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RESUMEN

En este trabajo, me propondré formalizar matematicamente la Teoria Cuantica de Campos Relativistas
(TCCR), en escenarios de gravedad y supergravedad cuanticas. Se profundizara principalmente en la
necesidad ineludible de encontrar y determinar simetrias y supersimetrias isométricas y homeomorfas,
esto a proposito de campos de gauge asimétricos y entropicos. La finalidad de este articulo, es dotar a
la TCCR, de un modelo formal que reconcilie la relatividad especial y general con la mecanica cuantica,
desde dos conceptos esenciales, siendo éstos, gravedad y supergravedad cuénticas, y la relacion con sus
consecuencias logicas. Intentaremos aqui, compactar un modelo que permita predecir y detectar el
comportamiento de una particula blanca y oscura respectivamente, asi como sus interacciones con el
supergraviton y el graviton, segin corresponda, esto, cuando existe interferencia gravitonica, pero
quiero en lo principal, describir un modelo de simulaciéon por deformacion del espacio — tiempo
cuantico, cuando interactla, exclusivamente una particula supermasiva o una particula estrella, debido
a la inmensa densidad de su masa y/o energia y entender por tanto, a la gravedad, como una cualidad
propia de las particulas subatomicas cuyo centro de masa — energia es extremo, lo que permite la
distorsion del plano cuantico, a tal punto de hacerlo, en dimensiones altas o en dimensiones sin
desprendimiento y la formacion de materia y energia oscuras, integradas éstas ultimas, con la existencia
de particulas oscuras, en extremo densas, en la que la gravedad, es el Gnico elemento transdimensional

y multisectorial.
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ABSTRACT

In this work, I will propose to mathematically formalize the Quantum Theory of Relativistic Fields
(TCCR), in quantum gravity and supergravity scenarios. The unavoidable need to find and determine
isometric and homeomorphic symmetries and supersymmetries will be deepened, this with regard to
asymmetric and entropic gauge fields. The purpose of this article is to provide the TCCR with a formal
model that reconciles special and general relativity with quantum mechanics, from two essential
concepts, these being, quantum gravity and supergravity, and the relationship with their logical
consequences. We will try here to compact a model that allows predicting and detecting the behavior of
a white and dark particle respectively, as well as their interactions with the supergraviton and the
graviton, as appropriate, this, when there is gravitonic interference, but I want to describe a simulation
model by deformation of quantum space-time, when it interacts, exclusively, a supermassive particle or
a star particle, due to the immense density of its mass and/or energy and therefore understand gravity
as a quality of subatomic particles whose center of mass-energy is extreme, which allows the distortion
of the quantum plane, to the point of doing so, in high dimensions or in dimensions without detachment
and the formation of dark matter and energy, The latter are integrated with the existence of dark,

extremely dense particles, in which gravity is the only transdimensional and multisectoral element.

Keywords: quantum theory of relativistic fields, quantum supergravity, quantum gravity, D dimensions,

supersymmetry

Articulo recibido 11 agosto 2025
Aceptado para publicacion: 13 setiembre 2025




INTRODUCCION

La Teoria Cuantica de Campos Relativistas, plantea algunas hipdtesis teodricas, las mismas que seran
abordadas en este trabajo, entre ecllas, la existencia de particulas supermasivas y particulas estrella
respectivamente, la existencia de agujeros negros a escala cuantica, la existencia de ondas cuanticas
gravitacionales por colapso de una particula estrella u oscura o por colision de dos particulas con centros
de masa y/o energia extremadamente densos, pero sobre todo, la supergravedad y gravedad cuanticas,
entendidas como un fendmeno de distorsion y deformacion del espacio — tiempo cuantico, por
interaccion de las antes referidas particulas, con o sin intervencion gravitonica y en un marco de dualidad
holografica y simetrias de gauge compactas e isométricas. El objetivo de este trabajo es cuantizar los
fenomenos antes referidos, robusteciendo la fisica de particulas que le es inherente a este sistema y por
ende, la aplicacion de la mecénica relativista a la fisica cudntica y viceversa.

RESULTADOS Y DISCUSION

El desarrollo matematico expuesto a continuacion, complementa el sistema de ecuaciones contenido en
el volumen II de este manuscrito.

Modelo cohomoldgico de Supergravedad Cuantica Relativista con o sin intervencion
supergravitonica (también se puede referir como interferencia o intervencion graviténica, en un

sentido mas amplio): Ecuaciones de Campo.
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Morfologia y fenomenologia de la particula estrella o blanca en supergravedad
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d d d
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¢ 1+ 3X2+4X 25
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Aclaraciones hasta aqui, en relacion a este apartado:

1. Todas las figuras arriba colocadas, describen el comportamiento y caracteristicas de funcionamiento
de una particula blanca o estrella y sus interacciones en relacion al campo cuéntico en el que incida a
propésito de su manifestacion fisica.

2. Todas las magnitudes, estan calculadas a escala cuantica, mas de existir contradiccion (muy
probablemente se haga referencia a magnitudes a escala macroscopica), prevalecera el método de
calculo que corresponda a nivel subatomico, todo esto, dentro de las hipotesis tedricas contenidas en la
Teoria Cuantica de Campos Relativistas o Curvos (TCCR) formulada por este autor, tanto en este
articulo como en otros trabajos.

Modelo Matematico de Cuantizacion de la Teoria Cuantica de Campos Relativistas o Curvos
(TCCR). Modelo Unificado.
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f(0) = 0,f'(m) - af (m) = 0

Acos mA = asin wA.

Acotanmd = a.




1 d?
2 dx?

H= +ax-1,1(®)V = C°(R) € H = L*(R)

(H-Eyu=f
£ = [ GGy
R

(H=-E)f =8(x~y)

[f. 4] = in{f, g} + 0(h*),h > 0

m

(i)

2 42

_ h
H= —7d—(12+U(Q)

d [4, H] i ~
a(w(t),fhl}(t)) = <¢(t),—h¢(t)> = —g(ll)(t). [4, H]$ (D))

i
__ip
Y=-7HY
en
YO = 1),
itH itH
A(t):=e R A(0)e
A () = 1A, )

WO, AP(D) = P(0), ALP(0))-
. K2 q2
U(q) — s |q| = of = 515+ U(q)
~ h?
E(®):= (¢, H9) = fR (7¢>'(q)2 + U(q)¢(q)z> dq
$:R—R [ ¢(0)%dt = (v]A|w)

GrA™ (t, s tn): = (Q,q(8) ... q (£,)2)

_LA
zZHam = Tr(e™h

Tr (q(—itn) q(—itl)e_%>

_LA
Tr (e [ )

gHam(_jt ., —it)) = GE(ty, ..., t,)

gHam(—jt,, ..., —it,) =

- Ham _
Z[*™ =71, Gui™ = G

ey Ty
hEm=U == D




2

H,(x)e 2

_L 3L
Z{Iam=62+ez+'"= I L_ZL’
ez—e 2
~ 1d*> q?
H=—-—-=—+—
2dq?
A=ata+5,

2
H (a*)nﬂ —eTn 4+ %,n € Zsy
q0)=q = i(a+ at)
V2
[ata a] = —a,[ata at] = at

1 ., 1, .
q(t) = —_pita a(a + a'l')e—tta a _ _(e—lta + etta'l')
V2 V2

Tr (H}‘:l (etia® + e‘tia)e_L(aT‘”%))
Tr( (aT‘”%))

n
Ham (—ity, .., —ity,) =272

Ham(—it,, ..., —ity) =

t1—t;

ti—t
e et
n g,lL(_ltZJ ey _ltj—ll _ltj+1r ltn) <— - —) =

NIH

1 el-1

n
j=2

Z GHam, (=ity, ..., —itj_q, —itjpq, o, —itn) G (6 — ;)

t—s 5=
T = Gt~ ) (,q(t1) - 4 () 4(5)U (@) = =L~ V(q)
k
_ 9r4q
Vig) = T
k=3
ZHam — Tr(e"“ﬁ) = Tr(e‘L(ﬁﬂ‘V)),
_ 1 d? 1
H =———0 2.2
0 2 dqz +-m q
e—L(ﬁo—V) = e—Lﬁo + Z f e—(L—51)ﬁ0Ve—(S1—Sz)ﬁoV e_(S"‘l_S")ﬁOVe_S"ﬁOdS
N>1 “L251225y20
e4tB = o4 Z f e(1=s)ABe(s1=S2)AR  o(sn-1-SWABesnA dg
N>1 V125122520

le:lam — Z Z gh g]NJ-
1

=3 25,225y 2

Tr(go(—is1)’t ...qo (—iSN)jNe—Lﬁo)dS
0




2,2
qo(t) -

j [] 665~ swas
0<51,...SN<L

v-w

i
Hk gkk Ham
| Autl’ “*

=2z
Tr(e‘(L‘timqe‘(tl‘tzmq qe‘tnﬁ)

— K2 d2
GHI™ = Gy : R > RH = 2R A = — 525

iN
@R > S' = R/21rZH: = [2(SY) e+ k22

2r2

tH ipig (t-t)H  ipng _taH

Qehere h .ere A

h 2
o272 (tj=tjea)(ps++py)

LA _N%Lh
Trle & | = z e 2r?

NEZ

A ipq (G=tPH  ipng L-tpH Losn (et ) (N=py——p;)?
Tr<e here h .ere h = Z o272 2j=0 (8j=tj41)(N=P1==p)) ,

NE€Z

h 2 h
eﬁzj(tj—tjﬂ)(l’l*"“ﬂ’j) Z e_F(LNZ+2NZipJ'tJ') _

NEZ

ez_:‘lzzj (ti-tir)(Pat+0))" h z pit; _Lh
2mir2 L 1 2w
j

u 1 nu?
— =] = T
0 (iT'T) NTe' T 0(u,T)

B 2nr?
T AL

2mtNr _2m?N*r?
IR

an(®) = I e

20 L _9(0 hL)_ 2119 02nr2
L) =0{057)=7 79\ O 7L

1
20~ G

LA
Z(L)=Tr (e _T)

hz
R/27ZH: = —762 + U(x)

fozn U(x)dx

h?m?
Eom—1 =Eym = TLPO =Y, 41 = sin mx,¥,,, = cos mx




Mb,0<x<a
—Ma,a < x <2m

U(x) ={

@) = gp(®) = 1,9,(p) = f,(P)

2
2 sin (35 (E — Mb)x
fo(x) = cos ﬁ(E — Mb)x, go(x) = F
ﬁ(E — Mb)

2
sin |5 (E + Ma)(x —a)
falte) = cos /%(E MO (x — ), ga(x) = — 2
12 @ + M) — )

2 sin ’%(E — Mb)a
cos ﬁ(E — Mb)a >
A= ,’p (E — Mb)

2 2 2
- ﬁ(E—Mb)sm ﬁ(E—Mb)a cos ﬁ(E—Mb)a

2 sin /%(E + Ma)b

cos [—(E+ Ma)b
h? 2

B:= F (E + Ma)

2 2 ’2
—\jﬁ (E + Ma)sin ﬁ(E + Ma)b cos ﬁ(E + Ma)b
2 2 E+M32 ’2 2
2 . .
cos |—(E —Mb)acos |—(E+ Ma)b — sin |—=(E — Mb)asin |—=(E+ Ma)b=1
jhz( ) jhz( ) J(E —Mb)(E + Ma) 2 ¢ ) ‘/hz( )

a<E<b /%(E—Mb)

a—>b
E+M >

JMb — E)(E + Ma) °

2 2 2 2
cosh \/F(Mb—E)acos \/ﬁ(E+Ma)b— inh \]ﬁ(Mb—E)asin Jﬁ(E—FMa)b: 1

%hznz [c71,Cl(soh—>0)

1 —cos <\]%(E—Mb)a+\j%(E+Ma)b> =

E+mi;2 5 .
Y TE o E e | e E Mt [ (B Mab

1
E= E(hzn2 + ¢),

1
le] « =
n




n? +

2 E— Mb) = 2+£—2Mb_ 1+£—2Mb (g — 2Mb)?
nz )= |n PYEEL 2h2n? 8hint

2 £+ 2Ma £+2Ma (e + 2Ma)?
ﬁ(E + Ma) = =n

h2 2h2n%  8h'nt

2r2n2 2h*mt

2 2 £ M?ab
ﬁ(E—Mb)a+ ﬁ(E+Ma)b=21m 1+ + ).

LHS—”Z € M?ab 2+
T 2 \h?n 2n*n3

) E+mi;2 __mM
J(E —Mb)(E + Ma) 2h*n*

2nm2
_ 2
RHS = Wsm na+ -
e M?ab +M|sin na|
h2n  2R*n®  —  R2n?

M?ab  M]|sin na|
£

T2z n
A In? o AU = A +M2a(27r—a)+M|sinna|+ <M+1)2 M o0
= x = — - - 00
n 2 n n(M) n 8A, T n o ) ) »n
fldF—AF
dx ~

Px)

F(x) =e 7 (ho(x) + hpy(x) + *Pa(x) ...)
(hox + @' — Ao + hpy + KPP + ) =0
Ahg = p"hg
o(x) = f A; () dx, o (x) = f(x)v;(x)
Yo = (A— DYy
f'v; +fvj’ =(A-DY,.
¥ (v, f'v; + fv))

f, = _(v;'v]{)f

fo =exp (= [ (v7,9))dx)

R0 = exp (M) (o0 (- [ @) +om)




h2
(—70,3 + U(x))‘P =EY

p(x):=2(E - U(x))

R202Y = —p2@

1 () = (o2 0) ()

0 1
A= (—pz 0)

M =ip, A, =—ip

1 1
V1= (ip)'v2 - (—ip)'

1

1 . . L
vy = 5(1,—111‘1). vy = 5(1, ip™)

W, =exp (J_rif :dx> (exp (—%f p‘lp’dx) + O(h)) =

p Zexp (i J) : dx) (1 +0(h))

1+0m)

Yi(x) = (2(E - U(x))_%exp <i if Z(E; U(x))dx>

H=—tpo2 40 4
=732 Gn~5

E > supU(x).

2n
J’ V2(E —U(x))dx = 2nnh,n € Zs,
0

v(E) ~ @, h — 0,where A(E): = %f;n 2(E - U(x))dx

Em(h) ~ E(4)
[#l

1 21
A= —f V2(E —U(x))dx
TJo
T*S'=S5'xR

Hg <E,

1
Ha:=5p* +U(®)

A(E

—%th + U(x)U(x) > +o0 as x - )

2n 2 2
\/ﬁf (1_MU0(X)_M Uo () +0(M2)> dx = 2mnh
0

2E 8E?




1

2n 2n
— = 2
Jo Up(x)dx = I: 211_[0 Uy(x)“dx

2

M?] M?]
V2E =nh + 3+0(M2)=nh(1+—2 4h4+...>
2(2E)2 n
E—12h2 1+MZ + =AM, + 2I+
=" nARs =T,

1
Ap:==n%h?
n znh

M?a(2r—a) 1

I =a(2n —a) oA -

KM

SV =SV, ® AVy, AV = AV, @ SV;.
S = IH(ATIV), AV = IT¥(S'V)
V=V, ®V
oOV) = SV§ @ AV
OWV) = klxy, e, X, &1, oe) &l
XiXj = XXy, Xi§r = X1, §r6s = =5
F=0ew)=0l)Qow)
(@®b)(c ® d) = (~1)PPP(ac @ bd)
CoWV):=C"(Vo) @ AVY
Cir @ Ay, s Em)
C @ AVy
(Uo, Cit lu,)

Vi = fO,i(xll "'!xn) + fz{iljz (xl' ---:xn)fjlsz + -y
ni = aii(xl, ...,xn)fj + aililzjs (Xl, ...,xn)fjlszfj3 + -,

M=N=R¥W F(x,&,&) = (x +§,&,8,8) g = g(x)

goF(x,8,8) = glx +&:&) = g(x) + g' (0618

R:= RO @ RlMatn|m(R)

A A
A= ( 00 01)
AlO All
n+m
STI'(A) = Z Aija,:j,lij EZ
ij=1

Tr ((1) g) = n, STr(4B) = sTr(BA)A, B € Matym(R)

STr(A) = Tr(Ago) + €Tr(4;1)e = —1

STI"(A) = Tr(Aoo) - Tr(All).




sdet(ec) = eSTrC = eTr(COO)_Tr(Cn)

C = Coo @ C11
det(eC00)
C = -
sdet(e®) det(et)
A=Ay D Ay
detAOO
sdetd = detay,

1= DT E D=("al )

sdet ((1) 11)) = sdet (2 (1)) =1

deta,

sdet(4) = Jota

det(Agp — Ag1A71 A1)

sdet(4) = detlAL,)

Matnlm(R)

det(A) = det(Agp — Ap1 A7 Aso)det(Ayy).
Ber(AB) = Ber(4)Ber(B).

A(t) € Mat,,(R) isa C?

4 Ber(A(t)) = sTr(A'(0)A(0)"1)Ber(A4(0)).
dtle=o

Ce Matmm(R)

Ber(e€) = esTr¢

4= 18=0 1)

1Y

AB = (X 1 +XY)

det(1— Y(1 + XY)"'X) = det(1 + XY)
X:VO —)Vl ®RandY:V1 —)V0®R

det(1 = Y(1 + XY)"1X) = Z (“DRTr(Y (L + XY) Xy, ) =
k=0

=) (=1)ksTr (Y(l + XYYk, 0 X|A’°V0> = Z (—1)FSTr(XY (1 + XY) ™ ey, )
k=0 k=0

Z Tr(XY (1 + XY) " gkpyy, ) = det(1 — XY (1 + XY)™)™* = det(1 + XY)
k=0

f'(@®) = sTr(CO)f (¢)
f(t) — esTr(C)t

fec”U) ®AVY

Ui=UyxVy (e. F =Y f @ wy, fi € C°(Up), w; € AV}




dv = dvy/dv,

fy f@)dvis [, (Fv), (dvy) dvg

fu f(w)dv

dxq ..dx,
dv = ———
dé; ...dé,

Jy F@)aV f, fiop (1, o X0) s . A frop §1 - Em € AV, 0 €V L
Z (O 4 (W (O _ (%
Aoo = <6xk)'A°1 - (agg)'A“’ - <axk>'A“ - <a§f>'
| 9@wnav = | g@piper@r@yiay
u' U

IfOl:=f(§)isa>0and |f(O)]:=—f() ifa <O0.

0z

gl +2,%9, ., %, &) (1 + 6_) —g(xq, %0, e, %0, )
X1

f]’ =¢&J {Ue}fa: U = UgR™M™
9ap: I3 (Ua n UB) - fa(Ua n Uﬂ)fafﬁ_lsa € Cy (Ul)Ug N Ugsp(z) = Sa(z)lBer(gaﬁ)(fB(Z))l

fM ® ¢oSuppde © (Ug)o fM w:=Yg fM Paw

m

A B—Pde
- (B)dv.

Pf(4) = Z &5 1_[ Qig (i)

o€ll,, i€{1,...2m},i<o (i)
Pf(A) = ay3a34 + a14053 — A13024.

d§ = dé§y A NdSom § = (§1, -, E2m)B(E,§) = Xy j bijéié
f 7€ (d5)1 = PE(B)
14

1 A™B
m! d&
V=Yepyvr
dv = dydy”

S,y =4y, y")

S(flt '"rfmr Uin '"177m) = Z aijfjni'
iLj
n(n-1)
f eS(dv)™ = (-1)" 2z detd

v

1
5(31, y*) = EB((y' }’*), (y' y*))




B((,y"), w,w") = (Ay,w") — (Aw, y").

n(n-1)
Pf(B) = (—1)” z det(4)

[ 1 @ 2O gy = prc-pypr (3 (2,))
14

f 1 (E) o An(E)e FPED () =
14

Pf(—B) Z £ 1_[ B (4, Ao()

o€lly i€{1,...2m}i<o (i)
B(ej,e) =1ifj=2i—1,1 = 2i,and B(ej, ;) = 0

n(n+1)+m(rr2L—1)| mn

Y=R 2
A A
A= ( 00 01)
A A1

f F(A)e" Avox=2xT4018~E A GAdx (dE) ™1 =
Y, xRnIm

+

=C| f(A)Ber(4)~/2dA

Y,

Z (—1)UX0-(1) XO'(ZTI.) =0

OESyn
2n
X= Z X
=

V= VO @ V]_
dv = dvy(dv,)™?!

B =BO®BI(BO > 0)

Sw) = %B(v, v) — Z W

=3

sw)
Ih) = fv 01(00) o £ (DA (V1) oAy (vy)e ™ ol

r

r
B.(v,v,..,v) = Z (s) Bsy—s(V1, o, V1, Vg, v, V)

s=0
= o T PICEBy) o Fr(€1, oo, b A, e Ap),
JdetB, £ 1Aut(D)]
Fr = —F(o)

S) = S5(v0) = 55,3, )

_dimy; _Sp(we)
(W) =h" 2 f £,(v) . tn(vo)e™ 1 PE(Sp(vg)) dv,
1%

0

S=f£dt
R




ACCER,V)")
1
L= Ell"l).
1 X
S= EJ Yde
v = 5 (%) = v = =@ - )
P=0
iS@)
[ 0 e i
L= 1 .
= Ellﬂp
W E)P(E))G(t, — L)
dG

= =60

G(t) = %sign(t) +C

G(t) = %sign(t)
i n
W(ty) - P(tan)) = (=1)°(2n — D! (5)
1, .
L= 3 (Y191 + o, — mpiihy)

de MG =i6(t
dt _l()

-5, %)

-m 0

eMtQ_,t<0
eMtQ,,t>0

Gt) = {
lim e~™Q, =0, lim e~™*Q_ =0

t—+o0

H = H, @ H; is a Z/2-graded complex vector space

(x,y) = (y,%) (x,y) = —(y,x) for odd x, y.
T: 1y © TIH, - Hy @ TH,
(6 779) = PO, )

1 .
L=z — @ My)

Y:R->MNV,and M:V >V

1
£y =5 @ ~m?q?)




V:=T'V=VeVv

q = _qu‘

t']=p,l'1=—m2

q.
f = {f,H}; in this case itis H = %(pZ + m?2q?)
W= My.

{a,bc} = {a, b}c + (—=1)P@PB)p{q c}
f=1{fH}
=My
)
ab —ba =i(a,b)
ab + ba = i(a,b)
ab+ba=Q(ab),abeV
dimV = 2d, CI(Vg)

Ve=L®L
dimV =2d +1
Ve=L®L ®K,
H=ALDK)

H, ®H_

1
H= E(l/}, Ml/))V*a,:j
1
H= Ez aijeiej
L

H= Z m;(&50; — ;) = Z m;(2¢;0; — 1).

J J

Z =sTr(e 1) = 1_[ (e™it — e~™il)
j

Y(0) € V ® End(H)
V* - End(H)
»(e) = eltfy(0)eth
W) ot ty = - = VO (1))

W) . P(tn)) = (QP(t1) .. P(£,)Q).




STr(Y(t) .t )e M)

<¢(t1) ll)(tn)) = sTr(e‘Lﬁ)

1,. , ,
L= E(‘f’z +m2P2 + Y1y + Pohy — i ,) + gPPaP,

d

2 _ 242 _ 2
[v]* =c“t X
1

1

—.
Il

(VM)C dtz - Z] deZ - dtz - Z] deZdtz + Z] dx]-z on VE'

£ =35 (@) - m*g)

(@ +m?)¢ =0,
a2 a2
Tot2 T Liox?

J
1
Ly =5 ((dp) +m?¢?)
(=A+m2)¢ = 0.

f $(x) - p(x)e B D

S=f£

A=—A+m2A!
—AG+m?*G =6

G(x) = g(xD

d—-1
—g”——r g +m?g=0

2-d
r 2 ] p_q(imr)
L

2—-d
g=Crz (]ﬂ(imr) + id]_ﬂ(imr)),d %2
2 2

e—mr

2m

f $(x) - p(x)e @D

Gu(x) = g (V=1 ~ie)




T(v):Sy > St
Y=Y, ®S5, ®Y.®S_Y, = Hom(S,,Y)
Y=Y, QS.DY.QS,

Y = YO ®S

1
L=2@,0-Myp),

Dy = My.

1
£ =@, (Dg + M)

p= Z p,T;G(x) € Hom(Y*,Y) T
J

Mt:y*>Y
(—ip + M)(ip + M) = p? + M?
G(p) = (> + M) (~ip + M).
Gu(P) = (p? — M?% + ie)™1(p + iM).
L= 2((dg)? ~m?g?)
bee — Asp +m?p =0

¢(0,%) = q(x), ¢ (0,x) = p(x)

Y:=T"Ce (R = CP (R @ €0 (R
o((qu.p1), (42.p2) = fRd_l (P1(X)q2(x) = p2(x¥)q1 (x))dx

(@,p) » q(x),(q,p) » p(x)

p € CP(RT)
p@)arr= | | a@pds s @@= [ | pepedx

{d(01), #(02)} = 0,{¢:(p1), p:(p2)} =0
o092 = [ | piCopaCias

{@(), ¢} = 0,{¢:(x), p: (1)} = 0,{p(x), ()} = 6(x — ¥);




{P(P)(x), Q(P)(¥)} = Z {P, Q3a(P) ()05 6 (x — )
1
[pepe)56° )] =
—(Pex (WP (W) + 200 (WP (WP (WIS (U — V) — p(WP* (WS (u — v).
1
H@ =5 [ @+ @)+ m)dn
]Rd—l
F = {F: H}
_d
¢t(t! x) = &(f)(t, x)
b — A +mPP =0
{¢(tl'x1)! ¢(t2'x2)} = G(tZ —ty, %X — xl)
G(0,x) =0,G(0,x) = 6(x)
E? =p?+m?
G(E,p) = f+(0)8xz, + f-(P)6x;,

f G(E,p)dE =0, f G(E,p)EdE =1
R R

f+@+ (@) =0,yp2+m*(fi(p) - f~(») = 1.

1
e o
G(E,p) =

ZW( X~ Oxz)
{p(t1,x1), P(t2,x2)} = 0
£ =3 (@) —m¢?) ~ L g1
$ee — Asp +mPP + gp* =0
g(t,x) = (at + bx + c,at + px +y)
(@9)(x)(q,p) = Pp(bx +c,Bx +¥)
(#:9)(x)(q,p) = (0$)(bx + ¢, fx +y) + ade(bx + ¢, fx + ).

SO(R4™1) x R4-?

od
H;:= i o n(t,0)

H, V* = Va(m)m(wy, t(v)w,), v € V, for any wy, w, €

R = RO @ R1 Of Sp1n+(V)
H = j'[o @ 7'[1

S ® R* -» EndD




8§ ® R* — Cdefined by f - (wy, p(f)wy)

d(f1) - p ()02

vy —v,1% <0
[¢(f1), 9(f2)] = 0
HP = CQplsgr # 0
Spin, (V) = SO, (V),s0{% = 1
{le=(-1)/
Wo(fi ) .. ) f) = Q& (f1) .. o (LR ™Y & R=&™
Wo(i X .. K fy) = fv Wy (g, ey X0) 1 (1) oo fr () Ay o dixy
W (e X): = (W (g, e, X g @ e @ ).

o) = fV $0Of (x)dx

Wy (x4, ooy Xn) = (Q, p(x1) .. () Q).
D:=T(S®R)
®fH®.®fufi€ESQR
Dfi® e ® fr 01 ® . ® gm)i= (—1)EPIPUIW, (AR KK G K . K ).
(i ® @ fos 91 ® . ® Gind = (D) - d ()2 D) - S (grn) )
W:T(S ®R) - C
«T(S®R) > T(S®R)

(A®.®f) =(2PUrif @ . .® f

Wo(f7) = Wa(f)

Wnul""’u"(xl, e Xy Xig1y ooy X)) = (—1)p(”i)p(”i+1)Wn(x1, e Xig 1y Xiy ey Xpp)
if Ixi - X,:+1|2 <0.

W({*® f)=0forany f € T(S ® R)
W, (vy,v,) = W(v)

W) =(Q,¢(0)p(v)) =
= (2 p(0)(v)P(O)m(~v)Q) = (P(0)Q, m(v)p(0)2)

Wi (x) = (Q, ¢ (x)Q)

R+ (x) by $(x) — ¢)

f W(x, — x)F G f () dxydoy = 0
VZ




W) = W (0,%)
jV W)F@)f P)dp = 0

E =+p?+m?

Spin(d — 2) x R42
RI2¢(t,x) = ¢p(0,x — t), p(t,x) = $(0,x + t)
Hys,p (o0 Hysx  ford = 2)

(O +m?)Gy = i
W(x) = Gy (x)

W(—x) = W(x)

W(x) = Gy (x)

W(x) = Gy (%)

Gy (o, — %) = WJ (x4, x3)
(O+m*>)W =0
ReW(x) = ReG(x)

(O +m>)ImW (x)6
Gu(DOW(=x) = W) W(D)XnSO04 (V)
W(p) = ci8xs + c_bx,

W(p) = cOyz.

HD = L2(X;)

(PP = (PPN = G(x — y)
lx—yl*=0

(GCIPDIB(@) - $(5)) =
Gx =)D (@) + ) GG = 2)6(r = 5)(9 () (@) - $(5) - $(20))

i*j

GHOPO): () @) = ) Gl =2)6(y = ) (®() - $@) - $(5) - $(2).

i#j
(PP = ¢(X)P(y) — G(x — y).

(62062 - (@) = ) 60 =206 (x = 5)(b(2) . B0) - B(5) - ().

i*j

P)P(P(2):= d(X)P()P(2) = G(x = ¥)P(2) = G(y = 2)Pp(x) = G(z = x)p(¥)

P)P() = G(x = y)+: p(X)P(y):




PP = Gx - y)+z( I ng00) - b

n:= (nl; ...,Tld+1), (x - y)n: = Hi (xl yl)nl o= Hl and nl: = l-[l. nl

(20 BB - b)) = 260 = W) ($ID(E) - 6(5) - (20)) +
G(x — 2)G(x — z)G(Y — 2,) (¢(z1) o 0(2) b)) ¢(zk)>.

Jj,m,n distinct

1 P2(): () = 26(x = V)L +: P2 (P (Y):
$2(0:90) = 266~ pe) + Y. S om0y amp0) - )

12 () P2 (V)= 267 (x — ¥) + 4G (x — ¥): p ()P (¥): +: p* (1)P* (),

200 7 ()i =
267(x — ) + 4G(x y)z( I anp) - )+ 2P,

nli= ) m

PP () PP (y): =
#+L:¢2(y): +i L(x. —9j):05,0(¥) - ¢(¥): + regular.
lx=yI> " |x—yl & lx—y v

AWBO) ~ ) Flx = NGO)x -y
Jj

|Fi(2)| = 0(]z|"),z > 0

4 t
v.—dtt=0g
{Q F}= -F-=£ ty . f
s y-F: dtt:()e

{0,,0.} = Qg +CH.2)
C(xy],2) + C(ly, 2], %) + C([z %], y) = 0.
w:g = C=(M),
g:= g @ Ris a 1 -dimensional central extension of g with commutator
[y, @), (2, b)] = ([y,2], C(y, 2))-
u(y,a) =0y +a

C*(M) ® g%, i.e., geometrically as a C*-map
wM - g

g=R?"and C(y,2) = w(y,2)

@RZn@R




(v, @), (z,b)] = ([y,2], C(¥,2))
§=g®R

wM - g
1
H=5 [ @+ 1l +m?9?)dx
X
H = Jdx
R4

d
J = %(qb? + dep|? +m2¢p?) = %( 9c: +Z b +m2=¢2:>
=

Jr = ¢t¢xk
U (), ()} = —x, ()8 (x — ¥), Ui (), 9: ()} = e (%) 8y, (x — ¥)
P, = d
& fw]k(x) X

{Pr, 8} = —x, ), (P, : ()} = =P, )
[n(g), Hl=H:H > K
m.:g - End(S)
pj:= —iho,,

Mkj: = —lh(xkaj - x]ak)

0= fRd](X)dx

d
1=%<=¢§:+Z =¢£,-=+m2=¢2:>
£

Jie = ey,

q= f]Rd J(x)dx

Pk: = J- ]k(x)dx
R4
|dx|?: = (dt)? — g;jdx‘dx!

¢:M - E = E*|dp(x)|?
dp € TpyM & E(d)y;

|d|? = Z (D)5 |Vag?|de + Ag|*m?||?
0j

S=S,DS_




Sy ®E

ytotal — yLC RV,

D= é T Vt_otal
[
i

VA=d+A

1
FA=dA+_

S14.4]

|E4|2 (A2 T*M @ adE),TeM(adE), = g
V4, — V4, € Q1 (M) ® adE
Q' (M) @ adE
Gg = C”(M,E)
A9 =g ldg+g'Ag
M2 =Uigpological types £ COnn(E) /G,
s@)= | L@ax

V =R? L(¢)

_Se(9)
(b)) = f Sy . plr)e ™ h D,

1
Le(@)i= 5 (@A) +m?p?) + 2

Go(p) = DT m2
A = dq
®) =267 +m2 ), @+ D — 0 + D)
yitetym=1,
dy 1
Ap (alyl +-t+ an)’n)n a .. an.
1

— 1 tn_le_(a1y1+"'+anyn)tdt
(aIY1 +”'+anYn)n (n_ 1)! 0

= 1L
= tn—1le- (a1y1+: +an3’n)tdtd
A, @Y1+t any)” (n— 1) An Y

1
= e_a121+“‘+anzndtdz
(n—1)! fmn fo

n
« 1
zf e~ MZittanZng, = | | f e~Y%dz; =
a ...a
Z1,00Zn20 j=1 "0 1 n

10Zn2

. E—
v (@2 +m?)((p — q)? + m?) ((1 D@y —q)? +m22?Y

f f(q +M2(y P))2




M2(y,p):=y(1 - y)p* + m?

d 1dT
jv(q2 M2 j (2 + M?)?

T

dq « r o
fv(q2 +M2)2 2nf0 2+ M2)2 T[fo (s+M)?2~ M2

dq 1 dy
T[
y @ +m (-2 +m?) )y y(A—-y)p?+m?

————arccotanh
’ 2 [4m? 4

. 'g dq
A= 507 may? fmsA (@ +m2)((p — 2 + m?)

2
gz 9 (A)
A\(p)~m (p2+m2)210g —).A -

2

~ 9 d-4
@) ~ Gz pr a2 e
~ g2
Gam2(P) = 2T T m? + m? 0T+ mD)? log (E) + -
A
m- + Kg©log -
G NOE : et tog (B4
= s 0 —_
Am2+Kg21°g( ) P p2 +m? + K g2log ) (p? + m2)2 & \m

(i
= zﬂi-;Trlz+ (m? _K)(p‘_:;)log (%) +

L= %((ddﬂz + (mz +m2g2log (%)) ¢2> + %¢3

1 g°

PPt m2 T 2(p? + m)? 1@

Gp) =

I(p) = lim dq - 2m?lo <A)
PEe\ e @rmd G-z %

[ S
I(p) Ol(p.y)dy.l(p.y). lim TG, 2m?log (—

I(p.y) = 2m* <log m —%(1 +log (y(1 - y)p* + mz)))

1 4m? 4m?
I(p) = 2m? E+ ?+ 1 - arccotanh I +1




2

g
Ap(p) ~ Csm/\"' 0(1),A—> o0

gZ

A
Ap(p) ~ 4_(p2+—mZ)2<CﬁAZ + szlog (E) + 0(1)) ,A—> o

m? > m? + KA?

A
Cp?log (E)

1 d 21 CI 21 ( )C/
2( ) g-log m
93

W](Pu P2, 03)8(p1 + P2 + p3)

dq
2+m?)((q — pp)? +m?)((q — p1 — p2)? + m?)

J01,p2,p3) = J;(q

A
g+ C"g3log (E)
D(T) = (d — 2)e(T) — dv(T) + d + N,

D) = (d - 2)e() — dv(T) + d

d—2
2

D(®) = e(®) —d + Ng
[®]:= D(®) +d,

[(1)1<I)2] = [¢1] [q)z]-

k(d — 2)
D) =d— +) D),
2 Z

D(¢")=g(d—2)—d=(;—1)d—n
_ n
D" 2(@dp)?) = (3-1)@-2)
k k k
D) =d-5(d=2)+kD(¢) =d -7 (d~2) +5(d—6) = d -2k

a-2

[(dp)?] = D((dp)®) +d =d,s02[¢p] +2 =d,ie. [¢p] = -

D(¢")=(;—1)d—n

D" 2(d$)) = (3-1) (@ -2)

L =2 (dp)? + P3($);
L= (dp)? + Py();

L =2 (dp)? + Ps($);




L=2g($)(d$)? + U(e),
1
5 (d$)? + P (@)

2[p]+1=d

D) =2k[Y]—-d=k(d-1)—d=(k—1)(d—1)— 1.

[p™Y2] =n S—+d—1

D@y =n" 21

VA=d+A

1
Fa=dA+5[4,4],

£5=f |Fal?dx
14

Vu g W,g,ie, A g tdg + g~ 1Ag, where g:V - G
1dimM
L= gy@)dgide)
ij=1
L=R(g)
L= (dhy? + -
bt — Prx =0

¢ = %m + %qu
bL(t,X) = Py (x + ), pr(t,X) = Pp(x — 1)
(0 — 0)p, = 0,(3¢ + 0:)pr = 0
bx + b = V2PL(x + ), b — b = V2P (x — 1)
WL, i)} = 8" (x = ¥), [Wr(x), ()} = =8'(x — ¥)
WL, YR} = 0.
Jupr = 0,8, = 0,

¢ =PL(w)

21
b = Yr(@) fo (t, x)dx

¢(z) = Z Oz 0 (2) = Z oLz

nez nez




a() = ) @z = 10,0(2),0 (D) = ) @iz = —ide"(2)

nez nez
za = 0y¢y, = Yy (w), Za* = Oydr = Pp(@)

{za(z),wa(w)} =6"(u—v)

S'(u—v)= iz nz"w"

nez

Z ZnW—n—l

nez

S(w—2z):

{a(2), aw)} = —is'(w — 2)

{Z amz‘m,z a_nw"} = —iz nz "wn.

MEZ nez nez
{an, am} = —indp _m
{ay, am} = in6p—m,
{an, apm} =0

{a*(2),a* W)} = i8'(w — 2),{a(z),a*(w)} = 0.

H=2 [ @+ gpax
2 t X
R/2nZ

1 1
H= —f ((za* — za)? + (za* + za)?)dx = —f (Z2a*? + z%a®)dx

4 R/2nZ 2 R/2nZ

H = Z (a_pan, +a’pay)

n>0
{am, H} = —ima,,, {a;,, H} = ima},
[an, am] = 16y —m, [an, am] = =16y, [an, ay] = 0.
a@) =) arha@ =) gt
nez nez

[a(2),a(w)] = 8'(w — 2),[a*(2),a*W)] = =6"(w — 2), [a(2),a"(W)] = 0
[an, @] = N8 -mK
a2 =0,n>0,KQ =0
F = C[Xy, Xy, ...

)
"ox,

[H,a,] = —nay,, [H,a;] = na;,

a,01=0,a2,0=0

FRF ADA,F'=CX;, X5, .. 1% aly > 1

n>0




] e 1Ix " = j*n c[x]af = a_and a;f = a2;D

—i

qH= Z (a_pan +ajaz,) +C

n>0

H = ﬁL*-Hk

_ c c
Hp:= Z a_,a, +E’HL: = Z anat, +5'

n>0 n>0
1
20, +5 C[z]

- 1
H = Z (a_pan +ayat, +n) = Ez (a_pa, + ayary),

n>0 n+0

ORI
n=1
n_%F (%) i{(s)s—1-s

S
1-s)= n%-s#im

r(=>)

C=1+2+3+-:=(-1)
_3 _3
n 2 n 2m? 1
(D=—"7Q=-——=F7="73
r(-2) 2m?
Cim ot
12

B
((2g) = (-er122em 2 p2e

9!
1 (8) 1 B2 B,
1-20)= 2g___ 28/ | (_q)etip2g-1__28 ~2g _ 28
q( g) =m2 F(%—g>( ) zol” 2g

E = E, = C*/q" = R/2nTZ x R/21T
T >0,7=iT,q=e% =¢e 27T € (0,1).
Z(1): = Tr(e?™H),

H(P ® Q) = (degP + degQ + C)P ® Q,
deg(Xy,) = deg(Xy) = n.

eZniT(C+%)

SUTTO

n@i=qz ] | ="
n=1

1 (—%) = V=it ().




1 1
@) =g | @oy =g dpneag

Z (—%) = —itZ(7)
Hea:= H Q L2(R)L2(R)H

Hpy:= H + p?

Heun = JR H,du
188

Hy=F, QF
ﬁ=HL+ﬁR
e 1 2 1 1 2 . . 1
H;, =Ea0+z a_nan—ﬂ,HR =§a0 +Z ana_n—ﬁ
n>0 n>0

Z(0) = (—it) 22(2)
(Y)-20
[D, ay] = nay, [D, a}] = naj
D(P ® Q) = (degP — degQ)P ® Q
D =H, - iy
2(2) = Tr(e#TRe2rs0) = |q| T2Tr (g i),

q= e—2n(T+is) — g2mit

_ 1
20 = Lo

1
20 = emor

at+b
ct+d

A

fora,b,c,d € Z,ad —bc =1

(Q a(z)aw)Q) = nZl nz-"lpyn-1 = ﬁ

1

(Q,a(zy) ....a(z)Q) = Z 2
o€l Hje[l,zk]/a (Zj - ZU(D)

(a@aw))e
D)

= Try(a(z)aw)e2"Th)

[Lnx Lm] =Mm—-—m)Lypp,mn €L

We=Wa@w*

AD A"




[Ly,a(2)] = 2™’ (2) + (n + 1)z"a(z2),
[Lha* (D] = 2"1a” (2) + (n + DZ"a.(2),
[Ln, a(@)] = [Ly,a*(@)] =0,
(L, am] = —mapin, [Lin, an] = —magin, Ly, ag] = [L3, a;n] = 0.

LO = ﬁL + CL'LB = _ﬁR + CR

Ly = Z a_ga, + const
k21

1
Ly:= EZ A_kAg4n

ket
D=FQF"
[Ln,a(2)] = —=z"*'a'(2) + (n + Dz"a(2), [Ln, a"(2)] = 0
[Ln, Lin] = (= M) Ly sn
(L, Lin] = (0 = M) Lippsn = 0

[Ln! L—n] - 2nLO = C(‘l’l)

1
=7 0, Hn

o<j<n
Lol Q—lz ZXX Z - jy =" n
k=7 P Jjn= ’)axaxn, =3 2, D=
0<j<n 0< o<j<n
Clm) = nd—n
M =—
nd—n
[Ln, Lin]l = (n = M) Ly + T6n,—mc
L0=Za 1k, L ZZ a_p g+ 0
=1 kez
1 2
=-U +Z a_pay
2
k=1
* 1 2 * ok * 1 * ok
Lo=—5u"— ) akalyln = _EZ Ayt # 0
=1 kez
LT’I. =Ly
D =F®? ® FrO
. - —_— 1
ra(z)a(w): = a(z)a(w) Z—w)y

(Q,a(zy) - a(zi-1): a(z)a(zir1): a(Zi42) - a(2,)Q) =
1

2
o€lly:o(i)#i+1 I—[J"El'lzk/t'f (Zj _ZU(}'))




-n-1,,,—-m-1
)

ra(z)a(w): = Z 1Anapy: Z w

mnez

%: a(2)?:=T(z):= Z Lz~ "2

nez

1
- n+1
L, 2111'95 z"" T (z)dz

Z"1T(2) + 21T (2)

ra(zg)a(zy) ...a(zy): = a(zp): a(zy) ...a(zy): — L :l;[Zj:k_#
1at(zy) . .at™(z,): = 6;1 6;;‘ a(zy) ....a(zy,):

P = P(a)(2)Ql=0

Hligr a(z) [ljey a(Wj):

2
1cfnl e hmysii=; e (Zi - WS(i))

ra(zy) .a(zy): - a(wy) ...a(wy): =

min(m,n) n— m—k.
ra(@)ra(w)™ = Z H(Z)(T)%'

k=0

a(z)a(w) =

1 1
(z - W)Z +a(z)a(w): = (z— W)Z + 3regular terms
m:a™ 1 (w):
(z-w)?
m:a™ t(w):
= (z —w)? t+ Sregular terms

a(z): aw)™: = +:a(z)a(w)™:

a(z)T(w) = % + Sregular terms
4: :
() W)= s (az(i)'vlv()f) + a(2)2a(w)?: =

2 4raw)?:  da(w)a’'(w)  _
(Z _ W)4' (Z _ W)2 7 —w Sregular terms
1 2T(w) T'w)
T(2)T(w) = 20-w)t  Z-w)?  z-w t Sregular terms

c 2T(w)  T'(w)
z—w)* (z—-w)? z—w

TTW) =5

~
+ Jregular terms

N
P(a)(z)Q(a)(w) = Z Rj (a) (W)(Z - W)_j + Sregular terms
j=1

. k+j—1 .
where (z —w)™J: = Z ( J )z‘f"‘w"
k=0

j—1
Q@WIP(@)(2)(z = w) 7 (z = w) Vi == ; " ﬁ; DR
S
[P(a)(2),Q(a)(w)] = ; G=D1 Ri(@)(w)§UD(w — 2)




[a(z),a(w)] = 6'(w — 2)
[a(2), TW)] = a(w)5'(w — 2)
[T(2), T(W)] = %6”’(w —2)+2TWw)8'(w —2) + T'(W)S(w — 2)

(z —W)"

a(@)aw) ~ ( W)2+Z a®w)aw): —~—

N
P(a)(2)Q(a)(w) ~ Z Ri(@W)(z —w)~/

j=—o0
a_
o(2) = —if a(z)dz = —i (aolog z+ Z Tnz" + a}{)
n#0
M0 — 1S a@)dz — oH(a0l0§ 2+Tns0 “F12") L 2al

XA, 2):= ; e*(aolog 7+ Ens0 27"), pAaf —

et Zn>o Tzn “AZm>0 T2 nZ " Mgy

Xo(ﬂ Z) — elzn>o TZ —AZn>o—Z n
eAeB = oBeAplAB]
n a_n w
[ ] = —log (1 - ;)
n>0 n>0

v
Xo(4, )Xo (v,w) = (1 - g)  Xo (A, 2)Xo (v, W):

X4 2D)XW,w) = (z—w)P: X4, 2)X (v, w):

XAy, 2) o XAy 2) = 1_[ (z — 2)"™*: X, 20) . X, 2):

1<j<ksn

n

; AiA
(1, X(A1, 21) . XA, 2) Q) = 1_[ z].l’u 1_[ (z —z)" *

j=1 = 1<j<isn

XA, D)X, w) = e™X (v,w)X (A, 2)

X, 2)X(4,w) = e X, w)X(A, 2)
X'(A,2) = 2:a(2)X(A, 2):

[an, X(A,2)] = Az"X (4, 2)

Lo, X(A,2)] = 2™1X'(4,2) + /12—2(71 + 1)z"X(4, 2)

X(2)Y(w) = eZVsxSvY (W)X (z)

¢(t,x) =a+ ut + Nrx

=P e,
N,L€L




F1

ﬁ({’r‘1+Nr)

® F

P
ﬁ(t’r N1)

Z: (1) = In@| 728 (z, D)

1 . 1 ..
- E Smit(fr 1 +Nr)2—Smit(¢r~1-Nr)?
191’(‘[: ‘l'): _ ezm‘r( T T) 27m:( T )% _

{,NEZL
e—n(t’zr‘z+N2r2)lm‘r+2m'{’NRe‘r

{,NEL

Z2(1) = 2,4 (1)

1 1 B
8 (==.=2) = 8, D),

T T

() = (rzlm‘r —iRer)

—iRetr r~%Imt

Q)1 = [1]2 (r‘zlmr iRet ) _ (r‘zlmr’ —iRer’) = S0

iRet  r2%Imrt —iRet’ r2Imt’

ti=—>and S = ((1) (1))
L ViV

V(pq) @ V(pq)*
V(s): =®mez Frnyzs
V() ®V(2)
w R w*

W =®nerzs1 Fr
V2

sl, = sl,[t,t™1] @ CK
b(z):= Z (b ® tm)z-"1

V; ®VX;,j = 0,1,2,3, where V; =@neazsj Fr
2
1

§@)= ) G

nez+y
[£(@),EW)]s = 8(z—w)
$nSm + Emén = Sm—n
D:=AQ A

[H’ fn] = _fn' [H, f;l] = f;l

H=HL+HR

Hy= ) nnéy

n>0




1
Lp = 2 Z T &nénam!
1

nEZ+§
1€ C[0,6)I(h) ~ Xo ayh™ N 2 0I(h) = ZNZ3 anh™ + 0(AY) as i » L2

Modelo Super de Yang — Mills para campos cuinticos — relativistas o curvoes, tanto en
supergravedad como en gravedad cuanticas respectivamente, con o sin

intervencion
supergraviténica o graviténica.

1 . .
S = j dr (J’cmpm - Epz +pa 0% + waxl"‘>
2%y =0
(y(m)acSy;zlg — znmnég
Swg = Ay (Y™ Na
a 1
] = —wg A% Ny = E(a’)/mn"{)

[ 2] = =88 (per 09} = 65, [0, 2] = —08
Pm(T)x™(T2)~ =670,
Pa (1168 ()~ S0,
wa (128 (1) ~ =6k 01
1
Emgn(ri —7) =0y
[A(7),B(1)} ~ A(t + €)B(x) F B(D)A(r — €)
Q = 2A%d,
1 m
dy = Pa — E(y 0)aPm
W(x,0,4) = ¥O + ¥O 4+ @ 1+ g
Q¥ = 0,6¥™M = QA
(ymPar)aBD, Ap = 0,8Aq = DA,
1 m
Dy = 04 + E(y ) a0m
Ay™A=0,ly™r = 0.
. 1, . L at L a
S= dT(x Pm = 5P" +Pal% + wad® + @%Ag + 5 ra)
Q = 1%dg + 17,0%

2
n=5

b= —A,A™,




= (’T)’mfi) n (’T}’mripr) NTP
200 8?2
Ay™*r)

Pm =40 ™

Ap=—

Pm — _amr da - Da;wa - _aﬂ.“'

{Qr bO} ZD'

(),

WZ{Q' h

Scoupled=f d‘L’{)'Cmﬁ —lﬁz'l‘é“ﬁ + A%
m =5 o o

1 . i 1
— i’ = gnimy (H“Afx’ + ™A + d,WHe + EN"‘"IF%n)}

1,.
mm = xm - (6y™0)
nln]Ale = n,r)]Té]AZ
T, = 0y Ty

(Ta Tol = ifapTe

A, =T,A%
geoupled — | grlemg _l~2 + 0% + A%
X Pm 2 p DPa Wy
i . ~ 1
_Er”ﬁl -9 (B“Axa +0™A,, + d,W* + EN"m]an)}

led — j
Qeoupled — pag

oL 5
pmzax-_mzpm_gAm

oL 5 1 m
pazﬁzpa_g<Aa_5(y G)aAm)

HEOWPIE (™, D, 0%, Py A%, ) = (47D + 09pa + A%wq = L)]

1 2 m o 1 mn 2 1 2 (3
=5p +g(p Am+daW +EN Ian)'l'g (EA +AaW)
1 m
dazpa_z(y 6) aPm
pcoupled — Hy+U
m (] 1 mn 2 1 2 a
[U=g<p Ay +d, W +§N Ian)+g (EA +AaW>
geoupled _ ¢ __ f dru
M a ja 1 2
S=| dt|x"py, + 0%, + 4 a)a—ip

Qeowpled = 2%d, = 2%dy + gA"Ag = Q +V

V = gl%A,




{Qcoupled , Qcoupled} =0

1
Q)= -5(V,v),
[ Hcoupled’ Qcoupled] =0
[Q, U] =[H,V] + [U,V].
(ymnpqr)aﬁ (DaAﬁ + {Aa:AB}) =0,
[Vm Am] = [am' Aa] + (Vmw)a
1

{Vmwﬁ} = Z ()’m")g]an

Vo, Fnl = V[m(yn]w)a

Vo= Do + Aq, With Dy = 0 + 3 (0Y™) 0

V= 0 + Ay

A, = Z AgpTPekr* = A, Tieki +Aaiszjeki,-xi,— 4o,
P

1
= alkel

P _
Ay =
Sp

R+Q=P
1
ALY = —SLAEGE - 40 + AL GTWR) - (P o Q).

V= Z VeTP = VT 4+ VTV + -
B

U= UpTPek* + ) Dp(T7 © Tekre%,

P PQ
fQ.vi}=0

Qv =-vy;

[Q;Uﬂ = ULIGL

[Q. U] = [H V] + UV = UV,

[0.04] = 5 (U ¥}] + [1, %))

{QVp}=- Z VerVo,
R+Q=P

{Q'UP} = U{:V;]'+ :E: Ukbb —'UQP%,
R+Q=P

1
{Q'DP} = E Z [UR: VQ] + [UQ' VR]

R+Q=P

1 1
Uy (21)Uz(22) ~ = D1y +— Uy
Z12 Z12




1
A = =5 — ALK - A7) + AL (W), — (12)],
12

1
A = =5 (AR (- A7) + A ER — Wy W) = (12)]
12
1 1
Wiy = =5 | Wi - A2) + W s + 5 (7w RS - (12)],

1
R = [ iy - Ap) + FP™ 4% + 2T F, + aylpwewyf - (12)].

Vl = AaAla
Vig = A%A154

1
Uy =p™MAim + d W + ENmnFlmn
1
Uz =p™Aom + dawloé + ENmnFIZmn

1
Dy, = E(Al <Ay + Wi A, + WrAq)

Vp = = Z [Ur, Vol

s
P Ro=p

{Q,Vp}=éz |#, Vi), v ] + Z [Ur, Ve, Vol = [Va, U, Vel

RQ=P RiR,=R
- Z [Ur, Vo, Vo,
Q1Q2=Q
1
== —kg - kqVrVo — Z Ve, [Ur, Vo] = Z [Ur, Vo, [V,
PRQ=p RiR,=R Q:1Q2=Q
1
=_s_ Z kR'kQVRVQ+ Z VR[UQ1‘VQ2]
P

RQ=P RQ1Q2=P

+ Z [URl' VRZ]VQ
R1R,Q=P

1
{Q,Vp} =-c Z {kr - kg + sg + 50}VaVg
P rg=p

=- Z VrVo(2.59)

RQ=P
Ig = (kg +ko)* = sp = kg - ko + sp + 5¢
ﬁi = [blVl]

U; = —A, (VDA™ + A™(V) A,

1 I

!
R+Q=P

01:1 = [b, Vp].

[U,v/] = bo(V/V})

1
Vi == > bo(Vavy),
Sp {G2p

Uy = [b,V;].




bo(VaVe) = [Uk. V]
bo(Vp) =0

Ay(1,2,..,N) = gN-2 Z Tr(T% ...T'N) Ay (04, 02, -, On),
o(1L,N) /Ty

A= (Vl(m)exp U dr[U} VN—1(—°°))

-5 ool )

qu = dTl di
|Rq|++++|Rk|=N-3
X (V1(°°)(UR1 + DRl)(Tl) (URk + DRk)(Tk)VN(O)VN—l(_OO)):

VN(O)VN—I(_OO)>;

1
o = Esign(ri - ‘L'j)

Pm = —0m,dg = Dy, 0wy = —0)a.

Ay ocf Dxexp {—f d‘rpma'cm}l_[ exp {kp - x(7p)}.
P

ki - x(1;) =f des(t —17)k; - x(7)

f Dxexp {f dt (pm + Z 6(1’ - Tj)kjm> xm} =6 <1§m + Z 5(1’ - Tj)k]'m>.

Pn@ = =) 8= 7)kjm

J

P == ) okl

P

P = —%(Z -y k;ﬂ>,
Tp<T T>T
2
exp {% f drpz} = 1_[ exp {; (Tir1 — 70) (Z kp,-> }

i j<i
o 3 a) - [T -3 (3 - )}
¢ J<i T>i
(By™ D) (O™ 1) By )(8Ymnp)) = 1.

c/qN = dTl ...d‘L’k<V1[UR1[URZ "'URkVNVN—l)‘
|Ry|+++[Rk|=N-3

QUy = Ve + D (UaVgy + [Ugn Vay)):
RYQ=P




QAy = —Nis Z j dty ...dT7y

k=1 |Ry|++[Rk|=N-3

k
X Z Vl[UPl '"]UPi—i ani + Z (U[RIVQI] + [U{Ri‘VQi]) ]UPHl "']UPkVNVN—l

i=1 Ri+Q;=P;

_Z Z f dTl e di<V11UP1 e [Upi_laVPiUpH_1 e UPkVNVN—l)
k i
= _Z Z f dty - dt, - d‘l'k(Vl[UP1 [UP,-_l(Ti—l)VPi(Ti—l - E)[UPiH [UPkVNVN—l)
k i

+f dry - di; - d‘l'k(Vl[UP1 < Up,_, Vp,(Tis1 + )Up,,, (Tiy1) - [UPkVNVN—l)

—Z Zf dty - dti_1dtd Ty, - dTy
ki

X (ViUp, -+ (Vo (T + ©)Up,,, (1) = Up,(T)Vp,,, (T — €)) - Up, VyVy_1)
Vp, (T +€)Up,,, (T) = Up,(D)Vp,,, (T — €)

VPl'(T + 6)UPi+1 (T) - UPi(T)VPH.l (T - 6)
1
=VoUpyy (1) = UpVp s (@) + 5 ([Up Vo, ] + [Up,y 0 Ve ]) (@)
=V[PiUPi+1] + [U{Pi’VPiH}]'
N-3

dTl di
k=1 |Ri|++|Rg|=N-3

X Z Z (V]-UPI [UPi—l(U[RiVQi] + [U{Ri' VQi}])(Ti)[UPi"'l [UPkVNVN—1>'

i Ri+Q;=P;

B! -4

2 .

(o)

Ay =J’_ Aty (V1(00) U (T2)V4(0)V3(—0))

o

4

f DxDpexp {—f dr (pmxm - %p2>}n exp {k; - x(7;)} = exp {(02i520)72}

j=1




[ee] [oe] 1
f dryexp {(02i52:)72} = f dryexp {—sy172} = —
0 0 $21

o 0 1
f dryexp {(02i5,1)712} = f dryexp {+5537,} = o
0 —00 23

Ay = f dtyexp {(Jziszi)‘fz}<02102(V1)V4V3 + 023V Uy (V)5 + 024V1V402(V3)),

1 , , N
Ay= E<—U2(V1)V4V3 + ViU, (VOVs + ViV, U, (V3))

1 \ " N
+ 7s (=0, (V)VaV3 — V10, (Va)Vs + V4 Vo U, (V3)).
23

1 N
(Vo 0,(V3)).

1 .
Ay = __<U2(V1)V4V3) +—
S21 523

cﬂ4 = ;ns + anu,

02(V1)V4V3 = —ng, V102(V4)V3 =Ny, V1V402(V3) =Ny-
Qng = —s0,Qn, = u0.
0:(v;) = = (4 k)V; + Wy D Ajm + Q(Wi4)))
Q(Ay - A3) = ky - AV + (YTWDAT + (1 & 2).

1 . 1 1
— U, (V1) = A%4g12 + — QD1 = Va1 + —QDyy.
S12 S12 S12

Ay = _<V12V3V4) - (V1V23V4).

As =f def ’ dt3(V1(00) U (1)U (13)V5(0) V4 (—0))

+ f dT(V; (e0) (Uz (7) + D (1))Vs (0)Va(—00))

Up = Up,




1|||4+1|||4+1||’4
2 3 2 3 2 3
5 5
+1A|4+1|A4
3 3 2 3
5 5
+ X |4+1|

As =f_ def 2 dT3<V1(°°)02(Tz)ﬁs(Ts)Vs(O)V4(—°°))

+ f_ o:o dT;Vl(00)1723(T)V5(0)V4(—00))
(Pm()0(x(12))) = 012(8m0(x(x))).
fo ", fo * drgemmsize it {1, (00) 0 () U () Vs (0)V (—o0))
=_% fo - dz, fo " drse 72512 Ta(S13+523) ((f]z(vl)ﬂgvsv4 - V1ﬁ2(03V5V4)))

© T, n 5
= [ dr, [ T drgemrisento (3,000,750
0 0

AUAGHIAAD

512545

c/ls =
$12545

42 (° (V)VV>+ ! (val (U))
545 23\V1 5V4 515 1v¥s5Y23 4 .

(ﬁs (ﬁZ(VI)> V5V4> + ﬁ(ﬁz(vl)l/s ﬁs (V4)> + <V1V5ﬁ3 (ﬁz (V4))>

$15534

{Q,T12} = 512V Vs
{Q, Ti23} = 5123T12V5 + 512 (T13Vo — TiaVs + ViTo3)

Taz) = Tazys = Tizz + cyclic =0
0:(), G (8030 and 0, )

{Q' ﬁz (V1)} =s12V2W1

{Qv ﬁ3 (ﬁz(V1)>} = 5123ﬁ2(V1)V3 + 512 (fjs(Vz)V1 + Vzﬁs(Vﬂ - Vsﬁz(Vﬂ)-
{Q' ﬁz(Vﬂ - T21} =0

0,(V1) = Tor + [Q, Ea.

{Q: Us (02 (Vl))} ={Q, T123 — S123V3E21 + 521 (E3V1E3q Vs, + Ep V31




Us (UZ(Vl)) = Ti23 — S123V3E21 + 521 (E32V1E31 Vo + E21V3) + [Q, - ]

$23U23(V1) = Ta21 — S123ViEoz + S23(E12Vs — ExsVy + ExsVy) +[Q, .

_ (T123V5V4)+(T12T34V5)+(V1T432V5)+(T321V4V5)+(V1T234V5)
512545 512534 515534 523545 Sp3S15

Ay = (Ml...ij+1...N—1VN).
Jj=1
p-1

QMl...p = Z Ml...ij+1...pv

j=1

"AN = f dT1 ...di
T

[Ry |+ +TRk|=N-3 ~>Tj+1

X <V1(OC’)VN(O)VN—1(_°°)(UR1 + DRi)(Tl) (URk + DRk)(Tk))-

N-3
= Z dT1 "'di<V10P1 e UPkVNVN—l)
k=

Tj>T;j
1 gk, IPd=N-3 "7

i=

N-3

Ay

Z (—1)ff d; .. d7,
T;>0>Tj1q

1 ¥k, |Pil=N-3 J

k=
x((upl A (UP]+1..ﬁPkVN_1)>.

f d‘[j+1 di (Up}._‘_1 UkaN_l) = Vj+1...N—1
¥ Pi=j+1,.,N-3 ~0>Ti+1

N-2
Ay =— (Vl...jVj+1...N—1VN)
j=1
N-2
Ay =— <V1...jV}'+1 N 1VN)
j=1
QVP = - VRVQ
RQ=P
N-2
Ay =— (V1...jVj’+1 N 1VN)
j=1

QWi = Vi) = 0=V, = Vi, + QEy,

QViz23= QVip3 + Q(—E12V5 + V1 Ey3)
> Vips = Vizz — E1pVs + ViEps + Q(Er23),

VI; =VP+Q(EP)+1'

QW= —ViV +
= VoV — QEpV), +
= —VpVin — Q(EpVn) + -+,
= Vo = Vo — EpVy +

QVI;mnz —VpVmn — Q(EpVipn) + -
= Vemn = Vpmn — EpVnn +




QVio= —VpVy — Q(EpV}) + -
= VF”Q = VPQ - EPVQI + b

N-2
A== AV YfernaVi)
j=1

= —(VpVoVu) - Z (Vg,Vo,Vw) + -

Q1Q2
= —(VpVgV) — (QEpVSVy) — Z (Vio, Vo, V) + -+
Q1Q2
= —(VpVgV) + (EpQV5Vy) — Z (Vio, Vo, V) + -+
Q1Q2
= —(VeVoVu) = Z (EpVg,V4,Vn) - Z {Voo,V4,Vn) + -
Q10 Q1Q2
= —(VeVgVn) — Z (Veq, Vg, Vi) + -
Q10
N-2
Ay == (Vi Ver noaVa)
j=1
N-2
=- (Vi jVier.n-1Vn) = An
=1

Ay = f DONe=SO

Ay = f [dA][dA][dr]d S ONf (A, X, T, 8)

[d2]2%A%2% = (eT~)51 %2 d AP . dAPn
(A0 A, Ag, 2a, = €TV E AR, . ddg

a aya,
[dr] = (2%, To Ao (1) . (22
r] = (e prbutartede \ g |\ 5~ )

N =exp {—{Q,)faG“}} = exp {—1,A% — 1,09}

[6,{Q, 2,6°}] = ~[Q.{b, 2,6°}].

[Am, 169] = Grwr) _ {am, 1,07} = @) _,
2000) 2010)

(04 [UB,0,]) = f [dA][dZ][dr1d 6N (01 [Up, O,])
U},’ = _Am(VI;)Am + Am(Vé)Am

(01105, 021) = (01 (~An VDA™ (0;) + B (V)AR(02))

= (A" ©) - B ) AR©OD) 0,
= ~(1U4,0,10,)

| @ Gmasntran = o

(bo(VaVe)VcVp).

bo(VaVgVe) = bo(VaV)Ve + bo(VeVe)Va + bo(VeVa) V.




(bo (VAVEIVEVp) + (bo (VVEIVaVp) + (b (VEVA)VEVp) = 0.
0:(v;) = - ((Ai k) )V + Wy D Ajm + Q(WiAj))-

03 02 Vl’

U231V,
0,050,V
Ly1(2) = lei_f;lel (22 — 21Uz (22)V1(2).
L131.m1 = zli_rgl (zn — 20)Un(2n)L2131...(21)-

QLy1 = s12V1V;
QLy131 = S123L21 V3 + S12[L31Vo + ViLsy — Ly V3]

ng n
A, =_5+_t‘
N t
Lyz + Ly = —QDyy

D1z = (Ay - A; + WAy + WrA,)
1
Tiz =Lpzy = Las —Lpyy = Lag + EQDIZ-

T{lZ} =0.

QLy131 =S123T12V5 + 512[T13Va + ViTo3 — TipVs]
1
_EQ(5123D12V3 + 512[D13V, — ViDy3 — Dy3V3]).

1 1
Q <L2131 + 55123D12V3 + 5512[D13V2 —ViDy3 — D12V3])
= $123T12V5 + 512[T13V2 + Vi T3 — Ty, V5]

1 1
Ti33 = Ly131 + 55123D12V3 + 75512 [D13V, = ViDy3 — DipVs] + Q)

QTyz = 5121V,
QT123 = 5123T12Va + 512[T13Va + ViTo3 — Trp V5]

T{lZ} =0
T{12}3 = T{123} =0.

DZ
f d®zu(®) (‘ 4_|:|> v(P) = f dSzu(P)v(P)
d®z = d*xd?0d2 and d°z = d*xd?6 _f_;

_ 1
S, =f d*xL = trf d8ze=29V de?9V P +Etrf d®zw? +

+f dBZ(lpleZng‘pl + Lpze_z‘gvlpz) + /‘{f d6Z‘P1¢“P2 + h.c.
1 D2(p—29V 2gv
Wa=—§D (e729V Dy e?9")

Wireo = f A5 29, O,

' - .
eZgV _)elgAeZgVe—LgA




/= el9APpeioN, G = el9Ape-ioh
Wi = el0hy, W = eiohy,

A=A,T?
(T*)pe = fOP€

[tar to] = (T )apte, (CD(ED] = Cobh Tape TSy = CabE ' trltaty] = Tabp where Cp = -2, = N and Ty = 1/2 s
the Dynkin index - gauge group SU(N).

1 _
=—— 82D2y D2
Ser 16$trf d8zD2v D%y

Spp = trf d®z [E’c - c’c‘+%(c’ +cN[V,c+cl+ ]
So =S¢ + Sgr + Skp
® > &+ Vg, ¥, > ¥ + iy,
sO=tr [ &2 - 276 (0.9 + 26°$[v,¥)
f d®z(pyps — gP1vpy — gP1v¥h)
f d®z(P, 1, + gV, v, + g, v¥,)
—Af déz(P, Py, + Y1y, + P 90¥, + hec.)
+trf dsz(—%v Bv+cc + c’c)
0, = 0,0, = 8, = 8,%, = 0

r[qa,tpi|cf>,q7i]=f dsz(K+A)+(J’ dS7W + h.c.)

e, | ,9,] = Z RTO[0, W, | P ]
L=1

Wo, W] = > AWO [0, ]

L=1

npz + 1 =nge,

3
W = lim 26220 -6 [ | | noem @)
P12~
=1

1 DD D? 1
(L5200 5,25, 1)

5, %2160, %10 %22,




P1 + P2

2 1
P1 P2

q,1 (yp 9)‘111()/2' e)q)(x' 9) = [lplq)‘}JZ](x' 9)

h
wi = (4m)? 9%(2Cr = CY D Wy,
YO = lim *q P11 P - f ar g
P1a—0 ?(q-pD¥ai+p)? Sy P-4l

5

WE = lim 2[414(Cy - (G - 26) | ]_[ 4220, (25) (2 ¥, 2)
P2~

R DD35 L 01046 01056 DZ(S
o, 160, **160, >*160, 160, **40, *°

aip? + 45p3 — 2p1p2(q102)

d*q, d*q
1@ = lim o - : 2 _
p:220 ) (4m)* (4m)* qiq5(q1 + q2)%(q1 — p1)?(q2 — P2)?(q1 + Gz — P1 — P2)
P1 + P2
3
5 4
2 1
P1 P2
hz
w® = Gn)* 12(Cy — Cp)(Cq — 2CF)|/1|4((3) X Wiree
Wiy + WGR” + Wi = lim (2N Ty = €4) 26k = G492
D2D? D2 1 D2p? _ D2D? 1

554 551 .

5
8
Xf U d Zzlp1(Z1)‘b(Zz)lP2(Z3){16D 5134|:| 837 — 62416E| 64516E|




P+ p2 P11+ P2 P11+ P2

3 3 3
2 1 2 s~ 1 2 5y 1
P1 P2 P P2
(a) (c)
p1 + p2 p1+ p2
3 R 3
2 1 2 1
P1 P2 P1 P2
(d) (e) ()
P1 + p2 1+ p2 1+ p2
3 S
4
2 g 1 2 1
i)
P1 P2 P1 P2
(8) (h) (€Y)
5 _
@c _ 4 8 DD}
W~ lim 4g*2 H 42, (2)P() () [ e g Bus

D22 1 1 1 1
——032,—024—= 045 ——0854—05,7(=0
40, >“0, "o, " 0Og O,

w®! =g,

2 1
W = A+B+G = 4g*(2N;Tr — C4)(2Cr — Co) X J YD X Wiree,

SR ) = G +2+ O(el)) (k2 /u?)

w®

div,2

= 2D + 2E = 29%(2Cx — C) (A% — 97) X JYD X Wi

W = (g*(2N;Tr — Ca} + g2(122] = 92)) 4Q2Cr — CJIYD X Wiee

div

2 3
B(g) = %(ZNJF —¢,).

D miTr(R) = Gy
i




p1+ D2 p1+ p2

3 3
2 1 2 1
P1 D2 P1 D2

(a) (b)

5
1
WO = lim g€ - 260 [ | | daan )o@ {50
P1,P2—0 L 0,

D2D? D:D? D? DZD? 1 s }
,5

160,760, 370, 25 T6 0, 52T, Ot

@ _ d'q, d'q, a3 (p1 + p2)?
@ -

= 6{(3);
pupam0 ) (4m)? (4m)? 7% (g1 — P (a2 — P2)%q5(q2 — p2)?(q1 — p2)? ‘®

WA = 6g4(Cy — 2C)?0(3) X Wigee.

P+ p2

()
P+ p2

p1+p2

(g) (h)

5
W27 = lim 494G~ G -260) [ [ ] dszlwl(zl)qxz»wz(zg){
=1

D2D? D2 D2p? 1 }

L DiD:
D_4_ 2,4T|:|4 1,4

16 |:|4 4,34 D563,5 15 65,2D_561,5

@_ [ L9 de —aip? — a5p? + 2(4192) (Pap2)
b pup2=0 ) (4m)% (41m)% 3 (q; — p1)?(q1 + Gz — P1)?q5 (a2 + p2)? (g1 + 42 + P1)?

WP = —24g*(Cs — C) (Ca— 2Cr)T(3) X Wiree




5
W2 = lim 20%(Cs - GG - 260 | ]_[ 402 2%, (2) D (2,) %, (73)

15 01045 D4D36 025 15
o, **160, **160, **40, >*0, **

@_ f d*q, d*q, i (p1 + p2)?
o) (4m)* (4m)? g5 (qr + p0)?(qz + P1)?(q2 — 91)%(q2 — p2)?
@).c 4 _ _
wfm =129*(Cy — Cp)(C4 — 2C£)E(3) X Wipee
5
@D _ 8 DD}
We~ = pllg:l—wz‘g l_[ d°z A% (21) P (22)¥2(23) 551 160, 813

=1
p; _ DDz _ 1 1
4 4 s 472 554}

6 _
40, **160, **0, %50,

@ _ i d*q, d*q, (p1 +1p2)?
¢ pupo ) (4m)% (A1) g2 (qq + P12 (91 — P2)? (G2 — P2)245 (g1 — 42)?

W(Z)D = 294Y(2) X Wiree

@ — J’ de 210g ()

—T+1
2)E — 4 2 8 Dl DS
W®F = lim 29*(Cy — 2C7) 1_[ d®2 2%, (2) D (2,) W, (25) 614 e s
D5D4- DZD3 DZ
1605 >*160, 64345 832 552'5 :
@ _ Jim d*q, d*q, —qipi +(q1 — 942)°p5 — 2(q192) (P1p2)
¢ om0 ) (4m)?(4m)% qi (g — P2 (42 — a1+ P1)?(q2 — P2)?q5 (g2 + p1)?

W (@) = —129%(Cs — 2C5)%¢(3) X Wiee

WOF (@) ~ lim 4 fl_[dgzll}’ (2)®(2) ¥ (z3) | = 1, DiDi
fin p1p2—>0‘g 14 71(Z1 2) 1223 2416EI 1,4
p2pz D2 s D2D2 s L
160, **40, **1605 *05 “°
JP =0
DD D2D?
)6 104 4+ D3
Wrin' Npllgzrl,o‘l'.g f 1_[dszl/lqll(zl)CD(zz)lIJZ(z_?,){16D 14TD454'2
6 6 Ds 834¢=0
0, %230, %1 g, %34 T
D2p2  D2D2

W(Z)'H ~ lim Zg f 1_[ dszlll“pl(zl)q)(ZZ)lpz(ZS){

P1.D2-0 63516 o, 5“16 o, Oa,2

1 1

D?
D—3525 6534|:| 534}—0

W2 = [2g*Y® + 6(Cy — 2C)(2(Ca — CRIA* = (BCa — 4C)gME(3)] X Wiree

W, =264 (YO = 355¢(3) X Woree




W@ = W@ + W = [(g*2N,Tr — N} + (1221 - g9)) J{7 YD +

1 3
Eg‘*Y(Z) + (-3 —Cp)IA* + E(3CA —4Cp)g* 5(3)] X 4(2Cr — Ca))Wiree

CD—( 1/2)¢R’¢_( 1/2 ‘DR

¥ = (2%) Wi ® = (2%) Fin

V= Z;/ZVR,g =Z49p A = Z;/ZA

1/2

Zg —z1;

1 3
WY =(587® + (=3(Ca — CIALE +5 (36, — 4698 )¢ 3) + 2u)
X 4‘(2CF - CA)VVtreeOR

Wireeor = tr f d®zAR W1 R PrW2 R

u = (g&{2N;Tr — Cu} + 930231 — ) Y

P1+ D2
3
Y
2 1
P1 2
DP1+ P2 P11+ P2 D1+ P2 P11+ P2
3 3 3 3
I e P
2 Ji 2 1 2 1 2 1
b1 P2 p1 P2 P1 P2 b1 P2
2m+1
W = lim O(—1)m+1g4 Nm-2 f 1:1[ dBZ AW, (20) D (2,) Wy (25)
asee, e e e

' s Ls }
= 922m+12m " H 0954
Uam s

2m
wr(m) — (_1)m—1 94 Nm—2y(m) X VVtree

1 log(0)(1 -1
wrlead — L drt g ( )( ) X VVtree =Yt x VVtree

T 2NZ), (1 + ylog? (1)1 +73)




1 [oe]
Yo = i D (= 25i)sin () = 20i(x)cos (1) Un(1/2)
m=1
2 5
vty Lty (12T E @) 0y
Nr(Er(3)
Z(L+1)=4C NG el _ (4C8@2L—-1)forL=2N+1
L+1= Lp:l W = 4'CL(1 _ 22(1—L))((2L _1)forl = 2N
“=gin(s)
LT Z+n\L
WSub - gZLCL/NL XZ(L + 1) X Wieo,
P1+ P2 —_

3
A N A\ —
2 i
P P2 h P2

o* = (09, —0d) and * = (0,, )

(eH)ea = sdps“ﬁa; ,s"‘BeBy =6) e"Pep, = 5F.
_ N _ N ;
(6,00 + avaﬂ)ﬁ = —21,,65 and (046, + crva#)B = —an,Sg

tr( odd number of 's) = 0
tr(o#6V) = tr(¢#a") = —2nHv

Da = 6,1 + i(O’H)adG_daﬂ, D_d = aa - i(a“),me"‘au

{Da, Dg} = 0,{Dq, Dy} = —2i(0);, 0y
D2DyD? = 0,D?D,D? =0
D*D?D, = D,D?D*

D?D? + D?D? — 2D*D?D, = 16 O
D2D?D? = 16 O D?,D?D?D? = 16 O D?
[D?,D;] = —4i0,4,D% [D?,D,] = 4i0,,D%

1 _ 1
d%e = ——Dz,f d?6 =-D?
J wo=-3 ;

1
d?0 = Ze“ﬁdaadeﬁ, f d6,0Ff =58

@ gy = d'q  _ _ a(@a()
150 = | G e 5

(kZ/#Z)d/Z—a—B'

a(a) =T(d/2 —a)/T(a)

D k) = (k2 D) (; 124 0(61)).




_ D%D3

== {(batbs) = ~ 70 Ound® (11 — 72)
~\_  DiDi

_(¢i¢j> 16 O 6116 (Z1

73)
~m = (vvp) = (— D;D;fa u;;'g?) 8ap68(zy — 75) i 16—D6ab63(zl —2z;)
= (ehcr) = (chea) = Tp 5 Ban®*(a = 22)
J® = lim f dqy d*qy i (p1 + p2)* — 60(3).
pp2~0 ) (4m)% (41)% ¢3 (g1 — P1)?(q2 — P2)%q5 (42 — P2)?(q1 — P2)?
J® =20¢(5),J® = %5(7).

Yy =G Z YO, 2)

L f !
0) _ (=In (z12))" 2L~ f) SO
Y, (21,2,) = ;:0 L=l ;0 mi(l—

m)! Zm(zl,ZZ; 2L + - f)
L (21,255 k) = l;(k )

G
z — 73) (

(Hm zfi+z;li>
m Nk-m
=1 &' no) i=1

n;
21-1

YO = J’ de 210g (‘L')

1

—T+1
= zi-1321

<¢(21+1)(3> 111(2”1)(3) ¢(21+1)<2)+¢(21+1)<E)>

21112 — tr((;b{ll(;blz})
0,(x,t) = 0t  ty, t -t =0
G(x;, t;) = (02(x1,t1) 02 (x2, t3) 05 (x3, t3) 0 (X4, t4) 02 (x5, ts))
2
x
G(xit tl) = 1

4 2 2 G (ui; tl.)
12X35X14X34

xpx3s
u = 7 2 Uiv1 = Uilx-xyq
xf3x3s
| | aij —
tij ,t[j - ti t]
i<j

a,:j = aji,z a,:j =2

JES




>
k m

T(z‘jklm) 7Eijk)(lm)
G(xy, Asty) = BASBN525G (x;, ),

Teijkumy = tijtiktiatimtmir

Ty = tijttiitin
tij = (2 — ) (vi — vy),
G (20 Zi t) |ty = (z2,) (v—v;) = 90 V)
9(Z, ;) = Giree (Zi, 1))
ty = xf,

G (i t)l gy, = A

(01 (xlt tl) On(xn' tn))conn = f [d6]M(5U, tij) 1_[ (xizj)_sij[‘(é'ij)’

1<i<jsn

6 ]u 0y = AUZ 51]

0(x,z) = O*1-11(x)zy, .2,z 2 =0

5; I'(8;;
(O(x9,2p) *+ Op) = Z 1_[ (ZO Xa 0).[ [d§ M{a}(6lj'tll) 1_[ 3 )-I:?E-?g}z) 1—[ ( j)
a; 10 1

<i<jsn ( L])sl]

ay=1 i= i=1
n n
(@h=o0++8)6=-) & Z =] -
= =1
n
D (Ba, + 85 + 85 4+ S IMM = 0
a;=1

n n

(2] +d— 4) Z 5ab [Macz...c]]ab — (] — 1) Z é‘ab[Mabcg...c]]ab
ab=1 a,b=1
a#*b a#b

[M(5:)]% = M(5,; + 526 + 5767)

1 1 1 1
M(all’ tU) - <MSUGRA(6U' tu) T3z 213/2 MR4(6L]' tu) +0 </15/2>) +0 (m)

01(21) . Ox () = Z C(l kp)(xh s Xiy Vs ay)(_?gl"'u](y)
P




k n

(%) _
M) ~ 5oy O = ), D, O
a=1 b=k+1
(020,X)(X0,0,0,)
My(9) Mg(0)
5LR = (T -+ 2m)

Qo(8:j) « M Mp, (scalar)

k n
QO ‘XZ Z 6angMIi2
k

a=1 i=k+1
n

0y Z Z Sai(8y; + 8281 MO MY
a,b=1 i,j=k+1

6 — (T+2m) - 2(1 —m—46y3)

(0,0,0,0,)

(/,020,0,)

(T,,0,0,0,)
tats

t
(0,0,0,0,) = —2 2 G2222 (w,v;0,7)
X12X34

G2222(W,v;0,7) = ggrzezez (w,v;0,7) + R(w,v;0,7)H(u,v)
Rwv;o,t)=t+otu’+tu(t—oc—D+ouv(c—1—1)+ov?+v(l—0—1)

2 .2 2 .2

_ Xi2X3a _ XiaX33 _ _ tislaa _ tialys

=2 2 V=3 320°% T=
X13%X24 X13%X24 1234 t12l34

+_
V2 c

2,,2 2
T°Uu 1/otu
free =1+ 02u?+ (

™
+au+—)
v

4—-5\% 4—t\> 4—1\? ® ® sy o4t
M(s,t)[‘( ) I‘( ) F( ) =f duf dvu 2" "v " 2H(u,v)
2 2 2 o 0
s

A4+ A —s:
8ij = : 2] U'Slz = S34 =S5,514 = Sp;3 =1
513=524=8—S—t=4’—ﬂ

1 32
M(s,t) = 48005 + -

NG-2C-2C-s—0  NBP

1
toitojtortor — tietjx + tixtjp — §tijtke

Yo,ijYo e — tirtje — tietji




5
AR( S, Ot
MR (8y,t) = Z A ty) +R(8.ti)
o G-l
f=k+1

ny+e+n,<4

A2 (i, tij) = Z Z Pl (ti1)815 63637845,

R-sym n;=0
ny+--+ng<4

R@yty) =Y. > 1T S OTE050500%,
I n;=0

1

21O L DY (1, .
Cij —E(LU +LU)(L(‘)” + L),
; a

0)
L =t“1_—t"]—.
1j L atl] L atll

Ac — Ac 1
Rij = Z ay, T
T

A A
C12R15 = AR5

RY, = ady tiytaatsstss
—_ — —_ 6 —
RT;® = apy5(tiotistaatsatss — tiotiatastaatss) + aiy g (tiatistastaatas — tiatiztastsatas)

+ai;re(tiptiatastsstas — tiptistastsstss)

24 _ 24 1 2 —24 2

Ri7* = ag35 (tistaataalastyz + tialastsatsstiy — §t34t35t45t12 + a5 6ti2t15ta5t3,
—24 1 2 —24 2
+a5;77 | tistasztaatastin + ti3tastzgatastis — §t34t35t45t12 + ayzgt1at1ataalss

1
+aifs (t14t23t35t45t12 + ti3taalaslastiz — §t34t35t4st122> +aiftotiztistastis
12 _ 12,050 12,-16 p—16 , . 12,-24 p—24
Z P{ni}(tij) =Py Riz TPy Riz” t Py~ Riz

R-sym

12,0 12,-16

= p{ni},1t122t34t35t45 + P2 (tiztistaatzatss — tiztialastaslss)
16

12,- 12,-16
Pz (ti2tistastzatss — tiztiztastaalas) + Dy (Giatiatastsstas — tiatistaatsstas) + -

Mj22 = foootastoatos
M35,, = 48005(835t53t5, — 2812833t 0atostiats + 2812833t01tostiatss + )

Y —— CoooMa22M555,
22222 (545 _ 1)

Cooo 2
M35522 =4800; %—_1)<25§3f122t34t35t45 + §5125233t12f23f45(3t15t34 + 3t1atss — ti3tss)

2
_§5125233t12t13t45(3f25t34 + 32435 — La3lys) + ) + -

42
Cooo = 2\/2 Coor = A Cooy = 42
tyj = xjj

G(xir ti)corm = f [dS]M(Sij' tij) 1_[ (xizj)_SijF(ai]')'

1<i<jsn

2 42 42
G _ Xi3tipt3stiatss
(X t)conn = 4 42 2y
X12X35X14X34013

2-813, =823, 2834, —845, 1-815
f [d6]M(6ij'0i)F22222u1 u, Pug Ctu, Cug




T22222 =T(812)T(815)T (823)T(834)T(645)T(L + 815 — 23 — 834)T(1 — 812 — 815 + 34)
['(1 =815 + 023 — 845)T(1 + 812 — 834 — Gas)T(1 — 815 — 823 + 84s5)

M(Sy.0) = ). 01032010 0 My (8) = D wl b My (8)
{ng} {ng}
uy " uy wy ug* My (81) = Dy, ng © Ming(83),
Dy,,.ng © M{ni}(sij) = M, 3(812 + nq, 823 + 1, ..) X (812D, (815)n, (623)n, (8340, (8as)n,

(815 — 823 — 034 + Dpg—ny—n, (823 — 815 — 845 + Dipyny—n (1 — 812 — 815 + 34)n,-n,—ng
(14 612 — 834 — 845)ny—ny—n, (1 — 812 — 623 + Oas)n,—n,—n,

a A —
@i el (W> (6 — ay)
(xf;) D5, .4, & M (8) = —1]
1<i<js<5 Hl' F(AL) i<j F(SU)
Ai + Z ajj = Ai
Jj
47'[2 > T]isiii)

Di1112 =
2 2 .2
X1aX35X25 &= Ny

w-1DWw-1)zz _
= p T Y= DE-D)
w—-2)(W—-2)+1 1 ww
BE T DD “ T w-Dw-D'C w-—Ww-0+1

5
Z Uisiil)
i=1

Li, ((1_Z§‘£’1_W)) = Li, (1fw)+Li2 (1V_VZ)—Liz(z)—Liz(w)—log(l—z)loga—w)

=0

A-0

2
C001 = 2Cp00, Coor = 7C000

Sl']' = Ai + A] - 25‘]

As o g, A L2
A(S;; =T(=-2) lim L15/2 f —a’ 2 e"M | s;; = —S;i, t;
(Sij»€) (2 )&‘.}, Vs | am® 2eM\Su=gg5ut
L* gSZ(M
{,—g=/1=g%MN.gs=—4n

N3 N5
. a a
A(Sl-,-,em,) ~ kAL, - S |1+ 2(3( ) M; + 2(5( ) Mg+ 0(a’®)| - Ass

2 2

Y

B <AYM(1,2,3,5,4)> B <AYM(1,2,3,4,5)>
54 =

AM(1,3,254)) 7% T \4A™(1,3,2,4,5)
€4y = bty
s = 1(512(513 + S23) S12513 )
74 S$12513 $13(S12 + S23)

M =(7"11 mlz)
37 \myy my




513524
me =g

S3
my = ?4 [S12(S12 + 2823 + S34) — S34845 — Sis] —

(S12 + S23 + S34 + Sas + S15)

S$12515
8

(812 + S15)

My; = Myzla03 and my, = myqla0s

MR4 12 10
=) MIP®+ ) MIT®
960v2¢5 a=1 a=1

Psi P,
M{a — M1 sing | M1 reg

2(815 + 8,3 — 2)
—lztsw—_zi(alz(523(4523 — 5834 —7) = 5815(823 — 3) + 4834, — 6)
+67,(4853 — 5615 + 1) + 815(4623 — 9) + (53 = 823)823 — 9834 + (823 — 3)%)

2(853 + 034 — 2)
—23515—_341 (812(4034 — 5653(823 + 834 — 3) — 9) + 823(634(4034 — 5845 — 7)
+4845 — 6) + 633(4634 + 1)+(5(3 — 634)834 — 9)845 + (834 — 3)?)

_ 2(812 + 615 —2)
+62%,(48;5 — 5823 + 1) + 815(5(3 — 815)845 + 815 + 4853 — 6)—9(823 + 845 — 1))
_ 2(015 + 645 — 2)

2(834 + 645 — 2)

~ g T Gis(8sa(4 = 584) = 585 = 3)8a5 = 9) + 853(5834(3 — 834 — bis)

+46,5 — 9) + (4834 + 1)675 + (834 (4834 — 7) — 6)845 + (834 — 3)?)

P,sin,
M =

(612(815(4615 — 5823 — 5845 — 7) + 15653 + 4045 — 6)

(812(4845 — 5615(815 + 845 — 3) — 9) + 825(4815 — 5834 + 1)

Mf'reg = 23(812 + 815 + 823 + 034 + 845) — 54(612(815 + 823) + 845(815 + 634) + 523034)
—103(8F, + 8f5 + 633 + 634 + 845) + 31(67, (815 + 823) + 812(875 + 833) + 625(815 + 634)
+845(875 + 634) + 823834(823 + 534)) + 124(812(634 + 845) + 615(823 + O34) + 023045)
_30(512(515534 + 845(023 + 534)) + 815623(834 + 845) + 1) — 8(6%,(834 + 845) + 812(62, + 635)
+675(823 + 834) + 815(873 + 634) + 823845(823 + 645)) + 18(—012(815(823 + 645) + 823034)
+67) — 834845 (815 + 823) + 835 + 833 + 834 + 63s)

T,si T,
MlT — M1 sing M1 reg

yTsing _ 2(823 — 815 + 834 — 1)2(=815 — 815 + 83 + 834 + 1)2

262.(8y5 + 815 — 2)%  262,(84y + 843 — 2)2 2
+ 15( 12 15 ) + 23( 12 23 ) + (515(534(20(1 _ 545)545 _ 6)

+268,3(2834(5845 — 3) — 6845 + 3)+3845(2845 — 1)) + 2675 (845(5845 — 7) + 3)
—0845(623(20(834 — 1)834 + 6) + 834(834 +15) — 11) + (823 + 1)(2623(834(5834 — 7) + 3)
—462, + 116834 — 6) + (834(1083, — 1) — 4)655)

M™% = 8, (815(8853 + 18834 — 22845 + 31) — 1562 + 6,3 (148,5 — 26834 + 39) — 1562,
—26834(834 — 16845 +9) — 228,5) + 625(—7815 — 7853 + 3) + 385 (48,5 + 4854 — 9845 + 17)
+6815 (845 (14853 + 44834 — 3) — 2(823(5834 + 17) + 6625 + 534(4634 + 31) + 3) + 1562;)
—883 + 845(823(36834 — 62) — 834 (27834 + 7) + 24) + 236,302, — 15623834 — 383034
+5182; — 148,53 + 5(3 — 5834)825 + 283, + 1582, + 2083, — 11

_ 2
tij = ¥ij

0, =0, + (po'uﬁ)]u + (pauﬁ)(pavﬁ)’ruv + o




1
= ED]@Z(x'y'p!ﬁ)| ~
p.p=0

1
T= ZDT@)Z(x!y! p'ﬁ)|
p.p=0

. (9 0 1 0 0
Dy =A%t (aﬁaa apad + anad axaa>
Dy = J¥1)]%2 )01 J&2 0102 0102 ( 0 0 9 g
T € € 0'50415!1 ap_azdz ap“1d1 apazdz
0 0 0 0 1 0 0 5] 5]
- ap_a1d1 ap“1d1 ayazaz Ox %202 - analdl ayazdz Ox %11 axazdz)

(J(1)02(2)0,(3)0,(4)) = Dj X (O(X1) 02 (X2)0,(X3)0,(X4))

’

p.p=0

(T(1)02(2)0,(3)0,(4)) = —DT(X1)(®2(X1)®2(X2)®2(Xz)@z (X4))

’

p.p=0

4

Z atk )(u v; }’U'Yu])

12 34k

4
z: x1kZ X1

0 B0 vy SIS,

X.
12 34—kl 2 11

Z - xlk

J(1)02(2)02(3)0, (D) =

(T(1)0,(2)0,(3)0,(4)) =

— a2 4,2 - = -1 -1
Yo = yayiiVai Ve = 5i(vi)t — v )vi

4

: r(6; + 8%) 1 I(8;
IW0,@)0,30,) =y T2 [dc?]M"]_[ ( e 2 (zéf,)
k=2 1k i i<j i'
4
. . r(s; + 6% + 8¢ r(s;
(T()0,20,3)0,) = » LI | [dalM"’]—[ ( i I )
X1k X1 ! : x.. 7
k=2 i=2 i<j l
4 4
8, = 651,64 = —0, 8 = Z 611,2 8y =1 -1
=2 =2
dsdt s t-
a®(u, vy, Ye ) = f uzv 2 S M (s.t; yU‘YlU)l—[ r(5; +6k)1_[ r(s;;)
i<j
dsdt s
pED(uviy) = [ SuiT M (s yl,)ﬂ r(si+af+8)]| | rey)
i<j

M* (s, t;yi, 1y, U)l_[ r(s; +‘sk)l_[ r(s;) = f dudvu = 1_%a(k)(u'vi)’ij' Y1)

i<j

M (S t; 3’11)1_[ F(6 +8k 8l)l_l F(6U) f dudvu- 2 o 1_%/9(’('1)(“»172311']')

i<j

© © N 1_£ . L ab
J duJ dvu 2 v 2u™v" ENCER 5 HW,v) =M(s—2m+ 2a,t —2n+2b)

X (—1)a+P (m —-a-— %)a (n —-b+ ?)b 1_[ F(Sij(s —2m-—2a,t—2n— Zb))

i<j




2 _30(3 2 2
M —W ((t - 4’) (S + 3t — 13)t24_t34_yl'23 - (S +t— 4’) (25 + 3t — 11)t23t34Y1'24
2(t — 4)%ty4t34Y1 23
(s=2)(s+t—6)
2(s + t — 4)?tast3a¥1 04 _2(s —4)(s + 2t — 8)ta3tas)1 34

(s—2)(t—-2) (t—-2)(s+t—-06)

+(s —4)(2s — 9)(s + 2t — 8)ta3ty4Y134) —

3003 2 )
=z ((s —4)2(2s — t = B)ty3tyaYi 34 + (£ — 4)?(s — 2t + 5)t2at34Y1 23
2(s —4)*t3t24Y1 34
(t—2)5+t—6)
2(t — 4)%tpatzsYios  2(S—t)(s +t — Dty3tsaYipa
GG-2)(+t—6) G-2)(t-2)
3043 ) )
=W ((S +t— 4’) (35 + 2t — 11)t23t34Y1'24, - ((S - 4’) (35 +t— 13)t23t24yl'34)
2(s — 4)ty3t4Y1 34
t—2)+t-6)
2(t —4)(2s +t = B)tplsalips  2(s+1t— 4)2ty3t34Y1 24
(s—=2)(s+t—6) (s=2)t-2)
M22 = 8045 2 2
== (s2(2t —11) + s(t(2t —39) + 118) — 23(t — 4)*)t3tostss
8(5 - 4)(t - 4)(5 +t—- 4)t23t24t34
3G-2)(t—2)(5+t—6)

M3

—(S - t)(S +t—- 4)(25 + 2t — 7)t23t34yl‘24 -

M4-

_(t - 4’)(2t - 9)(25 +t— 8)t24t34Y1’23) +

M?3 = —?137 (s2(2t —11) + s(t — 8)(2t — 11) + t(13t — 35) — 32)tp3toatss
8(t - 4)(S(S +t—- 8) -+ Z(t + 2))t23t24t34
3(s—2)(t—2)(s+t—6)

80
- 13523 (s2(2t + 13) + s(t(2t + 21) — 173) + t(13t — 173) + 520)t23t24t34

8(5 +t— 4)(S(t + 2) + Z(t - 10))t23t24t34
3s=2)t—-2)(s+t—6)

M24 —

33 _ 8043 2
M3 = —W(s (2t —11) + s(t(2t — 15) + 58) + (58 — 11t)t — 128)t,3to4t34

8(s—4)(t —4)(s+t—4)tystauts,
3(s—2)(t—2)(s+t—6)
- iﬂf; (s2(2t + 13) + s(t(2t — 27) — 35) — 11(t — 8)t — 32)ty3tratss
8(5 - 4)(S(t + 2) + (t - 8)t + 4)t23t24t34
3s=2)t—-2)(s+t—06)

M34 —

80
M* = — /13/(23 ((2s = 11)t2 + (s(2s — 39) + 118)t — 23(s — 4)2)tp3tatss

8(s—4)(t —4)(s +t —4)tyatystay
3s=2)(t—2)(s+t—6)

n A;
D j‘ dzyd®z Z ‘
Ay,ey = | |
* " Zg+1 i=1 Zg + (2 - fi)z
1=

dj2—-% @

Dpy,opit1, 841,00, = TAJW Ay

ij

n

1
E = Ez A,:
i=1
n7r (3 - %) rE) 1 M, a’ "

da;5| 1 —Z a;
211; T(a) fo J J

z
j=1 7 (Zicj wmajxf)




-3

) 1 . _ 1-2z
L[1] =®(z2) = ZTZ‘[ZLIZ(Z) = 2Liz(2) + log (z2)log (1 - Z_>]

1 n P({al})
LIPQa )] = T(n -2 d 6(1- (3o wax?)
e =ro-o | ] Taws|1-3 0 fo

5 (i

D _ An? 771‘51;5)
11112 — "2 2 .2

X14%35%75 &= Ns

p = N,n~L, N, = 2" ldetp

0 wu 1 1 wug
u 0 u, 1 1
p=11 u, 0 wuz 1],
1 1 uz 0 wuy
us 1 1 wu, O

(5
Ii ) = D (uqus, uy)
2 .2
Xi,x xZ,x3
Uz = 122 ‘?’ =2zZ,u, ——14 B _(1-2(1-2)
X13%X24 X73%3,

®  log[(1=2(-2)] log (22)

9,0 =

Z_—Z z(Z—2) (z-1)(z—-2)
_ @ log[(1-2)(1-2)] log (22)
0@ =75+ Z(z — 2) Z-1D(zZ-2)

ser ,f [Mi=r sz 4 ’P'q)l_[ ITi-1 F(skz.iz;p,q) dz
Sp(2N) = AN o F(Zﬂzil,p, F(Z— D, q ) 2miz;

1<i<jsN

[Ti-1 F(SkZHZ‘ 2 q)l_[ M= F(skz-—l;p, q) dz
lH(Z+1ZJ_r1’p‘ F(z— ipq)  2miz

MR-y T(sezt zi :P'Q)l—[ dz;

F(z+1zil,p’ ZﬂiZj

Sty = 1 |

1<i<jsN

Iggézm = XIIVJ’
N 1<i<jsN
I'(a, b; p. 9):=T(a;p, QT(b;p,q), T(az*';p,q): = T(az; p, O (az"%; p, q)
r(zf zj i0,0):=T(z" 20, 0)T (2 275 0, )T (27 25 0, 0)T (27 27 v, q)

3
. N . N
%n I(si;pq) Sp(2N)or SO2N + 1)
’ k=1
3
(CHPACHDA
Wn IV(si;p,q) SO(2N)
’ k=1

1

I'(a,b;p,q) =1 (ifab =pq),T(zp,q) =

-0 (Z; @)oo q—>0 1-z




! (@ (tu;
spe (1. 0.0) = iy Ko

(z+1 +1 tuz+1zi1.q) 1—[ tuz— ,q) dz]
X
TN 1<i<jsN ("LZJrl . ulﬂzﬂ,q) (tz uz— q) 2mz]
(g; q)oo (tw; %
Isoen+nyW q,t) = SN W
(z+1 +1 tuz+1zi1.q) 1—[ tuz— ,q) dzj
X
TN 1<i<jsN ("LZJrl . ulﬂzﬂ,q) (tz uz— q) 2mz]
oo (1,4, 6) = D% (D (27 tuzz ™ 0) P dz
soem(W 1) = Sy xyg +1+1 — a
2NTINL(t, u; g8 i 1<i<jen (tzi'zF uz; Z; ,q) L 2miz
Ty (6 w5 ) 1 (@ @)t D fl_[ dx; (xi/xj:Q)m(tuxi/xj:CI)w
vmLU; q) = —
™ N (& %W 2mix; ] <N (txi/23q)_(uxi/x539).

) (xi/xj;Q)oo
w(x) = - e
1<i#j<N (txi/xf;q)oo

ullb; Py (x; 9, )Py (x5 q,1)

1—[ (tuxl/x], q)

(uxl/ ok q) (=N

o $ l_[ e WOIPA(8 4, OB 0,) = N

(tF-igh=Hi+; q)oo(tj—iqli—lj; q)oo
(tj—i+1q/1i—1,-; q)oo (tj-z-1q/li—l,-+1; q)oo

1<i<jsN

(CHOM
It = oy Y wb N
e 2(D=N

(x%4),, 1—[ (xix5q)

An(xl, X2y ey X5 q, t; to, t1,to, t3) = 1_[
{zin (toxi t1Xi t2Xi, t3X55 Qoo 1<i<j<n (th ; q)

o 61X, 6%t @ (txixsq)

i (t[)xu
lim Gy o 2) ™ K2 (6 G, 6 o, 11, £, ) =P,1(x;q,t)1_[ ) _—
i=1 X0 4) o 1<i<jsn Xi%j3 4 ) o

IL(u,q,t; to, ty, t, t3)= x"nlzifloz bi(q,t) fum"An(x; 4,6t ty, to, t3) A0 (X715 q, 6 to, by, o, t3)
A ™
N
X Kmn_a(Vux; q, 5 to, ty, ty, t3) Kon_a (Vux =15 q, t; to, ty, ty, t3) 1_[ o
j=1 /

(CHOLS
(to, t1, tp, t3) = (+\/_ —/t, +\/_ —\/_) X = W for C,
(CHOES
(to, t1, ta t3) = (—1,+t,—[q, +/q), X, = TICOR for B,
(GO

(to, tll t2! t3) = (_15 +1; _ﬁl +\/E): xn = 2n_1n! (t, q)‘g‘) for Dn




b9, (@, OOP1(x; q,t) = (1 = X)) ™ Koun (x; 4, & +4/q, =/, +/qt, —[q0),

Ais even

Z S m (@, P (x5 q, t) = oy - X)) ™K (33, q, 6 =1, +t, —/q, +/q),

Acmn
beL (@, OPa(x; q,8) = (X1 = X)) ™ Kon (x; 4, & =1, +1, —[q, +,/q),
Acm™n

m;(A) is even

n
/ (tax;, Qo
D @Ol @ ORI 4,0 = [ [ e () Ko (3.0, =1, +1,—0, 4D,
i=1

ACmn (axir Q) =3}

1— qu(S)th(S)*'l
by(s; q,t): = mh(q, t):= 1_[ by(s;q,0),

q SEA
oa el ol 1- qa(S)tl(S)
o= || meeoao= || nseopao= || oo
SEA SEA SEA
a(s)odd 1(s) even 1(s) odd

1— qu—a’(s)+1tl’(s)

bim(q, )= b7*(q, 1)
SEA
a’(s) odd

1-¢q
1— qm—a’(s)—ltl’(s) ’

1— q2m—a’(s)tl’(s)+l ’

m—a’(s)tl’(s)—l

b (@, ):= b5'(q, 1)
SeA
1'(s) odd
ol 1— m a (s)tl (s)
bfim(4,0): = bf'(4.0) n 1— qm @) 1gl () +1”

SEA
1'(s) even

b92,(q.t) = b§(q,t), by (q,£) = bJ'(q,t), bse (g, 1) = b5'(q, 1),

b/%;m—wO(q! OP(x;q,t) = (g -+ xn)m_)mK(m—Wo)n(x; aq,t; +\[E' _\[E‘ +\/‘I_' _\/a)

|A] is even
. . A-9@-v . 1-9
bg(a,t) = 1,bp41(q,t) = m'b[z] (q.0) = )
. A=t -nta -3 | _ -9t -0 +gqt?)
Y@ = e a=ga =gy @O T G a — oG - e
. _ (A-*t-q9gq (1-0)(1 —qt)
bz 41(q.t) = =020 =g0’ by (g, t) = ) (D)

lul+lv]
@ a0 =2y Y. Y W b, 0bi@,0b5 (.0

A |u)|v]is even

x ¢ 1rNAN(x;q,t;i\/f,i\/a)AN(x*;q,t «/_+\/_)

X Py(%; 4, )P, (%; ¢, ) Py (x5 ¢, OP, (x5 q,t)l_[

mej
+E el el

ogawsn q.t)—x,vz Z b2, DbE(a, OB a, 1)

x$ Ay q,t;—1,+t, \/E,+\/_)AN(x Lgt;—1, +t —Ja.+Ja)

X Py(%; ¢, )P, (% ¢, )P, (X1 ¢, OB, (x 13 q, t)]_[

mej

I =X W‘*‘lu| b bol bol
soc2ny (W, q, 1) N (g, D)be (g, )by (g, t)

A my(u),m;(v)iseven

x ¢ Ay q,t;—1,+1, \/—+\/—)AN(X ;q,t—1, +1 \/—+\/—)

XPA(X q't)P (X q't)PA(X_qu't)P (X rQrt)l_[

me]




A1+ |ul+|v|+odd(u')+odd(v") ol ol
Isoensn(@a,t) =Xy Y Y u z ba(a, b5 (@, 0B (2,0
A

wv
x$ wAy(Xq,t;—1,+t,— /g, +/Ooy(x 7L .t -1, +t —Ja.+J/a)

X P06 4, DR 4, DR (1 0, OR, (XY, t)]_[

n
(tuxi; @)oo
I._I (uxi; Qoo
i=1

(tux; Do O (G

me]

(O Gug. ~ L o, 1 o
G
@ = ((q'?z))lz

o

Isoen+y (W q,t) = Xy Z Z Z |/1|+l+

1=0 A my(u),m;(v)iseven

x ¢ wAy(Xq,t;—1,+t,— q,+\/E)AN(X_1;q,t;—1,+t,—\/E,+\/_)

ba(q. bR (q, )b (q, Hwi(a, t)

dx;
X PA(X q, t)P (X q, t)P l](x q, t)PA(X_lt q, t)P (X 1' q, t)P[l :q: t)l_[ 271'1;('
J

@D @5 _ N @D,
(@q™ Do’ (6 Doo A

@ gD = @ Dn(-0)"q), (ag"; Pnoi = EZ Z;:

(a q)w(tua q)oo (t; q_l)n(t; q)k—n 1\, k—n _(7;) k
(6 9 (4 0)er Z [ @@

(ar q)O = 1r ((1; q)n =

L1 .
c(u;q,t):= M _nq_(rzt)

(-1t
(@ D@ Dic—n
Cnyng,, (u;q,t):= Cn, (W q, t)an (w;q,t) - Cn,, (u;q,t)
Cnyny,.ny0,..,0 (u;q,t) = Cnyng,.n; (u;q,0)

w(x) ullb, Py (x; q, )Py (x5 g, 1)

2(DH=N
[ k;—j [} _k_j
Z ACKE £)(xix;) 1_[ Z ;5 g, ) (xix;)

1<i<jsN k{}:o 1<i<jsN [k;=0

w(x) Z ullb, Py (x; g, )Py (x5 q, 1)

(D=2
x [Z (enr t))(xlxa"*] x [Z (caCtq t))(xlxz)-"‘]
n*t=0 n-=0

By(g, oo Xy @, 1) X X = Ppyqn (%, oo, X3 @, 1)

Isowy(w.q,t) = X, Z Z ulMby ek (w, 4, )N iz 2
tM=2 7

1
ISO(4) (u, q, t) = EZ Crzl (‘Ll., q, t)ISU(Z) (u' q, t)
n




W(X) M'bAP,l(x; q, t)PA(X_l;q, t)
2(A)=N

Ant,ntn —1\A(n,nizn53)
Cni'z,nf3,n23(u g, t)x"miz s 23)][ Cnniang, (W GO (XTH) (nizmismzs

ninis nz3—0 N1y MNa3,M23=0

xAMminiznds). — (xl)nfz"'n;a (xz)nfz"'n;a (xg)nfa"'n;a

(X_I)A(nIzrnISVnES): = (xl_l)nfz"'nfz (xz_l)nfz"'nz_z (xg_l)nfz"'nfs_

S 1 1
Isoe)(w,q,1) = X3 Z ul?lb Z Z - —_ CnbnfndsCninisnis

+ o+ o+ 17
ninizngs] T nizngsl
£(D=3 nh,Enl,end, nEnEny,  t2Miaiis s

(rumu (X)PA(X): rvmv(X)PA(x))v

I + o+ . + — [— - - e -
= [n{; + niz,ni, +n35,nis +n33l,v = [ng; + niz,ng; + nys,nis + ng;l

N
=] | V@
i=1

low@a =25 > wllhy >N ek s, (M GOPAGO, M (OPAG0).

£(1)<3 n,fzz‘nz'szn'z"3 Ni,2ZN32N53

Iso6) (W, q, 1)

1—-t
—X3[N[03+ub 113 tu b[2]]\f[2]3+(u b11]+c‘100)]\f[11]3+<u bz, +uc1001 q)]\r[z,u,s
1—t[—qt?—qt+t2—q+t+1)\°
+Wbp5 Vg3 + | wdbpa +uC1001 q gt 4 1 Mu1,1,113

2

qt+q—t—1\° et —qtd —q*+1
+ (u4b[2,1,1] + u2C12,0,0 (b[l,l] <<—qt 1 ) + b[Z] q3t3 — q2t2 — qt T 1 + C12,1,0
—qt+q—t+1\° —qt+q-t+1
+C§,0,0 (qt——1> +2¢11,06200 qt——l
+(u4b[3_1] + uch,o,ob[z])]\f[&ﬂ,z + (u4b[2,2] +ucfgobp) + C%,o,o)N[z,z]s + O(N[/l]>4,3)]

)MZ,I,]]S + u*b May 3

1-t (1-qt)(1—-1) 1-t)(1-1t?) 1--t3a-1¢t3)

b = T e T Ao Ao I T A - M T A - —end —qd)
P 1-qt)A -1 -t?) Q-’01 -q)1-1) _A-¢*n-9Ha-t?)

BT 1-g)A-9-q)'" B 1-¢HA-¢D-9)" P 1-¢HA -1 -0
) - -tHA-tHA-th) (-0 -tHa -3

WA= 1 -1 - q)A - qtHA - qt3)" BT (1 - g1 - )1 - qtD)
b (1-0(1-tH(1 - qt?) _(A=-¢*)1-¢*H)(1—qt)(1 - t)

AT A -pU-¢0" W~ T-gHA-aA -1 -q)

2
C1,0,0—(1 5 (u D, ¢10 = g t))z( _1)2

- 1- f)(l qt) o 1-1)? u 1-—-tg™)
207 A -1 -q?» a-¢' " a-pa-¢» 1

Isoemy(U, g, £)= Xy Z ullb,
2(D=N
(o]

(o]

X + o+ + - - —
cnlz.n13.“‘,nN_1,Ncnlz,n13,“‘rn1v_1'1v
+snt + — sniiseny
Np2N 322Ny y M2 322Ny N

{n*} (n7}
X DT (mam, (P09, mymy (9P 9)
u v




{n*}
I+ ot I+ I+ o+ + _ + + +
Z {(nlz,n13, “"nN-1,1v) | (nlz,n13, “"nN-1,1v) = J(nu'nls’ ""nN—l,N)' Vo € SN(N—I)/Z}
u

Isoy(u, q,t) =
1-
X3 [J\r[o 4+ ubi Vg4 + uPbpg Vg4 + (u? b1,y + C1)]‘f[11]4 + (u bjzq) +uct 1= q)MZlH

1—t(—qt?—qt+t2—q+t+1)
+udb3 Vg4 + | u b[111]+uC11 p g7 1 Na1,1,1)4

2
qgt+q—t—1\° Gt3—qt3 — g2 +1

+ <u4b[2_1'1] + u2C12 (b[l,l] ((—qt 1 ) + b[z] q3t3 — thZ — qt T1 + 012_1
—qt +q—t+1\? —qt+qg-—-t+1
B e e I

+(u4b[3‘1] + uZCfb[z]).M3‘1]’4 + (u"‘b[z‘z] + uchb[m] + sz)N[z,z]A

2

+ (7126'12b[1,1]B2 + u4b[1,1,1,1] + (C1,1(A +3)+ CzB) )-N[1,1,1,1],4 + O(JV[A]>4,4)]

)J‘f[z,1,1],4 + u*bpa Va4

o= (1—t)(u Drers = a t)z( D, = a-nd-g¢y , (-0 A-H@-9
(1 —g)? ' 1-91-q Ok 1-q9* (A-91-4g%
—3qt3+qt2 t3+qt—t*+q—t+3
- qt3 —1
B_qzts—q2t4+qt5—qztz—qt3+t4+q2t—qt2—t3+q—t+1
q?t5 —qt® —qt?2+1

N
Cnfz Mg n:Tl—LN Cnfzﬂqsr'"‘"13—1,1\1'";'";""'"1\1
+ 1+ o+ + + 4 +
A(n12;n13' "'»nN—l,N) - A (n12»n13: O My-1,N T, N2, ""nN)
+ o+ + — (ot + + + + +
A(n12’n13' "'!nN—l,N) = (n12 +tnzt Ny, Ny TNy et nN—l,N)

1+ + + +) = (+ + + + + +
A (nlz, ---,nN_er,nl,‘--,nN) = (n12 ++niy 20, ,nfy oty + ZnN)

Ispiany(W, q, 6)= Xy Z ullp,

2(A)sN
(o] (o]
Cp+ + + +Cn=. ons o
E E Niz My, NNy a2 N, N N
+ + nts + nsesns [y
nhzeenf_ yEnfzeenf npzeengog yEngzeeny
{n*} (n7}

x; Z (1, (P (), 1y, (X P4 ()

Ispeany (W, 9, 8)
—qt+q—-t+1
=xN [MO],N + ub[ll]\f[lw + (uzb[m] + C12 (1 + qt——l) >M1,1],N
¢ —qt+q—t\
+(u?bpz) + ¢f )Nz + (ub[l]clz,0,~~~,0 (1 + T i-1 ) + u3b[z.1]) Nzn
+(“3b[3] + ub[llclz)N[z],N + (u3b[1,1,1] +ucty...obiy(W + X)Z)Ml,l,l],N
(u4b[1 1,1,1] + uzb [1 1]C%(M + 0)2 + (C1 1(3 +2L+A+ D) + Cz(D + F))Z)MLLL]-]‘N

+(utbpz1 17 + w2 (b (N + Q)2 + by (S + T)?)
+(C1’1(2 + B+ E) + Cz(E + G)) )]\GZI 1],N
+ (wtbgs.y +u2c (b (1 + RY? + b U(S + T)%) + (c1,1(C + 1) + 621 + 1)) Mz

[3,1],N

+ (u4b[3,1] + uch(b[l,l] + b[z] (1 + K)z) + (Cl,l + CZH) )
+(utbpy) + wPcfbiz) + ) Mggn + O(Mzjsan)]




_2q7° — q*t* + qt° — 27 + qt* +t° —2qt> — 2qt* + > + qt — 2P +q —t + 2

4 q*t5 —qt3 —qt?2 +1
=Pttt -1 —qt+q—t+1
TP -g2-qt+1 T qt—1
-t gt — PP —q gttt —qt’ — P g —t+1 | —qt+q-t+1
b= q2t5 —qt3 —qt2 +1 E= qt —1
_—q3t6+q3t5—q2t6+q3t4+q2t5—qt6+q2t4+qt5—t6—q3t2+qt4+t5—q3t—q2t2+t4+q3—qzt—qt2+q2—qt—t2+q—t+1
F= Q36 — q2t5 — @2t  — ?t3 + qt3 + qt2 +qt — 1
PP+ P Pt -+ q + P Pt —qt? + P+ —qt—tP+q -t +1
G= Bt —q?t2—qt+1
H_—q3t+q2t2+q3—q2t—qt+t2+q—t I_—q3t+q2t2+q3—q2t—qt+t2+q—t

Q?t?—q’t—qt+1 ’ Qt?—q’t—qt+1

_Pt—q*t? = q® +2¢*t —qt* —q* +qt L_—3qt3+qt2—t3+qt—t2+q—t+3

K g2 — g3t —qt +1 T qt3 —1 ’

QPP+ @t —qt’ +2q7t° — 2qt* + q*t? = 3qt} + t* + qPt = 3qt? + t3 —2qt + 2t —q+t + 1
M= q?t5 —qt3 —qt? + 1 ’
qttq—t—=1 =@t =+t + P+ 3+t~ 1

Toqt-1 T q?ts —qt3 —qt? + 1
Q_q3t—q2t2—qt+t2 _—qt+q—t+1  @PtP—-qt®—q*+1

et3—q*t? —qt + 1’ qt—1 TPt —g?tt—qt+ 1’

-t - P+ PR+ P - PP+ qtt + Pt —qtP - PP+ Pt - —qt +q -t +1
r= q*tt —2¢30 + 2qt — 1 ’
P+ - PO - P - - Pt -+ qtP - P + Pt +qt* P gt g -t — 1
v= q4t3 — 2q3t2 — q2t2 + g%t + 2qt — 1 ’
_—qtP—qt+tP—q+t+1 Pt -tP—q*+1 P —qt+q-—t
w= —qt2+1 T g2t 4 qt2 +qt—-1"" T g?t—1

27 — Pt gt =278 gttt = 2t = 2q8° + P gt — 22 g —t 4 2

A
G0 — g’ —qt2 + 1
. PP+ttt -1 oo Tetta—t+l
Gt — 22 —qt + 17 gt —1
Do P -t PP -t Pt P g —t+ 1 P —qt+q—t+1
= PP — g3 — g2+ 1 ' N gt —1 '
o — PP — P18 L Pt — gt Pt gt — 18— PR gt 15— Pt — 22 A PPt — gt —qt— 12 g — i1
q3t67q2t57q2t47q2t3+qt3+qf2+qt71 )
R et W ek ek At Gk Ml A R S e A
. P — 2 — gt + 1 "
o e Pt —qi P gt P PP P g+ P gt

P =t —qt+ 1 ’ P =gt —qt+1




Pt — ¢t — P+ 2¢7t — qt* — ¢* —I—qt —3qt3+qt2—t3+qt—t2+q—t+3

K= L=
G- Pt —qgt+1 3-1
M q2t5+q2t4—qt5+2q2t3—2qt4+q2t2—3qt3+t4+q2t—3qt2+t3—2qt+2t2—q+t+1
q2t5_qt3_qt2+1
gt qg—t—1 B e S A Ry e S A S e |
N= gt —1 7 0= G5 —qt? — qt? + 1
Qiq3t—q2t2—qt+t2 po —fttg—t+1 PP — gt — P41
BB @2 — gt + 17 B gt —1 ' R e
T:—q4t4+q4t3—q3t4+q3t3+q2t4—q2t3+qt4+q3t—qt3—q3+q2t—q2—qt+q—t+1
Gt — 2433 + 2qt — 1 "
U:q4t3+q4t2_q3t3_q3t2_q2 _q3t_q2t2+qt3_q +q2t+qt2+q +qt+q_t_1
g3 =232 — P2+ P+ 2t — 1
W —qt? —qgt +1* —q+t+1 v Pt -t -+ 1 Y:qz—thrq—t
—qt? +1 ' -4 gt + gt — 1’ ¢et—1

1+ o+ + + o+ + T + + o+ +
A (nlz,n13,-",nN_1,N,n1,n2,~~-,nN) - A (nlzrn13l"'rnN—l,Nrnlanr""nN)
+ + + +) — (p+ + + +
A(nby, ot ny) = (nf, + -+ nfy +2ng, - nfy + -+ nf_ v + 2ny)

(a0 + + + +) — (4 + + +
A (n12r'"rnN—l,N!nlr"'rnN) = (n12 +oetniy+tng,niy ety n nN)

Isoen+n (W, g, 1) =Xy Z ullp,
oy

[ee]

+ + + +Cn= N - -

E E Cntymfy_y ymdongy Stz ny_g wminy
>

n}'zz--ZnR',_lNZnI n?\} N2 2Ny N2NT 22Ny
n*} (n7}

XD (i GOP 0, mymy (P (0)
u v

Isoen+ny (W g, )
= xN[Mo]’z + (ub[l] + C%)‘Ml],N + (uzb[z] + 022 + ub[llcf).MZ]’N

+ (uzb[m] + (e + 10+ lcz)2 + umzb[l]clz>]\f[1,1],,v

+ (u3b[2_1] +(c11+ e+ kc3)2 + ubyy (c1+ i+ Yc2)2 + (ubpy,1) + uzb[z]pz)clz) N
+(udbpa) + 9.0 + ubp cZ.0 + UPh)CE g0 ) Nispn

+ (u3b[1_1'1] + (3c1q + 111 +i(crn +21) +jc3)2

2
+ubyy ((01 +oq)W+ Xcz> + uzb[1,1]n20f> NMaiaan + O(N|,1|>3,N)]

_—qt+q-t+1  qt+q-t—-1  —qt’—qt+t’—q+t+1
a qt—1 T gt-1 = —qt? +1
2qtP —qt+tP—q+t—=2 =@+ @t —qt +q*t+qt’ P —q* +qt+tP—q+t -1
a —qt? +1 )= —q*t3+qt? +qt—1
Zt—q*+qt—gq+t—1 -t +qt*+q¢* -1
Lo t-at+at—q po—TE et taq
—q*t+1 ’ -3t +q’t+qt —1

(t_l;Q)n
(@ Dn

dn(q.t):= tm, dnl,nz;u,nN (g, t):= an (g, t)dnz (q.t)- an CA))




AL ol ol
loem@a =Xy » > > w0800
(AN A my(p),m;(v)is even

[oe) [oo]

X Z dnfzrnfs""'"ltl—LNdn;Z'nﬁ""‘n;l—l.N
nipeniyzeany v NNz 2ny_g N
{n7}
+
X Z {n*} Z (npmp (X)P# (X)PA(X), nymy(X)Pv(x)PA(X))’
4 14

|M+|M|+|V| R R
Ipam@a =X > > WM (g 0biq b3 1)
L(A)<N |ul,|v]is even

Aty iy i omi g miy_y o omi
Wiz yentaanf, npzny sy zeany
o)
.
X DY (nym (ORLIPAK), mymy (IR, (X)PA (X)),
P Y
, - e eleg £hel
Lson+ny (W q, 1) = Xy u 2 Db(q, )bz (g, )by (g, 1)
2(A)sN v

+ + + +0y- . - -
z z dnlz.'".nm_l,mm sy dn1z."'r71N—1,an1 sy

)
xz WZ (nymy ()P, ()P (%), 1, ()P, ()P (X)),

1Al |l +|v]+ odd (u")+ odd (v') X 1
Ison+1y(U,q, 1) = XNZ Z u 2 ba(q, )b (q, )b (g, t)
A wy

o o

+ + + +d,- - - -
E 2 anZr"':nN—l,Nrn1 ey dnlz,---,nzv-l,n.nl ey
>... > > >

n7}
xz W}Z (1, (X (X)PA(X), 1y 1my (X)B, ()P4 (X)),

p

I (w,q,t)=X, et o b9, b
sozn+1) (U, 4, N u A(q: ) N (q: t) v (q' t)Wl(q' t)

1=0 A my(u)m;(v)iseven

X d,+ .+ + - - -
1112.1113."'."1\1_1,1\1d”12-"13-"'v”N—1,N
oot + = sp=snens
Nip2EN 322Ny v M122M132 2NNy N

n*} (n7}
XD mymy (OB (PRI Py (9, 7y (O GPA ()Pry ()
p ¥

N-1 2j+1.
]p=v=u=0 _ ]p=v=u=0 _ 1_[ (qt I+ ,Q)w

Sp(2N) SO(2N+1) — (,;2]'+2;q)oo
j=0
N-2 i
]p=V=u=0 _ (qtN_l; Do (qt2]+1; q)oo
SO(2N) (tVN; q)oo 1 (t2j+2; q)oo

Spl(xlt ey xn) = Kl(xli v Xn 4, q; q1/2: _ql/z. q, _q)
01 (X1, oo, %) = K3 (%1, o, X5 ¢, 3 1, —1,qV/%, —q1/?)
$02(%1, o Xn) = Ky (21, o0, %03 4, ; =1, —q"/%,q%/%,q)




LA

=t wa) = Xy ) "baq, b (0, )b )

Sp(2N)
A wviseven
de

N
X 45 TNACNSA(X)SM(X)SA(X_l)sv(x_l) 1_[ 2mix;
]

s=v= 4l
24 (u,0) —xNZ Z A b g, )b @ B8 @,0)

SO(ZN+1)

X§ 5,52 (05,(05 (s, (67 1)]_[ L
)

—v=0g= lul+]v]
ot =Xy Y Y W (q,00b8 (0, )bg (. 0)
A m(u),m(v)
dx]'

N
X¢ TNADNSA(X)Su(x)sl(x_l)sv(x_l)1_[ 2mix;
j=r 7

=v=0,g= Hpl+vi+odd(u)+odd(v)
Lot ) =2y ). )l z ba(@, Db (0, b5 (@, 0)

SO(2N+1)

TR
dxj

N
x§ s 505,005 D5, 6D | | 725
j=1 J

=v=0,g= lul+lvi
ot ) =Xy ) ) W (@, @)bg @, @)bs @, )wi (g @)
AU my(wm(v)

N
X§ 15,5100, (057 051K D5, & s D | | 55
j=1 J

by(q,q) = b'(q,9) = b$*(q.9) = b§(q.q) = wi(q.q) =1

H(l—xz) 1_[ (1- xlx])

1<i<jsN
z fEsjvenn-a) | + Z s

) (1-x2) (1-xx) = fsp=(— 1)
i=1 1Si<jsN

Acs§ Acs§_, Acs§_,

fi={+1,-1},5%

H(l—xz) 1_[ (1—xx;)

1<i<jsN

1‘[<1—x2) [T a-xa)=c0" Z s

1<i<jsN-1 Acsg_,

1= S[Q)]
1- xf = —S[Z](Xl) + S[Q)] (xl)
(1= x)(A = x3) (1 = x1%5) = —53,3) (X1, X2) + S[3,1) (X1, %2) — 5127 (X1, X2) + 5[g7 (X1, X2)

S§ = {[01}, S = {[0], [2]}]S5|SESS

SE =S5 U{(IN+ 1)V =211 €S54}, s0|S5| =2V

ﬁ(l—xi) l_[ (1—xx])—z fEsyi=(— 1)N(N+) Z f[zv"’ A]sSA + Z fEsa,

i=1 1<i<jsN AcsB AcsB_, AcsE_,




ﬁ(l—xiz) 1_[ (1—xx) = (— 1) Z fEs;

i=1 1<i<jsN-1 AcsB_,

1= 510
1—x1 = —sp17(%1) + 597 (x1)
(1 =x)A = x)(A = x1%2) = —5[2,2] (21, x2) + S[21] (1, 22) — S[1] (x1,%2) + S[e] (x4, x2)

56 ={[21},S¥ = {[2], [1]} and |S§| = 2". In Dy

(1=x) = ) fPsi= (- 1" Z [T E Y

1<i<j<N AcsP AcSR_, AcsB_,

N(N-1)
(1—xx)=(-1) 2 Z 5

1<i<jsN-1 AcsB_,
1= S[Q)],
1= x1%5 = —5[1,17(%1, X2) + 5197 (%1, X2),
(1 = 2022) (1 = 21 %3) (1 = X2X3) = —S[2,22] (X1, X2, X3) + S[2,1,17 (X1, X2, X3) — S[1,1] (X1, X2, X3) + S[97(%X1, X2, X3),

sP = (81}, 5% = ([0],[1,1]} and |$§| = 2V

lul+|v]
A
L DIDID D N 1

pcsS§ ycs§
N
-1 -1 -1 dx;
X$ nlhay,_ 52 (X)s,(X)s, (X)s1(x)s, (x sy (x )1_[ 5
TiX;
, |Il|+|V|
SZ(:N:)—;Z) ‘() = Xy Z Z Z Z A PR
pcSK vCSy
-1 -1 -1 dx;
X$ ovlha,_ 52 (X)su(X)s, (X)s1(x s, (x Vs, (x71) 5
] 1 TiX;
o RORED WD WD WD W ) 4

pCSN ‘yCSN A mi(u)mi(v)
dx]

X$ zuly. 1sl(x)su<x)sp(x)sxx-l)sv(x-l)sy(x-l)]_[ 5

THXJ

2 : z : Z Z lul+|v|+odd(p )+0dd(v’)
0,q=t Al
;O(I72N+ql) (u) xN 141 2 f;onyB

pcSy yeSy

N
X a5 (95005051 D5, x s, D | |
j=1

dx]-

2mix;

N
1§ dxi A 1 —5
Mo ™ Zrix, Ay, )2 (X)s, (X7 = 8y,
i=1




lul+|vl]
p=v=04=t )y = |21+ CrC K 0
ISp(ZN) (w) = NI Xy Z Z Z Z u z fyfy c,luc,ﬁpc,h,cgy

pcsSS yes§ k6T wviseven

lul+1v]
oyt (W) = A1+ BBk ot 0 T
Isoon+y (W) = NIXy Z Z Z z u 2 PP cR iyl
pcSE ycSE Akt pyv
lul+1v]
S=V=04=t )y = A+HEE p D kT 6 T
Iso2m) () = N Xy Z Z Z Z u 2 o Iy QutrpCavCoy

pcsSB yesh Ak6,r mi(u)mi(v)
is even

|ul+|v|+odd(u)+odd(v')
s=v=0q=t = A1+ BfB, K .1 .0 .T
Isoon+1) (u) = N!' Xy E E § § u 2 To 1y CauCiepCavCoy

pcSp ycsE AkbT wy

—v=0g=t 1
[Pr=0at = E(Z +2u? + 2ut + 2ub + O(W7)),

Sp(2)
Ip:v:o,q:t — l

[ 7 (4+ 4 +8ut +0(w),

o = %(8 +8u? + 0u® + 0(uh)),
[0t = %(2 +2u? + 2ut + 2ub + 0(u")),
[0 0=t = %(4 +4u? + 8ut + O(us))'
o = Lo su 4 0ut + o),

[A|-0dd(A) 1—x? 1 — x;x;
Y Chenwe ) =] | g —
L 1 1—tx;l
20 i<

A 1- txixj
$ J
odd(A) is even
|A|+0dd(A) 1—x Lm s
7 P ;t-1=ﬂ ﬂ .
Z A(ETHPx ™) | 1o ] [ T
4 i=0 i<j
1] 1—x;x;
tzgt HP(xt =1_[ TN
Z at™HPx;t™) | T
4 i<j
2’ is even
N
ts;(x)s1(x71) = 1_[ _r
g * &, 1- txl-/xj'
L(H)=N ij=i
a() = 1_[ A-H@a—t3)-- (1 _ tmi(l)—l)
iz1
dy(t) = 1_[ 1-t)1—1t3)-- (1 _ tzrmi(/l)/z]_l)
iz1

R = ) RAD5()

A

p=v=0,q=u _
Igpony (@O =

1 4| +#l=0dd (D +v|-0dd (v)
t 2
2N Z

d, (t™)d, (™K}, DKy, (¢,
P wy
odd (v), odd (v)

is even

—v=0= 1 L
O = W SR GO LY GOl
Ap wv

u'v' is even

0 g 1 =|u|+|v|+odd(u’)+odd(v’) _ - - _
Lot @ =55 > > e 7 d, (), ("RE, (- RE, (67,
Ap wv

1]

vl P 1\ P 1
2 RL(CDRL (D),

a@®) =)= —j, as)=a@Gr=j-1,
1) =hi(s):=A—1i, U()=L(s):=i-1,




_ U u
flx) = Z Ay X1 Xy

Hiyes 20

= — 12 I‘n
o(f) = f(xo(l)' '"'xa(n)) = Z Q. in® (1) " X

HiyeenlinZ0

Xt = xft e xt, deg Xt = |u| = g+ +
o(xh) = x7F = xa(l) 'xg?n) = xf"_l(l) x#o—l(n)_
my(x) = Z xH,

UES, A
my(x) = — - x? Z o,
|Sn"1| GES, |S"A| GES,

qgt+q—t—1
My = Py myy) = (7(” ) )P[m] + P

—qt?—qt+t:—g+t+1 —@Pt*+qt*+q¢* -1
M P = 211 Paan + PearMmiP) =\ Sy g — 1 ) P + P
qt3+qt?—t3+qt—t?+q—-t—-1
m1P1,11) =( B -1 P11+ Peay
_q4-t5 — q4—t4- + q3t5 + q3t4— + q2t4 + q3t2 + q2t3 — qt4 + q3t _ q2t2 _ qt3 — th — qt —q +t+1
M Pz = P21

—q4t5 + q3t4 + q3t3 + q2t3 — thZ — th — qt +1
qgt+g—-t—1
qt—1

502 4 242 3
—q°t°+q°t°+q°—1
M1 Ppa) =(_q5t2 T otrqee—1) Bt P

mya,1) =P,

P22 + Pz,

q°t® + g%t — qt® 4+ 2¢%t3 = 2qt* + q%t* = 3qt3 + t* + ¥t = 3qt* + 3 —2qt + 2t2 —q + t + 1
M Pl = P —qt —qr 41 EBREY
qgt+q—-t—1
(—qt 1 )P[2,1,1] + P22,

@3t3—qt®—qg?+1
313 —q?t?—qt +1

(
( q-t+q—t+1
(

)P[2,1,1] + P31,

q t— )P1'1]+P[2]

q*t3—t3—qg*+1 qg*—qt+q—t
mz)P 2o v g +qi—1) (T2 ) Feu t P

—q*t5S —q@?t3 + 5+ PP+ 3+ g% —t? -1 q3t — q*t?> —qt + t2
Mz Py = Pt e e —ge 1) ey

q*t> —qt3 —qt? +1
( gt+qg—-t+1
qt—1

) P2y + Py,




_q4t4—+q4t3_q3t4+q3t3+q2t4_q2t3+qt4—+q3t_qt3_q3+q2t_q2_qt+q_t+1
gttt —2q3t3 + 2qt — 1
Iq4t3+q4t2—q3t3—q3t2—q2t3—q3t—q2t2+qt3—q3+q2t+qt2+q2+qt+q—t—1

' qtt® = 2¢3t% — q?t2 + g%t + 2qt — 1
K 3t—q?t? —q® +2q*t —qt> —q® + qt
q*t? — g3t —qt +1
qt3+qt?—t3+qt—t?+q—-t—-1
qt3 -1

Mz P2y = Pr2111

P22

P3'1] + P[4]

M11,1) =P1,11p M1 P) = P11+ P2

2qt* —qt+t2—q+t—2
—qt?+1
—=2q%t% — q*t* + qt° — qt* +t° + 2t* + 2¢*t + q* —qt + g —t — 2

Mz,1P1) = P —q — g2 + 1 ERERY

—qt3+2qt2—2qt3+qt+t2—2q+2t—1 qgt+q—-t—-1
q3t3_q2t2_qt+1 Poany +— =5 Fra+ Py
P+ gt — gt + @it qt? -t} - +qt+tP—q+t—1
—g?t3 +qt? +qt—1
qt—q +qgt—q+t—1
—-q*t+1
Gt -ttt - PP+ttt + P -1
q3t6—q2t5—q2t4—q2t3+qt3+qt2+qt—
—P+ P -+ gl + @3 — it —qt? + 3+ g  —qt+q—t
@3t3—q*t2 —qt +1
—q3t? +¢3 +t2—1P +q3—q2t+q2—qt+q—t
Pt2—q*t—qt+1 22 Bt—1
3qt3+qt2—t3+qt—t2+q—t+3
a0 —1 P11+ P21

(qzts—q t*+qt° — thZ—qt3+t4+q2t—qt2—t3+q—t+1>

Mzq) = P11 + P2

mpz) = [1.1,1]

P2y + Pra

mz)Py = PRAEEREY

P11

+

Pis1) + Ppa

211

My2,2] 25— qt3 —qt2 + 1 [1,1,1,1]

—qt+q—t+1
qt—1

+

)P[z,m] + P27

(to t1, ta,t3) = (=1, +1,—/q, +/q)
% D eo(—/0% Qoo = (4% 4% o0, (@ Qoo (=8 Do = (0% 4% o0, (48 %) (@5 420 = (85 Qo

1_[ (x5 q), B
12isn (+xi' _xi'\/axi: _\/Exi; q)oo

Xixj; q X% q
Ay (1, X2, s X0 4, 6 1,—1,+ﬁ,—@= 1_[ (i L )°° 1_[ G q))

1<i<jsn (txixj‘q)m 1<i<jsn (th
(iha), 1 G,
A (x_l,x_l,...,x_l;q,t;1,—1,+ y—\q) = 1_[ f TN
- ’ " \/_ D 1<i<jsn (tx 'x 1'q)oo 1<i<jsn (tx 1x],q)
(:559),

oL ( x+1 +1,q)

A(x%q,61,-1,+/q, —[DA(x Y 0,61, -1,+/q,—/q) =

(tuxixj; q)oo
(uxixj; q)oo

o (w5 q)
r}g}gou 2 (xp xn)—men(\/ﬂx—l; q,t; 1, —1,\/_, —\/E) = W

mn
lim w2 (g -+ x) " K (V113 6,651, 1,4, = [@) =

m—-oo




(tuxl/x],q)
1_[ ulby Py (x; q, )Py (x5 q,t) = Z by Py (Vux; q, )Py (Vux*; g, t)

(ux /x}’ q) £(M)=N £(A)sN

lim Z U™ (24 - 20) K n (Vuz; 0,61, -1, /g, = /@) (21 -+ 2,) ™ Kpn(Vuz ™% q, 6 1,-1,,/q, —\[q)

m-—oo

2(A)SN
(tuz z ,q) (tu; q)évo
(uz+1 +1,q) (u; DY

X b}LPA(\/EZ; q, t)PA(\/EZ_l;q, t) = l_[

1<i<jsN

S an =] [ -
T n=1
S g =] [ a-a
™ n=1
= 1
S 1 2] =g
T n=1

1
(_1)#"[_‘711] S Q(t1, ty, t3, t4,y7) witht, = tl—ltz—ltgl
te = W@, L 6)) €mj > i}

Iy = Z e

(a1,a;,a3,a,)€T

1 1
(—DH=[—vz] € Q<t1, ta, 3, by, Wi, o, Wy, YE, ...,yr2> with ¢, = ¢71t51e3?

D R GV e A (GOt

T=(1T1, 0 Ty)

- 1
Exp(F (21, ., 2,)) = exp z ZF(Z{”, ey ZY)
m=1

1 n

. L
i, ’-n 2..,2 _, 2 2
[21 ] = Z1 Z Z.

n 1 4n

[tit,] [t t5] 6251 Y]
1 1
[ealle)les)1ea) [y2a] [y ]

ZNP = Exp

o)

Z )((Hilb"(@), (ﬁwr)(—q)” = Exp [tltZ][tlti] [t2t31] JK =ttt
=) (el )(65] [2q [z
Z 2(Quot? (€3), 0% )((=1)"q)" = Exp [tltz][t1t3][tit3] [K:]
[t]1e1[Es10] |20 [2q 77

0-oA>E->AN >0




(ds)”
TA|M—>E|M EV|M—>QA|M

o,

I/ —— Qa|u

m

o®o id®A™q
0,5 det(E) ® det(E) —  det(E) ® det(EY) - 0,
my: det(E) = det(A) ® det(AY) = 0,

op = (=))™/2mz!
<2l
o <[]
)
n = 2 rk(E®)
ol = (e e
Ko (2 [5]) - k() @ 23]
(M1 € A% (M,2[2]) OFF € KE (Myioe K (Mo
K (M)1oc: = Ko(M) ®ge,e1) @ (t%)
WO = AAY @ det(T) 75 € KT (A)so
rk V' o R AV

AV = (—1)'A'V, AV =
;} det(V)

1
OVII‘ _ Z (_1)71%, Py | =
PeMT A (Q4 — AY)|p

] I=

na = dimcoker(p, ° ds|p)’ (mod2)

pa°dslp




ds|p

Elp 5 Alp

E|P = AlP @AV|P

Talp —
NECP = (M DY @ A Hom(V, W),

v, Hilb™ (C*) - Sym™(C*)

Ry (O ® A*H om(V, W)).

G
Exp ([tﬂ AN [a])

(€)* = SpecC[ef™, 57,657, £3 | (1, P2, D3, Pa) € C*
(t1, ta, t3,ta) - (P1, D2, P3 Pa) = (6701, 65 102, 63103, 51 D4),
HO(CH 0 is TTe, (1— ) e, (1—671) 7
K§ (Vo= K (Y) @krpn @ (ti), where K7 (pt) = Z[t*'] and t = (¢1, ..., taimr)
YT oY gives Kg (Yo = Kg (Vioc
F=F®F
[F] = [Fol — [#]
FRG=GRF

H(F):=H(F)[1] © H(F)

Ot | | Sym™ @0 - sym¥ ()

i=1

k
Unypom, < | [ symmc0
i=1

k K
=1 i=1




[T, Hilb™(X)|y, — HilbY(X)

1Mk
an,...,nk VN

O'nl,...,nk

Upy...ni > Sym™ (X)

k

v:= 1_[ Hilb™ (C%)

i=1 Unlv---vnk

m= (xqg, .., xq) € Clxy, ..., x4]
R = C[xq, ..., xq]/m"

Hilb™(C%, 0) = Hilb™(X)

Hilb ™(X)mo (Hilb™(X)) = o (Gr) my (Hilb* (X)) = 1, (Gr) Hilb™(X)

Vc (CH™

— 1

1l
[y

S,

3
L

k
l_[ Sninl(Unl,...,nk) =m(Y)
i=1

L®" = 0,

V(L) » V(0y) = Y x Al

qu:'n: Fm X Fn|Um,n — Fm+n|Um,n5

¢m,n+p ° (id?’m X ¢n,p) = ¢m+n,p ° (¢m,n X idTp)

7: Sym™(X) X Sym™(X) = Sym™(X) x Sym™(X)




k
anl ----- N X ‘E%|Un1 ..... ny, — "FN|U711 ..... ng "
i=1
X|Sym"™ (F;) on HSymmﬂ' Sym? (X).
J J
m; =
X|Sym" (F;)|v = Fnlu-

J

1+ Z x(Sym™(X), F,)q" = Exp (Z x(X, Qn)q">
n=1 n=1

IF

Cbm,,n: Fon [X -7:n|Um,n - m+n|Um,n

¢m,n+p ° (id?’m X ¢n,p) =Cmnp ¢m+n,p ° (¢m,n X id:Fp)

R




Yok = P11 ° (idf1 X p1p—z) 00 (idT1 X - Kidg, X $11)

FK--N T1|U1,...,1 - “Fk|U1 1

Am,nd’m,n o (Pym X Pyn) = Pymen

wm,{n O (wlm X '@bl’”—) — ¢1m+n.

Ymnp © (id}"m X I»bn,p) = Crln,n,p “Pmanp © (l.bm,n X idg:p)

Yym X hyn X Pyp
1/)1m+7l+17 = C;n,n,p . I/)1m+n+p

A =®n>0 An

An = 7,
x€Sym™(X)\A

¢

ﬁj’ﬂl,'y: Fm|fﬂ ®Fn|y — Fm+n|;r:+y;

Umnt Am QcAn = Amin

FE™ o FlFuln] ey (~1)™ iy

E[m]® F[n] — (E® F)[m + n]

F[n] ® E[m] — (F ® E)[m + n]

s®s—q(s,s)
rev(sy =+ Spm) = S -+ 51
CEY®M->M

rev: (C(E)M)t = AC(E)

C(E) » Hom(C(E)A, C(E)A)




detA = AC(E) Q¢ (r) C(E)A
e, A A en - eq enfl fn ® e ey

0if InJ+o

Wf1 @ Lol = Il @ = o g it = o

el f1 ® epn) = 21" e flapepupg @ epn) = 227" epn) fin) ® epupiepn)
AC(E) Qcry C(E)A
ernfin) ® ey

em)fim = €mfin

enyfin) ® ey = enyfin ® €y

¢:ST ®cery S = 0x

C(E) > Hom(S,5) =S ® SV

S®St=cCE)

CENQ L) Qi) (CE)ARL™) = L2 Q AC(E) Q¢ C(E)A
= det(A)™! ® det(A) = Oy

(' ®ciey CCEIN)' ® ST @cry C(E)A = AC(E) By S ® ST @iy CEIA
= AC(E) Qc(z) C(E)A = detA

(deth)y*:= AC(E) ®cr) S
(deth)y/? = AC(E) ®czy S = C(E) @cry S = S

w, = (er1fi — 1) (enfn — 1)

WoS + 5w, =0

LRANAN =S8

t®fi1/\"'/\fik - tv®fi1”'fikel”'en

SAVY ATSA SAV ATFTSA SAV ATSA

L ® AGVGHAV

L ® AoddAv

Z(s) =Z(sp) N Z(spv)

H(S,s) = H7X(S, )[1] @ HO(S, )

(E1 @ E2,q1 D q2) 01 ® 0




AR®B
(@a® b)(@ ®b") = (-1)PNlga’ @ bb’
C(E)) ®C(E) =C(E, DE,)
51 ® 1 (s1,0)
1® s, = (0,57)
W, ® W, P W,

0 ® 0, (Ey D Ezq1 D q2)

C(E, ® E,) and C(E;) ® C(E,)
M; @ M is a C(Ey) ® C(E,)
(@®b)(m@m') = (~1)PMlam @ bm’
My @ M)t ®cis,0r,) N1 @ N2) = (M Qczpy Ni) @ (M Qe Na).
a®b®c®d - (—1)latbtly @ c @ b ® d

C(E,) ® C(E,)-module S; ® S,E; ® E,.5

(51 ® ST ®cie,r,) (51 ® S2) = (ST Rcey) S1) ® (SF R, S2) = 0x ® Ox = 0y
S\S = Si’ ®C(E1) S
s2(a®b) = (-D%la @ s,b

m®idg

S1®(S\51) =51 @5 ®c) S = CE1)®c(g,) S =9,

C(E,) ® C(E,)-modules
550 (B ®c)=(-Da®s,(b®c)=(-D!**Pla ® b ® s,c

m®idg(s,(a ® b ® c)) = (1)1 Plm(a ® b) ® s,c
= (=1)IM@®MIma ® b) ® s,c = s,(m(a ® b)  c)

O0x = 5t ®crom) S = (51 ® (S\S0)' Bcrom) (51 ® (S\5))
= (5] ®ce) S1) ® (5 \ S0 ®cisy 5\ 51)) = (S\ )t Bcqy) (S\S)

det(A)5/? ® det(A;)y* > 5, ® S,
det(Ay D A5)5 55, > 51 ® S,

det(A)5* ® det(A;)y)” = det(A; @ Ay)y s,

(Elap @) = (Bo @ E', 4o + q") SpecOs () A

N =Nya = [ Ta/TagE | 2¢s)

!




0 — Tyy — ffTy — N —— 0
dso ds ¢

0 ——~ F— f*E——FE —— 0

@A,f(p) =C [[xl, s Xdgr Y1 ...yd_do]]

E =0

n-ng

Mo
q(al' 0y A2ng» by, ---'bZn—Zno) = z AiQjyn, T z bibi+n—n0
i=1 i=1

2n, 2n
0,,° — 04

Ao

(91’ s G2ng Pas o) th—ZdO)
(xl, ...,xdo) + (yl, ...,yd_do)z(yl, ...,yd_do)

I ~ (n2n—21n9 2n
E'= 0" c oF

(91, s 92ngr Y10 Yd—dgy ﬁ)
C [[xl, ...,xdo]]
R=C [[x1 s Xag V1o ---yd—dO]]
(0,..,0,hl, ., Ry a,)
(91 - G2ng Y1 + BY, o Ya—a, + hi—ay hi—ags1s - Pya—2a,)

I i nr nr
(glr "'1921101 Y1 "'ryd—dorhd—d0+ll T h2d—2d0)

gi€lig+ly,andh" €l 1+ 1,

4 ! r !
(171, e Ungs Vs ooes Ungy Wi, vy Wa— g Wi, ...,wd_do).

q(s,v1) = gny1

d—d,
a(s,v) = F@) + ) yifi(xy)
i=1
d—d,
V1 — Z Fyw;
i=1

"

n mnrr mnrr
(91 r 1 92mgr Y1 ---Yd—doihd—d0+1' ""th—Zdo)

h{" = y1G;i(x,y) + F;i(x,y)




d—d,

wy + Z G;w|
i=2

(I(S' Wi) = Fi(x'y)

d—d,

Mo
0=0(5,5) = ). 9/ Gfin, + ). 3196w
i=1 i=1

§' = 5§ ®cy Sl

1/2
s{ -5’

0z(s,)-modules (detN) o
So

Z(so)

Fr(IH(S,5) > H((S,5)) = H((So,S0) ® (S',0)) = H(Sp,50) ® (S',0)]

Z(so)

H(S0,50) ® (detN)” = H(So,50) ® (57,0)],
0

F¥(H(S. 5)) = H(So. 50) @ (det N) /.

E = E_O @E_’, While E_Ole = EO andE_lle = E,.

¢

A= AO @A’ CEs= (§0'§,)AI|A0 = NE'
S = C(E)Aand Sy = C(E)Aola,
S = C(EYA = C(Ey)A ® C(ENN

(S,5) = (C(Ep)Ag, 59) ® (C(ENN, 5"

frHES) = f(H S ®SN) = fr(HS0) ® H(SN) = f*(H(S) ® f(H(SM)
ES H(F*So) ® f*(H(S)) = H(Sp) @ f*(H(S)) - H(Se) @ H(f*(S)) = H(Sy) ® S
Fr(3(5)) > #(f*(8") = §" and (detN) /> > 5’
S"=C(E")N and S' = C(E")N |4,

det(A)|4, S C(E’)A’|A0As N =Ny,

FH(H(S. 8)) S H(So, s0) ® (det N) 2.

AR . .
Ay > Ay > AZE; € 1B BEo € (20 f1)E,

S\ Si =S ®ceen 1,

c(E M /E;) Nyj of Ej |, /Ei




1/2

det(NU)s,-\si

- 5\S;

|Z(5i) Z(sy)

(S1\S0) ® (52 \ S1) = 5§ ®c(zy) 51 ® Y Bcqiy) 52 = S§ Bcry C(E) Ociry) 52
=55 Qce,) S2 = S2\ So,

2 1/2
(detNoy )5 35, ® (dethy,)y/ %

~ 1/2
) = (detNOZ)SZ\So

Z(so Z(s0)
£ (H(S1,50) = H(So0r50) @ (detNon) Y2,
£ (30(S2,52)) = F(S1,51) @ (dethy,)y s,

H(S2152) 1, = H(So,50) @ (detoy)y/5s, ® (dethyy)}f%s |
0

H(S2,52)|a, = H(So,50) ® (detNoz)ﬁﬁfso

So ® (52\80) < Sy » 51 ® (82\S1) —————— So® (51\S0) ® (52\51)
So ® (det Noa) > 51 ® (det Nio)¥2 . —— 5 Sy ® (S1\S0) ® (det Ny2)/?
0 02 S2\So 1 12 S2\S1 0 1\~0 12 S9\S1

I

So ® (det Nm)}q/lz\go ® (det Nm)}géisl
H(S,5)|ay = H((S1,51) ® (52,52)) ® (detN)5 g,
H(S,8)a, = H((S2,52) ® (S1,51)) @ (detN)g(5 o,
510525058
a® b (-1D)Ply ® a of C(E,)-modules
S\ (5; ®S,) = S\ (S, ® Sy) of C(El4,/Ep)-modules

Z(sp) = (detN) 2

1/2
(detN) S\S,®S;

S\$1®S;

Z(so)

H(S,5)|ay —— H((S1,51) ® (S2,52)) ® (det N)Lls/\251®sz

l

H((S2, 52) ® (S1,51)) ® (det N) s, g,




S

N

(S1®52) ®(

4

Ao

> (S2® 51) @ (S\(52® S1))

I

25'\(51 ®52))

(51 ® S2) ® C(E') ®c(gry S\(81® S2) —— (S2® 51) ® C(E') ®c(rr) S\(S2 ® S1)

4

(Sl X Sz) X (det N)

E.‘ﬂ/[T — E.

I

e y (S2® S1) ® (det N)

S\(S1®S2)

1/2
S\(S2®S1)

\4
[FiEzEV‘LFV]

i/ﬂ” @E"E}T'

W= (E=1)"

E® |1j|;T (T>—1]LM)|LT

@ L)L e > T2 Wyt

Oy = det(E),07: 0,1 = det(E'|] 1), and 0™: 0pyr = det(E'|7ir)
vir T 1 Avir T
[M]V'" e AL (M, Z 2 O € Ko (M)oc
. 1 P 1
[MT]VIr € A, (MT,Z [5]) i € Ko (MT,Z [E])
olyr =of ® o™

[M]Vir = ¢ L ), o = o L. gus

* \/E(Nvir) 'Y M * \/E(Nvir) MT

m f
ATy © ElMT’ AILT c E|MT

\4
[FiEzEV“—»FV]

[P]I' = [P] and OF" = 0p

If vdP < 0, [P]'" = 0 and G} = 0.




(1) = { 1 ifa(F|})is positively oriented
-1 otherwise.

dim(ANnA) = %dim(E) (mod?2)
Elp=Alp @ Ap
dimcoker(p, ° alp)’ = dimcoker(pay o alp)’ + dim(AY|]) (mod2).
L = dim(Al}) = dim(F|})
dimcoker(p, Ve alp)’ = dim (a(FII]:) n A|£)
Al and AV|]
dim (AH: N a(FI,{)) = dim (AVI{; n a(FI{,)) (mod2)
dim (AI,’: n a(FI,{)) # dim (AVI{; n a(FI{,)) (mod2)
nd = dimcoker(p, © alp)’ (mod2)

paElp = Alp, Elp = Alp @ N

AL, a(FIL)
, f AN T N
dim (a(FIP) n A|P) = Edlm(EIP) = dlm(A IP) (mod2)

dimcoker(p,v ¢ alp)f = dim (a(Flg) n A|£)
dimcoker(p, © alp)’ = dimcoker(p,v © alp)’ + dim(AVI{;)(modZ)

nd = dim (a(Flg) N A|£) —dim(AY[})
= dimcoker(p,v o alp)’ — dim(A"lj;)
= dimcoker(p, o alp)’ (mod2).

MEP € K (Quot(c*))

lob lob
NE® = x (Quotp(c*), M5

W = C* ® End(V) @ Hom(C",V)

g Xy, e, X uq, o) = (gX1975 o, 9Xag ™ guq, ., gUy)




X; € End(V),u; €V.
C(Xl, ...,X4_) . (ul, ...,ur) =V
ncQuot?(C*) = [U/GL(V)]  [W/GL(V)].

E = A*C* ® End(V) @ 0y

)

(A2C* @ End(V)) @ (A2CH @ End(V)) — Adct “ 27 ¢

(W1 ® f1) @ (w2 @ f2) — wi Awa-tr(fi1ofa)

4 4
s € H(U,E), (Z e Q fiuq, ...,ur) - Z (ei A ej) (03] (fl. ofj),fi € End(V)
i=1 L,j=1

C3 = (ey, e5,€5)
A= ({es) AC*) @ End(V) ® Oy
Z(s) = Quot?(C*)
(Zi e ® fiug, oty )
fufil=Fficfi—fiefi=0Vij=1,.,4
Z(s) = Quot}(Ch)

q (i (eine) ® (fiofy), 24: (eine) ® (f: °fj)>

=1

=e Ne;Nesnhe,® tr(z (D f0) ° fo) © foay © fa(4)>
OES,

3
A=) (erne) @ fi € (e) ACY) @ End(V)
i=1

(1) s Eay We, eoe, Wi, V1, ey Vi) = (X, ooy Xy Uy, oon, Uy)
= (71X, o, 1 X, witug, o wi )

leuotrr‘(C") = T[*Q
Quot™(C*) x C*
E = A2C* @ End(V)

M = Quot?(C*)

Mvir A']I‘ le @Vir KTM
[]erntz'MEO()loc

r

W=@0A®Wi®yl'

i=1




NED = OV @ A" Hom(V. W) € K¢ (Quot”(C*))oc

1 1 1 1

1 1
lob lob > PO > 1 1.—
Nf_,‘l) = )((Quot?(@"),]\ffno ) € Q(tf, e E2WE o WE Y2, ...,yﬁ),t4 =ttt
lob ~~glob
x (Quotp(€*), 5™ ) = x (Quotp (€™, K5
~~glob
WE K (Quot?(CH™)

Quot 7(CHT & Quot F(C*) MEP

GT = Z Nrg,‘lr(l)bqn
n=0
T =T, xT, xT,
lob
New” € Kg (Quoti(Ch),,,
K§' (Quot(C*))

1 1

lob by > . 1] a—
NEY €Q <t1, sty Wi, e, Wi, VE, ...,yﬁ) with ¢, = t71t5te3?t

lob 1 . 1p—1a—
NEY €Q (tl, NG ~~-yT)2) with t, = t71t; 151

A Hom(V, W) = (1) A Hom(W. V).

DY (=D)'A'EY =Y (-1)H (AEY ., s_) € Ko(A).

1=0 1=0

1
O™ = 04" ® (Ky™)? € Ko (M).

S:=C(E)AQ Lt

S>~LRANANY,

1 s
H(S,s) - det(Taly) "2 = ONf* € Kg (M)ioc
E=A® N KA

A= {e,) AC3 - End(V)

det(A) = t;2"° @ 0,




(eI

N = H(S.5) @ A Hom(V. W) @ (det(Ta) @ det(Hom(V, W)~

.
0 = End(V) —>c4®end(17)ea@ VWl 5T, >0
i=1

T, = (C* — DEnd(V) + Z V@w!
i=1

det(T,) = (wy -+ w;) "det(V)®"
det(Hom(V, W)) = (y1wy - yw,)"det(V)~®"
det(Ty) ® det(Hom(V,W)) = (y1 - 3)" & 0,
1+ 3)7 ® 0,
MEP =[] € K (neQuot 1(€)

glob
N

€ KJ' (ncQuot?(C*))
Quot (C*) = Hilb™(C*)

ncQuot?(C*) = ncHilb™(C*)

Am X An - Am+n-

Omn €Ay X Ay
(Xy) o, X w), (Yy, e, Yo, 1))

(a, ..., a4) € C*\ {0}

Z?=1 a;X; and Z?=1 a;Y;
(A O
a=(% MJ
(I, O 0 0
s =" ) ew=(; 4 )
A11B1y = BipAz; and Ay Byy = ByiAyg
0 Blz _ 0 B12
@u 0>A‘AGH »)
Hilb™(C*) x Hilb™(C")ly,,, = (Hilb™(C*) x Hilb™(C*)) N Oppn
(6 D0 G0 D0
o0 v/lo v)\o w)\o r)'\y

(C(Xl, ...,X4) -u = C™and (C(yl, ...,Y4) cv=C"

Cm+"(a1, ey a4) € (C4 \ 0




4=(y )

S(X) = {(Alﬁ 12,13,14) € (C4: JveCcm \ {0} such thatXiU = Aiv}

S(Y) = {(A1,42,43,44) € C*:3v € C* \ {0} such that Y;v = A;v}

4

01,30 25,28) = ) aidy

i=1

4 4
PREPIAACNIED

i=1 i=1

((Xi)! u)r ((Yl)r V)Om,nS(X) n S(y) = Q)

?

Hilb™(C*) x Hilb™(C*)|y,,,, — Hilb™* ™(C*)
VUm.,n Vm+n

e o > Sym™*"(C*)

Omn = Amin(P, Q) € O (XL, .., XE, uP)Q(X2, ..., X2, uQ)

(5 (5 ()

TAmlp DTy,

2 Thynin
Q P+

TAmlpfl = (Yl' ey Y4,u)TA"|Q 62 = (Zl' ...,Z4, U)
Apmin(€1,€2)911 € End(C™), g1, € Hom(C™, C™), g51 € Hom(C™, C"), g,, € End(C™)

[911'Xip] =Y, [gzz:XiQ] =2
912XiQ = XinIZ'gZIXiP = Xngz1
guu’ + g1u? = u, guf + gppul =v

(al, vy a4) € (C4 \ 0

Z aiXiPZ aiXL-Q
i




A = Z aiXiP,Azz = Z aiXiQ;Bu =012

i i
Taup ® Ta, 0
Emn:=Eqn HE, on Ay X A,
Amn =An B A,
Emn © omnEmin
Vin =Vn BV, on 4, XA,
Fun = C* Q (HomVp, V) @ Hom(Vy, Vi)
U*(Em+n)/Em,n
NC* Q (Hom Vi, V) @ Hom(Vy, Vi)

¢: Epn — J*(Em,n)/Em,n

Z QY - Z (e nej) @ ([X0 Y] + [X;, 7)),

i i<
X; €End(V,,, ® V)
Hilb™(C*) x Hilb"(((:4)|um,n
¢(Fm,n)o_r’;1,n (Em+n/Em,n)
p € Hilb™(C*) x Hilbn(C4)|Um,n
¢ (Fnn)l, € OnnEmin)/Emnl,

¢(Fm,n)|p c Ur*n,n(Em+n)/Em,n|p

Z (Dl (([Xa(l)' Yol + [Xo2y Yoy ) ([Xoqay Yo | + [Xa(4)'Ya(3)])) =0

€S,
G (Fnn)| VilpW = Hom (¥, V) @ Hom (o, V)bl
C*QW - ACtRQW
€ =(ey e3,4)
CRW-C' QW ->ANC*'QW -, QC QW
(Y2, Y3, Ya) o ([Y2, X1, [Y3, X4, [Ys, X1 1D
Hilb™ (C*) x Hilb™(C)y,, ,, im(¢)
Hilb™(C*) x Hilb™(CH)ly,, .
{x; =x,=x3=0}c C*

() = Am+n/Am,n

Hilb™ (C*) X Hilb™(CH)1y,, , Sm+nEmsn




dSpmint NA,,,><An/A,,,+,l © J;z,n(Em+n)/Em,n
dsm+n(NAmXAn/Am+n)

a;;;,n (Em+n)/Em,n

Hilb™ (C*) x Hilb"(CH)y,,,

dSpant NAmxAn/Am+n i UT;L,n(Em+n)/Em,n

dsm@®dsn dsm+n

E.®FE, —— Eyin

N puxAn/Amen = Emin/(Em @ En)
0 = End(Vpsn) = C* @ End(Vppin) = Ty, = 0
Fpn = C* Q@ End(Vp4n)
Fpn = C* @ End(Viman) = Ta,,,, = Na,xa,/amen = Emin/ Em © Ey)

N:= N, xan/an 0 K3 (O n)

N = TAm+n| n - (TAm E TAn)lomn

Om,
Sm ® Sn, Sman

C(Empn) = C(Ep) ® C(Ep) and C(Ep4rn)

Ur;t,n(}[(sm+nr 5m+n))E }[((Sm' Sm) ® (Sp, Sn)) |0m,n
= H (Sm, Sm) ® H(Sy, Sn)lom,n

(5 o) (% o) (5 o) (5 5)0)
(5 o)(& B B 5)-0)




\
mmn 4 m-+n

0- glpn =2 C* @ End(C") G C" 5T >0
_ (911 Y12 _ (A O )
9= (921 922)'X1 - < 0 Dy
0> En@Ey = Emin = Empn > 0
Urjl,n (}[(Sm+n' Sm+n)) = H((sm: Sm) @ (Sp, Sn))lamn'
Omn: Fn X TnlUm,n = Gr?t,nTm+n

O_r’;L,nRvm+n*}[(Sm+n' Sman) = RV s (H(Sm: Sm) Q@ H(Sy, Sn)) | Un
= Rvm*g{(sm: Sm) gL Rvn*g{(sn: Sn)lUm,n-

MR AV @) . H(Ra )}
{ b

n=

[ (H(S5)) |

n=

(KXyy s X w), (Y, oo, Ya, 0), (Zy, o, Zay W)

Om,n,p ’ Am+n+p

AN A~

v

Hilb™(C*%) x Hilb"(C*) x Hilb?(C*)| = P R

Um1n7p

van,p Vm+n+p

~

W

s T > Sym™Hp(C)




Om+n,p

amy W

O-m7n,p
m n.p Am-l-n+p

Om,n-l—p

m+n ®H

/ \

U;‘kn,n,pH( m+n+p m) ®H( )®H(S )

\/

®0' H n+p

det (NAmXAnXAp/Am+nXAp) det (NAm+n><Ap/Am+n+p) T'det (NAmXAnXAp/AmXAn+p) det (NAmXAn+P/Am+n+p) 0
1Y, (HIb™(C*) x Hilb™ (C*) x Hilb? (€4l 0")
0=0Q® 0 =det (NAmxAnxAp/Am+n><Ap) X det (NAm+n><Ap/Am+n+p)
= det (NAmXAnXAp/Am+n+D) =0

vm+n|0m,n = Vm @ vn

A Visn @ Y0 = A (Vi @y) @A (V] ®y).
Hilb™ (C4) x Hilb" (€],
{2t (R (k) )}
{2t (Rvn, (k) [n])}

[oe]

D A (Sym™ (€, Ry (W) 1) = G (—a) = 2P (—q)

n=0

ZY"(=q) = Exp (m>

[t2eZ][e2¢2][t3¢5][y?]

—[t1t,1[t1t3][Et5][y2] —

A+t)A+t)A+t3)(A +ty)




Z Nglob n

Gy = Exp ([tl] [tz][tg][u])

Nf‘];l)b — X(Hllb" (((:4-) Nsheaf) X (Sym" ((C4) Rvy,. (]v-l heaf))
{}[ (Rvn*(]\fflﬁeaf))} ct

Gy = Bxp (Z X, gn)q">
n=1

t:(Gnlo)
(1=t =)L = t3)(1 — ta)

Gn =

Gnlo € K (pO)1: {0} & C*
x(Hilb™(C*), 0¥ ) forn = 1,2

[oe)

Z ){(Hilb" (((:4), (’jvir)qn

n=0

det(TAn)det(TAn) ® det(VY ® y)Rv,, 0"

Rvp. (0"“ ® det (TAn|Mn)%>

.
1_[ Hilb™e (C*)(©)*

n=n;+--+n, a=1

,
Pe=[0% - ele=EP o,
a=1

(TA - A)l € Ko (pv),
Ap: = ncQuot? (CHKS (pt)
(1 -1,
0 - End(V) - €* ® End(V) @ Hom(C",V) - TAanﬁ -0

TAn|Pﬁ = (C* - 1) - End(V) 4+ Hom(C", V),
A]p, = ({eg) AC*)V - End(V) = A*C? ® End(V),

Cr=ti'+ et +tgt + eyt
Ccr = wyp + -t Wy
V= Z]_W]_ + 4 ZTWT

ANC =71 + et + e et

Zy= Z tithtktl
(i,jkeEm,




(TAn - Av)lpﬁ =

W,
Z W—ﬁ(zﬁ —A-gt gt -t gt e + e 250 Z)
a,B=1 @

r

wp
—HomW, M)}, = Z L (—yp22)
a,f=1 @

abC_ZEE__E b ¢
[t*wPy€] = tzw2y2 —t 2w 2y 2

[L]
[Ly + Ly] = [La][Ly], [Ly — Lo] =5
L]
w r
vy = L (25— (1= )1 - D1 — 52U VS = > v

a

.
W
Viiap = Viiap + 5, (VpZa)va = Z Vit.ap-
a,f=1

vdPz =0

v () = (1, = 2 + (T, = 80))]

(Ta, =], Pz =[08" - @]

vE™® 4 (vE™®)" = RHom(09",08") — RHom(F, F)

[Gtomw, vy +4¥ - 1,) |Pﬁ] = (—1)"*ka[—v]

)
ke = Z (i, j, e, 1) € 7141 % min(i, j, k)|
a=1

@ (1, ~ V)], %,

WB 1
—(t;t —t,)Z%Z
W(4— 4)aﬁ

a
RHom(0&",08") — RHom(F, F)Quot 2(C*)Hilb™(C*)

-
Ws

Z — (Z,; + _fa_ Q-0 -0 -tsH0a - t;l)ZxZ,g)

Wq titataty
Q= Z ZqWq
a

a,f=1
T
dim(¢;1Q Q)™ = n* — dim(t;1Q"Q) = n? — Z dim(t;'Z4Z,)",

a=1

dim(t;t,t;2V2), = [{(i,j, k1) € m:1 # min(i, j, k)}| (mod2).

Z= Z timte) ket
GjkDen

(kD @k, D))enxmi —i=j —j=k'—k=1U—-1-1}|




1 (mOdZ) if lo * min(io,jo, ko)

HG@jkDEEiy—i=jo—j=ko—k=1l—1lx1} = {o (mod2) otherwise .

AVir n’y 1
M = Z (=1)"P tpy | = :
PeMT A(Q24 — AV)|p
A

ny = dim coker(py o ds|p)?  (mod 2).

A*AV[B = (1) AMEACALR.

- A 1
o= (=0T (= ”’*(" )
P,;MT A*(Q4 — A)|p

n's" = dim coker(ppv o ds|p)’ (mod 2).

lob A g
NE = (=1)™ Xz (—1)"a % [—vz]

nA ~ ~
NESP =X (=1)"P= - AHom(V.W)|py - A"(A = Qa,)|ps

™

= (DU (-1 )”P~ A Hom(W.V)|p, - A*(A — Q4 )| p..

—

T

K'L(Vl -+ VQ) — K'Vl : K'VQ,

(1O (1) [(Homw, ) + 4 -1, |
P: = [O%] — Q). Q=@Ozaj
a=1

=" i 7,18 = dimcoker(p,v o ds|p)’ (mod2).

n{,\; + kz = pz (mod2), uz: = Z {(@i,i,0,)) € mg:j > i}l

a=1

P =[08" - Q] € A,: = ncQuot?(C*)

0 - End(V) —» C* ® End(V) @ Hom(C",V) > T, | P -0




C*®End(V)® Hom(C', V) = Ta, |p B E|p = A2C*@End(V).

(Z e; ® fF,uf, ...,uf)P € A, = U/GL(V)

i

4 4
(Z ei®fitult "'rur> g Z ei/\ej.(fipofj_fjofiP)

i=1 ij=1
Alp = ({eg) A C3)Y @ End(V) = A2C3 ® End(V)
C3 = (e, ez e3) C (C4TA,1|P - Ale

€3 ® End(V)— A2C® @ End(V)
3

3
Zei®fi|—>z ei/\ej.(fiPofj—fjofiP)

i=1 ij=1

6 6.
End(V) - €3 @ End(V) - A2C? ® End(V) - A3C? @ End(V),

,
Ext?(p.Q,p.Q) = @ Ext?(p.0y,p.0z,) =0
a=1

A2C3 @ End(V)

f
ker(8,) > = im(6;)

coker(8,)f = <

dimim(8,)/ = dim(A*C* ® End(V))/ — dimgy *(.Q,p.Q)'
T

= Z {dim(t71651652420) — dimExt® (p.0z,,p.02,) }

a=1

> (ke = b)) (mod2)
a=1

dimHom(p,0z, p.02) = [{(i,i,,)) € m:j > i}
dimgy1 (. 0,p.0, = AMEXt? (9,0, p.0) =0
dimExt® (p.07,p.0,)" = |{(i,i,1,)) € m:j > i}

Hom(0,,0, ® t7"¢;"2¢") = ¢, if (wy,wywy) €70

Hom(OZ/, 0;® tl_wltz_wzt;W3)f =0, if(w,wyws)ém

Ext* (04,0, ® 7 6;"265") =0, ifwy,waws > 0,k >0
Ext3(05,0, @ t7"6"2t;") = ¢, if(-wy—1,-w,—1,—w; —1) €7
Ext3(05,0, @ t7"¢;2t;5) =0, if(-wy—L-wy—1L,—ws—Den
Ext*(0,,0, @ . 6;"265") =0, ifwy,wyw; < -1,k <3

(C)3Kes = O¢s @ tytyts
01y =03 —=>0y,-0

0- Hom(OZ/, 0; ® tl_wltz_wzt;W3) - Hom(Ocs,Oz X tl_wltz_wzt;%)
- Hom(IZ!,OZ X tl_wltz_wzt;%)

Hom(0,,0; @ t;™¢,"?t;™*) = Hom(0¢:, 0, ® t;"*t, 2 t3™*)




0->R > >R »0—>0, -0
(C)3(C)0¢: ® t11t,%t5% (a1, az,a3) € L3\ '
f

Hom(O¢: ® t1t52t5%,0, ® t; e, "2t;™*) =0

(a1 +wy,a; + wy,a3 +w3) €Z3,\ ' c Z3,\ 7

p.0z = @ 07, ® th= @ 0z, ® (tyt5t3)7"

>0 >0
. N
Hom (Ozi ® (t1tatz)™, 0z, @ (tatats) ])
NS
Extk (OZ,-; 0z; ® (t1tzt3)1_1) =0

NS
Ext® (07,07, ® (t1t2t5)')

Gr=;1v§1$bqn,zy?= PG e (E

T=(Tq,.70r)

2" = B (i)

2N = Exp ([tltz][tltg][t2t3]H1>

[e1][e,][£5][t4]

_ T gigd kol
Vg = Z Cijlat1tyt3y

i,jKIEL
s
Z Cioo <0
i€Z
— itJikyl — i—j k=1 — 0]
Zy = Z titytst, = Z u v _Z ajju‘v’
Gjkhen G khen ijeL
— T i, jak
Vp = Z biutv’y

i,J,kEL
al = {(a+i,ab+jb)Emab>0}
b%y = a¥, + (2a7;,,af — aljqalyy j—alyy j1af) — Z(aT’~)2 —2a%aF, ;
000 00 i,j+1%ij iL,j+1%i+1,j i+1,j+1%ij ij jYi+1,j
ijer

1 2
— T T T T T
= a0~ 3 E (aij —Qiy1j — Qi1 T ai+1,j+1)
ijez

Nowlet s(i,j) =1ifi > 0andj > 0, orif i < 0 and j < 0. Otherwise let s(i,j) = —1. Then

2
Vs Vs Vs T Vs T T T
Z (aij — Qi1 — Qjj T ai+1,j+1) > Z |aij —Qit1j ~ Giji1 t ai+1,j+1|

L,jEL i,jEL
P T T T m
> Z S(l'])(aij —Qiy1j — Qi1 T ai+1,j+1)
ijen
= 4al,

(@D 2 04 {0 )): i) < 0} {0, ):i > 0,j < 0},{(i,/):i <0,j > 0} Zagy,

bgoo < —ago <0




[oe]
H = Z Hyp(ty,tat3,¥)q"
n=1

b _ [tata]ltits][tsts]
M = Tl etz e 6

[efe5][efes][ehes] )
[tf][e2][e4] (4] Hym(¥°)

[efed][efed][ehes]

[efes][efed][eses]
[ HIE (G

[e]lez] es] ]

J 1
t, 2ty 2t 2yZ — t2t2t yi

1
’1 lz 3 Ll _"_3
t2e2e2 —t 2t 2t 2
L R P AN T P P P N P R
<t12t22t32—t12t22t32><t12 t,> tZ—t, *t, ? t32>
i;—1 iy L‘_3 -1 _i_z _ig i_1 -1 i3 _i_1 =1 i3
<t12 tZt2 —t, *? t22t32><t12t22 t2 -t %t, 2 t32>
R N P N P P AN PR P N P S PR P N P |
<t12 t22t32 -4 2 t22t3 2 ><t12t22 t32 _t12t2 2 ty 2 )
1 1 g1 1 1 1
2t22t32 —t12t22t32>

X ip MM iy i _iz=1
(t t,2 t,2 —t, %t 2t, ? )(tl

7 C = f{ay = 0}, vylyey, VOT

(o)

2P|, = . x(Hib(€),0)(—o)"
n=0

Z X(Hilbn(ch)’ (’jvir)qn — Z [_VET]qlﬂl

n=0 i

lallelelle]
HO) = e line] 8 A

log (Z¥P)|y .= [tltz][tlti] [tztsl]
[tl] [tz] [t3] [Kiq] [Kiq_l]

[£4] [t4]
Hl(t4—) = 1 1 = 1 1
[l [l
1 Ial
(5)
lim | = Vzop||— V& ==/
L—>oo[ 11',(1/3][ "'Ba]|(w1=L,W2=LZ,...,Wr=LT) l |T[5|
()
Zy = trete, Zp = t]efref
UnTzs)

(i1,iz,i5)




[twewi e el eh?] = | (LA~ “t"lt"zt"3)2( — (LF-atrele el _1) B—a>0

oo 31 1 J2 J3 1

_ Nt 2t 2¢ 242 242, 2
LBZa(_|nB|+|na|) H(u,lz.ls) 172 3 Vg (- 1)|”a|+|”ﬁ|L 5 “%(|mg|-Imal) H(hhh) t tyty y‘
JiJ2 I3 1 I i3

24242 2.2
H(]'p]'z’]'s) tl t2 t3 H(h iz,i3) t t t3

V,: Quot?(C*) - Sym™(C*)
NE® = x (sym™ (@), Rv,. (W5))
Rv,. (Ng1°b> € kI (Sym™(CH)

i i Ty XT,
Z Vil‘---":rwlll WTlr’ V’:1n---nir € KO y(Symn(C4))
(ig)eenliy)

wy, we,wy) = (L, ...,L7), as L >
Wy, e, wy) = (L™, ..., L), LT — oo,
[ab]

[a%b%c] [a%b_%c‘l] [a szc] [aZbZC‘l] [(ab)%c] [(ab)%c‘l]

ZNP = Z ((—1)rq)lﬁ|(—1)#ﬁl_[ [- Vit aa] - 1_[ [= Vil = Va gl
a=1

=11, TTy) 1<a<pgr

Zi\lp = Zi\lp(tl' t2' t3' V q)
1 ITal
2

-v;

2= Y ([ [ opmeled —
a=1 1<a<pgr <_y%> s

T=(1T1, 0, Ty)

r

3sen(f-a)
= 1_[ NP t1,tot3, Y0 q Vi
a=1 B+a

[t1ta][t1t5][tot5]

[t,1[e2]Mt3]10t4] Z [qu] [yzq—l]

Lsen(B-a)
ya qIlp+a y )

[y1y2]
1 1 1 1
[(ylyz)?(yz yr)fq] [(:hyz)?(ys y)2q7?

[y1y2¥5]
1 1 1 1
[(3’13’23’3)2(3’4 '"yr)Zq] [(}’13/23/3)2(3’4 “y)2q71

_w
[y%q] [y%q‘l]'. s

[Ogr - Q]ﬁ = (14, ., )




Lo&T:C3 = {x, = 0} o C*
[=Vally=my,=c, = 0

(—D)[E+uz = (—1)

o

D x(Quot(@), 6% ) (- = 2| = Exp(

n=0

[tet2] 13Tt (k7] )
[t]1¢11t10] [ 2] [12q 72

A = {x3x,x3%, = 0} = U, (Ci3 cCh&n= 0, Ogn

2 i

. . o )
0=B5-Qs = (ut3) Qs+ +(u=3) QsCu=0+Uo(S) - 2u)QCw).

Qs(u)=lj (u—v,)
]R {QS(U)%SQL}(U) — QS(U)?JQJ(U)} p(u)du =0,

P\ 2 i i\ 2
J 05w (u+3) @+ dwaan 2™ [ osu=0(u-3) o @utd
0= [ Qs(u)(Bs—B)Qspn(w)du+res, = Aly [ Qs(w)Qy(wyu(u)du +res,

AIOf Qs(W)Q;(Wu(w)du =0
R
(QSQ1>M = fu« Qs(W)Q;(w)p(u)du o b

Quana (@) = PE(FH, with f2i= f (u %)

S
P =] | @-w
k=1

s 1 + 1
f(u+i)_1—[ xw ~ <x_k>
fay X

T
= \x@ T

4
f(u) = exp (gqu+ Yo(—iu) + %(iqz‘ Yy (—iu) — qf o (—iw)) + 0(96)>

N
05w = | | (= wew®, o) = log (£+7°)
n=1

o(u) = 29%q7 Yo+ (W) — g* (a7 Y2+ (W) + g7 91— (W) + 0(g°)

s = (v (5 + ) £ 0 5 - )




0 =Bs- Qs = Bf Qs(u+ i) + Bs Qs(u + i) + Ts(w)Qs(u)

Bf = (x)? 1 ig%qi (1 - 2a)(x®)! + g*(qF + (¢1)*(A — 22)?) (x*)°

1 1
Ts = 14(S) — 2u? + g4 (W +W)

Ps(w) = Qs(W)|q=0, Qs(w) = Qs(W)|q=1, Qs (w) = Qs(u)|a:1
<(x+)2 +9g* qz—;> Qs(u+0) +<(x')2 +g* %) Qs(u—10)
1 1
- <Io(5) —2u®+g* (W + W)) Qs(w)

Al J-R Qs(WQ;(Wuwdu + g*—= = f (Bo - Q9)Q;(Wu(w)du +res, =0
.M - M
BM-F=<u+%) F(u+i)+(u—%) F(u—1) — 2uMF (),
{AIO(QSQ1> +g —<(Bo Qs)@])
Al (QsQ;) +g —<(Bo Qs)@])

((QSQ,)M ((B(,.Qs)@,)m>_ ( Al )_O
(QSQ/) ((BO'QS)Q])MZ 9*/40q; o

2%}

‘(Qs‘@/)
(QsQ))

(B - Qs)@])
((Bo QS)Q])

H1

x &5, + 0(g°).
H2

B- Q—(x+)3<1+g2q1)Q(u+1)+(x )3(1+g2q1>(@(u—1) TwWQu) =0

T(w) =2u —2g%q7 + Lhu+1,

B T _ m’tanh (u)
) = 2cosh? (mu) 2 (W) = cosh? (mu)
((735?/>”1 (:Psu?])ul> (AIO)

(PsP),  (PsuP), \an/) ~

/2

-1
cosh? (mu) tanh™™ ()

pe(u) =

Ps(=if2) P(=i/2)
P/ P,a/2)

/2

cosh? (mu)

po(w) = tanh?~1 () (1 + g2n? (—g + (£ + 2)tanh? (nu))) +0(gY

(QSQ1>#2 <quQl>ﬂz ((BZ'QS)Q])uZ AL | =

(QQ), (Qua), (E:-eQ), )\, ..
ap
(QSQI>;¢3 <Q5uQI>u3 ((Bz-QS)Q])uS g°Aq;

B, F= (u+%>2F(u+i)+(u—%>2F(u—i)—2u2F(u)




((QsQJ)M1 9%(Bo[Qs, Q/]) ) Aly
(0sQ)), 9*(Bo0s @]}, g qz

((QsQﬂu1 94(Bo[0s Q)]), ) Iy
(050, g*(Bolesa), ) \ AL

u
M[Qs. Q)= ((QsQ} )

QsQy),, ((Bi- Qs)Q;)ul)
U2

(
M;4[0s, Q)= ((QSQ] #Z ((B1 - Q5)Q))

/(QsQ])u1 ((31 . QS)QJ)#1 ((Bo . Qs)Q])u1
Mz,z[Qs, Q]] = <QSQ]>;¢2 ((31 : QS)Q])#z ((Bo : QS)Q])uz .
(QsQ})u3 ((Bl : Qs)Q])u3 ((Bo . Qs)Q])u3

D.[Qs. Q)] = Jdet‘ML,{’[QS: Q;]detmy,[Q}. Qs),

@y ),  _ o tanh (mu) ©) 3m3 tanh2 (mu)
#0 =3 ost? ()2 ) = s (mu)’ and 13" (W) = 5~ gz ()’
1 0 0
9
25
M55[04, Q] =10 3 0
3 0 65
4
0 0 0 0o o 22
37 15
0 — O 7
M35[Q4, Q6] = 25 s My2[Q6,Q4] =10 — 0
1 343 15
5 36 T 0 17.781
5 154
det(MZZ Qs Q4]) det(Mzz[Q4 Qs]) =0, det(]szz Qe Q4]) m
0 forS >J
1/(2S+1 fors =
(Bo-00)), =11/ +D ors =]
S D2t () —af ($)) fors <)

S

25+1 N
Dy0[Qs, Q)] = 55]((2;-),)<Q5<l) s(‘%)) X B, (S)

25+1 N o B2(S
D405, Q)] = 651%@5 (E) Qs (_ %)> 2§5§

2S5 +1) B,(S)
pulesol = o 5 (6 ()0(-3) *rmme wme

(2)(u) = 0)(u)(l + g*n?a,tanh? (mu) + g*m*(bytanh? (mu) + c,tanh? (7w))).




My0l05.0)] =((7s7), )
(PSQJ> (B 5”5)91),11
M;1[Qs,Q] ((Ps ) ( ) )

), (BP0,
(?SQ,)M (B1-P9)0)),  ((Bo-Ps)Q)),
M;,[0s. Q)] = (?SQ])#Z ((B; - j"s)Q})MZ ((Bo‘?s)Q])uz
(7s0)), (Br-P)Q)),  ((Bo-Ps)Q)),

4-7.[4
1+ 2m2g? tanh?(nu) — g

1P ) = g (11 tanh?(mru) — 15 tanh“(rru))),

1
cosh?(mu)

44
#gz)(u) = 72 %(1 + 3m2g? tanh?(mu) — g7 (18 tanh?(ru) — 27 tanh“(nu))),
@y = 3O (4 2 g2 an? 9 (o5tanh? 42tanh*
py~(w) = 2 coshZ () + 4m*g*tanh? (mu) — (25tanh? (mu) — 42tanh* (mw)) |.
Dz,o[Qs» Q]] « Gs; + 0(g®
D2,1[Qs; Q]] « bg; + 0(g"
Dz,z[Qs; Q]] x 85, +0(g%)
detM,,[Q4, Q6] =
3.29* —12.1ig? + 220.3ig* 152.5g*
—1.3ig? — 4ig* —2.5+10.49% + 820.7g* —62.2ig% + 873.4g* | =0(g®).
—02—34g% +1139g* —3043ig2 —830.7ig*  —9.5 + 0.292 + 4020.3g*
L L-2
(u + ) Qs(u+i)+ (u - —) Qs(u—1)— <2uL + Z Ik(S)uk> Qs(u) = 0.
k=0
(PsF),  (WPP), . (WTPRP),
M,[Qs Q)] = (PsPy), (WPP), . (uTPP)),
(PsF),_, WPP), . (WP,
(= [ feomtod
e
u? (W) = Wtanh‘)_l (mu)
ML,{’[QS: Q]] =
(?SQ])l (uL_Z?sQﬂl ((BL—1~'PS)Q])1 ((BL—eSDs)Q])l
(PSQ])Z (uL_Z?sQ])Z ((BL—1?5)91)2 ((BL—ﬂ’s)Q/)Z
(PSQ])L_1 (uL_ZPsQ]>L_1 ((BL—1~'PS)Q]>L_1 ((BL—€PS)Q]>L_1
(:PSQ])L (uL_Z?sQ])L ((BL—I:PS)Q])L ((BL—t’:PS)Q])L
(:PSQ]>L—1+€ <uL_2PSQ/>L—1+(f «BL_l"PS)Q/)L—Hf <(BL_€PS)Q]>L—1+€

ByPs = (u + %)M Ps(u+1i)+ (u - %)M Po(u — i) — 2uMPs(w)

Dy,[0.0)] = JdetML,l[Qs. 0,]dethy [0, Q5] 85, + 0(g2¢+D)




/2

up(u) = mtanh"‘1 (mu)eve®
[ 2n—1\£+1 2ny (£ + 1)(1 + 4n/3) — 1
et =3 () - e () D ) g
n=1
Lif-1 Lie-1 L4i—1
det(Myg,) :/( H dity, iy, un) ( H Ps( un) X V X ( H QJ(un)) .
n=1 n=1

1ol Boawm) ... Brlu)
G| 1 Bra(us) ... Br_o(us)

1 ... Uéﬁr? 1 EL_l(’UJL_M_l) EL_E(’UJL+3_1)

@) = 1¥@ Y D (gm)agmtanh?™ ().

n=0 m=0

0.548 1.014 —-11.226
det(M[Qrop5-4,Qu=35-6]) = | 3436 6360 —70.433|=0
16.199 30.034 -—-332.084
A 1 A . 1
tanh(mu) tanh(mu)
i [ R—
Zhukovskization
—29 29
—19 —_—
Y Y
w £(2m)*tanh?~1 (Tu) ( 1 )“1
e(u) =
¢ cosh? (mu) 1+ /1 + (2rgtanh (mu))?
2(4+4 1 44 +1 1
X exp [gznz (f + ( ) _X ) >
3 141+ (2ngtanh (mu))? 3 1+ (2rgtanh (mu))?
_ £ 1 [ <€+ +4 T +4(£’+1) 1 )]
He(w) = 2msinh? (mw) x(t)¢+! P 9T 3 x(1) 3 1-2x()/t/)

A
AI()(QsQ]) + g4£(Bo[Qs, Q]])IL + resu =0

By[F,G] = (By - F)G + (By - G)F

4
res, = Res [Qs(u) ((x‘)2 - %(q; ($) +az (I))) Qu— i)u(u)]

+ Res [Qs(u) ((x+)2 7 @®+ QE'U))) Qu+ i)#(u)] :




p1(w) =

cosh? (mu)

2 2
/ <1 — g*m?(1 — 3tanh? (mw)) + §g4n4(2 — 15tanh? (mu) + 15tanh* (nu))).

MS]) = ((QSQJ>V1)'det (M.gl])) x 855+ 0(g".

d 2 1
p1(W) Ejg—v.L

2mi cosh? (m(u — v)) x(v)
0V, (w) = = 3u?,
0@, (u) = —3iu+ (Z ~3u )1[11 ( + lu)
Qu+i) Qw Q-1

QW+ QWW QWu-1)
QP+ QP QPu-0)

Ie) @ i) (1)< ) (2)( ) 1
5(”+2> ( 2) s 2 uty)=w

0P () =

=0

@
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(Qas + qs7 + qgo + 1)@ = qu5q67qs0 + j°

+ + _ i = _ 945967989 +/?
45967 T q45989 T 6789 — 4] Qas + Qo7 + Gao + 1

G = 3gN? | 45967989 +j?
s Gas + qe7 + qgo + 1

_62A4_5 - 63A67 + 6263A89 - 261(0 = 2mi

1 g =
og ( N.1) 202
3N2A450 g7 05

SN,l = maX( 202 + M45A45 + M67A67 + M89A89 + 2M12(1)

+A(_62A4_5 - 63A67 + 6263A89 - 261(0 - 271'1))




—ia® — (—€2q45 — €367 + €263q50 + DA +i(€263G45G67 — €3q4580 — €206789 — 261)) @
+445967980 +j* =0

_a(az — (€2€3G45967 — €3945989 — €2967q89 — 261])) =0
(—€2045 — €367 + €263q59 + 1)a? = Q45967980 + j*

Q45967980 + j°
—€2q45 — €3G67 + €2€63qg9 + 1

€2€3q45967 — €394589 — €2967q89 — 2€61] =

Sn1 = 3”N2\/62€3Q45%7 — €3G45989 — €2q67q89 — 2€1]

P 445967989 + J°
e —€2q45 — €3G67 + €2€63qg9 + 1

Sn1 ~ 3TN\ [qas5q67q80 = 3nN2y/(qus + ) (a67 + /) (@so + )

J=0,q45=q¢7 =qgo=q #0:

3

q
(6063 — €, — €3)q% =
263 T €2 e 1+ (6263 — €, —€3)q

9v/37m2N2
="

2 M12

=38z -

j
SN,] = 67TN2

H M12 M4-S M67 M89
i )

n u 1 u
0{61} =H— 61§M12 + Eng45 + E3gM67 _36263M89.
(1,—2€1, —€3, —€3, €263)
u u u u
=H__M12 _M4-S —M67——M89.
o 3 + 6 + 6 6

B(4],4j,0,0,0)

x(4) + 2,4j,—2,0,0), (4] + 2,4j,0,—2,0), (4j + 2,4j,0,0,2),

x(4j +3,4j,—1,-1,1),

n(4j + 1,4j,—1,—1,-1), (4 + 1,4j, —1,1,1), (4) + 1,4j,1,—1,1).

1
T+ 1 4 o200 4 olss | phe7 | o—Reo 4 e“’ei(A“JrA“_Asg)

Zn1
4o @ (e%(A45+A67+AE9) + e%(A45_As7_A39) + e%(_A45+As7_A39))
—Ays — Dg7 + Ago — 2w = 2mi
it =1—(1—eb5)(1—el7)(1— e 2)
1 — (1= e™MBas) (1 — eMBer) (1 — e~™Mbas
N1t = f [dU]exp (Z ( X — X ) Tr(U™)Tr(Ut™m)
m=1

€1 = 1,62 = 1,63 =-1




U I U U
®=H__M12+_M45__M67+_M89
3 6 6 6

B(44,4j,0,0,0)

x(4j + 2,4j,—-2,0,0), (4 + 2,4j,0,2,0), (4 + 2,4j,0,0,-2),

x(4j +34j,-1,1,-1),

n(4j +1,4j,-1,-1,-1),(4j + 1,4j,—-1,1,1), (4j + 1,4j,1,1,-1).

_A45 + A67 - Agg — 2w = 2mi

1
- - - 5(Bgs—Der A
ZiT =1+ e 20 4 ebes 4 o787 4 gloo 4 e®@e2(BesRe7Hhs0)

fe~ @ (e%(A45+A67+A89) + e%(AA,s—Aw—Ass) + e%(—AA,s—Asr"Ass))
T =1—(1—ebs)(1—e ) (1—e)

had _ _ pMAys _ p—mlg; _ pMAgg
st = [ tavtew (Z 1-(1—emb)(1—e o) (1—e ))Tr(Um)Tr(mm)

m

m=1

I u U U
®=H__M12__M4S+_M67+_M89
3 6 6 6

B(4/,44,0,0,0)

x(4j +2,4j,2,0,0), (4 + 2,4j,0,—2,0), (4] + 2,4/,0,0,—2)

x(4j +34j,1,-1,-1)

n(4j+ 1,4j,-1,-1,-1),(4j + 1,4j,1,-1,1),(4j + 1,4j,1,1,-1)

A45 - A67 - Agg — 2w = 2mi

Aey+Ag9—A4ys
Zt =1+ e 4 e7hs 4 el 4 eloo 4 VT 2

Ays+Ag7+Ago Ag7—NA45—Ago Agg—Ay5—Ag7
+e “le 2 +e 2 +e 2

i = 1= (1= o) (1= e0) (1 et)

o 1— (1= e ™s)(1 — eMAer)(1 — emd
‘71-\'1-3*- =f [dU]exp (Z ( e 5)( e 67)( e 89)) Tr(um)Tr(U-}-m)
m=1 m
_g_FPyz _Haas _Hoer _Hoso
®O=H 3 M 3 M 3 M 3 M

Ags + Agy + Ago — 20 = 2i

B(4j,44,0,0,0)

x(4j + 2,4j,2,0,0), (4j + 2,4j,0,2,0), (4j + 2,4/,0,0,2),

x(4j +344,1,1,1)

n(4j +1,4j,-1,1,1), (4j + 1,4j,1,-1,1),(4j + 1,45,1,1,-1).

— —2 _A _A _A w_RastBe7tAge
Zyg =1+te @ +e™Ps+e %7 +e" 0 te 2

A45_A67_A89 A67_A45_A89 A89_A67_A45
+e “le 2 +e 2 +e 2

Zt7 =1— (1= e 25)(1 = e2e7)(1 — e~w)

had _ _ p—mlys _ p,—mAg, _ p,—MmAgg
Ry = f [dUTexp (Z L= (zemie)(a—ermi)(i—e )>Tr(um)Tr(U+m)

m

m=1

€1 = —1,62 = 1,63 =1:




I p I

u
O=H+=-M?2+=-M* +=-M —
3 6 6

_M89
6

B (4j,—44,0,0,0)

x(4j + 2,—4j,-2,0,0), (4] + 2,—4j,0,—-2,0), (4 + 2,—4/,0,0,2)
x(4j+3,—-4j,-1,-1,1)

n4j+1,-4j,-1,-1,-1),(4j +1,—-4j,-1,1,1),(4j + 1,—4j,1,-1,1)

_A45 - A67 + Agg + 2w = 2mi

1
ZERY =1 4 €29 4 eBis 4 eBe7 e 7By o=@ (M5 HheT o)

1 1 1
+e® (eE(A“5+A67+A89) + eE(AA,s—Aw—Asg) + ef(_A45+A67_A89))

Zitt =1 - (1—ebss)(1 - eber)(1 — e2o0)

i 1—(1—embss)(1 — ember)(1 — e~mhuo)

m

Tiit = [ lavjesy ( )Tr(um)Tr(mm)

m=1
e =—-le,=1€e6=-1:

I I u u
O=H _M12 _M45__M67 —M89.
+3 +6 6 +6

B(4j,—44,0,0,0)

x(4j + 2,—4j,-2,0,0), (4j + 2,—4/,0,2,0), (4 + 2,—4j,0,0,—2),

x(4j +3,—-4j,-1,1,-1),

n(4j+1,-45,-1,-1,-1),(4j +1,-4j,-1,1,1),(4j + 1,—4j,1,1,-1).

_A45 + A67 - Agg + 2w = 2mi

1
ZNET =1 4 €29 4 eBis 4 oo 4 eBes 4 o=@ AasTAerHAs0)

+e® (e%(A45+A67+A89) + e%(A4S_A67_A89) + e%(_A45_A67+A89)>(138)
iy =1 (1 b1 —e8r)(1 - ebv)

jﬁ’l_ _ f (dUexp (Z 1— (1 _ emAA,s)(]_ _ e—mA67)(1 - emAs")) Tr(Um)Tr(U'I'm)

m

m=1

I I I I
O=H _M12__M45 _M67 _M89
+3 6 +6 +6

B(4j,—4j,0,0,0)

x(4j +2,-44,2,0,0), (4 + 2,—4j,0,—2,0), (4j + 2,—4/,0,0,—-2),

x(4j +3,—-4j,1,-1,-1),

n(4j+1,-45,-1,-1,-1),(4/ + 1,-4j,1,-1,1),(4j + 1,-4j,1,1, -1).

A45 - A67 - Agg + 2w = 2mi

_(‘)+A67+A289_A45

Zy7t =1+ e?? +ees 4 ele7 el e
Ays+A67+Agg A7 —A45—Agy Ago—A45—Agy
+e“ (e 2 +e 2 +e 2

zZyat =1 (1—e™s)(1—ebor)(1 - eho)

jﬁ’z+ _ f [dU]exp (Z 1-— (1 _ e—mA4s)(1 — e‘mA67)(1 — emA89)) Tr(Um)TI‘(UTm)

m

m=1




€e,=—1le,=—-1e63=-1

u

®=H+§M12—'u

u
— M5 —
6

u
_M67 __M89
6 6

B(4j,—44,0,0,0)

x(4j + 2,—44,2,0,0), (4] + 2,—44,0,2,0), (4 + 2,—4/,0,0,2),

x(4j +3,-4j,1,1,1),

n4j+1,-45,-1,1,1),(4j +1,-4j,1,-1,1),(4j + 1,—4j,1,1,-1).

A45 + A67 + Agg + 2w = 2mi

w_A45+A267+A39

Zy1 =1+e?? +eBes 4 o787 4 o7l o7
A41'5_A67_A89 A67_A4'5_A89 A89_A67_A4-5
+e®le 2 +e 2 +e 2

zi7 =1—(1— e 2s5)(1— e=8e7)(1 — e~89)

o

jﬁz_ _ J- aUle (Z 1-— (1 _ e—mA45)(1 _ e_mA67)(1 - e_mA89)> Tr(Um)TI‘(UTm)

m
m=1

m

had 1—-(1- mA 1-— mA 1— —-mA
7;31*:7,;3@[ [dU]exp (Z (1—eme)(1—emi)(1-e 89))

m=1

x Tr(U™)Tr(Utm)

had 1—(1- mhys 1-— —-mAg, 1-— mAgg
wy =5y = [dU]<Z (o)1) - e )>

m

m=1

x Tr(U™)Tr(Utm)

hd _ _ p—Mlys _ pMmlgy _ pMAgg
e g (Z om0 )>

m

m=1

x Tr(U™)Tr(Ut™)

m

§ 1(zeme —e-mAw)(l—e-mA“)>

B =% = | [dulexs (

x Tr(U™)Tr(Ut™)

m=1

A45A67A89
log (:]N,l) = —3N2 T
~ 1
Op = N®-2)/2 Op
(5p ~ W,

(5p5p) (5p15p2(§pg) N2esl—c/3 W-algebra, OPE coefficients
rational functions of N2 ap(c) L cpp,?(0)

b

hs S = Wedge(Wy: %)

1(z,y) =@y, G(z,y) = 6" (2)y, G(z,y) = C'(2)ynLy; = (1,y)

1
—ky%1  2y12(1+5Y120y, ) (22, ¥2)
J(z1, )] (22,y2) = 212 + ( 2 2) + R
212 Z12

1
¢l 2T(z 0,,T(z
T =2+ 2002t )

R.

12 Z13 Z12




short ps((2]2) multiplet: Gy = GvX Gy = GHX .
Tx = GYGYX
J
I={0G=a'J G =G+
T=GYGh
W,
W, = ¢ Gy, = G, Gw, = G*W),

Ty, = G*G4W,

p
(%(21;}’1)%(22:}’2)) =J9p yipz
Z12
JX], ) X W, W, xW,,
1
A@DB() = ) —(AB}(2)

nez 12

(atsey,), = (~DMIPIBLACY) +Z( ) ABYCYag-opg € 2

Jacobiy.q(A, B, €) := {A{BC}}, = (-1)HIPHBLACY Y, - > (‘;‘.: }) {AB}Chprgr
=1

Jacobi(A. B, C') := {Jacobi, ,(A, B.C') . p.q € N} .

Jacobi(A, B, C) = {Jacobi(4,B,C),A€ A,B € B,C € C}

CW3W3 = (W3W3)§ + -+, Crlsws = (WsWs)g +

CW3W3 = (W3W3)0 "‘, CW3W3 = (W3W3) +-

e%/V;m = (W3W4)2 + - CW3W5 = (WsWs)§ +
22

Cra = (W3W4)2 + CW"W" = (W,W)3 +
22

Crst = (W3W4)Z +o, G = (W We)F +
22

7

c;/v73w4 = (W3W4)0 * CW3W5 = (W3W5)0

22

d{"SWs = (W3W3)2; + - CW4W4 = (W, Wo)5 +
C’J:%W" = (W,W,)g +

Wy W3 W
Cos ° 0 = (Wa(WsW3)3)3 +
22




‘{;3 X W3 = _(;-'3]1 + 8334“’,4 R
‘Vg X W4 = 0343‘{{3 + CQAEWB y
r Wa“fg r r
Wa x Wy =95 H‘; + C35 W{; + Cag 3:1 C“s“a + ngc C;?;“s ,
Wy Wy W,
Hr’ W, 3N SWaW
Wi x Wy = gal + cag Wiy + cpa"We + a5 1 C SRR G
;Vg X WE = 0363;?3. + .9355W5 + {3357W7
g -~ CysVs wew CrYs Wew
+ege 33 C 3 4+~"32.|3 T3 Cri" ez 77 G300,
RN BER)
‘{;4 X W5 = 6453‘{{3 + 8455Wr5 + 8457W7
7 W YR wew cyst wew Y W
+egs T3 Cry 4egs 37 Cry t4eys 3 Cry t4eys 73 Cr e
T:T T T TrT T
. Wa Wy oA
‘{;3 ot W7 = 0374‘?:; + 8376W5 + 8378W8 + 6376313 C;?g“s
Ws _vir s WyWy oW
+ 3y "' 2 C“ aWs +c 7C4 2 CE?“& + 63764‘2 CE;“"'
VaWs _yir 1ir WyWy oW
+ Car "' 3 C“ aWs +C C 4.4 C}:‘f“a + 63764‘4 CE&'“"' ,
Wa W, raWs
;"r X WG = Cag ‘*4 + C45 W{; + €45 WS + 645 3.1 C“ sWs + ¢4 C 6“3“
Wa W, r Wg 5 : AW
+ c4.5-,c4 i C’Vr We 4 b6 R C“sw‘q + eyt CE§“° + a6 C“““
r WyWy oW
+C45 "'3 C“ “S—FC 5C= C“s“a+c C*""' CE&'“"' ,
r WaWs _vir 1ir
‘{{5 X W5 = _(;-'r']l + Cs5 W;l + G55 Wﬁ + 55 ‘{3 + Crr C“aﬁs + 65563‘3 C;?g“s

WS TV WaWy W W / 18" Wl
+cwc4‘n C“s“s +055(:4:o CEO:“J +CSSCJ‘2 CRQ&HS +CSSC4’2 CE’ZSH.E

- TRT W5 11 17N R —
+c55c42 C“4“4+Cr’rc44 C“sﬂa—l—c 5Cad C?;““

c=6k=3(1-v)

W¢ = We + 1eCas"*, Wy = Wy + p; G753
22

W7+ Dpoy = W7 —p + Dy o7

5 = p(-1 =
53(1/) = 1
S, (v)=v+1
Ss(v) =v+5

Se(v) =v2+15v+38

S,(v) =v2+35v+ 84

Sg(v) =v3 +70v% + 469v + 180
So(v) =v3 + 126v? + 1869v + 3044

Hp v—-1?% v[ 2 J
9p =PV Sp(v) yp-1"

(Weey3™) = 0,{wye,5") =0
22




Cqq, P =Gz forp2aqup 2 g1 + g2 =p+2

8 25

8 8 8 _ 8
Cs6 7C37 »C55 ~ = ﬁc37

v oo gy, =pv+ 000, chq, P =qmq +00™)

OPE coefficients in W3 x W3 and W3 x Wy

cast =0,

6343 _ 12(v —9)
v+1

8345 =12.

OPE coefficients in Wy x W5

L 15— 16)w+1)
€35
v(v +5)
e3s =15,

e _0-2)
v(v +5)

el 15(r — 16)(r — 9)(r 4+ 3)

€35 T w45 (2 + 150 +8)
OPE coefficients in Wy x W,
o 16 (v% — 200 + 9)
44 ]'j(]'} T 1) ]
cu® =16,
Wa W, 16
&14'33‘13 = 7
644(1::“;’3“'3 _ 32(v —9)(v —4) )
v(v?+ 150+ 8)
OPE coefficients in W3 x Wy
ez =0,
3 = 18(r — 25)(r +5) .
v+ 150 + 8
cas’ =18,
. c:}‘:ig;"‘ 21w —1)
6 REES T
cWaWa B B
& 3(v —25)(v — 16)

V(V2 + 150+ 8)

ey 36(v — 25)(v — 16)(v +7)
czg 27 = .
(1/2 + 150 +8) (yQ + 3510 4 84)




OPE coefficients in Wy x W5

3_ 20(v — 16)(v — 9)

e v(v+5)
5 20 (V3 — 322 —TTv + 36)
fs = v+ D +5) '
e =20,
c¥aia 10(v + 12)
€5 T2 = *m 5
crats 20(2v + 3)
cq5 7T = *m ’
ey 10(v — 16)
€45 7T = —
v(v +5)
cyy 40(v — 16) (20 — Tv — 63)
z:2 =
o5 w(i + 5) (V2 + 350 + 84)
OPE coefficients in W3 x W7
car' =0,

s 2L —36) (2 + 150 +8)

O T 2t 3 +81)
cyr® =21,
WaW:
@ =0,
el 224 (y5 + 420 + 2640° — 25302 + 172260 + 9720)
G = 302 +5) (2 + 16w + 8) (12 + 350 + 84)
cWaws 56 (21/2 + 13v — 90)
captad -\ @ 7
Su (2 + 350 + 84)
i _ 2 (12 — v +60) ,
2u (:u2 + 350 + 84)
ewaws  28(p — 36) (v — 25)
ogrlad = T T A
5 (1/2 + 351 + 84) ’
ewaws 42 (v® — 4202 + 290 +396) 21 owaws
cap 4 = — + 5008 M,
v(v +5) (12 + 350 + 84) 25
216y =3) 2 cmm

V(2 + 350 +81) 25




OPE coefficients in Wy x Wy

4 24(r — 25)(r — 16)(x + 1)
v(v2+ 150 + 8)

€46

6 12(2v —1) (v® — 4612 — 3871 — 240)
v(r+1) (V2 + 150 + 8)

€46

cis® =24,

cvaws BB — 25)(r — 2)
T (24150 +8) 7

el _ 36(v — 25)(v — 16)(vr — 9)(r + 3)

€46

Ccq6 23 3 .
v (v2+ 1510 + 8)
cavs 84(r + 23)
cagt =
5(p?+ 150 +8) 7
cWaWa 15(5I/774!Hh/579535“/5+119535V4+1843753V3+131l4sov273254280DV713144DDD)
cq6 42 = )

35w —15)2 (u+5) (12 +150+8)7

eraws 12192 + 1170 + 320)
6 T T T R 150+ 8)

e _ A —4)(v+5)
v(v?+ 150 +8) 7
Cmcx';“’s _ 96(r — 25)(v — 2) .
5v (v + 15 +8)

C46

s 672(v —9)(v+2) 2w
s L5 P+ 15v+8) B ’

WaWa  20(u—16)(r +3) 20 Wawa

‘4.4 — == 44
46 v+ 150 +8) 250
OPE coefficients in W5 x Wy
ot 25 —16) (v* — 320 — TTu + 36)
- v2(v +5)2 !
ora — 25 (v — 59 + 16) ‘
v(vr+5)
€55 =25,

eFats _ 50 (507 — 10307 — 4600 — 864)
' - 92 + 5)2 ’

C55

cvsws _ 25(v = 16)(v = 9) (3¢ — 24 — 115w + 64)
e = v (v +5)? (12 + 150 + 8)

owsws 40 (v* — 130% + 2100 — 558)

4,0 =3
€5 3(v =T +5) '
Ca-';s.cr’;#w4 = B ,
v

c;‘j}a“’a a0 (5u7—?‘26u5 —200415 44695404 433801 1u3+1’IES’IEOu2+77473’20v+3§50250)
) 20w 1502 (0 +5)3 (24 1501 8) '

€55

Qs 60(r—2)

egstad = =7
v(v+5)
cWaWs 25
e55t12 =
v

grVy i, = @ G jrsn Onjrsn = Enjra/Snjrs-1

REFTao
yljzl+j2_j . i
01(21,y1)02(23,y2) = Z Z TDjl.jz;j(Jﬁz: ayz){0102}£1(22:)’2)
nezZ j 12
{0, 02}(’; € Thythy iy +ro R+, (normal ordered product)

{0 02}{ € Bny4hy—1,jr 4% +%,—-1  (Simple pole in the OPE)

n:VhJ-_r d Vh,j,r: = Vh,j_r/Nh,j,r,rr: ve v+ Nh,j,r




Fnjrm = 1(Snjrn)-
XA €7,{AX}, €7,(XA}, €7, forany A € 7,X € V,n € L, k € Zs,.

In 2 T+t

81(r—16)r -9 (r—4)(r —1)2
5(v —11)(v —2)v ’

wp=oy, d, BETHEIRE,

i) =G, appe, IS0 D o1E

iy =3, (v — 25)(v ;(lf)fisj)sg(y —yv-1)
=G, oy, = Reol

12(r — 9)(v — 4)(v — 1)2S:(v)

v +7)(r+9) ’
cyets 162(v — 25)(v — 16) (v — 7) (v — 4)*(v — 1)*
- (v —9)(v — 6)3(3v — 11) ’
15(v — 25)(r —16)(r — 9) (v — 4)(r — 1)

, ’ 2y — 7)v3 ’
e v=1)
(hj)— (42). oW | e — _ 1TA9600( — 36)(w — 25)(v — 16 — 9P (v — 4)'(v — 1)°(v +5)
R 7@ — 1) (% — 120 — 57)° '
L WL Ws 225(v — 16) (v — 9) (v — 4) (v — 1)?
(haj) - (433) s C4,3 ’ 81;2(1; + 3) ’
CWsWs  480(v — 16) (v — 9)* (v — 4)* (v — 1)*Ss(v)

h,j) = (4.4 i det =
( 13) ( 3 )1 C}L’%WAL ) € y5(y—|—5)(y—|—9)(1f—|—11)2

W3 X Wyi1 = g362p1 + C3p41 PWp + 3(p + DWpy + ”;Cgﬂ,gn + ”gegu,g iy

Sp(v) 1
Sp+1(v) y1-(pmod2)’

Z () =3 + DV - p?)

Wi s ), ..) =

(15(1/ —-16)(v—=9)(v +3) 36(v—-25)(v—16)(v+7) )
vSs(V)Ss(v) ' S6(v)S7(v)

3(v—=25)(v—16) 28(v—36)(v—24)
vSe(v) ’ 5vS,(v) )
-10(v—=2) =21(v—-1)
vSs(v) T Sg(v) )

(88, ..) = (

Wz (M, us (), ..) = (

1 11
2
NS = UD§ +5T N3 = OWa)2 + 7T,

3 32)
) =C
(%H.%—l) (%“g_l) V=N2Wpsn=0
N*’}b‘i"?NH = C/N+3N+1
(TT) (TT) V=N2Wp>n=0




N =2: MZ‘O)
N=3 N(Sl)']\f(31)
N=4: NgipN (73) (71) 5 N2y N0y
W= Ny Near N Naoi N gy N a2y Mo
1
N=0Ns+3T
+1
N X VVp ) _p(pT)Wp
(CW3W36W3W3) _ 9(v—-16)(v —9)v 2
5(v—11)(v—4)(v—-2)73
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8C = —D,(2ie?a#A, — 25,(W — 2)(13)*Pe40 Pp)




€, = coth ("70) (—i(t3)*BByp + 2D, A + 4(w — 2)A
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.Tuv
AZ = l_.
8

dry Faas = 4mi{A,(0)) = —4miu
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1 )

Du)(a = OyXa T Zwu,ab(aab)()a - lAuXou
. o1 ) )

Du)?“ = u)?a + Zwu,ab(ﬁabi)a - iAu)Za'
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d0Z, = %(de2 + sin? (8)d¢p? + (dy + cos (8)d)?).

/ 0 %sinh (m)cos (¥) %sinh (m)sin (6)sin (Y)
1 1
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+ L a p- - i, = i A
5Gy =—5€'0 JuvaqJA_EE Ouva +Z(1+W)Dp6 P36,y

1 _ _
84 =5 DG, 5P €4 — DyBagte” + C&,
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Q%34 = —V'P; + ®1G; + Ly MY + 04pREG 2y,
vi= _nyii,q’ = _41'(5((172 + icosh (M) ¢1) + ViAi; éAB = Z(Z‘l's,AB
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" 2(q-p)(ap))

1 2
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Energy Correlators near the Collinear Limit
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1
12613

(1 — x1 — x5 — x5+ {12X1%3 + {p3%2%3 + {13X1X3)
(=1 +x1G43 + x%2023) (=1 + x1§12 + x3053)

1
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0
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0
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counting

X, {0,0,1,0,0}

power
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Int[n,,n,,ns, 1 =f dx; dx, dx3 ———
[1 2,183 ] 1 2 3D‘1n1D;12D;1

n n. n
D' DD sl s
Int[1,1,0,1], Int[0,1,1,1, {x,}] = Int[—1,1,1,1] + Int[0,1,1,1];
Int[—1,1,1,1], Int[0,1,1,1], Int[1, —1,1,1], Int(1,0,1,1),

Int[0,0,1,1], Int[—1,1,0,1], Int[0,1, —1,1], Int[0,1,0,1],
Int[1,0, —1,1], Int[1, —1,0,1], Int[1,0,0,1], Int[0,0,0,1];
Int[—1,1,1,1], Int[0,1,1,1], Int[1,1, —1,1], Int[1,1,0,1],
Int[—1,0,1,1], Int[0,0,1,1], Int[—1,1,0,1], Int[0,1, —1,1], Int[0,1,0,1],
Int[1,—1,0,1], Int[1,0,—1,1], Int[1,0,0,1], Int[0,0,0,1]

3
0
Oigp = Z %(ai ),
=1

3

d .
Z aia—xiDj —b]D] = 0,] € ]D)VU{S}
i=

1
OigpInt[ny, n,,ny, 1 Efdx dx, dx3 | Oigp ————
IBP [l 2,743 ] 1 2 3( IBPD:lngzD;LSD(g)

Cut(Dg)




3

Orpplntling, ny, ns, 11 = " (BTyoy = BTyc)
i=1

Dy = —=14+x1012,D; = =1 + x%1{33 + %2033, Ds = 1 — %1 — x5 + x1%2{12,
Dy = —1+4+x303, D7 = =14+ x1(33,Ds =1 — x1 — x3 + x1x3{13,
Dy = =14+ x3023, D = =1+ %3033, D5 = 1 — x5 — x3 + x2X3(33.

5(Ds)

nanz

Int,[sf,{ny, np, 1}] = f dx; dx; dxz ——

{Int[1,1, —1,1],Int[-1,1,1,1], Int[1,1,0,1], Int[0,1,1,1], Int[1,0,0,1],
Int,[1,{0,0,1}], Int,[2, {0,1,1}], Int,[2,{0,0,1}], Int,[3, {0,0,1}],1}

‘35**_0{** IBP—a{** ,16xia‘
=

0 0
—D-+Z a;—D; — b;D; =0,j € Dv U {5},
9., Z, i9x, T 0% J {6}

P 3
—5—Int[ny, ny,ng, 1] — Og¢,, Int[ny, ny,n3, 1] Z (BTxl 0).

i=1

0.

S
?

Integrate iteratively

W9

cubically
nilpotent

s, 11,72, l —11, 1 — 19, 1 + 8, 5+ 71, 5+ 19,

1+ 87y, s+ 179, 1 + 87179, 1 — T9T0, 1 —I%Ig:l
8, T1,To, 1l —x1, 1 — 39, 1 + 5, s+ 11, 5+ T9,

1+ sz, s+x172, 1 + 830172, 1 — 117102 5

_ _ _ 9 _ _
29, 23, %3, 23 — 292, 23 — 22, 23 — 23, 25 + 1, zaz3 + 1, 2023 + 1, 2323 + 1.

(1 —xy — x5 — X3 — X4 + X1 %2012 + X1X3013 + X1 X4G14 + X2X3023 + X2X4024 + X3%434).

E*C(p1, 02, D3, P4) = Z o E*C(p1, P2, D3, Pa)

OES,

S45

S1is
N =1-x1014 — %2024 — x3034,— PR =1-2x012 — %3013 — X4C14, Sz3a5 = 1 — X
4 1

S1345 = 1 —%3,81235 = 1 = X4, S123a = 1 — X1 — X5 — X3 — X4
Szas = 1 — 21 — X5 + X1%5012,S145 = 1 — X3 — X3 + X3X3033, S125 = 1 — X3 — X4 + X3%4034

S123 = X1%2012 + X1 %3013 + X2%3023, S234 = X2X3(23 + X2X4024 + X3%4034, S1245 = 1 — X3




{1 = cxq,x5 o €xg, %3 = €x3,04 o 1+ ({14 + 24 + {34 — 3)cx4}
{1 = cxq,x5 o cxg,x3 > 14 ({13 + (o3 + {34 — 3)cx3, X4 = Cx4}
{1 = x5 > 1+ (G1z + G5 + (o4 — 3)cxg, X3 > €X3, X4 = CX4}
{1 » 1+ ({12 + Q13 + {14 — 3)cxy,x5 > €xp, X3 = CX3, X4 > CX4}

{0,0,1,0,0,1,1,0,0,1,2,0}
{0,0,0,1,0,1,1,1,0,1,1,1}
{0,0,0,0,0,1,0,1,1,1,1,0}
{0,0,0,0,1,1,0,0,1,2,1,0}
power

dxidx,dx;dx,6(Ds) - A

counting

L dx; - dx4N5(Dg)
Int[{n,,n,, -+, ny4, 1}, N =j ,
[{ 1,12 11 } ] o DILIDSZDI;HDILZIZ

f x06(Ds) (25 + 1)(23(=%3) + 2374 + 24237324 + 2473) [ %36(Ds)
D;DsDyg 25(2325 + 1)(222424 + Z4 — 25 + 24) Dy DsDy
(Z + Dzyz, 8(Ds) (5 + D247 f 8(Ds)
25(22242Z4 + Z4 — 25 + 24) Do 2y(2224Z4 + 24 — 2, +2,) ) D1Ds
(z3 +1) f 8(Ds) (z3 +1) J’ 5(Ds)
25(2224Z4 + 24 — 25 + 24) ) DsDig  25(2224Z4 + Z4 — 25 + 24) ) D1DsDqq

Dy = =14 21014 + 23024 + %3034, Dy = =1+ x3(15 + %3013 + %4014
D3 = _1+x1,D4 = _1+x2,D5 = _1+X4,,D6 = _1+x1+x2+x3 +x4,
Dy = =1+x +x3 — 2123012, Dg = =1 4+ X5 + X3 = X3%3053, D9 = =1 + X3 + X4 — X3X434

Dy = x1%5812 + X1 X3(13 + X2%3023, D11 = X2X3023 + X2X4004 + X3%4(34

1 N
Ogp Int[{ny, nz, -+, ny4, 1}, N]EJ; dog -+ doy <OIBP W> o
1 P
=f R
0 D1 1D22 "'D1111D5 CUt(DS)
Int[{n,,n,,...,ny1,1},N] = Z aInt[{ny, -, m; + 1,-,my1,1}, mN],i = 1,2
‘me monomials in D;
0= ¢;Int[{n,,ny, ...,n41, 1}, mN]
me monozmials inDg v "
Int[{2,0,0,0,1,0,0,0,0,1,0,1}, x33], Int[{2,0,2,0,0,0,0,0,0,1,0,1}, x3x2], e
Int[{0,0,0,0,0,0,0,0,0,1,0,1}, 1], Int[{1,0,0,0,1,0,0,0,0,0,0,1}, 1],
Tnt[{1,0,0,0,1,0,0,0,0,1,0,1}, 2], Int[{1,0,0,0,1,0,0,0,0,1,0, 1}, xa];
Int[{0,0,0,0,0,1,0,0,1,0,0,1}, 1], Int[{0,0,0,0,0,1,0,0,1,0,0,1}, 1],
Tnt[{0,0,0,0,0,1,0,0,1,0,0,1}, 2. Int[{0,0,0,0,0, 1,0,0,1,0,0, 1}, x5,
Int[{0 1}, 23):

—
o

.0,0,0,0,0,0,0,0,1,1,1}, 25
.0,0,0,0,0,0,0,0,1,1,1}, 23
.0,0,0,0,0,0,0,0,1,
{0,0,0,0,0,0,0,0,0,1,
{0.0,0.0,0,0,0,0,0,1,

.Int[{0,0.0,0,0,0,0,0,0,1,1,1}, 23],
.Int[{0,0,0,0,0,0,0,0,0,1,1,1}, 23],

5
—t+
—~=
=

—
5

——
o

y ]-} CEl.’L’Q],II]t[{O, 0: 0: 07 070: 0: 070: 1: ]-: 1}7:81373}7
1Y, 23], Int[{0,0,0,0,0,0,0,0,0,1,1, 1}, 2y 23],
.

0
0
0
0
.0,0,0,0,1,0,0,1,0,0,
1
1
1
1
1,1}, xoxy

[
[
[
[
[
Int|
[
[
[
[




f N(x)dx
VP

8(Ds) _ 0(1 = x1334 — S1234)
D;Dq S1255345 .

{1 — X1234 — S1234 = 0,5125 = 0, 5345 = 0}

xi = ot \/(554(3?4 - 2(14(24(3?4 + 4(12(14(24(3?4 + 5224{324)952 + -
! 2(=012013 + %4812013 — %4812014 + %512¢14034)

f N(X4)dx4
\/((12453?4 - 2(14524(324 + 4(12(14(24(324 + 5224(324)901I + -

6(Ds) _ 0(1 — x1734 — 51234) %4
D1D7Dy S4551255345

{1 —X1234 = S1234 = 0, S125 =0, S345 =0}
{1 —X1234 = S1234 = 0, S345 =0, 545 =0}
{1 —X1234 — 51234 = 0, S125 =0, 545 =0}

FO) = (RO, (), s f2 0O,

df .
PO _ awfe

A =) Au(fi()
i=1

= (g, () f1 () + a2 () f2(x) + - @ () fn(X)
d n
') = fi) = Z (a{1,p O + aj(Of] ()
j=1
FIP ) = @may ()F1(6) + @mz) (Do) + -+ Ammy () o (%)
£ f00)
i) = (f : (")> = B() (“’”) = BeOF ()
" (x) fu ()

A=) Bt
i=1

r—1
D@ - G@EP ) =0
k=0

n—-1 .
N dt
P=1- ; CL(X)W
Nioxn () G (%) = N(OB(x)f (x) = 0,

N w di—1
P= Z Nli(x)w,‘v’l €{1,2,,k}
i=1

5(Ds) x,6(Dg) x26(Dg)\"
D,Dy’ DDy ' D;Dg

l;(Zz) =<




Y% _ p(1)f )
iz
5(D
fa(zy) = x1D7(D:)
d N
E%) - aeofe

f2(22) A, f1(22)
f2'(z2) | = A+ Ay A £(z,) | 2 B(z)f (2)
f2(3)(zz) Ay +2(A%-A) + (A A+ (A - A-A) ) \ f3(z0)

f2(z2)
f2(z5) — B3 (z2) ( f2'(z2) ) =0
2(3)(22)

p,=1-;. (-1, & ey
e 2 \dz,’ dz?’ dz3

P = dz+ Cl+ <d+)
=G 422 G2 dz, G3 dz, Cq)-

Fa) = <x25(D5) x36(08) x45(Da)>T_
D6Dll D6D11 D6D11
d d d
(cld—z2 + c2> (d—zz+ 03) <d—zz + 04).

Propagators | Count Numerators Type of Functions
DlO 2 1, T1 MPL
Dg 3 ]_, Iy1,T9 MPL
D3 1 1 MPL

DS,DH 6 1,$1,$2,$%,$§,I2$4 MPL
D4, D10 3 1, r1,T3 MPL
Dy, Dy 1 1 MPL
D5, Dg 3 ]_, Ig,T3 MPL
Dﬁ, D]_l 3 Lo, T3,Ty MPL
D3, Dg 1 1 MPL
Dg, Dg 5 1,x1, 22, w9, 73 Elliptic
D7, Dg 9 1, 21,29, 19, T3, T173, ToT3, Ty, T1T4 Elliptic
Dg,Dg 4 1,$1,$2,$4 MPL
Do, Dg 1 1 MPL
Do, D11 9 To,T1T9, CU%LEQ, w%, :J:w%, T3, riTs, :1:%, xoxs | Hyperelliptic g = 2
DQ,D]_U 5 r1,T9,L3,r1Ty, L3Iy MPL
Dg, DlD 3 1, Iry1,I2 MPL
Dy, Dy 1 1 MPL
Dl, Dg 3 1, ry1,T2 MPL




Propagators | Count Numerators Type of Functions
D1, Dy 1 1 MPL
D5, Dﬁ, _Du 3 Irp,T1T2,XI3 MPL
D2]D51Dﬁ 2 1,.‘1:1 MPL
D5, Dyg, D1y 2 T1T2, T3 Hyperelliptic g = 2
D4, Dﬁ, Du) 2 Ir1,I2 MPL
D5,D3,D1o 4 I1,I%,Ig,$1$2 MPL
Dﬁ, DT, -DIO 6 Iy, I%, I?, Ir1I2,IT1IT3,I2Tq El]iptic
Dy, Dg, Dy 3 z? 22, 111y Elliptic
DQ,D4,D10 2 1,.’1:1 MPL
DQ, D5, -Dlt) 2 I1,I2 MPL
Dg, Dg,_Dlo 4 Il,IQ,I3,I§ MPL
D1,D31D11 4 11117122,:84 MPL
Dl,D4,D5 2 1,.’1:1 MPL
Dl,D5,D8 4 ]_,.'I:]_,I%,IQ MPL
Dl, Dﬁ,Dll 5 IQ,I]IQ,I?IQ,I3,I4 MPL
D]_, DG,DS 4 ]_,I]_,I%,Ig El]iptic
Dl,D4,D9 2 I,Il MPL
Dy, D7, Dy 4 1, 11,19, 14 Elliptic
D, Dg, Dy 4 1,29, 29, 14 MPL
Dl,Dg,D4 2 1,.‘1:1 MPL
D1,D2,D5 2 1,.‘1:1 MPL
Dy, Dy, Dy 4 1,xy,22, 19 MPL
Dy, Dyg, D1y 3 To, T3, T L4 Hyperelliptic g=2
Dl, D5, -DIO 2 I,I2 MPL
D1, Dg, -DIO 3 Iri,T2,I3 MPL
Dl,D2,D10 2 1,.’1:1 MPL

$,x1,%2, 1 —x1,1
1—x1x5,1+5%x1%,,1

1+ {12+ (13,012 —

—x5,1+5s,1
—x2x,,1

2015813+ f5 —

8(Ds) 6(Ds) 6(Ds)
DgDy * D4Dy " DsDg

(13: (122 -

— 5,5+ x,S+ x5, 1+ 5x, 1+ 5x5, %1
— x1X2,5%1 + 5x5 + XXy — 25X X5 + 52Xy %, + SxPx, + 5x1 X2

! ySij ey
(%)) =f0 dx, Y Si(x: Gij) @ Sz (xas Giz)

P(xy)

SDisc(M)) =5, QR S,

SM=5105QQS,

—rl)dx T
"f e R O

— X2,S + X1X2,

2{12(23 - 2{13(23 + 4(12(13{23 + {223




\%;

i P
Vs
Vi Pl P2
s (Disc (1((1.].))) - fc %‘fy)d"k

_ fb AO® 4D .-B4®)

a t—c

—b
s =E_—a ® 41(0) ® 45(C) . ® An(©)
b1
+Z A(b)®<f ——4,(0) ® A5() ...®An(t)>

€1
+y A(a)®<f —— 4,(6) ® 45(1) ...®An(t)),

b1
I”=f log (t — d)dt
e . t—cC

—-b b d d d
S(Ie.g.)=:,_—a®(6—d)+(d—b)®(L %>+(d_a)®<fa i)

c—b d d—b c—b 4 c—d
R DHE-D® — @) ® —

c

b 1
1M1=fa —— (- ) ® (t - )it

c—b
S(IM1)=E®(a—d)®(a—e)
HA-D B Q-+ d-D) B~ b)®

c—b d—b d c—e
:"‘( -b)® (e — )®c—d

c—d c—d c—e
+(d—a)®:®(C—e)+(d—a)®(e—d)®:+(d—a)®(e—a)®
I,;;oz Ilf;inite
2572

Az — w)
(21,22, 23,24) = (0./1./12, - )

c—a




Z3=/\Z

g =il 29 =\

Az, Zw—2z,2Z—2z,—-1+zw—2,—-1+2,1+12,w—wz,w—2w,—1+ 2z, 1+ 1%z, 1 + ZA%, 2w — wz,ww — Zz,1 +
Z%z, -1+ zZ2%z,ww — 2w —wz,—1+w + 2w — %z, -1+ 2+ z+ 2ZA%z, 2+ z— 2z + Z2%2, -1+ w + wA? —

Z2%, =1+ w+ 212w — 2%z, -1 + W + wA? — 2%z, w — w — Z2%w + wA?z, —1 + w + Z%w — ZA%2,w — z + wA?z —
ZA%z,—Z+w+ 20w — 2%z, -1+ w+ wA?z — 2%z, —w+ Z+w — 2w — z + wz, 1 —ww — wAlw + ZA%z,1 — wz —
W2z + zA%2,1 — W —w + zZw + wz — Zz, —1 + zw + Z%w — ZA%z, -1 + w + 1®w — 2%z + 1222, -1+ w + wA? —
2222 + 2202, 22w — z + wz + 222wz — 2222, 7 — wz + wA? — 2wzZA? + 2222, —w + ww — wz + wz + wAilwz —
WA2z2, —ZA%w — z + wz + 2ZA%wz — 20272, 7 — wZ + WAz — 2wzA%z + 72 A%z, —w + WZ + ww — Zw + wZAiw —
222w, —Zw + WZw + Wz — WZzZ — WWZ + Zwz, —WWw + ZW + Wz — WZz — Zwz + WZwz,

1—w—w+ww +wAw — 222w — wA%z + 242z,

1—w—w+ww—wltw + Z2%Ww + Witz — A%z,

Z— 2w — Z%w — z + ZA%z + wz + ZA%wz — ZA%Z?,

—Zw + zZw? + Z%w? + z — wz — 220 %wz + ZA%Z2,

1—w— 22w — Z2%w — Z2%w + A%z + 2%z + ZA%*22,

Z—WzZ—wz+w?z+w?A%z — 2wzA%z + 2°1?z,

Z—WzZ—2z+wz+wA?z— 2%z — Wi’z + 2%1%z,

—14+w+wA%2 — 222 + W%z — z2A%z + WAtz — Z22%z, —W + Z — w + Www + wAPw — ZA%w + z — Zz — wA?z + ZA%z,
1—Z—ww+ 2w — WwA?w + Z2%w — z + Wz + WA%z — 2A%z, 2w — Wiw + wz — wwz — 2wZA2wz + Z2°%wz + wzA?z2,
—Z% + 22z +422%z — 42°2%2 — 22 — 422%2% + 4220222, -1 + W + w — ww + wzltwz — 224wz — wzAtz? + 220422,
IW — WZIW — Wz + 2WZz — 222 + Wwz — 22wz + Z?wz + 222 — wzz?, —Ww + Z+ w — Zw + ZA%w — Z2Pw — z + wz —
WA%z + 2222z + WA%z? — ZA%2%, 2w — WZw + Wz — ZZ — Wwz + Wiwz — wZA?wz + 222wz + wzA?z? — 224222,
—WW + WZw + ZZ — WZZ + Wwz — Zwz + WZA?wz — 222wz — wzA%z? + 222222, —w + ww + wAlw — ZA%w — wz —
WA%zZ + wz + wAlwz + Z2%wz + wAtwz — wA?z? — wAtz?, —w + wZ + ww — Zw + wAw — ZA%w + wZA?w —

222w + wzltw — 2224w — WAz + wzA%z, —zw + wZw + wZAPw — 2222w + Wz — wZz — wwz + Zwz — wAlwz +
222wz + wA?z? —wzA?z%, wiw — 2w — ww? + Zw? — wzA?w? + 22 22w? + wz — w?z + w?Pwz — 722wz —
w2222 + wzA%z2, —ww + zw + ww? — zw? + wA?w? — Z222w? — z + Wz + wz — wwz — 2wAlwz + 224 %wz +
WA%z2 — Z022%, —Z + Wz — ww + W2w + Zw — wZw + w2A2w — 2wZA2w + 222w + wz — w2z — w?A%z + 2wzl %z —
7202z, Ww? — 2ww — 4WA%w + 2wZA%w + w? + 2222w? + 222%w? + 2w2 A%z + 2wAlwz — 4wz wz — 2wZdtwz +
W2A4z2, —w + ww + WA?w — ZA%w + z — Wz + 12z — wA%z — 12wz + wAlwz + wAtwz — ZA%wz — wA?z? + 22222 —
WA*z2 + 22422, 1 —w — w + ww — wAtw + ZA%w + 12z — 2wA%z + 22%z — 22wz + 2wAlwz — Z%wz + 2wAtwz —
220%wz — WA*Z? + 22422, —W + Z + 222 — wZA? + ww — Zw + wAPw — 22w + wZlw — Z22%w + wZzltw — 2224w —
WA%z + 2202z —wzd*z + 222%2, 1 — W + 222 — WZA? — w + ww — 222w + 2w2Z%w — waltw + 2wzltw — 22 2%w +
Iz —WZA%z + WAtz — 2wZA*z + 22 2%z, —W + Z — w + ww — ZAPW + WZAPw + z — Zz — wA%z + 220%z — w2’z +
WAwz — 222wz + Wiltwz — 224wz — wZA*z? + 220422, —Z + wZ + 2w — waw + 222w — wZlPw + 2z — wz —

WA%Z + 2WzA%z — 7202z — wz + Wwz + WAPwz — 220%wz + 22 0%wz + ZA%2z% — wzA?z%, —Www + WZw + Zz — WZz —
WZA%z + 2202z + wwz — Zwz — ZA%wz + 2wZAPwz — 222wz + wZAtwz — Z2A%wz + ZA%2% — wZA?z% — wzltz? +
222 -1+ W+ Z—WZ+wW—Ww —Zw + WZw + z — Wz — WZA%z + 2°1%z — wz + wwz — 22wz + 2wz Pwz —
222wz + wzl*wz — 222wz + 2A%2% — wzA%z% — wZAtz? + 222422,

1—2W+w? — 2w + 4ww — 2w2w + 2wA%w — 2w2 22w + w? — 2ww? + w2w? — 2wAw? + 2w22w? + w2Atw? +
2702z — 2wZA%z — 220 %wz + 2wzA%wz — 2wiAtwz + 222422, w — w? — ww + wiw — wA?w + w2 Pw — z + wz +
2WA%z — 2w2 A%z — ZA%z + WZA%z + wz — wwz — WAlwz + w2 2wz + 2222wz — 2wzAPwz + w2 Atwz — 2wzltwz +

24wz — 20222 + WzA?z% — wPA%z% + 2wzAtz% — 222422, 2 —WZ — w + Www — Zw + waw + wAlw — 221%w +
WZA2wW + w? —ww? — wA?w? + 2222w? — wzA2w? — wzAtw? + Z222%w? + 2A%z — 2wzA%z + 2202z — ZA%wz +
2wzAwz — 2212wz + 2wzdtwz — 2224wz — wzA*z? + 720422,




1—w+ 222 —wzA2 — w + ww — 2Z%w + 2wZA%w — wAtw + 2wzAtw — 2224w + A%z — 2wAlz + ZA%z + ZA%z —
2wtz + Z20%z — 2Pwz + 2wAlwz — wzAlPwz + 2wiAtwz — 22A%wz + wZAwz — Z22%wz — waAtz? + zA%z% —
WzA%z% + 722022,
1—w—wA? + 222 — w + ww — 2w + wA?w — Z2%w + wzA2w — Z2%w + wZA*w + A2z — wA?z + ZA%z — wzA%z —
WAtz + ZA%z — wzdtz + 2224z + wAPwz — Z%wz + wAltwz — Z%wz + wZltwz — 2224wz + wzAbwz — 2200wz +
ZA*z2? —wzA*z? — wzA®z% + 222622,
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CONCLUSIONES

En mérito a los resultados obtenidos, se concluye lo que sigue: 1) Las superparticulas, llamadas también
particulas estrella o blancas, son aquellas cuyo centro de masa — energia es extremadamente denso, lo
que le permite deformar el espacio — tiempo cudntico; 2) La deformacion del espacio — tiempo cuantico,
causada en supergravedad, puede ser por intervencion gravitonica o no; de tal suerte que, es endogena,
cuando la superparticula, por su propia masa y energia, deforma el espacio — tiempo cudntico en tanto
que, es exogena, cuando la superparticula interactia con el supergraviton o gravitino, lo que ocurre
cuando el campo supergravitonico, permea el espacio — tiempo cudntico repercutido; 3) la deformacion
del espacio — tiempo cuantico en supergravedad, es drastica e intensa, en la medida en que, cuando la
superparticula interacta, deforma el espacio — tiempo cudntico hasta formar un supercurvatura, en la
que, el campo cuantico se vuelve perturbativo, y ésta supercurvatura deviene en la formacion de un
agujero negro cuantico, por la colisién o colapso inminente y previo de la particula estrella o blanca,

formandose consecuentemente, un agujero cuantico de gusano y finalmente, un agujero blanco cuantico,

por la implosion de la singularidad. Téngase en cuenta, la definicion concebida por este autor, respecto




de la singularidad de un agujero negro cuantico. Véanse mis trabajos paralelos en este punto; 4) En
supergravedad, el espacio — tiempo cuantico, se deforma en dimensiones altas, lo que da lugar a la
creacion de superespacios y por ende, supermembranas, entendidas éstas ultimas, como regiones de
dimension disociada; 5) En supergravedad cuantica relativista, la supersimetria se vuelve esencial,
incluso como contrapeso de la antisimetria; 6) En supergravedad, el entorno es eminentemente
entropico, por lo que, el principio de incertidumbre queda ratificado; 7) Las particulas supermasivas,
son aquellas, cuya masa es extremadamente densa, con capacidad por tanto, de deformar el espacio —
tiempo cuantico en términos racionales; 8) La colision de una particula supermasiva, produce agujeros
negros cuanticos o en su defecto, su colapso en entornos cuanticos entrdpicos; 9) En gravedad cuantica,
es decir, la deformacion del espacio — tiempo cuantico, al igual que en supergravedad, se produce por
intervencion gravitonica o sin intervencion gravitonica, por lo que, ésta se tiene por exdgena, cuando la
particula supermasiva interactua con el graviton en tanto que, se tiene por enddgena, cuando la propia
particula supermasiva, a razéon de su interaccion, colision o colapso, deforma el espacio — tiempo
cuantico, en ambos casos, pudiendo provocar agujeros negros cuanticos; 9) La simetria se vuelve
esencial en gravedad cuantica, como contrapeso de la simetria; y, 10) Las particulas blancas u oscuras,
para efectos de determinar sus interacciones, matematicamente es posible, a través de la identificacion
de sus osciladores y propagadores arménicos.

Aclaraciones Finales

Algunas aclaraciones finales a tener en consideracion y aplicar, a proposito de la Teoria Cuantica de
Campos Relativistas o Curvos (TCCR) propuesta por este autor:

1. En todos los casos, este simbolo 1 sera reemplazado por este simboloto por este simbolo T,

equivaliendo lo mismo.

Simbolo a ser reemplazado. Simbolos de reemplazo.

f f




2. En todos los casos, este simbolo %, serd reemplazado por este simbolofo por este simbolo f.

Simbolo a ser reemplazado. Simbolos de reemplazo.
t i
i

3. En todos los casos, se afiadira y por ende, se calculara la magnitud§que equivale a un campo de Yang

— Mills y por ende, a la teoria de Yang — Mills en sentido amplio, en relacion a la Teoria Cuantica de

Campos Relativistas propuesta por este autor.

4. Este simbolo * podra usarse como exponente u operador, segun sea el caso.

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y

posteriores publicados por este autor, segiin corresponda.
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