𝑙2
[𝜆𝑑𝑡2 + 𝑑𝑦2 + 𝑑𝑥2 + 𝑓(𝑢)𝑑𝜙2] +

𝑙2𝑑𝑢2

𝑓(𝑢)𝑢2
+ 𝑙2𝑑Ω̃5

2

𝑑Ω̃5
2  = 𝑑𝜃2 + sin2 𝜃𝑑𝜓2 + sin2 𝜃sin2 𝜓(𝑑𝜑1 − 𝐴1)

2 + sin2 𝜃cos2 𝜓(𝑑𝜑2 − 𝐴1)
2 + cos2 𝜃(𝑑𝜑3 − 𝐴1)

2

𝐴1  = 𝑄 (1 −
𝑙2𝑄2

𝑢2
)𝑑𝜙, 𝑓(𝑢) = 1 − (

𝑄𝑙

𝑢
)
6

 

𝑑𝑠8
2 = [

𝑢2

𝑙2
(𝜆𝑡′2 + 𝑦′2) +

𝑙2

𝑢2𝑓(𝑢)
] 𝑑𝑢2 +

𝑢2

𝑙2
𝑑𝑥2 +

𝑢2

𝑙2
𝑓(𝑢)𝑑𝜙2 + 𝑙2𝑑Ω̃5

2  

𝑆𝐸𝐸
(𝜆)
 =

𝒩̂

4𝐺10
∫  
∞

𝑢0

 √𝐺2(𝑢) + 𝐹2(𝑢)(𝜆𝑡′2(𝑢) + 𝑦′2(𝑢))

𝐺(𝑢)  =
𝑢

𝑙
, 𝐹(𝑢) =

𝑢3

𝑙3
√𝑓(𝑢), 𝒩̂ = 𝑙5𝐿𝑥𝐿𝜙Vol(𝑆̃

5), 𝐿𝜙 =
1

3𝑄

 

𝑇

2𝑙5𝑐𝑡
=

𝑌

2𝑙5𝑐𝑦
= ∫  

∞

𝑢0

 
𝑢𝑑𝑢

√𝑢6 − 𝑢Λ
6√𝑢6 − 𝑢0

6
 

2𝑙𝐺10

𝒩̂
𝑆𝐸𝐸 = ∫  

∞

𝑢0

 𝑑𝑢
𝑢√𝑢6 − 𝑢Λ

6

√𝑢6 − 𝑢0
6

−∫  
∞

𝑢Λ

 𝑢𝑑𝑢  

𝑢0 = 𝑙(𝑄
6 + 𝑐𝑦

2 − 𝑐𝑡
2)
1/6

 

𝑢0 = 𝑙𝑒
𝑖𝜋/6|𝑄6 + 𝑐𝑦

2 − 𝑐𝑡
2|
1/6

 

𝑟 =
𝑢0
𝑢
, 𝛾 =

𝑢Λ
𝑢0

𝐽1  = ∫  
1

0

 𝑑𝑟
𝑟3

√(1 − 𝑟6)(1 − 𝛾6𝑟6)
=
√𝜋Γ (

5
3)

4Γ (
7
6)

 2𝐹1 [
1

2
,
2

3
,
7

6
, 𝛾6]

𝐽2  = ∫  
1

𝜖

 
𝑑𝑟

𝑟3
√
1 − 𝛾6𝑟6

1 − 𝑟6
= 𝒥2 +

1

2𝜖2
+ 𝑂(𝜖4)

𝒥2  = −
√𝜋Γ(

2
3)

2Γ (
1
6)

 2𝐹1 [−
1

2
,−
1

3
,
1

6
, 𝛾6] , 𝐽3 = ∫  

1/𝛾

𝜖

 
𝑑𝑟

𝑟3
=

1

2𝜖2
−
𝛾2

2

 

𝑐𝑡 =
𝑇𝑢0

4

2𝐽1𝑙
5
, 𝑐𝑦 =

𝑌𝑢0
4

2𝐽1𝑙
5
,
2𝑙𝐺10

𝒩̂𝑢0
2
𝑆𝐸𝐸 = 𝐽2 − 𝐽3  
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Δ2 = (1 − 𝛾6)
4𝑙4𝐽1

2

𝑢0
2 , 𝑆𝐸𝐸 =

𝒩̂

2𝑙𝐺𝑁
(𝐽2 − 𝐽3)𝑢0

2  

d𝑠2=
𝜁(𝑢, 𝜃)

𝐿2
[𝑢2(−d𝑡2 + d𝑦2 + d𝑥2 + 𝐿2𝑓(𝑢)d𝜙2) +

𝐿2 d𝑢2

𝑓(𝑢)𝑢2𝜆6(𝑢)
+ 𝐿4 d𝜃2]  

 +
𝐿2

𝜁(𝑢, 𝜃)
[cos2 𝜃 d𝜓2 + cos2 𝜃sin2 𝜓D𝜙1

2 + cos2 𝜃cos2 𝜓D𝜙2
2 + 𝜆6(𝑢)sin2 𝜃D𝜙3

2]

 

𝐴1 = 𝐴2 = 𝑞1[𝜆
6(𝑢) − 𝜆6(𝑢⋆)]𝐿 d𝜙, 𝐴3 = 𝑞2 [

1

𝜆6(𝑢)
−

1

𝜆6(𝑢⋆)
] 𝐿 d𝜙.  

𝜁(𝑢, 𝜃) = √1 + 𝜀
ℓ2

𝑢2
cos2 𝜃, 𝜆6(𝑢) =

𝑢2 + 𝜀ℓ2

𝑢2

𝑓(𝑢) =
1

𝐿2
−
𝜀ℓ2𝐿2

𝑢4
(𝑞1

2 −
𝑞2
2

𝜆6(𝑢)
)

 

𝑑𝑠Σ8
2 =

𝜁(𝑢, 𝜃)

𝐿2
[𝑢2( d𝑥2 + 𝐿2𝑓̃(𝑢)d𝜙2) +

𝐿2 d𝑢2

𝑓(𝑢)𝑢2𝜆6(𝑢)
[1 +

𝑓(𝑢)𝜆6(𝑢)𝑢4

𝐿2
(−𝑡′2 + 𝑦′2)] + 𝐿4 d𝜃2]

 +
𝐿2

𝜁(𝑢, 𝜃)
[cos2 𝜃 d𝜓2 + cos2 𝜃sin2 𝜓D𝜙1

2 + cos2 𝜃cos2 𝜓D𝜙2
2 + 𝜆6(𝑢)sin2 𝜃D𝜙3

2]

𝑒−4Φdet[𝑔Σ8] = 𝐿
8cos6 𝜃sin2 𝜃cos2 𝜓sin2 𝜓 [𝑢2 +

𝑓(𝑢)𝜆6(𝑢)𝑢6

𝐿2
(𝑦′2 − 𝑡′2)]

 

4𝐺10
𝒩𝐼𝐼

𝑆𝐸𝐸 = ∫  
∞

𝑢0

 𝑑𝑢√𝐺2(𝑢) + 𝐹2(𝑢)(𝑦′2 − 𝑡′2)  

𝐺(𝑢) = 𝑢, 𝐹(𝑢) =
𝑢3𝜆3(𝑢)√𝑓(𝑢)

𝐿
,  and 

𝒩𝐼𝐼 = 𝐿
4𝐿𝑥𝐿𝜙∫  𝑑𝜃𝑑𝜓𝑑𝜙1𝑑𝜙2𝑑𝜙3cos

3 𝜃sin 𝜃cos 𝜓sin 𝜓

 

𝐺(𝑢) = 𝑢, 𝑓(𝑢) =
[𝑢6 + 𝜖ℓ2𝑢4 − 𝐿6𝑞6]

𝐿2𝑢4(𝑢2 + 𝜖ℓ2)

𝐹(𝑢) =
1

𝐿2
[𝑢6 + 𝜖ℓ2𝑢4 − 𝐿6𝑞6]

1
2

 

𝑇

2𝑐𝑡𝐿
4
=

𝑌

2𝑐𝑦𝐿
4
= ∫  

∞

𝑢0

 𝑑𝑢
𝑢

√(𝑢6 + 𝜖ℓ2𝑢4 − 𝐿6𝑞6)[(𝑢6 − 𝑢0
6) + 𝜖ℓ2(𝑢4 − 𝑢0

4)]
 

2𝐺10
𝒩𝐼𝐼

𝑆𝐸𝐸 = ∫  
∞

𝑢0

 𝑑𝑢𝑢√
(𝑢6 + 𝜖ℓ2𝑢4 − 𝐿6𝑞6)

[(𝑢6 − 𝑢0
6) + 𝜖ℓ2(𝑢4 − 𝑢0

4)]
− ∫  

∞

𝑢∗

 𝑢𝑑𝑢  

𝑢 =
𝑢0
𝑟
, 𝜇 =

𝜖ℓ2

𝑢0
2 , 𝜈 =

𝐿6𝑞6

𝑢0
6  
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𝑇𝑢0
4

2𝑐𝑡𝐿
4
=
𝑌𝑢0

4

2𝑐𝑦𝐿
4
= ∫  

1

0

 𝑑𝑟
𝑟3

√(1 + 𝜇𝑟2 − 𝜈𝑟6)[(1 − 𝑟6) + 𝜇𝑟2(1 − 𝑟4)]

2𝐺10

𝒩𝐼𝐼𝑢0
2 𝑆𝐸𝐸 = ∫  

1

0

 
𝑑𝑟

𝑟3
√

(1 + 𝜇𝑟2 − 𝜈𝑟6)

[(1 − 𝑟6) + 𝜇𝑟2(1 − 𝑟4)]
− ∫  

𝑢0
𝑢∗

0

 
𝑑𝑟

𝑟3

 

Δ2 = 𝑌2 − 𝑇2 =
4𝐿2

𝑢0
2 (1 + 𝜇 − 𝜈)𝒥1

2.  

𝐹(𝑢0)
2 = 𝑐𝑦

2 − 𝑐𝑡
2,⟶ 𝑢0

6 + 𝜖ℓ2𝑢0
4 = 𝐿6(𝑞6 + 𝑐𝑦

2 − 𝑐𝑡
2).  

27𝑢0
6 = [−𝜖ℓ2 +

ℓ4

𝒵
+ 𝒵]

3

,  

 𝒵3 =
27𝑚

2
(1 −

2𝜖ℓ6

27𝑚
+√1 −

4𝜖ℓ6

27𝑚
) , 𝑚 = 𝐿6(𝑞6 + 𝑐𝑦

2 − 𝑐𝑡
2).  

d𝑠2 = 𝑓1

3
2𝑓5

1
2[4 d𝑠5

2 + 𝑓2𝐷𝜇𝑖𝐷𝜇𝑖 + 𝑓4( d𝜎
2 + d𝜂2) + 𝑓3( d𝜒 +𝒜)

2], 𝑒
4
3
Φ = 𝑓1𝑓5

 

d𝑠5
2 =

𝑢2

𝑙2
(𝜆 d𝑡2 + d𝑦2 + d𝑥2 + 𝑓(𝑢)d𝜙2) +

𝑙2 d𝑢2

𝑢2𝑓(𝑢)

𝑓(𝑢) = 1 −
𝑄2𝑙2

𝑢6
, 𝒜 = 𝑄 (

1

𝑢2
−
1

𝑢∗
2
) d𝜙, 𝑢∗ = (𝑄𝑙)

1/3

𝜇1 = sin 𝜃sin 𝜑, 𝜇2 = sin 𝜃cos 𝜑, 𝜇3 = cos 𝜃

𝐷𝜇1 = d𝜇1 + 2𝜇2𝒜,𝐷𝜇2 = d𝜇2 − 2𝜇1𝒜,𝐷𝜇3 = d𝜇3

𝑓1 = (
𝑉̇Δ̃

2𝑉′′
)

1
3

, 𝑓2 =
2𝑉′′𝑉̇

Δ̃
, 𝑓3 =

4𝜎2

Λ
, 𝑓4 =

2𝑉′′

𝑉̇

𝑓5 =
2Λ𝑉′′

𝑉̇Δ̃
, Δ̃ = Λ(𝑉′′)2 + (𝑉̇′)2, Λ =

2𝑉̇ − 𝑉̈

𝑉′′

 

𝑑𝑠8
2 = (𝑓1

3𝑓5)
1
2 (4 [

𝑢2

𝑙2
(𝜆𝑡′2 + 𝑦′2) +

𝑙2

𝑢2𝑓(𝑢)
] 𝑑𝑢2 +

4𝑢2

𝑙2
𝑑𝑥2 +

4𝑢2

𝑙2
𝑓(𝑢)𝑑𝜙2 +

𝑓2𝐷𝜇𝑖𝐷𝜇𝑖 + 𝑓4( d𝜎
2 + d𝜂2) + 𝑓3( d𝜒 +𝒜)

2)

 

𝑒−4Φdet[𝑔Σ8] = 𝑓1
9𝑓2
2𝑓4
2𝑓3𝑓5Vol𝑆2(𝜃,𝜑)Vol𝑆1(𝜒) [

𝑢2

𝑙2
+
𝑢6

𝑙6
𝑓(𝑢)(𝑦′2 + 𝜆𝑡′2)]  

𝑆𝐸𝐸
(𝜆)
=

𝒩̃

4𝐺10
∫  
∞

𝑢0

 √𝐺2(𝑢) + 𝐹2(𝑢)(𝜆𝑡′2(𝑢) + 𝑦′2(𝑢))

𝐺(𝑢) =
𝑢

𝑙
, 𝐹(𝑢) =

𝑢3

𝑙3
√𝑓(𝑢), 𝒩̃ = 256𝜋2𝐿𝑥𝐿𝜙∫  

∞

0

 𝑑𝜎∫  
𝑃

0

 𝑑𝜂𝜎𝑉̇𝑉′′, 𝐿𝜙 =
1

3𝑄

 

d𝑠10
2  = 𝑓1

3
2𝑓̃5

1
2[4𝛾̃ d𝑠5

2 + 𝑓2D𝜇𝑖D𝜇
𝑖 + 𝑓3( d𝜒 + 𝐵)

2 + 𝑓4( d𝜎
2 + d𝜂2)]

𝑒
4
3
Φ  = 𝑓1𝑓5
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𝑓1 = (
𝑉̇Δ̃

2𝑉′′
)

1/3

, 𝛾̃ =
𝑍

𝑋(𝑢)
=

𝑍

𝜆2(𝑢)
, 𝑓2 =

2𝑉̇𝑉′′

𝑍2Δ̃
, 𝑓3 =

4𝑋3𝜎2𝑉′′

2𝑋3𝑉̇ − 𝑉̈
𝑍

𝑓4 =
2𝑉′′

𝑉̇
𝑍, 𝑓5 =

2(2𝑋3𝑉̇ − 𝑉̈)

𝑍2𝑉̇Δ̃

Δ̃ = (𝑉̇′)2 + 𝑉′′(2𝑉̇ − 𝑉̈), 𝑍 = [
(𝑉̇′)2 + 𝑉′′(2𝑋3𝑉̇ − 𝑉̈)

(𝑉̇′)2 + 𝑉′′(2𝑉̇ − 𝑉̈)
]

1/3

 

𝑑𝑠5
2 =

𝑢2𝜆(𝑢)2

𝐿2
(−𝑑𝑡2 + 𝑑𝑦2 + 𝑑𝑥2 + 𝐿2𝑓(𝑢)𝑑𝜙2) +

𝑑𝑢2

𝑢2𝜆(𝑢)4𝑓(𝑢)

𝜇1 = sin 𝜃cos 𝜑, 𝜇2 = sin 𝜃sin 𝜑, 𝜇3 = cos 𝜃

𝐷𝜇𝑖 = (𝑑𝜇1 + 2𝜇2𝐴1𝜙𝑑𝜙)𝛿𝑖,1 + (𝑑𝜇2 − 2𝜇1𝐴1𝜙𝑑𝜙)𝛿𝑖,2 + 𝑑𝜇3𝛿𝑖,3

 

𝑒−4Φdet[𝑔Σ8] = 4
3𝑓1

9𝑓̃2
2𝑓4
2𝑓3𝑓̃5𝛾̃

3 [
𝑢2

𝐿2
+
𝑢6𝜆6(𝑢)𝑓(𝑢)

𝐿4
(𝑦′2 − 𝑡′2)]Vol𝑆2(𝜃,𝜑)Vol𝑆1(𝜒)  

𝒩̃𝐼𝐼 = 256𝜋
2𝐿𝑥𝐿𝜙∫  

∞

0

𝑑𝜎∫  
𝑃

0

𝑑𝜂𝜎𝑉̇𝑉′′ 

𝑑𝑠𝑠𝑡
2 = 𝑒Φℎ̂−

1
2(𝑢)[𝜆𝑑𝑡2 + 𝑑𝑦2 + 𝑑𝑥1

2 + 𝑑𝑥2
2 + ℎ̂(𝑢)𝑒2𝑘(𝑢)𝑑𝑢2 + ℎ̂(𝑢)𝑒2ℎ(𝑢)(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)

+
ℎ̂(𝑢)𝑒2𝑔(𝑢)

4
[(𝜔1 − 𝐴

(1))
2
+ (𝜔2 − 𝐴

(2))
2
]+
ℎ̂(𝑢)𝑒2𝑘(𝑢)

4
(𝜔3 − 𝐴

(3))
2
]

Φ = Φ(𝑢)

 

𝜔1 = cos 𝜓̃𝑑𝜃̃ + sin 𝜓̃sin 𝜃̃𝑑𝜑̃, 𝜔2 = −sin 𝜓̃𝑑𝜃̃ + cos 𝜓̃sin 𝜃̃𝑑𝜑̃, 𝜔3 = 𝑑𝜓̃ + cos 𝜃̃𝑑𝜑̃

𝐴(1) = −𝑎(𝑢)𝑑𝜃, 𝐴(2) = 𝑎(𝑢)sin 𝜃𝑑𝜑, 𝐴(3) = −sin 𝜃𝑑𝜑
 

𝑒2ℎ =
(𝑃2 − 𝑄2)

4(𝑃coth(2𝑢) − 𝑄)
, 𝑒2𝑔 = (𝑃coth(2𝑢) − 𝑄), 𝑒2𝑘 =

𝑃′

2
, 𝑒4Φ = 2𝑒4Φ0

sinh2 (2𝑢)

(𝑃2 −𝑄2)𝑃′

𝑎 =
𝑃

𝑃cosh (2𝑢) − 𝑄sinh (2𝑢)
, ℎ̂ = 1 − 𝜅2𝑒2Φ, 𝑄 = 𝑁𝑐(2𝑢coth(2𝑢) − 1)

 

𝑃′′ + 𝑃′ (
𝑃′ − 𝑄′

𝑃 + 𝑄
+
𝑃′ + 𝑄′

𝑃 − 𝑄
− 4coth(2𝑢)) = 0  

𝑃 = 2𝑁𝑐𝑢  

𝑃 = 𝑒
4𝑢
3 [𝑐++

𝑒−
8𝑢
3 𝑁𝑐

2

𝑐+
(4𝑢2 − 4𝑢 +

13

4
) + 𝑒−4𝑢 (𝑐− −

8𝑐+
3
𝑢)  

+
𝑁𝑐
4𝑒−

16𝑢
3

𝑐+
3 (

18567

512
+
2781

32
𝑢 +

27

4
𝑢2 + 36𝑢3) + 𝑂 (𝑒−

20𝑢
3 )]

 

𝑃 = ℎ1𝑢 +
4ℎ1
15

(1 −
4𝑁𝑐

2

ℎ1
2 )𝑢

3 +
16ℎ1
525

(1 −
4𝑁𝑐

2

3ℎ1
2 −

32𝑁𝑐
4

3ℎ1
4 )𝑢

5 + 𝑂(𝑢7).  
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𝑑𝑠Σ8
2 = 𝑒Φℎ̂−

1
2(𝑢)[𝑑𝑥1

2 + 𝑑𝑥2
2 + (ℎ̂(𝑢)𝑒2𝑘(𝑢) + 𝜆𝑡′2 + 𝑦′2)𝑑𝑢2 + ℎ̂(𝑢)𝑒2ℎ(𝑢)(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)

+
ℎ̂(𝑢)𝑒2𝑔(𝑢)

4
[(𝜔1 − 𝐴

(1))
2
+ (𝜔2 − 𝐴

(2))
2
] +

ℎ̂(𝑢)𝑒2𝑘(𝑢)

4
(𝜔3 − 𝐴

(3))
2
]

𝑒−4Φdet[𝑔Σ8] =
ℎ̂2

64
𝑒4Φ+4ℎ+4𝑔+4𝑘 (

𝑒−2𝑘

ℎ̂
(𝜆𝑡′2 + 𝑦′2) + 1)Vol𝑆2Vol𝑆3

4𝐺10𝑆𝐸𝐸 = 𝒩𝐼𝐼𝐼∫𝑑𝑢√𝐺
2(𝑢) + 𝐹2(𝑢)(𝑦′2 + 𝜆𝑡′2) 

𝐺2(𝑢) = 𝑒4Φ+4ℎ+4𝑔+4𝑘ℎ̂2 =
𝑒4Φ0

32
sinh2 (2𝑢)(𝑃2 − 𝑄2)𝑃′ℎ̂2

𝐹2(𝑢) =
𝑒−2𝑘𝐺2(𝑢)

ℎ̂
=
𝑒4Φ0

16
sinh2 (2𝑢)(𝑃2 −𝑄2)ℎ̂

 

En tanto que la supersimetría de gauge respecto de un campo cuántico relativista en supergravedad, 

queda expresada así:  

𝑆SYM = ∫  𝑑
10𝑥Tr [−

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 +
𝑖

2
𝜒𝛾𝜇𝒟𝜇𝜒]  

(𝛾‾𝜇)𝛼𝜆(𝛾𝜈)𝜆𝛽 + (𝛾‾
𝜈)𝛼𝜆(𝛾𝜇)𝜆𝛽 = 2𝜂

𝜇𝜈𝛿𝛽
𝛼

 

𝛿Λ𝐴𝜇 = 𝒟𝜇Λ, 𝛿Λ𝜒 = [𝜒, Λ]  

𝛿𝜉𝐴𝜇 = 𝜉
𝜌𝜕𝜌𝐴𝜇 + 𝜕𝜇𝜉

𝜌𝐴𝜌, 𝛿𝜉𝜒 = 𝜉
𝜇𝜕𝜇𝜒 +

1

4
𝜔𝜇𝜈𝛾𝜇𝜈𝜒  

𝛿𝜖𝐴𝜇 = 𝑖𝜖𝛾𝜇𝜒, 𝛿𝜖𝜒 =
1

2
𝐹𝜇𝜈𝛾

𝜇𝜈𝜖  

(𝛾𝜇𝜈)𝛽
𝛼 : =

1

2
[(𝛾‾𝜇)𝛼𝜆(𝛾𝜈)𝜆𝛽 − (𝛾‾

𝜈)𝛼𝜆(𝛾𝜇)𝜆𝛽].  

𝒟𝜈𝐹
𝜈𝜇 −

𝑖

2
[𝜒, 𝛾𝜇𝜒] = 0, 𝑖𝛾𝜇𝒟𝜇𝜒 = 0  

𝜑 = 𝜕 ⋅ 𝐴  

𝑆SYM = ∫  𝑑
10𝑥Tr[

1

2
𝐴𝜇 ◻𝐴

𝜇 + (𝜕 ⋅ 𝐴)𝜑 −
1

2
𝜑2 +

𝑖

2
𝜒𝛾𝜇𝜕𝜇𝜒

 −𝜕𝜇𝐴𝜈[𝐴
𝜇 , 𝐴𝜈] +

𝑖

2
𝜒𝛾𝜇[𝐴𝜇 , 𝜒]

−
1

4
[𝐴𝜇 , 𝐴𝜈][𝐴

𝜇 , 𝐴𝜈]] .

 

𝒳 =⨁ 

𝑖∈ℤ

 𝑋𝑖  

𝐵𝑛:𝒳
⊗𝑛 ⟶𝒳, |𝐵𝑛| = 1, 𝑛 ≥ 1,  
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𝑆 = ∑  

∞

𝑛=1

 
1

(𝑛 + 1)!
⟨𝒜, 𝐵𝑛(𝒜,… ,𝒜⏟    

𝑛 times 

)⟩  

𝛿𝑆

𝛿𝒜
= ∑  

∞

𝑛=1

 
1

𝑛!
𝐵𝑛(𝒜,… ,𝒜⏟    

𝑛 times 

)  

 

𝒳SYM = 𝒳
B⊕𝒳F  

 

𝐵1(Λ) = (
𝜕𝜇Λ

◻ Λ
) ∈ 𝑋0

B  

𝐵1 (
𝐴𝜇
𝜑
) = (

𝜕 ⋅ 𝐴 − 𝜑

◻ 𝐴𝜇 − 𝜕𝜇𝜑
) ∈ 𝑋1

B  

𝐵1 (
𝐸

𝐸𝜇
) = (

∅

◻ 𝐸 − 𝜕𝜇𝐸
𝜇) ∈ 𝑋2

B  

𝑏2 = 0, 𝑏𝐵1 + 𝐵1𝑏 =◻.  

 

𝑏 (
∅

𝑁
)  = (

𝑁

0
) ∈ 𝑋1

B,

𝑏 (
𝐸

𝐸𝜇
)  = (

𝐸𝜇
0
) ∈ 𝑋0

B,

𝑏 (
𝐴𝜇
𝜑
)  = (

𝜑

∅
) ∈ 𝑋−1

B .
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𝑏(ℰ𝜒) = −𝑖𝛾
𝜇𝜕𝜇ℰ𝜒 ∈ 𝑋0

F, 𝑏(𝜒) = 0,  

𝐵1(𝜒) = (
𝑖𝛾𝜇𝜕𝜇𝜒

◻ 𝜒
) ∈ 𝑋1

F  

𝑏 (
ℰ𝜒
𝐸𝜒
) = 𝐸𝜒 ∈ 𝑋0

F, 𝑏(𝜒) = 0.  

 

 

𝒦SYM =⨁ 

∞

𝑖=0

 𝐾𝑖  

𝑚𝑛:𝒦
⊗𝑛 ⟶𝒦, |𝑚𝑛| = 2 − 𝑛, 𝑛 ≥ 1  

𝒳SYM = 𝒦SYM⊗𝔤, 𝔤  

𝐵1(𝑥)  = 𝑚1(𝑢
𝑎)⊗ 𝑡𝑎

𝐵2(𝑥1, 𝑥2)  = (−1)
𝑥1𝑓𝑎 𝑏𝑐𝑚2(𝑢1

𝑏, 𝑢2
𝑐)⊗ 𝑡𝑎

𝐵3(𝑥1, 𝑥2, 𝑥3)  = 𝑓
𝑎 𝑏𝑒𝑓

𝑒 𝑐𝑑[(−1)
𝑥2𝑚3(𝑢1

𝑏, 𝑢2
𝑐 , 𝑢3

𝑑) + (−1)𝑥1(𝑥2+1)𝑚3(𝑢2
𝑏 , 𝑢1

𝑐 , 𝑢3
𝑑)] ⊗ 𝑡𝑎

 

 



pág. 1071 

𝑏2 = 0, 𝑏𝑚1 +𝑚1𝑏 =◻, |𝑏| = −1.  

𝐻𝑚,𝑛(Ξ1, … , Ξ𝑚):𝒳SYM
⊗𝑛 ⟶𝒳SYM,  

Σ𝑛(Ξ):𝒳SYM
⊗𝑛 ⟶𝒳SYM, |Σ𝑛(Ξ)| = 0, 𝑛 ≥ 1  

𝛿Ξ𝒜 =:Σ1(Ξ ∣ 𝒜) +
1

2
Σ2(Ξ ∣ 𝒜,𝒜) +⋯  

Σ1(𝜉 ∣ Λ)  = (
𝜉 ⋅ 𝜕Λ

∅
) ∈ 𝑋−1

Σ1(𝜉 ∣ 𝒜)  = (
𝜉 ⋅ 𝜕𝐴𝜇 + 𝜕𝜇𝜉 ⋅ 𝐴, 𝜉 ⋅ 𝜕𝜒 +

1
4𝜔𝜇𝜈𝛾

𝜇𝜈𝜒

𝜉 ⋅ 𝜕𝜑
) ∈ 𝑋0

Σ1(𝜉 ∣ ℰ)  = (
𝜉 ⋅ 𝜕𝐸, 𝜉 ⋅ 𝜕ℰ𝜒 +

1
4
𝜔𝜇𝜈𝛾

𝜇𝜈ℰ𝜒

𝜉 ⋅ 𝜕𝐸𝜇 + 𝜕𝜇𝜉
𝜈𝐸𝜈, 𝜉 ⋅ 𝜕𝐸𝜒 +

1
4𝜔𝜇𝜈𝛾

𝜇𝜈𝐸𝜒
) ∈ 𝑋1

Σ1(𝜉 ∣ 𝒩)  = (
𝜉 ⋅ 𝜕𝒩𝜒 +

1
4
𝜔𝜇𝜈𝛾

𝜇𝜈𝒩𝜒

𝜉 ⋅ 𝜕𝑁, 𝜉 ⋅ 𝜕𝑁𝜒 +
1
4
𝜔𝜇𝜈𝛾

𝜇𝜈𝑁𝜒
) ∈ 𝑋2

 

Σ1(𝜖 ∣ Λ) = 0

Σ1(𝜖 ∣ 𝒜𝐵) = (
𝜕𝜇𝐴𝜈𝛾

𝜇𝜈𝜖

∅
) ∈ 𝑋0

F, Σ1(𝜖 ∣ 𝒜𝐹) = (
𝑖𝜖𝛾𝜇𝜒

0
) ∈ 𝑋0

B

Σ1(𝜖 ∣ ℰ𝐵) = (
𝑖(𝐸𝜇 − 𝜕𝜇𝐸)𝛾

𝜇𝜖

𝜕𝜇𝐸𝜈𝛾
𝜇𝜈𝜖

) ∈ 𝑋1
F, Σ1(𝜖 ∣ ℰ𝐹) = (

𝜖ℰ𝜒
𝑖𝜖𝛾𝜇𝐸𝜒

) ∈ 𝑋1
B

Σ1(𝜖 ∣ 𝒩𝐵) = (
𝑁𝜖

−𝑖 ∂̸𝑁𝜖
) ∈ 𝑋2

F, Σ1(𝜖 ∣ 𝒩𝐹) = (
∅

𝜖𝑁𝜒
) ∈ 𝑋2

B

 

𝐵1Σ1(Ξ ∣ 𝑥) = Σ1(Ξ ∣ 𝐵1(𝑥))

𝐵1Σ2(Ξ ∣ 𝑥1, 𝑥2) + 𝐵2(Σ1(Ξ ∣ 𝑥1), 𝑥2) + 𝐵2(𝑥1, Σ1(Ξ ∣ 𝑥2))

 = Σ1(Ξ ∣ 𝐵2(𝑥1, 𝑥2)) + Σ2(Ξ ∣ 𝐵1(𝑥1), 𝑥2) + (−1)
𝑥1Σ2(Ξ ∣ 𝑥1, 𝐵1(𝑥2))

𝐵1Σ3(Ξ ∣ 𝑥1, 𝑥2, 𝑥3) + 𝐵2(Σ2(Ξ ∣ 𝑥1, 𝑥2), 𝑥3)

 +𝐵3(Σ1(Ξ ∣ 𝑥1), 𝑥2, 𝑥3)

 = Σ1(Ξ ∣ 𝐵3(𝑥1, 𝑥2, 𝑥3)) + Σ2(Ξ ∣ 𝐵2(𝑥1, 𝑥2), 𝑥3)

 ⋮

 

∑  

𝑖+𝑗=𝑛

  [𝐵𝑖, Σ𝑗(Ξ)] = 0, ∀𝑛 ≥ 2  

[Σ(Ξ1), Σ(Ξ2)] = Σ([Ξ1, Ξ2]𝒢)  

[Σ1(Ξ1), Σ1(Ξ2)]  = Σ1(Ξ12) + [𝐵1, 𝐻2,1(Ξ1, Ξ2)],

2[Σ1(Ξ[1), Σ2(Ξ2])]  = Σ2(Ξ12) + [𝐵1, 𝐻2,2(Ξ1, Ξ2)] + [𝐻2,1(Ξ1, Ξ2), 𝐵2],
 

𝐻𝑚,𝑛(Ξ1, … , Ξ𝑚):𝒳SYM
⊗𝑛 ⟶𝒳SYM,𝑚, 𝑛 ≥ 1  
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[Σ1(𝜖1), Σ1(𝜖2)] = Σ1(𝑎12) + [𝐵1, 𝐻2,1(𝜖1, 𝜖2)]

[Σ1(𝜖1), Σ2(𝜖2)] − [Σ1(𝜖2), Σ2(𝜖1)] = [𝐵1, 𝐻2,2(𝜖1, 𝜖2)] + [𝐻2,1(𝜖1, 𝜖2), 𝐵2]
 

𝜖12
𝜇[𝑛]

 = 𝜖1𝛾
𝜇[𝑛]𝜖2 ≡ 𝜖1𝛾

𝜇1…𝜇𝑛𝜖2

𝜒12 ∶=
7

8
𝜖12
𝜇
𝛾𝜇 −

1

16

1

5!
𝜖12
𝜇[5]
𝛾𝜇[5]

 

[Σ1(𝜖1), Σ1(𝜖2)]Λ = Σ1(𝑎12 ∣ Λ) + 𝐻2,1(𝜖1, 𝜖2 ∣ 𝐵1Λ)

[Σ1(𝜖1), Σ1(𝜖2)]𝒜B= Σ1(𝑎12 ∣ 𝒜B)) + 𝐵1𝐻2,1(𝜖1, 𝜖2 ∣ 𝒜B) + 𝐻2,1(𝜖1, 𝜖2 ∣ 𝐵1𝒜B)
 

[Σ1(𝜖1), Σ1(𝜖2)]𝒜F = Σ1(𝑎12 ∣ 𝒜F)) + 𝐻2,1(𝜖1, 𝜖2 ∣ 𝐵1𝒜F)

[Σ1(𝜖1), Σ1(𝜖2)]ℰB = Σ1(𝑎12 ∣ ℰB)) + 𝐵1𝐻2,1(𝜖1, 𝜖2 ∣ ℰB)

[Σ1(𝜖1), Σ1(𝜖2)]ℰF = Σ1(𝑎12 ∣ ℰF)) + 𝐵1𝐻2,1(𝜖1, 𝜖2 ∣ ℰF) + 𝐻2,1(𝜖1, 𝜖2 ∣ 𝐵1ℰF)

[Σ1(𝜖1), Σ1(𝜖2)]𝒩B = Σ1(𝑎12 ∣ 𝒩B))

[Σ1(𝜖1), Σ1(𝜖2)]𝒩F = Σ1(𝑎12 ∣ 𝒩F)) + 𝐵1𝐻2,1(𝜖1, 𝜖2 ∣ 𝒩F) + 𝐻2,1(𝜖1, 𝜖2 ∣ 𝐵1𝒩F)

 

Σ1(𝑎12 ∣ −):= 𝑎12
𝜇
𝜕𝜇(−), Λ12: = 2𝑖𝜖12

𝜇
𝐴𝜇

𝐻2,1(𝜖1, 𝜖2 ∣ 𝒜B):= (
Λ12
∅
) ∈ 𝑋−1

B , 𝜑12:= −2𝑖𝜖12
𝜇
𝐸𝜇

𝐻2,1(𝜖1, 𝜖2 ∣ ℰB):= (
0

𝜑12
) ∈ 𝑋0

B, 𝜒12: = 𝜒12ℰ𝜒

𝐻2,1(𝜖1, 𝜖2 ∣ ℰF):= (
𝜒12
∅
) ∈ 𝑋0

F, ℰ𝜒
12: = 𝜖12

𝜇
𝛾𝜇𝒩𝜒

𝐻2,1(𝜖1, 𝜖2 ∣ 𝒩F):= (
ℰ𝜒
12

𝐸𝜒
12) ∈ 𝑋1

F, 𝐸𝜒
12: = −𝜒12𝑁𝜒

𝒩𝜒
12: = 𝜖12

𝜇
𝛾𝜇ℛ𝜒

𝐻2,1(𝜖1, 𝜖2 ∣ ℛF):= (
𝒩𝜒
12

𝑁𝜒
12 ) ∈ 𝑋2

F, 𝑁𝜒
12: = −𝜖12

𝜇
𝛾𝜇𝑅𝜒

 

2[Σ1(𝜖[1), Σ2(𝜖2])](Λ, Λ)  = 0

2[Σ1(𝜖[1), Σ2(𝜖2])](𝒜B,𝒜B)  = 𝐻2,1(𝜖1, 𝜖2 ∣ 𝐵2(𝐴, 𝐴)) + 2𝐵2 (𝐴,𝐻2,1(𝜖1, 𝜖2 ∣ 𝐴))

2[Σ1(𝜖[1), Σ2(𝜖2])](𝒜B,𝒜F)  = 𝐻2,1(𝜖1, 𝜖2 ∣ 𝐵2(𝐴, 𝜒)) + 𝐵2 (𝜒,𝐻2,1(𝜖1, 𝜖2 ∣ 𝐴))

2[Σ1(𝜖[1), Σ2(𝜖2])](𝒜F,𝒜F)  = 𝐻2,1(𝜖1, 𝜖2 ∣ 𝐵2(𝜒, 𝜒))

 

[Σ1(𝜉1), Σ1(𝜉2)] = Σ1(𝜉12), 𝜉12 = ℒ𝜉1𝜉2
𝜇

 

[Σ1(𝜉), Σ1(𝜖)] = Σ1(𝜖eff)  

𝜖eff:=
1

4
𝜔𝜇𝜈𝛾

𝜇𝜈𝜖  

𝜌𝑛(Ξ):𝒦SYM
⊗𝑛 ⟶𝒦SYM, |𝜌𝑛(Ξ)| = 1 − 𝑛

ℎ𝑚,𝑛(Ξ1, … , Ξ𝑚):𝒦SYM
⊗𝑛 ⟶𝒦SYM, |ℎ𝑚,𝑛(Ξ1, … , Ξ𝑚)| = 2 −𝑚 − 𝑛

 

Σ1(Ξ ∣ 𝑥)  = 𝜌1(Ξ ∣ 𝑢
𝑎) ⊗ 𝑡𝑎

Σ2(Ξ ∣ 𝑥1, 𝑥2)  = (−1)
𝑥1𝑓𝑏𝑐

𝑎 𝜌2(Ξ ∣ 𝑢1
𝑏 , 𝑢2

𝑐)⊗ 𝑡𝑎
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𝐻2,1(Ξ1, Ξ2 ∣ 𝑥)  = ℎ2,1(Ξ1, Ξ2 ∣ 𝑢
𝑎) ⊗ 𝑡𝑎

𝐻2,2(Ξ1, Ξ2 ∣ 𝑥1, 𝑥2)  = (−1)
𝑥1𝑓𝑎 𝑏𝑐ℎ2,2(Ξ1, Ξ2 ∣ 𝑢1

𝑏 , 𝑢2
𝑐)⊗ 𝑡𝑎 .

 

[𝑏, 𝜌1(Ξ)] = [𝑏, ℎ2,1(Ξ1, Ξ2)] = 0  

◻≡◻̃,  

𝒳SYM = 𝒦SYM⊗𝔤 →
 color-strip  

𝒦SYM

𝒳̃SYM = 𝒦̃SYM⊗ 𝔤̃ →
 color-strip  

𝒦̃SYM

} →
 tensor  

 product  
𝒳SDFT:= (𝒦SYM⊗𝒦̃SYM)|section 

 

𝑏−:=
1

2
(𝑏 ⊗ 𝟙̃ − 𝟙⊗ 𝑏̃), (𝑏−)2 = 0.  

 

 

𝔹1: = 𝑚1⊗ 𝟙̃ + 𝟙⊗ 𝑚̃1,  

𝔹2 ∶= −
1

2
𝑏−(𝑚2⊗𝑚̃2)

 ⋮
 

𝔹1(ℍ) +
1

2
𝔹2(ℍ,ℍ) +

1

6
𝔹3(ℍ,ℍ,ℍ) +⋯ = 0  

𝛿∧ℍ = 𝔹1(∧) + 𝔹2(∧,ℍ) +⋯ .  

Λ = (
Λ𝜇 , Λ̃𝜇̃
𝜂

)⊕ (
𝜀𝛼̃ , 𝜀𝛼

∅
)  

Λ𝜇
triv = 𝜕𝜇𝜏, Λ̃𝜇̃

triv = 𝜕̃𝜇̃𝜏, 𝜂
triv =◻ 𝜏.  

ℍ = ℍNS−NS⊕ℍNS−R⊕ℍR−R  

ℍNS−NS = (
𝑒𝜇𝜈̃ , 𝑒, 𝑒̃

𝑓𝜇 , 𝑓𝜇̃
)  

◻ 𝑒𝜇𝜈̃ + 𝜕̃𝜈̃𝑓𝜇 − 𝜕𝜇𝑓𝜈̃ = 0,

𝜕𝜇𝑒̃ − 𝜕̃
𝜈̃𝑒𝜇𝜈̃ − 𝑓𝜇 = 0, 𝜕̃𝜈̃𝑒 + 𝜕

𝜇𝑒𝜇𝜈̃ − 𝑓𝜈̃ = 0

◻ 𝑒 − 𝜕𝜇𝑓𝜇 = 0, ◻ 𝑒̃ − 𝜕̃𝜇̃𝑓𝜇̃ = 0

 

𝔹1(Λ) = 𝛿∧
linℍNS−NS 

𝛿∧𝑒𝜇𝜈̃ = 𝜕𝜇Λ̃𝜈̃ − 𝜕̃𝜈̃Λ𝜇,

𝛿∧𝑒 = 𝜕𝜇Λ𝜇 − 𝜂, 𝛿∧𝑒̃ = 𝜕̃𝜇̃Λ̃𝜇̃ − 𝜂

𝛿∧𝑓𝜇 =◻ Λ𝜇 − 𝜕𝜇𝜂, 𝛿∧𝑓𝜇̃ =◻ Λ̃𝜇̃ − 𝜕̃𝜇̃𝜂
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ℍNS−R = (
𝜓𝜇
𝛼̃ , 𝜌𝛼̃; 𝜓̃𝜇̃

𝛼 , 𝜌̃𝛼

𝜑𝛼̃; 𝜑̃𝛼
)  

𝛾𝜈̃𝜕̃𝜈̃𝜓𝜇 − 𝜕𝜇𝜌 = 0, 𝛾
𝜈𝜕𝜈𝜓̃𝜇̃ − 𝜕̃𝜇̃𝜌̃  = 0,

𝜕𝜇𝜓𝜇 − 𝜑 = 0, 𝜕̃
𝜇̃𝜓̃𝜇̃ − 𝜑̃  = 0,

𝛾𝜇̃𝜕̃𝜇̃𝜌 − 𝜑 = 0, 𝛾
𝜇𝜕𝜇𝜌̃ − 𝜑̃  = 0,

 

𝛿∧𝜓𝜇  = 𝜕𝜇𝜀, 𝛿∧𝜓̃𝜇̃  = 𝜕̃𝜇̃𝜀

𝛿∧𝜌 = 𝛾
𝜇̃𝜕̃𝜇̃𝜀, 𝛿∧𝜌̃  = 𝛾

𝜇𝜕𝜇𝜀

𝛿∧𝜑 =◻ 𝜀, 𝛿∧𝜑̃  =◻ 𝜀

 

ℍR−R = (
𝐹𝛼𝛽̃

∅
)  

𝛾𝜇̃𝜕̃𝜇̃𝐹 = 0, 𝛾
𝜇𝜕𝜇𝐹 = 0.  

Ξ:= (Ξ, Ξ̃) ≡ (𝜉, 𝜖),  

ℤ1(𝚵):= 𝜌1(Ξ)⊗ 𝟙̃ + 𝟙⊗ 𝜌̃1(Ξ̃)

𝛴2(𝚵):=
1

2
𝑏−(𝜌2(Ξ)⊗ 𝑚̃2 +𝑚2⊗ 𝜌̃2(Ξ̃))

 

[𝔹1, 𝛴1(𝚵)] = 0, [𝔹1, 𝛴2(𝚵)] = [ℤ1(𝚵),𝔹2]  

[ℤ1(𝚵1), 𝛴1(𝚵2)]  = ℤ1(𝚵12) + [𝔹1, ℍ2,1(𝚵1, 𝚵2)]

2[ℤ1(𝚵[1), 𝛴2(𝚵2])]  = 𝛴2(𝚵12) + [𝔹1, ℍ2,2(𝚵1, 𝚵2)] + [ℍ2,1(𝚵1, 𝚵2), 𝔹2]
 

ℍ2,1(𝚵1, 𝚵2):= ℎ2,1(Ξ1, Ξ2) ⊗ 𝟙̃ + 𝟙⊗ ℎ̃2,1(Ξ̃1, Ξ̃2)

ℍ2,2(𝚵1, 𝚵2):= −
1

2
𝑏−(ℎ2,2(Ξ1, Ξ2) ⊗ 𝑚̃2 +𝑚2⊗ ℎ̃2,2(Ξ̃1, Ξ̃2)

+𝜌2(Ξ1) ⊗ 𝜌̃2(Ξ̃2) − 𝜌2(Ξ2)⊗ 𝜌̃2(Ξ̃1))

 

[𝛴1(𝚵1), 𝛴1(𝚵2)] =[𝜌1(Ξ1)⊗ 𝟙̃ + 𝟙⊗ 𝜌̃1(Ξ̃1), 𝜌1(Ξ2)⊗ 𝟙̃ + 𝟙⊗ 𝜌̃1(Ξ̃2)]

={𝜌1(Ξ12) + [𝑚1, ℎ2,1(Ξ1, Ξ2)]} ⊗ 𝟙̃

+𝟙⊗ {𝜌̃1(Ξ̃12) + [𝑚̃1, ℎ̃2,1(Ξ̃1, Ξ̃2)]}  

={𝜌1(Ξ12) ⊗ 𝟙̃ + [𝑚1⊗ 𝟙̃ + 𝟙⊗ 𝑚̃1, ℎ2,1(Ξ1, Ξ2)⊗ 𝟙̃]}

 +{𝟙⊗ 𝜌̃1(Ξ̃12) + [𝑚1⊗ 𝟙̃ + 𝟙⊗ 𝑚̃1, 𝟙 ⊗ ℎ̃2,1(Ξ̃1, Ξ̃2)]}

=𝛴1(𝚵12) + [𝔹1, ℍ2,1(𝚵1, 𝚵2)],

 

[ℤ1(𝚵1), ℤ2(𝚵2)] − (1 ↔ 2)

= [𝜌1(Ξ1) ⊗ 𝟙̃ + 𝟙⊗ 𝜌̃1(Ξ̃1),
1

2
𝑏− (𝜌2(Ξ2) ⊗ 𝑚̃2 +𝑚2⊗ 𝜌̃2(Ξ̃2))]  − (1 ↔ 2)

 =
1

2
𝑏−{(𝜌2(Ξ12) + [𝑚1, ℎ2,2(Ξ1, Ξ2)] + [ℎ2,1(Ξ1, Ξ2),𝑚2]) ⊗ 𝑚̃2

 −𝜌2(Ξ1) ⊗ [𝑚̃1, 𝜌̃2(Ξ̃2)] − (1 ↔ 2) + [𝑚1, 𝜌2(Ξ1)]⊗ 𝜌̃2(Ξ̃2) − (1 ↔ 2)

+𝑚2⊗(𝜌̃2(Ξ̃12) + [𝑚̃1, ℎ̃2,2(Ξ̃1, Ξ̃2)] + [ℎ̃2,1(Ξ̃1, Ξ̃2), 𝑚̃2])}

 = ℤ2(𝚵12) + [𝔹1, ℍ2,2(𝚵1, 𝚵2)] + [ℍ2,1(𝚵1, 𝚵2),𝔹2]
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[𝑏, 𝜌1(Ξ)] = [𝑏, ℎ2,1(Ξ1, Ξ2)] = 0  

𝛿𝜉ℍ = ℒ𝜉ℍ  

𝛿𝜖𝑒𝜇𝜈̃ = 𝑖𝜖𝛼̃𝛾𝜈̃𝛼̃
𝛽̃𝜓𝜇

𝛽̃
− 𝑖𝜖𝛼𝛾𝜇𝛼𝛽𝜓̃𝜈̃

𝛽
,

𝛿𝜖𝑒 = 𝑖𝜖𝛼𝜌̃𝛼, 𝛿𝜖𝑒̃ = 𝑖𝜖
𝛼̃𝜌𝛼̃

𝛿𝜖𝑓𝜇 = 𝑖𝜖𝛼𝛾𝜇𝛼𝛽𝜑̃
𝛽 , 𝛿𝜖𝑓𝜇̃ = 𝑖𝜖

𝛼̃𝛾𝜇̃𝛼̃𝛽̃𝜑
𝛽̃;

𝛿𝜖𝜓𝜇
𝛼̃ = 𝜕̃𝜈̃𝑒𝜇𝜌̃(𝛾

𝜈̃𝜌̃𝜖)
𝛼̃
− 𝜖𝛽𝛾𝜇𝛽𝜆𝐹

𝜆𝛼̃ , 𝛿𝜖𝜓̃𝜇̃
𝛼 = −𝜕𝜈𝑒𝜌𝜇̃(𝛾

𝜈𝜌𝜖)𝛼 − 𝜖𝛽̃𝛾𝜇̃𝛽̃𝜆̃𝐹
𝛼𝜆̃,

𝛿𝜖𝜌𝛼̃ = 𝑓𝜇̃𝛾
𝜇̃ 𝛼̃𝛽̃𝜖

𝛽̃ − 𝜕̃𝜇̃𝑒̃
𝜇̃ 𝛼̃𝛽̃𝜖

𝛽̃ , 𝛿𝜖𝜌̃𝛼 = 𝑓𝜇𝛾
𝜇 𝛼𝛽𝜖

𝛽 − 𝜕𝜇𝑒𝛾
𝜇  𝛼𝛽𝜖

𝛽,

𝛿𝜖𝜑
𝛼̃ = 𝜕̃𝜇̃𝑓𝜈̃𝛾

𝜇̃𝜈̃𝛼̃𝛽̃𝜖
𝛽̃ , 𝛿𝜖𝜑̃

𝛼 = 𝜕𝜇𝑓𝜈𝛾
𝜇𝜈𝛼 𝛽𝜖

𝛽;

𝛿𝜖𝐹
𝛼𝛽̃ = 𝑖𝜕𝜇𝜓𝜈  

𝛽̃𝛾𝜇𝜈𝛼 𝜆𝜖
𝜆 + 𝑖𝜕̃𝜇̃𝜓̃𝜈̃ 

𝛼𝛾𝜇̃𝜈̃𝛽̃𝜆̃𝜖
𝜆̃

 

𝑒𝜇𝜈 = ℎ𝜇𝜈 + 𝐵𝜇𝜈 ,  ℎ𝜇𝜈: = 𝑒(𝜇𝜈), 𝐵𝜇𝜈: = 𝑒[𝜇𝜈]  

𝛿∧ℎ𝜇𝜈 = 𝜕𝜇𝜆𝜈 + 𝜕𝜈𝜆𝜇 , 𝛿∧𝐵𝜇𝜈 = 𝜕𝜇𝜁𝜈 − 𝜕𝜈𝜁𝜇  

𝜆𝜇: =
1

2
(Λ̃𝜇 − Λ𝜇), 𝜁𝜇: =

1

2
(Λ̃𝜇 + Λ𝜇)  

𝜙:=
1

2
(𝑒̃ − 𝑒 − ℎ).  

𝜆𝛼̃:= 𝜌𝛼̃ − (𝛾
𝜇)𝛼̃𝛽̃𝜓𝜇

𝛽̃
, 𝜆̃𝛼: = 𝜌̃𝛼 − (𝛾

𝜇)𝛼𝛽𝜓̃𝜇
𝛽
,  

𝜓𝜇
RS: = 𝜓𝜇 +

1

8
𝛾𝜇𝜆, 𝜓̃𝜇

RS:= 𝜓̃𝜇 +
1

8
𝛾𝜇𝜆̃  

ℎ𝜇𝜈
E := ℎ𝜇𝜈 +

1

4
𝜂𝜇𝜈𝜙.  

Spin(1,9) ≡ Spiñ(1,9)  

𝐹𝛼𝛽 = (𝛾𝜇)𝛼𝛽𝐹𝜇 +
1

3!
(𝛾𝜇𝜈𝜌)𝛼𝛽𝐹𝜇𝜈𝜌 +

1

2 ⋅ 5!
(𝛾𝜇𝜈𝜌𝜎𝜏)𝛼𝛽𝐹𝜇𝜈𝜌𝜎𝜏,  

𝜕[𝜇𝐹𝜈]  = 0, 𝜕
𝜇𝐹𝜇  = 0

𝜕[𝜇𝐹𝜈𝜌𝜎]  = 0, 𝜕
𝜇𝐹𝜇𝜈𝜌  = 0

𝜕[𝜇𝐹𝜈𝜌𝜎𝜏𝜔]  = 0, 𝜕
𝜇𝐹𝜇𝜈𝜌𝜎𝜏  = 0

 

𝜓𝜇 ∶= 𝜓𝜇
RS + 𝑖𝜓̃𝜇

RS, R = 1/2

𝜆 ∶= 𝜆 − 𝑖𝜆̃, R = 3/2
𝐴 ∶= 𝜙 − 4𝑖𝐶, R = 2

𝐴𝜇𝜈 ∶= 𝐵𝜇𝜈 + 2𝑖𝐶𝜇𝜈 , R = 1
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𝛿𝜖ℎ𝜇𝜈
E  =

1

2
(𝜖𝛾(𝜇𝜓𝜈)

∗ − 𝜖∗𝛾(𝜇𝜓𝜈))

𝛿𝜖𝐴 =
1

2
𝜖𝜆

𝛿𝜖𝐴𝜇𝜈  = −𝜖𝛾[𝜇𝜓𝜈] −
1

8
𝜖∗𝛾𝜇𝜈𝜆

𝛿𝜖𝐶𝜇𝜈𝜌𝜎  =
𝑖

2
(𝜖∗𝛾[𝜇𝜈𝜌𝜓𝜎] + 𝜖𝛾[𝜇𝜈𝜌𝜓𝜎]

∗ )

𝛿𝜖𝜆 = −2𝑖𝛾
𝜇𝜕𝜇𝐴𝜖

∗ −
𝑖

3
𝛾𝜇𝜈𝜌𝐅𝜇𝜈𝜌𝜖

𝛿𝜖𝜓𝜇  = −𝑖𝜕𝜈ℎ𝜇𝜌
E 𝛾𝜈𝜌𝜖 +

𝑖

24
(𝛾𝜇
𝜈𝜌𝜎
𝐅𝜈𝜌𝜎 − 9𝛾

𝜈𝜌𝐅𝜇𝜈𝜌)𝜖
∗ −

1

2 ⋅ 5!
𝛾𝜈[5]𝛾𝜇𝐹𝜈[5]𝜖

 

𝑋̃𝛼̃ ≡ 𝑋̃𝛼  

Ψ𝜇: = (𝜓𝜇
RS𝛼 , 𝜓̃𝜇𝛼

RS), 𝜆: = (𝜆𝛼 , 𝜆̃
𝛼)  

𝐹𝛼  𝛽 = 𝛿𝛽
𝛼𝐹 +

1

2!
(𝛾𝜇𝜈)𝛼  𝛽𝐹𝜇𝜈 +

1

4!
(𝛾𝜇𝜈𝜌𝜎)𝛼 𝛽𝐹𝜇𝜈𝜌𝜎,  

𝜕𝜇𝐹 = 0,  

𝜕[𝜇𝐹𝜈𝜌]  = 0, 𝜕
𝜇𝐹𝜇𝜈  = 0

𝜕[𝜇𝐹𝜈𝜌𝜎𝜏]  = 0, 𝜕
𝜇𝐹𝜇𝜈𝜌𝜎  = 0

 

𝜂𝜇𝜈: = (−1,1,… ,1)  

𝜖0123456789 = −𝜖0123456789 = 1, 𝜖
𝜇1,…,𝜇10𝜖𝜇1,…,𝜇10 = −10!  

{Γ𝜇 , Γ𝜈} = 2𝜂𝜇𝜈  

Ψ𝐶 := Ψ𝑇𝐶 = Ψ†Γ0  

𝐶:= (
0 𝛿𝛼

𝛽̇

−𝛿𝛾
𝛽̇

0
)  

Ψ =:(
𝜒𝛼

𝜒‾𝛽̇
)  

𝐶Γ𝜇 =:(
(𝛾𝜇)𝛼𝛽 0

0 (𝛾‾𝜇)𝛽̇𝛼̇
)  

(𝛾𝜇)𝛼𝜆(𝛾‾
𝜈)𝜆𝛽 + (𝛾𝜈)𝛼𝜆(𝛾‾

𝜇)𝜆𝛽 = 2𝜂𝜇𝜈𝛿𝛼
𝛽  

𝛾𝜇[𝑛] = 𝛾𝜇1…𝜇𝑛: = 𝛾[𝜇1 …𝛾𝜇𝑛], 𝑛 ≤ 𝐷,  

(𝛾𝜇)𝛼(𝛽(𝛾𝜇)𝜆𝛿) = 0  
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(𝛾[10])
𝛼
 𝛽 = −𝜖[10]𝛿𝛼  

𝛽 , (𝛾[10])
𝛼
 𝛽 = +𝜖

𝜇[10]𝛿𝛼 𝛽

(𝛾𝜇[9])
𝛼𝛽
= −𝜖𝜇[9]𝜈[1](𝛾𝜈[1])𝛼𝛽

, (𝛾𝜇[9])
𝛼𝛽
= +𝜖𝜇[9]𝜈[1](𝛾𝜈[1])

𝛼𝛽

(𝛾𝜇[8])
𝛼
 𝛽 = +

1

2
𝜖𝜇[8]𝜈[2](𝛾𝜈[2])𝛼

 𝛽 , (𝛾𝜇[8])
𝛼
 𝛽 = −

1

2
𝜖𝜇[8]𝜈[2](𝛾𝜈[2])

𝛼
 𝛽 ,

 

(𝛾𝜇[7])
𝛼𝛽
= +

1

3!
𝜖𝜇[7]𝜈[3](𝛾𝜈[3])𝛼𝛽

, (𝛾𝜇[7])
𝛼𝛽
= −

1

3!
𝜖𝜇[7]𝜈[3](𝛾𝜈[3])

𝛼𝛽

(𝛾𝜇[6])
𝛼
 𝛽 = −

1

4!
𝜖𝜇[6]𝜈[4](𝛾𝜈[4])𝛼

 𝛽 , (𝛾𝜇[6])
𝛼
 𝛽 = +

1

4!
𝜖𝜇[6]𝜈[4](𝛾𝜈[4])

𝛼
 𝛽

(𝛾𝜇[5])
𝛼𝛽
= −

1

5!
𝜖𝜇[5]𝜈[5](𝛾𝜈[5])𝛼𝛽

, (𝛾𝜇[5])
𝛼𝛽
= +

1

5!
𝜖𝜇[5]𝜈[5](𝛾𝜈[5])

𝛼𝛽

 

𝜉𝛼𝜒
𝛽  =

1

16
𝛿𝛼
𝛽
(𝜉𝜒) +

1

2!

1

16
(𝛾𝜇𝜈)𝛼

𝛽
(𝜉𝛾𝜇𝜈𝜒) +

1

4!

1

16
(𝛾𝜇𝜈𝜌𝜎)𝛼

𝛽
(𝜉𝛾𝜇𝜈𝜌𝜎𝜒)

𝜉𝛼𝜒𝛽  =
1

16
(𝛾𝜇)𝛼𝛽(𝜉𝛾𝜇𝜒) +

1

3!

1

16
(𝛾𝜇𝜈𝜌)𝛼𝛽(𝜉𝛾𝜇𝜈𝜌𝜒) +

1

5!

1

32
(𝛾𝜇𝜈𝜌𝜎𝜏)𝛼𝛽(𝜉𝛾𝜇𝜈𝜌𝜎𝜏𝜒)

 

𝛾𝜇𝛾𝜈 = 𝛾𝜇𝜈 + 𝜂𝜇𝜈 , 𝛾𝜇𝛾𝜇 = 𝐷

𝛾𝜇𝜈𝛾𝜌 = 𝛾𝜇𝜈𝜌 + 2𝛾[𝜇𝜂𝜈]𝜌, 𝛾𝜇𝜈𝛾𝜈 = (𝐷 − 1)𝛾𝜇

𝛾𝜇𝜈𝜌𝛾𝜎 = 𝛾𝜇𝜈𝜌𝜎 + 3𝛾[𝜇𝜈𝜂𝜌]𝜎 , 𝛾𝜇𝜈𝜌𝛾𝜌 = (𝐷 − 2)𝛾𝜇𝜈

𝛾𝜇𝜈𝜌𝜎𝛾𝜏 = 𝛾𝜇𝜈𝜌𝜎𝜏 + 4𝛾[𝜇𝜈𝜌𝜂𝜎]𝜏, 𝛾𝜇𝜈𝜌𝜎𝛾𝜎 = (𝐷 − 3)𝛾𝜇𝜈𝜌

𝛾𝜇𝜈𝜌𝜎𝜏𝛾𝜆 = 𝛾𝜇𝜈𝜌𝜎𝜏𝜆 + 5𝛾[𝜇𝜈𝜌𝜎𝜂𝜏]𝜆, 𝛾𝜇𝜈𝜌𝜎𝜏𝛾𝜏 = (𝐷 − 4)𝛾𝜇𝜈𝜌𝜎

⋮ ⋮

𝛾𝜇1…𝜇𝑝𝛾𝜈 = 𝛾𝜇1…𝜇𝑝𝜈 + 𝑝𝛾[𝜇1…𝜇𝑝−1𝜂𝜇𝑝]𝜈, 𝛾𝜇1…𝜇𝑝𝜈𝛾𝜈 = (𝐷 − 𝑝)𝛾𝜇1…𝜇𝑝

 

𝛾𝜇𝜈𝛾
𝜌𝜎  = 𝛾𝜇𝜈

𝜌𝜎
− 4𝛾[𝜇

[𝜌
𝛿𝜈]
𝜎]
− 2𝛿𝜇𝜈

𝜌𝜎

𝛾𝜇𝜈𝜌𝛾
𝜎𝜏  = 𝛾𝜇𝜈𝜌

𝜎𝜏 − 6𝛾[𝜇𝜈
[𝜎
𝛿𝜌]
𝜏]
− 6𝛾[𝜇𝛿𝜈𝜌]

𝜎𝜏

𝛾𝜇𝜈𝜌𝜎𝛾
𝜏𝜔  = 𝛾𝜇𝜈𝜌𝜎  

𝜏𝜔 − 8𝛾[𝜇𝜈𝜌
[𝜏

𝛿𝜎]
𝜔]
− 12𝛾[𝜇𝜈𝛿𝜌𝜎]

𝜏𝜔

𝛾𝜇𝜈𝜌𝜎𝜏𝛾
𝜔𝜆  = 𝛾𝜇𝜈𝜌𝜎𝜏 

𝜔𝜆 − 10𝛾[𝜇𝜈𝜌𝜎  
[𝜔𝛿𝜏]

𝜆]
− 20𝛾[𝜇𝜈𝜌𝛿𝜎𝜏]

𝜔𝜆

 

𝛾𝜇1…𝜇𝑝𝛾
𝜈𝜌 = 𝛾𝜇1…𝜇𝑝

𝜈𝜌
− 2𝑝𝛾

[𝜇1…𝜇𝑝−1

[𝜈
𝛿
𝜇𝑝]

𝜌]
− 𝑝(𝑝 − 1)𝛾[𝜇1…𝜇𝑝−2𝛿𝜇𝑝−1𝜇𝑝]

𝜈𝜌
 

𝛾𝜇𝜌𝛾
𝜌𝜈  = (𝐷 − 1)𝛿𝜇

𝜈 + (𝐷 − 2)𝛾𝜇
𝜈

𝛾𝜇𝜈𝛾
𝜇𝜈  = (1 − 𝐷)𝐷

𝛾𝜇𝛾𝜈𝛾𝜇  = (2 − 𝐷)𝛾
𝜈

𝛾𝜇𝛾𝜈𝛾𝜌𝛾𝜇  = (𝐷 − 4)𝛾
𝜈𝜌 + 𝐷𝜂𝜈𝜌

𝛾𝜇𝜈𝛾𝜌𝛾
𝜇𝜈  = −(𝐷 − 1)(𝐷 − 4)𝛾𝜌

𝛾𝜌𝜎𝛾
𝜇𝜈𝛾𝜌𝜎  = −[(𝐷 − 7)(𝐷 − 2) + 2]𝛾𝜇𝜈

𝛾𝜈𝛾𝜇[𝑝]𝛾𝜈  = −(𝐷 + (−1)
𝑝2𝑝)𝛾𝜇[𝑝]

𝛾𝜈𝛾𝜇[5]𝛾𝜈  = 0 for 𝐷 = 10, 𝑝 = 5

 

[𝑃𝜇 , 𝑃𝜈]= 0  

[𝑃𝜇 , 𝑀𝜌𝜎] = −𝑖(𝜂𝜇𝜌𝑃𝜎 − 𝜂𝜇𝜎𝑃𝜌)

[𝑀𝜇𝜈 ,𝑀𝜌𝜎] = 𝑖(𝜂𝜇𝜌𝑀𝜈𝜎 − 𝜂𝜇𝜎𝑀𝜈𝜌 − 𝜂𝜈𝜌𝑀𝜇𝜎 + 𝜂𝜈𝜎𝑀𝜇𝜌)

 

𝐿 =⊕𝑖=0
𝑖=𝑛 𝐿𝑖 ,  
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[, }: 𝐿 × 𝐿 → 𝐿,  

[𝐿𝑖, 𝐿𝑗} ∈ 𝐿𝑖+𝑗 mod𝑛 + 1

[𝐿𝑖, 𝐿𝑗} = −(−1)
𝜂𝑖𝜂𝑗[𝐿𝑗, 𝐿𝑖}

[𝐿𝑖, {𝐿𝑗, 𝐿𝑘}} (−1)
𝜂𝑖𝜂𝑘 + [𝐿𝑗, [𝐿𝑘 , 𝐿𝑖}} (−1)

𝜂𝑖𝜂𝑗 + [𝐿𝑘 , [𝐿𝑖, 𝐿𝑗}} (−1)
𝜂𝑗𝜂𝑘

 

𝐿SP = 𝐿0⊕𝐿1,  

[𝑃𝜇 , 𝑄𝛼
𝐼 ] = [𝑃𝜇 , 𝑄‾𝛼̇

𝐼 ] = 0,         {𝑄𝛼
𝐼 , 𝑄‾𝛼̇

𝐽
} = 2𝛿𝐼𝐽𝜎𝛼𝛼̇

𝜇
𝑃𝜇         

[𝑀𝜇𝜈 , 𝑄𝛼
𝐼 ] = −𝑖(𝜎𝜇𝜈)𝛼 

𝛽𝑄𝛽
𝐼 ,        {𝑄𝛼

𝐼 , 𝑄𝛽
𝐽
} = 𝜖𝛼𝛽𝑍

𝐼𝐽        

[𝑀𝜇𝜈 , 𝑄‾𝛼̇
𝐼 ] = −𝑖(𝜎‾𝜇𝜈)𝛼̇𝛽̇

𝑄‾𝐼𝛽̇ ,         {𝑄‾𝛼̇
𝐼 , 𝑄‾

𝛽̇

𝐽
} = 𝜖𝛼̇𝛽̇(𝑍

𝐼𝐽)∗         

 

𝐽2|𝑗,𝑚⟩ = 𝑗(𝑗 + 1)|𝑗,𝑚⟩, 𝐽3|𝑗,𝑚⟩ = 𝑚|𝑗,𝑚⟩  

𝐽3(𝑄1
𝐼|𝑗,𝑚⟩) = (𝑚 −

1

2
)𝑄1

𝐼 |𝑗,𝑚⟩,  

⟨𝜓|{𝑄𝛼
𝐼 , 𝑄‾𝛼̇

𝐼 }|𝜓⟩= 2𝒩𝜎𝛼𝛼̇
𝜇
⟨𝜓|𝑃𝜇|𝜓⟩  

 ∣

 = ⟨𝜓|[𝑄𝛼
𝐼 (𝑄𝛼

𝐼 )† + (𝑄𝛼
𝐼 )†𝑄𝛼

𝐼 ]|𝜓⟩ = ‖𝑄𝛼
𝐼 |𝜓⟩‖ 2 +‖(𝑄𝛼

𝐼 )†|𝜓⟩‖2
 

⟨𝜓|𝑃0|𝜓⟩ ≥ 0  

Tr(−1)𝑁F = 𝑛B − 𝑛F.  

{(−1)𝑁F , 𝑄𝛼
𝐼 } = 0  

0 = Tr[(−1)𝑁F𝑄𝛼
𝐼 𝑄‾𝛼̇

𝐼 − 𝑄‾𝛼̇
𝐼 (−1)𝑁F𝑄𝛼

𝐼 ] = Tr[(−1)𝑁F{𝑄𝛼
𝐼 , 𝑄‾𝛼̇

𝐼 }] =

 = 2𝒩[Tr(−1)𝑁F]𝜎𝛼𝛼̇
𝜇
𝑃𝜇 = 2𝒩(𝑛B − 𝑛F)𝜎𝛼𝛼̇

𝜇
𝑃𝜇

 

{𝑄𝛼
𝐼 , 𝑄‾𝛼̇

𝐽
} = 2𝛿𝐼𝐽𝜎𝛼𝛼̇

𝜇
𝑃𝜇 = (

4𝐸 0
0 0

) 𝛿𝐼𝐽  

𝑎𝐼 =
1

2√𝐸
𝑄1𝐼 , 𝑎𝐼

† =
1

2√𝐸
𝑄‾1̇𝐼 = (𝑎𝐼)

†  

{𝑎𝐼 , 𝑎𝐽
†} = 𝛿𝐼𝐽 , {𝑎𝐼 , 𝑎𝐽} = {𝑎𝐼

†, 𝑎𝐽
†} = 0  

𝑎𝐼|𝜆0⟩ = 0 ∀𝐼  

|𝜆0⟩, 𝑎𝐼
†|𝜆0⟩ = |𝜆0 +

1

2
⟩
𝐼
, … 𝑎

𝒩†
† …𝑎1

†|𝜆0⟩ = |𝜆0 +
𝒩

2
⟩ ,  

{𝜆0, 𝜆0 +
1

2
}⊕ {−(𝜆0 +

1

2
) ,−𝜆0} ,  

{0,
1

2
}⊕ {−

1

2
, 0}  
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{
1

2
, 1}⊕ {−1,−

1

2
}  

{−
1

2
, 0,0,

1

2
} ⊕ {−

1

2
, 0,0,

1

2
}  

{𝑄𝛼 , 𝑄‾𝛼̇} = 2𝑀𝛿𝛼𝛼̇  

𝑏𝛼 =
1

√2𝑀
𝑄𝛼 , 𝑏𝛼̇

† =
1

√2𝑀
𝑄‾𝛼̇  

{𝑏𝛼, 𝑏𝛼̇
†} = 𝛿𝛼𝛼̇ , {𝑏𝛼, 𝑏𝛽} = {𝑏𝛼̇

†, 𝑏
𝛽̇
†
} = 0  

  |𝑗0 = 0⟩ ⟶ {−
1

2
, 0,0,

1

2
}

  |𝑗0 =
1

2
⟩ ⟶ {0,2 ×

1

2
, 1} ⊕ {−1,2 × −

1

2
, 0}

 

{𝑐𝛼
𝑟 , (𝑐𝛽

𝑠)
†
} = (2𝑚 + 𝑍𝑟)𝛿

𝑟𝑠𝛿𝛼𝛽 , {𝑑𝛼
𝑟 , (𝑑𝛽

𝑠)
†
} = (2𝑚 − 𝑍𝑟)𝛿

𝑟𝑠𝛿𝛼𝛽  

|𝑍𝑟| ≤ 2𝑚 ∀𝑟,  

[𝑄‾𝛼̇ , 𝜙] = 0  

[𝑄𝛼 , 𝜙] ≡ 𝜓𝛼  

{𝑄𝛼, 𝜓𝛽} = 𝐹𝛼𝛽 , {𝑄‾𝛼̇ , 𝜓𝛽} = 𝐻𝛼̇𝛽  

𝐹𝛼𝛽 + 𝐹𝛽𝛼 = 0 ⟷ 𝐹𝛼𝛽 = 𝐹𝜖𝛼𝛽, 𝐻𝛼̇𝛽 = 2𝜎𝛽𝛼̇
𝜇
[𝑃𝜇 , 𝜙] ∼ 𝜕𝜇𝜙  

[𝑄𝛼 , 𝐹] = 0, [𝑄‾𝛼̇ , 𝐹] = −2(𝜕𝜇𝜓𝜎
𝜇)
𝛼̇

 

{𝜙, 𝜓, 𝐹}.  

𝛿𝜖 = 𝑖(𝜖𝑄 + 𝜖‾𝑄‾)  

𝛿𝜙= √2𝜖𝜓  

𝛿𝜓 = 𝑖√2(𝜎𝜇𝜖‾)𝜕𝜇𝜙 + √2𝐹𝜖

𝛿𝐹 = 𝑖√2𝜖‾𝜎‾𝜇𝜕𝜇𝜓

 

[𝛿𝜖1 , 𝛿𝜖2] = −2𝑖(𝜖1𝜎
𝜇𝜖‾2 − 𝜖2𝜎

𝜇𝜖‾1)𝜕𝜇  

𝜃 → 𝜃 + 𝜖, 𝜃‾ → 𝜃‾ + 𝜖‾, 𝛿𝜖𝑥
𝜇 = 𝑖(𝜖𝜎𝜇𝜃‾ − 𝜃𝜎𝜖‾)  

𝐺(𝑥, 𝜃, 𝜃‾) = 𝑒𝑖(−𝑥
𝜇𝑃𝜇+𝜖𝑄+𝜖‾𝑄‾)  

𝐹(𝑥𝜇 , 𝜃𝛼, 𝜃‾𝛼̇) =𝑓(𝑥) + 𝜃𝜓(𝑥) + 𝜃‾𝜒‾(𝑥) + 𝜃
2𝑀(𝑥) + 𝜃‾2𝑁‾(𝑥) + 𝜃𝜎𝜇𝜃‾𝐴𝜇(𝑥)

 +𝜃2𝜃‾𝜆‾(𝑥) + 𝜃‾2𝜃𝜁(𝑥) + 𝜃2𝜃‾2𝐷(𝑥)
 

𝑒𝑖(𝜖𝑄+𝜖‾𝑄‾)𝐹(𝑥, 𝜃, 𝜃‾)𝑒−𝑖(𝜖𝑄+𝜖‾𝑄‾)  
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𝑄𝛼 = −𝑖𝜕𝛼 − (𝜎
𝜇𝜃‾)𝛼𝜕𝜇 , 𝑄‾𝛼̇ = 𝑖𝜕‾𝛼̇ + (𝜃𝜎

𝜇)𝛼̇𝜕𝜇  

{𝑄𝛼 , 𝑄‾𝛼̇} = −2𝑖𝜎𝛼𝛼̇
𝜇
𝜕𝜇  

𝐷𝛼 = 𝜕𝛼 + 𝑖(𝜎
𝜇𝜃‾)𝛼𝜕𝜇 , 𝐷‾ 𝛼̇ = −𝜕‾𝛼̇ − 𝑖(𝜃𝜎

𝜇)𝛼̇𝜕𝜇  

{𝐷, 𝐷}= {𝐷‾ ,𝐷‾ } = {𝐷, 𝑄} = {𝐷, 𝑄‾} = {𝐷‾ , 𝑄} = {𝐷‾ , 𝑄‾} = 0 

{𝐷𝛼, 𝐷‾ 𝛼̇} = −2𝑖𝜎𝛼𝛼̇
𝜇
𝜕𝜇

 

∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾𝐹(𝑥, 𝜃, 𝜃‾)  

𝛿𝜖∫  𝑑
4𝑥𝑑2𝜃𝑑2𝜃‾𝐹(𝑥, 𝜃, 𝜃‾) = ∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾𝛿𝜖𝐹(𝑥, 𝜃, 𝜃‾)

= ∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾(𝑖𝜖𝑄 + 𝑖𝜖‾𝑄‾)𝐹(𝑥, 𝜃, 𝜃‾)

= ∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾[𝜖𝛼𝜕𝛼 + 𝜖‾𝛼̇𝜕
𝛼̇ + 𝑖(𝜖𝜎𝜇𝜃‾ − 𝜃𝜎𝜇𝜖‾)𝜕𝜇]𝐹(𝑥, 𝜃, 𝜃‾)

 

𝐷‾ 𝛼̇Φ = 0  

𝑥𝜇  ⟶ 𝑦𝜇 = 𝑥𝜇 + 𝑖𝜃𝜎𝜇𝜃‾  

𝐷𝛼 = 𝜕𝛼 + 2𝑖(𝜎
𝜇𝜃‾)𝛼𝜕𝜇 , 𝐷‾ 𝛼̇ = −𝜕‾𝛼̇  

Φ(𝑦, 𝜃) = 𝜙(𝑦) + √2𝜃𝜓(𝑦) + 𝜃2𝐹(𝑦)  

Φ(𝑥, 𝜃, 𝜃‾) =𝜙(𝑥) + √2𝜃𝜓(𝑥) + 𝜃2𝐹(𝑥) + 𝑖𝜃𝜎𝜇𝜃‾𝜕𝜇𝜙(𝑥)

 −
𝑖

√2
𝜃2𝜕𝜇𝜓(𝑥)𝜎

𝜇𝜃‾ +
1

4
𝜃2𝜃‾2 ◻𝜙(𝑥)

 

𝑆 = ∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾Φ‾ Φ  

ℒ = −𝜕𝜇𝜙‾𝜕
𝜇𝜙 − 𝑖𝜓𝜎𝜇𝜕𝜇𝜓‾ + 𝐹‾𝐹, 

∫  𝑑4𝑥𝑑2𝜃𝑑2𝜃‾𝐾(Φ‾ ,Φ)  

𝐾(Φ‾ ,Φ)  ⟶  𝐾(Φ‾ ,Φ) + Λ(Φ) + Λ‾(Φ‾ ),  

𝐾𝑖 ≡ 𝜕𝑖𝐾 ≡
𝜕𝐾

𝜕𝜙𝑖
,  

∫  𝑑2𝜃𝑑2𝜃‾𝐾(Φ,Φ‾ ) =𝐾𝑖𝑗‾ [−𝜕𝜇𝜙
𝑖𝜕𝜇𝜙‾𝑗‾ − (

𝑖

2
𝜓‾ 𝑗‾𝜎‾𝜇𝜕𝜇𝜓

𝑖 + ℎ. 𝑐. ) + 𝐹𝑖𝐹‾𝑗‾]

 − [
𝑖

2
𝐾𝑖𝑗𝑘‾ (𝜓

𝑖𝜎𝜇𝜓‾𝑘
‾
𝜕𝜇𝜙

𝑗 − 𝑖𝜓𝑖𝜓𝑗𝐹‾𝑘
‾
) + ℎ. 𝑐. ]

 +
1

4
𝐾𝑖𝑗𝑘‾ 𝑙‾𝜓

𝑖𝜓𝑗𝜓‾𝑘
‾
𝜓‾ 𝑙
‾

 

𝐾𝑖𝑗‾ = 𝜕𝑖𝜕𝑗‾𝐾  
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Γ𝑗𝑘
𝑖 = 𝐾𝑖𝑙

‾
𝐾𝑗𝑘𝑙‾, Γ𝑗‾𝑘‾

𝑖‾ = 𝐾𝑙𝑖‾𝐾𝑗‾𝑘‾ 𝑙 , 𝑅𝑖𝑗‾𝑘𝑙‾ = 𝐾𝑚𝑙‾𝜕𝑗‾Γ𝑖𝑘
𝑚  

𝐷𝜇𝜓
𝑖 = 𝜕𝜇𝜓

𝑖 + Γ𝑗𝑘
𝑖 (𝜎𝜇𝜓𝑗)𝜕𝜇𝜙

𝑘 , 𝐷𝑖𝑉𝑗 = 𝜕𝑖𝑉𝑗 − Γ𝑖𝑗
𝑙 𝑉𝑙  

∫  𝑑2𝜃𝑊(Φ) + ℎ. 𝑐.  

∫  𝑑2𝜃𝑊(Φ) = 𝑊𝑖𝐹
𝑖 −

1

2
𝑊𝑖𝑗𝜓

𝑖𝜓𝑗  

𝑆chiral = ∫  𝑑
4𝑥 {∫  𝑑2𝜃𝑑2𝜃‾𝐾(Φ,Φ‾ ) + (∫  𝑑2𝜃𝑊(Φ) +  h.c. )}  

ℒchiral =𝐾𝑖𝑗‾ [−𝜕𝜇𝜙
𝑖𝜕𝜇𝜙‾ 𝑗‾ − (

𝑖

2
𝜓‾ 𝑗‾𝜎‾𝜇𝜕𝜇𝜓

𝑖 +  h.c. ) + 𝐹𝑖𝐹‾𝑗‾]

 − [
𝑖

2
𝐾𝑖𝑗𝑘‾ (𝜓

𝑖𝜎𝜇𝜓‾𝑘
‾
𝜕𝜇𝜙

𝑗 − 𝑖𝜓𝑖𝜓𝑗𝐹‾𝑘
‾
) +  h.c. ]

 +
1

4
𝐾𝑖𝑗𝑘‾ 𝑙‾𝜓

𝑖𝜓𝑗𝜓‾𝑘
‾
𝜓‾ 𝑙
‾
+ (𝑊𝑖𝐹

𝑖 −
1

2
𝑊𝑖𝑗𝜓

𝑖𝜓𝑗 +  h.c. )

 

𝐹𝑖 = −𝐾𝑖𝑗‾𝑊‾𝑗‾ + Γ𝑗𝑘
𝑖 𝜓𝑗𝜓𝑘 ,  

ℒchiral = −𝐾𝑖𝑗‾ [𝜕𝜇𝜙
𝑖𝜕𝜇𝜙‾𝑗‾ + (

𝑖

2
𝜓‾ 𝑗‾𝜎‾𝜇𝐷𝜇𝜓

𝑖 +  h.c. )] − 𝐾𝑖𝑗‾𝐷𝑖𝑊𝐷‾𝑗‾𝑊‾

 −
1

2
(𝐷𝑖𝐷𝑗𝑊𝜓

𝑖𝜓𝑗 +  h.c. ) +
1

4
𝑅𝑖𝑗‾𝑘𝑙‾𝜓

𝑖𝜓𝑘𝜓‾ 𝑗‾𝜓‾ 𝑙
‾

 

𝑉(𝜙, 𝜙‾) = 𝐾𝑖𝑗‾𝐷𝑖𝑊𝐷‾𝑗‾𝑊‾ ,  

𝐾WZ(Φ) = Φ‾ Φ,𝑊WZ(Φ) =
𝑚

2
Φ2 +

𝜆

3
Φ3  

ℒWZ = −𝜕𝜇𝜙𝜕
𝜇𝜙‾ − (

𝑖

2
𝜓‾𝜎‾𝜇𝜕𝜇𝜓 +  h.c. ) −

𝑚

2
(𝜓𝜓 + 𝜓‾𝜓‾) − |𝑚𝜙 + 𝜆𝜙2|2 − 𝜆(𝜙𝜓𝜓 +  h.c. ),  

𝛿𝜙 = √2𝜖𝜓, 𝛿𝜓 = 𝑖√2(𝜎𝜇𝜖‾)𝜕𝜇𝜙 − √2(𝑚𝜙‾ + 𝜆𝜙‾
2)𝜖,  

𝑉 = 𝑉‾ .  

𝑉(𝑥, 𝜃, 𝜃‾) =𝐶(𝑥) + 𝑖𝜃𝜒(𝑥) − 𝑖𝜃‾𝜒‾(𝑥) − 𝜃𝜎𝜇𝜃‾𝐴𝜇(𝑥)

+
𝑖

2
𝜃2[𝑀(𝑥) + 𝑖𝑁(𝑥)] −

𝑖

2
𝜃‾2[𝑀(𝑥) − 𝑖𝑁(𝑥)]  

 +𝑖𝜃2𝜃‾ [𝜆‾(𝑥) +
𝑖

2
𝜎‾𝜇𝜕𝜇𝜒(𝑥)] − 𝑖𝜃‾

2𝜃 [𝜆(𝑥) +
𝑖

2
𝜎𝜇𝜕𝜇𝜒‾(𝑥)]

 +
1

2
𝜃2𝜃‾2[𝐷(𝑥) +◻ 𝐶(𝑥)].

 

𝑉 ⟶  𝑉 + 𝑖Λ − 𝑖Λ‾ ,  

𝐴𝜇  ⟶ 𝐴𝜇 + 𝜕𝜇(𝛼 + 𝛼‾)  
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𝑉(𝑥, 𝜃, 𝜃‾) = −𝜃𝜎𝜇𝜃‾𝐴𝜇(𝑥) + 𝑖𝜃
2𝜃‾𝜆‾(𝑥) − 𝑖𝜃‾2𝜃𝜆(𝑥) +

1

2
𝜃2𝜃‾2𝐷(𝑥)  

𝛿𝐴𝜇 = 𝑖(𝜖‾𝜎‾𝜇𝜆 − 𝜆‾𝜎‾𝜇𝜖)

𝛿𝜆 = 𝑖𝐷𝜖 + 𝐹𝜇𝜈𝜎
𝜇𝜈𝜖

𝛿𝐷 = −𝜖𝜎𝜇𝜕𝜇𝜆‾ − 𝜕𝜇𝜆𝜎
𝜇𝜖‾

 

𝑊𝛼 = −
1

4
𝐷‾ 2𝐷𝛼𝑉  

𝑊𝛼(𝑦, 𝜃) = −𝑖𝜆𝛼(𝑦) + [𝐷(𝑦)𝛿𝛼
𝛽
− 𝑖𝐹𝜇𝜈(𝑦)(𝜎

𝜇𝜈)𝛼
𝛽
] + 𝜃2(𝜎𝜇𝜕𝜇𝜆‾)𝛼  

ℒ =
1

4
∫  𝑑2𝜃𝑊𝛼𝑊𝛼 +

1

4
∫  𝑑2𝜃‾𝑊‾ 𝛼̇𝑊‾

𝛼̇ = −
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 − (

𝑖

2
𝜆𝜎𝜇𝜕𝜇𝜆‾ + ℎ. 𝑐. ) +

1

2
𝐷2,  

ℒFI = 2𝜉∫  𝑑
2𝜃𝑑2𝜃‾𝑉 = 𝜉𝐷  

𝑉 = 𝑉𝑎𝑇
𝑎, Λ = Λ𝑎𝑇

𝑎, [𝑇𝑎 , 𝑇𝑏] = 𝑓𝑎 𝑏𝑐𝑇
𝑐, Tr(𝑇𝑎𝑇𝑏) = 𝛿𝑎𝑏  

𝑊𝛼 = −
1

8𝑔
𝐷‾ 2(𝑒−2𝑔𝑉𝐷𝛼𝑒

2𝑔𝑉)  

𝑊𝛼 = −
1

4
𝐷‾ 2𝐷𝛼𝑉 +

𝑔

4
𝐷‾ 2[𝑉, 𝐷𝛼𝑉]  

𝑊𝛼
𝑎(𝑦, 𝜃) = −𝑖𝜆𝛼

𝑎(𝑦) + [𝐷𝑎(𝑦)𝛿𝛼
𝛽
− 𝑖𝐹𝜇𝜈

𝑎 (𝑦)(𝜎𝜇𝜈)𝛼
𝛽
] 𝜃𝛽 + 𝜃

2(𝜎𝜇𝒟𝜇𝜆‾
𝑎)
𝛼

 

𝐹𝜇𝜈
𝑎 = 𝜕𝜇𝐴𝜈

𝑎 − 𝜕𝜈𝐴𝜇
𝑎 − 𝑔𝑓𝑎 𝑏𝑐𝐴𝜇

𝑏𝐴𝜈
𝑐 , 𝒟𝜇𝜆

𝑎 = 𝜕𝜇𝜆
𝑎 − 𝑔𝑓𝑎 𝑏𝑐𝐴𝜇

𝑏𝜆𝑐  

Φ ⟶ 𝑒−𝑖ΛΦ  

Φ‾ 𝑒2𝑔𝑉Φ  

ℒSYM = ∫  𝑑
2𝜃𝑑2𝜃‾Φ‾ 𝑒2𝑔𝑉Φ+ (∫  𝑑2𝜃 [

1

4
Tr(𝑊𝛼𝑊𝛼) +𝑊(Φ)] + ℎ. 𝑐. )  

𝛿𝜙𝑖 = √2𝜖‾𝜓𝑖, 𝛿𝐴𝜇
𝑎 = 𝑖(𝜖‾𝜎‾𝜇𝜆

𝑎 − 𝜆‾𝑎𝜎‾𝜇𝜖)

𝛿𝜓𝑖 = 𝑖√2(𝜎𝜇𝜖‾)𝒟𝜇𝜙
𝑖 + √2𝐹𝑖𝜖, 𝛿𝜆𝑎 = 𝑖𝐷𝑎𝜖 + 𝐹𝜇𝜈

𝑎 𝜎𝜇𝜈𝜖

𝛿𝐹𝑖 = √2𝜖‾𝜎‾𝜇𝒟𝜇𝜓 + 2𝑖𝑔(𝑇𝑎)
𝑖 𝑗𝜙

𝑗𝜖‾𝜆‾𝑎 𝛿𝐷𝑎 = −𝜖𝜎𝜇𝒟𝜇𝜆‾
𝑎 −𝒟𝜇𝜆

𝑎𝜎𝜇𝜖‾

 

𝒟𝜇𝜙
𝑖 = 𝜕𝜇𝜙

𝑖 + 𝑖𝑔𝐴𝜇
𝑎(𝑇𝑎)

𝑖 𝑗𝜙
𝑗, 𝒟𝜇𝜓

𝑖 = 𝜕𝜇𝜓
𝑖 + 𝑖𝑔𝐴𝜇

𝑎(𝑇𝑎)
𝑖 𝑗𝜓

𝑗  

𝑉(𝜙, 𝜙‾) =∑  

𝑖

  |𝐹𝑖|
2
+
1

2
∑  

𝑎

 𝐷𝑎𝐷𝑎,  

𝐹𝑖 = −𝑊‾ 𝑖‾, 𝐷
𝑎 = −𝑔(𝑇𝑎)𝑖𝑗𝜙

𝑖𝜙‾ 𝑗‾  

𝐹𝑖 = −𝐾𝑖𝑗‾𝑊‾𝑗‾ = 0,𝐷
𝑎 = −𝑔(𝑇𝑎)𝑖𝑗𝜙

𝑖𝜙‾𝑗‾ − 𝜉𝑎 = 0  
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ℒ = ∫  𝑑2𝜃𝑑2𝜃‾(Φ‾ 1𝑒
2𝑔𝑉Φ1 +Φ‾ 2𝑒

−2𝑔𝑉Φ2 + 2𝜉𝑉) + [∫  𝑑
2𝜃 (

1

4
𝑊𝛼𝑊𝛼 +𝑚Φ1Φ2) + ℎ. 𝑐. ]  

𝑉 = 𝑚2(|𝜙1|
2 + |𝜙2|

2) +
1

2
[𝑔(|𝜙1|

2 − |𝜙2|
2) + 2𝜉],  

𝐹1 = −𝑚𝜙‾2 = 0, 𝐹2 = −𝑚𝜙‾1 = 0,𝐷 = −𝜉 − 𝑔(|𝜙1|
2 − |𝜙2|

2) = 0.  

𝑊(Φ) = 𝑎𝑖Φ𝑖 +
1

2
𝑏𝑖𝑗Φ

𝑖Φ𝑗 +
1

3
𝑐𝑖𝑗𝑘Φ

𝑖Φ𝑗Φ𝑘 +⋯  

𝑎𝑖 + 𝑏𝑖𝑗𝜙
𝑗 + 𝑐𝑖𝑗𝑘𝜙

𝑖𝜙𝑗 +⋯ = 0.  

𝐾(Φ,Φ‾ ) = Φ‾ Φ,𝑊(Φ) = 𝑓Φ  

𝑊O′R =
ℎ

2
𝑋Φ1

2 +𝑚Φ1Φ2 + 𝑓𝑋  

𝐹‾1= −ℎ𝑋𝜙1 −𝑚𝜙2 = 0 

𝐹‾2 = −𝑚𝜙1 = 0

𝐹‾𝑋 = −
ℎ

2
𝜙1
2 − 𝑓 = 0

 

𝑦 ≡ |
ℎ𝑓

𝑚2|  

𝜙2 = −
ℎ

𝑚
𝑋𝜙,𝜙1 = ±𝑖√

2𝑓

ℎ
(
𝑦 − 1

𝑦
) ,  

⟨𝛿𝜓𝑖⟩ ∼ ⟨𝐹𝑖⟩𝜖, ⟨𝛿𝜆𝑎⟩ ∼ ⟨𝐷𝑎⟩𝜖  

𝐺 =
1

𝑓
(⟨𝐹𝑖⟩𝜓

𝑖 + ⟨𝐷𝑎⟩𝜆
𝑎)  

−
1

2
(𝜓𝑖 𝜆𝑎) (

𝑊𝑖𝑗 −𝑖√2𝑔𝜙‾𝑗‾(𝑇𝑏)𝑖𝑗‾

−𝑖√2𝑔𝜙‾𝑗(𝑇𝑎)𝑖𝑗 0
)(
𝜓𝑗

𝜆𝑏
)  

𝜒′(𝑥′) = 𝜒(𝑥) + 𝑓𝜖  

𝛿𝜖𝜒(𝑥) = 𝜒
′(𝑥) − 𝜒(𝑥) = 𝑓𝜖 +

𝑖

𝑓
[𝜒(𝑥)𝜎𝜇𝜖‾− 𝜖𝜎𝜇𝜒‾(𝑥)]𝜕𝜇𝜒(𝑥)  

[𝛿1, 𝛿2]𝜒 = −2𝑖(𝜖1𝜎
𝜇𝜖‾2 − 𝜖2𝜎

𝜇𝜖‾1)𝜕𝜇𝜒  

𝑎𝜇
𝛼 = 𝛿𝜇

𝛼 +
𝑖

𝑓2
(𝜒𝜎𝛼𝜕𝜇𝜒‾ − 𝜕𝜇𝜒𝜎

𝛼𝜒‾)  

ℒVA = −
𝑓2

2
det𝑎 = −

𝑓2

2
−
𝑖

2
(𝜒𝜎𝜇𝜕𝜇𝜒‾ − 𝜕𝜇𝜒𝜎

𝜇𝜒‾) + ⋯  

𝑆2 = 0  
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𝑆 =
𝐺2

2𝐹𝑆
+√2𝜃𝐺 + 𝜃2𝐹𝑆  

𝐾(𝑆, 𝑆‾) = 𝑆‾𝑆,𝑊(𝑆) = 𝑓𝑆  

𝐹𝑆 = −𝑓 (1 +
𝐺‾2

4𝑓4
◻𝐺2 −

3

16𝑓8
𝐺2𝐺‾2 ◻𝐺2 ◻𝐺‾2) ,  

ℒ𝑆 = −𝑓
2 − 𝑖𝐺𝜎𝜇𝜕𝜇𝐺‾ +

1

4𝑓2
𝐺‾2 ◻ 𝐺2 −

1

16𝑓6
𝐺2𝐺‾2 ◻𝐺2 ◻𝐺‾2,  

𝑆(Φ −Φ‾ ) = 0  

Φ = 𝜙 + √2𝜃𝜒𝜙 + 𝜃
2𝐹𝜙, 𝜙 = 𝐴 + 𝑖𝐵  

𝐵= −
𝐺𝜎𝜇𝐺‾

2|𝐹𝑆|
2
𝜕𝜇𝐴  

𝜒𝜙 = −𝑖𝜎
𝜇
𝐺‾

𝐹‾𝑆
𝜕𝜇𝜙

𝐹𝜙 = −𝜕𝜈 (
𝐺‾

𝐹‾𝑆
)𝜎‾𝜇𝜎𝜈

𝐺‾

𝐹‾𝑆
𝜕𝜇𝐴 +

1

2
(
𝐺‾

𝐹‾𝑆
)

2

◻𝐴

 

𝐾 = ℎ(𝒜)ℬ2 + 𝑆‾𝑆,𝑊 = 𝑓(Φ)𝑆 + 𝑔(Φ)  

Φ = 𝒜 + 𝑖ℬ ⟷  𝒜 =
1

2
(Φ +Φ‾ ), ℬ =

1

2𝑖
(Φ − Φ‾ )  

ℒ =|𝐹𝑆|
2 +

ℎ

2
𝜕𝜇𝐴𝜕

𝜇𝐴 − (
𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. ) +
1

4

𝐺‾2

𝐹‾𝑆
◻ (

𝐺2

𝐹𝑆
)

+
ℎ

2
[𝑖𝜕𝜇 (

𝐺

𝐹𝑆
)𝜎𝜈 (

𝐺‾

𝐹‾𝑆
)𝜕𝜇𝐴𝜕𝜈𝐴 −

𝑖

2
𝜕𝜇 (

𝐺

𝐹𝑆
)𝜎𝜇 (

𝐺‾

𝐹‾𝑆
) (𝜕𝐴)2 + ℎ. 𝑐. ] 

 + [𝑓𝐹𝑆 +
𝑖

2
𝑓′
𝐺𝜎𝜇𝐺‾

𝐹‾𝑆
𝜕𝜇𝐴 +

𝑔′′

2
(
𝐺‾

𝐹‾𝑆
)

2

(𝜕𝐴)2 +
𝑔′

2
(
𝐺‾

𝐹‾𝑆
)

2

◻𝐴

−𝑔′𝜕𝜈 (
𝐺‾

𝐹‾𝑆
)𝜎‾𝜇𝜎𝜈

𝐺‾

𝐹‾𝑆
𝜕𝜇𝐴 + ℎ. 𝑐. ] .

 

ℒ =−|𝑓|2 −
ℎ

2
𝜕𝜇𝐴𝜕

𝜇𝐴 + (
𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. ) − (𝑖
𝑓′

2𝑓
+  h.c. )𝐺𝜎𝜇𝐺‾𝜕𝜇𝐴 

+
ℎ

2|𝑓|2
[𝑖𝜕𝜇𝐺𝜎𝜈𝐺‾𝜕𝜇𝐴𝜕𝜈𝐴 −

𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾𝜕𝜈𝐴𝜕
𝜈𝐴 +  h.c. ]  

 − [
𝑔‾′

𝑓‾2
(
1

2
𝐺2 ◻𝐴 − 𝜕𝜇𝐺𝜎

𝜇𝜎‾𝜈𝐺𝜕𝜈𝐴) + 𝜉𝐺
2𝜕𝜇𝐴𝜕

𝜇𝐴 +  h.c. ]

 +
1

4|𝑓|2
𝐺‾2 ◻𝐺2,

 

𝜉 ≡
𝑔‾′′

2𝑓‾2
−
𝑔‾′𝑓‾′

𝑓‾3
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𝛿𝐺𝛼 =
ℎ

4|𝑓|2
(𝜕𝐴)2𝐺𝛼 , 𝛿𝐺𝛼 = −𝑖

𝑔′

𝑓2
(𝐺‾𝜎‾𝜇)𝛼𝜕𝜇𝐴, 𝛿𝐴 =

𝑔‾′

2ℎ𝑓‾2
𝐺2 + ℎ. 𝑐,  

ℒ =−|𝑓|2 −
ℎ

2
𝜕𝜇𝐴𝜕

𝜇𝐴 + (
𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. ) + (𝑚𝐺2 +  h.c. ) + 𝜆𝐺2𝐺‾2  

− (𝑖
𝑓′

2𝑓
𝐺𝜎𝜇𝐺‾𝜕𝜇𝐴 + 𝜉̃𝐺

2𝜕𝜇𝐴𝜕
𝜇𝐴 +  h.c. ) −

1

8ℎ
(
𝑔‾′2

𝑓‾4
𝐺2 ◻𝐺2 +  h.c. ) 

 +
1

2|𝑓|2
(ℎ −

2|𝑔′|2

|𝑓|2
) (𝑖𝜕𝜇𝐺𝜎𝜈𝐺‾𝜕𝜇𝐴𝜕𝜈𝐴 +  h.c. )

 +
1

4|𝑓|2
(1 −

|𝑔′|2

ℎ|𝑓|2
)𝐺‾2 ◻𝐺2,

 

𝑚 =
𝑔′𝑓′

ℎ𝑓
, 𝜆 =

(𝑓′2 + 𝑓𝑓′′)𝑔′2

2ℎ2𝑓4
, 𝜉̃ = 𝜉 −

𝑔′ℎ′

4ℎ𝑓2
 

𝒜(𝐺, 𝐺‾ → 𝐺, 𝐺‾)=
ℎ|𝑓|2 − |𝑔′|2

ℎ|𝑓|4
𝑠2  

𝒜(𝐺, 𝐺 → 𝐺‾, 𝐺‾) =
2𝑔‾′2

ℎ𝑓‾4
𝑠2

𝒜(𝐺, 𝐴 → 𝐺, 𝐴) =
ℎ|𝑓|2 − 2|𝑔′|2

2|𝑓|4
𝑠2

 

𝑑2

𝑑𝑠2
𝒜(𝐺, 𝐺‾ → 𝐺, 𝐺‾)|

𝑠=𝑡=0

≥ 0⟺ ℎ|𝑓|2 ≥ |𝑔′|2  

𝑑2

𝑑𝑠2
𝒜(𝐺, 𝐴 → 𝐺, 𝐴)|

𝑠=𝑡=0

≥ 0 ⟺ ℎ|𝑓|2 ≥ 2|𝑔′|2

𝑑2

𝑑𝑠2
[𝒜(𝐺, 𝐺‾ → 𝐺, 𝐺‾) −

1

2
|𝒜(𝐺, 𝐺 → 𝐺‾, 𝐺‾)||

∎ℵ|𝑠=𝑡=0

≥ 0 ⟺ ℎ|𝑓|2 ≥ 2|𝑔′|2

 

ℎ(0)|𝑓(0)|2 ≥ 2|𝑔′(0)|2  

{(1 +
ℎ𝐴̇2

2|𝑓|2
)

2

𝑘0
2 − [(1 −

ℎ𝐴̇2

2|𝑓|2
)

2

+ 4𝐴̇2
|𝑔′|2

|𝑓|4
] 𝑘3

3} 𝐺𝛼 = 0  

𝑐𝑠
2 = 1 −

4𝐴̇2

(|𝑓(𝐴)|2 +
ℎ(𝐴)𝐴̇2

2
)
2 (
ℎ(𝐴)

2
|𝑓(𝐴)|2 − |𝑔′(𝐴)|2)

 

ℎ(𝐴)|𝑓(𝐴)|2 ≥ 2|𝑔′(𝐴)|2,  

 

ℋ = 𝐻 + √2𝜃𝜒𝐻 + 𝜃
2𝐹𝐻 ,  

𝑆ℋ =  chiral .  
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𝜒𝐻= −𝑖𝜎
𝜇
𝐺‾

𝐹‾𝑆
𝜕𝜇𝐻  

𝐹𝐻 = −𝜕𝜈 (
𝐺‾

𝐹‾𝑆
)𝜎‾𝜇𝜎𝜈

𝐺‾

𝐹‾𝑆
𝜕𝜇𝐻 +

1

2
(
𝐺‾

𝐹‾𝑆
)

2

◻𝐻,

 

𝐾 = 𝜅(ℋ,ℋ) + 𝑆‾𝑆,𝑊(ℋ) = 𝑓(ℋ)𝑆 + 𝑔(ℋ),  

ℒ =−|𝑓|2 + (
𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. ) − 𝜅𝐻𝐻‾𝜕𝜇𝐻𝜕
𝜇𝐻‾  

+
1

4|𝑓|2
𝐺‾2 ◻𝐺2 +

𝜅𝐻𝐻‾

2|𝑓|2
(𝑖𝜕𝜇𝐺𝜎𝜈𝐺‾ +  h.c. )(𝜕𝜇𝐻𝜕𝜈𝐻‾ + 𝜕𝜈𝐻𝜕𝜇𝐻‾) 

 −
𝜅𝐻𝐻‾

2|𝑓|2
(𝑖𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. )𝜕𝜈𝐻𝜕
𝜈𝐻‾ − [𝑖

𝑓𝐻
𝑓
𝐺𝜎𝜇𝐺‾𝜕𝜇𝐻 +  h.c. ]

 +
𝜅𝐻𝐻‾

|𝑓|2
[
1

2
𝐺𝜎𝜇𝐺‾(𝑖𝜕𝜇𝐻 ◻𝐻‾ +  h.c. ) − 𝜖𝜇𝜈𝛼𝛽𝜕𝜇𝐺𝜎𝜈𝐺‾𝜕𝛼𝐻𝜕𝛽𝐻‾]

 + [
𝑔′

𝑓2
𝐺‾𝜎‾𝜇𝜎𝜈𝜕𝜈𝐺‾𝜕𝜇𝐻 −

𝑔′′

2𝑓2
𝐺‾2(𝜕𝐻)2 −

𝑔′

2𝑓2
𝐺‾2 ◻𝐻 +  h.c. ] .

 

𝛿𝐺𝛼 = −
𝜅𝐻𝐻‾

2|𝑓|2
𝜕𝜇𝐻𝜕

𝜇𝐻‾𝐺𝛼 ,        𝛿𝐻 = −
𝑖

2|𝑓|2
𝐺𝜎𝜇𝐺‾𝜕𝜇𝐻,        

𝛿𝐺𝛼= 𝑖
𝑔′

𝑓2
(𝐺‾𝜎‾𝜇)𝛼𝜕𝜇𝐻,         𝛿𝐻=

𝑔‾′

2𝜅𝐻𝐻‾𝑓‾
2
𝐺2,         

 

 

ℒ =−|𝑓|2 − 𝜅𝐻𝐻‾𝜕𝜇𝐻𝜕
𝜇𝐻‾ + (

𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. ) − (𝑚1𝐺
2 +  h.c. ) 

+2[𝑚‾ 1(𝑘‾𝐻‾ − 𝑘𝐻)𝐺‾
2 + ℎ. 𝑐. ] +

1

4|𝑓|2
(1 −

|𝑔′|2

|𝑓|2𝜅𝐻𝐻‾
)𝐺‾2 ◻𝐺2  

+
1

2
(𝑘2𝐻2 + 𝑘‾2𝐻‾ 2 − 2|𝑘|2|𝐻|2)(𝑚1𝐺

2 +𝑚‾ 1𝐺‾
2) − 𝑚2𝐺

2𝐺‾2  

 +
1

2|𝑓|2
(𝜅𝐻𝐻‾ +

|𝑔′|2

|𝑓|2
) (𝑖𝜕𝜇𝐺𝜎𝜈𝐺‾𝜕𝜇𝐻𝜕𝜈𝐻‾ +  h.c. )

 +
1

2|𝑓|2
(𝜅𝐻𝐻‾ − 3

|𝑔′|2

|𝑓|2
) (𝑖𝜕𝜇𝐺𝜎𝜈𝐺‾𝜕𝜇𝐻‾𝜕𝜈𝐻 +  h.c. )

 −[𝜆1𝐺
2𝜕𝜇𝐻𝜕

𝜇𝐻‾ + 𝜆2𝐺‾
2(𝜕𝐻)2 + ℎ. 𝑐. ]

 − [
𝑖(2𝑓𝐻𝑓‾ − 𝜕𝐻|𝑓|

2)

2|𝑓|2
𝐺𝜎𝜇𝐺‾𝜕𝜇𝐻 + ℎ. 𝑐. ]

 −
1

|𝑓|2
(𝜅𝐻𝐻‾ +

|𝑔′|2

|𝑓|2
)𝜖𝜇𝜈𝛼𝛽𝜕𝜇𝐺𝜎𝜈𝐺‾𝜕𝛼𝐻𝜕𝛽𝐻‾ ,

 

 

𝜅𝐻,𝐻‾ (0)|𝑓(0)|
2 ≥ |𝑔′(0)|  

𝑐𝑠
2 = 1 −

4|𝐻̇|2

(|𝑓|2 + 𝜅𝐻𝐻‾ |𝐻̇|
2)2

[𝜅𝐻𝐻‾ |𝑓|
2 − |𝑔′|2],  
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𝜅𝐻,𝐻‾ (𝐻,𝐻‾ )|𝑓(𝐻)|
2 ≥ |𝑔′(𝐻)|,  

𝑆𝑄 = 0,  

𝑄 = 𝑄 + √2𝜃𝜒𝑄 + 𝜃
2𝐹𝑄.  

𝑄 =
𝜒𝑄𝐺

𝐹𝑆
−
𝐹𝑄

2𝐹𝑆
2 𝐺

2.  

𝐾 = 𝑆𝑆‾ + 𝒬𝒬 +
1

2
𝒬𝒬(ℎ1𝒬 + ℎ‾1𝒬) +

ℎ2
4
(𝒬𝒬)2,𝑊 = 𝑓(𝒬)𝑆 + 𝑔(𝒬),  

ℒ =(
𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. ) + (
𝑖

2
𝜕𝜇𝜒𝑞𝜎

𝜇𝜒‾𝑞 +  h.c. ) +
1

2|𝑓|2
[
𝑔′

𝑓
𝜕𝜇(𝜒𝑞𝐺)𝜕

𝜇𝐺‾2 +  h.c. ]

 +
1

|𝑓|2
(𝜒‾𝑞𝐺‾) ◻ (𝜒𝑞𝐺) +

1

4
|𝑓|2 (1 +

|𝑔′|2

|𝑓|2
)𝐺‾2 ◻𝐺2 +⋯ ,

 

 

𝑆‾𝑆𝑄𝐿 = 0,  

𝑄L = −2
𝐷‾ 𝛼̇𝑆‾𝐷‾

𝛼̇𝑄L

𝐷‾ 2𝑆‾
−
𝑆‾𝐷‾ 2𝑄L

𝐷‾ 2𝑆‾
− 2

𝐷𝛼𝑆𝐷𝛼𝐷‾
2(𝑆‾𝑄L)

𝐷2𝑆𝐷‾ 2𝑆‾
− 𝑆

𝐷2𝐷‾ 2(𝑆‾𝑄L)

𝐷2𝑆𝐷‾ 2𝑆‾
,  

𝑆‾𝑆(Φ − Φ‾ )  = 0

𝑆‾𝑆𝐷𝛼Φ = 0

𝑆‾𝑆𝐷2Φ = 0

 

𝑆‾𝑆(Φ − Φ‾ ) = 0, 𝑆‾𝑆𝐷𝛼Φ = 0  

𝐵 =
𝑖

4
[(
𝐺‾

𝐹‾𝑆
)

2

𝐹‾𝜙 − (
𝐺

𝐹𝑆
)
2

𝐹𝜙] −
𝐺𝜎𝜇𝐺‾

2|𝐹𝑆|
2
𝜕𝜇𝐴 +⋯

𝜓𝛼  =
𝐹𝜙

𝐹𝑆
𝐺𝛼 − 𝑖

(𝜎𝜇𝐺‾)𝛼

𝐹‾𝑆
𝜕𝜇𝐴 +

𝑖

4

(𝜎𝜇𝐺‾)𝛼

𝐹‾𝑆
𝜕𝜇 [(

𝐺

𝐹𝑆
)
2

𝐹𝜙] + ⋯

 

𝐾 = 𝑆‾𝑆 + 𝜅(Φ,Φ‾ ),𝑊(Φ) = 𝑓(Φ)𝑆 + 𝑔(Φ)  

ℒ =− [|𝑓|2 +
|𝑔′|2

𝜅𝜙𝜙‾
] − 𝜅𝜙𝜙‾ 𝜕𝜇𝐴𝜕

𝜇𝐴 + 𝑍 (
𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. ) + (𝑚𝐺2 +  h.c. )  

+𝑐𝐺2𝐺‾2 − 𝑍 (𝑖
𝑓′

2𝑓
+  h.c. )𝐺𝜎𝜇𝐺‾𝜕𝜇𝐴 + (𝑑𝐺

2 +  h.c. )(𝜕𝐴)2  

 + [
𝑔‾′

𝑓‾2
𝜕𝜇𝐺𝜎

𝜇𝜎‾𝜈𝐺𝜕𝜈𝐴 +
𝜅𝜙𝜙‾

|𝑓|2
𝑖𝜕𝜇𝐺𝜎𝜈𝐺‾𝜕𝜇𝐴𝜕𝜈𝐴 −

𝜅𝜙𝜙‾

2|𝑓|2
𝑖𝜕𝜇𝐺𝜎

𝜇𝐺‾(𝜕𝐴)2 +  h.c. ]

 +
1

4|𝑓|2
(1 +

|𝑔′|2

2𝜅𝜙𝜙‾ |𝑓|
2)𝐺
‾2 ◻𝐺2 −

1

16𝜅𝜙𝜙‾
(
𝑔‾′2

𝑓‾4
𝐺2 ◻𝐺2 +  h.c. ) ,

 

𝑍 ≡ 1 +
|𝑔′|2

𝜅𝜙𝜙‾ |𝑓|
2  
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𝛿𝐺𝛼 =
𝜅𝜙𝜙‾

2𝑍|𝑓|2
𝐺𝛼(𝜕𝐴)2, 𝛿𝐺𝛼 = −

𝑖

𝑍

𝑔′

𝑓2
(𝐺‾𝜎‾𝜇)𝛼𝜕𝜇𝐴  

ℒ =− [|𝑓|2 +
|𝑔′|2

𝜅𝜙𝜙‾
] − 𝜅𝜙𝜙‾ 𝜕𝜇𝐴𝜕

𝜇𝐴 + 𝑍 (
𝑖

2
𝜕𝜇𝐺𝜎

𝜇𝐺‾ +  h.c. )  

+(𝑚𝐺2 +  h.c. ) + 𝜆𝐺𝜎𝜇𝐺‾𝜕𝜇𝐴 + 𝑐𝐺
2𝐺‾2 + (𝑑̃𝐺2 +  h.c. )𝜕𝜇𝐴𝜕

𝜇𝐴  

 +

(

 
𝜅𝜙𝜙‾

|𝑓|2 +
|𝑔′|2

𝜅𝜙𝜙‾ )

 (𝑖𝜕𝜇𝐺𝜎𝜈𝐺‾𝜕𝜇𝐴𝜕𝜈𝐴 +  h.c. ) +
1

4|𝑓|2
(1 +

|𝑔′|2

2𝜅𝜙𝜙‾ |𝑓|
2)𝐺
‾2 ◻𝐺2

 −
1

16𝜅𝜙𝜙‾
(
𝑔‾′2

𝑓‾4
𝐺2 ◻𝐺2 +  h.c. ) ,

 

𝑐𝑠
2 = 1 −

4𝐴̇2|𝑓|2𝜅𝜙𝜙‾

(|𝑓|2 +
|𝑔′|2

𝜅𝜙𝜙‾
+ 𝜅𝜙𝜙‾ 𝐴̇

2)
2 ,  

𝜖 ⟶ 𝜖(𝑥).  

𝛿𝜓𝜇 ∼ 𝜕𝜇𝜖,  

1

𝑀P
𝜓‾𝜇Ξ

𝜇 ,  

 

𝛿Ξ𝜇 ∼ 𝑇𝜇𝜈𝛾𝜈𝜖.  

𝑔𝜇𝜈𝑇
𝜇𝜈.  

𝛿𝜓𝜇 ∼ 𝑀P𝜕𝜇𝜖,  

𝛿𝑔𝜇𝜈 ∼
1

𝑀P
𝜖‾𝛾(𝜇𝜓𝜈). 

𝑇𝐴 = {𝑃𝑎 ,𝑀𝑎𝑏 , 𝑄𝛼},  

𝐴𝜇
𝐴𝑇𝐴 = 𝑒𝜇 

𝑎𝑃𝑎 +
1

2
𝜔𝜇
𝑎𝑏𝑀𝑎𝑏 + 𝜓‾𝜇𝑄.  

𝛿𝐴𝜇
𝐴 = 𝜕𝜇𝜖

𝐴 + 𝑓𝐴 𝐵𝐶𝐴𝜇
𝐵𝜖𝐶 ,  

𝛿𝑒𝜇
𝑎 =

1

2
𝜖‾𝛾𝑎𝜓𝜇 , 𝛿𝜓𝜇 = 𝐷𝜇𝜖,  

𝐷𝜇𝜖 = 𝜕𝜇𝜖 +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜖.  

𝑇𝜇𝜈
𝑎 = 2(𝜕[𝜇𝑒𝜈]

𝑎 +𝜔[𝜇𝑏
𝑎 𝑒𝜈]

𝑏 ) −
1

2
𝜓‾[𝜇𝛾

𝑎𝜓𝜈],  
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𝜔̂𝜇
𝑎𝑏 ≡ 𝜔𝜇

𝑎𝑏(𝑒, 𝜓) = 𝜔𝜇
𝑎𝑏(𝑒) −

1

4
(𝜓‾ [𝑎𝛾𝜇𝜓

𝑏] − 𝜓‾𝜇𝛾
[𝑎𝜓𝑏] − 𝜓‾ [𝑎𝛾𝑏]𝜓𝜇).  

𝑒−1ℒSUGRA =
1

2
𝑅(𝜔̂) −

1

2
𝜓‾𝜇𝛾

𝜇𝜈𝜌𝐷𝜈(𝜔̂)𝜓𝜌,  

𝛿𝑒𝜇 
𝑎  =

1

2
𝜖‾𝛾𝑎𝜓𝜇 ,

𝛿𝜓𝜇  = 𝐷𝜇(𝜔̂)𝜖.
 

𝑒−1ℒSUGRA =
1

2
𝑅 −

1

2
𝜓𝜇𝛾

𝜇𝜈𝜌𝐷𝜈𝜓𝜌 + ℒtorsion ,  

𝑒−1ℒtorsion = −
1

32
[(𝜓‾𝜇𝛾𝜈𝜓𝜌)(𝜓‾𝜇𝛾𝜈𝜓𝜌 + 𝜓‾𝜇𝛾𝜌𝜓𝜈) − 4(𝜓‾𝜇𝛾

𝜌𝜓𝜌)(𝜓‾
𝜇𝛾𝜌𝜓𝜌)].  

[𝛿1, 𝛿2] = 𝛿𝜉 − 𝛿Λ̂ − 𝛿𝜖̂ ,  

𝜉𝑎 = −
1

2
𝜖‾1𝛾

𝑎𝜖2, Λ̂
𝑎𝑏 = 𝜉𝜌𝜔𝜌

𝑎𝑏 , 𝜖 = 𝜉𝜌𝜓𝜌  

𝐾(𝜙, 𝜙‾)  ⟶  𝐾(𝜙, 𝜙‾) + Λ(𝜙) + Λ‾(𝜙‾),  

𝜓𝜇 → 𝑒−
𝑖
2
ℑ𝔪(Λ)𝛾5𝜓𝜇  

𝒟𝜇𝜓𝜈 = 𝐷𝜇𝜓𝜈 +
𝑖

2
𝑄𝜇𝛾5𝜓𝜈,  

𝑄𝜇 =
𝑖

2
[𝐾𝑖‾𝜕𝜇𝜙‾

𝑖‾ − 𝐾𝑖𝜕𝜇𝜙
𝑖].  

𝜒𝜇𝐿
𝑖 → 𝑒

𝑖
2
ℑ𝔪(Λ)𝛾5𝜒𝜇𝐿

𝑖 , 𝒟𝜇𝜒𝜈𝐿
𝑖 = 𝐷𝜇𝜒𝜈

𝑖 + Γ𝑗𝑘
𝑖 𝜕𝜇𝜙

𝑗𝜒𝐿
𝑘 −

𝑖

2
𝑄𝜇𝛾5𝜒𝐿

𝑖 ,  

𝑒
𝐾
2𝑊  

𝑊(𝜙) → 𝑒−Λ(𝜙)𝑊(𝜙)  

𝑒
𝐾
2𝒟𝑖𝑊 = 𝑒

𝐾
2(𝜕𝑖 + 𝐾𝑖)𝑊.  

𝒢 ≡ 𝐾 + log |𝑊|2,  

𝑒−1ℒ =
1

2
𝑅 −

1

2
𝜓‾𝜇𝛾

𝜇𝜈𝜌𝒟𝜇𝜓𝜈 − 𝐾𝑖𝑗‾ (𝜕𝜇𝜙
𝑖𝜕𝜇𝜙‾𝑗‾ + 𝜒‾𝐿

𝑖⧸𝒟𝑅𝑗‾ + 𝜒‾𝑅
𝑗‾
⧸𝒟𝐿

𝑖)

 + [
1

2
𝑒
𝐾
2𝑊𝜓‾𝜇𝑅𝛾

𝜇𝜈𝜓𝜈𝑅 − 𝑒
𝐾
2𝒟𝑖𝒟𝑗𝑊𝜒‾𝐿

𝑖𝜒𝐿
𝑗
+  h.c. ]

 + [𝐾𝑖𝑗‾𝜓‾𝜇𝐿𝛾
𝜈𝛾𝜇𝜒𝐿

𝑖𝜕𝜈𝜙‾
𝑗‾ +𝜓‾𝜇𝑅𝛾

𝜇𝜒𝐿
𝑖𝑒
𝐾
2𝒟𝑖𝑊 +  h.c. ] − 𝑉(𝜙, 𝜙‾)

 +ℒ4 F.

 

𝑉(𝜙, 𝜙‾) = 𝑒𝐾(𝐾𝑖𝑗‾𝒟𝑖𝑊𝒟𝑗‾𝑊‾ − 3|𝑊|
2),  
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𝑉 = 𝑒𝒢(𝒢 𝑖𝑗‾𝒢𝑖𝒢𝑗‾ − 3)  

ℒ4 F = ℒtorsion −
1

2
𝐾𝑖𝑗‾𝜓‾𝜇𝜒

𝑖𝜓‾𝜇𝜒𝑗‾ +
1

4
(𝑅𝑖𝑗‾𝑘𝑙‾ −𝐾𝑖𝑗‾𝐾𝑘𝑙‾)𝜒‾

𝑖𝜒𝑘𝜒‾𝑗‾𝜒𝑙
‾  

𝛿𝑒𝜇
𝑎  =

1

2
𝜖‾𝛾𝑎𝜓𝜇 , 𝛿𝜓𝜇𝐿  = 𝒟𝜇𝜖𝐿 +

1

2
𝑒
𝐾
2𝑊𝛾𝜇𝜖𝑅

𝛿𝜙𝑖  = 𝜖‾𝐿𝜒𝐿
𝑖 , 𝛿𝜒𝐿

𝑖  =
1

2
∂̸𝜙𝑖𝜖𝑅 −

1

2
𝑒
𝐾
2𝐾𝑖𝑗‾𝒟𝑗‾𝑊‾ 𝜖𝐿

 

𝑉(𝜙, 𝜙‾) = 𝑒𝐾(𝐾𝑖𝑗‾𝒟𝑖𝑊𝒟𝑗‾𝑊‾ − 3|𝑊|
2) +

1

2
(ℜ𝔢𝑓𝐼𝐽)𝐷

𝐼𝐷𝐽,  

⟨𝛿𝜓𝜇𝐿⟩  = ⟨𝒟𝜇𝜖𝐿⟩ +
1

2
⟨𝑒
𝐾
2𝑊⟩𝛾𝜇𝜖𝑅 = 0

⟨𝛿𝜒𝐿
𝑖 ⟩  = −

1

2
⟨𝐾𝑖𝑗‾𝑒

𝐾
2𝒟𝑗‾𝑊‾ ⟩ 𝜖𝐿 = 0

⟨𝛿𝜆𝐿
𝐼 ⟩  =

𝑖

2
⟨𝐷𝐼⟩𝜖𝐿 = 0

 

⟨𝒟𝑖𝑊⟩ = 0, ⟨𝐷
𝐼⟩ = 0  

𝑉0 = −3⟨𝑒
𝐾|𝑊|2⟩  

Λsupy 
4 = ⟨𝑒𝐾𝐾𝑖𝑗‾𝒟𝑖𝑊𝒟𝑗‾𝑊‾ ⟩ +

1

2
⟨(ℜ𝔢𝑓𝐼𝐽)𝐷

𝐼𝐷𝐽⟩,  

𝑉0 = Λsupy
4 − 3⟨𝑒𝐾|𝑊|2⟩.  

𝐺𝐿 = ⟨
𝒟𝑖𝑊

𝑊
⟩𝜒𝐿

𝑖  

𝛿𝐺𝐿 = −√3 ⟨𝑒
𝐾
2𝑊‾ ⟩ 𝜖𝐿  

ℒ =−
1

2
𝜓‾𝜇𝛾

𝜇𝜈𝜌𝜕𝜈𝜓𝜌 − (𝐺‾𝐿 ∂̸𝐺𝑅 + 𝐺‾𝑅 ∂̸𝐺𝐿)  

 +
1

2
[⟨𝑒

𝐾
2𝑊⟩(𝐺‾𝐿𝐺𝐿 + 2√3𝜓‾𝜇𝑅𝛾

𝜇𝐺𝐿 + 𝜓‾𝜇𝑅𝛾
𝜇𝜈𝜓𝜈𝑅) + ℎ. 𝑐. ] .

 

𝜓𝜇𝐿 → 𝜓𝜇𝐿 +
2

√3
⟨𝑒
𝐾
2𝑊‾ ⟩

−1

𝜕𝜇𝐺𝐿 +
1

√3
𝛾𝜇𝐺𝑅  

ℒ = −
1

2
𝜓‾𝜇𝛾

𝜇𝜈𝜌𝜕𝜈𝜓𝜌 +
1

2
(𝑚3/2𝜓‾𝜇𝑅𝛾

𝜇𝜈𝜓𝜈𝑅 +  h.c. )  

𝛿𝜓𝜇𝐿 = 𝜕𝜇𝜖𝐿 + ⟨𝑒
𝐾
2 |𝑊|⟩𝛾𝜇𝜖𝑅  

𝜖 =
2

√3
⟨𝑒
𝐾
2 |𝑊|⟩−1𝐺  
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|𝑚3/2| =
1

𝑀P
2 ⟨𝑒

𝐾
2 |𝑊|⟩ ∼

Λsusy 
2

𝑀P
,  

𝜓𝜇 →
1

𝑚3/2
𝜕𝜇𝐺  

1

𝑀P
Ξ‾𝜇𝜓𝜇 ⟶

1

𝑚3/2𝑀P
Ξ‾𝜇𝜕𝜇𝐺 ∼

1

Λsu/y
2 𝜕𝜇Ξ‾

𝜇𝐺  

𝑒−1ℒ =
1

2
𝑅 −

1

2
Ψ‾𝜇𝛾

𝜇𝜈𝜌𝐷𝜈Ψ𝜌 +
𝑚(𝜙)

2
Ψ‾𝜇𝛾

𝜇𝜈Ψ𝜈 −
1

2
𝜕𝜇𝜙𝜕

𝜇𝜙 − 𝑉(𝜙) + 𝑒−1ℒtorsion ,  

𝑚(𝜙) = 𝑔(𝜙)  

 

𝑉(𝜙) = 𝑓2(𝜙) − 3𝑔2(𝜙).  

𝑔𝜇𝜈 = 𝑎(𝜏)
2𝜂𝜇𝜈  

𝐺𝜇𝜈 = 𝑇𝜇𝜈
(𝜙)
,  

𝐺𝜇𝜈 = 𝑎
2 [(4𝐻2 −

𝑅

3
)𝛿𝜇

0𝛿𝜈
0 + (𝐻2 −

𝑅

3
)𝜂𝜇𝜈] , 𝑅 = 6

𝑎′′

𝑎3
,  

𝐻 =
𝑎′

𝑎2
,  

𝑇𝜇𝜈
(𝜙)
= 𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑔𝜇𝜈 (

1

2
𝜕𝜌𝜙𝜕

𝜌𝜙 + 𝑉(𝜙)) =  

 = 𝑎2𝛿𝜇
0𝛿𝜈
0 (
𝜙′2

2𝑎2
+ 𝑉(𝜙)) + 𝑎2𝛿𝑖𝑗𝛿𝜇

𝑖𝛿𝜈
𝑗
(
𝜙′2

2𝑎2
− 𝑉(𝜙)) .

 

3(𝐻2 +𝑚2)=
𝜙′2

2𝑎2
+ 𝑓2,  

(𝐻2 − 3𝑚2 −
𝑅

3
) =

𝜙′2

2𝑎2
− 𝑓2,

 

𝑒−1ℒΨ = −
1

2
Ψ‾𝜇𝛾

𝜇𝜈𝜌∇𝜈Ψ𝜌 +
𝑚

2
Ψ‾𝜇𝛾

𝜇𝜈Ψ𝜈  

𝛾𝜇𝜈𝜌∇𝜈Ψ𝜌 = 𝑚𝛾
𝜇𝜈Ψ𝜈  

𝛾𝜇𝜈∇𝜇Ψ𝜈  =
3

2
𝑚𝛾𝜇Ψ𝜇

𝐺𝜇𝜈𝛾
𝜇Ψ𝜈  = 3𝑚2𝛾𝜇Ψ𝜇 + 2(𝜕𝜇𝑚)𝛾

𝜇𝜈Ψ𝜈

 

△ ̸Ψ𝜇 − ∇𝜇(𝛾𝜌Ψ𝜌) = −
𝑚

2
(𝛾𝜇𝜌Ψ𝜌 + 3Ψ

𝜇)  

Ψ𝜇 =
1

√𝑎
𝜓𝜇  
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ℒ𝜓 = −
1

2
𝜓‾𝜇𝛾‾

𝜇𝜈𝜌𝜕𝜈𝜓𝜌 +
𝑎𝑚

2
𝜓‾𝜇𝛾‾

𝜇𝜈𝜓𝜈 − 𝑎𝐻𝜓‾𝜌𝛾‾
𝜌𝜓0  

𝛾‾𝜇𝜈𝜌𝜕𝜈𝜓𝜌 − 𝑎𝑚𝛾‾
𝜇𝜌𝜓𝜌 + 𝑎𝐻(𝛾‾

𝜇𝜓0 − 𝛿0
𝜇
𝛾‾𝜌𝜓𝜌) = 0  

𝛾𝜇 = 𝑒𝜇 𝑎𝛾
𝑎 = 𝑎(𝜏)−1𝛿𝜇 𝑎𝛾

𝑎 ≡ 𝑎(𝜏)−1𝛾‾𝜇 

𝜕𝜇𝜓
𝜇 − ∂̸(𝛾‾𝜌𝜓𝜌) − 2𝑎𝐻𝜓0 +

1

2
(3𝑎𝑚 − 𝑎𝐻𝛾‾0)(𝛾‾𝜌𝜓𝜌) = 0  

 

𝛾‾0𝜓0 = 𝐶(𝜏)𝛾‾
𝑖𝜓𝑖  

𝐶(𝜏) = 𝐶R(𝜏) + 𝐶I(𝜏)𝛾‾0 =
𝐻2 − 3𝑚2 − 𝑅/3

3(𝐻2 +𝑚2)
+

2𝑚′

3𝑎(𝐻2 +𝑚2)
𝛾‾0  

𝜓𝜇(𝜏, 𝑥⃗) = ∫  
𝑑3𝑘

(2𝜋)3
𝜓𝜇,𝑘(𝜏)𝑒

𝑖𝑘⃗⃗⋅𝑥⃗  

𝜓𝑖,𝑘 = 𝜓𝑖,𝑘
t + (𝑃𝛾)𝑖𝛾‾⃗ ⋅ 𝜓⃗⃗𝑘 +

(𝑃𝑘)𝑖 𝑘⃗⃗ ⋅ 𝜓⃗⃗𝑘  

(𝑃𝛾)𝑖 =
1

2
[
𝑘𝑖

𝑘⃗⃗2
(𝑘⃗⃗ ⋅ 𝛾‾⃗) − 𝛾‾𝑖] , (𝑃𝑘)𝑖 =

1

2𝑘⃗⃗2
[𝛾‾𝑖(𝑘⃗⃗ ⋅ 𝛾‾⃗) − 3𝑘𝑖].  

(𝑃𝛾)
𝑖
𝜓𝑖,𝑘
t = (𝑃𝑘)

𝑖𝜓𝑖,𝑘
t = 0  

𝑘⃗⃗ ⋅ 𝜓⃗⃗𝑘 = [𝑘⃗⃗ ⋅ 𝛾‾⃗ + 𝑖𝑎(𝑚 − 𝐻𝛾‾
0)]𝛾‾⃗ ⋅ 𝜓⃗⃗𝑘 , 𝛾‾

0𝜓0,𝑘 = 𝐶(𝜏)(𝛾‾⃗ ⋅ 𝜓⃗⃗𝑘)  

𝜓𝑖,𝑘 = 𝜓𝑖,𝑘
t + 𝑂̂𝑖𝜃𝑘  

𝑂̂𝑖 =
1

𝑘⃗⃗2
{−𝑘𝑖(𝑘⃗⃗ ⋅ 𝛾⃗) +

𝑖𝑎

2
[𝛾‾𝑖(𝑘⃗⃗ ⋅ 𝛾⃗) − 3𝑘𝑖](𝑚 − 𝐻𝛾‾

0)} .  

𝜃𝑘 = √
3(𝑚2 +𝐻2)𝑎2

2𝑘⃗⃗2
𝛾‾0𝜗𝑘  

ℒ𝜓 = ℒt + ℒ𝜗 ,  

ℒt = −
1

2
∑  

3

𝑖=1

 𝜓‾𝑖,𝑘
t [𝛾‾0𝜕0 + 𝑖(𝑘⃗⃗ ⋅ 𝛾‾⃗) + 𝑎𝑚]𝜓𝑖,𝑘

t  

ℒ𝜗 = −
1

2
𝜗‾𝑘[𝛾‾

0𝜕0 − 𝑖(𝑘⃗⃗ ⋅ 𝛾‾⃗)𝐶 + 𝑎𝑀]𝜗𝑘  

𝑐𝑠
2 = |𝐶2(𝜏)| = 𝐶R

2(𝜏) + 𝐶I
2(𝜏),  

𝑀 ≡ −[
𝑚

2
+
3

2
(𝑚𝐶R +𝐻𝐶I)]  
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𝑐𝑠
2 = 1 −

2𝜙̇2

(
𝜙̇2

2
+ 3𝑚2 + 𝑉)

2
[𝑉 + 3𝑚2 − 2(𝑚′)2]

 

𝑐𝑠
2 = 1 −

2𝜙̇2

(
𝜙̇2

2
+ 𝑓(𝜙)2)

2
[𝑓(𝜙)2 − 2𝑔′(𝜙)2]

 

𝑐𝑠 ≤ 1 ⟷ 𝑓(𝜙)2 ≤ 2𝑔′(𝜙)2,  

𝑉improved = 𝑓(𝜙)
2 + 2𝑔′(𝜙)2 − 3𝑔(𝜙)2,  

𝑐𝑠
2 = 1 −

2𝜙̇2𝑓(𝜙)2

(
𝜙̇2

2 + 𝑓(𝜙)
2 + 𝑔′(𝜙)2)

2 ,  

(
𝑎out 

𝑎out 
† ) = (

𝛼 𝛽†

𝛽 𝛼†
)(
𝑎in 

𝑎in 
† ) .  

|𝛼|2 − |𝛽|2 = 1,  

⟨𝑁out ⟩in = |𝛽|
2.  

𝜕𝜏
2𝜑𝑘 +𝜔𝑘

2𝜑𝑘 = 0  

𝐴𝑘(𝜏) =
𝜕𝜏𝜔𝑘

𝜔𝑘
2  

𝜔𝑘
2 = 𝑐𝑠

2𝑘2 + 𝑎2𝑀2,  

𝐴𝑘(𝜏) =
𝑐𝑠(𝜕𝜏𝑐𝑠)𝑘⃗⃗

2 + 𝑎3𝐻𝑀2 + 𝑎2𝑀𝜕𝜏𝑀

(𝑐𝑠
2𝑘2 + 𝑎2𝑀2)

3
2

 

𝑆Φ= ∫  𝑑
4𝑥√−𝑔ℒΦ =  

 = −
1

2
∫  𝑑4𝑥√−𝑔(𝜕𝜇Φ𝜕

𝜇Φ+𝑚2Φ2) = ∫  𝑑4𝑥
𝑎2

2
[(Φ′)2 − (∇⃗⃗⃗Φ)2 − 𝑎2𝑚2Φ2]

 

Φ ≡
𝜑

𝑎
,  

𝑆𝜑 = ∫  𝑑
4𝑥ℒ𝜑 =

1

2
∫  𝑑4𝑥 {(𝜑′)2 − 𝜑(−∇⃗⃗⃗2 + 𝑎2𝑚2 −

𝑎′′

𝑎
)𝜑}  

𝜑(𝜏, 𝑥⃗) = ∫  
𝑑3𝑘

(2𝜋)3/2
{𝜑𝒌(𝜏)𝑒

𝑖𝒌⋅𝒙 + 𝜑‾𝒌(𝜏)𝑒
−𝑖𝒌⋅𝒙}  

𝜑𝒌
′′ +𝜔2𝜑𝒌 = 0  
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𝜔2 ≡ 𝑘⃗⃗2 + 𝑎2𝑚2 −
𝑎′′

𝑎
≡ 𝜔0

2 −
𝑎′′

𝑎
 

Π𝜑 ≡
𝜕ℒ𝜑

𝜕𝜑′
= 𝜑′  

ℋ𝜑 =
1

2
[Π𝜑

2 + 𝜑(−∇⃗⃗⃗2 + 𝑎2𝑚2 −
𝑎′′

𝑎
)𝜑] .  

[𝜑(𝜏, 𝑥⃗), Π𝜑(𝜏, 𝑦⃗)] = 𝑖𝛿
(3)(𝑥⃗ − 𝑦⃗)  

𝜑(𝜏, 𝑥⃗)  = ∫  
𝑑3𝑘

(2𝜋)3/2
{𝜑𝑘(𝜏)𝑒

𝑖𝒌⋅𝒙𝑎𝒌 + 𝜑‾𝑘(𝜏)𝑒
−𝑖𝒌⋅𝒙𝑎𝒌

†}

Π𝜑(𝜏, 𝑥⃗)  = ∫  
𝑑3𝑘

(2𝜋)3/2
{Π𝑘(𝜏)𝑒

𝑖𝒌⋅𝒙𝑎𝒌 +Π‾ 𝑘(𝜏)𝑒
−𝑖𝒌⋅𝒙𝑎𝒌

†}

 

[𝑎𝒌, 𝑎𝒌′
†
] = 𝛿(3)(𝑘⃗⃗ − 𝑘⃗⃗′), [𝑎𝒌, 𝑎𝒌′] = 0 = [𝑎𝒌

†, 𝑎
𝒌′
†
]  

𝜑𝑘Π‾ 𝑘 − 𝜑‾𝑘Π𝑘 = 𝑖  

𝐻𝜑 = ∫  𝑑
3𝑘ℋ𝜑 =

1

2
∫  𝑑3𝑘(𝑎𝒌

† 𝑎−𝒌) (
ℰ𝑘 ℱ𝑘

†

ℱ𝑘 ℰ𝑘
)(

𝑎𝒌

𝑎−𝒌
† )  

ℰ𝑘 = |Π𝑘|
2 +𝜔2|𝜑𝑘|

2, ℱ𝑘 = Π𝑘
2 +𝜔2𝜑𝑘

2  

𝜑𝑘 =
1

√2𝜔
(𝛼𝑘 + 𝛽𝑘), Π𝑘 = −

𝑖𝜔

√2𝜔
(−𝛼𝑘 + 𝛽𝑘)  

|𝛼𝑘|
2 − |𝛽𝑘|

2 = 1,  

𝛼𝑘
′ = −𝑖𝜔𝛼𝑘 +

𝜔′

2𝜔
𝛽𝑘, 𝛽𝑘

′ = 𝑖𝜔𝛽𝑘 +
𝜔′

2𝜔
𝛼𝑘  

(
𝑎̃𝒌

𝑎̃−𝒌
† ) = (

𝛼𝑘 𝛽𝑘
†

𝛽𝑘 𝛼𝑘
†)(

𝑎𝒌

𝑎−𝒌
† ) ,  

𝐻𝜑  =
1

2
∫  𝑑3𝑘(𝑎𝒌

† 𝑎−𝒌) (
𝛼𝑘
† 𝛽𝑘

†

𝛽𝑘 𝛼𝑘
)(
𝜔 0
0 𝜔

)(
𝛼𝑘 𝛽𝑘

†

𝛽𝑘 𝛼𝑘
†)(

𝑎𝒌

𝑎−𝒌
† ) =

 = ∫  𝑑3𝑘
𝜔

2
(𝑎̃𝒌
†𝑎̃𝒌 + 𝑎̃𝒌𝑎̃𝒌

†)

 

𝛼𝑙(𝜏0) = 1, 𝛽𝑘(𝜏0) = 0  

𝑎𝒌|0⟩BD ≡ 𝑎̃𝒌(𝜏0)|0⟩BD ≡ 0  

⟨𝑁𝜑(𝜏)⟩BD
= |𝛽𝑘(𝜏)|

2
 

𝑇𝜇𝜈 = 𝜕𝜇Φ𝜕𝜈Φ−
1

2
𝑔𝜇𝜈[(𝜕Φ)

2 +𝑚2Φ2]  
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𝐸𝜑 = ∫  𝑑
3𝑥√−𝑔𝑇0

0  = ∫  𝑑3𝑥
𝑎2

2
{(Φ′)2 + (∇⃗⃗⃗Φ)2 + 𝑎2𝑚2Φ2} =

 =
1

2
∫  𝑑3𝑥{(𝜑′ − 𝑎𝐻𝜑)2 + 𝜑(−∇⃗⃗⃗2 + 𝑎2𝑚2)𝜑}

 

𝐸𝜑 =
1

2
∫  𝑑3𝑘(𝑎̃𝒌

† 𝑎̃−𝒌)(
ℰ𝑘 ℱ𝑘

†

ℱ𝑘 ℰ𝑘
)(

𝑎̃𝒌

𝑎̃−𝒌
† )  

ℰ𝑘= 𝜔0
2 +𝜔2 + 𝑎2𝐻2  

ℱ𝑘 = 𝜔0
2 −𝜔2 + 𝑎2𝐻2 − 2𝑖𝑎𝐻𝜔

 

(
𝑎̃𝒌

𝑎̃−𝒌
† ) ≡ (

𝛼̂𝑘 𝛽̂𝑘
†

𝛽̂𝑘 𝛼̂𝑘
†)(

𝑎̂𝒌

𝑎̂−𝒌
† )  

𝛼̂𝑘 =
𝜔 + 𝜔0 + 𝑖𝑎𝐻

2√𝜔𝜔0
, 𝛽̂𝑘 =

𝜔 − 𝜔0 − 𝑖𝑎𝐻

2√𝜔𝜔0
 

𝐸𝜑 = ∫  𝑑
3𝑘
𝜔0
2
(𝑎̂𝒌
†𝑎̂𝒌 + 𝑎̂𝒌𝑎̂𝒌

†)  

⟨𝐸𝜑(𝜏0)⟩BD
= 𝑉3 [𝜔0 (

1

2
+ |𝛽̂𝑘|

2
)] (𝜏0) = 𝑉3 [

𝜔2 +𝜔0
2 + 𝑎2𝐻2

4𝜔
] (𝜏0),  

lim
𝑘→∞

 𝛽̂𝑘 = 0  

ℋt =
1

2
∑  

3

𝑖=1

 𝜓‾𝑖,𝑘
t [𝑖(𝑘⃗⃗ ⋅ 𝛾‾⃗) + 𝑎𝑚]𝜓𝑖,𝑘

t ,ℋ𝜗 =
1

2
𝜗‾𝑘[−𝑖(𝑘⃗⃗ ⋅ 𝛾‾⃗)𝐶 + 𝑎𝑀]𝜗𝑘 .  

Π𝜗 ≡
𝜕ℒ𝜗
𝜕𝜕0𝜗

=
𝑖

2
𝜗†,  

{𝜗(𝜏, 𝑥⃗), Π𝜗(𝜏, 𝑦⃗)} = 𝛿
(3)(𝑥⃗ − 𝑦⃗), {𝜗(𝜏, 𝑥⃗), 𝜗(𝜏, 𝑦⃗)} = {Π𝜗(𝜏, 𝑥⃗), Π𝜗(𝜏, 𝑦⃗)} = 0  

𝜗(𝜏, 𝑥⃗) = ∫  
𝑑3𝑘

(2𝜋)3/2
∑ 

𝑟

  𝑒𝑖𝑘⃗⃗⋅𝑥⃗[𝜗𝑟,𝒌𝑎𝑟,𝒌 + 𝑣𝑟,𝒌𝑎𝑟,−𝒌
† ]  

𝜗𝑟,𝒌
† 𝜗𝑠,𝒌 = 𝛿𝑟𝑠 = 𝑣𝑟,𝒌

† 𝑣𝑠,𝒌  

𝑣‾𝑟,𝒌 = 𝜗𝑟,−𝒌
T 𝐶4,  

𝜗𝑟,𝒌 = (
𝜗𝐴(𝑟, 𝒌)

𝜗𝐵(𝑟, 𝒌)
) =

1

2
(
(𝜗+ − 𝑟𝜗−)𝜓𝑟
(𝜗+ + 𝑟𝜗−)𝜓𝑟

) ,  

𝜓+ = (
1

0
) , 𝜓− = (

0

1
) , 𝜎3𝜓𝑟 = 𝑟𝜓𝑟  

{𝑎𝑟,𝒌, 𝑎𝑠,𝒒
† } = 𝛿𝑟𝑠𝛿

(3)(𝑘⃗⃗ − 𝑞⃗), {𝑎𝑟,𝒌, 𝑎𝑠,𝒒} = 0 = {𝑎𝑟,𝒌
† , 𝑎𝑠,𝒒

† }  

|𝜗+|
2 + |𝜗−|

2 = 2  
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𝜗±
′ = −𝑖(𝐶R ∓ 𝑖𝐶I)𝑘𝜗∓ ∓ 𝑖𝑎𝑀𝜗±.  

ℋ𝜗 =
1

2
∑  

𝑟

  [(𝑎𝑟,𝒌
† 𝑎−𝑟,−𝒌)(

ℰ𝑘 ℱ𝑘
†

ℱ𝑘 −ℰ𝑘
)(

𝑎𝑟,𝒌

𝑎−𝑟,−𝒌
† )] ,  

𝜀𝑘  = −
𝐶R𝑘

2
(𝜗+
∗𝜗− + 𝜗+𝜗−

∗) +
𝑖

2
𝐶I𝑘(𝜗+

∗𝜗− − 𝜗+𝜗−
∗) +

𝑎𝑀

2
(|𝜗+|

2 − |𝜗−|
2)

ℱ𝑘  = −
𝐶R𝑘

2
(𝜗+
2 − 𝜗−

2) −
𝑖

2
𝐶I𝑘(𝜗+

2 + 𝜗−
2) − 𝑎𝑀𝜗+𝜗−

 

𝜗+ = 𝑐+(𝑘)𝛼𝒌 − 𝑐−(𝑘)𝛽𝒌
𝜗− = 𝑐−(𝑘)𝛼𝒌 + 𝑐+(𝑘)𝛽𝒌

 

𝛼−𝒌 = 𝛼𝒌, 𝛽−𝒌 = −𝛽𝒌  

|𝛼𝒌|
2 + |𝛽𝒌|

2 = 1,  

𝑐+
2(𝑘) + 𝑐−

2(𝑘) = 2, 𝑐+(−𝑘) = 𝑐+(𝑘), 𝑐−(−𝑘) = −𝑐−(𝑘)  

(
𝑎̃𝑟,𝒌

𝑎̃−𝑟,−𝒌
† ) = (

𝛼𝒌 −𝛽𝒌
†

𝛽𝒌 𝛼𝒌
† )(

𝑎𝑟,𝒌

𝑎−𝑟,−𝒌
† )  

ℋ𝜗 =
1

2
∑  

𝑟

 (𝑎̃𝑟,𝒌
† 𝑎̃−𝑟,−𝒌)(

𝐴𝑘 𝐵𝑘

𝐵𝑘
† −𝐴𝑘

)(
𝑎̃𝑟,𝒌

𝑎̃−𝑟,−𝒌
† )  

𝐴𝑘 = −[𝑐+(𝑘)𝑐−(𝑘)]𝐶R𝑘 + [
𝑐+
2(𝑘) − 𝑐−

2(𝑘)

2
] 𝑎𝑀

𝐵𝑘 = −[
𝑐+
2(𝑘) − 𝑐−

2(𝑘)

2
] 𝐶R𝑘 + 𝑖𝐶I𝑘 − [𝑐+(𝑘)𝑐−(𝑘)]𝑎𝑀

 

(
𝑏̂𝑟,𝒌

𝑏̂−𝑟,−𝒌
† ) = (

𝛼̂𝒌 −𝛽̂𝒌
†

𝛽̂𝒌 𝛼̂𝒌
† )(

𝑎̃𝑟,𝒌

𝑎̃−𝑟,−𝒌
† )  

𝛼̂𝒌
† = −

𝐵𝑘
𝜔 − 𝐴𝑘

𝛽̂𝒌, |𝛼̂𝒌|
2 =

𝜔 + 𝐴𝑘
2𝜔

, |𝛽̂𝒌|
2
=
𝜔 − 𝐴𝑘
2𝜔

 

𝜔2 = 𝑐𝑠
2𝑘2 + 𝑎2𝑀2, 𝑐𝑠

2 = 𝐶R
2 + 𝐶I

2  

ℋ𝜗 =
𝜔

2
∑  

𝑟

  (𝑏̂𝑟,𝒌
† 𝑏̂𝑟,𝒌 − 𝑏̂𝑟,𝒌𝑏̂𝑟,𝒌

† ).  

𝑇𝜇𝜈 =
1

2
Ψ‾𝜌𝛾

𝜌𝜎(𝜇(∇𝜎Ψ
𝜈) − ∇𝜈)Ψ𝜎) −

𝑚

2
Ψ‾𝜌𝛾

𝜌(𝜇Ψ𝜈)

 −
1

2
∇𝜌(Ψ‾

𝜌𝛾(𝜇Ψ𝜈)) −
1

2
∇(𝜇(Ψ‾ 𝜈)𝛾𝜌Ψ𝜌) −

1

2
𝑔𝜇𝜈∇𝜌(Ψ‾𝜎𝛾

𝜎Ψ𝜌).

 

𝐸𝜓 = ∫  𝑑
3𝑥√−𝑔𝑇0

0 =
1

2
∫  𝑑3𝑥{𝜓‾𝑖𝛾‾

𝑖𝑗𝑙𝜕𝑗𝜓𝑙 − 𝑎𝑚𝜓‾𝑖𝛾‾
𝑖𝑗𝜓𝑗}  
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𝐸𝜓 = ∫  𝑑
3𝑘[ℰt + ℰ𝜃]  

𝜀t  =
1

2
∑  

3

𝑗=1

  [𝜓‾𝑗,𝑘
t (𝑘⃗⃗ ⋅ 𝛾⃗)𝜓𝑗,𝑘

t + 𝑎𝑚𝜓‾𝑗,𝑘
t 𝜓𝑗,𝑘

t ]

𝜀𝜗  =
1

2
𝜗‾𝑘[(𝑘⃗⃗ ⋅ 𝛾⃗)𝐷 + 𝑎𝑚]𝜗𝑘

 

𝐷 = 𝑑R + 𝑖𝑑I𝛾‾
0 ≡

3𝑚2 +𝐻2

3(𝑚2 +𝐻2)
+

2𝑚𝐻

3(𝑚2 +𝐻2)
𝛾‾0  

ℰ𝜗 =
𝜔𝑑
2
∑  

𝑟

 (𝑎̂𝑟,𝒌
† 𝑎̂𝑟,𝒌 − 𝑎̂𝑟,𝒌𝑎̂𝑟,𝒌

† )  

𝜔𝑑
2 = 𝑑𝑠

2𝑘2 + 𝑎2𝑚2, 𝑑𝑠
2 = 𝑑R

2 + 𝑑I
2 =

𝑚2 +𝐻2/9

𝑚2 +𝐻2
 

(
𝑎̂𝑟,𝒌

𝑎̂−𝑟,−𝒌
† ) = (

𝑥𝒌 −𝑦𝒌
†

𝑦𝒌 𝑥𝒌
† )(

𝑎̃𝑟,𝒌

𝑎̃−𝑟,−𝒌
† ) = (

𝑥𝒌 −𝑦𝒌
†

𝑦𝒌 𝑥𝒌
† )(

𝛼𝒌 −𝛽𝒌
†

𝛽𝒌 𝛼𝒌
† )(

𝑎𝑟,𝒌

𝑎−𝑟,−𝒌
† )  

𝑥𝒌
† = −

𝐵𝑘
D

𝜔𝑑 − 𝐴𝑘
D
𝑦𝒌, |𝑥𝒌|

2 =
𝜔𝑑 + 𝐴𝑘

D

2𝜔𝑑
, |𝑦𝒌|

2 =
𝜔𝑑 − 𝐴𝑘

D

2𝜔𝑑
,  

𝐴𝑘
D = [𝑐+(𝑘)𝑐−(𝑘)]𝑑R𝑘 + (

𝑐+
2(𝑘) − 𝑐−

2(𝑘)

2
) 𝑎𝑚

𝐵𝑘
D = (

𝑐+
2(𝑘) − 𝑐−

2(𝑘)

2
)𝑑R𝑘 − [𝑐+(𝑘)𝑐−(𝑘)]𝑎𝑚 − 𝑖𝑑I𝑘

 

(
𝑎̂𝑟,𝒌

𝑎̂−𝑟,−𝒌,
†) = (

𝒜𝒌 −ℬ𝒌
†

ℬ𝒌 𝒜𝒌
† )(

𝑏̂𝑟,𝒌

𝑏̂−𝑟,−𝒌,
†
) ,  

𝒜𝒌 = 𝑥𝒌𝛼̂𝒌
† + 𝑦𝒌

†𝛽̂𝒌, ℬ𝒌 = 𝑦𝒌𝛼̂𝒌
† − 𝑥𝒌

†𝛽̂𝒌  

|𝒜𝒌|
2  =

1

2
[1 −

(𝐶R𝑑R + 𝐶I𝑑I)

𝜔𝜔𝑑
𝑘2 +

𝑎2𝑚𝑀

𝜔𝜔𝑑
]

|ℬ𝒌|
2  =

1

2
[1 +

(𝐶R𝑑R + 𝐶I𝑑I)

𝜔𝜔𝑑
𝑘2 −

𝑎2𝑚𝑀

𝜔𝜔𝑑
]

 

lim
𝑘→∞

 |ℬ𝒌|
2 =

1

2
(1 +

𝐶R𝑑R + 𝐶I𝑑I
𝑐𝑠𝑑𝑠

)  

𝜃(𝑡, 𝑘⃗⃗) = (
𝜒𝒌(𝑡)

𝜒‾−𝒌(𝑡)
)  

ℒ𝜃 =
𝑎2𝑓2

2𝑘⃗⃗2
{(1 +

𝜙̇2

2𝑓2
)
𝑖

2
𝜕0𝜒𝒌𝜎

0𝜒‾𝒌 + (1 −
𝜙̇2

2𝑓2
)
1

2
𝜒𝒌(𝑘⃗⃗ ⋅ 𝜎⃗)𝜒‾𝒌 +

+
𝑔′𝜙̇

𝑓2
𝜒𝒌(𝑘⃗⃗ ⋅ 𝜎⃗)𝜎‾

0𝜒−𝒌 +
1

2
[(
𝜙̇2

𝑓2
− 1)𝑎𝑚 + (

3𝑔′𝜙̇

𝑓2
)𝑎𝐻]𝜒𝒌𝜒−𝒌 +  h.c. }
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ℒ𝐺 = (1 +
𝜙̇2

2𝑓2
)
𝑖

2
𝜕0𝐺𝒌𝜎

0𝐺‾𝒌 + (1 −
𝜙̇2

2𝑓2
)
1

2
𝐺𝒌(𝑘⃗⃗ ⋅ 𝜎⃗)𝐺‾𝒌 +

 +𝑖
𝑔′𝜙̇

𝑓2
𝐺𝒌(𝑘⃗⃗ ⋅ 𝜎⃗)𝜎‾

0𝐺−𝒌 +  h.c. 

 

𝜒𝒌 =
2𝑘

𝑎𝑓
𝐺𝒌  

𝜓𝜇 ⟶
𝑀P
𝑓
𝜕𝜇𝐺  

𝐷2𝒮𝜇 = 0,  

(𝜎𝜇)𝛼𝛼̇
𝐷‾ 𝛼̇𝒮FZ

𝜇
= 𝐷𝛼𝑋,  

𝒮FZ
𝜇
= {𝐽𝜇, Ξ𝜇 , 𝑇𝜇𝜈, 𝑥},  

𝛿𝐽𝜇 = −𝑖𝜖‾𝛾5Ξ
𝜇

𝛿Ξ𝜇 = 𝑇𝜇𝜈𝛾𝜈𝜖 +
1

8
𝜀𝜇𝜈𝜌𝜎𝜕𝜌𝐽𝜎𝛾𝜈𝜖 +

𝑖

4
𝜕𝜌𝐽

𝜇𝛾5𝛾
𝜌𝜖 +

𝑖

4
𝜕𝜇(𝐴 − 𝑖𝐵𝛾5)𝛾5𝜖

𝛿𝑇𝜇𝜈 = −
1

4
𝜖‾𝛾(𝜇 

𝜆𝜕𝜆Ξ𝜈)

𝛿𝑥 = 2𝑖𝜖‾𝑅𝛾
𝜌Ξ𝜌𝐿

 

𝛿𝑔𝜇𝜈 = 𝜖‾𝛾(𝜇𝜓𝜈)

𝛿𝜓𝜇 = 𝜕𝜇𝜖 −
1

4
𝜕𝜈𝑔𝜌𝜇𝛾

𝜈𝜌𝜖 −
1

6
(𝑀 + 𝑖𝑁𝛾5)𝛾𝜇𝜖 +

𝑖

2
(𝑉𝜇 −

1

3
𝛾𝜇𝑉)𝛾5𝜖

𝛿𝑉𝜇 =
𝑖

4
𝜖‾𝛾5 (𝛾𝜇

𝜌𝜎
− 4𝛿𝜇

[𝜌
𝛾𝜎]) 𝜕𝜌𝜓𝜎

𝛿𝑍 = 𝜖‾𝑅𝛾
𝜇𝜈𝜕𝜇𝜓𝜈𝑅

 

𝑒−1ℒOM = ℒSUGRA +
1

3
(|𝑍|2 + 𝑉𝜇𝑉

𝜇)  

(𝜎𝜇)𝛼𝛼̇𝐷
‾ 𝛼̇𝒮R

𝜇
= 𝜒𝛼  

𝐷‾ 𝛼̇𝜒𝛼 = 0,𝐷
𝛼𝜒𝛼 = 𝐷‾ 𝛼̇𝜒‾

𝛼̇  

𝒮R
𝜇
= {𝐽R

𝜇
, Ξ𝜇 , 𝑇𝜇𝜈 , 𝑋𝜇𝜈}  

𝑋𝜇𝜈 = 𝜀𝜇𝜈𝜌𝜎𝜕𝜌𝑋𝜎  

𝛿𝐽𝜇= −𝑖𝜖‾𝛾5Ξ𝜇  

𝛿Ξ𝜇= 𝑇𝜇𝜈𝛾
𝜈𝜖 + 𝑋𝜇𝜈𝛾

𝜈𝜖 +
1

8
𝜀𝜇𝜈𝜌𝜎𝜕

𝜌𝐽𝜎𝛾𝜈𝜖 +
𝑖

4
𝜕𝜌𝐽𝜇𝛾5𝛾

𝜌𝜖 

𝛿𝑇𝜇𝜈  = −
1

4
𝜖‾𝛾(𝜇 

𝜆𝜕𝜆Ξ𝜈)

𝛿𝑋𝜇𝜈  = −
𝑖

8
𝜀𝜇𝜈𝜌𝜎𝜖‾𝛾5𝛾

𝜌𝛾𝜆𝜕𝜎Ξ𝜆
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𝛿𝑔𝜇𝜈= 𝜖‾𝛾(𝜇𝜓𝜈)  

𝛿𝜓𝜇 = 𝜕𝜇𝜖 −
1

4
𝜕𝜈𝑔𝜌𝜇𝛾

𝜈𝜌𝜖 + 𝑖𝛾5𝑉𝜇𝜖 −
𝑖

4
𝛾𝜇𝐺𝜈𝛾5𝛾

𝜈𝜖

𝛿𝑉𝜇 = −
𝑖

4
𝜖‾𝛾5𝛾𝜇𝛾

𝜈𝜌𝜕𝜈𝜓𝜌 +
3

8
𝜀𝜇𝜈
𝜌𝜎
𝜖‾𝛾𝜈𝜕𝜌𝜓𝜎

𝛿𝐶𝜇𝜈 = 𝜖‾𝛾[𝜇𝜓𝜈]

 

𝑒−1ℒNM = ℒSUGRA − 3𝑉𝜇𝑉
𝜇 + 2𝑉𝜇𝐶𝜇  

(𝜎𝜇)𝛼𝛼̇
𝐷‾ 𝛼̇𝒮𝜇 = 𝐷𝛼𝑋 + 𝜒𝛼

𝐷‾ 𝛼̇𝑋 = 𝐷‾ 𝛼̇𝜒𝛼 = 0

𝐷𝛼𝜒𝛼 = 𝐷‾ 𝛼̇𝜒‾
𝛼̇

 

ℒFP = 𝜕𝜇ℎ𝜈𝜌𝜕
𝜈ℎ𝜇𝜌 −

1

2
𝜕𝜌ℎ𝜇𝜈𝜕

𝜌ℎ𝜇𝜈 − 𝜕𝜇ℎ
𝜇𝜈𝜕𝜈ℎ +

1

2
𝜕𝜇ℎ𝜕

𝜇ℎ −
𝑚2

2
(ℎ𝜇𝜈ℎ𝜇𝜈 − ℎ

2)  

Λ𝜆 = (𝑚
𝜆−1𝑀P)

1
𝜆  

{ℎ𝜇𝜈 , 𝜆𝜇 , 𝜒𝜇 , 𝐴𝜇}  

𝛿𝐴𝜇=
1

2
𝜖‾𝜆𝜇  

𝛿𝜆𝜇 = −
𝑖

4
(𝑚ℎ𝜇𝜌 + 𝐹̃𝜇𝜌 + 2𝑖𝜕𝜌𝐴𝜇𝛾5)𝛾5𝛾

𝜌𝜖

𝛿ℎ𝜇𝜈  =
𝑖

𝑚
𝜖‾𝛾5(𝜕(𝜇𝜆𝜈) −𝑚𝛾(𝜇𝜒𝜈))

𝛿𝜒𝜇 =
𝑖

4
𝜕𝜌ℎ𝜇𝜎𝛾

𝜌𝜎𝛾5𝜖 +
1

8𝑚
𝜕𝜇𝐹𝜌𝜎𝛾

𝜌𝜎𝜖 +
𝑚

4
𝐴𝜌(2𝛿𝜇

𝜌
+ 𝛾𝜌 𝜇)𝜖

 

ℒSFP =−
3

8
𝐹𝜇𝜈𝐹𝜇𝜈 −

3

4
𝑚2𝐴𝜇𝐴𝜇 −

1

2
𝜆‾𝜇𝛾

𝜇𝜈𝜌𝜕𝜈𝜆𝜌 −
1

2
𝜒‾𝜇𝛾

𝜇𝜈𝜌𝜕𝜈𝜒𝜌 −𝑚𝜆‾𝜇𝛾
𝜇𝜈𝜒𝜈  

 +
1

4
𝜕𝜇ℎ𝜈𝜌𝜕

𝜈ℎ𝜇𝜌 −
1

8
𝜕𝜌ℎ𝜇𝜈𝜕

𝜌ℎ𝜇𝜈 −
1

4
𝜕𝜇ℎ

𝜇𝜈𝜕𝜈ℎ +
1

8
𝜕𝜇ℎ𝜕

𝜇ℎ −
𝑚2

8
(ℎ𝜇𝜈ℎ𝜇𝜈 − ℎ

2)

 

𝜕𝜇𝐹
𝜇𝜈 −𝑚2𝐴𝜈 = 0, 𝜕[𝜇𝐹𝜈𝜌] = 0,

𝛾𝜇𝜈𝜌𝜕𝜈𝜆𝜌 +𝑚𝛾
𝜇𝜈𝜒𝜈 = 0, 𝛾𝜇𝜈𝜌𝜕𝜈𝜒𝜌 +𝑚𝛾

𝜇𝜈𝜆𝜈 = 0,

◻ ℎ𝜇𝜈 − 2𝜕𝜌𝜕(𝜇ℎ𝜈
𝜌
+ 𝜂𝜇𝜈𝜕𝜌𝜕𝜎ℎ

𝜌𝜎 + 𝜕𝜇𝜕𝜈ℎ − 𝜂𝜇𝜈 ◻ ℎ −𝑚
2(ℎ𝜇𝜈 − 𝜂𝜇𝜈ℎ) = 0

 

◻𝐴𝜇 = 𝑚
2𝐴𝜇 ,         𝜕𝜇𝐴𝜇 = 0,         

◻ ℎ𝜇𝜈 = 𝑚
2ℎ𝜇𝜈,         𝜕

𝜌ℎ𝜌𝜇 = 0, ℎ = 0,         

∂̸𝜆𝜇 = 𝑚𝜒𝜇 , ◻ 𝜆𝜇 = 𝑚
2𝜆𝜇 ,       𝜕𝜇𝜆𝜇 = 0, 𝛾

𝜇𝜆𝜇 = 0,       

∂̸𝜒𝜇 = 𝑚𝜆𝜇 ,◻ 𝜒𝜇 = 𝑚
2𝜒𝜇 ,         𝜕𝜇𝜒𝜇 = 0, 𝛾

𝜇𝜒𝜇 = 0.         

 

[𝛿1, 𝛿2] = −
1

2
(𝜖‾1𝛾

𝜌𝜖2)𝜕𝜌  

𝜆𝜇 → 𝑒𝑖𝛼𝛾5𝜆𝜇 , 𝜒𝜇 → 𝑒−𝑖𝛼𝛾5𝜒𝜇 , 𝜖 → 𝑒−𝑖𝛼𝛾5𝜖  

𝐽0
𝜇
= 𝜀𝜇𝜈𝜌𝜎(𝜆‾𝜌𝛾𝜈𝜆𝜎 − 𝜒‾𝜌𝛾𝜈𝜒𝜎)  
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Ξ0
𝜇
=
1

2
𝜀𝜇𝜈𝜌𝜎{(𝑚ℎ𝜌𝜏 + 𝐹̃𝜌𝜏 − 2𝑖𝜕𝜏𝐴𝜌𝛾5)𝛾

𝜏𝛾𝜈𝜆𝜎

+[𝜕𝜆ℎ𝜏𝜌𝛾
𝜆𝜏𝛾5 −

𝑖

2𝑚
𝜕𝜌𝐹𝜆𝜏𝛾

𝜆𝜏 + 𝑖𝑚𝐴𝜏(2𝛿𝜌
𝜏 + 𝛾𝜌

𝜏)] 𝛾𝜈𝛾5𝜒𝜎}

 

𝑋0
𝜇
=
1

2
𝐴𝜈(𝑚ℎ

𝜈𝜇 + 𝐹̃𝜈𝜇) +
𝑖

4
𝜆‾𝜈𝛾5𝛾

𝜇𝜆𝜈  

𝑇0
𝜇𝜈
= 𝑇K

𝜇𝜈
+ 𝜕𝜌𝐵0

𝜌𝜇𝜈
+ 𝜕𝜌𝜕𝜎𝐺0

𝜇𝜎𝜈𝜌
 

𝑇K
𝜇𝜈
=
3

2
𝑇P
𝜇𝜈
+ 𝑇RS

𝜇𝜈
+
1

4
𝑇FP
𝜇𝜈  

𝑇P
𝜇𝜈
=𝐹𝜇𝜌𝐹𝜌

𝜈 −
1

4
𝜂𝜇𝜈𝐹2 +𝑚2𝐴𝜇𝐴𝜈 −

𝑚2

2
𝜂𝜇𝜈𝐴2,

𝑇RS
𝜇𝜈
=
1

2
(𝜆‾𝜎𝛾(𝜇𝜕𝜈)𝜆𝜎 + 𝜒‾

𝜎𝛾(𝜇𝜕𝜈)𝜒𝜎) − (𝜆‾
𝜎𝛾(𝜇𝜕𝜎𝜓

𝜈) + 𝜒‾𝜎𝛾(𝜇𝜕𝜎𝜒
𝜈)),

𝑇FP
𝜇𝜈
=𝜕𝜇ℎ𝜌𝜎𝜕𝜈ℎ𝜌𝜎 + 𝜕

𝜌ℎ𝜇𝜎𝜕𝜌ℎ𝜎
𝜈 − 2𝜕(𝜇∣ℎ𝜌𝜎𝜕𝜌ℎ

∣𝜈) 𝜎 +𝑚
2ℎ𝜇𝜌ℎ𝜌

𝜈

 +
𝜂𝜇𝜈

2
(−𝜕𝜆ℎ𝜌𝜎𝜕𝜆ℎ𝜌𝜎 + 𝜕

𝜆ℎ𝜌𝜎𝜕𝜌ℎ𝜆𝜎 −𝑚
2ℎ𝜌𝜎ℎ𝜌𝜎).

 

𝐵0
𝜌𝜇𝜈

=
1

4
(ℎ(𝜈 𝜎𝜕

𝜇)ℎ𝜌𝜎 − 𝜕(𝜇ℎ𝜈) 𝜎ℎ
𝜌𝜎) +

5

4
(𝐴(𝜈𝜕𝜇)𝐴𝜌 − 𝐴𝜌𝜕(𝜇𝐴𝜈))

 +
1

4𝑚
(𝜕(𝜇𝐹̃𝜌𝜎ℎ𝜈) 𝜎 − 𝐹̃

𝜌𝜎𝜕(𝜇ℎ𝜈) 𝜎 + 𝐹̃
(𝜈  𝜎𝜕

𝜇)ℎ𝜌𝜎 − 𝜕(𝜇𝐹̃𝜈) 𝜎ℎ
𝜌𝜎)

 +
1

2𝑚
(𝜕(𝜇𝜒‾𝜈)𝜆𝜌 − 𝜒‾(𝜈𝜕𝜇)𝜆𝜌 + 𝜕(𝜇𝜆‾𝜈)𝜒𝜌 − 𝜆‾(𝜈𝜕𝜇)𝜒𝜌),

 

𝐺0
𝜇𝜎𝜈𝜌

=
1

2𝑚2
𝜂𝜈][𝜎𝐹𝜇]𝜆𝐹𝜆

[𝜌
+

1

8𝑚2
𝜂𝜈[𝜎𝜂𝜇]𝜌𝐹2 + 3𝜂𝜈][𝜎𝐴𝜇]𝐴[𝜌 +

1

4
𝜂𝜈[𝜇𝜂𝜎]𝜌𝐴2

 +
1

2𝑚
𝜂𝜌][𝜇(𝐹̃𝜎] 𝜆ℎ

𝜆[𝜈 − ℎ𝜎] 𝜆𝐹̃
𝜆[𝜈) − ℎ𝜇[𝜌ℎ𝜈]𝜎 +

1

2
𝜂𝜌][𝜇ℎ𝜎] 𝜆ℎ

𝜆[𝜈

 +
1

𝑚
(𝜆‾[𝜎𝛾𝜇][𝜌𝜒𝜈] + 𝜆‾[𝜌𝛾𝜈][𝜎𝜒𝜇])

 

𝜕𝜌𝐵0
𝜌𝜇𝜈

= 𝜕𝜌𝐵0
𝜌(𝜇𝜈)

= 𝜕𝜌𝐵0
[𝜌𝜇]𝜈

= 𝜕𝜌𝐵0
[𝜌|𝜇|𝜈]

𝜕𝜌𝜕𝜎𝐺0
𝜇𝜎𝜈𝜌

= 𝜕𝜌𝜕𝜎𝐺0
(𝜇|𝜎|𝜈)𝜌

= 𝜕𝜌𝜕𝜎𝐺0
[𝜇𝜎]𝜈𝜌

= 𝜕𝜌𝜕𝜎𝐺0
𝜇𝜎[𝜈𝜌]

 

𝒮0
𝜇
= {𝐽0

𝜇
, Ξ0
𝜇
, 𝑇0
𝜇𝜈
, 𝑋0
𝜇𝜈
}  

4

5
𝜕𝜌𝐵𝐴

𝜌𝜇𝜈
= 𝜕𝜌(𝐴

(𝜈𝜕𝜇)𝐴𝜌 − 𝐴𝜌𝜕(𝜇𝐴𝜈)) =  

 = 𝜕𝜌(𝐴
𝜈𝜕[𝜇𝐴𝜌] + 𝐴[𝜇𝜕𝜌]𝐴𝜈 + 𝐴[𝜇∣𝜕𝜈𝐴∣𝜌]) + 𝜕𝜌(𝐴

[𝜈∣𝜕𝜌𝐴∣𝜇])⏟          
=0

=
4

5
𝜕𝜌𝐵𝐴

[𝜌𝜇]𝜈
 

ℒ ∼ −
1

2
(𝑔𝜇𝜈 − 𝜂𝜇𝜈)𝑇

𝜇𝜈 −
1

2
𝜓‾𝜇Ξ

𝜇 −
1

2
𝑉𝜇𝐽

𝜇 + 𝐶𝜇𝑋
𝜇 ,  

𝑔𝜇𝜈𝜕𝜌𝜕𝜎𝐺0
𝜇𝜎𝜈𝜌

≈ (𝜕𝜌𝜕[𝜎𝑔𝜇][𝜈)𝐺0
[𝜇𝜎][𝜈𝜌]

∼ −
1

2
𝑅𝜇𝜎𝜈𝜌𝐺0

𝜇𝜎𝜈𝜌  

𝑅𝜇𝜎𝜈𝜌 ∼ −2𝜕𝜌𝜕[𝜎𝜕𝜇][𝜈  
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𝑔𝜇𝜈𝜕𝜌𝐵0
𝜌𝜇𝜈

≈ (𝜕[𝜌𝑔𝜇]𝜈 +
1

2
𝜕𝜈𝑔𝜇𝜌)𝐵0

[𝜌𝜇]𝜈
∼ Γ𝜌𝜇𝜈𝐵0

𝜌𝜇𝜈
,  

𝑔𝜌𝜎Γ𝜇𝜈
𝜎 ∼ 𝜕[𝜇𝑔𝜌]𝜈 +

1

2
𝜕𝜈𝑔𝜇𝜌  

𝒮0
𝜇
⟶ 𝒮𝜇 = 𝒮0

𝜇
+ Δ𝒮𝜇,  

Δ𝒮𝜇 = {Δ𝐽𝜇 , ΔΞ𝜇 , Δ𝑇𝜇𝜈, Δ𝑋𝜇𝜈}  

Δ𝒮𝜇 = 𝜕𝜈ℒ
𝜇𝜈 + 𝜎𝜇𝛼𝛽̇[𝐷𝛼, 𝐷‾𝛽̇]𝒰  

𝐷2ℒ𝜇𝜈 = 0  

Δ𝐽𝜇 =
1

𝑚
𝜕𝜈𝐿

𝜇𝜈 ,  

𝐿𝜇𝜈 = 𝑐B1ℎ𝜆
[𝜇
𝜕𝜆𝐴𝜈] + 𝑐B2ℎ𝜆

[𝜇
𝜕𝜈]𝐴𝜆 +

𝑐B3
𝑚
𝜀𝜇𝜈𝜌𝜎𝜕𝜆𝐴𝜌𝜕𝜎𝐴

𝜆

 +𝑐F1𝜀
𝜇𝜈𝜌𝜎𝜒‾𝜌𝜆𝜎 + 𝑖𝑐F2𝜒‾

[𝜇𝛾5𝜆
𝜈]

 

𝛿L
2𝐿𝜇𝜈 = 0  

𝜖L𝜖‾L = −
1

2
(𝜖‾L𝜖L)𝑃L  

𝛿L
2(ℎ[𝜇 𝜎𝜕

𝜎𝐴𝜈]) =
𝑖

4
(𝜖‾L𝜖L) [−

1

𝑚
𝜕𝜎𝜆‾L

[𝜇
𝜕𝜈]𝜆L

𝜎 + 𝜒‾R
𝜎𝛾[𝜇𝜕𝜈]𝜆𝜎L], 

𝛿L
2(ℎ[𝜇 𝜎𝜕

𝜈]𝐴𝜎) =
𝑖

4
(𝜖‾L𝜖L) [

1

𝑚
𝜕𝜎𝜆‾L

[𝜇
𝜕𝜈]𝜆L

𝜎 + 𝜒‾R
𝜎𝛾[𝜇𝜕𝜈]𝜆𝜎L], 

𝛿L
2 (

1

𝑚
𝜀𝜇𝜈𝜌𝜎𝜕𝜆𝐴𝜌𝜕𝜎𝐴

𝜆) =
𝑖

4
(𝜖‾L𝜖L) [

2

𝑚
𝜕𝜎𝜆‾L

[𝜇
𝜕𝜈]𝜆L

𝜎 − 2𝜒‾R
𝜎𝛾[𝜇𝜕𝜈]𝜆𝜎L], 

𝛿L
2(𝜀𝜇𝜈𝜌𝜎𝜒‾𝜌𝜆𝜎) = 0, 

𝛿L
2(𝜒‾[𝜇𝛾5𝜆

𝜈]) = 0. 

𝑐B2 = 0, 𝑐B1 = 2𝑐B3 ≡ 2𝑐B  

𝐿𝜇𝜈 = 𝑐B (2ℎ𝜆
[𝜇∣
𝜕𝜆𝐴∣𝜈] +

1

𝑚
𝜀𝜇𝜈𝜌𝜎𝜕𝜆𝐴𝜌𝜕𝜎𝐴

𝜆) + 𝑐F1𝜀
𝜇𝜈𝜌𝜎𝜒‾𝜌𝜆𝜎 + 𝑖𝑐F2𝜒‾

[𝜇𝛾5𝜆
𝜈]  

𝜕𝜌Δ𝐵B
𝜌𝜇𝜈

=
1

8
𝜕𝜌(𝐴

(𝜇𝜕𝜈)𝐴𝜌 − 𝐴𝜌𝜕(𝜇𝐴𝜈))

 +
1

8𝑚2
𝜕𝜌(𝜕

𝜎𝐴(𝜇𝜕𝜎𝜕
𝜈)𝐴𝜌 − 𝜕𝜎𝐴

𝜌𝜕𝜎𝜕(𝜇𝐴𝜈)),

𝜕𝜌Δ𝐵F1
𝜌𝜇𝜈

=
1

2𝑚
𝜕𝜌(𝜕

(𝜇𝜒‾𝜈)𝜆𝜌 − 𝜒‾(𝜈𝜕𝜇)𝜆𝜌 + 𝜕(𝜇𝜆‾𝜈)𝜒𝜌 − 𝜆‾(𝜈𝜕𝜇)𝜒𝜌)

 +
1

2𝑚
𝜕𝜌(𝜕

(𝜇∣𝜆‾𝜎𝛾
𝜌𝛾∣𝜈)𝜒𝜎 − 𝜕𝜌𝜆‾𝜎𝛾

(𝜇𝛾𝜈)𝜒𝜎),

𝜕𝜌Δ𝐵F2
𝜌𝜇𝜈

= −
1

4
𝜕𝜌𝐵0

𝜌𝜇𝜈
.
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𝑐B = 𝑐F1 = 0, 𝑐F2 = 4  

𝒮𝜇 = {𝐽𝜇 , Ξ𝜇 , 𝑇𝜇𝜈 , 𝑋𝜇𝜈}  

𝐽𝜇 = 𝜀𝜇𝜈𝜌𝜎(𝜆‾𝜌𝛾𝜈𝜆𝜎 − 𝜒‾𝜌𝛾𝜈𝜒𝜎) +
4𝑖

𝑚
𝜕𝜈(𝜒‾

[𝜇𝛾5𝜆
𝜈])

Ξ𝜇 = Ξ0
𝜇
−
𝑖

𝑚
𝜕𝜈 [(𝑚ℎ𝜆

[𝜈
+ 𝐹̃𝜆

[𝜈
− 2𝑖𝜕𝜆𝐴

[𝜈𝛾5)𝛾
𝜆𝛾5𝜒

𝜇]

+(𝜕𝜌ℎ
[𝜇 𝜎𝛾

𝜌𝜎𝛾5 −
𝑖

2𝑚
𝜕[𝜇𝐹𝜌𝜎𝛾

𝜌𝜎 + 2𝑖𝑚𝐴[𝜇 − 𝑖𝑚𝐴𝜌𝛾
𝜌[𝜇) 𝜆𝜈]]

𝑇𝜇𝜈 = 𝑇K
𝜇𝜈
+ 𝜕𝜌𝜕𝜎𝒢

𝜇𝜎𝜈𝜌

𝑋𝜇 =
𝑖

4
𝜆‾𝜈𝛾5𝛾

𝜇𝜆𝜈 +
3𝑚

4
𝐴𝜈ℎ

𝜈𝜇 +
9

8
𝐴𝜈𝐹̃

𝜈𝜇 +
1

4𝑚2
𝜕𝜌𝜕𝜎(𝐹̃

𝜇𝜌𝐴𝜎)

 +
1

8𝑚
𝜕𝜈(𝐹

𝜈𝜌ℎ𝜌
𝜇
− 𝐹𝜇𝜌ℎ𝜌

𝜈) −
3

4𝑚
𝜕𝜈(𝜕

𝜇𝐴𝜌ℎ𝜌
𝜈 + 𝜕𝜌𝐴

𝜈ℎ𝜌𝜇)

 +
1

4
𝜀𝜇𝜈𝜌𝜎𝜕𝜈ℎ𝜌

𝜆ℎ𝜎𝜆 −
1

4𝑚
𝜀𝜇𝜈𝜌𝜎(𝜒‾𝜈𝜕𝜌𝜆𝜎 + 𝜆‾𝜈𝜕𝜌𝜒𝜎)

 

𝒢𝜇𝜎𝜈𝜌 =−
1

2
ℎ𝜌[𝜇ℎ𝜎]𝜈 +

1

2
𝜂𝜌][𝜇ℎ𝜎] 𝜆ℎ

𝜆[𝜈 + 2𝜂𝜌][𝜇𝐴𝜎]𝐴[𝜈 −
3

4𝑚2
 𝐹𝜇𝜎𝐹𝜈𝜌 +

1

2𝑚2
𝜂𝜌][𝜇𝐹𝜎] 𝜆𝐹

𝜆[𝜈

+
1

𝑚2 (𝜂
𝜎][𝜈𝐹𝜌]𝜕𝜆𝐴[𝜇 + 𝜂𝜌][𝜇𝐹𝜎] 𝜆𝜕

𝜆𝐴[𝜈) +
1

2𝑚
𝜂𝜌][𝜇(𝐹̃𝜎]ℎ𝜆[𝜈 − ℎ𝜎] 𝜆𝐹̃

𝜆[𝜈)  

 +
1

2𝑚
(𝜀𝜇𝜎𝜆𝜏𝐴𝜆𝜕

[𝜈ℎ𝜌] 𝜏 + 𝜀
𝜈𝜌𝜆𝜏𝐴𝜆𝜕

[𝜇ℎ𝜎] 𝜏) +
1

𝑚
(𝜆‾[𝜎𝛾𝜇][𝜌𝜒𝜈] + 𝜆‾[𝜌𝛾𝜈][𝜎𝜒𝜇])

 

ℒ = ℒSUGRA + ℒSFP + ℒ𝜓 + ℒnon-min + ℒquartic +⋯ ,  

𝑒−1ℒSFP = −
3

8
𝐹𝜇𝜈𝐹𝜇𝜈 −

3

4
𝑚2𝐴𝜇𝐴𝜇 −

1

2
𝜆‾𝜇𝛾

𝜇𝜈𝜌𝐷𝜈𝜆𝜌 −
1

2
𝜒‾𝜇𝛾

𝜇𝜈𝜌𝐷𝜈𝜒𝜌 −𝑚𝜆‾𝜇𝛾
𝜇𝜈𝜒𝜈

 +
1

4
∇𝜇ℎ𝜈𝜌∇

𝜈ℎ𝜇𝜌 −
1

8
∇𝜌ℎ𝜇𝜈∇

𝜌ℎ𝜇𝜈 −
1

4
∇𝜇ℎ

𝜇𝜈∇𝜈ℎ +
1

8
∇𝜇ℎ∇

𝜇ℎ −
𝑚2

8
(ℎ𝜇𝜈ℎ𝜇𝜈 − ℎ

2)

 

𝑒−1ℒ𝜓 = −
𝑒−1

4
𝜀𝜇𝜈𝜌𝜎𝜓‾𝜇[(𝑚ℎ𝜌𝜏 + 𝐹̃𝜌𝜏 − 2𝑖∇𝜏𝐴𝜌𝛾5)𝛾

𝜏𝛾𝜈𝜆𝜎

+(∇𝜆ℎ𝜏𝜌𝛾
𝜆𝜏𝛾5 −

𝑖

2𝑚
∇𝜌𝐹𝜆𝜏𝛾

𝜆𝜏 + 𝑖𝑚𝐴𝜏(2𝛿𝜌
𝜏 + 𝛾𝜌

𝜏)) 𝛾𝜈𝛾5𝜒𝜎]

+
𝑖

2𝑚
𝜌‾𝜇𝜈[(𝑚ℎ𝜆

𝜈 + 𝐹̃𝜆
𝜈 − 2𝑖∇𝜆𝐴

𝜈𝛾5)𝛾
𝜆𝛾5𝜒

𝜇  

+ (∇𝜌ℎ
𝜇 𝜎𝛾

𝜌𝜎𝛾5 −
𝑖

2𝑚
∇𝜇𝐹𝜌𝜎𝛾

𝜌𝜎 + 2𝑖𝑚𝐴𝜇 − 𝑖𝑚𝐴𝜌𝛾
𝜌𝜇) 𝜆𝜈]

 

𝑒−1ℒnon-min =
1

4
𝑅𝜇𝜎𝜈𝜌 [−

1

2
ℎ𝜌𝜇ℎ𝜎𝜈 +

1

2
𝑔𝜌𝜇ℎ𝜎  𝜆ℎ

𝜆𝜈 + 2𝑔𝜌𝜇𝐴𝜎𝐴𝜈 −
3

4𝑚2
𝐹𝜇𝜎𝐹𝜈𝜌 +

1

2𝑚2
𝑔𝜌𝜇𝐹𝜎 𝜆𝐹

𝜆𝜈

+
2

𝑚2
𝑔𝜎𝜈𝐹𝜌 𝜆∇

𝜆𝐴𝜇 +
𝑒−1

𝑚
𝜀𝜇𝜎𝜆𝜏𝐴𝜆∇

𝜈ℎ𝜌 𝜏 +
1

𝑚
𝑔𝜌𝜇𝐹̃𝜎 𝜆ℎ

𝜆𝜈 +
2

𝑚
𝜆‾𝜎𝛾𝜇𝜌𝜒𝜈]
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𝑒−1ℒquartic =−
1

4
(𝑒−1𝜀𝜇 

𝜈𝜌𝜎(𝜆‾𝜌𝛾𝜈𝜆𝜎 − 𝜒‾𝜌𝛾𝜈𝜒𝜎) +
4𝑖

𝑚
∇𝜈(𝜒‾[𝜇𝛾5𝜆𝜈])) [

𝑖

4
𝜆‾𝜏𝛾5𝛾

𝜇𝜆𝜏 +
3𝑚

4
𝐴𝜏ℎ

𝜏𝜇 

+
9

8
𝐴𝜏𝐹̃

𝜏𝜇 +
1

8𝑚
∇𝜏(𝐹

𝜏𝜆ℎ𝜇 𝜆 − 𝐹
𝜇𝜆ℎ𝜏 𝜆) −

3

4𝑚
∇𝜏(∇

𝜇𝐴𝜆ℎ𝜏 𝜆 + ∇𝜆𝐴
𝜏ℎ𝜆𝜇)  

+
1

4𝑚2
∇𝜆∇𝜋(𝐹̃

𝜇𝜆𝐴𝜋) +
𝑒−1

4
𝜀𝜇𝜏𝜆𝜋∇𝜏ℎ

𝛼 𝜆ℎ𝜋𝛼 −
𝑒−1

4𝑚
𝜀𝜇𝜏𝜆𝜋(𝜒‾𝜏𝐷𝜆𝜆𝜋 + 𝜆‾𝜏𝐷𝜆𝜒𝜋)]

 

𝑇𝜇𝜈 → 𝑇𝜇𝜈 + (𝜕𝜇𝜕𝜈 − 𝜂𝜇𝜈 ◻)𝑈, Ξ𝜇 → Ξ𝜇 − 2𝛾𝜇𝜈𝜕𝜈Υ  

𝑈 = 𝒰|𝜗=0, 𝛿𝑈 = 𝜖‾Υ  

𝑒−1ℒ𝑢 = −
1

2
𝑅𝑈 + 𝜌‾𝜇𝜈𝛾

𝜇𝜈Υ  

𝐸𝑎 = 𝜙−
1
2𝑒𝑎, 𝒜 = 𝑎(𝑑𝑦 + 𝐵) + 𝐴

𝐸4 = 𝜙(𝑑𝑦 + 𝐵), Ψ = 𝜙
5
4𝜁(𝑑𝑦 + 𝐵) + 𝜙−

1
4 (𝜓 −

1

2
𝑒𝑎𝛾𝑎𝛾5𝜁)

 

𝜓𝜇(−𝑦) = 𝜎3𝛾5𝜓𝜇(𝑦), 𝜁(−𝑦) = −𝜎3𝛾5𝜁(𝑦)  

𝐵𝜇(𝑥, 𝑦) = 0,𝜙(𝑥, 𝑦) = 𝜙(𝑥), 𝑎(𝑥, 𝑦) = 𝑎(𝑥), 𝜁(𝑥, 𝑦) =
1

2
(1 − 𝜎3𝛾5)𝜁(𝑥)  

𝛿𝐵𝜇(𝑥, 𝑦)  =
𝜙(𝑥)−

3
2

2
𝜖‾(𝑥)𝛾5𝜓𝜇(𝑥, 𝑦) + 𝜙(𝑥)

−3𝑔𝜇𝜈(𝑥, 𝑦)𝜕𝑦𝜉
𝜈(𝑥, 𝑦) + 𝜕𝜇𝜉

5(𝑥, 𝑦)

𝛿𝜙(𝑥, 𝑦)  =
𝜙(𝑥)

2
𝜖‾(𝑥)𝛾5𝜁(𝑥) + 𝜉

𝜇(𝑥, 𝑦)𝜕𝜇𝜙(𝑥) + 𝜕𝑦𝜉
5(𝑥, 𝑦)𝜙(𝑥)

 

𝜕𝑦𝜉
5(𝑥, 𝑦)= −𝜉𝜇(𝑥, 𝑦)𝜕𝜇log 𝜙(𝑥)  

𝜕𝑦𝜉
𝜇(𝑥, 𝑦) + 𝜙(𝑥)3𝑔𝜇𝜈(𝑥, 𝑦)𝜕𝜈𝜉

5(𝑥, 𝑦) = −
𝜙(𝑥)

3
2

2
𝑔𝜇𝜈(𝑥, 𝑦)𝜖‾(𝑥)𝛾5𝜓𝜈(𝑥, 𝑦)

 

𝛿𝑒𝜇 
𝑎(𝑥, 𝑦) =

1

2
𝜖‾(𝑥)𝛾𝑎𝜓𝜇(𝑥, 𝑦) + 𝐷𝜇(𝜉

𝜈(𝑥, 𝑦)𝑒𝜈  
𝑎(𝑥, 𝑦)) + 𝜉5(𝑥, 𝑦)𝜕𝑦𝑒𝜇 

𝑎(𝑥, 𝑦),  

𝜉𝜇(𝜖1, 𝜖2) ∼ −
1

2
𝜖‾1𝛾

𝜇𝜖2 +
1

4𝑚2
𝜖‾1ℎ

𝜈𝜌𝜓𝜌𝜕𝜈(𝜖‾2ℎ
𝜇𝜎𝜓𝜎) −

1

4𝑚2
𝜖‾2ℎ

𝜈𝜌𝜓𝜌𝜕𝜈(𝜖‾1ℎ
𝜇𝜎𝜓𝜎)  

 

𝑖(2𝜋)4𝛿(4)(𝑝1 + 𝑝2 − 𝑝1
′ − 𝑝2

′ )𝒜 = −
𝜅2

2
⟨ out |∫  𝑑4𝑥𝑑4𝑦: 𝑇ℎ

𝜇𝜈
(𝑥)𝐷𝜇𝜈𝜌𝜎(𝑥 − 𝑦)𝑇ℎ

𝜌𝜎
(𝑦): ∣  in ⟩  
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𝐷𝜇𝜈𝜌𝜎(𝑝) = −
𝑖

2𝑝2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌 − 𝜂𝜇𝜈𝜂𝜌𝜎)  

 

 

 

𝐸𝒑 = √𝒑
2 +𝑚2, 𝒑 = |𝒑|(sin 𝜃cos 𝜙, sin 𝜃sin 𝜙, cos 𝜃) ≡ |𝒑|𝒑̂,  

ℎ𝜇𝜈(𝑥) = 2∫  
𝑑3𝑝

(2𝜋)
3
2√2𝐸𝒑

∑ 

𝜎

 (𝜖𝜇𝜈(𝜎, 𝒑)𝑒
𝑖𝑝⋅𝑥𝑎𝜎,𝒑 + 𝜖‾𝜇𝜈(𝜎, 𝒑)𝑒

−𝑖𝑝⋅𝑥𝑎𝜎,𝒑
† )  

𝜖𝜇𝜈(𝜎, 𝒑)𝜖‾𝜇𝜈(𝜎
′, 𝒑) = 𝛿𝜎𝜎′

 ∑  

𝜎

 𝜖𝜇𝜈(𝜎, 𝒑)𝜖‾𝜌𝜎(𝜎, 𝒑) =
1

2
(𝑃𝜇𝜌𝑃𝜈𝜎 + 𝑃𝜈𝜌𝑃𝜈𝜎) −

1

3
𝑃𝜇𝜈𝑃𝜌𝜎

 

𝑝𝜇𝜖𝜇𝜈(𝜎, 𝒑) = 0, 𝜖𝜇
𝜇
(𝜎, 𝒑) = 0  

𝜖𝜇𝜈(±2, 𝒑)= 𝜖±1
𝜇
(𝒑)𝜖±1

𝜈 (𝒑)  

𝜖𝜇𝜈(±1, 𝒑) =
1

√2
(𝜖±1
𝜇
(𝒑)𝜖0

𝜈(𝒑) + 𝜖±1
𝜈 (𝒑)𝜖0

𝜇
(𝒑))

𝜖𝜇𝜈(0, 𝒑) =
1

√6
(𝜖1
𝜇
(𝒑)𝜖−1

𝜈 (𝒑) + 𝜖1
𝜈(𝒑)𝜖−1

𝜇
(𝒑) + 2𝜖0

𝜇
(𝒑)𝜖0

𝜈(𝒑))

 

𝜖±1
𝜇
(𝒑)= ±

𝑒±𝑖𝜙

√2
(0,−cos 𝜃cos 𝜙 ± 𝑖sin 𝜙,−cos 𝜃sin 𝜙 ∓ 𝑖cos 𝜙, sin 𝜃) 

𝜖0
𝜇
(𝒑) =

𝐸𝒑

𝑚
(√1−

𝑚2

𝐸𝒑
2 , 𝒑̂)
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𝒜(0,0,0,0) =
𝜅2

16𝑚4𝑠(𝑠
−4𝑚2) [𝑠5sin2 𝜃(3 + cos2 𝜃) −

4𝑚2𝑠4

3
(21 − 29cos2 𝜃)

 +2𝑚4𝑠3 (
32

sin2 𝜃
+
37 − 231cos2 𝜃 + 18cos4 𝜃

3
)

 −16𝑚6𝑠2 (
16

sin2 𝜃
− 7 + 2cos2 𝜃 − cos4 𝜃)

+32𝑚8𝑠 (
4

sin2 𝜃
+
11 + 26cos2 𝜃

3
) + 128𝑚10cos (2𝜃)]

 

𝒜(1,1,0,0) =
𝜅2

384𝑚6𝑠(𝑠 − 4𝑚2)
×

× [𝑠6(5 − cos2 𝜃) − 𝑚2𝑠5(49 − 9cos4 𝜃) + 2𝑚4𝑠4(217 − 113cos2 𝜃 + 26cos4 𝜃) 

−4𝑚6𝑠3(480 − 265cos2 𝜃 + 69cos4 𝜃) + 32𝑚8𝑠2(103 + 96cos2 𝜃 − 9cos4 𝜃)  

−64𝑚10𝑠(56 + 119cos2 𝜃 + cos4 𝜃) − 3072𝑚12cos (2𝜃)],

 

𝑇𝑈
𝜇𝜈
= (𝜕𝜇𝜕𝜈 − 𝜂𝜇𝜈 ◻)(𝑐1ℎ

𝜌𝜎ℎ𝜌𝜎 + 𝑐2𝜕𝜆ℎ
𝜌𝜎𝜕𝜆ℎ𝜌𝜎 + 𝑐3𝜕𝜌𝜕𝜎(ℎ

𝜌𝜆ℎ𝜆
𝜎))  

−
3

16𝑚2
𝑅𝜇𝜎𝜈𝜌𝐹

𝜇𝜎𝐹𝜈𝜌  

𝜅

2
[𝑔𝜇𝜈
(1)
(𝜕𝜇ℎ𝜌𝜎𝜕𝜈ℎ𝜌𝜎 − 4𝜕

𝜇ℎ𝜌𝜎𝜕𝜌ℎ𝜎
𝜈) + ℎ𝜇𝜈 (𝜕𝜇𝑔𝜌𝜎

(1)
𝜕𝜈ℎ

𝜌𝜎 − 𝜕𝜌𝑔𝜇𝜎
(1)
𝜕𝜈ℎ

𝜌𝜎)

+𝜕𝜇𝜕
𝜌𝑔𝜈𝜌

(1)
(2ℎ𝜎

𝜇
ℎ𝜈𝜎 −

1

4
𝜂𝜇𝜈ℎ𝜎𝜆ℎ

𝜎𝜆)]
 

𝑆 = −𝑇∫  𝑑𝐴 = −𝑇∫  𝑑2𝜉√−𝛾  

𝛾𝑎𝑏 =
𝜕𝑋𝜇

𝜕𝜉𝑎
𝜕𝑋𝜈

𝜕𝜉𝑏
𝐺𝜇𝜈 = (

𝑋̇𝜇𝑋̇𝜇 𝑋̇𝜇𝑋′ 𝜇

𝑋′𝜇𝑋̇𝜇 𝑋′𝜇𝑋′ 𝜇
)  

 

𝑆NG = −𝑇∫  𝑑
2𝜉√(𝑋̇ ⋅ 𝑋′)2 − (𝑋̇ ⋅ 𝑋̇)(𝑋′ ⋅ 𝑋′)  

 

𝑆P = −
𝑇

2
∫  𝑑2𝜉√−𝑔𝑔𝑎𝑏𝜕𝑎𝑋

𝜇𝜕𝑏𝑋
𝜈𝐺𝜇𝜈  

𝑇𝑎𝑏 = 𝜕𝑎𝑋
𝜇𝜕𝑏𝑋𝜇 −

1

2
𝑔𝑎𝑏(𝑔

𝑐𝑑𝜕𝑐𝑋
𝜇𝜕𝑑𝑋𝜇) = 0  

𝜉± = 𝜏 ± 𝜎, 𝑑𝑠2 = −𝑑𝜉+𝑑𝜉−, 𝜂 = (
0 −

1

2

−
1

2
0

)  

𝑆P = 2𝑇∫  𝑑𝜉
+𝑑𝜉−𝜕+𝑋

𝜇𝜕−𝑋𝜇  
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𝛿𝑆P= 2𝑇∫  𝑑𝜉
+𝑑𝜉−(𝜕+𝛿𝑋

𝜇𝜕−𝑋𝜇 + 𝜕+𝑋
𝜇𝜕−𝛿𝑋𝜇)  

 = 2𝑇∫  𝑑𝜉+𝑑𝜉−[𝜕+(𝛿𝑋
𝜇𝜕−𝑋𝜇) + 𝜕−(𝜕+𝑋

𝜇𝛿𝑋𝜇) − 2(𝜕+𝜕−𝑋
𝜇)𝛿𝑋𝜇]

 = −4𝑇∫  𝑑𝜉+𝑑𝜉−(𝜕+𝜕−𝑋
𝜇)𝛿𝑋𝜇 − 𝑇∫  𝑑

2𝜉𝜕𝜎(𝛿𝑋
𝜇𝜕𝜎𝑋𝜇)

 

∫  
𝜋

0

 𝑑𝜎𝜕𝜎(𝛿𝑋
𝜇𝜕𝜎𝑋𝜇) = (𝛿𝑋

𝜇𝜕𝜎𝑋𝜇)|𝜎=𝜋
− (𝛿𝑋𝜇𝜕𝜎𝑋𝜇)|𝜎=0  

NN:  𝜕𝜎𝑋
𝜇|𝜎=0 = 𝜕𝜎𝑋

𝜇|𝜎=𝜋 = 0,DD:  𝛿𝑋
𝜇|𝜎=0 = 𝛿𝑋

𝜇|𝜎=𝜋 = 0  

𝜕+𝜕−𝑋
𝜇 = 0  

𝑋𝜇(𝜏, 𝜎) = 𝑋L
𝜇
(𝜏 + 𝜎) + 𝑋R

𝜇
(𝜏 − 𝜎)  

𝑋L
𝜇
(𝜏 + 𝜎) = 𝑥L

𝜇
+
𝛼′

2
𝑝L
𝜇
(𝜏 + 𝜎) + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼𝑛
𝜇

𝑛
𝑒−𝑖𝑛(𝜏+𝜎)

𝑋R
𝜇
(𝜏 − 𝜎) = 𝑥R

𝜇
+
𝛼′

2
𝑝R
𝜇
(𝜏 − 𝜎) + 𝑖√

𝛼′

2
∑  

𝑛≠0

 
𝛼‾𝑛
𝜇

𝑛
𝑒−𝑖𝑛(𝜏−𝜎)

 

𝑇++ = 𝜕+𝑋
𝜇𝜕+𝑋𝜇 , 𝑇−− = 𝜕−𝑋

𝜇𝜕−𝑋𝜇  

𝑋𝜇(𝜏, 𝜎) = 𝑥𝜇 + 𝛼′𝑝𝜇𝜏 + 𝑖√
𝛼′

2
∑  

𝑛∈ℤ∖{0}

 
1

𝑛
[𝛼𝑛
𝜇
𝑒−𝑖𝑛(𝜏+𝜎) + 𝛼‾𝑛

𝜇
𝑒−𝑖𝑛(𝜏−𝜎)]  

𝛼0
𝜇
≡ √

𝛼′

2
𝑝𝜇  

𝑇++ = 𝛼
′∑ 

𝑛

 𝐿𝑛𝑒
−𝑖𝑛(𝜏+𝜎), 𝑇−− = 𝛼

′∑ 

𝑛

 𝐿‾𝑛𝑒
−𝑖𝑛(𝜏−𝜎)

 

𝐿𝑛 =
1

2
∑  

𝑚

 𝛼𝑛−𝑚
𝜇

𝛼𝑚𝜇 , 𝐿‾𝑛 =
1

2
∑  

𝑚

 𝛼‾𝑛−𝑚
𝜇

𝛼‾𝑚𝜇  

{𝐿𝑛, 𝐿𝑚} = −𝑖(𝑛 − 𝑚)𝐿𝑛+𝑚, {𝐿‾𝑛, 𝐿‾𝑚} = −𝑖(𝑛 − 𝑚)𝐿‾𝑛+𝑚  

𝐿𝑛 = 𝐿‾𝑛 = 0 ∀𝑛 ∈ ℤ.  

𝑀2 =
2

𝛼′
∑  

𝑚≠0

 𝛼−𝑚
𝜇
𝛼𝑚𝜇  

∑  

𝑚≠0

 𝛼−𝑚
𝜇
𝛼𝑚𝜇 = ∑  

𝑚≠0

 𝛼‾−𝑚
𝜇
𝛼‾𝑚𝜇  

𝛼𝑛
𝜇
= 𝛼‾𝑛

𝜇
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𝑋𝜇(𝜏, 𝜎) = 𝑥𝜇 + 2𝛼′𝑝𝜇𝜏 + 𝑖√2𝛼′ ∑  

𝑛∈ℤ∖{0}

 
𝛼𝑛
𝜇

𝑛
cos (𝑛𝜎)𝑒−𝑖𝑛𝜏  

𝑀2 =
1

2𝛼′
∑  

𝑚≠0

 𝛼−𝑚
𝜇
𝛼𝑚𝜇  

𝑋𝜇(𝜏, 𝜎) = 𝑥𝜇 + 𝑑𝜇𝜎 + √2𝛼′ ∑  

𝑛∈ℤ∖{0}

 
𝛼𝑛
𝜇

𝑛
sin (𝑛𝜎)𝑒−𝑖𝑛𝜏  

[𝑋𝜇(𝜏, 𝜎), Π𝜈(𝜏, 𝜎′)] = 𝑖𝜂𝜇𝜈𝛿(𝜎 − 𝜎′)  

𝑋± ≡
1

√2
(𝑋0 ± 𝑋𝐷−1), 𝑑𝑠2 = −2𝑑𝑋+𝑑𝑋− +∑  

𝐷−2

𝑖=1

 𝑑𝑋𝑖𝑑𝑋𝑖  

𝑋+(𝜏, 𝜎) = 𝑥+ + 2𝛼′𝑝+𝜏  

𝑋−(𝜏, 𝜎)= 𝑥− + 2𝛼′𝑝−𝜏 + 𝑖√2𝛼′∑  

𝑛≠0

 
𝛼𝑛
−

𝑛
cos (𝑛𝜎)𝑒−𝑖𝑛𝜏 

𝑋𝑖(𝜏, 𝜎) = 𝑥𝑖 + 2𝛼′𝑝𝑖𝜏 + 𝑖√2𝛼′∑  

𝑛≠0

 
𝛼𝑛
𝑖

𝑛
cos (𝑛𝜎)𝑒−𝑖𝑛𝜏

 

𝑇++ = 𝑇−− = 0 ⟹ 𝜕±𝑋
− =

1

2𝛼′𝑝+
𝜕±𝑋

𝑖𝜕±𝑋𝑖  

𝛼𝑛
− = √

2

𝛼′
1

4𝑝+
∑ 

𝑚

 𝛼𝑛−𝑚
𝑖 𝛼𝑚𝑖.  

𝑀2 =
1

2𝛼′
∑  

𝑚≠0

 𝛼−𝑚
𝑖 𝛼𝑚𝑖,  

[𝛼𝑛
𝑖 , 𝛼𝑚

𝑗
] = 𝑛𝛿𝑛+𝑚,0𝛿

𝑖𝑗  

𝑀2 =
1

2𝛼′
∑  

𝑚≠0

  : 𝛼−𝑚
𝑖 𝛼𝑚𝑖: =

1

𝛼′
∑  

𝑚>0

 𝛼−𝑚
𝑖 𝛼𝑚𝑖 −

𝐷 − 2

24𝛼′
≡
1

𝛼′
(𝑁 −

𝐷 − 2

24
) .  

𝑀2|0⟩ = −
𝐷 − 2

24𝛼′
|0⟩,  

𝑀2(𝛼−1
𝑖 |0⟩) = −

𝐷 − 26

24𝛼′
(𝛼−1

𝑖 |0⟩)  

𝛼−2
𝑖 |0⟩, 𝛼−1

𝑖 𝛼−1
𝑗
|0⟩  

(𝐷 − 2) +
(𝐷 − 2)(𝐷 − 1)

2
=
𝐷(𝐷 − 1)

2
− 1  

 = [
(𝐷 − 2)(𝐷 − 1)

2
− 1] + (𝐷 − 2) + 1.
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𝑀2 =
2

𝛼′
[∑  

𝑛>0

 (𝛼−𝑚
𝑖 𝛼𝑚𝑖 + 𝛼‾−𝑚

𝑖 𝛼‾𝑚𝑖) −
𝐷 − 2

12
] ≡

2

𝛼′
(𝑁 + 𝑁‾ −

𝐷 − 2

12
) ,  

𝛼−1
𝑖 𝛼‾−1

𝑗
|0, 0⟩.  

(𝐷 − 2)(𝐷 − 2) = [
(𝐷 − 2)(𝐷 − 1)

2
− 1] +

(𝐷 − 2)(𝐷 − 3)

2
+ 1  

𝑆P = −
1

4𝜋𝛼′
∫  𝑑2𝜉{𝑔𝑎𝑏𝜕𝑎𝑋

𝜇𝜕𝑏𝑋
𝜈𝐺𝜇𝜈(𝑋) + 𝜀

𝑎𝑏𝜕𝑎𝑋
𝜇𝜕𝑏𝑋

𝜈𝐵𝜇𝜈(𝑋) − 𝛼
′𝑅(𝑔)𝜙(𝑋)}  

𝛽𝜇𝜈
(𝐺)
= 𝑅𝜇𝜈 +

1

4
𝐻𝜇 

𝜆𝜌𝐻𝜈𝜆𝜌 − 2∇𝜇∇𝜈𝜙 + 𝒪(𝛼
′) = 0  

𝛽𝜇𝜈
(𝐵)
 = ∇𝜆𝐻

𝜆 𝜇𝜈 − 2∇𝜆𝜙𝐻
𝜆 𝜇𝜈 + 𝒪(𝛼

′) = 0

𝛽(𝜙) = 4∇𝜆𝜙∇
𝜆𝜙 − 4∇𝜆∇

𝜆𝜙 + 𝑅 +
1

12
𝐻𝜆𝜌𝜎𝐻

𝜆𝜌𝜎 + 𝒪(𝛼′) = 0

 

𝑆 =
1

2
∫  𝑑26𝑥√−𝐺𝑒−2𝜙 (𝑅 −

1

12
𝐻𝜇𝜈𝜌𝐻𝜇𝜈𝜌 + 4𝜕𝜇𝜙𝜕

𝜇𝜙)  

𝑧 = ∫  𝐷𝑋(𝜏, 𝜎)𝑒−𝑆P  

⟨𝑞F, 𝑡F ∣ 𝑞I, 𝑡I⟩ = ∫  
𝑞F

𝑞I

 𝐷𝑞(𝑡)𝑒
−
1
ℏ
𝑆(𝑞,𝑞̇)

 

𝜙

4𝜋
∫  𝑑2𝜉√−𝑔𝑅(𝑔) = 𝜙𝜒  

𝜒 = 2 − 2ℎ − 𝑏 − 𝑐  

𝑧 ∼
1

𝑔𝑠
2 [𝜒 = 2] +

1

𝑔𝑠
[𝜒 = 1] + [𝜒 = 0] +∑  

𝑛>0

 𝑔𝑠
𝑛[𝜒 = 𝑛]  

Γ = −log 𝑧 = −
𝑉𝐷

2(4𝜋)
𝐷
2

∫  
∞

𝜖

 
𝑑𝑡

𝑡
𝐷
2
+1
Str(𝑒−𝑡𝑀

2
)  

𝑀2 =
2

𝛼′
(𝑁 + 𝑁‾ − 2)  

𝛿(𝑁 − 𝑁‾) = ∫  

1
2

−
1
2

 𝑑𝑠𝑒2𝜋𝑖(𝑁−𝑁‾ )𝑠  

Γ = −
𝑉26

2(4𝜋)13
∫  

1
2

−
1
2

 𝑑𝑠 ∫  
∞

𝜖

 
𝑑𝑡

𝑡14
Tr [𝑒

−
2𝑡
𝛼′
(𝑁+𝑁‾−2)

𝑒2𝜋𝑖(𝑁−𝑁‾ )𝑠]  

𝜏 = 𝜏1 + 𝑖𝜏2 ≡ 𝑠 +
𝑖

𝜋𝛼′
𝑡, 𝑞 = 𝑒2𝜋𝑖𝜏  
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Γ = −
𝑉26

2(4𝜋2𝛼′)13
∫  
𝒟

 
𝑑2𝜏

𝜏2
14 Tr(𝑞

𝑁−1𝑞‾𝑁‾−1)  

Tr(𝑞𝑁−1)=
1

𝑞
Tr (𝑞∑  𝑛>0  𝛼−𝑛

𝑖 𝛼𝑛𝑖) =
1

𝑞
∏ 

24

𝑖=1

 ∏  

∞

𝑛=1

 Tr (𝑞𝛼−𝑛
𝑖 𝛼𝑛

𝑖
)  

 =
1

𝑞
∏ 

24

𝑖=1

 ∏  

∞

𝑛=1

 ∑  

𝑘𝑛

  ⟨𝑘𝑛|𝑞
𝛼−𝑛
𝑖 𝛼𝑛

𝑖
|𝑘𝑛⟩ =

1

𝑞
∏ 

24

𝑖=1

 ∏  

∞

𝑛=1

 ∑  

𝑘𝑛

 𝑞𝑘𝑛𝑛

 =
1

𝑞
∏ 

24

𝑖=1

 ∏  

∞

𝑛=1

 
1

1 − 𝑞𝑛
= [

1

𝑞
1
24∏  ∞

𝑛=1   (1 − 𝑞
𝑛)
]

24

=
1

𝜂(𝜏)24

 

Γ = −
𝑉26

2(4𝜋2𝛼′)13
∫  
𝒟

 
𝑑2𝜏

𝜏2
14

1

|𝜂(𝜏)|48
 

𝜏 →
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

𝑇 = (
1 1
0 1

) , 𝑆 = (
0 −1
1 0

) , (𝑆)2 = (𝑆𝑇)3 = −𝟙  

ℱ = ℍ+ ∖ PSL(2, ℤ) = {−
1

2
< 𝜏1 ≤

1

2
, |𝜏| ≥ 1, 𝜏2 > 0}  

𝒯 =
1

(4𝜋2𝛼′)13
∫  
ℱ

 
𝑑2𝜏

𝜏2
14

1

|𝜂(𝜏)|48
 

𝑇: 𝜂(𝜏 + 1) = 𝑒
𝑖𝜋
12𝜂(𝜏), 𝑆: 𝜂 (−

1

𝜏
) = √−𝑖𝜏𝜂(𝜏)  

1

𝜂(𝑞)24𝜂‾(𝑞‾)24
=∑  

𝑛,𝑚

 𝑐(𝑛,𝑚)𝑞𝑛𝑞‾𝑚  

1

𝜂(𝑞)24𝜂‾(𝑞‾)24
|
physical 

=∑ 

𝑛

 𝑐(𝑛, 𝑛)(𝑞𝑞‾)𝑛 =
1

𝑞𝑞‾
+ 576 + 104976𝑞𝑞‾ + ⋯  

𝒜 =
1

2(4𝜋2𝛼′)24
∫  
∞

0

 
𝑑𝜏2

𝜏2
14

1

𝜂 (
𝑖𝜏2
2 )

24  

1

𝜂(𝑞)24
=
1

𝑞
+ 24 + 324𝑞…  

𝒜̃ =
2−13

2(4𝜋2𝛼′)24
∫  
∞

0

 𝑑ℓ
1

𝜂(𝑖ℓ)24
 

𝜌0 = (
0 −1
1 0

) , 𝜌1 = (
0 1
1 0

) , {𝜌𝑎 , 𝜌𝑏} = 2𝜂𝑎𝑏  
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𝜓𝜇 = (
𝜓−
𝜇

𝜓+
𝜇) , 𝜓±

𝜇∗
= 𝜓±

𝜇
, 𝜓‾𝜇 = 𝑖𝜓𝜇†𝜌0  

𝑆P = −
1

4𝜋𝛼′
∫  𝑑2𝜉(𝜕𝑎𝑋

𝜇𝜕𝑎𝑋𝜇 + 𝜓‾
𝜇𝜌𝑎𝜕𝑎𝜓𝜇)  

𝛿𝑋𝜇 = 𝜖‾𝜓𝜇 , 𝛿𝜓𝜇 = 𝜌𝑎𝜕𝑎𝑋
𝜇𝜖  

𝑇±± = 𝜕±𝑋
𝜇𝜕±𝑋𝜇 +

𝑖

2
𝜓±
𝜇
𝜕±𝜓±𝜇 , Ξ± = 𝜕±𝑋

𝜇𝜓±𝜇  

∫  𝑑𝜏(𝜓−
𝜇𝛿𝜓−𝜇 − 𝜓+

𝜇
𝛿𝜓+𝜇)|

𝜎=0

𝜎={
2𝜋
𝜋
}

= 0  

 

R:𝜓+
𝜇
= √2𝜋𝛼′∑ 

𝑛∈ℤ

 𝑑𝑛
𝜇
𝑒−2𝑖𝜋𝑛(𝜏+𝜎), 𝜓−

𝜇 = √2𝜋𝛼′∑ 

𝑛∈ℤ

  𝑑̃𝑛
𝜇
𝑒−2𝑖𝜋𝑛(𝜏−𝜎)

NS:𝜓+
𝜇
= √2𝜋𝛼′ ∑  

𝑟∈ℤ+
1
2

 𝑏𝑟
𝜇
𝑒−2𝑖𝜋𝑟(𝜏+𝜎), 𝜓−

𝜇 = √2𝜋𝛼′ ∑  

𝑟∈ℤ+
1
2

  𝑏̃𝑟
𝜇
𝑒−2𝑖𝜋𝑟(𝜏−𝜎)

 

R: 𝜓±
𝜇
= √𝜋𝛼′∑ 

𝑛∈ℤ

 𝑑𝑛
𝜇
𝑒−𝑖𝜋𝑛(𝜏±𝜎), NS: 𝜓±

𝜇
= √𝜋𝛼′ ∑  

𝑟∈ℤ+
1
2

  𝑏̃𝑟
𝜇
𝑒−𝑖𝜋𝑟(𝜏±𝜎)

 

𝑋+ = 𝑥+ + 2𝜋𝛼′𝑝+𝜏, 𝜓±
+ = 0  

𝜕±𝑋
− =

1

2𝜋𝛼′𝑝+
(𝜕±𝑋

𝑖𝜕±𝑋𝑖 +
𝑖

2
𝜓±
𝑖 𝜕±𝜓±𝑖) , 𝜓±

− =
1

𝜋𝛼′𝑝+
𝜓±
𝑖 𝜕±𝑋𝑖  

R: 𝑁𝜓 = ∑  

𝑛>0

 𝑛𝑑−𝑛
𝑖 𝑑𝑛𝑖, NS: 𝑁𝜓 =∑ 

𝑟≥
1
2

 𝑟𝑏−𝑟
𝑖 𝑏𝑟𝑖  

R: 𝑀2 =
1

𝛼′
(𝑁𝑋 +𝑁𝜓), NS: 𝑀

2 =
1

𝛼′
(𝑁𝑋 +𝑁𝜓 −

𝐷 − 2

16
) .  

R: 𝑀𝐿
2 =

4

𝛼′
(𝑁𝑋 +𝑁𝜓), NS: 𝑀𝐿

2 =
4

𝛼′
(𝑁𝑋 +𝑁𝜓 −

𝐷 − 2

16
) ,  

𝑀2|0⟩NS = −
(𝐷 − 2)

16𝛼′
|0⟩NS  
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𝑀2 (𝑏
−
1
2

𝑖 |0⟩NS) =
10 − 𝐷

2𝛼′
(𝑏

−
1
2

𝑖 |0⟩NS) .  

𝑀2|0, 0⟩NSNS = −
(𝐷 − 2)

4𝛼′
|0, 0⟩NSNS  

𝑏
−
1
2

𝑖 𝑏‾
−
1
2

𝑗
|0, 0⟩NSNS,𝑀

2 (𝑏
−
1
2

𝑖 𝑏‾
−
1
2

𝑗
|0, 0⟩NSNS) =

10 − 𝐷

2𝛼′
(𝑏

−
1
2

𝑖 𝑏‾
−
1
2

𝑗
|0, 0⟩NSNS) .  

|0, 0⟩RR≃ (𝟖𝑠⊕𝟖𝑐) ⊗ (𝟖𝑠⊕𝟖𝑐) =  

 = (𝟖𝑠⊗𝟖𝑠) ⊕ (𝟖𝑐⊗𝟖𝑐)⊕ [(𝟖𝑠⊗𝟖𝑐) ⊕ (𝟖𝑐⊗𝟖𝑠)] =

 = (𝟏⊕ 𝟐𝟖⊕𝟑𝟓+)⊕ (𝟏⊕ 𝟐𝟖⊕ 𝟑𝟓−)⊕ [(𝟖v⊕𝟓𝟔)⊕ (𝟖v
′ ⊕𝟓𝟔′)].

 

|0, 0⟩NSR ≃ 𝟖v⊗ (𝟖𝑠⊕𝟖𝑐)  = (𝟖v⊗𝟖𝑠) ⊕ (𝟖v⊗𝟖𝑐)

 = (𝟓𝟔𝑠⊕𝟖𝑠) ⊕ (𝟓𝟔𝑐⊕𝟖𝑐)
 

NS: (−1)𝐺NS = (−1)
∑  
𝑟≥
1
2
 𝑏−𝑟
𝑖 𝑏𝑟𝑖

, R: (−1)𝐺R = 𝛾9(−1)
∑  𝑛≥1  𝑑−𝑛

𝑖 𝑑𝑛𝑖 ,  

(−1)𝐺NS|0⟩NS = |0⟩NS  

𝒫GSO
NS =

1 − (−1)𝐺NS

2
 

𝒫GSO
R =

1 ± (−1)𝐺R

2
 

𝑏
−
1
2

𝑖 𝑏‾
−
1
2

𝑗
|0, 0⟩NSNS = 𝑏

−
1
2

𝑖 |0⟩NS⊗𝑏‾
−
1
2

𝑗
|0⟩NS  

 type IIA:  | +⟩R⊗ | −⟩R,  type IIB:  | +⟩R⊗ | +⟩R,  
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 type IIA: 𝑏
−
1
2

𝑖 |0⟩NS⊗ | −⟩R ∈ 𝟓𝟔𝑠⊕𝟖𝑠,

 type IIB: 𝑏
−
1
2

𝑖 |0⟩NS⊗ | +⟩R ∈ 𝟓𝟔𝑠⊕𝟖𝑠,
 

 type IIA: | +⟩R⊗𝑏‾
−
1
2

𝑖 |0⟩NS ∈ 𝟓𝟔𝑐⊕𝟖𝑐

 type IIB: | +⟩R⊗𝑏‾
−
1
2

𝑖 |0⟩NS ∈ 𝟓𝟔𝑠⊕𝟖𝑠
 

𝜗 [
𝛼
𝛽] (𝑧 ∣ 𝜏)=∑  

𝑛

 𝑞
1
2
(𝑛+𝛼)2𝑒2𝑖𝜋(𝑛+𝛼)(𝑧+𝛽)  

 = 𝑒2𝜋𝑖𝛼(𝑧+𝛽)𝑞
𝛼2

2 ∏ 

∞

𝑛=1

  (1 − 𝑞𝑛) (1 + 𝑞𝑛+𝛼−
1
2𝑒2𝑖𝜋(𝑧+𝛽)) (1 + 𝑞𝑛+𝛼−

1
2𝑒−2𝑖𝜋(𝑧+𝛽))

 

𝜗1(𝑧 ∣ 𝜏) = 𝜗 [

1

2
1

2

] (𝑧 ∣ 𝜏) = 2sin (𝜋𝑧)𝑞
1
8∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)(1 − 𝑞𝑛𝑒2𝜋𝑖𝑧)(1 − 𝑞𝑛𝑒−2𝜋𝑖𝑧)

𝜗2(𝑧 ∣ 𝜏) = 𝜗 [
1

2
0
] (𝑧 ∣ 𝜏) = 2cos (𝜋𝑧)𝑞

1
8∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)(1 + 𝑞𝑛𝑒2𝜋𝑖𝑧)(1 + 𝑞𝑛𝑒−2𝜋𝑖𝑧)

𝜗3(𝑧 ∣ 𝜏) = 𝜗 [
0
0
] (𝑧 ∣ 𝜏) =∏ 

∞

𝑛=1

  (1 − 𝑞𝑛) (1 + 𝑞𝑛−
1
2𝑒2𝜋𝑖𝑧) (1 + 𝑞𝑛−

1
2𝑒−2𝜋𝑖𝑧)

𝜗4(𝑧 ∣ 𝜏) = 𝜗 [
0
1

2

] (𝑧 ∣ 𝜏) =∏ 

∞

𝑛=1

  (1 − 𝑞𝑛) (1 − 𝑞𝑛−
1
2𝑒2𝜋𝑖𝑧) (1 − 𝑞𝑛−

1
2𝑒−2𝜋𝑖𝑧)

 

𝑇: 𝜗 [
𝛼
𝛽] (𝑧 ∣ 𝜏 + 1) = e

−i𝜋𝛼(𝛼−1)𝜗 [

𝛼

𝛽 + 𝛼 −
1

2
] (𝑧 ∣ 𝜏)

𝑆: 𝜗 [
𝛼
𝛽] (

𝑧

𝜏
| −
1

𝜏
) = (−i𝜏)

1
2e2i𝜋𝛼𝛽+i𝜋𝑧

2/𝜏𝜗 [
𝛽
𝛼
] (𝑧 ∣ 𝜏)

 

𝑇: 𝜗1,2 → 𝑒
𝑖𝜋
4 𝜗1,2, 𝜗3,4 → 𝜗4,3

𝑆: 𝜗1,3 → √−𝑖𝜏𝜗1,3, 𝜗2,4 → √−𝑖𝜏𝜗4,2

 

𝑂2𝑛(𝑞) =
𝜗3
𝑛 + 𝜗4

𝑛

2𝜂(𝑞)𝑛
, 𝑉2𝑛(𝑞) =

𝜗3
𝑛 − 𝜗4

𝑛

2𝜂(𝑞)𝑛

𝑆2𝑛(𝑞) =
𝜗2
𝑛 + 𝑖−𝑛𝜗1

𝑛

2𝜂(𝑞)𝑛
, 𝐶2𝑛(𝑞) =

𝜗2
𝑛 − 𝑖−𝑛𝜗1

𝑛

2𝜂(𝑞)𝑛

 

𝑇 = 𝑒−
𝑖𝑛𝜋
12

(

 
 

1 0 0 0
0 −1 0 0

0 0 𝑒
𝑖𝑛𝜋
4 0

0 0 0 𝑒
𝑖𝑛𝜋
4 )

 
 
, 𝑆 =

1

2
(

1 1 1 1
1 1 −1 −1
1 −1 𝑖−𝑛 −𝑖−𝑛

1 −1 −𝑖−𝑛 𝑖−𝑛

)  
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𝑂2𝑛 ∼ 𝑞−
𝑛
24, 𝑉2𝑛

𝑆2𝑛 ∼ 2𝑛−1𝑞
𝑛
12, 𝐶2𝑛𝑞

1
2
−
𝑛
24,

∼ 2𝑛−1𝑞
𝑛
12

 

𝑂8
𝜂8
,
𝑉8
𝜂8
,
𝑆8
𝜂8
,
𝐶8
𝜂8
,  

𝑂2𝑛  = 𝑂𝑝−1𝑂2𝑛+1−𝑝 + 𝑉𝑝−1𝑉2𝑛+1−𝑝, 𝑉2𝑛 = 𝑂𝑝−1𝑉2𝑛+1−𝑝 + 𝑉𝑝−1𝑂2𝑛+1−𝑝,

𝑆2𝑛  = 𝑆𝑝−1𝑆2𝑛+1−𝑝 + 𝐶𝑝−1𝐶2𝑛+1−𝑝, 𝐶2𝑛 = 𝑆𝑝−1𝐶2𝑛+1−𝑝 + 𝐶𝑝−1𝑆2𝑛+1−𝑝,
 

StrNS [
1 + (−1)𝐺NS

2
𝑞𝑁𝑋+𝑁𝜓−

1
2] = 𝑂8(𝑞), StrR [

1 + (−1)𝐺R

2
𝑞𝑁𝑋+𝑁𝜓] = 𝑆8(𝑞),

StrNS [
1 − (−1)𝐺NS

2
𝑞𝑁𝑋+𝑁𝜓−

1
2] = 𝑉8(𝑞), StrR [

1 − (−1)𝐺R

2
𝑞𝑁𝑋+𝑁𝜓] = 𝐶8(𝑞).

 

𝒯IIA  =
1

(4𝜋𝛼′)5
∫  
ℱ

 
𝑑2𝜏

𝜏2
6

1

𝜂(𝑞)8𝜂‾(𝑞‾)8
(𝑉8 − 𝑆8)(𝑉‾8 − 𝐶‾8),

𝒯IIB  =
1

(4𝜋𝛼′)5
∫  
ℱ

 
𝑑2𝜏

𝜏2
6

1

𝜂(𝑞)8𝜂‾(𝑞‾)8
(𝑉8 − 𝑆8)(𝑉‾8 − 𝑆‾8).

 

𝜗3
4 − 𝜗4

4 − 𝜗2
4 = 0  

𝒯 = 𝜒‾𝑖𝒩𝑖𝑗𝜒
𝑗,  

𝒯0 A = |𝑉8|
2 + |𝑂8|

2 + 𝑆8𝐶‾8 + 𝑆‾8𝐶8,

𝒯0 B = |𝑉8|
2 + |𝑂8|

2 + |𝑆8|
2 + |𝐶8|

2.
 

𝒜𝑝𝑝 =
1

(8𝜋𝛼′)
𝑝+1
2

∫  
∞

0

 
𝑑𝜏2

𝜏2

𝑝+3
2

𝑉8 − 𝑆8
𝜂8

(
𝑖𝜏2
2
)

 

𝒜̃𝑝𝑝 =
2−

𝑝+1
2

(8𝜋𝛼′)
𝑝+1
2

∫  
∞

0

 
𝑑ℓ

ℓ
9−𝑝
2

𝑉8 − 𝑆8
𝜂8

(𝑖ℓ),  

𝒜𝑝𝑝 = 𝑂𝑝−1𝑉9−𝑝 + 𝑉𝑝−1𝑂9−𝑝 − 𝑆𝑝−1𝑆9−𝑝 − 𝐶𝑝−1𝐶9−𝑝.  

𝒜𝑝𝑝 =
𝑁𝑁‾

(8𝜋𝛼′)
𝑝+1
2

∫  
∞

0

 
𝑑𝜏2

𝜏2

𝑝+3
2

𝑉8 − 𝑆8
𝜂8

(
𝑖𝜏2
2
)  

Ωclosed : 𝜎 → −𝜎  

𝛼𝑚
𝜇
↔ 𝛼‾𝑚

𝜇
, 𝑏𝑟
𝜇
↔ 𝑏‾𝑟

𝜇
, 𝑑𝑛
𝜇
↔ 𝑑‾𝑚

𝜇
 

Ωopen : 𝜎 → 𝜋 − 𝜎  

𝛼𝑚
𝜇
→ (−1)𝑚𝛼𝑚

𝜇
, 𝑏𝑟
𝜇
→ (−1)𝑟−

1
2𝑏𝑟
𝜇
, 𝑑𝑛
𝜇
→ (−1)𝑛𝑑𝑛

𝜇  
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Str [
1 + Ω

2
𝒫GSO𝑞

𝑁𝑋+𝑁𝜓−Δ𝑞‾𝑁
‾𝑋+𝑁‾𝜓−Δ]  

𝒦 =
1

(4𝜋𝛼′)5
∫  
∞

0

 
𝑑𝜏2

𝜏2
6

𝑉8 − 𝑆8
𝜂8

(2𝑖𝜏2)  

 

1

2
𝒯 +𝒦 ∼

1

2
|
𝑉8 − 𝑆8
𝜂8

|
2

+
𝑉8 − 𝑆8
2𝜂8

=

 =
|𝑉8|

2 + |𝑆8|
2 + 𝑉8 − 𝑆8

2𝜂8
−
𝑉8𝑆‾8 + 𝑉‾8𝑆8

2𝜂8
∼ (35 + 1 + 28) − (56 + 8),

 

𝒦̃ =
25

(4𝜋𝛼′)5
∫  
∞

0

 𝑑ℓ
𝑉8 − 𝑆8
𝜂8

(𝑖ℓ)  

Str [
1 + Ω

2
𝒫GSO𝑞

𝑁𝑋+𝑁𝜓+Δ]  

𝒜 =
𝑁2

(8𝜋𝛼′)5
∫  
∞

0

 
𝑑𝜏2

𝜏2
6

𝑉8 − 𝑆8
𝜂8

(
𝑖𝜏2
2
)

𝒜̃ =
2−5𝑁2

(8𝜋𝛼′)5
∫  
∞

0

 𝑑ℓ
𝑉8 − 𝑆8
𝜂8

(𝑖ℓ)

 

𝜒̂𝑖(𝑞) = 𝑒
−𝑖𝜋(ℎ𝑖−

𝑐
24
)
𝜒𝑖(𝑞)  

ℳ =
𝜖𝑁

(8𝜋𝛼′)5
∫  
∞

0

 
𝑑𝜏2

𝜏2
6

𝑉̂8 − 𝑆̂8
𝜂̂8

(
1

2
+
𝑖𝜏2
2
)  

𝒜 +ℳ ∼
𝑁(𝑁 + 𝜖)

2
(8 − 8)  

𝑃 = 𝑇𝑆𝑇2𝑆: 
1

2
+
𝑖𝜏2
2
→
𝑃 1

2
+

𝑖

2𝜏2
≡
1

2
+ 𝑖ℓ  

ℳ̃ =
2𝜖𝑁

(8𝜋𝛼′)5
∫  
∞

0

 𝑑ℓ
𝑉̂8 − 𝑆̂8
𝜂̂8

(
1

2
+ 𝑖ℓ)  

𝒦̃ + 𝒜̃ + ℳ̃ ∼ 25 + 2−5𝑁2 + 2𝜖𝑁 = 2−5(𝑁 + 25𝜖)2,  

𝑔 = (−1)𝐹𝛿  

𝛿: 𝑋9 → 𝑋9 + 𝜋𝑅,  

𝑋9 = 𝑥9 + 2𝛼′
𝑚

𝑅
𝜏 + 2𝑛𝑅𝜎 + [ 𝔒oscillators ]  

𝑋L,R
9 = 𝑥L,R

9 + 𝛼′𝑝L,R
9 (𝜏 ∓ 𝜎) + [ 𝔒oscillators ], 𝑝L,R

9 =
𝑚

𝑅
±
𝑛𝑅

𝛼′
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𝑀2 =
𝑚2

𝑅2
+
𝑛2𝑅2

𝛼′2
+
2

𝛼′
(𝑁𝑋 + 𝑁𝜓 +𝑁‾𝑋 +𝑁‾𝜓 − 1)  

𝑃𝑚 ≡ 𝑞
𝛼′𝑚2

𝑅2 ,𝑊𝑛 ≡ 𝑞
𝑛2𝑅2

4𝛼′ , Λ𝑚,𝑛 = 𝑞
𝛼′

4
(
𝑚
𝑅
+
𝑛𝑅
𝛼′
)
2

𝑞‾
𝛼′

4
(
𝑚
𝑅
−
𝑛𝑅
𝛼′
)
2

 

𝒯 =
1

2|𝜂|16
 ∑  

𝑚,𝑛

  (|𝑉8 − 𝑆8|
2Λ𝑚,𝑛 + |𝑉8 + 𝑆8|

2(−1)𝑚Λ𝑚,𝑛

+|𝑂8 − 𝐶8|
2Λ𝑚,𝑛+1/2 + |𝑂8 + 𝐶8|

2(−1)𝑚Λ𝑚,𝑛+1/2)

 

𝑔 = (−1)𝐹𝛿2, 𝛿2: 𝑋9 → 𝑋9 + 2𝜋𝑅  

𝒯 =
1

|𝜂|16
∑ 

𝑚,𝑛

  [(|𝑉8|
2 + |𝑆8|

2)Λ𝑚,2𝑛 − (𝑉8𝑆‾8 + 𝑉‾8𝑆8)Λ𝑚+1/2,2𝑛

+(|𝑂8|
2 + |𝐶8|

2)Λ𝑚,2𝑛+1 − (𝑂8𝐶‾8 + 𝑂‾8𝐶8)Λ𝑚+1/2,2𝑛+1]

 

𝒦1 =
1

2

𝑉8 − 𝑆8
𝜂8

∑ 

𝑚

 𝑃𝑚, 𝒦̃1 =
25𝑣

2

𝑉8 − 𝑆8
𝜂8

∑ 

𝑛

 𝑊2𝑛,  

Ω2 = ΩΠ, Π: 𝑋
9 → 2𝜋 − 𝑋9  

𝒦2 =
1

2𝜂8
∑ 

𝑛

  [(𝑉8 − 𝑆8)𝑊2𝑛 + (𝑂8 − 𝐶8)𝑊2𝑛+1].  

𝒦̃2 =
25

2𝑣

1

𝜂8
∑ 

𝑚

  (𝑉8𝑃2𝑚 − 𝑆8𝑃2𝑚+1)  

Ω3 = ΩΠ(−1)
𝐺𝐿  

𝒦3=
1

2𝜂8
∑ 

𝑛

  [(𝑉8 − 𝑆8)𝑊2𝑛 − (𝑂8 − 𝐶8)𝑊2𝑛+1] 

𝒦̃3 =
25

2𝑣

1

𝜂8
∑ 

𝑚

  (𝑆8𝑃2𝑚 − 𝑉8𝑃2𝑚+1)

 

ΩDP = Ω𝛿  

𝒯DP = |
𝑉8 − 𝑆8
𝜂8

|
2

∑ 

𝑚,𝑛

 Λ𝑚,𝑛  

𝒦DP =
1

2

𝑉8 − 𝑆8
𝜂8

∑ 

𝑚

  (−1)𝑚𝑃𝑚, 𝒦̃DP =
25𝑣

2

𝑉8 − 𝑆8
𝜂8

∑ 

𝑛

 𝑊2𝑛+1.  

ΩDP|𝐺𝜇𝜈, 𝜙, 𝐶
(2), 𝐶(6), 𝐶(10)⟩

(𝑚)
= (−1)𝑚|𝐺𝜇𝜈, 𝜙, 𝐶

(2), 𝐶(6), 𝐶(10)⟩
(𝑚)

ΩDP |𝐵𝜇𝜈 , 𝜙, 𝐶
(0), 𝐶+

(4)
, 𝐶(8)⟩

(𝑚)

= −(−1)𝑚 |𝐵𝜇𝜈 , 𝜙, 𝐶
(0), 𝐶+

(4)
, 𝐶(8)⟩

(𝑚)  

ΩDP|𝜓1𝜇 , 𝜆1⟩
(𝑚)

= (−1)𝑚|𝜓2𝜇 , 𝜆2⟩
(𝑚)
, ΩDP|𝜓2𝜇 , 𝜆2⟩

(𝑚)
= (−1)𝑚|𝜓1𝜇 , 𝜆1⟩

(𝑚)
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𝜓𝜇
′(𝑚)

≡
𝜓1𝜇
(𝑚)

+ (−1)𝑚𝜓2𝜇
(𝑚)

√2
, 𝜆′(𝑚) ≡

𝜆1
(𝑚)

+ (−1)𝑚𝜆2
(𝑚)

√2
 

{𝐺𝜇𝜈 , 𝜙, 𝐶
(2), 𝐶(6), 𝐶(10), 𝜓1

′𝜇
, 𝜆1
′ }
(2𝑚)

, 𝑀2 =
(2𝑚)2

𝑅2
,

{𝐵𝜇𝜈 , 𝐶
(0), 𝐶+

(4)
, 𝐶(8), 𝜓2

′𝜇
, 𝜆2
′ }
(2𝑚+1)

, 𝑀2 =
(2𝑚 + 1)2

𝑅2
.

 

𝒜̃55 =
2−3𝑣𝑁2

2

𝑉4𝑂4 + 𝑂4𝑉4 − 𝑆4𝑆4 − 𝐶4𝐶4
𝜂8

∑ 

𝑛

 𝑊𝑛,

ℳ̃5 = −𝑁(
4𝜖𝑣

𝜂̂2𝜗̂2
2
) (𝑉̂4𝑂̂4 − 𝑂̂4𝑉̂4 + 𝑆̂4𝑆̂4 − 𝐶̂4𝐶̂4)∑  

𝑛

 𝑊2𝑛+1,

 

𝒜55 =
𝑁2

2

𝑉4𝑂4 + 𝑂4𝑉4 − 𝑆4𝑆4 − 𝐶4𝐶4
𝜂8

∑ 

𝑚

 𝑃𝑚

ℳ5 =
𝑁

2
(
4𝜖

𝜂̂2𝜗̂2
2
) (𝑉̂4𝑂̂4 − 𝑂̂4𝑉̂4 + 𝑆̂4𝑆̂4 − 𝐶̂4𝐶̂4)∑  

𝑚

  (−1)𝑚𝑃𝑚

 

𝒜55 +ℳ5 ∼ 𝑞
−
1
3 [
𝑁(𝑁 + 𝜖)

2
(𝑉4𝑂4 − 𝐶4𝐶4) +

𝑁(𝑁 − 𝜖)

2
(𝑂4𝑉4 − 𝑆4𝑆4)]  

𝒜̃55 =
2−3

2𝑣

𝑉8 − 𝑆8
𝜂8

∑ 

𝑚

  [𝑒
𝑖𝜋𝑚
2 𝑁 + 𝑒−

𝑖𝜋𝑚
2 𝑁‾]

2

𝑃𝑚

 =
2−3

2𝑣

𝑉8 − 𝑆8
𝜂8

∑ 

𝑚

  [(𝑁 + 𝑁‾)2𝑃2𝑚 − (𝑁 − 𝑁‾)
2𝑃2𝑚+1]

 

𝒜55 =
𝑉8 − 𝑆8
𝜂8

∑ 

𝑛

 (𝑁𝑁‾𝑊𝑛 +
𝑁2 +𝑁‾ 2

2
𝑊𝑛+1/2)  

𝒜̃77=
2−4

2𝑣

1

𝜂8
∑ 

𝑚

  [(𝑁 + 𝑁‾)2(𝑉8𝑃2𝑚 − 𝑆8𝑃2𝑚+1) − (𝑁 − 𝑁‾)
2(𝑉8𝑃2𝑚+1 − 𝑆8𝑃2𝑚)] 

 =
2−4

𝑣

1

𝜂8
∑ 

𝑚

  [𝑁𝑁‾(𝑉8 − 𝑆8) +
𝑁2 +𝑁‾ 2

2
(−1)𝑚(𝑉8 + 𝑆8)]𝑃𝑚

 

𝒜77 =
1

𝜂8
[𝑁𝑁‾(𝑉8 − 𝑆8)∑  

𝑛

 𝑊𝑛 +
𝑁2 +𝑁‾ 2

2
(𝑂8 − 𝐶8)∑  

𝑛

 𝑊𝑛+1/2] .  

𝒜̃77
IIB =

2−4

𝑣

1

𝜂8
∑ 

𝑚

  [(𝑀𝑀‾ + 𝑁𝑁‾)(𝑉8 − 𝑆8) + (𝑀𝑁‾ + 𝑁𝑀‾ )(𝑉8 + 𝑆8)]𝑃𝑚  

𝑀 = 𝑁1 + 𝑒
2𝜋𝑖𝑎𝑚𝑁2, 𝑁 = (−1)

𝑚(𝑁‾1 + 𝑒
2𝜋𝑖𝑎𝑚𝑁‾2)  
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𝒜̃77 =
2−4

2𝑣

1

𝜂8
∑ 

𝑚

  [|𝑁1 +𝑁‾1 + 𝑒
2𝜋𝑖𝑎𝑚(𝑁2 +𝑁‾2)|

2
(𝑉8𝑃𝑚

even − 𝑆8𝑃𝑚
odd )

+|𝑁1 −𝑁‾1 + 𝑒
2𝜋𝑖𝑎𝑚(𝑁2 −𝑁‾2)|

2
 (𝑉8𝑃𝑚

odd − 𝑆8𝑃𝑚
even )]

=
2−3

𝑣

1

𝜂8
∑ 

𝑚

 𝑃𝑚[(𝑁1𝑁‾1 +𝑁2𝑁‾2 + cos (2𝜋𝑎𝑚)(𝑁1𝑁‾2 +𝑁2𝑁‾1))(𝑉8 − 𝑆8)

 +(
𝑁1
2 +𝑁‾1

2 +𝑁2
2 +𝑁‾2

2

2
+ cos (2𝜋𝑎𝑚)(𝑁1𝑁2 +𝑁‾1𝑁‾2)) (−1)

𝑚(𝑉8 + 𝑆8)]

 

⟨D𝑝, 𝑋9 = 𝑥 ∣ D𝑝, 𝑋9 = 𝑦⟩ =∑  

𝑚

 𝑒𝑖
𝑚
𝑅
(𝑦−𝑥) ⟨D𝑝, 𝑝9 =

𝑚

𝑅
|  D𝑝, 𝑝9 =

𝑚

𝑅
⟩  

𝒜77=∑ 

𝑛

  [𝑁1𝑁‾1𝑊𝑛 +𝑁2𝑁‾2𝑊𝑛 +
𝑁1𝑁‾2 +𝑁2𝑁‾1

2
(𝑊𝑛−𝑎 +𝑊𝑛+𝑎)]

𝑉8 − 𝑆8
𝜂8

 

 +∑  

𝑛

  [
𝑁1
2 +𝑁‾1

2 +𝑁2
2 +𝑁‾2

2

2
𝑊
𝑛+
1
2
+
𝑁1𝑁2 + 𝑁‾1𝑁‾2

2
(𝑊

𝑛+
1
2
+𝑎
+𝑊

𝑛+
1
2
−𝑎
)]
𝑂8 − 𝐶8
𝜂8

,

 

𝒜̃88 =
2−

9
2𝑣

2

𝑁2

𝜂8
(𝑉7𝑂1 + 𝑂7𝑉1)∑  

𝑛

 𝑊𝑛,

ℳ̃8 = −
2𝑣𝑁𝜖

𝜂̂
13
2 𝜗̂2

1
2

(𝑉̂7𝑂̂1 − 𝑂̂7𝑉̂1)∑  

𝑛

 𝑊2𝑛+1,

 

𝒜88 =
𝑁2

2

1

𝜂8
[(𝑂7 + 𝑉7)(𝑂1 + 𝑉1) − 2𝑆7

′𝑆1
′]∑  

𝑚

 𝑃𝑚

ℳ8 = −𝜖
𝑁

2

1

𝜂̂7
(
2𝜂̂

𝜗̂2
)

1
2

[𝑂̂7𝑂̂1 + 𝑉̂7𝑉̂1 − 𝑂̂7𝑉̂1 + 𝑉̂7𝑂̂1]∑  

𝑚

  (−1)𝑚𝑃𝑚

 

𝒜̃33=
2−2

2𝑣

1

𝜂8
∑ 

𝑚

  [(𝑁 + 𝑁‾)2(𝑉8𝑃2𝑚 − 𝑆8𝑃2𝑚+1) − (𝑁 − 𝑁‾)
2(𝑉8𝑃2𝑚+1 − 𝑆8𝑃2𝑚)] 

=
2−4

𝑣

1

𝜂8
∑ 

𝑚

  [𝑁𝑁‾(𝑉8 − 𝑆8) +
𝑁2 +𝑁‾ 2

2
(−1)𝑚(𝑉8 + 𝑆8)] 𝑃𝑚  

𝒜33 = 𝑁𝑁‾ (
𝑉8 − 𝑆8
𝜂8

)∑  

𝑛

 𝑊𝑛 +
𝑁2 +𝑁‾ 2

2
(
𝑂8 − 𝐶8
𝜂8

)∑  

𝑛

 𝑊𝑛+1/2

 

𝒜44 =
𝑁2

2

1

𝜂8
[(𝑂3 + 𝑉3)(𝑂5 + 𝑉5) − 2𝑆5

′𝑆5
′ ]∑  

𝑚

𝑃𝑚  

ℳ4 = 𝜖
𝑁

2

1

𝜂̂3
(
2𝜂̂

𝜗̂2
)

5
2

[𝑂̂3𝑂̂5 + 𝑉̂3𝑉̂5 − 𝑂̂3𝑉̂5 + 𝑉̂3𝑂̂5]∑  

𝑚

  (−1)𝑚𝑃𝑚

 

𝑄𝑜 = 𝑉4𝑂4 − 𝐶4𝐶4, 𝑄𝑣 = 𝑂4𝑉4 − 𝑆4𝑆4
𝑄𝑠 = 𝑂4𝐶4 − 𝑆4𝑂4, 𝑄𝑐 = 𝑉4𝑆4 − 𝐶4𝑉4
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𝒯 =
1

2
[|
𝑄𝑜 + 𝑄𝑣
𝜂8

|
2

∑ 

𝑚,𝑛

 𝑞
𝛼′

4
𝑝L
⊤𝑔−1𝑝L𝑞

𝛼′

4
𝑝R
⊤𝑔−1𝑝R

+
16

|𝜂|4
(|
𝑄𝑜 − 𝑄𝑣

𝜗2
2 |

2

+ |
𝑄𝑠 − 𝑄𝑐

𝜗3
2 |

2

+ |
𝑄𝑠 + 𝑄𝑐

𝜗4
2 |

2

)] ,

 

𝒦 =
1

4
[
𝑄𝑜 +𝑄𝑣
𝜂8

(∑  

𝑚

 𝑞
𝛼′

2
𝑚⊤𝑔−1𝑚 +∑  

𝑛

 𝑞
1
2𝛼′

𝑛⊤𝑔𝑛
) + 2 × 16

𝑄𝑠 + 𝑄𝑐

𝜂2𝜗4
2 ] ,  

𝒦̃  =
25

4
[
𝑄𝑜 + 𝑄𝑣
𝜂8

(𝑣4∑ 

𝑛

 𝑞
1
𝛼′
𝑛⊤𝑔𝑛

+
1

𝑣4
∑ 

𝑚

 𝑞𝛼
′𝑚⊤𝑔−1𝑚) + 8

𝑄𝑜 − 𝑄𝑣

𝜂2𝜗2
2 ]

 ∼
𝑞=0

8 [
𝑄𝑜
𝜂8
|
𝑞=0

(√𝑣4 +
1

√𝑣4
)
2

+
𝑄𝑣
𝜂8
|
𝑞=0

(√𝑣4 −
1

√𝑣4
)
2

] .

 

𝜔0 =
𝑖

2
(𝑑𝑧1 ∧ 𝑑𝑧‾1 + 𝑑𝑧2 ∧ 𝑑𝑧‾2), 𝜔+ = 𝑑𝑧1 ∧ 𝑑𝑧2, 𝜔

− = 𝑑𝑧‾1 ∧ 𝑑𝑧‾2, 𝜔
+̂ = 𝑑𝑧1 ∧ 𝑑𝑧‾2, 𝜔

−̂ = 𝑑𝑧‾1 ∧ 𝑑𝑧2 

𝐶(0) = 𝐶+ + 𝐶−

𝐶(2) = 𝐶𝐼𝜔
𝐼 + 𝐶𝐼𝜔

𝐼 + 𝐶𝐴𝜔
𝐴 +

1

2
𝐶𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈

𝐶(4) =
1

4
(𝐶+ − 𝐶−)𝜔

+ ∧ 𝜔‾− +
1

2
(𝐶𝜇𝜈+𝐼𝜔

𝐼 + 𝐶𝜇𝜈−𝐼𝜔
𝐼 + 𝐶𝜇𝜈−𝐴𝜔

𝐴)𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈

 

𝐻2( K3, ℤ) = ⟨
1

2
𝑒𝑖𝑗 +

1

2
∑  

𝐴∈(ℤ2)
4

𝑎𝑖=𝑎𝑗=0

 𝑒𝐴|
|

𝑖<𝑗

,
1

2
∑  

𝐴∈(ℤ2)
4

𝑎𝑖=0

  𝑒𝐴|
|

𝑖=1

4

,
1

2
∑  

𝐴∈(ℤ2)
4

  𝑒𝐴, 𝑒𝐴|∑  𝑖  𝑎𝑖≤2⟩ ,  

(𝑒𝑖𝑗 , 𝑒𝑘𝑙) = 2𝜀𝑖𝑗𝑘𝑙 , (𝑒𝐴, 𝑒𝐵) = −2𝛿𝐴𝐵 = −2∏ 

4

𝑖=1

 𝛿𝑎𝑖𝑏𝑖  

𝛿𝑋𝑖 = 𝑋𝑖 + 𝜋𝑅𝑖 .  

𝒦 =
1

4
[
𝑄𝑜 + 𝑄𝑣
𝜂8

(∑  

𝑚

  (−1)𝑚𝑞
𝛼′

2
𝑚⊤𝑔−1𝑚 +∑  

𝑛

 𝑞
1
𝛼′
𝑛⊤𝑔𝑛

) + 2 × (8 − 8)
𝑄𝑠 +𝑄𝑐

𝜂2𝜗4
2 ] .  



pág. 1119 

𝒦̃ =
25

4
[
𝑄𝑜 + 𝑄𝑣
𝜂8

(𝑣4 ∑  

𝑛 odd 

 𝑞
1
𝛼′
𝑛T𝑔𝑛

+
1

𝑣4
∑ 

𝑚

 𝑞𝛼
′𝑚T𝑔−1𝑚) + (1 − 1)

𝑄𝑜 − 𝑄𝑣

𝜂2𝜗2
2 ] .  

 

Ω′ = Ω𝑍4, (Ω
′)2 = 𝑍2  

𝑍4(𝑧1, 𝑧2) = (𝑖𝑧1, −𝑖𝑧2) ⟷ 𝑍4(𝑋1, 𝑋2, 𝑋3, 𝑋4) = (−𝑋2, 𝑋1, 𝑋4, −𝑋3)  

𝒦 =
1

4𝜂2
[8
𝑄𝑜 −𝑄𝑣

𝜗2
2 + 2 × (4 + 6 − 6)

𝑄𝑠 − 𝑄𝑐

𝜗3
2 ] .  

𝒦̃ =
16

𝜂2
[(
1

𝜗4
2 −

1

𝜗3
2)𝑄𝑠 + (

1

𝜗4
2 +

1

𝜗3
2)𝑄𝑐] .  

1

36(4𝜋)4
(
𝑛𝐻 + 29𝑛𝑇 − 273

5
Tr𝑅4 +

𝑛𝐻 − 7𝑛𝑇 + 51

4
Tr𝑅2Tr𝑅2) ℌ⏞

≜

𝑛𝐻=12
𝑛𝑇=9

0.  

Ω′ = Ω(−1)𝐹𝐿𝛿,  

(Ω′)2 = 𝑔,  

𝒦4 =
1

2

𝑉8 + 𝑆8
𝜂8

∑ 

𝑚

  (−1)𝑚𝑃𝑚  

𝒦̃4 =
25𝑣

2

𝑂8 − 𝐶8
𝜂8

∑ 

𝑛

 𝑊2𝑛+1  

𝜏 →
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
 

(
𝐵(2)

𝐶(2)
) = (

𝑑𝐵(2) − 𝑐𝐶(2)

𝑎𝐶(2) − 𝑏𝐵(2)
)  
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{1, (−1)𝐹} → Mp(2, ℤ) → GL(2, ℤ)  

Ω(−1)𝐹𝐿 = 𝑆2  

𝑆(−1)𝐹𝐿 = Ω𝑆, 𝑆4 = (−1)𝐹  

Ω′ |𝐶(0), 𝐶+
(4)
, 𝐶(8)⟩

(𝑚)

= (−1)𝑚 |𝐶(0), 𝐶+
(4)
, 𝐶(8)⟩

(𝑚)

 

Ω′|𝐵(2), 𝐶(2), 𝐶(6), 𝐶(10)⟩
(𝑚)
 = −(−1)𝑚|𝐵(2), 𝐶(2), 𝐶(6), 𝐶(10)⟩

(𝑚)

Ω′|𝜓1
𝜇
, 𝜆2⟩

(𝑚+
1
2) = −𝑖(−1)𝑚|𝜓2

𝜇
, 𝜆1⟩

(𝑚+
1
2)

Ω′|𝜓2
𝜇
, 𝜆1⟩

(𝑚+
1
2
)
 = 𝑖(−1)𝑚|𝜓1

𝜇
, 𝜆2⟩

(𝑚+
1
2
)

 

|𝜓′𝜇 , 𝜆′⟩
(𝑚+

1
2
)
≡
|𝜓1
𝜇
, 𝜆2⟩

(𝑚+
1
2
)
− 𝑖(−1)𝑚|𝜓2

𝜇
, 𝜆1⟩

(𝑚+
1
2
)

√2
 

(𝐺𝜇𝜈 , 𝜙, 𝐶
(0), 𝐶+

(4)
)
(2𝑚)

,𝑀2 =
(2𝑚)2

𝑅2

(𝐵(2), 𝐶(2))
(2𝑚+1)

,𝑀2 =
(2𝑚 + 1)2

𝑅2

(𝜓𝜇
′ , 𝜆′)

(𝑚+
1
2
)
,𝑀2 =

(𝑚 +
1
2
)
2

𝑅2

 

(𝑔𝜇𝜈 , 𝐶
(0), 𝐶+

(4)
) (𝑦 + 𝜋𝑅)= (𝑔𝜇𝜈 , 𝐶

(0), 𝐶+
(4)
) (𝑦)  

(𝐵(2), 𝐶(2))(𝑦 + 𝜋𝑅) = −(𝐵(2), 𝐶(2))(𝑦)

𝜓±(𝑦 + 𝜋𝑅) = ±𝑖𝜓±(𝑦)  →  𝜓±(𝑦 + 2𝜋𝑅) = −𝜓±(𝑦)

 

(𝑔𝜇𝜈 , 𝜏, 𝐶+
(4)
) (𝑦, 𝑥) =∑  

𝑚

  𝑒2𝑚𝑖
𝑦
𝑅 (𝑔𝜇𝜈 , 𝜏, 𝐶+

(4)
)
(𝑚)

(𝑥)  

(𝐵(2), 𝐶(2))(𝑦, 𝑥) =∑  

𝑚

  𝑒(2𝑚+1)𝑖
𝑦
𝑅(𝐵(2), 𝐶(2))

(𝑚)
(𝑥)

𝜓+(𝑦, 𝑥) =∑  

𝑚

  𝑒
(2𝑚+

1
2
)𝑖
𝑦
𝑅𝜓+

(𝑚)
(𝑥)

𝜓−(𝑦, 𝑥) =∑  

𝑚

  𝑒
(2𝑚−

1
2
)𝑖
𝑦
𝑅𝜓−

(𝑚)(𝑥)

 

𝑇2: 𝑧 →
ℤ4 
− 𝑧, 𝑆1: 𝑋9 →

ℤ4 
𝑋9 +

𝜋

2
𝑅9  

(𝐺𝜇𝜈 , 𝐺𝐼𝐽, 𝐶𝜇𝐼𝐽, 𝐶𝜇𝜈𝜌)
(2𝑚)

, 𝑀2 =
(2𝑚)2

𝑅2

(𝐶𝜇𝜈𝐼 , 𝑔𝜇𝐼)
(2𝑚+1)

, 𝑀2 =
(2𝑚 + 1)2

𝑅2

(Ψ𝜇𝐿 , Ψ𝐼𝑅)
(2𝑚+1/2)

, 𝑀2 =
(2𝑚 + 1/2)2

𝑅2

(Ψ𝜇𝑅 , Ψ𝐼𝐿)
(2𝑚+3/2)

, 𝑀2 =
(2𝑚 + 3/2)2

𝑅2
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𝑉 = 𝑉SS + 𝑉K = −(
1

2
𝒯 +𝒦4)  

𝑉SS = −
1

2(4𝜋2𝛼′)
9
2

∫  
ℱ

 
𝑑2𝜏

𝜏2
11/2

1

|𝜂|16
∑ 

𝑚,𝑛

  [[𝑉8 − 𝑆8|
2Λ𝑚,𝑛 + |𝑉8 + 𝑆8|

2(−1)𝑚Λ𝑚,𝑛

 +|𝑂8 − 𝐶8|
2Λ𝑚,𝑛+1/2 + |𝑂8 + 𝐶8|

2(−1)𝑚Λ𝑚,𝑛+1/2]

𝑉K = −
1

2(4𝜋2𝛼′)
9
2

∫  
∞

0

 
𝑑𝜏2

𝜏2

11
2

𝑉8 + 𝑆8
𝜂8

(2𝑖𝜏2)∑  

𝑚

  (−1)𝑚𝑃𝑚

 

𝑉SS∼ −
1

2(4𝜋2𝛼′)
9
2

∫  
ℱ

 
𝑑2𝜏

𝜏2
11/2

|
𝑉8 + 𝑆8
𝜂8

|
2

∑  

𝑚∈ℤ

  (−1)𝑚Λ𝑚,0  

 ∼ −
162

2(4𝜋2𝛼′)
9
2

∫  
∞

0

 
𝑑𝜏2

𝜏2
11/2

∑  

𝑚∈ℤ

  [𝑒
−𝜋𝜏2

𝛼′𝑚2

𝑅2 − 𝑒
−𝜋𝜏2

𝛼′(𝑚+
1
2
)
2

𝑅2 ]

 ∼ −2
162𝑅

(2𝜋)9𝛼′5
∫  
∞

0

 
𝑑𝜏2

𝜏2
6 ∑  

∞

𝑘=0

  𝑒
−
4𝜋𝑅2

𝛼′𝜏2
(𝑘+

1
2
)
2

=

 = −
24

𝜋14𝑅9
∑  

∞

𝑘=0

 
1

(2𝑘 + 1)10
= −

31

7560(2𝜋)4𝑅9

 

𝑉K= −
1

2(4𝜋2𝛼′)
9
2

∫  
∞

0

 
𝑑𝜏2

𝜏2

11
2

𝑉8 + 𝑆8
𝜂8

(2𝑖𝜏2)∑  

𝑚

  (−1)𝑚𝑒
−𝜋𝜏2𝛼

′𝑚
2

𝑅2  

 = −
𝑅

(2𝜋)9𝛼′5
∫  
∞

0

 
𝑑𝜏2

𝜏2
6

𝑉8 + 𝑆8
𝜂8

(2𝑖𝜏2)∑  

∞

𝑘=0

  𝑒
−
𝜋𝑅2

𝛼′𝜏2
(𝑘+

1
2
)
2

 ∼ −
24

𝜋14𝑅9
∑  

∞

𝑘=0

 
25

(2𝑘 + 1)10
= −

31

3780𝜋4𝑅9

 

𝑉 ∼ −
1

(4𝜋)9/2
∫  
∞

0

 
𝑑𝑡

𝑡
11
2

∑  

∞

𝑚=−∞

 

(

 
 
2 × 36𝑒

−(
2𝑚
𝑅
)
2
𝑡
+ 2 × 28𝑒

−(
2𝑚+1
𝑅

)
2
𝑡
− 64𝑒

−(
𝑚+

1
2

𝑅 )

2

𝑡

)

 
 

 

∑ 

𝑛∈ℤ

  𝑒−𝜋𝑛𝐴𝑛+2𝑖𝜋𝑏𝑛 =
1

√𝐴
∑  

𝑚∈𝑍

 𝑒−𝜋(𝑚−𝑏)𝐴
−1(𝑚−𝑏)

 

𝑉8 + 𝑆8
𝜂8

=
𝜗2(0)

4

𝜂12
= 16∏ 

𝑛≥1

 
(1 + 𝑞𝑛)8

(1 − 𝑞𝑛)8
= 16∑  

∞

𝑛=0

 𝑐(𝑛)𝑞𝑛  

𝑉SS  =
2𝑅

(2𝜋)9𝛼′5
∫  
∞

0

 
𝑑𝜏2

𝜏2
6 ∫  

1
2

−
1
2

 𝑑𝜏1 |
𝑉8 + 𝑆8
𝜂8

|
2

∑ 

∞

𝑘=0

  𝑒
−
4𝜋𝑅2

𝛼′𝜏2
(𝑘+

1
2
)
2

𝑉K  = −
𝑅

(2𝜋)9𝛼′5
∫  
∞

0

 
𝑑𝜏2

𝜏2
6

𝑉8 + 𝑆8
𝜂8

(2𝑖𝜏2)∑  

∞

𝑘=0

  𝑒
−
𝜋𝑅2

𝛼′𝜏2
(𝑘+

1
2
)
2
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𝑉 = −
403

189(4𝜋)4
1

𝑅9

 −
1

𝑅4
∑ 

𝑛≥1

 ∑  

𝑘≥0

 
(
𝑛
𝛼′
)

5
2

(𝑘 +
1
2)
5 [𝑐(𝑛)

2𝐾5 (8𝜋𝑅√
𝑛

𝛼′
(𝑘 +

1

2
)) + 2𝑐(𝑛)𝐾5 (4𝜋𝑅√

𝑛

𝛼′
(𝑘 +

1

2
))] ,

 

 

𝑉̂ =−
403

189(4𝜋)4
1

𝑅9
 

−
1

2ℓ10
5 𝑅(𝑚,𝑛)

4
∑  

 −ℤ2∖(0,0)

 ∑  

𝑘≥0

 
(𝑒
𝜙
2 |𝑛 + 𝜏𝑚|)

5
2

(𝑘 +
1
2
)
5 [+2𝑐(gcd(𝑚, 𝑛))𝐾5(4𝜋

𝑅

ℓ10
√𝑒

𝜙
2 |𝑛 + 𝜏𝑚| (𝑘 +

1

2
)) 

 +𝑐(gcd(𝑚, 𝑛))2𝐾5(8𝜋
𝑅

ℓ10
√𝑒

𝜙
2 |𝑛 + 𝜏𝑚| (𝑘 +

1

2
))]

 

𝑅 ×min
𝑚,𝑛

 √𝑒
𝜙
2 |𝑛 + 𝜏𝑚| ≤ √2ℓ10  

𝑀F1−D1
2 = −2

|𝑛 + 𝜏𝑚|

𝛼′
+
𝑅2|𝑛 + 𝜏𝑚|2

𝛼′2
.  

𝑀D1
2 = −2

√
1
𝑔s
2 + 𝐶0

2

𝛼′
+
𝑅2

𝛼′2
(
1

𝑔s
2 + 𝐶0

2) ≈
𝑅2

𝛼′2𝑔s
2 −

2

𝛼′𝑔s
+ 𝒪(𝑔s

0)
 

4𝑒−2𝜙𝜕𝜏𝜕𝜏‾ 𝑉̂ =
1

16
(𝜕log 𝑅
2 + 22𝜕log 𝑅 + 117)𝑉̂  

∫  𝑑𝑠𝑓(𝑠)
ℓ10
4𝑠

𝑅9+4𝑠
𝑒−

𝜙
2𝐾

𝑠−
1
2
(2𝜋|𝑁|𝑒−Φ)𝑒2𝜋𝑖𝑁𝐶0  

𝑆D(−1) = 2𝜋|𝑁|𝑒
−Φ + 2𝜋𝑖𝑁𝐶0  

𝑉 ∼ ∑  

∞

ℎ=1

 𝑑ℎ
1

𝑅9
ℓ10
8(ℎ−1)

𝑅8(ℎ−1)
 

𝜎(𝑋8, 𝑋9, 𝑋10) = (−𝑋8, 𝑋9 + 𝜋𝑅,−𝑋10)  

ℳ3 = ℝ
3/𝜋1(ℳ3)  

𝑇𝑎1,𝑎2,𝑎3(𝑋
8, 𝑋9, 𝑋10) = (𝑋8 + 2𝜋𝑎1

𝛼′

𝑅B
, 𝑋9 + 2𝜋𝑎3𝑅, 𝑋

10 + 2𝜋𝑎2𝑒
2
3
ΦA√𝛼′)  

𝐻1(ℳ3, ℤ) = 𝜋1(ℳ3)/[𝜋1(ℳ3), 𝜋1(ℳ3)] = ℤ⊕ ℤ2⊕ℤ2,  
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𝐻0(ℳ3, ℤ) = ℤ, 𝐻1(ℳ3, ℤ) = ℤ⊕ ℤ2⊕ℤ2,

𝐻2(ℳ3, ℤ) = ℤ, 𝐻3(ℳ3, ℤ) = ℤ.
 

𝑆1(𝑋9) ∈ 𝐻1(ℳ3, ℤ), 𝑇
2(𝑋8, 𝑋10) ∈ 𝐻2(ℳ3, ℤ)  

𝑆1(𝑋8) ∈ 𝐻1(ℳ3, ℤ), 𝑆
1(𝑋10) ∈ 𝐻1(ℳ3, ℤ)  

𝒜 =
1

8𝜂8
∑ 

𝑚

  [(𝛼2 + 𝛽2 + 𝛾2 + 𝛿2)(𝑉8𝑃𝑚 − 𝑆8𝑃𝑚+1/2)

 +(𝛼2 + 𝛽2 − 𝛾2 − 𝛿2)(𝑉8𝑃𝑚+1/2 − 𝑆8𝑃𝑚)

 +(𝛼2 − 𝛽2 + 𝛾2 − 𝛿2)(𝑂8𝑃𝑚 − 𝐶8𝑃𝑚+1/2)

+(𝛼2 − 𝛽2 − 𝛾2 + 𝛿2)(𝑂8𝑃𝑚+1/2 − 𝐶8𝑃𝑚)]

𝒜̃ =
2−5𝑣

2

1

𝜂8
∑ 

𝑛

  [(𝛼2𝑉8 − 𝛽
2𝑆8)𝑊2𝑛 + (𝛾

2𝑂8 − 𝛿
2𝐶8)𝑊2𝑛+1]

 

ℳ9 = −
1

2𝜂8
∑ 

𝑚

  [𝜖1𝛾(−1)
𝑚𝑃𝑚𝑂̂8 − 𝑖𝜖2𝛿(−1)

𝑚𝑃𝑚+1/2𝐶̂8]

ℳ̃9 = −
𝑣

𝜂8
∑ 

𝑛

  [𝜖1𝛾𝑂̂8 + (−1)
𝑛𝜖2𝛿𝐶̂8]𝑊2𝑛+1

 

𝛼 = 𝑁1 +𝑁1 +𝑁2 +𝑁2, 𝛽 = 𝑖(𝑁1 −𝑁1 +𝑁2 −𝑁2),

𝛾 = 𝑁1 +𝑁1 −𝑁2 −𝑁2, 𝛿 = 𝑖(𝑁1 −𝑁1 −𝑁2 +𝑁2).
 

𝐴99  =
1

𝜂8
[𝑁𝑁‾ ∑  

𝑚

 (𝑉8𝑃𝑚 − 𝑆8𝑃𝑚+1/2) +
𝑁2 +𝑁‾ 2

2
∑  

𝑚

  (𝑂8𝑃𝑚 − 𝐶8𝑃𝑚+1/2)]

𝑀9  = −
1

2𝜂̂8
∑ 

𝑚

  (−1)𝑚[𝜖1(𝑁 + 𝑁‾)𝑂8𝑃𝑚 − 𝜖2(𝑁 − 𝑁‾)𝐶8𝑃𝑚+1/2]

 

ℳ̃7 = −
2𝑣

𝜂̂5𝜗̂2
∑ 

𝑛

  [𝜖1𝛾(𝑂̂6𝑂̂2 + 𝑉̂6𝑉̂2)(−1)
𝑛 − 𝜖2𝛿(𝑆̂6𝐶̂2 − 𝐶̂6𝑆̂2)]𝑊2𝑛+1  

𝛼 = 𝑁1 +𝑁1 +𝑁2 +𝑁2, 𝛾 = 𝑖(𝑁1 −𝑁1 +𝑁2 −𝑁2),

𝛽 = 𝑁1 +𝑁1 −𝑁2 −𝑁2, 𝛿 = 𝑖(𝑁1 −𝑁1 −𝑁2 +𝑁2).
 

𝒜77=
1

𝜂8
[𝑁𝑁‾ ∑  

𝑚

  (𝑉8𝑃𝑚 − 𝑆8𝑃𝑚+1/2) +
𝑁2 +𝑁‾ 2

2
∑  

𝑚

  (𝑉8𝑃𝑚+1/2 − 𝑆8𝑃𝑚)]  

ℳ7 = (
2

𝜂̂5𝜗̂2
)
𝑁 − 𝑁‾

2
∑  

𝑚

  (−1)𝑚[𝜖1(𝑉̂6𝑂̂2 − 𝑂̂6𝑉̂2)𝑃𝑚+1/2 + 𝜖2(𝑆̂6𝑆̂2 − 𝐶̂6𝐶̂2)𝑃𝑚]

 

D701234589 →
 T− duality 

KK60123459.  
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𝐴77  =
𝑉8 − 𝑆8
𝜂8

∑ 

𝑛

 (𝑁𝑁‾𝑊𝑛 +
𝑁2 +𝑁‾ 2

2
𝑊𝑛+1/2)

𝒜̃77  =
2−4

2𝑣
(
𝑉8 − 𝑆8
𝜂8

)∑  

𝑚

  [𝑒
𝑖𝜋𝑚
2 𝑁 + 𝑒−

𝑖𝜋𝑚
2 𝑁‾]

2

𝑃𝑚

 =
2−4

2𝑣
(
𝑉8 − 𝑆8
𝜂8

)∑  

𝑚

  [(𝑁 + 𝑁‾)2𝑃2𝑚 − (𝑁 − 𝑁‾)
2𝑃2𝑚+1]

 =
2−4

𝑣
(
𝑉8 − 𝑆8
𝜂8

)∑  

𝑚

  [𝑁𝑁‾ + (−1)𝑚
𝑁2 +𝑁‾ 2

2
]𝑃𝑚

 

D701234568 →
 T− duality 

KK60123456  

𝒜̃55=
2−3

2𝑣

1

𝜂8
∑ 

𝑚

  [(𝑒
𝑖𝜋𝑚
2 𝑁 + 𝑒−

𝑖𝜋𝑚
2 𝑁‾)

2

𝑉8 + (𝑒
𝑖𝜋𝑚
2 𝑁 − 𝑒−

𝑖𝜋𝑚
2 𝑁‾)

2

𝑆8] 𝑃𝑚  

=
2−3

2𝑣

1

𝜂8
∑ 

𝑚

  [(𝑁 + 𝑁‾)2(𝑉8𝑃2𝑚 − 𝑆8𝑃2𝑚+1) − (𝑁 − 𝑁‾)
2(𝑉8𝑃2𝑚+1 − 𝑆8𝑃2𝑚)] 

 =
2−4

𝑣

1

𝜂8
∑ 

𝑚

  [𝑁𝑁‾(𝑉8 − 𝑆8) +
𝑁2 +𝑁‾ 2

2
(−1)𝑚(𝑉8 + 𝑆8)]𝑃𝑚

𝒜55 =
1

𝜂8
[𝑁𝑁‾(𝑉8 − 𝑆8)∑  

𝑛

 𝑊𝑛 +
𝑁2 +𝑁‾ 2

2
(𝑂8 − 𝐶8)∑  

𝑛

 𝑊𝑛+1/2]

 

 

D5012348 →
 T− duality 

M50123410.  

D5012345 →
 T− duality 

KK60123458,  
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𝒜33=
1

𝜂8
[𝑁𝑁‾ ∑  

𝑚

  (𝑉8𝑃𝑚 − 𝑆8𝑃𝑚+1/2) +
𝑁2 +𝑁‾ 2

2
∑  

𝑚

  (𝑉8𝑃𝑚+1/2 − 𝑆8𝑃𝑚)]  

ℳ3 = (
8𝜂̂

𝜗̂2
3
)
𝑁 −𝑁‾

2
∑  

𝑚

  (−1)𝑚[𝜖1(𝑂̂2𝑉̂6 − 𝑉̂2𝑂̂6)𝑃𝑚+1/2 + 𝜖2(𝑆̂2𝑆̂6 − 𝐶̂2𝐶̂6)𝑃𝑚]

 

𝜍 = (
0 𝑖] ]𝑁×𝑁

] ]𝑁×𝑁 0
)  

𝑍4𝐴𝜇(𝑋) = −𝜍𝐴𝜇(𝑋 + 𝜋𝑅)
⊤𝜍†, 𝑍4𝜙𝑖𝑗(𝑋) = 𝜍𝜙𝑖𝑗(𝑋 + 𝜋𝑅)

⊤𝜍†

𝑍4𝜆𝛼𝑖(𝑋) = 𝑖𝜍𝜆𝛼𝑖(𝑋 + 𝜋𝑅)
⊤𝜍†, 𝑍4𝜆𝛼̇

𝑖 (𝑋) = −𝑖𝜍𝜆𝛼̇
𝑖 (𝑋 + 𝜋𝑅)⊤𝜍†

 

D30189 →
 T− duality 

M2019  

D30129 →
 T− duality 

M50128910,  

𝒜̃11 =
2−1𝑣

2𝜂8
∑ 

𝑛

  [(𝑁 + 𝑁‾)2(𝑉8𝑊2𝑛 +𝑂8𝑊2𝑛+1) + (𝑁 −𝑁‾)
2(𝑆8𝑊2𝑛 + 𝐶8𝑊2𝑛+1)]

ℳ̃1 = −𝑣 (
2𝜂̂

𝜗̂2
)

4

∑ 

𝑛

  [𝜖1(𝑁 + 𝑁‾)(𝑂̂0𝑂̂8 − 𝑉̂0𝑉̂8) + 𝑖𝜖2(−1)
𝑛(𝑁 − 𝑁‾)(𝑆̂0𝐶̂8 − 𝐶̂0𝑆̂8)]𝑊2𝑛+1.

 

𝒜11=
1

𝜂8
[𝑁𝑁‾ ∑  

𝑚

  (𝑉8𝑃𝑚 − 𝑆8𝑃𝑚+1/2) +
𝑁2 +𝑁‾ 2

2
∑  

𝑚

 (𝑂8𝑃𝑚 − 𝐶8𝑃𝑚+1/2)]  

ℳ1 = (
2𝜂̂

𝜗̂2
)

4

∑ 

𝑚

  (−1)𝑚 [𝜖1
𝑁 +𝑁‾

2
(𝑂̂0𝑂̂8 − 𝑉̂0𝑉̂8)𝑃𝑚 − 𝜖2

𝑁 −𝑁‾

2
(𝑆̂0𝐶̂8 − 𝐶̂0𝑆̂8)𝑃𝑚+1/2]

 

𝑂8 = 𝑂0𝑂8 + 𝑉0𝑉8, 𝑉8 = 𝑉0𝑂8 + 𝑂0𝑉8
𝑆8 = 𝑆0𝑆8 + 𝐶0𝐶8, 𝐶8 = 𝑆0𝐶8 + 𝐶0𝑆8

 

D109 →
 T− duality 

M2089,  

𝑍2(𝑋
6, 𝑋7, 𝑋8, 𝑋9) = (−𝑋6, −𝑋7, −𝑋8, −𝑋9)  

𝛿5𝑋
5 = 𝑋5 + 𝜋𝑅5  

Ω′ = Ω𝑍4𝛿5,  

(Ω′)2 = 𝑍2𝛿5
2  
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𝒯 =
1

2
{|
𝑄𝑜 + 𝑄𝑣
𝜂8

|
2

∑ 

𝑚,𝑛

 (𝑞
𝛼′

4 𝑝L
T𝑔−1𝑝L𝑞

𝛼′

4
𝑝R
T𝑔−1𝑝R) ∑  

𝑚5,𝑛5

 (Λ𝑚5,2𝑛5

(1,1)
+ Λ

𝑚5+
1
2
,2𝑛5

(1,1)
)

+
16

|𝜂|4
[|
𝑄𝑜 − 𝑄𝑣

𝜗2
2 |

2

∑  

𝑚5,𝑛5

 (Λ𝑚5,2𝑛5

(1,1)
− Λ

𝑚5+
1
2
,2𝑛5

(1,1)
)

+ |
𝑄𝑠 − 𝑄𝑐

𝜗3
2 |

2

∑  

𝑚5,𝑛5

 (Λ𝑚5,2𝑛5+1
(1,1)

− Λ
𝑚5+

1
2
,2𝑛5+1

(1,1)
)

+ |
𝑄𝑠 + 𝑄𝑐

𝜗4
2 |

2

∑  

𝑚5,𝑛5

 (Λ𝑚5,2𝑛5+1
(1,1)

+ Λ
𝑚5+

1
2
,2𝑛5+1

(1,1)
)]}

 

𝒦=
22

2

𝑄𝑜 −𝑄𝑣

𝜂2𝜗2
2 ∑ 

𝑚5

  (−1)𝑚5𝑃𝑚5
 

𝒦̃ =
23

2

𝑅5

√𝛼′

𝑄𝑠 + 𝑄𝑐

𝜂2𝜗4
2 ∑ 

𝑛5

 𝑊2𝑛5+1

 

𝑇(𝜇𝜈) ≡
1

2
(𝑇𝜇𝜈 + 𝑇𝜈𝜇), 𝑇[𝜇𝜈] ≡

1

2
(𝑇𝜇𝜈 − 𝑇𝜈𝜇)  

𝑇𝜇]…[𝜈 ≡ 𝑇[𝜇|…|𝜈]  

[𝑂1, 𝑂2] ≡ 𝑂1𝑂2 − 𝑂1𝑂2 = 2𝑂[1𝑂2], {𝑂1, 𝑂2} ≡ 𝑂1𝑂2 + 𝑂1𝑂2 = 2𝑂(1𝑂2)  

Γ𝜈𝜌
𝜇
 =
1

2
𝑔𝜇𝜎(𝜕𝜌𝑔𝜈𝜎 + 𝜕𝜈𝑔𝜌𝜎 − 𝜕𝜎𝑔𝜈𝜌)

𝜔𝜇
𝑎𝑏  = 2𝑒𝜈[𝑎𝜕[𝜇𝑒𝜈]

𝑏]
− 𝑒𝑐

𝜇
𝑒𝜈[𝑎𝑒𝑏]𝜎𝜕𝜈𝑒𝜎

𝑐
 

𝑅𝜈𝜌𝜎
𝜇

= 2𝜕[𝜌Γ𝜎]𝜈
𝜇
+ 2Γ𝜆[𝜌

𝜇
Γ𝜎]𝜈
𝜆 , 𝑅𝜇𝜈 = 𝑅𝜇𝜌𝜈

𝜌
, 𝐺𝜇𝜈 = 𝑅𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅  

𝑇𝜇𝜈 = −
2

𝑒

𝛿(𝑒ℒ)

𝛿𝑔𝜇𝜈
= −2

𝛿ℒ

𝛿𝑔𝜇𝜈
+
1

2
𝑔𝜇𝜈ℒ  

𝜀𝜇1…𝜇𝑝𝜌1…𝜌𝐷−𝑝𝜀𝜈1…𝜈𝑝𝜌1…𝜌𝐷−𝑝 = −
1

𝑝! (𝐷 − 𝑝)!
𝛿𝜈1…𝜈𝑝
𝜇1…𝜇𝑝

 

𝛿𝜈1…𝜈𝑝
𝜇1…𝜇𝑝 ≡ 𝛿[𝜈1

𝜇1 …𝛿
𝜈𝑝]

𝜇𝑝
 

𝜓‾𝛼̇ = (𝜓𝛼)
† = (𝜓𝛼)∗  

𝜖𝛼𝛽 = 𝜖𝛼̇𝛽̇ = (
0 −1
1 0

) , 𝜖𝛼𝛽 = 𝜖𝛼̇𝛽̇ = (
0 1
−1 0

)  

𝜓𝜒 = 𝜓𝛼𝜒𝛼 , 𝜓‾𝜒‾ = 𝜓‾𝛼̇𝜒‾
𝛼̇  

𝜎1 = (
0 1
1 0

) , 𝜎2 = (
0 −1
𝑖 0

) , 𝜎3 = (
1 0
0 −1

)  
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𝜎𝑚 = (−𝟙, 𝜎𝑖), 𝜎‾𝑚 = (−𝟙,−𝜎𝑖), 𝜎‾𝑚𝛼̇𝛼 = 𝜀𝛼̇𝛽̇𝜀𝛼𝛽𝜎𝛽𝛽̇
𝑚

 

(𝜎𝑚𝑛)𝛼
𝛽
=
1

4
(𝜎𝑚𝜎‾𝑛 − 𝜎𝑛𝜎‾𝑚)𝛼

𝛽
, (𝜎‾𝑚𝑛)𝛽̇

𝛼̇ =
1

4
(𝜎‾𝑚𝜎𝑛 − 𝜎‾𝑛𝜎𝑚)𝛽̇

𝛼̇,  

Tr(𝜎𝑚𝜎‾𝑛) = −2𝜂𝑚𝑛

𝜎𝛼𝛼̇
𝑚 𝜎‾𝑚

𝛽̇𝛽
= −2𝛿𝛼

𝛽
𝛿𝛼̇
𝑏̇

𝜎𝑚𝜎‾𝑛 + 𝜎𝑛𝜎‾𝑚 = −2𝜂𝑚𝑛𝟙

𝜎‾𝑚𝜎𝑛 + 𝜎‾𝑛𝜎𝑚 = −2𝜂𝑚𝑛𝟙

𝜎𝑚𝜎‾𝑛𝜎𝑝 = (−𝜂𝑚𝑛𝜂𝑟𝑠 + 𝜂𝑚𝑟𝜂𝑛𝑠 − 𝜂𝑛𝑟𝜂𝑚𝑠 + 𝑖𝜖𝑚𝑛𝑟𝑠)𝜎𝑠
𝜎‾𝑚𝜎𝑛𝜎‾𝑝 = (−𝜂𝑚𝑛𝜂𝑟𝑠 + 𝜂𝑚𝑟𝜂𝑛𝑠 − 𝜂𝑛𝑟𝜂𝑚𝑠 − 𝑖𝜖𝑚𝑛𝑟𝑠)𝜎‾𝑠

 

𝜃𝛼𝜃𝛽 = −
1

2
𝜃2𝜖𝛼𝛽 ,         𝜓𝜒 = 𝜓𝛼𝜒𝛼 = −𝜒𝛼𝜓

𝛼 = 𝜒𝜓         

𝜃‾ 𝛼̇𝜃‾𝛽̇ =
1

2
𝜃‾2𝜖𝛼̇𝛽̇ ,         𝜓‾𝜒‾ = 𝜓‾𝛼̇𝜒‾𝛼̇ = −𝜒‾𝛼̇𝜓‾𝛼̇ = 𝜒‾𝜓‾         

𝜃𝛼𝜃𝛽 =
1

2
𝜃2𝜖𝛼𝛽 ,         (𝜃𝜎𝑚𝜓‾)(𝜃𝜎𝑛𝜒‾) =

1

2
𝜃2(𝜓‾𝜎‾𝑚𝜎𝑛𝜒‾)         

𝜃‾𝛼̇𝜃‾𝛽̇= −
1

2
𝜃‾2𝜖𝛼̇𝛽̇ ,         (𝜓𝜎

𝑚𝜃‾)(𝜒𝜎𝑛𝜃‾)=
1

2
𝜃‾2(𝜓𝜎𝑚𝜎‾𝑛𝜒)         

𝜓𝜎𝑚𝜒‾ = −𝜒‾𝜎‾𝑚𝜓,         (𝜃𝜎𝑚𝜃‾)(𝜃𝜎𝑛𝜃‾) =
1

2
𝜃2𝜃‾2𝜂𝑚𝑛         

𝜃𝜎𝑚𝜎‾𝑛𝜃 = 𝜃2𝜂𝑚𝑛,          (𝜃𝜓)(𝜃𝜒) = −
1

2
𝜃2𝜓𝜒         

𝜓𝜎𝑚𝜎‾𝑛𝜒 = 𝜒𝜎𝑛𝜎‾𝑚𝜓,          (𝜃‾𝜓‾)(𝜃‾𝜒‾) = −
1

2
𝜃‾2𝜓‾𝜒‾         

 

𝜃1
2 = 𝜃2

2 = 𝜃‾1̇
2 = 𝜃‾2̇

2 = 0⟷ 𝜃3 = 𝜃‾3 = 0.  

𝐹(𝜗) = 𝐹0 + 𝐹1𝜗.  

∫  𝑑𝜗 = 0,∫  𝑑𝜗𝜗 = 1  

∫  𝑑𝜗𝐹(𝜗) = 𝐹1 = 𝜕𝜗𝐹(𝜗),∫  𝑑𝜗𝜗𝐹(𝜗) = 𝐹0, ∫  𝑑𝜗𝜕𝜗𝐹(𝜗) = 0  

𝑑2𝜃= −
1

4
𝜖𝛼𝛽𝑑𝜃

𝛼𝑑𝜃𝛽 =
1

2
𝑑𝜃1𝑑𝜃2  

𝑑2𝜃‾ = −
1

4
𝜖𝛼̇𝛽̇𝑑𝜃‾𝛼̇𝑑𝜃‾𝛽̇ = −

1

2
𝑑𝜃‾1𝑑𝜃‾2

𝑑4𝜃 = 𝑑2𝜃𝑑2𝜃‾

 

∫  𝜃2𝑑2𝜃 = ∫  𝜃‾2𝑑2𝜃‾ = 1  

𝐷𝛼 = 𝜕𝛼 + 𝑖(𝜎
𝑚𝜃‾)𝛼𝜕𝑚, 𝐷‾ 𝛼̇ = −𝜕‾𝛼̇ − 𝑖(𝜃𝜎

𝑚)𝛼̇𝜕𝑚  



pág. 1128 

𝐷𝛼𝐷𝛽 = −
1

2
𝜀𝛼𝛽𝐷

2,         𝐷‾ 𝛼̇𝐷‾𝛽̇ =
1

2
𝜀𝛼̇𝛽̇𝐷‾

2         

{𝐷𝛼 , 𝐷‾ 𝛼̇} = −2𝑖𝜎𝛼𝛼̇
𝑚 𝜕𝑚,         {𝐷𝛼, 𝐷𝛽} = {𝐷‾ 𝛼̇, 𝐷‾𝛽̇} = 0         

𝐷2𝜃2 = −4 + 4𝑖𝜃𝜎𝑚𝜃‾𝜕𝑚 + 𝜃
2𝜃‾2 ◻,         [𝐷𝛼, 𝐷‾

2] = −4𝑖𝜎𝛼𝛼̇
𝑚 𝐷‾ 𝛼̇𝜕𝑚         

𝐷‾ 2𝜃‾2= −4 − 4𝑖𝜃𝜎𝑚𝜃‾𝜕𝑚 + 𝜃
2𝜃‾2 ◻,         [𝐷2, 𝐷‾ 2] = −8𝑖𝐷𝛼𝜎𝛼𝛼̇

𝑚 𝐷‾ 𝛼̇𝜕𝑚 + 16 ◻        

 

Ψ = (
𝜓𝛼
𝜒‾𝛼̇
)  

{𝛾𝑚, 𝛾𝑛} = 2𝜂𝑚𝑛  

(𝛾𝜇)† = 𝛾0𝛾𝜇𝛾0  ⟷ (𝛾0)† = −𝛾0, (𝛾𝑖)
†
= 𝛾𝑖  

Ψ‾ = 𝑖Ψ†𝛾0  

𝛾𝑚 = (
0 −𝑖𝜎𝑚

−𝑖𝜎‾𝑚 0
) , 𝛾5 = 𝑖𝛾

0𝛾1𝛾2𝛾3 = (
𝟙 0
0 −𝟙

)  

𝑃𝐿 =
1 − 𝛾5
2

= (
0 0
0 𝟙

) , 𝑃𝑅 =
1 + 𝛾5
2

= (
𝟙 0
0 0

)  

Ψ𝐿,𝑅 ≡ 𝑃𝐿,𝑅Ψ,Ψ𝐿 = (
0

𝜒‾𝛼̇
) ,Ψ𝑅 = (

𝜓𝛼
0
) ,Ψ‾ 𝐿,𝑅 = Ψ‾ 𝑃𝐿,𝑅 = Ψ𝑅,𝐿  

{𝟙, 𝛾𝑚, 𝛾𝑚𝑛, 𝛾𝑚𝛾5, 𝛾5}  

𝛾𝑚1…𝑚𝑟 = −
𝑖

(4 − 𝑟)!
𝜀𝑚𝑟…𝑚1𝑟1…𝑟4−𝑟𝛾𝑟1…𝑟4−𝑟𝛾5  

𝐶4 = (
𝜎2 0
0 −𝜎2

) , 𝐶4
T = 𝐶4

† = 𝐶4
−1 = −𝐶4  

(𝐶4𝛾
𝑚1…𝑚𝑟)T = −𝑡𝑟𝐶4𝛾

𝑚1…𝑚𝑟  

𝑀 =
1

4
Tr(𝑀)𝟙 +

1

4
Tr(𝛾𝑚𝑀)𝛾𝑚 −

1

8
Tr(𝛾𝑚𝑛𝑀)𝛾𝑚𝑛

 −
1

4
Tr(𝛾𝑚𝛾5𝑀)𝛾𝑚𝛾5 +

1

4
Tr(𝛾5𝑀)𝛾5

 

𝜆 = (
𝜓𝛼
𝜓‾ 𝛼̇
)  

𝜆‾ = 𝜆T𝐶4.  

{𝛾𝜇 , 𝛾𝜈} = 2𝑔𝜇𝜈 , 𝛾𝜇 = 𝑒𝜇 𝑚𝛾
𝑚  

𝛾𝜇 = 𝑒𝜇 𝑎𝛾
𝑎 = 𝑎(𝜏)−1𝛾𝑎 ≡ 𝑎(𝜏)−1𝛾‾𝜇  
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𝑘⃗⃗ ⋅ 𝑥⃗ = ∑  

3

𝑖=1

 𝑘𝑖𝑥𝑖 = 𝑘𝑖𝑥𝑖, 𝛾⃗ ⋅ 𝜓⃗⃗𝑘 =∑ 

3

𝑖=1

 𝛾‾𝑖𝜓𝑖,𝑘 = 𝛾‾
𝑖𝜓𝑖,𝑘

𝑘⃗⃗ ⋅ 𝜓⃗⃗𝑘 =∑ 

3

𝑖=1

 𝑘𝑖𝜓𝑖,𝑘 = 𝑘
𝑖𝜓𝑖,𝑘 , 𝑘⃗⃗ ⋅ 𝛾‾⃗ =∑  

3

𝑖=1

 𝑘𝑖𝛾‾𝑖 = 𝑘𝑖𝛾‾
𝑖

 

(𝑘⃗⃗ ⋅ 𝛾⃗)(𝑘⃗⃗ ⋅ 𝛾⃗) = 𝑘⃗⃗2, (𝑘⃗⃗ ⋅ 𝛾⃗)𝛾‾𝑖(𝑘⃗⃗ ⋅ 𝛾⃗) = 2𝑘𝑖(𝑘⃗⃗ ⋅ 𝛾⃗) − 𝑘⃗⃗2𝛾‾𝑖  

𝛾‾𝑖(𝑃𝛾)𝑖
= −1, 𝛾‾ 𝑖(𝑃𝑘)𝑖 = 0

𝑘𝑖(𝑃𝛾)𝑖
= 0, 𝑘𝑖(𝑃𝑘)𝑖 = −1

{(𝑃𝛾)𝑖
, 𝛾‾0} = 0, {(𝑃𝛾)𝑖

, 𝛾‾𝑗} = −𝜂𝑖𝑗 +
𝑘𝑖𝑘𝑗

𝑘⃗⃗2
,

[(𝑃𝛾)𝑘
, 𝛾‾0] = 0, [(𝑃𝑘)𝑖, 𝛾‾𝑗] =

1

𝑘⃗⃗2
[𝛾‾𝑖𝑘𝑗 + 𝛾‾𝑗𝑘𝑖 + 𝜂𝑖𝑗(𝑘⃗⃗ ⋅ 𝛾⃗)],

(𝑃𝛾)𝑖
†
= (𝑃𝛾)𝑖

, (𝑃𝑘)𝑖
† =

1

2𝑘⃗⃗2
[(𝑘⃗⃗ ⋅ 𝛾⃗)𝛾‾𝑖 − 3𝑘𝑖],

(𝑃𝛾)
𝑖
(𝑃𝛾)𝑖

=
1

2
, (𝑃𝛾)

𝑖
(𝑃𝑘)𝑖 = −

1

2𝑘⃗⃗2
(𝑘⃗⃗ ⋅ 𝛾⃗),

(𝑃𝑘)
𝑖(𝑃𝑘)𝑖 =

1

4𝑘⃗⃗4
, (𝑃𝑘)

𝑖(𝑃𝛾)𝑖 =
1

2𝑘⃗⃗2
(𝑘⃗⃗ ⋅ 𝛾⃗),

(𝑃𝑘)
𝑖†(𝑃𝑘)𝑖 =

3

4𝑘⃗⃗4
, (𝑃𝑘)

𝑖†(𝑃𝛾)𝑖 = −
1

2𝑘⃗⃗2
(𝑘⃗⃗ ⋅ 𝛾⃗).

 

𝛾‾0𝑂̂𝑖
†𝛾‾0  =

1

𝑘⃗⃗2
{−𝑘𝑖(𝑘⃗⃗ ⋅ 𝛾‾⃗) +

𝑖𝑎

2
(𝑚 + 𝐻𝛾‾0)[(𝑘⃗⃗ ⋅ 𝛾‾⃗)𝛾‾𝑖 − 3𝑘𝑖]}

(𝑘⃗⃗ ⋅ 𝛾‾⃗)𝑂̂𝑖  = − {𝑘𝑖 +
𝑖𝑎

2
[
𝑘𝑖

𝑘⃗⃗2
(𝑘⃗⃗ ⋅ 𝛾‾⃗) + 𝛾‾𝑖] (𝑚 − 𝐻𝛾‾

0)}

 

𝑇𝜇𝜈 =
1

2
Ψ‾𝜌𝛾

𝜌𝜎𝜇(∇𝜎Ψ
𝜈 − ∇𝜈Ψ𝜎) −

𝑚

2
Ψ‾𝜌𝛾

𝜌𝜇Ψ𝜈

 −
1

4
∇𝜌(Ψ‾

𝜌𝛾𝜇Ψ𝜈 +Ψ‾ 𝜌𝛾𝜈Ψ𝜇 −Ψ‾ 𝜇𝛾𝜌Ψ𝜈)

 −
1

2
∇𝜈(Ψ‾ 𝜇𝛾𝜌Ψ𝜌) −

1

2
𝑔𝜇𝜈∇𝜌(Ψ‾𝜎𝛾

𝜎Ψ𝜌).

 



pág. 1130 

𝑇[𝜇𝜈] =
1

2
Ψ‾𝜌𝛾

𝜌𝜎[𝜇∣(∇𝜎Ψ
∣𝜈] − ∇∣𝜈]Ψ𝜎) −

𝑚

2
Ψ‾𝜌𝛾

𝜌[𝜇∣Ψ∣𝜈]

−
1

2
∇[𝜈(Ψ‾ 𝜇]𝛾𝜌Ψ𝜌) +

1

4
∇𝜌(Ψ‾

[𝜇∣𝛾𝜌Ψ∣𝜈]) =  

=−
1

2
(Ψ‾𝜌𝛾

𝜌[𝜇 −Ψ‾ [𝜇)[∇̸𝜈] − ∇𝜈](𝛾𝜌Ψ𝜌)] −
𝑚

2
Ψ‾𝜌𝛾

𝜌[𝜇∣Ψ∣𝜈] 

 −
1

2
Ψ‾ 𝜎𝛾[𝜇(∇𝜎Ψ

𝜈] − ∇𝜈]Ψ𝜎) +
1

2
Ψ‾𝜌𝛾

𝜌∇[𝜇Ψ𝜈] =

=
𝑚

2
Ψ‾𝜌𝛾

𝜌[𝜇Ψ𝜈] −
3

2
Ψ‾𝜌𝛾

[𝜌∇𝜈Ψ𝜇]

=
𝑚

2
Ψ‾𝜌𝛾

𝜌[𝜇Ψ𝜈] −
3

2
𝛿𝛼𝛽𝛾
𝜌𝜈𝜇
Ψ‾𝜌𝛾

𝛼∇𝛽Ψ𝛾 =

=
𝑚

2
Ψ‾𝜌𝛾

𝜌[𝜇Ψ𝜈] +
𝑖

4
𝜀𝜌𝜈𝜇 𝜎Ψ‾𝜌𝛾5[𝛾

𝜎𝜆𝜏∇𝜆Ψ𝜏] =

=
𝑚

2
Ψ‾𝜌𝛾

𝜌[𝜇Ψ𝜈] +
𝑚

4
Ψ‾𝜌𝛾

𝜌𝜈𝜇𝛾𝜎Ψ𝜎

=
𝑚

2
Ψ‾𝜌𝛾

𝜌[𝜇Ψ𝜈] −
𝑚

2
Ψ‾𝜌𝛾

𝜌[𝜇Ψ𝜈] = 0

 

𝑅[𝜈𝜌𝜎]
𝜇

= 0

𝑅𝜇𝜈𝜌𝜎𝛾
𝜇𝜈𝜆𝛾𝜌𝜎 = 4𝐺𝜏

𝜆𝛾𝜏

[∇𝜇 , ∇𝜈]Ψ
𝜌 =

1

4
𝑅𝜇𝜈𝜆𝜏𝛾

𝜆𝜏Ψ𝜌 + 𝑅𝜎𝜇𝜈
𝜌
Ψ𝜎

[∇𝜇 , ∇𝜈]𝑉
𝜌1…𝜌𝑟 = 𝑅𝜎𝜇𝜈

𝜌1 𝑉𝜎𝜌2…𝜌𝑟 +⋯+ 𝑅𝜎𝜇𝜈
𝜌𝑟 𝑉𝜌1𝜌2…𝜎

 

1

2
∇𝜇[Ψ‾𝜌𝛾

𝜌𝜎𝜇(∇𝜎Ψ
𝜈 − ∇𝜈Ψ𝜎) − 𝑚Ψ‾𝜌𝛾

𝜌𝜇Ψ𝜈] =

=
1

2
Ψ‾𝜌 ∇⃗⃗⃐𝜇𝛾

𝜌𝜎𝜇(∇𝜎Ψ
𝜈 − ∇𝜈Ψ𝜎) +

1

2
Ψ‾𝜌𝛾

𝜌𝜎𝜇∇𝜇∇𝜎Ψ
𝜈 −

1

2
Ψ‾𝜌𝛾

𝜌𝜇𝜎∇𝜇∇
𝜈Ψ𝜎

 −
𝑚

2
Ψ‾𝜌 ∇⃗⃗⃐𝜇𝛾

𝜌𝜇Ψ𝜈 −
𝑚

2
Ψ‾𝜌𝛾

𝜌𝜇∇𝜇Ψ
𝜈 −

1

2
(𝜕𝜇𝑚)Ψ‾𝜌𝛾

𝜌𝜇Ψ𝜈 =

= −
1

4
𝑅𝜌𝛼𝛽
𝜈 Ψ‾ 𝛼𝛾𝜌Ψ𝛽 −

1

2
𝑅𝜌
𝜈Ψ‾𝛼𝛾

𝛼Ψ𝜌

 

⊠

′′⊚
−
1

4
∇𝜇∇𝜌[Ψ‾

𝜌𝛾𝜈Ψ𝜇] = −
𝑖

8
[∇𝜇 , ∇𝜌]𝑉

𝜌𝜈𝜇 =

 
⊠

′′⊚
= −

1

8
(𝑅𝜎𝜇𝜌

𝜌
𝑉𝜎𝜈𝜇 + 𝑅𝜎𝜇𝜌

𝜇
𝑉𝜌𝜈𝜎 + 𝑅𝜎𝜇𝜌

𝜈 𝑉𝜌𝜎𝜇) =
1

8
𝑅𝜌𝛼𝛽
𝜈 Ψ‾ 𝛼𝛾𝜌Ψ𝛽

 

⊠

′′⊚
−
1

4
∇𝜇∇𝜌[Ψ‾

𝜌𝛾𝜇Ψ𝜈 −Ψ‾ 𝜇𝛾𝜌Ψ𝜈] = −
1

4
[∇𝜇 , ∇𝜌]𝑉

𝜌𝜇𝜈  

= −
1

4
(𝑅𝜎𝜇𝜌

𝜌
𝑉𝜎𝜇𝜈 + 𝑅𝜎𝜇𝜌

𝜇
𝑉𝜌𝜎𝜈 + 𝑅𝜎𝜇𝜌

𝜈 𝑉𝜌𝜇𝜎) = −
1

4
𝑅𝛽𝜌𝛼
𝜈 Ψ‾ 𝛼𝛾𝜌Ψ𝛽 ,

 

  
−
1

2
∇𝜇[𝑔

𝜇𝜈∇𝜌(Ψ‾𝛼𝛾
𝛼Ψ𝜌) + ∇𝜈(Ψ‾ 𝜇𝛾𝜌Ψ𝜌)]

 = −
1

2
[∇𝜈, ∇𝜇](Ψ‾𝜌𝛾

𝜌Ψ𝜇)𝑉𝜇 =
1

2
𝑅𝜌
𝜈Ψ‾𝛼𝛾

𝛼Ψ𝜌.

 

∇𝜇𝑇
𝜇𝜈 = 0  

𝛾0 = 𝟙⊗ (𝑖𝜎1⊗ 𝟙), 𝛾𝑖 = 𝟙⊗ (𝜎2⊗𝜎𝑖), 𝛾4 = 𝟙⊗ (𝜎3⊗𝟙),  
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𝒞5 = 𝜎2⊗ (𝟙⊗ 𝜎2) ≡ 𝜎2⊗ (𝛾5𝐶4),  

𝒞5
−1 = 𝒞5

T = 𝒞5
† = 𝒞5.  

(ℭ5𝛾
𝑀1…𝑀𝑟)T = −𝑡𝑟ℭ5𝛾

𝑀1…𝑀𝑟 ,  

𝜆‾ = 𝜆T𝒞5.  

𝛿𝐸𝐴 =
1

2
𝜀‾𝛾𝐴Ψ

𝛿𝒜 = −
𝑖

2
𝜀‾Ψ

𝛿Ψ = 𝒟𝜀 + 𝑖𝐸𝐴 (
1

8
𝛾𝐴
𝐵𝐶ℱ𝐵𝐶 −

1

2
ℱ𝐴𝐵𝛾

𝐵) 𝜀

 

𝐸𝑎 = 𝜙−
1
2𝑒𝑎

𝐸4 = 𝜙(𝑑𝑦 + 𝐵)

𝒜 = 𝑎(𝑑𝑦 + 𝐵) + 𝐴

Ψ = 𝜙
5
4𝜁(𝑑𝑦 + 𝐵) + 𝜙−

1
4 (𝜓 −

1

2
𝑒𝑎𝛾𝑎𝛾5𝜁)

 

𝜀 = 𝜙−
1
4𝜖.  

ℱ𝑎𝑏 = 𝜙𝑒𝑎  
𝜇𝑒𝑏 

𝜈𝐹𝜇𝜈 , ℱ𝑎4 = 𝜙
−
1
2𝑒𝑎  

𝜇(𝜕𝜇𝑎 − 𝜕𝑦𝐴𝜇)  

𝑑𝐸𝐴 =
1

2
Ω𝐵𝐶  

𝐴𝐸𝐵 ∧ 𝐸𝐶 , (𝜔𝐶)𝐴𝐵 =
1

2
(Ω𝐶𝐴𝐵 −Ω𝐶𝐵𝐴 + Ω𝐵𝐴𝐶),  

Ω𝑏𝑐
𝑎 = 𝜙

1
2Ω𝑏𝑐

(4)𝑎
− 𝜙−

1
2𝜕𝜇𝜙𝑒[𝑏

𝜇
𝛿𝑐]
𝑎 , Ω𝑎𝑏

4 = 𝜙2𝑒[𝑎
𝜇
𝑒𝑏]
𝜈 𝐺𝜇𝜈

Ω𝑏4
𝑎 =

1

2
𝜙−2𝜕𝑦𝜙𝛿𝑏

𝑎 − 𝜙−1𝑒𝑏
𝜇
𝜕𝑦𝑒𝜇

𝑎, Ω𝑎4
4 = 𝜙−1/2𝑒𝑎

𝜇
(𝜕𝜇𝜙 −𝜙𝜕𝑦𝐵𝜇).

 

𝛿LL𝐸
𝐴 = Λ𝐴 𝐵𝐸

𝐵  

Λ𝑏
𝑎 =

1

4
𝜙
1
4(𝜀‾𝛾𝑎  𝑏𝛾5𝜁), Λ

𝑎 4 =
1

4
𝜙
1
4(𝜀‾𝛾𝑎𝜁)  
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𝛿𝑒𝜇
𝑎 =

1

2
𝜖‾𝛾𝑎𝜓𝜇

𝛿𝜙 =
𝜙

2
𝜖‾𝛾5𝜁

𝛿𝑎 =−
𝑖

2
𝜙𝜖‾𝜁  

𝛿𝐴𝜇 =−
𝑖

2
𝜙−

1
2𝜖‾(𝜓𝜇 −

1

2
𝛾𝜇𝛾5𝜁)  

𝛿𝐵𝜇 =
𝜙−

3
2

2
𝜖‾(𝛾5𝜓𝜇 +

3

2
𝛾𝜇𝜁)

𝛿𝜁 = −
𝜙−

5
2

4
𝜕𝑦𝜙𝜖 +

𝜙−
3
2

4
𝑄𝑎𝑏𝛾

𝑎𝑏𝜖 +
𝑖

8
𝜙
1
2(𝐹𝜌𝜎 + 𝑖𝜙𝐺𝜌𝜎𝛾5)𝛾

𝜌𝜎𝛾5𝜖

+
𝑖

2
𝜙−1[𝜕𝜌𝑎 − 𝜕𝑦𝐴𝜌 + 𝑖(𝜙𝜕𝑦𝐵𝜌 − 𝜕𝜌𝜙)𝛾5]𝛾

𝜌𝜖

𝛿𝜓𝜇 =𝐷𝜇𝜖 −
3

8
𝜙−

5
2𝜕𝑦𝜙𝛾𝜇𝛾5𝜖 +

𝜙−
3
2

2
𝑒𝜇
𝑎 (𝑃𝑎𝑏𝛾

𝑏 +
1

4
𝑄𝑏𝑐𝛾𝑎𝛾

𝑏𝑐) 𝛾5𝜖

 −
1

4
𝜕𝑦𝐵𝜌𝛾𝜇𝛾

𝜌𝜖 +
3𝑖

4
𝜙−1(𝜕𝑦𝐴𝜇 − 𝜕𝜇𝑎)𝛾5𝜖 −

𝑖

8
𝜙
1
2(3𝐹𝜇𝜌

+,5 − 𝑖𝜙𝐺𝜇𝜌
+,5𝛾5)𝛾

𝜌𝜖

 

𝑃𝑎𝑏 ≡ 𝑒(𝑎  
𝜆𝜕𝑦𝑒𝑏)𝜆, 𝑄𝑎𝑏 ≡ 𝑒[𝑎  

𝜆𝜕𝑦𝑒𝑏]𝜆  

𝐹𝜇𝜈
±,5 ≡ 𝐹𝜇𝜈 ± 𝑖𝐹̃𝜇𝜈𝛾5, 𝐹̃

𝜇𝜌 ≡
1

2
𝜀𝜇𝜈𝜌𝜎𝐹𝜌𝜎  

 

𝑒𝜇 
𝑎(𝑦)  = 𝑒𝜇

(0)𝑎(𝑥) +∑  

∞

𝑛=1

  𝑒𝜇
(𝑛)𝑎(𝑥) cos (

𝑛𝑦

𝑅
) , 𝐴𝜇(𝑦) = ∑  

∞

𝑛=1

 𝐴𝜇
(𝑛)
(𝑥)sin (

𝑛𝑦

𝑅
)

𝜙(𝑦) = 𝜙(0)(𝑥) [1 +∑  

∞

𝑛=1

 𝜙(𝑛)(𝑥)cos (
𝑛𝑦

𝑅
)] 𝐵𝜇(𝑦) = ∑  

∞

𝑛=1

 𝐵𝜇
(𝑛)
(𝑥)sin (

𝑛𝑦

𝑅
)

𝑎(𝑦) = 𝑎(0)(𝑥) +∑  

∞

𝑛=1

 𝑎(𝑛)(𝑥)cos (
𝑛𝑦

𝑅
)

 

Ψ𝑖𝜇(−𝑦) = 𝜎𝑖𝑗
3𝛾5Ψ𝑗𝜇(𝑦),Ψ𝑖5(−𝑦) = −𝜎𝑖𝑗

3𝛾5Ψ𝑗5(𝑦)  

𝜓1𝜇(−𝑦) = 𝛾5𝜓1𝜇(𝑦), 𝜁1𝜇(−𝑦) = −𝛾5𝜁1𝜇(𝑦)

𝜓2𝜇(−𝑦) = −𝛾5𝜓2𝜇(𝑦), 𝜁2𝜇(−𝑦) = 𝛾5𝜁2𝜇(𝑦)
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𝜓1𝜇= 𝜓1𝜇R +𝜓1𝜇 L = 𝜓1𝜇R
(0)

+∑  

∞

𝑛=1

  [𝜓1𝜇R
(𝑛)
cos (

𝑛𝑦

𝑅
) + 𝑖𝜓1𝜇 L

(𝑛)
sin (

𝑛𝑦

𝑅
)]  

𝜓2𝜇= 𝜓1𝜇 L + 𝜓1𝜇R = 𝜓2𝜇 L
(0)

+∑  

∞

𝑛=1

  [𝜓2𝜇 L
(𝑛)

cos (
𝑛𝑦

𝑅
) + 𝑖𝜓2𝜇R

(𝑛)
sin (

𝑛𝑦

𝑅
)] 

𝜁1 = 𝜁1 L + 𝜁1R = 𝜁1 L
(0)
+∑  

∞

𝑛=1

  [𝜁1 L
(𝑛)
cos (

𝑛𝑦

𝑅
) + 𝑖𝜁1R

(𝑛)
sin (

𝑛𝑦

𝑅
)]

𝜁2 = 𝜁2R + 𝜁2 L = 𝜁2R
(0)
+∑  

∞

𝑛=1

  [𝜁2R
(𝑛)
cos (

𝑛𝑦

𝑅
) + 𝑖𝜁2 L

(𝑛)
sin (

𝑛𝑦

𝑅
)]

 

𝜁2R
(𝑛)
= −(𝜁1 L

(𝑛)
)
∗
, 𝜁2 L
(𝑛)
= −(𝜁1R

(𝑛)
)
∗
, 𝜓2𝜇R

(𝑛)
= (𝜓1𝜇 L

(𝑛)
)
∗
, 𝜓2𝜇 L

(𝑛)
= (𝜓1𝜇R

(𝑛)
)
∗

 

𝜖𝑖(−𝑦) = 𝜎𝑖𝑗
3𝛾5𝜖𝑗(𝑦)  

𝜖1 = 𝜖1R, 𝜖2 = 𝜖2 L  

𝜖 ≡ 𝜖1R + 𝜖2 L  

 

𝛿𝑒𝜇
(0)𝑎

=
1

2
(𝜖‾1𝛾

𝑎𝜓1𝜇
(0)
+ 𝜖‾2𝛾

𝑎𝜓2𝜇
(0)
)  

𝛿𝜙(0)=
𝜙(0)

2
(𝜖‾2𝜁2

(0)
− 𝜖‾1𝜁1

(0)
)  

𝛿𝑎(0)= −
𝑖

2
𝜙(0) (𝜖‾1𝜁1

(0)
+ 𝜖‾2𝜁2

(0)
)  

𝛿𝜓1𝜇𝑅
(0)
 = 𝐷𝜇𝜖1 −

3𝑖

4
𝜙(0)−1𝜕𝜇𝑎

(0)𝜖1

𝛿𝜓2𝜇𝐿
(0)
 = 𝐷𝜇𝜖2 +

3𝑖

4
𝜙(0)

−1
𝜕𝜇𝑎

(0)𝜖2

𝛿𝜁2𝑅
(0)
 =
𝜙(0)−1

2
𝜕𝜌(𝜙

(0) + 𝑖𝑎(0))𝛾𝜌𝜖2

𝛿𝜁1𝐿
(0)
 = −

𝜙(0)−1

2
𝜕𝜌(𝜙

(0) − 𝑖𝑎(0))𝛾𝜌𝜖1

 

𝜓𝜇 ≡ 𝜓1𝜇𝑅
(0)

+ 𝜓2𝜇𝐿
(0)
, 𝜁 ≡ 𝜙(0) (𝜁2𝑅

(0)
− 𝜁1𝐿

(0)
)  

𝑇 ≡ 𝜙(0) + 𝑖𝑎(0)  

𝛿𝑒𝜇
𝑎 =

1

2
𝜖‾𝛾𝑎𝜓𝜇

𝛿𝜓𝜇 = 𝐷𝜇𝜖 +
𝑖

2
𝑄𝜇𝛾5𝜖

𝛿𝑇 = 𝜖‾R𝜁R

𝛿𝜁R =
1

2
∂̸𝑇𝜖L

 

𝐾 = −3log (𝑇 + 𝑇‾), 𝑄𝜇 = −
3

2𝑖(𝑇 + 𝑇‾)
(𝜕𝜇𝑇 − 𝜕𝜇𝑇‾)  
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𝑚𝑛 = 𝜙
(0)−

3
2
𝑛

𝑅
 

𝜕𝑦𝜙 = −𝜙
(0)
5
2∑ 

𝑛

 𝑚𝑛𝜙
(𝑛)sin (

𝑛𝑦

𝑅
) ,  𝑃𝑎𝑏  = −𝜙

(0)
3
2∑ 

𝑛

 𝑚𝑛𝑒(𝑎
(0)𝜌

𝑒𝑏)
(𝑛)
𝜌sin (

𝑛𝑦

𝑅
),                

𝜕𝑦𝐵𝜇 = 𝜙
(0)
3
2∑ 

𝑛

 𝑚𝑛𝐵𝜇
(𝑛)
cos (

𝑛𝑦

𝑅
) , 𝑄𝑎𝑏  = −𝜙

(0)
3
2∑ 

𝑛

 𝑚𝑛𝑒[𝑎
(0)𝜌

𝑒𝑏]𝜌
(𝑛)
 𝜌sin (

𝑛𝑦

𝑅
),               

𝜕𝑦𝐴𝜇 = 𝜙
(0)
3
2∑ 

𝑛

 𝑚𝑛𝐴𝜇
(𝑛)
cos (

𝑛𝑦

𝑅
),       𝜔𝜇

(𝑛)𝑎𝑏
= 2𝑒(0)[𝑎∣𝛼𝜕[𝜇𝑒𝛼]

(𝑛)∣𝑏]
− 𝑒𝛼

(0)[𝑎
𝑒𝛽
(0)𝑏]

𝑒𝜇
(0)𝑐
𝜕𝛼𝑒𝑐

(𝑛)𝛽
,          

 

𝛿𝑒𝑛
𝑎=

1

2
(𝜖‾1𝛾

𝑎𝜓1𝜇
(𝑛)
+ 𝜖‾2𝛾

𝑎𝜓2𝜇
(𝑛)
)  

𝛿𝜙(𝑛)=
1

2
(𝜖‾2𝜁2

(𝑛)
− 𝜖‾1𝜁1

(𝑛)
)  

𝛿𝑎(𝑛) = −
𝑖

2
𝜙(0) (𝜖‾1𝜁1

(𝑛)
+ 𝜖‾2𝜁2

(𝑛)
)

𝛿𝐴𝜇
(𝑛)
 =
𝜙(0)−

1
2

2
[𝜖‾1 (𝜓1𝜇

(𝑛)
−
1

2
𝛾𝜇𝜁1

(𝑛)
) + 𝜖‾2 (𝜓2𝜇

(𝑛)
−
1

2
𝛾𝜇𝜁2

(𝑛)
)]

𝛿𝐵𝜇
(𝑛)
 =
𝑖

2
𝜙(0)−

3
2 [𝜖‾2 (𝜓2𝜇

(𝑛)
+
3

2
𝛾𝜇𝜁2

(𝑛)
) − 𝜖‾1 (𝜓1𝜇

(𝑛)
−
3

2
𝛾𝜇𝜁1

(𝑛)
)]

 

𝛿𝜁1 L
(𝑛)
=
𝑚𝑛
2
[−𝑖 (𝜙

(0)
1
2𝐴𝜌

(𝑛)
−
𝜙(0)−1

𝑚𝑛
𝜕𝜌𝑎

(𝑛)) + (𝜙
(0)
3
2𝐵𝜌

(𝑛)
−
1

𝑚𝑛
𝜕𝜌𝜙

(𝑛))] 𝛾𝜌𝜖1,  

𝛿𝜁1R
(𝑛)
 =
𝜙(0)

1
2

8
(𝐹𝜌𝜎

(𝑛)
+ 𝑖𝜙(0)𝐺𝜌𝜎

(𝑛)
) 𝛾𝜌𝜎𝜖1 +

𝑖

4
𝑚𝑛 (𝑒𝑎

(0)𝜌
𝑒𝑏
(𝑛)
 𝜌𝛾

𝑎𝑏 −𝜙(𝑛)) 𝜖1,

𝛿𝜁2 L
(𝑛)
 = −

𝜙(0)
1
2

8
(𝐹𝜌𝜎

(𝑛)
− 𝑖𝜙(0)𝐺𝜌𝜎

(𝑛)
) 𝛾𝜌𝜎𝜖2 +

𝑖

4
𝑚𝑛 (𝑒𝑎

(0)𝜌
𝑒𝑏
(𝑛)
 𝜌𝛾

𝑎𝑏 − 𝜙(𝑛)) 𝜖2,

𝛿𝜁2R
(𝑛)
 =
𝑚𝑛
2
[−𝑖 (𝜙

(0)
1
2𝐴𝜌

(𝑛)
−
𝜙(0)−1

𝑚𝑛
𝜕𝜌𝑎

(𝑛)) − (𝜙
(0)
3
2𝐵𝜌

(𝑛)
−
1

𝑚𝑛
𝜕𝜌𝜙

(𝑛))] 𝛾𝜌𝜖2,

 

𝛿𝜓1𝜇R
(𝑛)

=
1

4
(2𝑒(0)𝑎𝛼𝜕[𝜇𝑒𝛼]

(𝑛)𝑏
− 𝑒𝛼

(0)𝑎
𝑒𝛽
(0)𝑏

𝑒𝜇
(0)𝑐
𝜕𝛼𝑒𝑐

(𝑛)𝛽
) 𝛾𝑎𝑏𝜖1 −

𝑚𝑛
4
𝜙(0)

3
2𝐵𝜌

(𝑛)
𝛾𝜇𝛾

𝜌𝜖1

+
3𝑖

4
𝑚𝑛 (𝜙

(0)
1
2𝐴𝜇

(𝑛)
−
𝜙(0)

−1

𝑚𝑛
𝜕𝜇𝑎

(𝑛)) 𝜖1  

𝛿𝜓1𝜇 L
(𝑛)

=−
𝜙(0)

1
2

8
(3𝐹𝜇𝜌

(𝑛)+,5
+ 𝑖𝜙(0)𝐺𝜇𝜌

(𝑛)+,5
)𝛾𝜌𝜖1 +

𝑖

4
𝑚𝑛𝑔𝜇𝜌

(𝑛)
𝛾𝜌𝜖1  

 +
𝑖

4
𝑚𝑛 (𝑒𝑎

(0)𝜌
𝑒𝑏
(𝑛)
 𝜌𝛾𝜇𝛾

𝑎𝑏 − 𝜙(𝑛)𝛾𝜇) 𝜖1

𝛿𝜓2𝜇R
(𝑛)

= −
𝜙(0)

1
2

8
(3𝐹𝜇𝜌

(𝑛)+,5
− 𝑖𝜙(0)𝐺𝜇𝜌

(𝑛)+,5
)𝛾𝜌𝜖2 −

𝑖

4
𝑚𝑛𝑔𝜇𝜌

(𝑛)
𝛾𝜌𝜖2

 −
𝑖

4
𝑚𝑛 (𝑒𝑎

(0)𝜌
𝑒𝑏
(𝑛)
𝛾𝜇𝛾

𝑎𝑏 − 𝜙(𝑛)𝛾𝜇) 𝜖2,

𝛿𝜓2𝜇 L
(𝑛)

=
1

4
(2𝑒(0)𝑎𝛼𝜕[𝜇𝑒𝛼]

(𝑛)𝑏
− 𝑒𝛼

(0)𝑎
𝑒𝛽
(0)𝑏

𝑒𝜇
(0)𝑐
𝜕𝛼𝑒𝑐

(𝑛)𝛽
) 𝛾𝑎𝑏𝜖2 −

𝑚𝑛
4
𝜙(0)

3
2𝐵𝜌

(𝑛)
𝛾𝜇𝛾

𝜌𝜖2

 −
3𝑖

4
𝑚𝑛 (𝜙

(0)
1
2𝐴𝜇

(𝑛)
−
𝜙(0)−1

𝑚𝑛
𝜕𝜇𝑎

(𝑛)) 𝜖2.
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𝐴𝜇
(𝑛)S

= 𝜙(0)
1
2𝐴𝜇

(𝑛)
−
𝜙(0)−1

𝑚𝑛
𝜕𝜇𝑎

(𝑛),  

𝛿𝐴𝜇
(𝑛)S

=
1

2
[𝜖‾1 (𝜓1𝜇 L

(𝑛)
−
1

2
𝛾𝜇𝜁1R

(𝑛)
+

𝑖

𝑚𝑛
𝜕𝜇𝜁1 L

(𝑛)
) + 𝜖‾2 (𝜓2𝜇R

(𝑛)
+
1

2
𝛾𝜇𝜁2 L

(𝑛)
+

𝑖

𝑚𝑛
𝜕𝜇𝜁2R

(𝑛)
)]  

𝜓1𝜇 L
(𝑛)
S = 𝜓1𝜇 L

(𝑛)
−
1

2
𝛾𝜇𝜁1R

(𝑛)
+

𝑖

𝑚𝑛
𝜕𝜇𝜁1 L

(𝑛)

𝜓2𝜇R
(𝑛)
S = 𝜓2𝜇R

(𝑛)
+
1

2
𝛾𝜇𝜁2 L

(𝑛)
+

𝑖

𝑚𝑛
𝜕𝜇𝜁2R

(𝑛)
 

𝜆𝜇
(𝑛)S

≡ 𝜓1𝜇 L
(𝑛)S

+ 𝜓2𝜇R
(𝑛)S

= (𝜓1𝜇 L
(𝑛)

+ 𝜓2𝜇R
(𝑛)
) −

1

2
𝛾𝜇 (𝜁1R

(𝑛)
− 𝜁2 L

(𝑛)
) +

𝑖

𝑚𝑛
𝜕𝜇 (𝜁1 L

(𝑛)
+ 𝜁2R

(𝑛)
) ,  

𝜒𝜇
(𝑛)S

 = −𝑖 [(𝜓1𝜇R
(𝑛)

− 𝜓2𝜇 L
(𝑛)

) −
1

2
𝛾𝜇 (𝜁1 L

(𝑛)
+ 𝜁2R

(𝑛)
) +

𝑖

𝑚𝑛
𝜕𝜇 (𝜁1R

(𝑛)
− 𝜁2 L

(𝑛)
)]

𝑔𝜇𝜈
(𝑛)S

 = 2𝑒(𝜇
(0)
𝑒𝜈)
(𝑛)
 𝑎 − 𝜙(𝑛)𝑔𝜇𝜈

(0)
+
𝜙(0)

3
2

𝑚𝑛
(𝜕𝜇𝐵𝜈

(𝑛)
+ 𝜕𝜈𝐵𝜇

(𝑛)
) −

2

𝑚𝑛
2 𝜕𝜇𝜕𝜈𝜙

(𝑛)

 

𝒜̃77 =
2−4𝑣

2

1

𝜂8
[(𝑁 + 𝑁‾)2𝑉8 + (𝑁 − 𝑁‾)

2𝑆8]∑  

𝑛

 𝑊𝑛

ℳ̃7 = (
2𝜖𝑣

𝜂̂5𝜗̂2
) [(𝑁 + 𝑁‾)(𝑂̂6𝑉̂2 − 𝑉̂6𝑂̂2) − (𝑁 − 𝑁‾)(𝑆̂6𝑆̂2 − 𝐶̂6𝐶̂2)]∑  

𝑛

 𝑊2𝑛+1

 

𝒜77=
1

𝜂8
[𝑁𝑁‾(𝑉8 − 𝑆8) +

𝑁2 +𝑁‾ 2

2
(𝑂8 − 𝐶8)]∑  

𝑚

 𝑃𝑚  

ℳ7 = −(
2𝜖

𝜂̂5𝜗̂2
) [
𝑁 + 𝑁‾

2
(𝑂̂6𝑂̂2 + 𝑉̂6𝑉̂2) +

𝑁 − 𝑁‾

2
(𝑆̂6𝐶̂2 − 𝐶̂6𝑆̂2)]∑  

𝑚

  (−1)𝑚𝑃𝑚

 

𝒜̃33 =
2−2𝑣

2

1

𝜂8
[(𝑁 + 𝑁‾)2𝑉8 + (𝑁 −𝑁‾)

2𝑆8]∑  

𝑛

 𝑊𝑛,

ℳ̃3 = (
8𝜖𝑣𝜂̂

𝜗̂2
3
) [(𝑁 + 𝑁‾)(𝑂̂2𝑉̂6 − 𝑉̂2𝑂̂6) − (𝑁 − 𝑁‾)(𝑆̂2𝑆̂6 − 𝐶̂2𝐶̂6)]∑  

𝑛

 𝑊2𝑛+1,

 

𝒜33= [𝑁𝑁‾ (
𝑉8 − 𝑆8
𝜂8

) +
𝑁2 +𝑁‾ 2

2
(
𝑂8 − 𝐶8
𝜂8

)]∑  

𝑚

 𝑃𝑚  

ℳ3 = (
8𝜖𝜂̂

𝜗̂2
3
) [
𝑁 + 𝑁‾

2
(𝑂̂2𝑂̂6 + 𝑉̂2𝑉̂6) +

𝑁 − 𝑁‾

2
(𝑆̂2𝐶̂6 − 𝐶̂2𝑆̂6)]∑  

𝑚

  (−1)𝑚𝑃𝑚

 

𝒜̃𝑝𝑝 =
2−

𝑝+1
2 𝑣

2

𝑁2

𝜂8
(𝑉𝑝−1𝑂9−𝑝 + 𝑂𝑝−1𝑉9−𝑝)∑  

𝑛

 𝑊𝑛,

ℳ̃𝑝 = −
√2𝑣𝑁𝜖

𝜂̂𝑝−1
(
2𝜂̂

𝜗̂2
)

9−𝑝
2

(𝑉̂𝑝−1𝑂̂9−𝑝 − 𝑂̂𝑝−1𝑉̂9−𝑝)∑  

𝑛

 𝑊2𝑛+1,
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𝒜𝑝𝑝 =
𝑁2

2

1

𝜂8
[(𝑂𝑝−1 + 𝑉𝑝−1)(𝑂9−𝑝 + 𝑉9−𝑝) − 2𝑆𝑝−1

′ 𝑆9−𝑝
′ ]∑  

𝑚

 𝑃𝑚

ℳ𝑝 = −
𝜖𝑁

√2

1

𝜂̂𝑝−1
(
2𝜂̂

𝜗̂2
)

9−𝑝
2

 [sin 
(𝑝 − 5)𝜋

4
(𝑂̂𝑝−1𝑂̂9−𝑝 + 𝑉̂𝑝−1𝑉̂9−𝑝)

 +cos 
(𝑝 − 5)𝜋

4
(𝑂̂𝑝−1𝑉̂9−𝑝 − 𝑉̂𝑝−1𝑂̂9−𝑝)]∑  

𝑚

  (−1)𝑚𝑃𝑚

 

𝒜̃𝑝𝑝 =
2−

𝑝+1
2

2𝑣𝜂8
(𝑒
𝑖𝜋𝑚
2 𝑁 + 𝑒−

𝑖𝜋𝑚
2 𝑁‾)

2

(𝑉𝑝−1𝑂9−𝑝 + 𝑂𝑝−1𝑉9−𝑝)∑  

𝑚

𝑃𝑚 

𝒜𝑝𝑝 =
1

𝜂8
(𝑁𝑁‾ ∑  

𝑛

 𝑊𝑛 +
𝑁2 +𝑁‾ 2

2
∑  

𝑛

 𝑊
𝑛+
1
2
) [(𝑂𝑝−1 + 𝑉𝑝−1)(𝑂9−𝑝 + 𝑉9−𝑝) − 2𝑆𝑝−1

′ 𝑆9−𝑝
′ ] 

 

𝒜̃55 =
2−3𝑣

2𝜂8
∑ 

𝑛

  [(𝑁 + 𝑁‾)2(𝑉8𝑊2𝑛 +𝑂8𝑊2𝑛+1) + (𝑁 −𝑁‾)
2(𝑆8𝑊2𝑛 + 𝐶8𝑊2𝑛+1)]

ℳ̃5 = −(
4𝑣

𝜂̂2𝜗̂2
2
)∑  

𝑛

  [𝜖1(𝑁 + 𝑁‾)(𝑂̂4𝑂̂4 − 𝑉̂4𝑉̂4) + 𝑖(−1)
𝑛𝜖2(𝑁 − 𝑁‾)(𝑆̂4𝐶̂4 − 𝐶̂4𝑆̂4)]𝑊2𝑛+1

 

𝒜55=
1

𝜂8
[𝑁𝑁‾ ∑  

𝑚

  (𝑉8𝑃𝑚 − 𝑆8𝑃𝑚+1/2) +
𝑁2 +𝑁‾ 2

2
∑  

𝑚

  (𝑂8𝑃𝑚 − 𝐶8𝑃𝑚+1/2)] ,  

ℳ5 = (
2

𝜂̂2𝜗̂2
2
)∑  

𝑚

  (−1)𝑚[𝜖1(𝑁 + 𝑁‾)(𝑂̂4𝑂̂4 − 𝑉̂4𝑉̂4)𝑃𝑚 + 𝜖2(𝑁 − 𝑁‾)(𝑆̂4𝐶̂4 − 𝐶̂4𝑆̂4)𝑃𝑚+1/2].

 

D5012389 →
 T− duality 

M50123910  

D5012349 →
 T− duality 

KK60123489,  

𝐴33  = ∑  

𝑛

 (𝑁𝑁‾𝑊𝑛 +
𝑁2 + 𝑁‾ 2

2
𝑊𝑛+1/2)

𝑉8 − 𝑆8
𝜂8

𝒜̃33  =
2−2

2𝑣
(
𝑉8 − 𝑆8
𝜂8

)∑  

𝑚

  [𝑒
𝑖𝜋𝑚
2 𝑁 + 𝑒−

𝑖𝜋𝑚
2 𝑁‾]

2

𝑃𝑚

 =
2−2

𝑣
(
𝑉8 − 𝑆8
𝜂8

)∑  

𝑚

  [𝑁𝑁‾ + (−1)𝑚
𝑁2 +𝑁‾ 2

2
]𝑃𝑚

 

D30128 →
 T− duality 

M2012, D30123 →
 T− duality ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

M50123810,  

D101 →
 T− duality 

M2018, D108 KK(𝑋
10)

 T− duality 
→
,  
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𝒜̃𝑝𝑝 =
2−

𝑝+1
2 𝑣

2𝜂8
[(𝑁1 +𝑁2)

2𝑉8∑ 

𝑛

 𝑊2𝑛 + (𝑁1 −𝑁2)
2𝑂8∑ 

𝑛

 𝑊2𝑛+1]

ℳ̃𝑝 = −√2𝑣(𝑁1 −𝑁2)
1

𝜂̂𝑝−1
(
2𝜂̂

𝜗̂2
)

9−𝑝
2

(𝑂̂𝑝−1𝑂̂9−𝑝 + 𝑉̂𝑝−1𝑉̂9−𝑝)∑  

𝑛

 𝑊2𝑛+1,

 

𝒜𝑝𝑝 =
𝑁1
2 +𝑁2

2

2𝜂8
[(𝑂𝑝−1 + 𝑉𝑝−1)(𝑂9−𝑝 + 𝑉9−𝑝)∑  

𝑚

 𝑃𝑚 − 2𝑆𝑝−1
′ 𝑆9−𝑝

′ ∑ 

𝑚

 𝑃
𝑚+

1
2
]

 +
𝑁1𝑁2
𝜂8

[(𝑂𝑝−1 + 𝑉𝑝−1)(𝑂9−𝑝 + 𝑉9−𝑝)∑  

𝑚

 𝑃
𝑚+

1
2
− 2𝑆𝑝−1

′ 𝑆9−𝑝
′ ∑ 

𝑚

 𝑃𝑚]

ℳ𝑝 = −
𝑁1 − 𝑁2

√2

1

𝜂̂𝑝−1
(
2𝜂̂

𝜗̂2
)

9−𝑝
2

[sin 
(𝑝 − 5)𝜋

4
(𝑉̂𝑝−1𝑂̂9−𝑝 − 𝑂̂𝑝−1𝑉̂9−𝑝)

 +cos 
(𝑝 − 5)𝜋

4
(𝑂̂𝑝−1𝑂̂9−𝑝 + 𝑉̂𝑝−1𝑉̂9−𝑝)]∑  

𝑚

  (−1)𝑚𝑃𝑚

 

En supergravedad cuántica relativista, un agujero negro cuántico, se forma por la interacción de la 

superpartícula, en la medida en que deforma el espacio – tiempo cuántico, en dimensiones más altas, lo 

que provoca una suerte de desdoblamiento en D dimensiones del espacio – tiempo cuántico en el que 

interactúa, esto es, por la gravedad intensa generada por la propia superpartícula, a propósito de su centro 

de masa y energía extremadamente denso o por interacción con el supergravitón, lo que equivale a que, 

el campo supergravitónico, permea y por ende, distorsiona el espacio – tiempo cuántico, por lo que, el 

modelamiento matemático de este fenómeno, se expresa así, utilizando la métrica de Kerr – Hawking:  

𝑑𝑠2  = −
Δ𝑟
𝑊
(𝑑𝑡 −

𝑎sin2 𝜃

Ξ
𝑑𝜙)

2

+𝑊(
𝑑𝑟2

Δ𝑟
+
𝑑𝜃2

Δ𝜃
) +

Δ𝜃sin
2 𝜃

𝑊
[𝑎𝑑𝑡 −

𝑟1𝑟2 + 𝑎
2

Ξ
𝑑𝜙]

2

𝐴1  =
2√2𝑚sinh (𝛿1)cosh (𝛿1)𝑟2

𝑊
(𝑑𝑡 −

𝑎sin2 𝜃

Ξ
𝑑𝜙) + 𝛼41𝑑𝑡

𝐴2  =
2√2𝑚sinh (𝛿2)cosh (𝛿2)𝑟1

𝑊
(𝑑𝑡 −

𝑎sin2 𝜃

Ξ
𝑑𝜙) + 𝛼42𝑑𝑡

𝑒𝜑1  =
𝑟1
2 + 𝑎2cos2 𝜃

𝑊
= 1 +

𝑟1(𝑟1 − 𝑟2)

𝑊

𝜒1  =
𝑎(𝑟2 − 𝑟1)cos 𝜃

𝑟1
2 + 𝑎2cos2 𝜃

 

𝑟𝑖≡ 𝑟 + 2𝑚sinh
2 (𝛿𝑖), (𝑖 = 1,2)  

Δ𝑟≡ 𝑟
2 + 𝑎2 − 2𝑚𝑟 + 𝑔2𝑟1𝑟2(𝑟1𝑟2 + 𝑎

2) 

Δ𝜃 ≡ 1 − 𝑔
2𝑎2cos2 𝜃

𝑊 ≡ 𝑟1𝑟2 + 𝑎
2cos2 𝜃

Ξ ≡ 1 − 𝑎2𝑔2
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𝑇H =
Δ𝑟
′ (𝑟+)

4𝜋(𝑟1(𝑟+)𝑟2(𝑟+) + 𝑎
2)
, ΩH =

𝑎(1 + 𝑔2𝑟1(𝑟+)𝑟2(𝑟+))

𝑟1(𝑟+)𝑟2(𝑟+) + 𝑎
2

Φ1 = Φ2 =
2𝑚sinh (𝛿1)cosh (𝛿1)𝑟2(𝑟+)

𝑟1(𝑟+)𝑟2(𝑟+) + 𝑎
2

, Φ3 = Φ4 =
2𝑚sinh (𝛿2)cosh (𝛿2)𝑟1(𝑟+)

𝑟1(𝑟+)𝑟2(𝑟+) + 𝑎
2

 

𝑆BH =
𝜋𝑟̂+

2

Ξ
,  

𝑟̂±
2 ≡ 𝑟1(𝑟±)𝑟2(𝑟±) + 𝑎

2  

𝐸 =
𝑚

Ξ2
(1 + sinh2 (𝛿1) + sinh

2 (𝛿2)), 𝐽 =
𝑚𝑎

Ξ2
(1 + sinh2 (𝛿1) + sinh

2 (𝛿2))

𝑄1 = 𝑄2 =
𝑚sinh (𝛿1)cosh (𝛿1)

2Ξ
, 𝑄3 = 𝑄4 =

𝑚sinh (𝛿2)cosh (𝛿2)

2Ξ

 

𝑚 =
𝑔2𝑟+

3

2
(1 + 𝑘1)

2(1 + 𝑘2)
2  

𝑇H =
𝑔2𝑟+
4𝜋

(3 + 𝑘1 + 𝑘2 − 𝑘1𝑘2), ΩH = 𝑎𝑔
2

Φ1 = Φ2 = 𝑔𝑟+√𝑘1(1 + 𝑘2), Φ3 = Φ4 = 𝑔𝑟+√𝑘2(1 + 𝑘1)

𝐸 =
1

Ξ2
𝑔2𝑟+

3

2
(1 + 𝑘1)

2(1 + 𝑘2)
2, 𝐽 =

𝑔2𝑟+
3𝑎

2Ξ2
(1 + 𝑘1)

2(1 + 𝑘2)
2

𝑄1 = 𝑄2 =
𝑔𝑟+

2(1 + 𝑘1)(1 + 𝑘2)√𝑘1
4Ξ

, 𝑄3 = 𝑄4 =
𝑔𝑟+

2(1 + 𝑘1)(1 + 𝑘2)√𝑘2
4Ξ

𝑆BH =
𝜋𝑟+

2(1 + 𝑘1)(1 + 𝑘2)

Ξ

 

𝑑𝑠2 = −
Δ

𝜌2
(𝑑𝑡 − 𝑎sin2 𝜃𝑑𝜙)2 +

sin2 𝜃

𝜌2
((𝑟2 + 𝑎2)𝑑𝜙 − 𝑎𝑑𝑡)

2
+
𝜌2

Δ
𝑑𝑟2 + 𝜌2𝑑𝜃2

Δ ≡ 𝑟2 − 2𝑀𝑟 + 𝑎2, 𝜌2 ≡ 𝑟2 + 𝑎2cos2 𝜃

 

𝑟± = 𝑀 ±√𝑀
2 − 𝑎2.  

𝑇H =
𝑟+ −𝑀

4𝜋𝑀𝑟+
, ΩH =

𝑎

2𝑀𝑟+
 

𝑡̂ =
𝜆𝑡

2𝑀
, 𝑥 =

𝑟 −𝑀

𝜆𝑀
, 𝜙̂ = 𝜙 −

𝑡

2𝑀
,  

𝑑𝑠2 = 2𝐽Ω2 (−𝑥2𝑑𝑡̂2 +
𝑑𝑥2

𝑥2
+ 𝑑𝜃2 + Λ2(𝑑𝜙̂ + 𝑥𝑑𝑡̂)2)  

Ω2 =
1 + cos2 𝜃

2
, Λ =

2sin 𝜃

1 + cos2 𝜃
 

𝜁𝜖 = 𝜖𝑛(𝜙)𝜕𝜙 − 𝑟𝜖𝑛
′ (𝜙)𝜕𝑟,  with  𝜖𝑛(𝜙) = −𝑒

−𝑖𝑛𝜙.  

𝑇L =
1

2𝜋
, 𝑇R = 0  
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𝑆 =
𝜋2

3
𝑐L𝑇L = 2𝜋𝐽  

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈Φ(𝑡, 𝑟, 𝜃, 𝜙)) = 0  

Φ(𝑡, 𝑟, 𝜃, 𝜙) = 𝑒−𝑖𝜔𝑡+𝑖𝑚𝜙𝑅(𝑟)𝑆(𝜃)  

[
1

sin 𝜃
𝜕𝜃(sin 𝜃𝜕𝜃) −

𝑚2

sin2 𝜃
+ 𝜔2𝑎2cos2 𝜃] 𝑆(𝜃) = −𝐾ℓ𝑆(𝜃),

[𝜕𝑟Δ𝜕𝑟 +
(2𝑀𝑟+𝜔 −𝑚𝑎)

2

(𝑟 − 𝑟+)(𝑟+ − 𝑟−)
−
(2𝑀𝑟−𝜔 −𝑚𝑎)

2

(𝑟 − 𝑟−)(𝑟+ − 𝑟−)
+ (𝑟2 + 2𝑀(𝑟 + 2𝑀))𝜔2]𝑅(𝑟) = 𝐾ℓ𝑅(𝑟)

 

∇𝑆2
2 𝑆(𝜃) = [

1

sin 𝜃
𝜕𝜃(sin 𝜃𝜕𝜃) −

𝑚2

sin2 𝜃
] 𝑆(𝜃) = −ℓ(ℓ + 1)𝑆(𝜃),𝑚 = −ℓ,⋯ , ℓ  

[𝜕𝑟Δ𝜕𝑟 +
(2𝑀𝑟+𝜔 −𝑚𝑎)

2

(𝑟 − 𝑟+)(𝑟+ − 𝑟−)
−
(2𝑀𝑟−𝜔 −𝑚𝑎)

2

(𝑟 − 𝑟−)(𝑟+ − 𝑟−)
]𝑅(𝑟) = ℓ(ℓ + 1)𝑅(𝑟).  

𝑅(𝑟) =𝐶1 (
𝑟 − 𝑟+
𝑟 − 𝑟−

)
−
𝑖(𝜔−𝑚ΩH)
4𝜋𝑇H (𝑟 − 𝑟−)

−1−ℓ

×  2𝐹1 [1 + ℓ − 𝑖
4𝑀

𝑟+ − 𝑟−
(𝑀𝜔 − 𝑟+𝑚ΩH), 1 + ℓ − 𝑖2𝑀𝜔; 1 −

𝑖(𝜔 −𝑚ΩH)

2𝜋𝑇H
;
𝑟 − 𝑟+
𝑟 − 𝑟−

]  

+𝐶2 (
𝑟 − 𝑟+
𝑟 − 𝑟−

)

𝑖(𝜔−𝑚ΩH)
4𝜋𝑇H (𝑟 − 𝑟−)

−1−ℓ  

 ×  2𝐹1 [1 + ℓ + 𝑖
4𝑀

𝑟+ − 𝑟−
(𝑀𝜔 − 𝑟+𝑚ΩH), 1 + ℓ + 𝑖2𝑀𝜔; 1 +

𝑖(𝜔 −𝑚ΩH)

2𝜋𝑇H
;
𝑟 − 𝑟+
𝑟 − 𝑟−

]

 

𝜔+  = √
𝑟 − 𝑟+
𝑟 − 𝑟−

𝑒2𝜋𝑇R𝜙

𝜔−  = √
𝑟 − 𝑟+
𝑟 − 𝑟−

𝑒2𝜋𝑇L𝜙−
𝑡
2𝑀

𝑦 = √
𝑟+ − 𝑟−
𝑟 − 𝑟−

𝑒𝜋
(𝑇L+𝑇R)𝜙−

𝑡
4𝑀

 

𝑇L ≡
𝑟+ + 𝑟−
4𝜋𝑎

, 𝑇R ≡
𝑟+ − 𝑟−
4𝜋𝑎

,  

𝐻1= 𝑖𝜕+  

𝐻0 = 𝑖 (𝜔
+𝜕+ +

1

2
𝑦𝜕𝑦)

𝐻−1 = 𝑖((𝜔
+)2𝜕+ +𝜔

+𝑦𝜕𝑦 − 𝑦
2𝜕−)
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𝐻‾1= 𝑖𝜕−  

𝐻‾0 = 𝑖 (𝜔
−𝜕− +

1

2
𝑦𝜕𝑦)

𝐻‾−1 = 𝑖((𝜔
−)2𝜕− +𝜔

−𝑦𝜕𝑦 − 𝑦
2𝜕+)

 

[𝐻0, 𝐻±1] = ∓𝑖𝐻±1, [𝐻−1, 𝐻1] = −2𝑖𝐻0
[𝐻‾0, 𝐻‾±1] = ∓𝑖𝐻‾±1, [𝐻‾−1, 𝐻‾1] = −2𝑖𝐻‾0

 

𝑆 =
𝜋2

3
(𝑐L𝑇L + 𝑐R𝑇R) = 2𝜋𝑀𝑟+,  

𝜔+ = 𝑅(𝑟)𝑒2𝜋𝑇R𝜙

𝜔− = 𝑅(𝑟)𝑒2𝜋𝑇L𝜙−Δ𝑟
′ (𝑟+)𝑡/𝑟∗

2

𝑦 = 𝑄(𝑟)𝑒𝜋(𝑇L+𝑇R)𝜙−Δ𝑟
′ (𝑟+)𝑡/(2𝑟∗

2)

 

𝑇L ≡
Δ𝑟
′ (𝑟+)

4𝜋𝑎Ξ

𝑟̂+
2 + 𝑟̂−

2

𝑟∗
2

, 𝑇R ≡
Δ𝑟
′ (𝑟+)

4𝜋𝑎Ξ
 

𝑟∗
2 ≡ 𝑟̂+

2 − 𝑟̂−
2  

𝑡 =
1

Δ𝑟
′ (𝑟+)

(𝑟̂+
2ln 

𝜔+

𝜔−
+ 𝑟̂−

2ln (𝜔+𝜔− + 𝑦2)),

𝑟 = 𝑟+ +
𝜔+𝜔−Δ𝑟

′ (𝑟+)

𝜔+𝜔− + 𝑦2
,

𝜙 =
𝑎Ξ

Δ𝑟
′ (𝑟+)

ln 
𝜔+(𝜔+𝜔− + 𝑦2)

𝜔−
.

 

𝑑𝑠2 =
4𝑊+
𝑦2

𝑑𝜔+𝑑𝜔− +
4Δ𝜃𝑟∗

4𝑎2sin2 𝜃

Δ𝑟
′ (𝑟+)

2𝑦2𝑊+
𝑑𝑦2 +

𝑊+
Δ𝜃
𝑑𝜃2

 −
4𝜔+

𝑦3
(𝑟∗

2 −
Δ𝜃𝑎

2sin2 𝜃

𝑊+Δ𝑟
′ (𝑟+)

2
(𝑟∗
4 − Δ𝑟

′ (𝑟+)𝑟∗
2𝑟̃+))𝑑𝜔

−𝑑𝑦

 −
4𝜔−

𝑦3
(𝑊+ +𝑊− −

Δ𝜃𝑎
2sin2 𝜃

𝑊+Δ𝑟
′ (𝑟+)

2
(𝑟∗
4 + Δ𝑟

′ (𝑟+)𝑟∗
2𝑟̃+))𝑑𝜔

+𝑑𝑦 +⋯

 

𝑊±  = 𝑟1(𝑟±)𝑟2(𝑟±) + 𝑎
2cos2 𝜃

𝑟̃+  = 𝑟1(𝑟+) + 𝑟2(𝑟+)
 

𝜖𝜃+−𝑦 =
4𝑊+𝑟∗

2𝑎sin 𝜃

Δ𝑟
′ (𝑟+)𝑦

3
+⋯  

Γ+𝑦
+ + Γ−𝑦

− = −
2

𝑦
 

𝜁(𝜀) = 𝜀𝜕+ +
1

2
(𝜕+𝜀)𝑦𝜕𝑦, 𝜁‾(𝜀‾) = 𝜀‾𝜕− +

1

2
(𝜕−𝜀‾)𝑦𝜕𝑦  

𝜀𝑛 = 2𝜋𝑇R(𝜔
+)
1+

𝑖𝑛
2𝜋𝑇R , 𝜀‾𝑛 = 2𝜋𝑇L(𝜔

−)
1+

𝑖𝑛
2𝜋𝑇L  
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[𝜁𝑚, 𝜁𝑛] = 𝑖(𝑛 − 𝑚)𝜁𝑛+𝑚, [𝜁‾𝑚, 𝜁‾𝑛] = 𝑖(𝑛 − 𝑚)𝜁‾𝑛+𝑚  

{𝒬𝑛, 𝒬𝑚} = (𝑚 − 𝑛)𝒬𝑚+𝑛 + 𝐾𝑚,𝑛  

𝐾𝑚,𝑛 = 𝛿𝒬(𝜁𝑛, ℒ𝜁𝑚𝑔; 𝑔) =
𝑐R𝑚

3

12
𝛿𝑚+𝑛  

𝛿𝒬 = 𝛿𝒬IW + 𝛿𝒬ct  

𝛿𝒬IW =
1

16𝜋
∫  
𝜕Σ

  ∗ 𝐹IW  

 

𝐹IW
𝑎𝑏 =

1

2
∇𝑎𝜁𝑏ℎ + ∇𝑎ℎ𝑐𝑏𝜁𝑐 + ∇𝑐𝜁

𝑎ℎ𝑐𝑏 + ∇𝑐ℎ
𝑐𝑎𝜁𝑏 − ∇𝑎ℎ𝜁𝑏 − (𝑎 ↔ 𝑏)  

𝐹IW
−𝑦
= 4ℎ𝑚

𝑦−
𝜁𝑛
𝑦
Γ−𝑦
−  

ℎ𝑚
−𝑦
= 𝑔+−𝜕+𝜁𝑚

𝑦
=
𝑦3𝜀𝑚

′′

4𝑊+
,  with  𝜀𝑚

′′ ≡ 𝜕+
2𝜀  

𝛿𝒬ct =
1

16𝜋
∫  
𝜕Σ

 𝐹ct
𝑎𝑏𝑑Σ𝑎𝑏  

𝐹ct
𝑎𝑏 = −2𝑁𝑑  

𝑐∇𝑐(𝜁
𝑎ℎ𝑑𝑏) − (𝑎 ↔ 𝑏),  

𝑁+
+ = 1,𝑁−

− = −1  

𝐹ct
−𝑦
= 2ℎ𝑚

−𝑦
𝜁𝑛
𝑦
(Γ+𝑦
+ − Γ−𝑦

− )  

𝛿𝒬=
1

16𝜋
∫  𝑑𝜃𝑑𝜔+𝜖𝜃+−𝑦(𝐹IW

−𝑦
+ 𝐹ct

−𝑦
) 

 = 𝑖
𝑎𝑟∗

2

2Δ𝑟
′ (𝑟+)

𝑚3𝛿𝑚+𝑛,0

 

𝑐R =
6𝑎𝑟∗

2

Δ𝑟
′ (𝑟+)

=
6𝑎

Δ𝑟
′ (𝑟+)

(𝑟1(𝑟+)𝑟2(𝑟+) − 𝑟1(𝑟−)𝑟2(𝑟−))  

𝑆Cardy =
𝜋2

3
(𝑐L𝑇L + 𝑐R𝑇R)  

𝑇L=
Δ𝑟
′ (𝑟+)

4𝜋𝑎Ξ

𝑟̂+
2 + 𝑟̂−

2

𝑟∗
2

 

 =
Δ𝑟
′ (𝑟+)[(𝑟+ + 2𝑚sinh

2 (𝛿1))(𝑟+ + 2sinh
2 (𝛿2)) + (𝑟− + 2𝑚sinh

2 (𝛿1))(𝑟− + 2𝑚sinh
2 (𝛿2)) + 2𝑎

2]

4𝜋𝑎(1 − 𝑎2𝑔2)[(𝑟+ + 2𝑚sinh
2 (𝛿1))(𝑟+ + 2𝑚sinh

2 (𝛿2)) − (𝑟− + 2𝑚sinh
2 (𝛿1))(𝑟− + 2𝑚sinh

2 (𝛿2))]

𝑇R =
Δ𝑟
′ (𝑟+)

4𝜋𝑎Ξ
=

Δ𝑟
′ (𝑟+)

4𝜋𝑎(1 − 𝑎2𝑔2)
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𝑐L = 𝑐R

=
6𝑎𝑟∗

2

Δ𝑟
′ (𝑟+)

=
6𝑎

Δ𝑟
′ (𝑟+)

(𝑟1(𝑟+)𝑟2(𝑟+) − 𝑟1(𝑟−)𝑟2(𝑟−))

=
6𝑎

Δ𝑟
′ (𝑟+)

((𝑟+ + 2𝑚sinh
2 (𝛿1))(𝑟+ + 2𝑚sinh

2 (𝛿2)) − (𝑟− + 2𝑚sinh
2 (𝛿1))(𝑟− + 2𝑚sinh

2 (𝛿2)))

 

𝑆Cardy =
𝜋𝑟̂+

2

Ξ
=
𝜋[(𝑟1 + 2𝑚sinh

2 (𝛿1))(𝑟+ + 2𝑚sinh
2 (𝛿2)) + 𝑎

2]

1 − 𝑎2𝑔2
,  

𝑇0
𝜇𝜈
= 𝜌𝑢𝜇𝑢𝜈 +𝒫𝑃𝜇𝜈

𝐽𝑖,0
𝜇
= 𝑟𝑖𝑢

𝜇

𝐽𝑆,0
𝜇
= 𝑠𝑢𝜇

 

𝑇1
𝜇𝜈
= −𝜁𝜗𝑃𝜇𝜈 − 2𝜂𝜎𝜇𝜈 + 𝑞𝜇𝑢𝜈 + 𝑢𝜇𝑞𝜈

𝐽𝑖,1
𝜇
= 𝑞𝑖

𝜇

𝐽𝑆,1
𝜇
=
1

𝒯
(𝑞𝜇 − 𝜇𝑖𝑞𝑖

𝜇
)

 

𝜗 = ∇𝜇𝑢
𝜇 ,

𝜎𝜇𝜈 =
1

2
(𝑃𝜇𝜆∇𝜆𝑢

𝜈 + 𝑃𝜈𝜆∇𝜆𝑢
𝜇) −

1

2
𝜗𝑃𝜇𝜈 ,

𝑞𝜇 = −𝜅𝑃𝜇𝜈(𝜕𝜈𝒯 + 𝑎𝜈𝒯),

𝑞𝑖
𝜇
= −𝐷𝑖𝑗𝑃

𝜇𝜈𝜕𝜈 (
𝜇𝑗

𝒯
) ,

 

Φ ≡ ℰ − 𝒯𝒮 − 𝜇𝑖ℛ𝑖, 𝑖 = 1,⋯ ,4,  

𝑑Φ = −𝒮𝑑𝒯 − 𝒫𝑑𝑉 − ℛ𝑖𝑑𝜇𝑖 .  

Φ = −vol(S2)𝒯𝑑ℎ(𝜈𝑖),  

𝜌 = 2𝒫 = 2𝒯3ℎ(𝜈)

𝑟𝑖 = 𝒯
2ℎ𝑖(𝜈)

𝑠 = 𝒯2(3ℎ − 𝜈𝑖ℎ𝑖)

 

 

𝐸 =
2vol( S2)𝜏3ℎ(𝜈)

(1 − 𝜔1
2)2

𝐿1  =
2vol( S2)𝜏3ℎ(𝜈)𝜔1

(1 − 𝜔1
2)2

𝑅𝑖  =
vol(S2)𝜏2ℎ𝑖(𝜈)

1 − 𝜔1
2

𝑆 =
vol(S2)𝜏2[3ℎ(𝜈) − 𝜈𝑖ℎ𝑖(𝜈)]

1 − 𝜔1
2
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𝑇 = (
𝜕𝐸

𝜕𝑆
)
𝐿1,𝑅𝑖

= 𝜏

Ω1 = (
𝜕𝐸

𝜕𝐿1
)
𝑆,𝑅𝑖

= 𝜔1

𝜁𝑖 = (
𝜕𝐸

𝜕𝑅𝑖
)
𝑆,𝐿1,𝑅𝑗

= 𝜏𝜈𝑖

 

𝒵 = exp [−
𝐸 − 𝑇𝑆 − Ω1𝐿1 − 𝜁𝑖𝑅𝑖

𝑇
] = exp [

vol(S2)𝑇2ℎ(𝜁/𝑇)

1 − Ω1
2 ]  

ℎ =
𝒫

𝒯3
=

4𝜋2(1 + 𝑘1)
2(1 + 𝑘2)

2

Ξ𝑔4(3 + 𝑘1 + 𝑘2 − 𝑘1𝑘2)
3

ℎ1  ≡
𝜕ℎ

𝜕𝜈1
=
𝑟1
𝒯2

=
𝜋(1 + 𝑘1)(1 + 𝑘2)√𝑘1

Ξ𝑔3(3 + 𝑘1 + 𝑘2 − 𝑘1𝑘2)
2
, ℎ2 ≡

𝜕ℎ

𝜕𝜈2
=
𝑟2
𝒯2

= ℎ1

ℎ3  ≡
𝜕ℎ

𝜕𝜈3
=
𝑟3
𝒯2

=
𝜋(1 + 𝑘1)(1 + 𝑘2)√𝑘2

Ξ𝑔3(3 + 𝑘1 + 𝑘2 − 𝑘1𝑘2)
2
, ℎ4 ≡

𝜕ℎ

𝜕𝜈4
=
𝑟4
𝒯2

= ℎ3

𝜈1  = 𝜈2 =
4𝜋(1 + 𝑘2)√𝑘1

3 + 𝑘1 + 𝑘2 − 𝑘1𝑘2
, 𝜈3 = 𝜈4 =

4𝜋(1 + 𝑘1)√𝑘2
3 + 𝑘1 + 𝑘2 − 𝑘1𝑘2

 

𝒮 = vol(𝑆2) ⋅ 𝑠 =
𝜋𝑟+

2(1 + 𝑘1)(1 + 𝑘2)

Ξ
,  

log 𝒵 =
16𝜋3(2𝑁)3/2𝑇2(1 + 𝑘1)

2(1 + 𝑘2)
2

3(1 − Ω1
2)(3 + 𝑘1 + 𝑘2 − 𝑘1𝑘2)

3
.  

𝑍(𝑞, 𝑞′; 𝑦1, 𝑦2) = Trℋ[𝑒
−𝛽′{𝑄,𝑆}𝑒−𝛽(𝜖+𝑗3)𝑒−𝛾1ℎ1−𝛾2ℎ2]  

𝑞 ≡ 𝑒−𝛽 , 𝑞′ ≡ 𝑒−𝛽
′
, 𝑦1 ≡ 𝑒

−𝛾1 , 𝑦2 ≡ 𝑒
−𝛾2  

𝑍(𝑞, 𝑞′; 𝑦1, 𝑦2) =
1

(𝑁!)2
∑  

𝔪,𝔪̃∈ℤ𝑁

 ∫ [∏  

𝑁

𝑖=1

 
𝑑𝛼𝑖
2𝜋

𝑑𝛼̃𝑖
2𝜋
] ∏  

𝑖<𝑗
𝔪𝑖=𝔪𝑗

  [2sin (
𝛼𝑖 − 𝛼𝑗

2
)]
2

∏  
𝑖<𝑗
𝔪̃𝑖=𝔪̃𝑗

  [2sin (
𝛼̃𝑖 − 𝛼̃𝑗

2
)]
2

× 𝑍0𝑍cl𝑍ch𝑍g 

 

 

𝑍cl  = 𝑒
𝑖𝑘 ∑  𝑁

𝑖=1  (𝔪𝑖𝛼𝑖−𝔪̃𝑖𝛼̃𝑖)

𝑍ch  = ∏  

𝑁

𝑖,𝑗=1

 exp [∑  

∞

𝑛=1

 
1

𝑛
(𝑓𝑖𝑗

+(𝑞𝑛, 𝑞′𝑛; 𝑦1
𝑛, 𝑦2

𝑛)𝑒𝑖𝑛(𝛼̃𝑗−𝛼𝑖) + 𝑓𝑖𝑗
−(𝑞𝑛, 𝑞′𝑛; 𝑦1

𝑛, 𝑦2
𝑛)𝑒𝑖𝑛(𝛼𝑖−𝛼̃𝑗))]

𝑍g  = ∏  

𝑁

𝑖,𝑗=1

 exp [∑  

∞

𝑛=1

 
1

𝑛
(𝑓𝑖𝑗

adj (𝑞𝑛, 𝑞′𝑛)𝑒−𝑖𝑛(𝛼𝑖−𝛼𝑗) + 𝑓𝑖𝑗
adj (𝑞𝑛, 𝑞′𝑛)𝑒−𝑖𝑛(𝛼̃𝑖−𝛼̃𝑗))]

𝑍0  = ∏  

𝑁

𝑖,𝑗=1

 exp [−𝛽(|𝔪𝑖 − 𝔪̃𝑗| −∑  

𝑖<𝑗

  |𝔪𝑖𝑗| −∑  

𝑖<𝑗

  |𝔪̃𝑖𝑗|)]
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𝑓𝑖𝑗
±B(𝑞, 𝑞′; 𝑦1, 𝑦2) ≡ ∑  

4 scalars 

𝑠=±1

  ∑  

∞

𝑗=
|𝔪𝑖−𝔪̃𝑗|

2

  ∑  

𝑗

𝑗3=−𝑗

  (𝑞𝜖𝚥+𝑗3𝑞′𝜖𝚥−ℎ3−𝑗3𝑦1
ℎ1𝑦2

ℎ2)

𝑓𝑖𝑗
±F(𝑞, 𝑞′; 𝑦1, 𝑦2) ≡ ∑  

4 fermions 

  ∑  

∞

𝑗=
|𝔪𝑖−𝔪̃𝑗|±1

2

  ∑  

𝑗

𝑗3=−𝑗

  (𝑞𝜖𝚥+𝑗3𝑞′𝜖𝚥−ℎ3−𝑗3𝑦1
ℎ1𝑦2

ℎ2)

 

𝑓𝑖𝑗
+B(𝑞, 𝑞′; 𝑦1, 𝑦2) =(√

𝑦1
𝑦2
+√

𝑦2
𝑦1
) ∑  

∞

𝑗=
|𝔪𝑖−𝔪̃𝑗|

2

 𝑞
1
2∑ 

2𝑗

𝑙=0

 𝑞′2𝑗−𝑙𝑞𝑙

 +(√𝑦1𝑦2 +
1

√𝑦1𝑦2
) ∑  

∞

𝑗=
|𝔪𝑖−𝔪̃𝑗|

2

 𝑞′𝑞
1
2∑ 

2𝑗

𝑙=0

 𝑞′2𝑗−𝑙𝑞𝑙 ,

𝑓𝑖𝑗
−B(𝑞, 𝑞′; 𝑦1, 𝑦2) =(√𝑦1𝑦2 +

1

√𝑦1𝑦2
) ∑  

∞

𝑗=
|𝔪̃𝑖−𝔪𝑗|

2

 𝑞
1
2∑ 

2𝑗

𝑙=0

 𝑞′2𝑗−𝑙𝑞𝑙

 +(√
𝑦1
𝑦2
+√

𝑦2
𝑦1
) ∑  

∞

𝑗=
|𝔪̃𝑖−𝔪𝑗|

2
𝑞′𝑞

1
2∑  

2𝑗
𝑙=0

 𝑞′2𝑗−𝑙𝑞𝑙

 

𝑓𝑖𝑗
+F(𝑞, 𝑞′; 𝑦1, 𝑦2) = −(√𝑦1𝑦2 +

1

√𝑦1𝑦2
) ∑  

∞

𝑗=
|𝔪𝑖−𝔪̃𝑗|+1

2

 𝑞
1
2∑ 

2𝑗

𝑙=0

 𝑞′2𝑗−𝑙𝑞𝑙

 −(√
𝑦1
𝑦2
+√

𝑦2
𝑦1
) ∑  

∞

𝑗=
|𝔪𝑖−𝔪̃𝑗|−1

2

 𝑞′𝑞
1
2∑ 

2𝑗

𝑙=0

 𝑞′2𝑗−𝑙𝑞𝑙

𝑓𝑖𝑗
−F(𝑞, 𝑞′; 𝑦1, 𝑦2) = −(√

𝑦1
𝑦2
+√

𝑦2
𝑦1
) ∑  

𝑗=
|𝔪𝑖−𝔪̃𝑗|+1

2

 𝑞
1
2∑ 

2𝑗

𝑙=0

 𝑞′2𝑗−𝑙𝑞𝑙

 −(√𝑦1𝑦2 +
1

√𝑦1𝑦2
) ∑  

∞

𝑗=
|𝔪𝑖−𝔪̃𝑗|−1

2

 𝑞′𝑞
1
2∑ 

2𝑗

𝑙=0

 𝑞′2𝑗−𝑙𝑞𝑙 .

 

𝑓𝑖𝑗
adj, B(𝑞, 𝑞′) = ∑  

𝑗=
|𝔪𝑖𝑗|
2
+1

𝑞2𝑗+1 − 𝑞2𝑗+1

𝑞 − 𝑞′
+ ∑  

𝑗=
|𝔪𝑖𝑗|
2

𝑞𝑞′(𝑞2𝑗+1 − 𝑞2𝑗+1)

𝑞 − 𝑞′
+ (1 − 𝛿𝔪𝑖𝑗)

𝑞′𝑞|𝔪𝑖𝑗| − 𝑞𝑞′|𝔪𝑖𝑗|

𝑞 − 𝑞′
  ,

𝑓𝑖𝑗
adj, F(𝑞, 𝑞′) = ∑  

𝑗=
|𝔪𝑖𝑗|+1

2

 
𝑞′(𝑞2𝑗+1 − 𝑞2𝑗+1)

𝑞 − 𝑞′
− ∑  

𝑗=
|𝔪𝑖𝑗|+1

2

 𝑞
𝑞2𝑗+1𝑞′2𝑗+1

𝑞 − 𝑞′
− (1 − 𝛿𝔪𝑖𝑗)

𝑞(𝑞𝔪𝑖𝑗 − 𝑞′𝔪𝑖𝑗)

𝑞 − 𝑞′
,

 

𝑡1 =
1

√𝑦1𝑦2
, 𝑡2 = √𝑦1𝑦2, 𝑡3 = √

𝑦2
𝑦1
, 𝑡4 = √

𝑦1
𝑦2
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𝑓𝑖𝑗
+(𝑞𝑛, 𝑞′𝑛; 𝑡𝑖

𝑛)

=𝑓𝑖𝑗
+B(𝑞𝑛, 𝑞′𝑛; 𝑡𝑖

𝑛) + (−1)𝑛−1𝑓𝑖𝑗
+F(𝑞𝑛, 𝑞′𝑛; 𝑡𝑖

𝑛)

=
𝑡3,4
𝑛

𝑞𝑛 − 𝑞′𝑛
(
𝑞𝑛(1/2+|𝔪𝑖−𝔪̃𝑗|)(𝑞𝑛 + (−1)𝑛𝑞′𝑛)

1 − 𝑞2𝑛
−
𝑞𝑛/2𝑞′𝑛(1+|𝔪𝑖−𝔪̃𝑗|)(1 + (−1)𝑛)

1 − 𝑞′2𝑛
)

 +
𝑡1,2
𝑛

𝑞𝑛 − 𝑞′𝑛
(
𝑞𝑛(3/2+|𝔪𝑖−𝔪̃𝑗|)(𝑞′𝑛 + (−1)𝑛𝑞𝑛)

1 − 𝑞2𝑛
−
𝑞𝑛/2𝑞′𝑛(2+|𝔪𝑖−𝔪̃𝑗|)(1 + (−1)𝑛)

1 − 𝑞′2𝑛
) ,

𝑓𝑖𝑗
−(𝑞𝑛, 𝑞′𝑛; 𝑡𝑖

𝑛)

=𝑓𝑖𝑗
−B(𝑞𝑛, 𝑞′𝑛; 𝑡𝑖

𝑛) + (−1)𝑛−1𝑓𝑖𝑗
−F(𝑞𝑛, 𝑞′𝑛; 𝑡𝑖

𝑛)

=
𝑡1,2
−𝑛

𝑞𝑛 − 𝑞′𝑛
(
𝑞𝑛(1/2+|𝔪𝑖−𝔪̃𝑗|)(𝑞𝑛 + (−1)𝑛𝑞′𝑛)

1 − 𝑞2𝑛
−
𝑞𝑛/2𝑞′𝑛(1+|𝔪𝑖−𝔪̃𝑗|)(1 + (−1)𝑛)

1 − 𝑞′2𝑛
)

 +
𝑡3,4
−𝑛

𝑞𝑛 − 𝑞′𝑛
(
𝑞𝑛(3/2+|𝔪𝑖−𝔪̃𝑗|)(𝑞′𝑛 + (−1)𝑛𝑞𝑛)

1 − 𝑞2𝑛
−
𝑞𝑛/2𝑞′𝑛(2+|𝔪𝑖−𝔪̃𝑗|)(1 + (−1)𝑛)

1 − 𝑞′2𝑛
) ,

 

𝑓𝑖𝑗
adj(𝑞𝑛 , 𝑞′𝑛) = 𝑓𝑖𝑗

adj, B(𝑞𝑛, 𝑞′𝑛) + (−1)𝑛−1𝑓𝑖𝑗
adj, F(𝑞𝑛, 𝑞′𝑛)

=(
𝑞𝑛(|𝔪𝑖𝑗|+2)

1 − 𝑞2𝑛
−
𝑞′𝑛(|𝔪𝑖𝑗|+2)

1 − 𝑞′2𝑛
)
𝑞𝑛 + 𝑞′𝑛

𝑞𝑛 − 𝑞′𝑛
(1 + (−1)𝑛)

 +
1 − 𝛿𝔪𝑖𝑗
𝑞𝑛 − 𝑞′𝑛

(𝑞𝑛|𝔪𝑖𝑗|(𝑞′𝑛 + (−1)𝑛𝑞𝑛) − 𝑞𝑛𝑞′𝑛|𝔪𝑖𝑗|(1 + (−1)𝑛))

𝑓𝑖𝑗
adj(𝑞𝑛 , 𝑞′𝑛) = 𝑓𝑖𝑗

adj, B(𝑞𝑛, 𝑞′𝑛) + (−1)𝑛−1𝑓̃𝑖𝑗
adj, F(𝑞𝑛, 𝑞′𝑛)

=(
𝑞𝑛(|𝔪̃𝑖𝑗|+2)

1 − 𝑞2𝑛
−
𝑞′𝑛(|𝔪̃𝑖𝑗|+2)

1 − 𝑞′2𝑛
)
𝑞𝑛 + 𝑞′𝑛

𝑞𝑛 − 𝑞′𝑛
(1 + (−1)𝑛)

 +
1 − 𝛿𝔪̃𝑖𝑗
𝑞𝑛 − 𝑞′𝑛

(𝑞𝑛|𝔪̃𝑖𝑗|(𝑞′𝑛 + (−1)𝑛𝑞𝑛) − 𝑞𝑛𝑞′𝑛|𝔪̃𝑖𝑗|(1 + (−1)𝑛))

 

𝔪𝑖→
𝑁𝛼

𝛽
𝑥𝑖, 𝛼𝑖 → 𝑦𝑖  

𝔪̃𝑖 →
𝑁𝛼

𝛽
𝑥𝑖, 𝛼̃𝑖 → 𝑦̃𝑖 ,

 

∑ 

𝑖,𝑗

 𝑒−𝑛𝑡𝛽|𝔪𝑖−𝔪̃𝑗|±𝑖𝑛(𝛼̃𝑗−𝛼𝑖) →
2𝑁2−𝛼

𝑛𝑡
∫  𝑑𝑥𝜌2(𝑥)𝑒±𝑖𝑛𝛿𝑦  
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log 𝑍ch = 2𝑁
3/2∫  𝑑𝑥𝜌2(𝑥)∑  

∞

𝑛=1

 [(
𝑡3,4
𝑛 𝑞3𝑛/2𝑒𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
+
(−𝑡3,4)

𝑛
𝑞3𝑛/2𝑞′𝑛𝑒𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)

+
𝑡1,2
𝑛 𝑞3𝑛/2𝑞′𝑛𝑒𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
+

(−𝑡1,2)
𝑛
𝑞5𝑛/2𝑒𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
 

+
𝑡1,2
−𝑛𝑞3𝑛/2𝑒−𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
+
(−𝑡1,2)

−𝑛
𝑞3𝑛/2𝑞′𝑛𝑒−𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
 

+
𝑡3,4
−𝑛𝑞3𝑛/2𝑞′𝑛𝑒−𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
+
(−𝑡3,4)

−𝑛
𝑞5𝑛/2𝑒−𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
)

−(1 + (−1)𝑛)
1 + 𝜆

1 − 𝜆
(

𝑡3,4
𝑛 𝑞′𝑛𝑞𝑛/2𝑒𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞′2𝑛)
+

𝑡1,2
𝑛 𝑞′2𝑛𝑞𝑛/2𝑒𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)

+
𝑡1,2
−𝑛𝑞′𝑛𝑞𝑛/2𝑒−𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞′2𝑛)
+

𝑡3,4
−𝑛𝑞′2𝑛𝑞𝑛/2𝑒−𝑖𝑛𝛿𝑦

𝑛2(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞′2𝑛)
)] ,

 

log 𝑍g = 4𝑁
3/2∫  𝑑𝑥𝜌2(𝑥)∑  

∞

𝑛=1

 
1 + (−1)𝑛

𝑛2
[

𝑞3𝑛 + 𝑞2𝑛𝑞′𝑛

(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
−
1 + 𝜆

1 − 𝜆
(

𝑞𝑛𝑞′2𝑛 + 𝑞′3𝑛

(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞′2𝑛)
)] 

𝜔‾ = 𝜆𝛽‾ ≪ 𝜆𝑖  

𝛽 =
1

2
(𝛽‾ + 𝜔‾) =

1

2
(1 + 𝜆)𝛽‾

𝛽′ =
1

2
(𝛽‾ − 𝜔‾) =

1

2
(1 − 𝜆)𝛽‾

 

𝑞𝑙1𝑛𝑞′𝑙2𝑛

(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞2𝑛)
 = −(

1

𝑛2𝜆(1 + 𝜆)𝛽‾2
+
(2 + 𝜆) − 𝑙1(1 + 𝜆) − 𝑙2(1 − 𝜆)

2𝑛𝜆(1 + 𝜆)𝛽‾
) + 𝒪(𝛽‾0)

𝑞𝑙1𝑛𝑞′𝑙2𝑛

(𝑞𝑛 − 𝑞′𝑛)(1 − 𝑞′2𝑛)
 = −(

1

𝑛2𝜆(1 − 𝜆)𝛽‾2
+
(2 − 𝜆) − 𝑙1(1 + 𝜆) − 𝑙2(1 − 𝜆)

2𝑛𝜆(1 − 𝜆)𝛽‾
) + 𝒪(𝛽‾0)

 

𝑍 = ∫  𝒟𝜌𝒟𝛿𝑦exp (−𝑊eff[𝑥; 𝜌, 𝛿𝑦])  
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𝑊eff[𝑥; 𝜌, 𝛿𝑦] = 2𝑁
3/2∫  𝑑𝑥 (

𝑖𝑘𝜌(𝑥𝛿𝑦 − 𝜇)

𝛽‾(1 + 𝜆)

+𝜌2(𝑥) [
1

𝜆(1 + 𝜆)𝛽‾2
(Li4[𝑒

𝑖(𝜆𝑖+𝛿𝑦)] + Li4[𝑒
−𝑖(𝜆𝑖+𝛿𝑦)] + Li4[𝑒

𝑖(𝜋+𝜆𝑖+𝛿𝑦)] + Li4[𝑒
−𝑖(𝜋+𝜆𝑖+𝛿𝑦)]) 

−
1 + 𝜆

8𝜆(1 − 𝜆)2𝛽‾2
(Li4[𝑒

2𝑖(𝜆𝑖+𝛿𝑦)] + Li4[𝑒
−2𝑖(𝜆𝑖+𝛿𝑦)]) +

4Li4[1]

8𝜆(1 + 𝜆)𝛽‾2
−
4(1 + 𝜆)Li4[1]

8𝜆(1 − 𝜆)2𝛽‾2
 

+
2 + 𝜆 −

3
2
(1 + 𝜆)

2𝜆(1 + 𝜆)𝛽‾
(Li3[𝑒

𝑖(𝜆3,4+𝛿𝑦)] + Li3[𝑒
−𝑖(𝜆1,2+𝛿𝑦)])  

+
2 + 𝜆 −

1
2
(1 + 𝜆) − (1 − 𝜆)

2𝜆(1 + 𝜆)𝛽‾
(Li3[𝑒

𝑖(𝜋+𝜆3,4+𝛿𝑦)] + Li3[𝑒
−𝑖(𝜋+𝜆1,2+𝛿𝑦)])  

+
2 + 𝜆 −

3
2
(1 + 𝜆) − (1 − 𝜆)

2𝜆(1 + 𝜆)𝛽‾
(Li3[𝑒

𝑖(𝜆1,2+𝛿𝑦)] + Li3[𝑒
−𝑖(𝜆3,4+𝛿𝑦)])  

+
2 + 𝜆 −

5
2
(1 + 𝜆)

2𝜆(1 + 𝜆)𝛽‾
(Li3[𝑒

𝑖(𝜋+𝜆1,2+𝛿𝑦)] + Li3[𝑒
−𝑖(𝜋+𝜆3,4+𝛿𝑦)])  

−
2 − 𝜆 −

1
2 (1 + 𝜆) − (1 − 𝜆)

4 ⋅ 2𝜆(1 − 𝜆)𝛽‾

1 + 𝜆

1 − 𝜆
(Li3[𝑒

2𝑖(𝜆3,4+𝛿𝑦)] + Li3[𝑒
−2𝑖(𝜆1,2+𝛿𝑦)])  

−
2 − 𝜆 −

1
2 (1 + 𝜆) − 2(1 − 𝜆)

4 ⋅ 2𝜆(1 − 𝜆)𝛽‾

1 + 𝜆

1 − 𝜆
(Li3[𝑒

2𝑖(𝜆1,2+𝛿𝑦)] + Li3[𝑒
−2𝑖(𝜆3,4+𝑖𝛿𝑦)])  

+(
2(2 + 𝜆 − 3(1 + 𝜆))

2𝜆(1 + 𝜆)𝛽‾
+
2(2 + 𝜆 − 2(1 + 𝜆) − (1 − 𝜆))

2𝜆(1 + 𝜆)𝛽‾
)
Li3[1]

4
 

−(
2(2 + 𝜆 − (1 + 𝜆) − 2(1 − 𝜆))

2𝜆(1 − 𝜆)𝛽‾

1 + 𝜆

1 − 𝜆
+
2(1 + 𝜆 − 3(1 − 𝜆))

2𝜆(1 − 𝜆)𝛽‾

1 + 𝜆

1 − 𝜆

Li3[1]

4
] + 𝒪(𝛽‾0))

 

Li𝑛[𝑧] = ∑  

∞

𝑘=1

 
𝑧𝑘

𝑘𝑛
 

Li𝑛[𝑧] + Li𝑛[−𝑧] = 2
1−𝑛Li𝑛[𝑧

2]  

𝑄𝑖 =
𝜕log 𝑍

𝜕𝜆𝑖
.  

𝑒2𝛿1+2𝛿2 = 1 +
2

𝑎𝑔
,  

𝑆𝐵𝐻  =
𝜋2

3
𝑐𝐿𝑇𝐿 +

𝜋2

3
𝑐𝑅𝑇𝑅

 = 2𝜋√
𝑐𝐿𝑁𝐿
6

+ 2𝜋√
𝑐𝑅𝑁𝑅
6

 

𝑇𝐿 =
1

𝜋
√
6𝑁𝐿
𝑐𝐿
, 𝑇𝑅 =

1

𝜋
√
6𝑁𝑅
𝑐𝑅

.  
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𝑍𝑅 =∑ 

𝑁𝑅

 𝑞𝑁𝑅𝑑(𝑁𝑅) =∑  

𝑁𝑅

 𝑞𝑁𝑅𝑒𝑆𝑅 =∑ 

𝑁𝑅

 𝑞𝑁𝑅𝑒2𝜋√𝑐𝑅𝑁𝑅/6  

𝑁𝑅 = 𝑞
𝜕

𝜕𝑞
log 𝑍𝑅 ≈

𝜋2𝑐𝑅
6(log (𝑞))2

 

𝑁𝐿 = 𝑞
𝜕

𝜕𝑞
log 𝑍𝐿 ≈

𝜋2𝑐𝐿
6(log (𝑞))2

 

𝜌𝐿(𝑘0) =
𝑞𝑛

1 − 𝑞𝑛
=

𝑒−𝑘0/𝑇𝐿

1 − 𝑒−𝑘0/𝑇𝐿
,

𝜌𝑅(𝑘0) =
𝑞𝑛

1 − 𝑞𝑛
=

𝑒−𝑘0/𝑇𝑅

1 − 𝑒−𝑘0/𝑇𝑅
,

 

𝜌𝐿(𝑘0) =
𝑒−𝑘0/𝑇𝐿

1 − 𝑒−𝑘0/𝑇𝐿
≈
𝑇𝐿
𝑘0
, 𝜌𝑅(𝑘0) =

𝑒−𝑘0/𝑇𝑅

1 − 𝑒−𝑘0/𝑇𝑅
≈
𝑇𝑅
𝑘0
.  

𝜌𝐿(𝑘0) ≈ 𝜌𝑅(𝑘0) ≈
𝑒−2𝑘0/𝑇𝐻

1 − 𝑒−2𝑘0/𝑇𝐻
,  

𝑑Γ ∼
𝑑4𝑘

2𝑘0

1

𝑝0
𝐿𝑝0
𝑅 |𝒜|

2𝑐𝐿𝑐𝑅𝜌𝐿(𝑘0)𝜌𝑅(𝑘0)  

𝑑Γ ∼ ( horizon area ) ⋅
𝑒−2𝑘0/𝑇𝐻

1 − 𝑒−2𝑘0/𝑇𝐻
𝑑4𝑘  

Un campo cuántico relativista, bajo supergravedad, supone la existencia de supermembranas en 

dimensiones altas, lo que se calcula así: 

𝒢

ℋ
=
𝑆𝐿(2,ℝ) × 𝑆𝑈(2) × ℝ𝑡 × 𝕊𝑦

1

𝑈(1)𝐿 × 𝑈(1)𝑅
×ℳ  

𝑢 = 𝑡 − 𝑦, 𝑣 = 𝑡 + 𝑦  

𝑑𝑠2 =𝑛5(𝑑𝜃
2 + 𝑑𝜌2) +

1

Σ
[−𝑓0𝑑𝑢𝑑𝑣 +

𝑠(𝑠 + 1)

𝑘𝑅𝑦
Δ𝑑𝑣2

+(𝑛5sinh
2 𝜌 + 𝑛5(𝑠 + 1)

2 + k2𝑅𝑦
2)sin2 𝜃𝑑𝜙2 + (𝑛5sinh

2 𝜌 + 𝑛5𝑠
2 + k2𝑅𝑦

2)cos2 𝜃𝑑𝜓2  

+2 ((k𝑅𝑦 − (𝑠 + 1)Δ)𝑑𝑦 − (𝑠 + 1)Δ𝑑𝑡) sin
2 𝜃𝑑𝜙 + 2((k𝑅𝑦 + 𝑠Δ)𝑑𝑦 + 𝑠Δ𝑑𝑡) cos

2 𝜃𝑑𝜓]

 +𝑑𝐳 ⋅ 𝑑𝐳

𝐵 =
1

Σ
[
k𝑅𝑦

𝑛5
Δ𝑑𝑡 ∧ 𝑑𝑦 + (𝑛5sinh

2 𝜌 + 𝑛5(𝑠 + 1)
2 + k2𝑅𝑦

2)cos2 𝜃𝑑𝜙 ∧ 𝑑𝜓

+((k𝑅𝑦 − (𝑠 + 1)Δ)𝑑𝑦 − (𝑠 + 1)Δ𝑑𝑡) ∧ cos
2 𝜃𝑑𝜓 + ((k𝑅𝑦 + 𝑠Δ)𝑑𝑦 + 𝑠Δ𝑑𝑡) ∧ sin

2 𝜃𝑑𝜙]

𝑒2Φ =
k𝑅𝑦𝑉4

𝑛1

Δ

Σ

 

Δ = k𝑅𝑦 +
𝑛5𝑠(𝑠 + 1)

k𝑅𝑦
, Σ = 𝑓0 +

k𝑅𝑦

𝑛5
Δ, 𝑓0 = sinh

2 𝜌 − 𝑠sin2 𝜃 + (𝑠 + 1)cos2 𝜃  
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𝑠(𝑠 + 1)

k
∈ ℤ.  

𝑡̃ =
𝑡

𝑅𝑦
, 𝑦̃ =

𝑦

𝑅𝑦
,  

1

𝑛5
𝑑𝑠2 =−

1

k2
cosh2 𝜌𝑑𝑡̃2 + 𝑑𝜌2 +

1

k2
sinh2𝜌𝑑𝑦̃2   

 +𝑑𝜃2 + cos2 𝜃 (𝑑𝜓 +
𝑠

k
𝑑𝑡̃ +

𝑠 + 1

k
𝑑𝑦̃)

2

+ sin2 𝜃 (𝑑𝜙 −
𝑠 + 1

k
𝑑𝑡̃ −

𝑠

k
𝑑𝑦̃)

2  

𝜓NS = 𝜓 +
𝑠

k
𝑡̃ +

𝑠 + 1

k
𝑦̃, 𝜙NS = 𝜙 −

𝑠 + 1

k
𝑡̃ −

𝑠

k
𝑦̃, 𝑡̃NS = 𝑡, 𝑦̃NS = 𝑦̃  

(𝑦̃, 𝜓NS, 𝜙NS) ∼ (𝑦̃, 𝜓NS, 𝜙NS) + 2𝜋 (1,
𝑠 + 1

k
,−
𝑠

k
) .  

𝑔𝑡𝑡 = −
𝑓0 − Δ𝑝
Σ

, Δ𝑝 ≡ 𝑠(𝑠 + 1) + 𝑛5 (
𝑠(𝑠 + 1)

𝑘𝑅𝑦
)

2

.  

𝑑𝑠2 = 𝑑𝜃2 + cos2 𝜃𝑑𝜓2 + sin2 𝜃𝑑𝜙2  

𝑔su = 𝑒
−𝑖(𝜙−𝜓)𝜎3/2𝑒𝑖(𝜋/2−𝜃)𝜎2𝑒−𝑖(𝜙+𝜓)𝜎3/2 = ( 𝑒

−𝑖𝜙sin 𝜃 𝑒𝑖𝜓cos 𝜃
−𝑒−𝑖𝜓cos 𝜃 𝑒𝑖𝜙sin 𝜃

)  

𝑔(𝑧, 𝑧‾) = 𝑔ℓ(𝑧)𝑔𝑟(𝑧‾)  

𝑔ℓ(𝑧) = 𝑒
−𝑖𝜈′𝑧𝜎3/2, 𝑔𝑟(𝑧‾) = 𝑒

−𝑖𝜈′𝑧‾𝜎3/2  

𝑔ℓ(𝑧) = 𝑒
−𝑖𝛼ℓ

′𝜎1/2𝑒−𝑖𝜈
′𝑧𝜎3/2, 𝑔𝑟(𝑧‾) = 𝑒

−𝑖𝜈′𝑧‾𝜎3/2𝑒−𝑖𝛼𝑟
′𝜎1/2  

𝑔(𝜉0) = (
cos 𝜈′𝜉0cos 

𝛼ℓ
′ + 𝛼𝑟

′

2
− 𝑖sin 𝜈′𝜉0cos 

𝛼ℓ
′ − 𝛼𝑟

′

2
−𝑖cos 𝜈′𝜉0sin 

𝛼ℓ
′ + 𝛼𝑟

′

2
+ sin 𝜈′𝜉0sin 

𝛼ℓ
′ − 𝛼𝑟

′

2

−𝑖cos 𝜈′𝜉0sin 
𝛼ℓ
′ + 𝛼𝑟

′

2
− sin 𝜈′𝜉0sin 

𝛼ℓ
′ − 𝛼𝑟

′

2
cos 𝜈′𝜉0cos 

𝛼ℓ
′ + 𝛼𝑟

′

2
+ 𝑖sin 𝜈′𝜉0cos 

𝛼ℓ
′ − 𝛼𝑟

′

2

) 

−cos 2𝜃 = cos (𝛼ℓ
′ + 𝛼𝑟

′ )cos2 (𝜈′𝜉0) + cos (𝛼ℓ
′ − 𝛼𝑟

′ )sin2 (𝜈′𝜉0).  

𝜃± =
1

2
(𝜋 − |𝛼ℓ

′ ∓ 𝛼𝑟
′ |)  

ℰ=
𝑛5
2
tr[𝜕𝑔𝜕𝑔−1] +

𝑛5
2
tr[𝜕‾𝑔𝜕‾𝑔−1] =

𝑛5
2
(𝜈′)2,

𝐽su
3  = −

𝑖𝑛5
2
tr[(𝜕𝑔)𝑔−1𝜎3] = 𝑛5(cos

2 𝜃𝜕𝜓 − sin2 𝜃𝜕𝜙) = −
𝑛5
2
𝜈′cos (𝛼ℓ

′),

𝐽‾su
3  = −

𝑖𝑛5
2
tr[𝑔−1(𝜕‾𝑔)𝜎3] = −𝑛5(cos

2 𝜃𝜕‾𝜓 + sin2 𝜃𝜕‾𝜙) = −
𝑛5
2
𝜈′cos (𝛼𝑟

′ );

 

𝑗′ =
𝑛5
2
𝜈′,
𝑚′

𝑗′
= −cos (𝛼ℓ

′) ,
𝑚‾ ′

𝑗′
= −cos (𝛼𝑟

′ )  

𝑑𝑠2 = −cosh2 𝜌𝑑𝜏2 + 𝑑𝜌2 + sinh2 𝜌𝑑𝜎2  
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𝑔sl = 𝑒
𝑖(𝜏+𝜎)𝜎3/2𝑒𝜌𝜎1𝑒𝑖(𝜏−𝜎)𝜎3/2 = (

𝑒𝑖𝜏cosh 𝜌 𝑒𝑖𝜎sinh 𝜌

𝑒−𝑖𝜎sinh 𝜌 𝑒−𝑖𝜏cosh 𝜌
)  

𝑔ℓ(𝑧) = 𝑒
𝑖𝜈𝑧𝜎3/2, 𝑔𝑟(𝑧‾) = 𝑒

𝑖𝜈𝑧‾𝜎3/2  

𝑔ℓ(𝑧) = 𝑒
𝛼ℓ𝜎1/2𝑒𝑖𝜈𝑧𝜎3/2, 𝑔𝑟(𝑧‾) = 𝑒

𝑖𝜈𝑧‾𝜎3/2𝑒𝛼𝑟𝜎1/2  

𝑔(𝜉0) = (
cos 𝜈𝜉0cosh 

𝛼ℓ + 𝛼𝑟
2

+ 𝑖sin 𝜈𝜉0cosh 
𝛼ℓ − 𝛼𝑟
2

cos 𝜈𝜉0sinh 
𝛼ℓ + 𝛼𝑟
2

− 𝑖sin 𝜈𝜉0sinh 
𝛼ℓ − 𝛼𝑟
2

cos 𝜈𝜉0sinh 
𝛼ℓ + 𝛼𝑟
2

+ 𝑖sin 𝜈𝜉0sinh 
𝛼ℓ − 𝛼𝑟
2

cos 𝜈𝜉0cosh 
𝛼ℓ + 𝛼𝑟
2

− 𝑖sin 𝜈𝜉0cosh 
𝛼ℓ − 𝛼𝑟
2

) 

cosh 2𝜌 = cos2 (𝜈𝜉0)cosh (𝛼ℓ + 𝛼𝑟) + sin
2 (𝜈𝜉0)cosh (𝛼ℓ − 𝛼𝑟),  

 

𝜌± =
1

2
|𝛼ℓ ± 𝛼𝑟|.  

ℰ= −
𝑛5
2
tr[𝜕𝑔𝜕𝑔−1] −

𝑛5
2
tr[𝜕‾𝑔𝜕‾𝑔−1] = −

𝑛5
2
𝜈2  

𝐽sl
3  = −

𝑖𝑛5
2
tr[(𝜕𝑔)𝑔−1𝜎3] = 𝑛5(cosh

2 𝜌𝜕𝜏 − sinh2 𝜌𝜕𝜎) =
𝑛5
2
𝜈cosh (𝛼ℓ)

𝐽‾sl
3  = −

𝑖𝑛5
2
tr[𝑔−1(𝜕‾𝑔)𝜎3] = 𝑛5(cosh

2 𝜌𝜕‾𝜏 + sinh2 𝜌𝜕‾𝜎) =
𝑛5
2
𝜈cosh (𝛼𝑟);

 

𝑗 =
𝑛5
2
𝜈,
𝑚

𝑗
= cosh 𝛼ℓ,

𝑚‾

𝑗
= cosh 𝛼𝑟.  

m = 𝑠 + 1, n = 𝑠,  

𝒮 = ∫  𝑑𝜉√ g( g𝜉𝜉𝜕𝜉𝑋
𝜇𝜕𝜉𝑋

𝜈𝐺𝜇𝜈(𝑋) +M
2)  

g𝜉𝜉𝜕𝜉𝑋
𝜇𝜕𝜉𝑋

𝜈𝐺𝜇𝜈(𝑋) = M
2.  

ℒ𝑔 = ℒsl + ℒsu =
𝑛5
2
[(−cosh2 𝜌𝜏̇2 + 𝜌̇2 + sinh2 𝜌𝜎̇2) + (𝜃̇2 + cos2 𝜃𝜓̇NS

2 + sin2 𝜃𝜙̇NS
2 )]  

𝜓̇NS = 𝜓̇ + n𝜏̇ + m𝜎̇, 𝜙̇NS = 𝜙̇ −m𝜏̇ − n𝜎̇  

−𝑝𝜏= 𝑛5(cosh
2 𝜌𝜏̇ − ncos2 𝜃𝜓̇NS +msin

2 𝜃𝜙̇NS) 

𝑝𝜎= 𝑛5(sinh
2 𝜌𝜎̇ + mcos2 𝜃𝜓̇NS − nsin

2 𝜃𝜙̇NS) 

𝑚𝜓 = 𝑛5(cos
2 𝜃𝜓̇NS)

𝑚𝜙 = 𝑛5(sin
2 𝜃𝜙̇NS)

 

k𝜀= 𝑛5cosh
2 𝜌𝜏̇ − n𝑚𝜓 +m𝑚𝜙  

k𝑛𝑦 = 𝑛5sinh
2 𝜌𝜎̇ + m𝑚𝜓 − n𝑚𝜙

 

𝑛5cosh
2 𝜌𝜏̇ = 𝑚 +𝑚‾  ,𝑚𝜙 = 𝑚

′ +𝑚‾ ′

−𝑛5sinh
2 𝜌𝜎̇ = 𝑚 −𝑚‾  ,𝑚𝜓 = 𝑚‾

′ −𝑚′  
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k𝜀 = 𝑚 +𝑚‾ + (2𝑠 + 1)𝑚′ +𝑚‾ ′

−k𝑛𝑦  = 𝑚 −𝑚‾ + (2𝑠 + 1)𝑚
′ −𝑚‾ ′

 

ℋsl = 𝑛5
2𝜌̇2 +

(𝑚 −𝑚‾ )2

sinh2 𝜌
−
(𝑚 +𝑚‾ )2

cosh2 𝜌
= −4𝑗2

ℋsu = 𝑛5
2𝜃̇2 +

(𝑚′ −𝑚‾ ′)2

cos2 𝜃
+
(𝑚′ +𝑚‾ ′)2

sin2 𝜃
= +4(𝑗′)2

 

ℋtot = ℋsl +ℋsu = M
2  

𝑚′ = −𝑗 + 𝔪̂,𝑚 = 𝑗 + 𝔫̂  

sinh2 𝜌 =
𝔫̂

2𝑗
 , cos2 𝜃 =

𝔪̂

2𝑗
 

𝐷𝑗′𝑚′𝑚‾ ′(𝜃, 𝜙, 𝜓)= 𝑒
−𝑖𝑚′(𝜙+𝜓)𝑒−𝑖𝑚‾

′(𝜙−𝜓)𝑑𝑗′𝑚′𝑚‾ ′(𝜃)  

𝑑𝑗′𝑚′𝑚‾ ′(𝜃) = (cos 𝜃)
𝑎(sin 𝜃)𝑏𝑃𝑞

(𝑎,𝑏)
(𝜃)

𝑃𝑞
(𝑎,𝑏)

(𝜃) = ∑  

𝑞

𝑝=0

 (
𝑞 + 𝑎

𝑞 − 𝑝
) (
𝑞 + 𝑏

𝑝
) (sin 𝜃)2𝑝(cos 𝜃)2𝑞−2𝑝

 

𝑗′ → −𝑗 ,𝑚′ → 𝑚 ,𝑚‾ ′ → 𝑚‾  , 𝔪̂ → 𝔫̂  

(
𝜋

2
− 𝜃) → −𝑖𝜌 , 𝜙 → −𝜏 , 𝜓 → 𝜎 +

𝜋

2
 

𝑒−2𝑖𝑗
′𝜙(sin 𝜃)2𝑗

′
⟶ 𝑒−2𝑖𝑗𝜏(cosh 𝜌)−2𝑗  

k𝜀 = −k𝑛𝑦 = 𝔫̂ + (2𝑠 + 1)𝔪̂ − 2𝑠𝑗  

Δℓ𝔪̂𝔫̂𝑒
𝑖𝑣ℓ𝔪̂𝔫̂ =

(

 
𝑟b

√𝑟b
2 + 𝑎2

)

 

𝔫̂

(

 
𝑎

√𝑟b
2 + 𝑎2

)

 

ℓ

sinℓ−𝔪̂ 𝜃cos𝔪̂ 𝜃𝑒𝑖[(𝔫̂+(2𝑠+1)𝔪̂−2𝑠𝑗)𝑣/𝐤+(ℓ−𝔪̂)𝜙−𝔪̂𝜓]  

𝑟𝑏
2

𝑎2
= sinh2 𝜌  

k𝜀 = −k𝑛𝑦 = 2𝑗(sinh
2 𝜌 + (2𝑠 + 1)cos2 𝜃 − 𝑠) = 𝑛5𝜈𝑓0  

k(𝜀 − 𝑛𝑦) ≈ 𝑛5𝜈[cosh (𝜌+ + 𝜌−) + (m + n)cos (𝜃+ + 𝜃−)]

k(𝜀 + 𝑛𝑦) ≈ 𝑛5𝜈[cosh (𝜌+ − 𝜌−) − (m − n)cos (𝜃+ − 𝜃−)]
 

k𝜀 ≈ 𝑛5𝜈[cosh 𝜌+cosh 𝜌− −msin 𝜃+sin 𝜃− + ncos 𝜃+cos 𝜃−]  

k(𝜀 + 𝑛𝑦) ≈
𝑛5𝜈

2
(𝛼𝑟

2 + (𝛼𝑟
′ )2)  

𝑓0 = cosh
2 𝜌 − (𝑠 + 1)sin2 𝜃 + 𝑠cos2 𝜃  
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𝒢

ℋ
=
𝑆𝐿(2,ℝ) × 𝑆𝑈(2) × ℝt × 𝕊y

1

𝑈(1)𝐿 × 𝑈(1)𝑅
 

𝑑𝑠2 = 𝑛5(−cosh
2 𝜌𝑑𝜏2 + 𝑑𝜌2 + sinh2 𝜌𝑑𝜎2) + 𝑛5(𝑑𝜃

2 + cos2 𝜃𝑑𝜓2 + sin2 𝜃𝑑𝜙2) − 𝑑t2 + 𝑑y2. 

𝒥 = 𝐽sl
3 + 𝑙2𝐽su

3 + 𝑙3𝑖𝜕t + 𝑙4𝑖𝜕y, 𝝀 = 𝜓sl
3 + 𝑙2𝜓su

3 + 𝑙3𝜓
t + 𝑙4𝜓

y

𝒥 = 𝐽‾sl
3 + 𝑟2𝐽‾su

3 + 𝑟3𝑖𝜕‾t + 𝑟4𝑖𝜕‾y, 𝝀 = 𝜓‾sl
3 + 𝑟2𝜓‾su

3 + 𝑟3𝜓‾
t + 𝑟4𝜓‾

y
 

𝑛5(−1 + 𝑙2
2) − 𝑙3

2 + 𝑙4
2 = 𝑛5(−1 + 𝑟2

2) − 𝑟3
2 + 𝑟4

2 = 0  

𝑙2 = 2𝑠 + 1, 𝑟2 = 1, 𝑙3 = 𝑟3 = −Δ = −(k𝑅𝑦 +
𝑛5𝑠(𝑠 + 1)

k𝑅𝑦
) ,

𝑙4 = k𝑅𝑦 −
𝑛5𝑠(𝑠 + 1)

k𝑅𝑦
, 𝑟4 = −k𝑅𝑦 −

𝑛5𝑠(𝑠 + 1)

k𝑅𝑦
.

 

Σ = sinh2 𝜌 + 𝑙2𝑟2cos
2 𝜃 +

1 − 𝑙2𝑟2
2

+
𝑙3𝑟3 − 𝑙4𝑟4
2𝑛5

.  

𝛿𝜏 = 𝑙1𝛼 + 𝑟1𝛽 = (𝛼 + 𝛽), 𝛿𝜙 = −𝑙2𝛼 − 𝑟2𝛽 = −(𝛼 + 𝛽)(𝑠 + 1) − (𝛼 − 𝛽)𝑠,
𝛿𝜎 = 𝑙1𝛼 + 𝑟1𝛽 = (𝛼 − 𝛽), 𝛿𝜓 = 𝑙2𝛼 − 𝑟2𝛽 = (𝛼 + 𝛽)𝑠 + (𝛼 − 𝛽)(𝑠 + 1),

𝛿t = 𝑙3𝛼 + 𝑟3𝛽 = −(𝛼 + 𝛽)Δ, 𝛿y = −𝑙4𝛼 − 𝑟4𝛽 = −k𝑅𝑦(𝛼 − 𝛽) +
𝑛5𝑠(𝑠 + 1)

k𝑅𝑦
(𝛼 + 𝛽).

 

𝑡̃gi = t̃ + k𝜏, 𝑦̃gi = ỹ + k𝜎,  

𝜙gi,1 = 𝜙 −
𝑠 + 1

k
t̃ −

𝑠

k
ỹ, 𝜓gi,1 = 𝜓 +

𝑠2

k
t̃ +

𝑠 + 1

k
ỹ,  

𝜙gi,2 = 𝜙 + (𝑠 + 1)𝜏 + 𝑠𝜎, 𝜓gi,2 = 𝜓 − 𝑠𝜏 − (𝑠 + 1)𝜎.  

𝛿(𝜎, 𝜓, 𝜙) =
2𝜋

k
(1, 𝑠 + 1,−𝑠)  

| + +⟩k,𝑠: ℎ =
k

4
+
𝑠(𝑠 + 1)

k
,𝑀′ = 𝑠 +

1

2
 

ℎ‾ =
k

4
,𝑀‾ ′ =

1

2
.

 

| − −⟩k,𝑠 = | + +⟩k,𝑠−1: ℎ=
k

4
+
𝑠(𝑠 − 1)

k
,𝑀′ = 𝑠 −

1

2
 

ℎ‾ =
k

4
,𝑀‾ ′ =

1

2
.

 

𝒬BRST = ∮   𝑑𝑧[(𝑐𝑇 + 𝛾𝐺 +  ghosts ) + (𝑐̃𝒥 + 𝛾̃𝝀)]  

Φ𝑗;𝑚,𝑚‾
(𝑤)

Ψ
𝑗′;𝑚′,𝑚‾ ′
(𝑤′,𝑤‾ ′)

𝑒−𝑖𝐸t+𝑖𝑃𝑦y+𝑖𝑃‾𝑦y  

𝑃𝑦 =
𝑛𝑦

𝑅𝑦
+𝑤𝑦𝑅𝑦, 𝑃‾𝑦 =

𝑛𝑦

𝑅𝑦
−𝑤𝑦𝑅𝑦  
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𝐽sl
𝑎 = 𝑗sl

𝑎 −
𝑖

2
(𝜖sl)𝑏𝑐

𝑎 𝜓sl
𝑏𝜓sl

𝑐  , 𝐽su
𝑎 = 𝑗su

𝑎 −
𝑖

2
(𝜖su)𝑏𝑐

𝑎 𝜓su
𝑏 𝜓su

𝑐  

𝐿0 −
1

2
= −

𝑗(𝑗 − 1)

𝑛5
+
𝑗′(𝑗′ + 1)

𝑛5
−𝑀𝑤 −

𝑛5
4
𝑤2 +𝑀′𝑤′ +

𝑛5
4
𝑤′2 −

1

4
𝐸2 +

1

4
𝑃𝑦
2 + ℎ𝐿 = 0

𝐿‾0 −
1

2
= −

𝑗(𝑗 − 1)

𝑛5
+
𝑗′(𝑗′ + 1)

𝑛5
−𝑀‾𝑤 −

𝑛5
4
𝑤2 +𝑀‾ ′𝑤‾ ′ +

𝑛5
4
𝑤‾ ′2 −

1

4
𝐸2 +

1

4
𝑃‾𝑦
2 + ℎ𝑅 = 0

 

Ψ
𝑗′;𝑚′,𝑚‾ ′
(𝑤′,𝑤‾ ′)

= Λ
𝑗′;𝑚′,𝑚‾ ′
(𝛼su,𝛼‾ su)exp [𝑖

2

√𝑛5
((𝑀′ +

𝑛5
2
𝑤′)𝑌′ + (𝑀‾ ′ +

𝑛5
2
𝑤‾ ′)𝑌‾ ′)]  

 

𝐽su
3 = 𝑖√𝑛5𝜕𝑌

′ , 𝐽‾su
3 = 𝑖√𝑛5𝜕‾𝑌‾

′  

ℎΛ =
𝑗′(𝑗′ + 1)

𝑛5
−
𝑀′2

𝑛5
+
𝛼su
2

2
,  

 

ℎΨ = ℎΛ +
1

𝑛5
(𝑀′ +

𝑛5
2
𝑤′)

2

 

(2𝑀 + 𝑛5𝑤) + 𝑙2(2𝑀
′ + 𝑛5𝑤

′) + 𝑙3𝐸 + 𝑙4𝑃𝑦 = 0

(2𝑀‾ + 𝑛5𝑤) + 𝑟2(2𝑀‾
′ + 𝑛5𝑤‾

′) + 𝑟3𝐸 + 𝑟4𝑃‾𝑦 = 0
 

𝒱𝛼𝛼̇ , 𝒮𝐴𝐵 ,  

(| + +⟩k)
2𝑗′+1 ⟶ |𝐼⟩(2𝑗′+1)k  

𝑛𝑦𝑤𝑦 = 0.  

𝐸 =
𝜀

𝑅𝑦
 

𝑗 = 𝑗′ + 1  

k(𝜀 − 𝑛𝑦) = 2𝑀 + 2(2𝑠 + 1)𝑀
′,

k(𝜀 + 𝑛𝑦) = 2𝑀‾ + 2𝑀‾
′.

 

k𝜀 = 𝑀 +𝑀‾ + (2𝑠 + 1)𝑀′ +𝑀‾ ′

−k𝑛𝑦  = 𝑀 −𝑀‾ + (2𝑠 + 1)𝑀
′ −𝑀‾ ′

 

𝑀‾ = 𝐽‾ = 𝑗 + 𝜖‾,𝑀‾ ′ = −𝐽‾′ = −(𝑗′ + 𝜖‾′)  

𝜀 = −𝑛𝑦.  

𝑀+ (2𝑠 + 1)𝑀′ + k𝑛𝑦 = 0  

𝑀 = 𝐽 + 𝔫̂ = (𝑗 + 𝜖) + 𝔫̂,𝑀′ = −𝐽′ + 𝔪̂ = −(𝑗′ + 𝜖′) + 𝔪̂,  
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𝔫̂ + (2𝑠 + 1)𝔪̂ − 2𝑠𝑗′ + 𝜖 − (2𝑠 + 1)𝜖′ + 1 = −k𝑛𝑦.  

−2𝑠𝑗′ + 𝜖 − (2𝑠 + 1)𝜖′ + 1 = −k𝑛𝑦  

−2𝑠𝑗′ − 2𝑠𝜖′ = −k𝑛𝑦  

(| + +⟩k,𝑠)
2𝑗′+1

⟶ |++⟩(2𝑗′+1)k,(2𝑗′+1)𝑠  

(| + +⟩k,𝑠)
2𝑗′+1

⟶ |−−⟩(2𝑗′+1)k,(2𝑗′+1)𝑠 = | + +⟩(2𝑗′+1)k,(2𝑗′+1)(𝑠−1)  

|𝔪̂, 𝔫̂; 𝐼⟩(2𝑗′+1)k,(2𝑗′+1)𝑠 = (J
−
(2𝑠+1)
k

+ )

𝔪̂

(L
−
1
k
− J

−
1
k

3 )

𝔫̂

|𝐼⟩(2𝑗′+1)k,(2𝑗′+1)𝑠  

𝔫̂ + (2𝑠 + 1)𝔪̂ − 2𝑠𝑗′ + (2𝑠 + 2) = −k𝑛𝑦  

(G
−
𝑠+1
k

+1 G
−
𝑠+1
k

+2 +
1

k
 J
−
2𝑠+1
k

+ (L
−
1
k
− J

−
1
k

3 )) |𝔪̂, 𝔫̂; + +⟩(2𝑗′+1)k,(2𝑗′+1)𝑠.  

𝔫̂ + (2𝑠 + 1)𝔪̂ − 2𝑠𝑗′ + 2 = −k𝑛𝑦  

(G
−
𝑠+1
k

+1 G
−
𝑠+1
k

+2 +
1

k
 J
−
2𝑠+1
k

+ (L
−
1
k
− J

−
1
k

3 )) |𝔪̂, 𝔫̂; − −⟩(2𝑗′+1)k,(2𝑗′+1)𝑠.  

L𝑛
𝑘
→  L𝑛

𝑘
,  J𝑛
𝑘

± → J𝑛∓2𝑠
𝑘

± , 𝐽𝑛
𝑘

3 →  J𝑛
𝑘

3 , G𝑛
𝑘

±,𝐴 → G𝑛∓𝑠
𝑘

±,𝐴 ,  

𝐸 = 𝑤𝑦𝑅𝑦 +
𝜀

𝑅𝑦
 

k(𝜀 − 𝑛𝑦) = 2 (𝑀tot +
𝑛5
2
𝑤) + (2𝑠 + 1)2 (𝑀tot

′ +
𝑛5
2
𝑤′) −

2𝑠(𝑠 + 1)

k
𝑛5𝑤𝑦

k(𝜀 + 𝑛𝑦) = 2 (𝑀‾ tot +
𝑛5
2
𝑤) + 2(𝑀‾ tot

′ +
𝑛5
2
𝑤‾ ′)

 

𝑀tot = 𝑀 +𝑀osc,𝑀tot
′ = 𝑀′ +𝑀osc

′  

0 =
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

𝑛5
−𝑀tot𝑤 +𝑀tot

′ 𝑤′ −
𝑛5
4
(𝑤2 − (𝑤′)2) −

𝑤𝑦

2
(𝜀 − 𝑛𝑦) + ℎ𝐿 ,

0 =
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

𝑛5
−𝑀‾ tot𝑤 +𝑀‾ tot

′ 𝑤‾ ′ −
𝑛5
4
(𝑤2 − (𝑤‾ ′)2) −

𝑤𝑦

2
(𝜀 + 𝑛𝑦) + ℎ𝑅 ,

 

ℎ𝐿 = 𝑁𝐿 +
𝛼sl
2 + 𝛼su

2

2
−
1

2
, ℎ𝑅 = 𝑁𝑅 +

𝛼‾sl
2 + 𝛼‾su

2

2
−
1

2
.  

𝐽sl
3 , 𝐽su

3 , 𝑖𝜕t ≡ 𝐽𝑡 , 𝑖𝜕y ≡ 𝐽𝑦 ;  𝐽‾sl
3 , 𝐽‾su

3 , 𝑖𝜕‾t ≡ 𝐽‾𝑡 , 𝑖𝜕‾y ≡ 𝐽‾𝑦,  
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𝑀tot +
𝑛5
2
𝑤, 𝑀tot

′ +
𝑛5
2
𝑤′,

𝐸

2
,
1

2
(
𝑛𝑦

𝑅𝑦
+𝑤𝑦𝑅𝑦)

𝑀‾ tot +
𝑛5
2
𝑤, 𝑀‾ tot

′ +
𝑛5
2
𝑤‾ ′,

𝐸

2
,
1

2
(
𝑛𝑦

𝑅𝑦
−𝑤𝑦𝑅𝑦)

 

𝛿𝑤 = 𝑞, 𝛿𝑤′ = −𝑙2𝑞, 𝛿𝑤‾
′ = −𝑟2𝑞,

𝛿𝐸 = 𝑙3𝑞, 𝛿𝑃𝑦 = −𝑙4𝑞, 𝛿𝑃‾𝑦 = −𝑟4𝑞, 𝑞 ∈ ℤ,

 ⟹  𝛿𝑛𝑦 = −𝑛5
𝑠(𝑠 + 1)

k
𝑞, 𝛿𝑤𝑦 = −k𝑞. 

 

ℳ = 𝐽sl
3 −

𝑛5
𝑙3
𝐽𝑡 , ℳ = 𝐽‾sl

3 −
𝑛5
𝑙3
𝐽‾𝑡

ℳ ′ = 𝐽su
3 −

𝑛5𝑙2
𝑙4
𝐽𝑦, ℳ

′
= 𝐽‾su

3 −
𝑛5𝑟2
𝑟4

𝐽‾𝑦

ℒ = 𝐽𝑡 +
𝑙3
𝑙4
𝐽𝑦, ℒ = 𝐽‾𝑡 +

𝑙3
𝑟4
𝐽‾𝑦

 

ℳ+ 𝑙2ℳ
′ +

(𝑙3
2 + 𝑛5)

𝑙3
ℒ = 𝒥  

ℳ−ℳ = 𝑀tot −𝑀‾ tot,  

ℳ+ℳ = 𝑀tot +𝑀‾ tot + 𝑛5 (𝑤 +
𝑤𝑦

k
)  

ℰ = 𝜀 − 𝑛5
𝑠(𝑠 + 1)

k

𝑤𝑦

k
 

𝒩𝑦 = 𝑛𝑦 + 𝑛5
𝑠(𝑠 + 1)

k

𝑤𝑦

k
,  

ℳ ′ = 𝑀tot
′ +

𝑛5
2
(𝑤′ − (2𝑠 + 1)

𝑤𝑦

k
) ,ℳ

′
= 𝑀‾ tot

′ +
𝑛5
2
(𝑤‾ ′ −

𝑤𝑦

k
)  

𝑤𝑦 ∈ {0,1,… , k − 1}  

ℰ −𝒩𝑦 =
2

k𝑤 +𝑤𝑦
[
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

𝑛5
+ ℎ𝐿

 +𝑀tot
′ (𝑤′ − (2𝑠 + 1)

𝑤𝑦

k
) + (2𝑠 + 1)𝑀tot

′ (𝑤 +
𝑤𝑦

k
)

 +
𝑛5
4
((𝑤 +

𝑤𝑦

k
)
2

+ (𝑤′ − (2𝑠 + 1)
𝑤𝑦

k
)
2

+2(2𝑠 + 1) (𝑤 +
𝑤𝑦

k
) (𝑤′ − (2𝑠 + 1)

𝑤𝑦

k
))]

 

𝔫̂ =
k

k𝑤 + 𝑤𝑦
[
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

𝑛5
+ ℎ𝐿

 −(𝐽 + 𝑀osc) (𝑤 +
𝑤𝑦

k
) +𝑀tot

′ (𝑤′ − (2𝑠 + 1)
𝑤𝑦

k
)

+
𝑛5
4
(−(𝑤 +

𝑤𝑦

k
)
2

+ (𝑤′ − (2𝑠 + 1)
𝑤𝑦

k
)
2

)]
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ℰ +𝒩𝑦 =
2

k𝑤 + 𝑤𝑦
[
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

𝑛5
+ ℎ𝑅 +𝑀‾ tot

′ (𝑤‾ ′ −
𝑤𝑦

k
) +𝑀‾ tot

′ (𝑤 +
𝑤𝑦

k
)

+
𝑛5
4
((𝑤 +

𝑤𝑦

k
)
2

+ (𝑤‾ ′ −
𝑤𝑦

k
)
2

+ 2(𝑤 +
𝑤𝑦

k
) (𝑤‾ ′ −

𝑤𝑦

k
))]

 

𝔫̂ =
k

k𝑤 + 𝑤𝑦
[
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

𝑛5
+ ℎ𝑅 − (𝐽‾+ 𝑀‾osc) (𝑤 +

𝑤𝑦

k
) +𝑀‾ tot

′ (𝑤‾ ′ −
𝑤𝑦

k
)

 +
𝑛5
4
(−(𝑤 +

𝑤𝑦

k
)
2

+ (𝑤‾ ′ −
𝑤𝑦

k
)
2

)]

 

(| + +⟩k,𝑠)
2𝑗′+1+𝑛5w

⟶ |++⟩(2𝑗′+1+𝑛5w)k,(2𝑗′+1+𝑛5w)𝑠
 

Δ𝐽su
3 = Δ𝐽‾su

3 = −(𝑗′ +
𝑛5
2
w)  

Δ𝐿0 = −(2𝑗
′ + 𝑛5w)

𝑠

k
, Δ𝐿‾0 = 0

 

𝑤′ = 2𝑠
𝑤𝑦

k
− 𝑤,𝑤‾ ′ = −𝑤  

ℰ −𝒩𝑦

2
|
∝𝑛5

= −𝑛5
𝑠

k
(𝑤 +

𝑤𝑦

k
) ,  
ℰ +𝒩𝑦

2
|
∝𝑛5

= 0  

𝔫̂ =
k

k𝑤 + 𝑤𝑦
[
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

k
+ ℎ𝐿] − (𝐽 + 𝑀osc +𝑀tot

′ )

𝔫̂ =
k

k𝑤 + 𝑤𝑦
[
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

k
+ ℎ𝑅] − (𝐽 + 𝑀osc +𝑀tot

′ ).

 

ℰ= 2(
−𝑗(𝑗 − 1) + 𝑗′(𝑗′ + 1)

𝑛5(k𝑤 + 𝑤𝑦)
) +

ℎ𝐿 + ℎ𝑅
k𝑤 +𝑤𝑦

+ (
𝑠

k
) [2𝑀tot

′ − 𝑛5 (𝑤 +
𝑤𝑦

k
)] 

𝒩𝑦 = −
ℎ𝐿 − ℎ𝑅
k𝑤 + 𝑤𝑦

− (
𝑠

k
) [2𝑀tot

′ − 𝑛5 (𝑤 +
𝑤𝑦

k
)]

 

𝑠 + 1 = ℓ1𝑚1, 𝑠 = ℓ2𝑚2, k = ℓ1ℓ2,  

𝑗 = 𝑗′ + 1,𝑀‾ = 𝐽 = 𝐽′ = −𝑀‾ ′, 𝑤 = −𝑤‾ ′,𝑀‾osc = 𝑀‾osc
′ = 0  

𝑤𝑦 = 𝑝ℓ1, 𝑤 = 𝑤
′ = 𝑝𝑚2, 𝑀

′ = −𝐽′, 𝜀 = −𝑛𝑦 = −
2𝐽′𝑚2
ℓ1

, 𝑝 = 1,… , ℓ2 − 1  

𝑤𝑦 = −𝑝ℓ2, 𝑤 = −𝑤
′ = 𝑝𝑚1,𝑀

′ = 𝐽′, 𝜀 = −𝑛𝑦 =
2𝐽′𝑚1
ℓ2

, 𝑝 = 1,… , ℓ1 − 1  

(| + +⟩k,𝑠)
2𝑗′+𝑛5𝑝𝑚2+⌈𝑛5𝑝/ℓ2⌉

⟶ |Υ1⟩|00⟩(2𝑗′+𝑛5𝑝𝑚2)k+𝑛5𝑝ℓ1,2𝑗
′𝑠+𝑛5𝑝𝑚2(𝑠+1)

 

(| + +⟩k,𝑠)
2𝑗′+𝑛5𝑝𝑚1−⌊𝑛5𝑝/ℓ1⌋

⟶ |Υ2⟩|00⟩(2𝑗′+𝑛5𝑝𝑚1)𝐤−𝑛5𝑝ℓ2,2𝑗
′(𝑠+1)+𝑛5𝑝𝑚1𝑠

 

𝑗 =
1

2
(1 + √(2𝑗′ + 1)2 + 2𝑛5(ℎ𝐿 + ℎ𝑅)) .  
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1

2
< 𝑗 <

𝑛5 + 1

2
.  

𝑑𝑠2  =
1

𝐻1
(−𝑑𝑡𝑏

2 + 𝑑𝑦𝑏
2) + 𝐻5(𝑑𝑟𝑏

2 + 𝑟𝑏
2𝑑Ω3

2) + 𝑑𝐳 ⋅ 𝑑𝐳

𝑒2Φ  = 𝑔𝑠
2
𝐻5
𝐻1
 , 𝐻1,5 = 1 +

𝑄1,5

𝑟𝑏
2

 

𝑄5 = 𝑛5𝛼
′ , 𝑄1 =

𝑔𝑠
2𝑛1(𝛼

′)3

𝑉4
 

𝑑𝑠2=
𝑟̃2

𝑟̃2 + 𝑛1/𝑉4
(−𝑑𝑡𝑏

2 + 𝑑𝑦𝑏
2) + (𝑔𝑠

2 +
𝑛5
𝑟̃2
) (𝑑𝑟̃2 + 𝑟̃2𝑑Ω3

2) + 𝑑𝐳 ⋅ 𝑑𝐳 

𝑒2Φ =
𝑔𝑠
2𝑟̃2 + 𝑛5

𝑟̃2 + 𝑛1/𝑉4

 

𝑔𝑠 ≪ 1,
𝑛5
𝑛1
𝑉4 ≪ 1,  

𝑟𝑏 = 𝑔𝑠𝑟̃ = 𝑎𝑟 , 𝑎
2 ≡

𝑔𝑠
2𝑛1𝑛5

𝑉4𝑅𝑦
2  , 𝑡 = 𝑡𝑏/𝑅𝑦 , 𝑦 = 𝑦𝑏/𝑅𝑦  

𝑑𝑠2=
𝑟2𝑅𝑦

2

𝑟2 + 𝑅𝑦
2/𝑛5

(−𝑑𝑡2 + 𝑑𝑦2) + (
𝑔𝑠
2𝑛1𝑛5

𝑉4𝑅𝑦
2 +

𝑛5
𝑟2
) (𝑑𝑟2 + 𝑟2Ω3

2) + 𝑑𝐳 ⋅ 𝑑𝐳 

𝑒2Φ =
𝑔𝑠
2𝑟2 + 𝑉4𝑅𝑦

2/𝑛1

𝑟2 + 𝑅𝑦
2/𝑛5

 

𝑄̃1 =
𝑛1
𝑉4
, 𝑄5 = 𝑛5  

𝑛1 ≫ 𝑛5𝑉4  ⇒  𝑄̃1 ≫ 𝑄5  

(𝑠 + 1)2 +
k2𝑅𝑦

2

𝑛5
 ,  𝑠2 +

k2𝑅𝑦
2

𝑛5
.  

𝑒2Φ =
𝑛5𝑉4
𝑛1

,  

Los superestratos y simetrías superconformes, en un campo cuántico relativista bajo supergravedad, se 

calculan así:  

𝑑𝑠10
2 = ℓAdS

2 (𝑑𝜌2 + cosh2 𝜌𝑑𝑡E
2 + sinh2 𝜌𝑑𝜑2) + 𝑅+

2𝑑Ω+
2 + 𝑅−

2𝑑Ω−
2 + 𝐿2𝑑𝑦2  

𝐻 =
2

ℓAdS
𝜔AdS +

2

𝑅+
𝜔+ +

2

𝑅−
𝜔−  

𝑅±
ℓ𝑠
= √𝑘±,

𝐿

ℓ𝑠
= 𝑔𝑠

2
𝑁1

𝑘+𝑘−√𝑘+ + 𝑘−
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𝛼 =
𝑘−
𝑘+

 

𝛾 =
k−

k+ + k−
=

𝛼

1 + 𝛼
 

ℓAdS
ℓ𝑠

= √𝑘  

𝑐 = 6𝑘𝑁1 ≡ 6k, 𝑘 ≡
𝑘+𝑘−
𝑘+ + 𝑘−

,  

ℎ ≥ 𝛾ℓ+ + (1 − 𝛾)ℓ−.  

𝜒L
g
(ℎ, ℓ+, ℓ−) =(𝑞

ℎ + 𝑞ℎ+2)𝜒ℓ+(𝑟+)𝜒ℓ−(𝑟−)

+(𝑞ℎ+
1
2 + 𝑞ℎ+

3
2)(𝜒

ℓ++
1
2

(𝑟+) + 𝜒ℓ−−
1
2

(𝑟+))(𝜒ℓ−+
1
2

(𝑟−) + 𝜒ℓ−−
1
2

(𝑟−)) 

+𝑞ℎ+1 (2𝜒ℓ+(𝑟+)𝜒ℓ−(𝑟−) + (𝜒ℓ++1(𝑟+) + 𝜒ℓ+−1(𝑟+)) 𝜒ℓ−(𝑟−)  

+𝜒ℓ+(𝑟+) (𝜒ℓ−+1(𝑟−) + 𝜒ℓ−−1(𝑟−)))

 

𝜒ℓ(𝑟) =
𝑟ℓ+

1
2 − 𝑟−ℓ−

1
2

𝑟
1
2 − 𝑟−

1
2

, ℓ ≥ 0 (𝜒ℓ(𝑟) = 0, ℓ < 0)  

𝑞 = 𝑒2𝜋𝑖𝜏, 𝑟± = 𝑒
2𝜋𝑖𝜌±  

𝜒S
g(ℓ+, ℓ−) =𝑞

ℎ𝑠𝜒ℓ+(𝑟+)𝜒ℓ−(𝑟−) + 𝑞
3
2𝜒
ℓ+−

1
2

(𝑟+)𝜒ℓ−−
1
2

(𝑟−)

+𝑞ℎ𝑠+
1
2 (𝜒

ℓ+−
1
2

(𝑟+)𝜒ℓ−−
1
2

(𝑟−) + 𝜒ℓ++
1
2

(𝑟+)𝜒ℓ−−
1
2

(𝑟−) + 𝜒ℓ+−
1
2

(𝑟+)𝜒ℓ−−
1
2

(𝑟−)) 

 +𝑞ℎ𝑠+1 (𝜒ℓ+(𝑟+)𝜒ℓ−−1(𝑟−) + 𝜒ℓ+−1(𝑟+)𝜒ℓ−(𝑟−) + 𝜒ℓ+(𝑟+)𝜒ℓ−(𝑟−)) ,

 

ℎ𝑠 = ℎ𝑠(ℓ+, ℓ−) ≡ 𝛾ℓ+ + (1 − 𝛾)ℓ−.  

𝜒L
g(ℎ, ℓ+, ℓ−) = 𝑞

ℎ−ℎ𝑠(ℓ+,ℓ−) [𝜒S
g(ℓ+, ℓ−) + 𝜒S

g
(ℓ+ +

1

2
, ℓ− +

1

2
)] .  

𝜒S
g
(
1

2
,
1

2
,
1

2
) = −𝑞

1
2𝜒1
2

(𝑟+)𝜒1
2

(𝑟−) + 𝑞(1 + 𝜒1(𝑟+) + 𝜒1(𝑟−)) − 𝑞
3
2𝜒1
2

(𝑟+)𝜒1
2

(𝑟−) + 𝑞
2.  

∑ 

∞

ℓ=0

  |𝜒S
g
(ℓ, ℓ) + 𝜒S

g
(ℓ +

1

2
, ℓ +

1

2
)|
2

+ ∑  

ℓ+≠ℓ−

  |𝜒L
g(ℎ, ℓ+, ℓ−)|

2
.  

ℎ(ℓ+, ℓ−) = √
𝑘

𝑘+
(ℓ+ +

1

2
)
2

+
𝑘

𝑘−
(ℓ− +

1

2
)
2

−
1

2
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∑  

ℓ+,ℓ−

  |𝜒L
g
(ℎ(ℓ+, ℓ−), ℓ+, ℓ−)|

2

 

ℎ ≥
1

k+ + k−
[k+ℓ− + k−ℓ+ + (ℓ+ − ℓ−)

2 + 𝑢2]

 = 𝛾ℓ+ + (1 − 𝛾)ℓ− +
(ℓ+ − ℓ−)

2 + 𝑢2

(𝑘+ + 𝑘−)𝑁1

 

ℎ −
𝑐

24
 ≥

1

k+ + k−
[(ℓ+ + ℓ− −

1

2
)
2

+ 𝑢2]

 =
1

𝑁1(𝑘+ + 𝑘−)
[(ℓ+ + ℓ− −

1

2
)
2

+ 𝑢2]

 

ℎ −
𝑐

24
≥
6

𝑐

𝛼

(1 + 𝛼)2
(ℓ+ + ℓ− −

1

2
)
2

 

𝜒NS
𝛾 (𝑞, 𝑟+, 𝑟−; 𝛿) = TrNS (𝑒

𝑖𝜋𝛿𝐹𝑞𝐿0−
𝑐
24𝑟+

𝐽0
3,+

𝑟−
𝐽0
3,−

)  

𝝌NS
𝛾 (𝑞, 𝑟+, 𝑟−; 𝛿) = 𝑞

ℎ−
𝑐
24
𝜗3+𝛿
2 (

𝜌+ + 𝜌−
2 , 𝜏) 𝜗3+𝛿

2 (
𝜌+ − 𝜌−
2 , 𝜏)

𝜂(𝜏)6𝜗1(𝜌+, 𝜏)𝜗1(𝜌−, 𝜏)
𝜇NS(𝑞, 𝑟+, 𝑟−; 𝛿)

 

𝜇NS(𝑞, 𝑟+, 𝑟−; 𝛿)= ∑  

𝑛,𝑚∈ℤ

 𝑞𝑛
2k++𝑚

2k−+𝑛(2ℓ++1)+𝑚(2ℓ−+1) ∑  

𝜖±=±

  𝜖+𝜖−𝜇̂NS(𝑞, 𝑟+
𝜖+ , 𝑟−

𝜖−) 

𝜇̂NS(𝑞, 𝑟+, 𝑟−) = 𝑟+
𝑛k++ℓ++

1
2𝑟−
𝑚k−+ℓ−+

1
2 × {

1,  long 

1

1 + 𝑒𝑖𝜋𝛿𝑟+

1
2𝑟−

1
2𝑞𝑚+𝑛+

1
2

,  short 

 

𝝌R
𝛾(𝑞, 𝑟+, 𝑟−; 𝛿) = 𝑞

ℎ−
𝑐
24
𝜗2−𝛿
2 (

𝜌+ + 𝜌−
2

, 𝜏) 𝜗2−𝛿
2 (

𝜌+ − 𝜌−
2

, 𝜏)

𝜂(𝜏)6𝜗1(𝜌+, 𝜏)𝜗1(𝜌−, 𝜏)
𝜇R(𝑞, 𝑟+, 𝑟−; 𝛿)

 

𝜇R(𝑞, 𝑟+, 𝑟−; 𝛿)= ∑  

𝑛,𝑚∈ℤ

 𝑞𝑛
2k++𝑚

2k−+2ℓ+𝑛+2ℓ−𝑚 ∑  

𝜖±=±

 𝜖+𝜖−𝜇̂R (𝑞, 𝑟+
𝜖+ , 𝑟−

𝜖−)

𝜇̂R(𝑞, 𝑟+, 𝑟−) = 𝑟+
𝑛k++ℓ+𝑟−

𝑚k−+ℓ− × {

1,  long 

1

𝑟+
−1𝑞−𝑛 + 𝑒𝑖𝜋𝛿𝑟−

−1𝑞−𝑚
,  short 

 

𝐿𝑛, 𝒢𝑟
+ ≡ 𝐺𝑟

3 + 𝑖𝐺𝑟
0, 𝒢𝑟

− ≡ 𝐺𝑟
3 − 𝑖𝐺𝑟

0, 𝐽𝑛 ≡ 2(𝛾𝐽𝑛
+,3 − (1 − 𝛾)𝐽𝑛

−,3),  

{𝒢𝑟
+, 𝒢𝑠

−}  = 4𝐿𝑟+𝑠 + 2(𝑟 − 𝑠)𝐽𝑟+𝑠 +
𝑐

3
𝛿𝑟+𝑠,0 (𝑟

2 −
1

4
)

[𝐽𝑛, 𝒢𝑟
±]  = ±𝒢𝑟+𝑛

±
 

{𝒢
−
1
2

+ , 𝒢1
2

−} = 4𝐿0 − 2𝐽0  

TrNS((−1)
𝐹𝑠𝑞𝐿0−𝐽0/2)  



pág. 1160 

(
𝑑

𝑑𝜌+
−

𝑑

𝑑𝜌−
)TrNS ((−1)

𝐹𝑠𝑞𝐿0−
𝑐
24𝑟+

𝐽0
3,+

𝑟−
𝐽0
3,−

)|
𝜌+=𝛾𝜏,𝜌−=−(1−𝛾)𝜏

 

𝒮+: (ℎ(ℓ+, ℓ−), ℓ+, ℓ−)NS ↦ (ℎ(ℓ+, ℓ−) − ℓ+ +
k+
4
,
k+
2
+ ℓ+, ℓ− +

1

2
)
R

𝒮−: (ℎ(ℓ+, ℓ−), ℓ+, ℓ−)NS ↦ (ℎ(ℓ+, ℓ−) − ℓ− +
k−
4
, ℓ+ +

1

2
,
k−
2
− ℓ− +)

R

 

(𝑡E, 𝜑, 𝜙1
+, 𝜙2

+, 𝜙1
−, 𝜙2

−, 𝑦)

 ∼ (𝑡E + 𝛽,𝜑 + 𝑖𝛽𝜇, 𝜙1
+ + 𝑖𝛽𝜈1

+, 𝜙2
+ + 𝑖𝛽𝜈2

+, 𝜙1
− + 𝑖𝛽𝜈1

−, 𝜙2
− + 𝑖𝛽𝜈2

−, 𝑦)
 

𝜏 =
𝛽𝜇 + 𝑖𝛽

2𝜋
, 𝑞 = 𝑒2𝜋𝑖𝜏  

𝜌± = 𝛽(𝜈2
± − 𝜈1

±), 𝜌‾± = 𝛽(𝜈‾2
± + 𝜈‾1

±), 𝑟± = 𝑒
2𝜋𝑖𝜌± ,  

𝔱 = 𝔱1 + 𝑖𝔱2, 𝔷 = 𝑒
2𝜋𝑖𝔱  

𝒵𝔰𝔩(2)(𝔱)=
𝛽√𝑘

2𝜋√𝔱2
∑  

𝑛,𝑚∈ℤ

 𝒵𝔰𝔩(2)
(𝑛,𝑚)

(𝔱)  

𝒵𝔰𝔩(2)
(𝑛,𝑚)

(𝔱) =
exp (−

𝑘𝛽2

4𝜋𝔱2
|𝑚 − 𝑛𝔱|2 +

2𝜋
𝔱2
(Im(𝔲𝑛,𝑚))

2
)

|𝜗1(𝔲𝑛,𝑚, 𝔱)|
2

 

𝔲𝑛,𝑚 = 𝜏(𝑛𝔱 −𝑚)  

𝒵𝔰𝔲(2)
(𝑛,𝑚)

(𝔱) = 𝑒
𝜋
𝔱2
(Im(𝜌𝑛,𝑚))

2
[𝑘|𝑛𝔱−𝑚|2−(𝑘−2)]

∑  

𝑘
2
−1

ℓ=0

  |
Θ2ℓ+1
(𝑘)

(𝜌𝑛,𝑚, 𝔱) − Θ−2ℓ−1
(𝑘)

(𝜌𝑛,𝑚, 𝔱)

𝜗1(𝜌𝑛,𝑚, 𝔱)
|

2

 

Θ𝑙
(𝑘)
(𝜌, 𝜏) = ∑  

𝑛∈ℤ+
𝑙
2𝑘

 𝑞𝑘𝑛
2
𝑟𝑛𝑘, 𝑞 = 𝑒2𝜋𝑖𝜏, 𝑟 = 𝑒2𝜋𝑖𝜌

 

𝜌𝑛,𝑚 = 𝜌(𝑛𝔱 −𝑚)  

𝒵u(1)
(𝑛,𝑚)

(𝔱) =
1

|𝜂(𝔱)|2
∑  

𝑝𝐿,𝑝𝑅

  𝔷𝑝𝐿
2
𝔷
2

 

𝒵𝑏𝑐(𝔱) = |𝜂(𝔱)|
4  

(𝒵PF
± )

(𝑛,𝑚)
 = TrNS (

1 − 𝑒𝑖𝜋𝐹

2
𝑒2𝜋𝑖𝔱𝐿0) − TrR (

1 ± 𝑒𝑖𝜋𝐹

2
𝑒2𝜋𝑖𝔱𝐿0)

 =
1

2
(𝒵3

(𝑛,𝑚)
− 𝒵4

(𝑛,𝑚)
− 𝒵2

(𝑛,𝑚)
∓ 𝒵1

(𝑛,𝑚)
)
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𝒵𝑎
(𝑛,𝑚)

=
𝑒
−
𝜋
𝔱2
(Im(𝔲𝑛,𝑚))

2

𝜗𝑎(𝔲𝑛,𝑚, 𝔱)√𝜗𝑎(0, 𝔱)

𝜂(𝔱)
3
2⏟                      

𝔰𝔩(2)

× 𝑒
−
𝜋
𝔱2
(Im(𝜌𝑛,𝑚

+ ))
2
𝜗𝑎(𝜌𝑛,𝑚

+ , 𝔱)√𝜗𝑎(0, 𝔱)

𝜂(𝔱)
3
2⏟                      

𝔰𝔲(2)+

 × 𝑒
−
𝜋
𝔱2
(Im(𝜌𝑛,𝑚

− ))
2
𝜗𝑎(𝜌𝑛,𝑚

− , 𝔱)√𝜗𝑎(0, 𝔱)

𝜂(𝔱)
3
2⏟                      

𝔰𝔲(2)−

×√
𝜗𝑎(0, 𝔱)

𝜂(𝔱)
×

𝜂(𝔱)

𝜗𝑎(0, 𝔱)⏟    
𝛽𝛾⏟            

𝔲(1)

 

𝒵PF
(𝑛,𝑚)

(𝔱) =
𝑒
−
𝜋
𝔱2
[(Im((𝔲𝑛,𝑚))

2
+(Im((𝜌𝑛,𝑚

+ ))
2
+(Im((𝜌𝑛,𝑚

− ))
2
]

𝜂(𝔱)4

 × ∏  

𝜂±=±1

 𝜗1 (
−𝔲𝑛,𝑚 + 𝜂+𝜌𝑛,𝑚

+ + 𝜂−𝜌𝑛,𝑚
−

2
, 𝔱)

 

(𝒵AF
± )

(𝑛,𝑚)
= TrNS ([

1 − 𝑒𝑖𝜋𝐹

2

1 + 𝑒𝑖𝜋𝑛

2
+
1 + 𝑒𝑖𝜋𝐹

2
𝑒𝑖𝜋𝑚

1 − 𝑒𝑖𝜋𝑛

2
] 𝑒2𝜋𝑖𝔱𝐿0)

 −TrR ([
1 ± 𝑒𝑖𝜋𝐹

2

1 − 𝑒𝑖𝜋𝑛

2
+
1 + 𝑒𝑖𝜋𝐹

2
𝑒𝑖𝜋𝑚

1 − 𝑒𝑖𝜋𝑛

2
] 𝑒2𝜋𝑖𝔱𝐿0)

 

𝒵IIB = ∫  
ℱ

 
𝑑2𝔱

𝔱2
∑  

𝑛,𝑚∈ℤ

 𝒵𝔰𝔲(2)
(𝑛,𝑚)

(𝔱)𝒵𝔰𝔲(2)+
(𝑛,𝑚)

(𝔱)𝒵𝔰𝔲(2)−
(𝑛,𝑚)

(𝔱)𝒵𝑏𝑐(𝔱) |𝒵PF
(𝑛,𝑚)

(𝔱)|
2

 

𝒵IIB(𝜏, 𝜌+, 𝜌−) = −𝛽 ∑  

∞

𝑚=1

 𝑓PF(𝑚𝜏, 𝜌+, 𝜌−),  

𝑧CFT(𝜏, 𝜌+, 𝜌−)|thermal AdS3 = exp (𝑆tree + 𝒵IIB +⋯)  

𝑓PF(𝜏, 𝜌+, 𝜌−) = 𝑓PF,disc(𝜏, 𝜌+, 𝜌−) + 𝑓PF,cont(𝜏, 𝜌+, 𝜌−)  

𝑓PF  =
√𝑘𝛽

2𝜋
∫  
∞

0

 
𝑑𝔱2

𝔱2

3
2

∫  

1
2

−
1
2

 𝑑𝔱1𝑒
−
𝑘𝛽2

4𝜋𝔱2ℐPF

 =
4

𝑖𝑘
∫  
∞

−∞

 𝜁𝑑𝜁 ∫  
∞

0

 𝑑𝔱2∫  

1
2

−
1
2

 𝑑𝔱1𝑒
2𝑖𝛽𝜁−

4𝜋
𝑘
𝔱2𝜁

2

ℐPF

 

ℐPF =|
∏  𝜖±=±  𝜗1 (

𝜏 + 𝜖+𝜌+ + 𝜖−𝜌−
2 , 𝔱)

𝜗1(𝜏, 𝔱)𝜗1(𝜌+, 𝔱)𝜗1(𝜌−, 𝔱)𝜂(𝔱)
3 |

2

× (∑  

𝑝𝐿 ,𝑝𝑅

  𝔷𝑝𝐿
2
𝔷𝑅
2
)

 × ∏  

𝜖∈{±}

 

[
 
 
 

∑  

1
2
𝑘𝜖−1

ℓ𝜖=0

  |∑  

𝑛𝜖∈ℤ

  𝔷

(𝑛𝜖𝑘𝜖+ℓ𝜖+
1
2
)
2

𝑘𝜖 (𝑟𝜖
𝑛𝑘𝜖+ℓ𝜖+

1
2 − 𝑟𝜖

−𝑛𝜖𝑘𝜖−ℓ𝜖−
1
2)|

2

]
 
 
 

 

ℐPF = (𝑞𝑞‾)
−
1
2𝐼0 × 𝐼primaries × 𝐼oscillators 
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𝐼0 = |1 +
𝜒S
g
(
1
2
,
1
2
,
1
2
)

1 − 𝑞
|

2

 

𝐼primaries = (∑  

𝑝𝐿,𝑝𝑅

  𝔷𝑝𝐿
2
𝔷
𝑝𝑅
2

)× ∏  

𝜖∈{±}

 

(

 
 
∑  

𝑘𝜖
2
−1

ℓ𝜖=0

  |∑  

𝑛𝜖∈ℤ

  𝔷

(𝑛𝜖𝑘𝜖+ℓ𝜖+
1
2
)
2

𝑘𝜖 𝜒𝑛𝜖𝑘𝜖+ℓ𝜖(𝑟𝜖)|

2

)

 
 

 

𝐼oscillators = |
|∏ 

∞

𝑛=1

 

∏  ±=±1  (1 − (𝑞𝑟+
𝜖+𝑟−

𝜖−)
1
2𝔷𝑛)(1 − (𝑞𝑟+

𝜖+𝑟−
𝜖−)

−
1
2𝔷𝑛)

(1 − 𝔷𝑛)2∏  𝜖=±1   (1 − 𝑞
𝜖𝔷𝑛)(1 − 𝑟+

𝜖𝔷𝑛)(1 − 𝑟−
𝜖𝔷𝑛) |

|

2

 

∏ 

∞

𝑛=1

 
1 − 𝔷𝑛

(1 − 𝑞𝔷𝑛)(1 − 𝑞−1𝔷𝑛)
= ∑  

∞

𝑤=0

 𝑞𝑤𝔷−
1
2
𝑤(𝑤+1)∑  

𝑁∈ℤ

 𝐏𝑁
𝑤(𝑞)𝔷𝑁  

𝐼oscillators = |∑  

∞

𝑤=0

 ∑  

𝑁∈ℤ

 𝐐𝑁
𝑤(𝑞, 𝑟+, 𝑟−)𝑞

𝑤𝔷−
1
2
𝑤(𝑤+1)+𝑁

|

2

 

ℐPF = (𝑞𝑞‾)
−
1
2𝐼0∑ 

^

  (𝑞𝑞‾)𝑤Q𝑁,𝑁‾
𝑤 × (𝔷𝔷)−

1
2
𝑤(𝑤+1)𝔷𝑝𝐿

2+ℎ𝔰𝔲(2)+𝑁𝔷𝑅
2
+ ℎ‾𝔰𝔲(2) +𝑁‾

 

ℎ𝔰𝔲(2) =
(𝑛+𝑘+ + ℓ+ +

1
2
)
2

𝑘+
+
(𝑛−𝑘− + ℓ− +

1
2
)
2

𝑘−

ℎ‾𝔰𝔲(2) =
(𝑛‾+𝑘+ + ℓ+ +

1
2
)
2

𝑘+
+
(𝑛‾−𝑘− + ℓ− +

1
2
)
2

𝑘−

 

𝐐𝑁,𝑁‾
𝑤 ≡ 𝐐𝑁

𝑤(𝑞, 𝑟+, 𝑟−)𝐐𝑁‾
𝑤
(𝑞‾, 𝑟‾+, 𝑟‾−) [∏  

𝜖=±1

 𝜒𝑛𝜖𝑘𝜖+ℓ𝜖(𝑟𝜖)𝜒𝑛‾𝜖𝑘𝜖+ℓ𝜖(𝑟‾𝜖)] ;  

∑ 

^

  ≡ ∑  

∞

𝑤=0

  ∑  

𝑁,𝑁‾∈ℤ

  ∑  

𝑛±,𝑛‾±∈ℤ

  ∑  

𝑝𝐿,𝑝𝑅

  ∑  

𝑘+
2
−1

ℓ+=0

  ∑  

𝑘−
2
−1

ℓ−=0

   

𝛿LM: 𝑝𝐿
2 + ℎ𝔰𝔲(2) +𝑁 = 𝑝𝑅

2 + ℎ‾𝔰𝔲(2) +𝑁‾  

𝑓PF =
𝑘

4𝜋
𝐼0∑ 

^

 𝛿LM(𝑞𝑞‾)
𝑤−

1
2Q𝑁,𝑁‾

𝑤 ×∫  
∞

−∞

 
𝑑𝜁

𝑖𝜋

𝜁𝑒2𝑖𝛽𝜁

𝜁2 + Δ𝑤
2 (𝑒

−
2𝛽
𝑤+1

𝜁2+Δ𝑤
2

𝑘 − 𝑒−
2𝛽
𝑤
𝜁2+Δ𝑤

2

𝑘 )  

Δ𝑤
2 = 𝑘 [𝑝𝐿

2 + ℎ𝔰𝔲(2) +𝑁 −
1

2
𝑤(𝑤 + 1)]  

𝜁∗ = 𝑖Δ𝑤  
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𝑓PF,disc(𝜏, 𝜌±) = 𝐼0∑ 

^

 𝛿LMQ𝑁,𝑁‾
𝑤 (𝑞𝑞‾)𝑤−

1
2
+Δ𝑤  

𝑘

2
𝑤 ≤ Δ𝑤 ≤

𝑘

2
(𝑤 + 1)  

𝑓PF,cont(𝜏, 𝜌±) = 𝐼0∑  

∞

𝑤=1

 ∫  
∞

−∞

 
𝑑𝑠

𝑖𝜋
𝝔(𝑠; 𝑞, 𝑞‾, 𝑟±, 𝑟‾±)(𝑞𝑞‾)

𝑘𝑤
4
+
1
𝑤𝑘(

𝑠2+Δ𝑤
2 )+𝑤−

1
2  

Δ𝑤=0 −
1

2
= √𝑘𝑝𝐿

2 + 𝑘(
(𝑛+𝑘+ + ℓ+ +

1
2
)
2

𝑘+
+
(𝑛−𝑘− + ℓ− +

1
2
)
2

𝑘−
)−

1

2
 

ℎCFT = √
𝑘

𝑘+
(ℓ+ +

1

2
)
2

+
𝑘

𝑘−
(ℓ− +

1

2
)
2

−
1

2
.  

𝑓PF,disc(𝜏, 𝜌±)|sugra 
= 𝐼0 ∑  

𝑘+
2
−1

ℓ+=0

  ∑  

𝑘−
2
−1

ℓ−=0

  (𝑞𝑞‾)ℎCFT|𝜒ℓ+(𝑟+)𝜒ℓ−(𝑟−)|
2  

𝜒S
g
(
1

2
,
1

2
,
1

2
) 𝑞ℎ𝜒ℓ+(𝑟+)𝜒ℓ−(𝑟−) = 𝜒L

g(ℎ, ℓ+, ℓ−) − 𝑞
ℎ(1 − 𝑞)𝜒ℓ+(𝑟+)𝜒ℓ−(𝑟−).  

𝑓PF,disc(𝜏, 𝜌±)|sugra 
= ∑  

𝑘+
2
−1

ℓ+=0

  ∑  

𝑘−
2
−1

ℓ−=0

  |𝜒L
g
(ℎCFT, ℓ+, ℓ−)|

2  

𝐼0 = 1 +
𝜒S
g
(
1
2
,
1
2
,
1
2
)

1 − 𝑞
+
𝜒‾S
g
(
1
2
,
1
2
,
1
2
)

1 − 𝑞‾
+
𝜒S
g
(
1
2
,
1
2
,
1
2
) 𝜒‾S

g
(
1
2
,
1
2
,
1
2
)

|1 − 𝑞|2
 

exp (∑  

∞

𝑗=1

 
1

𝑗
𝐼0,hol(𝑗𝜏, 𝑗𝜌±)) =

𝜗4
2 (
𝜌+ + 𝜌−
2 , 𝜏) 𝜗4

2 (
𝜌+ − 𝜌−
2 , 𝜏)

𝜂(𝜏)6𝜗1(𝜌+, 𝜏)𝜗1(𝜌−, 𝜏)

(𝑟+

1
2 − 𝑟+

−
1
2)(𝑟−

1
2 − 𝑟−

−
1
2) (1 − 𝑞)

∏  𝜖±=±1  (1 − 𝑟+

1
2
𝜖+
𝑟−

1
2
𝜖−
𝑞
1
2)

 

exp (∑  

∞

𝑗=1

 
1

𝑗
𝐼0,hol(𝑗𝜏, 𝑗𝜌±)) = 𝜒NS

𝛾 (𝑞, 𝑟+, 𝑟−, 𝑢)|𝑛=𝑚=0  

𝜇NS(𝑞, 𝑟+, 𝑟−)|𝑛=𝑚=0 = ∑  

𝜖±=±1

 
𝜖+𝜖−

1 − 𝑟+

1
2
𝜖+
𝑟−

1
2
𝜖−
𝑞
1
2

=

(𝑟+

1
2 − 𝑟+

−
1
2)(𝑟−

1
2 − 𝑟−

−
1
2) (1 − 𝑞)

∏  𝜖±=±1  (1 − 𝑟+

1
2
𝜖+
𝑟−

1
2
𝜖−
𝑞
1
2)
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𝑓(𝑟+, 𝑟−) ↦ ∑  

𝑛,𝑚∈ℤ

 𝑞𝑘+𝑛
2+𝑘−𝑚

2
𝑟+
𝑘+𝑛𝑟−

𝑘−𝑚𝑓(𝑞2𝑟+, 𝑞
2𝑚𝑟−)  

𝑓PF = −4𝑖∫  
∞

−∞

 𝜁𝑑𝜁 ∫  
∞

0

 𝑑𝔱2∫  

1
2

−
1
2

 𝑑𝔱1𝑒
2𝑖𝛽𝜁−4𝜋𝔱2𝜁

2
ℐPF

ℐPF = |
∏  ±  𝜗1 (

𝜏 + 𝜖+𝜌+ + 𝜖−𝜌−
2

, 𝔱)

𝜂(𝔱)6
×
𝜂(𝔱)3

𝜗1(𝜏, 𝔱)
|

2

× (∑  

𝑝𝐿 ,𝑝𝑅

  𝔷𝑝𝐿
2
𝔷
𝑝𝑅
2

)

 

𝑓PF(𝜏, 𝜌+, 𝜌−)  = 𝐼0 ∑  

𝑁,𝑁‾∈ℤ

  ∑  

𝑝𝐿,𝑝𝑅

 ∑  

∞

𝑤=0

 𝛿𝑁+𝑝𝐿2−𝑝𝑅2 ,𝑁‾ Q̃𝑁,𝑁‾
𝑤 (𝑞𝑞‾)𝑤−

1
2𝔍𝑘=1

𝔍𝑘=1  = ∫  
∞

−∞

 𝑑𝜁
𝜁𝑒2𝑖𝛽𝜁

𝜁2 + Δ𝑤
2
[(𝑞𝑞‾)

𝜁2+Δ𝑤
2

𝑤+1 − (𝑞𝑞‾)
𝜁2+Δ𝑤

2

𝑤 ]

 

Δ𝑤
2 = 𝑝𝐿

2 +𝑁 +
1

4
−
1

2
𝑤(𝑤 + 1)  

𝑤

2
< √𝑝𝐿

2 +𝑁 +
1

4
−
1

2
𝑤(𝑤 + 1) <

𝑤 + 1

2
 

(3𝑤 − 1)(𝑤 + 1)

4
< 𝑝𝐿

2 + 𝑁 <
𝑤(3𝑤 + 4)

4
 

𝑓PF,cont ⊃ 𝐼0∑  

∞

𝑤=1

  ∑  

𝑁,𝑝𝐿 ,𝑝𝑅

 𝛿LM∫  
∞

−∞

 
𝑑𝑠

𝑖𝜋
(𝑞𝑞‾)𝐸𝑤(𝑠) [

(𝑠 +
𝑖𝑤
2
) Q̃𝑁

𝑤−1

(𝑠 +
𝑖𝑤
2 )

2

+ Δ𝑤−1
2

−
(𝑠 +

𝑖𝑤
2
) Q̃𝑁

𝑤

(𝑠 +
𝑖𝑤
2 )

2

+ Δ𝑤
2

]  

𝐸𝑤(𝑠) =
3

4
𝑤 − 1 +

1

𝑤
(𝑠2 +

1

4
+𝑁 + 𝑝𝐿

2)  

𝑧CFT
NS (𝜏, 𝜌+, 𝜌−, 𝜏‾, 𝜌‾+, 𝜌‾−)|BTZ= TrNS (𝑞

𝐿0𝑟+
𝐽0
3,+

𝑟−
𝐽0
3,−

𝑞‾𝐿‾0𝑟‾+
𝐽‾0
3,+

𝑟‾−
𝐽‾0
3,−

)|
BTZ

 

 = TrNS (𝑞AdS
𝐿0 𝑟+,AdS

𝐽0
3,+

𝑟−,AdS
𝐽0
3,−

𝑞‾AdS
𝐿‾0 𝑟‾+,AdS

𝐽‾0
3,+

𝑟‾−,AdS
𝐽‾0
3,−

)|
AdS

𝑧CFT
R (𝜏, 𝜌+, 𝜌−, 𝜏‾, 𝜌‾+, 𝜌‾−)|BTZ = TrR (𝑞

𝐿0𝑟+
𝐽0
3,+

𝑟−
𝐽0
3,

𝑞‾𝐿‾0𝑟‾+
𝐽‾0
3,+

𝑟‾−
𝐽0
3,−

)|
BTZ

 = TrNS ((−1)
𝐹𝑠𝑞AdS

𝐿0 𝑟+,AdS
𝐽0
3,+

𝑟−,AdS
𝐽0
3,−

𝑞‾AdS
𝐿‾0 𝑟‾+,AdS

𝐽‾0
3,+

𝑟‾−,AdS
𝐽0
3,−

)|
AdS

 

𝑞AdS = 𝑒
−
2𝜋𝑖
𝜏 , (𝑟±)AdS = 𝑒

−2𝜋𝑖
𝜌
𝜏  

𝑇 =
1

𝑖𝜋

1

𝜏‾ − 𝜏
, Ω = 𝜋(𝜏 + 𝜏‾)  

𝜏 → 𝑖∞, 𝜏‾ → −𝑖0, |𝜏| < 1.  

TrNS (𝑞AdS
𝐿0 𝑟+,AdS

𝐽0
3,+

𝑟−,AdS
𝐽0
3,−

𝑞‾AdS
𝐿‾0 𝑟‾+,AdS

𝐽‾0
3,+

𝑟‾−,AdS
𝐽‾0
3,−

)|
AdS

= 𝑒𝑆tree × |𝝌NS
𝛾 (𝑞, 𝑟+, 𝑟−; 0)|

2
×⋯  
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𝑧CFT
NS (𝜏, 𝜌±, 𝜏‾, 𝜌‾±)|BTZ ∼ 𝑒

𝑆tree+𝛽+
𝑇

𝛾𝑇gap
(𝜌+
2+𝛼𝜌−

2)
(
𝑇

𝑇gap
)

5

𝔉+(𝜌+)𝔉−(𝜌−),  

𝔉±(𝜌) ≡ ∑  

𝑚∈ℤ

 
(𝑚 +

𝜌
2
)

sin (𝜋𝜌)
𝑒
−4
k±
k

𝑇
𝑇gap

(𝑚+
𝜌
2
)
2

 

𝔉±(𝜌) =
𝜋
3
2

4
(
k

k±

𝑇gap 

𝑇
)

3
2

∑  

∞

𝑛=1

 𝑛𝜒𝑛−1
2
(𝑟)𝑒

−
𝜋2

4
k
k±

𝑇gap 

𝑇
𝑛2

 

𝑍̃̃CFT
NS (𝑇, 𝜌+, 𝜌−, 𝑄U(1) = 0)|

BTZ
 ∼

𝛼
3
2

(1 + 𝛼)3
(
𝑇

𝑇gap
)

3
2

𝑒
𝑆tree+𝛽+

𝜌+
2+𝛼𝜌−

2

𝛾
𝑇
𝑇gap

 × ∑  

∞

𝑚,𝑛=1

 𝑚𝑛𝜒𝑚−1
2

(𝑟+)𝜒𝑛−1
2

(𝑟−)𝑒
−𝛽𝐸gap

𝛼𝑚2+𝑛2

1+𝛼

 

𝑧̃CFT
NS (𝑇, 𝑗+, 𝑗−, 𝑄U(1) = 0)|BTZ

∼ (
𝑇

𝑇gap
)

3
2

𝑒𝑆tree+𝑆1𝑇−𝛽
𝐸gap
1+𝛼(

𝛼(2𝑗++1)
2+(2𝑗−+1)

2+𝐸1)  

TrNS ((−1)𝑠
𝐹𝑞AdS

𝐿0 𝑟+,AdS
𝐽0
3,+

𝑟−,AdS
𝐽0
3,−

𝑞‾AdS
𝐿‾0 𝑟‾+,AdS

𝐽‾0
3,+

𝑟‾−,AdS
𝐽‾0
3,−

)|
AdS

= 𝑒𝑆tree × |𝜒NS
𝛾 (𝑞, 𝑟+, 𝑟−; 1)|

2
×⋯  

𝑧CFT
R (𝜏, 𝜌±, 𝜏‾, 𝜌‾±)|BTZ ∼ 64

𝑇

𝑇gap
exp (𝑆tree + 2𝑦(𝜌+

2 + 𝛼𝜌−
2))

×
cos2 (

𝜋(𝜌+ + 𝜌−)
2

) cos2 (
𝜋(𝜌+ − 𝜌−)

2
)

sin (𝜋𝜌+)sin (𝜋𝜌−)
𝔅𝛼(𝑦, 𝜌+, 𝜌−) 

 

𝑦 =
1

2

𝑇

𝑇gap

k+
k
=

𝑇

2𝛾𝑇gap
 

𝔅𝛼(𝑦, 𝜌+, 𝜌−) ≡ ∑  

𝑛±∈ℤ

 
(𝑛+ +

1
2𝜌+) (𝑛− +

1
2𝜌−) 𝑒

−8𝑦((𝑛++
1
2
𝜌+)

2
+𝛼(𝑛−+

1
2
𝜌−)

2
)

[1 − 4 (𝑛+ + 𝑛− +
𝜌+ + 𝜌−
2 )

2

] [1 − 4 (𝑛+ − 𝑛− +
𝜌+ − 𝜌−
2 )

2
]

 

𝑚1 = 𝑛+ + 𝑛−,𝑚2 = 𝑛+ − 𝑛−, 𝜌1 = 𝜌+ + 𝜌−, 𝜌2 = 𝜌+ − 𝜌−  

𝔅𝛼(𝑦, 𝜌1, 𝜌2) =
1

16
∑  

𝑚1,𝑚2∈ℤ

  [
1

1 − 4 (𝑚1 +
𝜌1
2 )

2 −
1

1 − 4(𝑚2 +
𝜌2
2 )

2]

 × 𝑒
−2𝑦((𝑚1+𝑚2+

𝜌1+𝜌2
2

)
2
+𝛼(𝑚1−𝑚2+

𝜌1−𝜌2
2

)
2
)

 

𝑧CFT
R (𝜏, 𝜌±, 𝜏‾, 𝜌‾±)|BTZ∼

4√𝛼

1 + 𝛼
(
𝑇

𝑇gap
)

1
2

exp (𝑆tree + 2𝑦(𝜌+
2 + 𝛼𝜌−

2 − 𝛾))  

 × cos2 (
𝜋(𝜌+ + 𝜌−)

2
) cos2 (

𝜋(𝜌+ − 𝜌−)

2
)∫  

2𝛾𝑦

0

 𝑑𝑢
𝑒𝑢

√𝑢
𝔣𝛼(𝑢)
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𝔣𝛼(𝑢) = ∑  

∞

𝑚1,𝑚2=0

 (1 −
𝛿𝑚1,0

2
)(1 −

𝛿𝑚2,0

2
) sign(𝑚1 −𝑚2)𝑒

−
𝜋2𝑚2

2

2𝑦(1+𝛼)

× [𝑒−
𝜋2(𝑚1+𝜂𝑚2)

2

4𝑢 𝜒𝑚1+𝑚2−1
2

(𝜌+)𝜒|𝑚1−𝑚2|−1
2

(𝜌−) + (𝑚2 ↔ −𝑚2)] .

 

𝜂 = 1 − 2𝛾 =
1 − 𝛼

1 + 𝛼
 

𝑧̃CFT
R (𝑇, 𝜌+, 𝜌−, 𝑄U(1) = 0)|BTZ

∼ cos2 (
𝜋(𝜌+ + 𝜌−)

2
) cos2 (

𝜋(𝜌+ − 𝜌−)

2
) 

 × (
𝑇

𝑇gap 

)

3
2

𝑒
𝑆tree +

𝑇
𝛾𝑇gap 

(𝜌+
2+𝛼𝜌−

2−𝛾)−𝛽𝐸gap 

 

𝑧CFT
R (𝜏, 𝜌+ = 1 + 𝜌−)|BTZ = TrR (𝑞

𝐿0𝑒𝑖𝜋(𝐽0
3,+−𝐽0

3,−)𝑒𝑖𝜋𝜌1(𝐽0
3,++𝐽0

3,−))|
BTZ

 

cos2 (
𝜋
2 𝜌1) cos

2 (
𝜋
2 𝜌2)

sin (
𝜋
2
(𝜌1 + 𝜌2)) sin (

𝜋
2
(𝜌1 − 𝜌2))

→ −
𝜋2

4
(1 − 𝜌2)

2 +O((𝜌2 − 1)
3)  

ℭ𝛼(𝑦, 𝜌1) = lim
𝜌2→1

 cos (
𝜋

2
𝜌2)𝔅𝛼(𝑦, 𝜌1, 𝜌2).  

ℭ𝛼(𝑦, 𝜌1)= −
𝜋

64
𝑒−

2𝛼
1+𝛼

𝑦 ∑  

𝑚∈ℤ

  [𝑒
−2𝑦(1+𝛼)(𝑚+

1
2
𝜌1+

1
2
𝜂)
2

− 𝑒
−2𝑦(1+𝛼)(𝑚+

1
2
𝜌1−

1
2
𝜂)
2

]  

 = −
𝜋
3
2𝑒−2𝛾𝑦

64√2𝑦(1 + 𝛼)
[𝜗3 (𝑒

𝑖𝜋(𝜌1+𝜂), 𝑒
−

𝜋2

(1+𝛼)𝑦) − 𝜗3 (𝑒
𝑖𝜋(𝜌1−𝜂), 𝑒

−
𝜋2

(1+𝛼)𝑦)]

 =
𝜋
3
2𝑒−2𝛾𝑦

16√2𝑦(1 + 𝛼)
∑  

∞

𝑛=1

 sin (𝑛𝜋𝜌1)sin (𝑛𝜋𝜂)𝑒
−

𝜋2

2𝑦(1+𝛼)
𝑛2

 

𝑧CFT
R (𝑇, 𝜌+ = 1 + 𝜌−)|BTZ ∼ 2𝜋

2 √𝜋𝛼

1 + 𝛼
(𝜌2 − 1)√

𝑇

𝑇gap
sin (𝜋𝜌1)𝑒

𝑆tree+𝑆1
′ 𝑇
𝑇gap

 × ∑  

∞

𝑛=1

 𝜒𝑛−1
2

(𝜌1)sin (𝑛𝜋
1 − 𝛼

1 + 𝛼
)𝑒

−
𝜋2𝛼
(1+𝛼)2

𝛽𝑇gap𝑛
2

 

𝑆1
′ = −1+

(1 + 𝛼)2

4𝛼
(1 + 𝜌1

2 + 2𝜌1𝜂)  

𝐸R(j) =
16𝛼

(1 + 𝛼)2
(j +

1

2
)
2

𝐸gap  

𝑧̃CFT
R (𝑇, 𝜌+ = 1 + 𝜌−, 𝑄U(1)=0)|BTZ

∼2𝜋2
√𝜋𝛼

1 + 𝛼
sin (𝜋𝜌1)𝑒

𝑆tree +𝑆1
′ 𝑇
𝑇gap 

 ×∑  

∞

j=0

 𝜒j(𝜌1)sin ((2j + 1)𝜋𝜂)𝑒
−𝛽𝐸R(j)
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𝑧̃CFT
R (𝑇, 𝜌+ = 𝛾, 𝜌− = 𝛾 − 1,𝑄U(1)=0)|BTZ

∼
2𝜋

5
2√𝛼𝑒𝑆tree 

(1 + 𝛼)
∑  

∞

j=0

  sin2 ((2j + 1)𝜋𝜂)𝑒−𝛽𝐸R(j).  

𝐴𝑎𝑏
±𝑖 =

1

2
(±𝛿𝑖𝑎𝛿𝑏0 ∓ 𝛿𝑖𝑏𝛿𝑎0 + 𝜖𝑖𝑎𝑏)  

𝑐 =
6k+k−
k+ + k−

.  

{𝐺𝑟
𝑎, 𝐺𝑠

𝑏} =
𝑐

3
𝛿𝑎𝑏 (𝑟2 −

1

4
) 𝛿𝑟+𝑠,0 + 2𝛿

𝑎𝑏𝐿𝑟+𝑠

+4𝑖(𝑟 − 𝑠)(𝛾𝐴𝑎𝑏
+𝑖 𝐽𝑟+𝑠

+,𝑖 + (1 − 𝛾)𝐴𝑎𝑏
−𝑖 𝐽𝑟+𝑠

−,𝑖 ) 

{𝑄𝑟
𝑎, 𝐺𝑠

𝑏} =2𝐴𝑎𝑏
+𝑖 𝐽𝑟+𝑠

+,𝑖 − 2𝐴𝑎𝑏
−𝑖 𝐽𝑟+𝑠

−,𝑖 + 𝛿𝑎𝑏𝑈𝑟+𝑠

{𝑄𝑟
𝑎 , 𝑄𝑠

𝑏} =
k+ + k−
2

𝛿𝑎𝑏𝛿𝑟+𝑠,0

[𝐽𝑚
±,𝑖, 𝐺𝑟

𝑎] =𝑖𝐴𝑎𝑏
±𝑖𝐺𝑚+𝑟

𝑏 ∓
2k±

k+ + k−
𝑚𝐴𝑎𝑏

𝑝𝑚𝑖
𝑄𝑚+𝑟
𝑏

[𝑈𝑚, 𝐺𝑟
𝑎] =𝑚𝑄𝑚+𝑟

𝑎

[𝐽𝑚
±,𝑖, 𝑄𝑟

𝑎] =𝑖𝐴𝑎𝑏
±𝑖𝑄𝑚+𝑟

𝑏

[𝐽𝑚
±,𝑖, 𝐽𝑛

±,𝑗] =𝑖𝜖𝑖𝑗𝑙𝐽𝑚+𝑛
±,𝑙 +

k±
2
𝑚𝛿𝑖𝑗𝛿𝑚+𝑛,0

[𝑈𝑚, 𝑈𝑛] =
k+ + k−
2

𝑚𝛿𝑚+𝑛,0

 

𝒜𝛾 = 𝒜̃𝛾⊕𝒜QU  

k̃± = k± − 1  

𝑐̃ = 𝑐 − 3 = 3
2k̃+k̃− + k̃+ + k̃−

k̃+ + k̃− + 2
 

𝛾 →
k− − 1

k+ + k−
, 1 − 𝛾 →

k+ − 1

k+ + k−
.  

𝑐̃′ = 6
(k+ − 1)(k− − 1)

k+ + k−
 

ℎ ≥
1

k̃+ + k̃− + 2
[(k̃+ + 1)ℓ− + (k̃− + 1)ℓ+ + (ℓ+ − ℓ−)

2]  

∏  ±=±  𝜗1 (
𝜏 + 𝜖+𝜌+ + 𝜖−𝜌−

2 , 𝔱)

𝜂(𝔱)6
= 𝔷

1
4𝑞−1 [1 − 𝑞 + 𝜒S

g
(
1

2
,
1

2
,
1

2
)] ∑  

ℎosc≥0

 𝐷ℎosc(𝑞, 𝑟+, 𝑟−)𝔷
ℎosc  

∏  𝜖±=±  𝜗1 (
𝜏 + 𝜖+𝜌+ + 𝜖−𝜌−

2 , 𝔱)

𝜂(𝔱)4𝔷
1
4𝑞−1

= [1 − 𝑞 + 𝜒S
g
(
1

2
,
1

2
,
1

2
)](∏  

∞

𝑛=1

  ∑  

8

𝑚=0

 𝐴𝑚(𝑞, 𝑟±)𝔷
𝑚𝑛)  
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𝐴0 = 𝐴8 = 1

𝐴1 = 𝐴7 = −𝑞
−
1
2(1 + 𝑞)𝜒1

2

(𝑟+)𝜒1
2

(𝑟−)

𝐴2 = 𝐴6 = 𝑞
−1[(1 + 𝑞2)(𝜒1(𝑟+) + 𝜒1(𝑟−)) + 𝑞(1 + 𝜒1(𝑟+))(1 + 𝜒1(𝑟−))]

𝐴3 = 𝐴5 = −𝑞
−
3
2𝜒1
2

(𝑟+)𝜒1
2

(𝑟−)[1 + 𝑞
3 + (𝑞 + 𝑞2)(𝜒1(𝑟+) + 𝜒1(𝑟−))]

𝐴4 = 𝑞
−2 [1 + 𝑞4 + (𝑞 + 𝑞3)(1 + 𝜒1(𝑟+))(1 + 𝜒1(𝑟−)) + 𝑞

2(𝜒1(𝑟+) + 𝜒1(𝑟−))
2
]

 

𝜂(𝔱)3

𝜗1(𝜏, 𝔱)
= ∑  

𝑛∈ℤ

  (−1)𝑛+1 [ ∑  

𝑟≥𝑛+𝑤+1

  (−1)𝑟𝔷
𝑟(𝑟+1)
2 ] 𝔷

−
𝑛(𝑛+1)
2 𝑞𝑛+

1
2  

ℐPF = |1 − 𝑞|
2𝐼0 |∑  

~

  (−1)𝑛+𝑟+1𝐷ℎosc𝔷
1
4
+
𝑟(𝑟+1)
2

−
𝑛(𝑛+1)
2

+ℎosc+𝑝𝐿
2

𝑞𝑛−
1
2|

2

 

𝑓PF  = |1 − 𝑞|
2𝐼0∑  

∞

𝑤=0

 ∑  

^

 𝑞𝑛−
1
2𝑞‾𝑛‾−

1
2𝐷ℎosc𝐷

‾
ℎosc𝔍𝑘=1

𝔍𝑘=1  ≡ ∫  
∞

−∞

 
𝜁𝑑𝜁

𝑖𝜋

𝑒2𝑖𝛽𝜁

𝜁2 + Δ𝑤
2 [𝑒

−
2𝛽
𝑤+1(

𝜁2+Δ𝑤
2 ) − 𝑒−

2𝛽
𝑤 (

𝜁2+Δ𝑤
2 )]

 

Δ𝑤
2 =

1

4
+
𝑟(𝑟 + 1)

2
−
𝑛(𝑛 + 1)

2
+ ℎosc + 𝑝𝐿

2  

∑ 

^

  = ∑  

𝑛,𝑛‾∈ℤ

  ∑  

𝑟≥𝑛+𝑤

  ∑  

𝑟‾≥𝑛‾+𝑤

  (−1)𝑛+𝑟+𝑛‾+𝑟‾ ∑  

ℎosc,ℎ‾osc

  ∑  

𝑝𝐿,𝑝𝑅

 𝛿LM,  

𝛿LM : 
𝑟(𝑟 + 1)

2
−
𝑛(𝑛 + 1)

2
+ ℎosc + 𝑝𝐿

2 =
𝑟‾(𝑟‾ + 1)

2
−
𝑛‾(𝑛‾ + 1)

2
+ ℎ‾osc + 𝑝𝑅

2 ,  

𝑟(𝑟 + 1)

2
−
𝑛(𝑛 + 1)

2
+ ℎosc → 𝑁 −

𝑤(𝑤 + 1)

2
 

𝔅1(𝑦, 𝜌1, 𝜌2) = 𝔟(𝑦, 𝜌2)𝔟̂(𝑦, 𝜌1) − 𝔟(𝑦, 𝜌1)𝔟̂(𝑦, 𝜌2),  

𝔟(𝑦, 𝜌) ≡ ∑  

𝑚∈ℤ

  𝑒
−4𝑦(𝑚+

𝜌
2
)
2

𝔟̂(𝑦, 𝜌) ≡ ∑  

𝑚∈ℤ

 
𝑒
−4𝑦(𝑚+

𝜌
2
)
2

1 − 4(𝑚 +
𝜌
2)
2

 

𝔟(𝑦, 𝜌) = √
𝜋

4𝑦
∑  

𝑛∈ℤ

 𝑒𝑖𝜋𝑛𝜌  

𝑒−𝑦
 d

 d𝑦
(𝑒𝑦𝔟̂(𝑦, 𝜌)) = 𝔟(𝑦, 𝜌)  
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𝔅1(𝑦, 𝜌+, 𝜌−) ∼
𝜋

8
sin (𝜋𝜌+)sin (𝜋𝜌−)𝑒

−
𝜋2

4𝑦 +⋯  

1

𝑥
= ∫ 

𝐶

 𝑑𝑡𝑒−𝑥𝑡  

𝔅𝛼(𝑦, 𝜌1, 𝜌2) = 𝔉𝛼(𝑦, 𝜌1, 𝜌2) − 𝔉𝛼(𝑦, 𝜌2, 𝜌1),  

𝔉𝛼(𝑦, 𝜌1, 𝜌2) = 𝑒
−2𝑦(𝛼𝜌−

2+𝜌+
2)∫ 

𝐶

 𝑑𝑡𝑒−𝑡(1−𝜌1
2) ∑  

𝑚1,𝑚2∈ℤ

  𝑒−𝐦
𝑇⋅𝐀⋅𝐦+2𝜋𝑖𝐳𝑇⋅𝐦

 

𝐦 = (
𝑚1
𝑚2
) , 𝐳 =

𝑖(1 + 𝛼)

𝜋
𝑦(
(1 −

2𝑡
𝑦(1 + 𝛼)

)𝜌1 + 𝜂𝜌2

𝜌2 + 𝜂𝜌1
)

𝐀 = 2𝑦(1 + 𝛼)(
1 −

2𝑡

𝑦(1 + 𝛼)
𝜂

𝜂 1

)

 

𝔉𝛼(𝑦, 𝜌1, 𝜌2) =
𝑒−2𝛾𝑦

64√2√𝑦(1 + 𝛼)
∫  
𝐶𝑢

 𝑑𝑢
𝑒𝑢

√𝑢
𝔣̃𝛼 , 𝑢 = 2𝛾𝑦 − 𝑡  

𝔣̃𝛼 = ∑  

𝑚1,𝑚2∈ℤ

 𝑒
−
𝜋2

4𝑢
(𝑚1+𝜂𝑚2)

2−
𝜋2

2𝑦(1+𝛼)
𝑚2
2

[𝑒𝑖𝜋(𝑚1𝜌1+𝑚2𝜌2) − 𝑒𝑖𝜋(𝑚2𝜌1+𝑚1𝜌2)]  

𝔣̃𝛼 =−4 ∑  

∞

𝑚1=0

  ∑  

∞

𝑚2=0

 (1 −
𝛿𝑚1,0

2
)(1 −

𝛿𝑚2,0

2
)𝑒

−
𝜋2𝑚2

2

2𝑦(1+𝛼) 𝐹̃𝛼(𝑚1,𝑚2)

𝐹̃𝛼(𝑚1,𝑚2) =[𝑒
−
𝜋2(𝑚1+𝜂𝑚2)

2

4𝑢 sin (𝜋(𝑚1 +𝑚2)𝜌+)sin (𝜋(𝑚1 −𝑚2)𝜌−)

+𝑒−
𝜋2(𝑚1−𝜂𝑚2)

2

4𝑢 sin (𝜋(𝑚1 −𝑚2)𝜌+)sin (𝜋(𝑚1 +𝑚2)𝜌−)]

 

𝔅𝛼 =−
1

16√2

𝑒−2𝛾𝑦

√𝑦(1 + 𝛼)
sin (𝜋𝜌+)sin (𝜋𝜌−)∫  

2𝛾𝑦

0

𝑑𝑢
𝑒𝑢

√𝑢
𝔣𝛼   

𝔣𝛼 = ∑  

∞

𝑚1=0

  ∑  

∞

𝑚2=0

 (1 −
𝛿𝑚1,0

2
)(1 −

𝛿𝑚2,0

2
)𝑒

−
𝜋2𝑚2

2

2𝑦(1+𝛼)𝐹𝛼(𝑚1,𝑚2)  

𝐹𝛼(𝑚1,𝑚2) =sign(𝑚1 −𝑚2) [𝑒
−
𝜋2(𝑚1+𝜂𝑚2)

2

4𝑢 𝜒𝑚1+𝑚2−1
2

(𝜌+)𝜒|𝑚1−𝑚2|−1
2

(𝜌−)

 +𝑒−
𝜋2(𝑚1−𝜂𝑚2)

2

4𝑢 𝜒|𝑚1−𝑚2|−1
2

(𝜌+)𝜒𝑚1+𝑚2−1
2

(𝜌−)]

 

  

En tanto que, la métrica Super de Yang – Mills, en un campo cuántico relativista, en supergravedad, se 

calcula así:  
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ℐ𝑆(𝜆; 𝛼)  = 4∑  

∞

ℓ=1

  (−1)ℓ+1𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

[(
2ℓ + 1

ℓ
)
2

− 𝛼2(ℓ+1) (
2ℓ + 1

ℓ
)  2𝐹1(ℓ + 1, ℓ + 2; 1; 1 − 𝛼)] ,

ℐ𝐴𝑑𝑆(𝜆; 𝛽)  = 4∑  

∞

ℓ=1

  (−1)ℓ𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

[(
2ℓ + 1

ℓ
)
2

− 𝛽2(ℓ+1) (
2ℓ + 1

ℓ
)  2𝐹1(ℓ + 1, ℓ + 2; 1; 1 + 𝛽)] ,

 

ℐ𝑆(𝜆; 𝛼)  ∼ 2𝛼 −
4𝜋2

3𝜆
−∑  

∞

𝑛=1

 
16𝑛𝜁(2𝑛 + 1)Γ (𝑛 −

1
2)
2

Γ (𝑛 +
1
2)

𝜆𝑛+
1
2𝜋3/2Γ(𝑛)

ℐ𝐴𝑑𝑆(𝜆; 𝛽)  ∼ 2log (1 + 𝛽) −
4𝜋2

3𝜆
+∑  

∞

𝑛=1

 
16𝑛𝜁(2𝑛 + 1)Γ (𝑛 −

1
2)
2

Γ (𝑛 +
1
2)

𝜆𝑛+
1
2𝜋3/2Γ(𝑛)

 

exp [−2𝑛√𝜆], exp [−𝑛√𝜆(1 − √1 − 𝛼)], exp [−𝑛√𝜆(1 + √1 − 𝛼)],  

exp [−2𝑛√𝜆], exp [−𝑛√𝜆(√𝛽 + 1 − 1)], exp [−𝑛√𝜆(√𝛽 + 1 + 1)]  

𝒪𝑝⃗(𝑥, 𝑌) = 𝒪(𝑝1…𝑝𝑚)(𝑥, 𝑌): =
𝑝1…𝑝𝑚
𝑝

𝒪𝑝1(𝑥, 𝑌)…𝒪𝑝𝑚(𝑥, 𝑌)  

𝒪𝑞(𝑥, 𝑌): =
1

𝑞
Tr(𝑌 ⋅ Φ(𝑥))𝑞  

⟨𝒪𝑝⃗(𝑥1, 𝑌1)𝒪𝑝⃗(𝑥2, 𝑌2)⟩ = ℜ𝑝⃗(𝑁)(𝑑12)
𝑝,  𝑑12:=

𝑌1 ⋅ 𝑌2

𝑥12
2 ,  

⟨𝒪𝑚⃗⃗⃗⃗(𝑥1, 𝑌1)𝒪𝑚⃗⃗⃗⃗(𝑥2, 𝑌2)𝒪𝑝⃗(𝑥3, 𝑌3)⟩

⟨𝒪𝑚⃗⃗⃗⃗(𝑥1, 𝑌1)𝒪𝑚⃗⃗⃗⃗(𝑥2, 𝑌2)⟩
= ℭ𝑚⃗⃗⃗⃗𝑚⃗⃗⃗⃗𝑝⃗(𝑁) × (

𝑑23𝑑31
𝑑12

)

𝑝
2

 

𝒪𝑅
Schur (𝑥, 𝑌):=

1

𝑚!
∑  

𝜎∈𝑆𝑚

 𝜒𝑅(𝜎)Tr(𝜎𝜑)(𝑥, 𝑌),  with  𝜑(𝑥, 𝑌): = 𝑌 ⋅ Φ(𝑥)  

Tr(𝜎𝜑): = ∑  

𝑁

𝑖1,…𝑖𝑚=1

 𝜑𝑖𝜎(1)
𝑖1 …𝜑𝑖𝜎(𝑚)

𝑖𝑚  

𝒪
(1)𝑚

Schur (𝑥, 𝑌) = det𝑚𝜑(𝑥, 𝑌)  

det𝑚𝑋:=
1

𝑚!
𝜖𝑖1…𝑖𝑚ℓ1…ℓ𝑁−𝑚𝜖

𝑗1…𝑗𝑚ℓ1…ℓ𝑁−𝑚𝑋𝑗1
𝑖1⋯𝑋𝑗𝑚

𝑖𝑚  

𝑑𝑠2 = 𝑑𝑠𝐴𝑑𝑆5
2 + 𝑑𝑠𝑆5

2
 

𝑑𝑠𝐴𝑑𝑆5
2  = −cosh2 𝜌𝑑𝑡2 + 𝑑𝜌2 + sinh2 𝜌𝑑Ω̃3

2

𝑑𝑠𝑆5
2  = 𝑑𝜃2 + sin2 𝜃𝑑𝜙2 + cos2 𝜃𝑑Ω3

2
 

cos2 𝜃0 =
𝑚

𝑁
= 𝛼  
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sinh2 𝜌0 = 𝛽  

𝒢𝑆(𝑥, 𝑌; 𝑧):= ∑  

𝑁

𝑚=0

  𝑧𝑚𝒪
(1)𝑚

Schur (𝑥, 𝑌) = det(𝟙 + 𝑧𝑌 ⋅ Φ)(𝑥), 𝑧 ∈ ℂ  

𝒪
(1⃗⃗⃗)𝑚

Schur (𝑥, 𝑌) = ∮   
𝑑𝑧

2𝜋i

1

𝑧𝑚+1
𝒢𝑆(𝑥, 𝑌; 𝑧)  

𝒢𝑆;𝛼(𝑥, 𝑌):= ∮   
𝑑𝑧

2𝜋i

1

𝑧𝛼𝑁+1
𝒢𝑆(𝑥, 𝑌; 𝑧)  

𝒢𝐴𝑑𝑆(𝑥, 𝑌; 𝑧):= ∑  

∞

𝑚=0

  𝑧𝑚𝒪
(𝑚,0⃗⃗⃗)
Schur (𝑥, 𝑌) = [det(𝟙 − 𝑧𝑌 ⋅ Φ)]−1(𝑥),  𝑧 ∈ ℂ  

𝒪
(𝑚,0⃗⃗⃗)
Schur (𝑥, 𝑌) = ∮   

𝑑𝑧

2𝜋i

1

𝑧𝑚+1
𝒢𝐴𝑑𝑆(𝑥, 𝑌; 𝑧)  

𝒢𝐴𝑑𝑆;𝛽(𝑥, 𝑌): = ∮   
𝑑𝑧

2𝜋i

1

𝑧𝛽𝑁+1
𝒢𝐴𝑑𝑆(𝑥, 𝑌; 𝑧)  

⟨ℋ(𝑥1, 𝑌1)ℋ(𝑥2, 𝑌2)𝒪𝑝⃗(𝑥3, 𝑌3)⟩

⟨ℋ(𝑥1, 𝑌1)ℋ(𝑥2, 𝑌2)⟩
= ℭℋ,ℋ,𝑝⃗(𝑁) × (

𝑑23𝑑31
𝑑12

)

𝑝
2
.  

ℭℋ,ℋ,𝑝⃗(𝑁) = ∑  

∞

𝑔=0

 𝑁
𝑝
2
−𝑔ℭ

ℋ,ℋ,𝑝⃗
(𝑔)

 

ℭ𝒢𝑆;𝛼
(0)
𝒢𝑆;𝛼 , (2𝑝)= −2

−𝑝∮   𝑧=0
𝑑𝑧

2𝜋𝑖

1 − 𝑧2

𝑧2𝑝+1√1+ 2𝑧2(2𝛼 − 1) + 𝑧4
 

 = (−2)−𝑝+1 2𝐹1(−𝑝, 𝑝; 1; 1 − 𝛼)

 

ℭ
𝒢𝐴𝑑𝑆;𝛽
(0)

,𝒢𝐴𝑑𝑆;𝛽,(2𝑝)
= 2−𝑝∮   𝑧=0

𝑑𝑧

2𝜋𝑖

1 − 𝑧2

𝑧2𝑝+1√1− 2𝑧2(2𝛽 + 1) + 𝑧4
 

 = −(−2)−𝑝+1 2𝐹1(−𝑝, 𝑝; 1; 1 + 𝛽)

 

⟨𝒪2(𝑥1, 𝑌1)𝒪2(𝑥2, 𝑌2)ℋ(𝑥3, 𝑌3)ℋ(𝑥4, 𝑌4)⟩ = 𝒞free (𝑥𝑖, 𝑌𝑖) + ℛ4(𝑥𝑖, 𝑌𝑖)𝑑34
Δℋ−2𝒞ℋ(𝑢, 𝑣; 𝜏)  

𝜏: = 𝜏1 + i𝜏2 =
𝜃

2𝜋
+ i

4𝜋

𝑔YM
2 ,  

𝑢:=
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 , 𝑣: =
𝑥14
2 𝑥23

2

𝑥13
2 𝑥24

2
 

𝑁 → ∞,  with  𝜆 = 𝑔YM
2 𝑁  fixed  

ℐℋ(𝜏;𝑁):= −
2

𝜋
∫  
∞

0

 𝑑𝑟 ∫  
𝜋

0

 𝑑𝜃
𝑟3sin2 𝜃

𝑢2
𝒞ℋ(𝑢, 𝑣; 𝜏)  
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𝒵(𝜏, 𝜏𝑝;𝑚) = ∫  
ℝ𝑁
 𝑑𝜇(𝑎𝑖) |exp [i𝜋𝜏 (∑  

𝑁

𝑖=1

 𝑎𝑖
2) + i∑  

∞

𝑝=3

 𝜋
𝑝
2𝜏𝑝 (∑ 

𝑁

𝑖=1

 𝑎𝑖
𝑝
)]|

2

𝑍1−loop(𝑎;𝑚)|𝑍inst(𝜏, 𝜏𝑝, 𝑎;𝑚)|
2
 

𝑑𝜇(𝑎𝑖) =∏ 

𝑁

𝑖=1

 𝑑𝑎𝑖∏ 

𝑖<𝑗

 𝑎𝑖𝑗
2 𝛿 (∑  

𝑁

𝑖=1

 𝑎𝑖) ,  

𝑍1−loop(𝑎;𝑚) =
1

𝐻(𝑚)𝑁
∏ 

𝑖<𝑗

 
𝐻2(𝑎𝑖𝑗)

𝐻(𝑎𝑖𝑗 +𝑚)𝐻(𝑎𝑖𝑗 −𝑚)
,𝐻(𝑥): = e−(1+𝛾)𝑥

2
𝐺(1 + i𝑥)𝐺(1 − i𝑥)  

𝑎 →
𝑎

√2𝜋𝜏2
 

⟨〈𝑓(𝑎𝑖)〉:=
1

𝒩
∫  
ℝ𝑁
 𝑑𝜇(𝑎𝑖)exp (−∑ 

𝑖

 𝑎𝑖
2)𝑓(𝑎𝑖)  

𝜕𝜏𝑝1
…𝜕𝜏𝑝ℓ

𝒵(𝜏, 𝜏𝑝;𝑚) ⟷ 𝑇𝑝⃗(𝑎): = tr(𝑎
𝑝1)tr(𝑎𝑝2)⋯ tr(𝑎𝑝ℓ)  

𝒪𝑝⃗(𝑎): = 𝑇𝑝⃗(𝑎) + ∑  

𝑞⃗⃗⊢𝑞<𝑝

 𝑢𝑝⃗,𝑞⃗⃗(𝑁)𝑇𝑞⃗⃗(𝑎),  

⟨⟨𝒪𝑝⃗(𝑎)𝑇𝑟(𝑎)⟩⟩ = 0, ∀0 ≤ 𝑟 < 𝑝  and  ∀𝑟 partitions of 𝑟,  

⟨⟨𝒪𝑝⃗(𝑎)𝒪𝑝⃗(𝑎)⟩⟩ = ℜ𝑝⃗(𝑁),
⟨⟨𝒪𝑚⃗⃗⃗⃗(𝑎)𝒪𝑚⃗⃗⃗⃗(𝑎)𝒪𝑝⃗(𝑎)⟩⟩

⟨⟨𝒪𝑚⃗⃗⃗⃗(𝑎)𝒪𝑚⃗⃗⃗⃗(𝑎)⟩⟩
= ℭ𝑚⃗⃗⃗⃗𝑚⃗⃗⃗⃗𝑝⃗(𝑁)

 

𝑇𝑞⃗⃗(𝑎) = 𝒪𝑞⃗⃗(𝑎) + ∑  

𝑝⃗⊢𝑝<𝑞

 𝑣𝑞⃗⃗,𝑝⃗(𝑁)𝒪𝑝⃗(𝑎)  

𝑣𝑞⃗⃗,𝑝⃗(𝑁) = (−1)
𝑞−𝑝
2 𝑢𝑞⃗⃗,𝑝⃗(𝑁)  

ℐℋ(𝜏;𝑁) =
𝜕ℋ𝜕ℋ𝜕𝑚

2 log 𝒵(𝜏, 𝜏𝑝;𝑚)|𝜏𝑝,𝑚=0

𝜕ℋ𝜕ℋlog 𝒵(𝜏, 𝜏𝑝;𝑚)|𝜏𝑝,𝑚=0

 

𝒵(𝑔YM
2 ;𝑚) = ∫  𝑑𝑎e−tr𝑎

2
𝑍1− loop (

𝑎𝑔YM

2√2𝜋
;𝑚)  

𝜕𝑚
2 log 𝒵(𝑔YM

2 ;𝑚)|
𝑚=0

= ⟨⟨𝐌2(𝑎, 𝑔YM
2 )⟩⟩ =

1

𝒩
∫  𝑑𝑎e−tr𝑎

2
𝐌2(𝑎, 𝑔YM

2 )  

𝐌2(𝑎, 𝑔YM
2 ) = −2∑  

∞

ℓ=1

 ∑  

2ℓ

𝑗=0

  (−1)𝑗+ℓ(2ℓ + 1) (
2ℓ

𝑗
) 𝜁(2ℓ + 1)(

𝑔YM
2

8𝜋2
)

ℓ

𝑇(2ℓ−𝑗,𝑗)(𝑎)  
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𝐌2(𝑎, 𝑔YM
2 ) = −2∑  

∞

ℓ=1

 ∑  

2ℓ

𝑗=0

  (−1)𝑗+ℓ(2ℓ + 1) (
2ℓ

𝑗
) 𝜁(2ℓ + 1)(

𝑔YM
2

8𝜋2
)

ℓ

[𝒪(2ℓ−𝑗,𝑗)(𝑎) + ∑  

𝑝⃗⊢𝑝<2ℓ

 𝑣(2ℓ−𝑗,𝑗),𝑝⃗𝒪𝑝⃗(𝑎)] 

ℐℋ(𝑔YM
2 ; 𝑁) =

⟨⟨ℋ(𝑎)ℋ(𝑎)𝐌2(𝑎, 𝑔YM
2 )⟩⟩

⟨⟨ℋ(𝑎)ℋ(𝑎)⟩⟩
− ⟨⟨𝐌2(𝑎, 𝑔YM

2 )⟩⟩ .  

ℐℋ(𝑔YM
2 ;𝑁) = −2∑  

∞

ℓ=1

 ∑  

2ℓ

𝑗=0

 (−1)𝑗+ℓ(2ℓ + 1) (
2ℓ

𝑗
) 𝜁(2ℓ + 1)(

𝑔YM
2

8𝜋2
)

ℓ

 

 × (ℭℋ,ℋ,(2ℓ−𝑗,𝑗) + ∑  

𝑝⃗⊢𝑝<2ℓ

 𝑣(2ℓ−𝑗,𝑗),𝑝⃗ℭℋ,ℋ,𝑝⃗)

 

ℐℋ(𝜆; 𝑁) = ∑  

∞

𝑔=0

 𝑁1−𝑔ℐℋ
(𝑔)
(𝜆).  

ℐℋ(𝜆;𝑁) =−2𝑁∑ 

∞

ℓ=1

  (−1)ℓ(2ℓ + 1)𝜁(2ℓ + 1) (
𝜆

8𝜋2
)
ℓ

 

 × [2ℭℋ,ℋ,(2ℓ)
(0)

+∑ 

ℓ

𝑗=0

 (
2ℓ

2𝑗
)∑  

ℓ−1

𝑝=1

 𝑣(2ℓ−2𝑗,2𝑗),(2𝑝)
(0)

ℭℋ,ℋ,(2𝑝)
(0)

] + 𝑂(𝑁0)

 

𝑣(2ℓ−2𝑗,2𝑗),(2𝑝)
(0)

= 2𝑝−ℓ [(
2ℓ − 2𝑗

ℓ − 𝑗 + 𝑝
)𝐶𝑗 + (

2𝑗

𝑗 + 𝑝
)𝐶ℓ−𝑗] ,  

ℐℋ
(0)
(𝜆) = −4∑  

∞

ℓ=1

  (−1)ℓ𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

∑  

ℓ

𝑝=1

 2𝑝 (
2ℓ + 1

ℓ + 𝑝 + 1
) (
2ℓ + 1

ℓ + 𝑝
)ℭℋ,ℋ,(2𝑝)

(0)
 

ℐ𝑆(𝜆; 𝛼):= ℐ𝒢𝑆;𝛼
(0)

(𝜆), ℐ𝐴𝑑𝑆(𝜆; 𝛽): = ℐ𝒢𝐴𝑑𝑆;𝛽
(0)

(𝜆)  

ℐ𝑆(𝜆; 𝛼) = 8∑  

∞

ℓ=1

  (−1)ℓ𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

∑  

ℓ

𝑝=1

  (−1)𝑝 (
2ℓ + 1

ℓ + 𝑝 + 1
) (
2ℓ + 1

ℓ + 𝑝
)  2𝐹1(−𝑝, 𝑝; 1; 1 − 𝛼)  

ℐ𝑆(𝜆; 𝛼) = ℐ𝑆;0(𝜆) + ℐ𝑆;1(𝜆; 𝛼)  

ℐ𝑆;0(𝜆) ∶= 4∑  

∞

ℓ=1

  (−1)ℓ+1𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

(
2ℓ + 1

ℓ
)
2

,

ℐ𝑆;1(𝜆; 𝛼) ∶= 4∑  

∞

ℓ=1

  (−1)ℓ𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

𝛼2(ℓ+1) (
2ℓ + 1

ℓ
)  2𝐹1(ℓ + 1, ℓ + 2; 1; 1 − 𝛼).

 

ℐ𝑆(𝜆; 1) = 4∑  

∞

ℓ=1

  (−1)ℓ+1𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

[(
2ℓ + 1

ℓ
)
2

− (
2ℓ + 1

ℓ
)] .  

ℐ𝐴𝑑𝑆(𝜆; 𝛽) = ℐ𝐴𝑑𝑆;0(𝜆) + ℐ𝐴𝑑𝑆;1(𝜆; 𝛽)  
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ℐ𝐴𝑑𝑆;0(𝜆) ∶= 4∑  

∞

ℓ=1

  (−1)ℓ𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

(
2ℓ + 1

ℓ
)
2

= −ℐ𝑆
(0)
(𝜆)

ℐ𝐴𝑑𝑆;1(𝜆; 𝛽) ∶= 4∑  

∞

ℓ=1

  (−1)ℓ+1𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

(1 + 𝛽)ℓ (
2ℓ + 1

ℓ
) (ℓ + 1)2𝐹1 (−ℓ,−ℓ; 2;

1

1 + 𝛽
)

 

(1 + 𝛽)ℓ(ℓ + 1)2𝐹1 (−ℓ,−ℓ; 2;
1

1 + 𝛽
) = 𝛽2(ℓ+1) 2𝐹1(ℓ + 1, ℓ + 2; 1; 1 + 𝛽), ∀ℓ ∈ ℕ,  

ℐ𝐴𝑑𝑆;1(𝜆; 𝛽) = 4∑  

∞

ℓ=1

  (−1)ℓ+1𝜁(2ℓ + 1) (
𝜆

16𝜋2
)
ℓ

𝛽2(ℓ+1) (
2ℓ + 1

ℓ
)  2𝐹1(ℓ + 1, ℓ + 2; 1; 1 + 𝛽)  

𝛼2(ℓ+1) 2𝐹1(ℓ + 1, ℓ + 2; 1; 1 − 𝛼) ∼
(1 + √1 − 𝛼)2(ℓ+1)

2√𝜋ℓ√1 − 𝛼
4 , ℓ ≫ 1  

|𝜆| < 𝑅𝑆(𝛼): = 𝜋
2

4

(1 + √1 − 𝛼)2
 

|𝜆| < 𝑅𝐴𝑑𝑆(𝛽):= 𝜋
2

4

(1 + √1 + 𝛽)2
,  

ℐ𝑆;0(𝜆)  = −∫  
Re𝑠=

1
2

 
𝑑𝑠

2𝜋i

4𝜋𝜁(2𝑠 + 1)

sin (𝜋𝑠)
(
2𝑠 + 1

𝑠
)
2

(
𝜆

16𝜋2
)
𝑠

ℐ𝑆;1(𝜆; 𝛼)  = ∫  
Re𝑠=

1
2

 
𝑑𝑠

2𝜋i

4𝜋𝜁(2𝑠 + 1)

sin (𝜋𝑠)
𝛼2(𝑠+1) (

2𝑠 + 1

𝑠
)  2𝐹1(𝑠 + 1, 𝑠 + 2; 1; 1 − 𝛼) (

𝜆

16𝜋2
)
𝑠  

ℐ𝐴𝑑𝑆;0(𝜆)  = −ℐ𝑆;0(𝜆)

ℐ𝐴𝑑𝑆;1(𝜆; 𝛽)  = −∫  
Re𝑠=

1
2

 
𝑑𝑠

2𝜋i

4𝜋𝜁(2𝑠 + 1)

sin (𝜋𝑠)
(1 + 𝛽)𝑠 (

2𝑠 + 1

𝑠
) (𝑠 + 1) 2𝐹1 (−𝑠,−𝑠; 2;

1

1 + 𝛽
) (

𝜆

16𝜋2
)
𝑠
 

 2𝐹1(ℓ + 1, ℓ + 2; 1; 1 + 𝛽) ℓ ∈ ℕ →   2𝐹1(𝑠 + 1, 𝑠 + 2; 1; 1 + 𝛽) 𝑠 ∈ ℂ,  

ℐ𝑆(𝜆; 𝛼) = −ℐ𝐴𝑑𝑆(𝜆; −𝛼), 𝛼 < 0  

lim
𝛼→0

 [𝛼2(𝑠+1) 2𝐹1(𝑠 + 1, 𝑠 + 2; 1; 1 − 𝛼)] = lim
𝛽→0

  [(1 + 𝛽)𝑠(𝑠 + 1)2𝐹1 (−𝑠,−𝑠; 2;
1

1 + 𝛽
)] = (

2𝑠 + 1

𝑠
) 

lim
𝛼→0

 [ℐ𝑆;1(𝜆; 𝛼)] = −lim
𝛽→0

 [ℐ𝐴𝑑𝑆;1(𝜆; 𝛽)] = −ℐ𝑆;0(𝜆)  

ℐ𝑆;0(𝜆)  = −ℐ𝐴𝑑𝑆;0(𝜆) = ∫  
Re𝑠=

1
2

 
𝑑𝑠

2𝜋i

8𝜋𝑠−
3
2(2𝑠 − 3)𝜉(2𝑠 − 2)tan (𝜋𝑠)Γ(𝑠 − 2)2

Γ (𝑠 −
3
2)

𝜆1−𝑠

ℐ𝑆;1(𝜆; 𝛼)  = −∫  
Re𝑠=

1
2

 
𝑑𝑠

2𝜋i
4𝑠𝜋𝑠−1(2𝑠 − 3)𝜉(2𝑠 − 2)Γ(𝑠 − 2)2𝐹1(𝑠 − 2, 𝑠 − 1; 1; 1 − 𝛼)𝜆

1−𝑠

 

ℐ𝐴𝑑𝑆;1(𝜆; 𝛽) = −∫  
Re𝑠=

1
2

 
𝑑𝑠

2𝜋i
4𝑠𝜋𝑠−1(2𝑠 − 3)𝜉(2𝑠 − 2)Γ(𝑠 − 1)2𝐹1 (𝑠 − 1, 𝑠 − 1; 2;

1

𝛽 + 1
) (𝛽 + 1)1−𝑠𝜆1−𝑠 
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ℐ𝑆;0(𝜆)|strong 
 ∼ ℐ𝑆;0

(p)
(𝜆)

 = 2[log (𝜆) + 2𝛾 + 2 − 2log (4𝜋)] +
4𝜋2

3𝜆
−∑  

∞

𝑛=1

 
16𝑛𝜁(2𝑛 + 1)Γ (𝑛 −

1
2
)
2

Γ (𝑛 +
1
2
)

𝜆𝑛+
1
2𝜋3/2Γ(𝑛)

 

ℐ𝑆;1(𝜆; 𝛼)|strong 
∼ ℐ𝑆;1

(p)
(𝜆; 𝛼) = 2𝛼 − 2[log (𝜆) + 2𝛾 + 2 − 2log (4𝜋)] −

8𝜋2

3𝜆
 

ℐ𝑆(𝜆; 𝛼)|strong  = ℐ𝑆;0(𝜆)|strong 
+ ℐ𝑆;1(𝜆; 𝛼)|strong 

 ∼ ℐ𝑆;0
(p)
(𝜆) + ℐ𝑆;1

(p)
(𝜆; 𝛼) = 2𝛼 −

4𝜋2

3𝜆
−∑  

∞

𝑛=1

 
16𝑛𝜁(2𝑛 + 1)Γ (𝑛 −

1
2)
2

Γ (𝑛 +
1
2)

𝜆𝑛+
1
2𝜋3/2Γ(𝑛)

 

ℐ𝐴𝑑𝑆;1(𝜆; 𝛽)|strong 
∼ ℐ𝐴𝑑𝑆;1

(p)
(𝜆; 𝛽) = 2log (1 + 𝛽) + 2[log (𝜆) + 2𝛾 + 2 − 2log (4𝜋)]  

ℐ𝐴𝑑𝑆(𝜆; 𝛽)|strong ∼ ℐ𝐴𝑑𝑆;0
(p)

(𝜆) + ℐ𝐴𝑑𝑆;1
(p)

(𝜆; 𝛽)  

 = 2log (1 + 𝛽) −
4𝜋2

3𝜆
+∑  

∞

𝑛=1

 
16𝑛𝜁(2𝑛 + 1)Γ (𝑛 −

1
2)
2

Γ (𝑛 +
1
2)

𝜆𝑛+
1
2𝜋3/2Γ(𝑛)

 

ℐ𝐴𝑑𝑆(𝜆; 𝛽) =
3𝛽𝜆𝜁(3)

2𝜋2
−
15𝛽(𝛽 + 4)𝜆2𝜁(5)

32𝜋4
+
35𝛽(2𝛽2 + 15𝛽 + 30)𝜆3𝜁(7)

512𝜋6
+⋯  

ℐ𝐴𝑑𝑆(𝜆; 𝛽)|lead −𝛽= 4∑  

∞

ℓ=1

  (−1)ℓ+1 (
2ℓ

ℓ
) (ℓ + 1)𝜁(2ℓ + 1)(

𝜆𝛽

16𝜋2
)

ℓ

 

 = 4∫  
∞

0

 𝑑𝑤
𝑤

sinh2 (𝑤)
[1 − 𝐽0 (

𝑤√𝜆𝛽

𝜋
)]

 

21−𝑠𝜁(𝑠)Γ(𝑠 + 1) = ∫  
∞

0

 𝑑𝑤
𝑤𝑠

sinh2 (𝑤)
 

ℐ𝐴𝑑𝑆(𝜆; 𝛽)|lead −𝛽 =4 + 4𝛾 + 2log (
𝜆𝛽

16𝜋2
) + 8∑  

∞

𝑛=1

 (𝑛√𝜆𝛽𝐾1 (𝑛√𝜆𝛽) − 𝐾0 (𝑛√𝜆𝛽))

=4 + 4𝛾 + 2log (
𝜆𝛽

16𝜋2
)

 −8∑  

∞

𝑛=1

  (2𝜋𝑛√𝜆𝛽)

1
2
𝑒
−𝑛√𝜆𝛽

∑  

∞

𝑘=0

 
(4𝑘2 − 8𝑘 − 1)Γ (𝑘 −

1
2)
2

𝜋Γ(𝑘 + 1)
(−2𝑛√𝜆𝛽)

−𝑘

 

⟨Φ𝐼(𝑥)⟩𝜃 =
2√𝜆𝛽

4𝜋√𝑑12
(𝑒𝑖𝜃Ω2

(𝑁) (𝑌1)𝐼
(𝑥 − 𝑥1)

2
+ 𝑒−𝑖𝜃Ω2

(𝑁) (𝑌2)𝐼
(𝑥 − 𝑥2)

2) ,  with  𝐼 = 1,… ,6  
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Ω2
(𝑁)

=

(

 
 

1 0 0 ⋯ 0
0 −1 0 ⋯ 0
0 0 0 ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮
0 0 0 ⋯ 0)

 
 

 

ℐ𝑆;0
(np)

(𝜆)= ±i
64√𝜆

𝜋2
∑  

∞

𝑛=1

  𝑒−2𝑛√𝜆∫  
∞

0

 𝑑𝑧𝑒−2𝑛√𝜆𝑧 [(𝑧 + 1)3𝐺3,3
2,3((𝑧 + 1)2 | 

−
1

2
,
1

2
,
1

2

0,0,−
3

2

) −
𝜋3

4
] 

 = ±i∑  

∞

𝑛=1

  𝑒−2𝑛√𝜆 [
32

√𝜆𝑛2
+
24

𝜆𝑛3
+

5

𝜆3/2𝑛4
−

9

4𝜆2𝑛5
+

123

64𝜆5/2𝑛6
+ 𝑂(𝜆−2)]

 

ℐ𝑆;1
(np)

(𝜆; 𝛼)  = −∑  

∞

𝑛=1

 ∫  
Re𝑠=

3
2

 
𝑑𝑠

2𝜋i
4(2𝑠 − 1)Γ(𝑠)Γ(𝑠 − 1)2𝐹1(𝑠 − 1, 𝑠; 1; 1 − 𝛼) (

𝑌𝑛
2
)
−2𝑠

,

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽)  = −∑  

∞

𝑛=1

 ∫  
Re𝑠=

3
2

 
𝑑𝑠

2𝜋i
4(2𝑠 − 1)Γ(𝑠)2 2𝐹1 (𝑠, 𝑠; 2;

1

1 + 𝛽
)(
𝑌𝑛√(𝛽 + 1)

2
)

−2𝑠

,

 

𝜉(𝑠) = 𝜉(1 − 𝑠)  

ℐ𝑆;1
(np)

(𝜆; 𝛼) = −16𝜋(1 − 𝛼)
1
4∑  

∞

𝑛=1

  [𝑒−𝑛√𝜆(1−√1−𝛼) ∑  

∞

𝑚=0

 
1

𝑚!
𝑐𝑚(√1 − 𝛼)(2𝑛√𝜆(1 − 𝛼))

−𝑚−1 

±i𝑒−𝑛√𝜆(1+√1−𝛼) ∑  

∞

𝑚=0

 
(−1)𝑚

𝑚!
𝑐𝑚(−√1 − 𝛼)(2𝑛√𝜆(1 − 𝛼))

−𝑚−1]

 

𝑐𝑚(𝑥) = [𝑚
2 +𝑚− 1]𝑥3𝐹̃2 (−

1

2
,
3

2
,−𝑚;

3

2
−𝑚,

3

2
−𝑚; 𝑥)

 + 3𝐹̃2 (−
3

2
,
1

2
,−𝑚 − 1;

1

2
−𝑚,

1

2
−𝑚; 𝑥) −

3

4
𝑚(𝑚 + 1)𝑥2 3𝐹̃2 (

1

2
,
5

2
, 1 − 𝑚;

5

2
−𝑚,

5

2
−𝑚; 𝑥)

 

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽) =−16𝜋(1 + 𝛽)
1
4∑  

∞

𝑛=1

  [𝑒−𝑛√𝜆(√𝛽+1−1) ∑  

∞

𝑚=0

 
1

𝑚!
𝑐𝑚(√1 + 𝛽)(−2𝑛√𝜆(1 + 𝛽))

−𝑚−1 

∓i𝑒−𝑛√𝜆(√𝛽+1+1) ∑  

∞

𝑚=0

 
(−1)𝑚

𝑚!
𝑐𝑚(−√1 + 𝛽)(2𝑛√𝜆(1 + 𝛽))

−𝑚−1]

 

ℐ𝑆;0
(np)

(𝜆) = −ℐ𝐴𝑑𝑆;0
(np)

(𝜆) ∝ exp [−2𝑛√𝜆]  

ℐ𝑆;1
(np)

(𝜆; 𝛼)|
ℝ
∝ exp [−𝑛√𝜆(1 − √1 − 𝛼)], ℐ𝑆;1

(np)
(𝜆; 𝛼)|

𝕀
∝ exp [−𝑛√𝜆(1 + √1 − 𝛼)].

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽)|
ℝ
∝ exp [−𝑛√𝜆(√𝛽 + 1 − 1)], ℐ𝐴𝑑𝑆;1

(np)
(𝜆; 𝛽)|

𝕀
∝ exp [−𝑛√𝜆(√𝛽 + 1 + 1)].

 

ℐ𝑆;1
(np)

(𝜆; 𝛼)|
ℝ
≫ ℐ𝑆;1

(np)
(𝜆)|

𝕀
≫ ℐ𝑆;0

(np)
(𝜆)  

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽)|
ℝ
≫ ℐ𝐴𝑑𝑆;0

(np)
(𝜆) ≫ ℐ𝑆;1

(np)
(𝜆; 𝛽)|

𝕀
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ℐ𝐴𝑑𝑆;0
(np)

(𝜆) ≫ ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽)|
ℝ
≫ ℐ𝑆;1

(np)
(𝜆; 𝛽)|

𝕀
 

ℐ𝑆;1
(np)

(𝜆; 𝛼)|
ℝ/𝕀
 ∝ exp [−2𝜋𝐿2(1 ∓ sin (𝜃0))𝑛𝑇𝐹]

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽)|
ℝ/𝕀
 ∝ exp [−2𝜋𝐿2(cosh (𝜌0) ∓ 1)𝑛𝑇𝐹]

 

ℐ𝑆;1
(np)

(𝜆; 𝛼)|
𝕀

ℐ𝑆;1
(np)

(𝜆; 𝛼)|
ℝ

∝ exp [−4𝜋𝐿2sin (𝜃0)𝑛𝑇𝐹]

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽)|
𝕀

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽)|
ℝ

∝ exp [−4𝜋𝐿2𝑛𝑇𝐹]

 

[𝑁ℐ𝒢𝑆;𝛼
(0)
(𝜆)]

𝑁→−𝑁
= −𝑁ℐ𝒢𝑆;−𝛼

(0)
(𝜆) = +𝑁ℐ𝒢𝐴𝑑𝑆;𝛽

(0)
|
𝛽=−𝛼

 

𝜕𝜇
2𝜕𝑚
2 log 𝑍(𝜏;𝑚, 𝜇)|

𝑚=𝜇=0
∼ 𝑁𝐹1(𝜆) + 𝐹2(𝜆) + 𝑁

−1𝐹3(𝜆) + ⋯ ,  

𝐹1(𝜆) = 2
6∫  

∞

0

 
𝑤1
2𝑑𝑤1

sinh (𝑤1)
2

𝑤2𝑑𝑤2
sinh (𝑤2)

2
𝐽1(𝑥2)

𝑤2𝐽0(𝑥2)𝐽1(𝑥1) − 𝑤1𝐽0(𝑥1)𝐽1(𝑥2)

𝑤1
2 −𝑤2

2
 

𝐹1(𝜆) =
9𝜁(3)2

2𝜋4
𝜆2 −

105𝜁(3)𝜁(5)

16𝜋6
𝜆3 +

105(5𝜁(5)2 + 12𝜁(3)𝜁(7))

256𝜋8
𝜆4

 −
21(65𝜁(5)𝜁(7) + 99𝜁(3)𝜁(9))

512𝜋10
𝜆5 +

105(427𝜁(7)2 + 1284𝜁(5)𝜁(9) + 2211𝜁(3)𝜁(11))

65536𝜋12
𝜆6 +⋯

 

𝐹1(𝜆)|strong ∼ 8(2 −
4𝜋2

𝜆
−∑  

∞

𝑛=1

 
16𝑛𝜁(2𝑛 + 1)Γ (𝑛 −

1
2)
2

Γ (𝑛 +
1
2)

𝜆𝑛+
1
2𝜋3/2Γ(𝑛)

)  

𝑥2𝐽0(𝑥2)𝐽1(𝑥1) − 𝑥1𝐽0(𝑥1)𝐽1(𝑥2)

𝑥1
2 − 𝑥2

2 = 4∑  

∞

ℓ=1

 
ℓ𝐽2ℓ(𝑥1)𝐽2ℓ(𝑥2)

𝑥1𝑥2
,  

𝐽𝜇(𝑥)  = ∫  
+i∞

−i∞

 
𝑑𝑠

2𝜋𝑖

Γ(−𝑠)

Γ(𝜇 + 𝑠 + 1)
(
𝑥

2
)
𝜇+2𝑠

𝐽𝜇(𝑥)𝐽𝜈(𝑥)  = ∫  
+i∞

−i∞

 
𝑑𝑠

2𝜋𝑖

Γ(−𝑠)Γ(2𝑠 + 𝜇 + 𝜈 + 1)

Γ(𝑠 + 𝜇 + 1)Γ(𝑠 + 𝜈 + 1)Γ(𝑠 + 𝜇 + 𝜈 + 1)
(
𝑥

2
)
𝜇+𝜈+2𝑠

 

𝐹1(𝜆) = ∫  
𝑐+i∞

𝑐−i∞

 𝑑𝑠𝑑𝑡29−2𝑠𝜋
5
2
𝑠(2𝑠 − 1)𝑡(2𝑡 − 1)𝜉(2𝑠)𝜉(2𝑡)4𝐹̃3(2, 𝑠, 𝑠 + 1, 𝑡 + 1; 2 − 𝑠, 3 − 𝑠, 2 − 𝑡; −1)

sin (2𝜋𝑠)sin (𝜋𝑡)Γ (𝑠 −
1
2
)

(
𝜆

4𝜋
)
−𝑠−𝑡

 

𝐹1(𝜆) = − ∑  

∞

𝑛1,𝑛2=1

 ∑  

∞

ℓ=1

 
26ℓ

𝜋
∫  
𝑐′+i∞

𝑐′−i∞

 𝑑𝑠𝑑𝑡[
(2𝑠 − 1)Γ(𝑠 − ℓ − 1)Γ(𝑠 − ℓ)Γ(𝑠 + ℓ − 1)Γ(𝑠 + ℓ)

Γ(2𝑠 − 1)cot (𝜋𝑠)

× (2𝑡 − 1)Γ(𝑡 − ℓ)Γ(𝑡 + ℓ)𝑛1
−2𝑠𝑛2

−2𝑡 (
√𝜆

2
)

−2𝑠−2𝑡

]
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iexp [−2𝑛1√𝜆], iexp [−(2𝑛1 + 𝑛2)√𝜆], exp [−𝑛2√𝜆]  

 2𝐹1(𝑎, 𝑏; 𝑐; 𝑧) = ∑  

∞

𝑛=0

 
(𝑎)𝑛(𝑏)𝑛
(𝑐)𝑛

𝑧𝑛

𝑛!
 

ℐ𝑆;1
(np)

(𝜆; 𝛼) = −∑  

∞

𝑛=1

  ∑  

∞

𝑚=0

 
4(1 − 𝛼)𝑚

Γ(𝑚 + 1)2
∫  
Re𝑠=

3
2

 
𝑑𝑠

2𝜋𝑖
(2𝑠 − 1)Γ(𝑚 + 𝑠)Γ(𝑚 + 𝑠 − 1) (

𝑌𝑛
2
)
−2𝑠

 

ℐ𝑆;1
(np)

(𝜆; 𝛼) = ∑  

∞

𝑛=1

  ∑  

∞

𝑚=0

 
8(1 − 𝛼)𝑚

Γ(𝑚 + 1)2
[(
𝑌𝑛
2
)
2𝑚−1

𝐾1(𝑌𝑛) + 𝐺2,3
2,1 (0;𝑚 − 1,𝑚, 1;

𝑌𝑛
2

4
)]  

𝐾1(𝑌)  ∼ −√
𝜋

2𝑌
𝑒−𝑌∑  

∞

𝑘=0

 
Γ (𝑘 −

1
2) Γ (𝑘 +

3
2)

𝜋Γ(𝑘 + 1)
(−2𝑌)−𝑘

𝐺2,3
2,1 (0;𝑚 − 1,𝑚, 1;

𝑌2

4
)  ∼ −√

𝜋

2𝑌
(
𝑌

2
)
2𝑚

𝑒−𝑌∑ 

∞

𝑘=0

 
Γ (𝑘 −

3
2
) Γ (𝑘 +

1
2
)

2𝜋Γ(𝑘 + 1)

 × [(2𝑘 + 1)(2𝑘 + 3) − 16𝑘𝑚](−2𝑌)−𝑘

 

ℐ𝑆;1
(np)

(𝜆; 𝛼) = −∑  

∞

𝑛=1

  ∑  

∞

𝑚=0

 
(1 − 𝛼)𝑚

Γ(𝑚 + 1)2
√
8𝜋

𝑌𝑛
𝑒−𝑌𝑛 (

𝑌𝑛
2
)
2𝑚

 × [∑  

∞

𝑘=0

  (−2𝑌𝑛)
−𝑘
Γ(𝑘 + 1/2)Γ(𝑘 − 3/2)

𝜋Γ(𝑘 + 1)
(4𝑘2 + 3 − 16𝑘𝑚)]

 

ℐ𝑆;1
(np)

(𝜆; 𝛼) = −∑  

∞

𝑛=1

 √
8𝜋

𝑌𝑛
𝑒−𝑌𝑛∑  

∞

𝑘=0

 
Γ (𝑘 −

3
2) Γ (𝑘 +

1
2)

𝜋Γ(𝑘 + 1)
(−2𝑌𝑛)

−𝑘

 × [(4𝑘2 + 3)𝐼0(√1 − 𝛼𝑌𝑛) − 8𝑘𝑌𝑛√1 − 𝛼𝐼1(√1 − 𝛼𝑌𝑛)]

 

ℐ𝑆;1
(np)

(𝜆; 1) = −∑  

∞

𝑛=1

  𝑒−𝑌𝑛√
8𝜋

𝑌𝑛
∑ 

∞

𝑘=0

 
(4𝑘2 + 3)Γ (𝑘 −

3
2) Γ (𝑘 +

1
2)

𝜋Γ(𝑘 + 1)
(−2𝑌𝑛)

−𝑘  

𝐼𝜈(𝑧) =
𝑒𝑧

(2𝜋𝑧)
1
2

∑ 

∞

𝑗=0

 

(
1
2 + 𝜈)𝑗

(
1
2 − 𝜈)𝑗

𝑗!
(2𝑧)−𝑘

 ±i𝑒±𝜈𝜋i
𝑒−𝑧

(2𝜋𝑧)
1
2

∑ 

∞

𝑗=0

 

(
1
2 + 𝜈)𝑗

(
1
2 − 𝜈)𝑗

𝑗!
(−2𝑧)−𝑘

 

ℐ𝑆;1
(np)

(𝜆; 𝛼) = −2∑  

∞

𝑛=1

 ∑  

∞

𝑗=0

 ∑  

∞

𝑘=0

  (−1)𝑘 (
1

2𝑛√𝜆
)
𝑗+𝑘 Γ(𝑗 + 1/2)2Γ(𝑘 + 1/2)Γ(𝑘 − 3/2)

𝜋2Γ(𝑗 + 1)Γ(𝑘 + 1)

1

(1 − 𝛼)1/4+𝑗/2

 × [𝑒−𝑛√𝜆(1−√1−𝛼) (
4𝑘2 + 3

𝑛√𝜆
+ 8𝑘

2𝑗 + 1

2𝑗 − 1
√1 − 𝛼) ± i(−1)𝑗𝑒−𝑛√𝜆(1+√1−𝛼) (

4𝑘2 + 3

𝑛√𝜆
− 8𝑘

2𝑗 + 1

2𝑗 − 1
√1 − 𝛼)]
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ℐ𝑆;1
(np)

(𝜆; 𝛼) = −16𝜋(1 − 𝛼)
1
4∑  

∞

𝑛=1

  [𝑒−𝑛√𝜆(1−√1−𝛼) ∑  

∞

𝑚=0

 
1

𝑚!
𝑐𝑚(√1 − 𝛼)(2𝑛√𝜆(1 − 𝛼))

−𝑚−1  

 ±i𝑒−𝑛√𝜆(1+√1−𝛼) ∑  

∞

𝑚=0

 
(−1)𝑚

𝑚!
𝑐𝑚(−√1 − 𝛼)(2𝑛√𝜆(1 − 𝛼))

−𝑚−1

 

ℐ𝑆;1
(np)

(𝜆; 𝛼)|
ℝ
∼ exp [−𝑛√𝜆(1 − √1 − 𝛼)],  ℐ𝑆;1

(np)
(𝜆)|

𝕀
∼ iexp [−𝑛√𝜆(1 + √1 − 𝛼)]  

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽) = −∑  

∞

𝑛=1

  ∑  

∞

𝑚=0

 
4

(1 + 𝛽)𝑚Γ(𝑚 + 1)Γ(𝑚 + 2)
∫  
Re𝑠=

3
2

 
𝑑𝑠

2𝜋𝑖
(2𝑠 − 1)Γ(𝑚 + 𝑠)2 (

𝑌𝑛√𝛽 + 1

2
)

−2𝑠

 

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽) = ∑  

∞

𝑛=1

  ∑  

∞

𝑚=0

 
8(1 + 𝛽)−𝑚

Γ(𝑚 + 1)Γ(𝑚 + 2)
[(
𝑌𝑛√𝛽 + 1

2
)

2𝑚

𝐾0(𝑌𝑛√𝛽 + 1) + 𝐺2,3
2,1 (0;𝑚,𝑚, 1;

𝑌𝑛
2(𝛽 + 1)

4
)] 

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽) =∑  

∞

𝑛=1

 𝑒−𝑌𝑛√𝛽+1 ∑  

∞

𝑚=0

 
√2𝜋𝑌𝑛

Γ(𝑚 + 1)Γ(𝑚 + 2)
(
𝑌𝑛
2
)
2𝑚

 

 ×∑  

∞

𝑘=0

  (1 + 𝛽)1/4−𝑘/2
Γ(𝑘 − 1/2)2

𝜋Γ(𝑘 + 1)
(−2𝑌𝑛)

−𝑘[(4𝑘2 − 8𝑘 − 1) − 16𝑘𝑚].

 

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽) =∑  

∞

𝑛=1

 √
8𝜋

𝑌𝑛
𝑒−𝑌𝑛√𝛽+1∑  

∞

𝑘=0

 
Γ(𝑘 − 1/2)2

𝜋(1 + 𝛽)𝑘/2−1/4Γ(𝑘 + 1)
(−2𝑌𝑛)

𝑘 

 × [(4𝑘2 + 8𝑘 − 1)𝐼1(𝑌𝑛) − 8𝑘𝑌𝑛𝐼0(𝑌𝑛)].

 

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽) = ∑  

∞

𝑛=1

 ∑  

∞

𝑘=0

 ∑  

∞

𝑗=0

  (−1)𝑘 (
1

2𝑛√𝜆
)
𝑗+𝑘 Γ(𝑘 − 1/2)2Γ(𝑗 + 1/2)Γ(𝑗 − 1/2)

𝜋2Γ(𝑗 + 1)Γ(𝑘 + 1)

1

(𝛽 + 1)
𝑘
2
−
1
4

 [𝑒−𝑛√𝜆(√𝛽+1−1) (−
(4𝑘2 + 8𝑘 − 1)(2𝑗 + 1)

𝑛√𝜆
− 8𝑘(2𝑗 − 1))

 × i(−1)𝑗𝑒−𝑛√𝜆(√𝛽+1+1) (
(4𝑘2 + 8𝑘 − 1)(2𝑗 + 1)

𝑛√𝜆
− 8𝑘(2𝑗 − 1))]

 

ℐ𝐴𝑑𝑆;1
(np)

(𝜆; 𝛽) =−16𝜋(1 + 𝛽)
1
4∑  

∞

𝑛=1

  [𝑒−𝑛√𝜆(√𝛽+1−1) ∑  

∞

𝑚=0

 
1

𝑚!
𝑐𝑚(√1 + 𝛽)(−2𝑛√𝜆(1 + 𝛽))

−𝑚−1 

∓i𝑒−𝑛√𝜆(√𝛽+1+1) ∑  

∞

𝑚=0

 
(−1)𝑚

𝑚!
𝑐𝑚(−√1 + 𝛽)(2𝑛√𝜆(1 + 𝛽))

−𝑚−1]

 

ℐ𝑆;1(𝜆; 1) = ∫  
Re𝑠=1/2

 
𝑑𝑠

2𝜋i

4𝜋𝜁(2𝑠 + 1)

sin (𝜋𝑠)
(
2𝑠 + 1

𝑠
) (

𝜆

16𝜋2
)
𝑠

 

(
2𝑠 + 1

𝑠
) =

22𝑠+1Γ(𝑠 +
3
2)

√𝜋Γ(𝑠 + 2)
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ℐ̃𝑆;1(𝜆; 1; 𝑎, 𝑏):= ∫  
Re𝑠=1/2

 
𝑑𝑠

2𝜋i

4𝜋𝜁(2𝑠 + 1)

sin (𝜋𝑠)

22𝑠+1Γ (𝑠 + 𝑎 +
1
2
)

√𝜋Γ(𝑠 + 𝑏)
(
𝜆

16𝜋2
)
𝑠 𝑑𝑠

2𝜋i
 

ℐ̃𝑆;1(𝜆; 1; 𝑎, 𝑏) = 16√𝜋∫  
Re𝑠=1/2

 
𝑑𝑠

2𝜋i
𝜁(2𝑠 − 2)

Γ(2𝑠 − 2)Γ(𝑠 − 𝑏)

Γ (𝑠 − 𝑎 −
1
2
)

cos (𝜋𝑠)sin (𝜋(𝑠 − 𝑏))

cos (𝜋(𝑠 − 𝑎))sin (𝜋𝑠)
𝜆1−𝑠  

ℐ̃𝑆;1(𝜆; 1; 1, 𝑏) = −∫  
Re𝑠=1/2

 
𝑑𝑠

2𝜋i
4𝑠(2𝑠 − 3)𝜁(2𝑠 − 2)Γ(𝑠 − 1)Γ(𝑠 − 𝑏)

sin (𝜋(𝑠 − 𝑏))

sin (𝜋𝑠)
𝜆1−𝑠  

ℐ̃𝑆;1(𝜆; 1; 1, 𝑏) ∼ ℐ̃𝑆;1
(p)
(𝜆; 1; 1, 𝑏) = 𝐴1(𝜆; 𝑏) +

sin (𝜋𝑏)

𝜋
∑  

∞

𝑛=1

 4𝑛+1(2𝑛 − 1)𝜁(2𝑛)Γ(𝑛)Γ(𝑛 + 1 − 𝑏)𝜆−𝑛 

𝐴1(𝜆; 𝑏):= −
2 [log (

𝜆
16𝜋2

) + 𝛾 + 2 − 𝜓(𝑏)]

Γ(𝑏)
 

lim
𝑏→2

 𝐴1(𝜆; 𝑏) = −2 [log (
𝜆

16𝜋2
) + 2𝛾 + 1] ,  

lim
𝑏→2

  [
sin (𝜋𝑏)

𝜋
∑  

∞

𝑛=1

 4𝑛+1(2𝑛 − 1)𝜁(2𝑛)Γ(𝑛)Γ(𝑛 + 1 − 𝑏)𝜆−𝑛] = {−
8𝜋2

3𝜆
, 𝑛 = 1

0, 𝑛 ≥ 2

 

ℬ: ∑  

∞

𝑛=1

  𝑐𝑛𝜆
−𝑛 → 𝜙̂(𝑤): = ∑  

∞

𝑛=1

 
2𝑐𝑛

𝜁(2𝑛)Γ(2𝑛 + 1)
(2𝑤)2𝑛  

𝜙̂(𝑤; 𝑏) =
64𝑤2

Γ(𝑏 − 1)
[ 3𝐹2 (1,1,2 − 𝑏;

3

2
, 2; 4𝑤2) − 2 2𝐹1 (1,2 − 𝑏;

3

2
; 4𝑤2)]  

𝒮𝜃 [ℐ̃𝑆;1
(p)
] (𝜆; 1; 1, 𝑏) = 𝐴1(𝜆; 𝑏) + √𝜆∫  

𝑒𝑖𝜃∞

0

 
𝑑𝑤

4sinh2 (√𝜆𝑤)
𝜙̂(𝑤)  

22𝑠−1

Γ(2𝑠 + 1)
∫  
∞

0

 𝑑𝑤
𝑤2𝑠

sinh2 (𝑤)
= 𝜁(2𝑠)  

(𝒮+ − 𝒮−) [ℐ̃𝑆;1
(p)
] (𝜆; 1; 1, 𝑏) = Δ [ℐ̃𝑆;1

(p)
] (𝜆; 1; 1, 𝑏) = 𝜆∫  

∞

0

 𝑑𝑤
1

4sinh2 (𝑥𝑤)
Disc0𝜙̂(𝑤; 𝑏)  

𝒮± [ℐ̃𝑆;1
(p)
] (𝜆; 1; 1, 𝑏) = lim

𝜃→0±
 𝒮𝜃 [ℐ̃𝑆;1

(p)
] (𝜆; 1; 1, 𝑏)  

Disc 2𝐹1(𝑎, 𝑏; 𝑐; 𝑧) =
2𝜋iΓ(𝑐)

Γ(𝑎)Γ(𝑏)Γ(𝑐 − 𝑎 − 𝑏 + 1)
𝑧1−𝑐(𝑧 − 1)𝑐−𝑎−𝑏

 ×  2𝐹1(1 − 𝑎, 1 − 𝑏; 𝑐 − 𝑎 − 𝑏 + 1; 1 − 𝑧),

 

Disc3𝐹2 (1,1,2 − 𝑏;
3

2
, 2; 𝑧) = −isin (𝜋𝑏)√𝜋𝑧

−
1
2(𝑧 − 1)𝑏−

1
2Γ(𝑏 − 1)2𝐹̃1 (1, 𝑏; 𝑏 +

1

2
; 1 − 𝑧)  

Disc0𝜙̂(𝑤; 𝑏) = −2isin (𝜋𝑏)disc(𝑤; 𝑏)  
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disc(𝑤; 𝑏):=
16√𝜋𝑤(4𝑤2 − 1)

𝑏−
3
2 [(4𝑤2 − 1) 2𝐹1 (1, 𝑏; 𝑏 +

1
2
; 1 − 4𝑤2) + 1 − 2𝑏]

Γ (𝑏 +
1
2
)

 

𝒮med [ℐ̃𝑆;1
(p)
] (𝜆; 1; 1, 𝑏)= 𝒮± [ℐ̃𝑆;1

(p)
] (𝜆; 1; 1, 𝑏) ∓

1

2
Δ [ℐ̃𝑆;1

(p)
] (𝜆; 1; 1, 𝑏)  

= 𝒮± [ℐ̃𝑆;1
(p)
] (𝜆; 1; 1, 𝑏) ± isin (𝜋𝑏)ℐ̃𝑆;1

(np)
(𝜆; 1; 1, 𝑏)  

 = 𝒮± [ℐ̃𝑆;1
(p)
] (𝜆; 1; 1, 𝑏) ± isin (𝜋𝑏)𝜆∫  

∞

1
2

 𝑑𝑤
1

4sinh2 (√𝜆𝑤)
disc(𝑤; 𝑏)

 

Im𝜎(𝑏) = ±isin (𝜋𝑏) = {
arg (𝜆) > 0
arg (𝜆) < 0

 

𝜎(𝑏) = 𝜖±i𝜋𝑏  

ℐ̃𝑆;1(𝜆; 1; 1, 𝑏) = 𝒮± [ℐ̃𝑆;1
(p)
] (𝜆; 1; 1, 𝑏) + 𝜎(𝑏)ℐ̃𝑆;1

(np)
(𝜆; 1; 1, 𝑏)  

ℐ̃𝑆;1(𝜆; 1) = ℐ𝑆;1
(p)
(𝜆; 1) + ℐ̃𝑆;1

(np)
(𝜆; 1; 1,2),  

ℐ𝑆;1
(np)

(𝜆; 1) = ℐ̃𝑆;1
(np)

(𝜆; 1; 1,2)= 𝜆∫  
∞

1
2

 𝑑𝑤
1

4sinh2 (√𝜆𝑤)
disc(𝑤; 2)  

 = −𝜆∫  
∞

1
2

 𝑑𝑤
1

4sinh2 (√𝜆𝑤)
16 (2𝑤√4𝑤2 − 1 + arccosh(2𝑤))

 

1

4sinh2 (√𝜆𝑤)
= ∑  

∞

𝑛=1

 𝑛𝑒−2𝑛𝑤√𝜆  

ℐ𝑆;1
(np)

(𝜆; 1) = −∑  

∞

𝑛=1

  𝑒−𝑌𝑛√
8𝜋

𝑌𝑛
∑ 

∞

𝑘=0

 
(4𝑘2 + 3)Γ (𝑘 −

3
2) Γ (𝑘 +

1
2)

𝜋Γ(𝑘 + 1)
(−2𝑌𝑛)

−𝑘  

En este punto, el principio de dualidad holográfica, en supersimetrías de gauge, cobra relevancia, 

calculándose así:  

𝒲𝒩=4 = TrΦ1[Φ2, Φ3],  

𝒲𝒩=1
UV = TrΦ1[Φ2, Φ3] + ℎ1TrΦ1{Φ2, Φ3} + ℎ2Tr(Φ1

3 +Φ2
3 +Φ3

3)  

Δ𝒲 =
𝑚

2
TrΦ1

2  

TrΦ2
4, TrΦ3

4, TrΦ2
2Φ3

2, TrΦ2Φ3Φ2Φ3, TrΦ2
3Φ3, TrΦ2Φ3

3  
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Figura 1. Representación de la dualidad holográfica a escala subatómica. 

𝒲𝒩=1
IR = 𝑔1Tr[Φ2, Φ3]

2 + 𝑔2Tr{Φ2, Φ3}
2 + 𝑔3Tr(Φ2

4 +Φ3
4),  

𝑎 =
9

32
Tr𝑅3 −

3

32
Tr𝑅, 𝑐 =

9

32
Tr𝑅3 −

5

32
Tr𝑅,  

Tr𝑅𝒩=4
3 =

8

9
𝑑G, Tr𝑅𝒩=4 = 0  

𝑎𝒩=4 = 𝑐𝒩=4 =
1

4
𝑑G  

Tr𝑅LS
3 =

3

4
𝑑G, Tr𝑅LS = 0  

𝑎LS
𝑎𝒩=4

=
𝑐LS
𝑐𝒩=4

=
27

32
 

𝒦 = −∑  

4

𝑎=1

 log (1 − 𝑧𝑎𝑧‾𝑎)  
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𝑧1 = tanh [
1

2
(𝛼1 + 𝛼2 + 𝛼3 + 𝜑 − i𝜙1 − i𝜙2 − i𝜙3 + i𝜙4)] ,

𝑧2 = tanh [
1

2
(𝛼1 − 𝛼2 + 𝛼3 − 𝜑 − i𝜙1 + i𝜙2 − i𝜙3 − i𝜙4)] ,

𝑧3 = tanh [
1

2
(𝛼1 + 𝛼2 − 𝛼3 − 𝜑 − i𝜙1 − i𝜙2 + i𝜙3 − i𝜙4)] ,

𝑧4 = tanh [
1

2
(𝛼1 − 𝛼2 − 𝛼3 +𝜑 − i𝜙1 + i𝜙2 + i𝜙3 + i𝜙4)] ,

𝑧‾1 = tanh [
1

2
(𝛼1 + 𝛼2 + 𝛼3 +𝜑 + i𝜙1 + i𝜙2 + i𝜙3 − i𝜙4)] ,

𝑧‾2 = tanh [
1

2
(𝛼1 − 𝛼2 + 𝛼3 −𝜑 + i𝜙1 − i𝜙2 + i𝜙3 + i𝜙4)] ,

𝑧‾3 = tanh [
1

2
(𝛼1 + 𝛼2 − 𝛼3 −𝜑 + i𝜙1 + i𝜙2 − i𝜙3 + i𝜙4)] ,

𝑧‾4 = tanh [
1

2
(𝛼1 − 𝛼2 − 𝛼3 +𝜑 + i𝜙1 − i𝜙2 − i𝜙3 − i𝜙4)] .

 

ℒ = −𝑅 + 12(𝜕𝛽1)
2 + 4(𝜕𝛽2)

2 + 2𝒦𝑎𝑏‾𝜕𝜇𝑧
𝑎𝜕𝜇𝑧‾𝑏 +𝒫  

𝒲 ≡
1

𝐿
𝑒2𝛽1+2𝛽2(1 + 𝑧1𝑧2 + 𝑧1𝑧3 + 𝑧1𝑧4 + 𝑧2𝑧3 + 𝑧2𝑧4 + 𝑧3𝑧4 + 𝑧1𝑧2𝑧3𝑧4)

 +
1

𝐿
𝑒2𝛽1−2𝛽2(1 − 𝑧1𝑧2 + 𝑧1𝑧3 − 𝑧1𝑧4 − 𝑧2𝑧3 + 𝑧2𝑧4 − 𝑧3𝑧4 + 𝑧1𝑧2𝑧3𝑧4)

 +
1

𝐿
𝑒−4𝛽1(1 + 𝑧1𝑧2 − 𝑧1𝑧3 − 𝑧1𝑧4 − 𝑧2𝑧3 − 𝑧2𝑧4 + 𝑧3𝑧4 + 𝑧1𝑧2𝑧3𝑧4)

 

 

𝒫 =
1

2
𝑒𝒦 [

1

6
𝜕𝛽1𝒲𝜕𝛽1𝒲+

1

2
𝜕𝛽2𝒲𝜕𝛽2𝒲+𝒦𝑏‾𝑎∇𝑎𝒲∇𝑏‾𝒲−

8

3
𝒲𝒲]  

𝒮eff = 𝜂∫  𝑑
5𝑥√𝑔ℒ, 𝜂 =

𝑁2

8𝜋2𝐿3
 

 

𝜑 = 𝛽1,2 = 𝛼1,2,3 = 𝜙1,2,3,4 = 0,  with 𝒫 = −
12

𝐿2
,  

𝜑 = 𝛼1,2,3 = 𝜙2,3,4 = 0,𝜙1 = −
𝜋

6
, 𝛽1 =

1

3
𝛽2 =

log (2)

12
,  with 𝒫 = −

12

𝐿LS
2 ,  

𝑎LS
𝑎𝒩=4

=
𝑐LS
𝑐𝒩=4

 →  
𝐿LS
3

𝐿3
=
27

32
 

𝛽1 ↦
1

2√6
𝛽1, 𝛽2 ↦

1

2√2
𝛽2, Φ𝑖 ↦

1

2
Φ𝑖,  
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ℒkin,UV=
1

2
[(𝜕𝜇𝛽1)

2
+ (𝜕𝜇𝛽2)

2
+ (𝜕𝜇𝜑)

2
+∑  

3

𝑖=1

  (𝜕𝜇𝛼𝑖)
2
+∑ 

4

𝑖=1

  (𝜕𝜇𝜙𝑖)
2
] + ℒkin,UV

(4)
+⋯ 

𝒫UV =
1

𝐿2
[−12 −

1

2
(4𝛽1

2 + 4𝛽2
2 + 4∑  

3

𝑖=1

 𝛼𝑖
2 + 3∑ 

4

𝑖=1

 𝜙𝑖
2) + 𝒫UV

(3)
+𝒫UV

(4)
+⋯]

 

𝛼𝑖, 𝛽𝑖: 𝑚2𝐿2 = −4 ↔ Δ = 2,  (boson bilinears, part of 𝟐𝟎′ ) 

𝜙𝑖: 𝑚2𝐿2 = −3 ↔ Δ = 3,  (fermion bilinears, part of 𝟏𝟎⊕ 𝟏𝟎)

𝜑: 𝑚2𝐿2 = 0 ↔ Δ = 4. (𝐹𝜇𝜈𝐹
𝜇𝜈, 𝟏)

 

𝜙1 ↦ −
𝜋

6
− 𝜙1, 𝛽1 ↦

log (2)

12
− 𝛽1, 𝛽2 ↦

log (2)

4
− 𝛽2,  

𝛽1 ↦
1

2√6
𝛽1, 𝛽2 ↦

1

2√2
𝛽2, Φ𝑖 ↦

√3

4
Φ𝑖  

(
𝛽̂
𝜌1
𝜌2

) ≡ 𝑀 ⋅ (

𝛽1
𝛽2
𝜙1

) ,𝑀 =
1

2√14

(

  
 

−√42 √14 0

√7 + √7 √3(7 + √7) 2√7 − √7

−√7− √7 −√3(7 − √7) 2√7 + √7)

  
 

 

ℒkin,IR= ℒkin,IR
(2)

+ ℒkin,IR
(3)

+ ℒkin,IR
(4)

+⋯  

𝒫IR =
1

𝐿LS
2 [−12 + 𝒫IR

(2)
+ 𝒫IR

(3)
+𝒫IR

(4)
+⋯]

 

ℒkin,IR
(2)

=
1

2
[(𝜕𝜇𝛽̂)

2
+ (𝜕𝜇𝜌1)

2
+ (𝜕𝜇𝜌2)

2
+ (𝜕𝜇𝜑)

2
+∑ 

3

𝑖=1

  (𝜕𝜇𝛼𝑖)
2
+∑  

4

𝑖=2

 (𝜕𝜇𝜙𝑖)
2
]  

𝒫IR
(2)
=
1

2
[(4 − 2√7)𝜌1

2 + 3𝛼1
2 + (4 + 2√7)𝜌2

2 − 4𝛽̂2 −
15

4
(𝛼2
2 + 𝛼3

2 + 𝜙2
2 + 𝜙3

2) − 3𝜙4
2]  
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𝑋𝑌‾[Δ; 𝑗1, 𝑗2; 𝑟] ⊗ [𝑘](𝑦̂),  

 bulk cubic couplings  CFT 3pt-functions 

𝑐𝑖𝑗𝑘Φ𝑖Φ𝑗Φ𝑘 + 𝑑𝑖𝑗𝑘Φ𝑖𝜕𝜇Φ𝑗𝜕
𝜇Φ𝑘 ⊂ ℒeff ↦ ⟨𝒪Φ𝑖𝒪Φ𝑗𝒪Φ𝑘⟩

. 

𝒮eff = 𝜂∫  
AdS𝑑+1

 𝑑𝑑+1𝑥√𝑔(−𝑅 + ℒeff(Φ𝑖))  

ℒeff =
1

2
(𝜕𝜇Φ𝑖)

2
+ 𝑑𝑖𝑗𝑘Φ𝑖(𝜕𝜇Φ𝑗)(𝜕

𝜇Φ𝑘) + ℒkin
(4)
+⋯

 +
1

𝐿2
[−𝑑(𝑑 − 1) +𝑚𝑖

2Φ𝑖
2 + 𝑐𝑖𝑗𝑘Φ𝑖Φ𝑗Φ𝑘 +𝒫

(4) +⋯]

 

⟨𝒪̂Φ(𝑥1)𝒪̂Φ(𝑥2)⟩ =
𝑛Δ

|𝑥1 − 𝑥2|
2Δ
,  with  𝑛Δ = 𝜂

(2Δ − 𝑑)Γ(Δ)

𝜋𝑑/2Γ(Δ −
𝑑
2)
,  

𝑚2𝐿2 = Δ(Δ − 𝑑)  

 

𝒪Φ:=
𝒪̂Φ

√𝑛Δ
.  

⟨𝒪Φ𝑖(𝑥1)𝒪Φ𝑗(𝑥2)𝒪Φ𝑘(𝑥3)⟩ =
𝐶Φ𝑖Φ𝑗Φ𝑘

|𝑥1 − 𝑥2|
Δ1+Δ2−Δ3|𝑥1 − 𝑥3|

Δ1+Δ3−Δ2|𝑥2 − 𝑥3|
Δ2+Δ3−Δ1

.  

𝐶Φ𝑖Φ𝑗Φ𝑘 = 𝑐𝑖𝑗𝑘𝐴1 + 𝑑𝑖𝑗𝑘𝐴2,  

𝐴1 =
1

√𝜂

Γ(
Δ𝑖 + Δ𝑗 − Δ𝑘

2 )Γ (
Δ𝑖 + Δ𝑘 − Δ𝑗

2 )Γ (
Δ𝑗 + Δ𝑘 − Δ𝑖

2 )

4𝜋𝑑/4√2∏  3
𝑛∈{𝑖,𝑗,𝑘}  Γ(Δ𝑛)Γ (Δ𝑛 + 1 −

𝑑
2)

Γ(
Δ𝑖 + Δ𝑗 + Δ𝑘 − 𝑑

2
)

𝐴2 = [Δ𝑗Δ𝑘 +
1

2
(𝑑 − Δ𝑖 − Δ𝑗 − Δ𝑘)(Δ𝑗 + Δ𝑘 − Δ𝑖)] 𝐴1

 

𝜕𝜇(Φ𝑖Φ𝑗𝜕
𝜇Φ𝑘 +Φ𝑖Φ𝑘𝜕

𝜇Φ𝑗 −Φ𝑗Φ𝑘𝜕
𝜇Φ𝑖) = 2Φ𝑖𝜕𝜇Φ𝑗𝜕

𝜇Φ𝑘 − (𝑚𝑖
2 −𝑚𝑗

2 −𝑚𝑘
2)Φ𝑖Φ𝑗Φ𝑘  
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ℒeff 
′ =̂ ℒeff + 𝛾𝑖𝑗𝑘 (−Φ𝑖𝜕𝜇Φ𝑗𝜕

𝜇Φ𝑘 +
𝑚𝑖
2 −𝑚𝑗

2 −𝑚𝑘
2

2
Φ𝑖Φ𝑗Φ𝑘)  

Φ𝑖𝜕𝜇Φ𝑗𝜕
𝜇Φ𝑘 ↦

𝑚𝑖
2 −𝑚𝑗

2 −𝑚𝑘
2

2
Φ𝑖Φ𝑗Φ𝑘  

Δ𝑗Δ𝑘 +
1

2
(𝑑 − Δ𝑖 − Δ𝑗 − Δ𝑘)(Δ𝑗 + Δ𝑘 − Δ𝑖) = 0.  

𝑐𝑖𝑗𝑘 = −Δ𝑗Δ𝑘𝑑𝑖𝑗𝑘 ,  for Δ𝑖 = Δ𝑗 + Δ𝑘 ,

𝑐𝑖𝑗𝑘 = −(𝑑 − Δ𝑗)Δ𝑘𝑑𝑖𝑗𝑘 ,  for Δ𝑗 = Δ𝑖 + Δ𝑘 ,

𝑐𝑖𝑗𝑘 = −(𝑑 − Δ𝑘)Δ𝑗𝑑𝑖𝑗𝑘 ,  for Δ𝑘 = Δ𝑖 + Δ𝑗.

 

⟨𝒪𝑖𝒪𝑖⟩ ∼ 𝜂
0, ⟨𝒪𝑖

2𝒪𝑖
2⟩ ∼ 𝜂0, ⟨𝒪𝑖𝒪𝑗𝒪𝑘⟩ ∼ 𝜂

−1/2, ⟨𝒪𝑖
2𝒪𝑗𝒪𝑘⟩ ∼ 𝜂

0.  

Φ ↔ 𝒪Φ
′ = 𝒪Φ + 𝔠𝒪Φ1,Φ2 +⋯  

⟨𝒪Φ
(𝑠)
(𝑥)[𝒪Φ1⋯𝒪Φ𝑘](𝑦)⟩ = 0, 𝑘 ≥ 2  

𝒫(3) =
9

8
(2𝛼1𝛼2𝜙2 + 2𝛼1𝛼3𝜙3 − 𝛼2𝛼3𝜙4) −

21

8
𝜙2𝜙3𝜙4

+
3

4√2
𝛽̂(𝛼2

2 − 𝛼3
2 − 𝜙2

2 + 𝜙3
2)  

+
√3

16√14
(𝛼2
2 + 𝛼3

2) (√917 + 29√7𝜌1 −√917 − 29√7𝜌2)  

−
√3

16√2
(𝜙2

2 + 𝜙3
2) (√371 + 107√7𝜌1 +√371 − 107√7𝜌2)  

 +
1

2√21
𝛽̂2 (√217 + 79√7𝜌1 −√217 − 79√7𝜌2)

 −
3

56
𝜙4
2 (√686 + 238√7𝜌1 −√686 − 238√7𝜌2)

 +
√3

2√14
𝜌1𝜌2 (√35 + 13√7𝜌1 −√35 − 13√7𝜌2)

 −
√3

4√14
𝛼1
2 (√2891 − 517√7𝜌1 −√2891 + 517√7𝜌2)

 +
1

6√42
(√36155 − 13261√7𝜌1

3 +√36155 + 13261√7𝜌2
3)
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ℒkin 

(3)
=−

1

2
(𝜙2𝜕𝜇𝛼1𝜕

𝜇𝛼2 + 𝜙3𝜕𝜇𝛼1𝜕
𝜇𝛼3 −𝜙4𝜕𝜇𝛼2𝜕

𝜇𝛼3)  

−
1

2
(𝜙2𝜕𝜇𝛼3 + 𝜙3𝜕𝜇𝛼2 − 𝜙4𝜕𝜇𝛼1)𝜕

𝜇𝜑  

+
1

2
(𝜙2𝜕𝜇𝜙3𝜕

𝜇𝜙4 + 𝜙3𝜕𝜇𝜙2𝜕
𝜇𝜙4 + 𝜙4𝜕𝜇𝜙2𝜕

𝜇𝜙3)  

+
1

4√14
(√7 − √7𝜌1 +√7 + √7𝜌2)  

 × [(𝜕𝜇𝛼1)
2
+ (𝜕𝜇𝛼2)

2
+ (𝜕𝜇𝛼3)

2
+ (𝜕𝜇𝜙2)

2
+ (𝜕𝜇𝜙3)

2
+ (𝜕𝜇𝜑)

2
+ (𝜕𝜇𝜙4)

2
]

 +
1

2√14
(𝜙2𝜕𝜇𝜙2 + 𝜙3𝜕𝜇𝜙3 + 𝜙4𝜕𝜇𝜙4)(√7 − √7𝜕

𝜇𝜌1 +√7 + √7𝜕
𝜇𝜌2)

 +
√3

28
(√7 − √7𝜌1 +√7 + √7𝜌2)𝜕𝜇𝜌1𝜕

𝜇𝜌2

 +
1

56
𝜌1 (√35 − 11√7(𝜕𝜇𝜌1)

2
+√21 + 3√7(𝜕𝜇𝜌2)

2
)

 +
1

56
𝜌2 (√21 − 3√7(𝜕𝜇𝜌1)

2
+√35 + 11√7(𝜕𝜇𝜌2)

2
)

 

 

𝒫(3)|
frame 2

=
3

2
𝛼1(2𝛼2𝜙2 + 2𝛼3𝜙3 −𝜑𝜙4) +

3

4√2
𝛽̂(𝛼2

2 − 𝛼3
2 − 𝜙2

2 + 𝜙3
2)

+
√3

4
(𝛼2

2 + 𝛼3
2 − 𝜙2

2 − 𝜙3
2) (√7 + √7𝜌1 +√7 − √7𝜌2)  

+
1

2√21
𝛽̂2 (√217 + 79√7𝜌1 −√217 − 79√7𝜌2)  

−
√3

4√14
𝜙4
2 (√77 + 29√7𝜌1 −√77 − 29√7𝜌2)  

 −
√3

4√14
𝜑2 (√35 − 13√7𝜌1 −√35 + 13√7𝜌2)

 +
√3

56
𝜌1𝜌2 (√2065 + 377√7𝜌1 −√2065 − 377√7𝜌2)

 −
√3

4√14
𝛼1
2 (√3296 − 523√7𝜌1 −√3296 + 523√7𝜌2)

 +
1

168√3
(√1659343 − 602999√7𝜌1

3 +√1659343 + 602999√7𝜌2
3)

 

𝐶𝜙2𝜙3𝜙4 = 𝑐𝜙2𝜙3𝜙4𝐴1 + (𝑑𝜙2𝜙3𝜙4 + 𝑑𝜙3𝜙2𝜙4 + 𝑑𝜙4𝜙2𝜙3)𝐴2 = 0.  
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1

𝐿
[3 +

1

2
(𝛼1,2,3

2 + 𝛽1,2
2 ) −

1

2√6
(𝛽1(𝜙1

2 + 𝜙2
2 − 2𝜙3

2) + √3𝛽2(𝜙1
2 − 𝜙2

2)) + (𝔮)]  

1

𝐿LS
[3 +

1

2
𝛽̂2 +

3

4
𝜙2𝜙3𝜙4 +

9

64
𝜙4
4]  

{𝛼2, 𝛼3, 𝜙2, 𝜙3}, {𝜙4, 𝜑} ∈ 𝒞, {𝛽̂} ∈ ℱ, {𝜌1, 𝛼1, 𝜌2} ∈ ℒ. 

𝐶𝛼2𝛼3𝜙4 = −
25/6

9

𝛾

𝑁
, 𝐶𝛼2𝜙3𝜑 = 𝐶𝛼3𝜙2𝜑 = −

1

9 ⋅ 22/3
𝛾

𝑁
, 𝐶𝜙2𝜙3𝜙4 = 0.

 

𝐶𝛼2𝛼2𝛽̂ = −𝐶𝛼3𝛼3𝛽̂ =
2 ⋅ 25/6

3

1

𝑁
, 𝐶𝜙2𝜙2𝛽̂ = −𝐶𝜙3𝜙3𝛽̂ = −

2 ⋅ 25/6

9

1

𝑁
.  

𝐶𝛼2𝛼2𝜌1= 𝐶𝛼3𝛼3𝜌1 = 𝐶𝛼2𝜙2𝛼1 = 𝐶𝛼3𝜙3𝛼1 =

√1 + √7Γ(
2 − √7
2 )Γ (

1 + √7
2 )

2−
10
3
+√73

3
2𝜋

1
2

 
1

𝑁
,

𝐶𝜙2𝜙2𝜌1= 𝐶𝜙3𝜙3𝜌1 =
7 − 2√7

3
× 𝐶𝛼2𝛼2𝜌1 ,  

𝐶𝛼2𝛼2𝜌2 = 𝐶𝛼3𝛼3𝜌2 = −
√7 − 2√7

2√14
× 𝐶𝛼2𝛼2𝜌1 ,

𝐶𝜙2𝜙2𝜌2 = 𝐶𝜙3𝜙3𝜌2 = −
√7 + 2√7

2√6
× 𝐶𝛼2𝛼2𝜌1 .

 

𝐶𝜙4𝜙4𝜌1= −

√29 + 11√7Γ(
5 − √7
2 ) Γ(

1 + √7
2 )

2

Γ(
3 + √7
2 )

3 ⋅ 2
1
6√21Γ(√7)

1

𝑁
 

𝐶𝜙4𝜙4𝜌2= −
√7 − 2√7

2√14
× 𝐶𝜙4𝜙4𝜌1  

𝐶𝜑𝜑𝜌1  =
11 − 4√7

12
× 𝐶𝜙4𝜙4𝜌1

𝐶𝜑𝜑𝜌2  = −
√133 + 50√7

8√42
× 𝐶𝜙4𝜙4𝜌1

𝐶𝜙4𝜑𝛼1 =
1

2√2
× 𝐶𝜙4𝜙4𝜌1 .

 

𝐶𝛽̂𝛽̂𝜌1  = −

2
7
3√217 + 79√7Γ(

3 − √7
2 )Γ(

1 + √7
2 )

3

9√21Γ(√7)Γ(1 + √7)

1

𝑁

𝐶𝛽̂𝛽̂𝜌2  =
√91 − 34√7

2√42
× 𝐶𝛽̂𝛽̂𝜌1
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𝐶𝜌1𝜌1𝜌1=

2
1
3√1659343 − 602999√7Γ(

1 + √7
2 )

3

Γ(
−1 + 3√7

2 )

63√3(Γ(√7)Γ(1 + √7))3/2
 
1

𝑁

𝐶𝜌1𝜌1𝜌2=
√3(2777257 + 1042598√7)

1514√14
× 𝐶𝜌1𝜌1𝜌1  

𝐶𝜌1𝛼1𝛼1 =
√1976297 + 635680√7

1514
× 𝐶𝜌1𝜌1𝜌1

𝐶𝜌1𝜌2𝜌2 = −
4963 + 1156√7

42392
× 𝐶𝜌1𝜌1𝜌1

𝐶𝜌2𝛼1𝛼1 =
√325648561 + 109746134√7

3028√42
× 𝐶𝜌1𝜌1𝜌1

𝐶𝜌2𝜌2𝜌2 =
√3(7587462463 + 2704517498√7)

84784√2
× 𝐶𝜌1𝜌1𝜌1

 

⟨𝒪1(𝑦)|𝒞(𝑥)|𝒪2(0)⟩

⟨𝑄−𝑄−𝒪1(𝑦)|𝒞(𝑥)|𝑄
+𝑄+𝒪2(0)⟩

,  

⟨𝒪±
′ ∣ 𝒪±

′ ⟩ = 4 (Δ ∓
3

2
𝑞) (Δ ∓

3

2
𝑞 − 2)  

|𝜌1⟩ = |0,0⟩, |𝜙4⟩ =
1

√2
(|0,2⟩ + |0,−2⟩)  

|𝛼1⟩= 𝜉1 (𝜖
𝛼̇𝛽̇𝑄𝛼̇

−𝑄𝛽̇
−|0,0⟩ + 𝜖𝛼𝛽𝑄𝛼

+𝑄𝛽
+|0,0⟩)  

|𝜑⟩ = 𝜉2 (𝜖
𝛼̇𝛽̇𝑄𝛼̇

−𝑄𝛽̇
−|0,2⟩ + 𝜖𝛼𝛽𝑄𝛼

+𝑄𝛽
+|0,−2⟩)

 

⟨𝛼1 ∣ 𝛼1⟩ = 8𝜉1
2Δ𝜌1(Δ𝜌1 − 2) = 48𝜉1

2, ⟨𝜑 ∣ 𝜑⟩ = 64𝜉2
2Δ𝜙4(Δ𝜙4 − 2) = 192𝜉2

2  

𝜉1 =
1

√48
, 𝜉2 =

1

√192
 

⟨𝜌1|𝜙4|𝜙4⟩

⟨𝛼1|𝜙4|𝜑⟩
=

1

24√2𝜉1𝜉2
= 2√2.  

𝐶𝜌1𝜙4𝜙4
𝐶𝛼1𝜙4𝜑

= 2√2  

⟨𝜌1|𝛼2|𝛼2⟩

⟨𝛼1|𝛼2|𝜙2⟩
=
⟨𝜌1|𝛼3|𝛼3⟩

⟨𝛼1|𝛼3|𝜙3⟩
= 1  

⟨𝛼3|𝛼2|𝜙4⟩

⟨𝜙3|𝛼2|𝜑⟩
=
⟨𝛼2|𝛼3|𝜙4⟩

⟨𝜙2|𝛼3|𝜑⟩
= 2√2.  

⟨𝜙2|𝜙4|𝜙3⟩ = 0  

𝒢Δ,ℓ = 𝑔Δ,ℓ + 𝑐1𝑔Δ+1,ℓ+1 + 𝑐2𝑔Δ+1,ℓ−1 + 𝑐3𝑔Δ+2,ℓ  
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𝑐3 ≡ 𝑐Δ,ℓ
(ℳ1ℳ2ℳ3ℳ4) =

𝐶𝒪1𝒪2𝒪′′𝐶𝒪′′𝒪3𝒪4
𝐶𝒪1𝒪2𝒪𝐶𝒪𝒪3𝒪4

,  

𝑐3 =
1

16

(Δ + ℓ)(Δ − ℓ − 2)

(Δ2 − (ℓ + 1)2)
.  

𝑐
Δ=1+√7,ℓ=0

(𝒞𝒞𝒞𝒞)
=
7 − 2√7

56
=
!
(
𝐶𝛼2𝛼2𝜌2
𝐶𝛼2𝛼2𝜌1

)

2

 

𝐶𝛼2𝛼2𝜌2
𝐶𝛼2𝛼2𝜌1

=
𝐶𝛼3𝛼3𝜌2
𝐶𝛼3𝛼3𝜌1

=
𝐶𝜙4𝜙4𝜌2
𝐶𝜙4𝜙4𝜌1

 

𝑐3 =
1

16

(Δ − 2)2(Δ + ℓ)(Δ − ℓ − 2)

Δ2(Δ2 − (ℓ + 1)2)
.  

𝑐
Δ=1+√7,ℓ=0

(ℱℱℱ)
=
91 − 34√7

168
=
!
(
𝐶𝛽̂𝛽̂𝜌2
𝐶𝛽̂𝛽̂𝜌1

)

2

.  

𝑐3
(ℒℒℒℒ)

=

[(Δ + ℓ)2 − 8(Δ − 1)
𝑐𝐿𝐿𝐿
(2)

𝑐𝐿𝐿𝐿
]

2

16Δ2(Δ − ℓ − 1)(Δ − ℓ − 2)(Δ + ℓ)(Δ + ℓ + 1)
.

 

𝑐3
(𝑐‾𝒞ℒℒ)

=
(Δ + ℓ)2 − 8(Δ − 1)

𝑐𝐿𝐿𝐿
(2)

𝑐𝐿𝐿𝐿
16Δ(Δ2 − (ℓ + 1)2)

.
 

𝑐
Δ=1+√7,ℓ=0

(𝒞𝒞ℒℒ)
=
𝐶𝛼2𝛼2𝜌2𝐶𝜌2𝜌1𝜌1
𝐶𝛼2𝛼2𝜌1𝐶𝜌1𝜌1𝜌1

.  

𝑐
Δ=1+√7,ℓ=0

(ℒℒℒ)
=
3(2777257 + 1042598√7)

32090744
=
!
(
𝐶𝜌1𝜌1𝜌2
𝐶𝜌1𝜌1𝜌1

)

2

.  

𝐶𝛼1𝛼1𝜑, 𝐶𝛼1𝜙2,3𝜙2,3 , 𝐶𝜑𝜑𝜑, 𝐶𝜑𝜙2,3𝜙2,3 

𝐶𝛽̂𝛽̂𝜑, 𝐶𝛽̂𝛼2,3𝜙2,3 , 𝐶𝜌1,2𝛼2,3𝜙2,3 , 𝐶𝜌1,2𝜌1,2𝜑, 𝐶𝜌1,2𝛼1𝜙4 , 𝐶𝛼1𝛼2,3𝛼2,3 , 𝐶𝜑𝜙4𝜙4,𝐶𝜑𝛼2,3𝛼2,3 , 𝐶𝜙4𝛼2,3𝜙2,3 

−⟨ℱℱℱ⟩: 𝐶𝛽̂𝛽̂𝛽̂, 

−⟨𝒞𝒞ℱ⟩: 𝐶𝛼2𝛼3𝛽̂ , 𝐶𝜙2𝜙3𝛽̂, 

 −⟨𝒞𝒞ℒ⟩: 𝐶𝛼2𝛼3𝜌1,2, 

−⟨𝒞𝒞𝒞⟩: 𝐶𝛼1𝛼2𝜙3 , 𝐶𝛼1𝛼3𝜙2 , 𝐶𝛼2𝜙2𝜑, 𝐶𝛼3𝜙3𝜑, 𝐶𝛼2𝛼2𝜙4 , 𝐶𝛼3𝛼3𝜙4 , 𝐶𝜙2𝜙2𝜙4 , 𝐶𝜙3𝜙3𝜙4. 
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ℒ̃ =−𝑅 − [𝜌4𝜈−4𝐹𝜇𝜈
(1)
𝐹(1)𝜇𝜈 + 𝜌4𝜈4𝐹𝜇𝜈

(2)
𝐹(2)𝜇𝜈 + 𝜌−8𝐹𝜇𝜈

(3)
𝐹(3)𝜇𝜈] 

+12(𝜕𝜇𝛽1)
2
+ 4(𝜕𝜇𝛽2)

2
+ 2∑  

4

𝑗=1

 (𝜕𝜇𝜙𝑗)
2

 

 +
1

2
sinh2 (2𝜙1) (𝜕𝜇𝜃1 + (𝐴𝜇

(1)
+ 𝐴𝜇

(2)
− 𝐴𝜇

(3)
))
2

 +
1

2
sinh2 (2𝜙2) (𝜕𝜇𝜃1 + (𝐴𝜇

(1)
− 𝐴𝜇

(2)
+ 𝐴𝜇

(3)
))
2

 +
1

2
sinh2 (2𝜙3) (𝜕𝜇𝜃1 + (−𝐴𝜇

(1)
+ 𝐴𝜇

(2)
+ 𝐴𝜇

(3)
))
2

 +
1

2
sinh2 (2𝜙4) (𝜕𝜇𝜃1 − (𝐴𝜇

(1)
+ 𝐴𝜇

(2)
+ 𝐴𝜇

(3)
))
2

+ 𝒫̃,

 

𝒫̃ =
1

2𝐿2
[∑  

4

𝑗=1

 (
𝜕𝑊

𝜕𝜙𝑗
)

2

+
1

6
(
𝜕𝑊

𝜕𝛽1
)
2

+
1

2
(
𝜕𝑊

𝜕𝛽2
)
2

] −
4

3𝐿2
𝑊2,  

𝑊 = −
1

2𝜌2𝜈2
[(1 + 𝜈4 − 𝜈2𝜌6)cosh (2𝜙1) + (−1 + 𝜈

4 + 𝜈2𝜌6)cosh (2𝜙2)

+(1 − 𝜈4 + 𝜈2𝜌6)cosh (2𝜙3) + (1 + 𝜈
4 + 𝜈2𝜌6)cosh (2𝜙4)].

 

𝛽1,2 = 𝜙1,2,3,4 = 0,  with  𝒫̃ = −
12

𝐿2
 

𝛽1,2: 𝑚2𝐿2 = −4 ↔ Δ = 2

𝜙1,2,3,4: 𝑚2𝐿2 = −3 ↔ Δ = 3
 

𝐴𝜇
(1,2,3)

: 𝑚2𝐿2 = 0 ↔  Δ = 3  

𝐶𝛽1𝛽1𝛽1 = −𝐶𝛽1𝛽2𝛽2 = −√
2

3

1

𝑁
,  

𝛽2 = 𝜙2,3,4 = 0, 𝛽1 = −
log 2

6
, 𝜙1 =

log 3

2
,  with  𝒫̃ = −

12

𝐿LS
2 ,  

𝛽̂:𝑚2𝐿LS
2 = −4          ↔Δ = 2,         

𝜙2,3:𝑚
2𝐿LS
2 = −

15

4
         ↔Δ =

5

2
,         

𝜙4:𝑚
2𝐿LS
2 = −3        ↔Δ = 3,      

𝜌1:𝑚
2𝐿LS
2 = 4 − 2√7         ↔Δ = 1 + √7,        

𝜌2:𝑚
2𝐿LS
2 = 4 + 2√7         ↔Δ = 3 + √7.        

 

𝐴̃𝜇
(1,2)

: 𝑚2𝐿LS
2 = 0 ↔ Δ = 3,

𝐴̃𝜇
(3)
: 𝑚2𝐿LS

2 = 6 ↔ Δ = 2 + √7,
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𝒫̃(3) =
1

2!
(2√

2

3
𝛽1𝛽2

2)+
1

3!
(−2√

2

3
𝛽1
3)

𝒫̃(4) ⊃
1

2! ⋅ 2!
(−
2

3
𝛽1
2𝛽2

2) +
1

4!
(−2(𝛽1

4 + 𝛽2
4))

 

 

Figura 2. Computación holográfica. 

𝒫UV
(3)
=
1

2!
(2√

2

3
𝛽1(𝛼1

2 + 𝛼2
2 − 2𝛼3

2 + 𝛽2
2) + 2√2𝛽2(𝛼1

2 − 𝛼2
2)) +

1

3!
(−2√

2

3
𝛽1
3)  

𝐶𝛼1𝛼1𝛽1  = 𝐶𝛼2𝛼2𝛽1 = −𝐶𝛽1𝛽1𝛽1 = 𝐶𝛽1𝛽2𝛽2 = √
2

3

1

𝑁

𝐶𝛼1𝛼1𝛽2  = −𝐶𝛼2𝛼2𝛽2 = √2
1

𝑁
, 𝐶𝛼3𝛼3𝛽1 = −2√

2

3

1

𝑁

 

𝒪𝛼𝑖∼ Tr(𝑍𝑖𝑍𝑖 + 𝑍̃𝑖𝑍̃𝑖), 𝑖 = 1,2,3  

𝒪𝛽1 ∼ Tr(𝑍1𝑍̃1 + 𝑍2𝑍̃2 − 2𝑍3𝑍̃3)

𝒪𝛽2 ∼ Tr(𝑍1𝑍̃1 − 𝑍2𝑍̃2)

 

𝑍1 =
𝑋1 + i𝑋2

√2
, 𝑍2 =

𝑋3 + i𝑋4

√2
, 𝑍3 =

𝑋5 + i𝑋6

√2
 

⟨(𝑋𝐼)𝑎
𝑏(𝑥1)(𝑋𝐽)𝑐

𝑑
(𝑥2)⟩ = 𝛿𝐼𝐽 (𝛿𝑎

𝑑𝛿𝑐
𝑏 −

1

𝑁
𝛿𝑎
𝑏𝛿𝑐

𝑑)𝑔12, 𝑔12 ≡
1

(𝑥1 − 𝑥2)
2  

⟨(𝑍𝑖)𝑎
𝑏(𝑥1)(𝑍̃𝑗)𝑐

𝑑
(𝑥2)⟩ = 𝛿𝑖𝑗 (𝛿𝑎

𝑑𝛿𝑐
𝑏 −

1

𝑁
𝛿𝑎
𝑏𝛿𝑐

𝑑)𝑔12  

⟨Tr(𝑍𝑖𝑍̃𝑖)Tr(𝑍𝑗𝑍̃𝑗)⟩ = 𝛿𝑖𝑗(𝑁
2 − 1)𝑔12

2

⟨Tr(𝑍𝑖𝑍𝑖)Tr(𝑍̃𝑗𝑍̃𝑗)⟩ = 2𝛿𝑖𝑗(𝑁
2 − 1)𝑔12

2
 

⟨Tr(𝑍𝑖𝑍̃𝑖)Tr(𝑍𝑗𝑍̃𝑗)Tr(𝑍𝑘𝑍̃𝑘)⟩ = 2𝛿𝑖𝑗𝛿𝑖𝑘(𝑁
2 − 1)𝑔12𝑔13𝑔23

⟨Tr(𝑍𝑖𝑍̃𝑖)Tr(𝑍𝑗𝑍𝑗)Tr(𝑍̃𝑘𝑍̃𝑘)⟩ = 4𝛿𝑖𝑗𝛿𝑖𝑘(𝑁
2 − 1)𝑔12𝑔13𝑔23
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𝒪𝛼𝑖=
1

2√𝑁2 − 1
Tr(𝑍𝑖𝑍𝑖 + 𝑍̃𝑖𝑍̃𝑖), 𝑖 = 1,2,3  

𝒪𝛽1 =
1

√6(𝑁2 − 1)
Tr(𝑍1𝑍̃1 + 𝑍2𝑍̃2 − 2𝑍3𝑍̃3)

𝒪𝛽2 =
1

√2(𝑁2 − 1)
Tr(𝑍1𝑍̃1 − 𝑍2𝑍̃2)

 

𝐶𝛼1𝛼1𝛽1
(𝒩=4)

 = 𝐶𝛼2𝛼2𝛽1
(𝒩=4)

= −𝐶𝛽1𝛽1𝛽1
(𝒩=4)

= 𝐶𝛽1𝛽2𝛽2
(𝒩=4)

= √
2

3

1

√𝑁2 − 1

𝐶𝛼1𝛼1𝛽2
(𝒩=4)

 = −𝐶𝛼2𝛼2𝛽2
(𝒩=4)

= √2
1

√𝑁2 − 1
, 𝐶𝛼3𝛼3𝛽1
(𝒩=4)

= −2√
2

3

1

√𝑁2 − 1
.

 

𝒫̃(3) =
1

2!
(−2√

2

3
𝛽1𝛽2

2)+
1

3!
(2√

2

3
𝛽1
3) ,

𝒫̃(4) ⊃
1

2! ⋅ 2!
(−
2

3
𝛽1
2𝛽2

2) +
1

4!
(−2(𝛽1

4 + 𝛽2
4)).

 

𝒜(𝑐) = 𝑔12
2 𝑔34

2 ⋅
𝜋2

2
𝑢2𝐷‾2222

𝒜𝑠
(𝑠)
= 𝑔12

2 𝑔34
2 ⋅

𝜋2

8
𝑢𝐷‾1122

𝒜𝑠
(𝑔)
= 𝑔12

2 𝑔34
2 ⋅

2𝜋2

3
𝑢(−2𝐷‾1122 + 3𝐷‾2123 + 3𝐷‾2132 − 3𝐷‾3133)

 

⟨𝒪𝛽1𝒪𝛽1𝒪𝛽1𝒪𝛽1⟩ =
1

𝜂(√2𝜋2)
4 ([𝒜𝑠

(𝑔)
+𝒜𝑡

(𝑔)
+𝒜𝑢

(𝑔)
] +

8

3
[𝒜𝑠

(𝑠)
+𝒜𝑡

(𝑠)
+𝒜𝑢

(𝑠)
] + 2[𝒜(𝑐)]) ,  

⟨𝒪𝛽2𝒪𝛽2𝒪𝛽2𝒪𝛽2⟩ = ⟨𝒪𝛽1𝒪𝛽1𝒪𝛽1𝒪𝛽1⟩  

⟨𝒪𝛽1𝒪𝛽1𝒪𝛽2𝒪𝛽2⟩ =
1

𝜂(√2𝜋2)
4 ([𝒜𝑠

(𝑔)
] −

8

3
[𝒜𝑠

(𝑠)
] +

8

3
[𝒜𝑡

(𝑠)
+𝒜𝑢

(𝑠)
] +

2

3
[𝒜(𝑐)]) .  

𝒪2(𝑥, 𝑦) = 𝑦
𝐼𝑦𝐽Tr(𝑋𝐼𝑋𝐽), 𝑦 ⋅ 𝑦 ≡ 𝑦𝐼𝑦

𝐼 = 0  

⟨𝒪2(𝑥1, 𝑦1)𝒪2(𝑥2, 𝑦2)𝒪2(𝑥3, 𝑦3)𝒪2(𝑥4, 𝑦4)⟩ =
𝑦12
4 𝑦34

4

𝑥12
4 𝑥34

4 × 𝒢(𝑢, 𝑣; 𝜎, 𝜏),  

𝑢 =
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 , 𝑣 =
𝑥14
2 𝑥23

2

𝑥13
2 𝑥24

2 , 𝜎 =
𝑦13
2 𝑦24

2

𝑦12
2 𝑦34

2 , 𝜏 =
𝑦14
2 𝑦23

2

𝑦12
2 𝑦34

2 .  

𝒢sugra (𝑢, 𝑣; 𝜎, 𝜏) = 16(𝜎𝑢 + 𝜏
𝑢

𝑣
+ 𝜎𝜏

𝑢2

𝑣
) + ℐ × (−16𝑢2𝐷‾2422),  

ℐ = 𝜏 + (1 − 𝜎 − 𝜏)𝑣 + (𝜏2 − 𝜏 − 𝜎𝜏)𝑢 + (𝜎2 − 𝜎 − 𝜎𝜏)𝑢𝑣 + 𝜎𝑣2 + 𝜎𝜏𝑢2.  

𝒪2(𝑥, 𝑦{𝑘,𝑙}) + 𝒪2(𝑥, 𝑦‾{𝑘,𝑙}) = 2Tr(𝑋𝑘
2 − 𝑋𝑙

2).  
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𝒪𝛽1=
1

4√6(𝑁2 − 1)
∑  

𝑦=𝑦{1,5},𝑦{2,5},𝑦{3,6},𝑦{4,6}

  (𝒪2(𝑥, 𝑦) + 𝒪2(𝑥, 𝑦‾)),

𝒪𝛽2 =
1

4√2(𝑁2 − 1)
∑  

𝑦=𝑦{1,3},𝑦{2,4}

  (𝒪2(𝑥, 𝑦) + 𝒪2(𝑥, 𝑦‾)).

 

⟨𝒪𝛽1𝒪𝛽1𝒪𝛽1𝒪𝛽1⟩= ⟨𝒪𝛽2𝒪𝛽2𝒪𝛽2𝒪𝛽2⟩ =
1

𝑥12
4 𝑥34

4 [(𝑢 +
𝑢

𝑣
+
𝑢2

𝑣
) − (𝑢 + 𝑣 + 1)2𝑢2𝐷‾2422] ,

⟨𝒪𝛽1𝒪𝛽1𝒪𝛽2𝒪𝛽2⟩ =
1

𝑥12
4 𝑥34

4 [
1

3
(𝑢 +

𝑢

𝑣
+
𝑢2

𝑣
) −

1

3
(𝑢2 − 2𝑢𝑣 − 2𝑢 + 𝑣2 + 10𝑣 + 1)𝑢2𝐷‾2422] ,

 

 𝑐Δ,ℓ
(𝒞ℱℱ)

= √𝑐Δ,ℓ
(𝒞𝒞𝒞)

𝑐Δ,ℓ
(ℱℱℱℱ)

 

⟨𝒪2(𝑥1, 𝑦1)𝒪2(𝑥2, 𝑦2)⟩ = 2(𝑁
2 − 1)

(𝑦1 ⋅ 𝑦2)
2

𝑥12
4  

𝑐𝑇 =
64

3𝜋
√2𝑘𝐶𝑆𝑁

3
2 + 𝒪(𝑁1/2)  

ℓ6

ℓ11
6 = (

3𝜋𝑐𝑇𝑘𝐶𝑆
211

)

2
3
+ 𝒪(𝑐𝑇

0) =
𝑁𝑘𝐶𝑆
8

+ 𝒪(𝑁0)  

𝒪𝑘(𝑥, 𝑡) ≡ 𝒪𝑘
𝐼1…𝐼𝑘𝑡𝐼1 …𝑡𝐼𝑘  

𝑝𝑗 =
1

√2
𝜖𝑗𝜔𝑗(1 + 𝑧𝑗𝑧‾𝑗, 𝑧𝑗 + 𝑧‾𝑗 , −𝑖(𝑧𝑗 − 𝑧‾𝑗), 1 − 𝑧𝑗𝑧‾𝑗)  

𝒞𝑛
Δ1,…,Δ𝑛({𝑢𝑗, 𝑧𝑗, 𝑧‾𝑗}

𝜖𝑗) = ∫  
+∞

0

 ∏  

𝑛

𝑗=1

 
𝑑𝜔𝑗

2𝜋
(−𝑖𝜖𝑗𝜔𝑗)

Δ𝑗−1𝑒−𝑖𝜖𝑗𝜔𝑗𝑢𝑗𝒜𝑛({𝜔𝑗, 𝑧𝑗, 𝑧‾𝑗}
𝜖𝑗)  

𝒞𝑛
Δ1,…,Δ𝑛({𝑢𝑗, 𝑧𝑗 , 𝑧‾𝑗}

𝜖𝑗) ≡ ⟨∏ 

𝑛

𝑗=1

 ΦΔ𝑗
𝜖𝑗 (𝑢𝑗, 𝑧𝑗, 𝑧‾𝑗)⟩  

𝒞𝑛
1,…,1({𝑢𝑗, 𝑧𝑗, 𝑧‾𝑗}

𝜖𝑗) = ∫  
+∞

0

 ∏  

𝑛

𝑗=1

 
𝑑𝜔𝑗

2𝜋
𝑒−𝑖𝜖𝑗𝜔𝑗𝑢𝑗𝒜𝑛({𝜔𝑗, 𝑧𝑗, 𝑧‾𝑗}

𝜖𝑗)  

 

𝑑𝑠𝐴𝑑𝑆4
2 = −

𝑟2

ℓ2
𝑑𝑢2 − 2𝑑𝑢𝑑𝑟 + 2𝑟2𝑑𝑧𝑑𝑧‾  

𝑑𝑠ℝ3,1
2 = −2𝑑𝑢𝑑𝑟 + 2𝑟2𝑑𝑧𝑑𝑧‾  

𝑑𝑠𝜕𝐴𝑑𝑆4
2 = −

𝑑𝑢2

ℓ2
+ 2𝑑𝑧𝑑𝑧‾  
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𝑑𝑠ℐ
2 = 0𝑑𝑢2 + 2𝑑𝑧𝑑𝑧‾  

𝑐boundary ≡
1

ℓbulk 

 

⟨𝒪Δ(𝑥1)𝒪Δ(𝑥2)⟩ =
𝒩2

(𝑥12
2 + 𝑖𝜖)Δ

,  

lim
𝑐→0
 𝑐2Δ−2⟨𝒪Δ(𝑥1)𝒪Δ(𝑥2)⟩ =

𝒩2𝛿
2(𝑧12)

2(Δ − 1)(−𝑢12 + 𝑖𝜀)
2Δ−2

∝ ⟨ΦΔ
𝜖1ΦΔ

𝜖2⟩,  

⟨𝒪Δ1(𝑥1)𝒪Δ2(𝑥2)𝒪Δ3(𝑥3)⟩𝐾
=
𝒩3
𝑐

1

(𝑥12
2 + 𝑖𝜀)Δ12(𝑥23

2 + 𝑖𝜀)Δ23(𝑥13
2 + 𝑖𝜀)Δ13

.  

 lim
𝑐→0
 𝑐3−∑  3

𝑗=1  Δ𝑗⟨𝒪Δ1(𝑢1,𝑧1,𝑧‾1)𝒪Δ2(𝑢2,𝑧2,𝑧‾2)𝒪Δ3(𝑢3,𝑧3,𝑧‾3)⟩

 =
𝒩̃3𝛿(𝑧‾12)𝛿(𝑧‾23)Θ(𝑧12𝑧31)Θ(𝑧13𝑧23)𝑧12

Δ3−2𝑧23
Δ1𝑧13

Δ2−2

(𝑢1𝑧23 + 𝑢2𝑧31 + 𝑢3𝑧12 + 𝑖sign𝑧23𝜀)
∑  3
𝑗=1  Δ𝑗−4

∝ ⟨ΦΔ1ΦΔ2ΦΔ3⟩
 

⟨𝒪Δ1(𝑥1)𝒪Δ2(𝑥2)𝒪Δ3(𝑥3)𝒪Δ4(𝑥4)⟩ ∝ 𝐷
‾
Δ1,Δ2,Δ3,Δ4(𝑈, 𝑉)  

𝑈 =
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 = 𝑍𝑍‾ , 𝑉 =
𝑥23
2 𝑥14

2

𝑥13
2 𝑥24

2 = (1 − 𝑍)(1 − 𝑍‾)  

 

𝐷‾Δ1,Δ2,Δ3,Δ4(𝑈, 𝑉) →
𝑍→𝑍‾ 

Φ̂Δ1,Δ2,Δ3,Δ4
𝑙⋅𝑠 ≡ 𝒦Δ

𝑍Δ3+Δ4−2(1 − 𝑍)Δ1+Δ4−2

(𝑍 − 𝑍‾)∑  4
𝑖=1  Δ𝑖−3

.  

lim
𝑐→0
 Φ̂Δ1,Δ2,Δ3,Δ4
𝑙⋅𝑠 = ℛ(𝑢𝑖, 𝑧𝑖)𝛿(𝑧 − 𝑧‾)  

lim
𝑐→0
 𝑐4−∑  Δ  ⟨𝒪Δ1(𝑥1)𝒪Δ2(𝑥2)𝒪Δ3(𝑥3)𝒪Δ4(𝑥4)⟩  

 = 𝒩 (
|𝑧23|

2

|𝑧34|
2|𝑧24|

2)

4−ΣΔ
2 𝑧2−Δ1−Δ2(1 − 𝑧)Δ1+Δ4−2𝛿(𝑧 − 𝑧‾)

𝒰∑  4
𝑖=1  Δ𝑖−4

∝ ⟨ΦΔ1
𝜖1ΦΔ2

𝜖2ΦΔ3
𝜖3ΦΔ4

𝜖4 ⟩ ,

 

𝒰 = 𝑢4 − 𝑢1𝑧 |
𝑧24
𝑧12
|
2

+ 𝑢2
1 − 𝑧

𝑧
|
𝑧34
𝑧23
|
2

− 𝑢3
1

1 − 𝑧
|
𝑧14
𝑧13
|
2

 

𝑠 =∑  

𝑘≥0

 𝑌𝑘
(7)
𝑠𝑘 =∑  

𝑘≥0

 
𝑠𝑘
ℓ𝑘
𝒞𝐼1…𝐼𝑘
(𝑘)

𝑍𝐼1 …𝑍𝐼𝑘  

𝑆 =
243

𝜅2
∫  
AdS4

 𝑑4𝑦√−𝑔‾4 {∑  

𝑘≥2

 
(2ℓ)7

2
𝐴𝑘𝑠𝑘(◻𝐴𝑑𝑆−𝑚𝑘

2)𝑠𝑘⟨𝒞
(𝑘)𝒞(𝑘)⟩

+ ∑  

𝑘𝑖≥2

 
(2ℓ)5

3
⟨𝒞(𝑘1)𝒞(𝑘2)𝒞(𝑘3)⟩𝑔123𝑠𝑘1𝑠𝑘2𝑠𝑘3}
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𝐴𝑘  =
4𝜋4𝑘(𝑘 − 1)

3 × 2𝑘(𝑘 + 1)(𝑘 + 2)2
, 𝑚𝑘

2 =
𝑘(𝑘 − 6)

4ℓ2

𝑔123  =
192𝜋4(𝛼2 − 9)(𝛼2 − 1)(𝛼 + 2)

(2𝛼 + 6)!!
∏  

3

𝑖=1

 
𝑘𝑖!

(𝑘𝑖 + 2)Γ(𝛼𝑖)

 

𝛼𝑖 =
1

2
∑  

3

𝑗=1

 𝑘𝑗 − 𝑘𝑖, 𝛼 =
1

2
∑  

3

𝑖=1

 𝑘𝑖  

𝑆𝑖𝑛𝑡 = ∫  
𝜕AdS4

 𝑑3𝑦𝑤𝑘𝑠𝑘
(0)
𝒪𝑘  

𝒞𝐼1…𝐼𝑘
𝑘 = 𝑡𝐼1 …𝑡𝐼𝑘  

⟨𝒞(𝑘1)𝒞(𝑘2)⟩ ≡ 𝒞𝐼1…𝐼𝑘1
(𝑘1) 𝒞(𝑘2)𝐼1…𝐼𝑘2 = 𝑡12

𝑘1𝛿𝑘1,𝑘2  

⟨𝒪𝑘1(𝑥1, 𝑡1)𝒪𝑘2(𝑥2, 𝑡2)⟩ = 243𝐴𝑘
(2ℓ)7

𝜅2
(𝑘 − 3)

𝜋
3
2

Γ (
𝑘
2
)

Γ (
𝑘 − 3
2 )

𝑤𝑘1
2 𝑡12

𝑘1𝛿𝑘1,𝑘2
(𝑥12
2 )𝑘1

 

⟨𝒪𝑘1(𝑥1, 𝑡1)𝒪𝑘2(𝑥2, 𝑡2)⟩ =
𝛿𝑘1,𝑘2𝑡12

𝑘1

(𝑥12
2 )

𝑘1
2

 

𝑤𝑘 =
(2𝜋)

3
2√2ℓ

9
(
ℓ11
2ℓ
)

9
2 (𝑘 + 2)

(𝑘 − 3)(𝑘 − 1)

√Γ(2 + 𝑘)

Γ (
𝑘
2 + 1)

 

⟨𝒪𝑘1𝒪𝑘2𝒪𝑘3⟩ = (
ℓ11
ℓ
)

9
2
𝑅𝑘1,𝑘2,𝑘3

𝑡12
𝛼3𝑡23

𝛼1𝑡13
𝛼2

𝑥12
𝛼3𝑥23

𝛼1𝑥13
𝛼2

 

(
ℓ11
ℓ
)

9
2
𝑅𝑘1,𝑘2,𝑘3 =

7776(2ℓ)6

ℓ11
9 (2𝜋)8

Γ (
𝛼 − 3

2
)∏ 

3

𝑖=1

 
Γ (
𝛼𝑖
2 )𝑤𝑘𝑖

Γ (
𝑘𝑖 − 3
2 )

𝑔123.  

(
ℓ11
ℓ
)

9
2
𝑅𝑘1,𝑘2,𝑘3 =

𝜋

2
5
2

(
ℓ11
ℓ
)

9
2 2−𝛼

Γ (1 +
𝛼
2
)
∏  

3

𝑖=1

 
√Γ(𝑘𝑖 + 2)

Γ (
𝛼𝑖 + 1
2

)
=
𝜋

𝑁
3
4

2−𝛼−
1
4

Γ (1 +
𝛼
2
)
∏ 

3

𝑖=1

 
√Γ(𝑘𝑖 + 2)

Γ (
𝛼𝑖 + 1
2

)
.  

⟨𝒞𝑘1𝒞𝑘2𝒞𝑘3⟩ = 𝑡12
𝛼3𝑡23

𝛼1𝑡13
𝛼2  

⟨𝒪𝑘1 …𝒪𝑘4⟩ =∏  

𝑖<𝑗

 (
𝑡𝑖𝑗
2

𝑥𝑖𝑗
2 )

𝛾𝑖𝑗
0

2

(
𝑡12
2 𝑡34

2

𝑥12
2 𝑥34

2 )

ℰ
2

𝒢𝑘1,…,𝑘4(𝑈, 𝑉, 𝜎, 𝜏).
 

𝑈 =
𝑥12
2 𝑥34

2

𝑥13
2 𝑥24

2 = 𝑍𝑍‾, 𝑉 =
𝑥14
2 𝑥23

2

𝑥13
2 𝑥24

2 = (1 − 𝑍)(1 − 𝑍‾), 𝜎 =
𝑡13𝑡24
𝑡12𝑡34

, 𝜏 =
𝑡14𝑡23
𝑡12𝑡34

.  
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ℰ = {

𝑘1 + 𝑘2 + 𝑘3 − 𝑘4
2

 Case I : 𝑘1 + 𝑘4 ≥ 𝑘2 + 𝑘3

𝑘1  Case II : 𝑘1 + 𝑘4 < 𝑘2 + 𝑘3

 

𝛾12
0 = 𝛾13

0 = 0, 𝛾34
0 =

𝜅𝑠
2
, 𝛾24
0 =

𝜅𝑢
2

 Case I: 𝛾14
0 =

𝜅𝑡
2
, 𝛾23

0 = 0,  Case II: 𝛾14
0 = 0, 𝛾23

0 =
𝜅𝑡
2

 

𝜅𝑠 = |𝑘1 + 𝑘2 − 𝑘3 − 𝑘4|, 𝜅𝑡 = |𝑘1 + 𝑘4 − 𝑘2 − 𝑘3|, 𝜅𝑢 = |𝑘2 + 𝑘4 − 𝑘1 − 𝑘3|.  

𝒢𝑘1,…,𝑘4 = 𝒢𝑘1,…,𝑘4
0 +

1

𝑐𝑇
𝒢𝑘1,…,𝑘4
𝑅 +⋯  

𝒢𝑘1,𝑘2,𝑘3,𝑘4
𝑅 = 𝒢𝑘1,𝑘2,𝑘3,𝑘4,𝑠

𝑅 + 𝒢𝑘1,𝑘2,𝑘3,𝑘4,𝑡
𝑅 + 𝒢𝑘1,𝑘2,𝑘3,𝑘4,𝑢

𝑅  

𝒢𝑘1,…𝑘4
𝑐 (𝑈, 𝑉, 𝜎, 𝜏) ≡ 𝒢𝑘1,…𝑘4(𝑈, 𝑉, 𝜎, 𝜏) − 𝒢𝑘1,…𝑘4

0 (𝑈, 𝑉, 𝜎, 𝜏)  

𝒢𝑘1,…𝑘4
𝑐 (𝑈, 𝑉, 𝜎, 𝜏) = ∫  

𝑖∞

−𝑖∞

 
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈
𝑠
2
−𝑎𝑠𝑉

𝑡
2
−𝑎𝑡ℳ𝑘1,…𝑘4(𝑠, 𝑡; 𝜎, 𝜏)Γ{𝑘𝑖}  

Γ{𝑘𝑖} = Γ(
𝑘1 + 𝑘2
4

−
𝑠

2
)Γ (

𝑘3 + 𝑘4
4

−
𝑠

2
) Γ (

𝑘1 + 𝑘4
2

−
𝑡

2
)

Γ (
𝑘2 + 𝑘3
4

−
𝑡

2
) Γ (

𝑘1 + 𝑘3
4

−
𝑢

2
) Γ (

𝑘2 + 𝑘4
4

−
𝑢

2
)

𝑎𝑠 =
1

4
(𝑘1 + 𝑘2) −

1

2
ℰ, 𝑎𝑡 =

1

4
Min{𝑘1 + 𝑘4, 𝑘2 + 𝑘3}, 𝑠 + 𝑡 + 𝑢 =

1

2
∑  

4

𝑖=1

 𝑘𝑖.

 

𝐷‾Δ1Δ2Δ3Δ4(𝑈, 𝑉) = ∫  
𝑖∞

−𝑖∞

 
𝑑𝑗1𝑑𝑗2
(2𝜋𝑖)2

𝑈𝑗1𝑉𝑗2Γ(𝑗1 + 𝑗2 + Δ2)Γ(𝑗1 + 𝑗2 + Δ − Δ4)

× Γ(−𝑗1)Γ(−𝑗2)Γ(−𝑗1 − Δ + Δ3 + Δ4)Γ(−𝑗2 + Δ − Δ2 − Δ3)

 

𝒢2,2,2,2(𝑈, 𝑉, 𝜎, 𝜏) ≡ ∫  
𝑖∞

−𝑖∞

 
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈
𝑠
2𝑉

𝑡
2
−1ℳ2,2,2,2Γ

2 (
2 − 𝑠

2
)Γ2 (

2 − 𝑡

2
) Γ2 (

𝑠 + 𝑡 − 2

2
)  

𝒢2,2,2,2,𝑠 = −
6

√8𝑁3𝜋3
[(3√𝜋𝑈𝐷‾3,1,0,0 − √𝜋𝑈

2𝐷‾4,2,0,0 − 2√𝑈𝐷‾ 5
2
,
1
2
,0,0
)

 +𝜎 (3√𝜋𝑈𝐷‾2,1,0,1 − √𝜋𝑈
2𝐷‾3,2,0,1 − 2√𝑈𝐷‾ 3

2
,
1
2
,0,1
)

+𝜏 (3√𝜋𝑈𝐷‾2,1,1,0 − √𝜋𝑈
2𝐷‾3,2,1,0 − 2√𝑈𝐷‾ 3

2
,
1
2
,1,0
)] .

 

𝒢2,2,2,2,𝑡
𝑅 (𝑈, 𝑉, 𝜎, 𝜏)  = 𝜏2

𝑈

𝑉
𝒢2,2,2,2,𝑠
𝑅 (𝑉, 𝑈,

𝜎

𝜏
,
1

𝜏
)

𝒢2,2,2,2,𝑢
𝑅 (𝑈, 𝑉, 𝜎, 𝜏)  = 𝜎2𝑈𝒢2,2,2,2,𝑠 (

1

𝑈
,
𝑉

𝑈
,
1

𝜎
,
𝜏

𝜎
)

 

𝐷‾Δ1,Δ2,Δ3,Δ4(𝑉, 𝑈) = 𝐷
‾
Δ3,Δ2,Δ1,Δ4(𝑈, 𝑉)

𝐷‾Δ1,Δ2,Δ3,Δ4 (
1

𝑈
,
𝑉

𝑈
) = 𝑈Δ2𝐷‾Δ4,Δ2,Δ3,Δ1(𝑈, 𝑉)
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ℰ = 2, 𝜅𝑠 = 𝜅𝑡 = 𝜅𝑢 = 0, 𝛾𝑖𝑗
0 = 0  

⟨𝒪2(𝑥1, 𝑡1)…𝒪2(𝑥4, 𝑡4)⟩ =
𝑡12
2 𝑡34

2

𝑥12
2 𝑥34

2 𝒢2,2,2,2(𝑈, 𝑉, 𝜎, 𝜏)  

𝒢2,2,𝑘,𝑘(𝑈, 𝑉, 𝜎, 𝜏) = ∫  
𝑖∞

−𝑖∞

 
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈
𝑠
2𝑉

𝑡
2
−
𝑘
4
−
1
2ℳ2,2,𝑘,𝑘

 × Γ (1 −
𝑠

2
) Γ (

𝑘 − 𝑠

2
)Γ2 (

1

2
+
𝑘

4
−
𝑡

2
) Γ2 (

𝑠 + 𝑡 − 1

2
−
𝑘

4
)

 

𝒢2,2,𝑘,𝑘,𝑠 =
6

√8𝜋3𝑁3
[
√𝜋

Γ (
𝑘
2
)
((1 − 𝑘)𝑈𝜕𝑈 − 𝑘) (

𝑉

𝑈
𝐷‾
−1,1,

𝑘
2
+1,

𝑘
2
+1
+ 𝜎𝑉𝐷‾

0,1,
𝑘
2
+1,

𝑘
2
+ 𝜏𝐷‾

0,1,
𝑘
2
,
𝑘
2
+1
)

+𝑘 (
𝑉

𝑈
𝐷‾
−1,1,

3
2
,
3
2
+ 𝑉𝜎𝐷‾

0,1,
3
2
,
1
2
+ 𝜏𝐷‾

0,1,
1
2
,
3
2
)]

 

𝒢2,2,𝑘,𝑘,𝑡= (−1)
𝑘
2
12𝑘𝜏𝑈

√2𝑁3

Γ (
𝑘
2
+ 1)

Γ (
𝑘
2
−
1
2
)
[
1

4𝜋
(𝐷‾ 1

2
,2−

𝑘
2
,0,
1+𝑘
2
+ 𝜎𝐷‾ 1

2
,1−

𝑘
2
,1,
1+𝑘
2
+ 𝜏𝐷‾ 1

2
,1−

𝑘
2
,0,
3+𝑘
2
)  

− ∑  

⌈
𝑘−1
2
⌉

𝑖=0

 2𝑖𝑥𝑖(𝑘) (𝑉𝜕𝑉 +
𝑘

4
+
1

2
)
𝑖

(𝐷‾
1,2−

𝑘
2
,0,1+

𝑘
2
+ 𝜎𝐷‾

1,1−
𝑘
2
,1,1+

𝑘
2
+ 𝜏𝐷‾

1,1−
𝑘
2
,0,2+

𝑘
2
)

]
 
 
 
 

,

 

𝒢2,2,𝑘,𝑘,𝑢(𝑈, 𝑉, 𝜎, 𝜏) = 𝒢2,2,𝑘,𝑘,𝑡 (
𝑈

𝑉
,
1

𝑉
, 𝜏, 𝜎)  

ℰ = 2, 𝜅𝑠 = 2𝑘 − 4, 𝜅𝑡 = 𝜅𝑢 = 0, 𝛾12
0 = 𝛾13

0 = 𝛾14
0 = 𝛾23

0 = 𝛾24
0 = 0, 𝛾34

0 = 𝑘 − 2  

⟨𝒪2𝒪2𝒪𝑘𝒪𝑘⟩ = (
𝑡34
2

𝑥34
2 )

𝑘−2
2

(
𝑡12
2 𝑡34

2

𝑥12
2 𝑥34

2 )𝒢2,2,𝑘,𝑘(𝑈, 𝑉, 𝜎, 𝜏).
 

1

𝑠
Γ (
𝑘1 + 𝑘2
4

−
𝑠

2
) = −

1

2
Γ (−

𝑠

2
) ∏  

𝑘1+𝑘2
4

−1

𝑛=1

  [
𝑘1 + 𝑘2
4

−
𝑠

2
− 𝑛]  

𝒢𝑘1,𝑘2,𝑘3,𝑘4
𝐻𝐸 = −

1

2
𝒩𝑘𝑖𝑃𝑘𝑖(𝜎, 𝜏)(−1)

𝑘1+𝑘2
2

+
𝑘1+𝑘4
2

+
𝑘1+𝑘3
4 ((1 − 𝛼)𝑈𝜕𝑈 + 𝑉𝜕𝑉)

2((1 − 𝛼‾)𝑈𝜕𝑈 + 𝑉𝜕𝑉)
2

 ∑  

𝑟

 (

𝑘1 + 𝑘3
4 − 1

𝑟
)𝑈

𝑘1+𝑘2
4

−1−𝑎𝑠+𝑟𝑉
2𝑘1+𝑘3+𝑘4

4
−2−𝑎𝑡−𝑟𝐷‾𝑎1+𝑟−1,𝑎2−3,𝑎3−𝑟−2,𝑎4

 

𝑎1 =
𝑘2 − 𝑘4
4

, 𝑎2 =
2𝑘1 + 𝑘2 + 𝑘4

2
, 𝑎3 =

𝑘1 − 𝑘2 + 𝑘3 + 𝑘4
4

, 𝑎4 =
−𝑘1 + 𝑘2 + 𝑘3 + 𝑘4

4
.  
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⟨𝒪𝑘1 …𝒪𝑘4⟩
𝐻𝐸
=∏ 

𝑖<𝑗

 (
𝑡𝑖𝑗
2

𝑥𝑖𝑗
2 )

𝛾𝑖𝑗
0

2

(
𝑡12
2 𝑡34

2

𝑥12
2 𝑥34

2 )

ℰ
2

𝒢𝑘1,…,𝑘4
𝐻𝐸 (𝑈, 𝑉, 𝜎, 𝜏).  

𝑑𝑠𝐴𝑑𝑆4×𝑆7
2 = 𝑑𝑠𝐴𝑑𝑆4

2 + 4ℓ2𝑑𝑠𝑆7
2

 

𝒪𝑘 = 𝜎𝑘ℓ
𝑘
2
−1Φ𝑘, 𝜎𝑘 =

2𝜋

√Γ(𝑘 − 1)
 

lim
ℓ→∞

 
⟨𝒪𝑘1(𝑥1)𝒪𝑘2(𝑥2)⟩

ℓ
𝑘1+𝑘2
2

−2𝜎𝑘1𝜎𝑘2

= ⟨Φ𝑘1Φ𝑘2⟩ =
𝛿𝑘1,𝑘2
(2𝜋)2

(−1)
𝑘1
2
−1Γ(𝑘1 − 2)

(𝑢12 − 𝑖𝜖)
𝑘1−2

𝑡12
𝑘1𝛿2(𝑧12)  

⟨𝒪𝑘1𝒪𝑘2𝒪𝑘3⟩

ℓ
𝑘1+𝑘2+𝑘3

2 − 3

→
ℓ→∞ 

𝒪 (
1

ℓ
11
2

)  

lim
ℓ→∞

 ℓ
11
2
⟨𝒪𝑘1𝒪𝑘2𝒪𝑘3⟩

ℓ
𝑘1+𝑘2+𝑘3

2 − 3

∏ 

3

𝑖=1

 𝜎𝑘𝑖  =
Γ (
𝛼
2 − 2)Θ

(𝑧12𝑧31)Θ(𝑧13𝑧23)

Γ (
𝛼1
2
)Γ (

𝛼2
2
)Γ (

𝛼3
2
)

𝜋2𝑅𝑘1,𝑘2,𝑘3∏ 

3

𝑖=1

 
1

𝜎𝑘𝑖

 × 𝛿(𝑧‾12)𝛿(𝑧‾23)
𝑡12
𝛼3𝑡23

𝛼1𝑡13
𝛼2𝑧12

𝑘3
2
−2
𝑧23

𝑘1
2
−2
𝑧13

𝑘2
2
−2

(𝑢1𝑧23 + 𝑢2𝑧31 + 𝑢3𝑧12 + 𝑖𝜀)
𝑘1+𝑘2+𝑘3

2
−4

 

𝑈𝑎𝑉𝑏𝐷‾Δ1,Δ2,Δ3,Δ4 →
ℓ→∞ ℓ−4+ΣΔ𝒦

𝒰ΣΔ−4
(

|𝑧23|
2

|𝑧34|
2|𝑧24|

2)

4−ΣΔ
2 (1 − 𝑧)Δ1+Δ4−2+2𝑏

𝑧Δ1+Δ2−2−2𝑎
𝛿(𝑧 − 𝑧‾)Θ(𝑧)Θ(1 − 𝑧)  

𝒦 = (−1)Δ1+Δ32
ΣΔ
2 𝜋2Γ (

ΣΔ − 4

2
)  

 

𝒢2,2,2,2,𝑠 →
ℓ→∞ 48𝜋ℓ2

√2𝑁3𝒰2
(
|𝑧34|

2|𝑧24|
2

|𝑧23|
2 ) (1 − 𝑧)(1 − 𝛼𝑧)2(1 − 𝛼‾𝑧)2𝛿(𝑧 − 𝑧‾)Θ(𝑧)Θ(1 − 𝑧)  

⟨𝒪2(𝑥1, 𝑡1)…𝒪2(𝑥4, 𝑡4)⟩ →
ℓ→∞ 3ℓ11

9 𝜋

8ℓ7𝒰2
(

|𝑧24|
2

|𝑧12|
2|𝑧23|

2) 𝑡12
2 𝑡34

2 (1 − 𝛼𝑧)2(1 − 𝛼‾𝑧)2𝛿(𝑧 − 𝑧‾)Θ(𝑧)Θ(1 − 𝑧) 

lim
ℓ→∞

 
𝑉7

(2𝜋)4
⟨𝒪1(𝑥1, 𝑡1)…𝒪1(𝑥4, 𝑡4)⟩ = ⟨Φ2(𝑢1, 𝑧1, 𝑧‾1)…Φ2(𝑢4, 𝑧4, 𝑧‾4)⟩

 =
𝜋ℓ11

9

2𝒰2
(

|𝑧24|
2

|𝑧12|
2|𝑧23|

2) 𝑡12
2 𝑡34

2 (1 − 𝛼𝑧)2(1 − 𝛼‾𝑧)2𝛿(𝑧 − 𝑧‾)Θ(𝑧)Θ(1 − 𝑧)

 

𝒢2,2,𝑘,𝑘,𝑠 →
ℓ→∞ −3𝑈

√2𝑁3𝜋

(1 − 𝑘)

Γ (
𝑘
2)

(𝑉𝐷‾
0,2,

𝑘
2
+1,

𝑘
2
+1
+ 𝜎𝑈𝑉𝐷‾

1,2,
𝑘
2
+1,

𝑘
2
+ 𝜏𝑈𝐷‾

1,2,
𝑘
2
,
𝑘
2
+1
)

𝒢2,2,𝑘,𝑘,𝑡 →
ℓ→∞ 12𝑘𝜏𝑈

√2𝑁3

Γ (
𝑘
2 + 1)

Γ (
𝑘
2 −

1
2)
2
𝑘
2𝑥𝑘
2
(𝐷‾

1,2,
𝑘
2
,1+

𝑘
2
+ 𝜎𝐷‾

1,1,1+
𝑘
2
,1+

𝑘
2
+ 𝜏𝐷‾

1,1,
𝑘
2
,2+

𝑘
2
) ,
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lim
ℓ→∞

 𝑉7 [ℓ
2−𝑘

⟨𝒪2𝒪2𝒪𝑘𝒪𝑘⟩

𝜎𝑘
2 ] =

𝜋ℓ11
9

2
(1 − 𝛼𝑧)2(1 − 𝛼‾𝑧)2(−1)

𝑘
2
−1𝑡34

𝑘 𝑡12
2

 ×
|𝑧24|

𝑘

|𝑧12|
2|𝑧23|

𝑘

Γ(𝑘)(1 − 𝑧)
𝑘
2
−1𝛿(𝑧 − 𝑧‾)

𝒰𝑘

 

𝒢𝑘1,𝑘2,𝑘3,𝑘4
𝐻𝐸 →

ℓ→∞ 𝒩𝑘𝑖𝒫𝑘𝑖

𝑁
3
2𝒰

∑  𝑖  𝑘𝑖
2 − 2

(−1)
𝑘1+𝑘3
2 𝑧−2𝑎𝑠(1 − 𝑧)

∑  𝑖  𝑘𝑖
2
−2−2𝑎𝑡𝜋

5
224−

∑  𝑖  𝑘𝑖
4

Γ (
∑  𝑖  𝑘𝑖
2 − 5)Γ (

∑  𝑖  𝑘𝑖
4 − 1)

Γ (
∑  𝑖  𝑘𝑖
4

− 4)Γ (
∑  𝑖  𝑘𝑖
4

−
1
2
)

 × (1 − 𝛼𝑧)2(1 − 𝛼‾𝑧)2 (
|𝑧23|

2

|𝑧34|
2|𝑧24|

2)

1−
∑  𝑖  𝑘𝑖
4

𝛿(𝑧 − 𝑧‾) (
1

ℓ
)
2−
∑  𝑖  𝑘𝑖
2

 

lim
ℓ→∞

 𝑉7
⟨𝒪𝑘1 …𝒪𝑘4⟩

∏  4
𝑖=1  ℓ

𝑘𝑖
2
−1𝜎𝑘

= 𝒩̃ [∏ 

𝑖<𝑗

 (
𝑡𝑖𝑗

|𝑧𝑖𝑗|
)

𝛾𝑖𝑗
0

(
𝑡12𝑡34
|𝑧12||𝑧34|

)
ℰ

(
|𝑧23|

2

|𝑧34|
2|𝑧24|

2)

1−
∑  𝑖  𝑘𝑖
4

]

 × [𝑧−2𝑎𝑠(1 − 𝑧)
∑  𝑖  𝑘𝑖
2
−2−2𝑎𝑡

𝛿(𝑧 − 𝑧‾)

𝒰
∑  𝑖  𝑘𝑖
2
−2
] × [(1 − 𝛼𝑧)2(1 − 𝛼‾𝑧)2𝒫𝑘𝑖(𝜎, 𝜏)]

 

𝒩̃ =
𝑉7ℓ11

9

(2𝜋)4
𝒩𝑘𝑖𝜋

5
22−

1+∑  𝑖  𝑘𝑖
2

Γ (
∑  𝑖  𝑘𝑖
2 − 5)Γ (

∑  𝑖  𝑘𝑖
4 − 1)

Γ (
∑  𝑖  𝑘𝑖
4

− 4)Γ (
∑  𝑖  𝑘𝑖
4

−
1
2
)
(−1)

𝑘1+𝑘3
2  

(𝑍𝜕𝑍 −
𝛼

2
𝜕𝛼) 𝒢𝑘1,𝑘2,𝑘3,𝑘4(𝑍, 𝑍

‾, 𝛼, 𝛼‾)|
𝛼=
1
𝑍

= (𝑍‾𝜕𝑍‾ −
𝛼

2
𝜕𝛼)𝒢𝑘1,𝑘2,𝑘3,𝑘4(𝑍, 𝑍

‾, 𝛼, 𝛼‾)|
𝛼=
1
𝑍

= 0

(𝑍𝜕𝑍 −
𝛼‾

2
𝜕𝛼‾ )𝒢𝑘1,𝑘2,𝑘3,𝑘4(𝑍, 𝑍

‾, 𝛼, 𝛼‾)|
𝛼‾ =
1
𝑍

= (𝑍‾𝜕𝑍‾ −
𝛼‾

2
𝜕𝛼‾ )𝒢𝑘1,𝑘2,𝑘3,𝑘4(𝑍, 𝑍

‾, 𝛼, 𝛼‾)|
𝛼‾=
1
𝑍

= 0
 

𝒢𝑘1,𝑘2,𝑘3,𝑘4(𝑍, 𝑍
‾, 𝛼, 𝛼‾) =

𝒢0(𝑍, 𝛼, 𝛼‾)

(𝑍 − 𝑍‾)𝑝
+ 𝒪 (

1

(𝑍 − 𝑍‾)𝑝−1
)  

𝒢0 (𝑧, 𝛼 =
1

𝑧
, 𝛼‾) = 𝒢0 (𝑧, 𝛼, 𝛼‾ =

1

𝑧
) = 0  

𝑆 = ∫  
ℝ3,1

 𝑑4𝑥 {∑  

𝑘max

𝑘=2

 
𝑡12
𝑘

2
𝑠𝑘 ◻ 𝑠𝑘 + ∑  

𝑘max

𝑘1,𝑘2,𝑘3=2

 
𝑡12
𝛼3𝑡23

𝛼1𝑡13
𝛼2

2ℓ
(
ℓ11
2ℓ
)

9
2 𝑔̃123
3
𝑠𝑘1𝑠𝑘2𝑠𝑘3}  

𝑔̃123 =
144√32𝛼(𝛼2 − 9)(𝛼2 − 1)(𝛼 + 2)

(2𝛼 + 6)!! 𝜋2
∏ 

3

𝑖=1

 
Γ(𝑘𝑖 − 1)

Γ(𝛼𝑖)
√(𝑘𝑖 + 1)𝑘𝑖(𝑘𝑖 − 1)  

𝒜𝑘1,𝑘2 =
𝑡12
𝑘1𝛿𝑘1,𝑘2
𝜔1

𝛿𝜖1,−𝜖2𝛿(𝜔1 −𝜔2)𝛿
2(𝑧12)  

𝒞𝑘1,𝑘2
Δ1,Δ2 = ∫  ∏  

2

𝑗=1

 
𝑑𝜔𝑗

2𝜋
𝜔
𝑗

Δ𝑗−1𝑒𝑖𝑢𝑗𝜔𝑗𝜖𝑗𝒜𝑘1,𝑘2|

𝜖1=−𝜖2=−1

=
𝛿𝑘1,𝑘2
(2𝜋)2

(−1)Δ1−1Γ(Δ1 + Δ2 − 2)

(𝑢12 − 𝑖𝜖)
Δ1+Δ2−2

𝑡12
𝑘1𝛿2(𝑧12)  
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𝒞𝑘1,𝑘2

𝑘1
2
,
𝑘2
2 =

𝛿𝑘1,𝑘2
(2𝜋)2

(−1)
𝑘1
2
−1Γ(𝑘1 − 2)

(𝑢12 − 𝑖𝜖)
𝑘1−2

𝑡12
𝑘1𝛿2(𝑧12)

 

𝒜𝑘1,𝑘2,𝑘3 =
𝑔̃123
2ℓ

(
ℓ11
2ℓ
)

9
2
𝑡12
𝛼3𝑡23

𝛼1𝑡13
𝛼2𝛿(4)(𝑝1 + 𝑝2 + 𝑝3)

 

𝒞𝑘1,𝑘2,𝑘3
Δ1,Δ2,Δ3 = ∫  ∏ 

3

𝑗=1

 
𝑑𝜔𝑗

2𝜋
𝜔
𝑗

Δ𝑗−1𝑒𝑖𝑢𝑗𝜔𝑗𝜖𝑗𝒜𝑘1,𝑘2,𝑘3  

𝐶𝑘1,𝑘2,𝑘3
Δ1,Δ2,Δ3 =

−𝑖𝜖1𝜖2𝜖3
(2𝜋)3

𝑔̃123
2ℓ

(
ℓ11
2ℓ
)

9
2
𝑡12
𝛼3𝑡23

𝛼1𝑡13
𝛼2(𝑧12)

Δ1−2(𝑧13)
Δ2−2(𝑧23)

Δ3−2𝛿(𝑧‾12)𝛿(𝑧‾23)

 × Θ (−
𝑧13
𝑧23

𝜖1𝜖2)Θ (
𝑧12
𝑧23

𝜖1𝜖3)
Γ(∑  3

𝑖=1  Δ𝑖 − 4)

(𝑧23𝑢1 + 𝑧31𝑢2 + 𝑧12𝑢3 − 𝑖𝜀𝜖1sign(𝑧23))
∑  3
𝑖=1  Δ𝑖−4

 

𝐴4 =
−𝑎4ℓ11

9

𝑠𝑡𝑢
(
1

2
𝑒2 ⋅ 𝑒3(𝑠𝑒1 ⋅ 𝑃3𝑒4 ⋅ 𝑃2 + 𝑡𝑒1 ⋅ 𝑃2𝑒4 ⋅ 𝑃3) +

1

2
𝑒1 ⋅ 𝑒4(𝑠𝑒2 ⋅ 𝑃4𝑒3 ⋅ 𝑃1 + 𝑡𝑒2 ⋅ 𝑃1𝑒3 ⋅ 𝑃4)

+
1

2
𝑒2 ⋅ 𝑒4(𝑠𝑒1 ⋅ 𝑃4𝑒3 ⋅ 𝑃2 + 𝑢𝑒1 ⋅ 𝑃2𝑒3 ⋅ 𝑃4) +

1

2
𝑒1 ⋅ 𝑒3(𝑠𝑒2 ⋅ 𝑃3𝑒4 ⋅ 𝑃1 + 𝑢𝑒2 ⋅ 𝑃1𝑒4 ⋅ 𝑃3) 

+
1

2
𝑒3 ⋅ 𝑒4(𝑡𝑒1 ⋅ 𝑃4𝑒2 ⋅ 𝑃3 + 𝑢𝑒1 ⋅ 𝑃3𝑒2 ⋅ 𝑃4) +

1

2
𝑒1 ⋅ 𝑒2(𝑡𝑒3 ⋅ 𝑃2𝑒4 ⋅ 𝑃1 + 𝑢𝑒3 ⋅ 𝑃1𝑒4 ⋅ 𝑃2)  

−
1

4
𝑠𝑡𝑒1 ⋅ 𝑒4𝑒2 ⋅ 𝑒3 −

1

4
𝑠𝑢𝑒1 ⋅ 𝑒3𝑒2 ⋅ 𝑒4 −

1

4
𝑡𝑢𝑒1 ⋅ 𝑒2𝑒3 ⋅ 𝑒4)

2

𝛿(11) (∑  

4

𝑖=1

 𝑃𝑖)

 

𝑃𝑖
𝛼 = (𝑝𝑖

𝜇
, 𝑝̃𝑖
𝐼), 𝑝𝑖 ∈ ℝ

1,3, 𝑝̃𝑖 ∈ ℝ
7, 𝑝𝑖

𝜇
∼ 𝒪(1), 𝑝̃𝑖

𝐼 ∼ 𝒪 (
1

ℓ
) ≈ 0.  

𝑒𝑖
𝛼 = (0,0,0,0, 𝜉𝑖

𝐼)  

𝑡𝑖 = (0, 𝜉𝑖)  

𝑒𝑖 ⋅ 𝑒𝑗 = 𝑡𝑖 ⋅ 𝑡𝑗 ≡ 𝑡𝑖𝑗 , 𝑒𝑖 ⋅ 𝑝𝑗 ∼ 𝒪 (
1

ℓ
) ≈ 0  

ℎ𝑗
𝛼𝛽
(𝑋) = 𝒩𝑗𝑒𝑗

𝛼𝑒𝑗
𝛽
𝑒𝑖𝑝𝑗⋅𝑥(𝜉𝑗 ⋅ 𝑥̃)

𝑘𝑗−2,  

◻ ℎ‾𝛼𝛽 = 0, ℎ‾𝛼𝛽 = ℎ𝛼𝛽 −
1

2
𝜂𝛼𝛽ℎ𝛾

𝛾
,  

∫  
ℝ1,3

 𝑑4𝑥∫  
ℝ7
 𝑑7𝑥̃ℎ1

𝛼𝛽
ℎ2,𝛼𝛽  = 𝒩1𝒩2𝑡12

2 (2𝜋)4𝛿(4)(𝑃1 + 𝑃2)∫  
ℝ7
 𝑑7𝑥̃(𝜉1 ⋅ 𝑥̃)

𝑘1−2(𝜉2 ⋅ 𝑥̃)
𝑘2−2

 = 𝒩1𝒩2𝑡12
2 (2𝜋)4𝛿(4)(𝑃1 + 𝑃2) ×

2𝜋
7
2𝑡12
2𝑘1−2𝛿𝑘1,𝑘2

Γ (
7
2)

∫  
∞

0

 𝑑|𝑥̃||𝑥̃|𝑘1+𝑘2+2
 

ℎ𝑗
𝛼𝛽
(𝑋) =

1

√𝑉7
𝑒𝑖
𝛼𝑒𝑖

𝛽
𝑒𝑖𝑝𝑗⋅𝑥

(𝑡𝑗 ⋅ 𝑍)
𝑘𝑗−2

(2ℓ)𝑘𝑗−2
.  



pág. 1202 

ℎ𝑗
𝛼𝛽
(𝑋) =

1

√𝑉7
𝑒𝑖
𝛼𝑒𝑖

𝛽
𝑒𝑖𝑝𝑗⋅𝑥  

𝛿(11) (∑  

4

𝑖=1

 𝑃𝑖) →
1

(2𝜋)7𝑉7
2∫  
ℝ3,1

 
𝑑4𝑥

(2𝜋)4
𝑒𝑖 ∑  4

𝑗=1  𝑝𝑗⋅𝑥∫  
𝑆7
 𝑑8𝑍𝛿(𝑍 ⋅ 𝑍 − 4ℓ2) =

𝛿(4)(∑  4
𝑖=1  𝑝𝑖)

(2𝜋)7𝑉7
 

𝒜4
2,2,2,2 =

−𝑎4ℓ11
9 𝑡12

2 𝑡34
2

(2𝜋)7𝑉7𝑠𝑡𝑢
(𝑠𝑡𝜏 + 𝑠𝑢𝜎 + 𝑡𝑢)2 × 𝛿(4) (∑  

4

𝑖=1

 𝑝𝑖)  

𝑉7𝒞4
1,…,1({𝑢𝑗, 𝑧𝑗, 𝑧‾𝑗}

𝜖𝑗
) =

𝑎4ℓ11
9

2(2𝜋)11𝒰2
(

|𝑧24|
2

|𝑧12|
2|𝑧23|

2)𝑡12
2 𝑡34

2 (1 − 𝛼𝑧)2(1 − 𝛼‾𝑧)2𝛿(𝑧 − 𝑧‾)Θ(𝑧)Θ(1 − 𝑧), 

 

𝛿(11)(𝑃1 + 𝑃2 + 𝑃3 + 𝑃4) ⟶ 𝛿(4) (∑  

4

𝑘=1

 𝑝𝑘)
1

(2𝜋)7𝑉7
2∫  𝑑

8𝑍𝛿(𝑍 ⋅ 𝑍 − 4ℓ2)∏  

4

𝑗=1

 
(𝑡𝑗 ⋅ 𝑍)

𝑘𝑗−2

(2ℓ)𝑘𝑗−2

 =
𝑁̃𝑘𝑖
𝑉7
∏ 

𝑖<𝑗

  𝑡
𝑖𝑗

𝛾𝑖𝑗
0

(𝑡12𝑡34)
ℰ−2𝒫𝑘𝑖(𝜎, 𝜏)𝛿

(4)(∑ 

4

𝑗=1

 𝑝𝑗)

 

𝜖1 ⋅ 𝜖3𝜖2 ⋅ 𝜖4
𝜖1 ⋅ 𝜖2𝜖3 ⋅ 𝜖4

=
𝑡13𝑡24
𝑡12𝑡34

≡ 𝜎,
𝜖2 ⋅ 𝜖3𝜖1 ⋅ 𝜖4
𝜖1 ⋅ 𝜖2𝜖3 ⋅ 𝜖4

=
𝑡23𝑡14
𝑡12𝑡34

≡ 𝜏.  

𝒜4
𝑘1,𝑘2,𝑘3,𝑘4 = −

𝑁̃𝑘𝑖
𝑉7
∏ 

𝑖<𝑗

  𝑡
𝑖𝑗

−𝛾𝑖𝑗
0 (𝑡12𝑡34)

2−ℰ

4ℓ11
9 𝑠𝑡𝑢

(𝑡𝑢 + 𝑠𝑢𝜎 + 𝑠𝑡𝜏)2𝒫𝑘𝑖(𝜎, 𝜏)  

𝒞𝑘1,𝑘2,𝑘3,𝑘4

𝑘1
2
,
𝑘2
2
,
𝑘3
2
,
𝑘4
2 = ∫  

+∞

0

 ∏  

4

𝑗=1

 
𝑑𝜔𝑗

2𝜋
(−𝑖𝜖𝑗𝜔𝑗)

𝑘𝑗
2
−1
𝑒−𝑖𝜖𝑗𝜔𝑗𝑢𝑗𝒜4

𝑘1,𝑘2,𝑘3,𝑘4

= −
𝑁̃𝑘𝑖(−1)

𝑘1+𝑘3
2 𝑖

∑  4
𝑖=1  

𝑘𝑖
2 Γ(−2 + ∑  4

𝑖=1  
𝑘𝑖
2 )

𝑉74ℓ11
9 (2𝜋)4

[(𝑡12𝑡34)
2−ℰ∏ 

𝑖<𝑗

  𝑡
𝑖𝑗

−𝛾𝑖𝑗
0

(1 − 𝛼𝑧)2(1 − 𝛼‾𝑧)2]

 × [
|𝑧14|

𝑘3−2|𝑧24|
𝑘1+2|𝑧34|

𝑘2−4

|𝑧12|
𝑘1+2|𝑧13|

𝑘3−4|𝑧23|
𝑘2
] × [

𝛿(𝑧 − 𝑧‾)Θ(𝑧)Θ(1 − 𝑧)𝑧
𝑘1−𝑘2+4

2

𝒰−2+
∑  4
𝑖=1  

𝑘𝑖
2

(1 − 𝑧)
𝑘2−𝑘3
2

 

{𝑄𝐼𝛼, 𝑄‾𝐽𝛽} = 2𝛿
𝐼 𝐽𝛾

𝜇𝛼  𝛽𝑃𝜇 , {𝑆
𝐼𝛼 , 𝑆‾𝐽𝛽} = 2𝛿

𝐼 𝐽𝛾
𝜇𝛼  𝛽𝐾𝜇

{𝑄𝛼𝐼, 𝑆‾𝛽𝐽} = −𝑖𝛿
𝐼 𝐽(2𝛿

𝛼 𝛽𝐷 + (𝛾
[𝜇𝛾𝜈])

𝛼
 𝛽𝑀𝜇𝜈) + 2𝑖𝛿

𝛼  𝛽𝑅
𝐼 𝐽

 

𝑄‾𝐽 = (𝑄
𝐽)†𝛾0 = −(𝑄𝐽)𝑇𝜖, 𝑆‾𝐽 = (𝑆

𝐽)†𝛾0 = −(𝑆𝐽)𝑇𝜖.  

𝛾0 = 𝜎3, 𝛾1 = 𝑖𝜎1, 𝛾2 = 𝑖𝜎2  

[𝑅𝐼𝐽, 𝑅𝐾𝐿] = 𝑖(𝛿
𝐼𝐾𝑅𝐽𝐿 + 𝛿𝐽𝐿𝑅𝐼𝐾 − 𝛿𝐼𝐿𝑅𝐽𝐾 − 𝛿𝐽𝐾𝑅𝐼𝐿)  

[𝑅𝐼𝐽, 𝑄
𝐾] = 𝑖(𝛿𝐼 

𝐾𝛿𝐽𝐷 − 𝛿𝐽 
𝐾𝛿𝐼𝐷)𝑄

𝐷 , [𝑅𝐼𝐽, 𝑆
𝐾] = 𝑖(𝛿𝐼  

𝐾𝛿𝐽𝐷 − 𝛿𝐽  
𝐾𝛿𝐼𝐷)𝑆

𝐷  
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𝐻 →
1

𝑐
𝐻, 𝐵𝑖 →

1

𝑐
𝐵𝑖 , 𝐾 →

1

𝑐
𝐾  

𝑄𝐼𝛼 →
1

√𝑐
𝑄𝐼𝛼 , 𝑆𝐼𝛼 →

1

√𝑐
𝑆𝐼𝛼  

{𝑄𝐼𝛼, 𝑄‾𝐽𝛽} = −2𝛿
𝐼 𝐽𝛾

0𝛼  𝛽𝐻, {𝑆
𝐼𝛼, 𝑆‾𝐽𝛽} = −2𝛿

𝐼 𝐽𝛾
0𝛼  𝛽𝐾,

{𝑄𝛼𝐼 , 𝑆‾𝛽𝐽} = −2𝑖𝛿
𝐼 𝐽(𝛾

[0𝛾𝑖])
𝛼
 𝛽𝐵𝑖,

[𝑅𝐼𝐽, 𝑅𝐾𝐿] = 𝑖(𝛿
𝐼𝐾𝑅𝐽𝐿 + 𝛿𝐽𝐿𝑅𝐼𝐾 − 𝛿𝐼𝐿𝑅𝐽𝐾 − 𝛿𝐽𝐾𝑅𝐼𝐿),

[𝑅𝐼𝐽, 𝑄
𝐾] = 𝑖(𝛿𝐼  

𝐾𝛿𝐽𝐷 − 𝛿𝐽  
𝐾𝛿𝐼𝐷)𝑄

𝐷 , [𝑅𝐼𝐽, 𝑆
𝐾] = 𝑖(𝛿𝐼 

𝐾𝛿𝐽𝐷 − 𝛿𝐽 
𝐾𝛿𝐼𝐷)𝑆

𝐷.

 

ℭℭ𝔞𝔯𝔯3
glob 

≃ 𝔦𝔰𝔬(3,1)  

{𝒬𝛼
𝐼 , 𝒬𝛼̇

𝐽
} = 2𝛿𝐼𝐽𝜎𝛼𝛼̇

𝜇
𝒫𝜇  

𝒫0 = −
1

2
(𝐻 + 𝐾), , 𝒫1 = −𝐵1, 𝒫2 = −𝐵2, 𝒫3 =

1

2
(𝐻 − 𝐾)  

𝒬1
𝐼 = 𝑆𝐼1 = −𝑆‾𝐼2, 𝒬1̇

𝐼
= 𝑆‾𝐼1 = 𝑆𝐼2, 𝒬2

𝐼 = 𝑄‾𝐼1 = 𝑄
𝐼2, 𝒬2̇ = 𝑄

𝐼1 = −𝑄‾𝐼2  

[𝑅𝐼𝐽, 𝑄
𝐾] = 𝑖(𝛿𝐼  

𝐾𝛿𝐽𝐷 − 𝛿𝐽 
𝐾𝛿𝐼𝐷)𝑄

𝐷 , [𝑅𝐼𝐽, 𝒬
𝐾
] = 𝑖(𝛿𝐼  

𝐾𝛿𝐽𝐷 − 𝛿𝐽  
𝐾𝛿𝐼𝐷)𝒬

𝐷
 

𝔰ℭℭ𝔞ℭ𝔯𝔯3
glob ,𝒩

≃ 𝔰𝔭𝔬𝔦𝔫(𝒩, 4)  

[𝐽𝑖𝑗, 𝜙Δ(0)] = 0, [𝐵𝑖, 𝜙Δ(0)] = 0

[𝐷, 𝜙Δ(0)] = −𝑖Δ𝜙Δ(0), [𝐾, 𝜙Δ(0)] = 0, [𝐾𝑖, 𝜙Δ(0)] = 0
 

[𝑆𝐼𝛼, 𝜙Δ(0)] = 0 = [𝑆‾𝐼𝛼 , 𝜙Δ(0)]  

[𝑅𝐼𝐽, 𝜙Δ(0)] = ℛ
(𝑠) ⋅ 𝜙Δ(0)  

𝜙𝑘 = 𝜙
𝐼1…𝐼𝑘𝑡𝐼1 …𝑡𝐼𝑘  

𝜙Δ(𝑥, 𝜃) = 𝑈𝜙Δ(0,0)𝑈
−1, 𝑈 = 𝑒−𝑖(−𝐻𝑢+𝑃𝑖𝑥

𝑖+𝑄‾𝐼𝛼𝜃
𝐼𝛼)  

𝛿𝜙Δ(𝑥, 𝜃)

 = 𝑖 [𝑎𝐻 + 𝑏𝑗𝐵𝑗 + 𝑘𝐾 + 𝑎
𝑗𝑃𝑗 +

1

2
𝑟𝑗𝑘𝐽𝑗𝑘 + 𝜆𝐷 + 𝑘

𝑗𝐾𝑗 + 𝜖
𝐼𝑄‾𝐼 + 𝜅

𝐼𝑆‾𝐼 +
1

2
𝜔𝐼𝐽𝑅𝐼𝐽, 𝜙Δ(𝑥, 𝜃)]

 

∑ 

𝑛

𝑗=1

  ⟨𝜙Δ1(𝑥1, 𝜃1
𝐼)…𝛿𝜙Δ𝑗(𝑥𝑗, 𝜃𝑗

𝐼)…𝜙Δ𝑛(𝑥𝑛, 𝜃𝑛
𝐼 )⟩ = 0  

𝜙Δ(𝑥
𝑎 , 𝜃𝐼𝛼) = ΦΔ(𝑥

𝑎) + 𝜃𝐼𝛼Ψ‾ 𝐼𝛼(𝑥
𝑎) + ⋯  

⟨Φ𝑘1(𝑥1)…Φ𝑘𝑛(𝑥𝑛)⟩ = ∫  
+∞

0

 ∏  

𝑛

𝑗=1

 
𝑑𝜔𝑗

2𝜋
(−𝑖𝜖𝑗𝜔𝑘)

𝑘𝑗
2 −1𝑒−𝑖𝜖𝑗𝜔𝑗𝑢𝑗𝒜𝑛

𝑘1,…,𝑘𝑛  
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ℳ2,2,2,2 =
1

𝑐𝑇
ℳ2,2,2,2

𝑅 +
1

𝑐𝑇

5
3

𝐵𝑅
4
ℳ2,2,2,2

(4)

 +
1

𝑐𝑇

7
3

(𝐵4
𝐷6𝑅4ℳ2,2,2,2

(4)
+ 𝐵6

𝐷6𝑅4ℳ2,2,2,2
(6)

+ 𝐵7
𝐷6𝑅4ℳ2,2,2,2

(7)
) +⋯

 

ℳ2,2,2,2
𝑅 (𝑠, 𝑡; 𝜎, 𝜏) = ℳ2,2,2,2,𝑠

𝑅 +ℳ2,2,2,2,𝑡
𝑅 +ℳ2,2,2,2,𝑢

𝑅

ℳ2,2,2,2,𝑠
𝑅 (𝑠, 𝑡; 𝜎, 𝜏) = ∑  

∞

𝑚=0

 −
3((𝑡 − 2)(𝑢 − 2) + (𝑠 + 2)((𝑡 − 2)𝜎 + (𝑢 − 2)𝜏))

√2𝜋𝑁
3
2Γ(

1
2 −𝑚)

2

𝑚!Γ (𝑚 +
5
2) (𝑠 − 1 − 2𝑚)

 

ℳ2,2,2,2,𝑠
𝑅 (𝑠, 𝑡; 𝜎, 𝜏) =

3

√8𝜋3𝑁3

1

𝑠(𝑠 + 2)
[(𝑡 − 2)(𝑠 + 𝑡 − 2) − 𝜎(𝑠 + 2)(𝑡 − 2) + 𝜏(𝑠 + 2)(𝑠+𝑡 − 2)]

×[√𝜋(𝑠 + 4) − 4
Γ (
1 − 𝑠
2
)

Γ (1 −
𝑠
2
)
]

 

ℳ2,2,2,2,𝑡
𝑅 (𝑠, 𝑡; 𝜎, 𝜏) = 𝜏2ℳ2,2,2,2,𝑠

𝑅 (𝑡, 𝑠;
𝜎

𝜏
,
1

𝜏
) ,ℳ2,2,2,2,𝑢

𝑅 (𝑠, 𝑡; 𝜎, 𝜏) = 𝜎2ℳ2,2,2,2,𝑠
𝑅 (𝑢, 𝑡;

1

𝜎
,
𝜏

𝜎
)  

ℳ2,2,𝑘,𝑘 =
1

𝑐𝑇
ℳ2,2,𝑘,𝑘

𝑅  

ℳ2,2,𝑘,𝑘,𝑠 =
3

8√2𝜋3/2𝑁3/2𝑠(𝑠 + 2)
[(𝑘 − 2𝑡 + 2)(𝑘 − 2𝑢 + 2) − 2(𝑠 + 2)𝜎(𝑘−2𝑡 + 2) − 2(𝑠 + 2)𝜏(𝑘 − 2𝑢 + 2)]

 × (
√𝜋(𝑠 − 𝑘(𝑠 + 2))

Γ (
𝑘
2
)

+
2𝑘Γ (

1
2 −

𝑠
2)

Γ (
𝑘 − 𝑠
2
)
)

 

ℳ2,2,𝑘,𝑘,𝑡 =
−3𝑘𝜏Γ(

𝑘
2
+ 1) [(𝑘 + 2𝑡 + 2)(𝑘 − 2𝑢 + 2) + 2𝜎(𝑘 − 𝑠)(𝑘 + 2𝑡 + 2) − 2𝜏(𝑘 − 𝑠)(𝑘 − 2𝑢 + 2)]

4√2𝜋√𝑁3(𝑘 − 2𝑡)Γ (
𝑘 − 1
2 ) Γ (

3 + 𝑘
2 )

×3 𝐹2 (
1

2
,
1

2
,
𝑘

4
−
𝑡

2
;
𝑘

2
+
3

2
,
𝑘

4
−
𝑡

2
+ 1; 1)

 

 3𝐹2 (
1

2
,
1

2
,
𝑘

4
−
𝑡

2
;
𝑘

2
+
3

2
,
𝑘

4
−
𝑡

2
+ 1; 1) =

𝜋(𝑘 − 2𝑡)Γ (
3 + 𝑘
2 )

(
2 − 𝑘 + 2𝑡

4
)2+𝑘
2 [

 
 
 
 Γ (

𝑘
4 −

𝑡
2)

4𝜋Γ(
𝑘
4
+
1
2
−
𝑡
2
)
− ∑  

⌈
𝑘−1
2
⌉

𝑖=0

 𝑥𝑖𝑡
𝑖

]
 
 
 
 

 

𝑥𝑘
2
=

Γ (
1 + 𝑘
2 )

4𝜋2
𝑘
2Γ2 (1 +

𝑘
2)
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ℳ2,2,𝑘,𝑘,𝑡 =
−3𝑘𝜏Γ (

𝑘
2
+ 1) [−(𝑘 + 2𝑡 + 2)(𝑘 − 2𝑢 + 2) + 2𝜎(𝑘 − 𝑠)(𝑘 + 2𝑡 + 2) − 2𝜏(𝑘 − 𝑠)(𝑘 − 2𝑢 + 2)]

4√2√𝑁3Γ(
𝑘 − 1
2 ) [∏  

𝑘
2
𝑛=0  (

𝑡
2 +

𝑘
4 +

1
2 − 𝑛)] 

 

⊗ 〈
Γ (
𝑘
4
−
𝑡
2
)

4𝜋Γ (
𝑘
4
+
1
2
−
𝑡
2
)
− ∑  

⌈
𝑘−1
2
⌉

𝑖=0

 𝑥𝑖𝑡
𝑖〉

 

lim
𝑠,𝑡→∞

 ℳ𝑘1,𝑘2,𝑘3,𝑘4 =
𝒩𝑘𝑖

𝑁
3
2

(𝑡𝑢 + 𝑠𝑡𝜎 + 𝜏𝑠𝑢)2

𝑠𝑡𝑢
𝒫𝑘𝑖(𝜎, 𝜏) =

𝒩𝑘𝑖

𝑁
3
2

(𝑠 + 𝑡 − 𝑠𝛼)2(𝑠 + 𝑡 − 𝑠𝛼‾)2

𝑠𝑡𝑢
𝒫𝑘𝑖(𝜎, 𝜏),  

𝒫𝑘𝑖(𝜎, 𝜏) = ∑  
𝑖+𝑗+𝑘=ℰ−2
0≤𝑖,𝑗,𝑘≤ℰ−2

 
(ℰ − 2)! 𝜎𝑖𝜏𝑗

𝑖! 𝑗! (𝑖 +
𝜅𝑢
2 ) ! (𝑗 +

𝜅𝑡
2 ) ! (

𝜅𝑢
2 ) !

,
 

𝜎 = 𝛼𝛼‾, 𝜏 = (1 − 𝛼)(1 − 𝛼‾)  

⟨𝑂1(𝑥1)…𝑂4(𝑥4)⟩ =
1

(𝑥12
2 )

Δ1+Δ2
2 (𝑥34

2 )
Δ3+Δ4
2

(
𝑥14
2

𝑥24
2 )

𝑎

(
𝑥14
2

𝑥13
2 )

𝑏

𝒢(𝑈, 𝑉),  

𝑎 =
1

2
(Δ2 − Δ1), 𝑏 =

1

2
(Δ3 − Δ4), 

𝒢(𝑈, 𝑉) = ∫  
𝑖∞

−𝑖∞

 
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈
𝑠
2𝑉

𝑡
2
−
Δ2+Δ3
2 ℳ(𝑠, 𝑡)Γ{Δ𝑖}  

Γ{Δ𝑖} = Γ(
Δ1 + Δ2 − 𝑠

2
)Γ (

Δ3 + Δ4 − 𝑠

2
)Γ (

Δ1 + Δ4 − 𝑡

2
)

Γ (
Δ2 + Δ3 − 𝑡

2
)Γ (

Δ1 + Δ3 − 𝑢

2
)Γ (

Δ2 + Δ4 − 𝑢

2
)

 

ℳ𝑐(𝑠, 𝑡) = ∑  

𝑎1,𝑏1

𝑎=𝑎0,𝑏=𝑏0

 𝜒𝑎,𝑏𝑠
𝑎𝑡𝑏 .  

𝒢𝑐(𝑈, 𝑉) = ∑  

𝑎1,𝑏1

𝑎=𝑎0,𝑏=𝑏0

 𝜒𝑎,𝑏(2𝑈𝜕𝑈)
𝑎(2𝑉𝜕𝑉 + Δ2 + Δ3)

𝑏 (𝑈
Δ1+Δ2
2 𝐷‾Δ1,Δ2,Δ3,Δ4)  

𝒢𝑐,𝑙.𝑠(𝑈, 𝑉) = (−1)𝑎1+𝑏1𝜒𝑎1,𝑏1(2𝑈)
𝑎1(2𝑉)𝑏1𝑈

Δ1+Δ2
2 𝜙Δ1+𝑎1,Δ2+𝑎1+𝑏1,Δ3+𝑏1,Δ4 ,

 

ℳΔ𝐸,ℓ𝐸
𝑒𝑥 (𝑠, 𝑡) = ∑  

∞

𝑚=0

 
𝑓𝑚,ℓ𝐸𝑄ℓ𝐸(𝑡, 𝑢)

𝑠 − 𝜏𝐸 − 2𝑚
,  

ℳΔ𝐸,ℓ𝐸
𝑒𝑥 (𝑠, 𝑡) = ∑  

𝑚0

𝑚=0

 
𝑓𝑚,ℓ𝐸𝑄ℓ𝐸(𝑡, 𝑢)

𝑠 − (Δ1 + Δ2) + 2𝑘𝑚
,  
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1

𝑠 − (Δ1 + Δ2) + 2𝑘𝑚
Γ (
Δ1 + Δ2 − 𝑠

2
) = −

1

2
Γ (
Δ1 + Δ2 − 𝑠

2
− 𝑘𝑚) ∏  

𝑘𝑚−1

𝑛=1

  [
Δ1 + Δ2 − 𝑠

2
− 𝑛]  

𝒢Δ𝐸,ℓ𝐸
𝑒𝑥 (𝑈, 𝑉) = − ∑  

𝑚0

𝑚=0

 
𝑓𝑚,ℓ𝐸
2

𝑄̂ℓ𝐸 ∏  

𝑘𝑚−1

𝑛=1

  [
Δ1 + Δ2
2

− 𝑈𝜕𝑈 − 𝑛] (𝑈
Δ1+Δ2
2

−𝑘𝑚𝐷‾Δ1−𝑘𝑚,Δ2−𝑘𝑚,Δ3,Δ4)  

 

𝑡 → 𝒟𝑡 = 2𝑉𝜕𝑉 + Δ2 + Δ3, 𝑢 → 𝒟𝑢 = Δ1 + Δ4 − 2𝑈𝜕𝑈 − 2𝑉𝜕𝑉  

𝒬ℓ𝐸(𝑠, 𝑡) = 𝒬̃ + ∑  

𝑎+𝑏=ℓ𝐸

 𝜒𝑎,𝑏𝑡
𝑎𝑢𝑏  

𝒢Δ𝐸,ℓ𝐸
𝑒𝑥,𝑙.𝑠(𝑈, 𝑉) = −

1

2
[∑  

𝑚0

𝑚=0

 𝑓𝑚,ℓ𝐸] ∑  

𝑎+𝑏=ℓ𝐸

  (−1)𝑎𝜒𝑎,𝑏2
𝑎+𝑏𝑉𝑎𝑈

Δ1+Δ2
2

−1ΦΔ1−1,Δ2−1+𝑎+𝑏,Δ3+𝑎,Δ4+𝑏
𝑙.𝑠  

ℳΔ𝐸,ℓ𝐸
𝑒𝑥 (𝑠, 𝑡) →

𝑠,𝑡→∞ ∑  𝑎+𝑏=ℓ𝐸  𝜒𝑎,𝑏𝑡
𝑎𝑢𝑏

𝑠
∑  

∞

𝑚=0

 𝑓𝑚,ℓ𝐸  

1

𝑠
Γ (
Δ1 + Δ2 − 𝑠

2
) = −

1

2
Γ (−

𝑠

2
)∏ 

𝑘−1

𝑛=1

  [
𝑘 − 𝑠

2
− 𝑛]  

𝒢Δ𝐸,ℓ𝐸
𝑒𝑥,𝑙.𝑠(𝑈, 𝑉) = −

1

2
[∑  

∞

𝑚=0

 𝑓𝑚,ℓ𝐸] ∑  

𝑎+𝑏=ℓ𝐸

  (−1)𝑎𝜒𝑎,𝑏2
𝑎+𝑏𝑉𝑎𝑈

Δ1+Δ2
2

−1ΦΔ1−1,Δ2−1+𝑎+𝑏,Δ3+𝑎,Δ4+𝑏
𝑙.𝑠  

 

𝒜2 = (𝑒1 ⋅ 𝑒2)
22𝑃1

0(2𝜋)10𝛿(10)(𝑃1 + 𝑃2)  

𝒜2 = 𝑡12
2 2𝑃1

0𝑉7(2𝜋)
3𝛿(3)(𝑃1 + 𝑃2)  

𝒜3= (𝑒1 ⋅ 𝑒2𝑒3 ⋅ 𝑃1 + cyclic)
2𝛿(11) (∑  

𝑖

 𝑃𝑖)  

 = (𝑒1 ⋅ 𝑒2𝑒3 ⋅ 𝑃1 + 𝑒2 ⋅ 𝑒3𝑒1 ⋅ 𝑃2 − 𝑒3 ⋅ 𝑒1𝑒2 ⋅ 𝑃1)
2𝛿(11) (∑  

𝑖

 𝑃𝑖) ,

 

𝒜3 = [(𝑒1 ⋅ 𝑒2𝑒3 ⋅ 𝑃1)
2 + (𝑒2 ⋅ 𝑒3𝑒1 ⋅ 𝑃2)

2 + (𝑒3 ⋅ 𝑒1𝑒2 ⋅ 𝑃1)
2 + 2𝑒1 ⋅ 𝑒2𝑒3 ⋅ 𝑃1𝑒2 ⋅ 𝑒3𝑒1 ⋅ 𝑃2

−2𝑒2 ⋅ 𝑒3𝑒1 ⋅ 𝑃2𝑒3 ⋅ 𝑒1𝑒2 ⋅ 𝑃1 − 2𝑒1 ⋅ 𝑒2𝑒3 ⋅ 𝑃1𝑒3 ⋅ 𝑒1𝑒2 ⋅ 𝑃1]𝛿
(11) (∑  

𝑖

 𝑃𝑖)
 

𝑃𝑖
𝐴𝑃𝑗

𝐵 →
1

ℓ2
∫  𝑑6𝑝̂𝑖

𝐴𝑑6𝑝̂𝑗
𝐵 =

1

ℓ2
𝛿𝑖𝑗𝛿

𝐴𝐵  
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𝒜3 → −
2𝑉7
ℓ2
𝑒1 ⋅ 𝑒2𝑒2 ⋅ 𝑒3𝑒3 ⋅ 𝑒1𝛿

(4) (∑ 

𝑖

 𝑃𝑖) = −
2𝑉7
ℓ2
𝑡12𝑡23𝑡13𝛿

(4) (∑ 

𝑖

 𝑃𝑖)  

ℳ2,2,2,2 =
1

𝑐𝑇
ℳ2,2,2,2

𝑅 +
1

𝑐𝑇

5
3

𝐵𝑅
4
ℳ2,2,2,2

(4)

 +
1

𝑐𝑇

7
3

(𝐵4
𝐷6𝑅4ℳ2,2,2,2

(4)
+ 𝐵6

𝐷6𝑅4ℳ2,2,2,2
(6)

+ 𝐵7
𝐷6𝑅4ℳ2,2,2,2

(7)
) +⋯

 

𝐵4
𝑅4 = 1120(

2

9𝜋8𝑘𝐶𝑆
2 )

1
3

, 𝐵4
𝐷6𝑅4 = −

1352960

9
(

36

𝜋10𝑘𝐶𝑆
4 )

1
3

𝐵6
𝐷6𝑅4 = −220528(

36

𝜋10𝑘𝐶𝑆
4 )

1
3

, 𝐵7
𝐷6𝑅4 = 16016(

36

𝜋10𝑘𝐶𝑆
4 )

1
3

 

ℳ2,2,2,2
(4),𝐻𝐸

= (𝑠 + 𝑡 − 𝑠𝛼)2(𝑠 + 𝑡 − 𝑠𝛼‾)2

ℳ2,2,2,2
(6),𝐻𝐸

= 2(𝑠2 + 𝑡2 + 𝑠𝑡)(𝑠 + 𝑡 − 𝑠𝛼)2(𝑠 + 𝑡 − 𝑠𝛼‾)2

ℳ2,2,2,2
(7),𝐻𝐸

= 𝑠𝑡𝑢(𝑠 + 𝑡 − 𝑠𝛼)2(𝑠 + 𝑡 − 𝑠𝛼‾)2

 

lim
ℓ→∞

 
𝑉7

(2𝜋)4
⟨𝒪2…𝒪2⟩ = [1 + 𝑓1(ℓ11𝜕𝑢4)

6
+ 𝑓2(ℓ11𝜕𝑢4)

10
+ 𝑓3(ℓ11𝜕𝑢4)

11
] 𝒞̃4  

𝑓3 = 𝒩3𝑓1
2, 𝑓2 = 𝒩2 |

𝑧24
𝑧12
|
4

((1 − 𝑧)2 |
𝑧34
𝑧23
|
4

− 𝑧(1 − 𝑧) |
𝑧34
𝑧23
|
2

+ 𝑧2)𝑓1

𝑓1 = 𝒩1𝑧
2|𝑧24|

2|𝑧34|
2|𝑧14|

4

 

La supersimetría extendida, en un campo cuántico relativista bajo supergravedad, se calcula así: 

𝑍SUGRA = ∑  

𝑚∈{ Configurations }

  ∏  

𝑖∈{ Spectrum }

 𝑍i-th field in m-th conf.  

ℎ ≥ 𝑗  

𝜒g(ℎ, 𝑗) = Tr((−1)𝐹𝑞𝐿0𝑧𝐽0
3
)  

𝜒g(𝑗) = 𝑞𝑗𝜒𝑗(𝑧) − 2𝑞
𝑗+
1
2𝜒
𝑗−
1
2
(𝑧) + 𝑞𝑗+1𝜒𝑗−1(𝑧)  

𝜒𝑗(𝑧) =
𝑧𝑗+1/2 − 𝑧−𝑗−1/2

𝑧1/2 − 𝑧−1/2
, 𝑗 ≥ 0  

𝜒g(0) = 𝑞0𝜒0(𝑧) = 1, 𝜒
g(1/2) = 𝑞1/2𝜒1/2(𝑧) + 2𝑞

1𝜒0(𝑧)

𝜒g(1) = 𝑞1𝜒1(𝑧) − 2𝑞
3/2𝜒1/2(𝑧) + 𝑞

2𝜒0(𝑧)
 



pág. 1208 

𝝃(2)(𝑗) = 𝜒g(𝑗 + 1)𝜒‾g(𝑗), 𝝃
(2)
(𝑗) = 𝜒g(𝑗)𝜒‾g(𝑗 + 1)

𝝃
(
3
2
)
(𝑗) = 𝜒g (𝑗 +

1

2
)𝜒‾g(𝑗), 𝝃

(
3
2
)
(𝑗) = 𝜒g(𝑗)𝜒‾g (𝑗 +

1

2
)

𝝃(1)(𝑗) = 𝜒g(𝑗)𝜒‾g(𝑗)

 

𝝃(2)(0) +∑  

𝑗≥
1
2

  [𝝃(2)(𝑗) + 𝟐𝟏21𝝃
(1)(𝑗) + 𝝃(1) (𝑗 +

1

2
)] + cc.

 

𝝃(2)(0) = [𝑞1𝜒1(𝑧) − 2𝑞
3/2𝜒1/2(𝑧) + 𝑞

2𝜒0(𝑧)] × [(𝑞‾
0𝜒0(𝑧‾))]  

1 × (1,0,1,0) + 2 × (
3

2
, 0,
1

2
, 0) + 1 × (2,0,0,0)  

𝑑𝑠6D
2 = 𝑑𝜌2 + cosh2 𝜌𝑑𝑡E

2 + sinh2 𝜌𝑑𝜑2 + 𝑑𝜃2 + sin2 𝜃𝑑𝜙1
2 + cos2 𝜃𝑑𝜙2

2  

(𝑡E, 𝜑, 𝜙1, 𝜙2) ∼ (𝑡E + 𝛽,𝜑 + 𝑖𝛽𝜇, 𝜙1 + 𝑖𝛽𝜈1, 𝜙2 + 𝑖𝛽𝜈2)  

𝜏 =
𝛽𝜇 + 𝑖𝛽

2𝜋
, 𝑞 ≡ 𝑒2𝜋𝑖𝜏  

𝜈 = 𝛽𝜈2 − 𝛽𝜈1, 𝑧 = 𝑒
2𝜋𝑖𝜈  

𝐾(𝑠)(𝑥, 𝑦; 𝑡) =∑  

𝑛

 Ψ𝑛
(𝑠)
(𝑥)Ψ𝑛

∗(𝑠)
(𝑦)𝑒𝑡𝜆𝑛

(𝑠)

 

𝐾𝐺/Γ(𝑥, 𝑦; 𝑡) =∑  

𝛾∈Γ

 𝐾𝐺(𝑥, 𝛾(𝑦); 𝑡)  

−
1

2
ln det(−Δ(𝑠) +𝑀

2) =
1

2
∫  
∞

0

 
𝑑𝑡

𝑡
∫  
𝐺/Γ

 𝑑𝜇(𝑥)𝐾(𝑠)(𝑥, 𝑥; 𝑡)𝑒−𝑀
2𝑡

 

∫  
𝐒3/ℤ𝑛

 𝑑𝜇(𝑥)𝐾𝐒3/ℤ𝑛(𝑥, 𝑥; 𝑡) = ∑  

𝑚∈ℤ𝑛

 ∑  

ℓ,ℓ‾

 𝜒ℓ(𝑧
𝑚)𝜒ℓ‾(𝑧‾

𝑚)𝑒−𝐶(ℓ,ℓ
‾)𝑡

 

𝜏2
2𝜋
∑  

𝑚∈ℤ

 ∫  
∞

0

 𝑑𝜆[𝜒̂(𝑗1,𝑗2)(𝑒
𝑖𝜋𝑚𝜏) + 𝜒̂(𝑗2,𝑗1)(𝑒

𝑖𝜋𝑚𝜏)]𝑒−(𝜆
2+𝑠+1)𝑡

 

𝜒̂𝑗1,𝑗2(𝛼) =
𝛼2𝑗1+1𝛼‾2𝑗2+1 + 𝛼−2𝑗1−1𝛼‾−2𝑗2−1

|𝛼 − 𝛼−1|2
 

𝜏2
2𝜋
∑  

𝑚∈ℤ

 ∫  
∞

0

 𝑑𝜆[𝜒̂(𝑗1,𝑗2)(𝑒
𝑖𝜋𝑚𝜏)𝜒ℓ(𝑧

𝑚)𝜒ℓ‾(𝑧‾
𝑚) + 𝜒̂(𝑗2,𝑗1)(𝑒

𝑖𝜋𝑚𝜏)𝜒ℓ‾(𝑧
𝑚)𝜒ℓ(𝑧‾

𝑚)]𝑒−(𝜆
2+𝑠+1+𝑀2)𝑡

 

∑  

∞

𝑚=1

 
𝜋𝜏2𝑒

2𝜋𝑖𝑠𝑚𝜏1𝜒ℓ(𝑧
𝑚)𝜒ℓ‾(𝑧‾

𝑚)

√4𝜋𝑡|sin 𝜋𝑚𝜏|2
𝑒−

4𝜋2𝑚2𝜏2
2

4𝑡 𝑒−(𝑠+1+𝑀
2)𝑡  

𝑍1−loop = det
−1/2(−Δ(𝑠) +𝑀

2)  
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ln 𝑍1− loop 

(3/2)
=
1

2
ln det (−Δ(3/2) +

9

4
) +

1

2
ln det (−Δ(1/2) −

3

4
) .  

1

4𝜋1/2
∫  
∞

0

 
𝑑𝑡

𝑡3/2
𝑒−

𝛼2

4𝑡
−𝛽2𝑡 =

1

2𝛼
𝑒−𝛼𝛽  

ln 𝑍one helicity 

(3/2)
= − ∑  

∞

𝑚=1

 
(−1)𝑚

𝑚

𝑞
3𝑚
2

1 − 𝑞𝑚
(𝑧+1/2 + 𝑧−1/2)  

ln 𝑍one helicity 

(3/2)
= −∑  

∞

𝑛=2

  [ln (1 − 𝑧+1/2𝑞𝑛−1/2) + ln (1 − 𝑧−1/2𝑞𝑛−1/2)]  

𝑍(3/2) =∏ 

∞

𝑛=2

  |1 − 𝑧+1/2𝑞𝑛−1/2|
2
|1 − 𝑧−1/2𝑞𝑛−1/2|

2
 

𝑍1(𝑞, 𝑧) =
𝑞3/2

1 − 𝑞
𝜒1/2(𝑧)  

𝑍1(𝑞) → ∑  

∞

𝑚=1

 
1

𝑚
𝑍1(𝑞

𝑚)  

𝐿0 → 𝐿0 + 2𝑚𝐽0
3 + 𝑘𝑚2

𝐽𝑛
3 → 𝐽𝑛

3 + 𝑘𝑚𝛿𝑛,0

𝐽𝑛
± → 𝐽𝑛±𝑤

±

 

𝑑𝜃2 + sin2 𝜃(𝑑Φ1 + 𝐴1)
2 + cos2 𝜃(𝑑Φ2 + 𝐴2)

2  

𝐴 = 𝐴1 + 𝐴2, 𝐴‾ = 𝐴2 − 𝐴1.  

𝑆gauge = −
𝑖𝑘

4𝜋
∫  𝑑3𝑥Tr [𝐴𝑑𝐴 +

2

3
𝐴3] + 𝑆bnd  

𝐿0
gauge 

=
1

8𝜋
∮   𝑑𝑤𝐴𝑤

2 , 𝐽0
3 = 𝑖𝑘∮   

𝑑𝑤

2𝜋𝑖
𝐴𝑤  

𝑑Φ1 → 𝑑Φ1 +𝑚𝑑𝑤 +𝑚‾ 𝑑𝑤‾ , 𝑑Φ2 → 𝑑Φ2 +𝑚𝑑𝑤 −𝑚‾ 𝑑𝑤‾  

𝐴 → 𝐴 + 2𝑚𝑑𝑤, 𝐴‾ → 𝐴‾ + 2𝑚‾ 𝑑𝑤‾  

𝐿0 → 𝐿0 + 2𝑚𝐽0
3 + 𝑘𝑚2, 𝐽0

3 → 𝐽0
3 + 𝑘𝑚,  

𝐴𝑤‾ ∝
𝜈

𝜏
, 𝐴‾𝑤 ∝

𝜈‾

𝜏
 

exp [𝑖 ∫ 
𝛾

 𝐴] = −1  

𝐴𝑤 ∝ −
𝜈

𝜏
+ 2𝑚, 𝐴‾𝑤 ∝ −

𝜈‾

𝜏
+ 2𝑚‾ ,  
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Z(0,0)
1-loop 

=
1

∏  ∞
𝑛=1   |1 − 𝑧

+1𝑞𝑛|2|1 − 𝑞𝑛|2|1 − 𝑧−1𝑞𝑛|2⏟                          
3 vectors 

×

∏ 

∞

𝑛=2

  |1 − 𝑧1/2𝑞𝑛−1/2|
4
|1 − 𝑧−1/2𝑞𝑛−1/2|

4

⏟                          
4 gravitini 

×
1

∏  ∞
𝑛=2   |1 − 𝑞

𝑛|2⏟          
graviton 

 

𝑆on−shell = −
𝑖𝜋𝑘𝜏

2
+
𝑖𝜋𝑘‾𝜏‾

2
− 𝜋𝜏2(𝐴𝑤‾

2 + 𝐴‾𝑤
2 )  

ZSUGRA 

1− loop 
= ∑  

∞

𝑚,𝑚‾ =0

 𝑞𝑘𝑚
2+𝑘𝑚‾ 2𝑧𝑘𝑚+𝑘𝑚‾  

 ×
∏  ∞
𝑛=2   |1 − 𝑧

1/2𝑞𝑚+𝑛−1/2|
4
|1 − 𝑧−1/2𝑞−𝑚+𝑛−1/2|

4

∏  ∞
𝑛=1   |1 − 𝑧𝑞

2𝑚+𝑛|2|1 − 𝑞𝑛|2|1 − 𝑧−1𝑞−2𝑚+𝑛|2∏  ∞
𝑛=2   |1 − 𝑞

𝑛|2

 

𝜒(0)|𝑚=0 =∏ 

∞

𝑛=1

 
(1 − 𝑧+1/2𝑞𝑛−1/2)

2
(1 − 𝑧−1/2𝑞𝑛−1/2)

2

(1 − 𝑧𝑞𝑛)(1 − 𝑞𝑛)2(1 − 𝑧−1𝑞𝑛−1)
[

1

(1 − 𝑧+1/2𝑞−1/2)2
−

𝑧−1

(1 − 𝑧−1/2𝑞−1/2)2
] 

(1 − 𝑧−1)(1 − 𝑞)

(1 − 𝑧+1/2𝑞1/2)2(1 − 𝑧−1/2𝑞1/2)2
,  

𝔣(𝑞, 𝑧) → ∑  

𝑚∈ℤ

 𝑞𝑘𝑚
2
𝑧𝑘𝑚𝔣(𝑞, 𝑧𝑞2𝑚)  

𝜒(0)|𝑚=0 = 𝑞
1
4
𝜗4
2(𝑧1/2, 𝑞)

𝜂(𝑞)3𝜗1(𝑧, 𝑞)
[𝜇(𝑞, 𝑧) − 𝜇(𝑞, 𝑧−1)]𝑚=0.  

𝜗4
2(𝑧1/2, 𝑞)

𝜂(𝑞)3𝜗1(𝑧, 𝑞)
→ 𝑞−𝑚

2
𝑧−𝑚

𝜗3
2(𝑧1/2, 𝑞)

𝜂(𝑞)3𝜗1(𝑧, 𝑞)
.  

[𝜇(𝑞, 𝑧) − 𝜇(𝑞, 𝑧−1)]𝑚=0 → 𝑞𝑚
2
𝑧𝑚[𝜇(𝑞, 𝑧) − 𝜇(𝑞, 𝑧−1)]𝑚.  

𝜒(0) = 𝑞
1
4
𝜗4
2(𝑧1/2, 𝑞)

𝜂(𝑞)3𝜗1(𝑧, 𝑞)
[𝜇(𝑞, 𝑧) − 𝜇(𝑞, 𝑧−1)]  

ZSUGRA
1− loop 

= 𝜒(0)𝜒‾(0),  

𝝃(2)(0) + 2𝝃
(
3
2
)
(0) +∑  

𝑗≥
1
2

  [𝝃(2)(𝑗) + 𝟒5𝝃
(
3
2
)
(𝑗) + 𝟓5𝝃

(1)(𝑗) + 𝝃(1) (𝑗 +
1

2
)] + cc

 

𝝃
(
3
2
)
(0) = 𝑞1/2𝜒1/2(𝑧) − 2𝑞  

1 × (
1

2
, 0,
1

2
, 0) + 2 × (1,0,0,0)  
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∏ 

∞

𝑛=1

  |1 − 𝑧+1/2𝑞𝑛−1/2|
4
|1 − 𝑧−1/2𝑞𝑛−1/2|

4

⏟                            

4 spin- 
1
2

 fermions 

×
1

∏  ∞
𝑛=1   |1 − 𝑞

𝑛|8⏟          
4 vectors 

 

∏ 

∞

𝑛=1

 
(1 − 𝑧+1/2𝑞𝑛−1/2)

2
(1 − 𝑧−1/2𝑞𝑛−1/2)

2

(1 − 𝑞𝑛)4
 

ℎ ≥ (
1

1 + 𝛼
𝑗− +

𝛼

1 + 𝛼
𝑗+)  

ℎ ≥
1

𝑘+ + 𝑘−
[𝑘+ℓ− + 𝑘−ℓ+ + (ℓ+ − ℓ−)

2 + 𝑢2]  

𝜒g(ℎ, 𝑗+, 𝑗−) = Tr ((−1)
𝐹𝑞𝐿0𝑧+

𝐽0
+,3

𝑧−
𝐽0
−,3

)  

𝜒S
g
(ℓ+, ℓ−)= 𝑞

ℎ𝜒ℓ+(𝑧+)𝜒ℓ−(𝑧−)  

+𝑞ℎ+
1
2 [𝜒

ℓ++
1
2

(𝑧+)𝜒ℓ−−
1
2

(𝑧−) + 𝜒ℓ+−
1
2

(𝑧+)𝜒ℓ−+
1
2

(𝑧−) + 𝜒ℓ+−
1
2

(𝑧+)𝜒ℓ−−
1
2

(𝑧−)] 

+𝑞ℎ+1[𝜒ℓ+(𝑧+)𝜒ℓ−−1(𝑧−) + 𝜒ℓ+−1(𝑧+)𝜒ℓ−(𝑧−) + 𝜒ℓ+(𝑧+)𝜒ℓ−(𝑧−)]  

 +𝑞ℎ+
3
2𝜒
𝑙+−

1
2

(𝑧+)𝜒𝑙−−
1
2

(𝑧−)

 

𝜒S
g
(
1

2
,
1

2
) = −𝑞

1
2𝜒1
2

(𝑧+)𝜒1
2

(𝑧−) + 𝑞[1 + 𝜒1(𝑧+) + 𝜒2(𝑧−)] − 𝑞
3
2𝜒1
2

(𝑧+)𝜒1
2

(𝑧−) + 𝑞
2  

∑ 

∞

𝑗=0

  |𝜒S
g
(𝑗, 𝑗) + 𝜒S

g
(𝑗 +

1

2
, 𝑗 +

1

2
)|
2

+  Long  

[−𝑞
1
2𝜒1
2

(𝑧+)𝜒1
2

(𝑧−) + 𝑞[1 + 𝜒1(𝑧+) + 𝜒2(𝑧−)] − 𝑞
3
2𝜒1
2

(𝑧+)𝜒1
2

(𝑧−) + 𝑞
2] × [𝑞‾0]  

(
1

2
, 0,
1

2
, 0,
1

2
, 0) + (1,0,0,0,0,0)  

(1,0,1,0,0,0) + (1,0,0,0,1,0) + (
3

2
, 0,
1

2
, 0,
1

2
, 0) + (2,0,0,0,0,0)  

𝑑𝑠9D
2 = 𝑑𝜌2 + cosh2 𝜌𝑑𝑡E

2 + 𝑅+
2𝑑Ω+

2 + 𝑅−
2𝑑Ω−

2  

(𝑡E, 𝜑, 𝜙+,1, 𝜙+,2, 𝜙−,1, 𝜙−,2) ∼

(𝑡E + 𝛽,𝜑 + 𝑖𝛽𝜇, 𝜙+,1 + 𝑖𝛽𝜈+,1, 𝜙+,2 + 𝑖𝛽𝜈+,2, 𝜙−,1 + 𝑖𝛽𝜈−,1, 𝜙−,2 + 𝑖𝛽𝜈−,2)
 

𝜈+ = 𝛽𝜈+,2 − 𝛽𝜈+,1 → 𝑧+ = 𝑒
2𝜋𝑖𝜈+ , 𝜈− = 𝛽𝜈−,2 − 𝛽𝜈−,1 → 𝑧− = 𝑒

2𝜋𝑖𝜈−  

𝜏2
2𝜋
∑  

𝑚∈ℤ

 ∫  
∞

𝑜

 𝑑𝜆 [𝜒̂(𝑗1,𝑗2) (𝑒
𝑖𝑚𝜏
2 )𝜒ℓ+(𝑧+

𝑚)𝜒ℓ‾+(𝑧‾+
𝑚)𝜒ℓ−(𝑧−

𝑚)𝜒ℓ‾−(𝑧‾−
𝑚)] 𝑒−(𝜆

2+𝑠+1+𝑀2)𝑡
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ln 𝑍(3/2) = − ∑  

∞

𝑚=1

 
(−1)𝑚

𝑚

𝑞
3𝑚
2

1 − 𝑞𝑚
(𝑧+
1/2
+ 𝑧+

−1/2
) (𝑧−

1/2 + 𝑧−
−1/2)  

𝑍(3/2) =∏ 

∞

𝑛=2

  |1 − 𝑧+
1/2
𝑧−
1/2𝑞𝑛−1/2|

2
|1 − 𝑧+

−1/2
𝑧−
1/2𝑞𝑛−1/2|

2

 × |1 − 𝑧+
1/2
𝑧−
−1/2𝑞𝑛−1/2|

2
|1 − 𝑧+

−1/2
𝑧−
−1/2𝑞𝑛−1/2|

2

 

𝑍(3/2) =∏ 

∞

𝑛=2

  ∏  

𝜆±∈{±}

  |1 − 𝑧+
𝜆+/2𝑧−

𝜆−/2𝑞𝑛−1/2|
2

 

𝑑𝜃+
2  + sin2 𝜃+(𝑑Φ+,1 + 𝐴+,1)

2
+ cos2 𝜃+(𝑑Φ+,2 + 𝐴+,2)

2

 +𝑑𝜃−
2 + sin2 𝜃−(𝑑Φ−,1 + 𝐴−,1)

2
+ cos2 𝜃−(𝑑Φ−,2 + 𝐴−,2)

2  

𝐴+ = 𝐴+,1 + 𝐴+,2, 𝐴‾+ = 𝐴+,2 − 𝐴+,1
𝐴− = 𝐴−,1 + 𝐴−,2, 𝐴‾− = 𝐴−,2 − 𝐴−,1

 

𝐴+,𝑤‾ ∝
𝜈+
𝜏
, 𝐴‾+,𝑤 ∝

𝜈‾+
𝜏
, 𝐴−,𝑤‾ ∝

𝜈−
𝜏
, 𝐴‾−,𝑤 ∝

𝜈‾−
𝜏

 

𝐴+,𝑤 ∝
𝜈+
𝜏
+ 2𝑚+, 𝐴‾+,𝑤‾ ∝

𝜈‾+
𝜏
+ 2𝑚‾ +, 𝐴−,𝑤 ∝

𝜈−
𝜏
+ 2𝑚−, 𝐴‾−,𝑤‾ ∝

𝜈‾−
𝜏
+ 2𝑚‾ −,  

𝐿0→ 𝐿0 + 2𝑚+𝐽0
+,3 + 𝑘+𝑚+

2 + 2𝑚−𝐽0
−,3 + 𝑘−𝑚−

2  

𝐽𝑛
+,3→ 𝐽𝑛

+,3 + 𝑘+𝑚+𝛿𝑛,0  

𝐽𝑛
−,3 → 𝐽𝑛

−,3 + 𝑘−𝑚−𝛿𝑛,0

𝐽𝑛
± → 𝐽𝑛±𝑚±

±

 

Z(0,0)
1-loop 

=∏ 

∞

𝑛=1

  ∏  

𝜆̃±∈{±}

  |1 − 𝑧+
𝜆̃+/2𝑧−

𝜆̃−/2𝑞𝑛−1/2|
2

⏟                      

4 spin- 
1
2

 fermions 

×
1

∏  ∞
𝑛=1   |1 − 𝑞

𝑛|2⏟          
u(1) vector 

 

Z(0,0)
1− loop 

=
1

∏  ∞
𝑛=1  ∏  𝜇+∈{0,±}   |1 − 𝑧+

𝜇+𝑞𝑛|
2

⏟                  
3𝔰𝔲(2)+vectors 

×
1

∏  ∞
𝑛=1  ∏  𝜇−∈{0,±}   |1 − 𝑧−

𝜇−𝑞𝑛|
2

⏟                  
3𝔰𝔲(2)−vectors 

 

 ×∏  

∞

𝑛=2

  ∏  

𝜆±∈{±}

  |1 − 𝑧+
𝜆+/2𝑧−

𝜆−/2𝑞𝑛−
1
2|
2

⏟                      
4 gravitini 

×
1

∏  ∞
𝑛=2   |1 − 𝑞

𝑛|2⏟          
graviton 

 

ZSUGRA
(1 loop )

= ∑  

∞

𝑚±,𝑚‾ ±=0

 𝑞𝑘+𝑚+
2+𝑘+𝑚‾ +

2+𝑘−𝑚−
2+𝑘−𝑚‾ −

2
𝑧𝑘+𝑚+𝑘+𝑚‾ ++𝑘−𝑚−+𝑘−𝑚‾ −

 ×
∏  ∞
𝑛=2  ∏  𝜆±∈{±}   |1 − 𝑧+

𝜆+/2𝑧−
𝜆−/2𝑞𝑚++𝑚−−1/2|

2
∏  ∞
𝑛=1  ∏  𝜆̃±∈{±}

  |1 − 𝑧+
𝜆̃+/2𝑧−

𝜆̃−/2𝑞𝑚++𝑚−−1/2|
2

∏  ∞
𝑛=1  ∏  𝜇±∈{0,±}   |1 − 𝑧±

𝜇±𝑞2𝑚±+𝑛|
2
∏  ∞
𝑛=2   |1 − 𝑞

𝑛|2∏  ∞
𝑛=1   |1 − 𝑞

𝑛|2
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∏ 

∞

𝑛=1

 
(1 − 𝑧+

1/2
𝑧−
1/2𝑞𝑛−1/2) (1 − 𝑧+

−1/2
𝑧−
1/2𝑞𝑛−1/2) (1 − 𝑧+

1/2
𝑧−
−1/2𝑞𝑛−1/2) (1 − 𝑧+

−1/2
𝑧−
−1/2𝑞𝑛−1/2)

(1 − 𝑧+𝑞
𝑛)(1 − 𝑧+

−1𝑞𝑛)(1 − 𝑧−𝑞
𝑛)(1 − 𝑧−

−1𝑞𝑛)(1 − 𝑞𝑛)3 (𝑧+
1/2
− 𝑧+

−1/2
) (𝑧−

1/2
− 𝑧−

−1/2
)

 × [
𝑧+
1/2
𝑧−
1/2

1 + 𝑧+
1/2
𝑧−
1/2
𝑞1/2

−
𝑧+
−1/2

𝑧−
1/2

1 + 𝑧+
−1/2

𝑧−
1/2
𝑞1/2

−
𝑧+
1/2
𝑧−
−1/2

1 + 𝑧+
1/2
𝑧−
−1/2

𝑞1/2
+

𝑧+
−1/2

𝑧−
−1/2

1 + 𝑧+
−1/2

𝑧−
−1/2

𝑞1/2
]

 

(𝑧+ − 𝑧+
−1)(𝑧− − 𝑧−

−1)(1 − 𝑞)

(1 + 𝑧+𝑧−𝑞
1/2)(1 + 𝑧+

−1𝑧−𝑞
1/2)(1 + 𝑧+𝑧−

−1𝑞1/2)(1 + 𝑧+
−1𝑧−

−1𝑞1/2)
,  

𝜒(0)|𝑚±=0 = 𝑞
5
8
𝜗4
2 (𝑧+

1/2
𝑧−
1/2, 𝑞) 𝜗4

2 (𝑧+
1/2
𝑧−
−1/2, 𝑞)

𝜂(𝑞)3𝜗1(𝑧+, 𝑞)𝜗1(𝑧−, 𝑞)
∑  

𝜖±=±1

  𝜖+𝜖−𝜇(𝑞, 𝑧+
𝜖+ , 𝑧−

𝜖−)|

𝑚±=0

 

𝔣(𝑞, 𝑧) → ∑  

𝑚±∈ℤ

 𝑞𝑘+𝑚+
2+𝑘−𝑚−

2
𝑧𝑘+𝑚++𝑘−𝑚−𝔣(𝑞, 𝑧+𝑞

2𝑚+ , 𝑧−𝑞
2𝑚−)  

𝜇(𝑞, 𝑧+, 𝑧−)|𝑚±=0 → 𝜇(𝑞, 𝑧+, 𝑧−)|𝑚±
 

𝜗4
2 (𝑧+

1/2
𝑧−
1/2, 𝜏) 𝜗4

2 (𝑧+
1/2
𝑧−
−1/2, 𝜏)

𝜂(𝜏)3𝜗1(𝑧+, 𝜏)𝜗1(𝑧−, 𝜏)
→
𝜗4
2 (𝑧+

1/2
𝑧−
1/2, 𝜏) 𝜗4

2 (𝑧+
1/2
𝑧−
−1/2, 𝜏)

𝜂(𝜏)3𝜗1(𝑧+, 𝜏)𝜗1(𝑧−, 𝜏)
 

ZBTZ in R−R(𝜏, 𝜈, 𝜏‾, 𝜈‾) = ZAdS in NS-NS (−
1

𝜏
, 𝜈𝜏, −

1

𝜏‾
, 𝜈‾𝜏‾)  

[𝐿𝑚, 𝐿𝑛]= (𝑚 − 𝑛)𝐿𝑚+𝑛 +
1

2
𝑘𝑚(𝑚2 − 1)𝛿𝑚+𝑛,0  

{𝐺𝑟
𝑎, 𝐺𝑠

𝑎̇}= 2𝛿𝑎𝑎̇𝐿𝑟+𝑠 − 2(𝑟 − 𝑠)(𝜎
𝑖)
𝑎𝑎̇
𝐽𝑟+𝑠
𝑖 +

1

2
𝑘(4𝑟2 − 1)𝛿𝑟+𝑠,0𝛿

𝑎𝑎̇ 

[𝐽𝑚
𝑖 , 𝐽𝑛

𝑗
] = 𝑖𝜖𝑖𝑗𝑘𝐽𝑚+𝑛

𝑘 +
1

2
𝑘𝑚𝛿𝑚+𝑛,0𝛿

𝑖𝑗

[𝐿𝑚, 𝐺𝑟
𝑎] = (

1

2
𝑚 − 𝑟)𝐺𝑚+𝑟

𝑎

[𝐿𝑚, 𝐽𝑛
𝑖 ] = −𝑛𝐽𝑚+𝑛

𝑖

[𝐽𝑚
𝑖 , 𝐺𝑟

𝑎] = −
1

2
(𝜎𝑖)

𝑎
 𝑏𝐺𝑚+𝑟

𝑏

 

𝐿0|ℎ, ℓ⟩ = ℎ|ℎ, ℓ⟩, 𝐽0
3|ℎ, ℓ⟩ = 𝑗|ℎ, ℓ⟩, 𝐽0

+|ℎ, ℓ⟩ = 0

𝐽𝑛
𝑖 |ℎ, ℓ⟩ = 𝐺𝑟

𝑎|ℎ, ℓ⟩ = 𝐺𝑟
𝑎̇|ℎ, ℓ⟩ = 𝐿𝑛|ℎ, ℓ⟩ = 0, 𝑛, 𝑟 > 0

 

ℎ ≥ ℓ  

𝝌(ℎ, ℓ; 𝛿) = TrNS(𝑒
𝑖𝜋𝛿𝐹𝑞𝐿0𝑧𝐽0

3
)  

𝜒(ℓ; 𝛿) = 𝑞ℓ
∏  𝑛=1   (1 + 𝑒

𝑖𝜋𝛿𝑧1/2𝑞𝑛−1/2)
2
(1 + 𝑒𝑖𝜋𝛿𝑧−1/2𝑞𝑛−1/2)

2

∏  𝑛=1   (1 − 𝑞
𝑛)2(1 − 𝑧+1𝑞𝑛)(1 − 𝑧−1𝑞𝑛−1)

𝑧−1/2(𝜇(𝑞, 𝑧; 𝛿) − 𝜇(𝑞, 𝑧−1; 𝛿)),  

𝜇(𝑞, 𝑧; 𝛿) = ∑  

𝑚∈ℤ

 
𝑧(𝑘+1)𝑚+ℓ+1/2𝑞(𝑘+1)𝑚

2+(2ℓ+1)𝑚

(1 + 𝑒𝑖𝜋𝛿𝑧1/2𝑞𝑚+1/2)2
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𝜒(ℓ; 𝛿) = −𝑖𝑞ℓ+1/4
𝜗3+𝛿
2 (𝑧1/2, 𝑞)

𝜂(𝑞)3𝜗1(𝑧, 𝑞)
(𝜇(𝑞, 𝑧; 𝛿) − 𝜇(𝑞, 𝑧−1; 𝛿)),  

𝜂(𝑞) = 𝑞1/24∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)  

𝜗1(𝑞, 𝑧) = −𝑖𝑞
1/8(𝑧1/2 − 𝑧−1/2)∏  

∞

𝑛=1

  (1 − 𝑞𝑛)(1 − 𝑧𝑞𝑚)(1 − 𝑧−1𝑞𝑚)

𝜗2(𝑞, 𝑧) = 𝑞
1/8(𝑧1/2 + 𝑧−1/2)∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)(1 + 𝑧𝑞𝑚)(1 + 𝑧−1𝑞𝑚)

𝜗3(𝑞, 𝑧) =∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)(1 + 𝑧𝑞𝑚−1/2)(1 + 𝑧−1𝑞𝑚−1/2)

𝜗4(𝑞, 𝑧) =∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)(1 − 𝑧𝑞𝑚−1/2)(1 − 𝑧−1𝑞𝑚−1/2)

 

[𝐿𝑚, 𝐿𝑛]= (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
𝑚(𝑚2 − 1)𝛿𝑚+𝑛,0,  

{𝐺𝑟
𝑎, 𝐺𝑠

𝑏}= 2𝛿𝑎𝑏𝐿𝑟+𝑠 + 4(𝑟 − 𝑠)𝑖 (𝛾(𝛼
+,𝑖)

𝑎𝑏
𝐽𝑟+𝑠
+,𝑖 + (1 − 𝛾)(𝛼−,𝑖)

𝑎𝑏
𝐽𝑟+𝑠
−,𝑖 ) 

 +
𝑐

12
(4𝑟2 − 1)𝛿𝑟+𝑠,0𝛿

𝑎𝑏 ,

[𝐽𝑚
±,𝑖, 𝐽𝑛

±,𝑗
] = 𝑖𝜖𝑖𝑗𝑘𝐽𝑚+𝑛

±,𝑘 +
1

2
𝑘±𝑚𝛿𝑚+𝑛,0𝛿

𝑖𝑗 ,

[𝐽𝑚
±,𝑖, 𝐺𝑟

𝑎] = 𝑖(𝛼±,𝑖)
𝑎𝑏
𝐺𝑚+𝑟
𝑏 ∓

2𝑘±

𝑘+ + 𝑘−
𝑚(𝛼±,𝑖)

𝑎𝑏
𝑄𝑚+𝑟
𝑏 ,

 

{𝑄𝑟
𝑎 , 𝑄𝑠

𝑏}=
𝑘+ + 𝑘−
2

𝛿𝑎𝑏𝛿𝑟+𝑠,0  

[𝑈𝑚, 𝑈𝑛] =
𝑘+ + 𝑘−
2

𝑚𝛿𝑚+𝑛,0

{𝑄𝑟
𝑎, 𝐺𝑠

𝑏} = 2𝛼𝑎𝑏
+𝑖𝐽𝑟+𝑠

+,𝑖 − 2𝛼𝑎𝑏
−𝑖𝐽𝑟+𝑠

−,𝑖 + 𝛿𝑎𝑏𝑈𝑟+𝑠

[𝐽𝑚
±,𝑖, 𝑄𝑟

𝑎] = 𝑖𝛼𝑎𝑏
±𝑖𝑄𝑚+𝑟

𝑏

[𝑈𝑚, 𝐺𝑟
𝑎] = 𝑚𝑄𝑚+𝑟

𝑎

 

(𝛼±,𝑖)
𝑎𝑏
=
1

2
(±𝛿𝑖𝑎𝛿𝑏0 ∓ 𝛿𝑖𝑏𝛿𝑎0 + 𝜖𝑖𝑎𝑏).  

𝑐 =
6𝑘+𝑘−
𝑘+ + 𝑘−

, 𝛾 =
𝑘−

𝑘+ + 𝑘−
〈𝐿0, 𝐿±1, 𝐽0

±,𝑖, 𝐺
±
1
2

𝑎 〉  

𝒜𝛾 = 𝒜̃𝛾⊕𝒜QU  

𝐿0|ℎ, ℓ+, ℓ−⟩= ℎ|ℎ, ℓ+, ℓ−⟩, 𝐽0
±,3|ℎ, ℓ+, ℓ−⟩ = ℓ±|ℎ, ℓ+, ℓ−⟩, 𝐽0

±,+|ℎ, ℓ+, ℓ−⟩= 0,

𝐽𝑛
±,𝑖|ℎ, ℓ+, ℓ−⟩ = 𝐺𝑟

𝑎|ℎ, ℓ+, ℓ−⟩ = 𝐿𝑛|ℎ, ℓ+, ℓ−⟩ = 0, 𝑛, 𝑟 > 0.
 

ℎ ≥
1

𝑘+ + 𝑘−
[𝑘+ℓ− + 𝑘−ℓ+ + (ℓ+ − ℓ−)

2]  
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𝜒(ℎ, ℓ+, ℓ−; 𝛿) = TrNS (𝑒
𝑖𝜋𝛿𝐹𝑞𝐿0𝑧+

𝐽0
+,3

𝑧−
𝐽0
−,3

)  

𝜒̃(ℓ+, ℓ−; 𝛿)  = 𝑞
ℎ

𝐹𝑁𝑆(𝑞, 𝑧+, 𝑧−)𝐵
+−(𝑞, 𝑧+, 𝑧−)

∏  ∞
𝑛=1   (1 − 𝑞

𝑛) (𝑧+
1/2
− 𝑧+

−1/2
) (𝑧−

1/2
− 𝑧−

−1/2
)

 × ∑  

𝜖±=±1

 𝜖+𝜖−𝜇(𝑞, 𝑧+
𝜖+ , 𝑧−

𝜖−)

 

𝐹𝑁𝑆(𝑞, 𝑧+, 𝑧−) =∏ 

∞

𝑛=1

  ∏  

𝜖±∈±

 (1 + 𝑒𝑖𝜋𝛿𝑧+
𝜖+/2𝑧−

𝜖−/2𝑞𝑛−1/2)  

𝐵+−(𝑞, 𝑧+, 𝑧−) =∏ 

∞

𝑛=1

 
1

(1 − 𝑞𝑛)2(1 − 𝑧+𝑞
𝑛)(1 − 𝑧+

−1𝑞𝑛)(1 − 𝑧−𝑞
𝑛)(1 − 𝑧−

−1𝑞𝑛)
,  

𝜇(𝑞, 𝑧+, 𝑧−) = ∑  

𝑚±∈ℤ

 𝑞𝑚+
2𝑘++𝑚−

2𝑘−+𝑚+(2𝑙++1)+𝑚−(2𝑙−+1)
𝑧+
𝑚+𝑘++𝑙++1/2𝑧−

𝑚−𝑘−+𝑙−+1/2

1 + 𝑒𝑖𝜋𝛿𝑧+
1/2
𝑧−
1/2
𝑞𝑚++𝑚−+1/2

,  

𝝌̃(ℓ+, ℓ−; 𝛿) = −𝑞
ℎ+1/2

𝜗3+𝛿 (𝑞, 𝑧+
1/2
𝑧−
1/2)𝜗3+𝛿 (𝑞, 𝑧+

1/2
𝑧−
−1/2)

𝜂(𝜏)3𝜗1(𝑞, 𝑧+)𝜗1(𝑞, 𝑧−)
∑  

𝜖±=±

  𝜖+𝜖−𝜇(𝑞, 𝑧+
𝜖+ , 𝑧−

𝜖−).  

𝜒𝑄𝑈(ℓ+, ℓ−; 𝛿) = 𝑞
−1/8

𝐹𝑁𝑆(𝑞, 𝑧+, 𝑧−)

∏  ∞
𝑛=1   (1 − 𝑞

𝑛)
,  

𝜒(ℓ+, ℓ−; 𝛿) = −𝑞
ℎ+1/2

𝜗3+𝛿 (𝑞, 𝑧+
1/2
𝑧−
1/2) 𝜗3+𝛿 (𝑞, 𝑧+

1/2
𝑧−
−1/2)

𝜂(𝜏)6𝜗1(𝑞, 𝑧+)𝜗1(𝑞, 𝑧−)
∑  

𝜖±=±1

  𝜖+𝜖−𝜇(𝑞, 𝑧+
𝜖+ , 𝑧−

𝜖−).  

−
1

2
ln det(−Δ(𝑠) +𝑀

2) =  

 ∑  

∞

𝑚=1

  (−1)𝑚(𝛿+1)
𝑞𝑠𝑚𝜒ℓ(𝑧

𝑚)𝜒ℓ‾(𝑧‾
𝑚) + 𝑞‾𝑠𝑚𝜒ℓ‾(𝑧

𝑚)𝜒ℓ(𝑧‾
𝑚)

𝑚|1 − 𝑞𝑚|2
|𝑞|𝑚(√𝑠+1+𝑀

2−(𝑠−1))
 

𝑍1− loop = det
−1/2(−Δ(𝑠) +𝑀

2)  

𝑀2 = 𝑚𝑝
2 +𝑚𝑠

2  

 scalar fields : ℎ =
1

2
(1 + √1 +𝑚𝑝

2)

 spinor fields : ℎ =
1

2
(𝑚𝑝 +

3

2
)

 vector fields : ℎ = 1 +
𝑚𝑝
2

 supergraviton: ℎ =
1

2
(𝑚𝑝 +

5

2
)

 white particle : ℎ =
1

2
(3 + √1 +𝑚𝑝

2)
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𝑚𝑠
2 = {

𝑠(𝑠 − 3) 𝑠 = 1,2

−(𝑠 + 1) 𝑠 =
1

2
,
3

2

 

−
1

2
ln det(−Δ(𝑠) +𝑀

2) =  

 ∑  

∞

𝑚=1

  (−1)𝑚(𝛿+1)
𝑞𝑠𝑚𝜒ℓ(𝑧

𝑚)𝜒ℓ‾(𝑧‾
𝑚) + 𝑞‾𝑠𝑚𝜒ℓ‾(𝑧

𝑚)𝜒ℓ(𝑧‾
𝑚)

𝑚|1 − 𝑞𝑚|2
|𝑞|2(ℎ−𝑠)

 

𝑍1− loop =∣ ∏  

∞

𝑛,𝑛‾,𝑝,𝑝‾=0

 
(1 + 𝑒𝑖𝜋𝛿𝑧ℓ+1+𝑝𝑧‾𝑝‾−ℓ

‾
𝑞ℎ+𝑛𝑞‾ℎ−𝑠+𝑛‾)

(1 + 𝑒𝑖𝜋𝛿𝑧ℓ+1+𝑝𝑧‾ℓ‾+1+𝑝‾𝑞ℎ+𝑛𝑞‾ℎ−𝑠+𝑛‾)

(1 + 𝑒𝑖𝜋𝛿𝑧𝑝−ℓ𝑧‾ℓ
‾+1+𝑝‾𝑞ℎ+𝑛𝑞‾ℎ−𝑠+𝑛‾)

(1 + 𝑒𝑖𝜋𝛿𝑧𝑝−ℓ𝑧‾𝑝‾−ℓ‾𝑞ℎ+𝑛𝑞‾ℎ−𝑠+𝑛‾)
|

2(−1)𝐹
 

𝑍1− loop = [
det

1
2(−Δ(𝑠−1) + 𝑠(𝑠 − 1))

𝑇𝑇

det
1
2(−Δ(𝑠) + 𝑠(𝑠 − 3))

𝑇𝑇
]

(−1)𝐹

, 𝑠 ≥ 1  

𝑍1−loop = | ∏  

∞

𝑛,𝑝,𝑝‾=0

 
(1 + 𝑒𝑖𝜋𝛿𝑧ℓ+1+𝑝𝑧‾𝑝‾−ℓ

‾
𝑞𝑛+𝑠)(1 + 𝑒𝑖𝜋𝛿𝑧𝑝−ℓ𝑧‾ℓ

‾+1+𝑝‾𝑞𝑛+𝑠)

(1 + 𝑒𝑖𝜋𝛿𝑧ℓ+1+𝑝𝑧‾ℓ‾+1+𝑝‾𝑞𝑛+𝑠)(1 + 𝑒𝑖𝜋𝛿𝑧𝑝−ℓ𝑧‾𝑝‾−ℓ‾𝑞𝑛+𝑠)
|

2(−1)𝐹

 

𝑍1−loop =∏ 

∞

𝑛=2

 
1

|1 − 𝑞𝑛|2
 

𝑍1− loop =∏ 

∞

𝑛=2

  |(1 + 𝑒𝑖𝜋𝛿𝑧−
1
2𝑞𝑛−

1
2) (1 + 𝑒𝑖𝜋𝛿𝑧

1
2𝑞𝑛−

1
2)|

2

 

𝑍1− loop =∏ 

∞

𝑛=1

  |
1

(1 − 𝑧−1𝑞𝑛)(1 − 𝑞𝑛)(1 − 𝑧𝑞𝑛)
|
2

 

Existen diferentes tipos de supergravedad cuántica relativista, según la geometría de la gravedad y las 

supersimetría de gauge empleada, a más de sus propagadores y osciladores en relación al espacio – 

tiempo cuántico en dimensiones altas, siendo éstas:  

Supergravedad cuántica relativista tipo I: Modelamiento Matemático. 

𝑆 = ∫  
𝑋

  (⟨𝑦, 𝐷‾ 𝑦⟩ −
1

3
⟨𝑦, [𝑦, 𝑦]⟩) ∧ Ω  

 

𝑄 ≃ Λ1,0⊕End(𝑉) ⊕ 𝑇1,0  
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𝐷‾ = (
𝜕‾ 𝛼′ℱ∗ 𝒯
0 𝜕‾𝒜 ℱ

0 0 𝜕‾
)  

ℱ(𝜇)  = 𝐹𝑎 ∧ 𝜇
𝑎

(ℱ∗(𝛼))𝑎  = tr(𝐹𝑎 ∧ 𝛼)

(𝒯(𝜇))𝑎  = −2𝑇𝑎𝑏 ∧ 𝜇
𝑏

 

i𝜕𝜕‾𝜔 =
𝛼′

4
tr(𝐹 ∧ 𝐹),  

i𝜕𝜕‾𝜔 =
𝛼′

4
(tr(𝐹 ∧ 𝐹) − tr(𝑅 ∧ 𝑅))  

𝜔4 ∧ 𝐹 = 0  
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𝑄 ≃ Λ1,0⊕End(𝑉)⊕ 𝑇1,0 ≃ Λ1,0⊕End(𝑉)⊕ Λ4,0  

⟨𝑏0,2, 𝑐5,3⟩ = ∫  
𝑋

 𝑏0,2 ∧ 𝑐5,3  

𝑦0,∙ ∈ Ω0,∙(𝑄), 𝑏0,∙ ∈ Ω0,∙, 𝑐5,∙ ∈ Ω5,∙  

𝑆 = ⟨Φ, dtotalΦ⟩ = ∫  
𝑋

  ⟨𝑦, 𝐷‾ 𝑦⟩ ∧ Ω + ∫  
𝑋

 𝑏 ∧ 𝜕‾𝑐 + ∫  
𝑋

  (𝑦⌟𝜕𝑏) ∧ Ω  

𝑦 = (𝑥, 𝛼, 𝜇)  ∈  Ω0,∙(𝑄) = Ω0,∙(Λ1,0) ⊕ Ω0,∙(End(𝑉))⊕ Ω0,∙(𝑇1,0).  

⟨𝑦1, 𝑦2⟩ = (𝜇1)
𝑎 ∧ (𝑥2)𝑎 + (𝑥1)𝑎 ∧ (𝜇2)

𝑎 + tr(𝛼1 ∧ 𝛼2)  

𝛿𝑦 = 𝐷‾ 𝛾 + 𝜕𝛽, 𝛿𝑏 = 𝜕‾𝛽, 𝛿𝑐 = 𝜕(𝑣⌟Ω) + 𝜕‾𝜅,  

𝛿Φ = dtotal Λ,  
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𝑆 =∫  
𝑋

  ⟨𝑦, 𝐷‾ 𝑦⟩ ∧ Ω +∫  
𝑋

 𝑏 ∧ 𝜕‾𝑐  

=∫  
𝑋

  (⟨𝑦0,2, 𝐷‾ 𝑦0,2⟩ + ⟨𝑦0,4, 𝐷‾ 𝑦0,0⟩) ∧ Ω + 𝑏0,3 ∧ 𝜕‾𝑐5,1 + 𝑏0,1 ∧ 𝜕‾𝑐5,3  (𝔉)   

 +∫  
𝑋

  ⟨𝑦0,3, 𝐷‾ 𝑦0,1⟩ ∧ Ω + 𝑏0,4 ∧ 𝜕‾𝑐5,0 + 𝑏0,2 ∧ 𝜕‾𝑐5,2 + 𝑏0,0 ∧ 𝜕‾𝑐5,4 (𝔅) 

 

|𝑍|= |𝐷‾ 0,2|+1/2|𝐷‾ 0,1|−1|𝐷‾ 0,0|+1|𝜕‾0,0|
−1
|𝜕‾0,1|

+1
|𝜕‾0,2|

−1
|𝜕‾0,3|

+1
|𝜕‾0,4|

−1
 

 = [∏ 

5

𝑝=0

  |Δ𝐷‾
0,𝑝
|
(−1)𝑝+1𝑝

]

1/4

[∏  

5

𝑞=0

  |Δ
𝜕‾
0,𝑞
|
(−1)𝑞+1𝑞

]

−1/2

 = 𝐼𝐷‾ (𝑄)
1/2𝐼(Λ0,0)−1

 

𝑆 =  ∫  
𝑋

  ⟨𝑦0,1, 𝐷‾ 𝑦0,3⟩ ∧ Ω + ∫  
𝑋

  (𝑏0,2 ∧ 𝜕‾𝑐5,2 + 𝑏0,4 ∧ 𝜕‾𝑐5,0)

+∫  
𝑋

  (𝑦0,1⌟𝜕𝑏0,4 + 𝑦0,3⌟𝜕𝑏0,2) ∧ Ω

 

𝛿𝜇 = 𝜕‾𝑣, 𝛿𝑐 = 𝜕(𝑣⌟Ω).  

𝑣𝑎 = ∇𝑎𝑤 + 𝑣̃𝑎  

∇𝑎𝜇
𝑎 = 0.  

𝑆 = ∫  
𝑋

  ⟨𝑦0,1, 𝐷‾ 𝑦0,3⟩ ∧ Ω  

∫  
𝑋

  ⟨𝑦, 𝑦′⟩ ∧ Ω  

P∼
0,𝑘 =

P0,𝑘

Ω𝜕-exact 
1,𝑘

  where  P0,𝑘 = {𝑦 ∈ Ω0,𝑘(𝑄): ∇𝑎𝜇
𝑎 = 0} ⊂ Ω0,∙(𝑄).  

𝛿𝑦 = 𝐷‾ 𝜖  for  𝜖 ∈ P∼
0,∙.  

𝑆 = ∫  
𝑋

  ⟨𝑦, 𝐷‾ 𝑦⟩ ∧ Ω  

|𝐷‾P
0,𝑝
| =

|𝐷‾ 0,𝑝|

|𝜕‾𝜕-exact 

1,𝑝
||𝜕‾𝜕-exact 

5,𝑝
|

 

|𝜕‾𝜕-exact 

1,𝑝
| = |𝜕‾0,𝑝|, |𝜕‾𝜕-exact 

5,𝑝
| = |𝜕‾5,𝑝| = |𝜕‾0,𝑝|.  

|𝐷‾P
0,𝑝
| =

|𝐷‾ 0,𝑝|

|𝜕‾0,𝑝|
2  

𝑆 = ∫  
𝑋

  (⟨𝑦, 𝐷‾ 𝑦⟩ −
1

3
⟨𝑦, [𝑦, 𝑦]⟩) ∧ Ω  
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[𝑦1, 𝑦2]
𝑎 = 𝜇1

𝑏 ∧ 𝜕𝑏𝜇2
𝑎 − (−1)|𝑦1||𝑦2|𝜇2

𝑏 ∧ 𝜕𝑏𝜇1
𝑎

[𝑦1, 𝑦2]𝛼 = −𝛼1 ∧ 𝛼2 + (−1)
|𝑦1||𝑦2|𝛼2 ∧ 𝛼1

 +𝜇1
𝑏 ∧ ∇𝑏𝛼2 − (−1)

|𝑦1||𝑦2|𝜇2
𝑏 ∧ ∇𝑏𝛼1

[𝑦1, 𝑦2]𝑎 = 2𝜇1
𝑏 ∧ 𝜕[𝑏𝑥2,𝑎] − (−1)

|𝑦1||𝑦2|2𝜇2
𝑏 ∧ 𝜕[𝑏𝑥1,𝑎]

 +
1

2
tr(∇𝑎𝛼1 ∧ 𝛼2) − (−1)

|𝑦1||𝑦2|
1

2
tr(∇𝑎𝛼2 ∧ 𝛼1),

 

𝛿𝑦 = 𝐷‾ 𝜆 − [𝑦, 𝜆]  

𝐷‾𝑦 −
1

2
[𝑦, 𝑦] = 0  

𝐷‾𝑦0,1 −
1

2
[𝑦0,1, 𝑦0,1] − [𝑦0,0, 𝑦0,2] = 0.  

𝜔(𝛿𝑦, 𝛿𝑦′) = ∫  
𝑋

  ⟨𝛿𝑦′, 𝛿𝑦⟩ ∧ Ω  

𝑄𝑦 = 𝐷‾𝑦 −
1

2
[𝑦, 𝑦]  

𝑆(𝑥, 𝜇) = 2∫  
𝑋

  (𝑥𝑎 ∧ 𝜕‾𝜇
𝑎 −

1

2
𝜇𝑎 ∧ 𝜇𝑏 ∧ (𝜕𝑥)𝑎𝑏) ∧ Ω  

𝜂 = 𝜕𝑥  

𝑥 = 𝜕−1𝜂 = Δ𝜕
−1𝜕†𝜂  

𝑆(𝑥, 𝜇) = 2∫  
𝑋

 ((𝜕−1𝜂)𝑎 ∧ 𝜕‾𝜇
𝑎 −

1

2
𝜂𝑎𝑏 ∧ 𝜇

𝑎 ∧ 𝜇𝑏) ∧ Ω  

|𝑍|2 =
𝐼𝐷‾ (𝑄)

𝐼(Λ0,0)2
 

ℱDet =
1

2
[∫  
𝑋

 td(𝑋) ∧ ch(𝑄)]
(1,1)

− [∫  
𝑋

 td(𝑋)]
(1,1)

: = [−∫  
𝑋

 𝒫]
(1,1)

,  

𝒫(6,6) =
dim(𝐺) − 496

252
ch6(𝑋) +

dim(𝐺) − 64

10368
ch2(𝑋)

3

 +
dim(𝐺) + 224

1440
ch2(𝑋)ch4(𝑋) −

1

288
ch2(𝑋)

2ch2(End(𝑉))

 −
1

120
ch4(𝑋)ch2(End(𝑉)) +

1

12
ch2(𝑋)ch4(End(𝑉)) − ch6(End(𝑉))

 

𝒫(6,6) =
1

24
ch2(𝑋)

3 +
1

2
ch2(𝑋)ch4(𝑋) −

1

288
ch2(𝑋)

2ch2(End(𝑉))

 −
1

120
ch4(𝑋)ch2(End(𝑉)) +

1

12
ch2(𝑋)ch4(End(𝑉)) − ch6(End(𝑉))
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𝒫(6,6) =
1

24
ch2(𝑋)

3 +
1

2
ch2(𝑋)ch4(𝑋) −

5

48
ch2(𝑋)

2ch2(𝑉) −
1

4
ch4(𝑋)ch2(𝑉)

 +
1

24
ch2(𝑋)ch2(𝑉)

2 + 2ch2(𝑋)ch4(𝑉) − ch2(𝑉)ch4(𝑉)

 

𝒫(6,6) =
1

24
(ch2(𝑋) −

1

2
ch2(𝑉)) (ch2(𝑋)

2 + 12ch4(𝑋)

−2ch2(𝑋)ch2(𝑉) + 48ch4(𝑉))

=
1

24
(ch2(𝑋) −

1

2
ch2(𝑉)) ∧ 𝒫(4,4)

𝑆𝑂(32)

 

𝒫(6,6) =
1

24
ch2(𝑋)

3 +
1

2
ch2(𝑋)ch4(𝑋) −

5

48
ch2(𝑋)

2ch2(𝑉1) −
1

4
ch4(𝑋)ch2(𝑉1)

+
1

8
ch2(𝑋)ch2(𝑉1)

2 −
1

24
ch2(𝑉1)

3 −
5

48
ch2(𝑋)

2ch2(𝑉2) 

 −
1

4
ch4(𝑋)ch2(𝑉2) +

1

8
ch2(𝑋)ch2(𝑉2)

2 −
1

24
ch2(𝑉2)

3

 

𝒫(6,6) =
1

48
(ch2(𝑋) −

1

2
ch2(𝑉)) (2ch2(𝑋)

2 − 24ch4(𝑋) − 4ch2(𝑋)ch2(𝑉1)

+4ch2(𝑉1)
2 + 4ch2(𝑋)ch2(𝑉2) − 4ch2(𝑉1)ch2(𝑉2) + 4ch2(𝑉2)

2)

=
1

48
(ch2(𝑋) −

1

2
ch2(𝑉)) ∧ 𝒫(4,4)

𝐸8×𝐸8

 

𝒫12 = d𝒬11,  

𝛿𝒬11 = d𝒫10(𝛾, 𝜖),  

𝛿log 𝑍 = −i∫  
𝑋

 𝒫10(𝛾, 𝜖).  

𝛿log 𝑍 = i𝛽′∫  
𝑋

  (tr(𝑅𝛾) − tr(𝐹𝜖)) ∧ 𝒫(4,4),  

𝛿𝜇𝑎 = 𝜕‾𝑣𝑎  

𝑆counter (𝜇) = −𝛽
′∫  
𝑋

 𝑅𝑏
𝑎∇𝑎(Δ𝜕‾

−1𝜕‾†𝜇𝑏) ∧ 𝒫(4,4)  

𝛿𝛼 = 𝜕‾𝐴𝜖  

𝑆counter (𝛼) = 𝛽
′∫  
𝑋

 tr (𝐹Δ𝜕‾𝐴
−
−1𝜕‾𝐴

†𝛼) ∧ 𝒫(4,4)  

𝛿𝑥 = 𝛽′(tr(𝐹𝜖) − tr(𝑅𝛾)),  

𝑆counter (𝑥) = ∫  
𝑋

 𝑥 ∧ 𝒫(4,4)  

𝐷‾ = (
𝜕‾ 𝛽′ℱ∗ 𝛽′𝑅 ⋅ ∇

0 𝜕‾𝒜 ℱ

0 0 𝜕‾

)  
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ℱ(𝜇)  = 𝐹𝑎 ∧ 𝜇
𝑎 ,

(ℱ∗(𝛼))𝑎  = tr(𝐹𝑎 ∧ 𝛼),

(𝑅 ⋅ ∇𝜇)𝑎  = −𝑅𝑎  
𝑏 𝑐 ∧ ∇𝑏𝜇

𝑐 ,

 

𝑆 = ∫  
𝑋

  ⟨𝑦, 𝐷‾ 𝑦⟩ ∧ Ω +∫  
𝑋

 𝑏 ∧ 𝜕‾𝑐 + ∫  
𝑋

  (𝑦⌟𝜕𝑏) ∧ Ω  

𝐷‾ 2 = 0 ⇒  tr(𝐹 ∧ 𝐹) = tr(𝑅 ∧ 𝑅).  

tr(𝐹 ∧ 𝐹) − tr(𝑅 ∧ 𝑅) = 𝑖𝜕𝜕‾𝜏,  

 

𝜔 = 𝜔0 +
𝛽′

4
𝜏,  

i𝜕𝜕‾𝜔 =
𝛽′

4
(tr(𝐹 ∧ 𝐹) − tr(𝑅 ∧ 𝑅))  

𝐷‾ = (
𝜕‾ 𝛽′ℱ∗ 𝒯 + 𝛽′𝑅 ⋅ ∇

0 𝜕‾𝒜 ℱ

0 0 𝜕‾

)  

(𝒯(𝜇))𝑎 = −4i𝜕[𝑎𝜔𝑏] ∧ 𝜇
𝑏 = −i𝛽′𝜕[𝑎𝜏𝑏] ∧ 𝜇

𝑏 ,  

𝛿𝑆counter (𝑥) = 2i∫  
𝑋

  (𝑣⌟𝜕𝜔) ∧ 𝒫(4,4) = 2i∫  
𝑋

 ℒ𝑣𝜔 ∧ 𝒫(4,4)  

ℒ𝑣𝛽 = 𝑣⌟𝜕𝛽 + 𝜕(𝑣⌟𝛽)  

𝒫(4,4) =
1

3!
𝜔3 ∧ 𝒫(1,1)

p
+
1

4!
𝜔4𝒫0  

⋆ 𝒫(4,4) = −𝒫(1,1)
p

+𝜔𝒫0  

𝛿𝑆counter (𝑥)= 2i∫  
𝑋

 ℒ𝑣 (
1

4!
𝜔4) ∧ (𝒫(1,1)

𝑝
+
1

4
𝜔𝒫0)  

 = 2i∫  
𝑋

 ℒ𝑣 (
1

4!
𝜔4) ∧ (− ⋆ 𝒫(4,4) +

5

4
𝜔𝒫0)

 

𝜔4 ∧ 𝐹 = 0  

d(e−2𝜙𝜔4) = 0  

d ⋆ 𝜔 = d(
1

4!
𝜔4) = 0  

ℒ𝑣 (
1

4!
𝜔4) = 𝜕(𝑣⌟

1

4!
𝜔4) = 𝜕((𝑣⌟𝜔) ∧

1

3!
𝜔3)  
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𝛿𝑆counter (𝑥)=
5

2
i∫  
𝑋

 𝜕((𝑣⌟𝜔) ∧
1

3!
𝜔3) ∧ 𝜔𝒫0 = 10i∫  

𝑋

 𝜕(𝑣⌟𝜔) ∧
1

4!
𝜔4𝒫0

 = 10i∫  
𝑋

 ℒ𝑣 (
1

5!
𝜔5)𝒫0 = 10i∫  

𝑋

 
1

|Ω|2
ℒ𝑣Ω ∧ Ω‾𝒫0

 

𝜕‾†𝒫(4,4) = − ⋆ 𝜕 ⋆ 𝒫(4,4) = 0  

𝑖

|Ω|2
Ω ∧ Ω‾ =

1

5!
𝜔5.  

|Ω| = e−2𝜙,  

𝛿𝑐5,0 = 𝜕(𝑣⌟Ω) ≡ ℒ𝑣Ω  

𝑆counter (𝑐
5,0) = −10i∫  

𝑋

 
1

|Ω|2
𝑐5,0 ∧ Ω‾𝒫0  

𝑆one-loop = 𝑆 + 𝑆counter (𝑥) + 𝑆counter (𝑐
5,0)  

𝛿log 𝑍 = i𝛽′∫  
𝑋

  (tr(𝑅𝛾) − tr(𝐹𝜖)) ∧ 𝒫(4,4)  

1

4!
𝜔4 ∧ 𝐹̃ = 𝒫(4,4)(𝐹̃, 𝑅̃) ∧ 𝐹̃,

1

4!
𝜔4 ∧ 𝑅̃ = 𝒫(4,4)(𝐹̃, 𝑅̃) ∧ 𝑅̃,

 

𝛿log 𝑍= i𝛽′∫  
𝑋

  (tr(𝑅̃𝛾) − tr(𝐹̃𝜖)) ∧ 𝒫(4,4)(𝐹̃, 𝑅̃) 

 = i𝛽′∫  
𝑋

  (tr(𝑅̃𝛾) − tr(𝐹̃𝜖)) ∧
1

4!
𝜔4,

 

𝑆counter 
2 (𝑥) =

1

4!
∫  
𝑋

 𝑥 ∧ 𝜔4  

e−𝐾(𝜔) =
1

5!
∫  
𝑋

 𝜔5  

ℱ(𝜇)  = 𝐹̃𝑎 ∧ 𝜇
𝑎 ,

(ℱ∗(𝛼))𝑎  = tr(𝐹̃𝑎 ∧ 𝛼),

(𝑅̃ ⋅ ∇̃𝜇)𝑎  = −𝑅̃𝑎  
𝑏 𝑐 ∧ ∇̃𝑏

+𝜇𝑐 .

 

𝛿𝑆counter 
2 (𝑥) = 𝛽′∫  

𝑋

  (tr(𝐹̃𝜖) − tr(𝑅̃𝛾)) ∧
1

4!
𝜔4 + 2i∫  

𝑋

 ℒ𝑣𝜔 ∧
1

4!
𝜔4  

∫  
𝑋

 ℒ𝑣(𝜔) ∧
1

4!
𝜔4 = ∫  

𝑋

 ℒ𝑣 (
1

5!
𝜔5) = 0  

𝑆one-loop = 𝑆 + 𝑆counter 
2 (𝑥)  

𝜔5 ∧ 𝐹(ℎ) = 0  
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Δℎ𝛿ℎ =  Fifth and higher order in curvatures.  

𝛿log (𝑍) = i𝛽′∫  
𝑋

  (tr(𝑅2) − tr(𝐹2)) ∧ 𝒫(𝛾, 𝜖)(3,3)  

tr(𝑅2) = 𝜕𝜔CS(∇)(1,2), tr(𝐹
2) = 𝜕𝜔CS(𝐴)(1,2)  

𝑆counter (𝜒) = ∫  
𝑋

  (𝜔CS(𝐴)(1,2) −𝜔CS(∇)(1,2)) ∧ 𝜒  

𝛿𝜒 = 𝛽′𝜕𝒫(𝛾, 𝜖)(3,3)  

tr(𝑅2) − tr(𝐹2) = 𝜕𝑇,  

𝛿log (𝑍) = i𝛽′∫  
𝑋

 𝜕𝑇 ∧ 𝒫(𝛾, 𝜖)(3,3).  

𝑆counter (𝜒) = −∫  
𝑋

 𝑇 ∧ 𝜒,  

𝐼(𝑉)2 =∏ 

𝑛

𝑝=0

  |Δ
𝜕‾
0,𝑝
|
(−1)𝑝+1𝑝

 

𝐒per. ∼ ∑  

∞

𝑔,𝑏,𝑐=0

 ∫  𝑑10𝑥𝑒(2𝑔+𝑏+𝑐−2)Φ√−𝐺ℒ(𝑔,𝑏,𝑐)(𝛼
′)  

𝐒per. ∼ ∑  

∞

𝑔=0

 ∫  𝑑10𝑥𝑒2(𝑔−1)Φ
′
√−𝐺′ℒ𝑔(𝛼

′)  

Φ′ = −Φ,𝐺𝛼𝛽
′ = 𝑒−Φ𝐺𝛼𝛽 , 𝐵𝛼𝛽

′ = 𝐶𝛼𝛽 ≡ 𝐵𝛼𝛽 , 𝐴𝛼𝑖
′  𝑗 = 𝐴𝛼𝑖 

𝑗  

𝐒het. 

(0)
= −

2

𝜅2
∫  𝑑10𝑥√−𝐺′𝑒−2Φ

′
[𝑅′ + 4∇𝛼Φ

′∇𝛼Φ′ −
1

12
𝐻𝛼𝛽𝛾
′ 𝐻′𝛼𝛽𝛾 +

1

4
𝐹𝛼𝛽𝑖
′  𝑗𝐹′𝛼𝛽 𝑗 

𝑖] ,  

𝐒typeI
(0)

= −
2

𝜅2
∫  𝑑10𝑥√−𝐺 [𝑒−2Φ(𝑅 + 4∇𝛼Φ∇

𝛼Φ) −
1

12
𝐻𝛼𝛽𝛾𝐻

𝛼𝛽𝛾 +
𝑒−Φ

4
𝐹𝛼𝛽𝑖 

𝑗𝐹𝛼𝛽 𝑗 
𝑖]  

𝐹𝜇𝜈𝑖
𝑗
= 𝜕𝜇𝐴𝜈𝑖

𝑗
− 𝜕𝜈𝐴𝜇𝑖

𝑗
+

1

√𝛼′
[𝐴𝜇𝑖
𝑘 , 𝐴𝜈𝑘

𝑗
] 

𝐻𝜇𝜈𝜌 = 3𝜕[𝜇𝐵𝜈𝜌] +
3

2
𝐴[𝜇𝑖
𝑗
𝐹𝜈𝜌]𝑗
𝑖

 

Ω𝜇𝜈𝛼 = 𝜔[𝜇𝜇1  
𝜈1𝜕𝜈𝜔𝛼]𝜈1  

𝜇1 +
2

3
𝜔[𝜇𝜇1  

𝜈1𝜔𝜈𝜈1  
𝛼1𝜔𝛼]𝛼1  

𝜇1; 𝜔𝜇𝜇1  
𝜈1 = 𝑒𝜈 𝜇1∇𝜇𝑒𝜈 

𝜈1 ,  

𝜂𝜇1𝜈1
′ = 𝑒−Φ𝜂𝜇1𝜈1  

Ω𝜇𝜈𝜌
′ = Ω𝜇𝜈𝜌  
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𝐻𝛼𝛽𝛾
′ → 𝐻𝛼𝛽𝛾

′ +
3

2
𝛼′Ω𝛼𝛽𝛾

′  

Φ′ = −Φ,𝐺𝜇𝜈
′ = 𝑒−2Φ𝐺𝜇𝜈, 𝐻

′ = 𝑒−2Φ ∗ 𝐻  

Φ′= −Φ+ 𝛼′ΔΦ(Φ,𝐺, 𝐵)  

𝐺𝛼𝛽
′ = 𝑒−Φ[𝐺𝛼𝛽 + 𝛼

′𝐺𝛼𝛽ΔΦ(Φ, 𝐺, 𝐵) + 𝛼
′Δ𝐺𝛼𝛽(Φ,𝐺, 𝐵)] 

𝐵𝛼𝛽
′  = 𝐵𝛼𝛽 + 𝛼

′Δ𝐵𝛼𝛽(Φ,𝐺, 𝐵)

 

ΔΦ(Φ,𝐺, 𝐵) − ΔΦ(−Φ, 𝑒−Φ𝐺, 𝐵) = 0  

Δ𝐺𝛼𝛽(Φ,𝐺, 𝐵) + 𝐺𝛼𝛽ΔΦ(−Φ, 𝑒
−Φ𝐺, 𝐵) + 𝑒ΦΔ𝐺𝛼𝛽(−Φ, 𝑒

−Φ𝐺, 𝐵)= 0  

Δ𝐵𝛼𝛽(Φ,𝐺, 𝐵) + Δ𝐵𝛼𝛽(−Φ, 𝑒
−Φ𝐺, 𝐵) = 0

 

ΔΦ = 0, Δ𝐺𝛼𝛽 = 0, Δ𝐵𝛼𝛽 = 0  

𝐒het. 

(1)
=−

2𝛼′

8𝜅2
∫  𝑑10𝑥√−𝐺′𝑒−2Φ

′
[
1

4
𝐹𝛼
′𝛾𝑘𝑙
𝐹′𝛼𝛽𝑖𝑗𝐹𝛽

′𝛿 𝑘𝑙𝐹𝛾𝛿𝑖𝑗
′ −

1

2
𝐹𝛼
′𝛾
 𝑖𝑗𝐹

′𝛼𝛽𝑖𝑗𝐹𝛽
′𝛿𝑘𝑙𝐹𝛾𝛿𝑘𝑙

′  

−
1

8
𝐹𝛼𝛽
′  𝑘𝑙𝐹′𝛼𝛽𝑖𝑗𝐹𝛾𝛿𝑘𝑙

′ 𝐹′𝛾𝛿 𝑖𝑗 +
1

4
𝐹′𝛼𝛽𝑖𝑗𝐹′𝛾𝛿  𝑖𝑗𝐻𝛼𝛾

′  𝜖𝐻𝛽𝛿𝜖
′ −

1

8
𝐹′𝛼𝛽𝑖𝑗𝐹′𝛾𝛿  𝑖𝑗𝐻𝛼𝛽

′  𝜖𝐻𝛾𝛿𝜖
′  

−
1

2
𝐹𝛼
′𝛾
 𝑖𝑗𝐹

′𝛼𝛽𝑖𝑗𝐻𝛽
′𝛿𝜖𝐻𝛾𝛿𝜖

′ −
1

8
𝐻𝛼𝛽
′  𝛿𝐻′𝛼𝛽𝛾𝐻𝛾

′𝜖𝐻𝛿𝜖𝜀
′ +

1

24
𝐻𝛼
′𝛿𝜖𝐻′𝛼𝛽𝛾𝐻𝛽𝛿

′  𝜀𝐻𝛾𝜖𝜀
′  

+𝑅𝛼𝛽𝛾𝛿
′ 𝑅′𝛼𝛽𝛾𝛿 −

1

2
𝐻𝛼
′𝛿𝜖𝐻′𝛼𝛽𝛾𝑅𝛽𝛾𝛿𝜖

′ + 2𝐻′𝛼𝛽𝛾Ω𝛼𝛽𝛾
′ ]

 

2𝑅∇𝛼∇
𝛼Φ+

1

4
𝐻𝛽𝛾𝛿𝐻

𝛽𝛾𝛿∇𝛼Φ∇
𝛼Φ− 3𝑅∇𝛼Φ∇

𝛼Φ+ 9∇𝛼∇
𝛼Φ∇𝛽∇

𝛽Φ−
1

2
𝐻𝛼
𝛾𝛿
𝐻𝛽𝛾𝛿∇

𝛼Φ∇𝛽Φ

 −2𝑅𝛼𝛽∇
𝛼Φ∇𝛽Φ− 7∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇
𝛽Φ+ 48∇𝛼Φ∇𝛽∇𝛼Φ∇

𝛽Φ−𝐻𝛼
𝛾𝛿
𝐻𝛽𝛾𝛿∇

𝛽∇𝛼Φ

 

𝐒typeI
(1)

= −
2𝛼′

8𝜅2
∫  𝑑10𝑥√−𝐺 (𝑒Φ [

1

8
𝐹𝛼
𝛾𝑘𝑙
𝐹𝛼𝛽𝑖𝑗𝐹𝛽

𝛿  𝑘𝑙𝐹𝛾𝛿𝑖𝑗

−
1

16
𝐹𝛼𝛽  

𝑘𝑙𝐹𝛼𝛽𝑖𝑗𝐹𝛾𝛿𝑘𝑙𝐹
𝛾𝛿 𝑖𝑗+

1

1024
𝐹𝛼𝛽𝑖𝑗𝐹

𝛼𝛽𝑖𝑗𝐹𝛾𝛿𝑘𝑙𝐹
𝛾𝛿𝑘𝑙]

+ [
1

4
𝐹𝛼𝛽𝑖𝑗𝐹𝛾𝛿 𝑖𝑗𝐻̃𝛼𝛾  

𝜖𝐻̃𝛽𝛿𝜖 −
1

8
𝐹𝛼  

𝛾  𝑖𝑗𝐹
𝛼𝛽𝑖𝑗𝐻̃𝛽 

𝛿𝜖𝐻̃𝛾𝛿𝜖 +
1

48
𝐹𝛼𝛽𝑖𝑗𝐹

𝛼𝛽𝑖𝑗𝐻̃𝛾𝛿𝜖𝐻̃
𝛾𝛿𝜖

−
1

4
𝐹𝛼𝛽𝑖𝑗𝐻̃𝛽𝛾𝛿∇𝛼𝐹

𝛾𝛿 𝑖𝑗 +
3

64
𝐹𝛼𝛽𝑖𝑗𝐹

𝛼𝛽𝑖𝑗𝑅 −
1

2
𝐹𝛼  

𝛾𝑖𝑗𝐹𝛽𝛾𝑖𝑗𝑅
𝛼𝛽]

+ 𝑒−Φ [
1

16
𝑅2 −

1

16
𝐻̃𝛼𝛽 

𝛿𝐻̃𝛼𝛽𝛾𝐻̃𝛾  
𝜖𝜀𝐻̃𝛿𝜖𝜀 +

1

96
𝐻̃𝛼𝛽𝛾𝐻̃

𝛼𝛽𝛾𝐻̃𝛿𝜖𝜀𝐻̃
𝛿𝜖𝜀

− 𝑅𝛼𝛽𝑅
𝛼𝛽+

1

24
𝐻̃𝛼 

𝛿𝜖𝐻̃𝛼𝛽𝛾𝐻̃𝛽𝛿 
𝜀𝐻̃𝛾𝜖𝜀 + 𝑅𝛼𝛽𝛾𝛿𝑅

𝛼𝛽𝛾𝛿 −
1

2
𝐻̃𝛼  

𝛿𝜖𝐻̃𝛼𝛽𝛾𝑅𝛽𝛾𝛿𝜖

+ 2𝐻̃𝛼𝛽𝛾Ω𝛼𝛽𝛾]) 

𝑑𝑠2 = 𝐺𝜇𝜈(𝑥)𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝑔𝑎𝑏(𝑦)𝑑𝑦

𝑎𝑑𝑦𝑏  
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𝐒typeI
(0)

= −
2𝑉

𝜅2
∫  𝑑6𝑥√−𝐺𝑒−2Φ [𝑅 + 4∇𝛼Φ∇

𝛼Φ−
1

12
𝐻𝛼𝛽𝛾𝐻

𝛼𝛽𝛾]  

∫  
𝐾3

 𝑑4𝑦√𝑔 = 𝑉  

𝐒typeI 

(3)
=
2𝛼′3𝜁(3)

26𝜅2
∫  𝑑10𝑥√−𝐺𝑒−2Φ [𝑅𝜇𝜈𝜌𝜏𝑅

𝜇𝜈𝜌𝜏 (−
5

32
𝐻𝛼𝛽 

𝛿𝐻𝛼𝛽𝛾𝐻𝛾  
𝜖𝜀𝐻𝛿𝜖𝜀 +

5

4
𝐻𝛼  

𝛿𝜖𝐻𝛼𝛽𝛾𝑅𝛽𝛿𝛾𝜖

−
5

24
∇𝛿𝐻𝛼𝛽𝛾∇

𝛿𝐻𝛼𝛽𝛾) +⋯]

 

1

32𝜋2
∫  
𝐾3

 𝑑4𝑦√𝑔𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐𝑑  

𝐒typeI
(1)

=
48𝜋2𝛼′3𝜁(3)

𝜅2
∫  𝑑6𝑥√−𝐺𝑒−2Φ [(−

5

32
𝐻𝛼𝛽 

𝛿𝐻𝛼𝛽𝛾𝐻𝛾 
𝜖𝜀𝐻𝛿𝜖𝜀 +

5

4
𝐻𝛼 

𝛿𝜖𝐻𝛼𝛽𝛾𝑅𝛽𝛿𝛾𝜖

−
5

24
∇𝛿𝐻𝛼𝛽𝛾∇

𝛿𝐻𝛼𝛽𝛾)]

 

𝛿Φ𝐷Φ+ 𝛿𝐺𝛼𝛽𝐷𝐺
𝛼𝛽 + 𝛿𝐵𝛼𝛽𝐷𝐵

𝛼𝛽  

𝐷Φ≡ −2𝑉√−𝐺𝑒−2Φ (𝑅 + 4∇𝛼∇
𝛼Φ− 4∇𝛼Φ∇

𝛼Φ−
1

12
𝐻2) = 0,  

𝐷𝐵𝛼𝛽 ≡
𝑉

2
√−𝐺∇𝛾(𝑒

−2Φ𝐻𝛼𝛽𝛾) = 0,

𝐷𝐺𝛼𝛽 ≡ 𝑉√−𝐺 [
1

4
𝑒−2Φ𝐻𝛼𝛾𝛿𝐻𝛾𝛿

𝛽
− 𝑒−2Φ(𝑅𝛼𝛽 + 2∇𝛼∇𝛽Φ)] −

1

4
𝐷Φ𝛼𝛽 = 0,

 

𝛿𝐵𝛼𝛽=
5𝑐

4
∇𝛾𝐻𝛼𝛽

𝛾
,  

𝛿Φ=
5𝑐

32
𝐻2 +

5𝑐

2
∇𝛼Φ∇

𝛼Φ,  

𝛿𝐺𝛼𝛽 =
5𝑐

8
𝐻𝛼𝛾𝛿𝐻𝛽

𝛾𝛿
+ 5𝑐∇𝛽∇𝛼Φ,

 

𝐒exact ∼ ∫  𝑑
10𝑥𝑒−2Φ√−𝐺ℒexact (𝛼

′)  

𝑑𝑠2= 𝑒2𝐴𝑑𝑠2(AdS2) + 𝑑𝑠
2(M8)  

𝐹= 𝑓± + 𝑒
2𝐴vol(AdS2) ∧⋆8 𝜆(𝑓±) 

𝐻 = 𝑒2𝐴vol(AdS2) ∧ 𝐻1 +𝐻3

 

𝜒1
†𝛾𝑎𝜒1 = ±𝜒2

†𝛾𝑎𝜒2, 𝜒1
†𝛾̂𝜒1 = ±𝜒2

†𝛾̂𝜒2, |𝜒1|
2 = |𝜒2|

2,  

𝑒𝐴 = |𝜒1|
2, 𝑒𝐴cos 𝛽 = 𝜒1

†𝛾̂𝜒1, 𝑒
𝐴sin 𝛽𝑉 = 𝜒1

†𝛾𝑎𝜒1𝑒
𝑎,  

𝜓 =
1

16
∑  

8

𝑛=0

 𝜒2
†𝛾𝑎𝑛…𝑎1𝜒1𝑒

𝑎1..𝑎𝑛 , 𝜓̂ =
1

16
∑  

8

𝑛=0

 𝜒2
†𝛾𝑎𝑛…𝑎1𝛾̂𝜒1𝑒

𝑎1..𝑎𝑛 ,  
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𝑒2𝐴𝐻1 = 𝑚𝑒
𝐴sin 𝛽𝑉 − 𝑑(𝑒2𝐴cos 𝛽), 𝑑(𝑒𝐴sin 𝛽𝑉) = 0,

𝑑𝐻3(𝑒
−Φ𝜓±) = ±

1

16
𝑒𝐴sin 𝛽𝑉 ∧ 𝑓±,

𝑑𝐻3(𝑒
𝐴−Φ𝜓̂∓) − 𝑚𝑒

−Φ𝜓± = ∓
1

16
𝑒2𝐴(⋆8 𝜆𝑓± + cos 𝛽𝑓±),

(𝜓±, 𝑓±)8 = ±
1

4
𝑒−Φ (𝑚 −

1

2
𝑒𝐴sin 𝛽𝜄𝑉𝐻1) vol(M8),

 

𝑑𝐻3 = 0, 𝜄𝑉(𝑑𝑓± −𝐻3 ∧ 𝑓±) = 0, 𝑑(𝑒
−2Φ ⋆8 𝐻1) +

1

2
(𝑓±, 𝑓±)8 = 0  

𝑑𝑠2(M8) = 𝑒
2𝐶𝑑𝑠2(ℂℙ3) + 𝑑𝑠2(M2), 𝐻3 = 𝑒

2𝐶𝐻̃1 ∧ 𝐽2  

𝐽2, 𝐽2 ∧ 𝐽2, vol(ℂℙ
3) =

1

3!
𝐽2 ∧ 𝐽2 ∧ 𝐽2  

𝑑𝑠2( S7) = 𝑑𝑠2(ℂℙ3) + (𝑒𝜏)2, 𝑒𝜏 = (𝑑𝜏 + 𝜂), 𝑑𝜂 = 2𝐽2,  

∇𝑎𝜉± = ±
𝑖

2
𝛾𝑎
(7)
𝜉±  

𝜉± =∑ 

8

𝐼=1

  𝑐𝐼𝜉±
𝐼  

𝜉±
𝐼†𝜉±

𝐽
= 𝛿𝐼𝐽  

𝜉+
𝐼 : 𝟖 → 𝟔0⊕𝟏−2⊕𝟏2, 𝜉−

𝐼 : 𝟖 → 𝟒−1⊕𝟒1,  

Φ3
𝐼= −

𝑖

3!
𝜉+
(𝐼)†
𝛾𝑎1𝑎2𝑎3
(7)

𝜉+
(𝐼)
𝑒𝑎1𝑎2𝑎3 ,⋆7 Φ3

𝐼 = −
1

4!
𝜉+
(𝐼)†
𝛾𝑎1…𝑎4
(7)

𝜉+
(𝐼)
𝑒𝑎1…𝑎4 , 

𝑑Φ3
𝐼  = 4 ⋆7 Φ3

𝐼 , Φ3
𝐼 ∧⋆7 Φ3

𝐼 = 7vol( S7),
 

𝟔 of SO(6): 𝜉6
ℐ, 𝟐 of SO(2): 𝜉2

𝔞,  

Φ3
𝑎 = 𝐽2 ∧ 𝑒

𝜏 + ImΩ𝔞,⋆7 Φ3
𝔞 =

1

2
𝐽2 ∧ 𝐽2 − ReΩ

𝔞 ∧ 𝑒𝜏  

 

𝑑𝑒𝜏 = 2𝐽2, 𝑑Ω3
𝔞 = 4𝑖𝑒𝜏 ∧ Ω3

𝔞

𝐽2 ∧ 𝐽2 ∧ 𝐽2 =
3

4
𝑖Ω3
(𝔞)
∧ Ω‾ 3

(𝔞)
, 𝐽2 ∧ Ω3

𝔞 = 0
 

 

Φ3
ℐ = −𝐽2

ℐ ∧ 𝑒𝜏 + ImΩℐ,⋆7 Φ3
ℐ =

1

2
𝐽2
(ℐ)
∧ 𝐽2

(ℐ)
− ReΩℐ ∧ 𝑒𝜏  

 

𝑑𝐽2
ℐ = 4ReΩ3

ℐ , 𝑑ImΩ3
ℐ = 6𝐽2

ℐ ∧ 𝐽2 − 2𝐽2 ∧ 𝐽2, 𝐽2 ∧ Ω3
ℐ = 0

𝐽2 ∧ 𝐽2 + 𝐽2
(ℐ)
∧ 𝐽2

(ℐ)
= 2𝐽2 ∧ 𝐽2, 𝐽2 ∧ 𝐽2 ∧ 𝐽2 = −𝐽2

(ℐ)
∧ 𝐽2

(ℐ)
∧ 𝐽2

(ℐ)
= vol(ℂℙ3)
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𝐽2
(ℐ)
∧ 𝐽2

(ℐ)
∧ 𝐽2

(ℐ)
= −

3

4
𝑖Ω3
(ℐ)
∧ Ω‾ 3

(ℐ)
, 𝐽2
(ℐ)
∧ Ω3

(ℐ)
= 0  

𝛾(6) = 𝛾𝑎
(7)
, 𝑎 = 1,… ,6, 𝛾̂(6) = 𝛾7

(7)  

𝐽2𝜉6
ℐ = −𝑖𝛾̂(6)𝜉6

ℐ, 𝐽2𝛾̂
(6)𝜉6

ℐ = −𝑖𝜉6
ℐ.  

 

𝐽2
ℐ =

𝑖

2
𝜉6
(ℐ)†
𝛾𝑎1𝑎2𝛾̂

(6)𝜉6
(ℐ)
𝑒𝑎1𝑎2 , ReΩ3

ℐ =
1

3!
𝜉6
(ℐ)†
𝛾𝑎1𝑎2𝑎3𝛾̂

(6)𝜉6
(ℐ)
𝑒𝑎1𝑎2𝑎3 , ImΩ3

ℐ

= −
𝑖

3!
𝜉6
(ℐ)†
𝛾𝑎1𝑎2𝑎3𝜉6

(ℐ)
𝑒𝑎1𝑎2𝑎3 

 

𝛾𝑎 = 𝜎3⊗𝛾𝑎
(6)
, 𝑎 = 1,… ,6, 𝛾7,8 = 𝜎1,2⊗ 𝕀

𝛾̂ = 𝜎3⊗ 𝛾̂(6), 𝐵 = 𝜎1⊗𝐵(6)
 

𝜒1,2
ℐ =

𝑒
𝐴
2

2
(𝜂1,2⊗ 𝜉6

ℐ + 𝑖𝜂̂1,2⊗ 𝛾̂(6)𝜉6
ℐ)  

(𝐽2
ℐ, Ω3

ℐ) → (𝐽2, Ω3).  

𝜂1 = 𝑖

(

 
 

cos (
𝛼 − 𝛽
2 ) + 𝑖sin (

𝛼 + 𝛽
2 )

−(cos (
𝛼 − 𝛽
2 ) − 𝑖sin (

𝛼 + 𝛽
2 ))

)

 
 
, 𝜂̂1 = −(

cos (
𝛼 + 𝛽
2 ) + isin (

𝛼 − 𝛽
2 )

cos (
𝛼 + 𝛽
2 ) − isin (

𝛼 − 𝛽
2 )

) ,

𝜂2 = −𝑖

(

 
 

cos (
𝛼 + 𝛽
2 ) + 𝑖cos (

𝛼 − 𝛽
2 )

−(cos (
𝛼 + 𝛽
2 ) − 𝑖sin (

𝛼 − 𝛽
2 ))

)

 
 
, 𝜂̂2 = −(

cos (
𝛼 − 𝛽
2 ) + 𝑖sin (

𝛼 + 𝛽
2 )

cos (
𝛼 − 𝛽
2 ) − 𝑖sin (

𝛼 + 𝛽
2 )

) ,

 

𝜓̂+= −
𝑒𝐴sin 𝛽

16
Re𝜓+

(7)
, 𝜓− =

𝑒𝐴

16
Re (𝜓−

(7) + cos 𝛽𝜓+
(7)
∧ 𝑉)  

𝜓+
(7)
 = −𝑒−𝑖𝛼𝑒𝑖𝑒

2𝐶𝐽2 − 𝑒3𝐶𝑖Ω3 ∧ 𝑈,𝜓−
(7) = −𝑒−𝑖𝛼𝑒𝑖𝑒

2𝐶𝐽2 ∧ 𝑈 − 𝑒3𝐶𝑖Ω3,

 

𝐽2, 𝐽2 ∧ 𝐽2, ReΩ3, ImΩ3  

𝑒𝐶 = −
4𝑒𝐴

sin 𝛼sin 𝛽
,𝑚𝑒2𝐶𝐻̃ = 4𝑑(𝑒𝐴+𝐶cos 𝛼sin 𝛽) + 8𝑒𝐴sin 𝛽𝑈

𝑑(𝑒𝐴sin 𝛽𝑈) = 0, 𝑑(𝑒𝐴sin 𝛽𝑉) = 0

𝑑(𝑒𝐴+3𝐶−Φ) + 4𝑒𝐴+2𝐶−Φ(cos 𝛼𝑈 − sin 𝛼cos 𝛽𝑉) = 0

 

𝑈 + 𝑖𝑉 =
𝑝

𝑒𝐴sin 𝛽𝑚
(𝑑𝑥1 + 𝑖𝑑𝑥2)  
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𝑒−Φ = 𝑒−(𝐴+3𝐶)ℎ  

𝑚𝑝cos 𝛽

𝑒2𝐴sin2 𝛽
+ 𝜕𝑥1log ℎ = 0,

𝑚𝑝cos 𝛼

𝑒2𝐴sin 𝛼sin2 𝛽
+ 𝜕𝑥2log ℎ = 0  

cos 𝛽 = −
𝜕𝑥1ℎ

2ℎ(𝜕𝑥1
2 + 𝜕𝑥2

2 )ℎ − 𝜕𝑥2ℎ
2

 

𝑝 =
𝐿2

𝑚
 

(𝑒−Φ, 𝐹−) → 𝑐(𝑒−Φ, 𝐹−)  

𝑑𝑠2

𝐿2
= √Δ1 [

ℎ

Δ2
𝑑𝑠2(AdS2) +

1

𝑚2
(
8

◻ ℎ
𝑑𝑠2(ℂℙ3) +

1

ℎ
(𝑑𝑥𝑖)

2)] , 𝑒−Φ =
𝑚3𝑐√ℎΔ2(◻ ℎ)

3
2

16√2𝐿4Δ1
 

𝐻 = 𝑑𝐵,
𝐵

𝐿2
= (

ℎ𝜕1ℎ

Δ2
+ 𝑥1) vol(AdS2) +

8

𝑚2
(
𝜕2ℎ

◻ ℎ
− (𝑥2 − 𝑙)) 𝐽2

 

◻ ℎ = (𝜕𝑥1
2 + 𝜕𝑥2

2 )ℎ, 𝜕𝑖 = 𝜕𝑥𝑖  

Δ1 = 2ℎ ◻ ℎ − (𝜕2ℎ)
2, Δ2 = 2ℎ ◻ ℎ − (𝜕1ℎ)

2 − (𝜕2ℎ)
2.  

𝐹− = 𝑓− + 𝑒
2𝐴vol(AdS2) ∧⋆8 𝜆(𝑓−)  

𝐹̂− = 𝑓− + vol(AdS2) ∧ 𝑔̂−  

𝑓1= 𝐹1 =
𝑚3𝑐

32𝐿4
[𝜕2(◻ ℎ)𝑑𝑥1 − 𝜕1(◻ ℎ)𝑑𝑥2 − 𝑑 (

𝜕1ℎ𝜕2ℎ ◻ ℎ

Δ1
)]  

𝑓3=
𝑚𝑐

4𝐿2
[((𝑥2 − 𝑙)𝜕2(◻ ℎ) −◻ ℎ)𝑑𝑥1 − (𝑥2 − 𝑙)𝜕1(◻ ℎ)𝑑𝑥2 + 𝑑 (

𝜕1ℎ ◻ ℎ(2ℎ − (𝑥2 − 𝑙)𝜕2ℎ)

Δ1
)] ∧ 𝐽2 

𝑓5=
𝑐

𝑚
[(2𝜕2ℎ + (𝑥2 − 𝑙)(−2◻ ℎ + (𝑥2 − 𝑙)𝜕2(◻ ℎ)))𝑑𝑥1 − (2𝜕1ℎ + (𝑥2 − 𝑙)

2𝜕1(◻ ℎ))𝑑𝑥2  

−𝑑 (
𝜕1ℎ((𝑥2 − 𝑙)

2𝜕2ℎ ◻ ℎ + 2ℎ(𝜕2ℎ − 2(𝑥2 − 𝑙) ◻ ℎ))

Δ1
)] ∧ 𝐽2 ∧ 𝐽2

𝑓7=
8𝐿2𝑐

𝑚3 [(−2ℎ + (𝑥2 − 𝑙) (2𝜕2ℎ + (𝑥2 − 𝑙) (
1

3
(𝑥2 − 𝑙)𝜕2(◻ ℎ) −◻ ℎ)))𝑑𝑥1  

−2((𝑥2 − 𝑙)𝜕1ℎ +
1

6
𝜕1(◻ ℎ))𝑑𝑥2  

+𝑑 (
𝜕1ℎ(4ℎ

2 − (𝑥2 − 𝑙)
3𝜕2ℎ ◻ ℎ − 6(𝑥2 − 𝑙)ℎ(𝜕2ℎ − (𝑥2 − 𝑙) ◻ ℎ))

3Δ1
)] ∧ 𝐽2 ∧ 𝐽2 ∧ 𝐽2.  

 

𝑑𝑓2𝑛+1 ∼ (𝑥2 − 𝑙)
𝑛 ◻2 ℎ𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝐽2

𝑛  

◻2 ℎ = (𝜕1
4 + 2𝜕1

2𝜕2
2 + 𝜕2

4)ℎ = 0  

𝑑𝑔̂2𝑛+1 ∼ 𝑥1(𝑥2 − 𝑙)
𝑛 ◻2 ℎ𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝐽2

𝑛  

◻2 ℎ ∼ 𝛿(𝑥2 − 𝑙)𝛿(𝑥1)  



pág. 1230 

𝑧 = 𝑥1 + 𝑖𝑥2, 𝜕𝑧 =
1

2
(𝜕1 − 𝑖𝜕2), 𝜕𝑧‾ =

1

2
(𝜕1 + 𝑖𝜕2),◻= 4𝜕𝑧𝜕𝑧‾  

𝜕𝑧𝜕𝑧‾𝜕𝑧𝜕𝑧‾ℎ = 0  

𝜕𝑧𝜕𝑧‾ℎ =
1

2
(𝜕𝑧𝒜1(𝑧) + 𝜕𝑧‾𝒜1(𝑧‾))  

ℎ =
1

2
(𝑧‾𝒜1(𝑧) + 𝑧𝒜1(𝑧‾) +𝒜2(𝑧) +𝒜2(𝑧‾)).  

𝒜1,2 = ℎ1,2 + 𝑖ℎ1,2
𝐷  

ℎ = 𝑥1ℎ1 + 𝑥2ℎ1
𝐷 + ℎ2  

𝑑𝑠2(AdS3) =
1

4
[(2𝑑𝑥1 + 𝜂)

2 + 𝑑𝑠2(AdS2)]  with  𝑑𝜂 = vol(AdS2)  

𝑑𝑠2

𝐿2
 =

ℎ

√Δ
𝑑𝑠2(AdS2) + √Δ(

8

ℎ′′
𝑑𝑠2(ℂℙ3) +

1

ℎ
(𝑑𝑥𝑖)

2) , 𝑒−Φ =
𝑐√ℎ(ℎ′′)

3
2

16√2𝐿4√Δ

𝐻 = 𝑑𝐵,
𝐵

𝐿2
= 𝑥1vol(AdS2) + 8(

ℎ′

ℎ′′
− (𝑥2 − 𝑙)) 𝐽2, Δ = 2ℎℎ

′′ − ℎ′2

 

𝑓1 = 𝐹1 =
𝑐

32𝐿4
ℎ′′′𝑑𝑥1, 𝑓3 =

𝑐

4𝐿2
((𝑥2 − 𝑙)ℎ

′′′ − ℎ′′)𝑑𝑥1 ∧ 𝐽2 

𝑓5 = 𝑐(2ℎ
′ + (𝑥2 − 𝑙)(−2ℎ

′′ + (𝑥2 − 𝑙)ℎ
′′′))𝑑𝑥1 ∧ 𝐽2 ∧ 𝐽2  

𝑥1 → 𝑟, 𝑥2 →
1

𝜋
𝑦, 𝐿2 →

𝜋

2
, 𝑐 → 4𝜋2.  

𝑑𝑠2( S7/ℤ𝑘) = (
𝑑𝜏

𝑘
+𝒜)

2

+ 𝑑𝑠2(ℂℙ3)  

𝑑𝑠2

𝐿2
=
√2ℎ3/2√ℎ′′

Δ
𝑑𝑠2(AdS2) + √2(

8√ℎ

√ℎ′′
𝑑𝑠2(ℂℙ3) +

√ℎ′′

√ℎ
(𝑑𝑥𝑖)

2) , 𝑒−Φ =
𝑐√ℎ′′√Δ

32√2𝐿4√ℎ
 

𝐻 = 𝑑𝐵,
𝐵

𝐿2
= (

ℎℎ′

Δ
+ 𝑥1)vol(AdS2) − 8(𝑥2 − 𝑙)𝐽2, Δ = 2ℎℎ

′′ − ℎ′2
 

𝑓1 = 𝐹1 =
𝑐

32𝐿4
ℎ′′′𝑑𝑥1, 𝑓3 = −

𝑐

4𝐿2
(𝑥2 − 𝑙)ℎ

′′′𝑑𝑥2 ∧ 𝐽2

𝑓5 = 𝑐(𝑑(2(𝑥2 − 𝑙)ℎ
′) − 2(𝑥2 − 𝑙)ℎ

′′𝑑𝑥1 − (2ℎ + ℎ
′′′(𝑥2 − 𝑙)

2)𝑑𝑥2)𝐽2 ∧ 𝐽2

𝑓7 = 8𝐿
2𝑐 (𝑑𝑥1(−(𝑥2 − 𝑙)

2ℎ′′ − 2ℎ) −
1

3
𝑑𝑥2(𝑥2 − 𝑙)(ℎ

′′′(𝑥2 − 𝑙)
2 + 6ℎ′)

 +𝑑 (
ℎ′(3(𝑙 − 𝑥2)

2ℎ′′ + 2ℎ)

3ℎ′′
)) .

 

𝐿 →
𝐿

223/4
, 𝑐 →

𝐿2

2√2𝑐0𝑘
, 𝑥1 → −𝑟, 𝑥2 →

2√2𝑘

𝐿2
𝜏,  
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ℎ̂(𝑥2),  

𝑑𝑠2

𝐿2
=

𝑥1
2ℎ̂√Δ

𝑥1
2Δ − ℎ̂2

𝑑𝑠2(AdS2) +
8√Δ

ℎ̂′′
𝑑𝑠2(ℂℙ3) +

√Δ

ℎ̂
(𝑑𝑥𝑖

2)  

𝑒−Φ =
𝑐√ℎ̂ℎ̂′′3/2√𝑥1

2Δ − ℎ̂2

16√2𝐿4Δ
, Δ = −ℎ̂′2 + 2ℎ̂ℎ̂′′

𝐻 = 𝑑𝐵,
𝐵

𝐿2
= 𝑥1 (1 +

ℎ̂2

𝑥1
2Δ − ℎ̂2

)vol(AdS2) + 8(
ℎ̂′

ℎ̂′′
− (𝑥2 − 𝑙)) ∧ 𝐽2

 

𝑓1 =
𝑐

𝐿4
(ℎ̂′′′𝑥1𝑑𝑥1 − ℎ̂

′′𝑑𝑥2 − 𝑑 (
ℎ̂ℎ̂′ℎ̂′′

Δ
))

𝑓3 =
𝑐

4𝐿2
[𝑑 (

ℎ̂ℎ̂′′

Δ
(2ℎ̂ − (𝑥2 − 𝑙)ℎ̂

′)) − (ℎ̂′′ − (𝑥2 − 𝑙)ℎ̂
′′′)𝑥1𝑑𝑥1 − (𝑥2 − 𝑙)ℎ̂

′′𝑑𝑥2] ∧ 𝐽2

 

𝑓5= −
𝑐

𝑚
[𝑥1 ((𝑥2 − 𝑙)(2ℎ̂

′′ − (𝑥2 − 𝑙)ℎ̂
′′′) + 2ℎ̂′) 𝑑𝑥1 + (2ℎ̂ + (𝑥2 − 𝑙)

2ℎ̂′′)𝑑𝑥2 

+𝑑(
ℎ̂

Δ
((𝑥2 − 𝑙)ℎ̂

′′(4ℎ̂ − (𝑥2 − 𝑙)ℎ̂
′) − 2ℎ̂ℎ̂′))] ∧ 𝐽2 ∧ 𝐽2

 

𝑥1 →
𝜌

𝜋
, 𝑥2 → 𝑟, 𝐿2 →

𝜋

2
, 𝑐 → 4𝜋3.  

𝑥1 → 𝑟, 𝑥2 →
1

𝜋
𝑦, 𝐿2 →

𝜋

2
, 𝑐 → 4𝜋2, ℎ̂ → ℎ.  

2

𝜋
𝑑𝑠2 =

ℎ

√2ℎℎ′′ − (ℎ′)2
𝑑𝑠2(AdS2) +

8

ℎ′′
√2ℎℎ′′ − (ℎ′)2𝑑𝑠2(ℂℙ3) +

√2ℎℎ′′ − (ℎ′)2

ℎ
(𝑑𝑟2 +

1

𝜋2
𝑑𝑦2)

𝑒Φ =
√2(2ℎℎ′′ − (ℎ′)2)

√ℎ(ℎ′′)3
, 𝐵 = 4𝜋 (−(𝑟 − 𝑙) +

ℎ′

ℎ′′
) 𝐽2 +

𝑦

2
vol(AdS2)

𝑓1 = −
ℎ′′′

2𝜋
𝑑𝑦, 𝐹̂3 = 2(ℎ

′′ − (𝑟 − 𝑙)ℎ′′′))𝑑𝑦 ∧ 𝐽2

𝑓5 = −4𝜋(2ℎ
′ + (𝑟 − 𝑙)(−2ℎ′′ + (𝑟 − 𝑙)ℎ′′′))𝑑𝑦 ∧ 𝐽2 ∧ 𝐽2

𝑓7 =
16𝜋2

3
(6ℎ − (𝑟 − 𝑙)(6ℎ′ + (𝑟 − 𝑙)((𝑟 − 𝑙)ℎ′′′ − 3ℎ′′)))𝑑𝑦 ∧ 𝐽2 ∧ 𝐽2 ∧ 𝐽2

 

ℎ′′′′ = 0.  

1

(2𝜋)2
|∫  
2-cycle 

 𝐵| ∈ [0,1]  
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 ℎ = 𝑐1 + 𝑐2(𝑟 − 𝑟0)
3

  ℎ = (𝑐1 + 𝑐2(𝑟 − 𝑟0))(𝑟 − 𝑟0)
2

 ℎ = 𝑐1 + 𝑐2(𝑟 − 𝑟0) +
𝑐2
2

4𝑐1
(𝑟 − 𝑟0)

2 + 𝑐3(𝑟 − 𝑟0)
3
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Figuras 3, 4 y 5. Configuración de Supersimetría. 

𝑥1 →
𝜌

𝜋
, 𝑥2 → 𝑟, 𝐿2 →

𝜋

2
, 𝑐 → 4𝜋3, ℎ̂ → ℎ  

2

𝜋
𝑑𝑠2 =

ℎ

√2ℎℎ′′ − (ℎ′)2

𝜌2

Ξ
𝑑𝑠2(AdS2) +

8

ℎ′′
√2ℎℎ′′ − (ℎ′)2𝑑𝑠2(ℂℙ3)

 +
√2ℎℎ′′ − (ℎ′)2

ℎ
(𝑑𝑟2 +

1

𝜋2
𝑑𝜌2) , 𝑒Φ =

1

√Ξ

√2(2ℎℎ′′ − (ℎ′)2)

√ℎ(ℎ′′)3

𝐵 =4𝜋 (−(𝑟 − 𝑙) +
ℎ′

ℎ′′
) 𝐽2 + (

𝜌3

2Ξ
− 𝑛𝜋)vol(AdS2), Ξ = 𝜌

2 −
𝜋2ℎ2

2ℎℎ′′ − (ℎ′)2

𝐹̂1 =
ℎ′′′

2𝜋
𝜌𝑑𝜌 + 𝐹̂1

𝑟

𝐹̂3 = −2(ℎ
′′ − (𝑟 − 𝑙)ℎ′′′)𝜌𝑑𝜌 ∧ 𝐽2 + 𝑛𝜋vol(AdS2) ∧ 𝐹̂1

𝑟 + 𝐹̂3
𝑟,ℂℙ1

𝐹̂5 =4𝜋(2ℎ
′ + (𝑟 − 𝑙)(−2ℎ′′ + (𝑟 − 𝑙)ℎ′′′))𝜌𝑑𝜌 ∧ 𝐽2 ∧ 𝐽2 + 𝑛𝜋vol(AdS2) ∧ 𝐹̂3

𝑟,ℂℙ1 + 𝐹̂5
𝑟,ℂℙ2

 

𝐹̂7 =
16𝜋2

3
(6ℎ − (𝑟 − 𝑙)(6ℎ′ + (𝑟 − 𝑙)((𝑟 − 𝑙)ℎ′′′ − 3ℎ′′))) 𝜌𝑑𝜌 ∧ 𝐽2 ∧ 𝐽2 ∧ 𝐽2

+𝑛𝜋vol(AdS2) ∧ 𝐹̂5
𝑟,ℂℙ2 + 𝐹̂7

𝑟,ℂℙ3  

𝐹̂9 =𝑛𝜋vol(AdS2) ∧ 𝐹̂7
𝑟,ℂℙ3

 

𝜋2ℎ2

2ℎℎ′′ − (ℎ′)2
→
𝑐1𝜋

2

4𝑐2
(𝑟 − 𝑟0)  

𝑆𝐷𝑝 = −𝑇𝑝∫  
(𝑡,𝐼𝑟,ℂℙ

(𝑝−1)/2)

  𝐹̂𝑝 ∧ 𝐴𝑡 = −𝑇𝐹1𝑄8−𝑝
′ ∫  𝐴𝑡  
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𝑄1
(𝑛)
 =

1

(2𝜋)6
∫  𝐹̂7

𝜌,ℂℙ3
= (2𝑛 + 1)𝑄1

(0)

𝑄3
(𝑛)
 =

1

(2𝜋)4
∫  𝐹̂5

𝜌,ℂℙ2
= (2𝑛 + 1)𝑄3

(0)

𝑄5
(𝑛)
 =

1

(2𝜋)2
∫  𝐹̂3

𝜌,ℂℙ1
= (2𝑛 + 1)𝑄5

(0)

𝑄7
(𝑛)
 = ∫  𝐹̂1

𝜌
= (2𝑛 + 1)𝑄7

(0)
,

 

𝜋ℎ𝑙(𝑟) = 𝑄1,𝑙
(0)
− 𝑄3,𝑙

(0)
(𝑟 − 𝑙) +

1

2
𝑄5,𝑙
(0)
(𝑟 − 𝑙)2 −

1

6
𝑄7,𝑙
(0)
(𝑟 − 𝑙)3  for  𝑟 ∈ [𝑙, 𝑙 + 1]  

𝑄1,𝑙
(0)
= 𝑄1,𝑙−1

(0)
− 𝑄3,𝑙−1

(0)
+
1

2
𝑄5,𝑙−1
(0)

−
1

6
𝑄7,𝑙−1
(0)

 

𝑄3,𝑙
(0)
 = 𝑄3,𝑙−1

(0)
− 𝑄5,𝑙−1

(0)
+
1

2
𝑄7,𝑙−1
(0)

𝑄5,𝑙
(0)
 = 𝑄5,𝑙−1

(0)
− 𝑄7,𝑙−1

(0)

 

𝐹̂𝑝+2
(AdS2,𝑟,ℂℙ

(𝑝−1)/2)
= 𝑛𝜋𝐹̂𝑝

(𝑟,ℂℙ(𝑝−1)/2)
∧ volAdS2 ,  

𝑄𝑝
(𝑒)
= 𝑛𝑄8−𝑝

′   for  𝜌 ∈ [2𝑛𝜋, 2(𝑛 + 1)𝜋].  

𝑄1,𝑙
(𝑛)
= 𝑁𝑙

(𝑛)
+
1

12
𝑘𝑙
(𝑛)

 

𝑄3,𝑙
(𝑛)
= 𝑀𝑙

(𝑛)
−
1

2
𝑘𝑙
(𝑛)
+
1

12
𝑞𝑙
(𝑛)
 

𝑄5,𝑙
(𝑛)
= 𝑘𝑙

(𝑛)
 

𝑄7,𝑙
(𝑛)
 = −𝑞𝑙

(𝑛)

 

𝑐ℎ𝑜𝑙 =
3

25𝜋8
𝑉𝑖𝑛𝑡 =

3

25𝜋8
∫  𝑑8𝜉𝑒−2Φ√det(𝑔𝑖𝑗)  

𝑐ℎ𝑜𝑙 =
3

32𝜋4𝑚2
∫  𝑑𝑥1𝑑𝑥2(2ℎ ◻ ℎ − (𝜕1ℎ)

2 − (𝜕2ℎ)
2)  

𝑐𝑅 =
𝑘(3𝑘 + 13)

𝑘 + 3
 

𝑐1𝑑 =
3

25𝜋4
∫  𝑑𝑟𝑑𝜌(𝜌2(2ℎℎ′′ − ℎ′2) − 𝜋2ℎ2)  

𝑐2𝑑 =
1

2
∫  𝑑𝑟(2ℎℎ′′ − ℎ′2)  

𝑑𝑠2( S7)= 𝑑𝑠2(ℂℙ3) + (𝑑𝜏 + 𝜂)2, 4𝜂 = cos2 𝜁(𝑑𝜓 + 2𝜂1) − sin
2 𝜁(𝑑𝜓 + 2𝜂2)  

𝑑𝑠2(ℂℙ3)= 𝑑𝜁2 +
1

4
cos2 𝜁𝑑𝑠2( S1

2) +
1

4
sin2 𝜁𝑑𝑠2( S2

2) +
1

4
cos2 𝜁sin2 𝜁(𝑑𝜓 + 𝜂1 + 𝜂2)

2 

𝑑𝑠2( S𝑖
2) = 𝑑𝜃𝑖

2 + sin2 𝜃𝑖𝑑𝜙𝑖
2, 𝜂𝑖 = cos 𝜃𝑖𝑑𝜙𝑖
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𝐽2 =
1

2
cos 𝜁sin 𝜁𝑑𝜁 ∧ (𝑑𝜓 + 𝜂1 + 𝜂2) −

1

4
cos2 𝜁vol( S1

2) +
1

4
sin2 𝜁vol( S2

2)  

𝑒1 = 𝑑𝜁, 𝑒2 =
1

2
cos 𝜁𝑑𝜃1, 𝑒

3 =
1

2
cos 𝜁sin 𝜃1𝑑𝜙1, 𝑒

4 =
1

2
sin 𝜁𝑑𝜃2, 𝑒

5 =
1

2
sin 𝜁sin 𝜃2𝜙2

𝑒6 =
1

2
cos 𝜁sin 𝜁(𝑑𝜓 + 𝜂1 + 𝜂2), 𝑒

7 = 𝑑𝜏 + 𝜂

 

𝛾1 = 𝜎1⊗ 𝕀2⊗𝕀2, 𝛾2,3,4 = 𝜎2⊗𝜎1,2,3⊗ 𝕀2, 𝛾5,6,7 = 𝜎3⊗𝕀2⊗𝜎1,2,3  

𝐵 = 𝜎3⊗𝜎2⊗𝜎2  

∇𝑎𝜉± = ±
𝑖

2
𝛾𝑎𝜉±  

𝜉±  = ℳ±𝜉±
0

ℳ±  = 𝑒
𝜁
2
(±𝑖𝛾7+𝛾67)𝑒

1
8
(4𝜏+𝜓)(±𝛾7−𝛾23)𝑒

𝜃1
4
(±𝑖𝛾2+𝛾37)𝑒

𝜃1
4
(±𝑖𝛾2+𝛾23)𝑒

1
8
(−4𝜏+𝜓)(𝛾16−𝛾45)𝑒

𝜃2
4
(𝛾14+𝛾56)𝑒

𝜙2
4
(𝛾16+𝛾45)

 

𝜉8±
𝐼 =ℳ±𝜂

𝐼 , 𝜂𝐼 =∑ 

8

𝐽=1

 𝛿𝐼𝐽  

𝜉4−
i =

1

√2

(

 
 

−𝑖(𝜉8−
3 + 𝜉8−

8 )

−𝑖(𝜉8−
2 − 𝜉8−

5 )

−(𝜉8−
1 + 𝜉8−

6 )

(𝜉8−
1 − 𝜉8−

6 ) )

 
 

i

, 𝜉4+
i =

1

√2

(

 
 

𝑖(𝜉8−
2 + 𝜉8−

5 )

𝑖(𝜉8−
3 − 𝜉8−

8 )

(𝜉8−
4 + 𝜉8−

7 )

𝑖(𝜉8−
4 − 𝜉8−

7 ))

 
 

i

 

𝜕𝜏𝜉4±
i = ±𝑖𝜉4±

i , 𝜉4−
i𝑐 = 𝜉4+

i  

𝜉−
𝐼 =

1

√2
(
𝜉4−
i + 𝜉4+

i

𝑖(𝜉4−
i − 𝜉4+

i )
)  

𝜕𝜏(𝜉8+
2 − 𝜉8+

5 ) = −2𝑖(𝜉8+
2 − 𝜉8+

5 ) 𝜕𝜏(𝜉8+
3 − 𝜉8+

8 ) = 2𝑖(𝜉8+
3 − 𝜉8+

8 ),  

𝜉2
𝔞 =

1

2
(
𝜉8+
3 − 𝜉8+

8 + 𝜉8+
2 − 𝜉8+

5

𝑖(𝜉8+
3 − 𝜉8+

3 − 𝜉8+
2 + 𝜉8+

5 )
) , 𝜉6

ℐ =
1

√2

(

 
 
 
 
 
 
 

𝜉8+
1 − 𝜉8+

4

𝑖(𝜉8+
1 + 𝜉8+

4 )

𝜉8+
6 − 𝜉7+

1

𝑖(𝜉8+
6 + 𝜉7+

1 )
1

√2
(𝜉8+
2 + 𝜉8+

5 + 𝜉8+
3 + 𝜉8+

8 )

𝑖
1

√2
(𝜉8+
2 + 𝜉8+

5 − 𝜉8+
3 − 𝜉8+

8 )
)

 
 
 
 
 
 
 

.  

𝜓+=
𝑒𝐴

16
Re (𝜓+

(7)
+ cos 𝛽𝜓−

(7) ∧ 𝑉) , 𝜓̂− =
𝑒𝐴sin 𝛽

16
Re𝜓−

(7)  

𝜓+
(7)
 = 𝑒𝑖𝛼𝑒𝑖𝑒

2𝐶𝐽2 + 𝑖𝑒3𝐶𝑒𝑖𝛿Ω3 ∧ 𝑈,𝜓−
(7) = 𝑒𝑖𝛼𝑒𝑖𝑒

2𝐶𝐽2 ∧ 𝑈 + 𝑖𝑒3𝐶𝑒𝑖𝛿Ω3

 

sin 𝛼 = 0,𝑚𝑒𝐶 = 6𝑒𝐴sin 𝛽sin 𝛿  
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cos 𝛿𝑈 ∧ 𝑉 = 0
𝑑(𝑒2𝐴+3𝐶𝑒−Φsin 𝛽cos 𝛿) + 𝑒𝐴+3𝐶𝑒−Φ𝑚cos 𝛿cos 𝛽𝑉 + 𝑒𝐴+2𝐶𝑒−Φ(4𝑒𝐴sin 𝛽 − 𝑒𝐶𝑚sin 𝛿)𝑈 = 0

 

𝑔̂1  =
𝑐𝑚3

32𝐿2
(𝑑 (

𝜕2ℎ(𝑥1𝜕1ℎ − ℎ) ◻ ℎ

Δ1
) − 𝑑𝑥1𝑥1𝜕2 ◻ ℎ + 𝑑𝑥2(𝑥1𝜕1 ◻ ℎ −◻ ℎ)) ,

𝑔̂3  = 𝑐𝑚(𝑑 (
(2ℎ − (𝑥2 − 𝑙)𝜕2ℎ)(ℎ − 𝑥1𝜕1ℎ) ◻ ℎ

4Δ1
)

+
1

4
(𝑑𝑥2(𝑥2 − 𝑙)(𝑥1𝜕1◻ ℎ −◻ ℎ) − 𝑑𝑥1𝑥1((𝑥2 − 𝑙)𝜕2 ◻ ℎ −◻ ℎ))) ∧ 𝐽2,

𝑔̂5  =
𝑐𝐿2

𝑚
[−𝑑 (

(ℎ − 𝑥1𝜕1ℎ)((𝑙 − 𝑥2)
2𝜕2ℎ ◻ ℎ + 2ℎ(𝜕2ℎ + 2(𝑙 − 𝑥2) ◻ ℎ))

Δ1
)

 −𝑑𝑥1𝑥1(−2(𝑥2 − 𝑙) ◻ ℎ + (𝑥2 − 𝑙)
2𝜕2 ◻ℎ + 2𝜕2ℎ)

+𝑑𝑥2((𝑥2 − 𝑙)
2(𝑥1𝜕1 ◻ ℎ −◻ ℎ) − 2(ℎ − 𝑥1𝜕1ℎ))] ∧ 𝐽2 ∧ 𝐽2,

𝑔̂7  = [−
8𝑐𝐿4

3𝑚3
(𝑑𝑥2((𝑥2 − 𝑙)

3(◻ ℎ − 𝑥1𝜕1◻ ℎ) − 6(𝑥2 − 𝑙)𝑥1𝜕1ℎ + 4(𝑥2 − 𝑙)ℎ + 2(𝑥2 − 𝑙)ℎ)

+𝑑𝑥1(−3(𝑥2 − 𝑙)
2𝑥1 ◻ ℎ + (𝑥2 − 𝑙)

3𝑥1𝜕2 ◻ ℎ + 6(𝑥2 − 𝑙)𝑥1𝜕2ℎ − 6𝑥1ℎ))

+
8

3

𝑐𝐿4

𝑚3
𝑑 (
(ℎ − 𝑥1𝜕1ℎ)((𝑥2 − 𝑙)

3(−𝜕2ℎ) ◻ ℎ − 6(𝑥2 − 𝑙)ℎ(𝜕2ℎ − (𝑥2 − 𝑙) ◻ ℎ) + 4ℎ
2)

Δ1
)]

 ∧ 𝐽2 ∧ 𝐽2 ∧ 𝐽2.

 

𝐹̂− = 𝑓− + vol(AdS2) ∧ 𝑔̂−  

𝑔̂1 = −
1

3

𝑐

25𝐿2
ℎ̂′′′𝑑(𝑥1

3)

𝑔̂3 =
1

3

𝑐

22
(ℎ̂′′ − ℎ̂′′′(𝑥2 − 𝑙)) 𝑑(𝑥1

3) ∧ 𝐽2

 

𝑑𝑠2

𝐿2
 = √Δ1 [

𝑥2ℎ̂

Δ2
𝑑𝑠2(AdS2) +

1

𝑚2 (
8

𝑥2ℎ̂
′′
𝑑𝑠2(ℂℙ3) +

1

𝑥2ℎ̂
(𝑑𝑥𝑖)

2)] , 𝑒−Φ =
𝑚3𝑥2

2√ℎ̂ℎ̂′′3/2

16√2𝐿4Δ1

𝐻 = 𝑑𝐵,
𝐵

𝐿2
= (

𝑥2
2ℎ̂ℎ̂′

Δ2
+ 𝑥1)vol(AdS2) +

8

𝑚2
(
ℎ̂

𝑥2ℎ̂
′′
− (𝑥2 − 𝑙)) 𝐽2

 

Δ1 = 2𝑥2
2ℎ̂ℎ̂′′ − ℎ̂2, Δ2 = 𝑥2

2(2ℎ̂ℎ̂′′ − ℎ̂′2) − ℎ̂2  
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𝑓1= 𝐹1 =
𝑚3

32𝐿4
[ℎ̂′′𝑑𝑥1 − 𝑥2ℎ̂

′′′𝑑𝑥2 − 𝑑 (
𝑥2
2ℎ̂ℎ̂′ℎ̂′′

Δ1
)]  

𝑓3=
𝑚

4𝐿2
[−𝑙ℎ̂′′𝑑𝑥1 − 𝑥2(𝑥2 − 𝑙)ℎ̂

′′′𝑑𝑥2 + 𝑑 (
𝑥2
2(𝑥2 + 𝑙)ℎ̂ℎ̂

′ℎ̂′′

Δ1
)] ∧ 𝐽2  

𝑓5=
1

𝑚
[(2ℎ̂ − (𝑥2 − 𝑙)(𝑥2 + 𝑙)ℎ̂

′′)𝑑𝑥1 − 𝑥2(2ℎ̂
′ + (𝑥2 − 𝑙)

2ℎ̂′′′)𝑑𝑥2  

+𝑑 (
𝑥2
2ℎ̂ℎ̂′(−2ℎ̂ + (𝑥2 − 𝑙)(3𝑥2 + 𝑙)ℎ̂

′′)

Δ1
)] ∧ 𝐽2 ∧ 𝐽2

𝑓7=
8𝐿2

𝑚3 [(−2𝑙ℎ̂ −
1

3
(𝑥2 − 𝑙)

2(2𝑥2 + 𝑙)ℎ̂
′′)𝑑𝑥1 − 2(𝑥2(𝑥2 − 𝑙)ℎ̂

′ +
1

6
𝑥2(𝑥2 − 𝑙)

3ℎ̂′′′)𝑑𝑥2 

+𝑑 (
𝑥2
2ℎ̂ℎ̂′(−(2𝑥2 − 6𝑙)ℎ̂ + (𝑥2 − 𝑙)

2(5𝑥2 + 𝑙)ℎ̂
′′)

3Δ1
)] ∧ 𝐽2 ∧ 𝐽2 ∧ 𝐽2

 

Supergravedad cuántica relativista tipo II: Modelamiento Matemático. 

𝑆0 = ∫  
𝑀

 ℜ𝜎2 + 𝜓‾𝛼D̸𝜓
𝛼 + 𝜌‾D̸𝜌 + 2𝜌‾𝐷𝛼𝜓

𝛼 −
1

768
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)(𝜌‾𝛾𝑎𝑏𝑐𝜌)

−
1

384
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)(𝜓‾𝛽𝛾𝑎𝑏𝑐𝜓𝛽)

 

𝐹(𝛿1ℒ, 𝛿2ℒ) ∼ [𝛿1ℒ, 𝛿2ℒ]  

[𝛿𝜖1 , 𝛿𝜖2]𝜌= 𝛿𝑉𝜌 + 𝛿𝜁𝜌 −
1

2
𝑉𝐸𝐿[𝜌]  

[𝛿𝜖1 , 𝛿𝜖2]𝜓𝛼 = 𝛿𝑉𝜓𝛼 + 𝛿𝜁𝜓𝛼 + (
1

4
𝜖[2𝜖‾1] −

1

2
𝑉)𝐸𝐿[𝜓]𝛼

 

𝑆 = ∫  
𝑀

 ℜ𝜎2 + 𝜓‾𝛼D̸𝜓
𝛼 + 𝜌‾D̸𝜌 + 2𝜌‾𝐷𝛼𝜓

𝛼

−
1

768
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)(𝜌‾𝛾𝑎𝑏𝑐𝜌) −
1

384
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)(𝜓‾𝛽𝛾
𝑎𝑏𝑐𝜓𝛽)  

+𝜎∗ [ℒ𝜉𝜎 −
1

8
𝜎−1(𝜌‾𝑒)] + 𝒞𝑎𝛽

∗ [(ℒ𝜉𝒢)
𝑎𝛽
+
1

2
𝜎−2(𝑒‾𝛾𝑎𝜓𝛽)]  

 +𝜌‾∗ [ℒ𝜉𝜌 + D̸𝑒 +
1

192
𝜎−2(𝜓‾𝛽𝛾𝑎𝑏𝑐𝜓

𝛽)𝛾𝑎𝑏𝑐𝑒]

 +𝜓‾𝛽
∗ [(ℒ𝜉𝜓)

𝛽
+ 𝐷𝛽𝑒 +

1

8
𝜎−2(𝜓‾𝛽𝜌)𝑒 −

1

8
𝜎−2(𝜓‾𝛽𝛾𝑎𝑒)𝛾

𝑎𝜌]

 +𝑒‾∗ [ℒ𝜉𝑒 +
1

16
𝜎−2(𝑒‾𝛾𝑎𝑒)𝛾

𝑎𝜌] + ⟨𝜉∗, 𝒟𝑓 +
1

2
ℒ𝜉𝜉⟩ −

1

8
𝜉𝑎
∗𝜎−2(𝑒‾𝛾𝑎𝑒)

 +
1

2
𝑓∗ (ℒ𝜉𝑓 +

1

8
𝜎−2(𝑒‾𝛾𝑎𝑒)𝜉

𝑎 −
1

6
⟨𝜉, ℒ𝜉𝜉⟩)

 −
1

64
𝜎−2(𝑒‾𝛾𝑎𝑒)(𝜓‾𝛽

∗𝛾𝑎𝜓∗𝛽) −
1

32
𝜎−2(𝑒‾𝜓𝛽

∗ )(𝑒‾𝜓∗𝛽) −
1

64
𝜎−2(𝑒‾𝛾𝑎𝑒)(𝜌‾

∗𝛾𝑎𝜌∗)

 

 

{𝑆, 𝑆} = 0  

⟨𝑉, 𝒟𝑓⟩: = 𝑎(𝑉)𝑓.  
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0 ⟶ 𝑇∗𝑀 →
𝑎∗ 
𝐸 →
𝑎 
𝑇𝑀 ⟶ 0.  

𝑎([𝑉,𝑊]) = [𝑎(𝑉), 𝑎(𝑊)].  

ℒ𝑉𝑊:= [𝑉,𝑊]  

ℒ𝑉𝑓:= 𝐿𝑎(𝑉)𝑓.  

ℒ𝒟𝑓 = 0,∀𝑓 ∈ 𝐶
∞(𝑀).  

ℒ𝑉𝜇:= 𝐿𝑎(𝑉)𝜇.  

𝐻 → 𝑀  

ℋ∗: = {𝜎 ∈ Γ(𝐻) ∣ 𝜎 everywhere nonzero }.  

𝑇𝑈⊕𝑇∗𝑈⊕ (𝔤 × 𝑈),  

𝑎(𝑣 + 𝜆 + 𝑠)∶= 𝑣

⟨𝑣1 + 𝜆1 + 𝑠1, 𝑣2 + 𝜆2 + 𝑠2⟩∶= 𝜆1(𝑣2) + 𝜆2(𝑣1) + Tr(𝑠1𝑠2)

[𝑣1 + 𝜆1 + 𝑠1, 𝑣2 + 𝜆2 + 𝑠2]∶= 𝐿𝑣1𝑣2 + (𝐿𝑣1𝜆2 − 𝑖𝑣2𝑑𝜆1 + Tr(𝑠2𝑑𝑠1)) + (𝐿𝑣1𝑠2 − 𝐿𝑣2𝑠1 + [𝑠1, 𝑠2]𝔤)

 

𝐸 = 𝐶+⊕𝐶−  

𝐶+ = {𝑣 + (𝑖𝑣𝑔 + 𝑖𝑣𝐵 −
1

2
Tr(𝐴𝑖𝑣𝐴)) + 𝑖𝑣𝐴|  𝑣 ∈ 𝑇𝑀}  

𝜎2 = √|𝑔|𝑒−2𝜑  

𝑒𝐴 = {𝑒𝑎 , 𝑒𝛼}, ⟨𝑒𝐴, 𝑒𝐵⟩ = 𝜂𝐴𝐵  

𝑐𝐴𝐵𝐶 : = ⟨[𝑒𝐴, 𝑒𝐵], 𝑒𝐶⟩  

𝜌 ∈ Γ(Π𝑆(𝐶+)+⊗𝐻),𝜓 ∈ Γ(Π𝑆(𝐶+)−⊗𝐶−⊗𝐻)  

𝜌 = √2
4
𝜎𝜌, 𝜓 = √2

4
𝜎𝜓 +

1

√2
4 𝜎𝜒  

𝐷: Γ(𝐸) × Γ(𝐸)→ Γ(𝐸)  

(𝑉,𝑊) ↦ 𝐷𝑉𝑊,
 

𝐷𝑓𝑉𝑊 = 𝑓𝐷𝑉𝑊,𝐷𝑉(𝑓𝑊) = 𝑓𝐷𝑉𝑊+ (𝑎(𝑉)𝑓)𝑊,𝐷⟨⋅,⋅⟩ = 0  

𝐷𝑉𝑓:= 𝑎(𝑉)𝑓  

𝐷𝑉𝜇:= 𝐿𝑎(𝑉)𝜇 − 𝜈(𝐷𝐴𝑉
𝐴)𝜇  

𝐷𝑒𝐴𝑒𝐵:= Γ𝐴
𝐶  𝐵𝑒𝐶  

𝐷𝐺 = 0,𝐷𝜎 = 0  

 



pág. 1239 

Γ[𝐴𝐵𝐶] = −
1

3
𝑐𝐴𝐵𝐶  

div𝑉:= 𝐷𝐴𝑉
𝐴 = 𝜎−2ℒ𝑉𝜎

2,  

𝐷𝑉+: Γ(𝐶−) → Γ(𝐶−), 𝐷𝑉−: Γ(𝐶+) → Γ(𝐶+)  

Γ(𝑆(𝐶+)⊗ 𝐻)  or  Γ(𝑆(𝐶+)⊗ 𝐶−⊗𝐻),  

D̸: = 𝛾𝑎𝐷𝑎  

D̸𝜌, D̸𝜓𝛼, 𝐷𝛼𝜌, 𝐷𝛼𝜓
𝛼  

[⊅, 𝐷𝛼]𝜌 =
1

4
ℛ𝑎𝛼𝛾

𝑎𝜌  

(D̸
2
+ 𝐷𝛼𝐷

𝛼)𝜌 = −
1

8
ℛ𝜌  

∫  𝜎2ℛ = ∫  √|𝑔|𝑒−2𝜑 (𝑅 + 4|∇𝜑|2 −
1

12
𝐻𝜇𝜈𝜌𝐻

𝜇𝜈𝜌 +
1

4
Tr𝐹𝜇𝜈𝐹

𝜇𝜈) ,  

𝒮0 →ℳ ×ℋ∗,  

Γ(Π𝑆(𝐶+)+⊗𝐻)⊕ Γ(Π𝑆(𝐶+)−⊗𝐶−⊗𝐻).  

𝐹(𝛿1ℒ2, 𝛿2ℒ)𝜌 =
1

16
[𝛿1𝒢, 𝛿2ℒ𝑎𝑏𝛾

𝑎𝑏𝜌

𝐹(𝛿1ℒ,𝛿2ℒ)𝜓
𝛼  =

1

16
[𝛿1ℒ,𝛿2ℒ𝑎𝑏𝛾

𝑎𝑏𝜓𝛼 +
1

4
[𝛿1ℒ,𝛿2ℒ

𝛼 𝛽𝜓
𝛽 .

 

ℒ𝑉𝜒 = 𝐷𝑉𝜒 +
1

2
(𝐷𝑎𝑉𝑏)𝛾

𝑎𝑏𝜒  

ℒ𝑉𝜆 = 𝐷𝑉𝜆 +
1

2
(𝐷𝑎𝑉𝑏)𝛾

𝑎𝑏𝜆 +
1

2
(𝐷𝐴𝑉

𝐴)𝜆  

𝑆0 = ∫  
𝑀

 ℜ𝜎2 + 𝜓‾𝛼D̸𝜓
𝛼 + 𝜌‾D̸𝜌 + 2𝜌‾𝐷𝛼𝜓

𝛼 −
1

768
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)(𝜌‾𝛾𝑎𝑏𝑐𝜌)

 −
1

384
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)(𝜓‾𝛽𝛾𝑎𝑏𝑐𝜓𝛽)

 

𝛿𝑉( field ) = ℒ𝑉( field ).  

𝛿𝜖𝒢𝑎𝑏= 𝛿𝜖𝒢𝛼𝛽 = 0, 𝛿𝜖𝒢𝑎𝛽 = 𝛿𝜖𝒢𝛽𝑎 =
1

2
𝜎−2𝜖‾𝛾𝑎𝜓𝛽 

𝛿𝜖𝜎=
1

8
𝜎−1(𝜌‾𝜖)  

𝛿𝜖𝜌 = D̸𝜖 +
1

192
𝜎−2(𝜓‾𝛼𝛾𝑐𝑑𝑒𝜓

𝛼)𝛾𝑐𝑑𝑒𝜖

𝛿𝜖𝜓𝛼 = 𝐷𝛼𝜖 +
1

8
𝜎−2(𝜓‾𝛼𝜌)𝜖 +

1

8
𝜎−2(𝜓‾𝛼𝛾𝑐𝜖)𝛾

𝑐𝜌
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𝛿𝜖𝜌= D̸𝜌 +
1

4
𝛿𝒞𝑎𝛼𝛾

𝑎𝜓𝛼  

𝛿𝜖𝜓𝛼 = 𝐷𝛼𝜖 +
1

8
𝜎−2(𝜓‾𝛼𝜌)𝜖 −

1

4
𝛿𝒞𝛼𝑎𝛾

𝑎𝜌

 

𝑇𝒢ℳ ≅ Γ(𝐶+⊗𝐶−).  

𝐸𝐿[ℒ]𝑎𝛼: = ℛ𝑎𝛼 + 𝜎
−2 (

1

2
𝜓‾𝛽𝛾𝑎𝐷𝛼𝜓

𝛽 + 𝜓‾𝛼𝛾𝑎𝐷𝛽𝜓
𝛽 − 𝜓‾𝛽𝛾𝑎𝐷

𝛽𝜓𝛼 +
1

2
𝜌‾𝛾𝑎𝐷𝛼𝜌 −

1

2
𝜓‾𝛼𝐷𝑎𝜌

+
1

4
𝜌‾𝛾𝑎𝑏𝐷

𝑏𝜓𝛼 −
1

4
𝜓‾𝛼𝛾𝑎𝑏𝐷

𝑏𝜌) = 0

𝐸𝐿[𝜎]: = ℝ + 𝜎−2(2𝜓‾𝛼𝐷𝛼𝜌 + 2𝜌‾𝐷𝛼𝜓
𝛼) + 𝜎−4 [

1

768
(𝜓‾𝛼𝛾𝑐𝑑𝑒𝜓

𝛼)(𝜌‾𝛾𝑐𝑑𝑒𝜌)

+
1

384
(𝜓‾𝛼𝛾𝑐𝑑𝑒𝜓

𝛼)(𝜓‾𝛽𝛾
𝑐𝑑𝑒𝜓𝛽)] = 0

𝐸𝐿[𝜌]: = D̸𝜌 + 𝐷𝛼𝜓
𝛼 −

1

768
𝜎−2(𝜓‾𝛼𝛾𝑐𝑑𝑒𝜓

𝛼)𝛾𝑐𝑑𝑒𝜌 = 0

𝐸𝐿[𝜓]𝛼: = D̸
𝛼
𝜓𝛼 − 𝐷𝛼𝜌 − 𝜎−2 [

1

768
(𝜌‾𝛾𝑐𝑑𝑒𝜌)𝛾

𝑐𝑑𝑒𝜓𝛼 +
1

192
(𝜓‾𝛽𝛾𝑐𝑑𝑒𝜓

𝛽)𝛾𝑐𝑑𝑒𝜓𝛼] = 0

 

[𝛿𝑉1 , 𝛿𝑉2] = 𝛿ℒ𝑉1𝑉2 ,
[𝛿𝑉 , 𝛿𝜖] = 𝛿ℒ𝑉𝜖  

[𝛿𝜖1 , 𝛿𝜖2] = 𝛿𝑉 + 𝛿𝜁  

𝑉𝑎:=
1

4
𝜎−2𝜖‾2𝛾

𝑎𝜖1, 𝜁: = −
1

2
𝑉𝜌 + 𝛿𝜖1𝜖2 − 𝛿𝜖2𝜖1  

[𝛿𝜖1 , 𝛿𝜖2]𝜌 = 𝛿𝑉𝜌 + 𝛿𝜁𝜌 −
1

2
𝑉𝐸𝐿[𝜌]

[𝛿𝜖1 , 𝛿𝜖2]𝜓𝛼  = 𝛿𝑉𝜓𝛼 + 𝛿𝜁𝜓𝛼 + (
1

4
𝜎−2𝜖[2𝜖‾1] −

1

2
𝑉)𝐸𝐿[𝜓]𝛼

 

𝒮 → ℳ ×ℋ∗,  

Γ(Π𝑆(𝐶+)+⊗𝐻) × Γ(Π𝑆(𝐶+)−⊗𝐶−⊗𝐻) × Γ(Π𝑆(𝐶+)−⊗𝐻)[1] × Γ(𝐸)[1] × 𝐶∞(𝑀)[2]  

𝒞ℒ ∈ ℳ,

𝜎 ∈ ℋ∗

𝜌 ∈ Γ(Π𝑆(𝐶+)+⊗𝐻)

𝜓 ∈ Γ(Π𝑆(𝐶+)−⊗𝐶−⊗𝐻)

𝜉 ∈ Γ(𝐸)[1]

𝑒 ∈ Γ(Π𝑆(𝐶+)−⊗𝐻)[1]

𝑓 ∈ 𝐶∞(𝑀)[2]

 

ℱ𝐵𝑉: = 𝑇
∗[−1]𝒮.  

𝑇𝒮 ≅ 𝜋∗𝑇(ℳ ×ℋ∗) ⊕ 𝜋∗𝒮  

𝑇∗[−1]𝒮 ≅ 𝜋∗𝑇∗[−1](ℳ ×ℋ∗)⊕ 𝜋∗𝒮∗[−1]  

(𝒢, 𝜎, 𝜓, 𝜌, 𝜉, 𝑒, 𝑓) ∈ 𝒮  
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𝒢∗∈ 𝑇𝒢
∗[−1]ℳ ≅ Γ(𝐶+⊗𝐶−⊗𝐻2)[−1], 

𝜎∗∈ 𝑇𝜎
∗[−1]ℋ∗ ≅ Γ(𝐻)[−1],  

𝜌∗∈ Γ(Π𝑆(𝐶+)−⊗𝐻)[−1],  

𝜓∗ ∈ Γ(Π𝑆(𝐶+)+⊗𝐶−⊗𝐻)[−1],

𝜉∗ ∈ Γ(𝐸 ⊗𝐻2)[−2],

𝑒∗ ∈ Γ(Π𝑆(𝐶+)+⊗𝐻)[−2],

𝑓∗ ∈ Γ(𝐻2)[−3].

 

𝐸∗ ≅ 𝐸, 𝐶±
∗ ≅ 𝐶±, 𝑆(𝐶+)±

∗ ≅ 𝑆(𝐶+)∓.  

1

2
{𝑆, 𝑆} = ∫  

𝑀

 
𝛿𝑆

𝛿𝒢𝑎𝛼
∗

𝛿𝑆

𝛿𝒢𝛼
𝑎𝛼 +

𝛿𝑆

𝛿𝜎∗
𝛿𝑆

𝛿𝜎
+
𝛿𝑆

𝛿𝜌‾∗
𝛿𝑆

𝛿𝜌
+
𝛿𝑆

𝛿𝜓‾𝛼
∗

𝛿𝑆

𝛿𝜓𝛼
+
𝛿𝑆

𝛿𝜉∗
𝛿𝑆

𝛿𝜉
+
𝛿𝑆

𝛿𝑒‾∗
𝛿𝑆

𝛿𝑒
+
𝛿𝑆

𝛿𝑓∗
𝛿𝑆

𝛿𝑓

+
1

16

𝛿𝑆

𝛿𝒢𝑎𝛼
∗

𝛿𝑆

𝛿𝒢𝑏
∗𝛼 (𝜌‾

∗𝛾𝑎𝑏𝜌 + 𝜓‾𝛼
∗𝛾𝑎𝑏𝜓

𝛼 + 𝑒‾∗𝛾𝑎𝑏𝑒) +
1

4

𝛿𝑆

𝛿𝒢𝑎𝛼
∗

𝛿𝑆

𝛿𝒢𝛽
∗𝑎 (𝜓

‾
𝛼
∗𝜓𝛽)

 

1

2
{𝑆, 𝑆} = ∫  

𝑀

 
𝛿𝑆

𝛿𝜙𝑖
∗

𝛿𝑆

𝛿𝜙𝑖
+
1

2
∑  

𝜙∈{𝜌,𝜓,𝑒}

 𝜙‾∗𝐹 (
𝛿𝑆

𝛿𝒢∗
,
𝛿𝑆

𝛿𝒢∗
)𝜙  

𝑆 = ∫  
𝑀

  ℛ𝜎2 + 𝜓‾𝛼D̸𝜓
𝛼 + 𝜌‾D̸𝜌 + 2𝜌‾𝐷𝛼𝜓

𝛼

−
1

768
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)(𝜌‾𝛾𝑎𝑏𝑐𝜌) −
1

384
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)(𝜓‾𝛽𝛾
𝑎𝑏𝑐𝜓𝛽)

+𝜎∗ [ℒ𝜉𝜎 −
1

8
𝜎−1(𝜌‾𝑒)] + 𝒢𝑎𝛽

∗ [(ℒ𝜉𝒢)
𝑎𝛽
+
1

2
𝜎−2(𝑒‾𝛾𝑎𝜓𝛽)]

+𝜌‾∗ [ℒ𝜉𝜌 + D̸𝑒 +
1

192
𝜎−2(𝜓‾𝛽𝛾𝑎𝑏𝑐𝜓

𝛽)𝛾𝑎𝑏𝑐𝑒]

+𝜓‾𝛽
∗ [(ℒ𝜉𝜓)

𝛽
+ 𝐷𝛽𝑒 +

1

8
𝜎−2(𝜓‾𝛽𝜌)𝑒 −

1

8
𝜎−2(𝜓‾𝛽𝛾𝑎𝑒)𝛾

𝑎𝜌]

+𝑒‾∗ [ℒ𝜉𝑒 +
1

16
𝜎−2(𝑒‾𝛾𝑎𝑒)𝛾

𝑎𝜌] + ⟨𝜉∗, 𝒟𝑓 +
1

2
ℒ𝜉𝜉⟩ −

1

8
𝜉𝑎
∗𝜎−2(𝑒‾𝛾𝑎𝑒)

+
1

2
𝑓∗ (ℒ𝜉𝑓 +

1

8
𝜎−2(𝑒‾𝛾𝑎𝑒)𝜉

𝑎 −
1

6
⟨𝜉, ℒ𝜉𝜉⟩)

−
1

64
𝜎−2(𝑒‾𝛾𝑎𝑒)(𝜓‾𝛽

∗𝛾𝑎𝜓∗𝛽) −
1

32
𝜎−2(𝑒‾𝜓𝛽

∗ )(𝑒‾𝜓∗𝛽) −
1

64
𝜎−2(𝑒‾𝛾𝑎𝑒)(𝜌‾

∗𝛾𝑎𝜌∗)

 

{𝑆, 𝑆} = 0  

𝜎∗, ℒ∗, 𝜌∗, 𝜓∗, 𝑒∗, 𝜉∗, 𝑓∗  

𝑆 = 𝑆0 + 𝑆lin + 𝑆quad  

1

2
{𝑆, 𝑆} =  ∫  

𝑀

 
𝛿𝑆lin
𝛿𝜙𝑖

∗

𝛿𝑆0
𝛿𝜙𝑖

 +∫  
𝑀

 
𝛿𝑆lin
𝛿𝜙𝑖

∗

𝛿𝑆lin
𝛿𝜙𝑖

+
𝛿𝑆quad

𝛿𝜙𝑖
∗

𝛿𝑆0
𝛿𝜙𝑖

+
1

2
∑  

𝜙∈{𝜌,𝜓,𝑒}

 𝜙‾∗𝐹 (
𝛿𝑆lin
𝛿𝒢∗

,
𝛿𝑆lin
𝛿𝒢∗

)𝜙

 +∫  
𝑀

 
𝛿𝑆lin
𝛿𝜙𝑖

∗

𝛿𝑆quad

𝛿𝜙𝑖
+
𝛿𝑆quad

𝛿𝜙𝑖
∗

𝛿𝑆lin
𝛿𝜙𝑖

 +∫  
𝑀

 
𝛿𝑆quad

𝛿𝜙𝑖
∗

𝛿𝑆quad

𝛿𝜙𝑖
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𝑋𝑎 = 𝑋𝑎(𝜎, 𝑒): =
1

4
𝜎−2(𝑒‾𝛾𝑎𝑒)  

{𝑆, 𝑋𝑎}= ∫  
𝑀

 
𝛿𝑆lin
𝛿𝜙𝑖

∗

𝛿𝑋𝑎

𝛿𝜙𝑖
= ∫  

𝑀

 
𝛿𝑆lin
𝛿𝜎∗

𝛿𝑋𝑎

𝛿𝜎
+
𝛿𝑆lin
𝛿𝑒‾∗

𝛿𝑋𝑎

𝛿𝑒
 

= −
1

2
𝜎−3 (ℒ𝜉𝜎 −

1

8
𝜎−1(𝜌‾𝑒)) (𝑒‾𝛾𝑎𝑒) +

1

2
𝜎−2 (ℒ𝜉𝑒‾ −

1

16
(𝑒‾𝛾𝑐𝑒)𝜌‾𝛾

𝑐) 𝛾𝑎𝑒  

 =
1

4
(ℒ𝜉𝜎

−2)(𝑒‾𝛾𝑎𝑒) +
1

2
𝜎−2(ℒ𝜉𝑒‾)𝛾

𝑎𝑒 +
1

16
𝜎−4 [(𝜌‾𝑒)(𝑒‾𝛾𝑎𝑒) −

1

2
(𝜌‾𝛾𝑐𝛾𝑎𝑒)(𝑒‾𝛾𝑐𝑒)]

 = (ℒ𝜉𝑋)
𝑎
+
1

32
𝜎−4(𝜌‾𝛾𝑎𝛾𝑐𝑒)(𝑒‾𝛾𝑐𝑒)

 =
(𝑒‾𝛾𝑎𝑒)𝑒‾𝛾

𝑎=0
(ℒ𝜉𝑋)

𝑎
.

 

𝑋𝐷𝑒 = 2ℒ𝑋𝑒.  

ℒ[𝑉1,𝑉2]𝜆 = (ℒ𝑉1ℒ𝑉2 − ℒ𝑉2ℒ𝑉1)𝜆 − 𝐹(ℒ𝑉1ℒ, ℒ𝑉2ℒ)𝜆  

 

ℒ[𝜉,𝜉]𝑒 = 2ℒ𝜉ℒ𝜉𝑒 − 𝐹(ℒ𝜉ℒℒ , ℒ𝜉ℒℒ)𝑒.  

∫  
𝑀

 
𝛿𝑆lin
𝛿𝜙𝑖

∗

𝛿

𝛿𝜙𝑖
(∫  
𝑀

  𝑒‾∗ (ℒ𝜉𝑒 +
1

4
𝑋𝜌)) +

1

2
∫  
𝑀

  𝑒‾∗𝐹 (
𝛿𝑆lin
𝛿𝒢∗

,
𝛿𝑆lin
𝛿𝒢∗

)𝑒 =:−∫  
𝑀

  𝑒‾∗𝜅𝑒  

 

𝜅𝑒: = ∫  
𝑀

 
𝛿𝑆lin 

𝛿𝜙𝑖
∗

𝛿ℒ𝜉𝑒

𝛿𝜙𝑖
+
1

4
(∫  
𝑀

 
𝛿𝑆lin 

𝛿𝜙𝑖
∗

𝛿𝑋𝑎

𝛿𝜙𝑖
)𝛾𝑎𝜌 +

1

4
𝑋 (∫  

𝑀

 
𝛿𝑆lin 

𝛿𝜙𝑖
∗

𝛿𝜌

𝛿𝜙𝑖
) −

1

2
𝐹 (
𝛿𝑆lin 

𝛿𝒢∗
,
𝛿𝑆lin 

𝛿𝒢∗
)𝑒

 =
( 𝜓̂𝜇𝜈

†
 )

ℒ
𝒟𝑓+

1
2
ℒ𝜉𝜉−

1
2
𝑋
𝑒 − ℒ𝜉 (ℒ𝜉𝑒 +

1

4
𝑋𝜌) + 𝐹 (

𝛿𝑆lin 

𝛿𝒢∗
, ℒ𝜉𝒢) 𝑒 +

1

4
(ℒ𝜉𝑋)

𝑎
𝛾𝑎𝜌

 +
1

4
𝑋 (ℒ𝜉𝜌 + 𝐷𝑒 +

1

192
𝜎−2(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)𝛾𝑎𝑏𝑐𝑒) −
1

2
𝐹 (
𝛿𝑆lin 

𝛿𝒢∗
,
𝛿𝑆lin 

𝛿𝒢∗
) 𝑒

 

𝜅𝑒 =−
1

2
𝐹(ℒ𝜉𝒢, ℒ𝜉𝒢)𝑒 + 𝐹(ℒ𝜉ℒ + 𝛿𝑒𝒢, ℒ𝜉𝒢)𝑒 +

1

768
𝜎−2𝑋(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)𝛾𝑎𝑏𝑐𝑒 

 −
1

2
𝐹(ℒ𝜉𝒢 + 𝛿𝑒ℒ, ℒ𝜉𝒢 + 𝛿𝑒ℒ)𝑒

=
1

768
𝜎−2𝑋(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)𝛾𝑎𝑏𝑐𝑒 −
1

2
𝐹(𝛿𝑒ℒ, 𝛿𝑒𝒢)𝑒.
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1

768
𝜎−2𝑋(𝜓‾𝛼𝛾𝑎𝑏𝑐𝜓

𝛼)𝛾𝑎𝑏𝑐𝑒〈(𝜆
‾1𝛾𝑎𝜆2)(𝜆‾3𝛾

𝑎𝜆4) =
1
2
(𝜆‾1𝛾𝑎𝜆3)(𝜆‾2𝛾

𝑎𝜆4)+
1
24
(𝜆‾1𝛾(3)𝜆3)(𝜆‾2𝛾

(3)𝜆4)〉 −
1

32
𝜎−2𝑋𝑎𝜓𝛼(𝑒‾𝛾

𝑎𝜓𝛼) = −
1

128
𝜎−4𝛾𝑏

‖(𝑒‾𝛾𝑎𝑒)𝑒‾𝛾
𝑎 = 0‖

1

128
𝜎−4𝛾𝑎𝛾𝑏𝜓𝛼(𝑒‾𝛾

𝑏𝑒)(𝑒‾𝛾𝑎𝜓𝛼)𝛾𝑎𝜓𝛼(𝑒‾𝛾
𝑏𝑒)(𝑒‾𝛾𝑎𝜓𝛼)  

𝜙𝜇𝜈
′′⋆ ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 

⏞            

(𝑒‾𝛾𝑎𝑒2)(𝑒‾𝛾
𝑎𝑒4)=−

1
2
(𝑒‾𝛾𝑎𝑒)(𝑒2𝛾

𝑎𝑒4)

−
1

64
𝜎−4𝛾𝑎𝛾𝑏𝑒(𝑒‾𝛾

𝑏𝜓𝛼)(𝑒‾𝛾
𝑎𝜓𝛼) 

 = −
1

16
𝛿𝑒ℒ𝛼

𝑏𝛿𝑒𝒞
𝑎𝛼𝛾𝑎𝛾𝑏𝑒 =

1

32
[𝛿𝑒ℒ, 𝛿𝑒ℒ

𝑎𝑏𝛾𝑎𝑏𝑒

 
1

2
𝐹(𝛿𝑒ℒ, 𝛿𝑒ℒ)𝑒.

 

∫  
𝑀

 
𝛿𝑆lin
𝛿𝜙𝑖

∗

𝛿

𝛿𝜙𝑖
(∫  
𝑀

  ⟨𝜉∗, 𝒟𝑓 +
1

2
ℒ𝜉𝜉 −

1

2
𝑋⟩) =:∫  

𝑀

  ⟨𝜉∗, 𝜅𝜉⟩  

𝜅𝜉 =
1

2
𝒟 [ℒ𝜉𝑓 +

1

2
⟨𝑋, 𝜉⟩ −

1

6
⟨𝜉, ℒ𝜉𝜉⟩] +

1

2
ℒ
𝒟𝑓+

1
2
ℒ𝜉𝜉−

1
2
𝑋
𝜉 −

1

2
ℒ𝜉 (𝒟𝑓 +

1

2
ℒ𝜉𝜉 −

1

2
𝑋) −

1

2
ℒ𝜉𝑋 

 =
1

2
(𝒟ℒ𝜉 − ℒ𝜉𝒟)𝑓 +

1

4
(𝒟⟨𝑋, 𝜉⟩ −

1

4
ℒ𝑋𝜉 −

1

4
ℒ𝜉𝑋) −

1

12
𝒟⟨𝜉, ℒ𝜉𝜉⟩ +

1

4
ℒℒ𝜉𝜉𝜉 −

1

4
ℒ𝜉ℒ𝜉𝜉

 = −
1

12
(ℒ𝜉ℒ𝜉𝜉 + ℒℒ𝜉𝜉𝜉) +

1

4
ℒℒ𝜉𝜉𝜉 −

1

4
ℒ𝜉ℒ𝜉𝜉 =

1

6
ℒℒ𝜉𝜉𝜉 −

1

3
ℒ𝜉ℒ𝜉𝜉 = 0

 

∫  
𝑀

 
𝛿𝑆lin
𝛿𝜙𝑖

∗

𝛿

𝛿𝜙𝑖
(∫  
𝑀

 
1

2
𝑓∗ (ℒ𝜉𝑓 +

1

2
⟨𝑋, 𝜉⟩ −

1

6
⟨𝜉, ℒ𝜉𝜉⟩)) =:−

1

2
∫  
𝑀

 𝑓∗𝜅𝑓 ,  

𝜅𝑓 =ℒ𝒟𝑓+
1
2
ℒ𝜉𝜉−

1
2
𝑋
𝑓 − ℒ𝜉 (

1

2
ℒ𝜉𝑓 +

1

4
⟨𝑋, 𝜉⟩ −

1

12
⟨𝜉, ℒ𝜉𝜉⟩) +

1

2
⟨ℒ𝜉𝑋, 𝜉⟩ +

1

2
⟨𝑋, 𝒟𝑓 +

1

2
ℒ𝜉𝜉 −

1

2
𝑋⟩

 −
1

6
⟨𝒟𝑓 +

1

2
ℒ𝜉𝜉 −

1

2
𝑋, ℒ𝜉𝜉⟩ +

1

6
⟨𝜉, ℒ

𝒟𝑓+
1
2
ℒ𝜉𝜉−

1
2
𝑋
𝜉⟩ −

1

6
⟨𝜉, ℒ𝜉 (𝒟𝑓 +

1

2
ℒ𝜉𝜉 −

1

2
𝑋)⟩

=(
1

2
−
1

6
)ℒℒ𝜉𝜉𝑓 − (

1

2
+
1

6
)ℒ𝜉ℒ𝜉𝑓

 −
1

4
ℒ𝜉⟨𝑋, 𝜉⟩ + (

1

2
−
1

12
) ⟨ℒ𝜉𝑋, 𝜉⟩ + (

1

4
+
1

12
) ⟨𝑋, ℒ𝜉𝜉⟩ +

1

12
⟨ℒ𝑋𝜉, 𝜉⟩ −

1

4
⟨𝑋, 𝑋⟩

 +
1

12
(ℒ𝜉⟨𝜉, ℒ𝜉𝜉⟩ − ⟨ℒ𝜉𝜉, ℒ𝜉𝜉⟩ + ⟨𝜉, ℒℒ𝜉𝜉𝜉⟩ − ⟨𝜉, ℒ𝜉ℒ𝜉𝜉⟩)

=
1

3
(ℒℒ𝜉𝜉𝑓 − 2ℒ𝜉ℒ𝜉𝑓) −

1

4
ℒ𝜉⟨𝑋, 𝜉⟩ +

5

12
⟨ℒ𝜉𝑋, 𝜉⟩ +

1

3
⟨𝑋, ℒ𝜉𝜉⟩ +

1

12
⟨𝒟⟨𝑋, 𝜉⟩ − ℒ𝜉𝑋, 𝜉⟩

 −
1

64
𝜎−4(𝑒‾𝛾𝑎𝑒)(𝑒‾𝛾

𝑎𝑒) +
1

12
(ℒ𝜉⟨𝜉, ℒ𝜉𝜉⟩ − ⟨ℒ𝜉𝜉, ℒ𝜉𝜉⟩ + ⟨𝜉, ℒ𝜉ℒ𝜉𝜉⟩)

𝜙𝜇𝜈
′′⋆ ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 

⏞            

(𝑒‾𝛾𝑎𝑒2)(𝑒‾𝛾
𝑎𝑒4)=−

1
2
(𝑒‾𝛾𝑎𝑒)(𝑒2𝛾

𝑎𝑒4)
⃡⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗

 −
1

3
(ℒ𝜉⟨𝑋, 𝜉⟩ − ⟨ℒ𝜉𝑋, 𝜉⟩ − ⟨𝑋, ℒ𝜉𝜉⟩) = 0.

 

1

2
{𝑆, 𝑆}= ∫  

𝑀

 
𝛿𝑆lin
𝛿𝜙𝑖

∗

𝛿𝑆quad

𝛿𝜙𝑖
+
𝛿𝑆quad

𝛿𝜙𝑖
∗

𝛿𝑆lin
𝛿𝜙𝑖

 

 = ∫  
𝑀

 
𝛿𝑆lin
𝛿𝜎∗

𝛿𝑆quad

𝛿𝜎
+
𝛿𝑆lin
𝛿𝑒‾∗

𝛿𝑆quad

𝛿𝑒
+
𝛿𝑆quad

𝛿𝜌‾∗
𝛿𝑆lin
𝛿𝜌

+
𝛿𝑆quad

𝛿𝜓‾𝛼
∗

𝛿𝑆lin
𝛿𝜓𝛼
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1

2
{𝑆, 𝑆} = ∫  

𝑀

  [ℒ𝜉𝜎 −
1

8
𝜎−1(𝜌‾𝑒)] 𝜎−3 [

1

32
𝜓‾𝛽
∗𝜓𝜓∗𝛽 +

1

16
(𝑒‾𝜓𝛽

∗ )(𝑒‾𝜓∗𝛽) +
1

32
𝜌‾∗𝜓𝜌∗]

+ [ℒ𝜉𝑒‾ +
1

16
𝜎−2𝜓𝜌]𝜎−2 [−

1

32
𝛾𝑎𝑒(𝜓‾𝛽

∗𝛾𝑎𝜓∗𝛽) −
1

16
𝜓𝛽
∗ (𝑒‾𝜓∗𝛽) −

1

32
𝛾𝑎𝑒(𝜌‾

∗𝛾𝑎𝜌∗)]  

− [
1

32
𝜎−2𝜓𝜌∗] [

1

8
𝜎∗𝜎−1𝑒 − ℒ𝜉𝜌

∗ +
1

8
𝜎−2𝜓𝛽(𝜓‾𝛽

∗𝑒) +
1

8
𝜎−2𝛾𝑐𝜓𝛽

∗ (𝜓‾𝛽𝛾𝑐𝑒) −
1

16
𝜎−2𝜓𝑒∗] 

+ [−
1

32
𝜎−2𝜓𝜓∗𝛼 +

1

16
𝜎−2(𝑒‾𝜓∗𝛼)𝑒‾] [−

1

2
𝜎−2𝒢𝑎𝛼

∗ 𝛾𝑎𝑒 +
1

96
𝜎−2𝛾𝑎𝑏𝑐𝜓𝛼(𝜌‾

∗𝛾𝑎𝑏𝑐𝑒)  

−(ℒ𝜉𝜓
∗)
𝛼
+
1

8
𝜎−2𝜌(𝜓‾𝛼

∗𝑒) −
1

8
𝜎−2𝛾𝑎𝑒(𝜓‾𝛼

∗𝛾𝑎𝜌)]

 

1

32
𝜎−2(𝑒‾𝛾𝑒𝑒)(𝜓‾

∗𝛼𝛾𝑒𝛾𝑎𝑒) +
1

16
𝜎−2(𝑒‾𝜓∗𝛼)(𝑒‾𝛾𝑎𝑒) = −

1

32
𝜎−2(𝑒‾𝛾𝑒𝑒)(𝜓‾

∗𝛼𝛾𝑎𝛾
𝑒𝑒) 𝜙𝜇𝜈

′′⋆ ∑ ∫𝑃(𝑖, 𝑗)
0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 

⏞            

(𝑒‾𝛾𝑎𝑒2)(𝑒‾𝛾
𝑎𝑒4)=−

1
2
(𝑒‾𝛾𝑎𝑒)(𝑒2𝛾

𝑎𝑒4)
̂̃

 

1

2
{𝑆, 𝑆} =:

1

128
∫  
𝑀

 𝜎−4𝜅quad  

𝜅quad = −
1

2
(𝜌‾𝑒)(𝜌‾∗𝜓𝜌∗) −

1

2
(𝜌‾𝑒)(𝜓‾∗𝜓𝜓∗) − (𝜌‾𝑒)(𝑒‾𝜓∗)(𝑒‾𝜓∗) +

1

4
(𝜌‾𝜓𝛾𝑎𝑒)(𝜌‾

∗𝛾𝑎𝜌∗)

+
1

4
(𝜌‾𝜓𝛾𝑎𝑒)(𝜓‾

∗𝛾𝑎𝜓∗) +
1

2
(𝜌‾𝜓𝜓∗)(𝑒‾𝜓∗) +

1

2
(𝜓‾∗𝑒)(𝜓‾𝜓𝜌∗) −

1

2
 (𝜓‾𝛾𝑎𝑒)(𝜓‾

∗𝛾𝑎𝜓𝜌∗)

+
1

24
(𝜌‾∗𝛾𝑎𝑏𝑐𝑒)(𝜓‾𝛾

𝑎𝑏𝑐𝜓𝜓∗) −
1

12
(𝜌‾∗𝛾𝑎𝑏𝑐𝑒)(𝜓‾𝛾𝑎𝑏𝑐𝑒)(𝑒‾𝜓

∗) +
1

2
(𝜌‾𝜓𝜓∗)(𝜓‾∗𝑒)  

 −(𝜌‾𝑒)(𝜓‾∗𝑒)(𝑒‾𝜓∗) +
1

2
(𝜓‾∗𝛾𝑎𝜌)(𝑒‾𝛾𝑎𝜓𝜓

∗) − (𝜓‾∗𝜓𝜌)(𝑒‾𝜓∗)

= −
1

2
(𝜌‾𝑒)(𝜌‾∗𝜓𝜌∗) −

1

2
(𝜌‾𝑒)(𝜓‾∗𝜓𝜓∗) +

1

4
(𝜌‾𝜓𝛾𝑎𝑒)(𝜌‾

∗𝛾𝑎𝜌∗) +
1

4
(𝜌‾𝜓𝛾𝑎𝑒)(𝜓‾

∗𝛾𝑎𝜓∗)

 +
1

2
(𝜓‾∗𝑒)(𝜓‾𝜓𝜌∗) −

1

2
(𝜓‾𝛾𝑎𝑒)(𝜓‾

∗𝛾𝑎𝜓𝜌∗) +
1

24
(𝜌‾∗𝛾𝑎𝑏𝑐𝑒)(𝜓‾𝛾

𝑎𝑏𝑐𝜓𝜓∗)

 −
1

12
(𝜌‾∗𝛾𝑎𝑏𝑐𝑒)(𝜓‾𝛾𝑎𝑏𝑐𝑒)(𝑒‾𝜓

∗) +
1

2
(𝜓‾∗𝛾𝑎𝜌)(𝑒‾𝛾𝑎𝜓𝜓

∗) − (𝜓‾∗𝜓𝜌)(𝑒‾𝜓∗).

 

𝜓𝑒 = 𝑒‾𝜓 = 0  

𝜅quad =
1

2
(𝜓‾∗𝑒)(𝜓‾𝜓𝜌∗) −

1

2
(𝜓‾𝛾𝑎𝑒)(𝜓‾

∗𝛾𝑎𝜓𝜌∗) +
1

24
(𝜌‾∗𝛾𝑎𝑏𝑐𝑒)(𝜓‾𝛾

𝑎𝑏𝑐𝜓𝜓∗) −
1

12
(𝜌‾∗𝛾𝑎𝑏𝑐𝑒)(𝜓‾𝛾𝑎𝑏𝑐𝑒)(𝑒‾𝜓

∗)  

𝜙𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̂
−(𝜓‾∗𝑒)(𝜓‾𝜓𝜌∗)  −

1

2
(𝜓‾𝛾𝑎𝑒)(𝜓‾

∗𝛾𝑎𝜓𝜌∗) +
1

24
(𝜌‾∗𝛾𝑎𝑏𝑐𝑒)(𝜓‾𝛾

𝑎𝑏𝑐𝜓𝜓∗)

 𝜙𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̂
−(𝜓‾∗𝑒)(𝜓‾𝜓𝜌∗) −

1

2
(𝜓‾𝛾𝑎𝑒)(𝜓‾

∗𝛾𝑎𝜓𝜌∗) −
1

2
(𝜌‾∗𝛾𝑎𝜓)(𝑒‾𝛾

𝑎𝜓𝜓∗) +
1

2
(𝑒‾𝛾𝑎𝜓)(𝜌‾

∗𝛾𝑎𝜓𝜓∗)

 = −
1

2
(𝜓‾𝛾𝑎𝑒)(𝜓‾

∗𝛾𝑎𝜓𝜌∗) +
1

2
(𝑒‾𝛾𝑎𝜓)(𝜌‾∗𝛾𝑎𝜓𝜓

∗)

 = −
1

2
(𝜓‾𝛾𝑎𝑒)(𝜓‾

∗(𝛾𝑎𝜓 + 𝜓𝛾𝑎)𝜌∗) = −(𝜓‾𝜓𝑒)(𝜓‾∗𝜌∗) = 0.

 

[𝛿𝜖1 , 𝛿𝜖2]Φ(0) = 𝛿[𝜖1,𝜖2]Φ(0) +𝑀(Φ(0), 𝜖1, 𝜖2)𝐸𝐿[Φ(0)]  
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𝑄𝐵Φ(0)∶= 𝛿Φ(1)Φ(0)

𝑄𝐵Φ(1)∶= 𝛿Φ(1)Φ(1) + 𝛿Φ(2)Φ(1) =
1

2
[Φ(1), Φ(1)] + 𝛿Φ(2)Φ(1)

 

𝑄𝐵Φ
𝑖 = 𝛿ΦΦ

𝑖  

𝑄𝐵
2Φ𝑖 = 𝑀̃(Φ)𝑖𝑗

𝜕𝑆0
𝜕Φ𝑗

 

𝑄𝐵𝑉|Φ∗=0Φ
𝑖 = 𝑄𝐵Φ

𝑖  

𝑄𝐵𝑉 = {𝑆,⋅} =
𝜕𝑆

𝜕Φ𝑖
∗

𝜕

𝜕Φ𝑖
+
𝜕𝑆

𝜕Φ𝑖
𝜕

𝜕Φ𝑖
∗ , deg𝑆 = 0  

𝑆(Φ,Φ∗) = 𝑆0(Φ) +∑  

𝑁

𝑘=1

 
1

𝑘!
Φ𝑖1
∗ ⋯Φ𝑖𝑘

∗ 𝑆𝑘
𝑖1…𝑖𝑘(Φ)  

{𝑆, 𝑆} = 0  

𝑆(Φ,Φ∗) = 𝑆0(Φ) + Φ𝑖
∗𝑄𝐵Φ

𝑖  

𝑆(Φ,Φ∗) = 𝑆0(Φ) + Φ𝑖
∗𝑆1
𝑖(Φ) +

1

2
Φ𝑖
∗Φ𝑗

∗𝑆2
𝑖𝑗
(Φ)  

𝛿ΦΦ
𝑖 = 𝑄𝐵Φ

𝑖 = (𝑄𝐵𝑉Φ
𝑖)|

Φ∗=0
= {𝑆,Φ𝑖}|

Φ∗=0
= 𝑆1

𝑖(Φ)  

𝑄𝐵𝑆0  = 0,

𝑄𝐵
2Φ𝑖 + (𝜕𝑗𝑆0)𝑆2

𝑖𝑗
 = 0,

𝑄𝐵𝑆2
𝑖𝑗
+ 𝑆2

𝑘[𝑖
𝜕𝑘(𝑄𝐵Φ

𝑗])  = 0,

𝑆2
𝑖[𝑗
𝜕𝑖𝑆2

𝑘𝑙]
 = 0,

 

𝑆2
𝑖𝑗
∼ 𝑀̃(Φ)𝑖𝑗  

𝜖0…9 = −𝜖
0…9 = 1.  

{𝛾𝑎 , 𝛾𝑏} = 2𝑔𝑎𝑏  

𝐶𝛾𝑎𝐶
−1 = −𝛾𝑎

𝑇 , 𝐶𝑇 = −𝐶  

𝜓‾:= 𝜓𝑇𝐶  

𝜓‾𝜒 = 𝜒‾𝜓.  

𝐶𝛾𝑎1…𝑎𝑘𝐶
−1 = (−1)

[
𝑘+1
2
]
𝛾𝑎1…𝑏𝑘
𝑇  

𝜓‾𝛾𝑎1…𝑎𝑘𝜒 = (−1)
[
𝑘+1
2
]
𝜒‾𝛾𝑎1…𝑎𝑘𝜓

 

𝛾𝑎1…𝑎𝑘𝛾∗ = (−1)
[
𝑘
2
] 1

(10 − 𝑘)!
√−𝑔𝜖𝑎1…𝑎𝑘𝑏1…𝑏10−𝑘𝛾

𝑏1…𝑏10−𝑘  
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𝜓‾𝜒 = 0  if ch𝜓 = ch𝜒  

ch(𝛾(𝑝)𝜓) = (−1)
𝑝ch𝜓  

𝛾(𝑝): = 𝛾𝑎1…𝑎𝑝  

𝜆‾𝛾(3)𝜆,  

𝜆‾𝛾(1)𝜆 = 𝜆‾𝛾(5)𝜆 = 0  

1

𝑝!
(𝜆‾1𝛾𝑎1…𝑎𝑛𝑏1…𝑏𝑝𝜆2) (𝜆

‾
3𝛾
𝑏1…𝑏𝑝𝜆4) = (ch𝜆2)(ch𝜆4)(−1)

1+[
𝑛
2
] 1

𝑞!
(𝜆‾1𝛾

𝑐1…𝑐𝑞𝜆2) (𝜆‾3𝛾𝑎1…𝑎𝑛𝑐1…𝑐𝑞𝜆4)  

1

(10 − 𝑝)!
(𝜆‾1𝛾(10−𝑝)𝜆2)(𝜆‾3𝛾

(10−𝑝)𝜆4) = −
1

𝑝!
(ch𝜆2)(ch𝜆4)(𝜆‾1𝛾(𝑝)𝜆2)(𝜆‾3𝛾

(𝑝)𝜆4)  

𝛾𝑎𝛾
𝑏1…𝑏𝑝 = 𝛾𝑎

𝑏1…𝑏𝑝 + 𝑝𝛿𝑎
[𝑏1𝛾𝑏2…𝑏𝑝]  

{𝛾𝑎 , 𝛾
𝑏1…𝑏2𝑝+1} = 2(2𝑝 + 1)𝛿𝑎

[𝑏1𝛾𝑏2…𝑏2𝑝+1]  

𝜆𝜓‾ =
1

32
∑  

10

𝑝=0

 
(−1)𝑝+1

𝑝!
𝛾(𝑝)𝜓𝜆‾𝛾

(𝑝)  

(𝜆‾1𝜓1)(𝜆‾2𝜓2) =
1

16
(𝜆‾1𝛾(1)𝜆2)(𝜓‾1𝛾

(1)𝜓2) +
1

96
(𝜆‾1𝛾(3)𝜆2)(𝜓‾1𝛾

(3)𝜓2) +
1

3840
(𝜆‾1𝛾(5)𝜆2)(𝜓‾1𝛾

(5)𝜓2) 

(𝜆‾1𝛾𝑎𝜆2)(𝜆‾3𝛾
𝑎𝜆4)  =

1

2
(𝜆‾1𝛾𝑎𝜆3)(𝜆‾2𝛾

𝑎𝜆4) +
1

24
(𝜆‾1𝛾(3)𝜆3)(𝜆‾2𝛾

(3)𝜆4)

(𝜆‾1𝛾(3)𝜆2)(𝜆‾3𝛾
(3)𝜆4)  = 18ℓ(𝜆‾1𝛾𝑎𝜆3)(𝜆‾2𝛾

𝑎𝜆4) −
1

2
(𝜆‾1𝛾(3)𝜆3)(𝜆‾2𝛾

(3)𝜆4)

 

(𝜆‾[1𝛾∣𝑎𝜆2∣)(𝜆‾3]𝛾
𝑎𝜆4) =

1

2
(𝜆‾1𝛾𝑎𝜆3)(𝜆‾2𝛾

𝑎𝜆4)  

(𝜆‾𝛾𝑎𝑏𝑐𝜆)𝜆‾𝛾𝑎𝑏𝑐 = 0  

(𝑒‾1𝛾𝑎𝑒2)(𝑒‾3𝛾
𝑎𝑒4) = −

1

2
(𝑒‾1𝛾𝑎𝑒3)(𝑒‾2𝛾

𝑎𝑒4) −
1

24
(𝑒‾1𝛾(3)𝑒3)(𝑒‾2𝛾

(3)𝑒4)  

(𝑒‾𝛾𝑎𝑒2)(𝑒‾𝛾
𝑎𝑒4) = −

1

2
(𝑒‾𝛾𝑎𝑒)(𝑒2𝛾

𝑎𝑒4)  

(𝑒‾𝛾𝑎𝑒)𝑒‾𝛾
𝑎 = 0  

1

24
(𝑒‾1𝛾(3)𝑒3)(𝑒‾2𝛾

(3)𝑒4) = −
1

2
(𝑒‾1𝛾𝑎𝑒2)(𝑒‾3𝛾

𝑎𝑒4) +
1

2
(𝑒‾3𝛾𝑎𝑒2)(𝑒‾1𝛾

𝑎𝑒4)  

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒) = −18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)  

|𝐴| ∈ ℤ2 = {0,1}  
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|𝑑| ≡ 1, |𝑖𝑋| ≡ −1 + |𝑋|  

𝐿𝑋 = [𝑑, 𝑖𝑋],  

𝐿𝑋𝑓 = 𝑋𝑓  

𝑖𝑋𝐻𝜔 = −𝑑𝐻  

𝜔 = 𝑑𝑝𝑖 ∧ 𝑑𝑞
𝑖  

{𝐻,𝐻′} = 𝑋𝐻𝐻
′  

𝑑𝑓 = 𝑑𝑥𝑖
𝜕𝑓

𝜕𝑥𝑖
 

𝑖𝑋𝑑𝑓 = (−1)
|𝑋|𝐿𝑋𝑓 = (−1)

|𝑋|𝑋𝑓  

|𝑞| ≡ |𝑝| + 1 mod2  

𝑖𝑋𝐻𝜔= 𝑑𝑝 (𝑖𝐴𝜕𝑞𝑑𝑞) + (𝑖𝐵𝜕𝑝𝑑𝑝) 𝑑𝑞 ∎
∭⊞(4)

′′ ⨂
𝜕𝔊
𝜕𝔐

𝑑4𝜒

⊚𝑑ℏ′′ 

𝑖𝑋𝑑𝑓=(−1)
|𝑋|𝐿𝑋𝑓=(−1)

|𝑋|𝑋𝑓̂

−𝑑𝑝𝐴 − 𝐵𝑑𝑞 

𝑑𝐻 = 𝑑𝑞(𝜕𝑞𝐻) + 𝑑𝑝(𝜕𝑝𝐻) = (𝜕𝑞𝐻)𝑑𝑞 + 𝑑𝑝(𝜕𝑝𝐻)

 

𝑋𝐻 =
𝜕𝐻

𝜕𝑝𝑖

𝜕

𝜕𝑞𝑖
+
𝜕𝐻

𝜕𝑞𝑖
𝜕

𝜕𝑝𝑖
 

{𝐻,𝐻′} =
𝜕𝐻

𝜕𝑝𝑖

𝜕𝐻′

𝜕𝑞𝑖
+
𝜕𝐻

𝜕𝑞𝑖
𝜕𝐻′

𝜕𝑝𝑖
 

{𝐹, 𝐹′} = (−1)|𝐹|⋅|𝑝𝑖|
𝜕𝐹

𝜕𝑝𝑖

𝜕𝐹′

𝜕𝑞𝑖
+ (−1)|𝐹|⋅|𝑞

𝑖|
𝜕𝐹

𝜕𝑞𝑖
𝜕𝐹′

𝜕𝑝𝑖
 

{𝐻,𝐻′} = ∫  
𝑀

 
𝛿𝐻

𝛿𝜆‾∗
𝛿𝐻′

𝛿𝜆
+
𝛿𝐻′

𝛿𝜆‾∗
𝛿𝐻

𝛿𝜆
 

𝛿𝐻

𝛿(𝜆‾∗)
𝑦

= ∫  
𝑀

 
𝛿𝐻

𝛿(𝜆∗)𝑥
𝛿(𝜆∗)𝑥

𝛿(𝜆‾∗)
𝑦

=
𝛿𝐻

𝛿(𝜆∗)𝑥
(𝐶−1)𝑦𝑥  

∫  
𝑀

 
𝛿𝐻

𝛿(𝜆‾∗)
𝑦

𝛿𝐻′

𝛿𝜆𝑦
= (𝐶−1)𝑦𝑥∫  

𝑀

 
𝛿𝐻

𝛿(𝜆∗)𝑥
𝛿𝐻′

𝛿𝜆𝑦
= (𝐶−1)𝑦𝑥∫  

𝑀

  (𝐶𝑥𝑧𝜒
𝑧)(𝐶𝑦𝑤𝜑

𝑤) = ∫  
𝑀

 𝜒𝑦𝐶𝑦𝑤𝜑
𝑤

 

{∫  
𝑀

 𝜆‾∗𝜒,∫  
𝑀

 𝜆‾𝜑} = ∫  
𝑀

 𝜒‾𝜑  

𝐹+(𝛿1ℒ, 𝛿2ℒ) =
1

4
[𝛿1ℒ, 𝛿2ℒ]: Γ(𝐶+) → Γ(𝐶+)  

𝐹−(𝛿1ℒ,𝛿2ℒ) =
1

4
[𝛿1𝒢, 𝛿2ℒ]: Γ(𝐶−) → Γ(𝐶−)  
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(𝐹+(𝛿1ℒ,𝛿2ℒ)𝑢+)
𝑎
=
1

4
(𝛿1ℒ

𝑎𝛼𝛿2ℒ𝑏𝛼 − 𝛿2ℒ
𝑎𝛼𝛿1ℒ𝑏𝛼)𝑢+

𝑏  

(𝐹−(𝛿1ℒ,𝛿2ℒ)𝑢−)
𝛼
 =
1

4
(𝛿1𝒢

𝑎𝛼𝛿2𝒢𝑎𝛽 − 𝛿2ℒ
𝑎𝛼𝛿1𝒢𝑎𝛽)𝑢−

𝛽

 

𝐹(𝛿1ℒ2, 𝛿2ℒ)𝜌=
1

16
[𝛿1ℒ2, 𝛿2ℒ𝑎𝑏𝛾

𝑎𝑏𝜌  

𝐹(𝛿1ℒ2, 𝛿2ℒ)𝜓
𝛼 =

1

16
[𝛿1ℒ2, 𝛿2ℒ𝑎𝑏𝛾

𝑎𝑏𝜓𝛼 +
1

4
[𝛿1ℒ2, 𝛿2ℒ

𝛼  𝛽𝜓
𝛽 .

 

𝐶+ = {𝑢̂+ +𝜑(𝑢̂+) ∣ 𝑢̂+ ∈ 𝐶̂+}  

𝑝̂ ∘ (𝑝|𝐶+′ )
−1
∘ (𝑝̂|𝐶+)

−1
: 𝐶̂+ → 𝐶̂+,  

𝑢̂+ ↦ 𝑢̂+ − 𝜑
∗(1 + 𝜑𝜑∗)−1𝛿𝜑(𝑢̂+),  

𝐴+ = 𝜑∗(1 + 𝜑𝜑∗)−1𝑑𝜑,  

𝐹+(𝛿1𝜑, 𝛿2𝜑) = 𝛿1𝜑
∗𝛿2𝜑 − 𝛿2𝜑

∗𝛿1𝜑: 𝐶̂+ → 𝐶̂+  

𝐹+(𝛿1𝒢, 𝛿2ℒ) =
1

4
[𝛿1𝒢, 𝛿2𝒢]: 𝐶̂+ → 𝐶̂+.  

𝑇𝒢ℳ ≅ Γ(𝐶+⊗𝐶−).  

𝑇𝒢ℳ ≅ Γ(𝐶+⊗𝐶−) ∋ 𝑢, 𝑣 ↦ ∫  
𝑀

 𝜎2⟨𝑢, 𝑣⟩  

𝑇𝐸 = 𝑇hor𝐸 ⊕ 𝑇ver𝐸 ≅ 𝜋
∗𝑇𝑀⊕𝜋∗𝐸  

𝐵 ∈ Γ(𝜋∗𝑇𝑀), 𝐶 ∈ Γ(𝜋∗𝐸).  

𝐵 = [𝐵1, 𝐵2] + 𝐶1𝐵2 − 𝐶2𝐵1, 𝐶 = [𝐶1, 𝐶2] + ∇𝐵1𝐶2 − ∇𝐵2𝐶1 − 𝐹(𝐵1, 𝐵2),  

∇𝑢 = 𝑑𝑢 + 𝐴𝑢,  i.e.  (∇𝜕
𝑥𝑖
𝑢)

𝑎
= 𝜕𝑥𝑖𝑢

𝑎 + 𝐴𝑖 
𝑎  𝑏𝑢

𝑏,  

𝑢(𝑥0 + Δ𝑥) = 𝑢(𝑥0) − 𝜀𝑎𝐴𝑖 
𝑎  𝑏(𝑥0)𝑢

𝑏(𝑥0)Δ𝑥
𝑖.  

𝜕𝑥𝑖 − 𝐴𝑖 
𝑎  𝑏(𝑥0)𝑢

𝑏𝜕𝑦𝑎 .  

ver = span{𝑒𝑎},  hor = span{𝑒𝑖},  𝑒𝑎:= 𝜕𝑦𝑎 , 𝑒𝑖: = 𝜕𝑥𝑖 − 𝐴𝑖  
𝑎  𝑏(𝑥)𝑦

𝑏𝜕𝑦𝑎 .  

𝑉(𝑥, 𝑦) = 𝐵𝑖(𝑥, 𝑦)𝑒𝑖 + 𝐶
𝑎(𝑥, 𝑦)𝑒𝑎 .  

[𝑒𝑎 , 𝑒𝑏] = 0, [𝑒𝑎 , 𝑒𝑖] = −𝐴𝑖 
𝑏 𝑎(𝑥)𝑒𝑏 , [𝑒𝑖, 𝑒𝑗] = −𝐹𝑖𝑗 

𝑎  𝑏(𝑥)𝑒𝑎 ,  

[𝑉1, 𝑉2] = (𝐵1
𝑗
𝑒𝑗𝐵2

𝑖 −𝐵2
𝑗
𝑒𝑗𝐵1

𝑖 − 𝐶2
𝑎𝑒𝑎𝐵1

𝑖 + 𝐶1
𝑎𝑒𝑎𝐵2

𝑖 )𝑒𝑖

 +(𝐵1
𝑖𝑒𝑖𝐶2

𝑎 − 𝐵2
𝑖𝑒𝑖𝐶1

𝑎 + 𝐶1
𝑏𝑒𝑏𝐶2

𝑎 − 𝐶2
𝑏𝑒𝑏𝐶1

𝑎 + 𝐴𝑖  
𝑎  𝑏𝐵1

𝑖𝐶2
𝑏 − 𝐴𝑖 

𝑎  𝑏𝐵2
𝑖𝐶1
𝑏 −𝐵1

𝑖𝐵2
𝑗
𝐹𝑖𝑗  

𝑎  𝑏𝑦
𝑏)𝑒𝑎,

 

[𝛿1, 𝛿2]: = [𝛿𝜖1 , 𝛿𝜖2]  
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𝑉𝑎: =
1

4
𝜎−2(𝜖‾2𝛾

𝑎𝜖1)  

[𝛿1, 𝛿2] = 𝛿𝑉 + 𝛿𝜁  

𝜁:= −
1

2
𝑉𝜌.  

[𝛿1, 𝛿2]ℒ𝑎𝛼 =−
1

8
𝜎−4(𝜌‾𝜖1)(𝜖‾2𝛾𝑎𝜓𝛼) +

1

2
𝜎−2(𝜖‾2𝛾𝑎𝐷𝛼𝜖1) +

1

16
𝜎−4(𝜓‾𝛼𝜌)(𝜖‾2𝛾𝑎𝜖1)  

+
1

16
𝜎−4(𝜖‾2𝛾𝑎𝛾

𝑏𝜌)(𝜓‾𝛼𝛾𝑏𝜖1) − 1 ↔ 2  

 𝜓𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿ 1

2
𝜎−2(𝜖‾2𝛾𝑎𝐷𝛼𝜖1) +

1

4
𝜎−2(𝜓‾𝛼𝜌)𝑉𝑎 +

1

16
𝜎−4(𝜖‾1𝛾𝑏𝜓𝛼)(𝜖‾2𝛾

𝑏𝛾𝑎𝜌) − 1 ↔ 2

 =
1

2
𝜎−2[(𝜖‾2𝛾𝑎𝐷𝛼𝜖1) + (𝐷𝛼𝜖‾2𝛾𝑎𝜖1)] +

1

2
𝜎−2(𝜓‾𝛼𝜌)𝑉𝑎 +

1

8
𝜎−4(𝜖‾[1𝛾∣𝑏𝜓𝛼∣)(𝜖‾2]𝛾

𝑏𝛾𝑎𝜌)

 𝜓𝓂𝓃
′′⋆ ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿
2𝐷𝛼𝑉𝑎 +

1

2
𝜎−2(𝜓‾𝛼𝜌)𝑉𝑎 −

1

4
𝜎−2𝑉𝑏(𝜓‾𝛼𝛾

𝑏𝛾𝑎𝜌)

 Γ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾𝑎𝑒)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
2𝐷𝛼𝑉𝑎 +

1

4
𝜎−2(𝜓‾𝛼𝛾𝑎𝑉𝜌) =

(2.41)
𝛿𝑉𝒞𝑎𝛼 + 𝛿𝜁𝒞𝑎𝛼 ,

 

(ℒ𝑋ℒ)𝑎𝛼 = 2(𝐷𝛼𝑋𝑎 − 𝐷𝑎𝑋𝛼),  

[𝛿1, 𝛿2]𝜎=
1

8
𝛿1[𝜎

−1(𝜌‾𝜖2)] − 1 ↔ 2  

 = −
1

64
𝜎−3(𝜌‾𝜖1)(𝜌‾𝜖2) +

1

8
𝜎−1 (D̸𝜖1𝜖2) +

1

8 × 192
𝜎−3(𝜓𝛼𝛾(3)𝜓

𝛼)(𝜖‾1𝛾
(3)𝜖2) − 1 ↔ 2

 =
1

8
𝜎−1(𝜖‾2D̸𝜖1 − 𝜖‾1D̸𝜖2) =

1

2
𝜎𝐷𝑎 (

1

4
𝜎−2𝜖‾2𝛾

𝑎𝜖1) =
(2.26)

ℒ𝑉𝜎 = 𝛿𝑉𝜎 = 𝛿𝑉𝜎 + 𝛿𝜁𝜎

 

 

𝛿𝜁𝜎 = −
1

16
𝜎−1𝜌‾𝑉𝜌 = 0,  

 

(𝛿D̸)𝜌=
1

2
𝛿𝒞𝛼  𝑎𝛾

𝑎𝐷𝛼𝜌 +
1

4
(𝐷𝛼𝛿𝒞

𝛼  𝑎)𝛾
𝑎𝜌,  

(𝛿D̸)𝜓𝛼 =
1

2
𝛿𝒞𝛾  𝑎𝛾

𝑎𝐷𝛾𝜓
𝛼 +

1

4
(𝐷𝛾𝛿𝒞

𝛾  𝑎)𝛾
𝑎𝜓𝛼 + (𝐷[𝛼𝛿𝒞𝛾] 𝑎)𝛾

𝑎𝜓𝛾,

(𝛿𝐷𝛼)𝜌 = −
1

2
𝛿𝒞𝛼  

𝑎𝐷𝑎𝜌 −
1

4
(𝐷𝑏𝛿𝒞𝛼𝑐)𝛾

𝑏𝑐𝜌 − (𝐷𝛼
𝛿𝜎

𝜎
)𝜌,
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ℒ𝑉𝜆 Γ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
𝑉𝑎𝐷𝑎𝜆 +

1

2
𝐷𝑎𝑉𝑏𝛾

𝑎𝑏𝜆 +
1

2
𝐷𝑎𝑉

𝑎𝜆 =
1

2
(D̸𝑉 + 𝑉D̸)𝜆 =

1

2
{D̸, 𝑉}𝜆

 

𝛿𝜖𝜌= D̸𝜌 +
1

4
𝛿𝒞𝑎𝛼𝛾

𝑎𝜓𝛼  

𝛿𝜖𝜓𝛼  = 𝐷𝛼𝜖 +
1

8
𝜎−2(𝜓‾𝛼𝜌)𝜖 −

1

4
𝛿ℒ𝛼𝑎𝛾

𝑎𝜌

 

[𝛿1, 𝛿2]𝜌 = 𝛿𝑉𝜌 + 𝛿𝜁𝜌 −
1

2
𝑉𝐸𝐿[𝜌]  

[𝛿1, 𝛿2]𝜌 =𝛿1 [D̸𝜖2 +
1

4
𝛿2𝒢𝑎𝛼𝛾

𝑎𝜓𝛼] − 1 ↔ 2 − 𝐹(𝛿1𝒢,𝛿2𝒢)𝜌

Γ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿̂
(𝛿1D̸)𝜖2 +

1

4
𝛿1𝛿2𝒢𝑎𝛼𝛾

𝑎𝜓𝛼 +
1

4
𝛿2𝒢𝑎𝛼𝛾

𝑎 [𝐷𝛼𝜖1 +
1

8
𝜎−2(𝜓‾𝛼𝜌)𝜖1 −

1

4
𝛿1𝒢𝑏 

𝛼𝛾𝑏𝜌]−1 ↔ 2

 −
1

16
[𝛿1𝒢, 𝛿2𝒢𝑎𝑏𝛾

𝑎𝑏𝜌

=(𝛿1D̸)𝜖2 −
1

4
𝛿1𝒢𝑎𝛼𝛾

𝑎𝐷𝛼𝜖2 +
1

32
𝜎−2(𝜓‾𝛼𝜌)𝛿2𝒢𝑎𝛼𝛾

𝑎𝜖1 − 1 ↔ 2 +
1

4
[𝛿1, 𝛿2]𝒢𝑎𝛼𝛾

𝑎𝜓𝛼 .

 

(𝛿1D̸)𝜖2 −
1

4
𝛿1𝒢𝑎𝛼𝛾

𝑎𝐷𝛼𝜖2 − 1 ↔ 2
∎
∭⊞(4)

′′ ⨂
𝜕𝔊
𝜕𝔐

𝑑4𝜒

⊚𝑑ℏ′′ 
1

4
𝛿1𝒢𝑎𝛼𝛾

𝑎𝐷𝛼𝜖2 +
1

4
𝐷𝛼𝛿1𝒢𝑎

𝛼𝛾𝑎𝜖2 − 1 ↔ 2

=
1

4
𝐷𝛼[𝛿1𝒢𝑎

𝛼𝛾𝑎𝜖2 − 1 ↔ 2] =
1

8
𝐷𝛼[𝜎

−2(𝜖‾1𝛾𝑎𝜓
𝛼)𝛾𝑎𝜖2 − 1 ↔ 2]  

 Γ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
−
1

8
𝐷𝛼[𝜎

−2(𝜖‾2𝛾𝑎𝜖1)𝛾
𝑎𝜓𝛼] = −

1

2
𝐷𝛼(𝑉𝜓

𝛼) = −
1

2
𝐷𝛼𝑉𝑎𝛾

𝑎𝜓𝛼 −
1

2
𝑉𝐷𝛼𝜓

𝛼

 = −
1

4
ℒ𝑉𝒢𝑎𝛼𝛾

𝑎𝜓𝛼 −
1

2
𝑉𝐷𝛼𝜓

𝛼.

 

[𝛿1, 𝛿2]𝜌 =
1

4
𝛿𝜁𝒢𝑎𝛼𝛾

𝑎𝜓𝛼 −
1

2
𝑉𝐷𝛼𝜓

𝛼 +
1

32
𝜎−2[(𝜓‾𝛼𝜌)𝛿2𝒢𝑎 

𝛼𝛾𝑎𝜖1 − 1 ↔ 2].  

1

4
𝛿𝜁𝒞𝑎𝛼𝛾

𝑎𝜓𝛼 = 𝛿𝜁𝜌 − D̸𝜁 = 𝛿𝜁𝜌 +
1

2
D̸𝑉𝜌 Γ𝓂𝓃

′′† ∑ ∫𝑃(𝑖, 𝑗)
0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
𝛿𝜁𝜌 + 𝛿𝑉𝜌 −

1

2
𝑉D̸𝜌.
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1

32
𝜎−2(𝜓‾𝛼𝜌)𝛿2𝒢𝑎

𝛼(𝜒‾𝛾𝑎𝜖1) − 1 ↔ 2 = −
1

32
𝜎−4(𝜓‾𝛼𝜌)(𝜖‾[2𝛾𝑎𝜓

𝛼)(𝜖‾1]𝛾
𝑎𝜒)

Γ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂ 1

64
𝜎−4(𝜓‾𝛼𝜌)(𝜖‾2𝛾𝑎𝜖1)(𝜒‾𝛾

𝑎𝜓𝛼) =
1

16
𝜎−2(𝜓‾𝛼𝜌) (𝜒‾𝑉𝜓

𝛼)

Γ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂ 1

1536
𝜎−2(𝜒‾𝑉𝛾(3)𝜌)(𝜓‾𝛼𝛾

(3)𝜓𝛼) 

 

[𝛿1, 𝛿2]𝜌= 𝛿𝑉𝜌 + 𝛿𝜁𝜌 −
1

2
𝑉 [D̸𝜌 + 𝐷𝛼𝜓

𝛼 −
1

768
𝜎−2(𝜓‾𝛼𝛾(3)𝜓

𝛼)𝛾(3)𝜌] 

 = 𝛿𝑉𝜌 + 𝛿𝜁𝜌 −
1

2
𝑉𝐸𝐿[𝜌]

 

[𝛿1, 𝛿2]𝜓𝛼 = 𝛿𝑉𝜓𝛼 + 𝛿𝜁𝜓𝛼 + (
1

4
𝜎−2𝜖[2𝜖‾1] −

1

2
𝑉)𝐸𝐿[𝜓]𝛼  

[𝛿1, 𝛿2]𝜓𝛼 = 𝛿1 (𝐷𝛼𝜖2 +
1

8
𝜎−2(𝜓‾𝛼𝜌)𝜖2 −

1

4
𝛿2𝒞𝛼𝑎𝛾

𝑎𝜌) − 1 ↔ 2 − 𝐹(𝛿1𝒞, 𝛿2𝒞)𝜓𝛼

ζ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
(𝛿1𝐷𝛼)𝜖2 −

1

32
𝜎−4(𝜌‾𝜖1)(𝜓‾𝛼𝜌)𝜖2 +

1

8
𝜎−2𝜌‾ [𝐷𝛼𝜖1 +

1

8
𝜎−2(𝜓‾𝛼𝜌)𝜖1 −

1

4
𝛿1𝒞𝑎𝛼𝛾

𝑎𝜌]𝜖2 

+
1

8
𝜎−2𝜓‾𝛼 (D̸𝜖1 +

1

4
𝛿1𝒢𝑎𝛽𝛾

𝑎𝜓𝛽) 𝜖2 −
1

4
𝛿1𝛿2𝒢𝑎𝛼𝛾

𝑎𝜌 −
1

4
𝛿2𝒢𝑎𝛼𝛾

𝑎 (D̸𝜖1 +
1

4
𝛿1𝒢𝑏𝛽𝛾

𝑏𝜓𝛽)  

−1 ↔ 2 −
1

16
[𝛿1ℒ2, 𝛿2ℒ2]𝑎𝑏𝛾

𝑎𝑏𝜓𝛼 −
1

4
[𝛿1ℒ2, 𝛿2ℒ𝛼𝛽𝜓

𝛽  

ζ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
[(𝛿1𝐷𝛼)𝜖2 +

1

8
𝜎−2(𝜌‾𝐷𝛼𝜖1)𝜖2 +

1

8
𝜎−2(𝜓‾𝛼D̸𝜖1)𝜖2 −

1

4
𝛿2𝒞𝑎𝛼𝛾

𝑎D̸𝜖1 − 1 ↔ 2]  

+ [
1 − 2

64
𝜎−4(𝜓‾𝛼𝜌)(𝜌‾𝜖1)𝜖2 +

1

32
𝜎−2𝛿1ℒ𝑎𝛽(𝜓‾𝛼𝛾

𝑎𝜓𝛽)𝜖2 +
1

16
𝛿1ℒ𝑎𝛼𝛿2𝒢𝑏𝛽𝛾

𝑎𝛾𝑏𝜓𝛽 − 1 ↔ 2]  

 −
1

4
[𝛿1, 𝛿2]𝒢𝑎𝛼𝛾

𝑎𝜌 −
1

16
[𝛿1𝒢, 𝛿2𝒢]𝑎𝑏𝛾

𝑎𝑏𝜓𝛼 −
1

4
[𝛿1𝒢, 𝛿2𝒢]𝛼𝛽𝜓

𝛽

 ζ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
[(𝛿1𝐷𝛼)𝜖2 +

1

8
𝜎−2(𝜌‾𝐷𝛼𝜖1)𝜖2 +

1

8
𝜎−2(𝜓‾𝛼D̸𝜖1)𝜖2 −

1

4
𝛿2𝒞𝑎𝛼𝛾

𝑎D̸𝜖1 − 1 ↔ 2

 −
1

4
ℒ𝑉𝒢𝑎𝛼𝛾

𝑎 𝑎 ] ζ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂

 + [
1

32
𝜎−2𝛿1𝒢𝑎𝛽(𝜓‾𝛼𝛾

𝑎𝜓𝛽)𝜖2 +
1

16
𝛿1𝒢𝑎𝛼𝛿2𝒢𝑏𝛽𝛾

𝑎𝛾𝑏𝜓𝛽 − 1 ↔ 2] −
1

4
𝛿𝜁𝒢𝑎𝛼𝛾

𝑎𝜌

 −
1

3072
𝜎−4𝜖[2𝜖‾1](𝜌‾𝛾(3)𝜌)𝛾

(3)𝜓𝛼 −
1

16
[𝛿1ℒ, 𝛿2ℒ]𝑎𝑏𝛾

𝑎𝑏𝜓𝛼 −
1

4
[𝛿1𝒢, 𝛿2𝒢]𝛼𝛽𝜓

𝛽

 

[𝛿1, 𝛿2]𝜓𝛼 = Der + Alg  
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Der
∎
∭⊞(4)

′′ ⨂
𝜕𝔊
𝜕𝔐

𝑑4𝜒

⊚𝑑ℏ′′ 

=
1

2
𝛿1ℒ𝛼  

𝑎𝐷𝑎𝜖2 −
1

4
𝐷𝑎𝛿1𝒢𝛼𝑏𝛾

𝑎𝑏𝜖2 −
1

8
𝜎−2𝐷𝛼(𝜌‾𝜖1)𝜖2 +

1

8
𝜎−2(𝜌‾𝐷𝛼𝜖1)𝜖2

 +
1

8
𝜎−2(𝜓‾𝛼D̸𝜖1)𝜖2 −

1

4
𝛿2𝒢𝑎𝛼𝛾

𝑎D̸𝜖1 − 1 ↔ 2 −
1

4
ℒ𝑉𝒢𝑎𝛼𝛾

𝑎𝜌

 

 ζ= −
1

2
𝛿1ℒ𝛼

𝑎  𝛼𝐷𝑎𝜖2 −
1

4
𝛿2ℒ𝑎𝛼𝛾

𝑎𝛾𝑏𝐷𝑏𝜖1 −
1

4
𝐷𝑎𝛿1ℒ𝑏𝛼𝛾

𝑎𝑏𝜖2 +
1

8
𝜎−2(𝜓‾𝛼D̸𝜖1)𝜖2  

 −
1

8
𝜎−2𝜖2(𝜖‾1𝐷𝛼𝜌) − 1 ↔ 2 −

1

2
𝐷𝛼𝑉𝑎𝛾

𝑎𝜌

δ = −
1

2
𝛿1ℒ𝛼

𝑎𝐷𝑎𝜖2 +
1

4
𝛿1ℒ𝑎𝛼𝛾

𝑎𝛾𝑏𝐷𝑏𝜖2 −
1

4
𝐷𝑎𝛿1𝒢𝑏𝛼𝛾

𝑎𝑏𝜖2 −
1

4
𝐷𝑎𝛿1ℒ𝛼

𝑎𝜖2 +
1

8
𝜎−2(𝜖‾1D̸𝜓𝛼)𝜖2

 −
1

8
𝜎−2𝜖2(𝜖‾1𝐷𝛼𝜌) − 1 ↔ 2 −

1

2
𝐷𝛼(𝑉𝜌) +

1

2
𝑉𝐷𝛼𝜌

ξ = −
1

4
𝛿1𝒢𝑎𝛼𝛾

𝑏𝛾𝑎𝐷𝑏𝜖2 −
1

4
𝐷𝑎𝛿1𝒢𝑏𝛼𝛾

𝑎𝛾𝑏𝜖2 +
1

8
𝜎−2𝜖2𝜖‾1(D̸𝜓𝛼 − 𝐷𝛼𝜌) − 1 ↔ 2 + 𝐷𝛼𝜁 +

1

2
𝑉𝐷𝛼𝜌

φ = −
1

4
𝐷𝑎(𝛿1𝒢𝑏𝛼𝛾

𝑎𝛾𝑏𝜖2) − 1 ↔ 2 +
1

4
𝜎−2𝜖[2𝜖‾1](D̸𝜓𝛼 − 𝐷𝛼𝜌) + 𝐷𝛼𝜁 +

1

2
𝑉𝐷𝛼𝜌.

 

𝛿1𝒢𝑏𝛼𝛾
𝑎𝛾𝑏𝜖2 − 1 ↔ 2 = −𝜎−2𝛾𝑎𝛾𝑏𝜖[2(𝜓‾𝛼𝛾𝑏𝜖1]) ζ𝓂𝓃

′′† ∑ ∫𝑃(𝑖, 𝑗)
0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
−
1

2
𝜎−2𝛾𝑎𝛾𝑏𝜓𝛼(𝜖‾2𝛾

𝑏𝜖1) = −2𝛾
𝑎𝑉𝜓𝛼 ,

 

Der =
1

2
D̸𝑉𝜓𝛼 +

1

4
𝜎−2𝜖[2𝜖‾1](D̸𝜓𝛼 − 𝐷𝛼𝜌) + 𝐷𝛼𝜁 +

1

2
𝑉𝐷𝛼𝜌

 ζ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
ℒ𝑉𝜓𝛼 +𝐷𝛼𝜁 + (

1

4
𝜎−2𝜖[2𝜖‾1] −

1

2
𝑉) (D̸𝜓𝛼 − 𝐷𝛼𝜌)  

Λ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂ 1

8
𝜎−2(𝜓‾𝛼𝜌)𝜁 = −

1

16
𝜎−2(𝜓‾𝛼𝜌)𝑉𝜌 =

( B.19)
−

1

1536
𝜎−2𝑉(𝜌‾𝛾(3)𝜌)𝛾

(3)𝜓𝛼
 

1

8
𝜎−2(𝜓‾𝛼𝜌)𝜁 +

1

1536
𝜎−2𝑉(𝜌‾𝛾(3)𝜌)𝛾

(3)𝜓𝛼 = 0  

Alg =
1

8
𝜎−2(𝜓‾𝛼𝜌)𝜁 −

1

4
𝛿𝜁𝒢𝑎𝛼𝛾

𝑎𝜌 + (
1

4
𝜎−2𝜖[2𝜖‾1] −

1

2
𝑉) [−

1

768
𝜎−2(𝜌‾𝛾(3)𝜌)𝛾

(3)𝜓𝛼]

 + [
1

16
𝛿1𝒢𝑎𝛼𝛿2𝒢𝑏𝛽𝛾

𝑎𝛾𝑏𝜓𝛽 +
1

32
𝜎−2𝛿1𝒢𝑎𝛽(𝜓‾𝛼𝛾

𝑎𝜓𝛽)𝜖2 − 1 ↔ 2]

 −
1

16
[𝛿1𝒢2, 𝛿2𝒢𝑎𝑏𝛾

𝑎𝑏𝜓𝛼 −
1

4
[𝛿1ℒ, 𝛿2𝒢𝛼𝛽𝜓

𝛽

 

1

16
𝛿1𝒢𝑎𝛼𝛿2𝒢𝑏𝛽𝛾

𝑎𝛾𝑏𝜓𝛽 +
1

32
𝜎−2𝛿1𝒢𝑎𝛽(𝜓‾𝛼𝛾

𝑎𝜓𝛽)𝜖2 − 1 ↔ 2 −
1

16
[𝛿1𝒢,𝛿2𝒢𝑎𝑏𝛾

𝑎𝑏𝜓𝛼

−
1

4
[𝛿1𝒢,𝛿2𝒢𝛼𝛽𝜓

𝛽 = (
1

4
𝜎−2𝜖[2𝜖‾1] −

1

2
𝑉) [−

1

192
𝜎−2(𝜓‾𝛽𝛾(3)𝜓

𝛽)𝛾(3)𝜓𝛼]
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−(𝜖‾1𝛾𝑎𝜓𝛼)(𝜆‾𝛾
𝑏𝛾𝑎𝜓𝛽)= (𝜖‾1𝛾𝑎𝜓𝛼) (𝛾

𝑏𝜆𝛾𝑎𝜓𝛽)
∎
∭⊞(4)

′′ ⨂
𝜕𝔊
𝜕𝔐

𝑑4𝜒

⊚𝑑ℏ′′ 

(𝜓‾𝛼𝛾𝑎𝛾
𝑏𝜆)(𝜖‾1𝛾

𝑎𝜓𝛽) −(𝜖‾1𝛾𝑎𝛾
𝑏𝜆)(𝜓‾𝛼𝛾

𝑎𝛾𝑏𝜓𝛽)

 = 𝜆‾[2𝜎2𝛾𝑏𝛾𝑎𝜓𝛼𝛿1𝒢𝑎 
𝛽 − 𝛾𝑏𝛾𝑎𝜖1(𝜓‾𝛼𝛾

𝑎𝜓𝛽)],

 

1

4
[𝛿1𝒢, 𝛿2𝒢]𝛼𝛽 =

1

16
𝜎−4(𝜖‾1𝛾

𝑎𝜓𝛼)(𝜖‾2𝛾𝑎𝜓𝛽) − 1 ↔ 2 Λ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̂
−
1

4
𝜎−2𝑉𝑎(𝜓‾𝛼𝛾𝑎𝜓𝛽)

 

LHS
∎
∭⊞(4)

′′ ⨂
𝜕𝔊
𝜕𝔐

𝑑4𝜒

⊚𝑑ℏ′′ 

 =
1

32
𝛿2ℒ𝑏𝛽𝜎

−2(𝜖‾1𝛾𝑎𝜓𝛼)𝛾
𝑏𝛾𝑎𝜓𝛽 +

1

8
𝛿1𝒢𝑎𝛼𝛿2𝒢𝛽

𝑎𝜓𝛽 −
1

32
𝜎−2𝛿2𝒢𝑏

𝛽
(𝜓‾𝛼𝛾

𝑏𝜓𝛽)𝜖1 − 1 ↔ 2

 −
1

16
[𝛿1𝒢,𝛿2𝒢𝑎𝑏𝛾

𝑎𝑏𝜓𝛼 −
1

4
[𝛿1𝒢,𝛿2𝒢𝛼𝛽𝜓

𝛽

 

Λ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿̂ 1

32
𝛿2𝒞𝑏𝛽𝜎

−2[2𝜎2𝛾𝑏𝑎𝜓𝛼𝛿1𝒞𝑎  
𝛽 − 𝛾𝑏𝛾𝑎𝜖1(𝜓‾𝛼𝛾

𝑎𝜓𝛽)] +
1

8
𝛿1𝒞𝑎𝛼𝛿2𝒞

𝑎  𝛽𝜓
𝛽  

−
1

32
𝜎−2𝛿2𝒞

𝛽  𝑏(𝜓‾𝛼𝛾
𝑏𝜓𝛽)𝜖1 − 1 ↔ 2 −

1

16
[𝛿1ℒ, 𝛿2𝒢]𝑎𝑏 𝛾

𝑎𝑏𝜓𝛼 −
1

4
[𝛿1𝒞, 𝛿2𝒞]𝛼𝛽𝜓

𝛽

 =
1

32
𝜎−2𝛿2𝒢𝑏𝛽𝛾

𝑏𝛾𝑎𝜖1(𝜓‾𝛼𝛾
𝑎𝜓𝛽) −

1

32
𝜎−2𝛿2𝒢

𝛽  𝑏(𝜓‾𝛼𝛾
𝑏𝜓𝛽)𝜖1 − 1 ↔ 2 −

1

8
[𝛿1𝒢, 𝛿2𝒢]𝛼𝛽𝜓

𝛽

= −
1

32
𝜎−2𝛿2𝒢𝑏𝛽𝛾𝑎𝛾

𝑏𝜖1(𝜓‾𝛼𝛾
𝑎𝜓𝛽) +

1

32
𝜎−2𝛿2𝒢𝑎𝛽(𝜓‾𝛼𝛾

𝑎𝜓𝛽) 𝜖1 − 1 ↔ 2 −
1

8
[𝛿1𝒢, 𝛿2𝒢]𝛼𝛽𝜓

𝛽

=
1

64
𝜎−4𝛾𝑎𝛾𝑏𝜖1(𝜓‾𝛽𝛾𝑏𝜖2)(𝜓‾𝛼𝛾𝑎𝜓

𝛽) +
1

64
𝜎−4(𝜖‾2𝛾𝑎𝜓

𝛽)(𝜓‾𝛼𝛾
𝑎𝜓𝛽)𝜖1 − 1 ↔ 2 −

1

8
[𝛿1ℒ, 𝛿2ℒ]𝛼𝛽𝜓

𝛽  

Λ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿̂ 1

128
𝜎−4𝛾𝑎𝛾𝑏𝜓𝛽(𝜖‾1𝛾𝑏𝜖2)(𝜓‾𝛼𝛾𝑎𝜓

𝛽) +
1

64
𝜎−4(𝜖‾2𝛾𝑎𝜓

𝛽)(𝜓‾𝛼𝛾
𝑎𝜓𝛽)𝜖1 − 1 ↔ 2 −

1

8
[𝛿1ℒ,𝛿2𝒢] 𝛼𝛽𝜓

𝛽 

 Λ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿̂ 1

16
𝜎−2𝛾𝑎𝑉𝜓𝛽(𝜓‾𝛼𝛾𝑎𝜓

𝛽) −
1

768
𝜎−4𝜖[2𝜖‾1](𝜓‾𝛽𝛾(3)𝜓

𝛽)𝛾(3)𝜓𝛼 −
1

8
[𝛿1ℒ1, 𝛿2𝒞]]𝛼𝛽

𝜓𝛽

 Λ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿̂ 1

16
𝜎−2𝑉𝛾𝑎𝜓𝛽(𝜓‾𝛼𝛾𝑎𝜓

𝛽) −
1

8
𝜎−2𝜓𝛽(𝜓‾𝛼𝑉𝜓

𝛽) −
1

768
𝜎−4𝜖[2𝜖‾1](𝜓‾𝛽𝛾(3)𝜓

𝛽)𝛾(3)𝜓𝛼

 −
1

8
[𝛿1𝒞, 𝛿2𝒞]𝛼𝛽𝜓

𝛽

 Λ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿̂ 1

384
𝜎−2𝑉(𝜓‾𝛽𝛾(3)𝜓

𝛽)𝛾(3)𝜓𝛼 −
1

8
𝜎−2𝜓𝛽(𝜓‾𝛼𝑉𝜓

𝛽) −
1

768
𝜎−4𝜖[2𝜖‾1](𝜓‾𝛽𝛾(3)𝜓

𝛽)𝛾(3)𝜓𝛼

 −
1

8
[𝛿1ℒ, 𝛿2𝒢]𝛼𝛽𝜓

𝛽

 Λ𝓂𝓃
′′† ∑ ∫𝑃(𝑖, 𝑗)

0≤ 𝑖 ≤ 𝑚
0<𝑗<𝑛 ⏟            

(𝑒‾1𝛾(3)𝑒)(𝑒‾3𝛾
(3)𝑒)=−18ℓ(𝑒‾1𝛾𝑎𝑒3)(𝑒‾𝛾

𝑎𝑒)

̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿ ̿̿̂
(
1

4
𝜎−2𝜖[2𝜖‾1] −

1

2
𝑉) [−

1

192
𝜎−2(𝜓‾𝛽𝛾(3)𝜓

𝛽)𝛾(3)𝜓𝛼] ,

 

𝑇∗𝐸 ≅ 𝜋∗(𝑇∗𝑀⊕𝐸∗)  

𝑚 ∈ 𝑀, 𝑒 ∈ 𝐸𝑚, 𝑝 ∈ 𝑇𝑚
∗𝑀, 𝑒∗ ∈ 𝐸𝑚

∗ .  



pág. 1254 

𝑇(𝑚,𝑒,𝑝,𝑒∗)𝑇
∗𝐸≅ 𝑇(𝑚,𝑒,𝑝,𝑒∗)𝜋

∗(𝑇∗𝑀⊕𝐸∗)  

≅ 𝑇(𝑚,𝑒)𝐸 ⊕ 𝜋∗(𝑇∗𝑀⊕𝐸∗)(𝑚,𝑒)  

 ≅ (𝑇𝑚𝑀⊕𝐸𝑚) ⊕ (𝑇∗𝑀⊕𝐸∗)𝑚
 ≅ 𝑇𝑚𝑀⊕𝐸𝑚⊕𝑇𝑚

∗𝑀⊕𝐸𝑚
∗

 

𝜋 = 𝜀𝑖 ∧ 𝜀𝑖 + 𝜀
𝑎 ∧ 𝜀𝑎 −

1

2
𝑇‾𝑘  𝑖𝑗(𝑚)𝑝𝑘𝜀

𝑖 ∧ 𝜀𝑗 −
1

2
𝐹𝑖𝑗  

𝑎  𝑏(𝑚)𝑒
𝑏𝑒𝑎
∗𝜀𝑖 ∧ 𝜀𝑗,  

𝜋∗(𝑇∗𝑀⊕𝐸∗) ∋ (𝑚, 𝑒, 𝑝, 𝑒∗) ↦ (𝑚, 𝑒, 𝜋∗𝑝 + 𝑖𝑒∗) ∈ 𝑇∗𝐸,  

𝛼(𝛾̇) = ⟨𝛾, 𝜋∗
𝑋𝛾̇⟩  

𝛼(𝛾̇) = ⟨(𝑚, 𝑒)⋅; 𝜋∗𝑝 + 𝑖𝑒∗⟩ = 𝑝(𝑚̇) + 𝑒∗(ver(𝑚, 𝑒)⋅)  

𝛾̇ = 𝛾̇𝑖𝜕𝑥𝑖 + 𝛾̇
𝑎𝜕𝑦𝑎 + 𝛾̇𝑖𝜕𝑥𝑖

∗ + 𝛾̇𝑎𝜕𝑦𝑎∗ .  

ver𝜕𝑥𝑖 = 𝐴𝑖
𝑎  𝑏(𝑥)𝑦

𝑏𝜕𝑦𝑎 , ver𝜕𝑦𝑎 = 𝜕𝑦𝑎  

𝛼(𝛾̇) = 𝑥𝑖
∗𝛾̇𝑖 + 𝑦𝑎

∗(𝐴𝑖 
𝑎  𝑏(𝑥)𝑦

𝑏𝛾̇𝑖 + 𝛾̇𝑎),  

𝛼= (𝑥𝑖
∗ + 𝑦𝑎

∗𝐴𝑖 
𝑎  𝑏(𝑥)𝑦

𝑏)𝑑𝑥𝑖 + 𝑦𝑎
∗𝑑𝑦𝑎 

 = 𝑥𝑖
∗𝑑𝑥𝑖 + 𝑦𝑎

∗(𝑑𝑦𝑎 + 𝐴𝑎  𝑏(𝑥)𝑦
𝑏)

 

𝜔 = 𝑑𝛼= 𝑑𝑥𝑖
∗ ∧ 𝑑𝑥𝑖 + 𝑑𝑦𝑎

∗ ∧ 𝑑𝑦𝑎 + 𝑑(𝑦𝑎
∗𝐴𝑖 

𝑎  𝑏(𝑥)𝑦
𝑏) ∧ 𝑑𝑥𝑖  

 = 𝑑𝑥𝑖
∗ ∧ 𝑑𝑥𝑖 + (𝑑𝑦𝑎

∗ − 𝐴𝑏 𝑎(𝑥)𝑦𝑏
∗) ∧ (𝑑𝑦𝑎 + 𝐴𝑎  𝑐(𝑥)𝑦

𝑐) + 𝑦𝑎
∗𝐹𝑎 𝑏𝑦

𝑏 .
 

𝜋 = 𝜕𝑥𝑖
∗ ∧ 𝜕𝑥𝑖 + 𝜕𝑦𝑎∗ ∧ 𝜕𝑦𝑎 + 𝑦𝑏

∗𝐴𝑖  
𝑏 𝑎𝜕𝑥𝑖

∗ ∧ 𝜕𝑦𝑎∗ − 𝐴𝑖  
𝑎  𝑏𝑦

𝑏𝜕𝑥𝑖
∗ ∧ 𝜕𝑦𝑎 −

1

2
𝑦𝑎
∗𝑦𝑏𝐹𝑖𝑗 

𝑎  𝑏𝜕𝑥𝑖
∗ ∧ 𝜕𝑥𝑗

∗  

𝑇𝑚𝑀⊕𝐸𝑚⊕𝑇𝑚
∗𝑀⊕𝐸𝑚

∗ → 𝑇(𝑚,𝑒,𝑝,𝑒∗)𝜋
∗(𝑇∗𝑀⊕𝐸∗)  

𝑇𝑚𝑀∋ 𝑣 ↦ 𝜆(𝑚,𝑒)
𝜋∗(𝑇∗𝑀⊕𝐸∗)→𝐸𝜆𝑒

𝐸→𝑀𝑣  

𝐸𝑚∋ 𝑒̃ ↦ 𝜆(𝑚,𝑒)
𝜋∗(𝑇∗𝑀⊕𝐸∗)→𝐸 𝑑

𝑑𝑡
|
𝑡=0

(𝑒 + 𝑡𝑒̃)

𝑇𝑚
∗𝑀∋ 𝛽 ↦

𝑑

𝑑𝑡
|
𝑡=0

(𝑚, 𝑒, 𝑝 + 𝑡𝛽, 𝑒∗)

𝐸𝑚
∗ ∋ 𝑒̃∗↦

𝑑

𝑑𝑡
|
𝑡=0

(𝑚, 𝑒, 𝑝, 𝑒∗ + 𝑡𝑒̃∗)

 

𝜆𝑒
𝐸→𝑀: 𝜕𝑥𝑖  ↦ 𝜕𝑥𝑖 − 𝐴𝑖 

𝑎  𝑏(𝑥)𝑦
𝑏𝜕𝑦𝑎

𝜆(𝑝,𝑒∗)
𝑇∗𝑀⊕𝐸∗→𝑀: 𝜕𝑥𝑖  ↦ 𝜕𝑥𝑖 + 𝐴𝑖 

𝑎  𝑏𝑦𝑎
∗𝜕𝑦𝑏

∗ + 𝐴‾𝑖 
𝑗  𝑘𝑥𝑗

∗𝜕𝑥𝑘
∗

 

𝜆(𝑝,𝑒∗)
𝜋∗(𝑇∗𝑀⊕𝐸∗)→𝐸: 𝜕𝑥𝑖 ↦ 𝜕𝑥𝑖 + 𝐴𝑖  

𝑎  𝑏𝑦𝑎
∗𝜕𝑦𝑏

∗ + 𝐴‾𝑖 
𝑗 𝑘𝑥𝑗

∗𝜕𝑥𝑘
∗ , 𝜕𝑦𝑎 ↦ 𝜕𝑦𝑎  

𝑇𝑚𝑀 ∋ 𝜕𝑥𝑖↦ 𝜕𝑥𝑖 + 𝐴𝑖 
𝑎  𝑏𝑦𝑎

∗𝜕𝑦𝑏
∗ + 𝐴‾𝑖 

𝑗  𝑘𝑥𝑗
∗𝜕𝑥𝑘

∗ − 𝐴𝑖 
𝑎  𝑏(𝑥)𝑦

𝑏𝜕𝑦𝑎 

𝐸𝑚 ∋ 𝜀𝑎↦ 𝜕𝑦𝑎  

𝑇𝑚
∗𝑀 ∋ 𝑑𝑥𝑖  ↦ 𝜕𝑥𝑖

∗

𝐸𝑚
∗ ∋ 𝜀𝑎 ↦ 𝜕𝑦𝑎∗
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𝜋 = 𝜀𝑖 ∧ 𝜀𝑖 + 𝜀
𝑎 ∧ 𝜀𝑎 − 𝐴‾𝑖  

𝑗 𝑘𝑥𝑗
∗𝜀𝑖 ∧ 𝜀𝑘 −

1

2
𝑦𝑎
∗𝑦𝑏𝐹𝑖𝑗 

𝑎  𝑏𝜀
𝑖 ∧ 𝜀𝑗  

𝐴‾[𝑖  
𝑗 𝑘] =

1

2
𝑇‾𝑗 𝑖𝑘 ,  

𝛿(ℒ𝑉) =
1

16
[𝛿ℒ, ℒ𝑉𝒢]𝑎𝑏𝛾

𝑎𝑏 = 𝐹(𝛿ℒ, ℒ𝑉𝒢)  on Γ(𝑆(𝐶+) ⊗𝐻)  

Γ(𝑆(𝐶+)) ≅ 𝐶
∞(𝑀)⊗ 𝑆0  

𝛿𝑒𝑎 =
1

2
𝛿𝒢𝑎

𝛼𝑒𝛼, 𝛿𝑒𝛼 = −
1

2
𝛿𝒢𝛼

𝑎𝑒𝑎  

𝛿(Γ𝛼𝑏𝑐)  = −
1

2
𝛿𝒢𝛼  

𝑎Γ𝑎𝑏𝑐 − 𝜕[𝑏𝛿𝒢𝑐]𝛼 − Γ[𝑏𝑐] 
𝑎𝒢𝑎𝛼 − Γ[𝑏∣𝛼 

𝛽𝒢∣𝑐]𝛽 ,

𝛿(Γ[𝑎𝑏𝑐])  =
1

2
𝛿𝒢[𝑎∣ 

𝛼Γ𝛼∣𝑏𝑐].

 

𝛿(ℒ𝑉) =𝛿 (𝐷𝑉 +
1

2
(𝐷𝑎𝑉𝑏)𝛾

𝑎𝑏)

=𝛿 (𝑉𝐴𝑎(𝑒𝐴) +
1

4
𝑉𝐴Γ𝐴𝑏𝑐𝛾

𝑏𝑐 +
1

2
(𝑎(𝑒𝑎)𝑉𝑏 + Γ𝑎𝑏 

𝑐𝑉𝑐)𝛾
𝑎𝑏)

=𝛿 (𝑉𝐴𝑎(𝑒𝐴) +
1

2
(𝑎(𝑒𝑎)𝑉𝑏)𝛾

𝑎𝑏 +
1

4
𝑉𝛼Γ𝛼𝑏𝑐𝛾

𝑏𝑐 +
3

4
𝑉𝑎Γ[𝑎𝑏𝑐]𝛾

𝑏𝑐)

=
1

2
(𝑎(𝛿𝑒𝑎)𝑉𝑏 + 𝑎(𝑒𝑎)𝛿𝑉𝑏)𝛾

𝑎𝑏 +
1

4
(𝛿𝑉𝛼Γ𝛼𝑏𝑐 + 𝑉

𝛼𝛿Γ𝛼𝑏𝑐)𝛾
𝑏𝑐 +

3

4
(𝛿𝑉𝑎Γ[𝑎𝑏𝑐] + 𝑉

𝑎𝛿Γ[𝑎𝑏𝑐])𝛾
𝑏𝑐

=
1

4
(𝛿𝒢𝑎 

𝛼𝜕𝛼𝑉𝑏 + 𝜕𝑎(𝛿𝒢𝑏 
𝛼𝑉𝛼))𝛾

𝑎𝑏 −
1

8
𝛿𝒢ℒ  

𝛼 𝑎𝑉
𝑎Γ𝛼𝑏𝑐𝛾

𝑏𝑐

+
1

4
𝑉𝛼 (−

1

2
𝛿𝒢𝛼  

𝑎Γ𝑎𝑏𝑐 − 𝜕𝑏𝛿𝒢𝑐𝛼 − Γ𝑏𝑐  
𝑎𝛿𝒢𝑎𝛼 − Γ𝑏𝛼  

𝛽𝛿𝒢𝑐𝛽) 𝛾
𝑏𝑐  

 +
3

8
(𝛿𝒢𝑎  𝛼 

𝛼𝑉𝛼Γ[𝑎𝑏𝑐] + 𝑉
𝑎𝛿𝒢[𝑎∣ 

𝛼Γ𝛼∣𝑏𝑐])𝛾
𝑏𝑐 .

 

𝛿(ℒ𝑉) =
1

4
(𝛿𝒢𝑎  

𝛼𝜕𝛼𝑉𝑏 + 𝛿𝒢𝑏 
𝛼𝜕𝑎𝑉𝛼)𝛾

𝑎𝑏

+
1

4
(−
1

2
𝛿𝒢𝛼  𝑎𝑉

𝑎Γ𝛼𝑏𝑐 −
1

2
𝑉𝛼𝛿𝒢𝛼  

𝑎Γ𝑎𝑏𝑐 − 𝑉
𝛼Γ𝑏𝑐  

𝑎𝛿𝒢𝑎𝛼 − 𝑉
𝛼Γ𝑏𝛼 

𝛽𝛿𝒢𝑐𝛽  

 +
1

2
𝛿𝒢𝑎 𝛼𝑉

𝛼Γ𝑎𝑏𝑐 + 𝛿𝒢
𝑎 𝛼𝑉

𝛼Γ𝑏𝑐𝑎 +
1

2
𝑉𝑎𝛿𝒢𝑎  

𝛼Γ𝛼𝑏𝑐 + 𝑉
𝑎𝛿𝒢𝑏 

𝛼Γ𝛼𝑐𝑎)𝛾
𝑏𝑐

 =
1

4
(𝛿𝒢𝑏 

𝛼𝜕𝛼𝑉𝑐 − 𝛿𝒢𝑏 
𝛼𝜕𝑐𝑉𝛼 − 𝑉

𝛼Γ𝑏𝛼  
𝛽𝛿𝒢𝑐𝛽 + 𝑉

𝑎𝛿𝒢𝑏 
𝛼Γ𝛼𝑐𝑎)𝛾

𝑏𝑐

 =
1

4
𝛿𝒢𝑏 

𝛼(𝐷𝛼𝑉𝑐 − 𝐷𝑐𝑉𝛼)𝛾
𝑏𝑐 =

1

8
𝛿𝒢𝑏 

𝛼(ℒ𝑉𝒢𝑙)𝑐𝛼𝛾
𝑏𝑐 =

1

16
[𝛿𝒢,ℒ𝑉𝒢𝑎𝑏𝛾

𝑎𝑏

 

d𝑠2 = 𝐻1
𝛼1𝐻2

𝛼2 d𝑥2 +𝐻1
𝛼1𝐻2

𝛽2 d𝑦1
2 + 𝐻1

𝛽1𝐻2
𝛼2 d𝑦2

2 +𝐻1
𝛽1𝐻2

𝛽2 d𝑧2  

d𝑠̂10
2 = 𝐻(𝑦)

𝑝−7
8 𝜂𝜇𝜈d𝑥

𝜇d𝑥𝜈 +𝐻(𝑦)
𝑝+7
8 𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽, 𝑒Φ̂ = 𝐻(𝑦)
3−𝑝
4  

𝐹̂(𝑝+2)
ele = 𝜕𝐼𝐻

−1 d𝑥0 ∧⋯∧  d𝑥𝑝 ∧  d𝑦𝐼 , 𝐹̂(8−𝑝)
mag

=
1

(8 − 𝑝)!
𝜀𝐼1⋯𝐼9−𝑝𝜕𝐼1𝐻 d𝑦𝐼2 ∧ ⋯∧  d𝑦𝐼9−𝑝  
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𝜕𝐼
2𝐻(𝑦) = 0  

𝐻(𝑦) = 1 +
𝛼𝑁

𝑟7−𝑝
 

d𝑠̂10
2 = −𝐻1

−
3
4𝐻2

−
1
4 d𝑡2 +𝐻1

−
3
4𝐻2

3
4 d𝑥1

2 +𝐻1

1
4𝐻2

−
1
4( d𝑥2

2 +⋯+ d𝑥6
2) + 𝐻1

1
4𝐻2

3
4( d𝑦1

2 + d𝑦2
2 + d𝑦3

2)

𝐻̂(3) = 𝐻1
−2𝜕𝐼𝐻1 d𝑡 ∧  d𝑥1 ∧  d𝑦𝐼 , 𝐹̃(3) =

1

2
𝜀𝐼𝐽𝐾𝜕𝐼𝐻2 d𝑥1 ∧  d𝑦𝐽 ∧  d𝑦𝐾 , 𝑒Φ̂ = 𝐻1

−
1
2𝐻2

−
1
2

 

𝜕𝐼
2𝐻1(𝑦) = 𝜕𝐼

2𝐻2(𝑦) = 0  

Γ012345𝜀 = 𝑐1𝜀, Γ016789𝜀 = 𝑐2𝜀  

Γ01,10𝜀 = 𝑐1𝑐2𝜀  

d𝑠̂10
2 = 𝐻0

−
1
2[−ℎ−1 d𝑡2 + ℎ( d𝑥1

2 + d𝑥2
2 + d𝑥3

2)] + 𝐻0

1
2( d𝑦1

2 +⋯+ d𝑦6
2),

𝐹̃(5) = ℎ𝐻0
−2𝜕𝐼𝐻0 d𝑡 ∧  d𝑥1 ∧  d𝑥2 ∧  d𝑥3 ∧  d𝑦𝐼 −

1

5!
𝜀𝐼1⋯𝐼6𝜕𝐼1𝐻0 d𝑦𝐼2⋯∧  d𝑦𝐼6 ,

𝐻̂(3) = 𝜕𝑎ℎ
−1 d𝑡 ∧  d𝑥𝑎 ∧  d𝑦1, 𝐹̃(3) = −

1

2!
𝜀𝑎𝑏𝑐𝜕𝑎ℎ d𝑥𝑏 ∧  d𝑥𝑐 ∧  d𝑦1,

𝑒Φ̂ = ℎ−1, ℎ = ℎ(𝑥1, 𝑥2, 𝑥3),𝐻0 = 𝐻0(𝑦1,⋯ , 𝑦6).

 

𝜕𝐼
2𝐻0(𝑦) = 0, 𝜕𝑎

2ℎ(𝑥) = 0  

𝐹̃(5) = d𝐶̂(4) −
1

2
𝐶̂(2) ∧ 𝐻̂(3) +

1

2
𝐵̂(2) ∧ d𝐶̂(2)  

d𝑠̂10
2 = −𝐻0

−
1
2𝐻1

−
3
4𝐻2

−
1
4 d𝑡2 +𝐻0

−
1
2𝐻1

1
4𝐻2

3
4( d𝑥1

2 + d𝑥2
2 + d𝑥3

2)

 +𝐻0

1
2𝐻1

−
3
4𝐻2

3
4 d𝑦1

2 +𝐻0

1
2𝐻1

1
4𝐻2

−
1
4( d𝑦2

2 +⋯+ d𝑦6
2),

 

 

d𝐹̃(4) = 𝐹̂(2) ∧ 𝐻̂(3).  

d𝑠̂10
2 = 𝐻0

−
1
4 [−ℎ−

5
4 d𝑡2 + ℎ

3
4( d𝑥1

2 +⋯+ d𝑥5
2)] + 𝐻0

3
4ℎ−

1
4( d𝑦1

2 +⋯+ d𝑦4
2)

𝐹̃(5) = 𝐻0ℎ
−2𝜕𝑎ℎ d𝑡 ∧  d𝑦2 ∧  d𝑦3 ∧  d𝑦4 ∧  d𝑥𝑎 −

1

4!
𝜀𝑎𝑏𝑐𝑑𝑒𝜕𝑎ℎ d𝑦1 ∧  d𝑥𝑏 ∧  d𝑥𝑐 ∧  d𝑥𝑑 ∧  d𝑥𝑒

𝐻̂(3) = ℎ
−2𝜕𝑎ℎ d𝑡 ∧  d𝑦1 ∧  d𝑥𝑎 , 𝐹̃(3) =

1

3!
𝜀𝐼𝐽𝐾𝐿𝜕𝐼𝐻0 d𝑦𝐽 ∧  d𝑦𝐾 ∧  d𝑦𝐿

𝑒Φ̂ = ℎ−
1
2𝐻0

−
1
2, ℎ = ℎ(𝑥1, ⋯ , 𝑥5), 𝐻0 = 𝐻0(𝑦1, ⋯ , 𝑦4).

 

d𝑠̂11
2 = 𝐻0

−
1
3[ℎ−1(−d𝑡2 + d𝑥2) + ℎ( d𝑟2 + 𝑟2 dΩ3

2)] + 𝐻0

2
3( d𝑦1

2 +⋯+ d𝑦5
2)

𝐹̂(4) = −
1

4!
𝜀𝐼1⋯𝐼5𝜕𝐼1𝐻0 d𝑦𝐼2 ∧ ⋯∧  d𝑦𝐼5 − ℎ−2𝜕𝑟ℎ d𝑡 ∧ d𝑡 ∧  d𝑟 ∧  d𝑦1 − 𝑟3𝜕𝑟ℎ dΩ3 ∧  d𝑦1 

ℎ = ℎ(𝑟), 𝐻0 = 𝐻0(𝑦1,⋯ , 𝑦5)
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d𝑠̂10
2 = 𝐻0

−
3
8 [−ℎ

−
9
8 d𝑡2 + ℎ

7
8( d𝑟2 + 𝑟2 dΩ3

2)] + 𝐻0

5
8ℎ−

1
8( d𝑦1

2 +⋯+ d𝑦5
2),

𝐹̃(4) = 𝑟
3𝜕𝑟ℎ d𝑦1 ∧  dΩ3 −

1

4!
𝜀𝐼1⋯𝐼5𝜕𝐼1𝐻0 d𝑦𝐼2 ∧ ⋯  d𝑦𝐼5 ,

𝐻̂(3) = ℎ
−2𝜕𝑟ℎ d𝑡 ∧  d𝑦1 ∧  d𝑟,

𝑒Φ̂ = ℎ−
3
4𝐻0

−
1
4, ℎ = ℎ(𝑟), 𝐻0 = 𝐻0(𝑦1, ⋯ , 𝑦5),

 

d𝑠̂10
2 = 𝐻0

−
1
4 [−ℎ

−
5
4 d𝑡2 + ℎ

3
4( d𝑟2 + 𝑟2 dΩ4

2)] + 𝐻0

3
4ℎ−

1
4( d𝑦1

2 +⋯+ d𝑦4
2)

𝐹̃(5) = 𝐻0ℎ
−2𝜕𝑟ℎ d𝑡 ∧  d𝑦2 ∧  d𝑦3 ∧  d𝑦4 ∧  d𝑟 − 𝑟4𝜕𝑟ℎ d𝑦1 ∧  dΩ4

𝐻̂(3) = −
1

3!
𝜀𝐼𝐽𝐾𝐿𝜕𝐼𝐻0 d𝑦𝐽 ∧  d𝑦𝐾 ∧  d𝑦𝐿, 𝐹̃(3) = ℎ

−2𝜕𝑟ℎ d𝑡 ∧  d𝑦1 ∧  d𝑟

𝑒Φ̂ = ℎ
1
2𝐻0

1
2, ℎ = ℎ(𝑟), 𝐻0 = 𝐻0(𝑦1,⋯ , 𝑦4)

 

d𝑠̂2 = 𝐻(𝑦)
𝑝−7
8 𝑔𝜇𝜈d𝑥

𝜇d𝑥𝜈 +𝐻(𝑦)
𝑝+7
8 𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽, ℛ𝜇𝜈(𝑔) = 0  

𝑑𝑠𝑝+1
2 = ℎ(𝑟)𝛼(−d𝑡2 + d𝑥1

2 +⋯+ d𝑥𝑠
2) + ℎ(𝑟)𝛽(d𝑟2 + 𝑟2 dΩ𝑝−𝑠−1

2 ),  

d𝑠̂10
2 = 𝐻0(𝑦)

−
1
2𝑔𝜇𝜈d𝑥

𝜇d𝑥𝜈 +𝐻0(𝑦)
1
2𝛿𝐼𝐽 d𝑦

𝐼d𝑦𝐽, Φ̂ = 𝜙, 𝐶̂0 = −𝜒 

𝐹̃(5) = −vol𝑔 ∧  d𝐻0
−1 −∗𝛿 d𝐻0, 𝐹̃(3) = −

𝑒−𝜙

√2
∗𝑔 ℱ(2)

𝐼 ∧  d𝑦𝐼 , 𝐻̂(3) =
1

√2
ℱ(2)
𝐼 ∧  d𝑦𝐼 .

 

d𝑠4
2 = −ℎ−1 d𝑡2 + ℎ𝛿𝑎𝑏 d𝑋𝑎 d𝑋𝑏 ,𝒜(1)

1 = −√2ℎ−1 d𝑡, 𝜙 = −ln ℎ,  

𝜕𝑋
2ℎ(𝑋) = 0  

ℱ(2)
1 = √2 d𝑡 ∧  dℎ−1,∗ ℱ(2)

1 = −
√2

ℎ
∗𝑋  dℎ,  

d𝑠̂10
2 = 𝐻0

−
1
2(𝑦)[−ℎ−1(𝑋)d𝑡2 + ℎ(𝑋)𝛿𝑎𝑏 d𝑋𝑎 d𝑋𝑏] + 𝐻0

1
2(𝑦)𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽, Φ̂ = −lnℎ, 

𝐹̃(5) = −vol𝑔 ∧  d𝐻0
−1 −∗𝛿 d𝐻0, 𝐹̃(3) = − ∗𝑋 ( dℎ) ∧ d𝑦

1, 𝐻̂(3) = d𝑡 ∧  dℎ−1 ∧  d𝑦1.
 

d𝑠̂10
2 = 𝐻0

−
1
2(𝑦)𝑔𝜇𝜈(𝑥)d𝑥

𝜇d𝑥𝜈 +𝐻0

1
2(𝑦)𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽, Φ̂ = 𝜙(𝑥), 𝐶̂(0) = 𝛼𝜒(𝑥)

𝐹̃(5) = 𝐻0
−2vol𝑔 ∧  d𝐻0 −∗𝛿 d𝐻0, 𝐹̃(3) = −

𝑒−𝜙

√2
∗𝑔 ℱ(2)

𝐼 ∧  d𝑦𝐼 , 𝐻̂(3) =
1

√2
ℱ(2)
𝐼 ∧  d𝑦𝐼 .

 

d𝑠̂10= 𝐻0
−
1
2[−d𝑡2 + d𝑥0

2 + ℎ( d𝑥1
2 + d𝑥2

2)] + 𝐻0

1
2( d𝑦1

2 +⋯+ d𝑦6
2)  

𝐹̃(5) = ℎ𝐻0
−2𝜕𝐼𝐻0 d𝑡 ∧  d𝑥0 ∧  d𝑥1 ∧  d𝑥2 ∧  d𝑦𝐼 −

1

5!
𝜀𝐼1⋯𝐼6𝜕𝐼1𝐻0 d𝑦𝐼2 ∧⋯∧  d𝑦𝐼6

𝑒Φ̂ = ℎ−1, 𝐹̂(1) = −𝜀𝑎𝑏𝜕
𝑎ℎ d𝑥𝑏 , ℎ = ℎ(𝑥1, 𝑥2) 𝐻0 = 𝐻0(𝑦), 𝑎, 𝑏 = 1,2

 

d𝑠2 = −d𝑡2 + d𝑥0
2 + ℎ( d𝑥1

2 + d𝑥2
2), 𝑒𝜙 = ℎ−1,

𝐹(1) = −𝜀𝑎𝑏𝜕
𝑎ℎ d𝑥𝑏 , 𝑎, 𝑏 = 1,2.
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d𝑠̂11
2 = 𝐻0

−
1
3(𝑦)𝑔𝜇𝜈d𝑥

𝜇d𝑥𝜈 +𝐻0

2
3(𝑦)𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽, 𝐹̂(4) = 𝛿𝐼𝐽𝐺(3)
𝐼 ∧  d𝑦𝐽 −∗𝛿 d𝐻0, 𝐺(3)

𝐼 = − ∗𝑔 𝐺(3)
𝐼 .  

d𝑠6
2 = ℎ−1(−d𝑡2 + d𝑥1

2) + ℎ𝛿𝑎𝑏 d𝑋𝑎 d𝑋𝑏 , 𝐺(3)
1 = −

1

ℎ2
 d𝑡 ∧  d𝑥1 ∧  dℎ −∗𝑋  dℎ,  

d𝑠̂11
2 = 𝐻0

−
1
3(𝑦)[ℎ−1(𝑋)(−d𝑡2 + d𝑥1

2) + ℎ(𝑋)𝛿𝑎𝑏 d𝑋𝑎 d𝑋𝑏] + 𝐻0

2
3(𝑦)𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽 

𝐹̃(4) = − [
1

ℎ2
 d𝑡 ∧  d𝑥1 ∧  dℎ +∗𝑋  dℎ] ∧ d𝑦1 −∗𝛿 d𝐻0

 

d𝑠̂10
2 = 𝐻0

−
3
8(𝑦)𝑒

5

8√6
𝜎
𝑔𝜇𝜈(𝑥)d𝑥

𝜇d𝑥𝜈 +𝐻0

5
8(𝑦)𝑒

−
3

8√6
𝜎
𝛿𝐼𝐽 d𝑦

𝐼d𝑦𝐽, 𝑒Φ̂ = 𝐻0
−
1
4𝑒
−
9

4√6
𝜎
  

𝐹̃(4) = − ∗𝛿 d𝐻0 −
1

√2
𝑒
2

√6
𝜎
∗𝑔 𝐹(2)

1 ∧  d𝑦1, 𝐻̂(3) =
1

√2
𝐹(2)
1 ∧  d𝑦1

 

𝐹̂(2) = 𝛼𝐺(2).  

d𝑠̂10
2 = 𝐻0

−
3
8(𝑦)𝑒

5

8√6
𝜎
𝑔𝜇𝜈(𝑥)d𝑥

𝜇d𝑥𝜈 +𝐻0

5
8(𝑦)𝑒

−
3

8√6
𝜎
𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽, 𝑒𝜙̂ = 𝐻0
−
1
4𝑒
−
9

4√6
𝜎

𝐹̃(4) = − ∗𝛿 d𝐻0 −
1

√2
𝑒
2

√6
𝜎
∗𝑔 𝐹(2)

𝐼 ∧ 𝑑𝑦𝐼 , 𝐻̂(3) =
1

√2
𝐹(2)
𝐼 ∧  d𝑦𝐼 , 𝐹̂(2) = −𝐺(2).

 

d𝑠2 = −𝐻0
−
3
8 [ℎ−

7
8 d𝑡2 + ℎ

1
8( d𝑟2 + 𝑟2 dΩ3

2)] + 𝐻0

5
8ℎ
1
8( d𝑦1

2 +⋯+ d𝑦5
2),

𝐹̃(4) = − ∗𝛿 d𝐻0, 𝐹̂(2) = −ℎ
−2𝜕𝑟ℎ d𝑡 ∧  d𝑟, 𝑒Φ̂ = 𝐻0

−
1
4ℎ
3
4,

𝐻0 = 𝐻0(𝑦), ℎ = ℎ(𝑟),

 

d𝑠̂10
2 = 𝐻0

−
1
4(𝑦)𝑒−

√2
4
𝜑𝑔𝜇𝜈(𝑥)d𝑥

𝜇d𝑥𝜈 +𝐻0

3
4(𝑦)𝑒

√2
4
𝜑𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽

𝐻̂(3) = − ∗𝛿 d𝐻0, 𝐹̃(3) = −
1

√2
𝐹(2)
1 (𝑥) ∧ d𝑦1, 𝑒Φ̂ = 𝐻0

1
2𝑒
−
𝜑

√2

𝐹̃(5) =
1

√2
[−
1

3!
𝐻0𝜀1𝐼2⋯𝐼4𝐹(2)

1 ∧  d𝑦𝐼2 ∧  d𝑦𝐼3 ∧  d𝑦𝐼4 + 𝑒−
√2
2
𝜑 ∗𝑔 𝐹(2)

1 ∧  d𝑦1] .

 

𝐻̂(3) = 𝛼𝐻(3)(𝑦).  

d𝑠̂10
2 = 𝐻0

−
1
4(𝑦)𝑒−

√2
4 𝜑𝑔𝜇𝜈(𝑥)d𝑥

𝜇d𝑥𝜈 +𝐻0

3
4(𝑦)𝑒

√2
4 𝜑𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽  

𝐻̂(3) = − ∗𝛿 d𝐻0 −𝐻(3)(𝑥), 𝐹̃(3) = −
1

√2
𝐹(2)
𝐼 (𝑥) ∧ d𝑦𝐼 , 𝑒𝜙̂ = 𝐻0

1
2𝑒
−
𝜑

√2

𝐹̃(5) =
1

√2
[−
1

3!
𝐻0𝜀𝐼1⋯𝐼4𝐹(2)

𝐼1 ∧  d𝑦𝐼2 ∧  d𝑦𝐼3 ∧  d𝑦𝐼4 + 𝑒−
√2
2
𝜑 ∗𝑔 𝐹(2)

𝐼 ∧  d𝑦𝐼]

 

d𝑠̂10
2 = 𝐻0

−
1
4ℎ−

1
4 [ℎ−

1
2(−d𝑡2 + d𝑥2) + ℎ

1
2( d𝑟2 + 𝑟2 dΩ3

2)] + 𝐻0

3
4ℎ
1
4𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽,

𝐻̂(3) = − ∗𝛿 d𝐻0 − ℎ
−2𝜕𝑟ℎ d𝑡 ∧  d𝑥 ∧  d𝑟, 𝑒Φ̂ = 𝐻0

1
2ℎ−

1
2(𝑟),

𝐻0 = 𝐻0(𝑦), ℎ = ℎ(𝑟), 𝐼, 𝐽 = 1,2,3,4,
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d𝑠̂10
2 = 𝐻0

−
1
4(𝑦)𝑒−

√2
4
𝜑𝑔𝜇𝜈(𝑥)d𝑥

𝜇d𝑥𝜈 +𝐻0

3
4(𝑦)𝑒

√2
4
𝜑𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽

𝐻̂(3) =
1

√2
𝐹(2)
𝐼 (𝑥) ∧ d𝑦𝐼 , 𝐹̃(3) = − ∗𝛿 d𝐻0 −𝐻(3)(𝑥), 𝑒

Φ̂ = 𝐻0
−
1
2𝑒

𝜑

√2

𝐹̃(5) =
1

√2
[−
1

3!
𝐻0𝜀𝐼1⋯𝑀𝐼𝐹(2)

𝐼1 ∧  d𝑦𝐼2 ∧  d𝑦𝐼3 ∧  d𝑦𝐼4 + 𝑒−
√2
2
𝜑 ∗𝑔 𝐹(2)

𝐼 ∧  d𝑦𝐼] .

 

𝑆𝐼𝐼𝐴 =
1

2𝜅2
∫  (∗ 𝑅̂ −

1

2
 dΦ̂ ∧∗  dΦ̂ −

1

2
𝑒−Φ̂𝐻̂(3) ∧∗ 𝐻̂(3) −

1

2
𝑒
3
2
Φ̂𝐹̂(2) ∧∗ 𝐹̂(2)

−
1

2
𝑒
Φ̂
2 𝐹̃(4) ∧∗ 𝐹̃(4)) −

1

4𝜅2
∫  𝐹̂(4) ∧ 𝐹̂(4) ∧ 𝐵̂(2)

 

d ∗  dΦ̂=
3

4
𝑒
3
2
Φ̂𝐹̂(2) ∧∗ 𝐹̂(2) −

1

2
𝑒−Φ̂𝐻̂(3) ∧∗ 𝐻̂(3) +

1

4
𝑒
Φ
2 𝐹̃(4) ∧∗ 𝐹̃(4) 

d (𝑒
Φ̂
2 ∗ 𝐹̃(4))= −𝐻̂(3) ∧ 𝐹̃(4)  

d(𝑒−Φ̂ ∗ 𝐻̂(3))= 𝑒
Φ̂
2 𝐹̂(2) ∧∗ 𝐹̃(4) +

1

2
𝐹̃(4) ∧ 𝐹̃(4)  

d (𝑒
3Φ̂
2 ∗ 𝐹̂(2)) = −𝑒

Φ̂
2 𝐻̂(3) ∧∗ 𝐹̃(4)

𝑅̂𝑀𝑁 =
1

2
𝜕𝑀Φ̂𝜕𝑁Φ̂ +

1

2
𝑒
3Φ̂
2 (𝐹̂𝑀𝐴𝐹̂𝑁

𝐴 −
1

8 ⋅ 2!
𝑔𝑀𝑁𝐹̂(2)

2 )

 +
1

4
𝑒−Φ̂ (𝐻̂𝑀

𝑃1𝑃2𝐻̂𝑁𝑃1𝑃2 −
1

2 ⋅ 3!
𝑔̂𝑀𝑁𝐻̂(3)

2 )

 +
1

12
𝑒
Φ̂
2 (𝐹̃𝑀

𝑃1𝑃2𝑃3𝐹̃𝑁𝑃1𝑃2𝑃3 −
9

4 ⋅ 4!
𝑔̂𝑀𝑁𝐹̃(4)

2 )

 

𝛿Ψ̂𝑀 =(𝐷̂𝑀 −
1

4 ⋅ 2!
𝐻̂𝑀𝑃𝑄Γ

𝑃𝑄Γ(10)

 −
1

16
𝑒Φ̂𝐹̂𝑃𝑄Γ

𝑃𝑄Γ𝑀Γ
(10) +

1

8 ⋅ 4!
𝑒Φ̂𝐹̃𝑁𝑃𝑄𝐿Γ

𝑁𝑃𝑄𝐿Γ𝑀) 𝜖

𝛿𝜆̂ =(−
1

3
Γ𝑀𝜕𝑀Φ̂Γ

(10) +
1

6 ⋅ 3!
𝐻̂𝑀𝑁𝑃Γ

𝑀𝑁𝑃

 −
1

2 ⋅ 4
𝑒Φ̂𝐹̂𝑀𝑁Γ

𝑀𝑁 +
1

12 ⋅ 4!
𝑒Φ̂𝐹̃𝑀𝑁𝑃𝑄Γ

𝑀𝑁𝑃𝑄Γ(10)) 𝜖

 

𝜖 = 𝜖𝐿 + 𝜖𝑅 , Γ
(10)𝜖𝐿 = 𝜖𝐿, Γ

(10)𝜖𝑅 = −𝜖𝑅  

d𝑠10
2 = 𝐻−

3
8𝑔𝜇𝜈(𝑥)d𝑥

𝜇d𝑥𝜈 +𝐻
5
8𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽, 𝑒Φ = 𝐻−
1
4(𝑦), 

𝐹̃(4) = −
1

4!
𝜕𝐼1𝐻𝜀𝐼1⋯𝐼5 d𝑦𝐼2 ∧ ⋯∧  d𝑦𝐼5 , 𝐼, 𝐽 = 1,⋯ ,5.

 

Γ01234𝜖 = −Γ
(10)𝜖, 𝜖 = 𝐻−3/32𝜖0  

Γ𝜇 = 𝜎1⊗𝛾𝜇⊗𝟏, Γ𝐼 = 𝜎2⊗𝟏⊗ Σ𝐼  

𝜖 = (
1

−𝑖
)⊗ 𝜀𝑖⊗𝜂𝑖, 𝑖 = 1,2,3,4  

(𝜎2⊗𝟏⊗𝟏)𝜖 = −𝜖  
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𝑆𝐼𝐼𝐵 =
1

2𝜅10
2 ∫  (∗ 𝑅 −

1

2
 dΦ̂ ∧∗  dΦ̂ −

1

2
𝑒2Φ̂𝐹̂(1) ∧∗ 𝐹̂(1) −

1

2
𝑒−Φ̂𝐻̂(3) ∧∗ 𝐻̂(3)

−
1

2
𝑒Φ̂𝐹̃(3) ∧∗ 𝐹̃(3) −

1

4
𝐹̃(5) ∧∗ 𝐹̃(5)) −

1

4𝜅10
2 ∫  𝐶̂(4) ∧ 𝐻̂(3) ∧ 𝐹̃(3)

 

d ∗  dΦ̂ =𝑒2Φ̂𝐹̂(1) ∧∗ 𝐹̂(1) −
1

2
𝑒−Φ̂𝐻̂(3) ∧∗ 𝐻̂(3) +

1

2
𝑒Φ̂𝐹̃(3) ∧∗ 𝐹̃(3)

d(𝑒2Φ̂ ∗ 𝐹̂(1)) =−𝑒
Φ̂𝐻̂(3) ∧∗ 𝐹̃(3)  

d(𝑒Φ̂ ∗ 𝐹̃(3)) =𝐹̃(5) ∧ 𝐻̂(3)

d(𝑒−Φ̂ ∗ 𝐻̂(3)) =𝑒
Φ̂𝐹̂(1) ∧∗ 𝐹̃(3) − 𝐹̃(5) ∧ 𝐹̃(3)

d ∗ 𝐹̃(5) = −𝐹̃(3) ∧ 𝐻̂(3)

𝑅̂𝑀𝑁 =
1

2
𝜕𝑀Φ̂𝜕𝑁Φ̂ +

1

2
𝑒2Φ̂𝐹̂𝑀𝐹̂𝑁 +

1

4 ⋅ 4!
𝐹̃𝑀𝑃𝑄𝑅𝑆𝐹̃𝑁𝑃𝑄𝑅𝑆

 +
1

4
𝑒Φ̂ (𝐹̂𝑀𝑃𝑄𝐹̂𝑁 

𝑃𝑄 −
1

12
𝐺𝑀𝑁𝐹̂𝑃𝑄𝑅𝐹̂

𝑃𝑄𝑅)

 +
1

4
𝑒−Φ̂ (𝐻̂𝑀𝑃𝑄𝐻̂𝑁 

𝑃𝑄 −
1

12
𝐺𝑀𝑁𝐻̂𝑃𝑄𝑅𝐻̂

𝑃𝑄𝑅)

 

𝛿𝜆̂ =
1

2
(𝜕𝑀Φ̂ + 𝑖𝑒

Φ̂𝐹̂𝑀)Γ
𝑀𝜖 −

1

4 ⋅ 3!
(𝑒−Φ̂/2𝐻̂𝑀𝑁𝑃 + 𝑖𝑒

Φ̂/2𝐹̂𝑀𝑁𝑃)Γ
𝑀𝑁𝑃𝜖𝑐

𝛿Ψ̂𝑀 = 𝐷̂𝑀𝜖 −
𝑖

4
𝑒Φ̂𝐹̂𝑀𝜖 +

1

96
(𝑒−Φ̂/2𝐻̂𝑁𝑃𝑄 − 𝑖𝑒

Φ̂/2𝐹̂𝑁𝑃𝑄)(Γ𝑀
𝑁𝑃𝑄 − 9𝛿𝑀

𝑁Γ𝑃𝑄)𝜖𝑐

 −
𝑖

16 ⋅ 5!
𝐹̂𝑁𝑃𝑄𝑅𝑇Γ

𝑁𝑃𝑄𝑅𝑇Γ𝑀𝜖

 

Γ(10)Ψ̂𝑀 = Ψ̂𝑀 Γ
(10)𝜖 = 𝜖  

Γ(10)𝜆̂ = −𝜆̂  

𝜖 = 𝜖𝐿 + 𝑖𝜖𝑅 , 𝜖
𝑐 = 𝜖𝐿 − 𝑖𝜖𝑅 , Γ

(10)𝜖𝐿,𝑅 = 𝜖𝐿,𝑅  

d𝑠10
2 = 𝐻−

1
4𝜂𝜇d𝑥

𝜇d𝑥𝜈 + 𝐻
3
4𝛿𝐼𝐽 d𝑦

𝐼 d𝑦𝐽,

𝐻̂(3) = − ∗𝛿 d𝐻, 𝑒
Φ = 𝐻

1
2, 𝐼, 𝐽 = 1,2,3,4.

 

𝜖 = −Γ012345𝜖
𝑐 , 𝜖 = 𝐻−

1
16𝜖0.  

Γ𝜇 = 𝛾𝜇⊗1, Γ𝑚 = 𝛾
(6)⊗Σ𝑚,  

𝜖 = 𝜀𝐴⊗𝜂𝐴(𝑦) + 𝑖𝜀
𝐴̇⊗𝜂𝐴̇(𝑦)  

𝜀𝐴 = −𝛾(6)𝜀𝐴, 𝜀 𝐴̇ = 𝛾(6)𝜀 𝐴̇  

𝜂𝐴 = −Σ
(4)𝜂𝐴, 𝜂𝐴̇ = Σ

(4)𝜂𝐴̇  

𝑆 =
1

2𝜅6
2∫  ∗ 𝑅 −

1

2
𝑒
−
𝜑

√2𝛿𝐼𝐽𝐹(2)
𝐼 ∧∗ 𝐹(2)

𝐽 −
1

2
𝑒√2𝜑𝐻(3) ∧∗ 𝐻(3)

 −
1

2
 d𝜑 ∧∗  d𝜑 +

1

2
𝛿𝐼𝐽𝐵(2) ∧ 𝐹(2)

𝐼 ∧ 𝐹(2)
𝐽 .
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d ∗  d𝜑 =−
1

2√2
𝑒
−
𝜑

√2𝛿𝐼𝐽𝐹(2)
𝐼 ∧∗ 𝐹(2)

𝐽 +
√2

2
𝑒√2𝜑𝐻(3) ∧∗ 𝐻(3) 

d (𝑒
−
𝜑

√2 ∗ 𝐹(2)
𝐼 ) =𝐻(3) ∧ 𝐹(2)

𝐼

 d (𝑒√2𝜑 ∗ 𝐻(3)) = −
1

2
𝛿𝐼𝐽𝐹(2)

𝐼 ∧ 𝐹(2)
𝐽

𝑅𝜇𝜈 =
1

2
𝜕𝜇𝜑𝜕𝜈𝜑 +

1

2
𝑒
−
𝜑

√2𝛿𝐼𝐽 (𝐹𝜇𝜌
𝐼 𝐹𝜈

𝐽𝜌
−
1

8
𝑔𝜇𝜈𝐹𝜌𝜎

𝐼 𝐹𝐽𝜌𝜎)

 +
1

4
𝑒√2𝜑 (𝐻𝜇𝜌𝜎𝐻𝜈

𝜌𝜎
−
1

6
𝑔𝜇𝜈𝐻𝜌𝜎𝜆𝐻

𝜌𝜎𝜆)

 

𝛿𝜓𝜇𝑖 =𝐷𝜇𝜀𝑖 +
1

16√2
𝑒
−
𝜑

2√2[𝐹𝜌𝜎
0 𝜖𝑖𝑗𝛾

(6) − 𝑖𝐹𝜌𝜎
𝑎 𝜖𝑖𝑘(𝜎

𝑎)𝑗
𝑘](𝛾𝜇

𝜈𝜆 − 6𝛿𝜇
𝜈𝛾𝜆)𝜀𝑗

 +
1

48
𝑒
𝜑

√2𝐻𝜈𝜆𝜌𝛾
(6) (𝛾𝜇

𝜈𝜆𝜌
− 3𝛿𝜇

𝜈𝛾𝜆𝜌) 𝜀𝑖

𝛿𝜒𝑖 = −
1

4
𝛾𝜇𝜕𝜇𝜑𝜀𝑖 −

1

16
𝑒
−
𝜑

2√2[𝐹𝜌𝜎
0 𝜖𝑖𝑗𝛾

(6) + 𝑖𝐹𝜌𝜎
𝑎 𝜖𝑖𝑘(𝜎

𝑎)𝑗
𝑘]𝛾𝜌𝜎𝜀𝑗

 +
√2

48
𝑒
𝜑

√2𝐻𝜇𝜈𝜆𝛾
(6)𝛾𝜇𝜈𝜆𝜀𝑖

 

𝜓𝜇
𝑖 = 𝛿𝐴

𝑖𝜓𝜇
𝐴 + 𝑖𝛿𝐴̇

𝑖𝜓𝜇
𝐴̇, 𝜒𝑖 = 𝛿𝐴

𝑖𝜒𝐴 + 𝑖𝛿𝐴̇
𝑖𝜒𝐴̇, 𝜀𝑖 = 𝛿𝐴

𝑖𝜀𝐴 + 𝑖𝛿𝐴̇
𝑖𝜀 𝐴̇  

𝜀𝐴 = −𝛾(6)𝜖𝐴, 𝜖 𝐴̇ = 𝛾(6)𝜖 𝐴̇, 𝜓𝜇
𝐴 = −𝛾(6)𝜓𝜇

𝐴, 𝜓𝜇
𝐴̇ = 𝛾(6)𝜓𝜇

𝐴̇  

𝜒𝐴 = 𝛾(6)𝜒𝐴, 𝜒𝐴̇ = −𝛾(6)𝜒𝐴̇  

d𝑠2 = −𝐻−
3
2 d𝑡2 +𝐻

1
2( d𝑟2 + 𝑟2 dΩ4

2)

𝐹(2) = √2𝜕𝑟𝐻
−1 d𝑡 ∧  d𝑟, 𝑒𝜑 = 𝐻

−
1

√2

 

d𝑠2 = 𝐻−
1
2(−d𝑡2 + d𝑥1

2 + d𝑥2
2) + 𝐻

3
2( d𝑟2 + 𝑟2 dΩ2

2),

𝐹(2) = √2𝑟
2𝜕𝑟ℎ dΩ2, 𝑒

𝜑 = 𝐻
1

√2.

 

d𝑠2 = 𝐻−
1
2(−d𝑡2 + d𝑥2) + 𝐻

1
2( d𝑟2 + 𝑟2 dΩ3

2),

𝐻(3) = 𝐻
−2𝜕𝑟ℎ d𝑡 ∧  d𝑥 ∧  d𝑟, 𝑒𝜑 = 𝐻

1

√2,

 

𝐴𝜇
𝑖𝑗
= −𝐴𝜇

𝑗𝑖
, 𝐴𝜇
𝑖𝑗
Ω𝑖𝑗 = 0  

 

𝑇𝑖 = Ω𝑖𝑗𝑇𝑗, 𝑇𝑖 = 𝑇
𝑗Ω𝑗𝑖  

𝑄𝑖𝑗 = 𝐿𝐼𝑖𝑘 d𝐿𝐼𝑘
𝑗  
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𝑆 =
1

2𝜅5
2∫  ∗ 𝑅 −

1

2
𝑒
2

√6
𝜎
𝑎𝐼𝐽𝐹(2)

𝐼 ∧∗ 𝐹(2)
𝐽
−
1

2
𝑒
−
4

√6
𝜎
𝐺(2) ∧∗ 𝐺(2)

−
1

2
 d𝜎 ∧∗  d𝜎 +

1

2
𝐶𝐼𝐽𝐹(2)

𝐼 ∧ 𝐹(2)
𝐽
∧ 𝑎(1)

 

𝛿𝜓𝜇𝑖 =𝐷𝜇𝜀𝑖 +
𝑖

6√2
𝑒
1

√6
𝜎
𝐿𝐼𝑖𝑗𝐹𝜌𝜎

𝐼 (Γ𝜇
𝜌𝜎
− 4𝛿𝜇

𝜌
Γ𝜎)𝜀𝑗

 +
𝑖

24
𝑒
−
2

√6
𝜎
𝐺𝜌𝜎(Γ𝜇

𝜌𝜎
− 4𝛿𝜇

𝜌
Γ𝜎)𝜀𝑖

𝛿𝜒𝑖 = −
𝑖

2√2
Γ𝜇𝜕𝜇𝜎𝜀𝑖 +

1

2√6
𝑒
1

√6
𝜎
𝐿𝐼𝑖𝑗𝐹𝜌𝜎

𝐼 Γ𝜌𝜎𝜀𝑗 −
1

4√3
𝑒
−
2

√6
𝜎
𝐺𝜌𝜎Γ

𝜌𝜎𝜀𝑖

 

𝑎𝐼𝐽 = 𝐶𝐼𝐽 = 𝐿𝐼
𝑖𝑗
𝐿𝐽𝑖𝑗 ,  

𝐿𝐼 
𝑖𝑗 = 𝑎𝐼𝐽𝐿

𝐽𝑖𝑗  

(𝐿𝐼)𝑗
𝑖 =

1

2
(Σ𝐼)𝑗

𝑖
,  

{Σ𝐼 , Σ𝐽} = 2𝛿𝐼𝐽 .  

𝑎𝐼𝐽 = 𝐶𝐼𝐽 = 𝛿𝐼𝐽  

d ∗  d𝜎 =
1

√6
𝑒
2

√6
𝜎
𝛿𝐼𝐽𝐹(2)

𝐼 ∧∗ 𝐹(2)
𝐽 −

2

√6
𝑒
−
4

√6
𝜎
𝐺(2) ∧∗ 𝐺(2)

d (𝑒
−
4

√6
𝜎
∗ 𝐺(2)) =

1

2
𝛿𝐼𝐽𝐹(2)

𝐼 ∧ 𝐹(2)
𝐽

 d(𝑒
2

√6
𝜎
∗ 𝐹(2)

𝐼 ) =𝐹(2)
𝐼 ∧ 𝐺(2)

𝑅𝜇𝜈 =
1

2
𝜕𝜇𝜎𝜕𝜈𝜎 +

1

2
𝛿𝐼𝐽𝑒

2

√6
𝜎
(𝐹𝜇𝜌

𝐼 𝐹𝜈
𝐽𝜌
−
1

6
𝑔𝜇𝜈𝐹𝜌𝜎

𝐼 𝐹𝐽𝜌𝜎)

 +
1

2
𝑒
−
4

√6
𝜎
(𝐺𝜇𝜌𝐺𝜈

𝜌
−
1

6
𝑔𝜇𝜈𝐺𝜌𝜎𝐺

𝜌𝜎)

 

d𝑠5
2  = −ℎ−4/3 d𝑡2 + ℎ2/3( d𝑥1

2 +⋯+ d𝑥4
2), 𝑒𝜎 = ℎ2/√6

𝐹(2)
1  = √2𝜕𝑎ℎ

−1 d𝑡 ∧  d𝑥𝑎 , 𝜕𝑎𝜕𝑎ℎ(𝑥1,⋯ , 𝑥4) = 0, 𝑎, 𝑏 = 1,2,⋯4,
 

d𝑠5
2  = −ℎ−2/3 d𝑡2 + ℎ1/3( d𝑥1

2 +⋯+ d𝑥4
2), 𝑒𝜎 = ℎ−2/√6

𝐺(2)  = ℎ
−2𝜕𝑎ℎ d𝑡 ∧  d𝑥𝑎 , 𝜕𝑎𝜕𝑎ℎ(𝑥1, ⋯ , 𝑥4) = 0, 𝑎, 𝑏 = 1,2,⋯4,

 

 𝜖 = Γ012𝜖,

 𝜖 = Γ012345𝜖,

 𝜖𝐿 = Γ01𝜖𝐿, 𝜖𝑅 = −Γ01𝜖𝑅 ,

  𝜖𝐿 = Γ012345𝜖𝐿, 𝜖𝑅 = Γ012345𝜖𝑅 ,

 𝜖𝐿 = Γ012345𝜖𝐿, 𝜖𝑅 = −Γ012345𝜖𝑅,

  𝜖𝐿 = Γ01⋯𝑝𝜖𝑅 .

 



pág. 1263 

𝜖 = 𝜀𝐴⊗𝜂𝐴  

Ψ̂𝜇= 𝑒
5

32√6
𝜎
{(
1

−𝑖
)⊗ (𝜓𝜇

𝑖 +
5𝑖

16√3
𝛾𝜇𝜒

𝑖)⊗ 𝜂𝑖}  

Ψ̂𝐼 = −
√3

16
𝐻0

3
16𝑒

−
5

16√6
𝜎
𝑒𝐼
𝐽
(𝜎3⊗𝟏⊗ Σ𝐽) {(

1

−𝑖
)⊗ 𝜒𝑖⊗𝜂𝑖}

𝜆̂ = −
√3

2
𝐻0

3
16𝑒

−
5

32√6
𝜎
(
1

−𝑖
)⊗ 𝜒𝑖⊗𝜂𝑖 , 𝜖 = 𝑒

5

32√6
𝜎
(
1

−𝑖
)⊗ 𝜀𝑖(𝑥) ⊗ 𝜂𝑖

 

Σ𝐼𝜂𝑖 = 2𝜂𝑗(𝐿𝐼)𝑖
𝑗

 

Ψ̂𝜇= 𝑒
−
√2
16
𝜑 {(𝜓𝜇

𝐴⊗𝜂𝐴 + 𝑖𝜓𝜇
𝐴̇⊗𝜂𝐴̇) +

√2

4
𝛾𝜇(𝜒

𝐴⊗𝜂𝐴 + 𝑖𝜒
𝐴̇⊗𝜂𝐴̇)} 

Ψ̂𝐼 = −
1

2√2
𝐻0

1
8𝑒

1

8√2
𝜑
𝑒𝐼
𝐽 (𝛾(6)⊗Σ𝐽) (𝜒

𝐴⊗𝜂𝐴 + 𝑖𝜒
𝐴̇⊗𝜂𝐴̇)

𝜆̂ = √2𝐻0

1
8𝑒
√2
16
𝜑(𝜒𝐴⊗𝜂𝐴 + 𝑖𝜒

𝐴̇⊗𝜂𝐴̇)

𝜖 = 𝑒−
√2
16
𝜑𝜀, 𝜀 = 𝜀𝐴⊗𝜂𝐴 + 𝑖𝜀

𝐴̇⊗𝜂𝐴̇

 

∗ 𝐹̃(5) =
1

√2
[𝑒−

√2
2
𝜑 ∗𝑔 𝐹(2)

𝐼 ∧  d𝑦𝐼 −
1

3!
𝐻0𝜀𝐼1⋯𝐼4𝐹(2)

𝐼1 ∧  d𝑦𝐼2 ∧  d𝑦𝐼3 d𝑦𝐼4] 

 ∗ 𝐻̂(3) = 𝐻0
−
3
2𝑒−√2𝜑𝜕𝐼𝐻0 d𝑦𝐼 ∧ vol𝑔 − 𝐻0

3
2𝑒
√2
2
𝜑 ∗𝑔 𝐻(3) ∧ vol𝛿

 ∗ 𝐹̃(3) = −
1

√2
(
1

3!
𝐻0

1
2𝜀𝐼1𝐼2𝐼3𝐼4 ∗𝑔 𝐹(2)

𝐼1 (𝑥) ∧ d𝑦𝐼2 ∧ ⋯∧  d𝑦𝐼4)

 

d𝐻(3) = 0  

d𝐹(2)
𝐼 = 0  

d𝐹̃(5) = −
1

√2
𝜕𝐼𝐻0𝐹(2)

𝐼 ∧ vol𝛿 +
1

√2
 d(𝑒−

√2
2
𝜑 ∗𝑔 𝐹(2)

𝐼 ) ∧ d𝑦𝐼  

−𝐹̃(3) ∧ 𝐻̂(3) = −
1

√2
𝜕𝐼𝐻0𝐹(2)

𝐼 (𝑥) ∧ vol𝛿 +
1

√2
𝐻(3)(𝑥) ∧ 𝐹(2)

𝐼 (𝑥) ∧ d𝑦𝐼  

d(𝑒−
√2
2
𝜑 ∗𝑔 𝐹(2)

𝐼 ) − 𝐻(3)(𝑥) ∧ 𝐹(2)
𝐼 (𝑥) = 0  

d ∗  dΦ̂ =−
1

2
𝑒−

√2
2
𝜑𝐻0

−2𝜕𝐼𝐻0𝜕𝐼𝐻0vol𝛿 ∧ vol𝑔 −
1

√2
𝐻0 d ∗  d𝜑 ∧ vol𝛿 

1

2
𝑒Φ̂𝐹̃(3) ∧∗ 𝐹̃(3) =

1

4
𝐻0𝑒

−
𝜑

√2𝛿𝐼𝐽𝐹(2)
𝐼 (𝑥) ∧∗𝑔 𝐹

𝐽(𝑥) ∧ vol𝛿

−
1

2
𝑒−Φ̂𝐻̂(3) ∧∗ 𝐻̂(3) = −

1

2
𝐻0
−2𝑒

−
𝜑

√2(𝜕𝐼𝐻0𝜕𝐼𝐻0vol𝛿 ∧ vol𝑔)

 −
1

2
𝐻0𝑒

√2𝜑𝐻(3)(𝑥) ∧∗𝑔 𝐻(3) ∧ vol𝛿
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0 = d ∗  d𝜑 +
1

2√2
𝑒
−
𝜑

√2𝛿𝐼𝐽𝐹(2)
𝐼 (𝑥) ∧∗𝑔 𝐹(2)

𝐽 (𝑥) −
√2

2
𝑒√2𝜑𝐻(3)(𝑥) ∧∗𝑔 𝐻(3)  

d(𝑒Φ̂ ∗ 𝐹̃(3)) =−
1

√2
𝑒
−
𝜑

√2𝜕𝐼𝐻0 ∗𝑔 𝐹(2)
𝐼 (𝑥) ∧ vol𝑦  

 −
1

√2

1

3!
𝐻0𝜀𝐼1𝐼2𝐼3𝐼4  d(𝑒

−
𝜑

√2 ∗𝑔 𝐹(2)
𝐼1 (𝑥)) ∧ d𝑦𝐼2 ∧ ⋯∧  d𝑦𝐼4

 

𝐹̃(5) ∧ 𝐻̂(3) =−
1

√2
𝑒−

√2
2
𝜑𝜕𝐼𝐻0 ∗𝑔 𝐹(2)

𝐼 ∧ vol𝑦  

 +
1

√2
[
1

3!
𝐻0𝜀𝐼1⋯𝐼4𝐹(2)

𝐼1 ∧  d𝑦𝐼2 ∧  d𝑦𝐼3 ∧  d𝑦𝐼4] ∧ 𝐻(3)(𝑥)

 

d(𝑒−Φ̂ ∗ 𝐻̂(3)) = −𝐻0 d(𝑒√2𝜑 ∗  𝑔𝐻(3)) ∧ vol𝑦  

−𝐹̃(5) ∧ 𝐹̃(3) =
1

2
𝐻0𝛿𝐼𝐽𝐹(2)

𝐼 ∧ 𝐹(2)
𝐽
(𝑥) ∧ vol𝑦  

d (𝑒√2𝜑 ∗𝑔 𝐻(3)) +
1

2
𝛿𝐼𝐽𝐹(2)

𝐼 ∧ 𝐹(2)
𝐽 (𝑥) = 0  

𝑒̂𝜇 = 𝐻0
−
1
8𝑒−

√2
8
𝜑𝑒𝜇, 𝑒̂𝐼 = 𝐻0

3
8𝑒
√2
8
𝜑

 d𝑦𝐼  

𝑅̂𝜇𝜈= 𝑅𝜇𝜈 −
1

4
𝜕𝜇𝜑𝜕𝜈𝜑 +

√2

8
∇𝜌(𝑔

𝜌𝜂𝜕𝜂𝜑)𝑔𝜇𝜈 +
1

8
𝑔𝜇𝜈𝐻0

−1𝑒−
√2
2
𝜑𝜕𝐾𝐻0

−1𝜕𝐾𝐻0, 

𝑅̂𝐼𝐽 = −
√2

8
𝐻0𝑒

√2
2
𝜑∇𝜌(𝜕𝜎𝜑𝑔

𝜌𝜎)𝛿𝐼𝐽 +
3

8
𝜕𝐽𝐻0

−1𝜕𝐼𝐻0 −
3

8
𝛿𝐼𝐽𝜕𝐾𝐻0

−1𝜕𝐾𝐻0,

𝑅̂𝜇𝐼 = −
√2

8
𝐻0
−1𝜕𝐼𝐻0𝜕𝜇𝜑.

 

RHS𝜇𝜈 =
1

4
𝜕𝜇𝜑𝜕𝜈𝜑 +

1

4
𝑒√2𝜑 (𝐻𝜇𝜌𝜎𝐻𝜈

𝜌𝜎
−
1

12
𝑔𝜇𝜈𝐻𝜌𝜎𝜆𝐻

𝜌𝜎𝜆)

+
1

2
𝑒
−
𝜑

√2𝛿𝐼𝐽 (𝐹𝜇𝜌𝐼
𝐼 𝐹𝜈

𝐽𝜌
−
3

16
𝑔𝜇𝜈𝐹𝜌𝜎

𝐼 𝐹𝐽𝜌𝜎) +
1

8
𝐻−1𝑒

−
𝜑

√2𝑔𝜇𝜈𝜕𝐾𝐻0
−1𝜕𝐾𝐻0,  

RHS𝐼𝐽 =(
1

32
𝐻0𝐹𝜌𝜎

𝐾 𝐹𝐾𝜌𝜎 −
1

48
𝐻0𝑒

3√2
2
𝜑𝐻𝜌𝜎𝜆𝐻

𝜌𝜎𝜆)𝛿𝐼𝐽 +
3

8
𝜕𝐼𝐻0

−1𝜕𝐽𝐻0 −
3

8
𝛿𝐼𝐽𝜕𝑀𝐻0

−1𝜕𝑀𝐻0,

RHS𝜇𝐼 = −
1

4√2
𝐻0
−1𝜕𝐼𝐻0𝜕𝜇𝜑.

 

𝑅𝜇𝜈 =
1

2
𝜕𝜇𝜑𝜕𝜈𝜑 +

1

2
𝑒
−
𝜑

√2𝛿𝐼𝐽 (𝐹𝜇𝜌
𝐼 𝐹𝜈

𝐽𝜌
−
1

8
𝑔𝜇𝜈𝐹𝜌𝜎

𝐼 𝐹𝐽𝜌𝜎)

 +𝑒√2𝜑
1

4
(𝐻𝜇𝜌𝜎𝐻𝜈

𝜌𝜎
−
1

6
𝑔𝜇𝜈𝐻𝜌𝜎𝜆𝐻

𝜌𝜎𝜆) .
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𝛿𝜆̂ =√2𝐻0

1
8𝑒
√2
16
𝜑
(𝛿𝜒𝐴⊗𝜂𝐴 + 𝑖𝛿𝜒

𝐴̇⊗𝜂𝐴̇)

=√2𝐻0

1
8𝑒
√2
16
𝜑
{−
1

4
𝜕𝜇𝜑(𝛾

𝜇⊗𝟏)(𝜀𝐴⊗𝜂𝐴 + 𝑖𝜀
𝐴̇⊗𝜂𝐴̇)

+(
1

24√2
𝑒
𝜑

√2𝐻𝜇𝜈𝜌(𝛾
𝜇𝜈𝜌⊗𝟏) +

𝑖

16
𝑒
−
𝜑

2√2𝐹𝜇𝜈
𝐼 𝛿𝐼‾

𝐽
(𝛾𝜇𝜈𝛾(6)⊗Σ𝐽)) (𝜀

𝐴⊗𝜂𝐴 − 𝑖𝜀
𝐴̇⊗𝜂𝐴̇)} .

 

𝛿Ψ̂𝜇 =𝑒
−
√2
16
𝜑 {(𝜓𝜇

𝐴⊗𝜂𝐴 + 𝑖𝜓𝜇
𝐴̇⊗𝜂𝐴̇) +

√2

4
𝛾𝜇(𝜒

𝐴⊗𝜂𝐴 + 𝑖𝜒
𝐴̇⊗𝜂𝐴̇)}

=𝑒−
√2
16
𝜑 {𝐷𝜇𝜖 +

𝑖

16√2
𝑒
−
𝜑

2√2𝐹𝜌𝜎
𝐼 𝛿𝐼

𝐽 ((𝛾𝜇
𝜌𝜎
− 6𝛿𝜇

𝜌
𝛾𝜎)𝛾(6)⊗Σ𝐼) 𝜖𝑐

−
1

48
𝑒
𝜑

√2𝐻𝜈𝜌𝜎[(𝛾𝜇
𝜈𝜌𝜎

− 3𝛿𝜇
𝜈𝛾𝜌𝜎)⊗ 𝟏]𝜖𝑐}

 +𝑒−
√2
16
𝜑 √2

4
(𝛾𝜇⊗𝟏) {−

1

4
𝜕𝜆𝜑(𝛾

𝜆⊗𝟏)𝜖

+(
1

24√2
𝑒
𝜑

√2𝐻𝜌𝜎𝜆(𝛾
𝜌𝜎𝜆⊗𝟏) +

𝑖

16
𝑒
−
𝜑

2√2𝐹𝜌𝜎
𝐼 𝛿𝐼

𝐽 (𝛾𝜌𝜎𝛾(6)⊗Σ𝐽)) 𝜖
𝑐}

 

𝛿Ψ̂𝐼 =−
1

2√2
𝐻0

1
8𝑒

1

8√2
𝜑
𝑒𝐼
𝐽
(𝛾(6)⊗Σ𝐽) 𝛿(𝜒

𝐴⊗𝜂𝐴 + 𝑖𝜒
𝐴̇⊗𝜂𝐴̇)  

= −
1

2√2
𝐻0

1
8𝑒

1

8√2
𝜑
𝑒𝐼
𝐽
(𝛾(6)⊗Σ𝐽) {−

1

4
𝜕𝜈𝜑(𝛾

𝜈⊗𝟏)𝜖

+(
1

24√2
(𝑒

1

√2
𝜑
𝐻𝜇𝜈𝜌(𝛾

𝜇𝜈𝜌⊗𝟏)) +
𝑖

16
𝑒
−
1

2√2
𝜑
𝐹𝜇𝜈
𝐾𝛿𝐾

𝐿(𝛾𝜇𝜈𝛾(6)⊗Σ𝐿)) 𝜖
𝑐}

 

Σ0 = (
𝛿𝐵̇
𝐴

𝛿𝐵
𝐴̇

) , Σ𝑎 = (
(𝜎𝑎)𝐵̇

𝐴

(𝜎𝑎)𝐵
𝐴̇

) .  

𝜀𝐴⊗Σ0𝜂𝐴 = 𝜀
𝐴̇⊗𝜂𝐴̇, 𝜀 𝐴̇⊗Σ𝑎𝜂𝐴̇ = 𝜀

𝐴⊗𝜂𝐴,

𝜀𝐴⊗Σ𝑎𝜂𝐴 = (𝜎
𝑎)𝐶
𝐴̇𝜀𝐶⊗𝜂𝐴̇, 𝜀 𝐴̇⊗Σ𝑎𝜂𝐴̇ = (𝜎

𝑎)𝐶̇
𝐴𝜀𝐶̇⊗𝜂𝐴.

 

𝛿𝜒𝐴 = −
1

4
𝜕𝜇𝜑𝛾

𝜇𝜀𝐴 +
1

24√2
𝑒
𝜑

√2𝐻𝜇𝜈𝜌𝛾
(6)𝛾𝜇𝜈𝜌𝜀𝐴

 −
1

16
𝑒
−
𝜑

2√2𝐹𝜇𝜈
0 𝛾(6)𝛾𝜇𝜈𝜀𝐴 +

1

16
𝑒
−
𝜑

2√2𝐹𝜇𝜈
𝑎 𝛾𝜇𝜈(𝜎𝑎)𝐶̇

𝐴𝜀𝐶̇

𝛿𝜒𝐴̇ = −
1

4
𝜕𝜇𝜑𝛾

𝜇𝜀 𝐴̇ +
1

24√2
𝑒
𝜑

√2𝐻𝜇𝜈𝜌𝛾
(6)𝛾𝜇𝜈𝜌𝜀 𝐴̇

 −
1

16
𝑒
−
𝜑

2√2𝐹𝜇𝜈
𝐼 𝛾(6)𝛾𝜇𝜈𝜀 𝐴̇ −

1

16
𝑒
−
𝜑

2√2𝐹𝜇𝜈
𝑎 𝛾𝜇𝜈(𝜎𝑎)𝐶

𝐴̇𝜀𝐶

 

𝛿𝜒𝑖 = −
1

4
𝜕𝜇𝜑𝛾

𝜇𝜀𝑖 +
1

24√2
𝑒
𝜑

√2𝐻𝜇𝜈𝜌𝛾
(6)𝛾𝜇𝜈𝜌𝜀𝑖

 −
1

16
𝑒
−
𝜑

2√2[𝐹𝜇𝜈
0 𝛾(6)𝛿𝑗

𝑖 + 𝑖𝐹𝜇𝜈
𝑎 (𝜎𝑎)𝑗

𝑖 ]𝛾𝜇𝜈𝜀𝑗,
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𝛿𝜓𝜇
𝑖 =𝐷𝜇𝜀

𝑖 +
1

48
𝑒
𝜑

√2𝐻𝜈𝜌𝜎𝛾
(6)(𝛾𝜇

𝜈𝜌𝜎
− 3𝛿𝜇

𝜈𝛾𝜌𝜎)𝜀𝑖

 +
1

16√2
𝑒
−
𝜑

2√2[𝐹𝜌𝜎
0 𝛾(6)𝛿𝑗

𝑖 − 𝑖𝐹𝜌𝜎
𝑎 (𝜎𝑎)𝑗

𝑖 ](𝛾𝜇
𝜌𝜎
− 6𝛿𝜇

𝜌
𝛾𝜎)𝜀𝑗,

 

𝜆𝑖𝑗𝑘 = 𝛽𝑖𝑗𝑘

𝜋𝑑/2√𝒞Δ1𝒞Δ2𝒞Δ3Γ(
Δ𝑖 + Δ𝑗 − Δ𝑘

2
)Γ (

Δ𝑘 + Δ𝑖 − Δ𝑗
2

)Γ (
Δ𝑗 + Δ𝑘 − Δ𝑖

2
) Γ (

Δ𝑖 + Δ𝑗 + Δ𝑘 − 𝑑
2

)

2Γ(Δ𝑖)Γ(Δ𝑗)Γ(Δ𝑘)
, 

 

Figura 6. Diagramas de Witten.  

𝑀 =
1

𝑁
𝑀𝐹2 +

1

𝑁2
[𝑀𝑅 +𝑀𝐹2∣𝐹2(𝑠, 𝑡) +∑  

𝑖

  (𝑏𝐹4,𝑠
𝑖 𝑀𝐹4,𝑠

𝑖 + 𝑏𝐹4,𝑡𝑢
𝑖 𝑀𝐹4,𝑡𝑢

𝑖 )]

 +
log 𝑁

𝑁2
(𝑏log,𝑠𝑀log,𝑠 + 𝑏log,𝑡𝑢𝑀log,𝑡𝑢) + 𝑂(𝑁

−5/2),

 

𝑀𝑅 = −
𝑝

(𝑝 − 2)! 𝚫
[[(𝑝 + 1)𝐻

1−
𝑠
2
+

4

𝑠 − 2
]𝛿𝐴𝐵𝛿𝐶𝐷  + [(𝑝 + 1)𝐻2+𝑝−𝑢

2
+

2𝑝

𝑢 − 𝑝
] 𝛿𝐴𝐶𝛿𝐵𝐷

+[(𝑝 + 1)𝐻2+𝑝−𝑡
2

+
2𝑝

𝑡 − 𝑝
] 𝛿𝐴𝐷𝛿𝐵𝐶]

 

𝒜𝑅
𝐴𝐵𝐶𝐷  = −32𝚫𝜋7𝛿𝐴𝐵𝛿𝐶𝐷∫  

𝑑2𝑝⊥
(2𝜋2)

1

−𝑠 + 𝑝⊥
2 +  crossed 

 = −8𝚫𝜋6(log (−𝑠) + ⋯)𝛿𝐴𝐵𝛿𝐶𝐷 +  crossed 

 

 

 

d𝑠2 = 𝐿2( d𝑠AdS5
2 + d𝜃2 + cos2 𝜃 d𝜙2 + sin2 𝜃 d𝑠𝑆3

2 ),  

𝐹5 = d𝐶4 = 4𝐿
4(1 +⋆)vol𝑀5 ,  with  

1

(2𝜋ℓ𝑠)
4𝑔𝑠

∫  
𝑀5

 𝐹5 = 𝑁  



pág. 1267 

(𝐿/ℓ𝑠)
4 = 4𝜋Δ𝑔𝑠𝑁  

SO(6) → SU(2)𝐿 × SU(2)𝑅 × U(1)𝑅  

𝑆IIB =
1

2𝜅2
∫   d10𝑋√𝑔 (𝑅 +

1

5!
𝐹5
2) ,

1

2𝜅2
=

2𝜋

(2𝜋ℓ𝑠)
8𝑔𝑠

2 ≡
2𝜋

(2𝜋ℓ𝑝)
8  

𝑆7 = 𝑇7 (∫   d
8𝑋̂√det(𝑔̂ + 2𝜋ℓ𝑠

2𝐹) + ∫  𝐶̂4 ∧ e
2𝜋ℓ𝑠

2𝐹) , 𝑇7 =
2𝜋

(2𝜋ℓ𝑠)
8𝑔𝑠

 

𝑆IIB =
1

2𝜅5
2∫   d

5𝑥√𝑔𝑅 +⋯ ,  where  
1

2𝜅5
2 =

vol𝑀5
2𝜅2

=
Δ𝑁2

8𝜋2𝐿3
 

⟨𝑇𝜇̂𝜈̂(𝑧)𝑇𝜌̂𝜎̂(0)⟩ =
𝑐

640𝜋2𝑧8
(𝐼𝜇̂(𝜌̂𝐼𝜎̂)𝜈̂ − trace), 𝑐 ≈

𝜋2𝐿3

𝜅5
2 =

Δ

4
𝑁2  

𝑆7 ≈ −∫  d
5𝑥

1

4 g5𝑑
2 (𝐹𝜇𝜈

𝐴 )
2
+⋯ ,  where  

1

4 g5𝑑
2 =

𝑁Δ

8𝜋2𝐿
 

tr𝑇𝐴𝑇𝐵 = 2𝛿𝐴𝐵  

⟨𝐽𝜇̂
𝐴(𝑥)𝐽𝜈̂

𝐵(0)⟩ =
3𝐤

2𝜋2
1

𝑧6
𝛿𝐴𝐵𝐼𝜇̂𝜈̂, 𝐤 =

8𝜋2𝐿

 g5𝑑
2 = 2Δ𝑁  

𝛿𝑔𝑎𝑏 = ℎ𝑎𝑏 = ℎ𝑎𝑏
′ +

ℎ

5
𝑔𝑎𝑏 ,  with  𝑔𝑎𝑏ℎ𝑎𝑏

′ = 0, ℎ𝑎𝑏
′ = ℎ𝑎𝑏

′ ,

𝛿𝑔𝜇𝜈 = ℎ𝜇𝜈 = ℎ𝜇𝜈
′ −

3ℎ

25
𝑔𝜇𝜈 ,  with  𝑔𝜇𝜈ℎ𝜇𝜈

′ = 0, ℎ𝜇𝜈
′ = ℎ𝜈𝜇

′ ,

 

𝛿𝐶4 = ((⋆ d)𝑋5 − (⋆ d)AdS5)𝑎.  

ℎ(𝑥, 𝑦)=∑  

𝑘

 ℎ𝑘(𝑥)𝒴
𝐼𝑘(𝑦),  

ℎ(𝜇𝜈)
′ (𝑥, 𝑦) =∑  

𝑘

 ℎ(𝜇𝜈),𝑘
′ (𝑥)𝒴𝐼𝑘(𝑦),

𝑎(𝑥, 𝑦) =∑  

𝑘

 𝑎𝑘(𝑥)𝒴
𝐼𝑘(𝑦),

 

Δ𝑆5𝒴
𝐼𝑘𝑝 = −𝑘𝑝(𝑘𝑝 + 4),  and  Δ𝑆3𝒴

𝐼𝑘𝑝 = −𝑝(𝑝 − 2)  

𝑘𝑝 = {
𝑝, 𝑝 + 2, 𝑝 + 4,… 𝑝 = 2,3
𝑝 − 2, 𝑝, 𝑝 + 2,… 𝑝 > 3

 

𝒴
𝐼𝑘𝑝 = 𝑇𝑖1𝑖2…𝑖𝑝−2𝑦𝑖1𝑦𝑖2⋯𝑦𝑖𝑝−2  2𝐹1 (

𝑝 − 2 − 𝑘𝑝
2

,
𝑝 + 2 + 𝑘𝑝

2
, 1, 𝜌2) ,  

ℎ𝑘𝑝(𝑥) = 10𝑘𝑝𝑠𝑘𝑝(𝑥) + 20(𝑘𝑝 + 4)𝑡𝑘𝑝(𝑥), 𝑎𝑘𝑝(𝑥) = 𝑡𝑘𝑝(𝑥) − 𝑠𝑘𝑝(𝑥),  

(◻ −𝑘𝑝(𝑘𝑝 − 4)) 𝑠𝑘𝑝 = (◻−(𝑘𝑝 + 8)(𝑘𝑝 + 4)) 𝑡𝑘𝑝 = 0  
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𝑆(2) (𝑠𝑘𝑝) =
1

2𝜅2
64𝑘𝑝(𝑘𝑝 − 1)

(𝑘𝑝 + 1)(𝑝 − 1)

𝜋3

Δ
∫  𝑑5𝑥√𝑔 ((𝜕𝜇𝑠𝑘𝑝)

2
+𝑚𝑘𝑝

2 𝑠𝑘𝑝
2 )  

ℎ(𝜇𝜈),𝑘𝑝
′ = 𝐻(𝜇𝜈),𝑘𝑝

′ +
4∇(𝜇∇𝜈)𝑠𝑘𝑝
𝑘𝑝 + 1

,  

𝑆brane 

(3)
= −2𝜋2ℓ𝑠

4𝑇7∫  [d
8𝑋̂√𝑔̂(𝐹𝐴,𝑀̂𝑁̂𝐹𝑀̂𝑁̂

𝐴 − 2𝐹𝐴,𝑀̂𝑁̂𝐹𝑁̂𝑃̂
𝐴 ℎ̂𝑃̂ 𝑀̂) − 2𝐶̂4 ∧ 𝐹

𝐴 ∧ 𝐹𝐴]  

𝐴𝜇
𝐴 =∑ 

𝐼

 𝑎𝜇
𝐴,𝐼(𝑥)𝒴̂𝐼(𝑦̂), 𝐴𝑎̂

𝐴 = 𝜑𝐴(𝑥) ⋅ 𝒳𝑎̂(𝑦̂)  

𝒳𝑎̂
𝑝
(𝑦̂): (

𝑝

2
− 1,

𝑝

2
)
0
  and  𝒳̃𝑎̂

𝑝
(𝑦̂): (

𝑝

2
,
𝑝

2
− 1)

0
 

∇𝑏̂∇𝑏̂𝒳𝑎̂
𝑝
= (2 − 𝑝2)𝒳𝑎̂

𝑝
, 𝜖𝑎̂
𝑏̂𝑐∇𝑏̂𝒳𝑐

𝑝
= −𝑝𝒳𝑎̂

𝑝
, ∇𝑎̂𝒳𝑎̂

𝑝
= 0  

𝑆(2)(𝜑𝑝) = −
4𝜋4ℓ𝑠

4𝑇7
𝑝 − 1

∫   d5𝑥√𝑔 ((𝜕𝜇𝜑(𝑝)
𝐴 )

2
+𝑚𝑝

2(𝜑(𝑝)
𝐴 )

2
) ,𝑚𝑝

2 = 𝑝(𝑝 − 4)  

𝑆(3) = ∫  d5𝑥√𝑔(∑  

∞

𝑝=2

  (−
1

2
(𝜕𝜇𝜑(𝑝)

𝐴 )
2
−
1

2
𝑚𝑝
2(𝜑(𝑝)

𝐴 )
2
) +∑  

∞

𝑝=2

 ∑  

𝑘𝑝

  (−
1

2
(𝜕𝜇𝑠(𝑘𝑝))

2
−
1

2
𝑚𝑘𝑝
2 𝑠(𝑘𝑝)

2 )

+ ∑  

∞

𝑝,𝑞=2

 ∑  

𝑟

 ∑  

𝑘𝑟

 
1

2
𝛽𝑝𝑞𝑘𝑟𝑠(𝑘𝑟)𝜑(𝑝)

𝐴 𝜑(𝑞)
𝐴 )

 

𝑟 = |𝑝 − 𝑞| + 2, |𝑝 − 𝑞| + 4,… , 𝑝 + 𝑞 − 2  

𝛽𝑝𝑞𝑘𝑟 =
𝜋

2𝑁
√
(𝑝 − 1)(𝑞 − 1)(𝑟 − 1)

2Δ𝑘𝑟(𝑘𝑟 − 1)(𝑘𝑟 + 1)
(𝑘𝑟
2 − (𝑝 − 𝑞)2)(𝑘𝑟 + 𝑝 + 𝑞 − 4)(𝑘𝑟 + 𝑝 + 𝑞 − 2)

 ×
Γ(𝑝 − 1)Γ(𝑞 − 1)Γ(𝑟 − 1)

Γ (
𝑝 + 𝑞 − 𝑟

2 ) Γ (
𝑝 − 𝑞 + 𝑟

2 ) Γ (
𝑞 − 𝑝 + 𝑟

2 ) Γ (
𝑝 + 𝑞 + 𝑟 − 2

2 )

 

𝜆𝑝𝑞𝑘𝑟 =
1

𝑁
√

𝑟 − 1

Δ𝑘𝑟(𝑘𝑟 + 1)

Γ (
2 + 𝑘𝑟 + 𝑝 − 𝑞

2
)Γ (

2 + 𝑘𝑟 − 𝑝 + 𝑞
2

)Γ (
𝑝 + 𝑞 − 𝑘𝑟

2
) Γ (

𝑘𝑟 + 𝑝 + 𝑞
2

)Γ(𝑟 − 1)

Γ(𝑘𝑟)Γ (
𝑝 + 𝑞 − 𝑟

2
) Γ (

𝑝 − 𝑞 + 𝑟
2

) Γ (
𝑞 − 𝑝 + 𝑟

2
) Γ (

𝑝 + 𝑞 + 𝑟 − 2
2

)
+ 𝑂(1/𝑁2) 

𝜆𝑝𝑝(𝑘2=2) =
𝑝

𝑁√6Δ
+ 𝑂(1/𝑁2)  

⟨𝜙2
𝐴(𝑦1, 𝑥1)𝜙2

𝐵(𝑦2, 𝑥2)𝜙𝑝
𝐶(𝑦3, 𝑦‾3, 𝑥3)𝜙𝑝

𝐷(𝑦4, 𝑦‾4, 𝑥4)⟩

=
⟨𝑦1, 𝑦2⟩

2⟨𝑦3, 𝑦4⟩
𝑝⟨𝑦‾3, 𝑦‾4⟩

𝑝−2

𝑥12
4 𝑥34

2𝑝 ∑  

𝐫∈𝔤⊗𝔤

 𝐺𝐫(𝑈, 𝑉;𝑤)𝑃𝐫
𝐴𝐵𝐶𝐷  

⟨𝜙2
𝐴(𝑦1, 𝑥1)𝜙𝑝

𝐵(𝑦2, 𝑥2)𝜙2
𝐶(𝑦3, 𝑦‾3, 𝑥3)𝜙𝑝

𝐷(𝑦4, 𝑦‾4, 𝑥4)⟩

 =
⟨𝑦1, 𝑦2⟩

2⟨𝑦3, 𝑦4⟩
2⟨𝑦2, 𝑦4⟩

𝑝−2

𝑥12
4 𝑥34

4 𝑥24
2(𝑝−2)

∑  

𝐫∈𝔤⊗𝔤

  𝐺̃𝐫(𝑈, 𝑉;𝑤)𝑃𝐫
𝐴𝐵𝐶𝐷
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𝐺𝐫(𝑈, 𝑉;𝑤) =
𝑧(𝑤 − 𝑧‾)𝑓𝑟(𝑧‾) − 𝑧‾(𝑤 − 𝑧)𝑓𝑟(𝑧)

𝑤(𝑧 − 𝑧‾)
+ (1 −

𝑧

𝑤
) (1 −

𝑧‾

𝑤
)𝒢𝐫(𝑈, 𝑉),  

𝒢𝐫(𝑈, 𝑉)= 𝑈
−1 [∑  

ℓ

  ∑  

Δ≥ℓ+2

 𝜆Δ,ℓ,𝐫
(2,𝑝)

𝑔Δ+2,ℓ
0,0 (𝑈, 𝑉) +∑  

ℓ

 𝜆ℓ+3,ℓ+1,𝐫
(2,𝑝)

𝑔ℓ+5,ℓ+1
0,0 (𝑈, 𝑉) + 𝜆2,0,𝐫

(2,𝑝)
𝑔4,0
0,0(𝑈, 𝑉)]  

𝑓𝐫(𝑧) =∑  

ℓ

 𝜆ℓ+3,ℓ+1,𝐫
(2,𝑝)

𝑘2ℓ+6
0,0 (𝑧) + 𝜆2,0,𝐫

(2,𝑝)
𝑘4
0,0(𝑧) + 𝛿𝐫,𝟏dim(𝐺) − 𝛿𝐫,Adj

4ℎ∨

𝐤
𝑘2
0,0(𝑧) − 𝛿𝐫,𝟏

𝑝dim(𝐺)

12𝑐
𝑘4
0,0(𝑧),

 

𝑔Δ,ℓ
Δ12,Δ34(𝑈, 𝑉)  =

𝑧𝑧‾

𝑧 − 𝑧‾
(𝑘Δ+ℓ
Δ12,Δ34(𝑧)𝑘Δ−ℓ−2

Δ12,Δ34(𝑧‾) − 𝑘Δ+ℓ
Δ12,Δ34(𝑧‾)𝑘Δ−ℓ−2

Δ12,Δ34(𝑧)),

𝑘ℎ
Δ12,Δ34(𝑧)  ≡ 𝑧

ℎ
2  2𝐹1(ℎ/2 + Δ12/2, ℎ/2 − Δ34/2, ℎ, 𝑧).

 

𝑐 =
Δ

4
𝑁2 +

3(Δ − 1)

4
𝑁 −

1

12
, 𝐤 = 2Δ𝑁.  

𝜆2,0,1
(2,𝑝)

= 2𝛿2,𝑝 +
𝑝dim(𝐺𝐹)

12𝑐
−
4ℎ∨

𝐤
.  

𝒢̃𝐫(𝑈, 𝑉) = 𝑈
−
𝑝
2∑ 

ℓ

  ∑  

Δ≥ℓ+𝑝

 𝜆2𝑝(Δ,ℓ,𝐫)
2 𝑔Δ+2,ℓ

2−𝑝,2−𝑝
(𝑈, 𝑉) + ⋯ ,  

𝒢conn
𝐴𝐵𝐶𝐷(𝑈, 𝑉) = ∫  

𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈
𝑠
2𝑉

𝑡−𝑝−2
2 𝑀𝐴𝐵𝐶𝐷(𝑠, 𝑡)Γ [2 −

𝑠

2
] Γ [𝑝 −

𝑠

2
] Γ [

2 + 𝑝 − 𝑡

2
]
2

Γ [
2 + 𝑝 − 𝑢

2
]
2

𝒢̃conn
𝐴𝐵𝐶𝐷(𝑈, 𝑉) = ∫  

𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
𝑈
𝑠+2−𝑝
2 𝑉

𝑡−𝑝−2
2 𝑀𝐴𝐵𝐶𝐷(𝑠, 𝑡)Γ [

2 + 𝑝 − 𝑠

2
]
2

Γ [
2 + 𝑝 − 𝑡

2
]
2

Γ [2 −
𝑢

2
] Γ [𝑝 −

𝑢

2
]

 

 

𝒢conn
𝐴𝐵𝐶𝐷(𝑈, 𝑉) = 𝒢𝐴𝐵𝐶𝐷(𝑈, 𝑉) − (𝛿𝐴𝐵𝛿𝐶𝐷 + 𝛿2,𝑝𝑈𝛿

𝐴𝐶𝛿𝐵𝐷 + 𝛿2,𝑝
𝑈

𝑉2
𝛿𝐴𝐷𝛿𝐵𝐶) ,

𝒢̃conn
𝐴𝐵𝐶𝐷(𝑈, 𝑉) = 𝒢̃𝐴𝐵𝐶𝐷(𝑈, 𝑉) − (𝛿2,𝑝𝛿

𝐴𝐵𝛿𝐶𝐷 +𝑈
𝑝
2𝛿𝐴𝐶𝛿𝐵𝐷 + 𝛿2,𝑝

𝑈

𝑉2
𝛿𝐴𝐷𝛿𝐵𝐶) .

 

𝑀𝐹2(𝑠, 𝑡) = −
4

(𝑝 − 2)! Δ
[

c𝑠
(𝑠 − 2)(𝑢 − 𝑝)

−
c𝑡

(𝑡 − 𝑝)(𝑢 − 𝑝)
] ,  

c𝑠
𝐴𝐵𝐶𝐷 = 𝑓𝐴𝐵𝐽𝑓𝐽𝐶𝐷, c𝑡

𝐴𝐵𝐶𝐷 = 𝑓𝐴𝐷𝐽𝑓𝐽𝐵𝐶 , c𝑢
𝐴𝐵𝐶𝐷 = 𝑓𝐴𝐶𝐽𝑓𝐽𝐷𝐵  

𝑀𝐹2∣𝐹2(𝑠, 𝑡) = −
𝑝

4(𝑝 − 2)! Δ2
[ d𝑠𝑡ℬ𝑠𝑡

𝑝
+ d𝑠𝑢ℬ𝑠𝑢

𝑝
+ d𝑡𝑢ℬ𝑡𝑢

𝑝
]  

d𝑠𝑡
𝐴𝐵𝐶𝐷= 𝑓𝐼𝐴𝐽𝑓𝐽𝐵𝐾𝑓𝐾𝐶𝐿𝑓𝐿𝐷𝐼  

 d𝑠𝑢
𝐴𝐵𝐶𝐷 = 𝑓𝐼𝐴𝐽𝑓𝐽𝐵𝐾𝑓𝐾𝐷𝐿𝑓𝐿𝐶𝐼

 d𝑡𝑢
𝐴𝐵𝐶𝐷 = 𝑓𝐼𝐴𝐽𝑓𝐽𝐶𝐾𝑓𝐾𝐵𝐿𝑓𝐿𝐷𝐼
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ℬ𝑠𝑡
𝑝
= ∑  

∞

𝑚,𝑛=0

 
(𝑚 − 𝑛)(𝑚 + 2𝑛 + 3) − 𝑚(𝑛 + 1)(𝑝 + 1)(𝑚 + 𝑛 + 2)

54(𝑚 + 𝑛)(𝑚 + 𝑛 + 1)(𝑚 + 𝑛 + 2)(𝑠 − 4 − 2𝑚)(𝑡 − 2 − 𝑝 − 2𝑛)
 

ℬ𝑠𝑢
𝑝
 = ∑  

∞

𝑚,𝑛=0

 
(𝑚 − 𝑛)(𝑚 + 2𝑛 + 3) − 𝑚(𝑛 + 1)(𝑝 + 1)(𝑚 + 𝑛 + 2)

54(𝑚 + 𝑛)(𝑚 + 𝑛 + 1)(𝑚 + 𝑛 + 2)(𝑠 − 4 − 2𝑚)(𝑢 − 2 − 𝑝 − 2𝑛)

ℬ𝑡𝑢
𝑝
 = ∑  

∞

𝑚,𝑛=0

 
(𝑚 − 𝑛)2 − (𝑚 + 1)(𝑛 + 1)(𝑝 + 1)(𝑚 + 𝑛)

54(𝑚 + 𝑛)(𝑚 + 𝑛 + 1)(𝑚 + 𝑛 + 2)(𝑡 − 2 − 𝑝 − 2𝑚)(𝑢 − 2 − 𝑝 − 2𝑛)

 

ℬ𝑠𝑡
2 = 𝑅0(𝑠, 𝑡) [𝜓

(1) (2 −
𝑠

2
) + 𝜓(1) (2 −

𝑡

2
) − (𝜓 (2 −

𝑠

2
) − 𝜓 (2 −

𝑡

2
))

2

]  

 +𝑅1(𝑠, 𝑡)𝜓
(0) (2 −

𝑠

2
) + 𝑅1(𝑡, 𝑠)𝜓

(0) (2 −
𝑡

2
) + 𝜋2𝑅2(𝑠, 𝑡) +

4

27(𝑠 + 𝑡 − 8)
−
𝛾

9

 

𝑅0(𝑠, 𝑡) =
3𝑠2𝑡 − 8𝑠2 + 3𝑠𝑡2 − 32𝑠𝑡 + 60𝑠 − 8𝑡2 + 60𝑡 − 96

54(𝑠 + 𝑡 − 8)(𝑠 + 𝑡 − 6)(𝑠 + 𝑡 − 4)

𝑅1(𝑠, 𝑡) = −
3𝑠2 + 3𝑠𝑡 − 26𝑠 − 10𝑡 + 48

27(𝑠 + 𝑡 − 8)(𝑠 + 𝑡 − 4)
, 𝑅2(𝑠, 𝑡) = −𝑅0(𝑠, 𝑡)

 

𝑀𝐹4,𝑠
1 (𝑠, 𝑡) = 𝑀log,𝑠(𝑠, 𝑡) = t1,𝑀𝐹4,𝑡𝑢

1 (𝑠, 𝑡) = 𝑀log,𝑡𝑢(𝑠, 𝑡) = t2 + t3  

t1
𝐴𝐵𝐶𝐷 = 𝛿𝐴𝐵𝛿𝐶𝐷, t2

𝐴𝐵𝐶𝐷 = 𝛿𝐴𝐶𝛿𝐷𝐵, t3
𝐴𝐵𝐶𝐷 = 𝛿𝐴𝐷𝛿𝐵𝐶  

𝑝 = 2: 𝑀𝐹4
1 (𝑠, 𝑡) = 𝑀log(𝑠, 𝑡) = t1 + t2 + t3  

𝑏log =
6

Δ
.  

−𝜆22𝑘2𝜆𝑝𝑝𝑘2 ∑  

𝑚=0

 
1

𝑠 − 2𝑚 − 𝑘2

4𝑘2+1Γ(
𝑘2 + 1
2

)Γ (
𝑘2 + 3
2

)

𝜋(𝑘2/2)!
2𝑚! (1 −𝑚 − 𝑘2/2)! (𝑝 − 1 −𝑚 − 𝑘2/2)! (𝑚 + 𝑘2)!

,  

−𝜆2𝑝𝑘𝑝
2 ∑  

𝑚=0

 
1

𝑠 − 2𝑚 − 𝑘𝑝

2𝑘𝑝! (𝑘𝑝 + 1)!

𝑚! (𝑘𝑝 +𝑚)! Γ (
𝑘𝑝
2 −

𝑝
2 + 2)

2

Γ (
𝑘𝑝
2 +

𝑝
2)
2

Γ (1 −
𝑘𝑝
2 −𝑚 +

𝑝
2)
2 ,  

𝜆22𝑘2𝜆𝑝𝑝𝑘2= 𝛽22𝑘2𝛽𝑝𝑝𝑘2
Γ(2 − 𝑘2/2)Γ(𝑘2/2)

5Γ(𝑝 − 𝑘2/2)Γ(𝑘2/2 + 𝑝 − 2)

32𝜋2Γ(𝑘2)Γ(𝑘2 − 1)Γ(𝑝 − 1)Γ(𝑝)
 

𝜆2𝑝𝑘𝑝
2  = 𝛽2𝑝𝑘𝑝

2

Γ (
1
2 (𝑘𝑝 − 𝑝 + 2))

2

Γ (
1
2 (−𝑘𝑝 + 𝑝 + 2))

2

Γ (
1
2 (𝑘𝑝 + 𝑝 − 2))

4

32𝜋2Γ(𝑘𝑝 − 1)Γ(𝑘𝑝)Γ(𝑝 − 1)Γ(𝑝)
.
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𝑀𝑅 ≈
2

Δ
∑  

𝑚=0

  [∑  

𝑘2

 
𝑘2
2(𝑘2

2 − 4)Γ (
𝑘2
2
+𝑚 − 1)Γ (

𝑘2
2
+ 𝑝) Γ (

𝑘2
2
+𝑚 − 𝑝 + 1)

8(𝑘2 + 2𝑚 − 𝑠)Γ(𝑚 + 1)Γ(𝑝 − 1)Γ(𝑝)Γ(𝑘2 +𝑚 + 1)Γ (
𝑘2
2
− 𝑝 + 1)

t1

+∑  

𝑘𝑝

 

𝑘𝑝(𝑝 − 1)Γ(
1
2 (
𝑘𝑝 + 𝑝 + 2))

2

Γ (
𝑘𝑝
2
+𝑚 −

𝑝
2
)
2

(𝑘𝑝 + 2𝑚 − 𝑢)Γ(𝑚 + 1)Γ(𝑝)
2Γ(𝑘𝑝 +𝑚 + 1)Γ (

𝑘𝑝 − 𝑝
2

)
2 t2  

+∑  

𝑘𝑝

 

𝑘𝑝(𝑝 − 1)Γ(
1
2 (𝑘𝑝 + 𝑝 + 2))

2

Γ (
𝑘𝑝
2 +𝑚 −

𝑝
2)
2

(𝑘𝑝 + 2𝑚 − 𝑡)Γ(𝑚 + 1)Γ(𝑝)
2Γ(𝑘𝑝 +𝑚 + 1)Γ (

𝑘𝑝 − 𝑝
2 )

2 t3

]
 
 
 
 

 

𝒜(𝑠, 𝑡) = (𝑢 + 𝑠/𝑤)2 [ℓ𝑃
4𝒜𝐹2 + ℓ𝑃

8 [𝒜𝐹4(𝜏) + 𝒜𝐹2∣𝐹2 +𝒜𝑅 +𝒜loglog ℓ𝑃
2 + 𝑂(ℓ𝑃

10)]]  

 

𝒜𝐴𝐵𝐶𝐷(𝑠, 𝑡) = lim
𝐿→∞

 8𝜋4(𝑝 − 1)! (𝑝 − 2)! 𝐿4∫  
𝑑𝛽

2𝜋𝑖

𝑒𝛽

𝛽2+𝑝
𝐿4(𝑢 + 𝑠/𝑤)2

16
𝑀𝐴𝐵𝐶𝐷 (

𝐿2

2𝛽
𝑠,
𝐿2

2𝛽
𝑡)  

 

𝒜𝐹2(𝑠, 𝑡) = −
(2𝜋)5

𝑠𝑡𝑢
(𝑡c𝑠 − 𝑠c𝑡)  

𝒜log(𝑠, 𝑡) = −16𝜋
6𝚫(t1 + t2 + t3),  

𝒜𝐹2∣𝐹2(𝑠, 𝑡) = −
2𝜋6

3
[ d𝑠𝑡𝑓box(𝑠, 𝑡) + d𝑠𝑢𝑓box(𝑠, 𝑢) + d𝑡𝑢𝑓box(𝑡, 𝑢)],  

𝑓box(𝑠, 𝑡) ∼ ℬ𝑠𝑡
2 ∼

𝑠𝑡log2 (
−𝑠
−𝑡)

(𝑠 + 𝑡)2
+ 2

𝑠log (−𝑠/2) + 𝑡log (−𝑡/2)

𝑠 + 𝑡
+ 𝜋2

𝑠𝑡

(𝑠 + 𝑡)2
+ 2𝛾.  

𝒜𝑅 = −8Δ𝜋
6[t1(log (−𝑠/2) + 𝛾) + t2(log (−𝑡/2) + 𝛾) + t3(log (−𝑢/2) + 𝛾)]  

: 𝜙2
𝐴 ◻𝑛−2 𝜙2

𝐴: , ∶ 𝜙3
𝐴 ◻𝑛−3 𝜙3

𝐴: , … , ∶ 𝜙𝑛
𝐴𝜙𝑛

𝐴: ,  

Δ𝑎 = 4 +
1

𝑁
𝛾𝑎
(1)
+
1

𝑁2
𝛾𝑎
(2)
+ 𝒪 (

1

𝑁3
) ,  

𝜆2,2,𝒪𝑎 = 𝜆2,2,𝒪𝑎
(0)

+
1

𝑁
𝜆2,2,𝒪𝑎
(1)

+
1

𝑁2
𝜆2,2,𝒪𝑎
(2)

+ 𝒪 (
1

𝑁3
)  
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𝒢1
2,2(𝑈, 𝑉) = 𝑈−1 [⟨(𝜆(0))

2
⟩ +

1

𝑁
(2⟨𝜆(0)𝜆(1)⟩ +

1

2
⟨(𝜆(0))

2
𝛾(1)⟩ (log 𝑈 + 2𝜕Δ

no log 
))

 +
1

𝑁2
(⟨2𝜆(0)𝜆(2) + (𝜆(1))

2
⟩ +

1

2
⟨2𝜆(0)𝜆(1)𝛾(1) + (𝜆(0))

2
𝛾(2)⟩ (log 𝑈 + 2𝜕Δ

no log 
)

+
1

8
⟨(𝜆(0))

2
(𝛾(1))

2
⟩ (log2 𝑈 + 4log 𝑈𝜕Δ + 4(𝜕Δ

no log 
)
2
))

+𝒪 (
1

𝑁3
)]𝑔Δ+2,0(𝑈, 𝑉)|Δ=4

 +⋯

 

⟨(𝜆(0))
2
⟩ = ∑  

2

𝑎=1

  (𝜆𝑎
(0)
)
2
.  

⟨(𝜆(0))
2
⟩=
2

3
 

⟨(𝜆(0))
2
𝛾(1)⟩= −

4

3

ℎ∨

Δ
=
8(1 − Δ)

Δ
 

⟨(𝜆(0))
2
(𝛾(1))

2
⟩ = ⟨(𝜆(0))

2
(𝛾(1))

2
⟩
superparticle 

+ ⟨(𝜆(0))
2
(𝛾(1))

2
⟩
grav 

 

 

⟨(𝜆(0))
2
(𝛾(1))

2
⟩
superparticle 

=
3

2
(−

4

3

ℎ∨

Δ
)

2

=
96(1 − Δ)2

Δ2
 

⟨(𝜆(0))
2
(𝛾(1))

2
⟩
grav 

 =
16

5

dim(𝐺𝐹)

Δ
=
32

5

(6 − 5Δ)(5 − 6Δ)

Δ2

 

ℎ∨ = 6(𝚫 − 1), dim(𝐺𝐹) =
2(6 − 5𝚫)(5 − 6𝚫)

𝚫
 

(
⟨𝜌4(𝑥)𝜌4(𝑦)⟩

1

𝒩
⟨𝜌4(𝑥): 𝜙2𝜙2: (𝑦)⟩

1

𝒩
⟨: 𝜙2𝜙2: (𝑥)𝜌4(𝑦)⟩

1

𝒩2
⟨: 𝜙2𝜙2: (𝑥): 𝜙2𝜙2: (𝑦)⟩

)

 =
1

|𝑥 − 𝑦|8
[𝛿𝑎𝑏 −

1

𝑁
𝑀𝑎𝑏log (|𝑥 − 𝑦|

2) + 𝒪 (
1

𝑁2
)]

 

𝑀=
1

⟨(𝜆(0))2⟩

(

 
0 √⟨(𝜆(0))2(𝛾(1))2⟩grav ⟨(𝜆

(0))2⟩

√⟨(𝜆(0))2(𝛾(1))2⟩grav ⟨(𝜆
(0))2⟩ ⟨(𝜆(0))

2
𝛾(1)⟩

)

  

 =

(

 
 
 0

4

Δ
√
3

5
√(6 − 5Δ)(5 − 6Δ)

4

Δ
√
3

5
√(6 − 5Δ)(5 − 6Δ)

12(1 − Δ)

Δ )
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𝛾1
(1)
=
6

Δ
(1 − Δ −

1

√15
√135 − 274Δ + 135Δ2)

𝛾2
(1)
=
6

Δ
(1 − Δ +

1

√15
√135 − 274Δ + 135Δ2)

 

(𝜆2,2,𝒪1
(0)

)
2
=
2

3
(
−√15(1 − Δ) + √135 − 274Δ + 135Δ2

2√135 − 274Δ + 135Δ2
)

(𝜆2,2,𝒪2
(0)

)
2
=
2

3
(
√15(1 − Δ) + √135 − 274Δ + 135Δ2

2√135 − 274Δ + 135Δ2
)

 

𝛾1
(1)
= −106.132… , 𝛾2

(1)
= 72.274… , 𝛾3

(1)
= −4.542…  

(𝜆2,2,𝒪1
(0)

)
2
= 0.0086… , (𝜆2,2,𝒪2

(0)
)
2
= 0.0016… , (𝜆2,2,𝒪3

(0)
)
2
= 0.0898… ,

(𝜆3,3,𝒪1
(0)

)
2
= 0.1283… , (𝜆3,3,𝒪2

(0)
)
2
= 0.0985… , (𝜆3,3,𝒪3

(0)
)
2
= 0.0232…

 

28⊗ 28 = 1⊕ 28⊕ 35v⊕35c⊕35s⊕300⊕ 350  

𝑃𝟏= (
1

28
0 0 0 0 0 0) ⋅ t  

𝑃𝟐𝟖= (0 0 0 −
1

12

1

12
0 0) ⋅ t  

𝑃𝟑𝟓c= (0
1

12

1

12
0

1

12
−
1

12

1

2
) ⋅ t  

𝑃𝟑𝟓s = (0
1

12

1

12
0

1

12
−
1

12
−
1

2
) ⋅ t

𝑃𝟑𝟓v = (−
1

12
0 0

1

12
−
1

12

1

6
0) ⋅ t

𝑃𝟑𝟓𝟎 = (0 −
1

2

1

2

1

12
−
1

12
0 0) ⋅ t

𝑃𝟑𝟎𝟎 = (
1

21

1

3

1

3
−
1

12
−
1

12
0 0) ⋅ t

 

t𝑖 = (𝛿𝐴𝐵𝛿𝐶𝐷, 𝛿𝐴𝐶𝛿𝐵𝐷, 𝛿𝐴𝐷𝛿𝐵𝐶 , 𝑓𝐴𝐶𝐸𝑓𝐵𝐷𝐸 , 𝑓𝐴𝐷𝐸𝑓𝐵𝐶𝐸

tr(𝑇𝐴𝑇𝐵𝑇𝐶𝑇𝐷),
1

4 ⋅ 4!
𝜖𝑎1𝑎2𝑏1𝑏2𝑐1𝑐2𝑑1𝑑2𝑇𝑎1𝑎2

𝐴 𝑇𝑏1𝑏2
𝐵 𝑇𝑐1𝑐2

𝐶 𝑇𝑑1𝑑2
𝐷

) .  

𝑀𝐹4
2 = t6 +

1

3
t4 −

2

3
t5,𝑀𝐹4

3 = t7  

−𝜕𝜇1
4 𝐹|

𝜇=0
= 𝑘2𝐼[𝑀1 +𝑀2 +𝑀3 + 2𝑀6],

−𝜕𝜇1
2 𝜕𝜇2

2 𝐹|
𝜇=0

 =
𝑘2

3
𝐼[𝑀1 +𝑀2 +𝑀3],

−𝜕𝜇1𝜕𝜇2𝜕𝜇3𝜕𝜇4𝐹|𝜇=0
 =
𝑘2

6
𝐼[𝑀7],
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𝐼[𝑀𝐫] ≡ −∫  
𝑑𝑠𝑑𝑡

(4𝜋𝑖)2
[𝑀𝐫(𝑠, 𝑡)Γ[2 − 𝑠/2]Γ[𝑠/2]Γ[2 − 𝑡/2]Γ[𝑡/2]Γ[2 − 𝑢/2]Γ[𝑢/2]

× (
𝐻𝑠
2
−1
+𝐻

1−
𝑠
2

(𝑡 − 2)(𝑢 − 2)
+

𝐻𝑡
2
−1
+𝐻

1−
𝑡
2

(𝑠 − 2)(𝑢 − 2)
+
𝐻𝑢
2
−1
+𝐻

1−
𝑢
2

(𝑠 − 2)(𝑡 − 2)
)]

 

ℱ𝐯≡ −4𝜕𝜇1
2 𝜕𝜇2

2 𝐹|
𝜇=0

,  

ℱ𝐜 ≡ −𝜕𝜇1
4 𝐹|

𝜇=0
− 𝜕𝜇1

2 𝜕𝜇2
2 𝐹|

𝜇=0
+ 2𝜕𝜇1𝜕𝜇2𝜕𝜇3𝜕𝜇4𝐹|𝜇=0

,

ℱ𝐬 ≡ −𝜕𝜇1
4 𝐹|

𝜇=0
− 𝜕𝜇1

2 𝜕𝜇2
2 𝐹|

𝜇=0
− 2𝜕𝜇1𝜕𝜇2𝜕𝜇3𝜕𝜇4𝐹|𝜇=0

,

 

𝑆: 𝜏 → −1/𝜏 ⇔ 𝟑𝟓v ↔ 𝟑𝟓c ⇔ ℱv ↔ ℱc,
𝑇: 𝜏 → 𝜏 + 1 ⇔ 𝟑𝟓c ↔ 𝟑𝟓s ⇔ ℱc ↔ ℱs.

 

ℱ𝐯 = −8log [𝜏2|𝜃3(𝜏)𝜃4(𝜏)|
2] + 8log [8𝜋𝑁] + 4𝑓(𝑁) + 𝑂(𝑒−𝑁),

ℱ𝐜 = −8log [𝜏2|𝜃2(𝜏)𝜃3(𝜏)|
2] + 8log [8𝜋𝑁] + 4𝑓(𝑁) + 𝑂(𝑒−𝑁),

ℱ𝐬 = −8log [𝜏2|𝜃2(𝜏)𝜃4(𝜏)|
2] + 8log [8𝜋𝑁] + 4𝑓(𝑁) + 𝑂(𝑒−𝑁),

 

𝑓(𝑁)=
16

3
− 4𝜁(3) + 4𝛾 − 4log (4𝜋) − 2log (2𝑁) + 2𝜓(2𝑁 + 5/2)  

 +(𝑁 + 1/4)𝜓(1)(𝑁 + 5/4) + (𝑁 + 3/4)𝜓(1)(𝑁 + 7/4)

 =
22

3
− 4𝜁(3) + 4𝛾 − 4log (4𝜋) +

1

𝑁
−

7

48𝑁2
−

1

48𝑁3
+

67

2560𝑁4
+ 𝑂(𝑁−5)

 

𝐼[1] =
1

24
, 𝐼[ℬ(𝑠, 𝑡)] =

11

1296
−
𝜁(3)

108
 𝐼 [3𝐻

1−
𝑠
2
+

4

𝑠 − 2
] = −

11

96
,  

𝑏𝐹4
1 = 6(𝛾 − log(4𝜋)) − 3 log[𝜏2|𝜃3(𝜏)𝜃4(𝜏)|

2] ,

𝑏𝐹4
2 = −3log [𝜏2|𝜃2(𝜏)𝜃3(𝜏)|

2] − 3log [𝜏2|𝜃2(𝜏)𝜃4(𝜏)|
2] + 6log [𝜏2|𝜃3(𝜏)𝜃4(𝜏)|

2],

𝑏𝐹4
3 = 18log [𝜏2|𝜃2(𝜏)𝜃3(𝜏)|

2] − 18log [𝜏2|𝜃2(𝜏)𝜃4(𝜏)|
2],

 

∫
𝑑𝛽

2𝜋𝑖

𝑒𝛽

𝛽4
log (1/(2𝛽)) = −

11

36
+
𝛾

6
−
log (2)

6
 

𝒜𝐹4 = 𝑎𝐹4
1 (t1 + t2 + t3) + 𝑎𝐹4

2 (t6 +
1

3
t4 −

2

3
t5) + 𝑎𝐹4

1 t7  

𝑎𝐹4
1 = −

16

3
𝜋6(6log (2𝜋) − 11) − 16𝜋6log [𝜏2|𝜃3(𝜏)𝜃4(𝜏)|

2]

𝑎𝐹4
2 = −16𝜋6log [𝜏2|𝜃2(𝜏)𝜃3(𝜏)|

2] − 16𝜋6log [𝜏2|𝜃2(𝜏)𝜃4(𝜏)|
2] + 32𝜋6log [𝜏2|𝜃3(𝜏)𝜃4(𝜏)|

2]

𝑎𝐹4
3 = 96𝜋6log [𝜏2|𝜃2(𝜏)𝜃3(𝜏)|

2] − 96𝜋6log [𝜏2|𝜃2(𝜏)𝜃4(𝜏)|
2]

 

𝛾𝟏,ℓ
(2)
= −

8(ℓ6 + 15ℓ5 + 56ℓ4 + 7ℓ3 + 357ℓ2 + 2360ℓ + 1536)

ℓ(ℓ + 1)3(ℓ + 4)3(ℓ + 5)
 

𝛾𝟑𝟓∗,ℓ
(2)

 = −
8(ℓ6 + 15ℓ5 + 82ℓ4 + 203ℓ3 + 295ℓ2 + 400ℓ + 192)

ℓ(ℓ + 1)3(ℓ + 4)3(ℓ + 5)

𝛾𝟑𝟎𝟎,ℓ
(2)

 = −
8(ℓ6 + 15ℓ5 + 91ℓ4 + 287ℓ3 + 511ℓ2 + 505ℓ + 192)

ℓ(ℓ + 1)3(ℓ + 4)3(ℓ + 5)
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𝛾𝟐𝟖,ℓ
(2)
= −

8(ℓ6 + 15ℓ5 + 77ℓ4 + 163ℓ3 + 273ℓ2 + 665ℓ + 384)

ℓ(ℓ + 1)3(ℓ + 4)3(ℓ + 5)
 

𝛾𝟑𝟓𝟎,ℓ
(2)

 = −
8(ℓ + 2)(ℓ + 3)

ℓ(ℓ + 1)(ℓ + 4)(ℓ + 5)

 

𝛾𝟑𝟎𝟎,0
(2)

=
12

5
(2log [√𝜏2|𝜂(𝜏)|

2] − 2𝛾 + 2log 𝜋 + 5log 2) +
723

200
,  

𝛾𝟑𝟓,0
(2)
= −

6

5
(8log [√𝜏2|𝜂(𝜏)|

2] − 12log [√𝜏2|𝜃2(𝜏)|
2] + 4𝛾 − 4log 𝜋 + 2log 2) +

126

25
,  

𝛾𝟑𝟓,0
(2)
 = −

6

5
(8log [√𝜏2|𝜂(𝜏)|

2] − 12log [√𝜏2|𝜃4(𝜏)|
2] + 4𝛾 − 4log 𝜋 + 2log 2) +

126

25
,

𝛾𝟑𝟓,0
(2)
 = −

6

5
(8log [√𝜏2|𝜂(𝜏)|

2] − 12log [√𝜏2|𝜃3(𝜏)|
2] + 4𝛾 − 4log 𝜋 + 2log 2) +

126

25
,

 

𝑦1
2 + 𝑦2

2 + 𝑦3
2 + 𝑦4

2 = 1 − 𝜌2, 𝑦5
2 + 𝑦6

2 = 𝜌2  

𝑆𝑂(6) ≅ 𝑆𝑈(4) ⟶ 𝑆𝑂(4) × 𝑆𝑂(2) ≅ 𝑆𝑈(2)𝐿 × 𝑆𝑈(2)𝑅 × 𝑈(1)  

∫  
𝑆𝐷
 𝑑Ω𝐷𝑦𝐼1𝑦𝐼2 …𝑦𝐼2𝑛  

=
Vol(𝑆𝐷)

(𝐷 + 1)(𝐷 + 3)… (𝐷 + 2𝑛 − 1)
(𝛿𝐼1𝐼2 …𝛿𝐼2𝑛−1𝐼2𝑛 +  ℘all other contractions )

 

𝑦𝛼‾ 𝛼 = (𝜎𝑖)
𝛼‾ 𝛼𝑦𝑖  

(𝜎𝑖)
𝛼‾ 𝛼(𝜎𝑖)

𝛽‾ 𝛽 = 2𝜖𝛼‾𝛽
‾
𝜖𝛼𝛽  

∫  
𝑆̃5
 𝑑Ω5𝑦

𝛼‾ 1𝛼1 …𝑦𝛼‾ 2𝑛𝛼2𝑛𝑓(𝜌2)  

 =
2𝜋3

(𝑛 + 1)! 𝚫
(∫  

1

0

 𝑑𝑡(1 − 𝑡)𝑛+1𝑓(𝑡)) (𝜖𝛼‾ 1𝛼‾ 2𝜖𝛼1𝛼2 …𝜖𝛼‾ 2𝑛−1𝛼‾ 2𝑛𝜖𝛼2𝑛−1𝛼2𝑛 +  ℘all other contractions )

 

𝜖𝛼‾ 1𝛼‾ 2𝜖𝛼1𝛼2𝜖𝛼‾ 3𝛼‾ 4𝜖𝛼3𝛼4 + 𝜖𝛼‾ 1𝛼‾ 3𝜖𝛼1𝛼3𝜖𝛼‾ 2𝛼‾ 4𝜖𝛼2𝛼4 + 𝜖𝛼‾ 1𝛼‾ 4𝜖𝛼1𝛼4𝜖𝛼‾ 2𝛼‾ 3𝜖𝛼2𝛼3  

∫  
𝑆3
 𝑑Ω3𝑦

𝛼‾ 1𝛼1 …𝑦𝛼‾ 2𝑛𝛼2𝑛 =
2𝜋2

(𝑛 + 1)!
(𝜖𝛼‾ 1𝛼‾ 2𝜖𝛼1𝛼2 …𝜖𝛼‾ 2𝑛−1𝛼‾ 2𝑛𝜖𝛼2𝑛−1𝛼2𝑛 +  ℘all other contractions )  

𝑘𝑝 = {
𝑝, 𝑝 + 2, 𝑝 + 4,… 𝑝 = 2,3
𝑝 − 2, 𝑝, 𝑝 + 2,… 𝑝 > 3

 

𝑠𝐼1𝐼2…𝐼𝑘𝑦𝐼1𝑦𝐼2 …𝑦𝐼𝑘  

𝑘𝑝: 𝑠𝑖1𝑖2…𝑖𝑝−2𝑦𝑖1𝑦𝑖2 …𝑦𝑖𝑝−2(1 − 𝜌
2)(𝑘𝑝−𝑝+2)/2 − (𝑆𝑂(6)𝔗),  

𝑘𝑝 − (𝑝 − 2) = 0,2,4,…  

𝑘𝑝: 𝑠𝑖1𝑖2…𝑖𝑝−2𝑦𝑖1𝑦𝑖2 …𝑦𝑖𝑝−2(1 − 𝜌
2)(𝑘𝑝−𝑝+2)/2𝑓𝑘𝑝 (

𝜌2

1 − 𝜌2
)  
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(𝑘𝑝 − 𝑝 + 2)(𝑘𝑝 + 𝑝)𝑓𝑘𝑝(𝑧) + 4(1 − 𝑘𝑝𝑧)𝑓𝑘𝑝
′ (𝑧) + 4𝑧(1 + 𝑧)𝑓𝑘𝑝

′′ (𝑧) = 0  

𝑓𝑘𝑝(𝑧) =  2𝐹1 (−
𝑘𝑝 + 𝑝

2
,
𝑝 − 𝑘𝑝 − 2

2
, 1;−𝑧)  

𝑠(𝑘𝑝)(𝑥, 𝑦) =
1

𝒩(𝑘𝑝)
(𝑠(𝑘𝑝))𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝−2

(𝑥)𝑦𝛼‾ 1𝛼1 …𝑦𝛼‾𝑝−2𝛼𝑝−2  2𝐹1 (
𝑝 + 𝑘𝑝 + 2

2
,
𝑝 − 𝑘𝑝 − 2

2
, 1; 𝜌2) , 

𝛿𝑔𝜇𝜈  =
2

𝑘𝑝 + 1
(∇𝜇∇𝜈 + ∇𝜈∇𝜇 −

2

5
𝑔𝜇𝜈 ◻)𝑠(𝑘𝑝) −

6

5
𝑘𝑝𝑔𝜇𝜈𝑠(𝑘𝑝)

𝛿𝑔𝑎𝑏= 2𝑘𝑝𝑔𝑎𝑏𝑠(𝑘𝑝)  

𝛿𝑔𝜇𝑎= 0  

𝛿𝐶 =
1

6
(𝜀𝜇𝜈𝜌𝜎𝜏 (∇

𝜏𝑠(𝑘𝑝))𝑑𝑥
𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜌 ∧ 𝑑𝑥𝜎 − 𝜀𝑎𝑏𝑐𝑑𝑒 (∇

𝑒𝑠(𝑘𝑝))𝑑𝑦
𝑎 ∧ 𝑑𝑦𝑏 ∧ 𝑑𝑦𝑐 ∧ 𝑑𝑦𝑑)

 

𝒩(𝑘𝑝)
2
∫  
𝑆̃5
 𝑑Ω5 (𝑠(𝑘𝑝))

2
=

2𝜋3

(𝑝 − 1)Δ

1

𝑘𝑝 + 2
(𝑠(𝑘𝑝))𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝−2

(𝑠(𝑘𝑝))
𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝−2

 

∫  
1

0

 𝑑𝑡(1 − 𝑡)𝑝−1 [ 2𝐹1 (
𝑝 + 𝑘𝑝 + 2

2
,
𝑝 − 𝑘𝑝 − 2

2
; 1; 𝑡)]

2

=
1

𝑘𝑝 + 2
 

𝒩(𝑘𝑝)
2
=
32𝜋3

Δ𝜅2
𝑘𝑝(𝑘𝑝 − 1)

(𝑘𝑝 + 1)(𝑝 − 1)
,  

𝑆
kinetic 

(𝑘𝑝) = ∫  
AdS5

 𝑑5𝑥√−𝑔AdS (−
1

2
∇𝜇 (𝑠(𝑘𝑝))𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝−2

∇𝜇 (𝑠(𝑘𝑝))
𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝−2

−
1

2
𝑘𝑝(𝑘𝑝 − 4) (𝑠(𝑘𝑝))𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝−2

(𝑠(𝑘𝑝))
𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝−2

)

 

𝛿𝑔𝜇𝜈=
2

𝑘𝑝 + 1
(∇𝜇∇𝜈 + ∇𝜈∇𝜇 −

2

5
𝑔𝜇𝜈 ◻)𝑠(𝑘𝑝) −

6

5
𝑘𝑝𝑔𝜇𝜈𝑠(𝑘𝑝) 

𝛿𝑔𝑎̂𝑏̂= 2𝑘𝑝𝑔𝑎̂𝑏̂𝑠(𝑘𝑝)  

𝛿𝑔𝜇𝑎̂= 0  

𝛿𝐶 =
1

6
𝜀𝜇𝜈𝜌𝜎𝜏 (∇

𝜏𝑠(𝑘𝑝))𝑑𝑥
𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜌 ∧ 𝑑𝑥𝜎

 

𝑠(𝑘𝑝)(𝑥, 𝑦) =
1

𝒩(𝑘𝑝)
(𝑠(𝑘𝑝))𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝−2

(𝑥)𝑦𝛼‾ 1𝛼1 …𝑦𝛼‾𝑝−2𝛼𝑝−2  

𝑔𝜇𝜈𝛿𝑔𝜇𝜈 + 𝑔
𝑎̂𝑏̂𝛿𝑔𝑎̂𝑏̂ = 0  

∇𝑎̂∇
𝑎̂𝑠𝑘𝑝 = −𝑝(𝑝 − 2)𝑠𝑘𝑝  

𝑉𝑝= 𝜑𝛼‾ 1…𝛼‾𝑝−2,𝛽𝛾𝛼1…𝛼𝑝−2
(𝑝)

(𝑥)𝑦𝛼‾ 1𝛼1 …𝑦𝛼‾𝑝−2𝛼𝑝−2 ((𝜎𝑗)
𝛿‾ (𝛽
(𝜎𝑘)𝛿‾

𝛾)
) 𝑦𝑗𝑑𝑦𝑘 

 = 𝜑𝛼‾ 1…𝛼‾𝑝−2,𝛽𝛾𝛼1…𝛼𝑝−2
(𝑝)

(𝑥)𝑦𝛼‾ 1𝛼1 …𝑦𝛼‾𝑝−2𝛼𝑝−2(𝜎𝑗)
𝛿‾𝛽
(𝜎𝑘)𝛿‾

𝛾
𝑦𝑗𝑑𝑦𝑘
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((𝜎𝑖)
𝛿‾ (𝛽(𝜎𝑗)𝛿‾

𝛾)
) = −((𝜎𝑗)

𝛿‾ (𝛽
(𝜎𝑖)𝛿‾

𝛾𝛾)
) = −

1

2
𝜖𝑖𝑗𝑘𝑙 ((𝜎𝑘)

𝛿‾ (𝛽(𝜎𝑙)𝛿‾
𝛾)
) .  

𝐴 =
1

ℬ(𝑝)
𝑉𝑝
∗  

∇𝑏̂∇
𝑏̂𝐴𝑎̂= (2 − 𝑝

2)𝐴𝑎̂ 

𝜖𝑎̂𝑏̂𝑐∇
𝑏̂𝐴𝑐= −𝑝𝐴𝑎̂  

∇𝑎̂𝐴
𝑎̂ = 0

 

𝑔𝑎̂𝑏̂(𝑉𝑝
∗)
𝑎̂
(𝑉𝑞

∗)
𝑏̂
= (𝑉𝑝)𝑖(𝑉𝑞)𝑖  

 = 2𝜑𝛼‾ 1…𝛼‾𝑝−2,𝛾1𝛾2𝛼1…𝛼𝑝−2
(𝑝)

𝜑
𝛽‾1…𝛽‾𝑞−2,

(𝑞)
 𝛽1…𝛽𝑞−2
𝛾1𝛾2 𝑦𝛼‾ 1𝛼1 …𝑦𝛼‾𝑝−2𝛼𝑝−2𝑦𝛽

‾
1𝛽1 …𝑦𝛽

‾
1𝛽𝑞−2

 

𝑆kinetic 

(𝑝)
= 𝜇Tr∫  

AdS5×𝑆
3
  (−

1

2
𝐹 ∧⋆8 𝐹 +

1

2
𝐶4 ∧ 𝐹 ∧ 𝐹)|

quadratic 

= Tr∫  
AdS5

 𝑑5𝑥√−𝑔AdS (−
1

2
∇𝜇(𝜑(𝑝))𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝

∇𝜇(𝜑(𝑝))
𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝

−
1

2
𝑝(𝑝 − 4)(𝜑(𝑝))𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝

(𝜑(𝑝))
𝛼‾ 1…𝛼‾𝑝−2,𝛼1…𝛼𝑝)

 

ℬ(𝑝)2 =
4𝜋2

𝑝 − 1
𝜇  

𝑝𝑞𝑘𝑟  

𝑟 = |𝑝 − 𝑞| + 2, |𝑝 − 𝑞| + 4,… , 𝑝 + 𝑞 − 2.  

∇𝜇∇𝜈𝑓1∇
𝜇𝑓2∇

𝜈𝑓3=
1

4
((◻2 𝑓1)𝑓2𝑓3 − 𝑓1(◻

2 𝑓2)𝑓3 − 𝑓1𝑓2(◻
2 𝑓3) + 2𝑓1(◻ 𝑓2)(◻ 𝑓3)) + ∇𝜇(… ), 

𝑓1∇
𝜇𝑓2∇𝜇𝑓3 =

1

2
((◻ 𝑓1)𝑓2𝑓3 − 𝑓1(◻ 𝑓2)𝑓3 − 𝑓1𝑓2(◻ 𝑓3)) + ∇𝜇(… ),

 

𝑆cubic
(𝑝,𝑞,𝑘𝑟) = Tr∫  

AdS5

 𝑑5𝑥√−𝑔AdS

 ×
1

1 + 𝛿𝑝,𝑞
𝛽𝑝𝑞𝑘𝑟(𝜑(𝑝))𝛼‾ 1…𝛼‾ (𝑝+𝑞−𝑟−2)/2𝛽‾1…𝛽‾ (𝑝−𝑞+𝑟−2)/2,𝛾𝛿𝛼1…𝛼(𝑝+𝑞−𝑟−2)/2𝛽1…𝛽(𝑝−𝑞+𝑟−2)/2

× (𝜑(𝑞))
𝛼‾ 1…𝛼‾ (𝑝+𝑞−𝑟−2)/2𝛽‾ (𝑝−𝑞+𝑟)/2…𝛽‾𝑟−2, 𝛾𝛿𝛼1…𝛼(𝑝+𝑞−𝑟−2)/2𝛽(𝑝−𝑞+𝑟)/2…𝛽𝑟−2  

× (𝑠(𝑘𝑟))
𝛽‾1…𝛽‾𝑟−2,𝛽1…𝛽𝑟−2

 

𝛽𝑝𝑞𝑘𝑟 =
4𝜋2𝜇

𝒩(𝑘𝑟)ℬ(𝑝)ℬ(𝑞)

(𝑘𝑟 + 𝑝 − 𝑞)(𝑘𝑟 + 𝑞 − 𝑝)(𝑘𝑟 + 𝑝 + 𝑞 − 2)(𝑘𝑟 + 𝑝 + 𝑞 − 4)

𝑘𝑟 + 1

 ×
Γ(𝑝 − 1)Γ(𝑞 − 1)Γ(𝑟 − 1)

Γ (
𝑝 + 𝑞 − 𝑟

2 ) Γ (
𝑟 + 𝑝 − 𝑞

2 ) Γ (
𝑟 + 𝑞 − 𝑝

2 ) Γ (
𝑝 + 𝑞 + 𝑟 − 2

2 )

 

: 𝜙𝑝 ◻
𝑛−𝑝 𝜙𝑝: , 𝑝 = 2,3,… , 𝑛,  
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Δ𝑛,𝑎 = 2𝑛 +
1

𝑁
𝛾𝑛,𝑎
(1)
+
1

𝑁2
𝛾𝑛,𝑎
(2)
+ 𝒪 (

1

𝑁3
)  

𝜆𝑝,𝑝,𝒪𝑛,𝑎 = 𝜆𝑝,𝑝,𝒪𝑛,𝑎
(0)

+
1

𝑁
𝜆𝑝,𝑝,𝒪𝑛,𝑎
(1)

+
1

𝑁2
𝜆𝑝,𝑝,𝒪𝑛,𝑎
(2)

+ 𝒪 (
1

𝑁3
)  

⟨𝜙𝑝
𝐴(𝑦1, 𝑥1)𝜙𝑝

𝐵(𝑦2, 𝑥2)𝜙𝑞
𝐶(𝑦3, 𝑦‾3, 𝑥3)𝜙𝑞

𝐷(𝑦4, 𝑦‾4, 𝑥4)⟩

 =
⟨𝑦1, 𝑦2⟩

𝑝⟨𝑦3, 𝑦4⟩
𝑞⟨𝑦‾1, 𝑦‾2⟩

𝑝−2⟨𝑦‾3, 𝑦‾4⟩
𝑞−2

𝑥12
2𝑝
𝑥34
𝑞𝑞 ∑  

𝐫∈𝔤⊗𝔤

 𝐺𝐫
𝑝,𝑞
(𝑈, 𝑉;𝑤)𝑃𝐫

𝐴𝐵𝐶𝐷 

𝐺𝐫
𝑝,𝑞
(𝑈, 𝑉; 𝑤) =

𝑧(𝑤 − 𝑧‾)𝑓𝑟(𝑧‾) − 𝑧‾(𝑤 − 𝑧)𝑓𝑟(𝑧)

𝑤(𝑧 − 𝑧‾)
+ (1 −

𝑧

𝑤
) (1 −

𝑧‾

𝑤
)𝒢𝐫

𝑝,𝑞
(𝑈, 𝑉).  

𝒢1
𝑝,𝑞
(𝑈, 𝑉) = ∑  

𝑛=2,3,…

 𝑈−1 [⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩

 +
1

𝑁
(⟨𝜆𝑝,𝑝,𝒪𝑛

(0)
𝜆𝑞,𝑞,𝒪𝑛
(1)

+ 𝜆𝑝,𝑝,𝒪𝑛
(1)

𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩ +
1

2
⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

𝛾𝑛
(1)
𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩ (log 𝑈 + 2𝜕Δ))

 +
1

𝑁2
(⟨𝜆𝑝,𝑝,𝒪𝑛

(0)
𝜆𝑞,𝑞,𝒪𝑛
(2)

+ 𝜆𝑝,𝑝,𝒪𝑛
(2)

𝜆𝑞,𝑞,𝒪𝑛
(0)

+ 𝜆𝑝,𝑝,𝒪𝑛
(1)

𝜆𝑞,𝑞,𝒪𝑛
(1)

⟩

 +
1

2
⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

𝛾𝑛
(1)
𝜆𝑞,𝑞,𝒪𝑛
(1)

+ 𝜆𝑝,𝑝,𝒪𝑛
(1)

𝛾𝑛
(1)
𝜆𝑞,𝑞,𝒪𝑛
(0)

+ 𝜆𝑝,𝑝,𝒪𝑛
(0)

𝛾𝑛
(2)
𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩ (log 𝑈 + 2𝜕Δ)

 +
1

8
⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

(𝛾𝑛
(1)
)
2
𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩ (log2 𝑈 + 4log 𝑈𝜕Δ + 4𝜕Δ
2))

 +𝒪 (
1

𝑁3
)]𝑔Δ+2,0(𝑈, 𝑉)|Δ=2𝑛

 +⋯

 

⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

𝛾𝑛
(1)
𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩ = ∑  

𝑛

𝑎=1

 𝜆𝑝,𝑝,𝒪𝑛,𝑎
(0)

𝛾𝑛,𝑎
(1)
𝜆𝑞,𝑞,𝒪𝑛,𝑎
(0)

 

⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩  = 𝑎𝑛
𝑝
𝑎𝑛
𝑞
𝛿𝑝,𝑞

⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

𝛾(1)𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩  = 𝑎𝑛
𝑝
𝑎𝑛
𝑞
𝑏𝑛
𝑝,𝑞

⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

(𝛾(1))
2
𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩  = 𝑎𝑛
𝑝
𝑎𝑛
𝑞
(∑  

𝑛

𝑠=2

 𝑏𝑛
𝑝,𝑠
𝑏𝑛
𝑞,𝑠
+ 𝑐𝑛

𝑝
𝑐𝑛
𝑞
) .

 

(
⟨𝜌2𝑛(𝑥)𝜌2𝑛(𝑦)⟩ ⟨𝜌2𝑛(𝑥): 𝜙𝑞 ◻

𝑛−𝑞 𝜙𝑞: (𝑦)⟩

⟨: 𝜙𝑝 ◻
𝑛−𝑝 𝜙𝑝: (𝑥)𝜌2𝑛(𝑦)⟩ ⟨: 𝜙𝑝 ◻

𝑛−𝑝 𝜙𝑝: (𝑥): 𝜙𝑞 ◻
𝑛−𝑞 𝜙𝑞: (𝑦)⟩

)

=
1

|𝑥 − 𝑦|4𝑛
[𝛿𝑎𝑏 −

1

𝑁
(𝑀𝑛)𝑎𝑏log (|𝑥 − 𝑦|

2) + 𝒪 (
1

𝑁2
)]

 

𝑀𝑛 =

(

  
 

𝑑𝑛 𝑐𝑛
2 𝑐𝑛

3 … 𝑐𝑛
𝑛

𝑐𝑛
2 𝑏𝑛

2,2 𝑏𝑛
2,3 … 𝑏𝑛

2,𝑛

𝑐𝑛
3 𝑏𝑛

3,2 𝑏𝑛
3,3 … 𝑏𝑛

3,𝑛

⋮ ⋮ ⋮ ⋮ ⋮
𝑐𝑛
𝑛 𝑏𝑛

𝑛,2 𝑏𝑛
𝑛,3 … 𝑏𝑛

𝑛,𝑛)
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𝑑𝑛 = 0  

⟨𝛾𝑛
(1)
⟩ = ∑  

𝑛

𝑝=2

 
⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

𝛾𝑛
(1)
𝜆𝑝,𝑝,𝒪𝑛
(0)

⟩

⟨(𝜆𝑝,𝑝,𝒪𝑛
(0)

)
2
⟩

 

𝛾𝑛,𝑎
(1)
= 𝜇𝑛,𝑎  

𝜆𝑝,𝑝,𝒪𝑛,𝑎
(0)

 = 𝑎𝑛
𝑝
(𝑣𝑛,𝑎)

𝑝  

⟨𝜆𝑝,𝑝,𝒪𝑛
(0)

𝜆𝑝,𝑝,𝒪𝑛
(0)

⟩ = (𝑎𝑛
𝑝
)
2
=
2(2𝑛 − 1)Γ(𝑛)4

(𝑛2 − 1)Γ(2𝑛)2
Γ(𝑛 + 𝑝 − 1)Γ(𝑛 + 𝑝)

Γ(𝑝)4Γ(𝑛 − 𝑝 + 2)Γ(𝑛 − 𝑝 + 1)
.  

⟨𝜆2,2,𝒪𝑛
(0)

𝛾(1)𝜆𝑞,𝑞,𝒪𝑛
(0)

⟩ = 𝑎𝑛
2𝑎𝑛

𝑞
𝑏𝑛
2,𝑞
= −8

ℎ∨

(𝐤/𝑁)

(−1)𝑞(𝑞 − 1)𝑛(2𝑛 − 1)Γ(𝑛)4Γ(𝑛 + 𝑞 − 1)

Γ(2𝑛)2Γ(𝑞)2Γ(𝑛 − 𝑞 + 1)
 

 =
24(1 − Δ)

Δ

(−1)𝑞(𝑞 − 1)𝑛(2𝑛 − 1)Γ(𝑛)4Γ(𝑛 + 𝑞 − 1)

Γ(2𝑛)2Γ(𝑞)2Γ(𝑛 − 𝑞 + 1)

 

𝑎2
2 = √

2

3
 

⟨𝜆2,2,𝒪2
(0)

𝛾(1)𝜆2,2,𝒪2
(0)

⟩ = (𝑎2
2)2𝑏2

2,2 = 8
(1 − 𝚫)

𝚫
.  

⟨𝜆2,2,𝒪2
(0)

(𝛾(1))
2
𝜆2,2,𝒪2
(0)

⟩
grav

= (𝑎2
2)2(𝑐2

2)2 =
16

5

dim(𝐺𝐹)

Δ
=
32

5

(6 − 5Δ)(5 − 6Δ)

Δ2
,  

𝑎3
2 = √

1

10
, 𝑎3
3 = √

1

4
 

⟨𝜆2,2,𝒪3
(0)

𝛾(1)𝜆2,2,𝒪3
(0)

⟩ = (𝑎3
2)2𝑏3

2,2 =
12

5

(1 − 𝚫)

𝚫

⟨𝜆2,2,𝒪3
(0)

𝛾(1)𝜆3,3,𝒪3
(0)

⟩ = 𝑎3
2𝑎3
3𝑏3
2,3 = −

24

5

(1 − 𝚫)

𝚫
.

 

⟨𝜆3,3,𝒪3
(0)

𝛾(1)𝜆3,3,𝒪3
(0)

⟩ = (𝑎3
3)2𝑏3

3,3 =
66

5

(1 − Δ)

Δ
.  

⟨𝜆2,2,𝒪3
(0)

(𝛾(1))
2
𝜆2,2,𝒪3
(0)

⟩
grav 

= (𝑎3
2)2(𝑐3

2)2 =
864

175

dim(𝐺𝐹)

𝚫
=
1728

175

(6 − 5𝚫)(5 − 6𝚫)

𝚫2
,

⟨𝜆2,2,𝒪3
(0)

(𝛾(1))
2
𝜆3,3,𝒪3
(0)

⟩
grav 

= 𝑎3
2𝑎3
3𝑐3
2𝑐3
3 = −

864

35

dim(𝐺𝐹)

𝚫
= −

1728

35

(6 − 5𝚫)(5 − 6𝚫)

𝚫2
.
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𝑀3 =

(

 
 
 
 
 
 
 0

24

Δ
√
6

35
√(6 − 5Δ)(5 − 6Δ) −

48

Δ
√
3

7
√(6 − 5Δ)(5 − 6Δ)

24

Δ
√
6

35
√(6 − 5Δ)(5 − 6Δ) 24

(1 − Δ)

Δ
−48√

2

5

(1 − Δ)

Δ

−
48

Δ
√
3

7
√(6 − 5Δ)(5 − 6Δ) −48√

2

5

(1 − Δ)

Δ

264

5

(1 − Δ)

Δ )

 
 
 
 
 
 
 

 

Supergravedad cuántica relativista Tipo IIA: Modelamiento Matemático. 

𝐒0 = −
2

𝜅11
2 [∫  𝑑

11𝑥√−𝑔 (𝑅 −
1

2.4!
𝐹𝑎𝑏𝑐𝑑𝐹

𝑎𝑏𝑐𝑑) −
1

6
∫  𝐴(3) ∧ 𝐹(4) ∧ 𝐹(4)] ,  

𝑔𝑎𝑏 = 𝑒
−2Φ/3 (

𝐺𝜇𝜈 + 𝑒
2Φ𝐶𝜇𝐶𝜈 𝑒2Φ𝐶𝜇

𝑒2Φ𝐶𝜈 𝑒2Φ
) ; 𝑔𝑎𝑏 = 𝑒2Φ/3 (

𝐺𝜇𝜈 −𝐶𝜇

−𝐶𝜈 𝑒−2Φ + 𝐶𝛼𝐶
𝛼)  

𝐴𝜇𝜈𝛼 = 𝐶𝜇𝜈𝛼; 𝐴𝜇𝜈𝑦 = 𝐵𝜇𝜈  

√−𝑔= 𝑒−8Φ/3√−𝐺  

𝑅 = 𝑒2Φ/3 (𝑅 −
16

3
∇𝜇Φ∇

𝜇Φ+
14

3
∇𝜇∇

𝜇Φ−
1

2.2!
𝑒2Φ𝐹𝜇𝜈𝐹

𝜇𝜈)
 

√−𝑔𝑅 = 𝑒−2Φ√−𝐺 (𝑅 + 4∇𝜇Φ∇
𝜇Φ−

1

2.2!
𝑒2Φ𝐹𝜇𝜈𝐹

𝜇𝜈)  

−
1

2.4!
√−𝑔𝐹𝑎𝑏𝑐𝑑𝐹

𝑎𝑏𝑐𝑑= 𝑒−2Φ√−𝐺 (−
1

2.3!
𝐻𝜇𝜈𝛼𝐻

𝜇𝜈𝛼 −
1

2.4!
𝑒2Φ𝐹‾𝜇𝜈𝛼𝛽𝐹‾

𝜇𝜈𝛼𝛽) 

−
1

6
𝐴(3) ∧ 𝐹(4) ∧ 𝐹(4) = −

1

2
𝑒−2Φ[𝐵(2) ∧ 𝑒Φ𝐹(4) ∧ 𝑒Φ𝐹(4)]

 

𝑆0 = −
2

𝜅10
2 [∫  𝑑

10𝑥√−𝐺 (𝑒−2Φ (𝑅 + 4∇𝜇Φ∇
𝜇Φ−

1

2
|𝐻|2)−

1

2
|𝐹(2)|

2
−
1

2
|𝐹‾(4)|

2
)−
1

2
∫  𝐵(2) ∧ 𝐹(4) ∧ 𝐹(4)]

 

𝐒6 = −
2

𝜅11
2

𝜋2ℓ𝑝
6

211 ⋅ 32
∫  𝑑11𝑥√−𝑔 [(𝑡8𝑡8 −

1

4!
𝜖11𝜖11)𝑅

4 +⋯]  

𝑡8
𝑎𝑏𝑐𝑑𝑒𝑓𝑔ℎ

=−2𝑔𝑎𝑓𝑔𝑏𝑒𝑔𝑔𝑑𝑔𝑐ℎ + 8𝑔𝑎𝑑𝑔𝑏𝑒𝑔𝑔𝑓𝑔𝑐ℎ + 8𝑔𝑎ℎ𝑔𝑏𝑒𝑔𝑔𝑑𝑔𝑐𝑓  

 +8𝑔𝑎ℎ𝑔𝑏𝑐𝑔𝑔𝑓𝑔𝑑𝑒 − 2𝑔𝑎ℎ𝑔𝑏𝑔𝑔𝑐𝑓𝑔𝑑𝑒 − 2𝑔𝑎𝑑𝑔𝑏𝑐𝑔𝑔𝑓𝑔𝑒ℎ
 

𝐒6 = −
2

𝜅11
2

𝜋2ℓ𝑝
6

23. 3
∫  𝑑11𝑥√−𝑔[

1

4
𝑅𝑎𝑏 

𝑑𝑒𝑅𝑎𝑏𝑐𝑓𝑅𝑐𝑑 
𝑔ℎ𝑅𝑓𝑒𝑔ℎ − 𝑅𝑎𝑏 

𝑑𝑒𝑅𝑎𝑏𝑐𝑓𝑅𝑐  
𝑔 𝑑 

ℎ𝑅𝑓𝑔𝑒ℎ

+
1

16
𝑅𝑎𝑏 

𝑑𝑒𝑅𝑎𝑏𝑐𝑓𝑅𝑐𝑓 
𝑔ℎ𝑅𝑑𝑒𝑔ℎ +

1

2
𝑅𝑎  

𝑑 𝑐  
𝑒𝑅𝑎𝑏𝑐𝑓𝑅𝑏 

𝑔 𝑓 
ℎ𝑅𝑑𝑔𝑒ℎ 

−𝑅𝑎𝑏𝑐 
𝑑𝑅𝑎𝑏𝑐𝑓𝑅𝑓 

𝑒𝑔ℎ𝑅𝑑𝑔𝑒ℎ +
1

32
𝑅𝑎𝑏𝑐𝑓𝑅

𝑎𝑏𝑐𝑓𝑅𝑑𝑒𝑔ℎ𝑅
𝑑𝑒𝑔ℎ]
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𝑆6 = −
2

𝜅2
𝜋2ℓ𝑠

6

23. 3
∫  𝑑10𝑥√−𝐺 [

1

4
𝑅𝛼𝛽 

𝜖𝜀𝑅𝛼𝛽𝛾𝛿𝑅𝛾𝜖  
𝜇𝜈𝑅𝛿𝜀𝜇𝜈 − 𝑅𝛼𝛽 

𝜖𝜀𝑅𝛼𝛽𝛾𝛿𝑅𝛾 
𝜇 𝜖  

𝜈𝑅𝛿𝜇𝜀𝜈

 +
1

16
𝑅𝛼𝛽 

𝜖𝜀𝑅𝛼𝛽𝛾𝛿𝑅𝛾𝛿 
𝜇𝜈𝑅𝜖𝜀𝜇𝜈 +

1

2
𝑅𝛼  

𝜖  𝛾 
𝜀𝑅𝛼𝛽𝛾𝛿𝑅𝛽 

𝜇 𝛿  
𝜈𝑅𝜖𝜇𝜀𝜈

−𝑅𝛼𝛽𝛾 
𝜖𝑅𝛼𝛽𝛾𝛿𝑅𝛿  

𝜀𝜇𝜈𝑅𝜖𝜇𝜀𝜈 +
1

32
𝑅𝛼𝛽𝛾𝛿𝑅

𝛼𝛽𝛾𝛿𝑅𝜖𝜀𝜇𝜈𝑅
𝜖𝜀𝜇𝜈 +⋯] .

 

𝑆6 ∼ −
2

𝜅2
𝜋2ℓ𝑠

6

23 ⋅ 3
∫  𝑑10𝑥√−𝐺ℒ  

𝑐1 = 2341/4608, 𝑐2 = −209747/921600, 𝑐3 = −1027/7200, 𝑐4 = −880957/1843200

𝑐5 = 4625129/29491200, 𝑐6 = −66793/28800, 𝑐7 = −817/960, 𝑐8 = 385121/230400

𝑐9 = −3433/46080, 𝑐10 = 194693/368640, 𝑐11 = 24653/19200, 𝑐12 = −979/1600

𝑐13 = 4307/3840, 𝑐14 = 2979/1600, 𝑐15 = −43241/9600, 𝑐16 = 3351/3200, 𝑐17 = −1151/800

𝑐18 = −30283/4800, 𝑐19 = 4, 𝑐20 = −7167/3200, 𝑐21 = −7/2, 𝑐22 = −3/2, 𝑐23 = 1/2

𝑐24 = 89527/115200, 𝑐25 = 9721/115200, 𝑐26 = 1, 𝑐27 = 1027/640, 𝑐28 = −3849/3200

𝑐29 = −5873/3840, 𝑐30 = −75041/38400, 𝑐31 = 17/128, 𝑐32 = 16717/20480, 𝑐33 = 3

𝑐34 = 1/2, 𝑐35 = 7167/6400, 𝑐36 = −13/2, 𝑐37 = −3/4, 𝑐38 = −3/8, 𝑐39 = 0, 𝑐40 = −1

𝑐41 = −1, 𝑐42 = 1/32, 𝑐43 = 1119/6400, 𝑐44 = 1693/3840, 𝑐45 = −4451/12800

𝑐46 = −647/3200, 𝑐47 = −4193/7680, 𝑐48 = −3/2, 𝑐49 = 11/4, 𝑐50 = 11/2, 𝑐51 = −7/8

𝑐52 = 3/2, 𝑐53 = −5/4, 𝑐54 = 1/16, 𝑐55 = 1/4, 𝑐56 = 0, 𝑐57 = 3391/11520

𝑐58 = −173339/115200, 𝑐59 = 3449/800, 𝑐60 = −5/2, 𝑐61 = 73027/115200

𝑐62 = 43031/57600, 𝑐63 = −267211/115200, 𝑐64 = −29399/230400, 𝑐65 = 246391/921600

𝑐66 = −6197/3200, 𝑐67 = 1559/9600, 𝑐68 = 2159/9600, 𝑐69 = −8857/12800, 𝑐70 = 3/4

𝑐71 = −1/4, 𝑐72 = 5/4, 𝑐73 = 14741/800, 𝑐74 = 19219/1600, 𝑐75 = 41/4, 𝑐76 = −6767/600

𝑐77 = 6767/1200, 𝑐78 = −5497/400, 𝑐79 = −1217/400, 𝑐80 = 14781/3200, 𝑐81 = −57/16

𝑐82 = −45/8, 𝑐83 = −186973/28800, 𝑐84 = 144301/115200, 𝑐85 = 58361/7680

𝑐86 = −1711343/921600, 𝑐87 = −16457/1600, 𝑐88 = 23339/1600, 𝑐89 = −2259/1600

𝑐90 = 12251/800, 𝑐91 = 181/128, 𝑐92 = −5167/400, 𝑐93 = 5, 𝑐94 = 3567/400, 𝑐95 = 3, 𝑐96 = 2
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𝑐97 = 6367/200, 𝑐98 = 14377/1600, 𝑐99 = −681/128, 𝑐100 = −1, 𝑐101 = 1, 𝑐102 = −145/64, 

𝑐103 = −5471/640, 𝑐104 = −973/1600, 𝑐105 = −5667/400, 𝑐106 = 3/2, 𝑐107 = 6367/400, 

𝑐108 = −6167/3200, 𝑐109 = 4367/400, 𝑐110 = −3/4, 𝑐111 = 1, 𝑐112 = −6367/200, 

𝑐113 = 141/100, 𝑐114 = −2761/800, 𝑐115 = −131/10, 𝑐116 = 9/2, 𝑐117 = 8/5, 

𝑐118 = −125353/230400, 𝑐119 = 293867/1843200, 𝑐120 = −22253/19200, 𝑐121 = 5/16, 

𝑐122 = 37/1152, 𝑐123 = 21661/57600, 𝑐124 = −5213/9600, 𝑐125 = −3827/1920, 𝑐126 = 1, 

𝑐127 = 1129/800, 𝑐128 = −10889/14400, 𝑐129 = −849/3200, 𝑐130 = 1049/400, 

𝑐131 = −2879/800, 𝑐132 = 2929/800, 𝑐133 = −7/2, 𝑐134 = −11/16, 𝑐135 = −3587/1920, 

𝑐136 = 89/40, 𝑐137 = 2, 𝑐138 = 2081/800, 𝑐139 = −13/8, 𝑐140 = −1/5, 𝑐141 = −357/200, 

𝑐142 = 0, 𝑐143 = −1/4, 𝑐144 = −5/16, 𝑐145 = −3/4, 𝑐146 = −1/2, 𝑐147 = −5, 𝑐148 = 0, 

𝑐149 = 3, 𝑐150 = 1, 𝑐151 = 0, 𝑐152 = 3/2, 𝑐153 = 3/4, 𝑐154 = 0, 𝑐155 = 1/4, 𝑐156 = 0, 𝑐157 = 0, 

𝑐158 = −14331/6400, 𝑐159 = −26579/800, 𝑐160 = 5647/160, 𝑐161 = −1501/60, 

𝑐162 = 7041/100, 𝑐163 = −563/60, 𝑐164 = −2927/200, 𝑐165 = 125/4, 𝑐166 = 2127/200, 

𝑐167 = −61/2, 𝑐168 = 85/2, 𝑐169 = 6927/100, 𝑐170 = 2271/80, 𝑐171 = −1543/80, 𝑐172 = 0, 

𝑐173 = −77/4, 𝑐174 = −1531/80, 𝑐175 = −1255/64, 𝑐176 = 319/15, 𝑐177 = −3727/200, 

𝑐178 = −49/8, 𝑐179 = 6927/200, 𝑐180 = −4527/1600, 𝑐181 = 2427/200, 𝑐182 = 61/8, 𝑐183 = 2, 

𝑐184 = −6927/100, 𝑐185 = −552/5, 𝑐186 = 0, 𝑐187 = 65, 𝑐188 = 4/5, 𝑐189 = −727/16, 

𝑐190 = −52291/3200, 𝑐191 = 467/20, 𝑐192 = −3/10, 𝑐193 = −1/5, 𝑐194 = 342/5, 

𝑐195 = −1/16, 𝑐196 = 3/8, 𝑐197 = 4, 𝑐198 = −1/4, 𝑐199 = −39/5, 𝑐200 = 553/200, 

𝑐201 = −13/5, 𝑐202 = 0, 𝑐203 = −27/16, 𝑐204 = −31/4, 𝑐205 = −5/2, 𝑐206 = −1779/25, 

𝑐207 = −26781/800, 𝑐208 = 161/4, 𝑐209 = 173/8, 𝑐210 = −4559/100, 𝑐211 = −147/2, 

𝑐212 = 129/2, 𝑐213 = −29, 𝑐214 = −2599/50, 𝑐215 = 353/40, 𝑐216 = −23/2, 

𝑐217 = −811/50, 𝑐218 = 294/5, 𝑐219 = −979/50, 𝑐220 = −17383/200, 𝑐221 = −107, 

𝑐222 = 157/2, 𝑐223 = 8/5, 𝑐224 = 53/10, 𝑐225 = −392/5, 𝑐226 = −499/100, 𝑐227 = 499/100, 

𝑐228 = 557/100, 𝑐229 = −657/400, 𝑐230 = 1573/800, 𝑐231 = 5/2, 𝑐232 = −5/2, 

𝑐233 = −121/5, 𝑐234 = −8/5, 𝑐235 = 8/5, 𝑐236 = −1/2, 𝑐237 = 13/4, 𝑐238 = 4/5, 𝑐239 = 133/5, 

𝑐240 = −197/80, 𝑐241 = 2953/400, 𝑐242 = −512/5, 𝑐243 = 106, 𝑐244 = 168/5, 𝑐245 = −38, 

𝑐246 = 19, 𝑐247 = 84/5, 𝑐248 = −342/5, 𝑐249 = −128/5, 𝑐250 = 5/4, 𝑐251 = 63/20, 𝑐252 = 15/4, 

𝑐253 = 5/4, 𝑐254 = 0, 𝑐255 = −5/2, 𝑐256 = 71/40, 𝑐257 = −261/200, 𝑐258 = 252/5, 

𝑐259 = −41/100, 𝑐260 = 39/160, 𝑐261 = −8/5, 𝑐262 = −32/5, 𝑐263 = 4/5, 𝑐264 = 16, 

𝑐265 = 1071/200, 𝑐266 = −10, 𝑐267 = 807/20, 𝑐268 = 617/10, 𝑐269 = −103/5, 𝑐270 = −7, 

𝑐271 = 13, 𝑐272 = −316/5, 𝑐273 = −264/5, 𝑐274 = 15029/14400, 𝑐275 = −6749/14400, 

𝑐276 = 3389/9600, 𝑐277 = −1177/2304, 𝑐278 = 967/3840, 𝑐279 = −1667/960, 𝑐280 = 2387/960, 

𝑐281 = −389/320, 𝑐282 = 1/4, 𝑐283 = −3/2, 𝑐284 = −3827/960, 𝑐285 = 5/2, 𝑐286 = 17/32, 

𝑐287 = 3587/1920, 𝑐288 = −5/4, 𝑐289 = 1/4, 𝑐290 = −119/40, 𝑐291 = 3, 𝑐292 = 0, 

 

𝑐293 = −11/10, 𝑐294 = −57/20, 𝑐295 = 5, 𝑐296 = −31, 𝑐297 = −9/10, 𝑐298 = 1/4, 𝑐299 = −4,

𝑐300 = 1403/1600, 𝑐301 = 6449/28800, 𝑐302 = −5769/3200, 𝑐303 = 343/128, 𝑐304 = −1327/1920,

𝑐305 = 1427/1920, 𝑐306 = 1427/1920, 𝑐307 = −11/16, 𝑐308 = 2987/960, 𝑐309 = −3827/960,

𝑐310 = −3, 𝑐311 = 3347/1920, 𝑐312 = −5/2, 𝑐313 = −1/3, 𝑐314 = 2827/960, 𝑐315 = 3667/960,

𝑐316 = 6, 𝑐317 = −8, 𝑐318 = −67/40, 𝑐319 = 2, 𝑐320 = −3, 𝑐321 = −5/4, 𝑐322 = −283/5,

𝑐323 = −1/128, 𝑐324 = −41/40, 𝑐325 = −13/40, 𝑐326 = 235/4, 𝑐327 = 85, 𝑐328 = 112/5,

𝑐329 = −2168/5, 𝑐330 = −3844/5, 𝑐331 = −502, 𝑐332 = −4, 𝑐333 = 4/15, 𝑐334 = 0, 𝑐335 = −32,

𝑐336 = −333/400, 𝑐337 = 0, 𝑐338 = 84, 𝑐339 = −368/5, 𝑐340 = 102, 𝑐341 = −112/5, 𝑐342 = 0,

𝑐343 = 6, 𝑐344 = 2, 𝑐345 = 11/20, 𝑐346 = −2, 𝑐347 = 2, 𝑐348 = 2, 𝑐349 = −10, 𝑐350 = 5, 𝑐351 = −1,

𝑐352 = 4, 𝑐353 = −2, 𝑐354 = 0, 𝑐355 = −3/2, 𝑐356 = 7/4, 𝑐357 = 6, 𝑐358 = −7/2, 𝑐359 = −5/4,

𝑐360 = −5/2, 𝑐361 = −5/2, 𝑐362 = 5/4, 𝑐363 = 7/2, 𝑐364 = −3/4, 𝑐365 = 7, 𝑐366 = −9/2,

𝑐367 = 4, 𝑐368 = 2, 𝑐369 = −9/2, 𝑐370 = −1/2, 𝑐371 = 639/200, 𝑐372 = −4/5, 𝑐373 = −3,

𝑐374 = 4, 𝑐375 = 1/16, 𝑐376 = 3/32, 𝑐377 = 0

 



pág. 1283 

[Φ′′4]2 = −
8

5
∇𝛼∇

𝛾Φ∇𝛼∇𝛽Φ∇𝛽∇
𝛿Φ∇𝛿∇𝛾Φ+

4

5
∇𝛼∇𝛽Φ∇𝛽∇𝛼Φ∇

𝛾∇𝛿Φ∇𝛿∇𝛾Φ.  

𝑆ℎℎ𝐶𝐶 =−
2

𝜅2
𝜋2ℓ𝑠

6

26. 3
∫  𝑑10𝑥√−𝐺 [

1

4
𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎𝜕𝛾𝐹𝛼𝛽𝜕
𝛾𝐹𝛼𝛽 +

1

2
𝑅𝜏𝜅
𝛼𝛽
𝑅𝜏𝜅𝜇𝜈𝜕𝛾𝐹𝛼𝛽𝜕

𝛾𝐹𝜇𝜈  

−𝑅𝜇𝜈  𝜏 
𝛾𝑅𝜏𝜅𝛼𝛽𝜕𝛾𝐹𝜇𝜈𝜕𝜅𝐹𝛼𝛽 + 2𝑅

𝛽𝜇 𝜅𝜌𝑅
𝜏𝜅 𝛼𝛽𝜕

𝛼𝐹𝜌𝛾𝜕𝜇𝐹𝜏𝛾 + 2𝑅𝛽𝜇𝜅𝜌𝑅
𝜏𝜅𝛼𝛽𝜕𝛼𝐹𝜏𝛾𝜕

𝜇𝐹𝜌𝛾 

−4𝑅𝛼  
𝜈𝜌𝛾𝑅𝜏𝜅𝛼𝛽𝜕𝛽𝐹𝜅𝜌𝜕𝜈𝐹𝜏𝛾 + 2𝑅

𝛼𝛽𝜅𝜌𝑅𝜏 𝜅𝛼𝛽𝜕𝜈𝐹𝜏𝛾𝜕
𝜈𝐹𝜌 

𝛾 + 𝑅𝛼𝛽𝜌𝛾𝑅𝜏𝜅 𝛼𝛽𝜕𝜈𝐹𝜅𝜌𝜕
𝜈𝐹𝜏𝛾  

+2𝑅𝛽 
𝜇 𝜅𝜌𝑅

𝜏𝜅𝛼𝛽𝜕𝜌𝐹𝜇 
𝜈𝜕𝜏𝐹𝛼𝜈 + 𝑅

𝜇𝜈  𝜅 
𝜌𝑅𝜏𝜅𝛼𝛽𝜕𝜌𝐹𝛼𝛽𝜕𝜏𝐹𝜇𝜈 + 𝑅

𝛼𝛽𝜅 𝜌𝑅
𝜏 𝜅𝛼𝛽𝜕

𝜌𝐹𝜇𝜈𝜕𝜏𝐹𝜇𝜈  

+2𝑅𝛽𝜇𝜅𝜌𝑅𝜏𝜅 
𝛼 𝛽𝜕𝜌𝐹𝛼𝜈𝜕

𝜏𝐹𝜇 
𝜈]

 

𝑆𝑅2𝐹′2 = −
2

𝜅2
𝜋2ℓ𝑠

6

23. 3
∫  𝑑10𝑥√−𝐺[𝑅2𝐹2]13  

[𝑅2𝐹2]13 =−
5

2
𝑒2Φ𝑅𝛾 

𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼𝐹𝛽 
𝛿∇𝛼𝐹𝛽𝛾 +

3

4
𝑒2Φ𝑅𝜀𝜇𝛿𝜖𝑅

𝜀𝜇 𝛽𝛾∇𝛼𝐹
𝛿𝜖∇𝛼𝐹𝛽𝛾  

−
1

4
𝑒2Φ𝑅𝜀𝜇𝛾𝜖𝑅

𝜀𝜇 𝛽𝛿∇𝛼𝐹
𝛿𝜖∇𝛼𝐹𝛽𝛾 +

5

16
𝑒2Φ𝑅𝛿𝜖𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼𝛾  

+𝑒2Φ𝑅𝛾  
𝜖𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 
𝛿 −

7

2
𝑒2Φ𝑅𝛿  

𝜀  𝛼 
𝜇𝑅𝜖𝜇𝛾𝜀∇

𝛼𝐹𝛽𝛾∇𝛽𝐹
𝛿𝜖  

−
3

2
𝑒2Φ𝑅𝛼 

𝜀  𝛿 
𝜇𝑅𝜖𝜇𝛾𝜀∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 
𝜖 +

5

2
𝑒2Φ𝑅𝛾  

𝜀  𝛼 
𝜇𝑅𝜖𝜇𝛿𝜀∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 
𝜖 

−
5

4
𝑒2Φ𝑅𝜀𝜇𝛾𝛿𝑅

𝜀𝜇 𝛼𝜖∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 − 3𝑒2Φ𝑅𝛽 
𝜇 𝛼𝛾𝑅𝜖𝜇𝛿𝜀∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀  

−
5

2
𝑒2Φ𝑅𝛼 

𝜇 𝛿𝜖𝑅𝜀𝜇𝛽𝛾∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀 + 6𝑒2Φ𝑅𝛽𝜖𝛼  

𝜇𝑅𝜀𝜇𝛾𝛿∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀  

 −8𝑒2Φ𝑅𝛽 
𝜇 𝛼𝜖𝑅𝜀𝜇𝛾𝛿∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀

 

𝑆ℎΦ𝐶𝐶 = −
2

𝜅2
𝜋2ℓ𝑠

6

26. 3
∫  𝑑10𝑥√−𝐺[−8𝑅𝛽𝜇𝜅𝜈𝜕

𝛽𝜕𝛼Φ𝜕𝛾𝐹
𝜇𝜈𝜕𝜅𝐹𝛼

𝛾
+ 24𝑅𝛽𝜇𝛾𝜈𝜕

𝛽𝜕𝛼Φ𝜕𝜅𝐹
𝜇𝜈𝜕𝜅𝐹𝛼

𝛾

−8𝑅𝛼𝜅𝛽𝜈𝜕
𝛽𝜕𝛼Φ𝜕𝛾𝐹𝜇

𝜈𝜕𝜇𝐹𝛾𝜅 + 8𝑅𝛽𝜇𝛾𝜈𝜕
𝛽𝜕𝛼Φ𝜕𝜅𝐹𝛼

𝛾
𝜕𝜈𝐹𝜅

𝜇
]

 

𝑆𝑅𝐹′2Φ′′ = −
2

𝜅2
𝜋2ℓ𝑠

6

23. 3
∫  𝑑10𝑥√−𝐺[𝑅𝐹2Φ′′]8  

[𝑅𝐹′2Φ′′]8 =−10𝑒
2Φ𝑅𝜖𝜀𝛼𝛾∇

𝛼𝐹𝛽𝛾∇𝛽𝐹
𝛿𝜖∇𝛿∇

𝜀Φ+ 3𝑒2Φ𝑅𝛿𝜀𝛾𝜖∇𝛼∇
𝜀Φ∇𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 

+5𝑒2Φ𝑅𝜖𝜀𝛼𝛿∇
𝛼𝐹𝛽𝛾∇𝛾∇

𝜀Φ∇𝛿𝐹𝛽  
𝜖 + 2𝑒2Φ𝑅𝜖𝜀𝛾𝛿∇

𝛼𝐹𝛽𝛾∇𝛽∇𝛼Φ∇
𝛿𝐹𝜖𝜀  

+2𝑒2Φ𝑅𝛿𝜀𝛽𝛾∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀∇𝜖∇𝛼Φ− 2𝑒

2Φ𝑅𝛾𝜀𝛼𝛿∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀∇𝜖∇𝛽Φ  

 −3𝑒2Φ𝑅𝛾𝜖𝛿𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 

𝛿∇𝜖∇𝜀Φ+ 4𝑒2Φ𝑅𝛿𝜖𝛼𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛾 

𝛿∇𝜖∇𝜀Φ.

 

𝑆ΦΦ𝐶𝐶 = −
2

𝜅2
𝜋2ℓ𝑠

6

26. 3
∫  𝑑10𝑥√−𝐺[8𝜕𝜃𝜕𝜂Φ𝜕𝜅𝜕𝜂Φ𝜕𝜈𝐹𝜅𝜇𝜕

𝜈𝐹𝜃
𝜇
− 2𝜕𝜃𝜕𝜂Φ𝜕

𝜃𝜕𝜂Φ𝜕𝜈𝐹𝜅𝜇𝜕
𝜈𝐹𝜅𝜇]  

𝑆𝑅𝐹′2Φ′′ = −
2

𝜅2
𝜋2ℓ𝑠

6

23 ⋅ 3
∫  𝑑10𝑥√−𝐺[𝐹2Φ′′2]6  

[𝐹′2Φ′′2]6 =2𝑒
2Φ∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾∇𝛿∇𝛽Φ∇𝜖∇𝛾Φ+ 2𝑒
2Φ∇𝛼𝐹𝛽𝛾∇𝛿∇𝛼Φ∇

𝛿𝐹𝛽 
𝜖∇𝜖∇𝛾Φ

+5𝑒2Φ∇𝛼𝐹𝛽 
𝛿∇𝛼𝐹𝛽𝛾∇𝛾∇

𝜖Φ∇𝜖∇𝛿Φ− 𝑒
2Φ∇𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 

𝛿∇𝛾∇
𝜖Φ∇𝜖∇𝛿Φ  

 −2𝑒2Φ∇𝛼𝐹𝛽𝛾∇𝛾∇𝛼Φ∇
𝛿𝐹𝛽 

𝜖∇𝜖∇𝛿Φ−
3

2
𝑒2Φ∇𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼𝛾∇

𝛿∇𝜖Φ∇𝜖∇𝛿Φ.
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𝑑𝑠2 = 𝐺𝜇𝜈(𝑥)𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝑔𝑎𝑏(𝑦)𝑑𝑦

𝑎𝑑𝑦𝑏  

𝐒(0) = −
2𝑉

𝜅10
2 ∫  𝑑

6𝑥√−𝐺𝑒−2Φ [𝑅 + 4∇𝜇Φ∇
𝜇Φ−

1

4
𝑒2Φ𝐹𝜇𝜈𝐹

𝜇𝜈]  

𝑑𝑠′2 = 𝐺𝑀𝑁
′ (𝑥)𝑑𝑥𝑀𝑑𝑥𝑁 + 𝑔𝑖𝑗

′ (𝑧)𝑑𝑧𝑖𝑑𝑧𝑗  

𝐺𝑀𝑁
′ = (

𝐺𝜇𝜈
′ + 𝑅1

−2𝐶𝜇
′𝐶𝜈
′ 𝐶𝜇

′

𝐶𝜈
′ 𝑅1

2
)  

𝐒′(0) = −
2𝑉′

𝜅10
′2 ∫  𝑑

6𝑥√−𝐺′𝑒−2Φ
′
[𝑅′ + 4∇𝜇Φ

′∇𝜇Φ′ −
1

4
𝐹𝜇𝜈
′ 𝐹′𝜇𝜈] ,  

𝜅10
2 /𝑉 = 𝜅10

′2/𝑉′.  

𝐺𝜇𝜈
′ = 𝑒−2Φ𝐺𝜇𝜈, Φ

′ = −Φ, 𝐶𝜇
′ = 𝐶𝜇 ,  

1

32𝜋2
∫  
𝐾3

 𝑑4𝑦√𝑔𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐𝑑  

𝑆𝑅2 = −
2

𝜅2
4𝜋4ℓ𝑠

6

3
∫  𝑑6𝑥√−𝐺 [

3

2
𝑅𝜇𝜈𝛼𝛽𝑅

𝜇𝜈𝛼𝛽] .  

𝑆𝑅2
′ = −

2

𝜅10
′2

ℓ𝑠
′2

8
∫  𝑑10𝑥√−𝐺′𝑒−2Φ

′
𝑅𝜇𝜈𝛼𝛽
′ 𝑅′𝜇𝜈𝛼𝛽 .  

𝑆𝑅2
′ = −

2

𝜅10
′2

ℓ𝑠
′2𝑉′

8
∫  𝑑6𝑥√−𝐺′𝑒−2Φ

′
𝑅𝜇𝜈𝛼𝛽
′ 𝑅′𝜇𝜈𝛼𝛽  

2𝜋𝑉′

(2𝜋ℓ𝑠
′ )6𝑔𝑠

′2 =
1

2𝜋ℓ𝑠
2  

𝑆6𝐷 =−
2

𝜅2
4𝜋4ℓ𝑠

6

3
∫  𝑑6𝑥√−𝐺 [

3

2
𝑅𝛼𝛽𝛾𝛿𝑅

𝛼𝛽𝛾𝛿 +
51

16
𝑒4Φ𝐹𝛼

𝛾
𝐹𝛼𝛽𝐹𝛽

𝛿𝐹𝛾𝛿 +
50151

2560
𝑒4Φ𝐹𝛼𝛽𝐹

𝛼𝛽𝐹𝛾𝛿𝐹
𝛾𝛿 

−3𝑒2Φ𝐹𝛼𝛽𝐹𝛾𝛿𝑅𝛼𝛽𝛾𝛿 − 3𝑒
2Φ𝐹𝛼𝛽𝐹𝛾𝛿𝑅𝛼𝛾𝛽𝛿 +

44343

400
𝑒2Φ𝐹𝛽𝛾𝐹

𝛽𝛾∇𝛼Φ∇
𝛼Φ  

−
13581

200
𝑒2Φ𝐹𝛼

𝛾
𝐹𝛽𝛾∇

𝛼Φ∇𝛽Φ−
36

5
∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇
𝛽Φ−

24

5
∇𝛼Φ∇𝛽∇𝛼Φ∇

𝛽Φ  

−
24

5
∇𝛽∇𝛼Φ∇

𝛽∇𝛼Φ+
15

2
𝑒2Φ𝐹𝛽𝛾∇𝛼Φ∇𝛾𝐹𝛼𝛽 −

18501

400
𝑒2Φ𝐹𝛼

𝛾
𝐹𝛼𝛽∇𝛾∇𝛽Φ  

+
15

2
𝑒2Φ∇𝛽𝐹𝛼𝛾∇

𝛾𝐹𝛼𝛽] .
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𝑆6𝐷 =−
2

𝜅2
4𝜋4ℓ𝑠

6

3
∫  𝑑6𝑥√−𝐺 [

3

2
𝑅𝛼𝛽𝛾𝛿𝑅

𝛼𝛽𝛾𝛿 + 𝑎1𝑒
4Φ𝐹𝛼

𝛾
𝐹𝛼𝛽𝐹𝛽

𝛿𝐹𝛾𝛿 + 𝑎2𝑒
4Φ𝐹𝛼𝛽𝐹

𝛼𝛽𝐹𝛾𝛿𝐹
𝛾𝛿 

+ (−
9

8
− 2𝑎1 + 2𝑎19 −

1

2
𝑎3) 𝑒

2Φ𝐹𝛼
𝛾
𝐹𝛼𝛽𝑅𝛽𝛾 +

1

4800
(−65403 + 800𝑎1 + 1800𝑎10  

+900𝑎11 + 150𝑎12 − 825𝑎13 − 450𝑎14 + 450𝑎15 − 525𝑎16 + 300𝑎17 + 1200𝑎19  

+3200𝑎2 − 1200𝑎3)𝑒
2Φ𝐹𝛼𝛽𝐹

𝛼𝛽𝑅 +
1

16
(−12 + 4𝑎10 + 4𝑎11 − 2𝑎13 − 𝑎14 + 𝑎15

−2𝑎16 − 8𝑎3)𝑅
2 + (−

3

4
− 𝑎19) 𝑒

2Φ𝐹𝛼𝛽𝐹𝛾𝛿𝑅𝛼𝛽𝛾𝛿 + 𝑎3𝑅𝛼𝛽𝑅
𝛼𝛽 + (

20001

400
+
2

3
𝑎1

−
3

8
𝑎12 +

5

16
𝑎13 +

3

8
𝑎14 −

3

16
𝑎15 +

1

16
𝑎16 −

3

4
𝑎17 − 3𝑎19+

8

3
𝑎2) 𝑒

2Φ𝐹𝛽𝛾𝐹
𝛽𝛾∇𝛼Φ∇

𝛼Φ

+𝑎10𝑅∇𝛼Φ∇
𝛼Φ+ 𝑎11𝑅

𝛼𝛽∇𝛽∇𝛼Φ+ 𝑎12𝑒
2Φ𝐹𝛼

𝛾
𝐹𝛽𝛾∇

𝛼Φ∇𝛽Φ+ 𝑎13𝑅𝛼𝛽∇
𝛼Φ∇𝛽Φ  

+𝑎14∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇

𝛽Φ+ 𝑎15∇
𝛼Φ∇𝛽∇𝛼Φ∇

𝛽Φ+ 𝑎16∇𝛽∇𝛼Φ∇
𝛽∇𝛼Φ  

+𝑎17𝑒
2Φ𝐹𝛽𝛾∇𝛼Φ∇𝛾𝐹𝛼𝛽 +

1

4
(−3 − 16𝑎1 + 2𝑎12 + 𝑎13 − 𝑎16)𝑒

2Φ𝐹𝛼
𝛾
𝐹𝛼𝛽∇𝛾∇𝛽Φ  

+𝑎19𝑒
2Φ∇𝛾𝐹𝛼𝛽∇

𝛾𝐹𝛼𝛽]

 

𝑆6𝐷
′ =−

2

𝜅10
′2

ℓ𝑠
′2𝑉′

8
∫  𝑑6𝑥√−𝐺′𝑒−2Φ

′
[𝑅𝛼𝛽𝛾𝛿
′ 𝑅′𝛼𝛽𝛾𝛿 +

5

8
𝐹𝛼
′𝛾
𝐹′𝛼𝛽𝐹𝛽

′𝛿𝐹𝛾𝛿
′ +

3

8
𝐹𝛼𝛽
′ 𝐹′𝛼𝛽𝐹𝛾𝛿

′ 𝐹′𝛾𝛿 

−𝐹′𝛼𝛽𝐹′𝛾𝛿𝑅𝛼𝛽𝛾𝛿
′ − 𝐹′𝛼𝛽𝐹′𝛾𝛿𝑅𝛼𝛾𝛽𝛿

′ + ∇𝛾𝐹𝛼𝛽
′ ∇𝛾𝐹′𝛼𝛽]

 

𝑆6𝐷
′ = −

2

𝜅2
4𝜋4ℓ𝑠

6

3
∫  𝑑6𝑥√−𝐺′𝑒−2Φ

′
[
3

2
𝑅𝛼𝛽𝛾𝛿
′ 𝑅′𝛼𝛽𝛾𝛿 + 𝑏1𝐹𝛼

′𝛾
𝐹′𝛼𝛽𝐹𝛽

′𝛿𝐹𝛾𝛿
′ + 𝑏2𝐹𝛼𝛽

′ 𝐹′𝛼𝛽𝐹𝛾𝛿
′ 𝐹′𝛾𝛿

 +
1

4
(2𝑏11 + 2𝑏12 + 𝑏13 − 𝑏16)𝑅𝛼𝛽

′ 𝑅′𝛼𝛽 +
1

8
(−9 − 16𝑏1 − 2𝑏11 − 2𝑏12 − 𝑏13 + 𝑏16

+16𝑏19)𝐹𝛼
′𝛾
𝐹′𝛼𝛽𝑅𝛽𝛾

′ +
1

192
(162 + 32𝑏1 − 36𝑏10 − 12𝑏12 − 6𝑏13 + 9𝑏14 + 2𝑏16 + 8𝑏17

 

+8𝑏18 − 32𝑏19 − 256𝑏2)𝐹𝛼𝛽
′ 𝐹′𝛼𝛽𝑅 +

1

16
(4𝑏10 − 𝑏14)𝑅

′2 + (−
3

4
− 𝑏19)𝐹

′𝛼𝛽𝐹′𝛾𝛿𝑅𝛼𝛽𝛾𝛿
′ +

 +
1

48
(162 + 32𝑏1 − 12𝑏12 − 9𝑏14 − 3𝑏15 + 2𝑏16 + 8𝑏17 + 8𝑏18 − 32𝑏19

−256𝑏2)𝐹𝛽𝛾
′ 𝐹′𝛽𝛾∇𝛼Φ

′∇𝛼Φ′ + 𝑏10𝑅
′∇𝛼Φ

′∇𝛼Φ′ + 𝑏11𝑅
′𝛼𝛽∇𝛽∇𝛼Φ

′ + 𝑏12𝐹𝛼
′𝛾
𝐹𝛽𝛾
′ ∇𝛼Φ′∇𝛽Φ′

 +𝑏13𝑅𝛼𝛽
′ ∇𝛼Φ′∇𝛽Φ′ + 𝑏14∇𝛼Φ

′∇𝛼Φ′∇𝛽Φ
′∇𝛽Φ′ + 𝑏15∇

𝛼Φ′∇𝛽∇𝛼Φ
′∇𝛽Φ′

+𝑏16∇𝛽∇𝛼Φ
′∇𝛽∇𝛼Φ′ + 𝑏17𝐹

′𝛽𝛾∇𝛼Φ′∇𝛾𝐹𝛼𝛽
′ + 𝑏18𝐹𝛼

′𝛾
𝐹′𝛼𝛽∇𝛾∇𝛽Φ

′ + 𝑏19∇𝛾𝐹𝛼𝛽
′ ∇𝛾𝐹′𝛼𝛽]

 

𝑎2 = 65403/6400 − 𝑎1/4 + (3𝑎13)/64 + (3𝑎14)/64 − (3𝑎15)/128, 𝑎3 = −(20901/200) + 𝑎10
+𝑎11/2 − (3𝑎13)/4 − 𝑎14/2 + (3𝑎15)/8 − 𝑎16/4, 𝑏1 = (4𝑎1)/3, 𝑏10 = 13734/25 − 4𝑎10  

−(4𝑎11)/3 + 4𝑎13 + (8𝑎14)/3 − 2𝑎15 + (4𝑎16)/3, 𝑏11 = 27268/25 + (8𝑎10)/3 + (20𝑎11)/3  

+(4𝑎13)/3 + 2𝑎14 − (2𝑎15)/3 − 4𝑎16, 𝑏12 = 6767/25 − (8𝑎10)/3 − (4𝑎11)/3 + (4𝑎13)/3  

+(4𝑎14)/3 − 𝑎15 + (4𝑎16)/3, 𝑏13 = −(13834/25) + 12𝑎10 + (16𝑎11)/3 − 6𝑎13 − (13𝑎14)/3  

+(11𝑎15)/3 − (14𝑎16)/3, 𝑏14 = 27468/25 − (32𝑎10)/3 − (16𝑎11)/3 + (32𝑎13)/3 + (20𝑎14)/3  

−(16𝑎15)/3 + (16𝑎16)/3, 𝑏15 = 26468/25 + (88𝑎10)/3 + (64𝑎11)/3 − (68𝑎13)/3 − (34𝑎14)/3

+(34𝑎15)/3 − 20𝑎16, 𝑏16 = 13634/5 + (20𝑎10)/3 + (40𝑎11)/3 + (10𝑎13)/3 + 5𝑎14 − (5𝑎15)/3  

−(26𝑎16)/3, 𝑏17 = 130273/100 − (32𝑎1)/3 + 4𝑎10 + 2𝑎11 + (5𝑎12)/3 + (9𝑎13)/2 + (14𝑎14)/3  

−(11𝑎15)/6 − (11𝑎16)/6 + 2𝑎17 + (8𝑎19)/3, 𝑏18 = 6742/25 − (16𝑎1)/3 − (8𝑎10)/3 − (4𝑎11)/3 

−(2𝑎12)/3 + (5𝑎13)/3 + (4𝑎14)/3 − 𝑎15 + 𝑎16 + (32𝑎19)/3, 𝑏19 = (4𝑎19)/3, 𝑏2 = 21801/1600  

 −𝑎1/3 + 𝑎13/16 + 𝑎14/16 − 𝑎15/32
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ℒ′ = 𝑐1
′𝑅𝛽 

𝛿𝜖𝜈𝑅𝛾𝜖 
𝜇𝜁𝑅𝛿𝜈𝜇𝜁𝐹𝛼  

𝛽𝐹𝛼𝛾𝑒2Φ +⋯  

𝒥 ≡ ∇𝛼(ℐ
𝛼) 

𝒦 ≡𝑒Φ∇𝛽𝐹
𝛽𝛼𝛿𝐶𝛼 −

1

8
𝑒2Φ𝐹𝛼𝛽𝐹

𝛼𝛽𝛿𝐺𝜇 𝜇 − (𝑅
𝛼𝛽 −

1

2
𝑒2Φ𝐹𝛼𝛾𝐹𝛽 𝛾 + 2∇

𝛽∇𝛼Φ)𝛿𝐺𝛼𝛽

 −2(𝑅 + 4∇𝛼∇
𝛼Φ− 4∇𝛼Φ∇

𝛼Φ)(𝛿Φ −
1

4
𝛿𝐺𝜇 𝜇)

 

𝐺𝜇𝜈→ 𝐺𝜇𝜈 + ℓ𝑠
6𝑒2Φ𝛿𝐺𝜇𝜈 

𝐶𝜇→ 𝐶𝜇 + ℓ𝑠
6𝑒Φ𝛿𝐶𝜇  

Φ → Φ+ ℓ𝑠
6𝑒2Φ𝛿Φ

 

Δ − 𝒥 −𝒦 = 0  

𝑅𝛼[𝛽𝛾𝛿]= 0,  

∇[𝜇𝑅𝛼𝛽]𝛾𝛿  = 0,

∇[𝜇𝐹𝛼𝛽] = 0,

[∇, ∇]𝒪 − 𝑅𝒪 = 0.

 

[𝑅2𝑅′′]1 = 𝑐56𝑅
𝛼𝛽𝛾𝛿𝑅𝜇𝜈 𝛾𝛿∇𝛼∇𝜇𝑅𝛽𝜈  

ℒ =[𝑅4]7 + [𝐹
′4]5 + [𝑅Φ

′2𝐹′2]11 + [𝑅𝐹
′2Φ′′]9 + [𝑅

2𝐹′2]13 + [𝐹
2𝑅3]16 + [𝑅

3Φ′′]3 + [𝑅
3Φ′2]5

+[𝐹2𝑅Φ′′Φ′2]8 + [𝑅
2Φ′′2]5 + [𝑅

2Φ′′Φ′2]4 + [𝑅
2Φ′4]3 + [𝐹

3𝐹′Φ′3]9 + [𝐹
4𝑅2]20 + [𝐹

2𝑅2Φ′′]14  

+[𝐹2𝑅2Φ′2]19 + [𝐹
4𝑅Φ′2]12 + [𝐹

2𝑅𝐹′2]33 + [𝐹
6𝑅]7 + [𝐹

6Φ′′]4 + [𝐹
6Φ′2]1 + [𝐹𝑅

2𝐹′Φ′]2  

+[𝐹𝑅2𝐹′Φ′]15 + [𝐹
4Φ′4]5 + [𝐹

2𝑅Φ′4]4 + [𝐹𝑅Φ
′3𝐹′]10 + [𝐹

4𝑅Φ′′]9 + [𝐹
2Φ′6]2 + [𝐹

4Φ′′2]8  

+[𝐹2𝑅Φ′′2]9 + [𝐹
2𝐹′2Φ′′]21 + [𝐹

3𝑅Φ′𝐹′]1 + [𝐹𝑅Φ
′′Φ′𝐹′]2 + [𝐹

2Φ′′2Φ′2]4 + [𝐹
2Φ′2𝐹′2]17  

+[𝐹𝐹′Φ′Φ′′2]1 + [𝐹𝐹
′Φ′3Φ′′]5 + [𝑅Φ

′2Φ′′2]2 + [Φ
′4𝐹′2]4 + [Φ

′′4]2 + [𝐹𝐹
′Φ′5]2 + [𝐹

2Φ′4Φ′′]2 

+[𝑅Φ′′3]1 + [𝑅Φ
′4Φ′′]1 + [𝐹

′2Φ′′2]6 + [𝐹
′2Φ′2Φ′′]4 + [𝐹𝐹

′3Φ′]1 + [Φ
′4Φ′′2]2 + [Φ

′6Φ′′]1  

 +[𝐹8]5 + [𝐹
4𝐹′2]20 + [𝑅

2𝑅′′]1

 

[𝑅4]7 =𝑐23𝑅
𝛼𝛽𝛾𝛿𝑅𝛾  

𝜖 𝜀  𝜀𝑅𝛿  
𝜇 𝛽 

𝜈𝑅𝜀𝜈𝜖𝜇 + 𝑐39𝑅𝛼 
𝜖𝜀𝜇𝑅𝛼𝛽𝛾𝛿𝑅𝛾 

𝜈  𝛽𝜀𝑅𝜇𝜈𝛿𝜖 + 𝑐40𝑅𝛼  
𝜖 𝛾  

𝜀𝑅𝛼𝛽𝛾𝛿𝑅𝛽𝜖  
𝜇𝜈𝑅𝜇𝜈𝛿𝜀

+𝑐41𝑅𝛼𝛾𝛽  
𝜖𝑅𝛼𝛽𝛾𝛿𝑅𝛿 

𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀 + 𝑐42𝑅
𝛼𝛽𝛾𝛿𝑅𝛾𝛿𝛼𝛽𝑅

𝜖𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀 + 𝑐54𝑅𝛼𝛽 
𝜖𝜀𝑅𝛼𝛽𝛾𝛿𝑅𝜇𝜈𝜖𝜀𝑅

𝜇𝜈  𝛾𝛿  

 +𝑐55𝑅𝛼𝛽 
𝜖𝜀𝑅𝛼𝛽𝛾𝛿𝑅𝜇𝜈𝛿𝜀𝑅

𝜇𝜈 𝛾𝜖
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[𝐹′4]5 = 𝑒
4Φ𝑐254∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 
𝛿∇𝛾𝐹

𝜖𝜀∇𝛿𝐹𝜖𝜀 + 𝑒
4Φ𝑐323∇𝛼𝐹𝛽𝛾∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀∇
𝛿𝐹𝜖𝜀

+𝑒4Φ𝑐342∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛾  

𝛿∇𝛿𝐹
𝜖𝜀∇𝜖𝐹𝛼𝜀 + 𝑒

4Φ𝑐375∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 

𝛿∇𝜖𝐹𝛾 
𝜀∇𝜀𝐹𝛿𝜖  

 +𝑒4Φ𝑐376∇𝛼𝐹
𝛿𝜖∇𝛼𝐹𝛽𝛾∇𝜀𝐹𝛾𝜖∇

𝜀𝐹𝛽𝛿, 

[𝑅Φ′2𝐹′2]11 = 𝑒
2Φ𝑐198𝑅𝜖𝜀𝛽𝛿∇𝛼Φ∇

𝛼Φ∇𝛽𝐹𝛾𝛿∇𝛾𝐹
𝜖𝜀 + 𝑒2Φ𝑐253𝑅𝛼𝜖𝛽𝜀∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛿𝜖∇𝛿𝐹𝛾 
𝜀

 +𝑒2Φ𝑐255𝑅𝛼𝜀𝛽𝛾∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛿𝜖∇𝛿𝐹𝜖 

𝜀 + 𝑒2Φ𝑐321𝑅𝜖𝜀𝛾𝛿∇𝛼𝐹𝛽 
𝛾∇𝛼Φ∇𝛽Φ∇𝛿𝐹𝜖𝜀

 +𝑒2Φ𝑐359𝑅𝜖𝜀𝛾𝛿∇𝛼𝐹
𝛾𝛿∇𝛼Φ∇𝛽Φ∇𝜖𝐹𝛽 

𝜀 + 𝑒2Φ𝑐362𝑅𝛿𝜀𝛾𝜖∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼  

𝛿∇𝜖𝐹𝛽  
𝜀

 +𝑒2Φ𝑐364𝑅𝛿𝜀𝛽𝜖∇𝛼Φ∇
𝛼Φ∇𝛽𝐹𝛾𝛿∇𝜖𝐹𝛾  

𝜀 + 𝑒2Φ𝑐365𝑅𝛿𝜀𝛽𝜖∇𝛼𝐹
𝛾𝛿∇𝛼Φ∇𝛽Φ∇𝜖𝐹𝛾 

𝜀

 +𝑒2Φ𝑐366𝑅𝜖𝜀𝛽𝛿∇𝛼𝐹
𝛾𝛿∇𝛼Φ∇𝛽Φ∇𝜖𝐹𝛾 

𝜀 + 𝑒2Φ𝑐369𝑅𝛿𝜀𝛽𝜖∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼 

𝛿∇𝜖𝐹𝛾 
𝜀

 +𝑒2Φ𝑐370𝑅𝜖𝜀𝛽𝛿∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼  

𝛿∇𝜖𝐹𝛾 
𝜀, 

[𝑅𝐹′2Φ′′]9 = 𝑒
2Φ𝑐266𝑅𝜖𝜀𝛼𝛾∇

𝛼𝐹𝛽𝛾∇𝛽𝐹
𝛿𝜖∇𝛿∇

𝜀Φ+ 𝑒2Φ𝑐291𝑅𝛿𝜀𝛾𝜖∇𝛼∇
𝜀Φ∇𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖

 +𝑒2Φ𝑐292𝑅𝜖𝜀𝛾𝛿∇𝛼∇
𝜀Φ∇𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 + 𝑒2Φ𝑐295𝑅𝜖𝜀𝛼𝛿∇
𝛼𝐹𝛽𝛾∇𝛾∇

𝜀Φ∇𝛿𝐹𝛽 
𝜖

 +𝑒2Φ𝑐319𝑅𝜖𝜀𝛾𝛿∇
𝛼𝐹𝛽𝛾∇𝛽∇𝛼Φ∇

𝛿𝐹𝜖𝜀 + 𝑒2Φ𝑐344𝑅𝛿𝜀𝛽𝛾∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀∇𝜖∇𝛼Φ

 +𝑒2Φ𝑐346𝑅𝛾𝜀𝛼𝛿∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀∇𝜖∇𝛽Φ+ 𝑒

2Φ𝑐373𝑅𝛾𝜖𝛿𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 

𝛿∇𝜖∇𝜀Φ

 +𝑒2Φ𝑐374𝑅𝛿𝜖𝛼𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛾 

𝛿∇𝜖∇𝜀Φ, 

[𝑅2𝐹′2]13 = 𝑒
2Φ𝑐60𝑅𝛾 

𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼𝐹𝛽 
𝛿∇𝛼𝐹𝛽𝛾 + 𝑒2Φ𝑐70𝑅𝜀𝜇𝛿𝜖𝑅

𝜀𝜇 𝛽𝛾∇𝛼𝐹
𝛿𝜖∇𝛼𝐹𝛽𝛾

 +𝑒2Φ𝑐71𝑅𝜀𝜇𝛾𝜖𝑅
𝜀𝜇 𝛽𝛿∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾 + 𝑒2Φ𝑐121𝑅
𝛿𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼𝛾

 +𝑒2Φ𝑐126𝑅𝛾  
𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼  
𝛿 + 𝑒2Φ𝑐133𝑅𝛿  

𝜀 𝛼  
𝜇𝑅𝜖𝜇𝛾𝜀∇

𝛼𝐹𝛽𝛾∇𝛽𝐹
𝛿𝜖

 +𝑒2Φ𝑐283𝑅𝛼  
𝜀𝛿𝜇𝑅𝜖𝜇𝛾𝜀∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 
𝜖 + 𝑒2Φ𝑐285𝑅𝛾 

𝜀  𝛼 
𝜇𝑅𝜖𝜇𝛿𝜀∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 
𝜖

 +𝑒2Φ𝑐288𝑅𝜀𝜇𝛾𝛿𝑅
𝜀𝜇 𝛼𝜖∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 
𝜖 + 𝑒2Φ𝑐310𝑅𝛽 

𝜇 𝛼𝛾𝑅𝜖𝜇𝛿𝜀∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀

 +𝑒2Φ𝑐312𝑅𝛼  
𝜇 𝛿𝜖𝑅𝜀𝜇𝛽𝛾∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀 + 𝑒2Φ𝑐316𝑅𝛽𝜖𝛼 
𝜇𝑅𝜀𝜇𝛾𝛿∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀

 +𝑒2Φ𝑐317𝑅𝛽 
𝜇 𝛼𝜖𝑅𝜀𝜇𝛾𝛿∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀,

[𝐹2𝑅3]16 = 𝑒
2Φ𝑐19𝐹

𝛼𝛽𝐹𝛾𝛿𝑅𝛼 
𝜖  𝛾 

𝜀𝑅𝜖  
𝜇 𝛽 

𝜈𝑅𝜀𝜈𝛿𝜇 + 𝑒
2Φ𝑐20𝐹𝛼𝛽𝐹

𝛼𝛽𝑅𝛾𝛿𝜖𝜀𝑅𝜖  
𝜇 𝛾  

𝜈𝑅𝜀𝜈𝛿𝜇

 +𝑒2Φ𝑐21𝐹
𝛼𝛽𝐹𝛾𝛿𝑅𝛼  

𝜖  𝛾 
𝜀𝑅𝛿  

𝜇 𝛽 
𝜈𝑅𝜀𝜈𝜖𝜇 + 𝑒

2Φ𝑐22𝐹𝛼  
𝛾𝐹𝛼𝛽𝑅𝛿  

𝜇 𝛾  
𝜈𝑅𝛿𝜖 𝛽 

𝜀𝑅𝜀𝜈𝜖𝜇

 +𝑒2Φ𝑐33𝐹
𝛼𝛽𝐹𝛾𝛿𝑅𝛼  

𝜖𝜀𝜇𝑅𝜀  
𝜈  𝛽𝜖𝑅𝜇𝜈𝛾𝛿 + 𝑒

2Φ𝑐34𝐹
𝛼𝛽𝐹𝛾𝛿𝑅𝛼  

𝜖𝜀𝜇𝑅𝜀  
𝜈 𝛽𝛾𝑅𝜇𝜈𝛿𝜖

 +𝑒2Φ𝑐35𝐹𝛼𝛽𝐹
𝛼𝛽𝑅𝛾𝜖 

𝜇𝜈𝑅𝛾𝛿𝜖𝜀𝑅𝜇𝜈𝛿𝜀 + 𝑒
2Φ𝑐36𝐹

𝛼𝛽𝐹𝛾𝛿𝑅𝛼 
𝜖  𝛽𝛾𝑅𝛿  

𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀

 +𝑒2Φ𝑐37𝐹𝛼 
𝛾𝐹𝛼𝛽𝑅𝛽 

𝛿  𝛾 
𝜖𝑅𝛿  

𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀 + 𝑒
2Φ𝑐38𝐹

𝛼𝛽𝐹𝛾𝛿𝑅𝛼𝛾𝛽𝛿𝑅
𝜖𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀

 +𝑒2Φ𝑐48𝐹
𝛼𝛽𝐹𝛾𝛿𝑅𝛼  

𝜖  𝛾 
𝜀𝑅𝜇𝜈𝜖𝜀𝑅

𝜇𝜈 𝛽𝛿 + 𝑒
2Φ𝑐49𝐹

𝛼𝛽𝐹𝛾𝛿𝑅𝜖𝜀  𝛼𝛾𝑅𝜇𝜈𝛿𝜀𝑅
𝜇𝜈 𝛽𝜖

 +𝑒2Φ𝑐50𝐹
𝛼𝛽𝐹𝛾𝛿𝑅𝛼  

𝜖  𝛾 
𝜀𝑅𝜇𝜈𝛿𝜖𝑅

𝜇𝜈 𝛽𝜀 + 𝑒
2Φ𝑐51𝐹

𝛼𝛽𝐹𝛾𝛿𝑅𝛼 
𝜖  𝛽 

𝜀𝑅𝜇𝜈𝜖𝜀𝑅
𝜇𝜈 𝛾𝛿

 +𝑒2Φ𝑐52𝐹𝛼 
𝛾𝐹𝛼𝛽𝑅𝛽 

𝛿𝜖𝜀𝑅𝜇𝜈𝛿𝜀𝑅
𝜇𝜈  𝛾𝜖 + 𝑒

2Φ𝑐53𝐹
𝛼𝛽𝐹𝛾𝛿𝑅𝜖𝜀 𝛼𝛽𝑅𝜇𝜈𝛿𝜀𝑅

𝜇𝜈  𝛾𝜖 ,

[𝑅3Φ′′]3 = 𝑐97𝑅𝛾  
𝜀  𝛽  

𝜇𝑅𝛾𝛿  𝛼 
𝜖𝑅𝜖𝜇𝛿𝜀∇

𝛼∇𝛽Φ+ 𝑐107𝑅𝛼  
𝛾 𝛽 

𝛿𝑅𝛾  
𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼∇𝛽Φ

 +𝑐112𝑅𝛼 
𝛾𝛿𝜖𝑅𝜀𝜇𝛾𝜖𝑅

𝜀𝜇 𝛽𝛿∇
𝛼∇𝛽Φ,
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[𝑅3Φ′2]5 = 𝑐76𝑅
𝛽𝛾𝛿𝜖𝑅𝛿 

𝜀  𝛽 
𝜇𝑅𝜖𝜇𝛾𝜀∇𝛼Φ∇

𝛼Φ+ 𝑐77𝑅𝛽𝛿 
𝜀𝜇𝑅𝛽𝛾𝛿𝜖𝑅𝜀𝜇𝛾𝜖∇𝛼Φ∇

𝛼Φ

+𝑐169𝑅𝛾 
𝜀  𝛽 

𝜇𝑅𝛾𝛿 𝛼 
𝜖𝑅𝜖𝜇𝛿𝜀∇

𝛼Φ∇𝛽Φ+ 𝑐179𝑅𝛼 
𝛾  𝛽 

𝛿𝑅𝛾 
𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼Φ∇𝛽Φ  

 +𝑐184𝑅𝛼 
𝛾𝛿𝜖𝑅𝜀𝜇𝛾𝜖𝑅

𝜀𝜇 𝛽𝛿∇
𝛼Φ∇𝛽Φ,

[𝐹2𝑅Φ′′Φ′2]8 = 𝑒
2Φ𝑐185𝐹𝛿

𝜀𝐹𝛿𝜖𝑅𝛾𝜖𝛽𝜀∇𝛼∇
𝛾Φ∇𝛼Φ∇𝛽Φ+ 𝑒2Φ𝑐186𝐹𝛾

𝛿𝐹𝜖𝜀𝑅𝜖𝜀𝛽𝛿∇𝛼∇
𝛾Φ∇𝛼Φ∇𝛽Φ

 +𝑒2Φ𝑐187𝐹𝛽 
𝛿𝐹𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼∇

𝛾Φ∇𝛼Φ∇𝛽Φ+ 𝑒2Φ𝑐241𝐹𝜖𝜀𝐹
𝜖𝜀𝑅𝛼𝛾𝛽𝛿∇

𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ

 +𝑒2Φ𝑐242𝐹𝛼 
𝜖𝐹𝜖 

𝜀𝑅𝛾𝜀𝛽𝛿∇
𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑒2Φ𝑐243𝐹𝛼 

𝜖𝐹𝛾 
𝜀𝑅𝛿𝜀𝛽𝜖∇

𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ

 +𝑒2Φ𝑐245𝐹𝛼 
𝜖𝐹𝛾 

𝜀𝑅𝜖𝜀𝛽𝛿∇
𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑒2Φ𝑐246𝐹𝛼𝛾𝐹

𝜖𝜀𝑅𝜖𝜀𝛽𝛿∇
𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ,

[𝑅2Φ′′2]5 = 𝑐117𝑅𝛽 
𝛿𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼∇

𝛾Φ∇𝛼∇𝛽Φ+ 𝑐140𝑅
𝛾𝛿𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇

𝛼∇𝛽Φ∇𝛽∇𝛼Φ

 +𝑐234𝑅𝛼 
𝜖  𝛽 

𝜀𝑅𝛾𝜀𝛿𝜖∇
𝛼∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑐235𝑅𝛼 

𝜖  𝛾 
𝜀𝑅𝛿𝜀𝛽𝜖∇

𝛼∇𝛽Φ∇𝛾∇𝛿Φ

 +𝑐238𝑅𝜖𝜀𝛽𝛿𝑅
𝜖𝜀 𝛼𝛾∇

𝛼∇𝛽Φ∇𝛾∇𝛿Φ,

[𝑅2Φ′′Φ′2]4 = 𝑐188𝑅𝛽 
𝛿𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼∇

𝛾Φ∇𝛼Φ∇𝛽Φ+ 𝑐193𝑅
𝛾𝛿𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇

𝛼Φ∇𝛽∇𝛼Φ∇
𝛽Φ

 +𝑐244𝑅𝛾 
𝜖  𝛼 

𝜀𝑅𝛿𝜀𝛽𝜖∇
𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑐247𝑅𝜖𝜀𝛽𝛿𝑅

𝜖𝜀  𝛼𝛾∇
𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ,

[𝑅2Φ′4]3 = 𝑐192𝑅
𝛾𝛿𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇
𝛽Φ+ 𝑐223𝑅𝛽 

𝛿𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇𝛾Φ

 +𝑐328𝑅𝛼 
𝜖  𝛽 

𝜀𝑅𝛾𝜀𝛿𝜖∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿Φ,

[𝐹3𝐹′Φ′3]9 = 𝑒
4Φ𝑐206𝐹𝛾 

𝜖𝐹𝛿 
𝜀𝐹𝜖𝜀∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛽 
𝛿 + 𝑒4Φ𝑐207𝐹𝛾𝛿𝐹𝜖𝜀𝐹

𝜖𝜀∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛽 

𝛿

 +𝑒4Φ𝑐209𝐹𝛽 
𝜀𝐹𝛾𝛿𝐹𝜖𝜀∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛿𝜖 + 𝑒4Φ𝑐210𝐹𝛽𝛿𝐹𝛾 
𝜀𝐹𝜖𝜀∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛿𝜖

 +𝑒4Φ𝑐214𝐹𝛾 
𝜖𝐹𝛿 

𝜀𝐹𝜖𝜀∇𝛼𝐹𝛽 
𝛿∇𝛼Φ∇𝛽Φ∇𝛾Φ+ 𝑒4Φ𝑐215𝐹𝛾𝛿𝐹𝜖𝜀𝐹

𝜖𝜀∇𝛼𝐹𝛽 
𝛿∇𝛼Φ∇𝛽Φ∇𝛾Φ

 +𝑒4Φ𝑐217𝐹𝛽𝛿𝐹𝛾 
𝜀𝐹𝜖𝜀∇𝛼𝐹

𝛿𝜖∇𝛼Φ∇𝛽Φ∇𝛾Φ+ 𝑒4Φ𝑐267𝐹𝛽 
𝜀𝐹𝛾𝜀𝐹𝛿𝜖∇

𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿𝐹𝛼  
𝜖

 +𝑒4Φ𝑐268𝐹𝛽𝛿𝐹𝛾 
𝜀𝐹𝜖𝜀∇

𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿𝐹𝛼  
𝜖,

[𝐹4𝑅2]20 = 𝑒
4Φ𝑐11𝐹

𝛼𝛽𝐹𝛾𝛿𝐹𝜖𝜀𝐹𝜇𝜈𝑅𝛼𝛾𝛽𝛿𝑅𝜖𝜇𝜀𝜈 + 𝑒
4Φ𝑐12𝐹𝛼  

𝛾𝐹𝛼𝛽𝐹𝛿 
𝜀𝐹𝛿𝜖𝑅𝛽 

𝜇 𝛾  
𝜈𝑅𝜖𝜈𝜀𝜇

 +𝑒4Φ𝑐13𝐹
𝛼𝛽𝐹𝛾𝛿𝐹𝜖𝜀𝐹𝜇𝜈𝑅𝛼𝛾𝜖𝜇𝑅𝜀𝜈𝛽𝛿 + 𝑒

4Φ𝑐14𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛿 

𝜀𝐹𝛿𝜖𝑅𝛽 
𝜇 𝜖  

𝜈𝑅𝜀𝜈𝛾𝜇

 +𝑒4Φ𝑐15𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛿𝜖𝐹𝜀𝜇𝑅𝛿  

𝜈 𝛽𝜖𝑅𝜀𝜈𝛾𝜇 + 𝑒
4Φ𝑐16𝐹𝛼𝛽𝐹

𝛼𝛽𝐹𝛾𝛿𝐹𝜖𝜀𝑅𝛾 
𝜇 𝜖  

𝜈𝑅𝜀𝜈𝛿𝜇

 +𝑒4Φ𝑐17𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛽 

𝛿𝐹𝜖𝜀𝑅𝜖  
𝜇 𝛾  

𝜈𝑅𝜀𝜈𝛿𝜇 + 𝑒
4Φ𝑐18𝐹𝛼  

𝛾𝐹𝛼𝛽𝐹𝛿𝜖𝐹𝜀𝜇𝑅𝛽 
𝜈  𝛾𝛿𝑅𝜀𝜈𝜖𝜇

 +𝑒4Φ𝑐26𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛿𝜖𝐹𝜀𝜇𝑅𝛽𝛿𝜀  

𝜈𝑅𝜇𝜈𝛾𝜖 + 𝑒
4Φ𝑐27𝐹𝛼  

𝛾𝐹𝛼𝛽𝐹𝛿𝜖𝐹𝜀𝜇𝑅𝛿 
𝜈  𝛽𝜀𝑅𝜇𝜈𝛾𝜖

 +𝑒4Φ𝑐28𝐹
𝛼𝛽𝐹𝛾𝛿𝐹𝜖𝜀𝐹𝜇𝜈𝑅𝛼𝛽𝛾𝜖𝑅𝜇𝜈𝛿𝜀 + 𝑒

4Φ𝑐29𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛽 

𝛿𝐹𝛾 
𝜖𝑅𝛿  

𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀

 +𝑒4Φ𝑐30𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾  

𝜖𝐹𝛾𝛿𝑅𝛿  
𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀 + 𝑒

4Φ𝑐31𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛽 

𝛿𝐹𝛾𝛿𝑅
𝜖𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀

 +𝑒4Φ𝑐32𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾𝛿𝐹

𝛾𝛿𝑅𝜖𝜀𝜇𝜈𝑅𝜇𝜈𝜖𝜀 + 𝑒
4Φ𝑐43𝐹𝛼 

𝛾𝐹𝛼𝛽𝐹𝛿 
𝜀𝐹𝛿𝜖𝑅𝜇𝜈𝛾𝜀𝑅

𝜇𝜈  𝛽𝜖

 +𝑒4Φ𝑐44𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛽 

𝛿𝐹𝜖𝜀𝑅𝜇𝜈𝜖𝜀𝑅
𝜇𝜈 𝛾𝛿 + 𝑒

4Φ𝑐45𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾𝛿𝐹𝜖𝜀𝑅𝜇𝜈𝜖𝜀𝑅

𝜇𝜈 𝛾𝛿

 +𝑒4Φ𝑐46𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛽 

𝛿𝐹𝜖𝜀𝑅𝜇𝜈𝛿𝜀𝑅
𝜇𝜈  𝛾𝜖 + 𝑒

4Φ𝑐47𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾𝛿𝐹𝜖𝜀𝑅𝜇𝜈𝛿𝜀𝑅

𝜇𝜈 𝛾𝜖,
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[𝐹2𝑅2Φ′′]14 = 𝑒
2Φ𝑐92𝐹𝛾  

𝜖𝐹𝛾𝛿𝑅𝛼  
𝜀 𝛽 

𝜇𝑅𝛿𝜇𝜖𝜀∇
𝛼∇𝛽Φ+ 𝑒2Φ𝑐93𝐹

𝛾𝛿𝐹𝜖𝜀𝑅𝛾 
𝜇 𝛼𝛿𝑅𝜖𝜇𝛽𝜀∇

𝛼∇𝛽Φ

+𝑒2Φ𝑐94𝐹𝛾 
𝜖𝐹𝛾𝛿𝑅𝛿  

𝜀  𝛼 
𝜇𝑅𝜖𝜇𝛽𝜀∇

𝛼∇𝛽Φ+ 𝑒2Φ𝑐95𝐹𝛼  
𝛾𝐹𝛿𝜖𝑅𝛿  

𝜀 𝛽 
𝜇𝑅𝜖𝜇𝛾𝜀∇

𝛼∇𝛽Φ  

+𝑒2Φ𝑐96𝐹
𝛾𝛿𝐹𝜖𝜀𝑅𝛼  

𝜇 𝛽𝛾𝑅𝜖𝜇𝛿𝜀∇
𝛼∇𝛽Φ+ 𝑒2Φ𝑐100𝐹

𝛾𝛿𝐹𝜖𝜀𝑅𝛼𝛾𝜖  
𝜇𝑅𝜀𝜇𝛽𝛿∇

𝛼∇𝛽Φ  

+𝑒2Φ𝑐101𝐹
𝛾𝛿𝐹𝜖𝜀𝑅𝛾  

𝜇 𝛼𝜖𝑅𝜀𝜇𝛽𝛿∇
𝛼∇𝛽Φ+ 𝑒2Φ𝑐103𝐹𝛾𝛿𝐹

𝛾𝛿𝑅𝛼 
𝜖𝜀𝜇𝑅𝜀𝜇𝛽𝜖∇

𝛼∇𝛽Φ  

+𝑒2Φ𝑐105𝐹𝛼 
𝛾𝐹𝛾 

𝛿𝑅𝛽 
𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼∇𝛽Φ+ 𝑒2Φ𝑐106𝐹𝛼 
𝛾𝐹𝛽 

𝛿𝑅𝛾  
𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼∇𝛽Φ  

+𝑒2Φ𝑐108𝐹𝛼 
𝛾𝐹𝛽𝛾𝑅

𝛿𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇
𝛼∇𝛽Φ+ 𝑒2Φ𝑐109𝐹𝛾  

𝜖𝐹𝛾𝛿𝑅𝜀𝜇𝛽𝜖𝑅
𝜀𝜇 𝛼𝛿∇

𝛼∇𝛽Φ  

+𝑒2Φ𝑐110𝐹𝛼 
𝛾𝐹𝛿𝜖𝑅𝜀𝜇𝛿𝜖𝑅

𝜀𝜇 𝛽𝛾∇
𝛼∇𝛽Φ+ 𝑒2Φ𝑐111𝐹𝛼 

𝛾𝐹𝛿𝜖𝑅𝜀𝜇𝛾𝜖𝑅
𝜀𝜇 𝛽𝛿∇

𝛼∇𝛽Φ,  

[𝐹2𝑅2Φ′2]19 = 𝑒
2Φ𝑐75𝐹

𝛽𝛾𝐹𝛿𝜖𝑅𝛽 
𝜀  𝛿
𝜇
𝑅𝜖𝜇𝛾𝜀∇𝛼Φ∇

𝛼Φ+ 𝑒2Φ𝑐79𝐹𝛽 
𝛿𝐹𝛽𝛾𝑅𝛾 

𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼Φ∇
𝛼Φ

+𝑒2Φ𝑐80𝐹𝛽𝛾𝐹
𝛽𝛾𝑅𝛿𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼Φ∇

𝛼Φ+ 𝑒2Φ𝑐81𝐹
𝛽𝛾𝐹𝛿𝜖𝑅𝜀𝜇𝛿𝜖𝑅

𝜀𝜇 𝛽𝛾∇𝛼Φ∇
𝛼Φ  

+𝑒2Φ𝑐82𝐹
𝛽𝛾𝐹𝛿𝜖𝑅𝜀𝜇𝛾𝜖𝑅

𝜀𝜇 𝛽𝛿∇𝛼Φ∇
𝛼Φ+ 𝑒2Φ𝑐164𝐹𝛾 

𝜖𝐹𝛾𝛿𝑅𝛼  
𝜀  𝛽 

𝜇𝑅𝛿𝜇𝜖𝜀∇
𝛼Φ∇𝛽Φ  

+𝑒2Φ𝑐165𝐹
𝛾𝛿𝐹𝜖𝜀𝑅𝛾  

𝜇 𝛼𝛿𝑅𝜖𝜇𝛽𝜀∇
𝛼Φ∇𝛽Φ+ 𝑒2Φ𝑐166𝐹𝛾 

𝜖𝐹𝛾𝛿𝑅𝛿 
𝜀  𝛼 

𝜇𝑅𝜖𝜇𝛽𝜀∇
𝛼Φ∇𝛽Φ  

+𝑒2Φ𝑐167𝐹𝛼 
𝛾𝐹𝛿𝜖𝑅𝛿  

𝜀 𝛽 
𝜇𝑅𝜖𝜇𝛾𝜀∇

𝛼Φ∇𝛽Φ+ 𝑒2Φ𝑐168𝐹
𝛾𝛿𝐹𝜖𝜀𝑅𝛼  

𝜇 𝛽𝛾𝑅𝜖𝜇𝛿𝜀∇
𝛼Φ∇𝛽Φ  

+𝑒2Φ𝑐172𝐹
𝛾𝛿𝐹𝜖𝜀𝑅𝛼𝛾𝜖 

𝜇𝑅𝜀𝜇𝛽𝛿∇
𝛼Φ∇𝛽Φ+ 𝑒2Φ𝑐173𝐹

𝛾𝛿𝐹𝜖𝜀𝑅𝛾 
𝜇 𝛼𝜖𝑅𝜀𝜇𝛽𝛿∇

𝛼Φ∇𝛽Φ  

+𝑒2Φ𝑐175𝐹𝛾𝛿𝐹
𝛾𝛿𝑅𝛼  

𝜖𝜀𝜇𝑅𝜀𝜇𝛽𝜖∇
𝛼Φ∇𝛽Φ+ 𝑒2Φ𝑐177𝐹𝛼 

𝛾𝐹𝛾 
𝛿𝑅𝛽 

𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇
𝛼Φ∇𝛽Φ  

+𝑒2Φ𝑐178𝐹𝛼 
𝛾𝐹𝛽 

𝛿𝑅𝛾  
𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼Φ∇𝛽Φ+ 𝑒2Φ𝑐180𝐹𝛼 
𝛾𝐹𝛽𝛾𝑅

𝛿𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇
𝛼Φ∇𝛽Φ  

 +𝑒2Φ𝑐181𝐹𝛾  
𝜖𝐹𝛾𝛿𝑅𝜀𝜇𝛽𝜖𝑅

𝜀𝜇 𝛼𝛿∇
𝛼Φ∇𝛽Φ+ 𝑒2Φ𝑐182𝐹𝛼 

𝛾𝐹𝛿𝜖𝑅𝜀𝜇𝛿𝜖𝑅
𝜀𝜇 𝛽𝛾∇

𝛼Φ∇𝛽Φ

 +𝑒2Φ𝑐183𝐹𝛼  
𝛾𝐹𝛿𝜖𝑅𝜀𝜇𝛾𝜖𝑅

𝜀𝜇 𝛽𝛿∇
𝛼Φ∇𝛽Φ,

[𝐹4𝑅Φ′2]12 = 𝑒
4Φ𝑐73𝐹𝛽 

𝛿𝐹𝛽𝛾𝐹𝜖  
𝜇𝐹𝜖𝜀𝑅𝛾𝜀𝛿𝜇∇𝛼Φ∇

𝛼Φ+ 𝑒4Φ𝑐74𝐹𝛽𝛾𝐹
𝛽𝛾𝐹𝛿𝜖𝐹𝜀𝜇𝑅𝛿𝜀𝜖𝜇∇𝛼Φ∇

𝛼Φ

 +𝑒4Φ𝑐78𝐹𝛽 
𝛿𝐹𝛽𝛾𝐹𝛾 

𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼Φ∇
𝛼Φ+ 𝑒4Φ𝑐159𝐹𝛾 

𝜖𝐹𝛾𝛿𝐹𝛿 
𝜀𝐹𝜖  

𝜇𝑅𝛼𝜀𝛽𝜇∇
𝛼Φ∇𝛽Φ

 +𝑒4Φ𝑐160𝐹𝛾𝛿𝐹
𝛾𝛿𝐹𝜖  

𝜇𝐹𝜖𝜀𝑅𝛼𝜀𝛽𝜇∇
𝛼Φ∇𝛽Φ+ 𝑒4Φ𝑐161𝐹𝛼  

𝛾𝐹𝛽 
𝛿𝐹𝜖  

𝜇𝐹𝜖𝜀𝑅𝛾𝜀𝛿𝜇∇
𝛼Φ∇𝛽Φ

 +𝑒4Φ𝑐162𝐹𝛼  
𝛾𝐹𝛾 

𝛿𝐹𝜖  
𝜇𝐹𝜖𝜀𝑅𝛿𝜀𝛽𝜇∇

𝛼Φ∇𝛽Φ+ 𝑒4Φ𝑐163𝐹𝛼 
𝛾𝐹𝛽𝛾𝐹

𝛿𝜖𝐹𝜀𝜇𝑅𝛿𝜀𝜖𝜇∇
𝛼Φ∇𝛽Φ

 +𝑒4Φ𝑐170𝐹𝛼  
𝛾𝐹𝛿 

𝜀𝐹𝛿𝜖𝐹𝜖  
𝜇𝑅𝜀𝜇𝛽𝛾∇

𝛼Φ∇𝛽Φ+ 𝑒4Φ𝑐171𝐹𝛼 
𝛾𝐹𝛿𝜖𝐹

𝛿𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛽𝛾∇
𝛼Φ∇𝛽Φ

 +𝑒4Φ𝑐174𝐹𝛼  
𝛾𝐹𝛾 

𝛿𝐹𝛿 
𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛽𝜖∇

𝛼Φ∇𝛽Φ+ 𝑒4Φ𝑐176𝐹𝛼  
𝛾𝐹𝛽 

𝛿𝐹𝛾  
𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼Φ∇𝛽Φ,

[𝐹2𝑅𝐹′2]33 = 𝑒
4Φ𝑐59𝐹𝛾 

𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼𝐹𝛽 
𝛿∇𝛼𝐹𝛽𝛾 + 𝑒4Φ𝑐66𝐹𝛽 

𝜀𝐹𝛿 
𝜇𝑅𝜀𝜇𝛾𝜖∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾

 +𝑒4Φ𝑐67𝐹𝛽𝛿𝐹
𝜀𝜇𝑅𝜀𝜇𝛾𝜖∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾 + 𝑒4Φ𝑐68𝐹𝛽 
𝜀𝐹𝛾  

𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼𝐹
𝛿𝜖∇𝛼𝐹𝛽𝛾

 +𝑒4Φ𝑐69𝐹𝛽𝛾𝐹
𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾 + 𝑒4Φ𝑐120𝐹
𝛿𝜖𝐹𝜀𝜇𝑅𝛿𝜀𝜖𝜇∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼𝛾

 +𝑒4Φ𝑐124𝐹𝜖  
𝜇𝐹𝜖𝜀𝑅𝛾𝜀𝛿𝜇∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 
𝛿 + 𝑒4Φ𝑐125𝐹𝛾 

𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼  

𝛿

 +𝑒4Φ𝑐127𝐹𝜖 
𝜇𝐹𝜖𝜀𝑅𝛿𝜀𝛼𝜇∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛾  
𝛿 + 𝑒4Φ𝑐129𝐹𝜀𝜇𝐹

𝜀𝜇𝑅𝛿𝜖𝛼𝛾∇
𝛼𝐹𝛽𝛾∇𝛽𝐹

𝛿𝜖

 +𝑒4Φ𝑐130𝐹𝛿 
𝜀𝐹𝜀  

𝜇𝑅𝜖𝜇𝛼𝛾∇
𝛼𝐹𝛽𝛾∇𝛽𝐹

𝛿𝜖 + 𝑒4Φ𝑐131𝐹𝛾 
𝜀𝐹𝛿  

𝜇𝑅𝜖𝜇𝛼𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹

𝛿𝜖

 +𝑒4Φ𝑐132𝐹𝛼  
𝜀𝐹𝛿 

𝜇𝑅𝜖𝜇𝛾𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹

𝛿𝜖 + 𝑒4Φ𝑐134𝐹𝛼 
𝜀𝐹𝛿 

𝜇𝑅𝜀𝜇𝛾𝜖∇
𝛼𝐹𝛽𝛾∇𝛽𝐹

𝛿𝜖

 +𝑒4Φ𝑐135𝐹𝛼𝛿𝐹
𝜀𝜇𝑅𝜀𝜇𝛾𝜖∇

𝛼𝐹𝛽𝛾∇𝛽𝐹
𝛿𝜖 + 𝑒4Φ𝑐278𝐹𝜀𝜇𝐹

𝜀𝜇𝑅𝛾𝜖𝛼𝛿∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖

 +𝑒4Φ𝑐279𝐹𝛼 
𝜀𝐹𝜀 

𝜇𝑅𝛿𝜇𝛾𝜖∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 + 𝑒4Φ𝑐280𝐹𝛼  
𝜀𝐹𝜖  

𝜇𝑅𝛿𝜇𝛾𝜀∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖
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+𝑒4Φ𝑐281𝐹𝛾  
𝜀𝐹𝜀  

𝜇𝑅𝜖𝜇𝛼𝛿∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 + 𝑒4Φ𝑐282𝐹𝛼  
𝜀𝐹𝜀  

𝜇𝑅𝜖𝜇𝛾𝛿∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖  

+𝑒4Φ𝑐284𝐹𝛼  
𝜀𝐹𝛾  

𝜇𝑅𝜖𝜇𝛿𝜀∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 + 𝑒4Φ𝑐286𝐹𝛼 
𝜀𝐹𝛿 

𝜇𝑅𝜀𝜇𝛾𝜖∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖  

+𝑒4Φ𝑐287𝐹𝛼𝛿𝐹
𝜀𝜇𝑅𝜀𝜇𝛾𝜖∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 
𝜖 + 𝑒4Φ𝑐304𝐹𝛽 

𝜇𝐹𝜖𝜇𝑅𝛾𝜀𝛼𝛿∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀  

+𝑒4Φ𝑐305𝐹𝛼  
𝜇𝐹𝜖𝜇𝑅𝛿𝜀𝛽𝛾∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀 + 𝑒4Φ𝑐306𝐹𝛼 
𝜇𝐹𝛽𝜇𝑅𝜖𝜀𝛾𝛿∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀  

+𝑒4Φ𝑐307𝐹𝛼𝛿𝐹𝛽 
𝜇𝑅𝜖𝜇𝛾𝜀∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀 + 𝑒4Φ𝑐308𝐹𝛼𝛽𝐹𝛿 
𝜇𝑅𝜖𝜇𝛾𝜀∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀  

+𝑒4Φ𝑐309𝐹𝛼𝛽𝐹𝛾 
𝜇𝑅𝜖𝜇𝛿𝜀∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀 + 𝑒4Φ𝑐311𝐹𝛼𝜖𝐹𝛿 
𝜇𝑅𝜀𝜇𝛽𝛾∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀  

+𝑒4Φ𝑐313𝐹𝛼  
𝜇𝐹𝛽𝜖𝑅𝜀𝜇𝛾𝛿∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀 + 𝑒4Φ𝑐314𝐹𝛼𝜖𝐹𝛽 
𝜇𝑅𝜀𝜇𝛾𝛿∇

𝛼𝐹𝛽𝛾 ∇𝛿𝐹𝜖𝜀

 +𝑒4Φ𝑐315𝐹𝛼𝛽𝐹𝜖 
𝜇𝑅𝜀𝜇𝛾𝛿∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀, 

[𝐹6𝑅]7 = 𝑒
6Φ𝑐6𝐹𝛼 

𝛾𝐹𝛼𝛽𝐹𝛽 
𝛿𝐹𝜖  

𝜇𝐹𝜖𝜀𝐹𝜀  
𝜈𝑅𝛾𝜇𝛿𝜈 + 𝑒

6Φ𝑐7𝐹𝛼  
𝛾𝐹𝛼𝛽𝐹𝛽 

𝛿𝐹𝛾 
𝜖𝐹𝜀 

𝜈𝐹𝜀𝜇𝑅𝛿𝜇𝜖𝜈

 +𝑒6Φ𝑐8𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾 

𝜖𝐹𝛾𝛿𝐹𝜀  
𝜈𝐹𝜀𝜇𝑅𝛿𝜇𝜖𝜈 + 𝑒

6Φ𝑐9𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛽 

𝛿𝐹𝛾𝛿𝐹
𝜖𝜀𝐹𝜇𝜈𝑅𝜖𝜇𝜀𝜈

 +𝑒6Φ𝑐10𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾𝛿𝐹

𝛾𝛿𝐹𝜖𝜀𝐹𝜇𝜈𝑅𝜖𝜇𝜀𝜈 + 𝑒
6Φ𝑐24𝐹𝛼 

𝛾𝐹𝛼𝛽𝐹𝛽 
𝛿𝐹𝛾 

𝜖𝐹𝛿 
𝜀𝐹𝜇𝜈𝑅𝜇𝜈𝜖𝜀

 +𝑒6Φ𝑐25𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾  

𝜖𝐹𝛾𝛿𝐹𝛿  
𝜀𝐹𝜇𝜈𝑅𝜇𝜈𝜖𝜀, 

[𝐹6Φ′′]4 = 𝑒
6Φ𝑐83𝐹𝛼  

𝛾𝐹𝛽 
𝛿𝐹𝛾  

𝜖𝐹𝛿 
𝜀𝐹𝜖 

𝜇𝐹𝜀𝜇∇
𝛼∇𝛽Φ+ 𝑒6Φ𝑐84𝐹𝛼 

𝛾𝐹𝛽𝛾𝐹𝛿  
𝜀𝐹𝛿𝜖𝐹𝜖  

𝜇𝐹𝜀𝜇∇
𝛼∇𝛽Φ

 +𝑒6Φ𝑐85𝐹𝛼 
𝛾𝐹𝛽 

𝛿𝐹𝛾 
𝜖𝐹𝛿𝜖𝐹𝜀𝜇𝐹

𝜀𝜇∇𝛼∇𝛽Φ+ 𝑒6Φ𝑐86𝐹𝛼  
𝛾𝐹𝛽𝛾𝐹𝛿𝜖𝐹

𝛿𝜖𝐹𝜀𝜇𝐹
𝜀𝜇∇𝛼∇𝛽Φ,

[𝐹6Φ′2]1 = 𝑒
6Φ𝑐158𝐹𝛼

𝛾
𝐹𝛽𝛾𝐹𝛿𝜖𝐹

𝛿𝜖𝐹𝜀𝜇𝐹
𝜀𝜇∇𝛼Φ∇𝛽Φ,

[𝐹4Φ′2Φ′′]2 = 𝑒
4Φ𝑐239𝐹𝛼𝛾𝐹𝛽 

𝜖𝐹𝛿 
𝜀𝐹𝜖𝜀∇

𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑒4Φ𝑐240𝐹𝛼𝛾𝐹𝛽𝛿𝐹𝜖𝜀𝐹
𝜖𝜀∇𝛼Φ∇𝛽Φ∇𝛾∇𝛿Φ,

[𝐹𝑅2𝐹′Φ′]15 = 𝑒
2Φ𝑐72𝐹𝛽 

𝛿𝑅𝛾  
𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇𝛼𝐹

𝛽𝛾∇𝛼Φ+ 𝑒2Φ𝑐143𝐹𝛽 
𝛿𝑅𝛾  

𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇
𝛼Φ∇𝛽𝐹𝛼  

𝛾

 +𝑒2Φ𝑐144𝐹𝛽𝛾𝑅
𝛿𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼Φ∇𝛽𝐹𝛼  
𝛾 + 𝑒2Φ𝑐145𝐹

𝛿𝜖𝑅𝜀𝜇𝛿𝜖𝑅
𝜀𝜇 𝛽𝛾∇

𝛼Φ∇𝛽𝐹𝛼 
𝛾

 +𝑒2Φ𝑐146𝐹
𝛿𝜖𝑅𝜀𝜇𝛾𝜖𝑅

𝜀𝜇 𝛽𝛿∇
𝛼Φ∇𝛽𝐹𝛼 

𝛾 + 𝑒2Φ𝑐147𝐹
𝜖𝜀𝑅𝛽 

𝜇 𝛼𝛾𝑅𝜖𝜇𝛿𝜀∇
𝛼Φ∇𝛽𝐹𝛾𝛿

 +𝑒2Φ𝑐148𝐹𝛼  
𝜖𝑅𝛾 

𝜀  𝛽 
𝜇𝑅𝜖𝜇𝛿𝜀∇

𝛼Φ∇𝛽𝐹𝛾𝛿 + 𝑒2Φ𝑐149𝐹
𝜖𝜀𝑅𝛾  

𝜇 𝛼𝛽𝑅𝜖𝜇𝛿𝜀∇
𝛼Φ∇𝛽𝐹𝛾𝛿

 +𝑒2Φ𝑐150𝐹
𝜖𝜀𝑅𝛾 

𝜇 𝛽𝜖𝑅𝜀𝜇𝛼𝛿∇
𝛼Φ∇𝛽𝐹𝛾𝛿 + 𝑒2Φ𝑐151𝐹

𝜖𝜀𝑅𝛽 
𝜇 𝛼𝜖𝑅𝜀𝜇𝛾𝛿∇

𝛼Φ∇𝛽𝐹𝛾𝛿

 +𝑒2Φ𝑐152𝐹
𝜖𝜀𝑅𝜖 

𝜇 𝛼𝛽𝑅𝜀𝜇𝛾𝛿∇
𝛼Φ∇𝛽𝐹𝛾𝛿 + 𝑒2Φ𝑐153𝐹𝛼𝛾𝑅𝛽 

𝜖𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇
𝛼Φ∇𝛽𝐹𝛾𝛿

 +𝑒2Φ𝑐154𝐹𝛾  
𝜖𝑅𝜀𝜇𝛽𝜖𝑅

𝜀𝜇 𝛼𝛿∇
𝛼Φ∇𝛽𝐹𝛾𝛿 + 𝑒2Φ𝑐155𝐹𝛽  

𝜖𝑅𝜀𝜇𝛾𝛿𝑅
𝜀𝜇 𝛼𝜖∇

𝛼Φ∇𝛽𝐹𝛾𝛿

 +𝑒2Φ𝑐156𝐹𝛼  
𝜖𝑅𝜀𝜇𝛾𝛿𝑅

𝜀𝜇 𝛽𝜖∇
𝛼Φ∇𝛽𝐹𝛾𝛿, 

[𝐹4Φ′4]5 = 𝑒
4Φ𝑐189𝐹𝛾 

𝜖𝐹𝛾𝛿𝐹𝛿 
𝜀𝐹𝜖𝜀∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇
𝛽Φ+ 𝑒4Φ𝑐190𝐹𝛾𝛿𝐹

𝛾𝛿𝐹𝜖𝜀𝐹
𝜖𝜀∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇
𝛽Φ

 +𝑒4Φ𝑐219𝐹𝛽 
𝛿𝐹𝛾 

𝜖𝐹𝛿 
𝜀𝐹𝜖𝜀∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾Φ+ 𝑒4Φ𝑐220𝐹𝛽 
𝛿𝐹𝛾𝛿𝐹𝜖𝜀𝐹

𝜖𝜀∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇𝛾Φ

 +𝑒4Φ𝑐326𝐹𝛼 
𝜖𝐹𝛽𝜖𝐹𝛾 

𝜀𝐹𝛿𝜀∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿Φ,

[𝐹2𝑅Φ′4]4 = 𝑒
2Φ𝑐191𝐹

𝛾𝛿𝐹𝜖𝜀𝑅𝛾𝜖𝛿𝜀∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇

𝛽Φ+ 𝑒2Φ𝑐221𝐹𝛿 
𝜀𝐹𝛿𝜖𝑅𝛽𝜖𝛾𝜀∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾Φ

 +𝑒2Φ𝑐222𝐹𝛽 
𝛿𝐹𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾Φ+ 𝑒2Φ𝑐327𝐹𝛼 
𝜖𝐹𝛽 

𝜀𝑅𝛾𝜖𝛿𝜀∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿Φ,
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[𝐹𝑅Φ′3𝐹′]10 = 𝑒
2Φ𝑐208𝐹

𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛽 

𝛿 + 𝑒2Φ𝑐211𝐹𝛾 
𝜀𝑅𝛿𝜀𝛽𝜖∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛿𝜖

+𝑒2Φ𝑐212𝐹𝛽 
𝜀𝑅𝛿𝜀𝛾𝜖∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛿𝜖 + 𝑒2Φ𝑐213𝐹𝛿 
𝜀𝑅𝜖𝜀𝛽𝛾∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛿𝜖  

+𝑒2Φ𝑐216𝐹
𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼𝐹𝛽 

𝛿∇𝛼Φ∇𝛽Φ∇𝛾Φ+ 𝑒2Φ𝑐218𝐹𝛿 
𝜀𝑅𝛽𝜀𝛾𝜖∇𝛼𝐹

𝛿𝜖∇𝛼Φ∇𝛽Φ∇𝛾Φ  

+𝑒2Φ𝑐269𝐹𝛿  
𝜀𝑅𝛽𝜀𝛾𝜖∇

𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿𝐹𝛼  
𝜖 + 𝑒2Φ𝑐270𝐹𝛽 

𝜀𝑅𝛿𝜀𝛾𝜖∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿𝐹𝛼  

𝜖  

+𝑒2Φ𝑐271𝐹𝛽 
𝜀𝑅𝜖𝜀𝛾𝛿∇

𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿𝐹𝛼 
𝜖 + 𝑒2Φ𝑐322𝐹𝛼𝜖𝑅𝛽𝜀𝛾𝛿∇

𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿𝐹𝜖𝜀,  

[𝐹4𝑅Φ′′]9 = 𝑒
4Φ𝑐87𝐹𝛾 

𝜖𝐹𝛾𝛿𝐹𝛿 
𝜀𝐹𝜖  

𝜇𝑅𝛼𝜀𝛽𝜇∇
𝛼∇𝛽Φ+ 𝑒4Φ𝑐88𝐹𝛾𝛿𝐹

𝛾𝛿𝐹𝜖  
𝜇𝐹𝜖𝜀𝑅𝛼𝜀𝛽𝜇∇

𝛼∇𝛽Φ

+𝑒4Φ𝑐89𝐹𝛼 
𝛾𝐹𝛽 

𝛿𝐹𝜖  
𝜇𝐹𝜖𝜀𝑅𝛾𝜀𝛿𝜇∇

𝛼∇𝛽Φ+ 𝑒4Φ𝑐90𝐹𝛼 
𝛾𝐹𝛾 

𝛿𝐹𝜖  
𝜇𝐹𝜖𝜀𝑅𝛿𝜀𝛽𝜇∇

𝛼∇𝛽Φ  

+𝑒4Φ𝑐91𝐹𝛼 
𝛾𝐹𝛽𝛾𝐹

𝛿𝜖𝐹𝜀𝜇𝑅𝛿𝜀𝜖𝜇∇
𝛼∇𝛽Φ+ 𝑒4Φ𝑐98𝐹𝛼 

𝛾𝐹𝛿 
𝜀𝐹𝛿𝜖𝐹𝜖 

𝜇𝑅𝜀𝜇𝛽𝛾∇
𝛼∇𝛽Φ  

+𝑒4Φ𝑐99𝐹𝛼 
𝛾𝐹𝛿𝜖𝐹

𝛿𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛽𝛾∇
𝛼∇𝛽Φ+ 𝑒4Φ𝑐102𝐹𝛼 

𝛾𝐹𝛾 
𝛿𝐹𝛿  

𝜖  

 +𝑒4Φ𝑐104𝐹𝛼  
𝛾𝐹𝛽 

𝛿𝐹𝛾  
𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼∇𝛽Φ,𝐹𝜀𝜇𝑅𝜀𝜇𝛽𝜖∇
𝛼∇𝛽Φ

[𝐹2Φ′6]2 = 𝑒
2Φ𝑐224𝐹𝛿𝜖𝐹

𝛿𝜖∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇

𝛽Φ∇𝛾Φ∇
𝛾Φ+ 𝑒2Φ𝑐330𝐹𝛾 

𝜖𝐹𝛿𝜖∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇

𝛽Φ∇𝛾Φ∇𝛿Φ,

[𝐹4Φ′′2]8 = 𝑒
4Φ𝑐113𝐹𝛽  

𝛿𝐹𝛾 
𝜖𝐹𝛿  

𝜀𝐹𝜖𝜀∇𝛼∇
𝛾Φ∇𝛼∇𝛽Φ+ 𝑒4Φ𝑐114𝐹𝛽 

𝛿𝐹𝛾𝛿𝐹𝜖𝜀𝐹
𝜖𝜀∇𝛼∇

𝛾Φ∇𝛼∇𝛽Φ

 +𝑒4Φ𝑐137𝐹𝛾  
𝜖𝐹𝛾𝛿𝐹𝛿  

𝜀𝐹𝜖𝜀∇
𝛼∇𝛽Φ∇𝛽∇𝛼Φ+ 𝑒

4Φ𝑐138𝐹𝛾𝛿𝐹
𝛾𝛿𝐹𝜖𝜀𝐹

𝜖𝜀∇𝛼∇𝛽Φ∇𝛽∇𝛼Φ

 +𝑒4Φ𝑐226𝐹𝛼 
𝜖𝐹𝛽 

𝜀𝐹𝛾𝜖𝐹𝛿𝜀∇
𝛼∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑒4Φ𝑐227𝐹𝛼 

𝜖𝐹𝛽𝜖𝐹𝛾  
𝜀𝐹𝛿𝜀∇

𝛼∇𝛽Φ∇𝛾∇𝛿Φ

 +𝑒4Φ𝑐228𝐹𝛼𝛾𝐹𝛽 
𝜖𝐹𝛿 

𝜀𝐹𝜖𝜀∇
𝛼∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑒4Φ𝑐229𝐹𝛼𝛾𝐹𝛽𝛿𝐹𝜖𝜀𝐹

𝜖𝜀∇𝛼∇𝛽Φ∇𝛾∇𝛿Φ,

[𝐹2𝑅Φ′′2]9 = 𝑒
2Φ𝑐115𝐹𝛿  

𝜀𝐹𝛿𝜖𝑅𝛽𝜖𝛾𝜀∇𝛼∇
𝛾Φ∇𝛼∇𝛽Φ+ 𝑒2Φ𝑐116𝐹𝛽 

𝛿𝐹𝜖𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼∇
𝛾Φ∇𝛼∇𝛽Φ

 +𝑒2Φ𝑐139𝐹
𝛾𝛿𝐹𝜖𝜀𝑅𝛾𝜖𝛿𝜀∇

𝛼∇𝛽Φ∇𝛽∇𝛼Φ+ 𝑒
2Φ𝑐230𝐹𝜖𝜀𝐹

𝜖𝜀𝑅𝛼𝛾𝛽𝛿∇
𝛼∇𝛽Φ∇𝛾∇𝛿Φ

 +𝑒2Φ𝑐231𝐹𝛼 
𝜖𝐹𝛾 

𝜀𝑅𝛽𝜀𝛿𝜖∇
𝛼∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑒2Φ𝑐232𝐹𝛼 

𝜖𝐹𝛽 
𝜀𝑅𝛾𝜖𝛿𝜀∇

𝛼∇𝛽Φ∇𝛾∇𝛿Φ

 +𝑒2Φ𝑐233𝐹𝛼 
𝜖𝐹𝜖 

𝜀𝑅𝛾𝜀𝛽𝛿∇
𝛼∇𝛽Φ∇𝛾∇𝛿Φ+ 𝑒2Φ𝑐236𝐹𝛼 

𝜖𝐹𝛾 
𝜀𝑅𝜖𝜀𝛽𝛿∇

𝛼∇𝛽Φ∇𝛾∇𝛿Φ

 +𝑒2Φ𝑐237𝐹𝛼𝛾𝐹
𝜖𝜀𝑅𝜖𝜀𝛽𝛿∇

𝛼∇𝛽Φ∇𝛾∇𝛿Φ,

[𝐹2𝐹′2Φ′′]21 = 𝑒
4Φ𝑐136𝐹𝛾𝛿𝐹𝜖𝜀∇𝛼∇

𝜀Φ∇𝛼𝐹𝛽𝛾∇𝛽𝐹
𝛿𝜖 + 𝑒4Φ𝑐141𝐹𝛾𝛿𝐹𝜖𝜀∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾∇𝛽∇
𝜀Φ

 +𝑒4Φ𝑐200𝐹𝛿  
𝜀𝐹𝜖𝜀∇𝛼𝐹𝛽 

𝛿∇𝛼𝐹𝛽𝛾∇𝛾∇
𝜖Φ+ 𝑒4Φ𝑐201𝐹𝛿  

𝜀𝐹𝜖𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 

𝛿∇𝛾∇
𝜖Φ

 +𝑒4Φ𝑐256𝐹𝛾 
𝜀𝐹𝜖𝜀∇

𝛼𝐹𝛽𝛾∇𝛽𝐹
𝛿𝜖∇𝛿∇𝛼Φ+ 𝑒

4Φ𝑐257𝐹𝛾 
𝜀𝐹𝜖𝜀∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾∇𝛿∇𝛽Φ

 +𝑒4Φ𝑐259𝐹𝜖𝜀𝐹
𝜖𝜀∇𝛼𝐹𝛽 

𝛿∇𝛼𝐹𝛽𝛾∇𝛿∇𝛾Φ+ 𝑒
4Φ𝑐260𝐹𝜖𝜀𝐹

𝜖𝜀∇𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 
𝛿∇𝛿∇𝛾Φ

 +𝑒4Φ𝑐265𝐹𝛼𝛾𝐹𝜖𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹

𝛿𝜖∇𝛿∇
𝜀Φ+ 𝑒4Φ𝑐289𝐹𝛾𝜀𝐹𝛿𝜖∇𝛼∇

𝜀Φ∇𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 
𝜖

 +𝑒4Φ𝑐290𝐹𝛾𝛿𝐹𝜖𝜀∇𝛼∇
𝜀Φ∇𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 + 𝑒4Φ𝑐293𝐹𝛿  
𝜀𝐹𝜖𝜀∇

𝛼𝐹𝛽𝛾∇𝛾∇𝛼Φ∇
𝛿𝐹𝛽 

𝜖

 +𝑒4Φ𝑐294𝐹𝛼𝛿𝐹𝜖𝜀∇
𝛼𝐹𝛽𝛾∇𝛾∇

𝜀Φ∇𝛿𝐹𝛽 
𝜖 + 𝑒4Φ𝑐297𝐹𝛾 

𝜀𝐹𝜖𝜀∇
𝛼𝐹𝛽𝛾∇𝛿∇𝛼Φ∇

𝛿𝐹𝛽 
𝜖

 +𝑒4Φ𝑐318𝐹𝛾𝛿𝐹𝜖𝜀∇
𝛼𝐹𝛽𝛾∇𝛽∇𝛼Φ∇

𝛿𝐹𝜖𝜀 + 𝑒4Φ𝑐324𝐹𝛽𝜖𝐹𝛾𝜀∇
𝛼𝐹𝛽𝛾∇𝛿∇𝛼Φ∇

𝛿𝐹𝜖𝜀

 +𝑒4Φ𝑐325𝐹𝛽𝛾𝐹𝜖𝜀∇
𝛼𝐹𝛽𝛾∇𝛿∇𝛼Φ∇

𝛿𝐹𝜖𝜀 + 𝑒4Φ𝑐336𝐹𝛿  
𝜀𝐹𝜖𝜀∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼𝛾∇
𝛿∇𝜖Φ

 +𝑒4Φ𝑐345𝐹𝛼𝛿𝐹𝛾𝜀∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀∇𝜖∇𝛽Φ+ 𝑒

4Φ𝑐371𝐹𝛾𝜖𝐹𝛿𝜀∇𝛼𝐹𝛽 
𝛿∇𝛼𝐹𝛽𝛾∇𝜖∇𝜀Φ

 +𝑒4Φ𝑐372𝐹𝛾𝜖𝐹𝛿𝜀∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 

𝛿∇𝜖∇𝜀Φ, 
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[𝐹3𝑅Φ′𝐹′]1 = 𝑒
4Φ𝑐142𝐹𝛽 

𝛿𝐹𝛾 
𝜖𝐹𝜀𝜇𝑅𝜀𝜇𝛿𝜖∇

𝛼Φ∇𝛽𝐹𝛼 
𝛾 ,

[𝐹𝑅Φ′′Φ′𝐹′]2 = 𝑒
2Φ𝑐157𝐹𝛽 

𝜀𝑅𝜖𝜀𝛾𝛿∇𝛼∇
𝜖Φ∇𝛼Φ∇𝛽𝐹𝛾𝛿 + 𝑒2Φ𝑐337𝐹𝛿 

𝜀𝑅𝜖𝜀𝛽𝛾∇
𝛼Φ∇𝛽𝐹𝛼 

𝛾∇𝛿∇𝜖Φ,

[𝐹2Φ′′2Φ′2]4 = 𝑒
2Φ𝑐194𝐹𝛾 

𝜖𝐹𝛿𝜖∇𝛼∇
𝛾Φ∇𝛼Φ∇𝛽∇

𝛿Φ∇𝛽Φ+ 𝑒2Φ𝑐199𝐹𝛿𝜖𝐹
𝛿𝜖∇𝛼∇

𝛾Φ∇𝛼Φ∇𝛽Φ∇𝛾∇𝛽Φ

 +𝑒2Φ𝑐248𝐹𝛾  
𝜖𝐹𝛿𝜖∇

𝛼Φ∇𝛽∇𝛼Φ∇
𝛽Φ∇𝛾∇𝛿Φ+ 𝑒2Φ𝑐338𝐹𝛽𝛿𝐹𝛾𝜖∇𝛼∇

𝛾Φ∇𝛼Φ∇𝛽Φ∇𝛿∇𝜖Φ,

[𝐹2Φ′2𝐹′2]17 = 𝑒
4Φ𝑐195𝐹𝜖𝜀𝐹

𝜖𝜀∇𝛼Φ∇
𝛼Φ∇𝛽𝐹𝛾𝛿∇𝛾𝐹𝛽𝛿 + 𝑒

4Φ𝑐196𝐹𝛿 
𝜀𝐹𝜖𝜀∇𝛼Φ∇

𝛼Φ∇𝛽𝐹𝛾𝛿∇𝛾𝐹𝛽 
𝜖

 +𝑒4Φ𝑐197𝐹𝛿 
𝜀𝐹𝜖𝜀∇𝛼𝐹

𝛾𝛿∇𝛼Φ∇𝛽Φ∇𝛾𝐹𝛽 
𝜖 + 𝑒4Φ𝑐203𝐹𝜖𝜀𝐹

𝜖𝜀∇𝛼Φ∇𝛽Φ∇𝛾𝐹𝛽𝛿∇
𝛾𝐹𝛼  

𝛿

 +𝑒4Φ𝑐204𝐹𝛿 
𝜀𝐹𝜖𝜀∇

𝛼Φ∇𝛽Φ∇ 𝛾𝐹𝛽 
𝜖∇𝛾𝐹𝛼 

𝛿 + 𝑒4Φ𝑐205𝐹𝛽𝜖𝐹𝛿𝜀∇
𝛼Φ∇𝛽Φ∇𝛾𝐹

𝜖𝜀∇𝛾𝐹𝛼 
𝛿

 +𝑒4Φ𝑐250𝐹𝜖𝜀𝐹
𝜖𝜀∇𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼 

𝛿∇𝛿𝐹𝛽𝛾 + 𝑒
4Φ𝑐252𝐹𝛽 

𝜀𝐹𝜖𝜀∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼 

𝛿∇𝛿𝐹𝛾 
𝜖

 +𝑒4Φ𝑐298𝐹𝛿 
𝜀𝐹𝜖𝜀∇𝛼𝐹𝛽 

𝛾∇𝛼Φ∇𝛽Φ∇𝛿𝐹𝛾  
𝜖 + 𝑒4Φ𝑐320𝐹𝛾𝛿𝐹𝜖𝜀∇𝛼𝐹𝛽 

𝛾∇𝛼Φ∇𝛽Φ∇𝛿𝐹𝜖𝜀

 +𝑒4Φ𝑐356𝐹𝛿 
𝜀𝐹𝜖𝜀∇𝛼𝐹

𝛾𝛿∇𝛼Φ∇𝛽Φ∇𝜖𝐹𝛽𝛾 + 𝑒
4Φ𝑐358𝐹𝛾𝜖𝐹𝛿𝜀∇𝛼𝐹

𝛾𝛿∇𝛼Φ∇𝛽Φ∇𝜖𝐹𝛽 
𝜀

 +𝑒4Φ𝑐360𝐹𝛾𝜖𝐹𝛿𝜀∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼  

𝛿∇𝜖𝐹𝛽 
𝜀 + 𝑒4Φ𝑐361𝐹𝛾𝛿𝐹𝜖𝜀∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼 
𝛿∇𝜖𝐹𝛽 

𝜀

 +𝑒4Φ𝑐363𝐹𝛽 
𝜀𝐹𝜖𝜀∇

𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼 
𝛿∇𝜖𝐹𝛾𝛿 + 𝑒

4Φ𝑐367𝐹𝛽𝜖𝐹𝛿𝜀∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼 

𝛿∇𝜖𝐹𝛾  
𝜀

 +𝑒4Φ𝑐368𝐹𝛽𝛿𝐹𝜖𝜀∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛼 

𝛿∇𝜖𝐹𝛾 
𝜀, 

[𝐹𝐹′Φ′Φ′′2]1 = 𝑒
2Φ𝑐202𝐹𝛿𝜖∇

𝛼Φ∇𝛽∇𝛼Φ∇
𝛽𝐹𝛾𝛿∇𝛾∇

𝜖Φ,

[𝐹𝐹′Φ′3Φ′′]5 = 𝑒
2Φ𝑐225𝐹𝛿𝜖∇𝛼𝐹𝛽 

𝛿∇𝛼Φ∇𝛽Φ∇𝛾∇
𝜖Φ∇𝛾Φ+ 𝑒2Φ𝑐258𝐹𝛾𝜖∇𝛼𝐹

𝛿𝜖∇𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿∇𝛽Φ

 +𝑒2Φ𝑐264𝐹𝛾𝜖∇𝛼𝐹𝛽 
𝛿∇𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿∇

𝜖Φ+ 𝑒2Φ𝑐272𝐹𝛿𝜖∇
𝛼Φ∇𝛽Φ∇𝛾∇𝛽Φ∇

𝛾Φ∇𝛿𝐹𝛼 
𝜖

 +𝑒2Φ𝑐273𝐹𝛾𝜖∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿∇𝛽Φ∇

𝛿𝐹𝛼 
𝜖, 

[𝑅Φ′2Φ′′2]2 = 𝑐249𝑅𝛼𝛿𝛽𝜖∇
𝛼Φ∇𝛽Φ∇𝛾∇

𝜖Φ∇𝛾∇𝛿Φ+ 𝑐339𝑅𝛾𝛿𝛽𝜖∇𝛼∇
𝛾Φ∇𝛼Φ∇𝛽Φ∇𝛿∇𝜖Φ,

[Φ′4𝐹′2]4 = 𝑒
2Φ𝑐251∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇
𝛽Φ∇𝛾𝐹𝛿𝜖∇𝛿𝐹𝛾𝜖 + 𝑒

2Φ𝑐296∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿𝐹𝛾𝜖∇

𝛿𝐹𝛽 
𝜖

 +𝑒2Φ𝑐332∇𝛼𝐹𝛽 
𝜖∇𝛼Φ∇𝛽Φ∇𝛾𝐹𝛿𝜖∇

𝛾Φ∇𝛿Φ+ 𝑒2Φ𝑐343∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿𝐹𝛽 

𝜖∇𝜖𝐹𝛾𝛿, 

[Φ′′4]2 = 𝑐261∇𝛼∇
𝛾Φ∇𝛼∇𝛽Φ∇𝛽∇

𝛿Φ∇𝛿∇𝛾Φ+ 𝑐263∇
𝛼∇𝛽Φ∇𝛽∇𝛼Φ∇

𝛾∇𝛿Φ∇𝛿∇𝛾Φ,

[𝐹𝐹′Φ′5]2 = 𝑒
2Φ𝑐299𝐹𝛿𝜖∇𝛼Φ∇

𝛼Φ∇𝛽Φ∇
𝛽Φ∇𝛾Φ∇𝛿𝐹𝛾  

𝜖 + 𝑒2Φ𝑐329𝐹𝛿𝜖∇𝛼Φ∇
𝛼Φ∇𝛽𝐹𝛾  

𝜖∇𝛽Φ∇𝛾Φ∇𝛿Φ,

[𝐹2Φ′4Φ′′]2 = 𝑒
2Φ𝑐331𝐹𝛾 

𝜖𝐹𝛿𝜖∇
𝛼Φ∇𝛽∇𝛼Φ∇

𝛽Φ∇𝛾Φ∇𝛿Φ+ 𝑒2Φ𝑐340𝐹𝛽𝛿𝐹𝛾𝜖∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿∇𝜖Φ,
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[𝑅Φ′′3]1 = 𝑐335𝑅𝛽𝛿𝛾𝜖∇𝛼∇
𝛾Φ∇𝛼∇𝛽Φ∇𝛿∇𝜖Φ,

[𝑅Φ′4Φ′′]1 = 𝑐341𝑅𝛽𝛿𝛾𝜖∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇𝛾Φ∇𝛿∇𝜖Φ,

[𝐹′2Φ′′2]6 = 𝑒
2Φ𝑐347∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾∇𝛿∇𝛽Φ∇𝜖∇𝛾Φ+ 𝑒
2Φ𝑐348∇

𝛼𝐹𝛽𝛾∇𝛿∇𝛼Φ∇
𝛿𝐹𝛽 

𝜖∇𝜖∇𝛾Φ

 +𝑒2Φ𝑐350∇𝛼𝐹𝛽  
𝛿∇𝛼𝐹𝛽𝛾∇𝛾∇

𝜖Φ∇𝜖∇𝛿Φ+ 𝑒
2Φ𝑐351∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 
𝛿∇𝛾∇

𝜖Φ∇𝜖∇𝛿Φ

 +𝑒2Φ𝑐353∇
𝛼𝐹𝛽𝛾∇𝛾∇𝛼Φ∇

𝛿𝐹𝛽 
𝜖∇𝜖∇𝛿Φ+ 𝑒

2Φ𝑐355∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼𝛾∇

𝛿∇𝜖Φ∇𝜖∇𝛿Φ, 

[𝐹′2Φ′2Φ′′]4 = 𝑒
2Φ𝑐349∇𝛼𝐹

𝛾𝛿∇𝛼Φ∇𝛽Φ∇𝛾𝐹𝛽 
𝜖∇𝜖∇𝛿Φ+ 𝑒

2Φ𝑐352∇
𝛼Φ∇𝛽Φ∇𝛾𝐹𝛽  

𝜖∇𝛾𝐹𝛼  
𝛿∇𝜖∇𝛿Φ

 +𝑒2Φ𝑐354∇𝛼𝐹𝛽 
𝛾∇𝛼Φ∇𝛽Φ∇𝛿𝐹𝛾 

𝜖∇𝜖∇𝛿Φ+ 𝑒
2Φ𝑐357∇𝛼𝐹

𝛾𝛿∇𝛼Φ∇𝛽Φ∇𝜖∇𝛿Φ∇
𝜖𝐹𝛽𝛾, 

[𝐹𝐹′3Φ′]1 = 𝑒
4Φ𝑐377𝐹𝜖𝜀∇

𝛼Φ∇𝛽𝐹𝛼 
𝛾∇𝛿𝐹𝛽 

𝜖∇𝜀𝐹𝛾𝛿 ,

[Φ′4Φ′′2]2 = 𝑐262∇𝛼Φ∇
𝛼Φ∇𝛽∇

𝛿Φ∇𝛽Φ∇𝛾Φ∇𝛿∇𝛾Φ+ 𝑐334∇
𝛼Φ∇𝛽∇𝛼Φ∇

𝛽Φ∇𝛾Φ∇𝛿∇𝛾Φ∇
𝛿Φ,

[Φ′6Φ′′]1 = 𝑐333∇𝛼Φ∇
𝛼Φ∇𝛽Φ∇

𝛽Φ∇𝛾Φ∇
𝛾Φ∇𝛿Φ∇

𝛿Φ,

[𝐹8]5 = 𝑒
8Φ𝑐1𝐹𝛼 

𝛾𝐹𝛼𝛽𝐹𝛽 
𝛿𝐹𝛾  

𝜖𝐹𝛿 
𝜀𝐹𝜖  

𝜇𝐹𝜀  
𝜈𝐹𝜇𝜈 + 𝑒

8Φ𝑐2𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾 

𝜖𝐹𝛾𝛿𝐹𝛿 
𝜀𝐹𝜖 

𝜇𝐹𝜀  
𝜈𝐹𝜇𝜈

 +𝑒8Φ𝑐3𝐹𝛼 
𝛾𝐹𝛼𝛽𝐹𝛽 

𝛿𝐹𝛾𝛿𝐹𝜖 
𝜇𝐹𝜖𝜀𝐹𝜀 

𝜈𝐹𝜇𝜈 + 𝑒
8Φ𝑐4𝐹𝛼𝛽𝐹

𝛼𝛽𝐹𝛾𝛿𝐹
𝛾𝛿𝐹𝜖  

𝜇𝐹𝜖𝜀𝐹𝜀 
𝜈𝐹𝜇𝜈

 +𝑒8Φ𝑐5𝐹𝛼𝛽𝐹
𝛼𝛽𝐹𝛾𝛿𝐹

𝛾𝛿𝐹𝜖𝜀𝐹
𝜖𝜀𝐹𝜇𝜈𝐹

𝜇𝜈, 

[𝐹4𝐹2]20 = 𝑒
6Φ𝑐57𝐹𝛾  

𝜖𝐹𝛿 
𝜀𝐹𝜖 

𝜇𝐹𝜀𝜇∇𝛼𝐹𝛽 
𝛿∇𝛼𝐹𝛽𝛾 + 𝑒6Φ𝑐58𝐹𝛾  

𝜖𝐹𝛿𝜖𝐹𝜀𝜇𝐹
𝜀𝜇∇𝛼𝐹𝛽 

𝛿∇𝛼𝐹𝛽𝛾

 +𝑒6Φ𝑐61𝐹𝛽 
𝜀𝐹𝛾 

𝜇𝐹𝛿𝜀𝐹𝜖𝜇∇𝛼𝐹
𝛿𝜖∇𝛼𝐹𝛽𝛾 + 𝑒6Φ𝑐62𝐹𝛽𝛿𝐹𝛾 

𝜀𝐹𝜖  
𝜇𝐹𝜀𝜇∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾

 +𝑒6Φ𝑐63𝐹𝛽𝛾𝐹𝛿  
𝜀𝐹𝜖  

𝜇𝐹𝜀𝜇∇𝛼𝐹
𝛿𝜖∇𝛼𝐹𝛽𝛾 + 𝑒6Φ𝑐64𝐹𝛽𝛿𝐹𝛾𝜖𝐹𝜀𝜇𝐹

𝜀𝜇∇𝛼𝐹
𝛿𝜖∇𝛼𝐹𝛽𝛾

 +𝑒6Φ𝑐65𝐹𝛽𝛾𝐹𝛿𝜖𝐹𝜀𝜇𝐹
𝜀𝜇∇𝛼𝐹

𝛿𝜖∇𝛼𝐹𝛽𝛾 + 𝑒6Φ𝑐118𝐹𝛿
𝜀𝐹𝛿𝜖𝐹𝜖

𝜇
𝐹𝜀𝜇∇

𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼𝛾

 +𝑒6Φ𝑐119𝐹𝛿𝜖𝐹
𝛿𝜖𝐹𝜀𝜇𝐹

𝜀𝜇∇𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼𝛾 + 𝑒
6Φ𝑐122𝐹𝛾 

𝜖𝐹𝛿 
𝜀𝐹𝜖 

𝜇𝐹𝜀𝜇∇
𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼  

𝛿

 +𝑒6Φ𝑐123𝐹𝛾 
𝜖𝐹𝛿𝜖𝐹𝜀𝜇𝐹

𝜀𝜇∇𝛼𝐹𝛽𝛾∇𝛽𝐹𝛼 
𝛿 + 𝑒6Φ𝑐128𝐹𝛼𝛿𝐹𝛾 

𝜀𝐹𝜖  
𝜇𝐹𝜀𝜇∇

𝛼𝐹𝛽𝛾∇𝛽𝐹
𝛿𝜖

 +𝑒6Φ𝑐274𝐹𝛼 
𝜀𝐹𝛾 

𝜇𝐹𝛿𝜀𝐹𝜖𝜇∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 + 𝑒6Φ𝑐275𝐹𝛼 
𝜀𝐹𝛾𝜀𝐹𝛿 

𝜇𝐹𝜖𝜇∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖

 +𝑒6Φ𝑐276𝐹𝛼𝛿𝐹𝛾  
𝜀𝐹𝜖  

𝜇𝐹𝜀𝜇∇
𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖 + 𝑒6Φ𝑐277𝐹𝛼𝛿𝐹𝛾𝜖𝐹𝜀𝜇𝐹
𝜀𝜇∇𝛼𝐹𝛽𝛾∇𝛿𝐹𝛽 

𝜖

 +𝑒6Φ𝑐300𝐹𝛼𝜖𝐹𝛽𝛿𝐹𝛾  
𝜇𝐹𝜀𝜇∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀 + 𝑒6Φ𝑐301𝐹𝛼𝛿𝐹𝛽𝜖𝐹𝛾 
𝜇𝐹𝜀𝜇∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀

 +𝑒6Φ𝑐302𝐹𝛼𝛽𝐹𝛾 
𝜇𝐹𝛿𝜖𝐹𝜀𝜇∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀 + 𝑒6Φ𝑐303𝐹𝛼𝛽𝐹𝛾𝜖𝐹𝛿  
𝜇𝐹𝜀𝜇∇

𝛼𝐹𝛽𝛾∇𝛿𝐹𝜖𝜀,

 

𝑑𝑠2 =
𝑢

√ℎ4ℎ8
(𝑑𝑠2(AdS3) +

ℎ8ℎ4
𝑔1

𝑑𝑠2( S2)) +
√ℎ4ℎ8
𝑢

𝑑𝜌2 +√
ℎ4
ℎ8
𝑑𝑠2(CY2)

𝑒Φ =
2ℎ4

1/4

ℎ8
3/4 √

𝑢

𝑔1
, 𝐵2 = (𝑔2 + 2𝜋𝑘)vol(S

2), 𝑔1 = 4ℎ4ℎ8 + 𝑢
′2, 𝑔2 = −

1

2
(𝜌 −

𝑢𝑢′

𝑔1
)

 

𝐹0 = ℎ8
′ , 𝐹2 = −

1

2
(ℎ8 −

ℎ8
′ 𝑢𝑢′

𝑔1
) vol(S2), 𝐹8 =⋆10 𝐹2, 𝐹10 = − ⋆10 𝐹0

𝐹4 = −((
𝑢𝑢′

2ℎ4
)

′

+ 2ℎ8)𝑑𝜌 ∧ vol(AdS3) − ℎ4
′ vol(CY2), 𝐹6 = − ⋆10 𝐹4

 

ℎ4,8(𝜌) = ℎ4,8
(𝑘)
Θ[𝑘, 𝑘 + 1],

ℎ4,8(𝜌)|𝜌=𝜌𝑖,𝜌𝑓
= 0,

ℎ4,8
(𝑘−1)

(𝜌)|
𝜌=𝑘

= ℎ4,8
(𝑘)
(𝜌)|

𝜌=𝑘
,

  𝑢(𝑘−1)(𝜌)|
𝜌=𝑘

= 𝑢(𝑘)(𝜌)|
𝜌=𝑘

,

𝑢(𝑘−1)(𝜌)|
𝜌=𝑘

= 𝑢(𝑘)(𝜌)|
𝜌=𝑘
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𝑑𝑠2 = 𝑒2𝐴𝑑𝑠2(AdS3) + 𝑑𝑠
2(𝑀7), 𝐹 = 𝑓 + 𝑒

3𝐴vol(AdS3) ∧⋆7 𝜆(𝑓),  

 

𝜖1 =∑ 

4

𝐼=1

  𝜉𝐼⊗(
1

0
)⊗ 𝜒1

𝐼 , 𝜖2 =∑ 

4

𝐼=1

  𝜉𝐼⊗(
0

1
)⊗ 𝜒2

𝐼  

𝑑𝑠2 = 𝑒2𝐴𝑑𝑠(AdS3) + 𝑒
2𝐶𝑑𝑠2( S2) + 𝑑𝑠2(𝑀5)  

𝑑𝐻(𝑒
𝐴−ΦΨ−) = 0

𝑑𝐻(𝑒
2𝐴−ΦΨ+) − 2𝑚𝑒

𝐴−ΦΨ− =
𝑒3𝐴

8
⋆  7𝜆(𝑓)

(Ψ−, 𝑓)7 = ∓
𝑚

2
𝑒−Φvol(𝑀7)

 

Ψ+ + 𝑖Ψ− =
1

8
∑  

𝑑=7

𝑗=0

 
1

𝑗!
(𝜒2

†𝛾𝑎1,…,𝑎𝑗𝜒1) 𝑒
𝑎1 ∧ …∧ 𝑒𝑎𝑗  

 

𝜒1
𝐼=
1

2
𝑒
𝐴
2ℳ𝛿𝜎

𝐼 ((cos 
𝛽

2
+ sin 

𝛽

2
) 𝜉𝜎 + (cos 

𝛽

2
− sin 

𝛽

2
) 𝜉̂𝛿) ⊗ 𝜂1

𝜎

𝜒2
𝐼  =

1

2
𝑒
𝐴
2ℳ𝛿𝜎

𝐼 ((cos 
𝛽

2
− sin 

𝛽

2
) 𝜉𝛿 + (cos 

𝛽

2
+ sin 

𝛽

2
) 𝜉̂𝛿)⊗ 𝜂2

𝜎

 

𝜂2 = 𝑎1𝜂 + 𝑎2𝜂
𝑐 +

𝑎3
2
𝑤‾ 𝜂, |𝜂| = 1,  

𝜓+
1 = (𝜂 ⊗ 𝜂†)

+
=
1

4
𝑒−𝑖𝑗, 𝜓+

2 = (𝜂 ⊗ 𝜂𝑐†)
+
=
1

4
𝜔

𝜓−
1 = (𝜂 ⊗ 𝜂†)

−
=
1

4
𝑣 ∧ 𝑒−𝑖𝑗, 𝜓−

2 = (𝜂 ⊗ 𝜂𝑐†)
−
=
1

4
𝑣 ∧ 𝜔

 

𝑗 = 𝑒7 ∧ 𝑒8 + 𝑒9 ∧ 𝑒10, 𝜔 = (𝑒7 + 𝑖𝑒8) ∧ (𝑒9 + 𝑖𝑒10)  

𝑗 ∧ 𝜔 = 𝜔 ∧ 𝜔 = 0,𝜔 ∧ 𝜔‾ = 2𝑗 ∧ 𝑗 = vol(𝑀4),
𝜄𝑣𝑣 = 1, 𝜄𝑣𝑗 = 𝜄𝑣𝜔 = 0,

 

𝑒𝜌 =
(ℎ8ℎ4)

1/4

√𝑢
𝑑𝜌, 𝑒𝑖 = (

ℎ4
ℎ8
)
1/4

𝑑𝑧𝑖 , 𝑖 = 7,… ,10  

Ψ+
(2)
=
1

2
Re [𝜓+

1 ∧ ((1 + 𝑖𝑒2𝐶𝑦3vol( S
2))cos 𝛽 + 𝑖(𝑦3 + 𝑖𝑒

2𝐶vol( S2))sin 𝛽) + 𝑖𝜓−
1 ∧ 𝐾3𝑒

𝐶

+𝜓+
2 ∧ (𝑒2𝐶vol( S2))cos 𝛽+sin 𝛽)(𝑖𝑦1 + 𝑦2)𝑒

2𝐶+𝜓−
2 ∧ (𝐾2 + 𝑖𝐾1)𝑒

𝐶]

Ψ−
(2) = −

1

2
Im [𝜓+

1 ∧ 𝑑𝑦3𝑒
𝐶 − 𝜓−

1 ∧ ((𝑦3 + 𝑖𝑒
2𝐶vol( S2))cos 𝛽 + (𝑖 − 𝑦3𝑒

2𝐶vol( S2))sin 𝛽)

+𝜓+
2 ∧ (𝑑𝑦1 − 𝑖𝑑𝑦2)𝑒

𝐶 − 𝜓−
2 ∧ (cos 𝛽 − 𝑒2𝐶vol( S2))sin 𝛽)(𝑦1 − 𝑖𝑦2)]

 

𝑆DBI = −𝑇𝑝∫  𝑒
−Φ√|𝒫[𝑔 + ℱ]|𝑑𝑋𝑝+1, 𝑆WZ = ±𝑇𝑝∫  𝒫[𝐶 ∧ 𝑒

ℱ + 𝐹0𝜎]  
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𝑑𝑠2(AdS3) = 𝑟
2(−𝑑𝑡2 + 𝑑𝑥2) +

𝑑𝑟2

𝑟2
 

𝐶1 =
1

2
(ℎ8 − (𝜌 − 2𝜋𝑘)ℎ8

′ )𝜂, 𝑑𝜂 = −vol(S2)

𝐶3 =
1

2ℎ4
2 𝑑𝑡 ∧ 𝑑𝜌 ∧ ((ℎ4𝑔1 − 𝑢𝑢

′ℎ4
′ )𝑟𝑥𝑑𝑟 + √ℎ4

3ℎ8𝑔1𝑑(𝑟
2𝑥)) − 𝑧7ℎ4

′ vol(T3)

𝐶5 =−
𝑢2

4ℎ4
vol(AdS3) ∧ vol(S

2) +
1

2
(ℎ4 − 𝜌ℎ4

′ )vol(T4) ∧ 𝜂  

 −(
2ℎ4𝑢

′𝑢𝑔1 − ℎ4
′ 𝑢2(𝑔1 + 4ℎ4ℎ8)

8ℎ4
2𝑔1

𝑟2𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝜌 − 𝑔2𝑧7ℎ4
′ vol(T3)) ∧ vol(S2)

𝐶7 =
ℎ4
ℎ8
(𝐶3 +

2𝑔1ℎ4ℎ8 − 𝑢𝑢
′𝜕𝜌(ℎ4ℎ8)

2ℎ4
2 𝑟𝑥𝑑𝑡 ∧ 𝑑𝑟 ∧ 𝑑𝜌) ∧ vol(T4)

𝐶9 =
ℎ4
ℎ8
(𝐶5 −

2𝑓1ℎ4
′ ℎ8 − 𝑢

′2𝜕𝜌(ℎ4ℎ8)

8ℎ4
2ℎ8𝑓1

𝑢2𝑟2𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝜌) ∧ vol(S2) ∧ vol(T4)

 

𝑒−Φ√|𝒫[𝑔 + 𝐵2]||
Σ(3)

=
1

2
𝑟2√

ℎ8
ℎ4
𝑔1  

𝐶3 − 𝐶1 ∧ 𝐵2|Σ(3) =
1

2
𝑟2√

ℎ8
ℎ4
𝑔1  

𝑒−Φ√|𝒫[𝑔 + 𝐵]||
Σ(7)

 =
1

2
𝑟2√

ℎ4
ℎ8
𝑔1

𝐶7 − 𝐶5 ∧ 𝐵2|Σ(7)  = −
1

2
𝑟2√

ℎ4
ℎ8
𝑔1

 

𝑒−Φ√|𝒫[𝑔 + 𝐵]||
Σ(5)

 =
1

4

𝑢√4ℎ4ℎ8𝑢
2 + (𝑢𝑢′ − 𝑔1(𝜌 − 2𝜋𝑘))

2𝑟sin 𝜃

ℎ4√𝑔1

𝐶5 − 𝐶3 ∧ 𝐵2|Σ(5)  = −
1

4

𝑢2

ℎ4
𝑟sin 𝜃

 

𝑒−Φ√|𝒫[𝑔 + 𝐵]||
Σ(9)

 =
1

4

𝑢√4ℎ4ℎ8𝑢
2 + (𝑢𝑢′ − 𝑔1(𝜌 − 2𝜋𝑘))

2𝑟sin 𝜃

ℎ8√𝑔1

𝐶9 − 𝐶7 ∧ 𝐵2|Σ(9)  = −
1

4

𝑢2

ℎ8
𝑟sin 𝜃

 

𝑒−Φ√|𝒫[𝑔 + ℱ]||
Σ
= ±Ψ𝐷𝑝

(cal)
|
Σ
= ±8𝑒3𝐴−Φvol(AdS3) ∧ Ψ− ∧ 𝑒

−ℱ|
Σ

 

Ψ𝐷4
(cal)

=
𝑢(4ℎ4ℎ8𝑢 + 𝑢

′(𝑢𝑢′ − 𝑔1(𝜌 − 2𝜋𝑘)))

4ℎ4𝑔1
vol(AdS3) ∧ vol(S

2)

Ψ𝐷8
(cal)

=
𝑢(4ℎ4ℎ8𝑢 + 𝑢

′(𝑢𝑢′ − 𝑔1(𝜌 − 2𝜋𝑘)))

4ℎ8𝑔1
vol(AdS3) ∧ vol(S

2) ∧ vol(T4)
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𝑑𝑠2

2𝜋
=
|ℎ|

√Δ
𝑑𝑠2(AdS3) + √Δ [

1

4|ℎ|
𝑑𝜌2 +

2

|ℎ′′|
𝑑𝑠2(ℂℙ3)]

𝑒−Φ =
(|ℎ′′|)

3
2

2√𝜋Δ
1
4

, 𝐵2 = 𝑐(𝜌)𝐽, 𝑐(𝜌) = 4𝜋 (−(𝜌 − 𝑘) +
ℎ′

ℎ′′
)

 

𝑑𝑠2(ℂℙ3) = 𝑑𝜉2 +
1

4
cos2 𝜉𝑑𝑠2( S1

2) +
1

4
sin2 𝜉𝑑𝑠2( S2

2) +
1

4
sin2 𝜉cos2 𝜉(𝑑𝜓 + 𝜂1 − 𝜂2)

2

𝑑𝜂𝑖 = −vol(S𝑖
2)

 

𝐽 = −
1

4
sin2 𝜉vol( S2

2) −
1

4
cos2 𝜉vol( S1

2) −
1

2
sin 𝜉cos 𝜉𝑑𝜉 ∧ (𝑑𝜓 + 𝜂1 − 𝜂2)  

𝑒1 = 2√𝜋
Δ1/4

√ℎ′′
𝑑𝜉, 𝑒2 = √𝜋

Δ1/4

√ℎ′′
𝑑𝜃1, 𝑒

3 = √𝜋
Δ1/4

√ℎ′′
sin 𝜃1𝑑𝜙1, 𝑒

4 = √𝜋
Δ1/4

√ℎ′′
𝑑𝜃2

𝑒5 = √𝜋
Δ1/4

√ℎ′′
sin 𝜃2𝑑𝜙2. 𝑒

6 = √𝜋
Δ1/4

√ℎ′′
(𝑑𝜓 + 𝜂1 − 𝜂2), 𝑒

7 = √
𝜋

2

Δ1/4

√ℎ
𝑑𝜌

 

𝐹0= −
1

2𝜋
ℎ′′′, 𝐹2 = 𝐵2𝐹0 + 2(ℎ

′′ − (𝜌 − 𝑘)ℎ′′′)𝐽  

𝐹4= 𝜋𝑑 (ℎ
′ +

ℎℎ′ℎ′′

Δ
) ∧ vol(AdS3) + 𝐵2 ∧ 𝐹2 −

1

2
𝐵2 ∧ 𝐵2𝐹0 

 −4𝜋(2ℎ′ + (𝜌 − 𝑘)(−2ℎ′′ + (𝜌 − 𝑘)ℎ′′′))𝐽 ∧ 𝐽

 

ℎ = 𝑄D2 − 𝑄D4𝜌 +
1

2
𝑄D6𝜌

2  

𝜁6
ℐ =

1

√2

(

 
 
 
 
 
 

𝑖(𝜁+
1 + 𝜁+

4)

𝜁+
1 + 𝜁+

4

𝑖(𝜁+
6 + 𝜁+

7)

𝜁+
6 − 𝜁+

7

1

√2
(𝜁+
2 − 𝜁+

5 + (𝜁+
3 − 𝜁+

8))

𝑖

√2
(𝜁+
2 − 𝜁+

5 − (𝜁+
3 − 𝜁+

8))
)

 
 
 
 
 
 

ℐ

, 𝜁6
ℐ = 𝑖𝛾7𝜁6

ℐ  

𝜒1
ℐ= cos (

𝛽1 + 𝛽2
2

) 𝜁6
ℐ + sin (

𝛽1 + 𝛽2
2

) 𝜁6
ℐ  

𝜒2
ℐ = cos (

𝛽1 − 𝛽2
2

) 𝜁6
ℐ + sin (

𝛽1 − 𝛽2
2

) 𝜁6
ℐ

 

Ψ+
(5)
=
1

8
Re[𝑒𝑖𝛽2𝑒−𝑖𝒥 − 𝑒𝑖𝛽1Ω ∧ 𝑉],Ψ−

(5) =
1

8
Im[𝑒𝑖𝛽2𝑒−𝑖𝒥 ∧ 𝑉 + 𝑒𝑖𝛽1Ω]  
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𝒥 =−(𝑒1 ∧ 𝑒6 + 𝑐2𝜉(𝑒
2 ∧ 𝑒3 − 𝑒4 ∧ 𝑒5) + 𝑐𝜓𝑠2𝜉(𝑒

2 ∧ 𝑒4 + 𝑒3 ∧ 𝑒5))  

+𝑠2𝜉𝑠𝜓(𝑒
3 ∧ 𝑒4 − 𝑒2 ∧ 𝑒5)  

𝑉 =𝑒7

Ω =𝑠2𝜉(𝑒
1 ∧ 𝑒2 ∧ 𝑒3 − 𝑒1 ∧ 𝑒4 ∧ 𝑒5) − 𝑐𝜓𝑐2𝜉(𝑒

1 ∧ 𝑒2 ∧ 𝑒4 + 𝑒1 ∧ 𝑒3 ∧ 𝑒5)

 +𝑐2𝜉𝑠𝜓(𝑒
1 ∧ 𝑒2 ∧ 𝑒5 − 𝑒1 ∧ 𝑒3 ∧ 𝑒4) − 𝑠𝜓(𝑒

2 ∧ 𝑒4 ∧ 𝑒6 + 𝑒3 ∧ 𝑒5 ∧ 𝑒6)

 −𝑐𝜓(𝑒
2 ∧ 𝑒5 ∧ 𝑒6 − 𝑒3 ∧ 𝑒4 ∧ 𝑒6) + 𝑖[𝑠2𝜉(𝑒

4 ∧ 𝑒5 ∧ 𝑒6 − 𝑒2 ∧ 𝑒3 ∧ 𝑒6)

 +𝑐𝜓𝑐2𝜉(𝑒
2 ∧ 𝑒4 ∧ 𝑒6 + 𝑒3 ∧ 𝑒5 ∧ 𝑒6) + 𝑐2𝜉𝑠𝜓(𝑒

3 ∧ 𝑒4 ∧ 𝑒6 − 𝑒2 ∧ 𝑒5 ∧ 𝑒6)

−𝑠𝜓(𝑒
1 ∧ 𝑒2 ∧ 𝑒4 + 𝑒1 ∧ 𝑒3 ∧ 𝑒5) + 𝑐𝜓(𝑒

1 ∧ 𝑒3 ∧ 𝑒4 − 𝑒1 ∧ 𝑒2 ∧ 𝑒5)]

 

 

𝜄𝑉𝒥 = 𝜄𝑉Ω = 0,𝒥 ∧ Ω = 0, 𝒥 ∧ 𝒥 ∧ 𝒥 =
3𝑖

4
Ω ∧ Ω‾  

𝜁6
5 =

𝑒
−𝑖(𝜉+

𝜓
2
)

4
(1 − 𝑒2𝑖𝜉 , 1 + 𝑒2𝑖𝜉 , 𝑒𝑖𝜓(1 + 𝑒2𝑖𝜉), 𝑒𝑖𝜓(1 − 𝑒2𝑖𝜉), −(1 + 𝑒2𝑖𝜉), −(1 − 𝑒2𝑖𝜉)

−𝑒𝑖𝜓(1 − 𝑒2𝑖𝜉), −𝑒𝑖𝜓(1 + 𝑒2𝑖𝜉))
𝑇

𝜁6
6 =

𝑖𝑒
−𝑖(𝜉+

𝜓
2
)

4
(1 − 𝑒2𝑖𝜉 , 1 + 𝑒2𝑖𝜉 , −𝑒𝑖𝜓(1 + 𝑒2𝑖𝜉),−𝑒𝑖𝜓(1 − 𝑒2𝑖𝜉), −(1 + 𝑒2𝑖𝜉), −(1 − 𝑒2𝑖𝜉)

𝑒𝑖𝜓(1 − 𝑒2𝑖𝜉), 𝑒𝑖𝜓(1 + 𝑒2𝑖𝜉))
𝑇

 

𝑑𝑠2  =
𝑢

√ℎ4ℎ8
(𝑑𝑠2(AdS3) +

ℎ8ℎ4
𝑔1

𝑑𝑠2( S2)) +
√ℎ4ℎ8
𝑢

𝑑𝜌2 +√
ℎ4
ℎ8
(𝑑𝑧7,10

2 + 𝐺𝑑𝑧9,8
2 )

𝑒Φ̃  = √𝐺𝑒Φ, 𝐵̃2 = 𝐵2 − 𝛾𝐺𝑔𝑑𝑧9 ∧ 𝑑𝑧8, 𝐺 = (1 + 𝛾
2𝑔)−1, 𝑔 =

ℎ4
ℎ8

 

𝐹̃0 =ℎ8
′ , 𝐹̃2 = 𝐹2 − 𝛾ℎ4

′ 𝑑𝑧7 ∧ 𝑑𝑧10 − 𝛾𝐺𝑔ℎ8
′ 𝑑𝑧9 ∧ 𝑑𝑧8

𝐹̃4 =𝐹4 + 𝛾
2ℎ4
′ 𝐺𝑔vol( T4) +

𝛾

2
(𝐺𝑔(ℎ8 −

𝑢𝑢′ℎ8
′

𝑔1
)𝑑𝑧9 ∧ 𝑑𝑧8 + (ℎ4 −

𝑢𝑢′ℎ4
′

𝑓1
)𝑑𝑧7 ∧ 𝑑𝑧10) ∧ vol(S

2)

𝐹̃6 = − ⋆10 𝐹̃4, 𝐹̃8 =⋆10 𝐹̃2, 𝐹̃10 = − ⋆10 𝐹̃0

 

𝐶̃1 =𝐶1 − 𝛾ℎ4
′ 𝑧7𝑑𝑧10

𝐶̃3 =𝐶3 + 𝐶̃1 ∧ 𝐵̃2 +
𝛾

2
(ℎ4 − 𝜌ℎ4

′ )𝑑𝑧7 ∧ 𝑑𝑧10 ∧ 𝜂 + 𝛾𝑘𝜋𝑧7𝑑𝑧10 ∧ vol( S
2)

𝐶̃5 =𝐶5 −
𝛾

2
√
ℎ4
ℎ8
𝑔1𝑟

2𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝜌 ∧ (𝑑𝑧7 ∧ 𝑑𝑧10 − 𝐺𝑑𝑧9 ∧ 𝑑𝑧8)

 −
𝛾

2ℎ8
𝑟𝑥𝑑𝑡 ∧ 𝑑𝑟 ∧ 𝑑𝜌 ∧ ((−𝑔1 +

𝑢𝑢′ℎ8
′

ℎ8
+ 2√ℎ4ℎ8𝑔1)𝑑𝑧7 ∧ 𝑑𝑧10

−𝐺 (𝑔1 −
𝑢𝑢′ℎ4

′

ℎ4
+ 2√ℎ4ℎ8𝑔1)𝑑𝑧9 ∧ 𝑑𝑧8)

 −
𝛾2

2
(ℎ4 − 𝜌ℎ4

′ )𝐺𝑔vol(𝑇4) ∧ 𝜂 + 𝛾2𝐺𝑔ℎ4
′ 𝑔2𝑧7𝑑𝑧10 ∧ vol(𝑇

2) ∧ vol(𝑆2)
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𝑄
D̃6

(𝑘)
= 𝛾𝑄D4

(𝑘)
, ∈ ℤ 𝑄

D̃4

(𝑘)
= 𝛾𝑄D2

(𝑘)
, ∈ ℤ  

𝑑𝑠2 =
𝑐0

√𝑐4𝑐8
(𝑑𝑠2(AdS3) +

1

4
(𝑑𝑠2( S2) + 𝛾2√

𝑐4
𝑐8
𝐺(𝑑𝜓 + cos 𝜃𝑑𝜙)2))

 +√
𝑐4
𝑐8
𝑑𝑠2( T3) +

√𝑐4𝑐8

𝑐0
𝐺𝑑𝜌2

𝐵̃2 =
𝐺

2
(𝑑𝜓 + cos 𝜃𝑑𝜙) ∧ 𝑑𝜌, 𝑒Φ̃ =

√𝐺𝑐0

(𝑐8
5𝑐4)

1/4
, 𝐺 = (1 + 𝛾2𝑔)−1, 𝑔 =

𝑐4
𝑐0

 

𝐹̃2 = −
1

2
𝑐8vol( S

2), 𝐹̃4 = 2𝑐8vol(AdS3) ∧ 𝑑𝜌 + 𝐹̃2 ∧ 𝐵̃2

𝐹̃6 = − ⋆10 𝐹̃4, 𝐹̃8 =⋆10 𝐹̃2

 

𝑑𝑠2

2𝜋
=
|ℎ|

√Δ
𝑑𝑠2(AdS3) + √Δ [

1

4|ℎ|
𝑑𝜌2 +

2

|ℎ′′|
𝑑𝑠2(ℂℙ̃3)]

𝑒Φ̃ = 2Δ1/4(ℎ′′)−3/2√𝜋𝐺, 𝐵̃2 = 𝐵2 + 𝛾 (
𝑐(𝜌)2

16
𝑍1 −

𝜋2Δ

(ℎ′′)2
𝑊)

 

𝑑𝑠2(ℂℙ̃3) = 𝑑𝜉2 +
1

4
cos2 𝜉𝑑𝜃1

2 +
1

4
sin2 𝜉𝑑𝜃2

2 + 𝛾2𝐺
Δcos4 𝜉sin4 𝜉sin2 𝜃1sin

2 𝜃2
4ℎ′′2

𝑑𝜓2

+
1

4
sin2 𝜉cos2 𝜉𝐺 (𝑑𝜓 + 𝜂1 − 𝜂2 −

𝛾

4
𝑐(𝜌)cos 𝜃1sin 𝜃2sin

2 𝜉𝑑𝜃2 −
𝛾

4
𝑐(𝜌)cos 𝜃2sin 𝜃1cos

2 𝜉𝑑𝜃1)
2

 

+
1

4
cos2 𝜉sin2 𝜃1𝐺 (𝑑𝜙1 +

𝛾

4
𝑐(𝜌)cos 𝜃2sin 2𝜉𝑑𝜉 −

𝛾

4
𝑐(𝜌)sin 𝜃2sin

2 𝜉𝑑𝜃2)
2

 

+
1

4
sin2 𝜉sin2𝜃2𝐺 (𝑑𝜙2 +

𝛾

4
𝑐(𝜌)cos 𝜃1sin 2𝜉𝑑𝜉 +

𝛾

4
𝑐(𝜌)sin 𝜃1cos

2 𝜉𝑑𝜃1)
2

 

𝐺 = (1 + 𝛾2
𝜋2Δ

ℎ′′2
𝑀)

−1

, 𝑀 = 𝑠𝜃1
2 𝑐𝜃2

2 𝑐𝜉
2 + 𝑠𝜃1

2 𝑠𝜃2
2 + 𝑐𝜃1

2 𝑠𝜃2
2 𝑠𝜉

2

 

𝐹̃0 = −
ℎ′′′

2𝜋
,

𝐹̃2=
2((ℎ′′)2 − ℎ′ℎ′′′)

ℎ′′
𝐽 +

𝛾

2
(
𝜋Δℎ′′′

(ℎ′′)2
𝑊 + (

𝜋ℎ′′′(ℎ′)2

(ℎ′′)2
+
𝑐(𝜌)

2ℎ′′
((ℎ′′)2 − ℎ′ℎ′′′))𝑍1) 

𝐹̃4= 𝜋𝑑 (ℎ
′ +

ℎℎ′ℎ′′

Δ
) ∧ vol(AdS3) −

4𝜋ℎ′′′(ℎ′)2

(ℎ′′)2
𝐽 ∧ 𝐽,  

−
𝛾𝜋Δ

2(ℎ′′)3𝑀
[(3(ℎ′′)2 +

ℎ′2ℎ′′′

Δ
(ℎ′ − 2(𝜌 − 𝑘)ℎ′′))𝑍1 ∧ 𝑍2  

+ (((ℎ′′)2 − ℎ′ℎ′′′)𝑍2 + 𝛾𝜋
2𝑀

(ℎ′)2ℎ′′′

ℎ′′
𝑍1) ∧𝑊] .
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𝑍1= 𝑐𝜉𝑠𝜉(𝑐𝜉𝑠𝜉𝑠𝜃1𝑠𝜃2𝑑𝜃1 ∧ 𝑑𝜃2 − 2(𝑠𝜃1𝑐𝜃2𝑐𝜉
2𝑑𝜃1 + 𝑐𝜃1𝑠𝜃2𝑠𝜉

2𝑑𝜃2) ∧ 𝑑𝜉)  

𝑍2= 𝜋𝑐𝜉𝑠𝜉𝑠𝜃1𝑠𝜃2 (𝑐𝜃1𝑠𝜃2𝑠𝜉𝑐𝜉𝑑𝜃1 − 𝑠𝜃1(𝑐𝜃2𝑐𝜉𝑠𝜉𝑑𝜃2 + 2𝑠𝜃2𝑑𝜉)) ∧ 𝑑𝜓  

𝑊= 𝐺𝑐𝜉
2𝑠𝜉
2 (𝑀𝑑𝜙1 ∧ 𝑑𝜙2 − (𝑐𝜃2𝑠𝜃1

2 𝑐𝜉
2𝑑𝜙1 + 𝑐𝜃1𝑠𝜃2

2 𝑠𝜉
2𝑑𝜙2) ∧ 𝑑𝜓 + 𝛾𝑐(𝜌) (𝑀𝐽 −

𝑍2
4𝜋
) 

+𝛾2
𝑐(𝜌)2

16
𝑀𝑍1)

 

𝜓̃+
1 = √𝐺(𝜓+

1 + 𝑖𝑏𝜓+
2), 𝜓̃+

2 = √𝐺(𝜓+
2 + 𝑖𝑏𝜓+

1 ),

𝜓̃−
1 = √𝐺(𝜓−

1 + 𝑖𝑏𝜓−
2), 𝜓̃−

2 = √𝐺(𝜓−
2 + 𝑖𝑏𝜓−

1).
 

𝜓̃+
1 = √𝐺𝜓+

1 ∧ 𝑒4𝑖𝑏𝜓+
2
, 𝜓̃+

2 = 𝑖𝑏√𝐺𝜓+
1 ∧ 𝑒(−4𝑖𝑏

−1𝜓+
2 )

𝜓̃−
1 = √𝐺𝜓−

1 ∧ 𝑒4𝑖𝑏𝜓+
2
, 𝜓̃−

2 = 𝑖𝑏√𝐺𝜓−
1 ∧ 𝑒(−4𝑖𝑏

−1𝜓+
2 )

 

𝜓̃+
1 =

√𝐺

4
𝑒−𝑖𝑗−𝑏𝑤∧𝑣, 𝜓̃+

2 = −
√𝐺

4
𝑢 ∧ 𝑒−𝑖𝑗 ∧ (𝑤 − 𝑏𝑣)

𝜓̃−
1 =

√𝐺

4
(𝑣 + 𝑏𝑤) ∧ 𝑒−𝑖𝑗−𝑏𝑤∧𝑣, 𝜓̃−

2 = −
√𝐺

4
𝑢 ∧ (𝑤 ∧ 𝑣 + 𝑏𝑒−𝑖𝑗)

 

𝑣 = 𝑒𝜌, 𝑤 = 𝑒10 − 𝑖𝑒9, 𝑢 = 𝑒8 − 𝑖𝑒7  

𝑗 =
𝑖

2
(𝑤 ∧ 𝑤‾ + 𝑢 ∧ 𝑢‾), 𝜔 = 𝑤 ∧ 𝑢  

𝑂 = (
cos 𝜅1 0 sin 𝜅1
0 1 0

−sin 𝜅1 0 cos 𝜅1

) , 𝑂′ = (
1 0 0
0 cos 𝜅2 −sin 𝜅2
0 sin 𝜅2 cos 𝜅2

)

𝜅1 = arctan (sin 𝜉cot 𝜃1)𝜅2 = arctan (
sin 𝜃1cos 𝜉cot 𝜃2

√sin 𝜃1
2 + cos 𝜃1

2sin2 𝜉
)

  

𝑒̂3=
𝑐𝜉

√𝑠𝜃1
2 + 𝑐𝜃1

2 𝑠𝜉
2

(
1

2
𝑑𝜙1(𝑠𝜃1

2 + 𝑐𝜃1
2 𝑠𝜉

2) − 𝑐𝜃1𝑠𝜉
2(𝑑𝜓 − 𝜂2)) 

𝑒̂5 =
𝑠𝜉

4𝑐𝜉√𝑀(𝑠𝜃1
2 + 𝑐𝜃1

2 𝑠𝜉
2)

(𝑐𝜉𝑠𝜃1𝑀𝑑𝜙2 − 𝑠𝜃1
3 𝑐𝜃2

2 𝑐𝜉
3𝑑𝜓)

𝑒̂6 =
𝑠2𝜉𝑠𝜃1𝑠𝜃2

8√𝑀
𝑑𝜓

 

Ω𝑂 = cos 
𝜅1
2
+ sin 

𝜅1
2
Γ36, Ω𝑂′ = cos 

𝜅2
2
− sin 

𝜅2
2
Γ56,  

Ψ±
(𝐼)
→ Ω𝑂′Ω𝑂Ψ±

(𝐼)(Ω𝑂′Ω𝑂)
−1, 𝐼 = 5,6  
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Ψ̃+
(5)
= Ψ+

(5)
+
𝑏𝑐𝛼
8
[𝑠𝛽2 − 𝑐𝛽2𝒥𝑏 −

𝑐𝛼
2𝑐𝛽2
2

𝜘
(
𝑠𝛽2
2
−
𝑐𝛽2
6
𝒥𝑏) ∧ 𝒥𝑏 ∧ 𝒥𝑏 −

𝑐𝛼
2𝑐𝛽2
3

𝜘3/2
Re[Ω𝑏] ∧ 𝑉𝑏]

Ψ̃−
(5) = Ψ−

(5) −
𝑏𝑐𝛼
8
[(𝑐𝛽2 + 𝑠𝛽2𝒥𝑏 −

𝑐𝛼
2𝑐𝛽2
2

𝜘
(
𝑐𝛽2
2
+
𝑠𝛽2𝑐𝛼

2𝑐𝛽2
2

6𝜘
𝒥𝑏) ∧ 𝒥𝑏 ∧ 𝒥𝑏) ∧ 𝑉𝑏 −

𝑐𝛽2

√𝜘
Im[Ω𝑏]]

    𝑐𝛼 =
𝑠2𝜉𝑐𝜓𝑠𝜃1𝑠𝜃2

√𝑀
, 𝜘 = 1 − 𝑐𝛼

2𝑠𝛽2
2

 

 

 

Ψ̃+ =
1

8
Re[𝑒𝑖𝛽2𝑒−𝑖(𝑗+𝑈1∧𝑈2) ∧ (1 − 𝑖𝑏𝑐𝛼𝑒

−tan 𝛼𝜔) − (𝑒𝑖𝛽1𝑈 ∧ 𝜔 − 𝑖𝑏𝑠𝛼𝑒
−𝑖𝛽1𝑈‾ ∧ 𝑒𝑖𝑗+cot 𝛼𝜔‾ ) ∧ 𝑉], 

Ψ̃− =
1

8
Im[𝑒𝑖𝛽2𝑒−𝑖(𝑗+𝑈1∧𝑈2) ∧ (1 − 𝑖𝑏𝑐𝛼𝑒

−tan 𝛼𝜔) ∧ 𝑉 + 𝑒𝑖𝛽1𝑈 ∧ 𝜔 + 𝑖𝑏𝑠𝛼𝑒
−𝑖𝛽1𝑈‾ ∧ 𝑒𝑖𝑗+cot 𝛼𝜔‾ ] 

 

𝑉𝑏 =𝑉 −
tan 𝛼

𝑐𝛽2
Re[𝑒𝑖𝛽1𝑈]

Ω𝑏 =
√𝜘

𝑐𝛽2
[
tan 𝛼(𝑠𝛼

2 + 𝑐𝛼
2𝑐𝛽2
2 )

𝜘𝑐𝛽2
Im[𝑒𝑖𝛽1𝑈] ∧ (𝑠𝛽2𝑗 + 𝑠𝛽2tan 𝛼𝜔𝐼 −

𝑐𝛽2
𝑐𝛼𝑠𝛼

𝜔𝑅)

+(sec 𝛽2tan 𝛼𝑉 + Re[𝑒
𝑖𝛽1𝑈]) ∧ (tan 𝛼𝑗 − 𝜔𝐼) +

𝑖

𝑐𝛼
2𝑐𝛽2
2 (𝑠𝛼𝑉 ∧ (𝑐𝛼𝑐𝛽2𝜔𝑅 + 𝑠𝛼𝑠𝛽2𝑈1 ∧ 𝑈2)  

+𝑐𝛼𝑐𝛽2
2 Im[𝑒𝑖𝛽1𝑈] ∧ (𝑠𝛼𝑗 − 𝑐𝛼𝜔𝐼) − Re[𝑒

𝑖𝛽1𝑈] ∧ ((𝑠𝛼
2 − 𝑐𝛽2

2 )𝜔𝑅 + 𝑠𝛼𝑐𝛽2𝑠𝛽2(𝑐𝛼𝑗 + 𝑠𝛼𝜔𝐼)))]

𝒥𝑏 =𝒥 + tan 𝛼(𝜔𝐼 + tan 𝛽2𝜔𝑅 − sec 𝛽2Im[𝑒
𝑖𝛽1𝑈] ∧ 𝑉)

 

(ND8,  ND6,  ND4,  ND2) →
TsT 

( ND8,  ND6 + 𝛾ND4,  ND4 + 𝛾ND2,  ND2)  

𝑒−Φ̃√|𝑔̃ + 𝐵̃2||
Σ(3)

=
1

2
𝑟2√

ℎ8𝑔1
ℎ4𝐺

, 𝐶̃3 − 𝐶̃1 ∧ 𝐵̃2|Σ(3) =
1

2
𝑟2√

ℎ8
ℎ4
𝑔1,  

𝑒−Φ̃√∣ 𝑔̃ + 𝐵̃2] ∣|
Σ(7)

=
1

2
𝑟2√

ℎ4
ℎ8
𝑔1, 𝐶̃7 − 𝐶̃5 ∧ 𝐵̃2|Σ(7) = −

1

2
𝑟2√

ℎ4
ℎ8
𝑔1,  

𝑒−Φ̃√|𝑔̃ + 𝐵̃2||
Σ(3)×T2

=
1

2
𝑟2√

ℎ8𝑔1
ℎ4𝐺

, 𝐶̃5 − 𝐶̃3 ∧ 𝐵̃2 +
1

2
𝐶̃1 ∧ 𝐵̃2 ∧ 𝐵̃2|

Σ(3)×T2
 

𝑒−Φ̃√|𝑔̃ + 𝐵̃2||
Σ(3)×T2

=
1

𝛾

𝑟2

2
√
ℎ8
ℎ4
𝑔1, −𝐶̃3 ∧ 𝑓2|Σ(3)×T2 =

1

𝛾

𝑟2

2
√
ℎ8
ℎ4
𝑔1,  
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𝑒−Φ√|𝑔̃ + 𝐵̃2||
Σ(5)

 =
1

√𝐺

𝑢2

4ℎ4
𝑟sin 𝜃

Ψ̃𝐷4
(cal)

 =
𝑢2

4ℎ4
vol(AdS3) ∧ vol(S

2)

 

𝑒−Φ̃√|𝑔̃ + 𝐵̃2||
Σ(9)
=
𝑢2

4ℎ8
𝑟sin 𝜃  

Ψ̃𝐷8
(cal)

 =
𝑢2

4ℎ8
vol(AdS3) ∧ vol(S

2)

 

𝑒−Φ̃√|𝑔̃ + 𝐵̃2||
Σ(5)×T2

=
1

𝛾

𝑢2

4ℎ4
𝑟sin 𝜃 = Ψ̃

D̃6

(cal)
=
1

𝛾
Ψ𝐷4
(cal)

,  

2𝑄
D̃4

(𝑘)
= Δ𝑄

D̃6

(𝑘)
, 2𝑄D6

(𝑘)
= Δ𝑄D8

(𝑘)
 

𝑒𝐴 = (𝑒𝑎 𝜇𝑑𝑥
𝜇 , 𝑒𝐶1(𝑑𝑢 + 𝐴1), 𝑒

𝐶2(𝑑𝑣 + 𝐴2)) , 𝑎 = 1,… ,8  

𝑒̂𝑣
𝑚 =

1

𝑔𝑣𝑣
𝑒𝑣
𝑚, 𝑒̂𝜎

𝑚 = 𝑒𝑚 𝜎 −
1

𝑔𝑣𝑣
(𝑔𝜎𝑣 +𝐵𝜎𝑣)𝑒

𝑚 𝑣, 𝜎 ≠ 𝑣

𝑒Φ̂ = 𝑒Φ−𝐶2

 

1

𝑘!
𝐹𝑎1,…,𝑎𝑘𝑒

𝑎1 ∧ …∧ 𝑒𝑎𝑘 ↔
1

𝑘!
𝐹𝑎1,…,𝑎𝑘Γ

𝑎1…𝑎𝑘 ≡ 𝐹𝑘  

𝑒Φ̂F̸̂ = 𝑒ΦF̸Γ𝑣 , F̸Γ𝑎 = (−1)𝑘(𝑒𝑎 ∧ −𝜄𝑎)F̸.  

𝑒𝑎 = 𝑂𝑏
𝑎𝑒𝑏 , 𝑂 =

1

|𝑂|
(
1 −𝛾√𝑔

𝛾√𝑔 1
) ,  

𝐹̂ → Ω−1𝐹̂Ω.  

𝑒Φ̃F̸̃ = 𝑒ΦF̸Ω, Ω = √𝐺(1 + 𝛾√𝑔Γ𝑣𝑢),  

𝑒Φ̃𝜙̃ = 𝑒Φ ⊄ Ω  

Ψ → Ψ̃ = ΩΨ, Γ𝑎Ψ = (𝑒𝑎 ∧ +𝜄𝑎)Ψ  

𝑄𝐷𝑝 =
1

(2𝜋)7−𝑝
∫  
Σ8−𝑝

 𝑓8−𝑝𝑑𝑥⃗  

 0 ≤ 𝜌 ≤ 2𝜋 2𝜋𝑗 ≤ 𝜌 ≤ 2𝜋(𝑗 + 1) 2𝜋𝑃 ≤ 𝜌 ≤ 2𝜋(𝑃 + 1) 

ℎ8 
𝜈0
2𝜋
𝜌 𝜇𝑗 +

𝜈𝑗

2𝜋
(𝜌 − 2𝜋𝑗) 𝜇𝑃 −

𝜇𝑃
2𝜋
(𝜌 − 2𝑃𝜋) 
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ℎ4 
𝛽0
2𝜋
𝜌 𝛼𝑗 +

𝛽𝑗

2𝜋
(𝜌 − 2𝜋𝑗) 𝛼𝑃 −

𝛼𝑃
2𝜋
(𝜌 − 2𝑃𝜋) 

𝑢 
𝑏0
2𝜋
𝜌 

 

𝛼𝑘 =∑  

𝑘−1

𝑗=0

 𝛽𝑗, 𝜇𝑘 =∑  

𝑘−1

𝑗=0

 𝜈𝑗.  

𝑓0 = ℎ8
′ , 𝑓2 = −

1

2
(ℎ8 − ℎ8

′ (𝜌 − 2𝜋𝑘))vol(S2)

𝑓4 = ℎ4
′ vol(T4), 𝑓6 =

1

2
(ℎ4 − ℎ4

′ (𝜌 − 2𝜋𝑘))vol(S2) ∧ vol(T4)

 

𝑄NS5
(𝑘)

=
1

(2𝜋)2
∫  
(𝜌,𝑆2)

 𝐻3 = 1,𝑄𝐷8
(𝑘)
= 2𝜋ℎ8

′ = 𝜈𝑘, 𝑄𝐷6
(𝑘)
=
1

2𝜋
∫ 𝑓2 = 𝜇𝑘  
𝑆2

 

𝑄𝐷4
(𝑘)
=

1

(2𝜋)3
∫  
𝑇4
 𝑓4 = 𝛽𝑘 , 𝑄𝐷2

(𝑘)
=

1

(2𝜋)5
∫  
(𝑆2,𝑇4)

 𝑓6 = 𝛼𝑘

 

𝑑𝑓0 = 2𝜋ℎ8
′′𝑑𝜌, 𝑑𝑓2 = 0

𝑑𝑓4 = ℎ4
′′𝑑𝜌 ∧ vol( T4), 𝑑𝑓6 = 0

 

𝑓2 = −
1

2
(ℎ8 − ℎ8

′ (𝜌 − 2𝜋𝑘))vol(𝑆2) + 𝛾ℎ4
′ 𝑑𝑧7 ∧ 𝑑𝑧10

𝑓4 = ℎ4
′ vol(T4) −

𝛾

2
(ℎ4 − ℎ4

′ (𝜌 − 2𝜋𝑘))vol(𝑆2) ∧ 𝑑𝑧7 ∧ 𝑑𝑧10

𝑓6 = −
1

2
(ℎ4 − ℎ4

′ (𝜌 − 2𝜋𝑘))vol(𝑆2) ∧ vol(T4)

 

𝑄
D̃6

(𝑘)
=
1

2𝜋
∫  
𝑧7𝑧10

 𝑓2 = 𝛾𝑄𝐷4
(𝑘)
, 𝑄
D̃4

(𝑘)
=

1

(2𝜋)3
∫  
(𝑆2,𝑧7𝑧10)

 𝑓4 = 𝛾𝑄𝐷2
(𝑘)

 

𝑑𝑓2 = 𝛾ℎ4
′′𝑑𝜌 ∧ 𝑑𝑧7 ∧ 𝑑𝑧10, 𝑑𝑓4 = 0  

𝑑𝑓|
(𝑧7,𝑧10)

= (2𝜋)3𝑁𝐷6𝛿(𝜌 − 𝜌0)𝑒
𝑓̃2𝑑𝜌 ∧ 𝑑𝑧7 ∧ 𝑑𝑧10  

𝛾Δℎ4
′ = (2𝜋)3𝑁𝐷6 = (2𝜋)

3𝛾𝑁𝐷4, 𝑓2 =
1

𝛾
𝑑𝑧9 ∧ 𝑑𝑧8  

𝑑𝑠2(𝑆7) = 𝑑𝜉2 + cos2 𝜉𝑑𝑠2(𝑆1
3) + sin2 𝜉𝑑𝑠2(𝑆2

3)  

∇𝑎𝜉± = ±
𝑖

2
𝛾𝑎𝜉±  
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𝑒1 = 𝑑𝜉, 𝑒2 =
cos 𝜉

2
𝑑𝜃1, 𝑒

3 =
cos 𝜉

2
sin 𝜃1𝑑𝜙1

𝑒4 =
sin 𝜉

2
𝑑𝜃2, 𝑒

5 =
sin 𝜉

2
sin 𝜃2𝑑𝜙2

𝑒6 = −
cos 𝜉sin 𝜉

2
(𝑑[𝜓1 − 𝜓2] + 𝜂1 − 𝜂2)

𝑒7 =
1

2
(cos2 𝜉(𝑑𝜓1 + 𝜂1) + sin

2 𝜉(𝑑𝜓2 + 𝜂2))

 

𝜉± =ℳ±𝜉±
0

ℳ± = 𝑒
𝜉
2
(±𝑖𝛾1−𝛾67)𝑒

𝜓1
4
(±𝑖𝛾7−𝛾23)𝑒

𝜃1
4
(±𝑖𝛾2+𝛾37)𝑒

𝜙1
4
(±𝑖𝛾7+𝛾23)

 × 𝑒
𝜓2
4
(𝛾16−𝛾45)𝑒

𝜃2
4
(𝛾14+𝛾56)𝑒

𝜙2
4
(𝛾16+𝛾45)

 

𝜉+
𝐴 =ℳ+𝜂

𝐴, 𝐴 = 1,… ,8  

𝑑𝑠2(𝑆7) = 𝑑𝑠2(ℂℙ3) +
1

16
(𝑑𝜓̃ + cos2 𝜉(𝑑𝜓 + 2𝜂1) + sin

2 𝜉(𝑑𝜓 − 2𝜂2))
2

 

𝜓̃ =
1

2
(𝜓1 + 𝜓2), 𝜓 =

1

2
(𝜓1 − 𝜓2).  
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𝑗 =
1

𝑝√𝑀
(𝑐𝜃2𝑐𝜉𝑠𝜃1

2 (𝑒1 ∧ 𝑒̂5 − 𝑠2𝜉𝑐𝜓𝑒̂
3 ∧ 𝑒̂6) + (𝑝1𝑒

4 ∧ 𝑒̂5 − 𝑝2𝑐𝜉𝑠𝜉𝑒
2 ∧ 𝑒̂5))

−
1

𝑝
(𝑠𝜃1(𝑐2𝜉𝑒

2 ∧ 𝑒̂3 + 𝑠2𝜉𝑠𝜓𝑒̂
3 ∧ 𝑒4) + 𝑐𝜃1𝑠𝜉(𝑒

1 ∧ 𝑒̂3 + 𝑠2𝜉𝑐𝜓𝑒̂
5 ∧ 𝑒̂6))  

−𝑐𝛼𝑒̂
3 ∧ 𝑒̂5 +

𝑐𝛼

𝑠𝛼
2√𝑀

(𝑐𝜉𝑝3(𝑒
1 ∧ 𝑒2 − 𝑐𝛼𝑒

4 ∧ 𝑒̂6) − 𝑠𝜉𝑝4√𝑀(𝑒
1 ∧ 𝑒4 + 𝑐𝛼𝑒

2 ∧ 𝑒̂6)  

−𝑠𝜃1𝑠𝜃2√𝑀(1 − 𝑠2𝜉
2 𝑐𝜓

2)𝑒2 ∧ 𝑒4 − 𝑠2𝜉𝑐𝜓(𝑐𝜃2
2 𝑠𝜃1

2 𝑐𝜉
2 + 𝑐𝜃1

2 𝑠𝜃2
2 𝑠𝜉

2)𝑒1 ∧ 𝑒̂6),

𝑈 =
1

𝑀𝑠𝛼
2 (𝑠𝜃1𝑠𝜃2𝑠𝜓𝑒

1 − 𝑠𝜉(2𝑐𝜃2𝑠𝜃1𝑐𝜉
2 + 𝑐𝜃1𝑠𝜃2𝑠𝜓𝑐2𝜉)𝑒

2 + 𝑐𝜉(2𝑐𝜃1𝑠𝜃2𝑠𝜉
2 − 𝑐𝜃2𝑠𝜃1𝑠𝜓𝑐2𝜉)𝑒

4 − 𝑐𝜓𝑐2𝜉√𝑀𝑒̂
6)

+𝑖(𝑐𝜓𝑠𝜃1𝑠𝜃2𝑐2𝜉𝑒
1 − 𝑐𝜃1𝑐𝜓𝑠𝜃2𝑠𝜉𝑒

2 − 𝑐𝜃2𝑐𝜉𝑐𝜓𝑠𝜃1𝑒
4 + 𝑠𝜓√𝑀𝑒̂

6)) ,

𝜔 =
1

2𝑝𝑠𝛼√𝑀
[2𝑐𝜃2𝑐𝜉𝑠𝜃1

2 (𝑒1 ∧ 𝑒̂3 + 𝑠2𝜉𝑐𝜓𝑒̂
5 ∧ 𝑒̂6) + 𝑠2𝜉(2𝑠𝜃2𝑠𝜓(1 − 𝑐𝜃1

2 𝑐𝜉
2) − 𝑐𝜃1𝑐𝜃2𝑠𝜃1𝑐2𝜉)𝑒

2 ∧ 𝑒̂3

−(2𝑠𝜃2𝑐2𝜉(1 − 𝑐𝜃1
2 𝑐𝜉

2) + 𝑐𝜃1𝑐𝜃2𝑠𝜃1𝑠2𝜉
2 𝑠𝜓)𝑒̂

3 ∧ 𝑒4 + 2√𝑀(𝑐𝜃1𝑠𝜉(𝑒
1 ∧ 𝑒̂5 − 𝑠2𝜉𝑐𝜓𝑒̂

3 ∧ 𝑒̂6)  

+𝑠𝜃1(𝑐2𝜉𝑒
2 ∧ 𝑒̂5 − 𝑠2𝜉𝑠𝜓𝑒

4 ∧ 𝑒̂5))] + 𝑖 [−𝑠𝛼𝑒̂
3 ∧ 𝑒̂5 +

cot 𝛼

𝑝
(𝑐𝜃1𝑠𝜉𝑒

1 ∧ 𝑒̂3 + 𝑠𝜃1𝑐2𝜉𝑒
2 ∧ 𝑒̂3

+𝑠𝜃1𝑠2𝜉𝑠𝜓𝑒̂
3 ∧ 𝑒4) +

cot 𝛼

2𝑝√𝑀
(𝑠2𝜉 (𝑐𝜃1𝑐𝜃2𝑠𝜃1𝑐2𝜉 − 2𝑠𝜃2𝑠𝜓(1 − 𝑐𝜃1

2 𝑐𝜉
2)) 𝑒2 ∧ 𝑒̂5

+2𝑠2𝜉𝑐𝜓(𝑐𝜃2𝑐𝜉𝑠𝜃1
2 𝑒̂3 ∧ 𝑒̂6 + 𝑐𝜃1𝑠𝜉√𝑀𝑒̂

5 ∧ 𝑒̂6) − 2𝑠𝜃1
2 𝑐𝜉𝑐𝜃2𝑒

1 ∧ 𝑒̂5 − (2𝑠𝜃2𝑐2𝜉(1 − 𝑐𝜃1
2 𝑐𝜉

2)  

+𝑠2𝜉
2 𝑐𝜃1𝑐𝜃2𝑠𝜃1𝑠𝜓)𝑒

4 ∧ 𝑒̂5) −
1

𝑀𝑠𝛼
(𝑠2𝜉𝑐𝜓(𝑐𝜃2

2 𝑐𝜉
2𝑠𝜃1
2 + 𝑠𝜃1

2 𝑠𝜃2
2 𝑠𝜓

2 )𝑒1 ∧ 𝑒̂6 + 𝑠𝜃1𝑠𝜃2√𝑀(1 − 𝑐𝜓
2𝑠2𝜉
2 )𝑒2 ∧ 𝑒4)

+
1

𝑠𝛼√𝐻
(𝑝3𝑐𝜉(𝑒

1 ∧ 𝑒2 − 𝑐𝛼𝑒
4 ∧ 𝑒̂6) − 𝑝4𝑠𝜉(𝑒

1 ∧ 𝑒4 + 𝑐𝛼𝑒
2 ∧ 𝑒̂6))] ,

𝑝 = √𝑠𝜉
2𝑐𝜃1
2 + 𝑠𝜃1

2 , 𝑀 = 𝑐𝜃2
2 𝑐𝜉

2𝑠𝜃1
2 + 𝑠𝜃2

2 𝑝2,

𝑝1 =
𝑠2𝜉
2 𝑐𝜃1𝑠𝜃1𝑐𝜃2𝑠𝜓

2
+ 𝑐2𝜉𝑠𝜃2𝑝

2, 𝑝2 = 𝑐𝜃1𝑠𝜃1𝑐𝜃2𝑐2𝜉 − 2𝑠𝜃2𝑠𝜓𝑝
2,

𝑝3 = 𝑐𝜃2𝑠𝜃1𝑐2𝜉 − 2𝑐𝜃1𝑠𝜃2𝑠𝜓𝑠𝜉
2, 𝑝4 = 𝑐𝜃1𝑠𝜃2𝑐2𝜉 + 2𝑐𝜃2𝑠𝜃1𝑠𝜓𝑐𝜉

2. 

 

Supergravedad cuántica relativista Tipo IIB: Modelamiento Matemático. 

𝔰𝔬(3;ℝ)⊕ 𝔰𝔬(1,6;ℝ)
𝔰𝔬(3;ℝ)⊕ 𝔰𝔬(2,5;ℝ)
𝔰𝔬(1,2;ℝ)⊕ 𝔰𝔬(7;ℝ)

𝔰𝔬(1,2;ℝ)⊕ 𝔰𝔬(3,4;ℝ)

 

Λ′′〈†〉 =∇𝑀𝜀 −
1

8
𝑒𝜙(Γ ⋅ 𝜕𝜒)Γ𝑀𝑠

2𝜀 −
1

480
𝑒𝜙(Γ ⋅ 𝐹(5))Γ𝑀𝑠

2𝜀

−
1

8
𝐻(3)𝑀𝑁𝑃Γ

𝑁𝑃𝑠3𝜀 −
1

48
𝑒𝜙(Γ ⋅ 𝐹̃(3))Γ𝑀𝑠

1𝜀  

Λ′〈⋆〉 = (Γ ⋅ 𝜕𝜙)𝜀 + 𝑒𝜙(Γ ⋅ 𝜕𝜒)𝑠2𝜀 −
1

12
(Γ ⋅ 𝐻(3))𝑠

3𝜀 +
1

12
𝑒𝜙(Γ ⋅ 𝐹̃(3))𝑠

1𝜀

 

𝐻(3) = 𝑑𝐵(2)         𝐹̃(3) = 𝐹(3) − 𝜒𝐻(3)         

𝐹(3)= 𝑑𝐶(2)         𝐹(5) = 𝑑𝐶(4) +
1

8
(𝐵(2) ∧ 𝑑𝐶(2) − 𝐶(2) ∧ 𝑑𝐵(2))        

 

𝜀 = (
𝜀+
𝜀−
) 𝑠1 = (

0 1
1 0

) 𝑠2 = (
0 1
−1 0

) 𝑠3 = (
1 0
0 −1

)  
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𝑔𝑀𝑁
∗ = 𝑔𝑀𝑁 𝜙

∗ = 𝜙  

(Γ𝐴)
∗ = ℬΓ𝐴ℬ

−1 ℬ = 𝒞Γ0  

 

(𝑒𝐴)∗ = 𝜂𝐴𝐴𝑒
𝐴  

(𝑒𝐴Γ𝐴)
∗ = ℬ𝜂(𝑒

𝐴Γ𝐴)ℬ𝜂
−1  

ℬ𝜂 = 𝑢𝒞∏ 

𝑖∈𝒯

 Γ𝑖 ℬ𝜂
∗ℬ𝜂 = (−)

1
2
𝑡(𝑡−1)𝐼32  

 

ℬ𝜂
−1𝜀∗ = 𝑆𝜀

ℬ𝜂
−1𝜆∗ = 𝑆𝜆

ℬ𝜂
−1𝜓∗ = 𝑆𝜓

 

𝑆 =

{
 

 
𝐼2  for  Type IIBℝ
𝑠1  for  Type IIB′

𝑠2  for  Type IIB3
𝑠3  for  Type IIB⋆

 

𝑡 ≡ 1(mod4) 𝑆 = 𝐼2, 𝑠
1, 𝑠3

𝑡 ≡ 3(mod4) 𝑆 = 𝑠2
 

𝑑𝑠2 = 𝑓6
2𝑑𝑠ℳ6ℂ

2 + 𝑓2
2𝑑𝑠ℳ2ℂ

2 + 𝑑𝑠Σℂ
2  

𝑒𝑚 = 𝑓6𝑒̂
𝑚 𝑑𝑠ℳ6C

2 = 𝜂𝑚𝑛𝑒̂𝑚𝑒̂𝑛 𝑚, 𝑛 = 0, . . ,5

𝑒𝑖 = 𝑓2𝑒̂
𝑖 𝑑𝑠ℳ2C

2 = 𝛿𝑖𝑗𝑒̂
𝑖𝑒̂𝑗 𝑖, 𝑗 = 6,7

𝑒𝑎  𝑑𝑠Σℂ
2 = 𝛿𝑎𝑏𝑒

𝑎𝑒𝑏 𝑎, 𝑏 = 8,9

 

𝐹(5) = 0 𝐹̃(3) = 𝑔𝑎𝑒
𝑎 ∧ 𝑒67 𝐻(3) = ℎ𝑎𝑒

𝑎 ∧ 𝑒67  

𝑑𝜙 = 𝜑𝑎𝑒
𝑎 𝑑𝜒 = 𝜒𝑎𝑒

𝑎  

ℳ𝑛ℂ = {(𝑧1,⋯ , 𝑧𝑛+1) ∈ ℂ
𝑛+1 such that 𝑧1

2 +⋯+ 𝑧𝑛+1
2 = 1}  

𝔰𝔬(𝑛 + 1; ℂ) = 𝔰𝔬(𝑛; ℂ)⊕𝔐𝑛ℂ  

[𝑡𝐴𝐵, 𝑡𝐶𝐷]= 𝜂𝐴𝐷𝑡𝐵𝐶 + 𝜂𝐵𝐶𝑡𝐴𝐷 − 𝜂𝐴𝐶𝑡𝐵𝐷 − 𝜂𝐵𝐷𝑡𝐴𝐶  
[𝑡𝐴𝐵, 𝑢𝐶]= 𝜂𝐵𝐶𝑢𝐴 − 𝜂𝐴𝐶𝑢𝐵  

[𝑢𝐴, 𝑢𝐵] = −𝑡𝐴𝐵

 

Ω =
1

2
𝜔̂𝐴𝐵𝑡𝐴𝐵 + 𝑒̂

𝐴𝑢𝐴  

𝑑𝑒̂𝐴 + 𝜂𝐵𝐶𝜔̂
𝐴𝐵 ∧ 𝑒̂𝐶= 0  

𝑑𝜔̂𝐴𝐵 + 𝜂𝐶𝐷𝜔̂
𝐴𝐶 ∧ 𝜔̂𝐷𝐵 = 𝑒̂𝐴 ∧ 𝑒̂𝐵
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(𝑑 +
1

4
𝜔̂𝑚𝑛𝛾𝑚𝑛 +

𝑘1
2
𝑒̂𝑚𝛾𝑚𝛾(1))𝜒6= 0  

(𝑑 +
1

4
𝜔̂𝑖𝑗𝛾𝑖𝑗 +

𝑘2
2
𝑒̂𝑖𝛾𝑖𝛾(2))𝜒2 = 0

 

(∇̂𝑚 −
𝑘1
2
𝜂1𝛾𝑚⊗ 𝐼2)𝜒

𝜂1,𝜂2= 0  

(∇̂𝑖 −
𝑘2
2
𝜂2𝐼8⊗𝛾𝑖) 𝜒

𝜂1,𝜂2 = 0

 

𝜀 = ∑  

𝜂1,𝜂2=±

 𝜒𝜂1,𝜂2 ⊗ 𝜁𝜂1,𝜂2  𝜀 = (
𝜀+
𝜀−
) 𝜁𝜂1,𝜂2 = (

𝜁+,𝜂1,𝜂2
𝜁−,𝜂1,𝜂2

)  

(𝜏(𝑖𝑗)𝜁)
𝜂1,𝜂2

= ∑  

𝜂1
′ ,𝜂2

′=±

  (𝜏𝑖)
𝜂1𝜂1

′ (𝜏
𝑗)
𝜂2𝜂2

′ 𝜁𝜂1′𝜂2′  

(𝐼2⊗ 𝜏(11)⊗𝛾(3))𝜁 = 𝜁 (𝐼2⊗𝛾(3))𝜁−𝜂1,−𝜂2 = 𝜁𝜂1,𝜂2  

∇𝑚𝜀 = ∇̂𝑚𝜀 +
𝐷𝑎𝑓6
2𝑓6

Γ𝑚Γ
𝑎𝜀 ∇𝑖𝜀 = ∇̂𝑖𝜀 +

𝐷𝑎𝑓2
2𝑓2

Γ𝑖Γ
𝑎𝜀  

(𝑚) 0 = −
𝑖𝑘1
2𝑓6

𝜏(20)𝜁 + (
𝐷𝑎𝑓6
2𝑓6

−
1

8
𝑒𝜙𝜒𝑎𝑠

2) 𝜏(01)𝛾𝑎𝜁 −
𝑖

8
𝑒𝜙𝑔𝑎𝑠

1𝛾𝑎𝜁

(𝑖) 0 =
𝑘2
2𝑓2

𝜏(03)𝜁 + (
𝐷𝑎𝑓2
2𝑓2

−
1

8
𝑒𝜙𝜒𝑎𝑠

2) 𝜏(01)𝛾𝑎𝜁 + (−
𝑖

4
ℎ𝑎𝑠

3 +
𝑖

8
𝑒𝜙𝑔𝑎𝑠

1) 𝛾𝑎𝜁

(𝑎) 0 = (𝐷𝑎 +
𝑖

2
𝜔̂𝑎𝛾(3)) 𝜁 +

1

8
𝑒𝜙𝜒𝑏𝑠

2𝛾𝑏𝛾𝑎𝜁 + (−
𝑖

4
ℎ𝑎𝑠

3 +
𝑖

8
𝑒𝜙𝑔𝑏𝑠

1𝛾𝑏𝛾𝑎) 𝜏
(01)𝜁

(𝜆) 0 = (𝜑𝑎 − 𝑒
𝜙𝜒𝑎𝑠

2)𝜏(01)𝛾𝑎𝜁 −
𝑖

2
(ℎ𝑎𝑠

3 + 𝑒𝜙𝑔𝑎𝑠
1)𝛾𝑎𝜁

 

𝐼2⊗ 𝜏(11)⊗𝛾(3) 𝛾(3) = 𝜎
3

𝑖𝑠2⊗ 𝜏(32)⊗ 𝐼2
𝑖𝐼2⊗ 𝜏(20)⊗ 𝐼2

 

ℐ= 𝐼2⊗ 𝜏(11)⊗𝛾(3)  

𝒥= 𝑖𝑠2⊗𝜏(32)⊗ 𝐼2  

ℐ𝒥 = 𝑖𝑠2⊗ 𝜏(23)⊗𝛾(3)

 

(𝐼2⊗𝜏(11)⊗𝛾(3))𝜁 = 𝜁

(𝑖𝑠2⊗𝜏(32)⊗ 𝐼2)𝜁 = 𝜈𝜁
 

(𝐼2⊗𝜏(11)⊗𝛾(3))𝜁𝑠,𝜂1,𝜂2,𝜎 = 𝜎𝜁𝑠,−𝜂1,−𝜂2,𝜎 = 𝜁𝑠,𝜂1,𝜂2,𝜎

(𝑖𝑠2⊗ 𝜏(32)⊗ 𝐼2)𝜁𝑠,𝜂1,𝜂2,𝜎 = 𝑠𝜂1𝜂2𝜁−𝑠,𝜂1,−𝜂2,𝜎 = 𝜈𝜁𝑠,𝜂1,𝜂2,𝜎
 

𝛼 = 𝜁++++ = +𝜁+−−+ = +𝜈𝜁−+−+ = +𝜈𝜁−−++
𝛽 = 𝜁+−−− = −𝜁+++− = −𝜈𝜁−+−− = +𝜈𝜁−−+−
𝛾 = 𝜁−+++ = +𝜁−−−+ = −𝜈𝜁++−+ = −𝜈𝜁+−++
𝛿 = 𝜁−−−− = −𝜁−++− = +𝜈𝜁++−− = −𝜈𝜁+−+−
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𝑒𝑧 =
1

2
(𝑒8 + 𝑖𝑒9) 𝑒 𝑧̃ =

1

2
(𝑒8 − 𝑖𝑒9) 𝛿𝑧𝑧̃ = 2 𝛿

𝑧𝑧̃ =
1

2
 

𝛾𝑧 = (
0 1
0 0

) =
1

2
𝛾𝑧̃ 𝛾

𝑧̃ = (
0 0
1 0

) =
1

2
𝛾𝑧  

0 = 𝜑𝑧𝛽 − 𝑒
𝜙𝜒𝑧𝛿 +

𝑖𝜈

2
(ℎ𝑧𝛿 − 𝑒

𝜙𝑔𝑧𝛽)

0 = 𝜑𝑧𝛿 + 𝑒
𝜙𝜒𝑧𝛽 +

𝑖𝜈

2
(ℎ𝑧𝛽 + 𝑒

𝜙𝑔𝑧𝛿)

0 = 𝜑𝑧̃𝛼 − 𝑒
𝜙𝜒𝑧̃𝛾 +

𝑖𝜈

2
(ℎ𝑧̃𝛾 − 𝑒

𝜙𝑔𝑧̃𝛼)

0 = 𝜑𝑧̃𝛾 + 𝑒
𝜙𝜒𝑧̃𝛼 +

𝑖𝜈

2
(ℎ𝑧̃𝛼 + 𝑒

𝜙𝑔𝑧̃𝛾)

 

Λ′′〈†〉 = +
𝑘1
2𝑓6

𝛼 +
𝐷𝑧𝑓6
2𝑓6

𝛽 −
1

8
𝑒𝜙𝜒𝑧𝛿 −

𝑖𝜈

8
𝑒𝜙𝑔𝑧𝛽

Λ′〈⋆〉 = +
𝑘1
2𝑓6

𝛾 +
𝐷𝑧𝑓6
2𝑓6

𝛿 +
1

8
𝑒𝜙𝜒𝑧𝛽 +

𝑖𝜈

8
𝑒𝜙𝑔𝑧𝛿

Λ′′〈†〉 = −
𝑘1
2𝑓6

𝛽 +
𝐷𝑧̃𝑓6
2𝑓6

𝛼 −
1

8
𝑒𝜙𝜒𝑧̃𝛾 −

𝑖𝜈

8
𝑒𝜙𝑔𝑧̃𝛼

Λ′〈⋆〉 = −
𝑘1
2𝑓6

𝛿 +
𝐷𝑧̃𝑓6
2𝑓6

𝛾 +
1

8
𝑒𝜙𝜒𝑧̃𝛼 +

𝑖𝜈

8
𝑒𝜙𝑔𝑧̃𝛾

 

Λ′′〈†〉 = −
𝑘2𝜈

2𝑓2
𝛾 +

𝐷𝑧𝑓2
2𝑓2

𝛽 −
1

8
𝑒𝜙𝜒𝑧𝛿 +

𝑖𝜈

8
𝑒𝜙𝑔𝑧𝛽 +

𝑖𝜈

4
ℎ𝑧𝛿

Λ′〈⋆〉 = +
𝑘2𝜈

2𝑓2
𝛼 +

𝐷𝑧𝑓2
2𝑓2

𝛿 +
1

8
𝑒𝜙𝜒𝑧𝛽 −

𝑖𝜈

8
𝑒𝜙𝑔𝑧𝛿 +

𝑖𝜈

4
ℎ𝑧𝛽

Λ′′〈†〉 = −
𝑘2𝜈

2𝑓2
𝛿 +

𝐷𝑧̃𝑓2
2𝑓2

𝛼 −
1

8
𝑒𝜙𝜒𝑧̃𝛾 +

𝑖𝜈

8
𝑒𝜙𝑔𝑧̃𝛼 +

𝑖𝜈

4
ℎ𝑧̃𝛾

Λ′〈⋆〉 = +
𝑘2𝜈

2𝑓2
𝛽 +

𝐷𝑧̃𝑓2
2𝑓2

𝛾 +
1

8
𝑒𝜙𝜒𝑧̃𝛼 −

𝑖𝜈

8
𝑒𝜙𝑔𝑧̃𝛾 +

𝑖𝜈

4
ℎ𝑧̃𝛼

 

Λ′′〈†〉 = 𝐷𝑧̃𝛼 +
𝑖

2
𝜔̂𝑧̃𝛼 +

𝑖𝜈

4
ℎ𝑧̃𝛾

Λ′〈⋆〉 = 𝐷𝑧̃𝛾 +
𝑖

2
𝜔̂𝑧̃𝛾 +

𝑖𝜈

4
ℎ𝑧̃𝛼

Λ′′〈†〉 = 𝐷𝑧𝛽 −
𝑖

2
𝜔̂𝑧𝛽 +

𝑖𝜈

4
ℎ𝑧𝛿

Λ′〈⋆〉 = 𝐷𝑧𝛿 −
𝑖

2
𝜔̂𝑧𝛿 +

𝑖𝜈

4
ℎ𝑧𝛽

 

Λ′′〈†〉 = 𝐷𝑧𝛼 +
𝑖

2
𝜔̂𝑧𝛼 +

1

4
𝑒𝜙𝜒𝑧𝛾 +

𝑖𝜈

4
𝑒𝜙𝑔𝑧𝛼 +

𝑖𝜈

4
ℎ𝑧𝛾

Λ′〈⋆〉 = 𝐷𝑧𝛾 +
𝑖

2
𝜔̂𝑧𝛾 −

1

4
𝑒𝜙𝜒𝑧𝛼 −

𝑖𝜈

4
𝑒𝜙𝑔𝑧𝛾 +

𝑖𝜈

4
ℎ𝑧𝛼

Λ′′〈†〉 = 𝐷𝑧̃𝛽 −
𝑖

2
𝜔̂𝑧̃𝛽 +

1

4
𝑒𝜙𝜒𝑧̃𝛿 +

𝑖𝜈

4
𝑒𝜙𝑔𝑧̃𝛽 +

𝑖𝜈

4
ℎ𝑧̃𝛿

Λ′〈⋆〉 = 𝐷𝑧̃𝛿 −
𝑖

2
𝜔̂𝑧̃𝛿 −

1

4
𝑒𝜙𝜒𝑧̃𝛽 −

𝑖𝜈

4
𝑒𝜙𝑔𝑧̃𝛿 +

𝑖𝜈

4
ℎ𝑧̃𝛽
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𝑓6 = 𝑐6(𝛼𝛿 − 𝛽𝛾)

𝑓2 = 𝑐2(𝛼𝛽 + 𝛾𝛿)
 

Λ′′〈†〉 =
𝑘1
2𝑐6

−
1

8
𝑒𝜙𝜒𝑧(𝛽

2 + 𝛿2) −
𝑖𝜈

4
𝑒𝜙𝑔𝑧𝛽𝛿

Λ′〈⋆〉 =
𝑘1
2𝑐6

−
1

8
𝑒𝜙𝜒𝑧̃(𝛼

2 + 𝛾2) −
𝑖𝜈

4
𝑒𝜙𝑔𝑧̃𝛼𝛾

 

Λ′′〈†〉 =
𝑘2𝜈

2𝑐2
+
1

8
𝑒𝜙𝜒𝑧(𝛽

2 + 𝛿2) −
𝑖𝜈

4
𝑒𝜙𝑔𝑧𝛽𝛿 +

𝑖𝜈

4
ℎ𝑧(𝛽

2 − 𝛿2)

Λ′〈⋆〉 =
𝑘2𝜈

2𝑐2
+
1

8
𝑒𝜙𝜒𝑧̃(𝛼

2 + 𝛾2) −
𝑖𝜈

4
𝑒𝜙𝑔𝑧̃𝛼𝛾 +

𝑖𝜈

4
ℎ𝑧̃(𝛼

2 − 𝛾2)

 

Λ′′〈†〉 =
𝐷𝑧𝑓6
2𝑓6

(𝛼𝛿 − 𝛽𝛾) +
1

8
𝑒𝜙𝜒𝑧(𝛼𝛽 + 𝛾𝛿) +

𝑖𝜈

8
𝑒𝜙𝑔𝑧(𝛼𝛿 + 𝛽𝛾)

Λ′〈⋆〉 =
𝐷𝑧̃𝑓6
2𝑓6

(𝛼𝛿 − 𝛽𝛾) −
1

8
𝑒𝜙𝜒𝑡𝑧(𝛼𝛽 + 𝛾𝛿) −

𝑖𝜈

8
𝑒𝜙𝑔𝑧̃(𝛼𝛿 + 𝛽𝛾)

 

𝐷𝑧(𝛼𝛿 − 𝛽𝛾) = −
1

4
𝑒𝜙𝜒𝑧(𝛼𝛽 + 𝛾𝛿) −

𝑖𝜈

4
𝑒𝜙𝑔𝑧(𝛼𝛿 + 𝛽𝛾)

𝐷𝑧̃(𝛼𝛿 − 𝛽𝛾) =
1

4
𝑒𝜙𝜒𝑧̃(𝛼𝛽 + 𝛾𝛿) +

𝑖𝜈

4
𝑒𝜙𝑔𝑧̃(𝛼𝛿 + 𝛽𝛾)

 

𝐷𝑧𝑓6
𝑓6

(𝛼𝛿 − 𝛽𝛾) − 𝐷𝑧(𝛼𝛿 − 𝛽𝛾) = 0

𝐷𝑧̃𝑓6
𝑓6

(𝛼𝛿 − 𝛽𝛾) − 𝐷𝑧̃(𝛼𝛿 − 𝛽𝛾) = 0

 

Λ′′〈†〉 = 𝑒𝜙𝜒𝑧(𝛽
2 + 𝛿2) +

𝑖𝜈

2
ℎ𝑧(𝛽

2 − 𝛿2) + 𝑖𝜈𝑒𝜙𝑔𝑧𝛽𝛿

Λ′〈⋆〉 = 𝑒𝜙𝜒𝑧̃(𝛼
2 + 𝛾2) +

𝑖𝜈

2
ℎ𝑧̃(𝛼

2 − 𝛾2) + 𝑖𝜈𝑒𝜙𝑔𝑧̃𝛼𝛾

 

Λ′′〈†〉 =
𝑘2𝜈

2𝑐2
−
3

8
𝑒𝜙𝜒𝑧(𝛽

2 + 𝛿2) −
3𝑖𝜈

4
𝑒𝜙𝑔𝑧𝛽𝛿

Λ′〈⋆〉 =
𝑘2𝜈

2𝑐2
−
3

8
𝑒𝜙𝜒𝑧̃(𝛼

2 + 𝛾2) −
3𝑖𝜈

4
𝑒𝜙𝑔𝑧̃𝛼𝛾

 

𝑘2𝜈

𝑐2
=
3𝑘1
𝑐6

 

Λ′′〈†〉 =
𝑘1
𝑐6
+
1

4
𝑒𝜙𝜒𝑧(𝛽

2 + 𝛿2) +
𝑖𝜈

4
ℎ𝑧(𝛽

2 − 𝛿2)

Λ′〈⋆〉 =
𝑘1
𝑐6
+
1

4
𝑒𝜙𝜒𝑧̃(𝛼

2 + 𝛾2) +
𝑖𝜈

4
ℎ𝑧̃(𝛼

2 − 𝛾2)

 

𝑒𝑧 = 𝜌𝑑𝑤 𝐷𝑧 = 𝜌
−1𝜕𝑤 𝜔̂𝑧 = +𝑖𝜌

−2𝜕𝑤𝜌

𝑒 𝑧̃ = 𝜌𝑑𝑤̃ 𝐷𝑧̃ = 𝜌
−1𝜕𝑤̃ 𝜔̂𝑧̃ = −𝑖𝜌

−2𝜕𝑤̃𝜌
 

Λ′′〈†〉 = 𝐷𝑧̃(𝛼
2 − 𝛾2) + 𝑖𝜔̂𝑧̃(𝛼

2 − 𝛾2)

Λ′〈⋆〉 = 𝐷𝑧(𝛽
2 − 𝛿2) − 𝑖𝜔̂𝑧(𝛽

2 − 𝛿2)
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𝜕𝑤̃(𝜌(𝛼
2 − 𝛾2)) = 0

𝜕𝑤(𝜌(𝛽
2 − 𝛿2)) = 0

 

𝜌(𝛼2 − 𝛾2)= 2𝜅1  

𝜌(𝛽2 − 𝛿2) = 2𝜅̃1
 

Λ′′〈†〉 = 𝐷𝑧(𝛽𝛿) − 𝑖𝜔̂𝑧𝛽𝛿 − 𝜑𝑧𝛽𝛿 −
1

2
𝑒𝜙𝜒𝑧(𝛽

2 − 𝛿2)

Λ′〈⋆〉 = 𝐷𝑧̃(𝛼𝛾) + 𝑖𝜔̂𝑧̃𝛼𝛾 − 𝜑𝑧̃𝛼𝛾 −
1

2
𝑒𝜙𝜒𝑧̃(𝛼

2 − 𝛾2)

 

𝜑𝑧 = 𝜌
−1𝜕𝑤𝜙 𝜒𝑧 = 𝜌

−1𝜕𝑤𝜒

𝜑𝑧̃ = 𝜌
−1𝜕𝑤̃𝜙 𝜒𝑧̃ = 𝜌

−1𝜕𝑤̃𝜒
 

𝜕𝑤(𝑒
−𝜙𝜌𝛽𝛿 + 𝜒𝜅̃1) = Λ

′′〈†〉

𝜕𝑤̃(𝑒
−𝜙𝜌𝛼𝛾 + 𝜒𝜅1) = Λ

′〈⋆〉
 

𝜌𝛽𝛿 = 𝑒𝜙(𝜅̃1𝜒 − 𝜅̃2)

𝜌𝛼𝛾 = 𝑒𝜙(𝜅1𝜒 − 𝜅2)
 

𝜏± = 𝜒 ± 𝑖𝑒
−𝜙 𝜉 =

𝜅2
𝜅1
 𝜉̃ =

𝜅̃2
𝜅̃1

 

𝜌(𝛼 ± 𝑖𝛾)2 = ∓4𝜅1
𝜏∓ − 𝜉

𝜏+ − 𝜏−

𝜌(𝛽 ± 𝑖𝛿)2 = ∓4𝜅̃1
𝜏∓ − 𝜉̃

𝜏+ − 𝜏−

 

𝜌𝑓6 = −2𝑐6
(𝜅1𝜅̃1)

1
2

𝜏+ − 𝜏−
{(𝜏− − 𝜉)

1
2(𝜏+ − 𝜉̃)

1
2 − (𝜏+ − 𝜉)

1
2(𝜏− − 𝜉̃)

1
2}

𝜌𝑓2 = 2𝑖𝑐2
(𝜅1𝜅̃1)

1
2

𝜏+ − 𝜏−
{(𝜏− − 𝜉)

1
2(𝜏+ − 𝜉̃)

1
2 + (𝜏+ − 𝜉)

1
2(𝜏− − 𝜉̃)

1
2}

 

𝜌(ℎ𝑧 ± 𝑖𝑒
𝜙𝑔𝑧)= 2𝑖𝜈𝑒

𝜙
𝛽 ± 𝑖𝛿

𝛽 ∓ 𝑖𝛿
𝜕𝑤𝜏± = ±4𝑖𝜈 (

𝜏∓ − 𝜉̃

𝜏± − 𝜉̃
)

1
2 𝜕𝑤𝜏±
𝜏+ − 𝜏−

 

𝜌(ℎ𝑧̃ ± 𝑖𝑒
𝜙𝑔𝑧̃) = 2𝑖𝜈𝑒

𝜙
𝛼 ± 𝑖𝛾

𝛼 ∓ 𝑖𝛾
𝜕𝑤̃𝜏± = ±4𝑖𝜈 (

𝜏∓ − 𝜉

𝜏± − 𝜉
)

1
2 𝜕𝑤̃𝜏±
𝜏+ − 𝜏−

 

Λ′′〈†〉 =
(𝐷𝑧 + 𝑖𝜔̂𝑧)(𝛼

2 − 𝛾2)

𝛼2 − 𝛾2
+
𝜒 − 𝜉

2
𝑒2𝜙𝜒𝑧 +

1

𝑋
(𝜑𝑧 − 𝑒

2𝜙(𝜒 − 𝜉̃)𝜒𝑧)

Λ′〈⋆〉 =
(𝐷𝑧̃ − 𝑖𝜔̂𝑧̃)(𝛽

2 − 𝛿2)

𝛽2 − 𝛿2
+
𝜒 − 𝜉̃

2
𝑒2𝜙𝜒𝑧̃ + 𝑋(𝜑𝑧̃ − 𝑒

2𝜙(𝜒 − 𝜉)𝜒𝑧̃)

Λ′′〈†〉 =
(𝐷𝑧 + 𝑖𝜔̂𝑧)(𝛼𝛾)

𝛼2 − 𝛾2
−
1

4
𝑒𝜙𝜒𝑧 −

1

2𝑋
𝑒𝜙((𝜒 − 𝜉̃)𝜑𝑧 + 𝜒𝑧)

Λ′〈⋆〉 =
(𝐷𝑧̃ − 𝑖𝜔̂𝑧̃)(𝛽𝛿)

𝛽2 − 𝛿2
−
1

4
𝑒𝜙𝜒𝑧̃ −

1

2
𝑋𝑒𝜙((𝜒 − 𝜉)𝜑𝑧̃ + 𝜒𝑧̃)
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𝑋 =
𝛽2 + 𝛿2

𝛼2 + 𝛾2
𝜅1
𝜅̃1

 

Λ′′〈†〉 = −
𝑘1
𝑐6

𝛽2 + 𝛿2

𝜅̃1
2 𝑒−𝜙𝜌2 + (1 − 𝑒2𝜙(𝜒 − 𝜉̃)2)𝜒𝑧 + 2(𝜒 − 𝜉̃)𝜑𝑧

Λ′〈⋆〉 = −
𝑘1
𝑐6

𝛼2 + 𝛾2

𝜅1
2 𝑒−𝜙𝜌2 + (1 − 𝑒2𝜙(𝜒 − 𝜉)2)𝜒𝑧̃ + 2(𝜒 − 𝜉)𝜑𝑧̃

 

𝛼2 + 𝛾2 =
4𝜖𝜅𝜅1

𝜌(𝜏+ − 𝜏−)
√−(𝜏+ − 𝜉)(𝜏− − 𝜉)         𝜖𝜅 =

√𝜅1
2

𝜅1
        

𝛽2 + 𝛿2 =
4𝜖𝜅𝜅̃1

𝜌(𝜏+ − 𝜏−)
√−(𝜏+ − 𝜉̃)(𝜏− − 𝜉̃)        𝜖𝜅 =

√𝜅̃1
2

𝜅̃1
        

 

(𝜏∓ − 𝜉)𝜕𝑤ln 𝜌̂
2 + 𝜕𝑤𝜉 ∓

𝜕𝑤𝜏∓
𝜏+ − 𝜏−

{𝜏± − 𝜉 −
2

𝑋
(𝜏± − 𝜉̃)} = Λ

′′〈†〉

(𝜏∓ − 𝜉̃)𝜕𝑤̃ln 𝜌̂
2 + 𝜕𝑤̃𝜉̃ ∓

𝜕𝑤̃𝜏∓
𝜏+ − 𝜏−

{𝜏± − 𝜉̃ − 2𝑋(𝜏± − 𝜉)} = Λ
′〈⋆〉

 

𝑋 =
𝜖𝜅
𝜖𝜅
√
𝜏+ − 𝜉̃

𝜏+ − 𝜉
⋅
𝜏− − 𝜉̃

𝜏− − 𝜉
 𝜌2 =

𝜅1𝜅̃1𝜌̂
2

(𝜏+ − 𝜏−)
1
2

 

𝑘1
𝑐6
𝜖𝜅𝜅1𝜌̂

2 (
1

𝜏− − 𝜉̃
−

1

𝜏+ − 𝜉̃
)

3
2

+ 𝜕𝑤 (
1

𝜏− − 𝜉̃
+

1

𝜏+ − 𝜉̃
) = Λ′′〈†〉

𝑘1
𝑐6
𝜖𝜅𝜅̃1𝜌̂

2 (
1

𝜏− − 𝜉
−

1

𝜏+ − 𝜉
)

3
2
+ 𝜕𝑤̃ (

1

𝜏− − 𝜉
+

1

𝜏+ − 𝜉
) = Λ′〈⋆〉

 

𝑍±
2 =

𝜏± − 𝜉̃

𝜏± − 𝜉
 
1

𝑅2
= −

𝑘1
𝑐6

(𝑍− + 𝜀𝜅𝑍+)
3
2𝜌̂2

𝑋
1
2(𝑍− − 𝜀𝜅𝑍+)

1
2(𝜉 − 𝜉̃)

1
2

 𝜀𝜅 =
𝜖𝜅
𝜖𝜅

 

𝑋 = 𝜀𝜅𝑍+𝑍− 𝑌 = −
(𝑍− + 𝜀𝜅𝑍+)

2

𝑋
 

𝜕𝑤 (2𝑅
2𝑋

1
2(𝜉̃ − 𝜉))= −𝜖𝜅(𝜅2 − 𝜅1𝜉̃)  

𝜕𝑤̃ (2𝑅
2𝑋−

1
2(𝜉 − 𝜉̃)) = +𝜖𝜅(𝜅̃2 − 𝜅̃1𝜉)

 

𝜕𝑤ln (𝑅
2𝑋−

1
2) − 𝑋𝜕𝑤ln (𝜉̃ − 𝜉) = Λ

′′〈†〉  

𝜕𝑤̃ln (𝑅
2𝑋

1
2) − 𝑋−1𝜕𝑤̃ln (𝜉̃ − 𝜉) = Λ

′〈⋆〉
 

𝜕𝑤𝑌 + 2(𝑌 + 3)𝑋𝜕𝑤ln (𝜉̃ − 𝜉) + (𝑌 + 6)𝜕𝑤ln (𝑋(𝜉̃ − 𝜉))= Λ
′′〈†〉 

𝜕𝑤̃𝑌 + 2(𝑌 + 3)/𝑋𝜕𝑤̃ln (𝜉̃ − 𝜉) + (𝑌 + 6)𝜕𝑤̃ln (𝑋
−1(𝜉̃ − 𝜉)) = Λ′〈⋆〉
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−𝜖𝜅𝜅1 = 𝜕𝑤𝒜1         𝜖𝜅𝜅̃1 = 𝜕𝑤̃𝒜̃1        

−𝜖𝜅𝜅2 = 𝜕𝑤𝒜2        𝜖𝜅𝜅̃2 = 𝜕𝑤̃𝒜̃2        

𝜉=
𝜅2
𝜅1
         𝜉̃ =

𝜅̃2
𝜅̃1
        

 

2𝑅2𝑋+
1
2(𝜉̃ − 𝜉) = 𝒜̃0 +𝒜2 − 𝜉̃𝒜1

2𝑅2𝑋−
1
2(𝜉 − 𝜉̃) = 𝒜0 + 𝒜̃2 − 𝜉𝒜̃1

 

𝒜0 = −𝜉𝒜1 +𝒜2

𝒜̃0 = −𝜉̃𝒜̃1 + 𝒜̃2

 

2𝑅2𝑋+
1
2(𝜉̃ − 𝜉) = ℒ̃ ℒ̃ = −𝜉̃(𝒜̃1 +𝒜1) + 𝒜̃2 +𝒜2

2𝑅2𝑋−
1
2(𝜉 − 𝜉̃) = ℒ ℒ = −𝜉(𝒜1 + 𝒜̃1) +𝒜2 + 𝒜̃2

 

𝑅4 = −
ℒℒ̃

4(𝜉 − 𝜉̃)2
 𝑋 = −

ℒ̃

ℒ
 

𝜕𝑤(𝑌(𝜉̃ − 𝜉)𝑅
4) =

3

2
(−𝒜2𝜕𝑤𝒜1 +𝒜1𝜕𝑤𝒜2 + 𝒜̃1𝜕𝑤𝒜2 − 𝒜̃2𝜕𝑤𝒜1)

𝜕𝑤̃(𝑌(𝜉 − 𝜉̃)𝑅
4) =

3

2
(−𝒜̃2𝜕𝑤̃𝒜̃1 + 𝒜̃1𝜕𝑤̃𝒜̃2 +𝒜1𝜕𝑤̃𝒜̃2 −𝒜2𝜕𝑤̃𝒜̃1)

 

𝜕𝑤ℬ = 𝒜2𝜕𝑤𝒜1 −𝒜1𝜕𝑤𝒜2

𝜕𝑤̃ℬ̃ = 𝒜̃2𝜕𝑤̃𝒜̃1 − 𝒜̃1𝜕𝑤̃𝒜̃2
 

𝑌(𝜉̃ − 𝜉)𝑅4 =
3

2
(−ℬ + ℬ̃ + 𝒜̃1𝒜2 −𝒜1𝒜̃2)  

𝑌 = −6
𝜉̃ − 𝜉

ℒℒ̃
(−ℬ + ℬ̃ + 𝒜̃1𝒜2 −𝒜1𝒜̃2)  

𝜏± − 𝜉 =
𝜉 − 𝜉̃

𝑍±
2 − 1

 𝜏± − 𝜉̃ =
𝑍±
2(𝜉 − 𝜉̃)

𝑍±
2 − 1

 

𝑍±
2 = −

1

2
𝑋(𝑌 + 2) ±

1

2
𝑋𝑌𝑇  

𝑇2 =
𝑌 + 4

𝑌
 

𝜌2 =
𝑐6
𝑘1

𝜅1𝜅̃1
𝑅2𝑌

(𝑋 +
1

𝑋
+ 𝑌 + 2)

1
2

 

(
𝑓6
𝑐6
± 𝑖

𝑓2
𝑐2
)
2

= −(𝛼 ± 𝑖𝛾)2(𝛽 ∓ 𝑖𝛿)2 =
16𝜅1𝜅̃1𝑍±

2

𝜌2𝑋𝑌(𝑌 + 4)
(𝑋 +

1

𝑋
+ 𝑌 + 2)  

𝜌2𝑓2𝑓6 = 2𝑐2𝑐6𝑒
𝜙(𝜅̃1𝜅2 − 𝜅1𝜅̃2)  
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𝑓6
2

𝑐6
2 −

𝑓2
2

𝑐2
2 = −

8𝜅1𝜅̃1
𝜌2𝑌

𝑌 + 2

𝑌 + 4
(𝑋 +

1

𝑋
+ 𝑌 + 2)  

𝑓6
2

𝑐6
2 +

𝑓2
2

𝑐2
2 =

16𝜂𝜅1𝜅̃1
𝜌2𝑌(𝑌 + 4)

(𝑋 +
1

𝑋
+ 𝑌 + 2)  

𝑓6
2 = −4𝑐6

2
𝜅1𝜅̃1
𝜌2𝑌

𝑌 + 2 − 2𝜂

𝑌 + 4
(𝑋 +

1

𝑋
+ 𝑌 + 2)

𝑓2
2 = +4𝑐2

2
𝜅1𝜅̃1
𝜌2𝑌

𝑌 + 2 + 2𝜂

𝑌 + 4
(𝑋 +

1

𝑋
+ 𝑌 + 2)

 

(𝜌E)
2
= +

𝑐6
𝑘1
𝜅1𝜅̃1 (−

𝑖(𝜉̃ − 𝜉)

2𝑅4𝑌
𝑇)

1
2

(𝑓6
𝐸)2 = +2𝑐6

2
𝑖𝜅1𝜅̃1(𝜉̃ − 𝜉)

(𝜌E)2
𝑇−𝜂

(𝑓2
𝐸)2 = −2𝑐2

2
𝑖𝜅1𝜅̃1(𝜉̃ − 𝜉)

(𝜌E)2
𝑇𝜂

 

𝒢= 𝑖(−ℬ + ℬ̃ + 𝒜̃1𝒜2 −𝒜1𝒜̃2)  

𝜅2 = 𝑖(𝜕𝑤𝒜1𝜕𝑤̃𝒜̃2 − 𝜕𝑤̃𝒜̃1𝜕𝑤𝒜2) = −𝜕𝑤𝜕𝑤̃𝒢
 

𝑌 =
6𝜅2𝒢

𝜕𝑤𝒢𝜕𝑤̃𝒢
 𝑅4𝑌 = −

3𝑖𝒢

2(𝜉̃ − 𝜉)
 𝑋 =

𝜕𝑤𝒜1𝜕𝑤̃𝒢

𝜕𝑤̃𝒜̃1𝜕𝑤𝒢
 

𝑇2 = 1 +
2

3

𝜕𝑤𝒢𝜕𝑤̃𝒢

𝜅2𝒢
 

(𝜌E)
2
= −

𝑐6
𝑘1
𝜅2√−

𝑇

3𝒢
 (𝑓6

𝐸)2 = −
2𝑐6

2𝜅2

(𝜌E)2
1

𝑇𝜂
 (𝑓2

𝐸)2 = +
2𝑐2
2𝜅2

(𝜌E)2
𝑇𝜂  

𝜏± =
𝜕𝑤̃𝒜̃2(𝑇 ± 1)𝜕𝑤𝒢 + 𝜕𝑤𝒜2(𝑇 ∓ 1)𝜕𝑤̃𝒢

𝜕𝑤̃𝒜̃1(𝑇 ± 1)𝜕𝑤𝒢 + 𝜕𝑤𝒜1(𝑇 ∓ 1)𝜕𝑤̃𝒢
 

(
𝒜2
′

𝒜1
′ ) = 𝑀(

𝒜2

𝒜1
) (
𝒜̃2
′

𝒜̃1
′ ) = 𝑀(

𝒜̃2

𝒜̃1
)  𝑀 = (

𝑎 𝑏
𝑐 𝑑

)  

𝜏±
′ =

𝑎𝜏± + 𝑏

𝑐𝜏± + 𝑑
 

𝜅1
′ = (𝑐𝜉 + 𝑑)𝜅1 𝜉′ =

𝑎𝜉 + 𝑏

𝑐𝜉 + 𝑑
ℒ′ =

ℒ

𝑐𝜉 + 𝑑

𝜅̃1
′ = (𝑐𝜉̃ + 𝑑)𝜅̃1 𝜉̃′ =

𝑎𝜉 + 𝑏

𝑐𝜉 + 𝑑
ℒ̃′ =

ℒ̃

𝑐𝜉̃ + 𝑑

 

𝜌′(ℎ𝑧
′ ± 𝑖𝑒𝜙

′
𝑔𝑧
′)= (𝑐𝜏∓ + 𝑑)

1
2(𝑐𝜏± + 𝑑)

−
1
2𝜌(ℎ𝑧 ± 𝑖𝑒

𝜙𝑔𝑧)  

𝜌′(ℎ𝑧̃
′ ± 𝑖𝑒𝜙

′
𝑔𝑧̃
′) = (𝑐𝜏± + 𝑑)

1
2(𝑐𝜏∓ + 𝑑)

−
1
2𝜌(ℎ𝑧̃ ± 𝑖𝑒

𝜙𝑔𝑧̃)
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ℬ𝜂
−1𝜀∗ = 𝑆𝜀 𝑆 = 𝐼2, 𝑠

1, 𝑠2, 𝑠3  

𝜀 = ∑  

𝜂1,𝜂2=±

 𝜒𝜂1,𝜂2 ⊗𝜁𝜂1,𝜂2  

ℬ𝜂
−1𝜀∗ = ∑  

𝜂1,𝜂2=±

 𝜒𝜂1,𝜂2 ⊗ (𝔟𝜂
−1𝜁∗)

𝜂1,𝜂2  

𝒦𝜁∗ = 𝜁 𝒦 = 𝑆−1⊗𝔟𝜂
−1  

𝜁 → 𝒦𝜁⋆ 𝒦 = 𝑆−1⊗𝔟𝜂
−1  

𝐹̃(3) = 𝑔𝑎𝑒
𝑎 ∧ 𝑒67 𝐻(3) = ℎ𝑎𝑒

𝑎 ∧ 𝑒67 𝑑𝜙 = 𝜑𝑎𝑒
𝑎 𝑑𝜒 = 𝜒𝑎𝑒

𝑎  

(𝑒𝐴)∗ = 𝜂𝐴𝐴𝑒
𝐴  

𝔟𝜂
−1 = 𝐾1𝐾2𝐾3𝜏

(02)⊗𝜎2  

𝐾1 =

{
 
 

 
 𝜏

(00)⊗ 𝐼2  for (𝕜1, 𝕜2) = (1, 𝑖)

𝜏(01)⊗ 𝐼2  for (𝕜1, 𝕜2) = (1,1)

𝜏(10)⊗ 𝐼2  for (𝕜1, 𝕜2) = (𝑖, 𝑖)

𝜏(11)⊗ 𝐼2  for (𝕜1, 𝕜2) = (𝑖, 1)

 

𝕜1 = 𝑘1
|𝑓6|

𝑓6
 𝕜2 = 𝑘2

|𝑓2|

𝑓2
 

𝐾2 = {
𝜏(00)⊗ 𝐼2  for ℳ0,2,ℳ2,0

−𝑖𝜏(32)⊗ 𝐼2  for ℳ1,1

 𝐾3 = {

𝜏(00)⊗ 𝐼2  for Σ0,2

𝑖𝜏(20)⊗𝜎1  for Σ1,1

𝜏(00)⊗𝜎3  for Σ2,0

 

(𝑒̂𝑚𝛾𝑚)
∗= 𝐵𝜂(1)(𝑒̂

𝑚𝛾𝑚)𝐵𝜂(1)
−1  

(𝑒̂𝑖𝛾𝑖)
∗
= −𝐵𝜂(2)(𝑒̂

𝑖𝛾𝑖)𝐵𝜂(2)
−1  

(𝑒𝑎𝛾𝑎)
∗ = −𝐵𝜂(3)(𝑒

𝑎𝛾𝑎)𝐵𝜂(3)
−1

 

ℳ0,6 𝐵𝜂(1)
−1 = 𝛾(1)𝛾

0𝐵(1)
−1 𝛼1 = 1

ℳ1,5 𝐵𝜂(1)
−1 = 𝐵(1)

−1 𝛼1 = 0

ℳ2,4 𝐵𝜂(1)
−1 = 𝛾(1)𝛾

1𝐵(1)
−1 𝛼1 = 1

ℳ3,3 𝐵𝜂(1)
−1 = 𝛾1𝛾2𝐵(1)

−1 𝛼1 = 0

ℳ4,2 𝐵𝜂(1)
−1 = 𝛾(1)𝛾

1𝛾2𝛾3𝐵(1)
−1 𝛼1 = 1

ℳ5,1 𝐵𝜂(1)
−1 = 𝛾1𝛾2𝛾3𝛾4𝐵(1)

−1 𝛼1 = 0

 

ℳ0,2 𝐵𝜂(2)
−1 = 𝐵(2)

−1 = 𝜎2 𝛼2 = 1

ℳ1,1 𝐵𝜂(2)
−1 = 𝛾(2)𝛾

7𝐵(2)
−1 = 𝜎3 𝛼2 = 0

ℳ2,0 𝐵𝜂(2)
−1 = 𝛾6𝛾7𝐵(2)

−1 = 𝜎1 𝛼2 = 1
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Σ0,2 𝐵𝜂(3)
−1 = 𝐵(3)

−1 = 𝜎2 𝛼3 = 1

Σ1,1 𝐵𝜂(3)
−1 = 𝛾(3)𝛾

9𝐵(3)
−1 = 𝜎3 𝛼3 = 0

Σ2,0 𝐵𝜂(3)
−1 = 𝑖𝛾8𝛾9𝐵(3)

−1 = 𝑖𝜎1 𝛼3 = 1

 

 

𝛾(1)𝐵𝜂(1)= (−)
𝛼1𝐵𝜂(1)𝛾(1)  

𝛾(2)𝐵𝜂(2)= (−)
𝛼2𝐵𝜂(2)𝛾(2)  

𝛾(3)𝐵𝜂(3) = (−)
𝛼3𝐵𝜂(3)𝛾(3)

 

ℬ𝜂 = 𝐵̃𝜂(1)⊗ 𝐵̃𝜂(2)⊗ 𝐵̃𝜂(3)  

ℬ𝜂(𝑒̂
𝑖Γ𝑖)ℬ𝜂

−1 = 𝐵𝜂(1)𝛾(1)𝐵𝜂(1)
−1 ⊗ 𝐵̃𝜂(2)(𝑒̂

𝑖𝛾𝑖)𝐵̃𝜂(2)
−1 ⊗ 𝐼2 = 𝛾(1)⊗(𝑒̂𝑖𝛾𝑖)

∗
⊗ 𝐼2  

𝐵̃𝜂(2)(𝑒̂
𝑖𝛾𝑖)𝐵̃𝜂(2)

−1 = (−)𝛼1(𝑒̂𝑖𝛾𝑖)
∗
= (−)1−𝛼1𝐵𝜂(2)(𝑒̂

𝑖𝛾𝑖)𝐵𝜂(2)
−1  

ℬ𝜂 = 𝐵𝜂(1)⊗(𝐵𝜂(2)𝛾(2)
𝛼1+1)⊗ (𝐵𝜂(3)𝛾(3)

𝛼1+𝛼2+1)  

𝛼1 + 𝛼2 + 𝛼3 ≡ 0(mod2)  

ℬ𝜂 = (𝐵𝜂(1)𝛾(1)
1+𝛼3)⊗ (𝐵𝜂(2)𝛾(2)

𝛼2)⊗ 𝐵𝜂(3)  

(ℬ𝜂(1)
−1 ⊗ℬ𝜂(2)

−1 )(𝜒+,+)∗ = 𝜒𝑘1
2,−𝑘2

2
 

(𝛾(1)⊗ 𝐼2)𝜒
𝜂1,𝜂2 = 𝜒−𝜂1,𝜂2

(𝐼8⊗𝛾(2))𝜒
𝜂1,𝜂2 = 𝜒𝜂1,−𝜂2

 

(ℬ𝜂(1)
−1 ⊗ℬ𝜂(2)

−1 )(𝜒𝜂1,𝜂2)∗ = 𝜂1
𝛼1𝜂2

𝛼2𝜒𝑘1
2𝜂1,−𝑘2

2𝜂2  

ℬ𝜂
−1𝜀∗ = ∑  

𝜂1,𝜂2

 𝜂1
𝛼2+𝛼3𝜂2

𝛼2𝛾(1)
1+𝛼3⊗𝛾(2)

𝛼2𝜒𝑘1
2𝜂1,−𝑘2

2𝜂2 ⊗𝐵𝜂(3)
−1 𝜁𝜂1,𝜂2

∗
 

(𝛼2, 𝛼3) = (0,0) ℬ𝜂
−1𝜀∗ =∑ 𝜒𝜂1,𝜂2 ⊗𝐵𝜂(3)

−1 𝜁−𝑘12𝜂1,−𝑘22𝜂2
∗

(𝛼2, 𝛼3) = (0,1) ℬ𝜂
−1𝜀∗ = ∑  

𝜂1,𝜂2

 𝜒𝜂1,𝜂2 ⊗ (𝑘1
2𝜂1)𝐵𝜂(3)

−1 𝜁𝑘12𝜂1,−𝑘22𝜂2
∗

(𝛼2, 𝛼3) = (1,0) ℬ𝜂
−1𝜀∗ = ∑  

𝜂1,𝜂2

 𝜒𝜂1,𝜂2 ⊗ (−𝑘1
2𝜂1𝑘2

2𝜂2)𝐵𝜂(3)
−1 𝜁−𝑘12𝜂1,𝑘22𝜂2

∗

(𝛼2, 𝛼3) = (1,1) ℬ𝜂
−1𝜀∗ = ∑  

𝜂1,𝜂2

 𝜒𝜂1,𝜂2 ⊗ (𝑘2
2𝜂2)𝐵𝜂(3)

−1 𝜁𝑘12𝜂1,𝑘22𝜂2
∗

 

𝐾̂1 =

{
 
 

 
 𝜏

(00)⊗ 𝐼2  for (𝑘1, 𝑘2) = (1, 𝑖)

𝜏(01)⊗ 𝐼2  for (𝑘1, 𝑘2) = (1,1)

𝜏(10)⊗ 𝐼2  for (𝑘1, 𝑘2) = (𝑖, 𝑖)

𝜏(11)⊗ 𝐼2  for (𝑘1, 𝑘2) = (𝑖, 1)
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(𝛼2, 𝛼3) = (0,0) 𝔟𝜂
−1 = 𝐾̂1𝜏

(10)⊗𝜎3

(𝛼2, 𝛼3) = (0,1) 𝔟𝜂
−1 = −𝑖𝐾̂1𝜏

(30)⊗𝐵𝜂(3)
−1

(𝛼2, 𝛼3) = (1,0) 𝔟𝜂
−1 = −𝐾̂1𝜏

(22)⊗𝜎3

(𝛼2, 𝛼3) = (1,1) 𝔟𝜂
−1 = 𝐾̂1𝜏

(02)⊗𝐵𝜂(3)
−1

 

𝒦𝜁∗ = 𝜁 𝒦 = 𝑆−1⊗ 𝔟𝜂
−1 𝒦∗ = 𝒦  

𝒥𝒦𝒥𝜁 = 𝒦𝜁 𝒦∗𝒦𝜁 = 𝒦2𝜁 = 𝜁  

𝒥𝑆𝒥= 𝑆 ⋅ {
+1 IIBℝ  or IIB3
−1 IIB⋆  or IIB′

 

𝒥𝐾1𝒥= 𝐾1 ⋅ {
+1 (𝕜1, 𝕜2) ∈ {(1, 𝑖), (𝑖, 1)}

−1 (𝕜1, 𝕜2) ∈ {(1,1), (𝑖, 𝑖)}
 

𝒥𝐾2𝒥= 𝐾2  

𝒥𝐾3𝒥 = 𝐾3 ⋅ {
+1 Σ2,0 or Σ0,2
−1 Σ1,1

 

IIBℝ, IIB3: (𝕜1, 𝕜2) ∈ {(1, 𝑖), (𝑖, 1)} {Σ2,0 or Σ0,2} × {ℳ0,2 or ℳ1,1}

(𝕜1, 𝕜2) ∈ {(1,1), (𝑖, 𝑖)} Σ1,1 ×ℳ2,0

Σ1,1 × {ℳ0,2 or ℳ1,1}

{Σ2,0 or Σ0,2} ×ℳ2,0

IIB⋆, IIB′: (𝕜1, 𝕜2) ∈ {(1,1), (𝑖, 𝑖)} {Σ2,0 or Σ0,2} × {ℳ0,2 or ℳ1,1}

Σ1,1 ×ℳ2,0

(𝕜1, 𝕜2) ∈ {(1, 𝑖), (𝑖, 1)} Σ1,1 × {ℳ0,2 or ℳ1,1}

{Σ2,0 or Σ0,2} ×ℳ2,0

 

𝑆−2 = {
+𝐼2  for IIBℝ, IIB

⋆, IIB′

−𝐼2  for IIB3
}  

𝒦2𝜁 = 𝜁 {
𝕜2
2, ℳ0,2,ℳ2,0

𝕜1
2, ℳ1,1

} {
−1,Σ0,2
1,Σ2,0

} {
+1,IIBℝ, IIB

⋆, IIB′

−1,IIB3
}  

𝒦2𝜁 = 𝜁 {
−𝕜1

2𝕜2
2, {ℳ0,2 or ℳ2,0} × Σ1,1

1, ℳ1,1 × Σ1,1
} {
+1, IIBℝ, IIB

⋆, IIB′

−1, IIB3
}  

𝑆𝑛= {𝜇𝑖𝑗𝑥
𝑖𝑥𝑗 = +1;𝑑𝑠2 = 𝜇𝑖𝑗𝑑𝑥

𝑖𝑑𝑥𝑗; 𝜇 = (+𝑛+1)}  

𝐻𝑛= {𝜇𝑖𝑗𝑥
𝑖𝑥𝑗 = −1;𝑑𝑠2 = 𝜇𝑖𝑗𝑑𝑥

𝑖𝑑𝑥𝑗; 𝜇 = (−1, +𝑛)}  

𝐴𝑑𝑆𝑟,𝑠= {𝜇𝑖𝑗𝑥
𝑖𝑥𝑗 = −1;𝑑𝑠2 = 𝜇𝑖𝑗𝑑𝑥

𝑖𝑑𝑥𝑗; 𝜇 = (−𝑟+1, +𝑠)}  

𝑑𝑆𝑟,𝑠 = {𝜇𝑖𝑗𝑥
𝑖𝑥𝑗 = +1; 𝑑𝑠2 = 𝜇𝑖𝑗𝑑𝑥

𝑖𝑑𝑥𝑗; 𝜇 = (−𝑟, +𝑠+1)}

 

−𝑑𝑆𝑝,𝑞 = 𝐴𝑑𝑆𝑞,𝑝  − 𝐴𝑑𝑆𝑝,𝑞 = 𝑑𝑆𝑞,𝑝  

k1 k2 𝑓2
2ℳ2 Σ real form geometry bosonic subalgebra 

1 𝑖 (0,2) (0,2) IIBℝ 𝐴𝑑𝑆1,5 × 𝑆
2 × Σ0,2 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 
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𝑖 1 (1,1) (0,2) IIBℝ 𝑆6 × 𝐴𝑑𝑆1,1 × Σ0,2 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

𝑖 𝑖 (0,2) (0,2) IIB*, IIB  ′ 𝑑𝑆1,5 × 𝑆
2 × Σ0,2 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

1 𝑖 (0,2) (1,1) IIB  ⋆, IIB  ′ 𝐻6 × 𝑆2 × Σ1,1 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

𝑖 1 (0,2) (1,1) IIB  ⋆, IIB  ′ 𝑆6 × 𝐻2 × Σ1,1 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

𝑖 𝑖 (1,1) (0,2) IIB  ⋆, IIB  ′ 𝑆6 × 𝑑𝑆1,1 × Σ0,2 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

𝑖 1 (0,2) (0,2) IIB3 𝑑𝑆3,3 ×𝐻
2 × Σ0,2 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 1 (0,2) (1,1) IIB3 𝐴𝑑𝑆2,4 ×𝐻
2 × Σ1,1 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

𝑖 𝑖 (0,2) (1,1) IIB3 𝑑𝑆2,4 × 𝑆
2 × Σ1,1 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 

1 𝑖 (0,2) (2,0) IIB3 𝐴𝑑𝑆1,5 × 𝑆
2 × Σ2,0 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 

1 𝑖 (1,1) (0,2) IIB3 𝐴𝑑𝑆2,4 × 𝑑𝑆1,1 × Σ0,2 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

𝑖 1 (1,1) (2,0) IIB3 𝑆6 × 𝐴𝑑𝑆1,1 × Σ2,0 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

𝑖 1 (2,0) (0,2) IIB3 𝑑𝑆1,5 × (−𝑆
2) × Σ0,2 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

1 1 (2,0) (1,1) IIB3 𝐻6 × (−𝑆2) × Σ1,1 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

𝑖 𝑖 (2,0) (1,1) IIB3 𝑆6 × (−𝐻2) × Σ1,1 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

 

ℳ2 = 𝑆
2 →ℳ2 = 𝐴𝑑𝑆2,0  ℳ2 = 𝐻

2 →ℳ2 = 𝑑𝑆2,0  

(𝐴𝑑𝑆𝑝,𝑞 , 𝑑𝑆𝑝,𝑞 , Σ𝑟,2−𝑟) ⟶ (−𝐴𝑑𝑆𝑝,𝑞 , −𝑑𝑆𝑝,𝑞 , −Σ𝑟,2−𝑟) = (𝑑𝑆𝑞,𝑝, 𝐴𝑑𝑆𝑞,𝑝, Σ2−𝑟,𝑟)  

𝕜1 𝕜2 𝑓2
2ℳ2 Σ real form geometry bosonic subalgebra 

1 𝑖 (0,2) (0,2) IIB5 𝐴𝑑𝑆5,1 × 𝑆
2 × Σ0,2 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

𝑖 1 (0,2) (2,0) IIB5 𝑑𝑆3,3 ×𝐻2 × Σ2,0 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 
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𝑖 1 (1,1) (0,2) IIB5 𝑑𝑆4,2 × 𝐴𝑑𝑆1,1 × Σ0,2 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 𝑖 (1,1) (2,0) IIB5 𝐴𝑑𝑆2,4 × 𝑑𝑆1,1 × Σ2,0 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 1 (1,1) (1,1) IIB5 𝐴𝑑𝑆3,3 × 𝐴𝑑𝑆1,1 × Σ1,1 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

𝑖 𝑖 (1,1) (1,1) IIB5 𝑑𝑆3,3 × 𝑑𝑆1,1 × Σ1,1 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 𝑖 (2,0) (0,2) IIB5 𝐴𝑑𝑆3,3 × (−𝐻2) × Σ0,2 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

𝑖 1 (2,0) (2,0) IIB5 𝑑𝑆1,5 × (−𝑆
2) × Σ2,0 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

𝑖 𝑖 (0,2) (0,2) IIB5
⋆, IIB5

′  𝑑𝑆5,1 × 𝑆
2 × Σ0,2 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 

1 𝑖 (0,2) (1,1) IIB  5
⋆ , IIB5

′  𝐴𝑑𝑆4,2 × 𝑆
2 × Σ1,1 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 

𝑖 1 (0,2) (1,1) IIB5
⋆, IIB5

′  𝑑𝑆4,2 ×𝐻
2 × Σ1,1 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 1 (0,2) (2,0) IIB5
⋆, IIB5

′  𝐴𝑑𝑆3,3 ×𝐻
2 × Σ2,0 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

𝑖 𝑖 (1,1) (0,2) IIB  5
⋆ , IIB  5

′  𝑑𝑆4,2 × 𝑑𝑆1,1 × Σ0,2 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 1 (1,1) (2,0) IIB5
⋆, IIB5

′  𝐴𝑑𝑆2,4 × 𝐴𝑑𝑆1,1 × Σ2,0 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 𝑖 (1,1) (1,1) IIB5
⋆, IIB5

′  𝐴𝑑𝑆3,3 × 𝑑𝑆1,1 × Σ1,1 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

𝑖 1 (1,1) (1,1) IIB5
⋆, IIB5

′  𝑑𝑆3,3 × 𝐴𝑑𝑆1,1 × Σ1,1 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 𝑖 (2,0) (1,1) IIB5
⋆, IIB5

′  𝐴𝑑𝑆2,4 × (−𝐻
2) × Σ1,1 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 1 (2,0) (2,0) IIB5
⋆, IIB5

′  𝐴𝑑𝑆1,5 × (−𝑆
2) × Σ2,0 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 

𝑖 𝑖 (2,0) (0,2) IIB5
⋆, IIB5

′  𝑑𝑆3,3 × (−𝐻
2) × Σ0,2 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

𝑖 1 (2,0) (1,1) IIB5
⋆, IIB5

′  𝑑𝑆2,4 × (−𝑆
2) × Σ1,1 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 

 

(𝐴𝑑𝑆5,1 × 𝑆
2 × Σ2,0, 𝑑𝑆5,1 × (−𝑆

2) × Σ0,2)  
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k1 k2 𝑓2ℳ2 Σ real form geometry bosonic subalgebra 

1 𝑖 (0,2) (2,0) IIB7 𝐴𝑑𝑆5,1 × 𝑆
2 × Σ2,0 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

1 1 (0,2) (1,1) IIB7 (−𝑆6) × 𝐻2 × Σ1,1 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

𝑖 𝑖 (0,2) (1,1) IIB7 (−𝐻6) × 𝑆2 × Σ1,1 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

𝑖 1 (1,1) (2,0) IIB7 𝑑𝑆4,2 × 𝐴𝑑𝑆1,1 × Σ2,0 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 𝑖 (1,1) (0,2) IIB7 (−𝑆6) × 𝑑𝑆1,1 × Σ0,2 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

1 𝑖 (2,0) (2,0) IIB7 𝐴𝑑𝑆3,3 × (−𝐻
2) × Σ2,0 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

1 1 (2,0) (1,1) IIB7 𝐴𝑑𝑆4,2 × (−𝑆
2) × Σ1,1 𝔰𝔬(5,2) ⊕ 𝔰𝔬(3) 

𝑖 𝑖 (2,0) (1,1) IIB7 𝑑𝑆4,2 × (−𝐻
2) × Σ1,1 𝔰𝔬(3,4) ⊕ 𝔰𝔬(1,2) 

𝑖 1 (2,0) (0,2) IIB7 𝑑𝑆5,1 × (−𝑆
2) × Σ0,2 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 

1 𝑖 (1,1) (2,0) IIB9 (−𝑆6) × 𝑑𝑆1,1 × Σ2,0 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

𝑖 1 (2,0) (2,0) IIB9 𝑑𝑆5,1 × (−𝑆
2) × Σ2,0 𝔰𝔬(2,5) ⊕ 𝔰𝔬(3) 

1 1 (1,1) (2,0) IIB9
⋆, IIB9

′  (−𝑆6) × 𝐴𝑑𝑆1,1 × Σ2,0 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

1 1 (2,0) (1,1) IIB  9
⋆, IIB  9

′  (−𝑆6) × (−𝐻2) × Σ1,1 𝔰𝔬(7) ⊕ 𝔰𝔬(1,2) 

1 𝑖 (2,0) (2,0) IIB9
⋆, IIB9

′  𝐴𝑑𝑆5,1 × (−𝑆
2) × Σ2,0 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

𝑖 𝑖 (2,0) (1,1) IIB9
⋆, IIB9

′  (−𝐻6) × (−𝑆2) × Σ1,1 𝔰𝔬(1,6) ⊕ 𝔰𝔬(3) 

 

𝜌⋆ = Λ𝜌𝜌  

geometry real form {𝛼, 𝛽, 𝛾, 𝛿}⋆ Λ𝜌{𝜅̃1, 𝜅1, 𝜅̃2, 𝜅2}
⋆ 
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𝐴𝑑𝑆1,5 × 𝑆
2 × Σ0,2 IIBℝ {−𝛿𝜈, 𝛾𝜈, 𝛽𝜈, −𝛼𝜈} {−𝜅1, −𝜅̃1, −𝜅2, −𝜅̃2} 

𝑆6 × 𝐴𝑑𝑆1,1 × Σ0,2 IIBℝ {𝛽, 𝛼, 𝛿, 𝛾} {+𝜅1, +𝜅̃1, +𝜅2, +𝜅̃2} 

𝑑𝑆1,5 × 𝑆
2 × Σ0,2 IIB* {−𝛽,−𝛼, 𝛿, 𝛾} {+𝜅1, +𝜅̃1, −𝜅2, −𝜅̃2} 

 IIB  ′ {−𝛿,−𝛾,−𝛽,−𝛼} {−𝜅1, −𝜅̃1, +𝜅2, +𝜅̃2} 

𝐻6 × 𝑆2 × Σ1,1 IIB* {𝛼, 𝛽, −𝛾,−𝛿} {+𝜅̃1, +𝜅1, −𝜅̃2, −𝜅2} 

 IIB  ′ {𝛾, 𝛿, 𝛼, 𝛽} {−𝜅̃1, −𝜅1, +𝜅̃2, +𝜅2} 

𝑆6 × 𝐻2 × Σ1,1 IIB* {𝛼, −𝛽,−𝛾, 𝛿} {+𝜅̃1, +𝜅1, −𝜅̃2, −𝜅2} 

 IIB  ′ {𝛾, −𝛿, 𝛼, −𝛽} {−𝜅̃1, −𝜅1, +𝜅̃2, +𝜅2} 

𝑆6 × 𝑑𝑆1,1 × Σ0,2 IIB* {−𝛿𝜈,−𝛾𝜈,−𝛽𝜈,−𝛼𝜈} {−𝜅1, −𝜅1, +𝜅2, +𝜅̃2} 

 IIB  ′ {𝛽𝜈, 𝛼𝜈, −𝛿𝜈,−𝛾𝜈} {+𝜅1, +𝜅̃1, −𝜅2, −𝜅̃2} 

𝑑𝑆3,3 ×𝐻
2 × Σ0,2 IIB3 {𝛽𝜈, 𝛼𝜈, 𝛿𝜈, 𝛾𝜈} {+𝜅1, +𝜅̃1, +𝜅2, +𝜅̃2} 

𝐴𝑑𝑆2,4 ×𝐻
2 × Σ1,1 IIB3 {−𝛼𝜈,−𝛽𝜈,−𝛾𝜈,−𝛿𝜈} {+𝜅̃1, +𝜅1, +𝜅̃2, +𝜅2} 

𝑑𝑆2,4 × 𝑆
2 × Σ1,1 IIB3 {−𝛼𝜈, 𝛽𝜈,−𝛾𝜈, 𝛿𝜈} {+𝜅̃1, +𝜅1, +𝜅̃2, +𝜅2} 

𝐴𝑑𝑆1,5 × 𝑆
2 × Σ2,0 IIB3 {𝛽𝜈, 𝛼𝜈, 𝛿𝜈, 𝛾𝜈} {+𝜅1, +𝜅̃1, +𝜅2, +𝜅̃2} 

𝐴𝑑𝑆2,4 × 𝑑𝑆1,1 × Σ0,2 IIB3 {𝛿, −𝛾,−𝛽, 𝛼} {−𝜅1, −𝜅̃1, −𝜅2, −𝜅̃2} 

𝑆6 × 𝐴𝑑𝑆1,1 × Σ2,0 IIB3 {𝛿, −𝛾,−𝛽, 𝛼} {−𝜅1, −𝜅̃1, −𝜅2, −𝜅̃2} 

𝑑𝑆1,5 × (−𝑆
2) × Σ0,2 IIB3 {𝛽𝜈, 𝛼𝜈, 𝛿𝜈, 𝛾𝜈} {+𝜅1, +𝜅̃1, +𝜅2, +𝜅̃2} 

𝐻6 × (−𝑆2) × Σ1,1 IIB3 {−𝛼𝜈,−𝛽𝜈,−𝛾𝜈,−𝛿𝜈} {+𝜅̃1, +𝜅1, +𝜅̃2, +𝜅2} 

𝑆6 × (−𝐻2) × Σ1,1 IIB3 {−𝛼𝜈, 𝛽𝜈,−𝛾𝜈, 𝛿𝜈} {+𝜅̃1, +𝜅1, +𝜅̃2, +𝜅2} 
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𝐴𝑑𝑆6 × 𝑆
2 × Σ: (𝛼⋆, 𝛽⋆) = 𝜈(−𝛿, 𝛾) 𝜅1/2

⋆ = −𝜅̃1/2 𝑐6 ∈ ℝ

𝑆6 × 𝐴𝑑𝑆2 × Σ: (𝛼⋆, 𝛾⋆) = (𝛽, 𝛿) 𝜅1/2
⋆ = +𝜅̃1/2 𝑐6 ∈ 𝑖ℝ

 

𝜖𝜅 = ∓𝜖𝜅 𝜀𝜅 = ∓1  

(𝒜1)
⋆ = −𝜀𝜅𝒜̃1 (𝒜2)

⋆ = −𝜀𝜅𝒜̃2  

ℎ𝑧 =
2𝑖 (2𝛽𝛿𝜙𝑧 + 𝑒

𝜙𝜒𝑧(𝛽
2 − 𝛿2))

𝜈(𝛽2 + 𝛿2)
ℎ𝑧̃ =

2𝑖 (2𝛼𝛾𝜙𝑧̃ + 𝑒
𝜙𝜒𝑧̃(𝛼

2 − 𝛾2))

𝜈(𝛼2 + 𝛾2)

𝑔𝑧 =
2𝑖 ((𝛿2 − 𝛽2)𝑒−𝜙𝜙𝑧 + 2𝛽𝛿𝜒𝑧)

𝜈(𝛽2 + 𝛿2)
𝑔𝑧̃ =

2𝑖 ((𝛾2 − 𝛼2)𝑒−𝜙𝜙𝑧̃ + 2𝛼𝛾𝜒𝑧̃)

𝜈(𝛼2 + 𝛾2)

 

(ℎ𝑧)
⋆ = ±ℎ𝑧̃ (𝑔𝑧)

⋆ = ±𝑔𝑧̃  

𝑓2
2 =

𝑐2𝜅̂2

9𝜌̂2
1

𝑇̂
 𝑓6
2 =

𝑐2𝜅̂2

𝜌̂2
𝑇̂ 𝜌̂2 = 𝑐𝜅̂2√

𝑇̂

6Λ𝒢̂
 

𝒢̂ = |𝒜+|
2 − |𝒜−|

2 + ℬ̂ + ℬ̂⋆𝜕𝑤ℬ̂ = 𝒜+𝜕𝑤𝒜− −𝒜−𝜕𝑤𝒜+

𝜅̂2 = −|𝜕𝑤𝒜+|
2 + |𝜕𝑤𝒜−|

2𝑇̂ =
1 + Λ𝑅̂

1 − Λ𝑅̂
= √1 +

2|𝜕𝑤𝒢̂|
2

3𝜅̂2𝒢̂

 

𝐵=
1 + 𝑖𝜏̂

1 − 𝑖𝜏̂
=
𝜕𝑤𝒜+𝜕𝑤‾ 𝒢̂ − Λ𝑅̂𝜕𝑤‾𝒜−𝜕𝑤𝒢̂

Λ𝑅̂𝜕𝑤‾𝒜+𝜕𝑤𝒢̂ − 𝜕𝑤𝒜−𝜕𝑤‾ 𝒢̂
 

𝒞 =
4𝑖𝑐

9
Λ [
𝜕𝑤‾𝒜 − 𝜕𝑤𝒢̂

𝜅̂2
− 2Λ𝑅̂

𝜕𝑤‾ 𝒢̂𝜕𝑤𝒜+ + 𝜕𝑤𝒢̂𝜕𝑤‾𝒜−

(1 + Λ𝑅̂)2𝜅̂2
−𝒜− − 2𝒜+]

 

𝒜1 = √−𝜀𝜅(𝑎1𝒜+ − 𝑎1
⋆𝒜−) 𝒜2 = √−𝜀𝜅(𝑎2𝒜+ − 𝑎2

⋆𝒜−)

𝒜̃1 = √−𝜀𝜅(𝑎1
⋆𝒜+

⋆ − 𝑎1𝒜−
⋆ ) 𝒜̃2 = √−𝜀𝜅(𝑎2

⋆𝒜+
⋆ − 𝑎2𝒜−

⋆ )
 

𝜅2 = −𝜀𝜅𝑖(𝑎1
⋆𝑎2 − 𝑎1𝑎2

⋆)𝜅̂2 𝒢 = −𝜀𝜅𝑖(𝑎1
⋆𝑎2 − 𝑎1𝑎2

⋆)𝒢̂  

𝜏+ =
𝜕𝑤̃𝒢(𝑇 − 1)(𝑎2𝜕𝑤𝒜+ − 𝑎2

⋆𝜕𝑤𝒜−) + 𝜕𝑤𝒢(𝑇 + 1)(𝑎2
⋆𝜕𝑤̃𝒜̃+ − 𝑎2𝜕𝑤̃𝒜̃−)

𝜕𝑤̃𝒢(𝑇 − 1)(𝑎1𝜕𝑤𝒜+ − 𝑎1
⋆𝜕𝑤𝒜−) + 𝜕𝑤𝒢(𝑇 + 1)(𝑎1

⋆𝜕𝑤̃𝒜̃+ − 𝑎1𝜕𝑤̃𝒜̃−)
 

𝑇 = −𝑇̂ 𝑎1 ∈ ℝ 𝑎2 = −𝑖𝑎1  

(𝜌E)
2
=
2𝑎1𝑐6
𝑘1

𝜀𝜅𝜅̂
2√

𝑇̂

6(−𝜀𝜅)𝐺̂
 (𝑓6

𝐸)2 = −
4𝜀𝜅𝑐6

2𝑎1
2

(𝜌E)2
𝜅̂2

𝑇̂𝜂
 (𝑓2

𝐸)2 =
4𝑐2
2𝑎1
2𝜀𝜅

9(𝜌E)2
𝜅̂2𝑇̂𝜂  

𝑐̃ =
2𝑎1𝜀𝜅𝑐6
𝑘1

 

(𝜌E)
2
= 𝑐̃𝜅̂2√

𝑇̂

6(−𝜀𝜅)𝐺̂
 (𝑓6

𝐸)2 =
𝑐̃2

(𝜌E)2
𝜅̂2

𝑇̂𝜂
 (𝑓2

𝐸)2 =
𝑐̃2𝜅̂2

9(𝜌E)2
𝑇̂𝜂  
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IIB⋆: (𝛼⋆, 𝛾⋆) = (−𝛽,+𝛿) (𝜅1, 𝜅2)
⋆ = (+𝜅̃1, −𝜅̃2) 𝑐6 ∈ ℝ 𝑐2 ∈ ℝ

IIB′: (𝛼⋆, 𝛽⋆) = (−𝛿,−𝛾) (𝜅1, 𝜅2)
⋆ = (−𝜅̃1, +𝜅̃2) 𝑐6 ∈ 𝑖ℝ 𝑐2 ∈ 𝑖ℝ

 

𝜖𝜅 = ±𝜖𝜅 𝜀𝜅 = ±1 𝜉
⋆ = −𝜉̃  

𝒜1
⋆ = ∓𝒜̃1 𝒜2

⋆ = ±𝒜̃2  

(ℎ𝑧)
⋆ = ±ℎ𝑧̃ (𝑔𝑧)

⋆ = ∓𝑔𝑧̃  

𝑑𝑆1,5 → 𝑆6  

{𝜉, 𝜉̃}∗ = {𝜉̃, 𝜉} IIBℝ, IIB3 Σ(0,2), Σ(2,0) 𝑀∗ = ±𝑀

{𝜉, 𝜉̃}∗ = {−𝜉̃,−𝜉} IIB⋆, IIB′ Σ(0,2), Σ(2,0) 𝑀∗ = ±𝜎3𝑀𝜎3

{𝜉, 𝜉̃}∗ = {𝜉, 𝜉̃} IIB3 Σ(1,1) 𝑀∗ = ±𝑀

{𝜉, 𝜉̃}∗ = {−𝜉,−𝜉̃} IIB⋆, IIB′ Σ(1,1) 𝑀∗ = ±𝜎3𝑀𝜎3

 

𝑆IKKT = tr (−
1

4
[𝑋𝜇 , 𝑋𝜈][𝑋

𝜇 , 𝑋𝜈] +
1

2
Ψ𝛼(𝒞Γ

𝜇)𝛼𝛽[𝑋𝜇 , Ψ𝛽])  

𝛿𝑋𝜇= −Ψ𝛼(𝒞Γ
𝜇)𝛼𝛽𝜀𝛽  

𝛿Ψ𝛼 =
1

2
Γ𝛼𝛽
𝜇𝜈
[𝑋𝜇 , 𝑋𝜈]𝜀𝛽 + 𝑣𝛼𝟏

 

𝑆Ω = 𝑆IKKT + tr (
Ω2

43
𝑋𝐴𝑋𝐴 +

3Ω2

43
𝑋𝑎𝑋

𝑎 + 𝑖Ω𝑋8[𝑋9, 𝑋10] + 𝑖
Ω

8
Ψ𝛼(𝒞𝔑)𝛼𝛽Ψ𝛽)  

𝛿𝑋𝜇= −Ψ𝛼(𝒞Γ
𝜇)𝛼𝛽𝜀𝛽  

𝛿Ψ𝛼 =
1

2
Γ𝛼𝛽
𝜇𝜈
[𝑋𝜇 , 𝑋𝜈]𝜀𝛽 + 𝑖

Ω

8
(Γ𝜇𝔑+ 2𝔑Γ𝜇)𝑋𝜇𝜀𝛽

 

Γ𝑚 = 𝛾𝑚⊗ 𝐼2⊗ 𝐼2 𝑚 = 0,1,2,3,4,5

Γ𝑖 = 𝛾(1)⊗𝛾𝑖⊗ 𝐼2 𝑖 = 6,7

Γ𝑎 = 𝛾(1)⊗𝛾(2)⊗𝛾𝑎 𝑎 = 8,9

 

𝛾0 = −𝑖𝜎2⊗ 𝐼2⊗ 𝐼2
𝛾1 = 𝜎1⊗ 𝐼2⊗ 𝐼2
𝛾2 = 𝜎3⊗𝜎2⊗ 𝐼2 𝛾6 = 𝜎1

𝛾3 = 𝜎3⊗𝜎1⊗ 𝐼2 𝛾7 = 𝜎2

𝛾4 = 𝜎3⊗𝜎3⊗𝜎1 𝛾8 = 𝜎1

𝛾5 = 𝜎3⊗𝜎3⊗𝜎2 𝛾9 = 𝜎2

 

𝛾(1) = 𝜎
3⊗𝜎3⊗𝜎3 𝛾(2) = 𝜎

3 𝛾(3) = 𝜎
3  

Γ012345 = −𝛾(1)⊗ 𝐼2⊗ 𝐼2 
Γ67 = 𝑖𝐼6⊗𝛾(2)⊗ 𝐼2

Γ89 = 𝑖𝐼6⊗ 𝐼2⊗𝛾(3)
 

Γ11 = Γ0123456789 = 𝛾(1)⊗𝛾(2)⊗𝛾(3) = 𝜎
3⊗𝜎3⊗𝜎3⊗𝜎3⊗𝜎3  

(Γ𝐴)𝑡 = −𝒞Γ𝐴𝒞−1  
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𝒞 = 𝑖𝜎2⊗𝜎1⊗𝜎2⊗𝜎1⊗𝜎2  

𝒞∗ = 𝒞 𝒞𝑡 = −𝒞 𝒞2 = −𝐼32 {𝒞, Γ
11} = 0  

(𝛾𝑚)∗ = +𝐵(1)𝛾
𝑚𝐵(1)

−1         (𝐵(1))
∗
𝐵(1) = −𝐼6         𝐵(1) = −𝑖𝛾

2𝛾5 = 𝐼2⊗𝜎1⊗𝜎2        

(𝛾𝑖)
∗
 = −𝐵(2)𝛾

𝑖𝐵(2)
−1         (𝐵(2))

∗
𝐵(2) = −𝐼2         𝐵(2) = 𝛾

7 = 𝜎2         

(𝛾𝑎)∗ = −𝐵(3)𝛾
𝑎𝐵(3)

−1        (𝐵(3))
∗
𝐵(3) = −𝐼2         𝐵(3) = 𝛾

9 = 𝜎2       

 

(Γ𝑀)∗ = ℬΓ𝑀ℬ−1 ℬ∗ℬ = 𝐼32 [ℬ, Γ
11] = 0  

ℬ = −𝑖𝐵(1)⊗(𝐵(2)𝛾(2))⊗ 𝐵(3) = 𝐼2⊗𝜎1⊗𝜎2⊗𝜎1⊗𝜎2  

𝑑𝑃 − 2𝑖𝑄 ∧ 𝑃 = 0 𝑑𝐺 − 𝑖𝑄 ∧ 𝐺 + 𝑃 ∧ 𝐺‾ = 0

𝑑𝑄 + 𝑖𝑃 ∧ 𝑃‾ = 0 𝑑𝐹(5) −
𝑖

8
𝐺 ∧ 𝐺‾ = 0

 

𝛿𝜓𝑀= ∇𝑀𝜀 −
𝑖

2
𝑄𝑀𝜀 +

𝑖

480
(Γ ⋅ 𝐹(5))Γ𝑀𝜀 −

1

96
(Γ𝑀(Γ ⋅ 𝐺) + 2(Γ ⋅ 𝐺)Γ𝑀)ℬ

−1𝜀∗ 

𝛿𝜆 = 𝑖(Γ ⋅ 𝑃)ℬ−1𝜀∗ −
𝑖

24
(Γ ⋅ 𝐺)𝜀

 

𝑃 → 𝑒2𝑖𝜃𝑃         𝜆 → 𝑒3𝑖𝜃/2𝜆         
𝑄 → 𝑄 + 𝑑𝜃         𝜓𝑀 → 𝑒𝑖𝜃/2𝜓𝑀         

𝐺 → 𝑒𝑖𝜃𝐺        𝜀→ 𝑒𝑖𝜃/2𝜀         

 

𝑃 =
1

2
𝑑𝜙 +

𝑖

2
𝑒𝜙𝑑𝜒 𝑄 = −

1

2
𝑒𝜙𝑑𝜒 𝐺 = 𝑒−𝜙/2𝐻(3) + 𝑖𝑒

𝜙/2𝐹̃(3)  

𝜀 = 𝜀+ + 𝑖𝜀− ℬ−1𝜀∗ = 𝜀+ − 𝑖𝜀−
𝜆 = 𝜆+ + 𝑖𝜆− ℬ−1𝜆∗ = 𝜆+ − 𝑖𝜆−
𝜓 = 𝜓+ + 𝑖𝜓− ℬ−1𝜓∗ = 𝜓+ − 𝑖𝜓−

 

𝛿𝜓±𝑀 =∇𝑀𝜀± ∓
𝑒𝜙

4
𝜕𝑀𝜒𝜀∓ ∓

𝑒−𝜙/2

96
{Γ𝑀(Γ ⋅ 𝐻(3)) + 2(Γ ⋅ 𝐻(3))Γ𝑀}𝜀±

∓
1

480
(Γ ⋅ 𝐹(5))Γ𝑀𝜀∓ −

𝑒𝜙/2

96
{Γ𝑀(Γ ⋅ 𝐹̃(3)) + 2(Γ ⋅ 𝐹̃(3))Γ𝑀}𝜀∓  

𝛿𝜆± =
1

2
(Γ ⋅ 𝜕𝜙)𝜀∓ ∓

𝑒𝜙

2
(Γ ⋅ 𝜕𝜒)𝜀± ±

𝑒−𝜙/2

24
(Γ ⋅ 𝐻(3))𝜀∓ +

𝑒𝜙/2

24
(Γ ⋅ 𝐹̃(3))𝜀±

 

𝜆 = (
𝜆+
𝜆−
) 𝜓𝑀 = (

𝜓+𝑀
𝜓−𝑀

)  𝜀 = (
𝜀+
𝜀−
)  

𝑠1 = (
0 1
1 0

) 𝑠2 = (
0 1
−1 0

) 𝑠3 = (
1 0
0 −1

)  

𝛿𝜓𝑀 =∇𝑀𝜀 −
𝑒𝜙

4
𝜕𝑀𝜒𝑠

2𝜀 −
𝑒−𝜙/2

96
{Γ𝑀(Γ ⋅ 𝐻(3)) + 2(Γ ⋅ 𝐻(3))Γ𝑀}𝑠

3𝜀

−
1

480
(Γ ⋅ 𝐹(5))Γ𝑀𝑠

2𝜀 −
𝑒𝜙/2

96
{Γ𝑀(Γ ⋅ 𝐹̃(3)) + 2(Γ ⋅ 𝐹̃(3))Γ𝑀}𝑠

1𝜀  

𝛿𝜆 =
1

2
(Γ ⋅ 𝜕𝜙)𝑠1𝜀 −

𝑒𝜙

2
(Γ ⋅ 𝜕𝜒)𝑠3𝜀 +

𝑒−𝜙/2

24
(Γ ⋅ 𝐻(3))𝑠

2𝜀 +
𝑒𝜙/2

24
(Γ ⋅ 𝐹̃(3))𝜀
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𝑔𝑀𝑁
𝐸 = 𝑒−𝜙/2𝑔𝑀𝑁

𝑆  

Γ𝑀 → 𝑒𝜙/4Γ𝑀 Γ𝑀 → 𝑒−𝜙/4Γ𝑀  

𝜔𝑀𝑎𝑏
𝐸 Γ𝑎𝑏 = 𝜔𝑀𝑎𝑏

𝑆 Γ𝑎𝑏 −
1

4
Γ𝑀(Γ ⋅ 𝜕𝜙) +

1

4
(Γ ⋅ 𝜕𝜙)Γ𝑀  

𝛿𝜓𝑀 = ∇𝑀𝜀 −
1

8
(Γ𝑀(Γ ⋅ 𝜕𝜙) − (Γ ⋅ 𝜕𝜙)Γ𝑀)𝜀 −

𝑒𝜙

4
𝜕𝑀𝜒𝑠

2𝜀

 −
1

96
{Γ𝑀(Γ ⋅ 𝐻(3)) + 2(Γ ⋅ 𝐻(3))Γ𝑀}𝑠

3𝜀

 −
𝑒𝜙

480
(Γ ⋅ 𝐹(5))Γ𝑀𝑠

2𝜀 −
𝑒𝜙

96
{Γ𝑀(Γ ⋅ 𝐹̃(3)) + 2(Γ ⋅ 𝐹̃(3))Γ𝑀}𝑠

1𝜀

𝑒−𝜙/4𝛿𝜆 =
1

2
(Γ ⋅ 𝜕𝜙)𝑠1𝜀 +

1

24
(Γ ⋅ 𝐻(3))𝑠

2𝜀 −
𝑒𝜙

2
(Γ ⋅ 𝜕𝜏1)𝑠

3𝜀 +
𝑒𝜙

24
(Γ ⋅ 𝐹̃(3))𝜀

 

𝛿𝜓̃𝑀 = 𝛿𝜓𝑀 +
1

4
𝑒−𝜙/4𝑠1Γ𝑀𝛿𝜆  

Γ ⋅ 𝜕𝜙 = 𝜑𝑎Γ
𝑎 Γ ⋅ 𝐻(3) = 3! ℎ𝑎Γ

67𝑎 Γ𝑎 = 𝛾(1)⊗𝛾(2)⊗𝛾𝑎

Γ ⋅ 𝜕𝜏1 = 𝜒𝑎Γ
𝑎 Γ ⋅ 𝐹̃(3) = 3!𝑔𝑎Γ

67𝑎 Γ67 = 𝑖𝐼8⊗𝛾(2)⊗ 𝐼2
 

Γ67𝜒𝜂1,𝜂2= 𝑖𝜒𝜂1,−𝜂2  

Γ67𝑎𝜒𝜂1,𝜂2 = 𝑖𝛾𝑎𝜒𝜂1,−𝜂2
 

0 = (𝜑𝑎 − 𝑒
𝜙𝜒𝑎𝑠

2)Γ𝑎𝜀 −
1

2
(ℎ𝑎𝑠

3 − 𝑒𝜙𝑔𝑎𝑠
1)Γ𝑎67𝜀  

0 = ∑  

𝜂1,𝜂2

 𝜒𝜂1,𝜂2 ⊗ [(𝜑𝑎 − 𝑒
𝜙𝜒𝑎𝑠

2)𝛾𝑎𝜏(11)𝜁 −
1

2
(ℎ𝑎𝑠

3 + 𝑒𝜙𝑔𝑎𝑠
1)𝑖𝜏(10)𝛾𝑎𝜁]  

𝐻(3)𝑚𝑁𝑃Γ
𝑁𝑃= 0  

𝐻(3)𝑖𝑁𝑃Γ
𝑁𝑃= 2ℎ𝑎Γ𝑖Γ

67Γ𝑎 

𝐻(3)𝑎𝑁𝑃Γ
𝑁𝑃 = 2ℎ𝑎Γ

67

 

(𝑚) 0 = ∇̂𝑚𝜀 + (
𝐷𝑎𝑓6
2𝑓6

−
1

8
𝑒𝜙𝜒𝑎𝑠

2 −
1

8
𝑒𝜙𝑔𝑎Γ

67𝑠1) Γ𝑚Γ
𝑎𝜀

(𝑖) 0 = ∇̂𝑖𝜀 + (
𝐷𝑎𝑓2
2𝑓2

−
1

4
ℎ𝑎Γ

67𝑠3 −
1

8
𝑒𝜙𝜒𝑎𝑠

2 −
1

8
𝑒𝜙𝑔𝑎Γ

67𝑠1) Γ𝑖Γ
𝑎𝜀

(𝑎) 0 = ∇𝑎𝜀 −
1

4
ℎ𝑎Γ

67𝑠3𝜀 +
1

8
𝑒𝜙𝜒𝑏Γ

𝑏Γ𝑎𝑠
2𝜀 +

1

8
𝑒𝜙𝑔𝑏Γ

67Γ𝑏Γ𝑎𝑠
1𝜀

 

0 = Γ𝑚 ∑  

𝜂1,𝜂2

 𝜒𝜂1,𝜂2 ⊗ [
𝑘1
2𝑓6

𝜂1𝜁𝜂1,𝜂2 + (
𝐷𝑎𝑓6
2𝑓6

−
1

8
𝑒𝜙𝜒𝑎𝑠

2) 𝛾𝑎𝜁−𝜂1,−𝜂2 −
𝑖

8
𝑒𝜙𝑔𝑎𝛾

𝑎𝑠1𝜁−𝜂1,𝜂2]

0 = Γ𝑖 ∑  

𝜂1,𝜂2

 𝜒𝜂1,𝜂2 ⊗ [
𝑘2
2𝑓2

𝜂2𝜁−𝜂1,𝜂2 + (
𝐷𝑎𝑓2
2𝑓2

−
1

8
𝑒𝜙𝜒𝑎𝑠

2) 𝛾𝑎𝜁−𝜂1,−𝜂2

−
𝑖

4
ℎ𝑎𝛾

𝑎𝑠3𝜁−𝜂1,𝜂2 +
𝑖

8
𝑒𝜙𝑔𝑎𝛾

𝑎𝑠1𝜁−𝜂1,𝜂2]
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0 = ∑  

𝜂1,𝜂2

 𝜒𝜂1,𝜂2 ⊗ [(𝐷𝑎 +
𝑖

2
𝜔̂𝑎𝜎

3) 𝜁𝜂1,𝜂2 −
𝑖

4
ℎ𝑎𝑠

3𝜁𝜂1,−𝜂2

+
1

8
𝑒𝜙𝜒𝑏𝛾

𝑏𝛾𝑎𝑠
2𝜁𝜂1,𝜂2 +

𝑖

8
𝑒𝜙𝑔𝑏𝛾

𝑏𝛾𝑎𝑠
1𝜁𝜂1,−𝜂2]

 

𝑔𝑚𝑛 = 𝑒𝑚
𝑎 𝑒𝑛

𝑏𝛿𝑎𝑏 𝑎, 𝑏 = 1,2  

𝑔𝑚𝑛 = 2𝑒𝑚
𝑧 𝑒𝑛

𝑧̃ + 2𝑒𝑚
𝑧̃ 𝑒𝑛

𝑧  

𝑔𝑚𝑛(𝜉
1, 𝜉2)𝑑𝜉𝑚𝑑𝜉𝑛 = 4𝜌(𝑤, 𝑤̃)2𝑑𝑤𝑑𝑤̃  

𝑒𝑚 
𝑧𝑑𝜉𝑚 = 𝜌𝑑𝑤

𝑒𝑚 
𝑧̃𝑑𝜉𝑚 = 𝜌̃𝑑𝑤̃

 

𝐷𝑧𝑓 = 𝑒𝑧 
𝑚𝜕𝑚𝑓 = 𝜌

−1𝜕𝑤𝑓 𝐷𝑧𝑓 = 0 is solved by 𝑓(𝑤̃)

𝐷𝑧̃𝑓 = 𝑒𝑧̃ 
𝑚𝜕𝑚𝑓 = 𝜌

−1𝜕𝑤̃𝑓 𝐷𝑧̃𝑓 = 0 is solved by 𝑓(𝑤)
 

𝑍±
2 =

𝜏± − 𝜉̃

𝜏± − 𝜉
 𝑋 = 𝜀𝜅𝑍+𝑍− 𝜀𝜅 =

𝜖𝜅
𝜖𝜅

 

𝜏± − 𝜉 =
𝜉 − 𝜉̃

𝑍±
2 − 1

 𝜏± − 𝜉̃ =
𝑍±
2(𝜉 − 𝜉̃)

𝑍±
2 − 1

 

𝜕𝑤𝜏±
𝜏+ − 𝜏−

=
𝑍±
2(𝑍∓

2 − 1)

𝑍−
2 − 𝑍+

2 𝜕𝑤ln (𝜉 − 𝜉̃) −
𝑍∓
2 − 1

𝑍±
2 − 1

⋅
𝜕𝑤𝑍±

2

𝑍−
2 − 𝑍+

2  

𝜏± − 𝜉 +
2

𝑍+𝑍−
(𝜏± − 𝜉̃) =

𝜉 − 𝜉̃

𝑍∓
2(𝑍±

2 − 1)
(𝑍∓

2 + 2𝑍+𝑍−)

𝜏± − 𝜉̃ + 2𝑍+𝑍−(𝜏± − 𝜉) =
𝜉 − 𝜉̃

𝑍±
2 − 1

(𝑍±
2 + 2𝑍+𝑍−)

 

𝜕𝑤ln 𝜌̂
2 ∓

𝑍±
2 − 2𝑋

𝑍−
2 − 𝑍+

2 (𝑍∓
2 − 1)𝜕𝑤ln (𝜉 − 𝜉̃) ±

𝑍∓
2 − 2𝑋

𝑍−
2 − 𝑍+

2 ⋅
𝜕𝑤𝑍∓

2

𝑍∓
2 = 0  

𝜕𝑤̃ln 𝜌̂
2 ∓

𝑍∓
2 − 2𝑋

𝑍∓
2(𝑍−

2 − 𝑍+
2)
(𝑍∓

2 − 1)𝜕𝑤̃ln (𝜉 − 𝜉̃) ±
𝑍±
2 − 2𝑋

𝑍−
2 − 𝑍+

2 ⋅
𝜕𝑤̃𝑍∓

2

𝑍∓
2  = 0

 

0 = 2𝜕𝑤ln 𝜌̂
2 + 𝜕𝑤ln 

(𝑍− + 𝜀𝜅𝑍+)
3

(𝑍− − 𝜀𝜅𝑍+)
− (1 − 2𝑋)𝜕𝑤ln (𝜉 − 𝜉̃)

0 = 2𝜕𝑤̃ln 𝜌̂
2 + 𝜕𝑤̃ln 

(𝑍− + 𝜀𝜅𝑍+)
3

(𝑍− − 𝜀𝜅𝑍+)
− 2𝜕𝑤̃ln 𝑋 − (1 −

2

𝑋
) 𝜕𝑤̃ln (𝜉 − 𝜉̃)

 

1

𝑅2
= −

𝑘1
𝑐6

(𝑍− + 𝜀𝜅𝑍+)
3
2𝜌̂2

𝑋
1
2(𝑍− − 𝜀𝜅𝑍+)

1
2(𝜉 − 𝜉̃)

1
2

 

𝜕𝑤ln 𝑅
2 −

1

2
𝜕𝑤ln 𝑋 − 𝑋𝜕𝑤ln (𝜉 − 𝜉̃) = 0

𝜕𝑤̃ln 𝑅
2 +

1

2
𝜕𝑤ln 𝑋 −

1

𝑋
𝜕𝑤̃ln (𝜉 − 𝜉̃) = 0
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0 =(2𝑋2 + 4𝑋 − (𝑍+
2 + 𝑍−

2)(1 + 2𝑋))𝜕𝑤ln (𝜉 − 𝜉̃) − 𝜕𝑤(𝑍+
2 + 𝑍−

2 − 4𝑋)

0 =(2 + 4𝑋 − (𝑍+
2 + 𝑍−

2)(1 + 2𝑋−1))𝜕𝑤̃ln (𝜉 − 𝜉̃) − 𝜕𝑤̃(𝑍+
2 + 𝑍−

2)

 +2(𝑍+
2 + 𝑍−

2 − 2𝑋)𝜕𝑤̃ln 𝑋

 

0 =
𝜖𝜅𝜅1
𝜀𝜅𝑅

2
(𝑍+
2 + 𝑍−

2 − 2𝑋)𝑋−
1
2 − 𝜕𝑤(𝑍+

2 + 𝑍−
2) + 2(𝑍+

2 + 𝑍−
2)𝜕𝑤ln 𝑋

−(2𝑋2 − 𝑍+
2 − 𝑍−

2)𝜕𝑤ln (𝜉 − 𝜉̃)   

0 =
𝜖𝜅𝜅̃1
𝑅2

(𝑍+
2 + 𝑍−

2 − 2𝑋)𝑋
1
2 − 𝜕𝑤̃(𝑍+

2 + 𝑍−
2) + (𝑍+

2 + 𝑍−
2 − 2)𝜕𝑤̃ln (𝜉 − 𝜉̃)

 

0 = −
𝜖𝜅𝜅1

𝑅2𝑋
1
2

+ 2𝜕𝑤ln 𝑋 + 2(1 + 𝑋)𝜕𝑤ln (𝜉 − 𝜉̃)

0 =
𝜖𝜅𝜅̃1
𝑅2

𝑋
1
2 − 2𝜕𝑤̃ln 𝑋 + 2 (1 +

1

𝑋
)𝜕𝑤̃ln (𝜉 − 𝜉̃)

 

0 = −
𝜖𝜅𝜅1

𝑅2𝑋
1
2

+ 2𝜕𝑤ln 𝑅
2 + 𝜕𝑤ln 𝑋 + 2𝜕𝑤ln (𝜉 − 𝜉̃)

0 =
𝜖𝜅𝜅̃1
𝑅2

𝑋
1
2 + 2𝜕𝑤̃ln 𝑅

2 − 𝜕𝑤̃ln 𝑋 + 2𝜕𝑤̃ln (𝜉 − 𝜉̃)

 

0 = −𝜖𝜅(𝜅2 − 𝜅1𝜉̃) + 𝜕𝑤 (2𝑅
2𝑋

1
2(𝜉 − 𝜉̃))

0 = 𝜖𝜅(𝜅̃2 − 𝜅̃1𝜉) + 𝜕𝑤̃ (2𝑅
2𝑋−

1
2(𝜉̃ − 𝜉))

 

𝜕𝑤 (𝑅
2𝑋−

1
2(𝜉̃ − 𝜉)) − (𝑅2𝑋

1
2 + 𝑅2𝑋−

1
2) 𝜕𝑤(𝜉̃ − 𝜉) = 0  

𝜕𝑤̃ (𝑅
2𝑋

1
2(𝜉̃ − 𝜉)) − (𝑅2𝑋−

1
2 + 𝑅2𝑋

1
2) 𝜕𝑤̃(𝜉̃ − 𝜉) = 0

 

(𝜉̃ − 𝜉)
𝜕𝑤𝒜0

𝜕𝑤𝜉
+𝒜0 − 𝒜̃0 −𝒜2 + 𝒜̃2 + 𝜉̃(𝒜1 − 𝒜̃1) = 0  

 (𝜉̃ − 𝜉)
𝜕𝑤̃𝒜̃0

𝜕𝑤̃𝜉̃
+ 𝒜0 − 𝒜̃0 −𝒜2 + 𝒜̃2 + 𝜉(𝒜1 − 𝒜̃1) = 0

 

𝜕𝑤𝒜0

𝜕𝑤𝜉
+𝒜1 =

𝜕𝑤̃𝒜̃0

𝜕𝑤̃𝜉̃
+ 𝒜̃1  

𝜕𝑤𝒜0 = −𝒜1𝜕𝑤𝜉

𝜕𝑤̃𝒜̃0 = −𝒜̃1𝜕𝑤̃𝜉̃
 

𝒜̃0 − 𝒜̃2 + 𝜉̃𝒜̃1 = 𝒜0 −𝒜2 + 𝜉𝒜1  

𝜂𝑎𝑏 = (−)
𝑠𝑎𝛿𝑎𝑏 𝜂̃𝑚𝑛 = (−)

𝑠̃𝑚𝛿𝑚𝑛  

{𝛾𝑎 , 𝛾𝑏} = 2𝜂𝑎𝑏         𝛾𝑎𝑏 =
1

2
[𝛾𝑎 , 𝛾𝑏] 𝜎𝑎𝑏 =

1

2
𝛾𝑎𝑏        

{𝛾̃𝑚, 𝛾̃𝑛} = 2𝜂̃𝑚𝑛        𝛾̃𝑚𝑛 =
1

2
[𝛾̃𝑚, 𝛾̃𝑛]       𝜎̃𝑚𝑛 =

1

2
𝛾̃𝑚𝑛 
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𝛾𝑎
𝑡 = −𝐶𝛾𝑎𝐶

−1 𝐶𝑡 = 𝜀𝐶𝐶 (𝐶𝛾𝑎𝑏)
𝑡 = −𝜀𝐶𝐶𝛾𝑎𝑏

𝛾̃𝑚
𝑡 = −𝐶̃𝛾𝑚𝐶

−1 𝐶̃𝑡 = 𝜀𝐶̃𝐶̃ (𝐶̃𝛾̃𝑚𝑛)
𝑡
= −𝜀𝐶̃𝐶̃𝛾̃𝑚𝑛

 

𝐶 = 𝛾2 𝜀𝐶 = −1

𝐶̃ = 𝛾̃2𝛾̃4𝛾̃6 𝜀𝐶̃ = +1
 

[𝒜𝑎𝑏 , 𝒜𝑐𝑑]= 𝜂𝑎𝑑𝒜𝑏𝑐 + 𝜂𝑏𝑐𝒜𝑎𝑑 − 𝜂𝑎𝑐𝒜𝑏𝑑 − 𝜂𝑏𝑑𝒜𝑎𝑐  

[𝒜̃𝑚𝑛 , 𝒜̃𝑝𝑞] = 𝜂̃𝑚𝑞𝒜̃𝑛𝑝 + 𝜂̃𝑛𝑝𝒜̃𝑚𝑞 − 𝜂̃𝑚𝑝𝒜̃𝑛𝑞 − 𝜂̃𝑛𝑞𝒜̃𝑚𝑝
 

[𝒜𝑎𝑏 , 𝒮𝛼𝜇]= 𝒮𝛽𝜇(𝜎𝑎𝑏)𝛽𝛼  

[𝒜̃𝑚𝑛, 𝒮𝛼𝜇] = 𝒮𝛼𝜈(𝜎̃𝑚𝑛)𝜈𝜇
 

{𝒮𝛼𝜇 , 𝒮𝛽𝜈} = 𝑠𝐶̃𝜇𝜈(𝐶𝛾
𝑎𝑏)

𝛼𝛽
𝒜𝑎𝑏 + 𝑡𝐶𝛼𝛽(𝐶̃𝛾̃

𝑚𝑛)
𝜇𝜈
𝒜̃𝑚𝑛  

[{𝒮𝛼𝜇 , 𝒮𝛽𝜈}, 𝒮𝛾𝜌] + cycl(𝛼𝜇, 𝛽𝜈, 𝛾𝜌) = 0  

𝑠𝐶̃𝜇𝜈(𝐶𝛾
𝑎𝑏)

𝛼𝛽
[𝒜𝑎𝑏 , 𝒮𝛾𝜌] + 𝑡𝐶𝛼𝛽(𝐶̃𝛾̃

𝑚𝑛)
𝜇𝜈
[𝒜̃𝑚𝑛, 𝒮𝛾𝜌] + cycl(𝛼𝜇, 𝛽𝜈, 𝛾𝜌) = 0  

𝑠(𝐶𝛾𝑎𝑏)
𝛼𝛽
(𝛾𝑎𝑏)𝛿𝛾𝐶̃𝜇𝜈𝛿𝜎𝜌 + 𝑡𝐶𝛼𝛽𝛿𝛾𝛿(𝐶̃𝛾̃

𝑚𝑛)
𝜇𝜈
(𝛾̃𝑚𝑛)𝜎𝜌 + cycl(𝛼𝜇, 𝛽𝜈, 𝛾𝜌) = 0  

(𝐶𝛾𝑎𝑏)
𝛼𝛽
(𝛾𝑎𝑏)𝛿𝛾 = 2𝐶𝛼𝛽𝛿𝛾𝛿 − 4𝐶𝛼𝛾𝛿𝛽𝛿  

(𝐶̃𝛾̃𝑚𝑛)
𝜇𝜈
(𝛾̃𝑚𝑛)𝜌𝜎 + (𝐶̃𝛾̃

𝑚𝑛)
𝜇𝜎
(𝛾̃𝑚𝑛)𝜌𝜈 = 6𝛿𝜇𝜌𝐶̃𝜈𝜎 − 3𝛿𝜈𝜌𝐶̃𝜇𝜎 − 3𝛿𝜌𝜎𝐶̃𝜇𝜈  

{𝒮𝛼𝜇 , 𝒮𝛽𝜈} = −
1

2
𝐶̃𝜇𝜈(𝐶𝛾

𝑎𝑏)
𝛼𝛽
𝒜𝑎𝑏 +

1

3
𝐶𝛼𝛽(𝐶̃𝛾̃

𝑚𝑛)
𝜇𝜈
𝒜̃𝑚𝑛  

(𝛾𝑎
𝐸)∗ = −𝐶𝛾𝑎

𝐸𝐶−1 (𝛾̃𝑚
𝐸)∗ = −𝐶̃𝛾̃𝑚

𝐸 𝐶̃−1  

 

𝛾1
𝐸 = 𝜎1 𝛾̃1

𝐸 = 𝜎1⊗ 𝐼2⊗ 𝐼2 𝛾̃2
𝐸 = 𝜎2⊗ 𝐼2⊗ 𝐼2

𝛾2
𝐸 = 𝜎2 𝛾̃3

𝐸 = 𝜎3⊗𝜎1⊗ 𝐼2 𝛾̃4
𝐸 = 𝜎3⊗𝜎2⊗ 𝐼2

𝛾3
𝐸 = 𝜎3 𝛾̃5

𝐸 = 𝜎3⊗𝜎3⊗𝜎1 𝛾̃6
𝐸 = 𝜎3⊗𝜎3⊗𝜎2

𝐶 = 𝜎2 𝛾̃7
𝐸 = 𝜎3⊗𝜎3⊗𝜎3 𝐶̃ = 𝜎2⊗𝜎1⊗𝜎2

 

𝒜𝑎𝑏
∗ = 𝒜𝑎𝑏 𝒜̃𝑚𝑛

∗ = 𝒜̃𝑚𝑛 𝒮𝛼𝜇
∗ = 𝑆𝛽𝜈𝑋𝛽𝛼𝑌𝜈𝜇  

𝑋𝑋∗⊗𝑌𝑌∗ = 𝐼2⊗ 𝐼8  

𝛾𝑎𝑏𝑋 = 𝑋𝛾𝑎𝑏
∗  𝛾̃𝑚𝑛𝑌 = 𝑌𝛾̃𝑚𝑛

∗  

𝑋𝑋∗ = 𝑥0𝐼2 𝑌𝑌
∗ = 𝑦0𝐼8  
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𝐶̃𝜇𝜈
∗ (𝐶𝛾𝑎𝑏)

𝛼𝛽

∗
= 𝐶̃𝜌𝜎(𝐶𝛾

𝑎𝑏)
𝛾𝛿
𝑋𝛾𝛼𝑋𝛿𝛽𝑌𝜌𝜇𝑌𝜎𝜈  

𝐶𝛼𝛽
∗ (𝐶̃𝛾̃𝑚𝑛)

𝜇𝜈

∗
 = 𝐶𝛾𝛿(𝐶̃𝛾̃

𝑚𝑛)
𝜌𝜎
𝑋𝛾𝛼𝑋𝛿𝛽𝑌𝜌𝜇𝑌𝜎𝜈

 

𝐶̃∗ = 𝜆𝑌𝑡𝐶̃𝑌         (𝐶𝛾𝑎𝑏)
∗
 = 𝜆−1𝑋𝑡𝐶𝛾𝑎𝑏𝑋

𝐶∗ = 𝜇𝑋𝑡𝐶𝑋        (𝐶̃𝛾̃𝑚𝑛)
∗
 = 𝜇−1𝑌𝑡𝐶̃𝛾̃𝑚𝑛𝑌

 

𝛾𝑎𝑏
𝐸 𝑋= (−)𝑠𝑎+𝑠𝑏+𝑎+𝑏𝑋𝛾𝑎𝑏

𝐸  

𝛾̃𝑚𝑛
𝐸 𝑋 = (−)𝑠̃𝑚+𝑠̃𝑛+𝑚+𝑛𝑋𝛾̃𝑚𝑛

𝐸
 

(+ + +) 𝔰𝔬(3;ℝ) 𝑋 = 𝑥𝜎2 𝑋𝑋∗ = −𝑥2𝐼2
(+ + −) 𝔰𝔬(2,1;ℝ) 𝑋 = 𝑥𝜎3 𝑋𝑋∗ = +𝑥2𝐼2

 

(+ + + ++++) 𝔰𝔬(7;ℝ) 𝑌 = 𝑦𝜎2⊗𝜎1⊗𝜎2 𝑌𝑌∗ = +𝑦2𝐼8
(+ + + +++−) 𝔰𝔬(6,1;ℝ) 𝑌 = 𝑦𝜎3⊗𝜎1⊗𝜎2 𝑌𝑌∗ = −𝑦2𝐼8
(+ + + ++−−) 𝔰𝔬(5,2;ℝ) 𝑌 = 𝑦𝜎1⊗𝜎1⊗𝜎2 𝑌𝑌∗ = −𝑦2𝐼8
(+ + + +−−−) 𝔰𝔬(4,3;ℝ) 𝑌 = 𝑦𝜎2⊗𝜎1⊗𝜎2 𝑌𝑌∗ = +𝑦2𝐼8

 

𝔰𝔬(3;ℝ)⊕ 𝔰𝔬(1,6;ℝ)
𝔰𝔬(3;ℝ)⊕ 𝔰𝔬(2,5;ℝ)
𝔰𝔬(1,2;ℝ)⊕ 𝔰𝔬(7;ℝ)

𝔰𝔬(1,2;ℝ)⊕ 𝔰𝔬(3,4;ℝ)

 

d𝜉 = d − 𝜉⌟  

∫ 
Γ

 Φ =∑  

Σ

 
1

𝑑2𝑘
∫ 
Σ

 
𝑓∗Φ

𝑒𝜉(𝒩)
 

 

∫ 
Γ

 Φ =∑  

Σ

 
1

𝑑2𝑘

(2𝜋)𝑘

∏  𝑘
𝑖=1   𝜖𝑖

∫ 
Σ

 
𝑓∗Φ

[1 +
2𝜋
𝜖𝑖
𝑐1(𝐿𝑖)]

 

∫  
Γ2

 Φ2  = ∑  

Σ0

 
2𝜋

𝑑0

Φ0
𝜖1
|

Σ0

∫  
Γ4

 Φ4  = ∑  

Σ0

 
(2𝜋)2

𝑑0

Φ0
𝜖1𝜖2

|

Σ0

+∑  

Σ2

 
2𝜋

𝑑2
∫  
Σ2

  [
Φ2
𝜖1
−
2𝜋Φ0

𝜖1
2 𝑐1(𝐿)]

∫  
𝑀6

 Φ6  = ∑  

Σ0

 
(2𝜋)3

𝑑0

Φ0
𝜖1𝜖2𝜖3

|

Σ0

+∑ 

Σ2

 
(2𝜋)2

𝑑2

1

𝜖1𝜖2
∫  
Σ2

  [Φ2 − 2𝜋Φ0 (
𝑐1(𝐿1)

𝜖1
+
𝑐1(𝐿2)

𝜖2
)]

 +∑  

Σ4

 
2𝜋

𝑑4
∫  
Σ4

  [
Φ4
𝜖1
−
2𝜋Φ2

𝜖1
2 ∧ 𝑐1(𝐿) +

(2𝜋)2Φ0

𝜖1
3 𝑐1(𝐿) ∧ 𝑐1(𝐿)]

 

∫ 
Γ

 Φ = BV − AB −∫  
𝜕Γ

 𝑓∗
𝜉 ∧ Φ

 d𝜉𝜉
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1

 d𝜉𝜉
= −

1

|𝜉|2(1 − |𝜉|−2 d𝜉)
= −

1

|𝜉|2
[1 +∑  

∞

𝑎=1

 (
d𝜉

|𝜉|2
)
𝑎

] .  

d𝑠2 = d𝛼2 + sin2 𝛼( d𝜃2 + sin2 𝜃 d𝜙1
2 + cos2 𝜃 d𝜙2

2)  

𝜉 = 𝑏1𝜕𝜙1 + 𝑏2𝜕𝜙2  

|𝜉|2 = sin2 𝛼(𝑏1
2sin2 𝜃 + 𝑏2

2cos2 𝜃),  

Vol(𝑋𝛼0) =
4𝜋2

3
+
2𝜋2cos 𝛼0(cos 𝛼0

2 − 3)

3
 

Φ4=
1

𝑏1𝑏2
vol =

1

𝑏1𝑏2
sin3 𝛼sin 𝜃cos 𝜃 d𝛼 ∧  d𝜃 ∧  d𝜙1 ∧  d𝜙2 

Φ2 = −
1

2
sin3 𝛼 (

1

𝑏1
sin2 𝜃 d𝜙1 +

1

𝑏2
cos2 𝜃 d𝜙2) ∧ d𝛼

Φ0 =
1

6
(3cos 𝛼 − cos3 𝛼)

 

∫  
𝑋𝛼0

 
1

𝑏1𝑏2
vol(𝑋𝛼0)=

(2𝜋)2

𝑏1𝑏2
Φ0|

𝛼=0

+∫  
𝜕𝑋𝛼0

 𝑓∗
1

|𝜉|2
[𝜉 ∧ Φ2 +

Φ0
|𝜉|2

𝜉 ∧  d𝜉]  

 =
4𝜋2

3𝑏1𝑏2
+∫  

𝜕𝑋𝛼0

 
𝑏1𝑏2cos 𝛼0(3 − cos

2 𝛼0)cos 𝜃sin 𝜃

3(𝑏1
2sin2 𝜃 + 𝑏2

2cos2 𝜃)2
 d𝜃 ∧  d𝜙1 ∧  d𝜙2

 

∫  
𝑋𝛼0

 
1

𝑏1𝑏2
vol(𝑋𝛼0) =

2𝜋2(2 − 3cos 𝛼0 + cos
3 𝛼0)

3𝑏1𝑏2
 

d𝑠10
2 = e2𝐴[ d𝑠AdS4

2 + d𝑠𝑀6
2 ]  

d𝑠𝑀6
2 =

1

e4𝐴 − 𝑦2
 d𝑦2 +

1

4
(1 − e−4𝐴𝑦2)𝐷𝜓2 +

𝑦

𝐹0
2e4𝐴𝑦2 + 𝑙2

𝑔𝑖𝑗
(4)
(𝑦, 𝑥)d𝑥𝑖 d𝑥𝑗  

𝜕𝜓𝑗 = 0, 𝜕𝑦𝑗 =
1

2
(𝐹0
2𝑦2 + 𝑙2𝑦−2)d4𝜌,  d4𝑗 = 0

𝜕𝜓𝜔 = 0, 𝜕𝑦𝜔 = −
1

2
(𝐹0
2𝑦2 + 𝑙2𝑦−2)𝑇𝜔,  d4𝜔 = i𝑃 ∧ 𝜔

 

𝑃 ≡ −𝜌 + i
2e4𝐴(𝐹0

2𝑦4 + 𝑙2)

(e4𝐴 − 𝑦2)(𝐹0
2e4𝐴𝑦2 + 𝑙2)

d4𝐴

𝑇 ≡
𝜕𝑦(e

4𝐴𝑦2)

(e4𝐴 − 𝑦2)(𝐹0
2e4𝐴𝑦2 + 𝑙2)

 

𝑛0 = 2𝜋ℓ𝑠𝐹0 ∈ ℤ  
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𝐹2= 𝑙 (
1

2𝑦
 d𝜌 −

1

2
 d(e−4𝐴𝑦𝐷𝜓) +

1

𝐹0
2e4𝐴𝑦2 + 𝑙2

𝑗)  

𝐹4= −
𝐹0
2
[

e4𝐴𝑦2

(𝐹0
2e4𝐴𝑦2 + 𝑙2)2

𝑗 ∧ 𝑗  

−(d(e−4𝐴𝑦𝐷𝜓) − 𝑦−1 d𝜌) ∧ (
e4𝐴𝑦2

𝐹0
2e4𝐴𝑦2 + 𝑙2

𝑗 +
𝑦2

2
 d𝑦 ∧ 𝐷𝜓)]

𝐹6 =
3𝑙

4

𝑦2

(𝐹0
2e4𝐴𝑦2 + 𝑙2)2

 d𝑦 ∧ 𝐷𝜓 ∧ 𝑗 ∧ 𝑗

 

𝐵1  = −
𝐹0
𝑙
(

e4𝐴𝑦2

𝐹0
2e4𝐴𝑦2 + 𝑙2

𝑗 +
𝑦2

2
 d𝑦 ∧ 𝐷𝜓)

𝐵2  =
𝑙

𝐹0
(

1

𝐹0
2e4𝐴𝑦2 + 𝑙2

𝑗 +
1

2𝑦2
 d𝑦 ∧ 𝐷𝜓)

 

e2𝜙 =
e6𝐴

𝐹0
2e4𝐴𝑦2 + 𝑙2

 

1

(2𝜋ℓ𝑠)
𝑝−1

∫  
Σ𝑝

 𝑓𝑝 ∈ ℤ  

𝑓2=
𝑙

2
 d[𝑦−1(1 − e−4𝐴𝑦2)𝐷𝜓] − 𝐹0(𝐵1 − 𝐵2)  

𝑓4 =
𝐹0
2𝑙2

[
e4𝐴𝑦2

𝐹0
2e4𝐴𝑦2 + 𝑙2

𝑗 ∧ 𝑗 + 𝑦2 d𝑦 ∧ 𝐷𝜓 ∧ 𝑗]

𝑓6 =
𝑦2

4𝑙3
𝐹0
2e4𝐴𝑦2 + 3𝑙2

𝐹0
2e4𝐴𝑦2 + 𝑙2

 d𝑦 ∧ 𝐷𝜓 ∧ 𝑗 ∧ 𝑗

 

d𝑠2  ∼
1

√𝑟
 d𝑠9

2 + √𝑟 d𝑟2

e2𝜙  ∼ 𝑟−5/2
 

e2𝐴 ∼ 𝑦−1/2  

d𝑠2  ∼
1

√𝑦
( d𝑠AdS4

2 +
1

4
𝐷𝜓2 +

1

𝐹0
2 𝑔𝑖𝑗

(4)
(0, 𝑥)d𝑥𝑖 d𝑥𝑗) + √𝑦 d𝑦2,

e2𝜙  ∼ 𝑦−5/2.

 

e2𝐴 ∼
𝑎1

√𝑦
+ 𝑎2√𝑦  

ℱ =
16𝜋3

(2𝜋ℓ𝑠)
8
∫  
𝑀6

 e8𝐴−2𝜙vol𝑀6  

Φℱ= e8𝐴−2𝜙 ⋆1−
1

12
(

𝑦3

𝐹0
2e4𝐴𝑦2 + 𝑙2

𝑗 ∧ 𝑗 + 𝑦 d𝑦 ∧ 𝐷𝜓 ∧ 𝑗) 

 +
1

24
(𝑦2𝑗 +

1

2
(𝐹0
2𝑦4 + 𝑙2)d𝑦 ∧ 𝐷𝜓) −

𝑦

48
(
𝐹0
2𝑦4

5
+ 𝑙2)
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Φ𝑓2= 𝑓2 −
𝑦

6𝑙
(𝐹0
2𝑦2 − 3𝑙2e−4𝐴)  

Φ𝑓4= 𝑓4 −
𝐹0
6𝑙2

(𝑦3𝑗 +
𝐹0
2𝑦5 + 𝑙2𝑦

2
 d𝑦 ∧ 𝐷𝜓) +

𝐹0𝑦
2

72𝑙2
(𝐹0
2𝑦4 + 3𝑙2)  

Φ𝑓6  = 𝑓6 −
1

12𝑙3
(𝑦3

𝐹0
2e4𝐴𝑦2 + 3𝑙2

𝐹0
2e4𝐴𝑦2 + 𝑙2

𝑗 ∧ 𝑗 + (𝐹0
2𝑦5 + 3𝑙2𝑦)d𝑦 ∧ 𝐷𝜓 ∧ 𝑗)

 +
1

144𝑙3
(2𝑦2(𝐹0

2𝑦4 + 9𝑙2)𝑗 + (𝐹0
2𝑦4 + 9𝑙2)(𝐹0

2𝑦4 + 𝑙2)d𝑦 ∧ 𝐷𝜓)

 −
𝑦

1296𝑙3
(𝐹0
2𝑦4 + 9𝑙2)2

 

𝑌 = 𝑗 +
𝐹0
2𝑦2 + 𝑙2𝑦−2

2
 d𝑦 ∧ 𝐷𝜓  

Φ𝑌 = 𝑌 −
1

6𝑦
(𝐹0
2𝑦4 − 3𝑙2)  

𝑍 = 𝑗 ∧ 𝑗 + (𝐹0
2𝑦2 + 𝑙2𝑦−2)d𝑦 ∧ 𝐷𝜓 ∧ 𝑗,  

Φ𝑍 = 𝑍 −
1

6
(𝐹0

2𝑦3 −
3𝑙2

𝑦
)(2𝑗 + (𝐹0

2𝑦2 + 𝑙2𝑦−2)d𝑦 ∧ 𝐷𝜓) +
(𝐹0
2𝑦4 − 3𝑙2)2

36𝑦2
 

𝐹4 = −
𝐹0
2
[

1

𝐹0
4e4𝐴𝑦2

𝑗 ∧ 𝑗 − (d(e−4𝐴𝑦𝐷𝜓) − 𝑦−1 d𝜌) ∧ (
1

𝐹0
2 𝑗 +

𝑦2

2
 d𝑦 ∧ 𝐷𝜓)]  

Φ𝐹4 = 𝐹4 −
𝐹0
2
[
𝑦

𝐹0
2e4𝐴

𝑗 +
𝑦

2
 d𝑦 ∧ 𝐷𝜓] +

𝐹0𝑦
2

8
 

ℱ=
1

24𝜋2ℓ𝑠
8{−∑  

Σ0

 
1

𝑑0

𝐹0
2

20

𝑦5

𝜖1𝜖2𝜖3
|

Σ0

+∑ 

Σ2

 
1

𝑑2

1

𝜖1𝜖2
∫  
Σ2

  [
𝑦2

4𝜋
𝑗 +

𝐹0
2𝑦5

20
(
𝑐1(𝐿1)

𝜖1
+
𝑐1(𝐿2)

𝜖2
)] 

−∑  

Σ4

 
1

𝑑4
∫  
Σ4

  [
1

𝐹0
2

1

(2𝜋)2𝜖1

1

𝑦
𝑗 ∧ 𝑗 +

𝑦2

4𝜋𝜖1
2 𝑗 ∧ 𝑐1(𝐿) +

𝐹0
2𝑦5

20𝜖1
3 𝑐1(𝐿) ∧ 𝑐1(𝐿)]}

 

𝑁𝐼 =
1

(2𝜋ℓ𝑠)
3
∫  
Γ4
𝐼
𝐹4 =

𝐹0

4𝜋ℓ𝑠
3

[
 
 
 
 

∑  

Σ0

 
1

𝑑0

𝑦2

4𝜖1𝜖2
|

Σ0

−∑ 

Σ2

 
1

𝑑2
∫  
Σ2

  [
1

2𝜋𝜖1

1

𝐹0
2𝑦
𝑗 +

𝑦2

4𝜖1
2 𝑐1(𝐿)]

]
 
 
 
 

 

 

𝑁 =
1

(2𝜋ℓ𝑠)
3
∫  
Σ4

 𝐹4 = −
1

(2𝜋ℓ𝑠)
3
∫  
Σ4

 
1

2𝐹0
3𝑦4

𝑗 ∧ 𝑗  

Δ(Σ2) =
1

(2𝜋)2ℓ𝑠
3∫  
Σ2

 𝐹0e
2𝐴𝑦volΣ2 =

1

(2𝜋)2ℓ𝑠
3∫  
Σ2

 𝑌′  

𝑌′ = 𝐹0 [
𝑦

𝐹0
2e4𝐴

𝑗 +
𝑦

2
 d𝑦 ∧ 𝐷𝜓] = −2Φ2

𝐹4  
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Δ(Σ2) = −
𝐹0

2𝜋ℓ𝑠
3∑ 

Σ0

 
1

𝑑0

𝑦2

4𝜖1
, Δ(Σ2) =

1

(2𝜋)2ℓ𝑠
3∫  
Σ2

 
1

𝐹0𝑦
𝑗  

𝒪(−𝑝1)⊕ 𝒪(−𝑝2) → Σ𝑔  

𝜉 =∑ 

2

𝑖=1

 𝑏𝑖𝜕𝜑𝑖  

∫  
Σ𝑔

  𝑐1(ℒ𝑖) = −𝑝𝑖  

𝑁 =
1

(2𝜋ℓ𝑠)
3
∫  
𝐻𝑆4

 𝐹4 =
1

2𝜋ℓ𝑠
3

1

𝑏1𝑏2

𝐹0𝑦𝑝
2

8
 

𝑦𝑝 = 4√
𝜋𝑙𝑠
3

𝐹0
𝑏1𝑏2𝑁  

𝑁𝑖 =
1

(2𝜋ℓ𝑠)
3
∫  
𝐶4
𝑖
 𝐹4 =

1

(2𝜋ℓ𝑠)
3
(∫  
Σ𝑔
𝑝
 −
2𝜋

𝑏𝑖

1

2𝐹0𝑦𝑝
𝑗 + (

2𝜋

𝑏𝑖
)
2 𝐹0𝑦𝑝

2

8
𝑝𝑖)  

 

∫  
Σ𝑔
𝑝
 𝑗 = 32√𝜋5ℓ𝑠

9𝐹0𝑏1𝑏2𝑁
3(𝑏1𝑝2 + 𝑏2𝑝1)  

ℱ = −
16𝜋3

(2𝜋ℓ𝑠)
8

(2𝜋)2

𝑏1𝑏2
(
𝑦𝑝
2

24
∫  
Σ𝑔
𝑝
 𝑗 −

2𝜋

𝑏1𝑏2

𝐹0
2𝑦𝑝

5

240
(
𝑝1
𝑏1
+
𝑝2
𝑏2
))

 = −
16√2𝜋

5𝑛0
1/2 √𝑏1𝑏2(𝑏1𝑝2 + 𝑏2𝑝1)𝑁

5/2

 

𝑏1 =
1

2
(1 + 𝜀), 𝑏2 =

1

2
(1 − 𝜀)  

𝑝1 = (1 − 𝑔)(1 + 𝜅
−1𝑧), 𝑝2 = (1 − 𝑔)(1 − 𝜅

−1𝑧)  

ℱ = −
8√2𝜋

5𝜅𝑛0
1/2
√(1 − 𝜀2)(𝑔 − 1)(𝜀𝑧 − 𝜅)𝑁5/2  

𝜀± =
𝜅 ± √𝜅2 + 8𝑧2

4𝑧
 

ℱ =
2𝜋(1 − 𝑔)𝑁5/2

5𝜅𝑛0
1/2

(√𝜅2 + 8𝑧2 − 3𝜅)√1 −
𝜅(√𝜅2 + 8𝑧2 + 𝜅)

4𝑧2
.  
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Δ(𝐻𝑆2,1) = −
𝐹0

2𝜋ℓ𝑠
3

𝑦𝑝
2

4𝑏1
= 2𝑏2𝑁 = (1 − 𝜀)𝑁

Δ(𝐻𝑆2,2) = −
𝐹0

2𝜋ℓ𝑠
3

𝑦𝑝
2

4𝑏2
= 2𝑏1𝑁 = (1 + 𝜀)𝑁

Δ(Σ𝑔
𝑝
) = −

1

(2𝜋)2ℓ𝑠
3∫  
Σ𝑔
𝑝
 
1

𝐹0𝑦
𝑗 = −2(𝑏1𝑝2 + 𝑏2𝑝1)𝑁 =

2(1 − 𝑔)

𝜅
(𝑧𝜀 − 𝜅)𝑁

 

Δ(𝐻𝑆2,𝑖)  = (1 ∓
√𝜅2 + 8𝑧2 + 𝜅

4𝑧
)𝑁

Δ(Σ𝑔
𝑝
)  =

(1 − 𝑔)

2𝜅
(√𝜅2 + 8𝑧2 − 3𝜅)𝑁

 

Δ(𝐻𝑆2,𝑖)= (1 ∓
𝜅 − √𝜅2 + 8𝑧2

4𝑧
)𝑁  

Δ(Σ𝑔
𝑝
) = (

(𝑔 − 1)(3𝜅 + √𝜅2 + 8𝑧2)

2𝜅
)𝑁

 

𝜉 =∑  

2

𝑖=1

 𝑏𝑖𝜕𝜑𝑖 + 𝜀𝜕𝜑0  

𝑁± =
1

(2𝜋ℓ𝑠)
3
∫  
𝐻𝑆4/ℤ𝑛±

 𝐹4 =
1

2𝜋ℓ𝑠
3

1

𝑛±

1

𝑏1
±𝑏2

±

𝐹0𝑦±
2

8
 

𝑛+𝑁+ = 𝑛−𝑁− ≡ 𝑁  

𝑦+ = 4√
𝜋𝑙𝑠
3

𝐹0
𝑏1
+𝑏2

+𝑁,𝑦− = 4𝜎√
𝜋𝑙𝑠
3

𝐹0
𝑏1
−𝑏2

−𝑁  

ℱ = −
1

24𝜋2ℓ𝑠
8

𝐹0
2

20
(
1

𝑛+

𝑦+
5

𝑏1
+𝑏2

+(−𝜀/𝑛+)
+
1

𝑛−

𝑦−
5

𝑏1
−𝑏2

−(𝜀/𝑛−)
)  

=
32√2𝜋

15𝑛0
1/2

(𝑏1
+𝑏2

+)3/2 − 𝜎(𝑏1
−𝑏2

−)3/2

𝜀
𝑁5/2. 

𝑏𝑖
± = 𝑏𝑖 +

𝜀

2
(±

𝑝𝑖
𝑛+𝑛−

+
𝑛+ − 𝜎𝑛−
2𝑛+𝑛−

) , 𝑏1 + 𝑏2 = 1  

𝑏1
± + 𝑏2

± = 1 ±
𝜀

𝑛±
, 𝑏𝑖
+ − 𝑏𝑖

− =
𝑝𝑖
𝑛+𝑛−

𝜀  

𝑁𝑖 =
1

(2𝜋ℓ𝑠)
3
∫  
𝐶4
𝑖
 𝐹4 =

1

2𝜋ℓ𝑠
3

𝐹0
8
(
1

𝑛+

𝑦+
2

𝑏𝑖
+(−𝜀/𝑛+)

+
1

𝑛−

𝑦−
2

𝑏𝑖
−(𝜀/𝑛−)

)  

𝑁1 =
𝑏2
− − 𝑏2

+

𝜀
𝑁 =

𝑝2
𝑛+𝑛−

𝑁,𝑁2 =
𝑏1
− − 𝑏1

+

𝜀
𝑁 =

𝑝1
𝑛+𝑛−

𝑁  
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Δ(Σ𝑝) = −
𝐹0

2𝜋ℓ𝑠
3 (

1

𝑛+

𝑦+
2

4(−𝜀/𝑛+)
+
1

𝑛−

𝑦−
2

4(𝜀/𝑛−)
) = −2

𝑏1
−𝑏2

− − 𝑏1
+𝑏2

+

𝜀
𝑁.  

Δ(𝐻𝑆±
2,𝑖) =

𝐹0

2𝜋ℓ𝑠
3

𝑦±
2

4𝑏𝑖
± = 2

𝑏1
±𝑏2

±

𝑏𝑖
± 𝑁.  

𝐻𝑆2 ↪ 𝑀6 → 𝐵4  

𝑐𝛼 = ∫  
Γ𝛼

 𝑗, 𝑛𝛼 = ∫  
Γ𝛼

 𝑐1(ℒ)  

𝑁𝛼 =
1

(2𝜋ℓ𝑠)
3
∫  
𝐶4
𝛼
 𝐹4 =

𝐹0

4𝜋ℓ𝑠
3 [
1

2𝜋

1

𝐹0
2𝑦𝑝

𝑐𝛼 −
𝑦𝑝
2

4
𝑛𝛼]  

𝑐𝛼 =
𝜋𝐹0𝑦𝑝

2
(𝐹0𝑦𝑝

2𝑛𝛼 − 16𝜋ℓ𝑠
3𝑁𝛼)  

𝑁𝑝=
1

(2𝜋ℓ𝑠)
3
∫  
𝐵𝑝
4
 𝐹4 = −

1

(2𝜋ℓ𝑠)
3

1

2𝐹0
3𝑦𝑝
4 ⟨𝑐, 𝑐⟩ 

 =
1

2
⟨𝑁, 𝑛⟩ −

𝐹0𝑦𝑝
2

64𝜋ℓ𝑠
3 ⟨𝑛, 𝑛⟩ −

4𝜋ℓ𝑠
3

𝐹0𝑦𝑝
2 ⟨𝑁,𝑁⟩

 

𝑁𝑝 = −⟨𝑁, 𝑛⟩ + 𝑀  

𝑦𝑝 = 4√
𝜋ℓ𝑠

3

𝐹0

3⟨𝑁, 𝑛⟩ − 2𝑀 ±√(3⟨𝑁, 𝑛⟩ − 2𝑀)2 − ⟨𝑁,𝑁⟩⟨𝑛, 𝑛⟩

⟨𝑛, 𝑛⟩
 

ℱ= −
1

24𝜋2ℓ𝑠
8 [

1

(2𝜋𝐹0)
2𝑦𝑝

⟨𝑐, 𝑐⟩ −
𝑦𝑝
2

4𝜋
⟨𝑐, 𝑛⟩ +

𝐹0
2𝑦𝑝

5

20
⟨𝑛, 𝑛⟩]  

 =
2𝑦𝑝

3ℓ𝑠
2 ⟨𝑁,𝑁⟩ −

𝐹0
2𝑦𝑝

5

1920𝜋2ℓ𝑠
8 ⟨𝑛, 𝑛⟩

 =
16√2𝜋

15𝑛0
1/2

1

⟨𝑛, 𝑛⟩3/2
√3⟨𝑁, 𝑛⟩ − 2𝑀 ±√(3⟨𝑁, 𝑛⟩ − 2𝑀)2 − ⟨𝑁,𝑁⟩⟨𝑛, 𝑛⟩

 × (3⟨𝑁,𝑁⟩⟨𝑛, 𝑛⟩ + (3⟨𝑁, 𝑛⟩ − 2𝑀) (3⟨𝑁, 𝑛⟩ ± √(3⟨𝑁, 𝑛⟩ − 2𝑀)2 − ⟨𝑁,𝑁⟩⟨𝑛, 𝑛⟩))

 

Δ(𝐻𝑆2) =
𝐹0

2𝜋ℓ𝑠
3

𝑦𝑝
2

4
=

2

⟨𝑛, 𝑛⟩
(3⟨𝑁, 𝑛⟩ − 2𝑀 ±√(3⟨𝑁, 𝑛⟩ − 2𝑀)2 − ⟨𝑁,𝑁⟩⟨𝑛, 𝑛⟩)  

Δ(Γ𝛼)  =
1

(2𝜋)2ℓ𝑠
3

𝑐𝛼
𝐹0𝑦𝑝

 =
2

⟨𝑛, 𝑛⟩
((3⟨𝑁, 𝑛⟩ − 2𝑀)𝑛𝛼 + (⟨𝑛, 𝑛⟩ ± √(3⟨𝑁, 𝑛⟩ − 2𝑀)

2 − ⟨𝑁,𝑁⟩⟨𝑛, 𝑛⟩)𝑁𝛼)

 

⟨𝑛, 𝑛⟩ = 𝑀‾ , ⟨𝑁, 𝑛⟩ = 𝑘𝑀‾ , ⟨𝑁,𝑁⟩ = 𝑘2𝑀‾  

𝑘 =
𝑁

ℎ
.  
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ℱ =
32√2𝜋

5𝑛0
1/2

(3 ± 2√2)𝑀‾ (
𝑁

ℎ
)
5/2

 

Δ(𝐻𝑆2) =
2(3 ± 2√2)

ℎ
𝑁, Δ(Γ𝛼) =

4(1 ± √2)

ℎ
𝑁𝑛𝛼 ,  

⟨𝑛, 𝑛⟩ = 2𝜒1𝜒2, ⟨𝑁, 𝑛⟩ = 𝜒1𝑁2 + 𝜒2𝑁1, ⟨𝑁, 𝑁⟩ = 2𝑁1𝑁2.  

ℱ =
32𝜋

5𝑛0
1/2
√3 ±√8 + 𝑧2 (√8 + 𝑧2 ± (2 + 𝑧2))𝑁5/2  

Δ(𝐻𝑆2) = (3 ± √8 + 𝑧2)𝑁

Δ(𝑆1
2) = 2 (2 − 𝑧 ± √8 + 𝑧2)𝑁, Δ(𝑆2

2) = 2 (2 + 𝑧 ± √8 + 𝑧2)𝑁,
 

𝐿𝑁 = ℒ−1, 𝐿𝑆 = ℒ  

[Γ𝛼
𝑆] − [Γ𝛼

𝑁] = 𝑛𝛼[𝑆fibre 
2 ] ∈ 𝐻2(𝑀6, ℤ)  

𝑛𝛼 ≡ ∫  
Γ𝛼

  𝑐1(ℒ) ∈ ℤ  

[𝐵4
𝑆] − [𝐵4

𝑁] = ∑  

𝑏2

𝛼=1

 𝑛𝛼[𝐶𝛼]  

𝑐𝛼
𝑁,𝑆 ≡ ∫  

Γ𝛼
𝑁,𝑆
 𝑗  

𝑐𝛼
𝑆 − 𝑐𝛼

𝑁 =
𝑙2𝜋

𝜖
(
1

𝑦𝑁
−
1

𝑦𝑆
)𝑛𝛼  

𝑘2=
1

2𝜋ℓ𝑠
∫  
𝑆fibre
2

 𝑓2 =
𝑙

2𝜖ℓ𝑠
[
1

𝑦𝑁
−
1

𝑦𝑆
] 

𝑘𝛼
𝑁,𝑆 =

1

2𝜋ℓ𝑠
∫  
Γ𝛼
𝑁,𝑆
 𝑓2 =

𝑐𝛼
𝑁,𝑆

2𝑙ℓ𝑠𝜋

 

𝑐𝛼
𝑆 − 𝑐𝛼

𝑁 = 2𝑙ℓ𝑠𝜋𝑘2𝑛𝛼  ⇔  𝑘𝛼
𝑆 − 𝑘𝛼

𝑁 = 𝑘2𝑛𝛼  

𝑦𝑁 =
𝑙𝑦𝑆

𝑙 + 2ℓ𝑠𝑘2𝑦𝑆𝜖
 

𝑁= −
1

(2𝜋ℓ𝑠)
5
∫  
𝑀6

 𝑓6  

 =
𝑙4𝑘2

2𝜋2(𝑦𝑆 − 𝑦𝑁) + 𝑙
2𝑘2𝜖𝜋(𝑐𝑁𝑦𝑁

2 − 𝑐𝑆𝑦𝑆
2) + 𝜖2(𝑐𝑆

2𝑦𝑆
3 − 𝑐𝑁

2𝑦𝑁
3)

64𝑙3𝜖3𝜋4ℓ𝑠
5

 

𝑙 = −𝐿𝑦𝑆𝑘2ℓ𝑠  



pág. 1335 

𝑁 =
𝑦𝑆
2(⟨𝑘𝑁, 𝑘𝑁⟩𝐿2 + ⟨𝑘𝑆, 𝑘𝑆⟩(𝐿 − 2)2 + ⟨𝑘𝑁, 𝑘𝑆⟩𝐿(𝐿 − 2))

8𝐿(𝐿 − 2)3ℓ𝑠
4𝑘2𝜋

2
 

ℱ =
4𝜋

3
√

2𝑘2
3𝐿3(𝐿 − 2)3

⟨𝑘𝑁, 𝑘𝑁⟩𝐿2 + ⟨𝑘𝑆, 𝑘𝑆⟩(𝐿 − 2)2 + ⟨𝑘𝑁, 𝑘𝑆⟩𝐿(𝐿 − 2)
𝑁3/2  

⟨𝑘𝑁, 𝑘𝑁⟩𝐿2(2𝐿 − 1) + ⟨𝑘𝑆, 𝑘𝑆⟩(𝐿 − 𝐿)2(2𝐿 − 3) + 2⟨𝑘𝑁, 𝑘𝑆⟩𝐿(2 − 3𝐿 + 𝐿2) = 0  

ℱ = √
2𝜋6

27Vol(𝑌𝑝,𝑘(KE4))
𝑁3/2  

Vol (𝑌𝑝,𝑘(KE4)) = Vol(KE4)
2𝜋2

3 ⋅ 44
𝑥2 − 𝑥1

𝑝(𝑥2 − 1)(1 − 𝑥1)
(𝑥2
3 − 𝑥1

3),  

0 = 3𝑝3𝑥1
3 + 2𝑝2(6𝑏 − 5𝑝)𝑥1

2 + 𝑝(18𝑏2 − 28𝑏𝑝 + 11𝑝2)𝑥1 + 4(3𝑏
3 + 4𝑏𝑝2 − 6𝑏2𝑝 − 𝑝2)

0 = 3𝑝3𝑥2
3 + 2𝑝2(𝑝 − 6𝑏)𝑥2

2 + 𝑝(18𝑏2 − 8𝑏𝑝 + 𝑝2)𝑥2 + 4𝑏(3𝑏𝑝 − 3𝑏
2 − 𝑝2)

 

𝑘2 ≡ 𝑝, 𝑘𝛼
𝑆 =

𝑘

ℎ
𝑛𝛼 ≡ 𝑏𝑛𝛼 , 𝑘𝛼

𝑁 = (𝑏 − 𝑝)𝑛𝛼 , Vol(KE4) =
𝜋2

2
⟨𝑛, 𝑛⟩,  

𝜉 =∑ 

3

𝑖=1

  𝜖𝑖𝜕𝜑𝑖  

0 = ∫  
𝑆𝑖
4
 Φ𝑍 =

(2𝜋)2𝜖𝑖
𝜖1𝜖2𝜖3

[
(𝐹0
2𝑦𝑁

4 − 3𝑙2)2

36𝑦𝑁
2 +

(𝐹0
2𝑦𝑆

4 − 3𝑙2)2

36𝑦𝑆
2 ]  

|𝑦𝑁| = |𝑦𝑆| = (
3𝑙2

𝐹0
2 )

1/4

 

0 = ∫  
𝑆𝑖
2
 Φ𝑌 = −

𝜋

3𝜖𝑖
[
1

𝑦𝑁
(𝐹0
2𝑦𝑁

4 − 3𝑙2) −
1

𝑦𝑆
(𝐹0

2𝑦𝑁
𝑆 − 3𝑙2)]  

𝑁 =
1

(2𝜋ℓ𝑠)
5
∫  
𝑀6

 𝑓6 =
(2𝜋)3

1296𝑙3(2𝜋ℓ𝑠)
5𝜖1𝜖2𝜖3

[𝑦𝑁(𝐹0
2𝑦𝑁
4 + 9𝑙2)2 − 𝑦𝑆(𝐹0

2𝑦𝑆
4 + 9𝑙2)2]  

ℓ𝑠
−1 =

21/937/18𝑛0
1/9
𝑁2/9𝜋1/3(𝜖1𝜖2𝜖3)

2/9

𝑙1/3
, 𝐹0 =

𝑛0
2𝜋ℓ𝑠

 

ℱ =
(2𝜋)3

240𝜖1𝜖2𝜖3

16𝜋3

(2𝜋ℓ𝑠)
8
[𝑦𝑁(𝐹0

2𝑦𝑁
4 + 5𝑙2) − 𝑦𝑆(𝐹0

2𝑦𝑆 + 5𝑙
2)]

 =
9

5
21/331/6𝑛0

1/3
𝑁5/3𝜋(𝜖1𝜖2𝜖3)

2/3

 

𝜖𝑖 =
1

3
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ℱ =
21/331/6𝑛0

1/3
𝜋3

5Vol(𝑆5)2/3
𝑁5/3  

𝑏𝑖 = 3𝜖𝑖  

Vol(𝑆5)[𝑏𝑖] =
𝜋3

𝑏1𝑏2𝑏3
,  

ℱ =
21/331/6𝑛0

1/3
𝜋3

5(Vol(𝑆5)[𝑏𝑖])
2/3
𝑁5/3  

|𝑦𝑁| = |𝑦𝑆| = (
3𝑙2

𝐹0
2 )

1/4

 

𝑁=
1

(2𝜋ℓ𝑠)
2
∫  
𝒮(SE5)

 𝑓6  

 =
1

1296(2𝜋ℓ𝑠)
5
[
𝑦𝑁(𝐹0

2𝑦𝑁
4 + 9𝑙2)2

𝑒(𝒩𝑁)
+
𝑦𝑆(𝐹0

2𝑦𝑆
4 + 9𝑙2)2

𝑒(𝒩𝑆)
]

 =
1

9(2𝜋ℓ𝑠)
5 [

𝑦𝑁
𝑒(𝒩𝑁)

+
𝑦𝑆

𝑒(𝒩𝑆)
]

 

ℓ𝑠
−1 =

2 ⋅ 37/18𝜋𝑛0
1/9
𝑁2/9

ℰ
, 𝐹0 =

𝑛0
2𝜋ℓ𝑠

 

ℰ =
1

𝑒(𝒩𝑁)
−

1

𝑒(𝒩𝑆)
 

ℱ =
𝜋3

15(2𝜋ℓ𝑠)
8
[
𝑦𝑁(𝐹0

2𝑦𝑁
4 + 5𝑙2)

𝑒(𝒩𝑁)
+
𝑦𝑆(𝐹0

2𝑦𝑆
4 + 5𝑙2)

𝑒(𝒩𝑆)
]

 =
8𝜋3𝑦𝑁

15(2𝜋ℓ𝑠)
8 [

1

𝑒(𝒩𝑁)
−

1

𝑒(𝒩𝑆)
]

 

ℱ =
72 × 31/6𝑛0

1/3
𝜋3

5ℰ2/3
𝑁5/3  

ℰ = 2433Vol(SE5)  

 

ℱ =
21/331/6𝜋3

5Vol(SE5)
2/3
𝑛0
1/3
𝑁5/3  

ΦThom =
1

2𝜋
 d(𝜌(𝑟)𝜂)  

𝑠∗ΦThom = −𝑒  

Ψ𝑝 ≡ PD[𝐵4] = Φ
Thom  
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𝜏 = ∑  

𝑏2

𝛼=1

  𝐶̂𝛼Ψ𝛼  

𝐶𝛼 ≡ ∫  
Γ𝛼

 𝜏  

𝐶𝛼 = ∫  
𝐵4

 𝜏 ∧ Ψ𝛼 = ∑  

𝑏2

𝛽=1

 𝑄𝛼𝛽𝐶̂  

𝑄𝛼𝛽 ≡ ∫  
𝐵4

 Ψ𝛼 ∧ Ψ𝛽 = [Γ𝛼] ∩ [Γ𝛽]  

∫  
𝐵4

 𝜏 ∧ 𝜏 = ∑  

𝑏2

𝛼,𝛽=1

 𝑄𝛼𝛽𝐶̂𝛼𝐶̂𝛽 = ∑  

𝑏2

𝛼,𝛽=1

  𝐼𝛼𝛽𝐶𝛼𝐶𝛽  

𝑐1(ℒ) = ∑  

𝑏2

𝛼=1

  𝑛̂𝛼Ψ𝛼  

𝜏 = ∑  

𝑏2

𝛼=1

  𝐶̂𝛼Ψ𝛼, 𝜔 = ∑  

𝑏2

𝛼=1

  𝑁̂𝛼Ψ𝛼  

 

∫  
𝐵4

 𝜏 ∧ 𝜔 = ∑  

𝑏2

𝛼,𝛽=1

 𝑄𝛼𝛽𝐶̂𝛼𝑁̂𝛽 = ∑  

𝑏2

𝛼,𝛽=1

  𝐼𝛼𝛽𝐶𝛼𝑁𝛽 ≡ ⟨𝐶,𝑁⟩  

𝐹4 = Φ
Thom ∧∑  

𝑏2

𝛼=1

  𝑁̂𝛼Ψ𝛼 +𝑀vol̃(𝐵4)  

(2𝜋ℓ𝑠)
3𝑁= ∫  

𝐵4

 𝐹4  

 = 𝑀 + 𝑁̂𝛼∫  
𝐵4

 𝑠∗(ΦThom) ∧ Ψ𝛼

 = 𝑀 − 𝑁̂𝛼∫  
𝐵4

 𝑒 ∧ Ψ𝛼

 = 𝑀 − ⟨𝑁, 𝑛⟩

 

PD[Γ𝛼] = 𝜋
∗Ψ𝛼 ∧ Φ

Thom ∈ 𝐻4(𝑀6)  

∫  
𝐵4

 𝜋∗Ψ𝛼 ∧ Φ
Thom = 𝑛𝛼  

[Γ𝛼] = 𝑛𝛼[𝐻𝑆fibre 
2 ]  



pág. 1338 

𝑡8𝑡8𝑅̂
4.  

𝑒̂𝑎 = 𝑒−Φ/3𝑒𝑎, 𝑒̂10 = 𝑒2Φ/3(𝑑𝑥10 + 𝐴), 𝐹̂ ≡ 𝑑𝐶̂ = 𝐹4 +𝐻 ∧ (𝑑𝑥
10 + 𝐴)  

𝑒̂𝑎 = 𝑒2Φ/3𝑒̂′𝑎  

𝑒̂′𝑎 = 𝑒′𝑎 , 𝑒̂′10 = 𝑑𝑥10 + 𝐴  

𝑒′𝑎 = 𝑒−Φ𝑒𝑎  

𝐹̂𝑎𝑏𝑐10 = 𝐻𝑎𝑏𝑐 , 𝑅̂𝑎𝑏𝑐10
′ = −

1

2
∇𝑐𝐹𝑎𝑏  

𝑒𝑎 = 𝑒𝑘Φ𝑒′𝑎  

𝑅𝑎𝑏𝑐𝑑 = 𝑒
−2𝑘Φ(𝑅𝑎𝑏𝑐𝑑

′ + 𝐷𝑎𝑏𝑐𝑑 +⋯)  with  𝐷𝑎𝑏 𝑐𝑑 = 4𝑘𝛿[𝑐
[𝑎
∇𝑑]∇

𝑏]Φ  

𝑡8𝑡8𝑅
4 = 𝑡8𝑡8𝑅

′4 + 96𝑘(2𝑙 − 𝑘(𝐷 − 2))∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ𝑋𝑎𝑏𝑐𝑑 +⋯  

𝑋𝑎𝑏
𝑐𝑑 = 8𝑅𝑎𝑔ℎ𝑏

′ 𝑅′𝑐𝑔ℎ𝑑 + 8𝑅𝑎𝑔ℎ
′  𝑐𝑅𝑏

′ℎ𝑔𝑑
− 8𝛿𝑎

𝑑𝑅𝑏𝑒𝑔ℎ
′ 𝑅′𝑐𝑒𝑔ℎ + 𝛿𝑎

𝑐𝛿𝑏
𝑑𝑅𝑒𝑓𝑔ℎ

′ 𝑅′𝑒𝑓𝑔ℎ

+2𝑘(2𝑙 − 𝑘(𝐷 − 2))[3∇𝑎∇𝑏Φ∇
𝑐∇𝑑Φ− 2∇𝑎∇

𝑐Φ∇𝑏∇
𝑑Φ]

 

𝑅𝑎𝑏 = 𝑙∇𝑎∇𝑏Φ.  

𝑡8𝑡8𝑅̂
4 = 𝑡8𝑡8𝑅̂

′4 − 273∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ𝑋̂𝑎𝑏𝑐𝑑 +⋯ ,  

𝑋̂𝑎𝑏𝑐𝑑 = 8𝑅̂𝑎𝑔ℎ𝑏
′ 𝑅̂𝑐

′𝑔ℎ
 𝑑 + 8𝑅̂𝑎𝑔ℎ𝑐

′ 𝑅̂𝑏
′ℎ𝑔
 𝑑 − 8𝜂𝑎𝑑𝑅̂𝑏𝑒𝑔ℎ

′ 𝑅̂𝑐
′𝑒𝑔ℎ

+ 𝜂𝑎𝑐𝜂𝑏𝑑𝑅̂𝑒𝑓𝑔ℎ
′ 𝑅̂′𝑒𝑓𝑔ℎ

−24∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ+ 16∇𝑎∇𝑐Φ∇𝑏∇𝑑Φ
 

𝑡8𝑡8𝑅
4 = 12(16𝑅𝑒𝑓𝑎𝑏𝑅

𝑓𝑔𝑏𝑐𝑅𝑔ℎ𝑐𝑑𝑅
ℎ𝑒𝑑𝑎 + 32𝑅𝑒𝑓𝑎𝑏𝑅

ℎ𝑒𝑏𝑐𝑅𝑓𝑔 𝑐𝑑𝑅𝑔ℎ 
𝑑𝑎 − 16𝑅𝑒𝑓𝑎𝑏𝑅

𝑓𝑔𝑎𝑏𝑅𝑔ℎ𝑐𝑑𝑅
ℎ𝑒𝑐𝑑

−8𝑅𝑒𝑓𝑎𝑏𝑅𝑔ℎ 
𝑎𝑏𝑅ℎ𝑒𝑐𝑑𝑅𝑓𝑔 𝑐𝑑 + 𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑𝑅𝑒𝑓𝑔ℎ𝑅
𝑒𝑓𝑔ℎ + 2𝑅𝑒𝑓𝑎𝑏𝑅

𝑔ℎ𝑎𝑏𝑅𝑒𝑓𝑐𝑑𝑅𝑔ℎ𝑐𝑑)
 

𝑡8𝑡8𝑅
′4 + 𝐿𝑅′2𝐹22 + 𝐿𝐹24 − 2

73∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ(𝑋𝑎𝑏𝑐𝑑 + 𝑋̃𝑎𝑏𝑐𝑑)  

𝐿𝑅′2𝐹22 =12(−32𝑅𝑒𝑓𝑎𝑏
′ 𝑅′ℎ𝑒𝑑𝑎∇𝑓𝐹𝑏𝑐∇ℎ𝐹𝑐𝑑 − 32𝑅𝑓𝑔𝑐𝑑

′ 𝑅′𝑔ℎ𝑑𝑎∇𝑓𝐹𝑎𝑏∇ℎ𝐹
𝑏𝑐

−32𝑅ℎ𝑒𝑏𝑐
′ 𝑅′𝑔ℎ 𝑑𝑎∇

𝑒𝐹𝑎𝑏∇𝑔𝐹
𝑐𝑑 − 16𝑅𝑔ℎ𝑐𝑑

′ 𝑅′ℎ𝑒𝑐𝑑∇𝑎𝐹𝑒𝑓∇
𝑎𝐹𝑓𝑔  

 +8𝑅𝑔ℎ𝑐𝑑
′ 𝑅′ℎ𝑒𝑐𝑑∇𝑒𝐹𝑎𝑏∇

𝑔𝐹𝑎𝑏 + 8𝑅𝑒𝑓𝑎𝑏
′ 𝑅′ℎ𝑒𝑐𝑑∇𝑓𝐹𝑎𝑏∇ℎ𝐹𝑐𝑑

 −8𝑅𝑒𝑓𝑎𝑏
′ 𝑅𝑔ℎ

′  𝑎𝑏∇𝑐𝐹
ℎ𝑒∇𝑐𝐹𝑓𝑔 + 8𝑅𝑔ℎ𝑎𝑏

′ 𝑅′𝑓𝑔𝑐𝑑∇𝑓𝐹
𝑎𝑏∇ℎ𝐹𝑐𝑑

+4𝑅𝑒𝑓𝑎𝑏
′ 𝑅′𝑒𝑓𝑐𝑑∇𝑔𝐹𝑎𝑏∇𝑔𝐹𝑐𝑑 + 2𝑅𝑒𝑓𝑎𝑏

′ 𝑅′𝑒𝑓𝑎𝑏∇𝑔𝐹𝑐𝑑∇
𝑔𝐹𝑐𝑑),

 

𝑋̃𝑎𝑏𝑐𝑑 = 4∇𝑎𝐹𝑏𝑒∇𝑐𝐹𝑑 
𝑒 + 4∇𝑎𝐹𝑐𝑒∇𝑑𝐹𝑏 

𝑒 − 4𝜂𝑎𝑑∇𝑒𝐹𝑓𝑏∇
𝑒𝐹𝑓 𝑐 − 2𝜂𝑎𝑑∇𝑏𝐹𝑒𝑓∇𝑐𝐹

𝑒𝑓

+ 𝜂𝑎𝑐𝜂𝑏𝑑∇𝑔𝐹𝑒𝑓∇
𝑔𝐹𝑒𝑓 

𝑘 = −1, 𝑙 = −
2

3
(11 − 2) = −6  

𝑡8𝑡8𝑅
4 + 𝐿𝑅′2𝐹22 + 𝐿𝐹24 − 2

73∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ𝑋̃𝑎𝑏𝑐𝑑 +⋯  
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𝑅𝑎𝑏𝑐𝑑
′ = 𝑅𝑎𝑏𝑐𝑑 − 4𝛿[𝑐

[𝑎
∇𝑑]∇

𝑏]Φ  

𝑡8𝑡8𝑅̂
4 → 𝑡8𝑡8𝑅

4 + 𝐿𝑅2𝐹22 + 𝐿𝐹24 + 𝐿Φ𝑅𝐹22 + 𝐿Φ2𝐹22 +⋯  

𝐿Φ𝑅𝐹22  = 2
83∇𝑎∇

𝑏Φ(2𝑅𝑎𝑒𝑐𝑑∇𝑓𝐹𝑏𝑐∇𝑒𝐹𝑑𝑓 + 2𝑅𝑐𝑑
𝑎𝑒 𝑏𝐹

𝑐𝑓∇𝑑𝐹𝑒𝑓 + 𝑅𝑑𝑏
𝑎𝑐∇𝑒𝐹𝑐𝑓∇

𝑒𝐹𝑓𝑑)

 = −293Φ𝑅𝑐𝑑
𝑎𝑏∇𝑎∇

𝑒𝐹𝑓𝑐∇𝑑∇𝑓𝐹𝑒𝑏 +⋯ ,
 

𝐿Φ2𝐹22 =2
73∇𝑎∇

𝑏Φ∇𝑐∇𝑑Φ(2∇
𝑎𝐹𝑐𝑒∇𝑑𝐹𝑏𝑒 − 2∇

𝑎𝐹𝑏𝑒∇
𝑐𝐹𝑑𝑒 + 2∇𝑒𝐹

𝑎𝑐∇𝑒𝐹𝑏
𝑑

+4𝜂𝑎𝑑∇𝑒𝐹𝑏𝑓∇
𝑓𝐹𝑐𝑒 + 3𝜂𝑎𝑑∇𝑏𝐹

𝑒𝑓∇𝑐𝐹𝑒𝑓 − 𝜂
𝑎𝑑𝛿𝑏

𝑐∇𝑔𝐹𝑒𝑓∇
𝑔𝐹𝑒𝑓)

= −283Φ∇𝑎∇
𝑏Φ∇𝑐∇𝑑𝐹𝑒𝑎∇𝑐∇𝑑𝐹𝑒𝑏 +⋯

 

𝐿̂𝑅̂′2𝐹̂2 + 𝐿̂Φ𝑅̂′𝐹̂2 + 𝐿̂Φ2𝐹̂2 +⋯  

𝐿Φ𝑅′𝐹2 = 48𝑘Φ𝑅𝑎𝑏𝑐𝑑
′ (−3∇4(𝐹𝑎𝑏𝑒𝑓𝐹𝑐𝑑  𝑒𝑓) + 8∇

2(∇𝑐𝐹𝑎𝑒𝑓𝑔∇𝑑𝐹𝑏 𝑒𝑓𝑔) − 4∇
𝑎∇𝑐𝐹𝑒𝑓𝑔ℎ∇𝑏∇𝑑𝐹𝑒𝑓𝑔ℎ)  

𝐿Φ2𝐹2 = 16𝑘(2𝑙 − 𝑘(𝐷 − 2))∇
𝑎∇𝑏Φ∇𝑐∇𝑑Φ(−12∇𝑔𝐹𝑎𝑐𝑒𝑓∇

𝑔𝐹𝑏𝑑
𝑒𝑓
+ 8∇𝑎𝐹𝑏𝑒𝑓𝑔∇𝑐𝐹𝑑

𝑒𝑓𝑔
 

−8𝜂𝑎𝑐∇ℎ𝐹𝑏𝑒𝑓𝑔∇
ℎ𝐹𝑑  

𝑒𝑓𝑔 − 2𝜂𝑎𝑐∇𝑏𝐹𝑒𝑓𝑔ℎ∇𝑑𝐹
𝑒𝑓𝑔ℎ + 𝜂𝑎𝑐𝜂𝑏𝑑∇𝑘𝐹𝑒𝑓𝑔ℎ∇

𝑘𝐹𝑒𝑓𝑔ℎ)

 −288𝑘2Φ∇𝑎∇
𝑏Φ∇4(𝐹𝑏𝑒𝑓𝑔𝐹

𝑎𝑒𝑓𝑔).

 

𝐿̂Φ𝑅̂′𝐹̂2 = 32Φ𝑅̂𝑎𝑏𝑐𝑑
′ (−3∇4(𝐹̂𝑎𝑏𝑒𝑓𝐹̂𝑐𝑑  𝑒𝑓) + 8∇

2(∇𝑐𝐹̂𝑎𝑒𝑓𝑔∇𝑑𝐹̂𝑏 𝑒𝑓𝑔) − 4∇
𝑎∇𝑐𝐹̂𝑒𝑓𝑔ℎ∇𝑏∇𝑑𝐹̂𝑒𝑓𝑔ℎ)  

𝐿̂Φ2𝐹̂2 = 64∇
𝑎∇𝑏Φ∇𝑐∇𝑑Φ(12∇𝑔𝐹̂𝑎𝑐𝑒𝑓∇

𝑔𝐹̂𝑏𝑑
𝑒𝑓
− 8∇𝑎𝐹̂𝑏𝑒𝑓𝑔∇𝑐𝐹̂𝑑

𝑒𝑓𝑔

+8𝜂𝑎𝑐∇ℎ𝐹̂𝑏𝑒𝑓𝑔∇
ℎ𝐹̂𝑑

𝑒𝑓𝑔
+ 2𝜂𝑎𝑐∇𝑏𝐹̂𝑒𝑓𝑔ℎ∇𝑑𝐹̂

𝑒𝑓𝑔ℎ − 𝜂𝑎𝑐𝜂𝑏𝑑∇𝑘𝐹̂𝑒𝑓𝑔ℎ∇
𝑘𝐹̂𝑒𝑓𝑔ℎ)

 −128Φ∇𝑎∇
𝑏Φ∇4(𝐹̂𝑏𝑒𝑓𝑔𝐹̂

𝑎𝑒𝑓𝑔)

 

𝐿𝑅′2𝐻2 + 𝐿Φ𝑅′𝐻2 + 𝐿Φ2𝐻2 + 𝐿𝑅′2𝐹42 + 𝐿Φ𝑅′𝐹42 + 𝐿Φ2𝐹42 + 𝐿𝑅′𝐻𝐹2𝐹4 + 𝐿Φ𝐻𝐹2𝐹4 + 𝐿𝐻2𝐹22 + 𝐿𝐹22𝐹42 ,  

𝐿𝑅′2𝐻2 = 16(48𝑅𝑎𝑏𝑐𝑑
′ 𝑅𝑒𝑓𝑔

′  𝑑∇𝑎𝐻𝑐𝑔 ℎ∇
𝑏𝐻𝑒𝑓ℎ − 12𝑅𝑎𝑏𝑐𝑑

′ 𝑅𝑒𝑓𝑔
′  𝑑∇𝑐𝐻𝑎𝑏 ℎ∇

𝑔𝐻𝑒𝑓ℎ

−12𝑅𝑎𝑏𝑐𝑑
′ 𝑅𝑒𝑓𝑔

′  𝑑∇𝑖𝐻
𝑒𝑓𝑐∇𝑖𝐻𝑎𝑏𝑔 + 12𝑅𝑎𝑏𝑐𝑑

′ 𝑅𝑒𝑓𝑔
′  𝑑∇𝑐𝐻𝑒𝑓 ℎ∇

𝑔𝐻𝑎𝑏ℎ  

 +24𝑅𝑎𝑏𝑐𝑑
′ 𝑅′𝑒𝑎𝑓𝑐∇𝑖𝐻

𝑏 𝑓𝑔∇
𝑖𝐻𝑒 

𝑑𝑔 + 24𝑅𝑎𝑏𝑐𝑑
′ 𝑅′𝑒𝑎𝑓𝑐∇𝑖𝐻

𝑏𝑑𝑔∇𝑖𝐻𝑒𝑓𝑔

 +24𝑅𝑎𝑏𝑐𝑑
′ 𝑅′𝑒𝑎𝑓𝑐∇𝑏𝐻𝑑𝑔ℎ∇𝑒𝐻𝑓𝑔ℎ − 12𝑅𝑎𝑏𝑐𝑑

′ 𝑅′𝑒𝑓𝑐𝑑∇𝑎𝐻𝑒𝑔ℎ∇
𝑏𝐻𝑓 

𝑔ℎ

 +12𝑅𝑎𝑏𝑐𝑑
′ 𝑅′𝑒𝑎𝑐𝑑∇𝑖𝐻

𝑏𝑔ℎ∇𝑖𝐻𝑒𝑔ℎ + 4𝑅𝑎𝑏𝑐𝑑
′ 𝑅𝑒𝑎𝑐𝑑

′ ∇𝑏𝐻𝑓𝑔ℎ∇
𝑒𝐻𝑓𝑔ℎ

+3𝑅𝑎𝑏𝑐𝑑
′ 𝑅′𝑎𝑏𝑐𝑑∇𝑒𝐻𝑓𝑔ℎ∇

𝑓𝐻𝑒𝑔ℎ)

𝐿Φ𝑅′𝐻2 = 64Φ𝑅𝑎𝑏𝑐𝑑
′ (−3∇4(𝐻𝑎𝑏𝑒𝐻𝑐𝑑 𝑒) + 12∇

2(∇𝑐𝐻𝑎𝑒𝑓∇𝑑𝐻𝑏 𝑒𝑓) − 8∇
𝑎∇𝑐𝐻𝑒𝑓𝑔∇𝑏∇𝑑𝐻𝑒𝑓𝑔)

 

𝐿Φ2𝐻2 = 2
8∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ(6∇𝑔𝐻𝑎𝑐𝑒∇

𝑔𝐻𝑏𝑑
𝑒 − 6∇𝑎𝐻𝑏𝑒𝑓∇𝑐𝐻𝑑

𝑒𝑓

+6𝜂𝑎𝑐∇ℎ𝐻𝑏𝑒𝑓∇
ℎ𝐻𝑑

𝑒𝑓
+ 2𝜂𝑎𝑐∇𝑏𝐻𝑒𝑓𝑔∇𝑑𝐻

𝑒𝑓𝑔 − 𝜂𝑎𝑐𝜂𝑏𝑑∇𝑘𝐻𝑒𝑓𝑔∇
𝑘𝐻𝑒𝑓𝑔)

 −273Φ∇𝑎∇
𝑏Φ∇4(𝐻𝑏𝑒𝑓𝐻

𝑎𝑒𝑓)
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𝐿𝑅′𝐻𝐹2𝐹4 = 16(24𝑅𝑎𝑏𝑐𝑑
′ ∇ℎ𝐻𝑐𝑒𝑓∇𝑒𝐹

𝑔𝑑∇ℎ𝐹
𝑎𝑏 𝑓𝑔 − 12𝑅

′𝑎𝑏 𝑐𝑑∇
𝑓𝐻𝑎𝑏𝑒∇

𝑐𝐹𝑔ℎ∇𝑓𝐹
𝑑𝑒𝑔ℎ

−12𝑅𝑎𝑏𝑐𝑑
′ ∇𝑒𝐻𝑓𝑔ℎ∇

𝑓𝐹𝑒𝑐∇𝑑𝐹𝑎𝑏𝑔ℎ − 12𝑅𝑎𝑏𝑐𝑑
′ ∇𝑒𝐻𝑐𝑔ℎ∇𝑑𝐹𝑒𝑓∇

𝑓𝐹𝑎𝑏 𝑔ℎ  

+12𝑅𝑎𝑏𝑐𝑑
′ ∇𝑐𝐻𝑒𝑔ℎ∇

𝑒𝐹𝑑𝑓∇𝑓𝐹
𝑎𝑏𝑔ℎ + 12𝑅𝑎𝑏𝑐𝑑

′ ∇𝑎𝐻𝑐𝑒𝑓∇𝑑𝐹𝑔ℎ∇𝑏𝐹𝑒𝑓𝑔ℎ  

 −24𝑅𝑎𝑏𝑐𝑑
′ ∇𝑎𝐻𝑒𝑔ℎ∇𝑒𝐹𝑓 

𝑐∇𝑏𝐹𝑑𝑓𝑔ℎ + 24𝑅𝑎𝑏
′  𝑐𝑑∇𝑒𝐻𝑎𝑔ℎ∇𝑐𝐹

𝑏𝑓∇𝑒𝐹𝑓𝑑𝑔ℎ

 −6𝑅𝑎𝑏𝑐𝑑
′ ∇𝑒𝐻𝑓𝑔ℎ∇

𝑓𝐹𝑎𝑏∇𝑒𝐹
𝑐𝑑𝑔ℎ − 8𝑅𝑎𝑏𝑐𝑑

′ ∇𝑒𝐻𝑓𝑔ℎ∇
𝑐𝐹𝑒𝑎∇𝑏𝐹𝑑𝑓𝑔ℎ

+4𝑅𝑎𝑏𝑐𝑑
′ ∇𝑎𝐻𝑓𝑔ℎ∇

𝑒𝐹𝑐𝑑∇𝑏𝐹𝑒𝑓𝑔ℎ − 4𝑅𝑎𝑏𝑐𝑑
′ ∇𝑒𝐻𝑓𝑔ℎ∇

𝑎𝐹𝑐𝑑∇𝑒𝐹𝑏𝑓𝑔ℎ)

 

𝐿Φ𝐻𝐹2𝐹4 = 64Φ[3∇
𝑒𝐹𝑎𝑏∇

4(𝐹𝑎𝑏𝑐𝑑𝐻𝑒𝑐𝑑) + 4∇𝑓𝐹𝑎𝑏∇
2(∇𝑎𝐹𝑓𝑐𝑑𝑒∇𝑏𝐻𝑐𝑑𝑒)].  

𝐿𝑅2𝐻2 + 𝐿𝑅2𝐹42 + 𝐿𝑅𝐻𝐹2𝐹4 + 𝐿Φ𝑅𝐹42 + 𝐿Φ2𝐹42 + 𝐿Φ𝐻𝐹2𝐹4 + 𝐿𝐻2𝐹22 + 𝐿𝐹22𝐹42 ,  

𝐿Φ𝑅𝐹42 = 16Φ𝑅𝑎𝑏𝑐𝑑(3∇
4(𝐹𝑎𝑏𝑒𝑓𝐹𝑐𝑑 𝑒𝑓) − 8∇

2(∇𝑐𝐹𝑎𝑒𝑓𝑔∇𝑑𝐹𝑏 𝑒𝑓𝑔) + 4∇
𝑎∇𝑐𝐹𝑒𝑓𝑔ℎ∇𝑏∇𝑑𝐹𝑒𝑓𝑔ℎ),  

𝐿Φ2𝐹42 = −32Φ∇𝑎∇
𝑏Φ∇4(𝐹𝑎𝑐𝑑𝑒𝐹𝑏𝑐𝑑𝑒)  

𝐿Φ𝐻𝐹2𝐹4 = 64Φ[3∇𝑎𝐻𝑏𝑒𝑓∇
2(∇𝑏𝐹𝑔ℎ∇

𝑎𝐹𝑒𝑓𝑔ℎ) − 2∇𝑎𝐻𝑐𝑑𝑒∇
2(∇𝑓𝐹𝑎𝑔∇𝑔𝐹𝑓𝑐𝑑𝑒)].  

𝐿NSNSRR = 𝑐 (𝐴1 +
1

2
𝐴2 +

1

4
𝐴3)  

𝐴1 = ℛ𝑎𝑒𝑓𝑏ℛ
𝑐𝑒𝑓 𝑑tr(𝛾

𝑎∇𝑐𝑭
(𝑏∇𝑑)𝑭𝑇)

𝐴2 = ℛ𝑎𝑏𝑒𝑔ℛ𝑐𝑑𝑓  
𝑔tr(𝛾𝑎𝑏𝑐∇𝑑𝑭̸(𝑒∇𝑓)𝑭𝑇) + ℛ𝑒𝑔𝑎𝑏ℛ𝑓 

𝑔 𝑐𝑑tr(𝛾
𝑎𝑏𝑐∇𝑑𝑭𝑇𝛾(𝑒∇𝑓)𝑭̸′)

𝐴3 = ℛ𝑎𝑏𝑐𝑑ℛ𝑒𝑓𝑔ℎtr(𝛾
𝑎𝑏𝑒∇𝑓𝑭̸[𝑐𝑑𝑔∇ℎ]𝑭𝑇)

 

ℛ𝑎𝑏𝑐𝑑 = 𝑅𝑎𝑏𝑐𝑑 + ∇[𝑎𝐻𝑏]𝑐𝑑  

F̸ =
1

2
𝐹𝑎𝑏𝛾

𝑎𝑏 +
1

4!
𝐹𝑎𝑏𝑐𝑑𝛾

𝑎𝑏𝑐𝑑 , F̸
𝑇
= −

1

2
𝐹𝑎𝑏𝛾

𝑎𝑏 +
1

4!
𝐹𝑎𝑏𝑐𝑑𝛾

𝑎𝑏𝑐𝑑.  

[𝐴1]Φ = −
1

2
𝑅𝑒𝑓ℛ𝑐𝑒𝑓𝑑tr(∇

𝑐F̸𝑑𝐹𝑇)

[𝐴2]Φ = 𝑅𝑎𝑔ℛ𝑐𝑑𝑓 
𝑔tr(𝛾𝑎𝑐∇𝑑F̸

𝑓𝐹𝑇) + 𝑅𝑎𝑔ℛ𝑓 
𝑔 𝑐𝑑tr (𝛾

𝑎𝑐∇𝑑F̸𝑇
𝑓
∇𝑓)

 +
1

2
𝑅𝑑𝑔ℛ𝑎𝑏𝑒 

𝑔tr(𝛾𝑎𝑏∇𝑑∇̸𝑒𝐹𝑇) +
1

2
𝑅𝑑𝑔ℛ𝑒 

𝑔 𝑎𝑏tr(𝛾
𝑎𝑏∇𝑑𝐹𝑇∇𝑒F̸′)

[𝐴3]Φ = 2𝑅𝑎𝑑ℛ𝑒𝑓𝑔ℎtr(𝛾
𝑎𝑒∇𝑓F̸𝑑𝑔∇ℎ𝐹𝑇) +

1

2
𝑅𝑓ℎℛ𝑎𝑏𝑐𝑑tr(𝛾

𝑎𝑏∇𝑓F̸𝑐𝑑∇ℎ𝐹𝑇)

 +𝑅𝑎𝑑ℛ𝑒𝑓𝑔ℎtr(𝛾
𝑎𝑒∇𝑓F̸𝑔ℎ∇𝑑𝐹𝑇) + 𝑅𝑓ℎℛ𝑎𝑏𝑐𝑑tr(𝛾

𝑎𝑏∇𝑓F̸ℎ𝑐∇𝑑𝐹𝑇)

 +2𝑅𝑎𝑑𝑅𝑓ℎtr(𝛾
𝑎∇𝑓F̸𝑑𝛾ℎ𝐹𝑇) − 2𝑅𝑎𝑑𝑅𝑓ℎtr(𝛾

𝑎∇𝑓F̸ℎ∇𝑑𝐹𝑇)

 

[𝐴1]Φ𝐹22 = 8∇
𝑎∇𝑏Φ𝑅𝑎𝑐𝑏𝑑∇

𝑐𝐹𝑒𝑓∇
𝑑𝐹𝑒𝑓

[𝐴2]Φ𝐹22 = 32∇𝑎∇
𝑏Φ(𝑅𝑏𝑒𝑐𝑑∇

𝑒𝐹𝑓𝑎∇𝑓𝐹
𝑐𝑑 + 2𝑅𝑏𝑒𝑐𝑑∇𝑓𝐹

𝑎𝑐∇𝑒𝐹𝑓𝑑)

[𝐴3]Φ𝐹22 = 32∇
𝑎∇𝑏Φ(𝑅𝑎𝑐𝑏𝑑∇

𝑐𝐹𝑒𝑓∇
𝑑𝐹𝑒𝑓 − 4𝑅𝑐𝑑𝑒𝑓∇𝑎𝐹𝑏𝑒∇𝑓𝐹𝑐𝑑 + 4𝑅

𝑐𝑑𝑒𝑓∇𝑒𝐹𝑐𝑎∇𝑑𝐹𝑓𝑏

 −𝑅𝑐𝑑𝑒𝑓∇𝑎𝐹
𝑐𝑑∇𝑏𝐹

𝑒𝑓 − 2𝑅𝑏𝑒𝑐𝑑∇
𝑒𝐹𝑎𝑓∇

𝑓𝐹𝑐𝑑 + 4𝑅𝑏𝑒 
𝑐𝑑∇𝑓𝐹𝑎𝑐∇

𝑒𝐹𝑑𝑓

 +8𝑅𝑏𝑒 
𝑐𝑑∇𝑎𝐹𝑓𝑐∇𝑑𝐹

𝑓𝑒) + 64∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ(4∇𝑎𝐹𝑐𝑒∇𝑏𝐹
𝑑𝑒

 −2∇𝑎𝐹𝑏𝑒∇𝑐𝐹
𝑑𝑒 − 2∇𝑐𝐹𝑎𝑒∇𝑏𝐹

𝑑𝑒 + 𝛿𝑎
𝑑∇𝑏𝐹𝑒𝑓∇𝑐𝐹

𝑒𝑓)
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[𝐴1]Φ𝐹42 =
2

3
∇𝑎∇𝑏Φ𝑅𝑎𝑐𝑏𝑑∇

𝑐𝐹𝑒𝑓𝑔ℎ∇
𝑑𝐹𝑒𝑓𝑔ℎ

[𝐴2]Φ𝐹42 =
32

3
∇𝑎∇𝑏Φ𝑅𝑏𝑒𝑐𝑑(∇

𝑒𝐹𝑎𝑓𝑔ℎ∇
𝑐𝐹𝑑𝑓𝑔ℎ − ∇𝑐𝐹𝑎𝑓𝑔ℎ∇

𝑒𝐹𝑑𝑓𝑔ℎ + ∇𝑎𝐹
𝑐𝑓𝑔ℎ∇𝑒𝐹𝑓𝑔ℎ

𝑑 )

[𝐴3]Φ𝐹42 =
8

3
∇𝑎∇𝑏Φ(𝑅𝑎𝑐𝑏𝑑∇

𝑐𝐹𝑒𝑓𝑔ℎ∇
𝑑𝐹𝑒𝑓𝑔ℎ − 12𝑅𝑐𝑑𝑒𝑓∇𝑎𝐹

𝑐𝑑𝑔ℎ∇𝑏𝐹
𝑒𝑓 𝑔ℎ − 24𝑅

𝑐𝑑𝑒𝑓∇𝑒𝐹𝑐𝑎𝑔ℎ∇𝑑𝐹𝑏𝑓 
𝑔ℎ

 −24𝑅𝑐𝑑𝑒𝑓∇𝑐𝐹𝑑𝑎𝑔ℎ∇𝑒𝐹𝑓𝑏 
𝑔ℎ − 24𝑅𝑐𝑑𝑒𝑓∇𝑒𝐹𝑓𝑎𝑔ℎ∇𝑏𝐹𝑐𝑑 

𝑔ℎ − 24𝑅𝑐𝑑𝑒𝑓∇𝑎𝐹𝑏𝑒𝑔ℎ∇𝑓𝐹𝑐𝑑 
𝑔ℎ

 +8𝑅𝑏𝑒𝑐𝑑∇
𝑒𝐹𝑎𝑓𝑔ℎ∇

𝑐𝐹𝑑𝑓𝑔ℎ + 8𝑅𝑏𝑒𝑐𝑑∇
𝑐𝐹𝑎𝑓𝑔ℎ∇

𝑒𝐹𝑑𝑓𝑔ℎ + 8𝑅𝑏𝑒𝑐𝑑∇𝑎𝐹
𝑐𝑓𝑔ℎ∇𝑒𝐹𝑑  𝑓𝑔ℎ

 −16𝑅𝑏𝑒𝑐𝑑∇𝑎𝐹
𝑒𝑓𝑔ℎ∇𝑐𝐹𝑑  𝑓𝑔ℎ) +

16

3
∇𝑎∇𝑏Φ∇

𝑐∇𝑑Φ(8∇𝑐𝐹𝑎𝑒𝑓𝑔∇𝑑𝐹
𝑏𝑒𝑓𝑔

 −4∇𝑎𝐹𝑐𝑒𝑓𝑔∇𝑑𝐹
𝑏𝑒𝑓𝑔 − 4∇𝑎𝐹

𝑏𝑒𝑓𝑔∇𝑐𝐹𝑑𝑒𝑓𝑔 + 𝜂𝑎𝑑∇𝑐𝐹𝑒𝑓𝑔ℎ∇
𝑏𝐹𝑒𝑓𝑔ℎ)

 

[𝐴1]Φ𝐹2𝐹4 = 0,

[𝐴2]Φ𝐹2𝐹4 = 16∇𝑎∇
𝑏Φ(∇𝐻)𝑏𝑒𝑐𝑑(2∇

𝑐𝐹𝑔ℎ∇
𝑒𝐹𝑎𝑑𝑔ℎ − 2∇𝑒𝐹𝑔ℎ∇

𝑐𝐹𝑎𝑑𝑔ℎ − ∇𝑎𝐹𝑔ℎ∇
𝑒𝐹𝑐𝑑𝑔ℎ

 +∇𝑒𝐹𝑔ℎ∇
𝑎𝐹𝑐𝑑𝑔ℎ)

[𝐴3]Φ𝐹2𝐹4 = 64∇
𝑎∇𝑏Φ(

1

3
∇𝑓𝐻𝑐𝑑𝑒∇𝑎𝐹𝑏𝑔∇

𝑓𝐹𝑔𝑐𝑑𝑒 −
2

3
∇𝑓𝐻𝑐𝑑𝑒∇𝑎𝐹𝑓𝑔∇𝑏𝐹

𝑔𝑐𝑑𝑒

 +
1

3
∇𝑓𝐻𝑐𝑑𝑒∇

𝑓𝐹𝑎𝑔∇𝑏𝐹
𝑔𝑐𝑑𝑒 + 4(∇𝐻)𝑐𝑑𝑒𝑓∇𝑒𝐹𝑎𝑔∇

𝑐𝐹𝑏𝑓𝑑 
𝑔

 −2(∇𝐻)𝑐𝑑𝑒𝑓∇𝑎𝐹𝑐𝑔∇
𝑒𝐹𝑏𝑓𝑑  

𝑔 − 2(∇𝐻)𝑐𝑑𝑒𝑓∇𝑒𝐹𝑐𝑔∇
𝑎𝐹𝑏𝑓𝑑  

𝑔

 +(∇𝐻)𝑐𝑑𝑒𝑓∇𝑎𝐹𝑒𝑔∇𝑓𝐹𝑏𝑐𝑑  
𝑔 − (∇𝐻)𝑐𝑑𝑒𝑓∇𝑒𝐹𝑓𝑔∇𝑎𝐹𝑏𝑐𝑑 

𝑔

 +(∇𝐻)𝑏𝑒𝑐𝑑∇
𝑒𝐹𝑔ℎ∇𝑐𝐹𝑎

𝑑𝑔ℎ
+ (∇𝐻)𝑏𝑒𝑐𝑑∇

𝑐𝐹𝑔ℎ∇
𝑒𝐹𝑎

𝑑𝑔ℎ

 +(∇𝐻)𝑏𝑒𝑐𝑑∇𝑎𝐹𝑔ℎ∇
𝑐𝐹𝑑𝑒𝑔ℎ + (∇𝐻)𝑏𝑒𝑐𝑑∇

𝑐𝐹𝑔ℎ∇𝑎𝐹
𝑑𝑒𝑔ℎ)

 

−24(𝐴1 +
1

2
𝐴2 +

1

4
𝐴3)

Φ
= 𝐿Φ𝑅𝐹22 + 𝐿Φ2𝐹22 + 𝐿Φ𝑅𝐹42 + 𝐿Φ2𝐹42 + 𝐿Φ𝐻𝐹2𝐹4 +⋯ ,  

−24 (𝐴1 +
1

2
𝐴2 +

1

4
𝐴3)

𝑅2𝐹2
2
= 𝐿𝑅2𝐹22 + 12 ⋅ 6! 𝑅[𝑎𝑏  

𝑎𝑏𝑅𝑐𝑑  
𝑐𝑑∇𝑒𝐹

𝑒𝑔∇𝑓]𝐹
𝑓  𝑔 + 24 ⋅ 6! 𝑅[𝑎𝑏 

𝑎𝑔𝑅𝑐𝑑  
𝑏𝑐∇𝑒𝐹

𝑑𝑒∇𝑓]𝐹
𝑓 𝑔, 

ℛ𝑎𝑏𝑐𝑑 = 𝑅𝑎𝑏𝑐𝑑 + ∇[𝑎𝐻𝑏]𝑐𝑑 +
1

2
𝐻𝑎[𝑐  

𝑒𝐻𝑑]𝑏𝑒  

𝑡8𝑡8ℛ
4 ≡ 𝑡𝑎1⋯𝑎8𝑡

𝑏1⋯𝑏8ℛ𝑎1𝑎2  𝑏1𝑏2⋯ℛ
𝑎7𝑎8 𝑏7𝑏8  

𝑡8𝑀1𝑀2𝑀3𝑀4 = 8tr(𝑀1𝑀2𝑀3𝑀4) − 2tr(𝑀1𝑀2)tr(𝑀3𝑀4) + cycl(2,3,4).  

ℛ =
1

4
𝑅𝑎𝑏𝑐𝑑Γ

𝑎𝑏⊗Γ𝑐𝑑 +
1

4
∇𝑎𝐻𝑏𝑐𝑑Γ

𝑎𝑏⊗Γ𝑐𝑑Γ11.  

𝑡8𝑠𝑀1𝑀2𝑀3𝑀4 = −
3

4
str(𝑀1⋯𝑀4) +

1

64
[tr(𝑀1𝑀2)tr(𝑀3𝑀4) + cycl(2,3,4)]

 +
1

256
[tr(𝑀1{𝑀2, Γ̂

𝑎})tr({Γ̂𝑎, 𝑀3}𝑀4) + cycl(2,3,4)]

 

str(𝐴𝐵𝐶𝐷) =
1

6
tr(𝐴𝐵𝐶𝐷 + perm(𝐵, 𝐶, 𝐷))  

𝑡8𝑠𝑀1𝑀2𝑀3𝑀4 = 𝑡8𝑀1𝑀2𝑀3𝑀4  

𝑡8𝑠𝑡8𝑠ℝ
4.  
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ℛ̂ =
1

4
𝑅̂𝑎𝑏𝑐𝑑Γ̂

𝑎𝑏⊗ Γ̂𝑐𝑑 + ∇𝑎𝐹̂𝑏𝑐𝑑𝑒 (
1

12
Γ̂𝑎𝑏⊗ Γ̂𝑐𝑑𝑒 +

𝑎

48
Γ̂𝑎⊗ Γ̂𝑏𝑐𝑑𝑒) ,  

ℛ̂ → ℝ + ℛ′  with  ℝ′ =
1

12
∇𝑎𝐻𝑏𝑐𝑑(−Γ

𝑎Γ11⊗Γ𝑏𝑐𝑑 + 𝑎Γ𝑎⊗Γ𝑏𝑐𝑑Γ11).  

𝑡8𝑠𝑡8𝑠ℝ̂
4 → 𝑡8𝑠𝑡8𝑠ℝ

4 + 6𝑡8𝑠𝑡8𝑠ℝ
2ℝ′2 + 𝑡8𝑠𝑡8𝑠ℝ

′4  

6𝑡8𝑠𝑡8𝑠ℝ
2ℝ′2 =−

3

32
(1 + 𝑎2)𝑅𝑎𝑏𝑐𝑑𝑅𝑒𝑓𝑔ℎ𝑡8𝑠(Γ

𝑎𝑏Γ𝑒𝑓Γ𝑖Γ𝑗)𝑡8𝑠(Γ
𝑐𝑑Γ𝑔ℎ∇𝑖H̸∇𝑗H̸)  

−
3

32
(1 + 𝑎2)(∇𝐻)𝑎𝑏𝑐𝑑(∇𝐻)𝑒𝑓𝑔ℎ𝑡8𝑠(Γ

𝑎𝑏Γ𝑒𝑓Γ𝑖Γ𝑗)𝑡8𝑠(Γ
𝑐𝑑Γ11Γ

𝑔ℎΓ11∇𝑖H̸∇𝑗H̸) 

 +192𝑎2𝑅𝑎 𝑏𝑐𝑑𝑅
𝑏𝑔𝑒𝑓∇(𝑎𝐻

ℎ𝑐𝑑∇𝑔)𝐻ℎ𝑒𝑓 + 48𝑎
2𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑒𝑓∇𝑔𝐻ℎ𝑐𝑑∇𝑔𝐻ℎ𝑒𝑓 ,

 

𝑎 = 𝑖  

𝐿̂1= 96𝑅̂𝑏𝑐𝑑
𝑎 𝑅̂𝑏𝑔𝑒𝑓∇(𝑎𝐹̂

𝑐𝑑𝑖𝑗∇𝑔)𝐹̂𝑒𝑓𝑖𝑗 + 24𝑅̂𝑎𝑏𝑐𝑑𝑅̂
𝑎𝑏𝑒𝑓∇𝑔𝐹̂𝑐𝑑𝑖𝑗∇𝑔𝐹̂𝑒𝑓𝑖𝑗 

 = −
9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)𝑅̂𝑎𝑏𝑔ℎ𝑅̂𝑐𝑑𝑖𝑗∇𝑒𝐹̂
𝑔ℎ𝑘𝑙∇𝑓𝐹̂

𝑖𝑗 𝑘𝑙 ,
 

𝑡8𝑠𝑡8𝑠ℝ
′4 = −3tr(∇𝑎H̸

𝑎H̸∇𝑏H̸∇
𝑏H̸) +

3

2
tr(∇𝑎H̸∇𝑏H̸∇

𝑎H̸∇𝑏H̸)

 +
3

32
tr(∇𝑎H̸∇

𝑎H̸)tr(∇𝑏H̸∇
𝑏H̸).

 

𝐿̂2 = 3tr(∇𝑎 F̸̂∇
𝑎 F̸̂∇𝑏F̸̂∇

𝑏 F̸̂) −
3

2
tr(∇𝑎𝐹̂∇𝑏𝐹̂∇

𝑎 F̸̂∇𝑏F̸̂) −
3

32
tr(∇𝑎𝐹̂∇

𝑎 F̸̂)tr(∇𝑏𝐹̂∇
𝑏 F̸̂),  

𝐿̂ = 𝑡8𝑠𝑡8𝑠ℝ̂
4 −

9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)𝑅̂𝑎𝑏𝑔ℎ𝑅̂𝑐𝑑𝑖𝑗∇𝑒𝐹̂
𝑔ℎ𝑘𝑙∇𝑓𝐹̂

𝑖𝑗 𝑘𝑙 + 3tr(∇𝑎 F̸̂∇
𝑎 F̸̂∇𝑏𝐹̂∇

𝑏𝐹̂)

 −
3

2
tr(∇𝑎𝐹̂∇𝑏𝐹̂∇

𝑎𝐹̂∇𝑏𝐹̂) −
3

32
tr(∇𝑎𝐹̂∇

𝑎𝐹̂)tr(∇𝑏𝐹̂∇
𝑏𝐹̂) + 𝐿̂′,

 

𝐿̂′ = 𝑏𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔ℎ∇
𝑘𝐹̂𝑎𝑏𝑒𝑓∇𝑘𝐹̂

𝑐𝑑𝑔ℎ +∑ 

𝑖

  𝑐𝑖𝑌𝑖  

𝑌1= 𝐶2 + 12𝐶7 + 4𝐶9 − 24𝐶10 + 6𝐶14 + 48𝐶17 − 6𝐶18 + 24𝐶19 − 6𝐶21 + 6𝐶23 
𝑌2= 3𝐶4 − 3𝐶5 + 𝐶6 + 9𝐶7 − 6𝐶8 + 12𝐶17 − 3𝐶18  
𝑌3= 3𝐶10 + 𝐶11 − 3𝐶13 − 3𝐶15 − 6𝐶17 + 6𝐶20 + 3𝐶21  
𝑌4= 𝐶4 + 3𝐶7 + 𝐶9 − 6𝐶15 + 12𝐶19  
𝑌5= 𝐶1 + 4𝐶2 − 16𝐶3 − 16𝐶6 − 144𝐶7 + 144𝐶8  

𝑌6 = 𝐶2 − 6𝐶4 − 2𝐶9 + 6𝐶11 + 36𝐶12 − 18𝐶13 + 18𝐶15
𝑌7 = 𝐶2 − 12𝐶4 + 12𝐶5 + 4𝐶9
𝑌8 = 𝐶9 − 9𝐶15 − 𝐶22 + 9𝐶23
𝑌9 = 𝐶21 + 𝐶24
𝑌10 = 𝐶16 − 36𝐶20 − 9𝐶21 − 𝐶22

 

𝑏 = −48, 𝑐2 = 12, 𝑐3 = 24, 𝑐5 =
1

3
, 𝑐7 = −

10

3
, 𝑐8 =

68

3
, 𝑐9 = 12  
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9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)∇𝑎𝐹̂𝑏
𝑔ℎ𝑚

∇𝑐𝐹̂𝑑𝑖𝑗𝑚∇𝑒𝐹̂𝑔ℎ𝑘𝑙∇𝑓𝐹̂
𝑖𝑗𝑘𝑙

 = 96∇[𝑎𝐹̂𝑏]𝑒𝑐𝑑∇
[𝑎𝐹̂𝑓]𝑒𝑔ℎ∇(𝑏𝐹̂

𝑐𝑑𝑖𝑗∇𝑓)𝐹̂𝑔ℎ𝑖𝑗 − 24∇𝑎𝐹̂𝑏𝑒𝑐𝑑∇
[𝑎𝐹̂𝑏]𝑒𝑔ℎ∇𝑓𝐹̂𝑐𝑑𝑖𝑗∇𝑓𝐹̂𝑔ℎ𝑖𝑗

 = −16𝐶4 + 8𝐶5 − 24𝐶7 + 24𝐶8 − 48𝐶12 − 24𝐶13 + 12𝐶14 − 12𝐶18 − 48𝐶19
 −36𝐶21 − 60𝐶23
9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)∇𝑚𝐹̂𝑎𝑏𝑔ℎ∇𝑚𝐹̂𝑐𝑑𝑖𝑗∇𝑒𝐹̂
𝑔ℎ𝑘𝑙∇𝑓𝐹̂

𝑖𝑗 𝑘𝑙

 = 96∇𝑎𝐹̂
𝑏𝑒 𝑔ℎ∇

𝑎𝐹̂𝑏 
𝑓𝑖𝑗∇(𝑒𝐹̂

𝑔ℎ𝑘𝑙∇𝑓)𝐹̂𝑖𝑗𝑘𝑙 − 24∇𝑎𝐹̂𝑒𝑓𝑐𝑑∇
𝑎𝐹̂𝑒𝑓𝑔ℎ∇𝑏𝐹̂𝑐𝑑𝑖𝑗∇𝑏𝐹̂𝑔ℎ𝑖𝑗

 = −32𝐶4 + 32𝐶5 + 96𝐶7 − 96𝐶8 − 192𝐶12 − 96𝐶13 + 48𝐶14 − 48𝐶18 − 192𝐶19
 +48𝐶21 − 48𝐶23

 

𝑡8𝑠(Γ̂
𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒𝑓Γ̂𝑔ℎ)∇𝑎𝐹̂𝑏𝑖𝑗𝑘∇𝑐𝐹̂𝑑

𝑖𝑗𝑘
∇𝑒𝐹̂𝑓𝑙𝑚𝑛∇𝑔𝐹̂ℎ

𝑙𝑚𝑛 = −
9

32
𝐶1 + 𝐶2 + 𝐶3 − 3𝐶4 − 9𝐶7

 −4𝐶9 − 9𝐶15 − 9𝐶24

 

∑ 

𝑖

  𝑐𝑖𝑌𝑖 =∑ 

𝑖

 𝑑𝑖
′𝑍̃𝑖 −

3

2
𝐿̂2 −

9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)∇𝑎𝐹̂𝑏𝑔ℎ𝑚∇𝑐𝐹̂𝑑
𝑖𝑗𝑚
∇𝑒𝐹̂

𝑔ℎ𝑘𝑙∇𝑓𝐹̂𝑖𝑗𝑘𝑙

−
9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)∇𝑚𝐹̂𝑎𝑏𝑔ℎ∇𝑚𝐹̂𝑐𝑑𝑖𝑗∇𝑒𝐹̂
𝑔ℎ𝑘𝑙∇𝑓𝐹̂

𝑖𝑗 𝑘𝑙  

 −
4

3
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒𝑓Γ̂𝑔ℎ)∇𝑎𝐹̂𝑏𝑖𝑗𝑘∇𝑐𝐹̂𝑑
𝑖𝑗𝑘
∇𝑒𝐹̂𝑓𝑙𝑚𝑛∇𝑔𝐹̂ℎ

𝑙𝑚𝑛

 −15∇𝑎𝐹̂𝑐𝑑𝑒𝑓∇
𝑎𝐹̂𝑒𝑓𝑔ℎ∇𝑏𝐹̂

𝑐𝑑𝑖𝑗∇𝑏𝐹̂𝑔ℎ𝑖𝑗 +
9

2
∇𝑎𝐹̂𝑐𝑑𝑒𝑓∇

𝑎𝐹̂𝑔ℎ𝑖𝑗∇𝑏𝐹̂
𝑐𝑑𝑖𝑗∇𝑏𝐹̂𝑒𝑓𝑔ℎ

 +
64

3
∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇

𝑔𝐹̂ℎ𝑐𝑑𝑒∇𝑎𝐹̂𝑏𝑖𝑗𝑘∇(𝑔𝐹̂ℎ)𝑖𝑗𝑘 − 2∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑓𝑐𝑑𝑒tr(∇𝑏𝐹̂∇𝑓𝐹̂)

 +
3

32
tr(∇𝑎𝐹̂∇

𝑎𝐹̂)tr(∇𝑏𝐹̂∇
𝑏𝐹̂) −

15

32
tr(∇𝑎𝐹̂∇𝑏𝐹̂)tr(∇

𝑎𝐹̂∇𝑏𝐹̂)

 

𝐿̂ =𝑡8𝑠𝑡8𝑠ℝ̂
4 −

9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)𝑅̂𝑎𝑏𝑔ℎ𝑅̂𝑐𝑑𝑖𝑗∇𝑒𝐹̂
𝑔ℎ𝑘𝑙∇𝑓𝐹̂

𝑖𝑗 𝑘𝑙 − 48𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔ℎ∇
𝑖𝐹̂𝑎𝑏𝑒𝑓∇𝑖𝐹̂

𝑐𝑑𝑔ℎ

−
9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)∇𝑎𝐹̂𝑏𝑔ℎ𝑚∇𝑐𝐹̂𝑑
𝑖𝑗𝑚
∇𝑒𝐹̂

𝑔ℎ𝑘𝑙∇𝑓𝐹̂𝑖𝑗𝑘𝑙  

−
9

8
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒Γ̂𝑓)∇𝑚𝐹̂𝑎𝑏𝑔ℎ∇𝑚𝐹̂𝑐𝑑𝑖𝑗∇𝑒𝐹̂
𝑔ℎ𝑘𝑙∇𝑓𝐹̂

𝑖𝑗𝑘𝑙  

−
4

3
𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒𝑓Γ̂𝑔ℎ)∇𝑎𝐹̂𝑏𝑖𝑗𝑘∇𝑐𝐹̂𝑑
𝑖𝑗𝑘
∇𝑒𝐹̂𝑓𝑙𝑚𝑛∇𝑔𝐹̂ℎ

𝑙𝑚𝑛  

−
3

2
tr(∇𝑎𝐹̂∇𝑎𝐹̂∇𝑏𝐹̂∇𝑏𝐹̂) +

3

4
tr(∇𝑎𝐹̂∇𝑏𝐹̂∇𝑎𝐹̂∇𝑏𝐹̂)  

−
15

32
tr(∇𝑎𝐹̂∇𝑏𝐹̂)tr(∇

𝑎𝐹̂∇𝑏𝐹̂) +
9

64
tr(∇𝑎𝐹̂∇

𝑎𝐹̂)tr(∇𝑏𝐹̂∇
𝑏𝐹̂)  

−15∇𝑎𝐹̂𝑐𝑑𝑒𝑓∇
𝑎𝐹̂𝑒𝑓𝑔ℎ∇𝑏𝐹̂

𝑐𝑑𝑖𝑗∇𝑏𝐹̂𝑔ℎ𝑖𝑗 +
9

2
∇𝑎𝐹̂𝑐𝑑𝑒𝑓∇

𝑎𝐹̂𝑔ℎ𝑖𝑗∇𝑏𝐹̂
𝑐𝑑𝑖𝑗∇𝑏𝐹̂𝑒𝑓𝑔ℎ  

 +
64

3
∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇

𝑔𝐹̂ℎ𝑐𝑑𝑒∇𝑎𝐹̂𝑏𝑖𝑗𝑘∇(𝑔𝐹̂ℎ)𝑖𝑗𝑘 − 2∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑓𝑐𝑑𝑒tr(∇𝑏𝐹̂∇𝑓𝐹̂).

 

M̸(𝑛) =
1

𝑛!
𝑀𝑎1⋯𝑎𝑛Γ

𝑎1⋯𝑎𝑛 ,𝑀(𝑛′) =
1

𝑛!
𝑀𝑎1⋯𝑎𝑛Γ

𝑎1⋯𝑎𝑛Γ11  
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𝑡8𝑠 (𝑀1
(1′)
𝑀2
(1′)
𝑀3
(1′)
𝑀4
(1′)
) =𝑡8𝑠 (𝑀1

(1)
𝑀2
(1)
𝑀3
(1)
𝑀4
(1)
)

𝑡8𝑠 (𝑀1
(1)
𝑀2
(1)
𝑀3
(1′)
𝑀4
(1′)
) =−𝑡8𝑠 (𝑀1

(1)
𝑀2
(1)
𝑀3
(1)
𝑀4
(1)
) + 16𝑀1

𝑎𝑀2𝑎𝑀3
𝑏𝑀4𝑏  

𝑡8𝑠 (𝑀1
(2)
𝑀2
(2)
𝑀3
(1′)
𝑀4
(1′)
) =−𝑡8𝑠 (𝑀1

(2)
𝑀2
(2)
𝑀3
(1)
𝑀4
(1)
)  

𝑡8𝑠 (𝑀1
(2)
𝑀2
(2)
𝑀3
(3′)
𝑀4
(3′)
) =−𝑡8𝑠 (𝑀1

(2)
𝑀2
(2)
𝑀3
(3)
𝑀4
(3)
) + 8𝑀1

𝑎𝑏𝑀2𝑐𝑑𝑀3𝑎𝑏𝑒𝑀4
𝑐𝑑𝑒  

𝑡8𝑠 (𝑀1
(2′)
𝑀2
(2′)
𝑀3
(3′)
𝑀4
(3′)
) = −𝑡8𝑠 (𝑀1

(2′)
𝑀2
(2′)
𝑀3
(3)
𝑀4
(3)
)

𝑡8𝑠 (𝑀1
(3′)
𝑀2
(3′)
𝑀3
(3′)
𝑀4
(3′)
) =𝑡8𝑠 (𝑀1

(3)
𝑀2
(3)
𝑀3
(3)
𝑀4
(3)
)

𝑡8𝑠 (𝑀1
(3)
𝑀2
(3)
𝑀3
(3′)
𝑀4
(3′)
) = −𝑡8𝑠 (𝑀1

(3)
𝑀2
(3)
𝑀3
(3)
𝑀4
(3)
) −

1

2
tr (𝑀1

(3)
𝑀4
(3)
𝑀2
(3)
𝑀3
(3)
)

 +
1

64
tr (𝑀1

(3)
𝑀3
(3)
) tr (𝑀4

(3)
𝑀2
(3)
)

 +
1

64
tr (𝑀1

(3)
𝑀4
(3)
) tr (𝑀2

(3)
𝑀3
(3)
)

 

𝑡8𝑠(Γ
𝑎Γ𝑏Γ𝑐Γ𝑑) = 24𝜂𝑎(𝑏𝜂𝑐𝑑)  

𝐵1 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔ℎ∇
𝑒𝐹̂𝑎𝑔ℎ 𝑖∇

𝑐𝐹̂𝑏𝑑𝑓𝑖𝐵13

𝐵2 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔ℎ∇
𝑒𝐹̂𝑎𝑐𝑔 𝑖∇

ℎ𝑅̂𝑏𝑑𝑓𝑖 𝑎  𝑓 
𝑐∇𝑖𝐹̂

𝑏𝑓 𝑔ℎ∇
𝑖𝐹̂𝑑𝑒𝑔ℎ

𝐵3 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔ℎ∇
𝑒𝐹̂𝑎𝑐𝑔 𝑖∇

𝑓𝐹̂𝑏𝑑ℎ𝑖 𝐵14 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒 
𝑎  𝑓 

𝑐∇𝑖𝐹̂
𝑏𝑑 𝑔ℎ∇

𝑖𝐹̂𝑒𝑓𝑔ℎ

𝐵4 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔ℎ∇𝑖𝐹̂
𝑐𝑑𝑔ℎ∇𝑓𝐹̂𝑖𝑎𝑏𝑒 𝐵15 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒 

𝑎 𝑓 
𝑐∇𝑏𝐹̂𝑓 𝑔ℎ𝑖∇

𝑒𝐹̂𝑑𝑔ℎ𝑖

𝐵5 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔 
𝑑∇𝑎𝐹̂𝑏𝑐  ℎ𝑖∇

𝑒𝐹̂𝑓𝑔ℎ𝑖 𝐵16 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒 
𝑎  𝑓 

𝑐∇𝑏𝐹̂𝑑 𝑔ℎ𝑖∇
𝑒𝐹̂𝑓𝑔ℎ𝑖

𝐵6 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔 
𝑑∇𝑎𝐹̂𝑏𝑒 ℎ𝑖∇

𝑐𝐹̂𝑓𝑔ℎ𝑖 𝐵17 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒 
𝑎  𝑓 

𝑐∇𝑏𝐹𝑒 𝑔ℎ𝑖∇
𝑑𝐹̂𝑓𝑔ℎ𝑖

𝐵7 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔 
𝑑∇𝑎𝐹̂𝑏𝑒 ℎ𝑖∇

𝑔𝐹̂𝑐𝑓ℎ𝑖 𝐵18 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒 
𝑎  𝑓 

𝑐∇𝑖𝐹̂
𝑒𝑓 𝑔ℎ∇

𝑑𝐹̂𝑏𝑔ℎ𝑖

𝐵8 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔 
𝑑∇𝑎𝐹𝑐𝑒 ℎ𝑖∇

𝑏𝐹̂𝑓𝑔ℎ𝑖 𝐵19 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓 
𝑐𝑑∇𝑖𝐹̂

𝑎𝑒 𝑔ℎ∇
𝑖𝐹̂𝑏𝑓𝑔ℎ

𝐵9 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔 
𝑑∇𝑎𝐹̂𝑐𝑒 ℎ𝑖∇

𝑓𝐹̂𝑏𝑔ℎ𝑖 𝐵20 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓 
𝑐𝑑∇𝑎𝐹̂𝑒 𝑔ℎ𝑖∇

𝑏𝐹̂𝑓𝑔ℎ𝑖

𝐵10 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔 
𝑑∇𝑖𝐹̂

𝑐𝑒𝑔ℎ∇𝑖𝐹̂𝑎𝑏𝑓ℎ 𝐵21 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓 
𝑐𝑑∇𝑎𝐹̂𝑒 𝑔ℎ𝑖∇

𝑓𝐹̂𝑏𝑔ℎ𝑖

𝐵11 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔 
𝑑∇ℎ𝐹̂

𝑎𝑏𝑓 𝑖∇
𝑖𝐹̂𝑐𝑒𝑔ℎ 𝐵22 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒 

𝑎𝑐𝑑∇𝑏𝐹̂𝑓𝑔ℎ𝑖∇
𝑒𝐹̂𝑓𝑔ℎ𝑖

𝐵12 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒𝑓𝑔 
𝑑∇𝑐𝐹̂𝑒𝑓 ℎ𝑖∇

𝑔𝐹̂𝑏𝑎ℎ𝑖 𝐵23 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂𝑒 
𝑎𝑐𝑑∇𝑖𝐹̂

𝑏 𝑓𝑔ℎ∇
𝑖𝐹̂𝑒𝑓𝑔ℎ

𝐵24 = 𝑅̂𝑎𝑏𝑐𝑑𝑅̂
𝑎𝑏𝑐𝑑∇𝑒𝐹̂𝑓𝑔ℎ𝑖∇

𝑓𝐹̂𝑒𝑔ℎ𝑖

 

𝑍1 =48𝐵1 + 48𝐵2 − 48𝐵3 + 36𝐵4 + 96𝐵6 + 48𝐵7 − 48𝐵8 + 96𝐵10
 +12𝐵12 + 24𝐵13 − 12𝐵14 + 8𝐵15 + 8𝐵16 − 16𝐵17 + 6𝐵19 + 2𝐵22 + 𝐵24,

𝑍2 = −48𝐵1 − 48𝐵2 − 24𝐵4 − 24𝐵5 + 48𝐵6 − 48𝐵8 − 24𝐵9 − 72𝐵10
 −24𝐵13 + 24𝐵14 − 𝐵22 + 4𝐵23,

𝑍3 = 12𝐵1 + 12𝐵2 − 24𝐵3 + 9𝐵4 + 48𝐵6 + 24𝐵7 − 24𝐵8 + 24𝐵10 + 6𝐵12 + 6𝐵13
 +4𝐵15 − 4𝐵17 + 3𝐵19 + 2𝐵21,

𝑍4 = 12𝐵1 + 12𝐵2 − 12𝐵3 + 9𝐵4 + 24𝐵6 + 12𝐵7 − 12𝐵8 + 24𝐵10 + 3𝐵12
 +6𝐵13 + 4𝐵15 − 4𝐵17 + 2𝐵20,

𝑍5 = 4𝐵3 − 8𝐵6 − 4𝐵7 + 4𝐵8 − 𝐵12 − 2𝐵14 + 4𝐵18,

𝑍6 = 𝐵4 + 2𝐵11.
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𝐶1= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏𝑐𝑑𝑒∇𝑓𝐹̂𝑔ℎ𝑖𝑗∇

𝑓𝐹̂𝑔ℎ𝑖𝑗  

𝐶2= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏𝑐𝑑  𝑓∇

𝑒𝐹̂𝑔ℎ𝑖𝑗∇
𝑓𝐹̂𝑔ℎ𝑖𝑗  

𝐶3= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏𝑐𝑑  𝑓∇𝑔𝐹̂

𝑒 ℎ𝑖𝑗∇
𝑔𝐹̂𝑓ℎ𝑖𝑗  

𝐶4= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏𝑐 𝑓𝑔∇

𝑑𝐹̂𝑒 ℎ𝑖𝑗∇
𝑓𝐹̂𝑔ℎ𝑖𝑗  

𝐶5= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏 𝑓𝑔ℎ∇𝑖𝐹̂

𝑐𝑑𝑒 𝑗∇
𝑓𝐹̂𝑔ℎ𝑖𝑗  

𝐶6= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏 𝑓𝑔ℎ∇𝑖𝐹̂

𝑐𝑑𝑒 𝑗∇
𝑗𝐹̂𝑓𝑔ℎ𝑖  

𝐶7= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑎𝑐 𝑓𝑔∇

𝑑𝐹̂𝑒 ℎ𝑖𝑗∇
ℎ𝐹̂𝑓𝑔𝑖𝑗  

𝐶8= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑎𝑐 𝑓𝑔∇ℎ𝐹̂

𝑑𝑒 𝑖𝑗∇
𝑖𝐹̂𝑓𝑔ℎ𝑗  

𝐶9= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑓𝑔ℎ𝑖∇

𝑓𝐹̂𝑔ℎ𝑖 𝑗∇
𝑗𝐹̂𝑎𝑐𝑑𝑒  

𝐶10= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏𝑐 𝑓𝑔∇ℎ𝐹̂

𝑑𝑓 𝑖𝑗∇
𝑖𝐹̂𝑒𝑔ℎ𝑗  

𝐶11= ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏𝑐 𝑓𝑔∇

𝑑𝐹̂𝑓 ℎ𝑖𝑗∇
𝑔𝐹̂𝑒ℎ𝑖𝑗  

𝐶12 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏 𝑓𝑔ℎ∇

𝑐𝐹̂𝑑𝑓 𝑖𝑗∇
𝑖𝐹̂𝑒𝑔ℎ𝑗

 

𝐶13 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏 𝑓𝑔ℎ∇

𝑐𝐹̂𝑓𝑔 𝑖𝑗∇
𝑑𝐹̂𝑒ℎ𝑖𝑗

𝐶14 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑏 𝑓𝑔ℎ∇𝑖𝐹̂

𝑐𝑑𝑓 𝑗∇
𝑖𝐹̂𝑒𝑔ℎ𝑗

𝐶15 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑓𝑔ℎ𝑖∇

𝑏𝐹̂𝑐𝑑𝑓 𝑗∇
𝑔𝐹̂𝑒ℎ𝑖𝑗

𝐶16 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑎𝐹̂𝑓𝑔ℎ𝑖∇

𝑏𝐹̂𝑓𝑔ℎ 𝑗∇
𝑖𝐹̂𝑐𝑑𝑒𝑗

𝐶17 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑎𝑐  𝑓𝑔∇ℎ𝐹̂

𝑑𝑓 𝑖𝑗∇
𝑖𝐹̂𝑒𝑔ℎ𝑗

𝐶18 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑎 𝑓𝑔ℎ∇𝑖𝐹̂

𝑐𝑑𝑓 𝑗∇
𝑗𝐹̂𝑒𝑔ℎ𝑖

𝐶19 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑐 𝑓𝑔ℎ∇

𝑓𝐹̂𝑑𝑔 𝑖𝑗∇
𝑖𝐹̂𝑎𝑒ℎ𝑗

𝐶20 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑐 𝑓𝑔ℎ∇

𝑓𝐹̂𝑎𝑑 𝑖𝑗∇
𝑖𝐹̂𝑒𝑔ℎ𝑗

𝐶21 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑐 𝑓𝑔ℎ∇

𝑑𝐹̂𝑓𝑔 𝑖𝑗∇
ℎ𝐹̂𝑎𝑒𝑖𝑗

𝐶22 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑓𝑔ℎ𝑖∇

𝑓𝐹̂𝑐𝑑𝑒 𝑗∇
𝑗𝐹̂𝑎𝑔ℎ𝑖

𝐶23 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑓𝑔ℎ𝑖∇

𝑓𝐹̂𝑐𝑑𝑔 𝑗∇
𝑗𝐹̂𝑎𝑒ℎ𝑖

𝐶24 = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒∇
𝑏𝐹̂𝑓𝑔ℎ𝑖∇

𝑓𝐹̂𝑎𝑐𝑑  𝑗∇
𝑔𝐹̂𝑒ℎ𝑖𝑗

 

𝑍̃1 = −𝐶3 + 12𝐶4 − 6𝐶5 + 72𝐶7 − 9𝐶8 − 𝐶9 + 54𝐶10 − 6𝐶11 − 144𝐶12 + 18𝐶14 − 27𝐶18 + 18𝐶21,

𝑍̃2 = 𝐶3 − 6𝐶5 − 18𝐶7 + 9𝐶8 + 𝐶9 + 6𝐶11 + 9𝐶18 + 18𝐶23,

𝑍̃3 = 𝐶1 + 96𝐶4 − 96𝐶5 + 32𝐶6 + 288𝐶7 + 64𝐶9 + 32𝐶22,

𝑍̃4 = −𝐶10 + 2𝐶12 + 2𝐶20,

𝑍̃5 = 𝐶7 + 𝐶10 + 4𝐶19,

𝑍̃6 = −𝐶7 − 𝐶10 + 2𝐶17,

𝑍̃7 = 𝐶1 − 8𝐶2 + 32𝐶6 + 32𝐶9 + 32𝐶16,

𝑍̃8 = −𝐶2 − 12𝐶4 + 12𝐶5 − 4𝐶9 − 12𝐶11 + 36𝐶15,

𝑍̃9 = 𝐶10 − 2𝐶12 + 𝐶13.

 

𝑡8𝑠𝑡8𝑠ℛ̂
4 = 𝑡8𝑠𝑡8𝑠𝑅̂

4 + 6𝑡8𝑠𝑡8𝑠ℛ̂
2ℛ̂′2 + 𝑡8𝑠𝑡8𝑠ℛ̂

′4,  

ℝ̂′ = ∇𝑎𝐹̂𝑏𝑐𝑑𝑒 (
1

12
Γ̂𝑎𝑏⊗ Γ̂𝑐𝑑𝑒 +

𝑖

48
Γ̂𝑎⊗ Γ̂𝑏𝑐𝑑𝑒)  

𝑡8𝑠𝑡8𝑠𝑅̂
4 = 𝑡8𝑡8𝑅̂

4  
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6𝑡8𝑠𝑡8𝑠𝑅̂
2𝑅̂′2 =

1

24
𝑡𝑎1⋯𝑎8𝑅̂

𝑎1𝑎2  𝑎𝑏𝑅̂
𝑎3𝑎4  𝑐𝑑∇

𝑎5𝐹̂𝑎6  𝑒𝑓𝑔∇
𝑎7𝐹̂𝑎8 ℎ𝑖𝑗𝑡8𝑠(Γ̂

𝑎𝑏Γ̂𝑐𝑑Γ̂𝑒𝑓𝑔Γ̂ℎ𝑖𝑗)

−
3

32
𝑅̂𝑎𝑏 𝑒𝑓𝑅̂

𝑐𝑑  𝑔ℎ𝑡8𝑠(Γ̂𝑎𝑏Γ̂𝑐𝑑Γ̂
𝑖Γ̂𝑗)𝑡8𝑠(Γ̂

𝑒𝑓Γ̂𝑔ℎ∇𝑖𝐹̂∇𝑗𝐹̂).

 

𝑡8𝑠(Γ̂
𝑎𝑏Γ̂𝑐𝑑𝑀1𝑀2) =−

1

4
tr(Γ̂𝑎𝑏𝑐𝑑𝑀1𝑀2) −

1

8
tr(Γ̂𝑎𝑏𝑀1Γ̂

𝑐𝑑𝑀2) +
1

64
tr(Γ̂𝑎𝑏𝑀1)tr(Γ̂

𝑐𝑑𝑀2) 

 +
1

256
tr(Γ̂𝑎𝑏{𝑀1, Γ̂

𝑒})tr({Γ̂𝑒 ,𝑀2}Γ̂
𝑐𝑑) + (1 ↔ 2)

 

6𝑡8𝑠𝑡8𝑠ℛ̂
2ℛ̂′2 = 8(24𝐵1 + 24𝐵2 − 6𝐵4 − 48𝐵6 − 48𝐵8 + 24𝐵9 − 24𝐵10 + 24𝐵11

−18𝐵12 − 12𝐵13 + 8𝐵16 + 8𝐵17 − 8𝐵20 + 4𝐵21 + 𝐵22 + 4𝐵23 + 𝐵24),
 

16(−12𝐵5 + 3𝐵12 + 6𝐵14) − 4𝑏𝐵4,  

16(−24𝐵5 − 48𝐵8 − 24𝐵10 − 6𝐵12 − 12𝐵13 + 12𝐵14 + 8𝐵16 − 4𝐵20 + 𝐵22 + 4𝐵23 + 𝐵24).  

𝑡8𝑠𝑡8𝑠ℛ̂
′4 =

1

64
𝑡8
𝑎1𝑎2𝑏1𝑏2𝑐1𝑐2𝑑1𝑑2∇𝑎1𝐹̂𝑎2𝑎3𝑎4𝑎5∇𝑏1𝐹̂𝑏2𝑏3𝑏4𝑏5∇𝑐1𝐹̂𝑐2𝑐3𝑐4𝑐5∇𝑑1𝐹̂𝑑2𝑑3𝑑4𝑑5

× 𝑡8𝑠(Γ̂
𝑎3𝑎4𝑎5Γ̂𝑏3𝑏4𝑏5Γ̂𝑐3𝑐4𝑐5Γ̂𝑑3𝑑4𝑑5)  

+
2

3
∇[𝑎𝐹̂𝑐]𝑎3𝑎4𝑎5∇

[𝑎𝐹̂𝑑]𝑏3𝑏4𝑏5𝑡8𝑠(Γ̂
𝑎3𝑎4𝑎5Γ̂𝑏3𝑏4𝑏5∇

𝑐ℱ̂∇𝑑ℱ̂)

−
1

6
∇[𝑎𝐹̂𝑏]𝑎3𝑎4𝑎5∇

𝑎𝐹̂𝑏𝑏3𝑏4𝑏5𝑡8𝑠(Γ̂
𝑎3𝑎4𝑎5Γ̂𝑏3𝑏4𝑏5∇𝑐ℱ̂∇

𝑐ℱ̂)

+
3

2
𝑡8𝑠(∇𝑎ℱ̂∇

𝑎 F̸̂∇𝑏ℱ̂∇
𝑏ℱ̂).

 

−36𝑡8
𝑎1𝑎2𝑏1𝑏2𝑐1𝑐2𝑑1𝑑2∇𝑎1𝐹̂𝑎2𝑐𝑑 

𝑎∇𝑏1𝐹̂𝑏2𝑒𝑓𝑎∇𝑐1𝐹̂𝑐2  
𝑏[𝑐𝑑∇𝑑1𝐹̂𝑑2𝑏 

𝑒𝑓]

+
2

3
𝑡8
𝑎1𝑎2𝑏1𝑏2𝑐1𝑐2𝑑1𝑑2∇𝑎1𝐹̂𝑎2𝑒𝑓𝑔∇𝑏1𝐹̂𝑏2  

𝑒𝑓𝑔∇𝑐1𝐹̂𝑐2ℎ𝑖𝑗∇𝑑1𝐹̂𝑑2  
ℎ𝑖𝑗  

= −
3

16
𝐶1 +

4

3
𝐶2 +

10

3
𝐶3 − 2𝐶4 − 2𝐶5 − 6𝐶6 + 6𝐶7 − 18𝐶8 −

10

3
𝐶9 − 72𝐶10

 +12𝐶11 − 144𝐶12 − 48𝐶13 + 66𝐶14 + 60𝐶15 + 4𝐶16 + 84𝐶17 − 96𝐶19 + 48𝐶20
 +18𝐶21 + 2𝐶22 + 18𝐶23 + 36𝐶24

 

2

3
∇[𝑎𝐹̂𝑐]𝑎3𝑎4𝑎5∇

[𝑎𝐹̂𝑑]𝑏3𝑏4𝑏5𝑡8𝑠(Γ̂
𝑎3𝑎4𝑎5Γ̂𝑏3𝑏4𝑏5∇

𝑐 F̸̂∇𝑑ℱ̂)

= 𝐶2 −
4

3
𝐶3 − 4𝐶4 + 8𝐶5 − 4𝐶6 − 72𝐶7 + 72𝐶8 −

4

3
𝐶9 − 24𝐶10 + 4𝐶11 − 96𝐶12 − 24𝐶13 

 −6𝐶14 + 36𝐶15 +
4

3
𝐶16 − 30𝐶18 − 120𝐶19 + 48𝐶20 − 30𝐶21 +

8

3
𝐶22 − 90𝐶23 − 24𝐶24

 

−
1

6
∇[𝑎𝐹̂𝑏]𝑎3𝑎4𝑎5∇

𝑎𝐹̂𝑏𝑏3𝑏4𝑏5𝑡8𝑠(Γ̂
𝑎3𝑎4𝑎5Γ̂𝑏3𝑏4𝑏5∇𝑐ℱ̂∇

𝑐ℱ̂)  

 = −
1

8
𝐶1 +

1

3
𝐶2 +

8

3
𝐶3 − 24𝐶4 + 4𝐶5 + 36𝐶7 − 36𝐶8 + 36𝐶10 + 6𝐶14 − 24𝐶15

 −48𝐶17 − 6𝐶18 − 24𝐶19 + 6𝐶21 − 6𝐶23 − 24𝐶24
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3

2
𝑡8𝑠(∇𝑎 F̸̂∇

𝑎 F̸̂∇𝑏F̸̂∇
𝑏F̸̂)

 = −
1

48
𝐶1 +

2

3
𝐶3 − 6𝐶4 + 2𝐶5 +

2

3
𝐶6 + 18𝐶7 − 18𝐶8 +

2

3
𝐶9 + 12𝐶10 + 6𝐶14

 −12𝐶15 − 12𝐶17 + 18𝐶21 −
2

3
𝐶22 + 18𝐶23

 

 −
1

12
𝐶1 +

8

3
𝐶3 + 8𝐶4 + 8𝐶5 +

8

3
𝐶6 − 24𝐶7 + 24𝐶8 −

8

3
𝐶9 − 144𝐶10 + 24𝐶14

 +144𝐶15 + 144𝐶17 − 24𝐶21 + 8𝐶22 − 24𝐶23

 

𝐿̂𝐹̂4 +∑ 

𝑖

 𝑑𝑖𝑍̃𝑖 =
8

3
(3𝐶5 + 𝐶6 − 9𝐶8 + 𝐶9 − 72𝐶12 + 9𝐶14 + 18𝐶17 − 9𝐶18 − 72𝐶19 − 𝐶22)  

𝑐2 = 12, 𝑐3 = 24, 𝑐5 =
1

3
, 𝑐7 = −

10

3
, 𝑐8 =

68

3
, 𝑐9 = 12  

𝑑1 = −4, 𝑑2 = −
20

3
, 𝑑3 =

1

4
, 𝑑4 = −120, 𝑑5 = 12, 𝑑6 = −60, 𝑑7 = −

1

6
 𝑑8 = 2, 𝑑9 = 144

 

𝑡8𝑡8𝑅
4  

𝑒𝑎 = 𝑒𝑘Φ𝑒′𝑎  

𝑅𝑎𝑏𝑐𝑑 = 𝑒
−2𝑘Φ(𝑅𝑎𝑏𝑐𝑑

′ +𝐷𝑎𝑏𝑐𝑑 +⋯) 𝐷
𝑎𝑏 𝑐𝑑 = 4𝑘𝛿[𝑐

[𝑎
∇𝑑]∇

𝑏]Φ  

𝑡8𝑡8𝑅
4 = 𝑡8𝑡8𝑅

4 + 4𝑡8𝑡8𝐷𝑅
3 + 6𝑡8𝑡8𝐷

2𝑅2 + 4𝑡8𝑡8𝐷
3𝑅′ + 𝑡8𝑡8𝐷

4 +⋯  

𝑡8𝑡8𝐷𝑅
(1)𝑅(2)𝑅(3),  

4𝑘Φ𝑡8𝑡8∇
2(𝑅(1)𝑅(2)𝑅(3))  

𝑡8𝑡8∇
2(𝑅(1)𝑅(2)𝑅(3)) =32𝛿[𝑎

𝑒 ∇𝑏]∇
𝑓 (𝑅(1)𝑏𝑐  𝑓𝑔𝑅𝑐𝑑

(2)𝑔ℎ
𝑅(3)𝑑𝑎 ℎ𝑒) + 64𝛿[𝑎

[𝑒
∇𝑏]∇

𝑓] (𝑅𝑐𝑑𝑓𝑔
(1)

𝑅(2)𝑑𝑎𝑔ℎ𝑅(3)𝑏𝑐  ℎ𝑒)

−32𝛿[𝑎
𝑒 ∇𝑏]∇

𝑓 (𝑅(1)𝑏𝑐 𝑒𝑓𝑅𝑐𝑑𝑔ℎ
(2)

𝑅(3)𝑑𝑎𝑔ℎ) − 16𝛿[𝑎
𝑒 ∇𝑏]∇

𝑓 (𝑅(1)𝑏𝑐𝑔ℎ𝑅𝑐𝑑𝑒𝑓
(2)

𝑅(3)𝑑𝑎  𝑔ℎ) 

+4𝛿𝑎
𝑒∇𝑏∇

𝑓 (𝑅(1)𝑎𝑏𝑔ℎ𝑅𝑐𝑑𝑒𝑓
(2)

𝑅(3)𝑐𝑑  𝑔ℎ) + 2𝛿𝑎
𝑒∇𝑏∇

𝑓 (𝑅(1)𝑎𝑏  𝑒𝑓𝑅𝑐𝑑𝑔ℎ
(2)

𝑅(3)𝑐𝑑𝑔ℎ)  

 +perm(1,2,3).

 

32𝛿[𝑎
𝑒 ∇𝑏]∇

𝑓 (𝑅𝑓𝑔
(1)𝑏𝑐

𝑅𝑐𝑑
(2)𝑔ℎ

𝑅ℎ𝑒
(3)𝑑𝑎

) + perm(1,2,3)

 = 16∇𝑏∇𝑓 (𝑅
(1)𝑏𝑐𝑓𝑔𝑅𝑐𝑑𝑔ℎ

(2)
𝑅(3)𝑑ℎ) − 16∇𝑎∇

𝑓 (𝑅𝑓𝑔
(1)𝑏𝑐

𝑅𝑐𝑑
(2)𝑔ℎ

𝑅ℎ𝑏
(3)𝑑𝑎

) + perm(1,2,3),
 

−16∇𝑎∇
𝑓 (𝑅(1)𝑏𝑐 𝑓𝑔𝑅𝑐𝑑

(2)𝑔ℎ
𝑅(3)𝑑𝑎 ℎ𝑏) + perm(1,2,3)  

 = 8∇𝑎 (𝑅
(1)𝑏𝑐  𝑓𝑔∇

ℎ𝑅𝑐𝑑
(2)𝑓𝑔

𝑅(3)𝑑𝑎 ℎ𝑏) + 8∇𝑎 (𝑅
(1)𝑏𝑐  𝑓𝑔𝑅𝑐𝑑

(2)𝑔ℎ
∇𝑎𝑅(3)𝑓𝑑  ℎ𝑏) + perm(1,2,3) + ⋯ ,
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8∇𝑎∇
ℎ (𝑅(1)𝑏𝑐 𝑓𝑔𝑅𝑐𝑑

(2)𝑓𝑔
𝑅(3)𝑑𝑎 ℎ𝑏) + 4∇

𝑎 (∇𝑓𝑅
(1)𝑐𝑑 𝑔ℎ𝑅

(2)𝑓𝑏𝑔ℎ𝑅𝑏𝑎𝑐𝑑
(3)

)

−8∇𝑎 (𝑅𝑓
(1)𝑐𝑏

 𝑔𝑅𝑐𝑑
(2)𝑔ℎ

∇𝑎𝑅(3)𝑑𝑓 ℎ𝑏) + 2∇𝑎 (𝑅𝑐𝑑𝑒𝑓
(1)

𝑅(2)𝑐𝑑𝑔ℎ∇𝑎𝑅(3)𝑒𝑓 𝑔ℎ) + perm(1,2,3) + ⋯ 

= 8∇𝑎∇
ℎ (𝑅(1)𝑏𝑐 𝑓𝑔𝑅𝑐𝑑

(2)𝑓𝑔
𝑅(3)𝑑𝑎 ℎ𝑏) + 4∇

𝑎∇𝑓 (𝑅
(1)𝑐𝑑 𝑔ℎ𝑅

(2)𝑓𝑏𝑔ℎ𝑅𝑏𝑎𝑐𝑑
(3)

)  

 −
8

3
∇2 (𝑅𝑓

(1)𝑐𝑏
 𝑔𝑅𝑐𝑑

(2)𝑔ℎ
𝑅(3)𝑑𝑓 ℎ𝑏) +

4

3
∇2 (𝑅𝑐𝑑𝑒𝑓

(1)
𝑅(2)𝑐𝑑𝑔ℎ𝑅(3)𝑒𝑓 𝑔ℎ) + perm(1,2,3) + ⋯

 

32𝛿[𝑎
𝑒 ∇𝑏]∇

𝑓 (𝑅(1)𝑏𝑐 𝑓𝑔𝑅𝑐𝑑
(2)𝑔ℎ

𝑅(3)𝑑𝑎 ℎ𝑒) + perm(1,2,3)

 = 16∇𝑏∇𝑓 (𝑅
(1)𝑏𝑐𝑓𝑔𝑅𝑐𝑑𝑔ℎ

(2)
𝑅(3)𝑑ℎ) + 8∇𝑎∇

ℎ (𝑅(1)𝑏𝑐 𝑓𝑔𝑅𝑐𝑑
(2)𝑓𝑔

𝑅(3)𝑑𝑎  ℎ𝑏)

 +4∇𝑎∇𝑓 (𝑅
(1)𝑐𝑑  𝑔ℎ𝑅

(2)𝑓𝑏𝑔ℎ𝑅𝑏𝑎𝑐𝑑
(3)

) −
8

3
∇2 (𝑅𝑓

(1)𝑐𝑏
 𝑔𝑅𝑐𝑑

(2)𝑔ℎ
𝑅(3)𝑑𝑓 ℎ𝑏)

 +
4

3
∇2 (𝑅𝑐𝑑𝑒𝑓

(1)
𝑅(2)𝑐𝑑𝑔ℎ𝑅(3)𝑒𝑓 𝑔ℎ) + perm(1,2,3) + ⋯

 

64𝛿[𝑎
[𝑒
∇𝑏]∇

𝑓](𝑅𝑐𝑑𝑓𝑔
(1)

𝑅(2)𝑑𝑎𝑔ℎ𝑅ℎ𝑒
(3)𝑏𝑐

)

=16∇𝑏∇
𝑓 (𝑅𝑐𝑑𝑓𝑔

(1)
𝑅(2)𝑑𝑎𝑔ℎ𝑅ℎ𝑎

(3)𝑏𝑐
) − 16∇𝑏∇

𝑒 (𝑅𝑐𝑑𝑎𝑔
(1)

𝑅(2)𝑑𝑎𝑔ℎ𝑅(3)𝑏𝑐 ℎ𝑒)

 +16∇𝑎∇
𝑒 (𝑅𝑐𝑑𝑏𝑔

(1)
𝑅(2)𝑑𝑎𝑔ℎ𝑅(3)𝑏𝑐 ℎ𝑒) + 16∇𝑎∇

𝑓 (𝑅𝑐𝑑𝑓𝑔
(1)

𝑅(2)𝑑𝑎𝑔ℎ𝑅(3)𝑐  ℎ)

=8∇𝑏∇
𝑒 (𝑅𝑐𝑑𝑎𝑔

(1)
𝑅(2)𝑑ℎ𝑎𝑔𝑅(3)𝑏𝑐 ℎ𝑒) + 4∇𝑏∇

𝑓 (𝑅𝑐𝑓𝑑𝑔
(1)

𝑅(2)𝑑𝑔𝑎ℎ𝑅(3)𝑏𝑐  ℎ𝑎)

 −4∇𝑎∇
𝑒 (𝑅𝑐𝑑𝑔ℎ

(1)
𝑅(2)𝑔ℎ𝑎𝑏𝑅(3)𝑐𝑑  𝑏𝑒) + 16∇𝑎∇

𝑓 (𝑅𝑐𝑑𝑓𝑔
(1)

𝑅(2)𝑑𝑎𝑔ℎ𝑅(3)𝑐  ℎ)

 

𝑡8𝑡8∇
2(𝑅(1)𝑅(2)𝑅(3)) =16∇𝑏∇𝑓 (𝑅

(1)𝑑ℎ𝑅(2)𝑏𝑐𝑓𝑔𝑅𝑐𝑑𝑔ℎ
(3)

) + 16∇𝑏∇
𝑓 (𝑅(1)𝑑 ℎ𝑅𝑐𝑑𝑓𝑔

(2)
𝑅(3)𝑏𝑐𝑔ℎ)

 +16∇𝑏∇𝑓 (𝑅
(1)𝑐𝑓𝑅𝑐𝑑𝑔ℎ

(2)
𝑅(3)𝑑𝑏𝑔ℎ) + 2∇𝑏∇𝑓 (𝑅𝑏𝑓

(1)
𝑅𝑐𝑑𝑔ℎ
(2)

𝑅(3)𝑐𝑑𝑔ℎ)

 −
8

3
∇2 (𝑅𝑓

(1)𝑐𝑏
 𝑔𝑅𝑐𝑑

(2)𝑔ℎ
𝑅(3)𝑑𝑓 ℎ𝑏) +

4

3
∇2 (𝑅𝑐𝑑𝑒𝑓

(1)
𝑅(2)𝑐𝑑𝑔ℎ𝑅(3)𝑒𝑓 𝑔ℎ)

 +perm(1,2,3) + ⋯

 

𝑡8𝑡8𝐷𝑅
(1)𝑅(2)𝑅(3) =4𝑘Φ𝑡8𝑡8∇

2(𝑅(1)𝑅(2)𝑅(3)) + ⋯

=8𝑘∇𝑎∇𝑏Φ[8𝑅(1)𝑐𝑑𝑅𝑎𝑔ℎ𝑏
(2)

𝑅(3)𝑐𝑔ℎ𝑑 + 8𝑅𝑐𝑑
(1)
𝑅𝑎𝑔
(2)ℎ𝑐

𝑅𝑏ℎ
(3)𝑔𝑑

 −8𝑅𝑎𝑐
(1)
𝑅(2)𝑐𝑑𝑔ℎ𝑅𝑏𝑑𝑔ℎ

(3)
+ 𝑅𝑎𝑏

(1)
𝑅𝑐𝑑𝑔ℎ
(2)

𝑅(3)𝑐𝑑𝑔ℎ + perm(1,2,3)] + ⋯ ,

 

8𝑘∇𝑎∇𝑏Φ(8𝑅(1)𝑐𝑑𝐷𝑎𝑔ℎ𝑏𝑅
(3)𝑐𝑔ℎ𝑑 + 8𝑅𝑐𝑑

(1)
𝐷𝑎𝑔
ℎ𝑐𝑅𝑏ℎ

(3)𝑔𝑑
− 8𝑅𝑎𝑐

(1)
𝐷𝑐𝑑𝑔ℎ𝑅𝑏𝑑𝑔ℎ

(3)
+ 𝑅𝑎𝑏

(1)
𝐷𝑐𝑑𝑔ℎ𝑅

(3)𝑐𝑑𝑔ℎ)

= 32𝑘2∇𝑎∇𝑏Φ(6𝑅(1)𝑐𝑑∇𝑎∇
𝑒Φ𝑅𝑏𝑐𝑑𝑒

(3)
+ 3𝑅𝑎𝑏

(1)
∇𝑐∇𝑑Φ𝑅𝑐𝑑

(3)
− 2𝑅(1)𝑐𝑑∇𝑎∇𝑐Φ𝑅𝑏𝑑

(3)
) +⋯  

 = 32𝑘2∇𝑎∇𝑏Φ(3𝑅𝑎𝑏
(1)
∇𝑐∇𝑑Φ𝑅𝑐𝑑

(3)
− 2𝑅(1)𝑐𝑑∇𝑎∇𝑐Φ𝑅𝑏𝑑

(3)
) +⋯

 

𝑅𝑒𝑓 = 𝑅𝑒𝑓
′ +𝐷𝑒𝑓 = 𝑙∇𝑒∇𝑓Φ+⋯ ,  

 

𝐷𝑒𝑓 = 𝑘(𝐷 − 2)∇𝑒∇𝑓Φ+⋯ ,  

𝑡8𝑡8𝑅
4 = 𝑡8𝑡8𝑅

4 + 96𝑘(2𝑙 − 𝑘(𝐷 − 2))∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ𝑋𝑎𝑏𝑐𝑑 +⋯  
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𝑋𝑎𝑏
𝑐𝑑 = 8𝑅𝑎𝑔ℎ𝑏

′ 𝑅′𝑐𝑔ℎ𝑑 + 8𝑅𝑎𝑔
′  ℎ𝑐𝑅𝑏ℎ

′  𝑔𝑑 − 8𝛿𝑎
𝑐𝑅′𝑑𝑓𝑔ℎ𝑅𝑏𝑓𝑔ℎ

′ + 𝛿𝑎
𝑐𝛿𝑏
𝑑𝑅𝑒𝑓𝑔ℎ

′ 𝑅′𝑒𝑓𝑔ℎ

+2𝑘(2𝑙 − 𝑘(𝐷 − 2))[3∇𝑎∇𝑏Φ∇
𝑐∇𝑑Φ− 2∇𝑎∇

𝑐Φ∇𝑏∇
𝑑Φ]

 

𝑑1
′ = 𝑑2

′ =
16

3
, 𝑑3
′ = −

1

3
, 𝑑4
′ = 72, 𝑑5

′ = −60, 𝑑6
′ = 108, 𝑑7

′ = 0, 𝑑8
′ = −2, 𝑑9

′ = −192 

 

∇𝑎∇𝑏Φ∇𝑐∇𝑑Φ∇𝑎∇
𝑒Φ𝑅𝑏𝑐𝑑𝑒

(3)
 = −∇𝑑∇𝑎∇𝑏Φ∇𝑐Φ∇𝑎∇

𝑒Φ𝑅𝑏𝑐𝑑𝑒
(3)

+⋯

 = −
1

2
∇𝑑∇𝑎∇𝑏Φ∇𝑎(∇

𝑐Φ∇𝑒Φ)𝑅𝑏𝑐𝑑𝑒
(3)

+⋯

 = −
1

4
∇2(∇𝑑∇𝑏Φ∇𝑐Φ∇𝑒Φ)𝑅𝑏𝑐𝑑𝑒

(3)
+
1

4
∇𝑑∇𝑏Φ∇2(∇𝑐Φ∇𝑒Φ)𝑅𝑏𝑐𝑑𝑒

(3)
+⋯

 = −
1

2
∇𝑑∇𝑐Φ∇𝑎∇𝑏Φ∇𝑎∇

𝑒Φ𝑅𝑏𝑐𝑑𝑒
(3)

+⋯ ,

 

Supergravedad cuántica relativista en D=11.  

⟨𝑇𝜇𝜈⟩ℳ .  

𝐺𝜇𝜈 = 8𝜋𝐺[𝑇𝜇𝜈
Cl + ⟨𝑇𝜇𝜈⟩ℳ]  

𝑇𝜇𝜈
Cl ∼ ⟨𝑇𝜇𝜈⟩ℳ ∼ 𝜖𝑀𝑃

𝐷 , 𝜖 ≪ 1.  

𝑔(0) → 𝑔(0) + 𝜖𝑔(1) +⋯ ,𝑇𝜇𝜈 = 𝜖𝑇𝜇𝜈
(0)
+ 𝜖2𝑇𝜇𝜈

(1)
+⋯  

𝐺𝜇𝜈
(𝑛)
= 8𝜋𝐺𝑇𝜇𝜈

(𝑛−1)
,  

ℳ = ℝ𝐷−𝑘 ×𝒩𝑘  

𝑑𝑠ℳ
2 = 𝑑𝑠Λ

2 + 𝑑𝑠𝒩𝑘

2  

 

⟨𝑇𝜇𝜈⟩ℝ𝐷−𝑘×𝒩𝑘
= 𝜌̂𝑔𝜇𝜈

ℝ𝐷−𝑘,Λ + 𝑇𝜇𝜈
𝒩𝑘  

𝑉Cas = ∫  𝑑
𝑘𝑧√−𝑔0𝜌̂  

𝑉Cas ∼ −
𝒞

𝑅𝑑
,  

𝑉(𝑑) = 𝑉Fluxes + 𝑉Cas ,  

𝑛𝑝
2

𝑅2𝑝−𝑘
 

𝑉(𝑑)

𝑀𝑃
𝑑 ∼

1

𝑅
𝑑
𝑑−2

𝑘
(∑  

𝑝

 
𝑛𝑝
2

𝑅2𝑝−𝑘
−
𝒞

𝑅𝑑
)  
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(𝑅,−𝑅, 0,0), (0, 𝑅, −𝑅, 0), (0,0, 𝑅, −𝑅) and (0,0,0,2𝑅)  

𝑉(7𝑑)

𝑀7
7 = (

ℓ11
9

2𝑅4
)

7
5

[(
𝜋

2
)

2
3 𝑛4

2

2𝑅4ℓ11
3 −

𝒞

𝑅7
] , 𝒞 ≈ 8.827  

𝑀7
5 ≡

Vol(𝑇4)

ℓ11
9 =

2𝑅4

ℓ11
9  

𝑅 ≈
2.58ℓ11

𝑛4
2/3

,
𝑉(7𝑑)

𝑀7
7 ≈ 6.85 ⋅ 10−6𝑛4

42/5
 

1

𝐻0
= √

15

𝑉(7𝑑)
≈ 1480 (7 d Planck lengths ),  

∫  |𝐺4|
2𝑛  

∫  𝑅𝜇𝜈𝜌𝜎
𝑘 |𝐺4|

2𝑛  

ℱ𝑘 = ℝ
𝑘/ℬ  

𝑏 ∈ 𝐼𝑆𝑂(𝑘): 𝑧 → 𝐃𝑧 + 𝑏⃗⃗,𝐃 ∈ 𝑆𝑂(𝑘)  

𝑇𝑘 = ℝ𝑘/Λ  

Γ ≡ ℬ/∼, 𝑏 ∼ 𝑏′  iff  𝑏′ ∘ 𝑏−1 ∈ Λ.  

0 ⟶ Λ⟶ ℬ ⟶ Γ⟶ 1  

𝐃𝛾𝑧 + 𝑏⃗⃗𝛾 = 𝑧 + 𝑙, 𝑙 ∈ Λ,  

(𝐃𝛾 − 𝐈)𝑧 + 𝑏⃗⃗𝛾 = 0modΛ  

𝑧 → −𝑧‾ +
𝑖

2
, 𝑧 → 𝑧 + 𝛽  

𝑏1: 𝑧 → (
−1 0
0 1

) 𝑧 + (
0

1/2
) , 𝑏2: 𝑧 → 𝑧 + (

𝛽

0
)  

(
1 0 0
0 −1 0
0 0 1

)   or  (
1 0 1
0 −1 0
0 0 1

)  

𝐃𝛾 ∼

(

 
 
 

𝐁1 0 0 ⋮ ⋮ ⋮

0 ⋱ 0 𝑣⃗1 ⋯ 𝑣⃗𝑙
0 0 𝐁𝑖 ⋮ ⋮ ⋮

0 ⋯ 0 ⋱ ⋮
⋮ 0 ⋮ ⋯ 𝐈𝑙×𝑙 ⋯

0 ⋯ 0 ⋮ ⋱)
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𝐃𝛾𝑧 + 𝑏⃗⃗𝛾 → 𝐔 ⋅ 𝐃𝛾 ⋅ 𝐔
−1𝑧 − 𝐔 ⋅ 𝐃𝛾 ⋅ 𝐔

−1𝑢⃗⃗ + 𝐔𝑏⃗⃗𝛾 + 𝑢⃗⃗  

𝑏⃗⃗𝛾 → 𝐃𝛾
𝑞
𝑏⃗⃗𝛾 + (𝐈 − 𝐃𝛾)𝑢⃗⃗ = 𝐃𝛾

𝑞
𝑏⃗⃗𝛾 + 𝑢⃗⃗⊥  

𝑏⃗⃗𝛾 = 𝐃𝛾 𝑏⃗⃗𝛾  mod Λ𝑢⃗⃗⃗⊥  

𝑘(𝑘 + 1)

2
 

𝐃𝛾
𝑇 ⋅ 𝐆 ⋅ 𝐃𝛾 = 𝐆, ∀𝐃𝛾  

𝛿𝐆 ⋅ 𝐃𝛾 = (𝐃𝛾
𝑇)
−1
⋅ 𝛿𝐆  

ℱ𝑘 = 𝑇
𝑙−1 × (

𝑇𝑘−𝑙+1 × 𝑆1

ℤ𝑛
)  

 

𝜓(𝑧 + 𝑛⃗⃗) = 𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗𝜓(𝑧)  

𝜓(𝑧) → 𝒟𝐠𝜓(𝐃𝐠𝑧)  

𝒟𝐠𝜓(𝐃𝐠(𝑧 + 𝑛⃗⃗)) = 𝑒
2𝜋𝑖ℎ⃗⃗⃗⋅𝐃𝐠𝑛⃗⃗𝒟𝐠𝜓(𝐃𝐠𝑧)  

(𝐃𝑔
𝑇 − 𝐈) ⋅ ℎ⃗⃗ ∈ ℤ𝑘−𝑙+1  

𝑠𝐠 ≡ 2𝑝ℎ⃗⃗ ⋅ 𝑏⃗⃗𝑔 mod2ℤ  

𝑆 = ∫  √−𝑔ℒ =
1

2
∫  √−𝑔𝜙 ⋅ 𝒟 ⋅ 𝜙 = 0  

𝒟𝜙 = 0  

𝑇𝜇𝜈 ≡
−2

√−𝑔

𝛿𝑆

𝛿𝑔𝜇𝜈
= 𝜙 ⋅ [

𝛿𝒟

𝛿𝑔𝜇𝜈
−
1

2
𝑔𝜇𝜈𝒟]𝜙  

⟨𝑇𝜇𝜈(𝑥)⟩ = lim
𝑦→𝑥

  [
𝛿𝒟

𝛿𝑔𝜇𝜈
−
1

2
𝑔𝜇𝜈𝒟] ⟨𝜙(𝑥)𝜙(𝑦)⟩  

𝑇𝜇𝜈
sc =

1

2
(2∇𝜇𝜙∇𝜈𝜙 − 𝑔𝜇𝜈∇

𝜌𝜙∇𝜌𝜙),  

⟨𝑇𝜇𝜈
sc⟩ →

1

2
lim
𝑥→𝑦

 (∇𝜇∇𝜈
′ + ∇𝜇

′ ∇𝜈 − 𝑔𝜇𝜈∇
𝜌∇𝜌

′ )𝐺(𝑥, 𝑦),  

𝜌̂ = −⟨𝑇00⟩ = − ∑  

Polarizations 

  (−1)𝐹⟨𝑇00
sc⟩,  

𝒩𝑘 =
𝒩̃𝑘
ℬ
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𝐺𝒩𝑘
(𝑥, 𝑦) = ∑  

𝑏∈ℬ

 𝐺𝒩̃𝑘
(𝑥, 𝑏(𝑦))  

𝐺𝒩𝑘
(𝑏(𝑥), 𝑦) = ∑  

𝑏∈ℬ

 𝐺𝒩̃𝑘
(𝑏(𝑥), 𝑏(𝑦)) = ∑  

𝑏∈ℬ

 𝐺𝒩̃𝑘
(𝑥, 𝑏−1 ∘ 𝑏(𝑦))  

𝐺𝒩𝑘

ren.(𝑥, 𝑦) = ∑  

𝑏≠𝐈∈ℬ

 𝐺𝒩̃𝑘
(𝑥, 𝑏(𝑦)),  

𝐺𝒩𝑘,𝜑
ren. (𝑥, 𝑦) = ∑  

𝑏≠Id.∈ℬ

  𝑒𝑖𝜑(𝑏)𝐺𝒩̃𝑘
(𝑥, 𝑏(𝑦)),  

𝐺𝒩𝑘,𝜑
ren. (𝑏0(𝑥), 𝑏0(𝑥))= ∑  

𝑏≠ Id. ∈ℬ

 𝑒𝑖𝜑(𝑏)𝐺𝒩̃𝑘
(𝑏0(𝑥), 𝑏 ∘ 𝑏0(𝑦))  

 = ∑  

𝑏≠ Id. ∈ℬ

  𝑒𝑖𝜑(𝑏)𝐺𝒩̃𝑘
(𝑥, 𝑏0

−1 ∘ 𝑏 ∘ 𝑏0(𝑦))
 

𝑒𝑖𝜑(𝑏0
−1∘𝑏∘𝑏0(𝑦)) = 𝑒𝑖𝜑(𝑏), ∀𝑏0, 𝑏  

𝐺𝒩𝑘

ren.𝑎𝑏(𝑥, 𝑦) = ∑  

𝑏≠𝐈∈ℬ

 𝑅𝑐
𝑎(𝑏)𝐺𝒩̃𝑘

𝑐𝑏 (𝑥, 𝑏(𝑦)),  

1 ⟶ 𝒵 ⟶ ℬ̂ ⟶ ℬ ⟶ 1  

𝜙𝑎(𝑧) → 𝑅𝑐
𝑎(𝑏)𝜙𝑐(𝑏(𝑧)) = 𝑅𝑐

𝑎(𝑏)𝜙𝑐(𝐃𝛾𝑧 + 𝑏⃗⃗𝛾 + 𝑛⃗⃗)  

𝜌̂(𝑧) = −
Γ(
𝐷
2)

2𝜋𝐷/2
∑  

∼

𝛾∈Γ

𝑛⃗⃗∈ℤ𝑘

 
Tr(𝐑)

|𝑧 − (𝐃𝛾𝑧 + 𝑏⃗⃗𝛾 + 𝑛⃗⃗)|
𝐷  

 

𝑆𝑂(𝐷 − 1,1) → 𝑆𝑂(𝐷 − 𝑘 − 1,1) × 𝑆𝑂(𝑘)  

 

𝐫𝑆𝑂(𝐷−1,1) →∑ 

𝑖

  𝐫𝑆𝑂(𝐷−𝑘−1,1)
𝑖 ⊗ 𝐫̃𝑆𝑂(𝑘)

𝑖
 

Tr𝐫𝑆𝑂(𝐷−1,1) =∑ 

𝑖

 𝑔
𝐫𝑆𝑂(𝐷−𝑘−1,1)
𝑖 Tr

𝐫̃𝑆𝑂(𝑘)
𝑖  

 

𝑇𝑛⃗⃗ → 𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗ ⋅ 𝐈  
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𝜌̂(𝑧) = −
Γ(
𝐷
2
)

2𝜋𝐷/2
∑  

∼

𝛾∈Γ

𝑛⃗⃗∈ℤ𝑘

 
Tr𝐫(𝐃𝛾)𝑒

2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑧 − (𝐃𝛾𝑧 + 𝑏⃗⃗𝛾 + 𝑛⃗⃗)|
𝐷  

𝑉Cas = ∫  
ℱ𝑘

 𝑑𝑘𝑧√𝐺𝜌̂(𝑧) = −
Γ(𝑠)

2𝜋𝑠
1

|Γ|
∑  

∼

𝛾∈Γ

𝑛⃗⃗∈ℤ𝑘

 ∫  
[0,1]𝑘

 𝑑𝑘𝑧√𝐺
Tr𝐫(𝐃𝛾)𝑒

2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑧 − (𝐃𝛾𝑧 + 𝑏⃗⃗𝛾 + 𝑛⃗⃗)|
𝐷  

ℰ(𝛾) ≡ −
Γ(𝑠)

2𝜋𝑠
1

|Γ|
∑  

∼

𝑛⃗⃗∈ℤ𝑘

 ∫  
[0,1]𝑘

 𝑑𝑉
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|(𝐈 − 𝐃𝛾)𝑧 + 𝑏⃗⃗𝛾 + 𝑛⃗⃗|
2𝑠  

𝑑𝑉 = √𝐺𝑑𝑧1 ∧ …∧ 𝑑𝑧𝑘  

𝑉Cas =∑ 

𝐫

 ∑  

𝛾∈Γ

 Tr𝐫(𝐃𝛾)ℰ(𝛾)  

𝑀𝑠[𝑓] ≡
1

Γ(𝑠)
∫  
∞

0

 d𝑡𝑡𝑠−1𝑓  

 

1

|(𝐈 − 𝐃𝛾)𝑧 − 𝑏⃗⃗𝛾 + 𝑛⃗⃗|
2𝑠 =

1

Γ(𝑠)
∫  
∞

0

 d𝑡𝑡𝑠−1𝑒−|(𝐈−𝐃𝛾)𝑧−𝑏⃗⃗𝛾+𝑛⃗⃗|
2
𝑡

 

ℰ(𝛾) = −
Γ(𝑠)

2𝜋𝑠
⋅
√𝐺

|Γ|

1

Γ(𝑠)
∫  
∞

0

 d𝑡𝑡𝑠−1∫  
[0,1]𝑘

   d𝑘𝑧 ∑  

𝑛⃗⃗∈ℤ𝑘

 𝑒−|(𝐈−𝐃𝛾)𝑧+𝑏⃗⃗𝛾+𝑛⃗⃗|
2
𝑡+2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

 

−|𝑛⃗⃗ + 𝛼⃗|2𝑡 + 2𝜋𝑖ℎ⃗⃗ ⋅ 𝑛⃗⃗ =−(𝑛⃗⃗ + 𝛼⃗)𝑇(𝑡𝐆)(𝑛⃗⃗ + 𝛼⃗) + 2𝜋𝑖ℎ⃗⃗ ⋅ 𝑛⃗⃗  

=−(𝑛⃗⃗ + 𝛼⃗ −
𝜋𝑖

𝑡
𝐆−1ℎ⃗⃗)

𝑇

(𝑡𝐆) (𝑛⃗⃗ + 𝛼⃗ −
𝜋𝑖

𝑡
𝐆−1ℎ⃗⃗) 

 −2𝜋𝑖𝛼⃗ ⋅ ℎ⃗⃗ −
𝜋2

𝑡
ℎ⃗⃗𝑇𝐆−1ℎ⃗⃗

 

∑  

′

𝑛⃗⃗∈ℤ𝑘

  𝑒−|𝛼⃗⃗⃗+𝑛⃗⃗|
2𝑡+2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗ = 𝑒−2𝜋𝑖𝛼⃗⃗⃗⋅ℎ⃗⃗⃗−

𝜋2

𝑡
ℎ⃗⃗⃗𝑇𝐆−1ℎ⃗⃗⃗ ∑  

𝑛⃗⃗∈ℤ𝑘

  𝑒
−|𝑛⃗⃗+𝛼⃗⃗⃗−

𝜋𝑖
𝑡
𝐆−1ℎ⃗⃗⃗|

2

𝑡
 

∑  

𝑛⃗⃗∈Λ

 𝑓(𝑛⃗⃗) = ∑  

𝑞⃗⃗∈Λ∗

 ℱ[𝑓](𝑞⃗),  

Λ∗ ≡ {𝑞⃗ ∈ ℝ𝑘 ∣ 𝑛⃗⃗ ⋅ 𝑞⃗ ∈ ℤ, ∀𝑛⃗⃗ ∈ Λ}  

ℱ[𝑓(𝐀𝑧 + 𝑏⃗⃗)](𝜉) =
𝑒2𝜋𝑖𝑏⃗⃗⋅(𝐀

−1)
𝑇
𝜉⃗⃗

|det𝐀|
ℱ[𝑓(𝑧)]((𝐀𝑇)−1𝜉)  

𝑣⃗𝑇(𝑡𝐆)𝑣⃗ = (√𝑡𝐌𝑣⃗)𝑇(√𝑡𝐌𝑣⃗)  
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ℱ[𝑓((√𝑡𝐌)(𝑛⃗⃗ + 𝜎⃗))](𝜉) =
𝑒2𝜋𝑖𝜎⃗⃗⃗⋅𝑞⃗⃗

|det√𝑡𝐌|
⋅ ℱ[𝑓(𝑛⃗⃗)] ((√𝑡𝐌𝑇)

−1
𝑞⃗)  

ℱ [𝑒
−|𝑛⃗⃗+𝛼⃗⃗⃗−

𝜋𝑖
𝑡
𝐆−1ℎ⃗⃗⃗|

2

𝑡
]  =

𝜋
𝑘
2

𝑡
𝑘
2|det𝐌|

⋅ 𝑒
2𝜋𝑖(𝛼⃗⃗⃗−

𝜋𝑖
𝑡
𝐆−1ℎ⃗⃗⃗)⋅𝑞⃗⃗

⋅ 𝑒−
𝜋2𝑞⃗⃗𝑇𝐆−1𝑞⃗⃗

𝑡

 =
𝜋
𝑘
2

𝑡
𝑘
2√𝐺

⋅ 𝑒−
𝜋2

𝑡 (
𝑞⃗⃗𝑇𝐆−1𝑞⃗⃗−2𝐆−1ℎ⃗⃗⃗⋅𝑞⃗⃗) ⋅ 𝑒2𝜋𝑖𝛼⃗⃗⃗⋅𝑞⃗⃗

 

ℰ(𝛾) = −
Γ(𝑠)

2𝜋𝑠
⋅
√𝐺

|Γ|

𝜋
𝑘
2

Γ(𝑠)
∫  
∞

0

 d𝑡
𝑡𝑠−

𝑘
2
−1

√𝐺
∑  

𝑞⃗⃗∈ℤ𝑘

  𝑒−
𝜋2

𝑡
(𝑞⃗⃗−ℎ⃗⃗⃗)𝑇𝐆−1(𝑞⃗⃗−ℎ⃗⃗⃗)+2𝜋𝑖𝑏⃗⃗𝛾⋅(𝑞⃗⃗−ℎ⃗⃗⃗) ⋅ ℐ𝑘(𝐃𝛾)  

ℐ𝑘(𝐃𝛾) = ∫  
[0,1]𝑘

   d𝑘𝑧𝑒2𝜋𝑖[(𝐈−𝐃𝛾)𝑧]⋅(𝑞⃗⃗−ℎ⃗⃗⃗) = ∫  
[0,1]𝑘

   d𝑘𝑧𝑒
2𝜋𝑖𝑧⋅[(𝐈−𝐃𝛾)

𝑇
⋅(𝑞⃗⃗−ℎ⃗⃗⃗)]

 

ℐ𝑘(𝐃𝛾) =∏ 

𝑘

𝑗=1

 
𝑒
2𝜋𝑖[(𝐈−𝐃𝛾)

𝑇
⋅(𝑞⃗⃗−ℎ⃗⃗⃗)]

𝑗 − 1

[(𝐈 − 𝐃𝛾)
𝑇
⋅ (𝑞⃗ − ℎ⃗⃗)]

𝑗

 

(𝐈 − 𝐃𝛾)
𝑇
⋅ ℎ⃗⃗ ∈ ℤ𝑘  

ℐ𝑘(𝐃𝛾) =∏ 

𝑘

𝑗=1

 𝛿
0,[(𝐈−𝐃𝛾)

𝑇
⋅(𝑞⃗⃗−ℎ⃗⃗⃗)]

𝑗

 

(𝐈 − 𝐃𝛾)
𝑇
(𝑞⃗ − ℎ⃗⃗) = 0  

(𝐈 − 𝐃𝛾)
𝑇
𝜂 = (𝐈 − 𝐃𝛾)

𝑇
ℎ⃗⃗  

ℰ(𝛾) = −𝛿̂ℎ⃗⃗⃗
Γ(𝑠)

2𝜋𝑠
⋅
√𝐺

|Γ|

𝜋
𝑘
2

Γ(𝑠)
∫  
∞

0

 d𝑡
𝑡𝑠−

𝑘
2
−1

√𝐺
∑  

𝜅⃗⃗⃗∈Λ‖

  𝑒−
𝜋2

𝑡
(𝜅⃗⃗⃗−𝛽⃗⃗⃗)𝑇𝐆‖

−1(𝜅⃗⃗⃗−𝛽⃗⃗⃗)+2𝜋𝑖𝑏⃗⃗𝛾
‖
⋅(𝜅⃗⃗⃗−𝛽⃗⃗⃗)  

ℰ(𝛾) = −𝛿̂ℎ⃗⃗⃗
Γ(𝑠)

2𝜋𝑠
⋅
√𝐺

|Γ|

𝜋
𝑘−𝑘′

2

Γ(𝑠)
∫  
∞

0

 d𝑡𝑡𝑠−
𝑘−𝑘′

2
−1√𝐺‖

√𝐺
∑  

𝜉⃗⃗∈Ξ

  𝑒
−|𝜉⃗⃗+𝑏⃗⃗𝛾

‖
|
‖

2
𝑡+2𝜋𝑖𝛽⃗⃗⃗⋅𝜉⃗⃗

 

(𝐃𝛾
𝑇𝜅) ⋅ 𝜉 = 𝜅 ⋅ (𝐃𝛾𝜉)  

Ξ = (Λ‖)
∗
≡ {𝜉 ∈ ℝ𝑘 ∣ 𝜉 ⋅ 𝜅 ∈ ℤ,𝐃𝛾𝜉 = 𝜉, ∀𝜅 ∈ Λ

‖}  

𝜉 = 𝜉⊥ + 𝜉Inv  

𝜅 ⋅ 𝜉 = 𝜅 ⋅ 𝜉Inv  
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𝑉Cas =∑ 

𝐫

 ∑  

𝛾∈Γ

 Tr𝐫(𝐃𝛾)ℰ(𝛾), ℰ(𝛾) = −𝛿̂ℎ⃗⃗⃗
Γ(𝑠𝛾)

2𝜋𝑠𝛾
⋅
√𝐺‖

|Γ|
∑  

𝜉⃗⃗∈Ξ𝛾

 
𝑒2𝜋𝑖𝛽⃗⃗⃗𝛾⋅𝜉⃗⃗

|𝜉 + 𝑏⃗⃗𝛾
‖
|
‖

2𝑠𝛾
,  

𝐃g = (
−1 0
0 1

) , 𝑏⃗⃗g = (
0
1
2

)  

𝐆 = 𝑅2 (
𝑥 0
0 𝑥−1

)  

 

Figura 1. Superespacios de Klein. 

 

(𝐈 − 𝐃𝐠)𝑧 = (
2𝑧1
0
) =
!
0modℤ2  ⟹  𝑧1 ∈ {0,

1

2
} , 𝑧2 ∈ [0,1).  

2ℎ1 ∈ ℤ, 𝑠𝑔 = 2ℎ2mod2ℤ.  

ℰ(𝐠) = −
Γ(𝑠𝐠)

2𝜋𝑠𝐠
⋅
𝑥𝑠𝐠−

1
2

2𝑅2𝑠𝐠−1
∑ 

𝜉∈ℤ

 
𝑒2𝜋𝑖ℎ2𝜉

|𝜉 +
1
2|
2𝑠𝐠
= −

Γ(𝑠𝐠)

2𝜋𝑠𝐠
⋅
𝑥𝑠𝐠−

1
2

𝑅2𝑠𝐠−1
(22𝑠𝐠 − 1)𝜁(2𝑠𝐠)𝛿ℎ2,0  

ℰ(𝐠) = −
124𝜋5

945

𝑥9/2

𝑅9
≈ −

40.2𝑥9/2

𝑅9
 

Tr𝟒𝟒(𝐃𝐠) = 16, Tr𝟖𝟒(𝐃𝐠) = 0, Tr𝟏𝟐𝟖(𝐃𝐠) = 0  

𝑉Cas
(𝐈)
= −

Γ(𝑠)

2𝜋𝑠
⋅
128𝑥2𝑠

2𝑅2𝑠−2
∑  

𝑛⃗⃗∈ℤ2

 
1 − 𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑥2𝑛1
2 + 𝑛2

2|2𝑠
 

𝑉Cas
(𝐈)
= 0,  for  ℎ⃗⃗ = (0,0)

𝑉Cas
(𝐈)
= −

Γ(𝑠)

2𝜋𝑠
⋅
128𝑥2𝑠

2𝑅2𝑠−2
⋅ 4𝛽(𝑠)[𝜁(𝑠) − 𝜂(𝑠)] ≈ −

0.56

𝑅9
,  for  ℎ⃗⃗ = (

1

2
, 0)
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𝐃𝐠 = (
0 −1 0
1 −1 0
0 0 1

) , 𝑏⃗⃗𝐠 = (

0
0
1

3

) .  

𝐆 = 𝑅2𝑥4/3 (
2 −1 0
−1 2 0
0 0 𝑥−2

) ,  

(𝐈 − 𝐃𝐠)𝑧 = (
𝑧1 + 𝑧2
−𝑧1 + 2𝑧2

0
) =

!
0modℤ3 

 

Figura 2. Multidimensiones. 

⟹ (𝑧1, 𝑧2) ∈ {(0,0), (
1

3
,
2

3
) , (

2

3
,
1

3
)} , 𝑧3 ∈ [0,1)  

𝑠𝑔 = 2ℎ3mod2ℤ  

ℰ(𝐠) = −
Γ(𝑠𝐠)

2𝜋𝑠𝐠
⋅
𝑥
2𝑠𝐠−1

3

3𝑅2𝑠𝐠−1
∑ 

𝜉∈ℤ

 
𝑒2𝜋𝑖ℎ3𝜉

|𝜉 +
1
3|
2𝑠𝐠
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ℰ(𝐠) = −
Γ(𝑠𝐠)

2𝜋𝑠𝐠
⋅
𝑥
2𝑠𝐠−1

3

3𝑅2𝑠𝐠−1
[𝜁 (2𝑠𝐠,

1

3
) + 𝜁 (2𝑠𝐠,

2

3
)] ≈ −

221.4𝑥
8
3

𝑅8
 

ℰ(𝐠) = −
Γ(𝑠𝐠)

2𝜋𝑠𝐠
⋅
𝑥𝑠𝐠−

1
3

3𝑅2𝑠𝐠−1
1

22𝑠
[𝜁 (2𝑠𝐠,

1

6
) − 𝜁 (2𝑠𝐠,

1

3
) − 𝜁 (2𝑠𝐠,

2

3
) + 𝜁 (2𝑠𝐠,

5

6
)]  

Tr𝟒𝟒(𝐃𝐠) = 20, Tr𝟖𝟒(𝐃𝐠) = 21, Tr𝟏𝟐𝟖(𝐃𝐠) = 40  

ℰ(𝐠𝑗) = −ℰ(𝐠𝑝−𝑗)  

𝐃g = (
0 1 0
−1 0 0
0 0 1

) , 𝑏⃗⃗g = (

0
0
1

4

)  

 

Figura 3. Deformación intensa del espacio – tiempo cuántico. 

𝑠𝐠 = 2ℎ3mod2ℤ.  



pág. 1358 

 

Figura 4. Difeomorfismos. 

𝑉Cas 

M-theory on 𝑆1/ℤ2 = −
𝒥

𝐿10
, 𝒥 =

Γ (
11
2 )

2𝜋11/2
211 − 1

213
𝜁(11) ≈ 1.206 ⋅ 10−2.  

𝑉Cas 

M-theory on 𝑇4
= −

Γ(
11
2 )

2𝜋11/2
√𝐺 ∑  

∼

𝑛⃗⃗∈ℤ4

 
Tr𝟒𝟒(𝐈) + Tr𝟖𝟒(𝐈) − Tr𝟏𝟐𝟖(𝐈)𝑒

2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗|11
,  

𝐆 = 𝑅2(

2 −1 0 1
−1 2 −1 0
0 −1 2 −1
1 0 −1 2

)  

𝑉Cas 

M-theory on 𝑇4
= −128 ⋅

945

64𝜋5
⋅ 2𝑅4 ∑  

∼

𝑛⃗⃗∈ℤ4

 
1 − (−1)𝑛1+𝑛2+𝑛3+𝑛4

|𝑛⃗⃗|11
≈ −

8.827

𝑅7
,  

(

2 −1 0 0
−1 2 −1 0
0 −1 2 −2
0 0 −2 4

)  

(

𝑧1
𝑧2
𝑧3
𝑧4

) → (

1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 1

)(

𝑧1
𝑧2
𝑧3
𝑧4

)  

(𝐈 − 𝐃𝛾) ⋅ 𝑒 ∈ ℤ
𝑘  

𝑒
2𝜋𝑖[(𝐈−𝐃𝐠)

𝑇
ℎ⃗⃗⃗]⋅𝑒  

ℎ⃗⃗ ⋅ (𝐈 − 𝐃𝛾)𝑒 ∈ ℤ,  whenever  (𝐈 − 𝐃𝛾)𝑒 ∈ ℤ
𝑘  

(𝐈 − 𝐃𝛾)
𝑇
𝜂⃗ + 𝜉Inv, 𝜂 ∈ ℤ

𝑘 , 𝐃𝛾
𝑇𝜉Inv = 𝜉Inv  
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𝑉Cas ∼ ∫  
RFM

  𝜌̂(𝑧)𝑑𝑉  

𝜌̂(𝑧 + 𝑒) = 𝑒𝑖𝜑(𝑒)𝜌̂(𝑧),  

𝑉1-loop ∼ ∫  
ℱ

 𝒵(𝜏)
𝑑2𝜏

𝜏2
 

𝒵 (−
1

2𝜏
) = 𝑒𝑖𝒜𝒵(𝜏)  

∑  

𝑛⃗⃗≠−𝑐

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
.  

∑  

𝑛⃗⃗≠−𝑐

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
= ∑  

𝑛⃗⃗≠−𝑐

 
𝐹(𝑛⃗⃗)𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
+∑ 

𝑛⃗⃗

 
(1 − 𝐹(𝑛⃗⃗))𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
,  

 

lim
𝑦⃗⃗→−𝑐

 
1 − 𝐹(𝑦⃗)

|𝑦⃗ + 𝑐|2𝑠
 𝐹(𝑦⃗) → 0 as |𝑦⃗| → ∞  

∑  

𝑛⃗⃗+𝑐≠0

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
=  

∑  

𝑛⃗⃗+𝑐≠0

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
Γ(𝑠, 𝛼|𝑛⃗⃗ + 𝑐|2)

Γ(𝑠)
+
𝜋2𝑠−

𝑘
2

Γ(𝑠)√𝐺
∑  

𝑘⃗⃗−ℎ⃗⃗⃗≠0

 Γ (
𝑘

2
− 𝑠,

𝜋2|ℎ⃗⃗ − 𝑘⃗⃗|𝐷
2

𝛼
) 
𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑐

|ℎ⃗⃗ − 𝑘⃗⃗|𝐷
𝑘−2𝑠

 +𝛿ℎ⃗⃗⃗,0⃗⃗⃗
𝜋
𝑘
2𝛼𝑠−𝑘/2

√𝐺Γ(𝑠) (𝑠 −
𝑘
2)
−
𝛼𝑠𝑒−2𝜋𝑖ℎ⃗⃗⃗⋅𝑐

Γ(𝑠 + 1)
𝜒ℤ𝑘(𝑐)

 

Γ(𝑠, 𝑧) ≡ ∫  
∞

𝑧

  𝑡𝑠−1𝑒−𝑡𝑑𝑡  

Γ(𝑠, 𝑧) ≈ Γ(𝑠) −
𝑧𝑠

𝑠
+ 𝒪(𝑧𝑠+1), |𝑧| ≪ 1

Γ(𝑠, 𝑧) ≈ 𝑒−𝑧𝑧𝑠−1[1 + 𝒪(𝑧−1)] |𝑧| ≫ 1

 

 

∑  

KK spectrum 

 𝑚KK
𝑑 ,  

𝑉(5𝑑) = 𝑉Cas + 𝑉𝐺4  

𝑧𝑖 ∼ 𝑧𝑖 + 1  
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𝑧 → 𝜄𝐠(𝑧) = 𝐃𝐠𝑧 + 𝑏⃗⃗𝐠,  with  𝐃𝐠 ≡

(

  
 

0 0 0 −1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1)

  
 
, 𝑏⃗⃗𝐠 =

(

 
 
 
 

0
0
0
0
0
1

8)

 
 
 
 

 

ℱ6 ≡ 𝑇
6/ℤ8  

𝑑𝑠2= 𝐺𝑖𝑗𝑑𝑧
𝑖𝑑𝑧𝑗  

𝐆 =

(

 
 
 
 

(𝛾 + 2)𝑅2
2 −(𝛾 + 1)𝑅2

2 0 (𝛾 + 1)𝑅2
2 0 0

−(𝛾 + 1)𝑅2
2 (𝛾 + 2)𝑅2

2 −(𝛾 + 1)𝑅2
2 0 0 0

0 −(𝛾 + 1)𝑅2
2 (𝛾 + 2)𝑅2

2 −(𝛾 + 1)𝑅2
2 0 0

(𝛾 + 1)𝑅2
2 0 −(𝛾 + 1)𝑅2

2 (𝛾 + 2)𝑅2
2 0 0

0 0 0 0 𝛽𝑅1
2 𝛼𝑅1

2

0 0 0 0 𝛼𝑅1
2 𝛽−1𝑅1

2)

 
 
 
 

.
 

𝑓(𝜄𝐠(𝑧)) = 𝜄𝐠
𝑛1+1(𝑓(𝑧)).  

𝐀 ⋅ 𝐃𝐠 ⋅ 𝐀
−1 = 𝐃𝐠

𝑛1 , 𝑛1 ∈ ℤ  

𝐀 =

(

  
 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1
0 0 0 0 −1 0)

  
 

 

𝐆 → 𝐀𝑇 ⋅ 𝐆 ⋅ 𝐀 =

(

 
 
 
 

(𝛾 + 2)𝑅2
2 −(𝛾 + 1)𝑅2

2 0 (𝛾 + 1)𝑅2
2 0 0

−(𝛾 + 1)𝑅2
2 (𝛾 + 2)𝑅2

2 −(𝛾 + 1)𝑅2
2 0 0 0

0 −(𝛾 + 1)𝑅2
2 (𝛾 + 2)𝑅2

2 −(𝛾 + 1)𝑅2
2 0 0

(𝛾 + 1)𝑅2
2 0 −(𝛾 + 1)𝑅2

2 (𝛾 + 2)𝑅2
2 0 0

0 0 0 0 𝛽−1𝑅1
2 −𝛼𝑅1

2

0 0 0 0 −𝛼𝑅1
2 𝛽𝑅1

2 )

 
 
 
 

 

𝐀 =

(

  
 

1 −1 1 0 0 0
1 −1 0 1 0 0
1 0 −1 1 0 0
0 1 −1 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1)

  
 

 

𝐆 = 𝑅1
2

(

  
 

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1)

  
 
+ 𝑅2

2

(

  
 

2 −1 0 1 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
1 0 −1 2 0 0
0 0 0 0 0 0
0 0 0 0 0 0)
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(

𝑧1
𝑧2
𝑧3
𝑧4

) → (

1 0 0 −1
0 1 0 −1
0 0 1 −1
0 0 0 1

) ⋅ (

𝑧1
𝑧2
𝑧3
𝑧4

)  

𝑒1 → 𝑒1, 𝑒2 ↔ 𝑒4, 𝑒3 → −𝑒3  

(0,0,0,0,0,0)  or  (
1

2
,
1

2
,
1

2
,
1

2
, 0,0)  

(

  
 

0 0 0 1 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 1 0
0 0 0 0 1 0
0 0 0 0 0 1)

  
 

 

𝐃𝐠𝑏⃗⃗𝐠 = 𝑏⃗⃗𝐠 modℤ  

𝑏⃗⃗𝐠 = (0,0,0,0,
𝑎

8
,
𝑏

8
)   or  (

1

2
,
1

2
,
1

2
,
1

2
,
𝑎

8
,
𝑏

8
)  

Vol(𝑇6) = 2𝑅2
4𝑅1

2  

𝑅6 ≡ 𝑅2
4𝑅1

2, 𝑥 ≡
𝑅2
𝑅1

 

𝑅1 =
𝑅

𝑥2/3
, 𝑅2 = 𝑅𝑥

1/3  

𝑉Cas = −
𝒞(𝑥)

4𝑅5
,  

𝑉Cas = −
Γ(𝑠)

2𝜋𝑠
⋅ ∫  
ℱ6

 𝑑6𝑧√𝐺∑  

7

𝑗=0

  ∑  

𝑛⃗⃗∈ℤ6

 
Tr𝐁(𝐃𝐠

𝑗
) − Tr𝐅(𝐃𝐠

𝑗
) ⋅ 𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|(𝐈 − 𝐃𝐠
𝑗
)𝑧 − 𝑗𝑏⃗⃗𝐠 + 𝑛⃗⃗|

2𝑠 ,  

 

Figura 5. Torsión del espacio – tiempo cuántico. 
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𝑉Cas = −
Γ(𝑠)

2𝜋𝑠
⋅
2𝑅1

2𝑅2
4

|ℤ8|
⋅∑  

7

𝑗=0

 ∫  
𝑇6
 𝑑4𝑧 ∑  

𝑛⃗⃗∈ℤ4

𝑚⃗⃗⃗⃗∈ℤ2

 
Tr𝐁(𝐃𝐠

𝑗
) − Tr𝐅(𝐃𝐠

𝑗
) ⋅ 𝑒2𝜋𝑖ℎ⃗⃗⃗⋅(𝑛⃗⃗,𝑚⃗⃗⃗⃗)

[𝑅2
2|(𝐈 − 𝐃𝐠

𝑗
)𝑧 + 𝑛⃗⃗|

2
+ 𝑅1

2|𝑚⃗⃗⃗ − 𝑗𝑏⃗⃗𝐠|
2
]
𝑠 .  

𝑉Cas = −
Γ(𝑠)

2𝜋𝑠
⋅

𝑥
4𝑠
3

4 ⋅ 𝑅2𝑠−6
⋅∑  

7

𝑗=0

 ∫  
𝑇6
 𝑑4𝑧 ∑  

𝑛⃗⃗∈ℤ4

𝑚⃗⃗⃗⃗∈ℤ2

 
Tr𝐁(𝐃𝐠

𝑗
) − Tr𝐅(𝐃𝐠

𝑗
) ⋅ 𝑒2𝜋𝑖ℎ⃗⃗⃗⋅(𝑛⃗⃗,𝑚⃗⃗⃗⃗)

[𝑥2|(𝐈 − 𝐃𝐠
𝑗
)𝑧 + 𝑛⃗⃗|

2
+ |𝑚⃗⃗⃗ − 𝑗𝑏⃗⃗𝐠|

2
]
𝑠  

𝒞(𝑥) =
Γ(𝑠)

2𝜋𝑠
⋅ 𝑥

22
3 ∑ 

7

𝑗=0

 ∫  
𝑇6
 𝑑4𝑧 ∑  

𝑛⃗⃗∈ℤ4

𝑚⃗⃗⃗⃗∈ℤ2

 
Tr𝐁(𝐃𝐠

𝑗
) − Tr𝐅(𝐃𝐠

𝑗
) ⋅ 𝑒𝜋𝑖(𝑛1+𝑛2+𝑛3+𝑛4)

[𝑥2|(𝐈 − 𝐃𝐠
𝑗
)𝑧 + 𝑛⃗⃗|

2
+ |𝑚⃗⃗⃗ − 𝑗𝑏⃗⃗𝐠|

2
]
𝑠  

𝒞twisted (𝑥)=
Γ(𝑠 − 2)

2𝜋𝑠−2
⋅ 𝑥

10
3 ∑ 

7

𝑗=1

  ∑  

𝑚⃗⃗⃗⃗∈ℤ2

 
Tr𝐁(𝐃𝐠

𝑗
)

[𝑚1
2 + (𝑚2 −

𝑗
8)
2

]

𝑠−2 

 = 1.538 × 106 ⋅ 𝑥
10
3

 

 

k 0 1 2 3 4 5 6 7 

Tr𝟒𝟒(𝐃𝐠
𝑗
) 44 14 12 14 4 14 12 14 

Tr𝟖𝟒(𝐃𝐠
𝑗
) 84 10 20 10 -4 10 20 10 

Tr𝟏𝟐𝟖(𝐃𝐠
𝑗
) 128 16√2 -32 −16√2 0 −16√2 -32 16√2 

 

𝒞𝐈(𝑥) =
Γ(𝑠)

2𝜋𝑠
⋅ 128 ⋅ 𝑥

22
3 ∑  

𝑛⃗⃗∈ℤ4

𝑚⃗⃗⃗⃗∈ℤ2

 
1 − 𝑒𝜋𝑖(𝑛1+𝑛2+𝑛3+𝑛4)

[𝑥2|𝑛⃗⃗|2 + |𝑚⃗⃗⃗|2]𝑠  

𝒞𝐈(𝑥) ∼ 6.31 ⋅ 𝑥
−5/3,  as  𝑥 → ∞  

𝒞𝐈(𝑥) ∼
Γ(𝑠)

2𝜋𝑠
⋅ 128 ⋅ 𝑥

22
3
−2𝑠 ∑  

𝑛⃗⃗∈ℤ4

 
1 − 𝑒𝜋𝑖(𝑛1+⋯+𝑛4)

|𝑛⃗⃗|2𝑠
≈ 4.414 ⋅ 𝑥−

11
3 ,  as  𝑥 → 0  

𝒞(𝑥min = 0.1637) ≈ 7046.54.  
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Figuras 6, 7, 8, 9 y 10. Paquetes de energía en dimensiones altas. 

 

∫  
𝒞4

 𝐺4 ∈ ℤ, ∀𝒞4 ∈ 𝐻4(ℱ6, ℤ)  

∫  
ℱ6

 𝛼 ∧ 𝐺4 ∈ ℤ, ∀𝛼 ∈ 𝐻
2(ℱ6, ℤ)  

𝐺4 =∑ 

𝑖,𝑗

 𝑛𝑖𝒢𝑖𝑗
−1 ∗ 𝛼𝑗, 𝑛

𝑖 ∈ ℤ  
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𝒢𝑖𝑗 ≡ ∫  
ℱ6
 𝛼𝑖 ∧∗ 𝛼𝑗  

∫  
ℱ6
  |𝐺4|

2 =∑  

𝑖,𝑗

 𝒢𝑖𝑗
−1𝑛𝑖𝑛𝑗  

∫  
ℱ6
 𝛼𝑖 ∧∗ 𝛼𝑗 =

1

8
∫  
𝑇6
 𝑝∗(𝛼𝑖) ∧∗ 𝑝

∗(𝛼𝑗)  

𝜔1 ≡ 𝑑𝑧1 ∧ 𝑑𝑧2 + 𝑑𝑧1 ∧ 𝑑𝑧4 + 𝑑𝑧2 ∧ 𝑑𝑧3 + 𝑑𝑧3 ∧ 𝑑𝑧4 − 𝑑𝑧1 ∧ 𝑑𝑧3 − 𝑑𝑧2 ∧ 𝑑𝑧4
𝜔2 ≡ 𝑑𝑧1 ∧ 𝑑𝑧2 + 𝑑𝑧1 ∧ 𝑑𝑧4 + 𝑑𝑧2 ∧ 𝑑𝑧3 + 𝑑𝑧3 ∧ 𝑑𝑧4 − 2𝑑𝑧1 ∧ 𝑑𝑧3 − 2𝑑𝑧2 ∧ 𝑑𝑧4
𝜔3 ≡ 𝑑𝑧5 ∧ 𝑑𝑧6

 

𝜔1 → 𝜔1, 𝜔2 → −𝜔2, 𝜔3 → 𝜔3  

𝑊(ℓ) = exp (2𝜋𝑖∫ 
ℓ

 𝐴)  

𝑛⃗⃗ ⋅ 𝐅 ⋅ 𝑚⃗⃗⃗ ∈ ℤ  

ℓ1 = (1 − 𝑡)𝑧0 + 𝑡(𝐃𝐠
𝑗
𝑧0 + 𝑗𝑏⃗⃗𝐠) 𝑡 ∈ [0,1)  

[(𝐃𝐠
𝑙 𝑧0 + 𝑙𝑏⃗⃗𝐠 + 𝑛⃗⃗)] ⋅ 𝐅 ⋅ [(𝐃𝐠

𝑗
− 𝐈)𝑧0 + 𝑗𝑏⃗⃗𝐠]  

𝑛⃗⃗ ⋅ 𝐅 ⋅ 𝑏⃗⃗𝐠 ∈ ℤ  

𝜅1 =
1

𝑅2
4 , 𝜅2 =

2

𝑅2
4 , 𝜅3 =

64

𝑅1
4  

∫  
ℱ6
  |𝐺4|

2 =
1

𝑅2
(4𝑛1

2𝑥4/3 +
𝑛3
2

16𝑥8/3
)  

𝑉𝐺4 =
(2𝜋2)

1
3

2ℓ11
3 ∫  

ℱ6

  |𝐺4|
2 =

(2𝜋2)
1
3

2𝑅2ℓ11
3 (4𝑛1

2𝑥4/3 +
𝑛3
2

16𝑥8/3
)  

𝑉(5𝑑) =
2
10
3

𝑅10
[
(2𝜋2)

1
3

2𝑅2
(4𝑛1

2𝑥4/3 +
𝑛3
2

16𝑥8/3
) −

𝒞(𝑥)

4𝑅5
]  

(

 
 

2(𝛾2 + 2)

(𝛾2 − 2)2𝑅2
4 −

8𝛾

(𝛾2 − 2)2𝑅2
4

−
8𝛾

(𝛾2 − 2)2𝑅2
4

4(𝛾2 + 2)

(𝛾2 − 2)2𝑅2
4
)

 
 

 

𝑅3  =
𝒞

(2𝜋2)1/3
⋅

10𝑥8/3

64𝑛1
2𝑥4 + 𝑛3

2

𝑥𝒞′

𝒞
 =
10

3
⋅
32𝑛1

2𝑥4 − 𝑛3
2

64𝑛1
2𝑥4 + 𝑛3

2
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𝑥𝒞′(𝑥)

𝒞(𝑥)
= −

10

3
  and  

𝑥𝒞′(𝑥)

𝒞(𝑥)
=
5

3
 

𝑅3 ≈
𝒞(𝑥max)

(2𝜋2)
1
3

10

96𝑛1
2𝑥max
4/3

≈
3034

𝑛1
2 .  

 

𝑛1 𝑛3 𝑅 𝑥 
1

8
𝑅1 √2𝑅2 vol(ℱ6) 𝑉saddle  

0 1 5.45 0.105 3.06 3.64 6.59 × 103 9.99 × 10−8 

1 0 16.2 0.191 6.11 13.18 4.50 × 106 3.68 × 10−15 

7 1 4.00 0.166 1.65 3.12 1.03 × 103 4.06 × 10−6 
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𝑅1
8
  and  √2𝑅2  

1

2𝜅𝑑
2∫  𝑑

𝑑𝑥√−𝑔𝑑 [(
𝐷 − 2

𝑘(𝑑 − 2)
) (𝑑log √det𝐆))

2

+
1

4
Tr((𝐆−1𝜕𝐆)2)]  

{90.45,23.82,−309.55,−47.43,−45.16} × 𝐻0
2,  

𝑝 0 1 2 3 4 5 6

𝐻𝑝(ℱ6, ℝ) ℝ 2ℝ 3ℝ 4ℝ 3ℝ 2ℝ ℝ
 

𝑚2 ≳
𝑔𝑞

√𝐺
𝐻  

𝑔

√𝐺
∼
Vol(𝜔2)

ℓ11
3 ∼

𝑅2

ℓ11
3 ≫ 𝐻  
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𝑔

√𝐺
∼
Vol(𝜔5)

ℓ11
6 ∼

𝑅5

ℓ11
6 ≫ 𝐻  

𝐻0
−1 = √

6

𝑉Saddle 

≈ 4.04 ⋅ 107ℓ5  

ℓ11
ℓ5
=
𝑅2

41/3
≈ 165.14  

𝜌11𝑑 = 1.00 ⋅ 10
−10ℓ11

−11  

𝜌Cas ≈ −4.02 ⋅ 10
−10ℓ11

−11 𝜌𝐺4 ≈ 5.02 ⋅ 10
−10ℓ11

−11.  

∫  𝑃(𝑅𝜇𝜈𝜌𝜎 , |𝐺4|)  

𝜌̂(0) ≈ 1.28 ⋅ 10−9ℓ11
−11  

𝑉Cas ∼
1

4𝑅5
[𝒞 +∑  

∞

𝑙=1

 𝒞𝑖 (
ℓ11
𝑅
)
9𝑙

]  

(
ℓ11
𝑅
)
9

∼ 1.31 ⋅ 10−11  

𝒞𝑖 ≳ 10
6+11𝑙  

𝑒−𝑆M2 ∼ 𝑒
−𝑇M2(

𝑅1𝑅2
2

4 )
≈ 𝑒−716.9, 𝑒−𝑆M5 ∼ 𝑒−𝑇M5

𝑅6

4 ≈ 𝑒−5.24⋅10
6  

𝛿𝑉(5𝑑) =
2
3
10

𝑅10
𝑅6

4
[∑  

∞

𝑛=1

 

(2𝜇11)𝐾11
2

(𝜇𝑛𝑅1)

(2𝜋)
11
2 (𝜇𝑛𝑅1)

11
2

]  

√𝑇 ∼ (2𝜋2)1/3
𝑅1
8
≈ 16.48  

ℱ6 = 𝑇
6/ℤ8  

ℱ7 =
𝑇7

Γ
 

{𝐠:𝐃𝐠 = (
𝐀 0
0 1

) , 𝑏⃗⃗𝐠 = (
0⃗⃗

|𝐀|−1
)} ,  
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𝑉Cas = −
Γ(𝑠)

2𝜋𝑠
⋅ ∫  
ℱ7

 𝑑7𝑧√𝐺∑  

6

𝑗=0

  ∑  

𝑛⃗⃗∈ℤ7

 
Tr𝐁(𝐃𝐡

𝑗
) − Tr𝐅(𝐃𝐠

𝑗
) ⋅ 𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|(𝐈 − 𝐃𝐠
𝑗
)𝑧 − 𝑗𝑏⃗⃗𝐠 + 𝑛⃗⃗|

2𝑠  

 

(0,0,0,0,0,0), (
6

7
,
5

7
,
4

7
,
3

7
,
2

7
,
1

7
) , (

5

7
,
3

7
,
1

7
,
6

7
,
4

7
,
2

7
) , (

4

7
,
1

7
,
5

7
,
2

7
,
6

7
,
3

7
) 

(
3

7
,
6

7
,
2

7
,
5

7
,
1

7
,
4

7
) , (

2

7
,
4

7
,
6

7
,
1

7
,
3

7
,
5

7
) , (

1

7
,
2

7
,
3

7
,
4

7
,
5

7
,
6

7
)

 

𝑉Cas = −
Γ(𝑠)

2𝜋𝑠
⋅
√7𝑅1𝑅2

6

|ℤ7|
⋅∑  

6

𝑗=0

 ∫  
𝑇7
 𝑑6𝑧 ∑  

𝑛⃗⃗∈ℤ6

𝑚∈ℤ

 
Tr𝐁(𝐃𝐠

𝑗
) − Tr𝐅(𝐃𝐠

𝑗
) ⋅ 𝑒2𝜋𝑖𝑚ℎ7

[𝑅2
2|(𝐈 − 𝐃𝐠

𝑗
)𝑧 + 𝑛⃗⃗|

2
+ 𝑅1

2 |𝑚 −
𝑗
7|
2

]

𝑠 ,  

𝑅1 =
𝑅

𝑥6/7
, 𝑅2 = 𝑅𝑥

1/7  
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𝑉Cas = −
Γ(𝑠)

2𝜋𝑠
⋅
𝑥
66
7

√7 ⋅ 𝑅4
⋅∑  

6

𝑗=0

 ∫  
𝑇6
 𝑑6𝑧 ∑  

𝑛⃗⃗∈ℤ6

𝑚∈ℤ

 
Tr𝐁(𝐃𝐠

𝑗
) − Tr𝐅(𝐃𝐠

𝑗
) ⋅ 𝑒2𝜋𝑖𝑚ℎ7

[𝑥2|(𝐈 − 𝐃𝐠
𝑗
)𝑧 + 𝑛⃗⃗|

2
+ |𝑚 −

𝑗
7|
2

]

𝑠  

𝑠𝐠 = 2 ⋅ 7ℎ⃗⃗ ⋅ 𝑏⃗⃗𝐠mod2ℤ = 2ℎ7mod2ℤ  

 

𝑗 0 1 2 3 4 5 6 

Tr𝐁(𝐃𝐠
𝑗
) 128 2 2 2 2 2 2 

Tr𝐅(𝐃𝐠
𝑗
) 128 ±2 2 ±2 2 ±2 2 

 

𝑉Cas
twisted= −

Γ(𝑠 − 3)

2𝜋𝑠−3
⋅
𝑥
24
7

7𝑅4
2∑  

6

𝑗=1

 ∑  

𝑚∈ℤ

 
1 − (−1)𝑗+𝑚

(𝑚 −
𝑗
7)
2𝑠−6  

 = −
Γ(𝑠 − 3)

2𝜋𝑠−3
⋅
𝑥
24
7

7𝑅4
⋅
22𝑠−6 − 1

22𝑠−7
(72𝑠−6 − 1)𝜁(2𝑠 − 6)

 

𝑉Cas = −
𝒞𝐈(𝑥)

𝑅4
−
Γ(
5
2
)

2𝜋
5
2

⋅
25 − 1

24
⋅
75 − 1

7
𝜁(5)

⏟                
≈733.1

⋅
𝑥
24
7

𝑅4  

𝒞𝐈(𝑥) =
Γ(𝑠)

2𝜋𝑠
⋅
128𝑥

66
7

√7
∑  

𝑛⃗⃗∈ℤ6

𝑚∈ℤ

 
1 − (−1)𝑚

[𝑥2|𝑛⃗⃗|2 +𝑚2]𝑠  

𝒞𝐈(𝑥) ∼
Γ(𝑠)

2𝜋𝑠
⋅

𝑥
66
7

√7 ⋅ 22𝑠−8
∑  

𝑚∈ℤ

 
1

|𝑚 +
1
2|
2𝑠 =

Γ (
11
2 )

2𝜋11/2
⋅
(211 − 1)𝜁(11)

4√7⏟              
≈9.337

𝑥
66
7   as 𝑥 → ∞  

𝒞𝐈(𝑥) ∼
186𝜁(5)

7𝜋2
𝑥
24
7 ≈ 2.791𝑥

24
7   as 𝑥 → 0  

𝑥𝒞′

𝒞
=

𝑑(𝑘 + 4) − 8

𝑘(𝑘 + (𝑑 − 2)𝑝)

(𝑘 − 𝑝)𝑛𝑝
2𝑥2 − 𝑝𝑛̃𝑝

2

𝑛𝑝
2𝑥2 + 𝑛̃𝑝

2 ,  

𝑥𝒞′

𝒞
=
12

35
⋅
3𝑛𝑝

2𝑥2 − 4𝑛̃𝑝
2

𝑛𝑝
2𝑥2 + 𝑛̃𝑝

2 ∈ [−
48

35
,
36

35
]  

𝑥𝒞′

𝒞
∈ [
24

7
,
66

7
] = [

120

35
,
330

35
]  
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𝐃𝐠 =

(

 
 
 
 

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

, 𝑏⃗⃗𝐠 =

(

 
 
 
 
 

0
0
0
0
0
0
1

8)

 
 
 
 
 

 

2𝜅11
2 𝑆TCCR = ∫  𝑑

11𝑥√−𝑔 [𝑅 −
1

2
|𝐺̃4|

2
] −

1

6
∫  𝐺̃4 ∧ 𝐺̃4 ∧ 𝐶̃3  

1

2𝜅11
2 (∫  𝐺̃4)

3

= 2𝜋𝑛, 𝑛 ∈ ℤ  

𝑆TCCR = ∫  𝑑
11𝑥√−𝑔 [

1

2𝜅11
2 𝑅 −

1

2𝑔3
2
|𝐺4|

2] −
1

24𝜋2
∫  𝐺4 ∧ 𝐺4 ∧ 𝐶3  

𝑔3
2 ≡ 2 ⋅ (2𝜋2)2/3𝜅11

2/3
= 2 ⋅ (2𝜋2)2/3ℓ11

6 ≈ (3.822ℓ11
3 )2  

𝑇M2 = √
1

2

𝑔3
2

𝜅11
2 =

(2𝜋2)1/3

ℓ11
3 , 𝑇M5 = √

1

2

4𝜋2

𝑔3
2𝜅11
2 = (

𝜋

2
)

1
3 1

ℓ11
6 .  

∫  
1

2𝑔3
2
|𝐺4|

2 = (
𝜋

2
)

2
3 𝑛4

2

ℓ11
3 ∫  |𝜔4|

2  

ℰ(𝛾) = −
Γ(𝑠𝛾)

2𝜋𝑠𝛾
⋅
𝐺
‖

−(𝑠𝛾−
1
2
)

|Γ|
∑  

𝑛∈ℤ

 
𝑒2𝜋𝑖𝛽𝑛

|𝑛 − 𝑏𝛾
‖
|
2𝑠𝛾

 

∑ 

𝑛∈ℤ

 
𝑒2𝜋𝑖𝛽𝑛

|𝑛 − 𝑏𝛾
‖
|
2𝑠𝛾
=

{
 
 
 

 
 
 𝜁 (2𝑠𝛾 , 𝑏𝛾

‖
) + 𝜁 (2𝑠𝛾 , 1 − 𝑏𝛾

‖
) if 𝛽 = 0modℤ

22𝑠𝛾 [𝜁 (2𝑠𝛾 ,
𝑏𝛾
‖

2
) − 𝜁 (2𝑠𝛾 ,

1 − 𝑏𝛾
‖

2
)

 +𝜁 (2𝑠𝛾 , 1 −
𝑏𝛾
‖

2
) − 𝜁 (2𝑠𝛾 , 1 −

1 − 𝑏𝛾
‖

2
)]  if 𝛽 =

1

2
modℤ

 

(𝐈 − 𝐃𝛾
−1)𝑛⃗⃗ = 0modℤ ⟺ (𝐈 − 𝐃𝛾)𝑛⃗⃗ = 0modℤ,  

𝑉Cas =∑ 

𝐫

 ∑  

𝛾∈Γ

 Tr𝐫(𝐃𝛾)ℰ(𝛾) =
1

2
∑  

𝐫

 ∑  

𝛾∈Γ

  (Tr𝐫(𝐃𝛾) + (−1)
2𝛽𝐫Tr𝐫(𝐃𝛾

−1))ℰ(𝛾).  

TrSpinor (𝐃𝛾
−1) = (−1)∑  𝑛𝑖TrSpinor (𝐃𝛾),  with  𝑝 ⋅ 𝜃𝑖 = 2𝜋𝑛𝑖 ,  

∑  

𝑛⃗⃗+𝑐≠0

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
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|𝑛⃗⃗|2 = 𝐺𝑖𝑗𝑛
𝑖𝑛𝑗  

𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
 

ℱ [
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
] (𝑘⃗⃗) ≡ ∫  𝑑𝑘 𝑛⃗⃗

𝑒2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
=
2𝑘−2𝑠𝜋𝑘/2Γ (

𝑘
2
− 𝑠)

Γ(𝑠)

𝑒−2𝜋𝑖ℎ⃗⃗⃗⋅𝑐

|ℎ⃗⃗ − 𝑘⃗⃗|𝑘−2𝑠
 

𝐹(𝑛⃗⃗) ≡
Γ(𝑠, 𝛼|𝑛⃗⃗ + 𝑐|2)

Γ(𝑠)
, Γ(𝑠, 𝑥) ≡ ∫  

∞

𝑥

  𝑡𝑠−1𝑒−𝑡𝑑𝑡  

𝑓(𝑛⃗⃗) ≡ 1 − 𝐹(𝑛⃗⃗) =
𝛾(𝑠, 𝛼|𝑛⃗⃗ + 𝑐|2)

Γ(𝑠)
 

lim
𝑛⃗⃗+𝑐→0⃗⃗⃗

 𝑓(𝑛⃗⃗)
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
=
𝛼𝑠𝑒−2𝜋𝑖ℎ⃗⃗⃗⋅𝑐

Γ(𝑠 + 1)
𝜒ℤ𝑘(𝑐)  

ℱ[
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
⋅
𝛾(𝑠, 𝛼|𝑛⃗⃗ + 𝑐|2)

Γ(𝑠)
] (𝑘⃗⃗) ≡ ∫  𝑑𝑘 𝑛⃗⃗𝑒−2𝜋𝑖𝑘⃗⃗⋅𝑛⃗⃗

𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
⋅
𝛾(𝑠, 𝛼|𝑛⃗⃗ + 𝑐|2)

Γ(𝑠)

 =
1

Γ(𝑠)
∫  𝑑𝑘 𝑛⃗⃗

𝑒2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
𝛾(𝑠, 𝛼|𝑛⃗⃗ + 𝑐|2) =

𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑐

Γ(𝑠)
∫  𝑑𝑘𝑛′⃗⃗⃗⃗

𝑒2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑛
′⃗⃗⃗⃗⃗

|𝑛′⃗⃗⃗⃗ |
2𝑠 𝛾 (𝑠, 𝛼|𝑛′⃗⃗⃗⃗ |

2
)

 

𝐆 = 𝐌𝑇𝐌, 𝑚⃗⃗⃗ = 𝐌𝑛′⃗⃗⃗⃗  

𝑞⃗ ≡ 𝐆−1(ℎ⃗⃗ − 𝑘⃗⃗)  

ℱ[
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
⋅
𝛾(𝑠, 𝛼|𝑛⃗⃗ + 𝑐|2)

Γ(𝑠)
] (𝑘⃗⃗) =

𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑐

Γ(𝑠)√𝐺
∫  𝑑𝑘 𝑚⃗⃗⃗

𝑒
2𝜋𝑖((𝐌−1)

𝑇
(ℎ⃗⃗⃗−𝑘⃗⃗))⋅𝑚⃗⃗⃗⃗

|𝑚⃗⃗⃗|2𝑠
𝛾(𝑠, 𝛼|𝑚⃗⃗⃗|2)

=
𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑐

Γ(𝑠)√𝐺
𝒮𝑘−2∫  

∞

0

 𝑑𝑟
𝛾(𝑠, 𝛼𝑟2)

𝑟2𝑠−𝑘+1
∫  
𝜋

0

  𝑑𝜃(sin 𝜃)𝑘−2𝑒−2𝜋𝑖|𝑞⃗⃗|𝑟cos 𝜃

=
(2𝜋)

𝑘
2𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑐

Γ(𝑠)√𝐺

1

(2𝜋|𝑞⃗|)𝑘−1−2𝑠
∫  
∞

0

 𝑑𝑟
𝛾(𝑠, 𝛼𝑟2)

(2𝜋|𝑞⃗|𝑟)2𝑠−
𝑘
2

𝐽𝑘−2
2
 (2𝜋|𝑞⃗|𝑟)

=
(2𝜋)

𝑘
2𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑐

Γ(𝑠)√𝐺

1

(2𝜋|𝑞⃗|)𝑘−2𝑠
∫  
∞

0

 𝑑𝜏

𝛾 (𝑠,
𝛼

(2𝜋|𝑞⃗|)2
𝜏2)

𝜏2𝑠−
𝑘
2

 𝐽𝑘−2
2
(𝜏)

 =
2𝑘−2𝑠𝜋

𝑘
2

Γ(𝑠)
Γ (
𝑘

2
− 𝑠,

𝜋2|𝑞⃗|2

𝛼
)
𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑐

√𝐺(2𝜋|𝑞⃗|)𝑘−2𝑠

 

𝐽𝜈(𝑡) =
𝑡𝜈

(2𝜋)𝜈+1
𝒮2𝜈∫  

𝜋

0

 𝑒−𝑖𝑡cos 𝜃sin2𝜈 𝜃𝑑𝜃  

𝒮𝑘−2

Γ(𝑠)√𝐺
∫  
∞

0

 𝑑𝑟
𝛾(𝑠, 𝛼𝑟2)

𝑟2𝑠−𝑘+1
∫  
𝜋

0

 𝑑𝜃(sin 𝜃)𝑘−2 =
𝜋
𝑘
2𝛼𝑠−𝑘/2

√𝐺Γ(𝑠) (𝑠 −
𝑘
2)
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∑  

𝑛⃗⃗+𝑐≠0

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
=  

∑  

𝑛⃗⃗+𝑐≠0

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|𝑛⃗⃗ + 𝑐|2𝑠
Γ(𝑠, 𝛼|𝑛⃗⃗ + 𝑐|2)

Γ(𝑠)
+
𝜋2𝑠−

𝑘
2

Γ(𝑠)√𝐺
∑  

𝑘⃗⃗−ℎ⃗⃗⃗≠0

 Γ (
𝑘

2
− 𝑠,

𝜋2|ℎ⃗⃗ − 𝑘⃗⃗|𝐷
2

𝛼
)
𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑐

|ℎ⃗⃗ − 𝑘⃗⃗|𝐷
𝑘−2𝑠

 

 +𝛿ℎ⃗⃗⃗,0⃗⃗⃗
𝜋
𝑘
2𝛼𝑠−𝑘/2

√𝐺Γ(𝑠) (𝑠 −
𝑘
2
)
−
𝛼𝑠𝑒−2𝜋𝑖ℎ⃗⃗⃗⋅𝑐

Γ(𝑠 + 1)
𝜒ℤ𝑘(𝑐)

 

 ∑  

𝑛⃗⃗≠0⃗⃗⃗

 
(−1)𝑚

𝑚2 +𝑚𝑛 + 𝑛2
= −

4𝜋ln 2

3√3
,∑  

𝑛⃗⃗≠0⃗⃗⃗

 
(−1)𝑚+𝑛

𝑚2 + 5𝑛2
= −

𝜋

√5
ln (1 + √5),

 ∑  

𝑛⃗⃗∈ℝ3

 
(−1)𝑛1+𝑛2+𝑛3

[(𝑛1 +
1
6
)
2

+ (𝑛2 +
1
6
)
2

+ (𝑛3 +
1
6
)
2

]

𝑠 = 12
𝑠𝛽(2𝑠 − 1),

 ∑  

𝑛⃗⃗∈ℝ8−{0⃗⃗⃗}

 
(−1)∑  𝑖  𝑛𝑖

|𝑛⃗⃗|2𝑠
= −16𝜁(𝑠)𝜂(𝑠 − 3), ∑  

𝑛⃗⃗∈ℝ8

 
1

|𝑛⃗⃗ + 1⃗⃗/2|2𝑠
=
256

2𝑠
𝜁(𝑠 − 3)𝜆(𝑠),

 

Γ (
𝑘
2
− 𝑠,

𝜋2𝜆
𝛼
)

𝜆𝑘/2−𝑠
≤
Γ(𝑘/2)

2𝜋𝑘/2
𝜖

𝜆
𝑘−1
2

.  

Γ (
𝑘
2 − 𝑠,

𝜋2𝜆
𝛼 )

(
𝜋2

𝛼
𝜆)
1/2−𝑠

≤
Γ(𝑘/2)

2𝜋𝑘/2
(
𝜋2

𝛼
)

𝑠−1/2

𝜖  

Γ(𝑎, 𝑧)

𝑧𝑎
≤
𝑒−𝑧

𝑧
 

𝑒−
𝜋2𝜆
𝛼

𝜋2𝜆
𝛼

≤
Γ(𝑘/2)

2𝜋𝑘/2
(
𝜋2

𝛼
)

𝑠−1/2

𝜖  

𝜆 ≥
𝛼

𝜋2
𝑊(

2𝜋𝑘/2

Γ(𝑘/2)𝜖
(
𝛼

𝜋2
)
𝑠−1/2

)  

∫  
[0,1]𝑘

 𝑑𝑉 ∑  

𝑛∈ℤ𝑘

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝑛⃗⃗

|(𝐈 − 𝐃𝛾)𝑧 + 𝑏⃗⃗𝛾 + 𝑛⃗⃗|
2𝑠  

Λ⊥ ≡ (𝐈 − 𝐃𝛾)ℤ
𝑘 ⊂ ℤ𝑘  

Λ‖ ≡ {𝑛⃗⃗ ∈ ℤ𝑘 ∣ (𝐈 − 𝐃𝛾)𝑛⃗⃗ = 0⃗⃗}  

Λ ≡ Λ‖⊕Λ⊥ ⊃ ℤ𝑘  

ΓΛ ≡ ℤ
𝑘/Λ  
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𝑛⃗⃗ = 𝑘⃗⃗ + 𝑙 + 𝛾⃗  

∑  

𝑘⃗⃗∈Λ⊥

𝑙∈Λ‖,𝛾∈ΓΛ

 ∫  
[0,1]𝑘

 𝑑𝑉
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅[𝑘⃗⃗+𝑙+𝛾⃗⃗⃗]

|(𝐈 − 𝐃𝛾)𝑥⃗ + 𝑘⃗⃗ + 𝑏⃗⃗𝛾 + 𝑙 + 𝛾⃗|
2𝑠  

ℎ⃗⃗ ⋅ (𝐈 − 𝐃𝛾)𝑙 = 0modℤ  

𝑦⃗ ≡ (𝐈 − 𝐃𝛾)𝑥⃗⊥ + 𝑘⃗⃗  

𝑉‖

|det(𝐈 − 𝐃𝛾)|
∑  

𝑙∈Λ‖

𝛾∈ΓΛ

 ∫  
ℝ𝑘

′′
 𝑑𝑉

𝑒2𝜋𝑖ℎ⃗⃗⃗⋅(𝛾⃗⃗⃗+𝑙)

|𝑦⃗ + 𝑏⃗⃗𝛾 + 𝑙 + 𝛾⃗|
2𝑠  

𝑦⃗ + 𝑏⃗⃗𝛾 + 𝑙 + 𝛾⃗ → 𝑦⃗ + 𝑏⃗⃗𝛾
‖
+ 𝑙 + 𝛾⃗‖  

|𝑦⃗ + 𝑏⃗⃗ ‖ 𝛾
‖
+ 𝑙 + 𝛾⃗‖|

2
= |𝑦⃗|2 + 𝛼2, 𝛼2 ≡ |𝑏⃗⃗‖𝛾

‖
+ 𝑙 + 𝛾⃗‖|

2
 

∫  
ℝ𝑘

′′
 

𝑑𝑉

(|𝑦⃗|2 + 𝛼2)𝑠
=

2𝜋
𝑘′′

2

Γ(𝑘′′/2)
∫  
∞

0

 
𝑦𝑘

′′−1𝑑𝑦

(𝑦2 + 𝛼2)𝑠
=

2𝜋
𝑘′′

2

Γ(𝑘′′/2)
= 𝜋

𝑘−𝑘′

2
Γ(𝑠′)

Γ(𝑠)

1

𝛼2𝑠
′

 

𝜋
𝑘−𝑘′

2
Γ(𝑠′)

Γ(𝑠)

𝑉‖

|det(𝐈 − 𝐃𝛾)|
∑  

𝑙∈Λ
‖
‖

𝛾∈ΓΛ

 
𝑒2𝜋𝑖ℎ⃗⃗⃗⋅(𝛾⃗⃗⃗+𝑙)

|𝑏⃗⃗𝛾
‖
+ 𝑙 + 𝛾⃗‖|

2𝑠′  

∑  

𝛾∈ΓΣ

 𝑒2𝜋𝑖ℎ⃗⃗⃗⋅𝛾⃗⃗⃗ = |det(𝐈 − 𝐃𝛾)|𝛿̂ℎ⃗⃗⃗  

𝛿̂ℎ⃗⃗⃗ ≡ 1  iff ℎ⃗⃗ ⋅ 𝑙 ∈ ℤ, ∀𝑙 ∈ Σ
⊥, and 0 otherwise.  

(𝐈 − 𝐃𝛾)
𝑇
⋅ ℎ⃗⃗ = (𝐈 − 𝐃𝛾)

𝑇
⋅ 𝜂  

ℎ⃗⃗ ⋅ 𝑤⃗⃗⃗ = 𝛽 ⋅ 𝑤⃗⃗⃗ + 𝜂 ⋅ 𝑤⃗⃗⃗ = 𝛽 ⋅ 𝑤⃗⃗⃗modℤ  

√𝐺‖𝜋
𝑘−𝑘′

2
Γ(𝑠′)

Γ(𝑠)
∑  

𝑤⃗⃗⃗∈Ξ

 
𝑒2𝜋𝑖𝛽⃗⃗⃗⋅𝑤⃗⃗⃗

|𝑤⃗⃗⃗ + 𝑏⃗⃗𝛾
‖
|
2𝑠′
,  

𝑐 = (𝐈 − 𝐃𝛾)𝑧 + 𝑏⃗⃗𝛾  

√𝐺∫  
[0,1]𝑘

 𝑑𝑘𝑧𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅[(𝐈−𝐃𝛾)𝑧+𝑏⃗⃗𝛾] = √𝐺𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑏⃗⃗𝛾∫  
[0,1]𝑘

 𝑑𝑘𝑧𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅[(𝐈−𝐃𝛾)𝑧]

 = √𝐺𝑒−2𝜋𝑖(ℎ⃗⃗⃗−𝑘⃗⃗)⋅𝑏⃗⃗𝛾∏ 

𝑘

𝑙=1

 
𝑒2𝜋𝑖𝑞⃗⃗𝑙 − 1

2𝜋𝑖𝑞⃗𝑙
, 𝑞⃗ ≡ −(𝐈 − 𝐃𝛾)

𝑇
(ℎ⃗⃗ − 𝑘⃗⃗)
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ℎ⃗⃗ ⋅ (𝐈 − 𝐃𝛾)𝑙 ∈ ℤ, ∀𝑙 ∈ ℤ
𝑘  

𝑒2𝜋𝑖𝑞⃗⃗𝑙 − 1

2𝜋𝑖𝑞⃗𝑙
→ 𝛿𝑞𝑙,0  for  𝑞𝑙 ∈ ℤ  

(𝐈 − 𝐃𝛾)
𝑇
(ℎ⃗⃗ − 𝑘⃗⃗) = 0,⇒  𝑘⃗⃗ = 𝜂 + 𝜅 

(𝐈 − 𝐃𝛾)
𝑇
𝜂 = (𝐈 − 𝐃𝛾)

𝑇
ℎ⃗⃗  

(𝛽 − 𝑘⃗⃗) ⋅ 𝑏⃗⃗𝛾 = (𝛽 − 𝑘⃗⃗) ⋅ 𝑏⃗⃗𝛾
‖

 

𝒮position 
𝛼 +

𝜋2𝑠−
𝑘
2

Γ(𝑠)
∑  
𝑘∈Λ

𝜅−𝛽⃗⃗⃗≠0⃗⃗⃗

 Γ (
𝑘

2
− 𝑠,

𝜋2|𝛽 − 𝜅|𝐷
2

𝛼
)
𝑒−2𝜋𝑖(𝛽⃗⃗⃗−𝜅⃗⃗⃗)⋅𝑏⃗⃗𝛾

‖

|𝛽 − 𝜅|𝐷
𝑘−2𝑠

 +𝛿ℎ⃗⃗⃗,0⃗⃗⃗
𝜋
𝑘
2𝛼𝑠−𝑘/2

Γ(𝑠) (𝑠 −
𝑘
2
)
−

√𝐺𝛼𝑠

Γ(𝑠 + 1)
𝛿(𝐃𝛾,𝑏⃗⃗𝛾)

 

|𝑣⃗|𝐼 ≡ 𝑣⃗
𝑇 ⋅ 𝐆𝐼 ⋅ 𝑣⃗, 𝐆𝐼 ≡ 𝐕

𝑇𝐆𝐷𝐕, 𝑑 ≡ 𝐕
−1𝛽, 𝑣⃗𝛾 ≡ 𝐕

𝑇 𝑏⃗⃗𝛾
‖
, 𝑠′ =

𝑘′ − 𝑘

2
+ 𝑠  

𝒮position 
𝛼 +

𝜋2𝑠
′−𝑘′+

𝑘
2

Γ(𝑠)
∑  

𝑙∈ℤ𝑘
′

𝑙−𝑑⃗≠0⃗⃗⃗

 Γ (
𝑘′

2
− 𝑠′,

𝜋2|𝑑 − 𝑙|𝐼
2

𝛼
)
𝑒−2𝜋𝑖(𝑑⃗−𝑙)⋅𝑣⃗⃗𝛾

|𝑑 − 𝑙|𝐼
𝑘′−2𝑠′

+ 𝛿𝑑⃗,0⃗⃗⃗
𝜋
𝑘
2𝛼𝑠

′−𝑘′/2

Γ(𝑠) (𝑠′ −
𝑘′

2 )
 

Γ(𝑠)

𝜋𝑘/2
𝜋𝑘

′/2

Γ(𝑠′)

1

√𝐺𝐼
𝒮position 
𝛼 +

𝜋2𝑠
′−
𝑘′

2

Γ(𝑠′)√𝐺𝐼
∑  

𝑙∈ℤ𝑘
′

𝑙−𝑑⃗≠0

 Γ (
𝑘′

2
− 𝑠′,

𝜋2 ∣ 𝑑 − 𝑙𝐼
2

𝛼
)
𝑒−2𝜋𝑖(𝑑⃗−𝑙)⋅𝑣⃗⃗𝛾

|𝑑 − 𝑙|𝐼
𝑘′−2𝑠′

 +𝛿𝑑⃗,0⃗⃗⃗
𝜋
𝑘′

2 𝛼𝑠
′−𝑘′/2

√𝐺𝐼Γ(𝑠
′) (𝑠′ −

𝑘′

2 )

 

ℰ(𝛾) = −𝛿̂ℎ⃗⃗⃗
Γ(𝑠′)

2𝜋𝑠
′ ⋅
√𝐺‖

|Γ|
∑  

𝑚⃗⃗⃗⃗

 
𝑒2𝜋𝑖𝑑⃗⋅𝑚⃗⃗⃗⃗

|𝑚⃗⃗⃗ + 𝑣⃗𝛾|‖
2𝑠′
,  

𝐆‖ = 𝐕
−1𝐆(𝐕−1)𝑇 , 𝑣⃗𝛾 = 𝐕

𝑇 ⋅ 𝑏⃗⃗𝛾
‖
, 𝑑 ≡ 𝐕−1𝛽, 𝑠′ =

𝑘′ − 𝑘

2
+ 𝑠  

ℰ(𝛾) = −𝛿̂ℎ⃗⃗⃗
Γ(𝑠′)

2𝜋𝑠
′ ⋅
√𝐺‖

|Γ|
∑  

𝜉⃗⃗∈Ξ

 
𝑒2𝜋𝑖𝛽⃗⃗⃗⋅𝜉⃗⃗

|𝜉 + 𝑏⃗⃗𝛾
‖
|
2𝑠′  

 

𝑆𝑂(𝐷 − 2) → 𝑆𝑂(𝑘) × 𝑆𝑂(𝑑 − 2)  
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𝑣𝑎𝑤𝑏 → 𝑀𝑐
𝑎𝑀𝑑

𝑏𝑣𝑐𝑤𝑑  

Tr(𝐌Tens. ) = 𝛿𝑎
𝑐𝛿𝑏
𝑑𝑀𝑐

𝑎𝑀𝑑
𝑏 = (Tr(𝐌))2  

ℙSym. 𝑇𝑎𝑏=
1

2
(𝑇𝑎𝑏 + 𝑇𝑏𝑎) −

𝑇

𝑛
𝛿𝑎𝑏 

ℙASym. 𝑇𝑎𝑏=
1

2
(𝑇𝑎𝑏 − 𝑇𝑏𝑎)  

ℙSing. 𝑇𝑎𝑏 =
𝑇

𝑛
𝛿𝑎𝑏

 

Tr(𝐌Sym. ) =
1

2
(Tr(𝐌)2 + Tr(𝐌2)) − 1  

Tr(𝐈Sym. ) =
𝑛2

2
(
1

2
−
1

𝑛
) ⋅ 𝑛 =

𝑛(𝑛 + 1)

2
− 1  

ℙ3− Antisym. 𝑇𝑎𝑏𝑐 =
1

6
(𝑇𝑎𝑏𝑐 + 𝑇𝑏𝑐𝑎 + 𝑇𝑐𝑎𝑏 − 𝑇𝑏𝑎𝑐 − 𝑇𝑎𝑐𝑏 − 𝑇𝑐𝑏𝑎),  

Tr(𝐌3-Antisym. ) =
1

6
(Tr(𝐌)3 − 3Tr(𝐌2) ⋅ Tr(𝐌) + 2Tr(𝐌3))  

Tr(𝐈3− Antisym. ) =
1

6
(𝑛3 − 3𝑛2 + 2𝑛) =

𝑛(𝑛 − 1)(𝑛 − 2)

6
= (

𝑛

3
)  

∑  

∞

𝑘=0

 𝑥𝑘Tr(𝐌𝑘-Antisym. ) =∏ 

∞

𝑙=1

 exp (−(−𝑥)𝑙
Tr(𝐌𝑙)

𝑙
)  

ℙR.S𝜌𝑎
𝛼 = 𝜌𝑎

𝛼 −
1

𝑛2
𝛿𝑎𝑏(𝛾𝑏)𝛽

𝛼𝜌𝑎
𝛽  

Tr(𝐌R.S. ) = (Tr(𝐌) − 1)Tr(𝐌Spinor ),  

𝟐𝐤⊗𝟐𝐤 =∑  

𝑘

𝑙=1

 (
𝐧

𝐥
)  

 

Tr(𝐌Spinor )
2
= 1 + Tr(𝐌) +

1

2
(Tr(𝐌)2 − Tr(𝐌2))  

 +
1

6
(Tr(𝐌)3 − 3Tr(𝐌)Tr(𝐌2) + 2Tr(𝐌3))

 +
1

24
(Tr(𝐌)4 − 6Tr(𝐌)2Tr(𝐌2) + 3Tr(𝐌2)2 + 8Tr(𝐌)Tr(𝐌3) − 6Tr(𝐌4))
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𝐌 =

(

 
 
 

cos 𝜃1 sin 𝜃1 0 0 0 0
−sin 𝜃1 cos 𝜃1 0 0 0 0
0 0 ⋱ ⋮ ⋮ ⋮
0 0 ⋯ cos 𝜃4 sin 𝜃4 0
0 0 ⋯ −sin 𝜃4 cos 𝜃4 0
0 0 ⋯ 0 0 1)

 
 
 
= exp (𝑖𝜃𝛼𝐸𝛼

3)  

Tr𝐑(𝐌) = ∑  

𝜇⃗⃗⃗∈𝑅

 exp (𝑖𝜃 ⋅ 𝜇)  

Tr𝟗(𝐌) = 2∑  

4

𝑖=1

 cos 𝜃𝑖 + 1  

TrSpinor (𝐌) =∏ 

4

𝑖=1

 2cos 
𝜃𝑖
2

 

TrSpinor (−ℳ)=∏ 

4

𝑖=1

 2cos (
𝜃𝑖
′

2
+ 𝜋𝜂𝑖)  

 = (−1)∑  𝜂𝑖∏ 

4

𝑖=1

 2cos 
𝜃𝑖
′

2
= (−1)∑  𝜂𝑖TrSpinor (ℳ)

 

Tr𝟗(𝐃𝐠
𝑗
) = 2∑  

4

𝑖=1

 cos (𝑗 ⋅ 𝜃𝑖
𝐠
) + 1  

TrSpinor (𝐃𝐠
𝑝
) =∏ 

4

𝑖=1

 2cos (𝜋𝑛𝑖) = (−1)
∑  𝑛𝑖 ⋅ 16  

Tr𝟒𝟒(𝐃𝐠
𝑗
) = ∑  

4

𝑎=1

 

[
 
 
 
 

2cos (2𝑗𝜃𝑎
𝐠
) + 2cos (𝑗𝜃𝑎

𝐠
) + 1 + 2∑  

4

𝑏=1
𝑗≠𝑖

 cos (𝑗𝜃𝑎
𝐠
)cos (𝑗𝜃𝑏

𝐠
)

]
 
 
 
 

 

Tr𝟖𝟒(𝐃𝐠) =∑  

4

𝑎=1

 

[
 
 
 
 

1 + 6cos (𝑗𝜃𝑎
𝐠
) + 2∑  

4

𝑏=1
𝑗≠𝑖

 cos (𝑗𝜃𝑎
𝐠
)cos (𝑗𝜃𝑏

𝐠
) 

+
4

3
∑  

4

𝑏,𝑐=1
𝑏≠𝑐≠𝑎

 cos (𝑗𝜃𝑎
𝐠
)cos (𝑗𝜃𝑏

𝐠
)cos (𝑗𝜃𝑐

𝐠
)

]
 
 
 

 

Tr𝟏𝟐𝟖(𝐃𝐠
𝑗
) = (2∑  

4

𝑎=1

 cos (𝑗𝜃𝑎
𝐠
))∏  

4

𝑎=1

 2cos (𝑗
𝜃𝑎
𝐠

2
)  
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Tr𝟏𝟐𝟖(𝐃𝐠
𝑝−𝑗
) = (−1)∑  𝑛𝑖 (2∑  

4

𝑎=1

 cos (𝑗𝜃𝑎
𝐠
))∏  

4

𝑎=1

 2cos (𝑗
𝜃𝑎
𝐠

2
) ,  with  𝑝 ⋅ 𝜃𝑖 = 2𝜋𝑛𝑖  

 

𝐃𝐠 𝑏⃗⃗𝐠 |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 1 0
0 0 0 1 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

30)

 
 
 
 
 

 30 4 (0, 0, 0, 0, 0, 0, 0) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 1 0
0 0 0 1 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

30)

 
 
 
 
 

 30 4 ( 0,0,0,0,0,0,0 ) 

(

 
 
 
 

0 0 0 −1 0 0 0
1 0 0 −1 0 0 0
0 1 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

30)

 
 
 
 
 

 30 4 ( 0,0,0,0,0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

24)

 
 
 
 
 

 24 4 (0,0, ℎ3, ℎ3, ℎ3, ℎ3, 0) 
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(

 
 
 
 

0 −1 0 0 0 0 0
1 1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

24)

 
 
 
 
 

 24 4 (0,0, ℎ3, ℎ3, ℎ3, ℎ3, 0) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 −1 0
0 0 0 1 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

20)

 
 
 
 
 

 20 4 ( ℎ1, ℎ1, 0,0,0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 1 0
0 0 0 1 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

20)

 
 
 
 
 

 20 4 ( ℎ1, ℎ1, 0,0,0,0,0 ) 

 

 

 

 

 

𝐃𝐠 𝑏⃗⃗g |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

0 0 0 0 0 −1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 1 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

18)

 
 
 
 
 

 18 4 (0, 0, 0, 0, 0, 0, 0) 
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(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 −1 0
0 0 0 1 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

15)

 
 
 
 
 

 15 4 ( 0,0,0,0,0,0, ℎ7 ) 

(

 
 
 
 

0 0 0 0 0 −1 0
1 0 0 0 0 1 0
0 1 0 0 0 −1 0
0 0 1 0 0 1 0
0 0 0 1 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

14)

 
 
 
 
 

 14 4 ( 0,0,0,0,0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 4 ( ℎ1, ℎ1, 0,0,0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 4 ( 0,0,0,0,0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 4 ( 0,0,0,0,0,0,0 ) 
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(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

 

𝐃𝐠 𝑏⃗⃗𝐠 |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 8 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 ( ℎ1, ℎ1, ℎ3, ℎ3, 0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 ( ℎ1, ℎ1, 0,0,0,0,0 ) 
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(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 (0,0, ℎ3, ℎ3, ℎ5, ℎ5, 0) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 4 ( 0,0, ℎ3, ℎ3, 0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 ( 0,0,0,0, ℎ5, ℎ5, 0 ) 

 

𝐃𝐠 𝑏⃗⃗g |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 ( ℎ1, ℎ2, ℎ3, ℎ3, 0,0,0 ) 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 ( ℎ1, ℎ2, 0,0, ℎ5, ℎ5, 0 ) 
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(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 (ℎ1, ℎ2, ℎ3, ℎ3, 0,0,0) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 6 ( ℎ1, ℎ2, 0,0, ℎ5, ℎ5, 0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 8 ( ℎ1, ℎ2, ℎ3, ℎ3, 0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

12)

 
 
 
 
 

 12 8 ( ℎ1, ℎ2, 0,0, ℎ5, ℎ5, 0 ) 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 −1 0
0 0 0 1 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

10)

 
 
 
 
 

 10 6 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

 

𝐃𝐠 𝑏⃗⃗𝐠 |Γ| Moduli ℎ⃗⃗ 
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(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 1 0
0 0 0 1 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

10)

 
 
 
 
 

 10 6 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 −1 0
0 0 0 1 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

10)

 
 
 
 
 

 10 6 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 1 0
0 0 0 1 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

10)

 
 
 
 
 

 10 6 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 1 0
0 0 0 1 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

10)

 
 
 
 
 

 10 8 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

0 0 0 0 0 −1 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 −1 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

9)

 
 
 
 
 

 9 4 ( 0,0,0,0,0,0, ℎ7 ) 
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(

 
 
 
 

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

8)

 
 
 
 
 

 8 4 (ℎ1, ℎ1, ℎ3, ℎ3, ℎ3, ℎ3, 0) 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

8)

 
 
 
 
 

 8 6 ( ℎ1, ℎ2, ℎ3, ℎ3, ℎ3, ℎ3, 0 ) 

 

𝐃𝐠 𝑏⃗⃗𝐠 |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

8)

 
 
 
 
 

 8 6 (ℎ1, ℎ2, ℎ3, ℎ3, ℎ3, ℎ3, 0) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

8)

 
 
 
 
 

 8 8 (ℎ1, ℎ2, ℎ3, ℎ3, ℎ3, ℎ3, 0) 

(

 
 
 
 

0 0 0 0 0 −1 0
1 0 0 0 0 −1 0
0 1 0 0 0 −1 0
0 0 1 0 0 −1 0
0 0 0 1 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

7)

 
 
 
 
 

 7 4 ( 0,0,0,0,0,0, ℎ7 ) 
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(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 6 ( 0,0,0,0,0,0,0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 6 (0, 0, 0, 0, 0, 0, 0) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 10 (0, 0, 0, 0, 0, 0, 0) 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 8 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

 

𝐃𝐠 𝑏⃗⃗g |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 6 ( ℎ1, ℎ2, 0,0,0,0,0 ) 



pág. 1388 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 8 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 8 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 6 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 8 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 8 ( ℎ1, ℎ2, 0,0,0,0,0 ) 
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(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 10 ( ℎ1, ℎ2, 0,0,0,0,0 ) 

 

 

 

 

 

𝐃𝐠 𝑏⃗⃗𝐠 |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 12 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 12 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 10 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 
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(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 10 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 10 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 10 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 12 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 

 

𝐃𝐠 𝑏⃗⃗g |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 12 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 
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(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

6)

 
 
 
 
 

 6 16 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0,0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 −1 0
0 0 1 0 0 −1 0
0 0 0 1 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

5)

 
 
 
 
 

 5 8 ( ℎ1, ℎ2, 0,0,0,0, ℎ7 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 10 (ℎ1, ℎ1, ℎ3, ℎ3, ℎ5, ℎ5, 0) 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 8 ( ℎ1, ℎ2, ℎ3, ℎ3, ℎ5, ℎ5, 0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 8 ( ℎ1, ℎ2, ℎ3, ℎ3, ℎ5, ℎ5, 0 ) 
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(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 10 ( ℎ1, ℎ2, ℎ3, ℎ3, ℎ5, ℎ5, 0 ) 

 

𝐃𝐠 𝑏⃗⃗g |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 12 ( ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ5, 0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 10 (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ5, 0) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 10 ( ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ5, 0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 12 ( ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ5, 0 ) 
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(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

4)

 
 
 
 
 

 4 16 ( ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ5, 0 ) 

(

 
 
 
 

0 −1 0 0 0 0 0
1 −1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

3)

 
 
 
 
 

 3 10 ( 0,0,0,0,0,0, ℎ7 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 1 −1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

3)

 
 
 
 
 

 3 10 ( ℎ1, ℎ2, 0,0,0,0, ℎ7 ) 

 

𝐃𝐠 𝑏⃗⃗g |Γ| Moduli ℎ⃗⃗ 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 −1 0
0 0 0 0 1 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

3)

 
 
 
 
 

 3 16 ( ℎ1, ℎ2, ℎ3, ℎ4, 0,0, ℎ7 ) 

(

 
 
 
 

−1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

2)

 
 
 
 
 

 2 22 (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, 0) 
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(

 
 
 
 

1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

2)

 
 
 
 
 

 2 18 ( ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, 0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

2)

 
 
 
 
 

 2 16 ( ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, 0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

2)

 
 
 
 
 

 2 16 ( ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, 0 ) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

2)

 
 
 
 
 

 2 18 (ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, 0) 

(

 
 
 
 

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 −1 0
0 0 0 0 0 0 1)

 
 
 
 

 

(

 
 
 
 
 

0
0
0
0
0
0
1

2)

 
 
 
 
 

 2 22 ( ℎ1, ℎ2, ℎ3, ℎ4, ℎ5, ℎ6, 0 ) 

 

𝐃𝐠(𝐃𝐠
−1𝑧 − 𝐃𝐠

−1𝑏⃗⃗𝐠 + 𝑘⃗⃗) + 𝑏⃗⃗𝐠 = 𝑧 + 𝐃𝐠 ⋅ 𝑘⃗⃗ 

Φ𝑛(𝑥) = ∏  

1≤𝑘≤𝑛

(𝑥 − 𝑒2𝜋𝑖
𝑘
𝑛) 
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Supergravedad cuántica relativista en D=8. 

𝑆 =∫ 
Σ

 𝒵𝑎 ⋅ 𝜕‾𝒵𝑎 + 𝐴𝑎𝑏𝒵
𝑎  ⋅ 𝒵𝑏 + 𝑎⟨𝜆𝐴𝜆𝐵⟩Ω

𝐴𝐵 + 𝑎̃(⟨𝜆𝐴𝜆𝐵⟩Ω
𝐴𝐵 + ⟨𝜂ℐ𝜂𝒥⟩Ω

ℐ𝒥)

+𝑆𝜌1 + 𝑆(𝜌2,𝜏) + 𝑆aux  

𝑆𝜌 =∫ 
Σ

 
1

2
⟨𝜌𝐴𝜕‾𝜌𝐵⟩Ω

𝐴𝐵 + 𝐵𝑎𝑏𝜆𝐴
𝑎𝜌𝐵

𝑏Ω𝐴𝐵 + 𝑏⟨𝜆𝐴𝜌𝐵⟩Ω
𝐴𝐵  

𝑆(𝜌,𝜏) = ∫ 
Σ

 
1

2
(⟨𝜌𝐴𝜕‾𝜌𝐵⟩Ω

𝐴𝐵 + ⟨𝜏ℐ𝜕‾𝜏𝒥⟩Ω
ℐ𝒥) + 𝐷𝑎𝑏(𝜆𝐴

𝑎𝜌𝐵
𝑏Ω𝐴𝐵 + 𝜂ℐ

𝑎𝜏𝒥
𝑏Ωℐ𝒥)

 +𝑑(⟨𝜆𝐴𝜌𝐵⟩Ω
𝐴𝐵 + ⟨𝜂ℐ𝜏𝒥⟩Ω

ℐ𝒥)

𝑆aux = ∑  

4

𝑖=3

 ∫  
Σ

 𝒵𝑖
a ⋅ 𝜕‾𝒵𝑖a +𝒜𝑖ab𝒵𝑖

a ⋅ 𝒵𝑖
b +∑ 

2

𝑗=1

  (
1

2
𝜌𝑖𝑗a
𝐴 𝜕‾𝜌𝑖𝑗𝐴

a + ℬ𝑖𝑗
ab𝜆𝑖a

𝐴 𝜌𝑖𝑗𝐴 b + 𝑏𝑖𝑗𝜆𝑖𝐴
a 𝜌𝑖𝑗a

𝐴 + 𝜏̃𝑖𝑗
𝐴𝜕‾𝜏𝑖𝑗𝐴)

 +𝑎𝑖𝜆𝑖a
𝛼 𝜆𝑖𝛼

a + 𝑎̃𝑖𝜆̃𝑖a
𝛼̇ 𝜆̃𝑖𝛼̇

a

 

𝒵 = (𝜆𝐴, 𝜇
𝐴, 𝜂𝜄): 𝜆𝐴 = (𝜆𝛼, 𝜆̃𝛼̇), 𝜇

𝐴 = (𝜇̃𝛼 , 𝜇𝛼̇), 𝜂𝜄 = (𝜂ℐ, 𝜂̃
ℐ), 𝜂ℐ = (𝜂𝐼 , 𝜂̃𝐼), 𝜂̃

ℐ = (𝜂̃′𝐼 , 𝜂′𝐼),

𝐼, 𝐼 = 1…
𝒩

2
, ℐ = 1,… ,𝒩, 𝜄 = 1,… ,2𝒩,𝒩 = 8,

 

𝒵𝑎 ⋅ 𝒵𝑏 =
1

2
(𝑍̃𝑎 ⋅ 𝑍𝑏 + 𝑍̃𝑏 ⋅ 𝑍𝑎 + 𝜂̃𝑎

ℐ𝜂𝑏ℐ + 𝜂̃𝑏
ℐ𝜂𝑎ℐ), 𝑍̃𝑎 ⋅ 𝑍𝑏 = 𝜇̃𝑎

𝛼𝜆𝑏𝛼 + 𝜆̃𝑎𝛼̇𝜇𝑏
𝛼̇ = 𝜇𝑎

𝐴𝜆𝑏𝐴, 

Ω𝐴𝐵 = Ω(𝛼,𝛼̇)(𝛽,𝛽̇) =
 e.g.  

𝜀𝛼𝛽⊕ 𝜀𝛽̇𝛼̇ , Ω𝐴𝐵 =
 e.g.  

𝜀𝛽𝛼⊕ 𝜀𝛼̇𝛽̇ , Ω𝐴𝐵Ω𝐵𝐶 = 𝛿𝐶
𝐴.  

Ωℐ𝒥 = ( 0 𝟙𝐼𝐽

𝟙𝐼𝐽 0
) 

𝜌𝑟𝐴
𝑎 (𝑟 = 1,2) 

|𝒵𝑖a = (𝜇𝑖a
𝐴 , 𝜆𝑖a𝐴, 𝜂𝑖aℐ⊗‖𝜆𝑖𝐴

a , 𝜇𝑖a
𝐴 , ‖ ⊚ ‖𝜌𝑖𝑗𝐴

a , 𝜏𝑖𝑗𝐴 , 𝜏̃𝑖𝑗
𝐴𝐴 𝜏̃𝑖𝑗

𝐴  SL(2, ℂ), ‖ ⊛ ⟦𝜌𝑖𝑗𝐴
a , 𝜏𝑖𝑗𝐴 , 𝜏̃𝑖𝑗

𝐴𝜀𝑎𝑏𝜀
𝑎𝑏⟧|⊞ (𝛼, 𝛼̇) 𝜂𝑖ℐ

a  Ω𝑖
ℐ𝒥 . 𝜏𝑖𝑗𝐴|)⟩⏟                                                                            

⟨( 𝐵𝑎𝑏,𝑏,𝐷𝑎𝑏,𝑑,ℬ𝚥𝑖
ab,𝑏𝚥𝑖 )⊠‖𝜆𝐴

(𝑎
𝜌1𝐵
𝑏)
Ω𝐴𝐵 ⟨𝜆𝐴𝜌1𝐵⟩Ω

𝐴𝐵 𝜆𝐴
(𝑎
𝜌2𝐵
𝑏)
Ω𝐴𝐵‖⊡⟦𝜂ℐ

(𝑎
𝜏𝒥
𝑏)
Ωℐ𝒥⟨𝜆𝐴𝜌2𝐵⟩Ω

𝐴𝐵⟧⊞⟨𝜂ℐ𝜏𝒥⟩Ω
ℐ𝒥𝜆𝑖𝐴

(a
𝜌𝑖𝚥𝐵
b)
Ω𝐴𝐵𝜆𝑖a𝐴𝜌𝑖𝚥𝐵

a Ω𝐴𝐵𝐴𝑎𝑏𝐴(𝑎𝑏)𝒵𝑖a𝒜𝑖ab𝒜𝑖(ab)𝑎𝑎̃𝑎𝑖𝑎̃𝜆𝑖𝐴
a |

̂
 

 

𝒵𝑎
𝐴(𝑧) ⋅ 𝒵𝐵

𝑏(0) =
𝛿𝐵
𝐴𝛿𝑎

𝑏

𝑧
+⋯ 𝜏̃𝑎

ℐ(𝑧)𝜏𝒥
𝑏(0) =

𝛿𝒥
ℐ𝛿𝑎
𝑏

𝑧
+⋯ 

{(𝑀𝑎𝑏 , 𝑁𝑎𝑏), (ℳ𝑖
ab,𝒩𝑖ab), (𝑚, 𝑛), (𝑚̃, 𝑛̃), (𝑚𝑖 , 𝑛𝑖), (𝑚̃𝑖, 𝑛̃𝑖)}  

{(𝛽𝑎𝑏 , 𝛾𝑎𝑏), (𝛽, 𝛾), (𝛽̃
𝑎𝑏 , 𝛾̃𝑎𝑏), (𝛽̃, 𝛾̃), (𝛽𝑖𝑗

ab, 𝛾𝑖𝑗ab), (𝛽𝑖𝑗, 𝛾𝑖𝑗)}. 

𝐽𝐵𝑅𝑆𝑇 =𝑐𝑇 + 𝑁𝑎𝑏(𝐽
𝑎𝑏 +𝑀𝑐

𝑎𝑁𝑏𝑐) + 𝑛⟨𝜆𝐴𝜆
𝐴⟩ + 𝑛̃(⟨𝜆𝐴𝜆

𝐴⟩ + ⟨𝜂ℐ𝜂
ℐ⟩) + 𝛾𝑎𝑏𝜆

𝑎𝐴𝜌1𝐴
𝑏 + 𝛾⟨𝜆𝐴𝜌1𝐴⟩

 +𝑚𝛾𝛾 + 𝛾̃𝑎𝑏(𝜆
𝑎𝐴𝜌2𝐴

𝑏 + 𝜂𝑎ℐ𝜏ℐ
𝑏) + 𝛾̃(⟨𝜆𝐴𝜌2𝐴⟩ + ⟨𝜂

ℐ𝜏ℐ⟩) + 𝑚̃𝛾̃𝛾̃ +∑  

4

𝑖=3

  (𝒩𝑖𝑎𝑏(𝐽𝑖
𝑎𝑏 +ℳ𝑖𝑐

a𝒩𝑖
𝑏𝑐)

+∑  

2

𝑗=1

 (𝛾𝑖𝑗ab𝜆𝑖
a𝐴𝜌𝑖𝑗𝐴

b + 𝛾𝑖𝑗𝜆𝑖𝐴
a 𝜌𝑖𝑗a

𝐴 + (𝑚𝑖 − 𝑚̃𝑖)𝛾𝑖𝑗𝛾𝑖𝑗) + 𝑛𝑖𝜆𝑖a
𝛼 𝜆𝑖𝛼

a + 𝑛̃𝑖𝜆̃𝑖a
𝛼̇ 𝜆̃𝑖𝛼̇

a ) ,

𝑇 =𝒵𝑎 ⋅ 𝜕𝒵𝑎 +
1

2
∑  

𝑟=1,2

  ⟨𝜌𝑟𝐴𝜕𝜌𝑟
𝐴⟩ + 𝛽𝑎𝑏𝜕𝛾𝑎𝑏 + 𝛽𝜕𝛾 +

1

2
⟨𝜏ℐ𝜕𝜏

ℐ⟩ + 𝛽̃𝑎𝑏𝜕𝛾̃𝑎𝑏 + 𝛽̃𝜕𝛾̃
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 +𝑀𝑎𝑏𝜕𝑁𝑎𝑏 +𝑚𝜕𝑛 + 𝑚̃𝜕𝑛̃ +
1

2
(𝑏𝜕𝑐 + 𝜕(𝑏𝑐)) +∑  

4

𝑖=3

  (ℳ𝑖
ab𝜕𝒩𝑖ab + 𝒵𝑖

a ⋅ 𝜕𝒵𝑖a

 +∑  

2

𝑗=1

  (
1

2
(𝜌𝑖𝑗a
𝐴 𝜕𝜌𝑖𝑗𝐴

a + 𝛽𝑖𝑗
ab𝜕𝛾𝑖𝑗ab + 𝛽𝑗𝑖𝜕𝛾𝑖𝑗 + 𝜏̃𝑖𝑗

𝐴𝜕𝜏𝑖𝑗𝐴) + 𝑚𝑖𝜕𝑛𝑖 + 𝑚̃𝑖𝜕𝑛̃𝑖) ,

𝐽𝑎𝑏 =𝒵𝑎 ⋅ 𝒵𝑏 +
1

2
∑  

𝑟=1,2

 𝜌𝑟𝐴
(𝑎
𝜌𝑟
𝑏)𝐴

+ 𝛽𝑐(𝑎𝛾𝑐
𝑏)
+
1

2
𝜏ℐ
(𝑎
𝜏𝑏)ℐ + 𝛽̃𝑐(𝑎𝛾̃𝑐

𝑏)
,

𝐽𝑖
ab =𝒵𝑖

a ⋅ 𝒵𝑖
b +∑ 

2

𝑗=1

  (
1

2
𝜌𝑖𝑗𝐴
(a
𝜌𝑖𝑗
b)𝐴

+ 𝛽𝑖𝑗
c(a
𝛾𝑖𝑗c
b)
) ,

 

 

𝑐aux =∑ 

4

𝑖=3

(−6ℳ𝑖𝒩𝑖
− (8 −𝒩)𝒵𝑖 − 2𝑚𝑖𝑛𝑖 − 2𝑚̃𝑖𝑛̃𝑖 + 2(4𝜌𝑖𝑗 + 8𝛽𝑖𝑗𝛾𝑖𝑗 − 4𝜏𝑖𝑗)) = 2(𝒩 − 2) 

 

(tradj(𝑡
𝑘𝑡𝑘) = 6, trfF(𝑡

𝑘𝑡𝑘) =
3

2
)𝑎𝑖

𝑠𝑙2

=
1

2
trfF(𝑡

𝑘𝑡𝑘)((8 −𝒩)𝒵𝑖 − 4𝜌𝑖1 − 4𝜌𝑖2)

+ tradj(𝑡
𝑘𝑡𝑘)(−1ℳ𝑖𝒩𝑖

+ 1𝛽𝑖1𝛾𝑖1 + 1𝛽𝑖2𝛾𝑖2) =
3

4
(8 −𝒩) 

 

 

𝒱 = ∫  d2𝑢 d2𝑣𝒲(𝑢)𝒲aux𝛿‾(⟨𝑣𝜖⟩ − 1)𝛿‾
4(⟨𝑢𝜆𝐴⟩ − ⟨𝑣𝜅𝐴⟩)𝛿‾

𝒩(⟨𝑢𝜂ℐ⟩ − ⟨𝑣𝜁ℐ⟩)𝑒
⟨𝑢𝜇𝐴⟩𝜖𝐴+⟨𝑢𝜂̃

ℐ⟩𝑞ℐ  

𝒲(𝑢) = cn𝑛̃𝛿(𝛾)𝛿(𝛾𝑎𝑏𝑢
𝑎𝑢𝑏)𝛿(𝛾̃)𝛿(𝛾̃𝑎𝑏𝑢

𝑎𝑢𝑏)  

𝒲aux =∏ 

4

𝑖=3

 𝑛𝑖𝑛̃𝑖∫   d𝑢𝑖
′2𝛿‾(𝑢𝑖

′a − 𝜒𝑖
𝐴𝜆𝑖𝐴
a )∏  

2

𝑗=1

 𝛿(𝛾𝑖𝑗)𝛿(𝛾𝑖𝑗ab𝑢𝑖
′a𝑢𝑖

′b)
1

2
(𝜒𝑖

𝐴𝜌𝑖𝑗𝐴
a )(𝜒𝑖

𝐴𝜌𝑖𝑗𝐴a)  

Υ𝛽(𝑧) = 𝛿(𝛽)[𝑄𝐵, 𝛽], Υ𝑢̂𝛽(𝑧) = 𝛿(𝛽
𝑎𝑏𝑢̂𝑎𝑢̂𝑏)[𝑄𝐵, 𝛽

𝑎𝑏𝑢̂𝑎𝑢̂𝑏]

Υ𝛽̃(𝑧) = 𝛿(𝛽̃)[𝑄𝐵, 𝛽̃], Υ𝑢̂𝛽̃(𝑧) = 𝛿(𝛽̃
𝑎𝑏𝑢̂𝑎𝑢̂𝑏)[𝑄𝐵, 𝛽̃

𝑎𝑏𝑢̂𝑎𝑢̂𝑏]

Υ𝑚(𝑧) = 𝑚𝛿({𝑄𝐵 , 𝑚}), Υ𝑚̃(𝑧) = 𝑚̃𝛿({𝑄𝐵 , 𝑚̃}), Υ𝑀𝑎𝑏(𝑧) = 𝑀
𝑎𝑏𝛿({𝑄𝐵 , 𝑀

𝑎𝑏})

Υ𝑚𝑖
(𝑧) = 𝑚𝑖𝛿({𝑄𝐵,𝑚𝑖}), Υ𝑚̃𝑖

(𝑧) = 𝑚̃𝑖𝛿({𝑄𝐵, 𝑚̃𝑖}), Υℳ𝑖
ab(𝑧) = ℳ𝑖

ab𝛿({𝑄𝐵,ℳ𝑖
ab}),

Υ𝛽𝑖𝑗(𝑧) = 𝛿(𝛽𝑖𝑗)[𝑄𝐵, 𝛽𝑖𝑗], Υ𝑢̂′𝛽𝑖𝑗(𝑧) = 𝛿(𝛽𝑖𝑗
ab𝑢̂𝑖a

′ 𝑢̂𝑖 b
′ )[𝑄𝐵, 𝛽𝑖𝑗

ab𝑢̂𝑖a
′ 𝑢̂𝑖 b

′ ].
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lim
𝑥,𝑦→𝜎

  ∫   d𝑢𝑖
′2𝛿‾(𝑢𝑖

′a − 𝜒𝑖
𝐴𝜆𝑖𝐴
a )Υ𝛽𝑖𝑗(𝑥)Υ𝑢𝑖

′𝛽𝑖𝑗
(𝑦)𝛿(𝛾𝑖𝑗(𝜎))𝛿(𝛾𝑖𝑗ab(𝜎)𝑢𝑖

′a𝑢𝑖
′b)
1

2
(𝜒𝑖

𝐴𝜌𝑖𝑗𝐴
a (𝜎))(𝜒𝑖

𝐴𝜌𝑖𝑗𝐴a(𝜎))

= lim
𝑥,𝑦→𝜎

 ∫   d𝑢𝑖
′2𝛿‾(𝑢𝑖

′a − 𝜒𝑖
𝐴𝜆𝑖𝐴
a )𝛿(𝛽𝑖𝑗(𝑥))𝛿(𝛽𝑖𝑗

ab(𝑦)𝑢̂𝑖a
′ 𝑢̂𝑖 b

′ )𝛿(𝛾𝑖𝑗(𝜎))𝛿(𝛾𝑖𝑗ab(𝜎)𝑢𝑖
′a𝑢𝑖

′b)

(𝜆𝑖a
𝐴 (𝑥)𝜌𝑖𝑗𝐴

a (𝑥))(𝜆𝑖𝐵
a (𝑦)𝜌𝑖𝑗

b𝐵(𝑦)𝑢̂𝑖a
′ 𝑢̂𝑖 b

′ )
1

2
(𝜒𝑖

𝐴𝜌𝑖𝑗𝐴
a (𝜎))(𝜒𝑖

𝐴𝜌𝑖𝑗𝐴a(𝜎))

= ∫  d𝑢𝑖
′2𝛿‾(𝑢𝑖

′a − 𝜒𝑖
𝐴𝜆𝑖𝐴
a )
(𝜒𝑖

𝐴𝜆𝑖𝐴
a (𝜎)𝑢̂𝑖a

′ )
2

(𝑢𝑖a
′ 𝑢̂𝑖

′a)
2 = 1

 

lim
𝑥,𝑦→𝜎

 𝑛𝑖Υ𝑚𝑖
(𝑥)𝑛̃𝑖Υ𝑚̃𝑖

(𝑦) = 𝛿(Res𝜎(𝜆𝑖
𝛼𝜆𝑖𝛼))𝛿 (Res𝜎(𝜆̃𝑖

𝛼̇𝜆̃𝑖𝛼̇)) 

𝑉 = ∫  d𝜎 d2𝑢 d2𝑣𝑤(𝑢)𝛿‾(⟨𝑣𝜖⟩ − 1)𝛿‾4(⟨𝑢𝜆𝐴⟩ − ⟨𝑣𝜅𝐴⟩)𝛿‾
𝒩(⟨𝑢𝜂ℐ⟩ − ⟨𝑣𝜁ℐ⟩)𝑒

⟨𝑢𝜇𝐴⟩𝜖𝐴+⟨𝑢𝜂̃
ℐ⟩𝑞ℐ

𝑤(𝑢) = 𝛿(Res𝜎(⟨𝜆𝐴𝜆𝐵⟩Ω
𝐴𝐵))𝛿 (Res𝜎(⟨𝜂ℐ𝜂𝒥⟩Ω

ℐ𝒥)) (
⟨𝑢̂𝜆𝐴⟩𝜖

𝐴

⟨𝑢𝑢̂⟩
+
⟨𝜌1𝐴𝜌1𝐵⟩

2
𝜖𝐴𝜖𝐵)

(
⟨𝑢̂𝜆𝐴⟩𝜖

𝐴

⟨𝑢𝑢̂⟩
+
⟨𝜌2𝐴𝜌2𝐵⟩

2
𝜖𝐴𝜖𝐵 +

⟨𝑢̂𝜂ℐ⟩𝑞
ℐ

⟨𝑢𝑢̂⟩
+
⟨𝜏ℐ𝒯𝒥⟩

2
𝑞ℐ𝑞𝒥)

 

 ∫  d𝑢1
′2 d𝑢2

′2 d𝑢3
′2
𝛿‾ (𝑢1

′a − 𝜒𝑖1
𝐴𝜆𝑖𝐴

a (𝜎1)) 𝛿‾ (𝑢2
′a − 𝜒𝑖2

𝐴𝜆𝑖𝐴
a (𝜎2)) 𝛿‾ (𝑢3

′a − 𝜒𝑖3
𝐴𝜆𝑖𝐴

a (𝜎3))

[𝑢1
′𝑢2
′ ]2[𝑢2

′ 𝑢3
′ ]2[𝑢3

′ 𝑢1
′ ]2

𝜎12
2 𝜎31

2

 ∏  

2

𝑗=1

 
1

2
(𝜒𝑖1

𝐴 [𝜌𝑖𝑗𝐴(𝜎1)𝜌𝑖𝑗𝐵(𝜎1)]𝜒𝑖1
𝐵 )(𝜒𝑖2

𝐴 [𝜌𝑖𝑗𝐴(𝜎2)𝜆𝑖𝐵(𝜎2)]𝜒𝑖2
𝐵 )(𝜒𝑖3

𝐴 [𝜌𝑖𝑗𝐴(𝜎3)𝜆𝑖𝐵(𝜎3)]𝜒𝑖3
𝐵 )

= ∫  d𝑢1
′2 d𝑢2

′2 d𝑢3
′2
∏  3
𝑘=1  𝛿‾ (𝑢𝑘

′a − 𝜒𝑖𝑘
𝐴 𝜆𝑖𝐴

a (𝜎𝑘))

[𝑢1
′𝑢2
′ ]2[𝑢2

′ 𝑢3
′ ]2[𝑢3

′ 𝑢1
′ ]2

(𝜒𝑖1𝜒𝑖2)
2(𝜒𝑖1𝜒𝑖3)

2(𝜒𝑖2
𝐴 [𝜆𝑖𝐴(𝜎2)𝜆𝑖𝐵(𝜎3)]𝜒𝑖3

𝐵 )
2

=
(𝜒𝑖1𝜒𝑖2)

2(𝜒𝑖1𝜒𝑖3)
2

(𝜒𝑖1
𝐴 [𝜆𝑖𝐴(𝜎1)𝜆𝑖𝐵(𝜎2)]𝜒𝑖2

𝐵 )
2
(𝜒𝑖3

𝐴 [𝜆𝑖𝐴(𝜎3)𝜆𝑖𝐵(𝜎1)]𝜒𝑖1
𝐵 )

2

=
(𝜒𝑖1𝜒𝑖2)

2(𝜒𝑖1𝜒𝑖3)
2

(𝜒𝑖1
𝐴 [𝜅𝑖1𝐴

′ 𝜅𝑖2𝐵
′ ]𝜒𝑖2

𝐵 )
2
(𝜒𝑖1

𝐴 [𝜅𝑖1𝐴
′ 𝜅𝑖3𝐵

′ ]𝜒𝑖3
𝐵 )

2

 

lim
𝜅𝑖𝑗
′ ,𝜒𝑖𝑗→𝜅𝑖

′,𝜒𝑖
 

(𝜒𝑖1𝜒𝑖2)
2(𝜒𝑖1𝜒𝑖3)

2

(𝜒𝑖1
𝐴 [𝜅𝑖1𝐴

′ 𝜅𝑖2𝐵
′ ]𝜒𝑖2

𝐵 )
2
(𝜒𝑖1

𝐴 [𝜅𝑖1𝐴
′ 𝜅𝑖3𝐵

′ ]𝜒𝑖3
𝐵 )

2 =
1

16(𝑘𝑖
′0)

4 

∰𝜔𝑗
𝑎𝑖

= 𝛿𝑖𝑗 ,∰𝜔𝑖
𝑏𝑖

= 𝜏𝑖𝑗 .  

𝑀 = [
𝐴 𝐵
𝐶 𝐷

] ∈ Sp(2𝑔, ℤ) 

𝜃[𝛼](𝐳) = ∑  

𝑚∈ℤ𝑔

 exp [𝑖𝜋(𝑚 + 𝛼′)𝑇𝜏(𝑚 + 𝛼′) + 2𝜋𝑖(𝑚 + 𝛼′)(𝐳 + 𝛼′′)],

𝜃[𝛼](−𝐳) = (−1)4𝛼
′⋅𝛼′′𝜃[𝛼](𝐳), 𝛼 = (

𝛼′

𝛼′′
) , 𝛼′, 𝛼′′ ∈ (ℤ/2ℤ)𝑔,
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∑ 

𝑛

𝑖=𝑗

𝑐𝑗𝑧𝑗 → 𝐳 =∑  

𝑛

𝑖=𝑗

𝑐𝑗∫  
𝑧𝑗

𝑧0

𝜔𝑖 ∈ ℂ
𝑔 

Δ ∈ ℂ𝑔, Δ𝑖 =
1 + 𝜏𝑖𝑖
2

−∑  

𝑗≠𝑖

∮   𝑎𝑗𝜔𝑗(𝑧)∫  
𝑧

𝑧0

𝜔𝑖 

𝜃(𝑧) = 0 ⇔ ∃𝑧1, … , 𝑧𝑔−1 with 𝑧 = Δ −∑  

𝑔−1

𝑖=1

  𝑧𝑖.  

𝐸(𝑧, 𝑤) =
𝜃[𝛼](𝑧 − 𝑤)

ℎ𝛼(𝑧)ℎ𝛼(𝑤)
, ℎ𝛼(𝑧) = (∑ 

𝑔

𝑖=1

 𝜕𝑖𝜃[𝛼](0)𝜔𝑖(𝑧))

1
2

,  

𝑆𝛼(𝑧, 𝑤 ∣ 𝜏) =
𝜃[𝛼](𝑧 − 𝑤)

𝐸(𝑧, 𝑤)𝜃[𝛼](0)
,         𝛼 even         

𝑆𝛼(𝑧, 𝑤 ∣ 𝜏) =
1

𝐸(𝑧, 𝑤)

∑  
𝑔
𝑖=1  𝜕𝑖𝜃[𝛼](𝑧 − 𝑤)𝜔𝑖(𝑦))

∑  
𝑔
𝑖=1  𝜕𝑖𝜃[𝛼](0)𝜔𝑖(𝑦)

,        𝛼 odd         

 

𝑍𝜆(𝑧1, … , 𝑧𝐺) = ∫  D𝑏D𝑐𝑏(𝑧1)…𝑏(𝑧𝐺)exp (−
1

2𝜋
∫   d2𝑧√𝑔𝑏(𝑧)∇‾1−𝜆𝑐(𝑧)) , 𝜆 > 1,

𝑍1(𝑧1, … , 𝑧𝑔, 𝑤) = ∫  D𝛽D𝛾𝛽(𝑧1)…𝛽(𝑧𝑔)𝛾(𝑤)exp (−
1

2𝜋
∫   d2𝑧√𝑔𝛽(𝑧)∇‾1−𝜆𝛾(𝑧)) ,

𝑍1
2
,𝛼

even = ∫  D𝜒D𝜓exp (−
1

2𝜋
∫   d2𝑧√𝑔𝜒(𝑧)∇‾1

2
𝜓(𝑧)) ,

𝑍1
2
,𝛼

odd (𝑤) = ∫  D𝜒D𝜓𝜒(𝑤)𝜓(𝑤)exp (−
1

2𝜋
∫   d2𝑧√𝑔𝜒(𝑧)∇‾1

2
𝜓(𝑧)) ,

 

𝑍𝜆>1(𝑧1, … , 𝑧𝐺) = 𝑍̃1
−
1
2𝜃[𝛼] (∑  

𝐺

𝑖=1

  𝑧𝑖 − 𝑄Δ) ∏  

𝐺

𝑗>𝑖=1

𝐸(𝑧𝑖 , 𝑧𝑗)∏  

𝐺

𝑖=1

 𝜎(𝑧𝑖)
𝑄  

𝑍1(𝑧1, … , 𝑧𝑔, 𝑤) = 𝑍̃1
−
1
2𝜃 (∑ 

𝑔

𝑖=1

 𝑧𝑖 −𝑤 − Δ)
∏  
𝑔
𝑗>𝑖=1  𝐸(𝑧𝑖, 𝑧𝑗)∏  

𝑔
𝑖=1  𝜎(𝑧𝑖)

∏  
𝑔
𝑖=1  𝐸(𝑧𝑖 , 𝑤)𝜎(𝑤)

𝑍1
2
,𝛼

even = 𝑍̃1
−
1
2𝜃[𝛼](0), 𝑍1

2
,𝛼

odd (𝑧) = (𝑍̃1

1
2det𝜔)

−1

ℎ𝛼(𝑧)
2

𝑍̃1 =
𝑍1(𝑧1, … , 𝑧𝑔, 𝑤)

det𝜔
, det𝜔 ≡ det‖𝜔𝑖(𝑧𝑗)‖,∫ 

Σ

 d2𝑧𝜔‾ 𝑖𝜔𝑗(𝑧) =< 𝜔𝑖 ∣ 𝜔𝑗 >= 2𝑖Im𝜏𝑖𝑗

 

𝜎(𝑧)

𝜎(𝑤)
=
𝜃(𝑧 − ∑  

𝑔
𝑖=1   𝑟𝑖 − Δ)

𝜃(𝑤 − ∑  
𝑔
𝑖=1  𝑟𝑖 − Δ)

∏ 

𝑔

𝑖=1

𝐸(𝑤, 𝑟𝑖)

𝐸(𝑧, 𝑟𝑖)
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det∇‾1−𝜆=
𝑍𝜆(𝑧1, … , 𝑧𝐺)

det‖𝜙𝑖(𝑧𝑗)‖
⋅ 𝜙1 ∧ …∧ 𝜙𝐺 𝜆 > 1

det∇‾0=
𝑍1(𝑧1, … , 𝑧𝑔 , 𝑤)

det𝜔𝑒
⋅ 𝜔1 ∧ …∧ 𝜔𝑔⊗ 𝑒 = 𝑍̃1 ⋅ 𝜔1 ∧ …∧ 𝜔𝑔⊗𝑒

det∇‾1
2
,𝛼

ev = 𝑍1
2
,𝛼

even, det∇‾1
2
,𝛼

odd=

𝑍1
2
,𝛼

odd(𝑧)

ℎ𝛼(𝑧)
2
⋅ ℎ𝛼⊗ℎ𝛼

 

det[bos]∇‾1−𝜆= (det[ferm]∇‾1−𝜆)
−1

 

𝑍𝜆(𝑧̃1, … , 𝑧̃𝐺) = 𝜖
2
3𝑍𝜆(𝑧1, … , 𝑧𝐺), (𝜆 ∈ ℤ),

𝑍1
2
,𝛼̃

odd (𝑧̃) = 𝜖
2
3𝑒𝑖𝜋𝜙(𝛼)det‖𝐶𝜏 + 𝐷‖𝑍1

2
,𝛼

odd (𝑧),

𝑍1
2
,𝛼̃

even = 𝜖
2
3𝑒𝑖𝜋𝜙(𝛼)𝑍1

2
,𝛼

even ,

 with 𝑧̃𝑖 = (𝜏𝐶
𝑇 + 𝐷𝑇)𝑖𝑗

−1𝑧𝑗, 𝜔̃𝑖 = 𝜔𝑗(𝐶𝜏 + 𝐷)𝑗𝑖
−1, Δ̃ − 𝜏̃𝛿1 − 𝛿2 = (𝜏𝐶

𝑇 + 𝐷𝑇)−1Δ,

 𝛼̃ = 𝛼′ + 𝛿, [
𝛼1
′

𝛼2
′ ] = [

𝐷 −𝐶
−𝐵 𝐴

] [
𝛼1
𝛼2
] , [
𝛿1
𝛿2
] =

1

2
[
diag𝐶𝐷𝑇

diag𝐴𝐵𝑇
] ,

 𝜖8 = 1,𝜙(𝛼) = 𝛼1
′ ⋅ 𝛼2

′ − 𝛼1 ⋅ 𝛼2 + 2𝛼1
′ ⋅ 𝛿2 ∈

ℤ2
4
.

 

𝑍̃2det𝜔 =
𝑍2
det𝜔

= 𝑍1 = 𝑍̃1det𝜔 = 𝑍̃1
−
1
2
𝜃(𝑧 − 𝑤)

𝐸(𝑧, 𝑤)
= 𝑍̃1

−
1
2𝜃′(0)det𝜔 = 𝑍1

2
,𝛼

odd (𝑧)det𝜔, 

𝑍̃2 =
𝑍2

det𝜔
2 =

𝑍1
det𝜔

= 𝑍̃1 = 𝑍1
2

odd = 𝜂(𝜏)2, 𝑍1
2
,𝛼

even =
𝜃[𝛼](0)

𝜂(𝜏)
 

d(WP)(det𝑃̂1
†𝑃̂1)

1
2 = 𝑊 ∧𝑊‾ ,𝑊 = d𝑚3(𝑔−1)∫  d𝑏 d𝑐 ∏  

3(𝑔−1)

𝑖=1

(𝜇𝑖 , 𝑏)exp [∫  d
2𝑧𝑏(𝑧)∇‾−1𝑐(𝑧)] 

𝑊 = d𝑚3(𝑔−1)
det‖(𝜇𝑖, 𝜙𝑗)‖

det‖𝜙𝑖(𝑧𝑗)‖
𝑍2(𝑧1, … , 𝑧3(𝑔−1)) = det∇‾−1 

d𝜇𝑔 =
𝜙1 ∧ …∧ 𝜙3(𝑔−1)

det‖𝜙𝑖(𝑧𝑗)‖
= d𝑚3(𝑔−1)

det‖(𝜇𝑖, 𝜙𝑗)‖

det‖𝜙𝑖(𝑧𝑗)‖
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𝑍𝑔≥2 = ⟨ ∏  

3(𝑔−1)

𝑖=1

 𝑏(𝑦𝑖)∏  

𝑔

𝑗=1

 Υ𝑚(𝑥𝑗)Υ𝑚̃(𝑥̃𝑗)Υ𝑀00(𝑤1𝑗)Υ𝑀11(𝑤2𝑗)Υ𝑀(01)(𝑤3𝑗)

(∏  

4

𝑘=3

 Υ𝑚𝑘
(𝑥𝑘𝑗)Υ𝑚̃𝑘

(𝑥̃𝑘𝑗)Υℳ𝑘00
(𝑤1𝑘𝑗)Υℳ𝑖11

(𝑤2𝑘𝑗)Υℳ𝑖(01)
(𝑤3𝑘𝑗)

∏  

2

𝑙=1

 Υ𝛽𝑘𝑙(𝑟𝑘𝑙𝑗)Υ(0,1)𝛽𝑘𝑙(𝑟1𝑘𝑙𝑗)Υ(−1,1)𝛽𝑘𝑙(𝑟2𝑘𝑙𝑗)Υ(−1,0)𝛽𝑘𝑙(𝑟3𝑘𝑙𝑗))

Υ𝛽(𝑧𝑗)Υ(0,1)𝛽(𝑧1𝑗)Υ(−1,1)𝛽(𝑧2𝑗)Υ(−1,0)𝛽(𝑧3𝑗)Υ𝛽̃(𝑧̃𝑗)Υ(0,1)𝛽̃(𝑧̃1𝑗)Υ(−1,1)𝛽̃(𝑧̃2𝑗)Υ(−1,0)𝛽̃(𝑧̃3𝑗)⟩

 =∑  

𝛼

 ∫  d𝜇𝑔
𝑍2((𝑦))𝑍1((𝑥))

6𝑍1((𝑤))
9

𝑍1((𝑧))
8𝑍1((𝑟))

16 ⟨∏  

𝑔

 (𝛿‾tot 𝑗tot )⟩

𝛼

𝛿‾tot = 𝛿‾(⟨𝜆
𝐴𝜆𝐴⟩ + ⟨𝜂

ℐ𝜂ℐ⟩)… , 𝑗tot = ⟨𝜆
𝐴𝜌2𝐴 + 𝜂

ℐ𝜏ℐ⟩…

 

𝑍𝑔=1
ev =∑ 

𝛼

 ∫  

d𝜇1𝑍2𝑍1
−9 (𝑍1

2
,𝛼

even)

8

Vol(CKV)chir 

⟨𝛿‾tot 𝑗tot ⟩𝛼 =∑ 

𝛼

 ∫  
d𝜇1det𝜔

−7

Vol(CKV)chir 

(
𝜃𝛼(0)

𝜂(𝜏)
)
8 ⟨𝛿‾tot 𝑗tot ⟩𝛼
𝜂(𝜏)16

,

𝑍𝑔=1
odd = ∫  

d𝜇1𝑍2𝑍1
−9 (𝑍1

2

odd )

8

Vol(CKV)chir 

d16𝜓⟨𝛿‾tot 𝑗tot ⟩ = ∫  
d𝜇1det𝜔

−7 d16𝜓

Vol(CKV)chir 

⟨𝛿‾tot 𝑗tot ⟩

 

d𝜇1 = d𝜏det𝜔
−2 

𝑍𝑔=1
ev  = ∑  

𝛼̃

 ∫  d𝜏̃
⟨𝛿‾tot 𝑗tot ⟩𝛼
det𝜔

10 (
𝜃𝛼̃(0)

𝜂(𝜏̃)3
)
8

=∑ 

𝛼

 ∫  
d𝜏

𝑀𝜏
2

⟨𝛿‾tot 𝑗tot ⟩𝛼
(det𝜔𝑀𝜏

−1)10
(
𝜃𝛼(0)

𝜂(𝜏)3𝑀𝜏
)
8

𝑍𝑔=1
odd = ∫  d𝜏̃

 d16𝜓̃

det𝜔̃
10 ⟨𝛿

‾
tot 𝑗tot ⟩ = ∫  

d𝜏

𝑀𝜏
2

 d16𝜓𝑀𝜏
−8

(det𝜔𝑀𝜏
−1)10

⟨𝛿‾tot 𝑗tot ⟩

𝜏̃ =
𝐴𝜏 + 𝐵

𝐶𝜏 + 𝐷
,𝑀𝜏 = det‖𝐶𝜏 + 𝐷‖

 

𝐴𝑔,𝑛 = ⟨𝑉1…𝑉𝑛⟩ =∑  

𝛼

 ∫  d𝜇𝑔𝑍𝑔
chir ((𝑧), (𝑦), (𝑥), (𝑤), (𝑟))𝐴𝑔

𝛼((𝑧), (𝑥), (𝑤), (𝑟))

𝑍𝑔
chir =

𝑍2((𝑦))𝑍1((𝑥))
6𝑍1((𝑤))

9

𝑍1((𝑧))
8𝑍1((𝑟))

16𝑍̃1
4

=
𝑌3(𝑦)𝑌(𝑥)𝑌(𝑥̃)∏  4

𝑘=3  𝑌(𝑥𝑘)𝑌(𝑥𝑘)∏  3
𝑗=1  𝑌(𝑤𝑗)∏  4

𝑘=3  𝑌(𝑤𝑗𝑘)

𝑌(𝑧)𝑌(𝑧̃)∏  3
𝑗=1  𝑌(𝑧𝑗)𝑌(𝑧̃𝑗)∏  4

𝑘=3  ∏  2
𝑙=1  𝑌(𝑟𝑘𝑙)∏  3

𝑗=1  𝑌(𝑟𝑗𝑘𝑙)

𝐴𝑔
𝛼((𝑧), (𝑥), (𝑤), (𝑟)) = ∫  d𝑚0𝑍̃1

4 ⟨∏  

𝑔

𝑗=1

  (𝛿‾𝑥𝑗𝛿
‾
𝑤𝑗
′ 𝑗𝑧𝑗𝑗𝑧̃𝑗𝑗𝑟𝑗

′ )𝑉1…𝑉𝑛⟩

𝛼

𝑌𝑄(𝑦) ≡ 𝜃(Δ𝑦
𝑄
) ∏  

𝑄(𝑔−1)

𝑗>𝑖=1

 𝐸(𝑦𝑖 , 𝑦𝑗) ∏  

𝑄(𝑔−1)

𝑖=1

 𝜎(𝑦𝑖)
𝑄 , 𝑌(𝑎) ≡ 𝜃(Δ𝑎)

∏  
𝑔
𝑗>𝑖=1  𝐸(𝑎𝑖 , 𝑎𝑗)∏  

𝑔
𝑖=1  𝜎(𝑎𝑖)

∏  
𝑔
𝑖=1  𝐸(𝑎𝑖 , 𝑎0)𝜎(𝑎0)
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Δ𝑎
𝑄
≡ ∑  

𝑄(𝑔−1)

𝑖=1

 𝑎𝑖 − 𝑄Δ, Δ𝑎 ≡∑ 

𝑔

𝑖=1

 𝑎𝑖 − 𝑎0 − Δ

𝛿‾𝑥𝑗 = 𝛿
‾(⟨𝜆𝐴(𝑥𝑗)𝜆𝐴(𝑥𝑗)⟩)𝛿‾(⟨𝜆

𝐴(𝑥̃𝑗)𝜆𝐴(𝑥̃𝑗)⟩ + ⟨𝜂
ℐ(𝑥̃𝑗)𝜂ℐ(𝑥̃𝑗)⟩)

 ∏  

4

𝑘=3

 𝛿‾ (𝜆𝑘
𝛼(𝑥𝑘𝑗)𝜆𝑘𝛼(𝑥𝑘𝑗)) 𝛿‾ (𝜆̃𝑘

𝛼̇(𝑥̃𝑘𝑗)𝜆̃𝑘𝛼̇(𝑥̃𝑘𝑗))

𝛿‾𝑤𝑗
′ = 𝛿‾({𝑄𝐵, 𝑀

00(𝑤1𝑗)})𝛿‾({𝑄𝐵,𝑀
01(𝑤2𝑗)})𝛿‾({𝑄𝐵,𝑀

11(𝑤3𝑗)})

 ∏  

4

𝑘=3

 𝛿‾({𝑄𝐵,ℳ
00(𝑤1𝑘𝑗)})𝛿‾({𝑄𝐵,ℳ

01(𝑤2𝑘𝑗)})𝛿‾({𝑄𝐵,ℳ
11(𝑤3𝑘𝑗)})

𝑗𝑧𝑗 = ⟨𝜆
𝐴(𝑧𝑗)𝜌1𝐴(𝑧𝑗)⟩ (𝜆

𝐴0(𝑧1𝑗)𝜌1𝐴
0 (𝑧1𝑗)) (𝜆

𝐴(0(𝑧2𝑗)𝜌1𝐴
1)
(𝑧2𝑗)) (𝜆

𝐴1(𝑧3𝑗)𝜌1𝐴
1 (𝑧3𝑗)) ,

𝑗𝑧̃𝑗 = (⟨𝜆
𝐴(𝑧̃𝑗)𝜌2𝐴(𝑧̃𝑗)⟩ + ⟨𝜂

ℐ(𝑧̃𝑗)𝜏ℐ(𝑧̃𝑗)⟩) (𝜆
𝐴0(𝑧̃1𝑗)𝜌2𝐴

0 (𝑧̃1𝑗) + 𝜂
ℐ0(𝑧̃1𝑗)𝜏ℐ

0(𝑧̃1𝑗))

(𝜆𝐴(0(𝑧̃2𝑗)𝜌2𝐴
1)
(𝑧̃2𝑗) + 𝜂

ℐ(0(𝑧̃2𝑗)𝜏ℐ
1)
(𝑧̃2𝑗)) (𝜆

𝐴1(𝑧̃3𝑗)𝜌2𝐴
1 (𝑧̃3𝑗) + 𝜂

ℐ1(𝑧̃3𝑗)𝜏ℐ
1(𝑧̃3𝑗))

𝑗𝑟𝑗
′ =∏ 

4

𝑘=3

 ∏  

2

𝑙=1

 ((𝜆𝑘a
𝐴 (𝑟𝑘𝑙𝑗)𝜌𝑘𝑙𝐴

a (𝑟𝑘𝑙𝑗)) (𝜆
𝐴0(𝑟1𝑘𝑙𝑗)𝜌𝑘𝑙𝐴

0 (𝑟1𝑘𝑙𝑗)) (𝜆𝑘
𝐴(0
(𝑟2𝑘𝑙𝑗)𝜌𝑘𝑙𝐴

1)
(𝑟2𝑘𝑙𝑗))

 (𝜆𝑘
𝐴1(𝑟3𝑘𝑙𝑗)𝜌𝑘𝑙𝐴

1 (𝑟3𝑘𝑙𝑗)))

 

𝛿‾𝑤𝑗
′ 𝑗𝑧𝑗𝑗𝑧𝑗𝑗𝑟𝑗

′ → 𝑗𝑧𝑗
𝑢 𝑗𝑧̃𝑗
𝑢 𝑗𝑟𝑗

′𝑢

𝑗𝑧𝑗
𝑢 = ⟨𝜆𝐴(𝑧𝑗)𝜌1𝐴(𝑧𝑗)⟩∫  

d2𝑢1𝑗 d
2𝑢2𝑗 d

2𝑢3𝑗𝑒
−∑  3

𝑘=1  ‖𝑢𝑘𝑗‖
2

⟨𝑢1𝑗𝑢2𝑗⟩⟨𝑢2𝑗𝑢3𝑗⟩⟨𝑢3𝑗𝑢1𝑗⟩
∏  

3

𝑘=1

  (⟨𝑢𝑘𝑗𝜆
𝐴(𝑧𝑘𝑗)⟩⟨𝑢𝑘𝑗𝜌1𝐴(𝑧𝑘𝑗)⟩)

𝑗𝑧̃𝑗
𝑢 = (⟨𝜆𝐴(𝑧̃𝑗)𝜌2𝐴(𝑧̃𝑗)⟩ + ⟨𝜂

ℐ(𝑧̃𝑗)𝜏ℐ(𝑧̃𝑗)⟩)∫  
d2𝑢̃1𝑗 d

2𝑢̃2𝑗 d
2𝑢̃3𝑗

⟨𝑢̃1𝑗𝑢̃2𝑗⟩⟨𝑢̃2𝑗𝑢̃3𝑗⟩⟨𝑢̃3𝑗𝑢̃1𝑗⟩
𝑒−∑  3

𝑘=1  ‖𝑢̃𝑘𝑗‖
2

 ∏  

3

𝑘=1

  (⟨𝑢̃𝑘𝑗𝜆
𝐴(𝑧̃𝑘𝑗)⟩⟨𝑢̃𝑘𝑗𝜌2𝐴(𝑧̃𝑘𝑗)⟩ + ⟨𝑢̃𝑘𝑗𝜂

ℐ(𝑧̃𝑘𝑗)⟩⟨𝑢̃𝑘𝑗𝜏ℐ(𝑧̃𝑘𝑗)⟩)

𝑗𝑟𝑗
′𝑢 = ∏  

4

𝑘=3

 ∏  

2

𝑙=1

 ([𝜆𝑘
𝐴(𝑟𝑘𝑙𝑗)𝜌𝑘𝑙𝐴(𝑟𝑘𝑙𝑗)]∫  

d2𝑢1𝑘𝑗
′ d2𝑢2𝑘𝑗

′ d2𝑢3𝑘𝑗
′

[𝑢1𝑘𝑗
′ 𝑢2𝑗𝑘

′ ][𝑢2𝑘𝑗
′ 𝑢3𝑘𝑗

′ ][𝑢3𝑘𝑗
′ 𝑢1𝑘𝑗

′ ]
𝑒
−∑  3

𝑠=1  ‖𝑢𝑠𝑘𝑗
′ ‖

2

∏ 

3

𝑠=1

  [𝑢𝑠𝑘𝑗
′ 𝜆𝑘𝑗

𝐴 (𝑟𝑠𝑘𝑙𝑗)][𝑢𝑠𝑘𝑗
′ 𝜌𝑘𝑙𝑗𝐴(𝑟𝑠𝑘𝑙𝑗)])

 

⟨𝑣𝑟𝜅𝑟
𝐴⟩ = ⟨𝑢𝑟𝜆

𝐴(𝜎𝑟)⟩, 𝑟 = 1,… , 𝑛, 𝜆𝐴
𝑎(𝜎) = 𝜆0𝐴

𝑎
ℎ𝛼(𝜎)

√d𝜎
+∑  

𝑛

𝑙=1

 𝑢𝑙
𝑎𝜖𝑙𝐴

𝑆𝛼(𝜎, 𝜎𝑙 ∣ 𝜏)

√d𝜎√ d𝜎𝑙

⟨𝑣𝑟𝜁𝑟
ℐ⟩ = ⟨𝑢𝑟𝜂

ℐ(𝜎𝑟)⟩, 𝑟 = 1,… , 𝑛, 𝜂ℐ
𝑎(𝜎) = 𝜂0𝐴

𝑎
ℎ𝛼(𝜎)

√d𝜎
+∑ 

𝑛

𝑙=1

 𝑢𝑙
𝑎𝑞𝑙ℐ

𝑆𝛼(𝜎, 𝜎𝑙 ∣ 𝜏)

√d𝜎√ d𝜎𝑙
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ℬ = (
𝐴 𝐶
−𝐶𝑇 𝐻

)

𝐴𝑖𝑗 = ⟨Λ𝑖𝐴(𝑧𝑖
′)Λ𝑗

𝐴(𝑧𝑗
′)⟩
𝑆𝛼(𝑧𝑖

′, 𝑧𝑗
′ ∣ 𝜏)

√d𝑧𝑖
′√d𝑧𝑗

′

, 𝐴 = 4𝑔 × 4𝑔 antisymmetric matrix, 

𝐶𝑖𝑗
𝑎 = Λ𝑖𝐴

𝑎 (𝑧𝑖
′)𝜖𝑗

𝐴
𝑆𝛼(𝑧𝑖

′, 𝜎𝑗 ∣ 𝜏)

√d𝑧𝑖
′√d𝜎𝑗

,

𝐻𝑖𝑗 = 𝜖𝑖𝐴𝜖𝑗
𝐴
𝑆𝛼(𝜎𝑖, 𝜎𝑗 ∣ 𝜏)

√d𝜎𝑖√ d𝜎𝑗
, (𝑖 ≠ 𝑗 = 1,… , 𝑛), 𝑢𝑖

𝑎𝐻𝑖𝑖 = −𝜆𝐴
𝑎(𝜎𝑖)𝜖𝑖

𝐴

Λ𝑖𝐴
𝑎 (𝑧𝑖

′) = {
𝜆𝐴
𝑎(𝑧𝑘), 𝑖 = 4𝑘,

𝑢𝑙𝑘
𝑎 ⟨𝑢𝑙𝑘𝜆𝐴(𝑧𝑙𝑘)⟩, 𝑖 = 4𝑘 + 𝑙, 𝑙 = 1,2,3,

 𝑘 = 1,… , 𝑔

 

ℬ̃ = ( 𝐴̃ 𝐶̃
−𝐶̃𝑇 𝐺

)

𝐴̃𝑖𝑗 = (⟨Λ̃𝑖𝐴(𝑧̃𝑖
′)Λ̃𝑗

𝐴(𝑧̃𝑗
′)⟩ + ⟨𝐻̃𝑖ℐ(𝑧̃𝑖

′)𝐻̃𝑗
ℐ(𝑧̃𝑗

′)⟩)
𝑆𝛼(𝑧̃𝑖

′, 𝑧̃𝑗
′ ∣ 𝜏)

√d𝑧̃𝑖
′√d𝑧̃𝑗

′

, 𝐴̃ = 4𝑔 × 4𝑔 antisymmetric matrix, 

𝐶̃𝑖𝑗
𝑎 = (Λ̃𝑖𝐴

𝑎 (𝑧̃𝑖
′)𝜖𝑗

𝐴 + 𝐻̃𝑖ℐ
𝑎(𝑧̃𝑖

′)𝑞𝑗
ℐ)
𝑆𝛼(𝑧̃𝑖

′, 𝜎𝑗 ∣ 𝜏)

√d𝑧̃𝑖
′√d𝜎𝑗

,

⟨𝐶̃𝑖𝑗𝐶̃𝑘𝑙⟩ ≡ (𝜖𝑗
𝐴⟨Λ̃𝑖𝐴(𝑧̃𝑖

′)Λ̃𝑘𝐵(𝑧̃𝑘
′ )⟩𝜖𝑙

𝐵 + 𝑞𝑗
ℐ⟨𝐻̃𝑖ℐ(𝑧̃𝑖

′)𝐻̃𝑘𝒥(𝑧̃𝑘
′ )⟩𝑞𝑙

𝒥)
𝑆𝛼(𝑧̃𝑖

′, 𝜎𝑗 ∣ 𝜏)

√d𝑧̃𝑖
′√d𝜎𝑗

𝑆𝛼(𝑧̃𝑘
′ , 𝜎𝑙 ∣ 𝜏)

√d𝑧̃𝑘
′√d𝜎𝑙

𝐺𝑖𝑗 = (𝜖𝑖𝐴𝜖𝑗
𝐴 + 𝑞𝑖ℐ𝑞𝑗

ℐ)
𝑆𝛼(𝜎𝑖, 𝜎𝑗 ∣ 𝜏)

√d𝜎𝑖√ d𝜎𝑗
, 𝑢𝑖
𝑎𝐺𝑖𝑖 = −𝜆𝐴

𝑎(𝜎𝑖)𝜖𝑖
𝐴 − 𝜂ℐ

𝑎(𝜎𝑖)𝑞𝑖
ℐ,

Λ̃𝑖𝐴
𝑎 (𝑧̃𝑖

′) = {𝜆𝐴
𝑎(𝑧̃𝑘), 𝑖 = 4𝑘, 𝐻̃𝑖ℐ

𝑎(𝑧̃𝑖
′) = {

𝜂ℐ
𝑎(𝑧̃𝑘), 𝑖 = 4𝑘,

𝑢̃𝑙𝑘
𝑎 ⟨𝑢̃𝑙𝑘𝜆𝐴(𝑧̃𝑙𝑘)⟩,

, 𝑢̃𝑙𝑘𝜂ℐ(𝑧̃𝑙𝑘)⟩ , 𝑖 = 4𝑘 + 𝑙, 𝑙 = 1,2,3
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𝐴𝑔,𝑉,𝑛
𝛼 = ⟨∏ 

𝑔

𝑗=1

  (𝑗𝑧𝑗
𝑢 𝑗𝑧̃𝑗
𝑢 𝑗𝑟𝑗

′𝑢)𝑉1…𝑉𝑛⟩

𝛼

 =∏  

𝑛

𝑙=1

 
 d𝜎𝑙 d

2𝑢𝑙 d
2𝑣𝑙

vol(SL(2, ℂ))𝑢
∏ 

𝑛

𝑟=1

 𝛿‾(⟨𝑣𝑟𝜖𝑟⟩ − 1)𝛿‾
4(⟨𝑢𝑟𝜆

𝐴⟩ − ⟨𝑣𝑟𝜅𝑟
𝐴⟩)𝛿‾𝒩(⟨𝑢𝑟𝜂

ℐ⟩ − ⟨𝑣𝑟𝜁𝑟
ℐ⟩)ℋ𝒢𝛿‾𝑟𝑗𝑟

′ ,

𝛿‾𝑟 =∏ 

𝑛

𝑟=2

 𝛿‾ (Res𝜎𝑟(⟨𝜆𝐴𝜆𝐵⟩Ω
𝐴𝐵)) 𝛿‾ (Res𝜎𝑟(⟨𝜂ℐ𝜂𝒥⟩Ω

ℐ𝒥))

𝑗𝑟
′ = ⟨∏ 

𝑔

𝑗=1

  𝑗𝑟𝑗
′𝑢∏ 

4

𝑖=3

  ∏  

𝑘=𝑠,𝑡

 ∫   d𝑢𝑘𝑖
′2𝛿‾ (𝑢𝑘𝑖

′a − 𝜒𝑘𝑖
𝐴 𝜆𝑖𝐴

a (𝜎𝑘))
∏  2
𝑟=1  ∏  𝑝=𝑠,𝑡  

1
2
(𝜒𝑝𝑖

𝐴 𝜌𝑖𝑟𝐴
a (𝜎𝑝)) (𝜒𝑝𝑖

𝐴 𝜌𝑖𝑟𝐴a(𝜎𝑝))

vol(SL(2, ℂ))𝑢𝑠𝑖
′ [𝑢𝑠𝑖

′ 𝑢𝑡𝑖
′ ]
4 ⟩

𝛼

ℋ =∏ 

𝑔

𝑗=1

 ∫  
 d2𝑢1𝑗 d

2𝑢2𝑗 d
2𝑢3𝑗

⟨𝑢1𝑗𝑢2𝑗⟩⟨𝑢2𝑗𝑢3𝑗⟩⟨𝑢3𝑗𝑢1𝑗⟩
𝑒−∑  3

𝑘=1  ‖𝑢𝑘𝑗‖
2

∑ 

𝐼,𝐽

 Pf(𝐴𝐽
𝐼)∑  

𝐷

 det′𝐻𝐷𝐽
𝐼 ,

𝒢 =∏  

𝑔

𝑗=1

 ∫  
 d2𝑢̃1𝑗 d

2𝑢̃2𝑗 d
2𝑢̃3𝑗

⟨𝑢̃1𝑗𝑢̃2𝑗⟩⟨𝑢̃2𝑗𝑢̃3𝑗⟩⟨𝑢̃3𝑗𝑢̃1𝑗⟩
𝑒−∑  3

𝑘=1  ‖𝑢̃𝑘𝑗‖
2

∑ 

𝐼,𝐽

 Pf(𝐴̃𝐽
𝐼)∑  

𝐷

 det′𝐺𝐷𝐽
𝐼 ,

det′𝐻𝐷𝐽
𝐼 =

det (𝐻[𝑘𝑙]
[𝑖𝑗]
)
𝐷𝐽

𝐼

⟨𝑢𝑖𝑢𝑗⟩⟨𝑢𝑘𝑢𝑙⟩
, det′𝐺𝐷𝐽

𝐼 =

det (𝐺[𝑠𝑡]
[𝑝𝑟]
)
𝐷𝐽

𝐼

⟨𝑢𝑝𝑢𝑟⟩⟨𝑢𝑠𝑢𝑡⟩
,

𝐻𝑖𝑗 = 𝜖𝑖𝐴𝜖𝑗
𝐴
𝑆𝛼(𝜎𝑖, 𝜎𝑗 ∣ 𝜏)

√d𝜎𝑖√ d𝜎𝑗
, 𝑢𝑖

𝑎𝐻𝑖𝑖 = −𝜆𝐴
𝑎(𝜎𝑖)𝜖𝑖

𝐴,

𝐺𝑖𝑗 = (𝜖𝑖𝐴𝜖𝑗
𝐴 + 𝑞𝑖ℐ𝑞𝑗

ℐ)
𝑆𝛼(𝜎𝑖, 𝜎𝑗 ∣ 𝜏)

√d𝜎𝑖√ d𝜎𝑗
, 𝑢𝑖

𝑎𝐺𝑖𝑖 = −𝜆𝐴
𝑎(𝜎𝑖)𝜖𝑖

𝐴 − 𝜂ℐ
𝑎(𝜎𝑖)𝑞𝑖

ℐ.

 

0 =∑  

𝑖

  𝜖𝑖
[𝐴
(⟨𝑣𝑖𝜅𝑖

𝐵]
⟩ − ⟨𝑢𝑖𝜆(𝜎𝑖)

𝐵]⟩) =∑  

𝑖

  ⟨𝜅𝑖
𝐴𝜅𝑖

𝐵⟩ −∑  

𝑖𝑗

  ⟨𝑢𝑖𝑢𝑗⟩𝜖𝑖
[𝐴
𝜖𝑗
𝐵]
𝑆𝛼(𝜎𝑖, 𝜎𝑗 ∣ 𝜏) =∑  

𝑖

 𝑘𝑖
𝐴𝐵

∑ 

𝑖

  ⟨𝜅𝑖
𝐴𝜁𝑖
ℐ⟩ =∑  

𝑖

  (⟨𝑘𝑖
𝐴𝑣𝑖⟩⟨𝜖𝑖𝜁𝑖

ℐ⟩ − ⟨𝑘𝑖
𝐴𝜖𝑖⟩⟨𝑣𝑖𝜁𝑖

ℐ⟩) =∑  

𝑖

  (⟨𝑢𝑖𝜆(𝜎𝑖)
𝐴⟩𝑞𝑖

ℐ − 𝜖𝑖
𝐴⟨𝑢𝑖𝜂(𝜎𝑖)

ℐ⟩

 =∑  

𝑖𝑗

  (𝜖𝑗
𝐴𝑞𝑖

ℐ − 𝜖𝑖
𝐴𝑞𝑗

ℐ)⟨𝑢𝑖𝑢𝑗⟩𝑆𝛼(𝜎𝑖, 𝜎𝑗 ∣ 𝜏) = 0

 

𝐴𝑔,𝑛
even=∑ 

𝛼

 ∫  d𝜇𝑔𝑍𝑔
𝛼((𝑧), (𝑦), (𝑥), (𝑤), (𝑟))(∏ 

𝑔

𝑗=1

 𝛿‾𝑥𝑗)𝐴𝑔,𝑉,𝑛
𝛼  

𝑍𝑔
𝛼  =

𝑍2((𝑦))𝑍1((𝑥))
6𝑍1((𝑤))

9 (𝑍1
2
,𝛼

even)

8

𝑍1((𝑧))
8𝑍1((𝑟))

16

 =
𝑌3(𝑦)𝑌(𝑥)𝑌(𝑥̃)∏  4

𝑘=3  𝑌(𝑥𝑘)𝑌(𝑥𝑘)∏  3
𝑗=1  𝑌(𝑤𝑗)∏  4

𝑘=3  𝑌(𝑤𝑗𝑘)𝜃[𝛼](0)
8

𝑌(𝑧)𝑌(𝑧̃)∏  3
𝑗=1  𝑌(𝑧𝑗)𝑌(𝑧̃𝑗)∏  4

𝑘=3  ∏  2
𝑙=1  𝑌(𝑟𝑘𝑙)∏  3

𝑗=1  𝑌(𝑟𝑗𝑘𝑙)

 

𝐴1,𝑛
even =∑ 

𝛼

 ∫  
d𝜏

det𝜔
10 (

𝜃[𝛼](0)

𝜂(𝜏)3
)
8

𝛿‾𝑥1
𝐴1,𝑉,𝑛
𝛼

vol(GL(1, ℂ))𝜎
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𝜇0
𝑎𝛽̇ ℎ𝛼

√d𝜎
= 𝑥0

𝛽𝛽̇
𝜆𝛽
𝑎 −Θ0

ℐ𝛽̇
𝜂ℐ
𝑎 , 𝜇̃0

𝑎𝛽 ℎ𝛼

√d𝜎
= −𝑥0

𝛽𝛽̇
𝜆̃𝛽̇
𝑎 − Θ0

ℐ𝛽
𝜂ℐ
𝑎, 𝜂̃0

𝑎ℐ
ℎ𝛼

√d𝜎
= Θ0

ℐ𝐴𝜆𝐴
𝑎 

 ∫  
d8𝜇0

𝑎𝐴 d2𝒩𝜂̃0
𝑎ℐ

vol(SL(2, ℂ) × ℂ)𝜇0
exp [−∑  

𝑛

𝑖=1

 𝑈𝑖]

𝑈𝑖 = (⟨𝑢𝑖𝜇0
𝐴⟩𝜖𝑖𝐴 + ⟨𝑢𝑖𝜂̃0

ℐ⟩𝑞𝑖ℐ)
ℎ𝛼

√d𝜎

 = 𝑥0
𝛽𝛽̇
(𝜖𝑖𝛽̇⟨𝑢𝑖𝜆𝑖𝛽⟩ − 𝜖𝑖𝛽⟨𝑢𝑖𝜆̃𝑖𝛽̇⟩) − Θ0

ℐ𝐴⟨𝑢𝑖𝜂ℐ⟩𝜖𝑖𝐴 + Θ0
ℐ𝐴⟨𝑢𝑖𝜆𝑖𝐴⟩𝑞𝑖ℐ

 = 𝑥0
𝛽𝛽̇
(⟨𝑣𝑖𝜅𝑖𝛽⟩⟨𝜖𝑖𝜅̃𝑖𝛽̇⟩ − ⟨𝜖𝑖𝜅𝑖𝛽⟩⟨𝑣𝑖𝜅̃𝑖𝛽̇⟩) + Θ0

ℐ𝐴(−⟨𝜖𝑖𝜅𝑖𝐴⟩⟨𝑣𝑖𝜁ℐ⟩ + ⟨𝑣𝑖𝜅𝑖𝐴⟩⟨𝑒𝑖𝜁𝑖ℐ⟩)

 = 𝑥0
𝛽𝛽̇
⟨𝜅𝑖𝛽𝜅̃𝑖𝛽̇⟩ + Θ0

ℐ𝐴⟨𝜅𝑖𝐴𝜁𝑖ℐ⟩ = 𝑥0 ⋅ 𝑘𝑖 + Θ0
ℐ𝐴⟨𝜅𝑖𝐴𝜁𝑖ℐ⟩

 

𝐴𝑔,𝑛
odd = 𝛿 (∑  

𝑛

𝑖=1

 𝑘𝑖)𝛿 (∑  

𝑛

𝑖=1

  ⟨𝜅𝑖𝐴𝜁𝑖ℐ⟩)∑  

𝛼

 ∫  d𝜇𝑔𝑍𝑔
𝛼((𝑧), (𝑦), (𝑥), (𝑤), (𝑟))∫  d𝑚0(∏ 

𝑔

𝑗=1

 𝛿‾𝑥𝑗)𝐴𝑔,𝑉,𝑛
𝛼  

𝑍𝑔
𝛼 =

𝑍2((𝑦))𝑍1((𝑥))
6𝑍1((𝑤))

9 (𝑍1
2
,𝛼

odd )

8

𝑍1((𝑧))
8𝑍1((𝑟))

16

 =
𝑌3(𝑦)𝑌(𝑥)𝑌(𝑥̃)∏  4

𝑘=3  𝑌(𝑥𝑘)𝑌(𝑥𝑘)∏  3
𝑗=1  𝑌(𝑤𝑗)∏  4

𝑘=3  𝑌(𝑤𝑗𝑘)

𝑌(𝑧)𝑌(𝑧̃)∏  3
𝑗=1  𝑌(𝑧𝑗)𝑌(𝑧̃𝑗)∏  4

𝑘=3  ∏  2
𝑙=1  𝑌(𝑟𝑘𝑙)∏  3

𝑗=1  𝑌(𝑟𝑗𝑘𝑙)
(
ℎ𝛼(𝑧)

2

det𝜔
)

8

 d𝑚0 =
d8𝜆0𝐴

𝑎  d2𝒩𝜂𝜂0ℐ
𝑎

vol(SL(2, ℂ) × ℂ)𝜆0

 

𝐴1,𝑛
odd = 𝛿 (∑  

𝑛

𝑖=1

 𝑘𝑖)𝛿 (∑  

𝑛

𝑖=1

  ⟨𝜅𝑖𝐴𝜁𝑖ℐ⟩)∫  
d𝜏

det𝜔
10

 d8𝜆0𝐴
𝑎  d2𝒩𝜂0ℐ

𝑎

vol(SL(2, ℂ) × ℂ)𝜆0
𝛿‾𝑥1

𝐴1,𝑉,𝑛
vol(GL(1, ℂ))𝜎

 

𝐴1,𝑛
odd = 𝛿 (∑  

𝑛

𝑖=1

 𝑘𝑖)𝛿 (∑  

𝑛

𝑖=1

  ⟨𝜅𝑖𝐴𝜁𝑖𝐼⟩)∫  
d𝜏

 d2𝑧

 d8(𝜆0𝐴
𝑎 √ d𝑧)d2𝒩(𝜂0ℐ

𝑎 √ d𝑧)

(vol(SL(2, ℂ) × ℂ)𝜆0 d4𝑧)
𝛿‾𝑥1

𝐴1,𝑉,𝑛
𝛼

vol(GL(1, ℂ))𝜎
. 

𝜏 =

(

 
 

𝜏𝑖𝑗
(𝑔−1)

∫  
𝜎+

𝜎−

 𝜔𝑖
(𝑔−1)

∫  
𝜎+

𝜎−

 𝜔𝑗
(𝑔−1) 1

𝜋𝑖
ln 𝑞𝑔𝑔 + const

)

 
 
+ 𝑂(𝑞𝑔𝑔

2 )  

 

𝜔𝑖 = 𝜔𝑖
(𝑔−1)

+ 𝑂(𝑞𝑔𝑔
2 ) for 𝑖 < 𝑔

𝜔𝑔 = 𝜔+−
(𝑔−1)

+ 𝑂(𝑞𝑔𝑔
2 )

𝑆𝛼(𝜎, 𝜎∗ ∣ 𝜏) = 𝑆𝛼(𝑔−1)(𝜎, 𝜎∗ ∣ 𝜏
(𝑔−1)) + 𝑂(𝑞𝑔𝑔) ≡ 𝑆𝛼

(𝑔−1)(𝜎, 𝜎∗ ∣ 𝜏) + 𝑂(𝑞𝑔𝑔)

 

𝑃𝜇 =∑ 

𝑔

𝐼=1

𝑐𝑖
𝜇
𝜔𝑖 +∑ 

𝑛

𝑗=1

𝑘𝑗
𝜇
𝜔𝑗∗, 𝜔𝑗∗ = 𝑆𝛼(𝜎, 𝜎𝑗 ∣ 𝜏) − 𝑆𝛼(𝜎, 𝜎∗ ∣ 𝜏), 
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𝑃𝜇 → ∑  

𝑔−1

𝐼=1

  𝑐𝑖
𝜇
𝜔𝑖
(𝑔−1)

+ 𝑘+
𝜇
𝑆𝛼
(𝑔−1)

(𝜎, 𝜎+ ∣ 𝜏) + 𝑘−
𝜇𝑆𝛼

(𝑔−1)
(𝜎, 𝜎+ ∣ 𝜏) +∑  

𝑛

𝑗=1

 𝑘𝑗
𝜇
𝑆𝛼
(𝑔−1)

(𝜎, 𝜎𝑗 ∣ 𝜏)

 = ∑  

𝑔−1

𝐼=1

  𝑐𝑖
𝜇
𝜔𝑖
(𝑔−1)

+∑  

𝑛+2

𝑗=1

 𝑘𝑗
𝜇
𝑆𝛼
(𝑔−1)

(𝜎, 𝜎𝑗 ∣ 𝜏)

 

𝜆𝐴
𝑎(𝜎) → ∑  

𝑛+2

𝑖=1

 𝑢𝑖
𝑎𝜖𝑖𝐴

𝑆𝛼
(𝑔−1)

(𝜎, 𝜎𝑖 ∣ 𝜏)

√d𝜎√ d𝜎𝑖
, 𝜅𝑛+1𝐴
𝑎 = 𝜅+𝐴

𝑎 = (−1)𝛿𝑎2𝜅−𝐴
𝑎 = (−1)𝛿𝑎2𝜅𝑛+2𝐴

1 ,

𝜂ℐ
𝑎(𝜎) → ∑  

𝑛+2

𝑖=1

 𝑢𝑖
𝑎𝑞𝑖ℐ

𝑆𝛼
(𝑔−1)

(𝜎, 𝜎𝑖 ∣ 𝜏)

√d𝜎√ d𝜎𝑖
, 𝜁𝑛+1ℐ
𝑎 = 𝜁+ℐ

𝑎 = (−1)𝛿𝑎2𝜁−ℐ
𝑎 = (−1)𝛿𝑎2𝜁𝑛+2ℐ

1 ,

 

𝑃𝐴𝐵(𝜎) = ⟨𝜆𝐴(𝜎)𝜆𝐵(𝜎)⟩, 

𝑃𝐴𝐵(𝜎) = 𝜖+
[𝐴
⟨𝑢+𝜆

𝐵](𝜎+)⟩
𝑆𝛼(𝜎,𝜎+∣𝜏)

√d𝜎√d𝜎+
+ 𝜖−

[𝐴⟨𝑢−𝜆
𝐵](𝜎−)⟩

𝑆𝛼(𝜎,𝜎−∣𝜏)

√d𝜎√d𝜎−
+ ∑  𝑛

𝑖=1 𝑘𝑖
𝐴𝐵 𝑆𝛼(𝜎,𝜎𝑖∣𝜏)

√d𝜎√d𝜎𝑖
, 𝑃𝐴

𝐴(𝜎) =

0, 𝑃2(𝜎) = −𝑃𝐴
𝐴(𝜎)𝑃𝐵

𝐵(𝜎) = 0 

⟨𝑣±𝜅±
𝐴⟩ = ⟨𝑢±𝜆

𝐴(𝜎±)⟩, 𝑘± ⋅ 𝑃(𝜎±) = 0  

𝛿4(∑  

𝑛

𝑖=1

 𝑘𝑖
𝜇
)𝛿4𝒩 (∑ 

𝑛

𝑖=1

  ⟨𝜅𝑖𝐴𝜁𝑖ℐ⟩)
d8𝜆0𝐴

𝑎  d2𝒩𝜂0ℐ
𝑎

vol(SL(2, ℂ) × ℂ)𝜆0

1

(2𝜋𝑖)3
 d𝑞𝑔𝑔

𝑞𝑔𝑔

 d𝑞1
𝑞1

 d𝑞2
𝑞2

𝛿‾(⟨𝜆𝐴(𝑥𝑗)𝜆𝐴(𝑥𝑗)⟩)

𝛿‾(⟨𝜆𝐴(𝑥̃𝑗)𝜆𝐴(𝑥̃𝑗)⟩)𝛿‾(⟨𝜂
ℐ(𝑥̃𝑗)𝜂ℐ(𝑥̃𝑗)⟩)

 = ∫  
∏  𝑛+2
𝑙=𝑛+1    d

4𝜖𝑙
𝐴 d𝒩𝑞𝑙

ℐ

vol(SL(2, ℂ) × ℂ)𝜖

∏  𝑛+2
𝑙=𝑛+1   d𝜎𝑙 d

2𝑢𝑙 d
2𝑣𝑙

vol(SL(2, ℂ)𝜎 × SL(2, ℂ)𝑢)

1

⟨𝑢𝑛+1𝑢𝑛+2⟩
4

 ∏  

𝑛+2

𝑟=𝑛+1

 𝛿‾(⟨𝑣𝑟𝜖𝑟⟩ − 1)𝛿‾
4(⟨𝑢𝑟𝜆

𝐴⟩ − ⟨𝑣𝑟𝜅𝑟
𝐴⟩)𝛿‾𝒩(⟨𝑢𝑟𝜂

ℐ⟩ − ⟨𝑣𝑟𝜁𝑟
ℐ⟩)

𝛿‾(⟨𝜆𝐴(𝑥𝑗)𝜆𝐴(𝑥𝑗)⟩)𝛿‾(⟨𝜆
𝐴(𝑥̃𝑗)𝜆𝐴(𝑥̃𝑗)⟩ + ⟨𝜂

ℐ(𝑥̃𝑗)𝜂ℐ(𝑥̃𝑗)⟩)

 

1 = ∫  
∏  𝑛+2
𝑙=𝑛+1    d

4𝜖𝑙
𝐴 d𝒩𝑞𝑙

ℐ

vol(SL(2, ℂ) × ℂ)𝜖

𝒲vac

 d𝜎∗ d
3𝑢

∏  

𝑛+2

𝑙=𝑛+1

   d2𝑢𝑙 d
2𝑣𝑙𝛿‾(⟨𝑣𝑙𝜖𝑙⟩ − 1)𝛿‾

4(⟨𝑢𝑙𝜆𝐴(𝜎𝑙)⟩ − ⟨𝑣𝑙𝜅𝑙𝐴⟩)

𝛿‾𝒩(⟨𝑢𝑙𝜂ℐ(𝜎𝑙)⟩ − ⟨𝑣𝑙𝜁𝑙ℐ⟩)𝑒
⟨𝑢𝑙𝜇

𝐴(𝜎𝑙)⟩𝜖𝑙𝐴+⟨𝑢𝑙𝜂̃
ℐ(𝜎𝑙)⟩𝑞𝑙ℐ

 ∏  

4

𝑖=3

 
∏  𝑛+2
𝑙=𝑛+1   d𝑢𝑖𝑙

′2

 d3𝑢𝑖
′ 𝛿‾ (𝑢𝑖𝑙

′a − 𝜒𝑖𝑙
𝐴𝜆𝑖𝐴
a (𝜎𝑙))∏  

2

𝑗=1

 
1

2
(𝜒𝑖𝑙

𝐴𝜌𝑖𝑗𝐴
a (𝜎𝑙)) (𝜒𝑖𝑙

𝐴𝜌𝑖𝑗𝐴a(𝜎𝑙)) ,

𝜅𝑛+1𝐴
1 = 𝜅𝑛+2𝐴

1 , 𝜅𝑛+1𝐴
2 = −𝜅𝑛+2𝐴

2 , 𝜁𝑛+1ℐ
1 = 𝜁𝑛+2ℐ

1 , 𝜁𝑛+1ℐ
2 = −𝜁𝑛+2ℐ

2

𝒲vac(𝜎𝑛+1, 𝜎𝑛+2, 𝜎∗) = 𝑐(𝜎𝑛+1)𝑐(𝜎𝑛+2)𝑐(𝜎∗)𝑛𝑛̃∏  

4

𝑖=3

  (𝑛𝑖𝑛̃𝑖)𝛿(𝛾)𝛿(𝛾̃)∏  

4

𝑖=3

 ∏  

2

𝑗=1

 𝛿(𝛾𝑖𝑗)

 

∏ 

𝑎,𝑏

 (𝛿(𝛾𝑎𝑏)𝛿(𝛾̃𝑎𝑏)𝑁𝑎𝑏∏ 

4

𝑖=3

 𝒩iab∏ 

2

𝑗=1

 𝛿(𝛾𝑖𝑗ab)) ,

⟨0|𝒲vac(0,0,0)|0⟩ = 1, ⟨𝜖𝑛+1𝜖𝑛+2⟩ = 1,
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(𝛿(𝛾𝑎𝑏𝑢1
𝑎𝑢1

𝑏)𝛿(𝛽𝑎𝑏𝑢̂
𝑎𝑢̂𝑏)⟨𝜆𝐴(𝜎1)𝑢̂⟩⟨𝜌1

𝐴𝑢̂⟩)(𝛿(𝛾)𝛿(𝛽)⟨𝜆𝐴(𝜎1)𝜌1
𝐴⟩)𝑒⟨𝑢1𝜇

𝐴(𝜎1)⟩𝜖1𝐴  ⇒

(
⟨𝑢̂𝜆𝐴(𝜎1)⟩𝜖1

𝐴

⟨𝑢1𝑢̂⟩
+
⟨𝜌1
𝐴𝜌1

𝐵⟩

2
𝜖1𝐴𝜖1𝐵)𝑒

⟨𝑢1𝜇
𝐴(𝜎1)⟩𝜖1𝐴

 

(𝛿(𝛾𝑎𝑏𝑢2
𝑎𝑢2

𝑏)𝛿(𝛽𝑎𝑏𝑢̂
𝑎𝑢̂𝑏)⟨𝜆𝐴(𝜎2)𝑢̂⟩⟨𝜌1

𝐴𝑢̂⟩)(⟨𝑢2𝑢̂⟩𝛿(𝛾𝑎𝑏𝑢2
𝑎𝑢̂𝑏)𝛿(𝛽𝑎𝑏𝑢̂

𝑎𝑢2
𝑏)⟨𝜆𝐴(𝜎2)𝑢̂⟩⟨𝜌1

𝐴𝑢2⟩)

𝑒⟨𝑢2𝜇
𝐴(𝜎2)⟩𝜖2𝐴 ⇒

(
⟨𝑢̂𝜆𝐴(𝜎2)⟩𝜖2

𝐴

⟨𝑢2𝑢̂⟩
+
⟨𝜌1
𝐴𝜌1

𝐵⟩

2
𝜖2𝐴𝜖2𝐵)𝑒

⟨𝑢2𝜇
𝐴(𝜎2)⟩𝜖2𝐴

 

𝐴𝑔,𝑛
odd =𝐴𝑔−1,𝑛+2

even =∑  

𝛼

 ∫  d𝜇𝑔−1𝑍𝑔−1
𝛼 ((𝑧), (𝑦), (𝑥), (𝑤), (𝑟))∫  d𝑚fw∏ 

𝑔−1

𝑗=1

 𝛿‾𝑥𝑗𝐴𝑔−1,𝑉,𝑛+2
𝛼

d𝑚fw =
∏  𝑛+2
𝑙=𝑛+1    d

4𝜖𝑙
𝐴 d𝒩𝑞𝑙

ℐ

vol(SL(2, ℂ) × ℂ)𝜖

 

𝐴𝑔,𝑛
odd =𝐴𝑔−1,𝑛+2

odd = 𝛿 (∑  

𝑛+2

𝑖=1

 𝑘𝑖)𝛿 (∑  

𝑛+2

𝑖=1

  ⟨𝜅𝑖𝐴𝜁𝑖ℐ⟩)∑  

𝛼

 ∫  d𝜇𝑔−1𝑍𝑔−1
𝛼 ((𝑧), (𝑦), (𝑥), (𝑤), (𝑟))

 ∫  d𝑚0 d𝑚fw∏ 

𝑔−1

𝑗=1

 𝛿‾𝑥𝑗𝐴𝑔−1,𝑉,𝑛+2
𝛼

d𝑚0 =
d8𝜆0𝐴

𝑎  d
2𝒩𝜂0ℐ

𝑎

vol(SL(2, ℂ) × ℂ)𝜆0
,  d𝑚fw =

∏  𝑛+2
𝑙=𝑛+1   d

4𝜖𝑙
𝐴 d𝒩𝑞𝑙

ℐ

vol(SL(2, ℂ) × ℂ)𝜖

 

𝐴𝑔,𝑛
even = 𝐴𝑔−1,𝑛+2

even =∑ 

𝛼

 ∫  d𝜇𝑔−1𝑍𝑔−1
𝛼 ((𝑧), (𝑦), (𝑥), (𝑤), (𝑟))∫  d𝑚fw∏ 

𝑔−1

𝑗=1

 𝛿‾𝑥𝑗𝐴𝑔−1,𝑉,𝑛+2
𝛼  

d𝑚fw𝛿(⟨𝜅𝑛+1
𝐴 𝜅𝑛+1𝐴⟩) →

d4𝑝𝜇

𝑝2
 d𝒩𝑞𝑛+1

ℐ d𝒩𝑞𝑛+2
ℐ  

det′𝐻𝐷𝐽
𝐼 det′𝐺𝐷𝐽

𝐼 =

det (𝐻[+−]
[+−]

)
𝐷𝐽

𝐼
det (𝐺[+−]

[+−]
)
𝐷𝐽

𝐼

⟨𝑢+𝑢−⟩
4

 

1

⟨𝜆𝐴(𝑥)𝜆𝐴(𝑥)⟩

1

⟨𝜆𝐴(𝑥)𝜆𝐴(𝑥)⟩
=

1

𝑃𝐴
𝐴(𝑥)2

= −
1

𝑃𝐴𝐵𝑃𝐵𝐴(𝑥)
= −

1

𝑃2(𝑥)
. 

𝜖𝑗
𝐴(𝑢+𝑎𝜖+𝐴 + 𝑢−𝑎𝜖−𝐴)∑  

𝑖

 𝑢𝑖
𝑎 (𝐻[+−]

[+−]
)
𝑖𝑗
= 𝜖𝑗

𝐴(𝑢+𝑎𝜖+𝐴 + 𝑢−𝑎𝜖−𝐴) (−
𝑢+
𝑎𝜖+

𝐵𝜖𝑗𝐵

𝜎+ − 𝜎𝑗
−
𝑢−
𝑎𝜖−

𝐵𝜖𝑗𝐵

𝜎− − 𝜎𝑗
)

= 𝜖𝑗
𝐴𝜖+𝐴𝜖𝑗

𝐵𝜖−𝐴⟨𝑢+𝑢−⟩ (
1

𝜎+ − 𝜎𝑗
−

1

𝜎− − 𝜎𝑗
) = 𝑂(Λ−1)

 

SO(10) → SO(8) × U(1) → SU(2) × SU(2) × SU(2) × SU(2) × U(1) 
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𝑆 =∑  

4

𝑖=1

  ∫ 
Σ

 𝒵𝑖
a ⋅ 𝜕‾𝒵𝑖a +𝒜𝑖ab𝒵𝑖

a ⋅ 𝒵𝑖
b +∑ 

2

𝑗=1

  (
1

2
𝜌𝑖𝑗a
𝐴 𝜕‾𝜌𝑖𝑗𝐴

a + ℬ𝑖𝑗
ab𝜆𝑖a

𝐴 𝜌𝑖𝑗𝐴 b + 𝑏𝑖𝑗𝜆𝑖𝐴
a 𝜌𝑖𝑗a

𝐴 + 𝜏̃𝑖𝑗
𝐴𝜕‾𝜏𝑖𝑗𝐴)

 + {
𝑎𝑖𝜆𝑖a

𝐴 𝜆𝑖𝐴
a 𝑖 = 1

𝑎𝑖𝜆𝑖a
𝛼 𝜆𝑖𝛼

a + 𝑎̃𝑖𝜆̃𝑖a
𝛼̇ 𝜆̃𝑖𝛼̇

a 𝑖 > 1

𝒵𝑖
𝑎 = (𝜆𝑖𝐴

𝑎 , 𝜇𝑖
𝑎𝐴, 𝜂𝑖ℐ

𝑎 ), 𝐴 = 1,… ,4, 𝐼 = 1,… ,8, 𝑎 = 1,2

 

𝑆 = ∫ 
Σ

 𝒵𝑎 ⋅ 𝜕‾𝒵𝑎 + 𝐴𝑎𝑏𝒵
𝑎 ⋅ 𝒵𝑏 + 𝑎⟨𝜆𝐴𝜆𝐵⟩Ω

𝐴𝐵 + 𝑎̃(⟨𝜆𝐴𝜆𝐵⟩Ω
𝐴𝐵 + ⟨𝜂ℐ𝜂𝒥⟩Ω

ℐ𝒥)

 +𝑆𝜌1 + 𝑆(𝜌2,𝜏) + 𝑆aux

𝑆𝜌 = ∫ 
Σ

 
1

2
⟨𝜌𝐴𝜕‾𝜌𝐵⟩Ω

𝐴𝐵 + 𝐵𝑎𝑏𝜆𝐴
𝑎𝜌𝐵

𝑏Ω𝐴𝐵 + 𝑏⟨𝜆𝐴𝜌𝐵⟩Ω
𝐴𝐵

𝑆(𝜌,𝜏) = ∫ 
Σ

 
1

2
(⟨𝜌𝐴𝜕‾𝜌𝐵⟩Ω

𝐴𝐵 + ⟨𝜏ℐ𝜕‾𝜏𝒥⟩Ω
ℐ𝒥) + 𝐷𝑎𝑏(𝜆𝐴

𝑎𝜌𝐵
𝑏Ω𝐴𝐵 + 𝜂ℐ

𝑎𝜏𝒥
𝑏Ωℐ𝒥)

 +𝑑(⟨𝜆𝐴𝜌𝐵⟩Ω
𝐴𝐵 + ⟨𝜂ℐ𝜏𝒥⟩Ω

ℐ𝒥)

𝑆aux = ∑  

4

𝑖=3

 ∫  
Σ

 𝒵𝑖
a ⋅ 𝜕‾𝒵𝑖a +𝒜𝑖ab𝒵𝑖

a ⋅ 𝒵𝑖
b +∑ 

2

𝑗=1

  (
1

2
𝜌𝑖𝑗a
𝐴 𝜕‾𝜌𝑖𝑗𝐴

a + ℬ𝑖𝑗
ab𝜆𝑖a

𝐴 𝜌𝑖𝑗𝐴 b + 𝑏𝑖𝑗𝜆𝑖𝐴
a 𝜌𝑖𝑗a

𝐴 + 𝜏̃𝑖𝑗
𝐴𝜕‾𝜏𝑖𝑗𝐴)

 +𝑎𝑖𝜆𝑖a
𝛼 𝜆𝑖𝛼

a + 𝑎̃𝑖𝜆̃𝑖a
𝛼̇ 𝜆̃𝑖𝛼̇

a

 

𝑝𝛼𝛼̇ = 𝜎𝜇
𝛼𝛼̇𝑝𝜇 = (

𝑝0 + 𝑝3 𝑝1 − 𝑖𝑝2

𝑝1 + 𝑖𝑝2 𝑝0 − 𝑝3
) = 𝜆𝛼𝜆̃𝛼̇  

(𝑧, 𝑧‾) ⟼ (
𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
,
𝑎‾𝑧‾ + 𝑏‾

𝑐‾𝑧‾ + 𝑑‾
) , (

𝑎 𝑏
𝑐 𝑑

) ∈ SL(2, ℂ) 

𝑝𝜇 = 𝜔𝑞𝜇 , 𝑞𝜇 =
1

2
(1 + |𝑧|2, 𝑧 + 𝑧‾,−𝑖(𝑧 − 𝑧‾),1 − |𝑧|2) 

𝜔 ↦ (𝑐𝑧 + 𝑑)(𝑐‾𝑧‾ + 𝑑‾)𝜔, 𝑞𝜇 ↦ 𝑞′𝜇 = (𝑐𝑧 + 𝑑)−1(𝑐‾𝑧‾ + 𝑑‾)−1Λ𝜇 𝜈𝑞
𝜈. 

𝑞𝛼𝛼̇ = 𝜎𝜇
𝛼𝛼̇𝑞𝜇 = (

1 𝑧‾
𝑧 𝑧𝑧‾

) = (
1

𝑧
) (1 𝑧‾)  

 

𝜆𝛼 ≡ ⟨𝑝|𝛼 = √𝜔 (
1

𝑧
) = √𝜔⟨𝑞|𝛼, 𝜆̃𝛼̇ ≡|𝑝]

𝛼̇

= √𝜔 (
1

𝑧‾
) = √𝜔|  𝑞]

𝛼̇

,  

⟨𝑞|𝛼 = (
1

𝑧
) , | 𝑞]

𝛼̇

= (
1

𝑧‾
) .  

⟨𝑖𝑗⟩ = −√𝜔𝑖𝜔𝑗𝑧𝑖𝑗 , [𝑖𝑗] = √𝜔𝑖𝜔𝑗𝑧‾𝑖𝑗  

𝜑Δ
±(𝑋𝜇 , 𝑧, 𝑧‾) = ∫  

∞

0

 𝑑𝜔𝜔Δ−1𝑒±𝑖𝜔𝑞⋅𝑋−𝜖𝜔 =
(∓𝑖)ΔΓ(Δ)

(−𝑞 ⋅ 𝑋 ∓ 𝑖𝜖)Δ
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𝜓Δ,ℓ=−1/2;𝛼
± (𝑋, 𝑧, 𝑧‾) = |𝑞⟩𝛼𝜑

Δ+
1
2

± (𝑋, 𝑧, 𝑧‾)

𝜓Δ,ℓ=1/2
±𝛼̇ (𝑋, 𝑧, 𝑧‾) =∣ 𝑞]

𝛼̇
𝜑
Δ+
1
2

± (𝑋, 𝑧, 𝑧‾)

𝑉Δ,ℓ=±1
𝜇±

(𝑋, 𝑧, 𝑧‾) = 𝜖ℓ=±1
𝜇

(𝑞, 𝑟)𝜑Δ
±(𝑋, 𝑧, 𝑧‾)

𝐻Δ,ℓ=±2
𝜇𝜈±

(𝑋, 𝑧, 𝑧‾) = 𝜖ℓ=±1
𝜇

(𝑞, 𝑟)𝑉Δ,ℓ=±1
𝜈± (𝑋, 𝑧, 𝑧‾)

𝜓Δ,ℓ=−3/2
𝜇±

(𝑋, 𝑧, 𝑧‾) = 𝜖ℓ=−1
𝜇

(𝑞, 𝑟)𝜓Δ,ℓ=−1/2
± (𝑋, 𝑧, 𝑧‾)

𝜓‾Δ,ℓ=+3/2
𝜇±

(𝑋, 𝑧, 𝑧‾) = 𝜖ℓ=+1
𝜇

(𝑞, 𝑟)𝜓‾Δ,ℓ=+1/2
± (𝑋, 𝑧, 𝑧‾)

 

𝜖ℓ=+1
𝜇

(𝑞, 𝑟) =
⟨𝑟|𝜎𝜇 ∣ 𝑞]

√2⟨𝑟𝑞⟩
, 𝜖ℓ=−1
𝜇

(𝑞, 𝑟) =
[𝑟|𝜎‾𝜇|𝑞⟩

√2[𝑞𝑟]
 

⟨∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛(𝑧𝑛, 𝑧‾𝑛)⟩ ≡ (∏ 

𝑁

𝑛=1

 ∫  𝑑𝜔𝑛𝜔𝑛
Δ𝑛−1)𝛿(4) (∑  

𝑁

𝑛=1

 𝜔𝑛𝑞𝑛)𝐴ℓ1…ℓ𝑁(𝜔𝑛, 𝑧𝑛, 𝑧‾𝑛),  

⟨∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛 (
𝑎𝑧𝑛 + 𝑏

𝑐𝑧𝑛 + 𝑑
,
𝑎‾𝑧‾𝑛 + 𝑏‾

𝑐‾𝑧‾𝑛 + 𝑑‾
)⟩ =∏ 

𝑁

𝑖=1

  (𝑐𝑧𝑖 + 𝑑)
Δ𝑖+ℓ𝑖(𝑐‾𝑧‾𝑖 + 𝑑‾)

Δ𝑖−ℓ𝑖
⟨∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛(𝑧𝑛, 𝑧‾𝑛)⟩ .  

(
𝑎 𝑏
𝑐 𝑑

) ∈ SL(2, ℂ).  

Ψ(𝑝, 𝜂)= 𝐻+(𝑝) + 𝜂𝐴𝜓+
𝐴(𝑝) + 𝜂𝐴𝐵𝐺+

𝐴𝐵(𝑝) + 𝜂𝐴𝐵𝐶𝜒+
𝐴𝐵𝐶(𝑝)  

 +𝜂𝐴𝐵𝐶𝐷Φ
𝐴𝐵𝐶𝐷(𝑝) + 𝜂̃𝐴𝐵𝐶𝜒𝐴𝐵𝐶

− (𝑝) + 𝜂̃𝐴𝐵𝐺𝐴𝐵
− (𝑝) + 𝜂̃𝐴𝜓𝐴

−(𝑝) + 𝜂̃𝐻−(𝑝)
 

𝜂𝐴1…𝐴𝑛 ≡
1

𝑛!
𝜂𝐴1 …𝜂𝐴2

𝜂̃𝐴1…𝐴𝑛 ≡ 𝜖𝐴1…𝐴𝑛𝐵1…𝐵8−𝑛𝜂𝐵1…𝐵8−𝑛

𝜂̃ ≡∏  

8

𝐴=1

 𝜂𝐴

 

ℳ𝑛({𝑝1, 𝜂
1},… {𝑝𝑛, 𝜂

𝑛}) = ⟨Ψ1(𝑝1, 𝜂
1)…Ψ𝑛(𝑝𝑛, 𝜂

𝑛)⟩  

ΨΔ(𝑧, 𝑧‾, 𝜂)= 𝐻Δ
+(𝑧, 𝑧‾) + 𝜂𝐴𝜓Δ

𝐴(𝑧, 𝑧‾) + 𝜂𝐴𝐵𝐺Δ
𝐴𝐵(𝑧, 𝑧‾) + 𝜂𝐴𝐵𝐶𝜒Δ

𝐴𝐵𝐶(𝑧, 𝑧‾) 

 +𝜂𝐴𝐵𝐶𝐷ΦΔ
𝐴𝐵𝐶𝐷(𝑧, 𝑧‾) + 𝜂̃𝐴𝐵𝐶𝜒‾𝐴𝐵𝐶Δ(𝑧, 𝑧‾) + 𝜂̃

𝐴𝐵𝐺‾𝐴𝐵Δ(𝑧, 𝑧‾)

 +𝜂̃𝐴𝜓‾𝐴Δ(𝑧, 𝑧‾) + 𝜂̃𝐻Δ
−(𝑧, 𝑧‾)

 

⟨𝒪Δ1,+2𝒪Δ2,+2…𝒪Δ𝑛,ℓ𝑛⟩ =(∏ 

𝑛

𝑗=1

 ∫  
∞

0

 𝑑𝜔𝑗𝜔𝑗
Δ𝑗−1)𝛿4 (∑  

𝑖

 𝜔𝑖𝑞𝑖)𝑀𝑛(1
+2, 2+2, … , 𝑛)

=(∏ 

𝑛

𝑗=3

 ∫  
∞

0

 𝑑𝜔𝑗𝜔𝑗
Δ𝑗−1∫  

∞

0

 𝑑𝜔1∫  
∞

0

 𝑑𝜔2𝜔1
Δ1−1𝜔2

Δ2−1)

 × 𝛿4 (∑ 

𝑛

𝑖=3

 𝜔𝑖𝑞𝑖 +𝜔𝑝𝑞𝑝)
𝜔𝑝
2

𝜔1𝜔2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
+2, … , 𝑛)

 



pág. 1409 

𝑀𝑛(1
+2, 2+2, … , 𝑛) =

𝜔𝑝
2

𝜔1𝜔2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
+2, … , 𝑛)  

∫  
∞

0

 𝑑𝜔2𝜔2
Δ2−1∫  

∞

0

 𝑑𝜔1𝜔1
Δ1−1𝜔1

𝛼𝜔2
𝛽
𝜔𝑝
𝛾
𝑓(𝜔𝑝) = 𝐵(Δ1 + 𝛼, Δ2 + 𝛽)∫  

∞

0

 𝑑𝜔𝑝𝜔𝑝
Δ𝑝−1𝑓(𝜔𝑝)  

𝐵(𝑥, 𝑦) =
Γ(𝑥)Γ(𝑦)

Γ(𝑥 + 𝑦)
 

⟨𝒪Δ1,+2𝒪Δ2,+2…𝒪Δ𝑛,ℓ𝑛⟩=
𝑧‾12
𝑧12

𝐵(Δ1 − 1, Δ2 − 1)(∏ 

𝑛

𝑗=3

 ∫  
∞

0

 𝑑𝜔𝑗𝜔𝑗
Δ𝑗−1∫  

∞

0

 𝑑𝜔𝑝𝜔𝑝
Δ1+Δ2−1) 

× 𝛿4 (∑  

𝑛

𝑖=3

 𝜔𝑖𝑞𝑖 +𝜔𝑝𝑞𝑝)𝑀𝑛−1(𝑝
+2, 3, … , 𝑛)  

 =
𝑧‾12
𝑧12

𝐵(Δ1 − 1, Δ2 − 1)⟨𝒪Δ1+Δ2,+2𝒪Δ3,ℓ3 …𝒪Δ𝑛,ℓ𝑛⟩

 

𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪Δ2,+2(𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵(Δ1 − 1, Δ2 − 1)𝒪Δ1+Δ2,+2(𝑧2, 𝑧‾2)  

𝑀𝑛(1
−2, 2−2, … ) =

𝜔𝑝
2

𝜔1𝜔2

𝑧12
𝑧‾12

𝑀𝑛−1(𝑝
−2, … , 𝑛)  

𝒪Δ1,−2(𝑧1, 𝑧‾1)𝒪Δ2,−2(𝑧2, 𝑧‾2) ∼
𝑧12
𝑧‾12

𝐵(Δ1 − 1, Δ2 − 1)𝒪Δ1+Δ2,+2(𝑧2, 𝑧‾2)  

𝑀𝑛(1
+2, 2−2, 3, … , 𝑛) =

𝜔1
3

𝜔𝑝
2𝜔2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
−2, 3, … , 𝑛)

 +
𝜔2
3

𝜔𝑝
2𝜔1

𝑧12
𝑧‾12

𝑀𝑛−1(𝑝
+2, 3,… , 𝑛)

 

𝒪Δ1,+2(𝑧1, 𝑧1)𝒪Δ2,−2(𝑧2, 𝑧‾2)  = 𝐵(Δ1 + 3, Δ2 − 1)
𝑧‾12
𝑧12

𝒪Δ1+Δ2,−2(𝑧2, 𝑧‾2)

 +𝐵(Δ1 − 1, Δ2 + 3)
𝑧12
𝑧‾12

𝒪Δ1+Δ2,+2(𝑧2, 𝑧‾2)
 

⟨∏  

𝑁

𝑛=1

 𝒪Δ𝑛(𝑧𝑛, 𝑧‾𝑛, 𝜂
𝑛)⟩ ≡ (∏ 

𝑁

𝑛=1

 ∫  𝑑𝜔𝑛𝜔𝑛
Δ𝑛−1)𝛿(4) (∑  

𝑁

𝑛=1

 𝜔𝑛𝑞𝑛) ×

ℳ𝑁({𝜔1, 𝑧1, 𝑧‾1, 𝜂
1},… {𝜔𝑁, 𝑧𝑁 , 𝑧‾𝑁 , 𝜂

𝑁})

 

ℳ𝑁(⋯ , 𝑗 − 1, 𝑗, 𝑗 + 1,⋯ ) →
𝜔𝑗→0 1

𝜔𝑗
∑ 

𝑁

𝑖=1
𝑖≠𝑗

 𝜔𝑖𝑧𝑗𝑖𝑧‾𝑗𝑖[
𝑧𝑗−1,𝑖
2

𝑧𝑗−1,𝑗
2 𝑧𝑗,𝑖

2 +
𝑧‾𝑗−1,𝑖
2

𝑧‾𝑗−1
2 𝑧‾𝑗,𝑖

2 𝛿
4(𝜂𝑗)]×ℳ𝑁−1(⋯ , 𝑗 − 1, 𝑗 + 1,⋯ )
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⟨∏  

𝑁

𝑛=1

  lim
Δ𝑗→1

 (Δ𝑗 − 1)𝒪Δ𝑛(𝑧𝑛, 𝑧‾𝑛, 𝜂
𝑛)⟩ =

(

 
 
∏ 

𝑁

𝑛=1
𝑛≠𝑗

 ∫  𝑑𝜔𝑛𝜔𝑛
Δ𝑛−1

)

 
 
lim
Δ𝑗→1

 ∫  
∞

0

 𝑑𝜔𝑗(Δ𝑗 − 1)𝜔𝑗
Δ𝑗−1

× 𝛿(4)

(

 
 
∑  

𝑁

𝑘=1
𝑘≠𝑗

 𝜔𝑘𝑞𝑘

)

 
 
ℳ𝑁(1,… , 𝑛, … ,𝑁)

=

(

 
 
∏ 

𝑁

𝑛=1
𝑛≠𝑗

 ∫  𝑑𝜔𝑛𝜔𝑛
Δ𝑛−1

)

 
 
∫  
∞

0

 𝑑𝜔𝑗
𝑑

𝑑𝜔𝑗
( lim
Δ𝑗→1

 𝜔
𝑗

Δ𝑗−1)𝛿(4)

(

 
 
∑  

𝑁

𝑘=1
𝑘≠𝑗

 𝜔𝑘𝑞𝑘

)

 
 
𝜔𝑗ℳ𝑁(1,… , 𝑛, … ,𝑁)

 

𝑑

𝑑𝜔𝑗
( lim
Δ𝑗→1

 𝜔
𝑗

Δ𝑗−1) =
𝑑

𝑑𝜔𝑗
𝜃(𝜔𝑗) = 𝛿(𝜔𝑗)  

⟨∏  

𝑁

𝑛=1

  lim
Δ𝑗→1

 (Δ𝑗 − 1)𝒪Δ𝑛(𝑧𝑛, 𝑧‾𝑛, 𝜂
𝑛)⟩ =

(

 
 
∏ 

𝑁

𝑛=1
𝑛≠𝑗

 ∫  𝑑𝜔𝑛𝜔𝑛
Δ𝑛−1

)

 
 
𝛿(4)

(

 
 
∑  

𝑁

𝑘=1
𝑘≠𝑗

 𝜔𝑘𝑞𝑘

)

 
 

× lim
𝜔𝑗→0

 𝜔𝑗ℳ𝑁(1,… , 𝑛, … ,𝑁)

 

⟨∏  

𝑁

𝑛=1

  lim
Δ𝑗→1

 (Δ𝑗 − 1)𝒪Δ𝑛(𝑧𝑛, 𝑧‾𝑛, 𝜂
𝑛)⟩ =∑  

𝑁

𝑖=1
𝑖≠𝑗

 𝜔𝑖 {
𝑧𝑗−1,𝑖
2 𝑧‾𝑗𝑖

𝑧𝑗−1,𝑗
2 𝑧𝑗𝑖

+
𝑧‾𝑗−1,𝑖
2 𝑧𝑗𝑖

𝑧‾𝑗−1,𝑗
2 𝑧‾𝑗𝑖

𝛿4(𝜂𝑗)}

 ×

(

 
 
∏ 

𝑁

𝑛=1
𝑛≠𝑗

 ∫  
∞

0

 𝑑𝜔𝑘𝜔𝑘
Δ𝑘−1

)

 
 
𝛿(4)

(

 
 
∑  

𝑁

𝑘=1
𝑘≠𝑗

 𝜔𝑘𝑞𝑘

)

 
 
ℳ𝑁−1(1,… , 𝑖, … , 𝑁)

 =∑  

𝑛

𝑖=1
𝑖≠𝑗

  {
𝑧𝑗−1,𝑖
2 𝑧‾𝑗𝑖

𝑧𝑗−1,𝑗
2 𝑧𝑗𝑖

+
𝑧‾𝑗−1,𝑖
2 𝑧𝑗𝑖

𝑧‾𝑗−1,𝑗
2 𝑧‾𝑗𝑖

𝛿8(𝜂𝑗)} [∏  

𝑁

𝑛=1
𝑛≠𝑖

 ∫  
∞

0

 𝑑𝜔𝑘𝜔𝑘
Δ𝑘−1∫  

∞

0

 𝑑𝜔𝑖𝜔𝑖
Δ𝑖

 = ∑  

𝑛

𝑖=1
𝑖≠𝑗

  {
𝑧𝑗−1,𝑖
2 𝑧‾𝑗𝑖

𝑧𝑗−1,𝑗
2 𝑧𝑗𝑖

+
𝑧‾𝑗−1,𝑖
2 𝑧𝑗𝑖

𝑧‾𝑗−1,𝑗
2 𝑧‾𝑗𝑖

𝛿8(𝜂𝑗)} ⟨𝒪Δ1(𝑧1, 𝑧‾1, 𝜂1),⋯𝒪Δ𝑖+1(𝑧𝑖, 𝑧‾𝑖, 𝜂
𝑖), … ⟩

 

⟨𝐽1(𝑧, 𝑧‾, 𝜂)𝒪Δ1(𝑧1, 𝑧‾1, 𝜂
1)⋯𝒪Δ𝑁(𝑧𝑁, 𝑧‾𝑁 , 𝜂

𝑁)⟩

=∑  

𝑁

𝑖=1

  {
(𝑧‾ − 𝑧‾𝑖)

(𝑧 − 𝑧𝑖)

(𝑧𝑁 − 𝑧𝑖)
2

(𝑧𝑁 − 𝑧)
2
+
(𝑧 − 𝑧𝑖)

(𝑧‾ − 𝑧𝑖)

(𝑧‾𝑁 − 𝑧‾𝑖)
2

(𝑧‾𝑁 − 𝑧‾)
2
𝛿8(𝜂)}  

 × ⟨𝒪Δ1(𝑧1, 𝑧‾1, 𝜂
1),⋯𝒪Δ𝑖+1(𝑧𝑖, 𝑧‾𝑖, 𝜂

𝑖),⋯ , 𝒪Δ𝑁(𝑧𝑁, 𝑧‾𝑁 , 𝜂
𝑁)⟩

 

𝐽1(𝑧, 𝑧‾, 𝜂) = lim
Δ→1

 (Δ − 1)𝒪Δ(𝑧, 𝑧‾, 𝜂) 
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⟨𝐽1(𝑧, 𝑧‾, 𝜂)𝒪Δ1(𝑧1, 𝑧‾1, 𝜂
1)⋯𝒪Δ𝑁(𝑧𝑁 , 𝑧‾𝑁, 𝜂

𝑁)⟩

=∑  

𝑁

𝑖=1

  {
(𝑧‾ − 𝑧‾𝑖)

(𝑧 − 𝑧𝑖)

(𝜉 − 𝑧𝑖)
2

(𝜉 − 𝑧)2
+
(𝑧 − 𝑧𝑖)

(𝑧‾ − 𝑧‾𝑖)

(𝜉‾ − 𝑧‾𝑖)
2

(𝜉‾ − 𝑧‾)2
𝛿8(𝜂)}  

 × ⟨𝒪Δ1(𝑧1, 𝑧‾1, 𝜂
1),⋯𝒪Δ𝑖+1(𝑧𝑖, 𝑧‾𝑖, 𝜂

𝑖),⋯ , 𝒪Δ𝑁(𝑧𝑁, 𝑧‾𝑁 , 𝜂
𝑁)⟩

 

⟨𝐽1(𝑧, 𝑧‾)∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛(𝑧𝑛, 𝑧‾𝑛)⟩ =∑  

𝑁

𝑖=1

 
(𝑧‾ − 𝑧‾𝑖)

(𝑧 − 𝑧𝑖)

(𝜉 − 𝑧𝑖)
2

(𝜉 − 𝑧)2
⟨𝒪Δ1,ℓ1(𝑧1, 𝑧‾1)

⋯𝒪Δ𝑖+1,ℓ𝑖(𝑧𝑖, 𝑧‾𝑖),⋯ , 𝒪Δ𝑁,ℓ𝑁(𝑧𝑁, 𝑧‾𝑁)⟩

 

 

⟨𝐽‾1(𝑧, 𝑧‾)∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛(𝑧𝑛, 𝑧‾𝑛)⟩ =∑  

𝑁

𝑖=1

 
(𝑧 − 𝑧𝑖)

(𝑧‾ − 𝑧‾𝑖)

(𝜉‾ − 𝑧‾𝑖)
2

(𝜉‾ − 𝑧‾)2
⟨𝒪Δ1,ℓ1(𝑧1, 𝑧‾1)⋯𝒪Δ𝑖+1,ℓ𝑖(𝑧𝑖 , 𝑧‾𝑖),⋯ , 𝒪Δ𝑁,ℓ𝑁(𝑧𝑁, 𝑧‾𝑁)⟩  

𝐽1(𝑧, 𝑧‾) = lim
Δ→1

 (Δ − 1)𝒪Δ,+2(𝑧, 𝑧‾), 𝐽‾1(𝑧, 𝑧‾) = lim
Δ→1

 (Δ − 1)𝒪Δ,−2(𝑧, 𝑧‾)  

⟨𝐽0(𝑧, 𝑧‾, 𝜂)𝒪Δ1(𝑧, 𝑧‾, 𝜂
1)⋯𝒪Δ𝑁(𝑧𝑁, 𝑧‾𝑁 , 𝜂

𝑁)⟩

=∑  

𝑁

𝑖=1

  {
(𝑧‾ − 𝑧‾𝑖)

(𝑧 − 𝑧𝑖)

(𝜉 − 𝑧𝑖)

(𝜉 − 𝑧)
((𝑧‾ − 𝑧‾𝑖)𝜕𝑧‾𝑖 − 2ℎ

‾
𝑖) +

(𝑧 − 𝑧𝑖)

(𝑧‾ − 𝑧‾𝑖)

(𝜉‾ − 𝑧‾𝑖)

(𝜉‾ − 𝑧‾)
𝛿8(𝜂) ((𝑧 − 𝑧𝑖)𝜕𝑧𝑖 − 2ℎ𝑖)} 

 × ⟨𝒪Δ1(𝑧1, 𝑧‾1, 𝜂
1),⋯𝒪Δ𝑖(𝑧𝑖, 𝑧‾𝑖, 𝜂

𝑖)⋯ , 𝒪Δ𝑁(𝑧𝑁, 𝑧‾𝑁 , 𝜂
𝑁)⟩

 

𝐽0(𝑧, 𝑧‾, 𝜂) = lim
Δ→0

 Δ[𝒪Δ,+2(𝑧, 𝑧‾) + 𝛿
8(𝜂)𝒪Δ,−2(𝑧, 𝑧‾)]. 

⟨𝐽0(𝑧, 𝑧‾)∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛(𝑧𝑛, 𝑧‾𝑛)⟩ =∑  

𝑁

𝑖=1

 
(𝑧‾ − 𝑧‾𝑖)

(𝑧 − 𝑧𝑖)

(𝜉 − 𝑧𝑖)

(𝜉 − 𝑧)
((𝑧‾ − 𝑧‾𝑖)𝜕𝑧‾𝑖 − 2ℎ

‾
𝑖)

 × ⟨⋯𝒪Δ𝑖,ℓ𝑖(𝑧𝑖, 𝑧‾𝑖)⋯ ⟩

 

⟨𝐽‾0(𝑧, 𝑧‾)∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛(𝑧𝑛, 𝑧‾𝑛)⟩ =∑  

𝑁

𝑖=1

 
(𝑧 − 𝑧𝑖)

(𝑧‾ − 𝑧‾𝑖)

(𝜉‾ − 𝑧‾𝑖)

(𝜉‾ − 𝑧‾)
((𝑧 − 𝑧𝑖)𝜕𝑧𝑖 − 2ℎ𝑖)

 × ⟨⋯𝒪Δ𝑖,ℓ𝑖(𝑧𝑖, 𝑧‾𝑖)⋯ ⟩

 

𝐽0(𝑧, 𝑧‾) = lim
Δ→0

 Δ𝒪Δ,+2(𝑧, 𝑧‾), 𝐽‾0(𝑧, 𝑧‾) = lim
Δ→0

 Δ𝒪Δ,−2(𝑧, 𝑧‾)  

ℳ𝑁+1(𝜓𝑠+
𝐴 , {𝑝1, 𝜂

1},… {𝑝𝑁 , 𝜂
𝑁}) =∑  

𝑁

𝑖=1

 
[𝑠𝑖]⟨𝑟𝑖⟩

⟨𝑠𝑖⟩⟨𝑟𝑠⟩

𝜕

𝜕𝜂𝑖𝐴
ℳ𝑁({𝑝1, 𝜂

1},… {𝑝𝑁 , 𝜂
𝑁})  

ℓ𝑖 ∈ {−3/2,−1,−1/2,0,+1/2,+1,+3/2,+2}  

ℓ𝑖
𝑐 ∈ {−2,−3/2,−1,−1/2,0,+1/2,+1,+3/2}  
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⟨𝐽1/2
𝐴 (𝑧, 𝑧‾)∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩ =∑  

𝑁

𝑖=1

 𝑓(𝐴, ℓ𝑖,∗𝑖 ,∗𝑖
′)(−1)𝜎𝑖

(𝑧‾ − 𝑧‾𝑖)

(𝑧 − 𝑧𝑖)

(𝜉 − 𝑧𝑖)

(𝜉 − 𝑧)

⟨⋯𝒪
Δ𝑖+

1
2
,ℓ𝑖
𝑐

∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖),⋯ ⟩

 

⟨𝐽‾1/2𝐴(𝑧, 𝑧‾)∏  

𝑁

𝑛=1

 𝒪Δ𝑛,ℓ𝑛𝑐
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩ =∑  

𝑁

𝑖=1

 𝑓‾(𝐴, ℓ𝑖
𝑐 ,∗𝑖,∗𝑖

′)(−1)𝜎𝑖
(𝑧 − 𝑧𝑖)

(𝑧‾ − 𝑧‾𝑖)

(𝜉‾ − 𝑧‾𝑖)

(𝜉‾ − 𝑧‾)

⟨⋯𝒪
Δ𝑖+

1
2
,ℓ𝑖

∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖),⋯ ⟩

 

 

𝐽1/2
𝐴 (𝑧, 𝑧‾) = lim

Δ→
1
2

 (Δ −
1

2
)𝒪

Δ,+
3
2

𝐴 (𝑧, 𝑧‾), 𝐽‾1/2𝐴(𝑧, 𝑧‾) = lim
Δ→

1
2

  (Δ −
1

2
)𝒪

Δ,−
3
2
,𝐴
(𝑧, 𝑧‾)  

 

𝑇0(𝑧, 𝑧‾) = lim
Δ→0

 
3! Δ

2𝜋
∫  𝑑2𝑧′

1

(𝑧 − 𝑧′)4
𝒪Δ,−2(𝑧

′, 𝑧‾′)

𝑇‾0(𝑧, 𝑧‾) = lim
Δ→0

 
3! Δ

2𝜋
∫  𝑑2𝑧′

1

(𝑧‾ − 𝑧‾′)4
𝒪Δ,+2(𝑧

′, 𝑧‾′)

 

𝜕‾𝑇0 = −
1

2
𝜕3𝐽‾0(𝑧, 𝑧‾)  

𝑇mod : = 𝑇0 +
1

2
𝜕3𝜖𝐽‾0  

𝜖𝐽‾0: = ∫  
𝑧‾

𝑧‾0

 𝑑𝑤‾ 𝐽‾0(𝑧, 𝑤‾ )  

𝑇(𝑧)𝒪Δ,ℓ(𝑤,𝑤‾ )=
ℎ

(𝑧 − 𝑤)2
𝒪Δ,ℓ(𝑤,𝑤‾ ) +

1

𝑧 − 𝑤
𝜕𝑤𝒪Δ,ℓ(𝑤,𝑤‾ )   

𝑇‾(𝑧‾)𝒪Δ,ℓ(𝑤,𝑤‾ ) =
ℎ‾

(𝑧‾ − 𝑤‾ )2
𝒪Δ,ℓ(𝑤,𝑤‾ ) +

1

𝑧‾ − 𝑤‾
𝜕𝑤‾𝒪Δ,ℓ(𝑤,𝑤‾ ) 

 

𝑃(𝑧) = lim
Δ→1

 
(Δ − 1)

4
𝜕𝑧‾𝒪Δ,+2(𝑧, 𝑧‾)

𝑃‾(𝑧‾) = lim
Δ→1

 
(Δ − 1)

4
𝜕𝑧𝒪Δ,−2(𝑧, 𝑧‾)

 

𝑃(𝑧)𝒪Δ,ℓ(𝑤, 𝑤‾ ) =
1

𝑧 − 𝑤
𝒪Δ+1,ℓ(𝑤,𝑤‾ )  

𝑃(𝑧) =
1

2𝜋𝑖
∮   𝑑𝑧‾𝒫(𝑧, 𝑧‾), 𝑃‾(𝑧‾) =

1

2𝜋𝑖
∮   𝑑𝑧𝒫(𝑧, 𝑧‾)  

𝒫(𝑧, 𝑧‾)𝒪Δ,ℓ(𝑤,𝑤‾ ) =
1

𝑧 − 𝑤

1

𝑧‾ − 𝑤‾
𝒪Δ+1,ℓ(𝑤,𝑤‾ )  
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𝑆𝐴(𝑧)= lim
Δ→

1
2

 
Δ −

1
2

𝜋
∫  𝑑2𝑧′

1

(𝑧 − 𝑧′)3
𝒪
𝐴;Δ,−

3
2

(𝑧′, 𝑧‾′) 

𝑆‾𝐴(𝑧‾) = lim
Δ→

1
2

 
Δ −

1
2

𝜋
∫  𝑑2𝑧′

1

(𝑧‾ − 𝑧‾′)3
𝒪
Δ,+

3
2

𝐴 (𝑧′, 𝑧‾′)

 

𝜕‾𝑆𝐴(𝑧, 𝑧‾) = lim
Δ→1/2

 (Δ −
1

2
) 𝜕𝑧

2𝒪
𝐴;Δ,−

3
2
(𝑧, 𝑧‾) = 𝜕2𝐽‾1/2𝐴(𝑧, 𝑧‾) ≠ 0  

𝜖𝐽‾1/2𝐴(𝑧, 𝑧‾): = ∫  
𝑧

𝑧‾0

 𝑑𝑤‾ 𝐽‾1/2𝐴(𝑤,𝑤‾ )  

𝑆mod
𝐴 : = 𝑆𝐴 − 𝜕2𝜖𝐽‾1/2

𝐴
 

𝑇(𝑧)𝑆𝐴(𝑤) =
3

2

𝑆𝐴(𝑤)

(𝑧 − 𝑤)2
+
𝜕𝑆𝐴(𝑤)

𝑧 − 𝑤
 

𝑇‾(𝑧‾)𝑆‾𝐴(𝑤‾ ) =
3

2

𝑆‾𝐴(𝑧‾)

(𝑧‾ − 𝑤‾ )2
+
𝜕𝑆‾𝐴(𝑤‾ )

𝑧‾ − 𝑤‾
 

 

: {𝑆𝐵(𝑧), 𝑆‾
𝐴(𝑧‾)}:=: 𝑆𝐵(𝑧)𝑆‾

𝐴(𝑧‾) + 𝑆‾𝐴(𝑧‾)𝑆𝐵(𝑧): = 𝛿𝐵
𝐴𝒫(𝑧, 𝑧‾)  

⟨𝑆𝐵(𝑧)𝑆‾
𝐴(𝑤‾ )∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= 𝛿𝐵
𝐴∑ 

𝑁

𝑖=3

  [
1

(𝑤‾ − 𝑧‾)2
𝑧‾ − 𝑧‾𝑖
𝑧 − 𝑧𝑖

+
1

𝑧‾ − 𝑤‾

1

𝑧 − 𝑧𝑖
+

1

𝑤‾ − 𝑧‾𝑖

1

𝑧 − 𝑧𝑖
] ⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖),⋯ ⟩ 

−∑  

𝑁

𝑖=3

 𝑓(𝐴, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝑓‾(𝐵, ℓ𝑖 − 1/2,∗𝑖

′,∗𝑖
′′)

1

𝑧 − 𝑧𝑖

1

𝑤‾ − 𝑧‾𝑖
⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖),⋯ ⟩  

+ ∑  

𝑁

𝑖,𝑗=3
𝑖≠𝑗

  (−1)𝜎𝑖+𝜎𝑗𝑓(𝐴, ℓ𝑖,∗𝑖,∗𝑖
′)𝑓‾(𝐵, ℓ𝑗,∗𝑗,∗𝑗

′)
1

𝑧 − 𝑧𝑖

1

𝑤‾ − 𝑧‾𝑗
⟨⋯𝒪

Δ𝑖+
1
2
,ℓ𝑖−

1
2

∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖),⋯  

𝒪
Δ𝑗+

1
2
,ℓ𝑗+

1
2

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯ ⟩
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⟨𝑆‾𝐴(𝑧‾)𝑆𝐵(𝑤)∏ 

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= 𝛿𝐵
𝐴∑ 

𝑁

𝑖=3

  [
1

(𝑤 − 𝑧)2
𝑧 − 𝑧𝑖
𝑧‾ − 𝑧‾𝑖

+
1

𝑧 − 𝑤

1

𝑧‾ − 𝑧‾𝑖
+

1

𝑧‾ − 𝑧‾𝑖

1

𝑤 − 𝑧𝑖
] ⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖),⋯ ⟩ 

−∑  

𝑁

𝑖=3

 𝑓‾(𝐵, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝑓(𝐴, ℓ𝑖 + 1/2,∗𝑖

′,∗𝑖
′′)

1

𝑤 − 𝑧𝑖

1

𝑧‾ − 𝑧‾𝑖
⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖),⋯ ⟩  

− ∑  

𝑁

𝑖,𝑗=3
𝑖≠𝑗

  (−1)𝜎𝑖+𝜎𝑗𝑓‾(𝐵, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝑓(𝐴, ℓ𝑗,∗𝑗,∗𝑗

′)
1

𝑤 − 𝑧𝑖

1

𝑧‾ − 𝑧‾𝑗
⟨⋯𝒪

Δ𝑖+
1
2
,ℓ𝑖+

1
2

∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖),⋯  

𝒪
Δ𝑗+

1
2
,ℓ𝑗−

1
2

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯ ⟩

 

⟨(𝑆‾𝐴(𝑧‾)𝑆𝐵(𝑤) + 𝑆𝐵(𝑧)𝑆‾
𝐴(𝑤‾ ))∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= 𝛿𝐵
𝐴∑ 

𝑁

𝑖=3

  [
1

(𝑤 − 𝑧)2
𝑧 − 𝑧𝑖
𝑧‾ − 𝑧‾𝑖

+
1

𝑧 − 𝑤

1

𝑧‾ − 𝑧‾𝑖
+

1

𝑧‾ − 𝑧‾𝑖

1

𝑤 − 𝑧𝑖
] ⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖),⋯ ⟩ 

+𝛿𝐵
𝐴∑ 

𝑁

𝑖=3

  [
1

(𝑤‾ − 𝑧‾)2
𝑧‾ − 𝑧‾𝑖
𝑧 − 𝑧𝑖

+
1

𝑧‾ − 𝑤‾

1

𝑧 − 𝑧𝑖
+

1

𝑤‾ − 𝑧‾𝑖

1

𝑧 − 𝑧𝑖
] ⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖),⋯ ⟩  

−∑  

𝑁

𝑖=3

 𝑓(𝐴, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝑓‾(𝐵, ℓ𝑖 − 1/2,∗𝑖

′,∗𝑖
′′)

1

𝑧 − 𝑧𝑖

1

𝑤‾ − 𝑧‾𝑖
⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖
′′

(𝑧𝑖, 𝑧‾𝑖),⋯ ⟩  

 −∑  

𝑁

𝑖=3

 𝑓‾(𝐵, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝑓(𝐴, ℓ𝑖 + 1/2,∗𝑖

′,∗𝑖
′′)

1

𝑤 − 𝑧𝑖

1

𝑧‾ − 𝑧‾𝑖
⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖
′′

(𝑧𝑖, 𝑧‾𝑖),⋯ ⟩

 

⟨: {𝑆𝐵(𝑧), 𝑆‾
𝐴(𝑧‾)}:∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= 2𝛿𝐵
𝐴∑ 

𝑁

𝑖=3

 
1

𝑧‾ − 𝑧‾𝑖

1

𝑧 − 𝑧𝑖
⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖),⋯ ⟩  

−∑  

𝑁

𝑖=3

 𝑓(𝐴, ℓ𝑖 ,∗𝑖 ,∗𝑖
′)𝑓‾(𝐵, ℓ𝑖 − 1/2,∗𝑖

′,∗𝑖
′′)

1

𝑧 − 𝑧𝑖

1

𝑧‾ − 𝑧‾𝑖
⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖
′′

(𝑧𝑖, 𝑧‾𝑖),⋯ ⟩  

 −∑  

𝑁

𝑖=3

 𝑓‾(𝐵, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝑓(𝐴, ℓ𝑖 + 1/2,∗𝑖

′,∗𝑖
′′)

1

𝑧 − 𝑧𝑖

1

𝑧‾ − 𝑧‾𝑖
⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖
′′

(𝑧𝑖, 𝑧‾𝑖),⋯ ⟩ .

 

𝑓(𝐴,+2,−,∗𝑖
′)𝑓‾(𝐵,+3/2,∗𝑖

′, −)𝒪Δ𝑖+1,+2(𝑧𝑖, 𝑧‾𝑖) = 𝛿𝐵
𝐴𝒪Δ𝑖+1,+2(𝑧𝑖, 𝑧‾𝑖).  

𝑓(𝐴,+3/2, 𝐶,∗𝑖
′)𝑓‾(𝐵,+1,∗𝑖

′,∗𝑖
′′)𝒪Δ𝑖+1,+3/2

∗𝑖
′′

(𝑧𝑖, 𝑧‾𝑖) = 2! 𝛿𝐵
[𝐴
𝒪Δ𝑖+1,+3/2
𝐶] (𝑧𝑖, 𝑧‾𝑖)  

𝑓‾(𝐵,+3/2, 𝐶, −)𝑓(𝐴,+2,−,∗𝑖
′′)𝒪Δ𝑖+1,+3/2

∗𝑖
′′

(𝑧𝑖, 𝑧‾𝑖) = 𝛿𝐵
𝐶𝒪Δ𝑖+1,+3/2

𝐴 (𝑧𝑖, 𝑧‾𝑖)  
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𝑓(𝐴,+1, 𝐶𝐷,∗𝑖
′)𝑓‾(𝐵,+1/2,∗𝑖

′,∗𝑖
′′)𝒪Δ𝑖+1,+2

∗𝑖
′′

(𝑧𝑖, 𝑧‾𝑖)

 = 𝑓‾(𝐵,+1/2,∗𝑖
′, 𝐴𝐶𝐷)𝒪

Δ𝑖+
1
2
,+1/2

𝐴𝐶𝐷 (𝑧𝑖 , 𝑧‾𝑖)

 = 3𝛿𝐵
[𝐴
𝒪Δ𝑖+1,+1
𝐶𝐷]

(𝑧𝑖, 𝑧‾𝑖)

 

𝑓‾(𝐵,+1, 𝐶𝐷,∗𝑖
′)𝑓(𝐴,+3/2,∗𝑖

′,∗𝑖
′′)𝒪Δ𝑖+1,+3/2

∗𝑖
′′

(𝑧𝑖, 𝑧‾𝑖) = −2! 𝛿𝐵
[𝐶
𝒪Δ𝑖+1,+1
𝐷]𝐴

(𝑧𝑖, 𝑧‾𝑖)  

3𝛿𝐵
[𝐴
𝒪𝐶𝐷] − 2! 𝛿𝐵

[𝐶
𝒪𝐷]𝐴 =

1

2
[(𝛿𝐵

𝐴𝒪𝐶𝐷 − 𝛿𝐵
𝐴𝒪𝐷𝐶) + (𝛿𝐵

𝐶𝒪𝐷𝐴 − 𝛿𝐵
𝐶𝒪𝐴𝐷) + (𝛿𝐵

𝐷𝒪𝐴𝐶 − 𝛿𝐵
𝐷𝒪𝐶𝐴)]

−𝛿𝐵
𝐶𝒪𝐷𝐴 + 𝛿𝐵

𝐷𝒪𝐶𝐴  

 = 𝛿𝐵
𝐴𝒪𝐶𝐷

 

⟨: {𝑆𝐵(𝑧), 𝑆‾
𝐴(𝑧‾)}:∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩ = 𝛿𝐵

𝐴∑ 

𝑁

𝑖=3

 
1

𝑧‾ − 𝑧‾𝑖

1

𝑧 − 𝑧𝑖
⟨⋯𝒪Δ𝑖+1,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖),⋯ ⟩  

: {𝑆𝐵(𝑧), 𝑆‾
𝐴(𝑧‾)}: 𝒪Δ,ℓ(𝑤,𝑤‾ ) =

1

𝑧 − 𝑤

1

𝑧‾ − 𝑤‾
𝒪Δ+1,ℓ(𝑤,𝑤‾ )  

: {𝑆𝐵(𝑧), 𝑆‾
𝐴(𝑧‾)}:= 𝛿𝐵

𝐴𝒫(𝑧, 𝑧‾).  

[𝑇𝐵
𝐴, 𝑇𝐷

𝐶] = 𝛿𝐷
𝐴𝑇𝐵

𝐶 − 𝛿𝐵
𝐶𝑇𝐷

𝐴,  

(𝑇𝐵
𝐴)
𝐶
 𝐷 = 𝛿𝐷

𝐴𝛿𝐵
𝐶 −

1

8
𝛿𝐵
𝐴𝛿𝐷

𝐶  

[𝑇𝐵
𝐴, 𝑄𝛼

𝐶] = (𝑇𝐵
𝐴)
𝐷

𝐶
𝑄𝛼
𝐷, [𝑇𝐵

𝐴, 𝑄‾𝛼̇𝐶] = −(𝑇𝐵
𝐴)
𝐶

𝐷
𝑄‾𝛼̇𝐷.  

𝒢̃𝐵
𝐴(𝑧, 𝑧‾)𝑆𝐶(𝑤) ∼ ((𝑧 − 𝑤) singularity )(𝑇𝐵

𝐴)
𝐶

𝐷
𝑆𝐷(𝑤)

𝒢̃𝐵
𝐴(𝑧, 𝑧‾)𝑆‾𝐶(𝑤) ∼ −((𝑧‾ − 𝑤‾ ) singularity )(𝑇𝐵

𝐴)
𝐷

𝐶
𝑆‾𝐷(𝑤).

 

𝐺𝐴𝐵(𝑧, 𝑧‾) = lim
Δ→0

 
Δ

𝜋
∫  𝑑2𝑧′

1

(𝑧 − 𝑧′)𝑎
1

(𝑧‾ − 𝑧‾′)𝑏
𝒪𝐴𝐵;Δ,−1(𝑧

′, 𝑧‾′)

𝐺‾𝐶𝐷(𝑧, 𝑧‾) = lim
Δ→0

 
Δ

𝜋
∫  𝑑2𝑧′

1

(𝑧‾ − 𝑧‾′)𝑎
′

1

(𝑧 − 𝑧′)𝑏
′ 𝒪Δ,+1

𝐶𝐷 (𝑧′, 𝑧‾′)
 

⟨𝐺𝐴𝐵(𝑧, 𝑧‾)∏  

𝑁

𝑛=2

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= lim
Δ1→0

 
Δ1
𝜋
∫  𝑑2𝑧1

1

(𝑧 − 𝑧1)
𝑎

1

(𝑧‾ − 𝑧‾1)
𝑏 ⟨𝒪𝐴𝐵Δ1,−1(𝑧1, 𝑧‾1)∏  

𝑁

𝑛=2

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩  

 =
1

𝜋
∫  𝑑2𝑧1

1

(𝑧 − 𝑧1)
𝑎

1

(𝑧‾ − 𝑧‾1)
𝑏 [∑  

𝑁

𝑛=2

 𝑓(𝐴, 𝐵, ℓ𝑖,∗𝑛,∗𝑛
′ )
𝑧1 − 𝑧𝑛
𝑧‾1 − 𝑧‾𝑛

⟨⋯𝒪Δ𝑛,ℓ𝑛+1
∗𝑛
′

(𝑧𝑛, 𝑧‾𝑛)⟩]
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 ∫  𝑑2𝑧1
1

(𝑧 − 𝑧1)
𝐴

1

(𝑧‾ − 𝑧‾1)
𝐵

(𝑧‾1 − 𝑧‾𝑗)
𝑠

𝑧1 − 𝑧𝑗
= 𝐶𝑠(𝐴, 𝐵)

1

(𝑧𝑗 − 𝑧)
𝐴
(𝑧‾𝑗 − 𝑧‾)

𝐵−𝑠−1

 ∫  𝑑2𝑧1
1

(𝑧‾ − 𝑧‾1)
𝐴

1

(𝑧1 − 𝑧1)
𝐵

(𝑧1 − 𝑧𝑗)
𝑠

𝑧‾1 − 𝑧‾𝑗
= 𝐶𝑠(𝐴, 𝐵)

1

(𝑧‾𝑗 − 𝑧‾)
𝐴

1

(𝑧𝑗 − 𝑧)
𝐵−𝑠−1

 

𝐶𝑠(𝐴, 𝐵) =
(−1)𝑠+𝐴+𝐵(−𝜋)𝑠!

(−𝐵 + 1)(−𝐵 + 2)⋯ (−𝐵 + 𝑠 + 1)
 

∫  𝑑2𝑧1
1

(𝑧 − 𝑧1)
𝑎

1

(𝑧‾ − 𝑧‾1)
𝑏

𝑧1 − 𝑧𝑛
𝑧‾1 − 𝑧‾𝑛

= 𝐶1(𝑏, 𝑎)
1

(𝑧‾𝑛 − 𝑧‾)
𝑏

1

(𝑧𝑛 − 𝑧)
𝑎−2  

⟨𝐺𝐴𝐵(𝑧, 𝑧‾)∏  

𝑁

𝑛=2

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

 =∑  

𝑁

𝑖=2

 𝑓(𝐴, 𝐵, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝐶1(𝑏, 𝑎)

1

(𝑧‾𝑖 − 𝑧‾)
𝑏

1

(𝑧𝑖 − 𝑧)
𝑎−2

⟨⋯𝒪Δ𝑖,ℓ𝑖+1
∗𝑖
′

(𝑧𝑖 , 𝑧‾𝑖)⟩

 

ℓ𝑛 ∈ {−2,−
3

2
,−1,−

1

2
, 0, +

1

2
,+1} 

ℓ𝑛
′ ∈ {−1,−

1

2
, 0, +

1

2
,+1,+

3

2
,+2} 

⟨𝐺‾𝐶𝐷(𝑧, 𝑧‾)∏  

𝑁

𝑛=2

 𝒪
Δ𝑛,ℓ𝑛

′
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

 = ∑  

𝑁

𝑛=2

 𝑓‾(𝐶, 𝐷, ℓ𝑖
′,∗𝑛,∗𝑛

′ )𝐶(𝑏′, 𝑎′)
1

(𝑧‾𝑛 − 𝑧‾)
𝑏′

1

(𝑧𝑛 − 𝑧)
𝑎′−2

⟨⋯𝒪
Δ𝑛,ℓ𝑛

′ −1

∗𝑛
′

(𝑧𝑛, 𝑧‾𝑛)⟩

 

𝐺𝐴𝐵(𝑧)𝒪Δ,ℓ
∗ (𝑤,𝑤‾ ) ∼ 𝑓(𝐴, 𝐵, ℓ,∗,∗′)𝐶1(𝑏, 𝑎)

1

(𝑤‾ − 𝑧‾)𝑏
1

(𝑤 − 𝑧)𝑎−2
𝒪Δ,ℓ′
∗′ (𝑧, 𝑤‾ )

𝐺‾𝐶𝐷(𝑧)𝒪Δ,ℓ′
∗ (𝑤,𝑤‾ ) ∼ 𝑓‾(𝐶, 𝐷, ℓ′,∗,∗′)𝐶1(𝑏

′, 𝑎′)
1

(𝑤‾ − 𝑧‾)𝑏
′

1

(𝑧 − 𝑧)𝑎
′−2
𝒪Δ,ℓ
∗′ (𝑤,𝑤‾ )

 

𝒢𝐴𝐵
𝐶𝐷(𝑧, 𝑧‾; 𝑤, 𝑤‾ ):= 𝐺𝐴𝐵(𝑧)𝐺‾

𝐶𝐷(𝑤‾ ) − 𝐺‾𝐶𝐷(𝑤‾ )𝐺𝐴𝐵(𝑧) ≡ [𝐺𝐴𝐵(𝑧), 𝐺‾
𝐶𝐷(𝑤‾ )].  

𝒢𝐴𝐵
𝐶𝐷(𝑧, 𝑧‾) =: 𝒢𝐴𝐵

𝐶𝐷(𝑧, 𝑧‾; 𝑧, 𝑧‾):=: 𝐺𝐴𝐵(𝑧)𝐺‾
𝐶𝐷(𝑧‾) − 𝐺‾𝐶𝐷(𝑧‾)𝐺𝐴𝐵(𝑧): 

 ≡: [𝐺𝐴𝐵(𝑧), 𝐺‾
𝐶𝐷(𝑧‾)]:
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⟨𝒢𝐴𝐵
𝐶𝐷(𝑧, 𝑧‾)∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= (−1)𝑎+𝑏+𝑎
′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏

′, 𝑎′)[𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓‾(𝐶, 𝐷, ℓ𝑗 + 1,∗𝑗

′,∗𝑗
′′)  

×
1

(𝑧 − 𝑧𝑗)
𝑎+𝑏′−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑎′+𝑏−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

−𝑓‾(𝐶, 𝐷, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓(𝐴, 𝐵, ℓ𝑗 − 1,∗𝑗

′,∗𝑗
′′)  

 ×
1

(𝑧 − 𝑧𝑗)
𝑎′+𝑏−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑎+𝑏′−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩]

 

𝒢𝐴𝐵
𝐶𝐷(𝑧, 𝑧‾)𝒪

𝐸Δ,−
3
2
(𝑤,𝑤‾ ) ∼ −𝛿𝐴𝐵

𝐶𝐷
(−1)𝑎+𝑏+𝑎

′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)

(𝑧 − 𝑤)𝑎+𝑏
′−2(𝑧‾ − 𝑤‾ )𝑎

′+𝑏−2
𝒪
𝐸Δ,−

3
2
(𝑤,𝑤‾ )

𝒢𝐴𝐵
𝐶𝐷(𝑧, 𝑧‾)𝒪

Δ,+
3
2

𝐸 (𝑤,𝑤‾ ) ∼ 𝛿𝐴𝐵
𝐶𝐷
(−1)𝑎+𝑏+𝑎

′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)

(𝑧 − 𝑤)𝑎
′+𝑏−2(𝑧‾ − 𝑤‾ )𝑎+𝑏

′−2
𝒪
Δ,+

3
2

𝐸 (𝑤,𝑤‾ )

 

lim
Δ1→0

 Δ1𝒪𝐴𝐵;Δ1,−1(𝑧, 𝑧‾)𝒪𝐸,Δ,−3
2

(𝑧1, 𝑧‾1) =
𝑧 − 𝑧1
𝑧‾ − 𝑧‾1

𝒪
𝐴𝐵𝐸;Δ,−

1
2

(𝑧1, 𝑧‾1) 

lim
Δ2→0

 Δ2𝒪Δ2,+1
𝑐𝑑 (𝑤,𝑤‾ )𝒪

𝑎𝑏𝑟;Δ,−
1
2

(𝑧1, 𝑧‾1) = −𝛿𝑎𝑏
𝑐𝑑
𝑤‾ − 𝑧‾1
𝑤 − 𝑧1

𝒪
𝑟,Δ,−

3
2

(𝑧1, 𝑧‾1) 

(𝒢̃𝐵
𝐴)
𝐷

𝐶
(𝑧, 𝑧‾):= −(

1

7
𝛿𝐷
𝐴∑  

8

𝐸=1

 𝒢𝐵𝐸
𝐸𝐶(𝑧, 𝑧‾) +

1

56
𝛿𝐵
𝐴∑  

8

𝐸=1

 𝒢𝐸𝐷
𝐸𝐶(𝑧, 𝑧‾)) .  

𝛿𝑏1…𝑏𝑛
𝑎1…𝑎𝑛 = ∑  

𝜎∈𝑆𝑛

 sign(𝜎)𝛿𝑏𝜎(1)
𝑎1 …𝛿𝑏𝜎(𝑛)

𝑎𝑛
 

∑  

8

𝐸=1

 𝛿𝐵𝐸
𝐸𝐶 = −7𝛿𝐵

𝐶 ,∑  

8

𝐸=1

 𝛿𝐸𝐷
𝐸𝐶 = 7𝛿𝐷

𝐶 .  

(𝒢̃𝐴
𝐶)
𝐵

𝐷
(𝑧, 𝑧‾)𝒪

𝐷Δ,−
3
2
(𝑤,𝑤‾ ) ∼

(−1)𝑎+𝑏+𝑎
′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏

′, 𝑎′)

(𝑧 − 𝑤)𝑎+𝑏
′−2(𝑧‾ − 𝑤‾ )𝑎

′+𝑏−2
(𝑇𝐴

𝐶)
𝐵

𝐷
𝒪
𝐷Δ,−

3
2
(𝑤,𝑤‾ )

(𝒢̃𝐴
𝐶)
𝐵

𝐷
(𝑧, 𝑧‾)𝒪

Δ,+
3
2

𝐵 (𝑤,𝑤‾ ) ∼ −
(−1)𝑎+𝑏+𝑎

′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)

(𝑧 − 𝑤)𝑎
′+𝑏−2(𝑧‾ − 𝑤‾ )𝑎+𝑏

′−2
(𝑇𝐴

𝐶)
𝐵

𝐷
𝒪
Δ,+

3
2

𝐵 (𝑤,𝑤‾ )

 

(𝒢̃𝐴
𝐶)
𝐵

𝐷
(𝑧, 𝑧‾)𝑆𝐷(𝑤) ∼(𝑇𝐴

𝐶)
𝐵

𝐷
lim
Δ→

1
2

 
Δ −

1
2

𝜋
(−1)𝑎+𝑏+𝑎

′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)

 × ∫  𝑑2𝑧1
1

(𝑤 − 𝑧1)
3

1

(𝑧 − 𝑧1)
𝑎+𝑏′−2

1

(𝑧‾ − 𝑧‾1)
𝑎′+𝑏−2

𝒪
𝐷,Δ,−

3
2

(𝑧1, 𝑧‾1)

 

(𝒢̃𝐴
𝐶)
𝐵

𝐷
(𝑧, 𝑧‾)𝑆‾𝐵(𝑤‾ ) ∼−(𝑇𝐴

𝐶)
𝐵

𝐷
lim
Δ→

1
2

 
Δ −

1
2

𝜋
(−1)𝑎+𝑏+𝑎

′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)  

 × ∫  𝑑2𝑧1
1

(𝑤‾ − 𝑧‾1)
3

1

(𝑧 − 𝑧1)
𝑎′+𝑏−2

1

(𝑧‾ − 𝑧‾1)
𝑎+𝑏′−2

𝒪
Δ,+

3
2

𝐵 (𝑧1, 𝑧‾1)
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𝑎 + 𝑏′ − 2 = 0  and  𝑎′ + 𝑏 − 2 = 0  

(𝒢̃𝐴
𝐶)
𝐵

𝐷
(𝑧, 𝑧‾)𝑆𝐷(𝑤) ∼  ς,  (𝒢̃𝐴

𝐶)
𝐵

𝐷
(𝑧, 𝑧‾)𝑆‾𝐵(𝑤‾ ) ∼ ϱ  

𝑇(𝑧) = ∑  

𝑛∈ℤ

 𝐿𝑛𝑧
−𝑛−2, 𝑇‾(𝑧‾) = ∑  

𝑛∈ℤ

 𝐿‾𝑛𝑧‾
−𝑛−2;

𝒫(𝑧, 𝑧‾) ≡ ∑  

𝑛,𝑚∈ℤ

 𝑃
𝑛−
1
2
,𝑚−

1
2
𝑧−𝑛−1𝑧‾−𝑚−1

 

𝑃(𝑧) = ∑  

𝑛∈ℤ

 𝑃
𝑛−
1
2
𝑧−𝑛−1, 𝑃‾(𝑧‾) = ∑  

𝑚∈ℤ

 𝑃‾
𝑚−

1
2
𝑧−𝑚−1  

𝑃
𝑛−
1
2
,−
1
2
= 𝑃

𝑛−
1
2
, 𝑃
−
1
2
,𝑚−

1
2
= 𝑃‾

𝑚−
1
2

 

 

𝑃
𝑛−
1
2
,𝑚−

1
2
 =

1

𝑖𝜋(𝑚 + 1)
∮   𝑑𝑤‾ 𝑤‾ 𝑚+1 [𝑇‾(𝑤‾ ), 𝑃

𝑛−
1
2
,−
1
2
]

 =
1

𝑖𝜋(𝑚 + 1)
∮   𝑑𝑤𝑤𝑛+1 [𝑇(𝑤), 𝑃‾

−
1
2
,𝑚−

1
2
] .

 

[𝐿𝑚, 𝐿𝑛]= (𝑚 − 𝑛)𝐿𝑚+𝑛, [𝐿‾𝑚, 𝐿‾𝑛] = (𝑚 − 𝑛)𝐿‾𝑚+𝑛  

[𝐿𝑛, 𝑃𝑘𝑙] = (
1

2
𝑛 − 𝑘)𝑃𝑛+𝑘,𝑙 , [𝐿‾𝑛 , 𝑃𝑘𝑙] = (

1

2
𝑛 − 𝑙)𝑃𝑘,𝑛+𝑙

 

𝑆𝐴(𝑧) = ∑  

𝑘∈ℤ+
1
2

 
(𝑆𝐴)𝑘

𝑧𝑘+
3
2

,  with  (𝑆𝐴)𝑘 =
1

2𝜋𝑖
∮   𝑑𝑧𝑧𝑘+

1
2𝑆𝐴(𝑧)

𝑆‾𝐴(𝑧‾) = ∑  

𝑙∈ℤ+
1
2

 
𝑆‾𝑙
𝐴

𝑧𝑙+
3
2

,  with  𝑆‾𝑙
𝐴 =

1

2𝜋𝑖
∮   𝑑𝑧‾𝑧‾𝑙+

1
2𝑆‾𝐴(𝑧‾)

 

[𝐿𝑛, (𝑆𝐴)𝑚] = (
𝑛

2
−𝑚)(𝑆𝐴)𝑚+𝑛, [𝐿‾𝑛, (𝑆𝐴)𝑚] = 0

[𝐿𝑛, 𝑆‾𝑚
𝐴 ] = 0, [𝐿‾𝑛, 𝑆‾𝑚

𝐴 ] = (
𝑛

2
−𝑚)𝑆‾𝑚+𝑛

𝐴
 

{(𝑆𝐵)𝑚, 𝑆‾𝑛
𝐴} = 𝛿𝐵

𝐴𝑃𝑚𝑛,𝑚, 𝑛 ∈ ℤ +
1

2
 

(𝒢̃𝐵
𝐴)
𝐷

𝐶
(𝑧, 𝑧‾) = ∑  

𝑛,𝑚∈ℤ

  {(𝒢̃𝐵
𝐴)
𝐷

𝐶
}
𝑚𝑛
𝑧−𝑚−ℎ𝑧‾−𝑛−ℎ

‾
 

{(𝒢̃𝐵
𝐴)
𝐷

𝐶
}
𝑚𝑛

=
1

(2𝜋𝑖)2
∮   𝑑𝑧∮   𝑑𝑧‾𝑧𝑚+ℎ−1𝑧‾𝑛+ℎ

‾+1(𝒢̃𝐵
𝐴)
𝐷

𝐶
(𝑧, 𝑧‾)  

(𝒢̃𝐵
𝐴)
𝐷

𝐶
(𝑧, 𝑧‾)𝑆𝐶(𝑤) ∼

1

𝑧 − 𝑤

1

𝑧‾ − 𝑤‾
(𝑇𝐵

𝐴)
𝐷

𝐶
𝑆𝐶(𝑤)  

[(𝒢̃𝐵
𝐴)
𝐷

𝐶
}
𝑚𝑛
, (𝑆𝐶)𝑘] = 𝑤‾

𝑛(𝑇𝐵
𝐴)
𝐷

𝐶
{𝑆𝐶}𝑚+𝑘  
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[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛, [𝐿‾𝑚, 𝐿‾𝑛] = (𝑚 − 𝑛)𝐿‾𝑚+𝑛

[𝐿𝑛 , 𝑃𝑘𝑙] = (
1

2
𝑛 − 𝑘)𝑃𝑛+𝑘,𝑙 , [𝐿‾𝑛 , 𝑃𝑘𝑙] = (

1

2
𝑛 − 𝑙)𝑃𝑘,𝑛+𝑙

[𝐿𝑛 , (𝑆𝐴)𝑚] = (
𝑛

2
−𝑚)(𝑆𝐴)𝑚+𝑛, [𝐿‾𝑛, (𝑆𝐴)𝑚] = 0

[𝐿𝑛 , 𝑆‾𝑚
𝐴 ] = 0, [𝐿‾𝑛, 𝑆‾𝑚

𝐴 ] = (
𝑛

2
−𝑚)𝑆‾𝑚+𝑛

𝐴

{(𝑆𝐵)𝑚, 𝑆‾𝑛
𝐴} = 𝛿𝐵

𝐴𝑃𝑚𝑛

 

𝒪
Δ1,+

3
2

𝐴 (𝑧1, 𝑧‾1)𝒪
Δ2,+

3
2

𝐵 (𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵 (Δ1 −
1

2
, Δ2 −

1

2
)𝒪Δ1+Δ2,+1

𝐴𝐵 (𝑧2, 𝑧‾2)

𝒪
Δ1,+

3
2

𝐴 (𝑧1, 𝑧‾1)𝒪𝐵Δ2,−
3
2

(𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝛿𝐵
𝐴𝐵 (Δ1 −

1

2
, Δ2 +

5

2
)𝒪Δ1+Δ2,−2(𝑧2, 𝑧‾2)

 +
𝑧12
𝑧‾12

𝛿𝐵
𝐴𝐵 (Δ1 +

5

2
, Δ2 −

1

2
)𝒪Δ1+Δ2,+2(𝑧2, 𝑧‾2)

 

𝒪Δ1,+1
𝐴𝐵 (𝑧1, 𝑧‾1)𝒪Δ2,+1

𝐶𝐷 (𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵(Δ1, Δ2)𝒪Δ1+Δ2,0
𝐴𝐵𝐶𝐷 (𝑧2, 𝑧‾2)

𝒪Δ1,+1
𝐴𝐵 (𝑧1, 𝑧‾1)𝒪𝐶𝐷;Δ2,−1(𝑧2, 𝑧‾2) ∼−𝛿𝐶𝐷

𝐴𝐵 [
𝑧‾12
𝑧12

𝐵(Δ1, Δ2 + 2)𝒪Δ1+Δ2,−2(𝑧2, 𝑧‾2) 

+
𝑧12
𝑧‾12

𝐵(Δ1 + 2, Δ2)𝒪Δ1+Δ2,+2(𝑧2, 𝑧‾2)]

 

𝒪
Δ1,+

1
2

𝑎𝑟𝑠 (𝑧1, 𝑧‾1)𝒪
Δ2,+

1
2

𝑏𝑡𝑢 (𝑧2, 𝑧‾2) ∼ 𝜖
𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑

𝑧12
𝑧‾12

𝐵 (Δ1 +
1

2
, Δ2 +

1

2
)𝒪𝑐𝑑;Δ1+Δ2,−1(𝑧2, 𝑧‾2)

𝒪
Δ1,+

1
2

𝑎𝑟𝑠 (𝑧1, 𝑧‾1)𝒪
Δ2,+

1
2

𝑏𝑐𝑡 (𝑧2, 𝑧‾2) ∼ 𝜖
𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑

𝑧12
𝑧‾12

𝐵 (Δ1 +
1

2
, Δ2 +

1

2
)𝒪𝑢𝑑;Δ1+Δ2,−1(𝑧2, 𝑧‾2)

𝒪
Δ1,+

1
2

𝑟𝑠𝑡 (𝑧1, 𝑧‾1)𝒪
Δ2,+

1
2

𝑎𝑏𝑐 (𝑧2, 𝑧‾2) ∼ 𝜖
𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑

𝑧12
𝑧‾12

𝐵 (Δ1 +
1

2
, Δ2 +

1

2
)𝒪𝑢𝑑;Δ1+Δ2,−1(𝑧2, 𝑧‾2)

𝒪
Δ1,+

1
2

𝑎𝑟𝑠 (𝑧1, 𝑧‾1)𝒪𝑏𝑡𝑢;Δ2,−
1
2

(𝑧2, 𝑧‾2) ∼ 𝜖𝑡𝑢𝑣𝑤𝜖
𝑟𝑠𝑤𝛿𝑏

𝑎 [
𝑧12
𝑧‾12

𝐵 (Δ1 +
3

2
, Δ2 +

1

2
)𝒪Δ1+Δ2,+2(𝑧2, 𝑧‾2)

+
𝑧‾12
𝑧12

𝐵 (Δ1 +
1

2
, Δ2 +

3

2
)𝒪Δ1+Δ2,−2(𝑧2, 𝑧‾2)]

 

𝒪Δ1,0
𝑎𝑏𝑟𝑠(𝑧1, 𝑧‾1)𝒪Δ2,0

𝑐𝑑𝑡𝑢(𝑧2, 𝑧‾2) ∼ 𝜖
𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢𝐵(Δ1+1, Δ2 + 1) [

𝑧12
𝑧‾12

𝒪Δ1+Δ2,+2(𝑧2, 𝑧‾2)

+
𝑧‾12
𝑧12

𝒪Δ1+Δ2,−2(𝑧2, 𝑧‾2)]
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𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪Δ2,+
3
2

𝐴 (𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵 (Δ1 − 1, Δ2 −
1

2
)𝒪

Δ1+Δ2,+
3
2

𝐴 (𝑧2, 𝑧‾2)

𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪𝐴;Δ2,−
3
2

(𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵 (Δ1 − 1, Δ2 +
5

2
)𝒪

𝐴;Δ1+Δ2,−
3
2

(𝑧2, 𝑧‾2)

𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪Δ2,+1
𝐴𝐵 (𝑧2, 𝑧‾2) ∼

𝑧‾12
𝑧12

𝐵(Δ1 − 1, Δ2)𝒪Δ1+Δ2,+1
𝐴𝐵 (𝑧2, 𝑧‾2)

𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪𝐴𝐵;Δ2,−1(𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵(Δ1 − 1, Δ2 + 2)𝒪𝐴𝐵;Δ1+Δ2,−1(𝑧2, 𝑧‾2)

𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪Δ2,+
1
2

𝑎𝑏𝑟 (𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵 (Δ1 − 1, Δ2 +
1

2
)𝒪

Δ1+Δ2,+
1
2

𝑎𝑏𝑟 (𝑧2, 𝑧‾2)

𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪Δ2,+
1
2

𝑎𝑏𝑐 (𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵 (Δ1 − 1, Δ2 +
1

2
)𝒪

Δ1+Δ2,+
1
2

𝑎𝑏𝑐 (𝑧2, 𝑧‾2)

𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪𝑎𝑏𝑐;Δ2,−
1
2

(𝑧2, 𝑧‾2) ∼ −
𝑧‾12
𝑧12

𝐵 (Δ1 − 1, Δ2 +
3

2
)𝒪

𝑎𝑏𝑐;Δ1+Δ2,−
1
2

(𝑧2, 𝑧‾2)

𝒪Δ1,+2(𝑧1, 𝑧‾1)𝒪Δ2,0
𝐴𝐵𝐶𝐷(𝑧2, 𝑧‾2) ∼

𝑧‾12
𝑧12

𝐵(Δ1 − 1, Δ2 + 1)𝒪Δ1+Δ2,0
𝐴𝐵𝐶𝐷 (𝑧2, 𝑧‾2)

𝒪
Δ1,+

3
2

𝐴 (𝑧1, 𝑧‾1)𝒪Δ2,+1
𝐵𝐶 (𝑧2, 𝑧‾2) ∼

𝑧‾12
𝑧12

𝐵 (Δ1 −
1

2
, Δ2)𝒪

Δ1+Δ2,+
1
2

𝐴𝐵𝐶 (𝑧2, 𝑧‾2)

𝒪
Δ1,+

3
2

𝐴 (𝑧1, 𝑧‾1)𝒪𝐵𝐶;Δ2,−1(𝑧2, 𝑧‾2) ∼ 2! 𝛿[𝐵
𝐴 𝑧‾12
𝑧12

𝐵 (Δ1 −
1

2
, Δ2)𝒪𝐶];Δ1+Δ2,−

3
2

(𝑧2, 𝑧‾2)

𝒪
Δ1,+

3
2

𝐴 (𝑧1, 𝑧‾1)𝒪
Δ2,+

1
2

𝐵𝐶𝐷 (𝑧2, 𝑧‾2) ∼
𝑧‾12
𝑧12

𝐵 (Δ1 −
1

2
, Δ2 +

1

2
)𝒪Δ1+Δ2,0

𝐴𝐵𝐶𝐷 (𝑧2, 𝑧‾2)

𝒪
Δ1,+

3
2

𝐴 (𝑧1, 𝑧‾1)𝒪𝐵𝐶𝐷Δ2,−
1
2

(𝑧2, 𝑧‾2) ∼ 3
𝑧‾12
𝑧12

𝐵 (Δ1 −
1

2
, Δ2 +

3

2
)𝛿[𝐵

𝐴 𝒪𝐶𝐷];Δ1+Δ2,−1(𝑧2, 𝑧‾2)

𝒪
Δ1,+

3
2

𝐴 (𝑧1, 𝑧‾1)𝒪Δ2,0
𝐵𝐶𝐷𝐸(𝑧2, 𝑧‾2) ∼ −

1

6
𝜖𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻

𝑧‾12
𝑧12

𝐵 (Δ1 −
1

2
, Δ2 + 1)𝒪𝐹𝐺𝐻;Δ1+Δ2,−

1
2

(𝑧2, 𝑧‾2)

𝒪
Δ1,+

3
2

𝐴 (𝑧1, 𝑧‾1)𝒪𝐵𝐶𝐷𝐸Δ2,0(𝑧2, 𝑧‾2) ∼ 3! 𝛿[𝐵
𝐴 𝑧‾12
𝑧12

𝐵 (Δ1 −
1

2
, Δ2 + 1)𝒪𝐶𝐷𝐸];Δ1+Δ2,−

1
2

(𝑧2, 𝑧‾2)

 

𝒪Δ1,+1
𝑎𝑏 (𝑧1, 𝑧‾1)𝒪

Δ2,+
1
2

𝑐𝑑𝑟 (𝑧2, 𝑧‾2) ∼
1

3!
𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑

𝑧‾12
𝑧12

𝐵 (Δ1, Δ2 +
1

2
)𝒪

𝑠𝑡𝑢;Δ1+Δ2,−
1
2

(𝑧2, 𝑧‾2)

𝒪Δ1,+1
𝐴𝐵 (𝑧1, 𝑧‾1)𝒪𝐶𝐷𝐸;Δ2,−

1
2

(𝑧2, 𝑧‾2) ∼ −𝛿𝐶𝐷
𝐴𝐵
𝑧‾12
𝑧12

𝐵 (Δ1, Δ2 +
3

2
)𝒪

𝐸;Δ1+Δ2,−
3
2

(𝑧2, 𝑧‾2)

𝒪Δ1,+1
𝑎𝑏 (𝑧1, 𝑧‾1)𝒪Δ2,0

𝑐𝑑𝑟𝑠(𝑧2, 𝑧‾2) ∼ 𝜖
𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑

𝑧‾12
𝑧12

𝐵(Δ1, Δ2 + 1)𝒪𝑡𝑢;Δ1+Δ2,−1(𝑧2, 𝑧‾2)

𝒪Δ1,+1
𝑎𝑏 (𝑧1, 𝑧‾1)𝒪Δ2,0

𝑐𝑑𝑒𝑓(𝑧2, 𝑧‾2) ∼ −𝜖
𝑐𝑑𝑒𝑓𝜖𝑎𝑏𝑔ℎ

𝑧‾12
𝑧12

𝐵(Δ1, Δ2 + 1)𝒪𝑔ℎ;Δ1+Δ2,−1(𝑧2, 𝑧‾2)

𝒪
Δ1,+

1
2

𝑎𝑏𝑟 (𝑧1, 𝑧‾1)𝒪Δ2,0
𝑐𝑑𝑠𝑡(𝑧2, 𝑧‾2) ∼ 𝜖

𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑
𝑧‾12
𝑧12

𝐵 (Δ1 +
1

2
, Δ2 + 1)𝒪𝑢;Δ1+Δ2,−

3
2

(𝑧2, 𝑧‾2)

𝒪
Δ1,+

1
2

𝑎𝑏𝑟 (𝑧1, 𝑧‾1)𝒪Δ2,0
𝑐𝑠𝑡𝑢(𝑧2, 𝑧‾2) ∼ −𝜖

𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑
𝑧‾12
𝑧12

𝐵 (Δ1 +
1

2
, Δ2 + 1)𝒪𝑑;Δ1+Δ2,−

3
2

(𝑧2, 𝑧‾2)
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⟨𝐺𝐴𝐵(𝑧, 𝑧‾)𝐺‾
𝐶𝐷(𝑤,𝑤‾ )∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛 , 𝑧‾𝑛)⟩

 = lim
Δ1→0
Δ2→0

 
Δ1Δ2
𝜋2

∫  𝑑2𝑧1
1

(𝑧 − 𝑧1)
𝑎

1

(𝑧‾ − 𝑧‾1)
𝑏

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

 × ⟨𝒪𝐴𝐵Δ1, −1(𝑧1, 𝑧‾1)𝒪Δ2,+1
𝐶𝐷 (𝑧2, 𝑧‾2)∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

 

⟨𝐺𝐴𝐵(𝑧)𝐺‾
𝐶𝐷(𝑤‾ )∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= lim
Δ2→0

 
Δ2
𝜋2
∫  𝑑2𝑧1∫  𝑑

2𝑧2
1

(𝑧 − 𝑧1)
𝑎

1

(𝑧‾ − 𝑧‾1)
𝑏

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

 

× [−𝛿𝐴𝐵
𝐶𝐷
𝑧1 − 𝑧2
𝑧‾1 − 𝑧‾2

⟨𝒪Δ2,+2(𝑧2, 𝑧‾2)∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩  

+∑  

𝑁

𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗 ,∗𝑗,∗𝑗
′)
𝑧1 − 𝑧𝑗

𝑧‾1 − 𝑧‾𝑗
⟨𝒪Δ2,+1
𝐶𝐷 (𝑧2, 𝑧‾2)⋯𝒪Δ𝑗,ℓ𝑗+1

∗′
′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩]

 

 

⟨𝐺𝐴𝐵(𝑧)𝐺‾
𝐶𝐷(𝑤‾ )∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= lim
Δ2→0

 
Δ2
𝜋
∫  𝑑2𝑧2

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

 

× [−𝛿𝐴𝐵
𝐶𝐷𝐶1(𝑏, 𝑎)

1

(𝑧2 − 𝑧)
𝑎−2(𝑧‾2 − 𝑧‾)

𝑏 ⟨𝒪Δ2,+2(𝑧2, 𝑧‾2)∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛 , 𝑧‾𝑛)⟩ 

+∑  

𝑁

𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)𝐶1(𝑏, 𝑎)

1

(𝑧𝑗 − 𝑧)
𝑎−2

1

(𝑧‾𝑗 − 𝑧‾)
𝑏

 

 × ⟨𝒪Δ2,+1
𝐶𝐷 (𝑧2, 𝑧‾2)⋯𝒪Δ𝑗,ℓ𝑗+1

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩]
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lim
Δ2→0

 
Δ2
𝜋
∫  𝑑2𝑧2

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′
[−𝛿𝐴𝐵

𝐶𝐷𝐶1(𝑏, 𝑎)
1

(𝑧2 − 𝑧)
𝑎−2(𝑧‾2 − 𝑧‾)

𝑏
 

 × ⟨𝒪Δ2,+2(𝑧2, 𝑧‾2)∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩] = −𝛿𝐴𝐵

𝐶𝐷𝐶1(𝑏, 𝑎) lim
Δ2→0

 
Δ2
𝜋
∫  𝑑2𝑧2

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

1

(𝑧2 − 𝑧)
𝑎−2(𝑧‾2 − 𝑧‾)

𝑏
 

×∑  

𝑁

𝑖=3

 𝐵(Δ2 − 1, 𝑓(Δ𝑖))
𝑧‾2 − 𝑧‾𝑖
𝑧2 − 𝑧𝑖

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑖,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

= −𝛿𝐴𝐵
𝐶𝐷𝐶1(𝑏, 𝑎)

1

𝜋
∫  𝑑2𝑧2

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

1

(𝑧2 − 𝑧)
𝑎−2(𝑧‾2 − 𝑧‾)

𝑏
 

 ×∑  

𝑁

𝑖=3

  (1 − 𝑓(Δ𝑖))
𝑧‾2 − 𝑧‾𝑖
𝑧2 − 𝑧𝑖

× ⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑖,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩

 

lim
Δ2→0

 Δ2𝐵(Δ2 − 1, 𝑓(Δ𝑖)) = 1 − 𝑓(Δ𝑖) 

lim
Δ2→0

 
Δ2
𝜋
∑  

𝑁

𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)

1

(𝑧𝑗 − 𝑧)
𝑎−2

1

(𝑧‾𝑗 − 𝑧‾)
𝑏
∫  𝑑2𝑧2

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

 

× ⟨𝒪Δ2,+1
𝐶𝐷 (𝑧2, 𝑧‾2)⋯𝒪Δ𝑗,ℓ𝑗+1

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩ =

1

𝜋
∑  

𝑁

𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓‾(𝐶, 𝐷, ℓ𝑗 + 1,∗𝑗

′,∗𝑗
′′) 

𝐶1(𝑏, 𝑎)
1

(𝑧𝑗 − 𝑧)
𝑎−2

1

(𝑧‾𝑗 − 𝑧‾)
𝑏
×∫  𝑑2𝑧2

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

 

𝑧‾2 − 𝑧‾𝑗

𝑧2 − 𝑧𝑗
⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩ +

1

𝜋
∑  

𝑁

𝑖,𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)  

𝑓‾(𝐶, 𝐷, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝐶1(𝑏, 𝑎)

1

(𝑧𝑗 − 𝑧)
𝑎−2

1

(𝑧‾𝑗 − 𝑧‾)
𝑏
×∫  𝑑2𝑧2

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

 

 
𝑧‾2 − 𝑧‾𝑖
𝑧2 − 𝑧𝑖

⟨⋯𝒪
Δ𝑗,ℓ𝑗+1

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑖,ℓ𝑖−1
∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩ =∑  

𝑁

𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗 ,∗𝑗,∗𝑗
′)𝑓‾

(𝐶, 𝐷, ℓ𝑗 + 1,∗𝑗
′,∗𝑗
′′)𝐶1(𝑏

′, 𝑎′)
1

(𝑧𝑗 − 𝑧)
𝑎−2

1

(𝑧‾𝑗 − 𝑧‾)
𝑏
×

1

(𝑧𝑗 −𝑤)
𝑏′

1

(𝑧‾𝑗 −𝑤‾ )
𝑎′−2

 

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩ + ∑  

𝑁

𝑖,𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)  

𝑓‾(𝐶, 𝐷, ℓ𝑖,∗𝑖 ,∗𝑖
′)𝐶1(𝑏, 𝑎)𝐶1(𝑏

′, 𝑎′)
1

(𝑧𝑗 − 𝑧)
𝑎−2

1

(𝑧‾𝑗 − 𝑧‾)
𝑏

 

 ×
1

(𝑧𝑖 −𝑤)
𝑏′

1

(𝑧‾𝑖 −𝑤‾ )
𝑎′−2

⟨⋯𝒪
Δ𝑗,ℓ𝑗+1

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑖,ℓ𝑖−1
∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩
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⟨𝐺𝐴𝐵(𝑧, 𝑧‾)𝐺‾
𝐶𝐷(𝑤,𝑤‾ )∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= −𝛿𝐴𝐵
𝐶𝐷𝐶1(𝑏, 𝑎)

1

𝜋
∫  𝑑2𝑧2

1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

1

(𝑧2 − 𝑧)
𝑎−2(𝑧‾2 − 𝑧‾)

𝑏
 

×∑  

𝑁

𝑖=3

  (1 − 𝑓(Δ𝑖))
𝑧‾2 − 𝑧‾𝑖
𝑧2 − 𝑧𝑖

× ⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑖,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

+∑  

𝑁

𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗 ,∗𝑗,∗𝑗
′)𝑓‾(𝐶, 𝐷, ℓ𝑗 + 1,∗𝑗

′,∗𝑗
′′)𝐶1(𝑏

′, 𝑎′)
1

(𝑧𝑗 − 𝑧)
𝑎−2

1

(𝑧‾𝑗 − 𝑧‾)
𝑏

 

×
1

(𝑧𝑗 −𝑤)
𝑏′

1

(𝑧‾𝑗 −𝑤‾ )
𝑎′−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

+ ∑  

𝑁

𝑖,𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓‾(𝐶, 𝐷, ℓ𝑖,∗𝑖,∗𝑖

′)𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)

1

(𝑧𝑗 − 𝑧)
𝑎−2

1

(𝑧‾𝑗 − 𝑧‾)
𝑏

 

 ×
1

(𝑧𝑖 −𝑤)
𝑏′

1

(𝑧‾𝑖 −𝑤‾ )
𝑎′−2

⟨⋯𝒪
Δ𝑗,ℓ𝑗+1

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑖,ℓ𝑖−1
∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩

 

∫  𝑑2𝑧2
1

(𝑤‾ − 𝑧‾2)
𝑎′

1

(𝑤 − 𝑧2)
𝑏′

1

(𝑧2 − 𝑧)
𝑎−2

1

(𝑧‾2 − 𝑧‾)
𝑏

𝑧‾2 − 𝑧‾𝑖
𝑧2 − 𝑧𝑖

→
𝑧=𝑤 

 = (−1)𝑎+𝑏−2∫  𝑑2𝑧2
1

(𝑧‾ − 𝑧‾2)
𝑎′+𝑏

1

(𝑧 − 𝑧2)
𝑏′+𝑎−2

𝑧‾2 − 𝑧‾𝑖
𝑧2 − 𝑧𝑖

 = (−1)𝑎+𝑏𝐶1(𝑎 + 𝑏
′ − 2, 𝑎′ + 𝑏)

1

(𝑧𝑖 − 𝑧)
𝑎′+𝑏−2

1

(𝑧‾𝑖 − 𝑧‾)
𝑎+𝑏′−2

 

⟨: 𝐺𝐴𝐵(𝑧, 𝑧‾)𝐺‾
𝐶𝐷(𝑧, 𝑧‾):∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

=
(−1)𝑎+𝑏+1

𝜋
𝛿𝐴𝐵
𝐶𝐷𝐶1(𝑏, 𝑎)𝐶(𝑎 + 𝑏

′ − 2, 𝑎′ + 𝑏)∑  

𝑁

𝑖=3

  (1 − 𝑓(Δ𝑖))  

×
1

(𝑧𝑖 − 𝑧)
𝑎′+𝑏−2

1

(𝑧‾𝑖 − 𝑧‾)
𝑎+𝑏′−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑖,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁′
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

+∑  

𝑁

𝑗=3

 𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓‾(𝐶, 𝐷, ℓ𝑗 + 1,∗𝑗

′,∗𝑗
′′)𝐶1(𝑏, 𝑎)𝐶1(𝑏

′, 𝑎′)(−1)𝑎+𝑏+𝑎
′+𝑏′  

×
1

(𝑧 − 𝑧𝑗)
𝑎+𝑏′−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑎′+𝑏−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

+ ∑  

𝑁

𝑖,𝑗=3
𝑖≠𝑗

 𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓‾(𝐶, 𝐷, ℓ𝑖,∗𝑖,∗𝑖

′)𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)(−1)𝑎+𝑏+𝑎

′+𝑏′
1

(𝑧 − 𝑧𝑗)
𝑎−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑏
 

 ×
1

(𝑧 − 𝑧𝑖)
𝑏′

1

(𝑧‾ − 𝑧‾𝑖)
𝑎′−2

⟨⋯𝒪
Δ𝑗,ℓ𝑗+1

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑖,ℓ𝑖−1
∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩
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⟨: 𝐺‾𝐶𝐷(𝑧, 𝑧‾)𝐺𝐴𝐵(𝑧, 𝑧‾):∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

=
(−1)𝑎

′+𝑏′+1

𝜋
𝛿𝐴𝐵
𝐶𝐷𝐶1(𝑏

′, 𝑎′)𝐶(𝑎′ + 𝑏 − 2, 𝑎 + 𝑏′)∑  

𝑁

𝑖=3

 (1 − 𝑓(Δ𝑖))  

×
1

(𝑧𝑖 − 𝑧)
𝑎+𝑏′−2

1

(𝑧‾𝑖 − 𝑧‾)
𝑎′+𝑏−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑖,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

+∑  

𝑁

𝑗=3

 𝑓‾(𝐶, 𝐷, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓(𝐴, 𝐵, ℓ𝑗 − 1,∗𝑗

′,∗𝑗
′′)𝐶1(𝑏

′, 𝑎′)𝐶1(𝑏, 𝑎)(−1)
𝑎+𝑏+𝑎′+𝑏′  

×
1

(𝑧 − 𝑧𝑗)
𝑎′+𝑏−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑎+𝑏′−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

+ ∑  

𝑁

𝑖,𝑗=3
𝑖≠𝑗

 𝑓‾(𝐶, 𝐷, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓(𝐴, 𝐵, ℓ𝑖,∗𝑖,∗𝑖

′)𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)(−1)𝑎+𝑏+𝑎

′+𝑏′
1

(𝑧‾ − 𝑧‾𝑗)
𝑎′−2

1

(𝑧 − 𝑧𝑗)
𝑏′
 

 ×
1

(𝑧‾ − 𝑧‾𝑖)
𝑏

1

(𝑧 − 𝑧𝑖)
𝑎−2

⟨⋯𝒪
Δ𝑗,ℓ𝑗−1

∗𝑗
′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑖,ℓ𝑖+1
∗𝑖
′

(𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩

 

⟨𝒢𝐴𝐵
𝐶𝐷(𝑧, 𝑧‾)∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩

= −𝛿𝐴𝐵
𝐶𝐷∑ 

𝑁

𝑖=3

 (1 − 𝑓(Δ𝑖)) [
(−1)𝑎+𝑏

𝜋
𝐶1(𝑏, 𝑎)𝐶(𝑎 + 𝑏

′ − 2, 𝑎′ + 𝑏)
1

(𝑧𝑖 − 𝑧)
𝑎′+𝑏−2

1

(𝑧‾𝑖 − 𝑧‾)
𝑎+𝑏′−2

 × ⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑖,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩

−
(−1)𝑎

′+𝑏′

𝜋
𝐶1(𝑏

′, 𝑎′)𝐶1(𝑎
′ + 𝑏 − 2, 𝑎 + 𝑏′)

1

(𝑧𝑖 − 𝑧)
𝑎+𝑏′−2

1

(𝑧‾𝑖 − 𝑧‾)
𝑎′+𝑏−2

 × ⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑖,ℓ𝑖

∗𝑖 (𝑧𝑖, 𝑧‾𝑖)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩]

 +(−1)𝑎+𝑏+𝑎
′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏

′, 𝑎′)[𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓‾(𝐶, 𝐷, ℓ𝑗 + 1,∗𝑗

′,∗𝑗
′′)

 ×
1

(𝑧 − 𝑧𝑗)
𝑎+𝑏′−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑎′+𝑏−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩

 ×
−𝑓‾(𝐶, 𝐷, ℓ𝑗,∗𝑗,∗𝑗

′)𝑓(𝐴, 𝐵, ℓ𝑗 − 1,∗𝑗
′,∗𝑗
′′)

(𝑧 − 𝑧𝑗)
𝑎′+𝑏−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑎+𝑏′−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩]

 

𝐶1(𝑏
′, 𝑎′)𝐶1(𝑎

′ + 𝑏 − 2, 𝑎 + 𝑏′)(−1)𝑎+𝑏 = 𝐶1(𝑏, 𝑎)𝐶1(𝑎 + 𝑏
′ − 2, 𝑎′ + 𝑏)(−1)𝑎

′+𝑏′  

𝑎′ + 𝑏 − 2 = 𝑎 + 𝑏′ − 2  

(−𝑎′ − 𝑏 + 1)(−𝑎′ − 𝑏 + 2)(−𝑎 + 1)(−𝑎 + 2)

= (−𝑎′ + 1)(−𝑎′ + 2)(−𝑎 − 𝑏′ + 1)(−𝑎 − 𝑏′ + 2) 

 

(−𝑎 + 1)(−𝑎 + 2) = (−𝑎′ + 1)(−𝑎′ + 2)  
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⟨𝒢𝐴𝐵
𝐶𝐷(𝑧, 𝑧‾)∏  

𝑁

𝑛=3

 𝒪Δ𝑛,ℓ𝑛
∗𝑛 (𝑧𝑛, 𝑧‾𝑛)⟩ = (−1)

𝑎+𝑏+𝑎′+𝑏′𝐶1(𝑏, 𝑎)𝐶1(𝑏
′, 𝑎′)[𝑓(𝐴, 𝐵, ℓ𝑗,∗𝑗 ,∗𝑗

′)𝑓‾(𝐶, 𝐷, ℓ𝑗 + 1,∗𝑗
′,∗𝑗
′′) 

×
1

(𝑧 − 𝑧𝑗)
𝑎+𝑏′−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑎′+𝑏−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩  

−𝑓‾(𝐶, 𝐷, ℓ𝑗,∗𝑗,∗𝑗
′)𝑓(𝐴, 𝐵, ℓ𝑗 − 1,∗𝑗

′,∗𝑗
′′)  

 ×
1

(𝑧 − 𝑧𝑗)
𝑎′+𝑏−2

1

(𝑧‾ − 𝑧‾𝑗)
𝑎+𝑏′−2

⟨𝒪Δ3,ℓ3
∗3 (𝑧3, 𝑧‾3)⋯𝒪Δ𝑗,ℓ𝑗

∗𝑗
′′

(𝑧𝑗, 𝑧‾𝑗)⋯𝒪Δ𝑁,ℓ𝑁
∗𝑁 (𝑧𝑁, 𝑧‾𝑁)⟩]

 

Partícula Blanca o Partícula Estrella. Modelo TOV. 

𝑑𝑠2 = 𝑒𝜈(𝑟)𝑑𝑡2 − 𝑒𝜆(𝑟)𝑑𝑟2 − 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2).  

 

 

 

Figuras 1, 2 y 3. Densidad del centro de masa – energía de una partícula blanca o estrella. 
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𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 8𝜋𝑇𝜇𝜈 ,  

𝑇0
0 = 𝜌eff(𝑟) = 𝜌(𝑟) + 𝜌𝑑𝑒(𝑟)

𝑇1
1 = 𝑇2

2 = 𝑇3
3 = −𝑃eff(𝑟) = −[𝑃(𝑟) + 𝑃𝑑𝑒(𝑟)]

 

𝜌(𝑟) + 𝜌𝑑𝑒(𝑟)  =
𝑒−𝜆

8𝜋
{
𝜆′

𝑟
−
1

𝑟2
} +

1

8𝜋𝑟2
,

𝑃(𝑟) + 𝑃𝑑𝑒(𝑟)  =
𝑒−𝜆

8𝜋
{
𝜈′

𝑟
+
1

𝑟2
} −

1

8𝜋𝑟2
,

 

𝑃(𝑟) + 𝑃𝑑𝑒(𝑟) =
𝑒−𝜆

32𝜋
{2𝜈′′ + 𝜈′2 +

2(𝜈′ − 𝜆′)

𝑟
− 𝜈′𝜆′} .  

𝑒𝜆(𝑟) = [1 −
3𝑎𝑟2

2
(
1 + 𝐶(1 + 4𝑎𝑟2)−

1
2

1 + 𝑎𝑟2
)]

−1

 

𝑟2(2𝜈′′(𝑟) + 𝜈′2(𝑟) − 𝜈′(𝑟)𝜆′(𝑟)) − 2𝑟(𝜈′(𝑟) + 𝜆′(𝑟)) + 4(𝑒𝜆(𝑟) − 1) = 0.  

𝑒𝜈(𝑟) = 𝐴2(1 + 𝑎𝑟2)3,  

𝜌(𝑟) + 𝜌𝑑𝑒(𝑟)  =
3𝑎[𝐶(3 + 9𝑎𝑟2) + (3 + 𝑎𝑟2)(1 + 4𝑎𝑟2)3/2]

16𝜋(1 + 𝑎𝑟2)2(1 + 4𝑎𝑟2)3/2

𝑃(𝑟) + 𝑃𝑑𝑒(𝑟)  =
3𝑎[3(1 − 𝑎𝑟2)√1 + 4𝑎𝑟2 − 𝐶 − 7𝑎𝐶𝑟2]

16𝜋(1 + 𝑎𝑟2)2√1 + 4𝑎𝑟2

 

𝑃𝑑𝑒(𝑟) = −𝜌𝑑𝑒(𝑟),  

𝜌𝑑𝑒(𝑟) = 𝛼𝜌(𝑟),  

 

Figura 4. Fluctuaciones de radiación de una partícula estrella o blanca. 
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𝜌(𝑟)  =
3𝑎[𝐶(3 + 9𝑎𝑟2) + (3 + 𝑎𝑟2)(1 + 4𝑎𝑟2)3/2]

16𝜋(1 + 𝛼)(1 + 𝑎𝑟2)2(1 + 4𝑎𝑟2)3/2
,

𝑃(𝑟)  =
3𝑎[(1 + 4𝑎𝑟2)3/2(3 + 6𝛼 − 𝑎𝑟2(3 + 2𝛼)) − 𝐶(1 − 2𝛼 + 28𝑎2𝑟4(1 + 𝛼) + 𝑎𝑟2(11 + 2𝛼))]

16𝜋(1 + 𝛼)(1 + 𝑎𝑟2)2(1 + 4𝑎𝑟2)3/2
.

 

𝜌𝑑𝑒(𝑟)  =
3𝑎𝛼[𝐶(3 + 9𝑎𝑟2) + (3 + 𝑎𝑟2)(1 + 4𝑎𝑟2)3/2]

16𝜋(1 + 𝛼)(1 + 𝑎𝑟2)2(1 + 4𝑎𝑟2)3/2
,

𝑃𝑑𝑒(𝑟)  = −
3𝑎𝛼[𝐶(3 + 9𝑎𝑟2) + (3 + 𝑎𝑟2)(1 + 4𝑎𝑟2)3/2]

16𝜋(1 + 𝛼)(1 + 𝑎𝑟2)2(1 + 4𝑎𝑟2)3/2
.

 

𝜌eff(𝑟) = 𝜌(𝑟) + 𝜌𝑑𝑒(𝑟) =
3𝑎[𝐶(3 + 9𝑎𝑟2) + (3 + 𝑎𝑟2)(1 + 4𝑎𝑟2)3/2]

16𝜋(1 + 𝑎𝑟2)2(1 + 4𝑎𝑟2)3/2
,

𝑃eff(𝑟) = 𝑃(𝑟) + 𝑃𝑑𝑒(𝑟) =
3𝑎[3(1 − 𝑎𝑟2)√1 + 4𝑎𝑟2 − 𝐶 − 7𝑎𝐶𝑟2]

16𝜋(1 + 𝑎𝑟2)2√1 + 4𝑎𝑟2
.

 

𝑑𝑠2 = 𝑔𝑡𝑡(𝑅)𝑑𝑡
2 − 𝑔𝑟𝑟(𝑅)𝑑𝑟

2 − 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2),  

𝐴2(1 + 𝑎𝑅2)3  = 1 −
2𝑀

𝑅
,

1 −
3𝑎𝑅2[1 + 𝐶(1 + 4𝑎𝑅2)−1/2]

2(1 + 𝑎𝑅2)
 = 1 −

2𝑀

𝑅
.

 

 

Figura 5. Interior de una partícula estrella o blanca. 

 

𝐶[1 − 2𝛼 + 28𝑎2𝑅4(1 + 𝛼) + 𝑎𝑅2(11 + 2𝛼)] + (1 + 4𝑎𝑅2)3/2[𝑎𝑅2(3 + 2𝛼) − 6𝛼 − 3] = 0.  
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𝑎 =
𝑀(11 + 2𝛼) − 3𝑅(1 + 𝛼) + √3𝑀2(3 + 52𝛼 + 76𝛼2) − 6𝑀𝑅(3 + 19𝛼 + 22𝛼2) + 9𝑅2(1 + 𝛼)2

2𝑅2[3𝑅(4 + 5𝛼) − 28𝑀(1 + 𝛼)]
,

𝐶 =
√1 + 4𝑎𝑅2[4𝑀(1 + 𝑎𝑅2) − 3𝑎𝑅3]

3𝑎𝑅3
,

𝐴 =
√𝑅 − 2𝑀

√𝑅(1 + 𝑎𝑅2)3
.
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Figuras 6, 7, 8 y 9. Formación de materia oscura por interacción de la partícula estrella con el campo 

supergravitónico. Ondas cuánticas gravitacionales extremas. 

(𝑒𝜈(𝑟))
′
 =

12𝑎𝑟[𝐶 − 2𝑎2𝐶𝑟4 + 2𝑎𝐶𝑟2 + (4𝑎𝑟2 + 1)3/2]

√4𝑎𝑟2 + 1[𝑎𝑟2(√4𝑎𝑟2 + 1 + 3𝐶) − 2√4𝑎𝑟2 + 1]
2

(𝑒𝜆(𝑟))
′
 = 6𝑎𝐴2𝑟(1 + 𝑎𝑟2)2

 

𝜌𝑐  = 𝜌(0) =
9𝑎(1 + 𝐶)

16𝜋(1 + 𝛼)
> 0

𝑃𝑐  = 𝑃(0) =
3𝑎[3 + 6𝛼 − 𝐶(1 − 2𝛼)]

16𝜋(1 + 𝛼)
> 0

 

𝑑𝜌(𝑟)

𝑑𝑟
 = −

3𝑎2𝑟[3𝐶(30𝑎2𝑟4 + 23𝑎𝑟2 + 5) + (𝑎𝑟2 + 5)(4𝑎𝑟2 + 1)5/2]

8𝜋(𝛼 + 1)(𝑎𝑟2 + 1)3(4𝑎𝑟2 + 1)5/2

𝑑𝑃(𝑟)

𝑑𝑟
 =
3𝑎2𝑟[(4𝑎𝑟2 + 1)5/2(𝑎(2𝛼 + 3)𝑟2 − 14𝛼 − 9) + 3𝑐𝜉1]

8𝜋(𝛼 + 1)(𝑎𝑟2 + 1)3(4𝑎𝑟2 + 1)5/2

 

𝜉1 = 56𝑎
3(𝛼 + 1)𝑟6 − 6𝑎2(2𝛼 − 3)𝑟4 − 𝑎(26𝛼 + 3)𝑟2 − 6𝛼 − 1.  

𝜌max
𝑑𝑒 = 𝜌𝑑𝑒(0) =

9𝑎𝛼(1 + 𝐶)

16𝜋(1 + 𝛼)
> 0.  

𝑃min
𝑑𝑒 = −𝜌𝑑𝑒(0) = −

9𝑎𝛼(1 + 𝐶)

16𝜋(1 + 𝛼)
< 0.  

 

𝑚(𝑟) = 4𝜋∫  
𝑟

0

 𝑟∗2𝜌(𝑟∗)𝑑𝑟∗ =
3𝑎𝑟3(1 + 4𝑎𝑟2 + 𝐶√4𝑎𝑟2 + 1)

4(1 + 𝛼)(1 + 5𝑎𝑟2 + 4𝑎2𝑟4)
,  

𝑢(𝑟) =
2𝑚(𝑟)

𝑟
=
3𝑎𝑟2(1 + 4𝑎𝑟2 + 𝐶√4𝑎𝑟2 + 1)

2(1 + 𝛼)(1 + 5𝑎𝑟2 + 4𝑎2𝑟4)
 

𝑍𝑠(𝑟) = [1 − 𝑢(𝑟)]
−1/2 − 1 = [1 −

3𝑎𝑟2(1 + 4𝑎𝑟2 + 𝐶√1 + 4𝑎𝑟2)

2(1 + 𝛼)(1 + 5𝑎𝑟2 + 4𝑎2𝑟4)
]

−1/2

− 1.  

𝑍𝑔(𝑟) = 𝑒
−𝜈(𝑟)/2 − 1 =

1

𝐴
(𝑎𝑟2 + 1)−3/2 − 1.  
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Figura 10. Fluctuaciones gravitacionales extremas provocadas por la partícula estrella o blanca. 

NEC: 𝜌(𝑟) + 𝑃(𝑟) ≥ 0,  WEC : 𝜌(𝑟) ≥ 0, 𝜌(𝑟) + 𝑃(𝑟) ≥ 0,
DEC: 𝜌(𝑟) ≥ 0, 𝜌(𝑟) − 𝑃(𝑟) ≥ 0,  SEC : 𝜌(𝑟) + 3𝑃(𝑟) ≥ 0.

 

𝜌(𝑟) + 𝑃(𝑟)  =
3𝑎[𝐶(1 − 14𝑎2𝑟4 − 𝑎𝑟2) + (3 − 4𝑎2𝑟4 + 11𝑎𝑟2)√4𝑎𝑟2 + 1]

8𝜋(1 + 𝑎𝑟2)2(1 + 4𝑎𝑟2)3/2
,

𝜌(𝑟) − 𝑃(𝑟)  =
3𝑎[𝐶(14𝑎2(𝛼 + 1)𝑟4 + 𝑎(𝛼 + 10)𝑟2 − 𝛼 + 2) + (4𝑎𝑟2 + 1)3/2(𝑎(𝛼 + 2)𝑟2 − 3𝛼)]

8𝜋(𝛼 + 1)(𝑎𝑟2 + 1)2(4𝑎𝑟2 + 1)3/2
,

 

𝜌(𝑟) + 3𝑃(𝑟) =
3𝑎

8𝜋(1 + 𝛼)(1 + 𝑎𝑟2)2(1 + 4𝑎𝑟2)3/2
[3 ((2 + 3𝛼)√1 + 4𝑎𝑟2 + 𝛼𝐶) − 2𝑎2𝑟4 (2(4 + 3𝛼)√1 + 4𝑎𝑟2

+21(1 + 𝛼)𝐶) − 𝑎𝑟2 (3(4 + 𝛼)𝐶 − (33𝛼 + 20)√1 + 4𝑎𝑟2)] .

 

 

Figura 11. Cinética y coordenadas radiales de una partícula blanca o estrella. 

𝛼 <
2𝐶

3 + 𝐶
.  

𝛼 >
𝐶 − 3

2(𝐶 + 3)
.  

𝐶 − 3

2(𝐶 + 3)
< 𝛼 <

2𝐶

3 + 𝐶
.  

−
𝜈′(𝑟)

2
[𝜌(𝑟) + 𝑃(𝑟)] −

𝑑𝑃(𝑟)

𝑑𝑟
−
𝑑𝑃𝑑𝑒(𝑟)

𝑑𝑟
= 0.  

𝐹𝑔(𝑟) + 𝐹ℎ(𝑟) + 𝐹𝑑(𝑟) = 0,  
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𝐹𝑔(𝑟) = −
𝜈′(𝑟)

2
[𝜌(𝑟) + 𝑃(𝑟)], 

𝐹ℎ(𝑟) = −
𝑑𝑃(𝑟)

𝑑𝑟
,  

𝐹𝑑(𝑟) = −
𝑑𝑃𝑑𝑒(𝑟)

𝑑𝑟
, 

 

 

𝐹𝑔(𝑟) =
9𝑎2𝑟[𝐶(14𝑎2𝑟4 + 𝑎𝑟2 − 1) + (4𝑎2𝑟4 − 11𝑎𝑟2 − 3)√1 + 4𝑎𝑟2]

8𝜋(1 + 𝑎𝑟2)3(1 + 4𝑎𝑟2)3/2
,

𝐹ℎ(𝑟) =
3𝑎2𝑟

8𝜋(1 + 𝛼)(1 + 𝑎𝑟2)3(1 + 4𝑎𝑟2)5/2
[3𝐶(−56𝑎3𝑟6(1 + 𝛼) + 6𝑎2𝑟4(2𝛼 − 3) + 𝑎𝑟2(3 + 26𝛼) + 6𝛼 + 1)

+(1 + 4𝑎𝑟2)5/2(9 + 14𝛼 − 𝑎𝑟2(3 + 2𝛼))],

𝐹𝑑(𝑟) =  −
3𝑎2𝛼𝑟[3𝐶(5 + 23𝑎𝑟2 + 30𝑎2𝑟4) + (5 + 𝑎𝑟2)(1 + 4𝑎𝑟2)5/2]

8𝜋(1 + 𝛼)(1 + 𝑎𝑟2)3(1 + 4𝑎𝑟2)5/2
.

 

𝑉(𝑟) = [
𝑑𝑃(𝑟)

𝑑𝜌(𝑟)
]

1/2

= [
3𝐶(1 + 6𝛼 + 6𝑎2𝑟4(2𝛼 − 3) − 56𝑎3𝑟6(1 + 𝛼) + 𝑎𝑟2(3 + 26𝛼)) + 𝜉2

3𝐶(30𝑎2𝑟4 + 23𝑎𝑟2 + 5) + (5 + 𝑎𝑟2)(1 + 4𝑎𝑟2)
5
2

]

1
2

,  

𝜉2 = (1 + 4𝑎𝑟
2)
5
2(9 + 14𝛼 − 𝑎𝑟2(2𝛼 + 3))  

 

Γ(𝑟) = (1 +
𝜌(𝑟)

𝑃(𝑟)
)𝑉2(𝑟) =

[3𝐶(𝑎𝑟2(3 − 2𝑎𝑟4(9 + 28𝑎𝑟2(𝛼 + 1) − 6𝛼) + 26𝛼) + 6𝛼 + 1) + 𝜉2]𝜉3

3𝐶(5 + 𝑎𝑟2(30𝑎𝑟2 + 23)) + (5 + 𝑎𝑟2)(1 + 4𝑎𝑟2)5/2
, 

𝜉3 = 1 −
𝐶(3 + 9𝑎𝑟2) + (3 + 𝑎𝑟2)(1 + 4𝑎𝑟2)3/2

𝐶(𝑎𝑟2(28𝑎𝑟2(𝛼 + 1) + 2𝛼 + 11) − 2𝛼 + 1) + (1 + 4𝑎𝑟2)3/2(𝑎𝑟2(2𝛼 + 3) − 6𝛼 − 3)
.  

𝑀(𝜌𝑐) =
𝜋𝜌𝑐𝑅

3[𝐶√82944𝜋𝜌𝑐𝑅
2(1 + 𝛼)(1 + 𝐶) + 11664(1 + 𝐶)2 + 108(1 + 𝐶) + 768𝜋𝜌𝑐𝑅

2(1 + 𝛼)]

16𝜋𝜌𝑐𝑅
2(1 + 𝛼)(45𝐶 + 64𝜋𝜌𝑐𝑅

2(1 + 𝛼) + 45) + 81(1 + 𝐶)2
. 

𝐼 =
8𝜋

3
∫  
𝑅

0

  𝑟4[𝜌(𝑟) + 𝑃(𝑟)]𝑒[𝜆(𝑟)−𝜈(𝑟)]/2
𝜔‾

Ω
𝑑𝑟  

𝑑

𝑑𝑟
(𝑟4ℋ

𝑑𝜔‾

𝑑𝑟
) = −4𝑟3𝜔‾

𝑑ℋ

𝑑𝑟
 

𝐼 =
2

5
(1 + 𝑥)𝑀𝑅2  

𝑝 =
1

3
(𝜌 − 4𝐵𝑔)  

𝒮 =
1

16𝜋
∫  √−𝑔𝑓(𝑅̃, 𝑇)𝑑4𝑥 + ∫  √−𝑔ℒℳ𝑑

4𝑥  
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𝑓𝑅𝑅𝑖𝑗 −
1

2
𝑔𝑖𝑗𝑓(𝑅̃, 𝑇) + 𝑓𝑅[𝑔𝑖𝑗 ◻−∇𝑖∇𝑗] = 8𝜋𝑇𝑖𝑗 − 𝑓𝑇𝑇𝑖𝑗 − 𝑓𝑇Θ𝑖𝑗 .  

𝑓𝑅 =
𝑑𝑓(𝑅̃,𝑇)

𝑑𝑅
, 𝑓𝑇 =

𝑑𝑓(𝑅̃,𝑇)

𝑑𝑇
,◻≡

𝜕𝑖(√−𝑔𝑔
𝑖𝑗𝜕𝑗)

√−𝑔
, Θ𝑖𝑗 = 𝑔

𝑖𝑗 𝛿𝑇𝑖𝑗

𝛿𝑔𝑖𝑗
 

𝐺𝑖𝑗 + 2𝛼𝑅𝑅𝑖𝑗 −
1

2
𝑔𝑖𝑗𝛼𝑅

2 + 2𝛼[𝑔𝑖𝑗 ◻−∇𝑖∇𝑗]𝑅 = 8𝜋𝑇𝑖𝑗 − 𝑓𝑇𝑇𝑖𝑗 − 𝑓𝑇Θ𝑖𝑗 + 𝑔𝑖𝑗𝛽𝑇,  

𝑑𝑠2 = −𝑒2𝜈(𝑟)𝑑𝑡2 + 𝑒2𝜆(𝑟)𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑇𝑖𝑗 = (𝑝 + 𝜌)𝑢𝑖𝑢𝑗 + 𝑝𝑔𝑖𝑗,  

∇𝑖𝑇𝑖𝑗 =
𝑓𝑇(𝑅̃, 𝑇)

8𝜋 − 𝑓𝑇(𝑅̃, 𝑇)
[(𝑇𝑖𝑗 + Θ𝑖𝑗)∇

𝑖ln 𝑓𝑇(𝑅̃, 𝑇) + ∇
𝑖Θ𝑖𝑗 −

1

2
𝑔𝑖𝑗∇

𝑖𝑇]  

∇𝑖𝑇𝑖𝑗 =
2𝛽

8𝜋 + 2𝛽
[∇𝑖 (𝑝𝑔𝑖𝑗 −

1

2
𝑔𝑖𝑗∇

𝑖𝑇)] .  

2𝜆′𝑒−2𝜆

𝑟
+
1 − 𝑒−2𝜆

𝑟2
+ 2𝛼𝑅 [𝑒−2𝜆 {−𝜈′′ − 𝜈′2 + 𝜆′𝜈′ −

2𝜈′

𝑟
}] +

1

2
𝛼𝑅2 − 2𝛼 [𝑒−2𝜆 {𝑅′′ + (𝜈′ − 𝜆′ +

2

𝑟
)𝑅′}] = 8𝜋𝜌 + 3𝛽𝜌 − 𝛽𝑝 

2𝜈′𝑒−2𝜆

𝑟
−
1 − 𝑒−2𝜆

𝑟2
+ 2𝛼𝑅 [𝑒−2𝜆 {𝜈′′ + 𝜈′2 − 𝜆′𝜈′ −

2𝜆′

𝑟
}] −

1

2
𝛼𝑅2 + 2𝛼 [𝑒−2𝜆 {𝑅′′ + (𝜈′ − 𝜆′ +

2

𝑟
)𝑅′}] − 2𝛼[𝑅′′ − 𝜆′𝑅′]

= 8𝜋𝑝 + 2𝑝𝛽 − 𝛽𝜌

 

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜌 +

𝛽𝑟2

2
[3𝜌 − 𝑝] +

𝑟2

2
[−2𝛼𝑅 [𝑒−2𝜆 {−𝜈′′ − 𝜈′2 + 𝜆′𝜈′ −

2𝜈′

𝑟
}] −

1

2
𝛼𝑅2 + 2𝛼 [𝑒−2𝜆 {𝑅′′ + (𝜈′ − 𝜆′ +

2

𝑟
)𝑅′}]] 

𝑑𝑝

𝑑𝑟
= [

𝛽

8𝜋 + 3𝛽
] 𝜌′ − [

8𝜋 + 2𝛽

8𝜋 + 3𝛽
] (𝜌 + 𝑝) [

𝑚(𝑟) + 4𝜋𝑟3𝑝𝑒𝑓𝑓

𝑟[𝑟 − 2𝑚(𝑟)]
]  

 

 

Figura 12. Trayectorias escalares y vectoriales de una partícula blanca o estrella en relación a su centro 

de masa – energía extremadamente denso. 
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𝛽 𝛼 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 10 2.08 11.08 

0 30 2.23 11.35 

 50 2.41 11.64 

 

 

𝛽 𝛼 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 0 1.94 10.67 

0.5 2.5 1.87 10.66 

 5 1.81 10.64 

 

 

𝛽 𝛼 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 0 1.62 8.78 

-0.5 2.5 1.76 8.84 

 5 1.90 8.88 
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𝛽 𝛼 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 0 1.56 8.53 

0 2.5 1.58 8.57 

 5 1.61 8.61 

 

 

𝛽 𝛼 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 10 1.65 8.69 

0 30 1.87 9.05 

 50 2.16 9.54 

 

 

𝛽 𝛼 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 0 1.51 8.30 

0.5 2.5 1.43 8.28 

 5 1.35 8.24 
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𝛼 𝛽 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 -0.82 2.13 11.50 

0 0 2.012 10.96 

 0.82 1.90 10.49 

 

 

𝛼 𝛽 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 -0.61 2.17 11.39 

1.5 0 2.02 10.98 

 0.61 1.87 10.59 

 

 

𝛼 𝛽 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 

 -4.1 2.13 11.32 

0 0 1.56 8.53 

 4.1 1.21 7.00 

 

𝛼 𝛽 

Maximum mass 

𝑀⊙ 

Radius 

(n𝑚) 



pág. 1436 

 -2.2 2.17 9.73 

1.5 0 1.58 8.55 

 1.9 1.16 7.57 

 

 

𝒮(Ψ, 𝑔) = ∫  𝑑4𝑥√−𝑔 {
𝑐3

16𝜋𝐺
𝑓(𝑅) + ℒ𝑚(Ψ, 𝑔)}  

𝑇𝜇𝜈 = 𝑐𝑔𝜇𝜈ℒ𝑚 − 2𝑐
𝛿ℒ𝑚
𝛿𝑔𝜇𝜈

 

𝑓𝑅𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑓 + (𝑔𝜇𝜈 ◻−∇𝜇∇𝜈)𝑓𝑅 = 𝜅𝑇𝜇𝜈  

𝜅 =
8𝜋𝐺

𝑐4
, 𝑓𝑅 =

𝜕𝑓

𝜕𝑅
 

 

∇𝜇 [𝑓𝑅𝑅𝜈
𝜇
−
1

2
𝛿𝜈
𝜇
𝑓 + (𝛿𝜈

𝜇
◻−∇𝜇∇𝜈)𝑓𝑅] = 0  

𝑓(𝑅) = 𝑅 + 𝛼𝑅2  

𝐺𝜇𝜈 + 2𝛼𝑅 (𝑅𝜇𝜈 −
1

4
𝑔𝜇𝜈𝑅) + 2𝛼(𝑔𝜇𝜈 ◻−∇𝜇∇𝜈)𝑅 = 𝜅𝑇𝜇𝜈  

6𝛼 ◻ 𝑅 = 𝑅 + 𝜅𝑇,  

𝑑𝑠2 = −𝑒𝜈(𝑟)𝑐2𝑑𝑡2 + 𝑒𝜆(𝑟)𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2sin2 𝜃𝑑𝜑2  

𝑇𝜇𝜈 =
(𝜀 + 𝑃)

𝑐2
𝑢𝜇𝑢𝜈 + 𝑔𝜇𝜈𝑃  

𝜆′ =
1 − 𝑒𝜆

𝑟
+
𝑟𝑒𝜆

6
(
2𝑅 + 3𝛼𝑅2

1 + 2𝛼𝑅
) − (

𝛼𝑟𝑅′

1 + 2𝛼𝑅
)𝜈′ +

𝜅𝑟𝑒𝜆

3
(
𝑇 + 3𝜀

1 + 2𝛼𝑅
)  

𝛾𝜈′ =
𝑒𝜆 − 1

𝑟
+
𝜅𝑟𝑒𝜆𝑃

1 + 2𝛼𝑅
−

𝑟𝛼𝑒𝜆𝑅2

2(1 + 2𝛼𝑅)
−
4

𝑟
(
𝛼𝑟𝑅′

1 + 2𝛼𝑅
)  

𝛾 = 1 +
𝛼𝑟𝑅′

1 + 2𝛼𝑅
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𝑅′′ = (
𝜆′ − 𝜈′

2
−
2

𝑟
)𝑅′ +

𝜅

6𝛼
𝑒𝜆𝑇 +

𝑒𝜆𝑅

6𝛼
 

𝑃′ = −
𝜈′

2
(𝑃 + 𝜀)  

𝑚(𝑟) =
𝑐2

2𝐺
𝑟(1 − 𝑒−𝜆(𝑟))  

𝑅′′ = (
𝜆′ − 𝜈′

2
−
2

𝑟
)𝑅′ +

𝑒𝜆𝑅

6𝛼
 

𝑅′′ +
2

𝑟
𝑅′ −

𝑅

6𝛼
= 0  

𝑅(𝑟) =
𝑐1
𝑟
𝑒
−
𝑟

√6𝛼 +
𝑐2
2𝑟
√6𝛼𝑒

𝑟

√6𝛼  

𝑅(𝑟) =
𝑐1
𝑟
𝑒
−
𝑟

√6𝛼  

𝜁 =
𝑎1 + 𝑎2𝜉 + 𝑎3𝜉

3

(𝑎4𝜉 + 1)(𝑒
𝑎5(𝜉−𝑎6) + 1)

+
𝑎7 + 𝑎8𝜉

𝑒𝑎9(𝑎10−𝜉) + 1
+

𝑎11 + 𝑎12𝜉

𝑒𝑎13(𝑎14−𝜉) + 1
+

𝑎15 + 𝑎16𝜉

𝑒𝑎17(𝑎18−𝜉) + 1
 

𝜁 =
𝑎1 + 𝑎2𝜉 + 𝑎3𝜉

3

(𝑎4𝜉 + 1)(𝑒
𝑎5(𝜉−𝑎6) + 1)

+
𝑎7 + 𝑎8𝜉

𝑒𝑎9(𝑎6−𝜉) + 1
+

𝑎10 + 𝑎1𝜉

𝑒𝑎12(𝑎13−𝜉) + 1

 +
𝑎14 + 𝑎15𝜉

𝑒𝑎16(𝑎17−𝜉) + 1
+

𝑎18
[𝑎19(𝜉 − 𝑎20)]

2 + 1
+

𝑎21
[𝑎22(𝜉 − 𝑎23)]

2 + 1
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Figura 13. MIT bag model aplicable a un partícula blanca o estrella. Parametrizaciones. 

𝑃 = 𝑘(𝜌𝑐2 − 4𝐵),  

𝜂 =
𝑟

𝑟𝑔
, 𝑃̃ =

𝑃

𝑃0
, 𝜌̃ =

𝜌

𝜌0
, 𝜒 = 𝑅𝑟𝑔

2, 𝑇̃ =
𝑇

𝑃0
, Ω =

𝑑𝜒

𝑑𝜂
,  

𝑀 =
𝑐2

2𝐺
𝑟∞(1 − 𝑒

−𝜆(𝑟∞))  

𝑀𝑠 = 𝑚(𝑟𝑠) =
𝑐2

2𝐺
𝑟𝑠(1 − 𝑒

−𝜆(𝑟𝑠))  

 

Equation of state 

𝛼 𝜌𝑐 × 10
15 𝑅𝑐 𝑚(𝑟𝑠) 𝑟𝑠 𝑀∞ 

𝑟𝑔
2 g. nm −3 𝑟𝑔

2 𝑀⊙ nm 𝑀⊙ 

MIT-SLy 

GR 2.39 - 1.85 10.75 1.85 

1.0 2.45 0.016 1.78 10.81 1.88 

3.0 2.50 0.010 1.73 10.89 1.91 

5.0 2.55 0.008 1.71 10.92 1.92 

10.0 2.55 0.005 1.69 11.01 1.95 

MIT-BSk20 

GR 2.28 - 1.89 10.93 1.89 

1.0 2.35 0.015 1.81 10.98 1.92 

3.0 2.40 0.010 1.76 11.07 1.94 

5.0 2.40 0.008 1.74 11.13 1.96 

10.0 2.55 0.005 1.72 11.14 1.98 

MIT-BSk21 

GR 2.03 - 1.98 11.60 1.98 

1.0 2.10 0.015 1.90 11.65 2.00 
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3.0 2.15 0.010 1.84 11.72 2.03 

5.0 2.20 0.008 1.82 11.75 2.04 

10.0 2.20 0.005 1.79 11.84 2.07 
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Figuras 14, 15, 16, 17 y 18. Perfiles de presión radial de una superpartícula o partícula blanca o estrella 

en gravedad extrema o supergravedad. 
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𝑝(𝑘𝐹) =
1

3𝜋2ℎ3
∫  
𝑘𝐹

0

 
𝑘4

√𝑘2 +𝑚𝜀
2
𝑑𝑘 + 𝑝𝐿(𝑍)  

𝑝𝐿(𝑍) =
1

3
𝐶𝑒2𝑛𝑒

4/3
𝑍2/3  

𝜖(𝑘𝐹) =𝜖𝑖 + 𝜖𝑒 + 𝜖𝐿 − 𝜖𝜖

=𝑛𝑖𝑀(𝑍, 𝐴)𝑐
2 +

1

𝜋2ℎ3
∫  
𝑘𝐹

0

 √𝑘2 +𝑚𝑒
2𝑘2𝑑𝑘

 +𝐶𝑒2𝑛𝑒
4/3
𝑍2/3 − 𝑛𝑒𝑚𝑒𝑐

2

 

𝐴(𝑁, 𝑍) + 𝑒− → 𝐴(𝑁 + 1, 𝑍 − 1) + 𝜈𝑒 

𝜖𝑒 + 𝑝𝑒 = 𝑛𝑒𝜇𝑒 

𝑔(𝐴, 𝑍) = 𝑚𝑛𝑐
2 +

𝑀(𝑍, 𝐴)𝑐2

𝐴
+ 𝛾𝑒 [𝜇𝑒 −𝑚𝑒𝑐

2 +
4

3

𝜖𝐿
𝑛𝑒
] ,  

𝑔(𝐴, 𝑍) ≥ 𝑔(𝐴, 𝑍 − 1)  

𝜇𝑒 + 𝐶𝑒
2𝑛𝑒
1/3
𝑓(𝑍, 𝑍 − 1) ≥ 𝜇𝑒

𝛽  

𝜇𝑒
𝛽
(𝐴, 𝑍) ≡ 𝑀(𝑍 − 1, 𝐴)𝑐2 −𝑀(𝑍, 𝐴)𝑐2 +𝑚𝑒𝑐

2  

𝑓(𝑍, 𝑍 − 1) = 𝑍5/3 − (𝑍 − 1)5/3 +
1

3
𝑍2/3  

𝑛𝑒  =
𝑘𝐹
3

3𝜋2ℏ3

𝜌 =
1

𝛾𝑒
𝑚𝑛𝑒

 

𝑘𝐹 = ℏ(
3𝜋2𝜌

𝑚𝑛

𝑍

𝐴
)

1/3

 

𝑑𝑚

𝑑𝑟
 = 4𝜋𝑟2𝜌 +

𝛼𝑟2

2
[
𝜌

2
(5𝑝 − 𝜌) + 𝑝2]

𝑑𝑝

𝑑𝑟
 = −

(𝜌 + 𝑝) [4𝜋𝑟𝑝 +
𝑚
𝑟2
+
𝛼𝑟
4 (3𝑝 − 𝜌)𝑝]

(1 −
2𝑚
𝑟 ) [1 +

𝛼𝑝
16𝜋 + 𝛼(5𝑝 − 𝜌)

(1 −
𝑑𝜌
𝑑𝑝
)]

 

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜌 +

𝛼𝑟2

4
(3𝑝 − 𝜌)𝜌

𝑑𝑝

𝑑𝑟
= −

(𝜌 + 𝑝) [4𝜋𝑟𝑝 +
𝑚
𝑟2
+
3𝛼𝑟
4 (𝑝 − 𝜌)𝑝 −

𝛼𝑟
2 𝜌

2]

(1 −
2𝑚
𝑟 ) {1 +

𝛼[3𝑝(1 − 𝑑𝜌/𝑑𝑝) − 4𝜌(𝑑𝜌/𝑑𝑝)]
16𝜋 + 3𝛼(𝑝 − 𝜌)

}

 

𝑚(0) = 0, 𝜌(0) = 𝜌𝑐  
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Figuras 19, 20 y 21. Densidad del centro de masa – energía de una partícula blanca o estrella. 

𝑆grav [𝑔𝜇𝜈, 𝜑] = ∫  𝑑
4𝑥√−𝑔(𝐾 + 𝑄∇𝜇∇𝜇𝜑 + 𝐹𝑅 +∑  

5

𝑖=1

 𝐴𝑖𝐿𝑖)  

𝐿1 = ∇
𝜈∇𝜇𝜑∇𝜈∇𝜇𝜑 𝐿2 = (∇

𝜇∇𝜇𝜑)
2

𝐿3 = ∇
𝛼∇𝛼𝜑∇𝜈∇𝜇𝜑∇

𝜈𝜑∇𝜇𝜑

𝐿4 = ∇
𝜈𝜑∇𝜈∇𝜇𝜑∇

𝜇∇𝛼𝜑∇𝛼𝜑, 𝐿5 = (∇
𝜈𝜑∇𝜈∇𝜇𝜑∇

𝜇𝜑)
2  

𝐾 = 𝑄 = 𝐴1 = 𝐴2 = 𝐴5 = 0, 𝐴3 = −𝐴4 = −4
𝐹𝑋
𝑋
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𝑆grav = ∫  𝑑
4𝑥√−𝑔(𝐹𝑅 − 4

𝐹𝑋
𝑋
(𝐿3 − 𝐿4))  

𝑇𝛼𝛽 = (𝑃 + 𝜌)𝑢𝛼𝑢𝛽 + 𝑃𝑔𝛼𝛽 ,  

𝑆m = ∫  𝑑
4𝑥√−𝑔𝑃(𝜇)  

𝜇 = √−𝑔𝛼𝛽𝜇𝛼𝜇𝛽 ) 

𝜇𝛼 = 𝜇𝑢𝛼 = 𝜕𝛼𝐿 + 𝐴𝜕𝛼𝐵  

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 + ℎ(𝑟)𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝜑(𝑡, 𝑟) = 𝑞𝑡 + 𝜓(𝑟)  

𝑆bgd = 4𝜋∫  𝑑𝑟𝑑𝑡 [𝑟
2√𝑓ℎ(

2𝐹ℎ′

ℎ2𝑟
+
2𝐹(ℎ − 1)

ℎ𝑟2
−
4𝐹𝑋𝑋

′(𝑓𝑋 + 𝑞2)

𝑓ℎ𝑟𝑋
+ 𝑃) + 𝜆0(𝜇√𝑓)

′]  

𝑋 = 𝜓′2/ℎ − 𝑞2/𝑓  

𝜇′

𝜇
= −

𝑓′

2𝑓
,  

ℎ′ (
𝐹X(−4𝑓

2(𝜓′)4 + 8𝑓ℎ𝑞2(𝜓′)2 + 4ℎ2𝑞4)

𝑓ℎ2𝑞2 − 𝑓2ℎ(𝜓′)2
+ 2𝐹) −

8𝐹X(𝑓(𝜓
′)3 − 2ℎ𝑞2𝜓′)

𝑓(𝜓′)2 − ℎ𝑞2
𝜓′′

 +
4ℎ𝑞2𝐹X(𝑓(ℎ + 1)(𝜓

′)2 − (ℎ − 1)ℎ𝑞2)

𝑓𝑟(𝑓(𝜓′)2 − ℎ𝑞2)
+
2𝐹(ℎ − 1)ℎ

𝑟
− ℎ2𝑟𝜌 = 0

𝑓′ (
𝐹X(−4𝑓

2(𝜓′)4 + 8𝑓ℎ𝑞2(𝜓′)2 + 4ℎ2𝑞4)

𝑓2ℎ2𝑞2 − 𝑓3ℎ(𝜓′)2
+
2𝐹

𝑓
) +

8𝑞2𝐹X𝜓
′𝜓′′

ℎ𝑞2 − 𝑓(𝜓′)2

 +
𝐹X(4(ℎ − 1)ℎ𝑞

2(𝜓′)2 − 4𝑓(ℎ + 1)(𝜓′)4)

ℎ𝑟(ℎ𝑞2 − 𝑓(𝜓′)2)
+
𝐹(2 − 2ℎ)

𝑟
− ℎ𝑟𝑃 = 0

 

𝜆0
′ = 𝑟2√ℎ

𝑑𝑃

𝑑𝜇
,  

𝜌 = 𝜇
𝑑𝑃

𝑑𝜇
− 𝑃.  

𝑑

𝑑𝑟
(√𝑓ℎ𝑟2𝐽𝑟) = 0  

𝐽𝑟 =
2√𝑓𝑋 + 𝑞2

𝑓3ℎ3𝑟2𝑋
{−2𝐹𝑋[ℎ𝑟𝑓

′(𝑓𝑋 − 𝑞2) + 𝑓(𝑓ℎ(ℎ + 1)𝑋 − 𝑞2𝑟ℎ′ + 2ℎ𝑞2)]},  

𝐽𝑟 = 0  

𝑃′ = −
𝑓′(𝑃 + 𝜌)

2𝑓
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𝐹 =
𝜅

2
+ 𝜎𝑋, 𝜅 ≡ (8𝜋𝐺)−1  

𝑑𝑠2 =−𝑓(𝑟)𝑑𝑡2 + ℎ(𝑟)𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

 +2𝑟2sin 𝜃𝜕𝜃𝑌𝑙0(𝜃)(𝐻0(𝑟, 𝑡)𝑑𝑡𝑑𝜙 + 𝐻1(𝑟, 𝑡)𝑑𝑟𝑑𝜙)
 

𝑢𝜇 = 𝑢‾𝜇 + 𝛿𝑢𝜇 , 𝑢‾𝜇 =
𝛿0
𝜇

𝑓1/2
, 𝛿𝑢𝜇 = {0,0,0, 𝑣(𝑟, 𝑡)

𝜕𝜃𝑌𝑙0(𝜃)

𝑓
1
2sin 𝜃

} .  

𝛿𝑇𝑡𝜙  =
𝜕𝜃𝑌𝑙0(𝜃)

sin 𝜃𝑓
[𝑃𝐻0 + (𝜌 + 𝑃)𝑣]

𝛿𝑇𝑟𝜙  = −
𝜕𝜃𝑌𝑙0(𝜃)

sin 𝜃ℎ
𝑃𝐻1

 

𝑣 = −𝐻0.  

𝑆axial = 𝑙(𝑙 + 1)∫  𝑑𝑟𝑑𝑡[𝑄2𝐻0
2 − 𝑄1𝐻1

2 + 𝑄3𝐻1𝐻0 + 𝑄0(𝐻0
′ − 𝐻̇1)

2]  

𝑄0=
𝐹𝑟4

2√𝑓ℎ
, 𝑄1 =

√𝑓𝐹𝑟2(𝑙(𝑙 + 1) − 2)

2√ℎ
 , 𝑄2 =

ℎ

𝑓
𝑄1

𝑄3 = −
2√𝑓√ℎ𝑞𝑟2𝐹X𝜓

′(𝑓(𝜓′)2(4𝐹 + 𝑃𝑟2) − 𝑞2(4𝐹(ℎ − 1) + ℎ𝑟2(2𝑃 + 𝜌)))

𝑓𝐹ℎ(𝑓(𝜓′)2 − ℎ𝑞2) + 2𝐹X(𝑓
2(𝜓′)4 − 2𝑓ℎ𝑞2(𝜓′)2 − ℎ2𝑞4)

 

𝜒 = 𝐻̇1 − 𝐻0
′ .  

𝑆axial 
′ = 𝑙(𝑙 + 1)∫  𝑑𝑟𝑑𝑡[𝑄2𝐻0

2 − 𝑄1𝐻1
2 + 𝑄0𝜒

2 + 𝜆(𝜒 + 𝐻0
′ − 𝐻̇1)].  

𝜆 = −2𝑄0𝜒, 𝜆
′ = 2𝑄2𝐻0, 𝜆̇ = 2𝑄1𝐻1.  

𝜒̇ = 0, (𝑄0𝜒)
′ = 0,  

𝜒 = 𝜒0
√𝑓ℎ

𝐹𝑟4
,  

𝑆axial 
′ = ∫  𝑑𝑟𝑑𝑡

𝑙(𝑙 + 1)

4𝑄1
[𝜆̇2 −

𝑓

ℎ
𝜆′2 −

𝑄1
𝑄0
𝜆2]  

𝜆̈ − 𝑄1
𝑑

𝑑𝑟
[
1

𝑄1

𝑓

ℎ
𝜆′] +

𝑄1
𝑄0
𝜆 = 0.  

𝑆axial 
′′ =

1

2
∫  𝑑𝑡𝑑𝑟∗

1

𝐹𝑟2
[𝜆̇2 − (𝜕∗𝜆)

2 −
𝑄1
𝑄0
𝜆2]  

𝑑𝑟∗ = √
ℎ

𝑓
𝑑𝑟  

𝜆̈ − 𝐹𝑟2
𝜕

𝜕𝑟∗
[
1

𝐹𝑟2
𝜕𝜆

𝜕𝑟∗
] +

𝑓

𝑟2
(𝑙(𝑙 + 1) − 2)𝜆  
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𝜆(𝑡, 𝑟) = ∫  𝑑𝜔𝑒𝑖𝜔𝑡𝜆(𝜔, 𝑟)  

𝑈 ≡
𝜆

𝑟√𝐹
 

−
𝑑2𝑈

𝑑𝑟∗
2
+ 𝑉𝑙𝑈 = 𝜔

2𝑈  

𝑉𝑙 =
𝑓

𝑟2
(𝑙(𝑙 + 1) − 2) − 𝑟√𝐹𝜕∗ (

𝜕∗(𝑟√𝐹)

𝑟2𝐹
)  

d𝑠̃2 = 𝐹[−𝑓𝑑𝑡2 + ℎ𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)]  

𝐹 =
𝜅

2
+ 𝜎𝑋  

𝑝 ≡ 𝑞2𝜎  

log10 (
𝑃

 g nm−3
) =

𝑏1 + 𝑏2𝜉 + 𝑏3𝜉
3

1 + 𝑏4𝜉
𝑢[𝑏5(𝜉 − 𝑏6)] + (𝑏7 + 𝑏8𝜉)𝑢[𝑏9(𝑏10 − 𝜉)] + (𝑏11 + 𝑏12𝜉)𝑢[𝑏13(𝑏14 − 𝜉)]

 +(𝑏15 + 𝑏16𝜉)𝑢[𝑏17(𝑏18 − 𝜉)] +
𝑏19

𝑏20
2 (𝑏21 − 𝜉)

2 + 1
+

𝑏22

𝑏23
2 (𝑏24 − 𝜉)

2 + 1

 

𝑢[𝑥] ≡
1

𝑒𝑥 + 1
, 𝜉 = log10 (𝜌/𝑔 nm−3)  

𝑏𝑖 = 𝑎𝑖
HP  for  1 ≤ 𝑖 ≤ 18, 𝑏𝑗 = 0  for  19 ≤ 𝑗 ≤ 24,  

𝑏𝑖 = 𝑎𝑖
PFCPG  for  1 ≤ 𝑖 ≤ 9, 𝑏10 = 𝑎6

PFCPG, 𝑏𝑗 = 𝑎𝑗−1
PFCPG  for  11 ≤ 𝑗 ≤ 24,  

𝑓 =
1

ℎ
= 1 −

2𝑀

𝑟
,  

𝜓′ =
𝑞√2𝑀𝑟

𝑟 − 2𝑀
,  

𝑄1
𝑑

𝑑𝑟
[
1

𝑄1

𝑓

ℎ
𝜆′] + (𝜔2 −

𝑄1
𝑄0
) 𝜆 = 0.  

𝜆(𝜔, 𝑟) ∼ 𝜆−𝑟
1−𝑙 + 𝜆+𝑟

𝑙+2 (𝑟 → 0),  

𝜆(𝜔, 𝑟) ∼ 𝜆in 𝑒
𝑖𝜔𝑟∗ + 𝜆out 𝑒

−𝑖𝜔𝑟∗  (𝑟∗ → ∞),  

𝑟 = 𝑟𝑠 + 𝜂𝑒
𝑖Θ  
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Figuras 22 y 23. Densidad de masa extrema de una partícula blanca o estrella. 

𝜆(𝜔, 𝑟) ∼ 𝜆in𝑒
𝑖(𝜔𝑟𝑠+𝜂(𝜔𝑅cos (Θ)−𝜔𝐼sin (Θ))) + 𝜆out𝑒

−𝑖(𝜔𝑟𝑠+𝜂(𝜔𝑅cos (Θ)−𝜔𝐼sin (Θ)))  

𝑑𝜆

𝑑𝑟
(𝑟 = 𝑟𝑠) = 𝑒

−𝑖Θ
𝑑𝜆

𝑑𝜂
(𝜂 = 0)  

𝐶 ≡
𝑀

𝑟𝑠
,  

𝜔𝑅𝑟𝑠 = {

105.1(±0.5) + 6𝐶(±10) − 369(±22)𝐶2, 𝑝 = 0 (GR) 

98.6(±0.9) + 7(±8)𝐶 − 273(±18)𝐶2 𝑝 = 10−3

97.5(±0.7) − 34(±6)𝐶 − 182.6(±14.2)𝐶2, 𝑝 = 2 × 10−3.
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Figuras 24, 25, 26 y 27. Densidad de energía extrema de una partícula blanca o estrella. 

𝜔𝑅𝑀 = {

−2.9(±0.2) + 111.5(±2.1)𝐶 − 173.2(±4.7)𝐶2, 𝑝 = 0 (GR) 

−1.9(±0.2) + 94.4(±1.6)𝐶 − 131.3(±3.5)𝐶2, 𝑝 = 10−2

−1.2(±0.1) + 84.4(±1.2)𝐶 − 108.0(±2.6)𝐶2, 𝑝 = 2 × 10−2.

 

𝜔𝐼𝑀 = {

22.5(±1.1) + 356.4(±9.7)𝐶 − 1203(±21)𝐶2, 𝑝 = 0 (GR) 

32.9(±1.1) + 216.5(±10.7)𝐶 − 733(±23)𝐶2 𝑝 = 10−3

27.0(±0.6) + 262.7(±6.1)𝐶 − 803(±14)𝐶2, 𝑝 = 2 × 10−3
 

𝜔̃𝐼 = {

−0.379(±0.016) + 0.400(±0.011)𝜔̃𝑅 + 0.082(±0.002)𝜔̃𝑅
2 , 𝑝 = 0 (GR) 

−0.151(±0.017) + 0.374(±0.015)𝜔̃𝑅 + 0.124(±0.003)𝜔̃𝑅
2 , 𝑝 = 10−3

−0.174(±0.015) + 0.456(±0.015)𝜔̃𝑅 + 0.144(±0.003)𝜔̃𝑅
2 , 𝑝 = 2 × 10−3

 

 

𝑆𝑚[𝐿, 𝐴, 𝐵] = ∫  𝑑
4𝑥√−𝑔𝑃(𝜇)  

𝜇 = √−𝑔𝛼𝛽(𝜕𝛼𝐿 + 𝐴𝜕𝛼𝐵)(𝜕𝛽𝐿 + 𝐴𝜕𝛽𝐵)  
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𝑢𝛼 =
1

𝜇
(𝜕𝛼𝐿 + 𝐴𝜕𝛼𝐵).  

∇𝛼 (
𝑑𝑃

𝑑𝜇
𝑢𝛼) = 0, 𝑢𝛼𝜕𝛼𝐴 = 0, 𝑢

𝛼𝜕𝛼𝐵 = 0  

∇[𝛼(𝜇𝑢𝛽]) = 𝜕[𝛼𝐴𝜕𝛽]𝐵  

𝑢𝛼∇[𝛼(𝜇𝑢𝛽]) = 0  

𝑇𝛼𝛽 = (𝜌 + 𝑃)𝑢𝛼𝑢𝛽 + 𝑃𝑔𝛼𝛽  

𝑢‾𝛼 = {
1

√𝑓
, 0,0,0} , 𝑢‾𝛼 = {−√𝑓, 0,0,0}  

𝐿(𝑡, 𝑟) = −√𝑓𝜇𝑡  

(𝜇√𝑓)′ = 0  or  
𝜇′

𝜇
= −

𝑓′

2𝑓
 

𝛿2𝜇(𝑡, 𝑟, 𝜃) = −
𝑟2𝜇

2𝑓
𝑣2(𝜕𝜃𝑌𝑙0)

2  

𝛿2√−𝑔 =
1

2
𝑟4(√

ℎ

𝑓
𝐻0
2 −√

𝑓

ℎ
𝐻1
2)sin 𝜃(𝜕𝜃𝑌𝑙0)

2.  

𝑆m, axial  = ∫  𝑑
4𝑥 (𝑃𝛿2√−𝑔 + √−𝑔

𝑑𝑃

𝑑𝜇
𝛿2𝜇)

 = −
𝑙(𝑙 + 1)

2
∫  𝑑𝑟𝑑𝑡√𝑓ℎ𝑟4 (

𝑃

ℎ
𝐻1
2 +

𝜌

𝑓
𝐻0
2)

 

𝑔𝜇𝜈 = 𝑔𝜇𝜈
0 + ℎ𝜇𝜈  

ℎ𝑎𝑡 = 𝑟
2∑ 

𝑙𝑚

 𝐻0
𝑙𝑚(𝑟, 𝑡)sin 𝜃𝜖𝑎𝑏∇

𝑏𝑌𝑙𝑚

ℎ𝑎𝑟 = 𝑟
2∑ 

𝑙𝑚

 𝐻1
𝑙𝑚(𝑟, 𝑡)sin 𝜃𝜖𝑎𝑏∇

𝑏𝑌𝑙𝑚

ℎ𝑎𝑏 =
1

2
𝑟2∑ 

𝑙𝑚

 𝑄𝑙𝑚(𝑟, 𝑡)sin 𝜃(𝜖𝑎
𝑐∇𝑐∇𝑏𝑌𝑙𝑚 + 𝜖𝑏

𝑐∇𝑐∇𝑎𝑌𝑙𝑚)

 

𝜉𝑎 = 𝑟2∑ 

𝑙𝑚

 Λ𝑙𝑚(𝑟, 𝑡)sin 𝜃𝜖𝑏
𝑎∇𝑏𝑌𝑙𝑚,  

𝐻0 → 𝐻0 + Λ̇, 𝐻1 → 𝐻1 + Λ
′, 𝑄 → 𝑄 + 2Λ,  

𝛿𝑢𝑎 = 𝑟2𝑓−1/2∑ 

𝑙𝑚

 𝑣𝑙𝑚(𝑟, 𝑡)sin 𝜃𝜖𝑏
𝑎∇𝑏𝑌𝑙𝑚  
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𝜆′′ −
2

𝑟
𝜆′ −

(𝑙2 + 𝑙 − 2)

𝑟2
𝜆 

ℒ𝑁𝐿 = ℒ𝑛𝑚 + ℒ𝜎 + ℒ𝜔 + ℒ𝜌 + ℒ𝑖𝑛𝑡 , 

ℒ𝑛𝑚 =𝜓‾(𝑖𝛾
𝜇𝜕𝜇 −𝑀)𝜓 + 𝑔𝜎𝜎𝜓‾𝜓 − 𝑔𝜔𝜓‾𝛾

𝜇𝜔𝜇𝜓

−
𝑔𝜌

2
𝜓‾𝛾𝜇𝜌⃗𝜇𝜏𝜓  

ℒ𝜎 =
1

2
(𝜕𝜇𝜎𝜕𝜇𝜎 −𝑚𝜎

2𝜎2) −
A

3
𝜎3 −

B

4
𝜎4

ℒ𝜔 =−
1

4
Ω𝜇𝜈Ω𝜇𝜈 +

1

2
𝑚𝜔
2𝜔𝜇𝜔𝜇 +

C

4
(𝑔𝜔

2𝜔𝜇𝜔
𝜇)
2
 

ℒ𝜌 =−
1

4
𝐵⃗⃗𝜇𝜈 𝐵⃗⃗𝜇𝜈 +

1

2
𝑚𝜌
2𝜌⃗𝜇𝜌⃗

𝜇  

ℒ𝑖𝑛𝑡 =
1

2
Λ𝑣𝑔𝜔

2𝑔𝜌
2𝜔𝜇𝜔

𝜇𝜌⃗𝜇𝜌⃗
𝜇

 

Ω𝜇𝜈 = 𝜕𝜈𝜔𝜇 − 𝜕𝜇𝜔𝜈, 𝐵⃗⃗𝜇𝜈 = 𝜕𝜈𝜌⃗𝜇 − 𝜕𝜇𝜌⃗𝜈 − 𝑔𝜌(𝜌⃗𝜇 × 𝜌⃗𝜈) 

ℰ𝐻𝑀 =
1

𝜋2
∫  
𝑘𝑝,𝑘𝑛

0

 𝑑𝑘𝑘2√𝑘2 + (𝑀∗)2 +
1

2
𝑚𝜎
2𝜎2 −

1

2
𝑚𝜔
2𝜔2 −

1

2
𝑚𝜌
2𝜌2 +

A

3
𝜎3 +

B

4
𝜎4

−
C

4
𝑔𝜔
4𝜔4 + 𝑔𝜔𝜔(𝜌𝑝 + 𝜌𝑛) −

Λ𝑣
2
(𝑔𝜌𝑔𝜔𝜌𝜔)

2
+
𝑔𝜌

2
𝜌(𝜌𝑝 − 𝜌𝑛)

𝑃𝐻𝑀 =
1

3𝜋2
∫  
𝑘𝑝,𝑘𝑛

0

 𝑑𝑘
𝑘4

√𝑘2 + (𝑀∗)2
−
1

2
𝑚𝜎
2𝜎2 +

1

2
𝑚𝜔
2𝜔2 +

1

2
𝑚𝜌
2𝜌2 −

A

3
𝜎3 −

B

4
𝜎4

+
C

4
𝑔𝜔
4𝜔4 +

Λ𝑣
2
(𝑔𝜌𝑔𝜔𝜌𝜔)

2

 

 

Model Interaction 𝑔𝜎 𝑔𝜔 𝑔𝜌 𝐴 𝐵 C Λ𝑣 

BITSH-E with 𝜔4 ( C ≠ 0 ) 10.0 12.52 10.32 10.62 -14.07 0.0027 0.08 

BITSH-I with 𝜔4 ( C ≠ 0 ) 9.05 10.69 9.95 15.29 -13.56 0.0006 0.06 

BITSH-E without 𝜔4 ( C = 0 ) 9.58 11.58 10.44 15.13 -38.21 - 0.1702 

BITSH-I without 𝜔4 ( C = 0 ) 8.96 10.35 9.95 19.71 -46.44 - 0.0726 

 

ℒ𝜒 = 𝜒‾𝐷[𝛾𝜇(𝑖𝜕
𝜇 − 𝑔𝑣𝑑𝑉𝐷

𝜇
) − 𝑀𝐷]𝜒𝐷 −

1

4
𝑉𝜇𝜈,𝐷𝑉𝐷

𝜇𝜈
+
1

2
𝑚𝑣𝑑
2 𝑉𝜇,𝐷𝑉𝐷

𝜇
.  
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ℰ𝐷𝑀=
1

𝜋2
∫  
𝑘

0

 𝑑𝑘𝑘2√𝑘2 + (𝑀𝐷)
2 +

𝑔𝑣𝑑
2

2𝑚𝑣𝑑
2 𝜌𝐷

2 , 

𝑃𝐷𝑀 =
1

3𝜋2
∫  
𝑘

0

 𝑑𝑘
𝑘4

√𝑘2 + (𝑀𝐷)
2
+
𝑔𝑣𝑑
2

2𝑚𝑣𝑑
2 𝜌𝐷

2 ,

 

𝑑𝑃𝐻𝑀
𝑑𝑟

= −(𝑃𝐻𝑀 + ℰ𝐻𝑀)
4𝜋𝑟3(𝑃𝐻𝑀 + 𝑃𝐷𝑀) + 𝑚(𝑟)

𝑟(𝑟 − 2𝑚(𝑟))
,

𝑑𝑃𝐷𝑀
𝑑𝑟

= −(𝑃𝐷𝑀 + ℰ𝐷𝑀)
4𝜋𝑟3(𝑃𝐻𝑀 + 𝑃𝐷𝑀) + 𝑚(𝑟)

𝑟(𝑟 − 2𝑚(𝑟))
,

𝑑𝑚(𝑟)

𝑑𝑟
= 4𝜋(ℰ𝐻𝑀(𝑟) + ℰ𝐷𝑀(𝑟))𝑟

2.

 

𝑓𝐷𝑀 =
𝑀𝐷𝑀
𝑀Total 

 

𝑀𝐷𝑀(𝑅𝐷𝑀) = 4𝜋∫  
𝑅𝐷𝑀

0

𝑟2ℰ𝐷𝑀(𝑟)𝑑𝑟 

𝑀Total (𝑅) = 4𝜋∫  
𝑅

0

𝑟2(ℰ𝐻𝑀(𝑟) + ℰ𝐷𝑀(𝑟))𝑑𝑟 

𝜆 =
2

3
𝑘2𝑅

5, Λ =
2

3
𝑘2𝒞

−5, 𝒞 = 𝑀/𝑅 

𝑘2 =
8𝒞5

5
(1 − 2𝒞)2[2 + 2𝒞(𝑦𝑅 − 1)−𝑦𝑅] × (2𝒞(6 − 3𝑦𝑅 + 3𝒞(5𝑦𝑅 − 8))

+4𝒞3[13 − 11𝑦𝑅 + 𝒞(3𝑦𝑅 − 2) + 2𝒞
2(1 + 𝑦𝑅)]  

+3(1 − 2𝒞)2(2 − 𝑦𝑅 + 2𝒞(𝑦𝑅 − 1))log (1 − 2𝒞))
−1

 

𝑟
𝑑𝑦(𝑟)

𝑑𝑟
+ 𝑦2(𝑟) + 𝑦(𝑟)𝐹(𝑟) + 𝑟2𝑄(𝑟) = 0.  

𝐹(𝑟) =
𝑟 − 4𝜋𝑟3(ℰ𝐻𝑀(𝑟) + ℰ𝐷𝑀(𝑟)) − (𝑃𝐻𝑀(𝑟) + 𝑃𝐷𝑀(𝑟))

𝑟 − 2𝑚(𝑟)
,  

𝑄(𝑟) =
4𝜋𝑟 (5(ℰ𝐻𝑀(𝑟) + ℰ𝐷𝑀(𝑟)) + 9(𝑃𝐻𝑀(𝑟) + 𝑃𝐷𝑀(𝑟)) +

ℰ𝐻𝑀(𝑟) + 𝑃𝐻𝑀(𝑟)
𝜕𝑃𝐻𝑀(𝑟)/𝜕ℰ𝐻𝑀(𝑟)

+
ℰ𝐷𝑀(𝑟) + 𝑃𝐷𝑀(𝑟)
𝜕𝑃𝐷𝑀(𝑟)/𝜕ℰ𝐷𝑀(𝑟)

−
6

4𝜋𝑟2
)

𝑟 − 2𝑚(𝑟)

−4 [
𝑚(𝑟) + 4𝜋𝑟3(𝑃𝐻𝑀(𝑟) + 𝑃𝐷𝑀(𝑟))

𝑟2(1 − 2𝑚(𝑟)/𝑟)
]

2
 

𝑐𝑠
2 =

1

3
− 𝑐1exp [−

(𝑛 − 𝑐2)
2

𝑛𝑏𝑙
2 ] + ℎ𝑝exp [

(𝑛 − 𝑛𝑝)
2

𝑤𝑝
2 ](1 + erf [𝑠𝑝

(𝑛 − 𝑛𝑝)

𝑤𝑝
]) .  

𝑃(𝚯 ∣ 𝐷) =
ℒ(𝐷 ∣ 𝚯)𝑃(𝚯)

𝒵
,  

ℒ(𝐷 ∣ 𝚯) = ℒ𝑂𝑏𝑠(𝐷 ∣ 𝚯) × ℒ𝐺𝑊(𝐷 ∣ 𝚯).  
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ℒ𝜎(𝐷 ∣ Θ) =
1

√2𝜋𝜎2
exp (−

(𝐷(Θ) − 𝐷𝑂𝑏𝑠)
2

2𝜎2
)  

ℒ𝑂𝑏𝑠(𝐷 ∣ Θ) = ℒ𝑁𝐼𝐶𝐸𝑅
high 

× ℒNICER 
low  

 

ℒ𝑁𝐼𝐶𝐸𝑅(𝐷 ∣ 𝚯) = ∫  
𝑀max

𝑀0

𝑑𝑚𝑃(𝑚 ∣ 𝚯) × 𝑃(𝐷 ∣ 𝑚, 𝑅(𝑚,𝚯)) 

ℒ𝐺𝑊(𝐷 ∣ 𝚯) = ∫  
𝑀𝑢

𝑚𝑙

 𝑑𝑚1∫  
𝑚1

𝑀𝑙

 𝑑𝑚2𝑃(𝑚1,𝑚2 ∣ 𝚯)

 × 𝑃(𝑑𝐺𝑊 ∣ 𝑚1,𝑚2, Λ1(𝑚1, 𝚯), Λ2(𝑚2, 𝚯))

 

𝑃(𝑚 ∣ Θ) = {

1

𝑀max −𝑀0
 if 𝑀0 ≤ 𝑚 ≤ 𝑀max

0  else 
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Figura 28, 29, 30, 31, 32, 33 y 34. Formación de materia oscura por colapso de una partícula estrella o 

blanca. 
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Models BITSH-E BITSH-I 

DM 

parameter 

𝐶𝑣𝑑(MeV
−1) ( 

× 10−2 ) 
𝑀𝐷(MeV) 𝑓𝐷𝑀(%) 

𝐶𝑣𝑑(MeV
−1) ( 

× 10−2 ) 
𝑀𝐷(MeV) 𝑓𝐷𝑀(%) 

 

Fixed HM EoS 

Case 

I 
1.54−1.11

+1.04 1992.83−984.97
+1100.91 2.46−1.65

+1.49 1.61−1.15
+0.98 2049.96−983.56

+973.43 3.44−2.17
+2.46 

Case 

II 
1.52−1.03

+1.04 1739.25−862.07
+979.92  2.28−1.57

+2.63 1.37−0.95
+1.04 1757.07−890.77

+920.26 2.81−1.90
+2.86 

Case 

III 

1.51−1.06
+1.08 1755.13−858.89

+942.55 1.72−1.21
+2.08 1.41−1.00

+1.07 1784.70−975.98
+892.43 2.56−1.83

+2.64 

 

HM EoS with HDU 

Case 

I 
1.53−1.04

+0.97 1962.62−938.55
+1069  2.36−1.52

+1.38 1.48−0.96
+0.97 2099.68−986.67

+935.17 3.65−2.28
+2.22 

Case 

II 
1.50−0.94

+0.95 1706.20−740.55
+836.3  3.36−2.19

+3.37 1.48−0.99
+0.97 1832.88−836.21

+767.58 2.85−1.91
+3.11 

Case 

III 
1.49−1.00

+0.94 1849.82−888.29
+774.37 2.40−1.57

+2.73 1.43−0.95
+1.06 1818.82−846.20

+779.63 2.28−1.57
+2.75 

 

HM EoS ( C = 0 ) with HDU 

Case I 1.58−0.96
+0.91 1936.31−812.02

+939.70 8.12−4.86
+5.74 1.57−1.01

+0.94 2056.07−972.54
+968.79 4.37−2.83

+3.52 
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Case 

II 
1.58−0.95

+0.93 1783.23−762.95
+826  4.82−2.97

+4.73 1.54−1.04
+0.93 1833.26−903.34

+834.36 2.92−1.99
+3.51 

Case 

III 
1.53−1.01

+0.95 1689.08−782.98
+858.60 3.58−2.41

+4.00 1.58−1.10
+0.92 1820.58−883.46

+800.18 2.35−1.63
+2.92 

 

 

Interaction terms Models 𝐶𝑣𝑑(MeV
−1) ( × 10−2 ) 𝑀𝐷(MeV) 𝑓𝐷𝑀(%) 

C = 0, Λ𝑣 = 0 

GM1 1.63−0.92
+0.85 1835.18−787.64

+732.33 5.34−3.28
+4.12 

NL3 1.41−0.76
+0.89 1841.52−700.78

+697  15.39−4.38
+3.08 

C ≠ 0, Λ𝑣 = 0 

MS1 1.71−1.02
+0.84 1704.71−704.62

+759.38 5.63−2.95
+4.89 

TM1 1.69−0.94
+0.86 1580.95−668.57

+865  5.19−2.68
+3.87 

C ≠ 0, Λ𝑣 ≠ 0 

BITSH-E 1.50−0.94
+0.95 1706.20−740.55

+836.3  3.36−2.19
+3.37 

BITSH-I 1.48−0.99
+0.97 1832.88−836.21

+767.58 2.85−1.91
+3.11 

C = 0, Λ𝑣 ≠ 0 

BITSH-E 1.58−0.95
+0.93 1783.23−762.95

+826  4.82−2.97
+4.73 

BITSH-I 1.54−1.04
+0.93 1833.26−903.34

+834  2.92−1.99
+3.51 

 

 

𝒬𝜓𝛾Υ = ∇𝜓𝑔𝛾Υ = 𝜕𝜓𝑔𝛾Υ − Γ𝜓𝛾
𝜎 𝑔𝜎Υ − Γ𝜓Υ

𝜎 𝑔𝛾𝜎 .  

Γ𝛾Υ
𝜎 = { 𝜎  𝛾Υ} + 𝜁𝛾Υ

𝜎 + 𝐿𝛾Υ
𝜎 ,  

{ 𝜎  𝛾Υ} ≡
1

2
𝑔𝜎Ψ(𝜕𝛾𝑔ΨΥ + 𝜕Υ𝑔ΨΥ − 𝜕Ψ𝑔𝛾Υ),  

𝜁𝛾Υ
𝜎 ≡

1

2
𝒯𝜎𝛾Υ + 𝒯(𝛾 

𝜎  Υ)  
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𝐻𝛾Υ
𝜓
=
−1

4
𝒬𝛾Υ
𝜓
+
1

2
𝒬(𝛾Υ)
𝜓

+
1

4
(𝒬𝜓 − 𝒬̃𝜓)𝑔𝛾Υ −

1

4
𝛿(𝛾Υ)
𝜓  

𝒬𝜓 ≡ 𝒬𝜓𝛾
𝛾
 𝒬̃𝜓 ≡ 𝒬

𝛾  𝜓𝛾
𝛾
,  

𝒬 = −𝒬𝜓Υ𝛾𝐹
𝜓𝛾Υ.  

𝑆 = ∫  √−𝑔𝑑4𝑥 [
1

2
ℱ(𝒬) + 𝜎𝜓

Ψ𝛾Υ
ℛΨ𝛾Υ
𝜓

+ 𝜎𝜓
𝛾Υ
𝒯𝛾Υ
𝜓
+ ℒ𝑛]  

𝒯𝛾Υ =
2

√−𝑔
Δ𝜓 (√−𝑔ℱ𝒬𝐻𝛾Υ

𝜓
)

 +
1

2
𝑔𝛾Υℱ + ℱ𝒬 (𝐻𝛾𝜓Ψ𝒬Υ

𝜓Ψ
− 2𝒬𝜓Ψ𝛾𝐻Υ

𝜓Ψ
) .

 

ℱ𝒬 =
𝜕ℱ

𝜕𝒬
 

𝒯𝛾Υ ≡
2

√𝑔

𝛿(√−𝑔)ℒ𝑛

𝛿𝑔𝛾Υ
.  

∇𝜌𝜎𝜓
Υ𝛾𝜌

+ 𝜎𝜓
𝛾Υ
= √−𝑔ℱ𝒬𝐻𝛾Υ

𝜓
+ 𝐽𝜓

𝛾Υ
.  

𝐽𝜓
𝛾Υ
=
−1

2

𝛿ℒ𝑛

𝛿𝑇𝛾Υ
𝜓
.  

∇𝛾∇Υ(√−𝑔ℱ𝒬𝐻
𝛾Υ 𝜓 + 𝐽𝜓 

𝛾Υ) = 0.  

∇𝛾∇Υ(√−𝑔ℱ𝒬𝐻
𝛾Υ 𝜓

Υ ) = 0.  

Γ𝛾Υ
𝜓
= (

𝜕𝑥𝑎

𝜕𝜂𝜎
)𝜕𝛾𝜕Υ𝜂

𝜎 .  

𝒬𝜓𝛾Υ = 𝜕𝜓𝑔𝛾Υ.  

𝑑𝑠2 = −𝑒Υ(𝑟)𝑑𝑡2 + 𝑒𝜎(𝑟)𝑑𝑟2 + 𝑟2𝑑𝑤2.  

𝒬(𝑟) = −
2𝑒−𝜎

𝑟
(Υ′ +

1

𝑟
) ,  

𝒯𝛾Υ = (𝜌 + 𝑝𝑡)𝑢𝛾𝑢Υ + 𝑝𝑡𝑔𝛾Υ + (𝑝𝑟 − 𝑝𝑡)𝑣𝛾𝑣Υ,  
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𝜌 =  −
ℱ

2
+ ℱ𝒬 [𝒬 +

1

𝑟2
+
𝑒−𝜎

𝑟
(Υ′ + 𝜎′)] ,

𝑝𝑟 =
ℱ

2
− ℱ𝒬 [𝒬 +

1

𝑟2
] ,

𝑝𝑡 =
ℱ

2
− ℱ𝒬

𝒬

2
− ℱ𝒬𝑒

−𝜎
𝒬

2

 −ℱ𝒬𝑒
−𝜎 [

Υ′′

2
+ (

Υ′

4
+
1

2𝑟
) (Υ′ − 𝜎′)] ,

0 =
cot 𝜃

2
𝒬′ℱ𝒬𝒬.

 

cot 𝜃

2
𝒬′ℱ𝒬𝒬 = 0.  

ℱ𝒬𝒬 = 0 ⇒ ℱ(𝒬) = 𝛿1𝒬 + 𝛿2.  

𝜌 =
1

16𝜋𝑟2
[2𝛿1 + 2𝑒

−𝜎𝛿1(𝑟𝜎
′ − 1) − 𝑟2𝛿2],  

𝑝𝑟 =
1

16𝜋𝑟2
[−2𝛿1 + 2𝑒

−𝜎𝛿1(𝑟Υ
′ + 1) + 𝑟2𝛿2],  

𝑝𝑡 =
𝑒−𝜎

32𝜋𝑟
[2𝑒𝜎𝑟𝛿2 + 𝛿1(2 + 𝑟Υ

′)(Υ′ − 𝜎′) + 2𝑟𝛿1Υ
′′]  

Δ(𝑟) =
𝛿1
8𝜋
[𝑒−𝜎 (

Υ′′

2
−
𝜎′Υ′

4
+
(Υ′)2

4
−
Υ′ + 𝜎′

2𝑟
−
1

𝑟2
) +

1

𝑟2
] .  

𝑅1414 =
𝑅1212𝑅3434 − 𝑅1224𝑅1334

𝑅2323
,  

𝑅2323 =
sin2 𝜃(𝑒𝜎 − 1)𝑟2

𝑒−𝜎
, 𝑅1212 =

𝜎′𝑟

2
 

𝑅2424 = −
Υ′𝑟𝑒Υ−𝜎

4
, 𝑅1334 = 𝑅1224sin

2 𝜃 = 0 

𝑅1414 = −
1

4𝑒Υ
[2Υ′′ + (Υ′)2 − 𝜎′Υ′], 𝑅3434 = sin

2 𝜃𝑅2424 

2Υ′′ + (Υ′)2

Υ′
=

𝜎′𝑒𝜎

(𝑒𝜎 − 1)
.  

𝑒Υ = [𝐴1 + 𝐵1∫  √(𝑒
𝜎(𝑟) − 1)𝑑𝑟]

2

 

𝑒𝜎 = 𝑏2𝑟2csch(𝑓𝑟2 + ℎ)csch(𝑓𝑟2 + ℎ) + 1,  

𝑒Υ = [𝐴1 +
𝐵1𝑏

2𝑓
log (

𝑒(𝑓𝑟
2+ℎ) − 1

𝑒(𝑓𝑟
2+ℎ) + 1

)]

2

.  
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8𝜋𝜌 = −
𝑏4𝑟2(𝛿2𝑟

2 − 2𝛿1)csch
4(𝑓𝑟2 + ℎ) + 𝛿2 +𝜙1

2(𝑏2𝑟2csch2(𝑓𝑟2 + ℎ) + 1)2
 

8𝜋𝑝𝑟 =
8𝐵1𝑏𝛿1𝑓𝑟

2log (𝑒)𝑒𝑓𝑟
2+ℎ + 𝛿1𝜙2

𝑟2𝜙3(𝑒
𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟

2+ℎ + 1)
+
𝛿2
2
−
𝛿1
𝑟2
,  

8𝜋𝑝𝑡 =
𝛿2𝜙5(𝑏

4𝑟4csch4(𝑓𝑟2 + ℎ) + 1) + 2𝑏2𝜙6 + 𝜙4

2𝜙7(𝑒
𝑓𝑟2+ℎ − 1)

2
(𝑒𝑓𝑟

2+ℎ + 1)
2  

8𝜋Δ =
𝛿2𝜙5(𝑏

4𝑟4csch4(𝑓𝑟2 + ℎ) + 1) + 2𝑏2𝜙6 + 𝜙4

2𝜙7(𝑒
𝑓𝑟2+𝑢 − 1)

2
(𝑒𝑓𝑟

2+ℎ + 1)
2

 −
8𝐵1𝑏𝛿1𝑓𝑟

2log (𝑒)𝑒𝑓𝑟
2+ℎ + 𝛿1𝜙2

𝑟2𝜙3(𝑒
𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟

2+ℎ + 1)
−
𝛿2
2
+
𝛿1
𝑟2

 

 

Compact 

particle 

star 

𝑀(𝑀0) R(nm) 𝛿1 𝑏(𝑛𝑚−1) 𝑓(nm−1) ℎ 
𝑀

𝑅
 𝐴1 𝐵1 

Cen X-3 1.48 11.6 0.2 0.107 -0.0011 1.39 0.128291379 0.0269800 0.0263286 

Cen X-3 1.49 11.6 0.4 0.107 -0.0011 1.39 0.128481897 0.0235791 0.0264463 

Cen X-3 1.49 11.6 0.6 0.107 -0.0011 1.39 0.128544828 0.0224455 0.0264855 

Cen X-3 1.49 11.6 0.8 0.107 -0.0011 1.39 0.128576724 0.0218787 0.0265051 

Cen X-3 1.49 11.6 1.0 0.107 -0.0011 1.39 0.128671552 0.0201782 0.026564 

 

 

Expression Remarks 

𝜌, 𝑝𝑟 , 𝑝𝑡 > 0, acceptable 
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𝑝𝑟𝑐 ≤ 0 

 > 0, acceptable 

𝑑𝜌

𝑑𝑟
,
𝑑𝑝𝑟
𝑑𝑟

,
𝑑𝑝𝑡
𝑑𝑟

 < 0, acceptable 

𝐹𝑎 , 𝐹ℎ , 𝐹𝑔 balanced 

𝜌 ± 𝑝𝑟 > 0, acceptable 

𝜌 ± 𝑝𝑡 > 0, acceptable 

𝜌 + 𝑝𝑟

+ 2𝑝𝑡 
> 0, acceptable 

𝑚(𝑟) > 0, acceptable 

𝑢(𝑟) 0 < 𝑢(𝑟) <
8

9
, acceptable 

𝑍𝑆 0 < 𝑍𝑆 < 5, acceptable 

𝜔𝑟, 𝜔𝑡 0 < 𝜔𝑟, 𝜔𝑡 < 1, acceptable 

𝑉𝑟
2, 𝑉𝑡

2 0 < 𝑉𝑟
2, 𝑉𝑡

2 < 1, acceptable 

𝑉𝑡
2 − 𝑉𝑟

2 

−1 < |𝑉𝑡
2 − 𝑉𝑟

2| < 1, 

acceptable 

Γ >
4

3
, acceptable 

 

𝑑𝑠2 =−(1 −
2𝑀

𝑟
−
Λ

3
𝑟2)𝑑𝑡2 +

𝑑𝑟2

(1 −
2𝑀
𝑟 −

Λ
3 𝑟

2)
 

 +𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)
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(1 −
2𝑀

𝑟
−
Λ

3
𝑟2)  = 𝑒Υ(𝑅)

(1 −
2𝑀

𝑟
−
Λ

3
𝑟2)  = 𝑒−𝜎(𝑅)

𝑝𝑟(𝑅)  = 0

 

(
𝜕𝑤𝑠𝑠

−

𝜕𝑟
)
𝑟=𝑅

= (
𝜕𝑤𝑠𝑠

+

𝜕𝑟
)
𝑟=𝑅

 

𝑤𝑠𝑠
− = 𝑒Υ, 𝑤𝑠𝑠

+ = (1 −
2𝑀

𝑟
−
Λ

3
𝑟2) .  

Υ′(𝑅) =
6𝑀 − 2Λ𝑅3

3𝑅2 − 6𝑀𝑅 − Λ𝑅4
 

Υ′(𝑅) =
6𝑀 − 2Λ𝑅3

3𝑅2 − 6𝑀𝑅 − Λ𝑅4
 

 

Figura 35. Deformación extrema del espacio – tiempo cuántico por interacción de una partícula blanca 

o estrella.  

𝐴1  =
𝐵1𝑏(−𝜙10(𝛿2 + 𝜙11) − 16𝛿1𝑓log (𝑒)𝑒

𝑓𝑅2+ℎ)

2𝑓𝜙12(𝑒2
(𝑓𝑅2+ℎ) − 1)

𝐵1  = −
𝜙13𝑒

−𝑓𝑅2−ℎ(𝑒2(𝑓𝑅
2+ℎ) − 1)

8𝑏𝛿1log (𝑒)
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𝜔𝑟 = (
8𝐵1𝑏𝛿1𝑓𝑟

2log (𝑒)𝑒𝑓𝑟
2+ℎ + 𝛿1𝜙2

𝑟2𝜙3(𝑒
𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟

2+ℎ + 1)
+ 𝐴)𝐵

𝜔𝑡 = (
𝛿2𝜙5(𝑏

4𝑟4csch4(𝑓𝑟2 + ℎ) + 1) + 𝐶

2𝜙7(𝑒
𝑓𝑟2+ℎ − 1)

2
(𝑒𝑓𝑟

2+ℎ + 1)
2 )𝐵

 

𝑁𝐸𝐶: 𝜌 ≥ 0,
𝑊𝐸𝐶: 𝜌 + 𝑝𝑟 ≥ 0, 𝜌 + 𝑝𝑡 ≥ 0,
𝐷𝐸𝐶: 𝜌 − 𝑝𝑟 ≥ 0, 𝜌 − 𝑝𝑡 ≥ 0,

𝑆𝐸𝐶: 𝜌 + 𝑝𝑟 + 2𝑝𝑡 ≥ 0,
𝑇𝐸𝐶: 𝜌 − 𝑝𝑟 − 2𝑝𝑡 ≥ 0.

 

𝜌 + 𝑝𝑟 , 𝜌 + 𝑝𝑡 , 𝜌 − 𝑝𝑟 , 𝜌 − 𝑝𝑡, 𝜌 + 𝑝𝑟 + 2𝑝𝑡, 𝜌 − 𝑝𝑟 − 2𝑝𝑡 

Γ <
4

3
− [
4

3

𝑝𝑟 − 𝑝𝑡
|𝑝𝑟
′ |𝑟

]
max

 

𝑑𝑝𝑟
𝑑𝑟

+
Υ′(𝜌 + 𝑝𝑟)

2
−
2(𝑝𝑡 − 𝑝𝑟)

𝑟
= 0  

 

𝐹𝑔 + 𝐹ℎ + 𝐹𝑎 = 0;𝐹𝑔 = −
Υ′(𝜌+𝑝𝑟)

2
, 𝐹ℎ = −

𝑑𝑝𝑟

𝑑𝑟
, 𝐹𝑎 =

2(𝑝𝑡−𝑝𝑟)

𝑟
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Figura 36. Densidad de energía, presión radial, presión tangencial y asintropía de una partícula blanca o 

estrella. 

𝑉𝑟
2 =

𝑑𝑝𝑟
𝑑𝜌

, 𝑉𝑡
2 =

𝑑𝑝𝑡
𝑑𝜌

 

𝑉𝑟
2 =

𝑑𝑝𝑟

𝑑𝜌
 𝑉𝑡
2 =

𝑑𝑝𝑟

𝑑𝜌
 

𝜌′′(𝑟) ≤ 0  
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Figuras. 37, 38, 39, 40, 41, 42 y 43. Gradiente de la densidad de energía (
𝑑𝜌

𝑑𝑟
), gradiente de la presión 

radial (
𝑑𝑝𝑟

𝑑𝑟
), gradiente de la presión tangencial (

𝑑𝑝𝑡

𝑑𝑟
) y la indexación adiabática (

𝑑𝑝𝑖𝑛𝑑𝑒𝑥 𝑎𝑑𝑖𝑎𝑏𝑎𝑡𝑖𝑐

𝑑𝑟
)  de 

una partícula blanca o estrella. 

𝑀(𝜌𝑐) =
𝑅

2
(−

𝐷

𝐸(2𝜌𝑐 + 𝛿2) + 𝐷
−
𝛿2𝑅

2

6𝛿1
+ 1) .  

𝑑𝑀

𝑑𝜌𝑐
=

4𝐸𝐷𝑅

(4𝐸𝜌𝑐 + 2𝐸𝛿2 + 12𝛿1csch
2(ℎ))2

 

𝑍𝐺 =
1

√|𝑒Υ(𝑟)|
− 1 =

1

𝐴1 +
𝐵1𝑏
2𝑓

log (
𝑒(𝑓𝑟

2+ℎ) − 1

𝑒(𝑓𝑟
2+ℎ) + 1

)

− 1
 

𝑍𝑆 =
1

√1 − 2𝑢(𝑟)
− 1  
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𝑚(𝑟) =
𝜅

2
∫  
𝑟

0

 𝜌𝑟2𝑑𝑟

𝑢(𝑟) =
𝜅

2𝑟
∫  
𝑟

0

 𝜌𝑟2𝑑𝑟

 

 

Figura. 44. Fuerza gravitacional ( 𝐹𝑔 ), fuerza hidrostática ( 𝐹ℎ ) y fuerza anisotrópica ( 𝐹𝑎 ) de una 

partícula blanca o estrella. 

 

Compact particle 

star 

𝛿1 

density value at r = 0(gm/

nm3) 

density value at r =

R(gm/nm3) 

pressure value at r =

0(dyne /nm2)  

Cen X-3 0.2 0.041349 × 1014 0.03222 × 1014 0.043506 × 1034 

Cen X-3 0.4 0.082698 × 1014 0.06444 × 1014 0.091846 × 1034 

Cen X-3 0.6 0.124047 × 1014 0.09666 × 1014 0.140186 × 1034 

Cen X-3 0.8 0.165396 × 1014 0.12888 × 1014 0.188526 × 1034 

Cen X-3 1.0 0.206745 × 1014 0.16110 × 1014 0.236866 × 1034 
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𝑚(𝑟) = −
2𝜋𝑟3(2𝑏2(𝛿2𝑟

2 − 6𝛿1) + 𝛿2(𝜙14 − 1))

3(2𝑏2𝑟2 +𝜙14 − 1)

𝑢(𝑟) = −
2𝜋𝑟2(2𝑏2(𝛿2𝑟

2 − 6𝛿1) + 𝛿2(𝜙14 − 1))

3(2𝑏2𝑟2 + 𝜙14 − 1)
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Figuras 45, 46, 47 y 48. Velocidad radial ( 𝑉𝑟
2 ), velocidad tangencial ( 𝑉𝑡

2 ) y velocidad resultante ( 

|𝑉𝑡
2 − 𝑉𝑟

2| ) y comportamiento de la masa 
𝑑𝑀

𝑑𝜌𝑐
 de una partícula estrella o blanca. 

 

 

Figura 49. Gravitational Redshift ( 𝑍𝐺  ) y Surface Redshift ( 𝑍𝑆 ) de una partícula blanca o estrella. 
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2+ℎ + 1
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𝜙3 = (𝑏
2𝑟2csch2(𝑓𝑟2 + ℎ) + 1)(2𝐴1𝑓 + 𝐵1𝑏log (

𝑒𝑓𝑟
2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

))

𝜙
4
= 16𝐵1𝑏𝛿1𝑓log (𝑒)𝑒

𝑓𝑟2+ℎ(𝑒2(𝑓𝑟
2+ℎ) − 1) − 16𝐵1𝑏𝛿1𝑓

2𝑟2log2 (𝑒)𝑒𝑓𝑟
2+ℎ(𝑒2(𝑓𝑟

2+ℎ) + 1)

𝜙5 = (𝑒
2(𝑓𝑟2+ℎ) − 1)

2
(2𝐴1𝑓 + 𝐵1𝑏log (

𝑒𝑓𝑟
2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

))

𝜙6 = csch
2(𝑓𝑟2 + ℎ) (4𝐵1𝑏𝛿1𝑓𝑟

2log (𝑒)(𝑒2(𝑓𝑟
2+ℎ) − 1)𝑒𝑓𝑟
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2))

𝜙7 = (𝑏
2𝑟2csch2(𝑓𝑟2 + ℎ) + 1)2 (2𝐴1𝑓 + 𝐵1𝑏log (

𝑒𝑓𝑟
2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

))

𝜙8 = 𝑏𝛿1𝑓
2𝑟4log2 (𝑒)𝑒𝑓𝑟

2+ℎ(𝑒2(𝑓𝑟
2+ℎ) + 1)

𝜙
9
= 2𝛿1𝑓𝑟

2(𝑒2(𝑓𝑟
2+ℎ) − 1)coth(𝑓𝑟2 + ℎ)(4𝐵1𝑏𝑓𝑟

2log (𝑒)𝑒𝑓𝑟
2+ℎ + 𝜙2)

𝜙10 = (𝑒
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2+ℎ + 1

)
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2)csch2(𝑓𝑅2 + ℎ)

𝜙12 = 𝛿1 − 𝑏
2(2𝛿1 − 𝛿2𝑅

2)csch2(𝑓𝑅2 + ℎ)
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𝑏2𝑅2csch2(𝑓𝑅2 + ℎ) + 1
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2(2𝛿1 − 𝛿2𝑅
2)csch2(𝑓𝑅2 + ℎ))

𝜙14 = cosh (2(𝑓𝑟
2 + ℎ))

𝐴 =
𝛿2
2
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𝛿1
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2(𝑏2𝑟2csch2(𝑓𝑟2 + ℎ) + 1)2

𝑏4𝑟2(𝛿2𝑟
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4(𝑓𝑟2 + ℎ) + 𝛿2 + 𝜙1
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𝐸 = 𝑅2csch(𝑓𝑅2 + ℎ)csch(𝑓𝑅2 + ℎ)
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2𝑟2csch(𝑓𝑟2 + ℎ)2
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2𝑓𝑟log (𝑒)𝑒𝑓𝑟
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2+ℎ + 𝜙2)

𝜙18 =
2𝛿1𝑓log (𝑒)𝑒

𝑓𝑟2+ℎ(8𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)
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𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟
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2
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4(𝑓𝑟2 + ℎ) + 𝛿2 + 𝜙1

2𝜙15
2 +

𝛿1(8𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)
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𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟
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𝜙21 = 𝐴 +
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𝜙23 =
𝑏𝐵1𝜙22(𝑒
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𝑒𝑓𝑟
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2+ℎ + 1)

𝜙26 = 𝑏
4𝑟2(𝛿2𝑟

2 − 2𝛿1)csch
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𝑏4𝑟2(𝛿2𝑟

2 − 2𝛿1)csch
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2+ℎ

 −16𝑏𝐵1𝛿1𝑓log (𝑒)(𝑒
2(𝑓𝑟2+ℎ) − 1)𝑒𝑓𝑟

2+ℎ + 𝛿2𝜙5

𝜌 − 𝑝𝑟 − 2𝑝𝑡 = 𝐴 −
𝑏4𝑟2(𝛿2𝑟

2 − 2𝛿1)csch
4(𝑓𝑟2 + ℎ) + 𝛿2 + 𝜙1

2𝜙15
2 + 𝑏4𝛿2𝑟

4𝜙5csch
4(𝑓𝑟2 + ℎ)

 +
2𝑏2𝑊2csch

2(𝑓𝑟2 + ℎ)

𝜙7(𝑒
𝑓𝑟2+ℎ − 1)

2
(𝑒𝑓𝑟

2+ℎ + 1)
2 −

𝛿1(8𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)

𝑟2𝜙3(𝑒
𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟

2+ℎ + 1)
−𝑊3
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𝑍1 = 𝐴 −
𝑏4𝑟2(𝛿2𝑟

2 − 2𝛿1)csch
4(𝑓𝑟2 + ℎ) + 𝛿2 + 𝜙1

2𝜙15
2 +

𝜙24
2

𝑍2 =
2𝛿1𝑓log (𝑒)𝑒

𝑓𝑟2+ℎ(8𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)

𝑟𝜙3(𝑒
𝑓𝑟2+ℎ − 1)

2
(𝑒𝑓𝑟

2+ℎ + 1)

𝑍3 = 16𝑏𝐵1𝑓
2𝑟3log2 (𝑒)𝑒𝑓𝑟

2+ℎ + 16𝑏𝐵1𝑓𝑟log (𝑒)𝑒
𝑓𝑟2+ℎ

𝑍4 =

(

 
 
𝐴1 +

𝑏𝐵1log (
𝑒𝑓𝑟

2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

)

2𝑓

)

 
 

𝑍5 =
𝑏𝐵1𝜙22(𝑒

𝑓𝑟2+ℎ + 1)(𝑒2(𝑓𝑟
2+ℎ) − 1)

𝑒𝑓𝑟
2+ℎ − 1

𝑍6 = 2𝑏
4𝛿2𝑟

3csch4(𝑓𝑟2 + ℎ) − 8𝑏2𝑓𝑟coth(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ)(−3𝛿1 + 4𝛿1𝑓𝑟
2coth(𝑓𝑟2 + ℎ) + 𝛿2𝑟

2)

𝑍7 = 2𝑏
4𝑟(𝛿2𝑟

2 − 2𝛿1)csch
4(𝑓𝑟2 + ℎ) − 8𝑏4𝑓𝑟3(𝛿2𝑟

2 − 2𝛿1)coth(𝑓𝑟
2 + ℎ)csch4(𝑓𝑟2 + ℎ)

 +2𝑏2csch2(𝑓𝑟2 + ℎ)(−8𝛿1𝑓
2𝑟3csch2(𝑓𝑟2 + ℎ) + 8𝛿1𝑓𝑟coth(𝑓𝑟

2 + ℎ) + 2𝛿2𝑟)

𝑍8 = −8𝑏
2𝑓coth(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ)(−3𝛿1 + 4𝛿1𝑓𝑟

2coth(𝑓𝑟2 + ℎ) + 𝛿2𝑟
2)

𝑍9 = 32𝑏
2𝑓2𝑟2coth2(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ)(−3𝛿1 + 4𝛿1𝑓𝑟

2coth(𝑓𝑟2 + ℎ) + 𝛿2𝑟
2)

𝑍10 = 10𝑏
4𝛿1𝑟

2csch4(𝑓𝑟2 + ℎ) + 2𝑏4(𝛿2𝑟
2 − 2𝛿1)csch

4(𝑓𝑟2 + ℎ) − 32𝑏4𝛿2𝑓𝑟
4coth(𝑓𝑟2 + ℎ)csch4(𝑓𝑟2 + ℎ)

𝑍11 = 16𝑏
4𝑓2𝑟4(𝛿2𝑟

2 − 2𝛿1)csch
6(𝑓𝑟2 + ℎ) + 64𝑏4𝑓2𝑟4(𝛿2𝑟

2 − 2𝛿1)coth
2(𝑓𝑟2 + ℎ)csch4(𝑓𝑟2 + ℎ)

 +40𝑏4𝑓𝑟2(𝛿2𝑟
2 − 2𝛿1)coth(𝑓𝑟

2 + ℎ)csch4(𝑓𝑟2 + ℎ) + 16𝑏2𝑓2𝑟2csch4(𝑓𝑟2 + ℎ)(4𝑏𝛿1𝑟
2coth(𝑓𝑟2 + ℎ) − 3𝛿1 + 𝛿2𝑟

2)

𝑍12 = 16𝑏
2𝑓𝑟coth(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ)(−8𝛿1𝑓

2𝑟3csch2(𝑏𝑟2 + 𝑐) + 8𝛿1𝑓𝑟coth(𝑓𝑟
2 + ℎ) + 2𝛿1𝑟)

𝑍13 = 2𝑏
2csch2(𝑓𝑟2 + ℎ)(2𝛿2 − 40𝛿2𝑓

2𝑟2csch2(𝑓𝑟2 + ℎ) + 8𝛿1𝑓coth(𝑓𝑟
2 + 𝑓))

𝑍14 = 𝑏
4𝑟2(𝛿2𝑟

2 − 2𝛿1)csch
4(𝑓𝑟2 + ℎ) + 𝛿2 + 𝜙1

𝑍15 = 8𝑏
2𝑓2𝑟4csch4(𝑓𝑟2 + ℎ) + 16𝑏2𝑓2𝑟4coth2(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ) + 2𝑏2csch2(𝑓𝑟2 + ℎ) − 20𝑏2𝑓𝑟2coth(𝑓𝑟2 + ℎ)

 × csch2(𝑓𝑟2 + ℎ)

𝐹𝑔 = −
𝑏𝐵1𝑍1𝜙22(𝑒

𝑓𝑟2+ℎ + 1)

2𝑓(𝑒𝑓𝑟
2+ℎ − 1)𝑍4

𝐹ℎ =
𝑎𝐵1𝛿1𝜙22(8𝑏𝐵1𝑓𝑟

2log (𝑒)𝑒𝑓𝑟
2+ℎ + 𝜙2)

𝑟2𝜙2𝜙5

 +
𝛿1(2𝑏

2𝑟csch2(𝑓𝑟2 + ℎ) − 4𝑏2𝑏𝑟3coth(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ))(8𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)

𝑟2𝜙7(𝑒
𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟

2+ℎ + 1)

 −
𝛿1(4𝑓𝑟𝑍4log (𝑒)𝑒

2(𝑓𝑟2+ℎ) + 𝑍3 + 𝑍5)

𝑟2𝜙3(𝑒
𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟

2+ℎ + 1)
−
2𝛿1
𝑟3
+ 𝑍2 + 𝜙18 + 𝜙24

𝐹𝑎 =
2

𝑟
(

2𝑎2𝑊2csch
2(𝑏𝑟2 + 𝑐)

2𝜙7(𝑒
𝑏𝑟2+𝑐 − 1)

2
(𝑒𝑏𝑟

2+𝑐 + 1)
2 + 𝐴 −

𝑟𝜙24
2

+𝑊1)

𝜌′′ =
−𝑍15(𝑎

4𝑟2(𝛿2𝑟2 − 2𝛿1)csch4(𝑏𝑟2 + 𝑐) + 𝛿2 + 𝜙1)

𝜙15
7

 −
3𝑍14(2𝑎

2𝑟csch2(𝑏𝑟2 + 𝑐) − 4𝑎2𝑏𝑟3coth(𝑏𝑟2 + 𝑐)csch2(𝑏𝑟2 + 𝑐))
2

𝜙15
4

 −
2(𝑍6 + 𝑍7)(2𝑎

2𝑟csch2(𝑏𝑟2 + 𝑐) − 4𝑎2𝑏𝑟3coth(𝑏𝑟2 + 𝑐)csch2(𝑏𝑟2 + 𝑐))

𝜙15
7

 +
𝑍8 + 𝑍9 + 𝑍10 − 𝑍11 − 𝑍12 + 𝑍13 + 𝑍14

2𝜙15
6

𝑇1 = 𝑏
3(𝑒2(𝑓𝑟

2+ℎ) − 1)
2
csch4(𝑓𝑟2 + ℎ)(2𝐴1𝑓 + 𝑏𝐵1log (

𝑒𝑓𝑟
2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

))

2
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𝑇2 = 2𝐴1𝑓(𝑒
2(𝑓𝑟2+ℎ) + 1) + 2𝑏𝐵1𝑒

𝑓𝑟2+ℎ + 𝑏𝐵1(𝑒
2(𝑓𝑟2+ℎ) + 1)log (

𝑒𝑓𝑟
2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

)

𝑇3 = 2𝑏𝑓𝜙2coth(𝑓𝑟
2 + ℎ)csch2(𝑓𝑟2 + ℎ)(8𝑏𝐵1𝑓𝑟

2log (𝑒)𝑒𝑓𝑟
2+ℎ + 𝜙2)

𝑇4 = 𝑓𝑟
2log (𝑒)(2𝐴1𝑓(𝑒

2(𝑓𝑟2+ℎ) + 1) + 2𝑏𝐵1𝑒
𝑓𝑟2+ℎ + 𝑏𝐵1(𝑒

2(𝑓𝑟2+ℎ) + 1)log (
𝑒𝑓𝑟

2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

)) + 𝜙2

𝑇5 = csch
2(𝑓𝑟2 + ℎ)(𝑏2𝑟2(𝑏2 − 4𝑓2𝑟2)csch2(𝑓𝑟2 + ℎ) + 5𝑏2 − 4𝑓2𝑟2)

 +8𝑓2𝑟2coth2(𝑓𝑟2 + ℎ)(𝑏2𝑟2csch2(𝑓𝑟2 + ℎ) − 1) + 2𝑓coth(𝑓𝑟2 + ℎ)(5 − 3𝑏2𝑟2csch2(𝑓𝑟2 + ℎ))

𝐷1 = 𝑏
4𝛿2𝑟

4𝜙5csch
4(𝑓𝑟2 + ℎ) − 16𝑏3𝐵1𝛿1𝑓

2𝑟4log2 (𝑒)(𝑒2(𝑓𝑟
2+ℎ) + 1)𝑒𝑓𝑟

2+ℎcsch2(𝑓𝑟2 + ℎ)

 +4𝑏2𝛿1𝑓𝑟
2(𝑒2(𝑓𝑟

2+ℎ) − 1)coth(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ)(4𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)

 +8𝑏𝑏2𝐵1𝛿1𝑓𝑟
2log (𝑒)(𝑒2(𝑓𝑟

2+ℎ) − 1)𝑒𝑓𝑟
2+ℎcsch2(𝑓𝑟2 + ℎ) − 2𝑏2𝜙5(𝛿1 − 𝛿2𝑟

2)csch2(𝑓𝑟2 + ℎ)

 −16𝑏𝐵1𝛿1𝑓
2𝑟2log2 (𝑒)(𝑒2(𝑓𝑟

2+ℎ) + 1)𝑒𝑓𝑟
2+ℎ + 16𝑏𝐵1𝛿1𝑓log (𝑒)(𝑒

2(𝑓𝑟2+ℎ) − 1)𝑒𝑓𝑟
2+ℎ + 𝛿2𝜙5

𝐷2 = 4𝑏
5𝐵1𝛿2𝑓𝑟

5log (𝑒)(−𝑒𝑓𝑟
2+ℎ)(𝑒𝑓𝑟

2+ℎ + 1)𝑒𝑓𝑟
2+ℎcsch4(𝑓𝑟2 + ℎ) + 8𝑏4𝛿2𝑓𝑟

5𝜙2log (𝑒)𝑒
2(𝑓𝑟2+ℎ)csch4(𝑓𝑟2 + ℎ)

 −8𝑏4𝛿2𝑓𝑟
5𝜙5coth(𝑓𝑟

2 + ℎ)csch4(𝑓𝑟2 + ℎ) + 4𝑏4𝛿2𝑟
3𝜙5csch

4(𝑓𝑟2 + ℎ)

 −64𝑏3𝐵1𝛿1𝑓
3𝑟𝑟4log2 (𝑒)(𝑒2(𝑓𝑟

2+ℎ) + 1)𝑒𝑓𝑟
2+ℎcoth(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ)

 −32𝑏3𝐵1𝛿1𝑓
2𝑟𝑟2log (𝑒)(𝑒2(𝑓𝑟

2+ℎ) − 1)𝑒𝑓𝑟
2+ℎcoth(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ)

 +16𝑏2𝛿1𝑓
2𝑟3(𝑒2(𝑓𝑟

2+ℎ) − 1)coth2(𝑓𝑟2 + ℎ)csch3(𝑓𝑟2 + ℎ)(4𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)

 −8𝑏2𝑓𝑟𝜙5(𝛿1 − 𝛿2𝑟
2)coth(𝑓𝑟2 + ℎ)csch2(𝑓𝑟2 + ℎ) − 64𝑏𝐵1𝛿1𝑓

3𝑟3log3 (𝑒)𝑒3(𝑏𝑟
2+𝑐)

 −32𝑏𝐵1𝛿1𝑓
3𝑟3log3 (𝑒)(𝑒2(𝑓𝑟

2+ℎ) + 1)𝑒𝑓𝑟
2+ℎ − 32𝑏𝐵1𝛿1𝑓

2𝑟log2 (𝑒)(𝑒2(𝑓𝑟
2+ℎ) + 1)𝑒𝑓𝑟

2+ℎ

 +32𝑏𝐵1𝛿1𝑓
2𝑟log2 (𝑒)(𝑒2(𝑓𝑟

2+ℎ) − 1)𝑒𝑓𝑟
2+ℎ + 64𝑏𝐵1𝛿1𝑓

2𝑟log2 (𝑒)𝑒3(𝑓𝑟
2+ℎ)

 +4𝑏𝐵1𝛿2𝑓𝑟log (𝑒)(𝑒
𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟

2+ℎ + 1)𝑒𝑓𝑟
2+ℎ + 8𝑏𝛿2𝑟𝜙2log (𝑒)𝑒

2(𝑓𝑟2+ℎ)

𝐷3 = 8𝛿1𝑓
2𝑟3log (𝑒)𝑒𝑓𝑟

2+ℎ(𝑒2(𝑓𝑟
2+ℎ) − 1)coth(𝑓𝑟2 + ℎ)

𝐷4 = 𝐷3 (2𝐴1𝑓𝑒
𝑓𝑟2+ℎ + 𝑏𝐵1𝑒

𝑓𝑟2+ℎlog (
𝑒𝑓𝑟

2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

) + 2𝑏𝐵1𝑓𝑟
2log (𝑒) + 3𝐵1𝑏)

 −16𝑏𝐵1𝛿1𝑓
3𝑟5log3 (𝑒)(𝑒2(𝑓𝑟

2+ℎ) + 1)𝑒𝑓𝑟
2+ℎ − 32𝑏𝐵1𝛿1𝑓

3𝑟5log3 (𝑒)𝑒3(𝑓𝑟
2+ℎ)

 +8𝛿1𝑓
2𝑟3log (𝑒)𝑒2(𝑓𝑟

2+ℎ)coth(𝑓𝑟2 + ℎ)(4𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)

 −4𝛿1𝑓
2𝑟3(𝑒2(𝑓𝑟

2+ℎ) − 1)csch2(𝑓𝑟2 + ℎ)(4𝑏𝐵1𝑓𝑟
2log (𝑒)𝑒𝑓𝑟

2+ℎ + 𝜙2)

 −32𝑏𝐵1𝛿1𝑓
2𝑟3log2 (𝑒)(𝑒2(𝑓𝑟

2+ℎ) + 1)𝑒𝑓𝑟
2+ℎ + 8𝑏𝐵1𝛿1𝑓

2𝑟3log2 (𝑒)(𝑒2(𝑓𝑟
2+ℎ) − 1)𝑒𝑓𝑟

2+ℎ

 +16𝑏𝐵1𝛿1𝑓
2𝑟3log2 (𝑒)𝑒3(𝑓𝑟

2+ℎ) + 4𝛿1𝑓𝑟(𝑒
2(𝑓𝑟2+ℎ) − 1)coth(𝑓𝑟2 + ℎ)(4𝑏𝐵1𝑓𝑟

2log (𝑒)𝑒𝑓𝑟
2+ℎ + 𝜙2)

 +8𝑏𝐵1𝛿1𝑓𝑟log (𝑒)(𝑒
2(𝑓𝑟2+ℎ) − 1)𝑒𝑓𝑟

2+ℎ + 4𝑏𝐵1𝑓𝑟log (𝑒)(𝛿2𝑟
2 − 𝛿1)(𝑒

𝑓𝑟2+ℎ − 1)(𝑒𝑓𝑟
2+ℎ + 1)𝑒𝑓𝑟

2+ℎ

 +8𝑓𝑟𝜙2log (𝑒)(𝛿2𝑟
2 − 𝛿1)𝑒2(𝑏𝑟

2+𝑐) + 2𝛿2𝑟𝜙5
𝐷5 = −4𝑏

4𝑟2 − 2(𝑏2(8𝑓2𝑟4 + 5) − 4𝑓2𝑟2)cosh (2(𝑓𝑟2 + ℎ)) + 12𝑏2𝑓𝑟2sinh (2(𝑓𝑟2 + ℎ)) + 10𝑏2

 −5𝑓sinh (4(𝑏𝑟2 + 𝑐)) + 4𝑓2𝑟2cosh (4(𝑓𝑟2 + ℎ)) − 12𝑓2𝑟2 + 10𝑓sinh (2(𝑓𝑟2 + ℎ))

𝐷6 = 4𝑏
2𝑟(𝑒𝑓𝑟

2+ℎ − 1)(𝑒𝑓𝑟
2+ℎ + 1)(1 − 2𝑓𝑟2coth(𝑓𝑟2 + ℎ))csch2(𝑓𝑟2 + ℎ)

𝑉𝑟
2 = −

𝜙15sinh
2 (𝑓𝑟2 + ℎ)(−8𝑏2𝑓𝐵1𝑇4log (𝑒)𝑒

𝑓𝑟2+ℎcsch2(𝑓𝑟2 + ℎ) − 8𝑏2𝐵1𝑇2log
2 (𝑒)𝑒𝑓𝑟

2+ℎ + 𝑇1 + 𝑇3)

𝑎𝑇5(𝑒
𝑓𝑟2+ℎ − 1)

2
(𝑒𝑓𝑟

2+ℎ + 1)
2
(𝑓𝐵1log (

𝑒𝑓𝑟
2+ℎ − 1

𝑒𝑓𝑟
2+ℎ + 1

) + 2𝐴1𝑏)
2
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𝑉𝑡
2 =

𝜙3(𝑒
bf𝑟2+ℎ − 1)(𝑒bf𝑟

2+ℎ + 1)sinh6 (bf𝑟2 + ℎ)(2𝑏2𝐷3csch
2(bf𝑟2 + ℎ) + 𝐷2)

𝑏2𝛿1𝐷5𝑟(𝑒
2(bf𝑟2+ℎ) − 1)

3
(2𝐴1𝑓 + 𝑏𝐵1log (

𝑒efr𝑟
2+ℎ − 1

𝑒bf𝑟
2+ℎ + 1

))

2

 −4𝐷1𝑓𝑟𝜙15log (𝑒)(𝑒
bf𝑟2+ℎ + 1)𝑒bf𝑟

2+ℎsinh6 (bf𝑟2 + ℎ)(2𝐴1𝑓 + 𝑏𝐵1log (
𝑒bf𝑟

2+ℎ − 1

𝑒bf𝑟
2+ℎ + 1

))

 −𝐷6𝐷1sinh
6 (bf𝑟2 + ℎ)(2𝐴1𝑓 + 𝑏𝐵1log (

𝑒bfr𝑟
2+ℎ − 1

𝑒bfr𝑟
2+ℎ + 1

)) − 4𝑏𝐵1𝐷1𝑓𝑟𝜙15log (𝑒)𝑒
bf𝑟2+ℎsinh6 (bfr2 + ℎ)

 −4𝐷1𝑓𝑟𝜙3log (𝑒)(𝑒
bf𝑟2+ℎ − 1)𝑒bf𝑟

2+ℎsinh6 (bf𝑟2 + ℎ)

 

En el volumen 2 de este trabajo, continúa el desarrollo matemático. 

CONCLUSIONES.  

De los resultados obtenidos en el apartado anterior, se concluye: 1) que la supergravedad cuántica 

relativista consiste en la deformación extrema del espacio – tiempo cuántico; 2) que la deformación 

extrema del espacio – tiempo cuántico, se desarrolla en dimensiones altas; 3) que las dimensiones o 

supermembranas formadas por la referida distorsión, comportan otros puntos lejanos del espacio – 

tiempo cuántico, en los que, la dimensión temporal es diferente para cada caso; 4) la formación de 

dimensiones altas, supone la existencia de múltiples regiones que no convergen en un mismo espacio – 

tiempo cuántico, sino en distintos sectores espaciales, por lo que, la transdimensionalidad y la 

multidimensionalidad ocurren a escalas infinitas y en ramificación, pues parten de una dimensión cero 

o de origen; 5) la supergravedad cuántica relativista, obedece a la interacción de una superpartícula, 

llamada también partícula blanca o estrella, es decir, aquella cuyo centro de masa y energía es 

extremadamente denso, capaz de deformar el espacio – tiempo cuántico en forma extrema, formando 

así, la supergravedad. Sin embargo, esta partícula también puede alcanzar la velocidad de la luz, por lo 

que, se la denomina suprapartícula, con las mismas propiedades que la aquí referida. Asimismo, la 

superpartícula o suprapartícula, según sea el caso, también produce supergravedad cuando interactúa 

con el supergravitón, esto es, con la supercompañera del gravitón, por lo que el espacio – tiempo 

cuántico distorsionado, se ve permeado y por ende, mutado por el campo supergravitónico vinculante; 

y, 6) la supersimetría de gauge y su modelamiento matemático, permite conciliar la relatividad general 

y especial y la mecánica cuántica, en la medida en que, estamos ante campos cuánticos en los que 

interfiere la dualidad holográfica y el principio cosmológico. 
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ACLARACIONES FINALES: 

 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica de 

Campos Relativistas o Curvos (TCCR) propuesta por este autor: 

 

1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 

 

2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo‡o por este símbolo ‡. 

 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 

 

3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo de Yang 

– Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría Cuántica de 

Campos Relativistas propuesta por este autor. 

 

4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 
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