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RESUMEN 

Los agujeros negros cuánticos, son sin duda, un campo de estudio fascinante en la teoría cuántica de 

campos relativistas. Éstos, según la TCCR (Teoría Cuántica de Campos Relativistas), se forman por 

partículas supermasivas o en su defecto, por superpartículas, de tal suerte que, en escenarios de 

supergravedad o gravedad cuánticas, según sea el caso, su formación es inminente en la primera y 

potencial en la segunda. En este trabajo, abordaré más a detalle, la formación de agujeros negros 

cuánticos supermasivos, especialmente en escenarios de extrema gravitación e intentaremos descifrar la 

singularidad de los mismos, incluyendo la formación de agujeros cuánticos de gusano, que en sí, son 

disímiles a los agujeros negros cuánticos. Estos agujeros negros, de carácter subatómico, interactúan 

con campos cuánticos específicos, con la particularidad, de que devoran energía a escala microscópica, 

lo que explicaría, en forma exponencial, la formación de materia oscura. 
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gusano, partícula oscura, partícula estrella. 
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ABSTRACT 

Quantum black holes are undoubtedly a fascinating field of study in the quantum theory of relativistic 

fields. These, according to the TCCR (Quantum Theory of Relativistic Fields), are formed by 

supermassive particles or, failing that, by superparticles, in such a way that, in scenarios of supergravity 

or quantum gravity, as the case may be, their formation is imminent in the former and potential in the 

latter. In this work, I will address in more detail the formation of supermassive quantum black holes, 

especially in extreme gravitation scenarios and we will try to decipher their singularity, including the 

formation of quantum wormholes, which in themselves, are dissimilar to quantum black holes. These 

black holes, of a subatomic nature, interact with specific quantum fields, with the particularity that they 

devour energy on a microscopic scale, which would explain, exponentially, the formation of dark matter. 
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INTRODUCCIÓN. 

Los agujeros negros cuánticos, son aquellos fenómenos propios de la dualidad holográfica. Se forman 

principalmente por la deformación del espacio – tiempo cuántico, sea por una partícula supermasiva o 

en su defecto, por una superpartícula, aunque es inevitable en el segundo caso, sea por colapso o colisión. 

Estos agujeros negros cuánticos, a diferencia de los que ocurren a escala cosmológica, devoran energía 

para convertirla en materia oscura. En este trabajo se consolidará el modelo matemático de un agujero 

negro cuántico y de un agujero cuántico de gusano, éste último el mismo que se explica a través del 

puente de Einstein – Rosen, como ha quedado referido en trabajos anteriores, lo que además, explicaría 

la superposición y el entrelazamiento cuánticos. Se ha dicho que estos fenómenos microscópicos, 

ocurren por colapso o colisión de una partícula supermasiva o de una superpartícula, según sea el caso, 

sin embargo, los agujeros negros cuánticos también pueden colisionar, formando así, ondas cuánticas o 

denominadas también “ondas cuánticas gravitacionales”, como se ha teorizado en trabajos anteriores. 

En este artículo, abordaré los fenómenos antes referidos, con especial énfasis, en la descripción 

matemática de los mismos, en un espacio de Hilbert – Einstein, tanto en supergravedad como en 

gravedad cuánticas, según corresponda, incluyendo la morfología propiamente de un agujero negro 

cuántico y un agujero cuántico de gusano. 

RESULTADOS Y DISCUSIÓN. 

El desarrollo matemático aquí contenido, complementa el sistema de ecuaciones desplegado en el 

volumen II de este manuscrito. Dicho esto, prosigo: 

Modelo de campo cuántico relativista en supergravedad, en el que se forman agujeros negros 

cuánticos, agujeros blancos cuánticos y agujeros cuánticos de gusano. 

𝛿e𝜇
𝑎 = 𝜖‾𝛾𝑎𝜒𝜇 , 𝛿𝜒𝜇 = (𝐷𝜇 −

𝐴

2
𝛾𝜇) 𝜖, 𝛿𝐴 = −

1

2
𝜖‾𝛾𝜇𝜈 (𝐷𝜇 −

𝐴

2
𝛾𝜇)𝜒𝜈  

E = e [1 +
1

2
𝜃‾𝛾𝜇𝜒𝜇 +

1

2
𝜃‾𝜃 (−𝐴 +

1

4
𝜒‾𝜇𝛾

𝜇𝜈𝜒𝜈)] ,  

ℛ = −𝐴 + 𝜃‾𝛾𝜇𝜈 (𝐷𝜇 −
𝐴

2
𝛾𝜇)𝜒𝜈 +

1

2
𝜃‾𝜃 (

𝑅

2
− 𝐴2 − 𝜒‾𝜇𝛾𝜈𝐷[𝜇𝜒𝜈] −

𝐴

4
𝜒‾𝜇𝜒𝜇)  

𝑆𝒩=1
(ℎ)

= ∫  
Σℎ

  d2𝑥 d2𝜃E(−
𝜗

𝜋
ℛ + 2i𝝁)  
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𝜗

𝜋
∫  
Σℎ

   d2𝑥 d2𝜃Eℛ =
𝜗

𝜋
∫  
Σℎ

   d2𝑥e
𝑅

4
= 𝜗𝜒ℎ  

2i𝝁∫  
Σℎ

   d2𝑥 d2𝜃E = 𝝁∫  
Σℎ

  d2𝑥e (−i𝐴 +
i

4
𝜒‾𝜇𝛾

𝜇𝜈𝜒𝜈)  

 

𝒵grav 
𝒩=1 = ∑  

∞

ℎ=0

 𝑒𝜗𝜒ℎ∫  [𝒟e𝜇
𝑎][𝒟𝜒𝜇][𝒟𝐴]𝑒

𝜇∫  
Σℎ
  d2𝑥e(i𝐴−

i
4
𝜒‾𝜇𝛾

𝜇𝜈𝜒𝜈) × 𝑍SCFT
(ℎ)

[e𝜇
𝑎, 𝜒𝜇 , 𝐴]  

e𝜇
𝑎 = 𝑒𝑏𝜑ẽ𝜇

𝑎, 𝜒𝜇 = 𝑒
1
2
𝑏𝜑𝛾𝜇𝜓, 𝐴 =

i

𝑏
𝑒−𝑏𝜑𝐹  

𝑍SCFT
(0)

[𝜑, 𝜓, 𝐹] = 𝒞𝑒−𝑆s-anomaly [𝜑,𝜓,𝐹],  

𝑆s-anomaly [𝜑, 𝜓, 𝐹] = −
𝑐𝑚
48𝜋

∫  
𝑆2
   d2𝑥ẽ (

1

2
𝑔̃𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑 −

i

2
𝜓‾D̸𝜓 −

1

2
𝐹2 + 𝑅̃𝜑)  

𝒮L
𝒩=1 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ (

1

2
𝜕𝜇𝜑𝜕𝜇𝜑 −

i

2
𝜓‾D̸𝜓 −

1

2
𝐹2 +

1

2
𝑄𝑅̃𝜑 + 𝜇𝑒𝑏𝜑𝐹 −

i

2
𝜇𝑏𝑒𝑏𝜑𝜓‾𝜓)  

𝝁

𝑏
∫   d2𝑥ẽ (𝑒𝑏𝜑𝐹 −

i𝑏

2
𝑒𝑏𝜑𝜓‾𝜓)  

 

𝑐L
𝒩=1 + 𝑐𝑚 + 𝑐𝔟𝔠 + 𝑐𝛽𝛾 = 0 ⇔  𝑄 = √

9

2
−
𝑐𝑚
3
, 𝑏 =

1

2
(√
9

2
−
𝑐𝑚
3
− √

1

2
−
𝑐𝑚
3
) .  

𝑐𝑚 =
3

2
−

12

𝑝(𝑝 + 2)
.  

[𝒥𝑚, 𝒥𝑛] = i𝜖𝑚𝑛𝑟𝒥𝑟, [𝒥𝑚, 𝒬
𝛼] = −

1

2
(𝛾𝑚)

𝛼  𝛽𝒬
𝛽 , {𝒬𝛼, 𝒬𝛽} = (𝛾𝑚)𝛼𝛽𝒥𝑚  

[𝐽𝑚, 𝐽𝑛] = i𝜖𝑚𝑛𝑟𝐽𝑟,         [𝐽𝑚, 𝐾𝑛] = i𝜖𝑛𝑚𝑟𝐾𝑟         

[𝐾𝑚, 𝐾𝑛] = −i𝜖𝑚𝑛𝑟𝐽𝑟,         {𝑄𝛼, 𝑄𝛽} = (𝛾𝑚)𝛼𝛽𝐽𝑚         

{𝑆𝛼 , 𝑆𝛽} = −(𝛾𝑚)𝛼𝛽𝐽𝑚,        {𝑄𝛼 , 𝑆𝛽}= (𝛾𝑚)𝛼𝛽𝐾𝑚         

[𝐽𝑚, 𝑄
𝛼] = −

1

2
(𝛾𝑚)𝛼  𝛽𝑄

𝛽 ,         [𝐾𝑚, 𝑄
𝛼] = −

1

2
(𝛾𝑚)𝛼  𝛽𝑆

𝛽         

[𝐽𝑚, 𝑆
𝛼] = −

1

2
(𝛾𝑚)𝛼  𝛽𝑆

𝛽 ,         [𝐾𝑚, 𝑆
𝛼] = −

1

2
(𝛾𝑚)𝛼  𝛽𝑄

𝛽        
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𝑀 = (

𝑎 𝑏 𝑏𝛼 − 𝑎𝜌
𝑐 𝑑 𝑑𝛼 − 𝑐𝜌
𝛼 𝜌 1 − 𝛼𝜌

) ≡ (
𝐴 𝐵
𝐶 𝐷

)  

ber(𝑀) ≡ det𝐴det(𝐷 − 𝐶𝐴−1𝐵)−1 = 1  

𝑧(𝑍′)  =
𝑎𝑧′ + 𝑏

𝑐𝑧′ + 𝑑
+ 𝜃′

𝛼𝑧′ + 𝜌

(𝑐𝑧′ + 𝑑)2

𝜃(𝑍′)  =
𝛼𝑧′ + 𝜌

𝑐𝑧′ + 𝑑
+

𝜃′

𝑐𝑧′ + 𝑑

 

𝜕𝑧′𝑧 =
1

(𝑐𝑧′ + 𝑑)2
(1 +

𝜃′

(𝑐𝑧′ + 𝑑)
(𝛼(𝑑 − 𝑐𝑧′) − 2𝜌𝑐))

𝜕𝑧′𝜃 =
1

(𝑐𝑧′ + 𝑑)2
(𝛼𝑑 − 𝜌𝑐) − 𝜃′

𝑐

(𝑐𝑧′ + 𝑑)2

𝜕𝜃′𝑧 =
𝛼𝑧′ + 𝜌

(𝑐𝑧′ + 𝑑)2
, 𝜕𝜃′𝜃 =

1

𝑐𝑧′ + 𝑑

 

𝜎 ≡ ber (
𝜕𝑧′𝑧 𝜕𝑧′𝜃

𝜕𝜃′𝑧 𝜕𝜃′𝜃
) =

1

𝑐𝑧′ + 𝑑
+

𝜃′

(𝑐𝑧′ + 𝑑)2
(𝛼𝑑 + 𝜌𝑐)  

Φ′[𝑍′] = Φ[𝑧(𝑍′) ∣ 𝜃(𝑍′)] +
1

𝛽
log 𝜎−1,  

𝒵grav,(0)
𝒩=1 = 𝑒2𝜗 ×𝒜 × (

𝑟

ℓuv
)

𝑐𝑚+𝑐𝔟𝔠+𝑐𝛽𝛾
3

×∫  
[𝒟𝜑][𝒟𝜓][𝒟𝐹]

vol𝑂𝑆𝑝(1∣2;ℂ)
𝑒−𝒮L

𝒩=1
 

𝒵L
𝒩=1[𝜇] ≡ ∫  

[𝒟𝜑][𝒟𝜓][𝒟𝐹]

volOSp(1∣2;ℂ)
𝑒−𝒮L

𝒩=1

 

𝒮tL
𝒩=1 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ (−

1

2
𝑔̃𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑 +

i

2
𝜓‾D̸𝜓 +

1

2
𝐹2 −

1

2
𝑞𝑅̃𝜑 + i𝜇𝑒𝛽𝜑𝐹 +

1

2
𝜇𝛽𝑒𝛽𝜑𝜓‾𝜓)  

𝑞 = √
𝑐𝑚
3
−
9

2
, 𝛽 =

1

2
(√
𝑐𝑚
3
−
1

2
− √

𝑐𝑚
3
−
9

2
)  

𝒮tL
𝒩=1 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ [−

1

2
𝑔̃𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑 +

i

2
𝜓‾D̸𝜓 +

1

2
𝐹2 −

1

2
𝑞𝑅̃𝜑 + i (𝐹𝑊′(𝜑) −

i

2
𝑊′′(𝜑)𝜓‾𝜓)]  

𝛿𝜑 = 𝜖‾𝜓, 𝛿𝜓 = i ∂̸𝜑𝜖 + 𝑞iD̸𝜖 − i𝐹𝜖, 𝛿𝐹 = −𝜖‾D̸𝜓  

[𝛿𝜖1 , 𝛿𝜖2]𝜑= ℒ𝜉𝜑 + Δ𝑞  

[𝛿𝜖1 , 𝛿𝜖2]𝜓 = ℒ𝜉𝜓 +
1

2
Δ𝜓

[𝛿𝜖1 , 𝛿𝜖2]𝐹 = ℒ𝜉𝐹 + Δ𝐹

 

𝜉𝜇 ≡ 2i𝜖‾2𝛾
𝜇𝜖1, Δ ≡

1

2
∇𝜇𝜉

𝜇  
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𝛿𝜑 = 𝜖‾𝜓, 𝛿𝜓 = i ∂̸𝜑𝜖 −
𝑞

𝑟
𝜖 − i𝐹𝜖, 𝛿𝐹 = −𝜖‾D̸𝜓  

𝒵tL
𝒩 = 1[𝜇] = ∫  

[𝒟𝜑][𝒟𝜓]

volOSp(1∣2;ℂ)
𝑒
−
1
4𝜋∫

 
𝑆2
  d2𝑥ẽ(−

1
2
𝜕𝜇𝜑𝜕𝜇𝜑+

i
2
𝜓‾ D̸𝜓−

𝑞
𝑟2
𝜑+

1
2
𝜇2𝑒2𝛽𝜑+

1
2
𝜇𝛽𝑒𝛽𝜑𝜓‾ 𝜓)

 

−∇2𝜑 = 𝜇2𝛽𝑒2𝛽𝜑 −
𝑞

𝑟2
+
1

2
𝜇𝛽2𝑒𝛽𝜑𝜓‾𝜓, D̸𝜓 = i𝜇𝛽𝑒𝛽𝜑𝜓  

𝜑∗ =
1

2𝛽
log 

𝑞

𝑟2𝜇2𝛽
,𝜓∗ = 0  

𝒵tL
𝒩=1[𝜇] ≈ 𝒵saddle 

𝒩=1 [𝜇] = (
𝑞

𝑒𝜇2𝑟2𝛽
)

𝑞
2𝛽

 

𝜑 = 𝜑∗ + 𝛿𝜑,𝜓 = 𝜓∗ + 𝛿𝜓  

ℒbos 

(2)
[𝛿𝜑] = −

1

8𝜋
𝛿𝜑 (−∇2 −

2𝑞𝛽

𝑟2
) 𝛿𝜑, ℒfer 

(2)
[𝛿𝜓] =

i

8𝜋
𝛿𝜓‾ (D̸ − i

√𝑞𝛽

𝑟
)𝛿𝜓  

𝒵tL,pert
𝒩=1 = ∫  [𝒟𝛿𝜑][𝒟𝛿𝜓]𝑒

−∫  
𝑆2
  d2𝑥 e (ℒ

bos 

(2)
[𝛿𝜑]+ℒ

fer 

(2)
[𝛿𝜓])

 

𝜑(Ω) =∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=−𝑙

 𝜑𝑙𝑚𝑌𝑙𝑚(Ω), −∇
2𝑌𝑙𝑚(Ω) =

1

𝑟2
(𝑙 + 1)𝑌𝑙𝑚(Ω)  

∫  
𝑆2
  dΩ𝑌𝑙𝑚(Ω)𝑌𝑙′𝑚′(Ω) = 𝛿𝑙𝑙′𝛿𝑚𝑚′  

𝜓(Ω) =
1

√𝑟
∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=0

  (𝛼+𝑙𝑚𝜓+𝑙𝑚
(+)
(Ω) + 𝛼−𝑙𝑚𝜓−𝑙𝑚

(+)
(Ω) + 𝛽+𝑙𝑚𝜓+𝑙𝑚

(−)
(Ω) + 𝛽−𝑙𝑚𝜓−𝑙𝑚

(−)
(Ω))  

𝜓(Ω) =
1

√𝑟
∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=0

  (𝛼+𝑙𝑚𝜓+𝑙𝑚
(+)
(Ω) + 𝛼−𝑙𝑚𝜓−𝑙𝑚

(+)
(Ω) − i𝛼−𝑙𝑚

∗ 𝜓+𝑙𝑚
(−)
(Ω) − i𝛼+𝑙𝑚

∗ 𝜓−𝑙𝑚
(−)
(Ω))  

D̸𝜓±𝑙𝑚
(𝑠)

(Ω) = ±
i

𝑟
(𝑙 + 1)𝜓±,𝑙𝑚

(𝑠)
(Ω), 𝑠 = ±  

∫  
𝑆2
  dΩ𝜓‾±𝑙𝑚

(+)
(Ω)𝜓

±𝑙′𝑚′
(−)

(Ω) = −i𝛿𝑙,𝑙′𝛿𝑚,𝑚′ , ∫  
𝑆2
  dΩ𝜓‾±𝑙𝑚

(−)
(Ω)𝜓

±𝑙′𝑚′
(+)

(Ω) = +i𝛿𝑙,𝑙′𝛿𝑚,𝑚′  

[𝒟𝜓] =∏ 

∞

𝑙=0

 ∏  

𝑙

𝑚=0

  (
2𝜋

Λuv𝑟
2
)∏  

±

 d𝛼±𝑙𝑚 d𝛼±𝑙𝑚
∗ , [𝒟𝜑] =∏ 

∞

𝑙=0

  ∏  

𝑙

𝑚=−𝑙

 (
Λuv𝑟

2

𝜋
)

1
2

 d𝜑𝑙𝑚  

1 = ∫  [𝒟𝜓]𝑒
−

1

2√2𝜋
Λuv
1/2

∫  
𝑆2
  d2𝑥ẽ𝜓‾ 𝜓

, 1 = ∫  [𝒟𝜑]𝑒−Λuv ∫  
𝑆2
  d2𝑥ẽ𝜑(𝑥)2  
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𝑆tL,fer
(2)

[𝛿𝜓] =
1

4𝜋
∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=0

  ((𝑙 + 1 − √𝑞𝛽)𝛼+𝑙𝑚𝛼−𝑙𝑚
∗ − (𝑙 + 1 + √𝑞𝛽)𝛼−𝑙𝑚𝛼+𝑙𝑚

∗ ).  

𝒵tL,fer,1−loop
𝒩=1 ≡

2𝜋

Λuv𝑟
2
×∫  [𝒟′𝛿𝜓]𝑒−𝑆tL,fer

(2)
[𝛿𝜓] =

2𝜋

Λuv𝑟
2
×∏ 

∞

𝑙=1

 (
(1 + 𝑙)2 − 𝑞𝛽

8𝜋Λuv𝑟
2 )

𝑙+1

 

∑ 

∞

𝑙=1

  (𝑙 + 1)log 
(1 + 𝑙)2 − 𝑞𝛽

8𝜋Λuv𝑟
2

 

 = −∫  
∞

0

 
d𝑡

2𝑡
[
2𝑒−

𝑡
2

(1 − 𝑒−𝑡)
(
2𝑒−

𝑡
2
+i𝜈𝑡

(1 − 𝑒−𝑡)
− 2𝑒−

𝑡
2
+i𝜈𝑡 − 𝑒

−(
5
2
+i𝜈)𝑡 (1 − 2𝑒

𝑡 + 𝑒2i𝜈𝑡)

(1 − 𝑒−𝑡)
)]

 

𝜒Δ=3/2(𝑡) =
𝑒−

3
2
𝑡

(1 − 𝑒−𝑡)
 

−
1

2
log 

𝜆̃

8𝜋𝑟2Λuv
= ∫  

∞

0

 
d𝜏

2𝜏
𝑒−

𝜀2

4𝜏
−𝜆̃𝜏 = 𝐾0(√𝜆̃𝜀) ≈ −

1

2
log 

𝜀2𝑒2𝛾𝐸𝜆̃

4
 

log 𝒵tL,fer,1-loop 
𝒩=1 = −

2

𝜀2
+ (

5

6
− 𝛽2) log 𝜀 +  ϱ  

𝒵tL, bos ,1− loop 
𝒩=1 ≡ ±i(

4𝜋𝑟2Λuv
𝛽𝑞

)

1
2

(
𝑟2Λuv
𝜋

)

3
2

×∫  [𝒟′𝛿𝜑]𝑒
−
1
4𝜋∫

 
𝑆2
  d𝑥2e

1
2
𝛿𝜑(−∇2−

2
𝑟2
𝑞𝛽)𝛿𝜑

 = ±i (
4𝜋𝑟2Λuv
𝛽𝑞

)

1
2

(
𝑟2Λuv
𝜋

)

3
2

×∏ 

∞

𝑙=2

 (
8𝜋𝑟2Λuv

𝑙(𝑙 + 1) − 2𝛽𝑞
)

𝑙+
1
2

 

−
1

2
∑  

∞

𝑙=2

  (2𝑙 + 1)log (
𝑙(𝑙 + 1) − 2𝛽𝑞

8𝜋Λuv𝑟
2

)= ∫  
∞

0

 
d𝑡

2𝑡
[
1 + 𝑒−𝑡

(1 − 𝑒−𝑡)

2𝑒−
𝑡
2
+i𝜈𝑡

(1 − 𝑒−𝑡)
 

+𝑒
−(
5
2
−i𝜈)𝑡

(
3 − 2𝑒𝑡 + 5𝑒3𝑡

1 − 𝑒−𝑡
− 𝑒2𝑡

(5𝑒𝑡 − 3)(1 − 𝑒−(3+2i𝜈)𝑡)

(1 − 𝑒−𝑡)2
)]

 

𝜒Δ=2(𝑡) =
𝑒−2𝑡

(1 − 𝑒−𝑡)
 

log 𝒵bos ,1-loop 
𝒩=1 =

2

𝜀2
− (

7

3
− 2𝛽2) log 𝜀 +  𝜁𝜆

𝜍  

𝒵tL
𝒩=1 ≈ ±i × const × (

𝜇

𝛽
)
−
1
𝛽2
+1

Λuv

5
4
−𝛽2

𝑟tL
𝑐𝒩=1/3

𝑒
−
1
2𝛽2

−(
1
𝛽2
−1)log 𝛽2

× 𝛽−1 × (1 + 𝒪(𝛽2))  

4𝜋ℒtL,int
𝒩=1 [𝛿𝜑, 𝛿𝜓] = −

2i

3𝑟2
𝑞𝛽2𝛿𝜑3 +

1

3𝑟2
𝑞𝛽3𝛿𝜑4 +

i

2𝑟
𝛽√𝑞𝛽𝛿𝜑𝛿𝜓‾𝛿𝜓 −

1

4𝑟
𝛽2√𝑞𝛽𝛿𝜑2𝛿𝜓‾𝛿𝜓  
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𝐻(Ω, Ω′) ≡
1

𝒵fer ,1− loop 
𝒩=1

2𝜋

Λuv𝑟
2
∫  [𝒟′𝛿𝜓]𝑒−𝑆pert 

(2)
[𝛿𝜓]𝛿𝜓‾(Ω)𝛿𝜓(Ω′)

=
4𝜋

𝑟
∑  

𝑙≥1

  ∑  

0≤𝑚≤𝑙

 
1

(𝑙 + 1)2 − 𝑞𝛽
[i(𝑙 + 1 + √𝑞𝛽)(𝜓‾+𝑙𝑚

(+)
(Ω)𝜓+𝑙𝑚

(−) (Ω′) − 𝜓‾+𝑙𝑚
(−)
(Ω)𝜓+𝑙𝑚

(+) (Ω′)) 

 +i(𝑙 + 1 − √𝑞𝛽)(𝜓‾−𝑙𝑚
(−)
(Ω)𝜓−𝑙𝑚

(+)
(Ω′) − 𝜓‾−,𝑙𝑚

(+)
(Ω)𝜓−𝑙𝑚

(−)
(Ω′))] ,

 

𝐻(Ω0, Ω0) =
1

4𝜋
∫  
𝑆2
  dΩ𝐻(Ω, Ω) = +

4√𝑞𝛽

𝑟
∑  

𝑙≥1

 
𝑙 + 1

(𝑙 + 1)2 − 𝑞𝛽
 

𝐺(Ω, Ω′) = 4𝜋∑  

𝑙≠1

  ∑  

−𝑙≤𝑚≤𝑙

 
𝑌𝑙𝑚(Ω)𝑌𝑙𝑚(Ω

′)

𝑙(𝑙 + 1) − 2𝑞𝛽
.  

𝐺(Ω0, Ω0) =
1

4𝜋
∫  
𝑆2
  dΩ𝐺(Ω, Ω) =∑  

𝑙≠1

 
2𝑙 + 1

𝑙(𝑙 + 1) − 2𝑞𝛽  

loops𝑏 = −
𝛽2

8𝜋2
∫  
𝑆2
  dΩ dΩ′𝐺(Ω, Ω)𝐺(Ω′, Ω′)𝐺(Ω, Ω′) −

𝛽2

12𝜋2
∫  
𝑆2
  dΩ dΩ′𝐺(Ω, Ω′)3

−
𝛽2

4𝜋
∫  
𝑆2
  dΩ𝐺(Ω, Ω)2 

 

 

⊖≡ −
1

6
∑  

𝑙1,𝑙2,𝑙3≠1

 
(2𝑙1 + 1)(2𝑙2 + 1)(2𝑙3 + 1)

(𝑙1(𝑙1 + 1) − 2)(𝑙2(𝑙2 + 1) − 2)(𝑙3(𝑙3 + 1) − 2)
(
𝑙1 𝑙2 𝑙3
0 0 0

)
2

,  

loops𝑓 =
𝑟

16𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω)𝐺(Ω′, Ω′)𝐺(Ω, Ω′) −

𝑟2

128𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω)𝐻(Ω′, Ω′)𝐺(Ω, Ω′)

 +
𝑟

16𝜋
𝛽2∫  

𝑆2
  dΩ𝐻(Ω, Ω)𝐺(Ω, Ω) −

𝑟2

128𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω′)2𝐺(Ω, Ω′)

 

 

𝑟

16𝜋2
∫  
𝑆2
  dΩ dΩ′𝐻(Ω, Ω)𝐺(Ω′, Ω′)𝐺(Ω, Ω′)=

𝑟

(−2)
𝐻(Ω0, Ω0)𝐺(Ω0, Ω0) ≈ −4log

2 (Λuv𝑟
2) + ⋯ , 

−
𝑟2

128𝜋2
∫  
𝑆2
  dΩ dΩ′𝐻(Ω, Ω)𝐹(Ω′, Ω′)𝐺(Ω, Ω′)= −

𝑟2

8

1

(−2)
𝐻(Ω0, Ω0)

2 ≈ log2 (Λuv𝑟
2) + ⋯ ,  

𝑟

16𝜋
∫  
𝑆2
  dΩ𝐻(Ω, Ω)𝐺(Ω, Ω) =

𝑟

4
𝐻(Ω0, Ω0)𝐺(Ω0, Ω0) ≈ 2log

2 (Λuv𝑟
2) + ⋯ ,

 

−
𝑟2

128𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω′)2𝐺(Ω, Ω′) ≈ log2 (Λuv𝑟

2) + ⋯  
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𝒵tL
𝒩=1 ≈ ±i const × (

𝜇

𝛽
)
−
1
𝛽2
+1

Λuv

5
4
−𝛽2

𝑟tL
𝑐tL
𝒩=1

/3𝑒
−
1
2𝛽2

−(
1
𝛽2
−1)log 𝛽2

× 𝛽−1 × (1 + loops𝛽2 +⋯)  

𝒲𝛽 ≡ 𝐹𝑒
𝛽𝜑 −

i

2
𝛽𝑒𝛽𝜑𝜓‾𝜓  

log 𝒵grav ,(0)
𝒩=1 = 2𝜗 − (

12

(√2𝑐𝑚 − 27 − √2𝑐𝑚 − 3)
2 −

1

2
) log 

𝜇2

Λuv
+ 𝑓0(𝑐𝑚)  

1

𝜋
∫  
Σℎ

   d2𝑥e (𝜗
𝑅

4
+ i
𝑣

4
𝜖𝜇𝜈𝐹𝜇𝜈) = 𝜗𝜒ℎ + i𝑣𝑛ℎ  

𝒵grav 
𝒩=2 = ∑  

∞

ℎ=0

∑  

𝑛ℎ∈ℤ

𝑒𝜗𝜒ℎ+i𝑣𝑛ℎ∫  [𝒟e𝜇
𝑎][𝒟𝜒𝜇][𝒟𝐴𝜇][𝒟𝐵]𝑒

−i𝜇∫  
Σℎ
  d2𝑥 d2𝜃 d2𝜃̃(E+ h.c. )

× 𝑍SCFT
(ℎ,𝑛ℎ)[e𝜇

𝑎, 𝜒𝜇 , 𝐴𝜇 , 𝐵] 

e𝜇
𝑎 = 𝑒

1
2
𝑏(𝜑+𝜑̃)ẽ𝜇

𝑎, 𝐴𝜇 = −
i

2
𝜖𝜇𝜈𝜕𝜈(𝜑 − 𝜑̃)  

𝜒𝜇 = 𝑒
1
2
𝑏𝜑𝛾𝜇𝜓, 𝜒𝜇

∗ = 𝑒
1
2
𝑏𝜑̃𝛾𝜇𝜓̃, 𝐵 = 𝑒

−𝑏𝜑𝐹, 𝐵∗ = 𝑒−𝑏𝜑̃𝐹̃  

𝑍SCFT
(0)

[Φ, Φ̃] = 𝒞𝑒−𝑆s-anomaly [Φ,Φ̃]  

𝑆L
𝒩=2 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ (𝜕𝜇𝜑̃𝜕

𝜇𝜑 − i𝜓̃D̸𝜓−𝐹𝐹̃ +
𝑄𝑅̃

2
(𝜑 + 𝜑̃)  

+𝜇𝑒𝑏𝜑𝐹 −
i

2
𝜇𝑏𝑒𝑏𝜑𝜓‾𝜓 + 𝜇∗𝑒𝑏𝜑̃𝐹̃ −

i

2
𝜇∗𝑏𝑒𝑏𝜑̃𝜓̃𝜓̃)

 

𝑈(1)𝑉∶         𝜑 → 𝜑 + 2i𝑄𝜌,𝜑̃ → 𝜑̃ − 2i𝑄𝜌, 𝜓 → 𝑒−i𝜌𝜓, 𝜓̃ → 𝑒i𝜌𝜓̃        

        𝐹 → 𝑒−2i𝜌𝐹, 𝐹̃ → 𝑒2i𝜌𝐹̃       

𝑈(1)𝐴∶         𝜓 → 𝑒i𝛼𝛾∗𝜓,𝜓̃ → 𝑒−i𝛼𝛾∗𝜓̃.         

 

𝑐L
𝒩=2 + 𝑐𝑚 + 𝑐𝔟𝔠 + 2 × 𝑐𝛽𝛾 + 𝑐𝑈(1)𝑉 = 3 + 6𝑄

2 + 𝑐𝑚 − 26 + 2 × 11 − 2 = 0.  

𝑄 =
1

𝑏
= √

3 − 𝑐𝑚
6

.  

 

𝜓 → 𝑒−
i
2
𝑏𝜑2𝜓, 𝜓̃ → 𝑒

i
2
𝑏𝜑2𝜓̃, 𝐹 → 𝑒−i𝑏𝜑2𝐹, 𝐹̃ → 𝑒i𝑏𝜑2𝐹̃  
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𝑀 = (

𝑎 𝑏 𝛼 𝛽
𝑐 𝑑 𝛾 𝛿
𝜁 𝜂 𝑒 𝑓
𝜌 𝜎 𝑔 ℎ

) ≡ (
𝐴 𝐵
𝐶 𝐷

)  

( 𝐴
𝑇 𝐶𝑇

−𝐵𝑇 𝐷𝑇
) ⋅ (

Ω2 0
0 𝕊2

) ⋅ (
𝐴 𝐵
𝐶 𝐷

) = (
Ω2 0
0 𝕊2

)  

 

𝒵grav,(0)
𝒩=2 = 𝑒2𝜗 ×𝒜 × (

𝑟

ℓuv
)
(𝑐𝑚+𝑐𝔟𝔠+2𝑐𝛽𝛾+𝑐𝑈(1))/3

×∫  
[𝒟Φ][𝒟Φ̃]

vol𝑂𝑆𝑝(2∣2;ℂ)
𝑒−𝒮L

𝒩=2
 

𝒵L
𝒩=2[𝜇] ≡ ∫  

[𝒟𝜑][𝒟𝜓][𝒟𝐹]

volOSp(2∣2;ℂ)
𝑒−𝒮L

𝒩=2

 

𝒮tL
𝒩=2 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ(−𝜕𝜇𝜑̃𝜕

𝜇𝜑 + i𝜓̃D̸𝜓 + 𝐹𝐹̃ −
𝑞𝑅̃

2
(𝜑 + 𝜑̃)  

+i𝜇𝑒𝛽𝜑𝐹 +
1

2
𝜇𝛽𝑒𝛽𝜑𝜓‾𝜓 + i𝜇∗𝑒𝛽𝜑̃𝐹̃ +

1

2
𝜇∗𝛽𝑒𝛽𝜑̃𝜓̃𝜓̃)

 

𝒮tL
𝒩=2 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ[−𝜕𝜇𝜑̃𝜕

𝜇𝜑 + i𝜓̃D̸𝜓 + 𝐹𝐹̃ −
𝑞𝑅̃

2
(𝜑 + 𝜑̃)  

+i (𝐹𝑊′(𝜑) −
i

2
𝑊′′(𝜑)𝜓‾𝜓) + i (𝐹̃𝑊̃′(𝜑̃) −

i

2
𝑊̃′′(𝜑̃)𝜓̃𝜓̃)]

 

𝑐tL
𝒩=2 = 3 −

6

𝛽2
 

𝛿𝜑 = 𝜖̃𝜓, 𝛿𝜑̃ = 𝜖‾𝜓̃

𝛿𝜓 = i ∂̸𝜑𝜖 + i𝑞D̸𝜖 − i𝐹𝜖̃, 𝛿𝜓̃ = i ∂̸𝜑̃𝜖̃ + i𝑞D̸𝜖̃ − i𝐹̃𝜖

𝛿𝐹 = −𝜖‾D̸𝜓, 𝛿𝐹̃ = 𝜖̃D̸𝜓̃

 

𝜑̃ = 𝜑∗, 𝜓̃ = 𝛾∗𝜓
𝐶 , 𝐹̃ = 𝐹∗  

[𝛿𝜖 , 𝛿𝜖̃]𝜑= ℒ𝜉𝜑 + 𝑞Δ + 2i𝑞𝜌  

[𝛿𝜖 , 𝛿𝜖̃]𝜓 = ℒ𝜉𝜓 +
1

2
Δ𝜓 − i𝜌𝜓 + i𝛼𝛾∗𝜓

[𝛿𝜖 , 𝛿𝜖̃]𝐹 = ℒ𝜉𝐹 + Δ𝐹 − 2i𝜌𝐹

 

𝜉𝜇 = i𝜖̃𝛾𝜇𝜖, Δ =
1

2
∇𝜇𝜉

𝜇                 

𝜌 = −
1

4
(𝐷𝜇𝜖̃𝛾

𝜇𝜖 − 𝜖̃𝛾𝜇𝐷𝜇𝜖),       𝛼=
1

4
(𝐷𝜇𝜖̃𝛾∗𝛾

𝜇𝜖 − 𝜖̃𝛾∗𝛾
𝜇𝐷𝜇𝜖)          

 

𝜑 → 𝜑 + 𝑞Δ, 𝜓 → 𝑒
Δ
2𝜓, 𝐹 → 𝑒Δ𝐹

𝜑̃ → 𝜑̃ − 𝑞Δ, 𝜓̃ → 𝑒−
Δ
2𝜓̃, 𝐹̃ → 𝑒−Δ𝐹̃

 



 

pág. 3180 

0 = ∇2𝜑 −
1

𝛽𝑟2
+ i𝜇𝛽𝑒𝛽𝜑𝐹 +

1

2
𝜇𝛽2𝜓‾𝜓, 0 = ∇2𝜑̃ −

1

𝛽𝑟2
+ i𝜇∗𝛽𝑒𝛽𝜑̃𝐹̃ +

1

2
𝜇∗𝛽2𝜓̃𝜓̃                   

0= −i ⊅ 𝜓̃ +
1

2
𝜇𝛽𝑒𝛽𝜑𝜓‾, 0 = iD̸𝜓 +

1

2
𝜇∗𝛽𝑒𝛽𝜑̃𝜓̃                  

0 = 𝐹̃ + i𝜇𝑒𝛽𝜑, 0 = 𝐹 + i𝜇∗𝑒𝛽𝜑̃                  

 

(𝜑 + 𝜑̃)∗ =
1

𝛽
log 

1

|𝜇|2𝛽2𝑟2
, (𝜑 − 𝜑̃)∗ = 𝑐  

𝒮tL
𝒩=2 =

1

4𝜋
∫  
𝑆2
   d2𝑥√𝑔̃ (−𝜕𝜇𝜑̃𝜕

𝜇𝜑 + i𝜓̃D̸𝜓+|𝜇|2𝑒𝛽(𝜑+𝜑̃)  

−
1

𝛽𝑟2
(𝜑 + 𝜑̃) +

𝛽

2
(𝜇𝑒𝛽𝜑𝜓‾𝜓 + 𝜇∗𝑒𝛽𝜑̃𝜓̃𝜓̃))

 

𝒵tL
𝒩=2[𝜇] ≈ 𝒵saddle 

𝒩=2 = (
1

𝑒|𝜇|2𝛽2𝑟2
)

1
𝛽2

 

𝜑1 ≡
1

2
(𝜑 + 𝜑̃), 𝜑2 ≡ −

i

2
(𝜑 − 𝜑̃)  

𝜑1 = 𝜑1,∗ + 𝛿𝜑1, 𝜑2 = 𝜑2,∗ + 𝛿𝜑2, 𝜓 = 𝜓∗ + 𝛿𝜓, 𝜓̃ = 𝜓̃∗ + 𝛿𝜓̃  

𝑆pert 

(2)
=
1

4𝜋
∫  
𝑆2
   d2𝑥ẽ [−𝛿𝜑1 (−∇

2 −
2

𝑟2
) 𝛿𝜑1−𝛿𝜑2(−∇

2)𝛿𝜑2  

+i𝛿𝜓̃D̸𝛿𝜓 +
1

2𝑟

𝜇

|𝜇|
𝛿𝜓‾𝛿𝜓 +

1

2𝑟

𝜇∗

|𝜇|
𝛿𝜓̃𝛿𝜓̃]

 

1 = ∫  [𝒟𝜑1][𝒟𝜑2]𝑒
−Λuv ∫  

𝑆2
  d2𝑥 e 𝜑(𝑥)𝜑̃(𝑥)  

𝒵tL, bos ,1-loop 
𝒩=2 = ±i(2𝜋𝑟2Λuv)

1
2 (
𝑟2Λuv
𝜋

)

2

×∏ 

∞

𝑙=2

 (
4𝜋𝑟2Λuv
𝑙(𝑙 + 1) − 2

)

𝑙+
1
2

∏ 

∞

𝑙=1

 (
4𝜋𝑟2Λuv
𝑙(𝑙 + 1)

)

𝑙+
1
2

 

−
1

2
∑  

∞

𝑙=2

  (2𝑙 + 1)log 
𝑙(𝑙 + 1) − 2

4𝜋𝑟2Λuv
= ∫  

∞

0

 
d𝑡

2𝑡
[
1 + 𝑒−𝑡

(1 − 𝑒−𝑡)
(
2𝑒−2𝑡

(1 − 𝑒−𝑡)
+ 5𝑒−𝑡 − 5𝑒−2𝑡 + 3𝑒−3𝑡)]  

−
1

2
∑  

∞

𝑙=1

  (2𝑙 + 1)log 
𝑙(𝑙 + 1)

4𝜋𝑟2Λuv
= ∫  

∞

0

 
d𝑡

2𝑡
[
1 + 𝑒−𝑡

(1 − 𝑒−𝑡)
(

2𝑒−𝑡

(1 − 𝑒−𝑡)
+ 𝑒−𝑡)]  

𝜒Δ=2(𝑡) =
𝑒−2𝑡

(1 − 𝑒−𝑡)
  and  𝜒Δ=1(𝑡) =

𝑒−𝑡

(1 − 𝑒−𝑡)
 

log 𝒵tL,bos,1-loop 
𝒩=2 = 2 ×

2

𝜀2
−
8

3
log 𝜀 +  ℵ  
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𝜓(Ω)  =
1

√𝑟
∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=0

 ∑  

±

  (𝛼±𝑙𝑚𝜓±𝑙𝑚
(+)
(Ω) + 𝛽±𝑙𝑚𝜓±𝑙𝑚

(−)
(Ω))

𝜓̃(Ω)  = −
i

√𝑟
∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=0

 ∑  

±

 (𝛽∓𝑙𝑚
∗ 𝜓±𝑙𝑚

(+)
(Ω) + 𝛼∓𝑙𝑚

∗ 𝜓±𝑙𝑚
(−)
(Ω))

 

[𝒟𝜓] = ∏  
𝑙≥0

0≤𝑚≤𝑙

  (
4𝜋

Λuv𝑟
2
)∏  

±

 d𝛼±𝑙𝑚 d𝛽±𝑙𝑚, [𝒟𝜓̃] = ∏  
𝑙≥0

0≤𝑚≤𝑙

 ∏  

±

  (
4𝜋

Λuv𝑟
2
)d𝛼±𝑙𝑚

∗  d𝛽±𝑙𝑚
∗

 

𝒙𝑙𝑚
𝑇 ≡ (𝛼+𝑙𝑚 𝛼+𝑙𝑚

∗ 𝛼−𝑙𝑚 𝛼−𝑙𝑚
∗ 𝛽+𝑙𝑚 𝛽+𝑙𝑚

∗ 𝛽−𝑙𝑚 𝛽−𝑙𝑚
∗ ).  

𝑆pert
(2)
[𝛿𝜓, 𝛿𝜓̃] ≡

1

4𝜋
∫  
𝑆2
  d2𝑥ẽ (i𝛿𝜓̃D̸𝛿𝜓 +

1

𝑟

𝜇

2|𝜇|
𝛿𝜓‾𝛿𝜓 +

1

𝑟

𝜇∗

2|𝜇|
𝛿𝜓̃𝛿𝜓̃) =

1

4𝜋
∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=0

 𝒙𝑙𝑚
𝑇 𝐵𝑙𝑚𝒙𝑙𝑚  

𝐵𝑙𝑚

≡

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0
1

2
(𝑙 + 1) −i

𝜇

2|𝜇|
0 0 0

0 0
1

2
(𝑙 + 1) 0 0 −i

𝜇∗

2|𝜇|
0 0

0 −
1

2
(𝑙 + 1) 0 0 0 0 −i

𝜇

2|𝜇|
0

−
1

2
(𝑙 + 1) 0 0 0 0 0 0 −i

𝜇∗

2|𝜇|

i
𝜇

2|𝜇|
0 0 0 0 0 0 −

1

2
(𝑙 + 1)

0 i
𝜇∗

2|𝜇|
0 0 0 0 −

1

2
(𝑙 + 1) 0

0 0 i
𝜇

2|𝜇|
0 0

1

2
(𝑙 + 1) 0 0

0 0 0 i
𝜇∗

2|𝜇|

1

2
(𝑙 + 1) 0 0 0

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

𝒵fer ,1-loop 
𝒩=2 = (

4𝜋

Λuv𝑟
2
)
2

∏ 

∞

𝑙=1

  (
𝑙(𝑙 + 2)

4𝜋Λuv𝑟
2
)
2(𝑙+1)

 

∑ 

∞

𝑙=1

 2(𝑙 + 1)log 
𝑙(𝑙 + 2)

4𝜋Λuv𝑟
2
= −∫  

∞

0

 
d𝑡

2𝑡
[
2𝑒−

𝑡
2

(1 − 𝑒−𝑡)
(4𝜒Δ=3/2(𝑡) + 4𝑒

−
𝑡
2 − 2𝑒−

3𝑡
2 + 2𝑒−

5𝑡
2 )]  

log 𝒵fer, 1-loop 
𝒩=2 = −

4

𝜀2
+
5

3
log 𝜀 +  λ  

𝒵tL
𝒩=2[𝜇] ≈ ±i × const × (

𝜇𝜇∗

𝛽2
)
−
1
𝛽2

Λuv

1
2 𝑟𝑐tL

𝒩=2/3 × 𝑒
−
1
𝛽2
−
2
𝛽2
log 𝛽2

× (1 + 𝒪(𝛽2))  
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𝑆L, int 
𝒩=2 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ [−

4i

3𝑟2
𝛽𝛿𝜑1

3 +
2

3𝑟2
𝛽2𝛿𝜑1

4 +
𝛽

2𝑟

𝜇

|𝜇|
𝛿𝜓‾𝛿𝜓(i𝛿𝜑1 − 𝛿𝜑2)

 +
𝛽

2𝑟

𝜇∗

|𝜇|
𝛿𝜓̃𝛿𝜓̃(i𝛿𝜑1 + 𝛿𝜑2) −

1

4𝑟
𝛽2

𝜇

|𝜇|
𝛿𝜓‾𝛿𝜓(𝛿𝜑1

2 − 𝛿𝜑2
2) −

1

4𝑟
𝛽2
𝜇∗

|𝜇|
𝛿𝜓̃𝛿𝜓̃(𝛿𝜑1

2 − 𝛿𝜑2
2)]

 

𝐺(Ω;Ω′) = 2𝜋∑  

𝑙≠1

  ∑  

−𝑙≤𝑚≤𝑙

 
𝑌𝑙𝑚(Ω)𝑌𝑙𝑚(Ω

′)

𝑙(𝑙 + 1) − 2
 

𝐺(Ω0, Ω0) =
1

4𝜋
∫  
𝑆2
  dΩ𝐺(Ω;Ω) =

1

2
∑  

𝑙≠1

 
2𝑙 + 1

𝑙(𝑙 + 1) − 2  

𝐺̃(Ω;Ω′) = 2𝜋∑  

∞

𝑙=1

  ∑  

−𝑙≤𝑚≤𝑙

 
𝑌𝑙𝑚(Ω)𝑌𝑙𝑚(Ω

′)

𝑙(𝑙 + 1)
 

𝐻(Ω; Ω′) ≡
1

𝒵fer,1−loop
𝒩=2

(
4𝜋

Λuv𝑟
2
)
2

∫  [𝒟′𝛿𝜓][𝒟′𝛿𝜓̃]𝑒
−𝑆pert

(2)
[𝛿𝜓,𝛿𝜓̃]𝛿𝜓‾(Ω)𝛿𝜓(Ω′)

=
4𝜋i

𝑟

𝜇∗

|𝜇|
∑  

𝑙≥1

  ∑  

0≤𝑚≤𝑙

 
1

𝑙(𝑙 + 2)
(𝜓‾+𝑙𝑚

(+)
(Ω)𝜓+𝑙𝑚

(−) (Ω′) + 𝜓‾−𝑙𝑚
(+)
(Ω)𝜓−𝑙𝑚

(−) (Ω′)

 −𝜓‾+𝑙𝑚
(−)
(Ω)𝜓+𝑙𝑚

(+) (Ω′) − 𝜓‾−𝑙𝑚
(−)
(Ω)𝜓−𝑙𝑚

(+) (Ω′))

 

𝐻̃(Ω; Ω′) ≡
1

𝒵fer ,1-loop 
𝒩=2

(
4𝜋

Λuv𝑟
2
)
2

∫  [𝒟′𝛿𝜓][𝒟′𝛿𝜓̃]𝑒
−𝑆pert

(2)
[𝛿𝜓,𝛿𝜓̃]𝛿𝜓̃̃(Ω)𝛿𝜓̃(Ω′)

=
4𝜋i

𝑟

𝜇

|𝜇|
∑  

𝑙≥1

  ∑  

0≤𝑚≤𝑙

 
1

𝑙(𝑙 + 2)
(𝜓‾+𝑙𝑚

(+)
(Ω)𝜓+𝑙𝑚

(−) (Ω′) + 𝜓‾−𝑙𝑚
(+)
(Ω)𝜓−𝑙𝑚

(−) (Ω′)  

 −𝜓‾+𝑙𝑚
(−)
(Ω)𝜓+𝑙𝑚

(+)
(Ω′) − 𝜓‾−𝑙𝑚

(−)
(Ω)𝜓−𝑙𝑚

(+)
(Ω′))

 

𝐻(Ω0, Ω0) =
1

4𝜋
∫  
𝑆2
  dΩ𝐻(Ω, Ω) =

4

𝑟

𝜇∗

|𝜇|
∑  

∞

𝑙=1

 
𝑙 + 1

𝑙(𝑙 + 2)

𝐻̃(Ω0, Ω0) =
1

4𝜋
∫  
𝑆2
  dΩ𝐻̃(Ω, Ω) =

4

𝑟

𝜇

|𝜇|
∑  

∞

𝑙=1

 
𝑙 + 1

𝑙(𝑙 + 2)

 

−
1

3𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐺(Ω, Ω′)3 −

1

2𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐺(Ω, Ω)𝐺(Ω′, Ω′)𝐺(Ω, Ω′) −

1

2𝜋
𝛽2∫  

𝑆2
  dΩ𝐺(Ω, Ω)2 

−
𝑟

16𝜋

𝜇

|𝜇|
𝛽2∫  

𝑆2
  dΩ𝐻(Ω, Ω)𝐺(Ω, Ω) −

𝑟

16𝜋

𝜇∗

|𝜇|
𝛽2∫  

𝑆2
  dΩ𝐻̃(Ω, Ω)𝐺(Ω, Ω)  

 +
𝑟

16𝜋

𝜇

|𝜇|
𝛽2∫  

𝑆2
  dΩ𝐻(Ω, Ω)𝐺̃(Ω, Ω) +

𝑟

16𝜋

𝜇∗

|𝜇|
𝛽2∫  

𝑆2
  dΩ𝐻̃(Ω, Ω)𝐺̃(Ω, Ω)
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+
𝑟

8𝜋2
𝜇

|𝜇|
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω)𝐺(Ω, Ω′)𝐺(Ω′, Ω′) +

𝑟

8𝜋2
𝜇∗

|𝜇|
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻̃(Ω,Ω)𝐺(Ω, Ω′)𝐺(Ω′, Ω′)  

−
𝑟2

128𝜋2
𝜇

𝜇∗
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω)𝐺(Ω, Ω′)𝐹(Ω′, Ω′) −

𝑟2

128𝜋2
𝜇∗

𝜇
𝛽2∫ dΩ dΩ′𝐻̃(Ω,Ω)𝐺(Ω, Ω′) 𝐻̃(Ω′, Ω′)

𝑆2
   

 −
𝑟2

64𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω′)𝐻̃(Ω′, Ω)𝐺(Ω, Ω′)

 

 −
𝑟2

128𝜋2
𝜇

𝜇∗
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω′)2𝐺(Ω, Ω′) −

𝑟2

128𝜋2
𝜇∗

𝜇
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻̃(Ω, Ω′)2𝐺(Ω, Ω′)

 +
𝑟2

128𝜋2
𝜇

𝜇∗
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω′)2𝐺̃(Ω,Ω′) +

𝑟2

128𝜋2
𝜇∗

𝜇
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻̃(Ω, Ω′)2𝐺̃(Ω,Ω′)

 

−
𝑟2

64𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐹(Ω, Ω′)𝐻̃(Ω′, Ω)𝐺(Ω, Ω′) −

𝑟2

64𝜋2
𝛽2∫  

𝑆2
  dΩ dΩ′𝐻(Ω, Ω′)𝐻̃(Ω′, Ω)𝐺̃(Ω, Ω′).  

𝒵tL
𝒩=2[𝜇] ≈ ±i × const × (

𝜇𝜇∗

𝛽2
)
−
1
𝛽2

Λuv

1
2 𝑟𝑐tL

𝒩=2/3 × 𝑒
−
1
𝛽2
−
2
𝛽2
log 𝛽2

× (1 + loops𝛽2)  

log 𝒵grav,(0)
𝒩=2 = 2𝜗 − (

𝑐𝑚
6
−
3

6
) log 

|𝜇|2

Λuv
+ 𝑓0(𝑐𝑚)  

𝐷𝜇𝜖 =
i

2𝑟
𝛾𝜇𝜖, 𝐷𝜇𝜖̃ =

i

2𝑟
𝛾𝜇𝜖̃  

𝛿𝜑 = 𝜖̃𝜓, 𝛿𝜑̃ = 𝜖‾𝜓̃,

𝛿𝜓 = i ∂̸𝜑𝜖 −
1

𝛽𝑟
𝜖 − i𝐹𝜖̃, 𝛿𝜓̃ = i ∂̸𝜑̃𝜖̃ −

1

𝛽𝑟
𝜖̃ − i𝐹̃𝜖,

𝛿𝐹 = −𝜖‾D̸𝜓, 𝛿𝐹̃ = 𝜖̃̃D̸𝜓̃.

 

[𝛿𝜖 , 𝛿𝜖̃]𝜑= ℒ𝜉𝜑 +
2i

𝛽
𝜌  

[𝛿𝜖 , 𝛿𝜖̃]𝜓 = ℒ𝜉𝜓 − i𝜌𝜓

[𝛿𝜖 , 𝛿𝜖̃]𝐹 = ℒ𝜉𝐹 − 2i𝜌𝐹

 

∫ 
ℰ

  [𝒟Φ]𝑒−𝑆𝒪 = vol(𝐹)∫  
ℰ/𝐹

  [𝒟Φ̃]𝑒−𝑆𝒪  

𝑍(𝑡) = ∫ 
ℰ

  [𝒟Φ]𝑒−𝑆−𝑡𝒬𝑉  

𝑍′(𝑡) = −∫ 
ℰ

  [𝒟Φ]𝒬(𝑉𝑒−𝑆−𝑡𝒬𝑉)  

𝑄 ≡ 𝜖+
𝛼𝑄𝛼 , 𝑄

† ≡ (𝜖+
𝑐 )𝛼𝑄̃𝛼  

𝜑† ≡ 𝜑̃, 𝜓† ≡ −𝜓̃, 𝐹† = 𝐹̃  
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𝑄𝜑 = 0,         𝑄†𝜑 = −𝜖+
†𝜓         

𝑄𝜓 = (i ∂̸𝜑 −
𝑞

𝑟
) 𝜖+,        𝑄†𝜓 = −i𝐹𝜖+

𝑐         

𝑄𝐹 = −𝜖+D̸𝜓,         𝑄†𝐹 = 0         

𝑄𝜑†= 𝜓†𝜖+,         𝑄†𝜑† = 0        

𝑄𝜓† = i𝐹†𝜖+,         𝑄†𝜓† = 𝜖+
† (−i ∂̸𝜑† −

𝑞

𝑟
)        

𝑄𝐹† = 0,         𝑄†𝐹† = 𝐷𝜇𝜓
†𝛾𝜇𝜖+

𝑐         

 

{𝑄, 𝑄†} = 𝐽 +
1

2
𝑅  

ℒkin= −𝜕𝜇𝜑
†𝜕𝜇𝜑 − i𝜓†D̸𝜓 + 𝐹†𝐹 −

𝑞

𝑟2
(𝜑 + 𝜑†) −

1

𝛽2𝑟2
 

 =
1

𝑠
𝒬 (−i𝜖+

† ∂̸𝜑†𝜓 −
𝑞

𝑟
𝜖+
†𝜓 − i𝐹𝜓†𝜖+

𝑐 −
1

𝑟
(𝜑† − 𝜑)𝜖+

†𝜓)

 

ℒ𝑊  ≡ 𝐹𝑊
′(𝜑) −

i

2
𝑊′′(𝜑)𝜓‾𝜓 =

i

𝑠
𝒬(𝑊′(𝜑)𝜖‾+𝜓)

ℒ𝑊†  ≡ 𝐹†𝑊′†(𝜑†) −
i

2
𝑊′′†(𝜑†)𝜓̃𝜓̃ = −

i

𝑠
𝒬(𝑊′†(𝜑†)𝜓†𝜖+

𝑐 )

 

𝛿𝐹𝑊 = −∇𝜇(𝜖‾𝛾
𝜇𝜓𝑊)  

𝑉can = (𝒬𝜓)
†𝜓 + 𝜓̃(𝒬𝜓̃)†  

𝒬𝑉can |bos = 2 [𝜕𝜇𝜑
†𝜕𝜇𝜑 +

1

𝛽2𝑟2
+ i
1

𝑟
𝑣𝜇𝜑†𝜕𝜇𝜑] − 2𝐹

†𝐹 − 2i(i𝐹𝑤𝜇𝜕𝜇𝜑
† +  c.c. ),  

𝜖+ = 𝑒
i
𝜙
2 (

cos 
𝜃
2

isin 
𝜗
2

)  

0 = sin 
𝜃

2
(2𝜕−𝜑 − i𝐹𝑒

−i𝜙) + cos 
𝜃

2

1

𝛽𝑟

0 = cos 
𝜃

2
(2𝜕+𝜑 − i𝐹𝑒

−i𝜙) − sin 
𝜃

2

1

𝛽𝑟

0 = cos 
𝜃

2
(2𝜕−𝜑

† + i𝐹†𝑒i𝜙) − sin 
𝜃

2

1

𝛽𝑟

0 = sin 
𝜃

2
(2𝜕+𝜑

† + i𝐹†𝑒i𝜙) + cos 
𝜃

2

1

𝛽𝑟

 

0 = 𝐹 = 𝐹̃, 0 = ∇2𝜑 −
1

𝛽𝑟2
= ∇2𝜑̃ −

1

𝛽𝑟2
, 0 = D̸𝜓 = D̸𝜓̃  

ℒfermi = i𝜓̃−(𝜕0 + 𝜕1)𝜓− + i𝜓̃+(𝜕0 − 𝜕1)𝜓+ − i(𝑊
′′(𝜑)𝜓+𝜓− + 𝑊̃

′′(𝜑̃)𝜓̃−𝜓̃+)  

𝒞 = −𝒞𝑇 , 𝛾𝑎
𝑇 = −𝒞𝛾𝑎𝒞

−1  

𝜆‾ = 𝜆𝑇𝒞,  
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𝑃𝐿 =
1

2
(𝕀 + 𝛾∗), 𝑃𝑅 =

1

2
(𝕀 − 𝛾∗)  

𝑃𝐿,𝑅𝜆𝐿,𝑅 = 𝜆𝐿,𝑅  

𝜆𝐶 ≡ 𝒞−1𝜆∗  

𝜆 = 𝛾∗𝜆
𝐶  

(𝜒‾𝑀𝜆)𝐶 = −𝜒𝐶𝑀𝐶𝜆𝐶  

(𝜒𝑚𝜆𝑚)
𝐶 = 𝜒𝑚𝜆𝑚, (𝜒𝑚𝛾𝑎𝜆𝑚)

𝐶 = 𝜒𝑚𝛾𝑎𝜆𝑚, (𝜒𝑚 ∂̸𝜒𝑚)
𝐶 = 𝜒𝑚 ∂̸𝜒𝑚  

𝜆‾𝜂 = 𝜆𝛼𝒞𝛼𝛽𝜂
𝛽  

𝜆‾𝜂 = 𝜂‾𝜆, 𝜆‾𝛾𝑎𝜂 = −𝜂‾𝛾𝑎𝜆, 𝜆‾𝛾𝑎𝑏𝜂 = −𝜂‾𝛾𝑎𝑏𝜆  

𝛿𝛼  𝛿𝛿
𝛾 𝛽 =

1

2
𝛿𝛼  𝛽𝛿

𝛾 𝛿 +
1

2
(𝛾𝑎)𝛼  𝛽(𝛾𝑎)

𝛾 𝛿 +
1

2
(𝛾∗)

𝛼  𝛽(𝛾∗)
𝛾  𝛿 .  

𝛾𝑎 = 𝜎𝑎, 𝛾∗ = 𝜎3  

𝜆1 = −𝑖𝜆2∗  and  𝜆2 = −𝑖𝜆1∗.  

𝐷𝜇𝜖 =
1

𝑑
𝛾𝜇D̸𝜖  

𝐷𝜇𝜖 = 𝜕𝜇𝜖 +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜖  

𝑔𝜇𝜈(𝑥) → 𝑔̂𝜇𝜈(𝑥) = 𝑒
2𝜎(𝑥)𝑔𝜇𝜈(𝑥), 𝜖(𝑥) → 𝜖(𝑥)𝑒

1
2
𝜎(𝑥)  

𝐷𝜇𝜖 = 𝜅𝛾𝜇𝜖  

𝜅2 = −
𝑅

4𝑑(𝑑 − 1)
 

d𝑠2 = 𝑟2( d𝜃2 + sin2 𝜃 d𝜙2)  

𝐷𝜇𝜖± = ±
i

2𝑟
𝛾𝜇𝜖±  

e1 = 𝑟 d𝜃, e2 = 𝑟sin 𝜃 d𝜙,𝜔12 = −cos 𝜃d𝜙  

𝜖+ = 𝐶1e
−i
𝜙
2 (

sin 
𝜃
2

−icos 
𝜃
2

) + 𝐶2e
i
𝜙
2 (

cos 
𝜃
2

isin 
𝜃
2

)  

𝐷𝜇 = 𝜕𝜇 + i𝑠̂cos 𝜃( d𝜙)𝜇  

𝐷2 =
1

𝑟2
[
1

sin 𝜃
𝜕𝜃(sin 𝜃𝜕𝜃) +

1

sin2 𝜃
(𝜕𝜙 + i𝑠̂cos 𝜃)

2
]  
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𝐋 = 𝐫 ∧ 𝐩 − 𝑠̂
𝐫

𝑟
,  

𝐿± = e
±i𝜙 (±𝜕𝜃 + icot 𝜃𝜕𝜙 − 𝑠̂

1

sin 𝜃
) , 𝐿𝑧 = −i𝜕𝜙  

[𝐿𝑧, 𝐿±] = ±𝐿±, [𝐿+, 𝐿−] = 2𝐿𝑧  

𝐿2 =
1

2
(𝐿+𝐿− + 𝐿−𝐿+) + 𝐿𝑧

2 = −𝑟2𝐷2 + 𝑠̂2  

𝐿2𝒴𝑙𝑚(Ω) = 𝑙(𝑙 + 1)𝒴𝑙𝑚(Ω), 𝐿𝑧𝒴𝑙𝑚(Ω) = 𝑚𝒴𝑙𝑚(Ω)  

𝒴𝑙𝑚(Ω) = √
(2𝑙 + 1)

4𝜋

(𝑙 − 𝑚)!

(𝑙 + 𝑚)!
𝑃𝑙
𝑚(cos 𝜃)ei𝑚𝜙,  

∫  
𝑆2
  dΩ(𝒴𝑙𝑚(Ω))

∗𝒴𝑙′𝑚′(Ω) = 𝛿𝑙𝑙′𝛿𝑚𝑚′  

 

𝑌𝑙𝑚(Ω) ≡

{
 
 

 
 
𝑖

√2
(𝒴𝑙𝑚(Ω) − (−1)

𝑚𝒴𝑙,−𝑚(Ω)),  if 𝑚 < 0

𝒴𝑙0(Ω)
1

√2
(𝒴𝑙,−𝑚(Ω) + (−1)

𝑚𝒴𝑙𝑚(Ω)),  if 𝑚 > 0

 

∫  
𝑆2
  dΩ𝑌𝑙𝑚(Ω)𝑌𝑙′𝑚′(Ω) = 𝛿𝑙𝑙′𝛿𝑚𝑚′  

D̸2 = 𝐷2 −
𝑅

4
= 𝐷2 −

1

2𝑟2
= −

1

𝑟2
𝐿2 −

1

4𝑟2
 

𝐿2𝜓±𝑙𝑚
(𝑠)
(Ω) = (𝑙 +

1

2
) (𝑙 +

3

2
)𝜓±𝑙𝑚

(𝑠)
(Ω), 𝐿𝑧𝜓±𝑙𝑚

(𝑠)
(Ω) = 𝑠 (𝑚 +

1

2
)𝜓±𝑙𝑚

(𝑠)
(Ω)  

D̸𝜓±𝑙𝑚
(𝑠)

(Ω) = ±
i

𝑟
(𝑙 + 1)𝜓±,𝑙𝑚

(𝑠)
(Ω), 𝑠 = ±  

𝜓±𝑙𝑚
(+)
(Ω) =

𝑐𝑙𝑚

√2
e
i(𝑚+

1
2
)𝜙
(
Φ𝑙𝑚(𝜃)

±iΨ𝑙𝑚(𝜃)
) , 𝜓±𝑙𝑚

(−)
(Ω) =

𝑐𝑙𝑚

√2
e
−i(𝑚+

1
2
)𝜙
(
±iΨ𝑙𝑚(𝜃)

Φ𝑙𝑚(𝜃)
)  

Φ𝑙𝑚(𝜃)= (cos 
𝜃

2
)
𝑚+1

(sin 
𝜃

2
)
𝑚

𝑃𝑙−𝑚
(𝑚,𝑚+1)

(cos 𝜃)  

Ψ𝑙𝑚(𝜃) = (cos 
𝜃

2
)
𝑚

(sin 
𝜃

2
)
𝑚+1

𝑃𝑙−𝑚
(𝑚+1,𝑚)

(cos 𝜃) = (−1)𝑙−𝑚Φ𝑙𝑚(𝜋 − 𝜃)

 

𝑐𝑙𝑚
2 =

(𝑙 +𝑚 + 1)! (𝑙 − 𝑚)!

2𝜋(𝑙!)2
 

∫  
𝑆2
  dΩ𝜓‾±𝑙𝑚

(+)
(Ω)𝜓

±𝑙′𝑚′
(−)

(Ω) = −i𝛿𝑙,𝑙′𝛿𝑚,𝑚′ , ∫  
𝑆2
  dΩ𝜓‾±𝑙𝑚

(−)
(Ω)𝜓

±𝑙′𝑚′
(+)

(Ω) = +i𝛿𝑙,𝑙′𝛿𝑚,𝑚′  
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𝜂=
1

√𝑟
∑  

𝑙≥0

  ∑  

0≤𝑚≤𝑙

  (𝛼+𝑙𝑚𝜓+𝑙𝑚
(+)

+ 𝛼−𝑙𝑚𝜓−𝑙𝑚
(+)

+ 𝛽+𝑙𝑚𝜓+𝑙𝑚
(−)

+ 𝛽−𝑙𝑚𝜓−𝑙𝑚
(−)
)  

𝜂̃ =
1

√𝑟
∑  

𝑙≥0

  ∑  

0≤𝑚≤𝑙

  (𝛼̃+𝑙𝑚𝜓+𝑙𝑚
(+)

+ 𝛼̃−𝑙𝑚𝜓−𝑙𝑚
(+)

+ 𝛽̃+𝑙𝑚𝜓+𝑙𝑚
(−)

+ 𝛽̃−𝑙𝑚𝜓−𝑙𝑚
(−)
)

 

∫  
𝑆2
  dΩi𝜂̃D̸𝜂=

1

𝑟
∑  

𝑙≥0

  ∑  

0≤𝑚≤𝑙

  (𝑙 + 1)[𝛼̃+𝑙𝑚𝛽+𝑙𝑚 − 𝛼̃−𝑙𝑚𝛽−𝑙𝑚 − 𝛽̃+𝑙𝑚𝛼+𝑙𝑚 + 𝛽̃−𝑙𝑚𝛼−𝑙𝑚] 

∫  
𝑆2
  dΩ𝜂̃𝜂 = −

i

𝑟
∑  

𝑙≥0

  ∑  

0≤𝑚≤𝑙

  [𝛼̃+𝑙𝑚𝛽+𝑙𝑚 + 𝛼̃−𝑙𝑚𝛽−𝑙𝑚 − 𝛽̃+𝑙𝑚𝛼+𝑙𝑚 − 𝛽̃−𝑙𝑚𝛼−𝑙𝑚]

 

𝛼̃±𝑙𝑚 = −i𝛽∓𝑙𝑚
∗ , 𝛽̃±𝑙𝑚 = −i𝛼∓𝑙𝑚

∗  

∫  
𝑆2

 dΩi𝜂̃D̸𝜂 =
1

𝑟
∑  

𝑙≥0

∑  

0≤𝑚≤𝑙

(𝑙 + 1)[−𝛼−𝑙𝑚
∗ 𝛼+𝑙𝑚 − 𝛼−𝑙𝑚𝛼+𝑙𝑚

∗ + 𝛽−𝑙𝑚
∗ 𝛽+𝑙𝑚 + 𝛽−𝑙𝑚𝛽+𝑙𝑚

∗ ] 

∫  
𝑆2
  dΩ𝜂‾𝜂 = −

2i

𝑟
∑  

𝑙≥0

  ∑  

0≤𝑚≤𝑙

  (𝛼+𝑙𝑚𝛽+𝑙𝑚 + 𝛼−𝑙𝑚𝛽−𝑙𝑚)

∫  
𝑆2
  dΩ𝜂̃𝜂̃  = −

2i

𝑟
∑  

𝑙≥0

  ∑  

0≤𝑚≤𝑙

  (𝛼+𝑙𝑚
∗ 𝛽+𝑙𝑚

∗ + 𝛼−𝑙𝑚
∗ 𝛽−𝑙𝑚

∗ )

 

𝛽±𝑙𝑚 = −i𝛼∓𝑙𝑚
∗

 

∫  
𝑆2
  dΩi𝜂‾D̸𝜂= −

2

𝑟
∑  

𝑙≥0

  ∑  

0≤𝑚≤𝑙

  (𝑙 + 1)(𝛼−𝑙𝑚
∗ 𝛼+𝑙𝑚 + 𝛼−𝑙𝑚𝛼+𝑙𝑚

∗ ) 

∫  
𝑆2
  dΩ𝜂‾𝜂 =

2

𝑟
∑  

𝑙≥0

  ∑  

0≤𝑚≤𝑙

  (𝛼−𝑙𝑚
∗ 𝛼+𝑙𝑚 − 𝛼−𝑙𝑚𝛼+𝑙𝑚

∗ )

 

𝒮L
𝒩=1 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ (

1

2
𝑔̃𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑 −

i

2
𝜓‾D̸𝜓 −

1

2
𝐹2 +

1

2
𝑄𝑅̃𝜑 + 𝜇𝑒𝑏𝜑𝐹 −

i

2
𝜇𝑏𝑒𝑏𝜑𝜓‾𝜓) ,  

𝒵L
𝒩=1[𝜇] = ∫  

[𝒟𝜑][𝒟𝜓]

vol𝑂𝑆𝑝(1∣2;ℂ)
𝑒
−
1
4𝜋∫

 
𝑆2
  d2𝑥ẽ(

1
2
𝑔̃𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑−

i
2
𝜓‾ D̸𝜓+

1
2
𝑄𝑅̃𝜑+

1
2
𝜇2𝑒2𝑏𝜑−

i
2
𝜇𝑏𝑒𝑏𝜑𝜓‾ 𝜓)

 

𝜑∗
(𝑛)
=
1

2𝑏
log (

𝑄

𝑏𝜇2𝑟2
) +

𝜋i

2𝑏
(2𝑛 + 1), 𝑛 ∈ ℤ  

𝒵L, saddle 
𝒩=1 [𝜇] ≈ −i × (

𝑄

𝑏𝜇2𝑟2
)
−
𝑄
2𝑏
× 𝑒−

𝑄
2𝑏𝑒

−
i𝜋
2𝑏2∑ 

𝑛≥0

  (−1)𝑛𝑒
−
i𝜋
𝑏2
𝑛  

𝒵L, bos. fluct. 
𝒩=1 = ∫  [𝒟𝛿𝜑]𝑒

−
1
8𝜋∫

 
𝑆2
  d2𝑥ẽ𝛿𝜑(−∇2−

2𝑄𝑏
𝑟2

)𝛿𝜑
 

𝒵L, fer. fluct. 
𝒩=1 = ∫  [𝒟𝛿𝜓]𝑒

−
i
8𝜋∫

 
𝑆2
  d2𝑥 ẽ 𝛿𝜓‾ (−D̸−i(−1)𝑛

√𝑄𝑏
𝑟 )𝛿𝜓
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𝒵L
𝒩=1 ≈  const ×

1

cos 
𝜋
2𝑏2

× (𝜇𝑏)
1
𝑏2
+1
Λuv

5
4
+𝑏2

𝑟𝑐L
𝒩=1/3𝑒

−
1
2𝑏2

+
1
𝑏2
log 𝑏2

× 𝑏−1 × (1 + 𝒪(𝑏2))  

ΔNS =
𝛼(𝑄 − 𝛼)

2
=
𝑐L
𝒩=1

24
−
3

48
+
𝑃2

2
, ΔR = ΔNS +

1

16
,  

𝒲𝛼 = 𝛼
2𝜓‾𝜓𝑒𝛼𝜑 − 2𝜋i𝜇𝛼𝑒(𝛼+𝑏)𝜑  

𝐶(𝑏, 𝑏, 𝑏) ≈
𝑏→0

i(𝜋𝜇𝑏)
1
𝑏2
−2
𝑒
1
𝑏2
(1+log 2+log 𝑏2)

𝑒
−
i𝜋
2𝑏2∑  

∞

𝑛=0

  (−1)𝑛𝑒
−
i𝜋
𝑏2
𝑛
𝑏−

9
2 × (1 −

11

6
𝑏2 +⋯)  

𝑆L
𝒩=2 =

1

4𝜋
∫  
𝑆2
   d2𝑥ẽ (𝜕𝜇𝜑̃𝜕

𝜇𝜑 − i𝜓̃D̸𝜓 − 𝐹𝐹̃+
𝑄𝑅̃

2
(𝜑 + 𝜑̃)  

+𝜇𝑒𝑏𝜑𝐹 −
i

2
𝜇𝑏𝑒𝑏𝜑𝜓‾𝜓 + 𝜇∗𝑒𝑏𝜑̃𝐹̃ −

i

2
𝜇∗𝑏𝑒𝑏𝜑̃𝜓̃𝜓̃)

 

0 = −∇2𝜑 +
1

𝑏𝑟2
+ 𝜇𝑏𝑒𝑏𝜑𝐹 −

i

2
𝜇𝑏2𝜓‾𝜓, 0 = −∇2𝜑̃ +

1

𝑏𝑟2
+ 𝜇∗𝑏𝑒𝑏𝜑̃𝐹̃ −

i

2
𝜇∗𝑏2𝜓̃𝜓̃

0 = 𝐹̃ − 𝜇𝑒𝑏𝜑, 0 = 𝐹 − 𝜇∗𝑒𝑏𝜑̃
 

(𝜑 + 𝜑̃)∗
(𝑛)
=
1

𝑏
log (

1

𝑏2|𝜇|2𝑟2
) +

𝜋i

𝑏
(2𝑛 + 1), 𝑛 ∈ ℤ  

𝒵L, saddle 
𝒩=2 [𝜇] = (|𝜇2|𝑏2𝑟2)

1
𝑏2𝑒

1
𝑏2
−
i𝜋
𝑏2∑ 

𝑛≥0

  𝑒
−
2i𝜋
𝑏2
𝑛
= −

i

2
(𝑒|𝜇2|𝑏2𝑟2)

1
𝑏2 ×

1

sin (
𝜋
𝑏2
)

 

ℒ𝜉𝜓 ≡ 𝜉
𝜇𝐷𝜇𝜓 +

1

4
∇𝜇𝜉𝜈𝛾

𝜇𝜈𝜓 

 

⟨ℋ(𝛼±𝑙𝑚, 𝛼±𝑙′𝑚′
∗ )⟩ ≡ (𝒵fer,1−loop

𝒩=1 )
−1
∫  [𝒟𝛿𝜓]𝑒−𝑆L,fer

(2)
[𝛿𝜓]ℋ(𝛼±𝑙𝑚, 𝛼±𝑙′𝑚′

∗ )  

∫  d𝛼+𝑙𝑚 d𝛼+𝑙𝑚
∗  d𝛼−𝑙𝑚 d𝛼−𝑙𝑚𝛼+𝑙𝑚𝛼+𝑙𝑚

∗ 𝛼−𝑙𝑚𝛼−𝑙𝑚
∗ = 1  

𝛿𝐹 = −∇𝜇(𝜖‾𝛾
𝜇𝜓) −

𝑟 − 2

2
𝐷𝜇𝜖‾𝛾

𝜇𝜓 

𝐿2𝜓±𝑙𝑚
(𝑠)

= 1(1 + 1)𝜓±𝑙𝑚
(𝑠)
, 𝐿𝑧𝜓±𝑙𝑚

(𝑠)
= m𝜓±𝑙𝑚

(𝑠)
, D̸𝜓±𝑙𝑚

(𝑠)
= ±i

1 +
1
2

𝑟
𝜓±𝑙𝑚
(𝑠)

 

𝐶(𝑏, 𝑏, 𝑏) =
i

2
(
𝜋𝜇

2𝑏
𝛾 (
1

2
+
𝑏2

2
)𝑏1−𝑏

2
)

1
𝑏2
−2 Υ𝑏 (

𝑏
2)Υ𝑏 (

1
2𝑏
)

Υ𝑏(𝑏)
×
𝛾 (
1
2 +

𝑏2

2 )
3

𝛾 (
1
2 −

1
2𝑏2

)

𝛾 (
𝑏2

2 −
1
2)

𝑏
−
1
𝑏2
−2−2𝑏2

,  

𝑛𝐻 − 𝑛𝑉 + 29𝑛𝑇 = 273  
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𝑉 =
2𝔤2

𝜅4
𝑈(𝑞)𝑒𝜑  

ℒ6 = −√−𝑔 [
1

2𝜅2
𝑔𝑀𝑁(𝑅𝑀𝑁 + 𝜕𝑀𝜑𝜕𝑁𝜑) +

1

4
𝑒−𝜑𝐹𝑀𝑁𝐹

𝑀𝑁 +
1

12
𝑒−2𝜑𝐻𝑀𝑁𝑃𝐻

𝑀𝑁𝑃 +
2𝔤2

𝜅4
𝑒𝜑]  

◻6 𝜑 +
𝜅2

4
𝑒−𝜑𝐹𝑀𝑁𝐹

𝑀𝑁 +
𝜅2

6
𝑒−2𝜑𝐻𝑀𝑁𝑃𝐻

𝑀𝑁𝑃 −
2𝔤2

𝜅2
𝑒𝜑 = 0

∇𝑀(𝑒
−𝜑𝐹𝑀𝑁) + 𝜅𝑒−2𝜑𝐻𝑃𝑁𝑄𝐹𝑃𝑄 = 0, ∇𝑀(𝑒

−2𝜑𝐻𝑀𝑁𝑃) = 0

𝑅𝑀𝑁 + 𝜕𝑀𝜑𝜕𝑁𝜑 + 𝜅
2𝑒−𝜑𝐹𝑀𝑃𝐹𝑁

𝑃 +
1

2
(◻6 𝜑)𝑔𝑀𝑁 = 0

 

𝑔𝑀𝑁 → 𝑐𝑔𝑀𝑁  and  𝑒−𝜑 → 𝑐𝑒−𝜑  imply  ℒ6 → 𝑐2ℒ6  

d𝑠2 = 𝑔𝜇𝜈(𝑥)d𝑥
𝜇d𝑥𝜈 + 𝑔𝑚𝑛(𝑦)d𝑦

𝑚 d𝑦𝑛  

𝑒−𝜑𝑓 = ±2𝔤/𝜅2  

d𝑠2 = 𝜂𝜇𝜈d𝑥
𝜇d𝑥𝜈 + 𝜌2( d𝜙2 + sin2 𝜙 d𝜃2)  

1

𝜌2
= 𝜅2𝑓2𝑒−𝜑, 𝜌2𝑒𝜑 = (

𝜅

2𝔤
)
2

 

𝑉 =
2𝔤2𝑒𝜑

𝜌2
(1 −

𝜅4

4𝔤2𝑒𝜑𝜌2
)

2

 

d𝑠2 = 𝑔̂𝑀𝑁 d𝑥𝑀 d𝑥𝑁 = 𝑊2𝑔𝜇𝜈d𝑥
𝜇d𝑥𝜈 + 𝑎2 d𝜃2 + 𝑎2𝑊8 d𝜂2,  

𝑅̂𝜇𝜈 +
1

2
(◻2 𝜑)𝑔̂𝜇𝜈 = 0,  

∫  
𝑀2

   d2𝑦√𝑔2𝑅̂4(𝑥, 𝑦) = 2 ∮ d𝑦𝑛𝑚√𝑔2𝑔
𝑚𝑛𝜕𝑛𝜑

𝜕𝑀2

  

𝐹𝜂𝜃 = 𝑄𝑎
2𝑒𝜑  

𝜑′′ +
𝜅2

2
𝑄2𝑎2𝑒𝜑 −

2𝔤2

𝜅2
𝑎2𝑊8𝑒𝜑 = 0  

(𝜇𝜈): (ln 𝑊 +
𝜑

2
)
′′

= 3𝜁𝐻2𝑎2𝑊6

(𝜃𝜃): (ln 𝑎 +
𝜑

2
)
′′

= −𝜅2𝑄2𝑎2𝑒𝜑
 

(𝜂𝜂): 6𝜁𝐻2𝑎2𝑊6 −
4𝑎′𝑊′

𝑎𝑊
−
6(𝑊′)2

𝑊2
+
1

2
(𝜑′)2 +

𝜅2

2
𝑄2𝑎2𝑒𝜑 −

2𝔤2

𝜅2
𝑎2𝑊8𝑒𝜑 = 0  

{𝜑, 𝑎,𝑊,𝐻} → {𝜑 + 𝜑0, 𝑎𝑒
−𝜑0/2,𝑊,𝐻𝑒𝜑0/2}  
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3𝜁𝐻2∫  
𝜂2

𝜂1

  d𝜂𝑎2𝑊6 = (ln 𝑊 +
𝜑

2
)
𝜂=𝜂2

′

− (ln 𝑊 +
𝜑

2
)
𝜂=𝜂1

′

 

1

𝜅4
2 =

1

𝜅2
∫   d2𝑥√𝑔2𝑊

2 =
2𝜋

𝜅2
∫  
∞

−∞

 d𝜂𝑎2𝑊6  

𝜁𝐻2 =
8

3
𝜋𝐺𝑁 [(ln 𝑊 +

𝜑

2
)
′

]
𝜂=−∞

𝜂=+∞

 

𝑊2𝑒𝜑 = 𝑒−𝜆3𝜂 ,𝑊4 = (
𝜅2𝑄𝜆2
2𝔤𝜆1

)
cosh [𝜆1(𝜂 − 𝜂1)]

cosh [𝜆2(𝜂 − 𝜂2)]
, 𝐹𝜂𝜃 = (

𝑄𝑎2

𝑊2 ) 𝑒
−𝜆3𝜂

 and  
1

𝑎4
= (

4𝔤𝜅4𝑄3

𝜆1
3𝜆2

)𝑒−2𝜆3𝜂cosh3 [𝜆1(𝜂 − 𝜂1)]cosh [𝜆2(𝜂 − 𝜂2)]

 

𝜑′′ ≃ (ln 𝑊)′′ ≃ (ln 𝑎)′′ ≃ 0  

𝜑 ≃ ∓𝜂𝑞±,𝑊 ≃ 𝑊±𝑒
∓𝜂𝜔±   and  𝑎 ≃ 𝑎±𝑒

∓𝜂𝛼±  

𝑞𝑏
2 = 4𝜔𝑏(2𝛼𝑏 + 3𝜔𝑏)  

2𝛼𝑏 + 6𝜔𝑏 > 0, 2𝛼𝑏 + 𝑞𝑏 > 0  and  2𝛼𝑏 + 8𝜔𝑏 + 𝑞𝑏 > 0  

𝛼± =
1

4
(3𝜆1 + 𝜆2 ∓ 2𝜆3) ≥ 0,𝜔± =

1

4
(𝜆2 − 𝜆1) ≥ 0  

𝑞± = ±𝜆3 −
1

2
(𝜆2 − 𝜆1)  

𝜔± +
𝑞±
2
= ±

𝜆3
2

 

𝜁𝐻2 = −
8

3
𝜋𝐺𝑁 ∑  

𝑏=±

  (
𝑞𝑏
2
+ 𝜔𝑏)  

𝑆𝑅𝑒𝑛 = 𝑆𝑄𝐸𝐷 + 𝑆Φ = −∫  d
4𝑥 {

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 +Ψ‾ [⊅ +𝑚]Ψ +Φ‾ [⊅ +𝑀]Φ}  

𝑆𝑁𝑅𝑒𝑛 = −∫  d
4𝑥 {

𝑐̃𝑑
2
(Φ‾ 𝛾𝜇𝜈Φ)𝐹𝜇𝜈 + 𝑐̃𝑠(Ψ‾ Ψ)(Φ‾ Φ) + 𝑐̃𝑣(Ψ‾ 𝛾

𝜇Ψ)(Φ‾ 𝛾𝜇Φ)+⋯}  

𝑆𝑁𝑢𝑐𝑙 = −∫  
𝒫

 d𝑠 {√−𝑦̇2𝑀− 𝑍𝑒𝑦̇𝜇𝐴𝜇 + 𝑐𝑠√−𝑦̇
2(Ψ‾ Ψ) + 𝑖𝑐𝑣𝑦̇

𝜇(Ψ‾ 𝛾𝜇Ψ) +⋯}  

𝑆𝑏 = ∫  d
𝐷𝑥∫  

𝑊

  d𝑠𝐿𝑏[𝑦(𝑠)]𝛿
𝐷[𝑥 − 𝑦(𝑠)] = ∫  d𝐷𝑥

𝐿𝑏
𝛾
𝛿𝐷−1[𝐱 − 𝐲(𝑠)]  

0 = ∫  
𝑃𝜖

 d𝐷−1𝑥 {−𝜕𝑀[√−𝑔𝑓(𝜙)𝐹
𝑀𝑁] + √−𝑔∇𝑀[𝑓(𝜙)𝐹

𝑀𝑁] +
1

𝛾

𝜕𝐿𝑏
𝜕𝐴𝑁

𝛿𝐷−1[𝐱 − 𝐲(𝑠)]}

 ≃ − ∮ d𝐷−2𝑥𝑛𝑀[√−𝑔𝑓𝐹
𝑀𝑁] +

1

𝛾
(
𝜕𝐿𝑏
𝜕𝐴𝑁

)
𝐱=𝐲

𝜕𝑃𝜖
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∮ d𝜃[𝑛𝑁√−𝑔𝑓(𝜙)𝐹
𝑁𝑀] = −(

𝛿𝑆𝑏
𝛿𝐴𝑀

)
𝜖

𝐶𝜖

 

ℒ = −
1

2
𝜅−2√−𝑔𝒢𝐴𝐵𝜕

𝑀𝜙𝐴𝜕𝑀𝜙
𝐵 

∮ d𝜃 [
1

𝜅2
√−𝑔𝒢𝐴𝐵𝑛𝑀𝜕

𝑀𝜙𝐵] = −(
𝛿𝑆𝑏
𝛿𝜙𝐴

)
𝜖

𝐶𝜖

 

lim
𝑟→0

  ∮ d𝜃 [
1

2𝜅2
√−𝑔(𝐾𝑖𝑗 − 𝐾𝑔𝑖𝑗) − (supercurvature)] = −(

𝛿𝑆𝑏
𝛿𝑔𝑖𝑗

)
𝜖𝐶𝜖

 

𝑆𝑏 = ∫  
𝑊

  d4𝑥√−𝛾𝑇(𝜙)  

𝑆𝑏 = −∫  d
4𝑥√−𝛾𝐿𝑏(𝜑) = −∫  d

4𝑥√−𝑔𝑊𝑏
4𝐿𝑏(𝜑) = −∫  d

4𝑥√−𝑔𝑇𝑏(𝜑)  

2𝜋

𝜅2
[𝑎𝑊4𝜕𝑟𝜑]𝑟=𝜖 =

𝜕

𝜕𝜑
[𝑊𝑏

4𝐿𝑏]  and so  lim
𝜂→±∞

 [∓𝜕𝜂𝜑] = 𝑞± =
𝜅2

2𝜋
(
𝜕𝑇±
𝜕𝜑
)  

d𝑟:= ∓𝑎𝑊4 d𝜂,  

−
2𝜋

𝜅2
{𝑊4 [𝑎 (3

𝜕𝑟𝑊

𝑊
+
𝜕𝑟𝑎

𝑎
) − 1]}

𝑟=𝜖
= 𝑊𝑏

4𝐿𝑏(𝜑)  

lim
𝜂→±∞

  {∓ [3 (
𝜕𝜂𝑊

𝑊
)+ (

𝜕𝜂𝑎

𝑎
)] −𝑊4} = 3𝜔± + 𝛼± −𝑊±

4 = −
𝜅2𝑇±
2𝜋

 

𝑎𝑏
2𝑒−2𝛼𝑏|𝜂|(𝑊𝑏

8 d𝜂2 + d𝜃2) ≃ d𝑟2 + (
𝑟𝛼𝑏

𝑊𝑏
4)

2

 d𝜃2  

𝛿𝑏: = 2𝜋 (1 −
𝛼𝑏

𝑊𝑏
4) =

𝜅2𝑇𝑏

𝑊𝑏
4 = 𝜅

2𝐿𝑏  

2𝜋

𝜅2
[𝑎𝑊4𝜕𝑟𝑊]𝑟=𝜖 = 𝑊𝑏

4𝑈̃𝑏(𝜑) = 𝑈𝑏(𝜑)  and so  lim
𝜂→±∞

  [∓ (
𝜕𝜂𝑊

𝑊
)] = 𝜔± =

𝜅2𝑈±
2𝜋

 

0≃ [−
8𝑎′𝑊′

𝑎𝑊
−
12(𝑊′)2

𝑊2
+ (𝜑′)2]

𝑏

= −8𝛼𝑏𝜔𝑏 − 12𝜔𝑏
2 + 𝑞𝑏

2 

= −8𝒰𝑏(𝑊𝑏
4 − 𝒯𝑏 − 3𝒰𝑏) − 12𝒰𝑏

2 + (𝒯𝑏 
′)2  

 = 𝑊𝑏
8[−8𝒰̃𝑏(1 − ℒ𝑏 − 3𝒰̃𝑏) − 12𝒰̃𝑏

2 + (ℒ𝑏 
′)2]

 

𝒰𝑏 = 𝑊𝑏
4𝒰̃𝑏 =

𝑊𝑏
4

3
[(1 − ℒ𝑏) − √(1 − ℒ𝑏)

2 −
3

4
(ℒ𝑏′)

2]  
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𝑉eff(𝜑0) = −∑  

𝑏

 (𝑈𝑏 +
𝑇𝑏
′

2
) = −∑  

𝑏

 𝑊𝑏
4 (𝑈̃𝑏 +

𝐿𝑏
′

2
) ,  

ℒ10 = −√−𝑔̂ [
1

2𝜅10
2 𝑔̂

𝑀𝑁(𝑅̂𝑀𝑁 + 𝜕𝑀𝜑̂𝜕𝑁𝜑̂) +
1

4
𝑒−𝜑̂𝐹̂𝑀𝑁𝐹̂

𝑀𝑁 +
1

12
𝑒−2𝜑𝐻̂𝑀𝑁𝑃𝐻̂

𝑀𝑁𝑃]  

𝑦1 + 𝑖𝑦2 = cosh 𝜌𝑒
𝑖𝛼;  𝑦3 + 𝑖𝑦4 = sinh 𝜌𝑒

𝑖𝛽  

d𝑠̂10
2 = (cosh 2𝜌)1/4 [𝑒−𝜑/4 d𝑠6

2 + 𝑒𝜑/4 d𝑧2 +
𝑒𝜑/4

2𝑔‾2
( d𝜌2 +

cosh2 𝜌

cosh 2𝜌
(𝐷𝛼)2 +

sinh2 𝜌

cosh 2𝜌
(𝐷𝛽)2)]  

𝐻̂(3) = 𝐻(3) +
sinh 2𝜌

2𝑔‾(cosh 2𝜌)2
 d𝜌 ∧ 𝐷𝛼 ∧ 𝐷𝛽 +

1

2𝑔‾cosh 2𝜌
𝐹(2) ∧ (cosh

2 𝜌𝐷𝛼 − sinh2 𝜌𝐷𝛽)  

𝑒𝜙̂ = (cosh 2𝜌)−1/2𝑒𝜑  

ℳ11 = ℝ
1,4 × 𝑌6;  𝑌6 ≃ 𝐵4 × 𝑇

2;  𝑇2 = 𝑆𝐴
1 × 𝑆𝐵

1  

ℳ10 = ℝ
1,4 × 𝑆̃𝐵

1 × 𝐵4 → ℝ1,5 × 𝐵4  

𝑆11 = −
1

2𝜅11
2 ∫   d

11𝑥 [√−𝑔 (𝑅 +
1

48
𝐺𝑀𝑁𝑃𝑄𝐺

𝑀𝑁𝑃𝑄) +
2

3 ⋅ 4!3
𝜖𝑀1⋯𝑀11𝐶𝑀1⋯𝑀3𝐺𝑀4⋯𝑀7𝐺𝑀8⋯𝑀11]  

d𝑠2 = d𝑠5
2 + d𝑠6

2  

∫  
𝛾Λ

  ⟨𝐺(4)⟩ = 𝑛Λ;  ⟨𝐺(4)⟩ = 𝑛
Λ𝜔Λ  

𝐿Λ =
𝑣Λ

𝒱1/3
,𝒩 ≡ 𝜆ΛΩΓ𝐿

Λ𝐿Ω𝐿Γ = 1  

𝜆ΛΩΓ = ∫  
𝑌6

  𝜔̃Λ ∧ 𝜔̃Ω ∧ 𝜔̃Γ  

𝐷𝜇Φ = 𝜕𝜇Φ+ 2𝑛Λ𝐴𝜇
Λ;  𝑉flux =

1

8𝒱2
𝐺ΛΣ𝑛Λ𝑛Σ  

𝐺ΛΣ =
1

2𝒱1/3
(∫  
𝑌6

  𝑤̃Λ ∧ 𝑤Σ)  

𝑛𝐻 = ℎ
2,1(𝑌6) + 1; 𝑛𝑇 + 1 = ℎ

1,1(𝐵4);  rank𝐺 = ℎ
1,1(𝑌6) − ℎ

1,1(𝐵4) − 1  

⟨𝐹(2)⟩ = 𝑛
Λ𝜔̃Λ;  ∫  d

8𝑥√−𝑔𝐹𝑀𝑁𝐹𝑀𝑁 ⟹ 𝑉D7 ∝ 𝐺
ΛΣ𝑛Λ𝑛Σ  

−
ℒ6

√−𝑔
=
1

2𝜅2
𝑔𝑀𝑁(𝑅𝑀𝑁 + 𝜕𝑀𝜑𝜕𝑁𝜑 + ℎ𝑈𝑉𝐷𝑀𝑞

𝑈𝐷𝑁𝑞
𝑉)

 +
1

4
𝑒−𝜑𝐹𝑀𝑁𝐹

𝑀𝑁 +
1

12
𝑒−2𝜑𝐻𝑀𝑁𝑃𝐻

𝑀𝑁𝑃 +
2𝔤2𝑈(𝑞)

𝜅4
𝑒𝜑
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ℎ(𝒱):= ℎ𝒱𝒱 = 4ℎΦΦ =
1

2𝒱2
;  ℎ𝜏𝜏∗ =

1

2𝜏2
2  

𝑉(𝜑, 𝜒) =
2𝔤2

𝜅4𝒱2
𝑒𝜑 =

2𝔤2

𝜅4
𝑒𝜑−2𝜒  where  𝒱:= 𝑒𝜒  

𝑅𝑀𝑁 = 4𝑒
−𝜑𝜅2𝐹𝑀𝑃𝐹𝑁

𝑃 + 𝜕𝑀𝜑𝜕𝑁𝜑 +
1

2
𝜕𝑀𝜒𝜕𝑁𝜒 +

1

2
𝑒−2𝜒𝐷𝑀Φ𝐷𝑁Φ+

1

2𝜏2
2 𝜕(𝑀𝜏𝜕𝑁)𝜏

∗ +
1

2
𝑔𝑀𝑁 ◻𝜑  

∇𝑅(𝑒
−𝜑𝐹𝐿𝑅) =

𝑘

32
𝑒−2𝜒𝐷𝐿Φ  

◻𝜒 = −4𝑒𝜑−2𝜒𝑉̃ − 𝑒−2𝜒𝐷𝑀Φ𝐷
𝑀Φ,◻Φ = 2𝜕𝑀𝜒𝐷

𝑀Φ,

◻ 𝜑 = 𝑉̃𝑒𝜑−2𝜒 − 𝜅2𝑒−𝜑𝐹𝑀𝑁𝐹𝑀𝑁  and  ◻ 𝜏 = −
𝑖

𝜏2
𝜕𝑀𝜏𝜕𝑀𝜏,

 

∇𝑀(𝑒
−𝜑𝐹𝑀𝑁) = 0  

◻ 𝜒 + 4𝑉̃𝑒𝜑−2𝜒 = 0  and  ◻ 𝜑 +
1

4
𝜅2𝑒−𝜑𝐹𝑀𝑁𝐹𝑀𝑁 − 𝑉̃𝑒

𝜑−2𝜒 = 0,  

𝑅𝑀𝑁 + 𝜅
2𝑒−𝜑𝐹𝑀𝑃𝐹𝑁

𝑃 + 𝜕𝑀𝜑𝜕𝑁𝜑 +
1

2
𝜕𝑀𝜒𝜕𝑁𝜒 +

1

2
𝑔𝑀𝑁 ◻6 𝜑 = 0  

d𝑠2 = 𝑔̂𝜇𝜈d𝑥
𝜇d𝑥𝜈 + 𝑎2 d𝜃2 + 𝑎2𝑊8 d𝜂2  

𝐹𝜂𝜃 = 𝑄̂𝑎
2𝑒𝜑  

𝜒′′ = −4𝑉̃𝑎2𝑊8𝑒𝜑−2𝜒  and  𝜑′′ = 𝑉̃𝑎2𝑊8𝑒𝜑−2𝜒 −
1

2
𝑄2𝑎2𝑒𝜑  

(ln 𝑊 +
1

2
𝜑)

′′

= 3𝜁𝐻2𝑎2𝑊6  

(ln 𝑎 +
1

2
𝜑)

′′

= −𝑄2𝑎2𝑒𝜑  

𝜑′2 +
1

2
𝜒′2 − 8(ln 𝑊)′(ln 𝑎)′ − 12[(ln 𝑊)′]2 + 𝑎2𝑒𝜑(𝑄2 − 2𝑉̃𝑊8𝑒−2𝜒 + 12𝜁𝐻2𝑊6𝑒−𝜑) = 0  

𝐿:= [𝜑′2 +
1

2
𝜒′2 − 8(ln 𝑊)′(ln 𝑎)′ − 12[(ln 𝑊)′]2]𝑁−1 −𝑁𝑎2𝑒𝜑(𝑄2 − 2𝑉̃𝑊8𝑒−2𝜒 + 12𝜁𝐻2𝑊6𝑒−𝜑) 

𝜑 =
1

2
(𝒳 −𝒴 − 2𝒵), ln 𝑊 =

1

4
(𝒴 −𝒳), ln 𝑎 =

1

4
(3𝒳 + 𝒴 + 2𝒵)  

𝑋 = 𝒳 + ln 𝑄, 𝑌 = 𝒴 + ln (2𝑉̃)  and  𝑍 = 𝒵 + ln (
6𝐻2

𝑉̃
)  

𝐿 = [(𝑋′)2 − (𝑌′)2 + (𝑍′)2 +
1

2
(𝜒′)2]𝑁−1 −𝑁[𝑒2𝑋 − 𝑒2𝑌−2𝜒 + 𝜁𝑒2𝑌+𝑍]  
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𝑋′′ + 𝑒2𝑋 = 0, 𝜒′′ + 2𝑒2𝑌−2𝜒 = 0, 𝑍′′ +
1

2
𝜁𝑒2𝑌+𝑍 = 0  and  𝑌′′ + 𝑒2𝑌−2𝜒 − 𝜁𝑒2𝑌+𝑍 = 0.  

𝑋 = ln [
𝜆1

cosh [𝜆1(𝜂 − 𝜂1)]
] ,  

𝜒 = 4𝑍 + 2𝑌 + 𝑏𝜂 + 𝑐  

𝐴:=
1

2
(2𝑌 + 𝑍)  and  𝐵: = 𝑌 − 𝜒 = −(𝑌 + 4𝑍 + 𝑏𝜂 + 𝑐)  

𝐵′′ = 𝜁𝑒2𝐴 + 𝑒2𝐵  and  𝐴′′ =
3

4
𝜁𝑒2𝐴 − 𝑒2𝐵  

𝐵′′ = 𝑒2𝐵 (4D curve solutions )  

𝐵 = ln [
𝜆𝑞

sinh [𝜆𝑞(𝜂 − 𝜂0)]
] ,  

d𝑠2 = 𝑒2Γ(𝑟)𝑔𝜇𝜈d𝑥
𝜇d𝑥𝜈 + 𝑒2Ω(𝑟)d𝜃2 + d𝑟2  

𝐽′ = 𝑒Ω+4Γ𝐽  and  𝐽′′ = 𝑒2Ω+8Γ[𝐽 + (Ω̇ + 4Γ̇)𝐽],  

𝜑̈ + (Ω̇ + 4Γ̇)𝜑̇= 𝑉̃𝑒𝜑−2𝜒 −
1

2
𝑄2𝑒𝜑−8Γ  

𝜒̈ + (Ω̇ + 4Γ̇)𝜒̇= −4𝑉̃𝑒𝜑−2𝜒  

Γ̈ + (Ω̇ + 4Γ̇)Γ̇ = 3𝜁𝐻2𝑒−2Γ −
1

2
[𝜑̈ + (Ω̇ + 4Γ̇)𝜑̇]

Ω̈ + (Ω̇ + 4Γ̇)Ω̇ = −𝑄2𝑒𝜑−8Γ −
1

2
[𝜑̈ + (Ω̇ + 4Γ̇)𝜑̇].

 

𝜒̈ + 3𝜑̈ − 2Ω̈ = −(Ω̇ + 4Γ̇)(𝜒̇ + 3𝜑̇ − 2Ω̇),  

d

 d𝑟
[𝑒Ω+4Γ (Γ̇ +

1

2
𝜑̇)] = 3𝜁𝐻2𝑒Ω+2Γ  and  

d

 d𝑟
[𝑒Ω+4Γ (Ω̇ +

1

2
𝜑̇)] = −𝑄2𝑒𝜑+Ω−4Γ  

𝜑̇2 +
1

2
𝜒̇2 − 8Ω̇Γ̇ − 12Γ̇2 + 12𝜁𝐻2𝑒−2Γ + 𝑄2𝑒𝜑−8Γ − 2𝑉̃𝑒𝜑−2𝜒 = 0  

𝜑 = 𝜑0 + 𝑞ln (
𝑟

𝑟0
) , 𝜒 = 𝜒0 + 𝑠ln (

𝑟

𝑟0
) , Γ = Γ0 +𝑤ln (

𝑟

𝑟0
)   and  Ω = Ω0 + 𝛼ln (

𝑟

𝑟0
) ,  

𝑎(𝑟) = 𝑎0 (
𝑟

𝑟0
)
𝛼

[1 + 𝒪(𝑟)],  for  𝑎(𝑟) ∝ 𝑒Ω  

𝑞 > 2(𝑠 − 1)  and  𝑞 > 2(4𝑤 − 1)  and ( if 𝐻 ≠ 0) 𝑤 < 1  

𝛼 + 4𝑤 = 1  

𝑞2 +
1

2
𝑠2 − 8𝛼𝑤 − 12𝑤2 = 𝑞2 +

1

2
𝑠2 − 8𝑤 + 20𝑤2 = 0  
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𝑞

𝑟2
(−1 + 𝛼 + 4𝑤)= 𝑉̃𝑒𝜑0−2𝜒0 (

𝑟0
𝑟
)
2𝑠−𝑞

−
1

2
𝑄2𝑒𝜑0−8Γ0 (

𝑟0
𝑟
)
8𝑤−𝑞

 

𝑠

𝑟2
(−1 + 𝛼 + 4𝑤) = −4𝑉̃𝑒𝜑0−2𝜒0 (

𝑟0
𝑟
)
2𝑠−𝑞

𝑤 +
1
2
𝑞

𝑟2
(−1 + 𝛼 + 4𝑤) = 3𝜁𝐻2𝑒−2Γ0 (

𝑟0
𝑟
)
2𝑤

𝛼 +
1
2𝑞

𝑟2
(−1 + 𝛼 + 4𝑤) = −𝑄2𝑒𝜑0−8Γ0 (

𝑟0
𝑟
)
8𝑤−𝑞

 

(𝑠 + 3𝑞 − 2𝛼)(−1 + 𝛼 + 4𝑤)
1

𝑟2
= 0  

𝑞2 +
1
2
𝑠2 − 8𝛼𝑤 − 12𝑤2

𝑟2
+ 12𝜁𝐻2𝑒−2Γ0 (

𝑟0
𝑟
)
2𝑤

+ 𝑄2𝑒𝜑0−8Γ0 (
𝑟0
𝑟
)
8𝑤−𝑞

− 2𝑉̃𝑒𝜑0−2𝜒0 (
𝑟0
𝑟
)
2𝑠−𝑞

= 0  

𝑞 = 2(𝑠 − 1), 𝑞 = 2(4𝑤 − 1)  and ( if 𝐻 ≠ 0)𝑤 = 1  

𝑤 =
1

9
, 𝑞 = −

2

9
, 𝑠 =

8

9
, 𝛼 =

1

9
  and  𝑉̃𝑒𝜑0−2𝜒0𝑟0

2 =
8

81
 

 

𝛼0 = 0.9999 𝑞0 = 0.0001, 𝑠0 ≃ 0.0200,𝑤0 = 0.000025  
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𝑆𝑏 = −∫  d
4𝑥√−𝑔𝑊𝑏

4𝐿𝑏(𝜑, 𝜒) = −∫  d
4𝑥√−𝑔𝑇𝑏(𝜑, 𝜒)  

[𝑎𝜕𝑟𝜑]𝑟=𝜖 = (
𝜕ℒ𝑏
𝜕𝜑

)
𝑟=𝜖

  and  [𝑎𝜕𝑟𝜒]𝑟=𝜖 = (
𝜕ℒ𝑏
𝜕𝜒
)
𝑟=𝜖

 

1 − [𝑎 (3
𝜕𝑟𝑊

𝑊
+
𝜕𝑟𝑎

𝑎
)]
𝑟=𝜖

= (ℒ𝑏)𝑟=𝜖   and  [𝑎𝜕𝑟𝑊]𝑟=𝜖 = (𝒰̃𝑏)𝑟=𝜖  

𝑞𝑏 (
𝑎𝑏
𝑟𝑏
) (
𝜖

𝑟𝑏
)
𝛼𝑏−1

= (
𝜕ℒ𝑏
𝜕𝜑

)
𝑟=𝜖

  and  𝑠𝑏 (
𝑎𝑏
𝑟𝑏
) (
𝜖

𝑟𝑏
)
𝛼𝑏−1

= (
𝜕ℒ𝑏
𝜕𝜒
)
𝑟=𝜖

,  

1 − (3𝑤𝑏 + 𝛼𝑏) (
𝑎𝑏
𝑟𝑏
) (
𝜖

𝑟𝑏
)
𝛼𝑏−1

= (ℒ𝑏)𝑟=𝜖  

𝑤𝑏 (
𝑎𝑏
𝑟𝑏
)(
𝜖

𝑟𝑏
)
𝛼𝑏−1

= (𝒰̃𝑏)𝑟=𝜖
 

𝑞𝑏 (
𝑎𝑏
𝑟𝑏
) = (

𝜕ℒ𝑏
𝜕𝜑

)
𝑟=𝜖

, 𝑠𝑏 (
𝑎𝑏
𝑟𝑏
) = (

𝜕ℒ𝑏
𝜕𝜒
)
𝑟=𝜖

, 𝑤𝑏 (
𝑎𝑏
𝑟𝑏
) = (𝒰̃𝑏)𝑟=𝜖  

1 − (3𝑤𝑏 + 𝛼𝑏) (
𝑎𝑏
𝑟𝑏
) = (ℒ𝑏)𝑟=𝜖  

0≃ [𝜑̇2 +
1

2
𝜒̇2 − 8Ω̇Γ̇ − 12Γ̇2]

𝑏
= 𝑞𝑏

2 +
1

2
𝑠𝑏
2 − 8𝛼𝑏𝑤𝑏 − 12𝑤𝑏

2  

 = 𝑊𝑏
4 [−8𝒰̃𝑏(1 − ℒ𝑏 − 3𝒰̃𝑏) − 12𝒰̃𝑏

2 + (ℒ𝑏,𝜑)
2
+
1

2
(ℒ𝑏,𝜒)

2
]

 

𝒰̃𝑏 =
1

3
[(1 − ℒ𝑏) − √(1 − ℒ𝑏)

2 −
3

4
(ℒ𝑏,𝜑)

2
−
3

8
(ℒ𝑏,𝜒)

2
] ≃

1

8
(ℒ𝑏,𝜑)

2
+
1

16
(ℒ𝑏,𝜒)

2
+⋯  

𝑤𝑏 (
𝑎𝑏
𝑟𝑏
) ≃

1

8
(
𝜕ℒ𝑏
𝜕𝜑

)
𝑟=𝜖

2

+
1

16
(
𝜕ℒ𝑏
𝜕𝜒
)
𝑟=𝜖

2

+⋯  

𝑎𝑏
𝑟𝑏
≃ 1 − (ℒ𝑏)𝑟=𝜖  
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𝛿𝑏 = 2𝜋 (1 −
𝑎𝑏
𝑟𝑏
) ≃ 𝜅2𝐿𝑏  

Ω0 = log (
𝑎𝑏
ℓ
) + 𝛼log (

ℓ

𝑟𝑏
) = log (

𝑎𝑏
𝑟𝑏
) − (1 − 𝛼)log (

ℓ

𝑟𝑏
)  

3𝜁𝐻2∫  
𝑟𝑒

0

  d𝑟𝑎𝑊2 = 𝑊𝑒
4 (𝑤𝑒 +

1

2
𝑞𝑒) (

𝑎𝑒
𝑟𝑒
) −𝑊0

4 (𝑤0 +
1

2
𝑞0) (

𝑎0
𝑟0
) = 0  

𝑆 =
𝐴

4𝐺
+ 𝐶log 𝜆 +⋯ , (𝜆 → +∞)  

𝐶 = 𝐶local + 𝐶global  

𝐶local ≡ ∫  𝑑
𝑑𝑥√𝑔𝑎4(𝑥)  

𝑎4(𝑥) = −𝑎E𝐸4 + 𝑐𝑊
2 + 𝑏1𝑅

2 + 𝑏2𝑅𝐹𝜇𝜈𝐹
𝜇𝜈  

 

(4𝜋)2𝑎4(𝑥) =
11

24
𝐸4 −

13

36
𝑅2 +

13

18
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈.  

𝐶local =
11

6
−
26

3

𝑎(ℓ2 − 4ℓ − 𝑎2)

(ℓ − 𝑎)(𝑎2 + 6𝑎ℓ + ℓ2)
,  

𝑍(𝛽, 𝜇𝛼) = ∫  𝐷Ψ𝑒
−𝑆𝐸(Ψ)  

𝑆 = log 𝑍 + 𝛽𝑀 +∑ 

𝛼

 𝜇𝛼𝑞𝛼  

𝑆 =
Area(𝑞𝛼)

4𝐺
+⋯  

𝑍(𝛽, 𝜇𝛼) ∼
1

√det𝒬
𝑒−𝑆𝐸

classical 
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𝒬 =
𝛿2𝑆𝐸
𝛿Ψ2

 

𝛿𝑆 = −
1

2
log det𝒬  

𝜅𝑛 = 𝜆
2𝜅𝑛
(0)  

𝑆 =
𝐴

4𝐺
+∑  

𝑘

𝑖=1

 𝐶𝑖log ℓ𝑖 +⋯  

𝐶 =∑  

𝑘

𝑖=1

 𝐶𝑖  

𝑍1− loop (𝛽, 𝜇𝛼) = 𝑍nz𝑍zm𝑒
−𝒮𝐸

class. 
 

𝑆 =
𝐴

4𝐺
+ (𝐶local + 𝐶global )log 𝜆 + ⋯  

log 𝑍nz = −
1

2
∑  

′

𝑛

 log 𝜅𝑛  

𝐾(𝑥, 𝑠) =∑  

𝑛

  𝑒−𝜅𝑛𝑠𝑓𝑛
ℓ(𝑥)𝑓𝑛

ℓ′(𝑥)𝐺ℓℓ′  

∫  
ℳ

 𝑑𝐷𝑥√𝑔𝐾(𝑥, 𝑠) =∑  

𝑛

 𝑒−𝑠𝜅𝑛 =∑ 

′

𝑛

 𝑒−𝑠𝜅𝑛 +𝑁zm  

log 𝜅 − log 𝜅(0) = −lim
𝜖→0

 ∫  
∞

𝜖

 
𝑑𝑠

𝑠
(𝑒−𝑠𝜅 − 𝑒−𝑠𝜅

(0)
)  

log 𝑍nz − log 𝑍nz
(0)
=
1

2
∫  
𝜖𝜆

𝜖

 
𝑑𝑠

𝑠
(∫  
ℳ

 𝑑𝐷𝑥√𝑔𝐾(𝑥, 𝑠) − 𝑁zm)  

𝐾(𝑥, 𝑠) = ∑  

𝑛⩾0

  𝑠𝑛−𝐷/2𝑎2𝑛(𝑥)  

𝐾(𝑥, 𝑠) = 𝑠−2𝑎0(𝑥) + 𝑠
−1𝑎2(𝑥) + 𝑠

0𝑎4(𝑥) + 𝒪(𝑠)  

log 𝑍nz = 𝐶local log 𝜆 + ⋯ ,  

𝐶local ≡ ∫  𝑑
4𝑥√𝑔𝑎4(𝑥)  

𝒬𝑚
𝑛 = (◻)𝐼𝑚

𝑛 + 2(𝜔𝜇𝐷𝜇)𝑚
𝑛
+ 𝑃𝑚

𝑛,  

𝒬𝑚
𝑛 = (𝒟𝜇𝒟𝜇)𝐼𝑚

𝑛 + 𝐸𝑚
𝑛 ,  
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𝐸 ≡ 𝑃 − 𝜔𝜇𝜔𝜇 − (𝐷
𝜇𝜔𝜇)  

(4𝜋)2𝑎4(𝑥) = Tr [
1

2
𝐸2 +

1

6
𝑅𝐸  +

1

12
Ω𝜇𝜈Ω

𝜇𝜈

+
1

360
𝐼(5𝑅2 + 2𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 − 2𝑅𝜇𝜈𝑅
𝜇𝜈)]

 

Ω𝜇𝜈 = [𝐷𝜇 +𝜔𝜇 , 𝐷𝜈 +𝜔𝜈] 

ℒ = 𝜓‾𝒟𝜓 where 𝒟 = D̸ + 𝐿 

log det𝒟 =
1

2
log det𝒟†𝒟  

𝜔𝜇 =
1

2
(𝛾𝜇𝐿 − 𝐿†𝛾𝜇), 𝑃 = ℛ + (D̸𝐿) − 𝐿†𝐿  

ℛ = −
1

4
𝑔𝜇𝜈 +

1

2
𝛾𝜌𝜎𝑅𝜇𝜈𝜌𝜎 

𝐶global = 𝐶ens + 𝐶zm  

𝜆𝛽Ψ  

𝐶zm =∑ 

Ψ

  (𝛽Ψ − 1)𝑛Ψ
0

 

𝛽𝐴 =
𝐷

2
− 1, 𝛽𝜓 = 𝐷 − 1, 𝛽𝑔 =

𝐷

2
 

(4𝜋)2𝑎4(𝑥) = −𝑎E𝐸4 + 𝑐𝑊
2 + 𝑏1𝑅

2 + 𝑏2𝑅𝐹𝜇𝜈𝐹
𝜇𝜈  

𝐸4  ≡ 𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 − 4𝑅𝜇𝜈𝑅

𝜇𝜈 + 𝑅2

𝑊2  ≡ 𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 − 2𝑅𝜇𝜈𝑅

𝜇𝜈 +
1

3
𝑅2

 

𝜒 =
1

32𝜋2
∫  𝑑4𝑥√𝑔𝐸4,  

𝑑𝑠2 = 𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑑Ω2, 𝑓(𝑟) = 1 +

𝑟2

ℓ2
−
2𝑚

𝑟
 

𝑡 ∼ 𝑡 + 𝛽, 𝛽 =
4𝜋𝑟+

1 +
3𝑟+

2

ℓ2

,
 

𝐸4 =
24

ℓ4
+
48𝑚2

𝑟6
,𝑊2 =

48𝑚2

𝑟6
, 𝑅2 =

144

ℓ4
, 𝑅𝐹𝜇𝜈𝐹

𝜇𝜈 = 0  

𝑎4
CT = ∫  

𝜕𝑀

 𝑑3𝑦√ℎ(𝑐1 + 𝑐2ℛ)  
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1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝐸4 = 4,

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑊2 =

4(ℓ2 + 𝑟+
2)2

ℓ2(ℓ2 + 3𝑟+
2)

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅2 =

24𝑟+
2(ℓ2 − 𝑟+

2)

ℓ2(ℓ2 + 3𝑟+
2)
,

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅𝐹𝜇𝜈𝐹

𝜇𝜈 = 0

 

𝜒 =
1

32𝜋2
∫  𝑑4𝑥√𝑔𝐸4 = 2  

𝐶local =
4

ℓ2(ℓ2 + 3𝑟+
2)
((𝑐 − 𝑎E)ℓ

4 + (2𝑐 − 3𝑎E + 6𝑏1)ℓ
2𝑟+
2 + (𝑐 − 6𝑏1)𝑟+

4)  

𝑑𝑠2 = (1 +
𝑟2

ℓ2
)𝑑𝑡2 +

𝑑𝑟2

(1 +
𝑟2

ℓ2
)
+ 𝑟2𝑑Ω2

 

𝐸4 =
24

ℓ4
,𝑊2 = 0, 𝑅2 =

144

ℓ4
, 𝐹𝜇𝜈𝐹

𝜇𝜈 = 0  

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝐸4 = 0,

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑊2 = 0

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅2 = 0,

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅𝐹𝜇𝜈𝐹

𝜇𝜈 = 0

 

𝐶local = 0,  

𝑑𝑠2 = 𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑑Ω2, 𝐴 =

𝑖𝑞𝑒
𝑟
𝑑𝑡 − 𝑞𝑚cos 𝜃𝑑𝜙  

𝑓(𝑟) = 1 +
𝑟2

ℓ2
−
2𝑚

𝑟
+
𝑞𝑒
2 + 𝑞𝑚

2

𝑟2
,  

𝑇𝐻 = 𝛽
−1 =

𝑓′(𝑟+)

4𝜋
=

1

4𝜋𝑟+
(1 +

3𝑟+
2

ℓ2
−
(𝑞𝑒
2 + 𝑞𝑚

2 )

𝑟+
2 ) .  

𝑅2 =
144

ℓ4
,         𝐸4 =

24

ℓ4
+
8(6𝑚2𝑟2 − 12𝑚(𝑞𝑒

2 + 𝑞𝑚
2 )𝑟 + 5(𝑞𝑒

2 + 𝑞𝑚
2 )2)

𝑟8

𝐹𝜇𝜈𝐹
𝜇𝜈 = −

2(𝑞𝑒
2 − 𝑞𝑚

2 )

𝑟4
,        𝑊2 =

48(𝑚𝑟 − (𝑞𝑒
2 + 𝑞𝑚

2 ))
2

𝑟8

 

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝐸4  = 4

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑊2  =

2

5
(2 −

14𝑟+
2

ℓ2
+
16𝜋𝑟+
𝛽

+
(ℓ4 + ℓ2𝑟+

2 + 4𝑟+
4)

𝜋ℓ4𝑟+
𝛽)

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅2  =

12𝑟+(𝑟+
2 + ℓ2)

𝜋ℓ4
𝛽 −

24𝑟+
2

ℓ2

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  =
6(3𝑟+

4 + ℓ2𝑟+
2 − 2ℓ2𝑞𝑚

2 )

𝜋ℓ4𝑟+
𝛽 −

24𝑟+
2

ℓ2
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𝐶local =
2

5
(2(𝑐 − 5𝑎E) −

2𝑟+
2

ℓ2
(7𝑐 + 30(𝑏1 + 𝑏2)) +

16𝜋𝑟+
𝛽

𝑐

+
𝛽

𝜋ℓ4𝑟+
(𝑐ℓ4 + (𝑐 + 30𝑏1 + 15𝑏2)ℓ

2𝑟+
2 + (4𝑐 + 30𝑏1 + 45𝑏2)𝑟+

4 − 30𝑏2ℓ
2𝑞𝑚
2 ))

 

𝑟+ = 𝑟0 +
2𝜋ℓ2

2

𝛽
+ 𝑂(𝛽−2)  

𝑟0
2 =

1

6
ℓ (√ℓ2 + 12𝑞2 − ℓ) , ℓ2

2 =
𝑟0
2

1 +
6𝑟0

2

ℓ2

=
ℓ2

6
(1 −

ℓ

√ℓ2 + 12𝑞2
)  

∫  𝑑4𝑥√𝑔𝑎4(𝑥) = 𝐶1𝛽 + 𝐶0 + 𝑂(𝛽
−1)  

lim
𝛽→+∞

 
1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝐸4  = 4

lim
𝛽→+∞

 
1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑊2  = −

2(𝑟0
2 − ℓ2

2)2

3𝑟0
2ℓ2
2

lim
𝛽→+∞

 
1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅2  = −

2(𝑟0
2 − ℓ2

2)2

𝑟0
2ℓ2
2

lim
𝛽→+∞

 
1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  = −
(𝑟0
2 − ℓ2

2)(𝑟0
4 + 𝑟0

2ℓ2
2 − 4𝑞𝑚

2 ℓ2
2)

𝑟0
4ℓ2
2

 

lim
𝛽→+∞

 𝐶local = −4𝑎E −
𝑟0
2 − ℓ2

2

𝑟0
2ℓ2
2 ((

2

3
𝑐 + 2𝑏1) (𝑟0

2 − ℓ2
2) + 𝑏2 (𝑟0

2 + ℓ2
2 −

4ℓ2
2𝑞𝑚
2

𝑟0
2 ))  

𝑟 → 𝑟0 + 𝜖𝑟̃, 𝑡 → ℓ2
2
𝑡̃

𝜖
 

𝑑𝑠2 = ℓ2
2 (𝑟̃2𝑑𝑡̃2 +

𝑑𝑟̃2

𝑟̃2
) + 𝑟0

2𝑑Ω2
2, 𝐴 = −

𝑖ℓ2
2𝑞𝑒

𝑟0
2 𝑟̃𝑑𝑡̃ + 𝑞𝑚cos 𝜃𝑑𝜙  

6

ℓ2
=
1

ℓ2
2 −

1

𝑟0
2 , 𝑞𝑒

2 + 𝑞𝑚
2 =

𝑟0
2(𝑟0

2 + ℓ2
2)

2ℓ2
2

 

𝐶local = −4𝑎E −
𝑟0
2 − ℓ2

2

𝑟0
2ℓ2
2 ((

2

3
𝑐 + 2𝑏1) (𝑟0

2 − ℓ2
2) + 𝑏2 (𝑟0

2 + ℓ2
2 −

4ℓ2
2𝑞𝑚
2

𝑟0
2 ))  

𝑑𝑠2 = −
Δ𝑟
𝜌2
(𝑑𝑡 −

𝑎sin2 𝜃

Ξ
𝑑𝜙)

2

+
𝜌2𝑑𝑟2

Δ𝑟
+
𝜌2𝑑𝜃2

Δ𝜃
+
Δ𝜃sin

2 𝜃

𝜌2
(𝑎𝑑𝑡 −

𝑟2 + 𝑎2

Ξ
𝑑𝜙)

2

 

Δ𝑟 = (𝑟
2 + 𝑎2) (1 +

𝑟2

ℓ2
) − 2𝑚𝑟 + 𝑞𝑒

2 + 𝑞𝑚
2 , Δ𝜃 = 1 −

𝑎2

ℓ2
cos2 𝜃  

𝜌2 = 𝑟2 + 𝑎2cos2 𝜃 
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Ξ = 1 −
𝑎2

ℓ2
 

𝐴 = −
𝑞𝑒𝑟

𝜌2
(𝑑𝑡 −

𝑎sin2 𝜃

Ξ
𝑑𝜙) −

𝑞𝑚cos 𝜃

𝜌2
(𝑎𝑑𝑡 −

𝑟2 + 𝑎2

Ξ
𝑑𝜙)  

𝑀 =
𝑚

Ξ2
, 𝐽 =

𝑎𝑚

Ξ2
, 𝑄𝑒 =

𝑞𝑒
Ξ
, 𝑄𝑚 =

𝑞𝑚
Ξ

 

𝛽 =
4𝜋(𝑟+

2 + 𝑎2)

𝑟+ (1 +
𝑎2

ℓ2
+ 3

𝑟+
2

ℓ2
−
𝑎2 + 𝑞ℓ

2 + 𝑞𝑚
2

𝑟+
2 )

 

𝐶local = −4𝑎E + (6𝐴1 + 𝑐𝑊1)𝛽 + (24𝐴2 + 𝑐𝑊2) +
𝑐𝑊3
𝛽

 

𝜒 =
1

32𝜋2
∫  𝑑4𝑥√𝑔𝐸4 = 2  

𝐴1 =
(2𝑏1 + 𝑏2)(𝑎

2 + ℓ2)𝑟+
3 + (2𝑏1 + 3𝑏2)𝑟+

5 + ((2𝑏1 − 𝑏2)𝑎
2 − 2𝑏2𝑞𝑚

2 )𝑟+ℓ
2

𝜋ℓ2(ℓ2 − 𝑎2)(𝑎2 + 𝑟+
2)

𝐴2 = −
𝑏1𝑎

2 + (𝑏1 + 𝑏2)𝑟+
2

ℓ2 − 𝑎2

 

𝑊1 =
1

16𝜋𝑎5𝑟+
4ℓ2(ℓ2 − 𝑎2)(𝑎2 + 𝑟+

2)
[3𝑎𝑟+(𝑎

8(ℓ2 − 𝑟+
2)2 + 𝑟+

8(ℓ2 + 3𝑟+
2)2)

−4𝑎3𝑟+
3(𝑟+

4(ℓ4 − 9𝑟+
4) + 𝑎4(ℓ4 + 12ℓ2𝑟+

2 + 3𝑟+
4) + 2𝑎5𝑟+

5(ℓ4 − 14ℓ2𝑟+
2 + 5𝑟+

4) 

−3(𝑎2 + 𝑟+
2)(𝑎2(ℓ2 − 𝑟+

2) − 𝑟+
2(ℓ2 + 3𝑟+

2))
2
(𝑟+
4 − 𝑎4)arctan (𝑎/𝑟+)]

𝑊2 =
𝑎2 + 𝑟+

2

2𝑎5𝑟+
3(ℓ2 − 𝑎2)

[4𝑎3ℓ2𝑟+
3 + 3𝑎𝑟+(𝑎

4(ℓ2 − 𝑟+
2) − 𝑟+

4(ℓ2 + 3𝑟+
2))

−3(𝑎2(ℓ2 − 𝑟+
2) − 𝑟+

2(ℓ2 + 3𝑟+
2))(𝑟+

4 − 𝑎4)arctan (𝑎/𝑟+)]

𝑊3 =
𝜋ℓ2(𝑎2 + 𝑟+

2)

𝑎5𝑟+
2(ℓ2 − 𝑎2)

[𝑎𝑟+(3𝑎
4 + 2𝑎2𝑟+

2 + 3𝑟+
4) − 3(𝑟+

2 + 𝑎2)(𝑟+
4 − 𝑎4)arctan (𝑎/𝑟+)]

 

𝑟+ = 𝑟0 +
2𝜋ℓ2

2

𝛽
+ 𝑂(𝛽−2)  

𝐶local = −4𝑎E +
1

2𝑎𝑟0
5(ℓ2 − 𝑎2)(𝑎2 + 𝑟0

2)(𝑎2 + ℓ2 + 6𝑟0
2)
[−3𝑎7𝑟0(16𝑏1𝑟0

4 + 𝑐(ℓ2 − 𝑟0
2)2)

+𝑎5𝑟0
3(𝑐ℓ4 + 2(11𝑐 − 12𝑏2)ℓ

2𝑟0
2 − 3(13𝑐 − 8𝑏2 + 80𝑏1)𝑟0

4)  

+𝑎3𝑟0
5(15𝑐ℓ4 + 2(25𝑐 + 24𝑏2)ℓ

2𝑟0
2 − (49𝑐 + 336𝑏1 − 48𝑏2)𝑟0

4 − 48𝑏2ℓ
2𝑞𝑚
2 ) 

+3𝑎𝑟0
7(𝑐ℓ4 + 2(3𝑐 − 4𝑏2)ℓ

2𝑟0
2 − (7𝑐 + 48𝑏1 + 24𝑏2)𝑟0

4 + 16𝑏2ℓ
2𝑞𝑚
2 )  

−3𝑐(𝑎2 + 𝑟0
2) (𝑎2(𝑟0

2 − ℓ2) + 𝑟0
2(ℓ2 + 3𝑟0

2))
2
arctan (𝑎/𝑟0)] .

 

𝑟 → 𝑟0 + 𝜖𝑟̃, 𝑡 → ℓ2
2
𝑡̃

𝜖
, 𝜙 → 𝜙 −

𝑖𝑎ℓ2
2(ℓ2 − 𝑎2)

ℓ2(𝑎2 + 𝑟0
2)

𝑡

𝜖
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𝑑𝑠̃2 =
ℓ2
2(𝑟0

2 + 𝑎2cos2 𝜃)

𝑎2 + 𝑟0
2 (𝑟̃2𝑑𝑡̃2 +

𝑑𝑟̃2

𝑟̃2
) +

ℓ2(𝑟0
2 + 𝑎2cos2 𝜃)

ℓ2 − 𝑎2cos2 𝜃
𝑑𝜃2

 +
ℓ2(𝑎2 + 𝑟0

2)2(ℓ2 − 𝑎2cos2 𝜃)sin2 𝜃

(ℓ2 − 𝑎2)2(𝑟0
2 + 𝑎2cos2 𝜃)

(𝑑𝜙 −
2ℓ2

2𝑎𝑟0(ℓ
2 − 𝑎2)

ℓ2(𝑎2 + 𝑟0
2)2

𝑖𝑟𝑑𝑡)

2  

ℓ2 = ℓ√
𝑎2 + 𝑟0

2

𝑎2 + ℓ2 + 6𝑟0
2

 

𝐴̃ =
1

𝑟0
2 + 𝑎2cos2 𝜃

[−
𝑖ℓ2
2

𝑎2 + 𝑟0
2
(𝑞𝑒(𝑟0

2 −𝑎2cos2 𝜃) + 2𝑞𝑚𝑎𝑟0cos 𝜃)𝑟̃𝑑𝑡̃

+
ℓ2

ℓ2 − 𝑎2
(𝑞𝑒𝑎𝑟0sin

2 𝜃 + 𝑞𝑚(𝑎
2 + 𝑟0

2)cos 𝜃)𝑑𝜙̃]

 

𝑟0 = √𝑎ℓ, 𝑞𝑚 = 0  

𝑀 =
√𝑎ℓ

(1 −
𝑎
ℓ
)
2 , 𝑄𝑒 =

√𝑎ℓ

1 −
𝑎
ℓ

, 𝑄𝑚 = 0, 𝐽 =
𝑎√𝑎ℓ

(1 −
𝑎
ℓ
)
2  

𝑀 = 𝑄𝑒 +
𝐽

ℓ
 

𝐶local = −4𝑎E +
3ℓ2

2

2𝑎ℓ2(ℓ2 − 𝑎2)
[(9𝑐 − 8𝑏2)𝑎ℓ

2−(9𝑐 + 48𝑏1 − 8𝑏2)𝑎
2ℓ − (𝑐 + 16𝑏1)𝑎

3 

+𝑐ℓ3 −
𝑐(𝑎 + ℓ)4

√𝑎𝑙
arctan (√𝑎/ℓ)]

 

ℓ2 = ℓ√
𝑎(𝑎 + ℓ)

𝑎2 + 6𝑎ℓ + ℓ2
 ( BPS case )  

𝑆EE = −Tr𝜌𝐴log 𝜌𝐴  

𝜌𝐴 = Tr𝐴‾|0⟩⟨0|  

𝑆EE =
 Area 

4𝐺
+ (𝐶local + 𝐶zm)log ℓ + ⋯  

𝑑𝑠2 = (
𝜌2

ℓ2
− 1)𝑑𝑡2 +

𝑑𝜌2

𝜌2

ℓ2
− 1

+ 𝜌2𝑑𝑠𝐻2
2 , 𝑑𝑠𝐻2

2 = 𝑑𝑢2 + sinh2 𝑢𝑑𝜙2  

𝛽 = 2𝜋ℓ  

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝐸4 = 2         

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑊2 = 0          

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅2= 12,        

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅𝐹𝜇𝜈𝐹

𝜇𝜈 = 0          

 

𝐶local = −2𝑎E + 12𝑏1  



 

pág. 3204 

𝜒 =
1

32𝜋2
∫  𝑑4𝑥√𝑔𝐸4 = 1  

𝐶zm = 0  (full geometry)  

𝐶zm = −3 + 8𝛿BPS ( near horizon geometry ),  

𝐶ens = −𝐾  

Background spacetime 𝐶zm 𝐶ens  𝐶global  

Schwarzschild 0 -3 -3 

Reissner-Nordström 0 -3 -3 

Kerr 0 -1 -1 

Kerr-Newman 0 -1 -1 

BPS Kerr-Newman 0 -1 -1 

Reissner-Nordström near horizon -3 -3 -6 

Kerr-Newman near horizon -3 -1 -4 

BPS Kerr-Newman near horizon 5 -1 4 

Thermal AdS4 0 -3 -3 

AdS4-Rindler 0 -3 -3 

 

𝑆 = −
1

2
∫  𝑑4𝑥√𝑔((𝜕𝜙)2 +𝑚2𝜙2)  

𝑃 = 𝐸 = 𝑚2, Ω = 0,  

Δ =
1

2
(3 + √9 + 4𝑚2ℓ2) .  

(4𝜋)2𝑎4(𝑥) = −
1

360
𝐸4 +

1

120
𝑊2 +

1

288
(Δ(Δ − 3) − 2)2𝑅2.  
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𝐶local = −
1

90
−

𝑟0
2

20ℓ4
(24 + 5(Δ + 1)Δ(Δ − 3)(Δ − 4))  

𝑆 = ∫  𝑑𝑑+1𝑥√𝑔𝜓‾(𝛾𝜇∇𝜇 −𝑚)𝜓  

Δ =
3

2
+𝑚ℓ  

(4𝜋)2𝑎4(𝑥) =
11

360
𝐸4 +

1

20
𝑊2 +

1

72
(Δ −

3

2
)
2

((Δ −
3

2
)
2

− 2)𝑅2  

ℒ = −
1

4
𝑓𝜇𝜈𝑓

𝜇𝜈  

ℒg.f. =
1

2
(∇𝜇𝑎

𝜇)
2
,  

ℒ + ℒg.f. = 𝑎
𝜇 ◻ 𝑎𝜇 − 𝑎

𝜇𝑅𝜇𝜈𝑎
𝜈

 

(4𝜋)2𝑎4(𝑥) = −
31

180
𝐸4 +

1

10
𝑊2  

ℒ3/2 = −𝜓‾𝜇𝛾
𝜇𝜌𝜈∇𝜌𝜓𝜈  

ℒg.f = −
1

2
(𝜓‾𝜇𝛾

𝜇)𝛾𝜌∇𝜌(𝛾
𝜈𝜓𝜈)  

ℒ3/2 + ℒg.f = 𝜒‾𝜇𝛾
𝜈𝐷𝜈𝜒

𝜇
 

(4𝜋)2𝑎4(𝑥) =
229

720
𝐸4 −

77

120
𝑊2 −

1

9
𝑅2  

𝑎E  =
1

720
(2𝑛𝑆 + 22𝑛𝐹 + 124𝑛𝑉 − 229𝑛𝜓)

𝑐 =
1

120
(𝑛𝑆 + 6𝑛𝐹 + 12𝑛𝑉 − 77𝑛𝜓)

𝑏1  =
1

72
(𝑛𝑆 − 8𝑛𝜓)

 

𝐶local =
1

180ℓ2(ℓ2 + 3𝑟+
2)
[ℓ4(4𝑛𝑆 + 14𝑛𝐹 − 52𝑛𝑉 − 233𝑛𝜓)

+3𝑟+
2ℓ2(22𝑛𝑆 + 2𝑛𝐹 − 76𝑛𝑉 − 239𝑛𝜓) + 18𝑟+

4(−3𝑛𝑆 + 2𝑛𝐹 + 4𝑛𝑉 + 𝑛𝜓)]

 

lim
ℓ→+∞

 𝐶local =
1

180
(4𝑛𝑆 + 14𝑛𝐹 − 52𝑛𝑉 − 233𝑛𝜓)  

𝑆EE =
 Area 

4𝐺
+ 𝐶log 𝛽 +⋯  

𝐶 =
29

180
+
1

24
(Δ + 1)Δ(Δ − 3)(Δ − 4)  
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𝑆 = ∫  𝑑4𝑥√𝑔(𝑅 − 2Λ − 𝐹𝜇𝜈𝐹
𝜇𝜈)  

𝛿𝑔𝜇𝜈 = √2ℎ𝜇𝜈 , 𝛿𝐴𝜇 =
1

2
𝑎𝜇  

𝑆 = −∫  𝑑4𝑥√det𝑔 {(𝐷𝜇ℎ𝜇𝜌 −
1

2
𝐷𝜌ℎ)(𝐷

𝜈ℎ𝜈
𝜌
−
1

2
𝐷𝜌ℎ) +

1

2
(𝐷𝜇𝑎𝜇)(𝐷

𝜈𝑎𝜈)}  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 + 𝑔𝜇𝜈Λ = 2𝐹𝜇𝜌𝐹𝜈

𝜌
−
1

2
𝑔𝜇𝜈𝐹𝛼𝛽𝐹

𝛼𝛽

𝐷𝜇𝐹𝜇𝜈  = 0
 

𝐷[𝜇𝐹𝜈𝜌]  = 0

𝑅𝜇[𝜈𝜌𝜎]  = 0
 

𝜙𝑚𝐼
𝑚𝑛𝜙𝑛 = ℎ𝜇𝜈 (

1

2
𝑔𝜇𝛼𝑔𝜈𝛽 +

1

2
𝑔𝜇𝛽𝑔𝜈𝛼 −

1

2
𝑔𝜇𝜈𝑔𝛼𝛽)ℎ𝛼𝛽 + 𝑎𝛼𝑔

𝛼𝛽𝑎𝛽

𝜙𝑚𝐸
𝑚𝑛𝜙𝑛 = ℎ𝜇𝜈(𝑅

𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 − 𝑔𝜇𝜈𝑅𝛼𝛽 − 𝑔𝛼𝛽𝑅𝜇𝜈 + Λ𝑔𝜇𝜈𝑔𝛼𝛽)ℎ𝛼𝛽

 +𝑎𝛼 (
3

2
𝑔𝛼𝛽𝐹𝜇𝜈𝐹

𝜇𝜈 − Λ𝑔𝛼𝛽) 𝑎𝛽 +
√2

2
ℎ𝜇𝜈(𝐷

𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)𝑎𝛼

 +
√2

2
𝑎𝛼(𝐷

𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)ℎ𝜇𝜈

𝜙𝑚(Ω
𝜌𝜎)𝑚𝑛𝜙𝑛 = ℎ𝜇𝜈 {

1

2
(𝑔𝜈𝛽𝑅𝜇𝛼𝜌𝜎 + 𝑔𝜈𝛼𝑅𝜇𝛽𝜌𝜎 + 𝑔𝜇𝛽𝑅𝜈𝛼𝜌𝜎 + 𝑔𝜇𝛼𝑅𝜈𝛽𝜌𝜎)

+[𝜔𝜌, 𝜔𝜎]𝜇𝜈𝛼𝛽}ℎ𝛼𝛽 + 𝑎𝛼{𝑅
𝛼𝛽𝜌𝜎 + [𝜔𝜌, 𝜔𝜎]𝛼𝛽}𝑎𝛽

 +ℎ𝜇𝜈(𝐷
[𝜌𝜔𝜎])

𝜇𝜈𝛼
𝑎𝛼 + 𝑎𝛼(𝐷

[𝜌𝜔𝜎])
𝛼𝜇𝜈
ℎ𝜇𝜈

 

𝜙𝑚(𝜔
𝜌)𝑚𝑛𝜙𝑛 =

√2

2
ℎ𝜇𝜈(𝑔

𝛼𝜇𝐹𝜌𝜈 + 𝑔𝛼𝜈𝐹𝜌𝜇 − 𝑔𝜇𝜌𝐹𝛼𝜈 − 𝑔𝜈𝜌𝐹𝛼𝜇 − 𝑔𝜇𝜈𝐹𝜌𝛼)𝑎𝛼

 −
√2

2
𝑎𝛼(𝑔

𝛼𝜇𝐹𝜌𝜈 + 𝑔𝛼𝜈𝐹𝜌𝜇 − 𝑔𝜇𝜌𝐹𝛼𝜈 − 𝑔𝜈𝜌𝐹𝛼𝜇 − 𝑔𝜇𝜈𝐹𝜌𝛼)ℎ𝜇𝜈

 

(4𝜋)2𝑎4
EM(𝑥) = −

277

180
𝐸4 +

38

15
𝑊2 +

7

18
𝑅2.  

𝒮ghost ,𝑏 =
1

2
∫  𝑑4𝑥√𝑔{2𝑏𝜇(𝑔

𝜇𝜈 ◻+𝑅𝜇𝜈)𝑐𝜈 + 2𝑏 ◻ 𝑐 − 4𝑏𝐹
𝜌𝜈𝐷𝜌𝑐𝜈}  

𝜙𝑛𝐸𝑚
𝑛𝜙𝑚 =𝑏𝜇(𝑅𝜈

𝜇
)𝑏𝜈 + 𝑐𝜇(𝑅𝜈

𝜇
)𝑐𝜈

𝜙𝑛(Ω𝛼𝛽)𝑚
𝑛
𝜙𝑚 =𝑏𝜇 (𝑅𝜈𝛼𝛽

𝜇
)𝑏𝜈 + 𝑐𝜇 (𝑅𝜈𝛼𝛽

𝜇
) 𝑐𝜈 −

1

2
(𝑏𝜇 − 𝑖𝑐𝜇)(𝐷

𝜇𝐹𝛼𝛽)(𝑏 + 𝑖𝑐)

 +
1

2
(𝑏 + 𝑖𝑐)(𝐷𝜈𝐹𝛼𝛽)(𝑏

𝜈 − 𝑖𝑐𝜈)

 

𝑎4
ghosts 

(𝑥) =
13

36
𝐸4 −

1

4
𝑊2 −

3

4
𝑅2,  

(4𝜋)2𝑎4
B(𝑥) = −

53

45
𝐸4 +

137

60
𝑊2 −

13

36
𝑅2.  



 

pág. 3207 

𝑎E =
53

45
, 𝑐 =

137

60
, 𝑏1 = −

13

36
, 𝑏2 = 0.  

𝐶local = −
212

45
+

ℓ2
2

120𝑎ℓ2(ℓ2 − 𝑎2)
(629𝑎3 − 579𝑎2ℓ + 3699𝑎ℓ2

+411ℓ3 − 411
(𝑎 + ℓ)4

√𝑎ℓ
arctan (√𝑎/ℓ))

 

ℒ𝑓 =
1

2
𝜓‾𝜇𝛾

𝜇𝜈𝜌𝐷𝜈𝜓𝜌 +
𝑖

4
𝐹𝜇𝜈𝜓‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜓𝜎 −
1

2ℓ
𝜓‾𝜇𝛾

𝜇𝜈𝜓𝜈  

𝐷𝜇𝜓𝜈 = ∇𝜇𝜓𝜈 −
𝑖

ℓ
𝐴𝜇𝜓𝜈  

ℒg.f. = −
1

4
(𝜓‾𝜇𝛾

𝜇)𝛾𝜈𝐷𝜈(𝛾
𝜌𝜓𝜌)  

𝜓𝜇 = √2 (𝜒𝜇 −
1

2
𝛾𝜇𝛾

𝜈𝜒𝜈)  

ℒ𝑓 = 𝑔
𝜇𝜈𝜒‾𝜇𝛾

𝜌𝐷𝜌𝜒𝜈 +
𝑖

2
𝐹𝜇𝜈𝜒‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜒𝜎 −
1

ℓ
𝜒‾𝜇𝛾

𝜇𝜈𝜒𝜈  

𝜒𝜇 = 𝜒1
𝜇
+ 𝑖𝜒2

𝜇
,  

𝐷𝜇𝜒𝐴
𝜈 = (𝛿𝐴𝐵∇

𝜇 +
1

ℓ
𝜀𝐴𝐵𝐴𝜇)𝜒𝐵

𝜈 ,  

ℒ𝑓 = 𝛿𝐴𝐵𝑔𝜇𝜈𝜒‾𝐴
𝜇
𝛾𝜌𝐷𝜌𝜒𝐵

𝜈 −
1

2
𝜀𝐴𝐵𝐹

𝜇𝜈𝜒‾𝐴
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾

𝜈𝜒𝐵
𝜎 −

1

ℓ
𝛿𝐴𝐵𝜒‾𝐴

𝜇
𝛾𝜇𝜈𝜒𝐵

𝜈  

𝜒1
𝜇
 =
1

2
(𝜆1
𝜇
+ 𝛾5𝜆2

𝜇
)

𝜒2
𝜇
 =

𝑖

2
(𝜆1
𝜇
− 𝛾5𝜆2

𝜇
)

 

ℒ𝑓 = ℒ1 + ℒ2,  

ℒ1  = 𝑔𝜇𝜈𝜆‾1
𝜇
𝛾𝜌(∇𝜌 + 𝑖ℓ

−1𝐴𝜌)𝜆1
𝜈 −

𝑖

2
𝐹𝜇𝜈𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎 −
1

ℓ
𝜆‾1
𝜇
𝛾𝜇𝜈𝜆1

𝜈

ℒ2  = 𝑔𝜇𝜈𝜆‾2
𝜇
𝛾𝜌(∇𝜌 − 𝑖ℓ

−1𝐴𝜌)𝜆2
𝜈 −

𝑖

2
𝐹𝜇𝜈𝜆‾2

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆2

𝜎 +
1

ℓ
𝜆‾2
𝜇
𝛾𝜇𝜈𝜆2

𝜈

 

(4𝜋)2𝑎4
F, gravitini 

(𝑥) =
139

90
𝐸4 −

32

15
𝑊2 −

2

9
𝑅2 +

8

9
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  

ℒ𝑏𝑐 = 𝛿𝐴𝐵𝑏‾𝐴𝛾𝜇𝛿𝑐𝜓𝐵
𝜇

 

ℒ𝑏𝑐 = 𝛿𝐴𝐵𝑏‾𝐴 (𝛾
𝜇𝐷𝜇 +

2

ℓ
) 𝑐𝐵  

(4𝜋)2𝑎4
F, ghosts 

(𝑥) =
11

120
𝐸4 −

3

20
𝑊2 +

2

9
𝑅2 −

1

6
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈,  
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(4𝜋)2𝑎4
F(𝑥) =

589

360
𝐸4 −

137

60
𝑊2 +

13

18
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  

(4𝜋)2𝑎4(𝑥) =
11

24
𝐸4 −

13

36
𝑅2 +

13

18
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  

𝐶local =
11

6
+
26[𝑟+𝛽(𝑟+

4 − ℓ2(𝑎2 + 𝑞𝑚
2 )) − 𝜋ℓ2(𝑟+

4 − 𝑎4)]

3𝜋ℓ2(ℓ2 − 𝑎2)(𝑎2 + 𝑟+
2)

.  

𝐶local =
11

6
+
26ℓ2

2[(𝑎2(𝑎 + ℓ) + 𝑟0
2(3𝑎 − ℓ))(𝑎2(𝑎 − ℓ) + 𝑟0

2(3𝑎 + ℓ)) + 2ℓ2𝑞𝑚
2 (𝑟0

2 − 𝑎2)]

3ℓ2(ℓ2 − 𝑎2)(𝑎2 + 𝑟0
2)2

,  

ℓ2 = ℓ√
𝑎2 + 𝑟0

2

𝑎2 + ℓ2 + 6𝑟0
2 

𝐶local =
11

6
−
26

3

𝑎(ℓ2 − 4𝑎ℓ − 𝑎2)

(ℓ − 𝑎)(𝑎2 + 6𝑎ℓ + ℓ2)
 

1

(4𝜋)2
∫  𝑑2𝑥√𝑔𝑊2 =

3ℓ2
2

2𝑎ℓ2(ℓ2 − 𝑎2)
((ℓ − 𝑎)(ℓ2 + 10𝑎ℓ + 𝑎2) −

(𝑎 + ℓ)4

√𝑎ℓ
arctan (√𝑎/ℓ))  

(4𝜋)2𝑎4(𝑥) = Tr [
1

2
𝐸2 +

1

6
𝑅𝐸 +

1

12
Ω𝜇𝜈Ω

𝜇𝜈 +
1

360
(5𝑅2 + 2𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 − 2𝑅𝜇𝜈𝑅
𝜇𝜈)] ,  

𝑆 = ∫  𝑑4𝑥√𝑔(𝑅 − 2Λ − 𝐹𝜇𝜈𝐹
𝜇𝜈)  

𝛿𝑔𝜇𝜈 = √2ℎ𝜇𝜈 , 𝛿𝐴𝜇 =
1

2
𝑎𝜇  

𝑆 = −∫  𝑑4𝑥√det𝑔 {(𝐷𝜇ℎ𝜇𝜌 −
1

2
𝐷𝜌ℎ)(𝐷

𝜈ℎ𝜈
𝜌
−
1

2
𝐷𝜌ℎ) +

1

2
(𝐷𝜇𝑎𝜇)(𝐷

𝜈𝑎𝜈)}  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 + 𝑔𝜇𝜈Λ = 2𝐹𝜇𝜌𝐹𝜈  

𝜌 −
1

2
𝑔𝜇𝜈𝐹𝛼𝛽𝐹

𝛼𝛽

𝐷𝜇𝐹𝜇𝜈  = 0
 

𝐷[𝜇𝐹𝜈𝜌]  = 0

𝑅𝜇[𝜈𝜌𝜎]  = 0
 

𝜙𝑚𝒬
𝑚𝑛𝜙𝑛 =𝐺

𝜇𝜈𝛼𝛽ℎ𝜇𝜈 ◻ ℎ𝛼𝛽 + 𝑔
𝛼𝛽𝑎𝛼 ◻ 𝑎𝛽 − 𝑎𝛼𝑅

𝛼𝛽𝑎𝛽

+ℎ𝜇𝜈 {𝑅
𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 −

1

2
(𝑔𝜇𝛼𝑅𝜈𝛽 + 𝑔𝜇𝛽𝑅𝜈𝛼  

+𝑔𝜈𝛼𝑅𝜇𝛽 + 𝑔𝜈𝛽𝑅𝜇𝛼) − 2(𝐹𝜇𝛼𝐹𝜈𝛽 + 𝐹𝜇𝛽𝐹𝜈𝛼)

+
1

2
(𝑔𝜇𝜈𝑔𝛼𝛽 − 𝑔𝜇𝛼𝑔𝜈𝛽 − 𝑔𝜇𝛽𝑔𝜈𝛼)(𝐹𝜃𝜑𝐹

𝜃𝜑) + 2𝐺𝛼𝛽𝜇𝜈Λ}ℎ𝛼𝛽

 −ℎ𝜇𝜈 {
1

4
(𝐷𝜌𝐾

𝜌)
𝜇𝜈𝛼

−
1

2
(𝐾𝜌)𝜇𝜈𝛼𝐷𝜌} 𝑎𝛼

 −𝑎𝛼 {
1

4
(𝐷𝜌𝐾

𝜌)
𝜇𝜈𝛼

+
1

2
(𝐾𝜌)𝜇𝜈𝛼𝐷𝜌} ℎ𝜇𝜈
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(𝐾𝜌)𝜇𝜈𝛼 = 2√2(𝑔𝛼𝜇𝐹𝜌𝜈 + 𝑔𝛼𝜈𝐹𝜌𝜇 − 𝑔𝜇𝜌𝐹𝛼𝜈 − 𝑔𝜈𝜌𝐹𝛼𝜇 − 𝑔𝜇𝜈𝐹𝜌𝛼)  

𝐺𝜇𝜈𝛼𝛽 =
1

2
(𝑔𝜇𝛼𝑔𝜈𝛽 + 𝑔𝜇𝛽𝑔𝜈𝛼 − 𝑔𝜇𝜈𝑔𝛼𝛽)  

ℎ𝜇𝜈(2𝑔
𝜇𝛼𝑔𝜈𝛽Λ − 𝑔𝜇𝜈𝑔𝛼𝛽Λ)ℎ𝛼𝛽 = ℎ𝜇𝜈(2𝐺

𝛼𝛽𝜇𝜈Λ)ℎ𝛼𝛽 

𝜙𝑚𝐼
𝑚𝑛𝜙𝑛 = ℎ𝜇𝜈𝐺

𝜇𝜈𝛼𝛽ℎ𝛼𝛽 + 𝑎𝛼𝑔
𝛼𝛽𝑎𝛽

𝜙𝑚(𝜔
𝜌)𝑚𝑛𝜙𝑛 =

1

4
ℎ𝜇𝜈(𝐾

𝜌)𝜇𝜈𝛼𝑎𝛼 −
1

4
𝑎𝛼(𝐾

𝜌)𝜇𝜈𝛼ℎ𝜇𝜈

𝜙𝑚𝑃
𝑚𝑛𝜙𝑛 = ℎ𝜇𝜈 {𝑅

𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 −
1

2
(𝑔𝜇𝛼𝑅𝜈𝛽 + 𝑔𝜇𝛽𝑅𝜈𝛼

+𝑔𝜈𝛼𝑅𝜇𝛽 + 𝑔𝜈𝛽𝑅𝜇𝛼) − 2(𝐹𝜇𝛼𝐹𝜈𝛽 + 𝐹𝜇𝛽𝐹𝜈𝛼)

 +
1

2
(𝑔𝜇𝜈𝑔𝛼𝛽 − 𝑔𝜇𝛼𝑔𝜈𝛽 − 𝑔𝜇𝛽𝑔𝜈𝛼)(𝐹𝜃𝜑𝐹

𝜃𝜑)

+2𝑔𝜇𝛼𝑔𝜈𝛽Λ − 𝑔𝜇𝜈𝑔𝛼𝛽Λ}ℎ𝛼𝛽

 −𝑎𝛼𝑅
𝛼𝛽𝑎𝛽 +

√2

2
ℎ𝜇𝜈{𝐷

𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇}𝑎𝛼

 +
√2

2
𝑎𝛼{𝐷

𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇}ℎ𝜇𝜈

 

𝜙𝑚Ω𝜇𝜈
𝑚𝑛𝜙𝑛 = 𝜙𝑚[𝐷𝜇 +𝜔𝜇 , 𝐷𝜈 +𝜔𝜈]𝜙𝑛 = 𝜙𝑚{[𝐷𝜇 , 𝐷𝜈]

𝑚𝑛
+ 𝐷[𝜇𝜔𝜈]

𝑚𝑛 + [𝜔𝜇 , 𝜔𝜈]
𝑚𝑛
}𝜙𝑛  

[𝐷𝜇 ⋅ 𝐷𝜈], (𝐷
𝜌𝜔𝜌)

𝑚𝑛
 and (𝜔𝜌)𝑚𝑝(𝜔𝜌)𝑝

 𝑛 

𝜙𝑚[𝐷
𝜌, 𝐷𝜎]𝑚𝑛𝜙𝑛 =ℎ𝜇𝜈[𝐷

𝜌, 𝐷𝜎]ℎ𝜇𝜈 + 𝑎𝛼[𝐷
𝜌, 𝐷𝜎]𝑎𝛼

=ℎ𝜇𝜈{𝑔
𝜈𝛽𝑅𝜇𝛼𝜌𝜎 + 𝑔𝜇𝛽𝑅𝜈𝛼𝜌𝜎}ℎ𝛼𝛽 + 𝑎𝛼𝑅

𝛼𝛽𝜌𝜎𝑎𝛽

=
1

2
ℎ𝜇𝜈{𝑔

𝜈𝛽𝑅𝜇𝛼𝜌𝜎 + 𝑔𝜈𝛼𝑅𝜇𝛽𝜌𝜎 + 𝑔𝜇𝛽𝑅𝜈𝛼𝜌𝜎 + 𝑔𝜇𝛼𝑅𝜈𝛽𝜌𝜎}ℎ𝛼𝛽

 +𝑎𝛼𝑅
𝛼𝛽𝜌𝜎𝑎𝛽

𝜙𝑚(𝐷
𝜌𝜔𝜌)

𝑚𝑛
𝜙𝑛 = −

√2

2
ℎ𝜇𝜈(𝐷

𝜈𝐹𝛼𝜇 + 𝐷𝜇𝐹𝛼𝜈)𝑎𝛼 +
√2

2
𝑎𝛼(𝐷

𝜈𝐹𝛼𝜇 + 𝐷𝜇𝐹𝛼𝜈)ℎ𝜇𝜈

𝜙𝑚(𝜔
𝜌)𝑚𝑝(𝜔𝜌)𝑝

 𝑛𝜙𝑛 =
1

16
ℎ𝜇𝜈(𝐾

𝜌)𝜇𝜈𝛼(−𝐾𝜌)
𝛿𝛾𝛽
𝑔𝛼𝛽ℎ𝛿𝛾

 +
1

16
𝑎𝛼(𝐾

𝜌)𝜇𝜈𝛼(−𝐾𝜌)
𝛿𝛾𝛽
𝐺𝜇𝜈𝛿𝛾𝑎𝛽

 

𝜙𝑚(𝜔
𝜌)𝑚𝑝(𝜔𝜌)𝑝

𝑛
𝜙𝑛 =ℎ𝜇𝜈(−2𝐹

𝜇𝛿𝐹𝜈𝛾 − 2𝐹𝜇𝛾𝐹𝜈𝛿 + 2𝐹𝛾𝜌𝐹𝛿  𝜌𝑔
𝜇𝜈 − 𝐹𝜈𝜌𝐹𝛿 𝜌𝑔

𝜇𝛾

−𝐹𝜈𝜌𝐹𝛾 𝜌𝑔
𝜇𝛿 − 𝐹𝜇𝜌𝐹𝛿  𝜌𝑔

𝜈𝛾 − 𝐹𝜇𝜌𝐹𝛾  𝜌𝑔
𝜈𝛿 + 2𝐹𝜇𝜌𝐹𝜈 𝜌𝑔

𝛾𝛿  

−
1

2
𝐹𝜌𝜎𝐹

𝜌𝜎𝑔𝜇𝜈𝑔𝛾𝛿)ℎ𝛾𝛿 + 𝑎𝛼(−2𝐹
𝛼𝛾𝐹𝛽 𝛾 − 𝐹𝜃𝜙𝐹

𝜃𝜙𝑔𝛼𝛽)𝑎𝛽
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𝜙𝑚(𝜔
𝜌)𝑚𝑝(𝜔𝜌)𝑝

𝑛
𝜙𝑛 =ℎ𝜇𝜈 (−2𝐹

𝜇𝛼𝐹𝜈𝛽 − 2𝐹𝜇𝛽𝐹𝜈𝛼 −
1

2
𝐹𝑎𝑑𝐹

𝑎𝑑𝑔𝜇𝛼𝑔𝜈𝛽 −
1

2
𝐹𝑎𝑑𝐹

𝑎𝑑𝑔𝜇𝛽𝑔𝜈𝛼

+
1

2
𝐹𝑎𝑑𝐹

𝑎𝑑𝑔𝜇𝜈𝑔𝛽𝛼 + 𝑔𝛽𝛼𝑅𝜇𝜈 −
1

2
𝑔𝜈𝛼𝑅𝜇𝛽 −

1

2
𝑔𝜈𝛽𝑅𝜇𝛼 −

1

2
𝑔𝜇𝛼𝑅𝜈𝛽  

−
1

2
𝑔𝜇𝛽𝑅𝜈𝛼 + 𝑔𝜇𝜈𝑅𝛽𝛼 + Λ𝑔𝜇𝛼𝑔𝜈𝛽 + Λ𝑔𝜇𝛽𝑔𝜈𝛼−2Λ𝑔𝜇𝜈𝑔𝛽𝛼)ℎ𝛼𝛽

 +
1

2
𝑎𝛼 (−

3

2
𝐹𝜃𝜙𝐹

𝜃𝜙𝑔𝛼𝛽 − 𝑅𝛼𝛽 + Λ𝑔𝛼𝛽)𝑎𝛽

 

𝜙𝑚𝐸
𝑚𝑛𝜙𝑛 =ℎ𝜇𝜈(𝑅

𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 − 𝑔𝜇𝜈𝑅𝛼𝛽 − 𝑔𝛼𝛽𝑅𝜇𝜈 + Λ𝑔𝜇𝜈𝑔𝛼𝛽)ℎ𝛼𝛽

 +𝑎𝛼 (
3

2
𝑔𝛼𝛽𝐹𝜇𝜈𝐹

𝜇𝜈 − Λ𝑔𝛼𝛽) 𝑎𝛽 +
√2

2
ℎ𝜇𝜈(𝐷

𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)𝑎𝛼

 +
√2

2
𝑎𝛼(𝐷

𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)ℎ𝜇𝜈

𝜙𝑚(Ω
𝜌𝜎)𝑚𝑛𝜙𝑛 =ℎ𝜇𝜈 {

1

2
(𝑔𝜈𝛽𝑅𝜇𝛼𝜌𝜎 + 𝑔𝜈𝛼𝑅𝜇𝛽𝜌𝜎 + 𝑔𝜇𝛽𝑅𝜈𝛼𝜌𝜎 + 𝑔𝜇𝛼𝑅𝜈𝛽𝜌𝜎)

+[𝜔𝜌, 𝜔𝜎]𝜇𝜈𝛼𝛽}ℎ𝛼𝛽 + 𝑎𝛼{𝑅
𝛼𝛽𝜌𝜎 + [𝜔𝜌, 𝜔𝜎]𝛼𝛽}𝑎𝛽

 +ℎ𝜇𝜈(𝐷
[𝜌𝜔𝜎])

𝜇𝜈𝛼
𝑎𝛼 + 𝑎𝛼(𝐷

[𝜌𝜔𝜎])
𝛼𝜇𝜈
ℎ𝜇𝜈

 

Tr(𝑅𝐸) =Tr𝑅[𝑅𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 − 𝑔𝜇𝜈𝑅𝛼𝛽 − 𝑔𝛼𝛽𝑅𝜇𝜈 + Λ𝑔𝜇𝜈𝑔𝛼𝛽]

 +Tr (
3

2
𝑔𝛼𝛽𝑅𝐹𝜇𝜈𝐹

𝜇𝜈 − 𝑅Λ𝑔𝛼𝛽)

=𝑅(𝑅𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 − 𝑔𝜇𝜈𝑅𝛼𝛽 − 𝑔𝛼𝛽𝑅𝜇𝜈 + 𝑔𝜇𝜈𝑔𝛼𝛽Λ)𝐺𝜇𝜈𝛼𝛽

 +𝑅 (
3

2
𝑔𝛼𝛽𝐹𝜇𝜈𝐹

𝜇𝜈 − Λ𝑔𝛼𝛽)𝑔𝛼𝛽

 

Tr(𝑅𝐸)  = 𝑅 (−2𝑅 + (𝐷 − 2)𝑅 + (𝐷 −
𝐷2

2
)Λ) + 𝑅 (

3𝐷

2
𝐹𝜇𝜈𝐹

𝜇𝜈 − 𝑑Λ)

 = −32Λ2 + 6𝑅𝐹𝜇𝜈𝐹
𝜇𝜈

 

Tr(𝐸2) =Tr(𝑅𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 − 𝑔𝜇𝜈𝑅𝛼𝛽 − 𝑔𝛼𝛽𝑅𝜇𝜈 + 𝑔𝜇𝜈𝑔𝛼𝛽Λ)

× (𝑅𝜌𝜏𝜎𝛿 + 𝑅𝜌𝛿𝜎𝜏 − 𝑔𝜌𝜎𝑅𝜏𝛿 − 𝑔𝜏𝛿𝑅𝜌𝜎 + 𝑔𝜌𝜎𝑔𝜏𝛿Λ)  

 +Tr ((
3

2
𝑔𝛼𝛽𝐹𝜇𝜈𝐹

𝜇𝜈 − Λ𝑔𝛼𝛽)(
3

2
𝑔𝜏𝛿𝐹𝜃𝜙𝐹

𝜃𝜙 − Λ𝑔𝜏𝛿))

 +
1

2
Tr ((𝐷𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)(𝐷𝜌𝐹𝛽𝜎 + 𝐷𝜎𝐹𝛽𝜌))

 +
1

2
Tr ((𝐷𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)(𝐷𝜌𝐹𝛽𝜎 + 𝐷𝜎𝐹𝛽𝜌))

 

(𝑅𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 − 𝑔𝜇𝜈𝑅𝛼𝛽 − 𝑔𝛼𝛽𝑅𝜇𝜈 + 𝑔𝜇𝜈𝑔𝛼𝛽Λ)

 × (𝑅𝜌𝜏𝜎𝛿 + 𝑅𝜌𝛿𝜎𝜏 − 𝑔𝜌𝜎𝑅𝜏𝛿 − 𝑔𝜏𝛿𝑅𝜌𝜎 + 𝑔𝜌𝜎𝑔𝜏𝛿Λ)𝐺𝜇𝜈𝜌𝜎𝐺𝛼𝛽𝜏𝛿

 = 16Λ2 − 4𝑅𝑎𝑏𝑅
𝑎𝑏 + 3𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑

 

Tr (
3

2
𝑔𝛼𝛽𝐹𝜇𝜈𝐹

𝜇𝜈 − Λ𝑔𝛼𝛽) (
3

2
𝑔𝜏𝛿𝐹𝜃𝜙𝐹

𝜃𝜙 − Λ𝑔𝜏𝛿) = 4Λ2 − 12Λ𝐹𝛼𝛽𝐹
𝛼𝛽 + 9(𝐹𝜃𝜙𝐹

𝜃𝜙)
2
,  
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(𝐷𝜌𝐹𝜇𝜈)(𝐷
𝜌𝐹𝜇𝜈)= 𝑅𝜇𝜈𝜌𝜎𝐹

𝜇𝜈𝐹𝜌𝜎 − 𝑅𝜇𝜈𝑅
𝜇𝜈 +

1

2
𝑅2 − Λ𝑅 −

1

2
𝑅𝐹𝜌𝜎𝐹

𝜌𝜎, 

(𝐷𝜇𝐹𝜌 
𝜈)(𝐷𝜈𝐹

𝜌𝜇) =
1

2
(𝐷𝜌𝐹𝜇𝜈)(𝐷

𝜌𝐹𝜇𝜈).

 

𝑋 ≡
1

2
Tr ((𝐷𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)(𝐷𝜌𝐹𝛽𝜎 + 𝐷𝜎𝐹𝛽𝜌))

 +
1

2
Tr ((𝐷𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)(𝐷𝜌𝐹𝛽𝜎 + 𝐷𝜎𝐹𝛽𝜌))

=(𝐷𝜇𝐹𝛼𝜈 + 𝐷𝜈𝐹𝛼𝜇)(𝐷𝜌𝐹𝛽𝜎 + 𝐷𝜎𝐹𝛽𝜌)𝑔𝛼𝛽𝐺𝜇𝜈𝜌𝜎

 

𝑋 = 2(𝐷𝜌𝐹𝛼𝜎)(𝐷
𝜌𝐹𝛼𝜎) + 2(𝐷𝜌𝐹𝛼𝜎)(𝐷

𝜎𝐹𝛼𝜌).  

𝑋 =2(−𝑅𝜇𝜈𝑅𝜇𝜈 +
1

2
𝑅2 − Λ𝑅 −

1

2
𝑅𝐹𝜌𝜎𝐹

𝜌𝜎 + 𝑅𝜇𝜈𝜌𝛼𝐹
𝜇𝜈𝐹𝜌𝛼)

 + (𝑅𝜇𝜈𝜌𝜎𝐹
𝜇𝜈𝐹𝜌𝜎 − 𝑅𝜇𝜈𝑅

𝜇𝜈 +
1

2
𝑅2 − Λ𝑅 −

1

2
𝑅𝐹𝜌𝜎𝐹

𝜌𝜎 + 𝑅𝜇𝜈𝜌𝛼𝐹
𝜇𝜈𝐹𝜌𝛼)

=3 (−𝑅𝜇𝜈𝑅𝜇𝜈 +
1

2
𝑅2 − Λ𝑅 −

1

2
𝑅𝐹𝜌𝜎𝐹

𝜌𝜎 + 𝑅𝜇𝜈𝜌𝛼𝐹
𝜇𝜈𝐹𝜌𝛼)

 

Tr𝐸2 =(16Λ2 − 4𝑅𝑎𝑏𝑅
𝑎𝑏 + 3𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑) + (4Λ2 − 12Λ𝐹𝛼𝛽𝐹
𝛼𝛽 + 9(𝐹𝜃𝜙𝐹

𝜃𝜙)
2
)

+3(−𝑅𝜇𝜈𝑅𝜇𝜈 +
1

2
𝑅2 − Λ𝑅 −

1

2
𝑅𝐹𝜌𝜎𝐹

𝜌𝜎 + 𝑅𝜇𝜈𝜌𝛼𝐹
𝜇𝜈𝐹𝜌𝛼)  

=32Λ2 − 7𝑅𝜇𝜈𝑅
𝜇𝜈 + 3𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 − 18Λ𝐹𝜌𝜎𝐹
𝜌𝜎 + 3𝑅𝜇𝜈𝜌𝛼𝐹

𝜇𝜈𝐹𝜌𝛼 + 9(𝐹𝜃𝜙𝐹
𝜃𝜙)

2
.

 

Tr(𝐼) = 14 ,

Tr(𝑅𝐸) = −32Λ2 + 6𝑅𝐹𝜇𝜈𝐹
𝜇𝜈

Tr(𝐸2) = 32Λ2 − 7𝑅𝜇𝜈𝑅
𝜇𝜈 + 3𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 − 18Λ𝐹𝜌𝜎𝐹
𝜌𝜎

 +3𝑅𝜇𝜈𝜌𝜎𝐹
𝜇𝜈𝐹𝜌𝜎 + 9(𝐹𝜃𝜙𝐹

𝜃𝜙)
2

Tr(Ω2) = −224Λ2 + 60Λ𝐹𝜇𝜈𝐹
𝜇𝜈 − 54𝐹𝜇𝜈𝐹

𝜇𝜈𝐹𝜌𝜎𝐹
𝜌𝜎 + 56𝑅𝜇𝜈𝑅

𝜇𝜈

 −18𝐹𝜇𝜈𝐹𝜌𝜎𝑅𝜇𝜈𝜌𝜎 − 7𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎

 

(4𝜋)2𝑎4
EM(𝑥) = −

880

180
Λ2 +

196

180
𝑅𝜇𝜈𝑅

𝜇𝜈 +
179

180
𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎  

𝒮ghost ,𝑏 =
1

2
∫  𝑑4𝑥√𝑔{2𝑏𝜇(𝑔

𝜇𝜈 ◻+𝑅𝜇𝜈)𝑐𝜈 + 2𝑏 ◻ 𝑐 − 4𝑏𝐹
𝜌𝜈𝐷𝜌𝑐𝜈}  

𝜙𝑛𝐸𝑚
𝑛𝜙𝑚 =𝑏𝜇(𝑅𝜈

𝜇
)𝑏𝜈 + 𝑐𝜇(𝑅𝜈

𝜇
)𝑐𝜈

𝜙𝑛(Ω𝛼𝛽)𝑚
𝑛
𝜙𝑚 =𝑏𝜇 (𝑅𝜈𝛼𝛽

𝜇
)𝑏𝜈 + 𝑐𝜇 (𝑅𝜈𝛼𝛽

𝜇
) 𝑐𝜈 −

1

2
(𝑏𝜇 − 𝑖𝑐𝜇)(𝐷

𝜇𝐹𝛼𝛽)(𝑏 + 𝑖𝑐)

 +
1

2
(𝑏 + 𝑖𝑐)(𝐷𝜈𝐹𝛼𝛽)(𝑏

𝜈 − 𝑖𝑐𝜈)

 

𝑎4
ghosts, EM

(𝑥) =
13

36
𝐸4 −

1

4
𝑊2 −

3

4
𝑅2  

(4𝜋)2𝑎4
B(𝑥) = −

53

45
𝐸4 +

137

60
𝑊2 −

13

36
𝑅2  
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𝑎E =
53

45
, 𝑐 =

137

60
, 𝑏1 = −

13

36
, 𝑏2 = 0  

𝜙𝑚𝐸
𝑚𝑛𝜙𝑛 = ℎ𝜇𝜈(𝑅

𝜇𝛼𝜈𝛽 + 𝑅𝜇𝛽𝜈𝛼 − 𝑔𝜇𝜈𝑅𝛼𝛽 − 𝑔𝛼𝛽𝑅𝜇𝜈 + Λ𝑔𝜇𝜈𝑔𝛼𝛽)ℎ𝛼𝛽  

Tr(𝑅𝐸) = −16Λ2

Tr(𝐸2) = 16Λ2 − 4𝑅𝜇𝜈𝑅
𝜇𝜈 + 3𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎

Tr(𝐼) = 10

 

180(4𝜋)2𝑎4
bulk ,Λ =

1

2
[60(−16Λ2) + 180(16Λ2 − 4𝑅𝜇𝜈𝑅

𝜇𝜈 + 3𝑅𝜇𝜈𝛼𝛽𝑅𝜇𝜈𝛼𝛽) + 30(−6)𝑅
𝜇𝜈𝛼𝛽𝑅𝜇𝜈𝛼𝛽

+10(5𝑅2 + 2𝑅𝜇𝜈𝛼𝛽𝑅𝜇𝜈𝛼𝛽 − 2𝑅𝜇𝜈𝑅
𝜇𝜈]  

= −120Λ2 + 190𝑅𝜇𝜈𝛼𝛽𝑅𝜇𝜈𝛼𝛽

 

𝜙𝑛(Ω𝛼𝛽)𝑚
𝑛
𝜙𝑚 = 𝑏𝜇 (𝑅𝜈𝛼𝛽

𝜇
)𝑏𝜈 + 𝑐𝜇 (𝑅𝜈𝛼𝛽

𝜇
) 𝑐𝜈  

Tr(𝐼) = Tr(𝑔𝜇𝜈) + Tr(𝑔𝜇𝜈) = 8  

−(4𝜋)2𝑎4
ghost ,B

(𝑥)=
1

3
𝑅2 + 𝑅𝜇𝜈𝑅

𝜇𝜈 −
1

6
𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 + (
1

9
𝑅2 +

2

45
𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 −
2

45
𝑅𝜇𝜈𝑅

𝜇𝜈) 

=
4

9
𝑅2 +

43

45
𝑅𝜇𝜈𝑅

𝜇𝜈 −
43

45
𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎  

 =
11

90
𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 −
164

15
Λ2

 

180(4𝜋)2𝑎4
Λ(𝑥) = 212𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 − 2088Λ2  

ℒ =
1

2
𝜓‾𝜇𝛾

𝜇𝜈𝜌𝐷𝜈𝜓𝜌 +
𝑖

4
𝐹𝜇𝜈𝜓‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜓𝜎 −
1

2ℓ
𝜓‾𝜇𝛾

𝜇𝜈𝜓𝜈  

𝜓𝜇 = 𝜓𝜇
1 + 𝑖𝜓𝜇

2  

𝛾0 = (
0 𝟏
−𝟏 0

) , 𝛾1 = (
𝟏 0
0 −𝟏

) , 𝛾2 = (
0 𝜎1
𝜎1 0

) , 𝛾3 = (
0 𝜎3
𝜎3 0

)  

𝜓∗ = 𝜓  

ℒg.f. = −
1

4
(𝜓‾𝜇𝛾

𝜇)𝛾𝜈𝐷𝜈(𝛾
𝜌𝜓𝜌)  

𝜓𝜇 = √2 (𝜒𝜇 −
1

2
𝛾𝜇𝛾

𝜈𝜒𝜈)  

ℒFermi + ℒg.f. = ℒkin + ℒ𝜓‾ 𝐹𝜓 + ℒ𝜓‾ 𝜓  

ℒkin  =
1

2
𝑔𝜇𝜈𝜓‾𝜇𝛾

𝜌∇𝜌𝜓𝜈

ℒ𝜓‾ 𝐹𝜓  =
𝑖

4
𝐹𝜇𝜈𝜓‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜓𝜎

ℒ𝜓‾ 𝜓  = −
1

2ℓ
𝜓‾𝜇𝛾

𝜇𝜈𝜓𝜈
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𝜒‾𝜇𝛾
𝜈𝐷𝜈𝜒

𝜇 =
1

2
𝜓‾𝜇 (𝛾

𝜇𝜈𝜌𝐷𝜈 −
1

2
𝛾𝜇𝛾𝜈𝛾𝜌𝐷𝜈)𝜓𝜌  

ℒ𝜓‾ 𝜓  = −
1

2ℓ
𝜓‾𝜇𝛾

𝜇𝜈𝜓𝜈

 = −
1

ℓ
(𝜒‾𝜇 −

1

2
𝜒‾𝜌𝛾

𝜌𝛾𝜇) 𝛾
𝜇𝜈 (𝜒𝜈 −

1

2
𝛾𝜈𝛾

𝜎𝜒𝜎)

 = −
1

ℓ
(𝜒‾𝜇𝛾

𝜇𝜈𝜒𝜈 −
1

2
𝜒‾𝜌𝛾

𝜌𝛾𝜇𝛾
𝜇𝜈𝜒𝜈 −

1

2
𝜒‾𝜇𝛾

𝜇𝜈𝛾𝜈𝛾
𝜎𝜒𝜎 +

1

4
𝜒‾𝜌𝛾

𝜌𝛾𝜇𝛾
𝜇𝜈𝛾𝜈𝛾

𝜎𝜒𝜎)

 = −
1

ℓ
(𝜒‾𝜇𝛾

𝜇𝜈𝜒𝜈 − 3𝜒‾𝜇𝛾
𝜇𝛾𝜈𝜒𝜈 + 3𝜒‾𝜌𝛾

𝜌𝛾𝜎𝜒𝜎)

 = −
1

ℓ
𝜒‾𝜇𝛾

𝜇𝜈𝜒𝜈

 

ℒ𝜓‾ 𝐹𝜓 =
𝑖

4
𝐹𝜇𝜈𝜓‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜓𝜎

=
𝑖

2
𝐹𝜇𝜈 (𝜒‾𝜌 −

1

2
𝜒‾𝛼𝛾

𝛼𝛾𝜌) 𝛾𝜇𝛾
𝜌𝜎𝛾𝜈 (𝜒𝜎 −

1

2
𝛾𝜎𝛾

𝛽𝜒𝛽)

=
𝑖

2
𝐹𝜇𝜈 (𝜒‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜒𝜎 −
1

2
𝜒‾𝛼𝛾

𝛼𝛾𝜌𝛾𝜇𝛾
𝜌𝜎𝛾𝜈𝜒𝜎 −

1

2
𝜒‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝛾𝜎𝛾
𝛽𝜒𝛽

+
1

4
𝜒‾𝛼𝛾

𝛼𝛾𝜌𝛾𝜇𝛾
𝜌𝜎𝛾𝜈𝛾𝜎𝛾

𝛽𝜒𝛽)

 

𝛾𝜇𝛾𝜈𝛾𝜇= −2𝛾𝜈  

𝛾𝜌𝛾𝜇𝛾
𝜌𝜎  = 𝛾𝜌𝛾𝜇(𝛾

𝜌𝛾𝜎 − 𝑔𝜌𝜎) = −𝛾𝜇𝛾
𝜎 − 2𝛿𝜇

𝜎

𝛾𝜌𝛾𝜇𝛾
𝜌𝜎𝛾𝜈𝛾𝜎 = (−𝛾𝜇𝛾

𝜎 − 2𝛿𝜇
𝜎)𝛾𝜈𝛾𝜎 = 4𝛾𝜇𝜈

 

−
1

2
𝜒‾𝛼𝛾

𝛼𝛾𝜌𝛾𝜇𝛾
𝜌𝜎𝛾𝜈𝜒𝜎  =

1

2
𝜒‾𝛼𝛾

𝛼(𝛾𝜇𝛾
𝜎 + 2𝛿𝜇

𝜎)𝛾𝜈𝜒𝜎

 =
1

2
𝜒‾𝛼𝛾

𝛼𝛾𝜇𝛾
𝜎𝛾𝜈𝜒𝜎 + 𝜒‾𝛼𝛾

𝛼𝛾𝜈𝜒𝜇

 =
1

2
𝜒‾𝛼𝛾

𝛼𝛾𝜇(2𝛿𝜈
𝜎 − 𝛾𝜈𝛾

𝜎)𝜒𝜎 + 𝜒‾𝛼𝛾
𝛼𝛾𝜈𝜒𝜇

 = 𝜒‾𝛼𝛾
𝛼𝛾𝜇𝜒𝜈 −

1

2
𝜒‾𝛼𝛾

𝛼𝛾𝜇𝛾𝜈𝛾
𝜎𝜒𝜎 + 𝜒‾𝛼𝛾

𝛼𝛾𝜈𝜒𝜇

 

ℒ𝜓‾ 𝐹𝜓  =
𝑖

2
𝐹𝜇𝜈(𝜒‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜒𝜎 − 𝜒‾𝛼𝛾
𝛼𝛾𝜇𝛾𝜈𝛾

𝜎𝜒𝜎 + 𝜒‾𝛼𝛾
𝛼𝛾𝜇𝜈𝛾

𝛽𝜒𝛽)

 =
𝑖

2
𝐹𝜇𝜈𝜒‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜒𝜎

 

ℒ𝑓 = 𝑔
𝜇𝜈𝜒‾𝜇𝛾

𝜌𝐷𝜌𝜒𝜈 +
𝑖

2
𝐹𝜇𝜈𝜒‾𝜌𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜒𝜎 −
1

ℓ
𝜒‾𝜇𝛾

𝜇𝜈𝜒𝜈 .  

𝜒𝜇 = 𝜒𝜇
1 + 𝑖𝜒𝜇

2,  

𝜆‾𝛾𝜇1…𝜇𝑟𝜒 = 𝑡𝑟𝜒‾𝛾𝜇1…𝜇𝑟𝜆,  

𝑡𝑟 = {
−1 𝑟 = 1,2mod4
1 𝑟 = 3,4mod4

.  

𝜆‾𝛾𝜇1𝛾𝜇2 …𝛾𝜇𝑝𝜒 = (−1)𝑝𝜒‾𝛾𝜇𝑝 …𝛾𝜇2𝛾𝜇1𝜆.  
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𝜒‾𝜇
1𝛾𝜌𝐷𝜌𝜒𝜈

2  = −𝐷𝜌𝜒‾𝜈
2𝛾𝜌𝜒𝜇

1

 = 𝜒‾𝜈
2𝛾𝜌𝐷𝜌𝜒𝜇

1  

ℒkin = 𝛿𝐴𝐵𝑔
𝜇𝜈𝜒‾𝜇

𝐴𝛾𝜌𝐷𝜌𝜒𝜈
𝐵  

𝐹𝜇𝜈𝜓‾𝜌
1𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜓𝜎
1  = 𝐹𝜇𝜈(𝛾𝜇𝜓𝜌

1)
†
𝛾𝜌𝜎(𝛾𝜈𝜓𝜎

1)

 = −𝐹𝜇𝜈(𝛾𝜈𝜓𝜎
1)†𝛾𝜌𝜎(𝛾𝜇𝜓𝜌

1)

 = −𝐹𝜇𝜈𝜓‾𝜌
1𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜓𝜎
1

 = 0

 

ℒ𝜓‾ 𝐹𝜓 = −
1

2
𝜀𝐴𝐵𝐹

𝜇𝜈𝜒‾𝜌
𝐴𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜒𝜎
𝐵  

𝜒‾𝜇
1𝛾𝜇𝜈𝜒𝜈

2  = −𝜒‾𝜈
2𝛾𝜇𝜈𝜒𝜇

1

 = 𝜒‾𝜇
2𝛾𝜇𝜈𝜒𝜈

1  

ℒ𝜓‾ 𝜓 = −
1

ℓ
𝛿𝐴𝐵𝜒‾𝜇

𝐴𝛾𝜇𝜈𝜒𝜈
𝐵  

ℒ𝑓 + ℒg.f. = 𝛿𝐴𝐵𝑔
𝜇𝜈𝜒‾𝜇

𝐴𝛾𝜌𝐷𝜌𝜒𝜈
𝐵 −

1

2
𝜀𝐴𝐵𝐹

𝜇𝜈𝜒‾𝜌
𝐴𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜒𝜎
𝐵 −

1

ℓ
𝛿𝐴𝐵𝜒‾𝜇

𝐴𝛾𝜇𝜈𝜒𝜈
𝐵  

(𝛾𝜇)† = (−1)𝑡𝐴𝛾𝜇𝐴−1  

(𝛾𝜇)𝑡 = 𝑡0𝑡1𝐶𝛾
𝜇𝐶−1  

(𝛾𝜇)∗ = −𝑡0𝑡1𝐵𝛾
𝜇𝐵−1  

𝐵 = (𝐶𝐴−1)𝑡  

𝛾5 = −𝑖𝛾0𝛾1𝛾2𝛾3 = (
0 𝜎2
𝜎2 0

)  

(𝛾5)2 = 1, (𝛾5)† = 𝛾5, (𝛾5)𝑡 = (𝛾5)∗ = −𝛾5  

𝜓∗ = 𝐵+𝜓 = 𝜓  

𝐵− = (𝐶−𝐴
−1)𝑡 = 𝛾5  

(𝜆𝐴
𝜇
)
∗
= 𝐵−𝜀𝐴𝐵𝜆𝐵

𝜇
 

𝜆1
𝜇
 = 𝜒1

𝜇
− 𝑖𝜒𝜇

2

𝜆2
𝜇
 = 𝛾5(𝜒1

𝜇
+ 𝑖𝜒2

𝜇
)

 

𝜒1
𝜇
 =
1

2
(𝜆1
𝜇
+ 𝛾5𝜆2

𝜇
)

𝜒2
𝜇
 =

𝑖

2
(𝜆1
𝜇
− 𝛾5𝜆2

𝜇
)
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𝜒‾1
𝜇
=
1

2
(𝜆‾1
𝜇
− 𝜆‾2

𝜇
𝛾5)

𝜒‾2
𝜇
= −

𝑖

2
(𝜆‾1
𝜇
+ 𝜆‾2

𝜇
𝛾5)

 

ℒ𝑓 + ℒg.f. = ℒkin + ℒ𝜒𝐹𝜒 + ℒ𝜒𝜒  

ℒkin  = 𝛿𝐴𝐵𝑔𝜇𝜈𝜒‾𝐴
𝜇
𝛾𝜌𝐷𝜌𝜒𝐵

𝜈

ℒ𝜒𝐹𝜒  = −
1

2
𝜀𝐴𝐵𝐹

𝜇𝜈𝜒‾𝐴
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜒𝐵

𝜎

ℒ𝜒𝜒  = −
1

ℓ
𝛿𝐴𝐵𝜒‾𝐴

𝜇
𝛾𝜇𝜈𝜒𝐵

𝜈

 

𝑔𝜇𝜈𝜒‾1
𝜇
𝛾𝜌∇𝜌𝜒1

𝜈  =
1

4
𝑔𝜇𝜈(𝜆‾1

𝜇
− 𝜆‾2

𝜇
𝛾5)𝛾𝜌∇𝜌(𝜆1

𝜇
+ 𝛾5𝜆2

𝜇
)

 =
1

4
𝑔𝜇𝜈(𝜆‾1

𝜇
𝛾𝜌∇𝜌𝜆1

𝜇
− 𝜆‾2

𝜇
𝛾5𝛾𝜌∇𝜌𝛾

5𝜆2
𝜇
+ 𝜆‾1

𝜇
𝛾𝜌∇𝜌𝛾

5𝜆2
𝜇
− 𝜆‾2

𝜇
𝛾5𝛾𝜌∇𝜌𝜆1

𝜇
)

 =
1

4
𝑔𝜇𝜈(𝜆‾1

𝜇
𝛾𝜌∇𝜌𝜆1

𝜇
+ 𝜆‾2

𝜇
𝛾𝜌∇𝜌𝜆2

𝜇
+ 𝜆‾1

𝜇
𝛾𝜌∇𝜌𝛾

5𝜆2
𝜇
− 𝜆‾2

𝜇
𝛾5𝛾𝜌∇𝜌𝜆1

𝜇
)

 

𝑔𝜇𝜈𝜒‾2
𝜇
𝛾𝜌∇𝜌𝜒2

𝜈  =
1

4
𝑔𝜇𝜈(𝜆‾1

𝜇
+ 𝜆‾2

𝜇
𝛾5)𝛾𝜌∇𝜌(𝜆1

𝜇
− 𝛾5𝜆2

𝜇
)

 =
1

4
𝑔𝜇𝜈(𝜆‾1

𝜇
𝛾𝜌∇𝜌𝜆1

𝜇
− 𝜆‾2

𝜇
𝛾5𝛾𝜌∇𝜌𝛾

5𝜆2
𝜇
− 𝜆‾1

𝜇
𝛾𝜌∇𝜌𝛾

5𝜆2
𝜇
+ 𝜆‾2

𝜇
𝛾5𝛾𝜌∇𝜌𝜆1

𝜇
)

 =
1

4
𝑔𝜇𝜈(𝜆‾1

𝜇
𝛾𝜌∇𝜌𝜆1

𝜇
+ 𝜆‾2

𝜇
𝛾𝜌∇𝜌𝜆2

𝜇
− 𝜆‾1

𝜇
𝛾𝜌∇𝜌𝛾

5𝜆2
𝜇
+ 𝜆‾2

𝜇
𝛾5𝛾𝜌∇𝜌𝜆1

𝜇
)

 

ℒkin =
1

2
𝑔𝜇𝜈(𝜆‾1

𝜇
𝛾𝜌∇𝜌𝜆1

𝜇
+ 𝜆‾2

𝜇
𝛾𝜌∇𝜌𝜆2

𝜇
)  

𝐷𝜇𝜒𝐴
𝜈 = (𝛿𝐴𝐵∇𝜇 +

1

ℓ
𝜀𝐴𝐵𝐴𝜇) 𝜒𝐵

𝜈 ,  

𝐷𝜇𝜒1
𝜈  = ∇𝜇𝜒1

𝜈 +
1

ℓ
𝐴𝜇𝜒2

𝜈

𝐷𝜇𝜒2
𝜈  = ∇𝜇𝜒2

𝜈 −
1

ℓ
𝐴𝜇𝜒1

𝜈

 

𝐷𝜇𝜆1
𝜈  = 𝐷𝜇(𝜒1

𝜈 − 𝑖𝜒2
𝜈)

 = ∇𝜇𝜒1
𝜈 +

1

ℓ
𝐴𝜇𝜒2

𝜈 − 𝑖 (∇𝜇𝜒2
𝜈 −

1

ℓ
𝐴𝜇𝜒1

𝜈)

 = ∇𝜇𝜆1
𝜈 +

𝑖

ℓ
𝐴𝜇𝜆1

𝜈

 

𝐷𝜇𝜆2
𝜈  = 𝛾5𝐷𝜇(𝜒1

𝜈 + 𝑖𝜒2
𝜈)

 = 𝛾5 (∇𝜇𝜒1
𝜈 +

1

ℓ
𝐴𝜇𝜒2

𝜈) + 𝑖𝛾5 (∇𝜇𝜒2
𝜈 −

1

ℓ
𝐴𝜇𝜒1

𝜈)

 = ∇𝜇𝜆2
𝜈 −

𝑖

ℓ
𝐴𝜇𝜆2

𝜈

 

ℒkin =
1

2
𝑔𝜇𝜈(𝜆‾1

𝜇
𝛾𝜌𝐷𝜌𝜆1

𝜇
+ 𝜆‾2

𝜇
𝛾𝜌𝐷𝜌𝜆2

𝜇
)  
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ℒ𝜒𝜒 = −
1

ℓ
𝛿𝐴𝐵𝜒‾𝐴

𝜇
𝛾𝜇𝜈𝜒𝐵

𝜈  

𝜒‾1
𝜇
𝛾𝜇𝜈𝜒1

𝜈  =
1

4
(𝜆‾1
𝜇
− 𝜆‾2

𝜇
𝛾5)𝛾𝜇𝜈(𝜆1

𝜈 + 𝛾5𝜆2
𝜈)

 =
1

4
(𝜆‾1
𝜇
𝛾𝜇𝜈𝜆1

𝜈 − 𝜆‾2
𝜇
𝛾5𝛾𝜇𝜈𝛾

5𝜆2
𝜈 + 𝜆‾1

𝜇
𝛾𝜇𝜈𝛾

5𝜆2
𝜈 − 𝜆‾2

𝜇
𝛾5𝛾𝜇𝜈𝜆1

𝜈)

 =
1

4
(𝜆‾1
𝜇
𝛾𝜇𝜈𝜆1

𝜈 − 𝜆‾2
𝜇
𝛾𝜇𝜈𝜆2

𝜈 + 𝜆‾1
𝜇
𝛾𝜇𝜈𝛾

5𝜆2
𝜈 − 𝜆‾2

𝜇
𝛾5𝛾𝜇𝜈𝜆1

𝜈)

 

𝜒‾2
𝜇
𝛾𝜇𝜈𝜒2

𝜈  =
1

4
(𝜆‾1
𝜇
+ 𝜆‾2

𝜇
𝛾5)𝛾𝜇𝜈(𝜆1

𝜈 − 𝛾5𝜆2
𝜈)

 =
1

4
(𝜆‾1
𝜇
𝛾𝜇𝜈𝜆1

𝜈 − 𝜆‾2
𝜇
𝛾𝜇𝜈𝜆2

𝜈 − 𝜆‾1
𝜇
𝛾𝜇𝜈𝛾

5𝜆2
𝜈 + 𝜆‾2

𝜇
𝛾5𝛾𝜇𝜈𝜆1

𝜈)

 

ℒ𝜒𝜒 = −
1

2ℓ
(𝜆‾1
𝜇
𝛾𝜇𝜈𝜆1

𝜈 − 𝜆‾2
𝜇
𝛾𝜇𝜈𝜆2

𝜈)  

𝐹𝜇𝜈𝜒‾1
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜒2

𝜎

=
𝑖

4
𝐹𝜇𝜈(𝜆‾1

𝜌
− 𝜆‾2

𝜌
𝛾5)𝛾𝜇𝛾𝜌𝜎𝛾𝜈(𝜆1

𝜎 − 𝛾5𝜆2
𝜎)  

 =
𝑖

4
𝐹𝜇𝜈(𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎 + 𝜆‾2
𝜌
𝛾5𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝛾

5𝜆2
𝜎 − 𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝛾

5𝜆2
𝜎 − 𝜆‾2

𝜌
𝛾5𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎)

 =
𝑖

4
𝐹𝜇𝜈(𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎 + 𝜆‾2
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆2

𝜎 − 𝜆‾1
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝛾

5𝜆2
𝜎 − 𝜆‾2

𝜌
𝛾5𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎)

 

𝐹𝜇𝜈𝜒‾2
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜒1

𝜎

= −
𝑖

4
𝐹𝜇𝜈(𝜆‾1

𝜌
+ 𝜆‾2

𝜌
𝛾5)𝛾𝜇𝛾𝜌𝜎𝛾𝜈(𝜆1

𝜎 + 𝛾5𝜆2
𝜎)  

= −
𝑖

4
𝐹𝜇𝜈(𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎 + 𝜆‾2
𝜌
𝛾5𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝛾

5𝜆2
𝜎 + 𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝛾

5𝜆2
𝜎 + 𝜆‾2

𝜌
𝛾5𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎) 

 = −
𝑖

4
𝐹𝜇𝜈(𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎 + 𝜆‾2
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆2

𝜎 + 𝜆‾1
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝛾

5𝜆2
𝜎 + 𝜆‾2

𝜌
𝛾5𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎)

 

ℒ𝜒𝐹𝜒 = −
1

2
𝜀𝐴𝐵𝐹

𝜇𝜈𝜒‾𝐴
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜒𝐵

𝜎 = −
𝑖

4
𝐹𝜇𝜈(𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎 + 𝜆‾2
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆2

𝜎)  

ℒ𝑓 =
1

2
𝛿𝐴𝐵𝑔𝜇𝜈𝜆‾𝐴

𝜇
𝛾𝜌𝐷𝜌𝜆𝐴

𝜈 −
𝑖

4
𝐹𝜇𝜈(𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎 + 𝜆‾2
𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆2

𝜎) −
1

2ℓ
(𝜆‾1
𝜇
𝛾𝜇𝜈𝜆1

𝜈 − 𝜆‾2
𝜇
𝛾𝜇𝜈𝜆2

𝜈) 

ℒ𝑓 = ℒ1 + ℒ2,  

ℒ1  = 𝑔𝜇𝜈𝜆‾1
𝜇
𝛾𝜌(∇𝜌 + 𝑖ℓ

−1𝐴𝜌)𝜆1
𝜈 −

𝑖

2
𝐹𝜇𝜈𝜆‾1

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆1

𝜎 −
1

ℓ
𝜆‾1
𝜇
𝛾𝜇𝜈𝜆1

𝜈

ℒ2  = 𝑔𝜇𝜈𝜆‾2
𝜇
𝛾𝜌(∇𝜌 − 𝑖ℓ

−1𝐴𝜌)𝜆2
𝜈 −

𝑖

2
𝐹𝜇𝜈𝜆‾2

𝜌
𝛾𝜇𝛾𝜌𝜎𝛾𝜈𝜆2

𝜎 +
1

ℓ
𝜆‾2
𝜇
𝛾𝜇𝜈𝜆2

𝜈

 

𝛾̂1, 𝛾̂2, 𝛾̂3, 𝛾̂4  

(𝛾̂𝜇)† = 𝛾̂𝜇  

𝜆‾𝐴
𝜇
= (𝜆𝐴

𝜇
)
†
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𝑍 = ∫  𝐷𝜓‾𝜇𝐷𝜓𝜈𝑒
−𝑆[𝜓‾ 𝜇,𝜓𝜈]  

1 = ∫  𝐷𝜖𝐷𝜖‾𝛿 (𝜉 − 𝛾𝜇𝜓𝜇
(𝜖)
) 𝛿 (𝜉‾ − 𝛾𝜇𝜓‾𝜇

(𝜖)
)ΔFP

−1  

ΔFP = det(
𝛿 (𝛾𝜇𝜓𝜇

(𝜖)
)

𝛿𝜖
)det(

𝛿 (𝛾𝜇𝜓‾𝜇
(𝜖‾)
)

𝛿𝜖‾
)  

𝜓𝜇
(𝜖)
= 𝜓𝜇 + 𝒟𝜇𝜖 

1 =
1

detD̸
∫  𝐷𝜉𝐷𝜉‾exp (−𝜉‾D̸𝜉)  

𝑍=
ΔFP
−1

detD̸
∫  𝐷𝜓‾𝜇𝐷𝜓𝜈𝐷𝜉𝐷𝜉‾𝐷𝜖𝐷𝜖‾exp (−𝜉‾D̸𝜉)𝛿 (𝜉 − 𝛾

𝜇𝜓𝜇
(𝜖)
) 𝛿 (𝜉‾ − 𝛾𝜇𝜓‾𝜇

(𝜖)
) 𝑒−𝑆[𝜓

‾
𝜇,𝜓𝜈] 

 =
ΔFP
−1

detD̸
∫  𝐷𝜓‾𝜇𝐷𝜓𝜈𝐷𝜖𝐷𝜖‾exp (−𝜓‾𝜈𝛾

𝜈D̸𝛾𝜇𝜓𝜇)𝑒
−𝑆[𝜓‾ 𝜇,𝜓𝜈]

 

𝜓𝜇 → 𝜓𝜇 − 𝒟𝜇𝜖 

ΔFP
−1  = ∫  𝐷𝑏𝐷𝑐exp (−𝑏𝛾𝜇𝒟𝜇𝑐)

1

detD̸
 = ∫  𝐷𝑑𝐷𝑑‾exp (−𝑑‾𝛾𝜇𝐷𝜇𝑑)

 

ℒghost = 𝑏‾𝐴 (𝛾
𝜇𝐷𝜇 +

2

ℓ
) 𝑐𝐴 + 𝑐‾𝐴 (𝛾

𝜇𝐷𝜇 +
2

ℓ
)𝑏𝐴 + 𝑒‾𝐴𝛾

𝜇𝐷𝜇𝑒𝐴  

 

𝑏‾1𝛾
𝜇𝐷𝜇𝑐1  =

1

4
(𝛽‾1 − 𝛽‾2𝛾

5)𝛾𝜇𝐷𝜇(𝜂1 + 𝛾
5𝜂2)

 =
1

4
(𝛽‾1𝛾

𝜇𝐷𝜇𝜂1 − 𝛽‾2𝛾
5𝛾𝜇𝐷𝜇𝛾

5𝜂2 + 𝛽‾1𝛾
𝜇𝐷𝜇𝛾

5𝜂2 − 𝛽‾2𝛾
5𝛾𝜇𝐷𝜇𝜂1)

 =
1

4
(𝛽‾1𝛾

𝜇𝐷𝜇𝜂1 + 𝛽‾2𝛾
𝜇𝐷𝜇𝜂2 + 𝛽‾1𝛾

𝜇𝐷𝜇𝛾
5𝜂2 − 𝛽‾2𝛾

5𝛾𝜇𝐷𝜇𝜂1)
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𝑏‾2𝛾
𝜇𝐷𝜇𝑐2  =

1

4
(𝛽‾1 + 𝛽‾2𝛾

5)𝛾𝜇𝐷𝜇(𝜂1 − 𝛾
5𝜂2)

 =
1

4
(𝛽‾1𝛾

𝜇𝐷𝜇𝜂1 + 𝛽‾2𝛾
𝜇𝐷𝜇𝜂2 − 𝛽‾1𝛾

𝜇𝐷𝜇𝛾
5𝜂2 + 𝛽‾2𝛾

5𝛾𝜇𝐷𝜇𝜂1)

 

𝑏‾𝐴𝛾
𝜇𝐷𝜇𝑐𝐴 =

1

2
(𝛽‾1𝛾

𝜇𝐷𝜇𝜂1 + 𝛽‾2𝛾
𝜇𝐷𝜇𝜂2)  

𝑐‾𝐴𝛾
𝜇𝐷𝜇𝑏𝐴 =

1

2
(𝜂‾1𝛾

𝜇𝐷𝜇𝛽1 + 𝜂‾2𝛾
𝜇𝐷𝜇𝛽2)  

𝑒‾𝐴𝛾
𝜇𝐷𝜇𝑒𝐴 =

1

2
(𝜖‾1𝛾

𝜇𝐷𝜇𝜖1 + 𝜖‾2𝛾
𝜇𝐷𝜇𝜖2)  

𝑏‾1𝑐1  =
1

4
(𝛽‾1 − 𝛽‾2𝛾

5)(𝜂1 + 𝛾
5𝜂2)

 =
1

4
(𝛽‾1𝜂1 − 𝛽‾2𝜂2 + 𝛽‾1𝛾

5𝜂2 − 𝛽‾2𝛾
5𝜂1)

 

𝑏‾2𝑐2  =
1

4
(𝛽‾1 + 𝛽‾2𝛾

5)(𝜂1 − 𝛾
5𝜂2)

 =
1

4
(𝛽‾1𝜂1 − 𝛽‾2𝜂2 − 𝛽‾1𝛾

5𝜂2 + 𝛽‾2𝛾
5𝜂1)

 

𝑏‾𝐴𝑐𝐴 =
1

2
(𝛽‾1𝜂1 − 𝛽‾2𝜂2),  

𝑐‾𝐴𝑏𝐴 =
1

2
(𝜂‾1𝛽1 − 𝜂‾2𝛽2).  

ℒghosts = 𝛽‾1 (𝛾
𝜇𝐷𝜇 +

2

ℓ
)𝜂1 + 𝜂‾1 (𝛾

𝜇𝐷𝜇 +
2

ℓ
)𝛽1

 +𝛽‾2 (𝛾
𝜇𝐷𝜇 −

2

ℓ
)𝜂2 + 𝜂‾2 (𝛾

𝜇𝐷𝜇 −
2

ℓ
)𝛽2

 +𝜖‾1𝛾
𝜇𝐷𝜇𝜖1 + 𝜖‾2𝛾

𝜇𝐷𝜇𝜖2

 

𝛽‾1 = 𝜂1
†, 𝛽‾2 = 𝜂2

†, 𝜖‾1 = 𝜖1
†  

(4𝜋)2𝑎4(𝑥) =
139

90
𝐸4 −

32

15
𝑊2 −

2

9
𝑅2 +

8

9
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  

(4𝜋)2𝑎4(𝑥) =
11

360
𝐸4 −

1

20
𝑊2 −

1

18
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈,  

(4𝜋)2𝑎4(𝑥) =
11

360
𝐸4 −

1

20
𝑊2 +

1

9
𝑅2 −

1

18
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  

(4𝜋)2𝑎4(𝑥) =
589

360
𝐸4 −

137

60
𝑊2 +

13

18
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈 ,  

ℒg.f.  = −
1

4
(𝜓‾𝜇𝛾

𝜇)(𝛾𝜈𝐷𝜈 −𝑚)(𝛾
𝜌𝜓𝜌)

 = −
1

4
𝛿𝐴𝐵(𝜓‾𝜇

𝐴𝛾𝜇)(𝛾𝜈𝐷𝜈 −𝑚)(𝛾
𝜌𝜓𝜌

𝐵)
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ℒnew  =
1

4
𝑚𝜓‾𝜇𝛾

𝜇𝛾𝜈𝜓𝜈

 =
1

2
𝑚 (𝜒‾𝜇 −

1

2
𝜒‾𝛼𝛾

𝛼𝛾𝜇) 𝛾
𝜇𝛾𝜈 (𝜒𝜈 −

1

2
𝛾𝜈𝛾

𝛽𝜒𝛽)

 =
1

2
𝑚𝛿𝐴𝐵𝜒‾𝜇

𝐴𝛾𝜇𝛾𝜈𝜒𝜈
𝐵

 

𝑔𝜇𝜈 = 𝛾
𝜇𝛾𝜈 − 𝛾𝜇𝜈 

ℒ𝑓 = 𝛿𝐴𝐵𝑔
𝜇𝜈𝜒‾𝜇

𝐴𝛾𝜌𝐷𝜌𝜒𝜈
𝐵 −

1

2
𝜀𝐴𝐵𝐹

𝜇𝜈𝜒‾𝜌
𝐴𝛾𝜇𝛾

𝜌𝜎𝛾𝜈𝜒𝜎
𝐵 +

1

ℓ
𝛿𝐴𝐵𝜒‾𝜇

𝐴𝑔𝜇𝜈𝜒𝜈
𝐵  

(4𝜋)2𝑎4(𝑥) =
139

90
𝐸4 −

32

15
𝑊2 −

1

3
𝑅2 +

8

9
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  

(4𝜋)2𝑎4(𝑥) = −
11

120
𝐸4 −

3

20
𝑊2 +

1

3
𝑅2 −

1

6
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  

(4𝜋)2𝑎4(𝑥) =
589

360
𝐸4 −

137

60
𝑊2 +

13

18
𝑅𝐹𝜇𝜈𝐹

𝜇𝜈  

𝑆 = 𝑆classical + 𝑆1− loop +⋯  

𝑆1−loop = −
1

2
∫  
+∞

𝜖

 
𝑑𝑠

𝑠
∫  𝑑4𝑥√𝑔𝐾(𝑥, 𝑠), 𝐾(𝑥, 𝑠) = 𝑠−2𝑎0(𝑥) + 𝑠

−1𝑎2(𝑥) + ⋯  

𝑆1− loop = ∫  𝑑
4𝑥√𝑔 (−

1

4𝜖2
𝑎0(𝑥) −

1

2𝜖
𝑎2(𝑥) + ⋯)  

(4𝜋)2𝑎2(𝑥) = 𝑑1𝑅 + 𝑑2𝐹𝜇𝜈𝐹
𝜇𝜈  

𝑆1-loop =
1

16𝜋2
∫  𝑑4𝑥√𝑔 (−

1

4𝜖2
𝑎0 −

1

2𝜖
(𝑑1𝑅 + 𝑑2𝐹𝜇𝜈𝐹

𝜇𝜈) + ⋯)  

 (4𝜋)2𝑎0 = Tr1

 (4𝜋)2𝑎2 = Tr (𝐸 +
1

6
𝑅)

 

1

32𝜋2
∫  
ℳ

 𝑑𝑑𝑥√𝑔𝐸4 +
1

32𝜋2
𝐵 = 𝜒  
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lim
𝑟𝑐→+∞

  [
1

32𝜋2
∫  
ℳ

 𝑑𝑑𝑥√𝑔𝐸4 +∫  
𝜕ℳ

 𝑑3𝑦√ℎ(𝑐1 + 𝑐2ℛ)] = 𝜒.  

𝜒 =
1

32𝜋2
∫  𝑑4𝑥√𝑔𝐸4 +

1

32𝜋2
𝐵  

𝐵 ≡ −2∫  𝜖𝑎𝑏𝑐𝑑𝜃𝑏
𝑎ℛ𝑑

𝑐 +
4

3
∫  𝜖𝑎𝑏𝑐𝑑𝜃𝑏

𝑎𝜃𝑒
𝑐𝜃𝑑
𝑒  

1

32𝜋2
∫  𝑑4𝑥√𝑔𝐸4  = ∫  

𝑟𝑐

𝑟+

  𝑟2𝑑𝑟∫  𝑑Ω2∫  
𝛽

0

 𝑑𝜏 (
24

ℓ4
+
48𝑚2

𝑟6
)

 =
𝛽

𝜋
[2𝑚2 (

1

𝑟+
3 −

1

𝑟𝑐
3) +

1

ℓ4
(𝑟𝑐
3 − 𝑟+

3)]

 

𝜃01 =
𝑚ℓ2 + 𝑟𝑐

3

𝑟𝑐
2ℓ2

𝑑𝜏

𝜃12 = −√
𝑟𝑐
3 + 𝑟𝑐ℓ

2 − 2𝑚ℓ2

𝑟𝑐ℓ
2

𝑑𝜃

𝜃12 = −√
𝑟𝑐
3 + 𝑟𝑐ℓ

2 − 2𝑚ℓ2

𝑟𝑐ℓ
2

sin 𝜃𝑑𝜙

 

ℛ𝑏
𝑎 = ℛ𝑎 𝑏𝑐𝑑𝑒

𝑐 ∧ 𝑒𝑑 = ℛ𝑏𝜇𝜈
𝑎 𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈  
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ℛ2𝜏𝜃
0 = −

𝑚ℓ2 + 𝑟𝑐
3

ℓ2𝑟𝑐
2

√
𝑟𝑐
3 + 𝑟𝑐ℓ

2 − 2𝑚ℓ2

𝑟𝑐ℓ
2

ℛ3𝜏𝜙
0 = −

𝑚ℓ2 + 𝑟𝑐
3

ℓ2𝑟𝑐
2

√
𝑟𝑐
3 + 𝑟𝑐ℓ

2 − 2𝑚ℓ2

𝑟𝑐ℓ
2

sin 𝜃

ℛ3𝜃𝜙
0 =

2𝑚ℓ2 − 𝑟𝑐
3

𝑟𝑐ℓ
2

 

𝐵 = 8(4𝜋𝛽)
(𝑚ℓ2 + 𝑟𝑐

3)(2𝑚ℓ2 − 𝑟𝑐
3)

ℓ4𝑟𝑐
3

 = 4𝜋𝛽 [−16𝑚2
1

𝑟𝑐
3 + 8𝑚

1

ℓ2
−
8

ℓ4
𝑟𝑐
3] .

 

4𝜋𝛽 [16𝑚2
1

𝑟+
3 + 8𝑚

1

ℓ2
−
8

ℓ4
𝑟+
3] .  

𝜒 =
𝛽

𝜋
[2𝑚2

1

𝑟+
3 +𝑚

1

ℓ2
−
1

ℓ3
𝑟+
3] = 2,  

𝑑𝑠2 = (1 +
𝑟𝑐
2

ℓ2
−
2𝑚

𝑟𝑐
)𝑑𝑡2 + 𝑟𝑐

2𝑑𝜃2 + 𝑟𝑐
2sin2 𝜃𝑑𝜙2  

𝑎CT  = ∫  𝑑3𝑦√ℎ(𝑐1 + 𝑐2ℛ)

 = ∫  
𝛽

0

 𝑑𝑡 ∫  
𝜋

0

 sin 𝜃𝑑𝜃∫  
2𝜋

0

 𝑑𝜙√1 +
𝑟𝑐
2

ℓ2
−
2𝑚

𝑟𝑐
𝑟𝑐
2(𝑐1 + 𝑐2ℛ)

 = 4𝜋𝛽(𝑐1𝑟𝑐
2 + 2𝑐2)√

𝑟𝑐
2

ℓ2
−
2𝑚

𝑟𝑐
+ 1

 = 4𝜋𝛽 [
𝑐1
ℓ
𝑟𝑐
3 +

(𝑐1ℓ
2 + 4𝑐2)

2ℓ
𝑟𝑐 − 𝑐1𝑚ℓ] + 𝒪(𝑟𝑐

−1)

 

𝑐1 = −
8

ℓ3
, 𝑐2 =

2

ℓ
 

𝑎4(𝑥) = ⋯+
1

30
(5 ◻ 𝐸 +◻𝑅)  

𝐶local = ⋯+
1

(4𝜋)2
1

30
∫  𝑑3𝑦√ℎ𝑛𝜇∇𝜇(5Tr𝐸 + 𝑅Tr1)  

Tr𝐸 = 𝛼1𝑅 + 𝛼2𝐹𝜇𝜈𝐹
𝜇𝜈,  

𝐶bdy = ∫  𝑑
3𝑦√ℎ𝑎4

𝜕(𝑦),  

𝑎4
𝜕 = 𝐵1Tr1 + 𝐵2Tr𝐸,  
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𝐵1 =
1

360
[24𝐾:𝑏𝑏 + 20𝑅𝐾 + 4𝑅𝑎𝑛𝑎𝑛𝐾 − 12𝑅𝑎𝑛𝑏𝑛𝐾𝑎𝑏 + 4𝑅𝑎𝑏𝑐𝑏𝐾𝑎𝑐 + 480𝑆

2𝐾 + 480𝑆3

+
1

21
[(280Π+ + 40Π−)𝐾

3 + (168Π+ − 264Π−)𝐾𝑎𝑏𝐾𝑎𝑏𝐾𝑐𝑐]  + 120𝑆:𝑎𝑎

 +
1

21
(224Π+ + 320Π−)𝐾𝑎𝑏𝐾𝑏𝑐𝐾𝑎𝑐 + 120𝑆𝑅 + 144𝑆𝐾

2 + 48𝑆𝐾𝑎𝑏𝐾𝑎𝑏]

𝐵2 =
1

3
(𝐾 +6𝑆)

 

𝑅𝜇𝜈𝛼𝛽𝑅
𝜇𝜈𝛼𝛽 =

24

ℓ4
+

8

4(𝑟2 + 𝑎2cos2 𝜃)6
[−24𝑚2(𝑎2cos2 𝜃 + 𝑟2)3 + 192𝑟4((𝑞𝑒

2 + 𝑞𝑚
2 ) − 2𝑚𝑟)

2

−192𝑟2((𝑞𝑒
2 + 𝑞𝑚

2 ) − 3𝑚𝑟)((𝑞𝑒
2 + 𝑞𝑚

2 ) − 2𝑚𝑟)(𝑎2cos2 𝜃 + 𝑟2)  

+4((𝑞𝑒
2 + 𝑞𝑚

2 ) − 6𝑚𝑟)(7(𝑞𝑒
2 + 𝑞𝑚

2 ) − 18𝑚𝑟)(𝑎2cos2 𝜃 + 𝑟2)2]

=
24

ℓ4
+ 𝑅̃𝜇𝜈𝛼𝛽𝑅̃

𝜇𝜈𝛼𝛽

𝑅𝜇𝜈𝑅
𝜇𝜈 =

36

ℓ4
+

4(𝑞𝑒
2 + 𝑞𝑚

2 )2

(𝑟2 + 𝑎2cos2 𝜃)4

=
36

ℓ4
+ 𝑅̃𝜇𝜈𝑅̃

𝜇𝜈

𝑅2 =
144

ℓ4
,

𝐹𝜇𝜈𝐹
𝜇𝜈 = −

2(𝑞𝑒
2 − 𝑞𝑚

2 )(𝑟4 − 6𝑎2𝑟2cos2 𝜃 + 𝑎4cos4 𝜃) + 16𝑞𝑒𝑞𝑚𝑟𝑎cos 𝜃(𝑟
2 − 𝑎2cos2 𝜃)

(𝑟2 + 𝑎2cos2 𝜃)4
.

 

𝐸4 =
24

ℓ4
+

8

(𝑟2 + 𝑎2cos2 𝜃)6
(6𝑚2(𝑟6 − 15𝑎2𝑟4cos2 𝜃 + 15𝑎4𝑟2cos4 𝜃 − 𝑎6cos6 𝜃)

 −12𝑚𝑟(𝑞𝑒
2 + 𝑞𝑚

2 )(𝑟4 − 10𝑎2𝑟2cos2 𝜃 + 5𝑎4cos4 𝜃)

+(𝑞𝑒
2 + 𝑞𝑚

2 )2(5𝑟4 − 38𝑎2𝑟2cos2 𝜃 + 5𝑎4cos4 𝜃))
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1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎  

=−
3(𝑎2 − 𝑟+

2)(𝑎2 + 𝑟+
2)2(𝑎2(𝑟+

2 − ℓ2) + 𝑟+
2(ℓ2 + 3𝑟+

2))arctan (
𝑎
𝑟+
)

𝑎5ℓ2Ξ𝑟+
3  

+(𝑎2(ℓ2 − 𝑟+
2) − 𝑟+

2(ℓ2 + 3𝑟+
2))

2
 

×
𝛽 (3𝑎5𝑟+ + 2𝑎

3𝑟+
3 + 3(𝑎2 − 𝑟+

2)(𝑎2 + 𝑟+
2)2arctan (

𝑎
𝑟+
) + 3𝑎𝑟+

5)

8𝜋𝑎5ℓ4Ξ𝑟+
4(𝑎2 + 𝑟+

2)
 

+
2𝜋(𝑎2 + 𝑟+

2) (3𝑎5𝑟+ + 2𝑎
3𝑟+
3 + 3(𝑎2 − 𝑟+

2)(𝑎2 + 𝑟+
2)2arctan (

𝑎
𝑟+
) + 3𝑎𝑟+

5)

𝑎5𝛽Ξ𝑟+
2  

+
𝑎𝑟+ (𝑎

6(3ℓ2 − 7𝑟+
2) + 𝑎4(3ℓ2𝑟+

2 − 11𝑟+
4) + 𝑎2𝑟+

4(ℓ2 − 9𝑟+
2) − 3𝑟+

6(ℓ2 + 3𝑟+
2))

𝑎5ℓ2Ξ𝑟+
3  

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅𝜇𝜈𝑅

𝜇𝜈  

=
96𝛽𝑟+

4(𝛽𝑟+(𝑎
2 + ℓ2 + 2𝑟+

2) − 2𝜋ℓ2(𝑎2 + 𝑟+
2)) − 96𝛽2𝑟+

5(𝑎2 + 𝑟+
2)

32𝜋𝛽ℓ4Ξ𝑟+
4

+(𝑎2(𝛽𝑟+
2 − ℓ2(𝛽 + 4𝜋𝑟+)) + ℓ

2𝑟+
2(𝛽 − 4𝜋𝑟+) + 3𝛽𝑟+

4)
2

 

×
(3𝑎5𝑟+ + 2𝑎

3𝑟+
3 + 3(𝑎 − 𝑟+)(𝑎 + 𝑟+)(𝑎

2 + 𝑟+
2)2arctan (

𝑎
𝑟+
) + 3𝑎𝑟+

5)

32𝜋𝛽ℓ4Ξ𝑟+
4(𝑎5(𝑎2 + 𝑟+

2))
 

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝑅2 =

12(𝛽𝑟+(ℓ
2 + 𝑟+

2) − 2𝜋ℓ2(𝑎2 + 𝑟+
2))

𝜋ℓ4Ξ

1

(4𝜋)2
∫  𝑑4𝑥√𝑔𝐹𝜇𝜈𝐹

𝜇𝜈 = 2𝑟+
2 −

𝛽𝑟+(3𝑟+
4 + (𝑎2 + ℓ2)𝑟+

2 − 𝑎2ℓ2 − 2ℓ2𝑞𝑚
2 )

2𝜋ℓ2(𝑎2 + 𝑟+
2)

 

Modelo de campo cuántico – relativista en el que se forman agujeros negros cuánticos en gravedad 

cuántica. 

𝜓𝐼
𝛼 = 𝑖𝑒𝑖(𝛾𝑖)

𝛼  𝛽𝜒𝐼
𝛽

 

𝑇𝑖 = 𝒟𝑒𝑖 ≡ 𝑑𝑒𝑖 +𝜔𝑗
𝑖 ∧ 𝑒𝑗 = 𝜏𝜖𝑗𝑘

𝑖 𝑒𝑗 ∧ 𝑒𝑘  

ℒ𝑆𝑈𝐺𝑅𝐴 = ℒ𝐶𝑆
(𝐺+) − ℒ𝐶𝑆

(𝐺−)  

𝒜(+)  =
1

2
𝜔(+)
𝚤𝚥
𝕁𝚤𝚥 + 𝐴(+)

𝐼𝐽 𝕋𝐼𝐽 +ℚ
𝛼∣𝐼
𝜓𝛼∣𝐼
(+)

𝒜(−)  =
1

2
𝜔(−)
𝚤̂𝚥̂
𝕁𝚤̂𝚥̂ + 𝐴(−)

𝐼𝐽 𝕋𝐼𝐽 +ℚ
𝛼̇∣𝐼
𝜓
𝛼̇∣𝐼
(−)

 

𝜔𝑖𝑗  =
1

2
(𝜔(+)

𝚤𝚥
+𝜔(−)

𝚤𝚥̂𝚥
)

𝐸𝑘  =
ℓ

4
(𝜔(+)𝚤𝚥 − 𝜔(−)𝚤̂𝚥̂)𝜖

𝑖𝑗𝑘

 

𝔰𝔬(1,2)𝐷 ⊂ 𝔰𝔬(2,2) = 𝔰𝔬(1,2)(+) × 𝔰𝔬(1,2)(−) 
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ℒ(3) = (ℛ
𝑖𝑗 −

1

3ℓ2
𝐸𝑖𝐸𝑗 −

1

2ℓ
𝜓‾𝐼𝛾

𝑖𝑗𝜓𝐼)𝐸
𝑘𝜖𝑖𝑗𝑘 −

1

2ℓ
𝐴𝑑𝐴 + 2𝜓‾𝐼 (𝒟𝜓𝐼 −

1

2ℓ
𝜖𝐼𝐽𝐴𝜓𝐽)  

ℛ(+)
𝚤𝚥
=
i

ℓ
𝜓‾𝐼 ∧ 𝛾𝑘𝜓𝐼𝜖

𝚤𝚥𝑘 

𝒟(+)𝜓𝐼=
1

2ℓ
𝐴 ∧ 𝜖𝐼𝐽𝜓𝐽  

𝑑𝐴= 𝜖𝐼𝐽𝜓‾𝐼 ∧ 𝜓𝐽  

ℛ(−)
𝚤̂𝚥̂
 = 0

 

𝑅(+)
𝚤𝚥
≡ 𝑑𝜔(+)

𝚤𝚥
+𝜔(+)

𝚤𝑘 ∧ 𝜔(+)𝑘
𝚥

, 𝑅(−)
𝚤̂𝚥̂
≡ 𝑑𝜔(−)

𝚤̂𝚥̂
+𝜔(−)

𝚤̂𝑘̂ ∧ 𝜔
(−)𝑘̂

𝚥̂
, 𝐴(+)
𝐼𝐽 = 𝜖𝐼𝐽𝐴  

𝜓𝐼
𝛼 = i(𝛾𝑖)𝛽

𝛼𝜒𝐼
𝛽
𝑒𝑖  

Γ𝜇̂Ψ𝜇̂𝐼 = 0 ⇒ 𝛾𝜇𝜓𝜇𝐼 = −𝛾
𝑟𝜓𝑟𝐼 = 3i𝜒𝐼 ≠ 0  

𝜓𝐼
𝛼 = i(𝛾𝑖)𝛽′

𝛼 𝜒𝐼
𝛽′
𝑒𝑖  

𝜔±
𝛼𝛽
≡
1

2
𝛾𝑖𝑗
𝛼𝛽
(𝜔𝑖𝑗 ±

1

ℓ
𝐸𝑘𝜖

𝑖𝑗𝑘)  

ℛ+
𝛼𝛽
= −𝑖𝜓𝛼𝐼 ∧ 𝜓𝐼

𝛽
, (𝒟𝜓)𝐼

𝛼 =
1

2
𝐴 ∧ 𝜖𝐼𝐽𝜓𝐽

𝛼 , 𝑑𝐴 = −𝑖
1

2
𝜖𝐼𝐽𝜖𝛼𝛽𝜓𝐼

𝛼 ∧ 𝜓𝐽
𝛽

ℛ−
𝛼𝛽 = 0

 

𝛿𝜔−
𝛼𝛽 = 0

𝛿𝜔+
𝛼𝛽
= −2𝑖𝜖(𝛼𝐼𝜓𝐼

𝛽)

𝛿𝐴 = −𝑖𝜖𝐼𝐽𝜖𝛼𝛽𝜖𝐼
𝛼𝜓𝐽

𝛽

𝛿𝜓𝐼
𝛼 = 𝒟𝜖𝐼

𝛼 −
1

2
𝐴𝜖𝐼𝐽𝜖𝐽

𝛼 ≡ ∇𝜖𝐼
𝛼

 

𝑠𝜔−
𝛼𝛽 = 0

𝑠𝜔+
𝛼𝛽
= −2𝑖𝜙(𝛼𝐼𝜓𝐼

𝛽)

𝑠𝐴 = −𝑖𝜖𝐼𝐽𝜖𝛼𝛽𝜙𝐼
𝛼𝜓𝐽

𝛽

𝑠𝜓𝐼
𝛼 = 𝒟𝜙𝐼

𝛼 −
1

2
𝐴𝜖𝐼𝐽𝜙𝐽

𝛼 ≡ ∇𝜙𝐼
𝛼

𝑠𝜙𝐼
𝛼 = 0

 

𝜇+
(𝛼𝛽)

= −𝜙𝐼
𝛼𝜙𝐼

𝛽
, 𝜇+[𝐼𝐽] = −𝜖𝛼𝛽𝜙𝐼

𝛼𝜙𝐽
𝛽
= 𝜖𝐼𝐽𝜇+,  

𝑠2𝜔−
𝛼𝛽 = 0

𝑠2𝜔+
𝛼𝛽
= 𝑖∇𝜇+

(𝛼𝛽)

𝑠2𝐴 = 𝑖∇𝜇+

𝑠2𝜓𝐼
𝛼 =

𝑖

2
𝜇𝐼𝐽
+𝜓𝐽

𝛼 +
𝑖

2
𝜇+∣(𝛼𝛽)𝜖𝛽𝛾𝜓𝐼

𝛾

𝑠2𝜙𝐼
𝛼 = 0
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𝑠𝜙‾𝛼
𝐼 = 𝜂‾𝛼

𝐼 , 𝑠𝜂‾𝛼
𝐼 =

𝑖

2
(𝜇𝐼𝐽
+𝜙‾𝛼𝐽 + 𝜇

+∣(𝛿𝛽)𝜖𝛼𝛿𝜙‾𝛽𝐼).  

𝜇3
𝛼𝛽
= −𝜙‾𝐼

(𝛼
𝜙𝐼
𝛽)
, 𝜇3∣𝐼𝐽 = −𝜙[𝐼

𝛼𝜙‾𝐽]
𝛽
𝜖𝛼𝛽  

𝜇−
(𝛼𝛽) = −𝜙‾𝐼

𝛼𝜙‾𝐼
𝛽
, 𝜇−∣[𝐼𝐽] = −𝜖𝛼𝛽𝜙‾𝐼

𝛼𝜙‾𝐽
𝛽
= 𝜖𝐼𝐽𝜇−  

Φ𝐼
𝛼∣1 = 𝜙𝐼

𝛼, Φ𝐼
𝛼∣2 = −𝜖𝛼𝛽𝜙‾𝛽𝐼  

Ω𝐴𝐵 = 𝜖𝛼𝛽𝑑Φ𝐼
𝛼𝐴 ∧ 𝑑Φ𝐼

𝛽𝐵
 

𝜄𝑉(𝛼𝛽)Ω
𝐴𝐵 = −𝑑𝜇𝐴𝐵∣(𝛼𝛽), 𝜄𝑉𝐼𝐽Ω

𝐴𝐵 = −𝑑𝜇𝐼𝐽
𝐴𝐵

 

𝜇𝐴𝐵∣(𝛼𝛽) = −Φ𝐼
(𝛼∣𝐴

Φ𝐼
𝛽)𝐵
, 𝜇𝐼𝐽
𝐴𝐵 = −𝜖𝛼𝛽Φ[𝐼

𝛼∣𝐴Φ𝐽]
𝛽∣𝐵

= 𝜖𝐼𝐽𝜇
𝐴𝐵  

𝜇11∣(𝛼𝛽) = 𝜇+
(𝛼𝛽)

;  𝜇22∣(𝛼𝛽) = 𝜖𝛼𝛾𝜖𝛽𝛿𝜇−(𝛾𝛿);  𝜇
12∣(𝛼𝛽) = 𝜇3

(𝛼𝛽)
;

𝜇11 = 𝜇+;  𝜇
22 = 𝜇−;  𝜇

12 = 𝜇3
 

𝜇+
(𝛼𝛽)

𝜇+∣(𝛼𝛽) + 2𝜇+
2 = 0  

ℒ(3) = ℒ+
(3)
− ℒ−

(3)  

ℒ+
(3)
=
1

2
(𝜔+

𝛼𝛽
∧ 𝑑𝜔+,𝛼𝛽 −

1

3
𝜔+
𝛼𝛼′ ∧ 𝜔+,𝛼′𝛽′ ∧ 𝜔+

𝛽′𝛽
) − 2𝑖𝜖𝛼𝛽𝜓

𝛼𝐼∇𝜓𝐼
𝛽
− 𝐴 ∧ 𝑑𝐴 

∇𝜓𝐼
𝛼= (𝛿𝛽

𝛼𝑑 +
1

2
𝜔𝛽
𝛼)𝜓𝐼

𝛽
−
1

2
𝜖𝐼𝐽𝐴 ∧ 𝜓𝐽

𝛼  

ℒ−
(3) =

1

2
(𝜔−

𝛼𝛽 ∧ 𝑑𝜔−,𝛼𝛽 −
1

3
𝜖𝛼𝛽𝜔−

𝛼𝛼′ ∧ 𝜔−,𝛼′𝛽′ ∧ 𝜔−
𝛽′𝛽)

 

𝑠‾𝜔−
𝛼𝛽 = 0

𝑠‾𝜔+
𝛼𝛽
= −2𝑖𝜙‾𝐼

(𝛼
𝜓𝐼
𝛽)

𝑠‾𝐴 = −𝑖𝜖𝛼𝛽𝜖𝐼𝐽𝜙‾𝐼
𝛼𝜓𝐽

𝛽

𝑠‾𝜓𝐼
𝛼 = 𝒟𝜙‾𝐼

𝛼 −
1

2
𝐴𝜖𝐼𝐽𝜙‾𝐽

𝛼 ≡ ∇𝜙‾𝐼
𝛼

𝑠‾𝜙‾𝛼
𝐼 = 0

 

𝑠‾𝜙𝐼
𝛼 = −𝜂‾𝐼

𝛼, 𝑠‾𝜂‾𝐼
𝛼 = −

𝑖

2
(𝜇−𝜖𝐼𝐽𝜙𝐽

𝛼 + 𝜇−
(𝛼𝛽)𝜖𝛽𝛾𝜙𝐼

𝛾
).  

1

2
(𝑠𝑠‾ + 𝑠‾𝑠) = −

𝑖

2
𝜇3
𝛼𝛽
𝛿(𝛼𝛽) − 𝑖𝜇3𝛿  

𝛿𝑆

𝛿𝑔𝜇𝜈
≡ 𝑇𝜇𝜈 = 𝑠Γ𝜇𝜈  

𝜕𝜇Γ𝜇𝜈 = 𝛿𝜈𝐴𝜇
𝛼𝛽 𝛿𝑆

𝛿𝐴𝜇
𝛼𝛽
+ 𝛿𝜈𝐴𝜇,[𝐼𝐽]

𝛿𝑆

𝛿𝐴𝜇,[𝐼𝐽]
+ 𝛿𝜈𝜓𝜇,𝐼

𝛼
𝛿𝑆

𝛿𝜓𝜇,𝐼
𝛼 + 𝛿𝜈𝜂‾𝛼

𝐼
𝛿𝑆

𝛿𝜂‾𝛼
𝐼 + 𝛿𝜈𝜙𝐼

𝛼
𝛿𝑆

𝛿𝜙𝐼
𝛼 + 𝛿𝜈𝜙‾𝛼

𝐼
𝛿𝑆

𝛿𝜙‾𝛼
𝐼  
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Λ𝐼𝛼′𝛽′
𝛼 = 𝑖𝛾

𝛼′𝛽′
𝜇

𝜓𝜇,𝐼
𝛼 −

1

2
𝜖𝛼′𝛽′𝜂‾𝐼

𝛼  

Λ𝐼𝛼′𝛽′
𝛼 = 𝑖(𝛾𝜇)𝛼  𝛼′𝜒𝜇𝛽′,𝐼 − 2𝛿

𝛼 𝛼′𝜒𝐼𝛽′  

Λ𝐼𝛼′𝛽′
𝛼 ⟶Λ𝐼𝛼′𝛽̇′

𝛼
 

𝜖𝛼
′𝛼̇′𝐴 = 𝑖(𝛾𝑖)

𝛼′𝛼̇′

𝜖𝑖
𝐴 + 𝜖𝛼

′𝛼̇′𝜖𝐴,  

ℒ = ℒ(3) + ℒ𝑔.𝑓., ℒ𝑔.𝑓. = 𝑠 (𝜙‾𝛼
𝐼ℱ𝐼

𝛼(𝜔+, 𝜓𝐼
𝛼 , 𝐴, 𝜙𝐼

𝛼)) , 𝑆 = ∫  
ℳ3

 ℒ  

𝑆𝐴 = 2∫  𝑠(𝜙‾𝛼
𝐼 ∇ ⋆ 𝜓𝐼

𝛼) = −2∫  (∇𝜙𝐼
𝛼 ∧⋆ ∇𝜙‾𝛼

𝐼 +𝜓𝐼
𝛼 ∧⋆ ∇𝜂‾𝛼

𝐼 )

 +2∫  (−𝑖𝜙𝐽(𝛼𝜓𝐽
𝛽)
𝜙‾𝛼
𝐼 ⋆ 𝜓𝛽𝐼 −

1

2
𝜖𝐾𝐿𝜙𝐾

𝛾
𝜓𝐿
𝛿𝜖𝛾𝛿𝜙‾𝛼

𝐼 𝜖𝐼
𝐽
⋆ 𝜓𝐽

𝛼)

 

2𝜖𝛼𝛽∇𝜓𝐼
𝛽
+⋆ ∇𝜂‾𝐼𝛼 = 0, ∇ ⋆ 𝜓𝐼

𝛼 = 0  

𝜖𝜇𝜈𝜌𝜖𝛼𝛽∇𝜈𝜓𝜌,𝐼
𝛼 + ∇𝜇𝜂‾𝐼𝛼 = 0, ∇

𝜇𝜓𝜇,𝐼
𝛼 = 0  

2(𝛾𝜇)𝛼𝛽
∇𝜇(𝛾𝜈𝜓𝜈,𝐼)

𝛽
+ (𝛾𝜇)𝛼

𝛽
∇𝜇𝜂‾𝛽

𝐼 =又̸ (2𝜖𝛼𝛽 (𝜓𝐼
𝛽
) + 𝜂‾𝛼

𝐼 ) = 0  

𝜂‾𝛼
𝐼 = −2(𝜓𝐼)𝛼 + 𝜎𝛼

𝐼  

𝑆𝐵= 2∫  𝑠(𝛽𝜂‾𝛼
𝐼 𝜖𝛼𝛽𝜙‾𝛽,𝐼)𝑉

(3)  

 = 2∫  𝛽 (𝜙‾𝛼
𝐼 (𝜇+,𝐼𝐽(𝜙)𝜖

𝛼𝛽 + 𝜇+
𝛼𝛽
(𝜙)𝛿𝐼𝐽)𝜙‾𝛽

𝐽 + 𝜂‾𝛼
𝐼 𝜖𝛼𝛽𝜂‾𝛽,𝐼)𝑉

(3)

 = 2∫  𝛽(𝜇3,𝛼  
𝛽𝜇3,𝛾 

𝛿𝜖𝛼𝛾𝜖
𝛽𝛿 + 𝜇3,𝐾

𝐼 𝜇3,𝐼
𝐾 + 𝜂‾𝛼

𝐼 𝜖𝛼𝛽𝜂‾𝛽,𝐼)𝑉
(3)

 

𝑆𝐵
′= ∫  𝑠 (𝜂‾𝛼

𝐼 𝑉𝐼𝐽
𝛼𝛽
(𝜙)𝜙‾𝛽

𝐽)𝑉(3)  

 = ∫  (𝜙‾𝛼
𝐾𝜙‾𝛽

𝐽 (𝜇+,𝐾
𝐼 𝑉𝐼𝐽

𝛼𝛽
+ 𝜇+,𝛾

𝛼 𝑉𝐼𝐽
𝛾𝛽
) + 𝜂‾𝛼

𝐼 𝑉𝐼𝐽
𝛼𝛽
𝜂‾𝛽
𝐽 )𝑉(3)

 

ℒ = 2𝜖𝛼𝛽𝜖
𝜇𝜈𝜌𝜓𝜇,𝐼

𝛼 ∇𝜈𝜓𝜌,𝐼
𝛽
+ 𝜂‾𝛼

𝐼 (∇𝜇𝜓𝜇,𝐼
𝛼 − 2𝑖𝛽(𝛾𝑖)

𝛼
 𝛽𝜓𝑖,𝐼

𝛽
) + 2𝛽𝜖𝛼𝛽𝜂‾𝛼

𝐼 𝜂‾𝛽,𝐼  

4𝜖𝜇𝜈𝜌∇𝜈𝜓𝜌,𝐼
𝛼 − 2∇𝜇𝜂‾𝐼

𝛼 + 4𝑖𝛽𝛾𝜇,𝛼  𝛽𝜂‾𝐼
𝛽
= 0  

∇𝜇𝜓𝜇,𝐼
𝛼 − 2𝑖𝛽(𝛾𝜇𝜓𝜇,𝐼)

𝛼
+ 2𝛽𝜖𝛼𝛽𝜂‾𝛽

𝐼  = 0
 

𝑆𝐴 =∫  𝑠 (𝜓𝐼
𝛼 ∧⋆ ∇𝜙‾𝛼

𝐼 + 𝜓𝐼
𝛼 ∧⋆ 𝑒𝑎𝛾𝑎,𝛼

𝛽
𝜙‾𝛽
𝐼 )  

=∫  [∇𝜙𝐼
𝛼 ∧⋆ ∇𝜙‾𝛼

𝐼 + 𝜓𝐼
𝛼 ∧⋆ ∇𝜂‾𝛼

𝐼 + 𝜓𝐼
𝛼 ∧⋆ (𝜖𝛼𝛽𝜓𝐾

(𝛽
𝜂𝐾𝐿𝜙𝐿

𝛾)
𝜙‾𝛾
𝐼 + 𝜂𝐼𝐽𝜓[𝐽

𝛾
𝜖𝛾𝛽𝜙𝐾]

𝛽
𝜙‾𝛼
𝐾) 

+∇𝜙𝐼
𝛼 ∧⋆ 𝑒𝑖𝛾𝑖,𝛼

𝛽
𝜙‾𝛽
𝐼 + 𝜓𝐼

𝛼 ∧⋆ 𝑒𝑖𝛾𝑖,𝛼
𝛽
𝜂‾𝛽
𝐼 ]

 

ℒ𝑔.𝑓. = 𝑠𝑠‾Σ  
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ℒ𝑔.𝑓. = 𝑠𝑠‾ (𝜓𝐼
𝛼𝜖𝛼𝛽𝜂

𝐼𝐽 ∧⋆ 𝜓𝐽
𝛽
+ 𝜂‾𝛼

𝐼 𝜖𝛼𝛽𝜂‾𝛽
𝐼 ⋆ 1)  

ℒ𝑔.𝑓. = 𝑠𝑠‾ (𝜓𝐼
𝛼𝜖𝛼𝛽 ∧⋆ 𝜓𝐼

𝛽
+ 𝜂‾𝛼

𝐼 𝜖𝛼𝛽𝜂‾𝛽∣𝐼 ⋆ 1 + 𝛽𝜓𝐼
𝛼 ∧⋆ 𝑒𝑖Γ𝑖𝛼  

𝛽𝜂‾𝛽
𝐼 )  

𝑠𝑠‾(𝐴(𝛼𝛽)𝛾𝑖𝛼𝛽 ∧⋆ 𝑒
𝑖)  

𝑠(𝜓𝛼 ∧ 𝜙‾𝛽(𝛾𝑖)𝛼𝛽 ⋆ 𝑒
𝑖) = ∇𝜙𝛼 ∧ 𝜙‾𝛽(𝛾𝑖)𝛼𝛽 ⋆ 𝑒

𝑖 − 𝜓𝛼 ∧ 𝜂‾𝛽(𝛾𝑖)𝛼𝛽 ⋆ 𝑒
𝑖  

 𝛿Sp(2)Φ𝐼
𝛾𝐴
=
1

2
𝜆(𝛼𝛽)(𝑉

(𝛼𝛽))
𝐼

𝛾𝐴
=
1

2
𝜆(𝛼𝛽)𝜖

𝛾(𝛼Φ𝐼
𝛽)𝐴
 , 𝛿SO(2)Φ𝐼

𝛼𝐴 =
1

2
𝜆𝐾𝐿(𝑉𝐾𝐿)𝐼

𝛼𝐴 =

−
1

2
𝜆𝐾𝐿𝛿𝐼[𝐾Φ𝐿]

𝛼𝐴 

 |Ψ⟩ = |𝜓1⟩𝑎1|𝜓2⟩𝑎2|𝜓3⟩𝑎3⋯  

 |Ψ⟩ = 𝒪1|𝜙1⟩𝑎1𝒪2|𝜙2⟩𝑎2⋯  

 
𝒢|𝜙⟩𝑎 |0⟩1|0⟩1⋯⏟      

𝑁−𝑎

,
 

 𝒢1|𝜙1⟩𝑎1𝒢2|𝜙2⟩𝑎2⋯|0⟩1|0⟩1⋯  

  

𝒜(T)(𝒢1|𝜙1⟩𝑎1𝒢2|𝜙2⟩𝑎2⋯|0⟩1|0⟩1⋯)

= (𝒜𝒢1|𝜙1⟩𝑎1𝒢2|𝜙2⟩𝑎2⋯|0⟩1|0⟩1⋯) + (𝒢1|𝜙1⟩𝑎1𝒜𝒢2|𝜙2⟩𝑎2⋯|0⟩1|0⟩1⋯) +⋯ 

 +(𝒢1|𝜙1⟩𝑎1𝒢2|𝜙2⟩𝑎2⋯𝒜|0⟩1|0⟩1⋯) + (𝒢1|𝜙1⟩𝑎1𝒢2|𝜙2⟩𝑎2⋯|0⟩1𝒜|0⟩1⋯) +⋯

 

𝑋 𝐴̇𝐴(𝑡, 𝜎), 𝜓𝛼𝐴̇(𝑡, 𝜎), 𝜓̃𝛼̇𝐴̇(𝑡, 𝜎)  

𝛼 ∈ {+,−}, 𝛼̇ ∈ {+̇, −̇}, 𝐴 ∈ {1,2}, 𝐴̇ ∈ {1̇, 2̇}  

𝑆𝑂(4)𝐸 ≅ 𝑆𝑈(2)𝐿 × 𝑆𝑈(2)𝑅  

𝑆𝑂(4)𝐼 ≅ 𝑆𝑈(2)1 × 𝑆𝑈(2)2  

𝜕𝑋 𝐴̇𝐴(𝑡, 𝜎 + 2𝜋𝑅𝜎) = 𝜕𝑋
𝐴̇𝐴(𝑡, 𝜎) , 𝜓𝛼𝐴̇(𝑡, 𝜎 + 2𝜋𝑅𝜎) = −𝜓

𝛼𝐴̇(𝑡, 𝜎)  
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𝜕𝑋 𝐴̇𝐴(𝑧) = ∑  

𝑛∈ℤ

 𝛼−𝑛
𝐴̇𝐴𝑧𝑛−1, 𝜓𝛼𝐴̇(𝑧) = ∑  

𝑟∈ℤ+
1
2

 𝜓−𝑟
𝛼𝐴̇𝑧𝑟−

1
2, 𝜓̃𝛼̇𝐴̇(𝑧̃) = ∑  

𝑟∈ℤ+
1
2

  𝜓̃−𝑟
𝛼̇𝐴̇𝑧̃𝑟−

1
2

 

{𝐿𝑛, 𝐽𝑛
±,3, 𝐺𝑟

𝛼𝐴}, {𝐿̃𝑛 , 𝐽𝑛
±̇,3, 𝐺̃𝑟

𝛼̇𝐴}  

ℋ(Sym𝑁(ℳ4)) ≡ ℋseed 
⊗𝑁/𝑆𝑁 =⨁ 

[𝑔]

 ℋ[𝑔]  

[𝑔] ≡ {𝑔̃ ∈ 𝑆𝑁 ∣ ∃ℎ ∈ 𝑆𝑁 s.t. ℎ𝑔̃ℎ−1 = 𝑔}  

∑  

𝑁

𝑎=1

 𝑎𝑛𝑎 = 𝑁  

ℋ{𝑛𝑎} =⨂ 

𝑁

𝑎=1

  (ℋ𝑎⊗⋯⊗ℋ𝑎⏟          
𝑛𝑎

)𝑆𝑛𝑎  

𝑁 = {1,… ,1⏟  
𝑛1

, 2, … ,2⏟  
𝑛2

, … }
 

{𝜕𝑋𝐴̇𝐴(𝑖), 𝜓𝛼𝐴̇(𝑖), 𝜓̃𝛼̇𝐴̇(𝑖)}  

𝐿𝑛
(T)
≡∑  

𝑁

𝑖=1

 𝐿𝑛
(𝑖)

 

𝜕𝑋𝐴̇𝐴(𝑖)(𝑡, 𝜎 + 2𝜋𝑅𝜎) = 𝜕𝑋
𝐴̇𝐴(𝑖+1)(𝑡, 𝜎)  for  𝑖 = 1,… , 𝑎 − 1,

𝜕𝑋𝐴̇𝐴(𝑎)(𝑡, 𝜎 + 2𝜋𝑅𝜎) = 𝜕𝑋
𝐴̇𝐴(1)(𝑡, 𝜎),

 

𝒞{𝑛𝑎} =∏ 

𝑁

𝑎=1

 𝒞𝑛𝑎 =∏ 

𝑁

𝑎=1

  (𝑆𝑛𝑎 ⋉ ℤ𝑎
𝑛𝑎)  

𝐿𝑛(𝜂)= 𝐿𝑛 + 𝜂𝐽𝑛
3 + 𝜂2

𝑐

24
𝛿𝑛,0 

𝐽𝑛
3(𝜂) = 𝐽𝑛

3 + 𝜂
𝑐

12
𝛿𝑛,0

𝐽𝑛
±(𝜂) = 𝐽𝑛∓𝜂

±

𝐺𝑟
±𝐴(𝜂) = 𝐺

𝑟∓
𝜂
2

±𝐴

 

{𝐿±1, 𝐿0, 𝐺
±
1
2

𝛼𝐴, 𝐽0
𝑎}  

 
𝐿𝑛|𝜙⟩  = 𝐽𝑛

𝑎|𝜙⟩ = 𝐺𝑟
𝛼𝐴|𝜙⟩ = 0  for 𝑛 > 0, 𝑟 ≥

1

2
,

𝐿0|𝜙⟩  = ℎ|𝜙⟩ , 𝐽0
3|𝜙⟩ = 𝑗|𝜙⟩,

 

 ℎ ≥ |𝑗|, ℎ ≥ 𝐽  



 

pág. 3229 

 𝐺
−
1

2

+𝐴|𝜙⟩ = 0  

 ℎ = 𝑗 =
𝑎−1

2
,
𝑎

2
,
𝑎+1

2
.  

 

| −⟩𝑎: ℎ = 𝑗 =
𝑎−1

2
,  

 |𝐴̇⟩𝑎: ℎ = 𝑗 =
𝑎

2

 | +⟩𝑎: ℎ = 𝑗 =
𝑎+1

2
,

 

 

|−̇⟩𝑎∶  ℎ̃ = 𝑗 =
𝑎−1

2
,

|𝐴̇⟩𝑎∶  ℎ̃ = 𝑗 =
𝑎

2
,

|+̇⟩𝑎∶  ℎ̃ = 𝑗 =
𝑎+1

2
.

 

 

1

2
− BPS: ∣  chiral primary ⟩| chiral primary ⟩

1

4
− BPS: ∣  anything ⟩| chiral primary ⟩

 

  

  

 ℎ(𝜂) = ℎ + 𝜂𝑗 +
𝑐

24
𝜂2, 𝑗(𝜂) = 𝑗 +

𝑐

12
𝜂  

 

1

2
− BPS: ∣ R ground state ⟩|R ground state ⟩,

1

4
− BPS: ∣  anything ⟩ ∣ R ground state ⟩.

 

 𝑋 𝐴̇𝐴 → −𝑋 𝐴̇𝐴, 𝜓𝛼𝐴̇ → −𝜓𝛼𝐴̇, 𝜓̃𝛼̇𝐴̇ → −𝜓̃𝛼̇𝐴̇  

 

| − ±̇⟩𝑎: ℎ = 𝑗 =
𝑎−1

2
, ℎ̃ = 𝑗 =

𝑎±1

2
 

|𝐼⟩𝑎∶ ℎ = 𝑗 = ℎ̃ = 𝑗 =
𝑎

2

| + ±̇⟩𝑎∶ ℎ = 𝑗 =
𝑎+1

2
, ℎ̃ = 𝑗 =

𝑎±1

2

 

 ∏  𝜓   (|𝜓⟩)
𝑁𝜓  

 

∏  𝜓,𝑛,𝑚   [(𝐿−1)
𝑛(𝐽0

−)𝑚|𝜓⟩]𝑁𝜓,𝑛,𝑚  

 ∏  𝜓,𝑛,𝑚   [(𝐿−1)
𝑛(𝐽0

−)𝑚𝐺
−
1

2

−𝐴|𝜓⟩]
𝑁𝜓,𝑛,𝑚
′

 ∏  𝜓,𝑛,𝑚   [(𝐿−1)
𝑛(𝐽0

−)𝑚 (𝐺
−
1

2

−1𝐺
−
1

2

−2 −
1

2ℎ
𝐿−1𝐽0

−) |𝜓⟩]
𝑁𝜓,𝑛,𝑚
′′

 

 ℋ𝑁
graviton 

=⨁ ⨁′  ℵ
∎

{𝑗,𝚥̃𝑖;𝑑𝑖}
 ⨂  𝑖   (𝑗𝑖 , 𝑗𝑖; 𝑑𝑖)𝑠  
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 𝑍𝑅
CFT(𝑞, 𝑦, 𝑞̃, 𝑦̃) ≡ Trℋ𝑅

CFT [(−1)𝐹𝑞
𝐿0−

𝑐

24𝑦2𝐽0
3
𝑞̃𝐿̃0−

𝑐

24𝑦̃2𝐽0
3
]  

 𝑞 = 𝑒2𝜋𝑖𝜏, 𝑦 = 𝑒2𝜋𝑖𝜈, 𝑞̃ = 𝑒2𝜋𝑖𝜏̃, 𝑦̃ = 𝑒2𝜋𝑖𝜈̃  

 ℰ𝑅
CFT(𝑞, 𝑦) ≡ 𝑍𝑅

CFT(𝑞, 𝑦, 1,1) = Trℋ𝑅
CFT [(−1)𝐹𝑞

𝐿0−
𝑐

24𝑦2𝐽0
3
]  

 𝑍NS
CFT(𝑞, 𝑦, 𝑞̃, 𝑦̃) ≡ (𝑦𝑦̃)

𝑐

6(𝑞𝑞̃)
𝑐

12𝑍R
CFT (𝑞, 𝑦𝑞

1

2, 𝑞̃, 𝑦̃𝑞̃
1

2) = Trℋ(NS)[(−1)
𝐹𝑞𝐿0𝑦2𝐽0

3
𝑞̃𝐿̃0𝑦̃2𝐽0

3
]  

 ℰNS
CFT(𝑞, 𝑦) ≡ 𝑍NS

CFT(𝑞, 𝑦, 1,1) = TrℋNS
CFT[(−1)𝐹𝑞𝐿0𝑦2𝐽0

3
]  

 ℰ̂NS
CFT(𝑞, 𝑦) ≡

1

2
(𝑦̃𝜕𝑦̃)

2
𝑍NS
CFT(𝑞, 𝑦, 𝑞̃, 𝑦̃)|

𝑞̃=𝑦̃=1
=
1

2
TrℋCFT

NS [(−1)𝐹𝑞𝐿0𝑦2𝐽0
3
(2𝐽0

3)
2
]  

 
ℰ̂NS
CFT(𝑞, 𝑦)⊃

1

2
(−1)2𝑗𝑞ℎ𝑦2𝑗[(−1)2𝚥̃(2𝑗)2 + 2(−1)2𝚥̃+1(2𝑗 + 1)2 + (−1)𝚥̃+2(2𝑗 + 2)2] 

 = (−1)2𝑗−2𝚥̃𝑞ℎ𝑦2𝑗
 

 𝜀𝑅,𝐾3
CFT (𝑞, 𝑦) = 8∑  4

𝑖=2  
𝜗𝑖(𝜈,𝜏)

𝜗𝑖(0,𝜏)
= ∑  𝑚,ℓ  𝑐𝑅

𝐾3(𝑚, ℓ)𝑞𝑚𝑦ℓ  

 𝑐𝑅
𝐾3(𝑚, ℓ) = 𝑐(4𝑚 − ℓ2)  

 𝒵𝑅,𝐾3
CFT (𝑝, 𝑞, 𝑦) ≡ ∑  ∞

𝑁=1  𝑝
𝑁ℰ𝑅

CFT(𝑞, 𝑦; 𝑁) = ∏  𝑛,𝑚,ℓ   (1 − 𝑝
𝑛𝑞𝑚𝑦ℓ)

−𝑐𝑅
𝐾3(𝑛𝑚,ℓ)  

 𝒵NS,𝐾3
CFT (𝑝, 𝑞, 𝑦) ≡ ∑  ∞

𝑁=1  𝑝
𝑁ℰNS

CFT(𝑞, 𝑦;𝑁) = ∏  𝑛,𝑚,ℓ   (1 − 𝑝
𝑛𝑞𝑚𝑦ℓ)

−𝑐NS
𝐾3(𝑛,𝑚,ℓ)  

 𝑐NS
𝐾3(𝑛,𝑚, ℓ) = 𝑐(4𝑛𝑚 − 𝑛2 − ℓ2)  

 

𝑧𝐾3
graviton 

(𝑝, 𝑞, 𝑦, 𝑦̃) =∑  ∞
𝑘=1  𝑝

𝑘 [𝜙𝑘−1
2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2

(𝑦̃) + 20𝜙𝑘
2

(𝑠)
(𝑞, 𝑦)𝜒̃0(𝑦̃) + 𝜙𝑘+1

2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2

(𝑦̃)] 

=
𝑝

(1−𝑞)(1−𝑦2)
[
(1−√𝑞𝑦)

2(𝜒̃1
2
(𝑦̃)+20√𝑞𝑦

−1𝜒̃0(𝑦̃)+𝑞𝑦
−2𝜒̃1

2
(𝑦̃))

1−𝑝√𝑞𝑦−1
]

 −
𝑦2(1−√𝑞𝑦

−1)
2
(𝜒̃1

2
(𝑦̃)+20√𝑞𝑦𝜒̃0(𝑦̃)+𝑞𝑦

2𝜒̃1
2
(𝑦̃))

1−𝑝√𝑞𝑦
]

= ∑  𝑛,𝑚,𝑙   𝑐graviton 
𝐾3 (𝑛,𝑚, ℓ, ℓ̃)𝑝𝑛𝑞𝑚𝑦ℓ𝑦̃ℓ̃

 

 𝑋𝑘
𝐾3(𝑞, 𝑦, 𝑦̃) ≡ 𝜙𝑘−1

2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;𝑘
(𝑦̃) + 20𝜙𝑘

2

(𝑠)
(𝑞, 𝑦)𝜒̃0;𝑘(𝑦̃) + 𝜙𝑘+1

2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;𝑘
(𝑦̃)  

 

𝒵𝐾3
graviton 

(𝑝, 𝑞, 𝑦, 𝑦̃)≡ ∑  ∞
𝑁=1  𝑝

𝑁𝑍𝐾3
graviton 

(𝑞, 𝑦, 𝑦̃; 𝑁)  

= PE [𝑧𝐾3
graviton 

] (𝑝, 𝑞, 𝑦, 𝑦̃)  

≡ exp (∑  ∞
𝑛=1  

1

𝑛
∑  ∞
𝑘=1  𝑝

𝑛𝑘𝑋𝑘
𝐾3(𝑞𝑛, 𝑦𝑛, 𝑦̃𝑛))  

 = ∏  𝑛,𝑚,ℓ,ℓ̃   (1 − 𝑝
𝑛𝑞𝑚𝑦ℓ𝑦̃ℓ̃)

−𝑐graviton 
𝐾3 (𝑛,𝑚,ℓ,ℓ̃)
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 ℰ𝐾3
graviton 

(𝑞, 𝑦;𝑁) = 𝑍𝐾3
graviton 

(𝑞, 𝑦, 1;𝑁)  

 𝑧𝑅,𝑇4
CFT(𝑞, 𝑦, 𝑞̃, 𝑦̃) = (

𝜗1(𝜈,𝜏)

𝜂(𝑞)3
)
2
(
𝜗1(𝜈̃,𝜏̃)

𝜂(𝑞̃)3
)
2
= ∑  𝑚,ℓ,𝑚̃,ℓ̃   𝑐𝑅

𝑇4(𝑚, ℓ, 𝑚̃, ℓ̃)𝑞𝑚𝑦ℓ𝑞̃𝑚̃𝑦̃ℓ̃,  

 𝒵𝑅,𝑇4
CFT(𝑝, 𝑞, 𝑦, 𝑞̃, 𝑦̃) ≡ ∑  ∞

𝑁=1  𝑝
𝑁𝑍𝑅,𝑇4

CFT(𝑞, 𝑦, 𝑞̃, 𝑦̃; 𝑁) = ∏  𝑛,𝑚,ℓ,𝑚̃,ℓ̃   (1 − 𝑝
𝑛𝑞𝑚𝑦ℓ𝑞̃𝑚̃𝑦̃ℓ̃)

−𝑐𝑅
𝑇4(𝑛𝑚,ℓ,𝑛𝑚̃,ℓ̃)

 

 𝑍NS,𝑇4
CFT (𝑞, 𝑦, 𝑞̃, 𝑦̃; 𝑁) = (𝑦𝑦̃)

𝑐

6(𝑞𝑞̃)
𝑐

12𝑍𝑅,𝑇4
CFT (𝑞, 𝑦𝑞

1

2, 𝑞̃, 𝑦̃𝑞̃
1

2; 𝑁) ,  

 
𝑧
𝑇4
graviton 

(𝑝, 𝑞, 𝑦, 𝑞̃, 𝑦̃)= ∑  ∞
𝑘=1  𝑝

𝑘 [𝜙𝑘−1
2

(𝑠)
(𝑞, 𝑦) − 2𝜙𝑘

2

(𝑠)
(𝑞, 𝑦) + 𝜙𝑘+1

2

(𝑠)
(𝑞, 𝑦)] 𝜔𝑘(𝑞̃, 𝑦̃) 

 = ∑  𝑛,𝑚,𝑙,𝑚̃,ℓ̃  𝑐𝑇4
graviton 

(𝑛,𝑚, 𝑙, 𝑚̃, ℓ̃)𝑝𝑛𝑞𝑚𝑦𝑙𝑞̃𝑚̃𝑦̃ℓ̃
 

 𝜔𝑘(𝑞̃
𝑛, 𝑦̃𝑛) ≡ 𝑞̃𝑛

𝑘−1

2 𝑦̃𝑛(𝑘−1) (1 − 𝑞̃
𝑛

2𝑦̃𝑛)
2

.  

 𝑋𝑘
𝑇4(𝑞, 𝑦) ≡ 𝜙𝑘−1

2

(𝑠)
(𝑞, 𝑦) − 2𝜙𝑘

2

(𝑠)
(𝑞, 𝑦) + 𝜙𝑘+1

2

(𝑠)
(𝑞, 𝑦),  

 

𝒵
𝑇4
graviton 

(𝑝, 𝑞, 𝑦, 𝑞̃, 𝑦̃)≡ ∑  ∞
𝑁=1  𝑝

𝑁𝑍
𝑇4
graviton 

(𝑞, 𝑦, 𝑞̃, 𝑦̃; 𝑁)  

= PE [𝑧
𝑇4
graviton 

] (𝑝, 𝑞, 𝑦, 𝑞̃, 𝑦̃)  

= exp (∑  ∞
𝑛=1  

1

𝑛
∑  ∞
𝑘=1  𝑝

𝑛𝑘𝑋𝑘
𝑇4(𝑞𝑛, 𝑦𝑛)𝜔𝑘(𝑞̃

𝑛, 𝑦̃𝑛)) 

 = ∏  𝑛,𝑚,𝑙,𝑚̃,ℓ̃   (1 − 𝑝
𝑛𝑞𝑚𝑦𝑙𝑞̃𝑚̃𝑦̃ℓ̃)

−𝑐
𝑇4
graviton 

(𝑛,𝑚,𝑙,𝑚̃,ℓ̃)

 

 ℎ ≤
𝑁+1

4
 (𝐾3)  

 ℎ <
𝑁

4
 (𝑇4)  

 𝐽−(𝑛+1)
+ | −⟩1 =

1

𝑛!
𝐿−1
𝑛 | +⟩1, 𝑛 ≥ 0  

 {|ℎ⟩, 𝐿−1|ℎ⟩, 𝐿−1
2 |ℎ⟩, … } = {𝐿−1

𝑛 |ℎ⟩}𝑛=0
∞  

 𝑧(𝑞) = 𝑞ℎ(1 + 𝑞 + 𝑞2 +⋯) =
𝑞ℎ

1−𝑞
= 𝜒ℎ

global 
(𝑞) = ∑  𝑚  𝑐(𝑚)𝑞𝑚  

 ∏  𝑛≥0   [(𝐿−1)
𝑛|ℎ⟩]𝑁𝑛  

 𝑍(𝑞, 𝑝) = ∑  𝑁  𝑍𝑁(𝑞)𝑝
𝑁  

 𝑍(𝑞, 𝑝) = ∏  𝑚  
1

(1−𝑞𝑚𝑝)𝑐(𝑚)
= ∏  𝑛≥0  

1

1−𝑞ℎ+𝑛𝑝
 

ℎ(T) = 2ℎ: (|ℎ⟩)2  

ℎ(T) = 2ℎ + 1: (𝐿−1|ℎ⟩)|ℎ⟩  

ℎ(T) = 2ℎ + 2∶ (𝐿−1
2 |ℎ⟩)|ℎ⟩, (𝐿−1|ℎ⟩)

2

ℎ(T) = 2ℎ + 3∶ (𝐿−1
3 |ℎ⟩)|ℎ⟩, (𝐿−1

2 |ℎ⟩)(𝐿−1|ℎ⟩)

…
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 |𝜙⟩ = 𝑎(𝐿−1
2 |ℎ⟩)|ℎ⟩ + 2𝑏(𝐿1𝐿−1|ℎ⟩)(𝐿−1|ℎ⟩) + 𝑑(𝐿−2|ℎ⟩)|ℎ⟩  

 
𝐿1
(T)
|𝜙⟩ = ((4ℎ + 1)𝑎 + 4ℎ𝑏 + 3𝑑)(𝐿−1|ℎ⟩)|ℎ⟩ = 0

𝐿2
(T)
|𝜙⟩ = (6ℎ𝑎 + (

𝑐

2
+ 4ℎ)𝑑) (|ℎ⟩)2 = 0

 

 𝑍𝑁(𝑞) =
1

1−𝑞
⋅ (1 − 𝑞)𝑍𝑁(𝑞) = ∑  ℎ′   𝑐ℎ′𝜒ℎ′

global 
(𝑞)  

 (1 − 𝑞)𝑍𝑁(𝑞) ≡ ∑  ℎ′   𝑐ℎ′𝑞
ℎ′  

 𝑍𝑘(𝑞) = ∑  ℎ′  𝑐ℎ′𝜒ℎ′
global 

(𝑞) → ∑  ℎ′   𝑐ℎ′𝜒ℎ′
Vir (𝑞), 𝜒ℎ′

Vir (𝑞) =
𝑞ℎ
′

∏  𝑛≥1  (1−𝑞
𝑛)

 

 𝑍𝑁(𝑞) →
𝑍𝑁(𝑞)

∏  𝑛≥2  (1−𝑞
𝑛)

 

 | −⟩𝑎 , 𝜓−1
2

+𝐴̇| −⟩𝑎 = |𝐴̇⟩𝑎 , 𝜓−1
2

+1̇𝜓
−
1

2

+2̇| −⟩𝑎 = 𝐽−1
+ | −⟩𝑎 = | +⟩𝑎  

  

 
𝐽1
−𝒪| +⟩𝑎  = 𝒪

′| +⟩𝑎 + 𝒪| −⟩𝑎

𝜓1
2

−𝐴̇𝒪| +⟩𝑎  = 𝒪
′| +⟩𝑎 ± 𝒪|𝐴̇⟩𝑎
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𝐽1
−(T)

(𝒪1
(1)
| +⟩1

(1)
𝒪2
(2)
| +⟩1

(2)
)= 𝒪1

(1)
| −⟩1

(1)
𝒪2
(2)
| +⟩1

(2)
+𝒪1

(1)
| +⟩1

(1)
𝒪2
(2)
| −⟩1

(2)
 

 +𝒪1
′(1)
| +⟩1

(1)
𝒪2
(2)
| +⟩1

(2)
+ 𝒪1

(1)
| +⟩1

(1)
𝒪2
′(2)
| +⟩1

(2)
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𝑍
𝑇4
graviton 

(𝑞, 𝑦, 𝑦̃; {2})≡ ∏  𝑚,𝑙,𝑚̃,ℓ̃  (1 − 𝑝
2𝑞𝑚𝑦𝑙𝑞̃𝑚̃𝑦̃ℓ̃)

−𝑐
𝑇4
graviton 

(2,𝑚,𝑙,𝑚̃,ℓ̃)
|
𝑝̃2

 = 𝑋2
𝑇4(𝑞, 𝑦)𝜔2(𝑦̃)

 

 𝜔𝑘(𝑦̃) ≡ 𝜔𝑘(1, 𝑦̃) = 𝜒̃1
2
;𝑘
(𝑦̃) − 2𝜒̃0;𝑘(𝑦̃)  

 𝑍
𝑇4
graviton 

(𝑞, 𝑦, 𝑦̃, 𝜉; {2}) = (𝜉−𝜙1
2

(𝑠)
(𝑞, 𝑦) − 2𝜉0𝜙1

(𝑠)
(𝑞, 𝑦) + 𝜉+𝜙3

2

(𝑠)
(𝑞, 𝑦))𝜔2(𝑦̃)  

 𝑍𝑇4
red(𝑞, 𝑦, 𝑦̃, 𝜉; {2}) = 𝜉−𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜔2(𝑦̃)  

 𝑍
𝑇4
gen
(𝑞, 𝑦, 𝑦̃; {2}) = 𝚽1

2
;2

(𝑠)
(𝑞, 𝑦)𝜔2(𝑦̃)  

  

 

𝑍
𝑇4
gen
(𝑞, 𝑦, 𝑦̃; {2})= [𝜙1

2

(𝑠)
− 2𝜙1

(𝑠)
+ 𝜙3

2

(𝑠)
− 2𝜙0,1

(ℓ)
− 12𝜙0,2

(ℓ)
+ 5𝜙1

2
,
3

2

(ℓ)
− 4𝜙1,2

(ℓ)
+⋯]𝜔2(𝑦̃)  

 = 𝑍
𝑇4
graviton 

(𝑞, 𝑦, 𝑦̃; {2}) + [−2𝜙0,1
(ℓ)
− 12𝜙0,2

(ℓ)
+ 5𝜙1

2
,
3

2

(ℓ)
− 4𝜙1,2

(ℓ)
+⋯]𝜔2(𝑦̃)

 

 ℰ̂
𝑇4
gen
(𝑞, 𝑦; {2}) ≡

1

2
(𝑦̃𝜕𝑦̃)

2
𝑍
𝑇4
gen
(𝑞, 𝑦, 𝑦̃; {2})|

𝑦̃=1
= 𝚽1

2
;2

(𝑠)
(𝑞, 𝑦).  

 

𝑍
𝑇4
graviton 

(𝑞, 𝑦, 𝑦̃; {1,1})≡ ∏  𝑚,𝑙,𝑚̃,𝑙  (1 − 𝑝𝑞
𝑚𝑦𝑙𝑞̃𝑚̃𝑦̃𝑙)

−𝑐
𝑇4
graviton 

(1,𝑚,𝑙,𝑚̃,𝑙)
|
𝑝2

𝑞̃=1

 =
1

2
(𝑋1

𝑇4(𝑞, 𝑦)𝜔1(𝑞‾, 𝑦‾))
2
+
1

2
𝑋1
𝑇4(𝑞2, 𝑦2)𝜔1(𝑞‾

2, 𝑦‾2)

 



 

pág. 3235 

 

𝑍
𝑇4{1,1}

graviton 
=
1

2
𝜉−
2 [(𝜙0

(𝑠)
(𝑞, 𝑦)𝜔1(𝑦‾))

2
+ 𝜙0

(𝑠)
(𝑞2, 𝑦2)𝜔1(𝑦‾

2)] − 2𝜉−𝜉0𝜙0
(𝑠)
(𝑞, 𝑦)𝜙1

2

(𝑠)
(𝑞, 𝑦)(𝜔1(𝑦‾))

2

+𝜉−𝜉+𝜙0
(𝑠)
(𝑞, 𝑦)𝜙1

(𝑠)
(𝑞, 𝑦)(𝜔1(𝑦‾))

2 + 𝜉0
2 [2 (𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜔1(𝑦‾))

2

− 𝜙1
2

(𝑠)
(𝑞2, 𝑦2)𝜔1(𝑦‾

2)]  

 −2𝜉0𝜉+𝜙1
2

(𝑠)
(𝑞 ⋅ 𝑦)𝜙1

(𝑠)
(𝑞, 𝑦)(𝜔1(𝑦‾))

2 +
1

2
𝜉+
2 [(𝜙1

(𝑠)
(𝑞, 𝑦)𝜔1(𝑦‾))

2
+𝜙1

(𝑠)
(𝑞2, 𝑦2)𝜔1(𝑦‾

2)]

 

 
𝑍
𝑇4{1,1}

graviton 
|
𝜉−
2
=
1

2
[(𝜙0

(𝑠)
(𝑞, 𝑦)𝜔1(𝑦‾))

2
+ 𝜙0

(𝑠)
(𝑞2, 𝑦2)𝜔1(𝑦‾

2)] 

 = 𝜙0
(𝑠)
(𝑞, 𝑦)

1

2
[(𝜔1(𝑦‾))

2 +𝜔1(𝑦‾
2)]

 

 𝜔sym(𝑦̃) ≡
1

2
[(𝜔1(𝑦‾))

2 +𝜔1(𝑦‾
2)] = 𝜒̃1;2(𝑦̃) − 2𝜒̃1

2
;2
(𝑦̃) + 𝜒̃0;2(𝑦̃)  

 𝜔asym(𝑦̃) ≡
1

2
[(𝜔1(𝑦‾))

2 −𝜔1(𝑦‾
2)] = −2𝜒̃1

2
;2
(𝑦̃) + 4𝜒̃0;2(𝑦̃)  

 

𝜙0
(𝑠)
𝜒̃1;2: | −⟩1

(1)
| −⟩1

(2)
(|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
+ |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
)

−2𝜙0
(𝑠)
𝜒̃1
2
;2
: | −⟩1

(1)
| −⟩1

(2)
(|𝛼̇⟩1

(1)
|𝐶̇⟩1

(2)
+ |𝐶̇⟩1

(1)
|𝛼̇⟩1

(2)
)

𝜙0
(𝑠)
𝜒̃0;2: | −⟩1

(1)
| −⟩1

(2)
(|𝐶̇⟩1

(1)
|𝐷̇⟩1

(2)
− |𝐷̇⟩1

(1)
|𝐶̇⟩1

(2)
)

 

 

𝑍
𝑇4{1,1}

graviton 
|
𝜉−𝜉0

= −2𝜙0
(𝑠)
(𝑞, 𝑦)𝜙1

2

(𝑠)
(𝑞, 𝑦)(𝜔1(𝑦‾))

2  

 = −2𝜙1
2

(𝑠)
(𝑞, 𝑦) (𝜒̃1;2 − 4𝜒̃1

2
;2
+ 5𝜒̃0;2)

 

 

−2𝜙1
2

(𝑠)
(𝜒̃1;2 + 𝜒̃0;2): (| −⟩1

(1)
|𝐴̇⟩1

(2)
± |𝐴̇⟩1

(1)
| −⟩1

(2)
) (|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
± |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
) ,

8𝜙1
2

(𝑠)
𝜒̃1
2
;2
: (| −⟩1

(1)
|𝐴̇⟩1

(2)
± |𝐴̇⟩1

(1)
| −⟩1

(2)
) (|𝛼̇⟩1

(1)
|𝐶̇⟩1

(2)
± |𝐶̇⟩1

(1)
|𝛼̇⟩1

(2)
) ,

−8𝜙1
2

(𝑠)
𝜒̃0;2: (| −⟩1

(1)
|𝐴̇⟩1

(2)
± |𝐴̇⟩1

(1)
| −⟩1

(2)
) (|𝐶̇⟩1

(1)
|𝐷̇⟩1

(2)
∓ |𝐷̇⟩1

(1)
|𝐶̇⟩1

(2)
) .

 

 

−2𝜉−𝜉0𝜙1
2

(𝑠)
𝜒̃1;2  ⟶ 𝜉−

2𝜙0
(𝑠)
𝜒̃1;2

4𝜉−𝜉0𝜙1
2

(𝑠)
𝜒̃1
2
;2
 ⟶ −2𝜉−

2𝜙0
(𝑠)
𝜒̃1
2
;2

−2𝜉−𝜉0𝜙1
2

(𝑠)
𝜒̃0;2  ⟶ 𝜉−

2𝜙0
(𝑠)
𝜒̃0;2

 

 

𝑍
𝑇4{1,1}

graviton 
|
𝜉−𝜉+

= 𝜙0
(𝑠)
(𝑞, 𝑦)𝜙1

(𝑠)
(𝑞, 𝑦)(𝜔1(𝑦‾))

2  

 = 𝜙1
(𝑠)
(𝑞, 𝑦) (𝜒̃1;2 − 4𝜒̃1

2
;2
+ 5𝜒̃0;2)

 

 

𝜙1
(𝑠)
(𝜒̃1;2 + 𝜒̃0;2): (| −⟩1

(1)
| +⟩1

(2)
± | +⟩1

(1)
| −⟩1

(2)
) (|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
± |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
) ,

−4𝜙1
(𝑠)
𝜒̃1
2
;2
: (| −⟩1

(1)
| +⟩1

(2)
± | +⟩1

(1)
| −⟩1

(2)
) (|𝛼̇⟩1

(1)
|𝐶̇⟩1

(2)
± |𝐶̇⟩1

(1)
|𝛼̇⟩1

(2)
) ,

4𝜙1
(𝑠)
𝜒̃0;2: (| −⟩1

(1)
| +⟩1

(2)
± | +⟩1

(1)
| −⟩1

(2)
) (|𝐶̇⟩1

(1)
|𝐷̇⟩1

(2)
∓ |𝐷̇⟩1

(1)
|𝐶̇⟩1

(2)
) .
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𝑍
𝑇4{1,1}

graviton 
|
𝜉0
2
=2(𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜔1(𝑦‾))

2

− 𝜙1
2

(𝑠)
(𝑞2, 𝑦2)𝜔1(𝑦‾

2)

=𝜙1
(𝑠)
(𝑞, 𝑦)[𝜔sym (𝑦̃) + 3𝜔asym (𝑦̃)] + ∑  ℎ≥1

 odd 

 𝜙0,ℎ
(ℓ)
(𝑞, 𝑦)[3𝜔sym (𝑦̃) + 𝜔asym (𝑦̃)]

 +∑  ℎ≥2
 even 

 𝜙0,ℎ
(ℓ)
(𝑞, 𝑦)[𝜔sym (𝑦̃) + 3𝜔asym (𝑦̃)]

 

 

𝜙1
(𝑠)
𝜒̃1;2: (|𝐴̇⟩1

(1)
|𝐵̇⟩1

(2)
− |𝐵̇⟩1

(1)
|𝐴̇⟩1

(2)
) (|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
+ |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
) ,

3𝜙1
(𝑠)
𝜒̃0;2: (|𝐴̇⟩1

(1)
|𝐵̇⟩1

(2)
+ |𝐵̇⟩1

(1)
|𝐴̇⟩1

(2)
) (|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
− |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
) ,

−8𝜙1
(𝑠)
𝜒̃1
2
;2
: (|𝐴̇𝛼̇⟩1

(1)
|𝐵̇𝐶̇⟩1

(2)
± |𝐵̇𝐶̇⟩1

(1)
|𝐴̇𝛼̇⟩1

(2)
) ,

10𝜙1
(𝑠)
𝜒̃0;2: (|𝐴̇⟩1

(1)
|𝐵̇⟩1

(2)
± |𝐵̇⟩1

(1)
|𝐴̇⟩1

(2)
) (|𝐶̇⟩1

(1)
|𝐷̇⟩1

(2)
± |𝐷̇⟩1

(1)
|𝐶̇⟩1

(2)
) ,

 

 𝑍𝑇4
red(𝑞, 𝑦, 𝑦̃; {1,1}) = 𝜙0

(𝑠)
(𝑞, 𝑦)𝜔sym (𝑦̃) − 2𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜔asym (𝑦̃)  

 𝑍
𝑇4
gen
(𝑞, 𝑦, 𝑦̃; {1,1}) = 𝚽0;2

(𝑠)
(𝑞, 𝑦)𝜔sym(𝑦̃) − 2𝚽1

2
;2

(𝑠)
(𝑞, 𝑦)𝜔asym(𝑦̃)  

 

𝑍
𝑇4{1,1}

gen 
≈𝑍

𝑇4{1,1}

graviton 
+ 6𝜙0,1

(ℓ)
(2𝜒̃0;2 − 𝜒̃1

2
;2
) − 2𝜙1

2
,
3

2

(ℓ)
(17𝜒̃0;2 − 10𝜒̃1

2
;2
+ 𝜒̃1;2)

 +2𝜙0,2
(ℓ)
(47𝜒̃0;2 − 31𝜒̃1

2
;2
+ 5𝜒̃1;2) + 2𝜙1,2

(ℓ)
(16𝜒̃0;2 − 11𝜒̃1

2
;2
+ 2𝜒̃1;2) +⋯

 

 ℰ̂
𝑇4
gen
(𝑞, 𝑦; {1,1}) ≡

1

2
(𝑦̃𝜕𝑦̃)

2
𝑍
𝑇4
gen
(𝑞, 𝑦, 𝑦̃; {1,1})|

𝑦̃=1
= 2𝚽0;2

(𝑠)
(𝑞, 𝑦) + 4𝚽1

2
;2

(𝑠)
(𝑞, 𝑦)  

 ℰ̂
𝑇4
gen
(𝑞, 𝑦; 2) = 2𝚽0;2

(𝑠)
(𝑞, 𝑦) + 5𝚽1

2
;2

(𝑠)
(𝑞, 𝑦)  

 

ℰ̂NS
CFT(𝑞, 𝑦; 2) = 2 + √𝑞(𝑦−1 + 𝑦) + 𝑞(−12 − 6𝑦−2 − 6𝑦2) + 𝑞

3

2(𝑦−3 + 39𝑦−1 + 39𝑦 + 𝑦3)

+𝑞2(−192 + 2𝑦−4 − 56𝑦2 − 56𝑦−2 + 2𝑦4) +⋯

ℰ̂
𝑇4
graviton

(𝑞, 𝑦; 2) = 2 + √𝑞(𝑦−1 + 𝑦) + 𝑞(−4 − 6𝑦−2 − 6𝑦2) + 𝑞
3

2(𝑦−3 + 6𝑦−1 + 6𝑦 + 𝑦3)

+𝑞2(2 + 2𝑦−4 − 4𝑦2 − 4𝑦−2 + 2𝑦4) + ⋯

ℰ̂
𝑇4
gen
(𝑞, 𝑦; 2) = 2 + √𝑞(𝑦−1 + 𝑦) + 𝑞(−12 − 6𝑦−2 − 6𝑦2) + 𝑞

3

2(𝑦−3 + 39𝑦−1 + 39𝑦 + 𝑦3)

+𝑞2(−150 + 2𝑦−4 − 56𝑦2 − 56𝑦−2 + 2𝑦4) +⋯

 

 ℰ̂
𝑇4
gen 
(𝑞, 𝑦; 2) − ℰ̂

𝑇4
graviton 

(𝑞, 𝑦; 2) ≈ −8𝑞 + 33𝑞
3

2(𝑦−1 + 𝑦) + 𝑞2(−52𝑦−2 − 152 − 52𝑦2).  

 

(𝑍
𝑇4{1,1}

gen 
− 𝑍

𝑇4{1,1}

graviton 
)|
𝑞
 = 3𝜙0,1

(ℓ)
(𝑞, 𝑦)𝜔asym (𝑦̃)|

𝑞
= 3𝜔asym (𝑦̃) →

MEG 
− 6,

(𝑍
𝑇4{2}

gen 
− 𝑍

𝑇4{2}

graviton 
)|
𝑞
 = −2𝜙0,1

(ℓ)
(𝑞, 𝑦)𝜔2(𝑦̃)|

𝑞
= −2𝜔2(𝑦̃) →

MEG 
− 2,

 

 𝜓
−
1

2

−𝐴̇| −⟩2⊗ {
|𝛼̇⟩2
|𝐵̇⟩2

,  
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 𝜎𝐴̇𝐵̇
𝑖 𝜓

−
1

2

−𝐴̇( T)
(| −⟩1

(1)
|𝐵̇⟩1

(2)
− |𝐵̇⟩1

(1)
| −⟩1

(2)
)⊗

{
 
 

 
 (|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
− |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
)

(|𝛼̇⟩1
(1)
|𝐶̇⟩1

(2)
− |𝐶̇⟩1

(1)
|𝛼̇⟩1

(2)
)

(|𝐶̇⟩1
(1)
|𝐷̇⟩1

(2)
+ |𝐷̇⟩1

(1)
|𝐶̇⟩1

(2)
)

 

𝜓
−
1
2

+𝐴̇𝜓
−
1
2

−𝐵̇| −⟩2⊗ {
|𝛼̇⟩2
|𝐵̇⟩2

 , 𝐽−1
3 | −⟩2⊗ {

|𝛼̇⟩2
|𝐵̇⟩2

,  

𝐺
−
3
2

+𝐴̇(𝑇)
| −⟩1

(1)
| −⟩1

(2)
⊗

{
 
 

 
 (|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
+ |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
)

(|𝛼̇⟩1
(1)
|𝐶̇⟩1

(2)
+ |𝐶̇⟩1

(1)
|𝛼̇⟩1

(2)
)

(|𝐶̇⟩1
(1)
|𝐷̇⟩1

(2)
− |𝐷̇⟩1

(1)
|𝐶̇⟩1

(2)
)

,  

  

𝜓
−
1
2

−𝐴̇(𝑇)
𝜓
−
1
2

+𝐵̇(𝑇)
(| −⟩1

(1)
|𝐶̇⟩1

(2)
− |𝐶̇⟩1

(1)
| −⟩1

(2)
)⊗

{
 
 

 
 (|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
− |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
)

(|𝛼̇⟩1
(1)
|𝐶̇⟩1

(2)
− |𝐶̇⟩1

(1)
|𝛼̇⟩1

(2)
)

(|𝐶̇⟩1
(1)
|𝐷̇⟩1

(2)
+ |𝐷̇⟩1

(1)
|𝐶̇⟩1

(2)
)

 

 

 ℰ̂NS
CFT(𝑞, 𝑦; 2) = 2𝚽0;2

(𝑠)
+ 5𝚽1

2
;2

(𝑠)
− 42𝚽0,2;2

(ℓ)
− 70𝚽0,3;2

(ℓ)
− 324𝚽0,4;2

(ℓ)
+⋯  

 

ℰ̂NS
CFT(𝑞, 𝑦; {1,1})  = 2𝚽0;2

(𝑠)
+ 4𝚽1

2
;2

(𝑠)
+ 6𝚽0,1;2

(ℓ)
− 14𝚽0,2;2

(ℓ)
+ 28𝚽0,3;2

(ℓ)
− 42𝚽0,4;2

(ℓ)
+⋯

ℰ̂NS
CFT(𝑞, 𝑦; {2})  = 𝚽1

2
;2

(𝑠)
− 6𝚽0,1;2

(ℓ)
− 28𝚽0,2;2

(ℓ)
− 98𝚽0,3;2

(ℓ)
− 282𝚽0,4;2

(ℓ)
+⋯
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𝑍𝐾3
graviton 

(𝑞, 𝑦, 𝑦̃; {2})≡ ∏  𝑚,ℓ,ℓ̃   (1 − 𝑝
2𝑞𝑚𝑦ℓ𝑦̃ℓ̃)

−𝑐graviton 
𝐾3 (2,𝑚,ℓ,ℓ̃)

|
𝑝2
= 𝑋2

𝐾3(𝑞, 𝑦, 𝑦̃)

𝑍𝐾3
graviton 

(𝑞, 𝑦, 𝑦̃; {1,1})≡ ∏  𝑚,ℓ,ℓ̃  (1 − 𝑝𝑞
𝑚𝑦ℓ𝑦̃ℓ̃)

−𝑐graviton 
𝐾3 (1,𝑚,ℓ,ℓ̃)

|
𝑝2

 =
1

2
(𝑋1

𝐾3(𝑞, 𝑦, 𝑦̃))2 +
1

2
𝑋1
𝐾3(𝑞2, 𝑦2, 𝑦̃2)

 

 𝑍𝐾3
graviton 

(𝑞, 𝑦, 𝑦̃, 𝜉; {2}) = 𝜉−𝜙1
2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;2
(𝑦̃) + 20𝜉0𝜙1

(𝑠)
(𝑞, 𝑦)𝜒̃0;2(𝑦̃) + 𝜉+𝜙3

2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;2
(𝑦̃)  

 𝑍𝐾3
gen
(𝑞, 𝑦, 𝑦̃; {2}) = Φ1

2
;2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;2
(𝑦̃) + 20Φ1;2

(𝑠)
(𝑞, 𝑦)𝜒̃0;2(𝑦̃)  

 𝑍𝐾3{1,1}
graviton 

≡ 𝑍𝐾3
graviton 

(𝑞, 𝑦, 𝑦̃, 𝜉; {1,1}) 

 

𝑍𝐾3{1,1}
graviton 

=𝜉−
2 1

2
[(𝜙0

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;1
(𝑦̃))

2

+𝜙0
(𝑠)
(𝑞2, 𝑦2)𝜒̃1

2
;1
(𝑦̃2)] + 𝜉−𝜉+𝜙0

(𝑠)
(𝑞, 𝑦)𝜙1

(𝑠)
(𝑞, 𝑦) (𝜒̃1

2
;1
(𝑦̃))

2

+𝜉+
2 1

2
[(𝜙1

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;1
(𝑦̃))

2

+ 𝜙1
(𝑠)(𝑞2, 𝑦2)𝜒̃1

2
;1
(𝑦̃2)]  

+20𝜉0𝜉−𝜙1
2

(𝑠)
(𝑞, 𝑦)𝜙0

(𝑠)
(𝑞, 𝑦)𝜒̃0;1(𝑦̃)𝜒̃1

2
;1
(𝑦̃) + 20𝜉0𝜉+𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜙1

(𝑠)
(𝑞, 𝑦)𝜒̃0;1(𝑦̃)𝜒̃1

2
;1
(𝑦̃)  

 +𝜉0
2 1

2
[(20𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜒̃0;1(𝑦̃))

2

+ 20𝜙1
2

(𝑠)(𝑞2, 𝑦2)𝜒̃0;1(𝑦̃
2)]

 

 

𝑍𝐾3{1,1}
graviton 

|
𝜉0
= 20 [𝜉−𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜙0

(𝑠)
(𝑞, 𝑦) + 𝜉+𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜙1

(𝑠)
(𝑞, 𝑦)] 𝜒̃0;1(𝑦̃)𝜒̃1

2
;1
(𝑦̃) 

 = 20 [𝜉−𝜙1
2

(𝑠)
(𝑞, 𝑦) + 𝜉+ (𝜙3

2

(𝑠)
(𝑞, 𝑦) + ∑  ℎ≥1  𝜙1

2
,ℎ+

1

2

(ℓ)
(𝑞, 𝑦))] 𝜒̃1

2
;2
(𝑦̃)

 

 20𝜉0𝜉±𝜙1
2

(𝑠)
𝜒̃1
2
;2
: | ± 𝛼̇⟩1

(1)
|𝐼⟩1
(2)
+ |𝐼⟩1

(1)
| ± 𝛼̇⟩1

(2)
.  

 
𝑍𝐾3{1,1}

graviton 
|
(𝜉0)

0
⊃ 𝜉−

2𝜙0
(𝑠)
(𝑞, 𝑦)𝜒̃1;2(𝑦̃) + 𝜉−𝜉+𝜙1

(𝑠)
(𝑞, 𝑦)[𝜒̃1;2(𝑦̃) + 𝜒̃0;2(𝑦̃)] 

 +𝜉+
2𝜙2

(𝑠)
(𝑞, 𝑦)𝜒̃1;2(𝑦̃)

 

 

𝜉−
2: | − 𝛼̇⟩1

(1)
| − 𝛽̇⟩1

(2)
+ | − 𝛽̇⟩1

(1)
| − 𝛼̇⟩1

(2)

𝜉−𝜉+: (| +⟩1
(1)
| −⟩1

(2)
± | −⟩1

(1)
| +⟩1

(2)
) (|𝛼̇⟩1

(1)
|𝛽̇⟩1

(2)
± |𝛽̇⟩1

(1)
|𝛼̇⟩1

(2)
)

𝜉+
2: | + 𝛼̇⟩1

(1)
| + 𝛽̇⟩1

(2)
+ | + 𝛽̇⟩1

(1)
| + 𝛼̇⟩1

(2)
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𝑍𝐾3
red(𝑞, 𝑦, 𝑦̃, 𝜉; {1,1})= 𝜉−

2𝜙0
(𝑠)
(𝑞, 𝑦)𝜒̃1;2(𝑦̃) + 𝜉−𝜉+𝜙1

(𝑠)
(𝑞, 𝑦)𝜒̃0;2(𝑦̃) + 20𝜉0𝜉−𝜙1

2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;2
(𝑦̃)  

 +𝜉0
2 [210𝜙1

(𝑠)
(𝑞, 𝑦) + 190∑  ℎ≥1

 odd 

 𝜙0,ℎ
(ℓ)
(𝑞, 𝑦) + 210∑  ℎ≥2

 even 

 𝜙0,ℎ
(ℓ)
(𝑞, 𝑦)] 𝜒̃0;2(𝑦̃)

 

 

𝑍𝐾3
gen
(𝑞, 𝑦, 𝑦̃; {1,1}) =Φ0;2

(𝑠)
(𝑞, 𝑦)𝜒̃1;2(𝑦̃) + Φ1;2

(𝑠)
(𝑞, 𝑦)𝜒̃0;2(𝑦̃) + 20Φ1

2
;2

(𝑠)
(𝑞, 𝑦)𝜒̃1

2
;2
(𝑦̃)

 + [210Φ1;2
(𝑠)
(𝑞, 𝑦) + 190∑  ℎ≥1

 odd 

 Φ0,ℎ;2
(ℓ)

(𝑞, 𝑦) + 210∑  ℎ≥2
 even 

 Φ0,ℎ;2
(ℓ)

(𝑞, 𝑦)] 𝜒̃0;2(𝑦̃)
 

 ℰ𝐾3
gen
(𝑞, 𝑦; 2) = 3Φ0;2

(𝑠)
(𝑞, 𝑦) + 42Φ1

2
;2

(𝑠)
(𝑞, 𝑦) + 231Φ1;2

(𝑠)
(𝑞, 𝑦) + ∑  ℎ≥1  𝑛ℎ

(ℓ)
Φ0,ℎ;2
(ℓ)

(𝑞, 𝑦)  

 ℰ𝐾3
gen 
(𝑞, 𝑦; 2) − ℰ𝐾3

graviton 
(𝑞, 𝑦; 2) = 2𝜙1

2
,
3

2

(ℓ)
+ 231𝜙0,2

(ℓ)
+ 420𝜙1,2

(ℓ)
+⋯  

 
ℰ𝐾3

gen 
(𝑞, 𝑦; {1,1}) − ℰ𝐾3

graviton 
(𝑞, 𝑦; {1,1}) = 211𝜙0,2

(ℓ)
+ 400𝜙1,2

(ℓ)
+⋯

 ℰ𝐾3
gen 
(𝑞, 𝑦; {2}) − ℰ𝐾3

graviton 
(𝑞, 𝑦; {2}) = 2𝜙1

2
,
3

2

(ℓ)
+ 20𝜙0,2

(ℓ)
+ 20𝜙1,2

(ℓ)
+⋯

 

 𝐽−1
3 | − 𝛼̇⟩2  

 

ℰNS
CFT(𝑞, 𝑦; 2) ≈ 3 + √𝑞(42𝑦−1 + 42𝑦)+𝑞(234𝑦−2 + 360 + 234𝑦2)  

 +𝑞
3

2(42𝑦−3 − 3114𝑦−1 − 3114𝑦 + 42𝑦3) + ⋯

ℰ𝐾3
graviton 

(𝑞, 𝑦; 2) ≈ 3 + √𝑞(42𝑦−1 + 42𝑦) +𝑞(234𝑦−2 + 340 + 234𝑦2)

 +𝑞
3

2(42𝑦−3 − 724𝑦−1 − 724𝑦 + 42𝑦3) +⋯

ℰ𝐾3
gen 
(𝑞, 𝑦; 2) ≈ 3 + √𝑞(42𝑦−1 + 42𝑦) +𝑞(234𝑦−2 + 340 + 234𝑦2)

 +𝑞
3

2(42𝑦−3 − 722𝑦−1 − 722𝑦 + 42𝑦3) +⋯
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𝑇(𝑧)=
1

2
𝜖𝐴𝐵𝜖𝐴̇𝐵̇𝜕𝑋

𝐴̇𝐴(𝑧)𝜕𝑋𝐵̇𝐵(𝑧) +
1

2
𝜖𝛼𝛽𝜖𝐴̇𝐵̇𝜓

𝛼𝐴̇(𝑧)𝜓𝛽𝐵̇(𝑧) 

𝐽𝑎(𝑧) =
1

4
𝜖𝛼𝛽𝜖𝐴̇𝐵̇(𝜎

𝑎𝑇)𝛽 𝛾𝜓
𝛼𝐴̇(𝑧)𝜓𝛾𝐵̇(𝑧)

𝐺𝛼𝐴(𝑧) = 𝜖𝐴̇𝐵̇𝜓
𝛼𝐴̇(𝑧)𝜕𝑋𝐵̇𝐴(𝑧)

 

 (𝜎1)𝛼  𝛽 = (
0 1
1 0

) , (𝜎2)𝛼  𝛽 = (
0 −𝑖
𝑖 0

) , (𝜎3)𝛼  𝛽 = (
1 0
0 −1

)  

 𝒪(𝑧) = ∑  𝑛  𝒪𝑛𝑧
−ℎ−𝑛  

 

[𝐿𝑚, 𝐿𝑛]  = (𝑚 − 𝑛)𝐿𝑚+𝑛 +
𝑐

12
𝑚(𝑚2 − 1)𝛿𝑚+𝑛,0,

[𝐽𝑚
𝑎 , 𝐽𝑛

𝑏]  =
𝑐

12
𝑚𝛿𝑎𝑏𝛿𝑚+𝑛,0 + 𝑖𝜖𝑐

𝑎𝑏𝐽𝑚+𝑛
𝑐 ,

{𝐺𝑟
𝛼𝐴, 𝐺𝑠

𝛽𝐵
}  = 𝜖𝐴𝐵 [𝜖𝛼𝛽

𝑐

6
(
1

4
− 𝑟2)𝛿𝑟+𝑠,0 + (𝜎

𝑎𝑇)𝛾
𝛼𝜖𝛽𝛾(𝑟 − 𝑠)𝐽𝑟+𝑠

𝑎 − 𝜖𝛼𝛽𝐿𝑟+𝑠] ,

[𝐽𝑚
𝑎 , 𝐺𝑟

𝛼𝐴]  =
1

2
(𝜎𝑎𝑇)𝛽

𝛼𝐺𝑚+𝑟
𝛽𝐴

,

[𝐿𝑚, 𝐺𝑟
𝛼𝐴]  = (

𝑚

2
− 𝑟)𝐺𝑚+𝑟

𝛼𝐴 ,

[𝐿𝑚, 𝐽𝑛
𝑎]  = −𝑛𝐽𝑚+𝑛

𝑎 .

 

 

[𝛼𝑛
𝐴̇𝐴, 𝛼𝑚

𝐵̇𝐵]  = 𝑛𝜖𝐴𝐵𝜖 𝐴̇𝐵̇𝛿𝑛+𝑚,0

{𝜓𝑟
𝛼𝐴̇, 𝜓𝑠

𝛽𝐵̇
}  = −𝜖𝛼𝛽𝜖 𝐴̇𝐵̇𝛿𝑟+𝑠,0

[𝐿𝑛, 𝛼𝑚
𝐴̇𝐴]  = −𝑚𝛼𝑛+𝑚

𝐴̇𝐴

[𝐿𝑛, 𝜓𝑟
𝛼𝐴̇]  = −(

𝑛

2
+ 𝑟)𝜓𝑛+𝑟

𝛼𝐴̇

[𝐽𝑛
𝑎 , 𝛼𝑚

𝐴̇𝐴]  = 0

[𝐽𝑛
𝑎, 𝜓𝑟

𝛼𝐴̇]  =
1

2
(𝜎𝑎𝑇)𝛼 𝛽𝜓𝑛+𝑟

𝛽𝐴̇

[𝐺𝑟
𝛼𝐴, 𝛼𝑚

𝐵̇𝐵]  = −𝑚𝜖𝐴𝐵𝜓𝑟+𝑚
𝛼𝐵̇

{𝐺𝑟
𝛼𝐴, 𝜓𝑠

𝛽𝐴̇
}  = 𝜖𝛼𝛽𝛼𝑟+𝑠

𝐴̇𝐴

 

 𝐽𝑛
± = 𝐽𝑛

1 ± 𝑖𝐽𝑛
2  

 

[𝐽𝑛
+, 𝐽𝑚

− ]  = 𝑛
𝑐

6
𝛿𝑛+𝑚,0 + 2𝐽𝑛+𝑚

3

[𝐽𝑛
3, 𝐽𝑚

± ]  = ±𝐽𝑛+𝑚
±

[𝐿𝑛, 𝐽𝑚
± ]  = −𝑚𝐽𝑛+𝑚

±

[𝐽𝑛
±, 𝐺𝑟

∓𝐴]  = 𝐺𝑛+𝑟
±𝐴

[𝐽𝑛
±, 𝜓𝑟

∓𝐴̇]  = 𝜓𝑛+𝑟
±𝐴̇
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 𝜗(𝜈, 𝜏) = ∑  ∞
𝑛=−∞   𝑒

2𝜋𝑖𝑛𝜈𝑒𝜋𝑖𝑛
2𝜏  

 𝜗𝛼,𝛽(𝜈, 𝜏) ≡ 𝑒
𝜋𝑖𝛼2𝜏𝑒2𝜋𝑖𝛼(𝜈+𝛽)𝜗(𝜈 + 𝛼𝜏 + 𝛽, 𝜏)  

 

𝜗1(𝜈, 𝜏) ≡ −𝜗1
2
,
1

2

(𝜈, 𝜏)

𝜗2(𝜈, 𝜏) ≡ 𝜗1
2
,0
(𝜈, 𝜏)

𝜗3(𝜈, 𝜏) ≡ 𝜗0,0(𝜈, 𝜏)

𝜗4(𝜈, 𝜏) ≡ 𝜗0,1
2

(𝜈, 𝜏)

 

 𝜂(𝑞) = 𝑞
1

24∏  ∞
𝑛=1   (1 − 𝑞

𝑛)  

 𝜒̃𝚥̃;𝑁(𝑦̃) = 𝑦̃
𝑁 𝑦̃

2𝑗̃+1−𝑦̃−2𝑗̃−1

𝑦̃−𝑦̃−1
,  

 
Φ𝑗;𝑁
(𝑠)
(𝑞, 𝑦)  = 𝐹(𝑞, 𝑦)𝜑𝑗;𝑁

(𝑠)
(𝑞, 𝑦)

Φ𝑗,ℎ;𝑁
(ℓ)

(𝑞, 𝑦)  = 𝐹(𝑞, 𝑦)𝜑𝑗,ℎ;𝑁
(ℓ)

(𝑞, 𝑦)
 

 𝐹(𝑞, 𝑦) = ∏  ∞
𝑘=1  

(1−𝑦𝑞𝑘−1/2)
2
(1−𝑦−1𝑞𝑘−1/2)

2

(1−𝑞𝑘)
2
(1−𝑦2𝑞𝑘)(1−𝑦−2𝑞𝑘−1)

=
−𝑖𝑞1/4𝜗4(𝜈,𝜏)

2

𝜗1(2𝜈,𝜏)𝜂(𝑞)
3

 

 
𝜑𝑗;𝑁
(𝑠)
(𝑞, 𝑦)  = 𝑞𝑗 ∑  𝑘∈ℤ   [

𝑦2(𝑁+1)𝑘+2𝑗

(1−𝑦𝑞𝑘+1/2)
2 −

𝑦−2(𝑁+1)𝑘−2(𝑗+1)

(1−𝑦−1𝑞𝑘+1/2)
2 ] 𝑞

(𝑁+1)𝑘2+(2𝑗+1)𝑘

𝜑𝑗,ℎ;𝑁
(ℓ)

(𝑞, 𝑦)  = 𝑞ℎ ∑  𝑘∈ℤ  (𝑦
2(𝑁+1)𝑘+2𝑗 − 𝑦−2(𝑁+1)𝑘−2(𝑗+1))𝑞(𝑁+1)𝑘

2+(2𝑗+1)𝑘
 

 𝚽𝑗;𝑁
(𝑠)
(𝑞, 𝑦) =

𝑞
1
8

𝜂(𝑞)3
Φ0,0;1
(ℓ)

(𝑞, 𝑦)Φ𝑗;𝑁−1
(𝑠)

(𝑞, 𝑦)  

 𝚽𝑗,ℎ;𝑁
(ℓ)

(𝑞, 𝑦) =
𝑞
1
8

𝜂(𝑞)3
Φ0,0;1
(ℓ)

(𝑞, 𝑦)Φ𝑗,ℎ;𝑁−1
(ℓ)

(𝑞, 𝑦)  

 
𝜙𝑗
(𝑠)
(𝑞, 𝑦) =

𝑞𝑗

1−𝑞

𝑦2𝑗(𝑦−2𝑞
1
2+𝑦−1𝑞)−𝑦−2𝑗(𝑦−1−2𝑞

1
2+𝑦𝑞)

𝑦−𝑦−1
,

 

 

𝜙𝑗,ℎ
(ℓ)
(𝑞, 𝑦)= 𝜙𝑗,ℎ

(𝑠)
(𝑞, 𝑦) − 2𝜙

𝑗+
1

2
,ℎ+

1

2

(𝑠)
(𝑞, 𝑦) + 𝜙𝑗+1,ℎ+1

(𝑠)
(𝑞, 𝑦) 

 =
𝑞ℎ

1−𝑞

(𝑦2𝑗+1−𝑦−2𝑗−1)(𝑦−1−2𝑞
1
2+𝑞𝑦)(𝑦−2𝑞

1
2+𝑞𝑦−1)

𝑦−𝑦−1

 

 𝜙𝑗1
(𝑠)
(𝑞, 𝑦) × 𝜙𝑗2

(𝑠)
(𝑞, 𝑦) = 𝜙𝑗1+𝑗2

(𝑠)
(𝑞, 𝑦) + ∑  ℎ≥𝑗1+𝑗2  ∑  

𝑗1+𝑗2−1
𝑗=|𝑗1−𝑗2|

 𝜙𝑗,ℎ
(ℓ)
(𝑞, 𝑦).  

 𝜙𝑗
(𝑠)(𝑞2, 𝑦2) = 𝜙2𝑗

(𝑠)
(𝑞, 𝑦) + ∑  ℎ≥2𝑗  ∑  

2𝑗−1
𝑗′=0   (−1)

ℎ+𝑗′𝜙
𝑗′,ℎ

(ℓ)
(𝑞, 𝑦).  

 𝜒̃𝑗1;𝑁1(𝑦‾) × 𝜒̃𝑗2;𝑁2(𝑦‾) = ∑  
𝑗1+𝑗2
𝑗=|𝑗1−𝑗2|

  𝜒̃𝑗;𝑁1+𝑁2(𝑦‾),  

 𝜒̃𝑗1;𝑁(𝑦‾
2) = ∑  

2𝑗1
𝑗=0   (−1)

2𝑗1−𝑗𝜒̃𝑗;2𝑁(𝑦‾)  
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+12𝑞: 𝜎𝐴̇𝐵̇
𝑖 | − 𝛼̇⟩1𝜓−1

2

−𝐴̇|𝐵̇𝛽̇⟩1 (0; 𝟏, 𝟑) + 2(1; 𝟏, 𝟑) + (2; 𝟏, 𝟑)

−192𝑞: 𝜎𝐴̇𝐵̇
𝑖 | − 𝛼̇⟩1𝛼−1

2

𝐴̇𝐴𝜓0
−𝐵̇|𝑟⟩1 (

1

2
; 𝟐, 𝟑)

𝑟
+ (

3

2
; 𝟐, 𝟑)

𝑟

 

 

+4𝑞: 𝜖𝐶̇𝐷̇𝜓0
−𝐶̇𝜓0

−𝐷̇|𝐴̇𝐵̇⟩2 + 𝑓𝜓−1
2

−𝐴̇| − 𝐵̇⟩2 (
1

2
; 𝟏, 𝟏) + (

1

2
; 𝟏, 𝟑)

−12𝑞: 𝜎𝐴̇𝐵̇
𝑖 𝛼

−
1

2

𝐴̇𝐴𝜓0
−𝐵̇| − 𝛼̇⟩2 (0; 𝟐, 𝟑) + (1; 𝟐, 𝟑)

+160𝑞: 𝛼
−
1

4

𝐴̇𝐴𝛼
−
1

4

𝐵̇𝐵𝐽1
2

−|𝑟⟩2 (1, 𝟑, 𝟑)𝑟 + (
1

2
; 𝟏, 𝟏)

𝑟

+48𝑞: 𝜎𝐴̇𝐵̇
𝑖 𝜓

−
1

4

−𝐴̇𝜓1
4

−𝐵̇|𝑟⟩2 (
1

2
; 𝟏, 𝟑)

𝑟

 

 (𝑗; 𝐝𝟏, 𝐝𝟐) , (𝑗 +
1

2
; 𝐝𝟏⊗𝟐,𝐝𝟐) , (𝑗 + 1; 𝐝𝟏, 𝐝𝟐).  

 (𝑎 ⋅ 𝜌)𝑅 ∧ 𝑅 + ∑  𝐴   (𝑏𝐴 ⋅ 𝜌)𝐹
𝐴 ∧ 𝐹𝐴  

 𝐻 − 𝑉 = 273 − 29𝑇  

 𝑦2 = 𝑥3 + 𝑓𝑥 + 𝑔  

 −12[𝐾] = [Δ] = ∑  𝐴   𝜈𝐴[𝑆𝐴] + [𝑌]  

 𝑇 = ℎ1,1(𝐵) − 1  

 𝑟 = ℎ1,1(𝑋̂) − ℎ1,1(𝐵) − 1  

 𝐻neutral = ℎ
2,1(𝑋̂) + 1  

 𝜒(𝑋̂) = 2(ℎ1,1(𝑋) − ℎ2,1(𝑋)) = 2(𝑟 + 𝑇 − 𝐻neutral + 3)  

 (𝐾 ⋅ 𝐵) ∧ 𝑅 ∧ 𝑅, (𝑆𝐴 ⋅ 𝐵) ∧ 𝐹
𝐴 ∧ 𝐹𝐴  

 

𝑆(6) = −∫  
1

2
(𝑗𝛼Ω𝛼𝛽𝑎

𝛽)tr𝑅 ∧∗ 𝑅 +
2

𝜆𝐴
(𝑗𝛼Ω𝛼𝛽𝑏𝐴

𝛽
) tr𝐹𝐴 ∧∗ 𝐹𝐴

 +
1

4
(𝐵𝛼Ω𝛼𝛽𝑎

𝛽) ∧ tr𝑅 ∧ 𝑅 +
1

𝜆𝐴
(𝐵𝛼Ω𝛼𝛽𝑏𝐴

𝛽
) ∧ tr𝐹𝐴 ∧ 𝐹𝐴

 +
1

4
𝐺𝛼𝛽𝐻3

𝛼 ∧∗ 𝐻3
𝛽
+
1

2
𝐺𝛼𝛽𝑑𝑗

𝛼 ∧∗ 𝑑𝑗𝛽

 

 𝐻3
𝛼 = 𝑑𝐵2

𝛼 +
1

2
𝑎𝛼𝑤CS(𝑅) + 2

𝑏𝐴
𝛼

𝜆𝐴
𝑤CS
𝐴 (𝐹)  

 
𝑤CS(𝑅) = tr (𝜔̂ ∧ 𝑑𝜔̂ +

3

2
𝜔̂ ∧ 𝜔̂ ∧ 𝜔̂)

𝑤CS
𝐵 (𝐹) = tr (𝐴𝐵 ∧ 𝑑𝐴𝐵 +

3

2
𝐴𝐵 ∧ 𝐴𝐵 ∧ 𝐴𝐵)

 

 Ω𝛼𝛽 ∗ 𝐻3
𝛽
= 𝐺𝛼𝛽𝐻3

𝛽
 

 𝑆GS
(6)
= −

1

2
∫  Ω𝛼𝛽𝐵2

𝛼 ∧ 𝑋4
𝛽

 

 𝑋4
𝛼 =

1

2
𝑎𝛼tr𝑅 ∧ 𝑅 + ∑  𝐴  𝑏𝐴

𝛼 (
2

𝜆𝐴
tr𝐹𝐴 ∧ 𝐹𝐴)  
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 𝑎𝛼 = 𝐾𝛼 , 𝑏𝐴
𝛼 = 𝐶𝐴

𝛼  

 [𝐾] = 𝐾𝛼𝜔𝛼 , [𝑆𝐴] = 𝐶𝐴
𝛼𝜔𝛼  

 ∫  
𝑀6×𝑆𝐴

 𝐶4 ∧ (tr(𝐹̂
𝐴)
2
−

1

48
tr𝑅̂2) ,  

 𝑥 ⋅ 𝑦 = 𝑥𝛼Ω𝛼𝛽𝑦
𝛽  

 Γ = 𝐻2(𝐵, ℤ)  

 ∫  
𝑀6×𝑆𝐴

 Tr(𝐹̂𝐴 ∧∗8 𝐹̂
𝐴) = ∫  

𝑀6
 Tr(𝐹𝐴 ∧∗ 𝐹𝐴) ⋅

∫  
𝑆𝐴
 𝐽b

𝒱b
1/2  

 𝑗𝛼 =
𝑣b
𝛼

(2𝒱b)
1/2 , 𝑗

𝛼Ω𝛼𝛽𝑗
𝛽 = 1  

 𝐺𝛼𝛽 = −Ω𝛼𝛽 + 𝒪(𝑗
2)  

 𝜔𝑓 = [Σ + (𝑚/2)𝐹], 𝜔𝑏 = [𝐹]  

 Ω𝛼𝛽 = ∫  
𝐵2
 𝜔𝛼 ∧ 𝜔𝛽 , Ω = (

0 1
1 0

)  

 −[𝐾] = [2Σ + (2 +𝑚)𝐹] = 2𝜔𝑓 + 2𝜔𝑏 , 𝑎 = (𝐾
𝛼) = (−2,−2)  

 [𝑆] = 𝑝𝜔𝑓 + (𝑞 − 𝑝𝑚/2)𝜔𝑏 , 𝑏 = (𝐶
𝛼) = (𝑝, 𝑞 − 𝑝𝑚/2)  

 𝑆GS
(6)
=
1

2
∫  (𝐵𝑓 + 𝐵𝑏) ∧ tr𝑅

2 − (𝑝𝐵𝑏 + (𝑞 − 𝑝𝑚/2)𝐵𝑓) ∧
2

𝜆
tr𝐹2  

 𝑑𝐻̂ =
2

𝜆
Tr𝐹̂2 − tr𝑅̂2, 𝐻̂ = 𝑑𝐵̂ +

2

𝜆
𝑤CS
𝐵 (𝐹) − 𝑤CS(𝑅)  

 𝑆𝐵
(10)

= ∫  −
1

4
𝑒−2𝜙𝐻̂ ∧∗ 𝐻̂ −

1

4
𝑒2𝜙𝐻̂7 ∧∗ 𝐻̂7 −

1

3
𝐵̂ ∧ 𝑋̂8 −

1

2
𝐵̂6 ∧ 𝑋̂4  

 
𝑋̂8 =

1

24
Tr𝐹̂4 −

1

7200
(Tr𝐹̂2)

2
−

1

240
Tr𝐹̂2tr𝑅̂2 +

1

8
(tr𝑅̂4) +

1

32
(tr𝑅̂2)

2

𝑋̂4 =
2

𝜆
tr𝐹̂2 − tr𝑅̂2

 

 𝑆𝐺𝑆
(6)(𝐵1) =

1

2
∫  𝐵1 ∧ (tr𝑅

2 −
2

𝜆
tr𝐹2)  

 
2

𝜆
∫  
K3
 trℱ2 = ∫  

K3
 trℛ2 = 24  

 Tr𝐹̂2 = 30tr𝐹̂2, Tr𝐹̂4 = 24tr𝐹̂4 + 3(tr𝐹̂2)
2

 

 𝑋̂8
𝑆𝑂(32)

= ∫  
K3
  (−

1

8
tr𝐹2trℛ2 −

1

8
tr𝑅2trℱ2 +

1

16
tr𝑅2trℛ2) .  

 𝑆𝑆𝑂(32)
(6)

=
1

2
∫  (𝐵1 + 𝐵0) ∧ tr𝑅

2 − (𝐵1 − 2𝐵0) ∧ tr𝐹
2  
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 𝑎 = (−2,−2), 𝑏 = (1,−2)  

 (𝐵𝑓 , 𝐵𝑏) ↔ (𝐵0, 𝐵1).  

 Tr𝐹̂2 = tr𝐹̂2, Tr𝐹̂4 =
1

100
tr𝐹̂4  

 

𝑋̂8
𝐸8 = ∫  

𝐾3
 (

1

3600
[2tr𝐹1

2trℱ1
2 + 2tr𝐹2

2trℱ2
2 − tr𝐹2

2trℱ1
2 − tr𝐹1

2trℱ2
2]

 −
1

240
[tr𝐹1

2trℛ2 + tr𝑅2trℱ1
2 + tr𝐹2

2trℛ2 + tr𝑅2trℱ2
2]

+
1

16
[tr𝑅2trℛ2])

 

 𝑆𝐸8
(6)
=
1

2
∫  (𝐵1 + 𝐵0) ∧ tr𝑅

2 −
1

30
(𝐵1 −

𝑘

2
𝐵0) ∧ tr𝐹1

2 −
1

30
(𝐵1 +

𝑘

2
𝐵0) ∧ tr𝐹2

2  

 𝑎 = (−2,−2), 𝑏1 = (1,−𝑘/2), 𝑏2 = (1, 𝑘/2)  

 𝐽b = 𝑣b
𝛼𝜔𝛼 , 𝐶4 = 𝐵2

𝛼 ∧ 𝜔𝛼  

 

𝐶cs  = ℎ
3,1(𝑋̂) − 1

𝐶sa  = ℎ
1,1(ℬ3) + 1

𝐶21  = ℎ
2,1(𝑋̂) − ℎ2,1(ℬ3)

 

 𝑇𝛼 =
1

2
𝜅𝛼𝛽𝛾𝑣b

𝛽
𝑣b
𝛾
+
1

4
𝑑𝛼𝑎𝑏(𝑁 + 𝑁‾)

𝑎(𝑁 + 𝑁‾)𝑏 + 𝑖𝜌𝛼  

 𝑁𝑎 → 𝑁𝑎 + 𝑖Λ𝑎 , 𝑇𝛼 → 𝑇𝛼 + 𝑖Λ𝛼.  

 𝑟v = ℎ
1,1(𝑋̂) − ℎ1,1(ℬ3) − 1  

 𝑓𝐴 =
1

2
𝐶𝐴
𝛼𝑇𝛼, [𝑆𝐴] = 𝐶𝐴

𝛼𝜔𝛼  

 𝑟21 = ℎ
2,1(ℬ3)  

 𝜏𝜅𝜆(𝑧) =
𝑖

2
(∫  𝐵  𝛽

𝜇 ∧ 𝜓‾𝜅)
−1
∫  𝐵  𝛼𝜆 ∧ 𝜓

‾𝜇  

 ΘΣΛ = ∫  𝑋̂  𝜔Σ ∧ 𝜔Λ ∧ 𝐺4  

 𝐷𝑇𝛼 = 𝑑𝑇𝛼 + 𝑖Θ𝛼𝑖𝐵𝐴
𝑖𝐵  

 𝐷𝑇𝛼 = 𝑑𝑇𝛼 + 𝑖Tr(Θ𝛼𝐵𝐴
𝐵)  

 Θ𝑖𝐴𝑗𝐵 = ∫  𝑋̂  𝜔𝑖𝐴 ∧ 𝜔𝑗𝐵 ∧ 𝐺4  

 
𝜒(𝑋̂)

24
=
1

2
∫  𝐺4 ∧ 𝐺4 +𝑁3  

 ℎ2,2(𝑋) = 44 + 4ℎ1,1(𝑋) + 2ℎ2,1(𝑋) − 4ℎ3,1(𝑋)  

 
𝜒(𝑋̂)= 6(8 + ℎ1,1(𝑋̂) + ℎ3,1(𝑋̂) − ℎ2,1(𝑋̂))  

 = 6(9 + 𝐶sa + 𝐶cs + 𝑟v − (𝐶21 + 𝑟21))
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 Δ𝐶cs = 3𝑁3, Δ𝑟v = 𝑁3  

 𝑆𝑎𝑥
(4)
=
1

8
∫  

1

2
𝑎𝒜𝜌𝒜tr𝑅 ∧ 𝑅 +

2

𝜆𝐴
𝑏𝐴
𝒜𝜌𝒜tr𝐹

𝐴 ∧ 𝐹𝐴  

 𝑏𝐴
𝛼 = 𝐶𝐴

𝛼 , [𝑆𝐴] = 𝐶𝐴
𝛼𝜔𝛼  

 𝑎𝛼 = 𝐾𝛼 , 𝑐1(ℬ3) = −𝐾
𝛼𝜔𝛼  

 
𝑆D7
𝐶𝑆(𝑅, 𝐹)= −

1

2
∫  
𝑀3,1

 𝐶𝐴̂
𝛼𝜌𝛼 (

1

96
tr(𝑅 ∧ 𝑅)𝑁D7

𝐴̂ +
1

2
tr(𝐹 𝐴̂ ∧ 𝐹 𝐴̂)) + ⋯ 

𝑆O7
𝐶𝑆(𝑅) = +2∫  

𝑀3,1
  𝐶̃𝛼𝜌𝛼 (−

1

192
tr(𝑅 ∧ 𝑅)) +⋯

 

 −12[𝐾] = [Δ] = 2[𝑆O7] + 𝑁D7
𝐴̂ [𝑆𝐴̂] = (2𝐶̃

𝛼 +𝑁D7
𝐴̂ 𝐶𝐴̂

𝛼)𝜔𝛼  

 𝑇0 = −𝑖𝜏IIB = 𝑒
−𝜙 − 𝑖𝐶0  

 
1

2
𝑎̃(𝑧)tr𝑅 ∧ 𝑅 +

2

𝜆𝐴
𝑏̃𝐴(𝑧)tr𝐹

𝐴 ∧ 𝐹𝐴  

 𝐻3
𝛼 = 𝑑𝐵2

𝛼 +
1

2
𝑎𝛼𝑤CS(𝑅) + 2

𝑏𝐴
𝛼

𝜆𝐴
𝑤CS
𝐴 (𝐹)  

 𝐺̃𝛼𝛽 ∝ 𝜅𝛼𝛽𝛾𝐿
𝛾 +⋯ ,  

 𝑟 = 𝑐1(𝒪(1)) = [Σ], 𝑡 = 𝑐1(ℒ)  

 𝑟(𝑟 + 𝑡) = 0  

 
𝑐1(ℬ3) = 𝑐1(ℬ2) + (2𝑟 + 𝑡)

𝑐2(ℬ3) = 𝑐2(ℬ2) + 𝑐1(ℬ2)(2𝑟 + 𝑡)
 

 𝜔𝑓 = 𝑟 +
𝑡

2
, 𝜔𝑖  

 𝜅𝑖𝑗𝑘 = 0, 𝜅𝑓𝑖𝑗 = 𝜅𝑖𝑗 , 𝜅𝑓𝑓𝑖 = 0, 𝜅𝑓𝑓𝑓 =
1

4
𝑡𝑖𝑡𝑗𝜅𝑖𝑗  

 (𝑎𝐹
𝛼) ≡ (𝐾𝛼) = (−2,𝐾𝑖)  

 [𝑆] = 𝑝𝜔𝑓 +∑  𝑖  𝑞𝑖𝜔𝑖  

 

 𝑡 = 𝑘[𝐻]  

 𝑐1(𝔽̃𝑘) = 2[Σ] + (3 + 𝑘)[𝐻], 𝑐2(𝔽̃𝑘) = 6[Σ ⋅ 𝐻] + (3 + 3𝑘)[𝐻]
2  

 Σ𝐻2 = 1,𝐻3 = 0, Σ2𝐻 = −𝑘, Σ3 = 𝑘2,  

 𝐵̂ = 𝑏2 + 𝜒
𝐼𝜔𝐼 = 𝑏2 + 𝜒𝑓𝜔ℬ + ∑  𝑖  𝜒

𝑖𝜔𝑖  

 𝑐𝐼 − 𝜆𝐼 = 0  
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 𝑐𝐼 = ∫  
𝑍3
 𝜔𝐼 ∧ trℛ

2 = ∫  
𝑍3
 𝜔𝐼 ∧ 𝑐2(𝑍3), 𝜆𝐼 =

2

𝜆
∫  
𝑍3
 𝜔𝐼 ∧ Trℱ

2  

 𝑐2(𝑍3) = 11𝑐1(ℬ2)
2 + 𝑐2(ℬ2) + 12𝑐1(ℬ2) ∧ 𝜔ℬ,  

 
𝑐𝑖  = −12𝜅𝑖𝑗𝐾

𝑗

𝑐𝑓  = ∫  
ℬ2
  𝑐2(𝑍3) = ∫  

ℬ2
  𝑐2(ℬ2) − 𝑐1(ℬ2)

2 = −8 + 2ℎ1,1(ℬ2)
 

 𝜒0 (tr𝑅
2 −

2

𝜆
tr𝐹2)  

 

𝑆𝑆𝑂(32)
(4)

=
1

2
∫  (𝜒0 +

1

24
𝜒𝐼𝑐𝐼) tr𝑅

2 − (𝜒0 −
1

12
𝜒𝐼𝑐𝐼) tr𝐹

2

=
1

2
∫  (𝜒0 −

1

2
𝜒𝑖𝜅𝑖𝑗𝐾

𝑗 +
1

24
𝜒𝑓𝑐𝑓) tr𝑅

2

 − (𝜒0 + 𝜒
𝑖𝜅𝑖𝑗𝐾

𝑗 −
1

12
𝜒𝑓𝑐𝑓) tr𝐹

2

 

 𝜒̃0 = 8𝜒0, 𝜒̃𝑖 = 8𝜅𝑖𝑗𝜒
𝑗 , 𝜒̃𝑓 = 8𝜒𝑓  

 𝑎 = (−2,𝐾𝑖, −
1

12
𝑐𝑓) , 𝑏 = (1, 𝐾

𝑖, −
1

12
𝑐𝑓)  

 
1

30
trℱ𝑖

2 = 𝜂𝑖 ∧ 𝜔ℬ + 𝜁𝑖  

 trℱ1
2 + trℱ2

2 = 30trℛ2  

 
𝜂1 + 𝜂2  = 12𝑐1(ℬ2)

𝜁1 + 𝜁2  = 11𝑐1(ℬ2)
2 + 𝑐2(ℬ2) ≡ 𝒞2

 

 
𝜂1  = 6𝑐1(ℬ2) + 𝑡̃, 𝜂2  = 6𝑐1(ℬ2) − 𝑡̃

𝜁1  =
1

2
𝒞2 +Φ, 𝜁2  =

1

2
𝒞2 −Φ

 

 𝑆𝐸8
(4)
=
1

2
∫  (𝜒0 +

1

24
𝜒𝐼𝑐𝐼) tr𝑅

2 − (𝜒0 −
1

12
𝜒𝐼𝑐̃𝐼) tr𝐹1

2 − (𝜒0 +
1

12
𝜒𝐼𝑐̃𝐼) tr𝐹2

2  

 𝑐̃𝐼 = ∫  
𝑍3
 𝜔𝐼 ∧ (𝑡̃ ∧ 𝜔ℬ +Φ) = (−1)

𝑖 ∫  
𝑍3
 𝜔𝐼 ∧ (

1

2
trℛ2 −

1

30
trℱ𝑖)  

 𝑐̃𝑖 = 𝜅𝑖𝑗 𝑡̃
𝑗, 𝑐̃𝑓 = ∫  

ℬ2
 Φ − 𝑡̃2  

  

 

𝜌0 ↔ 𝜒̃𝑓
𝜌𝑏 ↔ 𝜒̃0
𝜌𝑖 ↔ 𝜒̃𝑖

 

 𝑡𝑖 ↔ 𝑡̃𝑖 ,  

 𝜂1 = 8𝑐1(ℬ2), 𝜂2 = 4𝑐1(ℬ2)  
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𝑎 ⋅ 𝑎 = 9 − 𝑇
273 = 29𝑇 + 𝐻

 

 𝐾 ⋅ 𝐾 = 10 − ℎ1,1(𝐵)  

 𝜒0(𝐵) =
1

12
∫  𝐵   (𝑐1

2 + 𝑐2)  

 𝜒(𝐵) = ∫  𝐵   𝑐2 = ∑  𝑖   (−1)
𝑖𝑏𝑖 = 2 + ℎ1,1  

 𝑛𝑈(1) = ℎ
1,1(𝑋) − ℎ1,1(𝐵) − 1,  

 𝜒(𝑋) = −60∫  𝐵  𝑐1(𝐵)
2 = −60Ω𝛼𝛽𝐾

𝛼𝐾𝛽 = 2(𝑇 − 𝐻 + 3),  

 30(9 − 𝑇) = 𝐻 − 𝑇 − 3 ⇒ 273 = 𝐻 + 29𝑇  

 𝜋:𝐵′ → 𝐵  

 𝑐1(𝐵
′) = 𝜋∗𝑐1(𝐵) − [𝐸]  

 𝜒(𝑋′) = 𝜒(𝑋) − 60  

 Δ𝑇 = 1, Δ𝐻neutral = −29  

 
(−12𝑎 − 𝜈𝐴𝑏𝐴) ⋅ 𝑏𝐴  = 0
𝑏𝐴 ⋅ 𝑏𝐵  = 0, 𝐴 ≠ 𝐵
29𝑇 − 273 = 𝑉 − 𝐻

 

 𝜒(𝑋̂) = −60∫  𝐵   𝑐1
2(𝐵) − ∑  𝐴   𝑟𝐺𝐴𝑐𝐺𝐴(2 − 2𝑔𝐴)  

 𝜒(𝑋) = 60𝑇 − 540 + 2∑  𝐴   (𝑟𝐺𝐴 − dim𝐺𝐴)  

 29𝑇 − 273 = ∑  𝐴  dim𝐺𝐴 −𝐻  

 

𝑗 ⋅ (−𝑎)  > 0
𝑗 ⋅ 𝑏 > 0

𝑗 ⋅ (−12𝑎 − ∑  𝐴   𝜈𝐴𝑏𝐴)  > 0
 

 −12𝐾𝛼 − ∑  𝐴   𝜈𝐴𝐶𝐴
𝛼 − 𝑌𝛼 = 0  

 𝜒(𝑋) = 288 + 360∫  𝑐1
3(ℬ3)  

 39 − 60𝜅𝛼𝛽𝛾𝐾
𝛼𝐾𝛽𝐾𝛾 = 39 − 60⟨⟨𝑎, 𝑎, 𝑎⟩⟩ = 𝐶sa + 𝐶cs − 𝐶21,  

 ⟨⟨𝑥, 𝑦, 𝑧⟩⟩ ≅ 𝜅𝛼𝛽𝛾𝑥
𝛼𝑦𝛽𝑧𝛾  

 𝐶sa + 𝐶cs − 𝐶21 ≡ 39(mod60)  

 𝜅 = 𝜅𝐻𝐻𝐻 = 1  

 39 − 60𝜅𝑎3 = 3879 = 2 + 𝐶cs − (𝐶21 + 𝑟21).  

 𝑘 = 2: 60⟨⟨−𝐾,−𝐾,−𝐾⟩⟩ = 3720  
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 𝐶sa + 𝐶cs − (𝐶21 + 𝑟21) = 3 + 3756 − (0 + 0) = 3759 = 39 − 60⟨⟨𝑎, 𝑎, 𝑎⟩⟩.  

 𝐶sa + 𝐶cs − 𝐶21 = 4359  

 𝜒(𝑋′) = 𝜒(𝑋) − 2880  

 Δ𝐶cs = −481, Δ𝐶sa = +1, Δ𝐶21 = Δ𝑟21 = 0  

 (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5) ∼ (𝜆𝑥1, 𝜆𝜇𝑥2, 𝜆𝑥3, 𝜇𝑥4, 𝜆𝑥5).  

 𝜒(𝑋′) = 𝜒(𝑋) − 1440 (2 − 2𝑔𝒞 + ∫  𝒞   𝑐1(ℬ3))  

 
Δ𝐶cs = −481(1 − 𝑔𝒞) − 240∫  𝒞   𝑐1(ℬ3), Δ𝐶sa = +1

Δ𝑟21 = 𝑔𝒞 , Δ𝐶21 = 0
 

 39 − 60𝜅𝛼𝛽𝛾𝐾
𝛼𝐾𝛽𝐾𝛾 = 39 − 60⟨⟨𝑎, 𝑎, 𝑎⟩⟩ = 𝐶sa + 𝐶cs − 𝐶21 − 𝑟21  

 𝐶sa + 𝐶cs − 𝐶21 − 𝑟21 ≡ 39(mod60)  

 𝜅𝛼𝛽𝛾𝑆𝐴
𝛼𝑆𝐵

𝛽
= 0, ∀𝛾  

 Θ𝑖𝐴𝑖𝐵 = ∫  𝑋̂  𝜔𝑖𝐴 ∧ 𝜔𝑖𝐵 ∧ 𝐺4 = 0  

 𝜒(𝑋) = 288 + 360∫  𝐵   𝑐1(𝐵)
3 − ∑  𝐴   𝑟𝐺𝐴𝑐𝐺𝐴(𝑐𝐺𝐴 + 1)∫  

𝑆𝐴
  𝑐1(𝑆𝐴)

2
 

39 − 60⟨⟨𝑎, 𝑎, 𝑎⟩⟩

 = 𝐶sa + 𝐶cs + 𝑟𝑣 − (𝐶21 + 𝑟21) +
1

6
∑  

𝐴

 𝑟𝐺𝐴𝑐𝐺𝐴(𝑐𝐺𝐴 + 1)⟨⟨𝑎 + 𝑏𝐴, 𝑎 + 𝑏𝐴, 𝑏𝐴⟩⟩.
 

 39 − 60⟨⟨𝑎, 𝑎, 𝑎⟩⟩ = 5199 = 3 + 5186 + 1 +
1

6
(1 ⋅ 2 ⋅ 3 ⋅ 9),  

 ⟨⟨−𝐾, 𝑣, 𝑣⟩⟩ = 𝜅𝛼𝛽𝛾(−𝑎
𝛼)𝑣𝛽𝑣𝛾 > 0  

 ⟨⟨𝑆𝐴, 𝑣, 𝑣⟩⟩ = 𝜅𝛼𝛽𝛾𝑏𝐴
𝛼𝑣𝛽𝑣𝛾 > 0  

 12⟨⟨−𝐾, 𝑣, 𝑣⟩⟩ ≥ ∑  𝐴   𝜈𝐴⟨⟨𝑆𝐴, 𝑣, 𝑣⟩⟩ > 0  

 48 ≥ 𝑚𝑁  

 𝜌𝛼 → 𝜌𝛼 + 𝑙𝛼 , 𝑙 ∈ 𝐿  

 𝑎, 𝑏𝐴 ∈ 𝐿
∗  

 𝐶sa + 𝐶cs − 𝐶21 ≡ 39(mod60)  

 𝑐1(𝐵
′) = 𝜋∗𝑐1(𝐵) − 2[𝐸], 𝑐2(𝐵

′) = 𝜋∗(𝑐2(𝐵))  

 𝐸2 = 𝑓, 𝐸 ⋅ 𝑓 = −1, 𝐸 ⋅ 𝜋∗𝐷 = 𝐸 ⋅ 𝜋∗𝐶̃ = 𝑓 ⋅ 𝜋∗𝐷 = 0  



 

pág. 3249 

 
𝑐1(𝐵

′) = 𝜋∗𝑐1(𝐵) − [𝐸]

𝑐2(𝐵
′) = 𝜋∗(𝑐2(𝐵) + [𝒞]) − [𝐸] ∧ 𝜋

∗𝑐1(𝐵)
 

 
𝐸2  = −𝜋∗𝒞 + deg(𝑁𝐵𝒞)𝑓, 𝐸 ⋅ 𝑓 = −1

𝐸 ⋅ 𝜋∗𝐷 = (𝐶 ⋅ 𝐷)𝑓, 𝑓 ⋅ 𝜋∗𝐷 = 0,𝐸 ⋅ 𝜋∗𝒞̃ = 0
 

 deg(𝑁𝐵𝒞) = −𝜒(𝒞) + ∫  𝒞   𝑐1(𝐵)  

 𝐼8(𝑅, 𝐹) =
1

2
Ω𝛼𝛽𝑋4

𝛼𝑋4
𝛽

 

 𝑋4
𝛼 =

1

2
𝑎𝛼tr𝑅2 + ∑  𝑖  𝑏𝑖

𝛼 (
2

𝜆𝑖
tr𝐹𝑖

2)  

 

𝐻 − 𝑉 = 273 − 29𝑇
0 = 𝐵adj

𝑖 − ∑  𝐑  𝑥𝐑
𝑖 𝐵𝐑

𝑖

𝑎 ⋅ 𝑎 = 9 − 𝑇

−𝑎 ⋅ 𝑏𝑖  =
1

6
𝜆𝑖(∑  𝐑  𝑥𝐑

𝑖 𝐴𝐑
𝑖 − 𝐴adj

𝑖 )

𝑏𝑖 ⋅ 𝑏𝑖  =
1

3
𝜆𝑖
2(∑  𝐑  𝑥𝐑

𝑖 𝐶𝐑
𝑖 − 𝐶adj

𝑖 )

𝑏𝑖 ⋅ 𝑏𝑗  = 𝜆𝑖𝜆𝑗 ∑  𝐑𝐒  𝑥𝐑𝐒
𝑖𝑗
𝐴𝐑
𝑖 𝐴𝐒

𝑗

 

 tr𝐑𝐹
2 = 𝐴𝐑tr𝐹

2, tr𝐑𝐹
4 = 𝐵𝐑tr𝐹

4 + 𝐶𝐑(tr𝐹
2)2  

 𝐵 ⋅ 𝑋4 = 𝐵
𝛼Ω𝛼𝛽 [

1

2
𝑎𝛽tr𝑅2 + ∑  𝑖  𝑏𝑖

𝛽
(
2

𝜆𝑖
tr𝐹𝑖

2)]  

 𝑟 → 𝑟′𝑁1/3, 𝑥𝜇 →
𝑥′𝜇

𝑁1/3
 

 𝑇𝜇𝜈 =
2ℎ𝜙(𝛽)

𝛽𝜋2
𝛾4(𝜃)(4𝑢𝜇𝑢𝜈 + 𝑔𝜇𝜈)  

 
𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈  = −𝑑𝑡2 + 𝑑𝜃2 + sin2 𝜃𝑑𝜙1
2 + cos2 𝜃𝑑𝜙2

2

𝑢𝜇𝜕𝜇  = 𝛾(𝜕𝑡 − 𝜔1𝜕𝜙1 −𝜔2𝜕𝜙2)
 

 
𝛾(𝜃) =

1

√1−𝜔1
2sin2 𝜃−𝜔2

2cos2 𝜃
 

𝑍gas(𝛽, 𝜔𝑖) =
4ℎ𝜙(𝛽)

(1 − 𝜔1
2)(1 − 𝜔2

2)
 

 

 𝑇𝜇𝜈 =
2ℎYM(𝛽)

𝛽𝜋2
𝛾4(𝜃)(4𝑢𝜇𝑢𝜈 + 𝑔𝜇𝜈)  

 𝑑𝑠2 = −Δ𝜃̃(1 + 𝑟
2)𝜌2𝑑𝑡2 +

𝑓

𝜌4
(
Δ𝜃̃𝑑𝑡

Ξ𝑎Ξ𝑏
−𝜔)

2

+
𝜌2𝑑𝑟2

Δ𝑟
+
𝜌2𝑑𝜃̃2

Δ𝜃̃
+
𝑟2+𝑎2

Ξ𝑎
sin2 𝜃̃𝑑𝜙1

2 +
𝑟2+𝑏2

Ξ𝑏
cos2 𝜃̃𝑑𝜙2

2 
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Ξ𝑎 = 1 − 𝑎
2

Ξ𝑏 = 1 − 𝑏
2

Δ𝜃̃ = 1 − 𝑎
2cos2 𝜃̃ − 𝑏2sin2 𝜃̃

Δ𝑟 =
(𝑟2+𝑎2)(𝑟2+𝑏2)(1+𝑟2)

𝑟2
− 2𝑚

𝜌2 = 𝑟2 + 𝑎2cos2 𝜃̃ + 𝑏2sin2 𝜃̃

𝑓 = 2𝑚𝜌2

𝜔 = 𝑎sin2 𝜃̃
𝑑𝜙1

Ξ𝑎
+ 𝑏cos2 𝜃̃

𝑑𝜙2

Ξ𝑏

 

 𝑎, 𝑏 ∈ [−1,1]  

 (𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2)(𝑟+
2 + 1) − 2𝑚𝑟+

2 = 0  

 𝑥3 + 𝑥2(𝑎2 + 𝑏2 + 1) + 𝑥(𝑎2𝑏2 + 𝑎2 + 𝑏2 − 2𝑚) + 𝑎2𝑏2 = 0  

 2𝑚 > 𝑎2 + 𝑏2 + 𝑎2𝑏2  

 𝑚𝑒𝑥𝑡 =
1

2
(
1

6
√(𝑎2 + 𝑏2 + 1)4 + 216𝑎2𝑏2(𝑎2 + 𝑏2 + 1)cos (

𝛼

3
) + 𝑎2(𝑏2 + 1) −

1

12
(𝑎2 + 𝑏2 + 1)2 + 𝑏2) 

 
cos (𝛼)  = (

1

(𝑎2+𝑏2+1)4+216𝑎2𝑏2(𝑎2+𝑏2+1)
)
3/2

 × (5832𝑎4𝑏4 − (𝑎2 + 𝑏2 + 1)6 + 540𝑎2𝑏2(𝑎2 + 𝑏2 + 1)3)
 

 𝑥ext =
1

6
(𝑎2 + 𝑏2 + 1) (2cos (

1

3
𝜉) − 1)  

 cos (𝜉) = (
54𝑎2𝑏2

(𝑎2+𝑏2+1)3
− 1)  

 𝑥 ≈ √2𝑚  

 𝑑𝑠2 = −Ξ𝑎(1 + 𝑟
2)(𝑟2 + 𝑎2)𝑑𝑡2 +

2𝑚

(𝑟2+𝑎2)Ξ𝑎
2 (𝑑𝑡 − 𝑎𝜎3)

2 +
(𝑟2+𝑎2)𝑑𝑟2

Δ𝑟
+
(𝑟2+𝑎2)

Ξ𝑎
(𝜎1
2 + 𝜎2

2 + 𝜎3
2)  

 

𝜎1 =
1

2
(sin (𝜙)𝑑(2𝜃̃) − cos (𝜙)sin (2𝜃̃)𝑑𝜓)

𝜎2 =
1

2
(cos (𝜙)𝑑(2𝜃̃) + sin (𝜙)sin (2𝜃̃)𝑑𝜓)

𝜎3 =
1

2
(𝑑𝜙 − cos (2𝜃̃)𝑑𝜓)

 

 𝜙 = 𝜙1 + 𝜙2, 𝜓 = 𝜙1 − 𝜙2  

 
𝑚ext =

1

128
(√8𝑎2 + 1 − 1)(√8𝑎2 + 1 + 3)

3

(𝑟+)ext
2 =

1

4
(√1 + 8𝑎2 − 1)

 

 
𝑦2sin2 𝜃 =

(𝑟2+𝑎2)sin2 𝜃̃

Σ𝑎

𝑦2cos2 𝜃 =
(𝑟2+𝑏2)cos2 𝜃̃

Σ𝑏
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𝑑𝑠2= −(1 + 𝑦2)𝑑𝑡2 +
𝑑𝑦2

1+𝑦2
+ 𝑦2(𝑑𝜃2 + cos2 𝜃𝑑𝜓2 + sin2 𝜃𝑑𝜙2) 

+
2𝑚

𝑦6Δ𝜃
3 𝑑𝑦

2 +
2𝑚

𝑦2Δ𝜃
3 𝑑𝑡

2  

 −
4𝑎𝑚sin2 𝜃

𝑦2Δ𝜃
3 𝑑𝑡𝑑𝜙 −

4𝑏𝑚cos2 𝜃

𝑦2Δ𝜃
3 𝑑𝑡𝑑𝜓

 −
2𝑚𝑎2sin4 𝜃

𝑦2Δ𝜃
3 𝑑𝜙2 +

2𝑚𝑏2cos4 𝜃

𝑦2Δ𝜃
3 𝑑𝜓2

 +
2𝑎𝑏𝑚sin2 𝜃cos2 𝜃

𝑦2Δ𝜃
3 𝑑𝜓𝑑𝜙

 

 𝑑𝑠2 = −𝑦2𝑑𝑡2 +
𝑑𝑦2

𝑦2
+ 𝑦2(𝑑𝜃2 + cos2 𝜃𝑑𝜓2 + sin2 𝜃𝑑𝜙2)  

 

𝐸=
𝑚𝜋(2Ξ𝑎+2Ξ𝑏−Ξ𝑎Ξ𝑏)

4Ξ𝑎
2Ξ𝑏

2  

𝐽𝑎=
2𝜋𝑎𝑚

4Ξ𝑎
2Ξ𝑏

 

𝐽𝑏=
2𝜋𝑏𝑚

4Ξ𝑎Ξ𝑏
2  

𝑆=
𝜋2(𝑟+

2+𝑎2)(𝑟+
2+𝑏2)

2Ξ𝑎Ξ𝑏𝑟+
 

𝑇 =
𝑟+

2𝜋
(1 + 𝑟+

2) (
1

𝑟+
2+𝑎2

+
1

𝑟+
2+𝑏2

) −
1

2𝜋𝑟+

𝜔𝑎 =
𝑎(𝑟+

2+1)

(𝑟+
2+𝑎2)

𝜔𝑏 =
𝑏(𝑟+

2+1)

(𝑟+
2+𝑏2)

Ξ𝑎 = 1 − 𝑎
2

Ξ𝑏 = 1 − 𝑏
2

 

 

(𝑟+)𝑒𝑥𝑡 =
√𝑎𝑏

(1+𝑏2)
1
4

𝑚𝑒𝑥𝑡 =
𝑏2

2
+ 𝑎𝑏√1 + 𝑏2

 

 

𝐸 = −
𝑏2(𝑏2−3𝜋)

8(𝑏2−1)2

𝐽𝑎  =
𝑎𝑏2𝜋

4(1−𝑏2)

𝐽𝑏  =
𝑏3𝜋

4(𝑏2−1)2

𝑆 =
√𝑎𝑏𝑏2𝜋2

2(1+𝑏2)
1
4(1−𝑏2)

 

 𝑚 ≤
(1+𝑎)2(𝑎+𝑏2)

2
 

 Δ𝑚 = 𝑎 (
1

2
+ 𝑏2 − 𝑏√1 + 𝑏2) ,  

 

 𝑚 =
𝑎(1+𝑎)3

2
.  
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𝑇=
1

2𝜋√𝑎
 

𝐸=
𝑎(3+𝑎2)𝜋

8(1−𝑎)3
 

𝐽 = 𝐽𝑎 = 𝐽𝑏 =
𝜋𝑎2

(1−𝑎)3

𝑆 =
𝜋2𝑎3/2

2(𝑎−1)2

 

 𝐸 = −
𝜋+48𝜋5𝑇4

8(1−4𝜋2𝑇2)3
,
1

2𝜋
≤ 𝑇 < ∞  

 𝐸 ≈
3

32𝜋𝑇2
 

 𝑐 = (
𝑑𝐸

𝑑𝑇
)|
𝜔𝑎=𝜔𝑏=1

= −
3𝜋3𝑇(4𝜋2𝑇2+1)

2

(1−4𝜋2𝑇2)4
 

 𝑐 ≈ −
3

128𝜋2(𝑇−
1

2𝜋
)
4  

 𝑐 ≈ −
3

16𝜋𝑇3
 

 
𝑑𝐸𝜔(𝐽)

𝑑𝐽
=
3(𝑎+1)2

2𝑎(𝑎+2)
 

 𝐸𝜔(𝐽) = ∫  
𝐽

0
 
𝑑𝐸𝜔(𝐽)

𝑑𝐽
> 2𝐽  

 

𝑇𝑡𝑡=
𝑚

8𝜋𝐺5
(4𝛾6 − 𝛾4)  

𝑇𝜙1𝜙1=
𝑚

8𝜋𝐺5
𝛾4 (4𝛾2𝑎2 +

1

sin2 (𝜃)
)  

𝑇𝜙2𝜙2 =
𝑚

8𝜋𝐺5
𝛾4 (4𝛾2𝑏2 +

1

cos2 (𝜃)
)

𝑇𝑡𝜙1  =
4𝑚

8𝜋𝐺5
𝑎𝛾6, 𝑇𝑡𝜙2 =

4𝑚

8𝜋𝐺5
𝑏𝛾6

𝑇𝜙1𝜙2 =
4𝑚

8𝜋𝐺5
𝑎𝑏𝛾6, 𝑇𝜃𝜃 =

𝑚

8𝜋𝐺5
𝛾4

 

 
𝑇𝜇𝜈  =

𝑁2𝑚

4𝜋2
𝛾4(𝜃)(4𝑢𝑏ℎ

𝜇
𝑢𝑏ℎ
𝜈 + 𝑔𝜇𝜈)

𝑢𝑏ℎ
𝜇
 = 𝛾(𝜕𝑡 − 𝑎𝜕𝜙1 − 𝑏𝜕𝜙2), 𝛾

−2 = 1 − 𝑎2sin2 𝜃 − 𝑏2cos2 𝜃
 

 𝑢𝑏ℎ
𝜇
= 𝛾(𝜕𝑡 −𝜔𝑎𝜕𝜙1 −𝜔𝑏𝜕𝜙2), 𝛾

−2 = 1 − 𝜔𝑎
2sin2 𝜃 − 𝜔𝑏

2cos2 𝜃  

 

𝐸5 = ∫  𝑑Ω3𝑇0
0

 =
𝑚

8𝜋𝐺5
∫  
2𝜋

0
 𝑑𝜙1 ∫  

2𝜋

0
 𝑑𝜙2 ∫  

𝜋

2
0
 𝑑𝜃sin (𝜃)cos (𝜃)(4𝛾6 − 𝛾4)

 ≡ ∫  𝜌(𝜃)𝑑𝜃

 =
𝑚𝜋(2−2𝑎2+2−2𝑏2−(1−𝑎2)(1−𝑏2))

4𝐺5(1−𝑎
2)2(1−𝑏2)2

 

 𝜌(𝜃) =
𝑚𝜋

2𝐺5

sin (𝜃)cos (𝜃)(3+𝑎2sin2 (𝜃)+𝑏2cos2 (𝜃))

(1−𝑎2sin2 (𝜃)−𝑏2cos2 (𝜃))3
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 (𝐽1, 𝐽2, 𝐸) = (𝛼, 𝛽, 𝐸𝐵1(𝛼, 𝛽)) 

 (𝛽, 𝛽, 𝐸𝜔(𝛽)) 

 𝐸𝜔(𝛽) − 𝐸𝐵1(𝛼, 𝛽) = 𝛽 − 𝛼  

 (𝛼, 𝛽, 𝐸𝜔(𝛽 − 𝑥) + (𝛼 − (𝛽 − 𝑥)) + (𝛽 − (𝛽 − 𝑥))) = (𝛼, 𝛽, 𝐸𝜔(𝛽 − 𝑥) + 𝛼 − 𝛽 + 2𝑥) 

 (𝛼, 𝛽, 𝐸𝐵1(𝛼, 𝛽) + 𝐸𝜔(𝛽 − 𝑥) − 𝐸𝜔(𝛽) + 2𝑥) 

 (𝜕2)𝑛𝜕𝜇1 …𝜕𝜇𝐽𝑂  

 Tr𝑒−𝛽𝐻+𝛽(𝜔1+𝜔2)𝐽𝐿
𝑧+𝛽(𝜔1−𝜔2)𝐽𝑅

𝑧
 

 ln 𝑍(𝛽, 𝜔1, 𝜔2) = −∑  ∞
𝑛=0  ∑  ∞

𝐽=0  ∑  
𝐽/2
𝑚𝐿=−𝐽/2

 ∑  
𝐽/2
𝑚𝑅=−𝐽/2

 ln (1 − 𝑒−𝛽(Δ+2𝑛+𝐽)+𝛽𝜔1(𝑚𝐿+𝑚𝑅)+𝛽𝜔2(𝑚𝐿−𝑚𝑅)) 

 

ln 𝑍(𝛽, 𝜔1, 𝜔2)≈ ∑  ∞
𝑞=1  

1

𝑞
[−

𝑒−𝑞𝛽(Δ−6)

(𝑒2𝛽𝑞−1)
4 +

𝑒−𝑞𝛽(Δ−2)

4𝛽2𝑞2(1−𝜔1)(1−𝜔2)sinh
2 (𝛽𝑞)

] 

 ≈
ℎΔ(𝛽)

(1−𝜔1)(1−𝜔2)

ℎΔ(𝛽) = ∑  ∞
𝑞=1  

𝑒−𝑞𝛽(Δ−2)

4𝛽2𝑞3sinh2 (𝛽𝑞)

 

 ln 𝑍 ≈
4ℎΔ(𝛽)

(1−𝜔1
2)(1−𝜔2

2)
 

 𝐽𝐿 =
𝐽1+𝐽2

2
, 𝐽𝑅 =

𝐽1−𝐽2

2
 

 ln 𝑍 = −∑  ∞
𝑛=0 ∑  ∞

𝐽=0 ∑  |𝑚1|+|𝑚2|≤𝐽 ln (1 − 𝑒
−𝛽(Δ+2𝑛+𝐽)+𝛽𝜔1𝑚1+𝛽𝜔2𝑚2) 

 

𝐸=
8ℎΔ(𝛽)

𝛽
(

1

(1−𝜔2
2)
2
(1−𝜔1

2)
+

1

(1−𝜔1
2)
2
(1−𝜔2

2)
) 

𝐽1=
1

𝛽

8ℎΔ(𝛽)

(1−𝜔1
2)
2
(1−𝜔2

2)
 

𝐽2 =
1

𝛽

8ℎΔ(𝛽)

(1−𝜔2
2)
2
(1−𝜔2

2)

𝑆 =
(𝛽𝜕𝛽−1)4ℎΔ(𝛽)

(1−𝜔1
2)(1−𝜔2

2)

 

 𝑑𝑛 =
(2𝑛+4)(𝑛+1)(𝑛+2)(𝑛+3)

24
.  
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ln 𝑍 ≈ ∑  ∞
𝑛=0  𝑑𝑛

4ℎΔ(𝛽)

(1−𝜔1
2)(1−𝜔2

2)

ℎΔ(𝛽)  = ∑  ∞
𝑞=1  

𝑒−𝑞𝛽(Δ−2)

4𝛽2𝑞3sinh2 (𝛽𝑞)
, Δ = 𝑛 + 4,

 

 
ln 𝑍=

1

(1−𝜔1
2)(1−𝜔2

2)
∑  ∞
𝑞=1  

4csch6(
𝛽𝑞

2
)csch(𝛽𝑞)

128𝛽2𝑞3
 

 =
4ℎ𝜙(𝛽)

(1−𝜔1
2)(1−𝜔2

2)

 

 ln 𝑍 =
4ℎ𝑌𝑀(𝛽)

(1−𝜔1
2)(1−𝜔2

2)
 

 ℎ𝑌𝑀(𝛽) = ℎ𝑌𝑀
𝐵 (𝛽) + ℎ𝑌𝑀

𝐹 (𝛽)  

  

ℎ𝑌𝑀
𝐵 (𝛽)

= ∑𝑛=1
∞  

(22cosh (𝛽𝑛) + 17cosh (2𝛽𝑛) + 6cosh (3𝛽𝑛) + cosh (4𝛽𝑛) + 18)csch7 (
𝛽𝑛
2
) sech (

𝛽𝑛
2
)

128𝛽2𝑛3
 

 ℎ𝑌𝑀
𝐹 (𝛽) = ∑  ∞

𝑛=1  
(−1)𝑛+1cosh (𝛽𝑛)(cosh (𝛽𝑛)+cosh (2𝛽𝑛)+2)csch7(

𝛽𝑛

2
)

8𝛽2𝑛3
 

 

1 − 𝜔1=
𝛼1

𝑁
2
3

 

1 − 𝜔2 =
𝛼2

𝑁
2
3

 

 𝒵 = Tr[e−𝛽(H−𝜔1 J1−𝜔2 J2)]  

 (𝜏, 𝜙1, 𝜙2, Ω𝑖) ∼ (𝜏 + 𝛽, 𝜙1 − 𝑖𝛽𝜔1, 𝜙2 − 𝑖𝛽𝜔2, Ω𝑖)  

 𝑇𝜇𝜈 = 𝜕𝜇Φ𝜕𝜈Φ−
𝑔𝜇𝜈

2
(𝜕Φ)2  

 ⟨𝑇𝜇𝜈⟩ = lim
𝑥1→𝑥2

  [𝜕𝜇
𝑥1𝜕𝜈

𝑥2𝐺̃(𝑥1 − 𝑥2) −
𝑔𝜇𝜈

2
(𝜕𝛼,𝑥1𝜕𝛼

𝑥2𝐺̃(𝑥1 − 𝑥2))]  

 𝐺̃(𝑥1, 𝑥2) = ∑  ∞
𝑞=−∞  𝐺(𝑥1, 𝑅

𝑞(𝑥2))  

 𝐺(𝑥1, 𝑥2) =
Γ[4]

4𝜋5
(
1

𝑢+𝑣
)
4
 

 
𝑢 = −2 + 2 [√(1 + 𝑟2)(1 + 𝑟′2)cosh (𝜏𝐸 − 𝜏′𝐸)

 −𝑟𝑟′(sin 𝜃sin 𝜃′cos (𝜙1 − 𝜙1
′ ) + cos 𝜃cos 𝜃′cos (𝜙2 − 𝜙2

′ ))]
 

 
𝑢𝑞 = −2 + 2[(1 + 𝑟

2)cosh (𝑞𝛽 + 𝜏′ − 𝜏)

−𝑟2(sin2 𝜃cos (𝜙1 − 𝜙1
′ − 𝑖𝑞𝛽𝜔1) + cos

2 𝜃cos (𝜙2 − 𝜙2
′ − 𝑖𝑞𝛽𝜔2))]

 

 𝜏′ = 𝜏, 𝜙1
′ = 𝜙1, 𝜙2

′ = 𝜙2  
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 𝑟 ∼
1

√(1−𝜔1sin
2 (𝜃)−𝜔2cos

2 (𝜃))
 

 𝑟2(1 − 𝜔1sin
2 (𝜃) − 𝜔2cos

2 (𝜃)) = 𝑥2  

 2(1 − 𝜔1sin
2 (𝜃) − 𝜔2cos

2 (𝜃)) = 1 − 𝜔1
2sin2 (𝜃) − 𝜔2

2cos2 (𝜃) =
1

𝛾2(𝜃)
 

 𝑥2 =
𝑟2

2𝛾2(𝜃)
 

 
𝑢𝑞= 2(cosh (𝛽𝑞) + 𝛽𝑞𝑟

2sinh (𝛽𝑞)(1 − 𝜔1sin
2 (𝜃) − 𝜔2cos

2 (𝜃)) − 1) 

 = 2(cosh (𝛽𝑞) + 𝛽𝑞𝑥2sinh (𝛽𝑞) − 1)
 

 

𝜕𝜏𝑢𝑞 = −𝜕𝜏′𝑢𝑞 = −2((𝑟
2 + 1)sinh (𝛽𝑞))

𝜕𝜙1𝑢𝑞 = −𝜕𝜙1′𝑢𝑞 = 2𝑖𝑟
2sin2 (𝜃)sinh (𝛽𝑞𝜔1)

𝜕𝜙2𝑢𝑞 = −𝜕𝜙2′𝑢𝑞 = 2𝑖𝑟
2sin2 (𝜃)sinh (𝛽𝑞𝜔2)

 

 𝑤𝜇𝜕𝜇 = (𝜕𝑡 − 𝜕𝜙1 − 𝜕𝜙2)  

 𝑔𝜇1𝜈1𝑔𝜇2𝜈2𝜕𝜇1𝜕𝜇2⟨Φ(𝑥1)Φ(𝑥2)⟩𝑞 ∝ 𝑢
𝜈1𝑢𝜈2  

 

𝑇𝜇1𝜇2 = −2∑  ∞
𝑞=1  𝐾𝜇1𝜇2

𝑞

𝐾𝜇1𝜇2
𝑞

= 𝜕𝜇1𝜕𝜇2⟨Φ(𝑥1)Φ(𝑥2)⟩𝑞

= 𝜕𝑢
2𝐺(𝑢, 𝑣)

𝜕𝑢𝑞

𝜕𝜇1

𝜕𝑢𝑞

𝜕𝜇2
+ 𝜕𝑢𝐺(𝑢, 𝑣)

𝜕2𝑢𝑞

𝜕𝜇1𝜕𝜇2

 

 𝐾𝜏𝜏
𝑞
= 𝜕𝑢

2𝐺(𝑢, 𝑣)
𝜕𝑢𝑞

𝜕𝜏

𝜕𝑢𝑞

𝜕𝜏′
|
𝑢=𝑢𝑞

 

 
𝐾𝜏𝜏
𝑞
= −16𝛾4(𝜃)𝑥4sinh2 (𝑞𝛽)𝜕𝑢

2𝐺(𝑢, 𝑣)|𝑣→0 

 = −
4𝛾4(𝜃)𝑥4sinh2 (𝛽𝑞)Γ[6]

𝜋5𝑢𝑞
6

 

 ⟨𝑇00⟩ = ∑  ∞
𝑞=1  

8𝛾4(𝜃)𝑥4sinh2 (𝑞𝛽)Γ[6]

Γ[2]𝜋5𝑢𝑞
6  

 

⟨𝑇0𝜙1⟩= ∑  ∞
𝑞=1  

4𝛾4(𝜃)𝑥4sinh2 (𝑞𝛽)sin2 𝜃Γ[6]

𝜋5𝑢𝑞
6  

⟨𝑇0𝜙2⟩= ∑  ∞
𝑞=1  

4𝛾4(𝜃)𝑥4sinh2 (𝑞𝛽)cos2 𝜃Γ[6]

𝜋5𝑢𝑞
6  

⟨𝑇𝜙1𝜙1⟩= ∑  ∞
𝑞=1  

4𝛾4(𝜃)𝑥4sinh2 (𝑞𝛽)sin4 𝜃Γ[6]

𝜋5𝑢𝑞
6  

⟨𝑇𝜙2𝜙2⟩ = ∑  ∞
𝑞=1  

4𝛾4(𝜃)𝑥4sinh2 (𝑞𝛽)cos4 𝜃Γ[6]

𝜋5𝑢𝑞
6

⟨𝑇𝜙1𝜙2⟩ = ∑  ∞
𝑞=1  

4𝛾4(𝜃)𝑥4sinh2 (𝑞𝛽)sin2 𝜃cos2 𝜃Γ[6]

𝜋5𝑢𝑞
6

⟨𝑇𝜃𝑖⟩ = 0, 𝑖 ∈ {𝜏𝐸 , 𝜃, 𝜙1, 𝜙2}

⟨𝑇𝑟𝑖⟩ = 0

⟨𝑇𝛼𝛽⟩ = 0

⟨𝑇𝜇𝛼⟩ = 0, 𝑦𝛼 , 𝑦𝛽 ∈ 𝑆
5, 𝑥𝜇 ∈ 𝐴𝑑𝑆5
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 ⟨𝑇𝜇𝜈⟩ = 4ℱ(𝑥)𝛾
4(𝜃)

(

 
 

1 0 0 sin2 (𝜃) cos2 (𝜃)
0 0 0 0 0
0 0 0 0 0

sin2 (𝜃) 0 0 sin4 (𝜃) sin2 (𝜃)cos2 (𝜃)

cos2 (𝜃) 0 0 sin2 (𝜃)cos2 (𝜃) cos4 (𝜃) )

 
 

 

 

ℱ(𝑥)= ∑  ∞
𝑞=1  

2𝑥4Γ[6]sinh2 𝛽𝑞

𝜋5𝑢𝑞
6  

 = ∑  ∞
𝑞=1  

𝑥4Γ[6]sinh2 𝛽𝑞

25𝜋5((cosh (𝛽𝑞)+𝛽𝑞𝑥2sinh (𝛽𝑞)−1))
6

 

 𝑇𝜇𝜈 = 4ℱ(𝑥)𝛾
4(𝜃)𝑤𝜇𝑤𝜈  

 
ℱ(𝑥) = 𝑥4𝐷 + 𝒪(𝑥6)

𝐷 = (
Γ[6]

26𝜋5
∑  ∞
𝑞=1  

1

2sinh2 𝛽𝑞(cosh (𝛽𝑞)−1)6
)

 

 
ℱ(𝑥) =

𝐵

𝑥8
+ 𝒪 (

1

𝑥10
)

𝐵 =
15Γ[6]

4𝜋5𝛽6
∑  ∞
𝑞=1  

csch4(𝛽𝑞)

𝑞6

 

 

𝐸 = ∫  𝑑10𝑥√−𝑔𝑔00𝑇00

 = Ω5 ∫  𝑑Ω3𝑑𝑟𝑟 × 4𝛾
4(𝜃)ℱ(𝑥)

 = Ω5 ∫  
𝑆3
 𝛾6(𝜃) ∫  

∞

0
 𝑑𝑥𝑥 × 8ℱ(𝑥)

 

 

 ∫  
𝑆3
 𝛾6(𝜃) = 4𝜋2 ∫  

𝜋

2
0
 

𝑑𝜃sin 𝜃cos 𝜃

(1−𝜔1
2sin2 𝜃−𝜔2

2cos2 𝜃)
3

 = 𝜋2 (
1

(1−𝜔1
2)(1−𝜔2

2)
2 +

1

(1−𝜔1
2)(1−𝜔2

2)
2)

 

 

 ∫  
∞

0
 𝑑𝑥𝑥ℱ(𝑥)

 = ∑  ∞
𝑞=1  ∫  

∞

0
 

2Γ(6)sinh2 𝛽𝑞𝑑𝑥𝑥5

𝜋5(2(cosh (𝛽𝑞)+𝛽𝑞𝑥2sinh (𝛽𝑞)−1))
6

 = ∑  ∞
𝑞=1  

csch6(
𝛽𝑞

2
)csch(𝛽𝑞)

128𝜋5𝛽3𝑞3

 =
ℎ𝜙(𝛽)

𝜋5𝛽

 

 
𝐸 = (

1

(1−𝜔1
2)(1−𝜔2

2)
2 +

1

(1−𝜔1
2)(1−𝜔2

2)
2)∑  ∞

𝑞=1  
csch6(

𝛽𝑞

2
)csch(𝛽𝑞)

16𝛽3𝑞3

 =
8ℎ𝜙(𝛽)

𝛽
(

1

(1−𝜔1
2)(1−𝜔2

2)
2 +

1

(1−𝜔1
2)(1−𝜔2

2)
2)

 

 𝑑𝑠2 = 𝑑𝜃2 + sin (𝜃)2𝑑𝜙1
2 + cos (𝜃)2𝑑𝜙2

2  

 𝑑𝑠2 = (𝜎1)
2 + (𝜎2)

2 + (𝜎3)
2  

 𝑑𝑠𝐴𝑑𝑆5
2 = −(1 + 𝑟2)𝑑𝑡2 +

𝑑𝑟2

1+𝑟2
+ 𝑟2((𝜎1)

2 + (𝜎2)
2 + (𝜎3)

2)  

 𝑇 = 4ℱ(𝑥)𝛾4(𝜃)(𝑑𝑡 − 𝜎3)(𝑑𝑡 − 𝜎3)  
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 𝑥 =
𝑟

√2𝛾(𝜃)
 

 

𝑡 = 𝑡0 +
𝜏

√2𝛾(𝜃0)

𝜙 = 𝜙0 +
𝜙′

√2𝛾(𝜃0)

𝜓 = 𝜓0 +
𝜓′

√2𝛾(𝜃0)

𝜃 = 𝜃0 +
𝜃′

√2𝛾(𝜃0)

 

 𝑑𝑠2 = −𝑥2𝑑𝜏2 +
𝑑𝑥2

𝑥2
+ 𝑥2((𝜎1

′)2 + (𝜎2
′)2 + (𝜎3

′)2) + 𝑑Ω5
2  

 

𝜎1
′=

1

2
(sin (𝜙0 +

𝜙′

√2𝛾(𝜃0)
) 𝑑(2𝜃′) − cos (𝜙0 +

𝜙′

√2𝛾(𝜃0)
) sin (2𝜃0 +

2𝜃′

√2𝛾(𝜃0)
) 𝑑𝜓′)  

𝜎2
′  =

1

2
(cos (𝜙0 +

𝜙′

√2𝛾(𝜃0)
) 𝑑(2𝜃′) + sin (𝜙0 +

𝜙′

√2𝛾(𝜃0)
) sin (2𝜃0 +

2𝜃′

√2𝛾(𝜃0)
) 𝑑𝜓′)

𝜎3
′  =

1

2
(𝑑𝜙′ − cos (2𝜃0 +

2𝜃′

√2𝛾(𝜃0)
) 𝑑𝜓′)

 

 𝑑𝑤 = 𝜎1
′, 𝑑𝑦 = 𝜎2

′ , 𝑑𝑧 = 𝜎3
′  

 𝑑𝑠2 =
𝑑𝑥2

𝑥2
+ 𝑥2(−𝑑𝜏2 + 𝑑𝑤2 + 𝑑𝑦2 + 𝑑𝑧2)  

 𝑇 = ℱ(𝑥)2𝛾2(𝜃0)(𝑑𝜏 − 𝑑𝑧)(𝑑𝜏 − 𝑑𝑧)  

 𝑅𝜇𝜈 −
1

2
𝑅𝑔𝜇𝜈 − 6𝑔𝜇𝜈 = 8𝜋𝐺𝑁

(10)
𝑇𝜇𝜈  

 𝐺(10) =
𝜋4𝑅𝐴𝑑𝑆

8

2𝑁2
 

 𝐺(5) =
𝐺(10)

Ω5𝑅𝐴𝑑𝑆
5 =

𝜋4𝑅𝐴𝑑𝑆
3

2𝑁2𝜋3
=
𝜋𝑅𝐴𝑑𝑆

3

2𝑁2
 

 
(𝑅𝜇𝜈 −

1

2
𝑅𝑔𝜇𝜈 − 6𝑔𝜇𝜈)𝑑𝑥

𝜇𝑑𝑥𝜈= 8𝜋 (
𝜋4

2𝑁2
)ℱ(𝑥)(2𝛾2(𝜃0))(𝑑𝜏 − 𝑑𝑧)(𝑑𝜏 − 𝑑𝑧) 

 = (
8𝜋5𝛾2(𝜃0)

𝑁2
)ℱ(𝑥)(𝑑𝜏 − 𝑑𝑧)(𝑑𝜏 − 𝑑𝑧)

 

 𝛿𝑑𝑠2 =
8𝜋5𝛾2(𝜃0)

𝑁2
𝑥2𝑓(𝑥)(𝑑𝜏 − 𝑑𝑧)(𝑑𝜏 − 𝑑𝑧)  

 
1

𝑥3
𝜕𝑥(𝑥

5𝜕𝑥𝑓) = −2
𝑥ℱ(𝑥)

𝑥3
 

 𝑓(𝑥) = 2∫  
∞

𝑥
 𝑑𝑦 (

1

𝑦5
∫  
𝑦

0
 𝑑𝑧𝑧ℱ(𝑧))  

 𝑑𝑠𝐴𝑑𝑆5
2 = −(1 + 𝑟2)𝑑𝑡2 +

𝑑𝑟2

1+𝑟2
+ 𝑟2((𝜎1)

2 + (𝜎2)
2 + (𝜎3)

2) +
8𝜋2𝛾2(𝜃)

𝑁2
𝑟2𝑓 (

𝑟

𝛾(𝜃)
) (𝑑𝑡 − 𝜎3)(𝑑𝑡 − 𝜎3) 

 
∫  
𝑦

0
 𝑑𝑧𝑧ℱ(𝑧)  = ∫  

∞

0
 𝑑𝑧𝑧ℱ(𝑧) − ∫  

∞

𝑦
 𝑑𝑧𝑧ℱ(𝑧)

 = 𝐶 −
𝐵

6𝑦6
+ 𝒪(1/𝑦8)
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𝐶= ∫  
∞

0
 𝑑𝑧𝑧ℱ(𝑧)  

 = ∑  ∞
𝑞=1  

csch6(
𝛽𝑞

2
)csch(𝛽𝑞)

128𝜋5𝛽3𝑞3

 

 𝐶 =
ℎ𝜙(𝛽)

𝛽𝜋5
 

 𝑓(𝑥) =
ℎ𝜙(𝛽)

2𝜋5𝑥4𝛽
−

𝐵

60𝑥10
+ 𝒪 (

1

𝑥12
)  

 

𝑓(𝑥)=
1

2
∫  
∞

𝑥
 𝑑𝑦

ℱ(𝑦)

𝑦3
+

1

2𝑥4
∫  
𝑥

0
 𝑑𝑦𝑦ℱ(𝑦)  

 =
1

2
∫  
∞

0
 𝑑𝑦

ℱ(𝑦)

𝑦3
−
1

2
∫  
𝑥

0
 𝑑𝑦

ℱ(𝑦)

𝑦3
+

1

2𝑥4
∫  
𝑥

0
 𝑑𝑦𝑦ℱ(𝑦)

 =
1

2
∫  
∞

0
 𝑑𝑦

ℱ(𝑦)

𝑦3
−
𝐷

6
𝑥2 + 𝒪(𝑥4)

 

 𝑑𝑠𝐴𝑑𝑆5
2 = −(1 + 𝑟2)𝑑𝑡2 +

𝑑𝑟2

1+𝑟2
+ 𝑟2((𝜎1)

2 + (𝜎2)
2 + (𝜎3)

2) + 𝑟2(𝑑𝑡 − 𝜎3)(𝑑𝑡 − 𝜎3)
16ℎ𝜙(𝛽)𝛾

6(𝜃)

𝑁2𝑟4𝛽
 

 
𝑇bdry = (

4

16𝜋𝐺5
)
16ℎ𝜙(𝛽)𝛾

6(𝜃)

𝛽𝑁2
(𝑑𝑡 − 𝜎3)(𝑑𝑡 − 𝜎3) 

 =
8ℎ𝜙(𝛽)𝛾

6(𝜃)

𝜋2𝛽
(𝑑𝑡 − 𝜎3)(𝑑𝑡 − 𝜎3)

 

 𝑢𝜇𝜕𝜇 = 𝛾(𝜃)(𝜕𝑡 −𝜔1𝜕𝜙1 −𝜔2𝜕𝜙2)  

 𝑢𝜇𝜕𝜇 = 𝛾(𝜃) (𝜕𝑡 − 𝜕𝜙1 − 𝜕𝜙2 +𝒪 (
1

𝛾(𝜃)
))  

 𝑢𝑢𝑑𝑥
𝜇 = 𝛾(𝜃)(−𝑑𝑡 + sin2 𝜃𝑑𝜙1 + cos

2 𝜃𝑑𝜙2) = 𝛾(𝜃)(𝑑𝑡 − 𝜎3)  

 (𝑇bdry )𝜇𝜈
=
2ℎ𝜙(𝛽)𝛾

4(𝜃)

𝛽𝜋2
(4𝑢𝜇𝑢𝜈 + 𝑔𝜇𝜈)  

 

 

𝐸=
ℎ𝜙(𝛽)

𝛽𝜋5
𝜋3 ∫  

𝑆3
 8𝛾6(𝜃)  

 =
8ℎ𝜙(𝛽)

𝛽
(

1

(1−𝜔1
2)(1−𝜔2

2)
2 +

1

(1−𝜔1
2)(1−𝜔2

2)
2)

 

 ∫  
∞

0
 𝑑𝑥𝑥ℱ𝑌𝑀(𝑥) =

ℎ𝑌𝑀(𝛽)

𝜋5𝛽
 

 𝑓𝑌𝑀(𝑥) = 2∫  
∞

𝑥
 𝑑𝑦 (

1

𝑦5
∫  
𝑦

0
 𝑑𝑧𝑧ℱ𝑌𝑀(𝑧))  

 𝑓𝑌𝑀(𝑥) =
ℎ𝑌𝑀(𝛽)

2𝜋5𝑥4𝛽
−

𝐵𝑌𝑀

60𝑥10
+ 𝒪 (

1

𝑥12
)  

 (𝑇bdry 
𝑌𝑀 )

𝜇𝜈
=
2ℎ𝑌𝑀(𝛽)𝛾

4(𝜃)

𝛽𝜋2
(4𝑢𝜇𝑢𝜈 + 𝑔𝜇𝜈)  

 𝜔𝐽
1

𝐷−2 = 𝑔(
𝑀

𝐽
𝐷−3
𝐷−2

)  
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 𝜔 ∼
𝑀

𝐽
 

 Δ = 𝑎4(𝑟1 − 𝑟2)
2(𝑟1 − 𝑟3)

2(𝑟2 − 𝑟3)
2.  

 Δ = 18𝑎𝑏𝑐𝑑 − 4𝑏3𝑑 + 𝑏2𝑐2 − 4𝑎𝑐3 − 27𝑎2𝑑2  

 (𝑟2 + 𝑎2)(𝑟2 + 𝑏2)(𝑟2 + 1) − 2𝑚𝑟2 = 0  

 
Δ= −27𝑎4𝑏4 − 18𝑎2𝑏2(𝑎2 + 𝑏2 + 1)(𝑎2(−𝑏2) − 𝑎2 − 𝑏2 + 2𝑚) + 4(𝑎2(−𝑏2) − 𝑎2 − 𝑏2 + 2𝑚)3 

 +(𝑎2 + 𝑏2 + 1)2(𝑎2(−𝑏2) − 𝑎2 − 𝑏2 + 2𝑚)2 − 4𝑎2𝑏2(𝑎2 + 𝑏2 + 1)3
 

 
1

16
𝑎2𝑏2(𝑎6 + 3𝑎4(𝑏2 + 1) + 3𝑎2(𝑏4 − 7𝑏2 + 1) + (𝑏2 + 1)3)3 ≥ 0  

 𝑚ext =
1

2
(
1

6
√(𝑎2 + 𝑏2 + 1)4 + 216𝑎2𝑏2(𝑎2 + 𝑏2 + 1)cos (

𝜃

3
) + 𝑎2(𝑏2 + 1) −

1

12
(𝑎2 + 𝑏2 + 1)2 + 𝑏2) 

 

cos (𝜃)  = (
1

(𝑎2 + 𝑏2 + 1)4 + 216𝑎2𝑏2(𝑎2 + 𝑏2 + 1)
)
3/2

 × (5832𝑎4𝑏4 − (𝑎2 + 𝑏2 + 1)6 + 540𝑎2𝑏2(𝑎2 + 𝑏2 + 1)3)

 

Δ𝑎=𝑏 = 4𝑚(2𝑎
2(−1 + 𝑎2)3 +𝑚 − 4𝑎2(5 + 2𝑎2)𝑚 + 8𝑚2)  

 𝑚ext =
1

128
(√8𝑎2 + 1 − 1)(√8𝑎2 + 1 + 3)

3
 

 (𝑟+)ext
2 =

1

4
(√1 + 8𝑎2 − 1)  

 

ln 𝑍= −∑  ∞
𝑛=0  ∑  ∞

𝐽=0  ∑  
𝐽

2

𝑚𝐿,𝑚𝑅=−
𝐽

2

 ln (1 − 𝑒−𝛽(Δ+2𝑛+𝐽)+𝛽(𝜔1+𝜔2)𝑚𝐿+𝛽(𝜔1−𝜔2)𝑚𝑅) 

= −∑  ∞
𝑛=0  ∑  ∞

𝐽=0  ∑  
𝐽
𝑎,𝑏=0  ln (1 − 𝑒

−𝛽(Δ+2𝑛+𝑎(𝜔1+𝜔2)+𝑏(𝜔1−𝜔2))+𝛽(1−𝜔1)𝐽)  

 = ∑  ∞
𝑛=0  ∑  ∞

𝐽=0  ∑  𝐽
𝑎,𝑏=0  ∑  ∞

𝑞=1  
𝑒−𝑞𝛽(Δ+2𝑛+𝑎(𝜔1+𝜔2)+𝑏(𝜔1−𝜔2))+𝑞𝛽(1−𝜔1)𝐽

𝑞

 

 

ln 𝑍 = ∑  ∞
𝑛,𝐽=0  ∑  ∞

𝑞=1  
1

𝑞
[−

exp (𝛽(𝐽+1)𝑞𝜔1−𝛽𝑞(Δ+𝐽𝜔1+𝐽𝜔2+𝐽+2𝑛))

(𝑒𝛽𝑞𝜔1−𝑒𝛽𝑞𝜔2)(𝑒𝛽𝑞(𝜔1+𝜔2)−1)

+
exp (𝛽(𝐽+1)𝑞𝜔2−𝛽𝑞(Δ+𝐽𝜔1+𝐽𝜔2+𝐽+2𝑛))

(𝑒𝛽𝑞𝜔1−𝑒𝛽𝑞𝜔2)(𝑒𝛽𝑞(𝜔1+𝜔2)−1)
 

+
exp (−𝛽𝑞(Δ+𝐽𝜔1+𝐽𝜔2+𝐽+2𝑛)+𝛽(𝐽+1)𝑞𝜔1+𝛽(𝐽+1)𝑞(𝜔1+𝜔2))

(𝑒𝛽𝑞𝜔1−𝑒𝛽𝑞𝜔2)(𝑒𝛽𝑞(𝜔1+𝜔2)−1)
 

−
exp (−𝛽𝑞(Δ+𝐽𝜔1+𝐽𝜔2+𝐽+2𝑛)+𝛽(𝐽+1)𝑞𝜔2+𝛽(𝐽+1)𝑞(𝜔1+𝜔2))

(𝑒𝛽𝑞𝜔1−𝑒𝛽𝑞𝜔2)(𝑒𝛽𝑞(𝜔1+𝜔2)−1)
]

 

 

ln 𝑍= ∑  ∞
𝑞=1  

1

𝑞
[−

(coth(𝛽𝑞)−1)𝑒𝛽𝑞(−Δ+𝜔1+𝜔2+4)

2(𝑒𝛽𝑞(𝜔1+1)−1)(𝑒𝛽𝑞(𝜔2+1)−1)(𝑒𝛽𝑞(𝜔1+𝜔2)−1)
 

+
(coth(𝛽𝑞)−1)𝑒𝛽𝑞(−Δ+𝜔1+𝜔2+4)

2(𝑒𝛽𝑞−𝑒𝛽𝑞𝜔1)(𝑒𝛽𝑞−𝑒𝛽𝑞𝜔2)(𝑒𝛽𝑞(𝜔1+𝜔2)−1)
]

 



 

pág. 3260 

 

ln 𝒵= ∑  ∞
𝑞=1  

1

𝑞
[−

𝑒𝛽(Δ−6)(−𝑞)

(𝑒2𝛽𝑞−1)
4 +

𝑒𝛽(Δ−4)(−𝑞)

𝛽2𝑞2(𝜔1−1)(𝜔2−1)(𝑒
2𝛽𝑞−1)

2 + 𝑂 (
1

1−𝜔1
) + 𝑂 (

1

1−𝜔2
)] 

 ≈
𝑒−𝑞𝛽(Δ−2)

4𝛽2𝑞3(1−𝜔1)(1−𝜔2)sinh
2 (𝛽𝑞)

 

 Δ > 𝑗1 + 𝑗2 + 2 − 𝛿𝑗1,0 − 𝛿𝑗2,0 + 𝛿𝑗1,0𝛿𝑗2,0  

 Tr(𝑠𝐻𝑥𝑗1
𝑧
𝑦𝑗2

𝑧
)  

 𝑧𝐵/𝐹
Δ𝑗1𝑗2(𝑠, 𝑥, 𝑦) =

𝑠Δ𝜒𝑗1
𝐿 (𝑥)𝜒𝑗2

𝑅 (𝑦)

(1−𝑠𝑥
1
2𝑦

−
1
2)(1−𝑠𝑥

−
1
2𝑦

1
2)(1−𝑠𝑥

−
1
2𝑦

−
1
2)(1−𝑠𝑥

1
2𝑦

1
2)

 

 
𝑧𝐵/𝐹
100(𝑠, 𝑥, 𝑦) =

𝑠(1−𝑠2)

(1−𝑠𝑥
1
2𝑦

−
1
2)(1−𝑠𝑥

−
1
2𝑦

1
2)(1−𝑠𝑥

−
1
2𝑦

−
1
2)(1−𝑠𝑥

1
2𝑦

1
2)

 

 𝑧𝐵/𝐹
𝑗1+1,𝑗10(𝑠, 𝑥, 𝑦) =

𝑠𝑗1+1(𝜒𝑗1
𝐿 (𝑥)−𝑠𝜒𝑗1−1/2

𝐿 (𝑥)𝜒1/2
𝑅 (𝑦)+𝑠2𝜒𝑗1−1

𝐿 (𝑥))

(1−𝑠𝑥
1
2𝑦

−
1
2)(1−𝑠𝑥

−
1
2𝑦

1
2)(1−𝑠𝑥

−
1
2𝑦

−
1
2)(1−𝑠𝑥

1
2𝑦

1
2)

 

 𝑧𝐵/𝐹
𝑗1+𝑗2+2,𝑗1𝑗2(𝑠, 𝑥, 𝑦) =

𝑠𝑗1+𝑗2+2(𝜒𝑗1
𝐿 (𝑥)𝜒𝑗2

𝑅 (𝑦)−𝑠𝜒𝑗1−1/2
𝐿 (𝑥)𝜒𝑗2−1/2

𝑅 (𝑦))

(1−𝑠𝑥
1
2𝑦

−
1
2)(1−𝑠𝑥

−
1
2𝑦

1
2)(1−𝑠𝑥

−
1
2𝑦

−
1
2)(1−𝑠𝑥

1
2𝑦

1
2)

 

 Trei(𝜃1R1+𝜃2R2+𝜃3R3) = Tr(pR1qR2rR3)  

 [1,0,0], [−1,1,0], [0, −1,1], and [0,0,−1] 

 𝑣1 = 𝑒
𝑖𝜃1 , 𝑣2 = 𝑒

𝑖(𝜃2−𝜃1), 𝑣3 = 𝑒
𝑖(𝜃3−𝜃2), 𝑣4 = 𝑒

−𝑖𝜃3 .  

 𝜒 =
det[𝑣𝑖

𝑙𝑗+𝑛−𝑗
]

det[𝑣
𝑖
𝑛−𝑗

]
 

 

𝑙1 = 𝑟1 + 𝑟2 + 𝑟3
𝑙2 = 𝑟2 + 𝑟3
𝑙3 = 𝑟3
𝑙4 = 0

 

 𝜒(𝑟1,𝑟2,𝑟3)(𝑝, 𝑞, 𝑟) =

det

(

 
 

𝑣1
𝑟1+𝑟2+𝑟3+3 𝑣2

𝑟1+𝑟2+𝑟3+3 𝑣3
𝑟1+𝑟2+𝑟3+3 𝑣4

𝑟1+𝑟2+𝑟3+3

𝑣1
𝑟2+𝑟3+2 𝑣2

𝑟2+𝑟3+2 𝑣3
𝑟2+𝑟3+2 𝑣4

𝑟2+𝑟3+2

𝑣1
𝑟3+1 𝑣2

𝑟3+1 𝑣3
𝑟3+1 𝑣4

𝑟3+1

1 1 1 1 )

 
 

det(

𝑣1
3 𝑣2

3 𝑣3
3 𝑣4

3

𝑣1
2 𝑣2

2 𝑣3
2 𝑣4

2

𝑣1 𝑣2 𝑣3 𝑣4
1 1 1 1

)

 

  

(𝑗1, 𝑗2) 2Δ Fields 𝑆𝑈(4) Dynkin labels 
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(0,0) 2 𝜑(1) (0,1,0) 

(
1

2
, 0) 3 𝜆(1) (0,0,1) 

(0,
1

2
) 3 𝜆(1) (1,0,0) 

(1,0) 4 𝐴𝜇𝜈
(1)

 (0,0,0) 

(0,1) 4 𝐴̃𝜇𝜈
(1)

 (0,0,0) 

 

 

 

 

 

 

𝑆𝑂(4) Labels 2Δ Fields 𝑆𝑈(4) Dynkin Labels 

(
1

2
,
1

2
) 2𝑝 + 2 = 6 𝐴𝜇

(1)
 (1, 𝑝 − 2,1) = (1,0,1) 

(1,
1

2
) 2𝑝 + 3 = 7 𝜓+𝜇

(1)
 (1, 𝑝 − 2,0) = (1,0,0) 

(
1

2
, 1) 2𝑝 + 3 = 7 𝜓−𝜇

(1)
 (0, 𝑝 − 2,1) = (0,0,1) 

(1,1) 2𝑝 + 4 = 8 ℎ𝜇𝜈 (0, 𝑝 − 2,0) = (0,0,0) 
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𝑧𝐵= 𝒟𝑠(𝑠(−𝑠
2(𝑠2 − 1)𝑥𝑦𝑟4 + (𝑠(𝑠 − 𝑞)(𝑞𝑠 − 1)(𝑥 + 1)√𝑥𝑦3/2 + 𝑠3(1 − 𝑞𝑠)𝑥𝑦2 − (𝑞(𝑠 − 𝑞)𝑥2𝑠3  

+𝑞(𝑠 − 𝑞)𝑠3 + (𝑠2 + 1)((𝑞2 + 1)𝑠3 + 𝑞𝑠2 − 2(𝑞2 + 1)𝑠 + 𝑞)𝑥)𝑦 + 𝑠3(1 − 𝑞𝑠)𝑥

+𝑠(𝑠 − 𝑞)(𝑞𝑠 − 1)(𝑥 + 1)√𝑥√𝑦)𝑟2 − 𝑞2𝑠2(𝑠2 − 1)𝑥𝑦)𝑝4 + (𝑠2(𝑠 − 𝑞)(𝑞𝑠 − 1)(𝑟4 + 𝑞(𝑠2 + 1)2𝑟2

+𝑞2)(𝑥 + 1)√𝑥𝑦3/2 + 𝑞𝑠(𝑞3𝑥𝑠3 + 𝑟2(−𝑠𝑟2 + 𝑠2 + 1)𝑥𝑠3 + 𝑞2(𝑟2(𝑠2 + 1) − 𝑠)𝑥𝑠3

+𝑞𝑟2((−2𝑥𝑠4 − (𝑥(𝑥 + 3) + 1)𝑠2 + 𝑟2𝑥𝑠 + 𝑥2 + 1)𝑠2 + 𝑥))𝑦2 + (𝑠2(2 − 𝑠(𝑟2 + 𝑠)(𝑠2 − 1))𝑥𝑞4

+(𝑟2(𝑠2 + 1) − 𝑠)((𝑥2 + 𝑥 + 1)𝑠4 + 2𝑥𝑠2 + 𝑥)𝑞3 + 𝑠(𝑠(−𝑠4 + 𝑠2 + 2)𝑥𝑟4 − (𝑥𝑠8 + (𝑥(2𝑥 + 3) + 2)𝑠6  

+(𝑥(3𝑥 + 7) + 3)𝑠4+3𝑥𝑠2 − (𝑥 − 1)2)𝑟2+𝑠3 + 𝑠𝑥(−𝑠4 + (𝑥 + 1)𝑠2 + 2))𝑞2

+𝑟2(−𝑠𝑟2 + 𝑠2 + 1)((𝑥2 + 𝑥 + 1)𝑠4 + 2𝑥𝑠2 + 𝑥)𝑞 + 𝑟4𝑠4 + 𝑟4𝑠4𝑥2 + 𝑟2𝑠2(−𝑠3 + 𝑠 +  

𝑟2(−𝑠4 + 𝑠2 + 2))𝑥)𝑦 + 𝑞𝑠(𝑞3𝑥𝑠3 + 𝑟2(−𝑠𝑟2 + 𝑠2 + 1)𝑥𝑠3 + 𝑞2(𝑟2(𝑠2 + 1) − 𝑠)𝑥𝑠3

+𝑞𝑟2((−2𝑥𝑠4 − (𝑥(𝑥 + 3) + 1)𝑠2 + 𝑟2𝑥𝑠 + 𝑥2 + 1)𝑠2 + 𝑥)) + 𝑠2(𝑠 − 𝑞)(𝑞𝑠 − 1)(𝑟4 + 𝑞(𝑠2 + 1)2𝑟2

+𝑞2)(𝑥 + 1)√𝑥√𝑦)𝑝2 − 𝑞𝑟(𝑟2 + 𝑞)(𝑠2(𝑠2 + 1)(𝑞(𝑠3 + 𝑠 − 𝑞) − 1)(𝑥 + 1)√𝑥𝑦3/2

−𝑠4(𝑠 − 𝑞)(𝑞𝑠 − 1)𝑥𝑦2 + (𝑞 − 𝑠)(𝑞𝑠 − 1)((𝑥2 + 𝑥 + 1)𝑠4 + 2𝑥𝑠2 + 𝑥)𝑦 − 𝑠4(𝑠 − 𝑞)(𝑞𝑠 − 1)𝑥  

+𝑠2(𝑠2 + 1)(𝑞(𝑠3 + 𝑠 − 𝑞) − 1)(𝑥+1)√𝑥√𝑦)𝑝 − 𝑝3𝑟(𝑟2 + 𝑞)(𝑠2(𝑠2 + 1)(𝑞(𝑠3 + 𝑠 − 𝑞)

−1)(𝑥 + 1)√𝑥𝑦3/2 − 𝑠4(𝑠 − 𝑞)(𝑞𝑠 − 1)𝑥𝑦2 + (𝑞 − 𝑠)(𝑞𝑠 − 1)((𝑥2 + 𝑥 + 1)𝑠4 + 2𝑥𝑠2 + 𝑥)𝑦  

−𝑠4(𝑠 − 𝑞)(𝑞𝑠 − 1)𝑥 + 𝑠2(𝑠2 + 1)(𝑞(𝑠3 + 𝑠 − 𝑞) − 1)(𝑥 + 1)√𝑥√𝑦) + 𝑞2𝑠(−𝑠2(𝑠2 − 1)𝑥𝑦𝑟4

+(𝑠(𝑠 − 𝑞)(𝑞𝑠 − 1)(𝑥 + 1)√𝑥𝑦3/2 + 𝑠3(1 − 𝑞𝑠)𝑥𝑦2 − (𝑞(𝑠 − 𝑞)𝑥2𝑠3 + 𝑞(𝑠 − 𝑞)𝑠3 + (𝑠2 + 1)((𝑞2 + 1)𝑠3 

+𝑞𝑠2 − 2(𝑞2 + 1)𝑠 + 𝑞)𝑥)𝑦 + 𝑠3(1 − 𝑞𝑠)𝑥 + 𝑠(𝑠 − 𝑞)(𝑞𝑠 − 1)(𝑥 + 1)√𝑥√𝑦)𝑟2 − 𝑞2𝑠2(𝑠2 − 1)𝑥𝑦))

 

 

𝑧𝐹= −𝒟(𝑠
3/2(𝑠2 + 1)(𝑝4𝑟𝑠2√𝑥√𝑦(𝑞 + 𝑟2)(√𝑥(𝑦 + 1)(𝑞𝑠 − 1) + 𝑥√𝑦(𝑠 − 𝑞) + √𝑦(𝑠 − 𝑞))  

+𝑝3(𝑦3/2(𝑞 − 𝑠)(𝑞2𝑠2𝑥(𝑟2𝑠 − 1) − 𝑞𝑟2(𝑠2(𝑥(𝑠2 + 𝑥 + 4) + 1) + 𝑥) + 𝑟2𝑠𝑥(1 − 𝑟2𝑠))  

+√𝑦(𝑞 − 𝑠)(𝑞2𝑠2𝑥(𝑟2𝑠 − 1) − 𝑞𝑟2(𝑠2(𝑥𝑠2 + 𝑥 + 4) + 1) + 𝑥)+𝑟2𝑠𝑥(1 − 𝑟2𝑠))

+(𝑥 + 1)√𝑥𝑦(𝑞𝑠 − 1)(𝑞2𝑠(𝑠 − 𝑟2) + 𝑞𝑟2(𝑠4 + 4𝑠2 + 1) + 𝑟2𝑠2(𝑟2 − 𝑠)) + 𝑞𝑟2𝑠2(𝑥 + 1)√𝑥𝑦2(𝑞𝑠 − 1)  

+𝑞𝑟2𝑠2(𝑥 + 1)√𝑥(𝑞𝑠 − 1)) + 𝑝2𝑟(𝑞 + 𝑟2)(−(𝑦3/2(𝑞𝑠 − 1)(𝑞2𝑠𝑥 − 𝑞(𝑠2(𝑥(𝑠2 + 𝑥 + 4) + 1) + 𝑥)

+𝑠3𝑥)) − √𝑦(𝑞𝑠 − 1)(𝑞2𝑠𝑥 − 𝑞(𝑠2(𝑥(𝑠2 + 𝑥 + 4) + 1) + 𝑥) + 𝑠3𝑥) + (𝑥 + 1)√𝑥𝑦(𝑞 − 𝑠)(𝑞2𝑠3

−𝑞(𝑠4 + 4𝑠2 + 1) + 𝑠) − 𝑞𝑠2√𝑥(𝑥 + 1)𝑦2(𝑞 − 𝑠) − 𝑞𝑠2(𝑥 + 1)√𝑥(𝑞 − 𝑠)) + 𝑝𝑞(𝑦3/2(𝑞 − 𝑠)(𝑞2𝑠2𝑥(𝑟2𝑠 − 1)

−𝑞𝑟2(𝑠2(𝑥(𝑠2 + 𝑥 + 4) + 1) + 𝑥) + 𝑟2𝑠𝑥(1 − 𝑟2𝑠)) + √𝑦(𝑞 − 𝑠)(𝑞2𝑠2𝑥(𝑟2𝑠 − 1)

−𝑞𝑟2(𝑠2(𝑥(𝑠2 + 𝑥 + 4) + 1) + 𝑥) + 𝑟2𝑠𝑥(1 − 𝑟2𝑠)) + (𝑥 + 1)√𝑥𝑦(𝑞𝑠 − 1)(𝑞2𝑠(𝑠 − 𝑟2) + 𝑞𝑟2(𝑠4 + 4𝑠2

+1) + 𝑟2𝑠2(𝑟2 − 𝑠)) + 𝑞𝑟2𝑠2(𝑥 + 1)√𝑥𝑦2(𝑞𝑠 − 1) + 𝑞𝑟2𝑠2(𝑥 + 1)√𝑥(𝑞𝑠 − 1))

+𝑞2𝑟𝑠2√𝑥√𝑦(𝑞 + 𝑟2)(√𝑥(𝑦 + 1)(𝑞𝑠 − 1) + 𝑥√𝑦(𝑠 − 𝑞) + √𝑦(𝑠 − 𝑞)))

 

 
1

𝒟
= (𝑞 − 𝑠)(𝑞𝑠 − 1)(𝑝𝑠 − 𝑟)(𝑟𝑠 − 𝑝)(𝑠√𝑥 − √𝑦)(𝑠√𝑦 − √𝑥)(𝑠 − √𝑥√𝑦)(𝑠√𝑥√𝑦 − 1)(𝑞𝑠 − 𝑝𝑟)(𝑞 − 𝑝𝑟𝑠) 

 𝑖𝑠.𝑝 = Tr𝑠.𝑝[(−1)
𝐹𝑢𝛿𝑡2(𝐸+𝑗1)𝑦‾2𝑗2𝑣𝑅2𝑤𝑅3]  

 𝑠 → 𝑢𝑡2, 𝑥 → 𝑢−2𝑡2, 𝑦 → 𝑦‾2, 𝑝 → 𝑢−3/2, 𝑞 → 𝑢−1𝑣, 𝑟 → 𝑢−1/2𝑤  

 𝑖𝑠.𝑝 = −
𝑡3

𝑦‾(1−
𝑡3

𝑦‾
)
−

𝑡3𝑦‾

1−𝑡3𝑦‾
+

𝑡2𝑤

𝑣(1−
𝑡2𝑤

𝑣
)
+

𝑡2𝑣

1−𝑡2𝑣
+

𝑡2

𝑤(1−
𝑡2

𝑤
)
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𝑧𝐵(𝑠, 𝑥, 𝑦, 1,1,1) =𝒩𝑠(−𝑠
3(𝑠 + 1)𝑥2 − 𝑠3(𝑠 + 1) + 𝑠2((𝑠((𝑠 − 5)𝑠 − 2) − 14)𝑠2 + 𝑠 − 13)(𝑥 + 1)√𝑥𝑦3/2

+𝑠2((𝑠((𝑠 − 5)𝑠 − 2) − 14)𝑠2 + 𝑠 − 13)(𝑥 + 1)√𝑥√𝑦 − 𝑦(𝑠(𝑠(𝑠(𝑠(𝑠(𝑠2 + 𝑠 + 4) + 6)

+31) + 5) + 26)𝑥 + 𝑠((2(𝑠 − 2)𝑠 + 11)𝑠2 + 𝑠 + 1) + ((2(𝑠 − 2)𝑠 + 11)𝑠3 + 𝑠2 + 𝑠 + 1)𝑥2

−8𝑥 + 1) + 6𝑥) − 𝑠((2(𝑠 − 2)𝑠 + 11)𝑠3 + 𝑠2 + 𝑠 + 1)𝑥

−𝑠𝑦2(𝑠(𝑠((𝑠 + 1)𝑥2 + 𝑠(2(𝑠 − 2)𝑠 + 11)𝑥 + 𝑠 + 𝑥 + 1) + 𝑥) + 𝑥))

𝑧𝐹(𝑠, 𝑥, 𝑦, 1,1,1) = −4𝒩𝑠
3/2(𝑠2 + 1)(√𝑥(𝑦 + 1) + 𝑥√𝑦 + √𝑦)(𝑠2(𝑥 + 1)𝑦 + 𝑠2(𝑥 + 1)

+ (𝑠(𝑠((𝑠 − 1)𝑠 + 4) − 1) + 1)√𝑥√𝑦)

 

 𝒩 =
1

(𝑠−1)5(𝑠√𝑥−√𝑦)(𝑠√𝑦−√𝑥)(𝑠−√𝑥√𝑦)(𝑠√𝑥√𝑦−1)
 

 
ln 𝑍𝐵= ∑  ∞

𝑛=1  
1

𝑛
𝑧𝐵(𝑠

𝑛, 𝑥𝑛 , 𝑦𝑛, 𝑝𝑛, 𝑞𝑛, 𝑟𝑛)  

ln 𝑍𝐹 = ∑  ∞
𝑛=1  

(−1)𝑛+1

𝑛
𝑧𝐹(𝑠

𝑛, 𝑥𝑛, 𝑦𝑛, 𝑝𝑛, 𝑞𝑛, 𝑟𝑛)
 

 ln 𝑍𝐵 = ∑𝑛=1
∞  

(22cosh (𝛽𝑛)+17cosh (2𝛽𝑛)+6cosh (3𝛽𝑛)+cosh (4𝛽𝑛)+18)csch7(
𝛽𝑛

2
)sech(

𝛽𝑛

2
)

32𝛽2𝑛3(1−𝜔1
2)(1−𝜔2

2)
 

 ln 𝑍𝐹 = ∑  ∞
𝑛=1  

(−1)𝑛+1cosh (𝛽𝑛)(cosh (𝛽𝑛)+cosh (2𝛽𝑛)+2)csch7(
𝛽𝑛

2
)

2𝛽2𝑛3(1−𝜔1
2)(1−𝜔2

2)
 

 

𝑑𝑠2= 𝑅𝐴𝑑𝑆5
2 (

𝑑𝑧2

𝑧2
+
𝑑𝑥𝑖

2

𝑧2
+ 𝑑Ω5

2)  

 =
𝑅𝐴𝑑𝑆5
2

𝑧2
(𝑑𝑥𝑖

2 + 𝑑𝑧2 + 𝑧2𝑑Ω5
2)

 =
𝑅𝐴𝑑𝑆5
2

𝑧2
(𝑑𝑥𝑖

2 + 𝑑𝑦𝑗
2)

 

 ∇conf, g𝜇𝜈
2 ≡ (𝑔𝜇𝜈∇𝜇∇𝜇 −

𝐷−2

4(𝐷−1)
𝑅)  

 ∇𝑥, conf, 
2 e2𝜒 g𝜇𝜈 (𝑒

−𝜒
𝐷−2

2 𝜙) = 𝑒−
(𝐷+2)𝜒

2 ∇conf, g𝜇𝜈
2 (𝜙)  

 ∇conf, g𝜇𝜈
2 𝐺(𝑥, 𝑦) =

1

√−𝑔
𝛿𝐷(𝑥 − 𝑦)  

 

∇conf ,e2𝜒
2  g𝜇𝜈 (𝑒

−𝜒(𝑥)
𝐷−2

2 𝐺(𝑥, 𝑦))  =
𝑒
−
(𝐷+2)𝜒(𝑦)

2 ×𝑒𝜒(𝑦)𝐷

√−𝑔𝑒2𝜒(𝑥)
𝛿𝐷(𝑥 − 𝑦)

 =
𝑒
(𝐷−2)𝜒(𝑦)

2

√−𝑔𝑒2𝜒(𝑥)
𝛿𝐷(𝑥 − 𝑦)

 

 ∇conf ,e2𝜒
2  g𝜇𝜈 (𝑒

−𝜒(𝑥)
𝐷−2

2 𝐺(𝑥, 𝑦)𝑒−𝜒(𝑦)
𝐷−2

2 ) =
1

√−𝑔𝑒2𝜒(𝑥)
𝛿𝐷(𝑥 − 𝑦)  

 𝐺𝑔𝑒2𝜒(𝑥, 𝑦) = 𝑒
−𝜒(𝑥)

𝐷−2

2 𝐺𝑔𝜇𝜈(𝑥, 𝑦)𝑒
−𝜒(𝑦)

𝐷−2

2  

 𝑔𝜇𝜈 → 𝑒2𝜒𝑔𝜇𝜈 ⟹𝐺(𝑥, 𝑦) → 𝑒−𝜒(𝑥)
𝐷−2

2 𝐺(𝑥, 𝑦)𝑒−𝜒(𝑦)
𝐷−2

2  

 ⟨𝜙(𝑥)𝜙(𝑦)⟩ = 𝑧𝑥
4𝐺(𝑥, 𝑦)𝑧𝑦

4  
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 𝐺(𝑥, 𝑥′) =
Γ[4]

4𝜋5
(

1

(𝑥𝑖−𝑥𝑗
′)
2)

4

 

 

⟨𝜙(𝑥̃1)𝜙(𝑥̃2)⟩  = 𝑧1
4𝐺(𝑥̃1, 𝑥̃2)𝑧2

4

 =
Γ[4]

4𝜋5
𝑧1
4 (

1

(𝑥1−𝑥2)
2+(𝑦1−𝑦2)

2)
4
𝑧2
4

 =
Γ[4]

26𝜋5
(

1
(𝑥1−𝑥2)

2

2𝑧1𝑧2
+
(𝑦1−𝑦2)

2

2𝑧1𝑧2

)

4

 =
Γ[4]

26𝜋5
(

1

(𝑥1−𝑥2)
2

2𝑧1𝑧2
+
(𝑧1𝑦1

′ −𝑧2𝑦2
′ )
2

2𝑧1𝑧2

)

4

 =
Γ[4]

26𝜋5
(

1

(𝑥1−𝑥2)
2

2𝑧1𝑧2
+
(𝑧1−𝑧2)

2+2𝑧1𝑧2−2𝑧1𝑧2𝑦1
′ ⋅𝑦2

′

2𝑧1𝑧2

)

4

 =
Γ[4]

26𝜋5
(

1
(𝑥1−𝑥2)

2

2𝑧1𝑧2
+
(𝑧1−𝑧2)

2

2𝑧1𝑧2
+1−𝑦1

′ ⋅𝑦2
′
)

4

 =
Γ[4]

4𝜋5
(
1

𝑢+𝑣
)
4

 

 𝑣 = 2(1 − 𝑦1
′ ⋅ 𝑦2

′), 𝑢 = 2 (
(𝑥1−𝑥2)

2+(𝑧1−𝑧2)
2

2𝑧1𝑧2
)  

 (𝑦1
′ − 𝑦2

′)2 = 2(1 − 𝑦1
′ ⋅ 𝑦2

′) = 𝑣  

 −𝑋−1
2 − 𝑋0

2 + ∑  𝑑−1
1  𝑋𝑖

2 = −1  

  

𝑋𝑖=
𝑥𝑖
𝑧
, 𝑖 = 0,…𝑑 − 2  

𝑋−1 =
1

2
(
(𝑧2 + 𝑥2)

𝑧
+
1

𝑧
)

𝑋𝑑−1 =
1

2
(
(𝑧2 + 𝑥2)

𝑧
−
1

𝑧
)

 

 (𝑋1 − 𝑋2)
2 = −2− 2𝑋1 ⋅ 𝑋2 = −2+ 2(1 +

(𝑥1−𝑥2)
2

2𝑧1𝑧2
+
(𝑧1−𝑧2)

2

2𝑧1𝑧2
) = 𝑢  

 𝑑𝑠2 = −(1 + 𝑟2)𝑑𝑡2 +
𝑑𝑟2

1+𝑟2
+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙1

2 + cos2 𝜃𝑑𝜙2
2) + 𝑑Ω5

2  

 𝐺(10)((𝑥, 𝜃), (𝑥′, 𝜃′)) = ∑  ∞
𝑙=0  ∑  

𝑑𝑙
𝛼=1  𝐺𝑙

(5)(𝑥, 𝑥′)𝑌𝑙
𝛼(𝜃)𝑌𝑙

∗𝛼(𝜃′)  

 
−∇10

2 𝐺(10)((𝑥, 𝜃), (𝑥′, 𝜃′)) = 𝛿(10)(𝑥 − 𝑥′, 𝜃 − 𝜃′)

−∇5
2𝐺𝑙

(5)(𝑥, 𝑥′) = 𝛿(5)(𝑥 − 𝑥′)
 

 ∫  
𝑆5
 𝑌𝑙
𝛼(𝜃)𝑌𝑙

∗𝛼(𝜃) = 1  

 𝑇𝜇𝜈
(10)

= ∑  ∞
𝑙=0  ∑  

𝑑𝑙
𝛼=1   (𝑇𝑙)𝜇𝜈

(5)
𝑌𝑙
𝛼(𝜃)𝑌𝑙

∗𝛼(𝜃)  
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 ∑  𝛼  𝑌𝑙
𝛼(𝑛̂)𝑌𝑙

∗𝛼(𝑛̂′) =
𝑑𝑙

Ω5𝑃
𝑙(𝑛̂.𝑛̂′=1)

𝑃𝑙(𝑛̂. 𝑛̂′)  

 𝑇𝜇𝜈
(10)

= ∑  ∞
𝑙=0  𝑑𝑙

(𝑇𝑙)𝜇𝜈
(5)

Ω5
 

 ∫  
𝑆5
 𝑇𝜇𝜈
(10)

= ∑  ∞
𝑙=0  𝑑𝑙(𝑇𝑙)𝜇𝜈

(5)
 

 𝑀2 = Δ(Δ − 4) = 𝑚𝐾𝐾
2 = 𝑙(𝑙 + 4)  

 
𝐺𝑙
(5)
(𝑦, 𝑦′)=

Γ(Δ)

2𝜋2Γ(Δ−1)

1

𝑢Δ
 2𝐹1 (Δ, Δ −

3

2
, 2Δ − 3,−

4

𝑢
)  

 =
Γ(𝑙+4)

2𝜋2Γ(𝑙+3)

1

𝑢𝑙+4
 2𝐹1 (𝑙 + 4, 𝑙 + 5/2,2𝑙 + 5,−

4

𝑢
)

 

 𝐺(10)(𝑥, 𝑥′) = ∑  ∞
𝑙=0  ∑  

𝑑𝑙
𝛼=1  

Γ(𝑙+4)

2𝜋2Γ(𝑙+3)

1

𝑢𝑙+4
 2𝐹1 (𝑙 + 4, 𝑙 + 5/2,2𝑙 + 5,−

4

𝑢
)𝑌𝑙

𝛼(Ω)𝑌𝑙
∗𝛼(Ω′)  

 ⟨𝑇𝜇𝜈
(10)

⟩ = −2∑  ∞
𝑞=1  ∑  ∞

𝑙=0  ∑  
𝑑𝑙
𝛼=1  𝐾𝑙,𝜇𝜈

𝑞
𝑌𝑙
𝛼(Ω)𝑌𝑙

∗𝛼(Ω)  

 

−𝐾𝑙,𝜏𝜏
𝑞
= −

4𝑥4𝛾4(𝜃)sinh2 (𝑞𝛽)

2𝜋2
Γ[𝑙+4](𝑙+4)

Γ[𝑙+3](4+𝑢𝑞)𝑢𝑞
𝑙+6 [5(𝑢𝑞 + 2)2

𝐹1 (𝑙 +
5

2
, 𝑙 + 5; 2𝑙 + 5;−

4

𝑢𝑞
) 

+(𝑙𝑢𝑞)2𝐹1 (𝑙 +
5

2
, 𝑙 + 4; 2𝑙 + 5;−

4

𝑢𝑞
)]

 = −
4𝑥4𝛾4(𝜃)sinh2 (𝑞𝛽)

2𝜋2
Γ[𝑙+5]

Γ[𝑙+3]𝑢𝑞
𝑙+6 [(𝑙 + 5) 2𝐹1 (𝑙 +

5

2
, 𝑙 + 6; 2𝑙 + 5;−

4

𝑢𝑞
)]

 

 ∑  ∞
𝑙=0  ∑  

𝑑𝑙
𝛼=1  𝑌𝑙

𝛼(Ω)𝑌𝑙
∗𝛼(Ω′) = ∑  ∞

𝑙=0  
(2𝑙+4)Γ(2)

4Ω5
𝐶𝑙
(2)
(cos Θ), cos Θ = 1 −

𝑣

2
 

 

⟨𝑇00
(10)

⟩ = lim
Θ→0

 ∑  ∞
𝑞=1  ∑  ∞

𝑙=0  
4𝑥4𝛾4(𝜃)sinh2 (𝑞𝛽)(2𝑙+4)

8𝜋5
Γ[(𝑙+6)]

Γ[𝑙+3]𝑢𝑞
𝑙+6

× [ 2𝐹1 (𝑙 +
5

2
, 𝑙 + 6; 2𝑙 + 5;−

4

𝑢𝑞
)𝐶𝑙

(2)
(cos Θ)]  

= lim
Θ→0

 ∑  ∞
𝑞=1  ∑  ∞

𝑙=0  
𝑥4𝛾4(𝜃)sinh2 (𝑞𝛽)

𝜋5
Γ[(𝑙+6)]

Γ[𝑙+2](𝑢𝑞+2)
𝑙+6  

 × [ 2𝐹1 (
𝑙

2
+ 3,

𝑙

2
+
7

2
; 𝑙 + 3;

4

(𝑢𝑞+2)
2)𝐶𝑙

(2)
(cos Θ)]

 

 ∑  ∞
𝑙=0

Γ(𝑙+𝛼)

Γ(𝑙+𝛽)
(
𝑧

2
)
𝑙
𝐹 (

𝑙

2
+
𝛼

2
,
𝑙

2
+
𝛼

2
+
1

2
; 𝑙 + 𝛽 + 1; 𝑧2)𝐶𝑙

(𝛽)
(cos Θ) =

Γ(𝛼)

Γ(𝛽)

1

(1−𝑧cos Θ)𝛼
 

 

 ⟨𝑇00
(10)

⟩ = lim
Θ→0

 2 ∑  ∞
𝑞=1  

𝑥4𝛾4(𝜃)sinh2 (𝑞𝛽)Γ[6]

Γ[2]𝜋5(𝑢𝑞+2)
6
(1−

2

𝑢𝑞+2
cos Θ)

6  

 ⟨𝑇00
(10)

⟩ = ∑  ∞
𝑞=1  

2𝑥4𝛾4(𝜃)sinh2 (𝑞𝛽)Γ[6]

Γ[2]𝜋5𝑢𝑞
6  



 

pág. 3266 

 

𝑑𝑠2= 𝑑𝑡2 + 𝑑Ω3
2  

=
𝑑𝑟2

𝑟2
+ 𝑑Ω3

2  

 =
1

𝑟2
(𝑑𝑟2 + 𝑟2𝑑Ω3

2)

 

 𝑟 = 𝑒𝑡𝑛̂  

 

𝑒−𝑡𝐺𝑆3×𝑅(𝑡, 𝑛̂; 𝑡
′, 𝑛̂′)𝑒−𝑡

′
=

𝒩

|𝑒𝑡𝑛̂1−𝑒
𝑡′𝑛̂′|

2  

⟹ 𝐺𝑆3×𝑅(𝑡, 𝑛̂; 𝑡
′, 𝑛̂′) =

𝒩𝑒𝑡𝑒𝑡
′

|𝑒𝑡𝑛̂−𝑒𝑡
′
𝑛̂′|

2 =
𝒩

|𝑒
𝑡−𝑡′

2 𝑛̂−𝑒
𝑡′−𝑡
2 𝑛̂′|

2

 

 𝒩 =
1

4𝜋2
 

 𝑛̂ = (sin 𝜃cos 𝜙1, sin 𝜃sin 𝜙1, cos 𝜃cos 𝜙2, cos 𝜃sin 𝜙2)  

 𝐺𝑆3×𝑅(𝑡, 𝑛̂; 𝑡
′, 𝑛̂′) =

𝒩

𝑒𝑡−𝑡
′
+𝑒𝑡

′−𝑡−2(cos 𝜃cos 𝜃′cos (𝜙1−𝜙1
′)+sin 𝜃sin 𝜃′cos (𝜙2−𝜙2

′ ))
 

 

𝐺𝑆3×𝑆1(𝑡, 𝑛̂; 𝑡
′, 𝑛̂′) = 𝐺𝑆3×𝑅(𝑡, 𝑛̂; 𝑡

′, 𝑛̂′)

 +∑  ∞
𝑞=−∞;𝑞≠0  

𝒩

(𝑒𝑡−𝑡
′+𝑞𝛽+𝑒𝑡

′−𝑡−𝑞𝛽−2(cos 𝜃cos 𝜃′cos (𝜙1−𝜙1
′−𝑖𝑞𝛽𝜔1)+sin 𝜃sin 𝜃

′cos (𝜙2−𝜙2
′−𝑖𝑞𝛽𝜔2)))

 

 𝐺𝑆3×𝑆1(𝑡, 𝑛̂; 𝑡
′, 𝑛̂′) − 𝐺𝑆3×𝑅(𝑡, 𝑛̂; 𝑡

′, 𝑛̂′) = 𝛾2(𝜃)∑  ∞
𝑞=1  

2𝒩

𝛽𝑞sinh (𝛽𝑞)
 

 

lim
𝛽→0

 𝐺𝑆3×𝑆1(𝑡, 𝑛̂; 𝑡
′, 𝑛̂′) − 𝐺𝑆3×𝑅(𝑡, 𝑛̂; 𝑡

′, 𝑛̂′)= 2∑  ∞
𝑞=1  

𝒩

𝑞2𝛽2(1−𝜔2
2sin2 (𝜃)−𝜔1

2cos2 (𝜃))
 

 = 2∑  ∞
𝑞=1  

𝒩𝛾2(𝜃)

𝑞2𝛽2

 

 

𝜕𝑡𝜕𝑡′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡
′, 𝑛′ˆ )|

(𝑡,𝑛̂)→(𝑡′,𝑛̂′)

≈ ∑  ∞
𝑞=1  −

8𝛾6(𝜃)csch(𝛽𝑞)(2−𝛽𝑞coth(𝛽𝑞)(
1

2𝛾2(𝜃)
))

4𝜋2𝛽3𝑞3
 

 ≈ ∑  ∞
𝑞=1  −

4𝛾6(𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3
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𝜕𝜙1𝜕𝜙1′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡
′, 𝑛′ˆ )|

(𝑡′,𝑛′)→(𝑡,𝑛)
 ≈ 𝛾6(𝜃)∑  ∞

𝑞=1  
4𝜔1

2cos4 (𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3

𝜕𝜙2𝜕𝜙2′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡
′, 𝑛′ˆ )|

(𝑡,𝑛̂)→(𝑡′,𝑛̂′)
 ≈ 𝛾6(𝜃)∑  ∞

𝑞=1  
4𝜔2

2sin4 (𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3

𝜕𝜙1𝜕𝜙2′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡
′, 𝑛′ˆ )|

(𝑡,𝑛̂)→(𝑡′,𝑛̂′)
 = 𝜕𝜙2𝜕𝜙1′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡

′, 𝑛′ˆ )|
(𝑡,𝑛̂)→(𝑡′,𝑛̂′)

∞

 ≈ 𝛾6(𝜃)∑  ∞
𝑞=1  

4𝜔1𝜔2sin
2 (2𝜃)csch(𝛽𝑞)

𝜋2(𝛽𝑞)3

𝜕𝑡𝜕𝜙2′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡
′, 𝑛′ˆ )|

(𝑡,𝑛̂)→(𝑡′,𝑛′ˆ )
 = 𝜕𝜙2𝜕𝑡′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡

′, 𝑛′ˆ )|
(𝑡,𝑛̂)→(𝑡′,𝑛′ˆ )

 ≈ 𝛾6(𝜃)∑  ∞
𝑞=1  

𝑖4𝜔2sin
2 (𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3

𝜕𝑡𝜕𝜙1′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡
′, 𝑛′ˆ )|

(𝑡,𝑛̂)→(𝑡′,𝑛′ˆ )
 = 𝜕𝜙1𝜕𝑡′𝐺𝑆3×𝑆1(𝑡,𝑛̂,𝑡′,𝑛′ˆ )|

(𝑡,𝑛̂)→(𝑡′,𝑛′ˆ )

 ≈ 𝛾6(𝜃)∑  ∞
𝑞=1  

𝑖4𝜔1cos
2 (𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3

 

 𝜕𝜃𝜕𝜙1′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡
′, 𝑛̂′)|

(𝑡,𝑛̂)→(𝑡′,𝑛̂′)
= 𝜕𝜃𝜕𝜙2′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡

′, 𝑛̂′)|
(𝑡,𝑛̂)→(𝑡′,𝑛̂′)

≈ 𝑂 (
1

𝛾2(𝜃)
)  

 
𝜕𝜃𝜕𝜃′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡

′, 𝑛′ˆ )|
(𝑡,𝑛̂)→(𝑡′,𝑛̂′)

≈ 𝛾4(𝜃)∑  ∞
𝑞=1  

csch2(𝛽𝑞)

𝜋2𝛽2𝑞2

 𝜕𝑡𝜕𝜃′𝐺𝑆3×𝑆1(𝑡, 𝑛̂, 𝑡
′, 𝑛′ˆ )|

(𝑡,𝑛̂)→(𝑡′,𝑛̂′)
≈ 𝑂 (

1

𝛾2(𝜃)
)

 

 𝑆 =
1

2
∫  √−𝑔𝑑4𝑥(−𝑔𝜇𝜈∇𝜇𝜙∇𝜈𝜙 − 𝜉𝑅𝜙

2), 𝜉 =
1

6
 

 𝑇𝜇𝜈 = ∇𝜇𝜙∇𝜈𝜙 −
1

2
𝑔𝜇𝜈∇𝛼𝜙∇

𝛼𝜙 + 𝜉𝐺𝜇𝜈𝜙
2 + 𝜉(𝑔𝜇𝜈∇

𝛼∇𝛼 − ∇𝜇∇𝜈)𝜙
2  

 

𝑇𝜇
𝜇
= (1 −

𝐷

2
)∇𝛼𝜙∇

𝛼𝜙 + 𝜉𝑅 (1 −
𝐷

2
)𝜙2 + 𝜉(2(𝐷 − 1)∇𝛼𝜙∇

𝛼𝜙 + 2(𝐷 − 1)𝜙∇2𝜙) 

= (1 −
𝐷

2
)𝜙(−∇2 + 𝜉𝑅)𝜙 = 0  

 

 

 

⟨𝑇00⟩  = 𝛾
6(𝜃)∑  ∞

𝑞=1  
4csch(𝛽𝑞)

𝜋2𝛽3𝑞3

⟨𝑇𝜙1𝜙1⟩  = 𝛾
6(𝜃)∑  ∞

𝑞=1  
4𝜔1

2cos4 (𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3

⟨𝑇𝜙2𝜙2⟩  = 𝛾
6(𝜃)∑  ∞

𝑞=1  
4𝜔2

2sin4 (𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3

⟨𝑇𝜃𝜃⟩  = 𝛾
4(𝜃)∑  ∞

𝑞=1  
csch2(𝛽𝑞)

𝜋2𝛽2𝑞2

⟨𝑇0𝜙1⟩  = 𝛾
6(𝜃)∑  ∞

𝑞=1  
4𝜔1cos

2 (𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3

⟨𝑇0𝜙2⟩  = 𝛾
6(𝜃)∑  ∞

𝑞=1  
4𝜔2sin

2 (𝜃)csch(𝛽𝑞)

𝜋2𝛽3𝑞3

⟨𝑇𝜙1𝜙2⟩  = 𝛾
6(𝜃)∑  ∞

𝑞=1  
4𝜔1𝜔2sin

2 (2𝜃)csch(𝛽𝑞)

𝜋2(𝛽𝑞)3

 

 𝑇𝜇𝜈 = 𝛾
4(𝜃)(4𝑢𝜇𝑢𝜈 + 𝑔𝜇𝜈)∑  ∞

𝑞=1  
1

𝜋2𝛽3sinh (𝑞𝛽)𝑞3
 

 lim
𝛽→0

 ⟨𝑇𝜇𝜈⟩ =
𝜋2

90𝛽4
𝛾4(𝜃)(𝑔𝜇𝜈 + 4𝑢𝜇𝑢𝜈), 𝑢𝜇 = 𝛾(−1,0,𝜔1cos

2 𝜃, 𝜔2sin
2 𝜃).  
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 𝑇𝜇𝜈 = 𝑔
𝛼𝛽𝐹𝜇𝛼𝐹𝜈𝛽 +𝑀

2𝐴𝜇𝐴𝜈 − 𝑔𝜇𝜈 (
1

4
𝐹𝛼𝛽𝐹

𝛼𝛽 +
𝑀2

2
𝐴𝛼𝐴

𝛼)  

  

  

  

  

 Π̃𝜇,𝜈(𝑥1, 𝑥2) = ∑  ∞
𝑞=−∞  Π𝜇,𝜈(𝑥1, 𝑅

𝑞(𝑥2))  

 ⟨𝐴𝜇(𝑥1)𝐴𝜈(𝑥2)⟩ = Π𝜇,𝜈(𝑥1, 𝑥2) = −
𝜕2𝑢

𝜕𝑥1
𝜇
𝜕𝑥2

𝜈 𝑔0(𝑢) +
𝜕𝑢

𝜕𝑥1
𝜇
𝜕𝑢

𝜕𝑥2
𝜈 𝑔1(𝑢)  

 

𝑔0(𝑢) =
𝒩

(𝑢)Δ
[(4 − Δ)2𝐹1 (Δ,

1

2
(−3 + 2Δ);−3 + 2Δ;−

1

𝑢
)

−
2+𝑢

𝑢
 2𝐹1 (Δ + 1,

1

2
(−3 + 2Δ);−3 + 2Δ;−

1

𝑢
)]

𝑔1(𝑢) =
𝒩

(𝑢)Δ
[
2(2+𝑢)(4−Δ)

𝑢(𝑢+4)
 2𝐹1 (Δ,

1

2
(−3 + 2Δ);−3 + 2Δ;−

1

𝑢
)

−2
4+(𝑢+2)2

𝑢2(𝑢+4)
 2𝐹1 (Δ + 1,

1

2
(−3 + 2Δ);−3 + 2Δ;−

1

𝑢
)]

 

 𝒩 =
Γ(Δ+1)

2𝜋2(3−Δ)(Δ−1)Γ(Δ−1)
 

 lim
𝑥1→𝑥2

 ⟨𝐹0𝜆(𝑥1)𝐹0
𝜆(𝑥2)⟩ = 4𝑥

4𝛾4(𝜃)𝑓(1)(𝑥)  

 

lim
𝑥1→𝑥2

 ⟨𝐹0𝜆(𝑥1)𝐹𝜙1
𝜆 (𝑥2)⟩ = 4𝑥

4𝛾4(𝜃)sin2 (𝜃)𝑓(1)(𝑥)

lim
𝑥1→𝑥2

 ⟨𝐹0𝜆(𝑥1)𝐹𝜙2
𝜆 (𝑥2)⟩ = 4𝑥

4𝛾4(𝜃)cos2 (𝜃)𝑓(1)(𝑥)

lim
𝑥1→𝑥2

 ⟨𝐹𝜙1𝜆(𝑥1)𝐹𝜙1
𝜆 (𝑥2)⟩ = 4𝑥

4𝛾4(𝜃)sin4 (𝜃)𝑓(1)(𝑥)

lim
𝑥1→𝑥2

 ⟨𝐹𝜙2𝜆(𝑥1)𝐹𝜙2
𝜆 (𝑥2)⟩ = 4𝑥

4𝛾4(𝜃)cos4 (𝜃)𝑓(1)(𝑥)

lim
𝑥1→𝑥2

 ⟨𝐹𝜙1𝜆(𝑥1)𝐹𝜙2
𝜆 (𝑥2)⟩ = 4𝑥

4𝛾4(𝜃)sin2 (𝜃)cos2 (𝜃)𝑓(1)(𝑥)

 

 𝑓(1)(𝑥) = ∑  ∞
𝑞=1   sinh

2 (𝛽𝑞) (𝑔0
′′(𝑢𝑞) + 𝑔1

′(𝑢𝑞)) (3cosh (𝛽𝑞) + 𝛽𝑞𝑥
2sinh (𝛽𝑞)) + 2𝑔0

′ (𝑢𝑞) + 2𝑔1(𝑢𝑞) 

 𝑔𝜇𝜈 lim
𝑥1→𝑥2

 ⟨𝐹𝛼𝛽(𝑥1)𝐹
𝛼𝛽(𝑥2)⟩ = 𝑂(𝛾

2(𝜃))  

 ⟨𝑇𝜇𝜈⟩ = 4ℱΔ
(1)
(𝑥)𝛾4(𝜃)

(

 
 

1 0 0 sin2 (𝜃) cos2 (𝜃)
0 0 0 0 0
0 0 0 0 0

sin2 (𝜃) 0 0 sin4 (𝜃) sin2 (𝜃)cos2 (𝜃)

cos2 (𝜃) 0 0 sin2 (𝜃)cos2 (𝜃) cos4 (𝜃) )
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ℱΔ
(1)
(𝑥)= ∑  ∞

𝑞=1   [sinh
2 (𝛽𝑞) (𝑔0

′′(𝑢𝑞) + 𝑔1
′(𝑢𝑞)) (3cosh (𝛽𝑞) + 𝛽𝑞𝑥

2sinh (𝛽𝑞)) 

+2𝑔0
′ (𝑢𝑞) + 2𝑔1(𝑢𝑞) + 𝑀

2𝑔1(𝑢𝑞)]

= ∑  ∞
𝑞=1   [sinh

2 (𝛽𝑞) (𝑔0
′′(𝑢𝑞) + 𝑔1

′(𝑢𝑞)) (3cosh (𝛽𝑞) + 𝛽𝑞𝑥
2sinh (𝛽𝑞)) 

+2𝑔0
′ (𝑢𝑞) + 2𝑔1(𝑢𝑞) + (Δ − 1)(Δ − 3)𝑔1(𝑢𝑞)]

 

 𝑇𝜇𝜈 = ℱΔ
(1)
(𝑥)𝛾4(𝜃)4𝑤𝜇𝑤𝜈  

 𝑦2 =
𝑟2(1−𝑎2cos2 𝜃−𝑏2sin2 𝜃)+𝑎2sin2 𝜃+𝑏2cos2 𝜃−𝑎2𝑏2

Σ𝑎Σ𝑏
 

 
𝛾(𝑥, 𝜃)(𝜕𝑡 −𝜔1𝜕𝜙1 −𝜔2𝜕𝜙2), 𝛾(𝑥, 𝜃) =

1

√1+
𝑟2

𝛾2(𝜃)

=
1

√1+2𝑥2  

 

𝜕𝑢

𝜕𝜏𝐸
𝜕𝑢

𝜕𝜏′𝐸
 = −4𝑟4sinh2 (𝑞𝛽)

 = −16𝛾4(𝜃)𝑥4sinh2 (𝑞𝛽)
𝜕2𝑢

𝜕𝜏𝐸𝜕𝜏′𝐸
 = −2𝑟2cosh (𝑞𝛽)

 = −4𝛾2(𝜃)𝑥2cosh (𝑞𝛽)

 

 𝛾 =
1

√1−𝜔2sin2 𝜃
≈

√2

√𝛿2+𝛿𝜃2
, 1 − 𝜔2 ≈

𝛿2

2
 

 𝑇𝐽
1

𝐷−2 = 𝑓 (
𝑀

𝐽
𝐷−3
𝐷−2

) 

 ∑  𝑦𝑖
2 = 𝑧2 

 ∑  𝑙,𝛼 𝑌𝑙
𝛼(𝜃)𝑌𝑙

∗𝛼(𝜃′) = 𝛿(5)(𝜃 − 𝜃′) 

  2𝐹1(𝑎, 𝑏, 2𝑏, 𝑧) = (1 −
𝑧

2
)
−𝑎
 2𝐹1 (𝑎/2, 𝑎/2 + 1/2, 𝑏 + 1/2,

𝑧2

(2−𝑧)2
) 

Formación de un agujero negro cuántico por colapso interior de una partícula oscura o blanca. 

Modelo Unificado. 

𝑅𝑏𝑐𝑑
𝑎 = Γ𝑏𝑑,𝑐

𝑎 − Γ𝑏𝑐,𝑑
𝑎 + Γ𝑏𝑑

𝑒 Γ𝑐𝑒
𝑎 − Γ𝑏𝑐

𝑒 Γ𝑑𝑒
𝑎 ,  

Γ𝑏𝑑
𝑎 =

1

2
𝑔𝑎𝑒(𝑔𝑏𝑒,𝑑 + 𝑔𝑒𝑑,𝑏 − 𝑔𝑏𝑑,𝑒)  

𝑅𝑎𝑏 = 𝑔
𝑐𝑑𝑅𝑎𝑐𝑏𝑑  

𝑇(𝑎𝑏) =
1

2
(𝑇𝑎𝑏 + 𝑇𝑏𝑎), 𝑇[𝑎𝑏] =

1

2
(𝑇𝑎𝑏 − 𝑇𝑏𝑎).  

𝒜 =
1

2
∫  𝑑4𝑥√−𝑔[𝑅 + 2ℒ𝑚]  

𝑁𝑎
𝑏 ≡ ℎ𝑎

𝑏 − 𝑒𝑎𝑒
𝑏 = 𝑔𝑎

𝑏 + 𝑢𝑎𝑢
𝑏 − 𝑒𝑎𝑒

𝑏 , 𝑁𝑎  𝑎 = 2  
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𝜀𝑎𝑏 ≡ 𝜀𝑎𝑏𝑐𝑒
𝑐 = 𝜂𝑑𝑎𝑏𝑐𝑒

𝑐𝑢𝑑  

𝑋̇𝑎..𝑏 𝑐..𝑑 ≡ 𝑢
𝑒∇𝑒𝑋

𝑎..𝑏 𝑐..𝑑 ,

𝐷𝑒𝑋
𝑎..𝑏 𝑐..𝑑 ≡ ℎ

𝑎  𝑓ℎ
𝑝 𝑐...ℎ

𝑏 𝑔ℎ
𝑞 𝑑ℎ

𝑟 𝑒∇𝑟𝑋
𝑓..𝑔 𝑝..𝑞 ,

𝑋̂𝑎..𝑏 
𝑐..𝑑 ≡ 𝑒𝑓𝐷𝑓𝑋𝑎..𝑏 

𝑐..𝑑 ,

𝛿𝑓𝑋𝑎..𝑏 
𝑐..𝑑 ≡ 𝑁𝑎  

𝑓…𝑁𝑏 
𝑔𝑁ℎ  

𝑐 . . 𝑁𝑖  
𝑑𝑁𝑓 

𝑗𝐷𝑗𝑋𝑓..𝑔 
𝑖..𝑗

 

{𝜙, 𝜉, Θ,𝒜, Ω, Σ, ℰ,ℋ}  

{𝑎𝑏 ,𝒜𝑎 , Ω𝑎 , Σ𝑎 , ℰ𝑎 ,ℋ𝑎}  

{𝜁𝑎𝑏, Σ𝑎𝑏 , ℰ𝑎𝑏,ℋ𝑎𝑏}  

𝒜 = 𝑒𝑎𝑢̇
𝑎 ,𝒜𝑎 = 𝑁𝑎𝑏𝑒̇

𝑏 ,

𝜃̃ = 𝛿𝑎𝑢
𝑎, 𝜃‾ = 𝑎𝑏𝑢

𝑏 , 𝜃̃ + 𝜃‾ = 𝐷𝑎𝑢
𝑎 = Θ,

Ω =
1

2
𝜀𝑎𝑏𝑐𝐷[𝑎𝑢𝑏]𝑒𝑎, Ω

𝑎 =
1

2
𝜀𝑎𝑏𝑑𝐷[𝑎𝑢𝑏]𝑁𝑑

𝑎 ,

Σ = 𝜎𝑎𝑏 (𝑒𝑎𝑒𝑏 −
1

2
𝑁𝑎𝑏) , Σ𝑎 = 𝜎𝑐𝑑𝑒

𝑐𝑁𝑎
𝑑 ,

Σ𝑎𝑏 = (𝑁(𝑎
𝑐 𝑁𝑏)

𝑑 −
1

2
𝑁𝑎𝑏𝑁

𝑐𝑑)𝜎𝑐𝑑,

𝜎𝑎𝑏 = (𝑛(𝑎
𝑐 ℎ𝑏)

𝑑 −
1

3
ℎ𝑎𝑏ℎ

𝑐𝑑)𝐷𝑐𝑢𝑑 ,

𝑎𝑏 = 𝑒
𝑐𝐷𝑐𝑒𝑏 = 𝑒̂𝑏 , 𝜙 = 𝛿𝑎𝑒

𝑎,

𝜁𝑎𝑏 = (𝑁(𝑎
𝑐 𝑁𝑏)

𝑑 −
1

2
𝑁𝑎𝑏𝑁

𝑐𝑑) 𝛿𝑐𝑒𝑑 ,

𝜉 =
1

2
𝜀𝑎𝑏𝛿𝑎𝑒𝑏 ,

 

ℰ = 𝐶𝑎𝑏 𝑐𝑑𝑢
𝑐𝑢𝑑 (𝑒𝑎𝑒𝑏 −

1

2
𝑁𝑎𝑏)

ℰ𝑎 = 𝐶𝑐𝑑𝑒𝑓𝑢
𝑒𝑢𝑓𝑒𝑐𝑁𝑑  𝑎, ℰ𝑎𝑏 = 𝐶{𝑎𝑏}𝑐𝑑𝑢

𝑐𝑢𝑑

ℋ =
1

2
𝜀𝑎  𝑑𝑒𝐶

𝑑𝑒𝑏 𝑐𝑢
𝑐 (𝑒𝑎𝑒𝑏 −

1

2
𝑁𝑎𝑏)

ℋ𝑎 =
1

2
𝜀𝑐𝑓𝑒𝐶

𝑓𝑒 𝑑ℎ𝑢
ℎ𝑒𝑐𝑁𝑑  𝑎

ℋ𝑎𝑏 =
1

2
𝜀{𝑎  

𝑑𝑒𝐶𝑏}𝑐𝑑𝑒𝑢
𝑐

 

{𝜇, 𝑝, 𝑄, Π},  

{𝑄𝑎, Π𝑎},  
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𝜇 = 𝑇𝑎𝑏𝑢
𝑎𝑢𝑏 ,

𝑝 =
1

3
𝑇𝑎𝑏(𝑒

𝑎𝑒𝑏 +𝑁𝑎𝑏),

Π =
1

3
𝑇𝑎𝑏(2𝑒

𝑎𝑒𝑏 −𝑁𝑎𝑏),

𝑄 =
1

2
𝑇𝑎𝑏𝑒

𝑎𝑢𝑏 ,

𝑄𝑎 = 𝑇𝑐𝑑𝑁
𝑎 𝑐𝑢

𝑑 ,

Π𝑎 = 𝑇𝑐𝑑𝑁
𝑎  𝑐𝑒

𝑑,

Π𝑎𝑏 = 𝑇{𝑎𝑏}.

 

𝑝𝑟 = 𝑝 + Π

𝑝⊥ = 𝑝 −
1

2
Π

 

𝜙̂  = −
1

2
𝜙2 −

2

3
𝜇 −

1

2
Π − ℰ,

ℰ̂ −
1

3
𝜇̂ +

1

2
Π̂  = −

3

2
𝜙 (ℰ +

1

2
Π) ,

𝑝̂ + Π̂  = −(
3

2
𝜙 +𝒜)Π − (𝜇 + 𝑝)𝒜,

𝒜̂  = −(𝒜 + 𝜙)𝒜 +
1

2
(𝜇 + 3𝑝),

𝐾̂  = −𝜙𝐾,

 

0 = −𝒜𝜙 +
1

3
(𝜇 + 3𝑝) − ℰ +

1

2
Π,

𝐾 =
1

3
𝜇 − ℰ −

1

2
Π +

1

4
𝜙2.

 

𝐾 = 𝐾0𝑒
−𝜌  

𝜌 = 2ln (𝑟/𝑟0),  

𝑋 =
𝜙,𝜌

𝜙
, 𝑌 =

𝒜

𝜙
, 𝒦 =

𝐾

𝜙2
, 𝐸 =

ℰ

𝜙2

𝕄 =
𝜇

𝜙2
, ℙ =

Π

𝜙2
, 𝑃 =

𝑝

𝜙2
,

 

𝑌,𝜌 = 𝑀 + 3𝑃 − 2𝑌(𝑋 + 𝑌 + 1)

𝒦,𝜌 = −𝒦(1 + 2𝑋)

𝑃,𝜌 +ℙ,𝜌 = −2𝑌(𝑀 + ℙ) − 2𝑃(2𝑋 + 𝑌)

 −ℙ(4𝑋 + 3)

 

2𝕄+ 2𝑃 + 2ℙ + 2𝑋 − 2𝑌 + 1 = 0
1 − 4𝒦 − 4𝑃 + 4𝑌 − 4ℙ = 0
2𝕄+ 6𝑃 + 3ℙ − 6𝑌 − 6𝐸 = 0
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𝒜 =
1

2𝐴√𝐵

𝑑𝐴

𝑑𝜌
, 𝜙 =

1

√𝐵

𝐾 =
1

𝐶0
𝑒−𝜌 = 𝐾0𝑒

−𝜌

𝑌 =
1

2

𝐴,𝜌

𝐴
,𝒦 = 𝐾0𝐵(𝜌)𝑒

−𝜌

 

𝒜=
1

2√𝐵

𝑑𝐴

𝑑𝑟
, 𝜙 =

2

𝑟√𝐵
 

𝐾 =
𝐾‾0
𝑟2

𝑌 =
1

4

𝐴,𝑟
𝐴
,𝒦 = 𝐾‾0𝐵(𝑟).

 

[𝑔𝑎𝑏
𝒮 ] = [𝑁𝑎𝑏 + 𝑢𝑎𝑢𝑏] = 0,

[𝐾‾𝑐𝑑] = [
1

2
𝜙𝑁𝑎𝑏 − 𝑢𝑎𝑢𝑏𝒜] = 0,

 

[𝑢𝑎] = 0, [𝑁𝑎𝑏] = 0  

[𝒜] = 0, [𝜙] = 0  

𝑇𝑎𝑏
𝒮 = (𝑁𝑎𝑏 + 𝑢𝑎𝑢𝑏)[𝐾‾ ] − [𝐾‾𝑐𝑑] =  

 = 𝑢𝑎𝑢𝑏[𝜙 + 2𝒜] + 𝑁𝑎𝑏 [
𝜙

2
+𝒜] ,

 

0 = [𝒦] = [𝑃 + ℙ − 𝑌]  

[𝑃 + ℙ] = 0  

𝑃,𝜌 + ℙ,𝜌 =𝑃 (𝕄− 2ℙ − 3𝒦 +
7

4
)

+ℙ(𝕄− 3𝒦 +
1

4
)  

 + (
1

4
−𝒦)𝕄− 𝑃2 − ℙ2

𝒦,𝜌 = −2𝒦(𝒦 −
1

4
−𝕄)

 

ℙ =
𝜇0
2𝑃0(1 − ℎ)𝑒

2𝜌 (1 −
𝜇0𝑒

𝜌

3
)
ℎ/2

18 (1 −
𝜇0𝑒

𝜌

3 )
2

[(1 −
𝜇0𝑒

𝜌

3 )
ℎ/2

+ 3𝑃0]

2 ,  
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𝑃 =
𝜇0𝑒

𝜌

[(1 −
𝜇0𝑒

𝜌

3
)
ℎ/2

+ 3𝑃0]

2

[
 
 
 3𝑃0

2 + (1 −
𝜇0𝑒

𝜌

3
)
ℎ

4 (
𝜇0𝑒

𝜌

3
− 1)

+

+
2𝑃0[4(ℎ + 5)𝜇0𝑒

𝜌 − 72] (1 −
𝜇0𝑒

𝜌

3
)
ℎ/2

(4𝜇0𝑒
𝜌 − 12)2

]
 
 
 

,

 

𝒦 = −
3𝐾0𝑒

𝜌/2

16𝜇0𝑒
3𝜌/2 − 12𝐾0𝑒

𝜌/2

𝑌 =
𝜇0𝑒

𝜌(3𝐾0 − 𝜇0𝑒
𝜌)ℎ/2

2(𝜇0𝑒
𝜌 − 3𝐾0)[(3𝐾0 − 𝜇0𝑒

𝜌)ℎ/2 + 9𝐾0𝑃0]

 

𝑑𝑠2 = −𝐴𝑑𝑡2 +𝐵𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)

𝐴 = 𝐴0 [(1 −
𝜇0
3
𝑟2)

ℎ/2

+ 3𝑃0]

2/ℎ

𝐵 =
3

3 − 𝜇0𝑟
2

 

𝑝𝑟 = −

𝜇0 [(1 −
𝜇0𝑟

2

3 )
ℎ/2

+ 𝑃0]

(1 −
𝜇0𝑟

2

3 )
ℎ/2

+ 3𝑃0

,

𝑝⊥ = 𝑝𝑟 −
𝜇0
2𝑃0𝑟

2(1 − ℎ) (1 −
𝜇0𝑟

2

3 )

ℎ
2
−1

3 [(1 −
𝜇0𝑟

2

3 )
ℎ/2

+ 3𝑃0]

2 ,

 

ℙ =
1

6
𝕄(1 − 4𝒦),  

𝒫,𝜌 +𝒫
2 +𝒫 (3𝒦 −𝕄−

7

4
) = 0  

𝑑𝑠2 = −𝐴𝑑𝑡2 +𝐵𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)

𝐴 =
𝐴0(𝑒

𝒫0𝑟0
2 + 𝑟2)

2

√3 − 𝜇0𝑟
2

𝐵 =
3

3 − 𝜇0𝑟
2

 

𝑝𝑟 =
3 − 𝜇0𝑟

2

3(𝑟2 + 𝑒𝒫0𝑟0
2)

𝑝⊥ =
𝜇0
2𝑟2

4(3 − 𝜇0𝑟
2)
+ 𝑝𝑟
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𝑑𝑠2 = −𝐴𝑑𝑡2 + 𝐵𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2),

𝐴 = 𝐴0𝜓(12𝑎
2 − 3𝑎(4𝑏 − 1)𝑟2 + 𝑏(4𝑏 − 2)𝑟4)

4𝑏−5
8𝑏−4

𝜓 = exp 

(

 
√3(4𝑏 + 1)tan−1 (

𝑎(3 − 12𝑏) + 2𝑏(4𝑏 − 2)𝑟2

𝑎√48𝑏2 − 24𝑏 − 9
)

(2 − 4𝑏)√(4𝑏 − 3)(4𝑏 + 1)
)

 ,

𝐵 =
12(𝑏𝑟2 − 𝑎)2

12𝑎2 − 3𝑎(4𝑏 − 1)𝑟2 + 𝑏(4𝑏 − 2)𝑟4
,

 

𝜇 =
(4𝑏 + 1)(9𝑎2 − 7𝑎𝑏𝑟2 + 2𝑏2𝑟4)

12(𝑏𝑟2 − 𝑎)3
,

𝑝𝑟 =
1

𝑎 − 𝑏𝑟2
,

𝑝⊥ =
[4𝑏2𝑟4 + 3𝑎(4𝑎 + 𝑟2) − 𝑏(12𝑎𝑟2 + 2𝑟4)]−1

48(𝑏𝑟2 − 𝑎)3
×

{9𝑎3(64𝑎 + 19𝑟2)

 −𝑏3(624𝑎2𝑟4 + 800𝑎𝑟6 + 100𝑟8)

 +𝑎𝑏2𝑟2(432𝑎2 + 1608𝑎𝑟2 + 356𝑟4)

 −9𝑎2𝑏𝑟2(168𝑎 + 47𝑟2)

+80𝑏4𝑟6(4𝑎 + 2𝑟2) − 64𝑏5𝑟8}.

 

 

𝑃,𝜌 + 𝑃
2 − 𝑃 (𝕄− 3𝒦 +

7

4
)

+(
1

4
−𝒦)𝕄 =  

ℙ,𝜌 − ℙ
2 + ℙ(2𝑃 +𝕄− 3𝒦 +

1

4
) ,

𝒦,𝜌 = −2𝒦 (𝒦 −
1

4
−𝕄) .

 

ℙ,𝜌 − ℙ
2 + ℙ(2𝑃 +𝕄− 3𝒦 +

1

4
) = 0  

𝑃 = 𝑃0 − ℙ,𝕄 = 𝕄0 + 𝛼𝕄1  

ℙ =
1

6
[𝑃0(4𝛼𝕄1 + 4𝕄0 − 12𝒦 + 7) − 4𝑃0,𝜌

−4𝑃0
2 − (4𝒦 − 1)(𝛼𝕄1 +𝕄0)].

 

𝒦 =
𝑒𝐹

𝒦∗ − 2∫  𝑒
𝐹𝑑𝜌

𝐹 = ∫  
1

2
(4𝛼𝕄1 + 4𝕄0 + 1)𝑑𝜌
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𝑑𝑠2 = −𝐴𝑑𝑡2 +𝐵𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)

𝐴 = 𝐴0 (√3 − 𝜇0𝑟
2 + 𝑃0)

2

𝐵 =
3

3 − 𝜇0𝑟
2

 

𝑝 = −
𝜇0(𝑃0 + 3√3 − 𝜇0𝑟

2)

3(𝑃0 +√3 − 𝜇0𝑟
2)

 

𝕄1 =
𝜇1𝑒

𝜌

𝐾0
𝒦  

𝒦 =
3𝐾0

4(3𝐾0 − 4𝑒
𝜌(𝛼𝜇1 + 𝜇0))

.  

𝑑𝑠2 = −𝐴𝑑𝑡2 + 𝐵𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2),

𝐴 =
𝐴0√3 − 𝜇0𝑟

2(3 − 𝑃0
2𝑟0
2 − 𝜇0𝑟

2)

√3 − 𝑟2(𝛼𝜇1 + 𝜇0)
×

exp (2tanh−1 (
√3 − 𝜇0𝑟

2

𝑃0𝑟0
)) ,

𝐵 =
3

3 − 𝑟2(𝛼𝜇1 + 𝜇0)
,

 

𝑝𝑟 =
𝜇0[3 − 𝑟

2(𝛼𝜇1 + 𝜇0)](3√3 − 𝜇0𝑟
2 + 𝑃0𝑟0)

3(𝜇0𝑟
2 − 3)(√3 − 𝜇0𝑟

2 + 𝑃0𝑟0)

𝑝⊥ = −192(𝜇0𝑟
2 − 3)2(𝑟2(𝛽𝜇1 + 𝜇0) − 3)𝑝𝑟

 −
36𝛽𝜇1𝑟

2(8𝜇0(𝑟
2(𝛽𝜇1 + 𝜇0) − 3) − 12𝛽𝜇1)

48(𝜇0𝑟
2 − 3)2(12 − 4𝑟2(𝛽𝜇1 + 𝜇0))

 

𝑃 = 𝑃0 + 𝑃1, 𝑌 = 𝑌0 + 𝑌1  

𝐴 → 𝐴0(𝜌)exp (∫  𝑌1𝑑𝜌)

𝐵 → 𝐵0(𝜌)
𝐶 → 𝐶0(𝜌)

 

𝑃1,𝜌 + 𝑃1
2 + 𝑃1 (3𝒦0 −𝕄0 + 2𝑃0 + 2ℙ0 −

7

4
) = 0,

𝑌1 = 𝑃1

 

𝑃1  =
𝑒𝐹

𝑃∗ + ∫  𝑒𝐹𝑑𝜌

𝐹 = ∫  (3𝒦0 −𝕄0 + 2𝑃0 + 2ℙ0 −
7

4
)𝑑𝜌
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𝑃 = 𝑃0 + 𝑃1,𝕄 = 𝕄0 +𝕄1,

𝒦 =
1

𝒦0 +𝒦1
,

 

𝐴 → 𝐴0(𝜌)

𝐵−1 → 𝐵0(𝜌) +
𝑒𝜌

𝐾0
𝒦1

𝐶 → 𝐶0(𝜌)

 

𝒦1,𝜌 = −𝒦1Φ+ Γ

Φ =
12𝒦0 − 4𝕄0 − 1 + 𝑌0(8𝒦0 − 8𝕄0 − 2)

2(1 + 2𝑌0)

Γ =
8𝒦0

2(𝑌0 + 1) +𝒦0(4𝕄0 + 1)(2𝑌0 + 1) − 4

1 + 2𝑌0

𝑃1 =
𝒦0
2 +𝒦1𝒦0 − 1

𝒦0 +𝒦1

𝕄1 = −
[𝒦0(𝒦0 +𝒦1) − 1](2𝑌0 + 3)

(𝒦0 +𝒦1)(2𝑌0 + 1)

 

𝒦1 = 𝑒
−𝐹 (𝒦∗ −∫  𝑒

𝐹Γ𝑑𝜌)

𝐹 = ∫  Φ𝑑𝜌
 

ℙ = ℙ0 + ℙ1, 𝑌 = 𝑌0 + 𝑌1  

𝑌1 = ℙ1

ℙ1 =
𝑒𝐹

ℙ∗ + ∫  𝑒
𝐹𝑑𝜌

𝐹 = ∫  (3𝒦0 −𝕄0 + 2𝑃0 + 2ℙ0 −
1

4
)𝑑𝜌

 

ℙ = ℙ0 + ℙ1,𝕄 = 𝕄0 +𝕄1

𝒦 =
1

𝒦0 +𝒦1

 

𝒦1,𝜌 = 𝒦1Φ+ Γ

Φ =
𝑌0(8𝒦0 − 8𝕄0 − 2) − 4𝕄0 − 1

2(1 + 2𝑌0)

Γ =
𝒦0
2(8𝑌0 + 2) −𝒦0(4𝕄0 + 1)(2𝑌0 + 1) + 2

1 + 2𝑌0

ℙ1 =
𝒦0
2 +𝒦1𝒦0 − 1

𝒦0 +𝒦1

𝕄1 = −
2[𝒦0(𝒦0 +𝒦1) − 1]𝑌0
(𝒦0 +𝒦1)(2𝑌0 + 1)
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𝒦1= 𝑒
𝐹 (𝒦∗ −∫  𝑒

−𝐹Γ𝑑𝜌) 

𝐹 = ∫  Φ𝑑𝜌
 

ℙ = ℙ0 +ℙ1, 𝑃 = 𝑃0 + 𝑃1

𝒦 =
1

𝒦0 +𝒦1

 

𝒦1,𝜌 = −𝒦1Φ+ Γ

Φ =
1

2
(4𝕄0 + 1)

Γ =
1

2
[4𝒦0

2 − 2𝒦0(4𝕄0 + 1) + 4]

ℙ1 =
(𝒦0(𝒦0 +𝒦1) − 1)(2𝑌0 + 3)

3(𝒦0 +𝒦1)

𝑃1 =
2

3
(

1

𝒦0 +𝒦1
−𝒦0)𝑌0

 

𝒦1  = 𝑒
−𝐹 (𝒦∗ −∫  𝑒

𝐹Γ𝑑𝜌)

𝐹 = ∫  Φ𝑑𝜌
 

ℙ = ℙ0 + ℙ1, 𝑃 = 𝑃0 + 𝑃1,

𝒦 = 𝒦1,
 

𝒦1,𝜌 =−𝒦1 (−2𝕄0 −
1

2
) − 2𝒦1

2  

ℙ1 =(2𝒦0 − 1)𝑃0 − ℙ0 + 𝑌0 +
1

4
1

6
𝒦1(−4𝑃0 − 4ℙ0 − 5) +

2

3
𝒦0(𝕄0 + 3ℙ0)

𝑃1 =
1

6
𝒦1(4𝑃0 + 4ℙ0 − 1)

 −
2

3
𝒦0(𝕄0 + 3𝑃0 + 3ℙ0)

 

𝕄 =
𝒦𝜌

2𝒦
+𝒦 −

1

4

𝑃 =
1

3
(2𝑌𝜌 + 2𝑌

2 + 𝑌)

 −
2𝑌 + 1

6

𝒦𝜌

𝒦
−
1

3
𝒦 +

1

12
ℙ = (2𝑌 + 1)𝒦𝜌 − 4𝒦

2

 −𝒦[4𝑌𝜌 + 4(𝑌 − 1)𝑌 − 1]
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𝑤𝑟 =
𝒦2(−4𝒦 − 4𝑌,𝜌 + 4𝑌 + 1) + (4𝑌 + 1)𝒦𝒦,𝜌

4𝒦3 −𝒦2 +𝒦(𝒦,𝜌 − 2𝒦,𝜌𝜌) + 4𝒦,𝜌
2

𝑤⊥ = −
1 + 16𝒦𝑌2(𝒦,𝜌 +𝒦) +𝒦𝒦,𝜌(1 − 12𝑌,𝜌)

[4𝒦3 −𝒦2 +𝒦(𝒦,𝜌 − 2𝒦,𝜌𝜌) + 4𝒦,𝜌
2 ]

 +
2𝒦2(−8𝑌,𝜌 + 8𝑌,𝜌𝜌 + 1) − 8𝒦

3

[4𝒦3 −𝒦2 +𝒦(𝒦,𝜌 − 2𝒦,𝜌𝜌) + 4𝒦,𝜌
2 ]

 +
𝑌 (4𝒦 (𝒦,𝜌 +𝒦(−4𝒦 + 8𝑌,𝜌 + 1)) − 2)

[4𝒦3 −𝒦2 +𝒦(𝒦,𝜌 − 2𝒦,𝜌𝜌) + 4𝒦,𝜌
2 ]

 

𝐴= (𝑎 + 𝑏𝑟2𝜌)𝛿  

𝐵 =
3𝜇0

3𝜇0 − 𝑟
2(𝜇0 − 𝜇1𝑟

2𝛼)𝛽+1ℱ

 

ℱ =  2𝐹1 (1, 𝛽 +
3

2𝛼
+ 1; 1 +

3

2𝛼
;
𝑟2𝛼𝜌𝜇1
𝜇0

)  

𝜇 =(𝜇0 − 𝜇1𝑟
2𝛼)𝛽

𝑝𝑟 =
2𝑏𝛿𝜇0

𝜇0(𝑎 + 𝑏𝑟
2)

−
[𝑎 + 𝑏(2𝛿 + 1)𝑟2](𝜇0 − 𝜇1𝑟

2𝛼)𝛽+1

3𝜇0(𝑎 + 𝑏𝑟
2)

ℱ  

𝑝⊥ =
2[𝑎2 + 𝑎𝑏(2 − 3𝛿)𝑟2 + 𝑏2(−2𝛿2 + 𝛿 + 1)𝑟4]ℱ

𝜇012(𝑎 + 𝑏𝑟
2)2(𝜇0 − 𝜇1𝑟

2𝛼)−(𝛽+1)

+
12𝑏𝛿(2𝑎 + 𝑏𝛿𝑟2) − 6(𝑎 + 𝑏𝑟2)(𝑎 + 𝑏(𝛿 + 1)𝑟2)

12(𝑎 + 𝑏𝑟2)2(𝜇0 − 𝜇1𝑟
2𝛼)−𝛽

 

𝑤𝑟 =
(𝜇0 − 𝜇1𝑟

2𝛼)

3𝛼𝛽𝜇0𝜇1𝑟
2𝛼(𝑎 + 𝑏𝑟2)2

×

{
3

2
𝜇0(𝑎 + 𝑏𝑟

2)[𝑎 + 𝑏(2𝛿 + 1)𝑟2]

ℱ

2
(𝜇0 − 𝜇1𝑟

2𝛼)[2𝑏𝛿𝑟2(𝑎 + 3𝑏𝑟2) + 3(𝑎 + 𝑏𝑟2)2]

+6𝑏2𝛿𝜇0𝑟
2(𝜇0 − 𝜇1𝑟

2𝛼)−𝛽}

 

𝑤⊥ =
𝑟−2𝛼

12𝛼𝛽𝜇1(𝑎 + 𝑏𝑟
2)3

×

{
ℱ

𝜇0
(𝜇0 − 𝜇1𝑟

2𝛼)2[3𝑎3 − 3𝑎2𝑏(𝛿 − 3)𝑟2

+𝑎𝑏2(2(𝛿 − 8)𝛿 + 9)𝑟4 + 3𝑏3(−2𝛿2 + 𝛿 + 1)𝑟6]

+12𝑏2𝛿𝑟2[𝑏𝛿𝑟2 − 𝑎(𝛿 − 4)](𝜇0 − 𝜇1𝑟
2𝛼)1−𝛽  

−3𝜇0(𝑎 + 𝑏𝑟
2)[𝑎2 + 𝑎𝑏(2 − 5𝛿)𝑟2  

+𝑏2(−2𝛿2 + 𝛿 + 1)𝑟4]

−3𝜇1𝑟
2𝛼(𝑎 + 𝑏𝑟2)[𝑎𝑏𝛿𝑟2(2𝛼𝛽 + 5) + 2𝑏2𝛿2𝑟4  

+𝑏2𝛿𝑟4(2𝛼𝛽 − 1) + (2𝛼𝛽 − 1)(𝑎 + 𝑏𝑟2)2]}
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𝐴= (𝑎 + (𝑐 − 𝑏𝑟2)𝛾)𝛿  

𝐵 =
3𝜇0

3𝜇0 − 𝑟
2(𝜇0 − 𝜇1𝑟

2𝛼)𝛽+1ℱ

ℱ =  2𝐹1 (1, 𝛽 +
3

2𝛼
+ 1; 1 +

3

2𝛼
;
𝑟2𝛼𝜌𝜇1
𝜇0

)

 

𝜇 = (𝜇0 − 𝜇1𝑟
2𝛼)𝛽  

𝑝𝑟 =
1

6(𝑏𝑟2 − 𝑐)(𝑎 + (𝑐 − 𝑏𝑟2)𝛾)
×

{12𝑏𝛾𝛿(𝑐 − 𝑏𝑟2)𝛾 − 2
ℱ

𝜇0
[𝑎(𝑏𝑟2 − 𝑐)

+(𝑐 − 𝑏𝑟2)𝛾(𝑏𝑟2(2𝛾𝛿 + 1) − 𝑐)]}

𝑝⊥ =
𝜇0
𝛽(𝜇0 − 𝜇1𝑟

2𝛼)−𝛽

12(𝑏𝑟2 − 𝑐)2(𝑎 + (𝑐 − 𝑏𝑟2)𝛾)2

{2ℱ(𝜇0 − 𝜇1𝑟
2𝛼)𝛽[𝑎2(𝑏𝑟2 − 𝑐)2

 −𝑎(𝑐 − 𝑏𝑟2)𝛾[𝑏2𝑟4(4𝛾2𝛿 − 𝛾𝛿 − 2)

 +𝑏𝑐𝑟2(4 − 3𝛾𝛿) − 2𝑐2] + (𝑐 − 𝑏𝑟2)2𝛾 ×

(𝑏2𝑟4(−2𝛾2𝛿2 + 𝛾𝛿 + 1) + 𝑏𝑐𝑟2(3𝛾𝛿 − 2) + 𝑐2)]

 −3𝜇0
−𝛽(𝜇0 − 𝜇1𝑟

2𝛼)𝛽[2𝑎2(𝑏𝑟2 − 𝑐)2(𝜇0 − 𝜇1𝑟
2𝛼)𝛽

 +2𝑎(𝑐 − 𝑏𝑟2)𝛾(𝑏2𝑟4(𝛾𝛿 + 2)(𝜇0 − 𝜇1𝑟
2𝛼)𝛽

 −4𝑏2𝛾2𝛿𝑟2 + 𝑏𝑐(4𝛾𝛿 − 𝑟2(𝛾𝛿 + 4)(𝜇0 − 𝜇1𝑟
2𝛼)𝛽)

+2𝑐2(𝜇0 − 𝜇1𝑟
2𝛼)𝛽) + (𝑐 − 𝑏𝑟2)2𝛾 ×

(𝑏2𝑟2(2𝑟2(𝛾𝛿 + 1)(𝜇0 − 𝜇1𝑟
2𝛼)𝛽 − 4𝛾2𝛿2)

 +2𝑏𝑐(4𝛾𝛿 − 𝑟2(𝛾𝛿 + 2)(𝜇0 − 𝜇1𝑟
2𝛼)𝛽)

+2𝑐2(𝜇0 − 𝜇1𝑟
2𝛼)𝛽)]}

 

 

𝑑𝑝

𝑑𝑥
 = −

1

2

(𝜀(𝑥) + 𝑝(𝑥))(𝑚(𝑥) + 3𝑥3𝑝(𝑥))

𝑥2(1 − 𝑚(𝑥)/𝑥)
𝑑𝑚

𝑑𝑥
 = 3𝑥2𝜀(𝑥)

𝑑𝑦

𝑑𝑥
 = −

𝑦(𝑥)2

𝑥
−
𝐹(𝑥)𝑦(𝑥)

𝑥
−
𝑄(𝑥)

𝑥

 

𝐹(𝑥) = [1 −
3

2
(𝜀(𝑥) − 𝑝(𝑥))] [1 − 𝑚(𝑥)/𝑥]−1,  
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𝑄(𝑥) =

3
2
𝑥2

(1 −
𝑚(𝑥)
𝑥 )

[5𝜀(𝑥) + 9𝑝(𝑥) +
𝜀(𝑥) + 𝑝(𝑥)

𝑐𝑠
2(𝑥)

−
4

𝑥2
] − (

𝑚(𝑥)/𝑥 + 3𝑥2𝑝(𝑥)

(1 −
𝑚(𝑥)
𝑥 )

)

2

,

 

𝜕𝑦

𝜕𝑟
= ℱ(𝑦(𝒙, 𝑟)),  

𝑑𝒚

𝑑𝑟
= 𝑨̂𝒚,  

 

 

 HF SLM Error (%) Time (s) 

EOS 

Max. 

Mass 

[𝑀⊙] 

Radius 

[nm] 

Max. 

Mass [ 

𝑀⊙ ] 

Radius 

[nm] 

Max. 

Mass 

Radius HF SLM 

Tabular EOS 

SLy4 2.067 10.033 2.068 10.033 0.02 0.00 9.218 

2.135

× 10−4 

APR 2.193 9.979 2.194 9.982 0.05 0.03 9.237 

2.149

× 10−4 

FSU Garnet 2.054 10.998 2.068 11.000 0.66 0.02 9.226 

2.319

× 10−4 

BL 2.083 10.194 2.085 10.204 0.10 0.11 9.246 

2.099

× 10−4 
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DS-CMF-5 2.023 11.896 2.026 11.647 0.17 2.09 9.228 

2.215

× 10−4 

Quarkyonic EOS 

Λ

= 300.00, 𝜅

= 0.19 

2.947 14.763 2.917 14.666 1.00 0.66 9.286 

3.822

× 10−4 

Λ

= 352.63, 𝜅

= 0.14 

2.653 12.512 2.675 12.561 0.83 0.39 9.299 

4.051

× 10−4 

Λ

= 405.26, 𝜅

= 0.10 

2.441 11.199 2.441 11.063 0.40 1.21 9.234 

4.361

× 10−4 

Λ

= 447.37, 𝜅

= 0.28 

2.294 10.462 2.294 10.463 0.01 0.01 9.292 

4.261

× 10−4 

Λ

= 500.00, 𝜅

= 0.23 

2.226 10.180 2.221 10.177 0.22 0.03 9.156 

3.898

× 10−4 

 

𝑑𝒚𝜽

𝑑𝑟
= 𝑨̂(𝜽)𝒚𝜽,  

𝑑𝑝

𝑑𝑟
 = −

𝐺

𝑐2
(𝜖(𝑟) + 𝑃(𝑟))

𝑀(𝑟) + 4𝜋𝑟3𝑃(𝑟)/𝑐2

𝑟(𝑟 − 2𝐺𝑀(𝑟)/𝑐2)

𝑑𝑚

𝑑𝑟
 = 4𝜋𝑟2

𝜖(𝑟)

𝑐2

𝑑𝑦

𝑑𝑟
 = −

𝑦(𝑟)2

𝑟
−
𝐹(𝑟)𝑦(𝑟)

𝑟
−
𝑄(𝑟)

𝑟
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𝐹(𝑟) =
1 − 4𝜋𝐺𝑟2(𝜖(𝑟) − 𝑃(𝑟))/𝑐4

1 − 2
𝐺𝑀
𝑟𝑐2

 

𝑄(𝑟)=
4𝜋𝐺𝑟2/𝑐4

1 −
2𝐺𝑀
𝑟𝑐2

(5𝜖(𝑟) + 9𝑝(𝑟) +
𝜖(𝑟) + 𝑝(𝑟)

𝑐𝑠(𝑟)
2

𝑐2 − 

6𝑐4

4𝜋𝑟2𝐺
) − 4(

𝐺(𝑀(𝑟)/(𝑟𝑐2) + 4𝜋𝑟2𝑝(𝑟)/𝑐4)

1 − 2𝐺𝑀/(𝑟𝑐2)
)

2
 

𝑦(𝑟) =
𝑅𝛽(𝑅)

𝐻(𝑅)
 and 𝛽 = 𝑑𝐻/𝑑𝑟1 

𝑟 = 𝑅0𝑥, 𝑀 = 𝑀0𝑚(𝑥), 𝑃 = 𝑃0𝑝(𝑥), 𝜖 = 𝜀0𝜀(𝑥) 

𝜀0 = 𝑃0 ≡
1

8𝜋2
(𝑚𝑛𝑐

2)4

(ℏ𝑐)3
≈ 1.285GeV/fm3  

[
2𝐺𝑀0
𝑐2𝑅0

] = [
4𝜋𝑅0

3𝜀0
3𝑀0𝑐

2
] = 1.  

𝑅0 = √
3𝜋

𝛼𝐺
𝜆𝑛 ≈ 8.378 nm,  

𝑀0 = (
𝑅0

𝑅𝑠
⊙
)𝑀⊙ ≈ 2.837𝑀⊙,  

𝛼𝐺  =
𝐺𝑚𝑛

2

ℏ𝑐
≈ 5.922 × 10−39

𝜆𝑛  =
ℏ𝑐

𝑚𝑛𝑐
2
≈ 0.210 × 10−18 nm

𝑅𝑠
⊙  =

2𝐺𝑀⊙
𝑐2

≈ 2.953 nm

 

𝑑𝑝

𝑑𝑥
 = −

1

2

(𝜀(𝑥) + 𝑝(𝑥))(𝑚(𝑥) + 3𝑥3𝑝(𝑥))

𝑥2(1 − 𝑚(𝑥)/𝑥)
𝑑𝑚

𝑑𝑥
 = 3𝑥2𝜀(𝑥)

𝑑𝑦

𝑑𝑥
 = −

𝑦(𝑥)2

𝑥
−
𝐹(𝑥)𝑦(𝑥)

𝑥
−
𝑄(𝑥)

𝑥

 

𝐹(𝑥) =
1 −

3
2 (𝜀(𝑥) − 𝑝(𝑥))

1 −
𝑚(𝑥)
𝑥

, 
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𝑄(𝑥) =

3
2
𝑥2

(1 −
𝑚(𝑥)
𝑥 )

[5𝜀(𝑥) + 9𝑝(𝑥) +
𝜀(𝑥) + 𝑝(𝑥)

𝑐𝑠
2(𝑥)

−
4

𝑥2
]

 −(
𝑚(𝑥)/𝑥 + 3𝑥2𝑝(𝑥)

(1 −
𝑚(𝑥)
𝑥 )

)

2  

𝑘2=
8𝛽5

5
(1 − 2𝛽)2[2 + 2𝛽(𝑦𝑅 − 1) − 𝑦𝑅]  

× {2𝛽(6 − 3𝑦𝑅 + 3𝛽(5𝑦𝑅 − 8))  

+4𝛽3[13 − 11𝑦𝑅 + 𝛽(3𝑦𝑅 − 2) + 2𝛽
2(1 + 𝑦𝑅)]  

+3(1 − 2𝛽)2[2 − 𝑦𝑅 + 2𝛽(𝑦𝑅 − 1)]log (1 − 2𝛽)}
−1.

 

𝜕𝑦

𝜕𝑟
= ℱ(𝑦(𝒙, 𝑟))  

𝑑𝒚

𝑑𝑟
= 𝑭(𝒚(𝑟), 𝑟)) ,  

𝑑𝒚

𝑑𝑟
= 𝑨̂𝒚  

log 𝒚𝑟+𝛿𝑟 = 𝑨̂log 𝒚𝑟  

𝑋𝑗(𝑦) = {𝑦, 𝑦
2, 𝑦3, … , 𝑦𝑛}  

𝑋𝑗(𝒛) = {𝒛, 𝒛
2}  

𝑿− = [𝒛0 𝒛1 … 𝒛𝑚−1 𝒛0
2 … 𝒛𝑖𝒛𝑗 … 𝒛𝑚−1

2 ]

𝑿+ = [𝒛1 𝒛2 … 𝒛𝑚 𝒛1
2 … 𝒛𝑖𝒛𝑗 …𝒛𝑚

2 ]
 

𝑠 = argmin𝑗
∑  
𝑖=𝑗
𝑖=1  𝜎𝑖

∑  𝑖=𝑛
𝑖=1  𝜎𝑖

, 𝜅  

𝑿− ≈ 𝑼𝑠𝚺𝑠𝑽𝑠
𝑇  

𝑨𝑠 ≡ 𝑼𝑠
𝑇𝑨𝑼𝑠 = 𝑼𝑠

𝑇𝑿+𝑽𝑠𝚺𝑠
−1.  

𝐴𝑠𝑊 = Λ𝑊.  

𝒚(𝑙) = 𝚽𝚲𝑙/Δ𝑙𝒃0 = Σ𝑖𝑏0𝑖𝜙𝑖(𝜆𝑖)
𝑙/Δ𝑙,  

𝜕𝑦𝜇

𝜕𝑟
= ℱ(𝑦𝜇(𝒙, 𝑟; 𝜇), 𝑟; 𝜇).  

𝑑𝒚𝜇

𝑑𝑟
= 𝑭(𝒚𝜇(𝑟; 𝜇), 𝑟; 𝜇).  

𝑑𝒚𝜃

𝑑𝑡
= 𝑨̂(𝜽)𝒚𝜃,  



 

pág. 3284 

𝑨𝑗𝑠 = 𝑼𝑗𝑠
𝑇𝑿𝑗

+𝑽𝑗𝑠𝚺𝑗𝑠
−1  

𝑨𝑗𝑠𝑾𝑗𝑠 = 𝚲𝑗𝑠𝑾𝑗𝑠.  

𝑢:= argmin𝐸[𝑤]:𝑤 ∈ {𝑢1, … , 𝑢𝑠}  

𝑑𝑠2 = 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)+. .  

𝑑𝑚(𝑟)

𝑑𝑟
= 4𝜋𝑟2𝜌(𝑟) = 12𝜋𝑟2𝑝(𝑟)  

𝑑𝑝(𝑟)

𝑑𝑟
= −

𝜌(𝑟) + 𝑝(𝑟)

2

𝑑𝜈(𝑟)

𝑑𝑟
= −2𝑝(𝑟)

𝑑𝜈(𝑟)

𝑑𝑟
 

𝑑𝜈(𝑟)

𝑑𝑟
=

𝑁(𝑟)

1 − 2𝑚(𝑟)/𝑟
 

𝑁(𝑟) = (2/𝑟2)(𝑚(𝑟) + 4𝜋𝑟3𝑝(𝑟))

 

𝑟→ 𝑟/𝐿  
𝑚(𝑟)→ 𝑚(𝑟/𝐿)/𝐿 
𝜈(𝑟)→ 𝜈(𝑟/𝐿)  

𝑝(𝑟)→ 𝑝(𝑟/𝐿)𝐿2  

𝜌(𝑟) → 𝜌(𝑟/𝐿)𝐿2

 

𝑡= log 𝑟  
𝑑𝑡= 𝑑𝑟/𝑟  

𝛼(𝑡)= 𝑚(𝑟)/𝑟  

𝛿(𝑡) = 4𝜋𝑟2𝑝(𝑟)

 

𝑑𝛼(𝑡)

𝑑𝑡
= 3𝛿(𝑡) − 𝛼(𝑡)

𝑑𝛿(𝑡)

𝑑𝑡
= −4𝛿(𝑡)

𝛿(𝑡) + 2𝛼(𝑡) − 1/2

1 − 2𝛼(𝑡)

 

𝐷(𝑟) ≡ 1 − 2𝑚(𝑟)/𝑟  

𝑟 = 𝑓(𝑟′)

𝑡 = 𝑡′
 

𝑓′ ≡ 𝑑𝑟/𝑑𝑟′ = 𝑑𝑓(𝑟′)/𝑑𝑟′ 

𝑑𝑚(𝑟)

𝑑𝑟′
= 12𝜋𝑟2𝑓′𝑝(𝑟)  

𝑑𝑝(𝑟)

𝑑𝑟′
= −2𝑝(𝑟)𝑓′

𝑁(𝑟)

𝐷(𝑟)
 

𝑁(𝑟)= (2/𝑟2)(𝑚(𝑟) + 4𝜋𝑟3𝑝(𝑟)) 

𝐷(𝑟) = 𝐷(𝑓(𝑟′)) = 1 − 2𝑚(𝑟)/𝑟

 

𝑑𝐷̂(𝑟′)/𝑑𝑟′|𝑟′=𝑟min
′ = 𝑓′𝑑𝐷/𝑑𝑟|𝑟=𝑟min = 0  

𝑑2𝐷̂(𝑟′)/(𝑑𝑟′)2|𝑟′=𝑟min
′ = 𝑑2𝐷(𝑟)/(𝑑𝑟)2|𝑟=𝑟min(𝑓

′)2|
𝑟′=𝑟min

′ + 𝑑𝐷(𝑟)/𝑑𝑟|𝑟=𝑟min𝑑𝑓
′/𝑑𝑟′|𝑟′=𝑟min

′

 = 𝑑2𝐷(𝑟)/(𝑑𝑟)2|𝑟=𝑟min(𝑓
′)2|

𝑟′=𝑟min
′ > 0
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Figuras. Densidad de energía y masa de una partícula oscura y blanca para formar un agujero negro 

cuántico. 
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𝛼(𝑡)≃ 1/2 − 𝜃0 − 𝜃2𝑡
2 +𝑂(𝑡3)  

𝛿(𝑡) ≃ 1/6 − (2/9)ArcTan((𝜃2/𝜃1)
1/2t)/(𝜃2𝜃1)

1/2 +O(𝜃1, 𝜃2, t
2)

 

𝑝0 𝑚0 𝛼0 𝛿0 

0.01 24.9998999 . 499998 314.159 

. 03162 24.9996004 . 499992 993.37 

0.1 24.9899999 . 499800 3141.59 

. 3162 24.9869469 . 499739 9933.71 

1 24.9651 . 499302 31415.9 

3.162 24.5310 . 49012 99337.1 

10 21.366 . 42732 314159 

31.62 -26.75 -. 535 993371 

100 -153 -3.06 3141590 

316.2 -806 -16.12 9933708 

1000 -4,640 -92.8 31415900 
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3162 -27,600 -63.24 99337080 

10000 -126,000 -2520 314159000 

 

𝑑𝑠2 = −𝐿2(𝑥)𝑑𝑡2 + ℎ𝑖𝑗(𝑥)𝑑𝑥
𝑖𝑑𝑥𝑗  

𝑇𝜇𝜈 = 𝜌𝑛𝜇𝑛𝜈 + 𝑃(𝑔𝜇𝜈 + 𝑛𝜇𝑛𝜈)  

∇𝑖𝑃

𝜌 + 𝑃
= −

∇𝑖𝐿

𝐿
 

𝑇𝑑𝑠 = 𝑑𝜌 −∑  

𝑎

 𝜇𝑎𝑑𝑛𝑎  

𝜇𝑎 = −𝑇
𝜕𝑠

𝜕𝑛𝑎
 

𝑇 = (
𝜕𝑠

𝜕𝜌
)
𝑛𝑎

−1

 

𝜌 + 𝑃 − 𝑇𝑠 −∑  

𝑎

 𝜇𝑎𝑛𝑎 = 0  

𝑁𝑎 = ∫ 
𝐶

𝑑3𝑥√ℎ𝑛𝑎 

Ω = 𝑆 +∑  

𝑎

 𝑏𝑎𝑁𝑎  

𝛿Ω =∑ 

𝑎

 ∫  
𝐶

 𝑑3𝑥√ℎ (−
𝜇𝑎
𝑇
+ 𝑏𝑎)𝛿𝑛𝑎 = 0  

𝜔(𝜌, 𝑏𝑎):= 𝑠 −∑  

𝑎

 
𝜕𝑠

𝜕𝑛𝑎
𝑛𝑎 = 𝑠 +∑  

𝑎

 𝑏𝑎𝑛𝑎 =
𝜌 + 𝑃

𝑇
.  

Ω = ∫ 
𝐶

 𝑑3𝑥√ℎ𝜔(𝜌, 𝑏𝑎)  

𝑑𝜔 =
𝑑𝜌

𝑇
+∑  

𝑎

 𝑛𝑎𝑑𝑏𝑎  

𝑇−1 = (𝜕𝜔/𝜕𝜌)𝑏𝑎, 𝑛𝑎 = (𝜕𝜔/𝜕𝑏𝑎)𝜌 

𝑑𝑃 = 𝜔𝑑𝑇 + 𝑇∑  

𝑎

 𝑛𝑎𝑑𝑏𝑎  
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𝑑𝑃

𝑑𝑇
= 𝜔 =

𝑃 + 𝜌

𝑇
 

∇𝑖𝑇

𝑇
= −

∇𝑖𝐿

𝐿
 

𝐿𝑇 = 𝑇∞  

𝑛(𝑇, 𝑏)  =
𝑔

𝜋2
∫  
∞

0

 
𝑑𝑝𝑝2

𝑒−𝑏+𝜖𝑝/𝑇 ± 1

𝑃(𝑇, 𝑏)  =
𝑔𝑇

𝜋2
∫  
∞

0

 𝑑𝑝𝑝2log [1 ± 𝑒𝑏−𝜖𝑝/𝑇]

 

𝜌 = 𝑇(𝜕𝑃/𝜕𝑇)𝑏 − 𝑃 

𝑛(𝑇, 𝑏)  = −
2

𝜋2
𝑓1
±(𝑏)𝑇3

𝑃(𝑇, 𝑏)  = −
2

𝜋2
𝑓2
±(𝑏)𝑇4

 

𝑓1
+ = −Li3(−𝑒

𝑏), 𝑓1
− = Li3(𝑒

𝑏), 𝑓2
+ = −Li4(−𝑒

𝑏), 𝑓2
− = Li4(𝑒

𝑏); Li𝑘(𝑥):= ∑  𝑛=1
𝑥𝑛

𝑛𝑘
 

𝜔(𝜌, 𝑏) =
8

63/4√𝜋
𝜌3/4[𝑓2

±(𝑏)]
1/4

 

𝜖𝑝 ≃ 𝑚 +
𝑝2

2𝑚
 

𝑛(𝑇, 𝑏) =
1

2
(
2𝑚

𝜋
)
3/2

𝑒𝑏−
𝑚
𝑇 𝑇3/2

𝑃(𝑇, 𝑏) =
1

2
(
2𝑚

𝜋
)
3/2

𝑒𝑏−
𝑚
𝑇 𝑇5/2

 

𝜌 = (𝑚 +
3

2
𝑇)𝑛  

(𝜕𝑃/𝜕𝑇)𝑏𝑎 = 𝜔 ≥ 0  

(
𝜕2𝜌

𝜕𝜔2
)
𝑏𝑎

≥ 0 

(
𝜕2𝜌

𝜕𝜔2
)
𝑏𝑎

= (
𝜕𝑇

𝜕𝜌
)
𝑏𝑎

 

(𝜕𝜌/𝜕𝑇)𝑏𝑎 ≥ 0  

2𝑃 ≤ 𝜔𝑇 = 𝑇 (
𝜕𝑃

𝜕𝑇
)
𝑏𝑎

 

𝜌 = 𝑓(𝑏𝑎)𝑇, 𝜔 = 𝑓(𝑏𝑎) 
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𝜅:= (
𝜕log 𝑃

𝜕log 𝑇
)
𝑏𝑎

≥ 2  

lim
𝑇→∞

 𝑃(𝑇, 𝑏𝑎) = lim
𝑇→∞

 𝜌(𝑇, 𝑏𝑎) = ∞  

lim
𝑇→0

 𝑃(𝑇, 𝑏𝑎) = lim
𝑇→0

 𝜌(𝑇, 𝑏𝑎) = 0.  

𝑑𝜌

𝑑𝑡
=
𝜌 + 𝑓(𝜌)

𝑓′(𝜌)
 

𝑋𝑓: =
𝑥+𝑓(𝑥)

𝑓′(𝑥)

𝜕

𝜕𝑥
 𝑹∗
+ 

𝑓(𝑥) = 𝑘𝑥𝑎 as 𝑥 → ∞, 𝑘, 𝑎 > 0 

𝑑𝜌

𝑑𝑡
=
𝜌2−𝑎

𝑘𝑎
 

1

𝜌1−𝑎
=

1

𝜌0
1−𝑎 −

1 − 𝑎

𝑎𝑘
log (𝑇/𝑇0)  

𝑇 = 𝑇0exp (
𝑎𝑘

(1 − 𝑎)𝜌0
1−𝑎) 

𝑑𝜌

𝑑𝑡
= (𝑘′𝑎′𝜌𝑎

′−2)
−1

 

𝜌𝑎
′−1 = 𝜌0

𝑎′−1 +
𝑎′ − 1

𝑎′𝑘′
log (𝑇/𝑇0).  

𝑇 = 𝑇0exp (−
𝑎′𝑘′𝜌0

′ − 1

𝑎′ − 1
) 

𝑑𝑠2 = −𝐿2(𝑟)𝑑𝑡2 +
𝑑𝑟2

1 −
2𝑚(𝑟)
𝑟

+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑑𝑃

𝑑𝑟
= −

(𝜌 + 𝑃)(𝑚 + 4𝜋𝑟3𝑃)

𝑟2 (1 −
2𝑚
𝑟 )

 

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜌  

1

𝐿

𝑑𝐿

𝑑𝑟
= −

1

𝜌 + 𝑃

𝑑𝑃

𝑑𝑟
 

𝑑log 𝑇

𝑑𝑟
 = −

𝑚 + 4𝜋𝑟3𝑃(𝑇)

𝑟2 (1 −
2𝑚
𝑟 )

𝑑𝑚

𝑑𝑟
 = 4𝜋𝑟2𝜌(𝑇)
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𝑢: =
2𝑚

𝑟
𝑣: = 4𝜋𝑟2𝜌

𝑤: = 4𝜋𝑟2𝑃 ≤ 𝑣
𝜉: = −log (𝑟/𝑟𝐵)

𝑡: = log (𝑇/𝑇𝐵).

 

𝑑𝑡

𝑑𝜉
 =

1
2
𝑢 + 𝑤

1 − 𝑢
𝑑𝑢

𝑑𝜉
 = 𝑢 − 2𝑣

 

𝑢(0) = 𝑢𝐵 =
2𝑀

𝑟𝐵
, 𝑡(0) = 0 

lim
𝑇→∞

 𝑃/𝜌 = 𝜆 ≤ 1 

𝑑𝑡

𝑑𝑥
= −

1
2
+ 𝑤

𝜖
𝑑𝜖

𝑑𝑥
= 1 − 2𝑣.

 

−
𝑑𝑡

𝑑𝑥
<
1

𝜖
<
1

𝐶𝑥
 

−log 
𝑇(𝑥)

𝑇(𝑥𝑟)
< 𝐶−1log (𝑥/𝑥𝑟)  

𝑑𝜖

𝑑𝑥
= 𝑓(𝑥) 

𝜖 = 𝐹(𝑥) = ∫  
𝑥

0

𝑑𝑥′𝑓(𝑥′) 

−log 
𝑇(𝑥)

𝑇(𝑥𝑟)
< ∫  

𝑥

𝑥𝑟

𝑑𝑥′

𝐹(𝑥′)
 

( 𝑃 =
1

3
𝜌 ∼ 𝑇4 ) 𝑢max = 1 − 𝜖, 𝑢𝐵√𝑣(0) 

𝑢𝑚 < 1 

𝑚(𝑟) <
1

2
𝑟 for all 𝑟 < 𝑟𝐵 

lim
𝑟→0
 𝑚(𝑟) = 0 or lim

𝑟→0
 𝑚(𝑟) < 0 

𝑑𝑡

𝑑𝑟
= 𝑓1(𝑟,𝑚, 𝑡) 

𝑑𝑚

𝑑𝑟
= 𝑓2(𝑟,𝑚, 𝑡)  

𝜉 = −log (𝑟1/𝑟𝐵) 
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𝑑𝑢/𝑑𝜉 < 0 for 𝑢 < 0, 𝑢(𝜉) < 0 for all 𝜉 > 𝜉1 

𝑑𝑡

𝑑𝜉
(𝜉1) = 𝑤(𝜉1) > 0, 𝜉 > 𝜉1 

𝑑𝑡

𝑑𝜉
(𝜉2) = 0 

𝑑𝑡

𝑑𝜉
> 0 for all 𝜉 > 𝜉1, 𝑤 > −

1

2
𝑢 for all 𝜉 > 𝜉1. 

𝑣 > −
1

2
𝑢, 𝑢 − 2𝑣 < 2𝑢. 

𝑑𝑢

𝑑𝜉
< 2𝑢, 

𝑢 < −𝑘𝑒2𝜉, 𝑘 > 0. 

𝑟−1 as 𝑟 → 0 

lim
𝑇→∞

 
𝑃

𝜌
= 𝜆 ≤ 1.  

𝑃 = 𝜆𝜌 ∼ 𝑇
1+
1
𝜆  

𝑑log 𝑇

𝑑𝑟
=
𝑚 + 4𝜋𝑟3𝑃

2𝑚𝑟
=
1

2𝑟
+

𝜆

2𝑚𝑟

𝑑𝑚

𝑑𝑟
=
1

2𝑟
+
𝜆

2𝑟

𝑑log |𝑚|

𝑑𝑟
.  

𝑇|𝑚|−𝜆/2 ∼ √𝑟 

𝑟−2𝑑𝑚/𝑑𝑟 

𝑑|𝑚|/𝑑𝑟 = −𝐾𝑟2(𝑟1/2|𝑚|𝜆/2)
1+
1
𝜆 = −𝐾𝑟

5
2
+
1
2𝜆|𝑚|

1
2
+
𝜆
2,  

|𝑚|(1−𝜆)/2 = 𝑐1 − 𝑐2𝑟
7

2
+
1

2𝜆, 𝑐1, 𝑐2 ≥ 0. 

|𝑚| = 𝐶𝑒−
𝐾𝑟5

5  

𝑑2𝑡

𝑑𝜉2
=
(
1
2 + 𝑤)

(1 − 𝑢)2
𝑑𝑢

𝑑𝜉
−

2𝑤

1 − 𝑢
+ 𝜅

𝑤

1 − 𝑢

𝑑𝑡

𝑑𝜉
 

𝑑2𝑡

𝑑𝜉2
(𝜉2) < 0 

𝜉‾2 > 𝜉2, 
𝑑𝑡

𝑑𝜉
(𝜉‾2) < 0 for all 𝜉 ∈ (𝜉2, 𝜉‾2]. 

𝑑𝑦

𝑑𝜉
> 𝑔(𝜉)𝑦,  
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𝑦 = −
𝑑𝑡

𝑑𝜉
 

𝑦(𝜉)/𝑦(𝜉‾2) = exp [∫  
𝜉

𝜉‾2

 𝑑𝜉′𝑔(𝜉′)] > 0 

𝑑𝑡

𝑑𝜉
(𝜉) < 0 

𝜉 → ∞, 𝑡(𝜉) ∼ −
1

2
𝜉 and 𝑢(𝜉) ∼ 𝑒𝜉 

 

0 <
𝑑𝑡

𝑑𝜉
+
1

2
=

1
2
+ 𝑤

1 − 𝑢
<

1
2
+ 𝑤(𝜉2)

1 − 𝑢
<

1
2
+ 𝑤(𝜉2)

−𝑢
=
1

2
(1 + |𝑢2|

−1)𝑒−𝜉 .  

 

𝑑𝑢

𝑑𝑟
(𝑟𝐵) > 0, 𝑟0 

𝑢 = 2𝑚/𝑟 

𝑟 = 𝑟2 

Figuras. Termodinámica de una partícula oscura y blanca. 
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𝐿(𝑟) =
𝜂

√𝑟
,  

𝑑𝑠2 = −
𝜂2

𝑟
𝑑𝑡2 +

𝑟𝑑𝑟2

2𝑀0
+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑑𝑠2 = −
2𝑀0
𝑟
𝑑𝑡̃2 +

𝑟𝑑𝑟2

2𝑀0
+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑡̃ =
𝜂

√2𝑀0
𝑡 

 

𝑔𝑟𝑟 =
𝑟

2𝑀0
[1 −

𝑟

2𝑀0
+
𝑟2

4𝑀0
2 −

𝑟3

𝑀0
3 + 𝑂[(𝑟/𝑀0)

4]]  

𝑟
𝑑log 𝑇

𝑑𝑟
= −

−𝑀0 + 𝑘𝑟
𝛿 + 4𝜋𝑟3𝑃

2𝑀0 + 𝑟 − 𝑘𝑟
𝛿

.  

𝑟
𝑑log 𝑇

𝑑𝑟
=
1

2
(1 +

𝑟

2𝑀0
)
−1

 

𝑔𝑡𝑡 =
𝜂2

2𝑀0
(1 +

2𝑀0
𝑟
) + 𝑂[(𝑟/𝑀0)

4]  
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𝐾:=
48𝑀0

2

𝑟6
 

𝑟̇2 =
2𝑀0𝜖

2

𝜂2
−
2𝑀0𝜎

𝑟
−
2𝑀0ℓ

2

𝑟3
 

𝑡̇𝜂2 = 𝜖𝑟  

𝑟min = (𝜂ℓ/𝜖)
2/3 

𝑟̇ = ±√2𝑀0𝜖/𝜂 

𝑟 = ±(√2𝑀0𝜖/𝜂)𝜆 

𝑡 = 𝑡0 +
1

2
(√2𝑀0𝜖

2𝜂3)𝜆2 

 

𝑆 = √2𝑀0𝜖𝜆/𝜂 

𝛿𝜏 =
2𝜂

√2𝑀0
𝑟0 

𝑎 =
𝑑log 𝐿

𝑑𝑟
𝑑𝑟 = −

1

2𝑟
𝑑𝑟  

𝑡̇ =
√𝑟

𝜂
√1 +

𝑟𝑟̇2

2𝑀0
+ 𝑟2𝜃̇2 + 𝑟2sin2 𝜃𝜙̇2  

𝑡̇ ≃
√𝑟

𝜂
 

𝑡̇ =
𝑟|𝑟̇|

𝜂√2𝑀0
 

𝑎2: = 𝑎𝜇𝑎
𝜇 ∼ 𝑟−(4𝑠+1) 

𝑑𝑠̃2 = −𝑑𝑡̃2 + 𝑑𝑥2 + (2𝑥)3/2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑡̃ = 𝜂2/(8𝑀0
3)𝑡 and 𝑥 =

𝑟2

8𝑀0
2 

𝑑𝜎2 = 𝑑𝑥2 + (2𝑥)3/2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

Figura. Diagrama Penrose aplicado a una partícula blanca y oscura. 
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𝑛 =
8𝐷

𝑚𝑓
[𝜃3/2𝐹1

2

(𝜃, 𝑏 − 𝜃−1) + 𝜃5/2𝐹3
2

(𝜃, 𝑏 − 𝜃−1)]

𝑃 =
16𝐷

3
[𝜃5/2𝐹3

2

(𝜃, 𝑏 − 𝜃−1) +
1

2
𝜃7/2𝐹5

2

(𝜃, 𝑏 − 𝜃−1)]

𝜌 = 𝑚𝑓𝑛 + 8𝐷 [𝜃
5/2𝐹3

2

(𝜃, 𝑏 − 𝜃−1) + 𝜃7/2𝐹5
2

(𝜃, 𝑏 − 𝜃−1)]

 

𝐷 =
𝑚𝑓
4

8𝜋2ℏ3
. 𝐹𝛼 

𝐹𝛼(𝜃, 𝑠) = ∫  
∞

0

 𝑑𝑥
𝑥𝛼√2 + 𝜃𝑥

𝑒𝑥−𝑠 + 1
 

𝑛 =
𝐷

𝑚𝑓
𝜈(𝑌, 𝑏), 𝑃 = 𝐷𝜎(𝑌, 𝑏), 𝜌 = 𝐷𝜓(𝑌, 𝑏)  

𝐹𝛼(𝜃, 𝑠) ≃ ∫  
𝑏−𝜃−1

0

 𝑥𝛼√2 + 𝜃𝑥  

𝜈(𝑌, 𝑏)  = 𝜈0(𝑌):=
8

3
(𝑌2 − 1)3/2

𝜎(𝑌, 𝑏)  = 𝜎0(𝑌): =
1

3
𝑌√𝑌2 − 1(2𝑌2 − 5) + sinh−1 √𝑌2 − 1

𝜓(𝑌, 𝑏)  = 𝜓0(𝑌):= 𝑌√𝑌
2 − 1(2𝑌2 − 1) − sinh−1 √𝑌2 − 1
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𝑑𝑧

𝑑𝑥
 = 𝑥2𝜓(𝑌, 𝑏)

𝑑𝑌

𝑑𝑥
 = −

𝑌[𝑧 + 𝑥3𝜎(𝑌, 𝑏)]

𝑥2 (1 −
2𝑧
𝑥 )

 

𝑥 = 𝑥𝐵: = √4𝜋𝐷𝑟𝐵 

𝑧𝐵: = √4𝜋𝐷𝑀 

𝑇∞ =
𝑚𝑓

𝑏
√1 −

2𝑧𝐵
𝑥𝐵

 

𝑧(0) − 𝑧(𝑥𝑐) = ∫  
𝑥𝑐

0

 𝑑𝑥𝑥2𝜓(𝑌(𝑥), 𝑏)  

𝜓(1, 𝑏) = 𝑐1𝑏
−3/2 + 𝑂(𝑏−5/2) 

𝑐1 = 8∫  
∞

0

𝑑𝑥√2𝑥(𝑒𝑥 + 1)−1 ≃ 7.67 

|𝑧(0) − 𝑧(𝑥𝑐)| <
𝑐1𝑥𝑐

3

3𝑏3/2
 

𝑁0 =
1

𝜇√4𝜋𝐷
∫  
𝑥𝑐

0

 𝑑𝑥
𝑥2𝜈[𝑌(𝑥), 𝑏]

√1 −
2𝑤(𝑥)
𝑥

 

𝑁0 <
𝑐1𝑥𝑐

3

6𝜇√𝜋𝐷𝑏3/2
 

𝑀0 = −√4𝜋𝐷𝑧0, where 𝑧0 = −𝑧(0) > 0. 

𝑌 = √
1 + 2𝑧0/𝑥𝑐
1 + 2𝑧0/𝑥

 

𝜂 =
𝑇∞𝑏

𝑚𝑓(4𝜋𝐷)
1/4√

2𝑧0

1 +
2𝑧0
𝑥𝑐

 

Figuras. Masa y energía en dimensiones. 
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𝜌 = 𝜌0 (
𝑃

𝜌0
)
𝑠

+ 3𝑃  

𝑃 = 𝜌0 [
(𝑇/𝑇0)

4(1−𝑠) − 1

4
]

1
1−𝑠

𝜌 =
1

4
𝜌0[3(𝑇/𝑇0)

4(1−𝑠) + 1] [
(𝑇/𝑇0)

4(1−𝑠) − 1

4
]

𝑠
1−𝑠

 

𝑃 = 𝐶𝑒−𝑚𝑓/𝑇𝑇5/2, 𝜌 = 𝐶𝑒−𝑚𝑓/𝑇𝑇3/2 (𝑚𝑓 +
3

2
𝑇)  

𝑑𝑠2 = −𝐿2(𝑟, 𝑡)𝑑𝑡2 +
𝑑𝑟2

1 −
2𝑚(𝑟, 𝑡)

𝑟

+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑊𝑓 = (𝑆𝑓′)′ + 𝑄𝑓  

𝑊(𝜉)  =
1

4𝜋𝑟𝐵
3 𝑒

3𝜉
𝐿(𝑣 + 𝑤)

(1 − 𝑢)3/2
> 0

𝑆(𝜉)  =
1

4𝜋𝑟𝐵
5 𝑒

5𝜉
𝐿3Γ1𝑤

√1 − 𝑢
> 0

𝑄(𝜉)  =
1

4𝜋𝑟𝐵
5 𝑒

5𝜉
𝐿3(𝑣 + 𝑤)

√1 − 𝑢
[(𝑡′)2 + 4𝑡′ −

2𝑤

1 − 𝑢
]

 

𝑓(𝑟) = 𝑓𝜔(𝑟)𝑒
−𝑖𝜔𝑡 

(𝑆𝑓𝜔
′)′ +𝑄𝑓𝜔 +𝜔

2𝑊𝑓𝜔 = 0  

𝐿𝑓:=
1

𝑊
(𝑆𝑓′)′ + 𝑄𝑓 
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𝜔0
2 = min

𝑓∈𝒦
 𝑅[𝑓]  

𝑅[𝑓]: =
∫  
∞

0
 𝑑𝜉(𝑆𝑓′2 − 𝑄𝑓2)

∫  
∞

0
 𝑑𝜉𝑊𝑓2

 

∫  
𝑟𝐵

0

 𝑑𝑟(𝑆𝜁′2 − 𝑄𝜁2) > 0  

𝑄

𝑊
→ 8𝜋𝐿‾𝑃‾  

−
7

4
𝑢2 + 2𝑢 +𝑤2 +𝑤 − 𝑢𝑤 = (−

7

4
𝛿2 + 2𝛿 + 1)𝑤2 + 2(1 − 𝛿)𝑤  

Figura. Curvatura previa a la formación de un agujero negro cuántico, provocada por la gravedad, sea 

por la partícula blanca y/o por la partícula oscura, según sea el caso. 

 

𝐹(𝑧𝐵, 𝑢𝐵) = exp [
𝜔0
2(𝑧𝐵, 𝑢𝐵)

4𝜋𝐷2
] − 1  

𝑅𝑀𝑁 −
1

2
𝑔𝑀𝑁𝑅 = 𝜅

2𝑇𝑀𝑁,∑  

𝑀

 ∇𝑀𝑇𝑁
𝑀 = 0  

𝑑𝑠2 = −𝑒2𝜆
0
𝑑𝑡2 +∑ 

𝑖

 𝑒2𝜆
𝑖
(𝑑𝑥𝑖)

2
+ 𝑒2𝜆𝑑𝑟2 + 𝑒2𝜎𝑑Ω𝑛

2
 

(𝑇0
0, 𝑇𝑖

𝑖, 𝑇𝑟
𝑟, 𝑇𝑎

𝑎) = (𝑝0, 𝑝𝑖, Π, 𝑝𝑎) 
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Π𝑟 =∑ 

𝛼

  (−Π + 𝑝𝛼)𝜆𝑟
𝛼

∑ 

𝛼𝛽

 𝐺𝛼𝛽𝜆𝑟
𝛼𝜆𝑟
𝛽
= 2𝜅2Π𝑒2𝜆 + 𝑛(𝑛 − 1)𝑒2𝜆−2𝜎

𝜆𝑟𝑟
𝛼 + (Λ𝑟 − 𝜆𝑟)𝜆𝑟

𝛼 = 𝜅2∑ 

𝛽

 𝐺𝛼𝛽(Π + 𝑝𝛽)𝑒
2𝜆 + 𝛿𝛼𝑎(𝑛 − 1)𝑒2𝜆−2𝜎

 

𝛼 = (0, 𝑖, 𝑎) , 𝜆𝛼 = (𝜆0, 𝜆𝑖, 𝜆𝑎) , 𝑝𝛼 = (𝑝0, 𝑝𝑖 , 𝑝𝑎)

𝐺𝛼𝛽 = 1 − 𝛿𝛼𝛽 , 𝐺
𝛼𝛽 =

1

𝐷 − 2
− 𝛿𝛼𝛽 , Λ =∑  

𝛼

 𝜆𝛼
 

∑ 

𝛽

 𝐺𝛼𝛽𝐺𝛽𝛾 = 𝛿𝛾
𝛼 ,∑  

𝛽

 𝐺𝛼𝛽 =
1

𝐷 − 2

∑  

𝛽

 𝐺𝛼𝛽(Π + 𝑝𝛽) = −𝑝𝛼 +
𝑇

𝐷 − 2

 

𝑇𝑀𝑁 =∑ 

𝐼

 𝑇𝑀𝑁(𝐼) ;  ∑  

𝑀

 ∇𝑀𝑇𝑁(𝐼)
𝑀 = 0  

(𝑇0(𝐼)
0 , 𝑇𝑖(𝐼)

𝑖 , 𝑇𝑟(𝐼)
𝑟 , 𝑇𝑎(𝐼)

𝑎 ) = (𝑝0𝐼 , 𝑝𝑖𝐼 , Π𝐼 , 𝑝𝑎𝐼) 

Π =∑ 

𝐼

 Π𝐼 , 𝑝𝛼 =∑ 

𝐼

 𝑝𝛼𝐼 ;  (Π𝐼)𝑟 =∑ 

𝛼

  (−Π𝐼 + 𝑝𝛼𝐼)𝜆𝑟
𝛼

 

Π𝐼 = Π𝐼0𝑒
𝜙𝐼 , 𝜙𝐼 =∑  

𝛼

  (𝑐𝛼𝐼 − 1)𝜆
𝛼

 

𝑝0∗ = 𝑝𝑖∗ = Π∗ , 𝑝∗ =
𝑛 − 2

𝑛
Π∗  

𝑇∗ = Π∗ +∑ 

𝛽

𝑝𝛽∗ = (𝑛𝑐 + 𝑛)Π∗ 

∑ 

𝛽

𝐺𝛼𝛽(Π∗ + 𝑝𝛽∗) = Π∗ − 𝑝𝛼∗ = 𝛿
𝛼𝑎
2

𝑛
Π∗ 

Π̃ =∑  

𝐼

 Π𝐼 , 𝑝̃𝛼 =∑ 

𝐼

 𝑝𝛼𝐼 ;  (Π𝐼)𝑟 =∑ 

𝛼

  (−Π𝐼 + 𝑝𝛼𝐼)𝜆𝑟
𝛼

 

𝑒𝜆𝑑𝑟 = 𝑑𝑙,  

𝑑𝑠2 = −𝑒2𝜆
0
𝑑𝑡2 +∑ 

𝑖

  𝑒2𝜆
𝑖
(𝑑𝑥𝑖)

2
+ 𝑑𝑙2 + 𝑒2𝜎𝑑Ω𝑛

2
 

𝜓𝑙 = 𝑒
−𝜆𝜓𝑟, 𝜓𝑙𝑙 = 𝑒

−2𝜆(𝜓𝑟𝑟 − 𝜆𝑟𝜓𝑟)  
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∑ 

𝛼𝛽

 𝐺𝛼𝛽𝜆𝑙
𝛼𝜆𝑙
𝛽
 = 2𝜅2Π̃

𝜆𝑙𝑙
𝛼 + Λ𝑙𝜆𝑙

𝛼  = 𝜅2∑ 

𝛽

 𝐺𝛼𝛽(Π̃ + 𝑝̃𝛽)

Π̃ =∑  

𝐼

 Π𝐼 , 𝑝̃𝛼 =∑ 

𝐼

 𝑝𝛼𝐼 , 𝐼 =∗ ,1,2,⋯ ,𝒩

(Π𝐼)𝑙  = ∑  

𝛼

  (−Π𝐼 + 𝑝𝛼𝐼)𝜆𝑙
𝛼

 

𝑑𝑙2 + 𝑒2𝜎𝑑Ω𝑛
2 = 𝑒2𝜆𝑑𝑟2 + 𝑟2𝑑Ω𝑛

2 . 

𝑒−𝜆 =
𝑑𝑟

𝑑𝑙
= 𝑒𝜎𝜎𝑙 .  

𝑌𝛼 =∑ 

𝛽

 𝐺𝛼𝛽𝜆𝑙
𝛽
= Λ𝑙 − 𝜆𝑙

𝛼  ⟹ 𝜆𝑙
𝛼 =∑ 

𝛽

 𝐺𝛼𝛽𝑌𝛽  

∑ 

𝛼

𝑌𝛼 = (𝐷 − 2)Λ𝑙 ,∑  

𝛼

𝜆𝑙
𝛼𝑌𝛼 = 2𝜅

2Π̃. 

𝜆𝑙𝑙
𝛼 +∑ 

𝛽

 
(𝜆𝑙
𝛼 − 𝜆𝑙

𝛽
)𝑌𝛽

𝐷 − 2
= 𝜅2∑ 

𝛽

 𝐺𝛼𝛽(−Π̃ + 𝑝̃𝛽).  

Π̃𝑙 =∑ 

𝛼

  (−Π̃ + 𝑝̃𝛼)𝜆𝑙
𝛼 .  

𝛼 = (0, 𝑖, 𝑎) ,𝑚𝛼 = (𝑚0,𝑚𝑖, 𝑚𝑎) 

𝑓𝛼 = 𝑓(𝑚𝛼) , 𝑔𝛼 =
𝑑𝑓𝛼

𝑑𝑚𝛼
 , 𝑋𝛼 = 𝑔𝛼∑ 

𝛽

 𝐺𝛼𝛽𝑓
𝛽

 

∑ 

𝛼𝛽

 𝐺𝛼𝛽𝑓
𝛼𝑓𝛽  = 2𝑙𝑞𝑚

2 𝜅2Π̃

(𝑚𝛼)𝑙 +∑ 

𝛽

 
(𝑚𝛼 −𝑚𝛽)𝑋𝛽

(𝐷 − 2)𝑙𝑞𝑚
 = 𝑙𝑞𝑚𝜅

2∑ 

𝛽

 𝐺𝛼𝛽(−Π̃ + 𝑝̃𝛽)

𝑙𝑞𝑚𝜆𝑙
𝛼  = ∑  

𝛽

 𝐺𝛼𝛽𝑋𝛽

⟷ 𝑋𝛼 = 𝑙𝑞𝑚𝑌𝛼  = 𝑙𝑞𝑚∑ 

𝛽

 𝐺𝛼𝛽𝜆𝑙
𝛽

 

𝑙𝑞𝑚(Π𝐼)𝑙  = ∑  

𝛼𝛽

 𝐺𝛼𝛽(−Π𝐼 + 𝑝𝛼𝐼)𝑋𝛽

𝑙𝑞𝑚Π̃𝑙  = ∑  

𝛼𝛽

 𝐺𝛼𝛽(−Π̃ + 𝑝̃𝛼)𝑋𝛽
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𝑓𝛼 = 𝑐𝑚𝛼 + 𝑐0 , 𝑔𝛼 = 𝑐 , 𝑋𝛼 = 𝑐∑  

𝛽

 𝐺𝛼𝛽𝑓
𝛽 , 𝑙𝑞𝑚𝜆𝑙

𝛼 = 𝑐𝑓𝛼  

(𝑚0, 𝑓0, 𝑔0, 𝑋0)  = (𝑚, 𝑓, 𝑔, 𝑋)

(𝑚𝑎, 𝑓𝑎 , 𝑔𝑎 , 𝑋𝑎)  = (𝑚̂, 𝑓, 𝑔̂, 𝑋̂)
 

∑ 

𝛽

𝐺𝛼𝛽𝑋𝛽 = 𝑋̂ − 𝑋𝛼 +
𝑋

𝑛
 

∑ 

𝛽

𝐺𝛼𝛽(−Π̃ + 𝑝̃𝛽) = 𝑝̃ − 𝑝̃𝛼 −
Π̃ + 𝜌̃

𝑛
 

2𝑛𝑓𝑓 + 𝑛(𝑛 − 1)𝑓2  = 2𝑙𝑞𝑚
2 𝜅2Π̃

𝑛𝑙𝑞𝑚𝑚̂𝑙 + (𝑚̂ − 𝑚)𝑋 = −𝑙𝑞𝑚
2 𝜅2(Π̃ + 𝜌̃)

𝑙𝑞𝑚𝑚𝑙 + (𝑚 − 𝑚̂)𝑋̂ = 𝑙𝑞𝑚
2 𝜅2 (𝑝̃ + 𝜌̃ −

Π̃ + 𝜌̃

𝑛
)

𝑙𝑞𝑚𝜆𝑙
0 = 𝑔̂𝑓 + (𝑛 − 1)(𝑔̂ − 𝑔)𝑓, 𝑙𝑞𝑚𝜎𝑙 = 𝑔𝑓

 

(Π𝐼)𝑙 = −(Π𝐼 + 𝜌𝐼)𝜆𝑙
0 − 𝑛(Π𝐼 − 𝑝𝐼)𝜎𝑙  

2𝑓𝑓 + (𝑛 − 1)𝑓2 = 𝑙𝑞𝑚
2 (

2𝜅2

𝑛
Π + (𝑛 − 1)𝑒−2𝜎)  

2𝑙𝑞𝑚𝑚̂𝑙 + 2(𝑚̂ − 𝑚)𝑔𝑓 + 2𝑓𝑓 + (𝑛 − 1)𝑓
2

 = 𝑙𝑞𝑚
2 (−

2𝜅2

𝑛
𝜌 + (𝑛 − 1)𝑒−2𝜎) .

 

Π̃ ≤ 𝑓max
2 Π𝑞𝑚, Π𝑞𝑚 =

(𝐷 − 1)(𝐷 − 2)

2𝑙𝑞𝑚
2 𝜅2

 

𝑔𝛼 =
𝑑𝑓𝛼

𝑑𝑚𝛼
 

Π = 𝑝, Π̃ = 𝑝 + Π∗, 𝜌̃ = 𝜌 + 𝜌∗, 𝑝̃ = 𝑝 + 𝑝∗. 

𝑝 + Π∗ ≤ Π𝑞𝑚 

𝑝𝑐 < Π𝑞𝑚 

2𝜅2Π∗ ∝ 𝑒
−2𝜎 

𝑒𝜎 > 𝒪(1)𝑙𝑞𝑚 

𝜌 ≪ Π𝑞𝑚 

𝑅star ∝ 𝜌
−
1
2 
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𝑀𝑠𝑡𝑎𝑟 ∝ 𝜌
−
𝑛−1
2 , 𝐾𝑠𝑡𝑎𝑟 ≃

4𝑛

(𝑛 + 1)2
(1 −

(𝑛 − 1)2𝜌

𝑛(𝑛 + 1)Π𝑞𝑚
) .  

𝑅𝑠𝑡𝑎𝑟 ≃ (𝜅
2Π𝑞𝑚)

−
1
2 ≃ 𝑙𝑞𝑚,𝑀𝑠𝑡𝑎𝑟 ≃ 𝑙𝑞𝑚

𝑛−1, 𝐾𝑠𝑡𝑎𝑟 ≃
2𝑛 − 1

𝑛2
.  

𝛼 = (0, 𝑎) , 𝜆𝛼 = (𝜆0, 𝜎) , 𝑝𝛼 = (−𝜌, 𝑝) 

Λ = 𝜆0 + 𝑛𝜎,∑  

𝛽

𝐺𝛼𝛽(Π + 𝑝𝛽) = −𝑝𝛼 +
𝑇

𝑛
 

2𝑛𝜆𝑟
0𝜎𝑟 + 𝑛(𝑛 − 1)(𝜎𝑟)

2  = 2𝜅2Π𝑒2𝜆 + 𝑛(𝑛 − 1)𝑒2𝜆−2𝜎

𝑛𝜎𝑟𝑟 + 𝑛(Λ𝑟 − 𝜆𝑟)𝜎𝑟  = 𝜅
2(Π − 𝜌)𝑒2𝜆 + 𝑛(𝑛 − 1)𝑒2𝜆−2𝜎

𝜆𝑟𝑟
0 + (Λ𝑟 − 𝜆𝑟)𝜆𝑟

0  = 𝜅2 (𝜌 +
𝑇

𝑛
) 𝑒2𝜆

 

𝐾(𝑟) =
𝑀(𝑟)

𝑟𝑛−1
= 1 − 𝑒−2𝜆(𝑟)  

𝑑𝑠2 = −𝑒2𝜆
0
𝑑𝑡2 +

𝑑𝑟2

1 − 𝐾
+ 𝑟2𝑑Ω𝑛

2  

2𝑛𝑟𝜆𝑟
0𝑒−2𝜆 = 2𝜅2𝑟2Π+ 𝑛(𝑛 − 1)𝐾

2𝑛𝑟𝜆𝑟𝑒
−2𝜆 = 𝑛𝑟𝐾𝑟 = 2𝜅

2𝑟2𝜌 − 𝑛(𝑛 − 1)𝐾
 

𝑛𝑀𝑟 = 2𝜅
2𝑟𝑛𝜌 ⟶  𝑀 =

2𝜅2

𝑛
∫  
𝑟

0

 𝑑𝑟𝑟𝑛𝜌  

Π𝑟  = −(Π + 𝜌)𝜆𝑟
0 − 𝑛(Π − 𝑝)𝜎𝑟

𝜆𝑟
0  =

2𝜅2𝑟𝑛+1Π+ 𝑛(𝑛 − 1)𝑀

2𝑛𝑟(𝑟𝑛−1 −𝑀)

 

𝑀(𝑟) =
2𝜅2𝜌𝑟𝑛+1

𝑛(𝑛 + 1)
, 𝐾(𝑟) =

𝑀(𝑟)

𝑟𝑛−1
=
2𝜅2𝜌𝑟2

𝑛(𝑛 + 1)
.  

𝑝𝑟 = −𝜅
2𝑟
(𝑝 + 𝜌)((𝑛 + 1)𝑝 + (𝑛 − 1)𝜌)

𝑛(𝑛 + 1) − 2𝜅2𝜌𝑟2
 

(𝑛 + 1)𝑝 + (𝑛 − 1)𝜌

(𝑛 − 1)(𝑝 + 𝜌)
= √

1 − 𝐾(𝑟)

1 − 𝐾(𝑅)
 

𝑝

𝜌
=

(𝑛 − 1)(√1 − 𝐾(𝑟) − √1 − 𝐾(𝑅))

(𝑛 + 1)√1 − 𝐾(𝑅) − (𝑛 − 1)√1 − 𝐾(𝑟)
.  

𝑒2𝜆
0
=

 const 

(𝜌 + 𝑝)2
= (

(𝑛 + 1)√1 − 𝐾(𝑅) − (𝑛 − 1)√1 − 𝐾(𝑟)

2
)

2

 

𝑒2𝜆
0
= 𝑒−2𝜆 = 1 −

𝑀(𝑅)

𝑟𝑛−1
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𝐾star =
𝑀star 

𝑅star 
𝑛−1 =

2𝜅2𝜌𝑅star 
2

𝑛(𝑛 + 1)
=

4𝑝𝑐(𝑛𝑝𝑐 + (𝑛 − 1)𝜌)

((𝑛 + 1)𝑝𝑐 + (𝑛 − 1)𝜌)
2

 

𝑀𝑠𝑡𝑎𝑟 ∝ 𝜌
−
𝑛−1
2 , 𝐾𝑠𝑡𝑎𝑟 ≃

4𝑛

(𝑛 + 1)2
(1 −

(𝑛 − 1)2𝜌

𝑛(𝑛 + 1)𝑝𝑐
)  

𝑅𝑠𝑡𝑎𝑟 ≃ (𝜅
2𝑝𝑐)

−
1
2,𝑀𝑠𝑡𝑎𝑟 ≃ (𝜅

2𝑝𝑐)
−
𝑛−1
2 , 𝐾𝑠𝑡𝑎𝑟 ≃

2𝑛 − 1

𝑛2
.  

𝑑𝑠2 = −𝑑𝑡2 +∑  

𝑖

 𝑒2𝜆
𝑖
(𝑑𝑥𝑖)

2

 

∑ 

𝑖𝑗

 𝐺𝑖𝑗𝜆𝑡
𝑖𝜆𝑡
𝑗
 = 2𝜅2𝜌

𝜆𝑡𝑡
𝑖 + Λ𝑡𝜆𝑡

𝑖  = 𝜅2∑ 

𝑗

 𝐺𝑖𝑗(𝜌 − 𝑝𝑗)

𝜌𝑡 +∑ 

𝑖

  (𝜌 + 𝑝𝑖)𝜆𝑡
𝑖  = 0

 

𝐺𝑖𝑗 = 1 − 𝛿𝑖𝑗 , 𝐺
𝑖𝑗 =

1

𝐷 − 2
− 𝛿𝑖𝑗, Λ =∑  

𝑖

𝜆𝑖 

𝑌𝑖 =∑ 

𝑗

 𝐺𝑖𝑗𝜆𝑡
𝑗
⟺ 𝜆𝑡

𝑖 =∑ 

𝑗

 𝐺𝑖𝑗𝑌𝑗  

𝜆𝑡𝑡
𝑖 +∑ 

𝑗

 
(𝜆𝑡
𝑖 − 𝜆𝑡

𝑗
)𝑌𝑗

𝐷 − 2
= −𝜅2∑ 

𝑗

 𝐺𝑖𝑗(𝜌 + 𝑝𝑗)  

𝜌𝑡 = −∑ 

𝑖

(𝜌 + 𝑝𝑖)𝜆𝑡
𝑖  

𝑓𝑖 = 𝑓(𝑚𝑖) , 𝑔𝑖 =
𝑑𝑓𝑖

𝑑𝑚𝑖
 , 𝑋𝑖 = 𝑔𝑖∑ 

𝑗

 𝐺𝑖𝑗𝑓
𝑗

 

∑ 

𝑖𝑗

 𝐺𝑖𝑗𝑓
𝑖𝑓𝑗  = 2𝛾2𝜆𝑞𝑚

2 𝜅2𝜌

(𝑚𝑖)
𝑡
+∑ 

𝑗

 
(𝑚𝑖 −𝑚𝑗)𝑋𝑗

(𝐷 − 2)𝛾𝜆𝑞𝑚
 = −𝛾𝜆𝑞𝑚𝜅

2∑ 

𝑗

 𝐺𝑖𝑗(𝜌 + 𝑝𝑗)

𝛾𝜆𝑞𝑚𝜆𝑡
𝑖  = ∑  

𝑗

 𝐺𝑖𝑗𝑋𝑗

⟷ 𝑋𝑖 = 𝛾𝜆𝑞𝑚𝑌𝑖  = 𝛾𝜆𝑞𝑚∑ 

𝑗

 𝐺𝑖𝑗𝜆𝑡
𝑗

 

𝜆𝑞𝑚
𝐷−2 = 𝒪(1)𝛾𝜅2 
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(𝛾𝜆𝑞𝑚)𝜌𝑡 = −∑ 

𝑖𝑗

 𝐺𝑖𝑗(𝜌 + 𝑝𝑖)𝑋𝑗  

𝑓𝑖 = 𝑐𝑚𝑖 + 𝑐0, 𝑔𝑖 = 𝑐, (𝛾𝜆𝑞𝑚)𝜆𝑡
𝑖 = 𝑐𝑓𝑖  

Modelo matemático para describir el comportamiento fenomenológico y morfología de un 

Agujero Negro Cuántico y su conexión sustancial tanto con el Agujero Cuántico de Gusano como 

con el Agujero Blanco Cuántico (Modelo Unificado), todo esto, en escenarios de gravedad y 

supergravedad cuánticas respectivamente o teorizados como campos cuánticos relativistas. 

Incluye cálculos termodinámicos. 

(16𝜋𝐺5)𝑒
−1ℒ =𝑅 +

𝑖

2
𝜓‾𝜇
𝑎𝛾𝜇𝜈𝜌𝐷𝜈𝜓𝜌𝑎 −

1

8
𝐺𝐴𝐵,𝐶𝐷𝐹𝜇𝜈

𝐴𝐵𝐹𝜇𝜈𝐶𝐷 −
𝑖

12
𝜆‾𝑎𝑏𝑐𝛾𝜇𝐷𝜇𝜆𝑎𝑏𝑐 −

1

6
𝑃𝜇𝑎𝑏𝑐𝑑𝑃

𝜇𝑎𝑏𝑐𝑑

−
𝑖

3√2
𝑃𝜇𝑎𝑏𝑐𝑑𝜓‾𝜇

𝑎𝛾𝜌𝛾𝜇𝜆𝑏𝑐𝑑 −
𝑖

8
𝐹𝜇𝜈
𝑎𝑏 (𝜓‾𝑎

𝜌
𝛾[𝜌𝛾

𝜇𝜈𝛾𝜎]𝜓𝑏
𝜎 +

1

√2
𝜓‾𝜌
𝑐𝛾𝜇𝜈𝛾𝜌𝜆𝑎𝑏𝑐

+
1

2
𝜆‾𝑎𝑐𝑑𝛾

𝜇𝜈𝜆𝑏
𝑐𝑑) +

1

24
𝑒−1𝜖𝜇𝜈𝜌𝜎𝜆(𝐹𝜇𝜈)𝑏

𝑎
(𝐹𝜌𝜎)𝑐

𝑏
(𝐴𝜆)𝑎

𝑐

 

𝐺𝐴𝐵,𝐶𝐷 = 𝑉𝐴𝐵𝑎𝑏Ω
𝑎𝑐Ω𝑏𝑑𝑉𝐶𝐷𝑐𝑑  

𝑉𝑖𝑗
𝑎𝑏  =

1

8
(Γ𝑘𝑙)

𝑎𝑏𝑆𝑖
𝑘𝑆𝑗

𝑙 +
1

4
(Γ𝑘𝛼)

𝑎𝑏
𝜑𝑖𝑗𝑘𝛼 ,

𝑉𝑖𝛼
𝑎𝑏  =

1

4√2
(Γ𝑘𝑙)

𝑎𝑏
𝜑𝑖𝑘𝑙𝛼 +

1

2√2
(Γ𝑘𝛽)

𝑎𝑏
𝑆𝑖
𝑘Λ𝛼
𝛽
.

 

𝐺𝑖𝑗,𝑘𝑙 =
1

4
(𝛿𝑚𝑝𝛿𝑛𝑞 − 𝛿𝑚𝑞𝛿𝑛𝑝)𝑆𝑖

𝑚𝑆𝑗
𝑛𝑆𝑘

𝑝
𝑆𝑙
𝑞
+ 𝜑𝑖𝑗𝑚𝛼𝜑𝑘𝑙𝑚𝛼 =

1

2
𝑇𝑖𝑘
−1𝑇𝑗𝑙

−1 + 𝜑𝑖𝑗𝑚𝛼𝜑𝑘𝑙𝑚𝛼  

𝑊𝑎𝑏𝑐𝑑 = 𝜖
𝛼𝛽𝛿𝐼𝐽𝑉𝐼𝛼𝑎𝑏𝑉𝐽𝛽𝑐𝑑  

𝒯𝑎𝑏 =
15

4
𝑊𝑎𝑐𝑏
𝑐 ,𝒜𝑎𝑏𝑐𝑑 = −3𝑊𝑎[𝑏𝑐𝑑]∣  

(16𝜋𝐺5)𝑒
−1ℒ = ℒ𝑔+𝑣 + ℒ𝑠 + ℒ𝑓  

ℒ𝑔+𝑣 = 𝑅 −
1

8
𝐺𝑖𝑗.𝑘𝑙𝐹𝜇𝜈

𝑖𝑗
𝐹𝜇𝜈𝑘𝑙 −

1

96
𝑒−1𝜖𝜇𝜈𝜌𝜎𝜏𝜖𝑖𝑗𝑘𝑙𝑚𝑛(𝐹𝜇𝜈

𝑖𝑗
𝐹𝜌𝜎
𝑘𝑙𝐴𝜏

𝑚𝑛 + 𝑔𝐹𝜇𝜈
𝑖𝑗
𝐴𝜌
𝑘𝑙𝐴𝜎

𝑚𝑝
𝐴𝜏
𝑝𝑛

+
2

5
𝑔2𝐴𝜇

𝑖𝑗
𝐴𝜈
𝑘𝑝
𝐴𝜌
𝑝𝑙
𝐴𝜎
𝑚𝑟𝐴𝜏

𝑟𝑛) +
1

8𝑔
𝑒−1𝜖𝛼𝛽𝜖

𝜇𝜈𝜌𝜎𝜏𝐵𝜇𝜈
𝑖𝛼𝐷𝜌𝐵𝜎𝜏

𝑗𝛽
−
1

4
𝐺𝑖𝛼𝑗𝛽𝐵𝜇𝜈𝑖𝛼𝐵

𝜇𝜈𝑗𝛽
 

ℒ𝑔+𝑣 =𝑅 ⋆ 1 −
1

8
𝑇𝑖𝑘
−1𝑇𝑗𝑙

−1𝐹𝑖𝑗 ∧⋆ 𝐹𝑘𝑙 −
1

4
𝜑𝑖𝑗𝑚𝛼𝜑𝑘𝑙𝑚𝛼𝐹

𝑖𝑗 ∧⋆ 𝐹𝑘𝑙 −
1

48
𝜖𝑖1…𝑖6(𝐹

𝑖1𝑖2 ∧ 𝐹𝑖3𝑖4 ∧ 𝐴𝑖5𝑖6

−𝑔𝐹𝑖1𝑖2 ∧ 𝐴𝑖3𝑖4 ∧ 𝐴𝑖5𝑗 ∧ 𝐴𝑗𝑖6 +
2

5
𝑔2𝐴𝑖1𝑖2 ∧ 𝐴𝑖3𝑗 ∧ 𝐴𝑗𝑖4 ∧ 𝐴𝑖5𝑘 ∧ 𝐴𝑘𝑖6)

+
1

8𝑔
𝑒−1𝜖𝛼𝛽𝜖

𝜇𝜈𝜌𝜎𝜏𝐵𝜇𝜈
𝑖𝛼𝐷𝜌𝐵𝜎𝜏

𝑗𝛽
−
1

4
𝐺𝑖𝛼  𝑗𝛽𝐵𝜇𝜈

𝑖𝛼𝐵𝜇𝜈𝑖𝛼
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ℒ𝑠 = −
1

6
𝑃𝜇𝑎𝑏𝑐𝑑𝑃

𝜇𝑎𝑏𝑐𝑑 +
1

6
𝑔2 (

64

225
(𝒯𝑎𝑏)

2 − (𝒜𝑎𝑏𝑐𝑑)
2)  

ℒ𝑠 = −
1

4
𝑇𝑖𝑗
−1𝑇𝑘𝑙

−1𝐷𝑇𝑙𝑖 ∧⋆ 𝐷𝑇𝑗𝑘 −
1

2
𝐷Λ𝛼

𝛽
∧⋆ 𝐷Λ𝛼

𝛽
−
1

2
𝐷𝜑𝑖𝑗𝑘𝛼 ∧⋆ 𝐷𝜑𝑖𝑗𝑘𝛼 − 𝑉 ⋆ 1  

𝑉 =
1

2
𝑔2 (2𝑇𝑖𝑗𝑇

𝑖𝑗 − (𝑇𝑖
𝑖)
2
) −

1

4
𝑔2𝜑𝑖𝑗𝑘𝛼𝜑

𝑖𝑗𝑘𝛼  

ℒ𝑓 =
𝑖

2
𝜓‾𝜇
𝑎𝛾𝜇𝜈𝜌𝐷𝜈𝜓𝜌𝑎 −

𝑖

12
𝜆‾𝑎𝑏𝑐𝛾𝜇𝐷𝜇𝜆𝑎𝑏𝑐 −

𝑖

3√2
𝑃𝜇𝑎𝑏𝑐𝑑𝜓‾𝜇

𝑎𝛾𝜌𝛾𝜇𝜆𝑏𝑐𝑑

 −
𝑖

8
𝐹𝜇𝜈
𝑎𝑏 (𝜓‾𝑎

𝜌
𝛾[𝜌𝛾

𝜇𝜈𝛾𝜎]𝜓𝑏
𝜎 +

1

√2
𝜓‾𝜌
𝑐𝛾𝜇𝜈𝛾𝜌𝜆𝑎𝑏𝑐 +

1

2
𝜆‾𝑎𝑐𝑑𝛾

𝜇𝜈𝜆𝑏
𝑐𝑑)

 +
2𝑖

15
𝑔𝒯𝑎𝑏𝜓‾𝜇

𝑎𝛾𝜇𝜈𝜓𝜈
𝑏 −

𝑖

6√2
𝑔𝒜𝑑𝑎𝑏𝑐𝜆‾

𝑎𝑏𝑐𝛾𝜇𝜓𝜇
𝑑 − 𝑖𝑔𝜆‾𝑎𝑏𝑐 (

1

2
𝒜𝑏𝑐𝑑𝑒 −

1

45
Ω𝑏𝑑𝒯𝑐𝑒) 𝜆𝑎

𝑑𝑒

 

𝐷𝑇𝑖𝑗  = 𝑑𝑇𝑖𝑗 + 𝑔(𝐴
𝑖𝑘𝑇𝑘𝑗 + 𝐴

𝑗𝑘𝑇𝑘𝑖)

𝐷Λ𝛼
𝛽
 = 𝑑Λ𝛼

𝛽

𝐷𝜑𝑖𝑗𝑘𝛼  = 𝑑𝜑𝑖𝑗𝑘𝛼 + 𝑔𝐴𝑙[𝑖𝜑𝑗𝑘]𝑙𝛼

𝐹𝑖𝑗  = 𝑑𝐴𝑖𝑗 + 𝑔𝐴𝑖𝑘 ∧ 𝐴𝑘𝑗

𝐷𝜇𝐵𝜌𝜎
𝑖𝛼  = 𝜕𝜇𝐵𝜌𝜎

𝑖𝛼 + 𝑔𝐴𝜇
𝑖𝑗
𝐵𝜌𝜎
𝑗𝛼

 

𝐷(𝑇𝑖𝑘
−1𝑇𝑗𝑙

−1 ⋆ 𝐹𝑘𝑙) = −2𝑔𝑇𝑘[𝑖
−1 ⋆ 𝐷𝑇𝑗]𝑘 −

1

8
𝜖𝑖𝑗𝑘1…𝑘4𝐹

𝑘1𝑘2 ∧ 𝐹𝑘3𝑘4 ,  

𝐷[𝜇𝐵𝜈𝜌]
𝑖𝛼 −

1

12
𝑔𝜖𝛼𝛽𝜖𝜇𝜈𝜌𝜎𝜏𝑉𝑖𝛽

𝑎𝑏𝑉𝑎𝑏
𝑗𝛾
𝐵𝑗𝛾
𝜎𝜏 = 0  

𝐷(𝑇𝑖𝑘
−1 ⋆ 𝐷𝑇𝑘𝑗) =−2𝑔

2(2𝑇𝑖𝑘𝑇𝑗𝑘 − 𝑇𝑖𝑗𝑇𝑘𝑘) ⋆ 1 + 𝑇𝑖𝑘
−1𝑇𝑙𝑚

−1𝐹𝑙𝑘 ∧⋆ 𝐹𝑚𝑗  

 −
1

6
𝛿𝑖𝑗[−2𝑔

2(𝑇𝑘𝑙𝑇𝑘𝑙 − 𝑇𝑘𝑘
2 ) ⋆ 1 + 𝑇𝑝𝑘

−1𝑇𝑙𝑚
−1𝐹𝑙𝑘 ∧⋆ 𝐹𝑚𝑝].

 

◻ Λ𝛼
𝛽
 = 0

𝐷𝜇𝐷
𝜇𝜑𝑖𝑗𝑘𝛼 − 3𝑔

2𝜑𝑖𝑗𝑘𝛼 −
1

2
𝐹𝜇𝜈
𝑙𝑚𝐹𝜇𝜈[𝑖𝑗𝜑𝑘]𝑙𝑚𝛼  = 0

 

𝛾𝜇𝜈𝜌𝐷𝜈𝜓𝜌𝑎 −
1

3√2
𝑃𝜈𝑎𝑏𝑐𝑑𝛾

𝜈𝛾𝜇𝜆𝑏𝑐𝑑 −
1

4
𝐹𝑎𝑏
𝜌𝜎
𝛾[𝜇𝛾𝜌𝜎𝛾

𝜈]𝜓𝜈
𝑏 −

1

8√2
𝐹𝜌𝜎
𝑏𝑐𝛾𝜌𝜎𝛾𝜇𝜆𝑎𝑏𝑐

 +
4

15
𝑔𝒯𝑎𝑏𝛾

𝜇𝜈𝜓𝜈
𝑏 −

1

6√2
𝑔𝒜𝑎𝑏𝑐𝑑𝛾

𝜇𝜆𝑏𝑐𝑑 = 0

1

6
𝛾𝜇𝐷𝜇𝜆𝑎𝑏𝑐 −

1

3√2
𝑃𝜈𝑎𝑏𝑐𝑑𝛾

𝜇𝛾𝜈𝜓𝜇
𝑑 −

1

8√2
𝛾𝜌𝛾𝜇𝜈𝜓𝜌[𝑎𝐹𝑏𝑐]∣

𝜇𝜈

 +
1

8
𝛾𝜇𝜈𝜆[𝑎𝑏

𝑑 𝐹𝑐]∣𝑑
𝜇𝜈
+

1

6√2
𝑔𝒜𝑑𝑎𝑏𝑐𝛾

𝜇𝜓𝜇
𝑑 + 𝑔 (

1

2
𝒜[𝑎𝑏
𝑒𝑓
+
1

45
𝛿[𝑎
𝑒 𝒯𝑏

𝑓
)𝜆𝑐]∣𝑒𝑓 = 0

 

ℒEMAdS =
1

16𝜋𝐺5
((𝑅 + 12𝑔2) ⋆ 1 −

3

2
𝐹 ∧⋆ 𝐹 − 𝐹 ∧ 𝐹 ∧ 𝐴)  

𝑑 ⋆ 𝐹 + 𝐹 ∧ 𝐹 = 0

𝑅𝜇𝜈 + 4𝑔
2𝑔𝜇𝜈  =

3

2
𝐹𝜇𝜆𝐹𝜈

𝜆 −
1

4
𝑔𝜇𝜈𝐹𝜆𝜌𝐹

𝜆𝜌  
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𝑀 =
𝜋

4𝐺5

𝑚(3 + 𝑎2𝑔2) + 4𝑞𝑎2𝑔2

Ξ3

𝑄 =
𝜋

4𝐺5

𝑞

Ξ2

𝐽 =
𝜋

4𝐺5

2𝑚𝑎 + 𝑞𝑎(1 + 𝑎2𝑔2)

Ξ3

 

𝑑𝑠2 =−
[(1 + 𝑔2𝑟2)𝜌2𝑑𝑡 + 2𝑞𝜈]𝑑𝑡

Ξ𝜌2
+
2𝑞𝜈2

Ξ𝜌2
+

𝑓

Ξ2𝜌4
(𝑑𝑡 − 𝜈)2  

 +
𝜌2𝑑𝑟2

Δ𝑟
+
𝜌2𝑑𝜃2

Ξ
+
𝑟2 + 𝑎2

Ξ
(sin2 𝜃𝑑𝜙2 + cos2 𝜃𝑑𝜓2)

𝐴 =
3𝑞

Ξ𝜌2
(𝑑𝑡 − 𝜈)

 

Δ𝑟  =
(𝑟2 + 𝑎2)2(1 + 𝑔2𝑟2) + 𝑞2 + 2𝑎2𝑞

𝑟2
− 2𝑚, 𝜌2 = 𝑟2 + 𝑎2

𝜈 = 𝑎(sin2 𝜃𝑑𝜙 + cos2 𝜃𝑑𝜓), 𝑓 = 2𝑚𝜌2 − 𝑞2 + 2𝑎2𝑔2𝑞𝜌2
 

𝑆 =
𝜋2

2𝐺5

(𝑟+
2 + 𝑎2)2 + 𝑎2𝑞

Ξ2𝑟+

𝑇 =
𝑟+
4(1 + 2𝑔2(𝑟+

2 + 𝑎2)) − (𝑞 + 𝑎2)2

2𝜋𝑟+((𝑟+
2 + 𝑎2)2 + 𝑎2𝑞)

Ω = 𝑎
(𝑟+
2 + 𝑎2)(1 + 𝑔2𝑟+

2) + 𝑞

(𝑟+
2 + 𝑎2)2 + 𝑎2𝑞

Φ =
𝑞𝑟+

2

(𝑟+
2 + 𝑎2)2 + 𝑎2𝑞

 

(1 + 𝑔2𝑟+
2)(𝑟+

2 + 𝑎2)2 + 𝑞2 + 2𝑎2𝑞 − 2𝑚𝑟+
2 = 0  

Λ𝛼
𝛽
= 𝜑𝑖𝑗𝑘𝛼 = 𝐵𝜇𝜈

𝑖𝛼 = 𝜓𝜇
𝑎 = 𝜆𝑎𝑏𝑐 = 0  

𝑇𝑖𝑗 = 𝛿𝑖𝑗 , 𝐴𝜇𝑖𝑗 = 𝐴𝜇Ω𝑖𝑗  

Ω𝑖𝑗 =

(

 
 
 

0 1
−1 0

0 1
−1 0

0 1
−1 0)

 
 
 

 

((𝟑−2⊕𝟑2)⊗ (𝟑−2⊕𝟑2))
sym,tr

= (𝟑−2⊗𝟑−2)sym⊕(𝟑2⊗𝟑2)sym⊕ (𝟑⊗ 𝟑)tr = 𝟔−4⊕𝟔4⊕𝟖0. 

𝑇𝑖𝑗 = 𝛿𝑖𝑗 + 𝑡𝑖𝑗 , 𝐴
𝑖𝑗 = 𝐴Ω𝑖𝑗 + 𝑎𝑖𝑗  

𝐷𝑇𝑖𝑗= 𝑑𝑡𝑖𝑗 + 𝑔𝐴(Ω
𝑖𝑘𝑡𝑘𝑗 + Ω

𝑗𝑘𝑡𝑘𝑖)⏟                  
𝐷𝑡𝑖𝑗

+ 𝑔(𝑎𝑖𝑘𝑡𝑘𝑗 + 𝑎
𝑗𝑘𝑡𝑘𝑖)  

𝐹𝑖𝑗 = 𝐹Ω𝑖𝑗 + 𝑑𝑎𝑖𝑗 + 𝑔𝐴 ∧ (Ω𝑖𝑘𝑎𝑘𝑗 − 𝑎𝑖𝑘Ω𝑘𝑗)⏟                    
𝑓𝑖𝑗=𝐷𝑎𝑖𝑗

+ 𝑔𝑎𝑖𝑘 ∧ 𝑎𝑘𝑗
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𝐷 ⋆ 𝐷𝑡𝑖𝑗 − 4𝑔
2𝑡𝑖𝑗 ⋆ 1 + 2Ω

𝑖𝑙𝑡𝑙𝑚Ω
𝑚𝑗(𝐹 ∧⋆ 𝐹)= −𝐹 ∧⋆ (𝑓𝑘𝑗Ω𝑘𝑖 + 𝑓𝑘𝑖Ω𝑘𝑗),  

𝐷 ⋆ 𝑓𝑖𝑗 + 𝐹 ∧⋆ (Ω𝑖𝑘𝑓𝑘𝑙Ω𝑙𝑗) = 𝐷 ((𝑡𝑖𝑘Ω
𝑘𝑗 + 𝑡𝑗𝑘Ω

𝑘𝑖) ⋆ 𝐹) .
 

𝑡𝑖𝑗 = 𝑡𝑖𝑗
+ + 𝑡𝑖𝑗

−
 

Ω𝑖𝑚𝑡𝑚𝑛
± Ω𝑛𝑗 = ±𝑡𝑖𝑗

±
 

𝑡𝑖𝑗
− =

1

2
(

𝑡11 + 𝑡22 𝑡13 + 𝑡24
𝑡33 + 𝑡44 𝑡35 + 𝑡26

𝑡55 + 𝑡66

)⊗ 𝐼 +
1

2
(
0𝑡14 − 𝑡23 𝑡16 − 𝑡25

0 𝑡36 − 𝑡45
0 0

)⊗ (𝑖𝜎2)

𝑡𝑖𝑗
+ =

1

2
(

𝑡11 − 𝑡22 𝑡13 − 𝑡24
𝑡33 − 𝑡44 𝑡35 − 𝑡26

𝑡55 − 𝑡66

)⊗ 𝜎3 +
1

2

(

 
 

2𝑡12 𝑡14 + 𝑡23
𝑡16 + 𝑡25
2𝑡34

𝑡36 + 𝑡45
)

 
 
⊗ 𝜎1.

 

𝑎𝑖𝑗 = 𝑎𝑖𝑗
+ + 𝑎𝑖𝑗

−
 

Ω𝑖𝑚𝑎𝑚𝑛
± Ω𝑛𝑗 = ±𝑎𝑖𝑗

± .  

𝑎−
𝑖𝑗 =

1

2
(
0𝑎13 + 𝑎24 𝑎15 + 𝑎26

0 𝑎35 + 𝑎46

0

)⊗ 𝐼 +
1

2

(

 
 
 

2𝑎12 𝑎14 − 𝑎23

𝑎16 − 𝑎25

2𝑎34

𝑎36 − 𝑎45

2𝑎56 )

 
 
 
⊗ (𝑖𝜎2)

𝑎+
𝑖𝑗
=
1

2
(
0𝑎13 − 𝑎24 𝑎15 − 𝑎26

0 𝑎35 − 𝑎46

0

)⊗ 𝜎3 +
1

2
(
0𝑎14 + 𝑎23 𝑎16 + 𝑎25

0 𝑎36 + 𝑎45)⊗ 𝜎1,

 

𝐷 ⋆ 𝐷𝑡𝑖𝑗
+ − 4𝑔2𝑡𝑖𝑗

+ ⋆ 1 − 2𝑡𝑖𝑗
+(𝐹 ∧⋆ 𝐹) = 0,  

𝐷 ⋆ 𝑓+
𝑖𝑗
+ 𝐹 ∧ 𝑓+

𝑖𝑗
= 0  

𝐷𝑡𝑖𝑗
+  = 𝑑𝑡𝑖𝑗

+ + 2𝑔𝐴Ω𝑖𝑘𝑡𝑘𝑗
+

𝑓+
𝑖𝑗
 = 𝐷𝑎+

𝑖𝑗
= 𝑑𝑎+

𝑖𝑗
+ 2𝑔Ω𝑖𝑘𝐴 ∧ 𝑎+

𝑘𝑗  

𝐷 ⋆ 𝐷𝑡𝑖𝑗
− − 4𝑔2𝑡𝑖𝑗

− ⋆ 1 + 2𝑡𝑖𝑗
−(𝐹 ∧⋆ 𝐹)  = 2𝐹 ∧⋆ (𝑓−

𝑘𝑖Ω𝑘𝑗)

𝐷 ⋆ (𝑓−
𝑘𝑖Ω𝑘𝑗) − 𝐹 ∧ (𝑓−

𝑘𝑖Ω𝑘𝑗)  = −2𝐷(𝑡𝑖𝑗
− ⋆ 𝐹)

 

𝐷𝑡𝑖𝑗
− = 𝑑𝑡𝑖𝑗

−, 𝑓−
𝑖𝑗 = 𝐷𝑎−

𝑖𝑗 = 𝑑𝑎−
𝑖𝑗  

𝐷𝜇𝐷𝜇𝜑𝑖𝑗𝑘𝛼 − 3𝑔
2𝜑𝑖𝑗𝑘𝛼 −

1

4
𝐹𝜇𝜈𝐹𝜇𝜈Ω[𝑖𝑗𝜑𝑘]𝑙𝑚𝛼Ω

𝑙𝑚 = 0  

Ω[𝑖𝑗𝜑𝑘]𝑙𝑚𝛼
(𝟏)

Ω𝑙𝑚 = 0

Ω[𝑖𝑗𝜑𝑘]𝑙𝑚𝛼
(𝟑)

Ω𝑙𝑚 = 0
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+
1

3
𝐹𝜇𝜈𝐹

𝜇𝜈 (𝜑𝑖𝑗𝑚𝛼
(𝟔)

)
2
,  

𝐷𝜇𝜑𝑖𝑗𝑘𝛼
(𝟏)

= 𝜕𝜇𝜑𝑖𝑗𝑘𝛼
(𝟏)

± 3𝑔𝐴𝜇𝜑𝑖𝑗𝑘𝛼
(𝟏)

𝐷𝜇𝜑𝑖𝑗𝑘𝛼
(𝟑)

= 𝜕𝜇𝜑𝑖𝑗𝑘𝛼
(𝟑)

± 𝑔𝐴𝜇𝜑𝑖𝑗𝑘𝛼
(𝟑)

𝐷𝜇𝜑𝑖𝑗𝑘𝛼
(𝟔)

= 𝜕𝜇𝜑𝑖𝑗𝑘𝛼
(𝟔)

± 𝑔𝐴𝜇𝜑𝑖𝑗𝑘𝛼
(𝟔)

 

◻ Λ𝛼
𝛽
= 0  

𝜖𝜇𝜈𝜌𝜎𝜏𝐷𝜌𝐵𝜎𝜏
𝑖± + 𝑖𝐵𝜇𝜈

𝑖± = 0  

𝐵𝜇𝜈𝑖± =
1

2
(𝐵𝜇𝜈𝑖1 +Ω𝑖𝑗𝐵𝜇𝜈𝑗2) ±

𝑖

2
(𝐵𝜇𝜈𝑖2 − Ω𝑖𝑗𝐵𝜇𝜈𝑗1)  

𝐷𝜌𝐵𝜎𝜏
𝑖± = 𝜕𝜌𝐵𝜎𝜏

𝑖± ∓ 𝑔𝐴𝜇𝐵𝜎𝜏
𝑗±

 

𝜎1 = −sin 𝜓𝑑𝜃 + cos 𝜓sin 𝜃𝑑𝜙
𝜎2 = cos 𝜓𝑑𝜃 + sin 𝜓sin 𝜃𝑑𝜙

𝜎3 = 𝑑𝜓 + cos 𝜃𝑑𝜙
 

𝑑𝑠2 = −
𝑟2

(𝑟2 + 𝑎2)2(1 − 𝑎2)
Δ𝑟𝑒

𝑈2−𝑈1𝑑𝑡2 +
(𝑟2 + 𝑎2)𝑑𝑟2

Δ𝑟
+ 𝑒−𝑈1(𝜎1

2 + 𝜎2
2) + 𝑒−𝑈2(𝜎3 +𝜔𝑑𝑡)

2,  

 

𝑒−𝑈1  =
𝑟2 + 𝑎2

4(1 − 𝑎2)

𝑒−𝑈2  =
𝑟2 + 𝑎2

4(1 − 𝑎2)
(1 +

2(𝑚 + 𝑞)𝑎2

(1 − 𝑎2)(𝑟2 + 𝑎2)2
−

𝑎2𝑞2

(1 − 𝑎2)(𝑟2 + 𝑎2)3
)

𝜔 =
𝑎

2(1 − 𝑎2)
((𝑟2 + 𝑎2) −

2𝑚 + 𝑞

𝑟2 + 𝑎2
+

𝑞2

(𝑟2 + 𝑎2)2
)𝑒𝑈2 − 2𝑎

 

𝐴 =
𝑞

(1 − 𝑎2)(𝑟2 + 𝑎2)
(𝑑𝑡 −

1

2
𝑎𝜎3) .  

𝑞 = 𝑟+
2√2𝑟+

2 + 1 + 2𝑎2 − 𝑎2  

2𝑚 = (𝑟+
2 + 𝑎2)(3𝑟+

2 + 2 + 𝑎2)  

𝑄 =
𝜋

4𝐺5

1

(1 − 𝑎2)2
(𝑟+

2√2𝑟+
2 + 1 + 2𝑎2 − 𝑎2)

𝐽 =
𝜋

4𝐺5

𝑎

(1 − 𝑎2)3
(3𝑟+

4 + 2𝑟+
2(1 + 2𝑎2) + 𝑎2 + 𝑟+

2(1 + 𝑎2)√2𝑟+
2 + 1 + 2𝑎2)
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Φ =
−𝑎2 + 𝑟+

2√2𝑟+
2 + 2𝑎2 + 1

𝑟+
2 + 2𝑎2 + 𝑎2√2𝑟+

2 + 2𝑎2 + 1

Ω = 𝑎
𝑟+
2 + 𝑎2 + 1 + √2𝑟+

2 + 1 + 2𝑎2

𝑟+
2 + 2𝑎2 + 𝑎2√2𝑟+

2 + 1 + 2𝑎2

 

𝑆 =
𝜋2

2𝐺5

𝑟+ (𝑟+
2 + 2𝑎2 + 𝑎2√2𝑟+

2 + 2𝑎2 + 1)

(1 − 𝑎2)2
 

𝑟+
2 ≥

1

4
(√1 + 8𝑎2 − 1)  

(𝑄3 +
𝜋

4𝐺5
𝐽2) − (3𝑄 +

𝜋

4𝐺5
)(3𝑄2 −

𝜋

2𝐺5
𝐽) = 0  

𝑀− 3𝑄 − 𝐽 =
𝜋

4𝐺5

3 − 𝑎

(1 − 𝑎)2(1 + 𝑎)3
(
1

2
(𝑟+
2 + 𝑎2)(3𝑟+

2 + 2 + 𝑎2) − (1

+ 2𝑎) (𝑟+
2√2𝑟+

2 + 1 + 2𝑎2 − 𝑎2)) ≥ 0 

𝑟∗
2 = 𝑎(2 + 𝑎)  

𝑟2

(1 − 𝑎2)(𝑟2 + 𝑎2)2
Δ𝑟𝑒

𝑈2−𝑈1 = 𝑒−𝑈2𝜔2. 

𝑑𝑠2 =−𝐴2(𝑟 − 𝑟+)
2𝑑𝑡2 +

𝐵2

(𝑟 − 𝑟+)
2
𝑑𝑟2 +

1

4
𝐶2(𝜎1

2 + 𝜎2
2) 

 +
1

4
𝐷2(𝜎3 + 𝐸(𝑟 − 𝑟+)𝑑𝑡)

2

 

𝜎3as = 𝜎3hor −𝜔|𝑟=𝑟+𝑑𝑡 = 𝜎3hor + 2Ω𝑑𝑡  

𝐴=
2√(𝑟+

2 + 𝑎2)(3𝑟+
2 + 2𝑎2 + 1)

𝑟+
2 + 2𝑎2 + 𝑎2√2𝑟+

2 + 1 + 2𝑎2
 

𝐵= √
𝑟+
2 + 𝑎2

4(3𝑟+
2 + 2𝑎2 + 1)

 

𝐶 = √
𝑟+
2 + 𝑎2

1 − 𝑎2

𝐷 =
𝑟+

(1 − 𝑎2)(𝑟+
2 + 𝑎2)

(𝑟+
2 + 2𝑎2 + 𝑎2√2𝑟+

2 + 1 + 2𝑎2)

𝐸 =
4𝑎(1 − 𝑎2)

𝑟+

𝑟+
2 + (2𝑟+

2 + 𝑎2)√2𝑟+
2 + 1 + 2𝑎2

(𝑟+
2 + 2𝑎2 + 𝑎2√2𝑟+

2 + 1 + 2𝑎2)
2

 

𝒜𝑡|𝑟=𝑟+ = 0  



 

pág. 3311 

𝒜 = −𝐹(𝑟 − 𝑟+)𝑑𝑡 − 𝐺𝜎3  

ℱ = 𝑑𝒜 = −𝐹𝑑𝑟𝑑𝑡 − 𝐺𝜎1𝜎2  

𝒜 =
𝑞

(1 − 𝑎2)
(1 − 𝑎Ω) (

1

𝑟2 + 𝑎2
−

1

𝑟+
2 + 𝑎2

)𝑑𝑡 −
𝑞𝑎

2(1 − 𝑎2)(𝑟2 + 𝑎2)
𝜎3  

𝒜 = −
2𝑞𝑟+

(𝑟+
2 + 𝑎2) (𝑟+

2 + 2𝑎2 + 𝑎2√2𝑟+
2 + 1 + 2𝑎2)

(𝑟 − 𝑟+)𝑑𝑡 −
𝑞𝑎

2(1 − 𝑎2)(𝑟+
2 + 𝑎2)

𝜎3  

𝐹 =
2 (𝑟+

2√1+ 2𝑎2 + 2𝑟+
2 − 𝑎2) 𝑟+

(𝑟+
2 + 𝑎2) (𝑟+

2 + 2𝑎2 + 𝑎2√2𝑟+
2 + 1 + 2𝑎2)

𝐺 =
(𝑟+
2√1+ 2𝑎2 + 2𝑟+

2 − 𝑎2) 𝑎

2(1 − 𝑎2)(𝑟2 + 𝑎2)

 

𝒜 ∧⋆𝒜= 𝒜𝜇𝒜
𝜇 ⋆ 1 = (

4𝐺2

𝐷2
−
(𝐹 − 𝐸𝐺)2

𝐴2
) ⋆ 1

 =
(𝑎2 − 𝑟+

2√1 + 2𝑎2 + 2𝑟+
2)
2
(−𝑟+

2 + 𝑎2 (1 + 3𝑟+
2 + 3𝑎2 + 2√1 + 2𝑎2 + 2𝑟+

2)

(𝑟+
2 + 𝑎2)(1 + 2𝑎2 + 3𝑟+

2) (𝑟+
2 + 𝑎2 (2 + √1 + 2𝑎2 + 2𝑟+

2))
2 ⋆ 1

 

ℱ ∧⋆ ℱ =
1

2
ℱ𝜇𝜈ℱ

𝜇𝜈 ⋆ 1= (
16𝐺2

𝐶4
−

𝐹2

𝐴2𝐵2
) ⋆ 1  

 =
4(𝑎2 − 𝑟+

2) (𝑎2 − 𝑟+
2√1 + 2𝑎2 + 2𝑟+

2)
2

(𝑟+
2 + 𝑎2)4

⋆ 1

 

𝐸 =
16𝐴𝐵(𝐴𝐵𝐷 + 𝐶2𝐹)

𝐶4𝐷𝐹
𝐺  

𝑅𝜇𝜈 + 4𝑔𝜇𝜈 − (
3

2
ℱ𝜇𝜆ℱ𝜈  

𝜆 −
1

4
𝑔𝜇𝜈ℱ𝜆𝜌ℱ

𝜆𝜌) = 0  

𝐵 =
𝐶

2√1 + 3𝐶2

𝐸 =
1

𝐶𝐷
√
2𝐴2𝐷2

1 + 3𝐶2
+ 8𝐴2𝐶2 − 6𝐶2𝐹2

𝐺 =
1

2√2𝐴
√𝐴2(2𝐶2 + 2𝐶4 − 𝐷2) − 𝐶2(1 + 3𝐶2)𝐹2

 

𝑑𝑠2
2 = −𝐴2(𝑟 − 𝑟+)

2𝑑𝑡2 +
𝐵2

(𝑟 − 𝑟+)
2
𝑑𝑟2  

𝑧 =
1

𝑟 − 𝑟+
, 𝜏 =

𝐵

𝐴
𝑡  
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𝑑𝑠2
2 =

𝐵2

𝑧2
(−𝑑𝜏2 + 𝑑𝑧2)  

(◻ −𝑚2)Φ= (
1

√−𝑔
𝜕𝜇(√−𝑔𝜕

𝜇) −𝑚2)Φ  

 = (
1

𝐵2
𝜕𝑟((𝑟 − 𝑟+)

2𝜕𝑟) +
𝜔2

𝐴2(𝑟 − 𝑟+)
2
−𝑚2)Φ = 0

 

(−
𝜕2

𝜕𝑧2
+
𝑚2𝐵2

𝑧2
)Φ =

𝐵2

𝐴2
𝜔2Φ 

𝑚2ℓ2
2 ≥ −

1

4
 

Δ0 =
1

2
+√

1

4
+𝑚2ℓ2

2 

ℓ2 = 𝐵 = √
𝑟+
2 + 𝑎2

4(3𝑟+
2 + 2𝑎2 + 1)

,  

ℒ = 𝑑Φ𝑝 ∧⋆ 𝑑Φ −𝑚
2Φ𝑝 ∧⋆ Φ ↔  𝑑 ⋆ 𝑑Φ − (−1)𝑝𝑚2 ⋆ Φ𝑝 = 0  

𝑑 ⋆ Φ𝑝 = 0 , (𝑚
2 ≠ 0)  

𝐷𝜙 = 𝑑𝜙 + 𝑖𝑒𝒜𝜙  

ℒ = −
1

2
𝑑𝜙 ∧ 𝑑𝜙∗ −

1

2
(𝑚2 ⋆ 1 + 𝑒2𝒜 ∧⋆𝒜 − 𝑝ℱ ∧⋆ ℱ)𝜙𝜙∗  

𝑚eff
2 = 𝑚2 + 𝑒2𝒜𝜇𝒜

𝜇 −
1

2
𝑝ℱ𝜇𝜈ℱ

𝜇𝜈  

𝑚𝑡+
2 =−4+ 4𝒜𝜇𝒜

𝜇 −ℱ𝜇𝜈ℱ
𝜇𝜈  

=−4 +
4(𝑎2 (2√2𝑎2 + 2𝑟+

2 + 1 + 3𝑎2 + 3𝑟+
2 + 1) − 𝑟+

2) (𝑎2 − 𝑟+
2√2𝑎2 + 2𝑟+

2 + 1)
2

(𝑎2 + 𝑟+
2)(2𝑎2 + 3𝑟+

2 + 1) (𝑎2 (√2𝑎2 + 2𝑟+
2 + 1 + 2) + 𝑟+

2)
2  

 +
8(𝑟+

2 − 𝑎2) (𝑎2 − 𝑟+
2√2𝑎2 + 2𝑟+

2 + 1)
2

(𝑎2 + 𝑟+
2)4

 

  𝑚𝑡+
2 ℓ2

2 =
1 − √1 + 8𝑎2

2√1 + 8𝑎2
∈ (−

1

3
, 0)

 𝑚𝑡+
2 ℓ2

2 =
2 + 6𝑎 − 4𝑎2

(1 + 5𝑎)2
∈ (
1

9
, 2)

 𝑚𝑡+
2 ℓ2

2 =
2 + 8𝑟+

2 + 7𝑟+
4

(1 + 3𝑟+
2)2

∈ (
7

9
, 2)

 

𝜑(𝟏):𝑚𝜑(𝟏)
2 = −3+ 9𝒜𝜇𝒜

𝜇 
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𝜑(𝟑):𝑚𝜑(𝟑)
2 = −3 +𝒜𝜇𝒜

𝜇 

𝜑(𝟔):𝑚𝜑(𝟔)
2 = −3 +𝒜𝜇𝒜

𝜇 − 2ℱ𝜇𝜈ℱ
𝜇𝜈 

𝑚2ℓ2
2 =

3(1 − √1 + 8𝑎2)

8√1 + 8𝑎2
∈ (−

1

4
, 0)  

𝑚𝜑(𝟏)
2 ℓ2

2 = −
6𝑎(1 − 𝑎)

(1 + 5𝑎)2
∈ (−

1

4
, 0)

𝑚𝜑(𝟑)
2 ℓ2

2 = −
2𝑎(1 + 3𝑎)

(1 + 5𝑎)2
∈ (−

2

9
, 0)

𝑚𝜑(𝟔)
2 ℓ2

2 =
2(2 + 9𝑎 − 3𝑎2)

(1 + 5𝑎)2
∈ (
4

9
, 4)

 

𝑚𝜑(𝟏)
2 ℓ2

2 =
−3𝑟+

2(4 + 9𝑟+
2)

4(1 + 3𝑟+
2)2

∈ (−
3

4
, 0)

𝑚𝜑(𝟑)
2 ℓ2

2 =
−𝑟+

2(4 + 11𝑟+
2)

4(1 + 3𝑟+
2)2

∈ (−
11

36
, 0)

𝑚𝜑(𝟔)
2 ℓ2

2 =
16 + 76𝑟+

2 + 85𝑟+
2

4(1 + 3𝑟+
2)2

∈ (
85

36
, 4)

 

𝑑 ⋆ 𝑑𝑡− + 4𝑔
2𝑡− ⋆ 1 − 𝑡−(ℱ ∧⋆ ℱ)  = 2ℱ ∧⋆ 𝑓−

𝑑 ⋆ 𝑓− −ℱ ∧ 𝑓−  = 2𝑑(𝑡− ⋆ ℱ)
 

𝑎− = 𝑎𝑡
−𝑑𝑡 + 𝑎𝑟

−𝑑𝑟 +∑ 

3

𝑖=1

 𝑎𝑖
−𝜎𝑖  

[
1

𝐴2(𝑟 − 𝑟+)
2
𝜕𝑡
2 −

1

𝐵2
𝜕𝑟((𝑟 − 𝑟+)

2𝜕𝑟) + (
4

𝐷2
−
𝐸2

𝐴2
−
2𝐹

𝐴𝐵𝐷
)]𝑎1

− =
2𝐸

𝐴2(𝑟 − 𝑟+)
𝜕𝑡𝑎2

−

[
1

𝐴2(𝑟 − 𝑟+)
2
𝜕𝑡
2 −

1

𝐵2
𝜕𝑟((𝑟 − 𝑟+)

2𝜕𝑟) + (
4

𝐷2
−
𝐸2

𝐴2
−
2𝐹

𝐴𝐵𝐷
)]𝑎2

− = −
2𝐸

𝐴2(𝑟 − 𝑟+)
𝜕𝑡𝑎1

−

 

𝑎⊥
− = 𝑎1

− + 𝑖𝑎2
−  

[
1

𝐴2(𝑟 − 𝑟+)
2
𝜕𝑡
2 −

1

𝐵2
𝜕𝑟((𝑟 − 𝑟+)

2𝜕𝑟) + (
4

𝐷2
−
𝐸2

𝐴2
−
2𝐹

𝐴𝐵𝐷
)]𝑎⊥

− = −
2𝑖𝐸

𝐴2(𝑟 − 𝑟+)
𝜕𝑡𝑎⊥

−  

(◻2−𝑚eff
2 )𝜒 = 0  

◻2= −
1

𝐴2(𝑟 − 𝑟+)
2
𝜕𝑡
2 +

1

𝐵2
𝜕𝑟((𝑟 − 𝑟+)

2𝜕𝑟)  

𝑚⊥−
2 =

4

𝐷2
−
𝐸2

𝐴2
−
2𝐹

𝐴𝐵𝐷
 

0 = 𝑑 (𝜕𝑟𝑎𝑡
− − 𝜕𝑡𝑎𝑟

− − 𝐸𝑟𝜕𝑟𝑎3
− + 2𝐹𝑡− +

8𝐴𝐵𝐺

𝐷𝐶2
𝑎3
−)  
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𝜕𝑟𝑎𝑡
− − 𝜕𝑡𝑎𝑟

− − 𝐸𝑟𝜕𝑟𝑎3
− + 2𝐹𝑡− +

8𝐴𝐵𝐺

𝐷𝐶2
𝑎3
− = 0  

◻2 (
𝑎3
−

𝑡−
) −𝑀eff

2 (
𝑎3
−

𝑡−
) = 0  

𝑀eff
2 =

(

 

4𝐷2

𝐶4
−
2𝐷(𝐹 − 𝐸𝐺)

𝐴𝐵𝐶2
+
16𝐺2

𝐶4
16𝐷𝐺

𝐶4
+
8𝐹𝐺

𝐴𝐵𝐶2

16𝐷𝐺

𝐶4
+
8𝐹𝐺

𝐴𝐵𝐶2
−4𝑔2 +

16𝐺2

𝐶4
+
3𝐹2

𝐴2𝐵2)

  

𝑚⊥−
2 ℓ2

2 = −
8(1 − 𝑎2)2

(8𝑎2 + 1)(3 + √8𝑎2 + 1)
2 ∈ (−

1

2
, 0) ,

𝑚⊥−
2 ℓ2

2 = −
6𝑎(1 − 𝑎)

(1 + 5𝑎)2
∈ (−

1

4
, 0) ,

𝑚⊥−
2 ℓ2

2 =
1 − √1 + 2𝑟+

2

1 + 3𝑟+
2 ∈ (√

2

3
− 1,0) .

 

Kerr: {𝑚3<
2 ,𝑚3>

2 }ℓ2
2  = {

√1 + 8𝑎2 − 1

2√1 + 8𝑎2
,

2

√1 + 8𝑎2
} ∈ {(−

1

3
, 0) , (

2

3
, 2)} ,

BPS: {𝑚3<
2 ,𝑚3>

2 }ℓ2
2  = {

3 + 2𝑎 ± √9 + 20𝑎 + 20𝑎2

2(1 + 5𝑎)
} ∈ {(−

1

6
, 0) , (1,3)} ,

RN: {𝑚3<
2 ,𝑚3>

2 }ℓ2
2  =

{
 

 4 + 5𝑟+
2 +√1 + 2𝑟+

2 ±√5 + 22𝑟+
2 + 25𝑟+

4 + 2(1 + 5𝑟+
2)√1 + 2𝑟+

2

2(1 + 3𝑟+
2)

}
 

 

 ∈ {(−1 + √
2

3
, 0) , (

5

3
, 3)} .

 

𝐷 ⋆ 𝑓+ + ℱ ∧ 𝑓+ = 0  

𝐷𝐵 = 𝑖 ⋆ 𝐵  

𝑎+ = 𝑎𝑡
+𝑑𝑡 + 𝑎𝑟

+𝑑𝑟 +∑ 

3

𝑖=1

 𝑎𝑖
+𝜎𝑖  

𝑎⊥
+ = 𝑎1

+ + 𝑖𝑎2
+  

[
1

𝐴2(𝑟 − 𝑟+)
2 (𝜕𝑡 + 2𝑖𝐸(𝑟 − 𝑟+))𝜕𝑡 −

1

𝐵2
𝜕𝑟((𝑟 − 𝑟+)

2𝜕𝑟) + 𝑚⊥
2] 𝑎⊥

+ = 0,  

𝑚⊥+
2 =

4

𝐷2
+
2𝐹

𝐴𝐵𝐷
−
𝐸2

𝐴2
+
16𝐺2

𝐷2
−
4(𝐹 − 𝐸𝐺)2

𝐴2
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 𝑚⊥+
2 ℓ2

2 = −
8(1 − 𝑎2)2

(8𝑎2 + 1)(3 + √8𝑎2 + 1)
2 ∈ (−

1

2
, 0)

 𝑚⊥+
2 ℓ2

2 =
2− 10𝑎2

(1 + 5𝑎)2
∈ (−

2

9
, 2)

 𝑚⊥+
2 ℓ2

2 =
1 + 2𝑟+

2 − 2𝑟+
4 + (1 + 3𝑟+

2)√1 + 2𝑟+
2

(1 + 3𝑟+
2)2

∈ (−
2

9
, 2)

 

𝜕𝑟𝑎𝑡
+ − 𝜕𝑡𝑎𝑟

+ − 𝐸(𝑟 − 𝑟+)𝜕𝑟𝑎3
+ + 2(𝐹 − 𝐸𝐺)(𝑟 − 𝑟+)𝑟𝑎𝑟

+ −
8𝐴𝐵𝐺

𝐶2𝐷
𝑎3
+ = 0  

𝑚3+
2 =

4𝐷2

𝐶4
+
2𝐷(𝐹 − 𝐸𝐺)

𝐴𝐵𝐶2
−
4(𝐹 − 𝐸𝐺)2

𝐴2
+
16𝐺2

𝐶4
 

  𝑚3+
2 ℓ2

2 =
2

√1 + 8𝑎2
∈ (
2

3
, 2)

 𝑚3+
2 ℓ2

2 =
4 + 24𝑎 + 27𝑎2 − 𝑎3

(2 + 𝑎)(1 + 5𝑎)2
∈ (
1

2
, 2)

𝑚3+
2 ℓ2

2 =
1 − 2𝑟+

4 +√1 + 2𝑟+
2 + 𝑟+

2 (2 + 3√1 + 2𝑟+
2)

1 + 3𝑟+
2 ∈ (−

2

9
, 2)

 

𝑚𝐵
2 = 1 +𝒜𝜇𝒜𝜇 = 1 +

4𝐺2

𝐷2
−
(𝐹 − 𝐸𝐺)2

𝐴2
 

 

 

𝒞(𝑎) = 𝛿((𝑝2 + ℓ9)
2 −𝑚2

2)𝛿((𝑝2 + ℓ89)
2 −𝑚2

2)𝛿((𝑝2 + ℓ789)
2 −𝑚2

2)

× 𝛿((𝑝4 − ℓ5)
2 −𝑚1

2)∏  

9

𝑖=5

 𝛿(ℓ𝑖
2)𝑀0(𝑝1, −ℓ9, −ℓ8, −ℓ7, −ℓ6)𝑀0(𝑝4, −ℓ5) 

 × 𝑀0(𝑝2, ℓ9)𝑀0(𝑝2 + ℓ9, ℓ8)𝑀0(𝑝2 + ℓ89, ℓ7)𝑀0(𝑝2 + ℓ879, ℓ6, ℓ5),
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𝑀𝐿 = 𝐺
𝐿+1∑ 

𝑖

 ∫  ∏  

𝐿

𝑗=1

 
 d𝐷ℓ𝑗

(2𝜋)𝐷
𝑁𝑖(𝑝𝑒 , ℓ𝑗)

∏  𝛼𝑖   (𝑘𝛼𝑖
2 −𝑚𝛼𝑖

2 + i𝜀)
,  

𝑘1 = (

𝑝1
0
𝑚1
) , 𝑘2 = (

𝑝2
𝑚2sin 𝜙
𝑚2cos 𝜙

) , 𝑘3 = (

𝑝3
−𝑚2sin 𝜙
−𝑚2cos 𝜙

) , 𝑘4 = (

𝑝4
0
−𝑚1

) ,  

(𝑘1 + 𝑘2)
2 → 𝑠 − |𝑚1 +𝑚2𝑒

i𝜙|
2
, (𝑘1 + 𝑘4)

2 → 𝑡, (𝑘1 + 𝑘3)
2 → 𝑢 − |𝑚1 +𝑚2𝑒

i𝜙|
2

 

𝑠, 𝑢,𝑚1
2,𝑚2

2 ∼ 𝐽2|𝑡| ≫ |𝑡| = |𝑞2|  

 hard:  ℓ ≫ |𝑞|,  soft:  ℓ ∼ |𝑞|,  

 potential:  ℓ ∼ (𝑣, 𝟏)|𝑞|,  radiation:  ℓ ∼ (𝑣, 𝒗)|𝑞|.  

𝑝1 = −𝑚‾ 1𝑢1 +
𝑞

2
, 𝑝2 = −𝑚‾ 2𝑢2 −

𝑞

2
, 𝑝3 = 𝑚‾ 2𝑢2 −

𝑞

2
, 𝑝4 = 𝑚‾ 1𝑢1 +

𝑞

2
,  

 

𝑢1
2 = 𝑢2

2 = 1, 𝑢1 ⋅ 𝑞 = 𝑢2 ⋅ 𝑞 = 0,𝑚‾ 𝑖
2 = 𝑚𝑖

2 (1 −
𝑞2

4𝑚𝑖
2)  

𝑦 = 𝑢1 ⋅ 𝑢2  

𝑦 = 𝜎 + 𝒪(𝑞2),  where  𝜎 =
𝑝1 ⋅ 𝑝2
𝑚1𝑚2

 

𝛿((𝑝2 + ℓ9)
2 −𝑚2

2) = 𝛿(2𝑝2 ⋅ ℓ9) = 𝛿(−2𝑚‾ 2𝑢2 ⋅ ℓ9 + 𝑞 ⋅ ℓ9)

= ∑  

∞

𝑛=0

1

𝑛!
𝛿(𝑛)(−2𝑚‾ 2𝑢2 ⋅ ℓ9)(𝑞 ⋅ ℓ9)

𝑛 

1

(𝑝2 + ℓ9)
2 −𝑚2

2 + i𝜀
=

1

−2𝑚‾ 2𝑢2 ⋅ ℓ9 + 𝑞 ⋅ ℓ9 + i𝜀
= ∑  

∞

𝑛=0

 
(−𝑞 ⋅ ℓ9)

𝑛

(−2𝑚‾ 2𝑢2 ⋅ ℓ9 + i𝜀)
𝑛+1

,  

1

𝑥 + i𝜀
−

1

𝑥 − i𝜀
= −2𝜋i𝛿(𝑥),

1

(𝑥 + i𝜀)𝑛+1
−

1

(𝑥 − i𝜀)𝑛+1
= −2𝜋i

(−1)𝑛

𝑛!
𝛿(𝑛)(𝑥)  

𝛿(𝜔1 +⋯𝜔𝑛) ∑  

perms 𝜔𝑖

 
1

𝜔1 + i𝜀
⋯

1

𝜔1 +⋯+𝜔𝑛−1 + i𝜀
= (−2𝜋i)𝑛𝛿(𝜔1)⋯𝛿(𝜔𝑛),  

iℳ(𝒒) = ∫ 
𝐽

 (𝑒i𝐼𝑟(𝐽) − 1)  

𝐼𝑟(𝒒) = ∫ 
𝐽

  𝐼𝑟(𝐽):= 𝜇
−2𝜖4𝐸|𝒑|∫  d𝐷−2𝒃𝑒i𝒒⋅𝒃𝐼𝑟(𝐽)  

𝐸 = √𝑠 = √2𝑚1𝑚2𝜎 +𝑚1
2 +𝑚2

2, |𝒑| =
𝑚1𝑚2√𝜎

2 − 1

𝐸
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 ∫ 
𝐽

 
(i𝐼𝑟(𝐽))

𝑛

𝑛!
= i∫ 

𝓵

 
𝐼𝑟(𝓵1)… 𝐼𝑟(𝓵𝑛)

𝑍1…𝑍𝑛−1

𝑍𝑗 = −4𝐸|𝒑| ((𝓵1 + 𝓵2 +⋯+ 𝓵𝑗) ⋅ 𝒛̂ + i𝜀)

 

∫ 
𝓵

  : = 𝜇2(𝑛−1)𝜖∫  (∏ 

𝑛

𝑖=1

 
 d𝐷−1𝓵𝑖
(2𝜋)𝐷−1

)(2𝜋)𝐷−1𝛿(𝐷−1)(∑ 

𝑛

𝑗=1

 𝓵𝑗 − 𝒒)  

ℳ1 = 𝐼𝑟,1,ℳ2 = 𝐼𝑟,2 +∫ 
ℓ

 
𝐼𝑟,1𝐼𝑟,1
𝑍1

 

ℳ =∑  

𝑘=1

 ℳ𝑘 , 𝐼𝑟 =∑  

𝑘=1

  𝐼𝑟,𝑘  

ℳ𝑘 = 𝒪(𝐺
𝑘), 𝐼𝑟,𝑘 = 𝒪(𝐺

𝑘)  

ℳ5 = 𝐼𝑟,5 +ℳ5
it

ℳ5
it. = ∫ 

ℓ

 
𝐼𝑟,1
5

𝑍1𝑍2𝑍3𝑍4
+∫ 

ℓ

 
𝐼𝑟,1𝐼𝑟,1𝐼𝑟,1𝐼𝑟,2
𝑍1𝑍2𝑍3

+∫ 
ℓ

 
𝐼𝑟,1𝐼𝑟,2𝐼𝑟,2
𝑍1𝑍2

+∫ 
ℓ

 
𝐼𝑟,1𝐼𝑟,1𝐼𝑟,3
𝑍1𝑍2

 +∫ 
ℓ

 
𝐼𝑟,1𝐼𝑟,4
𝑍1

+∫ 
ℓ

 
𝐼𝑟,2𝐼𝑟,3
𝑍1

 

𝐼𝑟,1𝐼𝑟,4: = 𝐼𝑟,1(𝓵1)𝐼𝑟,4(𝓵2) + 𝐼𝑟,4(𝓵1)𝐼𝑟,1(𝓵2),  

𝜒 = −
𝜕𝐼𝑟(𝐽)

𝜕𝐽
 

𝜒 = ∑  

𝑘=1

 𝜒𝑘 , 𝜒𝑘 = 𝒪(𝐺
𝑘)  

𝐼𝑟,5  = 𝑚1
2𝑚2

2(𝑚1
4 +𝑚2

4)𝐼𝑟,5
0SF +𝑚1

3𝑚2
3(𝑚1

2 +𝑚2
2)𝐼𝑟,5

1SF +𝑚1
4𝑚2

4𝐼𝑟,5
2SF

 = 𝑀8𝜈2[𝐼𝑟,5
0SF + 𝜈(𝐼𝑟,5

1SF − 4𝐼𝑟,5
0SF) + 𝜈2(𝐼𝑟,5

2SF − 2𝐼𝑟,5
1SF + 2𝐼𝑟,5

0SF)]
 

𝑀 = 𝑚1 +𝑚2,  and  𝜈 =
𝑚1𝑚2
𝑀2

,  
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𝛿(ℓ56 ⋅ 𝑢2)
1

2ℓ6 ⋅ 𝑢2 + i𝜀
= −𝛿(ℓ56 ⋅ 𝑢2)

1

2ℓ5 ⋅ 𝑢2 − i𝜀
,  

𝛿(𝑛)(ℓ56 ⋅ 𝑢2)
1

2ℓ6 ⋅ 𝑢2 + i𝜀
≠ −𝛿(𝑛)(ℓ56 ⋅ 𝑢2)

1

2ℓ5 ⋅ 𝑢2 − i𝜀
, 𝑛 ≠ 0  

𝑢̌2 ⋅ 𝜕ℓ5 ,  with  𝑢̌2
𝜇
=
𝑦𝑢1

𝜇
− 𝑢2

𝜇

𝑦2 − 1
 

𝑢̌2 ⋅ 𝑢2 = 1, 𝑢̌2 ⋅ 𝑢1 = 0, 𝑢̌2 ⋅ 𝑞 = 0  

𝜕𝑥𝐼 = 𝐴(𝑥, 𝜖)𝐼, 𝑦 =
1 + 𝑥2

2𝑥
,  

√𝑦2 − 1 =
1 − 𝑥2

2𝑥
 

𝜕𝑥𝐽 = 𝜖𝐵(𝑥)𝐽, 𝐽 = 𝑇(𝜖, 𝑥)𝐼.  

Ψ(𝑥):=
𝐾(1 − 𝑥2)

𝜋
,  

𝐾(𝑧): = ∫  
1

0

 
 d𝑡

√1 − 𝑡2√1 − 𝑧𝑡2
.  

𝐵(𝑥) =∑  

10

𝑖=1

 𝑏𝑖𝑘𝑖(𝑥)  

𝕎 = {
1

𝑥
,
1

𝑥 + 1
,
1

𝑥 − 1
,

𝑥

𝑥2 + 1
,

1

𝑥(1 − 𝑥2)Ψ(𝑥)2
,
Ψ(𝑥)2

𝑥
, 𝑥Ψ(𝑥)2

𝑥Ψ(𝑥)2

1 − 𝑥2
,
(1 + 𝑥2)Ψ(𝑥)2

1 − 𝑥2
,
(1 + 𝑥2)(𝑥2 − 2𝑥 − 1)(𝑥2 + 2𝑥 − 1)Ψ(𝑥)4

𝑥(1 − 𝑥2)
}

 

Γ𝑖1,…𝑖𝑛(𝑥) = ∫  
𝑥

1

  d𝑥𝑛𝑘𝑖𝑛(𝑥𝑛)⋯∫  
𝑥2

1

  d𝑥1𝑘𝑖1(𝑥1)  
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(
𝐷1,1(𝜖, 𝑥) 0 0

𝐷2,1(𝜖, 𝑥) 𝐷2,2(𝜖, 𝑥) 0
⋮ ⋮ ⋱

) →
𝑇 
(
𝜖𝐷1,1

′ (𝑥) 0 0

𝐷2,1
′ (𝜖, 𝑥) 𝜖𝐷2,2

′ (𝑥) 0

⋮ ⋮ ⋱

) →
𝑇′ 
(
𝜖𝐷1,1

′′ (𝑥) 0 0

𝜖𝐷2,1
′′ (𝑥) 𝜖𝐷2,2

′′ (𝑥) 0

⋮ ⋮ ⋱

) 

 

 

𝑢1 = (𝑦, 0,0, 𝑣), 𝑢2 = (1,0,0,0), 𝑞 = (0, 𝒒𝑥, 𝒒𝑦, 0), 𝑦 =
1 + 𝑥2

2𝑥
, 𝑣 =

1 − 𝑥2

2𝑥
.  

1

ℓ2
=

1

𝜔2 − ℓ2
= −

1

ℓ2
∑  

∞

𝑘=0

 
𝜔2𝑘

(ℓ2)𝑘
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𝑟1(𝜖) =
1 − 10𝜖

2𝜖
, 𝑟2(𝜖) =

(4𝜖 − 1)(6𝜖 − 1)

8𝜖2
 

ℳ5 = (
|𝒒|2

𝜇2
)

−4𝜖

[ ∑  

2

𝑘=−2

  |𝒒|𝑘∑  

𝑁𝑘

𝑛=1

 𝑓𝑘,𝑛(𝜎, 𝜖)ℰ𝑘,𝑛(𝜖) + 𝒪(|𝒒|
3)]  
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𝑓−2,1 =
(8𝜋𝐺4𝑚1

2𝑚2
2𝑐𝜙
2)
5

(𝑚1𝑚2√𝜎
2 − 1)

4 ∝ 𝐼𝑟,0
5  
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𝑓0,1  = −(8𝜋𝐺)
5
(4𝑚1𝑚2𝑐𝜙

2)
5
(𝑚1

2 +𝑚2
2)

4𝑚1𝑚2(𝜎
2 − 1)3

∝ 𝐼𝑟,0𝐼𝑟,2
0SF

𝑓0,4  = −(8𝜋𝐺)
5
(𝑚1𝑚2)

5(4𝑐𝜙
2)
4

(𝜎2 − 1)3
[
2

3
𝑐𝜙
2𝜎 − (𝜎2 − 1)

3
2arccosh(𝜎)] ∝ 𝐼𝑟,0

2 𝐼𝑟,2
1SF

 

𝐼𝑟,2 = 𝑚1
2𝑚2

2[(𝑚1
2 +𝑚2

2)𝐼𝑟,2
0SF +𝑚1𝑚2𝐼𝑟,2

1SF]  
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𝐼𝑟,5
0SF = 𝐺5𝜋𝑐𝜙

4 |𝒒|2 (
|𝒒|2

𝜇‾2
)

−4𝜖

[−
4𝑐𝜙

6

5𝜖(𝜎2 − 1)4
+ 𝒪(𝜖0)]

𝐼𝑟,5
1SF = 𝐺5𝜋𝑐𝜙

4 |𝒒|2 (
|𝒒|2

𝜇‾2
)

−4𝜖

[
𝐼𝑟,5
1SF,div.

𝜖2
+
𝐼𝑟,5
1SF,fin.

𝜖
+ 𝒪(𝜖0)]
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𝐼𝑟,5
1SF, div.  = 16𝑐𝜙

2 { F0 [
𝜎2𝑐𝜙

2

(𝜎2 − 1)2
+
4𝜎𝑐𝜙

𝜎2 − 1
+ 4] +

𝜎𝑐𝜙
2

(𝜎2 − 1)2
+

2𝑐𝜙

𝜎2 − 1
}

𝐼𝑟,5
1SF, fin.  = 𝑟1 + 𝑟2 F0 + 𝑟3 F0

2 + 𝑟4 F1 + 𝑟5 F2

 

F0 =
2𝑥

1 − 𝑥2
ln (𝑥)

F1 =
2𝑥

1 − 𝑥2
[−Li2(1 − 𝑥) − Li2(−𝑥) − ln (𝑥)ln (𝑥 + 1) −

1

2
𝜁2]

F2 =
2𝑥

1 − 𝑥2
[−Li2(1 − 𝑥) + Li2(−𝑥) −

1

2
ln2 (𝑥) + ln (𝑥)ln (𝑥 + 1) +

1

2
𝜁2]

 

𝑟1 =
16𝑐𝜙

3

𝜎2 − 1
[−
𝜎(5𝜎2 − 4)𝑐𝜙

3

5(𝜎2 − 1)3
−

2𝑐𝜙
2

𝜎2 − 1
+ 8]

𝑟2 = 32𝑐𝜙
2 [−

𝜎2𝑐𝜙
4

(𝜎2 − 1)3
−

4𝜎𝑐𝜙
3

(𝜎2 − 1)2
−
9(2𝜎2 − 1)𝑐𝜙

2

2(𝜎2 − 1)2
−
8𝜎𝑐𝜙

𝜎2 − 1
+ 1]

𝑟3 = 16𝑐𝜙 [−
𝜎3𝑐𝜙

5

(𝜎2 − 1)3
−

6𝜎2𝑐𝜙
4

(𝜎2 − 1)2
+
6𝜎(2 − 3𝜎2)𝑐𝜙

3

(𝜎2 − 1)2
+
(8 − 32𝜎2)𝑐𝜙

2

𝜎2 − 1

−
92𝜎𝑐𝜙

3
−
40

3
(𝜎2 − 1)]

𝑟4 = 32𝑐𝜙 [−
𝜎𝑐𝜙

3

(𝜎2 − 1)2
−

2𝑐𝜙
2

𝜎2 − 1
−

4𝜎𝑐𝜙

3(𝜎2 − 1)
−
8

3
]

𝑟5 = 64𝑐𝜙 [
𝜎2𝑐𝜙

3

(𝜎2 − 1)2
+
4𝜎𝑐𝜙

2

𝜎2 − 1
+
2(7𝜎2 − 6)𝑐𝜙

3(𝜎2 − 1)
+
4𝜎

3
]

 

16𝑐𝜙
2 [ F0 (

𝜎2𝑐𝜙
2

(𝜎2 − 1)2
+
4𝜎𝑐𝜙

𝜎2 − 1
+ 4) +

𝜎𝑐𝜙
2

(𝜎2 − 1)2
+

2𝑐𝜙

𝜎2 − 1
]  

𝜒5 = (𝑚1
4 +𝑚2

4)𝜒5
0SF +𝑚1𝑚2(𝑚1

2 +𝑚2
2)𝜒5

1SF +𝑚1
2𝑚2

2𝜒5
2SF  

|𝒒|2 (
|𝒒|2

𝜇‾2
)

−4𝜖

⟼ (𝜇2𝑏̃2)
5𝜖 1

𝑏5
√2𝑚1𝑚2𝜎 +𝑚1

2 +𝑚2
2

𝜋𝑚1
2𝑚2

2(𝜎2 − 1)

2(𝑒−9𝜖𝛾E)Γ(3 − 5𝜖)

Γ(4𝜖 − 1)⏟            
=(−16𝜖+184𝜖2+𝒪(𝜖3))

,
 

𝜒5
OSF =

𝐺5

𝑏5
(𝜇2𝑏̃2)

5𝜖
𝑐𝜙
4 √2𝑚1𝑚2𝜎 +𝑚1

2 +𝑚2
2

(𝜎2 − 1)
[

64𝑐𝜙
6

5(𝜎2 − 1)4
] + 𝒪(𝜖)

𝜒5
1SF =

𝐺5

𝑏5
(𝜇2𝑏̃2)

5𝜖
𝑐𝜙
4 √2𝑚1𝑚2𝜎 +𝑚1

2 +𝑚2
2

(𝜎2 − 1)

 × [−
16

𝜖
𝐼𝑟,5
1SF, div. + (184𝐼𝑟,5

1SF, div. − 16𝐼𝑟,5
1SF, fin. )] + 𝒪(𝜖)

 

𝜒0SF = 2arctan (
𝐺𝑚1𝑚2
𝐽

2𝑐𝜙
2

√𝜎2 − 1
)  

𝜒 = 𝜋 − 2𝐽∫  
∞

𝑟min

 
d𝑟

𝑟2√𝑝𝑟
2(𝑟)
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𝑝𝑟
2(𝑟) = 𝒑2 −

𝐽2

𝑟2
+∑  

𝑘=1

  (
𝐺

𝑟
)
𝑘

(𝜇𝑟)2𝑘𝜖𝑃𝑘(𝜎)  

𝜒5 =
16𝜒1𝜒4 [1 + 𝜖 (

55
6 − 16ln 2)]

3𝜋
−
9𝜒1

5

80
+
3𝜒2𝜒1

3

𝜋
−
3

2
𝜒3𝜒1

2 −
12𝜒2

2𝜒1
𝜋2

+
4𝜒2𝜒3
𝜋

+ 𝒪(𝑣−2, 𝜖).
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𝐼𝜎(𝜑, 𝜖; 𝑛±) =
𝑖𝜋

8𝐺𝑁
(4)

1

𝜖
(𝐹(𝜑𝐼 + 𝜖𝔫𝐼) − 𝜎𝐹(𝜑𝐼 − 𝜖𝔫𝐼))  

𝔫𝑅 = 𝜉𝐼𝔫
𝐼 =

𝑛+ + 𝜎𝑛−
𝑛+𝑛−

, 𝔫𝛼
𝑚 = 𝜁𝛼,𝐼𝔫

𝐼 = 0  

𝑆𝜎(𝑞, 𝐽, 𝜑, 𝜖; 𝑛±) =
𝑖𝜋

2𝐺𝑁
(4)
(𝜑𝐼𝑞𝐼 + 𝜖𝐽) − 𝐼

𝜎(𝜑, 𝜖; 𝑛±) + 𝜆 (𝜉𝐼𝜑
𝐼 −

𝑛+ − 𝜎𝑛−
𝑛+𝑛−

𝜖 − 2) + 𝜇𝛼𝜁𝛼,𝐼𝜑
𝐼

 

𝑆on-shell 
𝜎 (𝑞, 𝐽; 𝑛±) = 𝑆

𝜎(𝑞𝐼 , 𝐽, 𝜑‾
𝐼 , 𝜖‾; 𝑛±),  𝜕𝜑𝐼,𝜖𝑆

𝜎|
𝜑‾ 𝐼,𝜖‾

= 𝜕𝜆,𝜇𝛼𝑆
𝜎|
𝜑‾ 𝐼,𝜖‾

= 0  

𝐹 = −2𝑖√𝑋0𝑋1𝑋2𝑋3  

𝑒−1ℒ =
1

2
𝑅 −∑  

3

𝑖=1

 𝜕𝜇𝑢𝑖𝜕
𝜇𝑢𝑖 − 𝜕𝜇𝜙𝜕

𝜇𝜙 −
1

4
𝑒4𝜙𝐷𝜇𝜎𝐷

𝜇𝜎 − 𝑔2𝒱

−[𝑒2𝑢1+2𝑢2+2𝑢3𝐹𝜇𝜈
0 𝐹0𝜇𝜈 + 𝑒2𝑢1−2𝑢2−2𝑢3𝐹𝜇𝜈

1 𝐹1𝜇𝜈  

+𝑒−2𝑢1+2𝑢2−2𝑢3𝐹𝜇𝜈
2 𝐹2𝜇𝜈 + 𝑒−2𝑢1−2𝑢2+2𝑢3𝐹𝜇𝜈

3 𝐹3𝜇𝜈]

 

𝐷𝜎 = 𝑑𝜎 + 𝑔(𝑒0𝐴
0 − 2𝐴1 − 2𝐴2 − 2𝐴3)  

𝒱 =∑  

3

𝑖=1

 (
𝜕𝑊

𝜕𝑢𝑖
)
2

+ (
𝜕𝑊

𝜕𝜙
)
2

− 3𝑊2  

𝑊 =
1

4
𝑒−𝑢1−𝑢2−𝑢3 (8 − 𝑒0𝑒

2𝜙 + 2𝑒2𝜙(𝑒2𝑢1+2𝑢2 + 𝑒2𝑢2+2𝑢3 + 𝑒2𝑢3+2𝑢1))  

𝐴R = 4√2𝐴0

𝐴𝑚 = √2(𝑒0𝐴
0 − 2𝐴1 − 2𝐴2 − 2𝐴3)

𝐴ℬ1 = 4√2(𝐴1 − 2𝐴2 + 𝐴3)

𝐴ℬ2 = 4√2(𝐴1 − 𝐴3)
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[2∇𝜇 − 𝑖𝐵𝜇 − 𝑔𝑊𝛾𝜇 + 4𝑖𝐻𝜇𝜈𝛾
𝜈]𝜖= 0  

[𝜕𝜇𝑢𝑖𝛾
𝜇 + 𝑔𝜕𝑢𝑖𝑊+ 𝑖𝜕𝑢𝑖𝐻𝜇𝜈𝛾

𝜇𝜈]𝜖= 0  

[𝜕𝜇𝜙𝛾
𝜇 + 𝑔𝜕𝜙𝑊 +

𝑖

2
𝜕𝜙𝐵𝜇𝛾

𝜇] 𝜖 = 0

 

𝐻𝜇𝜈= −
1

2√2
(𝑒𝑢1+𝑢2+𝑢3𝐹𝜇𝜈

−0 + 𝑒𝑢1−𝑢2−𝑢3𝐹𝜇𝜈
−1 + 𝑒−𝑢1+𝑢2−𝑢3𝐹𝜇𝜈

−2 + 𝑒−𝑢1−𝑢2+𝑢3𝐹𝜇𝜈
−3) 

𝐵𝜇 = −4√2𝑔𝐴𝜇
0 +

1

2
𝑒2𝜙𝐷𝜇𝜎

 

𝑒2𝑢𝑖 = √
𝑒0
6
, 𝑒−2𝜙 =

𝑒0
6
, 𝐿𝐴𝑑𝑆4 =

1

2
(
𝑒0
6
)
3/4

 

𝐿𝐴𝑑𝑆4
2 = −

3

𝑔2𝒱∗
 

𝑢3 = 𝑢2, 𝐴
3 = 𝐴2  

ℱ𝑆3 =
𝜋𝐿𝐴𝑑𝑆4

2

2𝐺𝑁
(4)  

 

ℱ𝑆3 = 𝑁
3/2√

2𝜋6

27vol(𝑌)
,  

ℱ
𝑆3
ABJM

 =
√2𝜋

3
𝑁3/2,         vol(𝑆7) =

𝜋4

3

ℱ
𝑆3
𝑄1,1,1/ℤ𝑛  =

4𝜋

3√3
𝑛1/2𝑁3/2,         vol(𝑄1,1,1/ℤ𝑛) =

𝜋4

8𝑛

ℱ
𝑆3
𝑀1,1,1/ℤ𝑛=

16𝜋

9√3
𝑛1/2𝑁3/2,         vol(𝑀1,1,1/ℤ𝑛) =

9𝜋4

128𝑛

 

𝑑𝑠2= 𝑒2𝑉𝑑𝑠𝐴𝑑𝑆2
2 + 𝑓2𝑑𝑦2 + ℎ2𝑑𝑧2 

𝐴𝐼 = 𝑎𝐼𝑑𝑧
 

𝐵𝜇𝑑𝑥
𝜇 ≡ 𝐵𝑧𝑑𝑧  

𝑒𝑎 = 𝑒𝑉𝑒‾𝑎, 𝑒2 = 𝑓𝑑𝑦, 𝑒3 = ℎ𝑑𝑧  

𝐹23
𝐼 = 𝑓−1ℎ−1(𝑎𝐼)′  

−
1

√2
𝑒2𝑉(𝑒2𝑢1−2𝑢2−2𝑢3𝐹23

1 − 𝑒−2𝑢1+2𝑢2−2𝑢3𝐹23
2 )= ℰ𝐹1  

−
1

√2
𝑒2𝑉(𝑒−2𝑢1+2𝑢2−2𝑢3𝐹23

2 − 𝑒−2𝑢1−2𝑢2+2𝑢3𝐹23
3 )= ℰ𝐹2  

−
1

√2
𝑒2𝑉(𝑒−2𝑢1−2𝑢2+2𝑢3𝐹23

3 − 𝑒2𝑢1−2𝑢2−2𝑢3𝐹23
1 ) = ℰ𝐹3
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−
1

√2
𝑒2𝑉 (𝑒2𝑢1+2𝑢2+2𝑢3𝐹23

0 +
𝑒0
2
𝑒2𝑢1−2𝑢2−2𝑢3𝐹23

1 )= ℰ𝑅1 ,  

−
1

√2
𝑒2𝑉 (𝑒2𝑢1+2𝑢2+2𝑢3𝐹23

0 +
𝑒0
2
𝑒−2𝑢1+2𝑢2−2𝑢3𝐹23

2 )= ℰ𝑅2 ,  

−
1

√2
𝑒2𝑉 (𝑒2𝑢1+2𝑢2+2𝑢3𝐹23

0 +
𝑒0
2
𝑒−2𝑢1−2𝑢2+2𝑢3𝐹23

3 ) = ℰ𝑅3 ,

 

(𝑒2𝑉−2𝑢1−2𝑢2+2𝑢3𝐹23
3 )′ = √2𝑔𝑒2𝑉𝑓ℎ−1𝑒4𝜙𝐷𝑧𝜎,  

𝛾𝑚 = Γ𝑚⊗𝜎3, 𝛾2 = 𝐼2⊗𝜎1, 𝛾3 = 𝐼2⊗𝜎2,  

𝜖 = 𝜓⊗ 𝜒  

𝐷𝑚𝜓 =
1

2
𝜅Γ𝑚𝜓  

𝑓−1𝜉′= 2𝑔𝑊cos 𝜉 + 𝜅𝑒−𝑉  

𝑓−1𝑉′= 𝑔𝑊sin 𝜉  

𝑓−1𝑢𝑖
′= −𝑔𝜕𝑢𝑖𝑊sin 𝜉  

𝑓−1𝜙′= −
𝑔𝜕𝜙𝑊

sin 𝜉
 

𝑓−1
ℎ′

ℎ
 =

1

sin 𝜉
(𝜅𝑒−𝑉cos 𝜉 + 𝑔𝑊(1 + cos2 𝜉))

 

(𝑠 − 𝐵𝑧)sin 𝜉= −2𝑔𝑊ℎcos 𝜉 − 𝜅ℎ𝑒
−𝑉 

𝑔𝜕𝜙𝑊cos 𝜉 =
1

2
𝜕𝜙𝐵𝑧sin 𝜉ℎ

−1
 

𝜕𝑢𝑖𝐻23= −
1

4
𝑔𝜕𝑢𝑖𝑊cos 𝜉  

𝐻23 = −
1

4
𝑔𝑊cos 𝜉 −

1

4
𝜅𝑒−𝑉

 

ℎ𝑒−𝑉 = 𝑘sin 𝜉  

𝜉′ = −𝑘−1(𝑠 − 𝐵𝑧)(𝑒
−𝑉𝑓),  

(𝑠 − 𝐵𝑧)= −𝑘[2𝑔𝑊𝑒
𝑉cos 𝜉 + 𝜅] 

𝑔𝜕𝜙𝑊cos 𝜉 =
1

2
𝑘−1𝑒−𝑉𝜕𝜙𝐵𝑧

 

ℰ𝑅1= 𝑒
𝑉[4𝑔𝑒𝑉cos 𝜉 + 𝜅𝑒𝑢1cosh (𝑢2 + 𝑢3)] −

2 − 𝑒0
4

𝜅𝑒𝑉𝑒2𝑢1𝑒−𝑢1−𝑢2−𝑢3 ,  

ℰ𝑅2= 𝑒
𝑉[4𝑔𝑒𝑉cos 𝜉 + 𝜅𝑒𝑢2cosh (𝑢3 + 𝑢1)] −

2 − 𝑒0
4

𝜅𝑒𝑉𝑒2𝑢2𝑒−𝑢1−𝑢2−𝑢3 ,  

ℰ𝑅3 = 𝑒
𝑉[4𝑔𝑒𝑉cos 𝜉 + 𝜅𝑒𝑢3cosh (𝑢1 + 𝑢2)] −

2 − 𝑒0
4

𝜅𝑒𝑉𝑒2𝑢3𝑒−𝑢1−𝑢2−𝑢3 ,

 

ℰ𝐹1 = 𝜅𝑒
𝑉𝑒𝑢3sinh (𝑢1 − 𝑢2)

ℰ𝐹2 = 𝜅𝑒
𝑉𝑒𝑢1sinh (𝑢2 − 𝑢3)

ℰ𝐹3 = 𝜅𝑒
𝑉𝑒𝑢2sinh (𝑢3 − 𝑢1)
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𝑓 = −𝑒𝑉 ,  

𝑑𝑠2 = 𝑒2𝑉[𝑑𝑠𝐴𝑑𝑆2
2 + 𝑑𝑠Σ

2],  

𝑑𝑠Σ
2 = 𝑑𝑦2 + 𝑘2sin2 𝜉𝑑𝑧2.  

Δ𝑧 = 2𝜋  

ℎ ≤ 0,⇔  𝑘sin 𝜉 ≤ 0  

(𝑘sin 𝜉)′|𝑁,𝑆 = −
(−1)𝑙𝑁,𝑆

𝑛𝑁,𝑆
, 𝑙𝑁 = 0, 𝑙𝑆 = 1  

cos 𝜉|𝑁,𝑆 = (−1)
𝑡𝑁,𝑆; (𝑡𝑁, 𝑡𝑆) = (1,1)  or  (0,0)

 (𝑡𝑁, 𝑡𝑆) = (1,0)  or  (0,1)
 

(𝑠 − 𝐵𝑧)|𝑁,𝑆 =
1

𝑛𝑁,𝑆
(−1)𝑙𝑁,𝑆+𝑡𝑁,𝑆+1  

−𝑔𝐹𝑅 = 𝑑𝐵 + 𝑑 (
1

2
𝑒2𝜙𝐷𝜎) 

1

2𝜋
∫ 
Σ

 𝑔𝐹R ≡
1

2𝜋
∫ 
Σ

  (−𝑑𝐵) =
𝑛𝑁(−1)

𝑡𝑆 + 𝑛𝑆(−1)
𝑡𝑁

𝑛𝑁𝑛𝑆
 

𝜕𝜙𝐵𝑧|𝑁,𝑆
= 𝜕𝜙𝑊|𝑁,𝑆

= 0  

𝜙|𝑁 , 𝜙|𝑆 ≠ 0,  ⇒  𝐷𝑧𝜎|𝑁 = 𝐷𝑧𝜎|𝑆 = 0  

1

2𝜋
∫ 
Σ

 √2𝑔(𝑒0𝐹
0 − 2𝐹1 − 2𝐹2 − 2𝐹3) = (𝐷𝑧𝜎)|𝑦𝑁

𝑦𝑆 = 0  

(𝑒−2𝑢1 + 𝑒−2𝑢2 + 𝑒−2𝑢3 −
𝑒0
2
𝑒−2𝑢1−2𝑢2−2𝑢3)|

𝑁,𝑆
= 0,  ⇒  𝑊|𝑁,𝑆 = 2𝑒

−𝑢1−𝑢2−𝑢3|𝑁,𝑆  

𝑀(1) ≡ −2𝑔𝑒
𝑉𝑒−𝑢1−𝑢2−𝑢3 ,𝑀(2) ≡ −

𝜅

4
𝑀(1) +𝑀(1)

2 cos 𝜉  

ℰ𝑅𝑖 = −
𝑒0
2

𝜅

4𝑔
𝑀(1)𝑒

2𝑢𝑖 +
1

𝑔
𝑀(2)𝑒

2𝑢1+2𝑢2+2𝑢3  

𝑀(1) =
1

2
(−1)𝑡𝑁,𝑆𝜅 −

1

2𝑘𝑛𝑁,𝑆
(−1)𝑙𝑁,𝑆 ,

𝑀(2) =
1

8
(−1)𝑡𝑁,𝑆 +

1

4𝑘2𝑛𝑁,𝑆
2 (−1)𝑡𝑁,𝑆 −

3𝜅

8𝑘𝑛𝑁,𝑆
(−1)𝑙𝑁,𝑆 .

 

ℰ𝑅1(𝑢1𝑁, 𝑢2𝑁) = ℰ𝑅1(𝑢1𝑆, 𝑢2𝑆),

ℰ𝑅2(𝑢1𝑁, 𝑢2𝑁) = ℰ𝑅2(𝑢1𝑆, 𝑢2𝑆),

ℰ𝑅3(𝑢1𝑁, 𝑢2𝑁) = ℰ𝑅3(𝑢1𝑆, 𝑢2𝑆).

 

𝐹𝑦𝑧
𝐼 = (𝑎𝐼)′ = (ℐ(𝐼))

′
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ℐ(0)≡
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒−𝑢1−𝑢2−𝑢3 

ℐ(1)≡
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒−𝑢1+𝑢2+𝑢3 

ℐ(2)≡
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒𝑢1−𝑢2+𝑢3  

ℐ(3) ≡
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒𝑢1+𝑢2−𝑢3

 

𝑝𝐼
𝑛𝑁𝑛𝑆

≡
1

2𝜋
∫ 
Σ

 𝑔𝐹𝐼 = 𝑔ℐ𝐼|𝑁
𝑆  

ℐR|𝑁,𝑆≡ 4√2ℐ
(0)|

𝑁,𝑆

ℐ𝑚|𝑁,𝑆≡ √2(𝑒0ℐ
(0) − 2ℐ(1) − 2ℐ(2) − 2ℐ(3))|

𝑁,𝑆

ℐℬ1|𝑁,𝑆
≡ 4√2(ℐ(1) − 2ℐ(2) + ℐ(3))|

𝑁,𝑆

ℐℬ2|𝑁,𝑆
≡ 4√2(ℐ(1) − 2ℐ(3))|

𝑁,𝑆

 

𝑔ℐR|𝑁,𝑆= 4√2𝑔ℐ
(0)|

𝑁,𝑆
 

= 4𝑔𝑘𝑒𝑉cos 𝜉𝑒−𝑢1−𝑢2−𝑢3|𝑁,𝑆 

 = −2𝑘𝑀(1)(−1)
𝑡𝑁,𝑆+1|

𝑁,𝑆

 

𝑔ℐ𝑚|𝑁,𝑆= √2𝑔(𝑒0ℐ
(0) − 2ℐ(1) − 2ℐ(2) − 2ℐ(3))|

𝑁,𝑆
 

= 𝑔𝑘𝑒𝑉cos 𝜉(𝑒0𝑒
−𝑢1−𝑢2−𝑢3 − 2𝑒−𝑢1+𝑢2+𝑢3 − 2𝑒𝑢1−𝑢2+𝑢3 − 2𝑒𝑢1+𝑢2−𝑢3)|𝑁,𝑆  

 = 𝑔𝑘𝑒𝑉cos 𝜉𝑒𝑢1+𝑢2+𝑢3(𝑒0𝑒
−2𝑢1−2𝑢2−2𝑢3 − 2𝑒−2𝑢1 − 2𝑒−2𝑢2 − 2𝑒−2𝑢3)|𝑁,𝑆 = 0

 

𝑔ℐR|𝑁
𝑆=

𝑛𝑁(−1)
𝑡𝑆 + 𝑛𝑆(−1)

𝑡𝑁

𝑛𝑁𝑛𝑆
 

𝑔ℐ𝑚|𝑁
𝑆  = 0

 

𝑝ℬ1
𝑛𝑁𝑛𝑆

≡ 𝑔ℐℬ1|𝑁
𝑆
= 4√2𝑔(ℐ(1) − 2ℐ(2) + ℐ(3))|

𝑁

𝑆

= 4𝑔𝑘𝑒𝑉cos 𝜉(𝑒−𝑢1+𝑢2+𝑢3 − 2𝑒𝑢1−𝑢2+𝑢3 + 𝑒𝑢1+𝑢2−𝑢3)|𝑁
𝑆  

 = 2𝑘𝑀(1)(−1)
𝑡𝑁,𝑆(𝑒2𝑢2+2𝑢3 − 2𝑒2𝑢1+2𝑢3 + 𝑒2𝑢1+2𝑢2)|

𝑁

𝑆
,

 

𝑝ℬ2
𝑛𝑁𝑛𝑆

≡ 𝑔ℐℬ2|𝑁
𝑆
= 4√2𝑔(ℐ(1) − ℐ(3))|

𝑁

𝑆

= 4𝑔𝑘𝑒𝑉cos 𝜉(𝑒−𝑢1+𝑢2+𝑢3 − 𝑒𝑢1+𝑢2−𝑢3)|𝑁
𝑆  

 = 2𝑘𝑀(1)(−1)
𝑡𝑁,𝑆(𝑒2𝑢2+2𝑢3 − 𝑒2𝑢1+2𝑢2)|

𝑁

𝑆
,
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𝑒2𝑢1𝑁 ≈ 0.174581, 𝑒2𝑢1𝑆 ≈ 0.0768503,

𝑒2𝑢2𝑁 ≈ 0.418164, 𝑒2𝑢2𝑆 ≈ 0.411234,

𝑒2𝑢3𝑁 ≈ 1.5639, 𝑒2𝑢3𝑆 ≈ 1.98408,
𝑘 ≈ −0.683914.

 

1

2𝐺𝑁
(4)
= (

6

𝑒0
)
3/2 16

3√3
𝑁3/2  

(𝐺𝑁
(2)
)
−1
= (𝐺𝑁

(4)
)
−1
Δ𝑧∫  

𝑦𝑆

𝑦𝑁

  |𝑓ℎ|𝑑𝑦  

𝑓ℎ = 𝑘𝑒𝑉𝑓sin 𝜉 = +
𝑘

𝜅
(𝑒2𝑉cos 𝜉)′  

𝑆BH =
1

4𝐺𝑁
(2)
= (

6

𝑒0
)
3/2 16𝜋

3√3
𝑁3/2𝑔2 (−

𝑘

𝜅
) [𝑒2𝑉cos 𝜉]𝑁

𝑆

 = −(
6

𝑒0
)
3/2 16𝑁3/2𝑘

3√3𝜅
(
1

4
𝑀(1)
2 |

𝑆
𝑒2𝑢1𝑆+2𝑢2𝑆+2𝑢3𝑆(−1)𝑡𝑆 −

1

4
𝑀(1)
2 |

𝑁
𝑒2𝑢1𝑁+2𝑢2𝑁+2𝑢3𝑁(−1)𝑡𝑁)

 

𝑒2𝑢𝑖 = √
𝑒0
6
, 𝑒−2𝜙 =

𝑒0
6
, 𝐿𝐴𝑑𝑆4 =

1

2
(
𝑒0
6
)
3/4

 

𝑑𝑠2=
1

2𝑔2
[
𝑦2

4
𝑑𝑠𝐴𝑑𝑆2

2 +
𝑦2

𝑞(𝑦)
𝑑𝑦2 +

𝑞(𝑦)

4𝑦2
𝑐0
2𝑑𝑧2] 

𝐴0 = 𝐴1 = 𝐴2 = 𝐴3 = − [
𝑐0𝜅

2𝑔
(1 −

𝑎

𝑦
) +

𝑠

𝑔
]𝑑𝑧

 

sin 𝜉 = −
√𝑞(𝑦)

𝑦2
, cos 𝜉 = 𝜅

2𝑦 − 𝑎

𝑦2
.  

𝑞(𝑦) = 𝑦4 − 4𝑦2 + 4𝑎𝑦 − 𝑎2,  

𝑎=
𝑛𝑆
2 − 𝑛𝑁

2

𝑛𝑆
2 + 𝑛𝑁

2  

𝑐0 =
√𝑛𝑆

2 + 𝑛𝑁
2

√2𝑛𝑆𝑛𝑁

 

𝑦𝑁 = −1+ √1 + 𝑎, 𝑦𝑆 = 1 − √1 − 𝑎.  

𝑆BH =
√2√𝑛𝑆

2 + 𝑛𝑁
2 − (𝑛𝑆 + 𝑛𝑁)

𝑛𝑆𝑛𝑁

𝜋𝐿𝐴𝑑𝑆4
2

4𝐺𝑁
(4)

 =
√2√𝑛𝑆

2 + 𝑛𝑁
2 − (𝑛𝑆 + 𝑛𝑁)

𝑛𝑆𝑛𝑁

1

2
ℱ
𝑆3
𝑄1,1,1 ,
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𝑛𝑁 = 4, 𝑛𝑆 = 1, 𝑝ℬ1 = 1

𝑔 = 1, 𝜅 = +1, 𝑒0 = 2
 

𝑒2𝑢1𝑁 ≈ 0.49043, 𝑒2𝑢1𝑆 ≈ 0.436592

𝑒2𝑢2𝑁 ≈ 0.774299, 𝑒2𝑢2𝑆 ≈ 0.926937,
𝑘 ≈ −0.725009.

 

ℬ(𝑋𝐼 , 𝜖) =
𝑖𝜋

8𝐺𝑁
(4)

𝐹(𝑋𝐼)

𝜖
,  

ℱ𝜕𝑀4(𝜑, 𝜖) = ∑  

𝜒𝐸(𝑀4)

𝑠=1

 𝜎(𝑠)ℬ(𝑋(𝑠)
𝐼 , 𝜖(𝑠)),  

 

ℱ𝑆3(𝜑) = ℬ(𝑋
𝐼 = 2𝜑𝐼 , 𝜖 = 1) =

𝑖𝜋

2𝐺𝑁
(4)
𝐹(𝜑𝐼)  

𝑆𝜎(𝜑, 𝜖; 𝔫+, 𝔫−) = −
𝑖𝜋

8𝐺𝑁
(4)
𝜖
(𝐹(𝜑𝐼 + 𝜖𝔫𝐼) − 𝜎𝐹(𝜑𝐼 − 𝜖𝔫𝐼))  

 

𝔫𝑅 =
1

2𝜋
∫ 
Σ

 𝑑𝐴𝑅 =
𝑛+ + 𝜎𝑛−
𝑛+𝑛−

 

 

𝜑𝑅 −
𝑛+ − 𝜎𝑛−
𝑛+𝑛−

𝜖 = 2.  

𝐹 = −2𝑖√𝑋0𝑋1𝑋2𝑋3,  

𝐴𝑅 = 𝐴0 + 𝐴1 + 𝐴2 + 𝐴3.  

ℱ
𝑆3
ABJM

(𝜑) =
𝜋

𝐺𝑁
(4)
√𝜑0𝜑1𝜑2𝜑3  

ℱ
𝑆3
ABJM

: = ℱ
𝑆3
ABJM

(𝜑‾) =
𝜋

4𝐺𝑁
(4)
=
𝜋𝐿𝐴𝑑𝑆4

2

2𝐺𝑁
(4)

,  

𝔫 =
𝑛+ + 𝜎𝑛−
4𝑛+𝑛−

,  

𝜑 −
𝑛+ − 𝜎𝑛−
4𝑛+𝑛−

𝜖 =
1

2
 

𝑆−(𝜖; 𝑛+, 𝑛−) = −
𝜋

4𝐺𝑁
(4)
𝜖
((𝜑 + 𝜖𝔫)2 + (𝜑 − 𝜖𝔫)2) = −

𝜋

2𝐺𝑁
(4)
𝜖
(𝜑2 + 𝜖2𝔫2)  
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𝜖‾ = ±
√2𝑛+𝑛−

√𝑛+
2 + 𝑛−

2
,  

𝑆−(𝜖‾; 𝑛+, 𝑛−) =
√2√𝑛+

2 + 𝑛−
2 − (𝑛+ + 𝑛−)

2𝑛+𝑛−
ℱ
𝑆3
ABJM  

𝐹 = −2𝑖√𝑋0𝑋1𝑋2𝑋3  

𝐴𝑅 = 𝐴0 + 𝐴1 + 𝐴2 + 𝐴3, 𝐴𝑚 = 𝐴0 − 𝐴1 − 𝐴2 − 𝐴3  

𝐹 = −2𝑖√𝑋0𝑋1𝑋2𝑋3  ⇒  𝐹eff = −2𝑖√(𝑋1 + 𝑋2 + 𝑋3)𝑋1𝑋2𝑋3  

ℱ
𝑆3
mABJM

(𝜑) =
𝜋

𝐺𝑁
(4)
√(𝜑1 + 𝜑2 + 𝜑3)𝜑1𝜑2𝜑3  

ℱ
𝑆3
mABJM

:= ℱ
𝑆3
mABJM

(𝜑‾) =
𝜋

3√3𝐺𝑁
(4)
=
𝜋𝐿𝐴𝑑𝑆4

2

2𝐺𝑁
(4)  

ℱ
𝑆3
mABJM

=
4

3√3
ℱ
𝑆3
ABJM

 

𝔫0 =∑ 

3

𝑖=1

 𝔫𝑖 =
𝑛+ + 𝜎𝑛−
2𝑛+𝑛−

,  

∑ 

3

𝑖=1

 𝜑𝑖 −
𝑛+ − 𝜎𝑛−
2𝑛+𝑛−

𝜖 = 1  

𝑆−(𝜑, 𝜖; 𝔫, 𝑛+, 𝑛−) = −
𝑖𝜋

8𝐺𝑁
(4)
𝜖
(𝐹eff(𝜑𝑖 + 𝜖𝔫𝐼) + 𝐹eff(𝜑𝑖 − 𝜖𝔫𝐼))  

𝑛𝑁 = 𝑛+, 𝑛𝑆 = 𝑛−,
𝑝𝐹1
𝑛+𝑛−

= −
1

2
(𝔫1 − 𝔫2),

𝑝𝐹2
𝑛+𝑛−

= −
1

√3
(𝔫1 + 𝔫2 − 2𝔫3)  

𝜑‾1 + 𝔫1𝜖‾

1 + 𝜖‾/𝑛+
= 𝑒−𝜆2−𝜆3|

𝑁
,

𝜑‾1 − 𝔫1𝜖‾

1 + 𝜖‾/𝑛−
= 𝑒−𝜆2−𝜆3|

𝑆
,

 

𝐹 = −2𝑖√𝑋0𝑋1𝑋2𝑋3  

𝐴𝑅 = 4√2𝐴0, 𝐴𝑚 = √2(𝑒0𝐴
0 − 2𝐴1 − 2𝐴2 − 2𝐴3),  

𝜉0 = 4√2, 𝜉1 = 𝜉2 = 𝜉3 = 0 

𝜁0 = √2𝑒0, 𝜁1 = 𝜁2 = 𝜁3 = −2√2 

𝐿𝐴𝑑𝑆4
2 = √𝑒0

3/4√63 
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𝐹 = −2𝑖√𝑋0𝑋1𝑋2𝑋3  ⇒  𝐹eff = −2𝑖√
2

𝑒0
(𝑋1 + 𝑋2 + 𝑋3)𝑋1𝑋2𝑋3  

ℱ
𝑆3
𝑄1,1,1(𝜑) =

𝜋

𝐺𝑁
(4)
√
2

𝑒0
(𝜑1 + 𝜑2 + 𝜑3)𝜑1𝜑2𝜑3  

𝜑0 = 2/𝑒0∑ 

3

𝑖=1

𝜑𝑖 = 1/(2√2) 

𝜑‾ 𝑖 = 𝑒0/(12√2) 

ℱ
𝑆3
𝑄1,1,1: = ℱ

𝑆3
𝑄1,1,1(𝜑‾) =

𝜋√𝑒0
3

8√63𝐺𝑁
(4)
=
𝜋𝐿𝐴𝑑𝑆4

2

2𝐺𝑁
(4)

 

𝔫0 =
1

4√2

𝑛+ + 𝜎𝑛−
𝑛+𝑛−

,∑  

3

𝑖=1

 𝔫𝑖 =
𝑒0
2

1

4√2

𝑛+ + 𝜎𝑛−
𝑛+𝑛−

.  

𝜑0 =
1

2√2
+

1

4√2

𝑛+ − 𝜎𝑛−
𝑛+𝑛−

𝜖,∑  

3

𝑖=1

 𝜑𝑖 =
𝑒0
2
(
1

2√2
+

1

4√2

𝑛+ − 𝜎𝑛−
𝑛+𝑛−

𝜖)  

𝑆−(𝜑, 𝜖; 𝔫, 𝑛+, 𝑛−) = −
𝑖𝜋

8𝐺𝑁
(4)
𝜖
(𝐹eff(𝜑𝑖 + 𝜖𝔫𝐼) + 𝐹eff(𝜑𝑖 − 𝜖𝔫𝐼))  

𝑛𝑁 = 𝑛−, 𝑛𝑆 = 𝑛+,
𝑝ℬ1
𝑛+𝑛−

= 4√2(𝔫1 − 2𝔫2 + 𝔫3),
𝑝ℬ2
𝑛+𝑛−

= 4√2(𝔫1 − 𝔫3),  

4√2

𝑒0

𝜑‾1 + 𝔫1𝜖‾

1 + 𝜖‾/𝑛−
= 𝑒𝑢2+𝑢3|𝑁

4√2

𝑒0

𝜑‾1 − 𝔫1𝜖‾

1 + 𝜖‾/𝑛+
= 𝑒𝑢2+𝑢3|𝑆

 

𝑋3 = 𝑋2, 𝔫3 = 𝔫2, 𝜑3 = 𝜑2  

ℳ𝑣 ×ℳℎ = (
𝑆𝑈(1,1)

𝑈(1)
)
3

×
𝑆𝑈(2,1)

𝑆(𝑈(2) × 𝑈(1))
 

ℎ =

(

 
 
 
 

1 0 0 0

0
1

4
𝑒4𝜙 −

1

8
𝑒4𝜙𝜉̃0

1

8
𝑒4𝜙𝜉0

0 −
1

8
𝑒4𝜙𝜉̃0

1

4
𝑒2𝜙 (1 +

1

4
𝑒2𝜙(𝜉̃0)

2
) −

1

16
𝑒4𝜙𝜉0𝜉̃0

0
1

8
𝑒4𝜙𝜉0 −

1

16
𝑒4𝜙𝜉0𝜉̃0

1

4
𝑒2𝜙 (1 +

1

4
𝑒2𝜙(𝜉0)2))

 
 
 
 

.  

𝑘ℝ = 𝜕𝜎 , 𝑘
𝑈(1) = −𝜉0𝜕𝜉0 + 𝜉

0𝜕𝜉̃0  
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𝑃ℝ = (0,0,−
1

2
𝑒2𝜙) , 𝑃𝑈(1) = (𝜉̃0𝑒

𝜙, −𝜉0𝑒𝜙, 1 −
1

4
((𝜉0)2 + (𝜉̃0)

2
) 𝑒2𝜙)  

𝑃ℝ = (0,0,−
1

2
𝑒2𝜙) , 𝑃𝑈(1)(𝜉0 = 𝜉̃0 = 0) = (0,0,1)  

𝜔𝑥 = 𝑒𝜙d𝜉0 = 0,𝜔𝑦 = 𝑒𝜙d𝜉̃0 = 0,𝜔
𝑧 = −

1

2
𝑒2𝜙( d𝜎 + 𝜉0 d𝜉̃0) = −

1

2
𝑒2𝜙 d𝜎  

Ω𝑥: = d𝜔𝑥 −
1

2
𝜖𝑥𝑦𝑧𝜔𝑦 ∧ 𝜔𝑧 

Ω𝜎𝜙
𝑧 = −Ω𝜙𝜎

𝑧 =
1

2
𝑒2𝜙  

𝑋0 = 1, 𝑋1 = 𝑧2𝑧3, 𝑋2 = 𝑧3𝑧1, 𝑋3 = 𝑧1𝑧2  

𝑒−𝐾 = 8Re[𝑧1]Re[𝑧2]Re[𝑧3] = 8𝑧1𝑧2𝑧3  

𝐾𝑖 = 𝜕𝑧𝑖𝐾 = −(2𝑧
𝑖)
−1
, 𝑔𝑖𝚥‾ = 𝐾𝑖𝑗 = 𝛿𝑖𝑗(2𝑧

𝑖)
−2

 

𝒩 = −𝑖diag (𝑧1𝑧2𝑧3,
𝑧1

𝑧2𝑧3
,
𝑧2

𝑧3𝑧1
,
𝑧3

𝑧1𝑧2
)  

𝑘𝐼 = (√2(4𝑘
𝑈(1) + 𝑒0𝑘

ℝ),−2√2𝑘ℝ, −2√2𝑘ℝ, −2√2𝑘ℝ)  

𝑃𝐼
𝑧 = (√2(4 −

1

2
𝑒2𝜙𝑒0) , 𝑒

2𝜙, 𝑒2𝜙, 𝑒2𝜙)  

𝑒−1ℒ =
1

2
𝑅 +∑  

𝑖

 
(𝜕𝑧𝑖)

2

4(𝑧𝑖)2
+ (𝜕𝜙)2 +

1

4
𝑒4𝜙(𝐷𝜎)2 + Im𝒩𝐼𝐽𝐹𝜇𝜈

𝐼 𝐹𝐼𝜇𝜈 − 𝑔2𝒱  

𝐷𝜇𝜎 = 𝜕𝜇𝜎 + 𝑔𝐴𝜇
𝑚  

𝐴𝑚 = √2(𝑒0𝐴
0 − 2𝐴1 − 2𝐴2 − 2𝐴3),  

𝐴𝑅 = 4√2𝐴0  

𝛿𝜓𝜇𝐴 =∇𝜇𝜀𝐴 +
𝑖

2
(4√2𝑔𝐴𝜇

0 −
1

2
𝑒2𝜙∇𝜇𝜎)𝜎𝐴

3 𝐵𝜀𝐵 −
𝑔

2
𝑒𝐾/2𝑃𝐼

3𝑋𝐼𝛾𝜇𝜎
3 𝐴𝐵𝜀

𝐵

 +2𝑖𝑒𝐾/2𝑋𝐼Im𝒩𝐼𝐽𝐹𝜇𝜈
−𝐽
𝛾𝜈𝜖𝐴𝐵𝜀

𝐵

𝛿𝜆𝑖𝐴 =𝑖𝜕𝜇𝑧
𝑖𝛾𝜇𝜀𝐴 + 𝑖𝑔𝑒𝐾/2𝑔𝑖𝑗(𝜕𝑗 + 𝐾𝑗)𝑋

𝐼𝑃𝐼
3𝜎3𝐴𝐵𝜀𝐵

 −𝑒𝐾/2𝑔𝑖𝑗(𝜕𝑗 + 𝐾𝑗)𝑋
𝐼Im𝒩𝐼𝐽𝐹𝜇𝜈

−𝐽𝛾𝜇𝜈𝜖𝐴𝐵𝜀𝐵

𝛿𝜁𝛼 =𝑈𝑢𝛼𝐴(𝑖∇𝜇𝑞
𝑢𝛾𝜇𝜀𝐴 + 2𝑔𝑒𝐾/2𝑘𝐼

𝑢𝑋𝐼𝜖𝐴𝐵𝜀𝐵)

 

𝑊≡ 𝑒𝐾/2𝑃𝐼
3𝑋𝐼 =

1

4√𝑧1𝑧2𝑧3
(8 − 𝑒0𝑒

2𝜙 + 2𝑒2𝜙(𝑧1𝑧2 + 𝑧3𝑧1 + 𝑧2𝑧3))  

𝐻𝜇𝜈 ≡ 𝑒
𝐾/2𝑋𝐼Im𝒩𝐼𝐽𝐹𝜇𝜈

−𝐽 = −
1

2√2𝑧1𝑧2𝑧3
(𝑧1𝑧2𝑧3𝐹𝜇𝜈

−0 + 𝑧1𝐹𝜇𝜈
−1 + 𝑧2𝐹𝜇𝜈

−2 + 𝑧3𝐹𝜇𝜈
−3)
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𝑧𝑖 = 𝑖𝑏𝑖 + 𝑣𝑖  

𝑣𝑖 = 𝑒2𝑢𝑖 .  

𝑒−1ℒ =
1

2
𝑅 −∑  

3

𝑖=1

 𝜕𝜇𝑢𝑖𝜕
𝜇𝑢𝑖 − 𝜕𝜇𝜙𝜕

𝜇𝜙 −
1

4
𝑒4𝜙𝐷𝜇𝜎𝐷

𝜇𝜎 − 𝑔2𝒱

−[𝑒2𝑢1+2𝑢2+2𝑢3𝐹𝜇𝜈
0 𝐹0𝜇𝜈 + 𝑒2𝑢1−2𝑢2−2𝑢3𝐹𝜇𝜈

1 𝐹1𝜇𝜈  

+𝑒−2𝑢1+2𝑢2−2𝑢3𝐹𝜇𝜈
2 𝐹2𝜇𝜈 + 𝑒−2𝑢1−2𝑢2+2𝑢3𝐹𝜇𝜈

3 𝐹3𝜇𝜈]

 

 

𝒱 =−8𝑒2𝜙(𝑒−2𝑢1 + 𝑒−2𝑢2 + 𝑒−2𝑢3) + 𝑒4𝜙(𝑒−2𝑢1+2𝑢2+2𝑢3 + 𝑒2𝑢1−2𝑢2+2𝑢3 + 𝑒2𝑢1+2𝑢2−2𝑢3) 

 +
1

4
𝑒0
2𝑒4𝜙𝑒−2𝑢1−2𝑢2−2𝑢3 ,

 

 

𝒱 =∑  

3

𝑖=1

 (
𝜕𝑊

𝜕𝑢𝑖
)
2

+ (
𝜕𝑊

𝜕𝜙
)
2

− 3𝑊2  

 

𝑊 =
1

4
𝑒−𝑢1−𝑢2−𝑢3 (8 − 𝑒0𝑒

2𝜙 + 2𝑒2𝜙(𝑒2𝑢1+2𝑢2 + 𝑒2𝑢2+2𝑢3 + 𝑒2𝑢3+2𝑢1))  

𝐴R = 4√2𝐴0

𝐴𝑚 = √2(𝑒0𝐴
0 − 2𝐴1 − 2𝐴2 − 2𝐴3)

𝐴ℬ1 = 4√2(𝐴1 − 2𝐴2 + 𝐴3)

𝐴ℬ2 = 4√2(𝐴1 − 𝐴3)

 

𝛿𝜓𝜇𝐴∼ 2∇𝜇𝜀𝐴 − 𝑖𝐵𝜇𝜎
3 𝐴 

𝐵𝜀𝐵 − 𝑔𝑊𝛾𝜇𝜎
3 𝐴𝐵𝜀

𝐵 + 4𝑖𝐻𝜇𝜈𝛾
𝜈𝜖𝐴𝐵𝜀

𝐵  

𝛿𝜆𝑖𝐴∼ 𝜕𝜇𝑢𝑖𝛾
𝜇𝜀𝐴 + 𝑔𝜕𝑢𝑖𝑊𝜎

3𝐴𝐵𝜀𝐵 − 𝑖𝜕𝑢𝑖𝐻𝜇𝜈𝛾
𝜇𝜈𝜖𝐴𝐵𝜀𝐵  

𝑈𝜙
𝛼𝐴𝛿𝜁𝛼 ∼ 𝑈𝜎

𝛼𝐴𝛿𝜁𝛼 ∼ 𝜕𝜇𝜙𝛾
𝜇𝜀𝐴 +

𝑖

2
𝜕𝜙𝐵𝜇𝛾

𝜇𝜎3 𝐵 
𝐴𝜀𝐵 + 𝑔𝜕𝜙𝑊𝜎

3𝐴𝐵𝜀𝐵

 

𝐻𝜇𝜈= −
1

2√2
(𝑒𝑢1+𝑢2+𝑢3𝐹𝜇𝜈

−0 + 𝑒𝑢1−𝑢2−𝑢3𝐹𝜇𝜈
−1 + 𝑒−𝑢1+𝑢2−𝑢3𝐹𝜇𝜈

−2 + 𝑒−𝑢1−𝑢2+𝑢3𝐹𝜇𝜈
−3) 

𝐵𝜇 = −4√2𝑔𝐴𝜇
0 +

1

2
𝑒2𝜙𝐷𝜇𝜎

 

𝐹−𝐼 =
1

2
(𝐹𝐼 − 𝑖 ∗ 𝐹𝐼)  
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𝐹−0 =
1

√2
𝑒−𝑢1−𝑢2−𝑢3(𝐹‾−12 + 𝐹‾−34 + 𝐹‾−56 + 𝐹‾−78)

𝐹−1 =
1

√2
𝑒−𝑢1+𝑢2+𝑢3(𝐹‾−12 − 𝐹‾−34 − 𝐹‾−56 + 𝐹‾−78)

𝐹−2 =
1

√2
𝑒𝑢1−𝑢2+𝑢3(−𝐹‾−12 + 𝐹‾−34 − 𝐹‾−56 + 𝐹‾−78)

𝐹−3 =
1

√2
𝑒𝑢1+𝑢2−𝑢3(−𝐹‾−12 − 𝐹‾−34 + 𝐹‾−56 + 𝐹‾−78)

 

𝐹‾𝜇𝜈
−12 = −4𝜕𝑢1𝐻𝜇𝜈, 𝐹

‾
𝜇𝜈
−34 = −4𝜕𝑢2𝐻𝜇𝜈, 𝐹

‾
𝜇𝜈
−56 = −4𝜕𝑢3𝐻𝜇𝜈 , 𝐹

‾
𝜇𝜈
−78 = 4𝐻𝜇𝜈 .  

𝜖 = 𝜀1 + 𝜀
2.  

[2∇𝜇 − 𝑖𝐵𝜇 − 𝑔𝑊𝛾𝜇 + 4𝑖𝐻𝜇𝜈𝛾
𝜈]𝜖= 0  

[𝜕𝜇𝑢𝑖𝛾
𝜇 + 𝑔𝜕𝑢𝑖𝑊+ 𝑖𝜕𝑢𝑖𝐻𝜇𝜈𝛾

𝜇𝜈]𝜖= 0  

[𝜕𝜇𝜙𝛾
𝜇 + 𝑔𝜕𝜙𝑊 +

𝑖

2
𝜕𝜙𝐵𝜇𝛾

𝜇] 𝜖 = 0

 

𝑅𝜇𝜈 −
1

2
𝑅𝑔𝜇𝜈 + 𝑔

2𝒱𝑔𝜇𝜈 − 2(𝑇𝜇𝜈
𝜙
+ 𝑇𝜇𝜈

𝑢1 + 𝑇𝜇𝜈
𝑢2 + 𝑇𝜇𝜈

𝑢3) −
1

2
𝑒4𝜙𝑇𝜇𝜈

𝜎

 −𝑒2(𝑢1+𝑢2+𝑢3)𝑇𝜇𝜈
𝐴0 − 𝑒2(𝑢1−𝑢2−𝑢3)𝑇𝜇𝜈

𝐴1 − 𝑒−2(𝑢1−𝑢2+𝑢3)𝑇𝜇𝜈
𝐴2 − 𝑒−2(𝑢1+𝑢2−𝑢3)𝑇𝜇𝜈

𝐴3 = 0,
 

𝑇𝜇𝜈
𝑋= 𝜕𝜇𝑋𝜕𝜈𝑋 −

1

2
𝑔𝜇𝜈𝜕𝜌𝑋𝜕

𝜌𝑋,  

𝑇𝜇𝜈
𝐴𝐼 = 𝑔𝜌𝜎𝐹𝜇𝜌

𝐼 𝐹𝜈𝜎
𝐼 −

1

4
𝑔𝜇𝜈𝐹𝜌𝜎

𝐼 𝐹𝐼𝜌𝜎 ,

 

𝜕𝜈(√−𝑔𝑒
2(𝑢1+𝑢2+𝑢3)𝐹0𝜇𝜈) +

𝑒0
2
√2√−𝑔𝑒4𝜙𝑔𝜇𝜈𝐷𝜈𝜎 = 0,

𝜕𝜈(√−𝑔𝑒
2(𝑢1−𝑢2−𝑢3)𝐹1𝜇𝜈) − √2√−𝑔𝑒4𝜙𝑔𝜇𝜈𝐷𝜈𝜎 = 0,

𝜕𝜈(√−𝑔𝑒
−2(𝑢1−𝑢2+𝑢3)𝐹2𝜇𝜈) − √2√−𝑔𝑒4𝜙𝑔𝜇𝜈𝐷𝜈𝜎 = 0,

𝜕𝜈(√−𝑔𝑒
−2(𝑢1+𝑢2−𝑢3)𝐹3𝜇𝜈) − √2√−𝑔𝑒4𝜙𝑔𝜇𝜈𝐷𝜈𝜎 = 0.

 

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝑢1) −
𝑔2

2

𝜕𝒱

𝜕𝑢1

+𝑒2(𝑢1+𝑢2+𝑢3)𝐹𝜇𝜈
0 𝐹0𝜇𝜈 + 𝑒2(𝑢1−𝑢2−𝑢3)𝐹𝜇𝜈

1 𝐹1𝜇𝜈  

−𝑒−2(𝑢1−𝑢2+𝑢3)𝐹𝜇𝜈
2 𝐹2𝜇𝜈 − 𝑒−2(𝑢1+𝑢2−𝑢3)𝐹𝜇𝜈

3 𝐹3𝜇𝜈 = 0  

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝑢2) −
𝑔2

2

𝜕𝒱

𝜕𝑢2

+𝑒2(𝑢1+𝑢2+𝑢3)𝐹𝜇𝜈
0 𝐹0𝜇𝜈 − 𝑒2(𝑢1−𝑢2−𝑢3)𝐹𝜇𝜈

1 𝐹1𝜇𝜈  

+𝑒−2(𝑢1−𝑢2+𝑢3)𝐹𝜇𝜈
2 𝐹2𝜇𝜈 − 𝑒−2(𝑢1+𝑢2−𝑢3)𝐹𝜇𝜈

3 𝐹3𝜇𝜈 = 0  

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝑢3) −
𝑔2

2

𝜕𝒱

𝜕𝑢3

+𝑒2(𝑢1+𝑢2+𝑢3)𝐹𝜇𝜈
0 𝐹0𝜇𝜈 − 𝑒2(𝑢1−𝑢2−𝑢3)𝐹𝜇𝜈

1 𝐹1𝜇𝜈  

 −𝑒−2(𝑢1−𝑢2+𝑢3)𝐹𝜇𝜈
2 𝐹2𝜇𝜈 + 𝑒−2(𝑢1+𝑢2−𝑢3)𝐹𝜇𝜈

3 𝐹3𝜇𝜈 = 0
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1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝜙) −
𝑔2

2

𝜕𝒱

𝜕𝜙
−
1

2
𝑒4𝜙𝐷𝜇𝜎𝐷

𝜇𝜎 = 0  

𝑒2𝑢𝑖 = √
𝑒0
6
, 𝑒−2𝜙 =

𝑒0
6
, 𝐿𝐴𝑑𝑆4 =

1

2
(
𝑒0
6
)
3/4

𝐴 ≡ 𝐴0 = 𝐴1 = 𝐴2 = 𝐴3
 

𝑒−1ℒ =
1

2
𝑅 + 12𝑔2 − 4𝐹𝜇𝜈𝐹

𝜇𝜈  

𝑑𝑠2  = 𝑒2𝑉𝑑𝑠𝐴𝑑𝑆2
2 + 𝑓2𝑑𝑦2 + ℎ2𝑑𝑧2

𝐴𝐼 = 𝑎𝐼𝑑𝑧(B.1)
 

𝛾𝑚 = Γ𝑚⊗𝜎3, 𝛾2 = 12⊗𝜎1, 𝛾3 = 12⊗𝜎2  

𝜖 = 𝜓⊗ 𝜒  

𝐷𝑚𝜓 =
1

2
𝜅Γ𝑚𝜓  

[−𝑖(𝜅𝑒−𝑉 + 4𝐻23)𝛾
23 + 𝑉′𝑓−1𝛾2]𝜖 = 𝑔𝑊𝜖.  

[𝑖cos 𝜉𝛾23 + sin 𝜉𝛾2]𝜖 = 𝜖  

−𝜅𝑒−𝑉 − 4𝐻23 = 𝑔𝑊cos 𝜉, 𝑉
′𝑓−1 = 𝑔𝑊cos 𝜉  

𝜖 = 𝑒𝑖
𝜉
2
𝛾3𝜂, 𝛾2𝜂 = 𝑖𝛾3𝜂  

𝜉 = 0𝜋, 𝛾23𝜖 = ±𝑖𝜖  

[𝜕𝑦𝜂 −
1

2
𝑉′𝜂 +

𝑖

2
(𝜕𝑦𝜉 + 8𝑓𝐻23 + 𝜅𝑓𝑒

−𝑉)𝛾3] 𝜂 = 0  

[2𝜕𝑧 − 𝑖𝐵𝑧 + 𝑖𝑓
−1ℎ′cos 𝜉 − 4𝑖𝐻23ℎsin 𝜉

 +(𝑓−1ℎ′sin 𝜉 − 𝑔𝑊ℎ + 4𝐻23ℎcos 𝜉)𝛾
3]𝜂 = 0

 

𝜂 = 𝑒𝑉/2𝑒𝑖𝑠𝑧𝜂0  

𝜕𝑦𝜉 + 8𝑓𝐻23 + 𝜅𝑓𝑒
−𝑉= 0  

(𝑠 − 𝐵𝑧) + 𝑓
−1ℎ′cos 𝜉 − 4𝐻23ℎsin 𝜉= 0  

𝑓−1ℎ′sin 𝜉 − 𝑔𝑊ℎ + 4𝐻23ℎcos 𝜉 = 0

 

𝑓−1ℎ′= 𝑔𝑊ℎsin 𝜉 − (𝑠 − 𝐵𝑧)cos 𝜉  

ℎ𝐻23 =
1

4
𝑔𝑊ℎcos 𝜉 +

1

4
(𝑠 − 𝐵𝑧)sin 𝜉

 

(𝑠 − 𝐵𝑧)sin 𝜉 = −2𝑔𝑊ℎcos 𝜉 − 𝜅ℎ𝑒
−𝑉 ,  

𝐻23= −
1

4
𝑔𝑊cos 𝜉 −

1

4
𝜅𝑒−𝑉 

𝑓−1𝜕𝑦𝜉 = 2𝑔𝑊cos 𝜉 + 𝜅𝑒
−𝑉
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𝑓−1
ℎ′

ℎ
sin 𝜉 = 𝜅𝑒−𝑉cos 𝜉 + 𝑔𝑊(1 + cos2 𝜉).  

𝑓−1𝑢𝑖
′ + 𝑔𝜕𝑢𝑖𝑊sin 𝜉 = 0,  

𝑔𝜕𝑢𝑖𝑊cos 𝜉 + 4𝜕𝑢𝑖𝐻23 = 0.  

𝑓−1𝜙′sin 𝜉 + 𝑔𝜕𝜙𝑊= 0  

𝑔𝜕𝜙𝑊cos 𝜉 −
1

2
𝜕𝜙𝐵𝑧sin 𝜉ℎ

−1 = 0
 

𝑓−1𝜉′= 2𝑔𝑊cos 𝜉 + 𝜅𝑒−𝑉  

𝑓−1𝑉′= 𝑔𝑊sin 𝜉  

𝑓−1𝑢𝑖
′= −𝑔𝜕𝑢𝑖𝑊sin 𝜉  

𝑓−1𝜙′= −
𝑔𝜕𝜙𝑊

sin 𝜉
 

𝑓−1
ℎ′

ℎ
sin 𝜉 = 𝜅𝑒−𝑉cos 𝜉 + 𝑔𝑊(1 + cos2 𝜉)

 

(𝑠 − 𝐵𝑧)sin 𝜉= −2𝑔𝑊ℎcos 𝜉 − 𝜅ℎ𝑒
−𝑉 

𝑔𝜕𝜙𝑊cos 𝜉 =
1

2
𝜕𝜙𝐵𝑧sin 𝜉ℎ

−1
 

𝜕𝑢𝑖𝐻23= −
1

4
𝑔𝜕𝑢𝑖𝑊cos 𝜉  

𝐻23 = −
1

4
𝑔𝑊cos 𝜉 −

1

4
𝜅𝑒−𝑉

 

𝜕𝑦𝑊 = −𝑔𝑓sin 𝜉 [∑  

3

𝑖=1

  (𝜕𝑢𝑖𝑊)
2
+

1

sin2 𝜉
(𝜕𝜙𝑊)

2
]  

ℎ𝑒−𝑉 = 𝑘sin 𝜉  

𝑓−1𝜉′= −𝑘−1(𝑠 − 𝐵𝑧)𝑒
−𝑉 

𝑓−1𝑉′= 𝑔𝑊sin 𝜉  

𝑓−1𝑢𝑖
′= −𝑔𝜕𝑢𝑖𝑊sin 𝜉  

𝑓−1𝜙′ = −
𝑔𝜕𝜙𝑊

sin 𝜉

 

(𝑠 − 𝐵𝑧)= −𝑘(2𝑔𝑊𝑒
𝑉cos 𝜉 + 𝜅) 

𝑔𝜕𝜙𝑊cos 𝜉 =
1

2
𝑘−1𝑒−𝑉𝜕𝜙𝐵𝑧

 

𝜕𝜙𝐵𝑧 = 𝑒
2𝜙𝐷𝑧𝜎.  

𝐷𝑧𝜎 =
2𝑔𝑘𝑒𝑉𝜕𝜙𝑊cos 𝜉

𝑒2𝜙
 

𝐹𝑦𝑧
𝐼 = (𝑎𝐼)′ = (ℐ(𝐼))

′
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ℐ(0)≡
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒−𝑢1−𝑢2−𝑢3 

ℐ(1)≡
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒−𝑢1+𝑢2+𝑢3 

ℐ(2)≡
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒𝑢1−𝑢2+𝑢3  

ℐ(3) ≡
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒𝑢1+𝑢2−𝑢3

 

ℎ → −ℎ, 𝑧 → −𝑧,  

𝑈𝑢𝛼𝐴𝑈𝑣
𝛼𝐵 =

1

2
ℎ𝑢𝑣𝛿𝐴 

𝐵 +
𝑖

2
Ω𝑢𝑣
𝑥 𝜎3 𝐴 

𝐵 

𝛿𝜆𝑖𝐴 ∼
1

4(𝑧𝑖)2
𝜕𝜇𝑧

𝑖𝛾𝜇𝜀𝐴 + 𝑔𝜕𝑧𝑖𝑊𝜎
3𝐴𝐵𝜀𝐵 − 𝑖𝜕𝑧𝑖𝐻𝜇𝜈𝛾

𝜇𝜈𝜖𝐴𝐵𝜀𝐵  

𝑆 =
1

16𝜋𝐺𝑁
∫  [𝑅 ⋆ 1 + 2𝑔2 (8𝑋1𝑋2 +

4(𝑋1 + 𝑋2)

𝑋1
2𝑋2

2 −
1

𝑋1
4𝑋2

4) ⋆ 1 −
1

2
∑  

2

𝐼=1

 𝑑𝜑𝐼 ∧⋆ 𝑑𝜑𝐼

−
1

2
∑  

2

𝐼=1

 
1

𝑋𝐼
2 𝐹(2)

𝐼 ∧⋆ 𝐹(2)
𝐼 −

1

2
𝑋1
2𝑋2

2𝐹(4) ∧⋆ 𝐹(4)  

+𝑔𝐹(4) ∧ 𝐴(3) + 𝐹(2)
1 ∧ 𝐹(2)

2 ∧ 𝐴(3)]

 

𝑋1 = 𝑒
−
1

√10
𝜑1−

1

√2
𝜑2
, 𝑋2 = 𝑒

−
1

√10
𝜑1+

1

√2
𝜑2
, 𝐹(2)
𝐼 = 𝑑𝐴(1)

𝐼 , 𝐹(4) = 𝑑𝐴(3)
 

 

0 =𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈 [𝑅 + 2𝑔

2 (8𝑋1𝑋2 +
4(𝑋1 + 𝑋2)

𝑋1
2𝑋2

2 −
1

𝑋1
4𝑋2

4)]

 −∑  

2

𝐼=1

  [
1

2
𝜕𝜇𝜑𝐼𝜕𝜈𝜑𝐼 −

1

4
𝑔𝜇𝜈𝜕

𝜌𝜑𝐼𝜕𝜌𝜑𝐼] −∑  

2

𝐼=1

 
1

𝑋𝐼
2 [
1

2
𝐹𝜇𝜌
𝐼 𝐹𝜈

𝐼𝜌
−
1

8
𝑔𝜇𝜈𝐹𝜌𝜎

𝐼 𝐹𝐼𝜌𝜎]

 −𝑋1
2𝑋2

2 [
1

12
𝐹𝜇𝜌𝜎𝜆𝐹𝜈

𝜌𝜎𝜆
−
1

96
𝑔𝜇𝜈𝐹𝜌𝜎𝜆𝛿𝐹

𝜌𝜎𝜆𝛿] .

 

◻𝜑1 =
1

2√10
∑  

2

𝐼=1

 
1

𝑋𝐼
2 𝐹𝜇𝜈

𝐼 𝐹𝐼𝜇𝜈 −
1

12√10
𝑋1
2𝑋2

2𝐹𝜇𝜈𝜌𝜎𝐹
𝜇𝜈𝜌𝜎

 +
8𝑔2

√10
(4𝑋1𝑋2 −

3(𝑋1 + 𝑋2)

𝑋1
2𝑋2

2 +
2

𝑋1
4𝑋2

4)

◻ 𝜑2 =
1

2√2
[
1

𝑋1
2 𝐹𝜇𝜈

1 𝐹1𝜇𝜈 −
1

𝑋2
2 𝐹𝜇𝜈

2 𝐹2𝜇𝜈] + 4√2𝑔2
𝑋1 − 𝑋2

𝑋1
2𝑋2

2

 

𝑑(𝑋1
−2 ⋆ 𝐹(2)

1 )  = 𝐹(2)
2 ∧ 𝐹(4)

𝑑(𝑋2
−2 ⋆ 𝐹(2)

2 )  = 𝐹(2)
1 ∧ 𝐹(4)

𝑑(𝑋1
2𝑋2

2 ⋆ 𝐹(4))  = 2𝑔𝐹(4) + 𝐹(2)
1 ∧ 𝐹(2)

2
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𝑋1
2𝑋2

2 ⋆ 𝐹(4) = 2𝑔𝐴(3) +
1

2
(𝐴(1)
1 ∧ 𝐹(2)

2 + 𝐴(1)
2 ∧ 𝐹(2)

1 ) − 𝑑𝐴(2)  

𝑑𝑠2 =(𝐻1𝐻2)
1
5 (−

(1 + 𝑔2𝑟2)(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)

Ξ1Ξ2Ξ3
𝑑𝑡2 +

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)

𝑈
𝑑𝑟2

+
(𝑟2 + 𝑦2)(𝑦2 − 𝑧2)𝑦2

(1 − 𝑔2𝑦2)(𝑎1
2 − 𝑦2)(𝑎2

2 − 𝑦2)(𝑎3
2 − 𝑦2)

𝑑𝑦2  

 +
(𝑟2 + 𝑧2)(𝑧2 − 𝑦2)𝑧2

(1 − 𝑔2𝑧2)(𝑎1
2 − 𝑧2)(𝑎2

2 − 𝑧2)(𝑎3
2 − 𝑧2)

𝑑𝑧2

 +
(𝑎1
2 + 𝑟2)(𝑎1

2 − 𝑦2)(𝑎1
2 − 𝑧2)

Ξ1(𝑎1
2 − 𝑎2

2)(𝑎1
2 − 𝑎3

2)
𝑑𝜙1

2 +
(𝑎2
2 + 𝑟2)(𝑎2

2 − 𝑦2)(𝑎2
2 − 𝑧2)

Ξ2(𝑎2
2 − 𝑎1

2)(𝑎2
2 − 𝑎3

2)
𝑑𝜙2

2

+
(𝑎3
2 + 𝑟2)(𝑎3

2 − 𝑦2)(𝑎3
2 − 𝑧2)

Ξ3(𝑎3
2 − 𝑎1

2)(𝑎3
2 − 𝑎2

2)
𝑑𝜙3

2 +
1 −

1
𝐻1

1 − (𝑠2/𝑠1)
2
𝐾1
2 +

1 −
1
𝐻2

1 − (𝑠1/𝑠2)
2
𝐾2
2)

 

𝑠𝐼 = sinh 𝛿𝐼 , 𝑐𝐼 = cosh 𝛿𝐼
Ξ𝑖 = 1 − 𝑎𝑖

2𝑔2

𝐻𝐼(𝑟, 𝑦, 𝑧) = 1 +
2𝑚𝑠𝐼

2

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)

𝑈(𝑟) =
(1 + 𝑔2𝑟2)∏  3

𝑖=1   (𝑟
2 + 𝑎𝑖

2)

𝑟2
− 2𝑚 +𝑚𝑔2(𝑠1

2 + 𝑠2
2) (2𝑟2 +∑ 

3

𝑖=1

 𝑎𝑖
2) +

4𝑚2𝑔2𝑠1
2𝑠2
2

𝑟2

 −
2𝑚𝑔(𝑠1

2 + 𝑠2
2)𝑎1𝑎2𝑎3

𝑟2
+
2𝑚𝑔(𝑐1 − 𝑐2)

2

𝑟2
(𝑎1 + 𝑎2𝑎3𝑔)(𝑎2 + 𝑎3𝑎1𝑔)(𝑎3 + 𝑎1𝑎2𝑔)

 −
1

2
𝑚𝑔2(𝑐1 − 𝑐2)

2(−2(𝑎1
2 + 𝑎2

2 + 𝑎3
2) − 8𝑎1𝑎2𝑎3𝑔

−(𝑎1 + 𝑎2 + 𝑎3)(𝑎2 + 𝑎3 − 𝑎1)(𝑎3 + 𝑎1 − 𝑎2)(𝑎1 + 𝑎2 − 𝑎3)𝑔
2)

𝐾1 =
𝑐1 + 𝑐2
2𝑠1

𝒜[𝑦2, 𝑧2, 0] +
𝑐1 − 𝑐2
2𝑠1

𝒴

𝐾2 =
𝑐1 + 𝑐2
2𝑠2

𝒜[𝑦2, 𝑧2, 0] −
𝑐1 − 𝑐2
2𝑠2

𝒴

𝒜[𝑦2, 𝑧2, 0] =
(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)

Ξ1Ξ2Ξ3
𝑑𝑡 −∑ 

3

𝑖=1

 
𝑎𝑖(𝑎𝑖

2 − 𝑦2)(𝑎𝑖
2 − 𝑧2)

Ξ𝑖(𝑎𝑖
2 − 𝑎𝑗

2)(𝑎𝑖
2 − 𝑎𝑘

2)
𝑑𝜙𝑖

𝒴 =
(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)(1 − (𝑎1

2 + 𝑎2
2 + 𝑎3

2)𝑔2 − 2𝑎1𝑎2𝑎3𝑔
3)

Ξ1Ξ2Ξ3
𝑑𝑡

 +∑  

3

𝑖=1

 
𝑎𝑖(𝑎𝑖

2 − 𝑦2)(𝑎𝑖
2 − 𝑧2) (1 − (𝑎𝑖

2 − 𝑎𝑗
2 − 𝑎𝑘

2)𝑔2 +
2𝑎𝑗𝑎𝑘
𝑎𝑖

𝑔)

Ξ𝑖(𝑎𝑖
2 − 𝑎𝑗

2)(𝑎𝑖
2 − 𝑎𝑘

2)
𝑑𝜙𝑖

 

𝐴(1)
𝐼 = (1 −

1

𝐻𝐼
)𝐾𝐼 + 𝛼𝐼𝑑𝑡  
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𝐴(3) =2𝑚𝑠1𝑠2𝑔
4𝑎1𝑎2𝑎3[𝒜[𝑦

2, 𝑧2, 0] −𝒜[𝑦2, 𝑧2, 𝑔−2]]

 ∧ [
𝑑𝑧 ∧ (𝒜[𝑦2, 0,0] − 𝒜[𝑦2, 0, 𝑔−2])

(𝑟2 + 𝑦2)𝑧
+
𝑑𝑦 ∧ (𝒜[𝑧2, 0,0] − 𝒜[𝑧2, 0, 𝑔−2])

(𝑟2 + 𝑧2)𝑦
]

 +2𝑚𝑠1𝑠2𝑔
3𝒜[𝑦2, 𝑧2, 0]

 ∧ [
𝑧𝑑𝑧 ∧ (𝒜[𝑦2, 0,0] − 𝒜[𝑦2, 0, 𝑔−2])

(𝑟2 + 𝑦2)
+
𝑦𝑑𝑦 ∧ (𝒜[𝑧2, 0,0] − 𝒜[𝑧2, 0, 𝑔−2])

(𝑟2 + 𝑧2)
]

 

𝒜[𝑣1, 𝑣2, 𝑣3] = [∏ 

3

𝑖=1

 
1 − 𝑔2𝑣𝑖
Ξ𝑖

] 𝑑𝑡 −∑  

3

𝑖=1

  [
(𝑎𝑖
2 − 𝑣1)(𝑎𝑖

2 − 𝑣2)(𝑎𝑖
2 − 𝑣3)

𝑎𝑖Ξ𝑖∏  3
𝑗=1(≠𝑖)   (𝑎𝑖

2 − 𝑎𝑗
2)

] 𝑑𝜙𝑖  

𝑋𝐼 =
(𝐻1𝐻2)

2
5

𝐻𝐼
 

𝐴(2) =(
1

𝐻1
+
1

𝐻2
)
𝑚𝑠1𝑠2(𝑎1 + 𝑎2𝑎3𝑔)

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
(
(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)𝜇1

2

Ξ1(1 − 𝑎2
2𝑔2)(1 − 𝑎3

2𝑔2)
𝑑𝑡 ∧ 𝑑𝜙1

+
𝑔(𝑎3

2 − 𝑎2
2)𝜇2

2𝜇3
2

Ξ2Ξ3
𝑑𝜙2 ∧ 𝑑𝜙3)

 +( cyclic-permutations )

 −
1

2
𝑑𝑡 ∧ (𝛼1𝐴(1)

2 + 𝛼2𝐴(1)
1 )

 

𝜇𝑖
2 =

(𝑎𝑖
2 − 𝑦2)(𝑎𝑖

2 − 𝑧2)

∏  3
𝑗=1(≠𝑖)   (𝑎𝑖

2 − 𝑎𝑗
2)
,  

(1 − 𝑔2𝑎𝑖
2)𝑟̃2𝜇̃𝑖

2 = (𝑟2 + 𝑎𝑖
2)𝜇𝑖

2  

𝑑𝑠2 ∼
𝑑𝑟̃2

𝑔2𝑟̃2
+ 𝑟̃2(−𝑔2𝑑𝑡2 +∑  

𝑖

  (𝑑𝜇̃𝑖
2 + 𝜇̃𝑖

2𝑑𝜙𝑖
2)) +⋯  

0 ≤ 𝑎1 ≤ 𝑧 = √𝑎1
2cos2 𝜃2 + 𝑎2

2sin2 𝜃2 ≤ 𝑎2 ≤ 𝑦 = √𝑎2
2cos2 𝜃1 + 𝑎3

2sin2 𝜃1 ≤ 𝑎3 ≤ 𝑔
−1,  

𝑆=
1

4𝐺𝑁
∫  
𝑆5

 𝑑5𝑥√ℎ|
𝑟=𝑟+

=
1

4𝐺𝑁
∫  
𝑎2

𝑎1

 𝑑𝑧 ∫  
𝑎3

𝑎2

 𝑑𝑦∫  
2𝜋

0

 𝑑𝜙1𝑑𝜙2𝑑𝜙3√ℎ|
𝑟=𝑟+

 

 =
𝜋3

4𝐺𝑁Ξ1Ξ2Ξ3

√𝒮(𝑟+)

𝑟+

 

ℎ𝑖𝑗 = 𝑔𝜇𝜈
𝜕𝑥𝜇

𝜕𝑥𝑖
𝑑𝑥𝜈

𝜕𝑥𝑗
|
𝑡,𝑟=ℵ

 

ℎ =
𝑦2𝑧2(𝑦2 − 𝑧2)2

Ξ1
2Ξ2
2Ξ3
2(𝑎1

2 − 𝑎2
2)2(𝑎2

2 − 𝑎3
2)2(𝑎3

2 − 𝑎1
2)2

 × [
Ξ1Ξ2Ξ3𝑟

2((𝑟2 + 𝑦2)(𝑟2 + 𝑧2) − 𝑟2(𝑟2 + 𝑔2𝑦2𝑧2))

(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)
𝑈(𝑟) +

𝒮(𝑟)

𝑟2

−((𝑎1
2 + 𝑎2

2 + 𝑎3
2 + 𝑎1

2𝑎2
2𝑎3
2𝑔4)𝑟4 + (1 − 𝑔2𝑟2) ((𝑎1

2𝑎2
2 + 𝑎2

2𝑎3
2 + 𝑎3

2𝑎1
2)𝑟2 + 𝑎1

2𝑎2
2𝑎3
2))𝑈(𝑟)]
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𝒮(𝑟) ≡  ∏  

2

𝐼=1

  ((𝑟2 + 𝑎1
2)(𝑟2 + 𝑎2

2)(𝑟2 + 𝑎3
2) + 2𝑚𝑠𝐼

2(𝑟2 − 𝑎1𝑎2𝑎3𝑔))

 +2𝑚𝑔(𝑐1 − 𝑐2)
2(𝑟2 + 𝑎1

2)(𝑟2 + 𝑎2
2)(𝑟2 + 𝑎3

2)(𝑎1 + 𝑎2𝑎3𝑔)(𝑎2 + 𝑎3𝑎1𝑔)(𝑎3 + 𝑎1𝑎2𝑔)

 

𝐽1 =−
1

16𝜋𝐺𝑁
∫  
𝑆5
  ⋆ 𝑑𝐾1  

=
𝜋2𝑚

16𝐺𝑁Ξ1∏  3
𝑗=1  Ξ𝑗

[4𝑎1𝑐1𝑐2 + 4𝑔(1 − 𝑐1𝑐2)(𝑎2 + 𝑎1𝑎3𝑔)(𝑎3 + 𝑎1𝑎2𝑔)

+(𝑐1 − 𝑐2)
2(2𝑎2𝑎3𝑔 + 𝑎1 (1 + 2Ξ1 −∑  

3

𝑗=1

 Ξ𝑗))(1 + 2𝑎1𝑎2𝑎3𝑔
3 −∑ 

3

𝑗=1

 Ξ𝑗)]

 

𝐾𝑖
𝜇
𝜕𝜇 = −𝜕𝜙𝑖  ⇔  𝐾𝑖 = −𝑔𝜇𝜙𝑖𝑑𝑥

𝜇  

𝑄1= −
1

16𝜋𝐺𝑁
∫  
𝑆5
  (𝑋1

−2 ⋆ 𝐹(2)
1 − 𝐹(2)

1 ∧ 𝐴(3))  

 =
𝜋2𝑚𝑠1

4𝐺𝑁Ξ1Ξ2Ξ3
[2𝑐1 − (𝑐1 − 𝑐2)𝑔

2(𝑎1
2 + 𝑎2

2 + 𝑎3
2 + 2𝑎1𝑎2𝑎3𝑔)]

 

𝑑𝑠2|𝜌2≪𝑟+ =(𝐻1𝐻2)
1
5

(𝑟+
2 + 𝑦2)(𝑦2 − 𝑧2)𝑦2

(1 − 𝑔2𝑦2)(𝑎1
2 − 𝑦2)(𝑎2

2 − 𝑦2)(𝑎3
2 − 𝑦2)

𝑑𝑦2

+(𝐻1𝐻2)
1
5

(𝑟+
2 + 𝑧2)(𝑧2 − 𝑦2)𝑧2

(1 − 𝑔2𝑧2)(𝑎1
2 − 𝑧2)(𝑎2

2 − 𝑧2)(𝑎3
2 − 𝑧2)

𝑑𝑧2  

 +(𝐻1𝐻2)
1
5(𝑟+

2 + 𝑦2)(𝑟+
2 + 𝑧2) [

𝑟+
4

𝒮(𝑟+)
𝑈′(𝑟+)𝜌

2𝑑𝜏2 +
4𝑑𝜌2

𝑈′(𝑟+)
]

 + ∑  

3

𝑖,𝑗=1

 𝑔𝑖𝑗(𝑟+, 𝑦, 𝑧)(𝑑𝜙𝑖 + iΩ𝑖𝑑𝜏)(𝑑𝜙𝑗 + iΩ𝑗𝑑𝜏)

 

(𝜏, 𝜙𝑖) ∼ (𝜏 + 𝛽, 𝜙𝑖 − iΩ𝑖𝛽)  where  𝛽 = 2𝜋
2√𝒮(𝑟+)

𝑟+
2𝑈′(𝑟+)

.  

𝑇 = 𝛽−1 =
𝑟+
2𝑈′(𝑟+)

4𝜋√𝒮(𝑟+)
 

ℓ = 𝜕𝑡 +∑  

3

𝑖=1

 Ω𝑖𝜕𝜙𝑖  
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𝑤1(𝑟)=
1

𝒮(𝑟)
[
1

2
(∏ 

3

𝑖=1

  (𝑟2 + 𝑎𝑖
2) + 2𝑚𝑠1

2(𝑟2 − 𝑎1𝑎2𝑎3𝑔))  

× (𝑎1(1 + 𝑔
2𝑟2)(𝑟2 + 𝑎2

2)(𝑟2 + 𝑎3
2) + 2𝑚𝑠2

2(𝑎1𝑔
2𝑟2 − 𝑎2𝑎3𝑔))  

+
1

2
(∏ 

3

𝑖=1

  (𝑟2 + 𝑎𝑖
2) + 2𝑚𝑠2

2(𝑟2 − 𝑎1𝑎2𝑎3𝑔))  

× (𝑎1(1 + 𝑔
2𝑟2)(𝑟2 + 𝑎2

2)(𝑟2 + 𝑎3
2) + 2𝑚𝑠1

2(𝑎1𝑔
2𝑟2 − 𝑎2𝑎3𝑔))  

−𝑚(𝑐1 − 𝑐2)
2(𝑟2 + 𝑎2

2)(𝑟2 + 𝑎3
2){2𝑔(𝑔𝑟2 − 𝑎1)(𝑎1 + 𝑎2𝑎3𝑔)(𝑎2 + 𝑎3𝑎1𝑔)(𝑎3 + 𝑎1𝑎2𝑔) 

+(1 + 𝑎1𝑔)
2(𝑎1 + 𝑎2𝑎3𝑔)(1 − 𝑎1𝑔 − 𝑎2𝑔 − 𝑎3𝑔)(1 − 𝑎1𝑔 + 𝑎2𝑔 + 𝑎3𝑔)𝑟

2}

 

Φ𝐼 = ℓ
𝜇𝐴(1)𝜇

𝐼 |
𝑟=𝑟+

− ℓ𝜇𝐴(1)𝜇
𝐼 |

𝑟→∞  

Φ1 =
2𝑚𝑟+

2𝑠1𝑐1 (∏  𝑖   (𝑟+
2 + 𝑎𝑖

2) + 2𝑚𝑠2
2(𝑟+

2 − 𝑎1𝑎2𝑎3𝑔))

𝒮(𝑟+)

−
𝑚𝑔𝑟+

2𝑠1(𝑐1 − 𝑐2)

𝒮(𝑟+)
{𝑔(𝑎1

2 + 𝑎2
2 + 𝑎3

2 + 2𝑎1𝑎2𝑎3𝑔)(∏ 

𝑖

 (𝑟+
2 + 𝑎𝑖

2) + 2𝑚𝑠2
2(𝑟+

2 − 𝑎1𝑎2𝑎3𝑔))

 +4𝑚𝑠2
2(𝑎1 + 𝑎2𝑎3𝑔)(𝑎2 + 𝑎3𝑎1𝑔)(𝑎3 + 𝑎1𝑎2𝑔)}

 

𝐸 =
1

8(𝐷 − 3)𝜋𝑔3
∫  
ℬ

 𝑑ℬ𝑎Ω̃
−(𝐷−3)𝑛‾𝑐𝑛‾𝑑𝐶‾𝑎  𝑐𝑏𝑑𝜉

𝑏  

Ω̃ =
1

𝑔𝑟
 

𝑔𝑟𝑟=
1

𝑔2𝑟2
, 𝑔𝑟𝑟 = 𝑔2𝑟2, 𝐶‾𝑐𝑏𝑑

𝑎 = 𝒪(𝑟−8)  

𝑛‾𝑟 = 𝑔‾𝑟𝑎𝑛‾𝑎 = 𝑔‾
𝑟𝑟 (−

1

𝑔𝑟2
) = Ω̃−2𝑔𝑟𝑟 (−

1

𝑔𝑟2
) = −Ω̃−2𝑔

 

vol6 =
𝑦𝑧|𝑦2 − 𝑧2|𝑑𝑡 ∧ 𝑑𝑦 ∧ 𝑑𝑧 ∧ 𝑑𝜙1 ∧ 𝑑𝜙2 ∧ 𝑑𝜙3

𝑔5(𝑎1
2 − 𝑎2

2)(𝑎3
2 − 𝑎1

2)(𝑎2
2 − 𝑎3

2)Ξ1Ξ2Ξ3
+𝒪(𝑟−1)  

𝑑ℬ𝑡 =
𝑦𝑧|𝑦2 − 𝑧2|𝑑𝑦 ∧ 𝑑𝑧 ∧ 𝑑𝜙1 ∧ 𝑑𝜙2 ∧ 𝑑𝜙3

𝑔5(𝑎1
2 − 𝑎2

2)(𝑎3
2 − 𝑎1

2)(𝑎2
2 − 𝑎3

2)Ξ1Ξ2Ξ3
 

𝐸 =
1

32𝜋𝑔
∫  
ℬ

 𝑑ℬ𝑡Ω̃
−8𝐶‾𝑡 𝑟𝑡𝑟  

𝐸 =
𝑚𝜋2

8𝐺𝑁Ξ1Ξ2Ξ3
[∑  

3

𝑖=1

 
2

Ξ𝑖
− 1 +

5(𝑠1
2 + 𝑠2

2)

2
+
𝑠1
2 + 𝑠2

2

2
∑  

3

𝑖=1

 (
2(1 + 𝑎𝑖

2𝑔2 − Σ2 − 2Π1)

Ξ𝑖
− Ξ𝑖)]

+
𝑚𝜋2(𝑐1 − 𝑐2)

2

32𝐺𝑁Ξ1
2Ξ2
2Ξ3
2
[−10Σ2 − 16Π1 + 11Σ4 + 13Π22 + 32Π1Σ2 − 3(Σ6 + 5Π42 + 4Π1

2)  

 −16Π1Σ2
2 +Π62 + 3Π44 − 5Π1

2Σ2 + 8Π1(2Π2 + Π42) + Π1
2(Σ4 + 3Π22)]
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Σ𝑛 ≡ (𝑎1𝑔)
𝑛 + (𝑎2𝑔)

𝑛 + (𝑎3𝑔)
𝑛

Π𝑛 ≡ (𝑎1𝑔)
𝑛(𝑎2𝑔)

𝑛(𝑎3𝑔)
𝑛

Π𝑛𝑚 ≡ (𝑎1𝑔)
𝑛((𝑎2𝑔)

𝑚 + (𝑎3𝑔)
𝑚) + (𝑎2𝑔)

𝑛((𝑎3𝑔)
𝑚 + (𝑎1𝑔)

𝑚) + (𝑎3𝑔)
𝑛((𝑎1𝑔)

𝑚 + (𝑎2𝑔)
𝑚)

 

𝑑𝐸 = 𝑇𝑑𝑆 +∑  

3

𝑖=1

 Ω𝑖𝑑𝐽𝑖 +∑ 

2

𝐼=1

 Φ𝐼𝑑𝑄𝐼  

𝐼 =−𝑆 + 𝛽 [𝐸 −∑ 

3

𝑖=1

 Ω𝑖𝐽𝑖 −∑ 

2

𝐼=1

 Φ𝐼𝑄𝐼]  

=
𝜋2𝛽

16𝐺𝑁Ξ1Ξ2Ξ3𝑟+
2 [(1 − 𝑔

2𝑟+
2)∏  

3

𝑖=1

  (𝑟+
2 + 𝑎𝑖

2) − 2𝑚(𝑠1
2 + 𝑠2

2)(𝑔2𝑟+
4 + 𝑎1𝑎2𝑎3𝑔)

−
2𝑚2𝑠1

2𝑠2
2

𝑔4𝒮(𝑟+)
(∏ 

3

𝑖=1

  (𝑟+
2 + 𝑎𝑖

2) + 2𝑚𝑠1
2(𝑟+

2 − 𝑎1𝑎2𝑎3𝑔))  

× (𝑔6𝑟+
6 + (Σ2 + 2Π1)𝑔

4𝑟+
4 − (2Π1 +

1

2
Π22 − 2𝑔

4𝑚𝑠2
2)𝑔2𝑟+

2 + Π1(2𝑔
4𝑚𝑠2

2 −Π1))  

−
2𝑚2𝑠1

2𝑠2
2

𝑔4𝒮(𝑟+)
(Π𝑖=1

3 (𝑟+
2 + 𝑎𝑖

2) + 2𝑚𝑠2
2(𝑟+

2 − 𝑎1𝑎2𝑎3𝑔))  

× (𝑔6𝑟+
6 + (Σ2 + 2Π1)𝑔

4𝑟+
4 − (2Π1 +

1

2
Π22 − 2𝑔

4𝑚𝑠1
2)𝑔2𝑟+

2 + Π1(2𝑔
4𝑚𝑠1

2 −Π1))  

+
𝑚(𝑐1 − 𝑐2)

2(𝑎1 + 𝑎2𝑎3𝑔)(𝑎2 + 𝑎3𝑎1𝑔)(𝑎3 + 𝑎1𝑎2𝑔)

𝑔11𝒮(𝑟+)
 

× (−2Ξ1Ξ2Ξ3 (𝑔
6𝑟+
6 + Σ2𝑔

4𝑟+
4 + (

1

2
Π22 + 2𝑚𝑔

4(𝑠1
2 + 𝑠2

2))𝑔2𝑟+
2 + Π2  

−2𝑔4𝑚(1 + 𝑠1
2 + 𝑠2

2) −
1

2
(𝑐1 − 𝑐2)

2𝑔4𝑚(−2Σ2 − 8Π1 + Σ4 − Π22) + (𝑠1
2 + 𝑠2

2)𝑔4𝑚Σ2)

+𝑔4𝑚(4 + 8𝑔4𝑚𝑠1
2𝑠2
2 + (2 − Σ2 − 2Π1) (2(𝑠1

2 + 𝑠2
2) − (𝑐1 − 𝑐2)

2(Σ2 + 2Π1)))  

×
𝑔8𝑟+

2Π𝑖=1
3 (𝑟+

2 + 𝑎𝑖
2) − Ξ1Ξ2Ξ3

1 + 𝑔2𝑟+
2 − 8𝑔8𝑚2𝑠1

2𝑠2
2(2𝑔6𝑟+

6 + Σ2𝑔
4𝑟+
4 − Π2))] .

 

(𝑎1 + 𝑎2 + 𝑎3)𝑔 =
2

1 − 𝑒𝛿1+𝛿2
 

𝐸 + 𝑔∑  

3

𝑖=1

  𝐽𝑖 −∑ 

2

𝐼=1

 𝑄𝐼 = 0  

𝛽 [𝑔 −∑  

3

𝑖=1

 Ω𝑖 − 2𝑔∑  

2

𝐼=1

 Φ𝐼] = ±2𝜋i  

𝐼 = −𝑆 + 𝛽 [𝐸 −∑  

3

𝑖=1

 Ω𝑖𝐽𝑖 −∑  

2

𝐼=1

 Φ𝐼𝑄𝐼] =
𝜋2

8𝐺𝑁𝑔

𝜑1
2𝜑2

2

𝜔1𝜔2𝜔3
 

𝜑𝐼 ≡ 𝛽(Φ𝐼 − 1), 𝜔𝑖 ≡ 𝛽(Ω𝑖 + 𝑔)  
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𝑇 = 0 ⇔ 𝑈′(𝑟+) = 0  

𝑚⋆ =
𝑀1
𝑔4𝑀2

,

𝑀1 =2(2Σ1 − 2Σ2 − Π11 + 2Π21 + 2Π1)(2Π1 + Π21)∏  

3

𝑖=1

  (1 − 𝑎𝑖𝑔),

𝑀2 =2(1 − Σ1)
3 (2 − (Σ2 + 2Π11)(𝑠1

2 + 𝑠2
2)) − 8(𝑠1

2 + 𝑠2
2)(1 − Σ1)

2(2Π1 +Π21)

+(𝑐1 − 𝑐2)
2(1 − Σ1)

2(−2Σ2 + 2Σ1Σ2 − 8Π1 + Σ4 − Π22 + 8Σ1Π1  

−Σ1
2(Σ3 − Π21 + 2Π1)) ,

 

𝑟+
⋆ = √

𝑎1𝑎2 + 𝑎2𝑎3 + 𝑎3𝑎1 − 𝑎1𝑎2𝑎3𝑔

1 − (𝑎1 + 𝑎2 + 𝑎3)𝑔
 

Ω𝑖
⋆ = −𝑔,Φ𝐼

⋆ = 1  

2
𝑔3
𝑄1
⋆𝑄2

⋆(𝑄1
⋆ + 𝑄2

⋆) −
𝜋2

𝐺𝑁𝑔
5 (𝐽1

⋆𝐽2
⋆ + 𝐽2

⋆𝐽3
⋆ + 𝐽3

⋆𝐽1
⋆)

8
𝑔
(𝑄1

⋆ + 𝑄2
⋆) −

𝜋2

𝐺𝑁𝑔
5

 = (−
𝜋2

16𝐺𝑁𝑔
5
(𝐽1
⋆ + 𝐽2

⋆ + 𝐽3
⋆) +

1

8𝑔2
((𝑄1

⋆)2 + (𝑄2
⋆)2) +

1

2𝑔2
𝑄1
⋆𝑄2

⋆)

 ×

(

 
 
1 −

√
1−

𝜋2

(−
𝜋2

16𝐺𝑁𝑔
5 (𝐽1

⋆ + 𝐽2
⋆ + 𝐽3

⋆) +
1
8𝑔2

((𝑄1
⋆)2 + (𝑄2

⋆)2) +
1
2𝑔2

𝑄1
⋆𝑄2

⋆)
2

)

 
 

 

𝑆⋆ = 2𝜋√

2
𝑔3
𝑄1
⋆𝑄2

⋆(𝑄1
⋆ + 𝑄2

⋆) −
𝜋2

𝐺𝑁𝑔
5 (𝐽1

⋆𝐽2
⋆ + 𝐽2

⋆𝐽3
⋆ + 𝐽3

⋆𝐽1
⋆)

8
𝑔
(𝑄1

⋆ + 𝑄2
⋆) −

𝜋2

𝐺𝑁𝑔
5

 

−log 𝑍𝑆1×𝑆5 =
𝑁3

24

Δ1
2Δ2
2

𝜔̂1𝜔̂2𝜔̂3
,  

Δ1 + Δ2 − 𝜔̂1 − 𝜔̂2 − 𝜔̂3 = ±2𝜋i  

𝑁3 =
3𝜋2

16𝐺𝑁𝑔
5

 

𝜔̂𝑖 = 𝛽(Ω𝑖 + 𝑔) = 𝜔𝑖,  

Δ𝐼 = −2𝑔𝛽(Φ𝐼 − 1) = −2𝑔𝜑𝐼  

−log 𝑍𝑆1×𝑆5 =
𝑁3

24

Δ1
2Δ2
2

𝜔̂1𝜔̂2𝜔̂3
=

𝜋2

8𝐺𝑁𝑔

𝜑1
2𝜑2

2

𝜔1𝜔2𝜔3
.  
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𝐽𝑖 ∼ 𝑁
3,
𝑄𝐼
𝑔
∼ 𝑁3.  

𝑁3 =
3𝜋2

64𝐺𝑁𝑔
5

 

−log 𝑍𝑆1×𝑆5 =
𝑁3

6

Δ1
2Δ2
2

𝜔̂1𝜔̂2𝜔̂3
 

𝑋(𝑝) =
1

𝑝!
𝑋𝜇1⋯𝜇𝑝𝑑𝑥

𝜇1 ∧⋯𝑑𝑥𝜇𝑝  (0 ≤ 𝑝 ≤ 𝑑)  

⋆ (𝑑𝑥𝜇1 ∧ ⋯∧ 𝑑𝑥𝜇𝑝) =
√|𝑔|

(𝑑 − 𝑝)!
𝜀𝜇1⋯𝜇𝑝  𝜈1⋯𝜈𝑑−𝑝𝑑𝑥

𝜈1 ∧⋯∧ 𝑑𝑥𝜈𝑑−𝑝  

𝜀𝜇1⋯𝜇𝑑 = {
+1  if 𝜇1⋯𝜇𝑑 even permutation

−1  if 𝜇1⋯𝜇𝑑 odd permutation 

0  otherwise 

 

⋆ (⋆ 𝑋(𝑝))= (−1)
𝑠+𝑝(𝑑−𝑝)𝑋(𝑝)  

𝑋(𝑝) ∧⋆ 𝑌(𝑝) = 𝑌(𝑝) ∧⋆ 𝑋(𝑝)

 =
1

𝑝!
𝑋𝜇1⋯𝜇𝑝𝑌

𝜇1⋯𝜇𝑝√|𝑔|𝑑𝑥1 ∧⋯∧ 𝑑𝑥𝑑
 

𝑑𝑠2 =𝐻
2
5 (−

(1 + 𝑔2𝑟2)(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)

(1 − 𝑎1
2𝑔2)(1 − 𝑎2

2𝑔2)(1 − 𝑎3
2𝑔2)

𝑑𝑡2 +
(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)

𝑅
𝑑𝑟2

+
(𝑟2 + 𝑦2)(𝑦2 − 𝑧2)𝑦2

(1 − 𝑔2𝑦2)(𝑎1
2 − 𝑦2)(𝑎2

2 − 𝑦2)(𝑎3
2 − 𝑦2)

𝑑𝑦2  

+
(𝑟2 + 𝑧2)(𝑧2 − 𝑦2)𝑧2

(1 − 𝑔2𝑧2)(𝑎1
2 − 𝑧2)(𝑎2

2 − 𝑧2)(𝑎3
2 − 𝑧2)

𝑑𝑧2 +
(𝑎1
2 + 𝑟2)(𝑎1

2 − 𝑦2)(𝑎1
2 − 𝑧2)

(𝑎1
2 − 𝑎2

2)(𝑎1
2 − 𝑎3

2)(1 − 𝑎1
2𝑔2)

𝑑𝜙1
2 

+
(𝑎2
2 + 𝑟2)(𝑎2

2 − 𝑦2)(𝑎2
2 − 𝑧2)

(𝑎2
2 − 𝑎1

2)(𝑎2
2 − 𝑎3

2)(1 − 𝑎2
2𝑔2)

𝑑𝜙2
2 +

(𝑎3
2 + 𝑟2)(𝑎3

2 − 𝑦2)(𝑎3
2 − 𝑧2)

(𝑎3
2 − 𝑎1

2)(𝑎3
2 − 𝑎2

2)(1 − 𝑎3
2𝑔2)

𝑑𝜙3
2  

+
1 −

1
𝐻

𝐻
𝒜[𝑦2, 𝑧2, 0](𝐶0𝑑𝑡 + 𝐶1𝑑𝜙1 + 𝐶2𝑑𝜙2 + 𝐶3𝑑𝜙3))

 

𝐴(1)
𝐼 =

2𝑚𝑠𝑐

𝐻(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
𝒜[𝑦2, 𝑧2, 0] = (1 −

1

𝐻
)
𝑐

𝑠
𝒜[𝑦2, 𝑧2, 0]  
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𝐴(3) =2𝑚𝑠
2𝑔4𝑎1𝑎2𝑎3[𝒜[𝑦

2, 𝑧2, 0] − 𝒜[𝑦2, 𝑧2, 𝑔−2]]

∧ [
𝑑𝑧 ∧ (𝒜[𝑦2, 0,0] −𝒜[𝑦2, 0, 𝑔−2])

(𝑟2 + 𝑦2)𝑧
+
𝑑𝑦 ∧ (𝒜[𝑧2, 0,0] − 𝒜[𝑧2, 0, 𝑔−2])

(𝑟2 + 𝑧2)𝑦
]  

+2𝑚𝑠2𝑔3𝒜[𝑦2, 𝑧2, 0]  

 ∧ [
𝑧𝑑𝑧 ∧ (𝒜[𝑦2, 0,0] − 𝒜[𝑦2, 0, 𝑔−2])

(𝑟2 + 𝑦2)
+
𝑦𝑑𝑦 ∧ (𝒜[𝑧2, 0,0] − 𝒜[𝑧2, 0, 𝑔−2])

(𝑟2 + 𝑧2)
]

𝐴(2) =
2𝑚𝑠2(𝑎1 + 𝑎2𝑎3𝑔)

𝐻(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
(

(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)𝜇1
2

(1 − 𝑎1
2𝑔2)(1 − 𝑎2

2𝑔2)(1 − 𝑎3
2𝑔2)

𝑑𝑡 ∧ 𝑑𝜙1

 +
𝑔(𝑎3

2 − 𝑎2
2)𝜇2

2𝜇3
2

(1 − 𝑎2
2𝑔2)(1 − 𝑎3

2𝑔2)
𝑑𝜙2 ∧ 𝑑𝜙3)

 +( cyclic-permutations )

 

𝑠 =sinh 𝛿, 𝑐 = cosh 𝛿

𝑅(𝑟) =
1 + 𝑔2𝑟2

𝑟2
(𝑟2 + 𝑎1

2)(𝑟2 + 𝑎2
2)(𝑟2 + 𝑎3

2) − 2𝑚 + 𝑔2𝑟2 (𝑟2 +
2𝑚𝑠2

𝑟2
)

2

− 𝑔2𝑟6

 +2𝑚𝑠2𝑔2(𝑎1
2 + 𝑎2

2 + 𝑎3
2) −

4𝑚𝑠2𝑔𝑎1𝑎2𝑎3
𝑟2

𝐶0 =
(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)(𝑐2/𝑠2 + (1 − (𝑎1

2 + 𝑎2
2 + 𝑎3

2)𝑔2 − 2𝑎1𝑎2𝑎3𝑔
3)𝐻)

(1 − 𝑎1
2𝑔2)(1 − 𝑎2

2𝑔2)(1 − 𝑎3
2𝑔2)

𝐶𝑖 = −
𝑎𝑖(𝑎𝑖

2 − 𝑦2)(𝑎𝑖
2 − 𝑧2) (𝑐2/𝑠2 − (1 − (𝑎𝑖

2 − 𝑎𝑗
2 − 𝑎𝑘

2)𝑔2 +
2𝑎𝑗𝑎𝑘
𝑎𝑖

𝑔)𝐻)

(𝑎𝑖
2 − 𝑎𝑗

2)(𝑎𝑖
2 − 𝑎𝑘

2)(1 − 𝑎𝑖
2𝑔2)

 

𝛿 = 𝛿1 = 𝛿2  

(𝑡, 𝑟, 𝑦 = 𝑎sin 𝜃1, 𝜃2, 𝜙1, 𝜙2, 𝜙3) = (𝑡, 𝑟, 𝑦 = 𝑎cos 𝜃, 𝜓, 𝜉, 𝜁, 𝜙)
∎

 = (𝑡, 𝑟, 𝑦, 𝜗, 𝜙2, 𝜙3, 𝜙)
⋕  

𝑑𝑠2 =(𝐻1𝐻2)
1
5 (
𝑟2 + 𝑦2

Δ𝑟
𝑑𝑟2 +

𝑟2 + 𝑦2

Δ𝑦
𝑑𝑦2 +

𝑟2𝑦2

𝑎2
(𝑑𝜃2

2 + sin2 𝜃2𝑑𝜙1
2 + cos2 𝜃2𝑑𝜙2

2)

+
1

𝐻1𝐻2(1 − 𝑎
2𝑔2)2(𝑟2 + 𝑦2)

[−(𝑉𝑦
2Δ𝑟 − 𝒱1𝒱2Δ𝑦)𝑑𝑡

2 + (𝒲1𝒲2Δ𝑦 − 𝑉̃𝑦
2Δ𝑟)𝑎

2𝑑𝜙3
2  

 −
4𝑚′𝑐1

′𝑐2
′ 𝑐̃1
′ 𝑐̃2
′Δ𝑦

𝑎𝑟2
𝑑𝑡𝑑𝜙3])

=(𝐻1𝐻2)
1
5 (−

(1 + 𝑔2𝑟2)(1 − 𝑔2𝑦2)

1 − 𝑎2𝑔2
𝑑𝑡2 +

𝑟2 + 𝑦2

Δ𝑟
𝑑𝑟2 +

𝑟2 + 𝑦2

1 − 𝑔2𝑦2
𝑑𝜃1

2

+𝑟2sin2 𝜃1(𝑑𝜃2
2 + sin2 𝜃2𝑑𝜙1

2 + cos2 𝜃2𝑑𝜙2
2) +

𝑟2 + 𝑎2

1 − 𝑎2𝑔2
cos2 𝜃1𝑑𝜙3

2  

+
2𝑚′𝑠1

′𝑘1
2

𝑟2(𝑟2 + 𝑦2)𝐻1(1 − 𝑎
2𝑔2)2(𝑠1

′  2 − 𝑠2
′  2)

+
2𝑚′𝑠2

2𝑘2
2

𝑟2(𝑟2 + 𝑦2)𝐻2(1 − 𝑎
2𝑔2)2(𝑠2

′  2 − 𝑠1
′  2)

)

 

𝐴⋕
1 =

2𝑚′𝑠1
′

𝐻1(𝑟
2 + 𝑦2)𝑟2(1 − 𝑎2𝑔2)

𝑘1

𝐴∎
2 =

2𝑚′𝑠2
′

𝐻2(𝑟
2 + 𝑦2)𝑟2(1 − 𝑎2𝑔2)

𝑘2
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𝐴⋕ = −
2𝑚′𝑠1

′𝑠2
′𝑎

𝑟2 + 𝑦2
sin4 𝜃1vol𝑆3 −

2𝑚′𝑠1
′𝑠2
′𝑎𝑔

(1 − 𝑎2𝑔2)𝑟2
sin 𝜃1cos 𝜃1𝑑𝑡 ∧ 𝑑𝜃1 ∧ 𝑑𝜙3,  

vol𝑆3 = sin 𝜃2cos 𝜃2𝑑𝜃2 ∧ 𝑑𝜙1 ∧ 𝑑𝜙2  

𝐴△ = (
1

𝐻1
+
1

𝐻2
)
𝑚′𝑠1

′𝑠2
′ (1 − 𝑔2𝑦2)𝑎

(𝑟2 + 𝑦2)𝑟2(1 − 𝑎2𝑔2)
cos2 𝜃1𝑑𝑡 ∧ 𝑑𝜙3  

𝑠𝐼
′= sinh 𝛿𝐼

′, 𝑐𝐼
′ = cosh 𝛿𝐼

′  

𝑐̃𝐼
′= √1 + 𝑎2𝑔2𝑠𝐼

′2  

𝐻𝐼(𝑟, 𝑦)= 1 +
2𝑚′𝑠𝐼

′2

(𝑟2 + 𝑦2)𝑟2
 

Δ𝑟(𝑟)= (𝑟
2 + 𝑎2 −

2𝑚′

𝑟2
)(1 + 𝑔2𝑟2 −

2𝑚′𝑔2𝑠1
′2𝑠2

′2

𝑟2
) + 2𝑚′𝑔2𝑐1

′2𝑐2
′2 

Δ𝑦(𝑦)= (1 − 𝑔
2𝑦2)(𝑎2 − 𝑦2)  

𝒱𝐼(𝑟) = 1 + 𝑔
2𝑟2 +

2𝑚′𝑠𝐼
′2𝑔2

𝑟2

𝑉𝑦(𝑦) = 1 − 𝑔
2𝑦2

𝒲𝐼(𝑟) = 1 +
𝑟2

𝑎2
+
2𝑚′𝑠𝐼

′2

𝑟2𝑎2

𝑉̃𝑦(𝑦) = 1 −
𝑦2

𝑎2

𝑘1 = 𝑐1
′ 𝑐̃2
′ (1 − 𝑔2𝑦2)𝑑𝑡 − 𝑐2

′ 𝑐̃1
′𝑎cos2 𝜃1𝑑𝜙3

𝑘2 = 𝑐2
′ 𝑐̃1
′(1 − 𝑔2𝑦2)𝑑𝑡 − 𝑐1

′ 𝑐̃2
′𝑎cos2 𝜃1𝑑𝜙3

 

𝑐1 −
1
2𝑎

2𝑔2(𝑐1 − 𝑐2)

𝑠1
=
𝑐1
′ 𝑐̃2
′

𝑠1
′ ,
𝑐2 +

1
2𝑎

2𝑔2(𝑐1 − 𝑐2)

𝑠2
=
𝑐2
′ 𝑐̃1
′

𝑠2
′ , 𝑚𝑠𝐼

2 = 𝑚′𝑠𝐼
′2  

𝑑𝑠2 =(𝐻1𝐻2)
1
5 (−

(1 + 𝑔2𝑟2)(1 − 𝑔2𝑦2)

1 − 𝑎2𝑔2
𝑑𝑡2 +

𝑟2 + 𝑦2

Δ𝑟
𝑑𝑟2 +

𝑟2 + 𝑦2

1 − 𝑔2𝑦2
𝑑𝜃1

2

+𝑟2sin2 𝜃1(𝑑𝜃2
2 + sin2 𝜃2𝑑𝜙1

2 + cos2 𝜃2𝑑𝜙2
2) +

𝑟2 + 𝑎2

1 − 𝑎2𝑔2
cos2 𝜃1𝑑𝜙3

2 

+
1 −

1
𝐻1

1 − (𝑠2/𝑠1)
2
𝐾1
2 +

1 −
1
𝐻2

1 − (𝑠1/𝑠2)
2
𝐾2
2)

𝐴(1)
𝐼 =(1 −

1

𝐻𝐼
)𝐾𝐼

𝐴(2) =(
1

𝐻1
+
1

𝐻2
)

𝑚𝑠1𝑠2(1 − 𝑔
2𝑦2)𝑎

(𝑟2 + 𝑦2)𝑟2(1 − 𝑎2𝑔2)
cos2 𝜃1𝑑𝑡 ∧ 𝑑𝜙3

𝐴(3) = −
2𝑚𝑠1𝑠2𝑎

𝑟2 + 𝑦2
sin4 𝜃1vol𝑆3 −

2𝑚𝑠1𝑠2𝑎𝑔

(1 − 𝑎2𝑔2)𝑟2
sin 𝜃1cos 𝜃1𝑑𝑡 ∧ 𝑑𝜃1 ∧ 𝑑𝜙3
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𝐾1=

(𝑐1 −
1
2
𝑎2𝑔2(𝑐1 − 𝑐2)) (1 − 𝑔

2𝑦2)𝑑𝑡 − (𝑐2 +
1
2
𝑎2𝑔2(𝑐1 − 𝑐2))𝑎cos

2 𝜃1𝑑𝜙3

𝑠1(1 − 𝑎
2𝑔2)

 

𝐾2 =

(𝑐2 +
1
2
𝑎2𝑔2(𝑐1 − 𝑐2)) (1 − 𝑔

2𝑦2)𝑑𝑡 − (𝑐1 −
1
2
𝑎2𝑔2(𝑐1 − 𝑐2))𝑎cos

2 𝜃1𝑑𝜙3

𝑠2(1 − 𝑎
2𝑔2)

 

lim
𝑎2→0

  lim
𝑎1→0

  lim
𝑎3→𝑎

 .  

𝑇 = 𝑇△ =
1

2
𝑇⊙, Ω𝑖 = (0,0, Ω)

⊡, Φ𝐼 = Φ𝐼
⨁

𝑆 =
1

𝐺𝑁
𝑆△, 𝐽𝑖 =

1

𝐺𝑁
(0,0, 𝐽)⊚, 𝑄𝐼 =

1

𝐺𝑁
𝑄𝐼
⊞

𝐸 =
1

𝐺𝑁
𝐸⨂,

 

  𝑡 → (1 − 𝑎𝑔)𝑡,  ii) 𝜏 → 𝜏 − 𝑔𝑡,  

△= [1,13,30]|𝑔→−𝑔  

 𝑔 → −𝑔.  

(𝑡, 𝑟, 𝜓, 𝜉, 𝜑1, 𝜑2, 𝜑3) = (𝑡, √𝜌
2 − 𝑎2, 𝜏, 𝜉, 𝜑1, 𝜑2, 𝜑3)

⊠
 

𝜎1 = cos 𝜑3𝑑𝜑1 + sin 𝜑1sin 𝜑3𝑑𝜑2
𝜎2 = sin 𝜑3𝑑𝜑1 − sin 𝜑1cos 𝜑3𝑑𝜑2
𝜎3 = 𝑑𝜑3 + cos 𝜑1𝑑𝜑2

 

𝑑𝑠2 =(𝐻1𝐻2)
1
5 (−

𝑊

𝑓1
𝑑𝑡2 +

𝑟2(𝑟2 + 𝑎2)2

𝑊
𝑑𝑟2 +

𝑟2 + 𝑎2

1 − 𝑎2𝑔2
𝑑𝑠ℂℙ2

2

+
𝑓1

(𝑟2 + 𝑎2)2𝐻1𝐻2(1 − 𝑎
2𝑔2)2

(𝜎 + 𝑔𝑑𝑡 −
2𝑓2
𝑓1
(1 + 𝑎𝑔)𝑑𝑡)

2

)

=(𝐻1𝐻2)
1
5 (−

1 + 𝑔2𝑟2

1 − 𝑎2𝑔2
𝑑𝑡2 +

𝑟2(𝑟2 + 𝑎2)2

𝑊
𝑑𝑟2 +

𝑟2 + 𝑎2

1 − 𝑎2𝑔2
(𝜎2 + 𝑑𝑠ℂℙ2

2 )

 +
2𝑚𝑠1

2

(𝑠1
2 − 𝑠2

2)(𝑟2 + 𝑎2)2𝐻1(1 − 𝑎
2𝑔2)2

(𝛼1(1 + 𝑎𝑔)𝑑𝑡 − 𝑎𝛼2(𝜎 + 𝑔𝑑𝑡))
2

+
2𝑚𝑠2

2

(𝑠2
2 − 𝑠1

2)(𝑟2 + 𝑎2)2𝐻2(1 − 𝑎
2𝑔2)2

(𝛼2(1 + 𝑎𝑔)𝑑𝑡 − 𝑎𝛼1(𝜎 + 𝑔𝑑𝑡))
2)

 

𝜎= 𝑑𝜓 +
1

2
sin2 𝜉𝜎3  

𝑑𝑠ℂℙ2
2  = 𝑑𝜉2 +

1

4
sin2 𝜉(𝜎1

2 + 𝜎2
2) +

1

4
sin2 𝜉cos2 𝜉𝜎3

2

 

𝐴(1)
1 =

2𝑚𝑠1
(1 − 𝑎2𝑔2)𝐻1(𝑟

2 + 𝑎2)2
(𝛼1(1 + 𝑎𝑔)𝑑𝑡 − 𝑎𝛼2(𝜎 + 𝑔𝑑𝑡))  

𝐴(1)
2  =

2𝑚𝑠2
(1 − 𝑎2𝑔2)𝐻2(𝑟

2 + 𝑎2)2
(𝛼2(1 + 𝑎𝑔)𝑑𝑡 − 𝑎𝛼1(𝜎 + 𝑔𝑑𝑡))
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𝐴(3)  =
mas1𝑠2

(1 − 𝑎2𝑔2)(1 + 𝑎𝑔)(𝑟2 + 𝑎2)
(𝜎 + 𝑔𝑑𝑡) ∧ 𝑑𝜎

𝐴(2)  = (
1

𝐻1
+
1

𝐻2
)

mas1𝑠2
(1 + 𝑎𝑔)(𝑟2 + 𝑎2)2

𝑑𝑡 ∧ 𝜎
 

𝑠𝐼 =sinh 𝛿𝐼 , 𝑐𝐼 = cosh 𝛿𝐼

𝛼1 =𝑐1 −
1

2
(1 − (1 − 𝑎𝑔)2)(𝑐1 − 𝑐2)

𝛼2 =𝑐2 +
1

2
(1 − (1 − 𝑎𝑔)2)(𝑐1 − 𝑐2)

𝐻𝐼(𝑟) =1 +
2𝑚𝑠𝐼

2

(𝑟2 + 𝑎2)2

𝑓1(𝑟) =(1 − 𝑎
2𝑔2)𝐻1𝐻2(𝑟

2 + 𝑎2)3 −
4(1 − 𝑎𝑔)2𝑚2𝑎2𝑠1

2𝑠2
2

(𝑟2 + 𝑎2)2

 +
1

2
𝑚𝑎2 (4(1 − 𝑎𝑔)2 + 2(1 − (1 − 𝑎𝑔)4)𝑐1𝑐2 + (1 − (1 − 𝑎𝑔)

2)2(𝑐1
2 + 𝑐2

2))

𝑓2(𝑟) =
1

2
𝑔(1 − 𝑎𝑔)𝐻1𝐻2(𝑟

2 + 𝑎2)3

 +
1

4
𝑚𝑎 (2(1 + (1 − 𝑎𝑔)4)𝑐1𝑐2 + (1 − (1 − 𝑎𝑔)

4)(𝑐1
2 + 𝑐2

2))

𝑊(𝑟) =𝑔2𝐻1𝐻2(𝑟
2 + 𝑎2)4 + (1 − 𝑎2𝑔2)(𝑟2 + 𝑎2)3 +

1

2
𝑚𝑎2(4(1 − 𝑎𝑔)2

+2(1 − (1 − 𝑎𝑔)4)𝑐1𝑐2 + (1 − (1 − 𝑎𝑔)
2)2(𝑐1

2 + 𝑐2
2))

 −
1

2
𝑚(𝑟2 + 𝑎2)(4(1 − 𝑎2𝑔2) + 2𝑎2𝑔2(6 − 8𝑎𝑔 + 3𝑎2𝑔2)𝑐1𝑐2

−𝑎2𝑔2(2 − 𝑎𝑔)(2 − 3𝑎𝑔)(𝑐1
2 + 𝑐2

2))

 

(𝜓, 𝜉, 𝜑1, 𝜑2, 𝜑3) = (−𝜙3, 𝜃1, 2𝜃2, 𝜙1 − 𝜙2, 2𝜙3 − 𝜙1 −𝜙2)  

𝜎 =−cos2 𝜃1𝑑𝜙3 − sin
2 𝜃1(sin

2 𝜃2𝑑𝜙1 + cos
2 𝜃2𝑑𝜙2)  

𝑑𝑠ℂℙ2
2 =𝑑𝜃1

2 + sin2 𝜃1𝑑𝜃2
2 + sin2 𝜃1sin

2 𝜃2cos
2 𝜃2(𝑑𝜙1 − 𝑑𝜙2)

2

 +sin2 𝜃1cos
2 𝜃1(𝑑𝜙3 − sin

2 𝜃2𝑑𝜙1 − cos
2 𝜃2𝑑𝜙2)

2

 

𝑑𝑠2= (𝐻1𝐻2)
1
5(−

1 + 𝑔2𝑟2

1 − 𝑎2𝑔2
𝑑𝑡2 +

𝑟2(𝑟2 + 𝑎2)2

𝑊
𝑑𝑟2 +

1 −
1
𝐻1

1 − (𝑠2/𝑠1)
2
𝐾1
2 +

1 −
1
𝐻2

1 − (𝑠1/𝑠2)
2
𝐾2
2  

+
𝑟2 + 𝑎2

1 − 𝑎2𝑔2
(𝑑𝜃1

2 + sin2 𝜃1𝑑𝜃2
2 + sin2 𝜃1sin

2 𝜃2𝑑𝜙1
2 + sin2 𝜃1cos

2 𝜃2𝑑𝜙2
2 + cos2 𝜃1𝑑𝜙3

2))

𝐴(1)
𝐼 = (1 −

1

𝐻𝐼
)𝐾𝐼  

𝐴(3)=
𝑚𝑎𝑠1𝑠2

(1 − 𝑎2𝑔2)(1 + 𝑎𝑔)(𝑟2 + 𝑎2)
(𝜎 + 𝑔𝑑𝑡) ∧ 𝑑𝜎  

𝐴(2) = (
1

𝐻1
+
1

𝐻2
)

𝑚𝑎𝑠1𝑠2
(1 + 𝑎𝑔)(𝑟2 + 𝑎2)2

𝑑𝑡 ∧ 𝜎
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𝐾1 =
1

𝑠1(1 − 𝑎
2𝑔2)

(𝛼1(1 + 𝑎𝑔)𝑑𝑡 − 𝑎𝛼2(𝜎 + 𝑔𝑑𝑡))

𝐾2 =
1

𝑠2(1 − 𝑎
2𝑔2)

(𝛼2(1 + 𝑎𝑔)𝑑𝑡 − 𝑎𝛼1(𝜎 + 𝑔𝑑𝑡))

 

lim
𝑎3→−𝑎

  lim
𝑎2→−𝑎

  lim
𝑎1→−𝑎

   

𝑇 = [𝑔𝑇⊕]
𝑔→−𝑔

,         Ω𝑖 = [𝑔Ω
⊡]

𝑔→−𝑔
,Φ𝐼 = [

1

2
Φ†]

𝑔→−𝑔
        

𝑆= [𝑆⊠]
𝑔→−𝑔

,         𝐽𝑖 = [𝐽
⊞]

𝑔→−𝑔
,𝑄𝐼 = [2𝑔𝑄𝐼

⋆]𝑔→−𝑔        

𝐸 = [𝑔𝐸⊟]
𝑔→−𝑔

,                 

 

𝜔𝑖 =
Ω𝑖 + 𝑔

𝑇
=
[𝑔Ω⋄]𝑔→−𝑔 + 𝑔

[𝑔𝑇⊛]𝑔→−𝑔
=
Ω⋁ − 1

𝑇△
|
𝑔→−𝑔

= −𝜁⊖|
𝑔→−𝑔

𝜑𝐼 =
Φ𝐼 − 1

𝑇
=

[
1
2
Φ𝐼
⊙]

𝑔→−𝑔
− 1

[𝑔𝑇⊘]𝑔→−𝑔
=
Φ𝐼
⊚ − 2

2𝑔𝑇[13]
|
𝑔→−𝑔

= −
1

2𝑔
𝜉𝐼
⋀|
𝑔→−𝑔

 

𝑑𝑠2 =𝑑𝑠5
2 + (𝐻1(𝑟, 𝑦, 𝑧)𝐻2(𝑟, 𝑦, 𝑧))

1
5

(𝑟2 + 𝑦2)(𝑦2 − 𝑧2)𝑦2

(1 − 𝑔2𝑦2)(𝑎1
2 − 𝑦2)(𝑎2

2 − 𝑦2)(𝑎3
2 − 𝑦2)

𝑑𝑦2

+(𝐻1(𝑟, 𝑦, 𝑧)𝐻2(𝑟, 𝑦, 𝑧))
1
5

(𝑟2 + 𝑧2)(𝑧2 − 𝑦2)𝑧2

(1 − 𝑔2𝑧2)(𝑎1
2 − 𝑧2)(𝑎2

2 − 𝑧2)(𝑎3
2 − 𝑧2)

𝑑𝑧2  

𝑑𝑠5
2 = −𝑔00(𝑟, 𝑦, 𝑧)𝑑𝑡

2 + ∑  

3

𝑖,𝑗=1

 𝑔𝑖𝑗(𝑟, 𝑦, 𝑧)(𝑑𝜙𝑖 −𝑊𝑖(𝑟, 𝑦, 𝑧)𝑑𝑡)(𝑑𝜙𝑗 −𝑊𝑗(𝑟, 𝑦, 𝑧)𝑑𝑡)

 +(𝐻1(𝑟, 𝑦, 𝑧)𝐻2(𝑟, 𝑦, 𝑧))
1
5
(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)

𝑈
𝑑𝑟2

 

𝑔00(𝑟, 𝑦, 𝑧)  =
(𝐻1(𝑟, 𝑦, 𝑧)𝐻2(𝑟, 𝑦, 𝑧))

1
5𝑟4(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)𝑈(𝑟)

𝒮(𝑟)
[1 +

𝑄(𝑟, 𝑦, 𝑧)

𝑃(𝑟, 𝑦, 𝑧)
𝑈(𝑟)]

𝑊𝑖(𝑟, 𝑦, 𝑧)  =

1 + 𝑔2𝑟2

𝑟2
(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)𝒮(𝑟)

𝑃(𝑟, 𝑦, 𝑧)
[𝑤𝑖(𝑟) − 𝑎𝑖𝑟

2(𝑟2 + 𝑎𝑗
2)(𝑟2 + 𝑎𝑘

2)
𝑈(𝑟)

𝒮(𝑟)
]

 

𝑄(𝑟, 𝑦, 𝑧) =(1 + 𝑔2𝑟2)[𝑎1
2𝑎2
2𝑎3
2(1 − 𝑔2(𝑟2 + 𝑦2 + 𝑧2) + 𝑔4(𝑟2 + 𝑦2)(𝑟2 + 𝑧2))

+(𝑎1
2𝑎2
2 + 𝑎2

2𝑎3
2 + 𝑎3

2𝑎1
2)𝑟2(1 − 𝑔2(𝑟2 + 𝑦2 + 𝑧2))  

+(𝑎1
2 + 𝑎2

2 + 𝑎3
2)𝑟2(𝑟2 + 𝑔2𝑦2𝑧2) + 𝑟2(𝑟2(𝑟2 + 𝑔2𝑦2𝑧2) − (𝑟2 + 𝑦2)(𝑟2 + 𝑧2))]

𝑃(𝑟, 𝑦, 𝑧) =
1 + 𝑔2𝑟2

𝑟2
(1 − 𝑔2𝑦2)(1 − 𝑔2𝑧2)𝒮(𝑟)

 + [𝑟2(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)Ξ1Ξ2Ξ3 − (1 − 𝑔
2𝑦2)(1 − 𝑔2𝑧2)∏  

3

𝑖=1

 (𝑟2 + 𝑎𝑖
2)]𝑈(𝑟)

 

𝑔00(𝑟, 𝑦, 𝑧)  =
(𝐻1(𝑟+, 𝑦, 𝑧)𝐻2(𝑟+, 𝑦, 𝑧))

1
5𝑟+
4(𝑟+

2 + 𝑦2)(𝑟+
2 + 𝑧2)

𝒮(𝑟+)
𝑈′(𝑟+)𝜌

2 + 𝒪(𝜌4)

𝑊𝑖(𝑟+, 𝑦, 𝑧)  = Ω𝑖 + 𝒪(𝜌
2)
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𝑟 = 𝑟+ + 𝜌
2 (𝜌2 ≪ 𝑟+)  

 

𝐼11 =
1

16𝜋𝐺11
∫  (⋆11 𝑅 −

1

2
ℱ ∧⋆11 ℱ +

1

6
ℱ ∧ ℱ ∧𝒜) ,  

d𝑠4
2 =

1

𝜇2
(𝑒−2𝜆1[ d𝜈1

2 + 𝜈1
2(𝐷𝜙1)

2] + 𝑒−2𝜆2[ d𝜈2
2 + 𝜈2

2(𝐷𝜙2)
2] + 𝑒4𝜆1+4𝜆2 d𝜈3

2)  

𝜈1 = sin 𝛼cos 𝛽, 𝜈2 = sin 𝛼sin 𝛽, 𝜈3 = cos 𝛼; 𝜈1
2 + 𝜈2

3 + 𝜈3
2 = 1  

d𝑠11
2 =Δ1/3 d𝑠7

2 + Δ−2/3 d𝑠4
2

ℱ =−𝑒−4𝜆1−4𝜆2𝜈3 ⋆7 𝑆 +
1

𝜇
𝑆 ∧  d𝜈3  

+
1

Δ𝜇2
[−𝑒2𝜆1𝜈1

2𝐷𝜙1 ∧ 𝐹2 ∧  d𝜈3 − 𝑒
2𝜆2𝜈2

2𝐷𝜙2 ∧ 𝐹1 ∧  d𝜈3  

 +𝑒−4𝜆1−4𝜆2𝜈1𝜈3𝐷𝜙1 ∧ 𝐹2 ∧  d𝜈1 + 𝑒
−4𝜆1−4𝜆2𝜈2𝜈3𝐷𝜙2 ∧ 𝐹1 ∧  d𝜈2]

+
𝑈𝜈1𝜈2
Δ2𝜇3

[𝜈1𝐷𝜙1 ∧ 𝐷𝜙2 ∧  d𝜈2 ∧  d𝜈3 + 𝜈2𝐷𝜙2 ∧ 𝐷𝜙1 ∧  d𝜈1 ∧  d𝜈3 

 +𝜈3𝐷𝜙1 ∧ 𝐷𝜙2 ∧  d𝜈1 ∧  d𝜈2]

+
𝜈1𝜈2
Δ2𝜇3

[2𝑒2𝜆1+2𝜆2𝜈1𝜈2𝐷𝜙1 ∧ 𝐷𝜙2 ∧  d(𝜆1 − 𝜆2) ∧ d𝜈3  

+2𝑒−2𝜆1−4𝜆2𝜈1𝜈3𝐷𝜙1 ∧ 𝐷𝜙2 ∧  d(3𝜆1 − 2𝜆2) ∧ d𝜈2  

 +2𝑒−4𝜆1−2𝜆2𝜈2𝜈3𝐷𝜙1 ∧ 𝐷𝜙2 ∧  d(3𝜆1 + 2𝜆2) ∧ d𝜈1]

 

Δ =𝑒2𝜆1𝜈1
2 + 𝑒2𝜆2𝜈2

2 + 𝑒−4𝜆1−4𝜆2𝜈3
2

𝑈 = −(2𝑒2𝜆1+2𝜆2 + 𝑒−2𝜆1−4𝜆2)𝜈1
2 − (2𝑒2𝜆1+2𝜆2 + 𝑒−4𝜆1−2𝜆2)𝜈2

2

 +(𝑒−8𝜆1−8𝜆2 − 2𝑒−2𝜆1−4𝜆2 − 2𝑒−4𝜆1−2𝜆2)𝜈3
2

 

𝐼7 =
1

16𝜋𝐺7
∫  [⋆7(𝑅 − 𝑉) − 5 d𝜆+ ∧⋆7  d𝜆+ − d𝜆− ∧⋆7  d𝜆− −

1

2
𝑒−4𝜆1𝐹1 ∧⋆7 𝐹1 

−
1

2
𝑒−4𝜆2𝐹2 ∧⋆7 𝐹2 −

1

2
𝑒−4𝜆+𝑆 ∧⋆7 𝑆 +

1

2𝜇
𝑆 ∧  d𝑆  

−
1

𝜇
𝐹1 ∧ 𝐹2 ∧ 𝑆 +

1

4𝜇
(𝐴1 ∧ 𝐹1 ∧ 𝐹2 ∧ 𝐹2 + 𝐴2 ∧ 𝐹2 ∧ 𝐹1 ∧ 𝐹1)]

 

𝑉 =
𝜇2

2
(𝑒−8𝜆1−8𝜆2 − 4𝑒−2𝜆1−4𝜆2 − 4𝑒−4𝜆1−2𝜆2 − 8𝑒2𝜆1+2𝜆2)  
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d𝑆 = 𝜇𝑒−4𝜆+𝑆 + 𝐹1 ∧ 𝐹2

d(𝑒−4𝜆1,2⋆7𝐹1,2) =
1

𝜇
𝐹1,2 ∧ 𝐹2,1 ∧ 𝐹2,1 −

1

𝜇
𝐹2,1 ∧  d𝑆  

 d ⋆7  d(3𝜆1,2 + 2𝜆2,1) = −
1

2
𝑒−4𝜆1,2𝐹1,2 ∧⋆7 𝐹1,2 −

1

2
𝑒−4𝜆+𝑆 ∧⋆7 𝑆 +

1

4
⋆7

𝜕𝑉

𝜕𝜆1,2

𝑅𝑀𝑁 = 5𝜕𝑀𝜆+𝜕𝑁𝜆− + 𝜕𝑀𝜆−𝜕𝑁𝜆+ +
1

2
𝑒−4𝜆1𝐹1𝑀𝑁

2 +
1

2
𝑒−4𝜆2𝐹2𝑀𝑁

2

 +
1

4
𝑒−4𝜆+𝑆𝑀𝑁

2 +
1

5
𝑔𝑀𝑁 [𝑉 −

1

4
𝑒−4𝜆1𝐹1

2 −
1

4
𝑒−4𝜆2𝐹2

2 −
1

6
𝑒−4𝜆+𝑆2]

 

𝛿𝜓̃𝑀 = [𝜕𝑀 +
1

4
𝜔𝑀𝐴𝐵̂𝛾̃

𝐴𝐵̂⊗14 +
𝜇

2
18⊗ (𝐴1𝑀Γ

12 + 𝐴2𝑀Γ
34)

+ (
𝜇

4
𝑒−4𝜆+𝛾̃𝑀 +

1

2
𝛾̃𝑀𝛾̃

𝑁𝜕𝑁𝜆+)⊗ 14  

+
1

4
(𝑒−2𝜆1𝐹1𝑀𝑁𝛾̃

𝑁⊗Γ12 + 𝑒−2𝜆2𝐹2𝑀𝑁𝛾̃
𝑁⊗Γ34)  

−
1

8
𝑒−2𝜆+𝑆𝑀𝑁𝑃𝛾̃

𝑁𝑃⊗Γ5] 𝜖̃ ⊗ ℰ

𝛿𝜁1,2 = [
𝜇

4
(𝑒2𝜆1,2 − 𝑒−4𝜆+) −

1

4
𝛾̃𝑀𝜕𝑀(3𝜆1,2 + 2𝜆2,1)⊗ 14

−
1

16
𝑒−2𝜆1,2𝐹1,2𝑀𝑁𝛾̃

𝑀𝑁
⊗Γ12 +

1

48
𝑒−2𝜆+𝑆𝑀𝑁𝑃𝛾̃

𝑀𝑁𝑃⊗Γ5] 𝜖̃ ⊗ ℰ.

 

d𝑠2
2 = (d𝑥1

2 + d𝑥2
2)/𝑥2

2  

Λ1 =
1

10
ln (

1 + 7𝑧 + 7𝑧2 + 33𝑧3 − (1 + 4𝑧 + 19𝑧2)√1 + 3𝑧2

4𝑧(1 − 𝑧)2
)

Λ2 = Λ1 −
1

2
ln (

1 + 𝑧

2𝑧 + √1 + 3𝑧2
)

𝑓0 = 4Λ+

𝑔0 =
1

2
ln (

1

8
𝑒2Λ+[(1 − 𝑧)𝑒2Λ1 + (1 + 𝑧)𝑒2Λ2])

 

d𝑠7
2= 𝑒2𝑓0  d𝑠5

2 + 𝑒2𝑔0𝐿2 d𝑠2
2  

𝑆 = 𝑐𝑒𝑓0+2𝑔0+2Λ+𝐿2 ⋆7 (𝐹 ∧  d𝜔)

𝐴1,2 = 𝑎(1 ± 𝑧)𝐿𝜔 + 𝑏𝑒
𝑓0+2Λ1,2𝐴

 

 

𝐼5 =
1

16𝜋𝐺5
∫  [⋆5 (𝑅 +

12

𝐿2
) −

𝜒2

2
𝐹 ∧⋆5 𝐹 +

𝜒3

3√3
𝐴 ∧ 𝐹 ∧ 𝐹]  

𝐺7 = 𝑒
3𝑓0+2𝑔0𝐿24𝜋(𝔤 − 1)𝐺5  

d ⋆5 𝐹=
𝜒

√3
𝐹 ∧ 𝐹  

𝑅𝜇𝜈  = −
4

𝐿2
𝑔𝜇𝜈 +

𝜒2

2
𝐹𝜇 

𝛼𝐹𝜈𝛼 −
𝜒2

12
𝑔𝜇𝜈𝐹

𝛼𝛽𝐹𝛼𝛽

 

𝛿𝜓𝜇 = [𝜕𝜇 +
1

4
𝜔𝜇𝛼̂𝛽̂𝛾

𝛼̂𝛽̂ −
i𝜒

8√3
(𝛾𝜇𝛼𝛽𝐹

𝛼𝛽 − 4𝐹𝜇𝛼𝛾
𝛼) −

1

2𝐿
(𝛾𝜇 + i√3𝜒𝐴𝜇)] 𝜖  
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𝛾̃𝜇 = −𝜒7𝛾𝜇⊗𝜎1, 𝛾̃𝑥1 = 𝜒714⊗𝜎2, 𝛾̃𝑥2 = 𝜒714⊗𝜎3, 𝜖̃ = 𝜖 ⊗ (
1

𝜒7
) ,  

 

(𝛾̃𝑥1𝑥̂2 ⊗Γ12)(𝜖̃ ⊗ ℰ) = 𝜒7𝜖̃ ⊗ ℰ, (18⊗Γ5)(𝜖̃ ⊗ ℰ) = 𝜖̃ ⊗ ℰ  

 

𝑎 = −
𝜒7
4
, 𝑐 = 𝑏 =

𝜒

√3
, 𝜕𝑥1(𝜖̃ ⊗ ℰ) = 𝜕𝑥2(𝜖̃ ⊗ ℰ) = 0  

 

−1 < 𝑎𝑔 < 1,−1 < 𝑏𝑔 < 1, 0 ≤ 𝑞 ≤
𝑚

1 + 𝑎𝑔 + 𝑏𝑔
 

d𝑠CCLP
2 =−

Δ𝜂[(1 + 𝑔
2𝑟2)𝜌2 d𝑡 + 2𝑞𝜈]d𝑡

Ξ𝑎Ξ𝑏𝜌
2

+
2𝑞𝜈𝜔

𝜌2
+
𝑓

𝜌4
(
Δ𝜂d𝑡

Ξ𝑎Ξ𝑏
−𝜔)

2

 

 +
𝜌2 d𝑟2

Δ𝑟
+
𝜌2 d𝜂2

Δ𝜂
+
𝑟2 + 𝑎2

Ξ𝑎
sin2 𝜂 d𝜉1

2 +
𝑟2 + 𝑏2

Ξ𝑏
cos2 𝜂 d𝜉2

2

𝐴CCLP =
√3𝑞

𝜒𝜌2
(
Δ𝜂d𝑡

Ξ𝑎Ξ𝑏
−𝜔) + 𝛼d𝑡

 

𝜈 = 𝑏sin2 𝜂 d𝜉1 + 𝑎cos
2 𝜂 d𝜉2, 𝜔 =

𝑎sin2 𝜂

Ξ𝑎
 d𝜉1 +

𝑏cos2 𝜂

Ξ𝑏
 d𝜉2  

Δ𝑟(𝑟)=
(𝑟2 + 𝑎2)(𝑟2 + 𝑏2)(1 + 𝑔2𝑟2) + 𝑞2 + 2𝑎𝑏𝑞

𝑟2
− 2𝑚 

Δ𝜂(𝜂) = 1 − 𝑎
2𝑔2cos2 𝜂 − 𝑏2𝑔2sin2 𝜂

𝜌2(𝑟, 𝜂) = 𝑟2 + 𝑎2cos2 𝜂 + 𝑏2sin2 𝜂

𝑓(𝑟, 𝜂) = 2(𝑚 + 𝑎𝑏𝑞𝑔2)𝜌2(𝑟, 𝜂) − 𝑞2

 

Ξ𝑎 = 1 − 𝑎
2𝑔2, Ξ𝑏 = 1 − 𝑏

2𝑔2  

−∞ < 𝑡 < ∞, 𝑟+ < 𝑟 < ∞, 0 < 𝜂 <
𝜋

2
, 𝜉1 ∼ 𝜉1 + 2𝜋, 𝜉2 ∼ 𝜉2 + 2𝜋  

𝑚 =
(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2)(1 + 𝑔2𝑟+
2) + 𝑞2 + 2𝑎𝑏𝑞

2𝑟+
2

 

d𝑠CCLP,𝔈
2 = d𝑠CCLP

2 |
𝑡→−i𝜏

, 𝐴CCLP,𝔈 = 𝐴CCLP|𝑡→−i𝜏.  

d𝑠CCLP,ℬ
2 = lim

𝑟→∞
 𝑔−2𝑟−2 d𝑠CCLP

2  

 = −
Δ𝜂

Ξ𝑎Ξ𝑏
 d𝑡2 +

1

𝑔2Δ𝜂
d𝜂2 +

sin2 𝜂

𝑔2Ξ𝑎
 d𝜉1

2 +
cos2 𝜂

𝑔2Ξ𝑏
 d𝜉2

2
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𝛽=
2𝜋𝑟+[(𝑟+

2 + 𝑎2)(𝑟+
2 + 𝑏2) + 𝑎𝑏𝑞]

𝑟+
4[1 + 𝑔2(2𝑟+

2 + 𝑎2 + 𝑏2)] − (𝑎𝑏 + 𝑞)2
 

Ω1 =
𝑎(𝑟+

2 + 𝑏2)(1 + 𝑔2𝑟+
2) + 𝑏𝑞

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞
, Ω2 =

𝑏(𝑟+
2 + 𝑎2)(1 + 𝑔2𝑟+

2) + 𝑎𝑞

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞

Φ =
√3𝑞𝑟+

2

𝜒[(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞]

 

d𝑠ℋ
2 = d𝑠CCLP

2 |
d𝑡→0, d𝑟→0,𝑟→𝑟+

 

𝑆 =
𝜋2[(𝑟+

2 + 𝑎2)(𝑟+
2 + 𝑏2) + 𝑎𝑏𝑞]

2Ξ𝑎Ξ𝑏𝑟+𝐺5
 

𝐸= (𝐸AdS − 𝜁
′) +

𝑚𝜋(2Ξ𝑎 + 2Ξ𝑏 − Ξ𝑎Ξ𝑏) + 2𝑎𝑏𝑞
2𝜋(Ξ𝑎 + Ξ𝑏)

4Ξ𝑎
2Ξ𝑏

2𝐺5
 

𝐽1 =
𝜋[2𝑎𝑚 + 𝑏𝑞(1 + 𝑎2𝑔2)]

4Ξ𝑎
2Ξ𝑏𝐺5

, 𝐽2 =
𝜋[2𝑏𝑚 + 𝑎𝑞(1 + 𝑏2𝑔2)]

4Ξ𝑎Ξ𝑏
2𝐺5

𝑄 =
𝜒√3𝜋𝑞

4Ξ𝑎Ξ𝑏𝐺5

 

𝐸AdS =
3𝜋

32𝑔2𝐺5
(1 +

(Ξ𝑎 − Ξ𝑏)
2

9Ξ𝑎Ξ𝑏
) , 𝜁′ =

9𝑔𝜋𝛽(Ξ𝑎
2 − Ξ𝑎Ξ𝑏 + Ξ𝑏

2)

Ξ𝑎Ξ𝑏𝐺5
𝜁′  

ℐbs =
𝜋𝛽

4Ξ𝑎Ξ𝑏𝐺5
[𝑚 − 𝑔2(𝑎2 + 𝑟+

2)(𝑏2 + 𝑟+
2) −

𝑞2𝑟+
2

(𝑎2 + 𝑟+
2)(𝑏2 + 𝑟+

2) + 𝑎𝑏𝑞
]  

ℐ = 𝛽(𝐸AdS − 𝜁
′) + ℐbs  

ℐ = 𝛽𝐸 − 𝑆 − 𝛽Ω1𝐽1 − 𝛽Ω2𝐽2 − 𝛽Φ𝑄.  

d𝐸 =
1

𝛽
 d𝑆 + Ω1 d𝐽1 + Ω2 d𝐽2 +Φd𝑄  

d𝐸 = 𝛿𝜎𝐸 +
1

𝛽
 d𝑆 + Ω1 d𝐽1 + Ω2 d𝐽2 +Φd𝑄  

𝛿𝜎ℐ = 𝛽d(𝐸AdS − 𝜁
′) = 𝛽𝛿𝜎𝐸  

d (𝐸 − (𝐸AdS − 𝜁
′)) =

1

𝛽
 d𝑆 + Ω1 d𝐽1 + Ω2 d𝐽2 +Φd𝑄  

ℐ(𝛽, Ω1, Ω2, Φ) = −log 𝒵(𝛽, Ω1, Ω2, Φ)  

𝑃𝑖 =
1

𝒵
𝑒−𝛽(𝐸𝑖−Ω1𝐽1,𝑖−Ω2𝐽2,𝑖−Φ𝑄𝑖), 𝒵 =∑  

𝑖

  𝑒−𝛽(𝐸𝑖−Ω1𝐽1,𝑖−Ω2𝐽2,𝑖−Φ𝑄𝑖)  
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𝐸=∑  

𝑖

 𝑃𝑖𝐸𝑖 =
𝜕ℐ

𝜕𝛽
+ Ω1𝐽1 + Ω2𝐽2 +Φ𝑄  

𝐽1 = ∑  

𝑖

 𝑃𝑖𝐽1,𝑖 = −
1

𝛽

𝜕ℐ

𝜕Ω1
, 𝐽2 =∑ 

𝑖

 𝑃𝑖𝐽2,𝑖 = −
1

𝛽

𝜕ℐ

𝜕Ω2

𝑄 =∑  

𝑖

 𝑃𝑖𝑄𝑖 = −
1

𝛽

𝜕ℐ

𝜕Φ

 

𝜕ℐ

𝜕(𝑎, 𝑏, 𝑟+, 𝑞)
=
𝜕ℐ

𝜕𝛽

𝜕𝛽

𝜕(𝑎, 𝑏, 𝑟+, 𝑞)

 +
𝜕ℐ

𝜕Ω1

𝜕Ω1
𝜕(𝑎, 𝑏, 𝑟+, 𝑞)

+
𝜕ℐ

𝜕Ω2

𝜕Ω2
𝜕(𝑎, 𝑏, 𝑟+, 𝑞)

+
𝜕ℐ

𝜕Φ

𝜕Φ

𝜕(𝑎, 𝑏, 𝑟+, 𝑞)

 

(
𝜕ℐ

𝜕𝛽
,
𝜕ℐ

𝜕Ω1
,
𝜕ℐ

𝜕Ω2
,
𝜕ℐ

𝜕Φ
) 

𝑆(𝐸, 𝐽1, 𝐽2, 𝑄) = 𝛽𝐸 − 𝛽Ω1𝐽1 − 𝛽Ω2𝐽2 − 𝛽Φ𝑄 − ℐ(𝛽, Ω1, Ω2, Φ)  

𝛽 =
𝜕𝑆

𝜕𝐸
, Ω1 = −

1

𝛽

𝜕𝑆

𝜕𝐽1
, Ω2 = −

1

𝛽

𝜕𝑆

𝜕𝐽2
, Φ = −

1

𝛽

𝜕𝑆

𝜕𝑄
.  

𝜕𝑆

𝜕(𝑎, 𝑏, 𝑟+, 𝑞)
=
𝜕𝑆

𝜕𝐸

𝜕𝐸

𝜕(𝑎, 𝑏, 𝑟+, 𝑞)

 +
𝜕𝑆

𝜕𝐽1

𝜕𝐽1
𝜕(𝑎, 𝑏, 𝑟+, 𝑞)

+
𝜕𝑆

𝜕𝐽2

𝜕𝐽2
𝜕(𝑎, 𝑏, 𝑟+, 𝑞)

+
𝜕𝑆

𝜕𝑄

𝜕𝑄

𝜕(𝑎, 𝑏, 𝑟+, 𝑞)

 

(
𝜕𝑆

𝜕𝐸
,
𝜕𝑆

𝜕𝐽1
,
𝜕𝑆

𝜕𝐽2
,
𝜕𝑆

𝜕𝑄
) 

𝑞 =
𝑚

1 + 𝑎𝑔 + 𝑏𝑔
 

𝑚̃ =
𝑚𝑔

(𝑎 + 𝑏)(1 + 𝑎𝑔)(1 + 𝑏𝑔)(1 + 𝑎𝑔 + 𝑏𝑔)
− 1  

𝑟∗
2 =

1

𝑔
(𝑎 + 𝑏 + 𝑎𝑏𝑔),  

𝑞 = −𝑎𝑏 + 𝑟+
2(1 + 𝑎𝑔 + 𝑏𝑔) ± √−𝑟+

2(𝑟∗
2 − 𝑟+

2)  
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𝛽= −
2𝜋(𝑎 − i𝑟+)(𝑏 − i𝑟+)(𝑔𝑟∗

2 + i𝑟+)

𝑔(𝑟∗
2 − 𝑟+

2)[2𝑟+(1 + 𝑎𝑔 + 𝑏𝑔) + i𝑔(𝑟∗
2 − 3𝑟+

2)]
 

Ω1=
𝑔(𝑟∗

2 + i𝑎𝑟+)(1 − i𝑔𝑟+)

(𝑔𝑟∗
2 + i𝑟+)(𝑎 − i𝑟+)

, Ω2 = Ω1|𝑎↔𝑏  

Φ=
√3i𝑟+(1 − i𝑔𝑟+)

𝜒(𝑔𝑟∗
2 + i𝑟+)

,  

𝐸̃=
𝜋[3 − 𝑔2(𝑎2(1 + 𝑏𝑔) + 𝑏2(1 + 𝑎𝑔) − 𝑎𝑏)][−𝑎𝑏 + 𝑟+

2(1 + 𝑎𝑔 + 𝑏𝑔) + i𝑔𝑟+(𝑟∗
2 − 𝑟+

2)]

4Ξ𝑎Ξ𝑏(1 − 𝑎𝑔)(1 − 𝑏𝑔)𝐺5
 

𝐽1 =
𝜋[2𝑎 + 𝑏(1 + 𝑎𝑔)][−𝑎𝑏 + 𝑟+

2(1 + 𝑎𝑔 + 𝑏𝑔) + i𝑔𝑟+(𝑟∗
2 − 𝑟+

2)]

4Ξ𝑎Ξ𝑏(1 − 𝑎𝑔)𝐺5
, 𝐽2 = 𝐽1|

𝑎↔𝑏

,

𝑄 =
𝜒√3𝜋[−𝑎𝑏 + 𝑟+

2(1 + 𝑎𝑔 + 𝑏𝑔) + i𝑔𝑟+(𝑟∗
2 − 𝑟+

2)]

4Ξ𝑎Ξ𝑏𝐺5
,

𝑆 =
𝜋2[𝑟+(𝑟+

2 + 𝑎2(1 + 𝑏𝑔) + 𝑏2(1 + 𝑎𝑔) + 𝑎𝑏) + i𝑎𝑏𝑔(𝑟∗
2 − 𝑟+

2)]

2Ξ𝑎Ξ𝑏𝐺5

ℐ̃ =
𝜋2(𝑎 − i𝑟+)

2(𝑏 − i𝑟+)
2(1 + 𝑔2𝑟∗

2)

2Ξ𝑎Ξ𝑏[2𝑟+(1 + 𝑎𝑔 + 𝑏𝑔) + i𝑔(𝑟∗ − 3𝑟+
2)]𝐺5

,

 

𝐸 − 𝑔𝐽1 − 𝑔𝐽2 −
√3

𝜒
𝑄 = 𝐸AdS − 𝜁

′  

𝛽(𝑔 + Ω1 + Ω2 − 𝑔𝜒√3Φ) = 2𝜋i  

𝜔1 = 𝛽(Ω1 − 𝑔),𝜔2 = 𝛽(Ω2 − 𝑔), 𝜑 = 𝛽 (Φ−
√3

𝜒
)  

ℐ =
𝜋𝜒3

12√3𝐺5

𝜑3

𝜔1𝜔2
 

ℐ = −𝑆 − 𝜔1𝐽1 −𝜔2𝐽2 − 𝜑𝑄; 𝜔1 +𝜔2 − 𝑔𝜒√3𝜑 = 2𝜋i  

𝜔1 = −
𝜋(1 − 𝑎𝑔)(𝑏 − i𝑟∗)

𝑟∗[1 + 𝑔(𝑎 + 𝑏 − i𝑟∗)]
, 𝜔2 = 𝜔1|𝑎↔𝑏 , 𝜑 =

√3𝜋(𝑎 − i𝑟∗)(𝑏 − i𝑟∗)

x̸𝑟∗[1 + 𝑔(𝑎 + 𝑏 − i𝑟∗)]
,  

𝑬 =
𝜋(𝑎 + 𝑏)[3 − 𝑔2(𝑎2(1 + 𝑏𝑔) + 𝑏2(1 + 𝑎𝑔) − 𝑎𝑏)]

4𝑔(1 − 𝑎𝑔)2(1 − 𝑏𝑔)2𝐺5
, 𝑸 =

𝜒√3𝜋(𝑎 + 𝑏)

4(1 − 𝑎𝑔)(1 − 𝑏𝑔)𝐺5
,

𝑱1  =
𝜋(𝑎 + 𝑏)[2𝑎 + 𝑏(1 + 𝑎𝑔)]

4𝑔(1 − 𝑎𝑔)2(1 − 𝑏𝑔)𝐺5
, 𝑱2 = 𝑱1|𝑎↔𝑏 , 𝑺 =

𝜋2(𝑎 + 𝑏)𝑟∗
2𝑔(1 − 𝑎𝑔)(1 − 𝑏𝑔)𝐺5

,

 

ℐ = 𝜇
𝜑3

𝜔1𝜔2
 

ℐ = −𝑆 − 𝜔1𝐽1 −𝜔2𝐽2 − 𝜑𝑄; 𝜔1 +𝜔2 − 𝜈𝜑 = 2𝜋i  

𝑺(𝑱1, 𝑱2, 𝑸) = −ℐ(𝜔1, 𝜔2, 𝜑) − 𝜔1𝑱1 −𝜔2𝑱2 − 𝜑𝑸 − 𝜆(𝜔1 +𝜔2 − 𝜈𝜑 − 2𝜋i)  
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𝑺 = 2𝜋i𝜆  

0 =
1

𝜈3
[(
𝜕ℐ

𝜕𝜑
)
3

− 27𝜇
𝜕ℐ

𝜕𝝎1

𝜕ℐ

𝜕𝝎2
] ⟹ 0 = 𝑝0 + 𝑝1𝜆 + 𝑝2𝜆

2 + 𝜆3,  

𝑝0 = −
1

𝜈3
𝑸3 −

27𝜇

𝜈3
𝑱1𝑱2, 𝑝1 =

3

𝜈2
𝑸2 −

27𝜇

𝜈3
(𝑱1 + 𝑱2), 𝑝2 = −

3

𝜈
𝑸 −

27𝜇

𝜈3
.  

(
2

𝑔𝜒√3
𝑸)

3

+
2𝜋

𝑔3𝐺5
𝑱1𝑱2 = (

2√3

𝑔𝜒
𝑸 +

𝜋

2𝑔3𝐺5
) [(

2

𝑔𝜒
𝑸)

2

−
𝜋

𝑔3𝐺5
(𝑱1 + 𝑱2)] .  

𝑺 =
𝜋

𝑔
√
4

𝜒2
𝑸2 −

𝜋

𝑔𝐺5
(𝑱1 + 𝑱2).  

log ℐQFT =
𝜑𝑅
3

48𝜔1𝜔2
𝑘𝑅𝑅𝑅 −

𝜑𝑅(𝜔1
2 +𝜔2

2 − 4𝜋2)

48𝜔1𝜔2
𝑘𝑅 + log |𝐺|,  

𝜑𝑅 = (𝜔1 +𝜔2 + 2𝜋i𝑛0)  

𝑘𝑅𝑅𝑅 =
2(𝔤 − 1)

27𝑧2
[9𝑧2 − 1 + (3𝑧2 + 1)

3
2]𝑁3,        𝑘𝑅𝑅𝐹 =

(𝔤 − 1)

9
𝑧𝑁         

𝑘𝑅𝐹𝐹= −
(𝔤 − 1)

3
√3𝑧2 + 1𝑁3,         𝑘𝐹𝐹𝐹= (𝔤 − 1)𝑧𝑁

3         

𝑘𝑅 =
𝔤 − 1

3
[4 − √3𝑧2 + 1]𝑁,         𝑘𝐹 = (𝔤 − 1)𝑧𝑁         

 

𝑎 =
1

32
(9𝑘𝑅𝑅𝑅 − 3𝑘𝑅) = (𝔤 − 1)

(9𝑧2 − 1 + (1 + 3𝑧2)
3
2)

48𝑧2
𝑁3

𝑐 =
1

32
(9𝑘𝑅𝑅𝑅 − 5𝑘𝑅) = (𝔤 − 1)

(9𝑧2 − 1 + (1 + 3𝑧2)
3
2)

48𝑧2
𝑁3

 

𝑘𝑅𝑅𝑅 =
4𝜋𝐿3

9𝐺5
 

𝜔1,2⟷𝜔1,2, 𝜑𝑅 ⟷
𝜒√3

𝐿
𝜑  

log ℐQFT =
𝑘𝑅𝑅𝑅𝜑𝑅

3 + 𝑘𝑅𝑅𝐹𝜑𝑅
2𝜑𝐹 + 𝑘𝑅𝐹𝐹𝜑𝑅𝜑𝐹

2 + 𝑘𝐹𝐹𝐹𝜑𝐹
3

48𝜔1𝜔2
,  

𝜔1,2⟷𝜔1,2, 𝜑𝑅 ⟷ 𝜈𝜑𝑅 , 𝜑𝐹 ⟷ 𝜌𝜑𝐹 ,  
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ℐ =
𝜇1𝜑𝑅

3 + 𝜇2𝜑𝑅
2𝜑𝐹 + 𝜇3𝜑𝑅𝜑𝐹

2 + 𝜇4𝜑𝐹
3

𝜔1𝜔2
,  

𝜇1 =
𝑘𝑅𝑅𝑅𝜈

3

48
, 𝜇2 =

𝑘𝑅𝑅𝐹𝜈
2𝜌

48
, 𝜇3 =

𝑘𝑅𝐹𝐹𝜈𝜌
2

48
, 𝜇4 =

𝑘𝐹𝐹𝐹𝜌
3

48
,  

ℐ =
𝜋

24𝜔1𝜔2
𝜅𝐼𝐽𝐾𝜑

𝐼𝜑𝐽𝜑𝐾  

𝜅111 =
24𝜇1
𝜋

, 𝜅112 =
8𝜇2
𝜋
, 𝜅122 =

8𝜇3
𝜋
, 𝜅222 =

24𝜇4
𝜋

,  

𝑺 = −𝐼 − 𝜑𝐼𝑸𝐼 −𝜔1𝑱1 −𝜔2𝑱2 − 𝜆(𝜔1 +𝜔2 − 𝜈𝜑𝑅 − 2𝜋i),  

−
𝜕ℐ

𝜕𝜔1
= 𝑱1 + 𝜆,−

𝜕ℐ

𝜕𝜔2
= 𝑱2 + 𝜆,−

𝜕ℐ

𝜕𝜑𝑅
= 𝑸𝑅 − 𝜈𝜆,−

𝜕ℐ

𝜕𝜑𝐹
= 𝑸𝐹 .  

0 =
1

6
𝜅𝐼𝐽𝐾

𝜕ℐ

𝜕𝜑𝐼
𝜕ℐ

𝜕𝜑𝐽
𝜕ℐ

𝜕𝜑𝐾
−
𝜋

4

𝜕ℐ

𝜕𝜔1

𝜕ℐ

𝜕𝜔2
,  

𝜅𝐼𝐽𝐾𝜅𝐽′(𝐿𝑀𝜅𝑃𝑄)𝐾′𝑔
𝐽𝐽′𝑔𝐾𝐾

′
=
4

3
𝑔𝐼(𝐿𝜅𝑀𝑃𝑄)  

𝑔𝐼𝐽 = 6(
𝜋

2𝜇1
)
−2/3

𝛿𝐼𝐽 , 𝑔
𝐼𝐽 =

1

6
(
𝜋

2𝜇1
)
2/3

𝛿𝐼𝐽  

𝜅111 =
𝜋

18𝜇1
, 𝜅112 =

𝜋𝜇2

54𝜇1
2 , 𝜅

122 =
𝜋𝜇3

54𝜇1
2 , 𝜅

222 =
𝜋𝜇4

18𝜇1
2  

0= 𝑝0 + 𝑝1𝜆 + 𝑝2𝜆
2 + 𝜆3  

𝑝0= −
1

𝜈3
𝑸𝑅
3 −

27𝜇1
𝜈3

𝑱1𝑱2 −
𝜇2
𝜇1𝜈

3
𝑸𝑅
2𝑸𝐹 −

𝜇4
𝜇1𝜈

3
𝑸𝐹
3  

𝑝1 = −
27𝜇1
𝜈3

(𝑱1 + 𝑱2) +
3

𝜈2
𝑸𝑅
2 +

2𝜇2
𝜇1𝜈

2
𝑸𝑅𝑸𝐹 +

𝜇3
𝜇1𝜈

2
𝑸𝐹
2

𝑝2 = −
27𝜇1
𝜈3

−
3

𝜈
𝑸𝑅 −

𝜇2
𝜇1𝜈

𝑸𝐹

 

𝑝0 = 𝑝1𝑝2, 𝑺 = 2𝜋√𝑝1  

𝜇1 =
𝑘𝑅𝑅𝑅𝜈

3

48
=
1

48

4𝜋𝐿3

9𝐺5
(
𝜒√3

𝐿
)

3

=
𝜋𝜒3

12√3𝐺5
= 𝜇  

𝜇3 = −
3

2
𝜇1, 𝜇4 =

1

√2
𝜇1  

𝑘𝑅𝐹𝐹𝜌
2 = −

3

2
𝑘𝑅𝑅𝑅𝜈

2, 𝑘𝐹𝐹𝐹𝜌
3 =

1

√2
𝑘𝑅𝑅𝑅𝜈

3  

𝜀(7) =⋆7 1, 𝜀(5) =⋆5 1, 𝜀(2) =⋆2 1 = d𝜔  

𝜀(7) = 𝑒
5𝑓0+2𝑔0𝐿2𝜀(5) ∧ d𝜔  
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𝑆= 𝑐𝑒2𝑓0+2Λ+ ⋆5 𝐹  

⋆7 𝑆= −𝑐𝑒
𝑓0+2𝑔0+2Λ+𝐿2𝐹 ∧  d𝜔  

𝐹1,2 = 𝑎(1 ± 𝑧)𝐿 d𝜔 + 𝑏𝑒𝑓0+2Λ1,2𝐹

⋆7 𝐹1,2 = 𝑎𝑒
5𝑓0−2𝑔0(1 ± 𝑧)𝐿−1𝜀(5) + 𝑏𝑒

2𝑓0+2𝑔0+2Λ1,2𝐿2 ⋆5 𝐹 ∧  d𝜔

 

𝑅(7) = 𝑒
−2𝑓0𝑅(5) + 𝑒

−2𝑔0𝐿−2𝑅(2), 𝑅(2) = −2  

⋆7 𝑅 = −2𝑒
5𝑓0𝜀(5) ∧ d𝜔 + 𝐿0

2 ⋆5 𝑅 ∧  d𝜔

− ⋆7 𝑉 = −𝑒
5𝑓0+2𝑔0𝐿2𝑉𝜀(5) ∧ d𝜔

−
1

2
𝑒−4Λ1,2𝐹1,2 ∧⋆7 𝐹1,2 = −

𝑎2

2
𝑒5𝑓0−2𝑔0−4Λ1,2(1 ± 𝑧)2𝜀(5) ∧ d𝜔 −

𝑏2

2
𝐿0
2𝐹 ∧⋆5 𝐹 ∧  d𝜔,

−
1

2
𝑒−4Λ+𝑆 ∧⋆7 𝑆 =

𝑐2

2
𝐿0
2𝐹 ∧⋆5 𝐹 ∧  d𝜔,

𝐿

4
𝑆 ∧  d𝑆 = 0,

−
𝐿

2
𝐹1 ∧ 𝐹2 ∧ 𝑆 = −4𝑎𝑏𝑐𝐿0

2𝐹 ∧⋆5 𝐹 ∧  d𝜔,

𝐿

8
[𝐴1 ∧ 𝐹1 ∧ 𝐹2 ∧ 𝐹2 + (1 ↔ 2)] = 4𝑎𝑏3𝐿0

2𝐴 ∧ 𝐹 ∧ 𝐹 ∧  d𝜔.

 

−
1

2𝐿2
𝑒2𝑓0−2𝑔0−2Λ+ (2𝑒2𝑔0+4Λ+(2 + 𝑒2𝑔0𝐿2𝑉) + 𝑎2(𝑒4Λ1(1 − 𝑧)2 + 𝑒4Λ2(1 + 𝑧)2))  

𝑎 = ±
1

4
 

𝐼7 =
𝐿0
2

16𝜋𝐺7
∫  [⋆5 (𝑅 +

12

𝐿2
) −

1

2
(2𝑏2 + 2𝑏𝑐 − 𝑐2)𝐹 ∧⋆5 𝐹 + 𝑏

3𝐴 ∧ 𝐹 ∧ 𝐹] ∧ d𝜔  

Σ𝔤:∫  d𝜔 = 4𝜋(𝔤 − 1) 

𝑔𝑀𝑁 = 𝑒
2𝑓0𝑔𝜇𝜈⊕ 𝑒2𝑔0𝐿−2𝑔𝑚𝑛  

𝑒𝑀 
𝑀̂ = 𝑒𝑓0𝑒𝜇

𝜇̂
⊕𝑒𝑔0𝐿𝑒𝑚

𝑚̂  

𝑆𝑀𝑁𝑅 = 𝑐𝑒
2𝑓0+2Λ+

1

2!
𝐹𝛼𝛽𝜀𝛼𝛽𝜇𝜈𝜌

𝐹1,2𝑀𝑁 = 𝑏𝑒
𝑓0+2Λ1,2𝐹𝜇𝜈⊕𝑎(1 ± 𝑧)𝐿( d𝜔)𝑚𝑛

𝐴1,2𝑀 = 𝑏𝑒
𝑓0+2Λ1,2𝐴𝜇⊕𝑎(1 ± 𝑧)𝐿𝜔𝑚

 

𝛾̃𝑀𝑁 = 𝑒−2𝑓0𝛾̃𝜇𝜈⊕𝑒−2𝑔0𝐿−2𝛾̃𝑚𝑛, 𝛾̃𝑀 = 𝑒−𝑓0𝛾̃𝜇⊕𝑒−𝑔0𝐿−1𝛾̃𝑚  

𝜔𝑀𝐴𝐵̂ = 𝜔𝜇𝛼̂𝛽̂⊕𝜔𝑚𝑎̂𝑏̂  

𝜔𝑥1𝑥̂1𝑥̂2 = −𝑥2
−1  

𝛾̃𝑀𝑁𝑅 = 𝜒7
1

4!
𝜀𝑀𝑁𝑅𝐴𝐵𝐶𝐷𝛾̃𝐴𝐵𝐶𝐷, 𝛾̃

𝑀𝑁 = 𝜒7
1

5!
𝜀𝑀𝑁𝐴𝐵𝐶𝐷𝐸𝛾̃𝐴𝐵𝐶𝐷𝐸  
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𝛾̃𝜇𝜈𝜌 = 𝜒7
1

2!
𝑒−3𝑓0𝜀𝜇𝜈𝜌𝛼𝛽𝛾̃𝛼𝛽𝛾̃𝑥1𝑥2 , 𝛾̃

𝜇𝜈 = 𝜒7
1

3!
𝑒−2𝑓0𝜀𝜇𝜈𝛼𝛽𝛾𝛾̃𝛼𝛽𝛾𝛾̃𝑥1𝑥̂2  

𝛾̃𝑚( d𝜔)𝑚𝑛 = −𝛾̃𝑛𝛾̃𝑥1𝑥2  

𝛿𝜁1 =
𝐿−1

2
[(𝑒2Λ1 − 𝑒−4Λ+) −

𝑎

4
(1 + 𝑧)𝑒−2𝑔0−2Λ1𝛾̃𝑥1𝑥̂2⊗Γ12] 𝜖̃ ⊗ ℰ

−
𝑒−𝑓0

16
𝛾̃𝜇𝜈𝐹𝜇𝜈[618⊗Γ12 + 𝜒7𝑐𝛾̃𝑥1𝑥2⊗Γ5]𝜖̃ ⊗ ℰ

 

(𝛾̃𝑥1̂𝑥̂2⊗14)(𝜖̃ ⊗ 𝐸) = 𝑝2(18⊗Γ12)(𝜖̃ ⊗ 𝐸), (18⊗Γ5)(𝜖̃ ⊗ 𝐸) = 𝑝5𝜖̃ ⊗ 𝐸  

𝑝2 = 𝑠𝑎 , 𝑝5 = −𝜒7𝑠𝑎;  𝑎 =
𝑠𝑎
4
, 𝑐 = 𝑏 =

𝜒

√3
,  

(18⊗Γ5)(𝜖̃ ⊗ ℰ) = 𝑝5𝜖̃ ⊗ ℰ ⟹ (18⊗Γ34)(𝜖̃ ⊗ ℰ) = 𝑝5(18⊗Γ12)(𝜖̃ ⊗ ℰ) 

𝛿𝜓̃𝑚 =
𝑝5=1

[𝜕𝑚−
1

2
𝑥2
−1𝛿𝑚𝑥1(𝛾̃𝑥1𝑥2⊗14 − 4𝑎18⊗Γ12)  

+
1

2
𝑒−𝑓0+𝑔0𝛾̃𝑚(18⊗14 + 4𝑎𝛾̃𝑥1𝑥2⊗Γ12)] 𝜖̃ ⊗ ℰ

 

𝑝2 = −𝜒7, 𝑝5 = 1;  𝑎 = −
𝜒7
4
, 𝑐 = 𝑏 =

𝜒

√3
; 𝜕𝑚(𝜖̃ ⊗ ℰ) = 0  

𝛿𝜓̃𝜇 = ([𝜕𝜇 +
1

4
𝜔𝜇𝛼̂𝛽̂𝛾̃

𝛼̂𝛽̂ + 𝜒7
𝜒

8√3
(𝛾̃𝜇𝛼𝛽𝐹

𝛼𝛽 − 4𝐹𝜇𝛼𝛾̃
𝛼)𝛾̃𝑥1𝑥2

+
1

2𝐿
(𝛾̃𝜇 − 𝜒7√3𝜒𝐴𝜇𝛾̃𝑥1𝑥̂2)] 𝜖̃) ⊗ 𝐸

 

𝛾̃𝜇 = 𝛾𝜇⊗𝑔1, 𝛾̃𝑥1𝑥2 = 14⊗𝑔2, 𝜖̃ = 𝜖 ⊗ 𝜂  

[𝜕𝜇 +
1

4
𝜔𝜇𝛼̂𝛽̂𝛾

𝛼̂𝛽̂⊗𝑔1
2 + 𝜒7

𝜒

8√3
(𝛾𝜇𝛼𝛽𝐹

𝛼𝛽⊗𝑔1
3𝑔2 − 4𝐹𝜇𝛼𝛾

𝛼⊗𝑔1𝑔2)

 −
1

2𝐿
(−𝛾𝜇⊗𝑔1 + 𝜒7√3𝜒𝐴𝜇14⊗𝑔2)] 𝜖 ⊗ 𝜂

 

𝑔1𝜂 = −𝜂, 𝑔2𝜂 = i𝜒7𝜂  

Γ12ℰ = −i𝔈, Γ5ℰ = ℰ: ⟹ ℰ1 = ℰ2 = ℰ3 = 0  

𝑔1 = −𝜒7𝜎1, 𝑔2 = i𝜎1  

𝜀01234 = √−𝑔, 𝜀
01234 =

𝑠

√−𝑔
,  

𝐼 =
1

16𝜋𝐺5
∫   d5𝑥√−𝑔(𝑅 +

12

𝐿2
−
𝜒2

4
𝐹𝜇𝜈𝐹𝜇𝜈 +

𝑠𝜒3

12√3
𝜀𝜈𝛼𝛽𝛾𝛿𝐴𝜈𝐹𝛼𝛽𝐹𝛾𝛿)  

𝑡 → −i𝜏  

𝑇0𝑖𝑗… → i𝑇0𝑖𝑗…, 𝑇
0𝑖𝑗… → −i𝑇0𝑖𝑗…,  
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d5𝑥 → −id5𝑥,√−𝑔 → √𝑔, 𝑅 → 𝑅, 𝐹𝜇𝜈𝐹𝜇𝜈 → 𝐹𝜇𝜈𝐹𝜇𝜈  

𝜀0𝑖𝑗𝑘𝑙 → (−i) ⋅ i𝜀0𝑖𝑗𝑘𝑙 = 𝜀0𝑖𝑗𝑘𝑙 , 𝜀
0𝑖𝑗𝑘𝑙 → i ⋅ (−i) ⋅ 𝑠𝜀0𝑖𝑗𝑘𝑙 = 𝑠𝜀0𝑖𝑗𝑘𝑙 ,  

𝜀01234 = √𝑔, 𝜀
01234 =

1

√𝑔
 

𝜀𝜈𝛼𝛽𝛾𝛿𝐴𝜈𝐹𝛼𝛽𝐹𝛾𝛿= (𝜀
0𝑖𝑗𝑘𝑙𝐴0𝐹𝑖𝑗𝐹𝑘𝑙 − 𝜀

0𝑖𝑗𝑘𝑙𝐴𝑖𝐹0𝑗𝐹𝑘𝑙 +⋯)  

→ i𝑠(𝜀0𝑖𝑗𝑘𝑙𝐴0𝐹𝑖𝑗𝐹𝑘𝑙 − 𝜀
0𝑖𝑗𝑘𝑙𝐴𝑖𝐹0𝑗𝐹𝑘𝑙 +⋯) 

 = i𝑠𝜀𝜈𝛼𝛽𝛾𝛿𝐴𝜈𝐹𝛼𝛽𝐹𝛾𝛿

 

𝐼𝐸 = −
1

16𝜋𝐺5
∫   d5𝑥√𝑔 (𝑅 +

12

𝐿2
−
𝜒2

4
𝐹𝜇𝜈𝐹𝜇𝜈 +

i𝜒3

12√3
𝜀𝜈𝛼𝛽𝛾𝛿𝐴𝜈𝐹𝛼𝛽𝐹𝛾𝛿)  

𝑅𝜇𝜈 +
4

𝐿2
𝑔𝜇𝜈 −

𝜒2

2
𝐹𝜇
𝛼𝐹𝜈𝛼 +

𝜒2

12
𝑔𝜇𝜈𝐹

𝛼𝛽𝐹𝛼𝛽  = 0

∇𝜇𝐹
𝜇𝜈 +

i𝜒

4√3
𝜀𝜈𝛼𝛽𝛾𝛿𝐹𝛼𝛽𝐹𝛾𝛿  = 0

 

𝑟 = 𝑟+ + 𝜚
2,  

d𝑠CCLP,ℋ
2 = 𝑔̃𝜚𝜚(d𝜚

2 − (
2𝜋

𝛽ℋ
)
2

𝜚2 d𝑡2) + 𝑔̃𝜂𝜂d𝜂
2 + 2𝑔̃12( d𝜉1 − Ω1

ℋd𝑡)(d𝜉2 − Ω2
ℋd𝑡)

 +𝑔̃11( d𝜉1 − Ω1
ℋd𝑡)

2
+ 𝑔̃22( d𝜉2 − Ω2

ℋd𝑡)
2

 

𝛽ℋ=
2𝜋𝑟+[(𝑟+

2 + 𝑎2)(𝑟+
2 + 𝑏2) + 𝑎𝑏𝑞]

𝑟+
4[1 + 𝑔2(2𝑟+

2 + 𝑎2 + 𝑏2)] − (𝑎𝑏 + 𝑞)2
 

Ω1
ℋ  =

𝑎(𝑟+
2 + 𝑏2)(1 + 𝑔2𝑟+

2) + 𝑏𝑞

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞
, Ω2

ℋ = Ω1
ℋ|

𝑎↔𝑏
,

 

𝑔̃𝜚𝜚 =
4𝜌+

2

Δ𝑟,+
′ , 𝑔̃𝜂𝜂 =

𝜌+
2

Δ𝜂
,

𝑔̃11

𝒮𝜂
2 =−

(Δ𝜂 − Ξ𝑎)(𝑎
2𝑓+ + 2𝑎𝑏𝑞Ξ𝑎𝜌+

2) − (𝑎2 + 𝑟+
2)Ξ𝑎(Ξ𝑎 − Ξ𝑏)𝜌+

4

Ξ𝑎
2(Ξ𝑎 − Ξ𝑏)𝜌+

4  

−
(Δ𝜂 − Ξ𝑎)[𝑎

2𝑓+
′𝜌+
2 − 2𝑎(𝑎𝑓+ + 𝑏𝑞Ξ𝑎𝜌+

2)(𝜌+
2)′] − 2𝑟+Ξ𝑎(Ξ𝑎 − Ξ𝑏)𝜌+

6

Ξ𝑎
2(Ξ𝑎 − Ξ𝑏)𝜌+

6 𝜚2,  

𝑔̃12

𝒮𝜂
2𝒞𝜂

2 =
𝑎𝑏𝑓+ + (𝑏

2Ξ𝑎 + 𝑎
2Ξ𝑏)𝑞𝜌+

2

Ξ𝑎Ξ𝑏𝜌+
4

 +
𝑎𝑏[𝑓+

′𝜌+
2 − 2𝑓+(𝜌+

2)′] − (𝑏2Ξ𝑎 + 𝑎
2Ξ𝑏)𝜌+

2(𝜌+
2)′

Ξ𝑎Ξ𝑏𝜌+
6 𝜚2,

𝑔̃22

𝐶𝜂
2 =

(Δ𝜂 − Ξ𝑏)(𝑏
2𝑓+ + 2𝑎𝑏𝑞Ξ𝑏𝜌+

2) + (𝑏2 + 𝑟+
2)Ξ𝑏(Ξ𝑎 − Ξ𝑏)𝜌+

4

Ξ𝑏
2(Ξ𝑎 − Ξ𝑏)𝜌+

4

 +
(Δ𝜂 − Ξ𝑏)[𝑏

2𝑓+
′𝜌+
2 − 2𝑏(𝑏𝑓+ + 𝑎𝑞Ξ𝑏𝜌+

2)(𝜌+
2)′] + 2𝑟+Ξ𝑏(Ξ𝑎 − Ξ𝑏)𝜌+

6

Ξ𝑏
2(Ξ𝑎 − Ξ𝑏)𝜌+

6 𝜚2,
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𝑓+ = 𝑓(𝑟+, 𝜂), 𝜌+
2 = 𝜌2(𝑟+, 𝜂), 𝑆𝜂 = sin 𝜂, 𝐶𝜂 = cos 𝜂

𝑓+
′ =

𝜕𝑓

𝜕𝑟
(𝑟+, 𝜂), (𝜌+

2)′ =
𝜕𝜌2

𝜕𝑟
(𝑟+, 𝜂), Δ𝑟,+

′ =
𝜕Δ𝑟
𝜕𝑟

(𝑟+)
 

𝑟 = 𝑟̂ (1 +
1

𝑟̂2
𝑓1(𝜂̂) +

1

𝑟̂4
𝑓2(𝜂̂)) , 𝜂 = 𝜂̂ +

1

𝑟̂4
ℎ1(𝜂̂) +

1

𝑟̂6
ℎ2(𝜂̂)  

𝑔𝑡𝑡 𝑔𝑡1 𝑔𝑡2 𝑔𝑟̂𝑟̂ 𝑔𝑟̂𝜂̂ 𝑔𝜂̂𝜂̂ 𝑔11 𝑔12

𝑂(𝑟̂−2) 𝑂(𝑟̂−2) 𝑂(𝑟̂−2) 𝑂(𝑟̂−6) 𝑂(𝑟̂−5) 𝑂(𝑟̂−2) 𝑂(𝑟̂−2) 𝑂(𝑟̂−2)
𝑂(𝑟̂−2). 

𝑓1(𝜂̂) = −
1

4𝑔2
[2 − Ξ𝑎 − Ξ𝑏 + Δ𝜂(𝜂̂)]

𝑓2(𝜂̂) =
1

8𝑔4
[1 − 2𝑔2𝑚− Ξ𝑎sin

2 𝜂̂ − Ξ𝑏cos
2 𝜂̂ − cos2 𝜂̂sin2 𝜂̂(Ξ𝑎 − Ξ𝑏)

2]

ℎ1(𝜂̂) = −
Ξ𝑎 − Ξ𝑏
8𝑔4

cos 𝜂̂sin2 𝜂̂Δ𝜂(𝜂̂)

ℎ2(𝜂̂) = −
Ξ𝑎 − Ξ𝑏
16𝑔6

cos 𝜂̂sin2 𝜂̂[2Ξ𝑎
2cos2 𝜂̂ − Ξ𝑎Ξ𝑏 + 2Ξ𝑏

2sin2 𝜂̂ − 3cos2 𝜂̂sin2 𝜂̂(Ξ𝑎 − Ξ𝑏)
2]

 

d𝑠CCLP,𝒜
2 =

1

𝑔2𝑟̂2
 d𝑟̂2 + 𝑔𝑡𝑡 d𝑡

2 + 2𝑔𝑡1 d𝑡 d𝜉1 + 2𝑔̂𝑡2 d𝑡 d𝜉2 + 𝑔𝜂̂𝜂d𝜂̂
2

 +𝑔̂11 d𝜉1
2 + 2𝑔12 d𝜉1 d𝜉2 + 𝑔22 d𝜉2

2

 

𝑔𝑡𝑡 =−
𝑔2Δ̂𝜂𝑟̂

2

Ξ𝑎Ξ𝑏
−
Δ̂𝜂(Ξ𝑎 + Ξ𝑏 − Δ̂𝜂)

2Ξ𝑎Ξ𝑏
 

+
2Δ̂𝜂

2(𝑎𝑏𝑔2𝑞 +𝑚) −
Ξ𝑎Ξ𝑏Δ̂𝜂(−2Δ̂𝜂(Ξ𝑎 + Ξ𝑏) + (Ξ𝑎 + Ξ𝑏)

2 + Δ̂𝜂
2 + 8𝑔2𝑚)

16𝑔2

Ξ𝑎
2Ξ𝑏

2𝑟̂2
 

𝑔𝑡1

𝑆̂𝜂
2
=−

Δ̂𝜂(𝑎
2𝑏𝑔2𝑞 + 2𝑎𝑚 + 𝑏𝑞)

Ξ𝑎
2Ξ𝑏𝑟̂

2
 

𝑔𝑡2

𝐶̂𝜂
2
=−

Δ̂𝜂(𝑎𝑏
2𝑔2𝑞 + 𝑎𝑞 + 2𝑏𝑚)

Ξ𝑎Ξ𝑏
2𝑟̂2

,  

𝑔𝜂̂𝜂 =
𝑟̂2

Δ̂𝜂
+
Ξ𝑎 + Ξ𝑏 − 3Δ̂𝜂

2𝑔2Δ̂𝜂
+
−6Δ̂𝜂(Ξ𝑎 + Ξ𝑏) + (Ξ𝑎 + Ξ𝑏)

2 + 9Δ̂𝜂
2 + 8𝑔2𝑚

16𝑔4Δ̂𝜂𝑟̂
2

𝑔11

𝑆̂𝜂
2
=
𝑟̂2

Ξ𝑎
−
Ξ𝑎 − Ξ𝑏 + Δ̂𝜂

2𝑔2Ξ𝑎

 −

8𝑔2 (4𝑎2𝑔2𝑚Δ̂𝜂 + 4𝑎𝑏𝑔
2𝑞(Δ̂𝜂 − Ξ𝑎) + 𝑚Ξ𝑎(3Ξ𝑎 + Ξ𝑏 − 4))

Ξ𝑎 − Ξ𝑏
− Ξ𝑎(Ξ𝑎 − Ξ𝑏 + Δ̂𝜂)

2

16𝑔4Ξ𝑎
2𝑟̂2

𝑔12

𝑆̂𝜂
2𝐶̂𝜂

2
=
𝑎2𝑞 + 2𝑎𝑏𝑚 + 𝑏2𝑞

Ξ𝑎Ξ𝑏𝑟̂
2

,

𝑔22

𝐶̂𝜂
2
=
𝑟̂2

Ξ𝑏
+
Ξ𝑎 − Ξ𝑏 − Δ̂𝜂

2𝑔2Ξ𝑏

 +

8𝑔2 (4𝑏2𝑔2𝑚Δ̂𝜂 + 4𝑎𝑏𝑔
2𝑞(Δ̂𝜂 − Ξ𝑏) +𝑚Ξ𝑏(Ξ𝑎 + 3Ξ𝑏 − 4))

Ξ𝑎 − Ξ𝑏
+ Ξ𝑏(−Ξ𝑎 + Ξ𝑏 + Δ̂𝜂)

2

16𝑔4Ξ𝑏
2𝑟̂2
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Δ̂𝜂 ≡ Δ𝜂(𝜂̂), 𝑆̂𝜂 = sin 𝜂̂, 𝐶̂𝜂 = cos 𝜂̂ 

Ω𝑖 = Ω𝑖
ℋ − Ω𝑖

ℬ, Ω𝑖
ℋ =

d𝜉𝑖
 d𝑡
|
𝑟→𝑟+

, Ω𝑖
ℬ =

d𝜉𝑖
 d𝑡
|
𝑟→∞

, 𝑖 = 1,2  

Ω1 =
𝑎(𝑟+

2 + 𝑏2)(1 + 𝑔2𝑟+
2) + 𝑏𝑞

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞
, Ω2 =

𝑏(𝑟+
2 + 𝑎2)(1 + 𝑔2𝑟+

2) + 𝑎𝑞

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞
 

d𝑠CCLP,ℋ,ℰ
2 = 𝑔̃𝜚𝜚 (d𝜚

2 + (
2𝜋

𝛽ℋ
)
2

𝜚2 d𝜏2) + 𝑔̃𝜂𝜂d𝜂
2 + 2𝑔̃12( d𝜉1 + iΩ1 d𝑡)(d𝜉2 + iΩ2 d𝑡)

+𝑔̃11( d𝜉1 + iΩ1 d𝑡)2 + 𝑔̃22( d𝜉2 + iΩ2 d𝑡)2
 

𝜏 ∼ 𝜏 + 𝛽ℋ .  

(𝜏, 𝜉1, 𝜉2) ∼ (𝜏 + 𝛽
ℋ , 𝜉1 − iΩ1𝛽

ℋ, 𝜉2 − iΩ2𝛽
ℋ).  

𝛽 =
2𝜋𝑟+[(𝑟+

2 + 𝑎2)(𝑟+
2 + 𝑏2) + 𝑎𝑏𝑞]

𝑟+
4[1 + 𝑔2(2𝑟+

2 + 𝑎2 + 𝑏2)] − (𝑎𝑏 + 𝑞)2
 

𝑉 = 𝑉𝜇𝜕𝜇 =
𝜕

𝜕𝑡
+ Ω1

𝜕

𝜕𝜉1
+ Ω2

𝜕

𝜕𝜉2
;  ∇𝜇𝑉𝜈 + ∇𝜈𝑉𝜇 = 0  

𝑉𝜇𝑉
𝜇|
𝑟=𝑟+

= 0  

𝜅ℋ = √−
1

2
∇𝜇𝑉𝜈∇𝜇𝑉𝜈|

𝑟→𝑟+

 

Φ = 𝑉𝜇𝐴𝜇|𝑟=𝑟+
− 𝑉𝜇𝐴𝜇|𝑟→∞  

𝑉𝜇𝐴𝜇|𝑟=𝑟+
=

√3𝑞𝑟+
2

𝜒[(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞]
+ 𝛼,  𝑉𝜇𝐴𝜇|𝑟→∞ = 𝛼

 

Φ =
√3𝑞𝑟+

2

𝜒[(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞]
 

𝛼 = −Φ  

𝐴𝜇𝐴𝜇|𝑟=𝑟+
= 0,  𝑉𝜇𝐴𝜇|𝑟=𝑟+

= 0  

𝐾(𝑡) =
𝜕

𝜕𝑡
, 𝐾(𝜉1) =

𝜕

𝜕𝜉1
, 𝐾(𝜉2) =

𝜕

𝜕𝜉2
.  

𝐾̃⨀ = 𝐾⊙
𝜇
𝑔𝜇𝜈d𝑥

𝜈  

𝐽𝑖 = lim
𝑟→∞

 
1

16𝜋𝐺5
∫  
𝑆3
  ⋆5  d𝐾̃(𝜉𝑖), 𝑖 = 1,2  
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𝐽1 =
𝜋[2𝑎𝑚 + 𝑏𝑞(1 + 𝑎2𝑔2)]

4Ξ𝑎
2Ξ𝑏𝐺5

, 𝐽2 =
𝜋[2𝑏𝑚 + 𝑎𝑞(1 + 𝑏2𝑔2)]

4Ξ𝑎Ξ𝑏
2𝐺5

.  

0 = 𝜎 [d ⋆5 𝐹 −
1

√3
𝐹 ∧ 𝐹] = 𝜎 [d ⋆5 𝐹 −

1

√3
 d(𝐹 ∧ 𝐴)] = d [𝜎 (⋆5 𝐹 −

1

√3
𝐹 ∧ 𝐴)] 

𝑄 = lim
𝑟→∞

 
𝜎

16𝜋𝐺5
∫  
𝑆3
  (⋆5 𝐹 −

1

√3
𝐹 ∧ 𝐴) = −

𝜎√3𝜋𝑞

4𝜒Ξ𝑎Ξ𝑏𝐺5
 

𝑄 =
𝜒√3𝜋𝑞

4Ξ𝑎Ξ𝑏𝐺5
 

𝐼GH=
1

8𝜋𝐺5
∫   d4𝑥√−𝛾𝐾  

𝐼ct =
1

8𝜋𝐺5
∫   d4𝑥√−𝛾 (−3𝑔 −

1

4𝑔
ℛ)

𝐼fct =
1

8𝜋𝐺5
∫   d4𝑥√−𝛾(𝜁′ℛ2 − 𝜁′′𝐹𝑖𝑗𝐹

𝑖𝑗)

 

𝐾𝑖𝑗 =
𝑔𝑟̂

2

𝜕

𝜕𝑟̂
𝛾𝑖𝑗 , 𝐾 = 𝛾

𝑖𝑗𝐾𝑖𝑗  

𝐼an =
1

8𝜋𝐺5
∫   d4𝑥√−𝛾

1

16𝑔3
(ℛ𝑖𝑗ℛ

𝑖𝑗 −
1

3
ℛ2 − 4𝐹𝑖𝑗𝐹

𝑖𝑗) log 𝑒−2𝑅̂0  

ℐhr = 𝐼ℰ + 𝐼GH
ℰ + 𝐼ct

ℰ + 𝐼fct
ℰ ,  

𝑇𝑖𝑗 = −
2

√−𝛾

𝛿

𝛿𝛾𝑖𝑗
(ℒGH + ℒct + ℒfct)

=
1

8𝜋𝐺5
[𝐾𝑖𝑗 − 𝛾𝑖𝑗𝐾 + 3𝑔𝛾𝑖𝑗 −

1

2𝑔
ℛ𝑖𝑗 +

1

4𝑔
ℛ𝛾𝑖𝑗

 +4𝜁′ (ℛ𝑖𝑗ℛ −
1

4
𝛾𝑖𝑗ℛ

2 − ∇𝑖∇𝑗ℛ + 𝛾𝑖𝑗∇𝑘∇
𝑘ℛ)]

 

𝒬[𝐾] = ∫  
2𝜋

0

  d𝜉1∫  
2𝜋

0

  d𝜉2∫  
𝜋/2

0

  d𝜂̂√−𝛾𝑇𝑗
𝑖𝐾𝑗  

𝐽1 = 𝒬[𝜕𝜉1] =
𝜋(2𝑎𝑚 + 𝑏𝑞(1 + 𝑎2𝑔2))

4Ξ𝑎
2Ξ𝑏𝐺5

, 𝐽2 = 𝒬[𝜕𝜉2] = 𝐽1|𝑏↔𝑎  

𝐸 = 𝒬[𝜕𝑡] = (𝐸AdS − 𝜁
′) +

𝑚𝜋(2Ξ𝑎 + 2Ξ𝑏 − Ξ𝑎Ξ𝑏) + 2𝑎𝑏𝑞
2𝜋(Ξ𝑎 + Ξ𝑏)

4Ξ𝑎
2Ξ𝑏

2𝐺5
,  

𝜖 = exp {
i

2
[𝑔(1 + √3𝜒𝛼)𝑡 + 𝜉1 + 𝜉2]}

1

𝜌
[𝑚̃𝜌2 − (1 + 𝑚̃)(𝑟2 − 𝑟∗

2)]1/2𝜖0  

i

2
(𝛾12 − 𝛾34)𝜖0 = 𝜖0  



 

pág. 3371 

𝑒0 =−
𝑔2Δ𝜂

Ξ𝑎Ξ𝑏
[
(𝑎 + 𝑏)(1 + 𝑚̃)(1 + 𝑔2𝑟∗

2)

𝑔3𝜌2
− (𝑔−2 + 𝑟∗

2) −
𝜌2

1 + 𝑚̃
(1 −

𝑚̃𝜌

ℎ
)] d𝑡  

+
𝑔sin2 𝜂

Ξ𝑎
[
𝑎(𝑎 + 𝑏)(1 + 𝑚̃)(1 + 𝑔2𝑟∗

2)

𝑔2𝜌2
− (𝑎2 + 𝑟∗

2) −
𝜌2

1 + 𝑚̃
(1 −

𝑚̃𝜌

ℎ
)] d𝜉1  

+
𝑔cos2 𝜂

Ξ𝑏
[
𝑏(𝑎 + 𝑏)(1 + 𝑚̃)(1 + 𝑔2𝑟∗

2)

𝑔2𝜌2
− (𝑏2 + 𝑟∗

2) −
𝜌2

1 + 𝑚̃
(1 −

𝑚̃𝜌

ℎ
)]d𝜉1 

𝑒1 =√
𝜌2

Δ𝑟
 d𝑟

𝑒2 =
𝑟√Δ𝑟𝜌

2

ℎ
(−

𝑔Δ𝜂

Ξ𝑎Ξ𝑏
 d𝑡 +

sin2 𝜂

Ξ𝑎
 d𝜉2 +

cos2 𝜂

Ξ𝑏
 d𝜉1)

𝑒3 = −√
𝜌2

Δ𝜂
d𝜂

𝑒4 =

sin 𝜂cos 𝜂√Δ𝜂𝜌
2

ℎ
{−
𝑔(Ξ𝑎 − Ξ𝑏)

Ξ𝑎Ξ𝑏
(𝑔−2 + (1 + 𝑚̃)𝑟∗

2 − 𝑟2)d𝑡

 +
1

Ξ𝑎
(𝑎2 + (1 + 𝑚̃)𝑟∗

2 − 𝑟2)d𝜉1 +
1

Ξ𝑏
(𝑏2 + (1 + 𝑚̃)𝑟∗

2 − 𝑟2)d𝜉2}

 

ℒ𝑉𝜖= 𝑉
𝜇(𝜕𝜇𝜖 + 𝜔𝜇𝑎𝑏𝛾

𝑎𝑏𝜖) −
1

4
∇𝜇𝑉𝜈𝛾

𝜇𝜈𝜖  

 =
i

2
(𝑔 + Ω1 + Ω2 + 𝑔𝜒√3𝛼 + 2𝑉

𝜇𝐴𝜇|𝑟=𝑟+
) 𝜖

 

ℒ𝑉𝜖 =
𝜋

𝛽
𝜖 ⟹ 𝑒𝑡ℒ𝑉𝜖|

𝑡=𝑡0

𝑡=𝑡0−i𝛽

= 𝑒−i𝛽ℒ𝑉𝜖 = −𝜖  

𝜔 =
1

𝑝!
𝜔𝜇1…𝜇𝑝  d𝑥𝜇1 ∧⋯∧  d𝑥𝜇𝑝  

𝐴 = 𝐴𝜇d𝑥
𝜇 , 𝐹 =

1

2!
𝐹𝜇𝜈d𝑥

𝜇 ∧ d𝑥𝜈 , 𝐹 = d𝐴 = 𝜕[𝜇𝐴𝜈]d𝑥
𝜇 ∧ d𝑥𝜈  

𝑇[𝜇1…𝜇𝑝] =
1

𝑝!
∑  

𝜎∈𝑆𝑝

 sign(𝜎)𝑇𝜇𝜎(1)…𝜇𝜎(𝑝)  

𝐹𝜇𝜈 = 2! 𝜕[𝜇𝐴𝜈] = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇  

⋆ 𝜔 =
1

𝑝! (𝐷 − 𝑝)!
𝜔𝜇1…𝜇𝑝𝜀𝜈1…𝜈𝐷−𝑝

𝜇1…𝜇𝑝
 d𝑥𝜈1 ∧ ⋯∧  d𝑥𝜈𝐷−𝑝  

𝜀𝜇1…𝜇𝐷 = √|𝑔|𝜂𝜇1…𝜇𝐷 , 𝜀
𝜇1…𝜇𝐷 =

sgn(𝑔)

√|𝑔|
𝜂𝜇1…𝜇𝐷  

𝑅𝜇𝜈
𝜌
 𝜎 = 𝜕𝜇Γ𝜈𝜎

𝜌
− 𝜕𝜈Γ𝜇𝜎

𝜌
+ Γ𝜇𝜆

𝜌
Γ𝜈𝜎
𝜆 − Γ𝜈𝜆

𝜌
Γ𝜇𝜎
𝜆 ,  

𝑅𝜇𝜈 = 𝑅𝜇𝜈𝜌
𝜌

= 𝑅𝜇𝜌𝜈
𝜌
, 𝑅 = 𝑅𝜇

𝜇
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𝑒−1ℒ =
1

2
𝑅 − 𝜕𝜇𝜒𝜕

𝜇𝜒 −
1

4
sinh2 (2𝜒)𝐷𝜇𝜓𝐷

𝜇𝜓 −∑  

3

𝑖=1

 𝜕𝜇𝜆𝑖𝜕
𝜇𝜆𝑖 − 𝑔

2𝒫

 −
1

4
[𝑒−2(𝜆1+𝜆2+𝜆3)𝐹𝜇𝜈

0 𝐹0𝜇𝜈 + 𝑒−2(𝜆1−𝜆2−𝜆3)𝐹𝜇𝜈
1 𝐹1𝜇𝜈 + 𝑒2(𝜆1−𝜆2+𝜆3)𝐹𝜇𝜈

2 𝐹2𝜇𝜈 + 𝑒2(𝜆1+𝜆2−𝜆3)𝐹𝜇𝜈
3 𝐹3𝜇𝜈]

 

𝐷𝜓 ≡ 𝑑𝜓 − 𝑔(𝐴0 − 𝐴1 − 𝐴2 − 𝐴3).  

𝒫 =
1

2
(
𝜕𝑊

𝜕𝜒
)
2

+
1

2
∑  

3

𝑖=1

  (
𝜕𝑊

𝜕𝜆𝑖
)
2

−
3

2
𝑊2  

𝑊 =
2𝑒2(𝜆1+𝜆2+𝜆3)sinh2 𝜒 − cosh2 𝜒(𝑒2(𝜆1+𝜆2+𝜆2) + 𝑒2𝜆1 + 𝑒2𝜆2 + 𝑒2𝜆3)

2𝑒𝜆1+𝜆2+𝜆3
.  

𝐴𝑅 = −𝑔(𝐴
0 + 𝐴1 + 𝐴2 + 𝐴3)

𝐴𝑚 = 𝑔(𝐴
0 − 𝐴1 − 𝐴2 − 𝐴3)

𝐴𝐹1 =
1

2
𝑔(𝐴1 − 𝐴2)

𝐴𝐹2 =
1

√3
𝑔(𝐴1 + 𝐴2 − 2𝐴3)

 

[2∇𝜇 − 𝑖𝐵𝜇 −
𝑔

√2
𝑊𝛾𝜇 − 𝑖

1

2√2
𝐻𝜈𝜌𝛾

𝜈𝜌𝛾𝜇] 𝜖 = 0  

𝐻𝜇𝜈≡ 𝐹‾𝜇𝜈
78 =

1

2
(𝑒−𝜆1−𝜆2−𝜆3𝐹𝜇𝜈

0 + 𝑒−𝜆1+𝜆2+𝜆3𝐹𝜇𝜈
1 + 𝑒𝜆1−𝜆2+𝜆3𝐹𝜇𝜈

2 + 𝑒𝜆1+𝜆2−𝜆3𝐹𝜇𝜈
3 ) 

𝐵𝜇 ≡ −𝑔(𝐴𝜇
0 + 𝐴𝜇

1 + 𝐴𝜇
2 + 𝐴𝜇

3) −
1

2
(cosh (2𝜒) − 1)𝐷𝜇𝜓

 

[𝛾𝜇𝜕𝜇𝜆1 +
𝑔

√2
𝜕𝜆1𝑊 + 𝑖

1

2√2
𝛾𝜇𝜈𝐹‾𝜇𝜈

12] 𝜖= 0  

[𝛾𝜇𝜕𝜇𝜆2 +
𝑔

√2
𝜕𝜆2𝑊 + 𝑖

1

2√2
𝛾𝜇𝜈𝐹‾𝜇𝜈

34] 𝜖= 0  

[𝛾𝜇𝜕𝜇𝜆3 +
𝑔

√2
𝜕𝜆3𝑊 + 𝑖

1

2√2
𝛾𝜇𝜈𝐹‾𝜇𝜈

56] 𝜖= 0  

[𝛾𝜇𝜕𝜇𝜒 +
𝑔

√2
𝜕𝜒𝑊+ 𝑖

1

2
𝜕𝜒𝐵𝜇𝛾

𝜇] 𝜖 = 0

 

tanh 𝜒 =
1

√3
,𝜓 =

𝜋

2
, tanh 𝜆𝑖 = 2 − √3, 𝜑𝑖 = 𝜋  

𝐿𝐴𝑑𝑆4
2 = −

3

𝑔2𝒫∗
=

{
 
 

 
 1

2𝑔2
, 𝑆𝑂(8)

2

3√3𝑔2
, 𝑆𝑈(3) × 𝑈(1)𝑅

 

ℱ𝑆3 =
𝜋𝐿𝐴𝑑𝑆4

2

2𝐺𝑁
(4)  
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ℱ
𝑆3
ABJM

=
√2𝜋

3
𝑁3/2  

ℱ
𝑆3
mABJM

 =
4√2𝜋

9√3
𝑁3/2

 

ℱ𝑆3

𝐿𝐴𝑑𝑆4
2 =

2√2𝜋

3
𝑔2𝑁3/2  

𝑑𝑠2= 𝑒2𝑉𝑑𝑠𝐴𝑑𝑆2
2 + 𝑓2𝑑𝑦2 + ℎ2𝑑𝑧2 

𝐴𝛼  = 𝑎𝛼𝑑𝑧
 

𝐵𝜇𝑑𝑥
𝜇 ≡ 𝐵𝑧𝑑𝑧  

𝑒𝑎 = 𝑒𝑉𝑒‾𝑎, 𝑒2 = 𝑓𝑑𝑦, 𝑒3 = ℎ𝑑𝑧  

𝐹23
𝛼 = 𝑓−1ℎ−1(𝑎𝛼)′.  

𝑒2𝑉(𝑒−2𝜆1+2𝜆2+2𝜆3𝐹23
1 − 𝑒2𝜆1−2𝜆2+2𝜆3𝐹23

2 )= ℰ𝐹1  

𝑒2𝑉(𝑒2𝜆1−2𝜆2+2𝜆3𝐹23
2 − 𝑒2𝜆1+2𝜆2−2𝜆3𝐹23

3 )= ℰ𝐹2  

𝑒2𝑉(𝑒2𝜆1+2𝜆2−2𝜆3𝐹23
3 − 𝑒−2𝜆1+2𝜆2+2𝜆3𝐹23

1 ) = ℰ𝐹3

 

𝑒2𝑉(𝑒−2𝜆1−2𝜆2−2𝜆3𝐹23
0 + 𝑒−2𝜆1+2𝜆2+2𝜆3𝐹23

1 ) = ℰ𝑅1
𝑒2𝑉(𝑒−2𝜆1−2𝜆2−2𝜆3𝐹23

0 + 𝑒2𝜆1−2𝜆2+2𝜆3𝐹23
2 )= ℰ𝑅2  

𝑒2𝑉(𝑒−2𝜆1−2𝜆2−2𝜆3𝐹23
0 + 𝑒2𝜆1+2𝜆2−2𝜆3𝐹23

3 ) = ℰ𝑅3

 

(𝑒2𝑉+2𝜆1+2𝜆2−2𝜆3𝐹23
3 )

′
= −𝑒2𝑉𝑓ℎ−1

1

2
sinh2 (2𝜒)𝐷𝑧𝜓,  

𝛾𝑚 = Γ𝑚⊗𝜎3, 𝛾2 =] ]2⊗𝜎1, 𝛾3 =] ]2⊗𝜎2  

𝜖 = 𝜓⊗ 𝜒  

𝐷𝑚𝜓 =
1

2
𝜅Γ𝑚𝜓  

𝜒 = 𝑒𝑉/2𝑒𝑖𝑠𝑧/2(
sin 

𝜉
2

cos 
𝜉
2

)  

𝑓−1𝜉′= √2𝑔𝑊cos 𝜉 + 𝜅𝑒−𝑉  

𝑓−1𝑉′=
𝑔

√2
𝑊sin 𝜉  

𝑓−1𝜆𝑖
′  = −

𝑔

√2
𝜕𝜆𝑖𝑊sin 𝜉

𝑓−1𝜒′= −
𝑔

√2

𝜕𝜒𝑊

sin 𝜉
 

𝑓−1
ℎ′

ℎ
 =

1

sin 𝜉
(𝜅𝑒−𝑉cos 𝜉 +

𝑔𝑊

√2
(1 + cos2 𝜉))
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(𝑠 − 𝐵𝑧)sin 𝜉= −√2𝑔𝑊ℎcos 𝜉 − 𝜅ℎ𝑒
−𝑉 

√2𝑔𝜕𝜒𝑊cos 𝜉 = 𝜕𝜒𝐵𝑧sin 𝜉ℎ
−1

 

𝐹‾23
12= −𝑔𝜕𝜆1𝑊cos 𝜉  

𝐹‾23
34= −𝑔𝜕𝜆2𝑊cos 𝜉  

𝐹‾23
56= −𝑔𝜕𝜆3𝑊cos 𝜉  

𝐻23 = −𝑔𝑊cos 𝜉 − √2𝜅𝑒
−𝑉

 

ℎ𝑒−𝑉 = 𝑘sin 𝜉  

𝜉′ = −𝑘−1(𝑠 − 𝐵𝑧)(𝑒
−𝑉𝑓)  

(𝑠 − 𝐵𝑧)= −𝑘[√2𝑔𝑊𝑒
𝑉cos 𝜉 + 𝜅] 

√2𝑔𝜕𝜒𝑊cos 𝜉 = 𝑘
−1𝑒−𝑉𝜕𝜒𝐵𝑧

 

ℰ𝑅1= 𝑒
𝑉[2𝑔𝑒𝑉cos 𝜉 − √2𝜅𝑒−𝜆1cosh (𝜆2 + 𝜆3)],  

ℰ𝑅2= 𝑒
𝑉[2𝑔𝑒𝑉cos 𝜉 − √2𝜅𝑒−𝜆2cosh (𝜆3 + 𝜆1)],  

ℰ𝑅3 = 𝑒
𝑉[2𝑔𝑒𝑉cos 𝜉 − √2𝜅𝑒−𝜆3cosh (𝜆1 + 𝜆2)],

 

ℰ𝐹1 = √2𝜅𝑒
𝑉𝑒𝜆3sinh (𝜆1 − 𝜆2)

ℰ𝐹2 = √2𝜅𝑒
𝑉𝑒𝜆1sinh (𝜆2 − 𝜆3)

ℰ𝐹3 = √2𝜅𝑒
𝑉𝑒𝜆2sinh (𝜆3 − 𝜆1)

 

𝑓 = 𝑒𝑉  

𝑑𝑠2 = 𝑒2𝑉[𝑑𝑠𝐴𝑑𝑆2
2 + 𝑑𝑠Σ

2]  

𝑑𝑠Σ
2 = 𝑑𝑦2 + 𝑘2sin2 𝜉𝑑𝑧2  

Δ𝑧 = 2𝜋  

cos 𝜉𝑁,𝑆 = (−1)
𝑡𝑁,𝑆2𝜋 (1 −

1

𝑛𝑁,𝑆
) |(𝑘sin 𝜉)′|𝑁,𝑆 =

1

𝑛𝑁,𝑆
 

ℎ ≥ 0,⇔  𝑘sin 𝜉 ≥ 0  

(𝑘sin 𝜉)′|𝑁,𝑆 =
(−1)𝑙𝑁,𝑆

𝑛𝑁,𝑆
, 𝑙𝑁 = 0, 𝑙𝑆 = 1  

cos 𝜉|𝑁,𝑆 = (−1)
𝑡𝑁,𝑆; (𝑡𝑁, 𝑡𝑆) = (1,1)  or (0,0)

(𝑡𝑁, 𝑡𝑆) = (1,0)  or (0,1)
 

(𝑠 − 𝐵𝑧)|𝑁,𝑆 =
1

𝑛𝑁,𝑆
(−1)𝑙𝑁,𝑆+𝑡𝑁,𝑆+1  

𝐹𝑅 = 𝑑𝐵 + 𝑑 (
1

2
(cosh (2𝜒) − 1)𝐷𝜓) 
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1

2𝜋
∫ 
Σ‾
 𝐹𝑅 ≡

1

2𝜋
∫ 
Σ‾
 − 𝑔(𝐹0 + 𝐹1 + 𝐹2 + 𝐹3) =

𝑛𝑁(−1)
𝑡𝑆+1 + 𝑛𝑆(−1)

𝑡𝑁+1

𝑛𝑁𝑛𝑆
 

𝜕𝑧𝐵 = −
1

2
sinh (2𝜒)𝐷𝑧𝜓 

𝜕𝜒𝐵𝑧|𝑁,𝑆
= 𝜕𝜒𝑊|𝑁,𝑆

= 0.  

𝜒|𝑁 , 𝜒|𝑆 ≠ 0,  ⇒  𝐷𝑧𝜓|𝑁 = 𝐷𝑧𝜓|𝑆 = 0  

1

2𝜋
∫ 
𝛴

 𝑔(𝐹0 − 𝐹1 − 𝐹2 − 𝐹3) = (𝐷𝑧𝜓)|𝑦𝑁
𝑦𝑆 = 0  

(𝑒2𝜆1 + 𝑒2𝜆2 + 𝑒2𝜆3 − 𝑒2𝜆1+2𝜆2+2𝜆3)|
𝑁,𝑆
= 0,  ⇒  𝑊|𝑁,𝑆 = −𝑒

𝜆1+𝜆2+𝜆3|
𝑁,𝑆
.  

𝑀(1) ≡ 𝑔𝑒
𝜆1+𝜆2+𝜆3𝑒𝑉,𝑀(2) ≡ −

𝜅

√2
𝑀(1) + 2𝑀(1)

2 cos 𝜉  

ℰ𝑅𝑖 = −
𝜅

√2𝑔
𝑀(1)𝑒

−2𝜆𝑖 +
1

𝑔
𝑀(2)𝑒

−2𝜆1−2𝜆2−2𝜆3 ,  

𝑀(1)|𝑁,𝑆 =
1

√2
(−1)𝑡𝑁,𝑆𝜅 −

1

√2𝑘𝑛𝑁,𝑆
(−1)𝑙𝑁,𝑆 ,

𝑀(2)|𝑁,𝑆 =
1

2
(−1)𝑡𝑁,𝑆 +

1

𝑘2𝑛𝑁,𝑆
2 (−1)𝑡𝑁,𝑆 −

3𝜅

2𝑘𝑛𝑁,𝑆
(−1)𝑙𝑁,𝑆 .

 

ℰ𝑅1(𝜆1𝑁, 𝜆2𝑁) = ℰ𝑅1(𝜆1𝑆, 𝜆2𝑆),

ℰ𝑅2(𝜆1𝑁, 𝜆2𝑁) = ℰ𝑅2(𝜆1𝑆, 𝜆2𝑆),

ℰ𝑅3(𝜆1𝑁, 𝜆2𝑁) = ℰ𝑅3(𝜆1𝑆, 𝜆2𝑆).

 

𝐹𝑦𝑧
𝛼 = (𝑎𝛼)′ = (ℐ(𝛼))

′
 

ℐ(0)≡
1

√2
𝑘𝑒𝑉cos 𝜉𝑒𝜆1+𝜆2+𝜆3  

ℐ(1)≡
1

√2
𝑘𝑒𝑉cos 𝜉𝑒𝜆1−𝜆2−𝜆3  

ℐ(2)≡
1

√2
𝑘𝑒𝑉cos 𝜉𝑒−𝜆1+𝜆2−𝜆3  

ℐ(3) ≡
1

√2
𝑘𝑒𝑉cos 𝜉𝑒−𝜆1−𝜆2+𝜆3

 

𝑝𝛼
𝑛𝑁𝑛𝑆

≡
1

2𝜋
∫ 
𝛴

 𝑔𝐹𝛼 = 𝑔ℐ𝛼|𝑁
𝑆  

ℐ0|𝑁,𝑆≡ −(ℐ
(0) + ℐ(1) + ℐ(2) + ℐ(3))|

𝑁,𝑆
 

ℐΔ1|𝑁,𝑆
≡
1

2
(ℐ(1) − ℐ(2))|

𝑁,𝑆

ℐΔ2|𝑁,𝑆
≡
1

√3
(ℐ(1) + ℐ(2) − 2ℐ(3))|

𝑁,𝑆
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𝑔ℐ0|𝑁,𝑆= −𝑔(ℐ
(0) + ℐ(1) + ℐ(2) + ℐ(3))|

𝑁,𝑆
 

= −
1

√2
𝑔𝑘𝑒𝑉cos 𝜉(𝑒𝜆1+𝜆2+𝜆3 + 𝑒𝜆1−𝜆2−𝜆3 + 𝑒−𝜆1+𝜆2−𝜆3 + 𝑒−𝜆1−𝜆2+𝜆3)|

𝑁,𝑆

 

 = −
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒−𝜆1−𝜆2−𝜆3(𝑒2𝜆1+2𝜆2+2𝜆3 + 𝑒2𝜆1 + 𝑒2𝜆2 + 𝑒2𝜆3)|

𝑁,𝑆

= −
1

√2
𝑔𝑘𝑒𝑉cos 𝜉2𝑒𝜆1+𝜆2+𝜆3|

𝑁,𝑆

 

 = √2𝑘𝑀(1)|𝑁,𝑆
(−1)𝑡𝑁,𝑆+1

 

𝑔(ℐ(0) − ℐ(1) − ℐ(2) − ℐ(3))|
𝑁,𝑆

=
1

√2
𝑔𝑘𝑒𝑉cos 𝜉(𝑒𝜆1+𝜆2+𝜆3 − 𝑒𝜆1−𝜆2−𝜆3 − 𝑒−𝜆1+𝜆2−𝜆3 − 𝑒−𝜆1−𝜆2+𝜆3)|

𝑁,𝑆

=
1

√2
𝑔𝑘𝑒𝑉cos 𝜉𝑒−𝜆1−𝜆2−𝜆3(−𝑒2𝜆1+2𝜆2+2𝜆3 + 𝑒2𝜆1 + 𝑒2𝜆2 + 𝑒2𝜆3)|

𝑁,𝑆

= 0,

 

𝑔ℐ0|𝑁
𝑆 = −𝑔(ℐ(0) + ℐ(1) + ℐ(2) + ℐ(3))|

𝑁

𝑆
=
𝑛𝑁(−1)

𝑡𝑆+1 + 𝑛𝑆(−1)
𝑡𝑁+1

𝑛𝑁𝑛𝑆

𝑔(ℐ(0) − ℐ(1) − ℐ(2) − ℐ(3))|
𝑁

𝑆
= 0

 

𝑝𝐹1
𝑛𝑁𝑛𝑆

≡ 𝑔ℐΔ1|𝑁
𝑆
=
1

2
𝑔(ℐ(1) − ℐ(2))|

𝑁

𝑆

=
1

2√2
𝑔𝑘𝑒𝑉cos 𝜉(𝑒𝜆1−𝜆2−𝜆3 − 𝑒−𝜆1+𝜆2−𝜆3)|

𝑁

𝑆

 

 =
1

2√2
𝑘𝑀(1)(−1)

𝑡𝑁,𝑆(𝑒−2𝜆2−2𝜆3 − 𝑒−2𝜆3−2𝜆1)|
𝑁

𝑆

𝑝𝐹2
𝑛𝑁𝑛𝑆

≡ 𝑔ℐΔ2|𝑁
𝑆
=
1

√3
𝑔(ℐ(1) + ℐ(2) − 2ℐ(3))|

𝑁

𝑆

 =
1

√6
𝑔𝑘𝑒𝑉cos 𝜉(𝑒𝜆1−𝜆2−𝜆3 + 𝑒−𝜆1+𝜆2−𝜆3 − 2𝑒−𝜆1−𝜆2+𝜆3)|

𝑁

𝑆

 =
1

√6
𝑘𝑀(1)(−1)

𝑡𝑁,𝑆(𝑒−2𝜆2−2𝜆3 + 𝑒−2𝜆3−2𝜆1 − 2𝑒−2𝜆1−2𝜆2)|
𝑁

𝑆

 

𝑛𝑁 = 8,𝑛𝑆 = 1, 𝑝𝐹1 = 1, 𝑝𝐹2 = 2

𝑔 = 1,𝜅 = −1,
 

𝑒−2𝜆1𝑁  ≈ 0.0452746,         𝑒−2𝜆1𝑆 ≈ 0.012202,        

𝑒−2𝜆2𝑁  ≈ 0.110402,         𝑒−2𝜆2𝑆 ≈ 0.101903,        

𝑒−2𝜆3𝑁  ≈ 6.39148,         𝑒−2𝜆3𝑆 ≈ 8.75297,         
𝑘≈ 0.631939.                 

 

1

2𝐺𝑁
(4)
=
2√2

3
𝑔2𝑁3/2.  
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(𝐺𝑁
(2)
)
−1
= (𝐺𝑁

(4)
)
−1
Δ𝑧∫  

𝑦𝑆

𝑦𝑁

  |𝑓ℎ|𝑑𝑦  

𝑓ℎ = 𝑘𝑒𝑉𝑓sin 𝜉 = −
𝑘

𝜅
(𝑒2𝑉cos 𝜉)′.  

𝑆BH=
1

4𝐺𝑁
(2)
=
2√2𝜋

3
𝑁3/2𝑔2 (−

𝑘

𝜅
) [𝑒2𝑉cos 𝜉]𝑁

𝑆  

 = −
2√2𝑁3/2𝑘

3𝜅
(𝑀(1)

2 |
𝑆
𝑒−2(𝜆1𝑆+𝜆2𝑆+𝜆3𝑆)(−1)𝑡𝑆 −𝑀(1)

2 |
𝑁
𝑒−2(𝜆1𝑁+𝜆2𝑁+𝜆3𝑁)(−1)𝑡𝑁) ,

 

tanh 𝜒 =
1

√3
,𝜓 =

𝜋

2
, tanh 𝜆𝑖 = 2 − √3, 𝜑𝑖 = 𝜋  

𝑑𝑠2=
2

3√3𝑔2
[
𝑦2

4
𝑑𝑠𝐴𝑑𝑆2

2 +
𝑦2

𝑞(𝑦)
𝑑𝑦2 +

𝑞(𝑦)

4𝑦2
𝑐0
2𝑑𝑧2]  

1

3
𝐴0 = 𝐴1 = 𝐴2 = 𝐴3  = − [

2𝑐0𝜅

3𝑔
(1 −

𝑎

𝑦
) +

𝑠

𝑔
]𝑑𝑧

 

sin 𝜉 = −
√𝑞(𝑦)

𝑦2
, cos 𝜉 = 𝜅

2𝑦 − 𝑎

𝑦2
 

𝐿𝐴𝑑𝑆4
2 =

2

3√3𝑔2
 

𝑞(𝑦) = 𝑦4 − 4𝑦2 + 4𝑎𝑦 − 𝑎2  

𝑎=
𝑛𝑆
2 − 𝑛𝑁

2

𝑛𝑆
2 + 𝑛𝑁

2  

𝑐0 =
√𝑛𝑆

2 + 𝑛𝑁
2

√2𝑛𝑆𝑛𝑁

 

𝑦𝑁 = −1 + √1 + 𝑎, 𝑦𝑆 = 1 − √1 − 𝑎  

𝑆BH=
√2√𝑛𝑆

2 + 𝑛𝑁
2 − (𝑛𝑆 + 𝑛𝑁)

𝑛𝑆𝑛𝑁

𝜋𝐿𝐴𝑑𝑆4
2

4𝐺𝑁
(4)

 

 =
√2√𝑛𝑆

2 + 𝑛𝑁
2 − (𝑛𝑆 + 𝑛𝑁)

𝑛𝑆𝑛𝑁

1

2
ℱ
𝑆3
mABJM

,

 

ℱ
𝑆3
mABJM

=
4√2𝜋

9√3
𝑁3/2 

1

2
(𝑇12 − 𝑇34),

1

√3
(𝑇12 + 𝑇34 − 2𝑇56),  
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𝐴12 =
1

2
(𝐴0 + 𝐴1 − 𝐴2 − 𝐴3), 𝐴34 =

1

2
(𝐴0 − 𝐴1 + 𝐴2 − 𝐴3),

𝐴56 =
1

2
(𝐴0 − 𝐴1 − 𝐴2 + 𝐴3), 𝐴78 =

1

2
(𝐴0 + 𝐴1 + 𝐴2 + 𝐴3).

 

𝒱 ≡ (
𝑢𝑖𝑗
𝐼𝐽

𝑣𝑖𝑗𝐾𝐿

𝑣𝑘𝑙𝐼𝐽 𝑢𝑘𝑙𝐾𝐿
) = exp (

0 𝜙𝑖𝑗𝑘𝑙

𝜙𝑖𝑗𝑘𝑙 0
) ∈ 𝐸7(7)/𝑆𝑈(8),  

𝜙𝑖𝑗𝑘𝑙 =
1

24
𝜖𝑖𝑗𝑘𝑙𝑚𝑛𝑝𝑞𝜙

𝑚𝑛𝑝𝑞, 𝜙𝑖𝑗𝑘𝑙 = (𝜙𝑖𝑗𝑘𝑙)
∗

 

𝜙1278 = −
1

2
𝜆1𝑒

𝑖𝜑1 , 𝜙3478 = −
1

2
𝜆2𝑒

𝑖𝜑2 , 𝜙5678 = −
1

2
𝜆3𝑒

𝑖𝜑3

𝜙1234 = −
1

2
𝜆3𝑒

−𝑖𝜑3 , 𝜙1256 = −
1

2
𝜆2𝑒

−𝑖𝜑2 , 𝜙3456 = −
1

2
𝜆1𝑒

−𝑖𝜑1

𝜙1357 = −𝜙1467 = −𝜙2367 = −𝜙2457 =
1

4
(𝜒1cos 𝜓1 + 𝑖𝜒2sin 𝜓2)

𝜙1367 = 𝜙1457 = 𝜙2357 = −𝜙2467 = −
1

4
(𝜒1sin 𝜓1 − 𝑖𝜒2cos 𝜓2)

𝜙1368 = 𝜙1458 = 𝜙2358 = −𝜙2468 = −
1

4
(𝜒1cos 𝜓1 − 𝑖𝜒2sin 𝜓2)

𝜙1358 = −𝜙1468 = −𝜙2368 = −𝜙2458 = −
1

4
(𝜒1sin 𝜓1 + 𝑖𝜒2cos 𝜓2)

 

ℳ𝑉 ×ℳ𝐻 = [
𝑆𝑈(1,1)

𝑈(1)
]
3

×
𝑆𝑈(2,1)

𝑆𝑈(2) × 𝑈(1)
.  

𝜒 ≡ 𝜒2, 𝜓 ≡ 𝜓2, 𝜒1 = 0,𝜓1 =
𝜋

2
, 𝜑1 = 𝜑2 = 𝜑3 = 𝜋  

𝑒−1ℒ =
1

2
𝑅 − 𝜕𝜇𝜒𝜕

𝜇𝜒 −
1

4
sinh2 (2𝜒)𝐷𝜇𝜓𝐷

𝜇𝜓 −∑  

3

𝑖=1

 𝜕𝜇𝜆𝑖𝜕
𝜇𝜆𝑖 − 𝑔

2𝒫

 −
1

4
[𝑒−2(𝜆1+𝜆2+𝜆3)𝐹𝜇𝜈

0 𝐹0𝜇𝜈 + 𝑒−2(𝜆1−𝜆2−𝜆3)𝐹𝜇𝜈
1 𝐹1𝜇𝜈 + 𝑒2(𝜆1−𝜆2+𝜆3)𝐹𝜇𝜈

2 𝐹2𝜇𝜈 + 𝑒2(𝜆1+𝜆2−𝜆3)𝐹𝜇𝜈
3 𝐹3𝜇𝜈]

 

𝐷𝜓 ≡ 𝑑𝜓 − 𝑔(𝐴0 − 𝐴1 − 𝐴2 − 𝐴3)  

𝒫 =
1

2
(
𝜕𝑊

𝜕𝜒
)
2

+
1

2
∑  

3

𝑖=1

  (
𝜕𝑊

𝜕𝜆𝑖
)
2

−
3

2
𝑊2  

𝑊 =
2𝑒2(𝜆1+𝜆2+𝜆3)sinh2 𝜒 − cosh2 𝜒(𝑒2(𝜆1+𝜆2+𝜆2) + 𝑒2𝜆1 + 𝑒2𝜆2 + 𝑒2𝜆3)

2𝑒𝜆1+𝜆2+𝜆3
.  

𝐴𝑅 = −𝑔(𝐴
0 + 𝐴1 + 𝐴2 + 𝐴3)

𝐴𝑚 = 𝑔(𝐴
0 − 𝐴1 − 𝐴2 − 𝐴3)

𝐴𝐹1 =
1

2
𝑔(𝐴1 − 𝐴2)

𝐴𝐹2 =
1

√3
𝑔(𝐴1 + 𝐴2 − 2𝐴3)
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𝛿𝜒𝑖𝑗𝑘= −𝒜𝜇 
𝑖𝑗𝑘𝑙𝛾𝜇𝜖𝑙 +

3

2
𝛾𝜇𝜈𝐹‾𝜇𝜈

−[𝑖𝑗
𝜖𝑘] − 2𝑔𝐴2𝑙  

𝑖𝑗𝑘𝜖𝑙 

𝛿𝜓𝜇 
𝑖 = 2𝐷𝜇𝜖

𝑖 +
√2

4
𝐹‾𝜈𝜌
−𝑖𝑗
𝛾𝜈𝜌𝛾𝜇𝜖𝑗 + √2𝑔𝐴1 

𝑖𝑗𝛾𝜇𝜖𝑗

 

𝐹−𝐼𝐽 = (𝑢𝑖𝑗
𝐼𝐽
+ 𝑣𝑖𝑗𝐼𝐽)𝐹‾

−𝑖𝑗, 𝐹−𝐼𝐽 =
1

2
(𝐹𝐼𝐽 − 𝑖 ∗ 𝐹𝐼𝐽)  

𝜖1 = ⋯ = 𝜖6 = 0  

𝐴1 
77𝜖7 = −

1

2
𝑊𝜖7, 𝐴1 

88𝜖8 = −
1

2
𝑊𝜖8  

𝐵𝜇≡ 𝐵𝜇 
7 8 = −𝐵𝜇 

8 7, 

𝐻𝜇𝜈 ≡ 𝐹‾𝜇𝜈
78,

 

𝐻𝜇𝜈≡ 𝐹‾𝜇𝜈
78 =

1

2
(𝑒−𝜆1−𝜆2−𝜆3𝐹𝜇𝜈

0 + 𝑒−𝜆1+𝜆2+𝜆3𝐹𝜇𝜈
1 + 𝑒𝜆1−𝜆2+𝜆3𝐹𝜇𝜈

2 + 𝑒𝜆1+𝜆2−𝜆3𝐹𝜇𝜈
3 ) 

𝐵𝜇 ≡ −𝑔(𝐴𝜇
0 + 𝐴𝜇

1 + 𝐴𝜇
2 + 𝐴𝜇

3) −
1

2
(cosh (2𝜒) − 1)𝐷𝜇𝜓

 

𝜖 = (𝜖7 + 𝜖
7) + 𝑖(𝜖8 + 𝜖

8)  

[2∇𝜇 − 𝑖𝐵𝜇 −
𝑔

√2
𝑊𝛾𝜇 − 𝑖

1

2√2
𝐻𝜈𝜌𝛾

𝜈𝜌𝛾𝜇] 𝜖 = 0  

[𝛾𝜇𝜕𝜇𝜆1 +
𝑔

√2
𝜕𝜆1𝑊 + 𝑖

1

2√2
𝛾𝜇𝜈𝐹‾𝜇𝜈

12] 𝜖 = 0,

[𝛾𝜇𝜕𝜇𝜆2 +
𝑔

√2
𝜕𝜆2𝑊 + 𝑖

1

2√2
𝛾𝜇𝜈𝐹‾𝜇𝜈

34] 𝜖 = 0,

[𝛾𝜇𝜕𝜇𝜆3 +
𝑔

√2
𝜕𝜆3𝑊 + 𝑖

1

2√2
𝛾𝜇𝜈𝐹‾𝜇𝜈

56] 𝜖 = 0,

 

[𝛾𝜇𝜕𝜇𝜒 +
𝑔

√2
𝜕𝜒𝑊+ 𝑖

1

2
𝜕𝜒𝐵𝜇𝛾

𝜇] 𝜖 = 0  

𝐹0 =
1

2
𝑒𝜆1+𝜆2+𝜆3(𝐹‾12 + 𝐹‾34 + 𝐹‾56 + 𝐹‾78)

𝐹1 =
1

2
𝑒𝜆1−𝜆2−𝜆3(𝐹‾12 − 𝐹‾34 − 𝐹‾56 + 𝐹‾78)

𝐹2 = −
1

2
𝑒−𝜆1+𝜆2−𝜆3(𝐹‾12 − 𝐹‾34 + 𝐹‾56 − 𝐹‾78)

𝐹3 = −
1

2
𝑒−𝜆1−𝜆2+𝜆3(𝐹‾12 + 𝐹‾34 − 𝐹‾56 − 𝐹‾78)

 

𝑅𝜇𝜈 −
1

2
𝑅𝑔𝜇𝜈 + 𝑔

2𝒫𝑔𝜇𝜈 − 2(𝑇𝜇𝜈
𝜒
+ 𝑇𝜇𝜈

𝜆1 + 𝑇𝜇𝜈
𝜆2 + 𝑇𝜇𝜈

𝜆3) −
1

2
sinh2 (2𝜒)𝑇𝜇𝜈

𝜓

 −𝑒−2(𝜆1+𝜆2+𝜆3)𝑇𝜇𝜈
𝐴0 − 𝑒−2(𝜆1−𝜆2−𝜆3)𝑇𝜇𝜈

𝐴1 − 𝑒2(𝜆1−𝜆2+𝜆3)𝑇𝜇𝜈
𝐴2 − 𝑒2(𝜆1+𝜆2−𝜆3)𝑇𝜇𝜈

𝐴3 = 0
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𝑇𝜇𝜈
𝑋= 𝜕𝜇𝑋𝜕𝜈𝑋 −

1

2
𝑔𝜇𝜈𝜕𝜌𝑋𝜕

𝜌𝑋,  

𝑇𝜇𝜈
𝐴𝛼 = 𝑔𝜌𝜎𝐹𝜇𝜌

𝛼 𝐹𝜈𝜎
𝛼 −

1

4
𝑔𝜇𝜈𝐹𝜌𝜎

𝛼 𝐹𝛼𝜌𝜎,

 

𝜕𝜈(√−𝑔𝑒
−2(𝜆1+𝜆2+𝜆3)𝐹0𝜇𝜈) −

1

2
√−𝑔sinh2 (2𝜒)𝑔𝜇𝜈𝐷𝜈𝜓 = 0

𝜕𝜈(√−𝑔𝑒
−2(𝜆1−𝜆2−𝜆3)𝐹1𝜇𝜈)+

1

2
√−𝑔sinh2 (2𝜒)𝑔𝜇𝜈𝐷𝜈𝜓 = 0  

𝜕𝜈(√−𝑔𝑒
2(𝜆1−𝜆2+𝜆3)𝐹2𝜇𝜈)+

1

2
√−𝑔sinh2 (2𝜒)𝑔𝜇𝜈𝐷𝜈𝜓 = 0  

𝜕𝜈(√−𝑔𝑒
2(𝜆1+𝜆2−𝜆3)𝐹3𝜇𝜈) +

1

2
√−𝑔sinh2 (2𝜒)𝑔𝜇𝜈𝐷𝜈𝜓 = 0

 

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝜆1) −
𝑔2

2

𝜕𝒫

𝜕𝜆1

+
1

4
𝑒−2(𝜆1+𝜆2+𝜆3)𝐹𝜇𝜈

0 𝐹0𝜇𝜈 +
1

4
𝑒−2(𝜆1−𝜆2−𝜆3)𝐹𝜇𝜈

1 𝐹1𝜇𝜈  

−
1

4
𝑒2(𝜆1−𝜆2+𝜆3)𝐹𝜇𝜈

2 𝐹2𝜇𝜈 −
1

4
𝑒2(𝜆1+𝜆2−𝜆3)𝐹𝜇𝜈

3 𝐹3𝜇𝜈 = 0  

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝜆2) −
𝑔2

2

𝜕𝒫

𝜕𝜆2

+
1

4
𝑒−2(𝜆1+𝜆2+𝜆3)𝐹𝜇𝜈

0 𝐹0𝜇𝜈 −
1

4
𝑒−2(𝜆1−𝜆2−𝜆3)𝐹𝜇𝜈

1 𝐹1𝜇𝜈  

+
1

4
𝑒2(𝜆1−𝜆2+𝜆3)𝐹𝜇𝜈

2 𝐹2𝜇𝜈 −
1

4
𝑒2(𝜆1+𝜆2−𝜆3)𝐹𝜇𝜈

3 𝐹3𝜇𝜈 = 0  

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝜆3) −
𝑔2

2

𝜕𝒫

𝜕𝜆3

+
1

4
𝑒−2(𝜆1+𝜆2+𝜆3)𝐹𝜇𝜈

0 𝐹0𝜇𝜈 −
1

4
𝑒−2(𝜆1−𝜆2−𝜆3)𝐹𝜇𝜈

1 𝐹1𝜇𝜈  

 −
1

4
𝑒2(𝜆1−𝜆2+𝜆3)𝐹𝜇𝜈

2 𝐹2𝜇𝜈 +
1

4
𝑒2(𝜆1+𝜆2−𝜆3)𝐹𝜇𝜈

3 𝐹3𝜇𝜈 = 0

 

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝜒) −
𝑔2

2

𝜕𝒫

𝜕𝜒
+
1

8
sinh (4𝜒)𝐷𝜇𝜓𝐷

𝜇𝜓 = 0  

𝜒 = 0,𝜓 =
𝜋

2
 

𝒫 = −2[cosh (2𝜆1) + cosh (2𝜆2) + cosh (2𝜆3)]  

𝜆𝑖 = 0,𝜑𝑖 = 𝜋, 𝐴 ≡ 𝐴
0 = 𝐴1 = 𝐴2 = 𝐴3  

𝑒−1ℒ =
1

2
𝑅 − 6𝑔2 − 𝐹𝜇𝜈𝐹

𝜇𝜈  

tanh 𝜒 =
1

√3
,𝜓 =

𝜋

2
, tanh 𝜆𝑖 = 2 − √3, 𝜑𝑖 = 𝜋

1

3
𝐴 ≡

1

3
𝐴0 = 𝐴1 = 𝐴2 = 𝐴3
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𝑒−1ℒ =
1

2
𝑅 −

9√3

2
𝑔2 −

1

12√3
𝐹𝜇𝜈𝐹

𝜇𝜈  

𝑑𝑠2= 𝑒2𝑉𝑑𝑠𝐴𝑑𝑆2
2 + 𝑓2𝑑𝑦2 + ℎ2𝑑𝑧2 

𝐴𝛼  = 𝑎𝛼𝑑𝑧
 

𝛾𝑚 = Γ𝑚⊗𝜎3, 𝛾2 =] ]2⊗𝜎1, 𝛾3 =] ]2⊗𝜎2  

𝜖 = 𝜓⊗ 𝜒,  

𝐷𝑚𝜓 =
1

2
𝜅Γ𝑚𝜓  

[−𝑖(√2𝜅𝑒−𝑉 +𝐻23)𝛾
23 + √2𝑉′𝑓−1𝛾2]𝜖 = 𝑔𝑊𝜖.  

[𝑖cos 𝜉𝛾23 + sin 𝜉𝛾2]𝜖 = +𝜖  

−√2𝜅𝑒−𝑉 −𝐻23 = 𝑔𝑊cos 𝜉, √2𝑉
′𝑓−1 = 𝑔𝑊sin 𝜉  

𝜖 = 𝑒𝑖
𝜉
2
𝛾3𝜂, 𝛾2𝜂 = +𝑖𝛾3𝜂  

𝜉 = 0, 𝜋, 𝛾23𝜖 = ±𝑖𝜖  

[𝜕𝑦 −
1

2
𝑉′ +

𝑖

2
(𝜕𝑦𝜉 + √2𝑓𝐻23 + 𝜅𝑓𝑒

−𝑉)𝛾3] 𝜂 = 0  

[2𝜕𝑧 − 𝑖𝐵𝑧+𝑖𝑓
−1ℎ′cos 𝜉 − 𝑖

1

√2
𝐻23ℎsin 𝜉  

+ (𝑓−1ℎ′sin 𝜉 −
1

√2
𝑔𝑊ℎ +

1

√2
𝐻23ℎcos 𝜉) 𝛾

3] 𝜂 = 0

 

𝜂 = 𝑒𝑉/2𝑒𝑖𝑠𝑧𝜂0  

𝜕𝑦𝜉 + √2𝑓𝐻23 + 𝜅𝑓𝑒
−𝑉= 0  

(𝑠 − 𝐵𝑧) + 𝑓
−1ℎ′cos 𝜉 −

1

√2
𝐻23ℎsin 𝜉= 0  

𝑓−1ℎ′sin 𝜉 −
𝑔𝑊ℎ

√2
+
1

√2
𝐻23ℎcos 𝜉 = 0

 

𝑓−1ℎ′=
𝑔𝑊ℎ

√2
sin 𝜉 − (𝑠 − 𝐵𝑧)cos 𝜉  

ℎ𝐻23 = 𝑔𝑊ℎcos 𝜉 + √2(𝑠 − 𝐵𝑧)sin 𝜉

 

(𝑠 − 𝐵𝑧)sin 𝜉 = −√2𝑔𝑊ℎcos 𝜉 − 𝜅ℎ𝑒
−𝑉  

𝐻23= −𝑔𝑊cos 𝜉 − √2𝜅𝑒
−𝑉 

𝑓−1𝜕𝑦𝜉 = √2𝑔𝑊cos 𝜉 + 𝜅𝑒
−𝑉

 

𝑓−1
ℎ′

ℎ
sin 𝜉 = 𝜅𝑒−𝑉cos 𝜉 +

𝑔𝑊

√2
(1 + cos2 𝜉)  
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𝑓−1𝜆𝑖
′ +

𝑔

√2
𝜕𝜆𝑖𝑊sin 𝜉 = 0  

𝑔𝜕𝜆1𝑊cos 𝜉 + 𝐹
‾
23
12 = 0

𝑔𝜕𝜆2𝑊cos 𝜉 + 𝐹
‾
23
34 = 0

𝑔𝜕𝜆3𝑊cos 𝜉 + 𝐹
‾
23
56 = 0

 

𝑓−1𝜒′sin 𝜉 +
𝑔

√2
𝜕𝜒𝑊= 0  

√2𝑔𝜕𝜒𝑊cos 𝜉 − 𝜕𝜒𝐵𝑧sin 𝜉ℎ
−1 = 0

 

𝑓−1𝜉′= √2𝑔𝑊cos 𝜉 + 𝜅𝑒−𝑉  

𝑓−1𝑉′=
𝑔

√2
𝑊sin 𝜉  

𝑓−1𝜆𝑖
′= −

𝑔

√2
𝜕𝜆𝑖𝑊sin 𝜉  

𝑓−1𝜒′= −
𝑔

√2

𝜕𝜒𝑊

sin 𝜉
 

𝑓−1
ℎ′

ℎ
sin 𝜉 = 𝜅𝑒−𝑉cos 𝜉 +

𝑔𝑊

√2
(1 + cos2 𝜉)

 

(𝑠 − 𝐵𝑧)sin 𝜉= −√2𝑔𝑊ℎcos 𝜉 − 𝜅ℎ𝑒
−𝑉 

√2𝑔𝜕𝜒𝑊cos 𝜉 = 𝜕𝜒𝐵𝑧sin 𝜉ℎ
−1

 

𝐹‾23
12= −𝑔𝜕𝜆1𝑊cos 𝜉  

𝐹‾23
34= −𝑔𝜕𝜆2𝑊cos 𝜉  

𝐹‾23
56= −𝑔𝜕𝜆3𝑊cos 𝜉  

𝐻23 = −𝑔𝑊cos 𝜉 − √2𝜅𝑒
−𝑉

 

𝜕𝑦𝑊 = −
𝑔

√2
𝑓sin 𝜉 [∑  

3

𝑖=1

  (𝜕𝜆𝑖𝑊)
2
+

1

sin2 𝜉
(𝜕𝜒𝑊)

2
]  

ℎ𝑒−𝑉 = 𝑘sin 𝜉  

𝑓−1𝜉′= −𝑘−1(𝑠 − 𝐵𝑧)𝑒
−𝑉 

𝑓−1𝑉′=
𝑔

√2
𝑊sin 𝜉  

𝑓−1𝜆𝑖
′  = −

𝑔

√2
𝜕𝜆𝑖𝑊sin 𝜉

𝑓−1𝜒′ = −
𝑔

√2

𝜕𝜒𝑊

sin 𝜉

 

(𝑠 − 𝐵𝑧)= −𝑘(√2𝑔𝑊𝑒
𝑉cos 𝜉 + 𝜅) 

√2𝑔𝜕𝜒𝑊cos 𝜉 = 𝑘
−1𝑒−𝑉𝜕𝜒𝐵𝑧

 

𝜕𝜒𝐵𝑧 = −sinh (2𝜒)𝐷𝑧𝜓  
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𝐷𝑧𝜓 = −
√2𝑔𝑘𝑒𝑉𝜕𝜒𝑊cos 𝜉

sinh (2𝜒)
 

𝐹𝑦𝑧
𝛼 = (𝑎𝛼)′ = (ℐ(𝛼))

′
 

ℐ(0)≡
1

√2
𝑘𝑒𝑉cos 𝜉𝑒𝜆1+𝜆2+𝜆3  

ℐ(1)≡
1

√2
𝑘𝑒𝑉cos 𝜉𝑒𝜆1−𝜆2−𝜆3  

ℐ(2)≡
1

√2
𝑘𝑒𝑉cos 𝜉𝑒−𝜆1+𝜆2−𝜆3  

ℐ(3) ≡
1

√2
𝑘𝑒𝑉cos 𝜉𝑒−𝜆1−𝜆2+𝜆3

 

𝐶(Δ) =∑  

𝑐≥1

 𝐾𝑐(Δ)∫  
𝑑𝜙0

(𝜙0)3/2

⏞    

 integration measure 

 on localization locus 

(𝜙0)5⏟  
 Bulk modes 

 one-loop determinant 

1

𝑐𝜙0

⏞

 Induced 

 one-loop determinant 

exp [−
𝜋Δ𝜙0

4𝑐
−

𝜋

𝑐𝜙0
]

⏟          
 Supergravity action 

 along locus 

,  

Δ(𝒬) = 𝐶𝑎𝑏𝑐𝑑𝒬𝑎𝒬𝑏𝒬𝑐𝒬𝑑  

𝑆BH(𝒬) = 𝜋√Δ(𝒬)  

Δ = 4𝑛 − ℓ2  

𝜑−2,1(𝜏, 𝑧) =
𝜗1(𝜏, 𝑧)

2

𝜂(𝜏)6
 

𝜑−2,1(𝜏, 𝑧) = ∑  

𝑛,ℓ∈ℤ

 𝑐−2,1(𝑛, ℓ)𝑞
𝑛𝜁ℓ, 𝑞 = e2𝜋i𝜏, 𝜁 = e2𝜋i𝑧  

𝑐−2,1(𝑛, ℓ) = 𝐶(Δ), Δ = 4𝑛 − ℓ
2  

𝐶(Δ) = 2𝜋 (
𝜋

2
)
7/2

∑ 

∞

𝑐=1

 𝑐−9/2𝐾𝑐(Δ)𝐼7/2 (
𝜋√Δ

𝑐
)  

𝐼𝜌(𝑧) = (
𝑧

2
)
−𝜌

𝐼𝜌(𝑧) =
1

2𝜋i
∫  
𝜖+i∞

𝜖−i∞

 
𝑑𝜎

𝜎𝜌+1
exp (𝜎 +

𝑧2

4𝜎
)  

𝐾𝑐(Δ):= e
5𝜋i/4 ∑  

−𝑐≤𝑑<0
(𝑑,𝑐)=1

 e2𝜋i
𝑑
𝑐
(Δ/4)𝑀(𝛾𝑐,𝑑)𝜈1

−1
e2𝜋i

𝑎
𝑐
(−1/4), 𝜈 = Δmod2

 

𝑀−1(𝛾𝑐,𝑑)𝜈1 =e
𝜋i
4
1

√6𝑐
exp (−

i𝜋

6
Φ(𝛾)) ×

 ∑  

𝜀=±1

 ∑  

𝑐−1

𝑛=0

 𝜀exp (
i𝜋

6𝑐
(𝑑(𝜈 + 1)2 − 4(𝜈 + 1)(3𝑛 + 𝜀) + 4𝑎(3𝑛 + 𝜀)2))
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𝑊micro (Δ) = (−1)
Δ+1𝐶(Δ)  

log 𝑊micro (Δ) ∼ 𝜋√Δ +⋯ , Δ → ∞  

log 𝑊micro (Δ) = 𝜋√Δ − 2log Δ + O(1/√Δ)  

𝑊micro(Δ) =
𝜋9/2

8
𝐼7/2(𝜋√Δ)⏟          
≡𝑊(1)(Δ)

+O(e√Δ/2)  

 

1

2𝜋
(
2

𝜋
)
7/2

𝑊micro (Δ) =∑  

∞

𝑐=1

 𝐴𝑐(Δ), 𝐴𝑐(Δ) = 𝑐
−9/2𝐾𝑐(Δ)𝐼7/2 (

𝜋√Δ

𝑐
)  

 

𝑊(𝑞, 𝑝)= ⟨exp (−i𝑞Λ∮𝐴
Λ )⟩

AdS2×S
2 with T→0

reg

 

 = ∫  [𝐷𝑔𝐷Ψ𝐷𝐴𝐷Φ]𝑒−𝑆suggra 
bulk −𝑆sugra 

bdry 
 

𝑆sugra 
bdry 

⊃ ∫  
𝜕( AdS 2×𝑆

2)

𝑑3𝑥√ℎ𝐴𝜇𝐹𝜇𝜈𝑛
𝜈 

𝑆sugra = ∫  d
4𝑥 (ℒsugra 

phys 
− 𝑄eq(𝑏𝛼𝐹

𝛼))  

𝑆sugra = 𝑆(0) → 𝑆(𝑡) = 𝑆(0) + 𝜆𝑄eq𝒱  

𝒱 = ∫  𝑑4𝑥√𝑔
∘
∑ 

𝜓

 𝜓‾𝑄eq𝜓  

𝑑𝑠2 = 𝑑𝜌2 + sinh2 𝜌𝑑𝜏2 + 𝑑𝜃2 + sin2 𝜃𝑑𝜓2  

(𝜏, 𝜓) ∼ (𝜏 + 2𝜋,𝜓) ∼ (𝜏, 𝜓 + 2𝜋)  

𝐹𝜌𝜏
Λ = −𝑖𝑒⋆

Λsinh 𝜌, 𝐹𝜃𝜓
Λ = 𝑝Λsin 𝜃  
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𝑋Λ =
1

2
(𝑒⋆
Λ + i𝑝Λ) +

𝜙Λ − 𝑒⋆
Λ

2cosh 𝜌
, 𝑋‾Λ =

1

2
(𝑒⋆
Λ − i𝑝Λ) +

𝜙Λ − 𝑒⋆
Λ

2cosh 𝜌
.  

𝑌1
Λ,1 = −𝑌2

Λ,2 =
𝜙Λ − 𝑒⋆

Λ

cosh2 𝜌
 

ℓ2 = e−𝒦 ≡ −i(𝑋Λ𝐹‾Λ − 𝑋‾
Λ𝐹Λ)|𝜌=0  

(𝜏, 𝜙) ∼ (𝜏 +
2𝜋

𝑐
, 𝜓 +

2𝜋

𝑐
) ∼ (𝜏, 𝜓 + 2𝜋).  

𝐴(𝑐,𝑑)
0 = 𝐴0 +

𝑑

𝑐
𝑑𝜏, 𝐴0 = −𝑖𝑒⋆

0(cosh 𝜌 − 1)𝑑𝜏  

𝐹(𝑋𝐼) = 𝐶𝐼𝐽𝐾
𝑋𝐼𝑋𝐽𝑋𝐾

𝑋0
+⋯  

 

𝑊(1)(𝑞, 𝑝) = ∫  
ℳ𝑄

  [ d𝑛𝑣+1𝜙]exp (−𝜋𝑞Λ𝜙
Λ + 4𝜋Im𝐹 (

𝜙Λ + i𝑝Λ

2
))𝑍1−loop

𝑄eq𝒱 (𝜙Λ)  

𝑊(c)(𝑞, 𝑝) = ∫  
ℳ𝑄

  [ d𝑛𝑣+1𝜙]𝑐exp (−
𝜋𝑞Λ𝜙

Λ

𝑐
+
4𝜋

𝑐
Im𝐹 (

𝜙Λ + i𝑝Λ

2
))𝑍1−loop,𝑐

𝑄eq𝒱 (𝜙Λ)𝑍𝑐
top
(𝑞, 𝑝)  

𝐹(0)(𝑋) = 𝐶𝐼𝐽𝐾
𝑋𝐼𝑋𝐽𝑋𝐾

𝑋0
, 𝐶𝐼𝐽𝐾 ≡

1

6
∫  
𝑇6
 𝛼𝐼 ∧ 𝛼𝐽 ∧ 𝛼𝐾  

Δ = 4𝐶𝐼𝐽𝐾𝑝
𝐼𝑝𝐽𝑝𝐾 (𝑞0 +

1

12
𝑞𝐼𝐶

𝐼𝐽𝑞𝐽)  

∫  [𝐷Φ𝑚]e−∫  √𝑔𝐺𝑚𝑛(Φ)𝛿Φ
𝑚𝛿Φ𝑛 

[d16𝜙]𝑐 ≡  d16𝜙√2det (
1

2𝑐
Im𝐹ΛΣ) ,  

d16𝜙 =∏ 

16

Λ=0

 d𝜙Λ 

Im(𝐹𝐼𝐽) =
6𝐶𝐼𝐽
𝜙0

 

Im(𝐹0𝐼) = Im(𝐹𝐼0) = −
6𝐶𝐼𝐽𝜙

𝐽

(𝜙0)2
 

Im(𝐹00) = −
2𝐶𝐼𝐽𝑝

𝐼𝑝𝐽

(𝜙0)3
+
6𝐶𝐼𝐽𝜙

𝐼𝜙𝐽

(𝜙0)3
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[d16𝜙]𝑐 = d
16𝜙

1

𝑐8
√
−2𝐶𝐼𝐽𝐾𝑝

𝐼𝑝𝐽𝑝𝐾det(3𝐶𝐼𝐽)

(𝜙0)18
 

 

𝑍𝑐
top

= √𝑐𝐾𝑐(Δ).  

e−𝒦(𝜙
Λ) =

−2𝐶𝐼𝐽𝐾𝑝
𝐼𝑝𝐽𝑝𝐾

𝜙0
 

𝑍index = √
detΨ(𝐻/ℓ)

detΦ(𝐻/ℓ)
 

ℓ2 = 𝑒−𝒦(𝜙
Λ+i𝑝Λ) 

ind(𝐷10)(𝑡): = TrKer 𝐷10e
𝑡𝐻
ℓ − TrCoker 𝐷10e

𝑡𝐻
ℓ  

ind(𝐷10)(𝑡) =∑  

𝑛

 𝛼(𝑛)ei𝜆𝑛𝑡  

𝑍index =∏ 

𝑛

  (𝜆𝑛)
−
1
2
𝛼(𝑛),  

ind(𝐷10)(𝑡) = ∑  

{𝑥∣𝑥̃=𝑥}

 
TrΦ𝑒

𝑡𝐻
ℓ − TrΨ𝑒

𝑡𝐻
ℓ

det(1 − 𝜕𝑥̃/𝜕𝑥)
 

𝑑𝑠2 = 𝑑𝜌2 + sinh2 𝜌𝑑𝜏2 + 𝑑𝜃2 + sin2 𝜃𝑑𝜓2 =
4𝑑𝑤𝑑𝑤‾

(1 − 𝑤𝑤‾ )2
+

4𝑑𝑧𝑑𝑧‾

(1 + 𝑧𝑧‾)2
 

𝐻 ≡ 𝐿0 − 𝐽0 = (𝜕𝜏 − 𝜕𝜓)  

(𝑤, 𝑧) → (𝑒i𝑡/ℓ𝑤, 𝑒−i𝑡/ℓ𝑧) 

det(1 − 𝜕𝑥̃/𝜕𝑥) = (1 − 𝑞)2(1 − 𝑞−1)2  

𝑁𝑃: 𝜀+𝛼
𝑖 = 0, 𝜀−𝛼̇

𝑖 = (𝜎3exp [i
(𝜏 + 𝜓)

2
𝜎3])

𝑖

𝛼̇, 𝐻 = 𝐿0 − 𝐽0 = 2𝐽0
(+)

𝑆𝑃: 𝜀+𝛼
𝑖 = (−i𝜎3exp [i

(𝜏 + 𝜓)

2
𝜎3])

𝛼

𝑖

, 𝜀−𝛼̇
𝑖 = 0,𝐻 = 𝐿0 − 𝐽0 = 2𝐽0

(−)

 

𝑁𝑃:Tr(𝑚,𝑛)𝑒
𝑡𝐻
ℓ = 𝑛(𝑞−|𝑚−1| + 𝑞−|𝑚−1|+2⋯+ 𝑞|𝑚−1|−2 + 𝑞|𝑚−1|)

𝑆𝑃:Tr(𝑚,𝑛)𝑒
𝑡𝐻
ℓ = 𝑚(𝑞−|𝑛−1| + 𝑞−|𝑛−1|+2⋯+ 𝑞|𝑛−1|−2 + 𝑞|𝑛−1|)

 

log 𝑍index =
1

2
∫  
∞

𝜖

 
𝑑𝑡

𝑡
ind(𝐷10)(𝑡)  
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1

4
ind(𝐷10)(𝑡) = ⋯+

𝑎−2
𝑡2
+ 𝑎0 + 𝑎2𝑡

2 +⋯  

{𝑄𝑖, 𝑄‾𝑗} = (𝛾
𝑎𝑃𝑎 + i𝑍)𝛿𝑗

𝑖  

[𝛿𝑄(𝜀1), 𝛿𝑄(𝜀2)] = 𝛿cgct(𝜉) + 𝛿𝑀(𝜀) + 𝛿𝐾(Λ𝐾) + 𝛿𝑆(𝜂) + 𝛿gauge  

𝜀𝑎𝑏 = i
1

2
𝜀‾2𝑖+𝜀1+

𝑖 𝑇𝑎𝑏+ + i
1

2
𝜀‾2𝑖−𝜀1−

𝑖 𝑇𝑎𝑏−  

{𝑄𝑖, 𝑆‾𝑗} = −𝛿𝑗
𝑖(𝛾𝑎𝑏𝑀𝑎𝑏 + 𝐷𝑖𝑙 − 𝛾5𝐴) + 2𝑉𝑗

𝑖  

(𝜏, 𝜓) ∼ (𝜏 +
2𝜋

𝑐
, 𝜓 +

2𝜋

𝑐
) ∼ (𝜏, 𝜓 + 2𝜋).  

1

|ℤ𝑐|
∑  

𝛾∈ℤ𝑐

𝛿4(𝑥̃(𝛾, 𝑡) − 𝑥) 

𝑥̃(𝛾, 𝑡) = (𝛾 ⋅ e
𝑡𝐻
ℓ )𝑥 = e

(
𝑡
ℓ
+
2𝜋
𝑐
)𝐻
𝑥 

ind𝑐(𝐷10)(𝑡) =
1

𝑐
∑  

𝛾∈ℤ𝑐

  ∑  

{𝑥∣𝑥̃(𝛾,𝑡)=𝑥}

 
TrΦ (𝛾 ⋅ e

𝑡𝐻
ℓ ) − TrΨ (𝛾 ⋅ e

𝑡𝐻
ℓ )

det(1 − 𝜕𝑥̃/𝜕𝑥)
,  

𝑞 = e
𝑡
ℓ
+
2𝜋
𝑐  

𝜆(2,2) ≡ 𝜆𝜇 ≡ 𝜀‾𝑖𝛾𝜇𝜆
𝑖, 𝜆(1,1) ≡ 𝜆 ≡ 𝜀‾𝑖𝛾5𝜆

𝑖, 𝜆(1,3) ≡ 𝜆
𝑖𝑗 ≡ −2𝜀(𝑖𝐶𝜆𝑗),  

𝑄eq𝐴𝜇 = 𝜆𝜇 + 𝜕𝜇𝑐.  

𝑄eqIm𝑋 = 𝜆,  

𝑄eq𝜆
𝑖𝑗 ⊃ 𝑌𝑖𝑗 ,  

𝑄eq𝑐 ⊃ 𝑖(𝜖‾𝑖𝜖
𝑖)Re𝑋,  

𝑄eq𝑏 = 𝐵,  

TrΦ
𝑁𝑃 (e

𝑡𝐻
ℓ ) = TrΦ

𝑆𝑃 (e
𝑡𝐻
ℓ ) = Tr(2,2) (e

𝑡𝐻
ℓ ) + Tr(1,1) (e

𝑡𝐻
ℓ )

TrΨ
𝑁𝑃 (e

𝑡𝐻
ℓ ) = TrΨ

𝑆𝑃 (e
𝑡𝐻
ℓ ) = Tr(1,3) (e

𝑡𝐻
ℓ ) + 2Tr(1,1) (e

𝑡𝐻
ℓ )

 

indvect. 
𝒩=2(𝐷10)(𝑡) =

4(𝑞 + 𝑞−1) − 8

(1 − 𝑞)2(1 − 𝑞−1)2
=

4𝑞

(1 − 𝑞)2
  with 𝑞 = 𝑒

𝑖𝑡
ℓ  

indvect.,𝑐
𝒩=2 s.c. (𝐷10)(𝑡)|NP/SP =

2𝑐𝑞𝑐

(1 − 𝑞𝑐)2
|
NP/SP

,  with 𝑞 = 𝑒
𝑖𝑡
ℓ ,  
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2𝑐𝑞𝑐

(1 − 𝑞𝑐)2
=∑  

𝑛≥1

2𝑐𝑛e−𝑖𝑡
𝑛
ℓ
𝑐
 

⟨𝑒𝜕𝑠(∑  𝑛≥1  2𝑐𝑛(𝑛𝑐/ℓ)
−𝑠)| 𝑠→0 

log (𝑍1− loop 
vec ) = −

i𝜋

12
𝑐 +

𝑐

6
log 𝑐 + 2𝑐𝜁′(−1) −

𝑐

12
log ℓ2.  

𝛿𝑒𝜇 
𝑎= 𝜖‾𝑖𝛾𝑎𝜓𝜇𝑖 +  h.c. ,  

𝛿𝜓𝜇 
𝑖⊃ −𝑏𝜇𝜖

𝑖 − 2𝑉𝜇 
𝑖 𝑗𝜖

𝑗 −
1

2
𝛾𝑎𝑏𝑇𝑎𝑏 

𝑖𝑗𝛾𝜇𝜖𝑗 − 𝛾𝜇𝜂
𝑖 ,  

𝛿𝑏𝜇⊃ −
1

2
𝜓‾𝜇 

𝑖𝜂𝑖 +  h.c. ,  

𝛿𝑉𝜇 
𝑖 𝑗⊃ 𝜖‾

𝑘𝛾𝜇𝜒
𝑖 𝑘𝑗 − 𝜓‾𝜇 

𝑖𝜂𝑗 +
1

4
𝛿𝑖 𝑗𝜓‾𝜇 

𝑘𝜂𝑘,  

𝛿Λ𝑖⊃ 𝐸𝑖𝑗𝜖
𝑗 +

1

2
𝜀𝑖𝑗𝑘𝑙𝑇𝑏𝑐  

𝑘𝑙𝛾𝑏𝑐𝜖𝑗,  

𝛿𝐸𝑖𝑗⊃ −2𝜖‾
𝑘𝜒(𝑖

𝑚𝑛𝜀𝑗)𝑘𝑚𝑛 + 2𝜂‾(𝑖Λ𝑗),  

𝛿𝑇𝑎𝑏 
𝑖𝑗⊃ −2𝜖‾[𝑖 (𝛾[𝑎𝜙𝑏] 

𝑗] +
1

2
𝛾 ⋅ 𝑇𝑗]𝑘𝛾[𝑎𝜓𝑏]𝑘) +

1

2
𝜖‾𝑘𝛾𝑎𝑏𝜒

𝑖𝑗 𝑘 −
1

4
𝜀𝑖𝑗𝑘𝑙𝜂‾𝑘𝛾𝑎𝑏Λ𝑙,  

𝛿𝜒𝑖𝑗  𝑘⊃ −
1

2
D̸𝑇𝑎𝑏

𝑖𝑗
𝜖𝑘 + 𝐷

𝑖𝑗 𝑘𝑙𝜖
𝑙 +

1

2
𝑇𝑎𝑏
𝑖𝑗
𝛾𝑎𝑏𝜂𝑘 +

2

3
𝛿𝑘
[𝑖
𝑇𝑎𝑏 

𝑗]𝑙𝛾𝑎𝑏𝜂𝑙 −
1

2
𝜀𝑖𝑗𝑙𝑚𝐸𝑘𝑙𝜂𝑚, 

𝛿𝐷𝑖𝑗 𝑘𝑙 ⊃ 𝜀
𝑖𝑗𝑚𝑛𝜖‾𝑝𝑇𝑎𝑏 𝑘𝑙[2𝑇𝑎𝑏𝑚𝑝𝜆𝑚 + 𝑇𝑎𝑏𝑚𝑛Λ𝑝],

 

𝑒𝜇
𝑎= 𝑒(3,3,1)⊕(1,3,1)⊕(3,1,1)⊕(1,1,1) ∈ Φ  

𝜓𝜇
𝑎 = 𝜓(2,2,1)⊕(2,2,1) = 𝜓(3,3,1)⊕(1,3,1)⊕(3,1,1)⊕(1,1,1) ∉ Ψ

 

𝜓(2,4,1) ∈ Ψ,𝜓(2,2,1)⊗(1,1,1) ∈ Ψ  

𝑉(2,2,1) ∉ Φ, 𝑉(2,4,1) ∉ Φ.  

𝜓(2,2,1)′ ∈ Ψ, (𝑐𝑆)(2,2,1) ∉ Φ  

  indvect. 
𝒩=2 s.c. (𝐷10)(𝑡)|NP/SP =

2(𝑞 + 𝑞−1) − 4

(1 − 𝑞)2(1 − 𝑞−1)2
|
NP/SP

,

  indhyper 
𝒩=2 s.c. (𝐷10)(𝑡)|NP/SP

= −
2(𝑞 + 𝑞−1) − 4

(1 − 𝑞)2(1 − 𝑞−1)2
|
NP/SP

,

  indWeyl 
𝒩=2 s.c. (𝐷10)(𝑡)|NP/SP

=
2(𝑞2 + 𝑞−2) − 6(𝑞 + 𝑞−1) + 8

(1 − 𝑞)2(1 − 𝑞−1)2
|
NP/SP

,

 indspin 3/2
𝒩=2  s.c. (𝐷10)(𝑡)|NP/SP =

−2(𝑞2 + 𝑞−2) + 4(𝑞 + 𝑞−1) − 4

(1 − 𝑞)2(1 − 𝑞−1)2
|
NP/SP

,

indchiral 
𝒩=2 s.c. (𝐷10)(𝑡)|NP/SP = 0

|NP,
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   indvect., 𝑐
𝒩=2 s.P. (𝐷10)(𝑡)|NP =

2𝑐𝑞𝑐

(1 − 𝑞𝑐)2
|
NP

,

  indhyper. 𝑐
𝒩=2 s.P. (𝐷10)(𝑡)|NP

=
−2𝑐𝑞𝑐

(1 − 𝑞𝑐)2
|
NP

,

 indGraviton, 𝑐
𝒩=2 s.P. (𝐷10)(𝑡)|NP

=
2𝑞2𝑐 + 2(𝑐 − 2)𝑞𝑐 + 2

(1 − 𝑞𝑐)2
|
NP

,

indGravitino, 𝑐
𝒩=2 s.P. (𝐷10)(𝑡)|NP

= −
2𝑞2𝑐 + 2(𝑐 − 2)𝑞𝑐 + 2

(1 − 𝑞𝑐)2
|
NP

,

 

log (𝑍index 
𝒩=2 vector )= −

i𝜋

12
𝑐 +

𝑐

6
log 𝑐 + 2𝑐𝜁′(−1) −

𝑐

12
log ℓ2,  

log (𝑍index 

𝒩=2 hyper 
)=

i𝜋

12
𝑐 −

𝑐

6
log 𝑐 − 2𝑐𝜁′(−1) +

𝑐

12
log ℓ2,  

log (𝑍index 

𝒩=2 graviton 
) = −

i𝜋

12
𝑐 +

𝑐

6
log 𝑐 + 2𝑐𝜁′(−1) + (1 −

𝑐

12
) log ℓ2

log (𝑍index 

𝒩=2 gravitino 
) =

i𝜋

12
𝑐 −

𝑐

6
log 𝑐 − 2𝑐𝜁′(−1) − (1 −

𝑐

12
) log ℓ2.

 

𝑍index 
𝒩=4 vector = 1  

log (𝑍index 

𝒩=4 graviton 
) = −log ℓ2.

 

log (𝑍index 

𝒩=8 graviton 
) = −5log ℓ2.  

𝑍
1-loop 

𝑄eq𝒱 ≡ 𝑍
zero-modes 

𝑄eq𝒱 𝑍
non-zero 

𝑄eq𝒱
 

𝑄eq 
2 𝐴𝜇

bdry 
= 𝐻𝐴𝜇

bdry 
= 𝑛𝜈𝐹𝜈𝜇

bdry 
= 0 

𝑄eq
2 Φbdry = 𝐻Φbdry = 0  

𝑄eq 𝒱|𝐴𝜇
bdry = 0 

𝑄eq𝒱|Φbdry
= 0  

𝑄eq𝒱|𝑄eqΦbdry
= −(𝑄eqΦ

bdry)𝐻(𝑄eqΦ
bdry) = −𝑄eq[Φ

bdry𝐻(𝑄eqΦ
bdry)]  

𝑄eq𝒱|Ψbdry = 𝑄eq𝒱|𝑄eq Φ
pre-bdry = 0  

 

𝑄eq𝒱|𝑄eqΨbdry = −(𝑄eqΨ
bdry )1(𝑄eqΨ

bdry ),  𝑄eq𝒱|Φpre-bdry = Φ
pre-bdry 𝐻2Φpre-bdry 

 

 

𝑍
non-zero 

𝑄eq 𝒱 = √det∗𝑓𝐾𝑓/det
∗𝑏𝐾𝑏 
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𝑍
non-zero 

𝑄eq 𝒱 = √
det∗𝑓𝐾𝑓

det∗𝑏𝐾𝑏
= √

det𝑄eq Φ
bdry (𝐻)

detΦpre-bdy (𝐻2)

det′𝐾𝑓

det′𝐾𝑏
= √

detΦbdry (𝐻)

detΦpre-bdy (𝐻2)

detΨ
′ 𝐻

detΦ
′ 𝐻

 

 

log 𝑍
non-zero 

𝑄eq 𝒱 =−
1

2
∫  
𝑑𝑡

𝑡
(TrΦbdry 𝑒

𝑡𝐻
ℓ − 2TrΦpre-bdry 𝑒

𝑡𝐻
ℓ + TrΨ′e

𝑡𝐻
ℓ − TrΦ′e

𝑡𝐻
ℓ ) 

=∫  
𝑑𝑡

𝑡
[−TrΦbdry 𝑒

𝑡𝐻
ℓ +

1

2
(TrΨbdry 𝑒

𝑡𝐻
ℓ + Tr𝑄eq Φ

pre-bdry 𝑒
𝑡𝐻
ℓ )]  

 −
1

2
∫  
𝑑𝑡

𝑡
(TrΨe

𝑡𝐻
ℓ − TrΦe

𝑡𝐻
ℓ )

 

indWeyl 
𝒩=8 s.P. (𝐷10)(𝑡) = TrΦe

𝑡𝐻
ℓ − TrΨe

𝑡𝐻
ℓ  

𝑛bdry
bos ≡ TrΦbdry𝑒

𝑡̃𝐻 , 𝑛bdry
ferm ≡ TrΨbdry𝑒

𝑡̃𝐻,  with  𝑡̃ =
𝑡

ℓ
 

𝑛bdry 
bos ≡ 𝑛bdry 

1− form + 𝑛bdry 

grav 
, 𝑛bdry 

grav 
= −6, 𝑛bdry 

1− form = −𝑛𝑣, 𝑛bdry 
ferm = −8,  for 𝑐 = 1. 

𝑛bdry,𝑐
grav

= −2, 𝑛bdry,𝑐
1-form = −𝑛𝑣, 𝑛bdry,𝑐

ferm = −4,  for 𝑐 > 1.  

log 𝑍
non-zero ,𝑐

𝑄eq𝒱 = (−𝑛bdry,𝑐
bos +

1

2
𝑛bdry,𝑐
ferm ) log (ℓ) + log 𝑍

index,𝑐

𝑄eq𝒱  

log 𝑍
index,𝑐

𝑄eq𝒱 =
1

2
∫  
∞

𝜖

 
𝑑𝑡

𝑡
indWeyl,𝑐

𝒩=8 s.P. (𝐷10)(𝑡)  

−𝑛bdry ,𝑐
bos +

1

2
𝑛bdry ,𝑐

ferm = 2 +
𝑛𝑣
2

 

−𝑛bdry ,𝑐
bos +

1

2
𝑛bdry ,𝑐

ferm =
𝑛𝑣
2

 

𝑍zero-modes ,𝑐
bdy. 

= ∫  
 Large-diffeomorphisms 

 Super-isometries 

  [𝑑(𝐴𝜇)
Large gauge transf. 

] [𝑑ℎ𝜇𝜈
Large super-diffs. 

] [𝑑𝜓𝜇
Large super-diffs. 

] ,  

∫  [𝑑(𝐴𝜇)]e
−∫  𝑑4𝑥√𝑔𝑔

𝜇𝜈𝐴𝜇𝐴𝜈 = 1  

𝑍zero-modes ,𝑐=1
bdy. 

 = (ℓ)𝑐zero-modes ∫  
 Diff( 𝑆1∣4

PSU(1,1∣2)

 𝒟𝑙𝑎𝑟𝑔𝑒 𝑑𝑖𝑓𝑓𝑠∫  
[Loop 𝑈(1)]𝑛𝑣

 𝔇𝑙𝑎𝑟𝑔𝑒 𝑔𝑎𝑢𝑔𝑒

𝑍zero-modes ,𝑐
bdy. 

 = (ℓ)𝑐zero-modes ,𝑐∫  
 Diff (𝑆1∣4)
𝐻orb. 

 𝒟𝑙𝑎𝑟𝑔𝑒 𝑑𝑖𝑓𝑓𝑠∫  
[Loop 𝑈(1)]𝑛𝑣

 𝔇𝑙𝑎𝑟𝑔𝑒 𝑔𝑎𝑢𝑔𝑒

 

𝑐zero-modes ,𝑐 = 𝛽
1-form 𝑛bdry ,𝑐

1-form + 𝛽grav 𝑛bdry ,𝑐
grav 

−
1

2
𝛽ferm 𝑛bdry ,𝑐

ferm .  

𝛽1-form = 1, 𝛽grav = 2, 𝛽ferm = 3  
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𝑐non−index = (𝛽
1−form − 1)𝑛bdry,𝑐

1-form + (𝛽grav − 1)𝑛bdry,𝑐
grav

−
1

2
(𝛽ferm − 1)𝑛bdry,𝑐

ferm  

Vol [
Diff(𝑆1∣4)

𝐻Disk 

] =∫  
Diff(𝑆1∣4)
𝐻Disk 

 𝔻𝑧𝑒𝑟𝑜 𝑚𝑜𝑑𝑒𝑠 Vol [
Diff(𝑆1∣4)

𝐻Orb 

] = ∫  
 Diff( 𝑆1∣4

𝐻Orb 

 𝔻𝑧𝑒𝑟𝑜 𝑚𝑜𝑑𝑒𝑠 

Vol[Loop(𝑈(1))] = ∫  
Loop(𝑈(1))

 𝔇𝑙𝑎𝑟𝑔𝑒 𝑔𝑎𝑢𝑔𝑒

 

𝑆sugra, bdy ⊃ ∫  
𝜕(AdS2×𝑆

2)

𝑑3𝑥√ℎ𝐴𝜇𝐹𝜇𝜈𝑛
𝜈 

 

𝐼Particle on 𝑈(1) = −
𝑇

𝐸𝑈(1)
∫  
2𝜋

0

 𝑑𝜏(𝜕𝜏Λ(𝜏))
2  

 

Λ(𝜏 + 2𝜋) = Λ(𝜏) + 𝛼𝑈(1) 

𝑍Particle on 𝑈(1)(𝛽, 𝑞̃ = 0)= ∫  
2𝜋

0

 𝑑𝛼𝑈(1)𝑍(𝛽, 𝛼𝑈(1))  

 = ∫  
2𝜋

0

 𝑑𝛼𝑈(1)∫  
Loop(𝑈(1))

𝑈(1)

 𝐷Λ𝑒−𝐼Particle on 𝑈(1)[Λ,𝛼𝑈(1)]
 

Vol[Loop(𝑈(1))] = lim
𝑇→0

 [𝑍Particle on 𝑈(1)(𝛽, 𝑞̃ = 0)] = 1.  

𝐼𝒩=4 Schw. = −
𝑇

𝐸gap 

∫  
2𝜋

0

 𝑑𝜏[Sch(𝑓, 𝜏) + Tr(𝑔−1𝜕𝜏𝑔)
2 + ( white particles)]  

𝐸gap ∼
1

ℓP1Δ
3/2

 

Vol [
Diff(𝑆1∣4)

𝐻Disk 

] = lim
𝑇→0

 ∫  
Dif(𝑆1∣4)
PSU(1,1∣2)

 𝐷𝑓𝐷𝑔𝐷𝜂𝐷𝜂‾e−𝐼𝒩=4 super-Schw. ,  

𝑓(𝜏 + 2𝜋) = 𝑓(𝜏), 𝑔(𝜏 + 2𝜋) = ei2𝜋𝛼𝜎3𝑔(𝜏), 𝜂(𝜏 + 2𝜋) = −ei2𝜋𝛼𝜎3𝜂(𝜏)  

𝛼 =
𝛽Ω𝐸
4𝜋

,  

𝑓(𝜏) = tan (
𝜏

2
) , 𝑔(𝜏) = e𝑖𝜏[𝑛+𝛼]𝜎3 , 𝜂(𝜏) = 𝜂‾(𝜏) = 0  

𝑍Disk 
𝒩=4 Schw. (𝛽, 𝛼) = ∑  

𝑛∈ℤ

 
𝐸gap 

𝑇

2cot (𝜋𝛼)(𝛼 + 𝑛)

𝜋3(1 − 4(𝑛 + 𝛼)2)2
e
2𝜋2

𝑇
𝐸gap 

(1−4(𝑛+𝛼)2)
 

𝑍Disk 
𝒩=4 Schw. (𝛽, 𝛼 =

1

2
) = 1  
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Vol [
Diff(𝑆1∣4)

𝐻Disk 

] = lim
𝑇→0

  [𝑍Disk 
𝒩=4 Schw. (𝛽, 𝛼 =

1

2
)] = 1  

(𝜏, 𝜓) ∼ (𝜏 +
2𝜋

𝑐
, 𝜓 +

2𝜋

𝑐
) ∼ (𝜏, 𝜓 + 2𝜋).  

𝑓(𝜏 + 2𝜋) =
𝑓(𝜏) + tan (𝜋/𝑐)

1 − 𝑓(𝜏)tan (𝜋/𝑐)
, 𝑔(𝜏 + 2𝜋) = e2𝜋𝑖𝛼𝜎3𝑔(𝜏)e2𝜋𝑖

2𝜋
𝑐
𝜎3 , 𝜂(𝜏 + 2𝜋) = −𝑒2𝜋𝑖𝛼𝜎3𝜂(𝜏) 

𝑓(𝜏) = tan (
𝜏

2𝑐
) , 𝑔(𝜏) = e

𝑖𝜏[𝑛+𝛼±
1
2
(1−

1
𝑐
)]𝜎3 , 𝜂(𝜏) = 𝜂‾(𝜏) = 0  

𝑍(𝑐)
𝒩=4 Schw. (𝛽, 𝛼) = ∑  

𝑛∈ℤ

 
𝐸gap 

𝑇

cot (𝜋𝛼)

4𝜋3
(
𝑒
2𝜋2

𝑇
𝐸gap 

[
1
𝑐2
−4(𝑛+

1
2
−𝛼−

1
2𝑐
)
2
]

(1 − 2𝛼 + 2𝑛)2
−
𝑒
2𝜋2

𝑇
𝐸gap 

[
1
𝑐2
−4(𝑛+

1
2
+𝛼−

1
2𝑐
)
2
]

(1 + 2𝛼 + 2𝑛)2
)  

𝑍(𝑐)
𝒩=4 Schw. (𝛽, 𝛼 =

1

2
) =

1

𝑐
 

Vol [
Diff(𝑆1∣4)

𝐻Orb
] = lim

𝑇→0
  [𝑍(𝑐)

𝒩=4 Schw. (𝛽, 𝛼 =
1

2
)] =

1

𝑐
 

𝐼[𝜙]  =
𝜋𝑞Λ𝜙

Λ

𝑐
−
4𝜋

𝑐
Im𝐹 (

𝜙Λ + i𝑝Λ

2
)

 =
𝜋𝐶𝐼𝐽𝐾𝑝

𝐼𝑝𝐽𝑝𝐾

𝑐𝜙0
−
3𝜋𝐶𝐼𝐽𝐾𝜙

𝐼𝜙𝐽𝑝𝐾

𝑐𝜙0
+
𝜋𝑞0𝜙

0

𝑐
+
𝜋𝑞𝐼𝜙

𝐼

𝑐

 

𝑍
non-zero ,𝑐

𝑄eq 𝒱 = {
e5𝒦e−

17
2
𝒦 , 𝑐 = 1,

e5𝒦e−
15
2
𝒦 , 𝑐 > 1,

, 𝑍
zero-mode ,𝑐

𝑄eq 𝒱 = {
e
15
2
𝒦 , 𝑐 = 1,

1

𝑐
e
13
2
𝒦 , 𝑐 > 1.

 

𝑍
1−loop,𝑐

𝑄eq𝒱 (𝜙)  = 𝑍
non-zero ,𝑐

𝑄eq𝒱 (𝜙)𝑍
zero−modes,𝑐

𝑄eq𝒱 (𝜙) =
𝑒4𝒦

𝑐

 =
1

𝑐
(

𝜙0

−2𝐶𝐼𝐽𝐾𝑝
𝐼𝑝𝐽𝑝𝐾

)

4  

𝑊(𝑐)(𝑞, 𝑝) =√𝑐𝐾𝑐(Δ)∫  d
16𝜙√

−2𝐶𝐼𝐽𝐾𝑝𝐼𝑝𝐽𝑝𝐾det(3𝐶𝐼𝐽)

𝑐16(𝜙0)18
1

𝑐
(

𝜙0

−2𝐶𝐼𝐽𝐾𝑝
𝐼𝑝𝐽𝑝𝐾

)

4

 × exp (−
𝜋𝐶𝐼𝐽𝐾𝑝

𝐼𝑝𝐽𝑝𝐾

𝑐𝜙0
+
3𝜋𝐶𝐼𝐽𝐾𝜙

𝐼𝜙𝐽𝑝𝐾

𝑐𝜙0
−
𝜋𝑞0𝜙

0

𝑐
−
𝜋𝑞𝐼𝜙

𝐼

𝑐
)

 

∫  𝑑15𝜙exp (
3𝜋𝐶𝐼𝐽𝐾𝜙

𝐼𝜙𝐽𝑝𝐾

𝑐𝜙0
−
𝜋𝑞𝐼𝜙

𝐼

𝑐
) = √−

𝑐15(𝜙0)15

det(3𝐶𝐼𝐽)
exp (−

𝜋

12𝑐
𝜙0𝑞𝐼𝐶

𝐼𝐽𝑞𝐽)  

𝑊(𝑐)(𝑞, 𝑝) = 𝐾𝑐(Δ)∫  𝑑𝜙
0
1

𝑐

(𝜙0)5/2

i(−2𝐶𝐼𝐽𝐾𝑝
𝐼𝑝𝐽𝑝𝐾)

7/2
exp (−

𝜋𝐶𝐼𝐽𝐾𝑝
𝐼𝑝𝐽𝑝𝐾

𝑐𝜙0
−
𝜋𝜙0

𝑐
(𝑞0 +

1

12
𝑞𝐼𝐶

𝐼𝐽𝑞𝐽)) 
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Δ = 4𝐶𝐼𝐽𝐾𝑝
𝐼𝑝𝐽𝑝𝐾 (𝑞0 +

1

12
𝑞𝐼𝐶

𝐼𝐽𝑞𝐽) 

𝜎 =
−𝜋𝐶𝐼𝐽𝐾𝑝

𝐼𝑝𝐽𝑝𝐾

𝑐𝜙0
 

𝑊(𝑐)(𝑞, 𝑝) = 𝐾𝑐(Δ)
2𝜋

𝑐9/2
(
𝜋

2
)
7/2 1

2𝜋i
∫  

𝑑𝜎

𝜎9/2
exp (𝜎 +

𝜋2Δ

4𝑐2𝜎
)  

𝑊(𝑞, 𝑝) =∑  

𝑐

 𝑊(𝑐)(𝑞, 𝑝) =∑  

∞

𝑐=1

 
2𝜋

𝑐9/2
(
𝜋

2
)
7/2

𝐾𝑐(Δ)𝐼7/2 (
𝜋√Δ

𝑐
) = 𝑊micro (Δ)  

𝑍1
8
−BPSBH,Σ

𝑇=0 (Δ,Ω𝐸 =
2𝜋

𝛽
) = 𝑍1

8
−BPSBH,Σ

𝑇=0 (Δ, 𝐽 = 0),  

lim
𝑇→0

 𝑍Disk 
𝒩=4 Schw. (𝛽, 𝛼) = 1, ∀𝛼  

lim
𝑇→0

 𝑍Orb 
𝒩=4 Schw. (𝛽, 𝛼) =

1

𝑐
, ∀𝛼  

lim
𝑇→0

 𝑍Disk 
𝒩=4 Schw. (𝛽, 𝐽) = 𝛿𝐽,0, lim

𝑇→0
 𝑍Orb 
𝒩=4 Schw. (𝛽, 𝐽) =

𝛿𝐽,0

𝑐
 

𝑍1
8
−BPSBH,disk/orb

𝑇=0 (Δ,Ω𝐸 =
2𝜋

𝛽
) = 𝑍1

8
−BPSBH,disk/orb

𝑇=0 (Δ, 𝐽 = 0).  

(𝜏, 𝜓) ∼ (𝜏 +
2𝜋

𝑐
, 𝜓 − 4𝜋𝜑) ∼ (𝜏, 𝜓 + 2𝜋)  

𝑔(𝜏 + 𝛽) = e𝑖2𝜋𝛼𝜎3𝑔(𝜏)e−𝑖2𝜋𝜑𝜎3 

𝑍(𝑐,𝜑)
𝒩=4 Schw. (𝛽, 𝛼) = ∑  

𝑛∈ℤ

 
𝑇

𝐸gap 

cot (𝜋𝛼)

2𝜋
(e
2𝜋2

𝑇
𝐸gap 

(
1
𝑐2
−4(𝑛−𝛼+𝜑)2)

− 𝑒
2𝜋2

𝑇
𝐸gap 

(
1
𝑐2
−4(𝑛+𝛼+𝜑)2)

)  

lim
𝑇→0

 𝑍1
8
−BPSBH,(𝑏,𝜑)

𝑇=0 (Δ, 𝐽) = 0  

𝑓(𝜏 + 2𝜋) = e
𝑏
2𝑓(𝜏), 𝑔(𝜏 + 2𝜋) = e2𝜋𝑖𝛼𝜎3𝑔(𝜏)e2𝜋𝑖𝜑𝜎3 , 𝜂(𝜏 + 2𝜋) = −𝑒𝑖2𝜋𝑖𝛼𝜎3𝜂(𝜏)  

lim
𝑇→0

 𝑍Trumpet (𝑏,𝜑)
𝒩=4 Schw. (𝛽, 𝛼) = 0, ∀𝛼  

𝐸1
8

-BPS BH 
∼ Δ1/4 

𝜌trumpet ,(𝑏,𝜑) ∼ Θ(𝐸 − 𝐸1
8

-BPS BH 
− 𝐸gap ) .  

lim
𝑇→0

 ∫  𝑑𝜇[𝑏]𝑑𝜇[𝜑]𝑍Trumpet (𝑏,𝜑)
𝒩=4 Schw. (𝛽, 𝐽)𝑍(𝑏,𝜑)

matter Vol𝑔,𝑚 = 0  
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𝑊(𝑝, 𝑞) = 𝑍1
8
−BPSBH

𝑇=0 (Δ,Ω𝐸𝛽 = 2𝜋) = 𝑍1
8
−BPSBH

𝑇=0 (Δ,Ω𝐸 = 0) = 𝑑1
8
−BPSBH

.  

𝐸 = 𝐸1
8

-BPS BH 
+ 𝐸gap  

𝜌Disk ,(𝑐,𝜑)
cont. ∼ Θ(𝐸 − 𝐸1

8
-BPS BH 

− 𝐸gap ) , 𝜌Orbifold ,𝑐
cont. ∼ Θ(𝐸 − 𝐸1

8
-BPS BH 

− 𝐸gap )  

𝐸gap ∼
1

Δ3/2
, Δ → ∞  

𝜌orbifold, (𝑐,𝜑) ∼ Θ(𝐸 − 𝐸1
8

-BPS BH 
− 𝐸gap ) , 𝜌trumpet, (𝑏,𝜑) ∼ Θ(𝐸 − 𝐸1

8
-BPS BH 

− 𝐸gap ) ,  

𝐸1
8

-BPS BH 
+ 𝐸gap (1 + O(1/Δ)) 

∫  
𝐸1
8
−BPSBH

+#𝐸gap

𝐸1
8
−BPSBH

 𝑑𝐸𝜌(𝐸) = 𝑑1
8
−BPSBH  

𝜌TFD = |TFD(𝑇 = 0)⟩⟨TFD(𝑇 = 0)|, 𝜌𝐿 = Tr𝑅(𝜌TFD)  

 

𝜗1(𝜏, 𝑧) = ∑  

𝑛∈ℤ+
1
2

  (−1)𝑛𝑞𝑛
2/2𝜁𝑛

 

𝜂(𝜏) = 𝑞
1
24∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)  

𝜑 (
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
,

𝑧

𝑐𝜏 + 𝑑
) = (𝑐𝜏 + 𝑑)𝑘e

2𝜋𝑖𝑚𝑐𝑧2

𝑐𝜏+𝑑 𝜑(𝜏, 𝑧) ∀ (
𝑎 𝑏
𝑐 𝑑

) ∈ 𝑆𝐿(2; ℤ)  

𝜑(𝜏, 𝑧 + 𝜆𝜏 + 𝜇) = e−2𝜋𝑖𝑚(𝜆
2𝜏+2𝜆𝑧)𝜑(𝜏, 𝑧) ∀ 𝜆, 𝜇 ∈ ℤ  

𝜑(𝜏, 𝑧) = ∑  

𝑛,𝑟∈ℤ

 𝑐(𝑛, 𝑟)𝑞𝑛𝜁𝑟  
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𝑐(𝑛, 𝑟) = 𝐶𝑟(4𝑛𝑚 − 𝑟
2) ∴ 𝐶𝑟(Δ) ∥  𝑟mod2𝑚.  

𝜑(𝜏, 𝑧) = ∑  

𝑛,ℓ∈ℤ

 𝑐(𝑛, ℓ)𝑞𝑛𝜁ℓ  

𝑐(𝑛, ℓ) = 𝐶𝜈(Δ), Δ = 4𝑚𝑛 − ℓ
2, 𝜈 = ℓmod2𝑚  

𝐶𝜈(Δ) =∑  

∞

𝑐=1

  (
𝑐

2𝜋
)
𝑘−
5
2
∑  

Δ̃<0

 𝐶𝜇(Δ̃)Kl(Δ, 𝜈, Δ̃, 𝜈; 𝑐) |
Δ̃

4𝑘
|

3
2
−𝑘

𝐼3
2
−𝑘
(
𝜋

𝑐
√|Δ̃|Δ)  

𝐼𝜌(𝑧) =
1

2𝜋i
∫  
𝜖+i∞

𝜖−i∞

 
𝑑𝜎

𝜎𝜌+1
exp (𝜎 +

𝑧2

4𝜎
)  

𝐼𝜌(𝑧) = (
𝑧

2
)
−𝜌

𝐼𝜌(𝑧)  

𝐼𝜌(𝑧) ∼
e𝑧

√2𝜋𝑧
(1 −

(𝜇 − 1)

8𝑧
+
(𝜇 − 1)(𝜇 − 32)

2! (8𝑧)3
−
(𝜇 − 1)(𝜇 − 32)(𝜇 − 52)

3! (8𝑧)5
+⋯) .  

Kl(Δ, 𝜈; Δ̃, 𝜈; 𝑐):= e
𝜋i
2
(
1
2
−𝑘)

∑  
−𝑐≤𝑑<0
(𝑑,𝑐)=1

 e2𝜋i
𝑑
𝑐
(Δ/4𝑚)𝑀(𝛾𝑐,𝑑)𝜈𝜈̃

−1
e2𝜋i

𝑎
𝑐
(Δ̃/4𝑚)

 

𝜗𝑚,𝜇(𝜏, 𝑧) = ∑  

ℓ=𝜇mod2𝑚

 𝑞ℓ
2/4𝑚𝜁ℓ  

𝜗𝑚,𝜇 (
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
,

𝑧

𝑐𝜏 + 𝑑
) = (𝑐𝜏 + 𝑑)

1
2e2𝜋𝑖𝑚

𝑐𝑧2

𝑐𝜏+𝑑𝑀(𝛾)𝜈𝜇
−1𝜗𝜇,ℓ(𝜏, 𝑧)  

𝑀−1(𝛾)𝜈𝜇 =
e
𝜋i
4 sign(𝑐)

√2𝑟|𝑐|
exp (−

i𝜋

6
Φ(𝛾))

 ∑  

𝜀=±

 ∑  

𝑐−1

𝑛=0

 𝜀exp (
i𝜋

2𝑟𝑐
(𝑑(𝜈 + 1)2 − 2(𝜈 + 1)(2𝑟𝑛 + 𝜀(𝜇 + 1)) + 𝑎(2𝑟𝑛 + 𝜀(𝜇 + 1))2))

 

Φ(𝛾) =
𝑎 + 𝑑

𝑐
− 12sign(𝑐)𝑠(𝑎, |𝑐|)  

𝑠(𝑎, 𝑐) =
1

4𝑐
∑  

𝑐−1

𝑗=1

 cot (
𝜋𝑗

𝑐
) cot (

𝜋𝑗𝑎

𝑐
) .  

𝛿𝜉𝜙
𝑖 = 𝑅(𝜙)𝛼

𝑖 𝜉𝛼,  

𝛿𝜉1𝛿𝜉2 − 𝛿𝜉2𝛿𝜉1 = 𝛿𝜉3  

𝜉3
𝛼 = 𝑓(𝜙)𝛽𝛾  

𝛼𝜉1
𝛽
𝜉2
𝛾
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𝛿brst𝜙
𝑖 = 𝑅(𝜙)𝛼

𝑖 Λ𝑐𝛼, 𝛿brst𝑐
𝛼 =

1

2
𝑓(𝜙)𝛽𝛾  

𝛼𝑐𝛽Λ𝑐𝛼  

𝛿brst
2 = 0  

𝛿brst 𝜙̃
𝑖 = 𝛿brst 𝜙

𝑖 − 𝛿brst 𝜙
𝑖, 𝛿brst 𝑐̃

𝛼 = 𝛿brst 𝑐
𝛼 − 𝛿brst 𝑐‾

𝛼  

𝛿brst𝜙
𝑖 = Λ𝑐‾𝛼𝑅(𝜙‾)𝛼

𝑖 = 0  

𝛿brst ⇒ 𝛿eq  

𝛿eq𝜙‾
𝑖 = 0, 𝛿eq𝜙̃

𝑖 = 𝑅(𝜙)𝛼
𝑖 Λ(𝑐‾ + 𝑐̃)𝛼

𝛿eq𝑐‾
𝛼 = 0, 𝛿eq𝑐̃

𝛼 =
1

2
𝑓(𝜙)𝛽𝛾

𝛼 (𝑐‾ + 𝑐̃)𝛽Λ(𝑐‾ + 𝑐̃)𝛼 −
1

2
𝑓(𝜙‾)𝛽𝛾

𝛼 𝑐‾𝛽Λ𝑐‾𝛼
 

𝛿eq
2 = 𝛿𝜉‾ ≠ 0, [𝛿eq, 𝛿𝜉‾ ] = 0  

𝛿𝜉‾𝜙‾ = 0, 𝛿𝜉‾ 𝜙̃
𝑖 = 𝜉‾𝛼𝑅(𝜙𝑖)

𝛼

𝑖
, 𝛿𝜉‾ 𝑐‾

𝛼 = 0, 𝛿𝜉‾ 𝑐̃
𝛼 = 𝑓(𝜙)𝛽𝛾

𝛼 (𝑐‾ + 𝑐̃)𝛽𝜉‾𝛾  

𝜉̃ = Λ[2𝑓(𝜙‾)𝛽𝛾 
𝛼𝑐‾𝛽Λ1]𝑐‾

𝛾  

𝛿eq𝑏̃𝛼 = Λ𝐵𝛼 , 𝛿eq𝐵
𝛼 =

1

2
𝑓(𝜙‾)𝛿𝜖  

𝛽𝑐‾𝛿Λ𝑐‾𝜖𝑓(𝜙‾)𝛼𝛽
𝛾  

𝛿eq 
2 𝑏𝛼 = 𝛿𝜉‾𝑏𝛼 = 𝜉‾𝑓(𝜙)𝛽𝛼  

𝛾𝑏𝛾, 𝛿eq 
2 𝐵𝛼 = 𝛿𝜉‾𝐵𝛼 = 𝜉‾𝑓(𝜙)𝛽𝛼  

𝛾𝐵𝛾 

Σ45 → 𝑋1, Σ67 → 𝑋2, Σ68 → 𝑋3, Σ69 → 𝑋4, Σ78 → 𝑋5, Σ79 → 𝑋6, Σ89 → 𝑋7

Σ46 → 𝑋8, Σ47 → 𝑋9, Σ48 → 𝑋10, Σ49 → 𝑋11, Σ56 → 𝑋12

Σ57 → 𝑋13, Σ58 → 𝑋14, Σ59 → 𝑋15
 

𝐹trunc. (𝑋) = −
1

2

𝑋1𝐶𝑎𝑏𝑋
𝑎𝑋𝑏

𝑋0
, 𝑎 = 2,… ,7  

∫  ∏  

15

𝐼=8

  d𝜙𝐼exp (∑  

15

𝐼,𝐽=8

 
3𝜋𝐶𝐼𝐽𝐾𝜙

𝐼𝜙𝐽𝑝𝐾

𝑐𝜙0
)|

𝑝8=⋯=𝑝15=0

=
4𝑐4(𝜙0)4

(𝑃2)2
, 𝑃2 = 𝑝𝑎𝐶𝑎𝑏𝑝

𝑏
 

[d8𝜙]𝑐 ≡  d8𝜙√2det′ (
1

2𝑐
Im𝐹ΛΣ)  

𝑊(𝑐)(𝑞, 𝑝) = √𝑐𝐾𝑐(Δ)∫  [d
8𝜙]𝑐𝑐

−1e4𝒦(𝜙)𝑒

4𝜋
𝑐
Im𝐹trunc (

𝜙Λ+𝑖𝑝Λ

2 )−
𝜋
𝑐
𝑞Λ𝜙

Λ

 

𝐴± = (𝜔𝑎 ±
𝑒𝑎

𝑙
)𝑇𝑎  

𝜔𝑎 ≡
1

2
𝜖𝑎𝑏𝑐𝜔

𝑏𝑐  
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𝐼 = 𝐼𝐶𝑆(𝐴
+) − 𝐼𝐶𝑆(𝐴

−)  

𝐼𝐶𝑆(𝐴
±) =

k

4𝜋
∫  Tr [𝐴± ∧ 𝑑𝐴± +

2

3
(𝐴±)3] + ℬ∞(𝐴

±)  

k =
𝑙

4𝐺
 

Tr(L0 L0) =
1

2
, Tr( L1 L−1) = −1  

𝑔𝜇𝜈 =
𝑙2

2
Tr((𝐴+ − 𝐴−)𝜇(𝐴

+ − 𝐴−)𝜈)  

𝐴± = 𝑏±
−1(𝑑 + 𝑎±)𝑏±  

𝑎±(𝑡, 𝜃) = (𝜉±(𝑡, 𝜃)𝑑𝑡 ± 𝑝±(𝑡, 𝜃)𝑑𝜃)L0  

𝑑𝐴± + 𝐴±2 = 0  

𝑝̇±(𝑡, 𝜃) = ±𝜉±
′ (𝑡, 𝜃)  

𝛿ℬ∞
± = −

k

2𝜋
∫  𝑑𝑡𝑑𝜃Tr(𝐴𝑡

±𝛿𝐴𝜃
±) = ∓

k

4𝜋
∫  𝑑𝑡𝑑𝜃𝜉±𝛿𝑝±  

𝜉± = −
4𝜋

k

𝛿𝐻±

𝛿𝑝±
 

𝐻± = ∫  𝑑𝜃ℋ±(𝑝±, 𝑝±
′ , ⋯ )  

ℬ∞
± = ±∫  𝑑𝑡𝑑𝜃ℋ± = ±∫  𝑑𝑡𝐻±  

𝑝̇±(𝑡, 𝜃) = ∓
4𝜋

k

𝜕

𝜕𝜃
(
𝛿𝐻±

𝛿𝑝±
)  

𝑝̇±(𝑡, 𝜃) = {𝑝±(𝑡, 𝜃), 𝐻
±}𝑃𝐵  

{𝑝±(𝑡, 𝜃), 𝑝±(𝑡, 𝜃
′)}𝑃𝐵 = ∓

4𝜋

k

𝜕

𝜕𝜃
𝛿(𝜃 − 𝜃′)  

𝐻𝐶𝐹𝑇 = ∫  𝑑𝜃𝜎(𝑡, 𝜃) [
1

2
(
𝜕Π(𝑡, 𝜃)

𝜕𝜃
)
2

+
𝜋2

6
𝜎2(𝑡, 𝜃) +𝑊(𝜃)]  

𝜕𝑡𝜎(𝑡, 𝜃) + 𝜕𝜃(𝜎(𝑡, 𝜃)𝑣(𝑡, 𝜃))= 0  

𝜕𝑡𝑣(𝑡, 𝜃) + 𝑣(𝑡, 𝜃)𝜕𝜃𝑣(𝑡, 𝜃) = −𝜕𝜃 (
𝜋2

2
𝜎2(𝑡, 𝜃) +𝑊(𝜃))

 

𝑣(𝑡, 𝜃) = 𝜕𝜃Π(𝑡, 𝜃)  

𝑝±(𝑡, 𝜃) = 𝑣(𝑡, 𝜃) ± 𝜋𝜎(𝑡, 𝜃)  



 

pág. 3398 

𝜕𝑡𝑝±(𝑡, 𝜃) + 𝑝±(𝑡, 𝜃)𝜕𝜃𝑝±(𝑡, 𝜃) +𝑊
′(𝜃) = 0  

𝐻𝐶𝐹𝑇 = 𝐻𝐶𝐹𝑇
+ + 𝐻𝐶𝐹𝑇

− ,  where  𝐻𝐶𝐹𝑇
± = ±

1

2𝜋
∫  𝑑𝜃 (

𝑝±
3(𝑡, 𝜃)

6
+𝑊(𝜃)𝑝±(𝑡, 𝜃))  

𝛿𝑎± = 𝑑𝜆± + [𝑎±, 𝜆±]  

𝛿𝑝± = 𝜂±
′ ,  and  𝛿𝜉± = 𝜂̇±  

𝑄𝑛
± = ±

k

4𝜋
∫  𝑑𝜃∑  

𝑛

𝑘=0

 
 𝑛𝐶𝑘

2𝑘(2𝑘 + 1)
𝑝±
2𝑘+1(𝑡, 𝜃)𝑊𝑛−𝑘(𝜃)  

{𝑄𝑚
± , 𝑄𝑛

±}
𝑃𝐵
= 0, ∀𝑚, 𝑛 ≥ 1.  

𝐻(1)
± =

𝒞±k

2
𝐻𝐶𝐹𝑇
± = ±

𝒞±k

4𝜋
∫  𝑑𝜃 (

𝑝±
3(𝑡, 𝜃)

6
+𝑊(𝜃)𝑝±(𝑡, 𝜃))  

𝜉± = ∓𝒞± (
𝑝±
2(𝑡, 𝜃)

2
+𝑊(𝜃))  

𝑝±(𝜃)𝜕𝜃𝑝±(𝜃) +𝑊
′(𝜃) = 0  

𝜕

𝜕𝜃
(𝑣(𝜃)𝜎(𝜃)) = 0,  and  

𝜕

𝜕𝜃
(
𝜎2(𝜃) + 𝑣2(𝜃)

2
) +𝑊′(𝜃) = 0.  

Hol𝜏(𝐴
±) ∼ exp (𝛽±𝜉

±) ∼ 𝕀 ⇒  𝛽±𝜉
± = ∓2𝜋  

𝜎 =
(𝛽− + 𝛽+)𝑙

𝛽−𝛽+
, 𝑣 =

𝜋𝑙(𝛽− − 𝛽+)

𝛽−𝛽+
 

𝑏±(𝑟) = exp(±
𝑟

2𝑙
(𝐿+ − 𝐿−)) 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2 (𝑑𝜙 +

𝐴𝜙

𝑟2
𝑑𝑡)

2

 

𝑓(𝑟) =
𝑟2

𝑙2
−
2𝜋2𝑙2(𝛽−

2 + 𝛽+
2)

𝛽−
2𝛽+

2 +
𝐴𝜙
2

𝑟2
,  and  𝐴𝜙 = 𝜋

2𝑙3 (
1

𝛽+
2 −

1

𝛽−
2)  

𝑝± = ±
2𝜋𝑙

𝛽±
 

𝒞± =
𝛽±
𝜋𝑙2

 

𝑟± = 𝜋𝑙
2 (
1

𝛽+
±
1

𝛽−
)  

𝑀 =
𝜋2𝜎2 + 𝑣2

8𝐺
,  and  𝐽 =

𝜋𝑙𝜎𝑣

4𝐺
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|𝑣| ≤ 𝜋𝜎.  

𝑣𝜎 =
4𝐺𝐽

𝜋𝑙
  and  𝜎2 =

4𝐺 (√𝑙2𝑀2 − 𝐽2 + 𝑙𝑀)

𝜋2𝑙
.  

𝑟+ = 𝑙𝜋𝜎  and  𝑟− = |𝑙𝑣|.  

𝛽 =
𝛽+ + 𝛽−
2

,  

𝑇 =
1

𝛽
=
𝜋2𝜎2 − 𝑣2

2𝜋2𝑙𝜎
 

𝛽− − 𝛽+
2

=
2𝜋𝑙𝑣

𝜋2𝜎2 − 𝑣2
=
𝑣

𝜋𝜎
𝛽  

𝐻(2)
± = ±

𝒞±𝑘

4𝜋
∫  𝑑𝜃 (

𝑝±
2(𝑡, 𝜃)

2
+𝑊(𝜃)𝑝±(𝑡, 𝜃))  

𝑆 =
2𝜋𝑟+
4𝐺

=
𝜋2𝑙2

2𝐺
(
1

𝛽+
+
1

𝛽−
)  

ℋ = ℋ+⊗ℋ−. 

𝑝±(𝑡, 𝜃) = 2𝜋√
2

k
𝑝̃±(𝑡, 𝜃)  

{𝑝̃±(𝑡, 𝜃), 𝑝̃±(𝑡, 𝜃
′)}𝑃𝐵 = ∓

1

2𝜋

𝜕

𝜕𝜃
𝛿(𝜃 − 𝜃′)  

𝑐 =
3𝑙

2𝐺
,  

[𝑝̃±(𝑡, 𝜃), 𝑝̃±(𝑡, 𝜃
′)] = ∓

𝑖

2𝜋𝑐

𝜕

𝜕𝜃
𝛿(𝜃 − 𝜃′)  

𝑝̃±(𝑡, 𝜃) =
1

2𝜋√𝑐
∑  

𝑛

 𝛼±𝑛
± 𝑒𝑖𝑛𝜃  

[𝛼𝑚
± , 𝛼𝑛

±] = 𝑚𝛿𝑚+𝑛  

𝜓(𝑡, 𝜃) =
1

√2𝜋
∑  

𝑚∈ℤ

 𝜓𝑚−1/2𝑒
𝑖𝑚𝜃 , 𝜓†(𝑡, 𝜃) =

1

√2𝜋
∑  

𝑚∈ℤ

 𝜓𝑚−1/2
† 𝑒−𝑖𝑚𝜃  

{𝜓𝑞 , 𝜓𝑟} = 0, {𝜓𝑞
†, 𝜓𝑟

†} = 0, {𝜓𝑞 , 𝜓𝑟
†} = 𝛿𝑞,𝑟  

{𝜓(𝑡, 𝜃), 𝜓(𝑡, 𝜙)}  = 0, {𝜓†(𝑡, 𝜃), 𝜓†(𝑡, 𝜙)} = 0

{𝜓(𝑡, 𝜃), 𝜓†(𝑡, 𝜙)}  = 𝛿(𝜃 − 𝜙)
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: 𝜓𝑞
†𝜓𝑟: = {

𝜓𝑞
†𝜓𝑟 𝑟 > 0

−𝜓𝑟𝜓𝑞
† 𝑟 < 0

 

: 𝜓𝑞
†𝜓𝑟: = 𝜓𝑞

†𝜓𝑟 − ⟨𝜓𝑞
†𝜓𝑟⟩  

𝐵𝑛
𝐾 = ∑  

𝑚∈ℤ

 𝑚𝐾: 𝜓𝑚−𝑛−1/2
† 𝜓𝑚−1/2:  

[𝐵𝑚
𝐾1 , 𝐵𝑛

𝐾2] = ∑  

𝑞∈ℤ

 ((𝑞 − 𝑛)𝐾1𝑞𝐾2 − (𝑞 −𝑚)𝐾2𝑞𝐾1): 𝜓𝑞−𝑚−𝑛−1/2
† 𝜓𝑞−1/2:

 +𝛿𝑚+𝑛 ∑  

𝑚−1

𝑙=0

  𝑙𝐾1(𝑙 − 𝑚)𝐾2

 

: 𝜓†(𝑡, 𝜃)𝜓(𝑡, 𝜃): =
1

2𝜋
∑  

𝑚,𝑛∈ℤ

  : 𝜓𝑚−𝑛−1/2
† 𝜓𝑚−1/2: 𝑒

𝑖𝑛𝜃 =
1

2𝜋
∑  

𝑛∈ℤ

 𝐵𝑛
0𝑒𝑖𝑛𝜃.  

[𝐵𝑚
0 , 𝐵𝑛

0] = 𝑚𝛿𝑚+𝑛.  

: 𝜓†(𝑡, 𝜃)𝜓(𝑡, 𝜃): ≡ √𝑐𝑝̃±(𝑡, 𝜃).  

𝜓(𝜃) =
1

√2𝜋
: 𝑒−2𝜋𝑖𝜑(𝜃)  

 

𝑝̃(𝜃) =
𝜑′(𝜃)

√𝑐
.  

2𝜋𝑐:
𝑝̃2(𝜃)

2
:= −

𝑖

2
: (𝜓†𝜕𝜃𝜓 − 𝜕𝜃𝜓

†𝜓): 

 =
1

2𝜋
∑  

𝑝

 (𝐵𝑝
1 −

𝑝

2
𝐵𝑝
0) 𝑒𝑖𝑝𝜃

 

(2𝜋)2𝑐3/2:
𝑝̃3(𝜃)

3
:= −

1

6
: 𝜕𝜃
2𝜓†𝜓 + 𝜓†𝜕𝜃

2𝜓 − 4𝜕𝜃𝜓
†𝜕𝜃𝜓: 

 =
1

2𝜋
∑  

𝑝

 (𝐵𝑝
2 − 𝑝𝐵𝑝

1 +
𝑝2

6
𝐵𝑝
0) 𝑒𝑖𝑝𝜃

 

𝑝̂±
2(𝑡, 𝜃):=

24

𝑐2
∑ 

𝑝

 (𝐵𝑝
1 −

𝑝

2
𝐵𝑝
0) 𝑒𝑖𝑝𝜃  

𝐻± = ±𝒞±
√3

𝑐2
𝐵0
2  

𝑄𝑛
± = ±

1

2√3
(
6

𝑐2
)
𝑛

𝐵0
2𝑛  
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𝜓
𝑘+
1
2
|0⟩ = 0, ∀𝑘 ≥ 0

𝜓
𝑘−
1
2

† |0⟩ = 0, ∀𝑘 ≤ 0
 

 

∏ 

𝑛𝑝

𝑖=1

 ∏  

𝑛ℎ

𝑗=1

 𝜓
𝑛𝑖+

1
2

† 𝜓
−𝑚𝑗−

1
2
|0⟩.  

|𝐧⟩ = {

𝜓
𝐧−
1
2

† ⋯𝜓1
2

†|0⟩ 𝐧 > 0,

𝜓
𝐧+
1
2
⋯𝜓

−
1
2
|0⟩ 𝐧 < 0.

 

[𝐵𝑚
𝐾 , 𝜓

𝑘−
1
2
] = −(𝑘 +𝑚)𝐾𝜓

𝑘+𝑚−
1
2
, [𝐵𝑚

𝐾 , 𝜓
𝑘−
1
2

† ] = (𝑘 −𝑚)𝐾𝜓
𝑘−𝑚−

1
2

† ,  

𝐵0
0|𝐧⟩ = 𝐧|𝐧⟩, 𝐵𝑚

0 |𝐧⟩ = 0, ∀𝑚 > 0.  

|𝑘⃗⃗; 𝐧⟩ = ∏  

𝑚>0

  (𝐵−𝑚
0 )𝑘𝑚|𝐧⟩  

⟨𝑘⃗⃗; 𝐧 ∣ 𝑘⃗⃗′; 𝐧⟩ = 𝑧𝑘⃗⃗𝛿𝑘⃗⃗,𝑘′⃗⃗⃗⃗⃗, 𝑧𝑘⃗⃗ =∏ 

𝑚

 𝑘𝑚!𝑚
𝑘𝑚

 

ℋ =⨁ 

𝐧∈ℤ

 ℋ𝐧.  

|𝑚⃗⃗⃗; 𝑛⃗⃗; 𝐧⟩ =∏  

𝑖

 𝜓
𝐧+𝑛𝑖+

1
2

† 𝜓
𝐧−𝑚𝑖−

1
2
|𝐧⟩, 𝑛𝑖, 𝑚𝑖 ≥ 0  

⟨𝑅′; 𝐧 ∣ 𝑅; 𝐧⟩ = 𝛿𝑅𝑅′  
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|𝑚⃗⃗⃗; 𝑛⃗⃗; 𝐧⟩ = |𝑅; 𝐧⟩ =∏ 

𝑖

 𝜓
𝐧+𝑛𝑖+

1
2

† 𝜓
𝐧−𝑚𝑖−

1
2
|𝐧⟩, 𝑛𝑖, 𝑚𝑖 ≥ 0  

ℰ𝐾 = ℰ𝑅
𝐾(𝑛𝑖, 𝑚𝑖) + 𝑔𝐾(𝐧),  

ℰ𝑅
𝐾(𝑛𝑖, 𝑚𝑖) =∑  

𝑖

  ((𝐧 + 𝑛𝑖 + 1)
𝐾 − (𝐧 −𝑚𝑖)

𝐾),  

ℰ𝑅
0  = 0, 𝑔0(𝐧) = 𝐧

ℰ𝑅
1  = ∑  

𝑖

  (𝑛𝑖 +𝑚𝑖 + 1), 𝑔1(𝐧) =
𝐧(𝐧 + 1)

2

ℰ𝑅
2  = ∑  

𝑖

 ((𝑛𝑖 +
1

2
)
2

− (𝑚𝑖 +
1

2
)
2

) + (2𝐧 + 1)∑  

𝑖

  (𝑛𝑖 +𝑚𝑖 + 1),

 𝑔2(𝐧)  =
𝐧(𝐧 + 1)(2𝐧 + 1)

3

 

∑ 

𝑖

  (𝑛𝑖 +𝑚𝑖 + 1) =∑  

𝑣1

𝑖=1

  𝑙𝑖 = |𝑅| ≡ ℜ  

ℰ𝑅
1 = |𝑅|.  

∑ 

𝑖

 ((𝑛𝑖 +
1

2
)
2

− (𝑚𝑖 +
1

2
)
2

) =∑  

𝑣1

𝑖=1

  𝑙𝑖(𝑙𝑖 − 2𝑖) + |𝑅| ≡ 𝜅𝑅  

ℰ𝑅
2 = 𝜅𝑅 + (2𝐧 + 1)|𝑅|.  

ℰ𝑅
2 = −𝜅𝑅 − (2|𝐧| − 1)|𝑅|,  for 𝐧 < 0.  

⟨Ψ|: 𝑣̂(𝑡, 𝜃)𝜎̂(𝑡, 𝜃): |Ψ⟩ =
4𝐺𝐽

𝜋𝑙
  and  ⟨Ψ|: 𝜋2𝜎̂2(𝑡, 𝜃) + 𝑣̂2(𝑡, 𝜃): |Ψ⟩ = 8𝐺𝑀  

⟨Ψ±|: 𝑝̂±
2(𝑡, 𝜃): |Ψ±⟩ =

12

𝑐
(𝑀𝑙 ± 𝐽) =

4𝜋2𝑙2

𝛽±
2  

⟨𝐧±|𝑝̂±|𝐧±⟩ =
2√3

𝑐
𝐧±, ⟨𝐧±|𝑝̂±

2 |𝐧±⟩ =
12

𝑐2
(𝐧±)

2  

⟨𝑅±; 𝐧±|𝐵0
0|𝑅±; 𝐧±⟩ = 𝐧±, ⟨𝑅

±; 𝐧±|𝐵0
1|𝑅±; 𝐧±⟩ =

𝐧±(𝐧± + 1)

2
+ |𝑅±|,  

⟨𝑅±; 𝐧±|𝑝̂±|𝑅
±; 𝐧±⟩ =

2√3

𝑐
𝐧±, ⟨𝑅

±; 𝐧±|𝑝̂±
2 |𝑅±; 𝐧±⟩ =

24

𝑐2
(
𝐧±(𝐧± + 1)

2
+ |𝑅±|) .  

⟨𝑅±|: 𝑝̂±
2(𝑡, 𝜃): |𝑅±⟩ =

24

𝑐2
|𝑅±|  

|𝑅±| =
𝑐

2
(𝑀𝑙 ± 𝐽) =

𝑐2𝜋2𝑙2

6𝛽±
2  
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𝑑(𝑝+, 𝑝−) = 𝑒
2𝜋√

|𝑅+|
6
+2𝜋√

|𝑅−|
6  

𝑆stat = ln 𝑑(𝑝+, 𝑝−) = 2𝜋√
|𝑅+|

6
+ 2𝜋√

|𝑅−|

6
=
𝜋2𝑙2

2𝐺
(
1

𝛽+
+
1

𝛽−
)  

𝑆 = log 𝒵 + 𝛽𝐸‾  

𝒵 = Trexp (−𝛽+𝐻(1)
+ )Trexp (−𝛽−𝐻(1)

− )  

𝐧± = ±
𝜋𝑐𝑙

√3𝛽±
 

𝒵 =∑  

𝑅+

 exp [−
√3

𝜋𝑐2
(
𝛽+
𝑙
)
2

⟨𝑅+; 𝐧+|𝐵0
2|𝑅+; 𝐧+⟩] ⋅∑  

𝑅−

 exp [
√3

𝜋𝑐2
(
𝛽−
𝑙
)
2

⟨𝑅−; 𝐧−|𝐵0
2|𝑅−; 𝐧−⟩] .  

⟨𝑅±; 𝐧±|𝐵0
2|𝑅±; 𝐧±⟩= ±(𝜅𝑅± + 2|𝐧±||𝑅

±|) + 𝑔2(𝐧±)  

 = ±(∑ 

𝑖

  𝑙𝑖
±(𝑙𝑖

± − 2𝑖) + |𝑅±| + (2|𝐧±| ± 1)|𝑅
±|) + 𝑔2(𝐧±)

 

𝒵± =∑ 

𝑅±

 exp [−
√3

𝜋𝑐2
(
𝛽±
𝑙
)
2

(∑  

𝑖

  𝑙𝑖
±(𝑙𝑖

± + 1 − 2𝑖) + (2|𝐧±| ± 1)|𝑅
±|)] .  

𝒵± =∑ 

𝑅±

 exp [−
𝐴̃±

2|𝐧±|
∑  

𝑖

  𝑙𝑖
±(𝑙𝑖

± + 1 − 2𝑖) − 𝐴̃±∑ 

𝑖

  𝑙𝑖
±]  

𝐴̃± = 2(
𝛽±
𝑐𝑙
)  

ℱ± = ln 𝒵±  

ℱ± = ∑  

∞

𝑔=0

 𝑁±
2−2𝑔

𝐹𝑔
±(𝐴̃±)  

𝐹0
±(𝐴̃±) = −

𝐴̃±
48
, 𝐹1
±(𝐴̃±) = −log 𝜂(𝑄±)  

𝜂(𝑄±):= 𝑄±
1/24

∏ 

∞

𝑛=1

(1 − 𝑄±
𝑛) 

 

𝐹𝑔(𝐴̃±) ∼ (𝐴̃±)
−2𝑔+1

𝜋2𝑔𝐜𝑔, 𝑔 ≥ 2  
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𝐹1(𝐴̃±) =
𝜋2

3𝐴̃±
+
1

2
ln 𝐴̃±  

ℱ± = ℱ0
± +

1

2
ln 𝐴̃±  

ℱ0
± =

𝜋2

3𝐴̃±
∑ 

𝑔≥0

 
3𝑔𝐜𝑔

16𝑔−1
,  with  𝐜0 = −

1

192
, and 𝐜1 =

1

3  

ℱ0
± =

𝜋2

3𝐴̃±
−
𝜋2

3𝐴̃±
(
1

12
− 16∑  

𝑔≥2

  (
3

16
)
𝑔

𝐜𝑔)  

Δ𝑆 =
1

2
ln (

𝛽+𝛽−
𝑐2𝑙2

) = −
1

2
ln (

9𝑙4

4𝐺2𝛽2(1 − 𝑙2Ω2)
)  

𝒵± = Tr [exp (−
𝑘

4𝜋

𝛽±
𝑙
∫  𝑑𝜃

𝑝±
2(𝑡, 𝜃)

2
)] = Trexp (−

𝛽±
𝑐𝑙
𝐵0
1(𝑝±))  

𝐵0
1|𝑅±, 𝐧⟩ = (|𝑅±| +

1

2
𝐧(𝐧 + 1)) |𝑅±, 𝐧⟩.  

𝒵± =∑ 

𝑅±

 exp (−
𝛽±
𝑐𝑙
|𝑅±|)  

𝒵± = ∑  

∞

𝑛=0

 𝑝(𝑛)𝑒−𝜇±𝑛  

𝒵± =∏ 

∞

𝑘=1

 
1

1 − 𝑒−𝜇±𝑘
, 𝜇± > 0  

log 𝒵± =
𝜋2

6𝜇±
+
1

2
log 𝜇± +⋯  

ℱ0 =
𝑙2𝜋2

2𝛽𝐺(1 − 𝑙2Ω2)
 

Δ𝑆 = −
1

2
log (

9𝑙4

4𝐺2𝛽2(1 − 𝑙2Ω2)
)  

𝜉± = ∓𝒞±
𝑝±
2

2
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𝑑𝑠2=
𝜋4𝑙6

𝛽−
4𝛽+

4 (𝛽−
4𝒞+

2 + 2𝛽−
2𝛽+

2𝒞+𝒞−cosh (
2𝜌

𝑙
) + 𝛽+

4𝒞−
2)𝑑𝑡2 + 𝑑𝜌2  

−
2𝜋3𝑙5

𝛽−
3𝛽+

3 (𝛽−
3𝒞+ − 𝛽−𝛽+cosh (

2𝜌

𝑙
) (𝛽−𝒞+ − 𝛽+𝒞−) − 𝛽+

3𝒞−)𝑑𝑡𝑑𝜃 

 +
𝜋2𝑙4

𝛽−
2𝛽+

2 (𝛽−
2 + 𝛽+

2 − 2𝛽−𝛽+cosh (
2𝜌

𝑙
))𝑑𝜃2

 

𝑝±(𝑡, 𝜃) = 𝑣 ± 𝜋𝜎 = ±
2𝜋𝑙

𝛽±
 

𝜌 =
𝑙

2
cosh−1 (

𝜋2𝑙4(𝛽−
2 + 𝛽+

2) − 𝛽−
2𝛽+

2𝑟2

2𝜋2𝛽−𝛽+𝑙
4 ) .  

𝑑𝑠2=
𝜋2𝑙2

𝛽−
4𝛽+

4
(𝜋2𝛽−

4𝒞+
2𝑙4 + 𝛽−𝛽+𝒞+𝒞−(𝜋

2𝑙4(𝛽−
2 + 𝛽+

2) − 𝛽−
2𝛽+

2𝑟2) + 𝜋2𝛽+
4𝒞−

2𝑙4)𝑑𝑡2  

+𝑟2𝑑𝜃2 + (
𝑙2𝑟2𝛽−

4𝛽+
4

𝜋4𝑙8(𝛽−
2 − 𝛽+

2)2 − 2𝜋2𝛽−
2𝛽+

2𝑙4𝑟2(𝛽−
2 + 𝛽+

2) + 𝛽−
4𝛽+

4𝑟4
)𝑑𝑟2  

 −
𝜋𝑙

𝛽−
3𝛽+

3 (𝒞+(𝜋
2𝛽−𝑙

4(𝛽−
2 − 𝛽+

2) + 𝛽−
3𝛽+

2𝑟2) − 𝛽+𝒞−(𝜋
2𝑙4(𝛽+

2 − 𝛽−
2) + 𝛽−

2𝛽+
2𝑟2))𝑑𝑡𝑑𝜃

 

𝑡 → 𝑡, 𝜃 → 𝜃 + (
2𝐴𝜙

𝑟2
) 𝑡, 𝒞± = ±

2

𝑙(𝑣 ± 𝜋𝜎)
= ±

2

𝑙𝑝±
=
𝛽±
𝜋𝑙2

 

𝜉± = ∓𝒞±𝑝±  

𝑑𝑠2=
𝜋2𝑙4

𝛽−
2𝛽+

2 (𝛽−
2𝒞+

2 − 2𝛽−𝛽+𝒞+𝒞−cosh (
2𝜌

𝑙
) + 𝛽+

2𝒞−
2)𝑑𝑡2 + 𝑑𝜌2 

−
2𝜋2𝑙4

𝛽−
2𝛽+

2 (𝛽−
2𝒞+ − 𝛽−𝛽+(𝒞+ + 𝒞−)cosh (

2𝜌

𝑙
) + 𝛽+

2𝒞−)𝑑𝑡𝑑𝜃  

 +
𝜋2𝑙4

𝛽−
2𝛽+

2 (𝛽−
2 + 𝛽+

2 − 2𝛽−𝛽+cosh (
2𝜌

𝑙
))𝑑𝜃2

 

𝜌 = 𝜌 =
𝑙

2
cosh−1 (

𝜋2𝑙4(𝛽−
2 + 𝛽+

2) − 𝛽−
2𝛽+

2𝑟2

2𝜋2𝛽−𝛽+𝑙
4 ) .  

𝑑𝑠2 =
1

𝛽−
2𝛽+

2 (𝜋
2𝛽−

2𝒞+
2𝑙4 + 𝒞+𝒞−(𝛽−

2𝛽+
2𝑟2 − 𝜋2𝑙4(𝛽−

2 + 𝛽+
2)) + 𝜋2𝛽+

2𝒞−
2𝑙4)𝑑𝑡2

+𝑟2𝑑𝜃2 +
𝑙2𝑟2𝛽−

4𝛽+
4

𝜋4𝑙8(𝛽−
2 − 𝛽+

2)2 − 2𝜋2𝛽−
2𝛽+

2𝑙4𝑟2(𝛽−
2 + 𝛽+

2) + 𝛽−
4𝛽+

4𝑟4
𝑑𝑟2  

 −
1

𝛽−
2𝛽+

2
(𝜋2𝒞+𝑙

4(𝛽−
2 − 𝛽+

2) + 𝛽−
2𝛽+

2𝒞+𝑟
2 + 𝜋2𝒞−𝑙

4(𝛽+
2 − 𝛽−

2) + 𝛽−
2𝛽+

2𝒞−𝑟
2)𝑑𝑡𝑑𝜃

 

𝒞± = ±
1

𝑙
.  

∏ 

∞

𝑘=1

 
1

1 − 𝑒−𝜇𝑘
 



 

pág. 3406 

𝑞 = 𝑒−𝜇,  and  𝜏 =
𝑖𝜇

2𝜋
 

𝜂(𝜏) = 𝑞
1
24∏ 

∞

𝑘=1

  (1 − 𝑞𝑘)  

∏ 

∞

𝑘=1

 
1

1 − 𝑞𝑘
= 𝑒−𝜇/24𝜂 (

𝑖𝜇

2𝜋
)
−1

 

𝜂 (−
1

𝜏
) = √−𝑖𝜏𝜂(𝜏)  

𝜂 (
𝑖𝜇

2𝜋
) = (

𝜇

2𝜋
)
−1/2

𝜂 (
2𝜋𝑖

𝜇
) .  

𝜂 (
2𝜋𝑖

𝜇
) 

𝜂 (
2𝜋𝑖

𝜇
)= 𝑞′1/24∏ 

∞

𝑘=1

  (1 − 𝑞′𝑘) 

 = 𝑒
2𝜋𝑖(2𝜋𝑖/𝜇)

24 = 𝑒𝜋
2/6𝜇

 

∏ 

∞

𝑘=1

 
1

(1 − 𝑒−𝜇𝑘)
= √

𝜇

2𝜋
𝑒−

𝑡
24𝑒

𝜋2

6𝜇  

𝒮 =
1

2
∫  
ℳ

 d𝑛𝑥√−𝑔 [ℛ −
(𝑛 − 2)(𝑛 − 1)

3
Λ + 𝛼2ℒGB − ℱ

𝑞] ,  

ℒGB = ℛ𝛾𝜁𝜛𝛿ℛ
𝛾𝜁𝜛𝛿 − 4ℛ𝛾𝜁ℛ

𝛾𝜁 +ℛ2  

ℱ = ∑  

(𝑛−1)(𝑛−2)
2

𝑎=1

 Tr (𝐹𝛾𝜁
(𝑎)
𝐹𝛾𝜁(𝑎))  

𝐅(𝑎) = 𝐝𝐀(𝑎) +
1

2𝜎
𝐶(𝑏)(𝑐)
(𝑎)

𝐀(𝑏) ∧ 𝐀(𝑐),  

𝐹𝛾𝜁
(𝑎)
= 𝜕𝛾𝐴𝜁

(𝑎)
− 𝜕𝜁𝐴𝛾

(𝑎)
+
1

2𝜎
𝐶(𝑏)(𝑐)
(𝑎)

𝐴𝛾
(𝑏)
𝐴𝜁
(𝑐)  

𝐝( ⋆𝐅(𝑎)ℱ𝑞−1) +
1

𝜎
𝐶(𝑏)(𝑐)
(𝑎)

ℱ𝑞−1𝐀(𝑏) ∧  ⋆𝐅(𝑐)= 0 

𝒢𝜇𝜈 + 𝛼2ℋ𝜇𝜈 +
(𝑛 − 2)(𝑛 − 1)

6
Λ𝑔𝜇𝜈 = 𝒯𝜇𝜈 ,

 

𝒢𝜇𝜈  = ℛ𝜇𝜈 −
1

2
𝑔𝜇𝜈ℛ

ℋ𝜇𝜈  = 2(−ℛ𝜇𝜎𝜅𝜏ℛ
𝜅𝜏𝜎 𝜈 − 2ℛ𝜇𝜌𝜈𝜎ℛ

𝜌𝜎 − 2ℛ𝜇𝜎ℛ
𝜎 𝜈 +ℛℛ𝜇𝜈) −

1

2
𝑔𝜇𝜈ℒGB
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𝒯𝜇 𝜈 = −
1

2
𝛿𝜇 𝜈ℱ

𝑞 + 2𝑞Tr(𝐹𝜈𝜆 
(𝑎)𝐹𝜇𝜆(𝑎))ℱ𝑞−1  

𝐀(𝑎) =
𝒬

𝑟2
𝐶(𝑖)(𝑗)
(𝑎)

𝜒𝑖 d𝜒𝑗  

𝜒1 = 𝑟cos 𝜃𝑛−3sin 𝜃𝑛−4⋯sin 𝜃1
𝜒2 = 𝑟sin 𝜃𝑛−3sin 𝜃𝑛−4⋯sin 𝜃1
𝜒3 = 𝑟cos 𝜃𝑛−4sin 𝜃𝑛−5⋯sin 𝜃1
𝜒4 = 𝑟sin 𝜃𝑛−4sin 𝜃𝑛−5⋯sin 𝜃1
 ⋮
𝜒𝑛−2 = 𝑟cos 𝜃1

 

ℱ =
(𝑛 − 2)(𝑛 − 3)𝒬2

𝑟4

Tr (𝐹𝜃𝑖𝜆
(𝑎)
𝐹𝜃𝑖𝜆(𝑎)) =

1

(𝑛 − 2)
ℱ =

(𝑛 − 3)𝒬2

𝑟4

 

𝒯𝑎 𝑏 = −
1

2
ℱ𝑞diag [1,1, (1 −

4𝑞

𝑛 − 2
) , (1 −

4𝑞

𝑛 − 2
) ,⋯ , (1 −

4𝑞

𝑛 − 2
)]  

𝑔𝜇𝜈d𝑥
𝜇d𝑥𝜈 = −𝑓(𝑟)d𝑡2 +

1

𝑓(𝑟)
d𝑟2 + 𝑟2∑  

𝑛−2

𝑖=2

 𝔥𝑖𝑗 d𝑥
𝑖 d𝑥𝑗,  

𝑓±(𝑟) =

{
  
 

  
 
1 +

𝑟2

2𝛼̃2
(1 ±√1 +

16𝔐𝛼̃2
(𝑛 − 2)𝑟𝑛−1

+
4𝛼̃2𝑄1
𝑟4𝑞

) , 𝑞 ≠
𝑛 − 1

4
;

1 +
𝑟2

2𝛼̃2
(1 ±√1 +

16𝔐𝛼̃2
(𝑛 − 2)𝑟𝑛−1

+
4𝛼̃2𝑄2ln (𝑟)

𝑟𝑛−1
) , 𝑞 =

𝑛 − 1

4
,

 

𝑄1=
[(𝑛 − 3)(𝑛 − 2)𝒬2]𝑞

(𝑛 − 2)(𝑛 − 1 − 4𝑞)
 

𝑄2 =
[(𝑛 − 3)(𝑛 − 2)𝒬2]

(𝑛−1)
4

(𝑛 − 2)

 

𝔐 =
𝑀

2Σ(𝑛−2)
 

Σ(𝑛−2) =
2𝜋(𝑛−1)/2

Γ (
𝑛 − 1
2 )

 

𝑓−(𝑟) =

{
  
 

  
 
1 +

𝑟2

2𝛼̃2
(1 − √1 +

64𝜋𝒢𝑀𝛼̃2
(𝑛 − 2)Σ(𝑛−2)𝑟

𝑛−1
+
4𝛼̃2𝑄1
𝑟4𝑞

) ,
𝑛 − 1

4
< 𝑞 <

𝑛 − 1

2
;

1 +
𝑟2

2𝛼̃2
(1 − √1 +

64𝜋𝒢𝑀𝛼̃2
(𝑛 − 2)Σ(𝑛−2)𝑟

𝑛−1
+
4𝛼̃2𝑄2ln (𝑟)

𝑟𝑛−1
) , 𝑞 =

𝑛 − 1

4
.

 



 

pág. 3408 

𝑓(𝑟) = 1 −
16𝜋𝒢𝑀

(𝑛 − 2)Σ(𝑛−2)𝑟
𝑛−3

.  

𝑓(𝑟) = 1 +
𝑟2

2𝛼̃2
(1 − √1 +

64𝜋𝒢𝑀𝛼̃2
(𝑛 − 2)Σ(𝑛−2)𝑟

𝑛−1
) .  

𝑓(𝑟) =

{
 
 

 
 1 −

8𝒢𝑀

3𝜋𝑟2
−
2𝑄2ln (𝑟)

𝑟2
, (𝑛 = 5);

1 −
16𝜋𝒢𝑀

(𝑛 − 2)Σ(𝑛−2)𝑟
𝑛−3

−
(𝑛 − 3)𝑄2

(𝑛 − 5)𝑟2
, (𝑛 > 5).

 

1 +
16𝔐𝛼̃2

(𝑛 − 2)𝑟𝑛−1
+
4𝛼̃2𝑄1
𝑟4𝑞

> 0,

1 +
16𝔐𝛼̃2

(𝑛 − 2)𝑟𝑛−1
+
4𝛼̃2𝑄2ln (𝑟)

𝑟𝑛−1
> 0.

 

d𝑠2 = −ℎ(𝑟)d𝑡2 +
d𝑟2

𝑓(𝑟)
+ 𝑘(𝑟)dΩ𝑛−2

2  

dΩ𝑛−2
2 = d𝜃1

2 + sin2 𝜃1 d𝜃2
2 +⋯+ (sin2 𝜃1⋯sin

2 𝜃𝑛−3)d𝜃𝑛−2
2  

 = d𝜃1
2 + sin2 𝜃1 d𝜃2

2 +⋯+ (∏ 

𝑛−3

𝑖=1

  sin2 𝜃𝑖)d𝜃𝑛−2
2 ,
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ℒ̃ =
1

2
(𝑔𝑎𝑏)𝑥̇

𝑎𝑥̇𝑏 =
1

2
(𝑔𝑎𝑏)

d𝑥𝑎

 d𝜏

 d𝑥𝑏

 d𝜏
 

ℒ̃ =
1

2
[(𝑔00)𝑡̇

2 + (𝑔11)𝑟̇
2 + (𝑔22)𝜃̇1

2 + (𝑔33)𝜃̇2
2

+⋯+ (𝑔𝜒+1𝜒+1)𝜃̇𝜒
2 +⋯+ (𝑔𝑛−1𝑛−1)𝜃̇𝑛−2

2 ]

=
1

2
[(−ℎ(𝑟))𝑡̇2 + (

1

𝑓(𝑟)
) 𝑟̇2 + (𝑘(𝑟))𝜃̇1

2 + (𝑘(𝑟)sin2 𝜃1)𝜃̇2
2

+⋯+ (𝑘(𝑟)∏ 

𝜒−1

𝑖=1

  sin2 𝜃𝑖) 𝜃̇𝜒
2 +⋯+ (𝑘(𝑟)∏  

𝑛−3

𝑖=1

  sin2 𝜃𝑖) 𝜃̇𝑛−2
2 ] .

 

𝑃𝑎 =
𝜕ℒ̃

𝜕𝑥̇𝑎
= (𝑔𝑎𝑏)𝑥̇

𝑏 = 𝑥̇𝑎  

𝑃0 = 𝑃𝑡 =
𝜕ℒ̃

𝜕𝑥̇0
=
𝜕ℒ̃

𝜕𝑡̇
= (−ℎ(𝑟))𝑡̇ ≡ −E,

𝑃1 = 𝑃𝑟 =
𝜕ℒ̃

𝜕𝑥̇1
=
𝜕ℒ̃

𝜕𝑟̇
= (

1

𝑓(𝑟)
) 𝑟̇,

𝑃2 = 𝑃𝜃1 =
𝜕ℒ̃

𝜕𝑥̇2
=
𝜕ℒ̃

𝜕𝜃̇1
= (𝑘(𝑟))𝜃̇1,

𝑃3 = 𝑃𝜃2 =
𝜕ℒ̃

𝜕𝑥̇3
=
𝜕ℒ̃

𝜕𝜃̇2
= (𝑘(𝑟)sin2 𝜃1)𝜃̇2,

 ⋮

𝑃𝜒+1 = 𝑃𝜃𝜒 =
𝜕ℒ̃

𝜕𝑥̇𝜒+1
=
𝜕ℒ̃

𝜕𝜃̇𝜒
= (𝑘(𝑟)∏  

𝜒−1

𝑖=1

  sin2 𝜃𝑖) 𝜃̇𝜒,

 ⋮

𝑃𝑛−1 = 𝑃𝜃𝑛−2 =
𝜕ℒ̃

𝜕𝑥̇𝑛−1
=

𝜕ℒ̃

𝜕𝜃̇𝑛−2
= (𝑘(𝑟)∏ 

𝑛−3

𝑖=1

  sin2 𝜃𝑖) 𝜃̇𝑛−2 ≡  Ł,

 

𝜕𝑆

𝜕𝜏
= −ℋ = −

1

2
(𝑔𝑎𝑏)

𝜕𝑆

𝜕𝑥𝜇
𝜕𝑆

𝜕𝑥𝜈
 

ℋ = 𝑃𝑎𝑥̇
𝑎 − ℒ̃ =

1

2
(𝑔𝑎𝑏)𝑥̇

𝑎𝑥̇𝑏 = −
1

2
𝑚2  

−2
𝜕𝑆

𝜕𝜏
=−

1

ℎ(𝑟)
(
𝜕𝑆𝑡
𝜕𝑡
)
2

+ 𝑓(𝑟) (
𝜕𝑆𝑟
𝜕𝑟
)
2

 

 +∑  

𝑛−3

𝜒=1

 
1

(𝑘(𝑟)∏  
𝜒−1
𝑖=1   sin

2 𝜃𝑖)
(
𝜕𝑆𝜃𝜒
𝜕𝜃𝜒

)

2

 +
1

(𝑘(𝑟)∏  𝑛−3
𝑖=1   sin

2 𝜃𝑖)
(
𝜕𝑆𝜃𝑛−2
𝜕𝜃𝑛−2

)

2

 

𝑆 =
1

2
𝑚2𝜏 − E𝑡 + 𝑆𝑟(𝑟) +∑  

𝑛−3

𝜒=1

 𝑆𝜃𝜒(𝜃𝜒) + Ł𝜃𝑛−2  
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𝜕𝑆𝜏
𝜕𝜏

= −
1

2
(𝑔𝑎𝑏)𝑃𝑎𝑃𝑏 =

1

2
𝑚2,

𝜕𝑆𝑡
𝜕𝑡

= 𝑃𝑡 = −ℎ(𝑟)𝑡̇ = −E,

𝜕𝑆𝑟
𝜕𝑟

= 𝑃𝑟 =
1

𝑓(𝑟)
𝑟̇,

𝜕𝑆𝜃𝜒
𝜕𝜃𝜒

= 𝑃𝜃𝜒 = 𝑘(𝑟) (∏ 

𝜒−1

𝑖=1

  sin2 𝜃𝑖) 𝜃̇𝜒,

𝜕𝑆𝜃𝑛−2
𝜕𝜃𝑛−2

= 𝑃𝜃𝑛−2 = 𝑘(𝑟) (∏  

𝑛−3

𝑖=1

  sin2 𝜃𝑖) 𝜃̇𝑛−2 = Ł.

 

𝑘(𝑟)𝑚2 =
𝑘(𝑟)

ℎ(𝑟)
(−E)2 −

𝑘(𝑟)

𝑓(𝑟)
(𝑟̇)2

 −𝑘2(𝑟)∑  

𝑛−3

𝜒=1

  [(∏ 

𝜒−1

𝑖=1

  sin2 𝜃𝑖)(𝜃̇𝜒)
2
] − [∏ 

𝑛−3

𝑖=1

  (1 + cot2 𝜃𝑖)] (Ł)
2

 

∏ 

𝑛−3

𝑖=1

  (1 + cot2 𝜃𝑖) = 1 +∏ 

𝑛−3

𝑖=1

  cot2 𝜃𝑖 +𝔒(𝜃𝑖)  

0 ={
𝑘(𝑟)

ℎ(𝑟)
E2 −

𝑘(𝑟)

𝑓(𝑟)
(𝑟̇)2 − L2 − 𝑘(𝑟)𝑚2}

 −{𝑘2(𝑟)∑  

𝑛−3

𝜒=1

  [(∏ 

𝜒−1

𝑖=1

  sin2 𝜃𝑖)(𝜃̇𝜒)
2
] + [∏ 

𝑛−3

𝑖=1

 cot2 𝜃𝑖 +𝔒(𝜃𝑖)] Ł
2}

 

𝒦 = {
𝑘(𝑟)

ℎ(𝑟)
E2 −

𝑘(𝑟)

𝑓(𝑟)
(𝑟̇)2 − Ł2 − 𝑘(𝑟)𝑚2}

𝒦 = {𝑘2(𝑟)∑  

𝑛−3

𝜒=1

  [(∏ 

𝜒−1

𝑖=1

  sin2 𝜃𝑖)(𝜃̇𝜒)
2
] + [∏ 

𝑛−3

𝑖=1

  cot2 𝜃𝑖 +𝔒(𝜃𝑖)] Ł
2}

 

𝑡̇=
1

ℎ(𝑟)
E  

𝑟̇= ±√
𝑓(𝑟)

ℎ(𝑟)
E2 −

𝑓(𝑟)

𝑘(𝑟)
(𝒦 + L2) − 𝑓(𝑟)𝑚2 

√∑  

𝑛−3

𝜒=1

 ∏  

𝜒−1

𝑖=1

  sin2 𝜃𝑖(𝜃̇𝜒)
2
 = ±√

𝒦 − [∏  𝑛−3
𝑖=1   cot

2 𝜃𝑖 +𝔒(𝜃𝑖)]Ł
2

𝑘2(𝑟)

𝜃̇𝑛−2 =
1

𝑘(𝑟)(∏  𝑛−3
𝑖=1   sin

2 𝜃𝑖)
Ł
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𝑡̇=
1

ℎ(𝑟)
E  

𝑟̇= ±
1

𝑘(𝑟)
√ℜ  

√∑  

𝑛−3

𝜒=1

 ∏  

𝜒−1

𝑖=1

  sin2 𝜃𝑖(𝜃̇𝜒)
2
 = ±

1

𝑘(𝑟)
√Θ𝜒

𝜃̇𝑛−2 =
1

𝑘(𝑟)(∏  𝑛−3
𝑖=1   sin

2 𝜃𝑖)
Ł

 

 

ℜ= 𝑘2(𝑟)
𝑓(𝑟)

ℎ(𝑟)
E2 − 𝑘(𝑟)𝑓(𝑟)(𝒦 + Ł2) − 𝑘2(𝑟)𝑓(𝑟)𝑚2 

Θ𝜒 = 𝒦 − [∏ 

𝑛−3

𝑖=1

  cot2 𝜃𝑖 +𝔒(𝜃𝑖)] Ł
2

 

(
d𝑟

 d𝜏
)
2

+ 𝑉eff = 0  

𝑉eff =
𝑓(𝑟)

𝑘(𝑟)
(𝒦 + Ł2) −

𝑓(𝑟)

ℎ(𝑟)
E2  

ℜ = 𝑘2(𝑟)
𝑓(𝑟)

ℎ(𝑟)
E2 − 𝑘(𝑟)𝑓(𝑟)(𝒦 + Ł2).  

𝜉=
Ł

E
 

𝜂 =
𝒦

E2

 

𝑉eff = E
2 {
𝑓(𝑟)

𝑘(𝑟)
(𝜂 + 𝜉2) −

𝑓(𝑟)

ℎ(𝑟)
}  

ℜ = E2 {𝑘2(𝑟)
𝑓(𝑟)

ℎ(𝑟)
E2 − 𝑘(𝑟)𝑓(𝑟)(𝜂 + 𝜉2)}  

𝑉eff = 0, ℜ = 0
𝜕𝑉eff
𝜕𝑟

= 0,  or 
𝜕ℜ

𝜕𝑟
= 0

𝜕2𝑉eff
𝜕𝑟2

< 0,
𝜕2ℜ

𝜕𝑟2
> 0

 

𝑘(𝑟𝑝)ℎ
′(𝑟𝑝) − ℎ(𝑟𝑝)𝑘

′(𝑟𝑝) = 0  

(𝜂 + 𝜉2) =
ℎ(𝑟)𝑘2(𝑟)𝑓′(𝑟) − 𝑓(𝑟)𝑘2(𝑟)ℎ′(𝑟) + 2𝑓(𝑟)ℎ(𝑟)𝑘(𝑟)𝑘′(𝑟)

ℎ2(𝑟)[𝑘(𝑟)𝑓′(𝑟) + 𝑓(𝑟)𝑘′(𝑟)]
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(𝜂 + 𝜉2) =
𝑘2(𝑟𝑝)

ℎ(𝑟𝑝)[𝑘(𝑟𝑝)𝑓
′(𝑟𝑝) + 𝑓(𝑟𝑝)𝑘

′(𝑟𝑝)]
{𝑓′(𝑟𝑝) − 𝑓(𝑟𝑝) [

ℎ′(𝑟𝑝)

ℎ(𝑟𝑝)
−
2𝑘′(𝑟𝑝)

𝑘(𝑟𝑝)
]}  

𝑒𝛼̂ = {𝑒𝑡̂, 𝑒𝑟̂, ⋯ , 𝑒𝜃̂𝜒 , ⋯ , 𝑒𝜃̂𝑛−2}  

𝑒𝜇 = {𝑒𝑡 , 𝑒𝑟, ⋯ , 𝑒𝜃𝜒 , ⋯ , 𝑒𝜃𝑛−2}  

𝑒𝛼̂ = 𝑒𝛼̂
𝜇
𝑒𝜇  

𝑒𝛼̂
𝜇
𝑒
𝛽̂
𝜈𝑔𝜇𝜈 = 𝜂𝛼̂𝛽̂  

−1= 𝑒𝑡̂ ⋅ 𝑒𝑡̂  

1 = 𝑒𝑟̂ ⋅ 𝑒𝑟̂
1 = 𝑒𝑟̂ ⋅ 𝑒𝑟̂
1 = 𝑒𝜃̂𝑛−2 ⋅ 𝑒𝜃̂𝑛−2 ,

 

𝑒𝑡̂ = 𝜁𝑒𝑡 + 𝛾𝑒𝜃𝑛−2 ,

𝑒𝑟̂ = 𝜄𝑒𝑟,

 ⋮
𝑒𝜃̂𝜒 = 𝜍𝑒𝜃𝜒 ,

 ⋮
𝑒𝜃̂𝑛−2 = 𝜚𝑒𝜃𝑛−2 ,

 

𝜁= 𝑒𝑡̂
𝑡 = √

𝑔𝑛−1𝑛−1
(𝑔0𝑛−1)

2 − 𝑔00𝑔𝑛−1𝑛−1
,  

𝛾= 𝑒
𝑡̂

𝜃𝑛−2 = −
𝑔0𝑛−1
𝑔𝑛−1𝑛−1

√
𝑔𝑛−1𝑛−1

(𝑔0𝑛−1)
2 − 𝑔00𝑔𝑛−1𝑛−1

, 

𝜄 = 𝑒𝑟̂
𝑟 =

1

√𝑔11
,

𝜍 = 𝑒
𝜃̂𝜒

𝜃𝜒 =
1

√𝑔𝜒+1𝜒+1
,

𝜚 = 𝑒
𝜃̂𝑛−2

𝜃𝑛−2 =
1

√𝑔𝑛−1𝑛−1
.

 

𝑃𝑡̂ = −(𝜁𝑃𝑡 + 𝛾𝑃𝜃𝑛−2)

𝑃𝑟̂ = 𝜄𝑃𝑟

𝑃𝜃̂𝜒 = 𝜍𝑃𝜃𝜒

𝑃𝜃̂𝑛−2 = 𝜚𝑃𝜃𝑛−2

 



 

pág. 3413 

𝑃𝑡̂ = 𝜁E − 𝛾E = (
1

ℎ(𝑟)
)

1
2
E,

𝑃𝑟̂ =
1

√𝑔11
(
1

𝑓(𝑟)
) 𝑟̇ = (

1

𝑓(𝑟)
)

1
2
|𝑟̇|,

𝑃𝜃̂𝜒 =
1

√𝑔𝜒+1𝜒+1
(𝑘(𝑟)∏ 

𝜒−1

𝑖=1

  sin2 𝜃𝑖) 𝜃̇𝜒 = (𝑘(𝑟)∏  

𝜒−1

𝑖=1

  sin2 𝜃𝑖)

1
2

𝜃̇𝜒,

𝑃𝜃̂𝑛−2 =
1

√𝑔𝑛−1𝑛−1
 L = (

1

𝑘(𝑟)∏  𝑛−3
𝑖=1   sin

2 𝜃𝑖
)

1
2

 Ł.

 

𝑷 = 𝑃𝑟̂𝑒𝑟̂ +∑  

𝑛−3

𝜒=1

 𝑃𝜃̂𝜒𝑒𝜃̂𝜒 + 𝑃
𝜃̂𝑛−2𝑒𝜃̂𝑛−2  

(𝑃𝑡̂)
2
= 𝑷2 = (𝑃𝑟̂)

2
+∑  

𝑛−3

𝜒=1

 (𝑃𝜃̂𝜒)
2
+ (𝑃𝜃̂𝑛−2)

2
 

𝑃𝑟̂ = |𝑷|cos 𝛼cos 𝛽,

𝑃𝜃̂𝜒 = |𝑷|sin 𝛼,

𝑃𝜃̂𝑛−2 = |𝑷|cos 𝛼sin 𝛽,

 

tan 𝛽 =
𝑃𝜃̂𝑛−2

𝑃𝑟̂
,

sin 𝛼 =
𝑃𝜃̂𝜒

𝑃𝑡̂
.

 

X ≡ −𝑟𝑜𝛽
Y ≡ 𝑟𝑜𝛼

 

X ≡ lim
𝑟𝑜→∞

  [− 𝑟𝑜 (
𝑃𝜃̂𝑛−2

𝑃𝑟̂
)|

(𝑟=𝑟𝑜)

] ,

Y ≡ lim
𝑟𝑜→∞

  [𝑟𝑜(
‖𝑷𝜃̂𝜒‖

𝑃𝑡̂
)|

(𝑟=𝑟𝑜)

] ,

 

‖𝑷𝜃̂𝜒‖ ≡ √∑  

𝑛−3

𝜒=1

  |𝑃𝜃̂𝜒|
2
= √∑  

𝑛−3

𝜒=1

 (𝑘(𝑟)∏ 

𝜒−1

𝑖=1

  sin2 𝜃𝑖)(𝜃̇𝜒)
2
.  
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X= lim
𝑟𝑜→∞

 

[
 
 
 
 
 

− 𝑟𝑜

(

 
 
 (

1
𝑘(𝑟)∏  𝑛−3

𝑖=1   sin
2 𝜃𝑖

)

1
2

 Ł

(
1
𝑓(𝑟)

)

1
2
|𝑟̇|

)

 
 
 

|

|

(𝑟=𝑟𝑜)]
 
 
 
 
 

 

 = lim
𝑟𝑜→∞

 

[
 
 
 
 
 
 
 
 

− 𝑟𝑜

(

 
 
 
 
 
 

(

 1

√∏  𝑛−3
𝑖=1   sin

2 𝜃𝑖)

 Ł

√
𝑘(𝑟)
ℎ(𝑟)

E2 − (𝒦 + Ł2)

)

 
 
 
 
 
 

|

|

|

(𝑟=𝑟𝑜)]
 
 
 
 
 
 
 
 

 = lim
𝑟𝑜→∞

 

[
 
 
 
 

− 𝑟𝑜

(

 
1

√
𝑘(𝑟)
ℎ(𝑟)

− (𝜂 + 𝜉2)

⋅
𝜉

∏  𝑛−3
𝑖=1  sin 𝜃𝑖

)

 ||

(𝑟=𝑟𝑜)]
 
 
 
 

 = −
1

√£
(

𝜉

∏  𝑛−3
𝑖=1  sin 𝜃𝑖

) ,

 

Y= lim
𝑟𝑜→∞

 

[
 
 
 
 

𝑟𝑜

(

 
√𝑘(𝑟)∑  𝑛−3

𝜒=1  ∏  
𝜒−1
𝑖=1   sin

2 𝜃𝑖(𝜃̇𝜒)
2

E√
1
ℎ(𝑟) )

 ||

(𝑟=𝑟𝑜)]
 
 
 
 

 

 = lim
𝑟𝑜→∞

  [𝑟𝑜 (±√
𝒦 − [∏  𝑛−3

𝑖=1   cot
2 𝜃𝑖 +𝔒(𝜃𝑖)]E

2

E2
⋅ √
ℎ(𝑟)

𝑘(𝑟)
)|

(𝑟=𝑟𝑜)

]

 = lim
𝑟𝑜→∞

 

[
 
 
 
 

𝑟𝑜

(

 ±√𝜂 − 𝜉2 [∏  

𝑛−3

𝑖=1

 cot2 𝜃𝑖 +𝔒(𝜃𝑖)] ⋅ √
ℎ(𝑟)

𝑘(𝑟)

)

 ||

(𝑟=𝑟𝑜)]
 
 
 
 

 = ±
1

√£
√𝜂 − 𝜉2 [∏  

𝑛−3

𝑖=1

  cot2 𝜃𝑖 +𝔒(𝜃𝑖)]

 

X = −
𝜉

√£

Y = ±√
𝜂

£

 

(𝑅𝑠)
2 ≡ X2 + Y2 =

(𝜉2 + 𝜂)

£
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𝑅𝑠= √
(𝑟𝑝)

4
£2

£ℎ(𝑟𝑝) [(𝑟𝑝)
2
£𝑓′(𝑟𝑝) + 2𝑟𝑝£𝑓(𝑟𝑝)]

{𝑓′(𝑟𝑝) − 𝑓(𝑟𝑝) [
ℎ′(𝑟𝑝)

ℎ(𝑟𝑝)
−
4𝑟𝑝£

(𝑟𝑝)
2
£
]} 

 = √
(𝑟𝑝)

3

ℎ(𝑟𝑝)[𝑟𝑝𝑓
′(𝑟𝑝) + 2𝑓(𝑟𝑝)]

{𝑓′(𝑟𝑝) − 𝑓(𝑟𝑝) [
ℎ′(𝑟𝑝)

ℎ(𝑟𝑝)
−
4

𝑟𝑝
]}

 

X= lim
𝑟𝑜→∞

  [− 𝑟𝑜 (
𝑃𝜃̂𝑛−2

𝑃𝑡̂
)|

(𝑟=𝑟𝑜)

]  

 = lim
𝑟𝑜→∞

  [− 𝑟𝑜 (
𝜉

∏  𝑛−3
𝑖=1  sin 𝜃𝑖

⋅ √
ℎ(𝑟)

𝑘(𝑟)
)|

(𝑟=𝑟𝑜)

]

 = −
1

√£
(

𝜉

∏  𝑛−3
𝑖=1  sin 𝜃𝑖

) .

 

 

𝜃g =
G𝑀

𝑐2𝐷
 

𝛿 ≡
𝜃dyn

𝜃g
− 1  

𝜃dyn =
G𝑀dyn

𝑐2𝐷dyn
 

𝜃sh =
𝑟sh
𝐷
,  

𝑟sh =
3√3𝐺𝑀dyn

𝑐2
,  

𝜃sh =
𝑟sh
𝐷dyn

=

(
3√3𝐺𝑀dyn

𝑐2
)

𝐷dyn
= 3√3(

𝐺𝑀dyn

𝑐2𝐷dyn
)

 

𝜃sh = 3√3𝜃dyn  

𝛿 =

(
𝜃sh
3√3

)

𝜃g
− 1  

𝜃sh = 3√3(𝛿 + 1)𝜃g  

𝜃sh =
𝑟sh
𝐷
=

𝑟sh

(
𝐺𝑀
𝑐2𝜃g

)

= 3√3(𝛿 + 1)𝜃g
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𝑟sh = 3√3(𝛿 + 1)𝐺𝑀  

𝑟sh =
√𝑛 − 1

𝑛 − 3
[
16𝜋𝒢𝑀dyn(𝑛 − 1)

2(𝑛 − 2)Σ(𝑛−2)
]

2
𝑛−3

 

𝜃sh=
𝑟sh
𝐷dyn

 

 = {(
𝑛 − 1

𝑛 − 3
)

1
2
[
16𝜋(𝑛 − 1)

2(𝑛 − 2)Σ(𝑛−2)
]

1
𝑛−3

⋅ (𝒢𝑀dyn)
1
𝑛−3} ⋅

1

𝐷dyn

 

ℭ(𝑛) ≡ (
𝑛 − 1

𝑛 − 3
)

1
2
[
16𝜋(𝑛 − 1)

2(𝑛 − 2)Σ(𝑛−2)
]

1
𝑛−3

 

𝜃sh= ℭ(𝑛) ⋅ (𝒢𝑀dyn)
1
𝑛−3 ⋅

1

𝐷dyn
 

 = ℭ(𝑛) ⋅ (𝒢𝑀dyn)
1
𝑛−3−1 ⋅ (

𝒢𝑀dyn

𝐷dyn
)

 = ℭ(𝑛) ⋅ (𝒢𝑀dyn)
1
𝑛−3

−1
⋅ 𝜃dyn

 

𝛿 =

[
𝜃sh

ℭ(𝑛) ⋅ (𝒢𝑀dyn)
1
𝑛−3

−1
]

𝜃g
− 1

 

𝜃sh = [ℭ(𝑛) ⋅ (𝒢𝑀dyn)
1
𝑛−3

−1
] (𝛿 + 1)𝜃g  

𝜃sh =
𝑟sh
𝐷
=

𝑟sh

(
𝒢𝑀
𝜃g
)
= [ℭ(𝑛) ⋅ (𝒢𝑀dyn)

1
𝑛−3−1] (𝛿 + 1)𝜃g  

𝑟sh = [ℭ(𝑛) ⋅ (𝒢)
1
𝑛−3 ⋅ (𝑀dyn)

1
𝑛−3

−1
] (𝛿 + 1)𝑀  

𝐺 =
𝒢

𝒱(𝑛−4)
 

𝒢 = 𝐺(2𝜋ℛ)𝑛−4,  

𝑟sh = [ℭ(𝑛) ⋅ (𝐺)
1
𝑛−3 ⋅ (

𝑀dyn

2𝜋ℛ
)

1
𝑛−3

−1

] (𝛿 + 1)𝑀  

𝑟sh = [ℭ(𝑛) ⋅ (𝐺)
1
𝑛−3] (𝛿 + 1)𝑀  
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𝒮(0) = ∫  d𝑛𝑥√−𝑔 [−
1

2
(∇Φ)2 −

1

2
𝑚2Φ2]  

Φ(𝑥) =∑  

ℓ,𝐦

 
Ψℓ,𝐦
(0)
(𝑡, 𝑟)

𝑟(𝑛−2)/2
𝑌ℓ,𝐦(𝜃)  

𝒮(0)  = ∑  

ℓ,𝐦

 𝒮ℓ,𝐦
(0)

𝒮ℓ,𝐦
(0)
 = ∫  d2𝑥√−𝑔(2) [−

1

2
𝐷𝑎Ψ‾ ℓ,𝐦

(0)
𝐷𝑎Ψℓ,𝐦

(0)
−
1

2𝑓𝑡
𝑉ℓ
(0)
(𝑟) |Ψℓ,𝐦

(0)
|
2
]

 

𝑉ℓ
(0)
(𝑟) ≡ 𝑓𝑡 {

ℓ(ℓ + 𝑛 − 3)

𝑟2
+
(𝑛 − 2)(𝑛 − 4)

4𝑟2
𝑓𝑟 +

𝑛 − 2

2𝑟
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
] + 𝑚2} .  

d𝑟∗ = d𝑟/√𝑓𝑡𝑓𝑟 

𝒮ℓ,𝐦
(0)
= ∫  d𝑡 d𝑟∗ [

1

2
|𝜕𝑡Ψℓ,𝐦

(0)
|
2
−
1

2
|𝜕𝑟∗Ψℓ,𝐦

(0)
|
2
−
1

2
𝑉ℓ
(0)
(𝑟) |Ψℓ,𝐦

(0)
|
2
] ,  

[𝜕𝑟∗
2 − 𝜕𝑡

2 − 𝑉ℓ
(0)
(𝑟)]Ψℓ,𝐦

(0)
(𝑟∗) = 0  

𝒮(1)  = ∫  d𝑛𝑥√−𝑔 [−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈]

𝐹𝜇𝜈  = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇

 

𝐴𝜇(𝑥) = (
𝐴𝑎(𝑥)

𝐷𝐴𝐴
(L)(𝑥) + 𝐴𝐴

(T)
(𝑥)
) .  

𝛿Λ𝐴𝑎= 𝜕𝑎Λ, 

𝛿Λ𝐴
(L) = Λ,

𝛿Λ𝐴𝐴
(T)
 = 0.

 

𝒜𝑎 = 𝐴𝑎 − 𝐷𝑎𝐴
(L)  

𝐹𝑎𝑏= 𝐷𝑎𝒜𝑏 − 𝐷𝑏𝒜𝑎  

𝐹𝑎𝐴 = 𝐷𝑎𝐴𝐴
(T)
− 𝐷𝐴𝒜𝑎

𝐹𝐴𝐵  = 𝐷𝐴𝐴𝐵
(T)
− 𝐷𝐵𝐴𝐴

(T)

 

𝒜𝑎(𝑥)  =∑  

ℓ,𝐦

 𝒜ℓ,𝐦
𝑎 (𝑡, 𝑟)𝒴ℓ,𝐦(𝜃)

𝐴𝐴
(T)
(𝑥)  =∑  

ℓ,𝐦

 𝐴ℓ,𝐦
(V)
(𝑡, 𝑟)𝒴𝐴;ℓ,𝐦

(T)
(𝜃)
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𝒮(1)=∑ 

ℓ,𝐦

  (𝒮ℓ,𝐦
(V)
+ 𝒮ℓ,𝐦

(S)
)  

𝒮ℓ,𝐦
(V)
 = ∫  d2𝑥√−𝑔(2)𝑟𝑛−4 [−

1

2
𝐷𝑎𝐴‾ℓ,𝐦

(V)
𝐷𝑎𝐴ℓ,𝐦

(V)
−
1

2

(ℓ + 1)(ℓ + 𝑛 − 4)

𝑟2
|𝐴ℓ,𝐦
(V)
|
2
]

𝒮ℓ,𝐦
(S)
 = ∫  d2𝑥√−𝑔(2)𝑟𝑛−2 [−

1

4
ϝ‾𝑎𝑏;ℓ,𝐦ϝℓ,𝐦

𝑎𝑏 −
1

2

ℓ(ℓ + 𝑛 − 3)

𝑟2
𝒜𝑎;ℓ,𝐦𝒜ℓ,𝐦

𝑎 ]

 

ϝℓ,𝐦
𝑎𝑏 ≡ 𝐷𝑎𝒜ℓ,𝐦

𝑏 − 𝐷𝑏𝒜ℓ,𝐦
𝑎  

𝐴ℓ,𝐦
(V)
(𝑡, 𝑟) =

Ψℓ,𝐦
(V)
(𝑡, 𝑟)

𝑟(𝑛−4)/2
 

𝒮ℓ,𝐦
(V)
= ∫  d2𝑥√−𝑔(2) [−

1

2
𝐷𝑎Ψ‾ ℓ,𝐦

(V)
𝐷𝑎Ψℓ,𝐦

(V)
−
1

2𝑓𝑡
𝑉ℓ
(V)
(𝑟) |Ψℓ,𝐦

(V)
|
2
]  

𝑉ℓ
(V)
(𝑟) ≡ 𝑓𝑡 {

(ℓ + 1)(ℓ + 𝑛 − 4)

𝑟2
+
(𝑛 − 4)(𝑛 − 6)

4𝑟2
𝑓𝑟 +

𝑛 − 4

2𝑟
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]}  

𝒮ℓ,𝐦
(V)
= ∫  d𝑡 d𝑟∗ [

1

2
|𝜕𝑡Ψℓ,𝐦

(V)
|
2
−
1

2
|𝜕𝑟∗Ψℓ,𝐦

(V)
|
2
−
1

2
𝑉ℓ
(V)
(𝑟) |Ψℓ,𝐦

(V)
|
2
]  

[𝜕𝑟∗
2 − 𝜕𝑡

2 − 𝑉ℓ
(V)
(𝑟)]Ψℓ,𝐦

(V)(𝑟∗) = 0  

𝒮̃ℓ,𝐦
(S)
=∫  d2𝑥√−𝑔(2) [

1

2
√ℓ(ℓ + 𝑛 − 3)𝑟

(𝑛−4)
2 Re {Ψ‾ ℓ,𝐦

(S)
𝜀𝑎𝑏𝐹ℓ,𝐦

𝑎𝑏 } 

−
1

2

ℓ(ℓ + 𝑛 − 3)

𝑟2
(|Ψℓ,𝐦

(S)
|
2
+ 𝑟𝑛−2𝒜𝑎;ℓ,𝐦𝒜ℓ,𝐦

𝑎 )] .

 

Ψℓ,𝐦
(S)
=
1

2

𝑟
𝑛
2

√ℓ(ℓ + 𝑛 − 3)
𝜀𝑎𝑏ϝℓ,𝐦

𝑎𝑏  

𝒜ℓ,𝐦
𝑎 =

𝑟−
(𝑛−4)
2

√ℓ(ℓ + 𝑛 − 3)
{𝜀𝑎𝑏𝐷𝑏 − 𝑡

𝑎
𝑛 − 4

2𝑟
√
𝑓𝑟
𝑓𝑡
}Ψℓ,𝐦

(S)
 

𝒮̃ℓ,𝐦
(S)
= ∫  d2𝑥√−𝑔(2) [−

1

2
𝐷𝑎Ψ‾ ℓ,𝐦

(S)
𝐷𝑎Ψℓ,𝐦

(S)
−
1

2𝑓𝑡
𝑉ℓ
(S)
(𝑟) |Ψℓ,𝐦

(S)
|
2
] 

 = ∫  d𝑡 d𝑟∗ [
1

2
|𝜕𝑡Ψℓ,𝐦

(S)
|
2
−
1

2
|𝜕𝑟∗Ψℓ,𝐦

(S)
|
2
−
1

2
𝑉ℓ
(S)
(𝑟) |Ψℓ,𝐦

(S)
|
2
]

 

[𝜕𝑟∗
2 − 𝜕𝑡

2 − 𝑉ℓ
(S)
(𝑟)]Ψℓ,𝐦

(S)(𝑟∗) = 0,  

𝑉ℓ
(S)
(𝑟) ≡ 𝑓𝑡 {

ℓ(ℓ + 𝑛 − 3)

𝑟2
+
(𝑛 − 2)(𝑛 − 4)

4𝑟2
𝑓𝑟 −

𝑛 − 4

2𝑟
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]}  

𝔸(𝑝) =
1

𝑝!
𝐴𝜇1𝜇2⋯𝜇𝑝  d𝑥𝜇1 ∧  d𝑥𝜇2 ∧⋯∧  d𝑥𝜇𝑝  
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𝒮(𝑝) = −
1

2
∫  𝔽(𝑝+1) ∧⋆ 𝔽(𝑝+1)  

𝐹𝜇1𝜇2⋯𝜇𝑝+1 = (𝑝 + 1)𝜕[𝜇1𝐴𝜇2⋯𝜇𝑝+1]  

𝒮(𝑝) = −
1

2(𝑝 + 1)!
∫  d𝑛𝑥√−𝑔𝐹𝜇1𝜇2⋯𝜇𝑝+1𝐹

𝜇1𝜇2⋯𝜇𝑝+1  

𝔸̂(𝑝) =
1

𝑝!
𝐴𝐴1𝐴2⋯𝐴𝑝𝒟

𝐴1𝐴2⋯𝐴𝑝 ,  

𝒟𝐴1𝐴2⋯𝐴𝑝 ≡  d𝑥𝐴1 ∧  d𝑥𝐴2 ∧ ⋯∧  d𝑥𝐴𝑝  

𝔸(𝑝) =
1

2

1

(𝑝 − 2)!
𝐴𝑎𝑏𝐴1⋯𝐴𝑝−2 d𝑥𝑎 ∧  d𝑥𝑏 ∧ 𝒟𝐴1⋯𝐴𝑝−2

 +
1

(𝑝 − 1)!
𝐴𝑎𝐴1⋯𝐴𝑝−1 d𝑥𝑎 ∧ 𝒟𝐴1⋯𝐴𝑝−1

 +
1

𝑝!
𝐴𝐴1⋯𝐴𝑝𝒟

𝐴1⋯𝐴𝑝

 

(𝑇𝑎𝑏)𝐴1⋯𝐴𝑝−2≡ 𝐴𝑎𝑏𝐴1⋯𝐴𝑝−2  

(𝑉𝑎)𝐴1⋯𝐴𝑝−1  ≡ 𝐴𝑎𝐴1⋯𝐴𝑝−1
𝑋𝐴1⋯𝐴𝑝  ≡ 𝐴𝐴1⋯𝐴𝑝

 

𝔸(𝑝) =
1

2
 d𝑥𝑎 ∧  d𝑥𝑏 ∧ 𝕋̂𝑎𝑏

(𝑝−2)
+ d𝑥𝑎 ∧ 𝕍̂𝑎

(𝑝−1)
+ 𝕏̂(𝑝)  

𝔸̂(𝑝)= d̂𝔸̂(𝑝−1) + 𝒜̂(𝑝)  

 = d̂( d̂𝔸̂(𝑝−2) + 𝒜̂(𝑝−1)) + 𝒜̂(𝑝)

 = d̂𝒜̂(𝑝−1) + 𝒜̂(𝑝),

 

𝐷𝐴1𝒜𝐴1𝐴2⋯𝐴𝑝+1 = 0  

𝔸(𝑝) =
1

2
 d𝑥𝑎 ∧  d𝑥𝑏 ∧ ( d̂𝒯̂𝑎𝑏

(𝑝−3)
+ 𝒯̂𝑎𝑏

(𝑝−2)
)

 +d𝑥𝑎 ∧ ( d̂𝒱̂𝑎
(𝑝−2)

+ 𝒱̂𝑎
(𝑝−1)

)

 +(d̂𝒳̂(𝑝−1) + 𝒳̂(𝑝)),

 

dΛ(𝑝−1) =𝛿Λ𝔸
(𝑝)

=
1

2
 d𝑥𝑎 ∧  d𝑥𝑏 ∧ ( d̂Λ̂𝑎𝑏

(𝑝−3)
+ 2𝐷[𝑎Λ̂𝑏]

(𝑝−2)
)

 +d𝑥𝑎 ∧ (−d̂Λ̂𝑎
(𝑝−2)

+ 𝐷𝑎Λ̂
(𝑝−1))

 +d̂Λ̂(𝑝−1)

 

𝛿Λ𝒯̂𝑎𝑏
(𝑝−3)

= Λ̂𝑎𝑏
(𝑝−3)

, 𝛿Λ𝒯̂𝑎𝑏
(𝑝−2)

= 2𝐷[𝑎Λ̂𝑏]
(𝑝−2)

𝛿Λ𝒱̂𝑎
(𝑝−2)

= −Λ̂𝑎
(𝑝−2)

, 𝛿Λ𝒱̂𝑎
(𝑝−1)

= 𝐷𝑎Λ̂
(𝑝−1)

𝛿Λ𝒳̂
(𝑝−1) = Λ̂(𝑝−1), 𝛿Λ𝒳̂

(𝑝) = 0
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ℋ̂𝑎𝑏
(𝑝−2)

= 𝒯̂𝑎𝑏
(𝑝−2)

+ 2𝐷[𝑎𝒱̂𝑏]
(𝑝−2)

𝒜̂𝑎
(𝑝−1)

= 𝒱̂𝑎
(𝑝−1)

− 𝐷𝑎𝒳̂
(𝑝−1)

 

𝔽(𝑝+1) =
1

2
 d𝑥𝑎 ∧  d𝑥𝑏 ∧ (2𝐷[𝑎𝒜̂𝑏]

(𝑝−1)
+ (𝑝 − 2)! d̂ℋ̂𝑎𝑏

(𝑝−2)
)

 +d𝑥𝑎 ∧ (𝐷𝑎𝒳̂
(𝑝) − d̂𝒜̂𝑎

(𝑝−1)
)

 +d̂𝒳̂(𝑝)

 

(ℋ𝑎𝑏)
𝐴1⋯𝐴𝑝−2

(𝑥)=∑  

ℓ,𝐦

 ℋℓ,𝐦
𝑎𝑏 (𝑡, 𝑟)𝔜

ℓ,𝐦

(T))𝐴1⋯𝐴𝑝−2(𝜃)  

(𝒜𝑎)𝐴1⋯𝐴𝑝−1(𝑥) =∑  

ℓ,𝐦

 𝒜ℓ,𝐦
𝑎 (𝑡, 𝑟)𝔜

ℓ,𝐦

(T))𝐴1⋯𝐴𝑝−1(𝜃)

𝒳𝐴1⋯𝐴𝑝(𝑥) =∑  

ℓ,𝐦

 𝒳ℓ,𝐦(𝑡, 𝑟)𝔜ℓ,𝐦
(T))𝐴1⋯𝐴𝑝(𝜃)

 

𝔜̂ℓ,𝐦
(T)(𝑝)

=
1

𝑝!
𝔜𝐴1⋯𝐴𝑝;ℓ,𝐦
(T)

𝒟𝐴1⋯𝐴𝑝 ,  

Δ̂𝔜̂ℓ,𝐦
(T)(𝑝)

= 𝜆𝑝𝔜̂ℓ,𝐦
(T)(𝑝)

𝛿̂Λ𝔜̂ℓ,𝐦
(T)(𝑝)

= 0
 

Δ̂ ≡ 𝛿̂d̂ + d̂𝛿̂ 

𝜆𝑝 ≡ (ℓ + 𝑝)(ℓ + 𝑛 − 𝑝 − 3) 

𝛿̂d̂𝔜̂ℓ,𝐦
(T)(𝑝)

= 𝜆𝑝𝔜̂ℓ,𝐦
(T)(𝑝)

 

Δ̃𝔜𝐴1⋯𝐴𝑝;ℓ,𝐦
(T)

= −𝛾𝑝𝔜𝐴1⋯𝐴𝑝;ℓ,𝐦
(T)

 

Δ̃𝔜𝐴1⋯𝐴𝑝;ℓ,𝐦
(T)

= 𝔜⋆𝐴1⋯𝐴𝑝;ℓ,𝐦 ∷ ∎
𝜂 

𝛾𝑝 = ℓ(ℓ + 𝑛 − 3) − 𝑝 

𝒮(𝑝) =∑ 

ℓ,𝐦

 (𝒮ℓ,𝐦
(𝑝)
+ 𝒮ℓ,𝐦

(𝑝−1)
+ 𝒮ℓ,𝐦

(𝑝−2)
) ,

𝒮ℓ,𝐦
(𝑝)
=∫  d2𝑥√−𝑔(2)𝑟𝑛−2𝑝−2 [−

1

2𝑝!
𝐷𝑎𝒳ℓ,𝐦𝐷

𝑎𝒳ℓ,𝐦 −
1

2𝑝!

(ℓ + 𝑝)(ℓ + 𝑛 − 𝑝 − 3)

𝑟2
|𝒳ℓ,𝐦|

2
] ,

𝒮ℓ,𝐦
(𝑝−1)

=∫  d2𝑥√−𝑔(2)𝑟𝑛−2𝑝 [−
1

4(𝑝 − 1)!
𝔉𝑎𝑏;ℓ,𝐦𝔉ℓ,𝐦

𝑎𝑏  

−
1

2(𝑝 − 1)!

(ℓ + 𝑝 − 1)(ℓ + 𝑛 − 𝑝 − 2)

𝑟2
𝒜𝑎;ℓ,𝐦𝒜ℓ,𝐦

𝑎 ] ,

𝒮ℓ,𝐦
(𝑝−2)

= ∫  d2𝑥√−𝑔(2)𝑟𝑛−2𝑝+2 [−
(𝑝 − 2)!

4

(ℓ + 𝑝 − 2)(ℓ + 𝑛 − 𝑝 − 1)

𝑟2
ℋ𝑎𝑏;ℓ,𝐦ℋℓ,𝐦

𝑎𝑏 ] ,

 

𝔉ℓ,𝐦
𝑎𝑏 ≡ 𝐷𝑎𝒜ℓ,𝐦

𝑏 − 𝐷𝑏𝒜ℓ,𝐦
𝑎 .  
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𝒳ℓ,𝐦(𝑡, 𝑟) = √𝑝!
Ψℓ,𝐦
(𝑝)
(𝑡, 𝑟)

𝑟(𝑛−2𝑝−2)/2
,  

𝒮ℓ,𝐦
(𝑝)
= ∫  d2𝑥√−𝑔(2) [−

1

2
𝐷𝑎Ψ‾ ℓ,𝐦

(𝑝)
𝐷𝑎Ψℓ,𝐦

(𝑝)
−
1

2𝑓𝑡
𝑉ℓ
(𝑝)
(𝑟) |Ψℓ,𝐦

(𝑝)
|
2
]  

𝑉ℓ
(𝑝)
(𝑟) ≡𝑓𝑡 {

(ℓ + 𝑝)(ℓ + 𝑛 − 𝑝 − 3)

𝑟2
+
(𝑛 − 2𝑝 − 2)(𝑛 − 2𝑝 − 4)

4𝑟2
𝑓𝑟

+
𝑛 − 2𝑝 − 2

2𝑟
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]} .

 

𝒮̃ℓ,𝐦
(𝑝−1)

= ∫  d2𝑥√−𝑔(2) [
1

2
√
(ℓ + 𝑝 − 1)(ℓ + 𝑛 − 𝑝 − 2)

(𝑝 − 1)!
𝑟
(𝑛−2𝑝−2)

2 Re {Ψ‾ ℓ,𝐦
(𝑝̃)
𝜀𝑎𝑏𝔉ℓ,𝐦

𝑎𝑏 }

−
1

2

(ℓ + 𝑝 − 1)(ℓ + 𝑛 − 𝑝 − 2)

𝑟2
(|Ψℓ,𝐦

(𝑝̃)
|
2
+
𝑟𝑛−2𝑝

(𝑝 − 1)!
𝒜𝑎;ℓ,𝐦𝒜ℓ,𝐦

𝑎 )] ,

 

Ψℓ,𝐦
(𝑝̃)
=
1

2

𝑟
(𝑛−2𝑝+2)

2

√(𝑝 − 1)! (ℓ + 𝑝 − 1)(ℓ + 𝑛 − 𝑝 − 2)
𝜀𝑎𝑏𝔉ℓ,𝐦

𝑎𝑏  

𝒜ℓ,𝐦
𝑎 = √

(𝑝 − 1)!

(ℓ + 𝑝 − 1)(ℓ + 𝑛 − 𝑝 − 2)
𝑟−
(𝑛−2𝑝−2)

2 {𝜀𝑎𝑏𝐷𝑏 − 𝑡
𝑎
𝑛 − 2𝑝 − 2

2𝑟
√
𝑓𝑟
𝑓𝑡
}Ψℓ,𝐦

(𝑝̃)
 

𝒮̃ℓ,𝐦
(𝑝−1)

= ∫  d2𝑥√−𝑔(2) [−
1

2
𝐷𝑎Ψ‾ ℓ,𝐦

(𝑝̃)
𝐷𝑎Ψℓ,𝐦

(𝑝̃)
−
1

2𝑓𝑡
𝑉ℓ
(𝑝̃)
(𝑟) |Ψℓ,𝐦

(𝑝̃)
|
2
]  

𝑉ℓ
(𝑝̃)
(𝑟) ≡𝑓𝑡 {

(ℓ + 𝑝 − 1)(ℓ + 𝑛 − 𝑝 − 2)

𝑟2
+
(𝑛 − 2𝑝)(𝑛 − 2𝑝 − 2)

4𝑟2
𝑓𝑟

−
(𝑛 − 2𝑝 − 2)

2𝑟
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]} .

 

𝑉ℓ
(𝜘)
(𝑟) ≡𝑓𝑡 {

(ℓ + 𝜘)(ℓ + 𝑛 − 𝜘 − 3)

𝑟2
+
(𝑛 − 2𝜘 − 2)(𝑛 − 2𝜘 − 4)

4𝑟2
𝑓𝑟

+
𝑛 − 2𝜘 − 2

2𝑟
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]} .

 

𝑉ℓ
(𝜘)
(𝑟) ⇒

{
  
 

  
 𝑉ℓ

(0)
(𝑟), 𝜘 = 0;

𝑉ℓ
(V)
(𝑟), 𝜘 = 1;

𝑉ℓ
(S)
(𝑟), 𝜘 = 𝑛 − 3;

𝑉ℓ
(𝑝)
(𝑟), 𝜘 = 𝑝;

𝑉ℓ
(𝑝̃)
(𝑟), 𝜘 = 𝑝̃ = 𝑛 − 𝑝 − 2.

 

ℎ𝑎𝑏(𝑥)= 𝐻𝑎𝑏(𝑥)  

ℎ𝑎𝐴(𝑥) = 𝐷𝐴𝐻𝑎
(S)
(𝑥) + ℎ𝑎𝐴

(V)
(𝑥)

ℎ𝐴𝐵(𝑥) = 𝑟
2 [𝐾(𝑥)Ω𝐴𝐵 + 𝐷⟨𝐴𝐷𝐵⟩𝐺(𝑥) + 𝐷(𝐴ℎ𝐵)

(V)
(𝑥) + ℎ𝐴𝐵

(TT)
(𝑥)]
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𝐻𝑎𝑏(𝑥), 𝐻𝑎
(L)
(𝑥), 𝐾(𝑥), 𝐺(𝑥).  

ℎ𝑎𝐴
(V)
(𝑥), ℎ𝐴

(V)
(𝑥);  

𝐷𝐴ℎ𝑎𝐴
(V)
(𝑥) = 0

𝐷𝐴ℎ𝐴
(V)
(𝑥) = 0

 

ℎ𝐴𝐵
(TT)

(𝑥);  

𝐷𝐴ℎ𝐴𝐵
(TT)

(𝑥) = 0,

Ω𝐴𝐵ℎ𝐴𝐵
(TT)

(𝑥) = 0.
 

𝛿𝜉ℎ𝜇𝜈 = ∇𝜇𝜉𝜈 + ∇𝜈𝜉𝜇  

𝜉𝑎(𝑥) = 𝐷𝛼𝜉
(S)(𝑥) + 𝜉𝛼

(V)
(𝑥)

𝜉𝐴(𝑥) = 𝐷𝐴𝜉
(S)(𝑥) + 𝜉𝐴

(V)
(𝑥)

 

𝛿𝜉𝐻𝑎𝑏= 𝐷𝑎𝜉𝑏 + 𝐷𝑏𝜉𝑎  

𝛿𝜉𝐻𝑎
(S)
= 𝜉𝑎 +𝐷𝑎𝜉

(S) −
2

𝑟
𝑟𝑎𝜉

(S)  

𝛿𝜉𝐾=
2

𝑟
𝑟𝑎𝜉𝑎 +

2

𝑛 − 2

1

𝑟2
𝐷𝐴𝐷

𝐴𝜉(S) 

𝛿𝜉𝐺 =
2

𝑟2
𝜉(S)

𝛿𝜉ℎ𝑎𝐴
(V)
 = 𝐷𝑎𝜉𝐴

(V)
−
2

𝑟
𝑟𝑎𝜉𝐴

(V)

𝛿𝜉ℎ𝐴
(V)
 =
2

𝑟2
𝜉𝐴
(V)

𝛿𝜉ℎ𝐴𝐵
(TT)

 = 0

 

ℎ𝐴𝐵
(TT)

⊗∮𝔡4𝔖𝑔𝑟𝑎𝑣𝑖𝑡𝑦  

ℋ𝑎𝐴
(V)
= ℎ𝑎𝐴

(V)
−
1

2
𝑟2𝐷𝑎ℎ𝐴

(V)  

ℋ𝑎𝑏= 𝐻𝑎𝑏 − 2𝐷(𝑎𝐻𝑏)
(S)
+ 𝐷(𝑎(𝑟

2𝐷𝑏)𝐺)  

𝒦 = 𝐾 −
1

𝑛 − 2
𝐷𝐴𝐷

𝐴𝐺 + 𝑟𝑟𝑎𝐷𝑎𝐺 −
2

𝑟
𝑟𝑎𝐻𝑎

(S)
 

ℋ𝑎𝑏(𝑥)=∑  

ℓ,𝐦

 ℋ𝑎𝑏;ℓ,𝐦(𝑡, 𝑟)𝒴ℓ,𝐦(𝜃)  

𝒦(𝑥) =∑  

ℓ,𝐦

 𝒦ℓ,𝐦(𝑡, 𝑟)𝒴ℓ,𝐦(𝜃)

ℋ𝑎𝐴
(V)
(𝑥) =∑  

ℓ,𝐦

 ℋ𝑎;ℓ,𝐦(𝑡, 𝑟)𝒴𝐴;ℓ,𝐦
(T)

(𝜃)

ℎ𝐴𝐵
(TT)

(𝑥) =∑  

ℓ,𝐦

 ℎℓ,𝐦
(T)
(𝑡, 𝑟)𝒴𝐴𝐵;ℓ,𝐦

(TT)
(𝜃)
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𝒮(gr ) = ∫  d𝑛𝑥√−𝑔 [−
1

2
∇𝜌ℎ𝜇𝜈∇

𝜌ℎ𝜇𝜈 + ∇𝜌ℎ𝜇𝜈∇
𝜈ℎ𝜇𝜌 − ∇𝜇ℎ∇𝜈ℎ

𝜇𝜈 +
1

2
∇𝜇ℎ∇

𝜇ℎ]  

𝑔𝜇𝜈
full = 𝑔𝜇𝜈 +√32𝜋𝒢ℎ𝜇𝜈 

𝒮(gr) =∑ 

ℓ,𝐦

 (𝒮ℓ,𝐦
(T)
+ 𝒮ℓ,𝐦

(RW)
+ 𝒮ℓ,𝐦

(Z)
)  

𝒮ℓ,𝐦
(T)
=∫  d2𝑥√−𝑔(2)𝑟𝑛−2 [−

1

2
𝐷𝑎ℎ‾ℓ,𝐦

(T)
𝐷𝑎ℎℓ,𝐦

(T)
−
1

𝑟
𝑟𝑎𝐷𝑎 |ℎℓ,𝐦

(T)
|
2

 

−
1

2

ℓ(ℓ + 𝑛 − 3) + 2(𝑛 − 3)

𝑟2
|ℎℓ,𝐦
(T)
|
2
]

𝒮ℓ,𝐦
(RW)

=∫  d2𝑥√−𝑔(2)2𝑟𝑛−4 [−
1

4
ℱ𝑎𝑏;ℓ,𝐦ℱℓ,𝐦

𝑎𝑏 −
2

𝑟
𝑟𝑎Re {ℋℓ,𝐦

𝑏
𝐷𝑏ℋℓ,𝐦

𝑎 }  

−
1

2
(
(ℓ + 1)(ℓ + 𝑛 − 4)

𝑟2
ℋ𝑎;ℓ,𝐦ℋℓ,𝐦

𝑎 − 4|𝑟𝑎ℋℓ,𝐦
𝑎 |

2
)]

𝒮ℓ,𝐦
(Z)
= ∫  d2𝑥√−𝑔(2)𝑟𝑛−2 [−

1

2
𝐷𝑐ℋ𝑎𝑏;ℓ,𝐦𝐷

𝑐ℋℓ,𝐦
𝑎𝑏 + 𝐷𝑐ℋ𝑎𝑏;ℓ,𝐦𝐷

𝑏ℋℓ,𝐦
𝑎𝑐

 −Re{𝐷𝑎ℋℓ,𝐦𝐷𝑏ℋℓ,𝐦
𝑎𝑏 }

 +
1

2
𝐷𝑎ℋℓ,𝐦𝐷

𝑎ℋℓ,𝐦 +
(𝑛 − 2)(𝑛 − 3)

2
𝐷𝑎𝒦ℓ,𝐦𝐷

𝑎𝒦ℓ,𝐦

 −(𝑛 − 2)Re{𝐷𝑎𝒦ℓ,𝐦(𝐷𝑏ℋℓ,𝐦
𝑎𝑏 −𝐷𝑎ℋℓ,𝐦)}

 −
𝑛 − 2

𝑟
Re{(𝐷𝑎ℋℓ,𝐦 + (𝑛 − 4)𝐷𝑎𝒦ℓ,𝐦)(𝑟𝑏ℋℓ,𝐦

𝑎𝑏 − 𝑟𝑎𝒦ℓ,𝐦)}

 −
1

2

ℓ(ℓ + 𝑛 − 3)

𝑟2
(ℋ𝑎𝑏;ℓ,𝐦ℋℓ,𝐦

𝑎𝑏 − |ℋℓ,𝐦|
2
− (𝑛 − 3)(𝑛 − 4)|𝒦ℓ,𝐦|

2

−2(𝑛 − 3)Re{ℋℓ,𝐦𝒦ℓ,𝐦})],

 

ℱℓ,𝐦
𝑎𝑏  ≡ 𝐷𝑎ℋℓ,𝐦

𝑏 − 𝐷𝑏ℋℓ,𝐦
𝑎

ℋℓ,𝐦  ≡ 𝑔𝑎𝑏ℋℓ,𝐦
𝑎𝑏  

ℎℓ,𝐦
(T)

=
Ψℓ,𝐦
(T)

𝑟(𝑛−2)/2
 

𝒮ℓ,𝐦
(T)
= ∫  d2𝑥√−𝑔(2) [−

1

2
𝐷𝑎Ψ‾ ℓ,𝐦

(T)
𝐷𝑎Ψℓ,𝐦

(T)
−
1

2𝑓𝑡
𝑉ℓ
(T)
(𝑟) |Ψℓ,𝐦

(T)
|
2
] 

 = ∫  d𝑡 d𝑟∗ [
1

2
|𝜕𝑡Ψℓ,𝐦

(T)
|
2
−
1

2
|𝜕𝑟∗Ψℓ,𝐦

(T)
|
2
−
1

2
𝑉ℓ
(T)
(𝑟) |Ψℓ,𝐦

(T)
|
2
]

 

𝑉ℓ
(T)
(𝑟) ≡ 𝑓𝑡 {

ℓ(ℓ + 𝑛 − 3) + 2(𝑛 − 3)

𝑟2
+
𝑛2 − 14𝑛 + 32

4𝑟2
𝑓𝑟 +

𝑛 − 6

2𝑟
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]}  

𝒮̃ℓ,𝐦
(RW)

= ∫  d2𝑥√−𝑔(2) [√
𝔽ℓ(𝑟)

2
𝑟
(𝑛−6)
2 Re{Ψ‾ ℓ,𝐦

(RW)
(𝜀𝑎𝑏ℱℓ,𝐦

𝑎𝑏 −
4

𝑟
√
𝑓𝑟
𝑓𝑡
𝑡𝑎ℋℓ,𝐦

𝑎 )}

−
1

2

𝔽ℓ(𝑟)

𝑟2
(|Ψℓ,𝐦

(RW)
|
2
+ 2𝑟𝑛−4ℋ𝑎;ℓ,𝐦ℋℓ,𝐦

𝑎 )]

 

𝔽ℓ(𝑟) ≡ (ℓ + 1)(ℓ + 𝑛 − 4) − 2(𝑛 − 3)𝑟𝑎𝑟
𝑎 − 2𝑟𝐷𝑎𝑟

𝑎  
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Ψℓ,𝐦
(RW)

=
𝑟
(𝑛−2)
2

√2𝔽ℓ(𝑟)
(𝜀𝑎𝑏ℱℓ,𝐦

𝑎𝑏 −
4

𝑟
√
𝑓𝑟
𝑓𝑡
𝑡𝑎ℋℓ,𝐦

𝑎 )  

ℋℓ,𝐦
𝑎 =

𝑟−
(𝑛−6)
2

√2𝔽ℓ(𝑟)
{𝜀𝑎𝑏𝐷𝑏 − 𝑡

𝑎 [
𝑛 − 2

2𝑟
+
𝔽ℓ
′ (𝑟)

2𝔽ℓ(𝑟)
]√
𝑓𝑟
𝑓𝑡
}Ψℓ,𝐦

(RW)
 

𝒮̃ℓ,𝐦
(RW)

= ∫  d2𝑥√−𝑔(2) [−
1

2
𝐷𝑎Ψ‾ ℓ,𝐦

(RW)
𝐷𝑎Ψℓ,𝐦

(RW)
−
1

2𝑓𝑡
𝑉ℓ
(RW)

(𝑟) |Ψℓ,𝐦
(RW)

|
2
] 

 = ∫  d𝑡 d𝑟∗ [
1

2
|𝜕𝑡Ψℓ,𝐦

(RW)
|
2
−
1

2
|𝜕𝑟∗Ψℓ,𝐦

(RW)
|
2
−
1

2
𝑉ℓ
(RW)

(𝑟) |Ψℓ,𝐦
(RW

|
2
]

 

𝑉ℓ
(RW)

(𝑟) ≡𝑓𝑡 {
(ℓ + 1)(ℓ + 𝑛 − 4)

𝑟2
+
(𝑛 − 4)(𝑛 − 6)

4𝑟2
𝑓𝑟 −

𝑛 + 2

2𝑟
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]

+ [
𝔽ℓ
′

2𝔽ℓ
(
𝑛 − 4

𝑟
+
𝔽ℓ
′

2𝔽ℓ
) − (

𝔽ℓ
′

2𝔽ℓ
)

′

] 𝑓𝑟 −
𝔽ℓ
′

2𝔽ℓ
[
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]}

 

𝔽ℓ(𝑟) ≡ (ℓ + 1)(ℓ + 𝑛 − 4) − 2(𝑛 − 3)𝑓𝑟 − 2𝑟 [
(𝑓𝑡𝑓𝑟)

′

2𝑓𝑡
]  

𝑉ℓ
(Z)
(𝑟) ≡ {

ℓ(ℓ + 𝑛 − 3)

𝑟2
+
(𝑛 − 2)(𝑛 − 4)

4𝑟2
f(𝑟) +

𝑛 − 2

2𝑟
f ′(𝑟)} f(𝑟)

 − {
2f ′(𝑟)

𝑟

[2𝜆ℓ + (𝑛 − 1)(𝑛 − 2)][Hℓ(𝑟) + 2(𝑛 − 3)𝜆ℓ]

Hℓ
2(𝑟)

} f(𝑟)
 

Hℓ(𝑟) = 2ℓ(ℓ + 𝑛 − 3) − 2(𝑛 − 2)f(𝑟) + (𝑛 − 2)𝑟f
′(𝑟)  

d2Ψ

 d𝑥2
+ [𝜔2 − 𝑉(𝑥)]Ψ(𝑥) = 0  

Ψ(𝑥 → ±∞) ∝ 𝑒±𝑖𝜔𝑥  

𝜔2 =𝑉0 + 𝐴2(𝒦
2) + 𝐴4(𝒦

2) + 𝐴6(𝒦
2) + ⋯

 −𝑖𝒦√−2𝑉2[1 + 𝐴3(𝒦
2) + 𝐴5(𝒦

2) + 𝐴7(𝒦
2) + ⋯ ],

 

𝒦 = {
+n +

1

2
, Re(𝜔) > 0

−n −
1

2
, Re(𝜔) < 0

 

𝑃𝑘(𝜖) =𝑉0 + 𝐴2(𝒦
2)𝜖2 + 𝐴4(𝒦

2)𝜖4 + 𝐴6(𝒦
2)𝜖6 +⋯

 −𝑖𝒦√−2𝑉2[𝜖 + 𝐴3(𝒦
2)𝜖3 + 𝐴5(𝒦

2)𝜖5 + 𝐴7(𝒦
2)𝜖7 +⋯],

 

𝜔2 = 𝑃𝑘(1)  

𝑃𝑛̃/𝑚̃(𝜖) =
𝑄0 + 𝑄1𝜖 + ⋯+ 𝑄𝑛̃𝜖

𝑛̃

𝑅0 + 𝑅1𝜖 + ⋯+ 𝑅𝑚̃𝜖
𝑚̃

 

𝑃𝑛̃/𝑚̃(𝜖) − 𝑃𝑘(𝜖) = 𝒪(𝜖
𝑘+1)  
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𝜒′′ = 𝜆0(𝑥)𝜒
′ + 𝑠0(𝑥)𝜒  

𝜒′′′ = 𝜆1(𝑥)𝜒
′ + 𝑠1(𝑥)𝜒,  

𝜒(𝑛+2) = 𝜆𝑛(𝑥)𝜒
′ + 𝑠𝑛(𝑥)𝜒  

𝜆𝑛(𝑥)  = 𝜆𝑛−1
′ (𝑥) + 𝑠𝑛−1(𝑥) + 𝜆0(𝑥)𝜆𝑛−1(𝑥)

𝑠𝑛(𝑥)  = 𝑠𝑛−1
′ (𝑥) + 𝑠0(𝑥)𝜆𝑛−1(𝑥)

 

𝑠𝑛(𝑥)

𝜆𝑛(𝑥)
=
𝑠𝑛−1(𝑥)

𝜆𝑛−1(𝑥)
= 𝔅𝔥  

𝜆𝑛(𝑥
′) =∑  

∞

𝑖=0

  𝑐𝑛
𝑖 (𝑥 − 𝑥′)𝑖

𝑠𝑛(𝑥
′) =∑  

∞

𝑖=0

 𝑑𝑛
𝑖 (𝑥 − 𝑥′)𝑖

 

𝑐𝑛
𝑖=∑  

𝑖

𝑘=0

  𝑐0
𝑘𝑐𝑛−1
𝑖−𝑘 + (𝑖 + 1)𝑐𝑛−1

𝑖+1 + 𝑑𝑛−1
𝑖  

𝑑𝑛
𝑖  = ∑  

𝑖

𝑘=0

 𝑑0
𝑘𝑐𝑛−1
𝑖−𝑘 + (𝑖 + 1)𝑑𝑛−1

𝑖+1

 

𝑑𝑛
0𝑐𝑛−1
0 − 𝑐𝑛

0𝑑𝑛−1
0 = 0  

𝜕2Ψ

𝜕𝑡2
−
𝜕2Ψ

𝜕𝑥2
+ 𝑉(𝑡, 𝑥)Ψ = 0  

[4
𝜕2

𝜕𝑢𝜕𝑣
+ 𝑉(𝑢, 𝑣)]Ψ(𝑢, 𝑣) = 0  

Ψ(𝑢 = 𝑢0, 𝑣) = exp [−
(𝑣 − 𝑣𝑐)

2

2𝜎2
] , Ψ(𝑢, 𝑣 = 𝑣0) = Ψ(𝑢 = 𝑢0, 0) 

Ψ(𝑁) = Ψ(𝑊) + Ψ(𝐸) −Ψ(𝑆) −
Δ2

8
[Ψ(𝑊) + Ψ(𝐸)]𝑉(𝑆) + 𝒪(Δ4)  

𝑁 = (𝑢 + Δ, 𝑣 + Δ),𝑊 = (𝑢 + Δ, 𝑣), 𝐸 = (𝑢, 𝑣 + Δ) and 𝑆 = (𝑢, 𝑣) 

Ψ(𝑡 =
𝑣 + 𝑢

2
, 𝑥 =

𝑣 − 𝑢

2
) 

{𝑡0, 𝑡0 + Δ, 𝑡0 + 2Δ,⋯ , 𝑡0 +∞Δ} 

𝑔̂: = −(1 −
𝑀

𝑟
)
2

𝑑𝑡2 + (1 −
𝑀

𝑟
)
−2

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2) 

𝜏 =
𝑡

4𝑀
∈ ℝ, 𝑥 = log (

𝑟

𝑀
− 1) ∈ ℝ, 𝑔̂ = 16𝑀2(1 + 𝑒−𝑥)−2𝑔 
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𝑔 = −𝑑𝑡2 + cosh4 (
𝑥

2
) (𝑑𝑥2 + 𝑑𝜃2 + sin2 𝜃𝑑𝜑2) 

𝐴(𝑡, 𝑥) = 𝜑(𝑡, 𝑥)𝜔(𝜏1, 𝜏2) + 𝜏3cos 𝜃𝑑𝜑 

𝜔(𝜏1, 𝜏2) = 𝜏1𝑑𝜃 + 𝜏2sin 𝜃𝑑𝜑, 𝜑 = 𝜑(𝑡, 𝑥) 

ℒ[𝑥, 𝜑, 𝜕𝑥𝜑, 𝜕𝑡𝜑] = −
1

2
cosh2 (

𝑥

2
) (𝜕𝑡𝜑)

2 +
1

2
sech2 (

𝑥

2
) ((𝜕𝑥𝜑)

2 +
1

2
(1 − 𝜑2)2)  

𝜕𝑡
2𝜑 − 𝑄𝜕𝑥(𝑄𝜕𝑥𝜑) + 𝑄

2(𝜑2 − 1)𝜑 = 0  

𝜑(𝑡, 𝑥) ↦ 𝜑 (
3

2
𝑡, 𝑥) 

𝑄(𝑥):=
3

2
sech2 (

𝑥

2
)  

ℰ[𝜑, 𝜑𝑡] = ∫  (
1

2
𝑄−1(𝜕𝑡𝜑)

2 +
1

2
𝑄 ((𝜕𝑥𝜑)

2 +
1

2
(1 − 𝜑2)2))𝑑𝑥 

 

𝑄−1𝜕𝑡(𝜕𝑡𝜑)
2 + 𝑄𝜕𝑡 ((𝜕𝑥𝜑)

2 +
1

2
(1 − 𝜑2)2) + 𝜕𝑥(𝑄𝜕𝑡𝜑𝜕𝑥𝜑) = 0 

𝒫[𝜑, 𝜕𝑡𝜑] = ∫  𝑄
−1𝜕𝑡𝜑𝜕𝑥𝜑𝑑𝑥  

𝐻′′ − tanh (
𝑥

2
)𝐻′ +𝐻(1 − 𝐻2) = 0, 𝑥 ∈ ℝ  

𝐻(𝑥) = tanh (
𝑥

2
)  

𝛼(𝑥) =
1

3
(sinh 𝑥 + 𝑥),  

𝑄̃(𝑥) = 𝑄(𝛼−1(𝑥)), 𝐻̃(𝑥) = 𝐻(𝛼−1(𝑥)),  

0 ≤ 𝑄̃(𝑥) ≲
1

|𝑥|
, |𝐻̃(𝑥) ∓ 1| ≲

1

|𝑥|
,  as  𝑥 → ±∞.  

𝜕𝑡
2𝜙 − 𝜕𝑥

2𝜙 − 𝑄̃2(𝜙 − 𝜙3) = 0  

{
𝜕𝑡𝜙1 = 𝜙2
𝜕𝑡𝜙2 = 𝜕𝑥

2𝜙1 + 𝑄̃
2(𝑥)(1 − 𝜙1

2)𝜙1
 

𝐸[𝜙1, 𝜙2] =
1

2
∫  (𝜙2

2 + (𝜕𝑥𝜙1)
2 +

1

2
𝑄̃2(1 − 𝜙1

2)2)𝑑𝑥  

𝐸[𝜙1, 𝜙2]: 0 = 𝐸[±1,0] < 𝐸[𝐻̃, 0] =
1

2
∫  𝑄𝐻′2 +

1

4
∫  𝑄(1 − 𝐻2)2 =

6

5
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𝐄:= {𝜙 = (𝜙1, 𝜙2) ∈ (𝐿loc
1 (ℝ))

2
: 𝜕𝑥𝜙1 ∈ 𝐿

2(ℝ), 𝑄̃(1 − 𝜙1
2) ∈ 𝐿2(ℝ),𝜙2 ∈ 𝐿

2(ℝ)} 

𝐻0(ℝ):= {𝜙 ∈ 𝐿loc
1 (ℝ): 𝜕𝑥𝜙 ∈ 𝐿

2(ℝ), 𝑄̃𝜙 ∈ 𝐿2(ℝ)} 

‖𝜙‖𝐻0(ℝ)
2 := ‖𝜕𝑥𝜙‖𝐿2(ℝ)

2 + ‖𝑄̃𝜙‖𝐿2(ℝ)
2  

|𝜙(𝑥)| ≤ |𝜙(0)| + ‖𝜕𝑥𝜙‖𝐿2|𝑥|
1
2 

𝐻0(ℝ) × 𝐿
2(ℝ) 

𝐄 = {𝜙 = (𝜙1, 𝜙2) ∈ 𝐻0(ℝ) × 𝐿
2(ℝ): 𝑄̃(1 − 𝜙1

2) ∈ 𝐿2(ℝ)} 

‖𝜙‖(𝐻0×𝐿2)(ℝ)
2 := ‖𝜙1‖𝐻0(ℝ)

2 + ‖𝜙2‖𝐿2(ℝ)
2

 

sup
𝑡≥0
 ‖𝜙(𝑡) − 𝐇̃‖(𝐻0×𝐿2)(ℝ) < 𝛿  

lim
𝑡→∞

 ‖𝜙(𝑡) − 𝐇̃‖(𝐻1×𝐿2)(𝐼) = 0  

𝜕𝑡
2𝜙 − 𝜕𝑟

2𝜙 −
1

𝑟
𝜕𝑟𝜙 −

2

𝑟2
(𝜙 − 𝜙3) = 0, 𝑡 ∈ ℝ, 𝑟 > 0 

𝐻(𝑟) =
1 − 𝑟2

1 + 𝑟2
 

𝜙1(𝑡, 𝑥) = 𝐻̃(𝑥) + 𝑤1(𝑡, 𝑥), 𝜙2(𝑡, 𝑥) = 𝑤2(𝑡, 𝑥) 

{
𝜕𝑡𝑤1 = 𝑤2
𝜕𝑡𝑤2 = −𝐿𝑤1 − 𝑄̃

2(3𝐻̃𝑤1
2 +𝑤1

3)
 

𝐿𝑤 = −𝜕𝑥
2𝑤 + 𝑉(𝑥)𝑤,  with  𝑉(𝑥) = 2𝑄̃2(1 − 𝑄̃)  

𝐿𝜙0 = −𝜇0
2𝜙0, |𝜕𝑥

𝑘𝜙0(𝑥)| ≲ 𝑒
−
√2
2
𝜇0𝑥 , 𝑘 = 0,1,2.  

𝐘± = (
𝜙0

±𝜇0𝜙0
) , 𝐙± = (

𝜙0
±𝜇0

−1𝜙0
)  

𝒜0 = {𝜺 ∈ 𝐻0(ℝ) × 𝐿
2(ℝ) such that ‖𝜺‖(𝐻0×𝐿2)(ℝ) < 𝛿0 and ⟨𝜺, 𝐙+⟩ = 0}  

|ℎ(𝜀)| ≤ 𝐶‖𝜀‖
𝐻0×𝐿

2
3/2

 

ℳ = {𝐇̃ + 𝜀 + ℎ(𝜀)𝐘+with 𝜀 ∈ 𝒜0}  

‖𝝓(𝑡) − 𝐇̃‖(𝐻0×𝐿2)(ℝ) ≤ 𝐶‖𝝓(0) − 𝐇̃‖(𝐻0×𝐿2)(ℝ)  

‖𝜙(𝑡) − 𝐇̃‖(𝐻0×𝐿2)(ℝ) ≤
𝛿0
2
, 

(𝜙, 𝜕𝑡𝜙)(0) = (1 + 𝑎(0))𝐇̃ + (𝑢̃1, 𝑢2)(0) + 𝑏−(0)𝐘− + ℎ(𝜺)𝐘+, 
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‖𝑢2‖2
2 + ‖𝑢̃1‖𝐻0

2 + 𝑎2 ≲ ‖𝑢2‖2
2 + ⟨𝐿̃𝑢̃1, 𝑢̃1⟩ + ∫  𝑄̃

2(𝑢1
2 + 2𝐻̃𝑢1)

2
≲ 𝛿0

2 

𝜕𝑥𝛼(𝑥) = 𝑄
−1(𝑥), 𝜕𝑥𝛼

−1(𝑥) = 𝑄̃(𝑥)  

𝜕𝑥𝑄̃(𝑥) = −𝑄̃
2(𝑥)𝐻̃(𝑥), 𝜕𝑥

2𝑄̃(𝑥) = 2𝑄̃3(𝑥) −
5

3
𝑄̃4(𝑥)  

𝛼′(𝑥) =
1

3
(cosh 𝑥 + 1) =

2

3
cosh2 (

𝑥

2
) =

1

𝑄(𝑥)
 

(𝛼−1)′(𝑥) =
1

𝛼′(𝛼−1(𝑥))
= 𝑄(𝛼−1(𝑥)) = 𝑄̃(𝑥) 

𝑄′(𝑥) = −
3

2
sech2 (

𝑥

2
) tanh (

𝑥

2
) = −𝑄(𝑥)𝐻(𝑥) 

𝜕𝑥𝑄̃(𝑥) = 𝑄
′(𝛼−1(𝑥))(𝛼−1)′(𝑥) = −𝑄̃2(𝑥)𝐻̃(𝑥).  

𝐻̃′(𝑥) =
1

3
𝑄̃2(𝑥) and 𝐻̃2 = 1 −

2

3
𝑄̃ 

𝜕𝑥
2𝑄̃(𝑥) = −2𝑄̃(𝑥)𝑄̃′(𝑥)𝐻̃(𝑥) − 𝑄̃2(𝑥)𝐻̃′(𝑥)

 = 2𝑄̃3(𝑥)𝐻̃2(𝑥) −
1

3
𝑄̃4(𝑥) = 2𝑄̃3(𝑥) −

5

3
𝑄̃4(𝑥)

 

𝛼−1(𝑥) =
3

2
𝑥 + 𝒪(𝑥2), 𝑄̃(𝑥) =

3

2
−
27

32
𝑥2 + 𝒪(𝑥4), 𝐻̃(𝑥) =

3

4
𝑥 −

27

16
𝑥3 + 𝒪(𝑥5).  

lim
𝑥→±∞

 
|𝛼−1(𝑥)|

ln (|𝑥|)
= 1, lim

𝑥→±∞
 (1 + |𝑥|)𝑄̃(𝑥) = 1, lim

𝑥→±∞
 (1 + |𝑥|)|𝐻̃(𝑥) ∓ 1| = −

1

3
 

∫  𝑄̃1+𝜀𝑑𝑥 

lim
𝑥→±∞

 𝑥𝑄̃(𝑥) = lim
𝑦→±∞

 𝛼(𝑦)𝑄(𝑦) = lim
𝑦→±∞

 
1

2

sinh 𝑦 + 𝑦

cosh2 (
𝑦
2)

 = lim
𝑦→±∞

 
cosh 𝑦 + 1

sinh 𝑦
= ±1

 

lim
𝑥→±∞

 
|𝛼−1(𝑥)|

ln (|𝑥|)
= lim
𝑥→±∞

 |𝑥|𝑄̃(𝑥) = 1 

sech2 (
𝑥

2
) =

1

cosh2 (
𝑥
2)
=

4

𝑒𝑥 + 2 + 𝑒−𝑥
=

4

3𝑒−𝑥 + 2 − 2𝑥 + 6𝛼(𝑥)
 

𝑄̃(𝑥) =
6

3𝑒−𝛼
−1(𝑥) + 2 − 2𝛼−1(𝑥) + 6𝑥

≤
3

1 − 𝛼−1(𝑥) + 3𝑥
 

𝑄̃(𝑥) ≥
3

1 − 𝛼−1(𝑥) + 3𝑥
≥

3

1 + 3𝑥
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lim
𝑥→+∞

 (1 + 𝑥)𝑄̃(𝑥) = 1 

lim
𝑥→±∞

 𝑥(𝐻̃(𝑥) − 1) = lim
𝑦→±∞

 𝛼(𝑦) (tanh (
𝑦

2
) ∓ 1) = −

1

3
 

𝛼−1(𝑥) = 𝛼−1(0) + 𝜕𝑥𝛼
−1(0)𝑥 + 𝒪(𝑥2) =

3

2
𝑥 + 𝒪(𝑥2) 

𝑄̃(𝑥) = 𝑄̃(0) + 𝑄̃′(0)𝑥 +
1

2
𝑄̃′′(0)𝑥2 +

1

6
𝑄̃′′′(0)𝑥3 +𝒪(𝑥4)

 =
3

2
−
27

32
𝑥2 + 𝒪(𝑥4)

 

𝐻̃(𝑥) = 𝐻̃(0) + 𝐻̃′(0)𝑥 +
1

2
𝐻̃′′(0)𝑥2 +

1

6
𝐻̃′′′(0)𝑥3 +

1

24
𝐻̃′′′′(0)𝑥4 + 𝒪(𝑥5)

 =
3

4
𝑥 −

27

16
𝑥3 + 𝒪(𝑥5)

 

𝑄̃′(𝑥) = −𝑄̃2(𝑥)𝐻̃(𝑥), 𝑄̃′′(𝑥) = 𝑄̃2(𝑥)(1 − 𝑄̃(𝑥)), 𝐻̃′(𝑥) =
1

3
𝑄̃2(𝑥), 𝐻̃′′(𝑥) = −

2

3
𝑄̃3(𝑥)𝐻̃(𝑥) 

𝐻̃′′′(𝑥) = 2𝑄̃4𝐻̃2(𝑥) −
2

9
𝑄̃5 

∫  𝑄̃1+𝜀(𝑥)𝑑𝑥 = ∫  𝑄𝜀(𝑠)𝑑𝑠 < +∞ 

 

𝜙1(𝑡, 𝑥) = 𝐻̃ + 𝑤‾1(𝑡, 𝑥), 𝜙2(𝑡, 𝑥) = 𝑤‾ 2(𝑡, 𝑥) 

(1 − 𝜙1
2)2 = (1 − 𝐻̃2)

2
− 2(1 − 𝐻̃2)(2𝐻̃𝑤‾1 +𝑤‾1

2) + (2𝐻̃𝑤‾1 +𝑤‾1
2)
2
. 

𝐸[𝜙1, 𝜙2] = ∫  (
1

2
𝜙2
2 +

1

2
(𝜕𝑥𝜙1)

2 +
1

4
𝑄̃2(1 − 𝜙1

2)2)𝑑𝑥

=𝐸[𝐻̃, 0] +
1

2
∫  𝑤‾ 2

2 +
1

2
∫  (𝜕𝑥𝑤‾1)

2 −∫  𝐻̃′′𝑤‾1

 −
1

2
∫  𝑄̃2(1 − 𝐻̃2)(2𝐻̃𝑤‾1 +𝑤‾1

2) +
1

4
∫  𝑄̃2(2𝐻̃𝑤‾1 + 𝑤‾1

2)
2

=𝐸[𝐻̃, 0] +
1

2
∫  𝑤‾ 2

2 +
1

2
∫  𝑤‾1(−𝜕𝑥

2𝑤‾1 + 2𝑄̃
2(1 − 𝑄̃)𝑤‾1)

 +
1

4
∫  𝑄̃2(4𝐻̃𝑤‾1

3 +𝑤‾1
4)

 

2{𝐸(𝜙1, 𝜙2) − 𝐸(𝐻̃, 0)} = ∫  𝑤‾ 2
2 + ⟨𝐿𝑤‾1, 𝑤‾1⟩ +

1

2
∫  𝑄̃2(4𝐻̃𝑤‾1

3 + 𝑤‾1
4)  

〈
𝜙(𝑡, 𝑥) − 𝐻̃  = 𝑎1(𝑡)𝜙0(𝑥) + 𝑢1(𝑡, 𝑥)
𝜕𝑡𝜙(𝑡, 𝑥)  = 𝜇0𝑎2(𝑡)𝜙0(𝑥) + 𝑢2(𝑡, 𝑥)

〉 
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𝑎1(𝑡) = ⟨𝜙(𝑡) − 𝐻̃, 𝜙0⟩ = −
1

𝜇0
2 ⟨𝜙(𝑡) − 𝐻̃, 𝐿[𝜙0]⟩,

𝑎2(𝑡) =
1

𝜇0
⟨𝜕𝑡𝜙(𝑡), 𝜙0⟩ = −

1

𝜇0
3
⟨𝜕𝑡𝜙(𝑡), 𝐿[𝜙0]⟩,

 

⟨𝑢1(𝑡), 𝜙0⟩ = 0 = ⟨𝑢2(𝑡), 𝜙0⟩.  

𝑏+ =
1

2
(𝑎1 + 𝑎2), 𝑏− =

1

2
(𝑎1 − 𝑎2).  

‖𝑢1(𝑡)‖𝐻0 + ‖𝑢2(𝑡)‖𝐿2 + |𝑎1(𝑡)| + |𝑎2(𝑡)| + |𝑏+(𝑡)| + |𝑏−(𝑡)| ≤ 𝐶𝛿.  

‖𝜙2‖𝐿2
2 = 𝜇0

2|𝑎2|
2‖𝜙0‖𝐿2

2 + 𝜇0𝑎2⟨𝑢2(𝑡), 𝜙0⟩ + ‖𝑢2(𝑡)‖𝐿2
2  

 = 𝜇0
2|𝑎2|

2‖𝜙0‖𝐿2
2 + ‖𝑢2(𝑡)‖𝐿2

2 ≤ 𝛿2.
 

|𝑎2|, ‖𝑢2(𝑡)‖𝐿2 ≲ 𝛿 

‖𝜕𝑥(𝜙1 − 𝐻̃)‖𝐿2(ℝ)
2

+ ‖𝑄̃(𝜙1 − 𝐻̃)‖𝐿2(ℝ)
2

≤ 𝛿2 

∫  
𝑅

−𝑅

(𝑎1𝜙0 + 𝑢1)
2 ≲ 𝑅2𝛿2 

𝑎1
2 +∫  

𝑅

−𝑅

𝑢1
2 ≤ 𝐶𝑅2𝛿2 + 𝐶|𝑎1| |∫  

𝑅

−𝑅

 𝜙0𝑢1| 

𝐶|𝑎1| |∫  
𝑅

−𝑅

 𝜙0𝑢1|

 ≤ 𝐶|𝑎1|‖𝑄̃
−1𝜙0‖𝐿2(|𝑥|≥𝑅)‖𝑄̃

(𝑎1𝜙0 + 𝑢1)‖𝐿2(|𝑥|≥𝑅) + 𝐶
|𝑎1|

2‖𝜙0‖𝐿2(|𝑥|≥𝑅)
2

 ≤ 𝛿2 + 𝐶𝑒−2𝑐0𝑅𝑎1
2

 

|𝑎1(𝑡)| ≤ 𝐶𝛿, |𝑏+(𝑡)| + |𝑏−(𝑡)| ≤ 𝐶𝛿 

‖𝑢1(𝑡)‖𝐿2(−𝑅,𝑅) ≤ 𝐶𝑅
2𝛿 

‖𝑄̃(𝑎1𝜙0 + 𝑢1)‖𝐿2(ℝ) ≤ 𝛿 

‖𝑄̃𝑢1‖𝐿2(ℝ) ≤ 𝐶𝛿 

‖𝑎1𝜙0
′ + 𝜕𝑥𝑢1‖𝐿2(ℝ) ≤ 𝛿 

‖𝜕𝑥𝑢1‖𝐿2(ℝ) ≤ 𝐶𝛿 

‖𝑄̃
𝑝+2
2𝑝 𝑢‖

𝐿𝑝
≤ √2‖𝑢‖𝐻0 

‖𝑢‖2:= ‖𝜕𝑥𝑢‖𝐿2(ℝ)
2 + ‖𝑄̃

3
2𝑢‖

𝐿2(ℝ)

2
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𝑢(𝑥) = 𝑣(𝛼−1(𝑥)) 

𝜕𝑥𝑢(𝑥) = 𝜕𝑦𝑣(𝛼
−1(𝑥))𝑄(𝛼−1(𝑥)) 

∫  (𝜕𝑥𝑢)
2 = ∫  𝑄(𝜕𝑦𝑣)

2
, ∫  𝑄̃𝑘𝑢2 = ∫  𝑄𝑘−1𝑣2,  for 𝑘 = 2,3 

‖𝑢‖𝐻0
2 = ∫  ((𝜕𝑦𝑔)

2
+𝐻𝑔𝜕𝑦𝑔 +

1

4
𝐻2𝑔2 + 𝑔2) = ∫  (𝜕𝑦𝑔)

2
+ (

5

4
−
1

3
𝑄)𝑔2 ≥

1

2
‖𝑔‖𝐻1

2  

‖𝑄̃
𝑝+2
2𝑝 𝑢‖

𝐿𝑝
= ‖𝑔‖𝐿𝑝 ≤ ‖𝑔‖𝐻1 

1

2
∫  (𝜕𝑥𝑢)

2 +∫  𝑄̃3𝑢2 =
1

2
∫  (𝜕𝑦𝑔)

2
+ (

1

8
+
5

6
𝑄)𝑔2 ≥

1

8
‖𝑔‖𝐻1

2  

‖𝑄̃𝑢‖𝐿2(ℝ) ≤ ‖𝑔‖𝐻1 

‖𝑢‖𝐻0 ≲ ‖𝑢‖ 

{
 

 𝑎̇1(𝑡) = 𝜇0𝑎2(𝑡)

𝑎̇2(𝑡) = 𝜇0𝑎1(𝑡) −
𝑁0
𝜇0
,
  or equivalently 

{
 

 𝑏̇+(𝑡) = 𝜇0𝑏+(𝑡) −
𝑁0
2𝜇0

𝑏̇−(𝑡) = −𝜇0𝑏−(𝑡) +
𝑁0
2𝜇0

 

𝑁 = 𝑄̃2(3𝐻̃(𝑎1𝜙0 + 𝑢1)
2 + (𝑎1𝜙0 + 𝑢1)

3)  

𝑁⊥ = 𝑁 −𝑁0𝜙0,  and  𝑁0 = ⟨𝑁,𝜙0⟩.  

{
𝑢̇1 = 𝑢2
𝑢̇2 = −𝐿𝑢1 −𝑁

⊥  

‖𝜙(0) − 𝐇̃‖(𝐻0×𝐿2)(ℝ) ≤ 𝛿  

𝜙1(𝑡, 𝑥) = 𝐻̃(𝑥) + 𝑤1(𝑡, 𝑥), 𝜙2(𝑡, 𝑥) = 𝑤2(𝑡, 𝑥) 

{
𝜕𝑡𝑤1 = 𝑤2
𝜕𝑡𝑤2 = 𝜕𝑥

2𝑤1 − 𝐹(𝑡, 𝑥, 𝑤1)
 

𝐹(𝑡, 𝑥, 𝑤1) = 2𝑄̃
2(1 − 𝑄̃)𝑤1 + 𝑄̃

2(3𝐻̃𝑤1
2 +𝑤1

3) 

𝑤1, 𝑤̃1, if ‖𝑄̃1/2𝑤1‖𝐿∞ ≤ 1 and ‖𝑄̃1/2𝑤̃1‖𝐿∞ ≤ 1 

|𝐹(𝑡, 𝑥, 𝑤1) − 𝐹(𝑡, 𝑥, 𝑤̃1)| ≤ 𝐶𝑄̃|𝑤1 − 𝑤̃1| 

|𝑓(𝑘)(𝑥)| ≤ 𝐶𝑘𝑄̃(𝑥)
3  for all 𝑥 ∈ ℝ 

𝜒(𝑥) = 1 for |𝑥| ≤ 1, 𝜒(𝑥) = 0 for |𝑥| ≥ 2, 𝜒′(𝑥) ≤ 0 for 𝑥 ≥ 0.  

𝜁𝐴
2(𝑥) = exp (−

1

𝐴
|𝛼−1(𝑥)|(1 − 𝜒(𝑥))) , 𝜑𝐴(𝑥) = ∫  

𝑥

0

  𝑄̃𝜁𝐴
2(𝑦)𝑑𝑦, 𝑥 ∈ ℝ  
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𝜎𝐴(𝑥) = sech (
1

𝐴
𝛼−1(𝑥))  

𝜁𝐵
2(𝑥) = exp (−

1

𝐵
|𝛼−1(𝑥)|(1 − 𝜒(𝑥))) , 𝜑𝐵(𝑥) = ∫  

𝑥

0

  𝑄̃𝜁𝐵
2(𝑦)𝑑𝑦, 𝑥 ∈ ℝ

𝜓𝐴,𝐵(𝑥) = 𝜒̃𝐴
2(𝑥)𝜑𝐵(𝑥), 𝜒̃𝐴(𝑥) = 𝜒 (

𝛼−1(𝑥)

𝐴
) , 𝜒̃𝐵(𝑥) = 𝜒(

𝛼−1(𝑥)

𝐵2
)

 

1 ≪ 𝐵 ≪ 𝐵2 ≪ 𝐴.  

ℐ = ∫  (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1)𝑢2  

𝑤𝑖 = 𝜁𝐴𝑢𝑖, 𝑖 = 1,2  

𝐴 = 𝛿−1/4  

𝑑

𝑑𝑡
ℐ ≤ −

1

2
𝐶0∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2] + 𝐶 ∫  𝑄̃7𝑢1

2 + 𝐶|𝑎1|
4  

𝑑

𝑑𝑡
ℐ = −∫  𝜑𝐴

′ (𝜕𝑥𝑢1)
2 +

1

4
∫  𝜑𝐴

′′′𝑢1
2 +

1

2
∫  𝜑𝐴𝑉

′𝑢1
2 −∫  (𝜑𝐴𝜕𝑥𝑢1 +

1

2
𝜑𝐴
′ 𝑢1)𝑁

⊥  

ℐ1 = ∫  𝜑𝐴𝑢2𝜕𝑥𝑢1, ℐ2(𝑡) =
1

2
∫  𝜑𝐴

′ 𝑢1𝑢2 

𝑑

𝑑𝑡
ℐ1(𝑡) = ∫  𝜑𝐴(𝑢̇2𝜕𝑥𝑢1 + 𝑢2𝜕𝑥𝑢̇1) = −∫  𝜑𝐴(𝐿[𝑢1] + 𝑁

⊥)𝜕𝑥𝑢1 +∫  𝜑𝐴𝑢2𝜕𝑥𝑢2

 = −∫  𝜑𝐴𝐿[𝑢1]𝜕𝑥𝑢1 −∫  𝜑𝐴𝜕𝑥𝑢1𝑁
⊥ −

1

2
∫  𝜑𝐴

′ 𝑢2
2 = −∫  𝜑𝐴𝐿[𝑢1]𝜕𝑥𝑢1 −∫  𝜑𝐴𝜕𝑥𝑢1𝑁

⊥ −
1

2
∫  𝜑𝐴

′ 𝑢2
2

 

∫  𝜑𝐴𝐿[𝑢1]𝜕𝑥𝑢1 = ∫  𝜑𝐴(−𝜕𝑥
2𝑢1 + 𝑉𝑢1)𝜕𝑥𝑢1 = −

1

2
∫  𝜑𝐴𝜕𝑥(𝜕𝑥𝑢1)

2 +
1

2
∫  𝜑𝐴𝑉𝜕𝑥𝑢1

2

 =
1

2
∫  𝜑𝐴

′ (𝜕𝑥𝑢1)
2 −

1

2
∫  𝜑𝐴

′ 𝑉𝑢1
2 −

1

2
∫  𝜑𝐴𝑉

′𝑢1
2

 

𝑑

𝑑𝑡
ℐ1 = −

1

2
∫  𝜑𝐴

′ (𝜕𝑥𝑢1)
2 +

1

2
∫  𝜑𝐴

′ 𝑉𝑢1
2 +

1

2
∫  𝜑𝐴𝑉

′𝑢1
2 −

1

2
∫  𝜑𝐴

′ 𝑢2
2 −∫  𝜑𝐴𝜕𝑥𝑢1𝑁

⊥  

𝑑

𝑑𝑡
ℐ2 =

1

2
∫  𝜑𝐴

′ (𝑢̇1𝑢2 + 𝑢1𝑢̇2) =
1

2
∫  𝜑𝐴

′ 𝑢2
2 −

1

2
∫  𝜑𝐴

′ 𝑢1(𝐿[𝑢1] + 𝑁
⊥)

 =
1

2
∫  𝜑𝐴

′ 𝑢2
2 −

1

2
∫  𝜑𝐴

′ 𝑢1𝐿[𝑢1] −
1

2
∫  𝜑𝐴

′ 𝑢1𝑁
⊥

 

∫  𝜑𝐴
′ 𝑢1𝐿[𝑢1]= ∫  𝜑𝐴

′ 𝑢1(−𝜕𝑥
2𝑢1 + 𝑉)𝑢1) = ∫  (𝜑𝐴

′ 𝑢1)𝑥𝜕𝑥𝑢1 +∫  𝜑𝐴
′ 𝑉𝑢1

2

 = ∫  𝜑𝐴
′′𝑢1𝜕𝑥𝑢1 +∫  𝜑𝐴

′ (𝜕𝑥𝑢1)
2 +∫  𝜑𝐴

′ 𝑉𝑢1
2 = −

1

2
∫  𝜑𝐴

′′′𝑢1
2 +∫  𝜑𝐴

′ (𝜕𝑥𝑢1)
2 +∫  𝜑𝐴

′ 𝑉𝑢1
2
 

𝑑

𝑑𝑡
ℐ2(𝑡) =

1

2
∫  𝜑𝐴

′ 𝑢2
2 +

1

4
∫  𝜑𝐴

′′′𝑢1
2 −

1

2
∫  𝜑𝐴

′ (𝜕𝑥𝑢1)
2 −

1

2
∫  𝜑𝐴

′ 𝑉𝑢1
2 −

1

2
∫  𝜑𝐴

′ 𝑢1𝑁
⊥  
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𝑑

𝑑𝑡
ℐ(𝑡) = −∫  𝜑𝐴

′ (𝜕𝑥𝑢1)
2 +

1

4
∫  𝜑𝐴

′′′𝑢1
2 +

1

2
∫  𝜑𝐴𝑉

′𝑢1
2 −∫  (𝜑𝐴𝜕𝑥𝑢1 +

1

2
𝜑𝐴
′ 𝑢1)𝑁

⊥ 

−∫  (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1)𝑁

⊥ 

−∫  (𝜑𝐴𝜕𝑥𝑢1+
1

2
𝜑𝐴
′ 𝑢1) (𝑄̃

2(3𝐻̃(𝑎1𝜙0 + 𝑢1)
2 + (𝑎1𝜙0 + 𝑢1)

3) − 𝑁0𝜙0)

 ≤ 𝐶𝑎1
4 + 𝐶∫  𝑄̃7𝑢1

2 + 𝐶𝐴‖𝑄̃1/2𝑢1‖𝐿∞∫  𝑄̃
3𝑤1

2 +
1

72
∫  𝑄̃3𝐻̃2𝑤1

2 +
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2

 

∫  (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1) 𝑄̃

2(3𝐻̃(𝑎1𝜙0 + 𝑢1)
2 + (𝑎1𝜙0 + 𝑢1)

3)

=𝑎1
2∫  𝑄̃2(3𝐻̃ + 𝑎1𝜙0)𝜙0

2 (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1) + 3𝑎1∫  𝑄̃

2(2𝐻̃ + 𝑎1𝜙0)𝜙0𝑢1 (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1)

 +3∫  𝑄̃2(𝐻̃ + 𝑎1𝜙0)𝑢1
2 (𝜑𝐴𝜕𝑥𝑢1 +

1

2
𝜑𝐴
′ 𝑢1) + ∫  𝑄̃

2𝑢1
3 (𝜑𝐴𝜕𝑥𝑢1 +

1

2
𝜑𝐴
′ 𝑢1)

=𝐼1 + 𝐼2 + 𝐼3 + 𝐼4

 

|𝐼1|≤ 𝑎1
2∫  |𝜕𝑥(𝑄̃

2(3𝐻̃ + 𝑎1𝜙0)𝜙0
2)𝜑𝐴𝑢1| +

1

2
𝑎1
2∫  |𝑄̃2(3𝐻̃ + 𝑎1𝜙0)𝜙0

2𝜑𝐴
′ 𝑢1|  

 ≲ 𝑎1
2 [(∫  𝑄̃𝜙0

4|𝛼−1|2)

1
2
+ (∫  𝑄̃3|𝜙0𝜙0

′𝛼−1|2)

1
2
] (∫  𝑄̃7𝑢1

2)

1
2
≲ 𝑎1

4 +∫  𝑄̃7𝑢1
2

 

|𝐼2| =
3

2
|𝑎1| |∫  𝜕𝑥(𝑄̃

2(2𝐻̃ + 𝑎1𝜙0)𝜙0)𝜑𝐴𝑢1
2| ≲ |𝑎1|∫  |𝛼

−1(𝑥)|(𝑄̃𝜙0 +𝜙0
′ )𝑄̃2𝑢1

2 ≲ ∫  𝑄̃7𝑢1
2  

𝐼4 = ∫  𝑄̃
2𝑢1
3 (𝜑𝐴𝜕𝑥𝑢1 +

1

2
𝜑𝐴
′ 𝑢1) =

1

4
∫  𝑄̃2𝜑𝐴

′ 𝑢1
4 +

1

2
∫  𝑄̃3𝐻̃𝜑𝐴𝑢1

4 =
1

4
∫  𝑄̃2(2𝜑𝐴

′ + 𝑄̃𝐻̃𝜑𝐴)𝑢1
4  

𝐼3,1: = ∫  𝑄̃
2𝐻̃𝑢1

2 (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1) , 𝐼3,2: = 𝑎1∫  𝑄̃

2𝜙0𝑢1
2 (𝜑𝐴𝜕𝑥𝑢1 +

1

2
𝜑𝐴
′ 𝑢1) 

|𝐼3,2| ≲ 𝐴|𝑎1|∫  𝑄̃
2(|𝜙0| + |𝜙0

′ |)|𝑢1|
3 ≲ 𝐴‖𝑄̃1/2𝑢1‖𝐿∞∫  𝑄̃

3𝑤1
2  

𝐼3,1 = ∫  (
1

6
𝜑𝐴
′ 𝑄̃2𝐻̃ −

1

3
𝜑𝐴(𝑄̃

2𝐻̃)
′
)𝑢1

3 = ∫  (
1

6
𝜑𝐴
′ 𝑄̃2𝐻̃ −

1

3
𝜑𝐴𝑄̃

3 (
1

3
𝑄̃ − 2𝐻̃2))𝑢1

3 

3𝐼3,1 + 𝐼4 =
1

6
∫  𝜑𝐴

′ 𝑄̃2𝐻̃𝑢1
3 +

1

2
∫  𝑄̃2𝜑𝐴

′ 𝑢1
4 −

1

9
∫  𝜑𝐴𝑄̃

4𝑢1
3 +

2

3
∫  𝑄̃3𝐻̃|𝜑𝐴𝐻̃|𝑢1

3 +
1

4
∫  𝑄̃3|𝜑𝐴𝐻̃|𝑢1

4

=
1

2
∫  𝜑𝐴

′ 𝑄̃2𝑢1
2 (𝑢1 +

1

6
𝐻̃)

2

−
1

72
∫  𝜑𝐴

′ 𝑄̃2𝐻̃2𝑢1
2

 −
1

9
∫  𝜑𝐴𝑄̃

4𝑢1
3 +

1

4
∫  𝑄̃3|𝜑𝐴𝐻̃|𝑢1

2 (𝑢1 +
4

3
𝐻̃)

2

−
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2

 

∫  𝜑𝐴𝑄̃
4𝑢1
3 ≲ 𝐴‖𝑄̃1/2𝑢1‖𝐿∞∫  𝑄̃

7/2𝑢1
2 
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3𝐼3,1 + 𝐼4≥ −
1

72
∫  𝑄̃3𝐻̃2𝑤1

2 −
1

9
∫  𝜑𝐴𝑄̃

4𝑢1
3 −

4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2  

 ≥ −
1

72
∫  𝑄̃3𝐻̃2𝑤1

2 −
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2 − 𝐶𝐴‖𝑄̃1/2𝑢1‖𝐿∞∫  𝑄̃

7/2𝜁𝐴
−2𝑤1

2

 

𝑁0∫  𝜙0 (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1) 

𝑁 = 𝑄̃2(3𝐻̃(𝑎1
2𝜙0

2 + 2𝑎1𝜙0𝑢1 + 𝑢1
2) + 𝑎1

3𝜙0
3 + 3𝑎1

2𝜙0
2𝑢1 + 3𝑎1𝜙0𝑢1

2 + 𝑢1
3)  

|𝑁| ≲ 𝑄̃2(𝑎1
2𝜙0

2 + 𝑢1
2 + |𝑢1|

3 + 𝑢1
4)  

𝜙0, ‖𝑄̃
1/2𝑢1‖𝐿∞ ≲ ‖𝑄̃

1/2𝑢1‖𝐻1 ≲ 1, 𝐴 ≥ 2 

|𝑁0| = |⟨𝜙0, 𝑁⟩| ≲ 𝑎1
2 +∫  𝑄̃2𝜙0𝑢1

2 ≲ 𝑎1
2 +∫  𝑄̃7𝑢1

2  

−∫  𝜙0 (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑
∼𝐴
′ 𝑢1) = ∫  𝑢1 (𝜑𝐴𝜙0

′ +
1

2
𝜑𝐴
′𝜙0) 

|𝜑𝐴𝜙0
′ + 𝜑𝐴

′𝜙0| ≲ 𝛼
−1(𝑥)𝜙0

′ + 𝑄̃𝜁𝐴
2𝜙0 ≲ 𝑄̃

7 

|𝑁0∫  𝜙0 (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1)|≲ (𝑎1

2 +∫  𝑄̃7𝑢1
2)∫  𝑄̃7|𝑢1|  

 ≲ (𝑎1
2 +∫  𝑄̃7𝑢1

2) (∫  𝑄̃7𝑢1
2)

1
2
(∫  𝑄̃7)

1
2
≲ 𝑎1

4 +∫  𝑄̃7𝑢1
2

 

 −∫  (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1) (𝑄̃

2(3𝐻̃(𝑎1𝜙0 + 𝑢1)
2 + (𝑎1𝜙0 + 𝑢1)

3) − 𝑁0𝜙0)

 ≤ 𝐶𝑎1
4 + 𝐶∫  𝑄̃7𝑢1

2 +
1

72
∫  𝑄̃3𝐻̃2𝑤1

2 +
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2

 +𝐶𝐴‖𝑄̃1/2𝑢1‖𝐿∞∫  𝑄̃
3𝑤1

2 + 𝐶𝐴‖𝑄̃1/2𝑢1‖𝐿∞∫  𝑄̃
7/2𝜁𝐴

−2𝑤1
2

 ≤ 𝐶𝑎1
4 + 𝐶∫  𝑄̃7𝑢1

2 +
1

72
∫  𝑄̃3𝐻̃2𝑤1

2 +
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2 + 𝐶𝐴‖𝑄̃1/2𝑢1‖𝐿∞∫  𝑄̃

3𝑤1
2

 

−∫  𝜑𝐴
′ (𝜕𝑥𝑢1)

2 +
1

4
∫  𝜑𝐴

′′′𝑢1
2 +

1

2
∫  𝜑𝐴𝑉

′𝑢1
2 +

1

72
∫  𝑄̃3𝐻̃2𝑤1

2 +
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2

= −∫  𝑄̃(𝜕𝑥𝑤1)
2 +

1

2
∫  [

𝜁𝐴
′′

𝜁𝐴
− (

𝜁𝐴
′

𝜁𝐴
)

2

] 𝑄̃𝑤1
2 +

1

72
∫  𝑄̃3𝐻̃2𝑤1

2

 +
1

4
∫  𝑄̃′′𝑤1

2 +
1

2
∫  𝜑𝐴𝑉

′𝑢1
2 +

4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2

 

𝜁𝐴
′′

𝜁𝐴
− (

𝜁𝐴
′

𝜁𝐴
)

2

=
1

𝐴
[𝜒′′|𝛼−1| + 2𝜒′𝑄̃sgn(𝛼−1) + (1 − 𝜒)𝑄̃2𝐻̃sgn(𝛼−1)]  

|
𝜁𝐴
′

𝜁𝐴
| ≲

1

𝐴
𝑄̃𝟏{|𝑥|≥1}, |

𝜁𝐴
′′

𝜁𝐴
− (

𝜁𝐴
′

𝜁𝐴
)

2

| ≲
1

𝐴
𝑄̃2𝟏{|𝑥|≥1}  
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1

4
(𝑄̃′′(𝑥) +

1

18
𝑄̃3(𝑥)𝐻̃2(𝑥)) 𝑄̃−1(𝑥)𝜑𝐴

′ (𝑥) +
1

2
𝜑𝐴(𝑥)𝑉

′(𝑥) +
4

9
|𝜑𝐴(𝑥)𝐻̃(𝑥)|𝐻̃

2𝑄̃3(𝑥) ≤ −𝐶𝑄̃3(𝑥)  

1

4
∫  𝑄̃′′𝑤1

2 

∫  𝜑𝐴
′ (𝜕𝑥𝑢1)

2 = ∫  𝑄̃ (𝜕𝑥𝑤1 −
𝜁𝐴
′

𝜁𝐴
𝑤1)

2

= ∫  𝑄̃(𝜕𝑥𝑤1)
2 − 2∫  𝑄̃

𝜁𝐴
′

𝜁𝐴
𝑤1𝜕𝑥𝑤1 +∫  (

𝜁𝐴
′

𝜁𝐴
)

2

𝑄̃𝑤1
2

 = ∫  𝑄̃(𝜕𝑥𝑤1)
2 +∫  [(

𝑄̃𝜁𝐴
′

𝜁𝐴
)

′

+ 𝑄̃ (
𝜁𝐴
′

𝜁𝐴
)

2

]𝑤1
2 = ∫  𝑄̃(𝜕𝑥𝑤1)

2 +∫  
(𝑄̃𝜁𝐴

′ )
′

𝜁𝐴
𝑤1
2

 

∫  𝜑𝐴
′′′𝑢1

2 = ∫  [𝑄̃′′ + 2𝑄̃′ (
𝜁𝐴
′

𝜁𝐴
) + 2

(𝑄̃𝜁𝐴
′ )
′

𝜁𝐴
+ 2𝑄̃ (

𝜁𝐴
′

𝜁𝐴
)

2

]𝑤1
2 

−∫  𝜑𝐴
′ (𝜕𝑥𝑢1)

2 +
1

4
∫  𝜑𝐴

′′′𝑢1
2 = −∫  𝑄̃(𝜕𝑥𝑤1)

2 +
1

4
∫  𝑄̃′′𝑤1

2 +
1

2
∫  [𝑄̃′ (

𝜁𝐴
′

𝜁𝐴
) −

(𝑄̃𝜁𝐴
′ )
′

𝜁𝐴
+ 𝑄̃ (

𝜁𝐴
′

𝜁𝐴
)

2

]𝑤1
2

 = −∫  𝑄̃(𝜕𝑥𝑤1)
2 +

1

4
∫  𝑄̃′′𝑤1

2 +
1

2
∫  𝑄̃ [

𝜁𝐴
′′

𝜁𝐴
− (

𝜁𝐴
′

𝜁𝐴
)

2

]𝑤1
2

 

𝜁𝐴
′

𝜁𝐴
 =
1

𝐴
[𝜒′|𝛼−1| − sgn(𝛼−1)(𝛼−1)′(1 − 𝜒)]

𝜁𝐴
′′

𝜁𝐴
 = (

𝜁𝐴
′

𝜁𝐴
)

2

+
1

𝐴
[𝜒′′|𝛼−1| + 2𝜒′(𝛼−1)′sgn(𝛼−1) − (1 − 𝜒)(𝛼−1)′′sgn(𝛼−1)]

 

|
𝜁𝐴
′′

𝜁𝐴
− (

𝜁𝐴
′

𝜁𝐴
)

2

| ≲
1

𝐴
 

|
𝜁𝐴
′′

𝜁𝐴
− (

𝜁𝐴
′

𝜁𝐴
)

2

| =
1

𝐴
𝑄̃2|𝐻̃| ≤

1

𝐴
𝑄̃2(𝑥) 

|
𝜁𝐴
′′

𝜁𝐴
− (

𝜁𝐴
′

𝜁𝐴
)

2

| ≲
𝑄̃2𝟏{|𝑥|≥1}

𝐴
 

1

4
(𝑄̃′′+

1

18
𝐻̃2𝑄̃3)𝜑𝐴

′ +
1

2
𝜑𝐴𝑉

′ +
4

9
(𝜑𝐴𝐻̃)𝐻̃

2𝑄̃3

 = [(
1

2
−
5

12
𝑄̃ +

1

72
𝐻̃2)𝜑𝐴

′ − (2 − 3𝑄̃ −
4

9
𝐻̃2)𝜑𝐴𝐻̃] 𝑄̃

3

 = [
1

18
(
37

4
−
23

3
𝑄̃) 𝜁𝐴

2 −
1

9
(14 −

73

3
𝑄̃)𝜑𝐴𝐻̃] 𝑄̃

3

 

14 −
73

3
𝑄̃ ≥

53

9
>
47

8
, (
37

8
−
23

6
𝑄̃) 𝜁𝐴

2 ≤
37

8
 

𝜑𝐴 = ∫  
𝛼−1(𝑥)

0

𝑒−
2
𝐴
𝑠(1−𝜒(𝛼(𝑠)))𝑑𝑠 ≥ ∫  

1

0

𝑑𝑠 + ∫  
𝛼−1(𝑥)

1

𝑒−
2
𝐴
𝑠𝑑𝑠 ≥ 1 
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1

4
(𝑄̃′′ +

1

18
𝐻̃2𝑄̃3)𝜑𝐴

′ +
1

2
𝜑𝐴𝑉

′ +
4

9
(𝜑𝐴𝐻̃)𝐻̃

2𝑄̃3 ≤
37

72
(1 −

47

37
𝜑𝐴𝐻̃) 𝑄̃

3 ≤
37

72
𝑅(𝛼−1(𝑥))𝑄̃3 

𝑅(𝑠):= 1 −
6

5
𝐻(𝑠) 

−∫  𝜑𝐴
′ (𝜕𝑥𝑢1)

2 +
1

4
∫  𝜑𝐴

′′′𝑢1
2 +

1

2
∫  𝜑𝐴𝑉

′𝑢1
2 +

1

72
∫  𝑄̃3𝐻̃2𝑤1

2 +
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2

≤ −𝐶0∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] + 𝐶′∫  𝑄̃7𝑢1
2

 

∫  𝑄̃7𝑢1
2 

1

4
∫  𝑄̃′′𝑢1

2 +
1

2
∫  𝜑𝐴𝑉

′𝑢1
2 

−∫  𝜑𝐴
′ (𝜕𝑥𝑢1)

2 +
1

4
∫  𝜑𝐴

′′′𝑢1
2 +

1

2
∫  𝜑𝐴𝑉

′𝑢1
2 +

1

72
∫  𝑄̃3𝐻̃2𝑤1

2 +
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2

≤ −∫  𝑄̃(𝜕𝑥𝑤1)
2 +

𝐶′

𝐴
∫  
|𝑥|≥1

  𝑄̃3𝑤1
2 − 𝐶∫  

|𝑥|≥𝑥̃

  𝑄̃3𝑢1
2 + 𝐶∫  

|𝑥|≤𝑥̃

  𝑄̃2𝑢1
2 

 

|
1

4
(𝑄̃′′ +

1

18
𝐻̃2𝑄̃3) 𝑄̃−1𝜑𝐴

′ +
1

2
𝜑𝐴𝑉

′ +
4

9
(𝜑𝐴𝐻̃)𝐻̃

2𝑄̃3| ≲ 𝑄̃2 

−∫  𝜑𝐴
′ (𝜕𝑥𝑢1)

2 +
1

4
∫  𝜑𝐴

′′′𝑢1
2 +

1

2
∫  𝜑𝐴𝑉

′𝑢1
2 +

1

72
∫  𝑄̃3𝐻̃2𝑤1

2 +
4

9
∫  𝑄̃3|𝜑𝐴𝐻̃|𝐻̃

2𝑢1
2

≤ −𝐶0∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] + 𝐶 ∫  𝑄̃7𝑢1
2

 

𝑑

𝑑𝑡
ℐ = −∫  𝑄̃(𝜕𝑥𝑤1)

2 −
1

2
∫  [

𝜁𝐴
′′

𝜁𝐴
− (

𝜁𝐴
′

𝜁𝐴
)

2

] 𝑄̃𝑤1
2 +

1

4
∫  𝑄̃′′𝑢1

2 +∫  𝜑𝐴𝑉
′𝑢1
2

 −∫  (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1)𝑁

⊥

≤ −𝐶0∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] + 𝐶 ∫  𝑄̃7𝑢1
2 + 𝐶|𝑎1|

4 + 𝐶𝐴‖𝑄̃1/2𝑢1‖𝐿∞∫  𝑄̃
3𝑤1

2

 

𝐿0 = −𝜕𝑥
2 + 𝑉0,  with  𝑉0: = 2 (

𝜕𝑥𝜙0
𝜙0

)
2

− 2𝜇0
2 − 𝑉,

𝑈 = 𝜙0 ⋅ 𝜕𝑥 ⋅ 𝜙0
−1, 𝑈∗ = −𝜙0

−1 ⋅ 𝜕𝑥 ⋅ 𝜙0

 

𝐿 = 𝑈∗𝑈 − 𝜇0
2, 𝐿0 = 𝑈𝑈

∗ − 𝜇0
2 

𝑈𝐿 = 𝐿0𝑈 

{
𝑣̇1 = 𝑣2
𝑣̇2 = −𝐿0[𝑣1]

 

𝑋𝛾: 𝐿
2(ℝ) → 𝐻2(ℝ), 𝑋𝛾 = (1 − 𝛾𝜕𝑥

2)−1 
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𝑋𝛾ℎ̂(𝜉) =
ℎ̂(𝜉)

1 + 𝛾𝜉2
. 

𝑋𝛾
−1[𝑓𝑋𝛾𝑔] = 𝑓𝑔 + 𝛾𝑋𝛾

−1[𝜕𝑥((𝜕𝑥𝑓)𝑔)] + 𝛾𝑋𝛾
−1[(𝜕𝑥𝑓)(𝜕𝑥𝑔)]  

𝑋𝛾
−1[𝑓𝑋𝛾𝑔] = 𝑓𝑔 + ℎ 

𝑋𝛾ℎ = 𝑓𝑋𝛾𝑔 − 𝑋𝛾(𝑓𝑔) = 𝛾(𝜕𝑥
2𝑓𝑔 + 2𝜕𝑥𝑓𝜕𝑥𝑔 + 𝑓𝜕𝑥

2𝑔 − 𝑓𝜕𝑥
2𝑔) = 𝛾(𝜕𝑥((𝜕𝑥𝑓)𝑔) + 𝜕𝑥𝑓𝜕𝑥𝑔) 

{
𝑣1 = (1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑢1)

𝑣2 = (1 − 𝛾𝜕𝑥
2)−1𝑈(𝜒̃𝐵𝑢2)

 

{
𝑣̇1 = 𝑣2
𝑣̇2 = −(1 − 𝛾𝜕𝑥

2)−1𝑈𝐿𝑢1 − (1 − 𝛾𝜕𝑥
2)−1𝑈(𝑁⊥)

 

𝜒̃𝐵𝐿𝑢1 = 𝐿(𝜒̃𝐵𝑢1) + 2𝜒̃𝐵
′ 𝜕𝑥𝑢1 + 𝜒̃𝐵

′′𝑢1. 

−(1 − 𝛾𝜕𝑥
2)−1𝑈𝐿(𝜒̃𝐵𝑢1) = −(1 − 𝛾𝜕𝑥

2)−1𝐿0𝑈(𝜒̃𝐵𝑢1) = −(1 − 𝛾𝜕𝑥
2)−1𝐿0[(1 − 𝛾𝜕𝑥

2)𝑣1]

= −(1 − 𝛾𝜕𝑥
2)−1(−𝜕𝑥

2 + 𝑉0)(1 − 𝛾𝜕𝑥
2)𝑣1 = 𝜕𝑥

2𝑣1 − (1 − 𝛾𝜕𝑥
2)−1[𝑉0(1 − 𝛾𝜕𝑥

2)𝑣1]
 

 

(1 − 𝛾𝜕𝑥
2)[𝑉0𝑣1] = 𝑉0𝑣1 − 𝛾(𝑉0

′′𝑣1 + 2𝑉0
′𝜕𝑥𝑣1 + 𝑉0𝜕𝑥

2𝑣1)

 = 𝑉0(1 − 𝛾𝜕𝑥
2)𝑣1 − 𝛾(𝑉0

′′𝑣1 + 2𝑉0
′𝜕𝑥𝑣1)

 

−(1 − 𝛾𝜕𝑥
2)−1𝑈𝐿(𝜒̃𝐵𝑢1) = −𝐿0𝑣1 − 𝛾(1 − 𝛾𝜕𝑥

2)−1(𝑉0
′′𝑣1 + 2𝑉0

′𝜕𝑥𝑣1) 

‖

𝑣̇1 = 𝑣2
𝑣̇2 = −𝐿0𝑣1 − 𝛾(1 − 𝛾𝜕𝑥

2)−1(𝑉0
′′𝑣1 + 2𝑉0

′𝜕𝑥𝑣1)

 −(1 − 𝛾𝜕𝑥
2)−1𝑈[2𝜒̃𝐵

′ 𝜕𝑥𝑢1 + 𝜒̃𝐵
′′𝑢1] − (1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁
⊥)

‖ 

𝒥(𝑡) = ∫  (𝜓𝐴,𝐵(𝑥)𝜕𝑥𝑣1(𝑡, 𝑥) +
1

2
𝜓𝐴,𝐵
′ (𝑥)𝑣1(𝑡, 𝑥)) 𝑣2(𝑡, 𝑥)𝑑𝑥  

𝑧:= 𝜒̃𝐴𝜁𝐵𝑣1  

𝐵 = 𝛼−1(𝛿−1/8)  

𝑑

𝑑𝑡
𝒥 ≤ −𝐶2∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + 𝐶ln (𝛿−
1
8)
−1

∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] + 𝐶𝛿
1
2|𝑎1|

3  
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𝑑

𝑑𝑡
𝒥 =∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +

1

2
𝜓𝐴,𝐵
′ 𝑣1) 𝑣̇2  

=−∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +
1

2
𝜓𝐴,𝐵
′ 𝑣1)𝐿0𝑣1  

 −𝛾∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +
1

2
𝜓𝐴,𝐵
′ 𝑣1) (1 − 𝛾𝜕𝑥

2)−1(𝑉0
′′𝑣1 + 2𝑉0

′𝜕𝑥𝑣1)

 −∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +
1

2
𝜓𝐴,𝐵
′ 𝑣1) (1 − 𝛾𝜕𝑥

2)−1𝑈[2𝜒̃𝐵
′ 𝜕𝑥𝑢1 + 𝜒̃𝐵

′′𝑢1]

 −∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +
1

2
𝜓𝐴,𝐵
′ 𝑣1) (1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁
⊥)

=:𝐽1 + 𝐽2 + 𝐽3 + 𝐽4

 

𝐽1 = −∫  𝜓𝐴,𝐵
′ (𝜕𝑥𝑣1)

2 +
1

4
∫  𝜓𝐴,𝐵

′′′ 𝑣1
2 −∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +

1

2
𝜓𝐴,𝐵
′ 𝑣1)𝑉0𝑣1 

𝜓𝐴,𝐵
′ =𝑄̃𝜒̃𝐴

2𝜁𝐵
2 + (𝜒̃𝐴

2)′𝜑𝐵

𝜓𝐴,𝐵
′′ =𝑄̃′𝜒̃𝐴

2(𝜁𝐵
2) + 𝑄̃𝜒̃𝐴

2(𝜁𝐵
2)′ + 2𝑄̃(𝜒̃𝐴

2)′𝜁𝐵
2 + (𝜒̃𝐴

2)′′𝜑𝐵

𝜓𝐴,𝐵
′′′ =𝑄̃′′𝜒̃𝐴

2𝜁𝐵
2 + 3𝑄̃′(𝜒̃𝐴

2)′𝜁𝐵
2 + 2𝑄̃′𝜒̃𝐴

2(𝜁𝐵
2)′ + 3𝑄̃(𝜒̃𝐴

2)′(𝜁𝐵
2)′

 +3𝑄̃(𝜒̃𝐴
2)′′𝜁𝐵

2 + 𝑄̃𝜒̃𝐴
2(𝜁𝐵

2)′′ + (𝜒̃𝐴
2)′′′𝜑𝐵

 

−∫  𝜓𝐴,𝐵
′ (𝜕𝑥𝑣1)

2 +
1

4
∫  𝜓𝐴,𝐵

′′′ 𝑣1
2

 = −∫  𝑄̃2𝜁𝐵
2(𝜕𝑥𝑣1)

2 +
1

4
∫  𝑄̃′′𝜒̃𝐴

2𝜁𝐵
2𝑣1
2 +

1

4
∫  𝑄̃𝜒̃𝐴

2(𝜁𝐵
2)′′𝑣1

2

 +
3

4
∫  𝑄̃′(𝜒̃𝐴

2)′𝜁𝐵
2𝑣1
2 +

3

4
∫  𝑄̃(𝜒̃𝐴

2)′(𝜁𝐵
2)′𝑣1

2 +
3

4
∫  𝑄̃(𝜒̃𝐴

2)′′𝜁𝐵
2𝑣1
2

 +
1

2
∫  𝑄̃′𝜒̃𝐴

2(𝜁𝐵
2)′𝑣1

2 −∫  (𝜒̃𝐴
2)′𝜑𝐵(𝜕𝑥𝑣1)

2 +
1

4
∫  (𝜒̃𝐴

2)′′′𝜑𝐵𝑣1
2

 

∫  𝑄̃𝜒̃𝐴
2𝜁𝐵
2(𝜕𝑥𝑣1)

2 = ∫  𝑄̃(𝜕𝑥𝑧)
2 +∫  (𝑄̃(𝜒̃𝐴𝜁𝐵)

′)
′
𝜒̃𝐴𝜁𝐵𝑣1

2

= ∫  𝑄̃(𝜕𝑥𝑧)
2 +∫  𝑄̃

𝜁𝐵
′′

𝜁𝐵
𝑧2 +∫  𝑄̃𝜒̃𝐴

′′𝜒̃𝐴𝜁𝐵
2𝑣1
2 +

1

2
∫  𝑄̃(𝜒̃𝐴

2)′(𝜁𝐵
2)′𝑣1

2

 +
1

2
∫  𝑄̃′(𝜒̃𝐴

2)′𝜁𝐵
2𝑣1
2 +

1

2
∫  𝑄̃′𝜒̃𝐴

2(𝜁𝐵
2)′𝑣1

2

 

1

4
∫  𝑄̃𝜒̃𝐴

2(𝜁𝐵
2)′′𝑣1

2 =
1

2
∫  𝑄̃ (

𝜁𝐵
′′

𝜁𝐵
+
(𝜁𝐵
′ )2

𝜁𝐵
2 )𝑧2 

−∫  𝜓𝐴,𝐵
′ (𝜕𝑥𝑣1)

2 +
1

4
∫  𝜓𝐴,𝐵

′′′ 𝑣1
2 = −{∫  𝑄̃(𝜕𝑥𝑧)

2 −
1

4
∫  𝑄̃′′𝑧2 +

1

2
∫  𝑄̃ (

𝜁𝐵
′′

𝜁𝐵
−
(𝜁𝐵
′ )2

𝜁𝐵
2 )𝑧2} + 𝐽1 

𝐽1 =
1

4
∫  𝑄̃(𝜒̃𝐴

2)′(𝜁𝐵
2)′𝑣1

2 +
1

4
∫  𝑄̃′(𝜒̃𝐴

2)′𝜁𝐵
2𝑣1
2 +

1

2
∫  𝑄̃[3(𝜒̃𝐴

′ )2 + 𝜒̃𝐴
′′𝜒̃𝐴]𝜁𝐵

2𝑣1
2

 −∫  (𝜒̃𝐴
2)′𝜑𝐵(𝜕𝑥𝑣1)

2 +
1

4
∫  (𝜒̃𝐴

2)′′′𝜑𝐵𝑣1
2

 

∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +
1

2
𝜓𝐴,𝐵
′ 𝑣1)𝑉0𝑣1 =

1

2
∫  𝑉0𝜕𝑥(𝜓𝐴,𝐵𝑣1

2) = −
1

2
∫  
𝜑𝐵

𝜁𝐵
2 𝑉0

′𝑧2 
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𝑉𝐵 = −
1

4
𝑄̃′′ +

1

2
𝑄̃ (
𝜁𝐵
′′

𝜁𝐵
−
(𝜁𝐵
′ )2

𝜁𝐵
2 ) −

1

2

𝜑𝐵

𝜁𝐵
2 𝑉0

′  

𝑉𝐵 = [
1

2
𝑄̃ (
𝜁𝐵
′′

𝜁𝐵
−
(𝜁𝐵
′ )2

𝜁𝐵
2 ) −

1

10

𝜑𝐵

𝜁𝐵
2 𝑉0

′] + [−
1

4
𝑄̃′′ −

2

5

𝜑𝐵

𝜁𝐵
2 𝑉0

′] =: 𝑉⨂
† + 𝑉⊠

△  

𝐽1 = −∫  [𝑄̃(𝜕𝑥𝑧)
2 + 𝑉⊞

⋆ 𝑧2 + 𝑉⨃
⊙𝑧2] + 𝐽1 

𝑉𝐵
𝐼 ≥ 𝑉1  where  𝑉1 = 𝐶1

′𝑄̃3(𝑥)𝟏{|𝑥|≥1}(𝑥),  

|
𝜁𝐵
′′

𝜁𝐵
− (

𝜁𝐵
′

𝜁𝐵
)

2

| ≤
𝐶

𝐵
𝑄̃2(𝑥)𝟏{|𝑥|≥1}(𝑥) 

𝜑𝐵

𝜁𝐵
2 =

1

𝜁𝐵
2∫  

𝛼−1(𝑥)

0

  𝜁𝐵
2(𝛼(𝑠))𝑑𝑠 ≥ 𝛼−1(𝑥)  

𝑉𝐵
I(𝑥) ≥

1

10
𝛼−1(𝑥)|𝑉0

′(𝑥)| −
𝐶

𝐵
𝑄̃3(𝑥)𝟏{|𝑥|≥1}(𝑥)

≥(
1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)| −
𝐶

𝐵
𝑄̃3(𝑥))𝟏{1≤𝑥≤𝑥2,2}(𝑥) +

1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)|

 + (
1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)| −
𝐶

𝐵
𝑄̃3(𝑥))𝟏{𝑥≥𝑥2,2}(𝑥)

 

1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)| ≥ 𝐶̃ 

1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)| −
𝐶

𝐵
𝑄̃3 ≥ 𝐶̃ −

27

8

𝐶

𝐵
≥
1

2
𝐶̃ > 0 

𝑄̃3 ≲ |𝑉0
′| ≲ 𝑄̃3 

𝐶′𝑄̃3 ≤ |𝑉0
′(𝑥)| 

1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)| −
𝐶

𝐵
𝑄̃3 ≥ (

𝐶′

20
𝛼−1(𝑥) −

𝐶

𝐵
) 𝑄̃3 

𝑥 ∈ [𝑥2,2, +∞) ⟼ 𝛼−1(𝑥) 

1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)| −
𝐶

𝐵
𝑄̃3 ≥ (

𝐶′

20
𝛼−1(𝑥2,2) −

𝐶

𝐵
) 𝑄̃3 

𝐵2 =
10

𝛼−1(𝑥2,2)

𝐶

𝐶′
 

1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)| −
𝐶

𝐵
𝑄̃3 ≥

1

2
𝐶′𝑄̃3 

𝛼−1: ℝ+ ↦ ℝ+ 
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𝑉⨀
†(𝑥) ≥

1

2
𝐶̃𝟏{1≤𝑥≤𝑥̃}(𝑥) +

1

2
𝐶′𝑄̃3𝟏{𝑥≥𝑥̃}(𝑥) +

1

20
𝛼−1(𝑥)|𝑉0

′(𝑥)|

 ≥
1

2
𝐶̃𝟏{1≤𝑥≤𝑥̃}(𝑥) +

1

2
𝐶′𝑄̃3𝟏{𝑥≥𝑥̃}(𝑥)

 

𝑉𝐵
I(𝑥) ≥ 𝐶1

′𝑄̃3𝟏{𝑥≥1}(𝑥), 

𝑉≜
⋆ ≥ 𝑉2  where  𝑉2 = 𝐶1

′′𝑄̃3(𝑥),  

−
1

4
𝑄̃′′ =

1

2
𝑄̃3 (

5

6
𝑄̃ − 1)  

𝑥‾ = 𝛼(2arccosh(√
4

5
)) ∼ 0.576 

𝑉⋀
⊡(𝑥) > 0 

𝑉⋈
⋁(𝑥) ≥ −

1

4
𝑄̃′′ −

1

5
𝛼−1(𝑥)𝑉′(𝑥) =

1

2
𝑄̃3 (

5

6
𝑄̃ − 1) +

2

5
𝛼−1(𝑥)(2 − 3𝑄̃)𝑄̃3𝐻̃

 = (
4

5
𝛼−1(𝑥)𝐻̃ −

1

2
) 𝑄̃3 + (

5

12
−
6

5
𝛼−1(𝑥)𝐻̃) 𝑄̃4 = 𝑘(𝛼−1(𝑥))𝑄̃3

 

𝑘:ℝ+ ↦ ℝ 

𝑘(𝑠):=
4

5
𝑠𝐻(𝑠) −

1

2
+ (

5

12
−
6

5
𝑠𝐻(𝑠))𝑄(𝑠). 

𝑉⨅
≗(𝑥) ≥ 𝐶𝟏|𝑥|≤𝑥2,2(𝑥) + 𝐶̃𝑄̃

3𝟏|𝑥|≥𝑥2,2(𝑥) 

𝑉𝐵
⨆(𝑥) ≥ 𝐶1

′′𝑄̃3(𝑥) 

𝑑

𝑑𝑡
𝒥 ≤ −∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝐶1𝑄̃
2𝑧2] + 𝐽1 + 𝐽2 + 𝐽3 + 𝐽4  

‖(1 − 𝛾𝜕𝑥
2)−1𝑓‖𝐿2 ≤ ‖𝑓‖𝐿2 , ‖(1 − 𝛾𝜕𝑥

2)−1𝜕𝑥𝑓‖𝐿2 ≤ 𝛾
−
1
2‖𝑓‖𝐿2

‖(1 − 𝛾𝜕𝑥
2)−1𝜕𝑥

2𝑓‖𝐿2 ≤ 𝛾
−1‖𝑓‖𝐿2

 

‖sech(𝐾𝛼−1(𝑥))(1 − 𝛾𝜕𝑥
2)−1𝑓‖𝐿2 ≤ (1 +𝑚0)‖(1 − 𝛾𝜕𝑥

2)−1[sech(𝐾𝛼−1(𝑥))𝑓]‖𝐿2 ,  

‖cosh (𝐾𝛼−1(𝑥))(1 − 𝛾𝜕𝑥
2)−1𝑓‖𝐿2 ≲ ‖(1 − 𝛾𝜕𝑥

2)−1[cosh (𝐾𝛼−1(𝑥))𝑓]‖𝐿2  

𝑔 = sech(𝐾𝛼−1)(1 − 𝛾𝜕𝑥
2)−1𝑓 and 𝑘 = (1 − 𝛾𝜕𝑥

2)−1[sech(𝐾𝛼−1)𝑓] 

𝑓 =cosh (𝐾𝛼−1)(1 − 𝛾𝜕𝑥
2)𝑘 = (1 − 𝛾𝜕𝑥

2)[cosh (𝐾𝛼−1)𝑔]

=cosh (𝐾𝛼−1)𝑔 − 𝛾[cosh (𝐾𝛼−1)′′𝑔 + 2cosh (𝐾𝛼−1)′𝜕𝑥𝑔 + cosh (𝐾𝛼
−1)𝜕𝑥

2𝑔]

=cosh (𝐾𝛼−1)(1 − 𝛾𝜕𝑥
2)𝑔 − 𝛾𝐾cosh (𝐾𝛼−1)𝑄̃2[𝐾 − 𝐻̃tanh (𝐾𝛼−1)]𝑔

 −2𝛾𝐾cosh (𝐾𝛼−1)𝑄̃tanh (𝐾𝛼−1)𝜕𝑥𝑔

 

(1 − 𝛾𝜕𝑥
2)𝑘 = (1 − 𝛾𝜕𝑥

2)𝑔 − 𝛾𝐾𝑄̃2[𝐾 − 𝐻̃tanh (𝐾𝛼−1)]𝑔 − 2𝛾𝐾𝑄̃tanh (𝐾𝛼−1)𝜕𝑥𝑔 
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𝑔 =𝑘 + 𝛾𝐾(1 − 𝛾𝜕𝑥
2)−1{𝑄̃2[𝐾 − 𝐻̃tanh (𝐾𝛼−1)]𝑔}

 +2𝛾𝐾(1 − 𝛾𝜕𝑥
2)−1[𝑄̃tanh (𝐾𝛼−1)𝜕𝑥𝑔]

 

‖(1 − 𝛾𝜕𝑥
2)−1‖ℒ(𝐿2,𝐿2) ≤ 1, ‖(1 − 𝛾𝜕𝑥

2)−1𝜕𝑥‖ℒ(𝐿2,𝐿2) ≤ 𝛾
−
1
2  

𝛾𝐾‖(1−𝛾𝜕𝑥
2)−1{𝑄̃2[𝐾 − 𝐻̃tanh (𝐾𝛼−1)]𝑔}‖𝐿2

 ≤ 𝛾𝐾‖𝑄̃2[𝐾 − 𝐻̃tanh (𝐾𝛼−1)]𝑔‖
𝐿2
≤ (1 + 𝐾)𝛾𝐾‖𝑄̃2𝑔‖

𝐿2
 

‖(1 − 𝛾𝜕𝑥
2)−1[𝑄̃tanh (𝐾𝛼−1)𝜕𝑥𝑔]‖𝐿2

 ≤ ‖(1 − 𝛾𝜕𝑥
2)−1𝜕𝑥[𝑄̃tanh (𝐾𝛼

−1)𝑔]‖
𝐿2
+ ‖(1 − 𝛾𝜕𝑥

2)−1 [𝜕𝑥 (𝑄̃tanh (𝐾𝛼
−1))𝑔]‖

𝐿2

 ≤ 𝛾−
1
2‖𝑄̃tanh (𝐾𝛼−1)𝑔‖

𝐿2
+ ‖𝑄̃2 (𝐾sech2(𝐾𝛼−1) − 𝐻̃tanh (𝐾𝛼−1))𝑔‖

𝐿2

 ≤ 𝛾−
1
2𝐾‖𝑄̃2𝑔‖

𝐿2
+ ‖𝑄̃2𝑔‖

𝐿2
≤ 3𝛾−

1
2‖𝑄̃2𝑔‖

𝐿2

 

‖𝑔‖𝐿2 ≤ ‖𝑘‖𝐿2 + (1 + 𝐾)𝛾𝐾‖𝑄̃
2𝑔‖

𝐿2
+ 6𝐾𝛾

1
2‖𝑄̃2𝑔‖

𝐿2
. 

‖𝑔‖𝐿2 ≤ (1 +𝑚0)‖𝑘‖𝐿2 , 

𝑔 = cosh (𝐾𝛼−1)(1 − 𝛾𝜕𝑥
2)−1𝑓  and  𝐾 = (1 − 𝛾𝜕𝑥

2)−1[cosh (𝐾𝛼−1)𝑓] 

𝑓 = sech(𝐾𝛼−1)(1 − 𝛾𝜕𝑥
2)𝑘 = (1 − 𝛾𝜕𝑥

2)[sech(𝐾𝛼−1)𝑔]

 = sech(𝐾𝛼−1)𝑔 − 𝛾[sech(𝐾𝛼−1)′′𝑔 + 2sech(𝐾𝛼−1)′𝜕𝑥𝑔 + sech(𝐾𝛼
−1)𝜕𝑥

2𝑔]

 = sech(𝐾𝛼−1)(1 − 𝛾𝜕𝑥
2)𝑔 − 𝛾𝐾𝑄̃sech(𝐾𝛼−1)[𝐾𝑄̃(1 − 2sech2(𝐾𝛼−1))𝑔 − 2tanh (𝐾𝛼−1)𝜕𝑥𝑔]

 

𝑔 =𝑘 + 𝛾𝐾2(1 − 𝛾𝜕𝑥
2)−1[𝑄̃2(1 − 2sech2(𝐾𝛼−1))𝑔]

 −2𝛾𝐾(1 − 𝛾𝜕𝑥
2)−1[𝑄̃tanh (𝐾𝛼−1)𝜕𝑥𝑔]

 

‖(1 − 𝛾𝜕𝑥
2)−1[𝑄̃2(1 − 2sech2(𝐾𝛼−1))𝑔]‖

𝐿2
≲ ‖𝑄̃2(1 − 2sech2(𝐾𝛼−1))𝑔‖

𝐿2
≲ ‖𝑔‖𝐿2 

‖(1 − 𝛾𝜕𝑥
2)−1[𝑄̃tanh (𝐾𝛼−1)𝜕𝑥𝑔]‖𝐿2

 ≲ ‖(1 − 𝛾𝜕𝑥
2)−1𝜕𝑥[𝑄̃tanh (𝐾𝛼

−1)𝑔]‖
𝐿2
+ ‖(1 − 𝛾𝜕𝑥

2)−1 [𝜕𝑥 (𝑄̃tanh (𝐾𝛼
−1)) 𝑔]‖

𝐿2

 ≲ 𝛾−
1
2‖𝑄̃tanh (𝐾𝛼−1)𝑔‖

𝐿2
+ ‖𝑄̃2[𝐾sech2(𝐾𝛼−1) − 𝐻̃tanh (𝐾𝛼−1)]𝑔‖

𝐿2

 ≲ 𝛾−
1
2‖𝑔‖𝐿2 .

 

‖𝑔‖𝐿2 ≤ ‖𝑘‖𝐿2 + 𝐶̃𝛾
1
2‖𝑔‖𝐿2 

‖sech((
3

2
+
1

𝐴
)𝛼−1) (1 − 𝛾𝜕𝑥

2)−1𝑓‖ ≲ ‖(1 − 𝛾𝜕𝑥
2)−1 [sech((

3

2
+
1

𝐴
)𝛼−1)𝑓]‖ ,  

‖sech((
1

2
+
1

𝐴
)𝛼−1) (1 − 𝛾𝜕𝑥

2)−1𝑓‖ ≲ ‖(1 − 𝛾𝜕𝑥
2)−1 [sech((

1

2
+
1

𝐴
)𝛼−1)𝑓]‖  

𝜎𝐴𝑄̃
−
1
2 ≲ cosh (

2 − 𝐴

2𝐴
𝛼−1) ≲ 𝜎𝐴𝑄̃

−
𝑛
2  
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‖𝜎𝐴𝑄̃
−
1
2(1 − 𝛾𝜕𝑥

2)−1𝑓‖ ≲ ‖𝜎𝐴𝑄̃
−
1
2𝑓‖ .

‖𝜎𝐴𝑄̃
−
1
2(1 − 𝛾𝜕𝑥

2)−1𝜕𝑥𝑓‖ ≲ 𝛾
−
1
2 ‖𝜎𝐴𝑄̃

−
1
2𝑓‖ .

 

𝑣 = (1 − 𝛾𝜕𝑥
2)−1𝑈𝑢 

‖𝜎𝐴𝑄̃
3
2𝑣‖ ≲ 𝛾

−
1
2 ‖𝜎𝐴𝑄̃

3
2𝑢‖  

‖𝜎𝐴𝑄̃
1
2𝜕𝑥𝑣‖ ≲ 𝛾

−
1
2 ‖𝜎𝐴𝑄̃

1
2𝜕𝑥𝑢‖ + ‖𝜎𝐴𝑄̃

5
2𝑢‖  

𝜎𝐴𝑄̃
𝑛
2 ≲ sech((

𝑛

2
+
1

𝐴
)𝛼−1) ≲ 𝜎𝐴𝑄̃

𝑛
2  

‖𝜎𝐴𝑄̃
3
2𝑣‖ ≲‖sech (

3𝐴 + 2

2𝐴
𝛼−1) 𝑣‖

≲‖sech (
3𝐴 + 2

2𝐴
𝛼−1) (1 − 𝛾𝜕𝑥

2)−1𝜕𝑥𝑢‖ + ‖sech (
3𝐴 + 2

2𝐴
𝛼−1) (1 − 𝛾𝜕𝑥

2)−1[ℎ0𝑢]‖

≲‖(1 − 𝛾𝜕𝑥
2)−1 [sech (

3𝐴 + 2

2𝐴
𝛼−1) 𝜕𝑥𝑢]‖ + ‖(1 − 𝛾𝜕𝑥

2)−1 [sech (
3𝐴 + 2

2𝐴
𝛼−1) ℎ0𝑢]‖

≲‖(1 − 𝛾𝜕𝑥
2)−1𝜕𝑥 [sech (

3𝐴 + 2

2𝐴
𝛼−1)𝑢]‖

 +
3𝐴 + 2

2𝐴
‖(1 − 𝛾𝜕𝑥

2)−1 [𝑄̃sech (
3𝐴 + 2

2𝐴
𝛼−1)𝑢]‖ + ‖sech (

3𝐴 + 2

2𝐴
𝛼−1) ℎ0𝑢‖

≲𝛾−
1
2 ‖sech (

3𝐴 + 2

2𝐴
𝛼−1)𝑢‖ + ‖𝑄̃sech (

3𝐴 + 2

2𝐴
𝛼−1)𝑢‖ + ‖𝜎𝐴𝑄̃

3
2ℎ0𝑢‖

≲𝛾−
1
2 ‖𝜎𝐴𝑄̃

3
2𝑢‖ + ‖𝜎𝐴𝑄̃

3
2𝑢‖ + ‖𝜎𝐴𝑄̃

3
2ℎ0𝑢‖ ≲ 𝛾

−
1
2 ‖𝜎𝐴𝑄̃

3
2𝑢‖ ⋅

 

𝜕𝑥𝑈 = 𝜕𝑥
2 − ℎ0𝜕𝑥 − ℎ0

′  

|ℎ0
′ | ≲ |𝑉| ≲ 𝑄̃2 

‖𝜎𝐴𝑄̃
1
2𝜕𝑥𝑣‖ ≲‖sech (

𝐴 + 2

2𝐴
𝛼−1) 𝜕𝑥𝑣‖

≲‖sech (
𝐴 + 2

2𝐴
𝛼−1) (1 − 𝛾𝜕𝑥

2)−1𝜕𝑥
2𝑢‖ + ‖sech(

𝐴 + 2

2𝐴
𝛼−1) (1 − 𝛾𝜕𝑥

2)−1[ℎ0𝜕𝑥𝑢]‖

 +‖sech (
𝐴 + 2

2𝐴
𝛼−1) (1 − 𝛾𝜕𝑥

2)−1[ℎ0
′ 𝑢]‖

≲‖(1 − 𝛾𝜕𝑥
2)−1𝜕𝑥 [sech (

𝐴 + 2

2𝐴
𝛼−1)𝜕𝑥𝑢]‖ + ‖(1 − 𝛾𝜕𝑥

2)−1 [sech (
𝐴 + 2

2𝐴
𝛼−1)

′

𝜕𝑥𝑢]‖

 +‖(1 − 𝛾𝜕𝑥
2)−1 [sech (

𝐴 + 2

2𝐴
𝛼−1) ℎ0𝜕𝑥𝑢]‖ + ‖(1 − 𝛾𝜕𝑥

2)−1 [sech (
𝐴 + 2

2𝐴
𝛼−1) ℎ0

′ 𝑢]‖

≲𝛾−
1
2 ‖sech (

𝐴 + 2

2𝐴
𝛼−1)𝜕𝑥𝑢‖ + ‖sech (

𝐴 + 2

2𝐴
𝛼−1) 𝑄̃2𝑢‖ ≲ 𝛾−

1
2 ‖𝜎𝐴𝑄̃

1
2𝜕𝑥𝑢‖ + ‖𝜎𝐴𝑄̃

5
2𝑢‖

 

‖𝜎𝐴𝑄̃
1
2𝜕𝑥(𝜒̃𝐵𝑢1)‖ ≲ ‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖ .  
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‖𝜎𝐴𝑄̃
3
2𝑣1‖

𝐿2
≲ 𝛾−

1
2 ‖𝑄̃

3
2𝑤1‖

‖𝜎𝐴𝑄̃
1
2𝜕𝑥𝑣1‖ ≲ 𝛾

−
1
2 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)

 

‖𝜎𝐴𝑄̃
1
2𝜕𝑥(𝜒̃𝐵𝑢1)‖ ≲ ‖𝜁𝐴𝑄̃

1
2𝜕𝑥𝑢1‖ + ‖𝜁𝐴𝑄̃

3
2𝑢1‖

 ≲ ‖𝑄̃
1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖ + ‖𝑄̃

1
2𝜁𝐴
′ 𝑢1‖ ≲ ‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖ .

 

‖𝜎𝐴𝑄̃
1
2𝜕𝑥𝑣1‖ ≲ 𝛾

−
1
2 ‖𝜎𝐴𝑄̃

1
2𝜕𝑥(𝜒̃𝐵𝑢1)‖ + ‖𝜎𝐴𝑄̃

5
2𝜒̃𝐵𝑢1‖

 ≲ 𝛾−
1
2 ‖𝑄̃

1
2𝜕𝑥𝑤1‖ + 𝛾

−
1
2 ‖𝑄̃

3
2𝑤1‖ + ‖𝜎𝐴𝑄̃

5
2𝑢1‖ ≲ 𝛾

−
1
2 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖) ,

 

𝜁𝐵(𝑥) ≲ 𝑒
−
1
𝐵|
𝛼−1(𝑥)|, |𝜁𝐵

′ (𝑥)| ≲
1

𝐵
𝑄̃𝑒−

1
𝐵|
𝛼−1(𝑥)|, |𝜑𝐵| ≲ 𝐵

|𝜒̃𝐴
′ | ≲

1

𝐴
𝑄̃, |(𝜒̃𝐴

2)′| ≲
1

𝐴
𝑄̃, |𝜒̃𝐴

′′| ≲
1

𝐴
𝑄̃2, |(𝜒̃𝐴

2)′′′| ≲
1

𝐴
𝑄̃3

 

𝜒̃𝐴
′ (𝑥) = 𝜒̃𝐴

′′(𝑥) = 𝜒̃𝐴
′′′(𝑥) = 0  

𝐽1 =
1

4
∫  𝑄̃(𝜒̃𝐴

2)′(𝜁𝐵
2)′𝑣1

2 +
1

4
∫  𝑄̃′(𝜒̃𝐴

2)′𝜁𝐵
2𝑣1

2 +
1

2
∫  𝑄̃[3(𝜒̃𝐴

′ )2 + 𝜒̃𝐴
′′𝜒̃𝐴]𝜁𝐵

2𝑣1
2

 +
1

4
∫  (𝜒̃𝐴

2)′′′𝜑𝐵𝑣1
2 −∫  (𝜒̃𝐴

2)′𝜑𝐵(𝜕𝑥𝑣1)
2

=𝐽1,1 + 𝐽1,2 + 𝐽1,3 + 𝐽1,4 + 𝐽1,5

 

|(𝜒̃𝐴
2)′(𝜁𝐵

2)′| ≲
1

𝐴𝐵
𝑒−2

𝐴
𝐵𝜎𝐴

2𝑄̃2, |(𝜒̃𝐴
2)′𝜁𝐵

2| ≲
1

𝐴
𝑒−2

𝐴
𝐵𝜎𝐴

2𝑄̃

(𝜒̃𝐴
′ )2𝜁𝐵

2 + |𝜒̃𝐴
′′𝜒̃𝐴|𝜁𝐵

2 ≲
1

𝐴
𝑒−2

𝐴
𝐵𝜎𝐴

2𝑄̃2, |(𝜒̃𝐴
2)′′′𝜑𝐵| ≲

𝐵

𝐴
𝜎𝐴
2𝑄̃3, |(𝜒̃𝐴

2)′𝜑𝐵| ≲
𝐵

𝐴
𝜎𝐴
2𝑄̃

 

|𝐽1,1| + |𝐽1,2| + |𝐽1,3| + |𝐽1,4| ≲
𝐵

𝐴
‖𝜎𝐴𝑄̃

3
2𝑣1‖

2

≲ 𝛾−1
𝐵

𝐴
‖𝑄̃

3
2𝑤1‖

2

 

|𝐽1,5| ≲
𝐵

𝐴
‖𝜎𝐴𝑄̃

1
2𝜕𝑥𝑣1‖

2

≲ 𝛾−1
𝐵

𝐴
(‖𝑄̃

1
2𝜕𝑥𝑤1‖

2

+ ‖𝑄̃
3
2𝑤1‖

2

) 

|𝐽1| ≲ 𝛾
−1
𝐵

𝐴
(∫  𝑄̃(𝜕𝑥𝑤1)

2 +∫  𝑄̃3𝑤1
2)  

|𝐽2| ≲ 𝛾 ‖𝑄̃(1 − 𝛾𝜕𝑥
2)−1 (𝜓𝐴,𝐵𝜕𝑥𝑣1 +

1

2
𝜓𝐴,𝐵
′ 𝑣1)‖‖𝑄̃

−1(𝑉0
′′𝑣1 + 𝑉0

′𝜕𝑥𝑣1)‖ 

‖𝑄̃(1 − 𝛾𝜕𝑥
2)−1(𝜓𝐴,𝐵𝜕𝑥𝑣1)‖ ≲ ‖sech(𝛼

−1)(1 − 𝛾𝜕𝑥
2)−1(𝜓𝐴,𝐵𝜕𝑥𝑣1)‖ ≲ ‖(1 − 𝛾𝜕𝑥

2)−1(sech(𝛼−1)𝜓𝐴,𝐵𝜕𝑥𝑣1)‖

 ≲ ‖sech(𝛼−1)𝜓𝐴,𝐵𝜕𝑥𝑣1‖ ≲ ‖𝑄̃𝜓𝐴,𝐵𝜕𝑥𝑣1‖.
 

𝜕𝑥𝑧 = 𝜒̃𝐴𝜁𝐵𝜕𝑥𝑣1 + (𝜒̃𝐴𝜁𝐵)
′𝑣1  ⟹ 𝜒̃𝐴

2𝜁𝐵
2(𝜕𝑥𝑣1)

2 ≲ (𝜕𝑥𝑧)
2 + |(𝜒̃𝐴𝜁𝐵)

′𝑣1|
2 

|(𝜒̃𝐴𝜁𝐵)
′𝑣1|

2𝜒̃𝐴
2 ≲ (

1

𝐴
+
1

𝐵
)
2

𝑄̃2𝜒̃𝐴
2𝜁𝐵
2𝑣1
2 ≲

1

𝐵2
𝑄̃2𝑧2 
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𝜒̃𝐴
4𝜁𝐵
2(𝜕𝑥𝑣1)

2 ≲ 𝜒̃𝐴
2(𝜕𝑥𝑧)

2 +
1

𝐵2
𝑄̃2𝑧2 

|𝜓𝐴,𝐵| ≤ |𝛼
−1(𝑥)|𝜒̃𝐴

2 

𝑄̃2|𝜓𝐴,𝐵𝜕𝑥𝑣1|
2
≲ |𝛼−1(𝑥)|2𝑄̃2𝜒̃𝐴

4(𝜕𝑥𝑣1)
2 ≲ 𝑄̃𝜒̃𝐴

4𝜁𝐵
2(𝜕𝑥𝑣1)

2 ≲ 𝑄̃(𝜕𝑥𝑧)
2 +

1

𝐵2
𝑄̃3𝑧2 

‖𝑄̃𝜓𝐴,𝐵𝜕𝑥𝑣1‖ ≲ (𝑄̃(𝜕𝑥𝑧)
2 +

1

𝐵2
𝑄̃3𝑧2)

1
2  

‖𝑄̃(1 − 𝛾𝜕𝑥
2)−1(𝜓𝐴,𝐵

′ 𝑣1)‖ ≲ ‖𝑄̃𝜓𝐴,𝐵
′ 𝑣1‖ 

(𝜓𝐴,𝐵
′ )

2
≤
21

10
𝑄̃2𝜒̃𝐴

2  

|𝛼−1(𝑥)| ≥ 2𝐴 

(𝜓𝐴,𝐵
′ )

2
= [(𝜒̃𝐴

2)′𝜑𝐵 + 𝜒̃𝐴
2𝑄̃𝜁𝐵

2]
2
≤ 8(𝜒̃𝐴𝜒̃𝐴

′ 𝜑𝐵)
2 + 2𝑄̃2𝜒̃𝐴

4𝜁𝐵
4 ≤ 𝑄̃2𝜒̃𝐴

2 (
𝐶

𝐴2
𝐵2 + 2) ≤

21

10
𝑄̃2𝜒̃𝐴

2 

|𝑄̃2(𝜓𝐴,𝐵
′ )

2
𝑣1
2| ≤

21

10
𝑄̃4𝜒̃𝐴

2𝑣1
2 ≤

63

20
𝑄̃3𝑧2 

‖𝑄̃𝜓𝐴,𝐵𝑣1‖
2
≤ 4∫  𝑄̃3𝑧2  

‖𝑄̃(1 − 𝛾𝜕𝑥
2)−1 (𝜓𝐴,𝐵𝜕𝑥𝑣1 +

1

2
𝜓𝐴,𝐵
′ 𝑣1)‖ ≲ (∫  𝑄̃(𝜕𝑥𝑧)

2 + 𝑄̃3𝑧2)

1
2  

|ℎ0| ≲ 1, ℎ0
′ =

1

4ℎ0
(𝑉0

′ + 𝑉′), ℎ0
′′ = 𝑉′ − 2ℎ0ℎ0

′  

𝑉0
′′ = 4(ℎ0

′ )2 + 4ℎ0ℎ0
′′ − 𝑉′′ 

|𝑉0
′′𝑣1| + |𝑉0

′𝜕𝑥𝑣1| ≲ 𝑄̃
3|𝑣1| + 𝑄̃

3|𝜕𝑥𝑣1| 

‖𝑄̃−1(𝑉0
′′𝑣1 + 𝑉0

′𝜕𝑥𝑣1)‖ ≲ ‖𝑄̃
2𝑣1‖ + ‖𝑄̃

2𝜕𝑥𝑣1‖ 

𝑄̃
1
2𝜒̃𝐴

2𝑣1
2 ≲ 𝜒̃𝐴

2𝜁𝐵
2𝑣1
2 = 𝑧2  

𝑄̃4𝑣1
2 = 𝑄̃4𝑣1

2𝜒̃𝐴
2 + 𝑄̃4𝑣1

2(1 − 𝜒̃𝐴
2) ≲ 𝑄̃

7
2𝑧2 + 𝑒−

𝐴
2𝑄̃

7
2𝑣1
2. 

‖𝑄̃2𝑣1‖ ≲ ‖𝑄̃
7
4𝑧‖ + 𝑒−

𝐴
2 ‖𝑄̃

7
4𝑣1‖ ≲ ‖𝑄̃

3
2𝑧‖ + 𝑒−

𝐴
4 ‖𝜎𝐴𝑄̃

3
2𝑣1‖. 

‖𝑄̃2𝑣1‖ ≲ ‖𝑄̃
3
2𝑧‖ + 𝛾−

1
2𝑒−

𝐴
4 ‖𝑄̃

3
2𝑤1‖ .  

𝜒̃𝐴𝜁𝐵𝜕𝑥𝑣1 = 𝜕𝑥𝑧 −
𝜁𝐵
′

𝜁𝐵
𝑧 − 𝜒̃𝐴

′ 𝜁𝐵𝑣1 
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|𝜒̃𝐴𝜁𝐵𝜕𝑥𝑣1| ≲ 𝜕𝑥𝑧 +
1

𝐵
𝑄̃𝑧  

𝑄̃4(𝜕𝑥𝑣1)
2 = 𝑄̃4(𝜕𝑥𝑣1)

2𝜒̃𝐴
2 + 𝑄̃4(𝜕𝑥𝑣1)

2(1 − 𝜒̃𝐴
2) ≲ 𝑄̃

7
2(𝜕𝑥𝑧)

2 +
1

𝐵
𝑄̃
11
2 𝑧2 + 𝑒−𝐴𝑄̃3(𝜕𝑥𝑣1)

2 

‖𝑄̃2𝜕𝑥𝑣1‖≲ ‖𝑄̃
7
4𝜕𝑥𝑧‖ +

1

√𝐵
‖𝑄̃

11
4 𝑧‖ + 𝑒

−
𝐴
2 ‖𝑄̃

7
4𝜕𝑥𝑣1‖  

 ≲ ‖𝑄̃
1
2𝜕𝑥𝑧‖ +

1

√𝐵
‖𝑄̃

3
2𝑧‖ + 𝑒

−
𝐴
2 ‖𝜎𝐴𝑄̃

3
2𝜕𝑥𝑣1‖

 ≲ ‖𝑄̃
1
2𝜕𝑥𝑧‖ +

1

√𝐵
‖𝑄̃

3
2𝑧‖ + 𝛾−

1
2𝑒−

𝐴
2 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)

 

‖𝑄̃2𝑣1‖ + ‖𝑄̃
2𝜕𝑥𝑣1‖ ≲ ‖𝑄̃

1
2𝜕𝑥𝑧‖ + ‖𝑄̃

3
2𝑧‖ + 𝛾

−
1
2𝑒−

𝐴
4 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)  

|𝐽2| ≲ 𝛾 (∫  𝑄̃(𝜕𝑥𝑧)
2 + 𝑄̃3𝑧2) + 𝑒−

𝐴
4 (∫  𝑄̃(𝜕𝑥𝑤1)

2 + 𝑄̃3𝑤1
2)  

|𝐽3| ≲ (‖𝑄̃
1
2𝜒̃𝐴

−1𝜓𝐴,𝐵𝜕𝑥𝑣1‖ + ‖𝑄̃
1
2𝜒̃𝐴

−1𝜓𝐴,𝐵
′ 𝑣1‖)‖𝑄̃

−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵
′ 𝜕𝑥𝑢1 + 𝜒̃𝐵

′′𝑢1)‖  

‖𝑄̃
1
2𝜒̃𝐴

−1𝜓𝐴,𝐵𝜕𝑥𝑣1‖ ≲ 𝐵 ‖𝑄̃
1
2𝜒̃𝐴𝜕𝑥𝑣1‖ ≲ 𝛾

−
1
2𝐵 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖) 

|𝜓𝐴,𝐵
′ | ≤ |(𝜒̃𝐴

2)′𝜑𝐵| + 𝑄̃𝜒̃𝐴
2𝜁𝐵
2 ≲

𝐵

𝐴
𝑄̃𝜒̃𝐴1{𝐴≤|𝛼−1(𝑥)|≤2𝐴} + 𝑄̃𝜒̃𝐴

2𝜁𝐵
2  

‖𝑄̃
1
2𝜒̃𝐴

−1𝜓𝐴,𝐵
′ 𝑣1‖ ≲

𝐵

𝐴
‖𝑄̃

3
21{𝐴≤|𝑥|≤2𝐴}𝑣1‖ + ‖𝑄̃

3/2𝑧‖ ≲ 𝛾−
1
2
𝐵

𝐴
‖𝑄̃

3
2𝑤1‖ + ‖𝑄̃

3/2𝑧‖ 

‖𝑄̃
1
2𝜒̃𝐴

−1𝜓𝐴,𝐵𝜕𝑥𝑣1‖ + ‖𝑄̃
1
2𝜒̃𝐴

−1𝜓𝐴,𝐵
′ 𝑣1‖ ≲ 𝛾

−
1
2𝐵 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖) + ‖𝑄̃

3/2𝑧‖  

1 ≲ 𝜎𝐴 ≲ 𝜁𝐴[ −2𝛼(𝐴),2𝛼(𝐴)], 𝑈 = 𝜕𝑥 − ℎ0 

‖𝑄̃−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵
′′𝑢1)‖ ≲ 𝛾

−
1
2 ‖𝜎𝐴𝑄̃

−
1
2𝜒̃𝐵

′′𝑢1‖ 

𝜒̃𝐵
′′ ≲ 𝐵−4𝑄̃2[−2𝛼(𝐵2), 2𝛼(𝐵2)] 

‖𝑄̃−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵
′′𝑢1)‖ ≲ 𝛾

−
1
2𝐵−4 ‖𝜎𝐴𝑄̃

3
2𝑢1‖ ≲ 𝛾

−
1
2𝐵−4 ‖𝑄̃

3
2𝑤1‖ 

‖𝑄̃−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵
′ 𝜕𝑥𝑢1)‖ ≲ 𝛾

−
1
2 ‖𝜎𝐴𝑄̃

−
1
2𝜒̃𝐵

′ 𝜕𝑥𝑢1‖ ≲ 𝛾
−
1
2𝐵−2 ‖𝑄̃

1
2𝜕𝑥𝑤1‖ 

‖𝑄̃−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵
′ 𝜕𝑥𝑢1 + 𝜒̃𝐵

′′𝑢1)‖ ≲ 𝛾
−
1
2𝐵−2 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)  

|𝐽3| ≲ 𝛾
−1𝐵−1 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)

2

+ 𝛾−
1
2𝐵−2 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)‖𝑄̃

3/2𝑧‖  

𝑁 = 𝑁𝑔 +𝑁𝑏 
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𝑁𝑔: = 𝑄̃
2(3𝐻̃(𝑎1

2𝜙0
2 + 2𝑎1𝜙0𝑢1) + 𝑎1

3𝜙0
3 + 3𝑎1

2𝜙0
2𝑢1 + 3𝑎1𝜙0𝑢1

2)

𝑁𝑏: = 𝑄̃
2𝑢1
2(3𝐻̃ + 𝑢1)

 

𝑁⊥ = 𝑁 −𝑁0𝜙0 = (𝑁𝑔 −𝑁0𝜙0) + 𝑁𝑏: = 𝑁𝑔
⊥ +𝑁𝑏 

𝐽4,𝑔 = −∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +
1

2
𝜓𝐴,𝐵
′ 𝑣1) (1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁𝑔
⊥) 

|𝐽4,𝑔| ≲ (‖𝑄̃
1
2𝜒̃𝐴

−1𝜓𝐴,𝐵𝜕𝑥𝑣1‖ + ‖𝑄̃
1
2𝜒̃𝐴

−1𝜓𝐴,𝐵
′ 𝑣1‖)‖𝑄̃

−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁𝑔
⊥)‖  

‖𝑄̃−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁𝑔
⊥)‖

 ≤ ‖𝑄̃
−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁𝑔)‖ + |𝑁0| ‖𝑄̃
−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝜙0)‖ .
 

|𝑁𝑔| ≲ 𝑄̃
2𝜙0(𝑎1

2 + 𝑢1
2)

|𝑁0| ≲ 𝑎1
2 +∫  𝑄̃2𝜙0𝑢1

2 ≲ 𝑎1
2 + ‖𝑄̃1/2𝑢1‖𝐿∞ ‖𝑄̃

3
2𝑤1‖ ⋅

 

‖𝑄̃
−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁𝑔)‖ ≲ ‖𝜎𝐴𝑄̃
−
1
2(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁𝑔)‖ ≲ 𝛾
−
1
2 ‖𝜎𝐴𝑄̃

−
1
2𝑁𝑔‖ 

‖𝑄̃−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁𝑔)‖≲ 𝛾
−
1
2 (𝑎1

2 ‖𝜎𝐴𝑄̃
3
2𝜙0‖ + ‖𝜎𝐴𝑄̃

3
2𝜙0𝑢1

2‖) 

 ≲ 𝛾−
1
2 (𝑎1

2 + ‖𝑄̃1/2𝑢1‖𝐿∞ ‖𝑄̃
3
2𝑤1‖) .

 

‖𝑄̃
−
1
2𝜒̃𝐴(1 − 𝛾𝜕𝑥

2)−1𝑈𝜙0‖ ≲ ‖𝜎𝐴𝑄̃
−
1
2(1 − 𝛾𝜕𝑥

2)−1𝑈𝜙0‖ ≲ 𝛾
−
1
2 ‖𝜎𝐴𝑄̃

−
1
2𝜙0‖ ≲ 𝛾

−
1
2  

|𝐽4,𝑔| ≲𝛾
−1𝐵 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)(𝑎1

2 + ‖𝑄̃1/2𝑢1‖𝐿∞ ‖𝑄̃
3
2𝑤1‖)

 +𝛾−
1
2 ‖𝑄̃

3
2𝑧‖ (𝑎1

2 + ‖𝑄̃1/2𝑢1‖𝐿∞ ‖𝑄̃
3
2𝑤1‖)

 

𝐽4,𝑏 = ∫  (𝜓𝐴,𝐵𝜕𝑥𝑣1 +
1

2
𝜓𝐴,𝐵
′ 𝑣1) (1 − 𝛾𝜕𝑥

2)−1𝑈(𝜒̃𝐵𝑁𝑏) 

‖𝑄̃1/2𝜒̃𝐴
−1 (𝜓𝐴,𝐵𝜕𝑥𝑣1 +

1

2
𝜓𝐴,𝐵
′ 𝑣1)‖ ≲ 𝛾

−
1
2𝐵 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖) + ‖𝑄̃

3/2𝑧‖  

‖𝑄̃−1/2𝜒̃𝐴(1 − 𝛾𝜕𝑥
2)−1𝑈(𝜒̃𝐵𝑁𝑏)‖ ≲ ‖𝜎𝐴𝑄̃

−1/2(1 − 𝛾𝜕𝑥
2)−1𝑈(𝜒̃𝐵𝑁𝑏)‖

 ≲ 𝛾−
1
2(‖𝜎𝐴𝜒̃𝐵𝑄̃

3/2𝑢1
2‖ + ‖𝜎𝐴𝜒̃𝐵𝑄̃

3/2𝑢1
3‖).

 

‖𝑄̃−1/2𝜒̃𝐴(1 − 𝛾𝜕𝑥
2)−1𝑈(𝜒̃𝐵𝑁𝑏)‖ ≲ 𝛾

−
1
2𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞‖𝜎𝐴𝑄̃

3/2𝑢1‖ + 𝛾
−
1
2𝛼(𝐵)2‖𝑄̃1/2𝑢1‖𝐿∞

2
‖𝜎𝐴𝑄̃

3/2𝑢1‖

 ≲ 𝛾−
1
2𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞ (1 + 𝛼(𝐵)‖𝑄̃

1/2𝑢1‖𝐿∞) ‖𝑄̃
3/2𝑤1‖ ⋅
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|𝐽4,𝑏| ≲𝛾
−1𝐵𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞ (1 + 𝛼(𝐵)‖𝑄̃

1/2𝑢1‖𝐿∞) (‖𝑄̃
1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖) ‖𝑄̃

3/2𝑤1‖

 +𝛾−
1
2𝐵‖𝑄̃1/2𝑢1‖𝐿∞ (1 + 𝛼(𝐵)‖𝑄̃

1/2𝑢1‖𝐿∞)‖𝑄̃
3/2𝑧‖‖𝑄̃3/2𝑤1‖

 

|𝐽4| ≲ 𝛾
−1𝐵 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)(𝑎1

2 + 𝛼(𝐵) (1 + 𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞)‖𝑄̃
1/2𝑢1‖𝐿∞ ‖𝑄̃

3
2𝑤1‖)

 +𝛾−
1
2 ‖𝑄̃

3
2𝑧‖(𝑎1

2 + 𝐵 (1 + 𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞)‖𝑄̃
1/2𝑢1‖𝐿∞ ‖𝑄̃

3
2𝑤1‖)

 

𝑑

𝑑𝑡
𝒥 ≤ −4𝐶2∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + 𝛾−1
𝐶𝐵

𝐴
∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2]

 +𝛾𝐶 ∫  𝑄̃[(𝜕𝑥𝑧)
2 + 𝑄̃2𝑧2] + 𝐶𝑒−

𝐴
4∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2]

 +𝛾−1𝐵−1 (‖𝑄̃
1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖)

2

+ 𝛾−
1
2𝐵−2 (‖𝑄̃

1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖) ‖𝑄̃

3/2𝑧‖

 +𝛾−1𝐶𝐵 (‖𝑄̃
1
2𝜕𝑥𝑤1‖ + ‖𝑄̃

3
2𝑤1‖) (𝑎1

2 + 𝛼(𝐵) (1 + 𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞)‖𝑄̃
1/2𝑢1‖𝐿∞ ‖𝑄̃

3
2𝑤1‖)

 +𝛾−
1
2𝐶 ‖𝑄̃

3
2𝑧‖ (𝑎1

2 + 𝐵 (1 + 𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞) ‖𝑄̃
1/2𝑢1‖𝐿∞ ‖𝑄̃

3
2𝑤1‖)

 

𝑑

𝑑𝑡
𝒥 ≤ −𝐶2∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + 𝐶 (
1

𝐵
+
𝐵

𝐴
+ 𝑒−

𝐴
4)∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2]

 +𝐶𝐵𝛼(𝐵) (𝑎1
2 + 𝐵 (1 + 𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞)

‖𝑢1‖𝐿∞ ‖𝑄̃
3
2𝑤1‖)

2  

𝛼(𝐵)‖𝑄̃1/2𝑢1‖𝐿∞ ≲ 𝛿
7
8 ≲ 1, 𝐵−1 + 𝐴−1𝐵 + 𝑒−

𝐴
4 ≲ ln (𝛿−

1
8)
−1

𝐵𝛼(𝐵) (𝛼(𝐵)‖𝑢1‖𝐿∞ ‖𝑄̃
3
2𝑤1‖)

2

≲ 𝛿−
1
2‖𝑢1‖𝐿∞

2 ‖𝑄̃
3
2𝑤1‖

2

≲ 𝛿
3
2 ‖𝑄̃

3
2𝑤1‖

2

.

 

𝑑

𝑑𝑡
𝒥 ≤ −𝐶2∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + 𝐶ln (𝛿
−
1
8)
−1

∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] + 𝐶𝛿
1
2|𝑎1|

3 

∫  𝑄̃7𝑢1
2 

𝑣 = (1 − 𝛾𝜕𝑥
2)−1𝑈𝑢  

∫  𝑄̃7𝑢2 ≲ ∫  𝑄̃
9
2[(𝜕𝑥𝑣)

2 + 𝑣2]  

𝑣 − 𝛾𝜕𝑥
2𝑣 = 𝜙0𝜕𝑥 (

𝑢

𝜙0
) 

𝜕𝑥 (
𝑢

𝜙0
+ 𝛾

𝜕𝑥𝑣

𝜙0
) =

1

𝜙0
(𝑣 − 𝛾ℎ0𝜕𝑥𝑣) 

𝑢

𝜙0
+ 𝛾

𝜕𝑥𝑣

𝜙0
= 𝑎 +∫  

𝑥

0

1

𝜙0
(𝑣 − 𝛾ℎ0𝜕𝑥𝑣) 

𝑢 = 𝑎𝜙0 − 𝛾𝜕𝑥𝑣 + 𝑢̃  
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𝑢̃ = 𝜙0∫  
𝑥

0

1

𝜙0
(𝑣 − 𝛾ℎ0𝜕𝑥𝑣) 

𝜙0∫  
𝑥

0

|𝑣|

𝜙0
≲ 𝜙0 (∫  𝑄̃

9
2𝑣2)

1
2
(∫  

𝑥

0

 
1

𝑄̃
9
2𝜙0

2
)

1
2

≲ ‖𝑄̃
9
4𝑣‖(∫  

𝛼−1(𝑥)

0

 
1

𝑄
11
2

)

1
2

≲ 𝑄̃−
11
4 ‖𝑄̃

9
4𝑣‖ 

𝜙0∫  
𝑥

0

|ℎ0𝜕𝑥𝑣|

𝜙0
≲ 𝜙0 (∫  𝑄̃

9
2(ℎ0𝜕𝑥𝑣)

2)

1
2
(∫  

𝑥

0

 
1

𝑄̃
9
2𝜙0

2
)

1
2

≲ 𝑄̃−
11
4 ‖𝑄̃

9
4𝜕𝑥𝑣‖ 

𝑄̃
11
2 𝑢̃2 ≲ ∫  𝑄̃

9
2[(𝜕𝑥𝑣)

2 + 𝑣2] 

∫  𝑄̃7𝑢̃2 ≲ (∫  𝑄̃
3
2)(∫  𝑄̃

9
2[(𝜕𝑥𝑣)

2 + 𝑣2]) ≲ ∫  𝑄̃
9
2[(𝜕𝑥𝑣)

2 + 𝑣2] 

𝑎 = 𝛾⟨𝜕𝑥𝑣, 𝜙0⟩ − ⟨𝑢̃, 𝜙0⟩. 

𝑎2 ≲ (∫  𝜙0𝜕𝑥𝑣)
2

+ (∫  𝜙0𝑢̃)
2

≲ ∫  𝑄̃
9
2(𝜕𝑥𝑣)

2 +∫  𝑄̃7𝑢̃2 ≲ ∫  𝑄̃
7
2[(𝜕𝑥𝑣)

2 + 𝑣2] 

∫  𝑄̃7𝑢1
2 ≲ ∫  𝑄̃2[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + 𝑒−
𝐴
4∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2]  

∫  𝑄̃7𝑢1
2 ≲ ∫  𝑄̃

9
2[(𝜕𝑥𝑣1)

2 + 𝑣1
2] 

𝑄̃ ≲ 𝑒−|𝛼
−1(𝑥)|, 𝑄̃

1
4 ≲ 𝜁𝐵

2 

𝑄̃
9
2[(𝜕𝑥𝑣1)

2 + 𝑣1
2] ≲ ∫  𝑄̃4𝜁𝐵

2(𝜕𝑥𝑣1)
2 +∫  𝑄̃4𝜁𝐵

2𝑣1
2

 ≲ ∫  𝑄̃4[(𝜕𝑥𝑧)
2 + 𝑄̃2𝑧2] + ∫  𝑄̃4𝑧2 + 𝑒−3𝐴∫  𝑄̃𝜁𝐵

2(1 − 𝜒̃𝐴
2)(𝜕𝑥𝑣1)

2 + 𝑒−𝐴∫  𝑄̃3𝜁𝐵
2(1 − 𝜒̃𝐴

2)𝑣1
2
 

𝑄̃
9
2[(𝜕𝑥𝑣1)

2 + 𝑣1
2] ≲ ∫  𝑄̃2[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + 𝑒−3𝐴∫  𝜎𝐴
2𝑄̃(𝜕𝑥𝑣1)

2 + 𝑒−𝐴∫  𝜎𝐴
2𝑄̃3𝑣1

2

 ≲ ∫  𝑄̃2[(𝜕𝑥𝑧)
2 + 𝑄̃2𝑧2] + 𝑒−𝐴∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2]

 

ℋ = 𝒥 + 8𝐶𝐶0
−1ln (𝛿3

−
1
8)

−1

ℐ  

𝑑

𝑑𝑡
ℋ ≤ −𝐶3∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2] + |𝑎1|

3  

𝑑

𝑑𝑡
ℐ ≤ −

1

2
𝐶0∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2] + 𝐶 ∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + 𝐶𝑒−
𝐴
4∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2] + 𝐶𝛿3|𝑎1|

3

 ≤ −
1

4
𝐶0∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2] + 𝐶 ∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + |𝑎1|
3
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𝑑

𝑑𝑡
𝒥 ≤ −𝐶2∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] + 𝐶ln (𝛿3
−
1
8)

−1

∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] + 𝐶𝛿
1
2|𝑎1|

3 

𝑑

𝑑𝑡
ℋ ≤(−𝐶2 + 8𝐶

2𝐶0
−1ln (𝛿3

−
1
8)

−1

)∫  𝑄̃[(𝜕𝑥𝑧)
2 + 𝑄̃2𝑧2]

 −𝐶ln (𝛿3
−
1
8)

−1

∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] + 𝐶 (𝛿
1
2 + 8𝐶0

−1ln (𝛿3
−
1
8)

−1

) |𝑎1|
3

 

𝑑

𝑑𝑡
ℋ ≤ −

𝐶2
2
∫  𝑄̃[(𝜕𝑥𝑧)

2 + 𝑄̃2𝑧2] − 𝐶ln (𝛿3
−
1
8)

−1

∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] + |𝑎1|
3 

𝐶3 = 𝐶ln (𝛿3
−
1
8)

−1

> 0 

ℬ = 𝑏+
2 − 𝑏−

2  

|𝑏̇+ − 𝜇0𝑏+| + |𝑏̇− + 𝜇0𝑏−| ≤ 𝐶4 (𝑏+
2 + 𝑏−

2 +∫  𝑄̃3𝑤1
2)  

|
𝑑

𝑑𝑡
(𝑏+
2) − 2𝜇0𝑏+

2| + |
𝑑

𝑑𝑡
(𝑏−
2) + 2𝜇0𝑏−

2| ≤ 𝐶4 (𝑏+
2 + 𝑏−

2 +∫  𝑄̃3𝑤1
2)

3
2  

𝑑

𝑑𝑡
ℬ ≥ 𝜇0(𝑏+

2 + 𝑏−
2) − 𝐶4∫  𝑄̃

3𝑤1
2 =

𝜇0
2
(𝑎1
2 + 𝑎2

2) − 𝐶4∫  𝑄̃
3𝑤1

2  

|𝑁0| ≲ 𝑎1
2 +∫  𝑄̃3𝑤1

2 ≲ 𝑏+
2 + 𝑏−

2 +∫  𝑄̃3𝑤1
2 

𝑑

𝑑𝑡
(ℬ − 2𝐶4𝐶3

−1ℋ) ≥
𝜇0
2
(𝑎1
2 + 𝑎2

2) + 𝐶4∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2] − 2𝐶4|𝑎1|
3 

𝑑

𝑑𝑡
(ℬ − 2𝐶4𝐶3

−1ℋ) ≥
𝜇0
4
(𝑎1
2 + 𝑎2

2) + 𝐶4∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2]  

|ℐ| ≤ |∫  (𝜑𝐴𝜕𝑥𝑢1 +
1

2
𝜑𝐴
′ 𝑢1)𝑢2| ≲ 𝐴 (‖𝜕𝑥𝑢1‖𝐿2 + ‖𝑄̃𝑢1‖𝐿2)

‖𝑢2‖𝐿2 ≲ 𝛿 

𝑈 = 𝜕𝑥 − ℎ0, 𝜓𝐴,𝐵
′ = 𝑄̃𝜒̃𝐴

2𝜁𝐵
2 + (𝜒̃𝐴

2)′𝜑𝐵 

|𝒥| = |∫  (𝜓𝐴,𝐵(𝑥)𝜕𝑥𝑣1(𝑡, 𝑥) +
1

2
𝜓𝐴,𝐵
′ (𝑥)𝑣1(𝑡, 𝑥)) 𝑣2(𝑡, 𝑥)𝑑𝑥| ≲ 𝐵 (‖𝜕𝑥𝑣1‖𝐿2 + ‖𝑄̃𝑣1‖𝐿2)

‖𝑣2‖𝐿2

≲ 𝛿 

|ℋ| ≲ 𝛿 

∫  
∞

0

{𝑎1
2 + 𝑎2

2 +∫  𝑄̃[(𝜕𝑥𝑤1)
2 + 𝑄̃2𝑤1

2]} 𝑑𝑡 ≲ 𝛿 
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∫  𝑄̃2 [(𝜕𝑥𝑢1)
2 + 𝑄̃

3
2𝑢1
2] ≲ ∫  𝑄̃[(𝜕𝑥𝑤1)

2 + 𝑄̃2𝑤1
2] 

∫  
∞

0

  {𝑎1
2 + 𝑎2

2 +∫  𝑄̃2 [(𝜕𝑥𝑢1)
2 + 𝑄̃

3
2𝑢1
2]} 𝑑𝑡 ≲ 𝛿  

𝒦 = ∫  𝑢1𝑢2𝑄̃
2  and  𝒢 =

1

2
∫  [(𝜕𝑥𝑢1)

2 + 𝑄̃
3
2𝑢1
2 + 𝑢2

2] 𝑄̃2 

𝑑

𝑑𝑡
𝒦 = ∫  [𝑢̇1𝑢2 + 𝑢1𝑢̇2]𝑄̃

2 = ∫  [𝑢2
2 − 𝑢1(𝐿𝑢1 +𝑁

⊥)]𝑄̃2

 = ∫  [𝑢2
2 − (𝜕𝑥𝑢1)

2 − 2𝑄̃2(1 − 𝑄̃)𝑢1
2]𝑄̃2 +

1

2
∫  (𝑄̃2)

′′
𝑢1
2 −∫  𝑁⊥𝑄̃2𝑢1

 

∫  𝑁⊥𝑄̃2𝑢1 ≲ 𝑎1
2 +∫  𝑄̃

7
2𝑢1
2 

∫  𝑄̃2𝑢2
2 ≤

𝑑

𝑑𝑡
𝒦 + 𝐶𝑎1

2 + 𝐶∫  𝑄̃2 [(𝜕𝑥𝑢1)
2 + 𝑄̃

3
2𝑢1
2] 

∫  
∞

0

  [𝑎1
2 + 𝑎2

2 + 𝒢]𝑑𝑡 ≲ 𝛿  

𝑑

𝑑𝑡
𝒢 = ∫  [(𝜕𝑥𝑢̇1)(𝜕𝑥𝑢1) + 𝑄̃

3
2𝑢̇1𝑢1 + 𝑢̇2𝑢2] 𝑄̃

2 = ∫  [(𝜕𝑥𝑢2)(𝜕𝑥𝑢1) + 𝑄̃
3
2𝑢2𝑢1 − (𝐿𝑢1 +𝑁

⊥)𝑢2] 𝑄̃
2

 = −2∫  𝑄̃𝑄̃′𝑢2𝜕𝑥𝑢1 +∫  (2𝑄̃
3
2 − 2𝑄̃

1
2 + 1) 𝑄̃

7
2𝑢1𝑢2 −∫  𝑄̃

2𝑁⊥𝑢2

 

|
𝑑

𝑑𝑡
𝒢| ≲ 𝑎1

2 + 𝒢  

lim
𝑛→∞

 [𝑎1
2(𝑡𝑛) + 𝑎2

2(𝑡𝑛) + 𝒢(𝑡𝑛)] = 0 

𝒢(𝑡) ≲ ∫  
∞

𝑡

[𝑎1
2 + 𝒢]𝑑𝑡 

|
𝑑

𝑑𝑡
(𝑎1
2)| + |

𝑑

𝑑𝑡
(𝑎2
2)| ≲ 𝑎1

2 + 𝑎2
2 +∫  𝑄̃

7
2𝑢1
2 

𝑎1
2(𝑡) + 𝑎2

2(𝑡) ≲ ∫  
∞

𝑡

[𝑎1
2 + 𝑎2

2 + 𝒢]𝑑𝑡 

lim
𝑡→∞

 (|𝑎1(𝑡)| + |𝑎2(𝑡)|) = 0 

𝐻̂(𝑥)∶= (sinh (𝛼−1(𝑥)) + 3𝛼−1(𝑥))𝐻̃(𝑥) − 4 =:𝛽(𝑥)𝐻̃(𝑥) − 4

𝛽(𝑥) = 3𝑥 + 2𝛼−1(𝑥)
 

⟨𝐿̃𝑢1, 𝑢1⟩ ≥ 0 

𝜙1 = 𝛼00𝐻̃ + 𝛽00𝐻̂ +
1

3
(𝐻̂∫  

∞

𝑥

 𝜙0𝐻̃ + 𝐻̃∫  
𝑥

0

 𝜙0𝐻̂) 
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𝜙1 =
1

3
(𝐻̂∫  

∞

𝑥

 𝜙0𝐻̃ + 𝐻̃∫  
𝑥

0

 𝜙0𝐻̂) 

𝜙1,𝑥 =
1

3
(𝐻̂′∫  

∞

𝑥

 𝜙0𝐻̃ +
1

3
𝑄̃2∫  

𝑥

0

 𝜙0𝐻̂) ∈ 𝐿
2(ℝ) 

lim
∞
 𝜙1,𝑥𝐻̂ = lim

∞
 𝜙1𝐻̂𝑥 = 0 

⟨𝜙0, 𝐻̂⟩ = ⟨𝐿̃𝜙1, 𝐻̂⟩ = ⟨𝜙1, 𝐿̃𝐻̂⟩ = 0 

∫  
∞

0

𝜙0𝐻̂ = 0 

[0,∞) ∋ 𝑥 ⟼ 𝑔(𝑥): = ∫  
𝑥

0

𝜙0𝐻̂ 

⟨𝜙0, 𝜙1⟩ =
2

3
∫  
∞

0

𝜙0 (𝐻̂∫  
∞

𝑥

 𝜙0𝐻̃ + 𝐻̃∫  
𝑥

0

 𝜙0𝐻̂) =
4

3
∫  
∞

0

𝜙0𝐻̃ ∫  
𝑥

0

𝜙0𝐻̂ =
4

3
∫  
∞

0

𝜙0𝐻̃𝑔 < 0 

⟨𝜙0, 𝑢⟩ = ⟨𝑄̃
2𝐻̃3, 𝑢⟩ = 0 

⟨𝐿̃𝑢, 𝑢⟩ ≥ 𝑐0‖𝑢‖𝐻0
2  

𝜏 = inf{⟨𝐿̃𝑢, 𝑢⟩: ‖𝑢‖𝐻0 = 1, ⟨𝜙0, 𝑢⟩ = ⟨𝑄̃
2𝐻̃3, 𝑢⟩ = 0}.  

0 < ∫  (𝜕𝑥𝑢𝑛)
2 + 𝑄̃3𝑢𝑛

2 ≤
5

3
𝑄̃3𝑢𝑛

2 + 𝜂 

∫  𝑄̃3(𝑢𝑛 − 𝑢∞)
2 → 0,  as  𝑛 → +∞  

𝑣∞ = 𝑢∞/‖𝑢∞‖𝐻0 

⟨𝐿̃𝑢∞, 𝑢∞⟩ ≤ lim inf
𝑛→∞

 ⟨𝐿̃𝑢𝑛, 𝑢𝑛⟩ = 0 

𝐿̃𝑢 = 𝛼(−𝜕𝑥
2𝑢 + 𝑄̃2𝑢) + 𝛽𝜙0 + 𝛾𝑄̃

2𝐻̃3 

‖𝑢‖𝐻0 = 1, ⟨𝜙0, 𝑢⟩ = ⟨𝑄̃
2𝐻̃3, 𝑢⟩ = 0 

𝛼 = ⟨𝐿̃𝑢, 𝑢⟩, so 𝛼 = 𝜏 = 0 

𝐿̃𝑢∞ = 𝛽𝜙0 + 𝛾𝑄̃
2𝐻̃3  

𝑢∞ =
𝛽

3
(𝐻̂∫  

∞

𝑥

 𝜙0𝐻̃ + 𝐻̃ ∫  
𝑥

0

 𝜙0𝐻̂) 

⟨𝐿𝑢, 𝑢⟩ ≥ 𝐶5 (∫  (𝜕𝑥𝑢)
2 +∫  𝑄̃2𝑢2)  

𝐿 = 𝜀0(−𝜕𝑥
2 + 𝑄̃2) + 𝐿𝜀0 
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𝐿𝜀0: = −(1 − 𝜀0)𝜕𝑥
2 + 2𝑄̃2 (1 −

1

2
𝜀0 − 𝑄̃). 

⟨𝐿𝜀0𝑓, 𝑓⟩ = (1 − 𝜀0)∫  𝑓
′2 + 2∫  𝑓2𝑄̃2 (1 −

1

2
𝜀0 − 𝑄̃)

 = (1 − 𝜀0)∫  𝑓
′2(𝑥)𝑑𝑥 + 2∫  𝑓2(𝛼(𝑦))𝑄(1 − 𝑄)(𝑦)𝑑𝑦 − 𝜀0∫  𝑓

2(𝛼(𝑦))𝑄(𝑦)𝑑𝑦

 ∼ −0.6564

 

𝐿 ≥ 𝐿𝜀0 ≥ (1 − 𝜀0) (−𝜕𝑥
2 − 0.845𝑄𝑝

7/2
) 

0.808 ≤ 𝜇𝜀0 ≤ 0.882 

𝐿𝜀0𝜙0 = −(1 − 𝜀0)𝜇0
2𝜙0 − 𝜀0𝑄̃

3𝜙0 

𝐿𝜀0
−1𝜙0 = −

𝜙0 + 𝜀0𝐿𝜀0
−1(𝑄̃3𝜙0)

𝜇0
2(1 − 𝜀0)

 

⟨𝐿𝜀0
−1𝜙0, 𝜙0⟩ = −

1 + 𝜀0⟨𝐿𝜀0
−1(𝑄̃3𝜙0), 𝜙0⟩

𝜇0
2(1 − 𝜀0)

 

𝑢𝜀 = 𝐿𝜀
−1(𝑄̃3𝜙0) ∈ 𝐿

∞(ℝ) 

−(1 − 𝜀)𝜕𝑥
2𝑢 + 2𝑄̃2 (1 −

𝜀

2
− 𝑄̃) 𝑢 = 𝑄̃3𝜙0 

−(1 − 𝜀)⟨𝜕𝑥
2𝑢𝜀, 𝜕𝑥

−2𝜙0⟩ + 2 ⟨𝑄̃
2 (1 −

𝜀

2
− 𝑄̃) 𝑢𝜀 , 𝜕𝑥

−2𝜙0⟩ = ⟨𝑄̃
3𝜙0, 𝜕𝑥

−2𝜙0⟩ 

⟨𝐿𝜀0
−1𝜙0, 𝜙0⟩ ≤ −

1 − 𝜀0𝐶𝜀1
𝜇0
2(1 − 𝜀0)

< 0 

2{𝐸(𝜙1, 𝜙2) − 𝐸(𝐻̃, 0)}

=𝜇0
2(𝑎2

2 − 𝑎1
2) + ‖𝑢2‖𝐿2

2 + ⟨𝐿𝑢1, 𝑢1⟩ + 2∫  𝑄̃
2𝐻̃(𝑎1𝜙0 + 𝑢1)

3 +
1

2
∫  𝑄̃2(𝑎1𝜙0 + 𝑢1)

4

=𝜇0
2(𝑎2

2 − 𝑎1
2) + ‖𝑢2‖𝐿2

2 + ⟨𝐿𝑢1, 𝑢1⟩ +
1

2
∫  𝑄̃2(𝑢1

2 + 4𝐻̃𝑢1)𝑢1
2

 +2𝑎1∫  𝑄̃
2𝜙0𝑢1

3 + 3𝑎1∫  𝑄̃
2(2𝐻̃ + 𝑎1𝜙0)𝜙0𝑢1

2 + 2𝑎1
2∫  𝑄̃2(3𝐻̃ + 𝑎1𝜙0)𝜙0

2𝑢1

 +
1

2
𝑎1
3∫  𝑄̃2(4𝐻̃ + 𝑎1𝜙0)𝜙0

3

 ≑ 𝐼1 + 𝐼2 + 𝐼3

 

1

2
∫  𝑄̃2(𝑢1

2 + 4𝐻̃𝑢1 + (2𝐻̃)
2 − (2𝐻̃)2)𝑢1

2 =
1

2
∫  𝑄̃2(𝑢1 + 2𝐻̃)

2
𝑢1
2 − 2∫  𝑄̃2𝐻̃2𝑢1

2 

𝑉 − 2𝑄̃2𝐻̃2 = 2𝑄̃2(1 − 𝑄̃ − 𝐻̃2) = 2𝑄̃2 (
2

3
𝑄̃ − 𝑄̃) = −

2

3
𝑄̃3, 
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𝐼1 = 𝜇0
2(𝑎2

2 − 𝑎1
2) + ‖𝑢2‖𝐿2

2 +∫  (−𝜕𝑥
2𝑢1 −

2

3
𝑄̃3𝑢1)⏟            

𝐿̃𝑢1

𝑢1 +
1

2
∫  𝑄̃2(𝑢1 + 2𝐻̃)

2
𝑢1
2

 

|2𝑎1∫  𝑄̃
2𝜙0𝑢1

3| ≲ |𝑎1|‖𝑄̃𝑢1‖𝐿2
3
,

|3𝑎1∫  𝑄̃
2(2𝐻̃ + 𝑎1𝜙0)𝜙0𝑢1

2| ≲ |𝑎1|‖𝑄̃𝑢1‖𝐿2
2
,
 

|2𝑎1
2∫  𝑄̃2(3𝐻̃ + 𝑎1𝜙0)𝜙0

2𝑢1| ≲ 𝐶𝜖𝑎1
4 + 𝜖‖𝑄̃𝑢1‖𝐿2

2
 

|𝐼2| ≤ 𝐶|𝑎1|
3 + 𝜖‖𝑄̃𝑢1‖𝐿2

2
 

|𝐼3| = |
1

2
𝑎1
3∫  𝑄̃2(4𝐻̃ + 𝑎1𝜙0)𝜙0

3| ≲ |𝑎1|
3.  

−4𝜇0
2𝑏+𝑏− + ‖𝑢2‖𝐿2

2 + ⟨𝐿̃𝑢1, 𝑢1⟩ + ∫  𝑄̃
2(𝑢1 + 2𝐻̃)

2
𝑢1
2 ≤ 𝐶{𝐸(𝜙1, 𝜙2) − 𝐸(𝐻̃, 0)} + 𝐶|𝑎1|

3 + 𝜖‖𝑢1‖𝐻0
2  

𝑢1 = 𝑎(𝑡)𝐻̃ + 𝑢̃1, ⟨𝜙0, 𝑢̃1⟩ = ⟨𝑄̃
2𝐻̃3, 𝑢̃1⟩ = 0 

𝑎(𝑡) =
⟨𝑢1, 𝑄̃

2𝐻̃3⟩

⟨𝐻̃, 𝑄̃2𝐻̃3⟩
 

⟨𝐿̃𝑢1, 𝑢1⟩ = ⟨𝐿̃𝑢̃1, 𝑢̃1⟩ 

𝑎2‖𝐻̃‖𝐻0
2 + ‖𝑢̃1‖𝐻0

2 = ‖𝑢1‖𝐻0
2  

𝛿0
2 = 𝑏+

2(0) + 𝑏−
2(0) + ‖𝑢2(0)‖𝐿2

2 + ‖𝑢1(0)‖𝐻0
2 + ‖𝑄̃(𝑢1(0) + 2𝐻̃)𝑢1(0)‖𝐿2

2
 

|𝐸(𝜙1, 𝜙2) − 𝐸(𝐻̃, 0)| ≲ 𝛿0
2 

‖𝑢2‖2
2 + ⟨𝐿̃𝑢̃1, 𝑢̃1⟩ + ∫  𝑄̃

2(𝑢1 + 2𝐻̃)
2
𝑢1
2 ≲ 𝛿0

2 + 𝑏+
2 + 𝑏−

2 + |𝑎1|
3 + 𝜖‖𝑢1‖𝐻0

2  

∫  𝑄̃2(𝑢1 + 2𝐻̃)
2
𝑢1
2 = ∫  𝑄̃2(𝑎(2 + 𝑎)𝐻̃2 + 2(1 + 𝑎)𝐻̃𝑢̃1 + 𝑢̃1

2)
2

 ≥ 𝑎2(2 + 𝑎)2∫  𝑄̃2𝐻̃4 + 4𝑎(1 + 𝑎)(2 + 𝑎)∫  𝑄̃2𝐻̃3𝑢̃1 + 2𝑎(2 + 𝑎)∫  𝑄̃
2𝐻̃2𝑢̃1

2

 ≥ 𝑎2(2 + 𝑎)2∫  𝑄̃2𝐻̃4 − 𝐶|𝑎|‖𝑢1‖𝐻0
2

 

‖𝑢2‖2
2 + ⟨𝐿̃𝑢̃1, 𝑢̃1⟩ + 𝑎

2(2 + 𝑎)2 ≲ 𝛿0
2 + 𝑏+

2 + 𝑏−
2 + |𝑎1|

3 + 𝜖𝑎2 + 𝜖‖𝑢̃1‖𝐻0
2 +∣ 𝑎‖𝑢̃1‖𝐻0

2 . 

𝑎2 + ‖𝑢2‖𝐿2
2 + ‖𝑢̃1‖𝐻0

2 ≲ |𝑏+|
2 + |𝑏−|

2 + 𝛿0
2 +𝑂(|𝑏+|

3, |𝑏−|
3, |𝑎|3, ‖𝑢̃1‖𝐻0

3 )  

⟨𝜀1, 𝜙0⟩ + ⟨𝜀2, 𝜇0
−1𝜙0⟩ = 0 

𝑏−(0) = ⟨𝜀1, 𝜙0⟩ = −⟨𝜀2, 𝜇0
−1𝜙0⟩ 
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𝜀1 = 𝑏−(0)𝜙0 + 𝑎(0)𝐻̃ + 𝑢̃1(0), 𝜀2 = −𝑏−(0)𝜇0𝜙0 + 𝑢2(0). 

⟨𝑢̃1(0), 𝜙0⟩ = ⟨𝑢̃1(0), 𝑄̃
3𝐻̃⟩ = ⟨𝑢2(0), 𝜙0⟩ = 0 

(𝜙, 𝜕𝑡𝜙)(0) = (1 + 𝑎(0))𝐇̃ + (𝑢̃1, 𝑢2)(0) + 𝑏−(0)𝐘− + ℎ(𝜺)𝐘+. 

ℎ(𝜀):= 𝑏+(0) 

‖𝑢1‖𝐻0
2 = ‖𝜕𝑥𝑢1‖𝐿2

2 + ‖𝑄̃𝑢1‖𝐿2
2
. 

|𝑎| ≤ 𝐾2𝛿0, ‖𝑢̃1‖𝐻0 ≤ 𝐾
2𝛿0  and  ‖𝑢2‖𝐿2 ≤ 𝐾

2𝛿0
|𝑏−| ≤ 𝐾𝛿0
|𝑏+| ≤ 𝐾

5𝛿0
2

 

(𝑢̃1(0), 𝑢2(0)), 𝑏+(0), 𝑏−(0) 

|𝑎(0)| ≤ 𝛿0, ‖𝑢̃1(0)‖𝐻0 ≤ 𝛿0, ‖𝑄̃(𝑢1(0) + 2𝐻̃)𝑢1(0)‖𝐿2 ≤ 𝛿0,
‖𝑢2(0)‖𝐿2 ≤ 𝛿0, |𝑏−(0)| ≤ 𝛿0,  

|𝑏+(0)| ≤ 𝐾
5𝛿0  

𝑏+(0) ∈ [−𝐾
5𝛿0
2, 𝐾5𝛿0

2] 

𝑏+(0) ∈ [−𝐾
5𝛿0
2, 𝐾5𝛿0

2] 

𝑎2 + ‖𝑢̃1‖𝐻0
2 + ‖𝑢2‖𝐿2

2 ≤ 3𝐾4𝛿0
2  

𝑎2 + ‖𝑢̃1‖𝐻0
2 + ‖𝑢2‖𝐿2

2 ≤ 𝐶6(𝐾
2𝛿0
2 + 𝐾10𝛿0

4 + 𝛿0
2) 

𝐶6 ≤
1

4
𝐾2, 𝐾4𝛿0 ≤ 1  

𝑎2 + ‖𝑢̃1‖𝐻0
2 + ‖𝑢2‖𝐿2

2 ≤
3

4
𝐾4𝛿0

2 

|
𝑑

𝑑𝑡
(𝑒2𝜇0𝑡𝑏−

2)| ≤ 𝐶7(𝐾
15𝛿0

6 + 𝐾6𝛿0
3)𝑒2𝜇0𝑡 

𝑏−
2 ≤

𝐶7
2𝜇0

(𝐾15𝛿0
6 + 𝐾6𝛿0

3) + 𝛿0
2 

𝐶7
2𝜇0

𝐾15𝛿0
4 ≤

1

4
𝐾2,

𝐶7
2𝜇0

𝐾6𝛿0 ≤
1

4
𝐾2, 1 ≤

1

4
𝐾4  

𝑑

𝑑𝑡
(𝑏+
2) ≥ 2𝜇0𝑏+

2 − 2𝐶4|𝑏+| (𝑏+
2 + 𝑏−

2 +∫  𝑄̃3𝑤1
2) ≥ 2𝜇0𝑏+

2 − 2𝐶4|𝑏+|(𝑏+
2 + 𝐾2𝛿0

2 +𝐾4𝛿0
2)

 ≥ 2𝜇0𝐾
10𝛿0

4 − 𝐶8𝐾
5𝛿0(𝐾

10𝛿0
4 + 𝐾4𝛿0

2)

 

𝐶8𝐾
15𝛿0

2 ≤
1

2
𝜇0𝐾

10, 𝐶8𝐾
9 ≤

1

2
𝜇0𝐾

10  

𝑑

𝑑𝑡
(𝑏+
2) ≥ 𝜇0𝐾

10𝛿0
4 > 0 
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𝑏+(0) ∈ [−𝐾
5𝛿0
2, 𝐾5𝛿0

2] ⟼ 𝑏+(𝑇) ∈ {−𝐾
5𝛿0
2, 𝐾5𝛿0

2} 

‖(𝜙, 𝜕𝑡𝜙)(𝑡) − (𝐻̃, 0)‖𝐻0×𝐿2
< 𝛿, ‖(𝜙̃, 𝜕𝑡𝜙̃)(𝑡) − (𝐻̃, 0)‖𝐻0×𝐿2

< 𝛿  

(𝜙, 𝜕𝑡𝜙) = (𝐻̃, 0) + 𝜀 + 𝑏+(0)𝐘+, (𝜙̃, 𝜕𝑡𝜙̃) = (𝐻̃, 0) + 𝜀 + 𝑏̃+(0)𝐘+ 

|𝑏+(0) − 𝑏̃+(0)| ≤ 𝐶𝛿
1
2‖𝜀 − 𝜀‖𝐻0×𝐿2

 

‖𝜕𝑥𝑢1(𝑡)‖𝐿2 + ‖𝜕𝑥𝑢̃1(𝑡)‖𝐿2 + ‖𝑄̃𝑢1‖𝐿2 + ‖𝑄̃𝑢̃1‖𝐿2

 +‖𝑢2(𝑡)‖𝐿2 + ‖𝑢̃2(𝑡)‖𝐿2 + |𝑏±(𝑡)| + |𝑏̃±(𝑡)| ≤ 𝐶0𝛿.
 

𝑎̌1 = 𝑎1 − 𝑎̃1, 𝑎̌2 = 𝑎2 − 𝑎̃2, 𝑏̌+ = 𝑏+ − 𝑏̃+, 𝑏̌− = 𝑏− − 𝑏̃−,

𝑢̌1 = 𝑢1 − 𝑢̃1, 𝑢̌2 = 𝑢2 − 𝑢̃2, 𝑁̌ = 𝑁 − 𝑁̃, 𝑁̌
⊥ = 𝑁⊥ − 𝑁̃⊥, 𝑁̌0

⊥ = 𝑁0 − 𝑁̃0.
 

{
 
 

 
 𝑏̇̃+(𝑡) = 𝜇0𝑏̌+(𝑡) −

𝑁̌0
2𝜇0

𝑏̇̌−(𝑡) = −𝜇0𝑏̌−(𝑡) +
𝑁̌0
2𝜇0

,

  and  {
𝑢̇̃1 = 𝑢̌2
𝑢̇̃2 = −𝐿𝑢̌1 − 𝑁̌

⊥
 

|𝑁̌0| + ‖𝑁̌
⊥‖

𝐿2
≤ 𝐶𝛿 (|𝑏̌+| + |𝑏̌−| + ‖𝑄̃𝑢1‖𝐿2) .  

|𝑁̌| ≲ 𝑄̃2(|𝑎̌1|𝜙0 + |𝑢̌1|)(|𝑎1|𝜙0 + |𝑎̃1|𝜙0 + |𝑢1| + |𝑢̃1|). 

‖𝑁̌‖𝐿2 ≤ 𝛿 (|𝑎̌1| + ‖𝑄̃𝑢1‖𝐿2) 

𝛽+ = 𝑏̌+
2 , 𝛽− = 𝑏̌−

2 , 𝛽𝑐 = ⟨𝐿𝑢̌1, 𝑢̌1⟩ + ⟨𝑢̌2, 𝑢̌2⟩. 

𝛽̇𝑐 = −2⟨𝑁̌
⊥, 𝑢̌2⟩, 𝛽̇+ − 2𝜇0𝛽+ = −

1

𝜇0
𝑏̌+𝑁̌0, 𝛽̇− + 2𝜇0𝛽− =

1

𝜇0
𝑏̌−𝑁̌0 

|𝛽̇𝑐| + |𝛽̇+ − 2𝜇0𝛽+| + |𝛽̇− + 2𝜇0𝛽−| ≤ 𝐾𝛿(𝛽𝑐 + 𝛽+ + 𝛽−),  

0 ≤ 𝐾𝛿(𝛽𝑐(0) + 𝛽+(0) + 𝛽−(0)) <
𝜇0
10
𝛽+(0).  

𝐾𝛿(𝛽𝑐 + 𝛽+ + 𝛽−) ≤ 𝜇0𝛽+.  

𝜇0𝛽+ ≤ 2𝜇0𝛽+ −𝐾𝛿(𝛽𝑐 + 𝛽+ + 𝛽−) ≤ 𝛽̇+  

𝛽̇𝑐 ≤ 𝜇0𝛽+ ≤ 𝛽̇+, 

𝛽𝑐(𝑡) ≤ 𝛽𝑐(0) + 𝛽+(𝑡) − 𝛽+(0) ≤ 𝛽𝑐(0) + 𝛽+(𝑡) 

𝐾𝛿𝛽𝑐(𝑡) ≤ 𝐾𝛿(𝛽𝑐(0) + 𝛽+(𝑡)) ≤
𝜇0
10
𝛽+(0) + 𝐾𝛿𝛽+(𝑡) ≤

𝜇0
5
𝛽+(𝑡) 

𝛽̇− ≤ −2𝜇0𝛽− + 𝜇0𝛽+, 
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𝛽−(𝑡) ≤ 𝑒
−2𝜇0𝑡𝛽−(0) + 𝜇0𝛽+(𝑡)𝑒

−2𝜇0𝑡∫  
𝑡

0

𝑒2𝜇0𝑠𝑑𝑠 ≤ 𝛽−(0) +
1

2
𝛽+(𝑡) 

𝐾𝛿𝛽−(𝑡) ≤ 𝐾𝛿(𝛽−(0) + 𝛽+(𝑡)) ≤
𝜇0
10
𝛽+(0) + 𝐾𝛿𝛽+(𝑡) ≤

𝜇0
5
𝛽+(𝑡) 

𝐾𝛿(𝛽𝑐(𝑡) + 𝛽+(𝑡) + 𝛽−(𝑡)) ≤
3

5
𝜇0𝛽+(𝑡). 

𝜀 = 𝐮(0) + 𝑏−(0)𝐘−, 𝜀 = 𝐮̃(0) + 𝑏̃−(0)𝐘−, 

𝑉(𝑥) = 2𝑄̃2(𝑥)(1 − 𝑄̃(𝑥)) 

𝑄̃(𝑥) = 𝑄(𝛼−1(𝑥))  with  𝛼(𝑥) =
1

3
(sinh 𝑥 + 𝑥). 

𝐿𝜙:= −𝜕𝑥
2𝜙 + 𝑉(𝑥)𝜙,  with  𝑉(𝑥) = 2𝑄̃2(𝑥)(1 − 𝑄̃(𝑥)),  

𝐿𝜙0 = 𝜆0𝜙0, 𝜙0 ∈ 𝐻
2(ℝ). 

𝐿𝑄̃ = −𝜕𝑥
2𝑄̃ + 2𝑄̃3(1 − 𝑄̃) = 𝜕𝑥(𝑄̃

2𝐻̃) + 2𝑄̃3(1 − 𝑄̃) = −2𝑄̃3𝐻̃2 +
1

3
𝑄̃4 + 2𝑄̃3(1 − 𝑄̃) = −

5

3
𝑄̃4, 

⟨𝐿𝑄̃, 𝑄̃⟩ = −
5

3
∫  𝑄̃5(𝑥)𝑑𝑥 = −

5

3
∫  𝑄4(𝑦)𝑑𝑦 < 0 

{
−𝐿𝑐𝑣(𝑦) = 𝑓(𝑦), 𝑦 ∈ ℝ

𝑣 ∈ 𝐻2(ℝ),
 

𝐿𝑐
−1: 𝒞1(ℝ) → 𝒞1(ℝ) 

−𝐿𝜙0(𝑥) = 𝜆0𝜙0(𝑥), 𝑥 ∈ ℝ 

∫  
∞

0

|𝑉(𝑥)|𝑑𝑥 = 2∫  
∞

0

𝑄̃2(𝑥)|1 − 𝑄̃(𝑥)|𝑑𝑥 = 2∫  
∞

0

𝑄(𝑠)|1 − 𝑄(𝑠)|𝑑𝑠 ≤ ∫  
∞

0

𝑄(𝑠)𝑑𝑠 < +∞ 

0.808 ≤ 𝜇0 ≤ 0.883 

𝜆0 = inf
‖𝑓‖𝐿2=1

 (𝐿𝑓, 𝑓) 

𝑓(𝑥):= 𝑐0𝑒
−
1
2
𝑥2(𝑎4𝑥

4 + 𝑎2𝑥
2 + 𝑎0),  

𝑎4: = −0.0574167, 𝑎2: = 0.115416, 𝑎0: = −0.761391. 

1 = ∫  𝑓2 = 𝑐0
2∫  𝑒−𝑥

2
(𝑎4
2𝑥8 + 2𝑎4𝑎2𝑥

6 + (𝑎2
2 + 2𝑎4𝑎0)𝑥

4 + 2𝑎2𝑎0𝑥
2 + 𝑎0

2) 

∫  𝑒−𝑥
2
= √𝜋,∫  𝑥2𝑒−𝑥

2
=
√𝜋

2
,∫  𝑥4𝑒−𝑥

2
=
3√𝜋

4
 

∫  𝑥6𝑒−𝑥
2
=
15√𝜋

8
,∫  𝑥8𝑒−𝑥

2
=
105√𝜋

16
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(𝐿𝑓, 𝑓) = ∫  𝑓′2 + 2∫  𝑓2𝑄̃2(1 − 𝑄̃) = ∫  𝑓′2(𝑥)𝑑𝑥 + 2∫  𝑓2(𝛼(𝑦))𝑄(1 − 𝑄)(𝑦)𝑑𝑦 ∼ −0.652 

𝑄𝑝 = (
𝑝 + 1

2cosh2 (
𝑝 − 1
2

𝑥)
)

1/(𝑝−1)

, 𝑝 = 9/2 

2𝑄̃2(𝑥)(1 − 𝑄̃(𝑥)) ≥ −0.845𝑄𝑝
7/2
(𝑥) = −

2.32375

cosh2 (
7
4
𝑥)

 

|𝜙0(𝑥)|, |𝜕𝑥𝜙0(𝑥)|, |𝜕𝑥
2𝜙0(𝑥)| ≲ 𝑒

−
√2
2
𝜇0𝑥  

𝜕𝑥
2𝜙0 = 𝑞(𝑥)𝜙0 

𝑞(𝑥) ≥ 𝜇0
2, 

1

2
𝜕𝑥
2𝑣(𝑥) = (𝜕𝑥𝑢)

2(𝑥) + 𝑞(𝑥)𝑢2(𝑥) ≥ 𝜇0
2𝑣2(𝑥), 

𝑧 = 𝑒−√2𝜇0𝑥(𝜕𝑥𝑣 + √2𝜇0𝑣) 

𝜕𝑥𝑧 = 𝑒
−√2𝜇0𝑥(𝜕𝑥

2𝑣 − 2𝜇0
2𝑣) ≥ 0 

𝑧(𝑥) ≥ 𝑧(𝑥0) > 0, 

𝜕𝑥𝑣 + √2𝜇0𝑣 ≥ 𝑧(𝑥0)𝑒
√2𝜇0 , 

𝜕𝑥 (𝑒
√2𝜇0𝑥𝑣) = 𝑒2√2𝜇0𝑥𝑧 ≤ 0  for 𝑥 ≥ 𝑥𝑟, 

|𝜙0(𝑥)| ≲ 𝑒
−
√2
2
𝜇0𝑥. 

𝜇0
2 ≤ 𝑞(𝑥) ≤ 𝜇0

2 + 1, 

𝜇0
2∫  

𝑥2

𝑥1

𝜙0 ≤ 𝜕𝑥𝜙0(𝑥2) − 𝜕𝑥𝜙0(𝑥1) ≤ (𝜇0
2 + 1)∫  

𝑥2

𝑥1

𝜙0, 

|𝜕𝑥𝜙0(𝑥)| ≤ (𝜇0
2 + 1)∫  

∞

𝑥

|𝜙0| ≲ 𝑒
−
√2
2
𝜇0𝑥 

𝜙′(𝑥) = ∫  
𝑥

0

(𝜇0
2 + 𝑉(𝑦))𝜙0(𝑦)𝑑𝑦 < 0. 

𝜙0
′ (𝑥) = −∫  

∞

𝑥

(𝜇0
2 + 𝑉(𝑦))𝜙0(𝑦)𝑑𝑦 < 0 

ℎ0(𝑥) =
𝜙0
′ (𝑥)

𝜙0(𝑥)
.  
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𝜙0(𝑥) = 𝜙0(0)exp (∫  
𝑥

0

 ℎ0(𝑦)𝑑𝑦)  

{
ℎ0
′ (𝑥) + ℎ0

2(𝑥) = 𝜇0
2 + 𝑉(𝑥),  for 𝑥 ≥ 0

ℎ0(0) = 0
 

ℎ0
′ (𝑥) = −

1

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦  

𝜙0
′′(𝑥) = (𝜇0

2 + 𝑉(𝑥))𝜙0  

𝜙0(𝑥) = 𝜙0(0)exp (∫  
𝑥

0

 ℎ0(𝑦)𝑑𝑦) 

(𝜙0
′ (𝑥))2 = −∫  

∞

𝑥

  (𝜇0
2 + 𝑉(𝑦))(𝜙0

2)′(𝑦)𝑑𝑦

 = (𝜇0
2 + 𝑉(𝑥))𝜙0

2(𝑥) +∫  
∞

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦

 

ℎ0
2(𝑥) = 𝜇0

2 + 𝑉(𝑥) +
1

𝜙0
2(𝑥)

∫  
∞

𝑥

𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 

𝐿0 = −𝜕𝑥
2 + 2(ℎ0

2 − 𝜇0
2) − 𝑉,

𝑈 = 𝜕𝑥 − ℎ0, 𝑈
∗ = −𝜕𝑥 − ℎ0.

 

{
𝑉(𝑥) ≤ 0  for 0 ≤ 𝑥 ≤ 𝑥0,

𝑉(𝑥) ≥ 0  for 𝑥 ≥ 𝑥0
 {
𝑉′(𝑥) ≥ 0  for 0 ≤ 𝑥 ≤ 𝑥1
𝑉′(𝑥) ≤ 0  for 𝑥 ≥ 𝑥1

{

𝑉′′(𝑥) ≥ 0  for 0 ≤ 𝑥 ≤ 𝑥2,1
𝑉′′(𝑥) ≤ 0  for 𝑥2,1 ≤ 𝑥 ≤ 𝑥2,2
𝑉′′(𝑥) ≥ 0  for 𝑥 ≥ 𝑥2,2

 

𝑉(𝑥) = 2𝑄̃2(𝑥)(1 − 𝑄̃(𝑥)) 

𝑉′(𝑥)= 4𝑄̃(𝑥)𝑄̃′(𝑥) − 6𝑄̃2(𝑥)𝑄̃′(𝑥)  

 = 2𝑄̃2(𝑥)𝑄′(𝛼−1(𝑥))(2 − 3𝑄̃(𝑥))
 

𝑉(𝑥0) = 2𝑄̃
2(𝑥0) (1 − 𝑄̃(𝑥0)) = 0 

𝑉′(𝑥0) = 2𝑄̃
2(𝑥0)𝑄

′(𝛼−1(𝑥0)) (2 − 3𝑄̃(𝑥0)) = −2𝑄̃
3(𝑥0)𝑄

′(𝛼−1(𝑥0)) > 0 

𝑉′′(𝑥) = 8𝑄̃2(𝑥)𝑄′2(𝛼−1(𝑥)) + 4𝑄̃3(𝑥)𝑄′′(𝛼−1(𝑥)) − 18𝑄̃3(𝑥)𝑄′2(𝛼−1(𝑥))

− 6𝑄̃4(𝑥)𝑄′′(𝛼−1(𝑥)) 

𝑉′′(𝑥) = 2𝑄̃4(𝑥) (6 −
50

3
𝑄̃(𝑥) + 9𝑄̃2(𝑥))  

𝑉′′(0) = 2 (
3

2
)
4

(6 −
50

3
(
3

2
) + 9 (

3

2
)
2

) ∼ 12.65, 𝑉′′(𝑥0) = −
5

3
< 0 
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𝑉′′(𝑥1) = 2 (
2

3
)
4

(6 −
50

3
(
2

3
) + 9 (

2

3
)
2

) ∼ −0.44 

𝜇̃0: = √𝜇0
2 +max

𝑦>0
 𝑉(𝑦), max

𝑦>0
 𝑉(𝑦) =

8

27
,  

−𝜇̃0 ≤ ℎ0(𝑥)  

ℎ0(𝑥) ≤ −𝜇0  

lim
𝑥→+∞

 ℎ0(𝑥) = −𝜇0  

ℎ0
′ (0) = 𝜇0

2 + 𝑉(0) = 𝜇0
2 −

9

4
∼ −1.59. 

ℎ0
2(𝑥) ≤ ℎ0

2(𝑥‾) = 𝜇0
2 + 𝑉(𝑥‾) ≤ 𝜇0

2 +max
𝑦>0

 𝑉(𝑦) = 𝜇̃0
2 

𝜇0
2 − ℎ0

2(𝑥) = −
1

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 − 𝑉(𝑥)

 ≤ −∫  
∞

𝑥

 𝑉′(𝑦)𝑑𝑦 − 𝑉(𝑥) = 0

 

𝜇0
2 − ℎ0

2(𝑥) = −
1

𝜙0
2(𝑥)

∫  
𝑥1

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 +

1

𝜙0
2(𝑥)

∫  
∞

𝑥1

  |𝑉′(𝑦)|𝜙0
2(𝑦)𝑑𝑦 − 𝑉(𝑥)

 ≤ −
𝜙0
2(𝑥1)

𝜙0
2(𝑥)

∫  
𝑥1

𝑥

 𝑉′(𝑦)𝑑𝑦 −
𝜙0
2(𝑥1)

𝜙0
2(𝑥)

∫  
∞

𝑥1

 𝑉′(𝑦)𝑑𝑦 − 𝑉(𝑥)

 = −(1 −
𝜙0
2(𝑥1)

𝜙0
2(𝑥)

)𝑉(𝑥) ≤ 0

 

|ℎ0
2(𝑥) − 𝜇0

2| ≤
1

𝜙0
2(𝑥)

∫  
∞

𝑥

𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 + |𝑉(𝑥)| ≤ 2|𝑉(𝑥)| 

(𝜇0
2 − 𝜇̃0

2)𝑥 − 2𝑄̃(𝑥)𝐻̃(𝑥) ≤ ℎ0(𝑥) ≤ 𝜇0
2𝑥 − 2𝑄̃(𝑥)𝐻̃(𝑥),  

𝜇0
2𝑥 − 𝑅(𝑥) ≤ ℎ0  for all 𝑥 > 0  

𝑅(𝑥):= 2ln (
3

2
) − 2ln (𝑄̃) + 2𝑄̃𝐻̃ +

𝜇0
2 − 𝜇̃0

2

2
𝑥2 

{
ℎ1
′ = 𝜇0

2 + 𝑉
ℎ1(0) = 0

 

∫  
𝑥

0

 𝑉(𝑦)𝑑𝑦 = 2∫  
𝑥

0

  𝑄̃2(𝑦)(1 − 𝑄̃(𝑦))𝑑𝑦 = 2∫  
𝛼−1(𝑥)

0

 𝑄(𝑠)(1 − 𝑄(𝑠))𝑑𝑠

 = 2∫  
𝛼−1(𝑥)

0

 𝑄′′(𝑠)𝑑𝑠 = 2𝑄′(𝛼−1(𝑥)) = −2𝑄̃(𝑥)𝐻̃(𝑥)

 

ℎ1(𝑥) = ∫  
𝑥

0

(𝜇0
2 + 𝑉(𝑦))𝑑𝑦 = 𝜇0

2𝑥 + ∫  
𝑥

0

𝑉(𝑦)𝑑𝑦 = 𝜇0
2𝑥 − 2𝑄̃(𝑥)𝐻̃(𝑥) 
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ℎ0(𝑥) ≤ 𝜇0
2𝑥 − 2𝑄̃(𝑥)𝐻̃(𝑥) 

{
ℎ2
′ = 𝜇0

2 − 𝜇̃0
2 + 𝑉

ℎ2(0) = 0
 

ℎ2(𝑥) = ∫  
𝑥

0

  (𝜇0
2 − 𝜇̃0

2 + 𝑉(𝑦))𝑑𝑦 = (𝜇0
2 − 𝜇̃0

2)𝑥 + ∫  
𝑥

0

 𝑉(𝑦)𝑑𝑦

 = (𝜇0
2 − 𝜇̃0

2)𝑥 − 2𝑄̃(𝑥)𝐻̃(𝑥)

 

ℎ2
′ (𝑥) ≤ 𝜇0

2 + 𝑉(𝑥) − ℎ0
2(𝑥) = ℎ0

′ (𝑥) 

(𝜇0
2 − 𝜇̃0

2)𝑥 − 2𝑄̃(𝑥)𝐻̃(𝑥) ≤ ℎ0(𝑥) 

{
ℎ3
′ = 𝜇0

2 − ℎ2
2 + 𝑉

ℎ3(0) = 0
 

ℎ3(𝑥) = 𝜇0
2𝑥 − 2ln (

3

2
) + 2ln (𝑄̃) − 2𝑄̃𝐻̃ −

𝜇0
2 − 𝜇̃0

2

2
𝑥2 

4

3
(𝜇0
2 −

9

4
) 𝐻̃(𝑥) ≤ ℎ0(𝑥)  

(𝜇0
2 − 𝜇̃0

2)(𝑥 − 𝑥0) − 𝜇̃0 ≤ ℎ0(𝑥) ≤ −
𝜇0
𝑥0
𝑥.  

𝑔(𝑥) = ℎ0(𝑥) −
4

3
(𝜇0

2 −
9

4
) 𝐻̃(𝑥).  

𝑔(𝑥) = 𝑔′(𝜉)𝑥  

ℎ0
2 ≤ 𝜇0

2 + 𝑉 −
4

9
(𝜇0

2 −
9

4
) 𝑄̃2  

ℎ0
2 ≤ 𝜇0

4𝑥2 − 2𝜇0
2𝑥𝑅(𝑥) + 𝑅2(𝑥)  

𝜇0
4𝑥2 − 2𝜇0

2𝑥𝑅(𝑥) + 𝑅2(𝑥) ≤ 𝜇0
2 + 𝑉 −

4

9
(𝜇0
2 −

9

4
) 𝑄̃2 

𝜇0
4𝑥2 + (

4

9
𝑄̃2 − 2𝑥𝑅(𝑥) − 1)𝜇0

2 ≤ 𝑉 + 𝑄̃2 − 𝑅2  

𝜇0
4𝑥2 + (

4

9
𝑄̃2 − 2𝑥𝑅(𝑥) − 1) 𝜇0

2 ≤ 𝐺(𝛼−1(𝑥))  

𝐺(𝑠):= (0.883)4𝛼(𝑠)2 + (
4

9
𝑄̃2 − 2𝛼(𝑠)𝑅(𝛼(𝑠)) − 1) (0.808)2 

𝐺(𝑠) ≤ 𝑉(𝛼(𝑠)) + 𝑄2(𝑠) − 𝑅2(𝛼(𝑠))  

ℎ0
′ (𝑥0) = 𝜇0

2 − ℎ0
2(𝑥0) ≤ 𝜇0

2 − 𝜇0
2 = 0. 

𝜇0
2 − 𝜇̃0

2 + 𝑉(𝑥) ≤ 𝜇0
2 − ℎ0

2 + 𝑉 = ℎ0
′ (𝑥) ≤ 0.  
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ℎ0
′′ = 𝑉′ − 2ℎ0ℎ0

′ ≥ 𝑉′ − 2(𝜇0
2𝑥 − 𝑅(𝑥))ℎ0

′

 ≥ 𝑉′ − 2(𝜇0
2𝑥 − 𝑅(𝑥))(𝜇0

2 − 𝜇̃0
2 + 𝑉) ≥ 𝑉′ − 2(0.8082𝑥 − 𝑅(𝑥)) (−

8

27
+ 𝑉) =: 𝑗1(𝛼

−1(𝑥))
 

ℎ0
′′(𝑥) ≥ 𝑗1(𝛼

−1(𝑥)) > 0 

ℎ0(𝑥) ≥ ℎ0
′ (𝑥0)(𝑥 − 𝑥1) + ℎ0(𝑥0)

 = (𝜇0
2 − ℎ0

2(𝑥0)) (𝑥 − 𝑥0) + ℎ0(𝑥0) ≥ (𝜇0
2 − 𝜇̃0

2)(𝑥 − 𝑥0) − 𝜇̃0
 

ℎ0
′′ = 𝑉′ − 2ℎ0ℎ0

′

 ≥ 𝑉′ − 2(
4𝜇0

2 − 9

3
)(𝜇0

2 + 𝑉 − (
4𝜇0

2 − 9

3
)

2

𝐻̃2) 𝐻̃

 ≥ 𝑉′ − 2(
4(0.808)2 − 9

3
)((0.808)2 + 𝑉 − (

4(0.808)2 − 9

3
)

2

𝐻̃2) 𝐻̃:= 𝑗2(𝛼
−1(𝑥))

 

𝑗2(𝑠) =2𝑄
3𝐻(3𝑄 − 2)

 −2(
4(0.808)2 − 9

3
)((0.808)2 − (

4(0.808)2 − 9

3
)

2

+
2

3
(
4(0.808)2 − 9

3
)

2

𝑄 + 2𝑄2(1 − 𝑄))

= −2(
4(0.808)2 − 9

3
)(𝜇0

2 − (
4(0.808)2 − 9

3
)

2

−
4

3
(
4(0.808)2 − 9

3
))

3

𝑄

 −4(
4(0.808)2 − 9

3
)𝑄2 + 4(

4(0.808)2 − 9

3
− 𝐻)𝑄3 + 6𝐻𝑄4.

 

ℎ0(𝑥) ≤
ℎ0(𝑥0)

𝑥0
𝑥 ≤ −

𝜇0
𝑥0
𝑥. 

𝑉0(𝑥) = 𝑉(𝑥) +
2

𝜙0
2(𝑥)

∫  
∞

𝑥

𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 

𝑉0(𝑥) =
1

𝜙0
2(𝑥)

∫  
∞

𝑥

𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 −

1

𝜙0
2(𝑥)

∫  
∞

𝑥

𝑉(𝑦)(𝜙0
2(𝑦))′𝑑𝑦

=
1

𝜙0
2(𝑥)

∫  
∞

𝑥

[𝑉′(𝑦) − 2ℎ0(𝑦)𝑉(𝑦)]𝜙0
2(𝑦)𝑑𝑦 

𝑉0(𝑥) =
1

𝜙0
2(𝑥)

∫  
∞

𝑥

𝐾(𝑦)𝜙0
2(𝑦)𝑑𝑦 

𝐾(𝑦):= 𝑉′(𝑦) − 2ℎ0(𝑦)𝑉(𝑦) 

𝐾(𝑦) = 𝑉′ − 2ℎ0𝑉 ≥ 𝑉
′ − 2(𝜇0

2𝑥 − 𝑅)𝑉 ≥ 𝑉′ − 2(0.8082𝑥 − 𝑅)𝑉

 = 2𝑄̃2 [2(0.8082𝑥 − 𝑅) − 2 ((0.8082𝑥 − 𝑅) + 𝐻̃) 𝑄̃ + 3𝐻̃𝑄̃2] =: 2𝑄̃2𝑘1(𝛼
−1(𝑦)).
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𝐾(𝑦) ≥ 𝑉′ +
8

3
(𝜇0
2 −

9

4
) 𝐻̃𝑉

 = 2𝑄̃2𝐻̃ [
2

3
(4𝜇0

2 − 9) + 2(1 −
4

3
𝜇0
2) 𝑄̃ + 3𝑄̃2]

 ≥ 4𝑄̃2𝐻̃ [
1

3
(4(0.808)2 − 9) + (1 −

4

3
(0.883)2) 𝑄̃ +

3

2
𝑄̃2] =: 4𝑄̃2𝐻̃𝑘2(𝛼

−1(𝑦)),

 

𝐿 = (−𝜕𝑥 − ℎ0)(𝜕𝑥 + ℎ0) − 𝜇0
2 = 𝑈∗𝑈 − 𝜇0

2 

𝐿0 = (𝜕𝑥 + ℎ0)(−𝜕𝑥 − ℎ0) − 𝜇0
2 = 𝑈𝑈∗ − 𝜇0

2  

𝑈𝐿 = 𝐿0𝑈  

𝜎𝑝(𝐿0) = 𝜎𝑝(𝐿) ∖ {−𝜇0
2} 

𝑉0
′(𝑥) =4ℎ0(𝑥)ℎ0

′ (𝑥) − 𝑉′(𝑥)

= −
2ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 −

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 
𝑉′(𝑦)

ℎ0(𝑦)
(𝜙0

2(𝑦))′𝑑𝑦 − 𝑉′(𝑥)

= −
2ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 +

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 (
𝑉′(𝑦)

ℎ0(𝑦)
)

′

𝜙0
2(𝑦)𝑑𝑦

 −
ℎ0(𝑥)𝑉

′(𝑦)𝜙0
2(𝑦)

𝜙0
2(𝑥)ℎ0(𝑦)

|
𝑥

∞

− 𝑉′(𝑥)

=
ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 (
𝑉′(𝑦)

ℎ0(𝑦)
− 2𝑉(𝑦))

′

𝜙0
2(𝑦)𝑑𝑦 =

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 (
𝑉′′(𝑦)

ℎ0(𝑦)
−
𝑉′(𝑦)ℎ0

′ (𝑦)

ℎ0
2(𝑦)

− 2𝑉′(𝑦))𝜙0
2(𝑦)𝑑𝑦

=
ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

  (𝑉′′(𝑦)ℎ0(𝑦) − 𝑉
′(𝑦)ℎ0

′ (𝑦) − 2𝑉′(𝑦)ℎ0
2(𝑦)) (

𝜙0
ℎ0
)
2

(𝑦)𝑑𝑦

 

𝑉0
′(𝑥) =

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝐼(𝑦) (
𝜙0
ℎ0
)
2

(𝑦)𝑑𝑦  

𝐼(𝑦) = 𝑉′′(𝑦)ℎ0(𝑦) − 𝑉
′(𝑦)(ℎ0

2(𝑦) + 𝜇0
2 + 𝑉(𝑦)).  

𝐼(𝑦) = −𝑉′′(𝑦)|ℎ0(𝑦)| + |𝑉
′(𝑦)|(ℎ0

2(𝑦) + 𝜇0
2 + 𝑉(𝑦))

 ≥ −𝜇̃0𝑉
′′(𝑦) + |𝑉′(𝑦)|(2𝜇0

2 + 𝑉(𝑦)) ≥ −1.038𝑉′′(𝑦) + (2 ⋅ 0.8082 + 𝑉(𝑦))|𝑉′(𝑦)|
 

𝐼(𝛼(𝑠)) ≥ −2.075𝑄4 (6 −
50

3
𝑄 + 9𝑄2) + 4(2 − 3𝑄)(0.652 + 𝑄2 − 𝑄3)𝑄3𝐻

 = 2𝑄3 [2.611 − 6(1.038 + 0.652𝐻)𝑄 + (
50

3
1.038 + 4𝐻)𝑄2 − (9.342 + 20𝐻)𝑄3 + 6𝑄4𝐻] =: 2𝑄3𝑖1(𝑠)

 

𝐼(𝑦) = |𝑉′′(𝑦)ℎ0| + |𝑉
′(𝑦)|(ℎ0

2(𝑦) + 𝜇0
2 + 𝑉(𝑦)) ≥ 𝜇0|𝑉

′′(𝑦)| + |𝑉′(𝑦)|(2𝜇0
2 + 𝑉(𝑦))

 ≥ 0.808|𝑉′′(𝑦)| + |𝑉′(𝑦)|(2 ⋅ 0.8082 + 𝑉(𝑦))
 

𝐼(𝛼(𝑠)) = −2𝜇0𝑄
4 (6 −

50

3
𝑄 + 9𝑄2) + 4(2 − 3𝑄)(0.8082 +𝑄2 − 𝑄3)𝑄3𝐻

= 2𝑄3𝐻 [4 ⋅ 0.8082𝐻 − 6 ⋅ 0.808(1 + 0.808𝐻)𝑄 + (
50

3
⋅ 0.808 + 4𝐻)𝑄2

−(10𝐻 + 9 ⋅ 0.808)𝑄3 + 6𝐻𝑄4] =: 2𝑄3𝐻𝑖2(𝑠)
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𝐼(𝑦) = |𝑉′′(𝑦)ℎ0(𝑦)| − 𝑉
′(𝑦)(ℎ0

2(𝑦) + 𝜇0
2 + 𝑉(𝑦))

 ≥ 𝜇0|𝑉
′′(𝑦)| − 𝑉′(𝑦)(𝜇̃0

2 + 𝜇0
2 + 𝑉(𝑦)) ≥ 0.808|𝑉′′(𝑦)| − 𝑉′(𝑦)(1.959 + 𝑉(𝑦))

 

𝐼(𝛼(𝑠)) ≥ −2 ⋅ 0.808𝑄4 (6 −
50

3
𝑄 + 9𝑄2) + 2(2 − 3𝑄)(1.959 + 2𝑄2 − 2𝑄3)𝑄3𝐻

 = 2𝑄3 [3.842𝐻 − 3(1.959 + 1.616𝐻)𝑄 + (
50

3
⋅ 0.808 + 4𝐻)𝑄2 − (7.272 + 10𝐻)𝑄3 + 6𝐻𝑄4] =: 2𝑄3𝑖3(𝑠),

 

(𝛼−1(𝑥0), 𝛼
−1(𝑥1)), (𝛼

−1(𝑥1), 𝛼
−1(𝑥2,2)) 

(𝛼−1(𝑥2,2),∞) 

(0, 𝛼−1(𝑥2,1)) and (𝛼−1(𝑥2,1), 𝛼
−1(𝑥0)) 

𝐼(𝑦) = |𝑉′′(𝑦)ℎ0(𝑦)| + |𝑉
′(𝑦)(ℎ0

2(𝑦) + 𝜇0
2 + 𝑉(𝑦))| ≥ 0. 

ℎ0
2(𝑦) + 𝜇0

2 + 𝑉(𝑦) ≥ 0 

ℎ0
2(𝑦) + 𝜇0

2 + 𝑉(𝑦) ≥ (
8

27
(𝑥 − 𝑥0) + 𝜇̃0)

2

+ 𝜇0
2 + 𝑉(𝑦)

≥ (
8

27
(𝑥 − 𝑥0) + 0.974)

2

+ 0.652 + 𝑉(𝑦). 

𝐼(𝑦) ≥ −
𝜇0
𝑥0
𝑦𝑉′′(𝑦) − 𝑉′(𝑦) ((

8

27
(𝑦 − 𝑥0) + 0.974)

2

+ 0.652 + 𝑉(𝑦)) 

𝐼(𝛼(𝑠)) ≥ −2
0.808

𝑥0
𝛼(𝑠)𝑄4 (6 −

50

3
𝑄 + 9𝑄2)

 +2(2 − 3𝑄)𝑄3𝐻((
8

27
(𝛼(𝑠) − 𝑥0) + 0.974)

2

+ 0.652 + 2𝑄2(1 − 𝑄)) =:𝑚(𝑠),

 

𝑠 ∈ (𝛼−1(𝑥2,1), 𝛼
−1(𝑥0)) 

ℎ0
2(𝑦) + 𝜇0

2 + 𝑉(𝑦) ≤ (𝜇0
2 −

9

4
)
2

𝑦2 + 𝜇0
2 + 𝑉(𝑦) ≤ (0.652 −

9

4
)
2

𝑦2 + 0.78 + 𝑉(𝑦) ≤ 0, 

𝐼(𝑦) = 𝑉′′(𝑦)|ℎ0(𝑦)| + 𝑉
′(𝑦)|ℎ0

2(𝑦) + 𝜇0
2 + 𝑉(𝑦)|. 

𝐼(𝑦) ≥ (0.652 −
9

4
) 𝑦𝑉′′(𝑦) − 𝑉′(𝑦) ((0.652 −

9

4
)
2

𝑦2 + 0.652 + 𝑉(𝑦)) 

𝐼(𝛼(𝑠)) ≥2 (0.652 −
9

4
)𝛼(𝑠)𝑄4 (6 −

50

3
𝑄 + 9𝑄2)

 +2𝑄3𝐻(2 − 3𝑄) ((0.652 −
9

4
)
2

𝛼(𝑠)2 + 0.652 + 2𝑄2(1 − 𝑄)) =: 𝑚̂(𝑠)

 

𝑉0
′(𝑥) =

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

(𝑉′′(𝑦)ℎ0(𝑦) − 𝑉
′(𝑦)ℎ0

′ (𝑦) − 2𝑉′(𝑦)ℎ0
2(𝑦)) (

𝜙0
ℎ0
)
2

(𝑦)𝑑𝑦 ≤ 0 
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3𝑉′(𝑥) ≤ 𝑉0
′(𝑥) ≤

1

2
𝑉′(𝑥),  

|𝑉0
′(𝑥)| ≤ |

4ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦| + |𝑉′(𝑥)|

 = |
4ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 
𝑉′(𝑦)

2ℎ0(𝑦)
(𝜙0

2(𝑦))′𝑑𝑦| + |𝑉′(𝑥)| ≤ |
2𝜇0

−1ℎ0(𝑥)𝑉
′(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

  (𝜙0
2(𝑦))′𝑑𝑦| + |𝑉′(𝑥)| ≤ 3|𝑉′(𝑥)|

 

𝑉0
′(𝑥) =4ℎ0(𝑥)ℎ0

′ (𝑥) −
3

2
𝑉′(𝑥) +

1

2
𝑉′(𝑥)

=ℎ0(𝑥)ℎ0
′ (𝑥) + 3ℎ0(𝑥)ℎ0

′ (𝑥) −
3

2
𝑉′(𝑥) +

1

2
𝑉′(𝑥)

= −
ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 −

3

2

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 
𝑉′(𝑦)

ℎ0(𝑦)
(𝜙0

2(𝑦))′𝑑𝑦 −
3

2
𝑉′(𝑥) +

1

2
𝑉′(𝑥)

= −
ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝑉′(𝑦)𝜙0
2(𝑦)𝑑𝑦 +

3

2

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 (
𝑉′(𝑦)

ℎ0(𝑦)
)

′

𝜙0
2(𝑦)𝑑𝑦

 −
3

2

ℎ0(𝑥)𝑉
′(𝑦)𝜙0

2(𝑦)

𝜙0
2(𝑥)ℎ(𝑦)

|
𝑥

∞

−
3

2
𝑉′(𝑥) +

1

2
𝑉′(𝑥)

=
ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 (
3

2

𝑉′(𝑦)

ℎ0(𝑦)
− 𝑉(𝑦))

′

𝜙0
2(𝑦)𝑑𝑦 +

1

2
𝑉′(𝑥)

=
1

2

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 (3
𝑉′′(𝑦)

ℎ0(𝑦)
− 3

𝑉′(𝑦)ℎ0
′ (𝑦)

ℎ0
2(𝑦)

− 2𝑉′(𝑦))𝜙0
2(𝑦)𝑑𝑦 +

1

2
𝑉′(𝑥)

=
1

2

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

  (3𝑉′′(𝑦)ℎ0(𝑦) − 3𝑉
′(𝑦)ℎ0

′ (𝑦) − 2𝑉′(𝑦)ℎ0
2(𝑦)) (

𝜙0
ℎ0
)
2

(𝑦)𝑑𝑦 +
1

2
𝑉′(𝑥)

 

𝑉0
′(𝑥) =

1

2

ℎ0(𝑥)

𝜙0
2(𝑥)

∫  
∞

𝑥

 𝐽(𝑦) (
𝜙0
ℎ0
)
2

(𝑦)𝑑𝑦 +
1

2
𝑉′(𝑥)  

𝐽(𝑦) = 3𝑉′′(𝑦)ℎ0(𝑦) − 𝑉
′(𝑦)(3𝜇0

2 − ℎ0
2(𝑦) + 3𝑉(𝑦)).  

3𝜇0
2 − ℎ0

2(𝑦) + 3𝑉(𝑦) ≥ 3𝜇0
2 − 𝜇̃0

2 + 3𝑉(𝑦) = 2𝜇0
2 −

8

27
> 0. 

𝐽(𝑦) ≥ −3𝑉′′(𝑦) − (3𝜇0
2 − 𝜇̃0

2 + 3𝑉(𝑦))𝑉′(𝑦) ≥ −3𝑉′′(𝑦) − (1.3 + 3𝑉(𝑦))𝑉′(𝑦) ≥ 0 

𝑉0
′(𝑥) =

1

2

ℎ0(𝑥)

𝜙0
2(𝑥)⏟  
≤0

∫  
∞

𝑥

 𝐽(𝑦) (
𝜙0
ℎ0
)
2

(𝑦)𝑑𝑦
⏟              

≥0

+
1

2
𝑉′(𝑥) ≤

1

2
𝑉′(𝑥) ≤ 0 

𝐸 ≥ 𝑅1 + 𝑅2 + 𝑅3 + 𝐽1 + 𝐽2,  

𝑗 ≡ 2(𝑅1 + 𝑅2 + 𝑅3) + 3(𝐽1 + 𝐽2).  

𝑄𝜙𝑚 = 0,𝑄𝜓𝑚 = −
𝑖

2
𝜖𝑚𝑛𝑝[𝜙

𝑛, 𝜙𝑝], 𝑄𝑓 = −𝑖[𝜙𝑚, 𝜓𝑚].  

ℐ = ℐs.c.d. ⋅ ℐ𝑤2 ⋅∑  

𝑖

  (−1)𝐹𝑖𝜒(𝐑𝑖)𝑡
𝑗𝑖 .  
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𝑗 ≡ 2(𝑅1 + 𝑅2 + 𝑅3) + 3(𝐽1 + 𝐽2) = 24 + 2𝑛  

𝒪24
2 = 𝜖𝑝𝑞𝑟𝑣𝑚 𝑞𝑣

𝑛 𝑟tr(𝜓(𝑚𝜓𝑛𝜓𝑝))  

𝑣𝑚 𝑛 = tr(𝜙
𝑚𝜓𝑛) −

1

3
𝛿𝑛
𝑚tr(𝜙𝑝𝜓𝑝) 

𝑢2 
𝑖𝑗 ≡ tr(𝜙(𝑖𝜙𝑗)), 𝑢3 

𝑖𝑗𝑘 ≡ tr(𝜙(𝑖𝜙𝑗𝜙𝑘))

𝑣2 
𝑖 𝑗 ≡ tr(𝜙

𝑖𝜓𝑗) −
1

3
𝛿𝑗
𝑖tr(𝜙𝑎𝜓𝑎), 𝑣3 

𝑖𝑗  𝑘 ≡ tr(𝜙
(𝑖𝜙𝑗)𝜓𝑘) −

1

4
𝛿𝑘
𝑖 tr(𝜙(𝑗𝜙𝑎)𝜓𝑎) −

1

4
𝛿𝑘
𝑗
tr(𝜙(𝑖𝜙𝑎)𝜓𝑎)

𝑤2 
𝑖 ≡ tr (𝑓𝜙𝑖 +

1

2
𝜖𝑖𝑎1𝑎2𝜓𝑎1𝜓𝑎2) , 𝑤3 

𝑖𝑗 ≡ tr(𝑓𝜙(𝑖𝜙𝑗) + 𝜖𝑎1𝑎2(𝑖𝜙𝑗)𝜓𝑎1𝜓𝑎2)

 

∑ 

𝑎

 𝑓𝑎(𝑔𝐼)𝑅𝑎(𝑔𝐼) = 0  

∑ 

𝑎

 𝑓𝑎(𝑔𝐼)𝑟𝑎  

𝜙𝑚= 𝜙𝑚 1𝑇
1 + 𝜙𝑚 2𝑇

2 + 𝜙𝑚 3𝑇
3 + √3𝜙̂𝑚𝑇8 

𝜓𝑚= 𝜓𝑚1
𝑇1 + 𝜓𝑚2

𝑇2 +𝜓𝑚3
𝑇3  

𝑓 = 𝑓1𝑇
1 + 𝑓2𝑇

2 + 𝑓3𝑇
3

 

𝜙𝑚 = (
𝜙𝑚|𝑆𝑈(2) 0

0 0
) + 𝜙̂𝑚 (

1 0 0
0 1 0
0 0 −2

) , 𝜓𝑚 = (
𝜓𝑚|𝑆𝑈(2) 0

0 0
) , 𝑓 = (

𝑓|𝑆𝑈(2) 0

0 0
)  

tr[𝜙(𝑖𝜙𝑗𝜙𝑘)] →
𝑆𝑈(2)×𝑈(1) 

tr[𝜙(𝑖𝜙𝑗𝜙𝑘)]
𝑆𝑈(2)

+ 3𝜙̂(𝑖tr[𝜙𝑗𝜙𝑘)]
𝑆𝑈(2)

− 6𝜙̂(𝑖𝜙̂𝑗𝜙̂𝑘)  

𝒪3[𝑅] →
𝑆𝑈(2)×𝑈(1) 

∑  

𝑅1⊗𝑅2⊃𝑅

  𝒪̂[𝑅1]𝒪
2[𝑅2]  

𝑄Ψ = (
𝑄Ψ|𝑆𝑈(2) 0

0 0
)  

𝑄Ψ = (
𝑄Ψ|𝑆𝑈(2) 0

0 𝑄Ψ|𝑈(1) = 0
)  

𝒬𝒪3[𝑅] →
𝑆𝑈(2)×𝑈(1) 

∑  

𝑅1⊗𝑅2⊃𝑅

  𝒪̂[𝑅1]𝒪
2[𝑅2]

⇒ 𝒪3[𝑅] →
𝑆𝑈(2)×𝑈(1) 

∑  

𝑅1⊗𝑅2⊃𝑅

  𝒪̂[𝑅1]𝒪
2[𝑅2],  where  𝒪2[𝑅2] = 𝑄𝒪

2[𝑅2].

 

([1,1] ⊗ [1,1])𝐴 = [3,0] + [0,3] + [1,1].  

[2,0] ⊗ ([1,1] ⊗ [1,1])𝐴⊗ [1,3] = ⋯+ (7 × [3,0]) + ⋯  

([2,1] ⊗ [2,1])𝐴⊗ [1,3] = ⋯+ (4 × [3,0]) + ⋯  
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0 = 24𝑠1 −
16

15
𝑠3 +

4

15
𝑠4 −

32

15
𝑠5 + 16𝑠9 + 85𝑠10 + 5𝑠11 − 40𝑠12 −

5

3
𝑠13 +

5

3
𝑠14 − 40𝑠15

 +
125

7
𝑠17 + 31𝑠18 +

24

7
𝑠19 +

543

7
𝑠20 +

8

5
𝑠22 +

16

15
𝑠23 +

251

7
𝑠30 − 𝑠31 − 9𝑠32 +

174

7
𝑠33 −

17

2
𝑠34

 

𝒪𝑖𝑗𝑘 →
𝑆𝑈(2)×𝑈(1) 

𝜙̂𝑎𝜙̂𝑏𝜙̂𝑐𝒯̃(𝑎𝑏𝑐)
(𝑖𝑗𝑘)  

𝒯̃(𝑎𝑏𝑐)
(𝑖𝑗𝑘)

= 𝒯(𝑎𝑏𝑐)
(𝑖𝑗𝑘)

+ 𝛿𝑎
𝑖𝒯(𝑏𝑐)

(𝑗𝑘)
+ 𝛿(𝑎𝑏)

(𝑖𝑗)
𝒯𝑐
𝑘 + 𝛿(𝑎𝑏𝑐)

(𝑖𝑗𝑘)
𝒯  

[3,0]⊗ [0,3] = [3,3] ⊕ [2,2] ⊕ [1,1] ⊕ [0,0] 

𝒪𝑖𝑗𝑘 →
𝑆𝑈(2)×𝑈(1) 

𝜙̂𝑖𝜙̂𝑗𝜙̂𝑘𝒯 + 𝜙̂𝑎𝜙̂(𝑖𝜙̂𝑗𝒯𝑎
𝑘)
+ 𝜙̂𝑎𝜙̂𝑏𝜙̂(𝑖𝒯𝑎𝑏

𝑗𝑘)
+ 𝜙̂𝑎𝜙̂𝑏𝜙̂𝑐𝒯𝑎𝑏𝑐

𝑖𝑗𝑘  

(𝒪30
3 )𝑖𝑗𝑘 =24𝜖𝑎1𝑎2(𝑖𝜖𝑗∣𝑏1𝑏2𝑣𝑑

𝑐𝑣 ∣𝑘) 𝑎1𝑣𝑏1
𝑑 (𝑟12

(0,2)
)
𝑎2𝑏2𝑐

−
16

15
𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑏𝑣𝑐

𝑏𝑣𝑎1
𝑐 (𝑟12

(0,2)
)
𝑎2

∣𝑘)

+
4

15
𝜖𝑎1𝑎2𝑎3𝑣𝑏  𝑎1𝑣

(𝑖  𝑎2𝑣
𝑗  𝑎3(𝑟12

(0,2)
)
𝑏

𝑘)
−
32

15
𝜖𝑎1𝑎2(𝑖𝑣𝑗  𝑏𝑣

𝑘) 𝑎1𝑣
𝑏  𝑐(𝑟12

(0,2)
)
𝑎2

𝑐
+ 16𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑑𝑣

𝑏  𝑎1𝑣
𝑑  𝑐(𝑟12

(0,2)
)
𝑎2𝑏

∣𝑘)𝑐
 

+85𝜖𝑎1𝑎2(𝑖∣𝑢𝑏𝑐𝑣𝑎1𝑣
∣𝑗  𝑏(𝑟14

(0,3)
)
𝑎2𝑐𝑑

𝑘)
+ 5𝜖𝑎1𝑎2(𝑖∣𝑢𝑏𝑐𝑣𝑑  𝑏𝑣

∣𝑗 𝑎1(𝑟14
(0,3)

)
𝑎2𝑐𝑑

𝑘)
− 40𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑏𝑣𝑎1

𝑐 𝑣𝑑  𝑏(𝑟14
(0,3)

)
𝑎2𝑐𝑑

∣𝑘)
 

−
5

3
𝜖𝑎1𝑎2(𝑖∣𝑢𝑐𝑑𝑣𝑎1

𝑏 𝑣∣𝑗  𝑏(𝑟14
(0,3)

)
𝑎2𝑐𝑑

𝑘)
+
5

3
𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑐𝑣𝑎1

𝑏 𝑣𝑑  𝑏(𝑟14
(0,3)

)
𝑎2𝑐𝑑

∣𝑘)
− 40𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑏𝑣𝑎1

𝑐 𝑣∣𝑘) 𝑑(𝑟14
(0,3)

)
𝑎2𝑏𝑐

𝑑
 

+
125

7
𝜖𝑎1𝑎2(𝑖𝑣𝑗∣𝑏  𝑎1𝑣

𝑐𝑑  𝑏(𝑟14
(0,3)

)
𝑎2𝑐𝑑

∣𝑘)
+ 31𝜖𝑎1𝑎2(𝑖𝑣𝑏𝑐  𝑎1𝑣

𝑑∣𝑗  𝑏(𝑟14
(0,3)

)
𝑎2𝑐𝑑

𝑘)
+
24

7
𝜖𝑎1𝑎2(𝑖𝑣𝑗𝑘) 𝑏𝑣

𝑐𝑑  𝑎1(𝑟14
(0,3)

)
𝑎2𝑐𝑑

𝑏
 

+
543

7
𝜖𝑎1𝑎2𝑎3𝑣𝑏( 𝑎 1𝑣𝑗∣𝑐  𝑎2(𝑟14

(0,3)
)
𝑎3𝑏𝑐

∣𝑘)
+
8

5
𝜖𝑎1𝑎2(𝑖∣𝑣𝑏  𝑎1𝑣

∣𝑗𝑘) 𝑏(𝑟16
(0,2)

)
𝑎2
+
16

15
𝜖𝑎1𝑎2(𝑖𝑣𝑗  𝑎1𝑣

𝑘)𝑏 𝑎2(𝑟16
(0,3)

)
𝑏

 

+
251

7
𝜖𝑎1𝑎2𝑎3𝑣𝑏1  𝑎1𝑣

𝑏2(𝑖  𝑎2(𝑟16
(0,3)

)
𝑎3𝑏1𝑏2

𝑗𝑘)
− 𝜖𝑎1𝑎2𝑎3𝑣(𝑖∣ 𝑎1𝑣

𝑏1𝑏2  𝑎2(𝑟16
(0,3)

)
𝑎3𝑏1𝑏2

∣𝑗𝑘)
− 9𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑎1𝑣

𝑏𝑐  𝑑(𝑟16
(0,3)

)
𝑎2𝑏𝑐

𝑑∣𝑘)
 

 +
174

7
𝜖𝑎1𝑎2(𝑖∣𝑣𝑏  𝑎1𝑣

𝑐∣𝑗  𝑑(𝑟16
(0,3)

)
𝑎2𝑏𝑐

𝑘)𝑑
−
17

2
𝜖𝑎1𝑎2(𝑖∣𝑣𝑏  𝑎1𝑣

𝑐𝑑  𝑎2(𝑟16
(0,3)

)
𝑏𝑐𝑑

∣𝑗𝑘)

 

 

 

𝒯 = −
648

5
𝒪24
2  
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(𝒪32
3 )𝑖𝑗𝑘𝑙 = 162576𝜖𝑎1𝑎2(𝑖𝜖𝑗∣𝑎3𝑎4𝑣∣𝑘 𝑎1𝑣

𝑙) 𝑎5𝑣
𝑎5𝑎6  𝑎3 (𝑟12

(0,1)
)
𝑎2𝑎4𝑎6

− 3240𝜖𝑎1𝑎2(𝑖𝜖𝑗∣𝑎3𝑎4𝑣|𝑘| 𝑎1𝑣
𝑎5  𝑎2𝑣

∣𝑙)𝑎6  𝑎3 (𝑟12
(0,1)

)
𝑎4𝑎5𝑎6

 +19080𝜖𝑎1𝑎2(𝑖𝜖𝑗∣𝑎3𝑎4𝑣|𝑘| 𝑎1𝑣
𝑎5  𝑎3𝑣

∣𝑙)𝑎6  𝑎2 (𝑟12
(0,1)

)
𝑎4𝑎5𝑎6

− 183096𝜖𝑎1𝑎2(𝑖𝜖𝑗∣𝑎3𝑎4𝑣|𝑘| 𝑎1𝑣
𝑎5  𝑎6𝑣

∣𝑙)𝑎6  𝑎3 (𝑟12
(0,1)

)
𝑎2𝑎4𝑎5

 −283500𝜖𝑎1𝑎2(𝑖𝜖𝑗∣𝑎3𝑎4𝑣𝑎5  𝑎1𝑣
𝑎6  𝑎2𝑣

∣𝑘𝑙) 𝑎3 (𝑟12
(0,1)

)
𝑎4𝑎5𝑎6

+ 12600𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣𝑎2
𝑘 𝑣𝑙)𝑎3  𝑎4 (𝑟12

(0,1)
)
𝑎3

𝑎4

 −16800𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣
𝑘 𝑎3𝑣

𝑙)𝑎3  𝑎4 (𝑟12
(0,1)

)
𝑎2

𝑎4
+ 75600𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣

𝑘 𝑎4𝑣
𝑙)𝑎3  𝑎2 (𝑟12

(0,1)
)
𝑎3

𝑎4

 

−46200𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑎1𝑣
𝑎3  𝑎4𝑣

∣𝑘𝑙) 𝑎2 (𝑟12
(0,1)

)
𝑎3

𝑎4
− 21000𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑎1𝑣

𝑎3  𝑎4𝑣
∣𝑘𝑙) 𝑎3 (𝑟12

(0,1)
)
𝑎2

𝑎4
 

+75600𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑎4𝑣
𝑎3  𝑎1𝑣

∣𝑘𝑙) 𝑎2 (𝑟12
(0,1)

)
𝑎3

𝑎4
+ 75600𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑎1𝑣

𝑎3  𝑎4𝑣
|𝑘|𝑎4  𝑎2 (𝑟12

(0,1)
)
𝑎3

∣𝑙)
 

−37800𝜖𝑎1𝑎2(𝑖∣𝑣𝑎3 𝑎1𝑣
𝑎4  𝑎2𝑣

∣𝑗𝑘 𝑎3 (𝑟12
(0,1)

)
𝑎4

𝑙)
− 14000𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣

𝑘∣ 𝑎2𝑣
𝑎3𝑎4  𝑎5 (𝑟12

(0,1)
)
𝑎3𝑎4

∣𝑙)𝑎5
 

+14000𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑎1𝑣
𝑎3  𝑎4𝑣

∣𝑘𝑙) 𝑎5 (𝑟12
(0,1)

)
𝑎2𝑎3

𝑎4𝑎5
− 28000𝜖𝑎1𝑎2(𝑖𝑣𝑗∣ 𝑎1𝑣

𝑎3 𝑎5𝑣
𝑎4∣𝑘  𝑎2 (𝑟12

(0,1)
)
𝑎3𝑎4

𝑙)𝑎5
 

+14000𝜖𝑎1𝑎2(𝑖∣𝑣𝑎3 𝑎1𝑣
𝑎4  𝑎5𝑣

∣𝑗𝑘 𝑎2 (𝑟12
(0,1)

)
𝑎3𝑎4

𝑙)𝑎5
+ 31500𝜖𝑎1𝑎2𝑎3𝑣(𝑖 𝑎1𝑣

𝑗 𝑎2𝑣
𝑘 𝑎3 (𝑟14

(0,1)
)
𝑙)

 

−31500𝜖𝑎1𝑎2(𝑖∣𝜖𝑎3𝑎4∣𝑗𝑣𝑘 𝑎1𝑣
𝑙) 𝑎2𝑣

𝑎5  𝑎3 (𝑟14
(0,1)

)
𝑎4𝑎5

+ 315000𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑎5𝑣∣𝑗 𝑎1𝑣
𝑘 𝑎2 (𝑟14

(0,2)
)
𝑎3𝑎4𝑎5

𝑙)
 

 −1055700𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣|𝑘| 𝑎1𝑣
𝑎4𝑎5  𝑎2 (𝑟14

(0,2)
)
𝑎3𝑎4𝑎5

|𝑙|
+ 363660𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣|𝑘| 𝑎1𝑣

𝑎4𝑎5 𝑎3 (𝑟14
(0,2)

)
𝑎2𝑎4𝑎5

|𝑙|

−596400𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣|𝑘| 𝑎4𝑣
𝑎4𝑎5  𝑎1 (𝑟14

(0,2)
)
𝑎2𝑎3𝑎5

∣𝑙)
+ 1905300𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣𝑎4  𝑎1𝑣

𝑎5∣𝑘 𝑎2 (𝑟14
(0,2)

)
𝑎3𝑎4𝑎5

𝑙)
 

+890400𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣𝑎4  𝑎1𝑣
𝑎5∣𝑘 𝑎3 (𝑟14

(0,2)
)
𝑎2𝑎4𝑎5

𝑙)
+ 82500𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣𝑎4 𝑎5𝑣

𝑎5∣𝑘 𝑎1 (𝑟14
(0,2)

)
𝑎2𝑎3𝑎4

𝑙)
 

+2288100𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣∣𝑗 𝑎1𝑣
𝑘∣𝑎5  𝑎2 (𝑟14

(0,2)
)
𝑎3𝑎4𝑎5

|𝑙|
− 247560𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣∣𝑗 𝑎1𝑣

𝑘∣𝑎5  𝑎3 (𝑟14
(0,2)

)
𝑎2𝑎4𝑎5

∣𝑙)
 

+1506900𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣∣𝑗 𝑎5𝑣
𝑘∣𝑎5  𝑎1 (𝑟14

(0,2)
)
𝑎2𝑎3𝑎4

|𝑙|
− 3441300𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣𝑎5  𝑎1𝑣

∣𝑗𝑘  𝑎2 (𝑟14
(0,2)

)
𝑎3𝑎4𝑎5

𝑙)
 

−4275300𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣𝑎5  𝑎1𝑣
∣𝑗𝑘  𝑎3 (𝑟14

(0,2)
)
𝑎2𝑎4𝑎5

𝑙)
+ 30360𝜖𝑎1𝑎2(𝑖𝑢𝑗𝑘𝑣𝑙) 𝑎1𝑣

𝑎3𝑎4 𝑎5 (𝑟14
(0,2)

)
𝑎2𝑎3𝑎4

𝑎5
 

−134400𝜖𝑎1𝑎2(𝑖𝑢𝑗𝑘∣𝑣𝑎3 𝑎1𝑣
∣𝑙)𝑎4  𝑎5 (𝑟14

(0,2)
)
𝑎2𝑎3𝑎4

𝑎5
+ 340680𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣∣𝑘 𝑎1𝑣

𝑙)𝑎4  𝑎5 (𝑟14
(0,2)

)
𝑎2𝑎3𝑎4

𝑎5
 

+1010400𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣𝑎4  𝑎1𝑣
∣𝑘𝑙) 𝑎5 (𝑟14

(0,2)
)
𝑎2𝑎3𝑎4

𝑎5
− 414240𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣∣𝑗 𝑎1𝑣

𝑘𝑙) 𝑎5 (𝑟14
(0,2)

)
𝑎2𝑎3𝑎4

𝑎5
 

+48000𝜖𝑎1𝑎2(𝑖𝑣𝑗𝑘∣ 𝑎1𝑣
𝑎3𝑎4  𝑎5 (𝑟16

(0,2)
)
𝑎2𝑎3𝑎4

∣𝑙)𝑎5
− 58800𝜖𝑎1𝑎2(𝑖𝑣𝑗𝑘∣ 𝑎5𝑣

𝑎3𝑎4 𝑎1 (𝑟16
(0,2)

)
𝑎2𝑎3𝑎4

∣𝑙)𝑎5
 

−369600𝜖𝑎1𝑎2(𝑖𝑣𝑗∣𝑎3  𝑎1𝑣
𝑎4∣𝑘 𝑎5 (𝑟16

(0,2)
)
𝑎2𝑎3𝑎4

𝑙)𝑎5
+ 33600𝜖𝑎1𝑎2(𝑖𝑣𝑗∣𝑎3  𝑎1𝑣

𝑎4𝑎5  𝑎2 (𝑟16
(0,2)

)
𝑎3𝑎4𝑎5

∣𝑘𝑙
 

+12250𝜖𝑎1𝑎2(𝑖𝑢𝑗𝑘∣𝑣𝑎3  𝑎1𝑣
𝑎4  𝑎5 (𝑟16

(0,2)
)
𝑎2𝑎3𝑎4

∣𝑙)𝑎5
− 615850𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣|𝑘| 𝑎1𝑣

𝑎4  𝑎5 (𝑟16
(0,2)

)
𝑎2𝑎3𝑎4

∣𝑙)𝑎5
 

+369250𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣|𝑘| 𝑎5𝑣
𝑎4  𝑎1 (𝑟16

(0,2)
)
𝑎2𝑎3𝑎4

∣𝑙)𝑎5
+ 184625𝜖𝑎1𝑎2(𝑖𝑢𝑗∣𝑎3𝑣𝑎4  𝑎1𝑣

𝑎5 𝑎2 (𝑟16
(0,2)

)
𝑎3𝑎4𝑎5

|𝑘𝑙|
 

−504800𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣 ∣𝑗 𝑎1𝑣
𝑘 𝑎5 (𝑟16

(0,2)
)
𝑎2𝑎3𝑎4

𝑙)𝑎5
− 1085950𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣|𝑗| 𝑎1𝑣

𝑎5  𝑎2 (𝑟16
(0,2)

)
𝑎3𝑎4𝑎5

∣𝑘𝑙)
 

 +701100𝜖𝑎1𝑎2(𝑖∣𝑢𝑎3𝑎4𝑣|𝑗| 𝑎1𝑣
𝑎5  𝑎3 (𝑟16

(0,2)
)
𝑎2𝑎4𝑎5

∣𝑘𝑙)
.
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𝒪𝑖𝑗𝑘𝑙 →
𝑆𝑈(2)×𝑈(1) 

𝜙̂𝑖𝜙̂𝑗𝜙̂𝑘𝜙̂𝑙𝒯 + 𝜙̂𝑎𝜙̂(𝑖𝜙̂𝑗𝜙̂𝑘𝒯𝑎
𝑙)
+ 𝜙̂𝑎𝜙̂𝑏𝜙̂(𝑖𝜙̂𝑗𝒯𝑎𝑏

𝑘𝑙)
+ 𝜙̂𝑎𝜙̂𝑏𝜙̂𝑐𝜙̂(𝑖𝒯𝑎𝑏𝑐

𝑗𝑘𝑙)
+ 𝜙̂𝑎𝜙̂𝑏𝜙̂𝑐𝜙̂𝑑𝒯𝑎𝑏𝑐𝑑

𝑖𝑗𝑘𝑙
. 

𝒯 = −1020600𝒪24
2 .  

𝑢2
𝑖𝑗
≡ tr(𝜙(𝑖𝜙𝑗)), 𝑢3

𝑖𝑗𝑘
≡ tr(𝜙(𝑖𝜙𝑗𝜙𝑘))  

(𝑢2𝒪30
3 )𝑖𝑗𝑘𝑙𝑚= 𝑢2

(𝑖𝑗(𝒪30
3 )𝑘𝑙𝑚)  

(𝑢2𝒪30
3 )𝑙

𝑖𝑗𝑘
= 𝜖𝑙𝑎𝑏𝑢2 

𝑎(𝑖(𝒪30
3 )𝑗𝑘)𝑏  

(𝑢2𝒪30
3 )𝑗𝑘

𝑖  = 𝜖𝑗𝑎𝑏𝜖𝑘𝑐𝑑𝑢2 
𝑎𝑐(𝒪30

3 )𝑖𝑏𝑑

 

tr[𝜙(𝑖𝜙𝑗)] →
𝑆𝑈(2)×𝑈(1) 

tr[𝜙(𝑖𝜙𝑗)]
𝑆𝑈(2)

+ 6𝜙̂𝑖𝜙̂𝑗.  



 

pág. 3469 

(𝑢2𝒪30
3 )𝑖𝑗𝑘𝑙𝑚 →

𝑆𝑈(2)×𝑈(1) 
𝜙̂𝑖𝜙̂𝑗𝜙̂𝑘𝜙̂𝑙𝜙̂𝑚 ⋅ 6𝒯 + (𝔔)  

(𝑢2𝒪30
3 )𝑙

𝑖𝑗𝑘
→

𝑆𝑈(2)×𝑈(1) 
𝜖𝑙𝑎𝑏𝜙̂

𝑎𝜙̂𝑖𝜙̂𝑗𝜙̂𝑘𝜙̂𝑏 ⋅ 6𝒯 + (𝔒) = 0 + (𝔒)  

(𝑢2𝒪30
3 )𝑗𝑘

𝑖  →
𝑆𝑈(2)×𝑈(1) 

𝜖𝑗𝑎𝑏𝜖𝑘𝑐𝑑𝜙̂
𝑎𝜙̂𝑐𝜙̂𝑖𝜙̂𝑏𝜙̂𝑑 ⋅ 6𝒯 + (𝔒) = 0 + (𝔒)

 

(𝑢⋯𝑢𝒪24+2𝑘
3 )

𝑖1⋯𝑖𝑛
= 𝑢(𝑖1⋯⋯𝑢⋯𝑖𝑛−𝑘(𝒪24+2𝑘

3 )
𝑖𝑛−𝑘+1⋯𝑖𝑛)  

𝑢(𝑖1⋯⋯𝑢⋯𝑖𝑛−𝑘)  →
𝑆𝑈(2)×𝑈(1) 

𝜙̂𝑖1⋯𝜙̂𝑖𝑛−𝑘𝐶 +⋯  

(𝑢⋯𝑢𝒪24+2𝑘
3 )

𝑖1⋯𝑖𝑛
 →
𝑆𝑈(2)×𝑈(1) 

𝜙̂𝑖1⋯𝜙̂𝑖𝑛𝐶𝒯 + (𝔔),  

(𝑠26,1)
𝑖
= 𝜖𝑎1𝑎2𝑎3𝑣𝑎4 𝑎1𝑣

𝑎5  𝑎2 (𝑅14
(0,2)

)
𝑎3𝑎4𝑎5

𝑖
 

(𝑠26,2)
𝑖
= 𝑣𝑖 𝑎 (𝑅20

(0,3)
)
𝑎

 

(𝑠26,3)
𝑖
 = (𝑅26

(0,4)
)
𝑖

 

(𝑠28,1)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖∣𝑣𝑎3  𝑎5𝑣

𝑎4𝑎5 𝑎1 (𝑅14
(0,2)

)
𝑎2𝑎3𝑎4

∣𝑗)
,

(𝑠28,2)
𝑖𝑗
= 𝜖𝑎1𝑎2𝑎3𝑣𝑎4 𝑎1𝑣

𝑎5(𝑖 𝑎2 (𝑅14
(0,2)

)
𝑎3𝑎4𝑎5

𝑗)
,

(𝑠28,3)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖∣𝑣𝑎3  𝑎5𝑣

∣𝑗)𝑎4  𝑎1 (𝑅14
(0,2)

)
𝑎2𝑎3𝑎4

𝑎5
,

(𝑠28,4)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖𝑣𝑗) 𝑎1𝑣

𝑎3𝑎4  𝑎5 (𝑅14
(0,2)

)
𝑎2𝑎3𝑎4

𝑎5
,

(𝑠28,5)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖𝑣𝑗) 𝑎5𝑣

𝑎3𝑎4  𝑎1 (𝑅14
(0,2)

)
𝑎2𝑎3𝑎4

𝑎5
,

(𝑠28,6)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖𝑣𝑗) 𝑎3𝑣

𝑎3  𝑎1 (𝑅16
(0,2)

)
𝑎2
,

(𝑠28,7)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖𝑣𝑗) 𝑎1𝑣

𝑎3  𝑎2 (𝑅16
(0,2)

)
𝑎3
,

(𝑠28,8)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖∣𝑣𝑎3  𝑎4𝑣

𝑎4  𝑎1 (𝑅16
(0,2)

)
𝑎2𝑎3

∣𝑗)
,

(𝑠28,9)
𝑖𝑗
= 𝜖𝑎1𝑎2𝑎3𝑣𝑎4  𝑎1𝑣

(𝑖 𝑎2 (𝑅16
(0,2)

)
𝑎3𝑎4

𝑗)
,

(𝑠28,10)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖𝑣𝑗) 𝑎1𝑣

𝑎3  𝑎4 (𝑅16
(0,2)

)
𝑎2𝑎3

𝑎4
,

(𝑠28,11)
𝑖𝑗
= 𝜖𝑎1𝑎2𝑎3𝑣𝑎4  𝑎1𝑣

𝑎5  𝑎2 (𝑅16
(0,2)

)
𝑎3𝑎4𝑎5

𝑖𝑗
,

(𝑠28,12)
𝑖𝑗
= 𝑣𝑖𝑗 𝑎 (𝑅20

(0,3)
)
𝑎

,  

(𝑠28,13)
𝑖𝑗
= 𝑣(𝑖 𝑎 (𝑅22

(0,3)
)
𝑗)𝑎
.

 

−30𝑠28,1 + 30𝑠28,3 +
15

4
𝑠28,4 − 15𝑠28,5 −

7

20
𝑠28,6 +

21

80
𝑠28,7

 +
49

36
𝑠28,8 −

7

12
𝑠28,9 +

7

24
𝑠28,10 + 𝑠28,11 = 0

 



 

pág. 3470 

𝒪𝑖𝑗 →
𝑆𝑈(2)×𝑈(1) 

𝜙̂𝑖𝜙̂𝑗𝒯 + 𝜙̂𝑎𝜙̂(𝑖𝒯𝑎
𝑗)
+ 𝜙̂𝑎𝜙̂𝑏𝒯𝑎𝑏

𝑖𝑗  

(𝒪24+2𝑛
3 )𝑖1⋯𝑖𝑛 →

𝑆𝑈(2)×𝑈(1) 
𝜙̂𝑖1⋯𝜙̂𝑖𝑛𝐶𝑛𝒪24

2 + (𝔔). (𝑛 ≥ 3, 𝐶𝑛 ≠ 0)
 

𝑤2 
𝑖 ≡ tr (𝑓𝜙𝑖 +

1

2
𝜖𝑖𝑎1𝑎2𝜓𝑎1𝜓𝑎2) 

[1,0] ⊗ [𝑛, 0] = [𝑛 + 1,0]⊕ [𝑛 − 1,1]  

(𝑤2𝒪24+2𝑛
3 )𝑖1⋯𝑖𝑛+1 = 𝑤(𝑖1(𝒪24+2𝑛

3 )𝑖2⋯𝑖𝑛+1)

(𝑤2𝒪24+2𝑛
3 )𝑗

𝑖1⋯𝑖𝑛−1 = 𝜖𝑗𝑎𝑏𝑤
𝑎(𝒪24+2𝑛

3 )𝑏𝑖1⋯𝑖𝑛−1
 

𝑤2 
𝑖 ≡ tr (𝑓𝜙𝑖 +

1

2
𝜖𝑖𝑎1𝑎2𝜓𝑎1𝜓𝑎2) 

(𝑤2𝒪24+2𝑛
3 )𝑖1⋯𝑖𝑛+1  →

𝑆𝑈(2)×𝑈(1) 
𝜙̂(𝑖2⋯𝜙̂𝑖𝑛+1𝐶𝑛𝑤

𝑖1)𝒪24
2 + (𝔔),

(𝑤2𝒪24+2𝑛
3 )𝑗

𝑖1⋯𝑖𝑛−1  →
𝑆𝑈(2)×𝑈(1) 

𝜖𝑗𝑎𝑏𝜙̂
𝑏𝜙̂𝑖1⋯𝜙̂𝑖𝑛−1𝐶𝑛𝑤

𝑎𝒪24
2 + (𝔒).

 

[1,0]𝑆
⊗𝑘⊗ [𝑛, 0] = [𝑘, 0] ⊗ [𝑛, 0]. [1,0]𝑆

⊗𝑘
 

(𝑤2)
𝑘𝒪24+2𝑛

3  

(𝑤2)
𝑘𝒪24+2𝑛

3 →
𝑆𝑈(2)×𝑈(1) 

𝜙̂𝑛𝐶𝑛(𝑤2)
𝑘𝒪24

2 + (𝔔)  

[2,0] ⊗ [𝑛, 0] = [𝑛 + 2,0] ⊕ [𝑛, 1] ⊕ [𝑛 − 2,2].  

(𝑤3𝒪24+2𝑛
3 )𝑖1⋯𝑖𝑛+2= 𝑤(𝑖1𝑖2(𝒪24+2𝑛

3 )𝑖3⋯𝑖𝑛+2)  

(𝑤3𝒪24+2𝑛
3 )𝑗

𝑖1⋯𝑖𝑛= 𝜖𝑗𝑎1𝑎2𝑤
𝑎1(𝑖1(𝒪24+2𝑛

3 )𝑖2⋯𝑖𝑛)𝑎2  

(𝑤3𝒪24+2𝑛
3 )𝑗𝑘

𝑖1⋯𝑖𝑛−2  = 𝜖𝑎1𝑎2(𝑗𝜖𝑘)𝑏1𝑏2𝑤
𝑎1𝑏1(𝒪24+2𝑛

3 )𝑎2𝑏2𝑖1⋯𝑖𝑛−2

 

𝑤3 = tr(𝑓𝜙
(𝑖𝜙𝑗) + 𝜖𝑎1𝑎2(𝑖𝜙𝑗)𝜓𝑎1𝜓𝑎2) 

𝑤3
𝑖𝑗
→ 2𝜙̂(𝑖𝑤2

𝑗)
.  

𝑤(𝑖1𝑖2(𝒪24+2𝑛
3 )𝑖3⋯𝑖𝑛+2) →

𝑆𝑈(2)×𝑈(1) 
2𝐶𝑛𝜙̂

(𝑖1⋯𝑖𝑛+1𝑤𝑖𝑛+2)𝒪24
2 + (𝔔),  

𝜖𝑗𝑎1𝑎2𝑤
𝑎1(𝑖1(𝒪24+2𝑛

3 )𝑖2⋯𝑖𝑛)𝑎2 →
𝑆𝑈(2)×𝑈(1) 

− 𝐶𝑛𝜖𝑗𝑎1𝑎2𝜙̂
(𝑖1⋯𝑖𝑛)𝑎1𝑤𝑎2𝒪24

2 + (𝔒), 

𝜖𝑎1𝑎2(𝑗𝜖𝑘)𝑏1𝑏2𝑤
𝑎1𝑏1(𝒪24+2𝑛

3 )𝑎2𝑏2𝑖1⋯𝑖𝑛−2  →
𝑆𝑈(2)×𝑈(1) 

(𝔒).

 

(𝑤3)
𝑘𝒪24+2𝑛

3  

(𝑤3)
𝑘𝒪24+2𝑛

3 →
𝑆𝑈(2)×𝑈(1) 

𝜙̂𝑛+𝑘𝐶𝑛
′ (𝑤2)

𝑘𝒪24
2 + (𝔔),  

[2,0]𝑆
⊗𝑘⊗ [𝑛, 0] = ([1,0]𝜙̂⊗𝑆 [1,0]𝑤2)𝑆

⊗𝑘
⊗ [𝑛, 0] 
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(𝑤2)
𝑘𝒪24+2(𝑛+𝑘)

3 [1,0]𝑆
⊗𝑘⊗ [𝑛 + 𝑘, 0] = [𝑘, 0] ⊗ [𝑛 + 𝑘, 0] 

[2,0] ⊗ [𝑛, 0] = [𝑛 + 2,0] ⊕ [𝑛, 1] ⊕ [𝑛 − 2,2] 

[1,0] ⊗ [𝑛 + 1,0] = [𝑛 + 2,0] ⊕ [𝑛, 1] 

[2,0] ⊗ [𝑛 + 2,0] = [𝑛 + 4,0]⊕ [𝑛 + 2,1] ⊕ [𝑛, 2] 

(𝑤2)
2𝒪24+2(𝑛+2)

3  

𝒪 ⋅ 𝜕1
𝑗1𝜕2

𝑗2tr(𝑋2)  

𝒪 ⋅ tr(𝑋(𝑧)𝑋(𝑧))  

𝑋(𝑧) ≡ ∑  

∞

𝑛=0

 
1

𝑛!
(𝑧1𝐷1 + 𝑧2𝐷2)

𝑛𝑋(0) = ∑  

∞

𝑛=0

 
1

𝑛!
(𝑧𝛼𝐷𝛼)

𝑛𝑋(0)  

𝑄𝜙𝑚(𝑧) = [𝜆(𝑧), 𝜙𝑚(𝑧)], 𝑄𝜓𝑚(𝑧) = 𝜖𝑚𝑛𝑝[𝜙
𝑛(𝑧), 𝜙𝑝(𝑧)] + {𝜆(𝑧), 𝜓𝑚(𝑧)}                 

𝑄𝑓(𝑧)= [𝜙𝑚(𝑧), 𝜓𝑚(𝑧)] + [𝜆(𝑧), 𝑓(𝑧)],        𝑄𝜆(𝑧) = {𝜆(𝑧), 𝜆(𝑧)}          
 

𝜙𝑚(𝑧) = ∑  

∞

𝑛=0

 
1

𝑛!
(𝑧𝛼𝐷𝛼)

𝑛𝜙𝑚(0),         𝜓𝑚(𝑧) = ∑  

∞

𝑛=0

 
1

𝑛!
(𝑧𝛼𝐷𝛼)

𝑛𝜓𝑚(0)         

𝑓(𝑧)= ∑  

∞

𝑛=0

 
1

𝑛!
(𝑧𝛼𝐷𝛼)

𝑛𝑓(0),         𝜆(𝑧)= ∑  

∞

𝑛=0

 
1

(𝑛 + 1)!
(𝑧𝛼𝐷𝛼)

𝑛(𝑧𝛽𝜆𝛽(0)).         

 

𝒪 ⋅ [tr(𝑋(𝑧)2) +∑  

𝑛

𝑖=1

 𝑎𝑖tr(𝑋(𝑧𝑖)
2)]  

𝑅 =
𝑁2

2
(
𝑞

ℓ2
+
𝑞2

2ℓ4
) , 𝐽 =

𝑁2

2
(
3𝑞2

2ℓ4
+
𝑞3

ℓ6
)  

𝐽(𝑅) = −
𝑁2

2
− 3𝑅 +

(𝑁2 + 4𝑅)
3
2

2𝑁
 

𝑗 ≡ 𝑗1 + 𝑗2 > 2(
2𝐽

𝑁2
)

1
3  

𝐽(𝑅) ∼
4𝑅

3
2

𝑁
 

𝐽1 ≈ 𝐽2 = 𝐽 ∼
4𝑅

3
2

𝑁
 

𝐽

𝑅
∼
𝐽
1
3

𝑁
2
3
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𝐸 − 𝐸BPS = 𝑐𝑗
−𝜏 +⋯ ,  

𝑢2
𝑖𝑗
≡ tr(𝜙(𝑖𝜙𝑗)), 𝑢3

𝑖𝑗𝑘
≡ tr(𝜙(𝑖𝜙𝑗𝜙𝑘))

𝑣2
𝑖 𝑗 ≡ tr(𝜙

𝑖𝜓𝑗) −
1

3
𝛿𝑗
𝑖tr(𝜙𝑎𝜓𝑎), 𝑣3

𝑖𝑗
 𝑘 ≡ tr(𝜙

(𝑖𝜙𝑗)𝜓𝑘) −
1

4
𝛿𝑘
𝑖 tr(𝜙(𝑗𝜙𝑎)𝜓𝑎) −

1

4
𝛿𝑘
𝑗
tr(𝜙(𝑖𝜙𝑎)𝜓𝑎)

 

 

 

 

(𝑟10
(0,1)

)
𝑗𝑘

𝑖
 = −2𝜖𝑎1𝑎2(𝑗tr(𝜙

𝑎1𝜙𝑎2𝜙𝑖𝜓𝑘)),

𝑟12
(0,1)

 = 𝜖𝑎1𝑎2𝑎3[6tr(𝜓𝑏𝜙
𝑎1)tr(𝜙𝑏𝜙𝑎2𝜙𝑎3) − tr(𝜓𝑏𝜙

𝑎1𝜙𝑎2)tr(𝜙𝑏𝜙𝑎3)]
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−3𝜖𝑎1𝑎2𝑎3[tr(𝜓𝑏𝜙
𝑏𝜙𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓𝑏𝜙

𝑎1𝜙𝑏𝜙𝑎2𝜙𝑎3) + tr(𝜓𝑏𝜙
𝑎1𝜙𝑎2𝜙𝑏𝜙𝑎3) + tr(𝜓𝑏𝜙

𝑎1𝜙𝑎2𝜙𝑎3𝜙𝑏)],  

(𝑟12
(0,1)

)
𝑘𝑙

𝑖𝑗
= −2𝜖𝑎1𝑎2(𝑘[tr(𝜓𝑙)𝜙

(𝑖𝜙𝑗)𝜙𝑎1𝜙𝑎2) + 7tr(𝜓𝑙)𝜙
(𝑖∣𝜙𝑎1𝜙∣𝑗)𝜙𝑎2)],

(𝑟12
(0,2)

)
𝑖𝑗𝑘
=
1

2
𝜖𝑎1𝑎2(𝑖tr(𝜙

𝑎1𝜓𝑗𝜙
𝑎2𝜓𝑘)),

(𝑟12
(0,2)

)
𝑗

𝑖
= 6tr(𝜙(𝑖𝜙𝑎)𝜓(𝑎𝜓𝑗)) − 5tr(𝜙

[𝑖𝜓𝑎𝜙
𝑎]𝜓𝑗),

(𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
= tr(𝜙(𝑖𝜙𝑗)𝜓(𝑘𝜓𝑙)),  

(𝑟14
(0,2)

)
𝑖
= 3tr(𝜙𝑖𝜓𝑎1𝜙

𝑎1𝜙𝑎2𝜓𝑎2) + 2tr(𝜙
𝑖𝜙𝑎1)tr(𝜙𝑎2𝜓(𝑎1𝜓𝑎2))

−6tr(𝜙𝑖𝜓𝑎1)tr(𝜙
[𝑎1𝜙𝑎2]𝜓𝑎2) − tr(𝜙

𝑖𝜓𝑎1𝜓𝑎2)tr(𝜙
𝑎1𝜙𝑎2),  

(𝑟14
(0,2)

)
𝑖𝑗
=
5

9
𝜖𝑎1𝑎2𝑎3[2tr(𝜓(𝑖𝜓𝑗)𝜙

𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓(𝑖𝜙
𝑎1𝜓𝑗)𝜙

𝑎2𝜙𝑎3)]

+𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜓𝑎3𝜙
𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓𝑗𝜓𝑎3𝜙

𝑎1𝜙𝑎3𝜙𝑎2) + tr(𝜓𝑗)𝜓𝑎3𝜙
𝑎3𝜙𝑎1𝜙𝑎2)]  

+𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜙
𝑎1𝜓𝑎3𝜙

𝑎2𝜙𝑎3) + tr(𝜓𝑗𝜙
𝑎1𝜓𝑎3𝜙

𝑎3𝜙𝑎2) + tr(𝜓𝑗)𝜙
𝑎3𝜓𝑎3𝜙

𝑎1𝜙𝑎2)]  

+𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜙
𝑎1𝜙𝑎2𝜓𝑎3𝜙

𝑎3) + tr(𝜓𝑗𝜙
𝑎1𝜙𝑎3𝜓𝑎3𝜙

𝑎2) + tr(𝜓𝑗)𝜙
𝑎3𝜙𝑎1𝜓𝑎3𝜙

𝑎2)]  

+𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜙
𝑎1𝜙𝑎2𝜙𝑎3𝜓𝑎3) + tr(𝜓𝑗𝜙

𝑎1𝜙𝑎3𝜙𝑎2𝜓𝑎3) + tr(𝜓𝑗𝜙
𝑎3𝜙𝑎1𝜙𝑎2𝜓𝑎3)]  

−
1

3
𝜖𝑎1𝑎2(𝑖[5tr(𝜓𝑗)𝜙

𝑎1𝜙𝑎2)tr(𝜓𝑎3𝜙
𝑎3) + 2tr(𝜓𝑗𝜙

(𝑎1𝜙𝑎3))tr(𝜓𝑎3𝜙
𝑎2)  

−2tr(𝜓𝑗𝜙
𝑎2)tr(𝜓𝑎3𝜙

(𝑎1𝜙𝑎3))],

(𝑟14
(0,2)

)
𝑘

𝑖𝑗
= 12tr(𝜙(𝑖𝜙𝑎𝜙𝑗)𝜓(𝑎𝜓𝑘)) + 12tr(𝜙

(𝑖∣𝜙𝑎𝜙∣𝑗)𝜓(𝑎𝜓𝑘)) + 54tr(𝜙
(𝑖𝜙𝑗𝜓(𝑎𝜙

𝑎)𝜓𝑘)) − 36tr(𝜙
(𝑖𝜙𝑗)𝜓(𝑎𝜙

𝑎𝜓𝑘))

(𝑟14
(0,2)

)
𝑗𝑘𝑙

𝑖
= 2𝜖𝑎1𝑎2(𝑗[tr(𝜙

𝑖𝜙𝑎1𝜙𝑎2𝜓𝑘𝜓𝑙)) + 3tr(𝜙
𝑖𝜙𝑎1𝜓𝑘𝜙

𝑎2𝜓𝑙)) − 2tr(𝜙
𝑖𝜓𝑘𝜙

𝑎1𝜙𝑎2𝜓𝑙))],

(𝑟14
(0,2)

)
𝑙𝑚

𝑖𝑗𝑘
= 4tr(𝜙(𝑖𝜙𝑗𝜙𝑘)𝜓(𝑙𝜓𝑚)) + 3tr(𝜙

(𝑖𝜙𝑗𝜓(𝑙𝜙
𝑘)𝜓𝑚))

(𝑟14
(0,3)

)
𝑗𝑘𝑙

𝑖
= −

1

2
tr(𝜙𝑖𝜓(𝑗𝜓𝑘𝜓𝑙)),

(𝑟16
(0,3)

)
𝑖
=
39

4
tr(𝜓𝑖{𝜓𝑏1𝜓𝑏2 , 𝜙

𝑏1𝜙𝑏2}) + 2tr(𝜓𝑖𝜓𝑏1𝜙
𝑏1𝜓𝑏2𝜙

𝑏2) −
61

4
tr(𝜓𝑖𝜓𝑏1𝜙

𝑏2𝜓𝑏2𝜙
𝑏1)

+
97

4
tr(𝜓𝑖𝜙

𝑏1𝜓𝑏1𝜓𝑏2𝜙
𝑏2) −

41

4
tr(𝜓𝑖𝜙

𝑏2𝜓𝑏1𝜓𝑏2𝜙
𝑏1) − 5tr(𝜓𝑖𝜓𝑏1𝜙

𝑏1𝜙𝑏2𝜓𝑏2)  

−
25

2
tr(𝜓𝑖𝜓𝑏1𝜙

𝑏2𝜙𝑏1𝜓𝑏2) + 2tr(𝜓𝑖𝜙
𝑏1𝜓𝑏1𝜙

𝑏2𝜓𝑏2) −
61

4
tr(𝜓𝑖𝜙

𝑏2𝜓𝑏1𝜙
𝑏1𝜓𝑏2)  

−
11

4
tr(𝜙𝑏1𝜙𝑏2)tr(𝜓𝑖𝜓𝑏1𝜓𝑏2) −

27

2
tr(𝜓𝑏1𝜓𝑏2)tr(𝜓𝑖𝜙

𝑏1𝜙𝑏2) +
29

4
tr(𝜙𝑏2𝜓𝑏2)tr(𝜓𝑖[𝜓𝑏1 , 𝜙

𝑏1]),  

(𝑟16
(0,3)

)
𝑗𝑘

𝑖
= 2tr(𝜓(𝑗𝜓𝑘)𝜓𝑏𝜙

𝑏𝜙𝑖) − 4tr(𝜓(𝑗𝜓𝑘)𝜓𝑏𝜙
𝑖𝜙𝑏) − tr(𝜓(𝑗∣𝜓𝑏𝜓∣𝑘){𝜙

𝑏 , 𝜙𝑖}) − 4tr(𝜓(𝑗𝜓𝑘)𝜙
(𝑏𝜓𝑏𝜙

𝑖))

+7tr(𝜓(𝑗∣{𝜓𝑏, 𝜙
𝑏}𝜓∣𝑘)𝜙

𝑖) − 11tr(𝜓(𝑗∣{𝜓𝑏 , 𝜙
𝑖}𝜓∣𝑘)𝜙

𝑏) − 4tr(𝜓(𝑗𝜓𝑘)𝜙
𝑏𝜙𝑖𝜓𝑏)  

+2tr(𝜓(𝑗𝜓𝑘)𝜙
𝑖𝜙𝑏𝜓𝑏) + 3tr(𝜓(𝑗∣𝜓𝑏)tr(𝜓∣𝑘)[𝜙

𝑏 , 𝜙𝑖]) + 6tr(𝜓(𝑗𝜙
[𝑏)tr({𝜓𝑘), 𝜓𝑏}𝜙

𝑖]),  

(𝑟16
(0,3)

)
𝑘𝑙𝑚

𝑖𝑗
= −tr(𝜙(𝑖𝜙𝑗)𝜓(𝑘𝜓𝑙𝜓𝑚)) − 2tr(𝜙

(𝑖𝜓(𝑘𝜙
𝑗)𝜓𝑙𝜓𝑚)).

 

 



 

pág. 3474 

 

 

 



 

pág. 3475 

 



 

pág. 3476 

 

 



 

pág. 3477 

 

 

𝑑𝑠10
2

𝑅𝐴𝑑𝑆
2 = 𝑔𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 = 𝑑𝑠5
2 + 𝑑𝑠2(ℂℙ2) + (𝑑Ψ + Θ − 𝐴)2  

𝑅𝐴𝑑𝑆
4 = 4𝜋𝑔𝑠𝑁(𝛼

′)2  

𝑑𝑠2(ℂℙ2) + (𝑑Ψ + Θ − 𝐴)2 =∑ 

3

𝑖=1

 𝑑𝑙𝑖
2 + 𝑙𝑖

2(𝑑𝜙𝑖 − 𝐴)
2  

∑ 

3

𝑖=1

  𝑙𝑖
2 = 1  

Ψ =
𝜙1 + 𝜙2 + 𝜙3

3
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2𝐽 = 𝑑Θ=∑  

𝑖

 𝑑(𝑙𝑖
2) ∧ 𝑑𝜙𝑖  

Θ =∑  

𝑖

  𝑙𝑖
2𝑑𝜙𝑖 − 𝑑Ψ =∑  

𝑖

  (𝑙𝑖
2 −

1

3
)𝑑𝜙𝑖

 

𝜖(10) = 𝜖(5) ∧ 𝜖(4)(ℂℙ2) ∧ (𝑑Ψ + Θ − 𝐴), 𝜖(4)(ℂℙ2) =
1

2
𝐽 ∧ 𝐽  

𝑑𝑠5
2 = −

𝑟2𝑊(𝑟)

4𝑏(𝑟)2
𝑑𝑡2 +

𝑑𝑟2

𝑊(𝑟)
+
𝑟2

4
(𝜎1
2 + 𝜎2

2) + 𝑏(𝑟)2(𝜎3 + 𝑓(𝑟)𝑑𝑡)
2

𝐴 =
𝑞

𝑟2
(𝑑𝑡 −

𝑗

2
𝜎3)

 

𝜎1 = cos 𝜓𝑑𝜃𝑎 + sin 𝜓sin 𝜃𝑎𝑑𝜙𝑎  

𝜎2  = −sin 𝜓𝑑𝜃𝑎 + cos 𝜓sin 𝜃𝑎𝑑𝜙𝑎
𝜎3  = 𝑑𝜓 + cos 𝜃𝑎𝑑𝜙𝑎

 

∑ 

𝑖

𝜎𝑖
2

4
 

Ω = 𝑓(𝑅)
𝜇 = 𝐴𝑡(𝑅) − Ω𝐴𝜎3(𝑅)

 

𝐴 = (
𝑞

𝑟2
− 𝜇) 𝑑𝑡 −

𝑗𝑞

2𝑟2
𝜎3  

𝑏(𝑟)2 =
𝑟2

4
(1 −

𝑗2𝑞2

𝑟6
+
2𝑗2𝑝

𝑟4
)  

𝑓(𝑟)  = −
𝑗

2𝑏2
(
2𝑝 − 𝑞

𝑟2
−
𝑞2

𝑟4
)

𝑊(𝑟)  = 1 + 4𝑏2 −
1

𝑟2
(2𝑝 − 2𝑞) +

1

𝑟4
(𝑞2 + 2𝑝𝑗2)

 

𝑀 =
1

2
(3𝑝 − 3𝑞 + 𝑝𝑗2)

𝑄 =
𝑞

2

𝐽 =
1

2
𝑗(2𝑝 − 𝑞)

 

𝑇 =
𝑅𝑊′(𝑅)

8𝜋𝑏(𝑅)
 

𝐹(5)

𝑅𝐴𝑑𝑆5
4  = 𝐺(5) +∗10 𝐺

(5)

𝐺(5)  = −4𝜖(5) + 𝐽 ∧∗5 𝐹
(2)

 

𝑑𝐶 = 𝐹(5)  
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𝑀− 2𝐽 − 3𝑄 = 0  

𝐶

𝑅𝐴𝑑𝑆5
4 = 𝐶𝑉 + Θ ∧ (− ∗5 𝐹 + 𝐴 ∧ 𝐹) + 𝑙2

2𝑑(𝑙3
2) ∧ 𝑑𝜙1 ∧ 𝑑𝜙2 ∧ 𝑑𝜙3 − 𝐴 ∧ (𝑑Ψ + Θ) ∧ 𝐽  

 

𝐶𝑉 =
𝑟4 − 𝑅4

8
𝑑𝑡 ∧ 𝜎1 ∧ 𝜎2 ∧ 𝜎3  

 

𝑑𝑠2  = −
𝑌

𝑅2
𝑑𝑡2 +

𝑅𝜌2

𝑌
𝑑𝜌2 + 𝑅𝑑Ω3

2

𝐴𝑖  =
𝑟𝑗𝑟𝑘 − Γ𝑟𝑖

𝐻𝑖
𝑑𝑡

𝑋𝑖  =
𝑅

𝐻𝑖

 

𝑅 = (𝐻1𝐻2𝐻3)
1
3

𝑌 = 𝑅3 + 𝜌4 + 𝜌2 (
1

3
(𝑟1
2 + 𝑟2

2 + 𝑟3
2) − Γ2) +

1

3
Γ2(𝑟1

2 + 𝑟2
2 + 𝑟3

2)

 −2Γ𝑟1𝑟2𝑟3 + [
5

18
(𝑟1
2 + 𝑟2

2 + 𝑟3
2)2 −

1

2
(𝑟1
4 + 𝑟2

4 + 𝑟3
4)]

𝐻𝑖 = 𝜌
2 +

𝜇(𝑠𝑖
2 − 𝑠𝑗

2) + 𝜇(𝑠𝑖
2 − 𝑠𝑘

2)

3

Γ = √𝜇[𝑐1𝑐2𝑐3 − 𝑠1𝑠2𝑠3]

𝑟𝑖 = √𝜇(𝑐𝑖𝑠𝑗𝑠𝑘 − 𝑠𝑖𝑐𝑗𝑐𝑘)

𝑐𝑖 = cosh 𝛿𝑖
𝑠𝑖 = sinh 𝛿𝑖

 

𝐸 =
𝜇

4
[cosh 2𝛿1 + cosh 2𝛿2 + cosh 2𝛿3]

𝑄𝑖  =
𝜇

4
sinh 2𝛿𝑖

 

𝑆 = 𝜋(𝐻1𝐻2𝐻3)
1
2

𝑇 =
𝑌′(𝜌0)

4𝜋𝜌0(𝐻1𝐻2𝐻3)
1
2

 

𝜇𝑖 =
3𝜇sinh 2𝛿𝑖

6𝜌0
2 + 𝜇(2cosh 2𝛿𝑖 − cosh 2𝛿𝑗 − cosh 2𝛿𝑘)

 

𝑁eff = 𝑁 −𝑚

𝐸𝐵𝐻 = 𝐸tot −∑ 

3

𝑖=1

 𝑄𝑖
𝐷

𝑄𝑖
𝐵𝐻 = 𝑄𝑖

tot − 𝑄𝑖
𝐷

𝐽𝑖
𝐵𝐻 = 𝐽𝑖

tot
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𝑆𝐵𝐻 = 𝑁eff
2 𝑠𝐵𝐻 (

𝐸𝐵𝐻

𝑁eff
2 ,
𝑄𝑖
BH

𝑁eff
2 ,

𝐽𝑗
𝐵𝐻

𝑁eff
2 )  

𝑁eff = 𝑁 (1 −
𝑚

𝑁
)  

𝑆𝐵𝐻 = 𝑁
2𝑠𝐵𝐻 (

𝐸𝐵𝐻

𝑁2
,
𝑄𝑖
BH

𝑁2
,
𝐽𝑗
𝐵𝐻

𝑁2
) + 2𝑁𝑚𝛽 (

𝐸𝐵𝐻

𝑁2
− 𝜇𝑖

𝑄𝑖
BH

𝑁2
−𝜔𝑗

𝐽𝑗
BH

𝑁2
− 𝑠𝐵𝐻𝑇)  

𝛽 = 𝑁2
𝜕𝑠𝐵𝐻
𝜕𝐸𝐵𝐻

𝛽𝜇𝑖 = −𝑁
2
𝜕𝑠𝐵𝐻

𝜕𝑄𝑖
𝐵𝐻

𝛽𝜔𝑗 = −𝑁
2
𝜕𝑠𝐵𝐻

𝜕𝐽𝑗
𝐵𝐻

 

𝜕𝑆𝐵𝐻

𝜕𝑄𝑖
𝐷 = 𝛽(𝜇𝑖 − 1), 𝑄

𝐵𝐻 < 𝑄tot  

𝜇𝑖(𝑄𝑖
𝐵𝐻 = 𝑄𝑖

tot) < 1  

2𝑁𝑚𝛽(
𝐸𝐵𝐻

𝑁2
− 𝜇𝑖

𝑄𝑖
BH

𝑁2
−𝜔𝑗

𝐽𝑗
BH

𝑁2
− 𝑠𝐵𝐻𝑇)  

𝑒−𝛽𝑞𝑖(1−𝜇𝑖)  

𝑍Dual 
𝑖 (𝛽, 𝜇𝑖) = ∑  

∞

𝑛=1

  (𝑍excit 

(𝑛)
(𝛽)𝑒−𝛽(1−𝜇)𝑛) ≈

𝑍excit 

(∞)
(𝛽)

𝛽(1 − 𝜇𝑖)
 

ln 𝑍Dual = −ln (𝛽(1 − 𝜇𝑖))  

ln 𝑍Tot = ln 𝑍BH −∑ 

3

𝑖=1

 ln 𝛽(1 − 𝜇𝑖)  

𝑄Tot
𝑖 (𝛽, 𝜇𝑖) = 𝑄𝐵𝐻

𝑖 (𝛽, 𝜇𝑖) +
1

𝛽(1 − 𝜇𝑖)
 

𝜇𝑖 = 1 −
𝜒𝑖
𝑁2

 

Δ𝐸 = Δ𝑄1 + Δ𝑄2 + Δ𝑄3  
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𝐸 = 3𝑄2 + 3𝑄 ≈ 3𝑄2  

𝑇 =
𝜏

𝜖
, 𝜇 =

𝜈

𝜖
 

𝐸=
3(1 + 𝑥2)

4𝜖4
 

𝑄 =
𝑥

2𝜖3

𝐸 = 𝑐𝑄
4
3

 

𝑐 =
3

4
(1 + 𝑥2) (

2

𝑥
)
4/3

 

𝜈

𝜏
=

2𝜋𝑥

2 − 𝑥2
 

𝑟′ = 𝜖𝑟

𝑡′ =
𝑡

𝜖

𝑥𝑖
′ =

𝜃𝑖
𝜖
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𝑄𝑔𝑔 =
𝑥

2𝜖3
− 𝒪 (

1

𝜖2
)  

𝑄𝐵𝐻=
√1 + 𝑥2

2𝜖2
+⋯  

𝐸𝐵𝐻 =
3(1 + 𝑥2)

4𝜖4
− 𝒪 (

1

𝜖3
)

 

𝑟 = √
𝑁𝑥

2

1

𝜖3/2
,  i.e  𝑟′ = √

𝑁𝑥

2

1

𝜖1/2
 

𝑑𝑠2 = 𝑅𝐴𝑑𝑆5
2 𝑔𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈  

𝑑𝑠2 = 𝑅𝐴𝑑𝑆5
2 ℎ𝑎𝑏𝑑𝑥

𝑎𝑑𝑥𝑏  

𝑆 =
𝑅𝐴𝑑𝑆5
4

(2𝜋)3𝛼′2𝑔𝑠
(−∫  𝑑4𝑦√−detℎ𝑎𝑏 +

1

4!
∫  𝜖𝑎𝑏𝑐𝑑𝐶𝜇1𝜇2𝜇3𝜇4

𝑑𝑥𝜇1

𝑑𝑦𝑎
𝑑𝑥𝜇2

𝑑𝑦𝑏
𝑑𝑥𝜇3

𝑑𝑦𝑐
𝑑𝑥𝜇4

𝑑𝑦𝑑
𝑑4𝑦)

 =
𝑁

2𝜋2
(−∫  𝑑4𝑦√−detℎ𝑎𝑏 +

1

4!
∫  𝜖𝑎𝑏𝑐𝑑𝐶𝜇1𝜇2𝜇3𝜇4

𝑑𝑥𝜇1

𝑑𝑦𝑎
𝑑𝑥𝜇2

𝑑𝑦𝑏
𝑑𝑥𝜇3

𝑑𝑦𝑐
𝑑𝑥𝜇4

𝑑𝑦𝑑
𝑑4𝑦)

 

𝑅𝐴𝑑𝑆5
4 = 4𝜋𝑔𝑁𝛼′2 

𝑆= 𝑆𝐷𝐵𝐼 + 𝑆𝑊𝑍  

 = 2𝑁∫  𝑟2√𝑏2 + 𝐴𝜎3
2 √−𝑔̃𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 + 8𝑁∫  [(
𝑟4 − 𝑅4

8
)𝑑𝑡]

 

𝑑𝑠7
2 = 𝑔̃𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 = −
𝑟2𝑊

4𝑏2
𝑑𝑡2 +

𝑑𝑟2

𝑊
+ 𝑑𝑠2(ℂℙ2) +

𝑏2

𝑏2 + 𝐴𝜎3
2 (𝑑Ψ + Θ + (𝑓𝐴𝜎3 − 𝐴𝑡)𝑑𝑡)

2
 

Δ = 𝑔̃𝜇𝜈
𝑑𝑥𝜇

𝑑𝑡

𝑑𝑥𝜈

𝑑𝑡

𝑚 = 2𝑟2√𝑏2 + 𝐴𝜎3
2

 

(
𝑞1 0 0
0 𝑞2 0
0 0 0

)  

𝑄𝑖𝑗 =
𝑖

2
(𝑧𝑖𝑝𝑧𝑗 − 𝑧‾𝑗𝑝𝑧‾𝑖)  

𝑧𝑖= 𝑙𝑖𝑒
𝑖𝜙𝑖  

𝑝𝑧𝑖  =
𝜕𝐿

𝜕𝑧̇𝑖
= −

𝑖

𝑧𝑖
(
𝜕𝐿

𝜕𝜙̇𝑖
) +

𝑙𝑖
𝑧𝑖

𝜕𝐿

𝜕𝑙𝑖

𝑝𝑧‾𝑖 =
𝜕𝐿

𝜕𝑧‾̇𝑖
=
𝑖

𝑧‾𝑖
(
𝜕𝐿

𝜕𝜙̇𝑖
) +

𝑙𝑖
𝑧‾𝑖

𝜕𝐿

𝜕𝑙𝑖

 

𝑄𝑖𝑖 ≡ 𝑁𝑞𝑖 =
𝜕𝐿

𝜕𝜙̇𝑖
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𝑁

(

 
 
 
 
 
 𝑞1

𝑒𝑖(𝜙1−𝜙2) (𝑙2
2𝑞1 + 𝑙1

2𝑞2 − 2𝑖𝑙1
2𝑙2
2(𝑖1 − 𝑖2))

2𝑙1𝑙2

𝑒𝑖(𝜙1−𝜙3) (𝑙3
2𝑞1 + 𝑙1

2𝑞3 − 2𝑖𝑙1
2𝑙3
2(𝑖1 − 𝑖3))

2𝑙1𝑙3

−
𝑒−𝑖(𝜙1−𝜙2) (𝑙2

2𝑞1 + 𝑙1
2𝑞2 − 2𝑖𝑙1

2𝑙2
2(𝑖1 − 𝑖2))

2𝑙1𝑙2
𝑞2

𝑒𝑖(𝜙2−𝜙3) (𝑙3
2𝑞2 + 𝑙2

2𝑞3 − 2𝑖𝑙2
2𝑙3
2(𝑖2 − 𝑖3))

2𝑙2𝑙3

−
𝑒−𝑖(𝜙1−𝜙3) (𝑙3

2𝑞1 + 𝑙1
2𝑞3 − 2𝑖𝑙1

2𝑙3
2(𝑖1 − 𝑖3))

2𝑙1𝑙3
−
𝑒−𝑖(𝜙2−𝜙3) (𝑙3

2𝑞2 + 𝑙2
2𝑞3 − 2𝑖𝑙2

2𝑙3
2(𝑖2 − 𝑖3))

2𝑙2𝑙3
𝑞3 )

 
 
 
 
 
 

 

𝑙1 = 𝑙2 = 0, 𝑙3 = 0,
𝑙1
2

𝑞1
= −

𝑙2
2

𝑞2
 

𝑙1 = √
𝑞1

𝑞1 − 𝑞2
, 𝑙2 = √

𝑞2
𝑞2 − 𝑞1

, 𝑙3 = 0  

𝑞1= 𝑚

𝑙1
2𝜙̇1 − 𝑙1

2 (𝐴𝑡 −
𝐴𝑡𝐴𝜎3 + 𝑏

2𝑓 − ∑  𝑖  (𝑙𝑖
2𝐴𝜎3𝜙̇𝑖)

𝑏2 + 𝐴𝜎3
2 𝐴𝜎3)

√−Δ
 

𝑞2 = 𝑚

𝑙2
2𝜙̇2 − 𝑙2

2 (𝐴𝑡 −
𝐴𝑡𝐴𝜎3 + 𝑏

2𝑓 − ∑  𝑖   (𝑙𝑖
2𝐴𝜎3𝜙̇𝑖)

𝑏2 + 𝐴𝜎3
2 𝐴𝜎3)

√−Δ

 

𝐿eff = 𝐿 − 𝑝𝑖𝜙̇𝑖  

𝐿eff  = 𝑁(−
1

2𝑏2
√
(𝑟2𝑊2 − 4𝑏2𝑟̇2) ((𝑞1 + 𝑞2)

2𝐴𝜎3
2 + 𝑏2(𝑚2 + (𝑞1 − 𝑞2)

2))

𝑊

+(𝑞1 + 𝑞2)(𝑓𝐴𝜎3 − 𝐴𝑡) + 𝑟
4 − 𝑅4)

 

𝐻 = 𝑁(
𝑟√𝑊

2𝑏2
√(𝑞1 + 𝑞2)

2𝐴𝜎3
2 + 𝑏2(𝑚2 +𝑊𝑞𝑟

2 + (𝑞1 − 𝑞2)
2) + (𝑞1 + 𝑞2)(𝐴𝑡 − 𝑓𝐴𝜎3) − 𝑟

4 + 𝑅4) 

𝑉cl(𝑟) = 𝑁 (
𝑟√𝑊

2𝑏2
√(𝑞1 + 𝑞2)

2𝐴𝜎3
2 + 𝑏2(𝑚2 + (𝑞1 − 𝑞2)

2) + (𝑞1 + 𝑞2)(𝐴𝑡 − 𝑓𝐴𝜎3) − 𝑟
4 + 𝑅4)  

𝐿eff = 𝑁(−(𝑞1 + 𝑞2)𝐴𝑡(𝑟) − √
(𝑟6 + (𝑞1 − 𝑞2)

2)(𝑊(𝑟)2 − 𝑟̇2)

𝑊(𝑟)
+ 𝑟4 − 𝑅4)

𝐻 = 𝑁((𝑞1 + 𝑞2)𝐴𝑡 +√𝑊(𝑟)((𝑞1 − 𝑞2)
2 + 𝑞𝑟

2𝑊(𝑟) + 𝑟6) − 𝑟4 + 𝑅4)

 

𝑉cl(𝑟) = 𝑁 ((𝑞1 + 𝑞2)𝐴𝑡 +√𝑊(𝑟)((𝑞1 − 𝑞2)
2 + 𝑟6) − 𝑟4 + 𝑅4)  

𝑊(𝑟)=
(𝑟 − 𝑅)(𝑟 + 𝑅)(𝑟4 + 𝑟2(𝑅2 + 1) − 𝜇2𝑅2)

𝑟4
 

𝐴𝑡(𝑟) = 𝜇 (
𝑅2

𝑟2
− 1)
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𝑉cl(𝑟) =
𝑁𝑟√𝑊

2𝑏2
√𝑞𝑐

2𝐴𝜎3
2 + 𝑏2(𝑚2 + 𝑞𝑛

2) + 𝑞𝑐(𝐴𝑡 − 𝑓𝐴𝜎3) − 𝑟
4 + 𝑅4  

𝑉cl(𝑅) = 𝑁𝜇𝑞𝑐  

𝑉cl(𝑟) = 𝑁
𝑟2

2
+ 𝒪(1)  

𝑉cl(𝑟) = 𝑁(√(1 + 𝑟
2)(𝑞𝑛

2 + 𝑟6) − 𝑟4)  

𝑉cl(𝑟) = 𝑁(
𝑞𝑛
2 + 𝑟4

2𝑟2
+ ((𝑗2 − 1)𝑝 +

𝑞𝑞𝑐
𝑟2

+ 𝑞 −
(𝑞𝑛
2 − 𝑟4)2

8𝑟8
+ 𝑅4))  

𝑟min = √|𝑞n| +
𝑞𝑞𝑐

2𝑞𝑛
3/2  

𝐸 = 𝑉cl(𝑟min) = 𝑁(𝑞𝑛 + ((𝑗
2 − 1)𝑝 +

𝑞𝑞𝑐
𝑞𝑛

+ 𝑞 + 𝑅4))  

𝜇𝑐 >
𝑞𝑛
𝑞𝑐

 

𝐸 = 𝑉cl(𝑟min) = 𝑁 (𝑞𝑛 + ((𝑗
2 − 1)𝑝 + 2𝑞 + 𝑅4))  

(𝑗2 − 1)𝑝 + 2𝑞 + 𝑅4  

𝑉cl(𝑟) = 𝑁 (
𝑞𝑛
2 + 𝑟4

2𝑟2
+
−𝑞𝑛

4 + 2𝑞𝑛
2𝑟4 + 8𝜇𝑞𝑐𝑟

6𝑅2 + 𝑟8(4𝑅4 − 4(𝜇2 + 1)𝑅2 − 1)

8𝑟8
)  

𝑟min = √𝑞𝑛 +
(𝜇𝑞𝑐𝑅

2)

2𝑞𝑛
3/2  

𝐸 = 𝑉cl(𝑟min) = 𝑞𝑛 +
𝑅2(𝑞𝑛(−𝜇

2 + 𝑅2 − 1) + 2𝜇𝑞𝑐)

2𝑞𝑛
 

𝑞 = 𝑅2 (1 +
𝑅2

2
)

𝑝 = 2𝑅2 (1 +
𝑅2

2
)

2

𝑗 =
𝑅2

2𝑙
(1 +

𝑅2

2
)

−1

 

𝑉cl(𝑟) = 𝑞𝑐 +√𝐴
2 + 𝐵 − 𝐴  
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𝐴 = 𝑞𝑐 (
2(𝑟2 − 𝑅2)(2𝑟4 − 𝑟2𝑅4 + 𝑅6)

4𝑟6 + 4𝑟2𝑅6 − 𝑅8
) + 𝑟4 − 𝑅4

𝐵 =
(𝑟2 − 𝑅2)2(−2𝑞𝑐(𝑟

2 + 𝑅2) + 2𝑟4 − 𝑟2𝑅4 + 𝑅6)2

4𝑟6 + 4𝑟2𝑅6 − 𝑅8

 

√𝐴2 + 𝐵 − 𝐴 ≥ 0  

𝑞𝑐 = 𝑓(𝑟);  𝑓(𝑟) =
2𝑟4 − 𝑟2𝑅4 + 𝑅6

2(𝑟2 + 𝑅2)
 

𝑟2 =
𝑅4 + 2𝑞𝑐 ±√(𝑅

4 + 2𝑞𝑐)
2 − 8(𝑅4 − 2𝑞𝑐)𝑅

2

4
 

𝑓(𝑟) =
𝑅2

2
(4√𝑅2 + 1 − 𝑅2 − 4) 

 

𝑅2

2
(4√𝑅2 + 1 − 𝑅2 − 4) ≤ 𝑞𝑐 ≤

𝑅2

2
 

 

ℎ𝜇𝜈 = 𝑚(𝑟)
2𝑔̃𝜇𝜈  

𝐶𝑡 = (𝑟
4 − 𝑅4).  

(−
1

𝑁2
ℎ𝜇𝜈𝐷𝜇𝐷𝜈 + 1)𝜙 = 0  

(−ℎ𝜇𝜈𝐷𝜇𝐷𝜈 +𝑁
2)𝜙 = 0  

𝑡 = 𝑣 − ∫  
𝑑𝑟

𝑊(𝑟)
 

𝑔̃𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 = −𝑊(𝑟)𝑑𝑣2 + 2𝑑𝑟𝑑𝑣 + 𝑑𝑠2(ℂℙ2) +

𝑏2

𝑏2 + 𝐴𝜎3
2
(𝑑Ψ + Θ + (𝑓𝐴𝜎3 − 𝐴𝑡) (𝑑𝑣 −

𝑑𝑟

𝑊
))

2

 

𝐶𝑣 = 𝐶𝑡 = 𝑟
4 − 𝑅4, 𝐶𝑟 = −

𝐶𝑡
𝑊(𝑟)

=
𝑅4 − 𝑟4

𝑊(𝑟)
 

(−Θ+ (𝐴𝑡 − 𝑓𝐴𝜎3)𝑑𝑣 −
𝐴𝑡 − 𝑓𝐴𝜎3

𝑊
𝑑𝑟). 

−𝑒−𝑖𝑘Ψ∇2𝜙 =−
1

𝑚2
(𝐷𝑣𝐷𝑟 + 𝐷𝑟𝐷𝑣)𝜒 −

1

𝑚7
𝐷𝑟(𝑚

5𝑊(𝑟)𝐷𝑟𝜒) 

 +
𝑘2

𝑚2 (
𝑏2 + 𝐴𝜎3

2

𝑏2
)𝜒 −

1

𝑚2
∇𝐶𝑃2,𝑘
2 𝜒
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𝐷𝑟 = 𝜕𝑟 + 𝑖
𝑘(𝐴𝑡 − 𝑓𝐴𝜎3) − 𝑁𝐶𝑡

𝑊
,𝐷𝑣 = (𝜕𝑣 + 𝑖(𝑘(𝐴𝑡 − 𝑓𝐴𝜎3) − 𝑖𝑁𝐶𝑡) 

𝜒 = 𝑒−𝑖𝜔𝑣𝜙𝑛𝑍,𝑛𝑍‾ ℎ(𝑟) 

𝑚2
𝑒𝑖𝜔𝑣

𝜙𝑛𝑍,𝑛𝑍‾
(−∇2 +𝑁2)𝜙= −(𝐷𝑣𝐷𝑟 + 𝐷𝑟𝐷𝑣)ℎ(𝑟) −

1

𝑚5
𝐷𝑟(𝑚

5𝑊(𝑟)𝐷𝑟ℎ(𝑟))  

 +((
𝑏2 + 𝐴𝜎3

2

𝑏2
) (𝑛𝑍 − 𝑛𝑍‾)

2 + 4(𝑛𝑍𝑛𝑍‾ + 𝑛𝑍 + 𝑛𝑍‾) + 𝑁
2𝑚2)ℎ(𝑟)

 

𝐷𝑣 = −𝑖𝜔 + 𝑖 ((𝑛𝑍 − 𝑛𝑍‾)(𝐴𝑡(𝑟) − 𝑓𝐴𝜎3(𝑟)) − 𝑁𝐶𝑡(𝑟))  

ℎ(𝑟) =
𝑒𝑖𝜔𝑟𝑠

√𝑊
𝑔(𝑟)  

𝑟𝑠 = ∫  
𝑟

𝑅

 
𝑑𝑟

𝑊(𝑟)
 

(−
1

2𝑁2
𝜕2

𝜕𝑟2
+ 𝑉(𝑟))𝑔(𝑟) = 0  

𝑉(𝑟)=
(𝑚5𝑊)′′

4𝑁2(𝑚5𝑊)
−
((𝑚5𝑊)′)2

8𝑁2(𝑚5𝑊)2
−
(
𝜔
𝑁 + 𝑟

4 − 𝑅4 − (𝐴𝑡 − 𝑓𝐴𝜎3) (
𝑛𝑍 − 𝑛𝑍‾
𝑁 ))

2

2𝑊2
+
𝑚2

2𝑊
 

 +
1

2𝑊
((
𝑏2 + 𝐴𝜎3

2

𝑏2
)(
𝑛𝑍 − 𝑛𝑍‾

𝑁
)
2

+ 4(
𝑛𝑍𝑛𝑍‾ + 𝑛𝑍 + 𝑛𝑍‾

𝑁2
))

 

𝑔(𝑟) ∼ √𝑊(𝑟)𝑒−𝑖𝜔𝑟𝑠 ∼ (𝑟 − 𝑅)
−

𝑖𝜔
𝑊′(𝑅)

+
1
2  

𝑛𝑍 + 𝑛𝑍‾

𝑁
= 𝑞𝑛

𝑛𝑍 − 𝑛𝑍‾

𝑁
= 𝑞𝑐

 

 

𝑟 →
𝑟

𝜖
, 𝜔 →

𝜔

𝜖2
 𝑛𝑍 →

𝑛𝑍
𝜖2
 𝑛𝑍‾ →

𝑛𝑍‾

𝜖2
 

𝑉(𝑟) =
𝑟2

2
+
(𝑛𝑍 + 𝑛𝑍‾)

2

2𝑁2𝑟2
−
𝜔

𝑁
+ 𝜇

(𝑛𝑍‾ − 𝑛𝑍)

𝑁
 

𝜔 = 𝑁(
𝑟2

2
+
(𝑛𝑍 + 𝑛𝑍‾)

2

2𝑁2𝑟2
− 𝜇

𝑛𝑍 − 𝑛𝑍‾

𝑁
)  

𝑟∗
2 =

𝑛𝑍 + 𝑛𝑍‾

𝑁
= 𝑞𝑛  
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𝜔∗ = (𝑛𝑍 + 𝑛𝑍‾) − 𝜇(𝑛𝑍 − 𝑛𝑍‾) = 𝑁(𝑞𝑛 − 𝜇𝑞𝑐)  

𝑉′′(𝑟∗)|𝜔=𝜔∗ = 4  

𝑉(𝑟) = −
(𝑊′(𝑅))2 + 4𝜔2

8𝑁2(𝑊′(𝑅)(𝑟 − 𝑅))2
 

𝜔⋆ ∼ 𝒪(𝑁𝑞𝑛),  

𝑉(𝑟) ∼ −
𝑞𝑛
2

(𝑟 − 𝑅)2
 

𝑉(𝑟) = 𝑞𝑛
2 ∑  

∞

𝑛=−2

 𝐴𝑛(𝑟 − 𝑅)
𝑛  

𝑉(𝑟∗) ∼ 𝑞𝑛 − 𝜇𝑞𝑐 −
𝜔

𝑁
 

𝑟∗ ∼ √𝑞𝑛 

max(
𝜔

𝑁
,
1

𝑁
)
2

𝑞𝑛
2  )𝜔 ∼ 𝜔∗ ∼ 𝒪(1) 

𝑉(𝑟) = −

1
4 +

𝜔𝑞
∗2

𝑊′(𝑅)2

2𝑁2(𝑟 − 𝑅)2
+

𝑏

𝑁2(𝑟 − 𝑅)

 

∫  √𝑉𝑑𝑟 ∼ 𝑞𝑛  

𝑏=
1

8𝑊′(𝑅)
(4(

𝑗2𝜇2𝑅4(𝑛𝑍 − 𝑛𝑍‾)
2

𝑅6 − 𝑗2(𝑞2 − 2𝑝𝑅2)
+ 𝑛𝑍

2 + 2𝑛𝑍𝑛𝑍‾ + 2) + 𝑛𝑍‾
2 + 4𝑛𝑍‾) + 4𝑚

2𝑁2 

+𝑊′′(𝑅) + 4
𝑊′′(𝑅)

𝑊′2(𝑅)
𝜔2)

 

𝑟1 − 𝑅 =

1
4 +

𝜔2

𝑊′(𝑅)2

2𝑏

 

𝑟1 − 𝑅 ∼ 𝒪 (max(
𝜔

𝑁
,
1

𝑁
)) 

𝑔(𝑟) =
1

√𝑁(2𝑉(𝑟))
1
4

(𝑎1𝑒
𝑁∫  𝑑𝑟√2𝑉(𝑟) + 𝑎2𝑒

−𝑁∫  𝑑𝑟√2𝑉(𝑟))  

𝑉′

𝑁𝑉
3
2

≪ 1  

𝑉(𝑟) ∼ 𝑞𝑛
2(𝑟 − 𝑟1)  
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1

𝑁𝑞𝑛(𝑟 − 𝑟1)
3
2

 

|𝑟 − 𝑟1| ≫
1

(𝑁𝑞𝑛)
2
3

 

|𝑟 − 𝑟1| ≪ 1  

1

(𝑁𝑞𝑛)
2
3

≪ 1  

𝑉 =
𝛼2

(𝑟 − 𝑅)2
+

𝑞𝑛
2

(𝑟 − 𝑅)
 

𝛼2 = max(
𝜔2

𝑁2
,
1

𝑁2
)  

𝑟1 − 𝑅 ∼
𝛼2

𝑞𝑛
2 

|𝑟1 − 𝑟| ≪ 𝑟1 − 𝑅 ∼
𝛼2

𝑞𝑛
2

 

𝑉(𝑟) ∼
𝑞𝑛
6

𝛼4
(𝑟 − 𝑟1)  

|𝑟 − 𝑟1| ≫ (
𝛼2

𝑁𝑞𝑛
3)

2
3

 

𝛼 ≫
1

𝑁
 

|𝜔| ≫ 1  

𝜔∗ = 𝑁(𝑞𝑛 − 𝜇𝑞𝑐) = −𝑁𝑞𝑐 (𝜇 −
𝜇𝑞𝑛
𝑞𝑐
)  

|𝜇 −
𝑞𝑛
𝑞𝑐
| ≫

1

𝑁𝑞𝑐
 

𝜔 = 𝜔∗
𝑞
+ 𝜖  

𝜔∗
𝑞
= 𝜔∗ + 1 +⋯  

(−
1

2𝑁2
𝜕2

𝜕𝑟2
+
𝑉′′(𝑟∗)

2
(𝑟 − 𝑟∗)

2)𝑔(𝑟) = (
√𝑉′′(𝑟∗)

2𝑁
+ 𝜖)𝑔(𝑟)  

𝑟∗ =
√𝑛𝑍 + 𝑛𝑍‾

𝑁
𝑉′′(𝑟∗) = 4 
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(−
1

2𝑁2
𝜕2

𝜕𝑟2
+ 2(𝑟 − 𝑟∗)

2)𝑔(𝑟) = (
1

𝑁
+ 𝜖)𝑔(𝑟)  

𝑔(𝑟) = 𝑐1𝐷𝑁𝜖
2
(2√𝑁(𝑟 − 𝑟∗)) + 𝑐2𝐷−𝑁𝜖

2
−1
(2𝑖√𝑁(𝑟 − 𝑟∗))  

𝑔(𝑟) = 𝑐1𝑒
−𝑁(𝑟−𝑟∗)

2
− 𝑖𝑐2

𝑒𝑁(𝑟−𝑟∗)
2

2√𝑁(𝑟 − 𝑟∗)
 

𝑔(𝑟) = 𝑐1𝐷𝑁𝜖
2
(2√𝑁(𝑟 − 𝑟∗))  

𝑟∗ − 𝑟 ≫
1

√𝑁
, 𝑔(𝑟) 

𝑔(𝑟) = 𝑐1(
√𝜋𝑒𝑁(𝑟−𝑟∗)

2

√2𝑁(𝑟∗ − 𝑟)Γ (−
1
2
(𝑁𝜖))

+ 𝑒−𝑁(𝑟−𝑟∗)
2
)

 = 𝑐1 (
−𝜖√𝑁𝜋

2√2(𝑟∗ − 𝑟)
𝑒𝑁(𝑟−𝑟∗)

2
+ 𝑒−𝑁(𝑟−𝑟∗)

2
)

 

𝑔(𝑟) =
1

(2𝑉(𝑟))1/4
(𝐴exp (−∫  

𝑟∗

𝑟

 𝑑𝑟′√2𝑉(𝑟′)) + 𝐵exp (∫  
𝑟∗

𝑟

 𝑑𝑟′√2𝑉(𝑟′)))  

𝐴 =
𝑖

√𝑒
4
, 𝐵 = −𝑖√

𝜋

2
√𝑒
4 𝑁3/2𝜖  

𝑔(𝑟) =
1

(2𝑉(𝑟))1/4
(𝐴exp (∫  

𝑟

𝑟1

 𝑁√2𝑉)𝑒−𝛽 + 𝐵exp (−∫  
𝑟

𝑟1

 𝑁√2𝑉)𝑒𝛽)  

𝛽 = ∫  
𝑟∗

𝑟1

 𝑁√2𝑉  

𝑔(𝑟) ∼
𝐴𝑒−𝛽

(2𝑉)−
1
4

(sin (∫  
𝑟

𝑟1

 𝑁√−2𝑉 +
𝜋

4
) +

2𝐵

𝐴
𝑒2𝛽cos (∫  

𝑟

𝑟1

 𝑁√−2𝑉 +
𝜋

4
))  

𝑉(𝑟) = −
(𝜔∗

𝑞
)
2

2𝑁2𝑊′(𝑅)2(𝑟 − 𝑅)2
 

√−2𝑉 =
|𝜔∗

𝑞
|

𝑁√𝑊′(𝑅)(𝑟 − 𝑅)
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𝑔(𝑟)= (−1)1/4𝐶(𝑟 − 𝑅)1/2((−𝑖 +
2𝐵

𝐴
𝑒2𝛽) 𝑒

𝑖
|𝜔𝑞
∗ |

√𝑊′(𝑅)
log (𝑟−𝑅)

+ (
1

2
− 𝑖

𝐵

𝐴
𝑒2𝛽) 𝑒

−𝑖
|𝜔𝑞
∗ |

√𝑊′(𝑅)
log (𝑟−𝑅)

) 

 = (−1)1/4𝐶(𝑟 − 𝑅)1/2 ((−𝑖 +
2𝐵

𝐴
𝑒2𝛽)𝑒𝑖|𝜔𝑞

∗ |𝑟𝑠 + (
1

2
− 𝑖

𝐵

𝐴
𝑒2𝛽)𝑒−𝑖|𝜔𝑞

∗ |𝑟𝑠)

 

 

𝐶 = 𝐴𝑒−𝛽 (
|𝜔∗

𝑞
|

𝑁√𝑊′(𝑅)
)

−
1
2

 

2𝐵

𝐴
𝑒2𝛽= 𝑖  

𝜖 = −
𝑖

𝑁3/2√2𝑒𝜋
exp (−2𝛽)

 

𝜔 = 𝜔∗
𝑞
−

𝑖

𝑁3/2√2𝑒𝜋
exp (−2𝛽)  

2𝐵

𝐴
𝑒2𝛽 = −𝑖

𝜖 =
𝑖

𝑁3/2√2𝑒𝜋
exp (−2𝛽)

 

𝜔

𝑁
≪ 𝑞𝑛 .  

1 ≪ 𝜔 ≪ 𝑁𝑞𝑛  

𝑔(𝑟) = 2√2𝑏(𝑟 − 𝑅)𝑓(𝑦)  

𝑦 = 2√2𝑏(𝑟 − 𝑅)  

𝑦2𝑓′′(𝑦) + 𝑦𝑓′(𝑦) + (
4(𝜔∗

𝑞
)
2

𝑊′(𝑅)2
− 𝑦2)𝑓(𝑦) = 0  

𝑓 = 𝑐1𝐼𝜈(𝑦) + 𝑐2𝐾̃𝜈(𝑦)  

𝐼𝜈(𝑦) = Re(𝐼𝑖𝜈(𝑦)), 𝐾̃𝜈(𝑦) = 𝐾𝑖𝜈(𝑦)  

𝜈 =
2𝜔∗

𝑞

𝑊′
 

𝑓𝑦→0𝑐1 (
sinh (𝜋𝜈)

𝜋𝜈
)

1
2
cos (𝜈log (𝑦/2) − 𝛾𝜈) − 𝑐2 (

𝜋

𝜈sinh (𝜋𝜈)
)

1
2
sin (𝜈log (𝑦/2) − 𝛾𝜈)

 

𝑐2
𝑐1
=
𝑖sinh 𝜋𝜈

𝜋
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𝐼𝜈(𝑦)≈
1

√2𝜋𝑦
𝑒𝑦  

𝐾̃𝜈(𝑦) ≈ √
𝜋

2𝑦
𝑒−𝑦

 

𝑓𝑦→∞
𝑐1

√2𝜋𝑦
(𝑒𝑦 + 𝑖sinh (𝜋𝜈)𝑒−𝑦)  

𝑔(𝑟) =
𝑐1√2𝑏

1/4(𝑟 − 𝑅)1/4

√2𝜋
(𝑒2√2𝑏(𝑟−𝑅) + 𝑖sinh (

2𝜋𝜔∗
𝑞

𝑊′(𝑅)
) 𝑒−2√2𝑏(𝑟−𝑅))  

𝑔(𝑟) =
√𝑁√(𝑟 − 𝑅)

4

√2
4
√𝑏
4

(𝐴exp (−𝛽)𝑒2√2𝑏(𝑟−𝑅)−𝛼 + 𝐵exp (𝛽)𝑒𝛼−2√2𝑏(𝑟−𝑅))  

𝛼 = 𝜋√
1

4
+
(𝜔∗

𝑞
)
2

𝑊′(𝑅)2
 

𝐵

𝐴
𝑒2𝛽𝑒2𝛼 = 𝑖sinh (

2𝜋𝜔∗
𝑞

𝑊′(𝑅)
)  

𝜖 = −
1

𝑁3/2
√
2

𝑒𝜋
(𝑖sinh (

2𝜋𝜔∗
𝑞

𝑊′(𝑅)
))𝑒−2𝛽𝑒−2𝛼  

𝜔 ≫ 1, 𝛼 →
𝜋|𝜔∗

𝑞
|

𝑊′(𝑟)
 

𝜖 = −
𝑖

𝑁3/2√2𝑒𝜋
𝑒−2𝛽  

𝜖 =
𝑖

𝑁3/2√2𝑒𝜋
𝑒−2𝛽  

𝐽𝜇 = −𝑖(𝜙
∗𝐷𝜇𝜙 − 𝜙𝐷𝜇𝜙

∗)  

√𝑔𝐽𝑣= 2(
(𝐴𝑡 − 𝑓𝐴𝜎3)(𝑛𝑍 − 𝑛𝑍‾) + 𝑟

4 − 𝑅4

𝑊
)|ℎ|2𝑒2Im(𝜔)𝑣 − 𝑖(ℎ∗𝜕𝑟ℎ − ℎ𝜕𝑟ℎ

∗)𝑒2Im(𝜔)𝑣 

√𝑔𝐽𝑟 = −2(Re(𝜔))|ℎ|2𝑒2Im(𝜔)𝑣 − 𝑖𝑊(ℎ∗𝜕𝑟ℎ − ℎ𝜕𝑟ℎ
∗)𝑒2Im(𝜔)𝑣

 

ℎ∗𝜕𝑟ℎ − ℎ𝜕𝑟ℎ
∗ = (𝑔∗𝜕𝑟𝑔 − 𝑔𝜕𝑟𝑔

∗)𝑒−2Im(𝜔)𝑟𝑠 +
2𝑖Re(𝜔)

𝑊
|𝑔|2𝑒−2Im(𝜔)𝑟𝑠  

√𝑔𝐽𝑣  =
1

𝑊
((
2(𝐴𝑡 − 𝑓𝐴𝜎3)

𝑊
) |𝑔|2 − 𝑖(𝑔∗𝜕𝑟𝑔 − 𝑔𝜕𝑟𝑔

∗))𝑒2Im(𝜔)𝑣𝑒−2Im(𝜔)𝑟𝑠

√𝑔𝐽𝑟  = −𝑖(𝑔∗𝜕𝑟𝑔 − 𝑔𝜕𝑟𝑔
∗)𝑒2Im(𝜔)𝑣𝑒−2Im(𝜔)𝑟𝑠
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𝐽𝑟(𝑅) = ∫  
∞

𝑟

 𝜕𝑣𝐽
𝑣  

𝐽𝑟(𝑅) = 2𝜔𝑖∫  
∞

𝑟

  𝐽𝑣  

𝐽𝑟(𝑅) = {
0, 𝑟 − 𝑟1 ≫

1

𝛼

2𝜔𝑖, 𝑟 − 𝑟1 ≪
1

𝛼

 

√𝑔𝐽𝑟(𝑅) = −8𝑁2sgn(𝜔∗
𝑞
)|𝐴|2𝑒−2𝛽𝑊′(𝑅)𝑒2𝜔𝑖𝑣  

𝜔∗
𝑞

(

 
 
sinh (

2𝜋|𝜔∗
𝑞
|

𝑊′(𝑅)
)

2|𝜔𝑞
∗|

𝑊′(𝑅) )

 
 
≈ 𝜋

𝜔𝑞
∗

𝑊′(𝑅)
 

𝑞𝑐
crit (𝛿)  

𝜔 = 𝜔∗
𝑞
−

𝑖

𝑁3/2
√
2

𝑒𝜋
(sinh (

2𝜋𝜔∗
𝑞

𝑊′(𝑟)
))𝑒−2𝛽𝑒−2𝛼  

∑ 

𝑛𝑧

𝑖=0

∑  

𝑛𝑧−𝑖

𝑗=0

∑  

2𝑖

𝑘=0

(2𝑛𝑍 + 𝑖 − 𝑗 − 𝑘, 𝑛𝑧 − 𝑖 + 𝑘, 𝑗) 

∑ 

𝑛𝑧

𝑖=0

  ∑  

𝑛𝑧−𝑖

𝑗=0

 ∑  

2𝑖

𝑘=0

  (𝑄 + 2𝑛𝑍 + 𝑖 − 𝑗 − 𝑘, 𝑄 + 𝑛𝑧 − 𝑖 + 𝑘, 𝑄 + 𝑗)  

(𝑄 + 𝑛𝑍, 𝑄 + 𝑛𝑍, 𝑄 + 𝑛𝑍)  

∑ 

𝑛𝑍

𝑖=0

  (𝑄 + 𝑛𝑍 + 𝑖, 𝑄 + 𝑛𝑍 − 𝑖, 𝑄1)  

(𝑄1 + 𝑛𝑍, 𝑄2, 𝑄3)  

∑ 

𝑛𝑍

𝑖=0

(𝑛𝑍 + 𝑖, 𝑛𝑍 − 𝑖, 0). 

𝑑𝑠2= 𝑙𝑁−1
2 (𝑑𝑠(0)

2 + 𝑑𝑠(1)
2 ) 

𝐹(5) = 𝐹(0)
(5)
+ 𝐹(1)

(5)  

𝑑𝑠(0)
2 = (𝑑𝑠𝐴𝑑𝑆5

2 + 𝑑𝑠𝑆5
2 )  

(𝑙𝑁−1)
4 = 4𝜋𝑔𝑠(𝑁 − 1)(𝛼

′)2  
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𝑑𝑠𝐴𝑑𝑆5
2 = −(1 + 𝑟2)𝑑𝑡2 +

𝑑𝑟2

1 + 𝑟2
+ 𝑟2𝑑Ω3

2

𝑑𝑠𝑆5
2 = sin2 𝜃𝑑Ω̃3

2 + cos2 𝜃𝑑𝜙2 + 𝑑𝜃2
 

𝐹(5)
(0)

(𝑙𝑁−1)
4
= −4𝜖5 + 4𝜖5  

𝑑𝑠(1)
2 =𝜌1

2 [−
(𝑟2 + sin2 𝜃)2

2𝑥4
𝑟2𝑑Ω3

2 +
(𝑟2 + sin2 𝜃)2

2𝑥4
sin2 𝜃𝑑Ω̃3

2

+(
(𝑟2 + cos2 𝜃)2 − 4(1 + 𝑟2)cos2 𝜃 − 1 + 4𝑑√1 + 𝑟2cos 𝜃cos (𝜙 − 𝑡)

2𝑥4
) (1 + 𝑟2)𝑑𝑡2 

+ (
𝑟4 − sin4 𝜃

2𝑥4
)
𝑑𝑟2

1 + 𝑟2
+ (

𝑟4 − sin4 𝜃

2𝑥4
)𝑑𝜃2  

+ (
(𝑟2 + cos2 𝜃)2 − 4(1 + 𝑟2)cos2 𝜃 − 1 + 4𝑑√1 + 𝑟2cos 𝜃cos (𝜙 − 𝑡)

2𝑥4
) cos2 𝜃𝑑𝜙2  

 −
2𝑑sin (𝜙 − 𝑡)

𝑥4
(𝑑𝑡(1 + 𝑟2) − cos2 𝜃𝑑𝜙)𝑑 (√1 + 𝑟2cos 𝜃)

+2𝑑𝜙𝑑𝑡
cos 𝜃(2(1 + 𝑟2)cos 𝜃 − 𝑑√1 + 𝑟2(1 + 𝑟2 + cos2 𝜃)cos (𝜙 − 𝑡))

𝑥4
] + 𝑂(𝜌1

4)

 

 

𝑥2 = 𝜌0
2(𝑟2 + cos2 𝜃) + 𝑑2 − 2𝑑𝜌0√1+ 𝑟

2cos 𝜃cos (𝜙 − 𝑡)  

𝐹(1)
(5)
= 4(𝐹 ∧ 𝑑Ω3 + 𝐹̃ ∧ 𝑑Ω̃3)  

𝐹𝑡𝑟 =
2(𝑑2 − 1)𝑟sin4 𝜃(𝑟2 + sin2 𝜃)

2𝑁𝑥6
, 𝐹𝑡𝜙 =

𝑑√𝑟2 + 1sin3 𝜃sin 2𝜃(sin2 𝜃 + 𝑟2)2sin (𝑡 − 𝜙)

2𝑁𝑥6

𝐹𝑡𝜃 =
√1 + 𝑟2sin3 𝜃

8𝑁𝑥6
[8√𝑟2 + 1cos 𝜃((𝑑2(𝑟2 + 2) + 2𝑟2 + 1)cos 𝜃 + 𝑑2cos2 𝜃cos (2𝑡 − 2𝜙))

−4𝑑cos (𝑡 − 𝜙)((𝑑2 + 3𝑟2 + 2)cos 2𝜃 + 𝑑2 + 2𝑟4 + 7𝑟2 + 4)]

𝐹𝑟𝜃 =
𝑑𝑟sin3 𝜃sin (𝑡 − 𝜙)(−(𝑑2 + 3𝑟2 + 2)cos 2𝜃 − 𝑑2 + 4𝑑√𝑟2 + 1cos3 𝜃cos (𝑡 − 𝜙) + 2𝑟4 + 𝑟2)

2𝑁√𝑟2 + 1𝑥6

𝐹𝑟𝜙 =
2𝑟sin4 𝜃cos 𝜃(𝑟2 + sin2 𝜃)(𝑑(cos 2𝜃 + 2𝑟2 + 3)cos (𝑡 − 𝜙) − 4√𝑟2 + 1cos 𝜃)

4𝑁√𝑟2 + 1𝑥6

𝐹𝜃𝜙 =
sin3 𝜃cos 𝜃

4𝑁𝑥6
[2cos2𝜃(2𝑑2(2(𝑟2 + 1)cos2 (𝑡 − 𝜙) + 2𝑟2 + 1) + sin2 𝜃(4𝑑2 + 3𝑟4 + 2𝑟2 − 1)

+2(2𝑟2 + 1)sin4 𝜃)

+2𝑑√𝑟2 + 1cos (𝑡 − 𝜙)cos 𝜃 (2cos2 𝜃(2cos 2𝜃 − 5(𝑟2 + 1)) − (2(𝑑2 − 𝑟4) + sin2 𝜃(−cos 2𝜃 + 2𝑟2 + 1))) 

−
1

4
(𝑟2 + 1)(16𝑟4 − 8𝑟2cos 2𝜃 + (𝑟2 + 1)cos 4𝜃 + 7𝑟2 − 1 + 4cos4 𝜃(−cos 2𝜃 + 2𝑟2 + 2))]
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𝐹̃𝑡𝑟 =
𝑟3

32𝑁𝑥6
[(48𝑑2(𝑟2 + 1) − 16𝑟4 + 17)cos 2𝜃 − cos 6𝜃 + 2(6𝑟2 + 5)cos 4𝜃

 +2(−8(4𝑑2 + 3)𝑟4 − 6(4𝑑2 + 1)𝑟2 + 2𝑑cos 𝜃 (√𝑟2 + 1cos(𝑡 − 𝜙)(−8𝑑2 + cos 4𝜃 − 8(2𝑟2 + 3)cos 2𝜃

+24(𝑟4 + 𝑟2) − 1) + 8𝑑(𝑟2 + 1)cos 𝜃cos (2𝑡 − 2𝜙)) + 8𝑑2 − 16𝑟6 + 3)]

𝐹̃𝑡𝜃 = −
4𝑟4sin 𝜃(𝑟2 + sin2 𝜃)(4(𝑟2 + 1)cos 𝜃 − 𝑑√𝑟2 + 1(cos 2𝜃 + 2𝑟2 + 3)cos (𝑡 − 𝜙))

8𝑁𝑥6

𝐹̃𝑡𝜙 = −
𝑑𝑟4√𝑟2 + 1cos 𝜃(sin2 𝜃 + 𝑟2)2sin (𝑡 − 𝜙)

𝑁𝑥6

𝐹̃𝑟𝜃 =
−𝑑𝑟3sin 𝜃sin (𝑡 − 𝜙)

8𝑁√𝑟2 + 1𝑥6
[8𝑑(𝑟2 + 1)(𝑑 − 2(𝑟2 + 1)1/2cos 𝜃cos (𝑡 − 𝜙)) − cos 4𝜃 + 4(3𝑟2 + 2)cos 2𝜃

+4𝑟2 + 1]

 

𝐹̃𝑟𝜙= −
𝑟3cos 𝜃

8𝑁𝑥6
[
cos (𝑡 − 𝜙)(𝑑(8𝑑2(𝑟2 + 1) + cos 4𝜃 + 4(3𝑟2 + 4)cos 2𝜃 + 4𝑟2 + 7))

√𝑟2 + 1
 

−4cos 𝜃((𝑑2 + 2)cos 2𝜃 − 2𝑑2(𝑟2 + 1)cos (2𝑡 − 2𝜙) + 3𝑑2)]

𝐹̃𝜃𝜙 =
2(𝑑2 − 1)𝑟4sin (2𝜃)(−cos (2𝜃) + 2𝑟2 + 1)

8𝑁𝑥6

 

−
1

2
∇𝛼∇

𝛼ℎ𝜇𝜈 −
1

2
∇𝜇∇𝜈ℎ𝛼

𝛼 +
1

2
∇𝛼∇𝜈ℎ𝜇

𝛼 +
1

2
∇𝛼∇𝜇ℎ𝜈

𝛼 − ℎ𝛼𝛽𝑅𝜇𝛼𝜈𝛽 +
1

2
𝑅𝜈𝛼ℎ𝜇

𝛼 +
1

2
𝑅𝜇𝛼ℎ𝜈

𝛼  

= (2 (𝐹(1)
(5)
)
𝜇𝜌𝜎𝛿𝜅

(𝐹(0)
(5)
)
𝜈

𝜌𝜎𝛿𝜅
− 4ℎ𝛼𝜌 (𝐹(0)

(5)
)
𝜇𝜌𝜎𝛿𝜅

(𝐹(0)
(5)
)
𝜈𝛼

𝜎𝛿𝜅
)  

𝐹(1)
(5)
=⋆ 𝐹(1)

(5)
+
1

2
ℎ𝛼
𝛼 ⋆ 𝐹(0)

(5)
− 5√−𝑔𝜖𝜇1𝜇2⋯𝜇10ℎ

𝜇6𝜈6𝑔𝜇7𝜈7⋯𝑔𝜇10𝜈10 (𝐹(0)
(5)
)
𝜈6⋯𝜈10

𝑑𝑥𝜇1 ∧⋯𝑑𝑥𝜇5

 

𝑑𝑠2 = 𝑙𝑁−1
2 (

𝑑𝑟2

𝑑2
− 𝑑𝑡2 × 𝑑2 + (𝑑2 − 1)𝑑𝛼𝑖

2 + 𝑑𝑦𝑗
2 + 𝑑𝜙2)  

𝜃𝑛̂𝑗 = 𝑦𝑗, 𝑗 = 1…4 

𝑙𝑁−1𝜃𝑛̂
𝑗 = 𝑦𝑗 , 𝑗 = 1…4

𝑙𝑁−1 (𝑟 − √𝑑
2 − 1) = 𝑑 × 𝑦5 𝑖 = 1…3

𝑙𝑁−1𝛼𝑖 =
𝑥𝑖

√𝑑2 − 1
,

𝑙𝑁−1(𝜙 − 𝑡) =
√𝑑2 − 1

𝑑
𝑦6

𝑙𝑁−1𝑥
0 =

𝑑2𝑡 − 𝜙

√𝑑2 − 1

 

𝑑𝑠2 = 𝑑𝑥𝜇𝑑𝑥
𝜇 + 𝑑𝑦𝑖𝑑𝑦

𝑖, 𝜇 = 0…3, 𝑖 = 1…6  

𝑥2 = (𝑑2 − 1)
(𝑦𝑖𝑦

𝑖)

𝑙𝑁−1
2

 

𝐹𝑦𝑖𝑥0𝑥1𝑥2𝑥3 = −16𝜋𝛼
′𝑔𝑠
2

𝑦𝑖

(𝑦𝑗𝑦𝑗)
3  
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ℎ𝜇𝜈= −2𝜋𝛼
′𝑔𝑠
2

1

(𝑦𝑗𝑦
𝑗)
2 𝜂𝜇𝜈 

ℎ𝑖𝑗 = 2𝜋𝛼
′𝑔𝑠
2

1

(𝑦𝑗𝑦
𝑗)
2 𝛿𝑖𝑗

 

𝐺𝐴𝐵 =
1

2
(𝜕𝐶𝜕𝐴ℎ𝐵𝐶 + 𝜕

𝐶𝜕𝐵ℎ𝐴𝐶 −◻ ℎ𝐴𝐵 − 𝜕𝐴𝜕𝐵ℎ − 𝜕
𝐶𝜕𝐷ℎ𝐶𝐷𝜂𝐴𝐵 +◻ ℎ𝜂𝐴𝐵) = 8𝜋𝐺𝑁𝑇𝐴𝐵∇𝑖𝐹

𝑖𝜇𝜈𝜌𝜎

= −16𝜋4𝑔𝑠𝛼
2𝜖𝜇𝜈𝜌𝜎𝛿6(𝑦⃗) 

𝑑𝑠(1)
2

𝑙𝑁−1
2 ≈ (

𝑟2

2
)
𝑑𝑡2

𝑁
+ (

1

2𝑟2
)
𝑑𝑟2

𝑁
−
𝑟2

2𝑁
𝑑Ω3

2 +
1

2𝑁
𝑑Ω5

2  

𝑟 = 𝑟′ +
𝑟′

2𝑁
 

𝑑𝑠(1)
2

𝑙𝑁−1
2 ≈

1

2𝑁
(−𝑟2𝑑𝑡2 + (

𝑑𝑟2

𝑟2
) + 𝑟2𝑑Ω3

2 + 𝑑Ω5
2)

 =
1

2𝑁
(𝑑𝑠𝐴𝑑𝑆5

2 + 𝑑Ω5
2)

 

𝑑𝑠2 = 𝑑𝑠(0)
2 + 𝑑𝑠(1)

2 = 𝑙𝑁−1
2 (1 +

1

2𝑁
) (𝑑𝑠𝐴𝑑𝑠5

2 + 𝑑Ω5
2) = 𝑙𝑁

2 (𝑑𝑠𝐴𝑑𝑠5
2 + 𝑑Ω5

2)  

𝑙𝑁
2

𝑙𝑁−1
2 = 1 +

1

2𝑁
 

𝑟 = 𝑟′ +
1

𝑁
(𝑑cos 𝜃′cos (𝜙′ − 𝑡′) −

2cos2 𝜃(1 − 3𝑑2cos2 (𝜙′ − 𝑡′)) + (𝑑2 − 1)

2𝑟′
)

𝜙 = 𝜙′ −
𝑑sin (𝜙′ − 𝑡′)

𝑟′cos 𝜃′𝑁

𝜃 = 𝜃′ −
𝑑sin 𝜃′cos (𝜙′ − 𝑡′)

𝑁𝑟′

 

𝑑𝑠2

𝑙𝑁
2 ≈ 𝑑𝑠𝐴𝑑𝑆5×𝑆5

2 +
1

𝑁
[−(2cos2 𝜃(1 − 3𝑑2cos2 (𝜙 − 𝑡)) + (𝑑2 − 1))𝑑𝑡2  

+
4cos2 𝜃(1 − 2𝑑2cos2 (𝜙 − 𝑡))

𝑟2
𝑑𝜙𝑑𝑡 + (

sin2 𝜃(cos2 𝜃(6𝑑2cos2 (𝜙 − 𝑡) − 1) − 𝑑2 + sin2 𝜃)

𝑟2
)  𝑑Ω̃3

2

+(
cos2 𝜃(6𝑑2cos2 (𝜙 − 𝑡) − 1) − 𝑑2

𝑟4
)𝑑𝑟2 + (cos2 𝜃(1 − 6𝑑2cos2 (𝜙 − 𝑡)) + 𝑑2 − sin2 𝜃)𝑑Ω3

2  

+ (
2𝑑cos 𝜃cos (𝜙 − 𝑡)

𝑟
+
cos2 𝜃(6𝑑2cos2 (𝜙 − 𝑡) − 1) − 𝑑2

𝑟2
)𝑑𝜃2 − (

𝑑2sin (2𝜃)sin (2𝑡 − 2𝜙)

𝑟2
)𝑑𝜃𝑑𝑡]

 

𝐴𝜇
𝜁
= −3

∫  𝑑Ω5𝜁
𝛼𝑔𝛼𝜇

∫  𝑑Ω5
 

𝐴 =
2(𝑑2 − 1)

𝑁

𝑑𝑡

𝑟2
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𝑄 = 𝑁(𝑑2 − 1)  

𝑑𝑠2= (−(1 + 𝑟2) +
6𝑑2 + 6𝑟4 + 2𝑟2 − 7

6𝑁𝑟2
)𝑑𝑡2 + (

𝑟4 − 𝑟2 + 1

𝑟6
−
𝑟2 − 1

3𝑁𝑟6
)𝑑𝑟2 

 + (𝑟2 −
−2𝑑2 + 6𝑟4 + 2𝑟2 + 1

6𝑁𝑟2
)𝑑Ω3

2

 

𝑛𝜇 = (0,
1

√𝑔𝑟𝑟
, 0,0,0)  

Θ𝜈
𝜇
= −

1

2
(∇𝜇𝑛𝜈 + ∇𝜈𝑛

𝜇)  

𝑇𝜈
𝜇
=
𝑁2𝑟4

4𝜋2
(Θ𝜈

𝜇
− Θ𝛾𝜈

𝜇
− 3𝛾𝜈

𝜇
+
1

2
𝐺𝜈
𝜇
)  

𝑇0
0 =

(𝑁 − 1)2

4𝜋2
(
3

8
(1 +

2

𝑁
) +

2(𝑑2 − 1)

𝑁
) ≈

𝑁2

4𝜋2
(
3

8
+
2(𝑑2 − 1)

𝑁
)

𝑇𝑗
𝑖 = −

𝛿𝑖
𝑗

3

(𝑁 − 1)2

4𝜋2
(
3

8
(1 +

2

𝑁
) +

2(𝑑2 − 1)

𝑁
) ≈ −

𝛿𝑖
𝑗

3

𝑁2

4𝜋2
(
3

8
+
2(𝑑2 − 1)

𝑁
)

 

𝐸 = ∫  𝑑3𝑥√𝛾𝑇0
0 =

𝑁2

2
(
3

8
(1 +

2

𝑁
) +

2(𝑑2 − 1)

𝑁
)  

𝛿𝐹̃ = −
sin3 𝜃cos 𝜃

𝑁
𝑑𝜃 ∧ 𝑑𝜙  

𝛿𝐹 =
𝑟′3

𝑁
𝑑𝑡 ∧ 𝑑𝑟′  

𝐹(5) = 𝑙𝑁−1
4 (1 +

1

𝑁
) (−4𝜖5 + 4𝜖5) ≈ 𝑙𝑁

4 (−4𝜖5 + 4𝜖5)  

𝐹5 = √𝑔
′𝜖5𝜒  

𝑑𝑥𝜇 = 𝑑𝑥′𝜇 +
1

𝑁

𝜕𝑥𝜇

𝜕𝑥′𝜈
𝑑𝑥′𝜈  

𝜒 =∑  

𝑘

  (−𝑘)(𝑘 + 4)(−𝑠𝐼 + 𝑡𝐼)𝑌𝐼  

𝑠𝐼 = −

𝛼𝐼

𝑘
𝑟𝑘

 

𝛼𝐼 =
4𝑖𝑘

𝑁(𝑘 + 4)
(

(𝑘2 − 1)

√2(𝑘 + 1)(𝑘 + 2)
) (𝑑)𝑘  
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𝑑𝑠(1)
2 =

1

𝑑3𝑁
[(2(1 + 𝑟2)1/2cos 𝜃cos (𝑡 − 𝜙))((1 + 𝑟2)𝑑𝑡2 + cos2 𝜃𝑑𝜙2)  

+(
2𝑟cos 𝜃sin (𝑡 − 𝜙)

√𝑟2 + 1
𝑑𝑟 − 2((𝑟2 + 1)1/2sin 𝜃sin (𝑡 − 𝜙))𝑑𝜃) ((1 + 𝑟2)𝑑𝑡 − cos2 𝜃𝑑𝜙) 

−2(√𝑟2 + 1cos 𝜃(cos2 𝜃 + 𝑟2 + 1)cos (𝑡 − 𝜙))𝑑𝑡𝑑𝜙] + 𝒪 (
1

𝑑4𝑁
)

 

𝐹𝑡𝜃 = 𝐹𝜃𝜙 = −
√𝑟2 + 1sin3 𝜃cos2 𝜃cos (𝑡 − 𝜙)

𝑑3𝑁
, 𝐹𝑟𝜃 = −

𝑟sin3 𝜃cos2 𝜃sin (𝑡 − 𝜙)

𝑑3𝑁√𝑟2 + 1

𝐹̃𝑡𝑟 = 𝐹̃𝑟𝜙 = −
𝑟3√𝑟2 + 1cos 𝜃cos (𝑡 − 𝜙)

𝑑3𝑁
, 𝐹̃𝑟𝜃 = −

𝑟3√𝑟2 + 1sin 𝜃sin (𝑡 − 𝜙)

𝑑3𝑁

 

𝜙′ = 𝜙 −
√𝑟2 + 1cos 𝜃sin (𝑡 − 𝜙)

𝑥3𝑁

𝑡′ = 𝑡 −
√𝑟2 + 1cos 𝜃sin (𝑡 − 𝜙)

𝑥3𝑁

 

𝑑𝑠(1)
2 =(

1

2𝑁𝑥4
) [(𝑟2 + sin2 𝜃)2(𝑟2𝑑Ω3

2 + sin2 𝜃𝑑Ω̃3
2) + (𝑟4 − sin4 𝜃) (

𝑑𝑟2

1 + 𝑟2
+ 𝑑𝜃2)

+((𝑟2 + cos2 𝜃)2 − 4(1 + 𝑟2)cos2 𝜃 − 1 + 4𝑑√1 + 𝑟2cos 𝜃cos (𝜙 − 𝑡)  

+
4√1 + 𝑟2cos 𝜃

𝑥
(3𝑑√1 + 𝑟2cos 𝜃sin2 (𝑡 − 𝜙) − 𝑥2cos (𝑡 − 𝜙))) ((1 + 𝑟2)𝑑𝑡2 + cos2 𝜃𝑑𝜙2)

+ (4 (2(1 + 𝑟2)cos 𝜃 − 𝑑√1 + 𝑟2(1 + 𝑟2 + cos2 𝜃)cos (𝜙 − 𝑡)) +  

+
2√1 + 𝑟2(3 + 2𝑟2 + cos 2𝜃)

𝑥
(−3𝑑√1 + 𝑟2cos 𝜃sin2 (𝑡 − 𝜙) + 𝑥2cos (𝑡 − 𝜙)))cos𝜃𝑑𝜙𝑑𝑡

+
12

𝑥
√1 + 𝑟2cos 𝜃sin (𝜙 − 𝑡)(𝑑𝑡(1 + 𝑟2) − cos2 𝜃𝑑𝜙)(𝑟𝑑𝑟 − sin𝜃cos 𝜃𝑑𝜃)  

+sin (𝜙 − 𝑡)(𝑑𝑡(1 + 𝑟2) − cos2 𝜃𝑑𝜙) (
𝑟cos 𝜃𝑑𝑟

√1 + 𝑟2
−√1 + 𝑟2sin 𝜃𝑑𝜃) (4(𝑥 − 𝑑)  

+12
𝑑

𝑥
√1 + 𝑟2cos 𝜃cos (𝑡 − 𝜙))]

 

𝐹𝑡𝑟 =
2(𝑑2 − 1)𝑟sin4 𝜃(𝑟2 + sin2 𝜃)

2𝑁𝑥6
, 𝐹𝑡𝜙 =

𝑑√𝑟2 + 1sin3 𝜃sin 2𝜃(sin2 𝜃 + 𝑟2)2sin (𝑡 − 𝜙)

2𝑁𝑥6

𝐹𝑡𝜃 =
sin3 𝜃

2𝑁𝑥6
[2(𝑟2 + 1)(𝑑2(𝑟2 + 2) + 2𝑟2 + 1)cos 𝜃 + 2cos2 𝜃√(𝑟2 + 1)𝑥3cos (𝑡 − 𝜙)

 +𝑑(𝑟2 + 1)cos3 𝜃((2𝑑 + 3𝑥)cos (2𝑡 − 2𝜙) − 3𝑥) − 𝑑√𝑟2 + 1cos (𝑡 − 𝜙)((𝑑2 + 3𝑟2 + 2)cos (2𝜃)

+𝑑2 + 2𝑟4 + 7𝑟2 + 4)]

𝐹𝑟𝜃 =
𝑟sin3 𝜃sin (𝑡 − 𝜙)

2𝑁√𝑟2 + 1𝑥6
[𝑑(sin2 𝜃 + 𝑟2)2 + 6𝑑𝑥cos3 𝜃)√(𝑟2 + 1)cos (𝑡 − 𝜙)

+2𝑥cos2 𝜃(−𝑑𝑥 − 3𝑟2 + 𝑥2 − 3)]

𝐹𝑟𝜙 =
2𝑟sin4 𝜃cos 𝜃(𝑟2 + sin2 𝜃)(𝑑(cos 2𝜃 + 2𝑟2 + 3)cos (𝑡 − 𝜙) − 4√𝑟2 + 1cos 𝜃)

4𝑁√𝑟2 + 1𝑥6
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𝐹𝜃𝜙 =
sin3 𝜃cos 𝜃

8𝑁𝑥6
[8cos2 𝜃((2𝑟2 + 1)(𝑑2 + sin4 𝜃) + 2𝑑2(𝑟2 + 1)cos2 (𝑡 − 𝜙) − 3𝑑(𝑟2 + 1)𝑥sin2 (𝑡 − 𝜙))

+√𝑟2 + 1cos 𝜃cos (𝑡 − 𝜙)(−𝑑(8𝑑2 − 8𝑟4 + 4𝑟2 + 3) − 𝑑cos 4𝜃 + 4𝑑(𝑟2 + 1)cos (2𝜃) + 8𝑥3)  

−2((𝑑2 + 𝑟4 + 𝑟2)cos (4𝜃) − 𝑑2 + 4𝑟6 + 5𝑟4 + 𝑟2 − 2(𝑟4 + 𝑟2)cos (2𝜃))  

+8𝑑√𝑟2 + 1cos3 𝜃(2cos 2𝜃 − 5(𝑟2 + 1))cos (𝑡 − 𝜙) − 8(𝑟2 + 1)cos4 𝜃(cos 2𝜃 − 2(𝑟2 + 1))]

 

𝐹̃𝑡𝑟=
𝑟3

8𝑁𝑥6
[−2(cos 2𝜃 − 2𝑟2 − 1)((𝑑2 + 𝑟4)cos 2𝜃 − 𝑑2(4𝑟2 + 1) − 𝑟4)  

+cos 𝜃 (√𝑟2 + 1cos (𝑡 − 𝜙)(𝑑(−8𝑑2 + 24(𝑟4 + 𝑟2) − 1) + 𝑑(cos 4𝜃 − 8(2𝑟2 + 3)cos 2𝜃) + 8𝑥3) 

+𝑟2cos 3𝜃) + cos2 𝜃(2(2𝑑2 + (𝑟2 + 2)2)cos 2𝜃 + 4𝑑(𝑟2 + 1)(2𝑑 + 3𝑥)cos (2𝑡 − 2𝜙)

+12𝑑(𝑑 − (𝑟2 + 1)𝑥) − 2cos 4𝜃 − 8𝑟6 − 22𝑟4 − 13𝑟2 − 6) + 4cos4 𝜃(cos 2𝜃 + 𝑟4 + 𝑟2 + 1)]

𝐹̃𝑡𝜃= −
4𝑟4sin 𝜃(𝑟2 + sin2 𝜃)(4(𝑟2 + 1)cos 𝜃 − 𝑑√𝑟2 + 1(cos 2𝜃 + 2𝑟2 + 3)cos (𝑡 − 𝜙))

8𝑁𝑥6
 

𝐹̃𝑡𝜙= −
𝑑𝑟4√𝑟2 + 1cos 𝜃(sin2 𝜃 + 𝑟2)2sin (𝑡 − 𝜙)

𝑁𝑥6
 

𝐹̃𝑟𝜃= −
𝑟3sin 𝜃sin (𝑡 − 𝜙)

8𝑁√𝑟2 + 1𝑥6
[8(𝑟2 + 1)(𝑑3 − 𝑥(𝑑2 + 𝑟2 − 1)) + 4𝑑𝑟2 + 𝑑  

−𝑑(8(𝑟2 + 1)3/2cos 𝜃(2𝑑 + 𝑥)cos (𝑡 − 𝜙) + cos 4𝜃) + 4cos 2𝜃(𝑑(3𝑟2 + 2) + 2(𝑟2 + 1)𝑥)]

𝐹̃𝑟𝜙=
𝑟3cos 𝜃[2(7𝑑2 + 2)cos 𝜃 + 2(𝑑2 + 2)cos 3𝜃 + 8𝑑2(𝑟2 + 1)cos 𝜃cos (2𝑡 − 2𝜙)

8𝑁𝑥6
 

−
𝑑cos (𝑡 − 𝜙)(8𝑑2(𝑟2 + 1) + cos 4𝜃 + 4(3𝑟2 + 4)cos 2𝜃 + 4𝑟2 + 7)

√𝑟2 + 1
 

−24𝑑(𝑟2 + 1)𝑥cos 𝜃sin2 (𝑡 − 𝜙) + 8√𝑟2 + 1𝑥3cos (𝑡 − 𝜙)]

𝐹̃𝜃𝜙 =
2(𝑑2 − 1)𝑟4sin 2𝜃(−cos 2𝜃 + 2𝑟2 + 1)

8𝑁𝑥6

 

𝜖red =
1

𝑁2
 

𝜖irred =
1

𝑁3
 

𝑄 > 𝑁𝑞𝑐(𝛿)  

𝑆 =
1

16𝜋(2𝜋2)3𝑔𝑠
2𝛼′4

√−𝑔(𝑅 −
1

2(5!)
𝐹5
2 −

𝐻2

2(3!)
− 𝜕𝜇𝜙𝜕

𝜇𝜙)  

(𝐹5)𝜇1𝜇2𝜇3𝜇4𝜇5 = 𝜕𝜇1𝐶𝜇2𝜇3𝜇4𝜇5 + 𝜕𝜇2𝐶𝜇3𝜇4𝜇5𝜇1 + 3 other  

∫  
𝑆5
  ∗ 𝐹5 = (2𝜋)

4𝑁𝑔𝑠𝛼
′2

 

𝑆 =
1

(2𝜋)3𝛼′2𝑔𝑠
(−∫  𝑑4𝑦√−detℎ𝑎𝑏 +

1

4!
∫  𝜖𝑎𝑏𝑐𝑑𝐶𝜇1𝜇2𝜇3𝜇4

𝑑𝑥𝜇1

𝑑𝑦𝑎
𝑑𝑥𝜇2

𝑑𝑦𝑏
𝑑𝑥𝜇3

𝑑𝑦𝑐
𝑑𝑥𝜇4

𝑑𝑦𝑑
𝑑4𝑦)  
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1

16𝜋(2𝜋2)3𝑔𝑠
2𝛼′4

∇𝜇𝐹
𝜇𝜇1𝜇2𝜇3𝜇4 = −

𝑁

(2𝜋)3𝛼′2𝑔𝑠
𝛿6(𝑟)𝜖𝜇1…𝜇4

⟹
1

16𝜋4𝑔𝑠𝛼
′2
∇𝜇𝐹

𝜇𝜇1𝜇2𝜇3𝜇4 = −𝑁𝛿6(𝑟)𝜖𝜇1…𝜇4
 

𝐹𝜇1𝜇2𝜇3𝜇4𝑟 = 𝐴(𝑟)𝜖𝜇1𝜇2𝜇3𝜇4𝑟  

1

(2𝜋)4𝑔𝑠𝛼
′2

1

𝑟5
𝜕𝑟(𝑟

5𝐹𝑟𝜇1𝜇2𝜇3𝜇4) = −𝑁
𝛿(𝑟)

𝜋3𝑟5
𝜖𝜇1…𝜇4  

𝐴 = −𝑁
(2𝜋)4𝑔𝑠𝛼

′2

𝜋3
, 𝐹 = −𝐴

𝜖𝜇1𝜇2𝜇3𝜇4𝑟

𝑟5
 

𝑇𝜇𝜈 = −
1

(2𝜋)3𝛼′2𝑔𝑠
𝜂𝜇𝜈𝛿6(𝑟)  

𝑑𝑠(1)
2 = 𝜙(𝑟)(𝑑𝑥𝜇𝑑𝑥𝜇 − 𝑑𝑦

𝑖𝑑𝑦𝑖)  

4𝜕𝑖𝜕
𝑖𝜙 = 8𝜋𝐺𝑁

1

(2𝜋)3𝛼′2𝑔𝑠
𝛿6(𝑟)  

𝜙 =
2𝜋𝛼′2𝑔𝑠
𝑟4

 

1

𝛼′4𝑔𝑠
2∫  𝐹

2 ∼ 𝑁2∫  
𝑑𝑟𝑟5

𝑟10
∼ 𝑁2

1

𝑟0
4 ∼

𝑁

𝑔𝑠𝛼
′2

 

𝑇𝐷
𝜇𝜈
(𝑥)=

2

√−𝑔

𝛿𝑆

𝛿𝑔𝜇𝜈
 

 =
−1

(2𝜋)3𝛼′2𝑔𝑠
∫  𝑑4𝑦√−ℎℎ𝑎𝑏

𝜕𝑥0
𝜇
(𝑦)

𝜕𝑦𝑎
𝜕𝑥0

𝜈(𝑦)

𝜕𝑦𝑏
𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦))

√−𝑔(𝑥)

 

𝛿ℎ𝑎𝑏 = 𝜕𝑎𝑋
𝜇𝜕𝑏𝑋

𝜈𝛿𝑔𝜇𝜈 

∫  𝛿 =
𝛿10

√−𝑔
 

𝑛𝜇 = 𝑘(𝑥)
𝜕𝑓(𝑥)

𝜕𝑥𝜇
 

𝑛𝜇𝑇𝐷
𝜇𝜈
 =

−1

(2𝜋)3𝛼′2𝑔𝑠
∫  𝑑4𝑦√−ℎℎ𝛼𝛽𝑘(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥𝜇
𝜕𝑥𝜇

𝜕𝑦𝛼
𝜕𝑥𝜈

𝜕𝑦𝛽
𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦))

√−𝑔

 =
−1

(2𝜋)3𝛼′2𝑔𝑠
∫  𝑑4𝑦√−ℎℎ𝛼𝛽𝑘(𝑥)

𝜕𝑓(𝑥(𝑦))

𝜕𝑦𝛼
𝜕𝑥𝜈

𝜕𝑦𝛽
𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦))

√−𝑔
= 0
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−𝛿 ∫  𝑑4𝑦√−ℎ

𝛿𝑥0
𝛼(𝑦′)

= −∫  𝑑4𝑦
𝛿√−ℎ

𝛿ℎ𝑎𝑏

𝛿ℎ𝑎𝑏
𝛿𝑥0

𝛼(𝑦′)
 

= −
1

2
∫  𝑑4𝑦√−ℎℎ𝑎𝑏

𝛿 (
𝜕𝑥0

𝜇

𝜕𝑦𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
𝑔𝜇𝜈)

𝛿𝑥𝑜
𝛼(𝑦′)

 

= −
√−ℎℎ𝑎𝑏

2

𝜕𝑥0
𝜇

𝜕𝑦𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
𝜕𝑔𝜇𝜈

𝜕𝑥0
𝛼 +

𝜕

𝜕𝑦𝑏
(√−ℎℎ𝑎𝑏𝑔𝛼𝜈

𝜕𝑥0
𝜈

𝜕𝑦𝑎
)  

= −
√−ℎℎ𝑎𝑏

2

𝜕𝑥0
𝜇

𝜕𝑦𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
𝜕𝑔𝜇𝜈

𝜕𝑥0
𝛼 +√−ℎℎ

𝑎𝑏(∇̂𝑏𝑔𝛼𝜈)(
𝜕𝑥0

𝜈

𝜕𝑦𝑎
) + √−ℎℎ𝑎𝑏(𝑔𝛼𝜈)∇̂𝑏 (

𝜕𝑥0
𝜈

𝜕𝑦𝑎
) 

= −
√−ℎℎ𝑎𝑏

2

𝜕𝑥0
𝜇

𝜕𝑦𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
𝜕𝑔𝜇𝜈

𝜕𝑥0
𝛼 +√−ℎℎ

𝑎𝑏
𝜕𝑔𝛼𝜈

𝜕𝑥0
𝜇

𝜕𝑥0
𝜇

𝜕𝑦𝑏
𝜕𝑥0

𝜈

𝜕𝑦𝑎
+ √−ℎℎ𝑎𝑏𝑔𝛼𝜈∇̂𝑏 (

𝜕𝑥0
𝜈

𝜕𝑦𝑎
)  

 = √−ℎℎ𝑎𝑏𝑔𝛼𝜈 (∇̂𝑏 (
𝜕𝑥0

𝜈

𝜕𝑦𝑎
) +

𝜕𝑥0
𝜇

𝜕𝑦𝑎
𝜕𝑥0

𝛽

𝜕𝑦𝑏
Γ𝜇𝛽
𝜈 )

 

𝜕𝑎(√−ℎℎ
𝑎𝑏𝐴𝑏) = √−ℎ∇𝑏𝐴

𝑏 

1

4!

𝛿

𝛿𝑥0
𝛼(𝑦′)

∫  𝑑4𝑦𝜖𝑎1𝑎2𝑎3𝑎4𝐶𝜇1𝜇2𝜇3𝜇4
𝑑𝑥0

𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4

=
1

4!
𝜖𝑎1𝑎2𝑎3𝑎4 (

𝜕𝐶𝜇1𝜇2𝜇3𝜇4
𝜕𝑥0

𝛼

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
− 4

𝜕

𝜕𝑦𝑎1
(𝐶𝛼𝜇2𝜇3𝜇4

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
)) 

=
1

4!
𝜖𝑎1𝑎2𝑎3𝑎4 (

𝜕𝐶𝜇1𝜇2𝜇3𝜇4
𝜕𝑥0

𝛼

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
+ 4

𝜕

𝜕𝑦𝑎1
(𝐶𝛼𝜇2𝜇3𝜇4

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
)) 

 =
1

4!
𝜖𝑎1𝑎2𝑎3𝑎4 (

𝜕𝐶𝜇1𝜇2𝜇3𝜇4
𝜕𝑥0

𝛼

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
− 4

𝜕𝐶𝛼𝜇2𝜇3𝜇4
𝜕𝑥0

𝜇1

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
)

 =
1

4!
𝜖𝑎1𝑎2𝑎3𝑎4𝐹𝛼𝜇1𝜇2𝜇3𝜇4

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4

 

√−ℎℎ𝑎𝑏𝑔𝛼𝜈 (∇̂𝑏 (
𝜕𝑥0

𝜈

𝜕𝑦𝑎
) +

𝜕𝑥0
𝜇

𝜕𝑦𝑎
𝜕𝑥0

𝛽

𝜕𝑦𝑏
Γ𝜇𝛽
𝜈 ) +

1

4!
𝜖𝑎1𝑎2𝑎3𝑎4𝐹𝛼𝜇1𝜇2𝜇3𝜇4

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
= 0  

∇𝜇𝑇𝐷
𝜇𝜈
(𝑥)= 𝜕𝜇𝑇𝐷

𝜇𝜈
(𝑥) + Γ𝜇𝛼

𝜈 𝑇𝜇𝛼 + Γ𝜇𝛼
𝜇
𝑇𝛼𝜈  

=
−1

(2𝜋)3𝛼′2𝑔𝑠
[∫  𝑑4𝑦√−ℎℎ𝑎𝑏

𝜕𝑥0
𝜇

𝜕𝑦𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
𝜕

𝜕𝑥𝜇
(
𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦))

√−𝑔(𝑥)
)  

+√−ℎℎ𝑎𝑏 (
𝜕𝑥0

𝛼

𝜕𝑦𝑎
𝜕𝑥0

𝜇

𝜕𝑦𝑏
Γ𝜇𝛼
𝜈 +

𝜕𝑥0
𝛼

𝜕𝑦𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
Γ𝜇𝛼
𝜇
)(
𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦))

√−𝑔(𝑥)
)]

 =
−1

(2𝜋)3𝛼′2𝑔𝑠
[∫  𝑑4𝑦

1

√−𝑔(𝑥)

𝜕

𝜕𝑦𝑎
(√−ℎℎ𝑎𝑏

𝜕𝑥0
𝜈

𝜕𝑦𝑏
)𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦))

+√−ℎℎ𝑎𝑏𝛿10(𝑥𝜇 − 𝑥0
𝜇
(𝑦)) (

𝜕𝑥0
𝜇

𝜕𝑦𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
𝜕

𝜕𝑥𝜇
(

1

√−𝑔(𝑥)
) + (

𝜕𝑥0
𝛼

𝜕𝑦𝑎
𝜕𝑥0

𝜇

𝜕𝑦𝑏
Γ𝜇𝛼
𝜈 +

𝜕𝑥0
𝛼

𝜕𝑦𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
Γ𝜇𝛼
𝜇
))]

 =
−1

(2𝜋)3𝛼′2𝑔𝑠

1

√−𝑔(𝑥)
[∫  𝑑4𝑦𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦))√−ℎ(𝑦)ℎ𝑎𝑏 (∇̂𝑎

𝜕𝑥0
𝜈

𝜕𝑦𝑏
+
𝜕𝑥0

𝛽

𝜕𝑦𝑎
𝜕𝑥0

𝜇

𝜕𝑦𝑏
Γ𝜇𝛽
𝜈 )]
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𝜕𝑥0
𝜇

𝜕𝑦𝑎
−

𝜕

𝜕𝑦𝑎
(𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦)) 

𝜕𝑔

𝜕𝑥𝜇
= 2𝑔Γ𝛼𝜇

𝛼  

𝑇int 
𝜇𝜈
=

−1

16𝜋(2𝜋2)3𝑔𝑠
2𝛼′45!

(𝑔𝜇𝜈𝐹. 𝐹̃ − 5𝐹𝜇𝜈1𝜈2𝜈3𝜈4𝐹̃𝜈1𝜈2𝜈3𝜈4
𝜈 − 5𝐹̃𝜇𝜈1𝜈2𝜈3𝜈4𝐹𝜈1𝜈2𝜈3𝜈4

𝜈 )  

∇𝜇𝑇𝑖𝑛𝑡
𝜇𝜈
(𝑥)=

−1

16𝜋(2𝜋2)3𝑔𝑠
2𝛼′ 5!

(𝑔𝜇𝜈𝜕𝜇(𝐹. 𝐹̃) − 5𝐹
𝜇𝜈1𝜈2𝜈3𝜈4∇𝜇𝐹̃𝜈1𝜈2𝜈3𝜈4

𝜈  

−5∇𝜇𝐹̃
𝜇𝜈1𝜈2𝜈3𝜈4𝐹𝜈1𝜈2𝜈3𝜈4

𝜈 − 5𝐹̃𝜇𝜈1𝜈2𝜈3𝜈4∇𝜇𝐹𝜈1𝜈2𝜈3𝜈4
𝜈 )

=
1

16𝜋(2𝜋2)3𝑔𝑠
2𝛼′ 45!

5∇𝜇𝐹̃
𝜇𝜈1𝜈2𝜈3𝜈4𝐹𝜈1𝜈2𝜈3𝜈4

𝜈  

 =
−1

(2𝜋)3𝛼′2𝑔𝑠

1

4!√−𝑔
∫  𝑑4𝑦𝛿10(𝑥𝜇 − 𝑥0

𝜇
(𝑦))𝜖𝑎1𝑎2𝑎3𝑎4

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
𝐹𝜇1𝜇2𝜇3𝜇4
𝜈

 

∇𝜇𝐹
𝜇𝜈1𝜈2𝜈3𝜈4= 0  

1

16𝜋(2𝜋2)3𝑔𝑠
2𝛼′4

∇𝜇𝐹̃
𝜇𝜇1𝜇2𝜇3𝜇4  = −

1

(2𝜋)3𝛼′2𝑔𝑠
∫  𝑑4𝑦

𝛿10(𝑥𝜇 − 𝑥0
𝜇
(𝑦))

√−𝑔
𝜖𝑎1𝑎2𝑎3𝑎4

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
 

∇𝜇(𝑇𝐷
𝜇𝜈
+ 𝑇𝐹

𝜇𝜈
) = 0

 ⟹ √−ℎ(𝑦)ℎ𝑎𝑏 (∇̂𝑎
𝜕𝑥0

𝜈

𝜕𝑦𝑏
+
𝜕𝑥0

𝛽

𝜕𝑦𝑎
𝜕𝑥0

𝜇

𝜕𝑦𝑏
Γ𝜇𝛽
𝜈 ) +

1

4!
𝜖𝑎1𝑎2𝑎3𝑎4

𝑑𝑥0
𝜇1

𝑑𝑦𝑎1

𝑑𝑥0
𝜇2

𝑑𝑦𝑎2

𝑑𝑥0
𝜇3

𝑑𝑦𝑎3

𝑑𝑥0
𝜇4

𝑑𝑦𝑎4
𝐹𝜇1𝜇2𝜇3𝜇4
𝜈 = 0

 

𝑑𝐶𝑉= −4𝜖
(5)  

𝑑(Θ ∧ (− ∗5 𝐹 + 𝐴 ∧ 𝐹))= −2𝐽 ∧∗5 𝐹 + 2𝐽 ∧ 𝐴 ∧ 𝐹  

𝑑(𝑙2
2𝑑(𝑙3

2) ∧ 𝑑𝜙1 ∧ 𝑑𝜙2 ∧ 𝑑𝜙3) = −2𝐽 ∧ 𝐽 ∧ (𝑑Ψ + Θ) = −4 ∗10 𝜖
(5) − 2𝐽 ∧ 𝐽 ∧ 𝐴

𝑑(−𝐴 ∧ (𝑑Ψ + Θ) ∧ 𝐽) = −𝐹 ∧ (𝑑Ψ + Θ) ∧ 𝐽 + 2𝐴 ∧ 𝐽 ∧ 𝐽

 

𝑑(− ∗5 𝐹 + 𝐴 ∧ 𝐹) = 0  

(− ∗5 𝐹 + 𝐴 ∧ 𝐹) =
2𝜋2𝑄

4
𝜎1 ∧ 𝜎2 ∧ 𝜎3  

𝐶

𝑅𝐴𝑑𝑆54
4  = 𝐶𝑉 + (

𝜋2𝑄

4
)Θ ∧ 𝜎1 ∧ 𝜎2 ∧ 𝜎3

 +𝑙2
2𝑑(𝑙3

2) ∧ 𝑑𝜙1 ∧ 𝑑𝜙2 ∧ 𝑑𝜙3 + 𝐴 ∧ (𝑑Ψ + Θ) ∧ 𝐽

 

𝜎1 ∧ 𝜎2 ∧ 𝜎3 = 𝑑(cos 𝜃𝑎𝑑𝜓 ∧ 𝑑𝜙)  

Θ ∧ 𝜎1 ∧ 𝜎2 ∧ 𝜎3 = −𝑑 ((Θ ∧ (cos 𝜃𝑎𝑑𝜓 ∧ 𝑑𝜙)) + 𝐽 ∧ (cos 𝜃𝑎𝑑𝜓 ∧ 𝑑𝜙)  

𝐶

𝑅𝐴𝑑𝑆54
 = 𝐶𝑉 + (

𝜋2𝑄

4
)cos 𝜃𝑎𝐽 ∧ 𝑑𝜓 ∧ 𝑑𝜙

 +𝑙2
2𝑑(𝑙3

2) ∧ 𝑑𝜙1 ∧ 𝑑𝜙2 ∧ 𝑑𝜙3 + 𝐴 ∧ (𝑑Ψ + Θ) ∧ 𝐽
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𝑁𝑉3
2𝜋2

𝑉3 = 2𝜋
2 (2𝑟2√𝑏2 + 𝐴3

2) 

2𝑁𝑟2√𝑏2 + 𝐴3
2 

 

𝑆DBI = 2𝑁∫  𝑟
2√𝑏2 + 𝐴3

2√−𝑔̃𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈  

𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝑔𝑎𝑏𝑑𝑦

𝑎𝑑𝑦𝑏 + 2𝑔𝑎𝜇𝑑𝑦
𝑎𝑑𝑥𝜇  
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𝑑𝑠7
2 = (𝑔𝜇𝜈 − 𝑔𝜇𝑎𝑔𝜈𝑏𝑔3

𝑎𝑏)𝑑𝑥𝜇𝑑𝑥𝜈 = 𝑔̃𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈  

𝑑𝑠7
2= 𝑔̃𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 = (−
𝑟2𝑊

4𝑏2
+ 𝐴𝑡

2 + 𝑏2𝑓2)𝑑𝑡2 +
𝑑𝑟2

𝑊
+ 𝑑𝛼2 + cos2 𝛼𝑑𝛽2 +∑  

3

𝑖=1

  (𝑙𝑖
2𝑑𝜙𝑖

2 − 2𝐴𝑡𝑙𝑖
2𝑑𝜙𝑖𝑑𝑡) 

−
(𝑑𝑡(𝐴𝑡𝐴𝜎3 + 𝑏

2𝑓) − 𝐴𝜎3 ∑  𝑖   𝑙𝑖
2𝑑𝜙𝑖)

2

𝑏2 + 𝐴𝜎3
2

 

 = −
𝑟2𝑊

4𝑏2
𝑑𝑡2 +

𝑑𝑟2

𝑊
+ 𝑑𝑠2(ℂℙ2) +

𝑏2

𝑏2 + 𝐴𝜎3
2 (𝑑Ψ + Θ + (𝑓𝐴𝜎3 − 𝐴𝑡)𝑑𝑡)

2

 

𝑙𝑖(𝜏), 𝑟(𝜏), 𝜙1,2,3(𝜏)  

𝑑𝑠ind
2 = (𝑔𝑡𝑡 + 𝑔𝑟𝑟𝑟̇

2 ++∑ 

2

𝑖=1

  (2𝑙𝑖𝑙𝑖) +∑  

3

𝑖=1

  (𝑔𝜙𝑖𝜙𝑖𝜙̇𝑖
2 − 2𝑔𝑡𝜙𝑖𝜙̇𝑖))𝑑𝑡

2 

 +(𝑔𝑡𝜎3 +∑ 

3

𝑖=1

 𝑔𝜎3𝜙𝑖𝜙̇𝑖)𝑑𝑡𝜎3 +∑  

3

𝑖=1

 𝑔𝜎𝑖𝜎𝑖𝜎𝑖
2

 

𝑑𝑠ind
2 = Δ𝑑𝑡2 + (𝑏2 + 𝐴𝜎3

2 )(𝜎3 +
𝛾

𝑏2 + 𝐴𝜎3
2
𝑑𝑡)

2

+
𝑟2

4
(𝜎1
2 + 𝜎2

2)  

Δ = 𝑔̃𝜇𝜈
𝑑𝑥𝜇

𝑑𝑡

𝑑𝑥𝜈

𝑑𝑡
= −

𝑟2𝑊

4𝑏2
+ 𝐴𝑡

2 + 𝑏2𝑓2 +
𝑟̇2

𝑊
+∑ 

2

𝑖=1

  (2𝑙𝑖𝑙𝑖) +∑  

3

𝑖=1

 (𝑙𝑖
2𝜙̇𝑖

2 − 2𝐴𝑡𝑙𝑖
2𝜙̇𝑖) −

𝛾2

𝑞2
 

𝑞2 = 𝑏2 + 𝐴𝜎3
2 ,  and , 𝛾 = 𝐴𝑡𝐴𝜎3 + 𝑏

2𝑓 − 𝑙𝑖
2𝐴𝜎3𝜙̇𝑖  

𝐶𝑉 = (
𝑟4 − 𝑅4

8
)𝑑𝑡 ∧ 𝜎1 ∧ 𝜎2 ∧ 𝜎3  

𝑆𝑊𝑍 = 8𝑁∫  (
𝑟4 − 𝑅4

8
)𝑑𝑡  

𝑆= 𝑆𝐷𝐵𝐼 + 𝑆𝑊𝑍  

 = 2𝑁∫  𝑟2√𝑏2 + 𝐴3
2√−𝑔̃𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 + 8𝑁∫  [(
𝑟4 − 𝑅4

8
)𝑑𝑡]

 

𝑧1 → cos 𝜁𝑧1 + 𝑖sin 𝜁𝑧‾2, 𝑧2 → cos 𝜁𝑧2 − 𝑖sin 𝜁𝑧‾1  

𝑑𝑧1 ∧ 𝑑𝑧‾1 → cos2 𝜁𝑑𝑧1 ∧ 𝑑𝑧‾1 − sin
2 𝜁𝑑𝑧2 ∧ 𝑑𝑧‾2 − 𝑖sin 𝜁cos 𝜁(𝑑𝑧1 ∧ 𝑑𝑧2 + 𝑑𝑧‾1 ∧ 𝑑𝑧‾2)  

cos2 𝜁𝑑𝑧1 ∧ 𝑑𝑧‾1 − sin
2 𝜁𝑑𝑧2 ∧ 𝑑𝑧‾2  

(
cos2 𝜁 0 0

0 −sin2 𝜁 0
0 0 0

)  



 

pág. 3504 

𝑑𝑧1 ∧ 𝑑𝑧‾1 → cos2 𝜁𝑑𝑧1 ∧ 𝑑𝑧‾1 − sin
2 𝜁𝑑𝑧2 ∧ 𝑑𝑧‾2 − 𝑖sin 𝜁cos 𝜁(𝑒

2𝑖𝛼𝑑𝑧1 ∧ 𝑑𝑧2 + 𝑒
−2𝑖𝛼𝑑𝑧‾1 ∧ 𝑑𝑧‾2)  

𝑥1 → cos 𝜁𝑥1 + sin 𝜁𝑦2, 𝑦1 → cos 𝜁𝑦1 + sin 𝜁𝑥2
𝑥2 → cos 𝜁𝑥2 − sin 𝜁𝑦1, 𝑦2 → cos 𝜁𝑦2 − sin 𝜁𝑥1

 

𝑑𝑠(5)
2 = −𝑓𝑏

2(𝑑𝑡𝑏 − 𝜔)
2 +

1

𝑓𝑏
[
𝜉

𝐹(𝜉)
𝑑𝜉2 +

𝐹

𝜉
(𝑑Φ + 𝜂Ψ𝑏)

2 + 𝜉 (
𝑑𝜂2

1 − 𝜂2
+ (1 − 𝜂2)𝑑Ψ𝑏

2)]  

𝜔 =
1

3𝑓𝑏
(
𝐹′(𝜉)

2𝜉
− 1)

∎

 

𝐴 = −𝑓𝑏𝑑𝑡𝑏 −
3𝑎2𝑓𝑏

8(1 − 𝑎)2𝜉
(𝑑Φ + 𝜂Ψ𝑏)  

𝑡𝑏 = 𝑡, 𝜂 = cos 𝜃𝑎, Φ = 𝜙𝑎 − 2𝑡,Ψ𝑏 = 𝜓, 𝜉 =
𝑟2

4
(1 −

𝑅0
2

𝑟2
)  

𝑓𝑏 = 1 −
𝑅0
2

𝑟2
, 𝐹 =

1

16
(𝑟2 − 𝑅0

2)2(1 + 2𝑅0
2 + 𝑟2), 𝑎 = 𝑗  

𝑒0 = 𝑓𝑏(𝑑𝑡 − 𝜔), 𝑒
1 = −

1

√𝑓𝑏
√

𝜉

𝐹(𝜉)
𝑑𝜉, 𝑒2 =

1

√𝑓𝑏
√
𝐹

𝜉
(𝑑Φ + 𝜂𝑑Ψ𝑏), 𝑒

3 = √
𝜉

𝑓𝑏(1 − 𝜂
2)
𝑑𝜂 

𝑒4 = √
𝜉

𝑓𝑏
(1 − 𝜂2)𝑑Ψ𝑏 , 𝑒

5 = 𝑑𝛼, 𝑒6 = sin 𝛼cos 𝛼(cos2 𝛽(𝑑𝜙1 − 𝑑𝜙2) + 𝑑𝜙2 − 𝑑𝜙3) 

𝑒7 = sin 𝛼𝑑𝛽, 𝑒8 = sin 𝛼sin 𝛽cos 𝛽𝑑(𝜙2 − 𝜙1), 𝑒
9 =∑ 

𝑖

  𝑙𝑖
2𝑑𝜙𝑖 − 𝐴  

Γ𝜖 = 𝜖  

Γ =
1

4!

𝜖𝛼1𝛼2𝛼3𝛼4

√−ℎ

𝜕𝑋𝜇1

𝜕𝜎𝛼1

𝜕𝑋𝜇2

𝜕𝜎𝛼2

𝜕𝑋𝜇3

𝜕𝜎𝛼3

𝜕𝑋𝜇4

𝜕𝜎𝛼4
𝑒𝜇1
𝑀1𝑒𝜇2

𝑀2𝑒𝜇3
𝑀3𝑒𝜇4

𝑀4Γ𝑀1𝑀2𝑀3𝑀4  

𝜎0 = 𝑡, 𝜎𝑖 = 𝑦𝑖  

(𝑟, 𝜙1, 𝜙2, 𝜙3, 𝑙1, 𝑙2, 𝑙3) = (𝑟0, 𝑡, 𝑡, 𝑡, 1,0,0)  

𝜖 = 𝑒
𝑖
2
(𝜙−2𝑡+𝜙1+𝜙2+𝜙3)√𝑓𝜖0  

Γ09𝜖0 = 𝜖0, Γ
12𝜖0 = −𝑖𝜖0, Γ

34𝜖0 = Γ
56𝜖0 = Γ

78𝜖0 = 𝑖𝜖0  

Γ11𝜖 = −𝜖  

(Γ0349 +
𝑅√1 + 𝑅2 + 2𝑅0

2

𝑅2 + 𝑅0
2

(Γ0234 − Γ2349))𝜖0 = 𝜖0  

(Γ0 + Γ9)𝜖0 = 0  
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Γ0349𝜖0 = 𝜖0  

(

𝑎11 𝑎12 𝑎13
(𝑎12)

∗ 𝑎22 𝑎23
(𝑎13)

∗ (𝑎23)
∗ 𝑎33

)  

(

𝑎11(𝑖𝜎2) Re(𝑎12)(𝑖𝜎2) − Im(𝑎12)𝕀2 Re(𝑎13)(𝑖𝜎2) − Im(𝑎13)𝕀2
Re(𝑎12)(𝑖𝜎2) + Im(𝑎12)𝕀2 𝑎22(𝑖𝜎2) Re(𝑎23)(𝑖𝜎2) − Im(𝑎23)𝕀2
Re(𝑎13)(𝑖𝜎2) + Im(𝑎13)𝕀2 Re(𝑎23)(𝑖𝜎2) + Im(𝑎23)𝕀2 𝑎33(𝑖𝜎2)

)  

𝐳′ = 𝑈𝐳 

𝑉𝐵 = 𝜕𝑧𝑖𝐵𝑖  
𝑗𝑧𝑗 − 𝜕𝑧𝑖

∗(𝐵∗)𝑖  
𝑗𝑧𝑗
∗ = 𝐵𝑖  

𝑗 (𝑧𝑖𝜕𝑧𝑗 − 𝑧
∗ 𝑗𝜕𝑧𝑖

∗)  

𝑧𝑖 = 𝑙𝑖𝑒
𝑖𝜙𝑖  

𝜕𝑧𝑖 = −
𝑖

𝑧𝑖
𝜕𝜙𝑖 +

𝑙𝑖
𝑧𝑖
𝜕𝑙𝑖  

𝐵𝑖
𝑗
𝑒𝑖(𝜙𝑖−𝜙𝑗) (𝑙𝑖

𝜕

𝜕𝑙𝑗
− 𝑙𝑗

𝜕

𝜕𝑙𝑖
− 𝑖

𝑙𝑖
𝑙𝑗

𝜕

𝜕𝜙𝑗
− 𝑖

𝑙𝑗

𝑙𝑖

𝜕

𝜕𝜙𝑖
)  

𝑛𝑆𝑂6 = ∑  

𝑛

𝑛𝑍=0

  (𝑛𝑍, 𝑛 − 𝑛𝑍)  

−∇2𝜙𝑛 = 𝑛(𝑛 + 4)𝜙𝑛  

𝑑𝑠𝑆5
2 = 𝑑𝑠𝐶𝑃2

2 + (𝑑Ψ + Θ)2  

𝜙𝑛 = 𝑒
𝑖(𝑛𝑍−𝑛𝑍‾ )Ψ𝜙𝑛𝑍,𝑛𝑍‾  

−∇𝑆5
2 = (−∇𝐶𝑃2,(𝑛𝑍−𝑛𝑍‾ )

2 + (𝑛𝑍 − 𝑛𝑍‾)
2)𝜙𝑛𝑍,𝑛𝑍‾  

As − ∇𝑆5
2 = (𝑛𝑍 + 𝑛𝑍‾)(𝑛𝑍 + 𝑛𝑍‾ + 4),  

 −∇𝐶𝑃2,(𝑛𝑍−𝑛𝑍‾ )
2 𝜙𝑛𝑍,𝑛𝑍‾ = (𝑛𝑍 + 𝑛𝑍‾)(𝑛𝑍 + 𝑛𝑍‾ + 4) − (𝑛𝑍 − 𝑛𝑍‾)

2

 = 4(𝑛𝑍𝑛𝑍‾ + 𝑛𝑍 + 𝑛𝑍‾)

 

𝑔(𝑟)=
1

(2𝑉(𝑟))1/4
(𝐴exp (∫  

𝑟

𝑟1

 𝑁√2𝑉)𝑒−𝛽 + 𝐵exp (−∫  
𝑟

𝑟1

 𝑁√2𝑉)𝑒𝛽) 

 =
𝐴𝑒−𝛽

(2𝑉(𝑟))1/4
(exp (∫  

𝑟

𝑟1

 𝑁√2𝑉) +
𝐵

𝐴
𝑒2𝛽exp (−∫  

𝑟

𝑟1

 𝑁√2𝑉))

 

𝛽 = ∫  
𝑟∗

𝑟1

 𝑁√2𝑉  

(−
1

2𝑁2
𝜕

𝜕𝑟
+ 𝑉′(𝑟1)(𝑟 − 𝑟1))𝑔(𝑟) = 0  
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𝑔(𝑟) = 𝑐1Bi (𝑁
2/3𝑉′(𝑟1)

1/3(𝑟 − 𝑟1)) + 𝑐2Ai (𝑁
2/3𝑉′(𝑟1)

1/3(𝑟 − 𝑟1))  

𝑔(𝑟) ≈ 𝑐1
𝑒
2
3
𝑁√𝑉′(𝑟1)𝑟

3/2

√𝜋 √𝑉′(𝑟1)
12

√𝑟
4
+ 𝑐2

𝑒−
2
3
𝑁√𝑉′(𝑟1)𝑟

3/2

2√𝜋 √𝑉′(𝑟1)
12

√𝑟
4

 

𝑐1 =
√𝜋

𝑉′(𝑟1)
1/6
𝐴𝑒−𝛽 , 𝑐2 =

2√𝜋

𝑉′(𝑟1)
1/6
𝐵𝑒𝛽  

𝑔(𝑟) ∼
𝐴𝑒−𝛽

(2𝑉)−
1
4

(sin (∫  
𝑟

𝑟1

 𝑁√−2𝑉 +
𝜋

4
) +

2𝐵

𝐴
𝑒2𝛽cos (∫  

𝑟

𝑟1

 𝑁√−2𝑉 +
𝜋

4
))  

𝑑𝑠2= 𝑔𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + 𝑒𝐻+𝐺𝑑Ω3

2 + 𝑒𝐻−𝐺𝑑Ω̃3
2 

𝐹(5) = 4(𝐹 ∧ 𝑑Ω3 + 𝐹̃ ∧ 𝑑Ω̃3)
 

𝐹= 𝑑𝐵𝑡 ∧ (𝑑𝑡 + 𝑉) + 𝐵𝑡𝑑𝑉 + 𝑑𝐵̂  

𝐹̃ = 𝑑𝐵̃𝑡 ∧ (𝑑𝑡 + 𝑉) + 𝐵̃𝑡𝑑𝑉 + 𝑑𝐵̂̃
 

𝐹 = 𝑒3𝐺 ⋆4 𝐹̃  

𝑑𝑠2= −ℎ−2(𝑑𝑡 + 𝑉𝑖𝑑𝑥
𝑖)
2
+ ℎ2(𝑑𝑦2 + 𝑑𝑥𝑖𝑑𝑥𝑖) + 𝑦𝑒𝐺𝑑Ω3

2 + 𝑦𝑒−𝐺𝑑Ω̃3
2 

𝐵𝑡  = −
1

4
𝑦2𝑒2𝐺 , 𝐵̃𝑡 = −

1

4
𝑦2𝑒−2𝐺

𝑑𝐵̂ = −
1

4
𝑦3 ⋆3 (

𝑧 +
1
2

𝑦2
) , 𝑑𝐵̂̃ = −

1

4
𝑦3 ⋆3 (

𝑧 −
1
2

𝑦2
)

 

𝑧 =
1

2
tanh 𝐺, ℎ−2 = 2𝑦cosh 𝐺

𝑦𝜕𝑦𝑉𝑖 = 𝜖𝑖𝑗𝜕𝑗𝑧, 𝑦(𝜕𝑖𝑉𝑗 − 𝜕𝑗𝑉𝑖) = 𝜖𝑖𝑗𝜕𝑦𝑧
 

𝑧(𝑥1, 𝑥2, 𝑦) =
𝑦2

𝜋
∫  
𝑅2
 
𝑧(𝑥1

′ , 𝑥2
′ , 0)𝑑𝑥1

′𝑑𝑥2
′

((𝐱 − 𝐱′)2 + 𝑦2)2

𝑉𝑖 =
𝜖𝑖𝑗

𝜋
∫  
𝑅2
 
𝑧(𝑥1

′ , 𝑥2
′ , 0)(𝑥𝑗 − 𝑥′𝑗)𝑑𝑥1

′𝑑𝑥2
′

((𝐱 − 𝐱′)2 + 𝑦2)2

 

𝑑𝑠2

𝑙𝑁
2 = 𝜌0 (−(1 + 𝑟

2)𝑑𝑡2 +
𝑑𝑟2

1 + 𝑟2
+ 𝑟2𝑑Ω3

2 + 𝑑𝜃2 + cos2 𝜃𝑑𝜙2 + sin2 𝜃𝑑Ω̃3
2)  
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𝜌= 𝜌0√1+ 𝑟
2cos 𝜃 

𝑦 = 𝜌0𝑟sin 𝜃

𝜙̃ = 𝜙 − 𝑡

 

𝑧= 𝑧̃1 + 𝑧̃2 +
1

2
 

𝑧1̃ =
(𝜌2 − 𝜌0

2 + 𝑦2)

2√(𝜌2 + 𝜌0
2 + 𝑦2)2 − 4𝜌2𝜌0

2
−
1

2
= 𝑧1 −

1

2

𝑧2̃ =
(𝜌′2 − 𝜌1

2 + 𝑦2)

2√(𝜌′2 + 𝜌1
2 + 𝑦2)2 − 4𝜌′2𝜌1

2
−
1

2
= 𝑧2 −

1

2
≈ −

(𝜌1)
2𝑦2

(𝜌′2 + 𝑦2)2
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𝑉1= 𝑉𝜙𝜙̂ = −
1

2
(

𝜌2 + 𝑦2 + 𝜌0
2

√(𝜌2 + 𝜌0
2 + 𝑦2)2 − 4𝜌2𝜌0

2
− 1)(−sin 𝜙̃𝑥̂1 + cos 𝜙̃𝑥̂2)  

𝑉2= 𝑉𝜙
′ 𝜙̂′ = −

1

2
(

𝜌′2 + 𝑦2 + 𝜌1
2

√(𝜌′2 + 𝜌1
2 + 𝑦2)2 − 4𝜌′2𝜌1

2
− 1)

1

𝜌′
(−𝜌sin 𝜙̃𝑥̂1 + (𝜌cos 𝜙̃ − 𝑑)𝑥̂2) 

 = 𝑉2
𝜌
𝜌̂ + 𝑉2

𝜙
𝜙̂

 

𝜌⃗′ = 𝜌⃗ − 𝑑 = (𝜌cos 𝜙̃ − 𝑑, 𝜌sin 𝜙̃)  

𝜌′ = √𝜌2 + 𝑑2 − 2𝜌𝑑cos 𝜙̃, 𝜙̂′ =
(−𝜌sin 𝜙̃, 𝜌cos 𝜙̃ − 𝑑)

𝜌′
 

𝑉2
𝜌
=
𝑑sin 𝜙̃

2
(

𝜌′2 + 𝑦2 + 𝜌1
2

√(𝜌′2 + 𝜌1
2 + 𝑦2)2 − 4𝜌′2𝜌1

2
− 1)

1

𝜌′2
≈
(𝜌1)

2𝑑sin 𝜙̃

(𝜌′2 + 𝑦2)2
 

𝑉2
𝜙
 = −

𝜌2 − 𝑑𝜌cos 𝜙̃

2
(

𝜌′2 + 𝑦2 + 𝜌1
2

√(𝜌′2 + 𝜌1
2 + 𝑦2)2 − 4𝜌′2𝜌1

2
− 1)

1

𝜌′2
≈ −

(𝜌1)
2(𝜌2 − 𝑑𝜌cos 𝜙̃)

(𝜌′2 + 𝑦2)2

 

𝑧 = 𝑧1 =
1

2

𝑟2 − sin2 𝜃

𝑟2 + sin2 𝜃

𝑉 = 𝑉1 =
−cos2 𝜃

𝑟2 + sin2 𝜃
𝜙̂

 

ℎ−2 =
2𝑦

√1 − 4𝑧2
= 𝜌0(𝑟

2 + sin2 𝜃)

cosh 𝐺 =
1

√4𝑧2 − 1
=
𝑟2 + sin2 𝜃

2𝑟sin 𝜃

𝑒𝐺 =
𝑟

sin 𝜃

 

ℎ−2=
2𝑦

√1 − 4(𝑧1 + 𝑧̃2)
2
≈ 𝜌0(𝑟

2 + sin2 𝜃) (1 −
𝜌1
2

2

(𝑟4 − sin4 𝜃)

𝑥4
)  

ℎ2=
√1 − 4(𝑧1 + 𝑧̃2)

2

2𝑦
≈

1

𝜌0(𝑟
2 + sin2 𝜃)

(1 +
𝜌1
2

2

(𝑟4 − sin4 𝜃)

𝑥4
)  

𝑒𝐺  = √
1 + 2(𝑧1 + 𝑧̃2)

1 − 2(𝑧1 + 𝑧̃2)
≈

𝑟

sin 𝜃
(1 −

𝜌1
2

2

(𝑟2 + sin2 𝜃)2

𝑥4
)

𝑒−𝐺  = √
1 − 2(𝑧1 + 𝑧̃2)

1 + 2(𝑧1 + 𝑧̃2)
≈
sin 𝜃

𝑟
(1 +

𝜌1
2

2

(𝑟2 + sin2 𝜃)2

𝑥4
)

𝑉𝜌 ≈ 𝜌1
2
𝑑sin (𝜙 − 𝑡)

𝑥4

𝑉𝜙 ≈
−cos2 𝜃

𝑟2 + sin2 𝜃
− 𝜌1

2
√1 + 𝑟2cos 𝜃(√1 + 𝑟2cos 𝜃 − 𝑑cos (𝜙 − 𝑡))

𝑥4

 

𝑥2 = 𝑟2 + cos2 𝜃 + 𝑑2 − 2𝑑√1 + 𝑟2cos 𝜃cos (𝜙 − 𝑡)  
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𝑑𝑠2

𝑙𝑁−1
2 =𝑟2𝑑Ω3

2 (1 −
𝜌1
2

2

(𝑟2 + sin2 𝜃)2

𝑥4
) + sin2 𝜃𝑑Ω̃3

2 (1 +
𝜌1
2

2

(𝑟2 + sin2 𝜃)2

𝑥4
)

−(1 + 𝑟2)𝑑𝑡2 (1 −
𝜌1
2

2

(𝑟2 + cos2 𝜃)2 − 4(1 + 𝑟2)cos2 𝜃 − 1 + 4𝑑√1 + 𝑟2cos 𝜃cos (𝜙 − 𝑡)

𝑥4
) 

+
𝑑𝑟2

1 + 𝑟2
(1 +

𝜌1
2

2

𝑟4 − sin4 𝜃

𝑥4
) + 𝑑𝜃2 (1 +

𝜌1
2

2

𝑟4 − sin4 𝜃

𝑥4
)  

+cos2 𝜃𝑑𝜙2 (1 +
𝜌1
2

2

(𝑟2 + cos2 𝜃)2 − 4(1 + 𝑟2)cos2 𝜃 − 1 + 4𝑑√1 + 𝑟2cos 𝜃cos (𝜙 − 𝑡)

𝑥4
)  

−𝜌1
2
2𝑑sin (𝜙 − 𝑡)

𝑥4
(𝑑𝑡(1 + 𝑟2) − cos2 𝜃𝑑𝜙) (

𝑟cos 𝜃𝑑𝑟

√1 + 𝑟2
−√1 + 𝑟2sin 𝜃𝑑𝜃)  

 +2𝑑𝜙𝑑𝑡𝜌1
2
cos 𝜃(2(1 + 𝑟2)cos 𝜃 − 𝑑√1 + 𝑟2(1 + 𝑟2 + cos2 𝜃)cos (𝜙 − 𝑡))

𝑥4
+ 𝑂(𝜌1

4)

 

𝐹𝑡𝑟 =
2(𝑑2 − 1)𝑟sin4 𝜃(𝑟2 + sin2 𝜃)

2𝑁𝑥6
, 𝐹𝑡𝜙 =

𝑑√𝑟2 + 1sin3 𝜃sin 2𝜃(sin2 𝜃 + 𝑟2)2sin (𝑡 − 𝜙)

2𝑁𝑥6

𝐹𝑡𝜃 =
√1 + 𝑟2sin3 𝜃

8𝑁𝑥6
[8√𝑟2 + 1cos 𝜃((𝑑2(𝑟2 + 2) + 2𝑟2 + 1)cos 𝜃 + 𝑑2cos2 𝜃cos (2𝑡 − 2𝜙))

−4𝑑cos (𝑡 − 𝜙)((𝑑2 + 3𝑟2 + 2)cos 2𝜃 + 𝑑2 + 2𝑟4 + 7𝑟2 + 4)]

𝐹𝑟𝜃 =
𝑑𝑟sin3 𝜃sin (𝑡 − 𝜙)(−(𝑑2 + 3𝑟2 + 2)cos 2𝜃 − 𝑑2 + 4𝑑√𝑟2 + 1cos3 𝜃cos (𝑡 − 𝜙) + 2𝑟4 + 𝑟2)

2𝑁√𝑟2 + 1𝑥6

𝐹𝑟𝜙 =
2𝑟sin4 𝜃cos 𝜃(𝑟2 + sin2 𝜃)(𝑑(cos 2𝜃 + 2𝑟2 + 3)cos (𝑡 − 𝜙) − 4√𝑟2 + 1cos 𝜃)

4𝑁√𝑟2 + 1𝑥6

𝐹𝜃𝜙 =
sin3 𝜃cos 𝜃

4𝑁𝑥6
[2cos2𝜃(2𝑑2(2(𝑟2 + 1)cos2 (𝑡 − 𝜙) + 2𝑟2 + 1) + sin2 𝜃(4𝑑2 + 3𝑟4 + 2𝑟2 − 1)

+2(2𝑟2 + 1)sin4 𝜃)

+2𝑑√𝑟2 + 1cos (𝑡 − 𝜙)cos 𝜃 (2cos2 𝜃(2cos 2𝜃 − 5(𝑟2 + 1)) − (2(𝑑2 − 𝑟4) + sin2 𝜃(−cos 2𝜃 + 2𝑟2 + 1))) 

−
1

4
(𝑟2 + 1)(16𝑟4 − 8𝑟2cos 2𝜃 + (𝑟2 + 1)cos 4𝜃 + 7𝑟2 − 1 + 4cos4 𝜃(−cos 2𝜃 + 2𝑟2 + 2))]

 

𝐹̃𝑡𝑟 =
𝑟3

32𝑁𝑥6
[(48𝑑2(𝑟2 + 1) − 16𝑟4 + 17)cos 2𝜃 − cos 6𝜃 + 2(6𝑟2 + 5)cos 4𝜃

+2 (−8(4𝑑2 + 3)𝑟4 − 6(4𝑑2 + 1)𝑟2 + 2𝑑cos 𝜃 (√𝑟2 + 1cos(𝑡 − 𝜙)(−8𝑑2 + cos 4𝜃 − 8(2𝑟2 + 3)cos 2𝜃 

+24(𝑟4 + 𝑟2) − 1) + 8𝑑(𝑟2 + 1)cos 𝜃cos (2𝑡 − 2𝜙)) + 8𝑑2 − 16𝑟6 + 3)]

𝐹̃𝑡𝜃 =−
4𝑟4sin 𝜃(𝑟2 + sin2 𝜃)(4(𝑟2 + 1)cos 𝜃 − 𝑑√𝑟2 + 1(cos 2𝜃 + 2𝑟2 + 3)cos (𝑡 − 𝜙))

8𝑁𝑥6
 

𝐹̃𝑡𝜙 =−
𝑑𝑟4√𝑟2 + 1cos 𝜃(sin2 𝜃 + 𝑟2)2sin (𝑡 − 𝜙)

𝑁𝑥6
 

𝐹̃𝑟𝜃 =
−𝑑𝑟3sin 𝜃sin (𝑡 − 𝜙)

8𝑁√𝑟2 + 1𝑥6
[8𝑑(𝑟2 + 1)(𝑑 − 2(𝑟2 + 1)1/2cos 𝜃cos (𝑡 − 𝜙)) − cos 4𝜃 + 4(3𝑟2 + 2)cos 2𝜃

+4𝑟2 + 1]

𝐹̃𝑟𝜙 =−
𝑟3cos 𝜃

8𝑁𝑥6
[
cos (𝑡 − 𝜙)(𝑑(8𝑑2(𝑟2 + 1) + cos 4𝜃 + 4(3𝑟2 + 4)cos 2𝜃 + 4𝑟2 + 7))

√𝑟2 + 1
 

−4cos 𝜃((𝑑2 + 2)cos 2𝜃 − 2𝑑2(𝑟2 + 1)cos (2𝑡 − 2𝜙) + 3𝑑2)]

𝐹̃𝜃𝜙 =
2(𝑑2 − 1)𝑟4sin (2𝜃)(−cos (2𝜃) + 2𝑟2 + 1)

8𝑁𝑥6
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𝑑𝑠2 = 𝑑𝜃2 + cos2 𝜃𝑑𝜙2 + sin2 𝜃𝑑Ω3
2  

(
1

sin3 𝜃cos 𝜃

𝜕

𝜕𝜃
(sin3 𝜃cos 𝜃

𝜕

𝜕𝜃
) +

𝜕2

𝜕𝜙2
)𝑌(𝜃, 𝜙) = −𝑘(𝑘 + 4)  

𝑌(𝜃, 𝜙) = 𝑌𝑘,𝑚(𝜃)𝑒
𝑖𝑚𝜙  

𝜕2𝑌𝑘,𝑚(𝜃)

𝜕𝜃2
−
𝑚2𝑌𝑘,𝑚(𝜃)

cos2 𝜃
+ (

3cos2 𝜃 − sin2 𝜃

sin 𝜃cos 𝜃
)
𝜕𝑌𝑘,𝑚(𝜃)

𝜕𝜃
= −𝑘(𝑘 + 4)  

𝑌𝑘,𝑚(𝜃)= 𝑎(𝑖cos 𝜃)
−𝑚 2𝐹1 (−

𝑘

2
−
𝑚

2
,
𝑘

2
−
𝑚

2
+ 2; 1 − 𝑚; cos2 𝜃) 

 +𝑏(𝑖cos 𝜃)𝑚 2𝐹1 (
𝑚

2
−
𝑘

2
,
𝑘

2
+
𝑚

2
+ 2;𝑚 + 1; cos2 (𝜃))

 

𝑌𝑘,𝑚(𝜃) = 𝑏(𝑖cos 𝜃)
𝑚 2𝐹1 (

𝑚

2
−
𝑘

2
,
𝑘

2
+
𝑚

2
+ 2;𝑚 + 1; cos2 𝜃)  

lim
𝜃→0

 𝑌𝑘,𝑚(𝜃) = 𝑏
𝑖𝑚Γ(𝑚 + 1)

𝜃2Γ(
𝑚 − 𝑘
2 )Γ (

1
2 (𝑘 +𝑚 + 4))

 

2

𝜋
∫  𝑑𝜃𝑑𝜙sin3 𝜃cos 𝜃𝑌(𝜃, 𝜙)𝑌∗(𝜃, 𝜙) = 𝛿𝑘,𝑘′𝛿𝑚,𝑚′  

𝑌(𝜃, 𝜙) = 𝑏(𝑖cos 𝜃)|𝑚| 2𝐹1 (
|𝑚|

2
−
𝑘

2
,
𝑘

2
+
|𝑚|

2
+ 2; |𝑚| + 1; cos2 𝜃) 𝑒𝑖𝑚𝜙  

𝑌𝑘,𝑘(𝜃, 𝜙) = √
(𝑘 + 1)(𝑘 + 2)

2
(𝑖cos 𝜃)𝑘𝑒𝑖𝑘𝜙  

𝜒= 4(−1 −
(cos 2𝜃 − 2𝑟2 − 1)

64𝑁√𝑟2 + 1𝑥6
[4cos 2𝜃 (√𝑟2 + 1(5𝑑2 + 10𝑟2 + 6) − 6𝑑(𝑟2 + 1)cos 𝜃cos (𝑡 − 𝜙))  

+√𝑟2 + 1(8(5𝑑2 + 2)𝑟2 + 28𝑑2 + 8𝑟4 + 23) − 24𝑑(2𝑟4 + 5𝑟2 + 3)cos 𝜃cos (𝑡 − 𝜙) + √𝑟2 + 1cos 4𝜃])

 

𝜒(𝜃, 𝜙)≈ 4(
−6cos2 𝜃(8𝑑2cos2 (𝑡 − 𝜙) + 1) + 8𝑑2 + 15cos 2𝜃 + 7

16𝑁𝑟2
) + 𝑂 (

1

𝑟3
)  

 ≈
1

𝑟2
(
𝑑2√6

2
(𝑌2,2(𝜃, 𝜙̃) + 𝑌2,−2(𝜃, 𝜙̃)) + √2(𝑑

2 − 1)𝑌2,0(𝜃, 𝜙̃)) + 𝑂 (
1

𝑟3
)

 

𝑠𝐼 =
1

𝑘(𝑘 + 4)
(
2

𝜋
∫  𝑑𝜃𝑑𝜙sin3 𝜃cos 𝜃𝑌𝑘,𝑘

∗ (𝜃, 𝜙)𝜒(𝜃, 𝜙))  

𝑧± =
sec 𝜃 (2𝑑2 + cos 2𝜃 + 2𝑟2 + 1 ± √(2𝑑2 + cos 2𝜃 + 2𝑟2 + 1)2 − 16𝑑2(𝑟2 + 1)cos2 𝜃)

4𝑑√𝑟2 + 1
 

𝑠𝐼 = −
4𝑖𝑘

𝑁𝑘(𝑘 + 4)
(∫  𝑑𝜃(√2(𝑘 + 1)(𝑘 + 2)(𝑘2 − 1)sin3 𝜃cos𝑘+1 𝜃) (

𝑑cos 𝜃

𝑟
)
𝑘

)  
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𝑠𝐼 = −
4𝑖𝑘

𝑁𝑘(𝑘 + 4)
(

(𝑘2 − 1)

√2(𝑘 + 1)(𝑘 + 2)
) (
𝑑

𝑟
)
𝑘

 

  

𝑙1 = cos 𝛼, 𝑙2 = sin 𝛼cos 𝛽, 𝑙3 = sin 𝛼sin 𝛽  

𝑄 =
1

16𝜋𝐺
∫  
𝑆3
∗ 𝐹 

𝜕𝑡 − Ω(𝜕𝜓 + cos 𝜃𝜕𝜙) 

𝑀there =
𝜋

2
𝑀here , 𝐽there =

𝜋

2
𝐽here , 𝑄there = 2𝑄here  

𝑞𝑐 <
𝑅2

2
(4√𝑅2 + 1 − 𝑅2 − 4) 

 

𝑙𝑖 = √
𝑞𝑖

∑  𝑗  𝑞𝑗
 

 

−𝑒−𝑖𝑘𝜓∇2(𝐵(𝑥𝑖)𝑒
𝑖𝑘𝜓) = −𝐻𝑖𝑗𝐷𝑖𝐷𝑗𝐵 + 𝑒

−2𝜎𝑘2𝐵 

∫  √𝑉𝑑𝑟 ∼ 𝑞𝑛  

𝑉(𝑟) = −

𝑅2𝜔2

4(𝜇2 − 2𝑅2 − 1)2
+
1
4

2𝑁2(𝑟 − 𝑅)2
 

𝜔 = 𝜔∗ + 1 + 𝒪 (
1

𝑞𝑛𝑁
)  

𝑉(𝑟) = 2(𝑟 − 𝑟∗)
2 −

1

𝑁
− 𝜖 

𝑟 − 𝑟1 ≫
1

𝑁
2
3

 

𝑔(𝑟) = 2𝑐1√2𝑏(𝑟 − 𝑅)𝑒
−
𝑖𝜔∗

𝑞

𝑊′(𝑟)
log 𝑏(𝑟−𝑅)

 

𝜖5 = 𝜖
(4)(ℂℙ2) ∧ (𝑑Ψ + Θ − 𝐴) 

𝛿𝐹(5) =
𝑙𝑁−1
4

𝑁
4(𝐹 ∧ 𝑑Ω3 + 𝐹̃ ∧ 𝑑Ω̃3) =

𝑙𝑁−1
4

𝑁
(−4𝜖5 + 4𝜖5) 



 

pág. 3512 

𝑙𝑝
8 = 𝑔𝑠

2𝛼′4  

𝑇𝐹
𝜇𝜈
 =

2

√−𝑔

𝛿𝑆𝐹
𝛿𝑔𝜇𝜈

 =
−1

16𝜋(2𝜋2)3𝑔𝑠
2𝛼′45!

(
1

2
𝑔𝜇𝜈𝐹5

2 − 5𝐹𝜇𝜈1𝜈2𝜈3𝜈4𝐹𝜈1𝜈2𝜈3𝜈4
𝜈 )

 

∫  𝐸⃗⃗1 ⋅ 𝐸⃗⃗2 = ∫  ∇⃗⃗⃗𝜙1 ⋅ ∇⃗⃗⃗𝜙2 

−∫  𝜙2 ∇⃗⃗⃗
2𝜙1 +∫  

𝐵

𝜙2 ∇⃗⃗⃗𝜙1 

𝑑𝑠3
2 =

𝑟2

4
(𝜎1
2 + 𝜎2

2) + (𝑏2 + 𝐴𝜎3
2 )𝜎3

2⨂
𝜎1
2 + 𝜎2

2 + 𝜎3
2

4
 

𝑙1 = cos 𝛼, 𝑙2 = sin 𝛼cos 𝛽, 𝑙3 = sin 𝛼sin 𝛽 

⟨𝐴2 ∣ 𝐴1⟩ = Tr(𝐴2
†𝐴1) 

𝑢11 =
1

√2
(
𝑖𝜎2 0 0
0 0 0
0 0 0

)  

𝑢12,𝑟 =
1

2
(
0 −𝕀2 0
𝕀2 0 0
0 0 0

) , 𝑢12,𝑐 =
1

2
(
0 𝑖𝜎2 0
𝑖𝜎2 0 0
0 0 0

)Tr(𝑂𝐵†)  

𝜕𝑀𝑒𝑥𝑡(𝒬⃗, 𝜖)

𝜕𝜖
= lim
𝑀→𝑀𝑒𝑥𝑡(𝒬⃗,𝜖)

 − 𝑇 (
𝜕𝑆(𝑀, 𝒬⃗, 𝜖)

𝜕𝜖
)
𝑀,𝒬⃗

 

Δℐ = 𝒦∫  𝑑4𝑥√−𝑔𝜖Λ  

ℐTotal = ℐ + Δℐ. 

𝑔𝜇𝜈 = 𝑔𝜇𝜈 + 𝜖Δ𝑔𝜇𝜈 = 𝑔𝜇𝜈 + 𝜖h𝜇𝜈 

𝐺(𝑇, 𝜇) = 𝑀(𝑇, 𝜇) − 𝑇𝑆 − 𝜇 ⋅ 𝒬⃗ 

 

𝐺(𝑇, 𝜇) → 𝐺(𝑇, 𝜇) + 𝜖Δ𝐺(𝑇, 𝜇).  

𝑆(𝑇, 𝜇, 𝜖) = −(
𝜕𝐺

𝜕𝑇
)
𝜇⃗⃗⃗,𝜖
 ;  𝑄𝑖(𝑇, 𝜇, 𝜖) = −(

𝜕𝐺

𝜕𝜇𝑖
)
𝑇,𝜇𝑗≠𝑖,𝜖

 

lim
𝑇→0

 𝑇 (
𝜕𝑆(𝑇, 𝒬⃗, 𝜖)

𝜕𝜖
)
𝑇,𝒬⃗

= 0  

𝑀ext(𝒬⃗, 𝜖) ≡ lim
𝑇→0

 𝑀(𝑇, 𝒬⃗, 𝜖) 
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(
𝜕𝑀

𝜕𝜖
)
𝑇,𝒬⃗
 = (

𝜕

𝜕𝜖
(𝐺 + 𝑇𝑆 + 𝜇 ⋅ 𝒬⃗))

𝑇,𝒬⃗

 = (
𝜕𝐺

𝜕𝜇
)
𝑇,𝜖

⋅ (
𝜕𝜇

𝜕𝜖
)
𝑇,𝒬⃗

+ (
𝜕𝐺

𝜕𝜖
)
𝑇,𝜇⃗⃗⃗
+ 𝑇 (

𝜕𝑆

𝜕𝜖
)
𝑇,𝒬⃗
+ 𝒬⃗ ⋅ (

𝜕𝜇

𝜕𝜖
)
𝑇,𝒬⃗

 = (
𝜕𝐺

𝜕𝜖
)
𝑇,𝜇⃗⃗⃗
+ 𝑇 (

𝜕𝑆

𝜕𝜖
)
𝑇,𝒬⃗
.

 

lim
𝑇→0

 (
𝜕𝑀

𝜕𝜖
)
𝑇,𝒬⃗
= lim
𝑇→0

  (
𝜕𝐺

𝜕𝜖
)
𝑇,𝜇⃗⃗⃗

 

−𝑇 (
𝜕𝑆

𝜕𝜖
)
𝑀,𝒬⃗

= (
𝜕𝐺

𝜕𝜖
)
𝑇,𝜇⃗⃗⃗
.  

Δ𝑀𝑒𝑥𝑡(𝒬⃗) ≈ −𝑇0(𝑀, 𝒬⃗)Δ𝑆(𝑀, 𝒬⃗)|𝑀≈𝑀𝑒𝑥𝑡0 (𝒬⃗)  

ℐAdS =
1

2
∫  𝑑4𝑥√−𝑔(𝑅 − 2Λ + ℐinteraction )  

ℐPM =
1

2
∫  
𝑀

 𝑑4𝑥√−𝑔[𝑅 − 2Λ − ℱ𝛾]  

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 − 𝛾(ℱ)
𝛾−1 (𝐹𝜇𝜆𝐹𝜈

𝜆 −
1

4
𝑔𝜇𝜈𝐹𝛼𝛽𝐹

𝛼𝛽)= 0  

1

√−𝑔
∇𝜈(√−𝑔(ℱ)

𝛾−1𝐹𝜇𝜈) = 0
 

𝑑𝑠2 = −𝑓PM(𝑟)𝑑𝑡
2 +

𝑑𝑟2

𝑓PM(𝑟)
+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2).  

𝑓PM(𝑟) = 1 +
𝑟2

ℓ2
−
2𝑀

𝑟
−

(2𝛾 − 1)2−2𝛾𝑞2𝛾

(21−𝛾(2𝛾 − 3)1−2𝛾)𝑟
2

2𝛾−1

.  

𝐴 = −𝑞𝑟(2𝛾−3)/(2𝛾−1)𝑑𝑡 ;  𝐹 = 𝑑𝐴, 

𝑄 = 2𝛾−1
(3 − 2𝛾)2𝛾−1

(2𝛾 − 1)2𝛾−2
𝑞2𝛾−1.  

𝑇 =
𝑓PM
′ (𝑟+)

4𝜋
=
1

4𝜋
[
2𝑟+
ℓ2
+
2𝑀

𝑟+
2 + 2

𝛾 (
2

1 − 2𝛾
+ 1)

2𝛾−1 𝑞2𝛾

𝑟+

2
2𝛾−1+1

]. 

𝑀 = −
1

2
𝑟+(−

𝑟+
2

𝑙2
+ 2𝛾−1

(2𝛾 − 3)2𝛾−1

(2𝛾 − 1)2𝛾−2
𝑞2𝛾

𝑟+

2
2𝛾−1

− 1)  

Φ =
𝑞

𝑟+
(3−2𝛾)/(2𝛾−1)

 ;  𝑆 = 𝜋𝑟+
2 
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𝑃 = −
1

8𝜋
Λ =

3

8𝜋ℓ2
 ;  𝑉 =

4𝜋𝑟+
3

3
 

𝑀 = 2𝑇𝑆 +
Φ𝑄

𝛾(2𝛾 − 1)
− 𝑉𝑃 

𝑑𝑀 = 𝑇𝑑𝑆 + Φ𝑑𝑄 + 𝑉𝑑𝑃 

ℐPYM =
1

2
∫  𝑑4𝑥√−𝑔[𝑅 − 2Λ − ℱ𝜉]  

ℱ = Tr (𝐹𝜆𝜎
(𝑎)
𝐹(𝑎)𝜆𝜎) ;  Tr(. ) = ∑  

3

𝑎=1

(. ) 

𝐹𝜆𝜎
(𝑎)
= 𝜕𝜆𝐴𝜎

(𝑎)
− 𝜕𝜎𝐴𝜆

(𝑎)
+
1

2𝜁
Ξ(𝑏)(𝑐)
(𝑎)

𝐴𝜆
(𝑏)
𝐴𝜎
(𝑐)

 

𝐹(𝑎) = 𝑑𝐴(𝑎) +
1

2𝜎
Ξ(𝑏)(𝑐)
(𝑎)

𝐴(𝑏) ∧ 𝐴(𝑐).  

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = −
1

2
(𝛿𝜈

𝜇
ℱ𝜉 − 4𝜉Tr [𝐹𝜈𝜆

(𝑎)
𝐹(𝑎)𝜇𝜆]ℱ𝜉−1), 

𝑑( ∗𝐹(𝑎)ℱ𝜉−1) +
1

𝜁
Ξ(𝑏)(𝑐)
(𝑎)

ℱ𝜉−1𝐴(𝑏) ∧∗ 𝐹(𝑐) = 0 

𝑓PYM(𝑟) = 1 −
2𝑀

𝑟
+
𝑟2

ℓ2
+

(2𝑄2)𝜉

2(4𝜉 − 3)𝑟4𝜉−2
.  

 

𝑀 =
1

4
𝑟ℎ (

2𝑟ℎ
2

ℓ2
+
2𝜉𝑟ℎ

2−4𝜉

4𝜉 − 3
𝑄2𝜉 + 2) 

𝑇 =
1

4𝜋
[
2𝑟ℎ
𝑙2
+
2𝑀

𝑟ℎ
2 +

2𝜉(1 − 2𝜉)𝑟ℎ
1−4𝜉

4𝜉 − 3
𝑄2𝜉]. 

Φ𝑄 =
𝜉(2𝑄2)𝜉

2(4𝜉 − 3)𝑄
𝑟ℎ
3−4𝜉

 ;  𝑆 = 𝜋𝑟ℎ
2 

𝑀 = 2𝑇𝑆 +
2𝜉 − 1

𝜉
Φ𝑄𝑄 − 2𝑉𝑃 

𝑑𝑀 = 𝑇𝑑𝑆 + Φ𝑄𝑑𝑄 + 𝑉𝑑𝑃 

ℐMPYM =
1

2
∫  𝑑4𝑥√−𝑔[(𝑅 − 2Λ) − 𝐹𝜇𝜈𝐹

𝜇𝜈 − ℱ𝜉],  

𝑓MPYM(𝑟) = 1 −
2𝑀

𝑟
+
𝑟2

ℓ2
+
𝑄𝑀
𝑟2
+

(2𝑄𝑌𝑀)
𝜉

2(4𝜉 − 3)𝑟4𝜉−2
,  
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𝑀 =
1

4𝑟ℎ
[2𝑄𝑀

2 +
2𝑟ℎ

4

ℓ2
+
2𝜉(𝑄𝑌𝑀)

2𝜉𝑟ℎ
4−4𝜉

4𝜉 − 3
+ 2𝑟ℎ

2]. 

𝑇 =
1

4𝜋
[−
2𝑄𝑀

2

𝑟ℎ
3 +

2𝑟ℎ
ℓ2
+
2𝑀

𝑟ℎ
2 +

2𝜉(1 − 2𝜉)(𝑄𝑌𝑀)
2𝜉𝑟ℎ

1−4𝜉

4𝜉 − 3
]. 

Φ𝑄𝑀 =
𝑄𝑀
𝑟ℎ
  and  Φ𝑄𝑌𝑀 =

𝜉(2𝑄2)𝜉

2(4𝜉 − 3)𝑄
𝑟ℎ
3−4𝜉

. 

𝑀 = 2𝑇𝑆 + Φ𝑄𝑀𝑄𝑀 +
2𝜉 − 1

𝜉
Φ𝑄𝑌𝑀𝑄𝑌𝑀 − 2𝑉𝑃. 

𝑑𝑀 = 𝑇𝑑𝑆 + Φ𝑄𝑀𝑑𝑄𝑀 +Φ𝑄𝑌𝑀𝑑𝑄𝑌𝑀 + 𝑉𝑑𝑃 

𝑑𝑠Perturbed 
2 = −

𝑟2

ℓ2
𝑑𝑡2 −

𝑟2

ℓ2𝑓PM(𝑟)
𝑑𝑟2. 

𝑀ext(𝒬⃗, 𝜖) =
√𝑆

2√𝜋
(1 +

𝑆(𝜖 + 1)

𝜋ℓ2
− 2𝛾−1𝜋

1
2𝛾−1

(2𝛾 − 3)2𝛾−1

(2𝛾 − 1)2𝛾−2
𝑞2𝛾

𝑆
1

2𝛾−1

) .  

 

𝑇(𝒬⃗, 𝜖) =
𝜖 + 1

8𝜋3/2ℓ2√𝑆
[
𝜋ℓ2

𝜖 + 1
(2 − 2𝛾𝜋

1
2𝛾−1

(2𝛾 − 3)2𝛾

(2𝛾 − 1)2𝛾−1
𝑞2𝛾

𝑆
1

2𝛾−1

) + 6𝑆] .  

𝜖 = −
ℓ2

2𝑆3/2
[
2𝑆3/2

ℓ2
− 2𝛾𝜋

1
2𝛾−1

+1 (2𝛾 − 3)
2𝛾−1

(2𝛾 − 1)2𝛾−2
𝑞2𝛾

𝑆
1

2𝛾−1
−
1
2

+ 2𝜋√𝑆 − 4𝑀𝜋3/2]  

−𝑇 (
𝜕𝑆

𝜕𝜖
)
𝑀,𝑄

=

𝑆2 [𝜋ℓ2 (2 − 2𝛾𝜋
1

2𝛾−1 (2𝛾 − 3)2𝛾

(2𝛾 − 1)2𝛾−1
𝑞2𝛾

𝑆2𝛾−1
) + 6𝑆(𝜖 + 1)]

8𝜋5/2ℓ4 [−3√𝜋𝑀 − 2𝛾𝜋
1

2𝛾−1 (
2

1 − 2𝛾 + 1)
2𝛾−1

𝛾
𝑞2𝛾

𝑆2𝛾−1 +
1
2

+ √𝑆]

 

−𝑇 (
𝜕𝑆

𝜕𝜖
)
𝑀,𝒬⃗

= (
𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=
𝑟+
3

2ℓ2
.  

𝜖(𝑃) = −
1

16𝑃𝑆3/2
[16𝑃𝑆3/2 − 32𝛾𝜋

1
2𝛾−1

(2𝛾 − 3)2𝛾−1

(2𝛾 − 1)2𝛾−2
𝑞2𝛾

𝑆
1

2𝛾−1
−
1
2

+ 6√𝑆 − 12𝑀√𝜋] 

−𝑉 (
𝜕𝑃

𝜕𝜖
) =

64𝑃2𝑆3

3√𝜋(−12√𝜋𝑀 − 32𝛾𝜋
1

2𝛾−1 (2𝛾 − 3)
2𝛾−1

(2𝛾 − 1)2𝛾−2
𝑞2𝛾

𝑆2𝛾−1 −
1
2

+ 6√𝑆)
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−𝑉 (
𝜕𝑃

𝜕𝜖
) = (

𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=
𝑟+
3

2ℓ2
 

𝑑𝑠Perturbed 
2 = −

𝑟2

ℓ2
𝑑𝑡2 −

𝑟2

ℓ2𝑓PYM(𝑟)
𝑑𝑟2. 

𝑀ext(𝒬⃗, 𝜖) =
1

4𝜋3/2
[
2√𝑆(𝜋𝑙2 + 𝑆𝜖 + 𝑆)

𝑙2
+
2𝜉𝜋2𝜉(𝑄2)𝜉𝑆

3
2
−2𝜉

4𝜉 − 3
] ,  

𝑇(𝒬⃗, 𝜖) =
𝑆−2𝜉−

1
2

8𝜋3/2ℓ2
[2(𝜖 + 1)(𝜋ℓ2 + 3𝑆)𝑆2𝜉 − 2𝜉𝜋2𝜉ℓ2𝑆(𝑄2)𝜉].  

𝜖 = ℓ2 (
2𝜋3/2𝑀

𝑆3/2
+
2𝜉−1𝜋2𝜉(𝑄2)𝜉𝑆−2𝜉

3 − 4𝜉
−
𝜋

𝑆
) − 1.  

−𝑇 (
𝜕𝑆

𝜕𝜖
)
𝑀,𝑄

=
(4𝜉 − 3)𝑆2(2(𝜖 + 1)(𝜋𝑙2 + 3𝑆)𝑆2𝜉 − 2𝜉𝜋2𝜉𝑙2𝑆(𝑄2)𝜉)

8𝜋3/2𝑙4 (−3𝜋3/2(4𝜉 − 3)𝑀𝑆2𝜉 + 2𝜉𝜋2𝜉𝜉𝑆3/2(𝑄2)𝜉 + 𝜋(4𝜉 − 3)𝑆2𝜉+
1
2)
.  

−𝑇 (
𝜕𝑆

𝜕𝜖
)
𝑀,𝒬⃗

= (
𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=

1

2ℓ2
(
𝑆

𝜋
)
3/2

.  

𝜖(𝑃) =
3

16𝑃
[
4√𝜋𝑀

𝑆3/2
+
2𝜉𝜋2𝜉−1(𝑄2)𝜉𝑆−2𝜉

3 − 4𝜉
−
2

𝑆
] − 1  

−𝑉 (
𝜕𝑃

𝜕𝜖
) =

64𝑃2𝑆3/2

9√𝜋
[−
4√𝜋𝑀

𝑆3/2
+
2𝜉𝜋2𝜉−1(𝑄2)𝜉𝑆−2𝜉

4𝜉 − 3
+
2

𝑆
]

−1

.  

−𝑉 (
𝜕𝑃

𝜕𝜖
) = (

𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=

1

2ℓ2
(
𝑆

𝜋
)
3/2

.  

−Φ𝑄 (
𝜕𝑄

𝜕𝜖
) = (

𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=

1

2ℓ2
(
𝑆

𝜋
)
3/2

. 

𝑑𝑠Perturbed 
2 = −

𝑟2

ℓ2
𝑑𝑡2 +

𝑟2

ℓ2𝑓MPYM(𝑟)
𝑑𝑟2 

𝑀ext(𝒬⃗, 𝜖) =
√𝑆

2√𝜋
[
1

2𝜋
𝑆 (
2(𝜖 + 1)

ℓ2
+
2𝜉𝜋2𝜉𝑆−2𝜉(𝑄YM

2 )
𝜉

4𝜉 − 3
) +

𝜋𝑄𝑀
2

𝑆
+ 1]  

𝑇(𝒬⃗, 𝜖) =
𝑆−2𝜉−

3
2 (2𝑆2𝜉(𝑆(𝜋ℓ2 + 3𝑆(𝜖 + 1)) − 𝜋2ℓ2𝑄𝑀

2 ) − 2𝜉𝜋2𝜉ℓ2𝑆2(𝑄YM
2 )

𝜉
)

8𝜋3/2ℓ2
.

 

𝜖 =
1

2
ℓ2 [

2𝜉𝜋2𝜉𝑆−2𝜉(𝑄YM
2 )

𝜉

3 − 4𝜉
−
2𝜋(𝜋𝑄𝑀

2 − 2√𝜋𝑀√𝑆 + 𝑆)

𝑆2
] − 1.  
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−𝑇 (
𝜕𝑆

𝜕𝜖
)
𝑀,𝑄

=

(𝜖 + 1)𝑆
3
2
−2𝜉 (

𝑙2 (−2𝜋𝑆2𝜉(𝜋𝑄𝑀
2 − 𝑆) − 2𝜉𝜋2𝜉𝑆2(𝑄YM

2 )
𝜉
)

𝜖 + 1
+ 6𝑆2𝜉+2)

8𝜋3/2𝑙4 (𝜋(2𝜋𝑄𝑀
2 − 3√𝜋𝑀√𝑆 + 𝑆) +

2𝜉𝜋2𝜉𝜉𝑆2−2𝜉(𝑄YM
2 )𝜉

4𝜉 − 3
)

.
 

−𝑇 (
𝜕𝑆

𝜕𝜖
)
𝑀,𝒬⃗

= (
𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=

1

2ℓ2
(
𝑆

𝜋
)
3/2

.  

𝜖(𝑃) =
3

16𝜋𝑃
[
2𝜉𝜋2𝜉(𝑄𝑌𝑀

2 )𝜉𝑆−2𝜉

3 − 4𝜉
−
2𝜋(𝜋𝑄𝑀

2 − 2√𝜋𝑀√𝑆 + 𝑆)

𝑆2
] − 1.  

−𝑉 (
𝜕𝑃

𝜕𝜖
) = −

64√𝜋𝑃2𝑆3/2

9(
2𝜉𝜋2𝜉𝑆−2𝜉(𝑄YM

2 )𝜉

3 − 4𝜉
−
2𝜋(𝜋𝑄𝑀

2 − 2√𝜋𝑀√𝑆 + 𝑆)

𝑆2
)

.
 

−𝑉 (
𝜕𝑃

𝜕𝜖
) = (

𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=

1

2ℓ2
(
𝑆

𝜋
)
3/2

.  

−Φ𝑄𝑀 (
𝜕𝑄𝑀
𝜕𝜖

) = (
𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=

1

2ℓ2
(
𝑆

𝜋
)
3/2

 

−Φ𝑄𝑌𝑀 (
𝜕𝑄𝑌𝑀
𝜕𝜖

) = (
𝜕𝑀ext
𝜕𝜖

)
𝒬⃗
=

1

2ℓ2
(
𝑆

𝜋
)
3/2

 

𝑑𝑀 = 𝑇𝑑𝑆 + 𝜇 ⋅ 𝑑𝒬⃗ 

𝐿0 −
𝑘𝑅
4
=
𝜖 + 𝑗

2
, 𝐿̃0 −

𝑘𝐿
4
=
𝜖 − 𝑗

2
.  

6𝑘 = 𝑐 =
3𝑅

2𝐺3
.  

𝑇 =
ℏ𝑐3

8𝜋𝐺𝑁𝑘𝐵𝑀
, 

𝑆 = 2𝜋√
1

2
𝑘𝑅(𝐸 + 𝐽) −

1

4
𝑄𝑅
2 + 2𝜋√

1

2
𝑘𝐿(𝐸 − 𝐽) −

1

4
𝑄𝐿
2.  

𝑇𝑑𝑆 = 𝑑𝐸 − 𝜇𝑑𝐽 − 𝜔𝐿𝑑𝑄𝐿 −𝜔𝑅𝑑𝑄𝑅  
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𝛽=
𝜕𝑆

𝜕𝐸
=
1

2√

2𝜋2𝑘𝐿

𝐸 − 𝐽 −
𝑄𝐿
2

2𝑘𝐿

+
1

2√

2𝜋2𝑘𝑅

𝐸 + 𝐽 −
𝑄𝑅
2

2𝑘𝑅

 

𝜇= −
1

𝛽

𝜕𝑆

𝜕𝐽
=

−√
𝐸 − 𝐽
𝑘𝐿

−
𝑄𝐿
2

2𝑘𝐿
2 +√

𝐸 + 𝐽
𝑘𝑅

−
𝑄𝑅
2

2𝑘𝑅
2

√
𝐸 − 𝐽
𝑘𝐿

−
𝑄𝐿
2

2𝑘𝐿
2 +√

𝐸 + 𝐽
𝑘𝑅

−
𝑄𝑅
2

2𝑘𝑅
2

 

𝜔𝑅= −
1

𝛽

𝜕𝑆

𝜕𝑄𝑅
=

√
𝐸 − 𝐽
𝑘𝐿

−
𝑄𝐿
2

2𝑘𝐿
2

√
𝐸 − 𝐽
𝑘𝐿

−
𝑄𝐿
2

2𝑘𝐿
2 +√

𝐸 + 𝐽
𝑘𝑅

−
𝑄𝑅
2

2𝑘𝑅
2

⋅
𝑄𝑅
𝑘𝑅

 

𝜔𝐿 = −
1

𝛽

𝜕𝑆

𝜕𝑄𝐿
=

√
𝐸 + 𝐽
𝑘𝑅

−
𝑄𝑅
2

2𝑘𝑅
2

√
𝐸 − 𝐽
𝑘𝐿

−
𝑄𝐿
2

2𝑘𝐿
2 +√

𝐸 + 𝐽
𝑘𝑅

−
𝑄𝑅
2

2𝑘𝑅
2

⋅
𝑄𝐿
𝑘𝐿
.(2.5)

 

𝐸𝑅 ≡ 𝐸 + 𝐽=
2𝑘𝑅

𝛽2(1 − 𝜇)2
(𝜋2 + 𝛽2𝜔𝑅

2) 

𝐸𝐿 ≡ 𝐸 − 𝐽=
2𝑘𝐿

𝛽2(1 + 𝜇)2
(𝜋2 + 𝛽2𝜔𝐿

2) 

𝑄𝑅=
2𝑘𝑅
1 − 𝜇

𝜔𝑅  

𝑄𝐿 =
2𝑘𝐿
1 + 𝜇

𝜔𝐿

 

𝑍(𝛽, 𝜇, 𝜔𝑅 , 𝜔𝐿) = Tr[𝑒
−𝛽(𝐸−𝜇𝐽−𝜔𝑅𝑄𝑅−𝜔𝐿𝑄𝐿)]  

log 𝑍= 𝑆 − 𝛽(𝐸 − 𝜇𝐽 − 𝜔𝑅𝑄𝑅 − 𝜔𝐿𝑄𝐿)  

 =
𝑘𝑅

𝛽(1 − 𝜇)
(𝜋2 + 𝛽2𝜔𝑅

2) +
𝑘𝐿

𝛽(1 + 𝜇)
(𝜋2 + 𝛽2𝜔𝐿

2).
 

𝐸 − 𝜇𝐽 − 𝜔𝑅𝑄𝑅 −𝜔𝐿𝑄𝐿= −
𝜕log 𝑍

𝜕𝛽
 

=
𝑘𝑅

𝛽2(1 − 𝜇)
(𝜋2 − 𝛽2𝜔𝑅

2) +
𝑘𝐿

𝛽2(1 + 𝜇)
(𝜋2 − 𝛽2𝜔𝐿

2)  

𝐽=
1

𝛽

𝜕log 𝑍

𝜕𝜇
 

=
𝑘𝑅

𝛽2(1 − 𝜇)2
(𝜋2 + 𝛽2𝜔𝑅

2) −
𝑘𝐿

𝛽2(1 + 𝜇)2
(𝜋2 + 𝛽2𝜔𝐿

2) 

𝑄𝐿,𝑅 =
1

𝛽

𝜕log 𝑍

𝜕𝜔𝐿,𝑅
=
2𝑘𝐿,𝑅
1 ± 𝜇

𝜔𝐿,𝑅

 



 

pág. 3519 

𝐸 − 𝐽 −
1

2𝑘𝐿
𝑄𝐿
2 ≥ 0

𝐸 + 𝐽 −
1

2𝑘𝑅
𝑄𝑅
2 ≥ 0

 

𝜖 − 𝑗 +
1

2
𝑘𝐿 ≥ 𝑞𝐿  

𝐸 − 𝐽 +
1

2
𝑘𝐿 ≥ 𝑄𝐿  

𝑄𝐿 = 𝑘𝐿  

𝐸 =
𝑘𝑅

𝛽2(1 − 𝜇)2
(𝜋2 + 𝛽2𝜔𝑅

2) +
𝑘𝐿

𝛽2(1 + 𝜇)2
(𝜋2 + 𝛽2𝜔𝐿

2),

𝐽 =
𝑘𝑅

𝛽2(1 − 𝜇)2
(𝜋2 + 𝛽2𝜔𝑅

2) −
𝑘𝐿

𝛽2(1 + 𝜇)2
(𝜋2 + 𝛽2𝜔𝐿

2),

𝑄𝐿,𝑅  =
2𝑘𝐿,𝑅
1 ± 𝜇

𝜔𝐿,𝑅

 

𝐸 + 𝐽 −
𝑄𝑅
2

2𝑘𝑅
=

2𝑘𝑅𝜋
2

𝛽2(1 − 𝜇)2
≥ 0

𝐸 − 𝐽 −
𝑄𝐿
2

2𝑘𝐿
=

2𝑘𝐿𝜋
2

𝛽2(1 + 𝜇)2
≥ 0

 

 Extremal limit: 

{
 

 
𝛽 → ∞,
𝜇 → 1  with 𝜇̃ ≡ 𝛽(𝜇 − 1) finite ,
𝜔𝑅 → 0  with 𝜔̃𝑅 ≡ 𝛽𝜔𝑅 finite ,

𝜔𝐿 finite. 

 

𝐸 =
𝑘𝑅
𝜇̃2
(𝜋2 + 𝜔̃𝑅

2) +
𝑘𝐿
4
𝜔𝐿
2,

𝐽 =
𝑘𝑅
𝜇̃2
(𝜋2 + 𝜔̃𝑅

2) −
𝑘𝐿
4
𝜔𝐿
2,

𝑄𝑅  = −
2𝑘𝑅
𝜇̃
𝜔̃𝑅 ,

𝑄𝐿  = 𝑘𝐿𝜔𝐿.

 

𝐸ext = 𝐽 +
1

2𝑘𝐿
𝑄𝐿
2  

𝑆ext= −
2𝑘𝑅𝜋

2

𝜇̃
= 2𝜋√

1

2
𝑘𝑅(𝐸ext + 𝐽) −

1

4
𝑄𝑅
2 

 = 2𝜋√𝑘𝑅𝐽 +
𝑘𝑅
4𝑘𝐿

𝑄𝐿
2 −

1

4
𝑄𝑅
2

 

𝐸 − 𝐽 − 𝑄𝐿 +
1

2
𝑘𝐿 ≥ 0 
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𝐸 − 𝐽 − 𝑄𝐿 +
1

2
𝑘𝐿 =

2𝑘𝐿𝜋
2

𝛽2(1 + 𝜇)2
+
𝑘𝐿
2
(1 −

2𝜔𝐿
1 + 𝜇

)
2

 

𝜑 ≡ 1 + 𝜇 − 2𝜔𝐿 = 0  

𝑇 = 𝛽−1 → 0  

𝜇̃ = 𝛽(𝜇 − 1), 𝜔̃𝑅 = 𝛽𝜔𝑅 , 𝜔̃𝐿 = 𝛽(𝜔𝐿 − 1)  

𝑍(𝛽, 𝜇, 𝜔𝑅 , 𝜔𝐿) = Tr[𝑒
−𝛽(𝐸−𝜇𝐽−𝜔𝑅𝑄𝑅−𝜔𝐿𝑄𝐿)]

 = 𝑒
1
2
𝛽𝑘𝐿Tr [𝑒

−𝛽(𝐸−𝐽−𝑄𝐿+
𝑘𝐿
2
)+𝜇̃𝐽+𝜔̃𝑅𝑄𝑅+𝜔̃𝐿𝑄𝐿]

 

𝐸SUSY = −
1

2
𝑘𝐿 ,  

𝑍BPS(𝛽, 𝜇̃, 𝜔̃𝑅 , 𝜔̃𝐿)= lim
𝛽→∞

 𝑒
1
2
𝛽𝑘𝐿Tr [𝑒

−𝛽(𝐸−𝐽−𝑄𝐿+
𝑘𝐿
2
)+𝜇̃𝐽+𝜔̃𝑅𝑄𝑅+𝜔̃𝐿𝑄𝐿] 

 = ( lim
𝛽→∞

 𝑒
1
2
𝛽𝑘𝐿)TrBPS[𝑒

𝜇̃𝐽+𝜔̃𝑅𝑄𝑅+𝜔̃𝐿𝑄𝐿]

 

log 𝑍BPS =
1

2
𝛽𝑘𝐿 −

𝑘𝑅
𝜇̃
(𝜋2 + 𝜔̃𝑅

2) + 𝑘𝐿 (𝜔̃𝐿 −
1

4
𝜇̃) .  

𝐸 =
𝑘𝑅
𝜇̃2
(𝜋2 + 𝜔̃𝑅

2) +
𝑘𝐿
4

𝐽 =
𝑘𝑅
𝜇̃2
(𝜋2 + 𝜔̃𝑅

2) −
𝑘𝐿
4

𝑄𝑅  = −
2𝑘𝑅
𝜇̃
𝜔̃𝑅

 

𝑄𝐿 = 𝑘𝐿  

𝑆BPS = 2𝜋√𝑘𝑅 (𝐽 +
1

4
𝑘𝐿) −

1

4
𝑄𝑅
2  

𝑇𝑑𝑆 = 𝑑𝐸 − 𝜇𝑑𝐽 − 𝜔𝑅𝑑𝑄𝑅 −𝜔𝐿𝑑𝑄𝐿  

𝑇𝑑𝑆 = −𝜖 + 𝜇𝑗 + 𝜔𝑅𝑞𝑅 +𝜔𝐿𝑞𝐿  

𝜔𝑅 ≤ 1,𝜔𝐿 ≤ 1  

0 ≥ 𝜔𝑅 −
1 − 𝜇

2
 ⇔ 𝑄𝑅 ≤ 𝑘𝑅  

0 ≥ 𝜔𝐿 −
1 + 𝜇

2
 ⇔ 𝑄𝐿 ≤ 𝑘𝐿  

𝐸 − 𝐽 +
1

2
𝑘𝐿 ≥ 𝑄𝐿 , 𝐸 + 𝐽 +

1

2
𝑘𝑅 ≥ 𝑄𝑅  
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𝑆bh = 2𝜋√
1

2
𝑘𝑅𝐸𝑅,bh −

1

4
𝑄𝑅,bh
2 + 2𝜋√

1

2
𝑘𝐿𝐸𝐿,bh −

1

4
𝑄𝐿,bh
2 .  

𝑆𝑅,bh= 2𝜋√
1

2
𝑘𝑅𝐸𝑅,bh −

1

4
𝑄𝑅,bh
2  

= 2𝜋√
1

2
𝑘𝑅(𝐸𝑅,tot − 𝐸𝑅,gp) −

1

4
(𝑄𝑅,tot − 𝐸𝑅,gp)

2
 

 = 𝜋√2𝑘𝐿 (𝐸𝑅,tot − 𝑄𝑅,tot +
𝑘𝑅
2
) − (𝑄𝑅,tot − 𝑘𝑅 − 𝐸𝑅,gp)

2

 

𝐸𝑅,gp =

{
 
 

 
 

𝑄𝑅,tot − 𝑘𝑅
0

⇒ 𝑆𝑅,bh =

{
 
 

 
 
2𝜋√

1

2
𝑘𝐿 (𝐸𝑅,tot − 𝑄𝑅,tot +

𝑘𝑅
2
) (𝑄𝑅,tot > 𝑘𝑅)

2𝜋√
1

2
𝑘𝑅𝐸𝑅,tot −

1

4
𝑄𝑅,tot
2 (𝑄𝑅,tot ≤ 𝑘𝑅)

 

𝐸=
𝜋

4𝐺5

𝑚(2(1 − 𝑎2) + 2(1 − 𝑏2) − (1 − 𝑎2)(1 − 𝑏2)) + 2𝑞𝑎𝑏((1 − 𝑎2) + (1 − 𝑏2))

(1 − 𝑎2)2(1 − 𝑏2)2
 

𝑄=
𝜋

4𝐺5

𝑞

(1 − 𝑎2)(1 − 𝑏2)
 

𝐽1=
𝜋

4𝐺5

2𝑚𝑎 + 𝑞𝑏(1 + 𝑎2𝑔2)

(1 − 𝑎2)2(1 − 𝑏2)
 

𝐽2 =
𝜋

4𝐺5

2𝑚𝑏 + 𝑞𝑎(1 + 𝑏2𝑔2)

(1 − 𝑎2)(1 − 𝑏2)2

 

2𝑚 =
(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2)(1 + 𝑔2𝑟+
2) + 𝑞2 + 2𝑎𝑏𝑞

𝑟+
2 .  

𝑆 = 2𝜋 ⋅
𝜋

4𝐺5

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞

(1 − 𝑎2)(1 − 𝑏2)𝑟+
.  

𝑇𝑑𝑆 = 𝑑𝐸 − Φ𝑑𝑄 − Ω1𝑑𝐽1 −Ω2𝑑𝐽2.  

𝑇 = (
𝜕𝑆

𝜕𝐸
)
−1

=
𝑟+
4[1 + (2𝑟+

2 + 𝑎2 + 𝑏2)] − (𝑎𝑏 + 𝑞)2

2𝜋𝑟+[(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞]
 

𝐸 − (3𝑄 + 𝐽1 + 𝐽2) ≥ 0  

𝐸∗ − 3𝑄∗ − 𝐽1
∗ − 𝐽2

∗ = 0  

𝐸 − (3𝑄 + 𝐽1 + 𝐽2) =
𝜋

4𝐺5

3 + (𝑎 + 𝑏) − 𝑎𝑏

(1 − 𝑎)(1 + 𝑎)2(1 − 𝑏)(1 + 𝑏)2
[𝑚 − 𝑞(1 + 𝑎 + 𝑏)],  

𝑞∗ =
𝑚∗

1 + 𝑎 + 𝑏
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𝑚 − 𝑞(1 + 𝑎 + 𝑏) =
𝑟+
2(𝑞 − 𝑞∗)2 + (((1 + 𝑎 + 𝑏)2 + 𝑟+

2)(𝑟+
2 − 𝑟∗2) − (1 + 𝑎 + 𝑏)(𝑞 − 𝑞∗))

2

2𝑟+
2((1 + 𝑎 + 𝑏)2 + 𝑟+

2)
 

𝑞∗ = (𝑎 + 𝑏)(1 + 𝑎)(1 + 𝑏), 𝑟∗ ≡ 𝑟+ = √𝑎 + 𝑏 + 𝑎𝑏.  

𝐸∗=
𝜋

4𝐺5

(3(𝑎 + 𝑏) − (𝑎3 + 𝑏3) − 𝑎𝑏(𝑎 + 𝑏)2)

(1 − 𝑎)2(1 − 𝑏)2
, 

𝑄∗=
𝜋

4𝐺5

𝑎 + 𝑏

(1 − 𝑎)(1 − 𝑏)
,  

𝐽1
∗=

𝜋

4𝐺5

(𝑎 + 𝑏)(2𝑎 + 𝑏 + 𝑎𝑏)

(1 − 𝑎)2(1 − 𝑏)
,  

𝐽2
∗ =

𝜋

4𝐺5

(𝑎 + 𝑏)(𝑎 + 2𝑏 + 𝑎𝑏)

(1 − 𝑎)(1 − 𝑏)2
.

 

𝑇 =
[1 + 3(𝑎 + 𝑏) + (𝑎2 + 𝑏2 + 3𝑎𝑏)](𝑟+

2 − 𝑟∗2) − (1 + 𝑎 + 𝑏)(𝑞 − 𝑞∗)

𝜋𝑟∗𝑞∗
.  

(𝑄1𝑄2𝑄3 +
𝜋

4𝐺5
𝐽1𝐽2)

=(𝑄1 + 𝑄2 + 𝑄3 +
𝜋

4𝐺5
)(𝑄1𝑄2 + 𝑄2𝑄3 + 𝑄3𝑄1 −

𝜋

4𝐺5
(𝐽1 + 𝐽2)) .

 

𝑆∗ = 2𝜋 ⋅
𝜋

4𝐺5

𝑎 + 𝑏

(1 − 𝑎)(1 − 𝑏)
√𝑎 + 𝑏 + 𝑎𝑏  

𝑆∗ = 2𝜋√𝑄1
∗𝑄2

∗ + 𝑄2
∗𝑄3

∗ + 𝑄3
∗𝑄1

∗ −
𝜋

4𝐺5
(𝐽1
∗ + 𝐽2

∗).  

𝐽1 =
𝑗 + 𝑗‾

2
, 𝐽2 =

𝑗 − 𝑗‾

2
,

𝑄1 = 𝑅2 +
𝑅1 + 𝑅3
2

, 𝑄2 =
𝑅1 + 𝑅3
2

,

 𝑄3 =
𝑅1 − 𝑅3
2

.  

𝑍(𝛽, Δ𝐼 , 𝜔𝑖) ≡ Tr[𝑒
−𝛽𝐸𝑒Δ𝐼𝑄𝐼+𝜔𝑖𝐽𝑖]  

2{𝑄, 𝑄†} = 𝐸 − (𝑄1 + 𝑄2 + 𝑄3 + 𝐽1 + 𝐽2)  

𝐸 ≥ 𝑄1 + 𝑄2 + 𝑄3 + 𝐽1 + 𝐽2  

𝐸 = 𝑄1 + 𝑄2 +𝑄3 + 𝐽1 + 𝐽2  

𝑍(𝛽, Δ𝐼 , 𝜔𝑖) = Tr[𝑒
−𝛽(𝐸−𝑄1−𝑄2−𝑄3−𝐽1−𝐽2)𝑒Δ̃𝐼𝑄𝐼+𝜔̃𝑖𝐽𝑖]  

𝑍BPS(Δ̃𝐼 , 𝜔̃𝑖)= lim
𝛽→∞

 Tr[𝑒−𝛽(𝐸−𝑄1−𝑄2−𝑄3−𝐽1−𝐽2)𝑒Δ̃𝐼𝑄𝐼+𝜔̃𝑖𝐽𝑖] 

 = TrBPS[𝑒
Δ̃𝐼𝑄𝐼+𝜔̃𝑖𝐽𝑖]

 

𝑒
Δ̃1+Δ̃2+Δ̃3−𝜔̃1−𝜔̃2

2 = −1  
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ℐ(Δ̃𝐼 , 𝜔̃𝑖)= Tr[𝑒
−𝛽(𝐸−𝑄1−𝑄2−𝑄3−𝐽1−𝐽2)𝑒Δ̃𝐼𝑄𝐼+𝜔̃𝑖𝐽𝑖]  

 = TrBPS[𝑒
Δ̃𝐼𝑄𝐼+𝜔̃𝑖𝐽𝑖],  where 𝑒

Δ̃1+Δ̃2+Δ̃3−𝜔̃1−𝜔̃2
2 = −1.

 

ℐ(Δ̃𝐼 , 𝜔̃𝑖) = Tr[(−1)
𝐹𝑒Δ̃𝐼𝑄𝐼+𝜔̃𝑖𝐽𝑖],  where 𝑒

Δ̃1+Δ̃2+Δ̃3−𝜔̃1−𝜔̃2
2 = 1  

𝐴𝜇 ∼ 𝐴𝛼𝛽̇ , (𝜇 = 1,2,3,4, 𝛼 = ±, 𝛽̇ = ±̇)

 Φ𝑖𝑗(= −Φ𝑗𝑖),Φ‾
𝑖𝑗 ∼

1

2
𝜖𝑖𝑗𝑘𝑙Φ𝑘𝑙, (𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3,4)

:Ψ𝑖𝛼 , Ψ‾ 𝛼̇
𝑖

 

𝜕+𝛼̇𝜆‾
𝛼̇ = 0 ⇔ 𝜕+[𝛼̇𝜆‾𝛽̇] = 0  

𝐽1 =
𝑗 + 𝑗‾

2
, 𝐽2 =

𝑗 − 𝑗‾

2
,

𝑄1 = 𝑅2 +
𝑅1 + 𝑅3
2

, 𝑄2 =
𝑅1 + 𝑅3
2

, 𝑄3 =
𝑅1 − 𝑅3
2

,

 

𝑥𝐵 ≡ 𝑒
Δ̃1+Δ̃2+Δ̃3−𝜔̃1−𝜔̃2

2  

1 + 𝑥𝐵 + 𝑥𝐵
2 +⋯=

1

1 − 𝑥𝐵
 

= exp [−log (1 − 𝑥𝐵)] 

= exp [∑  

∞

𝑛=1

 
𝑥𝐵
𝑛

𝑛
]  

 ≡ PE[𝑥𝐵]

 

1 − 𝑥𝐹= exp [log (1 − 𝑥𝐹)] 

= exp [−∑  

∞

𝑛=1

 
𝑥𝐹
𝑛

𝑛
]  

 ≡ PE[−𝑥𝐹]

 

ℐFock = PE [ ∑  

dark particle letters 

 𝑥𝐵 − ∑  

white particle letters 

 𝑥𝐹]  

𝑥2 = 𝑒Δ̃1 , 𝑦2 = 𝑒Δ̃2 , 𝑧2 = 𝑒Δ̃3 , 𝑝2 = 𝑒𝜔̃1 , 𝑞2 = 𝑒𝜔̃2  

ℐFock (𝑥, 𝑦, 𝑧, 𝑝, 𝑞; 𝜁𝑎) = TrFock [(−1)
𝐹𝑥2𝑄1𝑦2𝑄2𝑧2𝑄3𝑝2𝐽1𝑞2𝐽2∏ 

𝑎

  𝑒𝑖𝛼𝑎𝜁𝑎]  

ℐFock (𝑥, 𝑦, 𝑧, 𝑝, 𝑞; 𝜁𝑎) = PE[𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) ⋅ 𝜒
adj. (𝛼𝑎)]  

𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞)=
𝑥2 + 𝑦2 + 𝑧2 − 𝑥𝑦𝑧𝑝𝑞 (

1
𝑥2
+
1
𝑦2
+
1
𝑧2
+
1
𝑝2
+
1
𝑞2
− 1) + 𝑝2𝑞2

(1 − 𝑝2)(1 − 𝑞2)
 

 = 1 −
(1 − 𝑥2)(1 − 𝑦2)(1 − 𝑧2)

(1 − 𝑝2)(1 − 𝑞2)
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𝜒𝑎𝑑𝑗 ⋅ (𝛼𝑎) = ∑  

𝑁

𝑎,𝑏=1

  𝑒𝑖(𝛼𝑎−𝛼𝑏)  

ℐ(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) = ∮𝑑𝜇[𝛼𝑎]ℐFock (𝑥, 𝑦, 𝑧, 𝑝, 𝑞; 𝛼𝑎)  

∮𝑑𝜇[𝛼𝑎] =
1

𝑁!
⋅ ∫  

2𝜋

0

 ∏  

𝑁

𝑎=1

 
𝑑𝛼𝑎
2𝜋

⋅ ∏  

𝑁

𝑎,𝑏=1

  (1 − 𝑒𝑖(𝛼𝑎−𝛼𝑏))  

 =
1

𝑁!
⋅ ∫  

2𝜋

0

 ∏  

𝑁

𝑎=1

 
𝑑𝛼𝑎
2𝜋

⋅ PE [− ∑  

𝑁

𝑎,𝑏=1

 𝑒𝑖(𝛼𝑎−𝛼𝑏)]

 

ℐ(𝑥, 𝑦, 𝑧, 𝑝, 𝑞)  =
1

𝑁!
∫  
2𝜋

0

 ∏  

𝑁

𝑎=1

 
𝑑𝛼𝑎
2𝜋

⋅ PE [−(1 − 𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞)) ⋅ ∑  

𝑁

𝑎,𝑏=1

 𝑒𝑖(𝛼𝑎−𝛼𝑏)]

 =
1

𝑁!
∫  
2𝜋

0

 ∏  

𝑁

𝑎=1

 
𝑑𝛼𝑎
2𝜋

⋅ exp [−∑  

∞

𝑛=1

  ∑  

𝑁

𝑎,𝑏=1

 
1

𝑛
(1 − 𝑓(𝑥𝑛, 𝑦𝑛, 𝑧𝑛, 𝑝𝑛, 𝑞𝑛)) ⋅ 𝑒𝑖𝑛(𝛼𝑎−𝛼𝑏)]

 

∫  
2𝜋

0

𝑑𝜃𝜌(𝛼) = 1 

ℐ(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) =
1

𝑁!
∫  [𝑑𝜌]𝑒−𝑆[𝜌(𝛼)],  

𝑆[𝜌(𝛼)]= 𝑁2∑  

∞

𝑛=1

 ∫  
2𝜋

0

 𝑑𝛼1𝑑𝛼2𝜌(𝛼1)𝜌(𝛼2)𝑒
𝑖𝑛(𝛼1−𝛼2) ⋅

1

𝑛
(1 − 𝑓(𝑥𝑛, 𝑦𝑛, 𝑧𝑛 , 𝑝𝑛, 𝑞𝑛)) 

 = 𝑁2∑  

∞

𝑛=1

 
1

𝑛
(1 − 𝑓(𝑥𝑛, 𝑦𝑛, 𝑧𝑛, 𝑝𝑛, 𝑞𝑛)) ⋅ |𝜌𝑛|

2

 

𝜌𝑛 ≡ ∫  
2𝜋

0

 𝑑𝛼𝜌(𝛼)𝑒𝑖𝑛𝛼  

1 − 𝑓(𝑥𝑛, 𝑦𝑛, 𝑧𝑛, 𝑝𝑛, 𝑞𝑛) =
(1 − 𝑥2𝑛)(1 − 𝑦2𝑛)(1 − 𝑧2𝑛)

(1 − 𝑝2𝑛)(1 − 𝑞2𝑛)
> 0,  

ℐ(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) = 𝑒𝒪(𝑁
0)  

𝜋

4𝐺5
=
𝑁2

2
 

𝑒
Δ‾ 1+Δ‾ 2+Δ‾ 3−𝜔‾ 1−𝜔‾ 2

2 = −1 

ℐ(𝑥) = Tr[(−1)𝐹𝑥2𝑄1+2𝑄2+2𝑄3+3𝐽1+3𝐽2] ≡ Tr[(−1)𝐹𝑥𝒥]  

𝒥 ≡ 2𝑄1 + 2𝑄2 + 2𝑄3 + 3𝐽1 + 3𝐽2  

𝑥2 = 𝑒Δ1 = 𝑒Δ2 = 𝑒Δ3 
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𝑥3 = 𝑒𝜔1 = 𝑒𝜔2 

𝑒
Δ‾ 1+Δ‾ 2+Δ‾ 3−𝜔̃1−𝜔̃2

2 = 1 

ℐ(𝑥) = exp [−∑  

∞

𝑛=1

 
1

𝑛
(1 − 𝑓(𝑥𝑛))], 

𝑓(𝑥)=
3𝑥2 − 2𝑥3 − 3𝑥4 + 2𝑥6

(1 − 𝑥3)2
 

 = 1 −
(1 − 𝑥2)3

(1 − 𝑥3)2

 

ℐ(𝑥) =∑  

∞

𝑗=0

 Ω𝒥𝑥
𝒥  

 

 

 

 

Ω𝒥𝑥
𝒥 + Ω𝒥+1𝑥

𝒥+1 + Ω𝒥+2𝑥
𝒥+2 
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Ω𝒥𝑥
𝒥 + Ω𝒥+1𝑥

𝒥+1 + Ω𝒥+2𝑥
𝒥+2 

Ω𝒥𝑥
𝒥 + Ω𝒥+1𝑥

𝒥+1 +Ω𝒥+2𝑥
𝒥+2,  where  𝑥 = 0.95 ⋅ exp (

2𝜋𝑖

3
) ,  

𝑥 = 0.95 ⋅ exp 𝑖 (
2𝜋

3
+ 0.0313458) .  

 

Ω𝒥𝑥
𝒥 + Ω𝒥+1𝑥

𝒥+1 + Ω𝒥+2𝑥
𝒥+2 where 𝑥 = 0.95 ⋅ 𝑒

𝑖(
2𝜋

3
+0.0313458)

 

ℐ (0.95 ⋅ 𝑒
𝑖(
2𝜋
3
+0.0313458)

) = 1.33 × 1047  

ℐ(0.95) = 2.1 × 1031.  

log ℐ =
8(5𝑎 − 3𝑐)

27𝜔2
(−𝜋𝑖 + 𝜔)3 +

8𝜋2(𝑎 − 𝑐)

3𝜔2
(−𝜋𝑖 + 𝜔),  

Re𝜔 = √3 ⋅ Im𝜔 ↔ −log |𝑥| = √3 ⋅ (arg (𝑥) −
2𝜋

3
)  

Re(log ℐ) =
2𝜋2(3𝑐 − 2𝑎)

9√3(Im𝜔)2
 

𝑍(𝛽, 𝜇, 𝜔𝑅 , 𝜔𝐿)= Tr[𝑒
−𝛽(𝐸−𝜇𝐽−𝜔𝑅𝑄𝑅−𝜔𝐿𝑄𝐿)]  

 = 𝑒
1
2
𝛽𝑘𝐿Tr [𝑒

−𝛽(𝐸−𝐽−𝑄𝐿+
𝑘𝐿
2
)+𝜇̃𝐽+𝜔̃𝑅𝑄𝑅+𝜔̃𝐿𝑄𝐿]

 

𝑍BPS(𝛽, 𝜇̃, 𝜔̃𝑅 , 𝜔̃𝐿) = ( lim
𝛽→∞

 𝑒
1
2
𝛽𝑘𝐿)TrBPS[𝑒

𝜇̃𝐽+𝜔̃𝑅𝑄𝑅+𝜔̃𝐿𝑄𝐿]  
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𝜇̃ − 2𝜔̃𝐿 = 2𝜋𝑖  

ℐ≡ 𝑒𝛽𝐸SUSY𝑍|
𝜔̃𝐿=

𝜇̃
2
−𝑖𝜋

 = TrBPS[𝑒
𝜇̃𝐽+𝜔̃𝑅𝑄𝑅+𝜔̃𝐿𝑄𝐿]|

𝜔̃𝐿=
𝜇̃
2
−𝑖𝜋
,

 

𝑒−𝛽𝐸SUSY |
𝛽→∞

 

log ℐ= −
𝑘𝐿
2
𝛽 +

𝑘𝑅
𝛽(1 − 𝜇)

(𝜋2 + 𝛽2𝜔𝑅
2) +

𝑘𝐿
𝛽(1 + 𝜇)

(𝜋2 + 𝛽2𝜔𝐿
2) 

= −
𝑘𝐿
2
𝛽 −

𝑘𝑅
𝜇̃
(𝜋2 + 𝜔̃𝑅

2) +
𝑘𝐿

𝜇̃ + 2𝛽
(𝜋2 + (𝜔̃𝐿 + 𝛽)

2)  

= −
𝑘𝑅
𝜇̃
(𝜋2 + 𝜔̃𝑅

2) +
𝑘𝐿
4
(𝜇̃ − 4𝜋𝑖)  

 = −
𝑘𝑅
𝜇̃
(𝜋2 + 𝜔̃𝑅

2) +
𝑘𝐿
𝜇̃
(𝜋2 + 𝜔̃𝐿

2)

 

log ℐ = 𝑘
𝜔̃1𝜔̃2
𝜇̃

,  

𝜔̃𝐿,𝑅 =
1

2
(𝜔̃1 ± 𝜔̃2) 

𝑆(𝜇̃, 𝜔̃𝑅 , 𝜔̃𝐿) ≡ log ℐ − 𝜔̃𝐿𝑄𝐿 − 𝜔̃𝑅𝑄𝑅 − 𝜇̃𝐽,  

𝑆= 𝑆(𝜇̃, 𝜔̃𝑅 , 𝜔̃𝐿) − Λ(𝜇̃ − 2𝜔̃𝐿 − 2𝜋𝑖)  

 =
𝑘𝐿(𝜔̃𝐿

2 + 𝜋2) − 𝑘𝑅(𝜔̃𝑅
2 + 𝜋2)

𝜇̃
− 𝜔̃𝐿𝑄𝐿 − 𝜔̃𝑅𝑄𝑅 − 𝜇̃𝐽 − Λ(𝜇̃ − 2𝜔̃𝐿 − 2𝜋𝑖)

 

0 = (𝜔̃𝐿𝜕𝜔̃𝐿 + 𝜔̃𝑅𝜕𝜔̃𝑅 + 𝜇̃𝜕𝜇̃)𝑆 = 𝑆 − 2𝜋𝑖Λ +
2𝜋2(𝑘𝑅 − 𝑘𝐿)

𝜇̃
,  

𝑆 = 2𝜋𝑖Λ −
2𝜋2(𝑘𝑅 − 𝑘𝐿)

𝜇̃
.  

𝜕𝜔̃𝐿𝑆 = 𝑘𝐿
2𝜔̃𝐿
𝜇̃
+ (2Λ − 𝑄𝐿) = 0,

𝜕𝜔̃𝑅𝑆 = −𝑘𝑅
2𝜔̃𝑅
𝜇̃
− 𝑄𝑅 = 0,

𝜕𝜇̃𝑆 = −
𝑘𝐿(𝜔̃𝐿

2 + 𝜋2) − 𝑘𝑅(𝜔̃𝑅
2 + 𝜋2)

𝜇̃2
− (Λ + 𝐽) = 0.

 

𝑘𝐿
𝜇̃ − 2𝜋𝑖

𝜇̃
= 𝑄𝐿 − 2Λ ⇒

𝜋𝑖𝑘𝐿
𝜇̃

= Λ −
1

2
(𝑄𝐿 − 𝑘𝐿).  

𝑆 = 2𝜋𝑖 [Λ +
𝑖𝜋

𝜇̃
(𝑘𝑅 − 𝑘𝐿)] = 2𝜋𝑖 [

𝑘𝑅
𝑘𝐿
Λ −

1

2𝑘𝐿
(𝑘𝑅 − 𝑘𝐿)(𝐽𝐿 − 𝑘𝐿)] ≡ 2𝜋𝑖Λeff  

Λeff =
𝑘𝑅
𝑘𝐿
Λ −

1

2𝑘𝐿
(𝑘𝑅 − 𝑘𝐿)(𝑄𝐿 − 𝑘𝐿).  
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−
1

𝑘𝐿
(Λ −

1

2
𝑄𝐿)

2

+
1

4𝑘𝑅
𝑄𝑅
2 − (Λ + 𝐽) −

1

𝑘𝐿
2
(𝑘𝑅 − 𝑘𝐿) (Λ −

1

2
(𝑄𝐿 − 𝑘𝐿))

2

= 0,  

Λeff
2 − (𝑄𝐿 − 𝑘𝐿)Λeff +

1

4
(𝑄𝐿 − 𝑘𝐿)

2 + 𝑘𝑅 (𝐽 +
𝑄𝐿
2
−
𝑘𝐿
4
) −

1

4
𝑄𝑅
2 = 0.  

𝑆 = 2𝜋𝑖Λeff = 2𝜋√𝑘𝑅 (𝐽 +
𝑄𝐿
2
−
𝑘𝐿
4
) −

𝑄𝑅
2

4
+ 𝜋𝑖(𝑄𝐿 − 𝑘𝐿).  

𝑄𝐿 = 𝑘𝐿 ,  

𝑆BPS = 2𝜋√𝑘𝑅 (𝐽 +
1

4
𝑘𝐿) −

1

4
𝑄𝑅
2,  

ℐ(Δ̃𝐼 , 𝜔̃𝑖)  = Tr[𝑒−𝛽(𝐸−𝑄1−𝑄2−𝑄3−𝐽1−𝐽2)𝑒Δ̃𝐼𝑄𝐼+𝜔̃𝑖𝐽𝑖]

 = TrBPS[𝑒
Δ̃𝐼𝑄𝐼+𝜔̃𝑖𝐽𝑖](3.61)

 

Δ̃𝐼 ≡ Δ𝐼 − 𝛽 ⊗ 𝜔̃𝑖 ≡ 𝜔𝑖 − 𝛽∭𝑒
Δ̃1+Δ̃2+Δ̃3−𝜔̃1−𝜔̃2

2 = −1 

Δ̃1 + Δ̃2 + Δ̃3 − 𝜔̃1 − 𝜔̃2 = 2𝜋𝑖  

log ℐ = −
𝑁2

2

Δ̃1Δ̃2Δ̃3
𝜔̃1𝜔̃2

 

𝑆(Δ̃𝐼 , 𝜔̃𝑖) ≡ log ℐ −∑  

𝐼

  Δ̃𝐼𝑄𝐼 −∑ 

𝑖

  𝜔̃𝑖𝐽𝑖  

𝑆= 𝑆(Δ̃𝐼 , 𝜔̃𝑖) − Λ(∑ 

𝐼

  Δ̃𝐼 −∑ 

𝑖

  𝜔̃𝑖 − 2𝜋𝑖)  

 = −
𝑁2

2

Δ̃1Δ̃2Δ̃3
𝜔̃1𝜔̃2

−∑ 

𝐼

  Δ̃𝐼𝑄𝐼 −∑ 

𝑖

  𝜔̃𝑖𝐽𝑖 − Λ(∑ 

𝐼

  Δ̃𝐼 −∑ 

𝑖

  𝜔̃𝑖 − 2𝜋𝑖)

 

0 = (∑  

𝐼

  Δ̃𝐼𝜕Δ̃𝐼 +∑ 

𝑖

  𝜔̃𝑖𝜕𝜔̃𝑖)𝑆 = 𝑆 − 2𝜋𝑖Λ  

𝑆 = 2𝜋𝑖Λ  

−Δ̃𝐼𝜕Δ̃𝐼𝑆=
𝑁2

2

Δ̃1Δ̃2Δ̃3
𝜔̃1𝜔̃2

+ Δ̃𝐼(𝑄𝐼 + Λ) = 0  

𝜔̃𝑖𝜕𝜔̃𝑖𝑆 =
𝑁2

2

Δ̃1Δ̃2Δ̃3
𝜔̃1𝜔̃2

+ 𝜔̃𝑖(−𝐽𝑖 + Λ) = 0
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Δ̃𝐼= −
1

𝑄𝐼 + Λ
⋅
𝑁2

2

Δ̃1Δ̃2Δ̃3
𝜔̃1𝜔̃2

 

𝜔̃𝑖 = −
1

−𝐽𝑖 + Λ
⋅
𝑁2

2

Δ̃1Δ̃2Δ̃3
𝜔̃1𝜔̃2

 

𝑁2

2

Δ̃1Δ̃2Δ̃3
𝜔̃1𝜔̃2

=
𝑁2

2
⋅ (−

𝑁2

2

Δ̃1Δ̃2Δ̃3
𝜔̃1𝜔̃2

)

3−2

⋅
(−𝐽1 + Λ)(−𝐽2 + Λ)

(𝑄1 + Λ)(𝑄2 + Λ)(𝑄3 + Λ)
 

⇒  0 = (𝑄1 + Λ)(𝑄2 + Λ)(𝑄3 + Λ) +
𝑁2

2
(−𝐽1 + Λ)(−𝐽2 + Λ)

 

Λ3 + (𝑄1𝑄2 +𝑄2𝑄3 + 𝑄3𝑄1 −
𝑁2

2
(𝐽1 + 𝐽2))Λ = 0

(𝑄1 + 𝑄2 + 𝑄3 +
𝑁2

2
)Λ2 + (𝑄1𝑄2𝑄3 +

𝑁2

2
𝐽1𝐽2)  = 0

 

𝑄1𝑄2𝑄3 +
𝑁2

2
𝐽1𝐽2

=(𝑄1𝑄2 + 𝑄2𝑄3 + 𝑄3𝑄1 −
𝑁2

2
(𝐽1 + 𝐽2))(𝑄1 + 𝑄2 + 𝑄3 +

𝑁2

2
) ,

 

𝑆 = 2𝜋√𝑄1𝑄2 +𝑄2𝑄3 + 𝑄3𝑄1 −
𝑁2

2
(𝐽1 + 𝐽2)  

𝑁2 =
𝜋

2𝐺5
 

𝐸 ≥ 𝐽 + 𝑄𝐿 −
𝑘𝐿
2

 

𝐸 ≥ 𝐽 −
𝑄𝐿
2

2𝑘𝐿
,  

𝑄𝐿 = 𝑘𝐿  

chℎ,𝑞𝐿(𝑞, 𝑦) = 𝑞
ℎ𝐹𝑁𝑆 ∑  

∞

𝑚=−∞

(𝑦2(𝑘𝐿+1)𝑚+𝑞𝐿+1 − 𝑦−2(𝑘𝐿+1)𝑚−𝑞𝐿−1)
𝑞(𝑘𝐿+1)𝑚

2+(𝑞𝐿+1)𝑚

𝑦 − 𝑦−1
 

𝜒𝑞𝐿(𝑞, 𝑦) = 𝑞
𝑞𝐿
2 𝐹𝑁𝑆 ∑  

∞

𝑚=−∞
(

 
𝑦2(𝑘𝐿+1)𝑚+𝑞𝐿+1

(1 + 𝑦𝑞𝑚+
1
2)
2 −

𝑦−2(𝑘𝐿+1)𝑚−𝑞𝐿−1

(1 + 𝑦−1𝑞𝑚+
1
2)
2

)

 
𝑞(𝑘𝐿+1)𝑚

2+(𝑞𝐿+1)𝑚

𝑦 − 𝑦−1
 

 

𝐹𝑁𝑆 =∏ 

𝑛≥1

 
(1 + 𝑦𝑞𝑛−

1
2)
2

(1 + 𝑦−1𝑞𝑛−
1
2)
2

(1 − 𝑦2𝑞𝑛)(1 − 𝑞𝑛)2(1 − 𝑦−2𝑞𝑛)
,  
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𝜒𝑞𝐿(𝑞, 𝑦)= 𝜒𝑞𝐿(𝑞, 𝑞
−1𝑦−1) ⋅ 𝑞𝑘𝐿𝑦2𝑘𝐿  

chℎ,𝑞𝐿(𝑞, 𝑦) = chℎ,𝑞𝐿(𝑞, 𝑞
−1𝑦−1) ⋅ 𝑞𝑘𝐿𝑦2𝑘𝐿 .

 

𝑞ℎ(𝑞−1𝑦−1)𝑞𝐿 ⋅ 𝑞𝑘𝑦2𝑘𝐿 = 𝑞ℎ+𝑘𝐿−𝑞𝐿𝑦2𝑘𝐿−𝑞𝐿 .  

ℎ −
1

2
𝑞𝐿 = (ℎ + 𝑘𝐿 − 𝑞𝐿) −

1

2
(2𝑘𝐿 − 𝑞𝐿).  

⟨𝑄𝐿⟩ = 𝑦
𝜕log 𝑍

𝜕𝑦
|
𝑦=𝑞

−
1
2

= 𝑘𝐿 ,  

𝜒ℎ,𝑞𝐿−1(𝑞, 𝑦) + 2𝜒ℎ,𝑞𝐿(𝑞, 𝑦) + 𝜒ℎ,𝑞𝐿+1(𝑞, 𝑦) = chℎ,𝑞𝐿(𝑞, 𝑦)|ℎ=1
2
𝑞𝐿

 

BPS: {𝑄, 𝑄†} = 𝐸 −∑  

𝑖

  𝐽𝑖 −∑ 

𝐼

 𝑄𝐼 = 0  

𝑍≡ TrBPS [𝑒
−𝛽{𝑄,𝑄†}𝑒∑  𝑖  𝜔𝑖𝐽𝑖+∑  𝐼  Δ𝐼𝑄𝐼] 

 = TrBPS[𝑒
∑  𝑖  𝜔𝑖𝐽𝑖+∑  𝐼  Δ𝐼𝑄𝐼]

 

1 + 𝑥𝐵 + 𝑥𝐵
2 +⋯ =

1

1 − 𝑥𝐵
 

𝑍 =
∏  
𝑁𝐹
𝑗=1   (1 + 𝑥𝐹,𝑗)

∏  
𝑁𝐵
𝑖=1  (1 − 𝑥𝐵,𝑖)

.  

𝑍 = 𝑒𝑍sp = exp (∑  

𝑁𝐵

𝑖=1

 𝑥𝐵,𝑖 +∑ 

𝑁𝐹

𝑗=1

 𝑥𝐹,𝑗) .  

𝑄𝐽=
TrBPS[𝑄𝐽 ⋅ 𝑒

∑  𝑖  𝜔𝑖𝐽𝑖+∑  𝐼  Δ𝐼𝑄𝐼]

TrBPS[𝑒
∑  𝑖  𝜔𝑖𝐽𝑖+∑  𝐼  Δ𝐼𝑄𝐼]

=
𝜕

𝜕Δ𝐽
log 𝑍, 

𝐽𝑗 =
TrBPS[𝐽𝑗 ⋅ 𝑒

∑  𝑖  𝜔𝑖𝐽𝑖+∑  𝐼  Δ𝐼𝑄𝐼]

TrBPS[𝑒
∑  𝑖  𝜔𝑖𝐽𝑖+∑  𝐼  Δ𝐼𝑄𝐼]

=
𝜕

𝜕𝜔𝑗
log 𝑍.

 

𝐸 ≥ 𝐽1 + 𝐽2 + 𝑄1 + 𝑄2 + 𝑄3  

(𝑄1𝑄2𝑄3 +
𝑁2

2
𝐽1𝐽2)

=(𝑄1 + 𝑄2 +𝑄3 +
𝑁2

2
)(𝑄1𝑄2 +𝑄2𝑄3 + 𝑄3𝑄1 −

𝑁2

2
(𝐽1 + 𝐽2)) .

 

1

2
𝑁2 =

𝜋ℓ5
3

4𝐺5
 

(𝑄3 +
𝑁2

2
𝐽2) − (3𝑄 +

𝑁2

2
) (3𝑄2 −𝑁2𝐽) = 0  
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[𝑗; 𝑗‾]𝐸
[𝑅1,𝑅2,𝑅3] 

𝐽1 =
𝑗 + 𝑗‾

2
, 𝐽2 =

𝑗 − 𝑗‾

2
,

𝑄1 = 𝑅2 +
𝑅1 + 𝑅3
2

, 𝑄2 =
𝑅1 + 𝑅3
2

, 𝑄3 =
𝑅1 − 𝑅3
2

 

2{𝑄, 𝑄†}= 𝐸 − (𝑗 +
3

2
𝑅1 + 𝑅2 +

1

2
𝑅3)  

 = 𝐸 − (𝑄1 +𝑄2 + 𝑄3 + 𝐽1 + 𝐽2) ≥ 0
 

𝑒𝜔1 = 𝑝2, 𝑒𝜔2 = 𝑞2, 𝑒Δ1 = 𝑥2, 𝑒Δ2 = 𝑦2, 𝑒Δ3 = 𝑧2  

𝑍sp ≡ TrBPS[𝑝
2𝐽1𝑞2𝐽2𝑥2𝑄1𝑦2𝑄2𝑧2𝑄3]  

𝑥2 + 𝑦2 + 𝑧2 + 𝑥𝑦𝑧𝑝𝑞 (
1

𝑥2
+
1

𝑦2
+
1

𝑧2
+
1

𝑝2
+
1

𝑞2
− 1) + 𝑝2𝑞2.  

𝑍sp =
𝑥2 + 𝑦2 + 𝑧2 + 𝑥𝑦𝑧𝑝𝑞 (

1
𝑥2
+
1
𝑦2
+
1
𝑧2
+
1
𝑝2
+
1
𝑞2
− 1) + 𝑝2𝑞2

(1 − 𝑝2)(1 − 𝑞2)
 

𝑍 ≡ exp [𝑍sp]  

2𝑄1 = 𝑥
𝜕

𝜕𝑥
log 𝑍, 2𝐽1 = 𝑝

𝜕

𝜕𝑝
log 𝑍  

𝑄1  =
2𝑥2 + 𝑥𝑦𝑧𝑝𝑞 (−

1
𝑥2
+
1
𝑦2
+
1
𝑧2
+
1
𝑝2
+
1
𝑞2
− 1)

2(1 − 𝑝2)(1 − 𝑞2)

𝐽1  =
2𝑝2(𝑞2 + 𝑥2 + 𝑦2 + 𝑧2) + 𝑥𝑦𝑧𝑝𝑞(1 + 𝑝2) (

1
𝑥2
+
1
𝑦2
+
1
𝑧2
−
1
𝑝2
+
1
𝑞2
− 1) + 4𝑥𝑦𝑧𝑝𝑞

2(1 − 𝑝2)2(1 − 𝑞2)

 

( 𝐸, 𝐽1, 𝐽2, 𝑄1, 𝑄2, 𝑄3 ) = ( 
1

2
, −

1

2
, −

1

2
,
1

2
,
1

2
,
1

2
 ) 

𝑥𝑦𝑧

𝑝𝑞
= 1,  

(𝑄1𝑄2𝑄3 + 𝐽1𝐽2) − (𝑄1 +𝑄2 + 𝑄3 + 1)(𝑄1𝑄2 + 𝑄2𝑄3 + 𝑄3𝑄1 − 𝐽1 − 𝐽2) = 0  

1

2
𝑁2 = 1 ↔ 

𝜋ℓ5
3

4𝐺5
= 1  

𝑄=
2𝑥2 + 2𝑥3 + 𝑥𝑝2 − 𝑥3𝑝2

2(1 − 𝑝2)2
 

𝐽 =
3𝑥(1 + 𝑥)2𝑝2 + (2 + 3𝑥 − 𝑥3)𝑝4

2(1 − 𝑝2)3

 

𝐸 ≥ 𝐽 +
1

2
(𝑄1 + 𝑄2 +𝑄3 + 𝑄4)  
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(ℚ3)
2 − (ℚ1)(ℚ2)(ℚ3) + (ℚ1)

2(ℚ4) = 0,  

(ℚ1)≡ 𝑄1 +𝑄2 + 𝑄3 + 𝑄4  

(ℚ2)≡ 𝑄1𝑄2 + 𝑄1𝑄3 + 𝑄1𝑄4 + 𝑄2𝑄3 + 𝑄2𝑄4 + 𝑄3𝑄4 +
2𝑁3

9
 

(ℚ3)≡ 𝑄1𝑄2𝑄3 + 𝑄1𝑄2𝑄4 + 𝑄1𝑄3𝑄4 + 𝑄2𝑄3𝑄4 −
4𝑁3

9
𝐽  

(ℚ4) ≡ 𝑄1𝑄2𝑄3𝑄4 +
2𝑁3

9
𝐽2.

 

𝑁
3
2 =

3

2√2𝐺4
, 

𝑄1𝑄2(𝑄1 + 𝑄2)
2 − (𝑄1 +𝑄2) ⋅

2𝑁3

9
𝐽 −

2𝑁3

9
𝐽2 = 0.  

4𝑄4 − 2𝑄 ⋅
2𝑁3

9
𝐽 −

2𝑁3

9
𝐽2 = 0.  

[𝑗]𝐸
[𝑅1,𝑅2,𝑅3,𝑅4] 

𝐽 =
𝑗

2

𝑄1 = 𝑅3 + 𝑅2 +
𝑅1 + 𝑅4
2

, 𝑄2 = 𝑅2 +
𝑅1 + 𝑅4
2

, 𝑄3 =
𝑅1 + 𝑅4
2

, 𝑄4 =
𝑅1 − 𝑅4
2

.

 

𝐸≥
1

2
𝑗 + 𝑅1 + 𝑅2 +

1

2
𝑅3 +

1

2
𝑅4 

 = 𝐽 +
1

2
(𝑄1 + 𝑄2 + 𝑄3 + 𝑄4)

 

𝑍sp≡ TrBPS[𝑝
2𝐽𝑥2𝑄1𝑦2𝑄2𝑧2𝑄3𝑤2𝑄4]  

 =
𝑥2 + 𝑦2 + 𝑧2 +𝑤2 + 𝑝𝑥𝑦𝑧𝑤 (

1
𝑥2
+
1
𝑦2
+
1
𝑧2
+
1
𝑤2
)

1 − 𝑝2

 

𝑄1  =
𝑝𝑥𝑦𝑧𝑤 (

1
𝑥2
+
1
𝑦2
+
1
𝑧2
+
1
𝑤2
) + 2𝑥2 −

2𝑝𝑥𝑦𝑧𝑤
𝑥2

2(1 − 𝑝2)

𝐽 =
𝑝𝑥𝑦𝑧𝑤 (

1
𝑥2
+
1
𝑦2
+
1
𝑧2
+
1
𝑤2
)

2(1 − 𝑝2)
+

𝑝2 (𝑥2 + 𝑦2 + 𝑧2 +𝑤2 + 𝑝𝑥𝑦𝑧𝑤 (
1
𝑥2
+
1
𝑦2
+
1
𝑧2
+
1
𝑤2
))

(1 − 𝑝2)2

 

𝑥𝑦𝑧𝑤

𝑝
= 1  

(ℚ3)9
2

2 − (ℚ1)9
2

(ℚ2)9
2

(ℚ3)9
2
+ (ℚ1)9

2

2(ℚ4)9
2
= 0  
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(ℚ1)9
2
≡ 𝑄1 + 𝑄2 + 𝑄3 + 𝑄4  

(ℚ2)9
2
≡ 𝑄1𝑄2 + 𝑄1𝑄3 + 𝑄1𝑄4 + 𝑄2𝑄3 +𝑄2𝑄4 + 𝑄3𝑄4 + 1 

(ℚ3)9
2
≡ 𝑄1𝑄2𝑄3 + 𝑄1𝑄2𝑄4 + 𝑄1𝑄3𝑄4 + 𝑄2𝑄3𝑄4 − 2𝐽  

(ℚ4)9
2
 ≡ 𝑄1𝑄2𝑄3𝑄4 + 𝐽

2

 

√2

3
𝑁
3
2 = 1 ↔  𝐺4 =

1

2
 

𝑄1 = 𝑄3=
𝑥2

1 − 𝑝
 

𝑄2 = 𝑄4=
𝑦2

1 − 𝑝
 

𝐽 =
𝑝(𝑥2 + 𝑦2)

(1 − 𝑝)2

 

𝑄1𝑄2(𝑄1 + 𝑄2)
2 − (𝑄1 + 𝑄2)𝐽 − 𝐽

2 = 0.  

𝑄 ≡ 𝑄1,2,3,4=
𝑥2

1 − 𝑝
 

𝐽 =
2𝑝𝑥2

(1 − 𝑝)2

 

4𝑄4 − 2𝑄𝐽 − 𝐽2 = 0  

𝐸 ≥ 𝐽1 + 𝐽2 + 𝐽3 + 𝑄1 + 𝑄2  

1

2
(𝑄1

2 + 𝑄2
2 + 4𝑄1𝑄2) +

𝑁3

3
(𝐽1 + 𝐽2 + 𝐽3) −

𝑄1𝑄2(𝑄1 + 𝑄2) −
𝑁3

3
(𝐽1𝐽2 + 𝐽2𝐽3 + 𝐽3𝐽1)

𝑄1 + 𝑄2 −
𝑁3

3

=√(
1

2
(𝑄1

2 + 𝑄2
2 + 4𝑄1𝑄2) +

𝑁3

3
(𝐽1 + 𝐽2 + 𝐽3))

2

− (𝑄1
2𝑄2

2 +
2𝑁3

3
𝐽1𝐽2𝐽3)

 

𝑁3 =
3𝜋2

16𝐺7
 

(𝑄4 +
2𝑁3

3
𝐽3)(𝑄 −

𝑁3

6
)

2

=2(3𝑄2 +𝑁3𝐽) (𝑄3 −
𝑁3

2
𝐽2)(𝑄 −

𝑁3

6
) − (𝑄3 −

𝑁3

2
𝐽2)

2

.
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𝐸≥ 𝑗1 +
1

2
𝑗2 +

3

2
𝑗3 + 2𝑅1 + 2𝑅2 

 = 𝐽1 + 𝐽2 + 𝐽3 + 2𝑄1 + 2𝑄2

 

𝑍sp≡ TrBPS[𝑝
2𝐽1𝑞2𝐽2𝑟2𝐽3𝑥2𝑄1𝑦2𝑄2]  

 =
𝑥2 + 𝑦2 + 𝑥𝑦𝑝𝑞𝑟 (

1
𝑝2
+
1
𝑞2
+
1
𝑟2
− 1)

(1 − 𝑝2)(1 − 𝑞2)(1 − 𝑟2)

 

𝑄1=
2𝑥2 + xypqr (

1
𝑝2
+
1
𝑞2
+
1
𝑟2
− 1)

2(1 − 𝑝2)(1 − 𝑞2)(1 − 𝑟2)
 

𝐽1 =
2𝑝2(𝑥2 + 𝑦2) + xypqr(1 + 𝑝2) (−

1
𝑝2
+
1
𝑞2
+
1
𝑟2
− 1) + 4𝑥𝑦𝑝𝑞𝑟

2(1 − 𝑝2)2(1 − 𝑞2)(1 − 𝑟2)

 

1

2
(𝐽1 + 𝐽2 + 𝐽3) +

1

2
(𝑄1

2 + 𝑄2
2 + 4𝑄1𝑄2) −

𝑄1𝑄2(𝑄1 + 𝑄2) −
1
2
(𝐽1𝐽2 + 𝐽2𝐽3 + 𝐽3𝐽1)

𝑄1 + 𝑄2 −
1
2

=√(
1

2
(𝐽1 + 𝐽2 + 𝐽3) +

1

2
(𝑄1

2 +𝑄2
2 + 4𝑄1𝑄2))

2

− (𝐽1𝐽2𝐽3 + 𝑄1
2𝑄2

2)

 

2

3
𝑁3 = 1 ↔ 

𝜋2

8𝐺7
= 1.  

𝑄=
2𝑥2 + 3𝑥2𝑝 − 𝑥2𝑝3

2(1 − 𝑝2)3
,  

𝐽 =
𝑥2𝑝 + 4𝑥2𝑝2 + 4𝑥2𝑝3 − 𝑥2𝑝5

2(1 − 𝑝2)4
.

 

𝐴𝜇 ∼ 𝐴𝛼𝛽̇ , (𝜇 = 1,2,3,4, 𝛼 = ±, 𝛽̇ = ±̇)

  Φ𝑖𝑗(= −Φ𝑗𝑖),Φ‾
𝑖𝑗 ∼

1

2
𝜖𝑖𝑗𝑘𝑙Φ𝑘𝑙, (𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3,4)

  Ψ𝑖𝛼 , Ψ‾ 𝛼̇
𝑖 .

 

𝐴𝛼𝛽̇ , 𝜆𝛼 = Ψ4𝛼 , 𝜆‾𝛼̇ = Ψ‾ 𝛼̇
4

𝜙𝑚 = Φ4𝑚, 𝜙‾
𝑚 = Φ‾ 4𝑚, 𝜓𝑚𝛼 = −𝑖Ψ𝑚𝛼 , 𝜓‾𝛼̇

𝑚 = 𝑖Ψ‾ 𝛼̇
𝑚

 

{𝑄𝛼
𝑖 , 𝑆𝑗

𝛽
} =

1

2
𝐸𝛿𝑗

𝑖𝛿𝛼
𝛽
+ 𝑅𝑖 𝑗𝛿𝛼

𝛽
+ 𝐽𝛼  

𝛽𝛿𝑗
𝑖  

2{𝑄, 𝑄†} = 𝐸 − (𝑄1 + 𝑄2 + 𝑄3 + 𝐽1 + 𝐽2).  
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[𝑄, 𝑂} = 0, [𝑄†, 𝑂} = 0  

𝐸 = 𝑄1 + 𝑄2 +𝑄3 + 𝐽1 + 𝐽2  

𝜙𝑚, 𝜓𝑚, 𝑓, 𝜆𝛼̇ , 𝜕𝛼̇  

𝜕𝛼̇𝜆
𝛼̇ = 0 ⇔ 𝜕[𝛼̇𝜆𝛽̇] = 0  

𝜕(𝛼̇1⋯𝜕𝛼̇𝑛)𝜙
𝑚, 𝜕(𝛼̇1⋯𝜕𝛼̇𝑛)𝜓𝑚, 𝜕(𝛼̇1⋯𝜕𝛼̇𝑛)𝑓

𝜕(𝛼̇1⋯𝜕𝛼̇𝑛−1𝜆𝛼̇𝑛)
 

𝑔YM
2 , 𝐻(𝑔YM) =∑  

∞

𝐿=0

𝑔YM
2𝐿 𝐻(𝐿) 

{𝑄(𝑔YM), 𝑄
†(𝑔YM)} = 𝐻(𝑔YM) −∑  

𝐼

 𝑅𝐼 −∑ 

𝑖

  𝐽𝑖 =∑  

∞

𝐿=1

 𝑔YM
2𝐿 𝐻(𝐿).  

𝑄𝜙𝑚 = 0,𝑄𝜆𝛼̇ = 0,𝑄𝜓𝑚 = −
𝑖

2
𝜖𝑚𝑛𝑝[𝜙

𝑛, 𝜙𝑝]

𝑄𝑓 = −𝑖[𝜙𝑚, 𝜓𝑚], [𝑄, 𝐷𝛼̇] = −𝑖[𝜆𝛼̇}
 

 

𝜙𝑚, 𝜓𝑚, 𝑓  

𝑄: [𝑄, 𝜙𝑚] = 0, {𝑄, 𝜓𝑚} = −𝑖𝜖𝑚𝑛𝑝[𝜙
𝑚, 𝜙𝑛], [𝑄, 𝑓] = −𝑖[𝜓𝑚, 𝜙

𝑚] 

𝑍(Δ𝐼 , 𝜔𝑖) = Tr[(−1)
𝐹𝑒Δ𝐼𝑄𝐼+𝜔𝑖𝐽𝑖],  where  𝑒

Δ1+Δ2+Δ3−𝜔1−𝜔2
2 = 1  

𝑒Δ1 = 𝑒Δ2 = 𝑒Δ3 = 𝑡2, 𝑒𝜔1 = 𝑒𝜔2 = 𝑡3

⇒ 𝑍(𝑡) = Tr[(−1)𝐹𝑡2(𝑄1+𝑄2+𝑄3)+3(𝐽1+𝐽2)] ≡ Tr[(−1)𝐹𝑥𝒥]
 

 

𝒥 ≡ 2𝑄1 + 2𝑄2 + 2𝑄3 + 3𝐽1 + 3𝐽2  

𝜔 =
Δ1 + Δ2 + Δ3

2
 

𝑍BMN(Δ𝐼) = TrBMN[(−1)
𝐹𝑒Δ𝐼(𝑄𝐼+𝐽)]  

𝑞𝐼 ≡ 𝑄𝐼 + 𝐽  

𝑍BMN(𝑡) = TrBMN[(−1)
𝐹𝑡2(𝑄1+𝑄2+𝑄3)+6𝐽]  

𝑆(𝑗, 𝑁) = 𝑁2𝑓 (
𝑗

𝑁2
)  
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𝑍BMN(Δ𝐼) =
1

𝑁!
∫  
2𝜋

0

 ∏  

𝑁

𝑎=1

 
𝑑𝛼𝑎
2𝜋

∏  𝑎≠𝑏   (1 − 𝑒
𝑖𝛼𝑎𝑏)∏  𝑁

𝑎,𝑏=1  ∏  𝐼<𝐽   (1 − 𝑒
Δ𝐼+Δ𝐽𝑒𝑖𝛼𝑎𝑏)

∏  𝑁
𝑎,𝑏=1   [(1 − 𝑒

Δ1+Δ2+Δ3𝑒𝑖𝛼𝑎𝑏)∏  3
𝐼=1   (1 − 𝑒

Δ𝐼𝑒𝑖𝛼𝑎𝑏)]

×
(1 − 𝑒Δ1+Δ2+Δ3)∏  3

𝐼=1   (1 − 𝑒
Δ𝐼)

∏  𝐼<𝐽   (1 − 𝑒
Δ𝐼+Δ𝐽)

 

(𝑒Δ1 , 𝑒Δ2 , 𝑒Δ3) = 𝑡2(𝑥, 𝑦−1, 𝑥−1𝑦) 

𝜌(𝛼) =
3

4𝜋3
(𝜋2 − 𝛼2).  

log 𝑍 =
3𝑁2

𝜋2
Δ1Δ2Δ3.  

𝑆BMN(𝑞𝐼; Δ𝐼) = log 𝑍 −∑ 

𝐼

 𝑞𝐼Δ𝐼 ,  

 

𝑆BMN(𝑞𝐼) = 2𝜋√
𝑞1𝑞2𝑞3
3𝑁2

 

𝑞𝐼 = 𝑁
2𝜖𝐼 ∼ 𝑁

2√𝜖1𝜖2𝜖3 ∝ 𝑁
2 

𝑆(𝑞𝐼) = 2𝜋√
2𝑞1𝑞2𝑞3
𝑁2

 

𝑢𝑖1𝑖2⋯𝑖𝑛 = tr(𝜙(𝑖1𝜙𝑖2⋯𝜙𝑖𝑛))  

(𝑢𝑛)
𝑖1⋯𝑖𝑛= tr(𝜙(𝑖1⋯𝜙𝑖𝑛))  

(𝑣𝑛)
𝑖1⋯𝑖𝑛−1  𝑗= tr(𝜙

(𝑖1⋯𝜙𝑖𝑛−1)𝜓𝑗) − 𝔱𝔯𝔞𝔠𝔢   

(𝑤𝑛)
𝑖1⋯𝑖𝑛−1 = tr (𝜙(𝑖1⋯𝑖𝑛−1)𝑓 +

1

2
𝜖𝑗𝑘(𝑖𝑝 ∑  

𝑛−1

𝑝=1

 𝜙𝑖1⋯𝜙𝑖𝑝−1𝜓𝑗𝜙
𝑖𝑝+1⋯𝜙𝑖𝑛−1)𝜓𝑘) .

 

𝑅𝑖𝑗 ≡ 𝜖𝑖𝑘𝑚𝜖𝑗𝑙𝑛(𝑢2)
𝑘𝑙(𝑢2)

𝑚𝑛 = 𝑄[−𝑖𝜖𝑎1𝑎2(𝑖tr(𝜓𝑗)𝜙
𝑎1𝜙𝑎2)]  

tr(𝑋2)tr(𝑌2) − [tr(𝑋𝑌)]2 ∼ 0, tr(𝑋𝑌)tr(𝑋𝑍) − tr(𝑋2)tr(𝑌𝑍) ∼ 0,  

∑ 

𝑎

 𝑓𝑎({𝑢𝑛, 𝑣𝑛, 𝑤𝑛})𝑅𝑎({𝑢𝑛, 𝑣𝑛, 𝑤𝑛}).  
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𝑢𝑖𝑘𝑅𝑗𝑘(𝑢2) −
1

3
𝛿𝑗
𝑖𝑢𝑘𝑙𝑅𝑘𝑙(𝑢2) = 0,  

𝑢1𝑖𝑅2𝑖 = 𝑢
11[𝑢23𝑢13 − 𝑢12𝑢33] + 𝑢12[𝑢33𝑢11 − (𝑢13)2] + 𝑢13[𝑢12𝑢13 − 𝑢11𝑢23] = 0.  

𝐺𝑖(𝑔𝑖 , 𝜆𝐼) ≡ 𝑔𝑖 − 𝑔𝑖(𝜆𝐼) = 0  

∑ 

𝑖

 𝑞𝑖(𝑔𝑖, 𝜆𝐼)𝐺𝑖(𝑔𝑖, 𝜆𝐼)  

𝑝(𝑔𝑖 , 𝜆𝐼) =∑  

𝑎

 𝑞𝑎(𝑔𝑖, 𝜆𝐼)𝐺𝑎(𝑔𝑖, 𝜆𝐼) + 𝑟(𝑔𝑖, 𝜆𝐼)  

𝑓 = (

𝑓1 0 0
0 𝑓2 0
0 0 −𝑓1 − 𝑓2

)  

𝑓 = (

𝑓1 0 0 0
0 𝑓2 0 0
0 0 𝑓3 − 𝑓1 0
0 0 0 −𝑓2 − 𝑓3

)  

𝑓 = diag(𝑓1, 𝑓2, 𝑓3, −𝑓1 − 𝑓2 − 𝑓3) 

𝟔: 𝑥2, 𝑦2, 𝑧2, 𝑥𝑦, 𝑦𝑧, 𝑧𝑥

𝟖:𝜓1 ⋅ (𝑦, 𝑧), 𝜓2 ⋅ (𝑧, 𝑥), 𝜓3 ⋅ (𝑥, 𝑦), 𝜓1𝑥 − 𝜓2𝑦, 𝜓2𝑦 − 𝜓3𝑧

𝟑: 𝑥𝑓 −
1

2
𝜓2𝜓3, 𝑦𝑓 −

1

2
𝜓3𝜓1, 𝑧𝑓 −

1

2
𝜓1𝜓2
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𝑉𝑘  = span{𝔳 × (𝑥𝑓)
𝑎(𝑦𝑓)𝑏(𝑧𝑓)𝑐 ∣ 𝔳 ∈ 𝔙, 𝑎 + 𝑏 + 𝑐 ≤ 𝑘}

𝑉̃𝑘  = span {𝔳 × (𝑥𝑓 −
1

2
𝜓2𝜓3)

𝑎

(𝑦𝑓 −
1

2
𝜓3𝜓1)

𝑏

(𝑧𝑓 −
1

2
𝜓1𝜓2)

𝑐

|  𝔳 ∈ 𝔙, 𝑎 + 𝑏 + 𝑐 ≤ 𝑘}
 

𝑣 =∑  

𝑛

𝑖=1

  𝑟𝑖(𝑥𝑓)
𝑎𝑖(𝑦𝑓)𝑏𝑖(𝑧𝑓)𝑐𝑖

𝑣̃ = ∑  

𝑛

𝑖=1

  𝑟𝑖 (𝑥𝑓 −
1

2
𝜓2𝜓3)

𝑎𝑖

(𝑦𝑓 −
1

2
𝜓3𝜓1)

𝑏𝑖

(𝑧𝑓 −
1

2
𝜓1𝜓2)

𝑐𝑖
 

𝑣̃ = −
1

2
∑  

𝑛

𝑖

 𝑟𝑖[𝑎𝑖𝜓2𝜓3 (𝑥𝑓 −
1

2
𝜓2𝜓3)

𝑎𝑖−1

(𝑦𝑓 −
1

2
𝜓3𝜓1)

𝑏𝑖

(𝑧𝑓 −
1

2
𝜓1𝜓2)

𝑐𝑖

 +𝑏𝑖𝜓3𝜓1 (𝑥𝑓 −
1

2
𝜓2𝜓3)

𝑎𝑖

(𝑦𝑓 −
1

2
𝜓3𝜓1)

𝑏𝑖−1

(𝑧𝑓 −
1

2
𝜓1𝜓2)

𝑐𝑖

+𝑐𝑖𝜓1𝜓2 (𝑥𝑓 −
1

2
𝜓2𝜓3)

𝑎𝑖

(𝑦𝑓 −
1

2
𝜓3𝜓1)

𝑏𝑖

(𝑧𝑓 −
1

2
𝜓1𝜓2)

𝑐𝑖−1

] .

 

𝑟1 = 𝛼1𝜓1𝑦, 𝑟2 = 𝛼2𝜓1𝑧,⋯ , 𝑟8 = 𝛼8(𝜓2𝑦 − 𝜓3𝑧) 

𝐺0 = {𝑥
𝑎𝑦𝑏𝑧𝑐𝑓𝑑 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ≥0, 𝑎 + 𝑏 + 𝑐 ≥ 𝑑, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 0(mod2)}.  

𝑍0(𝑥, 𝑦, 𝑧, 𝑓) = ∑  

𝑔∈𝐺0

 𝑔  

1

(1 − 𝑥)(1 − 𝑦)(1 − 𝑧)(1 − 𝑓)
 

1

(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
⋅
𝑓

1 − 𝑓
.  

𝑍0= [
1

(1 − 𝑥)(1 − 𝑦)(1 − 𝑧)(1 − 𝑓)
−

1

(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
⋅
𝑓

1 − 𝑓
]
even

 

= [
1 − 𝑓(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 − 𝑥𝑦𝑧) + 𝑓2𝑥𝑦𝑧

(1 − 𝑥)(1 − 𝑦)(1 − 𝑧)(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
]
even

 

 =
1 + 𝜒2 + 𝑓(𝜒3 − 𝜒1𝜒2) + 𝑓

2(𝜒3
2 + 𝜒1𝜒3)

(1 − 𝑥2)(1 − 𝑦2)(1 − 𝑧2)(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)

 

𝜒1= 𝑥 + 𝑦 + 𝑧  
𝜒2= 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 

𝜒3 = 𝑥𝑦𝑧
 

{𝑥𝑎𝑦𝑏𝑧𝑐𝑓𝑑𝜓1 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ
≥0, 𝑏 + 𝑐 ≥ 1, 𝑎 + 𝑏 + 𝑐 − 1 ≥ 𝑑, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1(mod2)}.  

𝐺𝜓1 = {𝑥
𝑎𝑦𝑏𝑧𝑐𝑓𝑑𝜓1 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ

≥0, 𝑎 + 𝑏 + 𝑐 − 1 ≥ 𝑑, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1(mod2)} ∖ {𝑥𝜓1}.  

𝐺1 = 𝐺𝜓1 ∪ 𝐺𝜓2 ∪ 𝐺𝜓3 ∪ {𝑥𝜓1 − 𝑦𝜓2, 𝑦𝜓2 − 𝑧𝜓3}.  

𝑥 → [𝑥], 𝑦 → [𝑦], 𝑧 → [𝑧], 𝑓 → [𝑓], 𝜓1 →
[𝜓]

[𝑥]
, 𝜓2 →

[𝜓]

[𝑦]
, 𝜓3 →

[𝜓]

[𝑧]
.  
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1

(1 − 𝑥)(1 − 𝑦)(1 − 𝑧)(1 − 𝑓)
⋅
𝜓

𝑥
 

(𝑥, 𝑦, 𝑧, 𝑓) → (−𝑥,−𝑦,−𝑧, −𝑓)𝑥𝜓1 → 𝜓 

𝑍𝜓1= [
1

(1 − 𝑥)(1 − 𝑦)(1 − 𝑧)(1 − 𝑓)
−

1

(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
⋅
1

1 − 𝑓
]
odd

⋅
𝜓

𝑥
− 𝜓 

= [
𝑥 + 𝑦 + 𝑧 − (𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥)(1 + 𝑓) + 𝑥𝑦𝑧(1 + 𝑓 + 𝑓2)

(1 − 𝑥)(1 − 𝑦)(1 − 𝑧)(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
]
odd

⋅
𝜓

𝑥
− 𝜓  

 =
𝜒1 + 𝜒3 − 𝑓(𝜒2 + 𝜒2

2 − 𝜒1𝜒3 − 𝜒3
2) + 𝑓2𝜒3(1 + 𝜒2)

(1 − 𝑥2)(1 − 𝑦2)(1 − 𝑧2)(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
⋅
𝜓

𝑥
− 𝜓

 

𝑍1 =
𝜒1 + 𝜒3 − 𝑓(𝜒2 + 𝜒2

2 − 𝜒1𝜒3 − 𝜒3
2) + 𝑓2𝜒3(1 + 𝜒2)

(1 − 𝑥2)(1 − 𝑦2)(1 − 𝑧2)(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
⋅
𝜒2
𝜒3
⋅ 𝜓 − 𝜓  

{𝑥𝑎𝑦𝑏𝑧𝑐𝑓𝑑𝜓1𝜓2 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ
≥0, 𝑎 + 𝑐≥ 1, 𝑎 + 𝑏 + 𝑐 − 2 ≥ 𝑑  

𝑎 + 𝑏 + 𝑐 + 𝑑 = 0(mod2)} ∖ {𝑥2𝜓1𝜓2}.
 

{𝑥𝑎𝑦𝑏𝑧𝑐𝑓𝑑𝜓1𝜓2 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ
≥0, 𝑏 + 𝑐≥ 1, 𝑎 + 𝑏 + 𝑐 − 2 ≥ 𝑑  

𝑎 + 𝑏 + 𝑐 + 𝑑 = 0(mod2)} ∖ {𝑦2𝜓1𝜓2}.
 

𝐺𝜓1𝜓2 = {𝑥
𝑎𝑦𝑏𝑧𝑐𝑓𝑑𝜓1𝜓2 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ

≥0, 𝑎 + 𝑏 + 𝑐 − 2 ≥ 𝑑, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 0(mod2)}  

(𝑥𝜓1 − 𝑦𝜓2)(𝑥𝜓1 − 𝑦𝜓2)∼ 𝑥𝑦𝜓1𝜓2  
(𝑦𝜓2 − 𝑧𝜓3)(𝑦𝜓2 − 𝑧𝜓3)∼ 𝑦𝑧𝜓2𝜓3  

(𝑥𝜓1 − 𝑦𝜓2)(𝑦𝜓2 − 𝑧𝜓3) ∼ 𝑥𝑦𝜓1𝜓2 + 𝑦𝑧𝜓2𝜓3 + 𝑧𝑥𝜓3𝜓1

 

𝐺2 = 𝐺𝜓1𝜓2 ∪ 𝐺𝜓2𝜓3 ∪ 𝐺𝜓3𝜓1  

𝑍𝜓1𝜓2 =
𝜒1
2 − 𝜒2 − 𝜒2

2 + 2𝜒1𝜒3 + 𝜒3
2 + 𝑓(𝜒3 − 𝜒1𝜒2) + 𝑓

2𝜒3(𝜒1 + 𝜒3)

(1 − 𝑥2)(1 − 𝑦2)(1 − 𝑧2)(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
⋅
𝜓2

𝑥𝑦
 

𝑍2= 𝑍𝜓1𝜓2 + 𝑍𝜓2𝜓3 + 𝑍𝜓3𝜓1  

 =
𝜒1
2 − 𝜒2 − 𝜒2

2 + 2𝜒1𝜒3 + 𝜒3
2 + 𝑓(𝜒3 − 𝜒1𝜒2) + 𝑓

2𝜒3(𝜒1 + 𝜒3)

(1 − 𝑥2)(1 − 𝑦2)(1 − 𝑧2)(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
⋅
𝜒1
𝜒3
⋅ 𝜓2

 

{𝑥𝑎𝑦𝑏𝑧𝑐𝑓𝑑𝜓1𝜓2𝜓3 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ
≥0, 𝑎 + 𝑏 ≥ 1, 𝑎 + 𝑏 + 𝑐 − 3 ≥ 𝑑, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1(mod2)}.  

𝐺𝜓1𝜓2𝜓3 = {𝑥
𝑎𝑦𝑏𝑧𝑐𝑓𝑑𝜓1𝜓2𝜓3 ∣ 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℤ

≥0, 𝑎 + 𝑏 + 𝑐 − 3 ≥ 𝑑, 𝑎 + 𝑏 + 𝑐 + 𝑑 = 1(mod2)}.  

𝑍3 = [

−1 + 𝜒1
2 − 2𝜒2 − 𝜒2

2 + 2𝜒1𝜒3 + 𝜒3
2 + 𝑓(𝜒1 + 𝜒3)

−𝑓2(𝜒2 + 𝜒2
2 − 𝜒1𝜒3 − 𝜒3

2) + 𝑓3𝜒3(1 + 𝜒2)

(1 − 𝑥2)(1 − 𝑦2)(1 − 𝑧2)(1 − 𝑥𝑓)(1 − 𝑦𝑓)(1 − 𝑧𝑓)
+ 1

] ⋅
𝜓3

𝑓𝜒3
.  

(𝑥, 𝑦, 𝑧) = (𝑒Δ1 , 𝑒Δ2 , 𝑒Δ3) 

𝑥, 𝑦, 𝑧 → 𝑡2, 𝑓 → 𝑡6, 𝜓 → −𝑡6.  
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𝑍grav =

1 + 3𝑡4 − 8𝑡6 − 6𝑡10 + 10𝑡12 + 9𝑡14 − 9𝑡16 + 16𝑡18

−18𝑡20 − 3𝑡22 + 𝑡24 − 3𝑡26 + 9𝑡28 − 2𝑡30 + 3𝑡32 − 3𝑡34

(1 − 𝑡4)3(1 − 𝑡8)3
.

 

( 𝑒Δ1 = 𝑒Δ2 = 𝑒Δ3 ≡ 𝑡2 ) 

𝑍 =[1 + 3𝑡2 + 12𝑡4 + 20𝑡6 + 42𝑡8 + 48𝑡10 + 75𝑡12 + 66𝑡14 + 81𝑡16

+55𝑡18 + 54𝑡20 + 27𝑡22 + 19𝑡24 + 6𝑡26 + 3𝑡28]
(1 − 𝑡2)3

(1 − 𝑡12)(1 − 𝑡8)3
 

𝑍 − 𝑍grav = [−
𝑒4(Δ1+Δ2+Δ3)

1 − 𝑒2(Δ1+Δ2+Δ3)
] ⋅ [∏  

3

𝐼=1

  (1 − 𝑒Δ𝐼)] ⋅ [∏  

3

𝐼=1

 
1

1 − 𝑒Δ𝐼𝑒Δ1+Δ2+Δ3
]  

𝑍 − 𝑍grav = −
𝑡24

1 − 𝑡12
⋅
(1 − 𝑡2)3

(1 − 𝑡8)3
 

𝑍 − 𝑍grav =[−𝑡
24 − 𝜒(1,3)𝑡

32 − (𝜒(1,3) + 𝜒(3,6)) 𝑡
34 − 𝜒(2,3)𝑡

35 + (𝜒(3,1) + 𝜒(3,8))𝑡
36

−(𝜒(2,3) + 𝜒(4,6)) 𝑡
37 + 𝜒(5,3)𝑡

38 + (𝜒(2,1) + 2𝜒(4,1) + 𝜒(4,8))𝑡
39  

− (2𝜒(1,6) + 𝜒(3,3) + 𝜒(5,3) + 𝜒(5,6)) 𝑡
40] 𝜒D + 𝒪(𝑡

41)

 

𝜒(2𝐽′+1,R)  ≡ 𝜒𝐽′
𝑆𝑈(2)𝑅(𝑝)𝜒R

𝑆𝑈(3)
(𝑥, 𝑦)

𝜒𝐷  ≡
(1 − 𝑡2𝑧1) (1 −

𝑡2

𝑧2
) (1 −

𝑡2𝑧2
𝑧1
) (1 −

𝑡𝑝
𝑧1
) (1 −

𝑡
𝑝𝑧1

) (1 − 𝑡𝑧2𝑝) (1 −
𝑡𝑧2
𝑝 ) (1 −

𝑡𝑧1𝑝
𝑧2
) (1 −

𝑡𝑧1
𝑧2𝑝

)

(1 − 𝑡3𝑝) (1 −
𝑡3

𝑝
)

 

𝑡6 = 𝑒Δ1+Δ2+Δ3 = 𝑒𝜔1+𝜔2 , 𝑧1 = 𝑒
2Δ1−Δ2−Δ3

3 , 𝑧2
−1 = 𝑒

−Δ1+2Δ2−Δ3
3 , 𝑝 = 𝑒

𝜔1−𝜔2
2  

𝑍 − 𝑍grav = 𝑍core(Δ𝐼) ⋅∏  

3

𝐼=1

 
1

1 − 𝑒Δ𝐼𝑒Δ1+Δ2+Δ3
⋅∏  

𝐼<𝐽

  (1 − 𝑒Δ𝐼+Δ𝐽).  

 

𝑍core (Δ𝐼) ≡ 𝑓(𝑡, 𝑥, 𝑦) with 𝑒Δ1 = 𝑡2𝑥, 𝑒Δ2 = 𝑡2𝑦−1, 𝑒Δ3 = 𝑡2𝑥−1𝑦 

𝑓(𝑡, 𝑥, 𝑦) = ∑  

54

𝒥=0

 ∑  

𝐑𝑗

  (−1)𝐹(𝐑𝒥)𝜒𝐑𝒥(𝑥, 𝑦)𝑡
𝒥 + 𝒪(𝑡56),  

∏ 

𝐼<𝐽

(1 − 𝑒Δ1+Δ2) 

𝑍 − 𝑍grav = [−𝜒[2,0](𝑥, 𝑦)𝑡
28 − 𝜒[3,0](𝑥, 𝑦)𝑡

30 + 𝒪(𝑡32)] ⋅∏  

𝐼<𝐽

  (1 − 𝑒Δ𝐼+Δ𝐽)  

−
𝑡24

1 − 𝑡12
= −𝑡24 − 𝑡36 − 𝑡48 − 𝑡60 −⋯  
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𝑄𝜙𝑚 = 0,𝑄𝜓𝑚 =
1

2
𝜖𝑚𝑛𝑝𝜙

𝑛 × 𝜙𝑝, 𝑄𝑓 = 𝜙𝑚 ×𝜓𝑚  

𝐸 =
19

2
, 𝑄1 = 𝑄2 = 𝑄3 =

3

2
, 𝐽1 = 𝐽2 =

5

2
 

𝑂0
′ =(𝑋 ⋅ 𝜓1 − 𝑌 ⋅ 𝜓2)(𝑋 ⋅ 𝜓3)(𝜓2 ⋅ 𝜓1 ×𝜓1) + (𝑌 ⋅ 𝜓2 − 𝑍 ⋅ 𝜓3)(𝑌 ⋅ 𝜓1)(𝜓3 ⋅ 𝜓2 × 𝜓2)

 +(𝑍 ⋅ 𝜓3 − 𝑋 ⋅ 𝜓1)(𝑍 ⋅ 𝜓2)(𝜓1 ⋅ 𝜓3 × 𝜓3)
 

𝑂0
′′ =(𝑋 ⋅ 𝜓1 − 𝑌 ⋅ 𝜓2)(𝑌 ⋅ 𝜓3)(𝜓1 ⋅ 𝜓2 × 𝜓2) + (𝑌 ⋅ 𝜓2 − 𝑍 ⋅ 𝜓3)(𝑍 ⋅ 𝜓1)(𝜓2 ⋅ 𝜓3 × 𝜓3)

 +(𝑍 ⋅ 𝜓3 − 𝑋 ⋅ 𝜓1)(𝑋 ⋅ 𝜓2)(𝜓3 ⋅ 𝜓1 × 𝜓1)
 

𝑂0
′ − 𝑂0

′′  = −2𝑄[(𝜓1 ⋅ 𝜓2)(𝜓2 ⋅ 𝜓3)(𝜓3 ⋅ 𝜓1)]

𝑂0  ≡ −5(𝑂0
′ + 𝑂0

′′) = 𝜖𝑝1𝑝2𝑝3𝑣𝑝1
𝑚𝑣𝑝2

𝑛 (𝜓𝑚 ⋅ 𝜓𝑛 × 𝜓𝑝3)
 

𝑣𝑛
𝑚 ≡ (𝜙𝑚 ⋅ 𝜓𝑛) −

1

3
𝛿𝑛
𝑚(𝜙𝑝 ⋅ 𝜓𝑝)  

𝑂0 = 𝜖
𝑝1𝑝2𝑝3(𝜙𝑚 ⋅ 𝜓𝑝1)(𝜙

𝑛 ⋅ 𝜓𝑝2)(𝜓𝑚 ⋅ 𝜓𝑛 × 𝜓𝑝3).  

𝜓𝑚 ⋅ 𝜓𝑛 × 𝜓𝑝3 

𝑄(𝜓𝑚 ⋅ 𝜓𝑛 × 𝜓𝑝) =
3

2
𝜖(𝑚∣𝑞𝑟(𝜙

𝑞 × 𝜙𝑟) ⋅ (𝜓∣𝑛 × 𝜓𝑝)) = 3𝜖(𝑚∣𝑞𝑟(𝜙
𝑞 ⋅ 𝜓∣𝑛)(𝜙

𝑟 ⋅ 𝜓𝑝)) = 3𝜖(𝑚∣𝑞𝑟𝑣∣𝑛
𝑞
𝑣𝑝)
𝑟  

𝜙2𝜓5 = 𝑄𝑓[𝑓𝜙𝜓
4] + 𝑄[𝜓6].  

𝜙(𝑖
(𝑚
𝜙𝑗)
𝑛)
∶ (𝟔, 𝟓 + 𝟏) ∈ 𝑆𝑈(3) × 𝑆𝑈(2)

𝜓𝑝1(𝑖)𝜓𝑝2∣𝑗)(𝜓𝑚 ⋅ 𝜓𝑛 × 𝜓𝑝3) ∶ (𝟑, 𝟓 + 𝟏)⊗ (𝟏𝟎, 𝟏)
 

(𝑓 ⋅ 𝜙𝑚)(𝜓[𝑛1 ⋅ 𝜓𝑛2])(𝜓[𝑝1 ⋅ 𝜓𝑝2]) , (𝜙
𝑚 ⋅ 𝜓𝑛1)(𝑓 ⋅ 𝜓𝑛2)(𝜓[𝑝1 ⋅ 𝜓𝑝2]).  

𝑄[𝑓 ⋅ 𝜙𝑚] = (𝜙𝑛 × 𝜓𝑛) ⋅ 𝜙
𝑚 = (𝜙𝑚 × 𝜙𝑛) ⋅ 𝜓𝑛 

(𝟖 ⊕ 𝟏)⊗ 𝟑⊗ 𝟑 → 𝟐𝟕⊕ 𝟏𝟎⊕ 𝟏𝟎⊕𝟖⊕ 𝟖⊕ 𝟖⊕𝟖⊕𝟏⊕ 𝟏 

(𝜙𝑚 ⋅ 𝜓𝑚)𝜖
𝑛𝑝𝑞(𝑓 ⋅ 𝜓𝑛)(𝜓𝑝 ⋅ 𝜓𝑞) , (𝜙

𝑚 ⋅ 𝜓𝑛)(𝑓 ⋅ 𝜓𝑚)𝜖
𝑛𝑝𝑞(𝜓𝑝 ⋅ 𝜓𝑞)  

𝜓(𝑚
(𝑖
(𝜓𝑟) × 𝜓𝑛)

𝑗)
𝜖𝑛𝑝𝑞(𝜓𝑝 ⋅ 𝜓𝑞) , 𝜓𝑛

(𝑖(𝜓𝑟 × 𝜓𝑚)
𝑗)𝜖𝑛𝑝𝑞(𝜓𝑝 ⋅ 𝜓𝑞)  

𝜖𝑝𝑞𝑟𝜓𝑝
(𝑖
𝜓𝑞
𝑗)(𝜓𝑚 ⋅ 𝜓𝑛 × 𝜓𝑟) = 𝐴𝜓(𝑚

(𝑖
(𝜓𝑛) × 𝜓𝑟)

𝑗)
𝜖𝑝𝑞𝑟(𝜓𝑝 ⋅ 𝜓𝑞) + 𝐵𝜓𝑟

(𝑖(𝜓𝑛 × 𝜓𝑚)
𝑗)𝜖𝑝𝑞𝑟(𝜓𝑝 ⋅ 𝜓𝑞)  

𝑄+
2𝑄+

1𝑂0
′ =

 −(𝑌 ⋅ 𝑓 + 𝜓3 ⋅ 𝜓1)
2𝜓3 ⋅ (𝜓2 × 𝜓2) − (𝑋 ⋅ 𝑓 + 𝜓2 ⋅ 𝜓3)(𝑍 ⋅ 𝑓 + 𝜓1 ⋅ 𝜓2)𝜓1 ⋅ (𝜓3 × 𝜓3)

 −(𝑋 ⋅ 𝑓 + 𝜓2 ⋅ 𝜓3)(𝑋 ⋅ 𝜓3)𝑓 ⋅ (𝜓1 × 𝜓1) + 2(𝑌 ⋅ 𝜓2 − 𝑍 ⋅ 𝜓3)(𝑌 ⋅ 𝑓 + 𝜓3 ⋅ 𝜓1)𝜓3 ⋅ (𝜓2 × 𝑓)

 −2(𝑌 ⋅ 𝑓 + 𝜓3 ⋅ 𝜓1)(𝑋 ⋅ 𝜓3)𝜓2 ⋅ (𝜓1 × 𝑓) − (𝑍 ⋅ 𝜓3 − 𝑋 ⋅ 𝜓1)(𝑍 ⋅ 𝑓 + 𝜓1 ⋅ 𝜓2)𝑓 ⋅ (𝜓3 × 𝜓3)

 

𝑄+
1𝑄+

2𝑄+
3𝑂0

′ = 𝑄+
1𝑄+

2𝑄+
3𝑂0

′′ =

(𝑋 ⋅ 𝑓 + 𝜓2 ⋅ 𝜓3)
2𝑓 ⋅ (𝜓1 × 𝜓1) + 2(𝑋 ⋅ 𝑓 + 𝜓2 ⋅ 𝜓3)(𝑌 ⋅ 𝑓 + 𝜓3 ⋅ 𝜓1)𝑓 ⋅ (𝜓1 × 𝜓2)

 +(1,2,3 → 2,3,1) + (1,2,3 → 3,1,2) = 𝐺𝑚𝐺𝑛𝑓 ⋅ (𝜓𝑚 ×𝜓𝑛)
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𝐺𝑚 ≡ 𝜙𝑚 ⋅ 𝑓 +
1

2
𝜖𝑚𝑛𝑝𝜓𝑛 ⋅ 𝜓𝑝 

𝑄+
2𝑄+

1 [(𝑍 ⋅ 𝑓 + 𝜓1 ⋅ 𝜓2)𝑂0
′ ] = (𝑍 ⋅ 𝑓 + 𝜓1 ⋅ 𝜓2)𝑄+

2𝑄+
1𝑂0

′  

𝑂1 = (𝑓 ⋅ 𝑓)𝜖
𝑐1𝑐2𝑐3(𝜙𝑎 ⋅ 𝜓𝑐1)(𝜙

𝑏 ⋅ 𝜓𝑐2)(𝜓𝑎 ⋅ 𝜓𝑏 ×𝜓𝑐3)

 +𝜖𝑏1𝑏2𝑏3𝜖𝑐1𝑐2𝑐3(𝑓 ⋅ 𝜓𝑏1)(𝜙
𝑎 ⋅ 𝜓𝑐1)(𝜓𝑏2 ⋅ 𝜓𝑐2)(𝜓𝑎 ⋅ 𝜓𝑏3 ×𝜓𝑐3)

 −
1

72
𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑏3𝜖𝑐1𝑐2𝑐3(𝜓𝑎1 ⋅ 𝜓𝑏1 ×𝜓𝑐1)(𝜓𝑎2 ⋅ 𝜓𝑏2 × 𝜓𝑐2)(𝜓𝑎3 ⋅ 𝜓𝑏3 × 𝜓𝑐3)

 

𝑂1 = (𝑓 ⋅ 𝑓)𝑂0 + 𝑓 ⋅ 𝜉 + 𝜒  

𝜉= 𝜖𝑏1𝑏2𝑏3𝜖𝑐1𝑐2𝑐3 𝜓⃗⃗𝑏1(𝜙
𝑎 ⋅ 𝜓𝑐1)(𝜓𝑏2 ⋅ 𝜓𝑐2)(𝜓𝑎 ⋅ 𝜓𝑏3 × 𝜓𝑐3)  

𝜒= −
1

72
𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑏3𝜖𝑐1𝑐2𝑐3(𝜓𝑎1 ⋅ 𝜓𝑏1 × 𝜓𝑐1)(𝜓𝑎2 ⋅ 𝜓𝑏2 × 𝜓𝑐2)(𝜓𝑎3 ⋅ 𝜓𝑏3 × 𝜓𝑐3) 

 = −120𝜓1
1𝜓1

2𝜓1
3𝜓2

1𝜓2
2𝜓2

3𝜓3
1𝜓3

2𝜓3
3

 

2(𝜙⃗⃗𝑚 × 𝜓⃗⃗𝑚)𝑂0 + 𝑄𝜓𝜉 = 0 , 𝜙⃗⃗
𝑚 ⋅ (𝜓𝑚⃗⃗ ⃗⃗⃗⃗⃗ × 𝜉) + 𝑄𝜓𝜒 = 0  

𝜉 = −
1

2
𝜖𝑚𝑛𝑝𝜓⃗⃗𝑚𝜓𝑛 ⋅

𝜕

𝜕𝜙𝑝
𝑂0  

4(𝜙⃗⃗𝑚 × 𝜓⃗⃗𝑚)𝑂0

= [(𝜙⃗⃗𝑎 × 𝜙⃗⃗𝑏)𝜓𝑎 ⋅
𝜕

𝜕𝜙𝑏
+ 𝜓⃗⃗𝑎(𝜙

𝑎 × 𝜙𝑏) ⋅
𝜕

𝜕𝜙𝑏
− 𝜓⃗⃗𝑎(𝜓𝑏 × 𝜙

𝑎) ⋅
𝜕

𝜕𝜓𝑏
+ 𝜓⃗⃗𝑏(𝜓𝑎 × 𝜙

𝑎) ⋅
𝜕

𝜕𝜓𝑏
]𝑂0.

 

( 𝜙𝑏 ×
𝜕

𝜕𝜙𝑏
+ 𝜓𝑏 ×

𝜕

𝜕𝜓𝑏
 )𝑂0 

𝜙𝑚 ⋅
𝜕

𝜕𝜙𝑚
𝑂0 = 𝑛B𝑂0, 𝜓𝑚 ⋅

𝜕

𝜕𝜓𝑚
𝑂0 = 𝑛F𝑂0 (𝑛B, 𝑛F) = 𝔊

𝜀𝑎
𝑏 [𝜙𝑎 ⋅

𝜕

𝜕𝜙𝑏
− 𝜓𝑏 ⋅

𝜕

𝜕𝜓𝑎
]𝑂0 = 0 (𝜀𝑎

𝑎 = 0).

 

[𝜙𝑎 ⋅
𝜕

𝜕𝜙𝑏
− 𝜓𝑏 ⋅

𝜕

𝜕𝜓𝑎
]𝑂0 =

1

3
(𝑛B − 𝑛F)𝛿𝑏

𝑎𝑂0.  

[𝜙𝑖
𝑎 ⋅

𝜕

𝜕𝜙𝑗
𝑎 − 𝜓𝑎

𝑗
⋅
𝜕

𝜕𝜓𝑎
𝑖
]𝑂0 =

1

3
(𝑛B − 𝑛F)𝛿𝑖

𝑗
𝑂0.  

(𝜓⃗⃗𝑎 × 𝜙⃗⃗
𝑏) (𝜙𝑎 ⋅

𝜕

𝜕𝜙𝑏
)𝑂0 = (4 −

𝑛F + 2𝑛B
3

) (𝜙⃗⃗𝑚 × 𝜓⃗⃗𝑚)𝑂0 = (𝜙⃗⃗
𝑚 × 𝜓⃗⃗𝑚)𝑂0  

𝜖man 𝜖𝑖𝑗𝑘
𝜕

𝜕𝜓𝑛
𝑘
𝜒 

𝜙𝑚 ⋅ (𝜓𝑚 × 𝜉) = −
1

2
𝜙𝑖
𝑚𝜙𝑗

𝑎𝜖man𝜖𝑖𝑗𝑘
𝜕𝜒

𝜕𝜓𝑛
𝑘
= −

1

2
𝜖man(𝜙

𝑚 × 𝜙𝑎) ⋅
𝜕𝜒

𝜕𝜓𝑛
= −𝑄𝜓𝜒,  

𝑂0 is (𝑄+
𝑚𝑄+

𝑛𝑂0) (𝜙
𝑝 ⋅ 𝑓 +

1

2
𝜖𝑝𝑞𝑟𝜓𝑞 ⋅ 𝜓𝑟) 
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𝑂𝑛 ≡ (𝑓 ⋅ 𝑓)
𝑛𝑂0 + 𝑛(𝑓 ⋅ 𝑓)

𝑛−1𝑓 ⋅ 𝜉 +
2𝑛2 + 𝑛

3
(𝑓 ⋅ 𝑓)𝑛−1𝜒  

𝑄𝑂𝑛 = (𝑓 ⋅ 𝑓)
𝑛−1 [𝑓 ⋅ (2𝑛(𝜙⃗⃗𝑚 × 𝜓⃗⃗𝑚)𝑂0 + 𝑛𝑄𝜓𝜉) + 𝑛(𝜙⃗⃗

𝑚 × 𝜓⃗⃗𝑚) ⋅ 𝜉 +
2𝑛2 + 𝑛

3
𝑄𝜓𝜒]

 +2(𝑛2 − 𝑛)(𝑓 ⋅ 𝑓)𝑛−2𝑓 ⋅ (𝜙⃗⃗𝑚 × 𝜓⃗⃗𝑚)(𝑓 ⋅ 𝜉) +
2𝑛(𝑛 − 1)(2𝑛 + 1)

3
(𝑓 ⋅ 𝑓)𝑛−2𝑓 ⋅ (𝜙⃗⃗𝑚 × 𝜓⃗⃗𝑚)𝜒

 

𝑄𝑂𝑛 =
2(𝑛2 − 𝑛)

3
(𝑓 ⋅ 𝑓)𝑛−2[−(𝑓 ⋅ 𝑓)(𝜙𝑚 ×𝜓𝑚) ⋅ 𝜉 + 3(𝑓 × 𝜙

𝑚) ⋅ 𝜓𝑚(𝑓 ⋅ 𝜉)]  

𝜖man𝛿𝑖𝑗
𝜕

𝜕𝜓𝑛
𝑘
𝜒 , 𝜖man𝛿𝑘(𝑖

𝜕

𝜕𝜓𝑛
𝑗)
𝜒  

𝜖man [𝛿𝑖𝑗
𝜕

𝜕𝜓𝑛
𝑘
− 𝛿𝑘(𝑖

𝜕

𝜕𝜓𝑛
𝑗)
] 𝜒  

𝜖man [(𝑓 ⋅ 𝜙
𝑎)(𝑓 × 𝜙𝑚) ⋅

𝜕

𝜕𝜓𝑛
−
1

2
[(𝑓 × 𝜙𝑚) ⋅ 𝜙𝑎]𝑓 ⋅

𝜕

𝜕𝜓𝑛
] 𝜒

 =
1

2
𝜖man [[𝑓 × (𝑓 × (𝜙

𝑚 × 𝜙𝑎))] ⋅
𝜕

𝜕𝜓𝑛
− [(𝑓 × 𝜙𝑚) ⋅ 𝜙𝑎]𝑓 ⋅

𝜕

𝜕𝜓𝑛
] 𝜒

 = −
1

2
𝜖man(𝑓 ⋅ 𝑓)(𝜙

𝑚 × 𝜙𝑎) ⋅
𝜕

𝜕𝜓𝑛
𝜒 = −(𝑓 ⋅ 𝑓)𝑄𝜓𝜒 = (𝑓 ⋅ 𝑓)(𝜙

𝑚 × 𝜓𝑚) ⋅ 𝜉

 

𝑂𝑛 =  (𝑓 ⋅ 𝑓)
𝑛𝜖𝑐1𝑐2𝑐3(𝜙𝑎 ⋅ 𝜓𝑐1)(𝜙

𝑏 ⋅ 𝜓𝑐2)(𝜓𝑎 ⋅ 𝜓𝑏 ×𝜓𝑐3)

 +𝑛(𝑓 ⋅ 𝑓)𝑛−1𝜖𝑏1𝑏2𝑏3𝜖𝑐1𝑐2𝑐3(𝑓 ⋅ 𝜓𝑏1)(𝜙
𝑎 ⋅ 𝜓𝑐1)(𝜓𝑏2 ⋅ 𝜓𝑐2)(𝜓𝑎 ⋅ 𝜓𝑏3 × 𝜓𝑐3)

 −(
𝑛

72
+
𝑛2 − 𝑛

108
) (𝑓 ⋅ 𝑓)𝑛−1𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑏3𝜖𝑐1𝑐2𝑐3

 ⋅ (𝜓𝑎1 ⋅ 𝜓𝑏1 × 𝜓𝑐1)(𝜓𝑎2 ⋅ 𝜓𝑏2 × 𝜓𝑐2)(𝜓𝑎3 ⋅ 𝜓𝑏3 × 𝜓𝑐3)

 

2𝑝 + 8𝑞 = 12(𝑛 − 𝑛′), 𝑝 = 0,1,2,3, 𝑞 ≥ 0  

(𝑝, 𝑞, 𝑛 − 𝑛′) = (2,1,1), (0,3,2), (2,4,3), (0,6,4), (2,7,5), (0,9,6),⋯  

𝜙𝑚 ⋅ 𝑓 +
1

2
𝜖𝑚𝑛𝑝𝜓𝑛𝜓𝑝 

𝒪(𝑓2𝑛−2𝜙0𝜓9)(𝑄+
𝑎𝑄+

𝑏𝑂𝑛′)(𝜙 ⋅ 𝑓 + 𝜓 ⋅ 𝜓)
𝑞⊠𝑓2𝑛−2𝜙0𝜓9 

𝑓2𝑛
′
𝜙2𝜓5 → 𝑓2𝑛

′
𝜓7, 𝑓2𝑛

′−1𝜙𝜓7 → 𝑓2𝑛
′
𝜓7, 𝑓2𝑛

′−2𝜓9 → 𝑓2𝑛
′
𝜓7.  

𝑂𝑛 ∼
⋔
𝜖𝑎𝑏𝑐(𝑄+

𝑎𝑄+
𝑏𝑂𝑛−1) (𝜙

𝑐 ⋅ 𝑓 +
1

2
𝜖𝑐𝑑𝑒𝜓𝑑 ⋅ 𝜓𝑒)  

𝑂𝑛 =(𝑓 ⋅ 𝑓)
𝑛𝑂0 +

20𝑛

3
(𝑓 ⋅ 𝑓)𝑛−1 ∑  

cyclic 

  (𝑓 ⋅ 𝜓3)(𝜓3 ⋅ 𝜓2)(𝑋 ⋅ 𝜓2)(𝜓1 ⋅ 𝜓1 × 𝜓1)  

 −
10

3
(
𝑛

6
+
𝑛2 − 𝑛

9
) (𝑓 ⋅ 𝑓)𝑛−1(𝜓1 ⋅ 𝜓1 × 𝜓1)(𝜓2 ⋅ 𝜓2 × 𝜓2)(𝜓3 ⋅ 𝜓3 × 𝜓3)
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𝑄1
+𝑄2

+𝑄3
+𝑂0

 = −10(𝑋 ⋅ 𝑓 + 𝜓2 ⋅ 𝜓3)
2𝑓 ⋅ (𝜓1 × 𝜓1)

 −20(𝑋 ⋅ 𝑓 + 𝜓2 ⋅ 𝜓3)(𝑌 ⋅ 𝑓 + 𝜓3 ⋅ 𝜓1)𝑓 ⋅ (𝜓1 × 𝜓2) +  ℭcyclic 

 → −20(𝜓2 ⋅ 𝜓3)
2(𝑓 ⋅ 𝜓1 × 𝜓1) +  ℭcyclic 

𝑄1
+𝑄2

+𝑄3
+(𝑓 ⋅ 𝜓3)(𝜓3 ⋅ 𝜓2)(𝑋 ⋅ 𝜓2)(𝜓1 ⋅ 𝜓1 × 𝜓1) + ℭcyclic

 → −3(𝑓 ⋅ 𝑓)(𝜓2 ⋅ 𝜓3)
2(𝑓 ⋅ 𝜓1 × 𝜓1) + 6(𝑓 ⋅ 𝜓2)(𝑓 ⋅ 𝜓3)(𝜓2 ⋅ 𝜓3)(𝑓 ⋅ 𝜓1 × 𝜓1) + ℭcyclic

𝑄1
+𝑄2

+𝑄3
+(𝜓1 ⋅ 𝜓1 × 𝜓1)(𝜓2 ⋅ 𝜓2 × 𝜓2)(𝜓3 ⋅ 𝜓3 × 𝜓3)

 = −27(𝑓 ⋅ 𝜓1 × 𝜓1)(𝑓 ⋅ 𝜓2 ×𝜓2)(𝑓 ⋅ 𝜓3 × 𝜓3)

 = 18((𝑓 ⋅ 𝑓)(𝜓2 ⋅ 𝜓3)
2(𝑓 ⋅ 𝜓1 × 𝜓1)) − 2(𝑓 ⋅ 𝜓2)(𝑓 ⋅ 𝜓3)(𝜓2 ⋅ 𝜓3)(𝑓 ⋅ 𝜓1 ×𝜓1) + ℭcyclic)

 

𝜒24 ≡ −𝑡
24𝜒𝐷(𝑡, 𝑥, 𝑦, 𝑝)  

𝑍 − 𝑍grav − 𝜒24 =[−𝜒(1,3)𝑡
32 − (𝜒(1,3) + 𝜒(3,6)) 𝑡

34 − 𝜒(2,3)𝑡
35 + (𝜒(3,1) + 𝜒(3,8))𝑡

36

−(𝜒(2,3) + 𝜒(4,6)) 𝑡
37 + 𝜒(5,3)𝑡

38 + (𝜒(2,1) + 2𝜒(4,1) + 𝜒(4,8))𝑡
39  

− (2𝜒(1,6) + 𝜒(3,3) + 𝜒(5,3) + 𝜒(5,6)) 𝑡
40] 𝜒𝐷 + 𝒪(𝑡

41).

 

𝑂0 ⋅ (𝜙
(𝑚 ⋅ 𝜙𝑛)), 𝑂0 ⋅ (𝜙

𝑚 ⋅ 𝜆𝛼̇), 𝑂0 ⋅ (𝜆+̇ ⋅ 𝜆−̇)

𝑂0 ⋅ (𝜙
𝑚 ⋅ 𝜓𝑛 −

1

3
𝛿𝑛
𝑚𝜙𝑝 ⋅ 𝜓𝑝) , 𝑂0 ⋅ (𝜆𝛼̇ ⋅ 𝜓𝑚 −

1

2
𝜖𝑚𝑛𝑝𝜙

𝑛 ⋅ 𝐷𝛼̇𝜙
𝑝)

𝑂0 ⋅ 𝜕𝛼̇(𝜙
(𝑚 ⋅ 𝜙𝑛))

 

𝑄‾𝑂0× (𝜙
𝑚 ⋅ 𝜙𝑛, 𝜙𝑚 ⋅ 𝜆𝛼̇ , 𝜆+̇ ⋅ 𝜆−̇, 𝜙

𝑚 ⋅ 𝜓𝑛 −
1

3
𝛿𝑛
𝑚𝜙𝑝 ⋅ 𝜓𝑝) 

(𝑄, 𝑄𝑄)𝑂0× (𝜙
𝑚 ⋅ 𝜙𝑛, 𝜙𝑚 ⋅ 𝜆𝛼̇)  

(𝑄𝑄‾, 𝑄𝑄𝑄, 𝜕)𝑂0 × (𝜙
𝑚 ⋅ 𝜙𝑛)

 

𝑂0 ⋅ (𝜙
𝑚 ⋅ 𝜙𝑛), 𝑂0 ⋅ (𝜙

𝑚 ⋅ 𝜆𝛼̇), 𝑂0 ⋅ (𝜙
𝑚 ⋅ 𝜓𝑛 −

1

3
𝛿𝑛
𝑚𝜙𝑝 ⋅ 𝜓𝑝)  

𝑂0 ⋅ (𝜙
(𝑚 ⋅ 𝜙𝑛)) = −

1

14
𝑄[20𝜖𝑟𝑠(𝑚(𝜙𝑛) ⋅ 𝜓𝑝)(𝜙

𝑝 ⋅ 𝜓𝑟)(𝜙
𝑞 ⋅ 𝜓𝑞)(𝑓 ⋅ 𝜓𝑠)

−20𝜖𝑝𝑟𝑠(𝜙(𝑚 ⋅ 𝜓𝑝)(𝜙
𝑛) ⋅ 𝜓𝑟)(𝜙

𝑞 ⋅ 𝜓𝑞)(𝑓 ⋅ 𝜓𝑠)  

 +30𝜖𝑝𝑟𝑠(𝜙(𝑚 ⋅ 𝜓𝑝)(𝜙
𝑛) ⋅ 𝜓𝑟)(𝜙

𝑞 ⋅ 𝜓𝑠)(𝑓 ⋅ 𝜓𝑞)

 −7𝜖𝑎1𝑎2𝑝𝜖𝑏1𝑏2(𝑚(𝜙𝑛) ⋅ 𝜓𝑝)(𝜙
𝑞 ⋅ 𝜓𝑞)(𝜓𝑎1 ⋅ 𝜓𝑎2)(𝜓𝑏1 ⋅ 𝜓𝑏2)

+18𝜖𝑎1𝑎2𝑝𝜖𝑏1𝑏2(𝑚(𝜙𝑛) ⋅ 𝜓𝑞)(𝜙
𝑞 ⋅ 𝜓𝑝)(𝜓𝑎1 ⋅ 𝜓𝑎2)(𝜓𝑏1 ⋅ 𝜓𝑏2)].

 

𝑂0 ⋅ (𝜙
𝑚 ⋅ 𝜆𝛼̇) 

 

𝑂0 ⋅ (𝜙
𝑚 ⋅ 𝜆𝛼̇) =

1

8
𝑄[40𝜖𝑚𝑛𝑝(𝑓 ⋅ 𝜓𝑞)(𝜆𝛼̇ ⋅ 𝜓𝑟)(𝜙

𝑞 ⋅ 𝜓𝑛)(𝜙
𝑟 ⋅ 𝜓𝑝)

 −4𝜖𝑚𝑎1𝑎2𝜖𝑛𝑏1𝑏2(𝜆𝛼̇ ⋅ 𝜓𝑛)(𝜙
𝑝 ⋅ 𝜓𝑝)(𝜓𝑎1 ⋅ 𝜓𝑎2)(𝜓𝑏1 ⋅ 𝜓𝑏2)

 +6𝜖𝑚𝑎1𝑎2𝜖𝑛𝑏1𝑏2(𝜆𝛼̇ ⋅ 𝜓𝑝)(𝜙
𝑝 ⋅ 𝜓𝑛)(𝜓𝑎1 ⋅ 𝜓𝑎2)(𝜓𝑏1 ⋅ 𝜓𝑏2)

+𝜖𝑛𝑎1𝑎2𝜖𝑝𝑏1𝑏2(𝜆𝛼̇ ⋅ 𝜓𝑛)(𝜙
𝑚 ⋅ 𝜓𝑝)(𝜓𝑎1 ⋅ 𝜓𝑎2)(𝜓𝑏1 ⋅ 𝜓𝑏2)].

 



 

pág. 3545 

𝑂0 ⋅ (𝜙
𝑚 ⋅ 𝜓𝑛 −

1

3
𝛿𝑛
𝑚𝜙𝑝 ⋅ 𝜓𝑝) 

𝑂0 ⋅ (𝜙
𝑚 ⋅ 𝜓𝑛 −

1

3
𝛿𝑛
𝑚𝜙𝑝 ⋅ 𝜓𝑝)

 =
1

4
𝑄[𝜖𝑛𝑝𝑞𝜖

𝑟𝑎1𝑎2𝜖𝑞𝑏1𝑏2𝜖𝑚𝑐1𝑐2(𝜙𝑝 ⋅ 𝜓𝑟)(𝜓𝑎1 ⋅ 𝜓𝑎2)(𝜓𝑏1 ⋅ 𝜓𝑏2)(𝜓𝑐1 ⋅ 𝜓𝑐2)]

 

𝑂0 ⋅ (𝜙
𝑚 ⋅ 𝑓 +

1

2
𝜖𝑚𝑛𝑝𝜓𝑛 ⋅ 𝜓𝑝)  

𝑓 ⋅ 𝜆𝛼̇ +
2

3
𝜓𝑚 ⋅ 𝐷𝛼̇𝜙

𝑚 −
1

3
𝜙𝑚 ⋅ 𝐷𝛼̇𝜓𝑚 at 𝒪(𝑡9) 

𝜙𝑚 ⋅ 𝑓 +
1

2
𝜖𝑚𝑛𝑝𝜓𝑛 ⋅ 𝜓𝑝 

𝜙𝑚 ⋅ 𝑓 +
1

2
𝜖𝑚𝑛𝑝𝜓𝑛 ⋅ 𝜓𝑝 

𝑂0 ⋅ 𝜕𝛼̇(𝜆𝛽̇ ⋅ 𝜆
𝛽̇) , 𝑂0 ⋅ (𝑓 ⋅ 𝜆𝛼̇ +

2

3
𝜓𝑚 ⋅ 𝐷𝛼̇𝜙

𝑚 −
1

3
𝜙𝑚 ⋅ 𝐷𝛼̇𝜓𝑚)  

𝑍 − 𝑍grav − 𝜒24 − 𝜒32 is −(𝜒(1,3) + 𝜒(3,6)) 𝑡
34 

𝑂0 ⋅ 𝜕
𝛼̇ (𝜆𝛼̇ ⋅ 𝜓𝑚 −

1

2
𝜖𝑚𝑛𝑝𝜙

𝑛 ⋅ 𝐷𝛼̇𝜙
𝑝) , 𝑂0 ⋅ 𝜕𝛼̇𝜕𝛽̇(𝜙

𝑚 ⋅ 𝜙𝑛)  

𝑂0 ⋅ 𝜕𝛼̇ (𝑓 ⋅ 𝜙
𝑚 +

1

2
𝜖𝑚𝑛𝑝𝜓𝑛 ⋅ 𝜓𝑝)  

𝑂0 ⋅ 𝜕𝛼̇ (𝑓 ⋅ 𝜆𝛽̇ +
2

3
𝜓𝑚 ⋅ 𝐷𝛽̇𝜙

𝑚 −
1

3
𝜙𝑚 ⋅ 𝐷𝛽̇𝜓𝑚)

𝑂0 ⋅ 𝜕𝛼̇𝜕𝛽̇ (𝜙
𝑚 ⋅ 𝜓𝑛 −

1

3
𝛿𝑛
𝑚𝜙𝑝 ⋅ 𝜓𝑝)

 

𝑂0 ⋅ 𝜕𝛼̇𝜕
𝛽̇ (𝜆𝛽̇ ⋅ 𝜓𝑚 −

1

2
𝜖𝑚𝑛𝑝𝜙

𝑛 ⋅ 𝐷𝛽̇𝜙
𝑝) , 𝑂0 ⋅ 𝜕𝛼̇𝜕𝛽̇𝜕𝛾̇(𝜙

𝑚 ⋅ 𝜙𝑛).  

𝑂0 ⋅ 𝜕(𝛼̇𝜕𝛽̇𝜕𝛾̇(𝜆𝛿̇) ⋅ 𝜙
𝑚)  

𝑂0 ⋅ 𝜕𝛼̇𝜕𝛽̇𝜕
𝛾̇(𝜆𝛾̇ ⋅ 𝜙

𝑚) , 𝑂0 ⋅ 𝜕𝛼̇𝜕𝛽̇ (𝑓 ⋅ 𝜙
𝑚 +

1

2
𝜖𝑚𝑛𝑝𝜓𝑛 ⋅ 𝜓𝑝)  

𝑂0𝜕𝛼̇𝜕𝛽̇𝜕𝛾̇(𝜆𝛿̇ ⋅ 𝜆
𝛿̇)

𝑂0𝜕𝛼̇𝜕
𝛽̇ (𝑓 ⋅ 𝜆𝛽̇ +

2

3
𝜓𝑚 ⋅ 𝐷𝛽̇𝜙

𝑚 −
1

3
𝜙𝑚 ⋅ 𝐷𝛽̇𝜓𝑚)

𝑂0𝜕(𝛼̇𝜕𝛽̇(𝑓 ⋅ 𝜆𝛾̇) +
2

3
𝜓𝑚 ⋅ 𝐷𝛾̇𝜙

𝑚 −
1

3
𝜙𝑚 ⋅ 𝐷𝛾̇𝜓𝑚)

𝑂0𝜕𝛼̇𝜕𝛽̇𝜕𝛾̇ (𝜙
𝑚 ⋅ 𝜓𝑛 −

1

3
𝛿𝑛
𝑚𝜙𝑝 ⋅ 𝜓𝑝)

 

𝑂0 ≡ 𝜖
𝑎𝑏𝑐(𝑣2)

𝑚 𝑎(𝑣2)
𝑛 𝑏tr(𝜓(𝑐𝜓𝑚𝜓𝑛))  
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𝑄tr(𝜓(𝑐𝜓𝑚𝜓𝑛)) ∝ 𝜖𝑎𝑏(𝑐(𝑣2)
𝑎 𝑚(𝑣2)

𝑏 𝑛) ≡ 𝑅(𝑣2)𝑐𝑚𝑛  

𝑄𝑂0 ∝ 𝜖
𝑎𝑏𝑐(𝑣2)

𝑚 𝑎(𝑣2)
𝑛 𝑏𝑅(𝑣2)𝑐𝑚𝑛 = 0.  

𝒥 ≡ 2(𝑄1 + 𝑄2 + 𝑄3) + 6𝐽 = 24 

𝑅 ≡
𝑄1 + 𝑄2 + 𝑄3

3
 

𝑆𝑈(3) ⊂ 𝑆𝑈(4)𝑅 

(𝑅, 𝐽) = (
𝑛

2
,
8 − 𝑛

2
) 

𝑢𝑖𝑗≡ tr(𝜙(𝑖𝜙𝑗)), 𝑢𝑖𝑗𝑘 ≡ tr(𝜙(𝑖𝜙𝑗𝜙𝑘))  

𝑣𝑗
𝑖≡ tr(𝜙𝑖𝜓𝑗) −

1

3
𝛿𝑗
𝑖tr(𝜙𝑎𝜓𝑎), 𝑣

𝑖𝑗 𝑘 ≡ tr(𝜙
(𝑖𝜙𝑗)𝜓𝑘) −

1

4
𝛿𝑘
𝑖 tr(𝜙(𝑗𝜙𝑎)𝜓𝑎) −

1

4
𝛿𝑘
𝑗
tr(𝜙(𝑖𝜙𝑎)𝜓𝑎) 

𝑤𝑖 ≡ tr (𝑓𝜙𝑖 +
1

2
𝜖𝑖𝑎1𝑎2𝜓𝑎1𝜓𝑎2) , 𝑤

𝑖𝑗 ≡ tr(𝑓𝜙(𝑖𝜙𝑗) + 𝜖𝑎1𝑎2(𝑖𝜙𝑗)𝜓𝑎1𝜓𝑎2)

 

𝑂(2,1) ≡65𝑢𝑖𝑗 (𝑟20
(2,1)

)
𝑖𝑗
− 39𝑤𝑖𝑗 (𝑟14

(1,1)
)
𝑖𝑗
+ 5𝑤𝑖 (𝑟16

(1,1)
)
𝑖

 +312𝑣𝑖
𝑗𝑘
(𝑟16
(1,2)

)
𝑗𝑘

𝑖
+ 26𝑣𝑖

𝑗
(𝑟18
(1,2)

)
𝑗

𝑖
+ 6𝑤𝑖 (𝑟16

(0,3)
)
𝑖

 

𝑂1
(1,2)

≡−3𝑣(𝑗 𝑖𝑤
𝑘) (𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 3𝑢(𝑖𝑗𝑤𝑘) (𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑗𝑤𝑎2 (𝑟12
(0,2)

)
𝑗

𝑖
 

𝑂2
(1,2)

≡−9𝑢𝑎(𝑖𝑣𝑗) 𝑎 (𝑟14
(1,1)

)
𝑖𝑗
+ 10𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗) (𝑟14
(1,1)

)
𝑘

𝑖𝑗
 

+30𝑣(𝑗 𝑖𝑤
𝑘) (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 60𝑢(𝑗𝑘𝑣𝑙) 𝑖 (𝑟14

(0,3)
)
𝑗𝑘𝑙

𝑖
,  

𝑂3
(1,2)

≡−3𝑢𝑎(𝑖𝑣𝑗) 𝑎 (𝑟14
(1,1)

)
𝑖𝑗
+ 6𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2 𝑗) (𝑟14
(1,1)

)
𝑘

𝑖𝑗
+ 4𝑢𝑖𝑗𝑘 (𝑟18

(1,2)
)
𝑖𝑗𝑘
+ 14𝑣(𝑗 𝑖𝑤

𝑘) (𝑟10
(0,1)

)
𝑗𝑘

𝑖
 

−6𝑤𝑖𝑗 (𝑟14
(0,2)

)
𝑖𝑗
− 12𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣

𝑘) 𝑎2 (𝑟12
(0,2)

)
𝑖𝑗𝑘
− 4𝑣𝑗 𝑎𝑣

𝑎 𝑖 (𝑟12
(0,2)

)
𝑗

𝑖
 

𝑂4
(1,2)

≡−3𝑢𝑎(𝑖𝑣𝑗) 𝑎 (𝑟14
(1,1)

)
𝑖𝑗
+ 14𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗) (𝑟14
(1,1)

)
𝑘

𝑖𝑗
+ 8𝑣𝑗𝑘  𝑖 (𝑟16

(1,1)
)
𝑗𝑘

𝑖
+ 42𝑣(𝑗 𝑖𝑤

𝑘) (𝑟10
(0,1)

)
𝑗𝑘

𝑖
 

 +12𝑢(𝑖𝑗𝑤𝑘) (𝑟12
(0,2)

)
𝑖𝑗𝑘
− 24𝑤𝑖𝑗 (𝑟14

(0,2)
)
𝑖𝑗
− 36𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣

𝑘) 𝑎2 (𝑟12
(0,2)

)
𝑖𝑗𝑘
− 8𝑣𝑗𝑘 𝑖 (𝑟16

(0,3)
)
𝑗𝑘

𝑖
.
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𝑂1
(1,1)

≡ 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑗𝑤𝑘)𝑎2 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
 

𝑂2
(1,1)

≡ 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑗𝑘𝑤𝑎2 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
 

𝑂3
(1,1)

≡ 𝜖𝑎1𝑎2𝑖𝜖𝑏1𝑏2𝑗𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑘 (𝑟14

(1,1)
)
𝑘

𝑖𝑗
+ 5𝑣𝑎 𝑖𝑣

𝑗𝑘  𝑎 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
− 2𝑣(𝑗 𝑎𝑣

𝑘)𝑎  𝑖 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
 

𝑂1
(0,3)

 = −𝜖𝑖𝑎1𝑎2(4𝑢
𝑎1𝑏𝑣𝑗𝑎2  𝑏 + 3𝑢

𝑗𝑎1𝑏𝑣𝑎2 𝑏) (𝑟12
(0,2)

)
𝑗

𝑖
=
1

2
𝑖𝑄 ((𝑟12

(0,2)
)
𝑗

𝑖
(𝑟12
(0,2)

)
𝑖

𝑗
)

𝑂2
(0,3)

= −𝜖𝑎1𝑎2(𝑖(𝑢
𝑎1(𝑘𝑣𝑙)𝑎2  𝑗) + 𝑢

𝑘𝑙𝑎1𝑣𝑎2  𝑗)) (𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
=
1

2
𝑖𝑄 ((𝑟12

(0,2)
)
𝑖𝑗

𝑘𝑙
(𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
)  

𝑂3
(0,3)

 ≡ −𝑢𝑎(𝑖𝑣𝑗𝑘) 𝑎 (𝑟12
(0,2)

)
𝑖𝑗𝑘
,

𝑂4
(0,3)

≡ −𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑣𝑎2  𝑏 (𝑟14

(0,2)
)
𝑖
,  

𝑂5
(0,3)

≡ 6𝑣𝑎 𝑖𝑣
𝑗𝑘  𝑎 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 6𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎 (𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑏𝑗𝑣𝑎2  𝑏 (𝑟12
(0,2)

)
𝑗

𝑖
,  

𝑂6
(0,3)

 ≡ 24𝑣(𝑗 𝑎𝑣
𝑘) 𝑖 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 6𝑢𝑎(𝑖𝑣𝑗) 𝑎 (𝑟14

(0,2)
)
𝑖𝑗
− 𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗) (𝑟14
(0,2)

)
𝑘

𝑖𝑗
,

𝑂7
(0,3)

≡ 𝑣𝑎 𝑖𝑣
𝑗𝑘  𝑎 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 10𝑣(𝑗 𝑎𝑣

𝑘)𝑎  𝑖 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 6𝑢𝑎(𝑖𝑗𝑣𝑘) (𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 10𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑙𝑣𝑎2) (𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
,  

𝑂8
(0,3)

≡ 5𝑣𝑎 𝑖𝑣
𝑗𝑘  𝑎 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 2𝑣(𝑗 𝑎𝑣

𝑘)𝑎  𝑖 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 9𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎 (𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 6𝜖𝑎1𝑎2𝑖𝑢

𝑎1(𝑗𝑢𝑘𝑙)𝑎2 (𝑟14
(0,3)

)
𝑗𝑘𝑙

𝑖
, 

𝑂9
(0,3)

≡ 6𝑣𝑎 𝑖𝑣
𝑗𝑘  𝑎 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 12𝑣(𝑗 𝑎𝑣

𝑘)𝑎  𝑖 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 18𝑢𝑎(𝑖𝑗𝑣𝑘) (𝑟12

(0,2)
)
𝑖𝑗𝑘
− 𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗) (𝑟14
(0,2)

)
𝑘

𝑖𝑗
,  

𝑂10
(0,3)

 ≡ 38𝑣𝑎 𝑖𝑣
𝑗𝑘 𝑎 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 4𝑣(𝑗 𝑎𝑣

𝑘)𝑎  𝑖 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 24𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎 (𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 5𝑢(𝑗𝑘𝑣𝑙) 𝑖 (𝑟14

(0,2)
)
𝑗𝑘𝑙

𝑖
.

 

𝑂 ≡ −6𝑂6
(0,3)

= 288𝑣𝑗 𝑎𝑣
𝑘𝑎 𝑖𝜖𝑐1𝑐2(𝑗tr(𝜙

𝑐1𝜙𝑐2𝜙𝑖𝜓𝑘)) − 72𝑣
𝑎 𝑏𝑣

𝑏𝑘 𝑎𝜖𝑐1𝑐2(𝑘tr(𝜙
𝑐1𝜙𝑐2𝜙𝑑𝜓𝑑))

 +36𝜖𝑎1𝑎2𝑢
𝑎1𝑘𝑣𝑎2  𝑗[2tr(𝜙

(𝑖𝜙𝑐𝜙𝑗)𝜓(𝑐𝜓𝑘)) + 2tr(𝜙
(𝑖∣𝜙𝑐𝜙∣𝑗)𝜓(𝑐𝜓𝑘))

+9tr(𝜙(𝑖𝜙𝑗𝜓(𝑐𝜙
𝑐)𝜓𝑘)) − 6tr(𝜙

(𝑖𝜙𝑗)𝜓(𝑐𝜙
𝑐𝜓𝑘))]

 −9𝜖𝑎1𝑎2𝑗𝑢
𝑎1𝑏𝑣𝑎2  𝑏[2tr(𝜙

(𝑗𝜙𝑐𝜙𝑑)𝜓(𝑐𝜓𝑑)) + 2tr(𝜙
(𝑗∣𝜙𝑐𝜙∣𝑑)𝜓(𝑐𝜓𝑑))

+9tr(𝜙(𝑗𝜙𝑑𝜓(𝑐𝜙
𝑐)𝜓𝑑)) − 6tr(𝜙

(𝑗𝜙𝑑)𝜓(𝑐𝜙
𝑐𝜓𝑑))]

 −20𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2𝑏3[2tr(𝜓(𝑖𝜓𝑗)𝜙
𝑏1𝜙𝑏2𝜙𝑏3) + tr(𝜓(𝑖𝜙

𝑏1𝜓𝑗)𝜙
𝑏2𝜙𝑏3)]

 −36𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2(𝑖[tr(𝜓𝑗)𝜓𝑐𝜙
𝑏1𝜙𝑏2𝜙𝑐) + tr(𝜓𝑗)𝜓𝑐𝜙

𝑏1𝜙𝑐𝜙𝑏2) + tr(𝜓𝑗)𝜓𝑐𝜙
𝑐𝜙𝑏1𝜙𝑏2)]

 −36𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2(𝑖[tr(𝜓𝑗)𝜙
𝑏1𝜓𝑐𝜙

𝑏2𝜙𝑐) + tr(𝜓𝑗)𝜙
𝑏1𝜓𝑐𝜙

𝑐𝜙𝑏2) + tr(𝜓𝑗𝜙
𝑐𝜓𝑐𝜙

𝑏1𝜙𝑏2)]

 −36𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2(𝑖[tr(𝜓𝑗)𝜙
𝑏1𝜙𝑏2𝜓𝑐𝜙

𝑐) + tr(𝜓𝑗)𝜙
𝑏1𝜙𝑐𝜓𝑐𝜙

𝑏2) + tr(𝜓𝑗)𝜙
𝑐𝜙𝑏1𝜓𝑐𝜙

𝑏2)]

 −36𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2(𝑖[tr(𝜓𝑗)𝜙
𝑏1𝜙𝑏2𝜙𝑐𝜓𝑐) + tr(𝜓𝑗)𝜙

𝑏1𝜙𝑐𝜙𝑏2𝜓𝑐) + tr(𝜓𝑗)𝜙
𝑐𝜙𝑏1𝜙𝑏2𝜓𝑐)]

 +12𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2(𝑖[5tr(𝜓𝑗)𝜙
𝑏1𝜙𝑏2)tr(𝜓𝑐𝜙

𝑐) + 2tr(𝜓𝑗𝜙
(𝑏1𝜙𝑐))tr(𝜓𝑐𝜙

𝑏2)

−2tr(𝜓𝑗)𝜙
𝑏2)tr(𝜓𝑐𝜙

(𝑏1𝜙𝑐))].
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𝑂1
(0,2)

≡−𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 2𝜖𝑎1𝑎2𝑢

𝑎1𝑏𝑢𝑎2(𝑗𝑣𝑘) 𝑏 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
 

𝑂2
(0,2)

≡−6𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏(𝑗𝑣𝑘)𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 𝜖𝑎1𝑎2𝑖𝑢

𝑎1(𝑘𝑣𝑙)𝑎2  𝑗) (𝑟12
(0,1)

)
𝑘𝑙

𝑖𝑗
 

𝑂3
(0,2)

≡−𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑘𝑙𝑣𝑎2  𝑗) (𝑟12
(0,1)

)
𝑘𝑙

𝑖𝑗
 

𝑂4
(0,2)

≡−𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑘𝑙 (𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
 

𝑂5
(0,2)

≡ −4𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 24𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑏(𝑗𝑣𝑘)𝑎2  𝑏 (𝑟10
(0,1)

)
𝑗𝑘

𝑖

−𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑘 (𝑟14

(0,2)
)
𝑘

𝑖𝑗
 

𝑂6
(0,2)

≡ −𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 12𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑏(𝑗𝑣
𝑘)𝑎2  𝑏(𝑟10

(0,1)
)
𝑗𝑘

𝑖
+3𝜖𝑎1𝑎2𝑖𝑢

𝑎1(𝑗𝑢𝑘𝑙)𝑎2(𝑟14
(0,2)

)
𝑗𝑘𝑙

𝑖

.

 

𝑂(0,1) ≡36𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑎3𝑗𝑘 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 5𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑏3𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑎3𝑏3𝑟12
(0,1)

 −6𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑘𝑙 (𝑟12

(0,1)
)
𝑘𝑙

𝑖𝑗
 

tr(𝜙1𝜙1𝜓1𝜙
1𝜓1𝜓1𝜙

1𝜓1) + tr(𝜙
2𝜙2𝜓2𝜙

2𝜓2𝜓2𝜙
2𝜓2) + tr(𝜙

3𝜙3𝜓3𝜙
3𝜓3𝜓3𝜙

3𝜓3)

tr(𝜙1𝜙1𝜙2𝜓2)tr(𝜓1𝜓2)tr(𝜙
2𝜓1) + tr(𝜙

2𝜙2𝜙3𝜓3)tr(𝜓2𝜓3)tr(𝜙
3𝜓2)

+tr(𝜙3𝜙3𝜙1𝜓1)tr(𝜓3𝜓1)tr(𝜙
1𝜓3) + tr(𝜙

3𝜙3𝜙2𝜓2)tr(𝜓3𝜓2)tr(𝜙
2𝜓3)  

+tr(𝜙1𝜙1𝜙3𝜓3)tr(𝜓1𝜓3)tr(𝜙
3𝜓1) + tr(𝜙

2𝜙2𝜙1𝜓1)tr(𝜓2𝜓1)tr(𝜙
1𝜓2)  

tr(𝜙2𝜙2𝜓1𝜓2𝜙
3)tr(𝑓𝜙1𝜙1) + tr(𝜙3𝜙3𝜓2𝜓3𝜙

1)tr(𝑓𝜙2𝜙2)

+tr(𝜙1𝜙1𝜓3𝜓1𝜙
2)tr(𝑓𝜙3𝜙3) − tr(𝜙3𝜙3𝜓1𝜓3𝜙

2)tr(𝑓𝜙1𝜙1)  

 −tr(𝜙1𝜙1𝜓2𝜓1𝜙
3)tr(𝑓𝜙2𝜙2) − tr(𝜙2𝜙2𝜓3𝜓2𝜙

1)tr(𝑓𝜙3𝜙3)

 

𝑓 = (

𝑓1 𝑓2 𝑓3
𝑓4 𝑓5 𝑓6
𝑓7 𝑓8 −𝑓1 − 𝑓5

) ,  

𝑢𝑖𝑗≡ tr(𝜙(𝑖𝜙𝑗)), 𝑢𝑖𝑗𝑘 ≡ tr(𝜙(𝑖𝜙𝑗𝜙𝑘))  

𝑣𝑗
𝑖≡ tr(𝜙𝑖𝜓𝑗) −

1

3
𝛿𝑗
𝑖tr(𝜙𝑎𝜓𝑎), 𝑣𝑘

𝑖𝑗
≡ tr(𝜙(𝑖𝜙𝑗)𝜓𝑘) −

1

4
𝛿𝑘
𝑖 tr(𝜙(𝑗𝜙𝑎)𝜓𝑎) −

1

4
𝛿𝑘
𝑗
tr(𝜙(𝑖𝜙𝑎)𝜓𝑎) 

𝑤𝑖 ≡ tr (𝑓𝜙𝑖 +
1

2
𝜖𝑖𝑎1𝑎2𝜓𝑎1𝜓𝑎2) , 𝑤

𝑖𝑗 ≡ tr(𝑓𝜙(𝑖𝜙𝑗) + 𝜖𝑎1𝑎2(𝑖𝜙𝑗)𝜓𝑎1𝜓𝑎2)

 

𝑄𝜙𝑚 = 0,𝑄𝜓𝑚 = −
𝑖

2
𝜖𝑚𝑛𝑝[𝜙

𝑛 , 𝜙𝑝], 𝑄𝑓 = −𝑖[𝜙𝑚, 𝜓𝑚]  

[𝑛, 0]: 𝑂𝑖1𝑖2𝑖3⋯𝑖𝑛 → 𝑂𝑖1𝑖2𝑖3⋯𝑖𝑛 , [0, 𝑛]: 𝑂𝑖1𝑖2𝑖3⋯𝑖𝑛 → 𝑂𝑖1𝑖2𝑖3⋯𝑖𝑛

[1,1]: 𝑂𝑗
𝑖 → 𝑂𝑗

𝑖 −
1

3
𝛿𝑗
𝑖𝑂𝑎
𝑎

[2,1]: 𝑂𝑘
𝑖𝑗
→ 𝑂𝑘

𝑖𝑗
−
1

2
𝛿𝑘
(𝑖
𝑂𝑎
𝑗)𝑎
, [1,2]: 𝑂𝑗𝑘

𝑖 → 𝑂𝑗𝑘
𝑖 −

1

2
𝛿(𝑗
𝑖 𝑂𝑘)𝑎

𝑎

[3,1]: 𝑂𝑙
𝑖𝑗𝑘
→ 𝑂𝑙

𝑖𝑗𝑘
−
3

5
𝛿𝑙
(𝑖
𝑂𝑎
𝑗𝑘)𝑎

, [1,3]: 𝑂𝑗𝑘𝑙
𝑖 → 𝑂𝑗𝑘𝑙

𝑖 −
3

5
𝛿(𝑗
𝑖 𝑂𝑘𝑙)𝑎

𝑎

[2,2]: 𝑂𝑘𝑙
𝑖𝑗
→ 𝑂𝑘𝑙

𝑖𝑗
−
4

5
𝛿(𝑘
(𝑖
𝑂𝑙)𝑎
𝑗)𝑎
+
1

10
𝛿(𝑘
(𝑖
𝛿𝑙)
𝑗)
𝑂𝑎1𝑎2
𝑎1𝑎2
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𝑡10[1,2](𝑢2𝑢3): (𝑅10
(0,0)

)
𝑗𝑘

𝑖
= 𝜖𝑎1𝑎2(𝑗𝜖𝑘)𝑏1𝑏2𝑢

𝑎1𝑏1𝑢𝑖𝑎2𝑏2

𝑡12[0,0](𝑢2𝑢2𝑢2): 𝑅12
(0,0)

= 𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑏3𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑎3𝑏3

𝑡12[2,2](𝑢2𝑢2𝑢2, 𝑢3𝑢3): (𝑅12
(0,0)

)
𝑘𝑙

𝑖𝑗
= 𝜖𝑎1𝑎2(𝑘𝜖𝑙)𝑏1𝑏2(𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑖𝑗 + 6𝑢𝑎1𝑏1(𝑖𝑢𝑗)𝑎2𝑏2)

𝑡12[0,3](𝑢2𝑣3): (𝑅12
(0,1)

)
𝑖𝑗𝑘
= 𝜖(𝑖∣𝑎1𝑎2𝜖|𝑗|𝑏1𝑏2𝑢

𝑎1𝑏1𝑣𝑎2𝑏2  ∣𝑘)

𝑡12[1,1](𝑢2𝑣3, 𝑢3𝑣2): (𝑅12
(0,1)

)
𝑗

𝑖
= 𝜖𝑗𝑎1𝑎2(4𝑢

𝑎1𝑏𝑣𝑖𝑎2  𝑏 + 3𝑢
𝑖𝑎1𝑏𝑣𝑎2  𝑏)

𝑡12[2,2](𝑢2𝑣3, 𝑢3𝑣2): (𝑅12
(0,1)

)
𝑘𝑙

𝑖𝑗
= 𝜖𝑎1𝑎2(𝑘(𝑢

𝑎1(𝑖𝑣𝑗)𝑎2  𝑙) + 𝑢
𝑖𝑗𝑎1𝑣𝑎2  𝑙))

𝑡14[1,0](𝑢2𝑢2𝑣2): (𝑅14
(0,1)

)
𝑖
= 𝜖𝑎1𝑎2𝑎3𝑢

𝑖𝑎1𝑢𝑏𝑎2𝑣𝑎3  𝑏

 

𝑡14[0,2](𝑢2𝑢2𝑣2, 𝑢3𝑣3): (𝑅14
(0,1)

)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖∣(𝜖𝑏1𝑏2𝑏3𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑣𝑏3  ∣𝑗) − 2𝜖∣𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑐𝑣𝑎2𝑏2  𝑐)

𝑡14[2,1](𝑢2𝑢2𝑣2, 𝑢3𝑣3): (𝑅14
(0,1)

)
𝑘

𝑖𝑗
= 𝜖𝑘𝑎1𝑎2(3𝑢

(𝑎1𝑏𝑢𝑖𝑗)𝑣𝑎2  𝑏 + 4𝑢
𝑎1𝑏𝑢𝑎2(𝑖𝑣𝑗) 𝑏 + 24𝑢

𝑎1𝑏(𝑖𝑣𝑗)𝑎2  𝑏)

𝑡14[1,3](𝑢2𝑢2𝑣2, 𝑢3𝑣3): (𝑅14
(0,1)

)
𝑗𝑘𝑙

𝑖
= 𝜖(𝑗∣𝑎1𝑎2𝜖|𝑘|𝑏1𝑏2(𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑣𝑖 ∣𝑙) + 6𝑢
𝑖𝑎1𝑏1𝑣𝑎2𝑏2  ∣𝑙))

𝑡14[3,2](𝑢2𝑢2𝑣2, 𝑢3𝑣3): (𝑅14
(0,1)

)
𝑙𝑚

𝑖𝑗𝑘
= 𝜖𝑎1𝑎2(𝑙(𝑢

(𝑎1𝑖𝑢𝑗𝑘)𝑣𝑎2  𝑚) + 6𝑢
𝑎1(𝑖𝑗𝑣𝑘)𝑎2  𝑚))

𝑡14[1,3](𝑣2𝑣3): (𝑅14
(0,2)

)
𝑗𝑘𝑙

𝑖
= 𝜖𝑎1𝑎2(𝑗𝑣

𝑎1 𝑘𝑣
𝑖𝑎2  𝑙)

𝑡16[0,1](𝑢2𝑣2𝑣2, 𝑣3𝑣3): (𝑅16
(0,2)

)
𝑖
= 𝜖𝑖𝑎1𝑎2(12𝑢

𝑏𝑐𝑣𝑎1  𝑏𝑣
𝑎2  𝑐 + 13𝑢

𝑎1𝑏𝑣𝑎2 𝑐𝑣
𝑐  𝑏 + 12𝑣

𝑎1𝑏 𝑐𝑣
𝑎2𝑐  𝑏)

𝑡16[1,2](𝑢2𝑣2𝑣2, 𝑣3𝑣3): (𝑅16
(0,2)

)
𝑗𝑘

𝑖
= 𝜖𝑎1𝑎2(𝑗(3𝑢

𝑖𝑏𝑣𝑎1  𝑘)𝑣
𝑎2  𝑏 − 7𝑢

𝑖𝑎1𝑣𝑏 𝑘)𝑣
𝑎2  𝑏

+6𝑢𝑎1𝑏𝑣𝑖 𝑘𝑣
𝑎2  𝑏 + 24𝑣

𝑎1𝑏 𝑘𝑣
𝑖𝑎2  𝑏)

𝑡16[2,3](𝑢2𝑣2𝑣2, 𝑣3𝑣3): (𝑅16
(0,2)

)
𝑘𝑙𝑚

𝑖𝑗
= 𝜖𝑎1𝑎2(𝑘(𝑢

𝑎1(𝑖 𝑗𝑣𝑗 𝑙𝑣
𝑎2  𝑚) + 3𝑣

𝑎1(𝑖 𝑙𝑣
𝑗)𝑎2  𝑚))

𝑡18[0,0](𝑢3𝑣2𝑣2): 𝑅18
(0,2)

= 𝜖𝑎1𝑎2𝑎3𝑢
𝑎1𝑏𝑐𝑣𝑎2  𝑏𝑣

𝑎3  𝑐

𝑡20[1,0](𝑣2𝑣2𝑣3): (𝑅20
(0,3)

)
𝑖
= 2𝑣𝑎 𝑐𝑣

𝑏 𝑎𝑣
𝑖𝑐  𝑏 − 3𝑣

𝑖 𝑎𝑣
𝑐  𝑏𝑣

𝑎𝑏 𝑐

𝑡22[2,0](𝑢2𝑣2𝑣2𝑣2): (𝑅22
(0,3)

)
𝑖𝑗
= 𝑢𝑖𝑗𝑣𝑎  𝑏𝑣

𝑏 𝑐𝑣
𝑐  𝑎 − 3𝑢

𝑎(𝑖𝑣𝑗) 𝑏𝑣
𝑏 𝑐𝑣

𝑐 𝑎 + 3𝑢
𝑎𝑏𝑣(𝑖 𝑎𝑣

𝑗) 𝑐𝑣
𝑐 𝑏

𝑡24[0,0](𝑢2𝑣2𝑣2𝑣3): 𝑅24
(0,3)

= 𝜖𝑎1𝑎2𝑎3𝑢
𝑎1𝑏𝑣𝑎2  𝑏𝑣

𝑎3𝑐 𝑑𝑣
𝑑  𝑐

𝑡26[1,0](𝑣2𝑣2𝑣2𝑣3): (𝑅26
(0,4)

)
𝑖
= 𝑣𝑖 𝑎𝑣

𝑎 𝑏𝑣
𝑑 𝑐𝑣

𝑏𝑐  𝑑

𝑡30[0,0](𝑣2𝑣2𝑣2𝑣2𝑣2): 𝑅30
(0,5)

= 𝑣𝑎 𝑏𝑣
𝑏 𝑐𝑣

𝑐  𝑑𝑣
𝑑  𝑒𝑣

𝑒 𝑎

𝑡30[3,0](𝑣2𝑣2𝑣2𝑣2𝑣2): (𝑅30
(0,5)

)
𝑖𝑗𝑘
= 𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣

𝑘) 𝑎2𝑣
𝑏 𝑐𝑣

𝑐 𝑑𝑣
𝑑  𝑏.
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𝑡14[0,2](𝑣2𝑣3, 𝑢2𝑤3): (𝑅14
(1,0)

)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖(8𝑣

𝑎1𝑏 𝑗)𝑣
𝑎2  𝑏 + 5𝜖𝑗)𝑏1𝑏2𝑢

𝑎1𝑏1𝑤𝑎2𝑏2)

𝑡14[2,1](𝑣2𝑣3, 𝑢2𝑤3, 𝑢3𝑤2):

 (𝑅14
(1,0)

)
𝑘

𝑖𝑗
= 2𝑣𝑖 𝑎𝑣

𝑗)𝑎 𝑘 − 5𝑣
𝑎 𝑘𝑣

𝑖𝑗 𝑎 + 3𝜖𝑘𝑎1𝑎2𝑢
𝑎1(𝑖𝑤𝑗)𝑎2 + 3𝜖𝑘𝑎1𝑎2𝑢

𝑖𝑗𝑎1𝑤𝑎2

𝑡16[0,1](𝑣3𝑣3, 𝑢2𝑣2𝑣2, 𝑢2𝑢2𝑤2):

 (𝑅16
(1,0)

)
𝑖
= 𝜖𝑖𝑎1𝑎2(48𝑣

𝑎1𝑏1  𝑏2𝑣
𝑎2𝑏2  𝑏1 + 9𝑢

𝑏1𝑏2𝑣𝑎1 𝑏1𝑣
𝑎2  𝑏2 − 13𝜖𝑏1𝑏2𝑏3𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑤𝑏3)

𝑡16[1,2](𝑣3𝑣3, 𝑢2𝑣2𝑣2, 𝑢3𝑤3, 𝑢2𝑢2𝑤2):

 (𝑅16
(1,0)

)
𝑗𝑘

𝑖
= 𝜖𝑎1𝑎2(𝑗∣(24𝑣

𝑖𝑎1  𝑏𝑣
𝑏𝑎2  ∣𝑘) + 2𝑢

𝑖𝑎1𝑣𝑎2 𝑏𝑣
𝑏 ∣𝑘) − 6𝑢

𝑎1𝑏𝑣𝑎2  𝑏𝑣
𝑖 ∣𝑘)

 +6𝜖∣𝑘)𝑏1𝑏2𝑢
𝑖𝑎1𝑏1𝑤𝑎2𝑏2 + 𝜖∣𝑘)𝑏1𝑏2𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑤𝑖)

 

 

𝑖𝑄𝑟
𝑗

(𝑛𝑓,𝑛𝜓) = 𝑅
𝑗

(𝑛𝑓,𝑛𝜓−1)
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(𝑟10
(0,1)

)
𝑗𝑘

𝑖
= −2𝜖𝑎1𝑎2(𝑗tr(𝜙

𝑎1𝜙𝑎2𝜙𝑖𝜓𝑘)),

𝑟12
(0,1)

= 𝜖𝑎1𝑎2𝑎3[6tr(𝜓𝑏𝜙
𝑎1)tr(𝜙𝑏𝜙𝑎2𝜙𝑎3) − tr(𝜓𝑏𝜙

𝑎1𝜙𝑎2)tr(𝜙𝑏𝜙𝑎3)]

 −3𝜖𝑎1𝑎2𝑎3[tr(𝜓𝑏𝜙
𝑏𝜙𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓𝑏𝜙

𝑎1𝜙𝑏𝜙𝑎2𝜙𝑎3)

+tr(𝜓𝑏𝜙
𝑎1𝜙𝑎2𝜙𝑏𝜙𝑎3) + tr(𝜓𝑏𝜙

𝑎1𝜙𝑎2𝜙𝑎3𝜙𝑏)],

(𝑟12
(0,1)

)
𝑘𝑙

𝑖𝑗
= −2𝜖𝑎1𝑎2(𝑘[tr(𝜓𝑙)𝜙

(𝑖𝜙𝑗)𝜙𝑎1𝜙𝑎2) + 7tr(𝜓𝑙)𝜙
(𝑖∣𝜙𝑎1𝜙∣𝑗)𝜙𝑎2)],

(𝑟12
(0,2)

)
𝑖𝑗𝑘
=
1

2
𝜖𝑎1𝑎2(𝑖tr(𝜙

𝑎1𝜓𝑗𝜙
𝑎2𝜓𝑘)),

(𝑟12
(0,2)

)
𝑗

𝑖
= 6tr(𝜙(𝑖𝜙𝑎)𝜓(𝑎𝜓𝑗)) − 5tr(𝜙

[𝑖𝜓𝑎𝜙
𝑎]𝜓𝑗),

(𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
= tr(𝜙(𝑖𝜙𝑗)𝜓(𝑘𝜓𝑙)), 

(𝑟14
(0,2)

)
𝑖
= 3tr(𝜙𝑖𝜓𝑎1𝜙

𝑎1𝜙𝑎2𝜓𝑎2) + 2tr(𝜙
𝑖𝜙𝑎1)tr(𝜙𝑎2𝜓(𝑎1𝜓𝑎2))

 −6tr(𝜙𝑖𝜓𝑎1)tr(𝜙
[𝑎1𝜙𝑎2]𝜓𝑎2) − tr(𝜙

𝑖𝜓𝑎1𝜓𝑎2)tr(𝜙
𝑎1𝜙𝑎2),

(𝑟14
(0,2)

)
𝑖𝑗
=
5

9
𝜖𝑎1𝑎2𝑎3[2tr(𝜓(𝑖𝜓𝑗)𝜙

𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓(𝑖𝜙
𝑎1𝜓𝑗)𝜙

𝑎2𝜙𝑎3)]

 +𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜓𝑎3𝜙
𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓𝑗𝜓𝑎3𝜙

𝑎1𝜙𝑎3𝜙𝑎2) + tr(𝜓𝑗)𝜓𝑎3𝜙
𝑎3𝜙𝑎1𝜙𝑎2)]

+𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)
𝑎1
𝜓𝑎3𝜙

𝑎2𝜙𝑎3) + tr(𝜓𝑗𝜙
𝑎1𝜓𝑎3𝜙

𝑎3𝜙𝑎2) + tr(𝜓𝑗𝜙
𝑎3𝜓𝑎3𝜙

𝑎1𝜙𝑎2)]

 +𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜙
𝑎1𝜙𝑎2𝜓𝑎3𝜙

𝑎3) + tr(𝜓𝑗𝜙
𝑎1𝜙𝑎3𝜓𝑎3𝜙

𝑎2) + tr(𝜓𝑗𝜙
𝑎3𝜙𝑎1𝜓𝑎3𝜙

𝑎2)]

+𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜙
𝑎1𝜙𝑎2𝜙𝑎3𝜓𝑎3) + tr(𝜓𝑗𝜙

𝑎1𝜙𝑎3𝜙𝑎2𝜓𝑎3) + tr(𝜓𝑗𝜙
𝑎3𝜙𝑎1𝜙𝑎2𝜓𝑎3)]

 −
1

3
𝜖𝑎1𝑎2(𝑖[5tr(𝜓𝑗)𝜙

𝑎1𝜙𝑎2)tr(𝜓𝑎3𝜙
𝑎3) + 2tr(𝜓𝑗𝜙

(𝑎1𝜙𝑎3))tr(𝜓𝑎3𝜙
𝑎2)

−2tr(𝜓𝑗𝜙
𝑎2)tr(𝜓𝑎3𝜙

(𝑎1𝜙𝑎3))],

(𝑟14
(0,2)

)
𝑘

𝑖𝑗
= 12tr(𝜙(𝑖𝜙𝑎𝜙𝑗)𝜓(𝑎𝜓𝑘)) + 12tr(𝜙

(𝑖∣𝜙𝑎𝜙𝑗)𝜓(𝑎𝜓𝑘))

 +54tr(𝜙(𝑖𝜙𝑗𝜓(𝑎𝜙
𝑎)𝜓𝑘)) − 36tr(𝜙

(𝑖𝜙𝑗)𝜓(𝑎𝜙
𝑎𝜓𝑘)),

(𝑟14
(0,2)

)
𝑗𝑘𝑙

𝑖
= 2𝜖𝑎1𝑎2(𝑗[tr(𝜙

𝑖𝜙𝑎1𝜙𝑎2𝜓𝑘𝜓𝑙)) + 3tr(𝜙
𝑖𝜙𝑎1𝜓𝑘𝜙

𝑎2𝜓𝑙)) − 2tr(𝜙
𝑖𝜓𝑘𝜙

𝑎1𝜙𝑎2𝜓𝑙))],

(𝑟14
(0,3)

)
𝑗𝑘𝑙

𝑖
= −

1

2
tr(𝜙𝑖𝜓(𝑗𝜓𝑘𝜓𝑙)),

(𝑟16
(0,3)

)
𝑖
=
39

4
tr(𝜓𝑖{𝜓𝑏1𝜓𝑏2 , 𝜙

𝑏1𝜙𝑏2}) + 2tr(𝜓𝑖𝜓𝑏1𝜙
𝑏1𝜓𝑏2𝜙

𝑏2) −
61

4
tr(𝜓𝑖𝜓𝑏1𝜙

𝑏2𝜓𝑏2𝜙
𝑏1)

 +
97

4
tr(𝜓𝑖𝜙

𝑏1𝜓𝑏1𝜓𝑏2𝜙
𝑏2) −

41

4
tr(𝜓𝑖𝜙

𝑏2𝜓𝑏1𝜓𝑏2𝜙
𝑏1) − 5tr(𝜓𝑖𝜓𝑏1𝜙

𝑏1𝜙𝑏2𝜓𝑏2)

 −
25

2
tr(𝜓𝑖𝜓𝑏1𝜙

𝑏2𝜙𝑏1𝜓𝑏2) + 2tr(𝜓𝑖𝜙
𝑏1𝜓𝑏1𝜙

𝑏2𝜓𝑏2) −
61

4
tr(𝜓𝑖𝜙

𝑏2𝜓𝑏1𝜙
𝑏1𝜓𝑏2)

 −
11

4
tr(𝜙𝑏1𝜙𝑏2)tr(𝜓𝑖𝜓𝑏1𝜓𝑏2) −

27

2
tr(𝜓𝑏1𝜓𝑏2)tr(𝜓𝑖𝜙

𝑏1𝜙𝑏2)
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+
29

4
tr(𝜙𝑏2𝜓𝑏2)tr(𝜓𝑖[𝜓𝑏1 , 𝜙

𝑏1])  

(𝑟16
(0,3)

)
𝑗𝑘

𝑖
=2tr(𝜓(𝑗𝜓𝑘)𝜓𝑏𝜙

𝑏𝜙𝑖) − 4tr(𝜓(𝑗𝜓𝑘)𝜓𝑏𝜙
𝑖𝜙𝑏) − tr(𝜓(𝑗∣𝜓𝑏𝜓∣𝑘){𝜙

𝑏 , 𝜙𝑖})

−4tr(𝜓(𝑗𝜓𝑘)𝜙
(𝑏𝜓𝑏𝜙

𝑖)) + 7tr(𝜓(𝑗∣{𝜓𝑏, 𝜙
𝑏}𝜓∣𝑘)𝜙

𝑖) − 11tr(𝜓(𝑗∣{𝜓𝑏 , 𝜙
𝑖}𝜓∣𝑘)𝜙

𝑏) 

−4tr(𝜓(𝑗𝜓𝑘)𝜙
𝑏𝜙𝑖𝜓𝑏) + 2tr(𝜓(𝑗𝜓𝑘)𝜙

𝑖𝜙𝑏𝜓𝑏)  

 +3tr(𝜓(𝑗∣𝜓𝑏)tr(𝜓∣𝑘)[𝜙
𝑏, 𝜙𝑖]) + 6tr(𝜓(𝑗𝜙

[𝑏)tr({𝜓𝑘), 𝜓𝑏}𝜙
𝑖])

 

(𝑟14
(1,1)

)
𝑖𝑗
= 5𝜖𝑎1𝑎2(𝑖tr(𝑓𝜙

𝑎1𝜓𝑗)𝜙
𝑎2) + tr(𝜙𝑎{𝜓𝑎 , 𝜓(𝑖𝜓𝑗)}) − 4tr(𝜙

𝑎𝜓(𝑖∣𝜓𝑎𝜓∣𝑗)),

(𝑟14
(1,1)

)
𝑘

𝑖𝑗
= 3tr(𝑓𝜙(𝑖𝜙𝑗)𝜓𝑘) − 3tr(𝑓𝜓𝑘𝜙

(𝑖𝜙𝑗))

 +𝜖𝑎1𝑎2(𝑖tr(𝜙𝑗)𝜓𝑘𝜓𝑎1𝜓𝑎2) − 𝜖
𝑎1𝑎2(𝑖tr(𝜙𝑗)𝜓𝑎1𝜓𝑎2𝜓𝑘),

(𝑟16
(1,1)

)
𝑖
= 13𝜖𝑎1𝑎2𝑎3tr(𝑓𝜓𝑖)tr(𝜙

𝑎1𝜙𝑎2𝜙𝑎3) +
10

3
𝜖𝑎1𝑎2𝑎3tr(𝑓𝜙

𝑎1)tr(𝜓𝑖𝜙
𝑎2𝜙𝑎3)

 +
10

3
𝜖𝑎1𝑎2𝑎3tr(𝑓𝜙

𝑎1𝜙𝑎2)tr(𝜓𝑖𝜙
𝑎3) + 46𝜖𝑖𝑎1𝑎2tr(𝑓𝜙

𝑏)tr(𝜓𝑏𝜙
𝑎1𝜙𝑎2)

 −7𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1)tr(𝜓𝑏𝜙

𝑎2𝜙𝑏) − 7𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑏𝜙𝑎1)tr(𝜓𝑏𝜙

𝑎2)

 +6𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1𝜙𝑎2)tr(𝜓𝑏𝜙

𝑏) −
115

3
𝜖𝑎1𝑎2𝑎3tr(𝑓𝜓𝑖𝜙

𝑎1𝜙𝑎2𝜙𝑎3)

 −
95

3
𝜖𝑎1𝑎2𝑎3tr(𝑓𝜙

𝑎1𝜓𝑖𝜙
𝑎2𝜙𝑎3) + 5𝜖𝑎1𝑎2𝑎3tr(𝑓𝜙

𝑎1𝜙𝑎2𝜓𝑖𝜙
𝑎3)

 +36𝜖𝑖𝑎1𝑎2tr(𝑓𝜓𝑏𝜙
𝑎1𝜙𝑎2𝜙𝑏) − 43𝜖𝑖𝑎1𝑎2tr(𝑓𝜓𝑏𝜙

𝑎1𝜙𝑏𝜙𝑎2)

 +39𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1𝜓𝑏𝜙

𝑎2𝜙𝑏) − 68𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1𝜙𝑎2𝜓𝑏𝜙

𝑏)

 +39𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1𝜙𝑏𝜓𝑏𝜙

𝑎2) + 13tr(𝜓𝑖{𝜓𝑏1𝜓𝑏2 , 𝜙
𝑏1𝜙𝑏2})

 −31tr(𝜓𝑖{𝜓𝑏1𝜓𝑏2 , 𝜙
𝑏2𝜙𝑏1}) + 14tr(𝜓𝑖𝜓𝑏1𝜙

𝑏1𝜓𝑏2𝜙
𝑏2)

 −22tr(𝜓𝑖𝜓𝑏1𝜙
𝑏2𝜙𝑏1𝜓𝑏2) + 14tr(𝜓𝑖𝜙

𝑏1𝜓𝑏1𝜙
𝑏2𝜓𝑏2),

(𝑟16
(1,1)

)
𝑗𝑘

𝑖
= 𝜖𝑎1𝑎2(𝑗[−4tr(𝑓𝜙

𝑖)tr(𝜓𝑘)𝜙
𝑎1𝜙𝑎2) − tr(𝜙𝑖𝜙𝑎2)tr(𝑓[𝜓𝑘), 𝜙

𝑎1])]

+𝜖𝑎1𝑎2(𝑗[3tr(𝑓𝜙
𝑎1{𝜓𝑘), 𝜙

𝑖}𝜙𝑎2) + 5tr(𝑓{𝜓𝑘), 𝜙
𝑎1𝜙𝑖𝜙𝑎2})

−4tr(𝑓𝜓𝑘)𝜙
𝑖𝜙𝑎1𝜙𝑎2) − 4tr(𝑓𝜙𝑎1𝜙𝑎2𝜙𝑖𝜓𝑘))]

 +2tr(𝜓(𝑗𝜓𝑘)𝜓𝑏[𝜙
𝑏 , 𝜙𝑖]) − 3tr(𝜓(𝑗∣𝜓𝑏𝜓∣𝑘){𝜙

𝑏 , 𝜙𝑖}) + 6tr(𝜓(𝑗∣{𝜓𝑏 , 𝜙
𝑏}𝜓∣𝑘)𝜙

𝑖)

 −9tr(𝜓(𝑗∣{𝜓𝑏 , 𝜙
𝑖}𝜓∣𝑘)𝜙

𝑏) − 2tr(𝜓(𝑗𝜓𝑘)[𝜙
𝑏, 𝜙𝑖]𝜓𝑏)

 +tr(𝜓(𝑗∣𝜓𝑏)tr(𝜓∣𝑘)[𝜙
𝑏, 𝜙𝑖]) + tr(𝜓(𝑗∣𝜙

𝑏)tr({𝜓∣𝑘), 𝜓𝑏}𝜙
𝑖),

(𝑟16
(1,2)

)
𝑗𝑘

𝑖
= −

1

2
tr(𝑓𝜙𝑖𝜓(𝑗𝜓𝑘)) −

1

2
tr(𝑓𝜓(𝑗𝜙

𝑖𝜓𝑘))

 −
1

2
tr(𝑓𝜓(𝑗𝜓𝑘)𝜙

𝑖) −
1

4
𝜖𝑖𝑎1𝑎2tr(𝜓𝑎1𝜓𝑎2𝜓(𝑗𝜓𝑘)),
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(𝑟18
(1,2)

)
𝑗

𝑖
= −4tr(𝑓𝜙𝑖𝜙𝑎)tr(𝜓𝑗𝜓𝑎) − 5tr(𝑓𝜙

𝑎𝜙𝑖)tr(𝜓𝑗𝜓𝑎) −
53

2
tr(𝑓𝜙𝑖𝜓𝑗)tr(𝜙

𝑎𝜓𝑎)

 +7tr(𝑓𝜙𝑖𝜓𝑎)tr(𝜙
𝑎𝜓𝑗) +

15

2
tr(𝑓𝜙𝑎𝜓𝑗)tr(𝜙

𝑖𝜓𝑎) + 12tr(𝑓𝜙
𝑎𝜓𝑎)tr(𝜙

𝑖𝜓𝑗)

 +2tr(𝑓𝜓𝑗𝜙
𝑖)tr(𝜙𝑎𝜓𝑎) − 13tr(𝑓𝜓𝑎𝜙

𝑖)tr(𝜙𝑎𝜓𝑗) + 4tr(𝑓𝜓𝑗𝜙
𝑎)tr(𝜙𝑖𝜓𝑎)

 +6tr(𝑓𝜓𝑗𝜓𝑎)tr(𝜙
𝑖𝜙𝑎) +

13

2
tr(𝑓𝜓𝑎𝜓𝑗)tr(𝜙

𝑖𝜙𝑎) − 4tr(𝑓𝜙𝑖)tr(𝜙𝑎𝜓𝑗𝜓𝑎)

 +14tr(𝑓𝜙𝑖)tr(𝜙𝑎𝜓𝑎𝜓𝑗) − 8tr(𝑓𝜙
𝑎)tr(𝜙𝑖𝜓𝑗𝜓𝑎) − 8tr(𝑓𝜙

𝑎)tr(𝜙𝑖𝜓𝑎𝜓𝑗)

 −4tr(𝑓𝜓𝑗)tr(𝜓𝑎𝜙
𝑖𝜙𝑎) − 9tr(𝑓𝜓𝑎)tr(𝜓𝑗𝜙

𝑖𝜙𝑎) + 6tr(𝑓𝜓𝑎)tr(𝜓𝑗𝜙
𝑎𝜙𝑖)

 +3tr(𝑓𝜙𝑖𝜙𝑎𝜓𝑗𝜓𝑎) −
31

2
tr(𝑓𝜙𝑖𝜙𝑎𝜓𝑎𝜓𝑗) + 3tr(𝑓𝜙

𝑎𝜙𝑖𝜓𝑗𝜓𝑎)

 +
5

2
tr(𝑓𝜙𝑎𝜙𝑖𝜓𝑎𝜓𝑗) + 12tr(𝑓𝜙

𝑖𝜓𝑗𝜙
𝑎𝜓𝑎) −

13

2
tr(𝑓𝜙𝑖𝜓𝑎𝜙

𝑎𝜓𝑗)

 −6tr(𝑓𝜙𝑎𝜓𝑗𝜙
𝑖𝜓𝑎) −

13

2
tr(𝑓𝜙𝑎𝜓𝑎𝜙

𝑖𝜓𝑗) + 18tr(𝑓𝜙
𝑖𝜓𝑗𝜓𝑎𝜙

𝑎)

 −12tr(𝑓𝜓𝑗𝜙
𝑖𝜙𝑎𝜓𝑎) +

17

2
tr(𝑓𝜓𝑎𝜙

𝑖𝜙𝑎𝜓𝑗) −
43

2
tr(𝑓𝜓𝑎𝜙

𝑎𝜙𝑖𝜓𝑗)

 +
1

3
𝜖𝑎1𝑎2𝑎3tr(𝜙𝑖𝜓𝑗)tr(𝜓𝑎1𝜓𝑎2𝜓𝑎3) − 2𝜖

𝑎1𝑎2𝑖tr(𝜙𝑏𝜓𝑎1)tr(𝜓𝑏𝜓𝑗𝜓𝑎2)

 −10𝜖𝑎1𝑎2𝑎3tr(𝜙𝑖𝜓𝑗𝜓𝑎1𝜓𝑎2𝜓𝑎3) + 8𝜖
𝑎1𝑎2𝑎3tr(𝜙𝑖𝜓𝑎1𝜓𝑗𝜓𝑎2𝜓𝑎3)

 −2𝜖𝑎1𝑎2𝑎3tr(𝜙𝑖𝜓𝑎1𝜓𝑎2𝜓𝑗𝜓𝑎3),

(𝑟18
(1,2)

)
𝑖𝑗𝑘
= −𝜖𝑎1𝑎2(𝑖 [tr(𝑓𝜙

𝑎1)tr(𝜙𝑎2𝜓𝑗𝜓𝑘)) −
3

2
tr(𝑓𝜓𝑗)tr(𝜓𝑘)𝜙

𝑎1𝜙𝑎2)

+3tr(𝑓𝜙𝑎1𝜓𝑗𝜙
𝑎2𝜓𝑘)) − 3tr(𝑓𝜓𝑗𝜙

𝑎1𝜓𝑘)𝜙
𝑎2)]

 −
1

2
tr(𝜙𝑎𝜓𝑎)tr(𝜓(𝑖𝜓𝑗𝜓𝑘)) +

3

2
tr(𝜙𝑎𝜓(𝑖))tr(𝜓𝑎𝜓∣𝑗𝜓𝑘))

 +
1

2
tr(𝜙𝑎𝜓(𝑖𝜓𝑗∣)tr(𝜓𝑎𝜓∣𝑘)) +

3

2
tr(𝜙𝑎𝜓(𝑖∣𝜓𝑎𝜓∣𝑗𝜓𝑘)) −

3

2
tr(𝜙𝑎𝜓(𝑖𝜓𝑗∣𝜓𝑎𝜓∣𝑘)),

(𝑟20
(2,1)

)
𝑖𝑗
= −𝜖𝑎1𝑎2(𝑖 [tr(𝑓𝑓)tr(𝜙

𝑎1𝜙𝑎2𝜓𝑗) +
1

2
tr(𝑓𝜓𝑗)) tr(𝑓𝜙

𝑎1𝜙𝑎2)

+2tr(𝑓𝜙𝑎1)tr(𝑓[𝜙𝑎2 , 𝜓𝑗])]

 +𝜖𝑎1𝑎2(𝑖[4tr(𝑓𝑓𝜙
𝑎1𝜙𝑎2𝜓𝑗) − tr(𝑓𝜙

𝑎1𝜙𝑎2𝑓𝜓𝑗)] + 2tr(𝑓𝜙
𝑎𝜓(𝑖)tr(𝜓𝑗)𝜓𝑎)

 −4tr(𝑓𝜓(𝑖𝜙
𝑎)tr(𝜓𝑗)𝜓𝑎) −

1

2
tr(𝑓𝜓(𝑖)(𝜙

𝑎𝜓𝑗)𝜓𝑎) −
5

2
tr(𝑓𝜓(𝑖∣)(𝜙

𝑎𝜓𝑎𝜓∣𝑗))

 +2tr(𝑓𝜓𝑎)(𝜙
𝑎𝜓(𝑖𝜓𝑗)) − 4tr(𝑓𝜓(𝑖∣𝜓𝑎)(𝜙

𝑎𝜓∣𝑗)) + 2tr(𝑓𝜙
𝑎𝜓(𝑖[𝜓𝑗), 𝜓𝑎])

 +4tr(𝑓𝜙𝑎𝜓𝑎𝜓(𝑖𝜓𝑗)) + 4tr(𝑓𝜓(𝑖𝜙
𝑎𝜓𝑗)𝜓𝑎) − 3tr(𝑓𝜓(𝑖∣𝜙

𝑎𝜓𝑎𝜓∣𝑗))

 −2tr(𝑓𝜓𝑎𝜙
𝑎𝜓(𝑖𝜓𝑗)) − tr(𝑓𝜓(𝑖𝜓𝑎𝜙

𝑎𝜓∣𝑗)) + 4tr(𝑓𝜓𝑎𝜓(𝑖𝜙
𝑎𝜓𝑗))

 

+
2

5
𝜖𝑎1𝑎2𝑎3[2tr(𝜓𝑎1𝜓𝑎2)tr(𝜓𝑎3𝜓(𝑖𝜓𝑗)) − 3tr(𝜓(𝑖∣𝜓𝑎1𝜓∣𝑗)𝜓𝑎2𝜓𝑎3)]  

𝑠1
(2,0)

= 𝑢𝑖𝑗 (𝑅20
(2,0)

)
𝑖𝑗
, 𝑠2

(2,0)
= 𝑤𝑖𝑗 (𝑅14

(1,0)
)
𝑖𝑗
, 𝑠3

(2,0)
= 𝑤𝑖 (𝑅16

(1,0)
)
𝑖

𝑠1
(1,2)

= 𝑣𝑖
𝑗𝑘
 𝑖 (𝑅16

(1,1)
)
𝑗𝑘

𝑖
, 𝑠2

(1,2)
= 𝑣𝑖

𝑗
 
(𝑅18

(1,1))
𝑗

𝑖

, 𝑠3
(1,2)

= 𝑤𝑖 (𝑅16
(0,2)

)
𝑖
.

 

𝑖𝑄𝑂(2,1) ≡ 65𝑠1
(2,0)

− 39𝑠2
(2,0)

+ 5𝑠3
(2,0)

− 312𝑠1
(1,2)

− 26𝑠2
(1,2)

+ 6𝑠3
(1,2)

= 0  
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𝑠1
(1,1)

= 𝑢𝑎(𝑖𝑣𝑗) 𝑎 (𝑅14
(1,0)

)
𝑖𝑗
, 𝑠2
(1,1)

= 𝜖𝑎1𝑎2(𝑖𝑢
𝑎1𝑘𝑣𝑎2  𝑗) (𝑅14

(1,0)
)
𝑘

𝑖𝑗
, 𝑠3
(1,1)

= 𝑣𝑗𝑘  𝑖 (𝑅16
(1,0)

)
𝑗𝑘

𝑖
,

𝑠4
(1,1)

= 𝑢𝑖𝑗𝑘 (𝑅18
(1,1)

)
𝑖𝑗𝑘
, 𝑠5
(1,1)

= 𝑣(𝑗 𝑖𝑤
𝑘) (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 𝑠6
(1,1)

= 𝑢(𝑖𝑗𝑤𝑘) (𝑅12
(0,1)

)
𝑖𝑗𝑘
,

𝑠7
(1,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑗𝑤𝑎2 (𝑅12

(0,1)
)
𝑗

𝑖
, 𝑠8
(1,1)

= 𝑤𝑖𝑗 (𝑅14
(0,1)

)
𝑖𝑗
,

𝑠1
(0,3)

= 𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣
𝑘) 𝑎2 (𝑅12

(0,1)
)
𝑖𝑗𝑘
, 𝑠2
(0,3)

= 𝑣𝑗 𝑎𝑣
𝑎 𝑖 (𝑅12

(0,1)
)
𝑗

𝑖
,

𝑠3
(0,3)

= 𝑢(𝑗𝑘𝑣𝑘) 𝑖 (𝑅14
(0,2)

)
𝑗𝑘𝑙

𝑖
, 𝑠4
(0,3)

= 𝑣𝑗𝑘 𝑖 (𝑅16
(0,2)

)
𝑗𝑘

𝑖
.

 

𝑖𝑄𝑂1
(1,2)

≡ 3𝑠5
(1,1)

− 3𝑠6
(1,1)

+ 𝑠7
(1,1)

= 0

𝑖𝑄𝑂2
(1,2)

≡ 9𝑠1
(1,1)

− 10𝑠2
(1,1)

− 30𝑠5
(1,1)

− 60𝑠3
(0,3)

= 0

𝑖𝑄𝑂3
(1,2)

≡ 3𝑠1
(1,1)

− 6𝑠2
(1,1)

+ 4𝑠4
(1,1)

− 14𝑠5
(1,1)

− 6𝑠8
(1,1)

− 12𝑠1
(0,3)

− 4𝑠2
(0,3)

= 0

𝑖𝑄𝑂4
(1,2)

≡ 3𝑠1
(1,1)

− 14𝑠2
(1,1)

− 8𝑠3
(1,1)

− 42𝑠5
(1,1)

+ 12𝑠6
(1,1)

− 24𝑠8
(1,1)

− 36𝑠1
(0,3)

+ 8𝑠4
(0,3)

= 0

 

𝑠1
(1,0)

= 𝜖𝑎1𝑎2𝑖𝜖𝑏1𝑏2𝑗𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑘 (𝑅14

(1,0)
)
𝑘

𝑖𝑗
,

𝑠2
(1,0)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑗𝑤𝑘)𝑎2 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠3
(1,0)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑗𝑘𝑤𝑎2 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠1
(0,2)

= 𝑣𝑎 𝑖𝑣
𝑗𝑘 𝑎 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠2
(0,2)

= 𝑣(𝑗 𝑎𝑣
𝑘)𝑎  𝑖 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠3
(0,2)

= 𝑢𝑎(𝑖𝑣𝑗𝑘) 𝑎 (𝑅12
(0,1)

)
𝑖𝑗𝑘
,

𝑠4
(0,2)

= 𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎 (𝑅12
(0,1)

)
𝑖𝑗𝑘
,

𝑠5
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑣𝑎2𝑗 𝑏 (𝑅12

(0,1)
)
𝑗

𝑖
,

𝑠6
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑗𝑣𝑎2  𝑏 (𝑅12

(0,1)
)
𝑗

𝑖
,

𝑠7
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑘𝑣𝑙)𝑎2  𝑗) (𝑅12

(0,1)
)
𝑘𝑙

𝑖𝑗
,

𝑠8
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑘𝑙𝑣𝑎2  𝑗) (𝑅12

(0,1)
)
𝑘𝑙

𝑖𝑗
,

𝑠9
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑗𝑢𝑘𝑙)𝑎2 (𝑅14

(0,2)
)
𝑗𝑘𝑙

𝑖
,

𝑠10
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑣𝑎2  𝑏 (𝑅14

(0,1)
)
𝑖
,

𝑠11
(0,2)

= 𝑢𝑎(𝑖𝑣𝑗) 𝑎 (𝑅14
(0,1)

)
𝑖𝑗
,

𝑠12
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑘𝑣𝑎2 𝑗) (𝑅14

(0,1)
)
𝑘

𝑖𝑗
,

 

𝑠13
(0,2)

= 𝑢(𝑗𝑘𝑣𝑙) 𝑖 (𝑅14
(0,1)

)
𝑗𝑘𝑙

𝑖
.  
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𝑖𝑄𝑂1
(1,1)

≡ 𝑠2
(1,0)

= 0

𝑖𝑄𝑂2
(1,1)

≡ 𝑠3
(1,0)

= 0

𝑖𝑄𝑂3
(1,1)

≡ 𝑠1
(1,0)

+ 5𝑠1
(0,2)

− 2𝑠2
(0,2)

= 0

𝑖𝑄𝑂1
(0,3)

≡ 4𝑠5
(0,2)

+ 3𝑠6
(0,2)

= (𝑅12
(0,1)

)
𝑗

𝑖
(𝑅12

(0,1)
)
𝑖

𝑗
= 𝑖𝑄 [

1

2
𝑖𝑄 ((𝑟12

(0,2)
)
𝑗

𝑖
(𝑟12
(0,2)

)
𝑖

𝑗
)] = 0

𝑖𝑄𝑂2
(0,3)

≡ 𝑠7
(0,2)

+ 𝑠8
(0,2)

= (𝑅12
(0,1)

)
𝑘𝑙

𝑖𝑗
(𝑅12

(0,1)
)
𝑖𝑗

𝑘𝑙
= 𝑖𝑄 [

1

2
𝑖𝑄 ((𝑟12

(0,2)
)
𝑘𝑙

𝑖𝑗
(𝑟12
(0,2)

)
𝑖𝑗

𝑘𝑙
)] = 0

𝑖𝑄𝑂3
(0,3)

≡ 𝑠3
(0,2)

= 0

𝑖𝑄𝑂4
(0,3)

≡ 𝑠10
(0,2)

= 0

𝑖𝑄𝑂5
(0,3)

≡ 6𝑠1
(0,2)

− 6𝑠4
(0,2)

− 𝑠6
(0,2)

= 0

𝑖𝑄𝑂6
(0,3)

≡ 24𝑠2
(0,2)

− 6𝑠11
(0,2)

+ 𝑠12
(0,2)

= 0

𝑖𝑄𝑂7
(0,3)

≡ 𝑠1
(0,2)

− 10𝑠2
(0,2)

− 6𝑠4
(0,2)

− 10𝑠8
(0,2)

= 0

𝑖𝑄𝑂8
(0,3)

≡ 5𝑠1
(0,2)

− 2𝑠2
(0,2)

− 9𝑠4
(0,2)

+ 6𝑠9
(0,2)

= 0

𝑖𝑄𝑂9
(0,3)

≡ 6𝑠1
(0,2)

+ 12𝑠2
(0,2)

− 18𝑠4
(0,2)

+ 𝑠12
(0,2)

= 0

𝑖𝑄𝑂10
(0,3)

≡ 38𝑠1
(0,2)

+ 4𝑠2
(0,2)

− 24𝑠4
(0,2)

− 5𝑠13
(0,2)

= 0

 

𝑠1
(0,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 𝑠2
(0,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑎2(𝑗𝑣𝑘) 𝑏 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠3
(0,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏(𝑗𝑣𝑘)𝑎2  𝑏 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 𝑠4
(0,1)

= 𝜖𝑎1𝑎2(𝑖𝑢
𝑎1(𝑘𝑣𝑙)𝑎2  𝑗) (𝑅12

(0,0)
)
𝑘𝑙

𝑖𝑗
,

𝑠5
(0,1)

= 𝜖𝑎1𝑎2(𝑖𝑢
𝑎1𝑘𝑙𝑣𝑎2  𝑗) (𝑅12

(0,0)
)
𝑘𝑙

𝑖𝑗
, 𝑠6
(0,1)

= 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑘𝑙 (𝑅12

(0,1)
)
𝑘𝑙

𝑖𝑗
,

𝑠7
(0,1)

= 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑘 (𝑅14

(0,1)
)
𝑘

𝑖𝑗
, 𝑠8
(0,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑗𝑢𝑘𝑙)𝑎2 (𝑅14

(0,1)
)
𝑗𝑘𝑙

𝑖
.

 

𝑖𝑄𝑂1
(0,2)

≡ 𝑠1
(0,1)

− 2𝑠2
(0,1)

= 0

𝑖𝑄𝑂2
(0,2)

≡ 6𝑠3
(0,1)

+ 𝑠4
(0,1)

= 0

𝑖𝑄𝑂3
(0,2)

≡ 𝑠1
(0,1)

+ 𝑠5
(0,1)

= 0

𝑖𝑄𝑂4
(0,2)

≡ 𝑠1
(0,1)

+ 𝑠6
(0,1)

= 0

𝑖𝑄𝑂5
(0,2)

≡ 4𝑠1
(0,1)

+ 24𝑠3
(0,1)

− 𝑠7
(0,1)

= 0

𝑖𝑄𝑂6
(0,2)

≡ 𝑠1
(0,1)

− 12𝑠3
(0,1)

+ 3𝑠8
(0,1)

= 0

 

𝑠1
(0,0)

= 𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑖𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑎3𝑗𝑘 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠2
(0,0)

= 𝑅12
(0,0)

𝑅12
(0,0)

𝑠3
(0,0)

= 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑘𝑙 (𝑅12

(0,0)
)
𝑘𝑙

𝑖𝑗
,

𝑠4
(0,0)

= 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1(𝑘𝑢𝑙)𝑎2𝑏2 (𝑅12

(0,0)
)
𝑘𝑙

𝑖𝑗
.

 

𝑖𝑄𝑂(0,1) ≡ 36𝑠1
(0,0)

+ 5𝑠2
(0,0)

− 6𝑠3
(0,0)

= 0  

𝑟𝑐 ≪ min(ℛ, ℒ).  
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𝐼 =
1

16𝜋𝐺
∫  
ℳ𝐷

 (⋆ (𝑅 − 2Λ) −
1

2
𝑑𝜙 ∧⋆ 𝑑𝜙 −

1

2
𝑒𝑎𝑞𝜙𝐹𝑞+2 ∧⋆ 𝐹𝑞+2)  

𝑑𝑠𝐴𝑑𝑆𝐷
2 = −𝑓(𝑟)𝑑𝑡2 +

𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑑Ω𝐷−2

2 , 𝑓(𝑟) = 1 +
𝑟2

𝐿2
 

𝐼 =
1

16𝜋𝐺
∫  
ℳ10

 (⋆ 𝑅 −
1

2
𝑑𝜙 ∧⋆ 𝑑𝜙 −

1

2
𝑒−𝜙𝐻3 ∧⋆ 𝐻3 −

1

4
∑  

𝑞

  𝑒𝑎𝑞𝜙𝐹𝑞+2 ∧⋆ 𝐹𝑞+2)  

𝐼 =
1

16𝜋𝐺
∫  
ℳ11

  (⋆ 𝑅 −
1

2
𝐹4 ∧⋆ 𝐹4) −

1

6
∫  𝐴3 ∧ 𝐹4 ∧⋆ 𝐹4  

𝑑𝑠2 = 𝑑𝑠𝐴𝑑𝑆𝑙
2 + 𝑑𝑠𝑆𝑚

2  

𝑑𝑠𝐴𝑑𝑆𝑙
2  = −𝑓(𝑟)𝑑𝑡2 + 𝑓(𝑟)−1𝑑𝑟2 + 𝑟2𝑑Ω𝑙−2

2

𝑑𝑠𝑆𝑚
2  = 𝐿2(𝑑𝜁2 + cos2 𝜁𝑑𝜙2 + sin2 𝜁𝑑Ω𝑚−2

2 )
 

𝑓(𝑟) ≡ 1 +
𝑟2

𝐿̃2
 

𝐿̃ = 2𝐿/(𝑙 − 3), 𝑑Ω𝑙−2
2 ⊗𝑑Ω𝑚−2

2  

𝐴𝑙−1  = −
𝑟𝑙−1

𝐿̃
𝑑𝑡 ∧ 𝑑Ω𝑙−2

𝐴𝑚−1  = 𝛽𝑚(𝐿sin 𝜁)
𝑚−1𝑑𝜙 ∧ 𝑑Ω𝑚−2

 

𝛽𝑚 = (−1)
𝐷−𝑚−1 

𝑇̃𝜇𝜈(𝑥) = ∫  
𝒲𝑝+1

 𝑑𝑝+1𝜎𝛿̃(𝑥)𝑇𝜇𝜈(𝜎)  

𝛿̃(𝑥) =
√−𝛾

√−𝑔
𝛿(𝐷)(𝑥 − 𝑋(𝜎)) 

𝒥̃𝑞+1(𝑥) = ∫  
𝒲𝑝+1

 𝑑𝑝+1𝜎𝛿̃(𝑥)𝒥𝑞+1(𝜎)  

∇𝜇𝑇̃
𝜇𝜈  =

1

(𝑞 + 1)!
𝐹𝜈𝛼1…𝛼𝑞+1𝒥̃𝛼1…𝛼𝑞+1

∇𝜇𝒥̃
𝜇𝛼1…𝛼𝑞  = 0

 

𝐷𝑎𝑇
𝑎𝑏 = 0,𝐷𝑎𝒥

𝑎𝑏1…𝑏𝑞 = 0  

𝑇𝑎𝑏𝐾𝑎𝑏 
𝜇 =⊥𝜈  

𝜇𝐹𝜈𝑎1…𝑎𝑞+1𝒥𝑎1…𝑎𝑞+1 ,  

𝐾𝑎𝑏
𝜇
=⊥𝜈

𝜇
(𝜕𝑎𝜕𝑏𝑋

𝜈 + Γ𝛼𝛽
𝜈 𝜕𝑎𝑋

𝛼𝜕𝑏𝑋
𝛽),  
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𝑆𝑂(𝑝) → 𝑆𝑂(𝑝 −∑  

𝑚

𝑙

 𝑞𝑙) × 𝑆𝑂(𝑞𝑙) × …× 𝑆𝑂(𝑞𝑙) 

𝒥𝑞+1 = 𝒬𝑞𝒱𝑞+1  

𝒞𝑞+1 ⊂ 𝒲𝑝+1 

𝒱𝑞+1 = 𝑢 ∧ 𝑣
(1) ∧ …∧ 𝑣(𝑞) 

𝜕𝑎𝒬𝑝 = 0  

𝐷𝑎(𝒬𝑞𝑢
𝑎) + 𝒬𝑞𝑢

𝑎𝑣̇𝑎  = 0,

𝐷𝑎(𝒬𝑞𝑣
𝑎,𝑖) + 𝒬𝑞𝑣

𝑎,𝑖𝑣̇𝑎 −𝒬𝑞𝑣
𝑎,𝑖𝑢̇𝑎  = 0,

 

𝑣̇𝑎 ≡ 𝑣
𝑏,𝑗𝐷𝑏𝑣𝑎,𝑗 

𝑃⊥ − 𝑃‖ = Φ𝑞𝒬𝑞  

 

ℎ̂𝑎𝑏
(𝑞)
= −𝑢𝑎𝑢𝑏 + (1 − 𝛿𝑞,0)𝑣𝑎

𝑖𝑣𝑏,𝑖,  

ℎ̂𝑎𝑏
(0)
= −𝑢𝑎𝑢𝑏 , ℎ̂𝑎𝑏

(1)
= −𝑢𝑎𝑢𝑏 + 𝑣𝑎𝑣𝑏 

ℎ̂𝑎𝑏
(𝑝)
= 𝛾𝑎𝑏 

⊥̂𝑏
𝑎 (𝑣[𝑖

𝑐𝐷𝑐𝑣𝑗]
𝑏) =⊥̂𝑏

𝑎 (𝑣𝑖
𝑐𝐷𝑐𝑢

𝑏 − 𝑢𝑐𝐷𝑐𝑣𝑖
𝑏) = 0.  

𝑇𝑎𝑏 = (𝜀 + 𝑃‖)𝑢𝑎𝑢𝑏 + (𝑃‖ − 𝑃⊥)ℎ̂𝑎𝑏
(𝑞)
+ 𝑃⊥𝛾𝑎𝑏 ,  

𝜀 + 𝑃⊥ = 𝒯𝑠 + Φ𝑞𝒬𝑞  

 

𝑑𝜀 = 𝒯𝑑𝑠 + Φ𝑞𝑑𝒬𝑞 , 𝑑𝑃⊥ = 𝑠𝑑𝒯 + 𝒬𝑞𝑑Φ𝑞 , 𝑑𝑃‖ = 𝑠𝑑𝒯 − 𝒬𝑞𝑑Φ𝑞  

 

𝐷𝑎(𝑠𝑢
𝑎)  = 0,

(ℎ̂𝑎𝑏 + 𝑢𝑎𝑢𝑏)(𝑢̇𝑏 + 𝐷𝑏ln 𝒯)  = 0,

𝒯𝑠 ⊥̂𝑎𝑏 (𝑢̇𝑏 + 𝐷𝑏ln 𝒯) − Φ𝑞𝒬𝑞(𝐾̂(𝑞)
𝑎 −⊥̂𝑎𝑏 𝐷𝑏ln Φ𝑞)  = 0,

 

𝑢𝑎𝜕𝑎𝑓|𝜕𝒲𝑝+1
= 0,  

∏ 

𝑞

𝑗=1

 𝒬𝑞𝑢
[𝑎𝑣

𝑗

𝑏𝑗]𝜕𝑎𝑓|

𝜕𝒲𝑝+1

= 0  

𝒬𝑞𝑣𝑗
𝑎𝜕𝑎𝑓|𝜕𝒲𝑝+1

= 0  



 

pág. 3558 

𝑃⊥|𝜕𝒲𝑝+1
= 0  

 

𝑟0|𝜕𝒲 𝑝+1 = 0,  

 

𝑘 = 𝜉 + Ω𝜒  

𝑢𝑎𝜕𝑎 =
𝑘𝑎𝜕𝑎
|𝑘|

, |𝑘| = √−𝛾𝑎𝑏𝑘
𝑎𝑘𝑏  

𝑣𝑖
𝑎𝜕𝑎 = 𝕄𝑖 

𝑗𝜁𝑗
𝑎𝜕𝑎,𝕄𝑖 

𝑘𝕄𝑗 
𝑙𝜁𝑘
𝑎𝜁𝑎,𝑙 = 𝛿𝑖𝑗 , 𝜁𝑗

𝑎𝜕𝑎 ≡ (𝜓𝑗
𝑎𝜕𝑎 −

𝑘𝑏𝜓𝑗
𝑏

𝑘2
𝑘𝑎𝜕𝑎)  

(ℎ̂𝑎𝑏 + 𝑢𝑎𝑢𝑏)𝐷𝑏ln (|𝑘|𝒯)  = 0,

𝒯𝑠 ⊥̂𝑎𝑏 𝐷𝑏ln (|𝑘|𝒯) − Φ𝑞𝒬𝑞 ⊥̂
𝑎𝑏 (𝑣̇𝑏 − 𝐷𝑏ln (|𝑘|Φ𝑞))  = 0,

 

𝒯(𝜎) =
𝑇

|𝑘|
,  

Φ𝑞(𝜎) =
𝜙𝑞(𝜎)

|ℎ̂(𝑞)|
1/2  

|ℎ̂(𝑞)|
1/2

= |𝑘||𝕄| 

Φ𝐻
(𝑞)
= ∫  

𝒞𝑞

 𝑑𝑞𝜎|ℎ̂(𝑞)|
1/2
Φ𝑞(𝜎)  

𝑣𝑎,𝑖𝑣̇𝑎 = 𝑣
𝑎,𝑖𝑢̇𝑎 = 𝑢

𝑎𝑣̇𝑎 = 0  

𝑣𝑖
𝑎𝐷𝑎𝒬 = 𝑢

𝑎𝐷𝑎𝒬 = 0 

−𝜉2|𝒲𝑝+1 = 𝑅0
2(𝜎), 𝜒2|𝒲𝑝+1 = 𝑅

2(𝜎),  

𝑛𝑎𝜕𝑎 =
1

𝑅0
𝜉𝑎𝜕𝑎  

𝑛𝑎𝑢𝑎 = −cosh 𝜂  

𝒬𝑘 = ∫  
ℬ𝑝

 𝑑𝑉𝑝(𝑇
𝜇𝜈 + 𝒱𝜇𝜈)𝑛𝜇𝑘𝑣|

𝑥𝜇=𝑋𝜇

 

𝒱𝜇𝜈 =
1

𝑞!
𝐴𝛼1…𝛼𝑞
𝜈 𝒥𝜇𝛼1…𝛼𝑞  

𝑀 = ∫  
ℬ𝑝

 𝑑𝑉𝑝(𝑇
𝜇𝜈 + 𝒱𝜇𝜈)𝑛𝜇𝜉𝑣|

𝑥𝜇=𝑋𝜇

, 𝐽 = −∫  
ℬ𝑝

 𝑑𝑉𝑝(𝑇
𝜇𝜈 + 𝒱𝜇𝜈)𝑛𝜇𝜒𝑣|

𝑥𝜇=𝑋𝜇

 



 

pág. 3559 

𝜔𝑞 =
−𝒱𝑞+1 ⋅ 𝑛

√−ℎ̂𝑎𝑏
(𝑞)
𝑛𝑎𝑛𝑏

,
 

𝑄𝑞 = −∫  
ℬ𝑝−𝑞

 𝑑𝑉𝑝−𝑞𝒥𝑞+1 ⋅ (𝑛 ∧ 𝜔𝑞) = ∫  
ℬ𝑝−𝑞

 𝑑𝑉𝑝−𝑞√−ℎ̂𝑎𝑏
(𝑞)
𝑛𝑎𝑛𝑏𝒬𝑞  

Φ𝐻
(𝑞)
= ∫  

𝒞𝑞

 𝑑𝑉𝑞
𝑅0

√−ℎ̂𝑎𝑏
(𝑞)
𝑛𝑎𝑛𝑏

Φ𝑞  

𝐼 = −∫  
⋆

𝒲𝑝+1

   (𝑝+1)𝒢  

𝒢 = 𝜀 − 𝒯𝑠 −∑ 

𝑝

𝑞

 Φ𝑞𝒬𝑞  

Φ‾ 𝐻
(𝑝)
= 𝑅0∫  

ℬ𝑝

   ⋆(𝑝)Φ𝑝 −∫  
ℬ𝑝

 ℙ[𝐴𝑞+1]  

𝐼 = −∫  
ℬ𝑝

   ⋆(𝑝)𝑅0 (𝒢 +∑  

𝑞≠𝑝

 Φ𝑞𝒬𝑞)−Φ‾ 𝐻
(𝑝)
𝒬𝑝 = ∫  

ℬ𝑝

   ⋆ (𝑝)(𝑅0𝑃‖ − ℙ[𝐴𝑞+1])  

𝐼 = ∫  
𝒲𝑝+1

  ( ⋆(𝑝 + 1)𝑃‖ + 𝑄𝑝ℙ[𝐴𝑝+1])  

𝐼𝐸 = 𝑀 − Ω𝐽 − 𝑇𝑆,  

𝑆 = −∫  
ℬ𝑝

 𝑑𝑉𝑝𝑠𝑢
𝑎𝑛𝑎  

 

𝜀 =
Ω𝑛+1
16𝜋𝐺

𝑟0
𝑛(1 + 𝑛 + 𝑛𝑁sinh2 𝛼)

𝒯 =
𝑛

4𝜋𝑟0cosh
𝑁 𝛼

, 𝑠 =
Ω𝑛+1
4𝐺

𝑟0
𝑛+1cosh𝑁 𝛼

𝒬𝑞 =
Ω𝑛+1
16𝜋𝐺

𝑛√𝑁𝑟0
𝑛sinh 𝛼cosh 𝛼,Φ𝑞 = √𝑁tanh 𝛼

 

𝑃‖ = −
Ω𝑛+1
16𝜋𝐺

𝑟0
𝑛(1 + 𝑛𝑁sinh2 𝛼), 𝑃⊥ = −

Ω𝑛+1
16𝜋𝐺

𝑟0
𝑛  

𝑎𝑞
2 =

4

𝑁
−
2(𝑝 + 1)𝑛

𝐷 − 2
⟹ 𝑁 ≤ 2(

𝑛 + 𝑝 + 1

𝑛(𝑝 + 1)
)  

𝒢 =
Ω𝑛+1
16𝜋𝐺

𝑟0
𝑛  
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𝜀 = −(𝑛 + 1)𝑃⊥ +Φ𝑞𝒬𝑞
𝜀 = −(𝑛 + 1)𝑃 − 𝑛Φ𝑝𝒬𝑝

 

𝑇𝑎𝑏 = 𝒯𝑠 (𝑢𝑎𝑢𝑏 −
1

𝑛
𝛾𝑎𝑏) − Φ𝑞𝒬𝑞ℎ̂𝑎𝑏

(𝑞)
 

𝑟0 =
𝑛|𝑘|

4𝜋𝑇
(1 −

Φ𝐻
2

𝑐2𝑁|ℎ̂(𝑞)|
)

𝑁/2

, tanh 𝛼 =
Φ𝐻

√𝑁𝑐|ℎ̂(𝑞)|
1/2  

𝑐|ℎ̂(𝑞)|
1/2

= {

|𝑘| for 𝑞 = 0
Ω𝑞|𝑘||𝕄| for 0 < 𝑞 < 𝑝

Ω𝑝|𝛾| for 𝑞 = 𝑝
 

(𝐷 − 3)𝑀 − (𝐷 − 2)(𝑇𝑆 + Ω𝐽) − (𝐷 − 𝑞 − 3)Φ𝐻
(𝑞)
𝑄𝑞 = 𝒯𝑡𝑜𝑡  

𝒯tot = −∫  
ℬ𝑝

 𝑑𝑉𝑝𝑅0(𝛾
𝑎𝑏 + 𝑛𝑎𝑛𝑏)𝑇𝑎𝑏  

𝐹 = 𝑀 − 𝑇𝑆 − Ω𝐽 − Φ𝐻
(𝑞)
𝑄𝑞 

𝑇𝑎𝑏 = −√𝑁𝒬𝑞ℎ̂𝑎𝑏
(𝑞)

 

−√𝑁𝒬𝑝ℎ̂𝑎𝑏
(𝑝)
= 𝑃𝛾𝑎𝑏 

𝑀 = (𝑞 + 1)Φ𝐻
(𝑞)
𝑄𝑞 − 𝒯𝑡𝑜𝑡, Ω𝐽 = 𝑞Φ𝐻

(𝑞)
𝑄𝑞 − 𝒯𝑡𝑜𝑡 .  

𝑀 = Φ𝐻
(𝑞)
𝑄𝑞 + Ω𝐽  

√𝒯𝑠𝑢𝑎 = 𝒦1/2𝑙𝑎  

𝑇𝑎𝑏 = 𝒦𝑙𝑎𝑙𝑏 − √𝑁𝒬𝑞ℎ̂𝑎𝑏
(𝑞)

 

𝒯𝑡𝑜𝑡  = −∫  
ℬ𝑝

 𝑑𝑉𝑝𝑅0(𝒦 − 𝑞√𝑁𝒬𝑞)

𝑀 = ∫  
ℬ𝑝

 𝑑𝑉𝑝𝑅0(𝒦 + √𝑁𝒬𝑞)

𝐽 = ∫  
ℬ𝑝

 𝑑𝑉𝑝ℛ𝒦,ℛ ≡ 𝑙𝑎𝜒
𝑎

 

𝑀 = (𝑞 + 1)Φ𝐻
(𝑞)
𝑄𝑞 − 𝒯𝑡𝑜𝑡 =

1

𝑞
(𝑉𝑝𝑅0(𝑞 + 1)𝒦 + 𝒯𝑡𝑜𝑡)

𝐽

ℛ
 =

1

𝑅0
(𝑞Φ𝐻

(𝑞)
𝑄𝑞 − 𝒯𝑡𝑜𝑡) = 𝑉𝑝𝒦

 

𝑀 = 𝑉𝑝𝑅0√𝑁𝑄𝑝 + 𝑅0
𝐽

ℛ
,  

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝑅, 𝜎𝑖 = 𝜙𝑖, 𝜎𝑗 = 𝜇𝑖  
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𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑓(𝑅)𝑑𝜏2 + 𝑅2∑  

𝑘+1

𝑖=1

  (𝑑𝜇𝑖
2 + 𝜇𝑖

2𝑑𝜙𝑖
2),∑  

𝑘+1

𝑖=1

 𝜇𝑖
2 = 1  

𝑘𝑎𝜕𝑎 = 𝜕𝜏 + Ω𝜕Φ, 𝜕Φ ≡∑  

𝑘+1

𝑖=1

 𝜕𝜙𝑖  

𝜁 =
1

|𝑘|2
(Ω2𝑅2𝜕𝜏 + 𝑓(𝑅)Ω𝜕Φ)  

𝐼𝐸 =
Ω𝑛+1𝑉𝑝
16𝜋𝐺

√𝑓(𝑅) (
𝑛

4𝜋𝑇
)
𝑛

(𝑓(𝑅) − Ω2𝑅2)𝑛/2 (1 −
Φ𝐻
2

𝑐2𝑁|ℎ̂(𝑞)|
)

𝑛𝑁/2

 

Ω2 =
𝑓(𝑅)

𝑅2

𝑝𝒯𝑠 + 𝑞𝑛Φ𝑞𝒬𝑞 +
𝑅2

𝐿2
Ξ𝑞

(𝑛 + 𝑝)𝒯𝑠 + (𝛿𝑞,0 + 𝑞)𝑛Φ𝑞𝒬𝑞 +
𝑅2

𝐿2
Ξ𝑞

,  

Ξ𝑞 = 𝒯𝑠(1 + 𝑛 + 𝑝) + 𝑛(1 + 𝑞)Φ𝑞𝒬𝑞 

𝑀 = 𝑉𝑝𝑅0 (cosh
2 𝜂(𝒯𝑠 + 𝛿𝑞,0Φ𝑞𝒬𝑞) +

𝒯𝑠

𝑛
+ (1 − 𝛿𝑞,0)Φ𝑞𝑄𝑞)

𝐽 = 𝑉𝑝𝑅(𝒯𝑠 + 𝛿𝑞,0Φ𝑞𝒬𝑞)cosh 𝜂sinh 𝜂

𝑆 = 𝑉𝑝𝑠cosh 𝜂, 𝑇 = 𝒯𝑅0sech𝜂

 

Φ𝐻
(0)
= 𝑅0sech𝜂Φ0, 𝑄0 = 𝑉𝑝cosh 𝜂𝒬0

Φ𝐻
(1)
= 2𝜋𝑅𝑅0Φ1, 𝑄1 =

𝑉𝑝

2𝜋𝑅
𝒬1

Φ𝐻
(𝑝)
= 𝑉𝑝𝑅0Φ𝑝, 𝑄𝑝 = 𝒬𝑝

 

𝒯𝑡𝑜𝑡 = −
𝑉𝑝
𝑛
√𝑓(𝑅)

𝑅2

𝐿2
Ξ𝑞  

Ω2 =
𝑓′(𝑅)

𝑅2

𝑝𝒯𝑠 + 𝑞𝑛Φ𝑞𝒬𝑞 −
𝑅2

𝐿2
Ξ𝑞

(𝑛 + 𝑝)𝒯𝑠 + (𝛿𝑞,0 + 𝑞)𝑛Φ𝑞𝒬𝑞 −
𝑅2

𝐿2
Ξ𝑞

, 𝑓′(𝑅) = 1 −
𝑅2

𝐿2
.  

(
(𝑛 + 𝑝)𝒯𝑠 + (𝛿𝑞,0 + 𝑞)𝑛Φ𝑞𝒬𝑞

Ξ𝑞
)

1/2

<
𝑅

𝐿
≤ 1 ∨  

𝑅

𝐿
≤ (

𝑝𝒯𝑠 + 𝑞𝑛Φ𝑞𝒬𝑞

Ξ𝑞
)

1/2

 

𝒯𝑡𝑜𝑡 =
𝑉𝑝
𝑛
√𝑓(𝑅)

𝑅2

𝐿2
Ξ𝑞 ,  

Ω2 = ±
1

𝐿2
 

𝑀 =
𝐽

𝐿
+ √𝑁𝑓(𝑅)𝑄0  
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𝑙 =
1

√𝑓(𝑅)
𝜕𝜏 +

1

𝑅
𝜕Φ  

𝑅 =
𝐿(𝑞 + 1)𝐽

√𝐿2(𝑞𝑀 − 𝒯𝑡𝑜𝑡)2 − (𝑞 + 1)2𝐽2
 

𝑄𝑞 =
(𝑀 +𝒯𝑡𝑜𝑡)(𝐿

2(𝑞𝑀 − 𝒯𝑡𝑜𝑡)
2 − (𝑞 + 1)2𝐽2)

2𝑞+1
2

√𝑁Ω𝑞(𝐿(𝑞 + 1))
𝑞+1𝐽𝑞(𝑞𝑀 − 𝒯𝑡𝑜𝑡)

 

𝑀 = 𝑉𝑞√𝑁𝑓(𝑅)𝑄𝑞 +√𝑓(𝑅)
𝐽

𝑅
 

𝑅 =
𝐿(𝑞 + 1)𝐽

√𝐿2(𝑞𝑀 − 𝒯𝑡𝑜𝑡)
2 + (𝑞 + 1)2𝐽2

 

lim
𝛼→∞

  ( lim
Ω→0

 Ω2) ⟹
𝑅2

𝐿2
=

𝑝

1 + 𝑝
 ∨ 
𝑅2

𝐿2
= 1  

ℬ𝑝 =∏ 

𝑏

𝑎=1

𝑆𝑝𝑎 

𝑝𝑎 = 2𝑘𝑎 + 1 

∑  

𝑏

𝑎=1

𝑝𝑎 = 𝑝 

∏ 

𝑎

𝕊𝑝𝑎 × 𝕊𝑛+1 

𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑓(𝑅)𝑑𝜏 +∑  

𝑏

𝑎=1

 ∑  

𝑘+1

𝑖=1

 𝑅𝑎
2(𝑑𝜇𝑎,𝑖

2 + 𝜇𝑎,𝑖
2 𝑑𝜙𝑎,𝑖

2 ), 𝑅2 ≡ ∑  

𝑏

𝑎=1

 𝑅𝑎
2, ∑  

𝑘𝑎+1

𝑖=1

 𝜇𝑖
2 = 1  

𝑘 = 𝜕𝜏 +∑  

𝑏

𝑎=1

 Ω𝑎𝜕Φ𝑎 , 𝜕Φ𝑎 ≡∑  

𝑘+1

𝑖=1

 𝜕𝜙𝑎,𝑖  

𝜓𝜇𝜕𝜇 =∑ 

𝑚

𝑎

Ω𝑎𝜕Φ𝑎 

𝜁 =
1

|𝑘|2
∑  

𝑏

𝑎=1

  (Ω𝑎
2𝑅𝑎

2𝜕𝜏 + 𝑓(𝑅)Ω𝑎𝜕Φ𝑎)  

𝐼𝐸 =
Ω𝑛+1𝑉𝑝

16𝜋𝐺
(
𝑛

4𝜋𝑇
)
𝑛

(𝑓(𝑅) −∑  

𝑏

𝑎=1

 Ω𝑎
2𝑅𝑎

2)

𝑛/2

(1 −
Φ𝐻
2

𝑐2𝑁|ℎ̂(𝑞)|
)

𝑛𝑁/2

,  



 

pág. 3563 

𝑉𝑝 = ∏  𝑚
𝑎=1 𝑉𝑝𝑎 and 𝑐2|ℎ̂(𝑞)| 

Ω𝑎
2 =

𝑓(𝑅)

𝑅𝑎
2

𝑝𝑎𝒯𝑠 + 𝑞𝑎𝑛Φ𝑞𝒬𝑞 +
𝑅𝑎
2

𝐿2
Ξ𝑞

(𝑛 + 𝑝)𝒯𝑠 + (𝛿𝑞,0 + 𝑞)𝑛Φ𝑞𝒬𝑞 +
𝑅2

𝐿2
Ξ𝑞

, 𝑞𝑎 = (0, 𝑝𝑎),

Ω𝑎
2 =

𝑓(𝑅)

𝑅𝑎
2

(𝑝𝑎𝒯𝑠 +
𝑅𝑎
2

𝐿2
Ξ1)(𝑝𝒯𝑠 + 𝑛Φ1𝒬1 +

𝑅2

𝐿2
Ξ1)

(𝑝𝒯𝑠 +
𝑅2

𝐿2
Ξ1) ((𝑛 + 𝑝)𝒯𝑠 + 𝑛Φ1𝒬1 +

𝑅2

𝐿2
Ξ1)

, 𝑞 = 1.

 

tanh 𝜂 =
∑  𝑏
𝑎=1  Ω𝑎𝑅𝑎

√𝑓(𝑅)
 

𝐽𝑎 = 𝑉𝑝
Ω𝑎𝑅𝑎

2

|𝑘|
𝒯𝑠cosh 𝜂  

𝑅𝑎
𝐿
≤ (

𝑝𝑎𝒯𝑠 + 𝑞𝑎𝑛Φ𝑞𝒬𝑞
Ξ𝑞

)

1/2

∨

𝑅𝑎
𝐿
≥ (

𝑝𝑎𝒯𝑠 + 𝑞𝑎𝑛Φ𝑞𝒬𝑞
Ξ𝑞

)

1/2

∧ (
(𝑛 + 𝑝)𝒯𝑠 + (𝛿𝑞,0 + 𝑞)𝑛Φ𝑞𝒬𝑞

Ξ𝑞
)

1/2

<
𝑅

𝐿
< 1

 

𝑅𝑎
𝐿
≤ (

𝑝𝑎𝒯𝑠

Ξ1
)
1/2

 ∨
𝑅𝑎
𝐿
≥ (

𝑝𝑎𝒯𝑠

Ξ1
)
1/2

∧

(
𝑅

𝐿
≤ (

𝑝𝒯𝑠 + 𝑛Φ1𝒬1
Ξ1

)
1/2

∨ (
(𝑛 + 𝑝)𝒯𝑠

Ξ1
)
1/2

<
𝑅

𝐿
< 1)

 

𝑀 =∑  

𝑏

𝑎

 Ω𝑎𝐽𝑎 +Φ𝐻
(𝑞)
𝑄𝑞

⟹𝑀 = √𝑓(𝑅)
𝐽

𝐿
+ √𝑁𝑓(𝑅)𝑄0

 

𝐽 ≡∑  

𝑏

𝑎

𝐽𝑎 

Ω𝑎
2 =

𝑓(𝑅)

𝑅𝑎
2

𝑝𝑎 + (1 + 𝑝)
𝑅𝑎
2

𝐿2

𝑝 + (1 + 𝑝)
𝑅2

𝐿2

≡
𝑓(𝑅)

𝑅𝑎
2 𝜌𝑎  

∑  

𝑏

𝑎=1

Ω𝑎
2𝑅𝑎

2 = 𝑓(𝑅) 

𝑙 =
1

√𝑓(𝑅)
𝜕𝑡 +∑  

𝑏

𝑎=1

 (
𝜌𝑎

𝑅𝑎
2)

1/2

𝜕Φ𝑎  
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𝑙𝑎𝜒
𝑎 = ∑  

𝑏

𝑎=1

𝑅𝑎√𝜌𝑎 

𝐽𝑎 = 𝑉𝑝𝒦∑  

𝑏

𝑎=1

 𝑅𝑎√𝜌𝑎  

𝑀 =
𝑞 + 1

𝑞
(∑  

𝑏

𝑎=1

 
√𝑓(𝑅)𝐽𝑎

𝑅𝑎√𝜌𝑎
+
𝒯𝑡𝑜𝑡
𝑞 + 1

)  

lim
𝛼→∞

  ( lim
Ω→0

 Ω2) ⟹
𝑅𝑎
2

𝐿2
=

𝑝𝑎
1 + 𝑝

 ∨  
𝑅2

𝐿2
= 1  

𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑓(𝑟)𝑑𝜏2 + 𝑓(𝑟)−1𝑑𝑟2 + 𝑟2𝑑𝜙2  

𝑘𝑎𝜕𝑎 = 𝜕𝜏 + Ω𝜕𝜙  

𝜁𝑎𝜕𝑎 =
1

|𝑘|2
(Ω𝑟2𝜕𝜏 + 𝑓(𝑟)𝜕𝜙)  

𝑟0(𝑟)  =
𝑛

4𝜋𝑇
(𝑓(𝑟) − Ω2𝑟2)

1−𝑁
2 (𝑓(𝑟) − Ω2𝑟2 −

Φ𝐻
2

𝑁
)

𝑁
2

tanh 𝛼(𝑟)  =
Φ𝐻

√𝑁√𝑓(𝑟) − Ω2𝑟2

 

𝑟 = 𝑟max = √
1 −

Φ𝐻
2

𝑁

Ω2 −
1
𝐿2

,  

𝐼𝐸  =
Ω(𝑛+1)

8𝐺
(
𝑛

4𝜋𝑇
)
𝑛

∫  
𝑟max

0

 𝑑𝑟𝑟(𝑓(𝑟) − Ω2𝑟2)
𝑛−𝑛𝑁
2 (𝑓(𝑟) − Ω2𝑟2 −

Φ𝐻
2

𝑁
)

𝑛𝑁
2

 =
Ω(𝑛+1)

8𝐺
(
𝑛

4𝜋𝑇
)
𝑛 𝑥2+𝑛𝑁

(2 + 𝑛𝑁) (Ω2 −
1
𝐿2
)
 2𝐹1 (1,

1

2
(𝑁 − 1)𝑛;

𝑁𝑛

2
+ 2; 𝑥2)

 

𝑥 ≡ (1 −
Φ𝐻
2

𝑁
)

1/2

 

𝑟0(𝑟)  =
𝑛

4𝜋𝑇
(𝑓(𝑟) − Ω2𝑟2)

1
2 (1 −

Φ𝐻
2

𝑁𝑓(𝑟)(2𝜋𝑟)2
)

𝑁
2

tanh 𝛼(𝑟)  =
Φ𝐻

2𝜋√𝑁√𝑓(𝑟)𝑟
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𝑟min =
𝐿

√2
√√1 +

Φ𝐻
2

𝑁𝐿2𝜋2
− 1 ≤ 𝑟 ≤ 𝑟max = √

1

Ω2 −
1
𝐿2

,  

𝐼𝐸 =
Ω(𝑛+1)

8𝐺
(
𝑛

4𝜋𝑇
)
𝑛

∫  
𝑟max

𝑟min

 𝑑𝑟𝑟(𝑓(𝑟) − Ω2𝑟2)
𝑛
2 (1 −

Φ𝐻
2

𝑁𝑓(𝑟)(2𝜋𝑟)2
)

𝑛𝑁
2

 

Φ𝐻 → √𝑁 as 𝛼 → ∞ 

𝑟max√Ω
2 − 1/𝐿2 → 0 

Φ𝐻 ≤
2𝜋Ω√𝑁

Ω2 − 1/𝐿2
 

𝑟max√Ω
2 + 1/𝐿2 → 0 

𝑟max = 𝐿√1 − Φ𝐻
2 /𝑁 

𝑟min =
𝐿

√2
√1 − √1 −

Φ𝐻
2

𝑁𝐿2𝜋2
≤ 𝑟 ≤ 𝑟max

′ =
𝐿

√2
√1 + √1 −

Φ𝐻
2

𝑁𝐿2𝜋2
,  

𝑇𝑎𝑏 = 𝒯𝑠𝑢𝑎𝑢𝑏 − 𝒢𝛾𝑎𝑏 −∑ 

𝑝

𝑞

 Φ𝑞𝒬𝑞ℎ̂𝑎𝑏
(𝑞)
,  

𝜀 =
𝑛 + 1

𝑛
𝒯𝑠 +∑ 

𝑞

 Φ𝑞𝒬𝑞 ⟹ 𝒢 =
1

𝑛
𝒯𝑠  

𝑇𝑎𝑏 = 𝒯𝑠 (𝑢𝑎𝑢𝑏 +
1

𝑛
𝛾𝑎𝑏) −∑  

𝑞

 Φ𝑞𝒬𝑞ℎ̂𝑎𝑏
(𝑞)
,  

(𝐷 − 3)𝑀 − (𝐷 − 2)(𝑇𝑆 + Ω𝐽) −∑  

𝑝

𝑞

  (𝐷 − 𝑞 − 3)Φ𝐻
(𝑞)
𝑄𝑞 = 𝒯𝑡𝑜𝑡 ,  

𝒯tot = −∫  
ℬ𝑝

 𝑑𝑉𝑝 (𝑅0𝑇 + (𝐷 − 2)ℒ𝑝 + (𝑇
𝜇𝜈 + 𝒱𝜇𝜈)𝑛𝜇𝜉𝜈|𝑥𝜇=𝑋𝜇)  

ℒ𝑝 ≡ 𝒬𝑝ℙ[𝐴𝑙−1] 

𝒯𝑠 (𝑢̇𝜇 −
1

𝑛
𝐾𝜇) −∑  

𝑞

 Φ𝑞𝒬𝑞𝐾̂(𝑞)
𝜇
= ℱ𝜇  

ℱ𝜇 =⊥𝜈  
𝜇𝐹𝜈𝑎1…𝑎𝑞+1𝒥𝑎1…𝑎𝑞+1/(𝑞 + 1)! 
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𝐾̂(0)
𝜇
= −⊥𝜈

𝜇
𝑢̇𝜈 , 𝐾̂(𝑞)

𝜇
= −⊥𝜈

𝜇 (𝑢̇𝜈 − 𝑣̇𝜈), 𝐾̂(𝑝)
𝜇
= 𝐾𝜇 ,  

 

𝐼 = −∫  
𝒲𝑝+1

 𝒬𝑝(⋆(𝑝+1) 𝟏 − ℙ[𝐴𝑙−1])  

𝑀 = Ω𝐽 +Φ𝐻
(𝑝)
𝑄𝑝(1 − 𝐴̃), 𝐴̃ ≡

𝐴𝜎0 …𝜎
𝑝

𝑅0𝑅
𝑝

 

𝑅0𝑉𝑝𝑄𝑝 = Φ𝐻
(𝑝)
𝑄𝑝 

𝑀 = Φ𝐻𝑄𝑝((𝑛 + 𝑝 + 1)𝐴̃ + 𝑝 + 1) − 𝒯𝑡𝑜𝑡

Ω𝐽 = Φ𝐻𝑄𝑝((𝑝 + 𝑛)𝐴̃ + 𝑝) − 𝒯𝑡𝑜𝑡
 

𝑀 = Ω𝐽 +∑  

𝑝

𝑞

 Φ𝐻
(𝑞)
𝑄𝑞 −Φ𝐻

(𝑝)
𝑄𝑝𝐴̃  

𝑇𝑎𝑏 = 𝒦𝑙𝑎𝑙𝑏 −∑  

𝑞

 Φ𝑞𝒬𝑞ℎ̂𝑎𝑏
(𝑞)

 

𝒯𝑡𝑜𝑡  = −∫  
ℬ𝑝

 𝑑𝑉𝑝𝑅0(𝒦 −∑ 

𝑞

 𝑞Φ𝑞𝒬𝑞 + 𝒱̃𝒯)

𝑀 = ∫  
ℬ𝑝

 𝑑𝑉𝑝𝑅0 (𝒦 +∑ 

𝑞

 Φ𝑞𝒬𝑞 + 𝒱̃𝑀)

𝐽 = ∫  
ℬ𝑝

 𝑑𝑉𝑝(ℛ𝒦 + 𝒱̃𝐽)

 

𝒱̃𝑀 = 𝒱
𝜇𝜈𝑛𝜇𝜉𝜈/𝑅0 

𝒱̃𝒯 = 𝒱̃𝑀 + (𝐷 − 2)ℒ𝑝 

𝑀 = 𝑉𝑝𝑅0(𝒱̃𝑀 −
𝒱̃𝐽

ℛ
+∑ 

𝑝

𝑞

 Φ𝑞𝒬𝑞)+ 𝑅0
𝐽

ℛ
 

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝑅, 𝜎𝑖 = 𝜃𝑖, 𝜎𝑗 = 𝜇𝑖, 𝜁 = 𝜌𝑖 = 0  

𝑢̇𝑟  = cosh2 𝜂 (
𝑅

𝐿̃2
− Ω2𝑅) , 𝑣̇𝑟 =

𝑅

𝐿̃2
sinh2 𝜂 −

𝑓(𝑅)

𝑅
cosh2 𝜂

𝐾𝑟  = −(
𝑅

𝐿̃2
+
𝑝

𝑅
𝑓(𝑅)) , ℱ𝑝+2

𝑟 =
𝑙 − 1

𝐿̃
√𝑓(𝑅)𝒬𝑝
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Ω2 =
𝑓(𝑅)

𝑅2

𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +
𝑅2

𝐿̃2
Ξ1,𝑝 −

𝑅𝑛(𝑙 − 1)

𝐿̃
√𝑓(𝑅)𝒬𝑝

(𝑛 + 𝑝)𝒯𝑠 + 𝑝𝑛Φ𝑝𝒬𝑝 + 𝑛Φ1𝒬1 +
𝑅2

𝐿̃2
Ξ1,𝑝 −

𝑅𝑛(𝑙 − 1)

𝐿̃
√𝑓(𝑅)𝒬𝑝

,  

Ξ1,𝑝 ≡ 𝒯𝑠(1 + 𝑛 + 𝑝) + 𝑛(1 + 𝑝)Φ𝑝𝒬𝑝 + 2𝑛Φ1𝒬1 

𝒱𝜇𝜈𝑛𝜇𝜒𝜈|𝑥𝜇=𝑋𝜇
= 0 

 

𝑀 = 𝑉𝑝 (𝑅0 (cosh
2 𝜂(𝒯𝑠 + 𝛿𝑞‾,0Φ𝑞‾𝒬𝑞‾) +

𝒯𝑠

𝑛
+ Φ𝑝𝑄𝑝 + (1 − 𝛿𝑞‾,0)Φ𝑞‾𝒬𝑞‾) −

𝑅𝒬𝑝

𝐿̃
)

𝒯tot  = −
𝑉𝑝

𝑛
(𝑅0

𝑅2

𝐿2
Ξ𝑞‾,𝑝 + 𝑛𝒬𝑝

𝑅

𝐿
(𝑅0

2(𝑙 − 1) + 1))

 

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝜃𝑖 = 0, 𝜎𝑖 = 𝜌𝑖, 𝜎𝑗 = 𝜇𝑖 , 𝜁 = 𝜁0  

𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑑𝜏2 + 𝑅2𝑑Ω𝑚−2  

𝒱𝜇𝜈𝑛𝜇𝜉𝜈 = 0  since 𝐴𝑡 ⋅ 𝜉𝑡 = 0

𝒱𝜇𝜈𝑛𝜇𝜒𝜈 = 0  since 𝐴𝜒𝑖 ⋅ 𝐽𝑡 = 0
 

𝑅0 ≡ √−𝜉
2|
𝒲𝑝+1

= 1 

Ω2 =
1

𝑅2
𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1

(𝑛 + 𝑝)𝒯𝑠 + 𝑝𝑛Φ𝑝𝒬𝑝 + 𝑛Φ1𝒬1
,  

𝑑Ω𝑚−2
2 = 𝑑𝛿1

2 + cos2 𝛿1𝑑𝛿2
2 + sin2 𝛿1𝑑Ω𝑚−4

2  

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝑅1, 𝜎1 = 𝜃1, 𝜃2,3 = 𝜋/2, 𝜁 = 𝜁0, 𝜎2 = 𝜙, 𝛿1 = 𝛿0, 𝜎3 = 𝛿2, 𝜌1 = 0  

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝑅1, 𝜎𝑖 = 𝜃𝑖, 𝜎𝑗 = 𝜇𝑖 , 𝜁 = 𝜁0, 𝜎5 = 𝜙, 𝛿1 = 𝛿0, 𝜎6 = 𝛿2, 𝜌1 = 0  

𝑑Ω5
2 = 𝑑𝜔1

2 + cos2 𝜔1𝑑𝜔2
2 + sin2 𝜔1𝑑Ω3

2  

𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑓(𝑅1)𝑑𝜏

2 + 𝑅1
2𝑑Ω𝑝𝑎

2 + 𝑅2
2𝑑𝜙2 + 𝑅3

2𝑑𝛿2
2  

𝑘𝑎𝜕𝑎 = 𝜕𝜏 + Ω1𝜕Θ + Ω2𝜕𝜙 + Ω3𝜕𝛿2 , 𝜁
𝑎𝜕𝑎 =

1

|𝑘|2
(∑  

3

𝑎=1

 Ω𝑎
2𝑅𝑎

2𝜕𝜏 + 𝑓(𝑅1)(Ω1𝜕Θ + Ω2𝜕𝜙 + Ω3𝜕𝛿2)) , 

𝑢̇𝑟  =
𝑓(𝑅1)

|𝑘|2
(
𝑅1
𝐿2
−Ω1

2𝑅1) , 𝑢̇
𝜁 =

𝑅2
𝐿2|𝑘|2

(Ω2
2𝑐𝜁 +

Ω3
2𝑅3

2

𝑐𝜁
) , 𝑢̇𝛿1 =

Ω3
2𝑅3𝑐𝛿1
|𝑘|2

,

𝑣̇𝑟  =
1

|𝑘|2
(
𝑅1
𝐿2
∑  

2

𝑎=1

 Ω𝑎
2𝑅𝑎

2 −
Ω1
2𝑅1𝑓(𝑅1)

∑  2
𝑎=1  Ω𝑎

2𝑅𝑎
2) , 𝑣̇

𝜁 =
𝑓(𝑅1)

∑  3
𝑎=1  Ω𝑎

2𝑅𝑎
2 𝑢̇

𝜁 , 𝑣̇𝛿1 =
𝑓(𝑅1)𝑢̇

𝛿1

∑  3
𝑎=1  Ω𝑎

2𝑅𝑎
2 ,

𝐾𝑟  = −(
𝑅1
𝐿2
+
𝑝𝑎
𝑅1
𝑓(𝑅1)) , 𝐾

𝜁 =
𝑐𝜁

𝑅2
+

𝑅3
2

𝑅2𝐿
2𝑐𝜁

, 𝐾𝛿1 =
𝑐𝛿1
𝑅3
,
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𝑐𝛿1 = √𝐿
2 − 𝑅2

2 − 𝑅3
2/𝑐𝜁

2 

𝑐𝜁 = √𝐿
2 − 𝑅2

2 

Ω1
2 =

𝑓(𝑅1)

𝑅1
2

(𝑝𝑎(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) +
𝑅1
2

𝐿̃2
Ξ1,𝑝)(𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +

𝑅1
2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) +
𝑅1
2

𝐿̃2
Ξ1,𝑝)((𝑛 + 𝑝)𝒯𝑠 + 𝑛(𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1) +

𝑅1
2

𝐿̃2
Ξ1,𝑝)

Ω𝑎
2 =

𝑓(𝑅1)

𝑅𝑎
2

(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +
𝑅1
2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 +Φ𝑝𝒬𝑝) +
𝑅1
2

𝐿̃2
Ξ1,𝑝) ((𝑛 + 𝑝)𝒯𝑠 + 𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1 +

𝑅1
2

𝐿̃2
Ξ1,𝑝)

 

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝑅,𝜔1 = 𝜔0, 𝜎1 = 𝜔2, 𝜎2 = 𝜃, 𝜁 = 𝜁0, 𝜙 = 𝜙0, 𝜎3 = 𝜌1, 𝜌2,3 = 𝜋/2  

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝑅,𝜔1 = 𝜔0, 𝜎1 = 𝜔2, 𝜎2 = 𝜃, 𝜁 = 𝜁0, 𝜙 = 𝜙0, 𝜎𝑖 = 𝜌𝑖, 𝜎𝑗 = 𝜇𝑖,  

𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑓(𝑅)𝑑𝜏2 + 𝑅1

2𝑑𝜃2 + 𝑅2
2𝑑𝜔2 + 𝑅3

2𝑑Ω𝑝𝑎
2 ,  

𝑘𝑎𝜕𝑎 = 𝜕𝜏 + Ω1𝜕𝜃1 + Ω2𝜕𝜔2 +Ω3𝜕𝒫 , 𝜁
𝑎𝜕𝑎 =

1

|𝑘|2
(∑  

3

𝑎=1

 Ω𝑎
2𝑅𝑎

2𝜕𝜏 + 𝑓(𝑅)(Ω1𝜕𝜔2 + Ω2𝜕𝜙 + Ω3𝜕𝒫)) , 

𝑢̇𝑟=
𝑓(𝑅)

|𝑘|2
(
𝑅

𝐿2
−
∑  2𝑎  Ω𝑎

2𝑅𝑎
2

𝑅
) , 𝑢̇𝜔1 =

𝑅1𝑅2
𝑅2|𝑘|2

(Ω1
2 − Ω2

2), 𝑢̇𝜁 = −
Ω3
2𝑅3√𝐿

2 − 𝑅3
2

𝐿2|𝑘|2
 

𝑣̇𝑟 =
1

|𝑘|2
(
𝑅

𝐿2
∑ 

3

𝑎

 Ω𝑎
2𝑅𝑎

2 −
∑  2𝑎  Ω𝑎

2𝑅𝑎𝑓(𝑅)

∑  3𝑎  Ω𝑎
2𝑅𝑎

2 ) , 𝑣̇𝜔1 =
𝑓(𝑅)𝑢̇𝜔1

∑  2𝑎  Ω𝑎
2𝑅𝑎

2 , 𝑣̇
𝜁 =

𝑓(𝑅)𝑢̇𝜁

∑  2𝑎  Ω𝑎
2𝑅𝑎

2

𝐾𝑟 = −(
𝑅1
𝐿2
+ 2

𝑓(𝑅)

𝑅1
) , 𝐾𝜔1 =

1

𝑅2
(
𝑅2
𝑅1
−
𝑅1
𝑅2
) , 𝐾𝜁 =

𝑝𝑎𝑢̇
𝜁

Ω3
2𝑅3

2

 

Ω𝑎
2 =

𝑓(𝑅)

𝑅𝑎
2

(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝 +
𝑅𝑎
2

𝐿̃2
Ξ1,𝑝) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +

𝑅2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) +
𝑅2

𝐿̃2
Ξ1,𝑝) ((𝑛 + 𝑝)𝒯𝑠 + 𝑛(𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1) +

𝑅2

𝐿̃2
Ξ1,𝑝)

Ω3
2 =

𝑓(𝑅)

𝑅3
2

(𝑝𝑎(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝)) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +
𝑅2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + Φ𝑝𝒬𝑝) +
𝑅2

𝐿̃2
Ξ1,𝑝) ((𝑛 + 𝑝)𝒯𝑠 + 𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1 +

𝑅2

𝐿̃2
Ξ1,𝑝)

 

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝑅1, 𝜎1 = 𝜃1, 𝜃2 = 𝜋/2, 𝜁 = 𝜁0, 𝜎2 = 𝜙, 𝛿1 = 𝛿0, 𝜎𝑖 = 𝜌𝑖 , 𝜎𝑗 = 𝜇𝑖 

𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑓(𝑅1)𝑑𝜏

2 + 𝑅1
2𝑑𝜃1

2 + 𝑅2
2𝑑𝜙2 + 𝑅3

2𝑑Ω3
2  

𝑘𝑎𝜕𝑎 = 𝜕𝜏 +Ω1𝜕𝜃1 +Ω2𝜕𝜙 + Ω3𝜕𝒫 , 𝜁
𝑎𝜕𝑎 =

1

|𝑘|2
(∑  

3

𝑎=1

 Ω𝑎
2𝑅𝑎

2𝜕𝜏 + 𝑓(𝑅)(Ω1𝜕𝜃1 +Ω2𝜕𝜙 + Ω3𝜕𝒫)) 
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𝐾𝜁 =
𝑐𝜁

𝑅2
+

3𝑅3
2

𝑅2𝐿
2𝑐𝜁

 

Ω1
2 =

𝑓(𝑅1)

𝑅1
2

(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝 +
𝑅1
2

𝐿̃2
Ξ1,𝑝) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +

𝑅2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) +
𝑅1
2

𝐿̃2
Ξ1,𝑝)((𝑛 + 𝑝)𝒯𝑠 + 𝑛(𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1) +

𝑅1
2

𝐿̃2
Ξ1,𝑝)

Ω2
2 =

𝑓(𝑅1)

𝑅2
2

((𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝)) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +
𝑅1
2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) +
𝑅1
2

𝐿̃2
Ξ1,𝑝)((𝑛 + 𝑝)𝒯𝑠 + 𝑛(𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1) +

𝑅1
2

𝐿̃2
Ξ1,𝑝)

Ω3
2 =

𝑓(𝑅1)

𝑅3
2

(3(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝)) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +
𝑅1
2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + Φ𝑝𝒬𝑝) +
𝑅1
2

𝐿̃2
Ξ1,𝑝) ((𝑛 + 𝑝)𝒯𝑠 + 𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1 +

𝑅2

𝐿̃2
Ξ1,𝑝)

 

𝜎0 = 𝑡 = 𝜏, 𝑟 = 𝑅1, 𝜔1 = 𝜔0, 𝜎1 = 𝜔2, 𝜎2,3 = 𝜃2,3, 𝜎4,5 = 𝜇2,3, 𝜁 = 𝜁0, 𝜎6 = 𝜙

𝛿1 = 𝜋/2
 

𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑓(𝑅)𝑑𝜏2 + 𝑅1

2𝑑𝜔2
2 + 𝑅2

2𝑑Ω3
2 + 𝑅3

2𝑑𝜙2  

𝑘𝑎𝜕𝑎 = 𝜕𝜏 + Ω1𝜕𝜔2 +Ω2𝜕Θ +Ω3𝜕𝜙, 𝜁
𝑎𝜕𝑎 =

1

|𝑘|2
(∑  

3

𝑎=1

 Ω𝑎
2𝑅𝑎

2𝜕𝜏 + 𝑓(𝑅)(Ω1𝜕𝜔2 + Ω2𝜕Θ + Ω3𝜕𝜙)) , 

𝐾𝜔1 =
1

𝑅2
(
𝑅2
𝑅1
− 3

𝑅1
𝑅2
)  

Ω1
2 =

𝑓(𝑅)

𝑅1
2

(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝 +
𝑅1
2

𝐿̃2
Ξ1,𝑝) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +

𝑅2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) +
𝑅2

𝐿̃2
Ξ1,𝑝)((𝑛 + 𝑝)𝒯𝑠 + 𝑛(𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1) +

𝑅2

𝐿̃2
Ξ1,𝑝)

Ω2
2 =

𝑓(𝑅)

𝑅2
2

(3(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) +
𝑅2
2

𝐿̃2
Ξ1,𝑝) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +

𝑅2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) +
𝑅2

𝐿̃2
Ξ1,𝑝)((𝑛 + 𝑝)𝒯𝑠 + 𝑛(𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1) +

𝑅2

𝐿̃2
Ξ1,𝑝)

Ω3
2 =

𝑓(𝑅)

𝑅3
2

((𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝)) (𝑝(𝒯𝑠 + 𝑛Φ𝑝𝒬𝑝) + 𝑛Φ1𝒬1 +
𝑅2

𝐿̃2
Ξ1,𝑝)

(𝑝(𝒯𝑠 + Φ𝑝𝒬𝑝) +
𝑅2

𝐿̃2
Ξ1,𝑝) ((𝑛 + 𝑝)𝒯𝑠 + 𝑝Φ𝑝𝒬𝑝 +Φ1𝒬1 +

𝑅2

𝐿̃2
Ξ1,𝑝)

 

𝛾𝑎𝑏𝑑𝜎
𝑎𝑑𝜎𝑏 = −𝑓(𝑅1)𝑑𝜏

2 + 𝑅2
2𝑑𝜙2 + 𝑅3

2𝑑𝛿2
2  

𝑀 = 𝑉𝑝𝑅0 (𝒯𝑠cosh
2 𝜂 +

𝒯𝑠

𝑛
+ Φ1𝑄1 +Φ𝑝𝑄𝑝)

𝐽𝑎  = 𝑉𝑝
Ω𝑎𝑅𝑎

2

|𝑘|
𝒯𝑠cosh 𝜂

𝒯tot  = −
𝑉𝑝𝑅0
𝑛

𝑅2

𝐿2
Ξ1,𝑝
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Ω2 =
𝑓(𝑅)

𝑅2

𝑝(1 + 𝑛𝑠ℎ𝛼
2) +

𝑅2

𝐿̃2
(1 + 𝑛 + 𝑝 + 𝑛(1 + 𝑝)𝑠ℎ𝛼

2) −
𝑅𝑛(𝑙 − 1)

𝐿̃
√𝑓(𝑅)𝑠ℎ𝛼𝑐ℎ𝛼

𝑛 + 𝑝(1 + 𝑛𝑠ℎ𝛼
2) +

𝑅2

𝐿̃2
(1 + 𝑛 + 𝑝 + 𝑛(1 + 𝑝)𝑠ℎ𝛼

2) −
𝑅𝑛(𝑙 − 1)

𝐿̃
√𝑓(𝑅)𝑠ℎ𝛼𝑐ℎ𝛼

.  

𝑟𝑐 ≪ 𝑟int , 𝑟𝑐 ≪ 𝑟ext , 𝑟𝑐 ≪ ℒ  

𝑟int = |ℛ𝛾|
−1/2

 

𝑟ext = |𝐾
𝜇𝐾𝜇|

−1/2
 

𝑟0
𝑅
≪ (cosh 𝛼)−2/𝑛  and  

𝑟0
𝐿
≪ (cosh 𝛼)−2/𝑛.  

𝑟𝑐 ∼ 𝑁𝑙−2

1
𝑙−1𝑇𝑙−2

−
1

𝑚−1  

1 ≪ 𝑁𝐷𝑝 ≪ 𝑁, 1 ≪ 𝑁2 ≪ 𝑁2, 1 ≪ 𝑁5
2 ≪ 𝑁  

∏ 

𝑏

𝑎

𝕊𝑝𝑎 × 𝕊𝑛+1 

𝑢𝑏𝜕𝑏 =
1

√𝑓(𝑅)
𝜕𝜏, 𝑣𝑎

𝑏𝜕𝑏 =
1

𝑅𝑎
𝜕Φ𝑎  

𝐼𝐸 =
Ω𝑛+1𝑉𝑝

16𝜋𝐺
(
𝑛

4𝜋𝑇
)
𝑛

𝑓′(𝑅)
𝑛+1
2 (1 −

Φ𝐻
2

4𝜋4𝑁𝑉𝑞
2)

𝑛𝑁/2

 

𝑐|ℎ̂(𝑞)|
1/2

= 𝑉𝑞 = (2𝜋)
𝑞∏ 

𝑞

𝑎

𝑅𝑎√𝑓
′(𝑅) 

𝑅

𝐿
= (

𝑝 + 𝑞𝑛𝑁sinh2 𝛼

1 + 𝑛 + 𝑝 + (𝑞 + 1)𝑛𝑁sinh2 𝛼
)

1/2
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𝑀=
Ω(𝑛+1)𝑥

𝑛𝑁

8𝜋𝐺 (Ω2 −
1
𝐿2
)
2 (

𝑛

4𝜋𝑇
)
𝑛

[(Ω2 −
1

𝐿2
)
Φ𝐻
2

𝑁
 2𝐹1 (1,1 +

𝑛

2
(𝑁 − 1); 1 +

𝑛𝑁

2
; 𝑥2)  

+𝑥2

(

 
 1

𝐿2
+

−1 − 2𝑛
𝐿2

+ (1 + 𝑛)Ω2 −
𝑛(𝑁 − 1)

𝐿2
Φ𝐻
2

𝑁
2 + 𝑛𝑁

 2𝐹1 (1,1 +
𝑛

2
(𝑁 − 1); 2 +

𝑛𝑁

2
, 𝑥2)

)

 
 
 

+
2 (
𝑛 + 1
𝐿2

−Ω2) 𝑥4

(2 + 𝑛𝑁)(4 + 𝑛𝑁)
 2𝐹1 (2,1 +

𝑛

2
; 3 +

𝑛𝑁

2
; 𝑥2)]

𝐽 =
Ω(𝑛+1)Ω

4𝐺 (Ω2 −
1
𝐿2
)
2 (

𝑛

4𝜋𝑇
)
𝑛

[
Φ𝐻
2 𝑥𝑛𝑁+2

𝑁(𝑛𝑁 + 2)
 2𝐹1 (2,1 +

𝑛

2
(𝑁 − 1);

𝑛𝑁

2
+ 2; 𝑥2)

+
𝑛𝑥𝑛𝑁+4

(𝑛𝑁 + 2)(𝑛𝑁 + 4)
 2𝐹1 (2,1 +

𝑛

2
(𝑁 − 1);

𝑛𝑁

2
+ 3; 𝑥2)] ,

𝑆 =
𝑛Ω(𝑛+1)

8𝐺𝑇
(
𝑛

4𝜋𝑇
)
𝑛 𝑥2+𝑛𝑁

(2 + 𝑛𝑁) (Ω2 −
1
𝐿2
)
 2𝐹1 (1,

1

2
(𝑁 − 1)𝑛;

𝑁𝑛

2
+ 2; 𝑥2)

𝑄 =
Φ𝐻Ω(𝑛+1)

8𝐺𝑁
(
𝑛

4𝜋𝑇
)
𝑛 𝑥𝑛𝑁

(Ω2 −
1
𝐿2
)
 2𝐹1 (1,

1

2
(𝑁 − 1)𝑛;

𝑁𝑛

2
+ 1; 𝑥2) ,

𝒯tot  =
Ω(𝑛+1)𝑥

𝑛𝑁+2

8𝐺 (Ω2 −
1
𝐿2
)
2 [(Ω

2 −
1

𝐿2
)
Φ𝐻
2

𝑁
 2𝐹1 (1,1 +

𝑛

2
(𝑁 − 1); 1 +

𝑛𝑁

2
; 𝑥2)

 +

4 + 𝑛
𝐿2

− (2 + 𝑛)Ω2

(2 + 𝑛)
+

𝑛

(2 + 𝑛)(2 + 𝑛𝑁)
((2 + 𝑛) (Ω2 −

1

𝐿2
)

+(
4 + 𝑛 − 2𝑁

𝐿2
− Ω2(2 + 𝑛))

Φ𝐻
2

𝑁
) ×  2𝐹1 (1,1 +

𝑛

2
(𝑁 − 1); 2 +

𝑛𝑁

2
; 𝑥2)]

 

𝑥 ≡ (1 −
Φ𝐻
2

𝑁
)

1/2
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𝑀 =
Ω(𝑛+1)

8𝐺
(
𝑛

4𝜋𝑇
)
𝑛

∫  
𝑟max 

𝑟min 

 𝑑𝑟𝐼𝑟

(

 𝑓(𝑟) − Ω2𝑟2 + 𝑛 + 𝑛
Φ𝐻
2

4𝜋2𝑟2
𝑓(𝑟) − Ω2𝑟2

𝑓(𝑟) −
Φ𝐻
2

𝑁(2𝜋𝑟)2)

 

𝐽 =
𝑛Ω(𝑛+1)Ω

8𝐺
(
𝑛

4𝜋𝑇
)
𝑛

∫  
𝑟max 

𝑟min 

 𝑑𝑟𝑟2𝐼𝑟

𝑆 =
𝑛Ω(𝑛+1)

8𝐺𝑇
(
𝑛

4𝜋𝑇
)
𝑛

∫  
𝑟max 

𝑟min 

 𝑑𝑟𝐼𝑟

𝑄 =
𝑛Ω(𝑛+1)Φ𝐻

16𝜋𝐺
(
𝑛

4𝜋𝑇
)
𝑛

∫  
𝑟max 

𝑟min 

 𝑑𝑟𝑟−2𝐼𝑟

𝒯tot  = −
Ω(𝑛 + 1)

16𝜋𝐺
∫  
𝑟max 

𝑟min 

 𝑑𝑟𝐼𝑟[(𝑛 + 𝑝)Ω
2𝑟2 − 𝑝𝑓(𝑟)

 +𝑛𝑁

(

 −𝑓(𝑟) + 2Ω2𝑟2 − 𝑓(𝑟)Ω2𝑟2

Φ𝐻
2

𝑁(2𝜋𝑟)2

𝑓(𝑟) −
Φ𝐻
2

𝑁(2𝜋𝑟)2)

 

]
 
 
 

 

𝐼𝑟 = 𝑟(𝑓(𝑟) − Ω
2𝑟2)

𝑛
2 (1 −

Φ𝐻
2

𝑁𝑓(𝑟)(2𝜋𝑟)2
)

𝑛𝑁
2

 

sinh 𝛼𝑖 ≡ sin 𝜃sinh 𝛼, sinh 𝛼𝑝 ≡ cos 𝜃sinh 𝛼  

𝑠𝑖 ≡ sinh 𝛼𝑖 , 𝑐 ≡ cosh 𝛼  

Ω2 =
𝑓(𝑅)

𝑅2

𝑝(1 + (7 − 𝑝)𝑠𝑝
2) + (7 − 𝑝)𝑠1

2 +
𝑅2

𝐿2
Ξ1,𝑝 − 4

𝑅(7 − 𝑝)
𝐿 √𝑓(𝑅)𝑠𝑝𝑐

7 + 𝑝(7 − 𝑝)𝑠𝑝
2 + (7 − 𝑝)𝑠1

2 +
𝑅2

𝐿2
Ξ1,𝑝 − 4

𝑅(7 − 𝑝)
𝐿 √𝑓(𝑅)𝑠𝑝𝑐

𝑀 =
Ω8−𝑝𝑉𝑝

16𝜋𝐺
𝑟0
7−𝑝

(𝑓(𝑅)3/2Ξ1,𝑝 − (7 − 𝑝)
𝑅

𝐿
(4𝑓(𝑅) + 1)𝑠𝑝𝑐)

𝐽 =
Ω8−𝑝𝑉𝑝𝑅

16𝜋𝐺
𝑟0
7−𝑝√𝑝(1 + (7 − 𝑝)𝑠𝑝

2) + (7 − 𝑝)𝑠1
2 +

𝑅2

𝐿2
Ξ1,𝑝 − 4

𝑅(7 − 𝑝)

𝐿
√𝑓(𝑅)𝑠𝑝𝑐 ×

 × √7 + 𝑝(7 − 𝑝)𝑠𝑝
2 + (7 − 𝑝)𝑠1

2 +
𝑅2

𝐿2
Ξ1,𝑝 − 4

𝑅(7 − 𝑝)

𝐿
√𝑓(𝑅)𝑠𝑝𝑐,

𝑆 =
Ω8−𝑝𝑉𝑝𝑐

4𝐺√7 − 𝑝
𝑟8−𝑝√7+ 𝑝(7 − 𝑝)𝑠𝑝

2 + (7 − 𝑝)𝑠1
2 +

𝑅2

𝐿2
Ξ1,𝑝 − 4

𝑅(7 − 𝑝)

𝐿
√𝑓(𝑅)𝑠𝑝𝑐

𝑇 =
1

4𝜋𝑟0𝑐√
𝑓(𝑅)(7 − 𝑝)3

7 + 𝑝(7 − 𝑝)𝑠𝑝
2 + (7 − 𝑝)𝑠1

2 +
𝑅2

𝐿2
Ξ1,𝑝 − 4

𝑅(7 − 𝑝)
𝐿 √𝑓(𝑅)𝑠𝑝𝑐

𝒯tot = −
Ω8−𝑝𝑉𝑝
16𝜋𝐺

(√𝑓(𝑅)
𝑅2

𝐿2
Ξ1,𝑝 + (7 − 𝑝)

𝑅

𝐿
(4𝑓(𝑅) + 1)𝑠𝑝𝑐)

 

Ξ1,𝑝 = 8 + (7 − 𝑝)((1 + 𝑝)𝑠𝑝
2 + 2𝑠1

2) 
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sin 𝜃 = 0, 𝐿̃ =
𝐿

2
, 𝑛 = 3  

Ω𝑎
2  =

𝑓(𝑅)

𝑅𝑎
2

1 + 2𝑠𝑝
2 +

𝑅𝑎
2

𝐿2
Ξ5

7 + 2(5𝑠𝑝
2 + 𝑠1

2) +
𝑅2

𝐿2
Ξ5

Ω3
2  =

𝑓(𝑅)

𝑅3
2

3(1 + 2𝑠𝑝
2)

7 + 2(5𝑠𝑝
2 + 𝑠1

2) +
𝑅2

𝐿2
Ξ5

𝑀 =
Ω3𝑉5
16𝜋𝐺

𝑟0
2(𝑓(𝑅)3/2Ξ1,5)

𝐽𝑎  =
Ω3𝑉5𝑅𝑎
16𝜋𝐺

𝑟0
2√1+ 2𝑠𝑝

2 +
𝑅𝑎
2

𝐿2
Ξ5√7+ 2(5𝑠𝑝

2 + 𝑠1
2) +

𝑅2

𝐿2
Ξ5

𝐽3  =
Ω3𝑉5𝑅3
16𝜋𝐺

𝑟0
2√3(1 + 2𝑠𝑝

2)√7 + 2(5𝑠𝑝
2 + 𝑠1

2) +
𝑅2

𝐿2
Ξ5

𝑆 =
Ω3𝑉5𝑐𝑟0

3

4𝐺√𝑓(𝑅) − ∑  3𝑎  Ω2
2𝑅𝑎

2

𝑇 =
1

4𝜋𝑟0𝑐
√𝑓(𝑅) −∑  

3

𝑎

 Ω2
2𝑅𝑎

2

𝒯𝑡𝑜𝑡  = −
Ω3𝑉3
16𝜋𝐺

√𝑓(𝑅)
𝑅2

𝐿2
Ξ5

 

Ω𝑎
2  =

𝑓(𝑅1)

𝑅𝑎
2

1 + 6𝑠2
2

7 + 2𝑠𝑝
2 +

𝑅1
2

𝐿̃2
Ξ2

𝑀 =
Ω7𝑉2
16𝜋𝐺

𝑟0
7(𝑓(𝑅)3/2Ξ2)

𝐽𝑎  =
Ω7𝑉2𝑅𝑎
16𝜋𝐺

𝑟0
7√1+ 6𝑠2

2√7 + 2𝑠𝑝
2 +

𝑅1
2

𝐿̃2
Ξ2

𝑆 =
Ω7𝑉2𝑐𝑟0

7

4𝐺√𝑓(𝑅) − ∑  2𝑎  Ω2
2𝑅𝑎

2

𝑇 =
1

4𝜋𝑟0𝑐
√𝑓(𝑅) −∑  

2

𝑎

 Ω2
2𝑅𝑎

2

𝒯𝑡𝑜𝑡  = −
Ω7𝑉2
16𝜋𝐺

√𝑓(𝑅)
𝑅2

𝐿2
Ξ2

 

𝑑𝜀 = 𝒯𝑑𝑠 +∑  

𝑝−1

𝑞

Φ𝑞𝑑𝒬𝑞 

𝒬2𝑢
[𝑎𝑣𝑏𝑤𝑐]𝜕𝑎𝑓|𝜕𝒲𝑝+1

= 0 
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𝒬2𝑣
𝑎𝜕𝑎𝑓|𝜕𝒲𝑝+1

= 0 

𝑣𝑖𝑎𝐷(𝑎𝑣𝑏)𝑖 = 𝑣̇𝑏 = 𝛿
𝑖𝑗𝑣𝑖

𝑎𝜁𝑘𝑎𝐷𝑏𝕄𝑗 
𝑘 

𝑣𝑖
𝑎𝜁𝑘𝑎 = (𝕄

−1)𝑘 
𝑗𝛿𝑖𝑗  

𝑣̇𝑏 = (𝕄
−1)𝑘 

𝑗𝐷𝑏𝕄𝑗 
𝑘 = 𝐷𝑏ln |𝕄| 

𝐼 =
1

16𝜋
∫  𝑑𝐷𝑥√−𝔤 [𝑅 − 2Λ +

𝑔

𝐷 − 4
𝒢 + 𝐹𝜇𝛼

(𝑎)
𝐹(𝑎)𝜇𝛼] + ∫ 

Σ

 𝜇√−𝛾𝑑𝜏𝑑𝜎  

Λ =
−(𝐷 − 1)(𝐷 − 2)

2𝑙2
 

𝒢 = 𝑅2 − 4𝑅𝜇𝜈𝑅
𝜇𝜈 + 𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 

𝐹𝜇𝜈
(𝑎)
= 𝜕𝜇𝐴𝜈

(𝑎)
− 𝜕𝜈𝐴𝜇

(𝑎)
− 𝑖 [𝐴𝜇

(𝑎)
, 𝐴𝜈
(𝑎)
] 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑑Ω2,𝜅

2 , 𝑑Ω2,𝜅
2 =

𝑑𝑥2

1 − 𝜅𝑥2
+ 𝑥2𝑑𝜑2  

𝑓(𝑟) = 1 − 𝑟2𝜓(𝑟)  

∇𝜇𝐹
(𝑎)𝜇𝜈 = 0  

𝐀(𝑎) =
𝑖

2
ℎ(𝑟)𝑑𝑡 (

1 0
0 −1

)  

ℎ(𝑟) = 𝐶2 + 𝑄∫
1

𝑢𝐷−2

𝑟 1

𝑢𝐷−2
𝑑𝑢  

ℎ′(𝑟) =
𝑄

𝑟𝐷−2
 

𝐼 =
Ω𝐷−2(𝐷 − 2)

16𝜋

 ∫  𝑑𝑡𝑑𝑟 [𝑟𝐷−1𝜓(1 + 𝑔(𝐷 − 3)𝜓) +
𝑟𝐷−1

𝑙2
+

2𝑄2𝑟3−𝐷

(𝐷 − 3)(𝐷 − 2)
−

2𝑎𝑟

(𝐷 − 2)
]

′  

𝜓 + 𝑔(𝐷 − 3)𝜓2 =
16𝜓𝑀

(𝐷 − 2)𝑟𝐷−1Ω𝐷−2
−
1

𝑙2
−

2𝑄2𝑟4−2𝐷

(𝐷 − 3)(𝐷 − 2)
−

2𝑎

(𝐷 − 2)𝑟𝐷−2
,  

𝑓(𝑟) = 1 −
𝑟2

2𝑔(𝐷 − 3)
[−1 ±

√1 − 4(𝐷 − 3)𝑔 (
1

𝑙2
+

2𝑄2𝑟4−2𝐷

(𝐷 − 3)(𝐷 − 2)
−
16𝜋𝑀𝑟1−𝐷

(𝐷 − 2)Ω𝐷−2
+
2𝑎𝑟2−𝐷

𝐷 − 2
)]

 

𝑀 =
(𝐷 − 2)Ω𝐷−2

16𝜋
𝑚  
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𝑄2 =
(𝐷 − 2)(𝐷 − 3)

2
𝑞2  

Ω𝐷−2 =
2𝜋

𝐷−1
2

Γ (
𝐷 − 1
2

)
 

(𝐷 − 3)𝑔

𝑙2
= 𝜆𝑔𝑏  

2𝑎

𝐷 − 2
= 𝐴,  

𝑓(𝑟) = 1 +
𝑟2

2𝜆𝑔𝑏𝑙
2 [1 ∓ √1 − 4𝜆𝑔𝑏 (1 +

𝑞2𝑙2

𝑟2𝐷−4
−
𝑚𝑙2

𝑟𝐷−1
+
𝐴𝑙2

𝑟𝐷−2
)] .  

𝑓(𝑟) = 1 +
𝑟2

2𝑔
(1 − √1 − 4𝑔 (−

Λ

3
+
𝑄2

𝑟4
−
2𝑚

𝑟3
+
𝑎

𝑟2
))  

𝑚 = −
𝑟+
3Λ

6
+
𝑎𝑟+
2
+
𝑄2

2𝑟+
+
𝑟+
2
+
𝑔

2𝑟+
,  

𝐾 = 𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎

 

𝐾 =
4

𝑟4
(𝑓(𝑟) − 1)2 +

4𝑓′(𝑟)2

𝑟2
+ 𝑓′′(𝑟)2  

𝐾 =
(1 − √𝜒)

2

𝑔2
+

4(
𝑟(1 − √𝜒)

𝑔 +
2𝑟2𝒴

√𝜒
)
2

𝑟2

 +(
1 − √𝜒

𝑔
+
8𝑟𝒴

√𝜒
+
8𝑟2𝒴2𝑔

𝜒
3
2

−
2𝑟𝒞

√𝜒
)

2  

𝜒 = 1 − 4𝑔(−
Λ

3
+
𝑄2

𝑟4
−
2𝑚

𝑟3
+
𝑎

𝑟2
), 

𝒴 = −
2𝑄2

𝑟5
+
3𝑚

𝑟4
−
𝑎

𝑟3
 

𝒞 = −
10𝑄2

𝑟5
+
12𝑚

𝑟4
−
3𝑎

𝑟3
 

𝐻 =−
𝑟ℎ
3Λ

6
+
𝑟ℎ𝑎

2
+
𝑔

2𝑟ℎ
+
𝑟ℎ
2
+
𝑄2

2𝑟ℎ
= 

4𝑟ℎ
3𝜋𝑃

3
+
𝑟ℎ𝑎

2
+
𝑔

2𝑟ℎ
+
𝑟ℎ
2
+
𝑄2

2𝑟ℎ

 



 

pág. 3576 

𝑇 =
𝒦(𝑟ℎ)

2𝜋
=
1

4𝜋
(
𝜕𝑓(𝑟)

𝜕𝑟
)
𝑟=𝑟ℎ

=

−𝑟ℎ
4Λ + (𝑎 + 1)𝑟ℎ

2 − 𝑄2 − 𝑔

4𝜋𝑟ℎ(𝑟ℎ
2 + 2𝑔)

=

8𝑟ℎ
4𝜋𝑃 + (𝑎 + 1)𝑟ℎ

2 − 𝑄2 − 𝑔

4𝜋𝑟ℎ(𝑟ℎ
2 + 2𝑔)

 

𝑆 = ∫  
𝑟ℎ

0

 
1

𝑇

𝜕𝐻

𝜕𝑟ℎ
𝑑𝑟ℎ  

𝑆 = 𝜋𝑟ℎ
2 + 4𝜋𝑔ln (𝑟ℎ)  

𝑑𝐻(𝑆, 𝑃, 𝑄, 𝑎, 𝑔) = 𝑇𝑑𝑆 + 𝑉𝑑𝑃 + 𝜙𝑑𝑄 +𝒜𝑑𝑎 + ℬ𝑑𝑔  

𝑉 = (
𝜕𝐻

𝜕𝑃
)
𝑆,𝑄,𝑎,𝑔

=
4𝜋

3
𝑟ℎ
3

𝜙 = (
𝜕𝐻

𝜕𝑄
)
𝑆,𝑃,𝑎,𝑔

=
𝑄

𝑟ℎ

𝒜 = (
𝜕𝐻

𝜕𝑎
)
𝑆,𝑃,𝑄,𝑔

 =
1

2
𝑟ℎ

 

ℬ = (
𝜕𝐻

𝜕𝑔
)
𝑆,𝑃,𝑄,𝑎

=
1

2𝑟ℎ
 

𝐻 = 2𝑇𝑆 − 2𝑃𝑉 + 𝑄𝜙 + 𝑎𝒜 + 𝑔ℬ  

𝑃 =
𝑇

2𝑟ℎ
+
𝑔𝑇

𝑟ℎ
3 −

𝑎 + 1

8𝜋𝑟ℎ
2 +

𝑄2

8𝜋𝑟ℎ
4 +

𝑔

8𝜋𝑟ℎ
4  

𝜕𝑃

𝜕𝑟ℎ
|
𝑇=𝑇𝑐,𝑟ℎ=𝑟𝑐

= 0,  
𝜕2𝑃

𝜕2𝑟ℎ
|
𝑇=𝑇𝑐,𝑟ℎ=𝑟𝑐

= 0  

𝑟𝑐 = √
3𝑄2 + 3𝑎𝑔 + Υ + 6𝑔

𝑎 + 1
 

𝑃𝑐 =
(𝑄2𝑎𝑔 + 3𝑎2𝑔2 + 3Υ𝑄2 + 4Υ𝑎𝑔 + 𝑄2𝑔 + 7𝑎𝑔2 + Υ2 + 7Υ𝑔 + 4𝑔2)(𝑎 + 1)2

8𝜋(3𝑄2 + 3𝑎𝑔 + Υ + 6𝑔)2(3𝑄2 + 9𝑎𝑔 + Υ + 12𝑔)
 

𝑇𝑐 =
(𝑄2 + 3𝑎𝑔 + Υ + 4𝑔)(𝑎 + 1)

2𝜋√
3𝑄2 + 3𝑎𝑔 + Υ + 6𝑔

𝑎 + 1
(3𝑄2 + 9𝑎𝑔 + Υ + 12𝑔)

 

Υ = √9𝑄4 + 30𝑄2𝑎𝑔 + 9𝑎2𝑔2 + 48𝑄2𝑔 + 48𝑎𝑔2 + 48𝑔2 
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𝑍 =
𝑃𝑉

𝑇
.  

𝐶𝑃= (
𝜕𝐻

𝜕𝑟ℎ
)(
𝜕𝑟ℎ
𝜕𝑇
) =  

2(𝑟ℎ
2 + 2𝑔)

2
(8𝑟ℎ

4𝜋𝑃 + 𝑟ℎ
2𝑎 − 𝑄2 + 𝑟ℎ

2 − 𝑔)𝜋

8𝜋𝑃𝑟ℎ
6 + 48𝜋𝑔𝑃𝑟ℎ

4 − 𝑎𝑟ℎ
4 + 3𝑄2𝑟ℎ

2 + 2𝑎𝑔𝑟ℎ
2 − 𝑟ℎ

4 + 2𝑄2𝑔 + 5𝑟ℎ
2𝑔 + 2𝑔2

 

𝛿 = |𝑟𝑐 − 𝑟𝑑| ≃ 0.01 

𝐺 =
(−8𝑟ℎ

4𝜋𝑃 − (𝑎 + 1)𝑟ℎ
2 + 𝑄2 + 𝑔)(4ln (𝑟ℎ)𝑔 + 𝑟ℎ

2)

4𝑟ℎ(𝑟ℎ
2 + 2𝑔)

+

 
4𝑟ℎ

3𝜋𝑃

3
+
𝑟ℎ𝑎

2
+
𝑔

2𝑟ℎ
+
𝑟ℎ
2
+
𝑄2

2𝑟ℎ

 

𝐶𝑣  = (𝑇
𝜕𝑆

𝜕𝑇
)
𝑣
∝ |𝑡|−𝛼 ,

𝜂 = 𝑣𝑙 − 𝑣𝑠 ∝ |𝑡|
𝛽 ,

𝜅𝑇  = −
1

𝑣
(
𝜕𝑣

𝜕𝑝
)
𝑇

∝ |𝑡|−𝛾

 

|𝑃 − 𝑃𝑐| ∝ |𝑣 − 𝑣𝑐|
−𝛿 .  

𝑝 =
𝑇𝑐
𝑣𝑐𝑝𝑐

𝜏

𝜈
+
8𝑔𝑇𝑐

𝑣𝑐
3𝑝𝑐

𝜏

𝜈3
−
𝑎 + 1

2𝜋𝑣𝑐
2𝑝𝑐

1

𝜈2
+
2𝑄2 + 2𝑔

𝜋𝑣𝑐
4𝑝𝑐

1

𝜈4
.  

𝑝 = 1 + Θ𝑡 + Φ𝑡𝜔 + Ω𝜔3 +⋯  

Θ =
𝑇𝑐(𝑣𝑐

2 + 8𝑔)

𝑣𝑐
3𝑝𝑐

Φ = −
𝑇𝑐(𝑣𝑐

2 + 24𝑔)

𝑣𝑐
3𝑝𝑐

 

Ω = −
𝜋𝑇𝑐𝑣𝑐

3 + 80𝜋𝑔𝑇𝑐𝑣𝑐 − 2𝑎𝑣𝑐
2 + 40𝑄2 − 2𝑣𝑐

2 + 40𝑔

𝜋𝑣𝑐
4𝑝𝑐

 

1 + Θ𝑡 + Φ𝑡𝜔𝑙 + Ω𝜔𝑙
3 = 1 + Θ𝑡 + Φ𝑡𝜔𝑠 + Ω𝜔𝑠

3  

∫  
𝜔𝑙

𝜔𝑠

 𝜔
𝑑𝑝

𝑑𝜔
𝑑𝜔 = 0  

Φ𝑡(𝜔𝑙
2 −𝜔𝑠

2) = −
3

2
Ω(𝜔𝑙

4 −𝜔𝑠
4)  

𝜔𝑙 = −𝜔𝑠 = √−
Φ𝑡

Ω
 

𝜂 = 𝑣𝑙 − 𝑣𝑠 = 𝑣𝑐(𝜔𝑙 −𝜔𝑠) = 2𝑣𝑐𝜔𝑙 ∝ √−𝑡  
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𝜅𝑇 = −
1

𝑣𝑐(1 + 𝜔)

𝜕𝑣

𝜕𝜔
(
𝜕𝜔

𝜕𝑃
)
𝑇
∝ (−

1

𝜕𝑝
𝜕𝜔

)

𝜔=0

= −
𝑡−1

Φ
 

𝑝 = 1 + Ω𝜔3  

𝛼 + 2𝛽 + 𝛾 = 2, 𝛼 + 𝛽(𝛿 + 1) = 2, (2 − 𝛼) = 𝛿(1 − 𝛼) − 1

𝛾 = 𝛽(𝛿 − 1), 𝛾(𝛿 + 1) = (𝛿 − 1)(2 − 𝛼)
 

𝑑𝑃

𝑑𝑇
=
𝑇Δ𝑆

Δ𝑉
=
(Δ𝐻)𝑃
Δ𝑉

 

𝜇 = (
𝜕𝑇

𝜕𝑃
)
𝐻

 

𝜇 =
1

𝐶𝑃
[𝑇 (

𝜕𝑉

𝜕𝑇
)
𝑃
− 𝑉]  

𝑇𝑖 = 𝑉 (
𝜕𝑇

𝜕𝑉
)
𝑃
.  

𝐼QT =
1

16𝜋𝐺
∫   d𝐷𝑥√−𝑔(𝑅 − 2Λ + ∑  

𝑛max

𝑛

 𝛼𝑛𝒵𝑛)  

Λ = −(𝐷 − 1)(𝐷 − 2)/(2𝐿2) 

d𝑠2 = −𝑓(𝑟)d𝑡2 +
d𝑟2

𝑓(𝑟)
+
𝑟2

𝐿2
 dΣ𝐷−2,𝑘

2 ,  dΣ𝐷−2,𝑘
2 = {

𝐿2 dΩ𝐷−2
2 ,  for 𝑘 = 1

 d𝐱𝐷−2
2 ,  for 𝑘 = 0

𝐿2 dΞ𝐷−2
2 ,  for 𝑘 = −1

 

∑  

𝑛max

𝑛=0

 𝛼𝑛𝑟
𝐷−2𝑛−3(𝑘 − 𝑓(𝑟))𝑛 = 𝑚  

𝑓(𝑟) ∝
1

𝑟
𝐷−2𝑛max−1

𝑛max

+⋯  

ℎ(𝜓) =
1

𝐿2
+ 𝜓 +∑  

∞

𝑛=2

 
𝐷 − 2𝑛

𝐷 − 2
𝛼𝑛𝜓

𝑛 =
𝑚

𝑟𝐷−1
,  with 𝜓:=

𝑘 − 𝑓(𝑟)

𝑟2
 

ℎH(𝜓) =
1

𝐿2
+

𝜓

1 − 𝛼𝜓
,  if  𝛼𝑛 =

𝐷 − 2

𝐷 − 2𝑛
𝛼𝑛−1

ℎD(𝜓) =
1

𝐿2
−
log (1 − 𝛼𝜓)

𝛼
,  if  𝛼𝑛 =

𝐷 − 2

𝑛(𝐷 − 2𝑛)
𝛼𝑛−1

 

ℎB(𝜓) =
1

𝐿2
+

𝜓

√1 − 𝛼2𝜓2
,  if  𝛼𝑛 =

(1 − (−1)𝑛)(𝐷 − 2)Γ (
𝑛
2)

2√𝜋(𝐷 − 2𝑛)Γ (
𝐷 + 1
2 )

𝛼𝑛−1.  
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𝑓H(𝑟) = 𝑘 −
𝑟𝐷+1 − 𝐿2𝑚𝑟2

𝛼𝑟𝐷−1 − 𝐿2(𝑟𝐷−1 + 𝛼𝑚)

𝑓D(𝑟) = 𝑘 +
𝑟2

𝛼
(e𝛼(𝐿

−2−𝑚𝑟1−𝐷) − 1)

𝑓B(𝑟) = 𝑘 +
𝑟2(𝑟𝐷−1 − 𝐿2𝑚)

√𝐿4𝑟2𝐷−2 + 𝛼2(𝑟𝐷−1 − 𝐿2𝑚)2

 

𝑀 =
(𝐷 − 2)𝑟+

𝐷−1Σ𝐷−2,𝑘
16𝜋𝐺

ℎ(𝜓+)

𝑇 =
1

4𝜋𝑟+
(
(𝐷 − 1)𝑟+

2ℎ(𝜓+)

ℎ′(𝜓+)
− 2𝑘)

𝑆 = −
(𝐷 − 2)Σ𝐷−2,𝑘𝑘

𝐷/2−1

8𝐺
∫  
ℎ′(𝜓+)

𝜓+
𝐷/2

 d𝜓+

 

d𝑀 = 𝑇 d𝑆  

𝑓H(𝑟) =
𝑚→0

𝑘 +
𝑟2

𝐿2 − 𝛼
= 𝑘 +

𝑟2

𝐿⋆
2

 

𝑚

𝐿⋆
𝐷−3 =

𝑦+
𝐷(1 − 𝛽)

𝐷−3
2 (𝑦+

2 + 𝑘(1 − 𝛽))

𝑦+
2 − 𝑘𝛽

 

𝛽 = 𝛼/𝐿2 = 𝛼/(𝛼 + 𝐿⋆
2) 

𝑦+ = 𝑟+/𝐿 = 𝑟+√1− 𝛽/𝐿⋆ 

𝑚ext

𝐿⋆
𝐷−3 =

𝑘
𝐷−1
2

2
𝐷+3
2 𝛽(1 − 𝛽)

𝐷−3
2 (𝐷 − 1)

𝐷−1
2

(𝐷 − 3 + 4𝛽 + √(𝐷 − 3)2 + 8(𝐷 − 1)𝛽) 

× (3 − 𝐷 + 2(𝐷 − 1)𝛽 + √(𝐷 − 3)2 + 8(𝐷 − 1)𝛽)

𝐷−1
2
,  

 

𝐿⋆𝑇 =
√1 − 𝛽 (𝑘(𝐷 − 3)𝑦+

2 + (𝐷 − 1)(𝑦+
4 − 𝑘𝛽(𝑘(1 − 𝛽) + 2𝑦+

2)))

4𝜋𝑦+
3 .  

𝑀

𝐿⋆
𝐷−3 =

(𝐷 − 2)Σ𝐷−2,𝑘𝑦+
𝐷−1

16𝜋𝐺(1 − 𝛽)
𝐷−3
2

(𝑘(𝛽 − 1) − 𝑦+
2)

(𝑘𝛽 − 𝑦+
2)  

𝑆

𝐿⋆
𝐷−2 =

Σ𝐷−2,𝑘𝑦+
𝐷−2

4𝐺(1 − 𝛽)
𝐷−2
2

 2𝐹1 (2,1 −
𝐷

2
, 2 −

𝐷

2
,
𝑘𝛽

𝑦+
2) .  
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𝐹

𝐿⋆
𝐷−3  =

𝑦+
𝐷−5Σ𝐷−2

𝑘

16𝜋𝐺(𝑘𝛽 − 𝑦+
2)(1 − 𝛽)

𝐷−3
2

((𝐷 − 2)𝑦+
4(𝑘(𝛽 − 1) − 𝑦+

2) − (𝑘𝛽 − 𝑦+
2)

× (𝑘(𝐷 − 3)𝑦+
2 + (𝐷 − 1)(𝑦+

4 + 𝑘𝛽(𝑘(𝛽 − 1) − 2𝑦+
2)))  2𝐹1 (2,1 −

𝐷

2
, 2 −

𝐷

2
,
𝑘𝛽

𝑦+
2))

 

 

𝑓D(𝑟) =
𝑚→0

𝑘 +
𝑟2

𝛼
(e𝛼/𝐿

2
− 1) = 1 +

𝑟2

𝐿⋆
2 ,  

𝐿⋆
2 = 𝛼/(e𝛼/𝐿

2
− 1) 

𝑚

𝐿⋆
𝐷−3 = (

𝑒𝛽 − 1

𝛽
)

𝐷−3
2

[1 −
1

𝛽
log (1 − 𝑘

𝛽

𝑦+
2)]𝑦+

𝐷−1  

𝐿⋆𝑇 = √
𝛽

𝑒𝛽 − 1

(𝐷 − 1)𝑦+
2 + 𝑘[(𝐷 − 1)𝛽 − 2] + (𝐷 − 1) (𝑘 −

𝑦+
2

𝛽
) log (1 − 𝑘

𝛽
𝑦+
2)

4𝜋𝑦+
.  

(𝐷 − 1)𝑦+,ext
2 + 𝑘[(𝐷 − 1)𝛽 − 2] + (𝐷 − 1)(𝑘 −

𝑦+,ext
2

𝛽
) log (1 − 𝑘

𝛽

𝑦+,ext
2 ) = 0  

𝑀

𝐿⋆
𝐷−3  =

(𝐷 − 2)Σ𝐷−2,𝑘𝑦+
𝐷−1

16𝜋𝐺
(
𝑒𝛽 − 1

𝛽
)

𝐷−3
2

[1 −
1

𝛽
log (1 − 𝑘

𝛽

𝑦+
2)]

 =
(𝐷 − 2)Σ𝐷−2,𝑘

16𝜋𝐺
𝑚

 

𝑆

𝐿⋆
𝐷−2 =

Σ𝐷−2,𝑘𝑦+
𝐷−2

4𝐺
(
𝑒𝛽 − 1

𝛽
)

𝐷−2
2

 2𝐹1 (1,1 −
𝐷

2
, 2 −

𝐷

2
,
𝑘𝛽

𝑦+
2)

 

𝐹

𝐿⋆
𝐷−3 =

Σ𝐷−2,𝑘𝑦+
𝐷−1

16𝜋𝐺
(
𝑒𝛽 − 1

𝛽
)

𝐷−3
2

{(𝐷 − 2) [1 −
1

𝛽
log (1 − 𝑘

𝛽

𝑦+
2)] 
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−[(𝐷 − 1)𝑦+
2 + 𝑘[(𝐷 − 1)𝛽 − 2] + (𝐷 − 1)(𝑘 −

𝑦+
2

𝛽
) ln (1 − 𝑘

𝛽

𝑦+
2)] 

×  2𝐹1 (1,1 −
𝐷

2
, 2 −

𝐷

2
,
𝑘𝛽

𝑦+
2)}

 

 

𝑓𝐵(𝑟) =
𝑚→0

1 +
𝑟2

√𝐿4 + 𝛼2
= 1 +

𝑟2

𝐿⋆
2 ,  

𝐿⋆
2 = √𝐿4 + 𝛼2 

𝑚

𝐿⋆
𝐷−3 =

𝑦+
𝐷−1

(1 + 𝛽)
𝐷−3
4

(1 +
𝑘

√𝑦+
4 − 𝑘2𝛽2

)  

𝐿⋆𝑇 = (1 + 𝛽
2)1/4

(𝐷 − 1)((𝑦+
4 − 𝑘2𝛽2)3/2 − 𝑘3𝛽2) + (𝐷 − 3)𝑘𝑦+

4

4𝜋𝑦+
5

 

(𝐷 − 1)((𝑦+
4 − 𝑘2𝛽2)3/2 − 𝑘3𝛽2) + (𝐷 − 3)𝑘𝑦+

4 = 0  

𝑀

𝐿⋆
𝐷−3  =

(𝐷 − 2)Σ𝐷−2,𝑘𝑦+
𝐷−1

16𝜋𝐺

1

(1 + 𝛽)
𝐷−3
4

(1 +
𝑘

√𝑦+
4 − 𝑘2𝛽2

)

 =
(𝐷 − 2)Σ𝐷−2,𝑘

16𝜋𝐺
𝑚

 

𝑆

𝐿⋆
𝐷−2 =

Σ𝐷−2,𝑘𝑦+
𝐷−2

4𝐺

1

(1 + 𝛽)
𝐷−2
4

2𝐹1 (
3

2
,
1

2
−
𝐷

4
,
3

2
−
𝐷

4
,
𝑘2𝛽2

𝑦+
4 )  

𝐹

𝐿⋆
𝐷−3 =

Σ𝐷−2,𝑘𝑦+
𝐷−7

16𝜋𝐺

1

(1 + 𝛽2)
𝐷−3
4

{(𝐷 − 2)𝑦+
6 (1 +

𝑘

√𝑦+
4 − 𝑘2𝛽2

) −

[(𝐷 − 1)((𝑦+
4 − 𝑘2𝛽2)3/2 − 𝑘3𝛽2) + (𝐷 − 3)𝑘𝑦+

4] ×

 2𝐹1 (
3

2
,
1

2
−
𝐷

4
,
3

2
−
𝐷

4
,
𝑘2𝛽2

𝑦+
4 )}
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◻Φ = 0,  

d𝑠2 = −𝑓(𝑟)d𝑣2 + 2 d𝑣 d𝑟 + 𝑟2 dΩ𝐷−2
2  

Φ = e−i𝜔𝑣𝑅(𝑟)𝑌(Ω𝐷−2),  

∇Ω𝐷−2𝑌 = −𝑙(𝑙 + 𝐷 − 3)𝑌 

𝑓𝑅′′ + (𝐷𝑟−1𝑓 − 2i𝜔 − 2𝑟−1𝑓 + 𝑓′)𝑅′ + (−i𝜔𝑟−1𝐷 + 2i𝜔𝑟−1 − 𝑙(𝑙 + 𝐷 − 3)𝑟−2)𝑅(𝑟) = 0  

𝑅(𝑟) = 𝐶1(1 + 𝒪(𝑟 − 𝑟+)) + 𝐶2(𝑟 − 𝑟+)
2i𝜔/4𝜋𝑇(1 + 𝒪(𝑟 − 𝑟+))  

𝑇 = 𝑓′(𝑟+)/4𝜋 

Φ ∼ exp [−i𝜔(𝑡 + (4𝜋𝑇)−1log (𝑟 − 𝑟+))] 

𝑅(𝑟) =
𝐷1
𝑟Δ+

(1 + 𝒪(𝑟−1)) +
𝐷2
𝑟Δ−

(1 + 𝒪(𝑟−1))  

Φ ∼ 𝑟−Δ+ ∼ 𝑟−4, Δ+ 
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⟨𝑊(𝒞)⟩ ∼ 𝑒−Δ𝑡𝑉𝑞𝑞‾ ,  

⟨𝑊(𝒞)⟩ ∼ 𝑒−𝐼NG .  

d𝑠2 = −𝑓(𝑟)d𝑡2 +
d𝑟2

𝑓(𝑟)
+ 𝑟2( d𝑥2 + d𝑦2 + d𝑧2)  

𝐼reg(𝑟0)

2Δ𝑡
= ∫  

∞

𝑟0

 𝑑𝑟 [
𝑓(𝑟)1/2𝑟

√𝑓(𝑟)𝑟2 − 𝑓(𝑟0)𝑟0
2
− 1] − ∫  

𝑟0

𝑟min

 𝑑𝑟  

𝑙(𝑟0) = 2∫  
∞

𝑟0

 
𝑟0
𝑟
(
𝑓(𝑟0)

𝑓(𝑟)
)

1/2
𝑑𝑟

√𝑓(𝑟)𝑟2 − 𝑓(𝑟0)𝑟0
2
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𝐼hyperspace
𝒜5×𝑆

5
=

1

16𝜋𝐺
∫   d5𝑥√|𝑔| [𝑅 +

12

𝐿2
+
𝜁(3)

8
𝛼′3𝑊4]  

𝑊4 = (𝑊𝑎𝑏𝑐𝑑𝑊
𝑒𝑏𝑐𝑓 +

1

2
𝑊𝑎𝑑𝑏𝑐𝑊

𝑒𝑓𝑏𝑐)𝑊𝑎𝑔 ℎ𝑒𝑊𝑓𝑔 
ℎ𝑑 

𝑔𝑎𝑏 → 𝑔𝑎𝑏 −
𝜁(3)

8
𝛼′3 [

1

𝐿4
(𝐶̂𝑎𝑏

(1)
−
𝑔𝑎𝑏
3
𝐶̂(1)) +

1

𝐿2
(𝐶̂𝑎𝑏

(2)
−
𝑔𝑎𝑏
3
𝐶̂(2)) + 𝐶̂𝑎𝑏

(3)
−
𝑔𝑎𝑏
3
𝐶̂(3)]  

𝐶̂𝑎𝑏
(3)
= −

6935

1584
𝑅𝑐𝑑𝑒𝑓𝑅𝑐  

𝑔 𝑒𝑎𝑅𝑑𝑔𝑓𝑏 −
18625

19008
𝑅𝑐𝑑𝑒𝑓𝑅𝑐𝑑  

𝑔𝑅𝑒𝑓𝑔𝑏 +
7

44
𝑅𝑎  

𝑐  𝑏 
𝑑𝑅𝑒𝑓𝑔𝑐𝑅

𝑒𝑓𝑔 𝑑

 +
2053

1584
𝑔𝑎𝑏𝑅𝑔 

𝑐  ℎ 
𝑑𝑅𝑐  

𝑒 𝑑  
𝑓𝑅𝑒 

𝑔 𝑓 
ℎ +

1241

19008
𝑔𝑎𝑏𝑅𝑔ℎ  

𝑐𝑑𝑅𝑐𝑑 
𝑒𝑓𝑅𝑒𝑓 

𝑔ℎ +
6035

3168
𝑅𝑐𝑑𝑅𝑒 𝑎  

𝑓 𝑐𝑅𝑒𝑏𝑓𝑑

 +
24215

6336
𝑅𝑐𝑑𝑅𝑒 𝑎 

𝑓 𝑏𝑅𝑒𝑐𝑓𝑑 −
1291

12672
𝑅𝑐𝑑𝑅𝑒𝑓 𝑎𝑐𝑅𝑒𝑓𝑏𝑑 −

767

1584
𝑅𝑎𝑏𝑅𝑐𝑑𝑒𝑓𝑅

𝑐𝑑𝑒𝑓

 +
2155

12672
𝑔𝑎𝑏𝑅𝑔ℎ𝑐𝑑𝑅

𝑔ℎ𝑐 𝑒𝑅
𝑑𝑒 −

521

1408
𝑅𝑅𝑔ℎ𝑐𝑎𝑅

𝑔ℎ𝑐 +
1679

12672
𝑔𝑎𝑏𝑅𝑅𝑔ℎ𝑐𝑑𝑅

𝑔ℎ𝑐𝑑

 −
25

44
𝑅𝑔ℎ𝑅𝑔𝑎ℎ𝑑𝑅𝑏

𝑑 −
3569

3168
𝑅𝑅𝑔𝑎𝑐𝑏𝑅

𝑔𝑐 +
7

704
𝑔𝑎𝑏𝑅

3

𝐶̂𝑎𝑏
(2)
=
15

44
𝑅𝑎𝑐𝑑𝑒𝑅𝑏 

𝑐𝑑𝑒 −
285

176
𝑅𝑐𝑑𝑅𝑎  

𝑐  𝑏 
𝑑 +

15

44
𝑅𝑅𝑎𝑏 , 𝐶̂𝑎𝑏

(1)
=
45

44
𝑅𝑎𝑏

 

𝐼 =
1

16𝜋𝐺
∫   d5𝑥√|𝑔| (

12

𝐿2
+ 𝑅 +

15𝜁(3)

88
𝛼′3 [

3

𝐿6
𝑅 +

1

𝐿4
(𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑 − 4𝑅𝑎𝑏𝑅
𝑎𝑏 + 𝑅2)

+
1

𝐿2
𝑄(3)(ℛ3) + 𝑄(4)(ℛ4)])
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𝑄(3)(ℛ3)  =
11

15
(4𝐶̂(3) + 𝑅𝑎𝑏𝐶̂𝑎𝑏

(2)
)

𝑄(4)(ℛ4)  =
11

15
(𝑊4 + 𝑅𝑎𝑏𝐶̂𝑎𝑏

(3)
)

 

𝑟2

𝐿2
+ (𝑘 − 𝑓) +

15𝜁(3)𝛼3

88
(
3(𝑘 − 𝑓)

𝐿6
+
2(𝑘 − 𝑓)2

𝑟2𝐿4
−
4(𝑘 − 𝑓)3

3𝑟4𝐿2
−
(𝑘 − 𝑓)4

𝑟6
) =

𝑚

𝑟2
 

𝑆 = −
(𝐷 − 2)Σ𝐷−2,𝑘

8𝐺
(
ℎ(𝜓+)

𝜓+
𝐷/2

−∫  ℎ(𝜓+)d(
1

𝜓+
𝐷/2
))  

𝑡 = 1/𝜓𝐷/2 = 𝑟+
𝐷 

ℎ′ = −
𝐷

2

ℎ̇

𝜓𝐷/2+1
= −

𝐷

2
ℎ̇𝑡1+

2
𝐷 

𝑀 =
(𝐷 − 2)Σ𝐷−2,𝑘

16𝜋𝐺
𝑡1−

1
𝐷ℎ(𝑡)

𝑇 =
1

4𝜋

1

𝑡
1
𝐷

(−
2(𝐷 − 1)

𝐷

ℎ(𝑡)

ℎ̇(𝑡)𝑡
− 2)

𝑆 = −
(𝐷 − 2)Σ𝐷−2,𝑘

8𝐺
(ℎ(𝑡)𝑡 − ∫  ℎ(𝑡)d𝑡)

 

𝑀 =
(𝐷 − 2)Σ𝐷−2,𝑘

16𝜋𝐺
𝑡1−

1
𝐷𝐻̇(𝑡)

𝑇 = −
1

2𝜋

1

𝑡
1
𝐷

(
(𝐷 − 1)

𝐷

𝐻̇(𝑡)

𝑡𝐻̈(𝑡)
+ 1)

𝑆 = −
(𝐷 − 2)Σ𝐷−2,𝑘

8𝐺
(𝐻̇(𝑡)𝑡 − 𝐻(𝑡))

 

𝐷𝑡2𝐻̈(𝑡)𝐻̇(𝑡) + (𝐷 − 2)((𝐷 − 1)𝐻̇(𝑡)(𝐻̇(𝑡)𝑡 − 𝐻(𝑡)) − 𝐷𝑡𝐻̈(𝑡)𝐻(𝑡)) = 0  

d𝑀 = 𝑇 d𝑆 + 𝑉 d𝑃 + 𝜇𝛼d𝛼  

𝑃 = −
Λ

8𝜋𝐺
=
(𝐷 − 1)(𝐷 − 2)

16𝜋𝐺𝐿2

𝑉 =
Σ𝐷−2,𝑘
(𝐷 − 1)

𝑟+
𝐷−1

𝜇𝛼 =
(𝐷 − 2)Σ𝐷−2,𝑘

16𝜋𝐺
[𝑟+
𝐷−1

𝜕ℎ(𝜓+)

𝜕𝛼
|
𝐿,𝑟+

+

𝑘𝐷/2−1

2𝜋𝑟+
(
(𝐷 − 1)𝑟+

2ℎ(𝜓+)

ℎ′(𝜓+)
− 2𝑘)∫  

d𝜓+

𝜓+
𝐷/2

𝜕ℎ′(𝜓+)

𝜕𝛼
|

𝐿,𝑟+

]

 

(𝐷 − 3)𝑀 = (𝐷 − 2)𝑇𝑆 − 2𝑉𝑃 + 2𝜇𝛼𝛼  
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𝐼 = ∫  √−𝑔𝑑𝐷𝑥 (𝑅 − 2Λ +∑  

∞

𝑛=2

 𝛼𝑛𝒵𝑛)

 = ∫  √−𝑔𝑑𝐷𝑥(𝑅 − 2Λ + 𝐹(𝑅, 𝒵2, … , 𝒵5))

 

𝑦+,ext =
√𝑘(3 − 2𝛽 + 𝐷(−1 + 2𝛽) + √(𝐷 − 3)2 + 8(𝐷 − 1)𝛽)

√2(𝐷 − 1)
,  such that 𝑇 = 0  

𝑆 =
1

2𝜅4
2∫  ℛ ⋆ 1 +

1

2
Re𝒩𝐴𝐵𝐹

𝐴 ∧ 𝐹𝐵 +
1

2
Im𝒩𝐴𝐵𝐹

𝐴 ∧⋆ 𝐹𝐵

 −
1

𝜅4
2∫  𝐺𝑎𝑏‾𝑑𝑧

𝑎 ∧⋆ 𝑑𝑧‾𝑏 + ℎ𝑝𝑞𝑑𝜉
𝑝 ∧⋆ 𝑑𝜉𝑞

 

𝐾 = −log 𝑖(𝑋‾𝐴ℱ𝐴 − 𝑋
𝐴ℱ𝐴)  

𝒩𝐴𝐵 = ℱ𝐴𝐵 + 2𝑖
(Imℱ)𝐴𝐶𝑋

𝐶(Imℱ)𝐵𝐷𝑋
𝐷

𝑋𝐶(Imℱ)𝐶𝐷𝑋
𝐷

,  

ℒh.d. ⊃ −
𝑖

2
∫   d4𝜃∑  

𝑔≥1

 ℱ𝑔(𝒳
𝐴)(𝒲𝑖𝑗𝒲𝑖𝑗)

𝑔
+  h.c.  

𝒲𝜇𝜈
𝑖𝑗
 = 𝑊𝜇𝜈

𝑖𝑗,−
−ℛ𝜇𝜈𝜌𝜎

− 𝜃𝑖𝜎𝜌𝜎𝜃𝑗 +⋯

𝒳𝐴  = 𝑋𝐴 +
1

2
𝜖𝑖𝑗𝜃

𝑖𝜎𝜇𝜈𝜃𝑗(𝐹𝜇𝜈
𝐴,− − 𝑖𝑒𝐾/2𝑋‾𝐴𝑊𝜇𝜈

−) + ⋯
 

𝑊𝜇𝜈
− = 2𝑖𝑒𝐾/2Im𝒩𝐴𝐵𝑋

𝐴𝐹𝜇𝜈
𝐵,−,𝑊𝜇𝜈

𝑖𝑗,−
=
𝜖𝑖𝑗

2
𝑊𝜇𝜈
−  

ℒh.d. ⊃ −
𝑖

2
∑  

𝑔≥1

 ℱ𝑔(𝑋
𝐴)ℛ−

2𝑊−
2𝑔−2 +  h.c.  

∑ 

𝑔≥0

 𝛿ℱ𝑔
(hyp)(𝑋𝐴)𝑊−

2𝑔−2 = −
1

4
∫  
𝑖∞

𝑖0+
 
 d𝜏

𝜏

1

sin2 
𝜏𝑊−𝑒𝐾/2𝑍‾𝑝

2

𝑒−𝜏|𝑍𝑝|
2

 

 

𝑌𝐴 = 𝐶𝑋𝐴, Υ = 𝐶2𝑊2,  with  𝐶2 = 𝑒𝒦𝒵
2
,  

|𝒵|2  = 𝑒𝒦|𝑝𝐴𝐹𝐴(𝑋,𝑊
2) − 𝑞𝐴𝑋

𝐴|2

𝑒−𝒦  = 𝑖𝑋‾𝐴𝐹𝐴(𝑋,𝑊
2) − 𝑖𝑋𝐴𝐹‾𝐴(𝑋‾,𝑊‾

2)
 

𝐹𝐴(𝑋,𝑊
2) = 𝜕𝑋𝐴𝐹(𝑋,𝑊

2) 

𝐹(𝑋,𝑊2) = ∑  

∞

𝑔=0

 𝐹𝑔(𝑋
𝐴)𝑊2𝑔  
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𝐹(𝑌, Υ): = 𝐶2𝐹(𝑋,𝑊2) = ∑  

∞

𝑔=0

 𝐹𝑔(𝑌
𝐴)Υ𝑔  

2𝐹(Υ, 𝑌𝐴) = 2Υ𝐹Υ + 𝑌
𝐴𝐹𝐴  

𝐹𝑔(𝑌
𝐴) = (−1)𝑔2−6𝑔ℱ𝑔(𝑌

𝐴)  

𝒵 = 𝒵
−1
(𝑝𝐴𝐹𝐴(𝑌, Υ) − 𝑞𝐴𝑌

𝐴),  

𝑑𝑠2 = −𝑒2𝑈(𝑦)𝑑𝑡2 + 𝑒−2𝑈(𝑦)(𝑑𝑦2 + 𝑦2𝑑Ω2
2),  with 𝑒−2𝑈(𝑦) =

|𝒵|2𝜅4
2

8𝜋𝑦2
 

𝑖𝑝𝐴= 𝑌𝐴 − 𝑌‾𝐴  

𝑖𝑞𝐴 = 𝐹𝐴(𝑌, Υ) − 𝐹‾𝐴(𝑌‾, Υ‾)
 

𝒮BH = 𝜋[|𝒵|
2 + 4Im(Υ𝜕Υ𝐹(𝑌, Υ))],  

𝒮BH = 4𝜋 [Im𝐹 −
1

2
𝑞𝐴Re𝑌

𝐴] ,  

𝐹(𝑌, Υ) =
𝐷𝑎𝑏𝑐𝑌

𝑎𝑌𝑏𝑌𝑐

𝑌0
+ 𝑑𝑎

𝑌𝑎

𝑌0
Υ + 𝐺(𝑌0, Υ)  

𝒮BH =
𝜋

3𝑝0
√
4

3
(Δ̃𝑎𝑥̃

𝑎)
2
− 9(𝑝0𝑝𝐴𝑞̃𝐴 − 2𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐)2

 +4𝜋 [Im𝐺 − Re𝑌0Im𝐺0 −
1

√3

(Re𝑌0)2

|𝑌0|3
𝑥̃𝑎𝑑𝑎Υ]

 

ℱ0(𝑋
𝐴) =−

1

6
𝒦𝑎𝑏𝑐

𝑋𝑎𝑋𝑏𝑋𝑐

𝑋0
+ 𝐾𝑎𝑏

(1)
𝑋𝑎𝑋𝑏 + 𝐾𝑎

(2)
𝑋0𝑋𝑎 + 𝐾(3)(𝑋0)2 

 −
(𝑋0)2

(2𝜋𝑖)3
∑  

𝑘>0

 𝑛𝑘
(0)
∑  

𝑚≥1

 
1

𝑚3
𝑒2𝜋𝑖𝑚𝑘𝑎𝑧

𝑎
 

𝒦𝑎𝑏𝑐 = 𝜔𝑎 ⋅ 𝜔𝑏 ⋅ 𝜔𝑐 , 𝐾𝑎
(2)
=
1

24
𝑐2(𝑇𝑋3) ⋅ 𝜔𝑎 , 𝐾

(3) =
𝑖𝜁(3)

2(2𝜋)3
𝜒𝐸(𝑋3)  

𝜒𝐸(𝑋3) = 2ℎ
1,1(𝑋3) − 2ℎ

2,1(𝑋3) 

𝒌 = 𝑘𝑎𝛾
𝑎 ∈ 𝐻2

+(𝑋3, ℤ) 

ℱ1(𝑋
𝐴) =

1

24
∫  
𝑋3

  𝐽ℂ ∧ 𝑐2(𝑇𝑋3) + 𝒪(log 𝑧
𝑎) =

1

24
𝑐2,𝑎𝑧

𝑎 + 𝒪(𝑒2𝜋𝑖𝑧
𝑎
)  

𝐽ℂ = 𝑧
𝑎𝜔𝑎 = (𝑏

𝑎 + 𝑖𝑡𝑎)𝜔𝑎 

ℱ𝑔>1(𝑋
𝐴) ⊃

𝜒(𝑋3)

2
(−1)𝑔−12(2𝑔 − 1)

𝜁(2𝑔)𝜁(3 − 2𝑔)

(2𝜋)2𝑔
(𝑋0)2−2𝑔,  
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𝐹(𝑌, Υ) =
𝐷𝑎𝑏𝑐𝑌

𝑎𝑌𝑏𝑌𝑐

𝑌0
+ 𝑑𝑎

𝑌𝑎

𝑌0
Υ + 𝐺(𝑌0, Υ) + 𝒪(𝑒2𝜋𝑖𝑧

𝑎
)  

𝐺(𝑌0, Υ) = −
𝑖

2(2𝜋)3
𝜒𝐸(𝑋3)(𝑌

0)2 ∑  

𝑔=0,2,3,…

 𝑐𝑔−1
3 𝛼2𝑔 +⋯  

𝑐𝑔−1
3 = (−1)𝑔−12(2𝑔 − 1)

𝜁(2𝑔)𝜁(3 − 2𝑔)

(2𝜋)2𝑔
, 𝛼2 = −

1

64

Υ

(𝑌0)2
 

𝑞𝑎 = 2Im𝐹𝑎
𝑞0 = 2Im𝐹0
𝑝𝑎 = 2Im𝑌𝑎

𝑝0 = 2Im𝑌0

 

𝐷𝑎𝑏𝑐 (Re𝑌
𝑏 −

Re𝑌0

𝑝0
𝑝𝑏)(Re𝑌𝑐 −

Re𝑌0

𝑝0
𝑝𝑐) = Δ𝑎  

Δ𝑎 = |𝑌
0|2 (−

𝑞̃𝑎
3𝑝0

+
1

(𝑝0)2
𝐷𝑎𝑏𝑐𝑝

𝑏𝑝𝑐) , 𝑞̃𝑎 ≡ 𝑞𝑎 + 𝑝
0
𝑑𝑎Υ

|𝑌0|2
 

Re𝑌𝑎 = 𝑥𝑎 +
Re𝑌0

𝑝0
𝑝𝑎  

𝑞̃0 = 2Im [−
1

(𝑌0)2
𝐷𝑎𝑏𝑐𝑌

𝑎𝑌𝑏𝑌𝑐]  

𝑞̃0 ≡ 𝑞0 + 2Im [
1

(𝑌0)2
𝑑𝑎𝑌

𝑎Υ] − 2Im𝐺0  

(𝑝0𝑝𝐴𝑞̃𝐴 − 2𝐷𝑎𝑏𝑐𝑝
𝑎𝑝𝑏𝑝𝑐)|𝑌0|4 = 2(𝑝0)3Re𝑌0𝑥𝑎Δ𝑎  

𝒮BH
4𝜋

=−2Im(
1

𝑌0
)Δ𝑎Re𝑌

𝑎 + Im𝐺 −
1

2
𝑞0Re𝑌

0 

 +
1

2
Re (

1

𝑌0
)𝑝𝑎 (

𝑞𝑎

6Im(
1
𝑌0
)
+
2

3
𝑑𝑎Υ)

 

𝒮BH
4𝜋

=
1

8Re𝑌0
(𝑝0𝑝𝐴𝑞̃𝐴 − 2𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐) + Im𝐺 +
Re𝑌0

2𝑝0
𝑝𝐴𝛿𝑞𝐴  

𝑥𝑎 = 𝑥̃𝑎
|𝑌0|

√3𝑝0
, Δ̃𝑎 = 𝐷𝑎𝑏𝑐𝑥̃

𝑏𝑥̃𝑐 = Δ𝑎
3(𝑝0)2

|𝑌0|2
,  

(𝑝0𝑝𝐴𝑞̃𝐴 − 2𝐷𝑎𝑏𝑐𝑝
𝑎𝑝𝑏𝑝𝑐)|𝑌0| =

2

3√3
Re𝑌0𝑥̃𝑎Δ̃𝑎  

|𝑌0|2 =
(𝑝0)2

3

(Δ̃𝑎𝑥̃
𝑎)
2

4
3 (Δ̃𝑎𝑥̃

𝑎)
2
− 9(𝑝0𝑝𝐴𝑞̃𝐴 − 2𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐)2
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𝒮BH =
𝜋

3𝑝0
√
4

3
(Δ̃𝑎𝑥̃

𝑎)
2
− 9(𝑝0𝑝𝐴𝑞̃𝐴 − 2𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐)2

 +4𝜋 [Im𝐺 − Re𝑌0Im𝐺0 −
1

√3

(Re𝑌0)2

|𝑌0|3
𝑥̃𝑎𝑑𝑎Υ]

 

𝒮BH =
𝜋

3𝑝0
√
4

3
(Δ̃𝑎𝑥̃

𝑎)
2
− 9(𝑝0𝑝𝐴𝑞𝐴 − 2𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐)2,  

𝒮BH = −
4𝜋

3
𝑌𝑎 (𝑞𝑎 +

4𝑑𝑎Υ

𝑝0
) + 4𝜋Im𝐺,  

𝑑𝑎 = −
1

24

1

64
𝑐𝑎 

𝑥̃𝑎 = −√3𝑝𝑎 + 𝑝0 [
√3

6
𝐷𝑎𝑏𝑞𝑏] + (𝑝

0)2
√3

2
[

𝑝𝑎

4(Re𝑌0)2
−

1

(Re𝑌0)3
Γ𝑎] + ⋯

Δ̃𝑎 = 3𝐷𝑎𝑏𝑐𝑝
𝑏𝑝𝑐 − 𝑝0𝑞𝑎 − (𝑝

0)2
𝑑𝑎Υ

(Re𝑌0)2
+⋯

𝑞̃𝑎 = 𝑞𝑎 + 𝑝
0

𝑑𝑎Υ

(Re𝑌0)2
+⋯

𝑞̃0 = 𝑞0 − 2Im𝐺0 +
𝑝𝑎𝑑𝑎Υ

(Re𝑌0)2
+⋯

 

𝐷𝑎𝑏𝑐𝑝
𝑎𝑝𝑏Γ𝑐 = Re𝑌0 [−

1

36
(Re𝑌0)2 +

1

4
𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐 −
1

3
𝑝𝑎𝑑𝑎Υ] + 𝒪(𝑝

0)  

𝒮BH
4𝜋

=
1

2
√𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐 [𝑞̂0 − 2Im𝐺0 +
𝑝𝑎𝑑𝑎Υ

(𝑌0)2
] + Im𝐺 − 𝑌0Im𝐺0 +

𝑝𝑎𝑑𝑎Υ

𝑌0
 

𝑞̂0 = 𝑞0 +
1

12
𝐷𝑎𝑏𝑞𝑎𝑞𝑏 

(𝑌0)2 =

1
4𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐 − 𝑑𝑎𝑝
𝑎Υ

𝑞̂0 + 𝑖(𝐺0 − 𝐺‾0)
 

𝒮BH
4𝜋

 = −
1

4

𝐷𝑎𝑏𝑐𝑝
𝑎𝑝𝑏𝑝𝑐

𝑌0
+ Im𝐺 − 𝑌0Im𝐺0 +

𝑝𝑎𝑑𝑎Υ

𝑌0

 = −𝑞̂0𝑌
0 + Im𝐺 + 𝑌0Im𝐺0

 

𝐹(𝑌𝐴) = 𝐷𝑎𝑏𝑐
𝑌𝑎𝑌𝑏𝑌𝑐

𝑌0
+ 𝐾𝑎

(2)
𝑌0𝑌𝑎  

𝐹(𝑌𝐴, Υ) =
𝐷𝑎𝑏𝑐𝑌

𝑎𝑌𝑏𝑌𝑐

𝑌0
+ 𝑑𝑎

𝑌𝑎

𝑌0
Υ + 𝐺(𝑌0, Υ)  

|𝒵|2 = −
𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐 − 2𝑑𝑎𝑝
𝑎Υ

𝑌0
− 2𝑌0Im𝐺0  
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𝒮BH
shift

𝜋
= 2√𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐 [𝑞̂0 − 2Im𝐺0 +
𝑝𝑎𝑑𝑎Υ

(𝑌0)2
] = −

𝐷𝑎𝑏𝑐𝑝
𝑎𝑝𝑏𝑝𝑐

𝑌0
≠ |𝒵|2  

𝒮BH
𝜋
= [−

𝐷𝑎𝑏𝑐𝑝
𝑎𝑝𝑏𝑝𝑐

𝑌0
+ 2

𝑝𝑎𝑑𝑎Υ

𝑌0
− 2𝑌0Im𝐺0] + [4Im𝐺 − 2𝑌

0Im𝐺0 + 2
𝑝𝑎𝑑𝑎Υ

𝑌0
]  

𝐹𝜇𝜈
𝐴,− =

1

2
(𝐹𝜇𝜈

𝐴 + 𝑖 ⋆ 𝐹𝜇𝜈
𝐴 ), 𝐺𝐴

− = 𝒩𝐴𝐵𝐹
𝐵,−  

𝑆 ⊃
1

4𝜅4
2∫  𝐹

𝐴,− ∧ 𝐺𝐴
− + h.c.  

(
𝐹𝐴,−

𝐺𝐴
− ) ⟶ (

𝒜 ℬ
𝒞 𝒟

)(
𝐹𝐴,−

𝐺𝐴
− )  

𝒜T𝒟 − 𝒞Tℬ = 𝟙𝑛𝑉+1,𝒜
T𝒞 − 𝒞T𝒜 = ℬT𝒟 −𝒟Tℬ = 0  

𝒩𝐴𝐵 → (𝒟𝐴 
𝐶𝒩𝐶𝐷 + 𝒞𝐴𝐷)[(𝒞 + ℬ𝒩)

−1]𝐵
𝐷  

(
𝑋𝐴

ℱ𝐴
) ⟶ (

𝑋𝐴′

ℱ𝐴
′ ) = (

𝒜 ℬ
𝒞 𝒟

)(
𝑋𝐴

ℱ𝐴
)  

𝐹′(𝑋𝐴′) = 𝐹(𝑋𝐴) −
1

2
𝑋𝐴ℱ𝐴 +

1

2
𝑋𝐴(𝒞Tℬ +𝒜T𝒟)

𝐴
 𝐵ℱ𝐵

 +
1

2
𝑋𝐴(𝒞T𝒜)

𝐴𝐵
𝑋𝐵 +

1

2
ℱ𝐴(𝒟

Tℬ)
𝐴𝐵
ℱ𝐵

 

𝐹′(𝑌𝐴′) = 𝐹(𝑌𝐴) −
1

2
𝑌𝐴𝐹𝐴 +

1

2
𝑌𝐴(𝒞Tℬ +𝒜T𝒟)

𝐴

𝐵
𝐹𝐵

 +
1

2
𝑌𝐴(𝒞T𝒜)

𝐴𝐵
𝑌𝐵 +

1

2
𝐹𝐴(𝒟

Tℬ)
𝐴𝐵
𝐹𝐵

 

𝑌0′ = 𝑌0, 𝑌𝑎′ = 𝑌𝑎 +
𝛾𝑎

𝑝0
𝑌0  

𝐹0
′ = 𝐹0 −

𝛾𝑎𝐹𝑎
𝑝0

− 3𝐷𝑎𝑏𝑐
𝛾𝑎𝛾𝑏𝑌𝑐

(𝑝0)2
− 𝐷𝑎𝑏𝑐

𝛾𝑎𝛾𝑏𝛾𝑐𝑌0

(𝑝0)3

𝐹𝑎
′ = 𝐹𝑎 + 6𝐷𝑎𝑏𝑐

𝑌𝑏𝛾𝑐

𝑝0
+ 3𝐷𝑎𝑏𝑐

𝛾𝑏𝛾𝑐𝑌0

(𝑝0)2

 

𝑝0′ = 𝑝0, 𝑝𝑎′ = 𝑝𝑎 + 𝛾𝑎 , 𝑞𝑎
′ = 𝑞𝑎 + 6𝐷𝑎𝑏𝑐

𝑝𝑏𝛾𝑐

𝑝0
+ 3𝐷𝑎𝑏𝑐

𝛾𝑏𝛾𝑐

𝑝0

𝑞0
′ = 𝑞0 −

𝛾𝑎𝑞𝑎
𝑝0

− 3𝐷𝑎𝑏𝑐
𝛾𝑎𝛾𝑏𝑝𝑐

(𝑝0)2
− 𝐷𝑎𝑏𝑐

𝛾𝑎𝛾𝑏𝛾𝑐

(𝑝0)2

 

𝑝𝐴𝐹𝐴 → 𝑝𝐴𝐹𝐴 + Δ, 𝑞𝐴𝑌
𝐴 → 𝑞𝐴𝑌

𝐴 + Δ, Im(Υ𝜕Υ𝐹) → Im(Υ𝜕Υ𝐹)  

Δ = 6𝐷𝑎𝑏𝑐
𝑝𝑎𝑌𝑏𝛾𝑐

𝑝0
+ 3𝐷𝑎𝑏𝑐

𝛾𝑎𝑌𝑏𝛾𝑐

𝑝0
+ 3𝐷𝑎𝑏𝑐

𝑝𝑎𝛾𝑏𝛾𝑐𝑌0

(𝑝0)2
+ 2𝐷𝑎𝑏𝑐

𝛾𝑎𝛾𝑏𝛾𝑐𝑌0

(𝑝0)2
,  
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𝒮BH
′ [𝑝0′, 𝑝𝑎′, 𝑞𝑎

′ , 𝑞0
′ ] = 𝒮BH[𝑝

0′, 𝑝𝑎′, 𝑞𝑎
′ , 𝑞0

′ ] = 𝒮BH[𝑝
0, 𝑝𝑎 , 𝑞𝑎, 𝑞0],  

(

𝑌0′

𝑌𝑎′

𝐹0
′

𝐹𝑎
′

) =

(

 
 
 
 
 

1 0 0 0
𝛾𝑎

𝑝0
𝛿𝑏
𝑎 0 0

−𝐷𝑎𝑏𝑐
𝛾𝑎𝛾𝑏𝛾𝑐

(𝑝0)3
−3𝐷𝑏𝑐𝑑

𝛾𝑐𝛾𝑑

(𝑝0)2
1 −

𝛾𝑎

𝑝0

3𝐷𝑎𝑏𝑐
𝛾𝛾𝛾𝑐

(𝑝0)2
6𝐷𝑎𝑏𝑐

𝛾𝑐

(𝑝0)2
0 𝛿𝑎

𝑏

)

 
 
 
 
 

(

𝑌0

𝑌𝑏

𝐹0
𝐹𝑏

)  

 

MT𝜂M = 𝜂 ≡ (
0 𝟙ℎ1,1+1

−𝟙ℎ1,1+1 0
)  

|𝒵|2 = 𝐪T ⋅ 𝜂 ⋅ 𝐶𝚷, Im(Υ𝜕Υ𝐹(𝑌, Υ))  

𝐹′(𝑌𝐴′, Υ′)= 𝐹(𝑌𝐴, Υ) + 3
𝛾𝑎𝐷𝑎𝑏𝑐𝑌

𝑏𝑌𝑐

𝑝0
+ 3

𝛾𝑎𝛾𝑏𝐷𝑎𝑏𝑐𝑌
0𝑌𝑐

(𝑝0)2
+
𝐷𝑎𝑏𝑐𝛾

𝑎𝛾𝑏𝛾𝑐(𝑌0)2

(𝑝0)3
 

 =
𝐷𝑎𝑏𝑐𝑌

𝑎′𝑌𝑏′𝑌𝑐′

𝑌0′
+ 𝑑𝑎

𝑌𝑎′

𝑌0′
Υ′ + 𝐺(𝑌0′, Υ′) − 𝑑𝑎

𝛾𝑎

𝑝0
Υ′ = 𝐹(𝑌𝐴′)

 

 

𝑞𝑎  = −
1

𝑝0
3𝐷𝑎𝑏𝑐(2Re𝑌

𝑏)(2Re𝑌𝑐) +
1

𝑝0
3𝐷𝑎𝑏𝑐𝑝

𝑏𝑝𝑐 −
4

𝑝0
𝑑𝑎Υ

𝑞0  =
1

(𝑝0)2
3𝐷𝑎𝑏𝑐𝑝

𝑎(2Re𝑌𝑏)(2Re𝑌𝑐) −
1

(𝑝0)2
𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐 +
4

(𝑝0)2
𝑑𝑎𝑝

𝑎Υ

 

𝑞0 = −
𝑝𝑎𝑞𝑎
𝑝0

+
2

(𝑝0)2
𝐷𝑎𝑏𝑐𝑝

𝑎𝑝𝑏𝑝𝑐  

𝑝0′ = 𝑝0, 𝑝𝑎′ = 𝛾𝑎 , 𝑞𝑎
′ = 𝑞𝑎 + 3𝐷𝑎𝑏𝑐

𝛾𝑏𝛾𝑐

𝑝0
, 𝑞0
′ = −

𝛾𝑎𝑞𝑎
𝑝0

−𝐷𝑎𝑏𝑐
𝛾𝑎𝛾𝑏𝛾𝑐

(𝑝0)2
 

𝑞0
′ = −

𝑝𝑎′𝑞𝑎
′

𝑝0′
+

2

(𝑝0′)2
𝐷𝑎𝑏𝑐𝑝

𝑎′𝑝𝑏′𝑝𝑐′  

𝑝0′ = 𝑝0, 𝑞𝑎
′ = 𝑞𝑎 − 3𝐷𝑎𝑏𝑐

𝑝𝑏𝑝𝑐

𝑝0
 

𝐷𝑎𝑏𝑐𝑥
𝑎𝑥𝑏 = Δ𝑎 = −|𝑌

0|2
𝑞̃𝑎
3𝑝0

, 𝑞̃𝑎 ≡ 𝑞𝑎 + 𝑝
0
𝑑𝑎Υ

|𝑌0|2
,  

𝑞0 − 2Im𝐺0 = [
2

3𝑝0
|𝑌0|2𝑞𝑎𝑥

𝑎 −
4

3
𝑑𝑎𝑥

𝑎Υ] Im((𝑌0)−2) = [−
2𝑞𝑎𝑥

𝑎

3|𝑌0|2
+
4𝑝0𝑑𝑎𝑥

𝑎Υ

3|𝑌0|4
]Re𝑌0  

𝒮BH
4𝜋

 = 2Im(
1

𝑌0
) [

1

3𝑝0
|𝑌0|2𝑞𝑎𝑥

𝑎 +
1

3
𝑑𝑎𝑥

𝑎Υ] + Im𝐺 −
1

2
𝑞0Re𝑌

0

 = −
𝑞̃𝑎𝑥

𝑎

3
+ Im𝐺 −

1

2
𝑞0Re𝑌

0
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𝑝0 = 𝑝0′, 𝑞𝑎 = 𝑞𝑎
′ − 3𝐷𝑎𝑏𝑐

𝑝𝑏′𝑝𝑐′

𝑝0′
, 𝑞0 = 𝑞0

′ +
𝑝𝑎′𝑞𝑎

′

𝑝0′
− 2𝐷𝑎𝑏𝑐

𝑝𝑎′𝑝𝑏′𝑝𝑐′

(𝑝0′)2
 

𝑞̃𝑎 = 𝑞̃𝑎
′ − 3𝐷𝑎𝑏𝑐

𝑝𝑏′𝑝𝑐′

𝑝0′
= −3𝑝0′

Δ𝑎
′

|𝑌0′|2
, 𝑥𝑎 = 𝑥𝑎′ = Re𝑌𝑎′ −

Re𝑌0′

𝑝0′
𝑝𝑎′, 𝑌0 = 𝑌0′  

𝒮BH
4𝜋

= 𝑝0′
Δ𝑎
′

|𝑌0′|2
Re𝑌𝑎′ + Im𝐺′ −

1

2
𝑞0
′Re𝑌0′ +

1

2

Re𝑌0′

|𝑌0′|2
𝑝𝑎′ (−

𝑞𝑎
′ |𝑌0′|2

6𝑝0′
+
2

3
𝑑𝑎Υ

′)  

𝐺(𝑌0, Υ) =
𝑖

4(2𝜋)3
𝜒𝐸(𝑋3)(𝑌

0)2𝛼2∮   
𝑑𝑠

𝑠

1

1 − 𝑒−2𝜋𝑖𝑠
1

sinh2 (
𝜋𝛼𝑠
2
)

 

𝑠 =
2𝜋𝑛

|𝛼|
𝑒
𝑖(
𝜋
2
−𝜃𝛼),  with  𝑛 ∈ ℤ  

𝐺(𝑝)(𝑌0, Υ) = −
𝑖

2(2𝜋)3
𝜒𝐸(𝑋3)(𝑌

0)2𝛼2∑  

∞

𝑛=1

 𝑛log (1 − 𝑒−𝛼𝑛)  

𝐺(𝑛𝑝)(𝑌0, Υ = −64)  =
𝜒𝐸
8𝜋2

𝑌0 ∑  

∞

𝑛,𝑘=1

 
𝑛

𝑘
𝑒−4𝜋

2𝑘𝑛𝑌0 (1 +
1

4𝜋2𝑘𝑛𝑌0
)

 =
𝜒𝐸
8𝜋2

𝑌0∑ 

∞

𝑛

 (𝑛Li1(𝑒
−4𝜋2𝑛𝑌0) +

1

4𝜋2𝑌0
Li2(𝑒

−4𝜋2𝑛𝑌0))

 

𝐺0
(𝑛𝑝)

(𝑌0, Υ = −64)  = −
𝜒𝐸
2
𝑌0 ∑  

∞

𝑛,𝑘=1

 𝑛2𝑒−4𝜋
2𝑘𝑛𝑌0 =

𝜒𝐸
2
𝑌0∑  

∞

𝑛=1

 𝑛2
1

1 − 𝑒4𝜋
2𝑛𝑌0

 = −
𝜒𝐸
2
𝑌0∑ 

∞

𝑛=1

 𝑛2Li0(𝑒
−4𝜋2𝑛𝑌0)

 

𝒮BH
4𝜋

= −
𝑞̃𝑎𝑥

𝑎

3
+ Im𝐺 −

1

2
𝑞0Re𝑌

0,  

Im𝐺(𝑛𝑝) =
𝜒𝐸
8𝜋2

∑  

∞

𝑛,𝑘=1

 
𝑛

𝑘
𝑒−4𝜋

2𝑘𝑛Re𝑌0 [
𝑝0

2
cos (2𝜋2𝑘𝑛𝑝0) − (Re𝑌0 +

1

4𝜋2𝑘𝑛
) sin (2𝜋2𝑘𝑛𝑝0)]  

Im𝐺0
(𝑛𝑝)

= −
𝜒𝐸
2
∑  

∞

𝑛,𝑘=1

 𝑛2𝑒−4𝜋
2𝑘𝑛Re𝑌0 [

𝑝0

2
cos (2𝜋2𝑘𝑛𝑝0) − Re𝑌0sin (2𝜋2𝑘𝑛𝑝0)] ,  

𝑑𝑠2 = −𝑓(𝑟)2𝑑𝑡2 + 𝑓(𝑟)−2𝑑𝑟2 + 𝑟2𝑑Ω2
2,  with  𝑓(𝑟) = 1 −

𝑟ℎ
𝑟
.  

𝑓(𝑦) = (1 +
𝑟ℎ
𝑦
)
−1

 

𝑑𝑠2 = −
𝑦2

𝑟ℎ
2 𝑑𝑡

2 +
𝑟ℎ
2

𝑦2
𝑑𝑦2 + 𝑟ℎ

2𝑑Ω2
2  



 

pág. 3593 

𝑑𝑠2 =
𝑟ℎ
2

𝜌2
(−𝑑𝑡2 + 𝑑𝜌2 + 𝜌2𝑑Ω2

2)  

−(𝑋0) − (𝑋2)2 + (𝑋1) = −𝑟ℎ
2:= −𝑅AdS 

2  

𝑋0 = 𝑅AdS cosh (𝜉)sin (𝜏/𝑅AdS ), 𝑋
2 = 𝑅AdS cosh (𝜉)cos (𝜏/𝑅AdS ) 

𝑋1 = 𝑅AdS sinh (𝜉). 

𝑑𝑠2 = −cosh2 (𝜉)𝑑𝜏2 + 𝑅AdS
2 (𝑑𝜉2 + 𝑑Ω2

2)  

𝜓 = sin−1 (
1

cosh 𝜉
) , 𝜏̃ =

𝜏

𝑅AdS
,  with  𝜓 ∈ [0, 𝜋], 𝜏̃ ∈ (−∞,∞)  

𝑑𝑠2 =
𝑅AdS
2

sin2 (𝜓)
(−𝑑𝜏̃2 + 𝑑𝜓2) + 𝑅AdS

2 𝑑Ω2
2  

𝑟ℎ
2 = 𝑅AdS

2 = |𝐶|2𝑒−𝐾 = |𝑍BH|
2.  

𝑚 = |𝑍|, 𝑍 = 𝑒𝐾/2(𝑞𝐴𝑋
𝐴 − 𝑝𝐴ℱ𝐴),  

𝑆𝑤𝑙 = −2|𝑍|𝑅AdS∫ 
𝛾

 𝑑𝜎√𝜌−2(𝑡̇2 − 𝜌̇2) − 𝜃̇2 − sin2 𝜃𝜙̇2 +∫ 
Σ

 𝑞𝐴𝐹
𝐴 − 𝑝𝐴𝐺𝐴,  

𝑝𝐴′ =
1

4𝜋
∫  
𝐒2
 𝐹𝐴, 𝑞𝐴

′ =
1

4𝜋
∫  
𝐒2
 𝐺𝐴, 𝐺𝐴

− = 𝒩𝐴𝐵𝐹
𝐵,−,  

𝐹𝐴 = 𝑅AdS
−2 (𝑝𝐴′𝜔S2 + 2Re𝐶𝑋

𝐴𝜔AdS2), 𝐺𝐴 = 𝑅AdS
−2 (𝑞𝐴

′ 𝜔S2 + 2Re𝐶ℱ𝐴𝜔AdS2),  

𝐶𝑋𝐴 = Re𝐶𝑋𝐴 +
𝑖

2
𝑝𝐴′, 𝐶ℱ𝐴 = Re𝐶ℱ𝐴 +

𝑖

2
𝑞𝐴
′ ,  

 

𝜔S2 = 𝑅AdS
2 sin 𝜃𝑑𝜃 ∧ 𝑑𝜙,𝜔AdS2 =

𝑅AdS
2

𝜌2
𝑑𝑡 ∧ 𝑑𝜌  

 

⋆4 𝜔𝐒2 = −𝜔AdS2 ,⋆4 𝜔AdS2 = 𝜔𝐒2 ,  

 

𝑅AdS
2 𝐹𝐴,− = 𝐶𝑋

𝐴
(𝜔AdS2 + 𝑖𝜔𝐒2), 𝑅AdS

2 𝐺𝐴
− = 𝐶ℱ𝐴(𝜔AdS2 + 𝑖𝜔𝐒2)  

 

𝑊−  = 𝑒𝐾/2ℱ𝐴𝐹
𝐴,− − 𝑒𝐾/2𝑋𝐴𝐺𝐴

− =
𝑒𝐾/2

𝑅AdS
2 [ℱ𝐴𝐶𝑋

𝐴
− 𝑋𝐴𝐶ℱ𝐴] (𝜔AdS2 + 𝑖𝜔𝐒2)

 = −𝑖𝑒−𝐾/2𝐶‾𝑅AdS
−2 (𝜔AdS2 + 𝑖𝜔𝐒2) = 𝑍BH𝑅AdS

−2 (𝜔𝐒2 − 𝑖𝜔AdS2)
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𝑖𝑒𝐾/2𝑋‾𝐴𝑊− = 𝐶𝑋
𝐴
𝑅AdS
−2 (𝜔AdS2 + 𝑖𝜔𝐒2) = 𝐹

𝐴,−  

𝑆𝑤𝑙 ⊃ ∫ 
Σ

 𝑞𝐴𝐹
𝐴 − 𝑝𝐴𝐺𝐴 = 𝑞𝑒∫ 

𝛾

 
𝑑𝑡

𝜌
+ 𝑞𝑚∫ 

𝛾

 cos 𝜃𝑑𝜙  

𝑞𝑒 = 2𝑒
−𝐾/2Re𝐶𝑍, 𝑞𝑚 = −2𝑒

−𝐾/2Im𝐶𝑍 = 𝑝𝐴𝑞𝐴
′ − 𝑞𝐴𝑝

𝐴′  

𝑚̃:= 2|𝑍|𝑅AdS = 2𝑒
−𝐾/2|𝐶𝑍|,  

𝑞𝑒
2 + 𝑞𝑚

2 = 𝑚̃2⟹ |𝑞𝑒| = 2𝑒
−𝐾/2|Re𝐶𝑍| ≤ 2𝑒−𝐾/2|𝐶𝑍| = 𝑚̃,  

(2𝑚𝑅AdS)
2 ≥ |2𝑒−𝐾/2𝐶𝑍|

2
= 𝑞𝑒

2 + 𝑞𝑚
2  

𝑆𝑤𝑙 = −𝑚̃∫ 
𝛾

 𝑑𝜎√𝜌−2(𝑡̇2 − 𝜌̇2) − 𝜃̇2 − sin2 𝜃𝜙̇2 + 𝑞𝑒∫ 
𝛾

 
𝑑𝑡

𝜌
+ 𝑞𝑚∫ 

𝛾

 cos 𝜃𝑑𝜙  

𝑆𝑤𝑙 =
1

2
∫ 
𝛾

 𝑑𝜎[ℎ−1(𝜌−2(−𝑡̇2 + 𝜌̇2) + 𝜃̇2 + sin2 𝜃𝜙̇2) − ℎ𝑚̃2] + ∫ 
𝛾

 𝑑𝜎(𝑞𝑒𝜌
−1𝑡̇ + 𝑞𝑚cos 𝜃𝜙̇)  

𝜌−2(−𝑡̇2 + 𝜌̇2) + 𝜃̇2 + sin2 𝜃𝜙̇2 + ℎ2𝑚̃2 = 0  

𝐻 =
𝜌2

2
[𝑝𝜌
2 − (𝑝𝑡 −

𝑞𝑒
𝜌
)
2

] +
1

2
𝑝𝜃
2 +

1

2
csc2 𝜃(𝑝𝜙 − 𝑞𝑚cos 𝜃)

2
=
!
−
𝑚̃2

2
.  

𝑝𝜌 =
𝜌̇

𝜌2
, 𝑝𝑡 = −

𝑡̇

𝜌2
+
𝑞𝑒
𝜌
, 𝑝𝜃 = 𝜃̇, 𝑝𝜙 = sin

2 𝜃𝜙̇ + 𝑞𝑚cos 𝜃  

𝑑𝑝𝜙

𝑑𝜎
=
𝑑𝑝𝑡
𝑑𝜎

= 0  

𝑗 = 𝑝𝜙 = sin
2 𝜃𝜙̇ + 𝑞𝑚cos 𝜃, 𝐸 = −𝑝𝑡 =

𝑡̇

𝜌2
−
𝑞𝑒
𝜌
.  

𝑝̇𝜌  =
𝑑

𝑑𝜎
(
𝜌̇

𝜌2
) = 𝐸

𝑡̇

𝜌
−
𝜌̇2

𝜌3

𝑝̇𝜃  = 𝜃̈ = sin 𝜃(cos 𝜃𝜙̇
2 − 𝑞𝑚𝜙̇) = 𝜙̇tan 𝜃(𝜙̇ − 𝑗).

 

𝑝𝜌
2 +

𝑝𝜃
2

𝜌2
+ 𝑉(𝜌, 𝜃) = 0, 𝑉(𝜌, 𝜃) =

𝑚̃2

𝜌2
− (𝐸 +

𝑞𝑒
𝜌
)
2

+
1

𝜌2sin2 𝜃
(𝑗 − 𝑞𝑚cos 𝜃)

2.  

𝑝̇𝜃 = 0⟹ cos 𝜃0 =
𝑞𝑚
𝑗
,  with  𝑗 = 𝜙̇  

|𝑳| = ℓ = sin 𝜃0𝜙̇ = √𝑗
2 − 𝑞𝑚

2  
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𝑝𝜌
2 + 𝑉(𝜌) = 0, 𝑉(𝜌) =

𝑚̃2 + ℓ2

𝜌2
− (𝐸 +

𝑞𝑒
𝜌
)
2

 

𝑚̃2 → 𝑚eff 
2 = 𝑚̃2 + ℓ2 

𝑝𝜌
2 + 𝑉(𝜌) = 0, 𝑉(𝜌) =

𝑚̃2

𝜌2
− (𝐸 +

𝑞𝑒
𝜌
)
2

 

𝑝𝜃 = ±𝑖(cot 𝜃𝑝𝜙 − 𝑞𝑚csc 𝜃) = 0 ⟺ cos 𝜃0 =
𝑞𝑚
𝑗

 

𝑝𝜌
2 + 𝑉ext(𝜌) = 0, 𝑉ext(𝜌) =

𝑚̃2 + ℓ2

𝜌2
− (𝐸 +

𝑚̃

𝜌
)
2

.  

𝑝𝜌
2 + 𝑉mag(𝜌) = 0, 𝑉mag(𝜌) =

𝑗2

𝜌2
− 𝐸2,  

ℓ = √𝑗2 − 𝑚̃2 

𝑉mag (𝜌) =
𝑚̃2

𝜌2
− 𝐸2 

𝐻 =
1

2
𝜌2 [𝑝𝜌

2 − (𝑝𝑡 −
𝑞𝑒
𝜌
)
2

] +
1

2
𝑝𝜃
2 +

1

2
csc2 𝜃(𝑝𝜙 − 𝑞𝑚cos 𝜃)

2
.  

{𝑞𝑗, 𝑝𝑘}PB = 𝛿𝑘
𝑗
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{𝐴(𝑞, 𝑝), 𝐵(𝑞, 𝑝)}PB =
𝜕𝐴

𝜕𝑞𝑖
𝜕𝐵

𝜕𝑝𝑖
−
𝜕𝐵

𝜕𝑞𝑖
𝜕𝐴

𝜕𝑝𝑖
 

𝑞̇𝑖 =
𝜕𝐻

𝜕𝑝𝑖
, 𝑝̇𝑖 = −

𝜕𝐻

𝜕𝑞𝑖
 

𝑑𝐴(𝑞, 𝑝)

𝑑𝜎
= {𝐴(𝑞, 𝑝), 𝐻(𝑞, 𝑝)}PB 

𝐾+ = 𝑝𝑡
𝐾− = (𝑡

2 + 𝜌2)𝑝𝑡 + 2𝑡𝜌𝑝𝜌 − 2𝑞𝑒𝜌

𝐾0 = 𝑡𝑝𝑡 + 𝜌𝑝𝜌

 

𝐽1 = −sin 𝜙𝑝𝜃 − cot 𝜃cos 𝜙𝑝𝜙 + 𝑞𝑚csc 𝜃cos 𝜙

𝐽2 = cos 𝜙𝑝𝜃 − cot 𝜃sin 𝜙𝑝𝜙 + 𝑞𝑚csc 𝜃sin 𝜙

𝐽3 = 𝑝𝜙

 

{𝐽𝑖, 𝐽𝑗}PB = 𝜖𝑖𝑗𝑘𝐽𝑘

{𝐾+, 𝐾−}PB = −2𝐾0, {𝐾0, 𝐾±}PB = ±𝐾±

{𝐽𝑖, 𝐾𝑗}PB = 0

 

2𝐻 = 𝛿𝑖𝑘𝐽𝑖𝐽𝑘 + 𝐾0
2 −

1

2
(𝐾+𝐾− + 𝐾−𝐾+) − 𝑞𝑒

2 − 𝑞𝑚
2 = 𝐶2

𝐒2 + 𝐶2
AdS2 − 𝑚̃2  

𝐻 =
!
−
1

2
𝑚̃2⟺ 𝐶2

𝐒2 + 𝐶2
AdS2 = 0  

𝐶2
𝐒2 + 𝐶2

AdS2 = −Δ2  

Δ2 = 𝑚̃2 − 𝑞𝑒
2 − 𝑞𝑚

2 > 0 

(𝜌 −
𝑞𝑒
𝐾+
)
2

− (𝑡 −
𝐾0
𝐾+
)
2

=
𝑚̃2 + ℓ2

𝐾+
2 .  

sgn(𝑞𝑒/𝐾+) = sgn(𝑞𝑒𝑝𝑡) 

𝑆𝐸 =
1

2
∫  𝑑𝜎 [(

1

ℎ𝜌2
(𝜏̇2 + 𝜌̇2)) + ℎ𝑚eff

2 ] − 𝑞𝑒∫  𝑑𝜎
𝜏̇

𝜌
 

𝑚eff = √𝑚̃
2 + ℓ(ℓ + 1) 

𝐻𝐸 =
𝜌2

2
[𝑝𝜌
2 + (𝑝𝜏 −

𝑞𝑒
𝜌
)
2

] −
𝑚eff
2

2
=
!
0  

𝑝𝜌
2 − 𝑉(𝜌) = 0, 𝑉(𝜌) =

𝑚eff
2

𝜌2
− (𝑝𝜏 −

𝑞𝑒
𝜌
)
2

 

𝑉(𝜌) = 0 ⟺ 𝜌± =
𝑞𝑒 ±𝑚eff

𝑝𝜏
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ℒ𝐸 = 𝑝𝑖𝑞̇
𝑖 −𝐻𝐸 = 𝑝𝑖𝑞̇

𝑖  

  

𝑆𝐸 = ∮𝑝𝑖𝑑𝑞
𝑖  

𝑆𝐸 = 2∫  
𝜌+

𝜌−

 𝑑𝜌𝑝𝜌 = 2∫  
𝜌+

𝜌−

 𝑑𝜌√𝑉(𝜌)  

𝑆𝐸 = 2𝑚eff∫  
1

−1

 𝑑𝑦
√1 − 𝑦2

𝑦 + 𝑞𝑒/𝑚eff
 

𝑆𝐸 = 2𝜋(𝑞𝑒 −√𝑞𝑒
2 − 𝑚̃2 − ℓ(ℓ + 1))  

𝑑𝜏

𝑑𝜌
= ±

𝑞𝑒
𝑚eff

𝑝𝜏
𝑞𝑒
− 1

√1 −
𝑞𝑒
2

𝑚eff
2 (1 −

𝑝𝜏
𝑞𝑒
𝜌)
2  

𝜏̇ = 𝑞𝑒𝜌 (
𝑝𝜏
𝑞𝑒
𝜌 − 1) , 𝜌̇ = ±𝑚eff𝜌√1 −

𝑞𝑒
2

𝑚eff
2 (1 −

𝑝𝜏
𝑞𝑒
𝜌)

2

.  

𝜏 = 𝜏0 ∓𝑚eff
2

√1 −
𝑞𝑒
2

𝑚eff
2 (1 −

𝑝𝜏
𝑞𝑒
𝜌)
2

𝑝𝜏𝑞𝑒
⟹ (𝜏 − 𝜏0)

2 + (𝜌 −
𝑞𝑒
𝑝𝜏
)
2

=
𝑚eff
2

𝑝𝜏
2
,

 

𝑆eff
2 d[𝐴] = −∫  

∞

0

 
𝑑ℎ

ℎ
∫  𝒟𝜏(ℎ)𝒟𝜌(ℎ)𝑒−𝑆E[𝑥

𝑖,𝐴]  

𝑆eff
2 d[𝐴] ∼ 𝑖 ∫  𝑑2𝑥√𝑔∑  

∞

𝑘=1

  ∑  

ℓmax

ℓ=0

 𝑓(𝑞𝑒
2 − 𝑚̃2 − ℓ(ℓ + 1))𝑒

−2𝜋𝑘(𝑞𝑒−√𝑞𝑒
2−𝑚̃2−ℓ(ℓ+1))

+⋯  

𝑒−𝐾/2𝐶𝑍D0 = 𝑛𝐶𝑋
0 =

1

2
(𝑞𝑒
(𝑛)
− 𝑖𝑞𝑚

(𝑛)
)  

Im𝐺(𝑛𝑝) ⊃ −
𝜒𝐸
16𝜋2

∑  

∞

𝑛,𝑘=1

 
𝑞𝑚
(𝑛)

𝑘
Re [𝑒

−2𝜋2𝑘(𝑞𝑒
(𝑛)
−𝑖𝑞𝑚

(𝑛)
)
]  

𝑆𝑤𝑙 = −𝑚̃∫ 
𝛾

 𝑑𝜎√csc2 𝜓(𝜏̇̃2 − 𝜓̇2) − 𝜃̇2 − sin2 𝜃𝜙̇2 +∫ 
Σ

 𝑞𝐴𝐹
𝐴 − 𝑝𝐴𝐺𝐴  

𝜔AdS2 =
𝑅AdS
2

sin2 𝜓
𝑑𝜏̃ ∧ 𝑑𝜓  
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𝑆𝑤𝑙 ⊃ ∫ 
Σ

 𝑞𝐴𝐹
𝐴 − 𝑝𝐴𝐺𝐴 = ∫ 

𝛾

 𝑑𝜎 (𝑞𝑒
𝜏̇̃

tan 𝜓
+ 𝑞𝑚cos 𝜃𝜙̇)  

𝑆𝑤𝑙 =
1

2
∫ 
𝛾

 𝑑𝜎[ℎ−1(csc2 𝜓(−𝜏̇̃2 + 𝜓̇2) + 𝜃̇2 + sin2 𝜃𝜙̇2) − ℎ𝑚̃2] + ∫ 
𝛾

 𝑑𝜎 (𝑞𝑒
𝜏̇̃

tan 𝜓
+ 𝑞𝑚cos 𝜃𝜙̇) 

𝐻 =
sin2 𝜓

2
[𝑝𝜓
2 − (𝑝𝜏̃ −

𝑞𝑒
tan 𝜓

)
2

] +
1

2
𝑝𝜃
2 +

1

2
csc2 𝜃(𝑝𝜙 − 𝑞𝑚cos 𝜃)

2
=
!
−
𝑚̃2

2
,  

𝑝𝜓 =
𝜓̇

sin2 𝜓
, 𝑝𝜏̃ = −

𝜏̇̃

sin2 𝜓
+

𝑞𝑒
tan 𝜓

, 𝑝𝜃 = 𝜃̇, 𝑝𝜙 = sin
2 𝜃𝜙̇ + 𝑞𝑚cos 𝜃  

𝑗 = 𝑝𝜙, 𝐸̃ = −𝑝𝜏̃,  

𝑝̇𝜓  =
𝑑

𝑑𝜎
(

𝜓̇

sin2 𝜓
) =

𝜏̇̃

cos 𝜓sin 𝜓
(𝐸̃ − 𝜏̇̃) −

𝜓̇2

sin3 𝜓
cos 𝜓

𝑝̇𝜃  = 𝜃̈ = sin 𝜃(cos 𝜃𝜙̇
2 − 𝑞𝑚𝜙̇) = 𝜙̇tan 𝜃(𝜙̇ − 𝑗)

 

𝑝𝜓
2 + 𝑉(𝜓) = 0, 𝑉(𝜓) =

𝑚̃2 + ℓ2

sin2 𝜓
− (𝐸̃ +

𝑞𝑒
tan 𝜓

)
2

 

𝐾0  = cos 𝜓cos 𝜏̃𝑝𝜓 + cos 𝜓sin 𝜏̃𝑝𝜏̃ + 𝑞𝑒sin 𝜓sin 𝜏̃

𝐾±  = ∓sin 𝜓sin 𝜏̃𝑝𝜓 + (1 ± cos 𝜓cos 𝜏̃)𝑝𝜏̃ ± 𝑞𝑒sin 𝜓cos 𝜏̃
 

{𝐾+, 𝐾−}PB = −2𝐾0, {𝐾0, 𝐾±}PB = ±𝐾±  

(𝐾+ − 𝐾−)cos 𝜏̃ + 2𝐾0sin 𝜏̃ = 2𝑞𝑒sin 𝜓 + (𝐾+ + 𝐾−)cos 𝜓  

1

2
(𝐾+𝐾− + 𝐾−𝐾+) − 𝐾0

2 = Δ2 + 𝑗2,  

Δ2 = 𝑚̃2 − 𝑞𝑒
2 − 𝑞𝑚

2  

tanh 𝜉 =
Re𝐶𝑍

|𝐶𝑍|
=
𝑞𝑒
𝑚̃
,  

𝐾+ = 𝐾−, 𝐾0 = 0, ℓ = 0  

𝐾+
2 = 𝑞𝑚

2  

tan 𝜓 = −
𝑞𝑚
𝑞𝑒
= tan [arg (𝐶𝑍)]  

sin 𝜓 = √1 − tanh2 𝜉 = sin [arg (𝐶𝑍)].  

𝜓 = arg (𝐶𝑍), 𝜃, 𝜙 = ℷ,  

 

𝐾+
2 = 𝑗2 = ℓ2 + 𝑞𝑚

2 .  
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tan 𝜓 = −
𝑗

𝑞𝑒
,  

𝑆𝑤𝑙 = −𝑚̃∫  𝑑𝜏̃ [√csc
2 𝜓 − csc2 𝜓 (

𝑑𝜓

𝑑𝜏̃
)
2

− (
𝑑𝜃

𝑑𝜏̃
)
2

− sin2 𝜃 (
𝑑𝜙

𝑑𝜏̃
)
2

+
𝑞𝑒

tan 𝜓
+ 𝑞𝑚cos 𝜃

𝑑𝜙

𝑑𝜏̃
] .  

ℋ = P𝑖
𝑑

𝑑𝜏̃
q𝑖 − ℒ = csc 𝜓√𝑚̃2 + sin2 𝜓P𝜓

2 + P𝜃
2 + csc2 𝜃(P𝜙 − 𝑞𝑚cos 𝜃)

2
−

𝑞𝑒
tan 𝜓

,  

P𝜓 =
𝑚̃

√ℎ
csc2 𝜓

𝑑𝜓

𝑑𝜏̃
, P𝜃 =

𝑚̃

√ℎ

𝑑𝜃

𝑑𝜏̃
, P𝜓 =

𝑚̃

√ℎ
sin2 𝜃

𝑑𝜙

𝑑𝜏̃
+ 𝑞𝑚cos 𝜃  

ℎ = 𝑔𝜇𝜈
𝑑𝑥𝜇

𝑑𝜏̃

𝑑𝑥𝜈

𝑑𝜏̃
=

𝑚̃2csc2 𝜓

𝑚̃2 + sin2 𝜓P𝜓
2 + P𝜃

2 + csc2 𝜃(P𝜙 − 𝑞𝑚cos 𝜃)
2  

J1 = −sin 𝜙P𝜃 − cot 𝜃cos 𝜙P𝜙 + 𝑞𝑚csc 𝜃cos 𝜙

 J2 = cos 𝜙P𝜃 − cot 𝜃sin 𝜙P𝜙 + 𝑞𝑚csc 𝜃sin 𝜙

 J3 = P𝜙

 

ℋ = csc 𝜓√𝑞𝑒
2 + sin2 𝜓P𝜓

2 + J2 −
𝑞𝑒

tan 𝜓
.  

cos 𝜓 = 𝑞𝑒/√𝑞𝑒
2 + J2 

ℋ ≥ √J2  

Z1− loop [𝐴] = −∫  
∞

0

 
𝑑ℎ

ℎ
∫  𝒟𝜏(ℎ)𝒟𝜌(ℎ)𝑒−𝑆E[𝑥

𝑖,𝐴]  

𝜏(𝜎) = 𝜏0 − 𝑅0sin 𝜃(𝜎), 𝜌(𝜎) = 𝜌0 ∓ 𝑅0cos 𝜃(𝜎),  

𝜃̇ = ±𝑝𝜏𝜌 ⟹ 𝜃(𝜎) = 2tan−1 (√
1 ∓𝑚eff/𝑞𝑒
1 ±𝑚eff/𝑞𝑒

tan (
𝜎

2
√𝑞𝑒

2 −𝑚eff
2 + 𝑐1))  

𝜏(𝜎) = 𝜏0 − 𝑅sin 𝜃(𝜎), 𝜌(𝜎) = 𝜌0 − 𝑅cos 𝜃(𝜎),  

𝜃(𝜎) = 2tan−1 (√
𝜌0/𝑅 − 1

𝜌0/𝑅 + 1
tan (

𝑞𝑒𝜎

2𝜌0
√𝜌0

2 − 𝑅2))  

 

𝑅 =
𝑚eff
𝑞𝑒

𝜌0, 𝜌0 =
𝑞𝑒
𝑝𝜏
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2𝜋𝜌0/ (𝑞𝑒√𝜌0
2 − 𝑅2) 

Zmini[𝐴] = −∫  
𝑑𝜏0𝑑𝜌0

𝜌0
2 ∫  

𝑅𝑑𝑅

𝜌0
2 ∫  

∞

0

 
𝑑ℎ

ℎ
𝑒−𝑆E  

𝑆𝐸= ∫  
𝑇

0

 𝑑𝜎 [
(𝑞𝑒𝑅)

2

2ℎ𝜌0
2 +

ℎ𝑚eff
2

2
− 𝑞𝑒

2
𝜌 − 𝜌0
𝜌0

]  

 = 𝜋 [
𝑞𝑒𝑅

2

ℎ𝜌0√𝜌0
2 − 𝑅2

+
ℎ𝑚eff

2 𝜌0

𝑞𝑒√𝜌0
2 − 𝑅2

] −
𝑞𝑒
2𝑅

𝜌0
∫  
𝑇

0

 𝑑𝜎cos 𝜃(𝜎)

 

𝜏̇2 + 𝜌̇2 = 𝑅2𝜃̇2 = (𝑞𝑒𝑅)
2
𝜌2

𝜌0
2

𝜏̇ = 𝜃̇(𝜌 − 𝜌0) =
𝑞𝑒𝜌

𝜌0
(𝜌 − 𝜌0)

 

∫  
𝑇

0

 𝑑𝜎cos 𝜃(𝜎) =
2𝜋𝜌0
𝑞𝑒𝑅

(
𝜌0

√𝜌0
2 − 𝑅2

− 1)  

𝑆E = 𝜋 [
𝑞𝑒𝑅

2

ℎ𝜌0√𝜌0
2 − 𝑅2

+
ℎ𝑚eff

2 𝜌0

𝑞𝑒√𝜌0
2 − 𝑅2

− 2𝑞𝑒 (
𝜌0

√𝜌0
2 − 𝑅2

− 1)]  

𝜕𝑆E
𝜕ℎ

= 0 ⟹ ℎmin =
𝑞𝑒
𝑚eff

𝑅

𝜌0
,  

𝑆E = 2𝜋 [
𝑚eff

√𝜌0
2/𝑅2 − 1

− 𝑞𝑒
𝜌0/𝑅

√𝜌0
2/𝑅2 − 1

+ 𝑞𝑒]  

𝑅min =
𝑚eff
𝑞𝑒

𝜌0⟹ 𝑆E,min = 2𝜋 (𝑞𝑒 −√𝑞𝑒
2 −𝑚eff

2 )  

𝛿𝑆E= 𝜋 [−
𝑞𝑒𝑅

ℎ2𝜌0√𝜌0
2/𝑅2 − 1

+
𝑚eff
2 𝜌0/𝑅

𝑞𝑒√𝜌0
2/𝑅2 − 1

] 𝛿ℎ  

 +𝜋 [
𝑞𝑒

ℎ𝜌0√𝜌0
2/𝑅2 − 1

+
𝑞𝑒𝜌0

𝑅2(𝜌0
2/𝑅2 − 1)3/2

(ℎ−1 − 2 + ℎ
𝑚eff
2

𝑞𝑒
2 )]𝛿𝑅

 

ℎmin =
𝑚eff
𝑞𝑒

𝜌0,
𝑅min
𝜌0

= √2 − 2ℎ +
ℎ2𝑚eff

2

𝑞𝑒
2 .  

𝛿2𝑆E =
𝛿2𝑆E
𝛿ℎ2

(𝛿ℎ)2 + 2
𝛿2𝑆E
𝛿ℎ𝛿𝑅

𝛿ℎ𝛿𝑅 +
𝛿2𝑆E
𝛿𝑅2

(𝛿𝑅)2  
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𝛿2𝑆E
𝛿ℎ2

=
2𝜋𝑞𝑒𝑅

ℎ3𝜌0√𝜌0
2/𝑅2 − 1

≜
2𝜋𝑚eff

√𝑞𝑒
2/𝑚eff

2 − 1

 

𝛿2𝑆E
𝛿ℎ𝛿𝑅

= −
𝜋𝑞𝑒

ℎ2𝜌0√𝜌0
2/𝑅2 − 1

−
𝜋𝑞𝑒𝜌0

ℎ2𝑅2(𝜌0
2/𝑅2 − 1)3/2

+
𝜋ℎ𝑚eff

2 𝑅

𝑞𝑒𝜌0
2(1 − 𝑅2/𝜌0

2)3/2
=
⋆
−

2𝜋𝑞𝑒

𝜌0√𝑞𝑒
2/𝑚eff

2 − 1

 

𝛿2𝑆E
𝛿𝑅2

 = −

2𝜋𝑞𝑒𝜌0 ((2ℎ)
−1 − 2 + ℎ

𝑚eff
2

𝑞𝑒
2 )

𝑅3(𝜌0
2/𝑅2 − 1)3/2

+

3𝜋𝑞𝑒𝜌0
3 (ℎ−1 − 2 + ℎ

𝑚eff
2

𝑞𝑒
2 )

𝑅5(𝜌0
2/𝑅2 − 1)5/2

=
†
−

2𝜋𝑞𝑒
2

𝑚eff𝜌0
2(𝑞𝑒

2/𝑚eff
2 − 1)

3/2

 

Zmini[𝐴]= − ∑  

saddles 

 ∫  
𝑑𝜏0𝑑𝜌0

𝜌0
2

𝑅min

ℎmin𝜌0
2𝒜1− loop 𝑒

−𝑆E, min + (ℌ)  

 = 𝑖 ∫  
𝑑𝜏0𝑑𝜌0

𝜌0
2 ∑  

∞

𝑘=1

  ∑  

ℓmax

ℓ=0

 
(𝑞𝑒
2 − 𝑚̃2 − ℓ(ℓ + 1))

2𝜋𝑘𝑞𝑒
3 𝑒

−2𝜋𝑘(𝑞𝑒−√𝑞𝑒
2−𝑚̃2−ℓ(ℓ+1))

+ (ℌ)

 

 

𝒜1− loop = (det
𝛿2𝑆E
𝛿𝑥𝑖𝛿𝑥𝑗

)

−1/2

=
𝑚eff𝜌0(𝑞𝑒

2/𝑚eff
2 − 1)

2𝜋𝑖𝑞𝑒
2

 

𝑠 =
Δ̃𝑎𝑥̃

𝑎

√(Δ̃𝑎𝑥̃
𝑎)
2
 

𝑋0 =
𝑦

𝑟ℎ
𝑡 =

𝑟ℎ
𝜌
𝑡, 𝑋2 − 𝑋1 = 𝑦 =

𝑟ℎ
2

𝜌
, 𝑋2 + 𝑋1 =

𝑟ℎ
2

𝑦
−
𝑦𝑡2

𝑟ℎ
2 = 𝜌 −

𝑡2

𝜌
 

𝜎̃ = 𝜌̃+ + 𝜌̃−, 𝑡̃ = 𝜌̃+ − 𝜌̃−,  with  𝜌̃± = tan
−1 (𝜌 ± 𝑡),  

𝐽± = 𝐽1 ± 𝑖𝐽2 = ±𝑖𝑒
±𝑖𝜙[𝑝𝜃 ± 𝑖(cot 𝜃𝑝𝜙 − 𝑞𝑚csc 𝜃)] 

𝑑𝜌/𝑑𝑡 = √1 −
𝑚̃2

(𝐸𝜌 + 𝑞𝑒)
2
 

𝑑𝑠2 = −(1 −
2𝑚

𝑟
)𝑑𝑡2 +

𝑑𝑟2

1 − 2𝑚/𝑟
+ 𝑟2𝑑Ω2  

𝑡 → 𝑡 + 𝐹(𝑟);  𝑑𝑡 → 𝑑𝑡 + 𝑓(𝑟)𝑑𝑟  

𝑑𝑠2 = −(1 −
2𝑚

𝑟
) (𝑑𝑡 + 𝑓(𝑟)𝑑𝑟)2 +

𝑑𝑟2

1 − 2𝑚/𝑟
+ 𝑟2𝑑Ω2  

𝑑𝑠2 =−(1 −
2𝑚

𝑟
)𝑑𝑡2 − 2(1 − 2𝑚/𝑟)𝑓(𝑟)𝑑𝑟𝑑𝑡  

 + [
1

1 − 2𝑚/𝑟
− (1 − 2𝑚/𝑟)𝑓(𝑟)2] 𝑑𝑟2 + 𝑟2𝑑Ω2
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𝑓(𝑟) =
ℎ(𝑟)

1 − 2𝑚/𝑟
 

𝑑𝑠2 = −(1 −
2𝑚

𝑟
)𝑑𝑡2 − 2ℎ(𝑟)𝑑𝑟𝑑𝑡 + [

1 − ℎ(𝑟)2

1 − 2𝑚/𝑟
] 𝑑𝑟2 + 𝑟2𝑑Ω2  

𝑑𝑠2 = −(1 −
2𝑚

𝑟
)𝑑𝑡2 ∓ 2√2𝑚/𝑟𝑑𝑟𝑑𝑡 + 𝑑𝑟2 + 𝑟2𝑑Ω2  

−𝑑𝑡2 + (𝑑𝑟 ∓ √2𝑚/𝑟𝑑𝑡)2 = 0 

𝑑𝑟

𝑑𝑡
= ±1 ± √2𝑚/𝑟  

𝑑𝑟

𝑑𝑡
= ±1 − √2𝑚/𝑟  

𝑑𝑟

𝑑𝑡
= ±1 + √2𝑚/𝑟  

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + 𝑟2𝑑Ω2 +
2𝑚

𝑟
(𝑑𝑡 ± 𝑑𝑟)2  

−𝑑𝑡2 + 𝑑𝑟2 + (2𝑚/𝑟)(𝑑𝑡 ± 𝑑𝑟)2 = 0 

𝑑𝑟

𝑑𝑡
= ∓1,  or  

𝑑𝑟

𝑑𝑡
= ±1 ∓

4𝑚

𝑟 + 2𝑚
,  

𝑑𝑟

𝑑𝑡
= −1  (ingoing),   or  

𝑑𝑟

𝑑𝑡
= 1 −

4𝑚

𝑟 + 2𝑚
  ("outgoing"),  

𝑑𝑟

𝑑𝑡
= 1 ( outgoing );   or  

𝑑𝑟

𝑑𝑡
= −1 +

4𝑚

𝑟 + 2𝑚
 ( "ingoing" ),  

𝑑𝑠2 = −(1 − 2𝑚/𝑟)𝑑𝑡2 ∓ 2𝑑𝑟𝑑𝑡 + 𝑟2𝑑Ω2  

𝑑𝑠2 = −(1 − 2𝑚/𝑟)𝑑𝑣2 + 2𝑑𝑣𝑑𝑟 + 𝑟2𝑑Ω2  

[−(1 − 2𝑚/𝑟)𝑑𝑣 + 2𝑑𝑟]𝑑𝑣 = 0 

𝑑𝑟

𝑑𝑣
= −∞; 

𝑑𝑟

𝑑𝑣
=
1 − 2𝑚/𝑟

2
 

𝑑𝑠2 = −(1 − 2𝑚/𝑟)𝑑𝑢2 − 2𝑑𝑢𝑑𝑟 + 𝑟2𝑑Ω2  

[−(1 − 2𝑚/𝑟)𝑑𝑢 − 2𝑑𝑟]𝑑𝑢 = 0 

𝑑𝑟

𝑑𝑢
= +∞; 

𝑑𝑟

𝑑𝑢
= −

1 − 2𝑚/𝑟

2
 

𝐹(𝑟) = ∫  𝑓(𝑟)𝑑𝑟 = ∫  
ℎ(𝑟)

1 − 2𝑚/𝑟
𝑑𝑟  
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𝐹𝑃𝐺(𝑟) = ±∫  
√2𝑚/𝑟

1 − 2𝑚/𝑟
𝑑𝑟 = ±2√2𝑚𝑟 ± 2𝑚ln (

1 − √2𝑚/𝑟

1 + √2𝑚/𝑟
)

𝐹𝐾𝑆(𝑟) = ±∫  
2𝑚/𝑟

1 − 2𝑚/𝑟
𝑑𝑟 = ±2𝑚ln (𝑟 − 2𝑚)

𝐹𝐸𝐹(𝑟) = ±∫  
1

1 − 2𝑚/𝑟
𝑑𝑟 = ±𝑟 ± 2𝑚ln (𝑟 − 2𝑚)

 

𝑑𝑠2 = −(1 −
2𝑚

𝑟
)𝑑𝑡2 − 2ℎ(𝑟)𝑑𝑟𝑑𝑡 + [

1 − ℎ(𝑟)2

1 − 2𝑚/𝑟
] 𝑑𝑟2 + 𝑟2𝑑Ω2  

−(1 −
2𝑚

𝑟
)𝑑𝑡2 − 2ℎ(𝑟)𝑑𝑟𝑑𝑡 + [

1 − ℎ(𝑟)2

1 − 2𝑚/𝑟
] 𝑑𝑟2 = 0  

−(1 −
2𝑚

𝑟
)
2

− 2 (1 −
2𝑚

𝑟
)ℎ(𝑟)𝑟̇ + [1 − ℎ(𝑟)2]𝑟̇2 = 0  

𝑟̇ = ∓
1 − 2𝑚/𝑟

1 ± ℎ(𝑟)
.  

𝑟̇𝐻 = ±
1

2𝑚ℎ′(2𝑚)
 

Δ𝐹 = 𝐹(∞) − 𝐹(0) = 𝐹(𝑟>) − 𝐹(𝑟<) = ∫  
𝑟>

𝑟<

 
ℎ(𝑟)

1 − 2𝑚/𝑟
𝑑𝑟 = ∫  

𝑟>

𝑟<

 
𝑟ℎ(𝑟)

𝑟 − 2𝑚
𝑑𝑟  

ℎ(𝑟) → 𝑠(𝑡)ℎ(𝑟).  

𝑑𝑠2 = −(1 − 2𝑚/𝑟)𝑑𝑡2 − 2𝑠(𝑡)ℎ(𝑟)𝑑𝑟𝑑𝑡 + [
1 − 𝑠(𝑡)2ℎ(𝑟)2

1 − 2𝑚/𝑟
] 𝑑𝑟2 + 𝑟2𝑑Ω2  

𝐺𝑡𝑡 = 0; 𝐺𝑟𝑟 = −
2𝑠̇(𝑡)ℎ(𝑟)

𝑟(1 − 2𝑚/𝑟)
 

𝐺𝜃̂𝜃̂ = 𝐺𝜙̂𝜙̂ =
𝑑2[𝑠2(𝑡)]/𝑑𝑡2ℎ(𝑟)2

2(1 − 2𝑚/𝑟)
+ ℎ′(𝑟)𝑠̇(𝑡) −

(1 −𝑚/𝑟)ℎ(𝑟)𝑠̇(𝑡)

𝑟(1 − 2𝑚/𝑟)
 

𝑅 = −
𝑑2[𝑠2(𝑡)]/𝑑𝑡2ℎ(𝑟)2

(1 − 2𝑚/𝑟)
− 2ℎ′(𝑟)𝑠̇(𝑡) +

2(2 − 3𝑚/𝑟)ℎ(𝑟)𝑠̇(𝑡)

𝑟(1 − 2𝑚/𝑟)
.  

√−𝑔 = 𝑟2sin 𝜃 

𝑆 = ∫  √−𝑔𝑅𝑑4𝑥 = ∫  √−𝑔𝑅𝑑4𝑥 = 4𝜋∫  𝑟2𝑅𝑑𝑡𝑑𝑟  

∫  
+∞

−∞

 (
𝑑2[𝑠2(𝑡)]

𝑑𝑡2
)𝑑𝑡 = [

𝑑[𝑠2(𝑡)]

𝑑𝑡
]
−∞

+∞

= 0 − 0 = 0  

∫  
+∞

−∞

  (
𝑑𝑠(𝑡)

𝑑𝑡
)𝑑𝑡 = [𝑠(𝑡)]−∞

+∞ = ±1− (∓1) = ±2  



 

pág. 3604 

𝑆 = ±4𝜋∫  𝑟2 [4ℎ′(𝑟) +
4(2 − 3𝑚/𝑟)ℎ(𝑟)

𝑟(1 − 2𝑚/𝑟)
] 𝑑𝑟  

∫  
+∞

−∞

  𝑟2ℎ′(𝑟)𝑑𝑟 = [𝑟2ℎ(𝑟)]−∞
+∞ −∫  

+∞

−∞

 2𝑟ℎ(𝑟)𝑑𝑟 = −∫  
+∞

−∞

 2𝑟ℎ(𝑟)𝑑𝑟  

𝑆 = ±4𝜋∫  𝑟 [−8ℎ(𝑟) +
4(2 − 3𝑚/𝑟)ℎ(𝑟)

(1 − 2𝑚/𝑟)
] 𝑑𝑟  

𝑆 = ±16𝜋𝑚∫  
𝑟>

𝑟<

 
ℎ(𝑟)

(1 − 2𝑚/𝑟)
𝑑𝑟 = ±16𝜋𝑚∫  

𝑟>

𝑟<

 
𝑟ℎ(𝑟)

(𝑟 − 2𝑚)
𝑑𝑟  

𝑆 = ±16𝜋𝑚Δ𝐹  

𝑆 =  ±16𝜋𝑚∫  
𝑟>

𝑟<

 
ℎ(𝑟)

(1 − 2𝑚/𝑟)
𝑑𝑟 = ±16𝜋𝑚∫  

2𝑚+Δ

2𝑚−Δ

 
(2𝑚/𝑟)𝐵(|𝑟 − 2𝑚|)

(1 − 2𝑚/𝑟)
𝑑𝑟

 = ±32𝜋𝑚2∫  
2𝑚+Δ

2𝑚−Δ

 
𝐵(|𝑟 − 2𝑚|)

(𝑟 − 2𝑚)
𝑑𝑟 = ±32𝜋𝑚2∫  

+Δ

−Δ

 
𝐵(|𝑧|)

𝑧
𝑑𝑧

 

𝑆 ∝ lim
𝜖→0

 (∫  
−𝜖

−Δ

 
𝐵(|𝑧|)

𝑧
𝑑𝑧 + ∫  

Δ

𝜖

 
𝐵(|𝑧|)

𝑧
𝑑𝑧)  

𝑆 ∝ lim
𝜖→0

 (∫  
Δ

𝜖

 
𝐵(|𝑧|)

𝑧
𝑑𝑧 − ∫  

Δ

𝜖

 
𝐵(|𝑧|)

𝑧
𝑑𝑧) = 0  

−(1 − 2𝑚/𝑟)𝑑𝑡2 − 2𝑠(𝑡)ℎ(𝑟)𝑑𝑟𝑑𝑡 + [
1 − 𝑠(𝑡)2ℎ(𝑟)2

1 − 2𝑚/𝑟
] 𝑑𝑟2 = 0  

−(1 − 2𝑚/𝑟)2 − 2𝑠(𝑡)ℎ(𝑟)(1 − 2𝑚/𝑟)𝑟̇ + [1 − 𝑠(𝑡)2ℎ(𝑟)2]𝑟̇2 = 0  

𝑑𝑟

𝑑𝑡
= ±

(1 − 2𝑚/𝑟)

[1 ∓ 𝑠(𝑡)ℎ(𝑟)]
 

𝑘𝑎 ∝ (1, 𝑟̇; 0,0) = (1,±
(1 − 2𝑚/𝑟)

[1 ∓ 𝑠(𝑡)ℎ(𝑟)]
; 0,0)  

𝐺𝑎𝑏𝑘
𝑎𝑘𝑏 ∝ 𝐺𝑟𝑟 (

(1 − 2𝑚/𝑟)2

[1 ∓ 𝑠(𝑡)ℎ(𝑟)]2
) = −

2𝑠̇(𝑡)ℎ(𝑟)(1 − 2𝑚/𝑟)

[1 ∓ 𝑠(𝑡)ℎ(𝑟)]2
 

𝐺𝑎𝑏𝑘
𝑎𝑘𝑏 ∝ −𝑠̇(𝑡)ℎ(𝑟)(1 − 2𝑚/𝑟)  

𝑔𝑎𝑏𝑇
𝑎𝑏 = −(𝜌 − 3𝑝) ≤ 0  

𝑑𝑠2 = −(1 −
2𝑚

𝑟
)𝑑𝑡2 − 2ℎ(𝑟)𝑑𝑟𝑑𝑡 + [

1 − ℎ(𝑟)2

1 − 2𝑚/𝑟
] 𝑑𝑟2 + 𝑟2𝑑Ω2  

𝑟̇𝐻 = ±
1

2𝑚ℎ′(2𝑚)
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𝑑𝑠2 = −(1 − 2𝑚/𝑟)𝑑𝑡2 − 2𝑠(𝑡)ℎ(𝑟)𝑑𝑟𝑑𝑡 + [
1 − 𝑠(𝑡)2ℎ(𝑟)2

1 − 2𝑚/𝑟
] 𝑑𝑟2 + 𝑟2𝑑Ω2  

𝑟̇𝐻 = ±
1

2𝑚ℎ′(2𝑚)
 

𝑆 = 16𝜋𝑚∫  
𝑟>

𝑟<

 
ℎ(𝑟)

(1 − 2𝑚/𝑟)
𝑑𝑟  

𝑔𝑎𝑏 = Σ−1 (
𝐴3 − 𝐵3 𝐴4 − 𝐵4
𝐴4 − 𝐵4 𝐴5 − 𝐵5

) , 𝑔𝑖𝑗 = −Σ−1 (
𝐴2 0
0 𝐵2

)  

Σ = 𝐴1 + 𝐵1.  

∇(𝛼𝐾𝜇𝜈) = 0  

Σ𝐾𝑎𝑏 = (
𝐴1𝐵3 + 𝐴3𝐵1 𝐴1𝐵4 + 𝐴4𝐵1
𝐴1𝐵4 + 𝐴4𝐵1 𝐴1𝐵5 + 𝐴5𝐵1

) , Σ𝐾𝑖𝑗 = (
−𝐴2𝐵1 0
0 𝐴1𝐵2

)  

𝐴1 ↔ −𝐵1, 𝐴𝑖 ↔ 𝐵𝑖 , (𝑖 = 2. .4), 𝑔
𝑟𝑟 ↔ −𝑔𝑦𝑦, 𝐾𝑟𝑟 ↔ −𝐾𝑦𝑦.  

𝑔𝑎𝑏 =
Σ

𝒫
(
𝐴5 − 𝐵5 −𝐴4 + 𝐵4
−𝐴4 + 𝐵4 𝐴3 − 𝐵3

) , 𝑔𝑖𝑗 = −Σ(
𝐴2
−1 0

0 𝐵2
−1)  

𝒫 = (𝐴3 − 𝐵3)(𝐴5 −𝐵5) − (𝐴4 − 𝐵4)
2.  

𝐴3 − 𝐵3 > 0, 𝐴5 − 𝐵5 < 0,𝒫 < 0.  

𝐴4 ≡ 0, 𝐵4 ≡ 0.  

𝑟 → 𝑟̃(𝑟), 𝑦 → 𝑦̃(𝑦),  

𝐴2𝐴5 = 𝑎
2 =  const , 𝐵2𝐵5 = 𝑏

2 = ℜ.  

𝑔𝜇𝜈 = 𝑙𝜇𝑛𝜈 + 𝑛𝜇𝑙𝜈 −𝑚𝜇𝑚‾ 𝜈 −𝑚‾ 𝜇𝑚𝜈.  

𝑙 = 1/√2Σ(√𝐴3𝜕𝑡 + 𝐶𝜕𝜑 −√𝐴2𝜕𝑟), 𝑚 = 1/√2Σ(√𝐵3𝜕𝑡 + 𝐷𝜕𝜑 − 𝑖√𝐵2𝜕𝑦),

𝑛 = 1/√2Σ(√𝐴3𝜕𝑡 + 𝐶𝜕𝜑 +√𝐴2𝜕𝑟), 𝑚‾ = 1/√2Σ(√𝐵3𝜕𝑡 + 𝐷𝜕𝜑 + 𝑖√𝐵2𝜕𝑦).
 

(𝐴3 − 𝐵3)𝐶 = √𝐴3(𝐴4 − 𝐵4) + √𝐵3√−𝒫, (𝐴3 − 𝐵3)𝐷 = √𝐵3(𝐴4 − 𝐵4) + √𝐴3√−𝒫.  

𝐴4 = √𝐴3𝐴5, 𝐵4 = √𝐵3𝐵5.  

√−𝒫 = √𝐴3𝐵5 −√𝐴5𝐵3,⇒  𝐶 = √𝐴5, 𝐷 = √𝐵5.  

𝑙 = 1/√2Σ(√𝐴3𝜕𝑡 +√𝐴5𝜕𝜑 −√𝐴2𝜕𝑟), 𝑚 = 1/√2Σ(√𝐵3𝜕𝑡 +√𝐵5𝜕𝜑 − 𝑖√𝐵2𝜕𝑦),

𝑛 = 1/√2Σ(√𝐴3𝜕𝑡 +√𝐴5𝜕𝜑 +√𝐴2𝜕𝑟), 𝑚‾ = 1/√2Σ(√𝐵3𝜕𝑡 +√𝐵5𝜕𝜑 + 𝑖√𝐵2𝜕𝑦).
 

𝐴5 ≡ 0, 𝐵3 ≡ 0, 𝐴3 ≠ 0, 𝐵5 ≠ 0  

𝐷 = 𝑙𝜇∇𝜇 , Δ = 𝑛
𝜇∇𝜇 , 𝛿 = 𝑚

𝜇∇𝜇 , 𝛿‾ = 𝑚‾
𝜇∇𝜇  
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𝐷𝑙𝜇 = (𝜖 + 𝜖‾)𝑙𝜇 − 𝜅‾𝑚𝜇 − 𝜅𝑚‾ 𝜇

Δ𝑛𝜇 = −(𝛾 + 𝛾‾)𝑛𝜇 + 𝜈𝑚𝜇 + 𝜈‾𝑚‾ 𝜇
 

𝜎 = −𝑚𝜇𝛿𝑙𝜇 , 𝜆‾ = 𝑚
𝜇𝛿𝑛𝜇  

𝜅 = 𝜈 = 0, 𝜎 = 𝜆 = 0  

𝜇 = 𝜌, 𝜏 = 𝜋, 𝜖 = 𝛾, 𝛼 = 𝛽.  

Ψ0 = −𝐶𝛼𝛽𝛾𝛿𝑙
𝛼𝑚𝛽𝑙𝛾𝑚𝛿

Ψ1 = −𝐶𝛼𝛽𝛾𝛿𝑙
𝛼𝑛𝛽𝑙𝛾𝑚𝛿

Ψ2 = −𝐶𝛼𝛽𝛾𝛿(𝑙
𝛼𝑛𝛽𝑙𝛾𝑛𝛿 − 𝑙𝛼𝑛𝛽𝑚𝛾𝑚‾ 𝛿)/2

Ψ3 = −𝐶𝛼𝛽𝛾𝛿𝑛
𝛼𝑙𝛽𝑛𝛾𝑚𝛿

Ψ4 = −𝐶𝛼𝛽𝛾𝛿𝑛
𝛼𝑚‾ 𝛽𝑛𝛾𝑚‾ 𝛿

 

Ψ0 = 0 = Ψ4  

Ψ1 = Ψ3  

𝐼 = Ψ0Ψ4 − 4Ψ1Ψ3 + 3Ψ2
2, 𝐽 = |

Ψ4 Ψ3 Ψ2
Ψ3 Ψ2 Ψ1
Ψ2 Ψ1 Ψ0

|  

𝐼3 = 27𝐽2  

Ψ1
2 = 𝑘Ψ2

2,  with  𝑘 = 9/16,  or 0.  

𝑙𝜇 → 𝑓−1(𝑟, 𝑦)𝑙𝜇 , 𝑛𝜇 → 𝑓(𝑟, 𝑦)𝑛𝜇 , 𝑓 = √Σ/𝐴2  

𝐐 =

(

 
 
Ψ2 −

1

2
(Ψ0 +Ψ4)

1

2
𝑖(Ψ4 −Ψ0) Ψ1 −Ψ3

1

2
𝑖(Ψ4 −Ψ0) Ψ2 +

1

2
(Ψ0 +Ψ4) 𝑖(Ψ1 +Ψ3)

Ψ1 −Ψ3 𝑖(Ψ1 +Ψ2) −2Ψ2 )

 
 

 

𝐐 = (
Ψ2 0 0
0 Ψ2 2𝑖Ψ1
0 2𝑖Ψ1 −2Ψ2

) .  

𝐾𝑙𝑛 = 𝐵1, 𝐾𝑚𝑚‾ = 𝐴1.  

𝜕𝑆

𝜕𝑥𝜇
𝜕𝑆

𝜕𝑥𝜈
𝑔𝜇𝜈 = 𝜇2  

𝑆 = −𝐸𝑡 + 𝐿𝜑 + 𝑆𝑟(𝑟) + 𝑆𝑦(𝑦),  

𝐴2𝑝𝑟
2 + 𝑈𝑟 = 0, 𝐵2𝑝𝑦

2 + 𝑈𝑦 = 0,

𝑈𝑟 = 𝒞 − 𝜀𝑎
2 + 𝐴1𝜇

2, 𝑈𝑦 = −𝒞 + 𝜀𝑏
2 + 𝐵1𝜇

2,

𝜀𝑎 = 𝐸√𝐴3 − 𝐿√𝐴5, 𝜀𝑏 = 𝐸√𝐵3 − 𝐿√𝐵5,

 

𝒞 = 𝑝𝜇𝑝𝜈𝐾
𝜇𝜈 = Σ−1[𝐴1(𝜀𝑏

2 + 𝐵2𝑝𝑦
2) + 𝐵1(𝜀𝑎

2 − 𝐴2𝑝𝑟
2)].  
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𝑈𝑟 = 0 = 𝑈𝑟
′  

𝜇2 ⇒ℳ2(𝑥) 

ℳ2(𝑥) =
ℳ𝑟

2(𝑟) +ℳ𝑦
2(𝑦)

𝐴1 + 𝐵1
.  

◻𝜙 =
1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝜙) = −𝜇
2𝜙  

√−𝑔 =
Σ2

√𝐴2𝐵2√−𝒫
 

√−𝑔 =
Σ2

√𝐴2𝐵2(√𝐴3𝐵5 −√𝐴5𝐵3)
 

√−𝑔 = Σ 

Σ = √𝐴2𝐵2(√𝐴3𝐵5 −√𝐵3𝐴5)  

𝐴1 +𝐵1 = 𝑏𝐴23 − 𝑎𝐵23  

𝐴23 = √𝐴2𝐴3, 𝐵23 = √𝐵2𝐵3,  

𝐴1
′ = 𝑏𝐴23

′ , 𝐵1
′ = 𝑎𝐵23

′  

𝜙(𝑥𝜇) = e−𝑖𝜔𝑡+𝑖𝑚𝜑𝑅(𝑟)𝑌(𝑦),  

((𝐴2)
′𝑅)′

𝑅
+
((𝐵2)

′𝑌)′

𝑌
+ 𝑈(𝑟) − 𝑉(𝑦) = 0,  

𝑈(𝑟) = (𝜔√𝐴3 −𝑚√𝐴5)
2
− 𝜇2𝐴1,

𝑉(𝑦) = (𝜔√𝐵3 −𝑚√𝐵5)
2
+ 𝜇2𝐵1.

 

𝐾̂ = ∇𝜇𝐾
𝜇𝜈∇𝜈  

[◻, 𝐾̂]𝜙 =
4

3
∇𝛼(𝐾𝜎 

[𝛼𝑅𝛽]𝜎)∇𝛽𝜙  

𝐾𝜎  
[𝛼𝑅𝛽]𝜎= 2(𝐾𝑙𝑛 + 𝐾𝑚𝑚‾ )(𝑛

𝛽(𝑚‾ 𝛼Φ01 +𝑚
𝛼Φ10) − 𝑛

𝛼(𝑚‾ 𝛽Φ01 +𝑚
𝛽Φ10) 

+(𝑙𝛽𝑚‾ 𝛼 − 𝑙𝛼𝑚‾ 𝛽)Φ12 + (𝑙
𝛽𝑚𝛼 − 𝑙𝛼𝑚𝛽)Φ21)

 

Φ01 = 𝑅𝜇𝜈𝑙
𝜇𝑚𝜈/2 = Φ10, Φ12 = 𝑅𝜇𝜈𝑛

𝜇𝑚𝜈/2 = Φ21  

𝑎𝐴23
′′ − 𝑏𝐵23

′′ = 0  

𝑎2𝐴1
′′ − 𝑏2𝐵1

′′ = 0  
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◻= (𝐷 + 𝜀 + 𝜀‾ − 𝜌 − 𝜌‾)Δ + (Δ + 𝜇 + 𝜇‾ − 𝛾 − 𝛾‾)𝐷  

 −(𝛿 − 𝜏 − 𝛼‾ + 𝛽 + 𝜋‾)𝛿‾ − (𝛿‾ − 𝛼 − 𝜏‾ + 𝜋 + 𝛽‾)𝛿

𝐾̂ = (𝐷 + 𝜀 + 𝜀‾ − 𝜌 − 𝜌‾)𝐾𝑙𝑛Δ + (Δ + 𝜇 + 𝜇‾ − 𝛾 − 𝛾‾)𝐾𝑙𝑛𝐷

 +(𝛿 − 𝜏 − 𝛼‾ + 𝛽 + 𝜋‾)𝐾𝑚𝑚‾ 𝛿‾ + (𝛿‾ − 𝛼 − 𝜏‾ + 𝜋 + 𝛽‾)𝐾𝑚𝑚‾ 𝛿

 

𝐷𝑛
± = √𝐴3/𝐴2𝜕𝑡 ± 𝜕𝑟 +√𝐴5/𝐴2𝜕𝜑 ± 𝑛𝜕𝑟(ln 𝐴2)

𝐿𝑠
± = √𝐵3/𝐵2𝜕𝑡 ± 𝑖𝜕𝑦 +√𝐵5/𝐵2𝜕𝜑 ± 𝑖𝑠𝜕𝑦(ln 𝐵2)

 

𝐷𝑛
±𝐴2 

𝑘 = 𝐴2 
𝑘𝐷𝑛+𝑘

± , 𝐿𝑠
±𝐵2 

𝑙 = 𝐵2 
𝑙𝐿𝑠+𝑙
±  

𝐷 = √𝐴2/2Σ𝐷0
−, Δ = √𝐴2/2Σ𝐷0

+, 𝛿 = √𝐵2/2Σ𝐿0
−, 𝛿‾ = √𝐵2/2Σ𝐿0

+  

𝜀 + 𝜀‾ − 𝜌 − 𝜌‾ = √𝐴2/8Σ
3(2Σ𝜕𝑟ln [√𝐴3𝐵5 −√𝐴5𝐵3] − 3𝜕𝑟Σ)

𝜋‾ − 𝜏 + 𝛽 − 𝛼‾ = −𝑖√𝐵2/8Σ
3(2Σ𝜕𝑦ln [√𝐴3𝐵5 −√𝐴5𝐵3] − 3𝜕𝑦Σ)

 

𝜀 + 𝜀‾ − 𝜌 − 𝜌‾ = √𝐴2𝜕𝑟(2Σ)
−1/2 − (2Σ)−1/2𝜕𝑟√𝐴2

𝜋‾ − 𝜏 + 𝛽 − 𝛼‾ = 𝑖√𝐵2𝜕𝑦(2Σ)
−1/2 − 𝑖(2Σ)−1/2𝜕𝑟√𝐵2

 

◻=
1

2Σ
[𝐴2(𝐷1

−𝐷0
+ + 𝐷1

+𝐷0
−) − 𝐵2(𝐿1

−𝐿0
+ + 𝐿1

+𝐿0
−)],  

𝐾̂ =
1

2Σ
[𝐴2𝐵1(𝐷1

−𝐷0
+ + 𝐷1

+𝐷0
−) + 𝐵2𝐴1(𝐿1

−𝐿0
+ + 𝐿1

+𝐿0
−)] =

𝐵2
2
(𝐿1
−𝐿0
+ + 𝐿1

+𝐿0
−) + 𝐵1 ◻.  

𝑑𝑠2 =
𝐴2𝐵2
Σ

(√𝐵5𝑑𝑡 − √𝐵3𝑑𝜑)
2
−
𝐴2𝐵2
Σ

(√𝐴5𝑑𝑡 − √𝐴3𝑑𝜑)
2
−
Σ

𝐴2
𝑑𝑟2 −

Σ

𝐵2
𝑑𝑦2  

Σ = √𝐴2𝐵2(√𝐴3𝐵5 −√𝐴5𝐵3).  

𝑆 = ∫  𝑑4𝑥 [(𝑅 −
1

2
𝑓𝐴𝐵𝜕𝜇Ψ

𝐴𝜕𝜇Ψ𝐵 −
1

2
𝐾𝐼𝐽𝐹𝜇𝜈

𝐼 𝐹𝐽𝜇𝜈)√−𝑔 −
1

2
𝐻𝐼𝐽𝐹𝜇𝜈

𝐼 𝐹𝜆𝜏
𝐽
𝜖𝜇𝜈𝜆𝜏]  

𝑅𝜇𝜈 =
1

2
𝑓𝐴𝐵Ψ,𝜇

𝐴Ψ,𝜈
𝐵 − 𝐾𝐼𝐽 (𝐹𝜇𝜆

𝐼 𝐹𝜈
𝐽𝜆 +

1

4
𝑔𝜇𝜈𝐹𝛼𝛽

𝐼 𝐹𝐽𝛼𝛽)  

∇(𝛼𝑌𝜇)𝜈 = 0  

𝑌𝜇 
𝛼𝑌𝛼𝜈 = 𝐾𝜇𝜈  

𝑌𝑙𝑛
2 = 𝐾𝑙𝑛, 𝑌𝑚𝑚‾

2 = −𝐾𝑚𝑚‾  

𝑌𝑙𝑛 = 𝑝√𝐵1, 𝑌𝑚𝑚‾ = 𝑖𝑞√𝐴1, 𝑝 = ±1, 𝑞 = ±1  

(𝜏 + 𝜋‾)𝑌𝑙𝑛 − (𝜏 − 𝜋‾)𝑌𝑚𝑚‾ = 0, (𝜌 + 𝜌‾)𝑌𝑙𝑛 − (𝜌 − 𝜌‾)𝑌𝑚𝑚‾ = 0

𝐷𝑌𝑚𝑚‾ − 𝜌(𝑌𝑙𝑛 − 𝑌𝑚𝑚‾ ) = 0, 𝛿𝑌𝑙𝑛 − 𝜋‾(𝑌𝑙𝑛 + 𝑌𝑚𝑚‾ ) = 0

Δ𝑌𝑚𝑚‾ + 𝜇(𝑌𝑙𝑛 − 𝑌𝑚𝑚‾ ) = 0, 𝛿𝑌𝑙𝑛 + 𝜏(𝑌𝑙𝑛 − 𝑌𝑚𝑚‾ ) = 0
 

𝜇 = 𝜌 =
𝑏

2Σ
√𝐴2/2Σ(𝐴23

′ − 𝑖𝐵23
′ ), 𝜏 = 𝜋 =

𝑎

2Σ
√𝐵2/2Σ(𝐴23

′ − 𝑖𝐵23
′ )  
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𝑝𝐴23
′ √𝐵1 = 𝑞𝐵23

′ √𝐴1  

𝑝𝐴23
′ = 2√𝐴1, 𝑞𝐵23

′ = 2√𝐵1  

(√𝐴1)
′
= 𝑏/𝑝, (√𝐵1)

′
= −𝑎/𝑞  

𝐴1 +𝐵1 = 𝑏𝐴23 − 𝑎𝐵23 

𝐴1
′ = 2𝑏√𝐴1, 𝐵1

′ = 2𝑎√𝐵1

𝐴23
′ = 2√𝐴1, 𝐵23

′ = −2√𝐵1
 

𝐴1 = (𝑏𝑟 + 𝑐1)
2, 𝐵1 = (𝑎𝑦 + 𝑑1)

2

𝐴23 = 𝑏𝑟
2 + 2𝑐1𝑟 + 𝑐2, 𝐵23 = −(𝑎𝑦

2 + 2𝑑1𝑦 + 𝑑2)
 

𝑏𝑐2 + 𝑎𝑑2 = 𝑐1
2 + 𝑑1

2  

𝑌𝑙𝑛 = √𝐵1, 𝑌𝑚𝑚‾ = −𝑖√𝐴1  

8Σ3Ψ1,3 = −√𝐴2𝐵2{Σ(𝑎𝐴23
′′ − 𝑏𝐵23

′′ ) − 𝑎𝑏(𝐴23
′  2 + 𝐵23

′  2)},  

∇(𝛼𝒦𝜇𝜈) = Ω(𝛼𝑔𝜇𝜈), 6Ω𝛼 = (2∇𝜎𝒦𝛼  
𝜎 + ∇𝛼𝒦),𝒦 = 𝑔𝜇𝜈𝒦𝜇𝜈  

(𝐷 + 𝜌 + 𝜌‾)(𝒦𝑙𝑛 +𝒦𝑚𝑚‾ ) = 0, (𝛿 + 𝜏 − 𝜋‾)(𝒦𝑙𝑛 +𝒦𝑚𝑚‾ ) = 0

(Δ − 𝜇 − 𝜇‾)(𝒦𝑙𝑛 +𝒦𝑚𝑚‾ ) = 0, (𝛿‾ + 𝜏‾ − 𝜋)(𝒦𝑙𝑛 +𝒦𝑚𝑚‾ ) = 0.
 

𝒦𝑙𝑛 = Σ − 𝑆(𝑟, 𝑦),𝒦𝑚𝑚‾ = 𝑆(𝑟, 𝑦)  

𝐾𝜇𝜈 = −𝐴1𝑔
𝜇𝜈 − 𝐴2𝛿𝑟

𝜇
𝛿𝑟
𝜈 + 𝐾̃𝑟

𝜇𝜈
 

𝐾̃𝑟
𝜇𝜈
= 𝐴3𝛿𝑡

𝜇
𝛿𝑡
𝜈 + 2𝐴4𝛿𝑡

(𝜇
𝛿𝜑
𝜈)
+ 𝐴5𝛿𝜑

𝜇
𝛿𝜑
𝜈  

𝐾𝜇𝜈 = 𝐵1𝑔
𝜇𝜈 + 𝐵2𝛿𝑦

𝜇
𝛿𝑦
𝜈 + 𝐾̃𝑦

𝜇𝜈
 

𝐾̃𝑦
𝜇𝜈
= 𝐵3𝛿𝑡

𝜇
𝛿𝑡
𝜈 + 2𝐵4𝛿𝑡

(𝜇
𝛿𝜑
𝜈)
+ 𝐵5𝛿𝜑

𝜇
𝛿𝜑
𝜈  

𝐴2(𝑟ℎ) = 0, 𝐴2 > 0 for 𝑟 > 𝑟ℎ  

𝑛𝜇 = −√Σ/𝐴2𝛿𝜇
𝑟 

ℎ𝜇𝜈 = 𝑔𝜇𝜈 + 𝑛𝜇𝑛𝜈, 𝜒𝜇𝜈 = ℎ𝜇
𝛼ℎ𝜈

𝛽
∇𝛼𝑛𝛽 = ℎ𝜇

𝛼ℎ𝜈
𝛽
(𝑛𝛽,𝛼 − Γ𝛼𝛽

𝜆 𝑛𝜆)  

𝜒𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 =

𝑛𝑟
2
𝑔𝑟𝑟(𝑔𝑎𝑏,𝑟𝑑𝑥

𝑎𝑑𝑥𝑏 + 𝑔𝑦𝑦,𝑟𝑑𝑦
2)  

𝜒𝜇𝜈 =
𝜒𝛼
𝛼

3
ℎ𝜇𝜈 , 𝜇, 𝜈 = 𝑡, 𝜑, 𝑦  

(ln 𝑔𝑡𝑡),𝑟 = (ln |𝑔𝜑𝜑|),𝑟
= (ln |𝑔𝑦𝑦|),𝑟  

(ln 𝐴2)
′ = 2(ln 𝐴23)

′,  or simply  𝐴3
′ = 0,  
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𝐴2 = 𝑟
2 − 2𝑀𝑟 + 𝑄2, 𝐴23 = 𝑟

2 

𝑟2 − 3𝑀𝑟 + 2𝑄2 = 0 ⇒  𝑟 =
3

2
(𝑀 ± √𝑀2 − 8𝑄2/9)  

ℎ𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈  =

𝐴2
Σ
(𝑏𝑑𝑡 − 𝐵23𝑑𝜑)

2 −
𝐵2
Σ
(𝑎𝑑𝑡 − 𝐴23𝑑𝜑)

2 −
Σ

𝐵2
𝑑𝑦2

𝜒𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈  =

1

2
√
𝐴2
Σ
𝜕𝑟ℎ𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈
 

1

2
ℎ𝑦𝑦√|𝑔

𝑟𝑟|𝜕𝑟𝑝
2 = 𝜒𝑦𝑦(𝑝

2 − 𝜇2), 𝑝2 = 𝑔𝑎𝑏𝑝𝑎𝑝𝑏 , 𝑝𝑎 = (−𝐸, 𝐿)  

(√𝐴3𝐸 − √𝐴5𝐿)
′
(√𝐴3𝐸 − √𝐴5𝐿) =

1

2
𝜇2𝐴1

′  

𝑑𝑠2 = Δ𝑟/Σ(𝑑𝑡 − 𝑎sin
2 𝜃𝑑𝜑)2 − 1/Σsin2 𝜃(𝑎𝑑𝑡 − (𝑟2 + 𝑎2)𝑑𝜑)2 − Σ/Δ𝑟𝑑𝑟

2 − Σ𝑑𝜃2

Δ𝑟 = 𝑟
2 − 2𝑀𝑟 + 𝑎2 + 𝑄2, Σ = 𝑟2 + 𝑎2cos 𝜃

 

𝐴1 = 𝑟
2, 𝐵1 = 𝑎

2𝑦2

𝐴3 = (𝑟
2 + 𝑎2)2/Δ𝑟, 𝐵3 = 𝑎

2(1 − 𝑦2)

𝐴5 = 𝑎
2/𝐴2 = 𝑎

2/Δ𝑟, 𝐵5 = 1/𝐵2 = 1/(1 − 𝑦
2)

 

𝐴4
2 = 𝐴3𝐴5, 𝐵4

2 = 𝐵3𝐵5, 𝑏 = 1, 𝐴1 + 𝐵1 = √𝐴2𝐵2(√𝐴3𝐵5 −√𝐴5𝐵3).  

Ψ2 =
𝑄2 −𝑀(𝑟 − 𝑖𝑎𝑦)

(𝑟 − 𝑖𝑎𝑦)3(𝑟 + 𝑖𝑎𝑦)
,Φ11 =

𝑄2

2(𝑟2 + 𝑎2)2
 

(𝐸(𝑟2 + 𝑎2) − 𝑎𝐿)[𝐸𝑟(Δ𝑟 −𝑀𝑟 + 𝑄
2) + 𝑎𝐿(𝑟 − 𝑚) + 𝑎2𝐸𝑀] − 𝜇2𝑟Δ𝑟

2 = 0,  

𝑑𝑠2 =
Δ𝑟 − 𝑎

2sin2 𝜃

Σ
(𝑑𝑡 − 𝑤𝑑𝜑)2 − Σ(

𝑑𝑟2

Δ𝑟
+ 𝑑𝜃2 +

Δ𝑟sin
2 𝜃

Δ𝑟 − 𝑎
2sin2 𝜃

𝑑𝜑2)

Δ𝑟 = (𝑟 − 𝑟−)(𝑟 − 2𝑀) + 𝑎
2 − (𝑁 − 𝑁−)

2

Σ = 𝑟(𝑟 − 𝑟−) + (𝑎cos 𝜃 + 𝑁)
2 −𝑁−

2

𝑤 =
2

𝑎2sin2 𝜃 − Δ𝑟
[𝑁Δ𝑟cos 𝜃 + 𝑎sin

2 𝜃(𝑀(𝑟 − 𝑟−) + 𝑁(𝑁 − 𝑁−))]

𝑟− =
𝑀|𝑄 − 𝑖𝑃|2

|𝑀 + 𝑖𝑁|2
, 𝑁− =

𝑁|𝑄 − 𝑖𝑃|2

2|𝑀 + 𝑖𝑁|2

 

𝐴1 = 𝑟(𝑟 − 𝑟−), 𝐵1 = (𝑎𝑦 + 𝑁)
2 −𝑁−

2

𝐴3 = (𝑟(𝑟 − 𝑟−) + 𝑎
2 +𝑁2 −𝑁−

2)2/Δ𝑟, 𝐵3 = [𝑎(1 − 𝑦
2) − 2𝑁𝑦]2/1 − 𝑦2

𝐴5 = 𝑎
2/𝐴2 = 𝑎

2/Δ𝑟, 𝐵5 = 1/𝐵2 = 1/1 − 𝑦
2

𝐴4
2 = 𝐴3𝐴5, 𝐵4

2 = 𝐵3𝐵5, 𝑎 = 𝑎, 𝑏 = 1, 𝐴1 + 𝐵1 = √𝐴2𝐵2(√𝐴3𝐵5 −√𝐴5𝐵3),
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Ψ1 = Ψ3 =
𝑎(4𝑁−

2 + 𝑟−
2)sin 𝜃√Δ𝑟
8Σ3

12Σ3Ψ2 =−12(𝑀 − 𝑖𝑁)(𝑟 + 𝑖(𝑎cos 𝜃 + 𝑁))
3 + 6𝑁𝑁−(2(𝑟 + 𝑖(𝑁 + 𝑎cos 𝜃)) − 𝑟−)

2  

+𝑟−
3(8𝑀 − 𝑟) + 8𝑁𝑁−

3 − 4𝑁−
4 − 6𝑎𝑟−cos 𝜃(5𝑀 − 3𝑖𝑁)(𝑎cos 𝜃 + 2𝑁 − 2𝑖𝑟) 

+2𝑟−(𝑀(15(𝑟 + 𝑖𝑁)
2 + 7𝑁−

2) + 18𝑁2𝑟 + 9𝑖𝑁3 + 3𝑖𝑁(𝑁−
2 − 3𝑟2) − 2𝑁−

2𝑟)  

+4𝑁−
2(2𝑎2 − 𝑎cos 𝜃(3𝑖(𝑀 + 𝑖𝑁) + 𝑎cos 𝜃) − 5𝑀𝑟 + 2𝑁2 − 3𝑖𝑁(𝑀 + 𝑟))  

+4𝑁−
2𝑟2 + 𝑟−

2(2𝑎2 − 24𝑖𝑀𝑁 − 7𝑁2 + 2𝑁𝑁− −𝑁−
2)  

−𝑟−
2(𝑎cos 𝜃(6𝑖(4𝑀 − 𝑖𝑁) + 𝑎cos 𝜃) + 26𝑀𝑟 − 6𝑖𝑁𝑟 − 𝑟2)  

16Σ3Φ11 =𝑎
2cos2 (𝜃)(8𝑀𝑟− + 16𝑁𝑁− − 4𝑁−

2 − 𝑟−
2) + 16𝑀𝑁−

2𝑟− − 24𝑀𝑁−
2𝑟

+8𝑎𝑁cos 𝜃(2𝑀𝑟− + 4𝑁𝑁− − 4𝑁−
2 − 𝑟−

2) + 𝑁2(8𝑀𝑟− − 28𝑁−
2 − 7𝑟−

2)  

+8𝑀𝑟−𝑟
2 − 14𝑀𝑟−

2𝑟 + 16𝑁3𝑁− + 2𝑁𝑁−(4𝑁−
2 + 3𝑟−

2 + 8𝑟2 − 8𝑟−𝑟)  

+𝑁−
2𝑟−
2 − 4𝑁−

2𝑟2 + 4𝑁−
2𝑟−𝑟 + 4𝑁−

4 − 𝑟−
2𝑟2 + 𝑟−

3𝑟 + 6𝑀𝑟−
3  

Λ =
𝑅

24
= −

(4𝑁−
2 + 𝑟−

2)(𝑎2sin2 𝜃 + Δ𝑟)

48Σ3

 

𝐸(𝑟(𝑟 − 𝑟−) + 𝑁
2 − 𝑁−

2)[(2𝑟 − 𝑟−)(𝑟
2 − 2𝑟𝑟− + 𝑎

2 +𝑁2 − 2𝑁𝑁− + 3𝑁−
2) −

−2𝑀(3𝑟2 − 𝑟𝑟− + 2𝑟−
2 +𝑁2 −𝑁−

2)] − 4𝑎2𝐸𝐿𝑀 + 𝑎4𝐸2(2𝑟 + 2𝑀 − 𝑟−) +

 +𝑎2[2𝐸2(2(2𝑟 − 𝑟−)(𝑁−
2 −𝑁𝑁−) − 2𝑀((𝑟 − 𝑟−)

2) − 𝑁2 +𝑁−
2) − 𝐿2(2𝑟 − 𝑟− − 2𝑀)] +

 +4𝑎𝐸𝐿[𝑀(𝑟 − 𝑟−) − 𝑁
2 +𝑁−

2 +𝑁−(𝑁 − 𝑁−)(2𝑟 − 𝑟−)] − 𝜇
2Δ2(2𝑟 − 𝑟−) = 0.

 

𝑤=
2

Δ𝑟 − 𝑎
2sin2 𝜃

(𝑁Δ𝑟cos 𝜃 + 𝑎sin
2 𝜃 [𝑚(𝑟 − (𝑚 + |Υ|)) +

1

2
(|ℳ|2 − |Υ|2)]) 

Δ𝑟 = 𝑟[𝑟 − 2(𝑚 + |Υ|)] + 𝑎
2 + (𝑚 + |Υ|)2

Σ = 𝑟(𝑟 − 2|Υ|) + (𝑎cos 𝜃 + 𝑁)2

 

Υ = −
2

ℳ
∑ 

𝑛

[Γ‾(𝑛)]
2
 

Γ(𝑛) =
1

2
(𝑄(𝑛) + 𝑖𝑃(𝑛)), 𝑛 = 1,2 

|ℳ|2 + |Υ|2 − 4∑ 

𝑛

  |Γ(𝑛)|
2
= 0  

𝐴1 = 𝑟(𝑟 − 2|Υ|), 𝐵1 = 𝑁 + 𝑎𝑦

𝐴3 = (𝑟(𝑟 − 2|Υ|) + 𝑁
2 + 𝑎2)2/Δ𝑟, 𝐵3 = (𝑎(1 − 𝑦

2) − 2𝑁𝑦)2/1 − 𝑦2

𝐴5 = 𝑎
2/𝐴2 = 𝑎

2/Δ𝑟, 𝐵5 = 1/𝐵2 = 1/(1 − 𝑦
2)
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Ψ1 =Ψ3 =
𝑎sin 𝜃|Υ|2√Δ𝑟

2Σ3

3Σ3Ψ2 =3(𝑚 − 𝑖𝑁)(𝑚 − 𝑟 − 𝑖𝑎cos 𝜃)(𝑟 + 𝑖(𝑁 + 𝑎cos 𝜃))
2 +

 +3(𝑚 − 𝑖𝑁)(3(𝑟 + 𝑖𝑎cos 𝜃) − 2𝑚 + 𝑖𝑁)(𝑟 + 𝑖(𝑁 + 𝑎cos 𝜃))|Υ| −

 −2|Υ|2(3𝑁2 − 2(𝑚2 + 𝑟2) + 7𝑚𝑟 + 6𝑖𝑁(𝑚 − 𝑟) + 𝑎2cos 2𝜃) −

 −2|Υ|3(4(𝑟 −𝑚) + 3𝑖(𝑁 + 𝑎cos 𝜃)) + 3𝑖𝑎|Υ|2cos 𝜃(2(𝑚 − 𝑖𝑁) − 𝑟) + 4|Υ|4

4Σ3Φ11 = 3|Υ|
2(𝑎2cos2 𝜃 + (𝑚 − 𝑟 + |Υ|)2) +

 +2Σ(𝑚2 − 𝑎cos 𝜃(2𝑁 + 𝑎cos 𝜃) − (𝑟 − |Υ|)2 + Σ)

Φ00 =

Λ =Φ22 =
|Υ|2Δ𝑟
2Σ3

, Φ02 = −
𝑎2|Υ|2sin2 𝜃

2Σ3

 

 

𝐸(𝑟(𝑟 − 2|Υ|)+𝑁2 + 𝑎2)[{𝐸(Δ𝑟 + |Υ|
2 −𝑀2 −𝑁2) + 𝑎𝐿}(𝑟 −𝑀 − |Υ|) + 2𝑎2𝐸𝑀]

−𝜇2Δ𝑟
2(𝑟 − |Υ|) = 0

 

Δ𝑟 = 𝑟
2 − 2𝑀𝑟 + 𝑎2

𝑤 = −
2𝑀𝑎𝜔sin2 𝜃

Δ𝑟 − 𝑎
2sin2 𝜃

, 𝜔 = ((Π𝑐 − Π𝑠)𝑟 + 2𝑀Π𝑠)

Σ2 =∏  

4

𝐼=0

  (𝑟 + 2𝑀𝑠𝐼
2) + 𝑎4cos4 𝜃 +

 +2𝑎2cos2 𝜃 (𝑟2 +𝑀𝑟∑  

3

𝐼=0

  𝑠𝐼
2 + 4𝑀2(Π𝑐 −Π𝑠)Π𝑠 − 2𝑀

2 ∑  

3

𝐼<𝐽<𝐾

  𝑠𝐼
2𝑠𝐽
2𝑠𝐾
2)

 

Π𝑠 =∏ 

4

𝑖=1

𝑠𝐼 =∏ 

4

𝐼=1

sinh 𝛿𝐼 , Π𝑐 =∏ 

4

𝐼=1

√1 + 𝑠𝐼
2 =∏ 

4

𝐼=1

cosh 𝛿𝐼 , 𝑠𝐼
2 = sinh2 𝛿𝐼 

Σ2𝑐ℎ = 𝑟
2 + 𝑎2cos2 𝜃 + 2𝑀𝑟(𝒮1

2 + 𝒮2
2) + 4𝑀2𝒮1

2𝒮2
2 = 𝑟2 − 2𝑀𝑟 + 𝑎2cos2 𝜃 + 2𝑀𝑤2𝑐ℎ  
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𝐴1 = 𝑟
2 − 2𝑀𝑟 + 2𝑀𝑤2𝑐ℎ, 𝐵1 = 𝑎

2𝑦2

𝐴3 = (𝑟
2 − 2𝑀𝑟 + 𝑎2 + 2𝑀𝑤2𝑐ℎ)

2/Δ𝑟, 𝐵3 = 𝑎
2(1 − 𝑦2)

𝐴5 = 𝑎
2/𝐴2 = 𝑎

2/Δ𝑟, 𝐵5 = 1/𝐵2 = 1/(1 − 𝑦
2)

 

Ψ1 = Ψ3 =
𝑎𝑀2sin 𝜃(𝑆1

2 − 𝑆2
2)2√Δ𝑟

2Σ2𝑐ℎ
3

3Σ2𝑐ℎ
3

𝑀
Ψ2= −3(𝑟 + 𝑖𝑎cos 𝜃)

3 − 3(𝑟 + 𝑖𝑎cos 𝜃)2(𝑀 + 𝑟 + 𝑖𝑎cos 𝜃)(𝒮1
2 + 𝒮2

2)  

−2𝑀(𝑟2 + 2𝑀𝑟 − 𝑎2 + 3𝑖𝑎𝑟cos 𝜃 + 𝑎2𝑦2)(𝒮1
4 + 𝒮2

4)  

+12𝑀2𝒮1
2𝒮2

2(𝑀 − 𝑟 − 𝑖𝑎cos 𝜃)(𝒮1
2 + 𝒮2

2)  

+4𝑀𝒮1
2𝒮2

2(5𝑎2cos2 𝜃 − 𝑎2 + 4𝑀𝑟 − 5𝑟2 + 3𝑖𝑎𝑀cos 𝜃 − 9𝑖𝑎𝑟cos 𝜃)  

Φ00 = Φ22 =
𝑀2Δ𝑟(𝒮1

2 − 𝒮2
2)2

2Σ2𝑐ℎ
3 , Φ02 = Φ20 = −

𝑎2𝑀2sin2 𝜃(𝒮1
2 − 𝒮2

2)2

2Σ2𝑐ℎ
3

4Σ2𝑐ℎ
3

𝑀2
Φ11= 4(𝑟

2 + 𝑎2cos2 𝜃)(𝒮1
2 + 𝒮2

2) + (2𝑀𝑟 + 3𝑟2 + 3𝑎2cos2 𝜃)(𝒮1
4 + 𝒮2

4)  

+16𝑀(𝑟 + 𝑀)𝒮1
2𝒮2

2(𝒮1
2 + 𝒮2

2) + 32𝑀2𝒮1
4𝒮2

4 + 2𝒮1
2𝒮2

2(𝑟2 + 14𝑀𝑟 + 𝑎2cos2 𝜃) 

Λ =
1

24𝑅
= −

𝑀2(𝒮1
2 − 𝒮2

2)2(Δ𝑟 + 𝑎
2sin2 𝜃)

12Σ2𝑐ℎ
3

 

𝐸2[Δ2(𝑟 − 𝑀 + 2𝑀Σ𝑠2) − 4𝑀
2𝑟(𝑀𝑟 − 𝑎2)Σ𝑠2

2 − 16𝑀4(𝑟 − 𝑀)Π𝑠2
2 − 8𝑀3(𝑟2 − 𝑎2)Π𝑠2Σ𝑠2]

+2𝑎𝐸𝐿𝑀[4𝑀(𝑟 −𝑀)Π𝑠2 − (𝑟
2 − 𝑎2)Σ𝑠2] − 𝑎

2𝐿(𝑟 − 𝑀) − 𝜇2Δ2(𝑟 − 𝑀 +𝑀Σ𝑠2) = 0,
 

Σ𝑠2 = 𝒮1
2 + 𝒮2

2, Π𝑠2 = 𝒮1
2𝒮2

2 

𝜇 = 𝜌 = −√𝐴2
𝜕

𝜕𝑟

1

√2Σ
−
𝑖𝐵5√𝐵2

2√2Σ

𝜕𝑦√𝐵3/𝐵5

√𝐴3𝐵5 −√𝐴5𝐵3

𝜏 = 𝜋 = −𝑖√𝐵2
𝜕

𝜕𝑦

1

√2Σ
+
𝐴5√𝐴2

2√2Σ

𝜕𝑟√𝐴3/𝐴5

√𝐴3𝐵5 −√𝐴5𝐵3

𝜖 = 𝛾 =
1

2
𝜌 +

√𝐴2

2√2Σ3/2
(Σ𝜕𝑟ln [√𝐴3𝐵5 −√𝐴5𝐵3] − 𝜕𝑟Σ)

𝛼 = 𝛽 =
1

2
𝜏 + 𝑖

√𝐵2

2√2Σ3/2
(Σ𝜕𝑦ln [√𝐴3𝐵5 −√𝐴5𝐵3] − 𝜕𝑦Σ)
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Φ00 = Φ22 =
𝑏𝐴2
8Σ3

(𝑏𝐴23
′  2 + 𝑏𝐵23

′  2 − 2Σ𝐴23
′′ ),

Φ01 = Φ10 = Φ12 = Φ21 = −
√𝐴2𝐵2
8Σ3

(𝑎𝐴23
′′ − 𝑏𝐵23

′′ ),

Φ02 = Φ20 = −
𝑎𝐵2
8Σ3

(𝑎𝐴23
′  2 + 𝑎𝐵23

′  2 + 2Σ𝐵23
′′ ),

64Σ3Φ11 = Σ
2{𝐴2[(ln 𝐴5),𝑟

2 − 4(ln 𝐴5),𝑟𝑟] − 𝐵2[(ln 𝐵5),𝑟
2 − 4(ln 𝐵5),𝑟𝑟]}

+3 {4𝑏2𝐴2𝐵23
′  2 − 4𝑎2𝐵2𝐴23

′  2 + 𝐴2[Σ(ln 𝐴5),𝑟 + 2𝑏𝐴23
′ ]

2
− 𝐵2[Σ(ln 𝐵5),𝑦 − 2𝑎𝐵23

′ ]
2
}

+4Σ{𝐴2((ln 𝐴5),𝑟)[Σ(ln 𝐴5),𝑟 + 2𝑏𝐴23
′ ] − 𝐴2[Σ(ln 𝐴5),𝑟 + 2𝑏𝐴23

′ ], 𝑟}

−4Σ{𝐵2((ln 𝐵5),𝑦[Σ(ln 𝐵5),𝑦 − 2𝑎𝐵23
′ ] − 𝐵2[Σ(ln 𝐵5),𝑦 − 2𝑎𝐵23

′ ], 𝑦},

192Σ3Λ = 8Σ3𝑅 = 3Σ2{𝐴2[3(ln 𝐴5),𝑟
2 − 4(ln 𝐴5),𝑟𝑟] + 𝐵2[3(ln 𝐵5),𝑦

2 − 4(ln 𝐵5),𝑦𝑦]}

+4𝐴2[Σ(ln 𝐴5),𝑟 + 2𝑏𝐴23
′ ], 𝑟 + 4𝐵2[Σ(ln 𝐵5),𝑦 − 2𝑎𝐵23

′ ], 𝑦 − 4𝑎2𝐵2𝐴23
′  2

−𝐴2[Σ(ln 𝐴5),𝑟 + 2𝑏𝐴23
′ ]

2
− 𝐵2[Σ(ln 𝐵5),𝑦 − 2𝑎𝐵23

′ ]
2
− 4𝑏2𝐴2𝐵23

′  2

−12Σ3Ψ2 = Σ{𝐴2[Σ(ln 𝐴5),𝑟 + 2𝑏𝐴23
′ ], 𝑟 + 𝐵2[Σ(ln 𝐵5),𝑦 − 2𝑎𝐵23

′ ], 𝑦} + 2𝑎2𝐵2𝐴23
′  2

−𝐴2[Σ(ln 𝐴5),𝑟 + 2𝑏𝐴23
′ ]

2
− 𝐵2[Σ(ln 𝐵5),𝑦 − 2𝑎𝐵23

′ ]
2
+ 2𝑏2𝐴2𝐵23

′  2

+3𝑖{𝑎𝐵2𝐴23
′ [Σ(ln 𝐵5),𝑦 − 2𝑎𝐵23

′ ] + 𝑏𝐴2𝐵23
′ [Σ(ln 𝐴5),𝑟 + 2𝑏𝐴23

′ ]}

 

𝑆 =
1

16𝜋𝐺
∫  𝑑5𝑥𝑒 [𝑅 + 12𝑔2 −

1

4
𝐹2 −

1

12√3
𝜖𝜇𝜈𝜌𝜎𝜆𝐹𝜇𝜈𝐹𝜌𝜎𝐴𝜆]  

𝐸 =
𝑚𝜋(2Ξ𝑎 + 2Ξ𝑏 − Ξ𝑎Ξ𝑏) + 2𝜋𝑞𝑎𝑏𝑔

2(Ξ𝑎 + Ξ𝑏)

4𝐺Ξ𝑎
2Ξ𝑏

2 , 𝑄 =
√3𝜋𝑞

4𝐺Ξ𝑎Ξ𝑏
 

𝐽1 =
𝜋[2𝑎𝑚 + 𝑞𝑏(1 + 𝑎2𝑔2)]

4𝐺Ξ𝑎
2Ξ𝑏

, 𝐽2 =
𝜋[2𝑏𝑚 + 𝑞𝑎(1 + 𝑏2𝑔2)]

4𝐺Ξ𝑏
2Ξ𝑎

 

𝜋ℓ5
3

4𝐺
=
1

2
𝑁2 

Δ𝑟(𝑟) =
(𝑟2 + 𝑎2)(𝑟2 + 𝑏2)(1 + 𝑟2) + 𝑞2 + 2𝑎𝑏𝑞

𝑟2
− 2𝑚 = 0,  

𝑇 ≡ 𝛽−1 =
𝑟+
4[(1 + 𝑔2(2𝑟+

2 + 𝑎2 + 𝑏2)] − (𝑎𝑏 + 𝑞)2

2𝜋𝑟+[(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞]

Ω1 =
𝑎(𝑟+

2 + 𝑏2)(1 + 𝑔2𝑟+
2) + 𝑏𝑞

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞
, Ω2 =

𝑏(𝑟+
2 + 𝑎2)(1 + 𝑔2𝑟+

2) + 𝑎𝑞

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞

Φ =
√3𝑞𝑟+

2

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞

 

𝒮 =
 Area 

4𝐺
=
𝜋2[(𝑟+

2 + 𝑎2)(𝑟+
2 + 𝑏2) + 𝑎𝑏𝑞]

2𝐺Ξ𝑎Ξ𝑏𝑟+
 

𝑑𝐸 = 𝑇𝑑𝒮 + Ω1𝑑𝐽1 + Ω2𝑑𝐽2 +Φ𝑑𝑄  

𝐼 = 𝛽𝐸 − 𝒮 − 𝛽Ω1𝐽1 − 𝛽Ω2𝐽2 − 𝛽Φ𝑄,  

𝐼 =
𝜋𝛽

4𝐺Ξ𝑎Ξ𝑏
[𝑚 − 𝑔2(𝑟+

2 + 𝑎2)(𝑟+
2 + 𝑏2) −

𝑞2𝑟+
2

(𝑟+
2 + 𝑎2)(𝑟+

2 + 𝑏2) + 𝑎𝑏𝑞
]  
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𝐸 =
𝜕𝐼

𝜕𝛽
, 𝐽1 = −

1

𝛽

𝜕𝐼

𝜕Ω1
, 𝐽2 = −

1

𝛽

𝜕𝐼

𝜕Ω2
, 𝑄 = −

1

𝛽

𝜕𝐼

𝜕Φ
 

𝑞 =
𝑚

1 + 𝑎𝑔 + 𝑏𝑔
 

𝑞 =
1

𝑔
(𝑎 + 𝑏)(1 + 𝑎𝑔)(1 + 𝑏𝑔)  

𝑟∗ = √
1

𝑔
(𝑎 + 𝑏 + 𝑎𝑏𝑔)  

𝛽 → ∞,Ω1 → Ω1
∗ = 𝑔,Ω2 → Ω2

∗ = 𝑔,Φ → Φ∗ = √3  

{𝒬, 𝒬} ∝ 𝐸 − 𝑔𝐽1 − 𝑔𝐽2 − √3𝑄.  

𝐸∗ − 𝑔𝐽1
∗ − 𝑔𝐽2

∗ − √3𝑄∗ = 0  

𝐺(𝑇, Ω𝑎 , Ω𝑏 , Φ) = 𝑀 − 𝑇𝑆 − Φ𝑄 − Ω𝑎𝐽𝑎 − Ω𝑏𝐽𝑏 

𝐹 = 𝐸 − 𝑇𝒮 − Φ𝑄 − 2Ω𝐽  

𝑚 =
(𝑟+
2 + 𝑎2)2(1 + 𝑟+

2) + 𝑞2 + 2𝑎2𝑞

2𝑟+
2

 

𝐹(𝑟+, 𝑇, Φ, Ω) =(
𝜋

8(𝑎2 − 1)3𝐺𝑟+
2) (−(𝑎

6(𝑟+
2 + 4𝜋𝑟+𝑇 + 1)) − 3𝑞

2 + 𝑟+
4(−3𝑟+

2 + 4𝜋𝑟+𝑇 − 3)

+4𝑎5(𝑟+
2 + 1)Ω + 4𝑎3Ω((𝑞 + 2)𝑟+

2 + 2𝑞 + 2𝑟+
4) + 4𝑎Ω(𝑞2 + 𝑞𝑟+

2 + 𝑟+
6 + 𝑟+

4) 

+2√3𝑞𝑟+
2Φ− 𝑎2(𝑞2 + 2𝑞(𝑟+(√3𝑟+Φ+ 4𝑟+ − 2𝜋𝑇) + 3)  

+𝑟+
2(𝑟+

4 + 4𝜋(𝑟+
2 − 2)𝑟+𝑇 + 7𝑟+

2 + 6))

−𝑎4(4𝜋𝑟+𝑇(𝑞 + 2𝑟+
2 − 1) + 2𝑞 + 2𝑟+

4 + 5𝑟+
2 + 3))

 

𝑞 =
Φ(𝑟+

2 + 𝑎2)2

√3𝑟+
2 − 𝑎2Φ

, 1 − Ω =
1 − 𝑎

𝑟+
2 + 𝑎2

[𝑟+
2 − 𝑟∗

2 + 𝑎(1 + 𝑎) (1 −
Φ

√3
)]  

𝐹(𝑟+, 𝑇, Φ) =
1

4
𝑟+
2(3 + 3𝑟+

2 − 4𝜋𝑟+𝑇 − Φ
2)  

𝑇 =
6𝑟+

2 −Φ2 + 3

6𝜋𝑟+
,  

𝐹(𝑟+, Φ) = −
1

12
𝑟+
2(3𝑟+

2 +Φ2 − 3),  

𝐹 = 0,
𝜕𝐹

𝜕𝑟+
= 0,

 

𝑟+ =
√3 −Φ2

√3
, 𝑇HP =

√3√3 − Φ2

2𝜋
.  
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𝑎 =
1 + 𝑟+

2 − 𝑓Ω
2Ω

,  where  𝑓Ω = √(2 − 4Ω
2)𝑟+

2 + 𝑟+
4 + 1.  

𝐹 = (
1

8𝑟+
2(Ω2 − 1)2

) (−4𝜋𝑟+
3𝑇(𝑓Ω − 2Ω

2) + 𝑟+
4(3𝑓Ω − 10Ω

2 + 3)

 +𝑟+
2((6 − 4𝑓Ω)Ω

2 − 1) + 4𝜋(𝑓Ω − 1)𝑟+𝑇 + 𝑓Ω − 4𝜋𝑟+
5𝑇 + 3𝑟+

6 − 1)

 

𝑇 =
𝑓Ω + 𝑟+

2

2𝜋𝑟+
 

𝑇HP =
2√1 − Ω2 + 1

2𝜋
,  

𝐹 =
1

4
𝑟+
2(3𝑟+

2 − 4𝜋𝑟+𝑇 + 3), 𝑇 =
(2𝑟+

2 + 1)

2𝜋𝑟+
 

𝑆 =
1

16𝜋𝐺
∫  𝑑5𝑥𝑒 {𝑐̃0𝑅 + 12𝑐̃1𝑔

2 −
𝑐̃2
4
𝐹2 −

𝑐̃3

12√3
𝜖𝜇𝜈𝜌𝜎𝜆𝐹𝜇𝜈𝐹𝜌𝜎𝐴𝜆

+𝜆1𝛼 [𝒳GB −
1

2
𝐶𝜇𝜈𝜌𝜎𝐹

𝜇𝜈𝐹𝜌𝜎 +
1

8
𝐹4 −

1

2√3
𝜖𝜇𝜈𝜌𝜎𝜆𝑅𝜇𝜈𝛼𝛽𝑅𝜌𝜎 

𝛼𝛽𝐴𝜆]}

 

𝒳GB = 𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 − 4𝑅𝜇𝜈𝑅

𝜇𝜈 + 𝑅2 

𝐶𝜇𝜈𝜌𝜎 = 𝑅𝜇𝜈𝜌𝜎 −
2

3
(𝑅𝜇[𝜌𝑔𝜎]𝜈 + 𝑅𝜈[𝜎𝑔𝜌]𝜇) +

1

6
𝑅𝑔𝜇[𝜌𝑔𝜎]𝜈 

𝑐̃𝑖 = 1 + 𝛼𝑔
2𝛿𝑐̃𝑖 

𝛿𝑐̃0 = 4𝜆2, 𝛿𝑐̃1 = −10𝜆1 + 4𝜆2, 𝛿𝑐̃2 = 4𝜆1 + 4𝜆2, 𝛿𝑐̃3 = −12𝜆1 + 4𝜆2.  

𝑄 =
√3𝜋𝑞

4𝐺(1 − 𝑎2)2
(1 + 4𝜆2𝛼) + 𝜆1𝛼Δ𝑄(𝑞, 𝑎, 𝑟+)

𝐽 =
𝑎𝜋(1 + 4𝜆2𝛼)

4(1 − 𝑎2)3𝐺𝑟+
2
[(𝑎2 + 𝑞)2 + (𝑎4 + 𝑞 + 𝑎2(2 + 𝑞))𝑟+

2 + (1 + 2𝑎2)𝑟+
4 + 𝑟+

6]

 +𝜆1𝛼Δ𝐽(𝑞, 𝑎, 𝑟+)

𝒮 =
𝜋2[𝑟+

4 + 𝑎4 + 𝑎2(𝑞 + 2𝑟+
2)]

2𝐺𝑟+(1 − 𝑎
2)2

(1 + 4𝜆2𝛼) + 𝜆1𝛼Δ𝒮(𝑞, 𝑎, 𝑟+)

 

𝐹(𝑟+, 𝑇, Φ, Ω, 𝛼, 𝜆1, 𝜆2) = 𝐸 − 𝑇𝒮 −Φ𝑄 − 2Ω𝐽  

𝐹(𝑟+, 𝑇, Φ, 𝛼, 𝜆1, 𝜆2) = 𝐹0(𝑟+, 𝑇, Φ) + 4𝜋𝛼𝑟+
3𝑇 (−𝜆2 −

3𝜆1(9𝑟+
2 +Φ2 + 9)

6𝑟+
2 +Φ2 − 3

)

 +
𝛼

6(6𝑟+
2 +Φ2 − 3)

[6𝜆2𝑟+
2(−3𝑟+

2(Φ2 − 3) + 18𝑟+
4 − (Φ2 − 3)2)

+𝜆1 (𝑟+
4(729 − 99Φ2) − 12𝑟+

2(Φ4 + 6Φ2 − 27) + 486𝑟+
6 + (Φ2 − 3)2(Φ2 + 9))]

 

𝑀 = 3𝑄 + 2𝐽  
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𝑀 − 3𝑄 − 2𝐽 =
1

2
𝑁2

3 + 2𝑎 − 𝑎2

(1 − 𝑎)2(1 + 𝑎)4
(𝑚 − 𝑞(1 + 2𝑎)),  

𝑊(Φ′, Ω′) =
𝐺

𝑇
= −𝑆 − Φ′𝑄 − Ω′𝐽  

Φ′ = (Φ −Φ∗)/𝑇, Ω′ = (Ω − Ω∗)/𝑇 

 

Φ′  = −
2

𝜏
+ 𝜑′,

Ω′  = −
1

𝜏
.

 

𝑊(𝑎)  =

2𝑎

(

 𝜋(−2𝑎
2 − 5𝑎 + 1)

√2
𝑎
+ 1

−
1
2 (3 − 𝑎)𝑎𝜑

′

)

 

(1 − 𝑎)2(5𝑎 + 1)

𝜏H  =
5𝑎 + 1

(1 − 𝑎)

(

 3𝜋

√2
𝑎 + 1

+
𝜑′
2

)

 

 

𝐹(𝑢) ≈ √2𝜋𝑢3 −
33𝜋𝑢5

2√2
+ 𝒪(𝑢7)

𝜏H ≈
25𝑢

6√2𝜋
+
√2

3𝜋𝑢
+ 𝒪(𝑢3)

 

𝐹(𝑢, 𝜏) =
𝜋

2√2
(𝑐3𝑢

3 − 𝑐4𝜏𝑢
4 + 𝑐5𝑢

5)  

𝐹(𝑢) =
1

12
𝑢3(3√2𝜋𝑐3 − 2𝑐4) +

1

24
𝑢5(6√2𝜋𝑐5 − 25𝑐4).  

𝑐5 = −
198√2𝜋 − 25𝑐4

6√2𝜋
, 𝑐3 =

√2(𝑐4 + 6√2𝜋)

3𝜋
 

𝐹(𝑢, 𝜏) = −
𝜋𝑐4𝜏𝑢

4

2√2
+
1

24
(25𝑐4 − 198√2𝜋)𝑢

5 +
1

6
(𝑐4 + 6√2𝜋)𝑢

3  

𝜕𝑢𝐹(𝑢, 𝜏) = 0  

𝑢(25𝑢2 + 4)𝑐4
′ (𝑢) + (125𝑢2 + 12)𝑐4(𝑢) + 18√2𝜋(4 − 55𝑢

2)

6√2𝜋𝑢(𝑢𝑐4
′ (𝑢) + 4𝑐4(𝑢))

=
25𝑢

6√2𝜋
+
√2

3𝜋𝑢
,  

𝑐4(𝑢) = 18√2𝜋 − 135(√2𝜋)𝑢
2 + 𝑂(𝑢4)  
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𝐹(𝑢, 𝜏) = 4√2𝜋𝑢3 − 9(𝜋2𝜏)𝑢4 − 12(√2𝜋)𝑢5 +
135

2
𝜋2𝜏𝑢6 + 𝑂(𝑢7)  

𝐹(𝑟+, 𝑇) = 𝐺(𝑟+) + 𝑔(𝑟+) (1 −
𝑇

𝑇𝐻
) .  

𝐹′(𝑟+, 𝑇) = [𝐺
′(𝑟+) + 𝑔(𝑟+) (1 −

𝑇

𝑇𝐻(𝑟+)
)
′

+ 𝑔′(𝑟+) (1 −
𝑇

𝑇𝐻
)] = 0  

𝐺 =
𝑟+
2(1 − 𝑟+

2)

4

𝑇𝐻  =
1 + 2𝑟+

2

2𝜋𝑟+

 

𝐹(𝑟+, 𝑇) =
𝑟+
2(1 − 𝑟+

2)

4
+ 𝑔(𝑟+) [1 − (

2𝜋𝑟+

1 + 2𝑟+
2)𝑇]  

𝑔(𝑟+) = 𝑟
4 +

𝑟2

2
 

𝐹(𝑟+, 𝑇) =
1

4
𝑟2(3𝑟2 − 4𝜋𝑟𝑇 + 3)  

𝐹(𝑎, 𝜏, 𝜙′) = 𝑊(𝑎) + 𝑔(𝑎, 𝜑′) (1 −
𝜏

𝜏𝐻
)  

𝑔(𝑎, 𝜑′) =

𝑎(𝑎 + 1)2 (𝜋√
𝑎 + 2
𝑎

(17𝑎2 + 20𝑎 − 1)𝜑 + 6𝜋2(11𝑎2 + 8𝑎 − 1) + (𝑎 + 2)2𝜑2)

(𝑎 − 1)2(5𝑎 + 1)(𝜋√
𝑎 + 2
𝑎

(11𝑎2 + 8𝑎 − 1) + (𝑎 + 2)2𝜑)

.  

𝐹 =
𝑎

(𝑎 − 1)2(5𝑎 + 1)2

(

 2(5𝑎 + 1)

(

 
𝜋(−2𝑎2 − 5𝑎 + 1)

√𝑎 + 2
𝑎

+
1

2
(𝑎 − 3)𝑎𝜑′

)

 

−

(𝑎 + 1)2 ((𝑎 + 2)𝜑′ + 6𝜋𝑎√
𝑎 + 2
𝑎 )

(

 (1 − 𝑎)𝜏

(

 3𝜋

√𝑎 + 2
𝑎

+
𝜑′
2

)

 − 5𝑎 − 1

)

 

𝑎 + 2

)

 
 
 
 
 
  

𝐹(𝑎, 𝜏) = 𝑊(𝑎) + 2 (
𝐽∗ + 𝑄∗

𝜏𝐻
) (1 −

𝜏

𝜏𝐻
)  

𝑊(𝑎) = −𝑆∗ + 2(
𝐽∗ +𝑄∗

𝜏H
)  
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𝑀∗  = 𝑁2
𝑎(3 − 𝑎2 − 2𝑎3)

(1 − 𝑎)4
, 𝑄∗  = 𝑁2

𝑎

(1 − 𝑎)2

𝐽∗  = 𝑁2
𝑎2(𝑎 + 3)

(1 − 𝑎)3
, 𝑆∗  = 𝑁2

2𝜋𝑎√𝑎(𝑎 + 2)

(1 − 𝑎)2

 

(𝑄∗3 +
1

2
𝑁2𝐽∗2) − (3𝑄∗ +

1

2
𝑁2) (3𝑄∗2 −𝑁2𝐽∗) = 0  

𝐹(𝑎, 𝜏) = 4√2𝜋𝑎3/2 − 12√2𝜋𝑎5/2 − 9𝜋2𝑎2𝜏 + 𝜑′ (
87𝜋𝑎5/2𝜏

2√2
− 3√2𝜋𝑎3/2𝜏 − 4𝑎2 + 𝑎)

+ 𝒪(𝑎5/2) 

𝐹 = ℰ − 𝜏𝒮  

𝒮 = −
𝜕𝐹(𝑎, 𝜏)

𝜕𝜏
= 2(

𝐽∗ + 𝑄∗

𝜏𝐻
2 ) =

18𝜋2𝑎2(𝑎 + 1)2

(5𝑎 + 1)2(2 − 𝑎 − 𝑎2)
,  

ℰ = −𝑆∗ + 4 (
𝐽∗ + 𝑄∗

𝜏𝐻
) =

2𝜋𝑎3/2(𝑎2 + 𝑎 + 4)

(𝑎 − 1)2√𝑎 + 2(5𝑎 + 1)
 

𝑄∗  =
𝜋𝑎

2𝐺𝑔(1 − 𝑎𝑔)2
[1 + 4𝜆2𝛼𝑔

2 + 4𝜆1𝛼𝑔
2
1 + 8𝑎𝑔 + 36𝑎2𝑔2 + 44𝑎3𝑔3 + 19𝑎4𝑔4

𝑎𝑔(−1 + 8𝑎𝑔 + 11𝑎2𝑔2)
] ,

𝐽∗  =
𝜋𝑎2(3 + 𝑎𝑔)

2𝐺𝑔(1 − 𝑎𝑔)3
[1 + 4𝜆2𝛼𝑔

2 + 24𝜆1𝛼𝑔
2
1 + 9𝑎𝑔 + 29𝑎2𝑔2 + 25𝑎3𝑔3 + 8𝑎4𝑔4

𝑎𝑔(3 + 𝑎𝑔)(−1 + 8𝑎𝑔 + 11𝑎2𝑔2)
] ,

𝒮∗  =
𝜋2𝑎√𝑎𝑔(𝑎𝑔 + 2)

𝑔2𝐺(1 − 𝑎𝑔)2
[1 + 4𝜆2𝛼𝑔

2 + 48𝜆1𝛼𝑔
2
2𝑎2𝑔2 + 5𝑎𝑔 + 2

11𝑎2𝑔2 + 8𝑎𝑔 − 1
] .

 

𝐹(𝑎, 𝜏, 𝛼, 𝜆1, 𝜆2) = 𝐹0(𝑎, 𝜏) +
(8√𝑎𝜋𝛼(𝑓𝜆1 + 𝑓𝜆2))

(𝑎 − 1)2(𝑎 + 2)3/2(5𝑎 + 1)2(𝑎(11𝑎 + 8) − 1)
,

𝑓𝜆1 = 3𝜆1(3𝜋√𝑎(𝑎 + 2)(29𝑎
6 + 96𝑎5 + 57𝑎4 − 100𝑎3 − 69𝑎2 − 12𝑎 − 1)𝜏

+90𝑎7 + 508𝑎6 + 1158𝑎5 + 1272𝑎4 + 622𝑎3 + 192𝑎2 + 42𝑎 + 4),

𝑓𝜆2 = 𝜆2 (9𝜋√𝑎
3(𝑎 + 2)(11𝑎3 − 3𝑎2 − 9𝑎 + 1)(𝑎 + 1)2𝜏

+𝑎(𝑎 + 2)(5𝑎 + 1)(𝑎2 + 𝑎 + 4)(𝑎(11𝑎 + 8) − 1)),

 

𝐺(𝑟+, 𝛼, 𝜆1, 𝜆2) = −
1

4
(𝑟+
2 − 1)𝑟+

2(4𝛼𝜆2 + 1) −
9

2
𝛼𝜆1(𝑟+

2 + 1)2,  

𝑊 = −
𝜋𝑟+((𝑟+

2 − 1)𝑟+
2(4𝛼𝜆2 + 1) + 18𝛼𝜆1(𝑟+

2 + 1)2)

4𝑟+
2 + 2

 

𝑊 ∼ −9𝑟+(𝜋𝛼𝜆1) +
1

2
𝜋𝑟3(4𝛼𝜆2 + 1) + 𝑂(𝑟+

4)  

𝑊 ∼ −𝑇−1  as  𝑇 → ∞  

𝑊 ∼ −
1

4
𝜋𝑟+

3(18𝛼𝜆1 + 4𝛼𝜆2 + 1) −
3

8
𝜋𝑟+(18𝛼𝜆1 − 4𝛼𝜆2 − 1) +⋯  
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𝑊 ∼ −𝑇3  as  𝑇 → ∞  

𝑊(𝑎, 𝜏, 𝛼) = 𝑊(𝑎, 𝜏) −
8𝜋√

𝑎
𝑎 + 2

𝛼(3(𝑎3 + 5𝑎2 + 5𝑎 + 1)𝜆1 + 𝑎(2𝑎
2 + 5𝑎 − 1)𝜆2)

(𝑎 − 1)2(5𝑎 + 1)
 

𝑊(𝑎, 𝛼) = −12√2𝜋𝛼√𝑎𝜆1 − √2𝜋𝑎
3/2(21𝛼𝜆1 − 4𝛼𝜆2 − 1) + 𝑂(𝑎

5/2)  

𝑊 ∼ −𝜏−1  as  𝜏 → ∞,  

𝑊(𝑎, 𝛼) = −
4𝜋(4𝛼(3𝜆1 + 𝜆2) + 1)

√3(1 − 𝑎)
−
2𝜋(4𝛼(6𝜆1 + 𝜆2) + 1)

√3(1 − 𝑎)2
−
𝜋(4𝛼(6𝜆1 + 5𝜆2) + 5)

3√3
+⋯ ,  

𝑊 ∼ −𝜏2  as  𝜏 → ∞,  

𝑊(𝑄,Φ, 𝑇) =

𝑄 (6𝑄 −Φ(4𝜋√2𝑇√
𝑄
Φ+Φ

2 − 3))

2Φ2

 

𝑇 =
√𝑄
Φ
(12𝑄 − Φ3 + 3Φ)

6√2𝜋𝑄

 

𝑇 =
√𝑄
Φ
(6𝑄 − Φ3 + 3Φ)

4√2𝜋𝑄

 

𝑄c = −
1

6
Φ(Φ2 − 3)  

𝑇𝑐 =
√9 − 3Φ2

2𝜋
 

CONCLUSIONES. 

Los agujeros negros cuánticos se forman en gravedad cuántica o en su defecto en supergravedad 

cuántica, aunque es inevitable en el segundo caso. La singularidad de un agujero negro cuántico, es en 

sí, la masa compacta de la partícula colapsada o colisionada, cuyo punto concéntrico es extremadamente 

denso, capaz de devorar materia y energía, transformándola en materia y energía oscuras, es decir, 

materia y energía inertes atravesadas por gravedad en condiciones perturbativas o entrópicas. El agujero 

cuántico de gusano, es distinto al agujero negro cuántico, es decir, no se forma por el colapso o colisión 

de una partícula oscura o de una partícula blanca, sino por la distorsión del espacio – tiempo cuántico, 

en condiciones de gravedad exógena, esto es, cuando cualquiera de las partículas antes referidas, 

interactúan con el gravitón o su supercompañera, el supergravitón o gravitino, formándose así, lo que se 
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conoce también como puente de Einstein – Rosen, lo que explicaría la superposición y entrelazamiento 

cuánticos desde la perspectiva de la relatividad general. El radio de un agujero negro cuántico, es infinito 

en proporción a su disco de acreción. El horizonte de eventos de un agujero negro cuántico, inicialmente 

es débil, más su acaparamiento es mayor en tanto la absorción de materia y energía se vuelve más 

agresiva. El agujero negro cuántico, sea en gravedad o supergravedad cuánticas, produce materia y 

energía oscuras, es decir, tejido cuánticamente muerto, sin interacción más que la gravedad en sí misma, 

sin que sea posible la formación de otro fenómeno subatómico que requiera energía o materia. Un 

agujero negro cuántico, no puede crecer más allá del límite del campo en el que se ha formado, además 

que, es capaz de producir radiación bajo parámetros termodinámicos hostiles. Finalmente, es preciso 

señalar que un agujero blanco cuántico, se forma por el colapso o colisión de una partícula blanca en 

sentido estricto, más no por una partícula oscura, aunque puede formarse en condiciones de antimateria, 

lo que causa una supercurvatura y en consecuencia, la formación de un agujero blanco cuántico cuya 

principal característica es, expulsar materia y energía, sin capacidad de absorción o atracción, por lo 

que, todo escapa a su horizonte de eventos. La singularidad de un agujero blanco cuántico, es el centro 

de masa y energía de la partícula colapsada o colisionada, cuya densidad es extremadamente ligera, la 

misma que expulsa paquetes de energía de manera infinita al igual que repele materia aunque la produce. 

Por tanto, la gravedad no interactúa en un agujero blanco cuántico, aunque éstos pueden formarse a 

partir de la distorsión del espacio – tiempo cuántico. El agujero blanco cuántico, es vital para la creación 

de multidimensiones cuánticas y por ende, de hiperespacios paralelos al espacio – tiempo cuántico de 

origen, pues se constituye como un punto de salida de un puente de Einstein – Rosen propiamente dicho, 

arrojando energía y materia, bien sea, por atrapamiento desde el otro extremo del puente, por un agujero 

negro cuántico, aunque el referido puente, no necesariamente se forma a partir de un agujero negro 

cuántico, es decir, que su opuesto puede producir un puente ER de manera directa, cuando una partícula 

blanca o estrella colapsa o colisiona, en cuyo caso, la formación de materia y energía y la repulsión de 

la misma, se origina desde la singularidad del agujero blanco cuántico, aunque en condiciones extremas 

y para estos efectos, el agujero blanco cuántico pueda apalancarse de un agujero negro cuántico para 

efectos de desplegar su fenomenología, es decir, se forma de manera ulterior al agujero blanco cuántico. 

En todos los casos, el puente ER, es el ducto de comunicación entre ambos agujeros, pero esta 



 

pág. 3622 

configuración no es absoluta, pues un agujero blanco cuántico o su opuesto, pueden formarse a partir de 

una partícula blanca u oscura, según sea el caso, expulsando o en su defecto, absorbiendo masa y energía, 

que no se transporta a través del puente ER, sino que interactúa con la singularidad del agujero cuántico 

de que se trate, sea formando gravedad o reduciéndola a cero. 

ACLARACIONES FINALES: 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica de 

Campos Relativistas o Curvos (TCCR) propuesta por este autor: 

1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 

 

2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo‡o por este símbolo ‡. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 

 

3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo de Yang 

– Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría Cuántica de 

Campos Relativistas propuesta por este autor. 

4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 
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