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RESUMEN 

En este trabajo, abordaré la gravedad cuántica relativista desde la TCCR, esto es, desde la Teoría 

Cuántica de Campos Relativistas. Es aquí donde se establece una clara distinción entre superpartícula y 

partícula supermasiva respectivamente, en la medida en que, la primera, refiere a aquellas partículas 

cuyo centro de masa  y energía es extremadamente denso, lo que provoca la deformación intensa del 

espacio – tiempo cuántico, todo esto, en dimensiones mas altas y en condiciones de supersimetría, 

causando incluso la formación de agujeros negros cuánticos, esto, sea por razones endógenas o en su 

defecto, por razones exógenas, esto último, cuando la superpartícula interactúa con el supergravitón, es 

decir, por permeabilización del espacio – tiempo cuántico a través del campo supergravitónico, en tanto 

que, la segunda, refiere a las partículas cuyo centro de masa, es extremadamente denso, causando así, la 

deformación del espacio – tiempo cuántico, en simetrías de calibre compactas, pudiendo provocar o no 

la formación de agujeros negros, salvo en circunstancias de colisión, en cuyo caso, es inevitable. La 

partícula supermasiva, por tanto, es la responsable de la gravedad cuántica relativista, sea por razones 

endógenas, es decir, cuando la partícula supermasiva, por sí misma, distorsiona el espacio – tiempo 

cuántico o en su defecto, por interacción con el gravitón, esto es, la permeabilización del plano cuántico 

por intrusión del campo gravitónico. 
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ABSTRACT 

In this work, I will address relativistic quantum gravity from the TCCR, that is, from the Quantum 

Theory of Relativistic Fields. It is here that a clear distinction is established between superparticle and 

supermassive particle respectively, insofar as the former refers to those particles whose center of mass 

and energy is extremely dense, which causes the intense deformation of quantum space-time, all this, in 

higher dimensions and under conditions of supersymmetry, even causing the formation of quantum black 

holes.  This, either for endogenous reasons or, failing that, for exogenous reasons, the latter, when the 

superparticle interacts with the supergraviton, that is, by permeabilization of quantum space-time 

through the supergravitonic field, while the second refers to particles whose center of mass is extremely 

dense, thus causing the deformation of quantum space-time.  in compact gauge symmetries, which may 

or may not cause the formation of black holes, except in collision circumstances, in which case, it is 

inevitable. The supermassive particle, therefore, is responsible for relativistic quantum gravity, either 

for endogenous reasons, that is, when the supermassive particle, by itself, distorts quantum space-time 

or, failing that, by interaction with the graviton, that is, the permeabilization of the quantum plane by 

intrusion of the gravitonic field. 

 

Keywords: Gauge symmetries, quantum gravity, general relativity, supermassive particle, graviton, 

gravitonic field. 
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INTRODUCCIÓN.  

Las partículas supermasivas, han sido teorizadas en trabajos anteriores, por este autor, sin embargo, 

existen aclaraciones que precisar. Las partículas supermasivas, o llamadas también “partículas oscuras” 

o “partículas cosmológicas”, son aquellas, que a propósito de su masa en extremo pesada, son capaces 

de deformar el espacio – tiempo cuántico, con posibilidad de provocar agujeros negros cuánticos, en 

casos específicos de colapso o colisión, en tanto que, las superpartículas o llamadas también “partículas 

estrella” o “partículas blancas”, son aquellas cuyo centro de masa y energía es tan extremo, que no 

solamente deforma el espacio – tiempo cuántico, sin que además, provoca agujeros negros cuánticos e 

incluso, agujeros de gusano. La otra gran diferencia, está en cuanto a la gravedad exógena se refiere, 

esto es, que la partícula supermasiva, distorsiona el espacio – tiempo cuántico en el que interactúa, 

cuando empata o ancla con el gravitón, lo que supone por tanto, la intrusión y permeo del campo 

gravitónico en el plano repercutido, en tanto que, cuando se trata de la superpartícula, ésta distorsiona 

el espacio – tiempo cuántico en el que interactúa, cuando empata o ancla con el supergravitón, lo que 

supone por tanto, la intrusión y permeo del campo supergravitónico en el plano repercutido. Cabe aclarar 

que los campos de permeabilización antes referidos, pueden ser fantasmas aunque no por regla general. 

En cuanto a la gravedad cuántica relativista, no existe la formación de supersimetrías, sino de simetrías 

de calibre, con propagadores y osciladores armónicos masivos pero no caóticos, es decir, existe un 

mínimo de compactación. Trabajaremos en un espacio de Hilbert – Einstein para campos cuánticos 

relativistas, demostrando la acción gravitatoria de las partículas supermasivas en entornos de entropía 

sin que esto, comporte dimensiones más altas, salvo en casos de colapso o colisión de estas partículas 

pesadas. 

RESULTADOS Y DISCUSIÓN:  

A continuación, se expresa el Modelo de Gravedad Cuántica Relativista, en dimensión ℝ4 para simetrías 

de gauge puras, con osciladores armónicos y propagadores ⟨𝜓∎ ‖∷ ‖ℵ𝜇𝜈⟩, en un espacio de Hilbert – 

Einstein, tanto con interferencia gravitónica como sin interferencia gravitónica. 

Modelo de Gravedad Cuántica Relativista con intervención gravitónica (gravedad cuántica 

exógena). 



pág. 3633 

 

𝐼𝐷 = 𝐼 − 𝑛𝐼0  

 

 

Figura 1. Plano cuántico – relativista en condiciones de entropía. 
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𝐻𝜇𝜈≡ 𝐹‾
78 =

1
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𝐴𝑅
𝑚𝐴𝐵𝐽𝑀

=
1
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ℰ𝑅2 ≡ 𝑒
2𝑉(𝑒−2𝜆1−2𝜆2−2𝜆3𝐹23

0 + 𝑒2𝜆1−2𝜆2+2𝜆3𝐹23
2 ),

ℰ𝑅3 ≡ 𝑒
2𝑉(𝑒−2𝜆1−2𝜆2−2𝜆3𝐹23
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2 )

ℰ𝐹2 ≡ ℰ𝑅2 − ℰ𝑅3 = 𝑒
2𝑉(𝑒2𝜆1−2𝜆2+2𝜆3𝐹23

2 − 𝑒2𝜆1+2𝜆2−2𝜆3𝐹23
3 )

ℰ𝐹3 ≡ ℰ𝑅3 − ℰ𝑅1 = 𝑒
2𝑉(𝑒2𝜆1+2𝜆2−2𝜆3𝐹23

3 − 𝑒−2𝜆1+2𝜆2+2𝜆3𝐹23
1 ).

 

ℰ𝐵 ≡ 𝑒
2𝑉(3𝑒−2𝜆1−2𝜆2−2𝜆3𝐹23

0 − 𝑒−2𝜆1+2𝜆2+2𝜆3𝐹23
1 − 𝑒2𝜆1−2𝜆2+2𝜆3𝐹23

2 − 𝑒2𝜆1+2𝜆2−2𝜆3𝐹23
3 ) 

ℰ𝐵
′ = −3𝑔𝑒2𝑉𝑓ℎ−1

1

2
sinh2⁡(2𝜑)𝐷𝑧𝜃  

𝜒 = 𝑒𝑉/2𝑒
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𝜉
2
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𝜉
2

)  
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ℰ𝑅1 = 2𝑔𝑒
2𝑉cos⁡ 𝜉 − √2𝜅𝑒𝑉𝑒−𝜆1cosh⁡(𝜆2 + 𝜆3),

ℰ𝑅2 = 2𝑔𝑒
2𝑉cos⁡ 𝜉 − √2𝜅𝑒𝑉𝑒−𝜆2cosh⁡(𝜆3 + 𝜆1),

ℰ𝑅3 = 2𝑔𝑒
2𝑉cos⁡ 𝜉 − √2𝜅𝑒𝑉𝑒−𝜆3cosh⁡(𝜆1 + 𝜆2),

 

ℰ𝐹1 = √2𝜅𝑒
𝑉𝑒𝜆3sinh⁡(𝜆1 − 𝜆2),

ℰ𝐹2 = √2𝜅𝑒
𝑉𝑒𝜆1sinh⁡(𝜆2 − 𝜆3),

ℰ𝐹3 = √2𝜅𝑒
𝑉𝑒𝜆2sinh⁡(𝜆3 − 𝜆1).

 

ℰ𝐵 =
𝜅

√2
𝑒𝑉𝑒−𝜆1−𝜆2−𝜆3(−3 + 𝑒2𝜆1+2𝜆2 + 𝑒2𝜆2+2𝜆3 + 𝑒2𝜆1+2𝜆3)  

𝐹𝑦𝑧
𝛼 = (𝑎𝛼)′ = (ℐ𝛼)′  

ℐ0≡ −
1

√2
𝑛𝑒𝑉cos⁡ 𝜉𝑒𝜆1+𝜆2+𝜆3 , ℐ1 ≡ −

1

√2
𝑛𝑒𝑉cos⁡ 𝜉𝑒𝜆1−𝜆2−𝜆3 ⁡

ℐ2⁡≡ −
1

√2
𝑛𝑒𝑉cos⁡ 𝜉𝑒−𝜆1+𝜆2−𝜆3 , ℐ3 ≡ −

1

√2
𝑛𝑒𝑉cos⁡ 𝜉𝑒−𝜆1−𝜆2+𝜆3

 

ℐ0ℐ1 =
1

2
𝑛2cos2⁡ 𝜉𝑒2𝑉𝑒2𝜆1 , ℐ0ℐ2=

1

2
𝑛2cos2⁡ 𝜉𝑒2𝑉𝑒2𝜆2 , ℐ0ℐ3 =

1

2
𝑛2cos2⁡ 𝜉𝑒2𝑉𝑒2𝜆2⁡

ℐ0ℐ1ℐ2ℐ3⁡=
1

4
𝑛4cos4⁡ 𝜉𝑒4𝑉

 

𝑛 > 0.  

𝜃‾ = 0.  

  ⁡𝐷𝑧𝜃 = 0, 𝑄𝑧 = 0.  

𝑓 = 𝑒𝑉.  

  ⁡(𝑛sin⁡ 𝜉)′ = −1, cos⁡ 𝜉 = (−1)𝑡,  

𝑠 = (−1)𝑡+1.  

  ⁡𝜕𝜑𝑄𝑧 = 𝜕𝜑𝑊 = 0.  

 ⁡𝑒2𝜆1 + 𝑒2𝜆2 + 𝑒2𝜆3 − 𝑒2𝜆1+2𝜆2+2𝜆3 = 0,𝑊 = −𝑒𝜆1+𝜆2+𝜆3.  

𝑀 ≡ √2𝑔𝑒𝜆1+𝜆2+𝜆3𝑒𝑉,𝑀 > 0.  

ℰ𝑅𝑖 =
𝑀2

𝑔
cos⁡ 𝜉𝑒−2(𝜆1+𝜆2+𝜆3) −

𝜅𝑀

2𝑔
(𝑒−2𝜆𝑖 + 𝑒−2(𝜆1+𝜆2+𝜆3)),  

ℰ𝐹1 = −
𝜅𝑀

2𝑔
(𝑒−2𝜆1 − 𝑒−2𝜆2), ℰ𝐹2 = −

𝜅𝑀

2𝑔
(𝑒−2𝜆2 − 𝑒−2𝜆3).  

  ⁡𝑀 = −𝑠𝜅 +
1

𝑛
.  
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𝜑 → 0:⁡ℰ𝐵 =
𝜅𝑀

2𝑔
𝑒−2𝜆1−2𝜆2−2𝜆3(−3 + 𝑒2𝜆1+2𝜆2 + 𝑒2𝜆2+2𝜆3 + 𝑒2𝜆1+2𝜆3).  

𝑠 = −𝜅:⁡𝑔𝜇𝑅 = 𝜅(1 − 𝑛); ⁡𝑔𝜇𝑅
𝑚𝐴𝐵𝐽𝑀

= 𝜅(1 − 𝑛)  

𝑛 = 1,⁡ Core: ⁡ℰ𝑅𝑖 =
𝜅

𝑔
(3𝑒−2𝜆1−2𝜆2−2𝜆3 − 𝑒−2𝜆𝑖),  

𝑛 = 1, ⁡ℰ𝐹1 = −
𝜅

𝑔
(𝑒−2𝜆1 − 𝑒−2𝜆2), ℰ𝐹2 = −

𝜅

𝑔
(𝑒−2𝜆2 − 𝑒−2𝜆3).  

(ℐ0 − ℐ1 − ℐ2 − ℐ3)|core = 0, ⁡(ℐ
0)|core =

1

2𝑔
(−𝜅𝑛 + 𝑠).  

ℰ𝑅1 = 𝑐(⟨𝐽
0⟩ + ⟨𝐽1⟩) = 𝑐(2⟨𝐽𝑅

𝜑
⟩ + ⟨𝐽𝐹1⟩)

ℰ𝑅2 = 𝑐(⟨𝐽
0⟩ + ⟨𝐽2⟩) = 𝑐(2⟨𝐽𝑅

𝜑
⟩ − ⟨𝐽𝐹1⟩ + ⟨𝐽𝐹2⟩)

ℰ𝑅3 = 𝑐(⟨𝐽
0⟩ + ⟨𝐽3⟩) = 𝑐(2⟨𝐽𝑅

𝜑
⟩ − ⟨𝐽𝐹2⟩)

 

ℰ𝑅1 + ℰ𝑅2 + ℰ𝑅3= 6𝑐⟨𝐽𝑅
𝜑
⟩ ⁡

ℰ𝐹1= 𝑐(⟨𝐽
1⟩ − ⟨𝐽2⟩) = 𝑐(2⟨𝐽𝐹1⟩ − ⟨𝐽𝐹2⟩) ⁡

ℰ𝐹2 ⁡= 𝑐(⟨𝐽
2⟩ − ⟨𝐽3⟩) = 𝑐(−⟨𝐽𝐹1⟩ + 2⟨𝐽𝐹2⟩)

 

𝑐 = −3√2𝜋𝑒𝑉0/(𝑛𝑔𝑁3/2),  

ℰ𝐵 = 𝑐(3⟨𝐽
0⟩ − ⟨𝐽1⟩ − ⟨𝐽2⟩ − ⟨𝐽⟩) = 6𝑐⟨𝐽𝐵⟩,  

𝐹𝑦𝑧
𝛼 = (𝐴𝛼)′ = (ℐ𝛼)′  

𝑔𝜇𝛼 = 𝑔ℐ𝛼|bdry − 𝑔ℐ
𝛼|core ,  

𝑒4𝑉|core =
4

𝑛4
(ℐ0|bdry − 𝜇

0)(ℐ1|bdry − 𝜇
1)(ℐ2|bdry − 𝜇

2)(ℐ3|bdry − 𝜇
3) ⁡

⁡= 𝑅4 (1 −
𝜇0

ℐ0|bdry 

)(1 −
𝜇1

ℐ1|bdry 

)(1 −
𝜇2

ℐ2|bdry 

)(1 −
𝜇3

ℐ3|bdry 

) .
 

𝑒2𝜆1|
core 

= (𝑒−2𝑉|core )𝑅
2𝑒2(𝜆1)𝑓𝑝 (1 −

𝜇0

ℐ0|bdry 

)(1 −
𝜇1

ℐ1|bdry 

) ,  

(1 −
𝜇𝛼

ℐ𝛼|bdry 
) > 0 (1 −

𝜇𝛼

ℐ𝛼|bdry 
) < 0 (1 −

𝜇𝛼

ℐ𝛼|bdry 
) = ℐ𝛼|core /ℐ

𝛼|bdry  

𝑠 = −𝜅, (1 −
𝜇𝛼

ℐ𝛼|bdry 

) > 0, 𝑛 > 0   ⁡

𝑠 = +𝜅, (1 −
𝜇𝛼

ℐ𝛼|bdry 

) < 0, 0 < 𝑛 < 1
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𝐿−2𝑒2𝑉|core = ℱ
𝐴𝐵𝐽𝑀 ≡ [(1 +

2𝑔𝜇0

𝜅𝑛
)(1 +

2𝑔𝜇1

𝜅𝑛
)(1 +

2𝑔𝜇2

𝜅𝑛
)(1 +

2𝑔𝜇3

𝜅𝑛
)]

1
2

⁡

𝑒2𝜆1|
core 
= ℱ𝐴𝐵𝐽𝑀 (1 +

2𝑔𝜇2

𝜅𝑛
)

−1

(1 +
2𝑔𝜇3

𝜅𝑛
)

−1

⁡

𝑒2𝜆2|
core 
= ℱ𝐴𝐵𝐽𝑀 (1 +

2𝑔𝜇1

𝜅𝑛
)

−1

(1 +
2𝑔𝜇3

𝜅𝑛
)

−1

⁡

𝑒2𝜆3|
core 
⁡= ℱ𝐴𝐵𝐽𝑀 (1 +

2𝑔𝜇1

𝜅𝑛
)

−1

(1 +
2𝑔𝜇2

𝜅𝑛
)

−1

 

𝑔𝜇𝑅≡ [𝑔𝜇
0 + 𝑔𝜇1 + 𝑔𝜇2 + 𝑔𝜇3] = −𝜅𝑛 − 𝑠⁡

𝑔𝜇𝐵⁡≡ [𝑔𝜇
0 − 𝑔𝜇1 − 𝑔𝜇2 − 𝑔𝜇3] = 𝜅𝑛

 

𝑔𝜇𝑅 = 0,𝑔𝜇𝐵 = 𝜅  

𝑔𝜇𝐹1 ≡ 𝑔𝜇
1 − 𝑔𝜇2, 𝑔𝜇𝐹2 ≡ 𝑔𝜇

2 − 𝑔𝜇3  

𝑔𝜇0 = −
𝑠

2
, 𝑔𝜇1 =

1

6
(4𝑔𝜇𝐹1 + 2𝑔𝜇𝐹2 − 𝑠 − 2𝜅𝑛)

𝑔𝜇2 =
1

6
(−2𝑔𝜇𝐹1 + 2𝑔𝜇𝐹2 − 𝑠 − 2𝜅𝑛), 𝑔𝜇

3 =
1

6
(−2𝑔𝜇𝐹1 − 4𝑔𝜇𝐹2 − 𝑠 − 2𝜅𝑛)

 

𝑒2𝑉|core = 𝐿
2ℱ𝐴𝐵𝐽𝑀 ≡

𝐿2

33/2𝑛2
[(𝑠 − 𝜅𝑛)(−4𝑔𝜇𝐹1 − 2𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)

(2𝑔𝜇𝐹1 − 2𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)(2𝑔𝜇𝐹1 + 4𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)]
1
2

𝑒2𝜆1|
core=

ℱ𝐴𝐵𝐽𝑀9𝑛2(2𝑔𝜇𝐹1 − 2𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)
−1
(2𝑔𝜇𝐹1 + 4𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)

−1

𝑒2𝜆2|
core=

ℱ𝐴𝐵𝐽𝑀9𝑛2(−4𝑔𝜇𝐹1 − 2𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)
−1
(2𝑔𝜇𝐹1 + 4𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)

−1

𝑒2𝜆3|
core=

ℱ𝐴𝐵𝐽𝑀9𝑛2(−4𝑔𝜇𝐹1 − 2𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)
−1
(2𝑔𝜇𝐹1 + 4𝑔𝜇𝐹2 + 𝑠 − 𝜅𝑛)

−1

 

 

Figura 2. Sector de materia oscura. 
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⟨𝐽1⟩ − ⟨𝐽2⟩ = 2⟨𝐽𝐹1⟩ − ⟨𝐽𝐹2⟩ =
𝜅(1 − 𝑠𝜅𝑛)𝑁3/2

6√2𝜋𝑒𝑉0
(𝑒−2𝜆1 − 𝑒−2𝜆2)|

core 

⟨𝐽2⟩ − ⟨𝐽3⟩ = −⟨𝐽𝐹1⟩ + 2⟨𝐽𝐹2⟩ =
𝜅(1 − 𝑠𝜅𝑛)𝑁3/2

6√2𝜋𝑒𝑉0
(𝑒−2𝜆2 − 𝑒−2𝜆3)|

core 

 

3⟨𝐽0⟩ + ⟨𝐽1⟩ + ⟨𝐽2⟩ + ⟨𝐽3⟩ = 6⟨𝐽𝑅
𝜑
⟩

⁡=
𝜅(1 − 𝑠𝜅𝑛)𝑁3/2

6√2𝜋𝑒𝑉0
(−(3 −

6𝑠𝜅

𝑛
) 𝑒−2𝜆1−2𝜆2−2𝜆3 + 𝑒−2𝜆1 + 𝑒−2𝜆2 + 𝑒−2𝜆3)|

core 

 

3⟨𝐽0⟩ − ⟨𝐽1⟩ − ⟨𝐽2⟩ − ⟨𝐽3⟩ = 6⟨𝐽𝐵⟩

⁡=
𝜅(1 − 𝑠𝜅𝑛)𝑁3/2

6√2𝜋𝑒𝑉0
(3𝑒−2𝜆1−2𝜆2−2𝜆3 − 𝑒−2𝜆1 − 𝑒−2𝜆2 − 𝑒−2𝜆3)|

core 

 

⟨𝑇𝑎𝑏⟩𝑑𝑥
𝑎𝑑𝑥𝑏 = −

ℎ𝐷
2𝜋
[𝑑𝑠2(𝐴𝑑𝑆2) − 2𝑛

2𝑑𝑧2],  

ℎ𝐷
2𝜋
=

1

4𝜅𝑛
∑  

𝛼

  ⟨𝐽𝛼⟩=
1

𝜅𝑛
⟨𝐽𝑅
𝐴𝐵𝐽𝑀

⟩ ⁡

⁡=
1

𝜅𝑛
(⟨𝐽𝑅

𝜑
⟩ −

1

2
⟨𝐽𝐵⟩) .

 

⟨𝒪𝜑
Δ=2⟩ = 0

⟨𝒪Π1
Δ=1⟩ = −

𝑔

2𝜅𝑛
(⟨𝐽0⟩ + ⟨𝐽1⟩ − ⟨𝐽2⟩ − ⟨𝐽3⟩) = −

𝑔

𝜅𝑛
(⟨𝐽𝐵⟩ + ⟨𝐽𝐹1⟩)

⟨𝒪Π2
Δ=1⟩ = −

𝑔

2𝜅𝑛
(⟨𝐽0⟩ − ⟨𝐽1⟩ + ⟨𝐽2⟩ − ⟨𝐽3⟩) = −

𝑔

𝜅𝑛
(⟨𝐽𝐵⟩ − ⟨𝐽𝐹1⟩ + ⟨𝐽𝐹2⟩)

⟨𝒪Π3
Δ=1⟩ = −

𝑔

2𝜅𝑛
(⟨𝐽0⟩ − ⟨𝐽1⟩ − ⟨𝐽2⟩ + ⟨𝐽3⟩) = −

𝑔

𝜅𝑛
(⟨𝐽𝐵⟩ − ⟨𝐽𝐹2⟩)

 

ℐ0|bdry = −
𝜅𝑛

𝑔
, ⁡ℐ𝑖|

bdry 
= −

𝜅𝑛

3𝑔
,⁡ for 𝑖 = 1,2,3.  

𝐿̃−2𝑒2𝑉|
core 

= ℱ𝑚𝐴𝐵𝐽𝑀 ≡ [(1 +
𝑔𝜇0

𝜅𝑛
)(1 +

3𝑔𝜇1

𝜅𝑛
)(1 +

3𝑔𝜇2

𝜅𝑛
)(1 +

3𝑔𝜇3

𝜅𝑛
)]

1
2

𝑒2𝜆1|
core 

= √3ℱ𝑚𝐴𝐵𝐽𝑀 (1 +
3𝑔𝜇2

𝜅𝑛
)

−1

(1 +
3𝑔𝜇3

𝜅𝑛
)

−1

𝑒2𝜆2|
core 

= √3ℱ𝑚𝐴𝐵𝐽𝑀 (1 +
3𝑔𝜇1

𝜅𝑛
)

−1

(1 +
3𝑔𝜇3

𝜅𝑛
)

−1

𝑒2𝜆3|
core 

= √3ℱ𝑚𝐴𝐵𝐽𝑀 (1 +
3𝑔𝜇1

𝜅𝑛
)

−1

(1 +
3𝑔𝜇2

𝜅𝑛
)

−1

 

𝑔𝜇𝑅 ≡ 𝑔𝜇
0 + 𝑔𝜇1 + 𝑔𝜇2 + 𝑔𝜇3 = −𝜅𝑛 − 𝑠

𝑔𝜇𝐵 ≡ 𝑔𝜇
0 − 𝑔𝜇1 − 𝑔𝜇2 − 𝑔𝜇3 = 0

 

𝑔𝜇𝐵 = 0, 𝑔𝜇𝑅 = 0  

𝑔𝜇𝐹1 ≡ 𝑔𝜇
1 − 𝑔𝜇2, 𝑔𝜇𝐹2 ≡ 𝑔𝜇

2 − 𝑔𝜇3  
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𝑔𝜇0 =
1

2
(−𝑠 − 𝜅𝑛), 𝑔𝜇1 =

1

6
(4𝑔𝜇𝐹1 + 2𝑔𝜇𝐹2 − 𝑠 − 𝜅𝑛),

𝑔𝜇2 =
1

6
(−2𝑔𝜇𝐹1 + 2𝑔𝜇𝐹2 − 𝑠 − 𝜅𝑛), 𝑔𝜇3 =

1

6
(−2𝑔𝜇𝐹1 − 4𝑔𝜇𝐹2 − 𝑠 − 𝜅𝑛).

 

𝐿̃2ℱ𝑚𝐴𝐵𝐽𝑀(𝑔𝜇𝐹𝑖 , 𝑛) = 𝐿
2ℱ𝐴𝐵𝐽𝑀(𝑔𝜇𝐹𝑖 , 𝑛)  

⟨𝑇𝑎𝑏⟩𝑑𝑥
𝑎𝑑𝑥𝑏 = −

ℎ𝐷
2𝜋
[𝑑𝑠2(𝐴𝑑𝑆2) − 2𝑛

2𝑑𝑧2],  

ℎ𝐷
2𝜋
=
1

𝜅𝑛
⟨𝐽𝑅
𝜑
⟩.  

⟨𝒪1
Δ=1⟩=

31/4𝑔

2𝜅𝑛
⟨𝐽𝐹1⟩, ⟨𝒪2

Δ=1⟩ = −
𝑔

2 × 31/4𝜅𝑛
(⟨𝐽𝐹1⟩ − 2⟨𝐽𝐹2⟩)⁡

⟨𝒪Δ=
1
2
(1+√17)⟩⁡= 0

 

 

 

Figuras 3 y 4. Fluctuaciones gravitónicas. 

𝑔𝜇𝛼 ∷ 𝑔𝜇𝑅 = 𝑔𝜇
0 + 𝑔𝜇1 + 𝑔𝜇2 + 𝑔𝜇3 = −𝜅𝑛 − 𝑠.  

ℰ0 = 𝑒2𝑉𝑒−2𝜆1−2𝜆2−2𝜆3𝐹23
0 , ℰ1 = 𝑒2𝑉𝑒−2𝜆1+2𝜆2+2𝜆3𝐹23

1

ℰ2 = 𝑒2𝑉𝑒2𝜆1−2𝜆2+2𝜆3𝐹23
2 , ℰ3 = 𝑒2𝑉𝑒2𝜆1+2𝜆2−2𝜆3𝐹23

3
 

ℰ𝛼 = 𝑐⟨𝐽𝛼⟩.  
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ℰ0 = 𝑒2𝑉𝑔cos⁡ 𝜉 −
𝜅

√2
𝑒𝑉−𝜆1−𝜆2−𝜆3 , ℰ1 = 𝑒2𝑉𝑔cos⁡ 𝜉 −

𝜅

√2
𝑒𝑉−𝜆1+𝜆2+𝜆3 ,

ℰ2 = 𝑒2𝑉𝑔cos⁡ 𝜉 −
𝜅

√2
𝑒𝑉+𝜆1−𝜆2+𝜆3 , ℰ3 = 𝑒2𝑉𝑔cos⁡ 𝜉 −

𝜅

√2
𝑒𝑉+𝜆1+𝜆2−𝜆3 ,

 

ℰ𝛼 = 𝑔cos⁡ 𝜉𝑒
2𝑉 (1 +

𝜅𝑛

2𝑔ℐ𝛼
) ,  

𝑊 =
1

√2𝑛𝑒𝑉cos⁡ 𝜉
∑  

𝛼

  ℐ𝛼  

𝑔𝜇𝛼 = 𝑔ℐ𝛼|bdry − 𝑔ℐ
𝛼|core ,  

𝑔ℐ𝛼|core = −(
𝜅𝑛

2
+ 𝑔𝜇𝛼) .  

𝐿−2𝑒2𝑉|core= ℱ
𝐴𝐵𝐽𝑀 ≡ [(1 +

2𝑔𝜇0

𝜅𝑛
)(1 +

2𝑔𝜇1

𝜅𝑛
)(1 +

2𝑔𝜇2

𝜅𝑛
)(1 +

2𝑔𝜇3

𝜅𝑛
)]

1
2

⁡

𝑒2𝜆1|
core

= ℱ𝐴𝐵𝐽𝑀 (1 +
2𝑔𝜇2

𝜅𝑛
)

−1

(1 +
2𝑔𝜇3

𝜅𝑛
)

−1

⁡

𝑒2𝜆2|
core

= ℱ𝐴𝐵𝐽𝑀 (1 +
2𝑔𝜇1

𝜅𝑛
)

−1

(1 +
2𝑔𝜇3

𝜅𝑛
)

−1

⁡

𝑒2𝜆3|
core

⁡= ℱ𝐴𝐵𝐽𝑀 (1 +
2𝑔𝜇1

𝜅𝑛
)

−1

(1 +
2𝑔𝜇2

𝜅𝑛
)

−1

 

 ⁡𝑠 = −𝜅, (1 +
2𝑔𝜇𝛼

𝜅𝑛
) > 0, 𝑛 > 0  

⁡  ⁡𝑠 = +𝜅, (1 +
2𝑔𝜇𝛼

𝜅𝑛
) < 0, 0 < 𝑛 < 1

 

⟨𝐽𝛼⟩ =
𝑁3/2

6√2𝜋
𝑠𝜅𝑒−𝑉0

(2𝑔𝜇𝛼)ℱ𝐴𝐵𝐽𝑀

(1 +
2𝑔𝜇𝛼

𝜅𝑛 )
 

⟨𝑇𝑎𝑏⟩𝑑𝑥
𝑎𝑑𝑥𝑏 = −

ℎ𝐷
2𝜋
[𝑑𝑠2(𝐴𝑑𝑆2) − 2𝑛

2𝑑𝑧2]  

ℎ𝐷 =
2𝜋

4𝜅𝑛
∑  

𝛼

  ⟨𝐽𝛼⟩.  

ℎ𝐷 = −
𝑁3/2

12√2
𝑒−𝑉0∑ 

𝛼

 
(2𝜅𝑔𝜇𝛼)ℱ𝐴𝐵𝐽𝑀

(1 + 2𝑔𝜅𝜇𝛼)
.  

ℎ𝐷 =
𝑠𝜅(1 − 𝑛2)

𝑛2
𝑁3/2

12√2𝑒𝑉0
 

𝑒𝑉0 = 1  
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𝑆 =
𝐿2

4𝐺
Vol(𝐴𝑑𝑆2)(−𝑠𝜅𝑛)ℱ

𝐴𝐵𝐽𝑀  

 

ℱ𝐴𝐵𝐽𝑀 ≡ [(1 +
2𝑔𝜇0

𝜅𝑛
)(1 +

2𝑔𝜇1

𝜅𝑛
)(1 +

2𝑔𝜇2

𝜅𝑛
)(1 +

2𝑔𝜇3

𝜅𝑛
)]

1
2

,  

𝑆0 = Vol(𝐴𝑑𝑆2)
𝐿2

4𝐺
 

𝐼0 = 𝐹𝑆3
𝐴𝐵𝐽𝑀

≡
√2𝜋

3
𝑁3/2  

𝐼 = (−𝑠𝜅𝑛)ℱ𝐴𝐵𝐽𝑀𝐹
𝑆3
𝐴𝐵𝐽𝑀

 

𝐼𝐷
𝐴𝐵𝐽𝑀

≡ 𝐼𝐴𝐵𝐽𝑀 − 𝑛𝐼0
𝐴𝐵𝐽𝑀

= 𝑛(−𝑠𝜅ℱ𝐴𝐵𝐽𝑀 − 1)𝐹
𝑆3
𝐴𝐵𝐽𝑀

 

1

(2𝜋)2
𝑑𝐼𝐷
𝐴𝐵𝐽𝑀=

1

𝑛
(∑  

𝛼

  ⟨𝐽𝛼⟩𝑑[𝑔𝜇𝛼]) + (2
ℎ𝐷
2𝜋
−
𝐹
𝑆3
𝐴𝐵𝐽𝑀

(2𝜋)2
)𝑑𝑛 ⁡

⁡=
1

𝑛
(∑  

𝛼

  ⟨𝐽𝛼⟩𝑑[𝑔𝜇𝛼] +
𝜅

2
∑  

𝛼

  ⟨𝐽𝛼⟩𝑑𝑛) −
𝐹
𝑆3
𝐴𝐵𝐽𝑀

(2𝜋)2
𝑑𝑛

 

∑ 

𝛼

  ⟨𝐽𝛼⟩𝑑[𝑔𝜇𝛼] = ⟨𝐽𝐹1⟩𝑑[𝑔𝜇
𝐹1] + ⟨𝐽𝐹2⟩𝑑[𝑔𝜇

𝐹2] + ⟨𝐽𝐹′⟩𝑑[𝑔𝜇𝐹′] + ⟨𝐽𝑅
𝐴𝐵𝐽𝑀⟩𝑑[𝑔𝜇𝑅]  

𝑆 = −
𝐿̃2

4𝐺
(𝑠𝜅𝑛)Vol(𝐴𝑑𝑆2)ℱ

𝑚𝐴𝐵𝐽𝑀  

ℱ𝑚𝐴𝐵𝐽𝑀 ≡ [(1 +
𝑔𝜇0

𝜅𝑛
)(1 +

3𝑔𝜇1

𝜅𝑛
)(1 +

3𝑔𝜇2

𝜅𝑛
)(1 +

3𝑔𝜇3

𝜅𝑛
)]

1
2

 

𝑆0 = Vol(𝐴𝑑𝑆2)
𝐿̃2

4𝐺
 

𝐼0 = 𝐹𝑆3
𝑚𝐴𝐵𝐽𝑀

 

𝐹
𝑆3
𝑚𝐴𝐵𝐽𝑀 ≡

4√2𝜋

9√3
𝑁3/2 =

4

3√3
𝐹
𝑆3
𝐴𝐵𝐽𝑀  

𝐼𝐷
𝑚𝐴𝐵𝐽𝑀 = 𝑛(−𝑠𝜅ℱ𝑚𝐴𝐵𝐽𝑀 − 1)𝐹

𝑆3
𝑚𝐴𝐵𝐽𝑀

 

1

(2𝜋)2
𝑑𝐼𝐷
𝑚𝐴𝐵𝐽𝑀⁡=

1

𝑛
⟨𝐽𝐹1⟩𝑑[𝑔𝜇

𝐹1] +
1

𝑛
⟨𝐽𝐹2⟩𝑑[𝑔𝜇

𝐹2] +
1

(2𝜋)2
(2𝜋ℎ𝐷 − 𝐹𝑆3

𝑚𝐴𝐵𝐽𝑀
)𝑑𝑛

⁡=
1

𝑛
(⟨𝐽𝐹1⟩𝑑[𝑔𝜇

𝐹1] + ⟨𝐽𝐹2⟩𝑑[𝑔𝜇
𝐹2] + 𝜅⟨𝐽𝑅

𝜑
⟩𝑑𝑛) −

𝐹
𝑆3
𝑚𝐴𝐵𝐽𝑀

(2𝜋)2
𝑑𝑛
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𝐼𝐴𝐵𝐽𝑀,𝜑≠0 =(−𝑠𝜅𝑛)ℱ𝐴𝐵𝐽𝑀𝐹
𝑆3
𝐴𝐵𝐽𝑀

|
𝑔𝜇𝐵=𝜅𝑛

=
(−𝑠𝜅)

4𝑛
[(𝑠 − 𝑛𝜅)(𝑠 − 𝑛𝜅 − 4𝑔𝜇𝐹1 − 2𝑔𝜇𝐹2)

(𝑠 − 𝑛𝜅 + 2𝑔𝜇𝐹1 − 2𝑔𝜇𝐹2)(𝑠 − 𝑛𝜅 + 2𝑔𝜇𝐹1 + 4𝑔𝜇𝐹2)]
1/2 4𝐹𝑆3

𝐴𝐵𝐽𝑀

3√3

 

𝐼𝐴𝐵𝐽𝑀,𝜑≠0 = 𝐼𝐴𝐵𝐽𝑀|𝑔𝜇𝐵=𝜅𝑛  

𝐼𝐴𝐵𝐽𝑀,𝜑≠0 = 𝐼𝑚𝐴𝐵𝐽𝑀  

 

 

Figuras 5 y 6. Deformación del espacio – tiempo cuántico por intervención gravitónica. 

𝑠 = −𝜅  

𝑆𝑛
SRE = −

𝐼𝑛(𝑔𝜇
𝛼) − 𝑛𝐼𝑛=1(𝑔𝜇

𝛼)

1 − 𝑛
 

𝐼𝑛(𝑔𝜇
𝑖) = 𝑛ℱ𝐴𝐵𝐽𝑀𝐹

𝑆3
𝐴𝐵𝐽𝑀
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ℱ𝐴𝐵𝐽𝑀 = [(1 +
2𝑔𝜇0

𝜅𝑛
)(1 +

2𝑔𝜇1

𝜅𝑛
)(1 +

2𝑔𝜇2

𝜅𝑛
)(1 +

2𝑔𝜇3

𝜅𝑛
)]

1
2

 

𝑆𝑛
SRE = −

1 + 3𝑛

4𝑛
𝐹
𝑆3
𝐴𝐵𝐽𝑀  

𝑆𝑛
SRE = −

9𝑛2 − √3(1 + 2𝑛)3/2

9𝑛(𝑛 − 1)
𝐹
𝑆3
𝐴𝐵𝐽𝑀  

𝑔𝜇𝛼 = 𝜅 (Δ𝛼 −
1

2
) +

𝜅

2
(Δ𝛼 − 1)(𝑛 − 1),∑  

𝛼

 Δ𝛼 = ℑ  

𝑆𝑛
𝑆𝑅𝐸 = −

1 + 3𝑛

𝑛
√Δ0Δ1Δ2Δ3𝐹

𝑆3
𝐴𝐵𝐽𝑀  

𝑔𝜇𝛼 =
𝜅

2
(1 − 𝑛)Δ𝛼 ,∑  

𝛼

 Δ𝛼 = 2  

𝑆𝑛
𝑆𝑅𝐸 = −

√∏  3
𝛼=0   (𝑛(Δ

𝛼 − 1) − Δ𝛼) − 𝑛2

𝑛(1 − 𝑛)
𝐹
𝑆3
𝐴𝐵𝐽𝑀  

Δ𝛼 : lim
𝑛→1

 𝑆𝑛
𝑆𝑅𝐸 = −𝐹

𝑆3
𝐴𝐵𝐽𝑀

 

𝐼𝑛 = 𝑛ℱ
𝑚𝐴𝐵𝐽𝑀𝐹

𝑆3
𝑚𝐴𝐵𝐽𝑀

 

ℱ𝑚𝐴𝐵𝐽𝑀 ≡ [(1 +
𝑔𝜇0

𝜅𝑛
)(1 +

3𝑔𝜇1

𝜅𝑛
)(1 +

3𝑔𝜇2

𝜅𝑛
)(1 +

3𝑔𝜇3

𝜅𝑛
)]

1
2

,  

𝑆𝑛
SRE = −

1 + 3𝑛

4𝑛
𝐹
𝑆3
𝑚𝐴𝐵𝐽𝑀  

𝑔𝜇0= 𝜅(Δ0 − 1) +
𝜅

2
(Δ0 − 2)(𝑛 − 1), ⁡

𝑔𝜇𝑎 ⁡= 𝜅 (Δ𝑎 −
1

3
) +

𝜅

2
(Δ𝑎 −

2

3
) (𝑛 − 1), 𝑎 = 1,2,3,

 

∑ 

𝛼

 Δ𝛼 = 2, Δ0 − Δ1 − Δ2 − Δ3 = 0  

𝑆𝑛
𝑆𝑅𝐸 = −3√3

1 + 3𝑛

4𝑛
√Δ0Δ1Δ2Δ3𝐹

𝑆3
𝑚𝐴𝐵𝐽𝑀 .  

𝑔𝜇𝛼 =
𝜅

2
(1 − 𝑛)Δ𝛼 ,∑  

𝛼

 Δ𝛼 = 2, Δ0 − Δ1 − Δ2 − Δ3 = 0.  

𝑆𝑛
𝑆𝑅𝐸 = −

√(Δ0(𝑛 − 1) − 2𝑛)∏  3
𝛼=1   (3Δ

𝛼(𝑛 − 1) − 2𝑛) − 4𝑛2

4𝑛(1 − 𝑛)
𝐹
𝑆3
𝑚𝐴𝐵𝐽𝑀 .
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𝑓−1𝜉′= √2𝑔𝑊cos⁡ 𝜉 + 𝜅𝑒−𝑉 ⁡

𝑓−1𝑉′=
𝑔

√2
𝑊sin⁡ 𝜉 ⁡

𝑓−1𝜆𝑖
′= −

𝑔

√2
𝜕𝜆𝑖𝑊sin⁡ 𝜉 ⁡

𝑓−1𝜑′= −
𝑔

√2

𝜕𝜑𝑊

sin⁡ 𝜉
⁡

𝑓−1
ℎ′

ℎ
sin⁡ 𝜉⁡= 𝜅𝑒−𝑉cos⁡ 𝜉 +

𝑔𝑊

√2
(1 + cos2⁡ 𝜉)

 

(𝑠 − 𝑄𝑧)sin⁡ 𝜉= −√2𝑔𝑊ℎcos⁡ 𝜉 − 𝜅ℎ𝑒
−𝑉⁡

√2𝑔𝜕𝜑𝑊cos⁡ 𝜉⁡= 𝜕𝜑𝑄𝑧sin⁡ 𝜉ℎ
−1

 

𝐹‾23
12= −𝑔𝜕𝜆1𝑊cos⁡ 𝜉 ⁡

𝐹‾23
34= −𝑔𝜕𝜆2𝑊cos⁡ 𝜉 ⁡

𝐹‾23
56= −𝑔𝜕𝜆3𝑊cos⁡ 𝜉 ⁡

𝐻23⁡= −𝑔𝑊cos⁡ 𝜉 − √2𝜅𝑒
−𝑉

 

𝐹0 =
1

2
𝑒𝜆1+𝜆2+𝜆3(𝐹‾12 + 𝐹‾34 + 𝐹‾56 + 𝐹‾78)

𝐹1 =
1

2
𝑒𝜆1−𝜆2−𝜆3(𝐹‾12 − 𝐹‾34 − 𝐹‾56 + 𝐹‾78)

𝐹2 = −
1

2
𝑒−𝜆1+𝜆2−𝜆3(𝐹‾12 − 𝐹‾34 + 𝐹‾56 − 𝐹‾78)

𝐹3 = −
1

2
𝑒−𝜆1−𝜆2+𝜆3(𝐹‾12 + 𝐹‾34 − 𝐹‾56 − 𝐹‾78)

 

ℎ𝑒−𝑉 = −𝑛sin⁡ 𝜉  

𝑓−1𝜉′= 𝑛−1(𝑠 − 𝑄𝑧)𝑒
−𝑉⁡

𝑓−1𝑉′=
𝑔

√2
𝑊sin⁡ 𝜉 ⁡

𝑓−1𝜆𝑖
′= −

𝑔

√2
𝜕𝜆𝑖𝑊sin⁡ 𝜉 ⁡

𝑓−1𝜑′⁡= −
𝑔

√2

𝜕𝜑𝑊

sin⁡ 𝜉

 

(𝑠 − 𝑄𝑧)= 𝑛(√2𝑔𝑊𝑒
𝑉cos⁡ 𝜉 + 𝜅)⁡

√2𝑔𝜕𝜑𝑊cos⁡ 𝜉⁡= −𝑛
−1𝑒−𝑉𝜕𝜑𝑄𝑧

 

𝜕𝜑𝑄𝑧 = −sinh⁡ 2𝜑𝐷𝑧𝜃.  

𝐷𝑧𝜃 =
√2𝑔𝑛𝑒𝑉𝜕𝜑𝑊cos⁡ 𝜉

sinh⁡ 2𝜑
 

𝐹𝑦𝑧
𝛼 = (𝑎𝛼)′ = (ℐ𝛼)′  
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ℐ0⁡≡ −
1

√2
𝑛𝑒𝑉cos⁡ 𝜉𝑒𝜆1+𝜆2+𝜆3 , ⁡⁡⁡⁡⁡⁡⁡⁡ℐ1⁡≡ −

1

√2
𝑛𝑒𝑉cos⁡ 𝜉𝑒𝜆1−𝜆2−𝜆3 ⁡⁡⁡⁡⁡⁡⁡⁡

ℐ2≡ −
1

√2
𝑛𝑒𝑉 cos 𝜉𝑒−𝜆1+𝜆2−𝜆3 ,⁡⁡⁡⁡⁡⁡⁡⁡ ⁡ ℐ3≡ −

1

√2
𝑛𝑒𝑉cos⁡ 𝜉𝑒−𝜆1−𝜆2+𝜆3 ⁡⁡⁡⁡⁡⁡⁡⁡ ⁡

 

ℎ → −ℎ, 𝑧 → −𝑧,  

𝑓 =
𝐿

𝑦
 

𝜆𝑖=
𝜆𝑖
(1)

𝑦
+
𝜆𝑖
(2)

𝑦2
+⋯ ⁡

𝜑=
𝜑(1)

𝑦
+
𝜑(2)

𝑦2
+⋯⁡

𝑎𝛼⁡= 𝜇𝛼 +
𝑗𝛼

𝑦
+⋯

 

𝜑𝑠 ≡ 𝜑
(1).  

𝑒2𝑉 =𝑒2𝑉0𝑦2 +
1

2
(𝐿2 − 𝑒2𝑉0 [∑  

𝑖

  (𝜆𝑖
(1)
)
2
+ (𝜑(1))

2
]) +

𝑉(2)

𝑦
+⋯ ,

ℎ2

ℎ0
2 =𝑦

2 −
1

2
(
𝐿2

𝑒2𝑉0
+∑ 

𝑖

  (𝜆𝑖
(1)
)
2
+ (𝜑(1))

2
)

⁡−2(
𝑉(2)

𝑒2𝑉0
+
4

3
[∑  

𝑖

 𝜆𝑖
(1)
𝜆𝑖
(2)
+ 𝜑(1)𝜑(2)])

1

𝑦
+⋯

 

𝑑𝑠2 = 𝛾𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 +

𝐿2

𝑦2
𝑑𝑦2 +⋯ , 𝛾𝑎𝑏 = 𝑦

2ℎ𝑎𝑏  

ℎ𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝑉0 (𝑑𝑠2(𝐴𝑑𝑆2) +

ℎ0
2

𝑒2𝑉0
𝑑𝑧2) .  

𝜉 = −
𝜋

2
+
𝜅𝐿

𝑒𝑉0𝑦
+⋯ ,  

𝑛 =
ℎ0
𝑒𝑉0

,∑  

𝛼

 𝑔𝜇𝛼 = −𝜅𝑛 − 𝑠 ⁡

𝜃‾ − (𝑔𝜇0 − 𝑔𝜇1 − 𝑔𝜇2 − 𝑔𝜇3)⁡= −
𝜅ℎ0
𝑒𝑉0

 

𝜆1
(2)
= 𝜆2

(1)
𝜆3
(1)
−
1

2
(𝜑(1))

2

𝜆2
(2)
= 𝜆1

(1)
𝜆3
(1)
−
1

2
(𝜑(1))

2

𝜆3
(2)
= 𝜆1

(1)
𝜆2
(1)
−
1

2
(𝜑(1))

2

𝜑(2) = −(𝜆1
(1)
+ 𝜆2

(1)
+ 𝜆3

(1)
)𝜑(1)
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𝑉(2) =
4

3
𝑒2𝑉0 ((𝜆1

(1)
+ 𝜆2

(1)
+ 𝜆3

(1)
) (𝜑(1))

2
− 2𝜆1

(1)
𝜆2
(1)
𝜆3
(1)
) −

𝜅𝑒𝑉0

6𝑔ℎ0
(𝑗0 + 𝑗1 + 𝑗2 + 𝑗3)  

𝜆1
(1)
= −

𝑔

2𝜅𝑛
(𝑗0 + 𝑗1 − 𝑗2 − 𝑗3)

𝜆2
(1)
= −

𝑔

2𝜅𝑛
(𝑗0 − 𝑗1 + 𝑗2 − 𝑗3)

𝜆3
(1)
= −

𝑔

2𝜅𝑛
(𝑗0 − 𝑗1 − 𝑗2 + 𝑗3)

 

ℰ𝑅1 = −
𝑒2𝑉0

ℎ0𝐿
(𝑗0 + 𝑗1)

ℰ𝑅2 = −
𝑒2𝑉0

ℎ0𝐿
(𝑗0 + 𝑗2)

ℰ𝑅3 = −
𝑒2𝑉0

ℎ0𝐿
(𝑗0 + 𝑗3)(B.12)

 

ℰ𝐵 = −
𝑒2𝑉0

ℎ0𝐿
(3𝑗0 − 𝑗1 − 𝑗2 − 𝑗3)  

𝑔𝜇𝑅 ≡ 𝑔𝜇
0 + 𝑔𝜇1 + 𝑔𝜇2 + 𝑔𝜇3 = −𝑠 − 𝜅𝑛

𝑔𝜇𝐵 ≡ 𝑔𝜇
0 − 𝑔𝜇1 − 𝑔𝜇2 − 𝑔𝜇3 = 𝜅𝑛

 

√−𝑔ℒ = 𝜕𝑦 (−
𝑒2𝑉ℎ𝑉′

𝜌2𝑓
) + 𝜕𝜌 (

𝑓ℎ

𝜌
)  

√−𝑔ℒ =−𝜕𝑦 (
𝑒2𝑉ℎ′

𝜌2𝑓
+
𝑒2𝑉

𝜌2𝑓ℎ
[𝑒−2(𝜆1+𝜆2+𝜆3)𝑎0𝑎0

′ + 𝑒2(−𝜆1+𝜆2+𝜆3)𝑎1𝑎1
′ ⁡

+𝑒2(𝜆1−𝜆2+𝜆3)𝑎2𝑎2
′ + 𝑒2(𝜆1+𝜆2−𝜆3)𝑎3𝑎3

′ ])

⁡−
𝑒2𝑉𝑓

2𝜌2ℎ
sinh2⁡ 2𝜑𝜃‾𝐷𝑧𝜃

 

𝑆 = 𝑆𝑏𝑢𝑙𝑘 + 𝑆𝑏𝑑𝑦  

 

𝑆𝑏𝑑𝑦 =
1

8𝜋𝐺
∫ ⁡ 𝑑3𝑥√−𝛾(Tr𝐾 +

1

𝐿
𝑊 + 𝐿𝑅(𝛾) [−

1

2
+∑  

𝑖

 𝑏𝑖𝜆𝑖 + 𝑏4𝜑])  

[𝑆 + 𝑆𝑏𝑑𝑦] = [𝑆 + 𝑆𝑏𝑑𝑦] (𝑔𝜇
𝛼 , 𝜆𝑖

(1)
, 𝜑(1), ℎ0, 𝑒

2𝑉0)  

Π𝑖 ≡ (
𝛿(√−𝑔ℒ)

𝛿𝜕𝑦𝜆𝑖
+
𝛿 (√−𝛾 [

1
𝐿𝑊 + 𝐿𝑅(𝛾)(∑  𝑖  𝑏𝑖𝜆𝑖 + 𝑏4𝜑)])

𝛿𝜆𝑖
)  

Π𝑖 =
ℎ0𝑒

2𝑉0

𝜌2
Π𝑖
(𝑠) 𝑦

𝐿
+⋯  

Π1
(𝑠)
≡ 2𝜆1

(2)
− 2𝜆2

(1)
𝜆3
(1)
+ (𝜑(1))

2
− 2𝑒−2𝑉0𝑏1𝐿

2  
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𝑆𝑇𝑜𝑡 = 𝑆𝑏𝑢𝑙𝑘 + 𝑆𝑏𝑑𝑦 −
1

8𝜋𝐺
∫ ⁡ 𝑑3𝑥∑  

𝑖

 Π𝑖𝜆𝑖  

𝛿𝑆𝑇𝑜𝑡 = ∫ ⁡ 𝑑
3𝑥√−ℎ [⟨𝒪𝜑⟩𝛿𝜑

(1) − ⟨𝒪Π𝑖⟩𝛿Π𝑖
(𝑠)
]  

⟨𝒪𝜑⟩⁡=
1

8𝜋𝐺

1

𝐿
(2∑  

𝑖

 𝜆𝑖
(1)
𝜑(1) + 2𝜑(2) − 2𝑏4𝐿

2𝑒−2𝑉0)

⟨𝒪Π𝑖⟩⁡=
1

8𝜋𝐺

1

𝐿
𝜆𝑖
(1)

 

𝛿𝑆𝑇𝑜𝑡 = ∫ ⁡𝑑
3𝑥√−ℎ⟨𝐽𝛼𝑧⟩𝛿(𝑔𝜇𝛼),  

⟨𝐽𝛼𝑧⟩ =
1

8𝜋𝐺

1

𝑔𝐿ℎ0
2 𝑗
𝛼,⇒ ⁡ ⟨𝐽𝑧

𝛼⟩ =
1

8𝜋𝐺

1

𝑔𝐿
𝑗𝛼 ≡ ⟨𝐽𝛼⟩,  

𝛿𝑆𝑇𝑜𝑡 = ∫ ⁡𝑑
3𝑥√−ℎ [⟨𝑇𝑢𝑢⟩𝛿 (

𝑒2𝑉0

𝜌2
) +

1

2
⟨𝑇𝑧𝑧⟩𝛿ℎ0

2]  

⟨𝑇𝑢𝑢⟩=
1

8𝜋𝐺
𝜌2
𝑒−2𝑉0

𝐿
(4𝜆1

(1)
𝜆2
(1)
𝜆3
(1)
+ 2𝜑(1)𝜑(2) +

3

2
𝑒−2𝑉0𝑉(2) +∑ 

𝑖

 2𝑏𝑖𝐿
2𝑒−2𝑉0𝜆𝑖

(1)
) ⁡

⟨𝑇𝑧𝑧⟩⁡=
1

8𝜋𝐺

ℎ0
−2

𝐿
(−4∑  

𝑖

 𝜆𝑖
(1)
𝜆𝑖
(2)
+ 4𝜆1

(1)
𝜆2
(1)
𝜆3
(1)
− 2𝜑(1)𝜑(2) − 3𝑒−2𝑉0𝑉(2) − 2𝑏4𝐿

2𝑒−2𝑉0𝜑(1))

 

⟨𝑇𝑎
𝑎⟩ = (3 − Δ𝒪𝜑) ⟨𝒪𝜑⟩𝜑

(1) −∑  

𝑖

  (3 − Δ𝒪𝜆𝑖
) ⟨𝒪Π𝑖⟩Π𝑖

(𝑠)
= 0  

⟨𝑇𝑢
𝑢⟩= −

𝜅𝑛

4ℎ0
2∑ 

𝛼

  ⟨𝐽(𝛼)⟩ +
1

8𝜋𝐺

1

𝐿
(∑  

𝑖

 2𝑏𝑖𝐿
2𝑒−2𝑉0𝜆𝑖

(1)
)⁡

⟨𝑇𝑧
𝑧⟩=

𝜅𝑛

2ℎ0
2∑ 

𝛼

  ⟨𝐽(𝛼)⟩ +
1

8𝜋𝐺

1

𝐿
(−2𝑏4𝐿

2𝑒−2𝑉0𝜑(1)) ⁡

⟨𝒪𝜑⟩=
1

8𝜋𝐺

1

𝐿
(−2𝑏4𝐿

2𝑒−2𝑉0) ⁡

⟨𝒪Π𝑖⟩⁡=
1

8𝜋𝐺

1

𝐿
𝜆𝑖
(1)

 

1

8𝜋𝐺𝐿
𝜆1
(1)
= −

𝑔

2𝜅𝑛
(⟨𝐽0⟩ + ⟨𝐽1⟩ − ⟨𝐽2⟩ − ⟨𝐽3⟩)

1

8𝜋𝐺𝐿
𝜆2
(1)
= −

𝑔

2𝜅𝑛
(⟨𝐽0⟩ − ⟨𝐽1⟩ + ⟨𝐽2⟩ − ⟨𝐽3⟩)

1

8𝜋𝐺𝐿
𝜆3
(1)
= −

𝑔

2𝜅𝑛
(⟨𝐽0⟩ − ⟨𝐽1⟩ − ⟨𝐽2⟩ + ⟨𝐽3⟩)

 

𝑏𝑖 = 𝑏4 = 0.  
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⟨𝑇𝑎𝑏⟩𝑑𝑥
𝑎𝑑𝑥𝑏= −

1

4𝜅𝑛
∑  

𝛼

  ⟨𝐽(𝛼)⟩[𝑑𝑠2(𝐴𝑑𝑆2) − 2𝑛
2𝑑𝑧2],⁡

⟨𝒪𝜑⟩= 0, ⁡

⟨𝒪Π1⟩= −
𝑔

2𝜅𝑛
(⟨𝐽0⟩ + ⟨𝐽1⟩ − ⟨𝐽2⟩ − ⟨𝐽3⟩), ⁡

⟨𝒪Π2⟩= −
𝑔

2𝜅𝑛
(⟨𝐽0⟩ − ⟨𝐽1⟩ + ⟨𝐽2⟩ − ⟨𝐽3⟩), ⁡

⟨𝒪Π3⟩⁡= −
𝑔

2𝜅𝑛
(⟨𝐽0⟩ − ⟨𝐽1⟩ − ⟨𝐽2⟩ + ⟨𝐽3⟩),

 

𝜆𝑖 =
1

4
ln⁡ 3, 𝜑 =

1

2
arccosh2.  

𝑓 =
𝐿̃

𝑦
, 𝐿̃ =

√2

33/4𝑔
 

𝑉= 𝑉0 + ln⁡ 𝑦 + 𝑦
−2𝛿(𝑣𝑠 +⋯) +

𝑣1
𝑦
+
𝑣2
𝑦2
+
𝑣3
𝑦3
+ 𝑦−𝛿 (

𝑣𝑚
𝑦
+⋯) +⋯ ⁡

ℎ= ℎ0𝑦 [1 + 𝑦
−2𝛿(𝜂𝑠 +⋯) +

ℎ1
𝑦
+
ℎ2
𝑦2
+
ℎ3
𝑦3
+ 𝑦−𝛿 (

𝜂𝑚
𝑦
+⋯) +⋯] ⁡

𝐴𝛼= 𝜇𝛼 +
𝑗𝛼

𝑦
+⋯+ 𝑦−3+𝛿⁡(𝑚𝑣

𝛼 +⋯) +⋯

𝜆𝑖=
1

4
ln⁡ 3 + 𝑦−𝛿(𝜁𝑖

𝑠 +⋯) +
𝑙𝑖
1

𝑦
+
𝑙𝑖
2

𝑦2
+⋯+ 𝑦−3+𝛿(𝜁𝑖

𝑣 +⋯) + 𝑦−5+𝛿(𝜁𝑖
𝐼𝑣 +⋯) +⋯

𝜑⁡=
1

2
arccosh2 + 𝑦−𝛿(𝑍𝑠 +⋯) +

𝑓1

𝑦
+
𝑓2

𝑦2
+⋯+ 𝑦−3+𝛿(𝑍𝑣 +⋯) + 𝑦−5+𝛿(𝑍𝐼𝑣 +⋯) +⋯

 

𝑔𝜇𝐵 ≡ 𝑔𝜇
0 − 𝑔𝜇1 − 𝑔𝜇2 − 𝑔𝜇3 = 0  

𝑔𝜇𝑅
𝑚𝐴𝐵𝐽𝑀 ≡

1

2
(𝑔𝜇0 + 3𝑔𝜇1 + 3𝑔𝜇2 + 3𝑔𝜇3) = 2𝑔𝜇0 = 𝑔𝜇𝑅  

0 = 𝑗0 − 𝑗1 − 𝑗2 − 𝑗3  

𝜉 = −
𝜋

2
+
𝑥1
𝑦
+
𝑥2
𝑦2
+⋯  

𝑥1 =
√2

33/4
𝜅

𝑔
𝑒−𝑉0 , 𝑥2 = −

√2

33/4
𝑒−𝑉0

𝑛
𝑗0  

𝜁𝑖
𝑠 = 𝑍𝑠 = 𝑣𝑠 = 𝜂𝑠 = 𝑓1 = 𝑣1 = 0  
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ℎ0= 𝑛𝑒
𝑉0 , 𝑓2 =

2

√3
(𝑙1
12 + 𝑙1

1𝑙2
1 + (𝑙2

1)2) ⁡

𝑙1
2=

1

3
(4𝑙1

12 + 𝑙1
1𝑙2
1 + (𝑙2

1)2), 𝑙2
2 =

1

3
(𝑙1
12 + 𝑙1

1𝑙2
1 + 4(𝑙2

1)2)⁡

𝑙3
2⁡=

1

3
(4(𝑙1

1)2 + 7𝑙1
1𝑙2
1 + 4(𝑙2

1)2), 𝜁𝑖
𝑣 = −

1 + √17

4√3
𝑍𝑣

𝑣2=
1

18
(−9((𝑙1

1)2 + 𝑙1
1𝑙2
1 + (𝑙2

1)2) +
√3

𝑔2
𝑒−2𝑉0) ⁡

𝑣3⁡=
1

9
(12𝑙1

1𝑙2
1(𝑙1

1 + 𝑙2
1) + 31/4√2𝑥2

𝜅

𝑔
𝑒−𝑉0)

 

𝑙1
1 =

𝑔𝜅

2𝑛
(𝑗0 − 3𝑗1), 𝑙2

1 =
𝑔𝜅

2𝑛
(𝑗0 − 3𝑗2), 𝑙3

1 = −
𝑔𝜅

2𝑛
(2𝑗0 − 3(𝑗1 + 𝑗2))  

𝑔𝜇𝑅 ≡ 𝑔𝜇
0 + 𝑔𝜇1 + 𝑔𝜇2 + 𝑔𝜇3 = −𝜅𝑛 − 𝑠  

𝑆 = 𝑆𝑏𝑢𝑙𝑘 + 𝑆𝑏𝑑𝑦  

𝑆𝑏𝑑𝑦 =
1

8𝜋𝐺
∫ ⁡ 𝑑3𝑥√−𝛾 (Tr𝐾 +

1

𝐿
𝑊 −

𝐿̃

2
𝑅(𝛾))  

𝛿[𝑆𝑏𝑢𝑙𝑘 + 𝑆𝑏𝑑𝑦]=
1

8𝜋𝐺
∫ ⁡ 𝑑3𝑥(Π(𝐴))

𝛼

𝜇
𝛿𝐴𝜇

𝛼 ⁡

⁡=
1

8𝜋𝐺
∫ ⁡ 𝑑3𝑥(Π(𝐴))

𝛼

𝜇
𝑀𝛼⁡𝛽𝛿𝐴̃𝜇

𝛽
 

𝑀𝛽
𝛼 =

1

12
(

6 0 0 9
2 8 4 −1
2 −4 4 −1
2 −4 −8 −1

) .  

⟨𝐽𝑅
𝜑
⟩ =

1

8𝜋𝐺

31/4

√2

1

6
(3𝑗0 + 𝑗1 + 𝑗2 + 𝑗3),

⟨𝐽𝐹1⟩ =
1

8𝜋𝐺

31/4

√2
(2𝑗1 − 𝑗2 − 𝑗3),

⟨𝐽𝐹2⟩ =
1

8𝜋𝐺

31/4

√2
(𝑗1 + 𝑗2 − 2𝑗3).

 

𝑆𝑐𝑡
𝑚𝑣 = −

1

8𝜋𝐺

𝑔31/4

2√2
∫ ⁡ 𝑑3𝑥√−𝛾𝐴𝐵

2  

⟨𝐽𝐵
𝑚𝐴𝐵𝐽𝑀⟩ =

1

8𝜋𝐺

𝜅𝑛

𝑔25/231/4
(5 − 3√17)𝑍𝑣 .  

⟨𝑇𝑎𝑏⟩𝑑𝑥
𝑎𝑑𝑥𝑏 = −

ℎ𝐷
2𝜋
[𝑑𝑠2(𝐴𝑑𝑆2) − 2𝑛

2𝑑𝑧2],  

ℎ𝐷 =
2𝜋

𝜅𝑛
𝐽𝑅
𝑚𝐴𝐵𝐽𝑀.  



pág. 3651 

𝛿[𝑆𝑏𝑢𝑙𝑘 + 𝑆𝑏𝑑𝑦 + 𝑆𝑐𝑡
𝑚𝑣] =

1

8𝜋𝐺
∫ ⁡ 𝑑3𝑥(Π𝑎𝛿Φ

𝑎 +⋯) =
1

8𝜋𝐺
∫ ⁡ 𝑑3𝑥(Π𝑎𝕊

𝑎⁡𝑏𝛿Φ̃
𝑏 +⋯).  

𝑆𝛿Φ̃
1,2
= −

1

8𝜋𝐺
∫ ⁡ 𝑑3𝑥∑  

4

𝑎=1

 ∑  

2

𝑏=1

 Π𝑎𝕊𝑏
𝑎Φ̃𝑏,  

(

 
 
 
 
 
 
 
 
 
 −√

2

3
0

1

√6
√1 −

1

√17
2
√17 − 3

√17 − 5
√

2

3(17 + √17)

1

√6
−
1

√2

1

√6
√1 −

1

√17
2
√17 − 3

√17 − 5
√

2

3(17 + √17)

1

√6

1

√2

1

√6
√1 −

1

√17
2
√17 − 3

√17 − 5
√

2

3(17 + √17)

0 0 √
1

34
(17 + √17) 2√

2

17 + √17 )

 
 
 
 
 
 
 
 
 
 

 

Φ̃1 =
1

√6
(𝜆3 + 𝜆2 − 2𝜆1)

Φ̃2 =
1

√2
(𝜆3 − 𝜆2)

 

⟨𝒪1
Δ=1⟩ =

31/4𝑔

2𝜅𝑛
⟨𝐽𝐹1⟩, ⟨𝒪2

Δ=1⟩ = −
𝑔

2 × 31/4𝜅𝑛
(⟨𝐽𝐹1⟩ − 2⟨𝐽𝐹2⟩).

 

⟨𝒪Δ=
1
2
(1+√17)⟩ = 0  

𝛿𝑆𝛿Φ̃
4
=

1

8𝜋𝐺

√13 +
43

√17

2 × 33/4𝑔
∫ ⁡ 𝑑3𝑥√−𝛾(𝕊−1)4⁡𝑎𝛿Φ

𝑎 (𝜑 −
1

2
arccosh2)𝑅(𝛾)

 

⟨𝒪Δ=
1
2
(5+√17)⟩ =

2

33/4𝑔
√5 +

13

√17
𝑒−2𝑉0𝑍𝑣  

𝑓−1𝜉′ + 23/2𝑔cos⁡ 𝜉 − 𝜅𝑒−𝑉 = 0

𝑓−1𝑉′ + 21/2𝑔sin⁡ 𝜉 = 0

ℎ = −𝑛𝑒𝑉sin⁡ 𝜉

𝑎𝑅 = −2
3/2𝑛𝑒𝑉cos⁡ 𝜉 + 𝑐0

 

𝑔𝑐0 − 𝜅𝑛 + 𝑠 = 0  

𝑒𝑉 = 𝑒𝑉0𝑦, 𝑓 =
ℎ0
ℎ

 

(ℎ2)′|𝑦=𝑦∗ = 2ℎ0  
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√2𝑔ℎ0 = 𝑛𝑒
𝑉0  

𝜉′ =
2

𝑦tan⁡ 𝜉
−

𝜅𝑒−𝑉0

√2𝑔𝑦2sin⁡ 𝜉
 

𝑦̃ = 23/2𝑔𝑒𝑉0𝜅𝑦,  

𝜉 = ±arccos⁡ [
2𝑦̃ + 𝑎

𝑦̃2
]  

𝑑𝑠2=
1

2𝑔2
[
𝑦̃2

4
𝑑𝑠2(𝐴𝑑𝑆2) +

𝑦̃2

𝑞
𝑑𝑦̃2 +

𝑞

4𝑦̃2
𝑛2𝑑𝑧2]⁡

𝑔𝑎𝑅⁡= −𝑠 − 𝑛𝜅 (1 +
𝑎

𝑦̃
)

 

𝑞 = (𝑦̃2 − [2𝑦̃ + 𝑎])(𝑦̃2 + [2𝑦̃ + 𝑎]),  

𝑦̃∗(𝜎𝑖) = 𝜎2 + 𝜎1√1+ 𝜎2𝑎  

𝜅 = +1  

𝑎 =
1 − 𝑛2

𝑛2
,  

ℎ𝐷 =
𝑛2 − 1

𝑛2
𝑁3/2

12√2
,−𝐼𝐷 =

(𝑛 − 1)(3𝑛 + 1)

4𝑛
𝐹
𝑆3
𝐴𝐵𝐽𝑀  

𝑎 =
𝑛2 − 1

𝑛2
 

0 < 𝑛 < 1/√2  

ℎ𝐷 =
1 − 𝑛2

𝑛2
𝑁3/2

12√2
,−𝐼𝐷 =

(5𝑛2 − 2𝑛 + 1)

4𝑛
𝐹
𝑆3
𝐴𝐵𝐽𝑀  

𝑑𝑠2=
1

2𝑔2
[
𝑦2

4
𝑑𝑠2(𝐴𝑑𝑆2) +

𝑦2

(𝑦 − 1)2(𝑦2 + 2𝑦 − 1)
𝑑𝑦2 +

(𝑦 − 1)2(𝑦2 + 2𝑦 − 1)

4𝑦2
𝑛2𝑑𝑧2]⁡

𝐹𝑅⁡= −
𝑛

𝑔𝑦2
𝑑𝑦 ∧ 𝑑𝑧

 

1

𝑘
∑  

𝑘

𝑖=1

 𝑓(𝑥𝑖) ≤ 𝑓 (
1

𝑘
∑  

𝑘

𝑖=1

 𝑥𝑖) ,  

1

𝑘
∑  

𝑘

𝑖=1

 𝑓(𝑥𝑖) ≥ 𝑓 (
1

𝑘
∑  

𝑘

𝑖=1

 𝑥𝑖) .  

log⁡ ℱ𝐴𝐵𝐽𝑀 =
1

2
∑  

3

𝛼=0

 𝑓 (
2𝑔𝜇𝛼

𝜅𝑛
) ,  
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log⁡ ℱ𝐴𝐵𝐽𝑀 ≤ 2log⁡ (1 +
1

4
∑  

3

𝛼=0

 
2𝑔𝜇𝛼

𝜅𝑛
) = 2log⁡ (1 −

𝑛 − 1

2𝑛
) ,  

ℱ𝐴𝐵𝐽𝑀 ≤ (1 −
𝑛 − 1

2𝑛
)
2

= ℱ𝐴𝐵𝐽𝑀|𝜇0=𝜇1=𝜇2=𝜇3 ,
 

𝐼𝐷
𝐴𝐵𝐽𝑀 = 𝑛(ℱ𝐴𝐵𝐽𝑀 − 1)𝐹

𝑆3
𝐴𝐵𝐽𝑀 ≤ 0.  

−𝑐
ℎ𝐷

ℱ𝐴𝐵𝐽𝑀
=
1

4
∑  

3

𝛼=0

 𝑓 (
2𝑔𝜇𝛼

𝜅𝑛
) ,  

−𝑐
ℎ𝐷

ℱ𝐴𝐵𝐽𝑀
≤ 𝑓 (

1

4
∑  

3

𝛼=0

 
2𝑔𝜇𝛼

𝜅𝑛
) =

1 − 𝑛

1 + 𝑛
≤ 0  

log⁡ ℱ𝑚𝐴𝐵𝐽𝑀=
1

2
𝑓 (
𝑔𝜇0

𝜅𝑛
) +

1

2
∑  

3

𝑖=1

 𝑓 (
3𝑔𝜇𝑖

𝜅𝑛
) ≤

1

2
𝑓 (
𝑔𝜇0

𝜅𝑛
) +

3

2
𝑓 (∑  

3

𝑖=1

 
𝑔𝜇𝑖

𝜅𝑛
)⁡

⁡= 2𝑓 (
𝑔𝜇0

𝜅𝑛
) = 2log⁡ (1 −

𝑛 − 1

2𝑛
)

 

ℱ𝑚𝐴𝐵𝐽𝑀 ≤ (1 −
𝑛 − 1

2𝑛
)
2

= ℱ𝑚𝐴𝐵𝐽𝑀|𝜇0/3=𝜇1=𝜇2=𝜇3 ≤ 1
 

𝑐ℎ𝐷ℱ
𝑚𝐴𝐵𝐽𝑀∏ 

3

𝑖=1

  (1 +
3𝑔𝜇𝑖
𝜅𝑛

)
−1

=∑  

3

𝑖=1

 𝑓 (
3𝑔𝜇𝑖

𝜅𝑛
) − (1 +

2

𝑛
)𝑓 (

𝑔𝜇0

𝜅𝑛
)

⁡≥ 3𝑓 (∑  

3

𝑖=1

 
𝑔𝜇𝑖

𝜅𝑛
) − (1 +

2

𝑛
)𝑓 (

𝑔𝜇0

𝜅𝑛
) = 𝑓 (

𝑔𝜇0

𝜅𝑛
)
2(𝑛 − 1)

𝑛
≥ 0,

 

ℒ = 𝛾𝑅 − 𝑉(𝜑) −
𝑍(𝜑)

4
𝐹2 −

1

2
∇𝜇𝜑∇

𝜇𝜑 − 𝑋(𝜑)(𝐷𝜇𝜃𝐷
𝜇𝜃),  

(𝑧, 𝑧‾) ⟼ (
𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑
,
𝑎‾𝑧‾ + 𝑏‾

𝑐‾𝑧‾ + 𝑑‾
) , (

𝑎 𝑏
𝑐 𝑑

) ∈ SL(2, ℂ) 

𝑝𝜇 = 𝜔𝑞𝜇 , 𝑞𝜇 =
1

2
(1 + |𝑧|2, 𝑧 + 𝑧‾,−𝑖(𝑧 − 𝑧‾),1 − |𝑧|2) 

𝜔 ↦ (𝑐𝑧 + 𝑑)(𝑐‾𝑧‾ + 𝑑‾)𝜔, 𝑞𝜇 ↦ 𝑞′𝜇 = (𝑐𝑧 + 𝑑)−1(𝑐‾𝑧‾ + 𝑑‾)−1Λ𝜇⁡𝜈𝑞
𝜈. 

𝑞𝛼𝛼̇ = 𝜎𝜇
𝛼𝛼̇𝑞𝜇 = (

1 𝑧‾
𝑧 𝑧𝑧‾

) = (
1

𝑧
) (1 𝑧‾)  

ℎ𝛼 ≡ ⟨𝑝|𝛼 = √𝜔 (
1

𝑧
) = √𝜔⟨𝑞|𝛼, ℎ̃𝛼̇ ≡|𝑝]

𝛼̇

= √𝜔 (
1

𝑧‾
) = √𝜔| ⁡𝑞]

𝛼̇

,  

⟨𝑞|𝛼 = (
1

𝑧
) , | 𝑞]

𝛼̇

= (
1

𝑧‾
)  
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⟨𝑖𝑗⟩ = −√𝜔𝑖𝜔𝑗𝑧𝑖𝑗 , [𝑖𝑗] = √𝜔𝑖𝜔𝑗𝑧‾𝑖𝑗  

Ψ(𝑝, 𝜂) =𝐺+(𝑝) + 𝜂𝑎Γ+
𝑎(𝑝) +

1

2!
𝜂𝑎𝜂𝑏Φ

𝑎𝑏(𝑝)

⁡+
1

3!
𝜖𝑎𝑏𝑐𝑑𝜂𝑎𝜂𝑏𝜂𝑐Γ𝑑

−(𝑝) +
1

4!
𝜖𝑎𝑏𝑐𝑑𝜂𝑎𝜂𝑏𝜂𝑐𝜂𝑑𝐺

−(𝑝)

 

𝒜𝑛({𝑝1, 𝜂
1},… {𝑝𝑛, 𝜂

𝑛}) ≡ ⟨Ψ1(𝑝1, 𝜂
1)…Ψ𝑛(𝑝𝑛, 𝜂

𝑛)⟩.  

𝒜𝑛(⋯ , 𝑎, 𝑠, 𝑏,⋯ ) →
𝑝𝑠→0⁡

SoftSYM(𝑎, 𝑠, 𝑏)𝒜𝑛−1(⋯ , 𝑎, 𝑏,⋯ ),  

Softhol
SYM(𝑎, 𝑠, 𝑏) =

1

𝜀2
Soft(0)hol

SYM(𝑎, 𝑠, 𝑏) +
1

𝜀
Soft(1)hol

SYM(𝑎, 𝑠, 𝑏).  

Soft(𝑘)hol
SYM(𝑎, 𝑠, 𝑏) =

1

𝑘!

⟨𝑎𝑏⟩

⟨𝑎𝑠⟩⟨𝑠𝑏⟩
[
⟨𝑠𝑎⟩

⟨𝑏𝑎⟩
(ℎ̃𝑠

𝛼̇
𝜕

𝜕ℎ̃𝑏
𝛼̇
+(𝜂𝑠)𝑐

𝜕

𝜕(𝜂𝑏)𝑐
)

+
⟨𝑠𝑏⟩

⟨𝑎𝑏⟩
(ℎ̃𝑠

𝛼̇
𝜕

𝜕ℎ̃𝑎
𝛼̇
+ (𝜂𝑠)𝑐

𝜕

𝜕(𝜂𝑎)𝑐
)]

𝑘  

Soft(𝑘)anti-hol 
SYM (𝑎, 𝑠, 𝑏) =

1

𝑘!

[𝑎𝑏]

[𝑎𝑠][𝑠𝑏]
𝛿4 (𝜂𝑠 +

[𝑎𝑠]

[𝑎𝑏]
𝜂𝑏 +

[𝑠𝑏]

[𝑎𝑏]
𝜂𝑎) [

[𝑠𝑏]

[𝑎𝑏]
ℎ𝑠
𝛼
𝜕

𝜕ℎ𝑎
𝛼 +

[𝑎𝑠]

[𝑎𝑏]
ℎ𝑠
𝛼
𝜕

𝜕ℎ𝑏
𝛼]

𝑘

 

𝑝1 = 𝑧𝑝12, 𝑝2 = (1 − 𝑧)𝑝12  

𝒜𝑛(1,2,3,⋯ , 𝑛) →
𝑝12
2 →0⁡

∑ 

2

𝑙=1

 ∫ ⁡ 𝑑4𝜂𝑝12Split1−𝑙(1,2, 𝑝12)𝒜𝑛−1(𝑝12, 3,⋯ , 𝑛)  

Split0(𝑧; 𝜂
1, 𝜂2, 𝜂𝑝12) =

1

√𝑧(1 − 𝑧)

1

⟨12⟩
∏ 

4

𝑎=1

  (𝜂𝑎
𝑝12 − √𝑧𝜂𝑎

1 − √1 − 𝑧𝜂𝑎
2)  

Split−1(𝑧; 𝜂
1, 𝜂2, 𝜂𝑝12) =

1

√𝑧(1 − 𝑧)

1

[12]
∏  

4

𝑎=1

 (𝜂𝑎
1𝜂𝑎
2 − √1 − 𝑧𝜂𝑎

1𝜂𝑎
𝑝12 + √𝑧𝜂𝑎

2𝜂𝑎
𝑝12)  

∫ ⁡𝑑𝜂𝑎
𝑝12∏ 

4

𝑎=1

 (𝜂𝑎
1𝜂𝑎
2 − √1 − 𝑧𝜂𝑎

1𝜂𝑎
𝑝12+√𝑧𝜂𝑎

2𝜂𝑎
𝑝12)𝑓(𝜂𝑎

𝑝12)

⁡= 𝛿(4)(√1 − 𝑧𝜂𝑎
1 − √𝑧𝜂𝑎

2)𝑓 (
𝜂𝑎
2

√1 − 𝑧
)

 

𝒜𝑛(1,2,3,⋯ , 𝑛) →
𝑝12
2 →0⁡ 1

√𝑧(1 − 𝑧)

1

[12]
𝛿(4)(√1 − 𝑧𝜂𝑎

1 − √𝑧𝜂𝑎
2)𝒜𝑛−1 ({𝑝12,

𝜂𝑎
2

√1 − 𝑧
} , 3,⋯ , 𝑛)

+
1

√𝑧(1 − 𝑧)

1

⟨12⟩
𝒜𝑛−1({𝑝12, √𝑧𝜂𝑎

1 +√1 − 𝑧𝜂𝑎
2}, 3,⋯ , 𝑛)

 

𝐴𝑛(1
ℎ1 , 2ℎ2 , … , 𝑛) →

1‖2⁡
∑ 

ℎ

  Split−ℎ
SYM(𝑧, 1ℎ1 , 2ℎ2)𝐴𝑛−1(𝑝

ℎ, … , 𝑛),  
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Split−ℎ(𝑧; 𝑎
ℎ1 , 𝑏ℎ2) = Split+ℎ(𝑧; 𝑎

−ℎ1 , 𝑏−ℎ2)|
[𝑎𝑏]↔⟨𝑎𝑏⟩  

Split+1
SYM(𝑧, 𝑎+1, 𝑏+1) = 0, Split−1

SYM(𝑧, 𝑎+1, 𝑏+1) =
1

√𝑧(1 − 𝑧)

1

⟨𝑎𝑏⟩

Split+1
SYM(𝑧, 𝑎−1, 𝑏+1) = √

𝑧3

1 − 𝑧

1

⟨𝑎𝑏⟩
, Split+1

SYM(𝑧, 𝑎+1, 𝑏−1) =
(1 − 𝑧)2

√𝑧(1 − 𝑧)

1

⟨𝑎𝑏⟩

 

Split0
SYM (𝑧, 𝑎+

1
2, 𝑏+

1
2) =

1

⟨𝑎𝑏⟩
, Split+1

SYM (𝑧, 𝑎+
1
2, 𝑏−

1
2) =

(1 − 𝑧)

⟨𝑎𝑏⟩

Split+1
SYM (𝑧, 𝑎−

1
2, 𝑏+

1
2) =

𝑧

⟨𝑎𝑏⟩
, Split1

SYM (𝑧, 𝑎0, 𝑏0) = √𝑧(1 − 𝑧)
1

⟨𝑎𝑏⟩
.

 

Split
+
1
2

SYM (𝑧, 𝑎−
1
2, 𝑏+1) =

𝑧

√(1 − 𝑧)

1

⟨𝑎𝑏⟩
, Split

+
1
2

SYM (𝑧, 𝑎+1, 𝑏−
1
2) =

1 − 𝑧

√𝑧

1

⟨𝑎𝑏⟩
,

Split
−
1
2

SYM (𝑧, 𝑎+
1
2, 𝑏+1) =

1

√(1 − 𝑧)

1

⟨𝑎𝑏⟩
, Split

−
1
2

SYM (𝑧, 𝑎+1, 𝑏+
1
2) =

1

√𝑧

1

⟨𝑎𝑏⟩
,

Split0
SYM(𝑧, 𝑎0, 𝑏+1) = √

𝑧

1 − 𝑧

1

⟨𝑎𝑏⟩
, Split0

SYM(𝑧, 𝑎+1, 𝑏0) = √
1 − 𝑧

𝑧

1

⟨𝑎𝑏⟩
,

Split1
2

SYM (𝑧, 𝑎0, 𝑏+
1
2) = √𝑧

1

⟨𝑎𝑏⟩
, Split1

2

SYM (𝑧, 𝑎+
1
2, 𝑏0) = √(1 − 𝑧)

1

⟨𝑎𝑏⟩
.

 

Collinear fields Resulting index structure 

Γ+
𝑎 , Γ+

𝑏 Φ𝑎𝑏 

Γ𝑎
−, Γ𝑏

− 
1

2!
𝜖𝑎𝑏𝑐𝑑Φ

𝑐𝑑 

Γ+
𝑎, Γ𝑏

− 𝛿𝑏
𝑎𝐺± 

Γ+
𝑎 , Φ𝑏𝑐 𝜖𝑎𝑏𝑐𝑑Γ𝑑

− 

Γ𝑎
−, Φ𝑏𝑐 2! 𝛿𝑎

𝑏Γ+
𝑐 

Φ𝑎𝑏 , Φ𝑐𝑑 𝜖𝑎𝑏𝑐𝑑𝐺± 
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𝑀𝑛
tree (1,2,… , 𝑛)= 𝑖(−1)𝑛+1𝐴𝑛

tree (1,2,… , 𝑛) ⁡

× ∑  
𝜎∈𝑆𝑛/2−1
𝜏∈𝑆𝑛/2−2

 𝑓(𝜎(1), … , 𝜎(𝑛/2 − 1))𝑓‾(𝜏(𝑛/2 + 1),… , 𝜏(𝑛 − 2)) ⁡

× 𝐴𝑛
tree (𝜎(1), … , 𝜎(𝑛/2 − 1),1, 𝑛 − 1, 𝜏(𝑛/2 + 1),… , 𝜏(𝑛 − 2), 𝑛)⁡

⁡+ Permutations of (2,… , 𝑛 − 2)

 

𝑓(𝑖1, … , 𝑖𝑗) = 𝑠(1, 𝑖𝑗)∏  

𝑗−1

𝑚=1

 (𝑠(1, 𝑖𝑚) + ∑  

𝑗

𝑘=𝑚+1

 𝑔(𝑖𝑚, 𝑖𝑘))

𝑓‾(𝑙1, … , 𝑙𝑗′) = 𝑠(𝑙1, 𝑛 − 1)∏  

𝑗′

𝑚=2

 (𝑠(𝑙𝑚, 𝑛 − 1) + ∑  

𝑚−1

𝑘=1

 𝑔(𝑙𝑘 , 𝑙𝑚))

 

𝑔(𝑖, 𝑗) = {
𝑠(𝑖, 𝑗): = 𝑠𝑖𝑗: = ⟨𝑖𝑗⟩[𝑗𝑖], 𝑖 > 𝑗

0,  otherwise. 
 

𝑀𝑛
tree (1ℎ1 , 2ℎ2 , … , 𝑛) →

1‖2⁡
∑  

ℎ=±

  Split ⁡−ℎ
gravity 

(𝑧, 1ℎ1 , 2ℎ2) × 𝑀𝑛−1
tree (𝑃ℎ, 3, … , 𝑛).  

Split
−(ℎ+ℎ̃)

gravity 
(𝑧, 1ℎ1+ℎ̃1 , 2ℎ2+ℎ̃2) = −𝑠12 ×  Split ⁡−ℎ

gauge 
(𝑧, 1ℎ1 , 2ℎ2)

⁡×  Split ⁡
−ℎ̃

gauge 
(𝑧, 2ℎ̃2 , 1ℎ̃1)

 

𝒜𝑛
tree (… , 𝑎, 𝜀𝑖±, 𝑏, … ) →

𝜀→0⁡
(
1

𝜀2
𝒮Gauge 

(0)
(𝑖, 𝑎, 𝑏) +

1

𝜀
𝒮Gauge 

(1)
(𝑖, 𝑎, 𝑏) + 𝒪(1))

×𝒜𝑛−1
tree (… , 𝑎, 𝑏, … )

 

ℳ𝑛
tree (… , 𝑎, 𝜀𝑖±, 𝑏, … ) →

𝜀→0⁡
(
1

𝜀3
𝒮Gravity 

(0)
(𝑖, 𝑎, 𝑏) +

1

𝜀2
𝒮Gravity 

(1)
(𝑖, 𝑎, 𝑏)

+
1

𝜀
𝒮Gravity 

(2)
(𝑖, 𝑎, 𝑏) + 𝒪(1))ℳ𝑛−1

tree (… , 𝑎, 𝑏, … )
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1

𝜀3
𝒮Gravity 

(0)
(𝑠, 𝑛, 1) +

1

𝜀2
𝒮Gravity 

(1)
(𝑠, 𝑛, 1) +

1

𝜀
𝒮Gravity 

(2)
(𝑠, 𝑛, 1)

=∑  

𝑛

𝑗=1

 𝐾𝑠𝑗
2 (

1

𝜀2
𝒮Gauge 

(0)
(𝑗, 𝑠, 𝑛) +

1

2𝜀
𝒮Gauge 

(1)
(𝑗, 𝑠, 𝑛))

2  

Ψ(𝑝, 𝜂)= 𝐻+(𝑝) + 𝜂𝐴𝜓+
𝐴(𝑝) + 𝜂𝐴𝐵𝐺+

𝐴𝐵(𝑝) + 𝜂𝐴𝐵𝐶𝜒+
𝐴𝐵𝐶(𝑝) ⁡

⁡+𝜂𝐴𝐵𝐶𝐷Φ
𝐴𝐵𝐶𝐷(𝑝) + 𝜂̃𝐴𝐵𝐶𝜒𝐴𝐵𝐶

− (𝑝) + 𝜂̃𝐴𝐵𝐺𝐴𝐵
− (𝑝) + 𝜂̃𝐴𝜓𝐴

−(𝑝) + 𝜂̃𝐻−(𝑝),
 

𝜂𝐴1…𝐴𝑛 ≡
1

𝑛!
𝜂𝐴1 …𝜂𝐴2

𝜂̃𝐴1…𝐴𝑛 ≡ 𝜖𝐴1…𝐴𝑛𝐵1…𝐵8−𝑛𝜂𝐵1…𝐵8−𝑛

𝜂̃ ≡∏  

8

𝐴=1

 𝜂𝐴

 

ℳ𝑛({𝑝1, 𝜂
1},… {𝑝𝑛, 𝜂

𝑛}) = ⟨Ψ1(𝑝1, 𝜂
1)…Ψ𝑛(𝑝𝑛, 𝜂

𝑛)⟩.  

 

(𝒩 = 4SYM)⊗ (𝒩 = 4SYM) 

36(0⊗ 0); 1(−1⊗+1); 1(+1⊗−1); 16 (+
1

2
⊗−

1

2
) ; 16 (−

1

2
⊗+

1

2
) 

48 (±
1

2
⊗ 0) ; 48 (0⊗±

1

2
) ; 8 (±

1

2
⊗∓1) ; 8 (±1⊗∓

1

2
) 

12(±1⊗ 0); 16 (+
1

2
⊗+

1

2
) ; 16 (−

1

2
⊗−

1

2
) 

8 (±
1

2
⊗±1) ; 8 (±1⊗±

1

2
) 

2(±1⊗±1) 
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𝐻+ = 𝐺+𝐺̃+ 𝐻− = 𝐺−𝐺̃− 

𝑆+
𝑎 = Γ+

𝑎𝐺̃+ 𝑓𝑎
− = Γ𝑎

−𝐺̃− 

𝑆+
𝑟 = 𝐺+Γ̃+

𝑟 𝑓𝑟
− = 𝐺−Γ̃𝑟

− 

𝐺𝑎𝑏
+ = Φ𝑎𝑏𝐺̃+ 𝐺𝑎𝑏

− = Φ𝑎𝑏𝐺̃
− 

𝐺𝑎𝑟
+ = Γ+

𝑎Γ̃+
𝑟 𝐺𝑎𝑟

− = −Γ𝑎
−Γ̃𝑟

− 

𝐺𝑟𝑠
+ = 𝐺+Φ̃𝑟𝑠 𝐺‾𝑟𝑠

− = 𝐺−Φ̃𝑟𝑠 

𝜒+
𝑎𝑏𝑐 = 𝛼4𝜖

𝑎𝑏𝑐𝑑Γ𝑑
−𝐺̃+ 

𝜒𝑎𝑏𝑐
−

= −𝛼4𝜖𝑎𝑏𝑐𝑑Γ+
𝑑𝐺̃− 

  

𝜒+
𝑎𝑏𝑟 = Φ𝑎𝑏Γ̃+

𝑟𝜒+
𝑎𝑟𝑠

= Γ+
𝑎Φ̃𝑟𝑠 

𝜒𝑎𝑏𝑟
− = Φ𝑎𝑏Γ̃𝑟

−

𝜒𝑎𝑟𝑠
− = Γ𝑎

−Φ̃𝑟𝑠
𝜒𝑟𝑠𝑡
− = −𝛼̃4𝜖𝑟𝑠𝑡𝑢𝐺

−Γ̃+
𝑢

 

  

Φ𝑎𝑏𝑐𝑑 = 𝛼4𝜖
𝑎𝑏𝑐𝑑𝐺−𝐺̃+ 

Φ𝑎𝑏𝑐𝑑

= 𝛼4𝜖𝑎𝑏𝑐𝑑𝐺
+𝐺̃− 

Φ𝑎𝑏𝑐𝑟 = 𝛼4𝜖
𝑎𝑏𝑐𝑑Γ𝑑

−Γ̃+
𝑟 Φ𝑎𝑏𝑐𝑟 = 𝛼4𝜖𝑎𝑏𝑐𝑑Γ+

𝑑Γ̃𝑟
− 

Φ𝑎𝑏𝑟𝑠 = Φ𝑎𝑏Φ̃𝑟𝑠 Φ𝑎𝑏𝑟𝑠 = Φ𝑎𝑏Φ𝑟𝑠 

Φarst = 𝛼4̃𝜖
𝑟𝑠𝑡𝑢Γ+

𝑎Γ̃𝑢
− Φarst = 𝛼̃4𝜖𝑟𝑠𝑡𝑢Γ𝑎

−Γ̃+
𝑢 

Φ𝑟𝑠𝑡𝑢 = 𝛼̃4𝜖
𝑟𝑠𝑡𝑢𝐺+𝐺̃− Φrstu = 𝛼4̃𝜖rstu 𝐺

−𝐺̃+ 
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Φ𝐴𝐵𝐶𝐷 =
1

4!
𝛼8𝜖𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻Φ

𝐸𝐹𝐺𝐻

Φ𝑎𝑏 =
1

2!
𝛼4𝜖𝑎𝑏𝑐𝑑Φ

𝑐𝑑

Φ̃𝑟𝑠 =
1

2!
𝛼̃4𝜖𝑟𝑠𝑡𝑢Φ

𝑡𝑢

 

𝛼4𝛼̃4 = 𝛼8.  

𝑀𝑛(1
ℎ1 , 2ℎ2 , … , 𝑛) →

1‖2⁡
∑ 

ℎ

  Split−ℎ
SG(𝑧, 1ℎ1 , 2ℎ2)𝑀𝑛−1(𝑝

ℎ , … , 𝑛),  

Split−(ℎ+ℎ̃)
SG (𝑧, 1ℎ1+ℎ̃1 , 2ℎ2+ℎ̃2) = −𝑠12× Split−ℎ

SYM(𝑧, 1ℎ1 , 2ℎ2) ⁡

⁡× Split−ℎ̃
SYM(𝑧, 2ℎ̃2 , 1ℎ̃1)

 

Split−(𝑧; 𝑎
ℎ1 , 𝑏ℎ2) = Split+(𝑧; 𝑎

−ℎ1 , 𝑏−ℎ2)|
[𝑎𝑏]↔⟨𝑎𝑏⟩  
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Split−(ℎ+ℎ̃)
SG (𝑧, 1±2, 2±2) = −𝑠12⁡× Split−ℎ

SYM(𝑧, 1±1, 2±1)

⁡× Split−ℎ̃
SM(𝑧, 2±1, 1±1)

 

Split+2
SG(𝑧, 𝑎+2, 𝑏+2)= 0 = Split−2

SG(𝑧, 𝑎−2, 𝑏−2) ⁡

Split−2
SG(𝑧, 𝑎+2, 𝑏+2)= −

1

𝑧(1 − 𝑧)

[𝑎𝑏]

⟨𝑎𝑏⟩
, Split+2

SG(𝑧, 𝑎−2, 𝑏−2) = −
1

𝑧(1 − 𝑧)

⟨𝑎𝑏⟩

[𝑎𝑏]
⁡

Split+2
SG(𝑧, 𝑎−2, 𝑏+2)⁡= −

𝑧3

(1 − 𝑧)

[𝑎𝑏]

⟨𝑎𝑏⟩
, Split−2

SG(𝑧, 𝑎−2, 𝑏+2) = −
(1 − 𝑧)3

𝑧

⟨𝑎𝑏⟩

[𝑎𝑏]
.

 

𝑝1 = 𝑧𝑝, 𝑝2 = (1 − 𝑧)𝑝.  

𝑧 =
𝜔1
𝜔𝑝
, (1 − 𝑧) =

𝜔2
𝜔𝑝

 

𝑀𝑛(1
+2, 2+2, ⋯ , 𝑛) 

𝜔𝑝
2

𝜔12

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
+2, … , 𝑛) 

𝑀𝑛(1
−2, 2−2, ⋯ , 𝑛) 

𝜔𝑝
2

𝜔1𝜔2

𝑧12
𝑧‾12

𝑀𝑛−1(𝑝
−2, … , 𝑛) 

𝑀𝑛(1
+2, 2−2, … , 𝑛) 

𝜔1
3

𝜔𝑝
2𝜔2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
−2, 3,… , 𝑛) +

𝜔2
3

𝜔𝑝
2𝜔1

𝑧12
𝑧‾12

𝑀𝑛−1(𝑝
+2, 3, … , 𝑛) 

 

Split−1
SG (𝑧, 1

1
2
+1, 2

1
2
+1) = −

1

√𝑧(1 − 𝑧)

[12]

⟨12⟩
, Split−1

SG (𝑧, 1
1
2
+1, 21+

1
2) = −

1

√𝑧(1 − 𝑧)

[12]

⟨12⟩

Split−2
SG (𝑧, 1

1
2
+1, 2−

1
2
−1) = −√

𝑧5

(1 − 𝑧)

⟨12⟩

[12]
, Split+2

SG (𝑧, 1
1
2
+1, 2−

1
2
−1) = −√

(1 − 𝑧)5

𝑧

[12]

⟨12⟩

 

{
(𝑎;

3

2
) = (𝑎;

1

2
)⊗ 1

(𝑟;
3

2
) = 1⊗ (𝑟;

1

2
)

 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵;+

3
2, ⋯ , 𝑛) 

𝜔𝑝

√𝜔1𝜔2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
𝐴𝐵;+1,⋯ , 𝑛) 
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𝑀𝑛 (1
𝐴;+

3
2, 2𝐵

−
3
2,⋯ , 𝑛) 𝛿𝐵

𝐴
𝜔1

5
2

𝜔1

1
2𝜔𝑝

2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
−2,⋯ , 𝑛) + 𝛿𝐵

𝐴
𝜔1

5
2

𝜔2

1
2𝜔𝑝

2

𝑧12
𝑧‾12

𝑀𝑛−1(𝑝
+2,⋯ , 𝑛) 

 

{

(𝑎𝑏; 1) = (𝑎𝑏; 0)⊗ 1

(𝑎𝑟; 1) = (𝑎,
1

2
)⊗ (𝑟;

1

2
)

(𝑟𝑠; 1) = 1⊗ (𝑟𝑠; 0)

 

𝑀𝑛(1
𝐴𝐵;+1, 2𝐶𝐷;+1,⋯ ) 

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝐴𝐵𝐶𝐷;0,⋯ ) 

𝑀𝑛(1
𝐴𝐵;+1, 2𝐶𝐷

−1 ,⋯ ) −𝛿𝐶𝐷
𝐴𝐵 [

𝜔2
2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ ) +

𝜔1
2

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ )] 

 

{
(𝑎𝑏𝑟;

1

2
) = (𝑎𝑏; 0)⊗ (𝑟;

1

2
)

(𝑎𝑟𝑠;
1

2
) = (𝑎;

1

2
)⊗ (𝑟𝑠; 0)

{
 
 

 
 (𝑟𝑠𝑡;

1

2
) = −𝜖𝑟𝑠𝑡𝑢 (1⊗ (𝑢;−

1

2
))

(𝑎𝑏𝑐;
1

2
) = −𝜖𝑎𝑏𝑐𝑑 ((𝑑;−

1

2
)⊗ 1)

⁡( sum over 𝑢, 𝑑)

 

 

𝑀𝑛 (1
ars ;+

1
2, 2btu ;+

1
2,⋯ ) 𝜖rstu 𝜖𝑎𝑏𝑐𝑑

√𝜔1𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑐𝑑
−1,⋯ ) 

𝑀𝑛 (1
ars ;+

1
2, 2bct ;+

1
2,⋯ ) 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢

√𝜔1𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑑𝑢
−1, ⋯ ) 

𝑀𝑛 (1
𝑟𝑠𝑡;+

1
2, 2𝑎𝑏𝑐;+

1
2,⋯ ) 𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑

√𝜔1𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑢𝑑
−1, ⋯ ) 
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𝑀𝑛 (1
𝑎𝑟𝑠;+

1
2, 2𝑏𝑡𝑢

−
1
2 ,⋯ ) 

𝜖𝑡𝑢𝑣𝑤𝜖
𝑟𝑠𝑣𝑤𝛿𝑏

𝑎 [
𝜔1

3
2𝜔2

1
2

𝜔𝑝
2

𝑧12
𝑧‾12

𝑀𝑛−1(𝑝
+2,⋯ )

+
𝜔2

3
2𝜔1

1
2

𝜔𝑝
2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
−2,⋯ )] 

 

(𝑎𝑏𝑟𝑠; 0) = (𝑎𝑏; 0)⊗ (𝑟𝑠; 0)

{
(𝑎𝑏𝑐𝑑; 0) = −𝜖𝑎𝑏𝑐𝑑(−1⊗ 1)

(𝑟𝑠𝑡𝑢; 0) = −𝜖𝑟𝑠𝑡𝑢(1⊗−1)

 

{
( abcr ; 0) = −𝜖𝑎𝑏𝑐𝑑 (𝑑;−

1

2
)⊗ (𝑟;

1

2
)

( arst ; 0) = −𝜖rstu (𝑎;
1

2
)⊗ (𝑢;−

1

2
)

 

 

𝑀𝑛(1
𝑎𝑏𝑟𝑠;0, 2𝑐𝑑𝑡𝑢;0,⋯ ) 

𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢 [
𝜔1𝜔2

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ )

+
𝜔1𝜔2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ )] 

𝑀𝑛(1
𝑎𝑏𝑐𝑑;0, 2𝑟𝑠𝑡𝑢;0,⋯ ) 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢 [

𝜔2𝜔1

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ )

𝜔1𝜔2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ ) 

𝑀𝑛(1
𝑎𝑏𝑐𝑢;0, 2𝑑𝑟𝑠𝑡;0,⋯ ) 

𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢 [
𝜔2𝜔1

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ )

+
𝜔1𝜔2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ ) 

𝑀𝑛(1
arst ;0, 2bcdu; 0,⋯ ) 𝜖rstu 𝜖𝑎𝑏𝑐𝑑 [

𝜔2𝜔1

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ ) +

𝜔1𝜔2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2, ⋯ ) 
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𝑀𝑛 (1
+2, 2𝑟;+

3
2,⋯ , 𝑛) 

𝜔𝑝

3
2

𝜔2

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝑟;+

3
2,⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑟

−
3
2,⋯ , 𝑛) 

𝜔2

5
2

𝜔𝑝

3
2𝜔1

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝𝑟
−
3
2,⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑎;+

3
2,⋯ , 𝑛) 

𝜔𝑝

3
2

𝜔2

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝑎;+

3
2, ⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑎

−
3
2,⋯ , 𝑛) 

𝜔2

5
2

𝜔𝑝

3
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑎
−
3
2,⋯ , 𝑛) 

 

𝑀𝑛(1
+2, 2𝐴𝐵

−1,⋯ , 𝑛) =
𝜔2
2

𝜔1𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝐴𝐵
−1,⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑎𝑏𝑟;+

1
2,⋯ , 𝑛) 

√𝜔2𝜔𝑝

𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝑎𝑏𝑟;+

1
2,⋯ , 𝑛) 
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𝑀𝑛 (1
+2, 2ars ;+

1
2,⋯ , 𝑛) 

√𝜔2𝜔𝑝

𝜔1

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝
ars ;+

1
2,⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑎𝑏𝑐;+

1
2,⋯ , 𝑛) 

√𝜔2𝜔𝑝

𝜔1

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝
𝑎𝑏𝑐;+

1
2,⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑟𝑠𝑡;+

1
2,⋯ , 𝑛) 

√𝜔2𝜔𝑝

𝜔1

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝
𝑟𝑠𝑡;+

1
2,⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑎𝑏𝑟

−
1
2 , ⋯ , 𝑛) 

𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑎𝑏𝑟
−
1
2 , ⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2

ars 

−
1
2 , ⋯ , 𝑛) 

𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝ars 

−
1
2, ⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑎𝑏𝑐

−
1
2 ,⋯ , 𝑛) −

𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑎𝑏𝑐
−
1
2 ,⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑟𝑠𝑡

−
1
2 , ⋯ , 𝑛) −

𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑟𝑠𝑡
−
1
2 , ⋯ , 𝑛) 
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𝑀𝑛(1
+2, 2𝐴𝐵𝐶𝐷;0,⋯ , 𝑛) =

𝜔2
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝐴𝐵𝐶𝐷;0,⋯ , 𝑛) 
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𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶

−1,⋯ , 𝑛) =
𝜔2
2

𝜔𝑝

3
2𝜔1

1
2

𝑧‾12
𝑧12

2! 𝛿[𝐵
𝐴 ×𝑀𝑛−1 (𝑝𝐶]

−
3
2, ⋯ , 𝑛) 

𝑝[𝐴1…𝐴𝑛]: =
1

𝑛!
∑  

𝜎∈𝑆𝑛

 sign(𝜎)𝑝𝐴𝜎(1)…𝐴𝜎(𝑛) .  

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶𝐷;+

1
2,⋯ ) √

𝜔2
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝐴𝐵𝐶𝐷;0,⋯ ) 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶𝐷

−
1
2 ,⋯ ) −

𝜔2

3
2

𝜔𝑝𝜔1

3
2

𝑧‾12
𝑧12

× 3𝛿(𝐵
𝐴𝑀𝑛−1(𝑝𝐶𝐷)

−1 ,⋯ ) 

 

𝑝(𝐴1…𝐴𝑛): =
1

𝑛!
∑  

𝜎∈𝑆𝑛

 𝑝𝐴𝜎(1)…𝐴𝜎(𝑛) .  

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶𝐷𝐸;0,⋯ , 𝑛) = −

1

3!
𝜖𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻

𝜔2

√𝜔1𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝐹𝐺𝐻
−
1
2 , ⋯ , 𝑛) 

 

𝑀𝑛 (1
𝑎𝑏;+1, 2𝑐𝑑𝑟;+

1
2,⋯ , 𝑛) √

𝜔2
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝐴𝐵𝐶𝐷;0,⋯ ) 

𝑀𝑛 (1
𝑎𝑏;+1, 2

𝑐𝑑𝑟;−
1
2
,⋯ , 𝑛) −𝛿𝑐𝑑

𝑎𝑏
𝜔2

3
2

𝜔𝑝

3
2

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑟
−
3
2,⋯ , 𝑛) 

 

𝑀𝑛(1
𝑎𝑏;+1, 2𝑐𝑑𝑟𝑠;0,⋯ , 𝑛) 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢

𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑡𝑢
−1,⋯ , 𝑛) 
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𝑀𝑛(1
𝑟𝑠;+1, 2𝑎𝑏𝑡𝑢;0,⋯ , 𝑛) 𝜖rstu 𝜖abcd 

𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑐𝑑
−1,⋯ , 𝑛) 

𝑀𝑛(1
ar; +1, 2bcst ;0,⋯ , 𝑛) 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢

𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑑𝑢
−1,⋯ , 𝑛) 

𝑀𝑛(1
𝑎𝑏;+1, 2𝑐𝑑𝑒𝑓;0,⋯ , 𝑛) −𝜖cdef 𝜖abgh 

𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑔ℎ
−1,⋯ , 𝑛) 

𝑀𝑛(1
rs; +1, 2cdef ;0,⋯ , 𝑛) −𝜖cdef 𝜖rstu 

𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑡𝑢
−1,⋯ , 𝑛) 

𝑀𝑛(1
𝑎𝑟;+1, 2𝑏𝑐𝑑𝑠;0,⋯ , 𝑛) −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢

𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑡𝑢
−1,⋯ , 𝑛) 

𝑀𝑛(1𝑎𝑏
−1, 2cdef ;0,⋯ , 𝑛) −𝜖cdef 𝜖abgh 

𝜔2
𝜔𝑝

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
𝑔ℎ;+1,⋯ , 𝑛) 

𝑀𝑛(1𝑎𝑟
−1, 2𝑏𝑐𝑑𝑠;0,⋯ , 𝑛) −𝜖bcde 𝛿𝑟

𝑠𝜖aefg 

𝜔1
𝜔𝑝

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
𝑓𝑔;+1,⋯ , 𝑛) 

𝑀𝑛(1𝑎𝑟
−1, 2𝑏𝑐𝑠𝑡;0, ⋯ , 𝑛) −

𝜔2
𝜔𝑝

𝑧12
𝑧‾12

4! 𝛿𝑎
[𝑏
𝛿𝑟
𝑠𝑀𝑛−1(𝑝

𝑡𝑐];+1,⋯ , 𝑛) 
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𝑀𝑛 (1
𝑎𝑏𝑟;+

1
2, 2𝑐𝑑𝑠𝑡;0,⋯ , 𝑛) 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢

𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑢
−
3
2,⋯ , 𝑛) 

𝑀𝑛 (1
𝑎𝑏𝑟;+

1
2, 2𝑐𝑠𝑡𝑢;0,⋯ , 𝑛) −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢

𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑑
−
3
2,⋯ , 𝑛) 

𝑀𝑛 (1
ars ;+

1
2, 2bctu; 0,⋯ , 𝑛) 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢

𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑑
−
3
2,⋯ , 𝑛) 

𝑀𝑛 (1𝑎𝑟𝑠
−
1
2 , 2𝑏𝑐𝑡𝑢;0,⋯ , 𝑛) −2! 𝛿𝑟𝑠

𝑡𝑢
𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧12
𝑧‾12

𝛿𝑎
[𝑏
×𝑀𝑛−1 (𝑝

𝑐];+
3
2, ⋯ , 𝑛) 

𝑀𝑛 (1ars 

−
1
2 , 2btuv 0,⋯ , 𝑛) −𝛿𝑎

𝑏𝜖𝑡𝑢𝑣𝑤𝜖𝑤𝑟𝑠𝑥
𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧12
𝑧‾12

×𝑀𝑛−1 (𝑝
𝑥;+

3
2,⋯ , 𝑛) 

𝑀𝑛 (1𝑟𝑠𝑡
−
1
2 , 2avwx ;0,⋯ , 𝑛) −𝜖rstu 𝜖

vwxu 
𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧12
𝑧‾12

×𝑀𝑛−1 (𝑝
𝑎;+

3
2,⋯ , 𝑛) 

𝑀𝑛 (1𝑟𝑠𝑡
−
1
2 , 2𝑢𝑣𝑤𝑥;0,⋯ , 𝑛) −𝜖𝑟𝑠𝑡𝑦𝜖

𝑢𝑣𝑤𝑥
𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧12
𝑧‾12

×𝑀𝑛−1 (𝑝
𝑦;+

3
2,⋯ , 𝑛) 
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ℳ𝑛+1(Ψ𝑠, Ψ1, … , Ψ𝑛) =
𝜀→0

∑𝑘=0
2  

1

𝜀3−𝑘
𝒮(𝑘)ℳ𝑛(Ψ1, … ,Ψ𝑛)⁡ 

ℳ𝑛+1(Ψ𝑠, Ψ1, … , Ψ𝑛) =
𝜀→0

∑𝑘=0
2  

1

𝜀3−𝑘
𝒮
(𝑘)
ℳ𝑛(Ψ1, … ,Ψ𝑛) 

 

Softleading 
SYM (𝑎, 𝑠, 𝑏) =

⟨𝑎𝑏⟩

⟨𝑎𝑠⟩⟨𝑠𝑏⟩
+

[𝑎𝑏]

[𝑎𝑠][𝑠𝑏]
𝛿4(𝜂𝑠)  

1

𝜀3
Soft(0)SG+

1

𝜀2
Soft(1)SG +

1

𝜀
Soft(2)SG ⁡

⁡= ∑  

𝑛

𝑖=1

 𝜀⟨𝑠𝑖⟩[𝑖𝑠] (
1

𝜀2
Soft(0)SYM(𝑖, 𝑠, 𝑎) +

1

2𝜀
Soft(1)SYM(𝑖, 𝑠, 𝑎))

2  

Soft(0)SG=∑ 

𝑛

𝑖=1

  ⟨𝑠𝑖⟩[𝑖𝑠][Soft(0)SYM(𝑖, 𝑠, 𝑎)]
2

⁡

Soft(1)SG⁡= ∑  

𝑛

𝑖=1

  ⟨𝑠𝑖⟩[𝑖𝑠][Soft(0)SYM(𝑖, 𝑠, 𝑎) × Soft(1)SYM(𝑖, 𝑠, 𝑎)]

Soft(2)SG⁡=
1

4
∑  

𝑛

𝑖=1

  ⟨𝑠𝑖⟩[𝑖𝑠][Soft(1)SYM(𝑖, 𝑠, 𝑎)]
2

 

Softleading 
SG =∑ 

𝑛

𝑖=1

  ⟨𝑠𝑖⟩[𝑖𝑠] ([Soft(0)hol 
SYM(𝑖, 𝑠, 𝑎)]

2
+ [Soft(0)anti-hol 

SYM (𝑖, 𝑠, 𝑎)]
2
)  

Softsubleading 
SG =∑ 

𝑛

𝑖=1

  ⟨𝑠𝑖⟩[𝑖𝑠][Soft(0)hol 
SYM(𝑖, 𝑠, 𝑎) × Soft(1)hol 

SYM(𝑖, 𝑠, 𝑎)

+Soft(0)anti-hol 
SYM (𝑖, 𝑠, 𝑎) × Soft(1)anti-hol 

SYM (𝑖, 𝑠, 𝑎)]
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(𝛿4(𝜂𝑎))
2
= 𝛿8(𝜂𝐴)  

Softleading 
SG (𝑎, 𝑠, 𝑏) =∑  

𝑛

𝑖=1

 (
[𝑠𝑖]

⟨𝑠𝑖⟩

⟨𝑎𝑖⟩2

⟨𝑎𝑠⟩2
+
⟨𝑠𝑖⟩

[𝑠𝑖]

[𝑎𝑖]2

[𝑎𝑠]2
𝛿8(𝜂𝐴))  

 

⁡= ∑  

𝑛

𝑖=1

  ⟨𝑠𝑖⟩[𝑖𝑠] [
⟨𝑖𝑎⟩

⟨𝑖𝑠⟩⟨𝑠𝑎⟩
{
1

⟨𝑠𝑎⟩
(ℎ̃𝑠

𝛼̇
𝜕

𝜕ℎ̃𝑎
𝛼̇
+ 𝜂𝐴

𝑠
𝜕

𝜕𝜂𝐴
𝑎) +

1

⟨𝑖𝑠⟩
(ℎ̃𝑠

𝛼̇
𝜕

𝜕ℎ̃𝑖
𝛼̇
+ 𝜂𝑠

𝐴
𝜕

𝜕𝜂𝑖
𝐴)}

+
[𝑖𝑎]

[𝑖𝑠][𝑠𝑎]
𝛿8 (𝜂𝑠 +

[𝑎𝑠]

[𝑎𝑏]
𝜂𝑏 +

[𝑠𝑏]

[𝑎𝑏]
𝜂𝑎)(

1

[𝑖𝑠]
ℎ𝑠
𝛼
𝜕

𝜕ℎ𝑖
𝛼 +

1

[𝑠𝑎]
ℎ𝑠
𝛼
𝜕

𝜕ℎ𝑎
𝛼)]

⁡=∑  

𝑛

𝑖=1

  ⟨𝑠𝑖⟩[𝑖𝑠] [
⟨𝑖𝑎⟩

⟨𝑖𝑠⟩2⟨𝑠𝑎⟩
(ℎ̃𝑠

𝛼̇
𝜕

𝜕ℎ̃𝑖
𝛼̇
+ 𝜂𝐴

𝑠
𝜕

𝜕𝜂𝐴
𝑖
) +

[𝑖𝑎]

[𝑖𝑠]2[𝑠𝑎]
𝛿8 (𝜂𝑠 +

[𝑎𝑠]

[𝑎𝑏]
𝜂𝑏 +

[𝑠𝑏]

[𝑎𝑏]
𝜂𝑎)(ℎ𝑠

𝛼
𝜕

𝜕ℎ𝑖
𝛼)]

 

∑ 

𝑖

⟨𝑠𝑖⟩[𝑖𝑎] =∑  

𝑖

[𝑠𝑖]⟨𝑖𝑎⟩ = 0. 

Softsubleading 
SG (𝑎, 𝑠, 𝑏) =∑  

𝑛

𝑖=1

[𝑖𝑠]⟨𝑖𝑎⟩

⟨𝑠𝑖⟩⟨𝑠𝑎⟩
ℎ̃𝑠
𝛼̇
𝜕

𝜕ℎ̃𝑖
𝛼̇
+
⟨𝑠𝑖⟩[𝑖𝑎]

[𝑖𝑠][𝑠𝑎]
𝛿8(𝜂𝑠)ℎ𝑠

𝛼
𝜕

𝜕ℎ𝑖
𝛼 

Softsubleading 
SG (𝑎, 𝑠, 𝑏) =∑  

𝑛

𝑖=1

 
[𝑖𝑠]⟨𝑖𝑟⟩

⟨𝑠𝑖⟩⟨𝑠𝑟⟩
ℎ̃𝑠
𝛼̇
𝜕

𝜕ℎ̃𝑖
𝛼̇
+
⟨𝑠𝑖⟩[𝑖𝑟]

[𝑖𝑠][𝑠𝑟]
𝛿8(𝜂𝑠)ℎ𝑠

𝛼
𝜕

𝜕ℎ𝑖
𝛼  

ℳ𝑛+1(Ψ𝑠, Ψ1, … ,Ψ𝑛) = (
1

𝜀3
𝒮(0) +

1

𝜀2
𝒮(1) +

1

𝜀
𝒮(2))ℳ𝑛(Ψ1, … ,Ψ𝑛) + 𝑂(𝜀

0)  

𝒮(0) =∑ 

𝑛

𝑖=1

 
[𝑠𝑖]⟨𝑟𝑖⟩2

⟨𝑠𝑖⟩⟨𝑟𝑠⟩2
= 𝑆(0)  

𝒮(1) =∑ 

𝑛

𝑖=1

 
[𝑠𝑖]⟨𝑟𝑖⟩

⟨𝑠𝑖⟩⟨𝑟𝑠⟩
(𝜆̃𝑠𝛼̇

𝜕

𝜕𝜆̃𝑖𝛼̇
+ 𝜂𝑠𝐴

𝜕

𝜕𝜂𝑖𝐴
) = 𝑆(1) + 𝜂𝑠𝐴𝒮

𝐴(1).  

𝒮𝐴(1) =∑ 

𝑛

𝑖=1

[𝑠𝑖]⟨𝑟𝑖⟩

⟨𝑠𝑖⟩⟨𝑟𝑠⟩

𝜕

𝜕𝜂𝑖𝐴
 

𝒮(2) = 𝑆(2) + 𝜂𝑠𝐴𝒮
𝐴(2) +

1

2
𝜂𝑠𝐴𝜂𝑠𝐵𝒮

𝐴𝐵(2)  

𝑆(2)=
1

2
∑ 

𝑛

𝑖=1

 
[𝑠𝑖]

⟨𝑠𝑖⟩
𝜆̃𝑠𝛼̇𝜆̃𝑠𝛽̇

𝜕2

𝜕𝜆̃𝑖𝛼̇𝜕𝜆̃𝑖𝛽̇
⁡

𝒮𝐴(2)⁡= ∑  

𝑛

𝑖=1

 
[𝑠𝑖]

⟨𝑠𝑖⟩
𝜆̃𝑠𝛼̇

𝜕2

𝜕𝜆̃𝑖𝛼̇𝜕𝜂𝑎𝐴

𝒮𝐴𝐵(2)⁡= ∑  

𝑛

𝑖=1

 
[𝑠𝑖]

⟨𝑠𝑖⟩

𝜕2

𝜕𝜂𝑎𝐵𝜕𝜂𝑎𝐴
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ℳ𝑛+1(Ψ𝑠, Ψ1, … ,Ψ𝑛) = ℳ𝑛+1(𝐻𝑠+, Ψ1, … ,Ψ𝑛) + 𝜂𝑠𝐴ℳ𝑛+1(𝑆𝑠+
𝐴 , Ψ1, … ,Ψ𝑛)

+
1

2
𝜂𝑠𝐴𝜂𝑠𝐵ℳ𝑛+1(𝐺𝑠+

𝐴𝐵, Ψ1, … , Ψ𝑛) +⋯⁡
 

Superamplitude expansion on 𝜀 → 0 

ℳ𝑛+1(𝐻𝑠+, … ) = (
1

𝜀3
𝑆(0) +

1

𝜀2
𝑆(1) +

1

𝜀
𝑆(2))ℳ𝑛 +𝑂(𝜀

0) 

ℳ𝑛+1(𝑆𝑠+
𝐴 , … ) = (

1

𝜀2
𝒮𝐴(1) +

1

𝜀
𝒮𝐴(2))ℳ𝑛 + 𝑂(𝜀

0) 

ℳ𝑛+1(𝐺𝑠+
𝐴𝐵…) =

1

𝜀
𝒮𝐴𝐵(2)ℳ𝑛 + 𝒪(𝜀

0) 

ℳ𝑛+1(𝜒𝑠
𝐴𝐵𝐶 …) =

0

𝜀
+ 𝒪(𝜀0) 

ℳ𝑛+1(Φ𝑠
𝐴𝐵𝐶𝐷, … ) =

0

𝜀
+ 𝒪(𝜀0) 

 

𝜖𝛼𝛽 = −𝜖𝛼𝛽 = 𝜖
𝛼̇𝛽̇ = −𝜖𝛼̇𝛽̇ = (

0 1
−1 0

) .  

⟨𝜆𝜒⟩ ≡ 𝜖𝛼𝛽𝜆𝛼𝜒𝛽 = 𝜆𝛼𝜒
𝛼 = −𝜆𝛼𝜒𝛼 = −⟨𝜒𝜆⟩ ⁡

[𝜆𝜒] ≡ 𝜖𝛼̇𝛽̇𝜆̃
𝜆̃2𝜒̃𝛽̇ = 𝜆̃𝛼̇𝜒̃𝛼̇ = −𝜆̃𝛼̇𝜒̃

𝛼̇ = −[𝜒𝜆].
 

𝑝𝛼𝛼̇ = 𝜎𝜇
𝛼𝛼̇𝑝𝜇 = (

𝑝0 + 𝑝3 𝑝1 − 𝑖𝑝2

𝑝1 + 𝑖𝑝2 𝑝0 − 𝑝3
) ≡ |𝑝⟩[𝑝|  

𝑝𝜇 =
1

2
𝜎𝜇𝛼𝛼̇𝑝𝛼̇𝛼 =

1

2
𝜎‾𝛼̇𝛼
𝜇
𝑝𝛼𝛼̇ , 

𝑝 ⋅ 𝑞 =
1

2
[𝑝𝑞]⟨𝑞𝑝⟩.  
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∑ 

𝑛

𝑗=1

  ⟨𝑖𝑗⟩[𝑗𝑖] = 0  

Split0
SG(𝑧, 11+0, 21+0) = −

[12]

⟨12⟩
, Split0

SG(𝑧, 11+0, 20+1) = −
[12]

⟨12⟩

Split0
SG (𝑧, 1

1
2
+
1
2, 2

1
2
+
1
2) = −

[12]

⟨12⟩
, Split+2

SG(𝑧, 11+0, 2−1+0) = −(1 − 𝑧)2
[12]

⟨12⟩

Split−2
SG(𝑧, 11+0, 2−1+0) = −𝑧2

⟨12⟩

[12]
, Split−2

SG (𝑧, 1−
1
2
−
1
2, 2

1
2
+
1
2) = −(1 − 𝑧)2

⟨12⟩

[12]

Split+2
SG (𝑧, 1−

1
2
−
1
2, 2

1
2
+
1
2) = −𝑧2

[12]

⟨12⟩

 

Split1
SG (𝑧, 1

1
2
+0, 2

1
2
+0) = −√𝑧(1 − 𝑧)

[12]

⟨12⟩
, Split1

SG (𝑧, 1
1
2
+0, 20+

1
2) = −√𝑧(1 − 𝑧)

[12]

⟨12⟩
 

Split+2
SG (𝑧, 1

1
2
+0, 2−

1
2
+0) = −√𝑧(1 − 𝑧)3

[12]

⟨12⟩
, Split−2

SG (𝑧, 1
1
2
+0, 2−

1
2
+0) = −√𝑧3(1 − 𝑧)

⟨12⟩

[12]
 

Split1
SG (𝑧, 11−

1
2, 2−

1
2
+1) = −√𝑧(1 − 𝑧)

[12]

⟨12⟩
, Split−2

SG (𝑧, 1
1
2
−1, 2−

1
2
+1) = −√𝑧(1 − 𝑧)3

⟨12⟩

[12]
 

Split+2
SG (𝑧, 1

1

2
−1, 2−

1

2
+1) = −√𝑧3(1 − 𝑧)

[12]

⟨12⟩
. 

Split−2
SG(𝑧, 10+0, 20+0) − 𝑧(1 − 𝑧)

⟨12⟩

[12]
, Split+2

SG(𝑧, 10+0, 20+0) = −𝑧(1 − 𝑧)
[12]

⟨12⟩
 

Split−2
SG(𝑧, 1−1+1, 2+1−1) = −𝑧(1 − 𝑧)

⟨12⟩

[12]
, Split+2

SG(𝑧, 1−1+1, 2+1−1) = −𝑧(1 − 𝑧)
[12]

⟨12⟩
 

Split−2
SG (𝑧, 1−

1

2
+
1

2, 2+
1

2
−
1

2) = −𝑧(1 − 𝑧)
⟨12⟩

[12]
, Split+2

SG (𝑧, 1−
1

2
+
1

2, 2+
1

2
−
1

2) = −𝑧(1 − 𝑧)
[12]

⟨12⟩
. 

Split
−
3
2

SG (𝑧, 11+1, 21+
1
2) = −

1

𝑧√1 − 𝑧

[12]

⟨12⟩
, Split

−
3
2

SG (𝑧, 11+1, 2
1
2
+1) = −

1

𝑧√(1 − 𝑧)

[12]

⟨12⟩
 

Split
+
3
2

SG (𝑧, 11+1, 2−1−
1
2) = −

√(1 − 𝑧)5

𝑧

[12]

⟨12⟩
, Split

+
3
2

SG (𝑧, 11+1, 2−
1
2
−1) = −

√(1 − 𝑧)5

𝑧

[12]

⟨12⟩
 

Split−1
SG(𝑧, 11+1, 21+0) = −

1

𝑧

[12]

⟨12⟩
, Split−1

SG(𝑧, 11+1, 20+1) = −
1

𝑧

[12]

⟨12⟩
 

Split+1
SG(𝑧, 11+1, 20−1) = −

(1 − 𝑧)2

𝑧

[12]

⟨12⟩
, Split+1

SG(𝑧, 11+1, 2−1+0) = −
(1 − 𝑧)2

𝑧

[12]

⟨12⟩
 

Split−1
SG (𝑧, 11+1, 2

1
2
+
1
2) = −

1

𝑧

[12]

⟨12⟩
, Split+1

SG (𝑧, 11+1, 2−
1
2
−
1
2) = −

(1 − 𝑧)2

𝑧

[12]

⟨12⟩
 

Split
−
1
2

SG (𝑧, 11+1, 2
1
2
+0) = −

√(1 − 𝑧)

𝑧

[12]

⟨12⟩
, Split1

2

SG (𝑧, 11+1, 2−
1
2
+0) = −

√(1 − 𝑧)3

𝑧

[12]

⟨12⟩
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Split
−
1
2

SG (𝑧, 11+1, 20+
1
2) = −

√(1 − 𝑧)

𝑧

[12]

⟨12⟩
, Split1

2

SG (𝑧, 11+1, 20−
1
2) = −

√(1 − 𝑧)3

𝑧

[12]

⟨12⟩
 

Split
−
1
2

SG (𝑧, 11+1, 21−
1
2) = −

√(1 − 𝑧)

𝑧

[12]

⟨12⟩
, Split1

2

SG (𝑧, 11+1, 2−1+
1
2) = −

√(1 − 𝑧)3

𝑧

[12]

⟨12⟩
 

Split
−
1
2

SG (𝑧, 11+1, 2−
1
2
+1) = −

√(1 − 𝑧)

𝑧

[12]

⟨12⟩
, Split1

2

SG (𝑧, 11+1, 2
1
2
−1) = −

√(1 − 𝑧)3

𝑧

[12]

⟨12⟩
 

Split0
SG(𝑧, 11+1, 20+0) = −

(1 − 𝑧)

𝑧

[12]

⟨12⟩

Split0
SG(𝑧, 11+1, 21−1) = −

(1 − 𝑧)

𝑧

[12]

⟨12⟩

Split0
SG (𝑧, 11+1, 2

1
2
−
1
2) = −

(1 − 𝑧)

𝑧

[12]

⟨12⟩

 

Split
−
1
2

SG (𝑧, 1
1
2
+1, 20+1) = −

1

√𝑧

[12]

⟨12⟩
, Split

−
1
2

SG (𝑧, 1
1
2
+1, 21+0) = −

1

√𝑧

[12]

⟨12⟩
 

Split
−
1
2

SG (𝑧, 1
1
2
+1, 2

1
2
+
1
2) = −

1

√𝑧

[12]

⟨12⟩
, Split

−
1
2

SG (𝑧, 11+
1
2, 20+1) = −

1

√𝑧

[12]

⟨12⟩
 

Split
−
1
2

SG (𝑧, 11+
1
2, 21+0) = −

1

√𝑧

[12]

⟨12⟩
, Split

−
1
2

SG (𝑧, 11+
1
2, 2

1
2
+
1
2) = −

1

√𝑧

[12]

⟨12⟩
 

Split
+
3
2

SG (𝑧, 1
1
2
+1, 20−1) = −

(1 − 𝑧)2

√𝑧

[12]

⟨12⟩
, Split

+
3
2

SG (𝑧, 11+
1
2, 2−1+0) = −

(1 − 𝑧)2

√𝑧

[12]

⟨12⟩
 

Split0
SG (𝑧, 1

1
2
+1, 20+

1
2) = −√

(1 − 𝑧)

𝑧

[12]

⟨12⟩
, Split0

SG (𝑧, 1
1
2
+1, 2

1
2
+0) = −√

(1 − 𝑧)

𝑧

[12]

⟨12⟩
 

Split0
SG (𝑧, 1

1
2
+1, 21−

1
2) = −√

(1 − 𝑧)

𝑧

[12]

⟨12⟩
, Split0

SG (𝑧, 1
1
2
+1, 2−

1
2
+1) = −√

(1 − 𝑧)

𝑧

[12]

⟨12⟩
 

Split+1
SG (𝑧, 1

1
2
+1, 20−

1
2) = −√

(1 − 𝑧)3

𝑧

[12]

⟨12⟩
, Split+1

SG (𝑧, 1
1
2
+1, 2−

1
2
+0) = −√

(1 − 𝑧)3

𝑧

[12]

⟨12⟩
 

Split+1
SG (𝑧, 1

1
2
+1, 2

1
2
−1) = −√

(1 − 𝑧)3

𝑧

[12]

⟨12⟩
, Split0

SG (𝑧, 11+
1
2, 20+

1
2) = −√

(1 − 𝑧)

𝑧

[12]

⟨12⟩
 

Split0
SG (𝑧, 11+

1
2, 2

1
2
+0) = −√

(1 − 𝑧)

𝑧

[12]

⟨12⟩
, Split0

SG (𝑧, 11+
1
2, 21−

1
2) = −√

(1 − 𝑧)

𝑧

[12]

⟨12⟩
 

Split0
SG (𝑧, 11+

1
2, 2−

1
2
+1) = −√

(1 − 𝑧)

𝑧

[12]

⟨12⟩
, Split+1

SG (𝑧, 11+
1
2, 20−

1
2) = −√

(1 − 𝑧)3

𝑧

[12]

⟨12⟩
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Split+1
SG (𝑧, 11+

1
2, 2−

1
2
+0) = −√

(1 − 𝑧)3

𝑧

[12]

⟨12⟩
, Split+1

SG (𝑧, 11+
1
2, 2−1+

1
2) = −√

(1 − 𝑧)3

𝑧

[12]

⟨12⟩
 

 

Split1
2

SG (𝑧, 1
1
2
+1, 20+0) = −

(1 − 𝑧)

√𝑧

[12]

⟨12⟩
, Split1

2

SG (𝑧, 1
1
2
+1, 21−1) = −

(1 − 𝑧)

√𝑧

[12]

⟨12⟩
 

Split1
2

SG (𝑧, 1
1
2
+1, 2

1
2
−
1
2) = −

(1 − 𝑧)

√𝑧

[12]

⟨12⟩
, Split1

2

SG (𝑧, 11+
1
2, 20+0) = −

(1 − 𝑧)

√𝑧

[12]

⟨12⟩
 

Split1
2

SG (𝑧, 10+1, 20+
1
2) = −√(1 − 𝑧)

[12]

⟨12⟩
, Split1

2

SG (𝑧, 10+1, 2
1
2
+0) = −√(1 − 𝑧)

[12]

⟨12⟩
 

Split1
2

SG (𝑧, 10+1, 21−
1
2) = −√(1 − 𝑧)

[12]

⟨12⟩
, Split1

2

SG (𝑧, 1
1
2
+
1
2, 20+

1
2) = −√(1 − 𝑧)

[12]

⟨12⟩
 

Split1
2

SG (𝑧, 1
1
2
+
1
2, 2

1
2
+0) = −√(1 − 𝑧)

[12]

⟨12⟩
, Split1

2

SG (𝑧, 1
1
2
+
1
2, 21−

1
2) = −√(1 − 𝑧)

[12]

⟨12⟩
 

Split1
2

SG (𝑧, 1
1
2
+
1
2, 2−

1
2
+1) = −√(1 − 𝑧)

[12]

⟨12⟩
, Split1

2

SG (𝑧, 11+0, 20+
1
2) = −√(1 − 𝑧)

[12]

⟨12⟩
 

Split1
2

SG (𝑧, 11+0, 2
1
2
+0) = −√(1 − 𝑧)

[12]

⟨12⟩
, Split1

2

SG (𝑧, 11+0, 2−
1
2
+1) = −√(1 − 𝑧)

[12]

⟨12⟩
 

Split3
2

SG (𝑧, 10+1, 20−
1
2) = −(1 − 𝑧)

3
2
[12]

⟨12⟩
, Split3

2

SG (𝑧, 10+1, 2
1
2
−1) = −(1 − 𝑧)

3
2
[12]

⟨12⟩
 

Split3
2

SG (𝑧, 1
1
2
+
1
2, 20−

1
2) = −(1 − 𝑧)

3
2
[12]

⟨12⟩
, Split3

2

SG (𝑧, 1
1
2
+
1
2, 2−

1
2
+0) = −(1 − 𝑧)

3
2
[12]

⟨12⟩
 

Split3
2

SG (𝑧, 11+0, 2−
1
2
+0) = −(1 − 𝑧)

3
2
[12]

⟨12⟩
, Split3

2

SG (𝑧, 11+0, 2−1+
1
2) = −(1 − 𝑧)

3
2
[12]

⟨12⟩
 

Split1
SG(𝑧, 10+1, 20+0) = −(1 − 𝑧)

[12]

⟨12⟩
, Split1

SG(𝑧, 10+1, 21−1) = −(1 − 𝑧)
[12]

⟨12⟩
 

Split1
SG (𝑧, 10+1, 2

1
2
−
1
2) = −(1 − 𝑧)

[12]

⟨12⟩
, Split1

SG(𝑧, 11+0, 20+0) = −(1 − 𝑧)
[12]

⟨12⟩
 

Split1
SG (𝑧, 1

1
2
+
1
2, 20+0) = −(1 − 𝑧)

[12]

⟨12⟩
, Split+1

SG (𝑧, 1
1
2
+
1
2, 2

1
2
−
1
2) = −(1 − 𝑧)

[12]

⟨12⟩
 

Split−1
SG(𝑧, 1−1+0, 21−1) = −(1 − 𝑧)

⟨12⟩

[12]
, Split−1

SG (𝑧, 1−1+0, 2
1
2
−
1
2) = −(1 − 𝑧)

⟨12⟩

[12]
 

Split−1
SG (𝑧, 1−

1
2
−
1
2, 2

1
2
−
1
2) = −(1 − 𝑧)

⟨12⟩

[12]
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Split3
2

SG (𝑧, 10+
1
2, 20+0) = −𝑧

1
2(1 − 𝑧)

[12]

⟨12⟩
, Split3

2

SG (𝑧, 10+
1
2, 2

1
2
−
1
2) = −𝑧

1
2(1 − 𝑧)

[12]

⟨12⟩
 

Split3
2

SG (𝑧, 1
1
2
+0, 20+0) = −𝑧

1
2(1 − 𝑧)

[12]

⟨12⟩
, Split

−
3
2

SG (𝑧, 1−
1
2
+0, 2

1
2
−
1
2) = −𝑧

1
2(1 − 𝑧)

⟨12⟩

[12]
 

Split
−
3
2

SG (𝑧, 1−1+
1
2, 21−1) = −𝑧

1
2(1 − 𝑧)

⟨12⟩

[12]
, Split

−
3
2

SG (𝑧, 1−1+
1
2, 2

1
2
−
1
2) = −𝑧

1
2(1 − 𝑧)

⟨12⟩

[12]
 

{
(𝑎;

3

2
) = (𝑎;

1

2
)⊗ 1

(𝑟;
3

2
) = 1⊗ (𝑟;

1

2
)

 

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏;+

3
2,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2
(𝑏;
1
2
)⊗1

,⋯ , 𝑛) ⁡

⁡= Split−1
SG (𝑧, 1

1
2
+1, 2

1
2
+1) ×𝑀𝑛−1(𝑝

𝑎𝑏;+1, ⋯ , 𝑛)

⁡=
𝜔𝑝

√𝜔1𝜔2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
𝑎𝑏;+1,⋯ , 𝑛)

𝑀𝑛 (1
𝑎;+

3
2, 2𝑟;+

3
2,⋯ , 𝑛)⁡= 𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2
1⊗(𝑟;

1
2
)
,⋯ , 𝑛)

⁡= Split−1
SG (𝑧, 1

1
2
+1, 21+

1
2) ×𝑀𝑛−1(𝑝

𝑎𝑟;+1,⋯ , 𝑛)

⁡=
𝜔𝑝

√𝜔1𝜔2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
𝑎𝑟;+1,⋯ , 𝑛)

 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵;+

3
2,⋯ , 𝑛) =

𝜔𝑝

√𝜔1𝜔2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
𝐴𝐵;+1, ⋯ , 𝑛)  

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏

−
3
2,⋯ , 𝑛)= 𝛿𝑏

𝑎Split−2
SG (𝑧, 1

1
2
+1, 2−

1
2
−1)𝑀𝑛−1⁡(𝑝

+2,⋯ , 𝑛)

+𝛿𝑏
𝑎Split+2

SG (𝑧, 1
1
2
+1, 2−

1
2
−1)𝑀𝑛−1(𝑝

−2,⋯ , 𝑛) ⁡

⁡= 𝛿𝑏
𝑎
𝜔2

5
2

𝜔1

1
2𝜔𝑝

2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
−2,⋯ , 𝑛) + 𝛿𝑏

𝑎
𝜔1

5
2

𝜔2

1
2𝜔𝑝

2

𝑧12
𝑧‾12

𝑀𝑛−1(𝑝
+2,⋯ , 𝑛).

 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵

−
3
2,⋯ , 𝑛) = 𝛿𝐵

𝐴
𝜔2

5
2

𝜔1

1
2𝜔𝑝

2

𝑧‾12
𝑧12

𝑀𝑛−1(𝑝
−2,⋯ , 𝑛) + 𝛿𝐵

𝐴
𝜔1

5
2

𝜔2

1
2𝜔𝑝

2

𝑧12
𝑧‾12

𝑀𝑛−1(𝑝
+2,⋯ , 𝑛).  

{

(𝑎𝑏; 1) = (𝑎𝑏; 0)⊗ 1

(𝑎𝑟; 1) = (𝑎,
1

2
)⊗ (𝑟;

1

2
)

(𝑟𝑠; 1) = 1⊗ (𝑟𝑠; 0)
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𝑀𝑛(1
𝑎𝑏;+1, 2𝑐𝑑;+1,⋯ , 𝑛)= 𝑀𝑛(1

𝑎𝑏;(1⊗0), 2𝑐𝑑;(1⊗0),⋯ , 𝑛) ⁡

⁡= Split0
SG(𝑧, 11+0, 21+0) × 𝑀𝑛−1(𝑝

𝑎𝑏𝑐𝑑;0,⋯ , 𝑛)

⁡=
𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑏𝑐𝑑;0,⋯ , 𝑛)

 

𝑀𝑛(1
𝑟𝑠;+1, 2𝑡𝑢;+1,⋯ , 𝑛) =

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑟𝑠𝑡𝑢;0,⋯ , 𝑛) 

𝑀𝑛(1
𝑟𝑠;+1, 2𝑎𝑏;+1, ⋯ , 𝑛)= 𝑀𝑛(1

𝑟𝑠;(1⊗0), 2𝑎𝑏;(0⊗1),⋯ , 𝑛)⁡

⁡=
𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑟𝑠𝑎𝑏;0,⋯ , 𝑛)

 

𝑀𝑛(1
𝑎𝑏;+1, 2𝑟𝑠;+1,⋯ , 𝑛) =

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑏𝑟𝑠;0,⋯ , 𝑛) 

𝑀𝑛(1
𝑎𝑟;+1, 2𝑏𝑠;+1,⋯ , 𝑛)= 𝑀𝑛 (1

𝑎𝑟;(
1
2
⊗
1
2
)
, 2
𝑏𝑠;(

1
2
⊗
1
2
)
,⋯ , 𝑛)⁡

⁡=
𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑟𝑏𝑠;0,⋯ , 𝑛)

 

𝑀𝑛(1
𝐴𝐵;+1, 2𝐶𝐷;+1,⋯ , 𝑛) =

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝐴𝐵𝐶𝐷;0,⋯ , 𝑛)  

𝑀𝑛(1
𝑎𝑟;+1, 2𝑏𝑠

−1,⋯ , 𝑛) =𝑀𝑛 (1
𝑎𝑟;(

1
2
⊗
1
2
)
, 2𝑏𝑠
(−
1
2
⊗−

1
2
)
,⋯ , 𝑛)

=−𝛿𝑏
𝑎𝛿𝑠

𝑟 [Split−2
SG (𝑧, 1

1
2
+
1
2, 2−

1
2
−
1
2) × 𝑀𝑛−1(𝑝

+2,⋯ , 𝑛) ⁡

+Split+2
SG (𝑧, 1

1
2
+
1
2, 2−

1
2
−
1
2)× 𝑀𝑛−1(𝑝

−2,⋯ , 𝑛)]

=⁡−𝛿𝑏
𝑎𝛿𝑠

𝑟 [
𝜔2
2𝑧‾12

𝜔𝑝
2

1

𝑧12
×𝑀𝑛−1(𝑝

−2,⋯ , 𝑛) +
𝜔1
2

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ , 𝑛)]

 

𝑀𝑛(1
𝑎𝑏;+1, 2𝑐𝑑

−1,⋯ , 𝑛) =𝑀𝑛 (1
𝑎𝑏;(1⊗0), 2𝑐𝑑

(−1⊗0)
,⋯ , 𝑛)

=
1

2!
𝛼4𝜖𝑐𝑑𝑒𝑓𝜖

𝑎𝑏𝑒𝑓[Split−2
SG(𝑧, 11+0, 2−1+0) × 𝑀𝑛−1(𝑝

+2,⋯ , 𝑛)

+Split+2
SG(𝑧, 11+0, 2−1+0) × 𝑀𝑛−1(𝑝

−2,⋯ , 𝑛)]

=𝛼4𝛿𝑐𝑑
𝑎𝑏 [

𝜔2
2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ , 𝑛) +

𝜔1
2

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ , 𝑛)]

 

𝛿𝑏1…𝑏𝑛
𝑎1…𝑎𝑛 = ∑  

𝜎∈𝑆𝑛

 sign(𝜎)𝛿𝑏1
𝑎𝜎(1) …𝛿𝑏𝑛

𝑎𝜎(𝑛)
 

𝑀𝑛(1
𝐴𝐵;+1, 2𝐶𝐷

−1 ,⋯ , 𝑛) = −𝛿𝐶𝐷
𝐴𝐵 [

𝜔2
2

𝜔𝑝
2

𝑧‾12
𝑧12
⁡× 𝑀𝑛−1(𝑝

−2,⋯ , 𝑛)

+
𝜔1
2

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2, ⋯ , 𝑛)] .
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{
(𝑎𝑏𝑟;

1

2
) = (𝑎𝑏; 0)⊗ (𝑟;

1

2
)

(𝑎𝑟𝑠;
1

2
) = (𝑎;

1

2
)⊗ (𝑟𝑠; 0)

{
 
 

 
 (𝑟𝑠𝑡;

1

2
) = −𝜖𝑟𝑠𝑡𝑢 (1⊗ (𝑢;−

1

2
))

(𝑎𝑏𝑐;
1

2
) = −𝜖𝑎𝑏𝑐𝑑 ((𝑑;−

1

2
)⊗ 1)

⁡( sum over 𝑢, 𝑑)

 

𝑀𝑛 (1
𝑎𝑟𝑠;+

1
2, 2𝑏𝑡𝑢;

1
2,⋯ , 𝑛)= 𝑀𝑛 (1

𝑎𝑟𝑠;(
1
2
⊗0)

, 2
𝑏𝑡𝑢;(

1
2
⊗0)

, ⋯ , 𝑛) ⁡

= 𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑Split1
SG (𝑧, 1

1
2
+0, 2

1
2
+0) × 𝑀𝑛−1(𝑝𝑐𝑑

−1,⋯ , 𝑛)⁡

⁡= 𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑
√𝜔1𝜔2
𝜔𝑝

𝑧12
𝑧12

×𝑀𝑛−1(𝑝𝑐𝑑
−1,⋯ , 𝑛)

 

𝑀𝑛 (1
𝑎𝑟𝑠;+

1
2, 2𝑏𝑐𝑡;+

1
2,⋯ , 𝑛) =𝑀𝑛 (1

𝑎𝑟𝑠;(
1
2
⊗0)

, 2
𝑏𝑐𝑡;(0⊗

1
2
)
,⋯ , 𝑛)

=𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
√𝜔1𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑑𝑢
−1,⋯ , 𝑛)

𝑀𝑛 (1
𝑟𝑠𝑡;+

1
2, 2𝑎𝑏𝑐;+

1
2,⋯ , 𝑛) =𝑀𝑛 (1

𝑟𝑠𝑡;(1⊗−
1
2
)
, 2
𝑎𝑏𝑐;(−

1
2
⊗1)

,⋯ , 𝑛)

=𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑
√𝜔1𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑢𝑑
−1,⋯ , 𝑛)

𝑀𝑛 (1
𝑎𝑟𝑠;+

1
2, 2𝑏𝑡𝑢

−
1
2 ,⋯ , 𝑛) =𝑀𝑛 (1

𝑎𝑟𝑠;(
1
2
⊗0)

, 2𝑏𝑡𝑢
(−
1
2
⊗0)

, ⋯ , 𝑛)

=𝜖𝑡𝑢𝑣𝑤𝜖
𝑟𝑠𝑣𝑤𝛿𝑏

𝑎 [Split−2
SG (𝑧, 1

1
2
+0, 2−

1
2
+0) × 𝑀𝑛−1(𝑝

+2,⋯ , 𝑛)

+Split+2
SG (𝑧, 1

1
2
+0, 2−

1
2
+0) × 𝑀𝑛−1(𝑝

−2,⋯ , 𝑛)]

=𝜖𝑡𝑢𝑣𝑤𝜖
𝑟𝑠𝑣𝑤𝛿𝑏

𝑎 [
𝜔1

3
2𝜔2

1
2

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ , 𝑛)

+
𝜔2

3
2𝜔1

1
2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ , 𝑛)]

 

(𝑎𝑏𝑟𝑠; 0) = (𝑎𝑏; 0)⊗ (𝑟𝑠; 0)

{
(𝑎𝑏𝑐𝑑; 0) = −𝜖𝑎𝑏𝑐𝑑(−1⊗ 1)

(𝑟𝑠𝑡𝑢; 0) = −𝜖𝑟𝑠𝑡𝑢(1⊗−1)

{
(𝑎𝑏𝑐𝑟; 0) = −𝜖𝑎𝑏𝑐𝑑 (𝑑;−

1

2
)⊗ (𝑟;

1

2
)

(𝑎𝑟𝑠𝑡; 0) = −𝜖𝑟𝑠𝑡𝑢 (𝑎;
1

2
)⊗ (𝑢;−

1

2
)
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𝑀𝑛(1
𝑎𝑏𝑟𝑠;0, 2𝑐𝑑𝑡𝑢;0,⋯ , 𝑛) =𝑀𝑛(1

𝑎𝑏𝑟𝑠;(0⊗0), 2𝑐𝑑𝑡𝑢;(0⊗0),⋯ , 𝑛)

=𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢[Split−2
SG(𝑧, 10+0, 20+0) × 𝑀𝑛−1(𝑝

+2,⋯ , 𝑛)

+Split+2
SG(𝑧, 10+0, 20+0) × 𝑀𝑛−1(𝑝

−2,⋯ , 𝑛)]

=𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢 [
𝜔1𝜔2

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2, ⋯ , 𝑛)

+
𝜔1𝜔2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ , 𝑛)]

 

𝑀𝑛(1
𝑎𝑏𝑐𝑑;0, 2𝑟𝑠𝑡𝑢;0,⋯ , 𝑛) =𝑀𝑛(1

𝑎𝑏𝑐𝑑;(−1⊗1), 2𝑟𝑠𝑡𝑢;(+1⊗−1),⋯ , 𝑛)

=𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢[Split−2
SG(𝑧, 1−1+1, 2+1−1) ×𝑀𝑛−1(𝑝

+2, ⋯ , 𝑛)

⁡+Split+2
SG(𝑧, 1−1+1, 2+1−1) × 𝑀𝑛−1(𝑝

−2,⋯ , 𝑛)]

=𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢 [
𝜔2𝜔1

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ , 𝑛)

⁡+
𝜔1𝜔2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ , 𝑛)]

 

𝑀𝑛(1
𝑎𝑏𝑐𝑢;0, 2𝑑𝑟𝑠𝑡;0, ⋯ , 𝑛) =𝜖𝑎𝑏𝑐𝑒𝜖𝑟𝑠𝑡𝑣𝑀𝑛 (1

(𝑒,−
1
2
)⊗(𝑢,

1
2
)
, 2
(𝑑,+

1
2
)⊗(𝑣,−

1
2
)
, ⋯ , 𝑛)

=𝜖𝑎𝑏𝑐𝑒𝜖𝑟𝑠𝑡𝑣𝛿𝑒
𝑑𝛿𝑣

𝑢 [Split−2
SG (𝑧, 1−

1
2
+
1
2, 2

1
2
−
1
2) × 𝑀𝑛−1(𝑝

+2,⋯ , 𝑛)

+Split+2
SG (𝑧, 1−

1
2
+
1
2, 2+

1
2
−
1
2) × 𝑀𝑛−1(𝑝

−2,⋯ , 𝑛)]

=𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢 [
𝜔2𝜔1

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ , 𝑛)

+
𝜔1𝜔2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2, ⋯ , 𝑛)]

 

𝑀𝑛(1
arst ;0, 2bcdu; 0,⋯ , 𝑛) =𝜖rstu 𝜖𝑎𝑏𝑐𝑑 [

𝜔2𝜔1

𝜔𝑝
2

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
+2,⋯ , 𝑛)

+
𝜔1𝜔2

𝜔𝑝
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
−2,⋯ , 𝑛)]
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𝑀𝑛 (1
+2, 2𝑟;+

3
2,⋯ , 𝑛)= 𝑀𝑛 (1

(1⊗1), 2
1⊗(𝑟;

1
2
)
,⋯ , 𝑛) ⁡

⁡= Split
−
3
2

SG (𝑧, 11+1, 21+
1
2) × 𝑀𝑛−1 (𝑝

𝑟;+
3
2,⋯ , 𝑛)

⁡=
𝜔𝑝

3
2

𝜔2

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝑟;+

3
2,⋯ , 𝑛)

𝑀𝑛 (1
+2, 2𝑟

−
3
2,⋯ , 𝑛)⁡= 𝑀𝑛 (1

(1⊗1), 2
−1⊗(𝑟;−

1
2
)
, ⋯ , 𝑛)

⁡= Split
+
3
2

SG (𝑧, 11+1, 2−1−
1
2) × 𝑀𝑛−1 (𝑝𝑟

−
3
2,⋯ , 𝑛)

⁡=
𝜔2

5
2

𝜔𝑝

3
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑟
−
3
2,⋯ , 𝑛)

 

𝑀𝑛 (1
+2, 2𝑎;+

3
2,⋯ , 𝑛) =

𝜔𝑝

3
2

𝜔2

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝑎;+

3
2,⋯ , 𝑛)

𝑀𝑛 (1
+2, 2𝑎

−
3
2,⋯ , 𝑛) =

𝜔2

5
2

𝜔𝑝

3
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑎
−
3
2,⋯ , 𝑛)

 

𝑀𝑛(1
+2, 2𝑎𝑏;+1,⋯ , 𝑛)= 𝑀𝑛(1

(1⊗1), 2(𝑎𝑏;0)⊗1,⋯ , 𝑛) ⁡

⁡= Split−1
SG(𝑧, 11+1, 20+1) × 𝑀𝑛−1(𝑝

𝑎𝑏;+1,⋯ , 𝑛)

⁡=
𝜔𝑝
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑏;+1,⋯ , 𝑛)
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𝑀𝑛(1
+2, 2𝑟𝑠;+1,⋯ , 𝑛)= 𝑀𝑛(1

(1⊗1), 21⊗(𝑟𝑠;0), ⋯ , 𝑛) ⁡

⁡= Split−1
SG(𝑧, 11+1, 21+0) ×𝑀𝑛−1(𝑝

𝑟𝑠;+1,⋯ , 𝑛)

⁡=
𝜔𝑝

𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑟𝑠;+1,⋯ , 𝑛)

𝑀𝑛(1
+2, 2𝑎𝑟;+1,⋯ , 𝑛)⁡= 𝑀𝑛 (1

(1⊗1), 2
(𝑎;
1
2
)⊗(𝑟;

1
2
)
,⋯ , 𝑛)

⁡= Split−1
SG (𝑧, 11+1, 2

1
2
+
1
2) × 𝑀𝑛−1(𝑝

𝑎𝑟;+1,⋯ , 𝑛)

⁡=
𝜔𝑝
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑟;+1,⋯ , 𝑛)

𝑀𝑛(1
+2, 2𝑎𝑏

−1,⋯ , 𝑛)⁡= 𝑀𝑛(1
(1⊗1), 2(𝑎𝑏;0)⊗−1,⋯ , 𝑛)

⁡= Split+1
SG(𝑧, 11+1, 20−1) × 𝑀𝑛−1(𝑝𝑎𝑏

−1, ⋯ , 𝑛)

⁡=
𝜔2
2

𝜔𝑝𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑎𝑏
−1,⋯ , 𝑛)

𝑀𝑛(1
+2, 2𝑟𝑠

−1,⋯ , 𝑛)⁡= 𝑀𝑛(1
(1⊗1), 2−1⊗(𝑟𝑠;0),⋯ , 𝑛)

⁡= Split+1
SG(𝑧, 11+1, 2−1+0) × 𝑀𝑛−1(𝑝𝑟𝑠

−1,⋯ , 𝑛)

⁡=
𝜔2
2

𝜔𝑝𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑟𝑠
−1,⋯ , 𝑛)

𝑀𝑛(1
+2, 2𝑎𝑟

−1,⋯ , 𝑛)⁡= 𝑀𝑛 (1
(1⊗1), 2

(𝑎;−
1
2
)⊗(𝑟;−

1
2
)
,⋯ , 𝑛)

⁡= Split+1
SG (𝑧, 11+1, 2−

1
2
−
1
2) × 𝑀𝑛−1(𝑝𝑎𝑟

−1,⋯ , 𝑛)

⁡=
𝜔2
2

𝜔1𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑎𝑟
−1,⋯ , 𝑛)

 

𝑀𝑛(1
+2, 2𝐴𝐵

−1,⋯ , 𝑛) =
𝜔2
2

𝜔1𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝐴𝐵
−1,⋯ , 𝑛)  

𝑀𝑛 (1
+2, 2𝑎𝑏𝑟;+

1
2,⋯ , 𝑛)= 𝑀𝑛 (1

(1⊗1), 2
(𝑎𝑏;0)⊗(𝑟;

1
2
)
,⋯ , 𝑛) ⁡

⁡= Split
−
1
2

SG (𝑧, 11+1, 20+
1
2) × 𝑀𝑛−1 (𝑝

𝑎𝑏𝑟;+
1
2,⋯ , 𝑛)

⁡=
√𝜔2𝜔𝑝

𝜔1

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝
𝑎𝑏𝑟;+

1
2,⋯ , 𝑛)

 

𝑀𝑛 (1
+2, 2ars ;+

1
2,⋯ , 𝑛) =

√𝜔2𝜔𝑝

𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
ars ;+

1
2,⋯ , 𝑛) 

𝑀𝑛 (1
+2, 2𝑎𝑏𝑐;+

1
2,⋯ , 𝑛)= −𝜖𝑎𝑏𝑐𝑑𝑀𝑛 (1

(1⊗1), 2
(𝑑;−

1
2
)⊗1

,⋯ , 𝑛) ⁡

= −
1

3!
𝜖𝑎𝑏𝑐𝑑𝜖𝑑𝑒𝑓𝑔Split

−
1
2

SG (𝑧, 11+1, 2−
1
2
+1) ×𝑀𝑛−1 (𝑝

𝑒𝑓𝑔;+
1
2,⋯ , 𝑛)⁡

=
1

3!
𝛿𝑒𝑓𝑔
𝑎𝑏𝑐√𝜔2𝜔𝑝

𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝑒𝑓𝑔;+

1
2,⋯ , 𝑛) ⁡

⁡=
√𝜔2𝜔𝑝𝑧‾12

𝜔1
×𝑀𝑛−1 (𝑝

𝑎𝑏𝑐;+
1
2,⋯ , 𝑛)
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Γ𝑎
− ≡

1

3!
𝜖𝑎𝑏𝑐𝑑Γ

−𝑏𝑐𝑑 

𝑀𝑛 (1
+2, 2𝑟𝑠𝑡;+

1
2,⋯ , 𝑛) =

√𝜔2𝜔𝑝

𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝑟𝑠𝑡;+

1
2,⋯ , 𝑛)

𝑀𝑛 (1
+2, 2𝑎𝑏𝑟

−
1
2 , ⋯ , 𝑛) = 𝑀𝑛 (1

(1⊗1), 2
(𝑎𝑏;0)⊗(𝑟;−

1
2
)
,⋯ , 𝑛)

= Split
+
1
2

SG (𝑧, 11+1, 20−
1
2) × 𝑀𝑛−1 (𝑝𝑎𝑏𝑟

−
1
2 , ⋯ , 𝑛)

=
𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑎𝑏𝑟
−
1
2 , ⋯ , 𝑛)

 

𝑀𝑛(1
+2,2𝑎𝑟𝑠

−
1
2 , ⋯ , 𝑛) =

𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑎𝑟𝑠
−
1
2 , ⋯ , 𝑛)

𝑀𝑛 (1
+2, 2𝑎𝑏𝑐

−
1
2 ,⋯ , 𝑛)= 𝜖𝑎𝑏𝑐𝑑𝑀𝑛 (1

(1⊗1), 2
(𝑑;
1
2
)⊗−1

,⋯ , 𝑛) ⁡

=
1

3!
𝜖𝑎𝑏𝑐𝑑𝜖

𝑑𝑒𝑓𝑔Split1
2

SG (𝑧, 11+1, 2
1
2
−1) × 𝑀𝑛−1 (𝑝𝑒𝑓𝑔;

−
1
2 ,⋯ , 𝑛)⁡

= −
1

3!
𝛿𝑎𝑏𝑐
𝑒𝑓𝑔 𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑒𝑓𝑔;
−
1
2 ,⋯ , 𝑛) ⁡

⁡= −
𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑎𝑏𝑐
−
1
2 ,⋯ , 𝑛)

 

𝑀𝑛 (1
+2, 2𝑟𝑠𝑡

−
1
2 ,⋯ , 𝑛) = −

𝜔2

3
2

𝜔𝑝

1
2𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑟𝑠𝑡
−
1
2 , ⋯ , 𝑛) 

𝑀𝑛(1
+2, 2𝐴𝐵𝐶𝐷;0,⋯ , 𝑛) =

𝜔2
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝐴𝐵𝐶𝐷;0,⋯ , 𝑛)  

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑐;+1,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2(𝑏𝑐;0)⊗1,⋯ , 𝑛) ⁡

⁡= Split
−
1
2

SG (𝑧, 1
1
2
+1, 20+1) × 𝑀𝑛−1 (𝑝

𝑎𝑏𝑐;
1
2,⋯ , 𝑛)

⁡= √
𝜔𝑝
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝑎𝑏𝑐;+

1
2,⋯ , 𝑛)
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𝑀𝑛 (1
𝑟;+

3
2, 2𝑠𝑡;+1,⋯ , 𝑛) = √

𝜔𝑝
𝜔1

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝
𝑟𝑠𝑡;+

1
2,⋯ , 𝑛)

𝑀𝑛 (1
𝑎;+

3
2, 2𝑟𝑠;+1,⋯ , 𝑛) = √

𝜔𝑝

𝜔1

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝
𝑎𝑟𝑠;+

1
2, ⋯ , 𝑛)

𝑀𝑛 (1
𝑟;+

3
2, 2𝑎𝑏;+1,⋯ , 𝑛) = √

𝜔𝑝
𝜔1

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝
𝑟𝑎𝑏;+

1
2,⋯ , 𝑛)

 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶;+1,⋯ , 𝑛) ⁡= √

𝜔𝑝
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝
𝐴𝐵𝐶;+

1
2,⋯ , 𝑛)

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑐

−1,⋯ , 𝑛) ⁡= 𝑀𝑛 (1
(𝑎;
1
2
)⊗1

, 2(𝑏𝑐;0)⊗1,⋯ , 𝑛)

⁡=
1

2!
𝜖𝑏𝑐𝑑𝑒𝜖

𝑎𝑑𝑒𝑓Split3
2

SG (𝑧, 1
1
2
+1, 20−1) ×𝑀𝑛−1 (𝑝𝑓

−
3
2,⋯ , 𝑛)

⁡= 𝛿𝑏𝑐
𝑎𝑓 𝜔2

2

𝜔𝑝

3
2𝜔1

1
2

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑓
−
3
2,⋯ , 𝑛)

⁡=
𝜔2
2

𝜔𝑝

3
2𝜔1

1
2

𝑧‾12
𝑧12

2! 𝛿[𝑏
𝑎 ×𝑀𝑛−1 (𝑝𝑐]

−
3
2,⋯ , 𝑛)

𝑀𝑛 (1
𝑟;+

3
2, 2𝑠𝑡

−1,⋯ , 𝑛) ⁡=
𝜔2
2

𝜔𝑝

3
2𝜔1

1
2

𝑧‾12
𝑧12

2! 𝛿[𝑠
𝑟 ×𝑀𝑛−1 (𝑝𝑡]

−
3
2,⋯ , 𝑛)

 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶

−1,⋯ , 𝑛) =
𝜔2
2

𝜔𝑝

3
2𝜔1

1
2

𝑧‾12
𝑧12

2! 𝛿[𝐵
𝐴 ×𝑀𝑛−1 (𝑝𝐶]

−
3
2, ⋯ , 𝑛)  

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑟𝑠;+

1
2,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2
(𝑏;
1
2
)⊗(𝑟𝑠;0)

,⋯ , 𝑛) ⁡

⁡= Split0
SG (𝑧, 1

1
2
+1, 2

1
2
+0) × 𝑀𝑛−1(𝑝

𝑎𝑏𝑟𝑠;0,⋯ , 𝑛)

⁡= √
𝜔2
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑏𝑟𝑠;0,⋯ , 𝑛)
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𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑐𝑟;+

1
2,⋯ , 𝑛) = √

𝜔2
𝜔1

𝑧12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑏𝑐𝑟;0,⋯ , 𝑛)

𝑀𝑛 (1
𝑟;+

3
2, 2𝑠𝑡𝑎;+

1
2, ⋯ , 𝑛) = √

𝜔2
𝜔1

𝑧12
𝑧12

×𝑀𝑛−1(𝑝
𝑟𝑠𝑡𝑎;0,⋯ , 𝑛)

𝑀𝑛 (1
𝑟;+

3
2, 2𝑎𝑏𝑠;+

1
2,⋯ , 𝑛) = √

𝜔2
𝜔1

𝑧12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑏𝑟𝑠;0,⋯ , 𝑛)

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑐𝑑;+

1
2,⋯ , 𝑛) = √

𝜔2
𝜔1

𝑧12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑏𝑐𝑑;0,⋯ , 𝑛)

𝑀𝑛 (1
𝑎;+

3
2, 2𝑟𝑠𝑡;+

1
2,⋯ , 𝑛) = √

𝜔2
𝜔1

𝑧12
𝑧12

×𝑀𝑛−1(𝑝
𝑎𝑟𝑠𝑡;0,⋯ , 𝑛)

 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶𝐷;+

1
2,⋯ , 𝑛) = √

𝜔2
𝜔1

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝
𝐴𝐵𝐶𝐷;0,⋯ , 𝑛)

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑐𝑟

−
1
2 , ⋯ , 𝑛) = 𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2
(𝑏𝑐;0)⊗(𝑟;−

1
2
)
,⋯ , 𝑛)

⁡= −
1

2!
𝜖𝑏𝑐𝑑𝑒𝜖

𝑑𝑒𝑎𝑓Split+1
SG (𝑧, 1

1
2
+1, 20−

1
2) ×𝑀𝑛−1(𝑝𝑓𝑟

−1,⋯ , 𝑛)

⁡= −𝛿𝑏𝑐
𝑎𝑓 𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑓𝑟
−1,⋯ , 𝑛)

⁡= −2!
𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

𝛿[𝑏
𝑎 ×𝑀𝑛−1(𝑝𝑐]𝑟

−1 , ⋯ , 𝑛)

⁡= −3!
𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

𝛿[𝑏
𝑎 ×𝑀𝑛−1(𝑝𝑐𝑟]

−1, ⋯ , 𝑛)

 

2! 𝛿[𝑏]𝑟
𝑎 𝑝𝑐]𝑟

−1 ⁡= 𝛿𝑏
𝑎𝑝𝑐𝑟

−1 − 𝛿𝑏
𝑎𝑝𝑟𝑐

−1 + 𝛿𝑐
𝑎𝑝𝑟𝑏

−1 − 𝛿𝑐
𝑎𝑝𝑏𝑟

−1 + 𝛿𝑟
𝑎𝑝𝑏𝑐

−1 − 𝛿𝑟
𝑎𝑝𝑐𝑏

−1

⁡= 3! 𝛿[𝑏
𝑎 𝑝𝑐𝑟]

−1  

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑟𝑠

−
1
2 , ⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2
(𝑏;−

1
2
)⊗(𝑟𝑠;0)

,⋯ , 𝑛) ⁡

⁡= 𝛿𝑏
𝑎Split+1

SG (𝑧, 1
1
2
+1, 2−

1
2
+0) × 𝑀𝑛−1(𝑝𝑟𝑠

−1,⋯ , 𝑛)

⁡=
𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

𝛿𝑏
𝑎 ×𝑀𝑛−1(𝑝𝑟𝑠

−1, ⋯ , 𝑛)
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𝑀𝑛 (1
𝑟;+

3
2, 2𝑎𝑠𝑡

−
1
2 ,⋯ , 𝑛) = −

1

2!
𝜖𝑠𝑡𝑢𝑣𝜖

𝑢𝑣𝑟𝑤
𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑤𝑎
−1 , ⋯ , 𝑛)

= −3!
𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

𝛿[𝑠
𝑟 ×𝑀𝑛−1(𝑝𝑡𝑎]

−1 , ⋯ , 𝑛)

𝑀𝑛 (1
𝑡;+

3
2, 2𝑟𝑎𝑏

−
1
2 ,⋯ , 𝑛) =

𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

𝛿𝑟
𝑡 ×𝑀𝑛−1(𝑝𝑎𝑏

−1,⋯ , 𝑛)

𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑐𝑑

−
1
2 ,⋯ , 𝑛) = 𝜖𝑏𝑐𝑑𝑒𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2
(𝑒;+

1
2
)⊗−1

, ⋯ , 𝑛)

= −
1

2!
𝜖𝑏𝑐𝑑𝑒𝜖

𝑎𝑒𝑓𝑔Split+1
SG (𝑧, 1

1
2
+1, 2

1
2
−1) × 𝑀𝑛−1(𝑝𝑓𝑔

−1,⋯ , 𝑛)

= −
1

2!
𝜖𝑏𝑐𝑑𝑒𝜖

𝑎𝑓𝑔𝑒
𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑓𝑔
−1,⋯ , 𝑛)

= −
1

2!
𝛿𝑏𝑐𝑑
𝑎𝑓𝑔 𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑓𝑔
−1,⋯ , 𝑛)

= 3
𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

𝛿[𝑏
𝑎 ×𝑀𝑛−1(𝑝𝑐𝑑]

−1 , ⋯ , 𝑛)

 

𝐺𝑓𝑔
−1 = Φ𝑓𝑔⊗𝐺−1 = −

1

2!
𝜖𝑎𝑒𝑓𝑔Φ

𝑎𝑒⊗𝐺−1 =:−
1

2!
𝜖𝑎𝑒𝑓𝑔𝐺

𝑎𝑒−1  

𝑀𝑛 (1
𝑑;+

3
2, 2𝑎𝑏𝑐

−
1
2 ,⋯ , 𝑛) = −3

𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

𝛿[𝑎
𝑑 ×𝑀𝑛−1(𝑝𝑏𝑐]

−1 , ⋯ , 𝑛) 

𝑀𝑛 (1
𝑢;+

3
2, 2𝑟𝑠𝑡

−
1
2 ,⋯ , 𝑛) = −3

𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

𝛿[𝑟
𝑢 ×𝑀𝑛−1(𝑝𝑠𝑡]

−1,⋯ , 𝑛) 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶𝐷

−
1
2 ,⋯ , 𝑛) ⁡= −

𝜔2

3
2

𝜔𝑝𝜔1

1
2

𝑧‾12
𝑧12

[𝛿𝐵
𝐴𝑀𝑛−1(𝑝𝐶𝐷

−1,⋯ , 𝑛)

+𝛿𝐶
𝐴𝑀𝑛−1(𝑝𝐷𝐵

−1 ,⋯ , 𝑛) + 𝛿𝐷
𝐴𝑀𝑛−1(𝑝𝐵𝐶

−1,⋯ , 𝑛)]
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𝑀𝑛 (1
𝑎;+

3
2, 2𝑏𝑐𝑟𝑠;0,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2(𝑏𝑐;0)⊗(𝑟𝑠;0),⋯ , 𝑛) ⁡

= 𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑Split1
2

SG (𝑧, 1
1
2
+1, 20+0) × 𝑀𝑛−1 (𝑝𝑑𝑡𝑢

−
1
2 ,⋯ , 𝑛)⁡

⁡= 𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑
𝜔2

√𝜔1𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑑𝑟𝑠
−
1
2 , ⋯ , 𝑛)

 

𝑀𝑛 (1
𝑎;+

3
2, 2𝑟𝑠𝑡𝑢;0,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗1

, 2𝑟𝑠𝑡𝑢;(1⊗1),⋯ , 𝑛) ⁡

= −𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑Split1
2

SG (𝑧, 1
1
2
+1, 21−1) ×𝑀𝑛−1 (𝑝𝑏𝑐𝑑

−
1
2 ,⋯ , 𝑛)⁡

⁡= −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
𝜔2

√𝜔1𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑏𝑐𝑑
−
1
2 ,⋯ , 𝑛)

 

𝑀𝑛 (1
𝑟;+

3
2, 2𝑎𝑏𝑐𝑑;0,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑟;
1
2
)⊗1

, 2𝑎𝑏𝑐𝑑;(1⊗1),⋯ , 𝑛) ⁡

= −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢Split1
2

SG (𝑧, 1
1
2
+1, 2−1+1) × 𝑀𝑛−1 (𝑝𝑠𝑡𝑢

−
1
2 ,⋯ , 𝑛)⁡

⁡= −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
𝜔2

√𝜔1𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑠𝑡𝑢
−
1
2 ,⋯ , 𝑛)

 

𝑀𝑛 (1
𝐴;+

3
2, 2𝐵𝐶𝐷𝐸;0,⋯ , 𝑛) = −

1

3!
𝜖𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻

𝜔2

√𝜔1𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝐹𝐺𝐻
−
1
2 , ⋯ , 𝑛)  

𝑀𝑛 (1
𝑎𝑏;+1, 2𝑐𝑑𝑟;+

1
2,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎𝑏;0)⊗1, 2
(𝑐𝑑;0)⊗(𝑟;

1
2
)
,⋯ , 𝑛) ⁡

=
1

3!
𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢Split1

2

SG (𝑧, 10+1, 20+
1
2) × 𝑀𝑛−1 (𝑝𝑠𝑡𝑢

−
1
2 ,⋯ , 𝑛)⁡

⁡=
1

3!
𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢√

𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑠𝑡𝑢
−
1
2 , ⋯ , 𝑛)

 

𝑀𝑛 (1
𝑎𝑏;+1, 2

𝑐𝑑𝑟;−
1
2
,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎𝑏;0)⊗1, 2
(𝑐𝑑;0)⊗(𝑟;

1
2
)
,⋯ , 𝑛) ⁡

= −
1

2!
𝜖𝑎𝑏𝑒𝑓𝜖𝑐𝑑𝑒𝑓Split3

2

SG (𝑧, 10+1, 20−
1
2) × 𝑀𝑛−1 (𝑝𝑟

−
3
2,⋯ , 𝑛)⁡

⁡= −𝛿𝑐𝑑
𝑎𝑏
𝜔2

3
2

𝜔𝑝

3
2

𝑧12
𝑧12

×𝑀𝑛−1 (𝑝𝑟
−
3
2,⋯ , 𝑛)

 

𝑀𝑛(1
𝑎𝑏;+1, 2𝑐𝑑𝑟𝑠;0,⋯ , 𝑛)= 𝑀𝑛(1

(𝑎𝑏;0)⊗1, 2(𝑐𝑑;0)⊗(𝑟𝑠;0),⋯ , 𝑛) ⁡

= 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢Split1
SG(𝑧, 10+1, 20+0) ×𝑀𝑛−1(𝑝𝑡𝑢

−1,⋯ , 𝑛)⁡

⁡= 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑡𝑢
−1,⋯ , 𝑛)
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𝑀𝑛(1
𝑟𝑠;+1, 2𝑎𝑏𝑡𝑢;0,⋯ , 𝑛)= 𝑀𝑛(1

1⊗(𝑟𝑠;0), 2(𝑎𝑏;0)⊗(𝑡𝑢;0),⋯ , 𝑛) ⁡

= 𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑Split1
SG(𝑧, 11+0, 20+0) × 𝑀𝑛−1(𝑝𝑐𝑑

−1,⋯ , 𝑛)⁡

⁡= 𝜖𝑟𝑠𝑡𝑢𝜖𝑎𝑏𝑐𝑑
𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑐𝑑
−1,⋯ , 𝑛)

 

𝑀𝑛(1
𝑎𝑟;+1, 2𝑏𝑐𝑠𝑡;0,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗(𝑟;

1
2
)
, 2(𝑏𝑐;0)⊗(𝑠𝑡;0),⋯ , 𝑛) ⁡

= 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢Split1
SG (𝑧, 1

1
2
+
1
2, 20+0) × 𝑀𝑛−1(𝑝𝑑𝑢

−1,⋯ , 𝑛)⁡

⁡= 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑑𝑢
−1,⋯ , 𝑛)

 

𝑀𝑛(1
𝑎𝑏;+1, 2𝑐𝑑𝑒𝑓;0,⋯ , 𝑛)⁡= −𝑀𝑛(1

(𝑎𝑏;0)⊗1, 2𝑐𝑑𝑒𝑓;(−1⊗1),⋯ , 𝑛)

= −𝜖𝑐𝑑𝑒𝑓𝜖𝑎𝑏𝑔ℎSplit1
SG(𝑧, 10+1, 2−1+1) × 𝑀𝑛−1(𝑝𝑔ℎ

−1,⋯ , 𝑛)⁡

⁡= −𝜖𝑐𝑑𝑒𝑓𝜖𝑎𝑏𝑔ℎ
𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑔ℎ
−1,⋯ , 𝑛)

 

𝑀𝑛(1
𝑟𝑠;+1, 2𝑐𝑑𝑒𝑓;0,⋯ , 𝑛)= −𝑀𝑛(1

1⊗(𝑟𝑠;0), 2𝑐𝑑𝑒𝑓;(−1⊗1),⋯ , 𝑛) ⁡

= −𝜖𝑐𝑑𝑒𝑓𝜖𝑟𝑠𝑡𝑢Split1
SG(𝑧, 11+0, 2−1+1) ×𝑀𝑛−1(𝑝𝑡𝑢

−1, ⋯ , 𝑛)⁡

⁡= −𝜖𝑐𝑑𝑒𝑓𝜖𝑟𝑠𝑡𝑢
𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑡𝑢
−1,⋯ , 𝑛)

 

𝑀𝑛(1
𝑎𝑟;+1, 2𝑏𝑐𝑑𝑠;0,⋯ , 𝑛)= −𝑀𝑛 (1

(𝑎;
1
2
)⊗(𝑟;

1
2
)
, 2
𝑏𝑐𝑑𝑠;(−

1
2
+
1
2
)
,⋯ , 𝑛) ⁡

= −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢Split1
SG (𝑧, 1

1
2
+
1
2, 2−

1
2
+
1
2) × 𝑀𝑛−1(𝑝𝑡𝑢

−1,⋯ , 𝑛)⁡

⁡= −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
𝜔2
𝜔𝑝

𝑧‾12
𝑧12

×𝑀𝑛−1(𝑝𝑡𝑢
−1,⋯ , 𝑛)

 

𝑀𝑛(1𝑎𝑏
−1, 2cdef ;0,⋯ , 𝑛)= −𝑀𝑛(1

(𝑎𝑏;0)⊗−1, 2cdef ;(−1⊗1),⋯ , 𝑛) ⁡

= −𝜖cdef 𝜖abgh Split−1
SG(𝑧, 10−1, 2−1+1) × 𝑀𝑛−1(𝑝

gh;+1 ,⋯ , 𝑛)⁡

⁡= −𝜖cdef 𝜖abgh 

𝜔2
𝜔𝑝

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
gh;+1 ,⋯ , 𝑛)

 

𝑀𝑛(1𝑎𝑟
−1, 2𝑏𝑐𝑑𝑠;0,⋯ , 𝑛)= −𝑀𝑛 (1

(𝑎;−
1
2
)⊗(𝑟;−

1
2
)
, 2
𝑏𝑐𝑑𝑠;(−

1
2
⊗
1
2
)
,⋯ , 𝑛) ⁡

= −𝜖𝑏𝑐𝑑𝑒𝛿𝑟
𝑠𝜖𝑎𝑒𝑓𝑔Split−1

SG (𝑧, 1−
1
2
−
1
2, 2−

1
2
+
1
2) × 𝑀𝑛−1(𝑝

𝑓𝑔;+1,⋯ , 𝑛)⁡

⁡= −𝜖𝑏𝑐𝑑𝑒𝛿𝑟
𝑠𝜖𝑎𝑒𝑓𝑔

𝜔1
𝜔𝑝

𝑧12
𝑧‾12

×𝑀𝑛−1(𝑝
𝑓𝑔;+1,⋯ , 𝑛)
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𝑀𝑛(1𝑎𝑟
−1, 2𝑏𝑐𝑠𝑡;0,⋯ , 𝑛)= −𝑀𝑛 (1

(𝑎;
1
2
)⊗(𝑟;

1
2
)
, 2(𝑏𝑐;0)⊗(𝑠𝑡;0),⋯ , 𝑛) ⁡

= [−𝛿𝑎
𝑏𝛿𝑟

𝑠Split−1
SG (𝑧, 1−

1
2
−
1
2, 20+0) × 𝑀𝑛−1(𝑝

𝑐𝑡;+1,⋯ , 𝑛)⁡

+𝛿𝑎
𝑐𝛿𝑟
𝑡Split−1

SG (𝑧, 1−
1
2
−
1
2, 20+0) × 𝑀𝑛−1(𝑝

𝑏𝑠;+1,⋯ , 𝑛) ⁡

+𝛿𝑎
𝑏𝛿𝑟

𝑡Split−1
SG (𝑧, 1−

1
2
−
1
2, 20+0) × 𝑀𝑛−1(𝑝

𝑐𝑠;+1,⋯ , 𝑛) ⁡

−𝛿𝑎
𝑐𝛿𝑟
𝑠Split−1

SG (𝑧, 1−
1
2
−
1
2, 20+0) ×𝑀𝑛−1(𝑝

𝑏𝑡;+1,⋯ , 𝑛)]

⁡= −
𝜔2
𝜔𝑝

𝑧12
𝑧‾12

4! 𝛿𝑎
[𝑏
𝛿𝑟
𝑠𝑀𝑛−1(𝑝

𝑡𝑐];+1,⋯ , 𝑛)

 

𝑀𝑛 (1
𝑎𝑏𝑟;+

1
2, 2𝑐𝑑𝑠𝑡;0, ⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎𝑏;0)⊗(𝑟;
1
2
)
, 2(𝑐𝑑;0)⊗(𝑠𝑡;0),⋯ , 𝑛) ⁡

= 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢Split3
2

SG (𝑧, 10+
1
2, 20+0) × 𝑀𝑛−1 (𝑝𝑢

−
3
2,⋯ , 𝑛)⁡

⁡= 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑢
−
3
2,⋯ , 𝑛)

 

𝑀𝑛 (1
𝑎𝑏𝑟;+

1
2, 2𝑐𝑠𝑡𝑢;0,⋯ , 𝑛)= −𝑀𝑛 (1

(𝑎𝑏;0)⊗(𝑟;
1
2
)
, 2
𝑐𝑠𝑡𝑢;(

1
2
⊗−

1
2
)
, ⋯ , 𝑛) ⁡

= −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢Split3
2

SG (𝑧, 10+
1
2, 2

1
2
−
1
2) × 𝑀𝑛−1 (𝑝𝑑

−
3
2,⋯ , 𝑛)⁡

⁡= −𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑑
−
3
2,⋯ , 𝑛)

 

𝑀𝑛 (1
𝑎𝑟𝑠;+

1
2, 2𝑏𝑐𝑡𝑢;0,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗(𝑟𝑠;0)

, 2(𝑏𝑐;0)⊗(𝑡𝑢;0), ⋯ , 𝑛) ⁡

= 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢Split3
2

SG (𝑧, 1
1
2
+0, 20+0) × 𝑀𝑛−1 (𝑝𝑑

−
3
2, ⋯ , 𝑛)⁡

⁡= 𝜖𝑎𝑏𝑐𝑑𝜖𝑟𝑠𝑡𝑢
𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧‾12
𝑧12

×𝑀𝑛−1 (𝑝𝑑
−
3
2,⋯ , 𝑛)

 

𝑀𝑛 (1𝑎𝑟𝑠
−
1
2 , 2𝑏𝑐𝑡𝑢;0,⋯ , 𝑛)= 𝑀𝑛 (1

(𝑎;
1
2
)⊗(𝑟𝑠;0)

, 2(𝑏𝑐;0)⊗(𝑡𝑢;0),⋯ , 𝑛) ⁡

= −
1

2!
𝜖𝑡𝑢𝑣𝑤𝜖𝑣𝑤𝑟𝑠2! 𝛿𝑎

[𝑏
Split

−
3
2

SG (𝑧, 1−
1
2
+0, 20+0) × 𝑀𝑛−1 (𝑝

𝑐];+
3
2,⋯ , 𝑛)⁡

⁡= −2! 𝛿𝑟𝑠
𝑡𝑢
𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧12
𝑧‾12

𝛿𝑎
[𝑏
×𝑀𝑛−1 (𝑝

𝑐];+
3
2, ⋯ , 𝑛)
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𝑀𝑛 (1𝑎𝑟𝑠
−
1
2 , 2𝑏𝑡𝑢𝑣0,⋯ , 𝑛)= −𝑀𝑛 (1

(𝑎;
1
2
)⊗(𝑟𝑠;0)

, 2
𝑏𝑡𝑢𝑣;(

1
2
⊗−

1
2
)
,⋯ , 𝑛) ⁡

= −𝛿𝑎
𝑏𝜖𝑡𝑢𝑣𝑤𝜖𝑤𝑟𝑠𝑥Split

−
3
2

SG (𝑧, 1−
1
2
+0, 2−

1
2
+
1
2) ×𝑀𝑛−1 (𝑝

𝑥;+
3
2,⋯ , 𝑛)⁡

⁡= −𝛿𝑎
𝑏𝜖𝑡𝑢𝑣𝑤𝜖𝑤𝑟𝑠𝑥

𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧12
𝑧‾12

×𝑀𝑛−1 (𝑝
𝑥;+

3
2,⋯ , 𝑛)

 

𝑀𝑛 (1𝑟𝑠𝑡
−
1
2 , 2𝑎𝑣𝑤𝑥;0,⋯ , 𝑛)= −𝑀𝑛 (1

𝑟𝑠𝑡;(−1⊗
1
2
)
, 2
𝑎𝑣𝑤𝑥;(

1
2
⊗−

1
2
)
,⋯ , 𝑛) ⁡

= −𝜖𝑟𝑠𝑡𝑢𝜖
𝑣𝑤𝑥𝑦𝛿𝑦

𝑢Split
−
3
2

SG (𝑧, 1−1+
1
2, 2

1
2
−
1
2) ×𝑀𝑛−1 (𝑝

𝑎;+
3
2,⋯ , 𝑛)⁡

⁡= −𝜖𝑟𝑠𝑡𝑢𝜖
𝑣𝑤𝑥𝑢

𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧12
𝑧‾12

×𝑀𝑛−1 (𝑝
𝑎;+

3
2,⋯ , 𝑛)

 

𝑀𝑛 (1𝑟𝑠𝑡
−
1
2 , 2uvw 𝑥;0,⋯ , 𝑛)= −𝑀𝑛 (1

rst ;(−1⊗
1
2
)
, 2uvw 𝑥;(1⊗−1),⋯ , 𝑛) ⁡

= −𝜖rsty 𝜖
uvwx SplitSGG

−
3
2

Sin (𝑧, 1−1+
1
2, 21−1) × 𝑀𝑛−1 (𝑝

𝑦;+
3
2,⋯ , 𝑛)⁡

⁡= −𝜖rsty 𝜖
uvwx 

𝜔1

1
2𝜔2

𝜔𝑝

3
2

𝑧12
𝑧‾12

×𝑀𝑛−1 (𝑝
𝑦;+

3
2,⋯ , 𝑛)

 

∫ ⁡𝑑4𝜂𝑝𝛿(4)(𝜂𝑝 − 𝜂)𝑓(𝜂𝑝) = ∫ ⁡ 𝑑4𝜂𝑝∏ 

4

𝑎=1

(𝜂𝑎
𝑝
− 𝜂𝑎)𝑓(𝜂

𝑝) = 𝑓(𝜂) 

𝛿(4)(𝜂𝑝 − 𝜂) =∏ 

4

𝑎=1

(𝜂𝑎
𝑝
− 𝜂𝑎) 

𝑅𝑚𝑛 −
1

4
𝐻𝑚𝑝𝑞𝐻𝑛

𝑝𝑞
+ 2∇(𝑚𝑍𝑛)= 𝑇𝑚𝑛, ⁡

−
1

2
∇𝑘𝐻𝑘𝑚𝑛 + 𝑍

𝑘𝐻𝑘𝑚𝑛 + 2∇[𝑚𝐼𝑛]⁡= 𝐾𝑚𝑛,

𝑅 −
1

2
|𝐻3|

2 + 4(∇𝑚𝑍𝑚 − 𝐼
𝑚𝐼𝑚 − 𝑍

𝑚𝑍𝑚)⁡= 0,

𝑑 ∗ 𝐹𝑝 −𝐻3 ∧∗ 𝐹𝑝+2 − 𝜄𝐼𝐵2 ∧∗ 𝐹𝑝 − 𝜄𝐼 ∗ 𝐹𝑝−2⁡= 0,

 

𝑇𝑚𝑛 ⁡=
1

4
𝑒2Φ∑ 

𝑝

  [
1

𝑝!
𝐹𝑚
𝑘1…𝑘𝑝𝐹𝑛𝑘1…𝑘𝑝 −

1

2
𝑔𝑚𝑛|𝐹𝑝+1|

2
]

𝐾𝑚𝑛 ⁡=
1

4
𝑒2Φ∑ 

𝑝

 
1

𝑝!
𝐹𝑘1…𝑘𝑝𝐹𝑚𝑛

𝑘1…𝑘𝑝
 

𝑟𝑖1[𝑗1𝑟𝑗2|𝑖2|𝑓𝑖1𝑖2 ⁡
𝑗3] = 0  
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𝐼𝑚 = 𝑟𝑖1𝑖2𝑓𝑖1𝑖2 ⁡
𝑗𝑘𝑗⁡

𝑚  

6𝜌[𝑖2∣𝑖7𝑗1𝜌|𝑖3𝑖4|𝑗2𝑓𝑗1𝑗2 ⁡
∣𝑖5] + 𝜌𝑗1𝑗2[𝑖2𝜌𝑖3𝑖4𝑖5]𝑓𝑗1𝑗2 ⁡

𝑖7 = 0  

𝜌𝑖1𝑖2𝑖3𝑓𝑖2𝑖3 ⁡
𝑖4 = 0  

𝐽𝑚𝑛 =
1

4
𝜌𝑖1𝑖2𝑖3𝑓𝑖2𝑖3

𝑖4 𝑘𝑖1 ⁡
𝑚𝑘𝑖4 ⁡

𝑛  

0 =ℛ𝑚𝑛[ℎ(4)] − 7∇̃(𝑚𝑍𝑛) + 𝑇𝑚𝑛

+8(1 + 𝑉2)(𝐽(𝑚𝑛)𝐽
𝑘 ⁡𝑘 − 2𝐽𝑚𝑘𝐽

𝑘⁡𝑛) + 4𝑉𝑚𝑉𝑛(𝐽
𝑘𝑙𝐽𝑘𝑙 − 2𝐽

𝑘𝑙𝐽𝑙𝑘) ⁡

+4𝑉𝑘𝑉𝑙(4𝐽𝑚⁡
𝑘𝐽𝑛⁡

𝑙 − 𝐽𝑘 ⁡𝑚𝐽
𝑙 ⁡𝑛 − 2𝐽

𝑘𝑙𝐽(𝑚𝑛)) + 8𝑉𝑘𝑉(𝑚(2𝐽
𝑙⁡𝑛)𝐽

𝑘 ⁡𝑙 − 𝐽𝐽𝑛)⁡
𝑘 − 𝐽𝐽𝑘 ⁡𝑛) + 𝐽

𝑘𝑙𝐽𝑛)𝑙),

0 =
1

7
𝑒2𝜙ℛ[𝑔‾(7)] +

1

6
(∇𝑉)2 + ∇̃𝑚𝑍𝑚 − 6𝑍𝑚𝑍

𝑚 − 2𝐽𝑚𝑛𝐽𝑚𝑛 +
4

3
𝐽𝑚𝑛𝐽

𝑛𝑚,

0 =∇̃𝑚𝐹𝑚𝑛𝑘𝑙 − 6(𝑍
𝑚𝐹𝑚𝑛𝑘𝑙 + 2𝐽

𝑝𝑚𝐶𝑚[𝑛𝑘𝐽𝑙]𝑝 − 𝐽
𝑝𝑚𝐽𝑝[𝑛𝐶𝑘𝑙]𝑚),

 

𝑍𝑚 ⁡= 𝜕𝑚𝜙 −
2

3
𝜖𝑚𝑛𝑘𝑙𝐽

𝑛𝑘𝑉𝑙

∇̃𝑚⁡= ∇𝑚 − 𝜕𝑚𝜙
 

0 = 𝐽𝑚[𝑛𝐽𝑘𝑙]

0 = 𝜕𝑚𝐽
𝑘𝑙 + 𝐽𝑘𝑛𝜕𝑛𝑒𝑚

𝑎 𝑒𝑎
𝑙 + 𝐽𝑛𝑙𝜕𝑛𝑒𝑚

𝑎 𝑒𝑎
𝑘 + 𝐽𝑛𝑙𝛿𝑚

𝑘 𝜕𝑛𝜙

0 = ∇𝑚(𝑒
−𝜙𝐽[𝑚𝑛])

0 = 𝐽𝑚𝑛𝜕𝑛𝜙

0 = ∇[𝑚𝑍𝑛] −
1

3
𝐽𝑘𝑙𝐹𝑚𝑛𝑘𝑙

0 = ∇𝑘(𝑒
−𝜙𝐽𝑘[𝑙𝑉𝑝])

0 = ∇𝑘(𝐽
(𝑝𝑙)𝑉𝑘) − ∇𝑘(𝑉

(𝑝𝐽𝑙)𝑘)

 

ℒΛ𝑉
𝑀= Λ𝑁𝜕𝑁𝑉

𝑀 − 𝑉𝑁𝜕𝑁Λ
𝑀 + 𝜂𝑀𝑁𝜂𝐾𝐿𝜕𝑁Λ

𝐾𝑉𝐿⁡

ℒΛ𝑑⁡= Λ
𝑀𝜕𝑀𝑑 −

1

2
𝜕𝑀Λ

𝑀
 

𝜂𝑀𝑁𝜕𝑀𝑓𝜕𝑁𝑔 = 0, 𝜂
𝑀𝑁𝜕𝑀𝜕𝑁𝑓 = 0  

𝜂𝑀𝑁 = (
0 𝛿𝑚⁡𝑛
𝛿𝑚⁡

𝑛 0
) ,  

𝑆𝐷𝐹𝑇 = ∫ ⁡ 𝑑
10ℜ𝑒−2𝑑 [ℋ𝐴𝐵ℱ𝐴ℱ𝐵 + ℱ𝐴𝐵𝐶ℱ𝐷𝐸𝐹 (

1

4
ℋ𝐴𝐷𝜂𝐵𝐸𝜂𝐶𝐹 −

1

12
ℋ𝐴𝐷ℋ𝐵𝐸ℋ𝐶𝐹)

−ℱ𝐴ℱ
𝐴 −

1

6
ℱ𝐴𝐵𝐶ℱ

𝐴𝐵𝐶]

 

ℱ𝐴𝐵𝐶 = 3𝐸𝑁[𝐶𝜕𝐴𝐸𝐵]
𝑁 , ℱ𝐴 = 2𝜕𝐴𝑑 − 𝜕𝑀𝐸𝐴

𝑀  

𝜂𝐴𝐵 = (
0 𝛿𝑎 ⁡𝑏
𝛿𝑎 ⁡

𝑏 0
) ,ℋ𝐴𝐵 = (

ℎ𝑎𝑏 0
0 ℎ𝑎𝑏

)  
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𝑑= 𝜙 −
1

2
log⁡ 𝑒, 𝑒 = det𝑒𝑘

𝑎, ⁡

𝐸𝑀
𝐴 ⁡= [

𝑒𝑚
𝑎 0

−𝑒𝑘⁡𝑎𝑏𝑘𝑚 𝑒𝑚⁡𝑎
] , 𝐸𝑀⁡𝐴 = [

𝑒𝑚⁡𝑎 −𝑒𝑘⁡𝑎𝑏𝑘𝑚
0 𝑒𝑚⁡

𝑎 ]
 

𝑢𝐴
𝐵 = 𝐸𝑀

𝐵𝛿𝐸𝐴
𝑀 = [

𝑒𝑚⁡
𝑏𝛿𝑒𝑎

𝑚 0

𝑒𝑝⁡𝑎𝑒
𝑚⁡𝑏𝛿𝑏𝑚𝑝 −𝑒𝑚⁡

𝑎𝛿𝑒𝑚⁡𝑏
] , 𝛿𝑑 = 𝛿𝜙 +

1

2
𝑒𝑚⁡

𝑎𝛿𝑒𝑚⁡𝑎  

𝛿ℱ𝐴 = ℱ𝐵𝑢𝐴
𝐵 − 𝐸𝐵

𝑀𝜕𝑀𝑢𝐴
𝐵 + 2𝐸𝐴

𝑀𝜕𝑀𝛿𝑑,

𝛿ℱ𝐴𝐵𝐶 = 3𝑢[𝐴
𝐷 ℱ𝐵𝐶]𝐷 + 3𝐸[𝐴

𝑀𝜂𝐶∣𝐷𝜕𝑀𝑢∣𝐵]
𝐷 .

 

𝑒2𝑑𝛿ℒ𝐷𝐹𝑇 = 𝛿𝑑 (2ℱ𝐴ℱ𝐵ℋ
𝐴𝐵 − 4𝜕𝐵ℱ𝐴ℋ

𝐴𝐵 +
1

6
ℱ𝐴𝐵𝐶ℱ𝐷𝐸𝐹ℋ

𝐴𝐷ℋ𝐵𝐸ℋ𝐶𝐹

−
1

2
ℱ𝐴𝐵𝐶ℱ

𝐴𝐵⁡𝐷ℋ
𝐶𝐷 − 2ℱ𝐴ℱ

𝐴 + 4𝜕𝐴 ℱ
𝐴 +

1

3
ℱ𝐴𝐵𝐶ℱ

𝐴𝐵𝐶)

⁡+𝑢𝐴⁡𝐵 (2𝜕𝑀ℱ𝐶ℋ
𝐵𝐶𝐸𝐴⁡

𝑀 +
1

2
ℱ𝐴⁡

𝐶𝐷ℱ𝐶𝐷𝐺ℋ
𝐵𝐺 + ℱ𝐴𝐶𝐷ℱ

𝐵𝐶 ⁡𝐺ℋ
𝐷𝐺 +

1

2
ℱ𝐵⁡𝐴𝐶ℱ𝐷ℋ

𝐶𝐷

⁡−
1

2
𝜕𝑀ℱ

𝐵⁡𝐴𝐶ℋ
𝐶𝐷𝐸𝐷⁡

𝑀 +
1

2
ℱ𝐴𝐶𝐷ℱ

𝐶ℋ𝐵𝐷 +
1

2
𝜕𝐷ℱ𝐴𝐸 ⁡

𝐷ℋ𝐵𝐸 +
1

2
ℱ𝐵𝐶 ⁡𝐷ℱ

𝐷ℋ𝐶𝐴

⁡+
1

2
𝜕𝐶ℱ

𝐵𝐶𝐷ℋ𝐷𝐴 −
1

2
ℱ𝐴𝐶𝐷ℱ𝐸𝐹𝐺ℋ

𝐵𝐸ℋ𝐶𝐹ℋ𝐷𝐺 +
1

2
ℱ𝐶𝐷⁡

𝐸ℱ𝐹ℋ
𝐵𝐶ℋ𝐷𝐹ℋ𝐴𝐸

−
1

2
𝜕𝐺ℱ𝐶𝐸 ⁡

𝐷ℋ𝐵𝐶ℋ𝐸𝐺𝐻𝐷𝐴 − 2𝜕𝐴ℱ
𝐵 − ℱ𝐴𝐶𝐷ℱ

𝐵𝐶𝐷 −ℱ𝐵⁡𝐴𝐶ℱ
𝐶 − 𝜕𝐶ℱ

𝐵𝐶 ⁡𝐴)

 

ℱ𝑎𝑏𝑐 = −𝐻𝑎𝑏𝑐, ℱ𝑎 = 2𝑒𝑎
𝑚∇𝑚𝜙 + 𝑓𝑎 ,

ℱ𝑎𝑏
𝑐 = 𝑓𝑎𝑏

𝑐 ,

𝑓𝑎𝑏
𝑐 = −2𝑒𝑚⁡𝑎𝑒

𝑛⁡𝑏𝜕[𝑚𝑒𝑛]
𝑐 , 𝑓𝑎 = 𝑓𝑎𝑏

𝑏 .

 

𝛿𝑑: 𝑅 −
1

12
𝐻2 + 4∇𝑚∇𝑚𝜙 − 4(∇𝜙)

2 = 0,

𝛿𝑒𝑎
𝑚: 𝑅𝑚𝑛 −

1

4
𝐻𝑚𝑘𝑙𝐻𝑛

𝑘𝑙 + ∇𝑚∇𝑛𝜙 + ∇𝑛∇𝑚𝜙 = 0,

𝛿𝑏𝑚𝑛:
1

2
∇𝑘𝐻

𝑘𝑚𝑛 −𝐻𝑘𝑚𝑛∇𝑘𝜙 = 0,

 

𝐸𝑀
′ ⁡𝐴 = 𝑂𝑀⁡

𝑁𝐸𝑁 ⁡
𝐴  

𝑂𝐾
𝑀 = exp⁡(𝛽𝑚𝑛𝑇𝑚𝑛) = [

𝛿𝑚⁡𝑘 0

𝛽𝑚𝑘 𝛿𝑚⁡
𝑘]  

[𝑇𝑀𝑁, 𝑇𝐾𝐿] = 2𝜂𝐾[𝑀𝑇𝑁]𝐿 − 2𝜂𝐿[𝑀𝑇𝑁]𝐾  

{
𝑓𝑗1𝑗2 ⁡

[𝑖1𝑟𝑖2|𝑗1|𝑟𝑖3]𝑗2 = 0,

𝑓𝑖1𝑖2 ⁡
𝑗𝑟𝑖1𝑖2 = 0,

 

𝛿𝐼ℱ𝐴𝐵𝐶 = 0, 𝛿𝐼ℱ𝐴 = 2𝐸𝐴
𝑀 [

0
𝐼𝑚
]  

ℱ𝐴𝐵𝐶
′ ⁡= ℱ𝐴𝐵𝐶

ℱ𝐴
′ − 𝑋𝐴

′ ⁡= ℱ𝐴
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0 = 𝜕[𝐴ℱ𝐵𝐶𝐷] −
3

4
ℱ[𝐴𝐵
𝐸 ℱ𝐶𝐷]𝐸

0 = 2𝜕[𝐴ℱ𝐵] + 𝜕
𝐶ℱ𝐶𝐴𝐵 − ℱ

𝐶ℱ𝐶𝐴𝐵

0 = 𝜕𝐴ℱ𝐴 −
1

2
ℱ𝐴ℱ𝐴 +

1

12
ℱ𝐴𝐵𝐶ℱ𝐴𝐵𝐶

 

𝜕𝐴
′ ⁡= 𝐸𝐴

′𝑚𝜕𝑚 = 𝐸𝐴
𝑁𝑂𝑁

𝑚𝜕𝑚
⁡= 𝐸𝐴⁡

𝑚𝜕𝑚 + 𝐸𝐴𝑛𝛽
𝑚𝑛𝜕𝑚 = 𝐸𝐴⁡

𝑀𝜕𝑀 = 𝜕𝐴
 

0= 2𝜕[𝐴ℱ𝐵] + 𝜕
𝐶ℱ𝐶𝐴𝐵 − ℱ

𝐶ℱ𝐶𝐴𝐵 = 2𝜕[𝐴
′ ℱ𝐵] + 𝜕

′𝐶ℱ𝐶𝐴𝐵 − ℱ
𝐶ℱ𝐶𝐴𝐵⁡

⁡= 2𝜕[𝐴
′ (ℱ𝐵]

′ − 𝑋𝐵]) + 𝜕
′𝐶ℱ𝐶𝐴𝐵

′ − (ℱ′𝐶 − 𝑋𝐶)ℱ𝐶𝐴𝐵
′

⁡= 2𝜕[𝐴
′ ℱ𝐵]

′ − 2𝜕[𝐴
′ 𝑋𝐵] + 𝜕

′𝐶ℱ𝐶𝐴𝐵
′ − ℱ′𝐶ℱ𝐶𝐴𝐵

′ + 𝑋𝐶ℱ𝐶𝐴𝐵
′

⁡= −2𝜕[𝐴
′ 𝑋𝐵] + 𝑋

𝐶ℱ𝐶𝐴𝐵
′

 

0= 2𝜕[𝐴
′ 𝑋𝐵] − 𝑋

𝐶ℱ𝐶𝐴𝐵
′ ⁡

= 2𝐸[𝐴
′ ⁡𝑀𝜕𝑀

′ (𝐸𝐵]
′ ⁡𝑁𝑋𝑁) − 𝑋

𝑀𝐸𝑀
′ ⁡𝐶(2𝜕[𝐴

′ 𝐸𝐵]
′ ⁡𝑁𝐸𝐶𝑁

′ + 𝜕𝐶
′𝐸𝐴

′ ⁡𝑁𝐸𝐵𝑁
′ ) ⁡

⁡= 2𝐸[𝐴
′ ⁡𝑀𝐸𝐵]

′ ⁡𝑁𝜕𝑀𝑋𝑁 + 2𝐸[𝐴
′ ⁡𝑀𝜕𝑀𝐸𝐵]

′ ⁡𝑁𝑋𝑁 − 2𝑋𝑁𝐸[𝐴
′ ⁡𝑀𝜕𝑀𝐸𝐵]

′ ⁡𝑁 − 𝑋𝑀𝜕𝑀𝐸𝐴
′ ⁡𝑁𝐸𝐵𝑁

′

⁡= 𝐸𝐴
′ ⁡𝑀𝐸𝐵

′ ⁡𝑁𝜕𝑀𝑋𝑁 − 𝐸𝐵
′ ⁡𝑁𝐸𝐴

′ ⁡𝑀𝜕𝑁𝑋𝑀 − 𝑋
𝑀𝜕𝑀𝐸𝐴

′ ⁡𝑁𝐸𝐵𝑁
′

⁡= −𝐸𝐵𝑁
′ (𝑋𝑀𝜕𝑀𝐸𝐴

′ ⁡𝑁 − 𝐸𝐴
′ ⁡𝑀𝜕𝑀𝑋

𝑁 + 𝐸𝐴
′ ⁡𝑀𝜕𝑁𝑋𝑀) = −𝐸𝐵𝑀

′ ℒ𝑋𝐸𝐴
′ ⁡𝑀

 

0= 𝜕′𝐴ℱ𝐴 −
1

2
ℱ𝐴ℱ𝐴 +

1

12
ℱ𝐴𝐵𝐶ℱ𝐴𝐵𝐶 ⁡

= 𝜕′𝐴(ℱ𝐴
′ − 𝑋𝐴) −

1

2
(ℱ′𝐴 − 𝑋𝐴)(ℱ𝐴

′ − 𝑋𝐴) +
1

12
ℱ′𝐴𝐵𝐶ℱ𝐴𝐵𝐶

′ ⁡

⁡= −𝜕′𝐴𝑋𝐴 + ℱ𝐴
′𝑋𝐴 −

1

2
𝑋𝐴𝑋

𝐴

⁡= −𝐸𝐴
′ ⁡𝑀𝜕𝑀(𝐸𝑁

′ ⁡𝐴𝑋𝑁) + (2𝜕𝑀𝑑
′ − 𝜕𝑁𝐸𝐴

′ ⁡𝑁𝐸𝑀
′ ⁡𝐴)𝑋𝑀 − 𝑋𝑀𝑋

𝑀

⁡= 2𝑋𝑀𝜕𝑀𝑑
′ − 𝜕𝑀𝑋

𝑀 − 𝑋𝑀𝑋
𝑀 = 2ℒ𝑋𝑑

′ − 𝑋𝑀𝑋
𝑀

 

 

∇𝑀𝑑 ⟶ ∇𝑀𝑑 + 𝑋𝑀 .  

ℒΛ ⟶ ℒΛ + Λ
𝑀𝑋𝑀  
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{𝑔𝜇𝜈, 𝐴𝜇
𝑀𝑁 ,𝑀𝑀𝑁, 𝐵𝜇𝜈𝑀}  

𝜖𝑀𝑁𝐾𝐿𝑃𝜕𝑀𝑁 ∙⊗ 𝜕𝐾𝐿 ∙= 0  

𝛿Λ𝑉
𝑀 = ℒΛ𝑉

𝑀 =
1

2
Λ𝐾𝐿𝜕𝐾𝐿𝑉

𝑀 − 𝑉𝐿𝜕𝐿𝐾Λ
𝑀𝐾 + (

1

4
+ 𝜆)𝑉𝑀𝜕𝐾𝐿Λ

𝐾𝐿  

𝑒−1ℒ =𝑅̂[𝑔(7)] ∓
1

8
𝑚𝑀𝑁𝑚𝐾𝐿ℱ𝜇𝜈 ⁡

𝑀𝐾ℱ𝜇𝜈𝑁𝐿 +
1

48
𝑔𝜇𝜈𝒟𝜇𝑚𝑀𝑁𝒟𝜈𝑚

𝑀𝑁 + 𝑒−1ℒ𝑠𝑐

⁡+
1

3 ⋅ (16)2
𝑚𝑀𝑁ℱ𝜇𝜈𝜌𝑀ℱ

𝜇𝜈𝜌⁡𝑁 + 𝑒ℒtop 

 

𝒟𝜇 = 𝜕𝜇 − ℒ𝐴𝜇  

𝑒−1ℒ𝑠𝑐 =±(
1

8
𝜕𝑀𝑁𝑚𝑃𝑄𝜕𝐾𝐿𝑚

𝑃𝑄𝑚𝑀𝐾𝑚𝑁𝐿 +
1

2
𝜕𝑀𝑁𝑚𝑃𝑄𝜕𝐾𝐿𝑚

𝑀𝑃𝑚𝑁𝐾𝑚𝐿𝑄 ⁡

+
1

2
𝜕𝑀𝑁𝑚

𝐿𝑁𝜕𝐾𝐿𝑚
𝑀𝐾 +

1

2
𝑚𝑀𝐾𝜕𝑀𝑁𝑚

𝑁𝐿(𝑔−1𝜕𝐾𝐿𝑔) +
1

8
𝑚𝑀𝐾𝑚𝑁𝐿(𝑔−1𝜕𝑀𝑁𝑔)(𝑔

−1𝜕𝐾𝐿𝑔)⁡

+
1

8
𝑚𝑀𝐾𝑚𝑁𝐿𝜕𝑀𝑁𝑔

𝜇𝜈𝜕𝐾𝐿𝑔𝜇𝜈)

 

𝑚𝑀𝑁 = ℎ
1
10 [
ℎ−

1
2ℎ𝑚𝑛 −𝑉𝑚

−𝑉𝑛 ±ℎ
1
2(1 ± 𝑉𝑘𝑉

𝑘)
] ,𝑚𝑀𝑁 = ℎ−

1
10 [
ℎ
1
2(ℎ𝑚𝑛 ± 𝑉𝑚𝑉𝑛) ±𝑉𝑚

±𝑉𝑛 ±ℎ−
1
2

]  

𝐸𝜇̂
𝑎̂ = [ℎ

−
1
5𝑒𝜇
𝛼 𝐴𝜇⁡

𝑚ℎ𝑚⁡
𝑎

0 ℎ𝑚⁡
𝑎

]  

𝑔𝜇𝜈 = 𝑔𝜇𝜈(𝑥
𝜇 , 𝑥𝑚), 𝑚𝑀𝑁 = 𝑚𝑀𝑁(𝑥

𝑚)

𝐴𝜇⁡
𝑀𝑁 = 0, 𝐵𝜇𝜈𝑀 = 0

 

ℎ𝜇𝜈= 𝑒
−2𝜙ℎ

1
5ℎ‾𝜇𝜈 ⁡

𝑚𝑀𝑁⁡= 𝑒
−𝜙ℎ

1
10𝑀𝑀𝑁

 

ℒ =𝑒‾𝑀−1 (ℛ[ℎ‾(7)] −
1

8
𝑀𝐾𝐿𝑀𝑀𝑁𝜕𝐾𝑀𝑀𝑃𝑄𝜕𝐿𝑁𝑀

𝑃𝑄 −
1

2
𝜕𝑁𝐾𝑀

𝑀𝑁𝜕𝑀𝐿𝑀
𝐾𝐿

⁡+
1

2
𝑀𝐾𝐿𝑀𝑀𝑁𝜕𝑀𝐾𝑀

𝑃𝑄𝜕𝑃𝐿𝑀𝑁𝑄 +𝑀
𝐾𝐿𝑀𝑀𝑁𝜕𝐾𝑃𝑀𝑀𝑁𝜕𝐿𝑄𝑀

𝑃𝑄

−
15

24
𝑀𝐾𝐿𝑀𝑀𝑁𝑀𝑃𝑄𝑀𝑅𝑆𝜕𝑀𝑃𝑀𝐾𝐿𝜕𝑁𝑄𝑀𝑅𝑆) ,

 

ℛ𝜇𝜈[ℎ‾(7)] −
1

7
ℎ‾𝜇𝜈ℛ[ℎ‾(7)] = 0  

𝐸𝜇̂
𝑎̂ = (

𝑒−𝜙𝑒‾𝜇⁡
𝑎 𝐴𝜇⁡

𝑚ℎ𝑚⁡
𝛼

0 ℎ𝑚⁡
𝛼 )  
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𝑀𝑀𝑁 = 𝑒
𝜙 [
|ℎ|−

1
2ℎ𝑚𝑛 −𝑉𝑛

−𝑉𝑚 ±|ℎ|
1
2(1 ± 𝑉𝑘𝑉

𝑘)
] ,𝑀𝑀𝑁 = 𝑒−𝜙 [

|ℎ|
1
2(ℎ𝑚𝑛 ± 𝑉𝑚𝑉𝑛) ±𝑉𝑛

±𝑉𝑚 ±|ℎ|−
1
2

] ,  

 

𝑒‾−1ℎ−
1
2ℒ = 𝑒−5𝜙ℛ[ℎ‾(7)] + 𝑒

−7𝜙 (ℛ[ℎ(4)] + 42ℎ
𝑚𝑛𝜕𝑚𝜙𝜕𝑛𝜙 ∓

1

2
∇𝑚𝑉

𝑚∇𝑛𝑉
𝑛) .  

ℒ𝐸𝐴𝐵𝐸𝐶 ⁡
𝑀= ℱ𝐴𝐵𝐶 ⁡

𝐷𝐸𝐷⁡
𝑀 ⁡

ℱ𝐴𝐵𝐶 ⁡
𝐷⁡=

3

2
𝐸𝑁 ⁡

𝐷𝜕[𝐴𝐵𝐸
𝑁⁡𝐶] − 𝐸

𝑀⁡𝐶𝜕𝑀𝑁𝐸
𝑁⁡[𝐵𝛿

𝐷⁡𝐴] −
1

2
𝐸𝑀⁡[𝐵∣𝜕𝑀𝑁𝐸

𝑁⁡∣𝐴]𝛿
𝐷⁡𝐶 .

 

𝐸𝑀⁡
𝐴 = 𝑒

𝜙
2 [
𝑒−1/2𝑒𝑚⁡

𝑎 𝑒1/2𝑉𝑎

0 𝑒1/2
] , 𝐸𝑀 ⁡𝐴 = 𝑒

−
𝜙
2 [
𝑒1/2𝑒𝑚⁡𝑎 0

−𝑒1/2𝑉𝑚 𝑒−1/2
] .  

ℱ𝐴𝐵𝐶
𝐷 =

3

2
𝑍𝐴𝐵𝐶
𝐷 + 5𝜃[𝐴𝐵𝛿𝐶]

𝐷 + 𝛿[𝐴
𝐷𝑌𝐵]𝐶  

𝜃𝐴𝐵=
1

10
𝐸[𝐴
𝑀𝜕𝑀𝑁𝐸𝐵]

𝑁 −
1

10
𝐸−1𝐸𝐴𝐵

𝑀𝑁⁡𝐴𝐵𝜕𝑀𝑁𝐸, ⁡

𝑌𝐴𝐵 ⁡= −𝐸(𝐴
𝑀𝜕𝑀𝑁𝐸𝐵)

𝑁 ,

𝑍𝐴𝐵𝐶 ⁡
𝐷⁡= 𝐸[𝐴

𝑀𝐸𝐵∣
𝑁𝐸𝐾

𝐷𝜕𝑀𝑁𝐸∣𝐶]
𝐾 +

1

3
(2𝐸[𝐴∣

𝑀 𝜕𝑀𝑁𝐸|𝐵|
𝑁 + 𝐸[𝐴

𝑀𝐸𝐵∣
𝑁𝐸−1𝜕𝑀𝑁𝐸)𝛿∣𝐶]

𝐷 .

 

𝑚Δℒ = 3𝛿𝑀1⁡
𝑁1⁡𝑀2⁡

𝑁2⁡𝑀3⁡
𝑁3⁡𝑀4⁡

𝑁4𝜕𝑁1𝑁2𝐸𝐴⁡
𝑀1𝜕𝑁3𝑁4𝐸𝐵⁡

𝑀2𝐸𝐶 ⁡
𝑀3𝐸𝐷⁡

𝑀4𝑚𝐴𝐶𝑚𝐵𝐷  

𝑚ℒ =⁡−
700

3
𝜃𝐴𝐵𝜃𝐶𝐷𝑚

𝐴𝐶𝑚𝐵𝐷 + 𝑌𝐴𝐵𝑌𝐶𝐷𝑚
𝐴𝐶𝑚𝐵𝐷 −

1

2
𝑌𝐴𝐵𝑌𝐶𝐷𝑚

𝐴𝐵𝑚𝐶𝐷

⁡+
9

4
𝑍𝐴𝐵𝐶 ⁡

𝐷𝑍𝐷𝐸𝐹 ⁡
𝐴𝑚𝐵𝐸𝑚𝐶𝐹 +

3

4
𝑍𝐴𝐴1𝐵⁡

𝐶𝑍𝐷𝐸𝐹⁡
𝐺𝑚𝐶𝐺𝑚

𝐴𝐷𝑚𝐴1𝐸𝑚𝐵𝐹
 

𝛿𝐸𝑀⁡𝐴𝐸
𝐵⁡𝑀 ≡ 𝑢

𝐵⁡𝐴 ≡ −𝛿𝐸
𝐵⁡𝑀𝐸

𝑀⁡𝐴.  

𝑢5⁡5=
1

2
𝑑𝑒𝑎 ⁡

𝑚𝑒𝑎⁡𝑚 −
1

2
𝛿𝜙 ⁡

𝑢𝑎 ⁡5⁡= −𝛿𝑉
𝑚𝑒𝑎⁡𝑚 + 𝑉

𝑚𝑒𝑎⁡𝑚𝑒
𝑏⁡𝑛𝛿𝑒𝑏⁡

𝑛

𝑢𝑎 ⁡𝑏⁡= 𝛿𝑒𝑏⁡
𝑚𝑒𝑎⁡𝑚 −

1

2
𝛿𝑒𝑐 ⁡

𝑚𝑒𝑐⁡𝑚𝛿
𝑎⁡𝑏 −

1

2
𝛿𝜙𝛿𝑎 ⁡𝑏

 

𝛿𝜃𝐴𝐵= −
1

10
𝜕𝐶[𝐴𝑢𝐵]

𝐶 +
1

10
𝜕𝐴𝐵𝑢𝐶

𝐶 − 2𝑢[𝐴
𝐶 𝜃𝐵]𝐶 , ⁡

𝑑𝑌𝐴𝐵= 𝜕𝐶(𝐴𝑢𝐵)
𝐶 + 2𝑢(𝐴

𝐶 𝑌𝐵)𝐶 , ⁡

𝛿𝑍𝐸𝐹𝐷⁡= −
1

16
𝜕𝐴𝐵𝑢𝐶

𝐷𝜖𝐸𝐹𝐴𝐵𝐶 − 2𝑍𝐸𝐹,[𝐴𝑢𝐴
𝐷]
⁡𝐴 − 2𝑢

[𝐹⁡𝐴𝑍
𝐸]𝐴,𝐷 +

1

48
𝜕𝐴𝐵𝑢

𝐶 ⁡𝐶𝜖
𝐷𝐸𝐹𝐴𝐵

⁡+
1

24
𝜕𝐴𝐵𝑢

𝐴⁡𝐶𝜖
𝐷𝐸𝐹𝐵𝐶 .
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14

3
𝜕𝐴𝐶𝜃𝐷𝐸𝑚

𝐵𝐷𝑚𝐶𝐸 +
14

3
𝛿𝐴⁡

𝐵𝜃𝐶𝐷𝜃𝐸𝐹𝑚
𝐶𝐸𝑚𝐷𝐹 +

14

3
𝛿𝐴⁡

𝐵𝜕𝐶𝐷𝜃𝐸𝐹𝑚
𝐶𝐸𝑚𝐷𝐹 − 4𝑌𝐶𝐷𝜃𝐴𝐸𝑚

𝐵𝐶𝑚𝐷𝐸

+2𝛿𝐴⁡
𝐵𝑌𝐶𝐷𝑌𝐸𝐹𝑚

𝐶𝐸𝑚𝐷𝐹 + 4𝑌𝐴𝐶𝑌𝐷𝐸𝑚
𝐵𝐷𝑚𝐶𝐸 − 2𝜕𝐴𝐶𝑌𝐷𝐸𝑚

𝐵𝐷𝑚𝐶𝐸 − 𝛿𝐴⁡
𝐵𝑌𝐶𝐷𝑌𝐸𝐹𝑚

𝐶𝐷𝑚𝐸𝐹 ⁡

+2𝑌𝐶𝐷𝜃𝐴𝐸𝑚
𝐵𝐸𝑚𝐶𝐷 − 64𝑍𝐶𝐷𝐵𝑍𝐸𝐹𝐺𝑚𝐴𝐺𝑚𝐶𝐸𝑚𝐷𝐹 + 128𝛿𝐴⁡

𝐵𝑍𝐶𝐷𝐸𝑍𝐹𝐺𝐻𝑚𝐶𝐹𝑚𝐷𝐺𝑚𝐸𝐻 ⁡

+𝜕𝐴𝐶𝑌𝐷𝐸𝑚
𝐵𝐶𝑚𝐷𝐸 + 8𝜃𝐶𝐷𝑍

𝐸𝐹𝐺𝜖𝐵𝐶𝐷𝐻𝐴1𝑚𝐴𝐺𝑚𝐸𝐻𝑚𝐹𝐴1 + 4𝜕𝐶𝐷𝑍
𝐸𝐹𝐺𝜖𝐵𝐶𝐷𝐻𝐴1𝑚𝐴𝐺𝑚𝐸𝐻𝑚𝐹𝐴1 ⁡

+64𝑍𝐵𝐶𝐷𝑍𝐸𝐹𝐺𝑚𝐴𝐸𝑚𝐶𝐷𝑚𝐹𝐺 − 128𝑍
𝐵𝑐𝐷𝑍𝐸𝐹𝐺𝑚𝐴𝐸𝑚𝐶𝐹𝑚𝐷𝐺 + 128𝛿𝐴⁡

𝐵𝑍𝐶𝐷𝐸𝑍𝐹𝐺𝐻𝑚𝐶𝐸𝑚𝐷𝐹𝑚𝐺𝐻⁡

−2𝑌𝐴𝐶𝑌𝐷𝐸𝑚
𝐵𝐶𝑚𝐷𝐸 − 8𝜃𝐶𝐷𝑍

𝐸𝐹𝐺𝜖𝐵𝐶𝐷𝐻𝐴1𝑚𝐴𝐻𝑚𝐸𝐺𝑚𝐹𝐴1 − 64𝑍
𝐶𝐷𝐵𝑍𝐸𝐹𝐺𝑚𝐴𝐶𝑚𝐷𝐸𝑚𝐹𝐺 ⁡

⁡−4𝜕𝐶𝐷𝑍
𝐸𝐹𝐺𝜖𝐵𝐶𝐷𝐻𝐴1𝑚𝐴𝐻𝑚𝐸𝐺𝑚𝐹𝐴1 − 64𝑍

𝐵𝐶𝐷𝑍𝐸𝐹𝐺𝑚𝐴𝐷𝑚𝐶𝐸𝑚𝐹𝐺 = 0

 

 

12∇𝑚∇𝑚𝜙 − 42∇
𝑚𝜙∇𝑚𝜙 −

1

2
∇𝑚𝑉

𝑚∇𝑛𝑉
𝑛 + (2𝑒𝑎𝑚𝜕𝑚𝑓𝑎 − 𝑓

𝑎𝑓𝑎 −
1

4
𝑓𝑎𝑏⁡𝑐𝑓𝑎𝑏⁡

𝑐 −
1

2
𝑓𝑎⁡𝑏⁡

𝑐𝑓𝑎𝑐 ⁡
𝑏) = 0,

𝑒𝑏𝑚𝑒
𝑐𝑛𝜕𝑛𝑓

𝑎⁡𝑐 ⁡
𝑏 + 𝑒𝑏⁡𝑚𝑒

𝑐𝑛𝜕𝑛𝑓𝑏𝑐⁡
𝑎 − 𝑒𝑏𝑚𝑓

𝑎𝑐𝑏𝑓𝑐 − 2𝜕𝑚𝑓
𝑎 − 𝑒𝑏⁡𝑚𝑓

𝑎𝑐⁡𝑑𝑓𝑐𝑏⁡
𝑑 −

1

2
𝑒𝑏𝑚𝑓

𝑐𝑑𝑎𝑓𝑐𝑑 ⁡
𝑏 + 𝑒𝑏⁡𝑚𝑓

𝑐 ⁡𝑏⁡
𝑎𝑓𝑐

−𝑒𝑏⁡𝑚𝑓
𝑎⁡𝑏⁡

𝑐𝑓𝑐 + 𝑒𝑏⁡
𝑛𝑒𝑐 ⁡𝑚𝜕𝑛𝑓

𝑎⁡𝑐 ⁡
𝑏 + 𝑒𝑏⁡𝑚𝑓

𝑎⁡𝑐 ⁡
𝑑𝑓𝑏𝑑⁡

𝑐 + 14𝑒𝑎𝑛∇𝑚𝜙∇𝑛𝜙 − 14𝑒
𝑎𝑛∇𝑚∇𝑛𝜙 ⁡

+𝑒𝑎⁡𝑚(∇𝑚𝑉
𝑚∇𝑛𝑉

𝑛 + 𝑉𝑛∇𝑛∇𝑘𝑉
𝑘 − 2∇𝑛𝜙∇𝑛𝜙 + 14∇

𝑛∇𝑛𝜙 − 7𝑉
𝑛∇𝑛𝜙∇𝑘𝑉

𝑘) = 0, ⁡

7∇𝑚𝜙∇𝑛𝑉
𝑛 − ∇𝑚∇𝑛𝑉

𝑛 = 0,

 

 

𝑓𝑎𝑏
𝑐 = −2𝑒𝑎

𝑚𝑒𝑏
𝑛𝜕[𝑚𝑒𝑛]

𝑐 , 𝑓𝑎 = 𝑓𝑎𝑏
𝑏  

𝛿𝜙:
5

7
𝑒2𝜙ℛ[𝑔‾(7)] + ℛ[ℎ(4)] + 12∇𝑚∇𝑛𝜙ℎ

𝑚𝑛 − 42∇𝑚𝜙∇𝑛𝜙ℎ
𝑚𝑛 +

1

2
(∇𝑉)2 = 0,

𝛿𝑉𝑚: 𝜕𝑚(∇𝑉) − 7(∇𝑉)𝜕𝑚𝜙 = 0,

𝛿ℎ𝑚𝑛: ℛ𝑚𝑛[ℎ(4)] − 7𝜕𝑚𝜙𝜕𝑛𝜙 + 7∇𝑚∇𝑛𝜙

+ℎ𝑚𝑛 (−
1

2
𝑒2𝜙ℛ[𝑔‾(7)] −

1

2
ℛ[ℎ(4)] + 28𝜕𝑘𝜙𝜕𝑙𝜙ℎ

𝑘𝑙 − 7∇𝑘∇𝑙𝜙ℎ
𝑘𝑙 +

1

4
(∇𝑉)2) = 0,

 

 

𝐸𝐴
′𝑀 = 𝑂𝑀⁡𝑁𝐸𝐴⁡

𝑁 , 𝑂𝑀⁡
𝑁 = [

𝛿𝑚⁡
𝑛 0

1

3!
𝜖𝑚𝑝𝑞𝑟Ω

𝑝𝑞𝑟 1
] ,  

𝛿𝜌ℱ𝐴𝐵𝐶 ⁡
𝐷 =𝐸𝑚⁡𝐴𝐸

𝑛⁡𝐵𝐸
𝑘⁡𝐶𝐸𝑙⁡

𝐷𝐽𝑙𝑝𝜖𝑚𝑛𝑘𝑝

⁡−
1

2
𝑒(4)
−2𝐸5⁡

𝐸𝐸𝑚𝑛𝑘⁡[𝐴𝐵𝐶]𝑘𝑖7𝑝𝑘𝑖2𝑛𝑘𝑖3𝑚𝑘𝑖4𝑘𝑘𝑖5⁡
𝑝(6𝜌[𝑖2∣𝑖7𝑗1𝜌|𝑖3𝑖4|𝑗2𝑓𝑗1𝑗2⁡

∣𝑖5] + 𝜌𝑗1𝑗2[𝑖2𝜌𝑖3𝑖4𝑖5]𝑓𝑗1𝑗2⁡
𝑖7),

 

𝐽𝑚𝑛 =
1

4
𝑘𝑖1 ⁡

𝑚𝑘𝑖4 ⁡
𝑛𝜌𝑖1𝑖2𝑖3𝑓𝑖2𝑖3 ⁡

𝑖4 = 𝑆(𝑚𝑛) + 𝐼[𝑚𝑛]  

𝛿𝜌ℱ𝐴𝐵𝐶 ⁡
𝐷 = 𝑋𝐴𝐵𝐶 ⁡

𝐷  

𝑋𝑚𝑛𝑘
𝑙 = 𝜖𝑚𝑛𝑘𝑝𝐽

𝑙𝑝  

𝑋𝐴𝐵𝐶
′ ⁡𝐷 = 𝑋𝐴𝐵𝐶 ⁡

𝐷 − 𝐸𝐴⁡
𝑀𝐸𝐵⁡

𝑁𝐸𝐶 ⁡
𝐾𝐸5⁡

𝐷𝑊𝑙𝑋𝑀𝑁𝐾⁡
𝑙  

𝑊𝑙𝜖𝑚𝑛𝑘𝑝𝐽
𝑙𝑝 = 0  
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ℱ𝐴𝐵𝐶
𝐷 = ℱ𝐴𝐵𝐶

′ ⁡𝐷 − 𝑋𝐴𝐵𝐶
𝐷  

𝛿Λℱ𝐴𝐵𝐶 ⁡
𝐷 =

1

2
Λ𝑀𝑁𝜕𝑀𝑁ℱ𝐴𝐵𝐶 ⁡

𝐷  

𝛿Λ𝐸𝐶
𝑀 =

1

2
Λ𝐴𝐵𝜕𝐴𝐵𝐸𝐶

𝑀 − 𝐸𝐶 ⁡
𝐿𝜕𝐿𝐾Λ

𝑀𝐾 +
1

4
𝐸𝐶 ⁡

𝑀𝜕𝐾𝐿Λ
𝐾𝐿  

𝛿Λ𝐸𝐶
𝑀 = ℱ𝐴𝐵𝐶

𝐸 𝐸𝐸
𝑀Λ𝐴𝐵 − 𝐸𝐴

𝑀𝜕𝐶𝐵Λ
𝐴𝐵 +

1

4
𝐸𝐶
𝑀𝜕𝐴𝐵Λ

𝐴𝐵  

𝒵𝐷𝐹,𝐴𝐵𝐶
𝐸 =

1

2
𝜕𝐴𝐵ℱ𝐷𝐹𝐶

𝐸 +
1

2
𝜕𝐵𝐶ℱ𝐷𝐹𝐴

𝐸 −
1

2
𝛿𝐴
𝐸𝜕𝐶𝐺ℱ𝐷𝐹𝐵

𝐺

⁡−
1

4
𝛿𝐶
𝐸𝜕𝐵𝐺ℱ𝐷𝐹𝐴⁡

𝐺 +
1

4
𝛿𝐶
𝐸𝜕𝐴𝐺ℱ𝐷𝐹𝐵⁡

𝐺 +
1

2
𝛿𝐵
𝐸𝜕𝐶𝐺ℱ𝐷𝐹𝐴⁡

𝐺

⁡−
1

2
𝜕𝐴𝐶ℱ𝐷𝐹𝐵⁡

𝐸 − ℱ𝐵𝐺𝐶 ⁡
𝐸ℱ𝐷𝐹𝐴⁡

𝐺 + ℱ𝐴𝐺𝐶 ⁡
𝐸ℱ𝐷𝐹𝐵⁡

𝐺

⁡+ℱ𝐴𝐵𝐺 ⁡
𝐸ℱ𝐷𝐹𝐶 ⁡

𝐺 − ℱ𝐴𝐵𝐶 ⁡
𝐺ℱ𝐷𝐹𝐺 ⁡

𝐸 −
1

2
𝜕𝐷𝐹ℱ𝐴𝐵𝐶 ⁡

𝐸 = 0

 

𝛿𝜉𝐴𝜇 = 𝜉
𝜈𝜕𝜈𝐴𝜇 + 𝐴𝜈𝜕𝜇𝜉

𝜈 = 𝜉𝜈𝐹𝜈𝜇 + 𝜕𝜇(𝐴𝜈𝜉
𝜈)  

𝛿𝜉𝐹𝜇𝜈 = 2𝜕[𝜇𝛿𝜉𝐴𝜈] = 𝐿𝜉𝐹𝜇𝜈 − 3𝜉
𝜌𝜕[𝜇𝐹𝜈𝜌]  

0=
1

2
𝜕𝐶𝐷
′ 𝑋𝐴𝐵𝐸

𝐹 − 𝜕𝐶𝐸
′ 𝑋𝐴𝐵𝐷

𝐹 −
1

2
𝜕𝐴𝐵
′ 𝑋𝐶𝐷𝐸

𝐹 +
1

2
𝛿𝐸
𝐹𝜕𝐶𝐺

′ 𝑋𝐴𝐵𝐷
𝐺 − 𝛿𝐶

𝐹𝜕𝐸𝐺
′ 𝑋𝐴𝐵𝐷

𝐺 ⁡

−2𝑋𝐴𝐵𝐶
𝐺 ℱ′𝐷𝐺𝐸

𝐹
+ ℱ′⁡𝐴𝐵𝐸 ⁡

𝐺𝑋𝐶𝐷𝐺 ⁡
𝐹 + 𝑋𝐴𝐵𝐸 ⁡

𝐺ℱ′𝐶𝐷𝐺
𝐹

− ℱ′⁡𝐴𝐵𝐺 ⁡
𝐹𝑋𝐶𝐷𝐸 ⁡

𝐺 ⁡

⁡−𝑋𝐴𝐵𝐺 ⁡
𝐹ℱ′𝐶𝐷𝐸 ⁡

𝐺 + 2ℱ′⁡𝐴𝐵𝐶 ⁡
𝐺𝑋𝐷𝐸𝐺 ⁡

𝐹 − 𝑋𝐵𝐺𝐶 ⁡
𝐸𝑋𝐷𝐹𝐴⁡

𝐺 + 𝑋𝐴𝐺𝐶 ⁡
𝐸𝑋𝐷𝐹𝐵⁡

𝐺 + 𝑋𝐴𝐵𝐺 ⁡
𝐸𝑋𝐷𝐹𝐶 ⁡

𝐺

 

𝜕𝐴𝐵
′ = 𝐸𝐴

′ ⁡𝑀𝐸𝐵
′ ⁡𝑁𝜕𝑀𝑁 = 𝐸𝐴

′ ⁡𝐾𝐸𝐵
′ ⁡𝐿𝑂𝑀⁡𝐾𝑂

𝑁⁡𝐿𝜕𝑀𝑁 = 2𝐸[𝐴
′ ⁡𝐾𝐸𝐵]

′ ⁡𝐿𝑂5⁡𝐾𝑂
𝑚⁡𝐿𝜕5𝑚⁡

⁡= 2𝐸[𝐴
′ ⁡5𝐸𝐵]

′ ⁡𝑙𝑂5⁡5𝑂
𝑚⁡𝑙𝜕5𝑚 + 2𝐸[𝐴

′ ⁡𝑘𝐸𝐵]
′ ⁡𝑙𝑂5⁡𝑘𝑂

𝑚⁡𝑙𝜕5𝑚

⁡= 𝐸𝐴⁡
𝑀𝐸𝐵⁡

𝑁𝜕𝑀𝑁 + 2𝐸[𝐴
′ ⁡𝑘𝐸𝐵]

′ ⁡𝑚𝑊𝑘𝜕5𝑚

 

𝑊[𝑚𝜕𝑛] = 𝜖𝑚𝑛𝑘𝑙𝜖
𝑘𝑙𝑝𝑞𝑊𝑝𝜕𝑞 = 𝜖𝑚𝑛𝑘𝑙Ω

𝑘𝑙𝑞𝜕𝑞 ≃ 0  

−
1

16
𝐸𝑘 ⁡𝐴𝐸

𝑙⁡𝐵𝐸
𝑚⁡𝐶𝐸

𝑛⁡𝐷𝐸
𝑝⁡𝐹𝐸𝑞⁡

𝐸𝐽𝑞[𝑟𝐽𝑠𝑡](𝜖𝑘𝑙𝑚𝑛𝜖𝑝𝑟𝑠𝑡 − 𝜖𝑘𝑙𝑚𝑝𝜖𝑛𝑟𝑠𝑡) = 0  

𝐽𝑚[𝑛𝐽𝑘𝑙] = 0  

𝐿𝑒𝑎𝐽
𝑘𝑙 + 𝐽𝑛𝑙𝜕𝑛𝜙𝑒𝑎

𝑘 = 0  

[𝑒𝑎 , 𝐽]
𝑘𝑙 + 𝐽𝑛𝑙𝜕𝑛𝜙𝑒𝑎

𝑘 = 0  

[𝐴, 𝐵]𝑚1…𝑚𝑝+𝑞−1 = 𝑝𝐴𝑛[𝑚1…𝑚𝑝−1𝜕𝑛𝐵
𝑚𝑝…𝑚𝑝+𝑞−1] + 𝑞(−1)𝑝𝑞𝐵𝑛[𝑚1…𝑚𝑞−1𝜕𝑛𝐴

𝑚𝑞…𝑚𝑝+𝑞−1  

𝑃𝑎 ⁡= 𝜕𝑎 , 𝐾𝑎 ⁡= 𝑥
2𝜕𝑎 + 2𝑥𝑎𝐷

𝐷⁡ = −𝑥𝑚𝜕𝑚,𝑀𝑎𝑏 ⁡= 𝑥𝑎𝜕𝑏 − 𝑥𝑏𝜕𝑎
 

Ω =
1

8
𝜌𝑎𝑏,𝑐𝑑𝑃𝑎 ∧ 𝑃𝑏 ∧ 𝑀𝑐𝑑 =

1

2
[(𝛼 − 𝛼′)𝑥0 + (𝛽 − 𝛽

′)𝑥1 + (𝛾 − 𝛾
′)𝑥2]𝜕0 ∧ 𝜕1 ∧ 𝜕2  



pág. 3696 

 

𝛼 = 𝜌01,02, 𝛽 = 𝜌01,12, 𝛾 = 𝜌02,12,  

𝑑𝑠2=
𝑅2

4𝑧2
𝐾−

2
3[−(𝑑𝑥0)2 + (𝑑𝑥1)2 + (𝑑𝑥2)2] + 𝑅2𝐾

1
3 [
𝑑𝑧2

4𝑧2
+ 𝑑Ω(7)

2 ]⁡

𝐹⁡= −
3𝑅3

8𝑧4
𝐾−2𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑧

𝐾⁡= 1 +
𝜌𝑎𝑥

𝑎

𝑧3

 

𝛼 = −𝛼′, 𝛽 = −𝛽′, 𝛾 = −𝛾′  

𝛼2 = 𝛽2 + 𝛾2  

𝐽 =
1

4
(𝛼𝜕2 ∧ 𝜕1 + 𝛽𝜕2 ∧ 𝜕0 + 𝛾𝜕0 ∧ 𝜕1) 

Ω =
2

𝑅3
𝐷 ∧ (𝜌𝑎𝜖

𝑎𝑏𝑐𝑃𝑏 ∧ 𝑃𝑐)  

𝑑𝑠2=
𝑅2

4𝑧2
𝐾−

2
3 [−(𝑑𝑥0)2 + (𝑑𝑥1)2 + (𝑑𝑥2)2 + (1 +

𝜌𝑎𝑥
𝑎

𝑧3
)𝑑𝑧2 −

1

𝑧2
𝜌𝑎𝑑𝑥

𝑎𝑑𝑧] + 𝑅2𝐾
1
3𝑑Ω(7)

2 ⁡

𝐹⁡= −
3𝑅3

8𝑧4
(1 +

𝜌2

12𝑧4
)𝐾−2𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑧

𝐽𝑎𝑏⁡= −
4

3𝑅3
𝜖𝑎𝑏𝑐𝜌𝑐

𝐾⁡= 1 +
𝜌𝑎𝑥

𝑎

𝑧3
−
𝜌2

4𝑧4

 

Ω =
4

𝑅3
𝜌𝑎𝜖

𝑎𝑏𝑐𝐷 ∧ 𝑀𝑏𝑑 ∧ 𝑀𝑐
𝑑 =

4

𝑅3
𝜌𝑎𝑥

𝑎 (𝑥𝑏𝑥𝑏𝜕0 ∧ 𝜕1 ∧ 𝜕2 −
1

2
𝑧𝜖𝑏𝑐𝑑𝑥𝑏𝜕𝑐 ∧ 𝜕𝑑 ∧ 𝜕𝑧)  

𝑑𝑠2=
𝑅2

4𝑧2
𝐾−

2
3 [𝑑𝑥𝑎𝑑𝑥

𝑎 +
1

𝑧2
𝜌𝑎𝑥

𝑎𝑥𝑏𝑑𝑥𝑏𝑑𝑧 + (1 −
𝑥𝑎𝑥

𝑎𝜌𝑏𝑥
𝑏

𝑧3
)𝑑𝑧2] + 𝑅2𝐾

1
3𝑑Ω(7)

2 ⁡

𝐹012𝑧⁡= −
3

8

𝑅3

𝑧4
𝐾−2 (1 +

1

12

𝑥𝑎𝑥
𝑎𝜌𝑏𝜌𝑐𝑥

𝑏𝑥𝑐

𝑧4
)

𝐽𝑚𝑎⁡=
32

𝑅3
𝜌𝑏𝜖

𝑎𝑏𝑐𝑥𝑐𝑥
𝑚

𝐾⁡= 1 +
𝑥𝑎𝑥

𝑎

𝑧3
𝜌𝑏𝑥

𝑏 (1 −
𝜌𝑐𝑥

𝑐

4𝑧
)

 

𝐽𝑚𝑛 → 𝐽∗∗, 𝐽∗𝑎 , 𝐽𝑎∗, 𝐽𝑎𝑏  

𝐽∗𝑎 = 𝜌∗𝛼1𝛼2𝑓𝛼1𝛼2
𝛼3 𝑘∗

∗𝑘𝛼3
𝑎 = 𝐼𝑎  

𝑓𝑎𝑏
𝑐 = −2𝑒𝑎

𝑚𝑒𝑏
𝑛𝜕[𝑚𝑒𝑛]

𝑐 , 𝑓𝑎 = 𝑓𝑎𝑏
𝑏  
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Γ𝑚𝑛⁡
𝑘 ⁡=

1

2
ℎ𝑘𝑙(𝜕𝑚ℎ𝑙𝑛 + 𝜕𝑛ℎ𝑙𝑚 − 𝜕𝑙ℎ𝑚𝑛)

⁡= −
1

2
𝑒𝑎⁡𝑚𝑒

𝑏⁡𝑛𝑒
𝑐⁡𝑙𝑓𝑎𝑐 ⁡

𝑑ℎ𝑏𝑑ℎ
𝑘𝑙 −

1

2
𝑓𝑎𝑏⁡

𝑐𝑒𝑐 ⁡
𝑘𝑒𝑎⁡𝑚𝑒

𝑏⁡𝑛 −
1

2
𝑒𝑎 ⁡𝑚𝑒

𝑏⁡𝑛𝑒
𝑐 ⁡𝑙𝑓𝑏𝑐 ⁡

𝑑ℎ𝑎𝑑ℎ
𝑘𝑙

 

𝑅𝑛𝑙 =𝜕𝑘Γ𝑛𝑙⁡
𝑘 − 𝜕𝑛Γ𝑘𝑙 ⁡

𝑘 + Γ𝑛𝑙 ⁡
𝑝Γ𝑘𝑝⁡

𝑘 − Γ𝑘𝑙 ⁡
𝑝Γ𝑛𝑝⁡

𝑘

=−
1

2
𝑒𝑎 ⁡𝑙𝑒

𝑏⁡𝑛𝑓𝑏𝑐⁡
𝑑𝑓𝑎 ⁡

𝑐⁡𝑑 −
1

2
𝜕𝑚𝑓𝑎⁡

𝑏⁡𝑐𝑒𝑏⁡
𝑚𝑒𝑐 ⁡𝑙𝑒

𝑎⁡𝑛 +
1

2
𝑒𝑎𝑙𝑒

𝑏⁡𝑛𝑓
𝑐𝑓𝑏𝑐⁡

𝑎 −
1

2
𝑒𝑎⁡𝑙𝑒

𝑏⁡𝑛𝑓𝑎𝑐⁡
𝑑𝑓𝑏𝑑⁡

𝑐⁡

⁡−
1

2
𝜕𝑚𝑓𝑎𝑏⁡

𝑐𝑒𝑐 ⁡
𝑚𝑒𝑎⁡𝑙𝑒

𝑏⁡𝑛 −
1

2
𝜕𝑚𝑓𝑎⁡

𝑏⁡𝑐𝑒𝑏⁡
𝑚𝑒𝑎⁡𝑙𝑒

𝑐 ⁡𝑛 +
1

2
𝑒𝑎𝑛𝑒

𝑏⁡𝑙𝑓
𝑐𝑓𝑏𝑐 ⁡

𝑎 + 𝜕𝑛𝑓𝑎𝑒
𝑎⁡𝑙

⁡+
1

2
𝑒𝑎 ⁡𝑙𝑒

𝑏⁡𝑛𝑓𝑐𝑓𝑎𝑏⁡
𝑐 +

1

4
𝑒𝑎𝑙𝑒𝑏𝑛𝑓𝑐𝑑⁡

𝑏𝑓𝑐𝑑𝑎 ,

 

𝑅= ℎ𝑛𝑙(𝜕𝑘Γ𝑛𝑙
𝑘 − 𝜕𝑛Γ𝑘𝑙

𝑘 + Γ𝑛𝑙
𝑝
Γ𝑘𝑝
𝑘 − Γ𝑘𝑙

𝑝
Γ𝑛𝑝
𝑘 ) ⁡

⁡= −
1

2
𝑓𝑎𝑏
𝑐 𝑓𝑐𝑑

𝑎 ℎ𝑏𝑑 −
1

4
𝑓𝑎𝑏
𝑐 𝑓𝑑𝑓

𝑔
ℎ𝑐𝑔ℎ

𝑎𝑑ℎ𝑏𝑓 + 𝜕𝑚𝑓𝑎𝑒𝑏
𝑚ℎ𝑎𝑏 − 𝑓𝑎𝑓𝑏ℎ

𝑎𝑏 + 𝜕𝑚𝑓𝑎𝑒𝑛
𝑎ℎ𝑚𝑛

 

𝑍[12,34,5]
𝑙 =𝜕𝑝𝐽

𝑝𝑙 + 𝐽𝑝𝑞𝜕𝑝𝑒𝑞⁡
𝑎𝑒𝑎⁡

𝑙 − 𝐽𝑝𝑙𝜕𝑝𝜙 + 𝐽
𝑝𝑙𝜕𝑝𝑒𝑞⁡

𝑎𝑒𝑎 ⁡
𝑞

𝑍[𝑚𝑛],[𝑘𝑙]⁡
𝑝 =𝛿𝑚⁡

𝑝(−𝜖𝑛𝑘𝑙𝑞𝜕𝑟𝐽
𝑟𝑞 + 2𝐽𝑞𝑟𝜖𝑛𝑟𝑘𝑙𝜕𝑞𝜙 − 𝐽

𝑞𝑟𝜖𝑛𝑘𝑙𝑠𝜕𝑞𝑒𝑟⁡
𝑎𝑒𝑎⁡

𝑠 − 𝐽𝑞𝑟𝜖𝑛𝑟𝑘𝑙𝜕𝑞𝑒𝑠⁡
𝑎𝑒𝑎⁡

𝑠)

−𝜖𝑚𝑘𝑙𝑞𝜕𝑛𝐽
𝑝𝑞 − 𝐽𝑝𝑞𝜖𝑚𝑘𝑙𝑟𝜕𝑛𝑒𝑞⁡

𝑎𝑒𝑎 ⁡
𝑟 + 𝐽𝑝𝑞𝜖𝑚𝑞𝑘𝑙𝜕𝑛𝜙 + 𝐽

𝑝𝑞𝜖𝑚𝑛𝑞𝑟𝜕𝑘𝑒𝑙 ⁡
𝑎𝑒𝑎⁡

𝑟 + 𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑘𝜕𝑙𝑒𝑟⁡
𝑎𝑒𝑎 ⁡

𝑟⁡

−𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑘𝜕𝑟𝑒𝑙⁡
𝑎𝑒𝑎 ⁡

𝑟 − 𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑘𝜕𝑙𝜙 − 𝐽
𝑝𝑞𝜖𝑞𝑘𝑙𝑟𝜕𝑚𝑒𝑛⁡

𝑎𝑒𝑎⁡
𝑟 − 𝐽𝑞𝑟𝜖𝑚𝑟𝑘𝑙𝜕𝑞𝑒𝑛⁡

𝑎𝑒𝑎⁡
𝑝 ⁡

𝑍𝑚,𝑙,[𝑛𝑘]⁡
𝑝 =𝛿𝑙 ⁡

𝑝 (
1

2
𝜖𝑚𝑛𝑘𝑞𝜕𝑟𝐽

𝑟𝑞 −
3

2
𝐽𝑞𝑟𝜖𝑚𝑟𝑛𝑘𝜕𝑞𝜙 +

1

2
𝐽𝑞𝑟𝜖𝑚𝑛𝑘𝑠𝜕𝑞𝑒𝑟⁡

𝑎𝑒𝑎⁡
𝑠 +

1

2
𝐽𝑞𝑟𝜖𝑚𝑟𝑛𝑘𝜕𝑞𝑒𝑠⁡

𝑎𝑒𝑎⁡
𝑠)

−𝛿𝑚⁡
𝑝𝐽𝑞𝑟𝜖𝑟𝑙𝑛𝑘𝜕𝑞𝜙 + 𝜖𝑙𝑛𝑘𝑞𝜕𝑚𝐽

𝑝𝑞 − 𝜖𝑚𝑛𝑘𝑞𝜕𝑙𝐽
𝑝𝑞 + 𝐽𝑝𝑞𝜖𝑙𝑛𝑘𝑟𝜕𝑚𝑒𝑞⁡

𝑎𝑒𝑎 ⁡
𝑟 + 𝐽𝑝𝑞𝜖𝑞𝑙𝑛𝑘𝜕𝑚𝜙 ⁡

−𝐽𝑝𝑞𝜖𝑚𝑛𝑘𝑟𝜕𝑙𝑒𝑞⁡
𝑎𝑒𝑎 ⁡

𝑟 + 𝐽𝑝𝑞𝜖𝑚𝑞𝑛𝑘𝜕𝑙𝜙 − 2𝐽
𝑝𝑞𝜖𝑚𝑞𝑙𝑟𝜕𝑛𝑒𝑘⁡

𝑎𝑒𝑎⁡
𝑟 − 2𝐽𝑝𝑞𝜖𝑚𝑞𝑙𝑛𝜕𝑘𝑒𝑟⁡

𝑎𝑒𝑎⁡
𝑟 ⁡

+2𝐽𝑝𝑞𝜖𝑚𝑞𝑙𝑛𝜕𝑟𝑒𝑘⁡
𝑎𝑒𝑎⁡

𝑟 + 2𝐽𝑝𝑞𝜖𝑚𝑞𝑙𝑛𝜕𝑘𝜙 − 𝐽
𝑝𝑞𝜖𝑞𝑛𝑘𝑟𝜕𝑚𝑒𝑙⁡

𝑎𝑒𝑎 ⁡
𝑟 + 𝐽𝑝𝑞𝜖𝑞𝑛𝑘𝑟𝜕𝑙𝑒𝑚⁡

𝑎𝑒𝑎 ⁡
𝑟 ⁡

−𝐽𝑞𝑟𝜖𝑚𝑟𝑛𝑘𝜕𝑞𝑒𝑙 ⁡
𝑎𝑒𝑎⁡

𝑝 − 𝐽𝑞𝑟𝜖𝑟𝑙𝑛𝑘𝜕𝑞𝑒𝑚⁡
𝑎𝑒𝑎⁡

𝑝; ⁡

𝑍[𝑚𝑛],𝑘,𝑙 ⁡
𝑝 =𝛿𝑘 ⁡

𝑝𝐽𝑞𝑟𝜖𝑚𝑛𝑟𝑙𝜕𝑞𝜙 − 𝜖𝑚𝑛𝑙𝑞𝜕𝑘𝐽
𝑝𝑞 − 2𝐽𝑝𝑞𝜖𝑚𝑞𝑙𝑟𝜕𝑛𝑒𝑘⁡

𝑎𝑒𝑎⁡
𝑟 + 2𝐽𝑝𝑞𝜖𝑚𝑞𝑙𝑟𝜕𝑘𝑒𝑛⁡

𝑎𝑒𝑎⁡
𝑟

−𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑙𝜕𝑘𝑒𝑟⁡
𝑎𝑒𝑎 ⁡

𝑟 + 𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑙𝜕𝑟𝑒𝑘⁡
𝑎𝑒𝑎⁡

𝑟 + 𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑙𝜕𝑘𝜙 − 2𝐽
𝑝𝑞𝜖𝑚𝑞𝑙𝑘𝜕𝑛𝜙 ⁡

−𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑟𝜕𝑙𝑒𝑘 ⁡
𝑎𝑒𝑎 ⁡

𝑟 + 𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑟𝜕𝑘𝑒𝑙⁡
𝑎𝑒𝑎 ⁡

𝑟 − 𝐽𝑝𝑞𝜖𝑚𝑛𝑞𝑘𝜕𝑙𝜙 − 𝐽
𝑝𝑞𝜖𝑚𝑛𝑙𝑟𝜕𝑘𝑒𝑞⁡

𝑎𝑒𝑎⁡
𝑟 ⁡

⁡+𝐽𝑞𝑟𝜖𝑚𝑛𝑟𝑙𝜕𝑞𝑒𝑘⁡
𝑎𝑒𝑎⁡

𝑝.

 

𝑍[𝑚𝑛],[𝑘𝑙]𝑝
𝑝

∈ 𝟔 × 𝟔 × 𝟒 → (𝟏 + 𝟏𝟓 + 𝟐𝟎)′) × 𝟒  

𝑍[𝑚𝑛],[𝑘𝑙]𝑝
𝑝

∈ (𝟏 + 𝟏𝟓) × 𝟒 = 𝟒 + 𝟒 + 𝟐𝟎 + 𝟑𝟔  

𝟒: 𝜖𝑚𝑛𝑘𝑙𝑍𝑚𝑛𝑘𝑙
𝑝

,

𝟒: 𝜖𝑚𝑛𝑘𝑙𝑍𝑚𝑛𝑘𝑝
𝑝

−
1

4
𝜖𝑚𝑛𝑘𝑝𝑍𝑚𝑛𝑘𝑝

𝑙 ,

𝟐𝟎: 𝜖𝑚𝑛𝑘[𝑝𝑍𝑚𝑛𝑘𝑙⁡
𝑞] − 𝑡𝑟,

𝟑𝟔: 𝜖𝑚𝑛𝑘(𝑝𝑍𝑚𝑛𝑘𝑙⁡
𝑞) − 𝑡𝑟.
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𝟒: 𝜕𝑛𝐼
𝑛𝑚 − 2𝐼𝑛𝑚𝜕𝑛𝜙 + 𝐼

𝑛𝑚𝑒−1𝜕𝑛𝑒 = 0

𝟒: −4𝑈𝑚𝜕𝑛𝐽
𝑛𝑚 + 12𝑈𝑚𝐽

𝑛𝑚𝑑𝑛 − 8𝑈𝑚𝐽
𝑛𝑘𝜕𝑛𝑒𝑘 ⁡

𝑎𝑒𝑎 ⁡
𝑚 − 4𝑈𝑚𝐽

𝑛𝑚𝜕𝑛𝑒𝑘⁡
𝑎𝑒𝑎⁡

𝑘 − 2𝑈𝑚𝜕𝑛𝐽
𝑚𝑛

+3𝑈𝑚𝐽
𝑚𝑛𝑑𝑛 + 2𝑈𝑚𝐽

𝑛𝑘𝜕𝑘𝑒𝑛⁡
𝑎𝑒𝑎⁡

𝑚 − 2𝑈𝑚𝐽
𝑚𝑛𝜕𝑛𝑒𝑘 ⁡

𝑎𝑒𝑎 ⁡
𝑘

𝟐𝟎: 𝐴𝑚𝑛𝑈
𝑘(−𝐽𝑚𝑙𝜕𝑙𝑒𝑘⁡

𝑎𝑒𝑎⁡
𝑛 + 𝐽𝑙𝑚𝜕𝑙𝑒𝑘 ⁡

𝑎𝑒𝑎⁡
𝑛 − 𝜕𝑘𝐽

𝑚𝑛)

+𝐴𝑚𝑛𝑈
𝑚(𝐽𝑘𝑙𝜕𝑘𝑒𝑙⁡

𝑎𝑒𝑎 ⁡
𝑛 − 𝐽𝑘𝑙𝜕𝑙𝑒𝑘⁡

𝑎𝑒𝑎⁡
𝑛) + 6𝐴𝑚𝑛𝑈

𝑛𝐽𝑘𝑚𝑑𝑘 = 0

𝟑𝟔: 𝑆𝑚𝑛𝑈
𝑘(2𝐽𝑚𝑙𝜕𝑙𝑒𝑘⁡

𝑎𝑒𝑎⁡
𝑛 + 2𝜕𝑘𝐽

𝑚𝑛 + 2𝐽𝑙𝑚𝜕𝑙𝑒𝑘⁡
𝑎𝑒𝑎 ⁡

𝑛) + 𝑆𝑚𝑛𝑈
𝑛(−𝐽𝑚𝑘𝑑𝑘 + 2𝐽

𝑘𝑚𝑑𝑘);= 0

 

𝑍[𝑚𝑛],𝑘,𝑙 ∈ 𝟔 × 𝟒 × 𝟒 → 𝟔 × (𝟔 + 𝟏𝟎) = (𝟏 + 𝟏𝟓 + 𝟐𝟎)′) + (𝟏𝟓 + 𝟒𝟓).  

𝜕𝑚𝐽
𝑘𝑙 + 𝐽𝑘𝑛𝜕𝑛𝑒𝑚⁡

𝑎𝑒𝑎⁡
𝑙 + 𝐽𝑛𝑙𝜕𝑛𝑒𝑚⁡

𝑎𝑒𝑎 ⁡
𝑘 + 𝐽𝑘𝑛𝛿𝑚⁡

𝑙𝜕𝑛𝜙 + 𝐽
𝑛𝑙𝛿𝑚⁡

𝑘𝜕𝑛𝜙 = 0  

𝐽𝑚𝑛𝜕𝑛𝜙 = 0  

𝐽𝑚𝑛𝜕𝑛𝜙 = 0, 

𝜕𝑝𝐽
𝑝𝑙 + 𝐽𝑝𝑞𝜕𝑝𝑒𝑞⁡

𝑎𝑒𝑎⁡
𝑙 − 𝐽𝑝𝑙𝜕𝑝𝜙 + 𝐽

𝑝𝑙𝜕𝑝𝑒𝑞⁡
𝑎𝑒𝑎 ⁡

𝑞 = 0, 

𝜕𝑛𝐼
𝑛𝑚 − 2𝐼𝑛𝑚𝜕𝑛𝜙 + 𝐼

𝑛𝑚𝑒−1𝜕𝑛𝑒 = 0, 

−2𝑈𝑚𝜕𝑛𝐽
𝑛𝑚 + 6𝑈𝑚𝐽

𝑛𝑚𝑑𝑛 − 4𝑈𝑚𝐽
𝑛𝑘𝜕𝑛𝑒𝑘 ⁡

𝑎𝑒𝑎 ⁡
𝑚 − 2𝑈𝑚𝐽

𝑛𝑚𝜕𝑛𝑒𝑘⁡
𝑎𝑒𝑎⁡

𝑘 − 𝑈𝑚𝜕𝑛𝐽
𝑚𝑛 

+𝑈𝑚𝐽
𝑛𝑘𝜕𝑘𝑒𝑛⁡

𝑎𝑒𝑎⁡
𝑚 − 𝑈𝑚𝐽

𝑚𝑛𝜕𝑛𝑒𝑘⁡
𝑎𝑒𝑎⁡

𝑘 = 0,  

𝜕𝑚𝐽
𝑘𝑙 + 𝐽𝑘𝑛𝜕𝑛𝑒𝑚⁡

𝑎𝑒𝑎⁡
𝑙 + 𝐽𝑛𝑙𝜕𝑛𝑒𝑚⁡

𝑎𝑒𝑎⁡
𝑘 + 𝐽𝑛𝑙𝛿𝑚⁡

𝑘𝜕𝑛𝜙 = 0, 

𝐴𝑚𝑛𝑈
𝑘(−𝐽𝑚𝑙𝜕𝑙𝑒𝑘 ⁡

𝑎𝑒𝑎⁡
𝑛 + 𝐽𝑙𝑚𝜕𝑙𝑒𝑘⁡

𝑎𝑒𝑎⁡
𝑛 − 𝜕𝑘𝐽

𝑚𝑛) 

+𝐴𝑚𝑛𝑈
𝑚(𝐽𝑘𝑙𝜕𝑘𝑒𝑙 ⁡

𝑎𝑒𝑎⁡
𝑛 − 𝐽𝑘𝑙𝜕𝑙𝑒𝑘 ⁡

𝑎𝑒𝑎 ⁡
𝑛) + 6𝐴𝑚𝑛𝑈

𝑛𝐽𝑘𝑚𝑑𝑘 = 0, 

𝑆𝑚𝑛𝑈
𝑘(𝐽𝑚𝑙𝜕𝑙𝑒𝑘 ⁡

𝑎𝑒𝑎⁡
𝑛 + 𝜕𝑘𝐽

𝑚𝑛 + 𝐽𝑙𝑚𝜕𝑙𝑒𝑘 ⁡
𝑎𝑒𝑎 ⁡

𝑛) + 𝑆𝑚𝑛𝑈
𝑛𝐽𝑘𝑚𝑑𝑘 = 0. 

 −𝑈𝑘𝐽
𝑚𝑛𝜕𝑚𝑒𝑛⁡

𝑎𝑒𝑎 ⁡
𝑘 + 5𝑈𝑚𝐽

𝑛𝑚𝑑𝑛 + 𝑈𝑘𝐽
𝑚𝑛𝜕𝑛𝑒𝑚⁡

𝑎𝑒𝑎 ⁡
𝑘 = 0.  

0 = 𝜕𝑚𝐽
𝑘𝑙 + 𝐽𝑘𝑛𝜕𝑛𝑒𝑚

𝑎 𝑒𝑎
𝑙 + 𝐽𝑛𝑙𝜕𝑛𝑒𝑚

𝑎 𝑒𝑎
𝑘 + 𝐽𝑛𝑙𝛿𝑚

𝑘 𝜕𝑛𝜙,

0 = 𝐼𝑚𝑛𝜕𝑚𝑒𝑛
𝑎𝑒𝑎
𝑘 −

5

2
𝐽𝑙𝑘𝜕𝑙𝜙 ⟶ ∇𝑚(𝑒

−𝜙𝐼𝑚𝑛) = 0,

0 = 𝐽𝑚𝑛𝜕𝑛𝜙.

 

∇[𝑚𝑍𝑛] −
1

3
𝐽𝑘𝑙𝐹𝑚𝑛𝑘𝑙= 0, ⁡

∇𝑘(𝑒
−𝜙𝐽𝑘[𝑙𝑉𝑝])⁡= 0,

∇𝑘(𝐽
(𝑝𝑙)𝑉𝑘) − ∇𝑘(𝑉

(𝑝𝐽𝑙)𝑘)⁡= 0.

 

[∇𝛼, ∇𝛽] = 𝑇𝛼𝛽
𝛾
∇𝛾 + 𝑇𝛼𝛽⁡

𝑐∇𝑐 +
1

2
𝑅𝛼𝛽𝑐ℳ𝑑 ⁡

𝑐 .  

(𝛾𝑑)
𝛼𝛽
𝑇𝛼𝛽𝑐 ∝ 𝛿𝑑

𝑐
,  

𝑇𝛼𝛽𝑐 ∝ (𝛾
𝑐)𝛼𝛽 .  
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E𝛼⁡= Ψ
1/2 [exp⁡ (

1

2
𝒜𝑎𝛾𝑎𝑏)]𝛼

𝛽 [𝒩𝛽
𝛾
] [D𝛾 + Ĥ𝛾

𝑏
𝜕𝑏]

𝒩𝛼 ⁡
𝛽⁡≡ [𝐈 + 𝒜𝑎𝛾𝑎 +

1

3!
𝒜[3]𝛾[3] +

1

4!
𝒜[4]𝛾[4] +

1

5!
𝒜[5]𝛾[5]] 𝛼

𝛽

 

Ĥ𝛽𝑏 = H𝛽𝑏 −
1

D
(𝛾𝑏𝛾𝑑)𝛽

⁡𝛿H𝛿 ⁡
𝑑,  

H𝛽𝑏 → H𝛽𝑏 + (𝛾
𝑏)
𝛽
⁡𝛼Λ𝛼  

∇𝛼= E𝛼 +
1

2
𝜔𝛼𝑑𝑒ℳ𝑒⁡

𝑑

∇𝑎= E𝑎 +
1

2
𝜔𝑎𝑑

𝑒
ℳ𝑒⁡

𝑑
 

[∇𝛼 , ∇𝛽} = 𝑇𝛼𝛽⁡
𝑐∇𝑐 + 𝑇𝛼𝛽

𝛾
∇𝛾 +

1

2
𝑅𝛼𝛽𝑑

𝑒ℳ𝑒⁡
𝑑

[∇𝛼 , ∇𝑏} = 𝑇𝛼𝑏⁡
𝑐∇𝑐 + 𝑇𝛼𝑏

𝛾
∇𝛾 +

1

2
𝑅𝛼𝑏⁡

𝑒
ℳ𝑒⁡

𝑑

[∇𝑎 , ∇𝑏} = 𝑇𝑎𝑏⁡
𝑐∇𝑐 + 𝑇𝑎𝑏

𝛾
∇𝛾 +

1

2
𝑅𝑎𝑏𝑑𝑒ℳ𝑒⁡

𝑑

 

𝑖
1

32
(𝛾𝑎)

𝛼𝛽
𝑇𝛼𝛽𝑏 = 𝛿𝑎

𝑏
(𝛾𝑎)

𝛼𝛽
𝑇𝛼𝛽⁡

𝛾 = 0

𝑇𝛼[𝑑𝑒] −
2

55
(𝛾𝑑𝑒)

𝛼

𝛾
𝑇𝛾𝑏 = 0 (𝛾𝑎)

𝛼𝛽
𝑅𝛼𝛽𝑑𝑒 = 0

(𝛾𝑎𝑏𝑐𝑑𝑒)
𝛼𝛽
𝑇𝛼𝛽𝑒 = 0 (𝛾[𝑎𝑏𝑐𝑑𝑒])

𝛼𝛽
𝑇𝛼𝛽∣𝑓] = 0

(𝛾𝑎𝑏)
𝛼𝛽
𝑇𝛼𝛽𝑏 = 0 (𝛾[𝑎𝑏])

𝛼𝛽
𝑇𝛼𝛽∣𝑐] = 0

 

𝑖
1

32
(𝛾𝑎)

𝛼𝛽
𝑇𝛼𝛽𝑏 = 𝛿𝑎

𝑏
(𝛾𝑎)

𝛼𝛽
𝑇𝛼𝛽𝑏 = 0

𝑇𝛼[𝑑𝑒] −
2

55
(𝛾𝑑𝑒)

𝛼

𝛾
𝑇𝛾𝑏 = 0 (𝛾𝑎)

𝛼𝛽
𝑅𝛼𝛽𝑑𝑒 = 0

(𝛾𝑎𝑏𝑐𝑑𝑒)
𝛼𝛽
𝑇𝛼𝛽𝑒 = 0 (𝛾[𝑎𝑏𝑐𝑑𝑒])

𝛼𝛽
𝑇𝛼𝛽∣𝑓] = 0

 

∇𝛼=D𝛼 +
1

2
ΨD𝛼 +

1

10
(D𝛽Ψ)(𝛾

𝑑𝑒)
𝛼

𝛽
ℳ𝑑𝑒

∇𝑎=𝜕𝑎 +Ψ𝜕𝑎 + 𝑖
1

4
(𝛾𝑎)

𝛼𝛽
(D𝛼Ψ)D𝛽 +

1

5
(𝜕𝑐Ψ)ℳ𝑎

𝑐

⁡+𝑖
1

160
(𝛾𝑎
𝑑𝑒
)
𝛼𝛽
(D𝛼D𝛽Ψ)ℳ𝑑𝑒

 

𝛿𝑆∇𝛼=
1

2
𝐿∇𝛼 +

1

10
(∇𝛽𝐿)(𝛾

𝑑𝑒)
𝛼

𝛽
ℳ𝑑𝑒

𝛿𝑆∇𝑎=𝐿∇𝑎 + 𝑖
1

4
(𝛾𝑎)

𝛼𝛽
(∇𝛼𝐿)∇𝛽 +

1

5
(∇𝑐𝐿)ℳ𝑎

𝑐

⁡+𝑖
1

160
(𝛾𝑎

𝑑𝑒
)
𝛼𝛽
(∇𝛼∇𝛽𝐿)ℳ𝑑𝑒
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𝛿𝑆𝑇𝛼𝛽⁡
𝑐 = 0

𝛿𝑆𝑇𝛼𝛽⁡
𝛾 =

1

2
𝐿𝑇𝛼𝛽⁡

𝛾 − 𝑖
1

4
𝑇𝛼𝛽⁡

𝑐(𝛾𝑐)
𝛿𝛾
(∇𝛿𝐿) +

1

2
(∇(𝛼𝐿)𝛿𝛽)⁡

𝛾

⁡+
1

20
(∇𝛿𝐿)(𝛾

[2])
(𝛼

𝛿
(𝛾[2])𝛽)

𝛾

𝛿𝑆𝑇𝛼𝑏⁡
𝑐 =

1

2
𝐿𝑇𝛼𝑏⁡

𝑐 − 𝑖
1

4
(𝛾𝑏)

𝛾𝛿
(∇𝛾𝐿)𝑇𝛼𝛿⁡

𝑐 + (∇𝛼𝐿)𝛿𝑏⁡
𝑐

⁡+
1

5
(∇𝛾𝐿)(𝛾𝑏)

𝛼
⁡𝛾

 

𝛿𝑆𝑇𝛼𝑏⁡
𝛾 = 𝐿𝑇𝛼𝑏⁡

𝛾 − 𝑖
1

4
(𝛾𝑏)

𝛿𝜖
(∇𝛿𝐿)𝑇𝛼𝜖⁡

𝛾 − 𝑖
1

4
𝑇𝛼𝑏⁡

𝑐(𝛾𝑐)
𝛿𝛾
(∇𝛿𝐿)

⁡−
1

2
(∇𝑏𝐿)𝛿𝛼 ⁡

𝛾 −
1

10
(∇𝑑𝐿)(𝛾𝑏⁡

𝑑)
𝛼
⁡𝛾

⁡+𝑖
1

4
(𝛾𝑏)

𝛿𝛾
(∇𝛼∇𝛿𝐿) − 𝑖

1

320
(𝛾𝑏𝑑𝑒)

𝛿𝜖
(∇𝛿∇𝜖𝐿)(𝛾𝑑𝑒)

𝛼
⁡𝛾⁡,

𝛿𝑆𝑇𝑎𝑏⁡
𝑐 = 𝐿𝑇𝑎𝑏⁡

𝑐 + 𝑖
1

4
(𝛾[𝑎∣)

𝛿𝜖
(∇𝛿𝐿)𝑇𝜖∣𝑏]⁡

𝑐 +
6

5
(∇[𝑎∣𝐿)𝛿∣𝑏]⁡

𝑐

⁡+𝑖
1

40
(𝛾𝑎𝑏⁡

𝑐)
𝛿𝜖
(∇𝛿∇𝜖𝐿), 

𝛿𝑆𝑅𝛼𝛽 →
 de ⁡
= 𝐿𝑅𝛼𝛽⁡

de +
1

5
𝑇𝛼𝛽⁡

[d (∇e ]𝐿) +
1

5
𝑇𝛼𝛽⁡

𝛿(∇𝛾𝐿)(𝛾
de )

𝛿
⁡𝛾

⁡−
1

5
(∇(𝛼∣∇𝛾𝐿)(𝛾

𝑑𝑒)
∣𝛽)
⁡𝛾 + 𝑖

1

80
𝑇𝛼𝛽⁡

𝑐 (𝛾𝑑 ⁡
𝑑𝑒)

𝛿𝜖
(∇𝛿∇𝜖𝐿).

 

𝑇𝛼𝛽⁡
𝑐 = 𝑖(𝛾𝑐)𝛼𝛽 + 𝑖

1

32 ⋅ 5!
(𝛾𝑏1⋯𝑏5)

𝛼𝛽
𝑋𝑏1⋯𝑏5

𝑐
⁡, 𝑋𝑎𝑏𝑐𝑑𝑒𝑒 = 𝑋[𝑎𝑏𝑐𝑑𝑒𝑓] = 0  

𝑋𝑎1⋯𝑎5𝑏 ≡ 𝑖(𝛾𝑎1⋯𝑎5)
𝛼𝛽
𝑇𝛼𝛽𝑏 

𝛿𝑆𝑇𝛼𝛽
𝛽
=
1

2
𝐿𝑇𝛼𝛽

𝛽
− 𝑖

1

4
[𝑖(𝛾𝑐)𝛼𝛽 + 𝑖

1

32 ⋅ 5!
(𝛾𝑏1⋯𝑏5)

𝛼𝛽
𝑋𝑏1⋯𝑏5 ⁡

𝑐] (𝛾𝑐)
𝛿𝛽
(∇𝛿𝐿)

+
1

2
(∇(𝛼𝐿)𝛿𝛽)

𝛽

+
1

20
(∇𝛿𝐿)(𝛾

[2])
(𝛼

𝛿
(𝛾[2])𝛽

)

𝛽

=
1

2
𝐿𝑇𝛼𝛽

𝛽
+
1

4
(𝛾𝑐)𝛼𝛽(𝛾𝑐)

𝛿𝛽
(∇𝛿𝐿) +

1

2
(∇(𝛼𝐿)𝛿𝛽)

𝛽

⁡+
1

20
(∇𝛿𝐿)(𝛾

[2])
(𝛼

𝛿
(𝛾[2])𝛽)

𝛽

=
1

2
𝐿𝑇𝛼𝛽

𝛽
+
33

4
(∇𝛼𝐿)

𝛿𝑆𝑇𝛼𝑏⁡
𝑏 =

1

2
𝐿𝑇𝛼𝑏⁡

𝑏 +
1

4
(𝛾𝑏)

𝛾𝛿
(∇𝛾𝐿) [(𝛾

𝑏)
𝛼𝛿
+

1

32 ⋅ 5!
(𝛾𝑏1⋯𝑏5)

𝛼𝛿
𝑋𝑏1⋯𝑏5 ⁡

𝑏] + (∇𝛼𝐿)𝛿𝑏⁡
𝑏

=
1

2
𝐿𝑇𝛼𝑏⁡

𝑏 +
1

4
(𝛾𝑏)

𝛾𝛿
(∇𝛾𝐿)(𝛾

𝑏)
𝛼𝛿
+ (∇𝛼𝐿)𝛿𝑏⁡

𝑏

=
1

2
𝐿𝑇𝛼𝑏⁡

𝑏 +
33

4
(∇𝛼𝐿)

 

𝒥𝛼 ⁡
(1) =

4

33
𝑇𝛼𝛽⁡

𝛽⁡, 𝒥𝛼⁡
(2) =

4

33
𝑇𝛼𝑏⁡

𝑏
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𝛿𝑆𝒥𝛼⁡
(1) =

1

2
𝐿𝒥𝛼 ⁡

(1) + (∇𝛼𝐿)⁡, 𝛿𝑆𝒥𝛼⁡
(2) =

1

2
𝐿𝒥𝛼 ⁡

(2) + (∇𝛼𝐿)  

𝒥𝛼 ⁡
(±) =

1

2
[𝒥𝛼 ⁡

(1) ± 𝒥𝛼⁡
(2)]  

𝛿𝑆𝒥𝛼 ⁡
(+) =

1

2
𝐿𝒥𝛼⁡

(+) + (∇𝛼𝐿), 𝛿𝑆𝒥𝛼⁡
(−) =

1

2
𝐿𝒥𝛼 ⁡

(−)  

𝒲𝑎𝑏𝑐𝑑 ≡
1

32
[(𝛾𝑒𝛾𝑎𝑏𝑐𝑑)

𝛾
⁡𝛼𝑇𝛼𝑒 ⁡

𝛾 + 𝑖
11

4
(𝛾𝑎𝑏𝑐𝑑)

𝛼𝛽
(∇𝛼𝒥𝛽⁡

(+) −
23

220
𝒥𝛼⁡

(+)𝒥𝛽⁡
(+))]  

∇𝛼 ⁡= D𝛼 +
1

2
ΨD𝛼 +

1

10
(𝜎𝑎𝑏)

𝛼
⁡𝛽(D𝛽Ψ)ℳ𝑎𝑏

∇𝛼̇ ⁡= D𝛼̇ +
1

2
ΨD𝛼̇ +

1

10
(𝜎𝑎𝑏)

𝛼̇

𝛽̇
(D𝛽̇Ψ)ℳ𝑎𝑏

∇𝑎⁡= 𝜕𝑎 +Ψ𝜕𝑎 − 𝑖
1

5
(𝜎𝑎)

𝛿𝛾
(D𝛿Ψ)D𝛾 − 𝑖

1

5
(𝜎𝑎)

𝛿̇𝛾̇
(D𝛿̇Ψ)D𝛾̇ − (𝜕𝑐Ψ)ℳ𝑎⁡

𝑐

 

{D𝛼, D𝛽} = 𝑖(𝜎
𝑎)𝛼𝛽𝜕𝑎⁡, {D𝛼̇, D𝛽̇} = 𝑖(𝜎

𝑎)𝛼̇𝛽̇𝜕𝑎⁡, {D𝛼, D𝛽̇} = 0  

𝑇𝛼𝛽⁡
𝑐 = 𝑖(𝜎𝑐)𝛼𝛽⁡, 𝑇𝛼̇𝛽̇ = 𝑖(𝜎

𝑐)𝛼̇𝛽̇⁡, 𝑇𝛼𝛽̇⁡
𝑐 = 0  

𝛿𝑆∇𝛼 ⁡=
1

2
𝐿∇𝛼 +

1

10
(𝜎𝑎𝑏)

𝛼

𝛽
(∇𝛽𝐿)ℳ𝑎𝑏

𝛿𝑆∇𝛼̇ ⁡=
1

2
𝐿∇𝛼̇ +

1

10
(𝜎𝑎𝑏)

𝛼̇

𝛽̇
(∇𝛽̇𝐿)ℳ𝑎𝑏

𝛿𝑆∇𝑎 ⁡= 𝐿∇𝑎 − 𝑖
1

5
(𝜎𝑎)

𝛿𝛾
(∇𝛿𝐿)∇𝛾 − 𝑖

1

5
(𝜎𝑎)

𝛿̇𝛾̇
(∇𝛿̇𝐿)∇𝛾̇ − (∇𝑐𝐿)ℳ𝑎

𝑐
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𝛿𝑆𝑇𝛼𝛽⁡
𝑐 = 0

𝛿𝑆𝑇𝛼𝛽̇⁡
𝑐 = 0

𝛿𝑆𝑇𝛼̇𝛽̇ = 0

𝛿𝑆𝑇𝛼𝛽⁡
𝛾 =

1

2
𝐿𝑇𝛼𝛽⁡

𝛾 + 𝑖
1

5
𝑇𝛼𝛽⁡

𝑐(𝜎𝑐)
𝛾𝛿
(∇𝛿𝐿) +

1

2
(∇(𝛼𝐿)𝛿𝛽)𝛾 +

1

20
(𝜎[2])

(𝛼
⁡𝛿(𝜎[2])𝛽)

⁡𝛾(∇𝛿𝐿)

𝛿𝑆𝑇𝛼𝛽⁡
𝛾̇ =

1

2
𝐿𝑇𝛼𝛽⁡

𝛾̇ + 𝑖
1

5
𝑇𝛼𝛽⁡

𝑐(𝜎𝑐)
𝛿̇𝛾̇
(∇𝛿̇𝐿)

𝛿𝑆𝑇𝛼̇𝛽̇𝛾̇ =
1

2
𝐿𝑇𝛼̇𝛽̇𝛾̇ + 𝑖

1

5
𝑇𝛼̇𝛽̇⁡

𝑐(𝜎𝑐)
𝛾̇𝛿̇
(∇𝛿̇𝐿) +

1

2
(∇(𝛼̇𝐿)𝛿𝛽̇𝛾̇ +

1

20
(𝜎[2])

(𝛼̇
𝛿̇(𝜎[2])𝛽̇)

𝛾̇𝛾̇(∇𝛿̇𝐿)

𝛿𝑆𝑇𝛼̇𝛽̇⁡
𝛾 =

1

2
𝐿𝑇𝛼̇𝛽̇⁡

𝛾 + 𝑖
1

5
𝑇𝛼̇𝛽̇⁡

𝑐(𝜎𝑐)
𝛾𝛿
(∇𝛿𝐿)

𝛿𝑆𝑇𝛼𝛽̇⁡
𝛾 =

1

2
𝐿𝑇𝛼𝛽̇⁡

𝛾 + 𝑖
1

5
𝑇𝛼𝛽̇⁡

𝑐(𝜎𝑐)
𝛿𝛾
(∇𝛿𝐿) +

1

2
(∇𝛽̇𝐿)𝛿𝛼 ⁡

𝛾 +
1

20
(𝜎[2])

𝛽̇

𝛿̇
(𝜎[2])𝛼

⁡𝛾(∇𝛿̇𝐿)

𝛿𝑆𝑇𝛼𝛽̇
𝛾̇
=
1

2
𝐿𝑇
𝛼𝛽̇

𝛾̇
+ 𝑖

1

5
𝑇𝛼𝛽̇⁡

𝑐(𝜎𝑐)
𝛿̇𝛾̇
(∇𝛿̇𝐿) +

1

2
(∇𝛼𝐿)𝛿𝛽̇

𝛾̇
+
1

20
(𝜎[2])

𝛽̇

𝛾̇
(𝜎[2])𝛼

⁡𝛿(∇𝛿𝐿)

 

𝛿𝑆𝑇𝛼𝑏⁡
𝑐 =
1

2
𝐿𝑇𝛼𝑏⁡

𝑐 + (∇𝛼𝐿)𝛿𝑏⁡
𝑐 +

1

5
(𝜎𝑏⁡

𝑐)
𝛼
⁡𝛽(∇𝛽𝐿) + 𝑖

1

5
(𝜎𝑏)

𝛽𝛿
(∇𝛿𝐿)𝑇𝛼𝛽⁡

𝑐

⁡+𝑖
1

5
(𝜎𝑏)

𝛽̈𝛿
(∇𝛿̇𝐿)𝑇𝛼𝛽̇⁡

𝑐

𝛿𝑆𝑇𝛼̇𝛽⁡
𝑐 =
1

2
𝐿𝑇𝛼̇𝑐 ⁡

𝑐 + (∇𝛼̇𝐿)𝛿𝑏𝑐 +
1

5
(𝜎𝑏)

𝛼̇
𝛽̇𝛽̇(∇𝛽̇𝐿) + 𝑖

1

5
(𝜎𝑏)

𝛽𝛿
(∇𝛿𝐿)𝑇𝛼̇𝛽⁡

𝑐

⁡+𝑖
1

5
(𝜎𝑏)

𝛽̈𝛿̇
(∇𝛿̇𝐿)𝑇𝛼̇𝛽̇⁡

𝑐

 

𝛿𝑆𝑇𝛼𝑏
𝛾
= 𝐿𝑇𝛼𝑏

𝛾
+ 𝑖

1

5
𝑇𝛼𝑏⁡

𝑐(𝜎𝑐)
𝛾𝛿
(∇𝛿𝐿) −

1

2
(∇𝑏𝐿)𝛿𝛼

𝛾
− 𝑖

1

5
(𝜎𝑏)

𝛾𝛽
(∇𝛼∇𝛽𝐿)

⁡+𝑖
1

5
(𝜎𝑏)

𝛿𝛽
(∇𝛿𝐿)𝑇𝛼𝛽 ⁡

𝛾 + 𝑖
1

5
(𝜎𝑏)

𝛿̈𝛽̇
(∇𝛿̇𝐿)𝑇𝛼𝛽̇

𝛾
+
1

2
(𝜎𝑏⁡

𝑐)
𝛼
⁡𝛾(∇𝑐𝐿), 

𝛿𝑆𝑇𝛼𝑏⁡
𝛾̇ = 𝐿𝑇𝛼𝑏⁡

𝛾̇ − 𝑖
1

5
(𝜎𝑏)

𝛾̇𝛽̇
(∇𝛼∇𝛽̇𝐿) + 𝑖

1

5
(𝜎𝑏)

𝛿𝛽
(∇𝛿𝐿)𝑇𝛼𝛽⁡

𝛾̇ + 𝑖
1

5
(𝜎𝑏)

𝛿̇𝛽̇
(∇𝛿̇𝐿)𝑇𝛼𝛽̇𝛾̇

𝛾̇

⁡−𝑖
1

5
(𝜎𝑐)

𝛿̇𝛾̇
(∇𝛿̇𝐿)𝑇𝛼𝑏 ⁡

𝑐
,

𝛿𝑆𝑇𝛼̇𝑏
𝛾
= 𝐿𝑇𝛼̇𝑏

𝛾
− 𝑖

1

5
(𝜎𝑏)

𝛾𝛽
(∇𝛼̇∇𝛽𝐿) + 𝑖

1

5
(𝜎𝑏)

𝛿𝛽
(∇𝛿𝐿)𝑇𝛼̇𝛽

𝛾
+ 𝑖

1

5
(𝜎𝑏)

𝛿̇𝛽̇
(∇𝛿̇𝐿)𝑇𝛼̇𝛽̇

𝛾

⁡−𝑖
1

5
(𝜎𝑐)

𝛿𝛾
(∇𝛿𝐿)𝑇𝛼̇𝑏⁡

𝑐, 

𝛿𝑆𝑇𝛼̇𝑏⁡
𝛾̇ = 𝐿𝑇𝛼̇𝑏⁡

𝛾̇ + 𝑖
1

5
𝑇𝛼̇𝑏⁡

𝑐(𝜎𝑐)
𝛾̇𝛿̇
(∇𝛿̇𝐿) −

1

2
(∇𝑏𝐿)𝛿𝛼̇𝛾̇ − 𝑖

1

5
(𝜎𝑏)

𝛾̇𝛽̇
(∇𝛼̇∇𝛽̇𝐿)

⁡+𝑖
1

5
(𝜎𝑏)

𝛿𝛽
(∇𝛿𝐿)𝑇𝛼̇𝛽 ⁡

𝛾̇ + 𝑖
1

5
(𝜎𝑏)

𝛿̇𝛽̇
(∇𝛿̇𝐿)𝑇𝛼̇𝛽̇𝛾̇ +

1

2
(𝜎𝑏⁡

𝑐)
𝛼̇
𝛾̇̇(∇𝑐𝐿),

𝛿𝑆𝑇𝑎𝑏⁡
𝑐 = 𝐿𝑇𝑎𝑏⁡

𝑐 − 𝑖
1

5
(𝜎[𝑎)

𝛼𝛽
(∇𝛼𝐿)𝑇𝛽∣𝑏]⁡

𝑐 − 𝑖
1

5
(𝜎[𝑎)

𝛼̇𝛽̇
(∇𝛼̇𝐿)𝑇𝛽̇∣𝑏]⁡

𝑐 ,
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𝒥𝛼
(1)
=
1

2
𝑇𝛼𝛽⁡

𝛽⁡, 𝒥𝛼̇
(1)
=
1

2
𝑇𝛼̇𝛽̇⁡

𝛽̇

𝒥𝛼
(2)
=
1

8
𝑇𝛼𝛽̇⁡

𝛽̇⁡, 𝒥𝛼̇
(2)
=
1

8
𝑇𝛼̇𝛽⁡

𝛽

𝒥𝛼
(3)
=
1

8
𝑇𝛼𝑏⁡, 𝒥𝛼̇

(3)
=
1

8
𝑇𝛼̇𝑏⁡

𝑏

 

𝛿𝑆𝒥𝛼
(1)
=
1

2
𝐿𝒥𝛼

(1)
+ (∇𝛼𝐿), 𝛿𝑆𝒥𝛼̇

(1)
=
1

2
𝐿𝒥𝛼̇

(1)
+ (∇𝛼̇𝐿),

𝛿𝑆𝒥𝛼
(2)
=
1

2
𝐿𝒥𝛼

(2)
+ (∇𝛼𝐿), 𝛿𝑆𝒥𝛼̇

(2)
=
1

2
𝐿𝒥𝛼̇

(2)
+ (∇𝛼̇𝐿),

𝛿𝑆𝒥𝛼
(3)
=
1

2
𝐿𝒥𝛼

(3)
+ (∇𝛼𝐿), 𝛿𝑆𝒥𝛼̇

(3)
=
1

2
𝐿𝒥𝛼̇

(3)
+ (∇𝛼̇𝐿),

 

𝒥𝛼
(+)
⁡=
1

3
(𝒥𝛼

(3)
+ 𝒥𝛼

(1)
+ 𝒥𝛼

(2)
) , ⁡⁡⁡⁡⁡⁡⁡⁡ 𝒥𝛼̇

(+)
⁡=
1

3
(𝒥𝛼̇

(3)
+ 𝒥𝛼̇

(1)
+ 𝒥𝛼̇

(2)
) ⁡⁡⁡⁡⁡⁡⁡⁡

𝒥𝛼
(−1)

=
1

2
(𝒥𝛼

(3)
− 𝒥𝛼

(1)
),⁡⁡⁡⁡⁡⁡⁡⁡ ⁡ 𝒥𝛼̇

(−1)
=
1

2
(𝒥𝛼̇

(3)
− 𝒥𝛼̇

(1)
)⁡⁡⁡⁡⁡⁡⁡⁡ ⁡

𝒥𝛼
(−2)

⁡=
1

6
(𝒥𝛼

(3)
+ 𝒥𝛼

(1)
− 2𝒥𝛼

(2)
) ,⁡⁡⁡⁡⁡⁡⁡⁡𝒥𝛼̇

(−2)
⁡=
1

6
(𝒥𝛼̇

(3)
+ 𝒥𝛼̇

(1)
− 2𝒥𝛼̇

(2)
)⁡⁡⁡⁡⁡⁡⁡⁡

 

𝛿𝑆𝒥𝛼
(+)
⁡=
1

2
𝐿𝒥𝛼

(+)
+ (∇𝛼𝐿),⁡⁡⁡⁡⁡⁡⁡⁡ 𝛿𝑆𝒥𝛼̇

(+)
⁡=
1

2
𝐿𝒥𝛼̇

(+)
+ (∇𝛼̇𝐿)⁡⁡⁡⁡⁡⁡⁡⁡

𝛿𝑆𝒥𝛼
(−1)

=
1

2
𝐿𝒥𝛼

(−1)
,⁡⁡⁡⁡⁡⁡⁡⁡ ⁡ 𝛿𝑆𝒥𝛼̇

(−1)
=
1

2
𝐿𝒥𝛼̇

(−1)
⁡⁡⁡⁡⁡⁡⁡⁡ ⁡

𝛿𝑆𝒥𝛼
(−2)

⁡=
1

2
𝐿𝒥𝛼

(−2)
, ⁡⁡⁡⁡⁡⁡⁡⁡𝛿𝑆𝒥𝛼̇

(−2)
⁡=
1

2
𝐿𝒥𝛼̇

(−2)
⁡⁡⁡⁡⁡⁡⁡⁡

 

𝒲𝑎𝑏𝑐 =
1

32
{(𝜎𝑑)

𝛾𝛽
(𝜎𝑎𝑏𝑐)

𝛽𝛼
𝑇𝛼𝑑 ⁡

𝛾 − 𝑖2(𝜎𝑎𝑏𝑐)
𝛼𝛽
[∇𝛼𝒥𝛽

(+)
−
6

5
𝒥𝛼
(+)
𝒥𝛽
(+)
]

+(𝜎𝑑)
𝛾̇𝛽̇
(𝜎𝑎𝑏𝑐)

𝛽̇𝛼̇
𝑇𝛼̇𝑑
𝛾̇
− 𝑖2(𝜎𝑎𝑏𝑐)

𝛼̇𝛽̇
[∇𝛼̇𝒥𝛽̇

(+)
−
6

5
𝒥𝛼̇
(+)
𝒥
𝛽̇

(+)
]}

 

∇𝛼= D𝛼 +
1

2
ΨD𝛼 +

1

10
(𝜎𝑎𝑏)

𝛼
⁡𝛽(D𝛽Ψ)ℳ𝑎𝑏

∇‾𝛼= D𝛼 +
1

2
ΨD𝛼 +

1

10
(𝜎𝑎𝑏)

𝛼
⁡𝛽(D𝛽Ψ‾ )ℳ𝑎𝑏

∇𝑎= 𝜕𝑎 +
1

2
(Ψ +Ψ‾ )𝜕𝑎 − 𝑖

1

32
(𝜎𝑎)

𝛼𝛽
[D𝛼 (Ψ +

27

5
Ψ‾ )]D𝛽

⁡−𝑖
1

32
(𝜎𝑎)

𝛼𝛽
[D𝛼 (Ψ‾ +

27

5
Ψ)]D𝛽 −

1

2
[𝜕𝑐(Ψ + Ψ‾ )]ℳ𝑎⁡

𝑐
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{D𝛼, D𝛽} = 0⁡, {D𝛼, D𝛽} = 0⁡, {D𝛼, D𝛽} = 𝑖(𝜎
𝑎)𝛼𝛽𝜕𝑎  

𝑇𝛼𝛽⁡
𝑐 = 0⁡, 𝑇𝛼‾ 𝛽⁡

𝑐 = 0⁡, 𝑇𝛼𝛽⁡
𝑐 = 𝑖(𝜎𝑐)𝛼𝛽  

𝛿𝑆∇𝛼=
1

2
𝐿∇𝛼 +

1

10
(𝜎𝑎𝑏)

𝛼
⁡𝛽(∇𝛽𝐿)ℳ𝑎𝑏

𝛿𝑆∇‾𝛼=
1

2
𝐿∇𝛼 +

1

10
(𝜎𝑎𝑏)

𝛼
⁡𝛽(∇‾𝛽𝐿‾)ℳ𝑎𝑏

𝛿𝑆∇𝑎=
1

2
(𝐿 + 𝐿‾)∇𝑎 − 𝑖

1

32
(𝜎𝑎)

𝛼𝛽
[∇‾𝛼 (𝐿 +

27

5
𝐿‾)] ∇𝛽

⁡−𝑖
1

32
(𝜎𝑎)

𝛼𝛽
[∇𝛼 (𝐿‾ +

27

5
𝐿)]∇‾𝛽 −

1

2
[∇𝑐(𝐿 + 𝐿‾)]ℳ𝑎⁡

𝑐

 

 

𝛿𝑆𝑇𝛼𝛽⁡
𝑐 =

1

2
(𝐿 − 𝐿‾)𝑇𝛼𝛽⁡

𝑐

𝛿𝑆𝑇𝛼𝛽‾ ⁡
𝑐 = 0

𝛿𝑆𝑇𝛼‾ 𝛽‾ = −
1

2
(𝐿 − 𝐿‾)𝑇𝛼‾ 𝛽‾ ⁡

𝑐

𝛿𝑆𝑇𝛼𝛽⁡
𝛾‾ = (𝐿 −

1

2
𝐿‾) 𝑇𝛼𝛽⁡

𝛾‾ + 𝑖𝑇𝛼𝛽⁡
𝑐(𝜎𝑐)

𝛿𝛾
(∇𝛿 (

1

32
𝐿‾ +

27

160
𝐿))
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𝒥𝛼
(1)
=
1

4
𝑇𝛼𝛽⁡

𝛽 , 𝒥𝛼
(1)
=
1

4
𝑇𝛼‾ 𝛽‾ ⁡

𝛽‾

𝒥𝛼
(2)
=
5

12
𝑇𝛼𝛽 ⁡

𝛽 +
1

3
𝑇𝛼𝛽‾ ⁡

𝛽‾ −
1

3
𝑇𝛼𝑏⁡

𝑏 𝒥𝛼
(2)
=
5

12
𝑇𝛼‾ 𝛽‾ ⁡

𝛽‾ +
1

3
𝑇𝛼‾ 𝛽⁡

𝛽 −
1

3
𝑇𝛼‾ 𝑏⁡

𝑏 .
 

𝛿𝑆𝒥𝛼
(1)
=
1

2
𝐿𝒥𝛼

(1)
+ (∇𝛼𝐿), 𝛿𝑆𝒥𝛼

(1)
=
1

2
𝐿‾𝒥𝛼

(1)
+ (∇‾𝛼𝐿‾),

𝛿𝑆𝒥𝛼
(2)
=
1

2
𝐿𝒥𝛼

(2)
+ (∇𝛼𝐿‾), 𝛿𝑆𝒥𝛼

(2)
=
1

2
𝐿‾𝒥𝛼

(2)
+ (∇‾𝛼𝐿).
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𝒲𝑎𝑏𝑐 =
1

32
{(𝜎𝑑)

𝛾𝛽
(𝜎𝑎𝑏𝑐)

𝛽𝛼
𝑇𝛼𝑑
𝛾
+ (𝜎𝑑)

𝛾𝛽
(𝜎𝑎𝑏𝑐)

𝛽𝛼
𝑇𝛼‾ 𝑑
𝛾‾
− 4𝑇[𝑎𝑏𝑐]

⁡−𝑖(𝜎𝑎𝑏𝑐)
𝛼𝛽
[
27

16
(∇𝛼𝒥𝛽

(1)
+ ∇‾𝛼𝒥𝛽

(1)
) +

5

16
(∇𝛼𝒥𝛽

(2)
+ ∇‾𝛼𝒥𝛽

(2)
)

⁡+
1,863

3,200
𝒥𝛼
(1)
𝒥𝛽
(1)
−
33

128
𝒥𝛼
(2)
𝒥𝛽
(2)
−
411

640
(𝒥𝛼

(1)
𝒥𝛽
(2)
+ 𝒥𝛼

(2)
𝒥𝛽
(1)
)}

 

∇𝛼= D𝛼 +
1

2
ΨD𝛼 +

1

10
(𝜎𝑎𝑏)

𝛼

𝛽
(D𝛽Ψ)ℳ𝑎𝑏

∇𝑎= 𝜕𝑎 +Ψ𝜕𝑎 − 𝑖
2

5
(𝜎𝑎)

𝛼𝛽
(D𝛼Ψ)D𝛽 − (𝜕𝑐Ψ)ℳ𝑎

𝑐
 

{D𝛼, D𝛽} = 𝑖(𝜎
𝑎)𝛼𝛽𝜕𝑎  

𝛿𝑆∇𝛼 ⁡=
1

2
𝐿∇𝛼 +

1

10
(𝜎𝑎𝑏)

𝛼

𝛽
(∇𝛽𝐿)ℳ𝑎𝑏

𝛿𝑆∇𝑎⁡= 𝐿∇𝑎 − 𝑖
2

5
(𝜎𝑎)

𝛼𝛽
(∇𝛼𝐿)∇𝛽 − (∇𝑐𝐿)ℳ𝑎

𝑐
 

 

𝒥𝛼
(+)
=
1

6
𝑇𝛼𝑏⁡

𝑏⁡, 𝒥𝛼
(−)
= 𝑇𝛼𝛽⁡

𝛽  

𝛿𝑆𝒥𝛼
(+)
=
1

2
𝐿𝒥𝛼

(+)
+ (∇𝛼𝐿)⁡, 𝛿𝑆𝒥𝛼

(−)
=
1

2
𝐿𝒥𝛼

(−)  

𝒲𝑎𝑏𝑐 =
1

16
{(𝜎𝑑)

𝛾𝛽
(𝜎𝑎𝑏𝑐)

𝛽𝛼
𝑇𝛼𝑑
𝛾
− 𝑖4(𝜎𝑎𝑏𝑐)

𝛼𝛽
[∇𝛼𝒥𝛽

(+)
−
22

25
𝒥𝛼
(+)
𝒥𝛽
(+)
]}  
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Dynkin 𝒱[0,0,1,0,0] 

• Nivel-0: [0, 0, 1, 0, 0] 

• Nivel-1: [0,0,0,0,1] ⊕ [1,0,0,1,0]⊕ [0,1,0,0,1]⊕ [0,0,1,1,0] 

• Nivel-2: [0,0,0,0,0] ⊕ [0,1,0,0,0]⊕ [2,0,0,0,0]⊕ (2)[0,0,0,1,1]⊕ [0,2,0,0,0]⊕

[1,0,1,0,0] ⊕ [1,0,0,2,0] ⊕ [1,0,0,0,2] ⊕ [0,0,2,0,0] ⊕ [0,1,0,1,1] 

• Nivel-3: [0,0,0,1,0] ⊕ (2)[1,0,0,0,1] ⊕ (2)[0,1,0,1,0] ⊕ [0,0,0,0,3]⊕ [2,0,0,1,0]⊕

(2)[0,0,1,0,1]⊕ [0,0,0,2,1] ⊕ (2)[1,1,0,0,1]⊕ [0,2,0,1,0] ⊕ [1,0,1,1,0] ⊕ [1,0,0,1,2] ⊕ [ 

0,1,1,0,1 ] 

• Nivel-4: (2)[0,0,1,0,0] ⊕ [0,0,0,0,2] ⊕ (2)[1,1,0,0,0] ⊕ (3)[1,0,0,1,1] ⊕ (2)[0,1,1,0,0] ⊕

[0,1,0,2,0] ⊕ (3)[0,1,0,0,2] ⊕ (2)[2,0,1,0,0]⊕ [1,2,0,0,0] ⊕ [2,0,0,0,2] ⊕ [0,0,0,1,3] ⊕

[0,0,1,1,1] ⊕ [0,2,1,0,0] ⊕ (2)[1,1,0,1,1] ⊕ [1,0,1,0,2] 

• Nivel-5: ⁡[1,0,0,1,0]⊕ (3)[0,1,0,0,1]⊕ (2)[2,0,0,0,1]⊕ [0,0,1,1,0]⊕ (2)[0,0,0,1,2]⊕

[3,0,0,1,0] ⊕ (3)[1,1,0,1,0] ⊕ (2)[1,0,0,0,3]⊕ (2)[0,2,0,0,1]⊕ (4)[1,0,1,0,1]⊕

[1,0,0,2,1] ⊕ (2)[2,1,0,0,1] ⊕ [0,1,1,1,0] ⊕ [0,0,1,0,3] ⊕ (2)[0,1,0,1,2] ⊕ [2,0,1,1,0] ⊕

[1,2,0,1,0] ⊕ [2,0,0,1,2] ⊕ [1,1,1,0,1] 
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• Nivel-6: [2,0,0,0,0] ⊕ [0,0,0,1,1]⊕ [4,0,0,0,0]⊕ (2)[0,2,0,0,0]⊕ (2)[1,0,1,0,0]⊕

[1,0,0,2,0] ⊕ (3)[1,0,0,0,2] ⊕ (2)[2,1,0,0,0]⊕ [0,0,0,0,4] ⊕ (2)[0,0,2,0,0] ⊕

(3)[0,1,0,1,1]⊕ (2)[0,0,1,0,2]⊕ (4)[2,0,0,1,1]⊕ [0,0,0,2,2]⊕ [3,0,1,0,0] ⊕

[2,2,0,0,0] ⊕ [3,0,0,2,0] ⊕ [3,0,0,0,2] ⊕ (3)[1,1,1,0,0] ⊕ [1,1,0,2,0] ⊕ (3)[1,1,0,0,2] ⊕

[1,0,0,1,3] ⊕ (2)[1,0,1,1,1] ⊕ [0,2,0,1,1] ⊕ [2,0,2,0,0] ⊕ [0,1,1,0,2] ⊕ [2,1,0,1,1] 

• Nivel-7: [1,0,0,0,1] ⊕ [0,1,0,1,0]⊕ [0,0,0,0,3]⊕ (2)[2,0,0,1,0]⊕ (2)[0,0,1,0,1]⊕

[0,0,0,2,1] ⊕ (3)[3,0,0,0,1] ⊕ (4)[1,1,0,0,1]⊕ [4,0,0,1,0] ⊕ [0,2,0,1,0] ⊕

(4)[1,0,1,1,0]⊕ (3)[1,0,0,1,2]⊕ (3)[2,1,0,1,0]⊕ [0,1,0,0,3]⊕ [2,0,0,0,3] ⊕

(3)[0,1,1,0,1]⊕ [0,0,2,1,0] ⊕ [0,1,0,2,1] ⊕ (3)[2,0,1,0,1] ⊕ [1,2,0,0,1] ⊕ [3,1,0,0,1] ⊕

(2)[2,0,0,2,1]⊕ [0,0,1,1,2] ⊕ [3,0,1,1,0] ⊕ [1,1,1,1,0] ⊕ [1,0,2,0,1] ⊕ [1,1,0,1,2] 

• Nivel-8: [0,0,1,0,0] ⊕ [3,0,0,0,0]⊕ [1,1,0,0,0]⊕ (3)[1,0,0,1,1]⊕ (2)[0,1,1,0,0]⊕

(2)[0,1,0,2,0]⊕ (2)[0,1,0,0,2]⊕ (5)[2,0,1,0,0]⊕ [1,2,0,0,0]⊕ (2)[3,1,0,0,0]⊕

(2)[2,0,0,2,0]⊕ (2)[2,0,0,0,2]⊕ (3)[0,0,1,1,1]⊕ (2)[1,0,2,0,0]⊕ (3)[3,0,0,1,1]⊕

[0,2,1,0,0] ⊕ (4)[1,1,0,1,1] ⊕ [4,0,1,0,0] ⊕ (2)[1,0,1,2,0] ⊕ (2)[1,0,1,0,2] ⊕

[1,0,0,2,2] ⊕ [2,1,1,0,0] ⊕ [0,0,3,0,0] ⊕ [2,1,0,2,0] ⊕ [2,1,0,0,2]⊕ [0,1,1,1,1]⊕

[2,0,1,1,1] 

• Nivel-9: [1,0,0,1,0] ⊕ [0,1,0,0,1]⊕ [0,0,0,3,0]⊕ (2)[2,0,0,0,1]⊕ (2)[0,0,1,1,0]⊕

[0,0,0,1,2] ⊕ (3)[3,0,0,1,0] ⊕ (4)[1,1,0,1,0]⊕ [4,0,0,0,1] ⊕ [0,2,0,0,1] ⊕

(4)[1,0,1,0,1]⊕ (3)[1,0,0,2,1]⊕ (3)[2,1,0,0,1]⊕ [0,1,0,3,0]⊕ [2,0,0,3,0] ⊕

(3)[0,1,1,1,0]⊕ [0,0,2,0,1] ⊕ [0,1,0,1,2] ⊕ 

(3)[2,0,1,1,0]⊕ [1,2,0,1,0] ⊕ [3,1,0,1,0] ⊕ (2)[2,0,0,1,2] ⊕ [0,0,1,2,1] ⊕ [3,0,1,0,1]

⊕ [1,1,1,0,1]⊕ [1,0,2,1,0]⊕ [1,1,0,2,1] 

• Nivel-10: [2,0,0,0,0] ⊕ [0,0,0,1,1] ⊕ [4,0,0,0,0]⊕ (2)[0,2,0,0,0]⊕ (2)[1,0,1,0,0] ⊕ (3) 

[1,0,0,2,0] ⊕ [1,0,0,0,2] ⊕ (2)[2,1,0,0,0] ⊕ [0,0,0,4,0] ⊕ (2)[0,0,2,0,0] ⊕

(3)[0,1,0,1,1]⊕ (2)[0,0,1,2,0]⊕ (4)[2,0,0,1,1]⊕ [0,0,0,2,2]⊕ [3,0,1,0,0] ⊕

[2,2,0,0,0] ⊕ [3,0,0,2,0] ⊕ [3,0,0,0,2] ⊕ (3)[1,1,1,0,0] ⊕ (3)[1,1,0,2,0] ⊕ [1,1,0,0,2] ⊕

[1,0,0,3,1] ⊕ (2)[1,0,1,1,1] ⊕ [0,2,0,1,1] ⊕ [2,0,2,0,0] ⊕ [0,1,1,2,0] ⊕ [2,1,0,1,1] 
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• Nivel-11: ⁡[1,0,0,0,1] ⊕ (3)[0,1,0,1,0] ⊕ (2)[2,0,0,1,0]⊕ [0,0,1,0,1] ⊕ (2)[0,0,0,2,1] ⊕

[3,0,0,0,1] ⊕ (3)[1,1,0,0,1] ⊕ (2)[1,0,0,3,0]⊕ (2)[0,2,0,1,0]⊕ (4)[1,0,1,1,0]⊕

[1,0,0,1,2] ⊕ (2)[2,1,0,1,0] ⊕ [0,1,1,0,1] ⊕ [0,0,1,3,0] ⊕ (2)[0,1,0,2,1] ⊕ [2,0,1,0,1] ⊕

[1,2,0,0,1] ⊕ [2,0,0,2,1] ⊕ [1,1,1,1,0] 

• Nivel-12: (2)[0,0,1,0,0] ⊕ [0,0,0,2,0] ⊕ (2)[1,1,0,0,0] ⊕ (3)[1,0,0,1,1] ⊕

(2)[0,1,1,0,0]⊕ (3)[0,1,0,2,0]⊕ [0,1,0,0,2]⊕ (2)[2,0,1,0,0]⊕ [1,2,0,0,0] ⊕

[2,0,0,2,0] ⊕ [0,0,0,3,1] ⊕ [0,0,1,1,1] ⊕ [0,2,1,0,0] ⊕ (2)[1,1,0,1,1] ⊕ [1,0,1,2,0] 

• Nivel-13: [0,0,0,0,1] ⊕ (2)[1,0,0,1,0] ⊕ (2)[0,1,0,0,1] ⊕ [0,0,0,3,0] ⊕ [2,0,0,0,1] ⊕

(2)[0,0,1,1,0]⊕ [0,0,0,1,2] ⊕ (2)[1,1,0,1,0]⊕ [0,2,0,0,1] ⊕ [1,0,1,0,1] ⊕ [1,0,0,2,1] ⊕ 

[0, 1, 1, 1, 0] 

• Nivel-14: [0,0,0,0,0] ⊕ [0,1,0,0,0] ⊕ [2,0,0,0,0]⊕ (2)[0,0,0,1,1]⊕ [0,2,0,0,0]⊕

[1,0,1,0,0] ⊕ [1,0,0,2,0] ⊕ [1,0,0,0,2] ⊕ [0,0,2,0,0] ⊕ [0,1,0,1,1] 

• Nivel-15: [0,0,0,1,0] ⊕ [1,0,0,0,1] ⊕ [0,1,0,1,0]⊕ [0,0,1,0,1] 

• Nivel-16: [0, 0, 1, 0, 0] 

Dynkin 𝒱[1,0,1,0,1] 

• Nivel-0: [1, 0, 1, 0, 1] 

• Nivel-1: [1,0,1,0,0] ⊕ [1,0,0,0,2]⊕ [0,0,2,0,0]⊕ [0,1,0,1,1]⊕ [0,0,1,0,2]⊕ [2,0,0,1,1] ⊕

[1,1,1,0,0] ⊕ [1,1,0,0,2] ⊕ [1,0,1,1,1] 

• Nivel-2: [1,0,0,0,1] ⊕ [0,1,0,1,0]⊕ [0,0,0,0,3]⊕ [2,0,0,1,0]⊕ (2)[0,0,1,0,1]⊕

[0,0,0,2,1] ⊕ [3,0,0,0,1] ⊕ (3)[1,1,0,0,1] ⊕ [0,2,0,1,0] ⊕ (3)[1,0,1,1,0] ⊕

(3)[1,0,0,1,2]⊕ [2,1,0,1,0] ⊕ [0,1,0,0,3] ⊕ [2,0,0,0,3] ⊕ (3)[0,1,1,0,1] ⊕ [0,0,2,1,0] ⊕

[0,1,0,2,1] ⊕ (2)[2,0,1,0,1] ⊕ [1,2,0,0,1] ⊕ [2,0,0,2,1] ⊕ [0,0,1,1,2] ⊕ [1,1,1,1,0]⊕

[1,0,2,0,1] ⊕ [1,1,0,1,2] 

• Nivel-3: [0,0,1,0,0] ⊕ [0,0,0,2,0]⊕ [0,0,0,0,2]⊕ [3,0,0,0,0]⊕ (2)[1,1,0,0,0]⊕

(5)[1,0,0,1,1]⊕ (4)[0,1,1,0,0]⊕ (3)[0,1,0,2,0]⊕ (4)[0,1,0,0,2]⊕ (4)[2,0,1,0,0]⊕

(2)[1,2,0,0,0]⊕ [3,1,0,0,0] ⊕ (2)[2,0,0,2,0]⊕ (4)[2,0,0,0,2]⊕ [0,0,0,3,1] ⊕
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(2)[0,0,0,1,3]⊕ (5)[0,0,1,1,1]⊕ [1,0,0,0,4]⊕ (4)[1,0,2,0,0]⊕ (2)[3,0,0,1,1]⊕

(2)[0,2,1,0,0]⊕ (7)[1,1,0,1,1]⊕ [0,2,0,2,0]⊕ (2)[0,2,0,0,2]⊕ (2)[1,0,1,2,0]⊕

(5)[1,0,1,0,2]⊕ (2)[1,0,0,2,2]⊕ (2)[2,1,1,0,0]⊕ [0,0,3,0,0]⊕ [2,1,0,2,0] ⊕

(2)[2,1,0,0,2]⊕ [0,0,2,0,2] ⊕ [0,1,0,1,3] ⊕ (3)[0,1,1,1,1] ⊕ [2,0,0,1,3] ⊕

(2)[2,0,1,1,1]⊕ [1,1,2,0,0] ⊕ [1,2,0,1,1] ⊕ [1,1,1,0,2] 

• Nivel-4: (2)[1,0,0,1,0] ⊕ (4)[0,1,0,0,1] ⊕ (2)[0,0,0,3,0] ⊕ (4)[2,0,0,0,1] ⊕

(5)[0,0,1,1,0]⊕ (4)[0,0,0,1,2]⊕ (3)[3,0,0,1,0]⊕ (8)[1,1,0,1,0]⊕ (4)[1,0,0,0,3]⊕

[4,0,0,0,1] ⊕ (5)[0,2,0,0,1] ⊕ (11)[1,0,1,0,1]⊕ (7)[1,0,0,2,1]⊕ (7)[2,1,0,0,1]⊕

(2)[0,1,0,3,0]⊕ [2,0,0,3,0] ⊕ (8)[0,1,1,1,0]⊕ (3)[0,0,1,0,3]⊕ (5)[0,0,2,0,1]⊕

(8)[0,1,0,1,2]⊕ (7)[2,0,1,1,0]⊕ [0,0,0,2,3]⊕ (4)[1,2,0,1,0]⊕ (2)[3,1,0,1,0]⊕

(7)[2,0,0,1,2]⊕ (3)[0,0,1,2,1]⊕ [0,3,0,0,1]⊕ [3,0,0,0,3] ⊕ (4)[1,1,0,0,3] ⊕

(3)[3,0,1,0,1]⊕ (9)[1,1,1,0,1]⊕ [2,2,0,0,1]⊕ [3,0,0,2,1] ⊕ [1,0,0,1,4] ⊕

(3)[1,0,2,1,0]⊕ (4)[1,1,0,2,1]⊕ (2)[0,2,1,1,0]⊕ (4)[1,0,1,1,2]⊕ (2)[0,2,0,1,2]⊕

(2)[0,1,2,0,1]⊕ [0,1,1,0,3] ⊕ (2)[2,1,1,1,0]⊕ [2,0,2,0,1] ⊕ (2)[2,1,0,1,2] ⊕

[2,0,1,0,3] ⊕ [1, 2, 1, 0, 1] 

• Nivel-5: [0,1,0,0,0] ⊕ [2,0,0,0,0]⊕ (3)[0,0,0,1,1]⊕ [4,0,0,0,0]⊕ (4)[0,2,0,0,0]⊕

(7)[1,0,1,0,0]⊕ (6)[1,0,0,2,0]⊕ (5)[1,0,0,0,2]⊕ (5)[2,1,0,0,0]⊕ [0,0,0,4,0]⊕

[0,0,0,0,4] ⊕ (6)[0,0,2,0,0] ⊕ (13)[0,1,0,1,1]⊕ (6)[0,0,1,2,0]⊕ (7)[0,0,1,0,2]⊕

(2)[0,3,0,0,0]⊕ (12)[2,0,0,1,1]⊕ (5)[0,0,0,2,2]⊕ [4,1,0,0,0]⊕ (6)[3,0,1,0,0]⊕

(3)[2,2,0,0,0]⊕ (3)[3,0,0,2,0]⊕ (5)[3,0,0,0,2]⊕ (13)[1,1,1,0,0]⊕ (9)[1,1,0,2,0]⊕

(12)[1,1,0,0,2]⊕ (3)[1,0,0,3,1]⊕ (7)[1,0,0,1,3]⊕ (2)[0,1,0,0,4]⊕ (6)[0,1,2,0,0]⊕

(16)[1,0,1,1,1]⊕ (9)[0,2,0,1,1]⊕ (2)[4,0,0,1,1]⊕ (2)[2,0,0,0,4]⊕ (6)[2,0,2,0,0]⊕

(4)[0,1,1,2,0]⊕ (8)[0,1,1,0,2]⊕ (11)[2,1,0,1,1]⊕ (4)[1,2,1,0,0]⊕ (4)[0,1,0,2,2]⊕

(3)[2,0,1,2,0]⊕ (8)[2,0,1,0,2]⊕ (2)[3,1,1,0,0]⊕ (3)[0,0,2,1,1]⊕ (2)[0,0,1,1,3]⊕

(2)[1,2,0,2,0]⊕ (4)[1,2,0,0,2]⊕ (3)[2,0,0,2,2]⊕ [3,1,0,2,0]⊕ (2)[3,1,0,0,2]⊕

[1,0,3,0,0] ⊕ [0,3,0,1,1] ⊕ [0,2,2,0,0] ⊕ [1,0,1,0,4] ⊕ [3,0,0,1,3]⊕ (3)[1,1,0,1,3]⊕



pág. 3714 

(2)[1,0,2,0,2]⊕ (2)[3,0,1,1,1]⊕ (6)[1,1,1,1,1]⊕ [0,2,1,0,2]⊕ [2,2,0,1,1] ⊕

[2,1,2,0,0] ⊕ [2,1,1,0,2] 

• Nivel-6: [0,0,0,1,0] ⊕ (3)[1,0,0,0,1] ⊕ (7)[0,1,0,1,0] ⊕ (2)[0,0,0,0,3] ⊕ (6)[2,0,0,1,0] ⊕

(7)[0,0,1,0,1]⊕ (7)[0,0,0,2,1]⊕ (6)[3,0,0,0,1]⊕ (13)[1,1,0,0,1]⊕ (5)[1,0,0,3,0]⊕

(3)[4,0,0,1,0]⊕ (10)[0,2,0,1,0]⊕ (17)[1,0,1,1,0] ⊕ (14)[1,0,0,1,2] ⊕ (12)[2,1,0,1,0]⊕ 

(6)[0,1,0,0,3]⊕ [5,0,0,0,1] ⊕ (7)[2,0,0,0,3]⊕ (16)[0,1,1,0,1]⊕ (2)[0,0,0,1,4]⊕

(2)[0,0,1,3,0]⊕ (7)[0,0,2,1,0]⊕ (13)[0,1,0,2,1]⊕ (17)[2,0,1,0,1] ⊕ (2)[0,0,0,3,2] ⊕

(11)[1,2,0,0,1]⊕ (7)[3,1,0,0,1]⊕ (11)[2,0,0,2,1] ⊕ (9)[0,0,1,1,2] ⊕ [1,0,0,0,5] ⊕ (3) 

[0,3,0,1,0] ⊕ [3,0,0,3,0] ⊕ (3)[1,1,0,3,0] ⊕ (7)[3,0,1,1,0] ⊕ [4,1,0,1,0] ⊕

(16)[1,1,1,1,0]⊕ (4)[2,2,0,1,0]⊕ (7)[3,0,0,1,2]⊕ (10)[1,0,2,0,1] ⊕ (6)[1,0,1,0,3] ⊕

(3)[0,2,0,0,3]⊕ (16)[1,1,0,1,2]⊕ [4,0,0,0,3]⊕ (6)[0,2,1,0,1]⊕ (3)[1,0,0,2,3]⊕

[1,3,0,0,1] ⊕ (2)[4,0,1,0,1] ⊕ (6)[1,0,1,2,1]⊕ (4)[0,2,0,2,1]⊕ (4)[2,1,0,0,3]⊕

[0,0,3,0,1] ⊕ [3,2,0,0,1] ⊕ [4,0,0,2,1] ⊕ (3)[0,1,2,1,0] ⊕ [0,1,0,1,4] ⊕ [0,0,2,0,3]⊕

(9)[2,1,1,0,1]⊕ (3)[2,0,2,1,0]⊕ [2,0,0,1,4]⊕ (4)[2,1,0,2,1]⊕ (4)[0,1,1,1,2]⊕

(2)[1,2,1,1,0]⊕ (4)[2,0,1,1,2]⊕ [3,1,1,1,0]⊕ (2)[1,2,0,1,2]⊕ [3,1,0,1,2] ⊕

[3,0,2,0,1] ⊕ (2)[1,1,2,0,1] ⊕ [1,1,1,0,3] 

• Nivel-7: [1,0,0,0,0] ⊕ (4)[0,0,1,0,0] ⊕ (3)[0,0,0,2,0] ⊕ (2)[0,0,0,0,2] ⊕ (2)[3,0,0,0,0] ⊕

(5)[1,1,0,0,0]⊕ (13)[1,0,0,1,1]⊕ [5,0,0,0,0]⊕ (12)[0,1,1,0,0] ⊕ (11)[0,1,0,2,0] ⊕

(9)[0,1,0,0,2]⊕ (12)[2,0,1,0,0]⊕ (8)[1,2,0,0,0]⊕ (5)[3,1,0,0,0]⊕ (9)[2,0,0,2,0]⊕

(9)[2,0,0,0,2]⊕ (5)[0,0,0,3,1]⊕ (5)[0,0,0,1,3]⊕ (15)[0,0,1,1,1]⊕ [1,0,0,4,0]⊕

(3)[1,0,0,0,4]⊕ (13)[1,0,2,0,0]⊕ (12)[3,0,0,1,1] ⊕ (10)[0,2,1,0,0] ⊕ (28)[1,1,0,1,1]⊕

(3)[1,3,0,0,0]⊕ (4)[4,0,1,0,0]⊕ (8)[0,2,0,2,0]⊕ (9)[0,2,0,0,2]⊕ (13)[1,0,1,2,0]⊕

(15)[1,0,1,0,2]⊕ (2)[3,2,0,0,0]⊕ (2)[4,0,0,2,0]⊕ (4)[4,0,0,0,2]⊕ (12)[1,0,0,2,2] ⊕

(14)[2,1,1,0,0]⊕ (3)[0,0,3,0,0]⊕ (9)[2,1,0,2,0]⊕ (13)[2,1,0,0,2] ⊕ [0,0,1,0,4] ⊕

[0,0,0,2,4] ⊕ (2)[0,0,2,2,0] ⊕ (4)[0,0,2,0,2]⊕ (4)[0,1,0,3,1]⊕ (7)[0,1,0,1,3]⊕

(16)[0,1,1,1,1]⊕ [5,0,0,1,1]⊕ (3)[2,0,0,3,1]⊕ (7)[2,0,0,1,3]⊕ [0,3,1,0,0]⊕

(3)[0,0,1,2,2]⊕ [3,0,0,0,4] ⊕ (17)[2,0,1,1,1]⊕ (4)[3,0,2,0,0]⊕ (2)[1,1,0,0,4]⊕
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[0,3,0,2,0] ⊕ [0,3,0,0,2] ⊕ (7)[1,1,2,0,0] ⊕ (11)[1,2,0,1,1]⊕ (7)[3,1,0,1,1]⊕

[4,1,1,0,0] ⊕ (2)[2,2,1,0,0] ⊕ (2)[3,0,1,2,0]⊕ (5)[3,0,1,0,2]⊕ (5)[1,1,1,2,0]⊕

(9)[1,1,1,0,2]⊕ [4,1,0,0,2] ⊕ [2,2,0,2,0] ⊕ (2)[2,2,0,0,2] ⊕ (2)[3,0,0,2,2] ⊕

[0,1,3,0,0] ⊕ (5)[1,1,0,2,2] ⊕ (4)[1,0,2,1,1]⊕ (2)[1,0,1,1,3]⊕ [0,2,0,1,3] ⊕

[2,0,3,0,0] ⊕ (2)[0,2,1,1,1] ⊕ [0,1,2,0,2] ⊕ [4,0,1,1,1] ⊕ [2,1,0,1,3] ⊕ [2,0,2,0,2]⊕ (3) 

[2,1,1,1,1] 

• Nivel-8: (2)[0,0,0,0,1] ⊕ (5)[1,0,0,1,0] ⊕ (8)[0,1,0,0,1] ⊕ (3)[0,0,0,3,0] ⊕

(6)[2,0,0,0,1]⊕ (10)[0,0,1,1,0]⊕ (7)[0,0,0,1,2]⊕ (6)[3,0,0,1,0]⊕ (16)[1,1,0,1,0] ⊕

(5)[1,0,0,0,3]⊕ (4)[4,0,0,0,1]⊕ (12)[0,2,0,0,1]⊕ (19)[1,0,1,0,1] ⊕ (17)[1,0,0,2,1] ⊕

(15)[2,1,0,0,1]⊕ (6)[0,1,0,3,0]⊕ [5,0,0,1,0]⊕ (5)[2,0,0,3,0]⊕ (19)[0,1,1,1,0] ⊕

[0,0,0,4,1] ⊕ (4)[0,0,1,0,3] ⊕ (8)[0,0,2,0,1]⊕ (17)[0,1,0,1,2]⊕ (19)[2,0,1,1,0] ⊕

(4)[0,0,0,2,3]⊕ (14)[1,2,0,1,0]⊕ (8)[3,1,0,1,0]⊕ (16)[2,0,0,1,2] ⊕ (10)[0,0,1,2,1] ⊕

(5)[0,3,0,0,1]⊕ (4)[3,0,0,0,3]⊕ (8)[1,1,0,0,3]⊕ (12)[3,0,1,0,1]⊕ (3)[4,1,0,0,1]⊕

(22)[1,1,1,0,1]⊕ (7)[2,2,0,0,1]⊕ (7)[3,0,0,2,1]⊕ (2)[1,0,0,1,4]⊕ (10)[1,0,2,1,0] ⊕

(3)[1,0,1,3,0]⊕ (2)[0,2,0,3,0]⊕ (18)[1,1,0,2,1]⊕ (7)[0,2,1,1,0]⊕ (3)[1,0,0,3,2]⊕

(2)[1,3,0,1,0]⊕ (3)[4,0,1,1,0]⊕ (12)[1,0,1,1,2]⊕ (7)[0,2,0,1,2]⊕ (2)[2,1,0,3,0]⊕

[0,0,3,1,0] ⊕ [3,2,0,1,0] ⊕ (3)[4,0,0,1,2] ⊕ (5)[0,1,2,0,1] ⊕ (2)[0,1,1,0,3] ⊕

(10)[2,1,1,1,0]⊕ (2)[0,1,0,2,3]⊕ (6)[2,0,2,0,1]⊕ (10)[2,1,0,1,2] ⊕ (3)[2,0,1,0,3] ⊕

[5,0,1,0,1] ⊕ (4)[0,1,1,2,1] ⊕ [0,0,2,1,2] ⊕ [1,2,0,0,3] ⊕ [2,0,0,2,3] ⊕ [3,1,0,0,3]⊕

(3)[1,2,1,0,1]⊕ (4)[2,0,1,2,1]⊕ (3)[3,1,1,0,1]⊕ (2)[1,2,0,2,1]⊕ [3,1,0,2,1]⊕

[3,0,2,1,0] ⊕ (2)[1,1,2,1,0] ⊕ [1,0,3,0,1] ⊕ [3,0,1,1,2] ⊕ (2)[1,1,1,1,2] 

• Nivel-9: [0,0,0,0,0] ⊕ (3)[0,1,0,0,0] ⊕ (2)[2,0,0,0,0] ⊕ (6)[0,0,0,1,1] ⊕ [4,0,0,0,0] ⊕ 

(6)[0,2,0,0,0]⊕ (10)[1,0,1,0,0]⊕ (8)[1,0,0,2,0]⊕ (7)[1,0,0,0,2]⊕ (6)[2,1,0,0,0]⊕

[0,0,0,4,0] ⊕ [0,0,0,0,4] ⊕ (8)[0,0,2,0,0] ⊕ (19)[0,1,0,1,1]⊕ (9)[0,0,1,2,0]⊕

(8)[0,0,1,0,2]⊕ (5)[0,3,0,0,0]⊕ (16)[2,0,0,1,1]⊕ (8)[0,0,0,2,2]⊕ (2)[4,1,0,0,0]⊕

(8)[3,0,1,0,0]⊕ (6)[2,2,0,0,0]⊕ (6)[3,0,0,2,0]⊕ (6)[3,0,0,0,2]⊕ (19)[1,1,1,0,0]⊕

(16)[1,1,0,2,0]⊕ (15)[1,1,0,0,2] ⊕ (8)[1,0,0,3,1] ⊕ (8)[1,0,0,1,3] ⊕ [0,4,0,0,0] ⊕
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[0,1,0,4,0] ⊕ [0,1,0,0,4] ⊕ (8)[0,1,2,0,0] ⊕ (24)[1,0,1,1,1]⊕ (16)[0,2,0,1,1]⊕

(5)[4,0,0,1,1]⊕ [2,0,0,4,0] ⊕ [2,0,0,0,4] ⊕ [5,0,1,0,0] ⊕ (9)[2,0,2,0,0] ⊕ [2,3,0,0,0] ⊕

[5,0,0,0,2] ⊕ (9)[0,1,1,2,0] ⊕ (9)[0,1,1,0,2]⊕ (20)[2,1,0,1,1]⊕ [0,0,0,3,3]⊕

(8)[1,2,1,0,0]⊕ (9)[0,1,0,2,2]⊕ (9)[2,0,1,2,0]⊕ (10)[2,0,1,0,2]⊕ (5)[3,1,1,0,0]⊕

(5)[0,0,2,1,1]⊕ (2)[0,0,1,3,1]⊕ (2)[0,0,1,1,3]⊕ (6)[1,2,0,2,0]⊕ (7)[1,2,0,0,2]⊕

(8)[2,0,0,2,2]⊕ (3)[3,1,0,2,0]⊕ (5)[3,1,0,0,2]⊕ (2)[1,0,3,0,0]⊕ (2)[0,3,0,1,1]⊕

[0,2,2,0,0] ⊕ [3,0,0,3,1] ⊕ (2)[3,0,0,1,3] ⊕ (3) [1,1,0,3,1]⊕ (4)[1,1,0,1,3]⊕

(2)[1,0,2,2,0]⊕ (2)[1,0,2,0,2]⊕ [4,0,2,0,0]⊕ (6)[3,0,1,1,1]⊕ (12)[1,1,1,1,1]⊕

[4,1,0,1,1] ⊕ [0,2,1,2,0] ⊕ [0,2,1,0,2] ⊕ (3)[2,2,0,1,1] ⊕ (2)[2,1,2,0,0] ⊕ [4,0,1,0,2] ⊕

(2)[1,0,1,2,2]⊕ [0,2,0,2,2] ⊕ [2,1,1,2,0] ⊕ (2)[2,1,1,0,2] ⊕ [0,1,2,1,1] ⊕ [2,1,0,2,2] ⊕

[2,0,2,1,1] 

• Nivel-10: (2)[0,0,0,1,0] ⊕ (5)[1,0,0,0,1] ⊕ (8)[0,1,0,1,0] ⊕ (3)[0,0,0,0,3] ⊕

(6)[2,0,0,1,0]⊕ (9)[0,0,1,0,1]⊕ (7)[0,0,0,2,1]⊕ (4)[3,0,0,0,1]⊕ (14)[1,1,0,0,1]⊕

(5)[1,0,0,3,0]⊕ (2)[4,0,0,1,0]⊕ (11)[0,2,0,1,0]⊕ (17)[1,0,1,1,0] ⊕ (14)[1,0,0,1,2] ⊕

(12)[2,1,0,1,0]⊕ (5)[0,1,0,0,3]⊕ [5,0,0,0,1]⊕ (4)[2,0,0,0,3]⊕ (16)[0,1,1,0,1] ⊕

[0,0,0,1,4] ⊕ (3)[0,0,1,3,0] ⊕ (7)[0,0,2,1,0]⊕ (14)[0,1,0,2,1]⊕ (14)[2,0,1,0,1] ⊕

(3)[0,0,0,3,2]⊕ (12)[1,2,0,0,1]⊕ (6)[3,1,0,0,1]⊕ (13)[2,0,0,2,1] ⊕ (8)[0,0,1,1,2] ⊕

(4)[0,3,0,1,0]⊕ (2)[3,0,0,3,0]⊕ (5)[1,1,0,3,0]⊕ (7)[3,0,1,1,0]⊕ [4,1,0,1,0]⊕

(17)[1,1,1,1,0]⊕ (5)[2,2,0,1,0]⊕ (6)[3,0,0,1,2]⊕ [1,0,0,4,1]⊕ (7)[1,0,2,0,1]⊕

(2)[1,0,1,0,3]⊕ (2)[0,2,0,0,3]⊕ (15)[1,1,0,1,2]⊕ [4,0,0,0,3]⊕ (6)[0,2,1,0,1]⊕

(3)[1,0,0,2,3]⊕ (2)[1,3,0,0,1]⊕ (2)[4,0,1,0,1]⊕ (9)[1,0,1,2,1]⊕ (5)[0,2,0,2,1]⊕

(2)[2,1,0,0,3]⊕ [3,2,0,0,1] ⊕ [4,0,0,2,1] ⊕ (3)[0,1,2,1,0] ⊕ [0,1,1,3,0] ⊕

(8)[2,1,1,0,1]⊕ [0,1,0,3,2] ⊕ (3)[2,0,2,1,0]⊕ (6)[2,1,0,2,1]⊕ [2,0,1,3,0] ⊕

(3)[0,1,1,1,2]⊕ [0,0,2,2,1] ⊕ [2,0,0,3,2] ⊕ (2)[1,2,1,1,0] ⊕ (3)[2,0,1,1,2] ⊕

[3,1,1,1,0] ⊕ (2)[1,2,0,1,2] ⊕ [3,1,0,1,2] ⊕ [3,0,2,0,1] ⊕ [1,1,2,0,1] ⊕ [1,1,1,2,1] 

• Nivel-11: [1,0,0,0,0]⊕ (4)[0,0,1,0,0]⊕ (2)[0,0,0,2,0]⊕ (3)[0,0,0,0,2]⊕ [3,0,0,0,0]⊕

(5)[1,1,0,0,0]⊕ (11)[1,0,0,1,1]⊕ (10)[0,1,1,0,0] ⊕ (7)[0,1,0,2,0] ⊕ (9)[0,1,0,0,2] ⊕
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(8)[2,0,1,0,0]⊕ (6)[1,2,0,0,0]⊕ (2)[3,1,0,0,0]⊕ (6)[2,0,0,2,0]⊕ (6)[2,0,0,0,2]⊕

(3)[0,0,0,3,1]⊕ (4)[0,0,0,1,3]⊕ (11)[0,0,1,1,1]⊕ [1,0,0,4,0]⊕ [1,0,0,0,4]⊕

(8)[1,0,2,0,0]⊕ (6)[3,0,0,1,1]⊕ (7)[0,2,1,0,0]⊕ (19)[1,1,0,1,1]⊕ (2)[1,3,0,0,0]⊕

[4,0,1,0,0] ⊕ (5)[0,2,0,2,0] ⊕ (6)[0,2,0,0,2]⊕ (9)[1,0,1,2,0]⊕ (9)[1,0,1,0,2]⊕

[3,2,0,0,0] ⊕ [4,0,0,2,0] ⊕ [4,0,0,0,2] ⊕ (8)[1,0,0,2,2] ⊕ (8)[2,1,1,0,0] ⊕ [0,0,3,0,0] ⊕

(6)[2,1,0,2,0]⊕ (6)[2,1,0,0,2]⊕ (2)[0,0,2,2,0]⊕ [0,0,2,0,2]⊕ (3)[0,1,0,3,1]⊕

(3)[0,1,0,1,3]⊕ (10)[0,1,1,1,1]⊕ (3)[2,0,0,3,1]⊕ (2)[2,0,0,1,3]⊕ [0,3,1,0,0]⊕

(2)[0,0,1,2,2]⊕ (9)[2,0,1,1,1]⊕ [3,0,2,0,0]⊕ [0,3,0,0,2] ⊕ (3)[1,1,2,0,0] ⊕

(7)[1,2,0,1,1]⊕ (3)[3,1,0,1,1]⊕ [2,2,1,0,0]⊕ [3,0,1,2,0] ⊕ [3,0,1,0,2] ⊕

(3)[1,1,1,2,0]⊕ (3)[1,1,1,0,2]⊕ [2,2,0,0,2]⊕ [3,0,0,2,2] ⊕ (3)[1,1,0,2,2] ⊕

[1,0,2,1,1] ⊕ [1,0,1,3,1] ⊕ [0,2,1,1,1] ⊕ [2,1,1,1,1] 

• Nivel-12: [0,0,0,0,1] ⊕ (3)[1,0,0,1,0] ⊕ (6)[0,1,0,0,1] ⊕ [0,0,0,3,0] ⊕ (4)[2,0,0,0,1] ⊕ 

(5)[0,0,1,1,0]⊕ (5)[0,0,0,1,2]⊕ (2)[3,0,0,1,0]⊕ (8)[1,1,0,1,0]⊕ (4)[1,0,0,0,3]

⊕ (6)[0,2,0,0,1]⊕ (11)[1,0,1,0,1] ⊕ (7)[1,0,0,2,1] ⊕ (6)[2,1,0,0,1]

⊕ (2)[0,1,0,3,0]⊕ (2)[2,0,0,3,0] ⊕ (8)[0,1,1,1,0] ⊕ (2)[0,0,1,0,3]

⊕ (4)[0,0,2,0,1]⊕ (8)[0,1,0,1,2] ⊕ (7)[2,0,1,1,0] ⊕ [0,0,0,2,3]

⊕ (5)[1,2,0,1,0]⊕ (2)[3,1,0,1,0] ⊕ (6)[2,0,0,1,2] ⊕ (4)[0,0,1,2,1]

⊕ (2)[0,3,0,0,1]⊕ (2)[1,1,0,0,3] ⊕ (2)[3,0,1,0,1] ⊕ (8)[1,1,1,0,1]

⊕ (2)[2,2,0,0,1]⊕ (2)[3,0,0,2,1] ⊕ (3)[1,0,2,1,0] ⊕ [1,0,1,3,0]

⊕ (6)[1,1,0,2,1]⊕ (2)[0,2,1,1,0] ⊕ [1,0,0,3,2]⊕ (3)[1,0,1,1,2]

⊕ (2)[0,2,0,1,2]⊕ [0,1,2,0,1]⊕ (2)[2,1,1,1,0]⊕ (2)[2,1,0,1,2]

⊕ [0,1,1,2,1]⊕ [1,2,1,0,1]⊕ [2,0,1,2,1] 

• Nivel-13: [0,1,0,0,0] ⊕ [2,0,0,0,0] ⊕ (2)[0,0,0,1,1] ⊕ (2)[0,2,0,0,0] ⊕ (4)[1,0,1,0,0] ⊕

(2)[1,0,0,2,0]⊕ (4)[1,0,0,0,2]⊕ (2)[2,1,0,0,0]⊕ [0,0,0,0,4]⊕ (3)[0,0,2,0,0]⊕

(6)[0,1,0,1,1]⊕ (2)[0,0,1,2,0]⊕ (4)[0,0,1,0,2]⊕ [0,3,0,0,0]⊕ (5)[2,0,0,1,1]⊕

(2)[0,0,0,2,2]⊕ [3,0,1,0,0] ⊕ [2,2,0,0,0] ⊕ [3,0,0,2,0] ⊕ [3,0,0,0,2] ⊕ (5)[1,1,1,0,0] ⊕

(3)[1,1,0,2,0]⊕ (5)[1,1,0,0,2]⊕ [1,0,0,3,1]⊕ (2)[1,0,0,1,3]⊕ (2)[0,1,2,0,0]⊕
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(6)[1,0,1,1,1]⊕ (3)[0,2,0,1,1]⊕ [2,0,2,0,0]⊕ [0,1,1,2,0] ⊕ (2)[0,1,1,0,2] ⊕

(3)[2,1,0,1,1]⊕ [1,2,1,0,0] ⊕ [0,1,0,2,2] ⊕ [2,0,1,2,0] ⊕ [2,0,1,0,2] ⊕ [0,0,2,1,1]⊕

[1,2,0,0,2] ⊕ [2,0,0,2,2] ⊕ [1,1,1,1,1] 

• Nivel-14: [1,0,0,0,1] ⊕ [0,1,0,1,0] ⊕ [0,0,0,0,3]⊕ [2,0,0,1,0]⊕ (2)[0,0,1,0,1]⊕

[0,0,0,2,1] ⊕ [3,0,0,0,1] ⊕ (3)[1,1,0,0,1] ⊕ [0,2,0,1,0] ⊕ (3)[1,0,1,1,0] ⊕

(3)[1,0,0,1,2]⊕ [2,1,0,1,0] ⊕ [0,1,0,0,3] ⊕ [2,0,0,0,3] ⊕ (3)[0,1,1,0,1] ⊕ [0,0,2,1,0] ⊕

[0,1,0,2,1] ⊕ (2)[2,0,1,0,1] ⊕ [1,2,0,0,1] ⊕ [2,0,0,2,1] ⊕ [0,0,1,1,2] ⊕ [1,1,1,1,0]⊕

[1,0,2,0,1] ⊕ [1,1,0,1,2] 

• Nivel-15: [1,0,0,1,1] ⊕ [0,1,1,0,0] ⊕ [0,1,0,0,2]⊕ [2,0,1,0,0]⊕ [2,0,0,0,2]⊕

[0,0,1,1,1] ⊕ [1,0,2,0,0] ⊕ [1,1,0,1,1] ⊕ [1,0,1,0,2] 

• Nivel-16: [1, 0, 1, 0, 1] 

Dynkin 𝒱[3,0,0,0,1] 

• Nivel-0: [3, 0, 0, 0, 1] 

• Nivel-1: [3,0,0,0,0] ⊕ [2,0,1,0,0]⊕ [3,1,0,0,0]⊕ [2,0,0,0,2]⊕ [3,0,0,1,1] 

• Nivel-2: [2,0,0,0,1] ⊕ (2)[3,0,0,1,0] ⊕ [1,1,0,1,0]⊕ [4,0,0,0,1]⊕ [1,0,1,0,1]⊕

(2)[2,1,0,0,1]⊕ [2,0,1,1,0] ⊕ [3,1,0,1,0] ⊕ [2,0,0,1,2] ⊕ [3,0,1,0,1] 

• Nivel-3: [4,0,0,0,0] ⊕ [0,2,0,0,0]⊕ [1,0,1,0,0]⊕ [1,0,0,2,0]⊕ (2)[2,1,0,0,0]⊕

[0,1,0,1,1] ⊕ (3)[2,0,0,1,1] ⊕ [4,1,0,0,0] ⊕ (3)[3,0,1,0,0] ⊕ [2,2,0,0,0] ⊕ [3,0,0,2,0] ⊕

(2)[3,0,0,0,2]⊕ (2)[1,1,1,0,0]⊕ [1,1,0,2,0]⊕ [1,1,0,0,2] ⊕ [1,0,1,1,1] ⊕ [4,0,0,1,1] ⊕

[2,0,2,0,0] ⊕ (2)[2,1,0,1,1] ⊕ [2,0,1,0,2] ⊕ [3,1,1,0,0] ⊕ [3,1,0,0,2] 

• Nivel-4: (2)[0,1,0,1,0] ⊕ (2)[2,0,0,1,0] ⊕ [0,0,0,2,1] ⊕ (3)[3,0,0,0,1] ⊕ (3)[1,1,0,0,1] ⊕

[1,0,0,3,0] ⊕ (2)[4,0,0,1,0] ⊕ (2)[0,2,0,1,0]⊕ (3)[1,0,1,1,0]⊕ [1,0,0,1,2] ⊕

(4)[2,1,0,1,0]⊕ [5,0,0,0,1] ⊕ [2,0,0,0,3] ⊕ [0,1,1,0,1] ⊕ [0,1,0,2,1] ⊕ (4)[2,0,1,0,1] ⊕

(2)[1,2,0,0,1]⊕ (4)[3,1,0,0,1]⊕ (2)[2,0,0,2,1]⊕ (2)[3,0,1,1,0]⊕ [4,1,0,1,0]⊕

(2)[1,1,1,1,0]⊕ [2,2,0,1,0] ⊕ (2)[3,0,0,1,2]⊕ [1,0,2,0,1] ⊕ [1,1,0,1,2] ⊕ [4,0,0,0,3] ⊕

[4,0,1,0,1] ⊕ [2,1,0,0,3] ⊕ [3,2,0,0,1] ⊕ (2)[2,1,1,0,1] 



pág. 3719 

• Nivel-5: [0,0,1,0,0] ⊕ [0,0,0,2,0]⊕ [3,0,0,0,0]⊕ (2)[1,1,0,0,0]⊕ (3)[1,0,0,1,1]⊕

[5,0,0,0,0] ⊕ (3)[0,1,1,0,0] ⊕ (3)[0,1,0,2,0]⊕ [0,1,0,0,2] ⊕ (4)[2,0,1,0,0] ⊕

(3)[1,2,0,0,0]⊕ (3)[3,1,0,0,0]⊕ (3)[2,0,0,2,0]⊕ (2)[2,0,0,0,2]⊕ [0,0,0,3,1]⊕

[0,0,1,1,1] ⊕ (2)[1,0,2,0,0] ⊕ (5)[3,0,0,1,1]⊕ [5,1,0,0,0] ⊕ (2)[0,2,1,0,0] ⊕

(6)[1,1,0,1,1]⊕ [1,3,0,0,0] ⊕ (3)[4,0,1,0,0]⊕ [0,2,0,2,0] ⊕ [0,2,0,0,2] ⊕

(2)[1,0,1,2,0]⊕ [1,0,1,0,2] ⊕ (2)[3,2,0,0,0]⊕ [4,0,0,2,0] ⊕ (3)[4,0,0,0,2] ⊕

[1,0,0,2,2] ⊕ (5)[2,1,1,0,0] ⊕ (2)[2,1,0,2,0]⊕ (4)[2,1,0,0,2]⊕ [0,1,1,1,1] ⊕

[5,0,0,1,1] ⊕ [2,0,0,1,3] ⊕ [3,0,0,0,4] ⊕ (3)[2,0,1,1,1] ⊕ [3,0,2,0,0] ⊕ [1,1,2,0,0]⊕

(2)[1,2,0,1,1]⊕ (3)[3,1,0,1,1]⊕ [4,1,1,0,0]⊕ [2,2,1,0,0] ⊕ (2)[3,0,1,0,2] ⊕

[1,1,1,0,2] ⊕ [4,1,0,0,2] ⊕ [2,2,0,0,2] 

• Nivel-6: [0,0,0,0,1] ⊕ (2)[1,0,0,1,0] ⊕ (3)[0,1,0,0,1] ⊕ [0,0,0,3,0]⊕ (2)[2,0,0,0,1] ⊕

(3)[0,0,1,1,0]⊕ [0,0,0,1,2] ⊕ (3)[3,0,0,1,0]⊕ (6)[1,1,0,1,0]⊕ (3)[4,0,0,0,1]⊕

(4)[0,2,0,0,1]⊕ (4)[1,0,1,0,1]⊕ (4)[1,0,0,2,1]⊕ (6)[2,1,0,0,1]⊕ [0,1,0,3,0]⊕

(2)[5,0,0,1,0]⊕ [2,0,0,3,0] ⊕ (4)[0,1,1,1,0]⊕ (2)[0,1,0,1,2]⊕ (6)[2,0,1,1,0]⊕

(5)[1,2,0,1,0]⊕ (5)[3,1,0,1,0]⊕ [6,0,0,0,1]⊕ (4)[2,0,0,1,2]⊕ [0,0,1,2,1] ⊕

(2)[0,3,0,0,1]⊕ (2)[3,0,0,0,3]⊕ [1,1,0,0,3]⊕ (6)[3,0,1,0,1]⊕ (4)[4,1,0,0,1]⊕

(5)[1,1,1,0,1]⊕ (4)[2,2,0,0,1]⊕ (2)[3,0,0,2,1]⊕ [1,0,2,1,0]⊕ (3)[1,1,0,2,1]⊕

[0,2,1,1,0] ⊕ [5,1,0,1,0] ⊕ [1,3,0,1,0] ⊕ (2)[4,0,1,1,0] ⊕ [1,0,1,1,2] ⊕ [0,2,0,1,2]⊕

[3,2,0,1,0] ⊕ (2)[4,0,0,1,2] ⊕ (3)[2,1,1,1,0]⊕ [2,0,2,0,1] ⊕ (3)[2,1,0,1,2] ⊕

[2,0,1,0,3] ⊕ [5,0,1,0,1] ⊕ [3,1,0,0,3] ⊕ [1,2,1,0,1] ⊕ (2)[3,1,1,0,1] 

• Nivel-7: [0,0,0,0,0] ⊕ (2)[0,1,0,0,0] ⊕ [2,0,0,0,0]⊕ (3)[0,0,0,1,1]⊕ [4,0,0,0,0]⊕

(3)[0,2,0,0,0]⊕ (4)[1,0,1,0,0]⊕ (3)[1,0,0,2,0]⊕ (2)[1,0,0,0,2]⊕ (3)[2,1,0,0,0]⊕

(2)[0,0,2,0,0]⊕ [6,0,0,0,0] ⊕ (6)[0,1,0,1,1]⊕ (2)[0,0,1,2,0]⊕ [0,0,1,0,2] ⊕

(3)[0,3,0,0,0]⊕ (6)[2,0,0,1,1]⊕ [0,0,0,2,2]⊕ (3)[4,1,0,0,0]⊕ (5)[3,0,1,0,0]⊕

(4)[2,2,0,0,0]⊕ (3)[3,0,0,2,0]⊕ (3)[3,0,0,0,2]⊕ (7)[1,1,1,0,0]⊕ (5)[1,1,0,2,0]⊕

(4)[1,1,0,0,2]⊕ [1,0,0,3,1] ⊕ [1,0,0,1,3] ⊕ 

[0,4,0,0,0] ⊕ [0,1,2,0,0] ⊕ [6,1,0,0,0] ⊕ (5)[1,0,1,1,1] ⊕ (5)[0,2,0,1,1] ⊕
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(5)[4,0,0,1,1]⊕ (3) [5,0,1,0,0] ⊕ (3)[2,0,2,0,0] ⊕ [4,2,0,0,0] ⊕ [2,3,0,0,0]⊕

[5,0,0,2,0] ⊕ (2)[5,0,0,0,2] ⊕ [0,1,1,2,0] ⊕ [0,1,1,0,2] ⊕ (9)[2,1,0,1,1] ⊕

(4)[1,2,1,0,0]⊕ [0,1,0,2,2] ⊕ (2)[2,0,1,2,0]⊕ (3)[2,0,1,0,2]⊕ (5)[3,1,1,0,0]⊕

(2)[1,2,0,2,0]⊕ (3)[1,2,0,0,2]⊕ (2)[2,0,0,2,2]⊕ (2)[3,1,0,2,0]⊕ (4)[3,1,0,0,2]⊕

[6,0,0,1,1] ⊕ [0,3,0,1,1] ⊕ [3,0,0,1,3] ⊕ [1,1,0,1,3] ⊕ [4,0,2,0,0]⊕ (3)[3,0,1,1,1]⊕

(2)[1,1,1,1,1]⊕ (2)[4,1,0,1,1]⊕ (2)[2,2,0,1,1]⊕ [2,1,2,0,0]⊕ [4,0,1,0,2] ⊕ [2,1,1,0,2] 

• Nivel-8: (2)[0,0,0,1,0] ⊕ (3)[1,0,0,0,1] ⊕ (4)[0,1,0,1,0] ⊕ [0,0,0,0,3] ⊕ (3)[2,0,0,1,0] ⊕ 

(4) [0,0,1,0,1]⊕ (2)[0,0,0,2,1]⊕ (3)[3,0,0,0,1]⊕ (6)[1,1,0,0,1]⊕ [1,0,0,3,0]⊕

(3)[4,0,0,1,0]⊕ (5)[0,2,0,1,0]⊕ (6)[1,0,1,1,0]⊕ (4)[1,0,0,1,2]⊕ (7)[2,1,0,1,0]⊕

[0,1,0,0,3] ⊕ (3)[5,0,0,0,1] ⊕ [2,0,0,0,3] ⊕ (5)[0,1,1,0,1] ⊕ [0,0,2,1,0] ⊕

(3)[0,1,0,2,1]⊕ (6)[2,0,1,0,1]⊕ (7)[1,2,0,0,1]⊕ (6)[3,1,0,0,1]⊕ (2)[6,0,0,1,0]⊕

(5)[2,0,0,2,1]⊕ [0,0,1,1,2] ⊕ (3)[0,3,0,1,0]⊕ [3,0,0,3,0] ⊕ [1,1,0,3,0] ⊕ [7,0,0,0,1] ⊕

(6)[3,0,1,1,0]⊕ (4)[4,1,0,1,0]⊕ (6)[1,1,1,1,0]⊕ (5)[2,2,0,1,0]⊕ (4)[3,0,0,1,2]⊕

[1,0,2,0,1] ⊕ [0,2,0,0,3] ⊕ (5)[1,1,0,1,2] ⊕ [4,0,0,0,3] ⊕ (2)[0,2,1,0,1] ⊕ [1,0,0,2,3] ⊕

(2)[5,1,0,0,1]⊕ (2)[1,3,0,0,1]⊕ (4)[4,0,1,0,1]⊕ [1,0,1,2,1]⊕ [0,2,0,2,1] ⊕

[2,1,0,0,3] ⊕ (2)[3,2,0,0,1] ⊕ (2)[4,0,0,2,1]⊕ (5)[2,1,1,0,1]⊕ [2,0,2,1,0] ⊕

(3)[2,1,0,2,1]⊕ [5,0,1,1,0] ⊕ [5,0,0,1,2] ⊕ [1,2,1,1,0] ⊕ [2,0,1,1,2] ⊕ (2)[3,1,1,1,0] ⊕

[1,2,0,1,2] ⊕ [3,1,0,1,2] ⊕ [3,0,2,0,1] 

• Nivel-9: ⁡[1,0,0,0,0]⊕ (3)[0,0,1,0,0]⊕ [0,0,0,2,0]⊕ (2)[0,0,0,0,2]⊕ [3,0,0,0,0]⊕ (3) 

[1,1,0,0,0] ⊕ (5)[1,0,0,1,1] ⊕ [5,0,0,0,0] ⊕ (5)[0,1,1,0,0] ⊕ (2)[0,1,0,2,0] ⊕

(4)[0,1,0,0,2]⊕ (5) [2,0,1,0,0] ⊕ (4)[1,2,0,0,0] ⊕ (3)[3,1,0,0,0] ⊕ (3)[2,0,0,2,0] ⊕

(3)[2,0,0,0,2]⊕ [0,0,0,1,3] ⊕ [7,0,0,0,0] ⊕ (3)[0,0,1,1,1] ⊕ (3)[1,0,2,0,0] ⊕

(6)[3,0,0,1,1]⊕ (2)[5,1,0,0,0]⊕ (4)[0,2,1,0,0]⊕ (9)[1,1,0,1,1]⊕ (3)[1,3,0,0,0]⊕

(4)[4,0,1,0,0]⊕ (2)[0,2,0,2,0]⊕ (3)[0,2,0,0,2]⊕ (2)[1,0,1,2,0]⊕ (3)[1,0,1,0,2]⊕

(3)[3,2,0,0,0]⊕ (3)[4,0,0,2,0]⊕ (2)[4,0,0,0,2]⊕ (2)[1,0,0,2,2]⊕ (7)[2,1,1,0,0]⊕

(5)[2,1,0,2,0]⊕ (4)[2,1,0,0,2]⊕ [0,1,0,1,3]⊕ (2)[0,1,1,1,1]⊕ (3) [5,0,0,1,1] ⊕

[2,0,0,3,1] ⊕ [2,0,0,1,3] ⊕ [6,0,1,0,0] ⊕ [0,3,1,0,0] ⊕ [6,0,0,0,2]⊕ (5)[2,0,1,1,1]⊕
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(2)[3,0,2,0,0]⊕ [0,3,0,0,2] ⊕ [1,1,2,0,0] ⊕ (5)[1,2,0,1,1] ⊕ (6)[3,1,0,1,1] ⊕

(2)[4,1,1,0,0]⊕ (2)[2,2,1,0,0]⊕ (2)[3,0,1,2,0]⊕ [3,0,1,0,2]⊕ [1,1,1,2,0] ⊕

[1,1,1,0,2] ⊕ [4,1,0,2,0] ⊕ [4,1,0,0,2] ⊕ [2,2,0,2,0] ⊕ [2,2,0,0,2]⊕ [3,0,0,2,2]⊕

[1,1,0,2,2] ⊕ [4,0,1,1,1] ⊕ [2, 1, 1, 1, 1] 

• Nivel-10: [0,0,0,0,1] ⊕ (2)[1,0,0,1,0] ⊕ (4)[0,1,0,0,1] ⊕ (3)[2,0,0,0,1] ⊕

(2)[0,0,1,1,0]⊕ (2)[0,0,0,1,2]⊕ (3)[3,0,0,1,0]⊕ (5)[1,1,0,1,0]⊕ (2)[1,0,0,0,3]⊕

(2)[4,0,0,0,1]⊕ (4) [0,2,0,0,1] ⊕ (6)[1,0,1,0,1] ⊕ (2)[1,0,0,2,1] ⊕ (6)[2,1,0,0,1] ⊕

(2)[5,0,0,1,0]⊕ [2,0,0,3,0] ⊕ (3) [0,1,1,1,0]⊕ [0,0,1,0,3]⊕ [0,0,2,0,1]⊕

(3)[0,1,0,1,2]⊕ (6)[2,0,1,1,0]⊕ (5)[1,2,0,1,0]⊕ (6)[3,1,0,1,0]⊕ [6,0,0,0,1]⊕

(4)[2,0,0,1,2]⊕ (2)[0,3,0,0,1]⊕ [1,1,0,0,3]⊕ (4)[3,0,1,0,1]⊕ (3)[4,1,0,0,1]⊕

(5)[1,1,1,0,1]⊕ (4)[2,2,0,0,1]⊕ (4)[3,0,0,2,1]⊕ [1,0,2,1,0]⊕ (3)[1,1,0,2,1]⊕

[4,0,0,3,0] ⊕ [0,2,1,1,0] ⊕ [5,1,0,1,0] ⊕ [1,3,0,1,0] ⊕ (3)[4,0,1,1,0] ⊕ [1,0,1,1,2]⊕

[0,2,0,1,2] ⊕ [2,1,0,3,0] ⊕ (2)[3,2,0,1,0] ⊕ [4,0,0,1,2] ⊕ (4)[2,1,1,1,0] ⊕

(2)[2,1,0,1,2]⊕ [5,0,1,0,1] ⊕ [1,2,1,0,1] ⊕ [2,0,1,2,1] ⊕ [3,1,1,0,1] ⊕ [3,1,0,2,1] 

• Nivel-11: [0,1,0,0,0]⊕ [2,0,0,0,0]⊕ [0,0,0,1,1] ⊕ [4,0,0,0,0] ⊕ (2)[0,2,0,0,0] ⊕ (3) 

[1,0,1,0,0] ⊕ [1,0,0,2,0] ⊕ (3)[1,0,0,0,2] ⊕ (3)[2,1,0,0,0] ⊕ [0,0,0,0,4] ⊕ [0,0,2,0,0] ⊕ 

(3)[0,1,0,1,1]⊕ (2)[0,0,1,0,2]⊕ [0,3,0,0,0]⊕ (5)[2,0,0,1,1]⊕ (2)[4,1,0,0,0]⊕

(4)[3,0,1,0,0]⊕ (3)[2,2,0,0,0]⊕ (3)[3,0,0,2,0]⊕ (2)[3,0,0,0,2]⊕ (5)[1,1,1,0,0]⊕

(2)[1,1,0,2,0]⊕ (4) [1,1,0,0,2] ⊕ [1,0,0,1,3]⊕ [0,1,2,0,0]⊕ (3)[1,0,1,1,1]⊕

(2)[0,2,0,1,1]⊕ (3)[4,0,0,1,1]⊕ [5,0,1,0,0]⊕ (2)[2,0,2,0,0]⊕ [4,2,0,0,0] ⊕

[2,3,0,0,0] ⊕ [5,0,0,2,0] ⊕ [0,1,1,0,2] ⊕ (6)[2,1,0,1,1] ⊕ (2)[1,2,1,0,0] ⊕

(2)[2,0,1,2,0]⊕ [2,0,1,0,2] ⊕ (3)[3,1,1,0,0]⊕ [1,2,0,2,0] ⊕ [1,2,0,0,2] ⊕ [2,0,0,2,2] ⊕

(3)[3,1,0,2,0]⊕ [3,1,0,0,2] ⊕ [3,0,0,3,1] ⊕ [3,0,1,1,1] ⊕ [1,1,1,1,1] ⊕ [4,1,0,1,1]⊕

[2,2,0,1,1] 

• Nivel-12: ⁡[1,0,0,0,1] ⊕ [0,1,0,1,0]⊕ [0,0,0,0,3]⊕ (2)[2,0,0,1,0]⊕ [0,0,1,0,1]⊕

(3)[3,0,0,0,1]⊕ (4)[1,1,0,0,1]⊕ (2)[4,0,0,1,0]⊕ [0,2,0,1,0]⊕ (2)[1,0,1,1,0]⊕

(2)[1,0,0,1,2]⊕ (4) [2,1,0,1,0] ⊕ [0,1,0,0,3]⊕ [2,0,0,0,3]⊕ (2)[0,1,1,0,1]⊕
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(4)[2,0,1,0,1]⊕ (2)[1,2,0,0,1]⊕ (3)[3,1,0,0,1]⊕ (2)[2,0,0,2,1]⊕ [3,0,0,3,0]⊕

(3)[3,0,1,1,0]⊕ (2)[4,1,0,1,0]⊕ (2)[1,1,1,1,0]⊕ (2)[2,2,0,1,0]⊕ [3,0,0,1,2]⊕

[1,0,2,0,1] ⊕ [1,1,0,1,2] ⊕ [3,2,0,0,1] ⊕ [4,0,0,2,1] ⊕ [2,1,1,0,1]⊕ [2,1,0,2,1] 

• Nivel-13: [3,0,0,0,0] ⊕ [1,1,0,0,0] ⊕ [1,0,0,1,1]⊕ [0,1,1,0,0]⊕ [0,1,0,0,2]⊕

(3)[2,0,1,0,0]⊕ [1,2,0,0,0] ⊕ (2)[3,1,0,0,0]⊕ [2,0,0,2,0] ⊕ (2)[2,0,0,0,2] ⊕

[1,0,2,0,0] ⊕ (3)[3,0,0,1,1] ⊕ (2)[1,1,0,1,1]⊕ [4,0,1,0,0] ⊕ [1,0,1,0,2] ⊕ [3,2,0,0,0] ⊕

[4,0,0,2,0] ⊕ (2)[2,1,1,0,0] ⊕ [2,1,0,2,0] ⊕ [2,1,0,0,2] ⊕ [2,0,1,1,1] ⊕ [3,1,0,1,1] 

• Nivel-14: [2,0,0,0,1] ⊕ (2)[3,0,0,1,0] ⊕ [1,1,0,1,0] ⊕ [4,0,0,0,1]⊕ [1,0,1,0,1]⊕

(2)[2,1,0,0,1]⊕ [2,0,1,1,0] ⊕ [3,1,0,1,0] ⊕ [2,0,0,1,2] ⊕ [3,0,1,0,1] 

• Nivel-15: [4,0,0,0,0] ⊕ [2,1,0,0,0] ⊕ [2,0,0,1,1]⊕ [3,0,1,0,0]⊕ [3,0,0,0,2] 

• Nivel-16: [3, 0, 0, 0, 1] 

Dynkin 𝒱[4,0,0,0,0] 

• Nivel-0: [4, 0, 0, 0, 0] 

• Nivel-1: [3,0,0,0,1] ⊕ [4,0,0,1,0] 

• Nivel-2: [2,0,1,0,0] ⊕ [3,1,0,0,0]⊕ [3,0,0,1,1]⊕ [4,0,1,0,0] 

• Nivel-3: [3,0,0,1,0] ⊕ [1,1,0,1,0]⊕ [4,0,0,0,1]⊕ [2,1,0,0,1]⊕ [2,0,1,1,0]⊕ [3,1,0,1,0] ⊕

[3,0,1,0,1] ⊕ [4,1,0,0,1] 

• Nivel-4: [4,0,0,0,0] ⊕ [0,2,0,0,0]⊕ [1,0,0,2,0]⊕ [2,1,0,0,0]⊕ [2,0,0,1,1]⊕ [4,1,0,0,0] ⊕

[3,0,1,0,0] ⊕ [2,2,0,0,0] ⊕ [3,0,0,2,0] ⊕ [3,0,0,0,2] ⊕ [1,1,1,0,0]⊕ [1,1,0,2,0]⊕

[4,0,0,1,1] ⊕ [2,0,2,0,0] ⊕ [4,2,0,0,0] ⊕ [5,0,0,0,2] ⊕ [2,1,0,1,1]⊕ [3,1,1,0,0]⊕

[3,1,0,0,2] 

• Nivel-5: [0,1,0,1,0] ⊕ [2,0,0,1,0]⊕ [3,0,0,0,1]⊕ [1,1,0,0,1]⊕ [1,0,0,3,0]⊕ [4,0,0,1,0] ⊕

[0,2,0,1,0] ⊕ [1,0,1,1,0] ⊕ (2)[2,1,0,1,0] ⊕ [5,0,0,0,1] ⊕ [2,0,1,0,1] ⊕ [1,2,0,0,1]⊕

(2)[3,1,0,0,1]⊕ [2,0,0,2,1] ⊕ [3,0,1,1,0] ⊕ [4,1,0,1,0] ⊕ [1,1,1,1,0] ⊕ [2,2,0,1,0]⊕

[3,0,0,1,2] ⊕ [4,0,0,0,3] ⊕ [5,1,0,0,1] ⊕ [4,0,1,0,1] ⊕ [3,2,0,0,1]⊕ [2,1,1,0,1] 
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• Nivel-6: [0,0,1,0,0] ⊕ [1,1,0,0,0]⊕ [1,0,0,1,1]⊕ [0,1,1,0,0]⊕ [0,1,0,2,0]⊕

(2)[2,0,1,0,0]⊕ [1,2,0,0,0] ⊕ [3,1,0,0,0] ⊕ [2,0,0,2,0] ⊕ (2)[3,0,0,1,1] ⊕ [5,1,0,0,0] ⊕

[0,2,1,0,0] ⊕ (2)[1,1,0,1,1] ⊕ [1,3,0,0,0] ⊕ (2)[4,0,1,0,0] ⊕ [1,0,1,2,0] ⊕ [3,2,0,0,0] ⊕

[4,0,0,0,2] ⊕ (2)[2,1,1,0,0] ⊕ [2,1,0,2,0] ⊕ [2,1,0,0,2] ⊕ [5,0,0,1,1] ⊕ [6,0,1,0,0]⊕

[2,0,1,1,1] ⊕ [1,2,0,1,1] ⊕ (2)[3,1,0,1,1] ⊕ [4,1,1,0,0] ⊕ [2,2,1,0,0] ⊕ [3,0,1,0,2]⊕

[4,1,0,0,2] 

• Nivel-7: [0,0,0,0,1] ⊕ [1,0,0,1,0]⊕ [0,1,0,0,1]⊕ [2,0,0,0,1]⊕ [0,0,1,1,0]⊕ [3,0,0,1,0] ⊕

(2)[1,1,0,1,0]⊕ [4,0,0,0,1] ⊕ [0,2,0,0,1] ⊕ [1,0,1,0,1] ⊕ [1,0,0,2,1] ⊕ (2)[2,1,0,0,1] ⊕

[5,0,0,1,0] ⊕ [0,1,1,1,0] ⊕ (2)[2,0,1,1,0] ⊕ (2)[1,2,0,1,0] ⊕ (2)[3,1,0,1,0] ⊕

[6,0,0,0,1] ⊕ [2,0,0,1,2] ⊕ [0,3,0,0,1] ⊕ [7,0,0,1,0] ⊕ (2)[3,0,1,0,1] ⊕ (2)[4,1,0,0,1] ⊕

[1,1,1,0,1] ⊕ (2)[2,2,0,0,1] ⊕ [3,0,0,2,1] ⊕ [1,1,0,2,1] ⊕ [5,1,0,1,0] ⊕ [1,3,0,1,0]⊕

[4,0,1,1,0] ⊕ [3,2,0,1,0] ⊕ [4,0,0,1,2] ⊕ [2,1,1,1,0] ⊕ [2,1,0,1,2]⊕ [5,0,1,0,1]⊕

[3,1,1,0,1] 

• Nivel-8: [0,0,0,0,0] ⊕ [0,1,0,0,0]⊕ [2,0,0,0,0]⊕ [0,0,0,1,1]⊕ [4,0,0,0,0]⊕ [0,2,0,0,0] ⊕

[1,0,1,0,0] ⊕ [1,0,0,2,0] ⊕ [1,0,0,0,2] ⊕ [2,1,0,0,0] ⊕ [0,0,2,0,0]⊕ [6,0,0,0,0]⊕

[0,1,0,1,1] ⊕ [0,3,0,0,0] ⊕ (2)[2,0,0,1,1] ⊕ [4,1,0,0,0] ⊕ [3,0,1,0,0] ⊕ (2)[2,2,0,0,0] ⊕

[3,0,0,2,0] ⊕ [3,0,0,0,2] ⊕ (2)[1,1,1,0,0] ⊕ [8,0,0,0,0] ⊕ [1,1,0,2,0] ⊕ [1,1,0,0,2]⊕

[0,4,0,0,0] ⊕ [6,1,0,0,0] ⊕ [1,0,1,1,1] ⊕ [0,2,0,1,1] ⊕ (2)[4,0,0,1,1] ⊕ [5,0,1,0,0]⊕

[2,0,2,0,0] ⊕ [4,2,0,0,0] ⊕ [2,3,0,0,0] ⊕ [5,0,0,2,0] ⊕ [5,0,0,0,2]⊕ (3)[2,1,0,1,1]⊕

[1,2,1,0,0] ⊕ (2)[3,1,1,0,0] ⊕ [1,2,0,2,0] ⊕ [1,2,0,0,2] ⊕ [2,0,0,2,2] ⊕ [3,1,0,2,0]⊕

[3,1,0,0,2] ⊕ [6,0,0,1,1] ⊕ [4,0,2,0,0] ⊕ [3,0,1,1,1] ⊕ [4,1,0,1,1]⊕ [2,2,0,1,1] 

• Nivel-9: [0,0,0,1,0] ⊕ [1,0,0,0,1]⊕ [0,1,0,1,0]⊕ [2,0,0,1,0]⊕ [0,0,1,0,1]⊕ [3,0,0,0,1] ⊕

(2)[1,1,0,0,1]⊕ [4,0,0,1,0] ⊕ [0,2,0,1,0] ⊕ [1,0,1,1,0] ⊕ [1,0,0,1,2] ⊕ (2)[2,1,0,1,0] ⊕

[5,0,0,0,1] ⊕ [0,1,1,0,1] ⊕ (2)[2,0,1,0,1] ⊕ (2)[1,2,0,0,1] ⊕ (2)[3,1,0,0,1] ⊕

[6,0,0,1,0] ⊕ [2,0,0,2,1] ⊕ [0,3,0,1,0] ⊕ [7,0,0,0,1] ⊕ (2)[3,0,1,1,0] ⊕ (2)[4,1,0,1,0] ⊕

[1,1,1,1,0] ⊕ (2)[2,2,0,1,0] ⊕ [3,0,0,1,2] ⊕ [1,1,0,1,2] ⊕ [5,1,0,0,1] ⊕ [1,3,0,0,1]⊕
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[4,0,1,0,1] ⊕ [3,2,0,0,1] ⊕ [4,0,0,2,1] ⊕ [2,1,1,0,1] ⊕ [2,1,0,2,1]⊕ [5,0,1,1,0]⊕

[3,1,1,1,0] 

• Nivel-10: [0,0,1,0,0] ⊕ [1,1,0,0,0] ⊕ [1,0,0,1,1]⊕ [0,1,1,0,0]⊕ [0,1,0,0,2]⊕

(2)[2,0,1,0,0]⊕ [1,2,0,0,0] ⊕ [3,1,0,0,0] ⊕ [2,0,0,0,2] ⊕ (2)[3,0,0,1,1] ⊕ [5,1,0,0,0] ⊕

[0,2,1,0,0] ⊕ (2)[1,1,0,1,1] ⊕ [1,3,0,0,0] ⊕ (2)[4,0,1,0,0] ⊕ [1,0,1,0,2] ⊕ [3,2,0,0,0] ⊕

[4,0,0,2,0] ⊕ (2)[2,1,1,0,0] ⊕ [2,1,0,2,0] ⊕ [2,1,0,0,2] ⊕ [5,0,0,1,1] ⊕ [6,0,1,0,0]⊕

[2,0,1,1,1] ⊕ [1,2,0,1,1] ⊕ (2)[3,1,0,1,1] ⊕ [4,1,1,0,0] ⊕ [2,2,1,0,0] ⊕ [3,0,1,2,0]⊕

[4,1,0,2,0] 

• Nivel-11: [0,1,0,0,1]⊕ [2,0,0,0,1]⊕ [3,0,0,1,0] ⊕ [1,1,0,1,0] ⊕ [1,0,0,0,3] ⊕

[4,0,0,0,1] ⊕ [0,2,0,0,1] ⊕ [1,0,1,0,1] ⊕ (2)[2,1,0,0,1] ⊕ [5,0,0,1,0] ⊕ [2,0,1,1,0]⊕

[1,2,0,1,0] ⊕ (2)[3,1,0,1,0] ⊕ [2,0,0,1,2] ⊕ [3,0,1,0,1] ⊕ [4,1,0,0,1] ⊕ [1,1,1,0,1]⊕

[2,2,0,0,1] ⊕ [3,0,0,2,1] ⊕ [4,0,0,3,0] ⊕ [5,1,0,1,0] ⊕ [4,0,1,1,0]⊕ [3,2,0,1,0]⊕

[2,1,1,1,0] 

• Nivel-12: [4,0,0,0,0] ⊕ [0,2,0,0,0] ⊕ [1,0,0,0,2]⊕ [2,1,0,0,0]⊕ [2,0,0,1,1]⊕

[4,1,0,0,0] ⊕ [3,0,1,0,0] ⊕ [2,2,0,0,0] ⊕ [3,0,0,2,0] ⊕ [3,0,0,0,2]⊕ [1,1,1,0,0]⊕

[1,1,0,0,2] ⊕ [4,0,0,1,1] ⊕ [2,0,2,0,0] ⊕ [4,2,0,0,0] ⊕ [5,0,0,2,0]⊕ [2,1,0,1,1]⊕

[3,1,1,0,0] ⊕ [3,1,0,2,0] 

• Nivel-13: [3,0,0,0,1] ⊕ [1,1,0,0,1] ⊕ [4,0,0,1,0]⊕ [2,1,0,1,0]⊕ [2,0,1,0,1]⊕

[3,1,0,0,1] ⊕ [3,0,1,1,0] ⊕ [4,1,0,1,0] 

• Nivel-14: [2,0,1,0,0] ⊕ [3,1,0,0,0] ⊕ [3,0,0,1,1]⊕ [4,0,1,0,0] 

• Nivel-15: [3,0,0,1,0] ⊕ [4,0,0,0,1] 

• Nivel-16: [4, 0, 0, 0, 0] 

 

ℐ(𝜔𝑖, Δ𝐼) = ℐ∞(𝜔𝑖, Δ𝐼) ∑  

∞

𝑛1,…,𝑛𝐷=0

 𝑒−𝑁𝑛𝐼Δ𝐼ℐ(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼)  

log⁡ ℐ(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) ∼ −
𝜔1𝜔2
(2𝜋)3

𝒱(𝐛, 𝜆𝐼)⁡ with ⁡𝐛 =∑  

𝐼

 Δ𝐼𝐯𝐼 , 𝜆𝐼 = 𝑛𝐼  
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log⁡ ℐ(𝜔𝑖 , Δ𝐼) ∼
𝑁2

12𝜔1𝜔2
∑  

𝐼,𝐽,𝐾

 𝐶𝐼,𝐽,𝐾Δ𝐼Δ𝐽Δ𝐾 , 𝐶𝐼,𝐽,𝐾: = |𝐯𝐼 ⋅ (𝐯𝐽 × 𝐯𝐾)|.  

𝑑𝑠6
2 = 𝑑𝑟2 + 𝑟2𝑑𝑠5

2  

 

𝒞 = {𝐮 ∈ ℝ3: 𝐮 ⋅ 𝐯𝐼 ≥ 0, 𝐼 = 1,… , 𝐷}  

𝒫 = 𝒞 ∩ℋ(𝐛)  

ℋ(𝐛):= {𝐮 ∈ ℝ3: 𝐮 ⋅ 𝐛 =
1

2
}  

𝒱(𝐛, 𝜆𝐼)

⁡=
(2𝜋)3

2
∑  

𝐷

𝐼=1

 (
𝜆𝐼(𝜆𝐼𝐛 ⋅ (𝐯𝐼+1 × 𝐯𝐼−1) + 𝜆𝐼+1𝐛 ⋅ (𝐯𝐼−1 × 𝐯𝐼) + 𝜆𝐼−1𝐛 ⋅ (𝐯𝐼 × 𝐯𝐼+1))

𝐛 ⋅ (𝐯𝐼−1 × 𝐯𝐼)𝐛 ⋅ (𝐯𝐼 × 𝐯𝐼+1)
)

 

𝒱(𝐛, 𝜆𝐼) = 𝒱(𝐛, 𝜆𝐼
′)  

𝜆𝐼
′ = 𝜆𝐼 + 𝐮 ⋅ (𝑏

3𝐯𝐼 − 𝐛)  

(+
1

2
,−
1

2
,+
1

2
) ⁡ under (Δ, 𝐽𝑖, 𝑄𝐼).  

ℐ(𝜔𝑖, Δ𝐼) = Tr[𝑒
−𝜔𝑖𝐽𝑖−Δ𝐼𝑄𝐼]  

𝜔1 +𝜔2 −∑ 

𝐷

𝐼=1

 Δ𝐼 = 2𝜋𝑖⁡(mod4𝜋𝑖)  

log⁡ ℐ(𝜔𝑖 , Δ𝐼) ∼
𝑁2

12𝜔1𝜔2
∑  

𝐼,𝐽,𝐾

 𝐶𝐼,𝐽,𝐾Δ𝐼Δ𝐽Δ𝐾 , 𝐶𝐼,𝐽,𝐾: = |𝐯𝐼 ⋅ (𝐯𝐽 × 𝐯𝐾)|  

𝑆𝐼 ≅ 𝑆
3/ℤ𝑘𝐼 , 𝑘𝐼 = 𝐯𝐼−1 ⋅ (𝐯𝐼 × 𝐯𝐼+1) > 0  
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𝑆𝐼 ∩ 𝑆𝐼+1 ≅ 𝑆
1  

ℐ(𝜔𝑖, Δ𝐼) = ℐ∞(𝜔𝑖, Δ𝐼) ∑  

𝑛𝐼∈ℤ≥0

 𝑒−𝑁𝑛𝐼Δ𝐼ℐ(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼),  

ℐ(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) = ∫ ⁡ (∏ 

𝐷

𝐼=1

 𝑑𝑛𝐼𝑢𝐼)(∏ 

𝐷

𝐼=1

 𝐹𝐼
(4𝑑)

(𝜔𝑖, Δ𝐼; 𝑢𝐼))(∏ 

𝐷

𝐼=1

 𝐹𝐼,𝐼+1
(2𝑑)

(𝜔𝑖 , Δ𝐼; 𝑢𝐼 , 𝑢𝐼+1)) 

 

𝐹𝐼
(4𝑑)

(𝜔𝑖, Δ𝐼; 𝑢𝐼) = Υ𝐼
(4𝑑)

(𝜔𝑖, Δ𝐼)𝐹̃𝐼
(4𝑑)

(𝜔𝑖, Δ𝐼; 𝑢𝐼),  

𝐹𝐼,𝐼+1
(2𝑑)

(𝜔𝑖, Δ𝐼; 𝑢𝐼 , 𝑢𝐼+1) = Υ𝐼,𝐼+1
(2𝑑)

(𝜔𝑖, Δ𝐼)𝐹̃𝐼
(2𝑑)

(𝜔𝑖, Δ𝐼; 𝑢𝐼 , 𝑢𝐼+1),  

ℐ(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) = (∏ 

𝐷

𝐼=1

 Υ𝐼
(4𝑑)

(𝜔𝑖, Δ𝐼)Υ𝐼,𝐼+1
(2𝑑)

(𝜔𝑖, Δ𝐼)) ℐ̃(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼)  

ℐ̃(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) = ∫ ⁡ (∏ 

𝐷

𝐼=1

 𝑑𝑛𝐼𝑢𝐼)(∏ 

𝐷

𝐼=1

  𝐹̃𝐼
(4𝑑)

(𝜔𝑖, Δ𝐼; 𝑢𝐼))(∏ 

𝐷

𝐼=1

  𝐹̃𝐼,𝐼+1
(2𝑑)

(𝜔𝑖 , Δ𝐼; 𝑢𝐼 , 𝑢𝐼+1))  

log⁡ ℐ̃(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) ∼∑  

𝐼

 𝑛𝐼log⁡ 𝑘𝐼  

log⁡ ℐ(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) ∼∑  

𝐷

𝐼=1

 log⁡ Υ𝐼
(4𝑑)(𝜔𝑖, Δ𝐼) +∑  

𝐷

𝐼=1

 log⁡ Υ𝐼,𝐼+1
(2𝑑)(𝜔𝑖 , Δ𝐼)  

𝜀 =∑ 

𝐷

𝐼=1

 Δ𝐼𝐯𝐼  

log⁡ Υ𝐼
(4𝑑)(𝜔𝑖, Δ𝐼) =

𝑛𝐼
2𝜔1𝜔2
2

(
𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼+1)

𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼)𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)
)  

log⁡ Υ𝐼
(4𝑑)(𝜔𝑖, Δ𝐼) =

𝑛𝐼
2

2𝑘𝐼

Δ1
(𝐼)
Δ2
(𝐼)
Δ3
(𝐼)

𝜔1
(𝐼)
𝜔2
(𝐼)

 

𝜔1
(𝐼)
+𝜔2

(𝐼)
− Δ1

(𝐼)
− Δ2

(𝐼)
− Δ3

(𝐼)
= 2𝜋𝑖⁡(mod4𝜋𝑖)  

𝜔1
(𝐼)
=
1

𝑘𝐼
𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼), 𝜔2

(𝐼)
=
1

𝑘𝐼
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1),

Δ1
(𝐼)
= 𝜔1, Δ2

(𝐼)
= 𝜔2,

⁡Δ3
(𝐼)
=
1

𝑘𝐼
𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼+1),  

𝐯𝐽 ⋅ (𝐯𝐼−1 × 𝐯𝐼 + 𝐯𝐼 × 𝐯𝐼+1 + 𝐯𝐼+1 × 𝐯𝐼−1) = 𝑘𝐼  

log⁡ Υ𝐼,𝐼+1
(2𝑑)(𝜔𝑖, Δ𝐼) = −

𝑛𝐼𝑛𝐼+1𝜔1𝜔2
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)
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log⁡ Υ𝐼,𝐼+1
(2𝑑)

(𝜔𝑖, Δ𝐼) = −𝑛𝐼𝑛𝐼+1
Δ1
(𝐼,𝐼+1)

Δ2
(𝐼,𝐼+1)

𝜔(𝐼,𝐼+1)
 

Δ1
(𝐼,𝐼+1)

= 𝜔1, Δ2
(𝐼,𝐼+1)

= 𝜔2, 𝜔
(𝐼,𝐼+1) = 𝜺 ⋅ (𝐯𝐼 × 𝐯𝐼+1)  

log⁡ ℐ(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) ∼
𝜔1𝜔2
2

∑  

𝐷

𝐼=1

(
𝑛𝐼
2𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼+1)

𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼)𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)
−

2𝑛𝐼𝑛𝐼+1
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)

)  

⁡= −
𝜔1𝜔2
2

∑  

𝐷

𝐼=1

 (
𝑛𝐼(𝑛𝐼𝜀 ⋅ (𝐯𝐼+1 × 𝐯𝐼−1) + 𝑛𝐼+1𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼) + 𝑛𝐼−1𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1))

𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼)𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)
)

 

log⁡ ℐ(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) ∼ −
𝜔1𝜔2
(2𝜋)3

𝒱(𝐛, 𝜆𝐼)  

𝐛 = 𝜀 =∑  

𝐼

 Δ𝐼𝐯𝐼 , 𝜆𝐼 = 𝑛𝐼  

ℐ(𝜔𝑖, Δ𝐼)

ℐ∞(𝜔𝑖Δ𝐼)
∼ ∑  

𝑛𝐼∈ℤ≥0

  𝑒−𝒜(𝑛𝐼)  

𝒜(𝑛𝐼) = 𝑁∑  

𝐼

 𝑛𝐼Δ𝐼 −
𝜔1𝜔2
2

∑  

𝐼

 (
𝑛𝐼
2𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼+1)

𝜀 ⋅ (𝐯𝐼−1 × 𝐯𝐼)𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)
−

2𝑛𝐼𝑛𝐼+1
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)

) ,  

ℐ(𝜔𝑖, Δ𝐼)

ℐ∞(𝜔𝑖, Δ𝐼)
∼ ∫  

∞

0

 ∏  

𝐼

 𝑑𝑛𝐼𝑒
−𝒜(𝑛𝐼)  

𝒜(𝑛𝐼
′) = 𝒜(𝑛𝐼)  

𝑛𝐼
′ = 𝑛𝐼 +∑ 

𝐷

𝐽=1

 Δ𝐽𝐮 ⋅ (𝐯𝐼 − 𝐯𝐽),⁡ for any 𝐮 ∈ ℝ3  

∑ 

𝐼

  (𝑛𝐼
′ − 𝑛𝐼)Δ𝐼 =∑ 

𝐼,𝐽

 Δ𝐼Δ𝐽𝐮 ⋅ (𝐯𝐼 − 𝐯𝐽) = 0  

𝑛𝐼 =

{
 
 

 
 𝑚𝐼 +∑ 

𝐽

 Δ𝐽𝐮 ⋅ (𝐯𝐼 − 𝐯𝐽), 𝐼 = 1,… , 𝐷 − 2

∑  

𝐽

 Δ𝐽𝐮 ⋅ (𝐯𝐼 − 𝐯𝐽), 𝐼 = 𝐷 − 1,𝐷
⁡ where 𝐮 = (

𝜎1
𝜎2
0
)  

∫  
∞

0

 ∏  

𝐼

 𝑑𝑛𝐼𝑒
−𝒜(𝑛𝐼) = ∫  

∞

0

 ∏  

𝐴

 𝑑𝑚𝐴𝑉(𝑚𝐴)𝑒
−ℬ(𝑚𝐴)  

ℬ(𝑚𝐴) = 𝑁∑  

𝐷−2

𝐴=1

𝑚𝐴Δ𝐴 −
𝜔1𝜔2
2

∑  

𝐷−2

𝐴=1

(
𝑚𝐴
2𝜺 ⋅ (𝐯𝐴−1 × 𝐯𝐴+1)

𝜺 ⋅ (𝐯𝐴−1 × 𝐯𝐴)𝜺 ⋅ (𝐯𝐴 × 𝐯𝐴+1)
−

2𝑚𝐴𝑚𝐴+1
𝜺 ⋅ (𝐯𝐴 × 𝐯𝐴+1)

) 

𝑉(𝑚𝐴) = 𝐽∬  
𝑃(𝑚𝐴)⊂ℝ

2
 𝑑𝜎1𝑑𝜎2 = 𝐽 × Area[𝑃(𝑚𝐴)]  
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∫  
∞

0

 ∏  

𝐼

 𝑑𝑛𝐼𝑒
−𝒜(𝑛𝐼) ∼ 𝑉(𝑚𝐴

∗)𝑒−ℬ(𝑚𝐴
∗ )

 

𝜕ℬ

𝜕𝑚𝐴
(𝑚𝐴

∗) = 0  

𝑚𝐴
∗ = −

𝑁

𝜔1𝜔2
(𝜀 × 𝐯𝐴) ⋅ ( ∑  

𝐷−1

𝐼=𝐴+1

 Δ𝐼𝐯𝐼)  

ℬ(𝑚𝐴
∗) = −

𝑁2

12𝜔1𝜔2
∑  

𝐼,𝐽,𝐾

 𝐶𝐼,𝐽,𝐾Δ𝐼Δ𝐽Δ𝐾 ,  

log⁡ ℐ(𝜔𝑖, Δ𝐼) ∼
𝑁2

12𝜔1𝜔2
∑  

𝐼,𝐽,𝐾

 𝐶𝐼,𝐽,𝐾Δ𝐼Δ𝐽Δ𝐾 + log⁡ 𝑉(𝑚𝐴
∗) + ⋯  

log⁡ 𝑉(𝑚𝐴
∗) = 2log⁡𝑁 +⋯ ,  

𝑛3 = 𝑛3
∗ = −

Δ1Δ2
𝜔1𝜔2

𝑁  

1

2
𝑁2
Δ1Δ2Δ3
𝜔1𝜔2

= 𝑆 − 𝜔𝑖𝐽𝐼 − Δ𝐼𝑄𝐼  

𝐽1 + 𝑄3=
1

2
𝑁2

Δ1Δ2
𝜔1𝜔2

(
Δ3
𝜔1
− 1) ⁡

𝐽2 + 𝑄3=
1

2
𝑁2

Δ1Δ2
𝜔1𝜔2

(
Δ3
𝜔2
− 1) ⁡

𝑄3 − 𝑄1=
1

2
𝑁2

Δ2
𝜔1𝜔2

(Δ3 − Δ1) ⁡

𝑄3 − 𝑄2⁡=
1

2
𝑁2

Δ1
𝜔1𝜔2

(Δ3 − Δ2)

 

𝑛3
∗ = −

Δ1Δ2
𝜔1𝜔2

𝑁 =
2

𝑁
𝑄3 +

𝑖

𝜋𝑁
𝑆  

𝒱(𝐛, 𝜆𝐼) = −
(2𝜋)4

3!
∑  

𝐷

𝐼=1

 𝜆𝐼∑  

𝑙𝐼−1

𝑘=2

 
𝑋𝐼,𝑘𝑋̃𝐼,𝑘

(𝐯𝐼 , 𝐯𝐼,𝑘−1, 𝐯𝐼,𝑘 , 𝐛)(𝐯𝐼,𝑙𝐼 , 𝐯𝐼 , 𝐯𝐼,1, 𝐛)(𝐯𝐼,𝑘 , 𝐯𝐼,𝑘+1, 𝐯𝐼 , 𝐛)
,  

𝑋𝐼,𝑘 =−𝜆𝐼(𝐯𝐼,𝑘−1, 𝐯𝐼,𝑘 , 𝐯𝐼,𝑘+1, 𝐛) + 𝜆𝐼,𝑘−1(𝐯𝐼,𝑘 , 𝐯𝐼,𝑘+1, 𝐯𝐼 , 𝐛) ⁡

−𝜆𝐼,𝑘(𝐯𝐼,𝑘+1, 𝐯𝐼 , 𝐯𝐼,𝑘−1, 𝐛) + 𝜆𝐼,𝑘+1(𝐯𝐼 , 𝐯𝐼,𝑘−1, 𝐯𝐼,𝑘, 𝐛),⁡

𝑋̃𝐼,𝑘 =−𝜆𝐼(𝐯𝐼,1, 𝐯𝐼,𝑘, 𝐯𝐼,𝑙𝐼 , 𝐛) + 𝜆𝐼,1(𝐯𝐼,𝑘 , 𝐯𝐼,𝑙𝐼 , 𝐯𝐼 , 𝐛) ⁡

⁡−𝜆𝐼,𝑘(𝐯𝐼,𝑙𝐼 , 𝐯𝐼 , 𝐯𝐼,1, 𝐛) + 𝜆𝐼,𝑙𝐼(𝐯𝐼 , 𝐯𝐼,1, 𝐯𝐼,𝑘 , 𝐛).

 

(+
1

2
,−
1

2
,+
1

2
) ⁡ under (Δ, 𝐽, 𝑄𝐼).  

ℐ(𝜔, Δ𝐼) = Tr[𝑒
−𝜔𝐽−Δ𝐼𝑄𝐼]  
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𝜔 −∑  

𝐷

𝐼=1

 Δ𝐼 = 2𝜋𝑖⁡(mod4𝜋𝑖)  

ℐ(𝜔, Δ𝐼) = ℐ∞(𝜔, Δ𝐼) ∑  

𝑛𝐼∈ℤ≥0

  𝑒−𝑁𝑛𝐼Δ𝐼ℐ(𝑛1,…,𝑛𝐷)(𝜔, Δ𝐼)  

log⁡ ℐ(𝑛1,…,𝑛𝐷)(𝜔, Δ𝐼) ∼ −
𝜔2

4(2𝜋)4
𝒱(𝐛, 𝜆𝐼)  

𝐛 = 𝜀 =∑  

𝐼

 Δ𝐼𝐯𝐼 , 𝜆𝐼 = 𝑛𝐼  

log⁡ ℐ(𝑛1,𝑛2,𝑛3,𝑛4)(𝜔, Δ𝐼) ∼∑  

4

𝐼=1

log⁡ ℐ𝐼
(6𝑑)

(𝜔, Δ𝐼) +∑  

𝐼<𝐽

log⁡ ℐ𝐼,𝐽
(4𝑑)

(𝜔, Δ𝐼) + ∑  

𝐼<𝐽<𝐾

ℐ𝐼,𝐽,𝐾
(2𝑑)

(𝜔, Δ𝐼) 

log⁡ ℐ(𝑛1,𝑛2,𝑛3,𝑛4)(𝜔, Δ𝐼) ∼ −
𝜔2(∑  4

𝐼=1  𝑛𝐼Δ𝐼)
3

24Δ1Δ2Δ3Δ4
 

𝒱(𝐛, 𝜆𝐼) =
(2𝜋)4

6

(−𝜆1(𝐯2, 𝐯3, 𝐯4, 𝐛) + 𝜆2(𝐯3, 𝐯4, 𝐯1, 𝐛) − 𝜆3(𝐯4, 𝐯1, 𝐯2, 𝐛) + 𝜆4(𝐯1, 𝐯2, 𝐯3, 𝐛))
3

(𝐯1, 𝐯2, 𝐯3, 𝐛)(𝐯2, 𝐯3, 𝐯4, 𝐛)(𝐯3, 𝐯4, 𝐯1, 𝐛)(𝐯4, 𝐯1, 𝐯2, 𝐛)
 

𝒱(𝐛, 𝜆𝐼) =
(2𝜋)4

6

(∑  4
𝐼=1  𝑛𝐼Δ𝐼)

3

Δ1Δ2Δ3Δ4
 

log⁡ ℐ(𝜔, Δ𝐼) ∼ ±
4√2𝑖

3
𝑁3/2

√Δ1Δ2Δ3Δ4
𝜔

,  

𝜔1
(𝐼)
+𝜔2

(𝐼)
− Δ1

(𝐼)
− Δ2

(𝐼)
− Δ3

(𝐼)
= 2𝜋𝑖⁡(mod4𝜋𝑖).  

exp⁡ (
2𝜋𝑖

𝐯𝐼−1 ⋅ (𝐯𝐼 × 𝐯𝐼+1)
(𝐽1 + 𝛼𝐼𝐽2 + (1 + 𝛼𝐼)𝑄3)) .  

𝑝1,2 = 𝑒
2𝜋𝑖𝜎1,2 = 𝑒−𝜔1,2

(𝐼)

, 𝑥1,2,3 = 𝑒
2𝜋𝑖𝜈1,2,3 = 𝑒−Δ1,2,3

(𝐼)
 

𝜎1 + 𝜎2 − 𝜈1 − 𝜈2 − 𝜈3 = 1⁡(mod2)  

𝜎1 + 𝜎2 − 𝜈1 − 𝜈2 − 𝜈3 = −1  

𝑧𝐼,𝑎 = 𝑒
2𝜋𝑖𝑢𝐼,𝑎  

𝐹(4𝑑) = ∑  

ℎ=(ℎ1,…,ℎ𝑛)

 𝐹ℎ
(4𝑑)

,  

𝐹ℎ
(4𝑑)

= 𝜇ℎ(𝑧)Pexp [
1

𝑘
∑  

𝑘−1

𝑙=0

 (1 −
(1 − 𝑥1)(1 − 𝑥2)(1 − 𝜔

(1+𝛼)𝑙𝑥3)

(1 − 𝜔𝑙𝑝1)(1 − 𝜔
𝛼𝑙𝑝2)

) ∑  

𝑛

𝑎,𝑏=1

 𝜔(ℎ𝑎−ℎ𝑏)𝑙
𝑧𝑎
𝑧𝑏
] ,  
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𝜇ℎ(𝑧) = ∏  
(𝑎,𝑏)∈𝐾ℎ
𝑎≠𝑏

  (1 −
𝑧𝑎
𝑧𝑏
)

 

Pexp [
1

𝑘
∑  

𝑘−1

𝑙=0

  ∑  

𝑛

𝑎,𝑏=1

 𝜔(ℎ𝑎−ℎ𝑏)𝑙
𝑧𝑎
𝑧𝑏
]= Pexp [ ∑  

(𝑎,𝑏)∈𝐾ℎ

 
𝑧𝑎
𝑧𝑏
] = 𝜇ℎ(𝑧)

−1⁡

⁡

 

𝑓(𝑥) = ∑  

∞

𝑛=0

 𝑎𝑛𝑥
𝑛 ⁡⟹ ⁡Pexp[𝑓(𝑥)] = exp⁡ (∑  

∞

𝑛=1

 
𝑓(𝑥𝑛) − 𝑓(0)

𝑛
) =∏ 

∞

𝑛=1

  (1 − 𝑥𝑛)−𝑎𝑛 .  

Pexp [−
1

𝑘
∑  

𝑘−1

𝑙=0

 (
(1 − 𝑥1)(1 − 𝑥2)(1 − 𝜔

(1+𝛼)𝑙𝑥3)

(1 − 𝜔𝑙𝑝1)(1 − 𝜔
𝛼𝑙𝑝2)

) ∑  

𝑛

𝑎,𝑏=1

 𝜔(ℎ𝑎−ℎ𝑏)𝑙
𝑧𝑎
𝑧𝑏
]

= Pexp [−
1

𝑘
∑  

𝑛

𝑎,𝑏=1

  ∑  

𝑘−1

𝑙,𝑚1,𝑚2=0

 (
(1 − 𝑥1)(1 − 𝑥2)(1 − 𝜔

(1+𝛼)𝑙𝑥3)

(1 − 𝑝1
𝑘)(1 − 𝑝2

𝑘)
)𝑝1

𝑚1𝑝2
𝑚2𝜔(ℎ𝑎−ℎ𝑏+𝑚1+𝛼𝑚2)𝑙

𝑧𝑎
𝑧𝑏
] ⁡

= Pexp [−
(1 − 𝑥1)(1 − 𝑥2)

(1 − 𝑝1
𝑘)(1 − 𝑝2

𝑘)
× ∑  

𝑛

𝑎,𝑏=1

  ∑  

𝑘−1

𝑚1,𝑚2=0

  (𝛿ℎ𝑎−ℎ𝑏+𝑚1+𝛼𝑚2,0 − 𝛿ℎ𝑎−ℎ𝑏+(𝑚1+1)+𝛼(𝑚2+1),0𝑥3) ⁡⁡𝑝1
𝑚1𝑝2

𝑚2
𝑧𝑎
𝑧𝑏
]⁡

= Pexp [−
(1 − 𝑥1)(1 − 𝑥2)

(1 − 𝑝1
𝑘)(1 − 𝑝2

𝑘)

⁡

⁡× ∑  

𝑛

𝑎,𝑏=1

  ∑  

𝑘−1

𝑚1,𝑚2=0

 𝛿ℎ𝑎−ℎ𝑏+𝑚1+𝛼𝑚2,0 (𝑝1
𝑚1𝑝2

𝑚2
𝑧𝑎
𝑧𝑏
− 𝑥3𝑝1

𝑘−1−𝑚1𝑝2
𝑘−1−𝑚2

𝑧𝑏
𝑧𝑎
)]

 

𝐹ℎ
(4𝑑)

=∏ 

𝑎≠𝑏

 ∏  

𝑘−1

𝑚=0

 

Γ(𝑢𝑎𝑏 + ⟦ℎ𝑏 − ℎ𝑎 − 𝛼𝑚⟧𝜎1 +𝑚𝜎2 + 𝜈1, 𝑘𝜎1, 𝑘𝜎2)Γ(𝑢𝑎𝑏 + ⟦ℎ𝑏 − ℎ𝑎 − 𝛼𝑚⟧𝜎1 +𝑚𝜎2 + 𝜈2, 𝑘𝜎1, 𝑘𝜎2)

Γ(𝑢𝑎𝑏 + ⟦ℎ𝑏 − ℎ𝑎 − 𝛼𝑚⟧𝜎1 +𝑚𝜎2 + 𝜈1 + 𝜈2, 𝑘𝜎1, 𝑘𝜎2)Γ(𝑢𝑎𝑏 + ⟦ℎ𝑏 − ℎ𝑎 − 𝛼𝑚⟧𝜎1 +𝑚𝜎2, 𝑘𝜎1, 𝑘𝜎2)
,

 

Γ(𝑥, 𝜎, 𝜏) = Pexp [
𝑒2𝜋𝑖𝑥 − 𝑒2𝜋𝑖(𝜎+𝜏−𝑥)

(1 − 𝑒2𝜋𝑖𝜎)(1 − 𝑒2𝜋𝑖𝜏)
] = ∏  

𝑛,𝑚≥0

 
1 − 𝑒2𝜋𝑖(−𝑥+(𝑛+1)𝜎+(𝑚+1)𝜏)

1 − 𝑒2𝜋𝑖(𝑥+𝑛𝜎+𝑚𝜏)
 

Γ(𝑥, 𝜎, 𝜏)= 𝑒−𝑖𝜋𝑃+(𝑥,𝜎,𝜏)Γ (−
𝑥 + 1

𝜎
,−
1

𝜎
,−
𝜏

𝜎
)Γ (

𝑥

𝜏
, −
1

𝜏
,
𝜎

𝜏
) ⁡

⁡= 𝑒−𝑖𝜋𝑃−(𝑥,𝜎,𝜏)Γ (−
𝑥

𝜎
,−
1

𝜎
,−
𝜏

𝜎
) Γ (

𝑥 − 1

𝜏
,−
1

𝜏
,
𝜎

𝜏
)

 

𝑃±(𝑥, 𝜎, 𝜏) =
1

3𝜎𝜏
𝑥3 −

𝜎 + 𝜏 ∓ 1

2𝜎𝜏
𝑥2 +

𝜎2 + 𝜏2 + 3𝜎𝜏 ∓ 3𝜎 ∓ 3𝜏 + 1

6𝜎𝜏
𝑥

±
1

12
(𝜎 + 𝜏 ∓ 1) (

1

𝜎
+
1

𝜏
∓ 1)
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Γ(𝑥 + 𝛾 + 𝛼, 𝜎, 𝜏)Γ(𝑥 + 𝛾 + 𝛽, 𝜎, 𝜏)Γ(−𝑥 + 𝛾 + 𝛼, 𝜎, 𝜏)Γ(−𝑥 + 𝛾 + 𝛽, 𝜎, 𝜏)

Γ(𝑥 + 𝛾 + 𝛼 + 𝛽, 𝜎, 𝜏)Γ(𝑥 + 𝛾, 𝜎, 𝜏)Γ(−𝑥 + 𝛾 + 𝛼 + 𝛽, 𝜎, 𝜏)Γ(−𝑥 + 𝛾, 𝜎, 𝜏)
= exp⁡ (

2𝜋𝑖𝛼𝛽(𝛼 + 𝛽 − 𝜎 − 𝜏 + 2𝛾 − 1)

𝜎𝜏
)⁡

× (
Γ (−

𝑥 + 𝛾 + 𝛼
𝜎

,−
1
𝜎
, −
𝜏
𝜎
) Γ (−

𝑥 + 𝛾 + 𝛽
𝜎

,−
1
𝜎
,−
𝜏
𝜎
) Γ (−

−𝑥 + 𝛾 + 𝛼
𝜎

,−
1
𝜎
,−
𝜏
𝜎
) Γ (−

−𝑥 + 𝛾 + 𝛽
𝜎

,−
1
𝜎
,−
𝜏
𝜎
)

Γ (−
𝑥 + 𝛾 + 𝛼 + 𝛽

𝜎
,−
1
𝜎
,−
𝜏
𝜎
) Γ (−

𝑥 + 𝛾
𝜎

,−
1
𝜎
,−
𝜏
𝜎
) Γ (−

−𝑥 + 𝛾 + 𝛼 + 𝛽
𝜎

,−
1
𝜎
,−
𝜏
𝜎
) Γ (−

−𝑥 + 𝛾
𝜎

,−
1
𝜎
,−
𝜏
𝜎
)
) ⁡

⁡× (
Γ (
𝑥 + 𝛾 + 𝛼 − 1

𝜏
, −
1
𝜏
,
𝜎
𝜏
) Γ (

𝑥 + 𝛾 + 𝛽 − 1
𝜏

, −
1
𝜏
,
𝜎
𝜏
) Γ (

−𝑥 + 𝛾 + 𝛼 − 1
𝜏

, −
1
𝜏
,
𝜎
𝜏
) Γ (

−𝑥 + 𝛾 + 𝛽 − 1
𝜏

, −
1
𝜏
,
𝜎
𝜏
)

Γ (
𝑥 + 𝛾 + 𝛼 + 𝛽 − 1

𝜏
, −
1
𝜏
,
𝜎
𝜏
) Γ (

𝑥 + 𝛾 − 1
𝜏

, −
1
𝜏
,
𝜎
𝜏
) Γ (

−𝑥 + 𝛾 + 𝛼 + 𝛽 − 1
𝜏

, −
1
𝜏
,
𝜎
𝜏
) Γ (

−𝑥 + 𝛾 − 1
𝜏

, −
1
𝜏
,
𝜎
𝜏
)
)

 

𝐹ℎ
(4𝑑)

= Υℎ
(4𝑑)

𝐹̃ℎ
(4𝑑)

 

Υℎ
(4𝑑)

= exp⁡

(

 
 2𝜋𝑖𝜈1𝜈2
𝑘2𝜎1𝜎2

∑  

𝑎<𝑏

 (−𝑘𝜎1 − 𝑘𝜎2 + ∑  

𝑘−1

𝑚=0

  (𝜈1 + 𝜈2 − 1))

)

 
 
⁡

= exp⁡ (
𝜋𝑖

𝑘
𝑛(𝑛 − 1)

𝜈1𝜈2
𝜎1𝜎2

(𝜈1 + 𝜈2 − 𝜎1 − 𝜎2 − 1)) ⁡

⁡= exp⁡ (−
𝜋𝑖

𝑘
𝑛(𝑛 − 1)

𝜈1𝜈2𝜈3
𝜎1𝜎2

)

 

𝐹𝐼
(4𝑑)

= Υ𝐼
(4𝑑)

𝐹̃𝐼
(4𝑑)  

𝐹̃𝐼
(4𝑑)

=∑  

ℎ

  𝐹̃𝐼,ℎ
(4𝑑)

 

Υ𝐼
(4𝑑)

= exp⁡ (
𝑛𝐼(𝑛𝐼 − 1)

2𝑘𝐼

Δ1
(𝐼)
Δ2
(𝐼)
Δ3
(𝐼)

𝜔1
(𝐼)
𝜔2
(𝐼)

)  

log⁡ Υ𝐼
(4𝑑)

∼
𝑛𝐼
2

2𝑘𝐼

Δ1
(𝐼)
Δ2
(𝐼)
Δ3
(𝐼)

𝜔1
(𝐼)
𝜔2
(𝐼)

 

𝐹𝐼,𝐼+1
(2𝑑)

=∏ 

𝑛𝐼

𝑎=1

 ∏  

𝑛𝐼+1

𝑏=1

  [
𝜗 (𝑢𝐼,𝑎 − 𝑢𝐼+1,𝑏 −

1
2 −

1
4𝜋𝑖

(𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1) + 𝜔1 −𝜔2),−
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)

2𝜋𝑖 )

𝜗 (𝑢𝐼,𝑎 − 𝑢𝐼+1,𝑏 −
1
2 −

1
4𝜋𝑖

(𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1) − 𝜔1 −𝜔2),−
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)

2𝜋𝑖 )

×
𝜗 (−𝑢𝐼,𝑎 + 𝑢𝐼+1,𝑏 −

1
2
−
1
4𝜋𝑖

(𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1) + 𝜔1 −𝜔2),−
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)

2𝜋𝑖
)

𝜗 (−𝑢𝑎
𝐼 + 𝑢𝑏

𝐼+1 −
1
2 −

1
4𝜋𝑖

(𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1) − 𝜔1 −𝜔2),−
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)

2𝜋𝑖 )
]

 

𝜗(𝑥, 𝜏) =∏ 

∞

𝑛=0

  (1 − 𝑒2𝜋𝑖(−𝑥+(𝑛+1)𝜏))(1 − 𝑒2𝜋𝑖(𝑥+𝑛𝜏))  

𝜗(𝑥, 𝜏) = 𝑒−𝑖𝜋𝐵(𝑥,𝜏)𝜗 (
𝑥

𝜏
,−
1

𝜏
) ,  
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𝐵(𝑥, 𝜏) =
1

𝜏
𝑥2 + (

1

𝜏
− 1) 𝑥 +

1

6
(𝜏 +

1

𝜏
) −

1

2
 

𝜗(𝑥 + 𝛼 + 𝛾, 𝛽)𝜗(−𝑥 + 𝛼 + 𝛾, 𝛽)

𝜗(𝑥 − 𝛼 + 𝛾, 𝛽)𝜗(−𝑥 − 𝛼 + 𝛾, 𝛽)
= exp⁡ (

4𝜋𝑖𝛼(𝛽 − 2𝛾 − 1)

𝛽
)
𝜗 (
𝑥 + 𝛼 + 𝛾

𝛽
,−
1
𝛽
)𝜗 (

−𝑥 + 𝛼 + 𝛾
𝛽

, −
1
𝛽
)

𝜗 (
𝑥 − 𝛼 + 𝛾

𝛽
,−
1
𝛽
)𝜗 (

−𝑥 − 𝛼 + 𝛾
𝛽

, −
1
𝛽
)
 

𝐹𝐼,𝐼+1
(2𝑑)

= Υ𝐼,𝐼+1
(2𝑑)

𝐹̃𝐼,𝐼+1
(2𝑑)

 

Υ𝐼,𝐼+1
(2𝑑)

= exp⁡ (−𝑛𝐼𝑛𝐼+1
𝜔1𝜔2

𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1)
)  

ℐ̃(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) = ∑  

ℎ(1),…,ℎ(𝐷)

  ℐ̃(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼; ℎ
(𝐼)).  

ℐ̃(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼; ℎ
(𝐼)) ∼ 1  

log⁡ ℐ̃(𝑛1,…,𝑛𝐷)(𝜔𝑖, Δ𝐼) ∼∑  

𝐼

 𝑛𝐼log⁡ 𝑘𝐼 ,  

ℐ̃(𝑛1,…,𝑛𝐷)(𝜔𝑖 , Δ𝐼; ℎ
(𝐼))

⁡= ∫ ⁡ (∏ 

𝐷

𝐼=1

 𝑑𝑛𝐼𝑢𝐼)(∏ 

𝐷

𝐼=1

  𝐹̃
𝐼,ℎ(𝐼)
(4𝑑)(𝜔𝑖, Δ𝐼; 𝑢𝐼))(∏ 

𝐷

𝐼=1

  𝐹̃𝐼,𝐼+1
(2𝑑)(𝜔𝑖, Δ𝐼; 𝑢𝐼 , 𝑢𝐼+1))

 

𝜌𝐼,𝐼+1:= −
1

2𝜋𝑖
𝜀 ⋅ (𝐯𝐼 × 𝐯𝐼+1).  

𝜔1 +𝜔2 = −2𝜋𝑖 (1 +
1

𝜅
∑  

𝐷

𝐼=1

 𝜌𝐼,𝐼+1)  

∑ 

𝐷

𝐼=1

  (𝐯𝐼 × 𝐯𝐼+1) = (0,0, 𝜅)  
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𝐹̃
𝐼,ℎ(𝐼)
(4𝑑)

(𝜔𝑖, Δ𝐼;𝑢𝐼)

= ∏  

𝑛𝐼

𝑎,𝑏=1
𝑎≠𝑏

 ∏  

𝑘𝐼−1

𝑚=0

 ΓΓ (−
𝑢𝐼,𝑎𝑏 + ⟦ℎ𝐼,𝑏 − ℎ𝐼,𝑎 − 𝛼𝐼𝑚⟧

𝜌𝐼−1,𝐼
𝑘𝐼

+𝑚
𝜌𝐼,𝐼+1
𝑘𝐼

−
𝜔1
2𝜋𝑖

𝜌𝐼−1,𝐼
, −

1

𝜌𝐼−1,𝐼
, −
𝜌𝐼,𝐼+1
𝜌𝐼−1,𝐼

)

× Γ(
𝑢𝐼,𝑎𝑏 + ⟦ℎ𝐼,𝑏 − ℎ𝐼,𝑎 − 𝛼𝐼𝑚⟧

𝜌𝐼−1,𝐼
𝑘𝐼

+𝑚
𝜌𝐼,𝐼+1
𝑘𝐼

−
𝜔1
2𝜋𝑖

− 1

𝜌𝐼,𝐼+1
, −

1

𝜌𝐼,𝐼+1
,
𝜌𝐼−1,𝐼
𝜌𝐼,𝐼+1

) ⁡

× Γ(−
𝑢𝐼,𝑎𝑏 + ⟦ℎ𝐼,𝑏 − ℎ𝐼,𝑎 − 𝛼𝐼𝑚⟧

𝜌𝐼−1,𝐼
𝑘𝐼

+𝑚
𝜌𝐼,𝐼+1
𝑘𝐼

−
𝜔2
2𝜋𝑖

𝜌𝐼−1,𝐼
, −

1

𝜌𝐼−1,𝐼
, −
𝜌𝐼,𝐼+1
𝜌𝐼−1,𝐼

) ⁡

× Γ(
𝑢𝐼,𝑎𝑏 + ⟦ℎ𝐼,𝑏 − ℎ𝐼,𝑎 − 𝛼𝐼𝑚⟧

𝜌𝐼−1,𝐼
𝑘𝐼

+𝑚
𝜌𝐼,𝐼+1
𝑘𝐼

−
𝜔2
2𝜋𝑖

− 1

𝜌𝐼,𝐼+1
, −

1

𝜌𝐼,𝐼+1
,
𝜌𝐼−1,𝐼
𝜌𝐼,𝐼+1

) ⁡

× Γ(−
𝑢𝐼,𝑎𝑏 + ⟦ℎ𝐼,𝑏 − ℎ𝐼,𝑎 − 𝛼𝐼𝑚⟧

𝜌𝐼−1,𝐼
𝑘𝐼

+𝑚
𝜌𝐼,𝐼+1
𝑘𝐼

𝜌𝐼−1,𝐼
, −

1

𝜌𝐼−1,𝐼
, −
𝜌𝐼,𝐼+1
𝜌𝐼−1,𝐼

)

−1

⁡

× Γ(
𝑢𝐼,𝑎𝑏 + ⟦ℎ𝐼,𝑏 − ℎ𝐼,𝑎 − 𝛼𝐼𝑚⟧

𝜌𝐼−1,𝐼
𝑘𝐼

+𝑚
𝜌𝐼,𝐼+1
𝑘𝐼

− 1

𝜌𝐼,𝐼+1
, −

1

𝜌𝐼,𝐼+1
,
𝜌𝐼−1,𝐼
𝜌𝐼,𝐼+1

)

−1

⁡

× Γ(−
𝑢𝐼,𝑎𝑏 + ⟦ℎ𝐼,𝑏 − ℎ𝐼,𝑎 − 𝛼𝐼𝑚⟧

𝜌𝐼−1,𝐼
𝑘𝐼

+𝑚
𝜌𝐼,𝐼+1
𝑘𝐼

−
𝜔1 +𝜔2
2𝜋𝑖

𝜌𝐼−1,𝐼
, −

1

𝜌𝐼−1,𝐼
, −
𝜌𝐼,𝐼+1
𝜌𝐼−1,𝐼

)

−1

⁡

⁡× Γ(
𝑢𝐼,𝑎𝑏 + ⟦ℎ𝐼,𝑏 − ℎ𝐼,𝑎 − 𝛼𝐼𝑚⟧

𝜌𝐼−1,𝐼
𝑘𝐼

+𝑚
𝜌𝐼,𝐼+1
𝑘𝐼

−
𝜔1 +𝜔2
2𝜋𝑖 − 1

𝜌𝐼,𝐼+1
, −

1

𝜌𝐼,𝐼+1
,
𝜌𝐼−1,𝐼
𝜌𝐼,𝐼+1

)

−1

 

𝐹̃𝐼,𝐼+1
(2𝑑)(𝜔𝑖, Δ𝐼; 𝑢𝐼 , 𝑢𝐼+1) =∏ 

𝑛𝐼

𝑎=1

 ∏  

𝑛𝐼+1

𝑏=1

 𝜗 (
𝑢𝑎
𝐼 − 𝑢𝑏

𝐼+1 +
1
2 (𝜌𝐼,𝐼+1 − 1) −

𝜔1 −𝜔2
4𝜋𝑖

𝜌𝐼,𝐼+1
, −

1

𝜌𝐼,𝐼+1
)

× 𝜗(
−𝑢𝑎

𝐼 + 𝑢𝑏
𝐼+1 +

1
2 (𝜌𝐼,𝐼+1 − 1) −

𝜔1 −𝜔2
4𝜋𝑖

𝜌𝐼,𝐼+1
, −

1

𝜌𝐼,𝐼+1
) ⁡

× 𝜗(
𝑢𝑎
𝐼 − 𝑢𝑏

𝐼+1 +
1
2 (𝜌𝐼,𝐼+1 − 1) −

𝜔1 +𝜔2
4𝜋𝑖

𝜌𝐼,𝐼+1
, −

1

𝜌𝐼,𝐼+1
)

−1

⁡

⁡× 𝜗 (
−𝑢𝑎

𝐼 + 𝑢𝑏
𝐼+1 +

1
2 (𝜌𝐼,𝐼+1 − 1) −

𝜔1 +𝜔2
4𝜋𝑖

𝜌𝐼,𝐼+1
, −

1

𝜌𝐼,𝐼+1
)

−1

 

𝜕𝑉(𝑢𝐼)

𝜕𝑢𝐼,𝑎𝐼
= 0  

𝐾 = ∫ ⁡ 𝑑𝑁1𝑣1…𝑑
𝑁𝑝𝑣𝑝𝑒

−𝑉(𝑣1,…,𝑣𝑘)  
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𝜕𝑉(𝑣1, … , 𝑣𝑝)

𝜕𝑣𝑖,𝑎𝑖
= 0, 𝑎𝑖 = 1,… ,𝑁𝑖 , 𝑖 = 1,… , 𝑝  

𝑉(𝑣1, … , 𝑣𝑝) =∑  

𝑝

𝑖=1

  ∑  

𝑎𝑖≠𝑏𝑖

 𝐴𝑖(𝑣𝑖,𝑎𝑖 − 𝑣𝑖,𝑏𝑖) +∑  

𝑖<𝑗

  ∑  

𝑁𝑖

𝑎𝑖=1

  ∑  

𝑁𝑗

𝑎𝑗=1

 𝐵𝑖𝑗 (𝑣𝑖,𝑎𝑖 − 𝑣𝑗,𝑎𝑗) ,  

𝐴𝑖(𝑧) = 𝐴𝑖
𝑠𝑖(𝑧) + 𝐴𝑖

𝑡𝑖(𝑧), 𝐴𝑖
𝑠𝑖(𝑧 + 𝑠𝑖) = 𝐴𝑖

𝑠𝑖(𝑧), 𝐴𝑖
𝑡𝑖(𝑧 + 𝑡𝑖) = 𝐴𝑖

𝑡𝑖(𝑧)  

 

𝜕𝑉(𝑣1, … , 𝑣𝑝)

𝜕𝑣𝑖,𝑎𝑖
= − ∑  

𝑁𝑖

𝑏𝑖=1
𝑏𝑖≠𝑎𝑖

 
𝜕

𝜕𝑣𝑖,𝑏𝑖
(𝐴𝑖

𝑠𝑖(𝑣𝑖,𝑎𝑖 − 𝑣𝑖,𝑏𝑖) + 𝐴𝑖
𝑡𝑖(𝑣𝑖,𝑎𝑖 − 𝑣𝑖,𝑏𝑖))  

𝑣𝑖,𝑎𝑖 → 𝑣𝑖(𝑥𝑖 , 𝑦𝑖) = 𝑥𝑖𝑠𝑖 + 𝑦𝑖𝑡𝑖  

𝛿𝑉(𝑣1, … , 𝑣𝑝)

𝛿𝑣𝑖(𝑥̃, 𝑦̃)
= −𝑁𝑖∫  

1
2

−
1
2

 𝑑𝑥 ∫  

1
2

−
1
2

 𝑑𝑦 (
1

𝑠𝑖

𝜕

𝜕𝑥
𝐴𝑖
𝑠𝑖(𝑣𝑖(𝑥̃, 𝑦̃) − 𝑥𝑠𝑖 − 𝑦𝑡𝑖)

+
1

𝑡𝑖

𝜕

𝜕𝑦
𝐴𝑖
𝑡𝑖(𝑣𝑖(𝑥̃, 𝑦̃) − 𝑥𝑠𝑖 − 𝑦𝑡𝑖))

⁡= −
𝑁𝑖
𝑠𝑖
∫  

1
2

−
1
2

 𝑑𝑦 (𝐴𝑖
𝑠𝑖 (𝑣𝑖(𝑥̃, 𝑦̃) −

1

2
𝑠𝑖 − 𝑦𝑡𝑖) − 𝐴𝑖

𝑠𝑖 (𝑣𝑖(𝑥̃, 𝑦̃) +
1

2
𝑠𝑖 − 𝑦𝑡𝑖))

⁡−
𝑁𝑖
𝑡𝑖
∫  

1
2

−
1
2

 𝑑𝑥 (𝐴𝑖
𝑡𝑖 (𝑣𝑖(𝑥̃, 𝑦̃) − 𝑥𝑠𝑖 −

1

2
𝑡𝑖) − 𝐴𝑖

𝑡𝑖 (𝑣𝑖(𝑥̃, 𝑦̃) − 𝑥𝑠𝑖 +
1

2
𝑡𝑖)) = 0

⁡

 

𝑠1 = 𝑠2  

𝐵12(𝑧 + 𝑠1) = 𝐵12(𝑧)  

𝜕𝑉(𝑣1, … , 𝑣𝑝)

𝜕𝑣1,𝑎1
= − ∑  

𝑁2

𝑎2=1

 
𝜕

𝜕𝑣2,𝑎2
𝐵12(𝑣1,𝑎1 − 𝑣2,𝑎2).  

𝛿𝑉(𝑣1, … , 𝑣𝑝)

𝛿𝑣1(𝑥̃, 𝑦̃)
= −

𝑁2
𝑠1
∫  

1
2

−
1
2

 𝑑𝑥 ∫  

1
2

−
1
2

 𝑑𝑦
𝜕

𝜕𝑥
𝐵12(𝑣1(𝑥̃, 𝑦̃) − 𝑥𝑠2 − 𝑦𝑡2)

⁡= −
𝑁2
𝑠1
∫  

1
2

−
1
2

 𝑑𝑦 (𝐵12 (𝑣1(𝑥̃, 𝑦̃) −
1

2
𝑠1 − 𝑦𝑡2) − 𝐵12 (𝑣1(𝑥̃, 𝑦̃) +

1

2
𝑠1 − 𝑦𝑡2)) = 0

⁡

 

𝑠1 = 𝑠2, 𝑡1 = 𝑡2  

𝐵12(𝑧) = 𝐵12
𝑠1(𝑧) + 𝐵12

𝑡1(𝑧), 𝐵12
𝑠1(𝑧 + 𝑠1) = 𝐵12

𝑠1(𝑧), 𝐵12
𝑡1(𝑧 + 𝑡1) = 𝐵12

𝑡1(𝑧),  
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𝐴𝑖
𝑠𝑖(𝑧 + 𝑠𝑖) = 𝐴𝑖

𝑠𝑖(𝑧), 𝐴𝑖
𝑡𝑖(𝑧 + 𝑡𝑖) = 𝐴𝑖

𝑡𝑖(𝑧)  

𝐵𝑖𝑗(𝑧 + 𝛾) = 𝐵𝑖𝑗(𝑧)  

𝐵𝑖𝑗
𝛾1(𝑧 + 𝛾1) = 𝐵𝑖𝑗

𝛾1(𝑧), 𝐵𝑖𝑗
𝛾2(𝑧 + 𝛾2) = 𝐵𝑖𝑗

𝛾2(𝑧)  

𝑉|saddle = ⋯+𝑁𝑖
2∫  

1/2

−1/2

 𝑑𝑥1𝑑𝑦1𝑑𝑥2𝑑𝑦2𝐴𝑖
𝑠𝑖(𝑥1𝑠𝑖 + 𝑦1𝑡𝑖 − 𝑥2𝑠𝑖 − 𝑦2𝑡𝑖) + ⋯  

log⁡(1 − 𝑏(𝑦1 − 𝑦2)𝑒
2𝜋𝑖𝑐(𝑥1−𝑥2))  

|𝑏(𝑦1 − 𝑦2)| < 1  

∫  
1/2

−1/2

 𝑑𝑥1∫  
1/2

−1/2

 𝑑𝑥2log⁡(1 − 𝑏(𝑦1 − 𝑦2)𝑒
2𝜋𝑖𝑐(𝑥1−𝑥2))⁡

⁡= {
0  if |𝑏(𝑦1 − 𝑦2)| < 1

2log⁡|𝑏(𝑦1 − 𝑦2)|  if |𝑏(𝑦1 − 𝑦2)| > 1

 

𝑉|saddle = 0  

𝑉|saddle = 𝒪(𝑁𝑖
2),  

𝜌𝐼−1,𝐼 , 𝜌𝐼,𝐼+1  

Γ(𝑥 + 1, 𝜎, 𝜏) = Γ(𝑥, 𝜎, 𝜏)  

𝜗(𝑥 + 1, 𝜏) = 𝜗(𝑥, 𝜏)  

ℐ𝑁(𝜔1, 𝜔2, Δ1, Δ2, Δ3) = ℐ∞(𝜔𝑖, Δ𝐼)∑  

∞

𝑛=0

  𝑒−𝑁𝑛Δ3 ℐ̃𝑛(Δ1, Δ2, 𝜔1, 𝜔2, −Δ3)  

ℐ𝑚(−2𝜋𝑖𝜎,−2𝜋𝑖𝜏, −2𝜋𝑖𝜈1, −2𝜋𝑖𝜈2, −2𝜋𝑖𝜈3) = ∫ ⁡ 𝑑
𝑚𝑢∏  

𝑎≠𝑏

 
Γ(𝑢𝑎𝑏 + 𝜈1, 𝜎, 𝜏)Γ(𝑢𝑎𝑏 + 𝜈2, 𝜎, 𝜏)

Γ(𝑢𝑎𝑏 + 𝜈1 + 𝜈2, 𝜎, 𝜏)Γ(𝑢𝑎𝑏 , 𝜎, 𝜏)
 

log⁡ ℐ𝑚 ∼ −𝑖𝜋𝑚
2
𝜈1𝜈2𝜈3
𝜎𝜏

 

Im (−
𝜈𝐼
𝜏
) > 0, Im(

𝜈𝐼 − 1

𝜎
) > 0, Im(

𝜏 − 𝜈𝐼
𝜎

) > 0, Im(
(𝜈𝐼 − 1) − 𝜎

𝜏
) > 0,  
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𝐰𝐼: = ∑  

𝐷

𝐽=1

 Δ𝐽(𝐯𝐼 − 𝐯𝐽),  

𝐰𝐼 ×𝐰𝐽 = (∑ 

𝐾,𝐿

 Δ𝐾Δ𝐿)𝐯𝐼 × 𝐯𝐽 + (∑ 

𝐾

 Δ𝐾)𝜀 × (𝐯𝐼 − 𝐯𝐽)  

𝐽 = det (
𝜕(𝑛1, … , 𝑛𝐴)

𝜕(𝑚1, … ,𝑚𝐷−2, 𝜎1, 𝜎2)
) = 𝐳̂ ⋅ (𝐰𝐷−1 ×𝐰𝐷)  

∬  
𝑃(𝑚𝐴)⊂ℝ

2
 𝑑𝜎1𝑑𝜎2 = Area[𝑃(𝑚𝐴)]  

𝐮 ⋅ 𝐰𝐴 ≥ −𝑚𝐴, 𝐴 = 1,… , 𝐷 − 2, 𝐮 ⋅ 𝐰𝐷−1 ≥ 0, 𝐮 ⋅ 𝐰𝐷 ≥ 0, 𝐮 = (
𝜎1
𝜎2
0
)  

𝑉(𝑚𝐴)= 𝐽 × Area[𝑃(𝑚𝐴)] ⁡

⁡= −
1

2
𝜀 ⋅ (𝐰𝐷−1 ×𝐰𝐷)∑  

𝐷−2

𝐴=1

 (
𝑚𝐴
2𝜀 ⋅ (𝐰𝐴−1 ×𝐰𝐴+1)

𝜀 ⋅ (𝐰𝐴−1 ×𝐰𝐴)𝜀 ⋅ (𝐰𝐴 ×𝐰𝐴+1)
−

2𝑚𝐴𝑚𝐴+1
𝜀 ⋅ (𝐰𝐴 ×𝐰𝐴+1)

)
 

𝑉(𝑚𝐴) = −
1

2
𝜀 ⋅ (𝐯𝐷−1 × 𝐯𝐷)∑  

𝐷−2

𝐴=1

 (
𝑚𝐴
2𝜀 ⋅ (𝐯𝐴−1 × 𝐯𝐴+1)

𝜀 ⋅ (𝐯𝐴−1 × 𝐯𝐴)𝜀 ⋅ (𝐯𝐴 × 𝐯𝐴+1)
−

2𝑚𝐴𝑚𝐴+1
𝜀 ⋅ (𝐯𝐴 × 𝐯𝐴+1)

)  

𝑉(𝑚𝐴
∗) = −

𝜀 ⋅ (𝐯𝐷−1 × 𝐯𝐷)

𝜔1𝜔2
ℬ(𝑚𝐴

∗) =
1

12
(
𝑁

𝜔1𝜔2
)
2

𝜀 ⋅ (𝐯𝐷−1 × 𝐯𝐷)∑  

𝐼,𝐽,𝐾

 𝐶𝐼,𝐽,𝐾Δ𝐼Δ𝐽Δ𝐾  

𝜕𝜇1⋯𝜕𝜇𝑠−𝑡𝑋
𝜇1⋯𝜇𝑠 = 0  
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∑ 

𝑛

𝑖=1

  ⟨𝑂1…[𝑄, 𝑂𝑖]…𝑂𝑛⟩ = 0  

∑ 

𝑗

  [𝑎1𝑗𝜕
𝑛1𝑗⟨𝑂𝑗𝑂2𝑂3⟩ + 𝑎2𝑗𝜕

𝑛2𝑗⟨𝑂1𝑂𝑗𝑂3⟩ + 𝑎3𝑗𝜕
𝑛3𝑗⟨𝑂1𝑂2𝑂𝑗⟩] = 0.  

𝑂(𝑠)(𝑥, 𝑧) ≡ 𝑂𝜇1…𝜇𝑠(𝑥)𝑧
𝜇1⋯𝑧𝜇𝑠 ,  

d𝑠2 =
𝐿2

𝜂2
(−d𝜂2 + d𝑥2)  

(◻ −[𝑑 − (𝑠 − 1)(𝑠 + 𝑑 − 4)]𝐿−2 −𝑚2)Φ𝑀1⋯𝑀𝑠 = 0  

𝑚2𝐿2 = (𝑠 − 𝑡 − 1)(𝑠 + 𝑡 + 𝑑 − 3)  

𝛿𝜉Φ𝑀1⋯𝑀𝑠 = ∇(𝑀𝑡+1⋯∇𝑀𝑠𝜉𝑀1⋯𝑀𝑡) +  ℊ  

Φ𝜇1⋯𝜇𝑠(𝜂, 𝑥) →
𝜂→0⁡

𝜙𝜇1⋯𝜇𝑠(𝑥)𝜂
Δ−−𝑠 + 𝑗𝜇1⋯𝜇𝑠(𝑥)𝜂

Δ+−𝑠  

Δ± =
𝑑

2
± √(

𝑑

2
+ 𝑠 − 2)

2

−𝑚2𝐿2  

𝜙(𝑠)(𝑥, 𝑧) ≡ 𝜙𝜇1…𝜇𝑠(𝑥)𝑧
𝜇1⋯𝑧𝜇𝑠  

𝐷𝑧
𝜇
≡ (

𝑑

2
− 1 + 𝑧 ⋅

𝜕

𝜕𝑧
)
𝜕

𝜕𝑧𝜇
−
1

2
𝑧𝜇

𝜕2

𝜕𝑧 ⋅ 𝜕𝑧
 

𝛿𝜉𝜙
(𝑠) = (𝑧 ⋅ 𝜕)𝑠−𝑡𝜉(𝑡)  

(𝜕 ⋅ 𝐷𝑧)
𝑠−𝑡𝐽(𝑠,𝑡) = 0  

Δ = 𝑑 − 1 + 𝑡  

Ψ[𝜙] = ∫ 𝒟
Φ=𝜙

𝒟Φ𝑒𝑖𝑆[Φ],  

Φ(𝜂, 𝑘) ∼
1

√2|𝑘|
𝑒+𝑖|𝑘|𝜂 ,⁡ as ⁡𝜂 → −∞  

Ψ[𝜙(𝑥)] ≈ exp⁡ (−∑  

∞

𝑛=2

 
1

𝑛!
∫ ⁡ d𝑑𝑥1…  d𝑑𝑥𝑛⟨𝑂(𝑥1)…𝑂(𝑥𝑛)⟩𝜙(𝑥1)⋯𝜙(𝑥𝑛))  

 

𝑚2𝐿2 = {
Δ(𝑑 − Δ), 𝑠 = 0
(Δ + 𝑠 − 2)(𝑑 − Δ + 𝑠 − 2), 𝑠 ≥ 1
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𝑚2𝐿2 ≥ (
𝑑

2
+ 𝑠 − 2)

2

 

(𝑠 − 1)(𝑑 + 𝑠 − 3) < 𝑚2𝐿2 < (
𝑑

2
+ 𝑠 − 2)

2

 

𝑚2𝐿2 = (𝑠 − 𝑡 − 1)(𝑠 + 𝑡 + 𝑑 − 3)  

 

𝑃𝐴𝑃
𝐴 = 0, 𝑃𝐴 ∼ 𝜆𝑃𝐴,  

(𝑃+, 𝑃−, 𝑥𝜇) = (1, |𝑥|2, 𝑥𝜇),  

𝑂𝐴1⋯𝐴𝑠(𝜆𝑃) ⁡= 𝜆
−Δ𝑂𝐴1⋯𝐴𝑠(𝑃)

𝑃𝐴1𝑂𝐴1⋯𝐴𝑠(𝑃) ⁡= 0
 

𝑃𝑖𝑗≡ 𝑃𝑖 ⋅ 𝑃𝑗 ⁡

𝐻𝑖𝑗⁡≡ −2[(𝑍𝑖 ⋅ 𝑍𝑗)(𝑃𝑖 ⋅ 𝑃𝑗) − (𝑍𝑖 ⋅ 𝑃𝑗)(𝑍𝑗 ⋅ 𝑃𝑖)]

𝑉𝑖,𝑗𝑘⁡≡
(𝑍𝑖 ⋅ 𝑃𝑗)(𝑃𝑖 ⋅ 𝑃𝑘) − (𝑍𝑖 ⋅ 𝑃𝑘)(𝑃𝑖 ⋅ 𝑃𝑗)

𝑃𝑗 ⋅ 𝑃𝑘

 

𝑃𝑖𝑗→ −
1

2
𝑥𝑖𝑗
2 ⁡

𝐻𝑖𝑗⁡→ (𝑧𝑖 ⋅ 𝑧𝑗)𝑥𝑖𝑗
2 − 2(𝑧𝑖 ⋅ 𝑥𝑖𝑗)(𝑧𝑗 ⋅ 𝑥𝑖𝑗)

𝑉𝑖,𝑗𝑘⁡→
(𝑧𝑖 ⋅ 𝑥𝑖𝑘)𝑥𝑖𝑗

2 − (𝑧𝑖 ⋅ 𝑥𝑖𝑗)𝑥𝑖𝑘
2

𝑥𝑗𝑘
2

 

⟨𝑂1
(𝑠1)(𝑃1, 𝑍1)𝑂2

(𝑠2)(𝑃2, 𝑍2)𝑂3
(𝑠3)(𝑃3, 𝑍3)⟩ = 𝑓(𝑃𝑖𝑗 , 𝐻𝑖𝑗, 𝑉𝑘),  

−2𝐻12𝐻23𝐻31 = (𝑉1𝐻23 + 𝑉2𝐻31 + 𝑉3𝐻12 + 2𝑉1𝑉2𝑉3)
2  

(𝜕 ⋅ 𝐷𝑧)
𝑠−𝑡𝑂(𝑠,𝑡) = 0  
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⟨𝑇(2,1)𝑋(2,0)𝑋(2,0)⟩ =
1

𝑃12

𝑑+2
2 𝑃23

𝑑
2 𝑃31

𝑑+2
2

∑  

8

𝑛=1

  𝑐𝑛𝐺𝑛, where 𝐺𝑛 ≡

(

 
 
 
 
 
 

𝑉1
2𝑉2

2𝑉3
2

𝑉1𝑉2𝑉3
2𝐻12 + (2 ↔ 3)

𝑉1
2𝑉2𝑉3𝐻23

𝑉3
2𝐻12

2 + (2 ↔ 3)

𝑉1
2𝐻23

2

𝑉1𝑉3𝐻12𝐻23 + (2 ↔ 3)
𝑉2𝑉3𝐻12𝐻31
𝐻12𝐻23𝐻31 )

 
 
 
 
 
 

 

𝑐6 =
4

(𝑑 − 2)(𝑑 + 4)
𝑐1 +

(𝑑 − 4)

(𝑑 − 2)(𝑑 + 4)
𝑐2 +

1

2 − 𝑑
𝑐3 +

𝑑2

(𝑑 − 2)(𝑑 + 4)
𝑐4 +

𝑑

𝑑 − 2
𝑐5,  

𝑐7 =
4

(𝑑 − 2)(𝑑 + 4)
𝑐1 −

8

(𝑑 − 2)(𝑑 + 4)
𝑐2 +

2𝑑(𝑑 + 2)

(𝑑 − 2)(𝑑 + 4)
𝑐4,

𝑐8 =⁡−
4

(𝑑 − 2)2(𝑑 + 4)
𝑐1 +

4𝑑

(𝑑 − 2)2(𝑑 + 2)(𝑑 + 4)
𝑐2 +

2𝑑

(𝑑 − 2)2(𝑑 + 2)
𝑐3

⁡+
2𝑑(𝑑2 + 2𝑑 − 12)

(𝑑 − 2)2(𝑑 + 2)(𝑑 + 4)
𝑐4 −

4𝑑

(𝑑 − 2)2(𝑑 + 2)
𝑐5.

 

𝑆 = ∫ ⁡ d𝑑𝑥𝜙𝑎
†◻𝑘 𝜙𝑎  

◻𝑘 𝜙𝑎 = 0  

𝑋(𝑠,𝑠−1) ∼ 𝜙𝑎
†(𝑧 ⋅ 𝜕)𝑠 ◻𝜙𝑎 +⋯ ,  

𝑠 ≥ 1:⁡(𝜕 ⋅ 𝐷𝑧)𝑋(𝑠,𝑠−1) = 0  

𝑋(𝑠,𝑠−3) ∼ 𝜙𝑎
†(𝑧 ⋅ 𝜕)𝑠𝜙𝑎 +⋯ ,  

𝑠 ≥ 3:⁡(𝜕 ⋅ 𝐷𝑧)
3𝑋(𝑠,𝑠−3) = 0  

𝑆 = −
𝜆2

8
∫ ⁡  d4𝑥√−𝑔𝐶𝑀𝑁𝐿𝐾𝐶𝑀𝑁𝐿𝐾  

𝑆 = −
𝜆2

4
∫ ⁡  d4𝑥√−𝑔(𝑅𝑀𝑁𝑅

𝑀𝑁 −
1

3
𝑅2)  

𝑆 = 𝜆2∫ ⁡  d4𝑥√−𝑔 (
Λ

6
(𝑅 − 2Λ) + (𝐺𝑀𝑁 − Λ𝑔𝑀𝑁)𝑓

𝑀𝑁 + 𝑓𝑀𝑁𝑓
𝑀𝑁 − 𝑓2)  

𝑓𝑀𝑁 = −
1

2
(𝑅𝑀𝑁 −

1

6
𝑅𝑔𝑀𝑁) +

Λ

6
𝑔𝑀𝑁  

𝑔𝑀𝑁 ↦ 𝑔𝑀𝑁 −
6

Λ
𝑓𝑀𝑁  

𝑆 = 𝜆2∫ ⁡  d4𝑥√−𝑔 [
Λ

6
(𝑅 − 2Λ) −

3

Λ
(−
1

2
(∇𝑓)2 +

2Λ

3
(𝑓𝑀𝑁𝑓𝑀𝑁 −

1

4
𝑓2)

+(𝐺𝑀𝑁 + Λ𝑔𝑀𝑁)𝐹
𝑀𝑁) + 𝒪(𝑓3)]
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−
1

2
(∇𝑓)2 ≡ −

1

2
∇𝐾𝑓𝑀𝑁∇

𝐾𝑓𝑀𝑁 + ∇𝐾𝑓𝑀𝑁∇
𝑁𝑓𝑀𝐾 − ∇𝑀𝑓∇𝑁𝑓

𝑀𝑁 +
1

2
∇𝑀𝑓∇

𝑀𝑓  

𝑆 = 𝜆2∫ ⁡  d4𝑥 (
1

4𝐿2
ℒFP,0(ℎ) − 𝐿

2ℒFP,2𝐿−2(𝑓))  

ℒFP,𝑚2(𝑋)

√−𝑔
=−

1

2
∇𝐾𝑋𝑀𝑁∇

𝐾𝑋𝑀𝑁 + ∇𝐾𝑋𝑀𝑁∇
𝑁𝑋𝑀𝐾 − ∇𝑀𝑋∇𝑁𝑋

𝑀𝑁 +
1

2
∇𝑀𝑋∇

𝑀𝑋⁡

⁡+3𝐿−2 (𝑋𝑀𝑁𝑋𝑀𝑁 −
1

2
𝑋2) −

1

2
𝑚2(𝑋𝑀𝑁𝑋

𝑀𝑁 − 𝑋2)

 

𝑄(𝑠,𝑡)
𝜇1…𝜇𝑡[Σ] ≡ ∮ ⁡⁡ΣdΣ𝜈1𝜕𝜈2⋯𝜕𝜈𝑠−𝑡𝑋(𝑠,𝑡)

𝜇1⋯𝜇𝑡𝜈1𝜈2⋯𝜈𝑠−𝑡
 

 

⟨𝑄[Σ]𝑂1…𝑂𝑛⟩ ≡ ⟨[𝑄, 𝑂1…𝑂𝑛]⟩ =∑  

𝑛

𝑖=1

  ⟨𝑂1… [𝑄, 𝑂𝑖]…𝑂𝑛⟩ = 0  

[𝑄, 𝑂𝑖(𝑥)] ∼∑  

𝑗

 𝑎𝑖𝑗𝜕
𝑛𝑖𝑗𝑂𝑗(𝑥)  

⟨[𝑄, 𝑂1𝑂2𝑂3]⟩ = ⟨[𝑄, 𝑂1]𝑂2𝑂3⟩ + ⟨𝑂1[𝑄, 𝑂2]𝑂3⟩ + ⟨𝑂1𝑂2[𝑄, 𝑂3]⟩ = 0  

∑ 

𝑗

  [𝑎1𝑗𝜕
𝑛1𝑗⟨𝑂𝑗𝑂2𝑂3⟩ + 𝑎2𝑗𝜕

𝑛2𝑗⟨𝑂1𝑂𝑗𝑂3⟩ + 𝑎3𝑗𝜕
𝑛3𝑗⟨𝑂1𝑂2𝑂𝑗⟩] = 0  

∮ ⁡⁡ΣdΣ𝜈1𝜕𝜈2⋯𝜕𝜈𝑠−𝑡 ⟨𝑋(𝑠,𝑡)
𝜇1⋯𝜇𝑡𝜈1𝜈2⋯𝜈𝑠−𝑡(𝑥, 𝑧)𝑂1(𝑥1)𝑂2(𝑥2)𝑂3(𝑥3)⟩ = 0  

◻𝑂Δ
(𝑠)
∼ 𝑂Δ+2

(𝑠)
, (𝑧 ⋅ 𝜕)𝑂Δ

(𝑠)
∼ 𝑂Δ+1

(𝑠+1)
, (𝜕 ⋅ 𝐷𝑧)𝑂Δ

(𝑠)
∼ 𝑂Δ+1

(𝑠−1)
 

[𝑄(𝑠,0), 𝑋(𝑠′,𝑡′)(𝑥, 𝑧)] ⊃ 𝒫𝑘(◻, (𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧)) × {
(𝜕 ⋅ 𝐷𝑧)

𝑠′′−𝑠′𝑋(𝑠′′,𝑡′′)(𝑥, 𝑧)  if ⁡𝑠′′ ≥ 𝑠′

(𝑧 ⋅ 𝜕)𝑠
′−𝑠′′𝑋(𝑠′′,𝑡′′)(𝑥, 𝑧)  if ⁡𝑠′ > 𝑠′′

 

𝑘 ≡
1

2
(𝑠 − 1 − |𝑠′′ − 𝑠′| + 𝑡′ − 𝑡′′)  

𝑡′ − 𝑡′′ ≥ |𝑠′′ − 𝑠′| − 𝑠 + 1  
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⟨[𝑄(𝑠,𝑡), 𝑋(𝑠′,𝑡′)𝑋(𝑠′′,𝑡′′)]⟩ = ⟨[𝑄(𝑠,𝑡), 𝑋(𝑠′,𝑡′)]𝑋(𝑠′′,𝑡′′)⟩ + ⟨𝑋(𝑠′,𝑡′) [𝑄(𝑠,𝑡), 𝑋(𝑠′′,𝑡′′)]⟩ = 0  

𝑡′′ − 𝑡′ ≥ |𝑠′′ − 𝑠′| − 𝑠 + 1  

𝑠′′ ∈ ℤ≥0, 𝑡
′′ ∈ ℤ, 𝑠 − 1 − |𝑠′′ − 𝑠′| − |𝑡′′ − 𝑡′| ∈ 2ℤ≥0
𝑡′′ ≤ 𝑠′′ − 1, |𝑠′′ − 𝑠′| ≤ 𝑠 − 1

 

(𝑠′′, 𝑡′′) ∈ {(1,0), (2, −1), (2,1), (3,0)}  

[𝑄(2,0), 𝑋(2,0)(𝑥, 𝑧)] = 𝑎1(𝑧 ⋅ 𝜕)𝑋(1,0)(𝑥, 𝑧) + [𝑎2 ◻+𝑎3(𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧)]𝑋(2,−1)(𝑥, 𝑧)

+𝑎4𝑇(2,1)(𝑥, 𝑧) + 𝑎5(𝜕 ⋅ 𝐷𝑧)𝑋(3,0)(𝑥, 𝑧)
 

[𝑄(1,0), 𝑂𝑖(𝑥)] = 𝑞𝑖𝑂𝑖(𝑥)  

⟨𝑂𝑖(𝑥1)𝑂𝑗(𝑥2)𝑂𝑘(𝑥3)⟩ =
𝜆𝑖𝑗𝑘

𝑃12
Δ𝑖+Δ𝑗−Δ𝑘𝑃23

Δ𝑗+Δ𝑘−Δ𝑖𝑃31
Δ𝑘+Δ𝑖−Δ𝑗  

⟨[𝑄(1,0), 𝑂1(𝑥1)𝑂2(𝑥2)𝑂3(𝑥3)]⟩ = (𝑞1 + 𝑞2 + 𝑞3)⟨𝑂1(𝑥1)𝑂2(𝑥2)𝑂3(𝑥3)⟩ = 0  

[𝑄(2,1)
𝜇

, 𝑂𝑖(𝑥)] = 𝜅𝑖𝜕
𝜇𝑂𝑖(𝑥)  

⟨[𝑄(2,1)
𝜇

, 𝑂1(𝑥1)𝑂2(𝑥2)𝑂3(𝑥3)]⟩ = (𝜅1𝜕1
𝜇
+ 𝜅2𝜕2

𝜇
+ 𝜅3𝜕3

𝜇
)⟨𝑂1(𝑥1)𝑂2(𝑥2)𝑂3(𝑥3)⟩ = 0  

[𝑄(3,2)(𝑧), 𝑂𝑖(𝑥)] = 𝜏𝑖(𝑧 ⋅ 𝜕)
2𝑂𝑖(𝑥)  

⟨[𝑄(3,2)
𝜇𝜈

, 𝑂1(𝑥1)𝑂2(𝑥2)𝑂3(𝑥3)]⟩

⁡= [𝜏1 (𝜕1
𝜇
𝜕1
𝜈 −

1

𝑑
𝑔𝜇𝜈 ◻1) + (1 ↔ 2) + (1 ↔ 3)] ⟨𝑂1(𝑥1)𝑂2(𝑥2)𝑂3(𝑥3)⟩ = 0.

 

𝑧𝜇1⋯𝑧𝜇𝑡𝜕𝜈1⋯𝜕𝜈𝑠−𝑡 ⟨𝑋(𝑠,𝑡)
𝜈1⋯𝜈𝑠−𝑡𝜇1⋯𝜇𝑡(𝑥)𝑂1(𝑥1)⋯𝑂𝑛(𝑥𝑛)⟩ ⁡

⁡= ∑  

𝑛

𝑖=1

 𝛿(𝑑)(𝑥 − 𝑥𝑖)⟨𝑂1(𝑥1)⋯ [𝑄(𝑠,𝑡)(𝑧), 𝑂𝑖(𝑥𝑖)]⋯𝑂𝑛(𝑥𝑛)⟩
 

lim
𝑘→0

 ∫ ⁡  d𝑑𝑥𝑒𝑖𝑘⋅𝑥𝜕𝜈1 …𝜕𝜈𝑠−𝑡 ⟨𝑋(𝑠,𝑡)
𝜈1…𝜈𝑠−𝑡𝜇1…𝜇𝑡(𝑥)𝑂1(𝑥1)…𝑂𝑛(𝑥𝑛)⟩

⁡= (−𝑖)𝑠−𝑡 lim
𝑘→0

 𝑘𝜈1 …𝑘𝜈𝑠−𝑡 ⟨𝑋(𝑠,𝑡)
𝜈1…𝜈𝑠−𝑡𝜇1…𝜇𝑡(𝑘)𝑂1(𝑥1)…𝑂𝑛(𝑥𝑛)⟩

 

lim
𝑘→0

 𝑘𝜈1⋯𝑘𝜈𝑠−𝑡𝑧𝜇1⋯𝑧𝜇𝑡 ⟨𝑋(𝑠,𝑡)
𝜈1⋯𝜈𝑠−𝑡𝜇1⋯𝜇𝑡(𝑘)𝑂1(𝑘1)⋯𝑂𝑛(𝑘𝑛)⟩ = 0  

lim
𝑘→0

 𝑘𝜈1⋯𝑘𝜈𝑠−𝑡𝑧𝜇1⋯𝑧𝜇𝑡𝒜𝑛+1
𝜈1⋯𝜈𝑠−𝑡𝜇1⋯𝜇𝑡 (Φ(𝑠,𝑡)(𝑘),Φ(𝑘1),⋯ ,Φ(𝑘𝑛)) = 0  

𝑘𝜇 ⟨𝐽(1,0)
𝜇

(𝑘)𝑂1(𝑘1)𝑂2(𝑘2)𝑂3(𝑘3)⟩ = 𝜆123[𝑞1log⁡ (
|𝑘 + 𝑘1| + |𝑘2| + |𝑘3|

𝐸0
)

⁡+(1 ↔ 2) + (1 ↔ 3)]
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lim
𝑘→0

 𝑘𝜇 ⟨𝐽(1,0)
𝜇

(𝑘)𝑂1(𝑘1)𝑂2(𝑘2)𝑂3(𝑘3)⟩ = 𝜆123(𝑞1 + 𝑞2 + 𝑞3)log⁡ (
𝐸

𝐸0
) .  

lim
𝑘→0

 𝑘𝜇𝒜4
𝜇
(𝛾(𝑘),Φ1(𝑘1),Φ2(𝑘2),Φ3(𝑘3)) = (𝑞1 + 𝑞2 + 𝑞3)𝒜3(Φ1(𝑘1),Φ2(𝑘2),Φ3(𝑘3)) = 0  

[𝑄(𝑠,𝑡), 𝑋(𝑠,𝑡)] = 0  

[𝑄(𝑠,𝑡)(𝑧), 𝑂𝑖(𝑥)] =∑  

𝑗

 𝑎𝑖𝑗 ◻
𝑛𝑖𝑗 (𝑧 ⋅ 𝜕)𝑡𝑂𝑗(𝑥)  

2𝑛𝑖𝑗 = Δ𝑖 − Δ𝑗 + 𝑠 − 1 − 𝑡  

Δ𝑖 − Δ𝑗 ⁡ ∈ 2ℤ + 𝑟

|Δ𝑖 − Δ𝑗| ⁡≤ 𝑟
 

⟨𝑋(𝑠,𝑡)(𝑥1, 𝑧1)𝑂𝑖(𝑥2)𝑂𝑗(𝑥3)⟩ = 𝑐𝑖𝑗
𝑉1
𝑠

𝑃12
(𝑑−1+𝑡−𝑠)/2

𝑃13
(𝑑−1+𝑡−𝑠)/2

𝑃23
(2Δ−𝑑+1−𝑡−𝑠)/2  

⟨𝑂𝑖(𝑥2)𝑂𝑗(𝑥3)⟩ =
𝛿𝑖𝑗

𝑃23
Δ  

[𝑄(𝑠,𝑡)(𝑧), 𝑂𝑖(𝑥)] = 𝑔𝑖 ◻
(𝑠−𝑡−1)/2 (𝑧 ⋅ 𝜕)𝑡𝑂𝑖(𝑥),⁡ if ⁡𝑠 ∈ 2ℤ≥0

[𝑄(𝑠,𝑡)(𝑧), 𝑂𝑖(𝑥)] = 𝑖𝜆𝑖 ◻
(𝑠−𝑡−1)/2 (𝑧 ⋅ 𝜕)𝑡𝑂𝑖(𝑥),⁡ if ⁡𝑠 ∈ 2ℤ≥0 + 1

 

⟨[𝑄(𝑠,𝑡)(𝑧), 𝑋(𝑠,𝑡)(𝑥1, 𝑧1)𝑂𝑖(𝑥2)𝑂𝑖(𝑥3)]⟩ = 0  

𝑔𝑖 (◻2
(𝑠−𝑡−1)/2 (𝑧 ⋅ 𝜕2)

𝑡 +◻3
(𝑠−𝑡−1)/2 (𝑧 ⋅ 𝜕3)

𝑡) ⟨𝑋(𝑠,𝑡)(𝑥1, 𝑧1)𝑂𝑖(𝑥2)𝑂𝑖(𝑥3)⟩ = 0  

𝑖𝜆𝑖 (◻2
(𝑠−𝑡−1)/2

(𝑧 ⋅ 𝜕2)
𝑡 −◻3

(𝑠−𝑡−1)/2
(𝑧 ⋅ 𝜕3)

𝑡) ⟨𝑋(𝑠,𝑡)(𝑥1, 𝑧1)𝑂𝑖(𝑥2)𝑂𝑖
†(𝑥3)⟩ = 0  

[𝑄(𝑠,𝑠−2), 𝑂Δ] ∼ 𝑂Δ+1 + 𝑂Δ−1  

[𝑄(𝑠,𝑠−2)(𝑧), 𝑂Δ(𝑥)] = 𝑎(𝑧 ⋅ 𝜕)
𝑠−2𝑂Δ+1(𝑥).  

⟨[𝑄(𝑠,𝑠−2)(𝑧), 𝑋(𝑠,𝑠−2)(𝑥1, 𝑧1)𝑂Δ(𝑥2)𝑂Δ(𝑥3)]⟩ = 0  

𝑎(𝑧 ⋅ 𝜕2)
𝑠−2⟨𝑋(𝑠,𝑠−2)(𝑥1, 𝑧1)𝑂Δ+1(𝑥2)𝑂Δ(𝑥3)⟩ + (2 ↔ 3) = 0.  

[𝑄(𝑠,𝑠−5)(𝑧), 𝑂Δ(𝑥)] = 𝑎1 ◻ (𝑧 ⋅ 𝜕)
𝑠−5𝑂Δ+1(𝑥) + 𝑎2(𝑧 ⋅ 𝜕)

𝑠−5𝑂Δ+3(𝑥)  

⟨[𝑄(𝑠,𝑡), 𝑋(𝑠,𝑡)𝑋(𝑠,𝑡)𝑋(𝑠,𝑡)]⟩ = 0

⟨[𝑄(𝑠,𝑡), 𝑋(𝑠,𝑡)𝑇(2,1)𝑇(2,1)]⟩ = 0
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[𝐷̂, 𝑄(𝑠,𝑡)] = (𝑠 − 1)𝑄(𝑠,𝑡)  

 

⟨𝑇(2,1)𝑋(𝑠,𝑡)𝑋(𝑠,𝑡)⟩ ≠ 0

⟨𝑇(2,1)𝑇(2,1)𝑇(2,1)⟩ ≠ 0
 

[𝑄(2,0), 𝑋(2,0)] ⁡= 𝑎1𝑇(2,1)

[𝑄(2,0), 𝑇(2,1)] ⁡= 𝑏1 (◻−
2

𝑑
(𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧))𝑋(2,0)

 

⟨[𝑄(2,0), 𝑋(2,0)𝑋(2,0)𝑋(2,0)]⟩= 0 ⁡

⟨[𝑄(2,0), 𝑋(2,0)𝑇(2,1)𝑇(2,1)]⟩⁡= 0
 

0 = 𝑎1⟨𝑇(2,1)𝑋(2,0)𝑋(2,0)⟩ + (1 ↔ 2) + (1 ↔ 3),

0 = 𝑎1⟨𝑇(2,1)𝑇(2,1)𝑇(2,1)⟩

⁡+ {𝑏1 (◻2−
2

𝑑
(𝑧2 ⋅ 𝜕2)(𝜕2 ⋅ 𝐷𝑧2)) ⟨𝑋(2,0)𝑋(2,0)𝑇(2,1)⟩ + (2 ↔ 3)} .

 

[𝑄(2,0), 𝑋(2,0)] = 𝑎1𝑇(2,1) + 𝑎2(𝜕 ⋅ 𝐷𝑧)𝑋(3,0)

⁡+𝑎3 (◻ −
1

𝑑 − 1
(𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧))𝑋(2,−1)

[𝑄(2,0), 𝑇(2,1)] = 𝑏1 (◻−
2

𝑑
(𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧))𝑋(2,0) + 𝑏2(𝜕 ⋅ 𝐷𝑧)𝑋(3,1)

 

0 = 𝑎1⟨𝑇(2,1)𝑋(2,0)𝑋(2,0)⟩ + 𝑎3 (◻1−
1

𝑑 − 1
(𝑧1 ⋅ 𝜕1)(𝜕1 ⋅ 𝐷𝑧1)) ⟨𝑋(2,−1)𝑋(2,0)𝑋(2,0)⟩  
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+𝑎2(𝜕1 ⋅ 𝐷𝑧1)⟨𝑋(3,0)𝑋(2,0)𝑋(2,0)⟩ + (1 ↔ 2) + (1 ↔ 3) ⁡

0 = 𝑎1⟨𝑇(2,1)𝑇(2,1)𝑇(2,1)⟩ + 𝑎3 (◻1−
1

𝑑 − 1
(𝑧1 ⋅ 𝜕1)(𝜕1 ⋅ 𝐷𝑧1)) ⟨𝑋(2,−1)𝑇(2,1)𝑇(2,1)⟩

⁡+ {𝑏1 (◻2−
2

𝑑
(𝑧2 ⋅ 𝜕2)(𝜕2 ⋅ 𝐷𝑧2)) ⟨𝑋(2,0)𝑋(2,0)𝑇(2,1)⟩

⁡+𝑏2(𝑧2 ⋅ 𝜕2)(𝜕2 ⋅ 𝐷𝑧2)⟨𝑋(2,0)𝑋(3,1)𝑇(2,1)⟩ + (2 ↔ 3)},

 

S1: {𝑇(2,1), 𝑋(2,0), 𝑋(2,−1), 𝑋(3,0)},

S2: {𝑇(2,1), 𝑋(2,0), 𝑋(2,−1), 𝑋(3,1)},

S3: {𝑇(2,1), 𝑋(2,0), 𝑋(3,0), 𝑋(3,1)}.

 

S1: {𝑇(2,1), 𝑋(2,0), 𝑋(2,−1)},

S2: {𝑇(2,1), 𝑋(3,0), 𝑋(3,0), 𝑋(3,1)}.
 

[𝑄(3,0), 𝑋(3,0)] ⁡= 𝑎1(𝑧 ⋅ 𝜕)𝑇(2,1)

[𝑄(3,0), 𝑇(2,1)] ⁡= 𝑏1 (◻ (𝜕 ⋅ 𝐷𝑧) −
2

𝑑
(𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧)

2)𝑋(3,0)
 

⟨[𝑄(3,0), 𝑋(3,0)𝑋(3,0)𝑋(3,0)]⟩ ⁡= 0

⟨[𝑄(3,0), 𝑋(3,0)𝑇(2,1)𝑇(2,1)]⟩ ⁡= 0
 

0 = 𝑎1(𝑧1 ⋅ 𝜕1)⟨𝑇(2,1)𝑋(3,0)𝑋(3,0)⟩ + (1 ↔ 2) + (1 ↔ 3)

0 = 𝑎1(𝑧1 ⋅ 𝜕1)⟨𝑇(2,1)𝑇(2,1)𝑇(2,1)⟩

⁡+ {𝑏1 (◻2 (𝜕2 ⋅ 𝐷𝑧2) −
2

𝑑
(𝑧2 ⋅ 𝜕2)(𝜕2 ⋅ 𝐷𝑧2)

2
) ⟨𝑋(3,0)𝑋(3,0)𝑇(2,1)⟩ + (2 ↔ 3)} .
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[𝑄(3,0), 𝑋(3,0)] = 𝑎1(𝑧 ⋅ 𝜕)𝑇(2,1)

⁡+ [𝑎2 (◻
2−

2

3𝑑(𝑑 − 1)
(𝑧 ⋅ 𝜕)2(𝜕 ⋅ 𝐷𝑧)

2)

+𝑎3 (◻ (𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧) −
1

𝑑 − 1
(𝑧 ⋅ 𝜕)2(𝜕 ⋅ 𝐷𝑧)

2)]𝑋(3,−2)

⁡+𝑎4(𝜕 ⋅ 𝐷𝑧)𝑋(4,1) + 𝑎5 (◻ (𝑧 ⋅ 𝜕) −
2

3𝑑
(𝑧 ⋅ 𝜕)2(𝜕 ⋅ 𝐷𝑧))𝑋(4,−1)

⁡+𝑎6 (◻ (𝑧 ⋅ 𝜕) −
1

𝑑 − 1
(𝑧 ⋅ 𝜕)2(𝜕 ⋅ 𝐷𝑧))𝑋(2,−1)

⁡+𝑎7(𝜕 ⋅ 𝐷𝑧)
2𝑋(5,0)

[𝑄(3,0), 𝑇(2,1)] = 𝑏1 (◻ (𝜕 ⋅ 𝐷𝑧) −
2

𝑑
(𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧)

2)𝑋(3,0)

⁡+ [𝑏2 (◻
2−
2

𝑑
◻ (𝑧 ⋅ 𝜕)(𝜕 ⋅ 𝐷𝑧))

+𝑏3 (◻
2+

2

𝑑(𝑑 − 1)
(𝑧 ⋅ 𝜕)2(𝜕 ⋅ 𝐷𝑧)

2)] 𝑋̃(2,−1)

⁡+𝑏4(𝜕 ⋅ 𝐷𝑧)
2𝑋̃(4,1)

 

0 = 𝑎1(𝑧1 ⋅ 𝜕1)⟨𝑇(2,1)𝑋(3,0)𝑋(3,0)⟩

⁡+ [𝑎2 (◻1
2−

2

3𝑑(𝑑 − 1)
(𝑧1 ⋅ 𝜕1)

2(𝜕1 ⋅ 𝐷𝑧1)
2
)

+𝑎3 (◻1 (𝑧1 ⋅ 𝜕1)(𝜕1 ⋅ 𝐷1) −
1

𝑑 − 1
(𝑧1 ⋅ 𝜕1)

2(𝜕1 ⋅ 𝐷𝑧1)
2
)] ⟨𝑋(3,−2)𝑋(3,0)𝑋(3,0)⟩

⁡+𝑎4(𝜕1 ⋅ 𝐷𝑧1)⟨𝑋(4,1)𝑋(3,0)𝑋(3,0)⟩

⁡+𝑎5 (◻1 (𝑧1 ⋅ 𝜕1) −
2

3𝑑
(𝑧1 ⋅ 𝜕1)

2(𝜕1 ⋅ 𝐷𝑧1)) ⟨𝑋(4,−1)𝑋(3,0)𝑋(3,0)⟩

⁡+𝑎6 (◻1 (𝑧1 ⋅ 𝜕1) −
1

𝑑 − 1
(𝑧1 ⋅ 𝜕1)

2(𝜕1 ⋅ 𝐷𝑧1)) ⟨𝑋(2,−1)𝑋(3,0)𝑋(3,0)⟩

⁡+𝑎7(𝜕1 ⋅ 𝐷𝑧1)
2
⟨𝑋(5,0)𝑋(3,0)𝑋(3,0)⟩ + (1 ↔ 2) + (1 ↔ 3)
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0 = 𝑎1(𝑧1 ⋅ 𝜕1)⟨𝑇(2,1)𝑇(2,1)𝑇(2,1)⟩

⁡+ [𝑎2 (◻1
2−

2

3𝑑(𝑑 − 1)
(𝑧1 ⋅ 𝜕1)

2(𝜕1 ⋅ 𝐷𝑧1)
2
)

+𝑎3 (◻1 (𝑧1 ⋅ 𝜕1)(𝜕1 ⋅ 𝐷𝑧1) −
1

𝑑 − 1
(𝑧1 ⋅ 𝜕1)

2(𝜕1 ⋅ 𝐷𝑧1)
2
)] ⟨𝑋(3,−2)𝑇(2,1)𝑇(2,1)⟩

⁡+𝑎4(𝜕1 ⋅ 𝐷𝑧1)⟨𝑋(4,1)𝑇(2,1)𝑇(2,1)⟩

⁡+𝑎5 (◻1 (𝑧1 ⋅ 𝜕1) −
2

3𝑑
(𝑧1 ⋅ 𝜕1)

2(𝜕1 ⋅ 𝐷𝑧1)) ⟨𝑋(4,−1)𝑇(2,1)𝑇(2,1)⟩

⁡+𝑎6 (◻1 (𝑧1 ⋅ 𝜕1) −
1

𝑑 − 1
(𝑧1 ⋅ 𝜕1)

2(𝜕1 ⋅ 𝐷𝑧1)) ⟨𝑋(2,−1)𝑇(2,1)𝑇(2,1)⟩

⁡+𝑎7(𝜕1 ⋅ 𝐷𝑧1)
2
⟨𝑋(5,0)𝑇(2,1)𝑇(2,1)⟩

⁡+ {𝑏1 (◻2 (𝜕2 ⋅ 𝐷𝑧2) −
2

𝑑
(𝑧2 ⋅ 𝜕2)(𝜕2 ⋅ 𝐷𝑧2)

2
) ⟨𝑋(3,0)𝑋(3,0)𝑇(2,1)⟩

⁡+ [𝑏2 (◻2
2−
2

𝑑
◻2 (𝑧2 ⋅ 𝜕2)(𝜕2 ⋅ 𝐷𝑧2))

+𝑏3 (◻2
2+

2

𝑑(𝑑 − 1)
(𝑧2 ⋅ 𝜕2)

2(𝜕2 ⋅ 𝐷𝑧2)
2
)] ⟨𝑋(3,0)𝑋̃(2,−1)𝑇(2,1)⟩

 

 

+𝑏4(𝜕2 ⋅ 𝐷𝑧2)
2
⟨𝑋(3,0)𝑋̃(4,1)𝑇(2,1)⟩ + (2 ↔ 3)} 

S1: {𝑇(2,1), 𝑋(3,0), 𝑋(4,−1), 𝑋(4,1)},

S2: {𝑇(2,1), 𝑋(3,0), 𝑋(2,−1), 𝑋̃(2,−1), 𝑋(3,−2), 𝑋(4,1)}.
 

S1: {𝑇(2,1), 𝑋(3,0), 𝑋(4,−1), 𝑋(4,1)},  

S2: {𝑇(2,1), 𝑋(3,0), 𝑋(2,−1), 𝑋(4,1)}

S3: {𝑇(2,1), 𝑋(3,0), 𝑋(2,−1), 𝑋(4,−1)}
 

{𝑋(2,−1), 𝑇(2,1), 𝑋(3,0), 𝑋(4,1)}  

𝑆(𝑠,𝑡) = 𝜆∫ ⁡ d
𝑑+1𝑦√−𝑔Φ𝑀1…𝑀𝑠𝜙1∇𝑀1 …∇𝑀𝑠𝜙2  

𝛿𝜉𝑆(𝑠,𝑡) = 𝜆𝒫(𝑠,𝑡)(𝑚1
2,𝑚2

2)∫ ⁡ d𝑑+1𝑦√−𝑔𝜉𝑀1…𝑀𝑡𝜙1∇𝑀1 …∇𝑀𝑡𝜙2  
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𝒫(𝑠,𝑡)(𝑚1
2,𝑚2

2) = 0.  

𝒫(2,0) = [(Δ1 − Δ2)
2 − 1][(Δ1 + Δ2 − 𝑑)

2 − 1].  

⟨𝑂1𝑂2𝑋(2,0)⟩ = 𝜆∫ ⁡ d
𝑑+1𝑦√−𝑔𝐾Δ1(𝑥1; 𝑦)∇𝑀1∇𝑀2𝐾Δ2(𝑥2; 𝑦)𝐾𝑑−1

𝑀1𝑀2(𝑧3, 𝑥3; 𝑦),  

(𝜕𝑥 ⋅ 𝐷𝑧)
𝑠−𝑡𝐾𝑑−1+𝑡

𝑀1…𝑀𝑠(𝑧, 𝑥; 𝑦) ∝ ∇(𝑀𝑡+1 …∇𝑀𝑠𝐾𝑑−1+𝑠
𝑀1…𝑀𝑡)(𝑥, 𝑦) − ℵ  

(𝜕3 ⋅ 𝐷𝑧3)
2
⟨𝑂1𝑂2𝑋(2,0)⟩ ∝[(Δ1 − Δ2)

2 − 1][(Δ1 + Δ2 − 𝑑)
2 − 1]

⁡× ∫ ⁡ d𝑑+1𝑦√−𝑔𝐾Δ1(𝑥1; 𝑦)𝐾Δ2(𝑥2; 𝑦)𝐾𝑑+1(𝑥3, 𝑦)
 

∫ ⁡ d𝑑+1𝑦√−𝑔𝐾Δ1(𝑥1; 𝑦)𝐾Δ2(𝑥2; 𝑦)𝐾𝑑+1(𝑥3, 𝑦) ∝ Γ(
1

2
(Δ1 + Δ2 − 𝑑 − 1))  

(𝜕3 ⋅ 𝐷𝑧3)
2
⟨𝑂1𝑂2𝑋(2,0)⟩ ∝ ⟨𝑂1(𝑥1)𝑂1(𝑥3)⟩⟨𝑂2(𝑥2)𝑂2(𝑥3)⟩ =

1

𝑃23
Δ2𝑃31

Δ1  

(𝜕 ⋅ 𝐷𝑧)
2𝑋(2,0)(𝑧, 𝑥) ∝ 𝑂1(𝑥)𝑂2(𝑥)  

⟨𝑂1(𝑥1)𝑂2(𝑥2)𝑂1(𝑥)𝑂2(𝑦)⟩ = ⟨𝑂1(𝑥1)𝑂1(𝑥)⟩⟨𝑂2(𝑥2)𝑂2(𝑦)⟩ + ℌ
†  

𝜕𝜇𝜕𝜈⟨𝑋
𝜇𝜈𝑋𝑋⟩ =

9

64𝜋4𝑀Pl

(𝐻23 + 2𝑉2𝑉3)
2

𝑃12
2 𝑃23

2 𝑃31
2  

𝜕𝜇𝜕𝜈𝑋
𝜇𝜈 =

1

2𝑀Pl
: 𝑋𝜇𝜈𝑋𝜇𝜈:  

⟨𝑋𝑋⟩ = −
3

𝜋2
𝐻12
2

(−2𝑃12)
4+𝛾

 

𝛾 =
3

16𝜋2𝑀Pl
2  

∑ 

𝑖,𝑗

 𝑎𝑖𝑐𝑗𝐹𝑖𝑗(𝑥1, 𝑥2, 𝑥3) = 0  
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𝑋(0,−3) =⁡∑  

𝑁

𝑎=1

 𝜙𝑎
†𝜙𝑎 ,

𝑋(0,−1) =⁡∑  

𝑁

𝑎=1

  [𝜙𝑎
†◻𝜙𝑎 +

2

𝑑 − 4
𝜕𝑧𝜙𝑎

†𝜕𝑧𝜙𝑎] +  h.c. ,

𝑋(1,−2) = 𝑖∑  

𝑁

𝑎=1

 𝜙𝑎
†𝜕𝑧𝜙𝑎 +  h.c. ,

𝑋(1,0) = 𝑖∑  

𝑁

𝑎=1

  [𝜙𝑎
†◻ 𝜕𝑧𝜙𝑎 +

𝑑

𝑑 − 4
𝜕𝑧𝜙𝑎

† ◻ 𝜕𝑧𝜙𝑎 +
4

𝑑 − 4
𝜕𝜇𝜙𝑎

†𝜕𝜇𝜕𝑧𝜙𝑎] +  h.c. 

𝑋(2,−1) =⁡∑  

𝑁

𝑎=1

  [𝜙𝑎
†𝜕𝑧
2𝜙𝑎 −

𝑑 − 2

𝑑 − 4
𝜕𝑧𝜙𝑎

†𝜕𝑧𝜙𝑎] +  h.c. 

𝑇(2,1) =⁡∑  

𝑁

𝑎=1

  [𝜙𝑎
† ◻ 𝜕𝑧

2𝜙𝑎 −
2(𝑑 + 2)

𝑑 − 4
𝜕𝑧𝜙𝑎

†◻ 𝜕𝑧𝜙𝑎 +
𝑑(𝑑 + 2)

(𝑑 − 2)(𝑑 − 4)
𝜕𝑧
2𝜙𝑎

†◻𝜙𝑎

⁡+
4

𝑑 − 4
𝜕𝑧
2𝜕𝜇𝜙𝑎

†𝜕𝜇𝜙𝑎 −
4𝑑

(𝑑 − 2)(𝑑 − 4)
𝜕𝜇𝜕𝑧𝜙𝑎

†𝜕𝜇𝜕𝑧𝜙𝑎] +  h.c. 

𝑋(3,0) = 𝑖∑  

𝑁

𝑎=1

  [𝜙𝑎
†𝜕𝑧
3𝜙𝑎 −

3𝑑

𝑑 − 4
𝜕𝑧𝜙𝑎

†𝜕𝑧
2𝜙𝑎] +  h.c. 

𝑋(3,2) = 𝑖∑  

𝑁

𝑎=1

  [𝜙𝑎
† ◻ 𝜕𝑧

3𝜙𝑎 −
3(𝑑 + 4)

𝑑 − 4
𝜕𝑧
2𝜙𝑎

†◻ 𝜕𝑧𝜙𝑎 +
3(𝑑 + 2)(𝑑 + 4)

(𝑑 − 4)(𝑑 − 2)
◻ 𝜕𝑧

2𝜙𝑎
†𝜕𝑧𝜙𝑎

⁡−
(𝑑 + 2)(𝑑 + 4)

(𝑑 − 4)(𝑑 − 2)
𝜕𝑧
3𝜙𝑎

†◻𝜙𝑎 +
4

𝑑 − 4
𝜕𝜇𝜙𝑎

†𝜕𝜇𝜕𝑧
3𝜙𝑎

𝑋(4,1) =⁡∑  

𝑁

𝑎=1

  [𝜙𝑎
†𝜕𝑧

4𝜙𝑎 −
4(𝑑 + 2)

𝑑 − 4
𝜕𝑧𝜙𝑎

†𝜕𝑧
3𝜙𝑎 +

3𝑑(𝑑 + 2)

(𝑑 − 2)(𝑑 − 4)
𝜕𝑧
2𝜙𝑎

†𝜕𝑧
2𝜙𝑎] +  h.c. 

𝑋(4,3) =⁡∑  

𝑁

𝑎=1

  [𝜙𝑎
†◻ 𝜕𝑧

4𝜙𝑎 −
4(𝑑 + 6)

𝑑 − 4
𝜕𝑧𝜙𝑎

† ◻ 𝜕𝑧𝜙𝑎 −
4(𝑑 + 2)(𝑑 + 4)(𝑑 + 6)

(𝑑 − 4)(𝑑 − 2)𝑑
◻ 𝜕𝑧

2𝜙𝑎
†𝜕𝑧
2𝜙𝑎

 

⁡+
(𝑑 + 4)(𝑑 + 6)

(𝑑 − 4)(𝑑 − 2)
𝜕𝑧
4𝜙𝑎

†◻𝜙𝑎 +
6(𝑑 + 4)(𝑑 + 6)

(𝑑 − 4)(𝑑 − 2)
𝜕𝑧𝜙𝑎

†◻ 𝜕𝑧𝜙𝑎 +
4

𝑑 − 4
𝜕𝜇𝜙𝑎

†𝜕𝜇𝜕𝑧
4𝜙𝑎

−
16(𝑑 + 4)

(𝑑 − 4)(𝑑 − 2)
𝜕𝜇𝜕𝑧𝜙𝑎

†𝜕𝜇𝜕𝑧
3𝜙𝑎 +

12(𝑑 + 2)(𝑑 + 4)

(𝑑 − 4)(𝑑 − 2)𝑑
𝜕𝜇𝜕𝑧

2𝜙𝑎
†𝜕𝜇𝜕𝑧

2𝜙𝑎] +  h.c. 

 

[𝑄(3,0), 𝜙𝑎] = 𝑖𝛿𝜙𝑎 = 𝑖 ◻ 𝜙𝑎 ,

[𝑄(3,0), 𝜙𝑎
†] = −𝑖𝛿𝜙𝑎

† = −𝑖 ◻ 𝜙𝑎
†.
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[𝑄(3,0), 𝑋(0,−3)] =
2

𝑑 − 2
(𝜕 ⋅ 𝐷𝑧)𝑋(1,−2)

[𝑄(3,0), 𝑋(0,−1)] =
4

(𝑑 − 2)(𝑑 − 4)
◻ (𝜕 ⋅ 𝐷𝑧)𝑋(1,−2)

[𝑄(3,0), 𝑋(1,−2)] = ⁡−
2

(𝑑 − 3)(𝑑 − 6)
◻ 𝜕𝑧𝑋(0,−3) +

𝑑 − 4

𝑑(𝑑 − 3)
(𝜕 ⋅ 𝐷𝑧)𝑋(2,−1)

⁡+
2(𝑑 − 4)

𝑑(𝑑 − 6)
𝜕𝑧𝑋(0,−1)

[𝑄(3,0), 𝑋(1,0)] =
2

𝑑(𝑑 − 2)(𝑑 − 3)
((𝑑 − 2) ◻ −2𝜕𝑧(𝜕 ⋅ 𝐷𝑧))(𝜕 ⋅ 𝐷𝑧)𝑋(2,−1)

[𝑄(3,0), 𝑋(2,−1)] = ⁡−
4

(𝑑 − 1)(𝑑 − 4)2
𝜕𝑧((𝑑 − 3) ◻ −𝜕𝑧(𝜕 ⋅ 𝐷𝑧))𝑋(1,−2)

⁡+
2(𝑑 − 3)

3(𝑑 − 1)(𝑑 + 2)
(𝜕 ⋅ 𝐷𝑧)𝑋(3,0) +

4(𝑑 − 3)

(𝑑 − 4)(𝑑 + 2)
𝜕𝑧𝑋(1,0)

[𝑄(3,0), 𝑇(2,1)] =
4

3(𝑑 − 2)𝑑(𝑑 + 2)
(𝑑 ◻ −2𝜕𝑧(𝜕 ⋅ 𝐷𝑧))(𝜕 ⋅ 𝐷𝑧)𝑋(3,0)

[𝑄(3,0), 𝑋(3,0)] =
6

𝑑 + 4
𝜕𝑧𝑇(2,1) +

𝑑 − 2

2(𝑑 + 1)(𝑑 + 4)
(𝜕 ⋅ 𝐷𝑧)𝑋(4,1)

⁡−
6

(𝑑 − 3)(𝑑 − 2)(𝑑 + 1)
𝜕𝑧((𝑑 − 1) ◻ −𝜕𝑧(𝜕 ⋅ 𝐷𝑧))𝑋(2,−1)

[𝑄(3,0), 𝑋(3,2)] =
1

(𝑑 − 1)(𝑑 + 2)(𝑑 + 4)
((𝑑 + 2) ◻ −2𝜕𝑧(𝜕 ⋅ 𝐷𝑧))(𝜕 ⋅ 𝐷𝑧)𝑋(4,1)

 

𝑋(2,−1) ∝
𝑑→3

𝜕𝑧
2𝑋(0,−3)  

⟨𝜙𝑎
†(𝑥)𝜙𝑏(0)⟩ =

𝑑→4
1.  

𝑋(0,−1) ∝
𝑑→6

◻𝑋(0,−3).  

ℎ𝑀𝑁 =
2𝐿

|𝜆|
ℎ̂𝑀𝑁, 𝑓𝑀𝑁 =

1

|𝜆|𝐿
𝑓𝑀𝑁  

ℒ = ℒFP,2𝐿−2(ℎ̂) − ℒFP,0(𝑓̂) + ℒℎ̂ℎ̂ℎ̂ + ℒℎ̂𝑓̂𝑓̂ + ℒ𝑓̂𝑓̂𝑓̂  

ℒℎℎℎ

√−𝑔
=⁡−

1

𝑀Pl
(2ℎ𝑀𝑁∇𝑁ℎ𝐾𝐿∇

𝐿ℎ𝑀
𝐾 + ℎ𝑀𝑁ℎ

𝐾𝐿∇𝐾∇𝐿ℎ
𝑀𝑁 + 2𝐿−2ℎ𝑁

𝑀ℎ𝐾
𝑁ℎ𝑀

𝐾 )

ℒℎ𝑓𝑓

√−𝑔
=

1

𝑀Pl
(2ℎ𝑀𝑁𝑓

𝐾𝐿∇𝐾∇𝐿𝑓
𝑀𝑁 + 𝑓𝑀𝑁ℎ

𝐾𝐿∇𝐾∇𝐿𝑓
𝑀𝑁 + 2𝑓𝑀𝐾∇𝑀𝑓

𝑁𝐿∇𝐿ℎ𝐾𝑁

+4ℎ𝑀𝐾∇𝐾𝑓𝑁𝐿∇
𝐿𝑓𝑀
𝑁 + 6𝐿−2ℎ𝑁

𝑀𝑓𝐾
𝑁𝑓𝑀

𝐾)
ℒ𝑓𝑓𝑓

√−𝑔
=⁡−

2

𝑀Pl
(2𝑓𝑀𝑁∇𝑁𝑓𝐾𝐿∇

𝐿𝑓𝑀
𝐾 + 𝑓𝑀𝑁𝑓

𝐾𝐿∇𝐾∇𝐿𝑓
𝑀𝑁 + 2𝐿−2𝑓𝑁

𝑀𝑓𝐾
𝑁𝑓𝑀

𝐾)

 

ΠΔ =
𝒞Δ

(−2𝑃 ⋅ 𝑌)Δ
, 𝒞Δ ≡

Γ(Δ)

2𝜋
𝑑
2Γ (Δ −

𝑑
2 + 1)

 

𝑌𝐴 = (𝑌+, 𝑌−, 𝑌𝜇) =
1

𝑧
(1 + 𝑧2 + |𝑥|2, 𝑥𝜇)  
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ℰ𝐴 ⁡= 𝑁ℰ((Δ + ℓ)𝛿𝐵
𝐴 + 𝑃𝐴𝜕𝑃𝐵)𝑍

𝐵

𝒫𝐴 ⁡= 𝑁𝒫(𝑐1𝛿𝐵
𝐴 + 𝑃𝐴𝜕𝑃𝐵)(𝑐2𝛿𝐶

𝐵 + 𝑍𝐵𝜕𝑍𝐶)(𝑐3𝛿𝐷
𝐶 − 𝜕𝑍

𝐶𝑍𝐷)𝜕𝑃𝐷
 

𝑁ℰ ≡
Δ − ℓ

Δ(Δ − 1)
, 𝑁𝒫 ≡

2𝑖

(ℓ + 1)(1 − Δ)(𝑑 − Δ − 2)(𝑑 − 2Δ − 2)
 

𝑐1 ≡ 2 − 𝑑 + 2Δ, 𝑐2 ≡ 2 − 𝑑 + Δ − ℓ, 𝑐3 ≡ Δ + ℓ  

(𝑌 ⋅ ℰ)ΠΔ= 0 ⁡

(𝑌 ⋅ 𝒫)ΠΔ−1⁡= 𝑖(𝑑 − Δ)ΠΔ
(𝑌 ⋅ ℰ)𝒫𝐴ΠΔ−1⁡= 𝑖ℰ

𝐴ΠΔ

 

ΠΔ
𝐴𝐵= ℰ𝐴ℰ𝐵ΠΔ ⁡

⁡= 𝒞Δ,2
4(𝑃𝐴𝑌 ⋅ 𝑍 − 𝑍𝐴𝑌 ⋅ 𝑃)(𝑃𝐵𝑌 ⋅ 𝑍 − 𝑍𝐵𝑌 ⋅ 𝑃)

(−2𝑌 ⋅ 𝑃)Δ+2
 

𝒞Δ,𝐽 =
(𝐽 + Δ − 1)Γ(Δ)

2𝜋
𝑑
2(Δ − 1)Γ (Δ + 1 −

𝑑
2)

 

∇𝐶ΠΔ
𝐴𝐵 = 𝑖ℰ𝐴ℰ𝐵𝒫𝐶ΠΔ−1 − [(𝑑 − Δ)𝑌𝐶ℰ

𝐴ℰ𝐵 + 𝑌(𝐴ℰ𝐵)ℰ𝐶]ΠΔ  

⟨𝑋𝑋𝑋⟩ = −
2

𝑀Pl
∫  
AdS𝑑+1

  (2Π𝐶𝐷∇𝐷Π𝐴𝐵∇
𝐵Π𝐶

𝐴 − Π𝐴𝐵∇𝐴Π𝐶𝐷∇𝐵Π
𝐶𝐷

−2Π𝐵
𝐴Π𝐶

𝐵Π𝐶 ⁡𝐴)

 

⟨𝑋𝑋𝑋⟩ = −
4

𝑀Pl
𝒟𝑋𝑋𝑋⟨𝜙𝜙𝜙⟩,  

𝒟𝑋𝑋𝑋= (ℰ1 ⋅ ℰ2)
2(ℰ3 ⋅ 𝒫1)

2 + 2ℰ1 ⋅ ℰ2ℰ1 ⋅ ℰ3ℰ3 ⋅ 𝒫1ℰ2 ⋅ 𝒫3 +  cyc.⁡ 

⁡=: (ℰ1 ⋅ ℰ2ℰ3 ⋅ 𝒫1 +  cyc. )2:
 

⟨𝜙Δ1𝜙Δ2𝜙Δ3⟩ =
𝑐Δ1Δ2Δ3

(−2𝑃12)
Δ1+Δ2−Δ3

2 (−2𝑃23)
Δ2+Δ3−Δ1

2 (−2𝑃31)
Δ3+Δ1−Δ2

2

,  

 

𝑐Δ1Δ2Δ3 ≡
𝜋
𝑑
2

2

Γ (
Δ1 + Δ2 + Δ3 − 𝑑

2 )Γ (
Δ1 + Δ2 − Δ3

2 )Γ (
Δ2 + Δ3 − Δ1

2 )Γ (
Δ3 + Δ1 − Δ2

2 )

Γ(Δ1)Γ(Δ2)Γ(Δ3)
.  

⟨𝑋𝑋𝑋⟩ =
3

256𝜋4𝑀Pl

12𝑄1 − 2𝑄2 + 𝑄3 + 8𝑄4

𝑃12
2 𝑃13

2 𝑃23
2 , 𝑄𝑛 =

(

 
 

𝑉1
2𝑉2

2𝑉3
2

𝐻13𝐻23𝑉1𝑉2 +  cyc. 

𝐻12
2 𝑉3

2 +  cyc. 

𝐻12𝑉1𝑉2𝑉3
2 +  cyc. )

 
 

 

𝜕𝜇𝜕𝜈𝑋
𝜇𝜈 =

𝑔

√𝑁
:𝑋𝜇𝜈𝑋

𝜇𝜈:  
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⟨𝑋𝑋⟩ = −𝑐𝑋
𝐻12
2

(−2𝑃12)
4+𝛾

,⁡ with ⁡𝑐𝑋 = 𝒞2,2 =
3

𝜋2
 

𝜕1
𝜇
𝜕1
𝜈⟨𝑋𝜇𝜈(𝑥1)𝑋(𝑥2, 𝑧2)𝑋(𝑥3, 𝑧3)⟩ =

9

64𝜋4𝑀Pl

(𝐻12 + 2𝑉1𝑉2)
2

𝑃12
2 𝑃13

2 𝑃23
2 ,  

 

𝑋𝜇𝜈(𝑥) =
2

3
𝐷𝑧
𝜇
𝐷𝑧
𝜈𝑋(𝑥, 𝑧)  

𝜕1
𝜇
𝜕1
𝜈⟨𝑋𝜇𝜈(𝑥1)𝑋(𝑥2, 𝑧2)𝑋(𝑥3, 𝑧3)⟩=

𝑔

√𝑁
⟨: 𝑋𝜇𝜈(𝑥1)𝑋𝜇𝜈(𝑥1): 𝑋(𝑥2)𝑋(𝑥3)⟩⁡

=
2𝑔

√𝑁
⟨𝑋𝜇𝜈(𝑥1)𝑋(𝑥2)⟩⟨𝑋𝜇𝜈(𝑥1)𝑋(𝑥3)⟩ ⁡

⁡=
𝑐𝑋
2𝑔

32√𝑁

(𝐻12 + 2𝑉1𝑉2)
2

𝑃12
2 𝑃13

2 𝑃23
2

 

𝑔

√𝑁
=

1

2𝑀Pl
 

𝜕1
𝜇
𝜕1
𝜈𝜕2

𝜌
𝜕2
𝜎⟨𝑋𝜇𝜈(𝑥1)𝑋𝜌𝜎(𝑥2)⟩ =

5𝑐𝑋
2

𝛾

𝑃12
4 + 𝒪(𝛾

2)  

𝜕1
𝜇
𝜕1
𝜈𝜕2

𝜌
𝜕2
𝜎⟨𝑋𝜇𝜈(𝑥1)𝑋𝜌𝜎(𝑥2)⟩=

𝑔2

𝑁
⟨: 𝑋𝜇𝜈(𝑥1)𝑋𝜇𝜈(𝑥1): : 𝑋

𝜌𝜎(𝑥2)𝑋𝜌𝜎(𝑥2): ⟩⁡

=
2𝑔2

𝑁
⟨𝑋𝜇𝜈(𝑥1)𝑋

𝜌𝜎(𝑥2)⟩⟨𝑋𝜇𝜈(𝑥1)𝑋𝜌𝜎(𝑥2)⟩ ⁡

⁡=
5𝑐𝑋
2

8

𝑔2

𝑁

1

𝑃12
4 + 𝒪(𝛾

2)

 

𝛾 =
𝑐𝑋
4

𝑔2

𝑁
=

3

16𝜋2𝑀Pl
2  

𝑄(𝑠,𝑡)
𝜁
[Σ] =∰dΣ𝜇𝐽𝜁

𝜇

Σ

 

𝐽𝜁
𝜇
=𝜁𝜇1⋯𝜇𝑡𝜕𝜈2⋯𝜕𝜈𝑠−𝑡𝑋(𝑠,𝑡)

𝜇1⋯𝜇𝑡𝜇𝜈2⋯𝜈𝑠−𝑡 − 𝜕𝜈2𝜁𝜇1⋯𝜇𝑡𝜕𝜈3⋯𝜕𝜈𝑠−𝑡𝑋(𝑠,𝑡)
𝜇1⋯𝜇𝑡𝜇𝜈2⋯𝜈𝑠−𝑡

⁡+⋯+ (−1)𝑠−𝑡−1𝜕𝜈2⋯𝜕𝜈𝑠−𝑡𝜁𝜇1⋯𝜇𝑡𝑋(𝑠,𝑡)
𝜇1⋯𝜇𝑡𝜇𝜈2⋯𝜈𝑠−𝑡

 

(𝑧 ⋅ 𝜕)𝑠−𝑡𝜁 = 0, 𝜁(𝑥, 𝑧) ≡ 𝑧𝜈1⋯𝑧𝜈𝑡𝜁
𝜈1⋯𝜈𝑡(𝑥)  

𝒟𝑋𝑋𝑋 −𝒟𝑇𝑇𝑇 ∝ ℰ1 ⋅ ℰ2ℰ1 ⋅ ℰ3ℰ2 ⋅ ℰ3  

⟨𝑋𝑋⟩ = −𝑖𝑑+1𝑐̃𝑋
𝐻12
2

(−2𝑃12)
𝑑+1

, 𝑐̃𝑋 = (
𝑀Pl
𝐻
)
𝑑−1 Γ(𝑑 + 1)

4𝜋
𝑑
2(𝑑 − 1)Γ (

𝑑
2 − 1)
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𝑐̃𝑋 =
3

4𝜋2
(
𝑀Pl
𝐻
)
𝑑−1

 

Modelo de Gravedad Cuántica Relativista sin intervención gravitónica (gravedad cuántica 

endógena). 

𝑅𝑀𝑁 −
1

12
[𝐹𝑀𝑃𝑄𝑅𝐹𝑁

𝑃𝑄𝑅
−
1

12
𝑔𝑀𝑁𝐹

2] = 0

 d ⋆11 𝐹 +
1

2
𝐹 ∧ 𝐹 = 0, 𝐹2 ≡ 𝐹𝑀𝑁𝑃𝑄𝐹

𝑀𝑁𝑃𝑄

 

∇𝑀𝐹
𝑀𝑁𝑃𝑄 +

1

2732
𝜖𝑁𝑃𝑄𝑀1𝑀2𝑀3𝑀4𝑀5𝑀6𝑀7𝑀8𝐹𝑀1𝑀2𝑀3𝑀4𝐹𝑀5𝑀6𝑀7𝑀8 = 0  

𝑑𝑠2 = 𝑒2𝑓0(𝜃)𝑑𝑠AdS4
2 + 𝑒2𝑓1(𝜃)𝑑𝜃2 + 𝑒2𝑓2(𝜃)𝑑Ω6

2  

𝐴𝜃𝑚𝑛 = 𝑔1(𝜃)𝐽𝑚𝑛, 𝐴𝑚𝑛𝑝 = 𝑔2(𝜃)𝑇𝑚𝑛𝑝 + 𝑔3(𝜃)𝑆𝑚𝑛𝑝,  

𝐹(4) = 𝑔0volAdS4 + d𝐴
(3)  

𝐹𝜇𝜈𝜌𝜎 = 𝑔0𝜖𝜇𝜈𝜌𝜎, 𝐹𝜃𝑚𝑛𝑝 = (𝑔2
′ − 3𝑔1)𝑇𝑚𝑛𝑝 + 𝑔3

′𝑆𝑚𝑛𝑝, 𝐹𝑚𝑛𝑝𝑞 = 2𝑔3𝜖𝑚𝑛𝑝𝑞𝑟𝑠𝐽
𝑟𝑠,  

−𝑓0
′′ + 𝑓0

′(−4𝑓0
′ + 𝑓1

′ − 6𝑓2
′) +

1

3
𝑔0
2(𝑒6𝑓2 + 2𝑔3

2)𝑒−8𝑓0+2𝑓1−6𝑓2 ⁡

−3𝑒2𝑓1−2𝑓0 + 8𝑔3
2𝑒2𝑓1−8𝑓2 +

2

3
𝑒−6𝑓2𝑔3

′2 = 0 ⁡

−𝑓2
′′ + 𝑓2

′(−4𝑓0
′ + 𝑓1

′ − 6𝑓2
′) −

1

6
𝑔0
2(𝑒6𝑓2 + 2𝑔3

2)𝑒−8𝑓0+2𝑓1−6𝑓2 ⁡

⁡−8𝑔3
2𝑒2𝑓1−8𝑓2 + 5𝑒2𝑓1−2𝑓2 −

1

3
𝑒−6𝑓2𝑔3

′2 = 0

8𝑓0
′𝑓2
′ + 2𝑓0

′2 −
1

12
𝑔0
2(𝑒6𝑓2 + 4𝑔3

2)𝑒−8𝑓0+2𝑓1−6𝑓2

⁡+𝑒2𝑓1(2𝑒−2𝑓0 − 5𝑒−2𝑓2) + 4𝑔3
2𝑒2𝑓1−8𝑓2 + 5𝑓2

′2 −
1

3
𝑒−6𝑓2𝑔3

′2 = 0

 

𝑔3
′′ + 𝑔3

′ (4𝑓0
′ − 𝑓1

′) + 𝑒2𝑓1(−12𝑒−2𝑓2 + 𝑒−8𝑓0𝑔0
2)𝑔3 = 0

⁡(𝑔2
′ − 3𝑔1) = 𝑒

𝑓1−4𝑓0𝑔0𝑔3
 

 

𝑒2𝑓0 = 𝜎2(𝜃), 𝑒2𝑓1 = 𝜌1
2(𝜃), 𝑒2𝑓2 = 𝜌2

2sin2⁡ 𝜃

𝑔3 = √2𝑓1, 𝑔2
′ − 3𝑔1 = −√2𝑓2, 𝑔3

′ = −√2𝑓3, 𝑔0 = √2𝑓
 

SO(8):⁡𝑒𝑓0 =
𝑔0
1/3

31/3
, 𝑒𝑓1 =

2𝑔0
1/3

31/3
, 𝑒𝑓2 =

2𝑔0
1/3

31/3
sin⁡ 𝜃, (𝑔2

′ − 3𝑔1) = 𝑔3 = 0  
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𝐺2:⁡𝑒
𝑓0 =

2
1
6

3
1
65
1
6

𝑔0

1
3(2 + cos⁡ 2𝜃)

1
3, 𝑒𝑓1 =

2
5
3

3
1
65
2
3

𝑔0

1
3(2 + cos⁡ 2𝜃)

1
3

⁡𝑒𝑓2 =
2
5
33
1
3

5
2
3

𝑔0

1
3sin⁡ 𝜃(2 + cos⁡ 2𝜃)−

1
6

⁡𝑔2
′ − 3𝑔1 =

263
3
2

5
5
2

𝑔0sin
4⁡ 𝜃(2 + cos⁡ 2𝜃)−2, 𝑔3 =

2531

5
5
2

𝑔0sin
4⁡ 𝜃(2 + cos⁡ 2𝜃)−1

 

𝑒𝑓𝑖 → 𝜆𝑒𝑓𝑖; ⁡𝑔𝑗 → 𝜆3𝑔𝑗. 𝑖 = 1,2,3; ⁡𝑗 = 0,1,2,3.  

𝛿Ψ𝑀 ⁡= ∇𝑀𝜖 +
1

288
(Γ𝑀
𝑁1𝑁2𝑁3𝑁4 − 8𝛿𝑀

𝑁1Γ𝑁2𝑁3𝑁4)𝐹𝑁1𝑁2𝑁3𝑁4𝜖 = 0

∇𝑀𝜖⁡ ≡ 𝜕𝑀𝜖 +
1

4
𝜔𝑀
𝐴𝐵Γ𝐴𝐵𝜖, 𝜔𝑀

𝐴𝐵 ≡ 𝐸𝑁
𝐴𝐸‾𝐵𝐿Γ𝑀𝐿

𝑁 − 𝐸‾𝐿𝐵𝜕𝑀𝐸𝐿
𝐴

 

𝐸1
1𝛿Ψ1 = (𝜕1 +

1

2
𝑒−𝑓1𝑓0

′Γ15 −
1

6
𝑒−4𝑓0𝑔0Γ

234 +
1

72
𝑒−𝑓1Γ15𝑚𝑛𝑝𝐹𝜃𝑚𝑛𝑝 +

1

288
Γ1𝑚𝑛𝑝𝑞𝐹𝑚𝑛𝑝𝑞) 𝜖,

𝐸2
2𝛿Ψ2 = (

1

2
𝑒−𝑓0Γ12 −

1

2
𝑓0
′𝑒−𝑓1Γ25 +

1

6
𝑔0𝑒

−4𝑓0Γ134 +
1

72
𝑒−𝑓1Γ25𝑚𝑛𝑝𝐹𝜃𝑚𝑛𝑝 +

1

288
Γ2𝑚𝑛𝑝𝑞𝐹𝑚𝑛𝑝𝑞) 𝜖,

𝐸3
3𝛿Ψ3 = (−

1

2
𝑒−𝑓0Γ13 +

1

2
𝑓0
′𝑒−𝑓1Γ35 −

1

6
𝑒−4𝑓0𝑔0Γ

124 +
1

72
𝑒−𝑓1Γ35𝑚𝑛𝑝𝐹𝜃𝑚𝑛𝑝 +

1

288
Γ3𝑚𝑛𝑝𝑞𝐹𝑚𝑛𝑝𝑞) 𝜖,

𝐸4
4𝛿Ψ4 = (−

1

2
𝑒−𝑓0Γ14 +

1

2
𝑒−𝑓1𝑓0

′Γ45 +
1

6
𝑒−4𝑓0𝑔0Γ

123 +
1

72
𝑒−𝑓1Γ45𝑚𝑛𝑝𝐹𝜃𝑚𝑛𝑝 +

1

288
Γ4𝑚𝑛𝑝𝑞𝐹𝑚𝑛𝑝𝑞) 𝜖,

𝐸5
5𝛿Ψ5 = (𝜕5 −

1

36
𝑒−𝑓1Γ𝑚𝑛𝑝𝐹𝜃𝑚𝑛𝑝 +

1

12
𝑔0Γ

12345𝑒−4𝑓0 +
1

288
Γ5
𝑚𝑛𝑝𝑞

𝐹𝑚𝑛𝑝𝑞) 𝜖,

𝐸6
6𝛿Ψ6 = (𝜕6 −

1

2
𝑓2
′𝑒−𝑓1Γ56 +

1

12
𝑒−4𝑓0𝑔0Γ

12346 +
1

12
𝑒−𝑓1Γ5𝑚𝑛𝐹𝜃6𝑚𝑛 −

1

72
𝑒−𝑓1Γ56𝑚𝑛𝑝𝐹𝜃𝑚𝑛𝑝

+
1

288
Γ6𝑚𝑛𝑝𝑞𝐹𝑚𝑛𝑝𝑞 −

1

36
Γ𝑚𝑛𝑝𝐹6𝑚𝑛𝑝) 𝜖,

⁡… .

 

𝐸𝑀
𝑀𝛿Ψ𝑀 = (𝜕𝑀 + 𝑃𝑀)𝜖  

Γ12𝑃2𝜖 = Γ
13𝑃3𝜖 = Γ

14𝑃4𝜖 = (
1

2
𝑒−𝑓0 + 𝑃1) 𝜖 = 0  

𝑃1𝜖 = −
1

2
𝑒−𝑓0𝜖  

𝛿Ψ1 = (𝐸1
1𝜕𝑟 + 𝑃1)𝜖 = (𝑒

−𝑓0𝜕𝑟 −
1

2
𝑒−𝑓0) 𝜖 = 0⁡ ⇒ ⁡𝜖 = 𝑒𝑟/2𝜖𝑟̂  

(
1

3
𝑔0𝑒

−3𝑓0Γ234 − 𝑓0
′𝑒𝑓0−𝑓1Γ15 −

1

36
𝑒𝑓0−𝑓1Γ15𝑚𝑛𝑝𝐹𝜃𝑚𝑛𝑝 −

1

144
𝑒𝑓0Γ1𝑚𝑛𝑝𝑞𝐹𝑚𝑛𝑝𝑞) 𝜖𝑟̂ = 𝜖𝑟̂  

𝜖 = 𝜖(4)⊗𝜃⊗ 𝜖(6) + 𝜖(4)
𝑐 ⊗𝜃⊗ 𝜖(6)

𝑐
 

𝛾1 = 𝜎1⊗𝟏⊗𝟏, 𝛾2 = 𝜎2⊗𝟏⊗𝟏, 𝛾3 = 𝜎3⊗𝜎1⊗𝟏, 𝛾4 = 𝜎3⊗𝜎2⊗𝟏⁡

𝛾5 = 𝜎3⊗𝜎3⊗𝟏, 𝛾6 = 𝜎3⊗𝜎3⊗𝜎2, 𝛾
7 = −𝑖𝜎3⊗𝜎3⊗𝜎3
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(𝛾𝑚)† = 𝛾𝑚; ⁡{𝛾𝑚, 𝛾𝑛} = 2𝛿𝑚𝑛,𝑚, 𝑛 = 1,2,⋯ ,6;

(𝛾7)2 = −𝟏, 𝛾7 = 𝛾1⋯𝛾6.
 

𝜌1 = 𝑖𝜎1⊗1, 𝜌2 = −𝜎2⊗1,𝜌3 = 𝑖𝜎3⊗𝜎1, 𝜌
4 = 𝑖𝜎3⊗𝜎2, 𝜌

5 = 𝑖𝜎3⊗𝜎3  

{𝜌𝑎 , 𝜌𝑏} = −2𝜂𝑎𝑏, 𝑎, 𝑏 = 1,2,⋯ ,5, 𝜂𝑎𝑏 = diag(1,−1,1,1,1), 𝜌1⋯𝜌5 = +𝟏  

Γ𝑎= 𝜌𝑎⊗𝛾7, 𝑎 = 1,2,⋯ ,5; ⁡

Γ5+𝑚⁡= 𝟏4×4⊗𝛾𝑚, 𝑚 = 1,2,⋯ ,6,
 

{Γ𝐴, Γ𝐵} = 2𝜂𝐴𝐵, Γ∗ = Γ
1⋯Γ11 = −𝟏  

 

𝜖num = 𝑒
𝜉𝑒𝑖𝜑𝜖𝑟̂  

(𝐷6 + 𝑃6)𝜖num = 0,𝐷6 ≡ 𝜕6 − 𝑖𝐸6
6𝜑′(𝜓1) − 𝐸6

6𝜉′(𝜓1)  

𝜕6𝜖
𝑅 + 𝐸6

6𝜑′𝜖𝐼 − 𝐸6
6𝜉′𝜖𝑅 = −(𝑃6𝜖)

𝑅, 𝜕6𝜖
𝐼 − 𝐸6

6𝜑′𝜖𝑅 − 𝐸6
6𝜉′𝜖𝐼 = −(𝑃6𝜖)

𝐼  

𝐸6
6𝜑′ =

−(𝑃6𝜖)
𝑅 + (𝑃6𝜖)

𝐼 + 𝜕6(𝜖
𝐼 − 𝜖𝑅)

𝜖𝑅 + 𝜖𝐼
, 𝐸6
6𝜉′ =

𝜖𝐼(𝜕6𝜖
𝐼 + (𝑃6𝜖)

𝐼) + 𝜖𝑅(𝜕6𝜖
𝑅 + (𝑃6𝜖)

𝑅)

𝜖𝑅(𝜖𝑅 + 𝜖𝐼)
.  
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Figuras 7, 8, 9 y 10. Fluctuaciones de masa y radiación de una partícula supermasiva. 

𝜉′(𝜃) = −
1

2
𝑓0
′(𝜃) =

sin⁡(2𝜃)

3(2 + cos⁡(2𝜃))
⁡⇒ ⁡𝜉(𝜃) = −

1

2
𝑓0(𝜃)  

𝜖 = 𝑒𝑟/2𝜖𝑟̂ = 𝑒
𝑟/2𝑒𝑓0/2𝜖𝑟̂

nor,  

𝜖 = 𝑒𝑟/2𝑒𝑓0/2ℛ(𝜃, 𝜓𝑖, Γ)𝜖const
nor ,  
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𝜂𝑟̂ = 𝑒
𝑖𝛿Γ23𝜖𝑟̂  

𝜖𝑟̂ = 𝑒
𝑖𝛿′Γ156810𝜖𝑟̂

∗  

𝜖𝑟̂,𝛼 = 𝑐𝑟̂,𝛼cos⁡
𝜓𝑖
2
+ 𝑠𝑟̂,𝛼sin⁡

𝜓𝑖
2
, 𝛼 = 1,2,⋯ ,32.  

𝜖(6) = (𝟏cos⁡
𝜓1
2
+ 𝑖𝛾1sin⁡

𝜓1
2
)∏  

6

𝑖=2

  (𝟏cos⁡
𝜓𝑖
2
+ 𝛾𝑖−1,𝑖sin⁡

𝜓𝑖
2
) 𝜖

𝜓̂1,⋯,𝜓̂6

(6)
,  

𝜖𝑟̂,𝛼 = ∑  

𝜎∈ℤ2
6

 𝐶𝜎,𝛼𝑓𝜎1 (
𝜓1
2
)𝑓𝜎2 (

𝜓2
2
)𝑓𝜎3 (

𝜓3
2
)𝑓𝜎4 (

𝜓4
2
)𝑓𝜎5 (

𝜓5
2
)𝑓𝜎6 (

𝜓6
2
)

𝑓𝜎(𝑥) ≡ {
cos⁡ 𝑥, 𝜎 = 0
sin⁡ 𝑥, 𝜎 = 1

 

𝜖𝑟̂ = ℛ𝑆6(𝜓𝑖, Γ)𝜖𝑟̂,𝜓̂1,⋯,𝜓̂6 , ℛ𝑆6 = (cos⁡
𝜓4
2
𝟏 − Γ10,11sin⁡

𝜓4
2
) (𝒜cos⁡

𝜓3
2
+ ℬsin⁡

𝜓3
2
) ,  

𝒜= (𝑐1𝑐6𝑠2𝑠5 − 𝑐2𝑐5𝑠1𝑠6 + 𝑐1𝑐2𝑐5𝑐6 + 𝑠1𝑠2𝑠5𝑠6)𝟏 + (𝑐1𝑐5𝑐6𝑠2 + 𝑐5𝑠1𝑠6𝑠2 − 𝑐1𝑐2𝑐6𝑠5 + 𝑐2𝑠1𝑠5𝑠6)Γ
67 ⁡

+(−𝑐2𝑐5𝑐6𝑠1 − 𝑐6𝑠2𝑠5𝑠1 − 𝑐1𝑐2𝑐5𝑠6 + 𝑐1𝑠2𝑠5𝑠6)Γ
89 + (−𝑐5𝑐6𝑠1𝑠2 + 𝑐1𝑐5𝑠6𝑠2 + 𝑐2𝑐6𝑠1𝑠5 + 𝑐1𝑐2𝑠5𝑠6)Γ

810⁡

ℬ= (𝑐1𝑐5𝑐6𝑠2 + 𝑐5𝑠1𝑠6𝑠2 + 𝑐1𝑐2𝑐6𝑠5 − 𝑐2𝑠1𝑠5𝑠6)Γ
68 + (𝑐5𝑐6𝑠1𝑠2 − 𝑐1𝑐5𝑠6𝑠2 + 𝑐2𝑐6𝑠1𝑠5 + 𝑐1𝑐2𝑠5𝑠6)Γ

69 ⁡

+(𝑐2𝑐5𝑐6𝑠1 − 𝑐6𝑠2𝑠5𝑠1 + 𝑐1𝑐2𝑐5𝑠6 + 𝑐1𝑠2𝑠5𝑠6)Γ
610 + (−𝑐1𝑐6𝑠2𝑠5 − 𝑐2𝑐5𝑠1𝑠6 + 𝑐1𝑐2𝑐5𝑐6 − 𝑠1𝑠2𝑠5𝑠6)Γ

611 ⁡

𝑐𝑖 ≡ cos⁡
𝜓𝑖
2
, 𝑠𝑖 ≡ sin⁡

𝜓𝑖
2

 

𝜖 = 𝑒𝑟/2𝑒𝑓0/2ℛ𝑆6(𝜓𝑖, Γ)ℛ(𝜃, Γ)𝜖0(𝜃), 𝜂 = Γ
23𝜖  

𝜖|𝑟=𝜓𝑖=0 = 𝑒
𝑟/2𝑒𝑓0/2ℛ𝑆6(𝜓𝑖, Γ)ℛ(𝜃, Γ)𝜖0(𝜃)|𝑟=𝜓𝑖=0

= 𝑒𝑓0/2ℛ(𝜃, Γ)𝜖0(𝜃)  

(𝟏 − Γ891011)𝜖 = 0, (𝟏 + Γ67811)𝜖 = 0, (𝟏 − Γ67910)𝜖 = 0  

𝜖 = Γ156810𝜖∗⁡ or ⁡𝜖 = Γ2347911𝜖∗  

𝜖 = Γ57810𝜖(−𝜃)  

 

(𝜕𝜓𝑖 + 𝑃𝜓𝑖)𝜖 = [𝜕𝜓𝑖ℛ𝑆6(𝜓𝑖, Γ) + 𝑃𝜓𝑖ℛ𝑆6(𝜓𝑖, Γ)]𝜖𝜓̂.  

𝑒−2𝑓1(𝑓0
′ + 2𝑓2

′)2 − 4𝑔3
2𝑒−8𝑓2 − 4𝑒−2𝑓2 + 𝑒−2𝑓0 = 0.  

4𝑒−2𝑓1𝑓0
′𝑓2
′ + 𝑒−2𝑓1𝑓0

′2(3 + 𝑔3
−2𝑒6𝑓2) +

1

9
𝑔0
2𝑒−8𝑓0 + 4𝑔3

2𝑒−8𝑓2 − 𝑒−2𝑓0 = 0,  

2𝑔3𝑔3
′ + 12𝑔3

2𝑓2
′ + (12𝑔3

2 + 3𝑒6𝑓2)𝑓0
′ = 0  
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4𝑒−2𝑓1𝑓0
′𝑓2
′ + 𝑒−2𝑓1𝑓0

′2(3 + 𝑔3
−2𝑒6𝑓2) +

1

9
𝑔0
2𝑒−8𝑓0 + 4𝑔3

2𝑒−8𝑓2 − 𝑒−2𝑓0

𝑒−2𝑓1(𝑓0
′ + 2𝑓2

′)2 − 4𝑔3
2𝑒−8𝑓2 − 4𝑒−2𝑓2 + 𝑒−2𝑓0 ,

2𝑔3𝑔3
′ + 12𝑔3

2𝑓2
′ + (12𝑔3

2 + 3𝑒6𝑓2)𝑓0
′,

(𝑔2
′ − 3𝑔1) = 𝑒

𝑓1−4𝑓0𝑔0𝑔3,

 

𝑓0
′ = ℱ0

(1),(2)
(𝑒𝑓0 , 𝑒𝑓2 , 𝑔3), 𝑓2

′ = ℱ2
(1),(2)

(𝑒𝑓0 , 𝑒𝑓2 , 𝑔3), 𝑔3
′ = 𝒢3

(1),(2)
(𝑒𝑓0 , 𝑒𝑓2 , 𝑔3)  

4𝑒2𝑓0(𝑒6𝑓2 + 𝑔3
2) ≥ 𝑒8𝑓2 , (9𝑒6𝑓0 − 1)𝑒6𝑓2 ≥ 𝑔3

2  

𝑔3(𝜃∗) = (6𝛼
4)3√9𝛼6 − 1, 𝛽 = 6𝛼4, 𝛽 ≡ 𝑒𝑓2(𝜃∗)  

𝑔3(𝜃∗) = 0, 𝛽 = 2𝛼  

𝛼 ≡ 𝑒𝑓0(𝜃∗), 𝛽 ≡ 𝑒
𝑓2(𝜃∗), 

𝑔3(𝜃∗)
2 =

𝛽6

288𝛼8
[(36𝛼6 − 1)𝛽2 − 144𝛼8 + 𝛽√(36𝛼6 − 1)2𝛽2 − 288𝛼8(18𝛼6 − 1)] .  

𝑒𝑓0 =∑ 

∞

𝑖=0

 𝑓0,𝑖𝜃
𝑖, 𝑒𝑓1 =∑ 

∞

𝑖=0

 𝑓1,𝑖𝜃
𝑖, 𝑒𝑓2 =∑ 

∞

𝑖=1

 𝑓2,𝑖𝜃
𝑖, 𝑔̃3 ≡ 𝑔3

2 =∑ 

∞

𝑖=0

  𝑔̃3,𝑖𝜃
𝑖  

SO(8):⁡𝑒𝑓1 = 2𝑒𝑓0 , 𝐺2:⁡𝑒
𝑓1 =

23/2

51/2
𝑒𝑓0  

𝑒𝑓0= 𝑓0,0 −
4(9𝑓0,0

6 − 1)

3 ⋅ 72𝑓0,0
5

𝜃2 +
8(9𝑓0,0

6 − 1)(65𝑓0,0
6 + 69)𝜃4

324135𝑓0,0
11

+ 𝑂(𝜃)6 ⁡

𝑒𝑓2⁡=
23/2

51/2
𝜃 [𝑓0,0 −

(40𝑓0,0
6 + 1)𝜃2

735𝑓0,0
5

+
(201 − 1760𝑓0,0

6 )𝜃4

330750𝑓0,0
11

+ 𝑂(𝜃)6]

𝑔̃3 ≡ 𝑔3
2⁡= 𝜃8 [

1024(9𝑓̃0,0
6 − 1)

54 ⋅ 72
+
65536(9𝑓0,0

6 − 1)(5𝑓0,0
6 − 6)𝜃2

67528125𝑓0,0
6

+ 𝑂(𝜃)4] .

 

𝑅 = −2𝑒−2𝑓1[4𝑓0
′′ + 6𝑓2

′′ + 10(𝑓0
′)2 + 21(𝑓2

′)2 − 4𝑓0
′𝑓1
′ + 24𝑓0

′𝑓2
′ − 6𝑓1

′𝑓2
′] − 12𝑒−2𝑓0 + 30𝑒−2𝑓2 

 

𝑓2,1 = 𝑓1,0, 𝑓2,2 =
1

2
𝑓1,1 −

𝑓0,1𝑓1,0

3𝑓0,0
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Figuras 11, 12, 13, 14, 15, 16 y 17. Deformación del espacio – tiempo cuántico sin permeabilización 

gravitónica e isometrías. 

𝑒𝑓0 =∑ 

∞

𝑖=0

𝑓0,𝑖(𝜃 − 𝜃∗)
𝑖, 𝑒𝑓1 =

23/2

51/2
𝑒𝑓0 , 𝑒𝑓2 = ∑  

∞

𝑖=0,𝑖≠1

𝑓2,𝑖(𝜃 − 𝜃∗)
𝑖, 𝑔̃3 =∑  

∞

𝑖=0

𝑔̂3,𝑖(𝜃 − 𝜃∗)
𝑖 

𝑓2,0 = 6𝑓0,0
4 ,⁡ ⁡𝑓2,0 = 2𝑓0,0  

𝑒𝑓0= 𝑓0,0 −
2(9𝑓0,0

6 − 1)𝜌

15𝑓0,0
5

+
2(9𝑓0,0

6 − 1)(39𝑓0,0
6 + 2)𝜌2

225𝑓0,0
11

+𝑂(𝜌)3, 𝜌 ≡ (𝜃 − 𝜃∗)
2 ⁡

𝑒𝑓2= 2𝑓0,0 +
2(6𝑓0,0

6 − 1)𝜌

15𝑓0,0
5

−
(996𝑓0,0

12 − 48𝑓0,0
6 − 7)𝜌2

225𝑓̂0,0
11

+ 𝑂(𝜌)3 ⁡

𝑔̃3⁡=
128

5
(9𝑓0,0

6 − 1) [𝜌 +
4(5𝑓0,0

6 − 1)𝜌2

5𝑓0,0
6

+
4(152𝑓0,0

12 − 137𝑓0,0
6 + 15)𝜌3

125𝑓0,0
12

+ 𝑂(𝜌)4]

 

𝑔3 =
1

6
𝑒−4𝑓0+4𝑓2√9𝑒6𝑓0 − 1.  

𝑓0,0 = 0.879040⋯ , 𝑓0,0 = 0.703761⋯  

𝐹IR

𝐹UV
=
16(𝑝 − 1)3/2

3√3𝑝2
=

{
 

 
22

33/2
= 0.7698⋯ , 𝑝 = 2

211/2

37/2
= 0.9677⋯ , 𝑝 = 3

 

𝑑𝑠11
2 =

1

4
𝑒2Δ𝑑𝑠4

2 + 𝑒2Δ𝑑𝑠7
2

𝑑𝑠7
2 =

𝑓𝛼

4√1 + (1 + 𝑟2)𝛼2
𝑑𝑠ℂℙ2

2 +
𝛼2

16
[𝑑𝑟2 +

𝑟2𝑓2

1 + 𝑟2
(𝑑𝜏 +𝒜)2

+
1 + 𝑟2

1 + (1 + 𝑟2)𝛼2
(𝑑𝜓 +

𝑓

1 + 𝑟2
(𝑑𝜏 +𝒜))

2

]

𝑒6Δ =(
𝑚

6
)
2 1 + (1 + 𝑟2)𝛼2

𝛼2
, 0 < 𝜏 < 2𝜋, 0 < 𝜓 < 4𝜋

𝐹 =
𝑚

16
vol4 + 𝐹internal 
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𝐹 = √
𝑚3𝜋6

2236 ∫ ⁡ 𝑒9Δvol7
𝑁3/2 =

2
9
2𝜋

3
3
2√∫ ⁡ 𝑓3𝛼2𝑟𝑑𝑟

𝑁3/2,  

𝛼(𝑟) = √
2

𝑟(2√2 − 𝑟)
, 𝑓(𝑟) =

3

√2
(2√2 − 𝑟), 𝑟 ∈ [0,2√2].  

𝐹CPW = (
2

3
)
5/2

𝜋𝑁3/2 ⇒
𝐹𝑆𝑈(3)×𝑈(1)

𝐹𝑆𝑂(8)
=
22

3
3
2

= 0.7698⋯ ,  

𝐹𝑆𝑈(3)×𝑈(1)
𝑝=3

𝑁3/2
= 1.433135⋯ ,⇒

𝐹𝑆𝑈(3)×𝑈(1)
𝑝=3

𝐹𝑆𝑂(8)
= 0.9677⋯ ,  

𝐹SO(8) > 𝐹G2 > 𝐹SU(3)×U(1).  

𝐹𝐺2 =
225

1
2𝜋

3
2

3
5
2

√
𝑔0
3

∫ ⁡ 𝑒2𝑓0+𝑓1+6𝑓2𝑑𝜃
=
2
5
45
3
4𝜋

3
2

3
5
2

√
𝑔0
3

∫ ⁡ 𝑒3𝑓0+6𝑓2𝑑𝜃
,  

𝐼1 ≡ ∫  
𝜋

0

  𝑒3𝑓0+6𝑓2|
dWNW

𝑑𝜃 =
2
13
2 3

3
2

5
7
2

𝜋𝑔0
3 ≈ 5.286𝑔0

3  

𝐹𝐺2′

𝑁3/2
≈ 1.45669  

 

𝐹

𝑁3/2
 global symmetry supercharges 

√2𝜋

3
≈ 1.4810 SO(8) 32 

55/2𝜋

22313/4
≈ 1.2356 𝐺2 4 

(
2

3
)
5/2

𝜋 ≈ 1.1400 SU(3) × U(1) 8 

≈ 1.4567 𝐺2 4 

26𝜋

39/2
≈ 1.4331 SU(3) × U(1) 8 
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𝜋

31/351/4
≈ 1.456689  

Δ𝑊 = Tr𝑋𝑋  

𝟑𝟓⁡v → 𝟐𝟕⊕𝟕⊕ 𝟏

𝟓𝟔s → 𝟐𝟕⊕𝟏𝟒⊕ 𝟕⊕ 𝟕⊕𝟏

𝟑𝟓𝟓c → 𝟐𝟕⊕ 𝟕⊕ 𝟏

 

Δ𝑊 = Tr𝑋𝑋𝑋  

𝟏𝟏𝟐′→ 𝟕𝟕⊕ 𝟐𝟕⊕𝟕⊕ 𝟏, ⁡
𝟐𝟐𝟒vc⁡→ 𝟕𝟕⊕ 𝟔𝟒⊕𝟐𝟕⊕ 𝟐𝟕⊕ 𝟏𝟒⊕𝟕⊕ 𝟕⊕ 𝟏,

𝟐𝟐𝟒cv⁡→ 𝟕𝟕⊕ 𝟔𝟒⊕𝟐𝟕⊕ 𝟐𝟕⊕ 𝟏𝟒⊕𝟕⊕ 𝟕⊕ 𝟏.
 

𝑟 = (
1

6
−
2

3𝑝
) 𝑟1 +

1

2
𝑟2 = {

−
1

6
𝑟1 +

1

2
𝑟2, 𝑝 = 2

−
1

18
𝑟1 +

1

2
𝑟2, 𝑝 = 3

 

𝑋2: (2000) = 𝟑𝟓𝐯 → 𝟏−2 + 𝟏0 + 𝟏2 +⋯

𝜆𝜆: (0020) = 𝟑𝟓𝐜 → 𝟏0 + 𝟏0 + 𝟏0 +⋯
𝜆𝑋: (1010) = 𝟓𝟔𝐬 → 𝟏−1 + 𝟏−1 + 𝟏1 + 𝟏1 +⋯

 

𝑋3:⁡(3000) = 𝟏𝟏𝟐𝐯 → 𝟏−2 + 𝟏−2
3
+ 𝟏2

3
+ 𝟏2 +⋯

𝜆𝜆𝑋:⁡(1020) = 𝟐𝟐𝟒𝐜𝐯 → 𝟏
−
4
3
+ 𝟏

−
2
3
+ 𝟏0 + 𝟏2

3
+ 𝟏4

3
+⋯

𝜆𝑋2:⁡(2010) = 𝟐𝟐𝟒𝐯𝐜 → 𝟏
−
5
3
+ 𝟏−1 + 𝟏−1

3
+ 𝟏1

3
+ 𝟏1 + 𝟏5

3
+⋯

 

𝐽𝑝(𝑣) = 𝐽(𝑝, 𝑣) ≡ 𝑝 × 𝑣, 𝑣 ∈ 𝑇𝑝𝑆
6, 𝑝 ∈ Im𝕆  

𝐽𝜈
𝜌
𝑣𝜈𝑒𝜌 ≡ 𝐽𝑝𝑣 =

1

2
(𝑝𝑣 − 𝑣𝑝) = 𝑝𝜇𝑣𝜈𝜂̃𝜇𝜈

𝜌
𝑒𝜌  

𝑒𝜇𝑒𝜈 = −𝛿𝜇𝜈𝑒0 + 𝜂̃[𝜇𝜈 ⁡
𝜌]𝑒𝜌, 𝜂̃[𝜇𝜈 ⁡

𝜌] = 1 when 𝜇𝜈𝜌 = 123,471,572,673,354,246,165  

𝐽𝜌𝜈(𝑝) = 𝑝
𝜇𝜂̃𝜇𝜈𝜌  

𝑑𝑥𝜇 =
𝜕𝑥𝜇

𝜕𝑥𝑚
𝑑𝑥𝑚 ≡ Λ𝑚

𝜇
𝑑𝑥𝑚  

𝐽𝑚𝑛(𝑝) = 𝐽𝜌𝜈(𝑝)Λ
𝜌⁡𝑚Λ𝑛

𝜈 = 𝑝𝜇𝜂̃𝜇𝜈𝜌Λ
𝜌⁡𝑚Λ𝑛

𝜈 ,  

𝐽𝜇⁡
𝜈𝑒𝜈 = 𝑒𝜇 × 𝑝  

𝑥1 = cos⁡𝜓1

𝑥2 = sin⁡ 𝜓1cos⁡𝜓2

𝑥3 = sin⁡ 𝜓1sin⁡ 𝜓2cos⁡𝜓3

⁡……
𝑥6 = sin⁡ 𝜓1sin⁡ 𝜓2sin⁡ 𝜓3sin⁡ 𝜓4sin⁡ 𝜓5cos⁡𝜓6

𝑥7 = sin⁡ 𝜓1sin⁡ 𝜓2sin⁡ 𝜓3sin⁡ 𝜓4sin⁡ 𝜓5sin⁡ 𝜓6
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𝑇𝜇𝜈𝜌 = (𝑒𝜇 × 𝑒𝜈 , 𝑒𝜌) = 𝜂̃𝜇𝜈𝜌,⇒ 𝑇𝑚𝑛𝑝 = Λ𝑚
𝜇
Λ𝑛
𝜈Λ𝑝

𝜌
𝜂̃𝜇𝜈𝜌,  

(𝑒𝜇 , 𝑒𝜈) ≡ 𝑒𝜇
𝛼𝑒𝜈𝛼  

𝑆𝑚𝑛𝑝 ≡
1

3!
𝜖𝑚𝑛𝑝𝑞𝑟𝑠𝑇

𝑞𝑟𝑠  

𝑒𝑓0= 𝑓0,0 +
4(9𝑓0,0

6 − 1)(𝜃 − 𝜃∗)
2

9𝑓0,0
5

+
8(9𝑓0,0

6 − 1)(195𝑓0,0
6 − 29)(𝜃 − 𝜃∗)

4

405𝑓0,0
11

+ 𝑂(𝜃 − 𝜃∗)
6 ⁡

𝑒𝑓2= 6𝑓0,0
4 −

2(180𝑓0,0
6 − 19)(𝜃 − 𝜃∗)

2

15𝑓0,0
2

−
(75600𝑓0,0

12 − 20760𝑓0,0
6 + 1373)(𝜃 − 𝜃∗)

4

675𝑓0,0
8

+𝑂(𝜃 − 𝜃∗)
6⁡

𝑔̃3⁡= 6
6𝑓0,0

24(9𝑓0,0
6 − 1) [1 −

16(𝜃 − 𝜃∗)
2

15𝑓0,0
6

+
8(340𝑓̂0,0

6 − 27)(𝜃 − 𝜃∗)
4

225𝑓̂0,0
12

+ 𝑂(𝜃 − 𝜃∗)
6]

 

𝑒𝑓0= 𝑓0,0 +
2(9𝑓0,0

6 − 1)𝜌

45𝑓0,0
11

−
4(9𝑓0,0

6 − 1)𝜌2

2025𝑓0,0
23

+ 𝑂(𝜌)3, 𝜌 ≡ (𝜃 − 𝜃∗)
2 ⁡

𝑒𝑓2= 6𝑓0,0
4 −

2(9𝑓0,0
6 − 1)𝜌

15𝑓0,0
8

+
(243𝑓0,0

12 − 18𝑓0,0
6 − 1)𝜌2

675𝑓0,0
20

+ 𝑂(𝜌)3 ⁡

𝑔̃3⁡= 6
6𝑓0,0

24(9𝑓0,0
6 − 1) [1 −

2(18𝑓0,0
6 − 1)𝜌

15𝑓0,0
12

+
4(567𝑓0,0

12 − 63𝑓0,0
6 + 1)𝜌2

675𝑓0,0
24

+ 𝑂(𝜌)3]

 

𝑔3 = 𝑒
3𝑓2√

1

4
𝑒−2𝑓0+2𝑓2 − 1  

𝑓0
′(𝜃) + 2𝑓2

′(𝜃) = 0⁡ ⇒ ⁡ 𝑒𝑓2 = 𝐶𝑒−
1
2
𝑓0  

𝑒𝑓0= 𝑓0,0 +
2(9𝑓0,0

6 − 1)(10𝑓0,0
6 − 1)𝜌

45𝑓0,0
11

−
2(9𝑓0,0

6 − 1)(100𝑓0,0
12 − 1)(39𝑓0,0

6 − 4)𝜌2

2025𝑓0,0
23

+ 𝑂(𝜌)3 ⁡

𝑒𝑓2= 6𝑓0,0
4 −

2(10𝑓0,0
6 − 1)(18𝑓0,0

6 − 1)𝜌

15𝑓0,0
8

−
(10𝑓0,0

6 − 1)(7560𝑓0,0
18 − 348𝑓0,0

12 − 154𝑓0,0
6 + 11)𝜌2

675𝑓0,0
20

+𝑂(𝜌)3⁡

𝑔̃3⁡= 6
6𝑓0,0

24(9𝑓0,0
6 − 1) [1 +

2(10𝑓0,0
6 − 1)𝜌

15𝑓0,0
12

−
4(10𝑓0,0

6 − 1)(120𝑓0,0
12 − 51𝑓0,0

6 + 4)𝜌2

675𝑓0,0
24

+ 𝑂(𝜌)3]

 

𝑔3 = 𝑒
3𝑓2√9𝑒6𝑓0 − 1.  
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Figuras 18 y 19. Densidad de masa de una partícula supermasiva y registros de ondas cuánticas 

gravitacionales. 

𝑒𝑓2 = 2cos⁡(√
2

5
(𝜃 − 𝜃∗))𝑒

𝑓0 , 𝑒𝑓0 ≡ 𝑓0,0, 𝑔3 = 0  

𝑒𝑓0= 𝑓0,0 −
2(9𝑓0,0

6 − 1)𝜌

15𝑓0,0
5

+
4(9𝑓0,0

6 − 1)(18𝑓0,0
6 + 1)𝜌2

225𝑓0,0
11

+ 𝑂(𝜌)3, 𝜌 ≡ (𝜃 − 𝜃∗)
2⁡

𝑒𝑓2= 2𝑓0,0 +
2(9𝑓0,0

6 − 1)𝜌

15𝑓0,0
5

−
(9𝑓0,0

6 − 1)(45𝑓0,0
6 + 7)𝜌2

225𝑓0,0
11

+ 𝑂(𝜌)3 ⁡

𝑔̃3⁡=
128

5
(9𝑓0,0

6 − 1) [𝜌 +
2(9𝑓0,0

6 − 2)𝜌2

5𝑓0,0
6

−
12(39𝑓0,0

6 − 5)𝜌3

125𝑓0,0
12

+ 𝑂(𝜌)4]
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Figuras 20, 21, 22 y 23. Distorsión del espacio – tiempo cuántico por una partícula supermasiva, en 

dimensión D=4. 

𝑔0 =
1

4
𝐹 (

ℓ4

ℓ4
(0)
)

4

, 𝑒𝑓0 =
1

2
Δ−

1
2
ℓ4

ℓ4
(0)
, 𝑒𝑓1 = 𝑒

3
2
𝜙Δ−

1
2, 𝑒𝑓2 = 𝑒−𝜙/4Δ1/4sin⁡ 𝜃  

𝑒𝜙 → 𝜆3𝑒𝜙, Δ → 𝜆7Δ,𝐴 → 𝜆3𝐴, 𝐹 → 𝜆−15𝐹, ℓ4 → 𝜆7/2ℓ4.  

𝐹holo
𝑁3/2

=
√2

3
𝜋 (

ℓ4

ℓ4
(0)
)

5
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𝐹holo 

𝑁3/2
 ℓ4 ℓ4

(0)
 ℓ4/ℓ4

(0)
 

SO(8) 
√2𝜋

3
≈ 1.4810 

1

2
 

1

2
 1 

SO(7)+ 
21/2

53/4
𝜋 ≈ 1.3287 0.489270 

1

2
 

31/5

53/20
≈ 0.97854 

SO(7)− 
29/2

55/2
𝜋 ≈ 1.2716 0.497590 0.512989 

24/531/5

51/2

≈ 0.96998 

𝐺2 

55/2

22313/4
𝜋

≈ 1.2356 

0.489049 0.507092 

51/2

21/239/20

≈ 0.9644 

𝐺2
′  1.45669 0.504244 0.505913 0.996701 

 

𝑑𝜑 = 𝑒𝑓1𝑑𝜃  

𝑒𝑓0 =
1

31/3
, 𝑒𝑓1 =

23/2

51/2
𝑒𝑓0 , 𝑒𝑓2 =

2

31/3
sin⁡ (√

2

5
𝜃)  

𝐹SO(8) =
√2𝜋

3
𝑁3/2  

⟨𝑉⟩

𝑚KK
2 ∼

𝑉O𝑝

𝑚KK
2 ∼ 𝜌

𝑝−7
2 𝑒𝜙.  

d𝑠10
2 = 𝜏−2 d𝑠𝐷

2 + 𝜌d𝑠̃10−𝐷
2  

𝜏𝐷−2 = 𝑒−2𝜙𝜌
10−𝐷
2 ,⁡ for ⁡2 < 𝐷 < 10  

𝑆𝐷 = 𝑀𝑃𝑙
𝐷−2∫ ⁡𝑑𝐷𝑥√−𝑔𝐷 (𝑅𝐷 − (𝐷 − 2)𝜏

−2(𝜕𝜇𝜏)
2
−
10 − 𝐷

4
𝜌−2(𝜕𝜇𝜌)

2
− 𝑉)  

𝑀𝑃𝑙
𝐷−2 =

1

2𝜅10
2 ∫ ⁡𝑑

10−𝐷𝑦√𝑔̃ =
𝑙𝑠
10−𝐷

2𝜅10
2  

𝑉 = 𝑉𝑅 + 𝑉𝐻 +∑ 

𝑞

 𝑉𝐹𝑞 +∑  

𝑝

 𝑉𝐷𝑝/𝑂𝑝 + 𝑉𝑁𝑆5/𝑂𝑁𝑆5,  
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  𝑞 = 0,2,4,6,8,10, 𝑝 = 0,2,4,6,8
 𝑞 = 1,3,5,7,9, 𝑝 = 1,3,5,7,9

 

𝑑𝐹𝑞 ⁡= 𝐻3 ∧ 𝐹𝑞−2 + 𝜇8−𝑞𝐽𝑞+1,

𝑑(⋆ 𝐹𝑞) ⁡= −𝐻3 ∧⋆ 𝐹𝑞+2 + (−1)
𝑞(𝑞−1)
2 𝜇𝑞−2𝐽11−𝑞 ,

𝑑𝐻3 ⁡= 𝜇𝑁𝑆5𝐽4
𝑁𝑆,

𝑑(𝑒−2𝜙 ⋆ 𝐻3) ⁡= −
1

2
∑  

𝑞

  ⋆ 𝐹𝑞 ∧ 𝐹𝑞−2.

 

𝜏 → 𝑒
√

1
2(𝐷−2)

𝜏̃
, 𝜌 → 𝑒

√ 2
10−𝐷

𝜌̃  

𝑀2 = (
𝜕𝜌̃
2𝑉 𝜕𝜌̃𝜕𝜏̃𝑉

𝜕𝜌̃𝜕𝜏̃𝑉 𝜕𝜏̃
2𝑉

) =

(

 
 

2

10 − 𝐷
𝜌2𝜕𝜌

2𝑉
1

√(𝐷 − 2)(10 − 𝐷)
𝜌𝜏𝜕𝜌𝜕𝜏𝑉

1

√(𝐷 − 2)(10 − 𝐷)
𝜌𝜏𝜕𝜌𝜕𝜏𝑉

1

2(𝐷 − 2)
𝜏2𝜕𝜏

2𝑉
)

 
 

 

𝜆± =
1

2
(𝜕𝜌̃

2𝑉 + 𝜕𝜏̃
2𝑉 ± √(𝜕𝜌̃

2𝑉 − 𝜕𝜏̃
2𝑉)

2
+ 4(𝜕𝜌̃𝜕𝜏̃𝑉)

2
) .  

𝑉𝑅 ⁡= −𝑅̃10−𝐷𝜌
−1𝜏−2,

𝑉𝐻 ⁡= |𝐻̃3|
2
𝜌−3𝜏−2,

𝑉𝑅𝑅
𝑞
⁡= |𝐹̃𝑞|

2
𝜌
10−𝐷−2𝑞

2 𝜏−𝐷,

𝑉𝐷𝑝/𝑂𝑝 ⁡= 𝑇𝑝𝜌
2𝑝−𝐷−8

4 𝜏−
𝐷+2
2 ,

𝑉𝑁𝑆5/𝑂𝑁𝑆5 ⁡= 𝑇𝑁𝑆5𝜌
−2𝜏−2.

 

𝑉𝑅 = −𝑅̃10−𝐷𝜌
−1𝜏−2= 𝑒

4
𝐷−2

𝜙𝜌−
8
𝐷−2(−𝑅̃10−𝐷), ⁡

𝑉𝐻 = |𝐻̃3|
2
𝜌−3𝜏−2= 𝑒

4
𝐷−2

𝜙𝜌−
8
𝐷−2 (|𝐻̃3|

2
𝜌−2) , ⁡

𝑉𝑅𝑅
𝑞
= |𝐹̃𝑞|

2
𝜌
10−𝐷−2𝑞

2 𝜏−𝐷⁡= 𝑒
4
𝐷−2

𝜙𝜌−
8
𝐷−2 (|𝐹̃𝑞|

2
𝑒2𝜙𝜌1−𝑞) ,

𝑉𝐷𝑝/𝑂𝑝 = 𝑇𝑝𝜌
2𝑝−𝐷−8

4 𝜏−
𝐷+2
2 ⁡= 𝑒

4
𝐷−2

𝜙𝜌−
8
𝐷−2 (𝑇𝑝𝑒

𝜙𝜌
𝑝−7
2 ) ,

𝑉𝑁𝑆5/𝑂𝑁𝑆5 = 𝑇𝑁𝑆5𝜌
−2𝜏−2⁡= 𝑒

4
𝐷−2

𝜙𝜌−
8
𝐷−2(𝑇𝑁𝑆5𝜌

−1).

 

𝑒−
4
𝐷−2

𝜙𝜌
8
𝐷−2𝜕𝑒𝜙𝑉 = 𝑒

−
4
𝐷−2

𝜙𝜌
8
𝐷−2𝜕𝜌𝑉 = 0  

𝑚KK
2 ∼ 𝜌−1𝜏−2 = 𝑒

4
𝐷−2

𝜙𝜌−
8
𝐷−2  
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𝑉𝑅 ⁡∼ 𝑁
𝑐−𝑟−2𝑡,

𝑉𝐻 ⁡∼ 𝑁
2ℎ−3𝑟−2𝑡,

𝑉𝑅𝑅
𝑞
⁡∼ 𝑁

2𝑓𝑞+(
10−𝐷−2𝑞

2
)𝑟−𝐷𝑡

∼ 𝑁2𝑓𝑞+2𝑑−𝑞𝑟−2𝑡,

𝑉𝐷𝑝/𝑂𝑝 ⁡∼ 𝑁
2𝑝−𝐷−8

4
𝑟−
𝐷+2
2
𝑡 ∼ 𝑁𝑑+

𝑝−9
2
𝑟−2𝑡 ,

𝑉𝑁𝑆5/𝑂𝑁𝑆5 ⁡∼ 𝑁
𝑛−2𝑟−2𝑡,

 

0 = −𝑉𝑅 − 3𝑉𝐻 +
1

2
(10 − 𝐷 − 2𝑞)∑  

𝑞

 𝑉𝑅𝑅
𝑞
+
1

4
(2𝑝 − 𝐷 − 8)𝑉𝐷𝑝/𝑂𝑝 − 2𝑉𝑁𝑆5/𝑂𝑁𝑆5  

0 = 2𝑉𝑅 + 2𝑉𝐻 + 𝐷∑  

𝑞

 𝑉𝑅𝑅
𝑞
+
1

2
(𝐷 + 2)𝑉𝐷𝑝/𝑂𝑝 + 2𝑉𝑁𝑆5/𝑂𝑁𝑆5  

𝑉𝑅

𝑚KK
2 ∼

−𝑅̃10−𝐷𝜌
−1𝜏−2

𝜌−1𝜏−2
∼ −𝑅̃10−𝐷  

𝑉𝐻

𝑚KK
2 ∼

|𝐻̃3|
2
𝜌−3𝜏−2

𝜌−1𝜏−2
∼ |𝐻̃3|

2
𝜌−2  

𝑉𝑅𝑅
𝑞

𝑚KK
2 ∼

𝜌−1𝜏−2 (|𝐹̃𝑞|
2
𝑒2𝜙𝜌1−𝑞)

𝜌−1𝜏−2
∼ |𝐹̃𝑞|

2
𝑒2𝜙𝜌1−𝑞  

𝑉𝐷𝑝/𝑂𝑝

𝑚KK
2 ∼

𝜌−1𝜏−2 (𝑇𝑝𝑒
𝜙𝜌

𝑝−7
2 )

𝜌−1𝜏−2
= 𝑇𝑝𝑒

𝜙𝜌
𝑝−7
2 .  

𝑉𝑁𝑆5/𝑂𝑁𝑆5

𝑚KK
2 ∼

𝑇𝑁𝑆5𝜌
−2𝜏−2

𝜌−1𝜏−2
= 𝑇𝑁𝑆5𝜌

−1  

𝑉 = 𝑉𝐿𝑂𝑁
𝑎 + 𝑉𝑁𝐿𝑂𝑁

𝑏 +⋯ ,⁡ for ⁡𝑎 > 𝑏  

𝐻3 ∧⋆6 𝐹4 = 0,𝐻3 ∧ 𝐹2 = 0  

∑ 

𝑠

  ⋆ 𝐹𝑠 ∧ 𝐹𝑠−2 = ⋯+⋆ 𝐹𝑞+2 ∧ 𝐴𝑞 +⋆ 𝐴𝑞 ∧ 𝐹𝑞−2 +⋯  

∑ 

𝑖

 ℎ𝑖𝑓𝑖 = 0  

0 = 𝐻3 ∧ 𝐹𝑞 + 𝜇𝐷(6−𝑞)𝐽𝑞+3 + 𝜇𝑂(6−𝑞)𝐽𝑞+3 = 𝜇𝐷(6−𝑞)𝐽𝑞+3 + 𝜇𝑂(6−𝑞)𝐽𝑞+3  

𝐻3 ∧ 𝐹𝑞 = 𝐻3 ∧ 𝐹𝑞,𝐴 +𝐻3 ∧ 𝐹𝑞,𝐵  

0 = 𝐻3 ∧ 𝐹𝑞,𝐵 + 𝜇6−𝑞𝐽𝑞+1
0 = 𝐻3 ∧ 𝐹𝑞,𝐴

 

𝑉𝑅𝑅,𝐴𝐴 ∼ 𝑁
𝑓𝑞,𝐴𝑉𝑅𝑅,𝐴𝐵 ∼ 𝑁

2𝑓𝑞,𝐴𝑉𝑅𝑅,𝐵𝐵  

𝑉𝑅𝑅,𝐴𝐴 > 𝑉𝑅𝑅,𝐴𝐵 > 𝑉𝑅𝑅,𝐵𝐵,⁡ for ⁡𝑁 ≫ 1  
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𝑑𝐹𝑞 = 𝑑𝐹𝑞
(closed )

+ 𝑑𝐹𝑞
(non-closed )

= 𝑑𝐹𝑞
(non-closed )

= 𝜇8−𝑞𝐽𝑞+1  

𝑇𝑝 = −
4|𝐻̃3|𝑒

−𝜙𝜌
3−𝑝
2 + 2𝐷∑  𝑞   |𝐹̃𝑞|

2
𝑒𝜙𝜌

9−𝑝−2𝑞
2

𝐷 + 2
 

|𝐻̃3|𝑒
−𝜙𝜌

3−𝑝
2 ∼ 𝑁2ℎ−𝑑+

3−𝑝
2
𝑟 ∼ 𝑁0 ⁡

|𝐹̃6−𝑝|
2
𝑒𝜙𝜌

9−𝑝−2(6−𝑝)
2 ⁡∼ 𝑁2𝑓6−𝑝+𝑑−

3−𝑝
2
𝑟 ∼ 𝑁0

 

𝑑 =
3 − 𝑝

2
𝑟  

𝑡 =
2(𝑝 + 2) − 𝐷

2(𝐷 − 2)
𝑟 > 0  

𝑉 ∼ 𝑉𝑂𝑝 ∼ 𝑉𝐻 ∼ 𝑉𝑅𝑅
6−𝑝

∼ 𝜌−
2(𝐷+𝑝−1)
𝐷−2  

𝑉𝑅𝑅
𝑞

𝑉𝑅𝑅
6−𝑝 ∼ 𝑁

2𝑓𝑞−2𝑓6−𝑝+(6−𝑝−𝑞)𝑟  

𝑓𝑞 =
𝑞 − (6 − 𝑝)

2
𝑟  

𝑉 = 𝑉𝐻 + 𝑉𝑂𝑝 + 𝑉𝑅𝑅
6−𝑝
,  

𝑉𝑅𝑅
6−𝑝

= 𝑉𝐻 , 𝑉𝑂𝑝 = −2𝑉𝐻  

𝑉 = 𝑉𝐻 + 𝑉𝑂𝑝 + 𝑉𝑅𝑅
6−𝑝

+ ∑  

𝑞≠6−𝑝

 𝑉𝑅𝑅
𝑞

 

⟨𝑉⟩ = −
1

2
∑  

𝑞≠6−𝑝

 
(𝐷 − 2)(𝑞 − (6 − 𝑝))

𝐷 + 𝑝 − 1
𝑉𝑅𝑅
𝑞

 

𝑂𝑝 𝐹6−𝑝 other RR fluxes EFT dimensions Scalar Potential 

O2 𝐹4 {𝐹0, 𝐹2, 𝐹6} 𝐷 = 3 ⟨𝑉⟩ ∼ 2𝑉𝑅𝑅
0 + 𝑉𝑅𝑅

2 − 𝑉𝑅𝑅
6  

O3 𝐹3 {𝐹1, 𝐹5, 𝐹7} 𝐷 = 3 ⟨𝑉⟩ ∼ 𝑉𝑅𝑅
1 − 𝑉𝑅𝑅

5 − 2𝑉𝑅𝑅
7  

O3 𝐹3 {𝐹1, 𝐹5} 𝐷 = 4 ⟨𝑉⟩ ∼ 𝑉𝑅𝑅
1 − 𝑉𝑅𝑅

5  

O4 𝐹2 {𝐹0, 𝐹4, 𝐹6} 𝐷 = 3 ⟨𝑉⟩ ∼ 𝑉𝑅𝑅
0 − 𝑉𝑅𝑅

4 − 2𝑉𝑅𝑅
6  

O4 𝐹2 {𝐹0, 𝐹4, 𝐹6} 𝐷 = 4 ⟨𝑉⟩ ∼ 𝑉𝑅𝑅
0 − 𝑉𝑅𝑅

4 − 2𝑉𝑅𝑅
6  
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O4 𝐹2 {𝐹0, 𝐹4} 𝐷 = 5 ⟨𝑉⟩ ∼ 𝑉𝑅𝑅
0 − 𝑉𝑅𝑅

4  

O5 𝐹1 {𝐹3, 𝐹5, 𝐹7} 𝐷 = 3 ⟨𝑉⟩ < 0, AdS 

O5 𝐹1 {𝐹3, 𝐹5} 𝐷 = 4 ⟨𝑉⟩ < 0, AdS 

O5 𝐹1 {𝐹3, 𝐹5} 𝐷 = 5 ⟨𝑉⟩ < 0, AdS 

O5 𝐹1 {𝐹3} 𝐷 = 6 ⟨𝑉⟩ < 0, AdS 

O6 𝐹0 {𝐹2, 𝐹4, 𝐹6} 𝐷 = 3 ⟨𝑉⟩ < 0, AdS 

O6 𝐹0 {𝐹2, 𝐹4, 𝐹6} 𝐷 = 4 ⟨𝑉⟩ < 0, AdS 

O6 𝐹0 {𝐹2, 𝐹4} 𝐷 = 5 ⟨𝑉⟩ < 0, AdS 

O6 𝐹0 {𝐹2, 𝐹4} 𝐷 = 6 ⟨𝑉⟩ < 0, AdS 

O6 𝐹0 {𝐹2} 𝐷 = 7 ⟨𝑉⟩ < 0, AdS 

 

⟨𝑉⟩ = −
1

4
𝑉𝑅𝑅
6  

𝜌 ∼ 𝑁𝑟 ∼ 𝑁𝑓6 , 𝑒𝜙 ∼ 𝑁
1
2
𝑓6 , 𝜏 ∼ 𝑁

5
2
𝑓6 ,
𝐿𝐾𝐾
2

𝐿𝐴𝑑𝑆
2 ∼ 𝑁−2𝑓6  

⟨𝑉⟩ = −
𝐷 − 2

𝐷 + 3
(𝑉𝑅𝑅

4 + 2𝑉𝑅𝑅
6 ),  

0 = 𝐻3 ∧ 𝐹2 + 𝜇𝑂4𝐽5
0 = 𝐻3 ∧ 𝐹4
0 = 𝐻3 ∧⋆ 𝐹4
0 = 𝐻3 ∧⋆ 𝐹6

0 = 𝐹2 ∧⋆ 𝐹4 + 𝐹4 ∧⋆ 𝐹6

 

𝐹4 ∼ 𝑁
𝑓4 , 𝐹6 ∼ 𝑁

𝑓6 ∼ 𝑁2𝑓4 ,  

𝜌 ∼ 𝑁𝑟 ∼ 𝑁𝑓4 , 𝑒𝜙 ∼ 𝑁−
1
2
𝑓4 , 𝜏 ∼ 𝑁

1
2
12−𝐷
𝐷−2

𝑓4 ,
𝐿𝐾𝐾
2

𝐿𝐴𝑑𝑆
2 ∼ 𝑁−2𝑓4  

𝑉𝑅𝑅
4 ≤ 2(𝐷 + 1)𝑉𝑅𝑅

6 .  

𝑉𝐻 >
𝐷

3 + 𝐷

(𝑉𝑅𝑅
4 + 2𝑉𝑅𝑅

6 )(𝑉𝑅𝑅
4 − 2(𝐷 + 1)𝑉𝑅𝑅

6 )

(2𝐷 + 1)𝑉𝑅𝑅
4 + 2(3𝐷 − 1)𝑉𝑅𝑅

6 .  
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⟨𝑉⟩ = −
𝐷 − 2

𝐷 + 5
(𝑉𝑅𝑅

2 + 2𝑉𝑅𝑅
4 + 3𝑉𝑅𝑅

6 ),  

𝐹2 ∼ 𝑁
𝑓2 ∼ 𝑁

1
2
𝑓4 , 𝐹4 ∼ 𝑁

𝑓4 , 𝐹6 ∼ 𝑁
𝑓6 ∼ 𝑁

3
2
𝑓4 ,  

𝜌 ∼ 𝑁𝑟 ∼ 𝑁
1
2
𝑓4 , 𝑒𝜙 ∼ 𝑁−

3
4
𝑓4 , 𝜏 ∼ 𝑁

1
4
16−𝐷
𝐷−2

𝑓4 ,
𝐿𝐾𝐾
2

𝐿𝐴𝑑𝑆
2 ∼ 𝑁−𝑓4  

𝑉𝑅𝑅
2 ≤

2

3
(𝐷 − 1)𝑉𝑅𝑅

4 + (2𝐷 + 1)𝑉𝑅𝑅
6  

𝑉𝐻 >
𝐷

5 + 𝐷

(𝑉𝑅𝑅
2 + 2𝑉𝑅𝑅

4 + 3𝑉𝑅𝑅
6 ) (3𝑉𝑅𝑅

2 + 2𝑉𝑅𝑅
4 − 3𝑉𝑅𝑅

6 − 2𝐷(𝑉𝑅𝑅
4 + 3𝑉𝑅𝑅

6 ))

3𝑉𝑅𝑅
2 + 2𝑉𝑅𝑅

4 − 3𝑉𝑅𝑅
6 + 2𝐷(𝑉𝑅𝑅

2 + 3𝑉𝑅𝑅
4 + 6𝑉𝑅𝑅

6 )
 

⟨𝑉⟩ = −
𝐷 − 2

𝐷 + 2
𝑉𝑅𝑅
5  

0 = 𝐻3 ∧⋆ 𝐹3 + 𝜇𝑂3𝐽6
0 = 𝐻3 ∧⋆ 𝐹3
0 = 𝐻3 ∧⋆ 𝐹5
0 = 𝐹3 ∧⋆ 𝐹5

 

𝐹5 ∼ 𝑁
𝑓5  

𝜌 ∼ 𝑁𝑟 ∼ 𝑁𝑓5 , 𝑒𝜙 ∼ 𝑁0, 𝜏 ∼ 𝑁
1
2
𝐷−10
2−𝐷

𝑓5 ,
𝐿𝐾𝐾
2

𝐿𝐴𝑑𝑆
2 ∼ 𝑁−2𝑓5  

𝜆+ =
2𝐷

10 − 𝐷
𝑉𝑅𝑅
5 , 𝜆− = 2𝑉𝐻  

⟨𝑉⟩ = −
𝐷 − 2

𝐷 + 4
(𝑉𝑅𝑅

3 + 2𝑉𝑅𝑅
5 )  

0 = 𝐻3 ∧ 𝐹1 + 𝜇5𝐽4
0 = 𝐻3 ∧⋆ 𝐹3
0 = 𝐻3 ∧⋆ 𝐹5

0 =⋆ 𝐹3 ∧ 𝐹1 +⋆ 𝐹5 ∧ 𝐹3

 

𝐹3 ∼ 𝑁
𝑓3 ∼ 𝑁

1
2
𝑓5 , 𝐹5 ∼ 𝑁

𝑓5 ∼ 𝑁2𝑓3 ,  

𝜌 ∼ 𝑁𝑟 ∼ 𝑁
1
2
𝑓5 , 𝑒𝜙 ∼ 𝑁−

1
2
𝑓5 , 𝜏 ∼ 𝑁

1
4
14−𝐷
𝐷−2

𝑓5 ,
𝐿𝐾𝐾
2

𝐿𝐴𝑑𝑆
2 ∼ 𝑁−𝑓5  

𝑉𝑅𝑅
3 ≤ 𝐷𝑉𝑅𝑅

5  

𝑉𝐻 >
𝐷

𝐷 + 4

(𝑉𝑅𝑅
3 + 2𝑉𝑅𝑅

5 )(𝑉𝑅𝑅
3 − 𝐷𝑉𝑅𝑅

5 )

𝑉𝑅𝑅
3 (𝐷 + 1) + 3𝐷𝑉𝑅𝑅

5
 

𝑆 =
1

2𝜅10
2 ∫ ⁡  d

10𝑋√−𝐺𝑒−2𝜙 (𝑅10 + 4(𝜕𝜙)
2 −

1

2
|𝐻3|

2 −
1

4
𝑒2𝜙∑ 

𝑞

  |𝐹𝑞|
2
)  
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𝑆𝑙𝑜𝑐 = −𝑇𝑝∫ ⁡  d
𝑝+1𝑋𝑒−𝜙√−𝑃[𝐺] + 𝑇𝑝∫ ⁡𝐶𝑝+1  

𝐺𝑀𝑁 = 𝑒
𝜙/2𝐺𝑀𝑁  

𝑆𝐸 ⁡=
1

2𝜅10
2 ∫ ⁡  d

10𝑋√−𝐺(𝑅10 −
1

2
(𝜕𝜙)2 −

1

2
𝑒−𝜙|𝐻3|

2 −
1

4
𝑒
5−𝑞
2
𝜙∑ 

𝑞

  |𝐹𝑞|
2
)

⁡−𝑇𝑝∫ ⁡  d
10𝑋√−𝐺𝑒

𝑝−3
4
𝜙𝛿(Σ𝑖)

 

𝑅10 = 𝑅𝐷 + 𝑅(10−𝐷) +⋯ ,  

(𝑅𝑀𝑁 −
1

2
𝐺𝑀𝑁𝑅10) −

1

2
(𝜕𝑀𝜙𝜕𝑁𝜙 −

1

2
𝐺𝑀𝑁(𝜕𝜙)

2)

⁡−
1

2
𝑒−𝜙 (|𝐻3|𝑀𝑁

2 −
1

2
𝐺𝑀𝑁|𝐻3|

2) −
1

4
𝑒
5−𝑞
2
𝜙∑ 

𝑞

  (|𝐹𝑞|𝑀𝑁
2
−
1

2
𝐺𝑀𝑁|𝐹𝑞|

2
)

⁡+
1

2
𝑒
𝑝−3
4
𝜙𝑇𝑀𝑁

𝑙𝑜𝑐 = 0

 

𝑇𝑀𝑁 = 2𝜅10
2 𝑇𝑝𝑃[𝐺]𝑀𝑁𝛿Σ𝑖  

𝑇𝑙𝑜𝑐 = 𝐺𝑀𝑁𝑇𝑀𝑁
𝑙𝑜𝑐 ⁡= 2𝜅10

2 𝑇𝑝(𝑝 + 1)𝛿Σ𝑖 ,

𝐺𝜇𝜈𝑇𝜇𝜈
𝑙𝑜𝑐 ⁡= 2𝜅10

2 𝑇𝑝𝐷𝛿Σ𝑖 ,

𝐺𝑚𝑛𝑇𝑚𝑛
𝑙𝑜𝑐 ⁡= 2𝜅10

2 𝑇𝑝(𝑝 + 1 − 𝐷)𝛿Σ𝑖 .

 

𝑅10 =
1

2
(𝜕𝜙)2 +

1

4
𝑒−𝜙|𝐻3|

2 +
5 − 𝑞

16
∑  

𝑞

  𝑒
5−𝑞
2
𝜙|𝐹𝑞|

2
+
1

8
𝑒
𝑝−3
4
𝜙𝑇𝑙𝑜𝑐  

𝑅𝑀𝑁 −
1

2
𝜕𝑀𝜙𝜕𝑁𝜙 −

1

2
𝑒−𝜙 (|𝐻3|𝑀𝑁

2 −
1

4
𝐺𝑀𝑁|𝐻3|

2)

⁡−
1

4
∑  

𝑞

  𝑒
5−𝑞
2
𝜙 (|𝐹𝑞|𝑀𝑁

2
−
𝑞 − 1

8
𝐺𝑀𝑁|𝐹𝑞|

2
) +

1

2
𝑒
𝑝−3
4
𝜙 (𝑇𝑀𝑁

𝑙𝑜𝑐 −
1

8
𝐺𝑀𝑁𝑇

𝑙𝑜𝑐)
 

𝑅𝐷 = −
𝐷

8
𝑒−𝜙|𝐻3|

2 −∑ 

𝑝

 
𝐷(𝑞 − 1)

32
𝑒
5−𝑞
2
𝜙|𝐹𝑞|

2
− 𝜅10

2 𝑇𝑝𝐷(
7 − 𝑝

8
) 𝑒

𝑝−3
4
𝜙𝛿Σ𝑖  

𝑅𝑚𝑛 −
1

2
𝜕𝑚𝜙𝜕𝑛𝜙 −

1

2
𝑒−𝜙 (|𝐻3|𝑚𝑛

2 −
1

4
𝐺𝑚𝑛|𝐻3|

2)

⁡−
1

4
∑  

𝑞

  𝑒
5−𝑞
2 𝜙(|𝐹𝑞|𝑚𝑛

2
−
𝑞 − 1

8
𝐺𝑚𝑛|𝐹𝑞|

2
) +

1

2
𝑒
𝑝−3
4
𝜙 (𝑇𝑚𝑛

𝑙𝑜𝑐 −
1

8
𝐺𝑚𝑛𝑇

𝑙𝑜𝑐)
 

𝑅(10−𝐷) ⁡=
1

2
(𝜕𝑚𝜙)

2 +
2 + 𝐷

8
𝑒−𝜙|𝐻3|

2 +∑  

𝑞

 
8𝑞 − (10 − 𝐷)(𝑞 − 1)

32
𝑒
5−𝑞
2
𝜙|𝐹𝑞|

2

⁡+𝜅10
2 𝑇𝑝 (

8𝐷 − (𝐷 − 2)(𝑝 + 1)

8
) 𝑒

𝑝−3
4
𝜙𝛿Σ𝑖
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|
∫ ⁡ 𝑅𝐷

∫ ⁡ 𝑅(10−𝐷)
| =

𝐷
8
𝑘 + ∑  𝑝  

𝐷(𝑞 − 1)
16

𝑓𝑞 + 𝑇𝑝𝐷 (
7 − 𝑝
8
) 𝑠𝑝

1
2
𝜎 +

2 + 𝐷
8

𝑘 + ∑  𝑞  
8𝑞 − (10 − 𝐷)(𝑞 − 1)

16
𝑓𝑞 + 𝑇𝑝 (

8𝐷 − (𝐷 − 2)(𝑝 + 1)
8

) 𝑠𝑝

,  

𝑘 = ∫ ⁡ 𝑒−𝜙|𝐻3|
2, 𝑓𝑞 = ∫ ⁡ 𝑒

5−𝑞
2
𝜙|𝐹𝑞|

2
, 𝑠𝑝 = 𝜅10

2 ∫ ⁡ 𝑒
𝑝−3
4
𝜙𝛿Σ𝑖 , 𝜎 = ∫ ⁡ (𝜕𝑚𝜙)

2  

𝑀𝑑 = ℝ
𝑑/Γ, Γ ⊂ SO(𝑑) ⋉ ℝ𝑑  

Γ ∋ 𝛾 = (𝑅, 𝑏⃗ ), 𝑅 ∈ SO(𝑑), 𝑏⃗ ∈ ℝ𝑑  

𝛾 = (𝑅 𝑏⃗ 

0 1
)  

Λ = Γ ∩ ℝ𝑑  

𝑟: O(𝑑) ⋉ ℝ𝑑 → O(𝑑)  

Λ∗ ≡ {𝑘⃗ ∗ ∈ ℝ𝑑 ∣ 𝑣 ⋅ 𝑘⃗ ∗ ∈ ℤ, ∀𝑣 ∈ Λ}  

Λ∗ ∋ 𝑘⃗ ∗ = 𝑛𝑎𝑒 𝑎
∗ , 𝑛𝑎 ∈ ℤ  

‖𝑘⃗ ∗‖
2
= 𝑛𝑎𝑛𝑏𝐺𝑎𝑏  

𝐺 = 𝐴−1(𝐴−1)𝑇  

{𝛾𝑖, 𝛾𝑗} = 2𝛿𝑖𝑗  

𝜇: Spin(𝑑) → SO(𝑑),  

 

𝜀: Γ → Spin(𝑑)  

 

𝑟 = 𝜇 ∘ 𝜀,  
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𝜀(𝑒𝑎) = 𝛿𝑎𝟙, 𝛿𝑎 = ±1.  

𝜓(𝑦 + 𝑒 𝑎) = 𝛿𝑎𝜓(𝑦 ),  

𝜓(𝛾(𝑦)) = 𝜀(𝛾)𝜓(𝑦), ∀𝛾 ∈ Γ.  

𝛼 = (𝑅𝛼 𝑏⃗ 𝛼
0 1

) =

(

 
 
 
 
cos⁡

2𝜋

3
sin⁡

2𝜋

3
0 0

−sin⁡
2𝜋

3
cos⁡

2𝜋

3
0 0

0 0 1
𝐿3
3

0 0 0 1 )

 
 
 
 

 

𝑒1 = (

1 0 0 𝐿
0 1 0 0
0 0 1 0
0 0 0 1

) , 𝑒2 =

(

 
 
 
1 0 0 −

𝐿

2

0 1 0
√3𝐿

2
0 0 1 0
0 0 0 1 )

 
 
 

 

Γ = ⟨𝑒1, 𝑒2, 𝛼 ∣ 𝑒1𝑒2 = 𝑒2𝑒1, 𝛼𝑒1𝛼
−1 = 𝑒2

−1𝑒1
−1, 𝛼𝑒2𝛼

−1 = 𝑒1⟩  

𝐴 =

(

 
 
𝐿 −

𝐿

2
0

0
√3𝐿

2
0

0 0 𝐿3)

 
 

 

𝑒𝑎
∗ = (𝟙 𝑒 𝑎

∗

0 1
)  

𝑒 1
∗ =

(

 
 

1

𝐿
1

√3𝐿
0 )

 
 
, 𝑒 2
∗ = (

0
2

√3𝐿
0

) , 𝑒 3
∗ = (

0
0
1

𝐿3

)  
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𝑅𝛼𝑒 1 = −𝑒 1 − 𝑒 2, 𝑅𝛼𝑒 2 = 𝑒 1, 𝑅𝛼𝑒 3 = 𝑒 3  

𝑅𝛼𝑒 1
∗ = −𝑒 2

∗, 𝑅𝛼𝑒 2
∗ = 𝑒 1

∗ − 𝑒 2
∗, 𝑅𝛼𝑒 3

∗ = 𝑒 3
∗  

𝜀(𝛼) = −𝛿3exp⁡ (
2𝜋

3

1

2
𝜎1𝜎2) = −𝛿3 (

𝑒
𝑖𝜋
3 0

0 𝑒−
𝑖𝜋
3

) ,  

𝜀(𝑒1) = 𝟙, 𝜀(𝑒2) = 𝟙, 𝜀(𝑒3) = 𝛿3𝟙,  

𝜀(𝛼)3 = 𝜀(𝑒3)  

𝜀(𝛼)𝜀(𝑒1)𝜀(𝛼)
−1 = 𝜀(𝑒1)

−1𝜀(𝑒2)
−1,

𝜀(𝛼)𝜀(𝑒2)𝜀(𝛼)
−1 = 𝜀(𝑒1).

 

𝛼 =

(

 
 
1 0 0

𝐿1
2

0 −1 0 0
0 0 −1 0
0 0 0 1 )

 
 
, 𝛽 =

(

 
 
 
 
−1 0 0

𝐿1
2

0 1 0
𝐿2
2

0 0 −1
𝐿3
2

0 0 0 1 )

 
 
 
 

,

Γ = ⟨𝛼, 𝛽 ∣ 𝛼2𝛽2 = 𝛽2𝛼2, 𝛽𝛼𝛽𝛼2 = 𝛼2𝛽𝛼𝛽, 𝛼𝛽𝛼𝛽2 = 𝛽2𝛼𝛽𝛼⟩,

 

𝑒1 = (𝟙3, 𝑒 1) = 𝛼
2, 𝑒2 = (𝟙3, 𝑒 2) = 𝛽

2, 𝑒3 = (𝟙3, 𝑒 3) = (𝛽𝛼)
2,  

𝐴 = (
𝐿1 0 0
0 𝐿2 0
0 0 𝐿3

)  

𝑅𝛼 = (
1 0 0
0 −1 0
0 0 −1

) , 𝑅𝛽 = (
−1 0 0
0 1 0
0 0 −1

) , 𝑅𝛼𝛽 = 𝑅𝛽𝛼 = (
−1 0 0
0 −1 0
0 0 1

) .  

{
 
 

 
 
𝑦1 ∼ 𝑦1 +

𝐿1
2
,

𝑦2 ∼ −𝑦2,

𝑦3 ∼ −𝑦3,

⁡

{
 
 

 
 𝑦1 ∼ −𝑦1 +

𝐿1
2
,

𝑦2 ∼ 𝑦2 +
𝐿2
2
,

𝑦3 ∼ −𝑦3 +
𝐿3
2
,

⁡

{
 
 

 
 
𝑦1 ∼ −𝑦1,

𝑦2 ∼ −𝑦2 +
𝐿2
2
,

𝑦3 ∼ 𝑦3 +
𝐿3
2
,

 

𝐷 =]0,
𝐿1
2
[×]0,

𝐿2
2
[×]0,

𝐿3
2
[∪] −

𝐿1
2
, 0[×] −

𝐿2
2
, 0[×] −

𝐿3
2
, 0[  

𝜀(𝛼) = 𝑠1exp⁡ (𝜋
1

2
𝜎2𝜎3) = 𝑖𝑠1𝜎1

𝜀(𝛽) = 𝑠2exp⁡ (𝜋
1

2
𝜎3𝜎1) = 𝑖𝑠2𝜎2
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𝜓(𝑦1 +
𝐿1
2
,−𝑦2, −𝑦3) ⁡= 𝑖𝑠1𝜎1𝜓(𝑦

1, 𝑦2, 𝑦3),

𝜓 (−𝑦1 +
𝐿1
2
, 𝑦2 +

𝐿2
2
,−𝑦3 +

𝐿3
2
) ⁡= 𝑖𝑠2𝜎2𝜓(𝑦

1, 𝑦2, 𝑦3),

𝜓 (−𝑦1, −𝑦2 +
𝐿2
2
, 𝑦3 +

𝐿3
2
) ⁡= −𝑖𝑠1𝑠2𝜎3𝜓(𝑦

1, 𝑦2, 𝑦3),

𝜓(𝑦1 + 𝐿1, 𝑦
2, 𝑦3) ⁡= −𝜓(𝑦1, 𝑦2, 𝑦3),

𝜓(𝑦1, 𝑦2 + 𝐿2, 𝑦
3) ⁡= −𝜓(𝑦1, 𝑦2, 𝑦3),

𝜓(𝑦1, 𝑦2, 𝑦3 + 𝐿3) ⁡= −𝜓(𝑦
1, 𝑦2, 𝑦3),

 

⊠𝑌0 =◻𝑌0 = 𝜕
𝑖𝜕𝑖𝑌0 = 𝛿

𝑖𝑗𝜕𝑖𝜕𝑗𝑌0  

⊠𝑌𝑖1…𝑖𝑝 = (𝑝 + 1)𝜕
𝑗𝜕[𝑗𝑌𝑖1…𝑖𝑝]  

⊠𝑌𝑖1…𝑖𝑝 = 𝜖𝑖1…𝑖𝑝 ⁡
𝑗1…𝑗𝑝+1𝜕𝑗1𝑌𝑗2…𝑗𝑝+1  

⊠𝑌𝑖𝑗 = 3𝜕
𝑘𝜕(𝑘𝑌𝑖𝑗)  

⊠Ξ = 𝛾𝑖𝜕𝑖Ξ  

⊠Ξ𝑖 = 𝛾𝑖⁡
𝑗𝑘𝜕𝑗Ξ𝑘,  

𝑌𝑘⃗ ∗ =
1

|𝑟(Γ)|
∑  

𝛾∈Γ/Λ

 exp⁡[2𝜋𝑖𝑘⃗ ∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)], 𝑘⃗ 
∗ = 𝑛𝑎𝑒 𝑎

∗ ∈ Λ∗  

◻ 𝑌𝑘⃗ ∗ = −4𝜋
2‖𝑘⃗ ∗‖

2
𝑌𝑘⃗ ∗ ≡ −𝑀𝑘⃗ ∗

2 𝑌𝑘⃗ ∗  

𝑌𝑛1,𝑛2,𝑛3 =
1

|𝑟(Γ)|
∑  

𝛾∈Γ/Λ

 exp⁡[2𝜋𝑖𝑘⃗ ∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)]

=
1

3
∑  

𝛾∈{𝑒3,𝛼,𝛼
2}

 exp⁡[2𝜋𝑖𝑘⃗ ∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)]

=
1

3
[𝑒
2𝜋𝑖(𝑛1

𝑦1

𝐿
+
𝑛1+2𝑛2
√3

𝑦2

𝐿
+𝑛3

𝑦3

𝐿3
)
+ 𝑒

2𝜋𝑖(−(𝑛1+𝑛2)
𝑦1

𝐿
+
𝑛1−𝑛2
√3

𝑦2

𝐿
+𝑛3(

𝑦3

𝐿3
+
1
3
))

⁡+𝑒
2𝜋𝑖(𝑛2

𝑦1

𝐿
−
2𝑛1+𝑛2
√3

𝑦2

𝐿
+𝑛3(

𝑦3

𝐿3
+
2
3
))
]

 

𝑘⃗ ∗ = 𝑛1𝑒 1
∗ + 𝑛2𝑒 2

∗ + 𝑛3𝑒 3
∗ =

(

 
 
 

𝑛1
𝐿

𝑛1 + 2𝑛2

√3𝐿
𝑛3
𝐿3 )

 
 
 

 

𝑛1, 𝑛2, 𝑛3 ∈ ℤ, 𝑛1 ≥ 1, 𝑛2 > −𝑛1.  

𝑌0,0,𝑛3 =
1

3
𝑒
2𝜋𝑖𝑛3

𝑦3

𝐿3 (1 + 𝑒2𝜋𝑖
𝑛3
3 + 𝑒2𝜋𝑖

2𝑛3
3 )  
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𝑌(𝑝)𝑘⃗ ∗ = ∑  

𝛾∈Γ/Λ

  (𝑅𝛾𝑑𝑦 )
𝑖1
⊗…(𝑅𝛾𝑑𝑦 )

𝑖𝑝
𝑐𝑖1…𝑖𝑝exp⁡[2𝜋𝑖𝑘⃗

 ∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)]  

⊠𝑌(𝑝)𝑘⃗ ∗ = −4𝜋
2‖𝑘⃗ ∗‖

2
𝑌(𝑝)𝑘⃗ ∗ ≡ −𝑀𝑘⃗ ∗

2 𝑌(𝑝)𝑘⃗ ∗  

𝑑𝑀
𝑘⃗⃗ ∗
2 =

1

|𝑟(Γ)|
∑  

𝛾∈Γ/Λ

  tr𝑝(𝑅𝛾) ∑  

𝑘⃗ ∗∈Λ∗∣𝑅𝛾𝑘⃗ 
∗=𝑘⃗ ∗

 𝑒2𝜋𝑖𝑘⃗
 ∗⋅𝑏⃗ 𝛾

 

exp⁡ (2𝜋𝑖𝑛3
𝑦3

𝐿3
)𝑑𝑦3,⁡ for ⁡𝑛3 ∈ 3ℤ  

exp⁡ (2𝜋𝑖𝑛3
𝑦3

𝐿3
) (𝑑𝑦1 + 𝑖𝑑𝑦2),⁡ for ⁡𝑛3 ∈ 3ℤ + 1, or 𝑛3 ∈ 3ℤ + 2  

Λ𝜀
∗ = Λ∗ + 𝑎 𝜀

∗  

𝑒2𝜋𝑖𝑎⃗ 𝜀
∗⋅𝑒 𝑎 = 𝛿𝑎  

Ξ𝑘⃗ 𝜀∗ = ∑  

𝛾∈Γ/Λ

 exp⁡[2𝜋𝑖𝑘⃗ 𝜀
∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)][𝜀(𝛾)]

−1𝜓0, 𝑘⃗ 𝜀
∗ ∈ Λ𝜀

∗
 

𝑘⃗ 𝜀
∗ = 𝑘⃗ ∗ + 𝑎 𝜀

∗ = 𝑛𝜀𝑎𝑒 𝑎
∗ = (𝑛𝑎 +

1

4
(1 − 𝛿𝑎)) 𝑒 𝑎

∗  

∂̸Ξ𝑘⃗ 𝜀∗ = ∑  

𝛾∈Γ/Λ

 exp⁡[2𝜋𝑖𝑘⃗ 𝜀
∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)](2𝜋𝑖𝑛𝜀𝑎𝑒 𝑎𝑖

∗ 𝑅𝑗
𝑖𝛾𝑗)[𝜀(𝛾)]−1𝜓0  

[𝜀(𝛾)]−1𝛾𝑖[𝜀(𝛾)] = 𝑅𝑖⁡𝑗𝛾
𝑗 ,  

∂̸Ξ𝑘⃗ 𝜀∗ = ∑  

𝛾∈Γ/Λ

 exp⁡[2𝜋𝑖𝑘⃗ 𝜀
∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)][𝜀(𝛾)]

−1(2𝜋𝑖𝑛𝜀𝑎𝑒 𝑎𝑖
∗ 𝛾𝑖)𝜓0  

Ξ𝑘⃗ 𝜀∗,± = ∑  

𝛾∈Γ/Λ

 exp⁡[2𝜋𝑖𝑘⃗ 𝜀
∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)][𝜀(𝛾)]

−1 (1 ±
𝑛𝜀𝑎𝑒 𝑎𝑖

∗

‖𝑘⃗ 𝜀
∗‖
𝛾𝑖)𝜓0  

∂̸Ξ𝑘⃗ 𝜀∗,±= ∑  

𝛾∈Γ/Λ

 exp⁡[2𝜋𝑖𝑘⃗ 𝜀
∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)](2𝜋𝑖𝑛𝜀𝑏𝑒 𝑏𝑗

∗ 𝑅𝑘
𝑗
𝛾𝑘)[𝜀(𝛾)]−1 (1 ±

𝑛𝜀𝑎𝑒 𝑎𝑖
∗

‖𝑘⃗ 𝜀
∗‖
𝛾𝑖)𝜓0⁡

= ∑  

𝛾∈Γ/Λ

 exp⁡[2𝜋𝑖𝑘⃗ 𝜀
∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)][𝜀(𝛾)]

−1(2𝜋𝑖𝑛𝜀𝑏𝑒 𝑏𝑗
∗ 𝛾𝑗) (1 ±

𝑛𝜀𝑎𝑒 𝑎𝑖
∗

‖𝑘⃗ 𝜀
∗‖
𝛾𝑖)𝜓0 ⁡

⁡= ±2𝜋𝑖‖𝑘⃗ 𝜀
∗‖Ξ𝑘⃗ ∗,±

 

Ξ
𝑘⃗ 𝜀
∗

3/2
= ∑  

𝛾∈Γ/Λ

 𝑅𝛾 ⁡
𝑖⁡𝑗𝑑𝑥

𝑗𝑐𝑖exp⁡[2𝜋𝑖𝑘⃗ 𝜀
∗ ⋅ (𝑅𝛾𝑦 + 𝑏⃗ 𝛾)][𝜀(𝛾)]

−1𝜓0, 𝑘⃗ 𝜀
∗ ∈ Λ𝜀

∗
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dim(ker ∂̸) =
1

|𝑟(Γ)|
∑  

𝑅∈𝑟(Γ)

 𝜒(𝑅),  

𝑉1 =
1

2
∫ ⁡

𝑑𝐷𝑝

(2𝜋)𝐷
∑ 

𝐼

  (−1)𝐹𝐼𝑁𝐼∑ 

𝑘⃗ 𝐼
∗

 log⁡ (𝑝2 +𝑀
𝑘⃗ 𝐼
∗
2 )  

𝑉1 = −
𝑑

𝑑𝑠
[
1

2
∫ ⁡

𝑑𝐷𝑝

(2𝜋)𝐷
∑ 

𝐼

 ∑  

𝑘⃗ 𝐼
∗

  (−1)𝐹𝐼𝑁𝐼 (𝑝
2 +𝑀

𝑘⃗ 𝐼
∗
2 )

−𝑠
]

𝑠=0

 

𝑉1 = −
1

2𝐷+1𝜋𝐷/2
∑ 

𝐼

 ∑  

𝑘⃗ 𝐼
∗

  (−1)𝐹𝐼𝑁𝐼
𝑑

𝑑𝑠
[
Γ (𝑠 −

𝐷
2)

Γ(𝑠)
𝑀
𝑘⃗ 𝐼
∗
𝐷−2𝑠]

𝑠=0

 

𝑍Λ[𝑠, 𝑎 , 𝑏⃗ 
∗] = ∑  

𝑧 ∈Λ

 
𝑒−2𝜋𝑖𝑧 ⋅𝑏⃗

 ∗

‖𝑧 + 𝑎 ‖𝑠
 

𝑍ℤ[𝑠, 𝑎, 0] = 2𝜁(𝑠, 𝑎)  

𝑉1 = −
𝜋𝐷/2

2
∑  

𝐼

  (−1)𝐹𝐼𝑁𝐼
𝑑

𝑑𝑠
[

Γ (𝑠 −
𝐷
2)

(2𝜋)2𝑠Γ(𝑠)|𝑟(Γ𝐼)|
𝑍Λ𝐼∗(−𝐷 + 2𝑠, 𝑎 𝐼

∗, 0)]

𝑠=0

 

𝑒−2𝜋𝑖𝑎⃗ 
∗⋅𝑏⃗ 
Γ (
𝑑 − 𝑥
2

)

𝜋
𝑑−𝑥
2

𝑍Λ∗[𝑑 − 𝑥, 𝑎 
∗, −𝑏⃗ ] = √Δ

Γ(𝑥/2)

𝜋𝑥/2
𝑍Λ[𝑥, 𝑏⃗ , 𝑎 

∗]  

𝑉1 = −
√Δ

2𝜋
𝐷+𝑑
2

∑ 

𝐼

  (−1)𝐹𝐼𝑁𝐼
𝑑

𝑑𝑠
[
Γ (
𝐷 + 𝑑
2 − 𝑠)

22𝑠Γ(𝑠)|𝑟(Γ𝐼)|
𝑍Λ𝐼(𝐷 + 𝑑 − 2𝑠, 0, 𝑎 𝐼

∗)]

𝑠=0

 

𝑉1= −
√ΔΓ (

𝐷 + 𝑑
2 )

2𝜋
𝐷+𝑑
2

∑ 

𝐼

  (−1)𝐹𝐼
𝑁𝐼

|𝑟(Γ𝐼)|
𝑍Λ𝐼(𝐷 + 𝑑, 0, 𝑎 𝐼

∗)⁡

⁡= −
𝜋𝐷/2

2
Γ(−𝐷/2)∑  

𝐼

  (−1)𝐹𝐼
𝑁𝐼

|𝑟(Γ𝐼)|
𝑍Λ𝐼∗(−𝐷, 𝑎 𝐼

∗, 0)

 

Strℳ2𝑝 ≡∑ 

𝐼

  (−1)𝐹𝐼𝑁𝐼𝑀𝑘⃗ 𝐼∗
2𝑝

 

𝑉1 = −
1

2𝐷+1𝜋𝐷/2
∑ 

𝑘⃗ ∗

 
𝑑

𝑑𝑠
[
Γ (𝑠 −

𝐷
2)

Γ(𝑠)
Str𝐷−2𝑠]

𝑠=0

 

𝑉red =
1

32𝜋2
Strℳ0

2𝜇2 +
1

64𝜋2
Str [ℳ0

4log⁡
ℳ0

2

𝜇2
]  
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𝑉1= −𝐿
Γ(
11
2
)

2𝜋
11
2

128

2
[𝑍𝐿ℤ(11,0,0) − 𝑍𝐿ℤ(11,0,1/(2𝐿))] ⁡

⁡= −
𝜋5

2
64Γ(−5)[𝑍ℤ/𝐿(−10,0,0) − 𝑍ℤ/𝐿(−10,1/(2𝐿),0)]

⁡= −
𝜋5

2𝐿10
64Γ(−5)(2𝜁(−10) − 2𝜁(−10,1/2))

⁡= −
2−4𝜋5

𝐿10
(211 − 1)Γ(−5)𝜁(−10) = −

Γ(
11
2
)

24𝐿10𝜋
11
2

(211 − 1)𝜁(11),

 

𝑉1= −𝐿
Γ(
5
2
)

2𝜋
5
2

8

2
[𝑍𝐿ℤ(5,0,0) − 𝑍𝐿ℤ(5,0,1/(2𝐿))] ⁡

= −
𝜋2

2
4Γ(−2)[𝑍ℤ/𝐿(−4,0,0) − 𝑍ℤ/𝐿(−4,1/(2𝐿),0)] ⁡

⁡= −
𝜋2

2𝐿4
4Γ(−2)(2𝜁(−4) − 2𝜁(−4,1/2)) = −

𝜋2

4𝐿4
(25 − 1)Γ(−2)𝜁(−4)

⁡= −
Γ (
5
2)

4𝐿4𝜋
5
2

(25 − 1)𝜁(5) = −
3

𝜋2𝐿4
31

16
𝜁(5),

 

𝜁(5) − Li5(−1) =
31

16
𝜁(5).  

𝜕𝑖 (𝑔𝑖𝑗 −
1

3
𝛿𝑖𝑗𝑔𝑘

𝑘) = 0 = 𝜕𝑖𝑔𝜇𝑖 = 𝜕
𝑖𝐴𝑖 = 𝜕

𝑖𝐵𝜇𝑖 = 𝜕
𝑖𝐵𝑖𝑗 = 𝜕

𝑖𝐶𝜇𝑖𝑗 = 𝜕
𝑖𝐶𝑖𝑗𝑘 ,  

Γ𝑖𝜓𝑖(𝑥, 𝑦) = 0,  

𝐶𝑖𝑗𝑘(𝑥, 𝑦) = 𝜖𝑖𝑗𝑘𝑐
𝐼(𝑥)𝑌𝐼(𝑦).  

Γ𝜇 = 𝛾𝜇⊗𝟙2⊗𝜎1, Γ
𝑖 = 𝟙8⊗𝜎𝑖⊗𝜎2.  

𝜆10 = (
𝜆1

𝜆2
) .  

state 𝑀 ≠ 0 𝑀 = 0 state 𝑀 ≠ 0 𝑀 = 0 

𝑔𝜇𝜈 20 14 𝑐𝜇𝜈𝜌 20 10 

𝜓𝜇 20 16 𝜒 4 4 

𝑎𝜇 6 5 𝜙 1 1 

𝑏𝜇𝜈 15 10    
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field spin origin field harmonic field spin origin field harmonic 

ℎ𝜇𝜈 2 𝑔𝜇𝜈 𝑌0 𝜓𝐴 1/2 𝜓𝑖 Ξ3/2 

𝜓𝜇
𝐴 3/2 𝜓𝜇 Ξ1/2 𝜂𝐴 1/2 𝜓𝑖 Ξ1/2 

𝑎𝜇 1 𝐴𝜇 𝑌0 𝜒𝐴 1/2 𝜒 Ξ1/2 

ℎ𝜇 1 𝑔𝜇𝑖 𝑌1 𝜙 0 𝜙 𝑌0 

𝑏𝜇 1 𝐵𝜇𝑖 𝑌1 𝑔 0 𝑔𝑖𝑗 𝑌sym  

𝑐𝜇 1 𝐶𝜇𝑖𝑗 ⋆ 𝑑𝑌0 ℎ 0 𝑔𝑖𝑗 𝑌0 

𝑏𝜇𝜈 tensor 𝐵𝜇𝜈 𝑌0 𝑎 0 𝐴𝑖 𝑌1 

𝑐𝜇𝜈 tensor 𝐶𝜇𝜈𝑖 𝑌1 𝑏 0 𝐵𝑖𝑗 ⋆ 𝑑𝑌0 

𝑐𝜇𝜈𝜌 tensor 𝐶𝜇𝜈𝜌 𝑌0 𝑐 0 𝐶𝑖𝑗𝑘 ℑ 

 

‖𝑘⃗ ∗‖
2
= [
𝑛1
2

𝐿2
+
(𝑛1 + 2𝑛2)

2

3𝐿2
+
𝑛3
2

𝐿3
2 ] , (𝑛1, 𝑛2, 𝑛3 ∈ ℤ, 𝑛1 ≥ 1, 𝑛2 > −𝑛1),  

harmonic degeneracy 𝐿3
2‖𝑘⃗ ∗‖

2
 

𝑌0 1 9𝑛3
2 

Ξ1/2 2 (3𝑛3 + 1)
2 

𝑌1 2 (3𝑛3 + 1)
2 

Ξ3/2 2 9𝑛3
2 

𝑌sym  2 (3𝑛3 + 1)
2 
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state dofs [𝑛3] − level 

𝑔𝜇𝜈 20 |3[𝑛3]| 

𝜓𝜇 20 2 × |3[𝑛3] + 1|, 2 × |3[−𝑛3] + 1|, 

𝑎𝜇 6 2 × |3[𝑛3]| ⊕ 2 × |3[𝑛3 − 1] + 1| ⊕ 2 × |3[−𝑛3 − 1] + 1| 

𝑏𝜇𝜈 15 |3[𝑛3]| ⊕ |3[𝑛3 − 1] + 1|⊕ |3[−𝑛3 − 1] + 1| 

𝑐𝜇𝜈𝜌 20 |3[𝑛3]| 

𝜒 4 2 × |3[𝑛3 + 1]| ⊕ 2 × |3[−𝑛3 + 1]| ⊕ 4 × |3[𝑛3] + 1| ⊕ 4 × |3[−𝑛3] + 1| 

𝜙 1 

3 × |3[𝑛3]| ⊕ |3[−𝑛3 + 1] + 1| ⊕ |3[𝑛3 − 1] + 1|⊕ |3[−𝑛3 − 1] + 1|

⊕ |3[𝑛3 + 1] + 1| 

 

Str(ℳ2) = Str(ℳ4) = Str(ℳ6) = 0,  

state dofs ( 𝑛1
′ , 𝑛2

′ , 𝑛3
′  ) 

𝑔𝜇𝜈 20 ( 𝑛1, 𝑛2, 𝑛3 ) 

𝜓𝜇 20 2 × (𝑛1, 𝑛2, 𝑛3 +
1

2
) , 2 × (𝑛1, 𝑛2, 𝑛3 −

1

2
), 

𝑎𝜇 6 2 × (𝑛1, 𝑛2, 𝑛3)⊕ 2 × (𝑛1, 𝑛2, 𝑛3 + 1)⊕ 2 × (𝑛1, 𝑛2, 𝑛3 − 1) 

𝑏𝜇𝜈 15 (𝑛1, 𝑛2, 𝑛3)⊕ (𝑛1, 𝑛2, 𝑛3 + 1)⊕ (𝑛1, 𝑛2, 𝑛3 − 1) 

𝑐𝜇𝜈𝜌 20 ( 𝑛1, 𝑛2, 𝑛3 ) 

𝜒 4 

2 × (𝑛1, 𝑛2, 𝑛3 +
1

2
)⊕ 2 × (𝑛1, 𝑛2, 𝑛3 −

1

2
)⊕ 4 × (𝑛1, 𝑛2, 𝑛3 +

3

2
)

⊕ 4 × (𝑛1, 𝑛2, 𝑛3 −
3

2
) 



pág. 3783 

𝜙 1 

3 × (𝑛1, 𝑛2, 𝑛3)⊕ (𝑛1, 𝑛2, 𝑛3 + 1)⊕ (𝑛1, 𝑛2, 𝑛3 − 1)⊕ (𝑛1, 𝑛2, 𝑛3 + 2)

⊕ (𝑛1, 𝑛2, 𝑛3 − 2) 

 

Str(ℳ8) = 40320
𝜋8

𝐿3
8 ,  

𝑉1 ⁡= −
54 ⋅ 37𝜋

7
2

2𝐿3
7 Γ (−

7

2
) [2𝜁(−7) − (𝜁(−7,1/3) + 𝜁(−7,2/3))]

⁡= −
162

𝜋4𝐿3
7 [𝜁(8,1/3) + 𝜁(8,2/3)] = −

162

𝜋4𝐿3
7
(38 − 1)𝜁(8) = −

3936

35

𝜋4

𝐿3
7

 

Strℳ8 = 40320
𝜋8

𝐿3
8 ,  

𝑉1
(𝐼)
=−

√3

2
𝐿2𝐿3

Γ(5)

2𝜋5
128

3
[𝑍Λ(10, 0⃗ , 0⃗ ) − 𝑍Λ (10, 0⃗ , (0,0,1/(2𝐿3)))⁡

−
2

𝐿3
10 (𝜁(10) + 𝜂(10))]

 

𝑉1
(𝐼𝐼)

=⁡−
37𝜋

7
2

2𝐿3
7 Γ(−7/2)(140𝜁(−7) + 58(𝜁(−7,1/3) + 𝜁(−7,2/3))

⁡−112(𝜁(−7,1/6) + 𝜁(−7,5/6)) − 32𝜁(−7,1/2)) = −
197

105

𝜋4

𝐿3
7

 

‖𝑘⃗ ∗‖
2
= [
𝑛1
2

𝐿1
2 +

𝑛2
2

𝐿2
2 +

𝑛3
2

𝐿3
2 ]  

state dofs ( 𝑛1
′ , 𝑛2

′ , 𝑛3
′  ) 

𝑔𝜇𝜈 20 ( 𝑛1, 𝑛2, 𝑛3 ) 

𝜓𝜇 20 2 × (𝑛1 +
1

2
, 𝑛2 +

1

2
, 𝑛3 +

1

2
) , 2 × (𝑛1 −

1

2
, 𝑛2 −

1

2
, 𝑛3 −

1

2
), 

𝑎𝜇 6 2 × (𝑛1, 𝑛2, 𝑛3), 2 × (𝑛1 + 1, 𝑛2 + 1, 𝑛3 + 1), 2 × (𝑛1 − 1, 𝑛2 − 1, 𝑛3 − 1) 

𝑏𝜇𝜈 15 (𝑛1, 𝑛2, 𝑛3), (𝑛1 + 1, 𝑛2 + 1, 𝑛3 + 1), (𝑛1 − 1, 𝑛2 − 1, 𝑛3 − 1) 

𝑐𝜇𝜈𝜌 20 ( 𝑛1, 𝑛2, 𝑛3 ) 
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𝜒 4 

2 × (𝑛1 +
1

2
, 𝑛2 +

1

2
, 𝑛3 +

1

2
) , 2 × (𝑛1 −

1

2
, 𝑛2 −

1

2
, 𝑛3 −

1

2
) ,

4 × (𝑛1 +
3

2
, 𝑛2 +

3

2
, 𝑛3 +

3

2
) , 4 × (𝑛1 −

3

2
, 𝑛2 −

3

2
, 𝑛3 −

3

2
)

 

𝜙 1 
3 × (𝑛1, 𝑛2, 𝑛3), (𝑛1 + 1, 𝑛2 + 1, 𝑛3 + 1), (𝑛1 − 1, 𝑛2 − 1, 𝑛3 − 1),

(𝑛1 + 2, 𝑛2 + 2, 𝑛3 + 2), (𝑛1 − 2, 𝑛2 − 2, 𝑛3 − 2)
 

 

Strℳ8 = 40320
𝜋8(𝐿1

2𝐿2
2 + 𝐿2

2𝐿3
2 + 𝐿1

2𝐿3
2)4

𝐿1
8𝐿2
8𝐿3
8  

𝑉1 = −
384

𝜋5𝐿7
(𝑍ℤ3(10,0,0) − 𝑍ℤ3 (10,0, (−

1

2
,−
1

2
,−
1

2
)) − 6(𝜁(10) + 𝜂(10)))  

| + 2⟩:0⃗ ,

| + 3/2, 𝑖⟩ = 𝑄𝑖| + 2⟩:𝑞𝑖⃗⃗  ⃗,

| + 1, [𝑖𝑗]⟩ = 𝑄𝑖𝑄𝑗| + 2⟩:𝑞𝑖⃗⃗  ⃗ + 𝑞𝑗⃗⃗  ⃗,

| + 1/2, [𝑖𝑗𝑘]⟩ = 𝑄𝑖𝑄𝑗𝑄𝑘| + 2⟩:𝑞𝑖⃗⃗  ⃗ + 𝑞𝑗⃗⃗  ⃗ + 𝑞𝑘⃗⃗⃗⃗ ,

|0, [𝑖𝑗𝑘𝑙]⟩ = 𝑄𝑖𝑄𝑗𝑄𝑘𝑄𝑙| + 2⟩:𝑞𝑖⃗⃗  ⃗ + 𝑞𝑗⃗⃗  ⃗ + 𝑞𝑘⃗⃗⃗⃗ + 𝑞𝑙⃗⃗  ⃗,

 

∑ 

8

𝑖=1

 𝑞 𝑖 = 0⃗  

|2⟩:𝑀2 = 𝑛⃗ 2,

|3/2, 𝑖⟩:𝑀𝑖
2 = (𝑛⃗ + 𝑞 𝑖)

2,

|1, [𝑖𝑗]⟩:𝑀𝑖𝑗
2 = (𝑛⃗ + 𝑞 𝑖 + 𝑞 𝑗)

2
,

|1/2, [𝑖𝑗𝑘]⟩:𝑀𝑖𝑗𝑘
2 = (𝑛⃗ + 𝑞 𝑖 + 𝑞 𝑗 + 𝑞 𝑘)

2
,

|0, [𝑖𝑗𝑘𝑙]⟩:𝑀𝑖𝑗𝑘𝑙
2 = (𝑛⃗ + 𝑞 𝑖 + 𝑞 𝑗 + 𝑞 𝑘 + 𝑞 𝑙)

2
,

 

𝑀⃗⃗ 𝑎 = {𝑛⃗ , 𝑛⃗ + 𝑞 𝑖, 𝑛⃗ + 𝑞 𝑖 + 𝑞 𝑗, 𝑛⃗ + 𝑞 𝑖 + 𝑞 𝑗 + 𝑞 𝑘 , 𝑛⃗ +𝑞 𝑖 + 𝑞 𝑗 + 𝑞 𝑘 + 𝑞 𝑙} 

(𝑀⃗⃗ 𝑎)
2
= ∑  

𝑛

𝐴=1

  (𝑀𝑎
𝐴)2𝜇𝐴

2  

Strℳ2𝑝 = Tr[ℳ(0)
2 ]

𝑝
− 2Tr[ℳ(1/2)

2 ]
𝑝
+ 2Tr[ℳ(1)

2 ]
𝑝
− 2Tr[ℳ(3/2)

2 ]
𝑝
+ Tr[ℳ(2)

2 ]
𝑝
.  

Strℳ2 = Strℳ4 = Strℳ6 = 0,  

Strℳ8 =∑ 

𝑎

𝜖𝑎(𝑀⃗⃗ 𝑎
2)
𝑘
=∑  

𝑎

𝜖𝑎 [∑  

𝐴

  (𝑀𝑎
𝐴)2𝜇𝐴

2]

𝑘

. 

Strℳ8 = 40320(∏ 

8

𝑖=1

 𝑞𝑖) 𝜇
8.  
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Strℳ8 = 40320(∏ 

8

𝑖=1

 𝑞𝑖)(∑ 

𝐴

 𝜇𝐴
2)

4

.  

𝑒𝑎 = 𝑑𝑦𝑖𝑒𝑖
𝑎 = (

cos⁡(𝑞𝑧)𝑑𝑦1 − sin⁡(𝑞𝑧)𝑑𝑦2

sin⁡(𝑞𝑧)𝑑𝑦1 + cos⁡(𝑞𝑧)𝑑𝑦2

𝑑𝑦3
)  

𝑒1 + 𝑖𝑒2 = exp⁡(𝑖𝑞𝑧)(𝑑𝑦1 + 𝑖𝑑𝑦2), 𝑒3 = 𝑑𝑦3  

𝐴(𝑥, 𝑦) = 𝑑𝑦𝑖𝑎𝑖(𝑥) + 𝑒
𝑎(𝑦)𝑎𝑎(𝑥) = 𝑎7(𝑥) + 𝑒

𝑎(𝑦)𝑎𝑎(𝑥)  

𝑑𝑒1 = 𝑞𝑒2 ∧ 𝑒3, 𝑑𝑒2 = −𝑞𝑒1 ∧ 𝑒3, 𝑑𝑒3 = 0  

𝑒𝑎(𝑦)𝑎𝑎(𝑥) = 𝑑𝑦
𝑖𝑒𝑖
𝑎(𝑦)𝑎𝑎(𝑥) = 𝑑𝑦

𝑖𝑌𝑖
𝐼(𝑦)𝑎𝐼(𝑥)  

𝑑𝑠3
2 = 𝑒𝑎(𝑦)⊗ 𝑒𝑏(𝑦)𝑔𝑎𝑏(𝑥)  

𝑑𝑠3
2 = 𝑑𝑦𝑖⊗𝑑𝑦𝑗𝑆𝐼(𝑥)𝑌𝑖𝑗

𝐼 (𝑦)  

𝐷𝑖𝑔𝑖𝑗 = 𝜕𝑖𝑔𝑖𝑗 − 𝑔𝑖𝑘𝜏𝑗𝑘
𝑘 𝑔𝑖⁡

𝑘 − 𝑔𝑗𝑘𝜏𝑖𝑘
𝑘 𝑔𝑖⁡

𝑘 ,  

𝐷𝑖𝑔31 ⁡= 𝜕𝑖𝑔31 + 𝑞𝑔𝑖
2

𝐷𝑖𝑔32 ⁡= 𝜕𝑖𝑔32 − 𝑞𝑔𝑖
1  

ℒ1/2 = 𝜓‾𝜎
𝑎𝑒𝑎

𝑖 (𝜕𝑖 +
1

4
𝜔𝑖
𝑏𝑐𝜎𝑏𝜎𝑐)𝜓,  

𝑑𝑒𝑎 +𝜔𝑏
𝑎𝑒𝑏 = 0  

𝜔3
12 = 𝑞  

ℒ1/2 = 𝜓‾ [𝜎
3𝜕3𝜓 + (cos⁡(𝑞𝑦

3)𝜎1 + sin⁡(𝑞𝑦3)𝜎2)𝜕1𝜓 + (cos⁡(𝑞𝑦
3)𝜎2 − sin⁡(𝑞𝑦3)𝜎1)𝜕2𝜓 +

𝑖

2
𝑞𝜓] 

ℒ1/2 ⁡= 𝜓‾𝜎
3𝜕3𝜓 + 𝑒

(−
𝑖
2
𝑞𝑦3𝜎3)

𝜎1𝑒
(
𝑖
2
𝑞𝑦3𝜎3)

𝜕1𝜓 + 𝑒
(−
𝑖
2
𝑞𝑦3𝜎3)

𝜎2𝑒
(
𝑖
2
𝑞𝑦3𝜎3)

𝜕2𝜓 +
𝑖

2
𝑞𝜓

⁡= 𝜓‾𝑒
(−
𝑖
2
𝑞𝑦3𝜎3)

𝜎𝑖𝜕𝑖 [𝑒
(
𝑖
2
𝑞𝑦3𝜎3)

𝜓]

 

Ξ = 𝑒
(
𝑖
2
𝑞𝑦3𝜎3)

𝜓  

Ξ → 𝑒𝑖𝜋(𝑘𝑝+1)Ξ  

𝑝 = 2𝜋 (𝑘ℤ +
𝑘 + 1

2
)  

𝑝 = 2𝜋 (𝑘ℤ +
1

2
)  

ℒ3/2 = 𝜖
𝑎𝑏𝑐𝑒𝑏⁡

𝑖𝜓‾𝑎 (𝜕𝑖 +
1

4
𝜔𝑖⁡

𝑒𝑓𝜎𝑒𝜎𝑓)𝜓𝑐 + 𝜖
𝑎𝑏𝑐𝑒𝑏⁡

𝑖𝜔𝑖𝑐 ⁡
𝑑𝜓‾𝑎𝜓𝑑  
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𝜕3𝜓𝑤 + 𝑖𝑞 (𝟙 +
𝜎3
2
)𝜓𝑤 = 0  

𝜕3 (𝑒
𝑖𝑞(𝟙+

𝜎3
2
)𝑦3
𝜓𝑤) = 0  

Ξ𝑤 = 𝑒
𝑖𝑞(𝟙+

𝜎3
2
)𝑦3
𝜓𝑤 ,  

𝑍Λ[𝑠, 𝑎 , 𝑏⃗ 
∗] = ∑  

𝑧 ∈Λ

 
𝑒−2𝜋𝑖𝑏⃗

 ∗⋅𝑧 

‖𝑧 + 𝑎 ‖𝑠
 

𝑍Λ[𝑠, −𝑎 , 𝑏⃗ 
∗] = 𝑍Λ[𝑠, 𝑎 , −𝑏⃗ 

∗]  

𝑍Λ[𝑠, −𝑎 , −𝑏⃗ 
∗] = 𝑍Λ[𝑠, 𝑎 , 𝑏⃗ 

∗]  

𝑒−2𝜋𝑖𝑎⃗ 
∗⋅𝑏⃗ 
Γ (
𝑑 − 𝑥
2

)

𝜋
𝑑−𝑥
2

𝑍Λ∗[𝑑 − 𝑥, 𝑎 
∗, −𝑏⃗ ] = √Δ

Γ(𝑥/2)

𝜋𝑥/2
𝑍Λ[𝑥, 𝑏⃗ , 𝑎 

∗]  

𝑍Λ[−2𝑛, 𝑎 , 𝑏⃗ 
∗] = 0, ∀𝑛 ∈ ℕ  

𝑍Λ[0, 𝑎 , 𝑏⃗ 
∗] = 0  

𝑍Λ[0, 𝑎 , 𝑏⃗ 
∗] = −exp⁡(−2𝜋𝑖𝑎 ⋅ 𝑏⃗ ∗)  

𝑍ℤ[𝑠, 𝑎, 0] = 2𝜁(𝑠, 𝑎),  

𝜋
𝑠−1
2 Γ(

1 − 𝑠

2
) 𝜁(1 − 𝑠) =

Γ(𝑠/2)

𝜋𝑠/2
𝜁(𝑠)  

∑ 

𝑛

𝑝=1

 𝜁(𝑠, 𝑝/𝑛) = (𝑛𝑠 − 1)𝜁(𝑠)  

𝑆 = ∫ ⁡ 𝑑𝜏 [𝑃𝑎𝜕𝜏𝑋𝑎 + 𝑝𝛼𝜕𝜏𝜃
𝛼 +𝑤𝛼𝜕𝜏𝜆

𝛼 −
1

2
𝑃2]  

𝑄Ψ = 0 → 𝐷(𝛼𝐴𝛽𝛿𝜖) = (𝛾
𝑎)(𝛼𝛽𝐴𝑎𝛿𝜖)  

𝛿Ψ = 𝑄Λ → 𝛿𝐴𝛼𝛽𝛿 = 𝐷(𝛼Λ𝛽𝛿)  

𝑈(3) =−
3

8
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏1𝑏3𝜃)𝜖𝑏2𝑏3 −

1

8
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏3𝜃)𝑐𝑏1𝑏2𝑏3 ⁡

+
1

5
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏1𝑏3𝜃)(𝜃𝛾𝑏3Ψ𝑏2) −

1

5
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏3𝜃)(𝜃𝛾𝑏1𝑏2Ψ𝑏3)⁡

⁡+𝑂(𝜃5)

 

𝜕𝑑𝜕[𝑑𝑐𝑎𝑏𝑐] = 0,◻ 𝜖𝑏𝑐 − 2𝜕
𝑎𝜕(𝑏𝜖𝑐)𝑎 + 𝜕𝑏𝜕𝑐(𝜂

𝑎𝑑𝜖𝑎𝑑) = 0, (𝛾
𝑎𝑏𝑐)

𝛼𝛽
𝜕𝑏Ψ𝑐

𝛽
= 0,  

𝛿𝑐𝑎𝑏𝑐 = 𝜕[𝑎𝑠𝑏𝑐], 𝛿𝜖𝑎𝑏 = 𝜕(𝑎𝑡𝑏), 𝛿Ψ𝑎
𝛼 = 𝜕𝑎𝜅

𝛽  
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𝒟𝑇𝐴 = 𝐸𝐵𝑅𝐵
𝐴⁡, 𝒟𝑅𝐴

𝐵 = 0  

𝒟ℱ𝐴1…𝐴𝑚 ⁡
𝐵1…𝐵𝑛 = 𝑑ℱ𝐴1…𝐴𝑚 ⁡

𝐵1…𝐵𝑛 + Ω𝐴1
𝐶 ℱ𝐶𝐴2…𝐴𝑚

𝐵1…𝐵𝑛 +⋯

−ℱ𝐴1…𝐴𝑚 ⁡
𝐶…𝐵𝑛Ω𝐶

𝐵1 −⋯
 

Ω𝐴𝛽
𝛿 ⁡=

1

4
(𝛾𝑏𝑐)

𝛼

𝛽
Ω𝐴𝑏𝑐

𝑅𝐴𝐵,𝛼
𝛽

⁡=
1

4
(𝛾𝑐𝑑)

𝛼

𝛽
𝑅𝐴𝐵,𝑐𝑑

 

𝑈(1) = 𝜆𝛼(𝑃𝑎ℎ𝛼⁡
𝑎 + 𝑑𝛽ℎ𝛼 ⁡

𝛽 − Ω𝛼𝛽⁡
𝛿𝜆𝛽𝑤𝛿),  

𝜆𝛼𝜆𝛽𝑃𝑎[𝐷𝛼ℎ𝛽
𝑎 − ℎ𝛼

𝛿(𝛾𝑎)𝛽𝛿] ⁡= 0

𝜆𝛼𝜆𝛽𝑑𝛿[𝐷𝛼ℎ𝛽
𝛿 − Ω𝛼𝛽

𝛿 ] ⁡= 0

𝜆𝛼𝜆𝛽𝜆𝛿𝑤𝜖𝑅𝛼𝛽,𝛿
𝜖 ⁡= 0

 

[∇𝐴, ∇𝐵} ⁡= −𝑇𝐴𝐵
𝐶 ∇𝐶 − 2Ω[𝐴𝐵}

𝐶 ∇𝐶

𝑅𝐴𝐵,𝐶 ⁡
𝐷 ⁡= 2∇[𝐴Ω𝐵}𝐶 ⁡

𝐷 + 𝑇𝐴𝐵⁡
𝐹Ω𝐹𝐶 ⁡

𝐷 − Ω[𝐴|𝐶|⁡
𝐹Ω𝐵}𝐹⁡

𝐷
 

∇𝐴= 𝐷𝐴 − ℎ𝐴
𝐵𝐷𝐵  

2𝐷(𝛼ℎ𝛽)
𝑎 − 2ℎ(𝛼

𝛿 (𝛾𝑎)𝛽)𝛿 + ℎ𝑏
𝑎(𝛾𝑏)

𝛼𝛽
⁡= 0

2𝐷(𝛼ℎ𝛽)
𝛿 − 2Ω(𝛼𝛽)

𝛿 + (𝛾𝑎)𝛼𝛽ℎ𝑎
𝛿 ⁡= 0

𝜕𝑎ℎ𝛼
𝛽
− 𝐷𝛼ℎ𝑎

𝛽
− 𝑇𝑎𝛼

𝛽
− Ω𝑎𝛼

𝛽
⁡= 0

𝜕𝑎ℎ𝛼
𝑏 − 𝐷𝛼ℎ𝑎

𝑏 − ℎ𝑎
𝛽
(𝛾𝑏)

𝛽𝛼
+ Ω𝛼𝑎

𝑏 ⁡= 0

𝜕𝑎ℎ𝑏
𝛼 − 𝜕𝑏ℎ𝑎

𝛼 − 𝑇𝑎𝑏
𝛼 ⁡= 0

𝜕𝑎ℎ𝑏
𝑐 − 𝜕𝑏ℎ𝑎

𝑐 − 2Ω[𝑎𝑏]
𝑐 ⁡= 0

 

𝑅(𝛼𝛽,𝛿)⁡
𝜖 + (𝛾𝑎)(𝛼𝛽𝑇𝑎𝛿)⁡

𝜖 ⁡= 0,

𝑅(𝛼𝛽),𝑏⁡
𝑐 + 2(𝛾𝑐)𝛾(𝛽𝑇|𝑏|𝛼)⁡

𝛾 ⁡= 0,

𝑅(𝛼𝛽),𝑐 ⁡
𝑑 − 2𝐷(𝛼Ω𝛽)𝑐 ⁡

𝑑 − (𝛾𝑎)𝛼𝛽Ω𝑎𝑐⁡
𝑑 ⁡= 0,

 

𝑇𝑎𝛼 ⁡
𝛽 = (𝒯𝑎 ⁡

𝑏𝑐𝑑𝑒)
𝛼
⁡𝛽𝐻𝑏𝑐𝑑𝑒 ,  

(𝒯𝑎 ⁡
𝑏𝑐𝑑𝑒)

𝛼
⁡𝛽 =

1

36
[𝛿𝑎
[𝑏
(𝛾𝑐𝑑𝑒])

𝛼
⁡𝛽 +

1

8
(𝛾𝑎 ⁡

𝑏𝑐𝑑𝑒)
𝛼
⁡𝛽]  

𝑅𝛼𝛽,𝑏
𝑐 = (ℛ𝑏⁡

𝑐𝑑𝑒𝑓𝑔)
𝛼𝛽
𝐻𝑑𝑒𝑓𝑔,  

(ℛ𝑏𝑐 ⁡
𝑑𝑒𝑓𝑔)

𝛼𝛽
=
1

6
[𝛿𝑏
[𝑑
𝛿𝑐
𝑒(𝛾𝑓𝑔])

𝛼𝛽
+
1

24
(𝛾𝑏𝑐 ⁡

𝑑𝑒𝑓𝑔)
𝛼𝛽
] .  

Ω𝑎𝑏𝑐 = 𝜕[𝑎ℎ𝑏]𝑐 − 𝜕[𝑎ℎ𝑐]𝑏 + 𝜕[𝑐ℎ𝑏]𝑎  

𝐻𝐴𝐵𝐶𝐷 = 𝐸̂[𝐷⁡
𝑄𝐸̂𝐶 ⁡

𝑃𝐸̂𝐵⁡
𝑁𝐸̂𝐴}⁡

𝑀𝐺𝑀𝑁𝑃𝑄  
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4𝐷(𝛼𝐶𝛽𝛿𝜖) + 6(𝛾
𝑎)(𝛼𝛽𝐶𝑎𝛿𝜖) ⁡= 0

𝜕𝑎𝐶𝛼𝛽𝛿 − 3𝐷(𝛼𝐶𝑎𝛽𝛿) + 3(𝛾
𝑏)
(𝛼𝛽
𝐶𝑏𝑎𝛿) ⁡= −3(𝛾𝑎𝑏)(𝛼𝛽ℎ𝛿)

𝑏

2𝜕[𝑎𝐶𝑏]𝛼𝛽 + 2𝐷(𝛼𝐶𝛽)𝑎𝑏 + (𝛾
𝑐)𝛼𝛽𝐶𝑐𝑎𝑏 ⁡= 2(𝛾[𝑏

𝑐 )
𝛼𝛽
ℎ𝑎]𝑐 − 2(𝛾𝑎𝑏)𝛿(𝛼ℎ𝛽)

𝛿

3𝜕[𝑎𝐶𝑏𝑐]𝛼 − 𝐷𝛼𝐶𝑎𝑏𝑐 ⁡= −3(𝛾[𝑎𝑏)𝛼𝛽
ℎ𝑐]
𝛽

 

𝛿ℎ𝛼 ⁡
𝑎 = 𝐷𝛼Λ

𝑎 + (𝛾𝑎)𝛼𝛽Λ
𝛽⁡, 𝛿ℎ𝛼 ⁡

𝛽 = 𝐷𝛼Λ
𝛽 + Λ𝛼 ⁡

𝛽 , 𝛿Ω𝛼𝛽⁡
𝜖 = 𝐷𝛼Λ𝛽⁡

𝜖

𝛿ℎ𝑎 ⁡
𝑏 = 𝜕𝑎Λ

𝑏 + Λ𝑎⁡
𝑏⁡, 𝛿ℎ𝑎 ⁡

𝛽 = 𝜕𝑎Λ
𝛽 , 𝛿Ω𝑎𝛼 ⁡

𝛽 = 𝜕𝑎Λ𝛼⁡
𝛽 ,

 

𝛿𝐶𝛼𝛽𝜖 ⁡= 𝐷(𝛼Λ𝛽𝜖) + (𝛾
𝑎)(𝛼𝛽Λ𝑎𝜖)

𝛿𝐶𝑎𝛼𝜖 ⁡=
1

3
𝜕𝑎Λ𝛼𝜖 +

2

3
𝐷(𝛼Λ𝜖)𝑎 +

1

3
(𝛾𝑏)

𝛼𝜖
Λ𝑏𝑎 + (𝛾𝑎𝑏)𝛼𝜖Λ

𝑏

𝛿𝐶𝑎𝑏𝛼 ⁡=
2

3
𝜕[𝑎Λ𝑏]𝛼 +

1

3
𝐷𝛼Λ𝑎𝑏 − (𝛾𝑎𝑏)𝛼𝛽Λ

𝛽

𝛿𝐶𝑎𝑏𝑐 ⁡= 𝜕[𝑎Λ𝑏𝑐]

 

𝜃𝛼ℎ𝛼⁡
𝐴 = 0⁡, 𝜃𝛼Ω𝛼𝐴⁡

𝐵 = 0⁡, 𝜃𝛼𝐶𝛼𝐴𝐵 = 0  

(𝐷 + 3)𝐶𝛽𝛿𝜖 + 3𝜃
𝛼(𝛾𝑎)𝛼(𝛽𝐶𝑎𝛿𝜖) ⁡= 0

(𝐷 + 2)𝐶𝑎𝛽𝛿 − 2𝜃
𝛼(𝛾𝑏)

𝛼(𝛽
𝐶𝑏𝑎𝛿) ⁡= 2𝜃

𝛼(𝛾𝑎𝑏)𝛼(𝛽ℎ𝛿)
𝑏

(𝐷 + 1)𝐶𝛽𝑎𝑏 + 𝜃
𝛼(𝛾𝑐)𝛼𝛽𝐶𝑐𝑎𝑏 ⁡= 2𝜃

𝛼(𝛾[𝑏
𝑐 )

𝛼𝛽
ℎ𝑎]𝑐 − 𝜃

𝛼(𝛾𝑎𝑏)𝛼𝛿ℎ𝛽
𝛿

𝐷𝐶𝑎𝑏𝑐 ⁡= 3(𝜃𝛾[𝑎𝑏)𝛽
ℎ𝑐]
𝛽

 

(𝐷 + 1)ℎ𝛽
𝑎 − ℎ𝛽

𝛿(𝜃𝛾𝑎)𝛿 + ℎ𝑏
𝑎(𝜃𝛾𝑏)

𝛽
⁡= 0,

(𝐷 + 1)ℎ𝛽
𝛿 −

1

4
(𝜃𝛾𝑏𝑐)

𝛿
Ω𝛽𝑏𝑐 + (𝜃𝛾

𝑎)𝛽ℎ𝑎
𝛿 ⁡= 0,

𝐷ℎ𝑎 ⁡
𝛽 + 4𝜃𝛼(𝒯𝑎

𝑏𝑐𝑑𝑒)
𝛼
⁡𝛽𝜕𝑏𝐶𝑐𝑑𝑒 +

1

4
(𝜃𝛾𝑏𝑐)

𝛽
Ω𝑎𝑏𝑐 ⁡= 0,

𝐷ℎ𝑎 ⁡
𝑏 + (𝜃𝛾𝑏)

𝛽
ℎ𝑎⁡

𝛽 ⁡= 0,

 

(1 + 𝐷)Ω𝛽𝑐 ⁡
𝑑 = (𝜃ℛ𝑐 ⁡

𝑑𝑒𝑓𝑔𝑙)
𝛽
𝐻𝑒𝑓𝑔𝑙 − (𝜃𝛾

𝑎)𝛽Ω𝑎𝑐 ⁡
𝑑 = 0.  

𝐶𝑎𝑏𝑐 = 𝑐𝑎𝑏𝑐 + 𝒪(𝜃), ℎ𝑎
𝛼 = −Ψ𝑎

𝛼 + 𝒪(𝜃), ℎ𝑎𝑏 = −𝜖𝑎𝑏 +𝒪(𝜃)  



pág. 3789 

 

ℎ𝑎
𝛽
|
𝜃𝑛
⁡= −

4

𝑛
𝜃𝛼(𝒯𝑎

𝑏𝑐𝑑𝑒)
𝛼

𝛽
𝜕𝑏𝐶𝑐𝑑𝑒|

𝜃𝑛−1
−
1

4𝑛
(𝜃𝛾𝑏𝑐)

𝛽
Ω𝑎𝑏𝑐|

𝜃𝑛−1
,

ℎ𝑎
𝑏|
𝜃𝑛
⁡= −

1

𝑛
(𝜃𝛾𝑏)

𝛽
ℎ𝑎
𝛽
|
𝜃𝑛−1

,

𝐶𝑎𝑏𝑐|𝜃𝑛 ⁡=
3

𝑛
𝜃𝛼(𝛾[𝑎𝑏)𝛼𝛽

ℎ𝑐]
𝛽
|
𝜃𝑛−1

.

 

Ω𝛼𝑐 ⁡
𝑑|
𝜃𝑛
⁡=

4

𝑛 + 1
(𝜃ℛ𝑐 ⁡

𝑑𝑒𝑓𝑔𝑙)
𝛽
𝜕𝑒𝐶𝑓𝑔𝑙|

𝜃𝑛−1
−

1

𝑛 + 1
(𝜃𝛾𝑎)𝛼Ω𝑎𝑐⁡

𝑑|
𝜃𝑛−1

,

ℎ𝛽⁡
𝛿|
𝜃𝑛
⁡=

1

4(𝑛 + 1)
(𝜃𝛾𝑏𝑐)

𝛿
Ω𝛽𝑏𝑐|

𝜃𝑛−1
−

1

𝑛 + 1
(𝜃𝛾𝑎)𝛽ℎ𝑎⁡

𝛿|
𝜃𝑛−1

,

ℎ𝛽⁡
𝑎|
𝜃𝑛
⁡=

1

𝑛 + 1
(𝜃𝛾𝑎)𝛿ℎ𝛽⁡

𝛿|
𝜃𝑛−1

−
1

𝑛 + 1
(𝜃𝛾𝑏)

𝛽
ℎ𝑏⁡

𝑎|
𝜃𝑛−1

,

𝐶𝛽𝑎𝑏|𝜃𝑛
⁡=

2

𝑛 + 1
(𝜃𝛾[𝑏⁡

𝑐)
𝛽
ℎ𝑎]𝑐|

𝜃𝑛−1
−

1

𝑛 + 1
(𝜃𝛾𝑐)𝛽𝐶𝑐𝑎𝑏|

𝜃𝑛−1
−

1

𝑛 + 1
(𝜃𝛾𝑎𝑏)𝛿ℎ𝛽⁡

𝛿|
𝜃𝑛−1

𝐶𝑎𝛽𝛿|𝜃𝑛
⁡=

2

𝑛 + 2
(𝜃𝛾𝑏)

(𝛽
𝐶𝛿)𝑏𝑎|

𝜃𝑛−1
+

2

𝑛 + 2
(𝜃𝛾𝑎𝑏)(𝛽ℎ𝛿)⁡

𝑏|
𝜃𝑛−1

,

𝐶𝛽𝛿𝜖|𝜃𝑛
⁡= −

3

𝑛 + 3
(𝜃𝛾𝑎)(𝛽𝐶𝛿𝜖)|

𝜃𝑛−1
,
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ℎ𝑎1𝑎2|𝜃0 =⁡−𝜖
𝑎1𝑎2

ℎ𝑎1𝑎2|𝜃1 =⁡+(𝜃𝛾
𝑎2Ψ𝑎1)

ℎ𝑎1𝑎2|𝜃2 =⁡+
1

4
(𝜃𝛾𝑎2𝑏1𝑘𝜃)𝜖𝑎1𝑏1

⁡−
1

2
(𝜃𝒯𝑎1𝑏1𝑏2𝑏3𝑏4𝛾𝑎2𝜃)ℎ𝑏1𝑏2𝑏3𝑏4

ℎ𝑎1𝑎2|𝜃3 =⁡−
1

24
(𝜃𝛾𝑎2𝑏1𝑘𝜃)(𝜃𝛾𝑎1Ψ𝑏1)

⁡−
1

24
(𝜃𝛾𝑎2𝑏1𝑘𝜃)(𝜃𝛾𝑏1Ψ𝑎1)

⁡+
1

24
(𝜃𝛾𝑎2𝑏1𝑏2𝜃)(𝜃𝛾𝑏1Ψ𝑏2)𝑘𝑎1

⁡−2(𝜃𝒯𝑎1𝑘𝑏1𝑏2𝑏3𝛾𝑎2𝜃)(𝜃𝛾𝑏1𝑏2Ψ𝑏3)

ℎ𝑎1𝑎2|𝜃4 =⁡−
1

192
(𝜃𝛾𝑎1𝑏1𝑘𝜃)(𝜃𝛾𝑎2𝑏2𝑘𝜃)𝜖𝑏1𝑏2

⁡−
1

192
(𝜃𝛾𝑎2𝑏1𝑘𝜃)(𝜃𝛾𝑏1𝑏2𝑘𝜃)𝜖𝑎1𝑏2

⁡+
1

192
(𝜃𝛾𝑎2𝑏1𝑏2𝜃)(𝜃𝛾𝑏1𝑏3𝑘𝜃)𝜖𝑏2𝑏3𝑘𝑎1

⁡−
1

4
(𝜃𝒯𝑎1𝑘𝑏1𝑏2𝑏3𝛾𝑎2𝜃)(𝜃𝛾𝑏1𝑏2𝑏4𝑘𝜃)𝜖𝑏3𝑏4

⁡−
1

2
(𝜃𝒯𝑎1𝑘𝑏1𝑏2𝑏3𝛾𝑎2𝜃)(𝜃𝒯𝑏1𝑏4𝑏5𝑏6𝑏7𝛾𝑏2𝑏3𝜃)ℎ𝑏4𝑏5𝑏6𝑏7

 

+
1

96
(𝜃𝒯𝑎1𝑏1𝑏2𝑏3𝑏4𝛾𝑏5𝜃)(𝜃𝛾𝑎2𝑏5𝑘𝜃)ℎ𝑏1𝑏2𝑏3𝑏4 ⁡

+
1

96
(𝜃𝒯𝑏1𝑏2𝑏3𝑏4𝑏5𝛾𝑎1𝜃)(𝜃𝛾𝑎2𝑏1𝑘𝜃)ℎ𝑏2𝑏3𝑏4𝑏5 ⁡

⁡+
1

96
(𝜃𝒯𝑏1𝑏2𝑏3𝑏4𝑏5𝛾𝑏6𝜃)(𝜃𝛾𝑎2𝑏1𝑏6𝜃)ℎ𝑏2𝑏3𝑏4𝑏5𝑘𝑎1

⁡+𝒪(𝜃5)
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ℎ𝑎1
𝛼 |

𝜃0
=⁡−𝜓𝑎

𝛼

ℎ𝑎1
𝛼 |

𝜃1
=⁡+

1

2
(𝛾𝑏1𝑘𝜃)

𝛼
𝜖𝑎1𝑏1

⁡−(𝜃𝒯𝑎1𝑏1𝑏2𝑏3𝑏4)
𝛼
ℎ𝑏1𝑏2𝑏3𝑏4

ℎ𝑎1
𝛼 |

𝜃2
=⁡−

1

8
(𝛾𝑏1𝑘𝜃)

𝛼
(𝜃𝛾𝑎1Ψ𝑏1)

⁡−
1

8
(𝛾𝑏1𝑘𝜃)

𝛼
(𝜃𝛾𝑏1Ψ𝑎1)

⁡+
1

8
(𝛾𝑏1𝑏2𝜃)

𝛼
(𝜃𝛾𝑏1Ψ𝑏2)𝑘𝑎1

⁡−6(𝜃𝒯𝑎1𝑘𝑏1𝑏2𝑏3)
𝛼
(𝜃𝛾𝑏1𝑏2Ψ𝑏3)

ℎ𝑎1
𝛼 |

𝜃3
=⁡−

1

48
(𝛾𝑏1𝑘𝜃)

𝛼
(𝜃𝛾𝑎1𝑏2𝑘𝜃)𝜖𝑏1𝑏2

⁡−
1

48
(𝛾𝑏1𝑘𝜃)

𝛼
(𝜃𝛾𝑏1𝑏2𝑘𝜃)𝜖𝑎1𝑏2

⁡+
1

48
(𝛾𝑏1𝑏2𝜃)

𝛼
(𝜃𝛾𝑏1𝑏3𝑘𝜃)𝜖𝑏2𝑏3𝑘𝑎1

⁡+
1

24
(𝛾𝑏1𝑘𝜃)

𝛼
(𝜃𝒯𝑎1𝑏2𝑏3𝑏4𝑏5𝛾𝑏1𝜃)ℎ𝑏2𝑏3𝑏4𝑏5

⁡+
1

24
(𝛾𝑏1𝑘𝜃)

𝛼
(𝜃𝒯𝑏1𝑏2𝑏3𝑏4𝑏5𝛾𝑎1𝜃)ℎ𝑏2𝑏3𝑏4𝑏5

⁡+
1

24
(𝛾𝑏1𝑏2𝜃)

𝛼
(𝜃𝒯𝑏1𝑏3𝑏4𝑏5𝑏6𝛾𝑏2𝜃)ℎ𝑏3𝑏4𝑏5𝑏6𝑘𝑎1

⁡−(𝜃𝒯𝑎1𝑘𝑏1𝑏2𝑏3)
𝛼
(𝜃𝛾𝑏1𝑏2𝑏4𝑘𝜃)𝜖𝑏3𝑏4

⁡−2(𝜃𝒯𝑎1𝑘𝑏1𝑏2𝑏3)
𝛼
(𝜃𝒯𝑏1𝑏4𝑏5𝑏6𝑏7𝛾𝑏2𝑏3𝜃)ℎ𝑏4𝑏5𝑏6𝑏7

⁡+𝒪(𝜃4)

 

𝐶𝜆𝜆𝜆|𝜃3 = −
3

8
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏1𝑏3𝜃)𝜖𝑏2𝑏3 



pág. 3792 

⁡−
1

8
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏3𝜃)𝑐𝑏1𝑏2𝑏3

𝐶𝜆𝜆𝜆|𝜃4 =⁡+
1

5
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏1𝑏3𝜃)(𝜃𝛾𝑏3Ψ𝑏2)

⁡−
1

5
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏3𝜃)(𝜃𝛾𝑏1𝑏2Ψ𝑏3)

𝐶𝜆𝜆𝜆|𝜃5 =⁡+
1

32
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏1𝑏3𝜃)(𝜃𝛾𝑏3𝑏4𝑘𝜃)𝜖𝑏2𝑏4

⁡−
1

32
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏3𝜃)(𝜃𝛾𝑏1𝑏2𝑏4𝑘𝜃)𝜖𝑏3𝑏4

⁡−
11

192
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏1𝑏3𝜃)(𝜃𝒯𝑏2𝑏4𝑏5𝑏6𝑏7𝛾𝑏3𝜃)ℎ𝑏4𝑏5𝑏6𝑏7

⁡−
11

192
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆𝛾𝑏3𝜃)(𝜃𝒯𝑏1𝑏4𝑏5𝑏6𝑏7𝛾𝑏2𝑏3𝜃)ℎ𝑏4𝑏5𝑏6𝑏7

⁡−
1

1536
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆ℛ𝑏1𝑏2𝑏3𝑏4𝑏5𝑏6𝜃)(𝜃𝜃)ℎ𝑏3𝑏4𝑏5𝑏6

⁡+
1

3072
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏1𝑏2𝜃)(𝜆ℛ𝑏3𝑏4𝑏5𝑏6𝑏7𝑏8𝜃)(𝜃𝛾𝑏2𝑏3𝑏4𝜃)ℎ𝑏5𝑏6𝑏7𝑏8

⁡+
1

3072
(𝜆𝛾𝑏1𝜃)(𝜆𝛾𝑏2𝜃)(𝜆ℛ𝑏3𝑏4𝑏5𝑏6𝑏7𝑏8𝜃)(𝜃𝛾𝑏1𝑏2𝑏3𝑏4𝜃)ℎ𝑏5𝑏6𝑏7𝑏8

⁡+𝒪(𝜃6)

 

ℎ𝑎𝑏𝑐𝑑 = 4𝜕[𝑎𝑐𝑏𝑐𝑑]  

𝑆 = ∫ ⁡ 𝑑𝜏[𝑃𝑎𝜕𝜏𝑋𝑎 + 𝑝𝛼𝜕𝜏𝜃
𝛼 + 𝜌𝒜 + 𝜉𝛼ℬ

𝛼 + 𝜄𝛼𝛽𝒞𝛼𝛽]  

𝒜 = 𝑃𝑎𝑃𝑎⁡, ℬ
𝛼 = (𝛾𝑎𝑑)𝛼𝑃𝑎 ⁡, 𝒞𝛼𝛽 = 𝑑[𝛼𝑑𝛽]  

{ℬ𝛼 , ℬ𝛽} = −(𝛾𝑎)𝛼𝛽𝑃𝑎𝒜, [𝒞𝛼𝛽, 𝒞𝛿𝜖] = −4(𝛾
𝑎)𝛽𝛿‾𝑃𝑎𝒞𝛼𝜖‾ ⁡, [ℬ

𝛼 , 𝒞𝛽𝛿] = 2𝛿[𝛿
𝛼 𝑑𝛽]𝒜  

𝑋± =
1

√2
(𝑋0 ± 𝑋10)  

𝛾𝛼𝛽
𝑖 = (

0 𝜎𝐴𝐴̇
𝑖

−𝜎𝐵̇𝐵
𝑖 0

) , 𝛾𝛼𝛽
+ = (

0 0

0 −𝑖√2𝐼𝐵̇𝐴̇
) , 𝛾𝛼𝛽

− = (−𝑖√2𝐼𝐴𝐵 0
0 0

)  

𝐶𝛼𝛽 = (
0 −𝐼𝐴̇𝐴
𝐼𝐵𝐵̇ 0

)  

𝑋+ = 𝑥+ + 𝜏𝑃+⁡, 𝑃− =
𝑃𝑖𝑃𝑖

2𝑃+
 

(𝛾+𝜃)𝛼 = 0⁡, (𝛾
−𝑑)𝛼 =

1

𝑃+
[−(𝛾+𝑑)𝛼𝑃− + (𝛾𝑖𝑑)

𝛼
𝑃𝑖]  

{𝑑𝛼 , 𝑑𝛽} = −(𝛾
𝑎)𝛼𝛽𝑃𝑎⁡, {𝑑𝛼 , 𝑞𝛽} = 0⁡, {𝑞𝛼, 𝑞𝛽} = (𝛾

𝑎)𝛼𝛽𝑃𝑎  

{𝑑𝐴, 𝑑𝐵} = −𝛿𝐴𝐵⁡, {𝑑𝐴, 𝑞𝐵} = 0⁡, {𝑞𝐴, 𝑞𝐵} = 𝛿𝐴𝐵  

𝑑𝐴 → √√2𝑖𝑃+𝑑𝐴 



pág. 3793 

𝛿𝑑𝐴 = 𝑚𝐴
𝐵𝑑𝐵  

𝑉 = 𝑃𝑎𝑃𝑏ℎ𝑎𝑏 + 𝑃
𝑎ℎ𝑎

𝛼𝑑𝛼  

𝜖𝑎
+ = 0,Ψ𝛼+ = 0, 𝑐𝑎𝑏

+ = 0  

𝜖𝑖𝑗𝑘
𝑖 = 0, 𝜖𝑖⁡

𝑖 = 0  

𝑐𝑖𝑎𝑏𝑘
𝑖 = 0.  

(𝜃𝛾𝑎+𝑏𝜃) =
1

3
(𝜃𝛾𝑎𝛾+𝛾𝑏𝜃) = 0  

(𝜃𝛾𝑎+𝑏𝑐𝜃) = 0  

𝑉|𝜖−− = −𝑃
+𝑃+𝜖−−  

(𝜃𝛾𝑖1…𝑖𝑛𝜃) ∝ (𝜃𝛾𝑖1…𝑖𝑛𝛾+𝛾−𝜃) = 0  

𝜃𝛼 =
1

2𝑃+
(𝛾+)𝛼𝛽(𝑞𝛽 − 𝑑𝛽)  

𝑉|𝜖𝑖−= 𝜖
𝑖−𝑃𝑖𝑃

+ −
1

16
(𝑞𝛾+𝑖𝑘𝑞)𝜖𝑖− +

1

16
(𝑑𝛾+𝑖𝑘1𝑑)𝜖𝑖−⁡

⁡= 𝜖𝑖−𝑃𝑖𝑃
+ −

1

16
(𝑞𝛾+𝑖𝑘𝑞)𝜖𝑖−

 

𝑅𝑖𝑗 =
1

16𝑃+
(𝑞𝛾+𝑖𝑗𝑞)  

[𝑅𝑖𝑗, 𝑅𝑙𝑘] = 𝛿[𝑘
[𝑖
𝛿𝑙]
𝑗]

 

𝑉|𝜖𝑖− = 𝜖
𝑖−𝑃𝑖𝑃

+ − 𝑅𝑖𝑘𝑃+𝜖𝑖−  

𝑉|𝜖𝑖𝑗= −𝜖𝑖𝑗𝑃
𝑖𝑃𝑗 +

1

8
(𝑞𝛾+𝑖𝑘𝑞)𝜖𝑖𝑗𝑃

𝑗(𝑃+)−1 ⁡

⁡+
1

768
(𝑞𝛾+𝑎𝑖𝑘𝑞)(𝑞𝛾+𝑎𝑗𝑘𝑞)𝜖𝑖𝑗(𝑃

+)−2 −
1

768
(𝑞𝛾+𝑖𝑘𝑞)(𝑞𝛾+𝑗𝑘𝑞)𝜖𝑖𝑗(𝑃

+)−2
 

𝑞𝐴𝑞𝐵 = 𝑞
2𝛿𝐴𝐵 +

1

32
(𝜎𝑖𝑗)𝐴𝐵(𝑞𝜎

𝑖𝑗𝑞) +
1

96
(𝜎𝑖𝑗𝑙)𝐴𝐵(𝑞𝜎

𝑖𝑗𝑙𝑞)  

(𝑞𝛾+(𝑖∣𝑗𝑎𝑞)(𝑞𝛾+∣𝑙)𝑗𝑏𝑞)𝑘𝑎𝑘𝑏ℎ𝑖𝑙 = 5(𝑞𝛾
+(𝑖∣𝑎𝑞)(𝑞𝛾+∣𝑙)𝑏𝑞)𝑘𝑎𝑘𝑏ℎ𝑖𝑙 ,  

𝑉|𝜖𝑖𝑗= −𝜖𝑖𝑗𝑃
𝑖𝑃𝑗 +

1

8
(𝑞𝛾+𝑖𝑘𝑞)𝜖𝑖𝑗𝑃

𝑗(𝑃+)−1 −
1

128
(𝑞𝛾+𝑖𝑘𝑞)(𝑞𝛾+𝑗𝑘𝑞)𝜖𝑖𝑗(𝑃

+)−2⁡

⁡= −𝜖𝑖𝑗𝑃
𝑖𝑃𝑗 + 2𝑅𝑖𝑘𝜖𝑖𝑗𝑃

𝑗 − 2𝑅𝑖𝑘𝑅𝑗𝑘𝜖𝑖𝑗

 

𝑉|𝑐𝑖𝑗− ⁡=
1

96
(𝑞𝛾+𝑖𝑗𝑙𝑞)𝐻𝑖𝑗𝑙

−

𝑉|𝑐𝑖𝑗𝑙 ⁡= 𝐻𝑖1𝑖2𝑖3𝑖4 (𝑃
𝑖1 −

1

24
(𝑞𝛾+𝑖1𝑘𝑞))

1

96
(𝑞𝛾+𝑖2𝑖3𝑖4𝑞)
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𝑉|𝑐𝑖𝑗− ⁡= 𝑅
𝑖𝑗𝑙𝐻𝑖𝑗𝑙

−

𝑉|𝑐𝑖𝑗𝑙 ⁡= 𝐻𝑖1𝑖2𝑖3𝑖4 (𝑃
𝑖1 −

2

3
𝑅𝑖1𝑘)𝑅𝑖2𝑖3𝑖4

 

𝛾𝛼𝛽
0 ⁡= (

−1 0
0 −1

) ,

𝛾𝛼𝛽
9 ⁡= (

1 0
0 −1

) ,

𝛾𝛼𝛽
𝑖=1,…,8 ⁡= (

0 𝜎𝑖

(𝜎𝑖)
𝑇

0
) ,

 

𝜎1 = 𝜏2⊗𝜏2⊗ 𝜏2

𝜎2 = 1⊗ 𝜏1⊗𝜏2

𝜎3 = 1⊗ 𝜏3⊗𝜏2

𝜎4 = 𝜏1⊗ 𝜏2⊗1

𝜎5 = 𝜏3⊗ 𝜏2⊗1

𝜎6 = 𝜏2⊗1⊗ 𝜏1

𝜎7 = 𝜏2⊗1⊗ 𝜏3

𝜎8 = 1⊗ 1⊗ 1

 

𝜏1 = (
0 1
1 0

) , 𝜏2 = (
0 1
−1 0

) , 𝜏3 = (
1 0
0 −1

) .  

𝛾𝛼𝛽
10 ⁡= (

0 𝑖
𝑖 0

) ,

𝛾𝛼𝛽
𝑖=0,…,9 ⁡= (

𝑖𝛾𝑖 0

0 −𝑖𝛾𝑖
) .

 

𝑅 = (

1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

)  

𝐶𝛼𝛽 = (
0 1
−1 0

)  

(𝛾𝑎𝑏)
𝛼𝛽
= 𝐶𝛽𝛾(𝛾𝑎𝑏)

𝛼
⁡𝛾 = −(𝛾

𝑎𝑏𝐶)
𝛼𝛽
,  

(𝜆𝛾𝑎𝑏𝜆) = (𝜆𝛾𝑎𝑏𝐶𝜆)  

𝒜 = 𝑃𝑚𝑃𝑚⁡, ℬ = (𝛾
𝑚𝑑)𝛼𝑃𝑚⁡, 𝒞

𝑚𝑛𝑝 = (𝑑𝛾𝑚𝑛𝑝𝑑)  

𝑉 = 𝑃𝑚𝐴𝑚 + 𝑑𝛼𝑊
𝛼  

𝐷𝛼𝐴𝛽 + 𝐷𝛽𝐴𝛼 = (𝛾
𝑚)𝛼𝛽𝐴𝑚,𝐷𝛼𝐴𝑚 = 𝜕𝑚𝐴𝛼 + (𝛾𝑚𝑊)𝛼

𝐷𝛼𝑊
𝛽 = −

1

4
(𝛾𝑚𝑛)𝛼 ⁡

𝛽𝐹𝑚𝑛,𝐷𝛼𝐹𝑚𝑛 = 2(𝛾[𝑚𝜕𝑛]𝑊)𝛼

 

𝑋+ ⁡= 𝑥0
+ + 𝑃+𝜏

(𝛾+𝜃)𝛼 ⁡= 0
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𝑑𝛼 ⁡= 𝑝𝛼 +
1

2
(𝛾𝑚𝜃)𝛼𝑃𝑚

𝑞𝛼 ⁡= 𝑝𝛼 −
1

2
(𝛾𝑚𝜃)𝛼𝑃𝑚

 

𝑑‾𝑎̇ = 𝑝‾𝑎̇ +
1

2
(𝜎𝑖)

𝑎̇𝑎
𝜃𝑎𝑃𝑖, 𝑑𝑎 = 𝑝𝑎 −

√2

2
𝜃𝑎𝑃

+

𝑞‾𝑎̇ = 𝑝‾𝑎̇ −
1

2
(𝜎𝑖)

𝑎̇𝑎
𝜃𝑎𝑃𝑖, 𝑞𝑎 = 𝑝𝑎 +

√2

2
𝜃𝑎𝑃

+

 

𝒞+𝑖𝑗 = √2𝑑𝑎(𝜎
𝑖𝑗)

𝑎𝑏
𝑑𝑏⁡, 𝒞

𝑖𝑗𝑘 = 2𝑑𝑎(𝜎
𝑖𝑗𝑘)

𝑎𝑎̇
𝑑‾𝑎̇  

𝑆𝑎 =
𝑞𝑎

√√2𝑃+
 

𝑘+ = 0, 𝑘− =
𝑘𝑖𝑘𝑖

2𝑘+
, 𝜖+ = 0, 𝜖− =

𝜖𝑖𝑘𝑖

𝑘+
, 𝜒𝑎 = −

1

√2
(𝜎𝑖)

𝑎𝑎̇
𝑘𝑖𝜉‾

𝑎̇, 𝜉‾𝑎̇ =
𝜒‾𝑎̇

𝑘+
,  

𝐴𝑚= 𝜖𝑚 − (𝜒𝛾𝑚𝜃) −
1

8
(𝜃𝛾𝑚𝛾

𝑝𝑞𝜃)𝑓𝑝𝑞 +
1

12
(𝜃𝛾𝑚𝛾

𝑝𝑞𝜃)(𝜕𝑝𝜒𝛾𝑞𝜃) ⁡

⁡+
1

192
(𝜃𝛾𝑚𝑟𝑠𝜃)(𝜃𝛾

𝑠𝑝𝑞𝜃)𝜕𝑟𝑓𝑝𝑞 + 𝑂(𝜃
5)

𝑊𝛼⁡= 𝜒𝛼 −
1

4
(𝛾𝑚𝑛𝜃)𝛼𝑓𝑚𝑛 +

1

4
(𝛾𝑚𝑛𝜃)𝛼(𝜕𝑚𝜒𝛾𝑛𝜃) +

1

48
(𝛾𝑚𝑛𝜃)𝛼(𝜃𝛾𝑛𝛾

𝑝𝑞𝜃)𝜕𝑚𝑓𝑝𝑞

⁡−
1

96
(𝛾𝑚𝑛𝜃)𝛼(𝜃𝛾𝑛𝛾

𝑝𝑞𝜃)(𝜕𝑚𝜕𝑝𝜒𝛾𝑞𝜃) + 𝑂(𝜃
5)

 

𝑉 = −𝑃+𝐴− + 𝑃𝑖𝐴𝑖 + 𝑑𝑎𝑊
𝑎 + 𝑑‾𝑎̇𝑊‾

𝑎̇  

𝑉= −𝑃+ [𝜖− +
√2

4
(𝜃𝜎𝑖𝑗𝜃)𝑘𝑖𝜖𝑗] + 𝑃

𝑖𝜖𝑖 + 𝑑𝑎 [−
1

2
(𝜎𝑖𝑗𝜃)

𝑎
𝑘𝑖𝜖𝑗]⁡

⁡= −𝑃+𝜖− + 𝑃𝑖𝜖𝑖 −
√2

4
(𝜃𝜎𝑖𝑗𝜃)𝑘𝑖𝜖𝑗𝑃

+ −
1

2
(𝑑𝜎𝑖𝑗𝜃)𝑘𝑖𝜖𝑗

 

𝜃𝑎 =
1

√2𝑃+
(𝑞𝑎 − 𝑑𝑎)  

𝑉⁡= −𝑃+𝜖− + 𝑃𝑖𝜖𝑖 −
√2

8𝑃+
(𝑞𝜎𝑖𝑗𝑞)𝑘𝑖𝜖𝑗 +

√2

4𝑃+
(𝑞𝜎𝑖𝑗𝑑)𝑘𝑖𝜖𝑗 −

1

2√2𝑃+
(𝑑𝜎𝑖𝑗𝑞)𝑘𝑖𝜖𝑗

⁡= −𝑃+𝜖− + 𝑃𝑖𝜖𝑖 −
√2

8𝑃+
(𝑞𝜎𝑖𝑗𝑞)𝑘𝑖𝜖𝑗

 

𝑉 = −𝑃+𝜖− + 𝑃𝑖𝜖𝑖 −
1

4
(𝑆𝜎𝑖𝑗𝑆)𝑘𝑖𝜖𝑗,  

ℒ̂𝐸𝐴𝐸𝐵 = −𝑋𝐴𝐵
𝐶 𝐸𝐶  

ℒ̂𝑈𝑉
𝐼 = 𝑈𝐽𝜕𝐽𝑉

𝐼 − (𝜕𝐽𝑈
𝐼 − 𝜕𝐼𝑈𝐽)𝑉

𝐽  

[𝑇𝐴, 𝑇𝐵] = 𝐹𝐴𝐵
𝐶 𝑇𝐶 ,  
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𝑈𝐼𝑉
𝐼 = 𝜂𝐼𝐽𝑈

𝐼𝑉𝐽 = 𝑢𝑖𝑣
𝑖 + 𝑢𝑖𝑣𝑖  

𝜂𝐼𝐽 = (
0 𝛿𝑖

𝑗

𝛿𝑗
𝑖 0

)⁡𝜂𝐴𝐵 = 𝐸𝐴⁡
𝐼𝐸𝐵 ⁡

𝐽𝜂𝐼𝐽  

𝐹𝑎𝑏𝑐 = 𝐻𝑎𝑏𝑐 , 𝐹𝑎𝑏
𝑐 = 𝑓𝑎𝑏

𝑐 , 𝐹𝑎
𝑏𝑐 = 𝑄𝑎

𝑏𝑐 ,⁡ and ⁡𝐹𝑎𝑏𝑐 = 𝑅𝑎𝑏𝑐 .  

𝜂𝐴𝐵 = (
0 𝛿𝑎

𝑏

𝛿𝑏
𝑎 0

) ⁡ and ⁡𝑅𝑎𝑏𝑐 = 0  

𝐸𝐴⁡
𝐼 = 𝑀𝐴⁡

𝐵 (
𝑣𝑏⁡

𝑗 0

0 𝑣𝑏⁡𝑗
)(
𝛿𝑗
𝑖 −𝐵𝑗𝑖

0 𝛿𝑖
𝑗 )  

𝑀𝐴⁡
𝐵𝑇𝐵 = 𝑚

−1𝑇𝐴𝑚  

𝑇𝐴𝑣
𝐴 = 𝑚−1 d𝑚 = 𝑇𝑎𝑣𝑖

𝑎 d𝑥𝑖 + 𝑇𝑎𝐴𝑖𝑎 d𝑥𝑖  

𝐵 =
1

2!
𝐵𝑖𝑗 d𝑥

𝑖 ∧  d𝑥𝑗  

ℒ̂𝐸𝐴𝐸𝐵⁡
𝐼 + ℒ̂𝐸𝐵𝐸𝐴⁡

𝐼 = −2𝑋(𝐴𝐵)⁡
𝐶𝐸𝐶 ⁡

𝐼 = 𝜕𝐼(𝐸𝐴𝐽𝐸𝐵⁡
𝐽) = 𝜕𝐼𝜂𝐴𝐵 = 0.  

𝑋𝐴𝐵𝐶 = 3Ω[𝐴𝐵𝐶]  

Ω𝐴𝐵 ⁡
𝐶 = 𝐸𝐴⁡

𝐼𝐸𝐵⁡
𝐽𝜕𝐼𝐸

𝐶 ⁡𝐽.  

𝐸𝐴⁡
𝐼 = 𝑀𝐴⁡

𝐵𝑉𝐵⁡
𝐼 ,  

Ω𝐴𝐵 ⁡
𝐶 = 𝑀𝐴⁡

𝐷𝑀𝐵⁡
𝐸(𝑀−1)𝐹⁡

𝐶(Ω̂𝐷𝐸 ⁡
𝐹 − 𝑉𝐷⁡

𝐼(𝑀−1𝜕𝐼𝑀)𝐸 ⁡
𝐹),  

Ω̂𝐴𝐵⁡
𝐶 : = 𝑉𝐴⁡

𝐼𝑉𝐵⁡
𝐽𝜕𝐼𝑉

𝐶 ⁡𝐽.  

−𝑉𝐴
𝐼(𝑀−1𝜕𝐼𝑀)𝐵

𝐶 = {
𝐴𝑎
𝐷𝐹𝐷𝐵

𝐶

0,
 

𝐴𝑎 ⁡
𝐵 = (

𝛿𝑎
𝑏

𝑣𝑎⁡
𝑖𝐴𝑖𝑏

) .  

𝑋𝑎𝐵
𝐶 = {

𝑄𝑎
𝑏𝑐

𝑋̂𝑎𝑏
𝑐 + 2𝐴𝑖𝑑𝑣[𝑎

𝑖 𝑄𝑏]
𝑐𝑑 + 2𝑓𝑎𝑏

𝑐

𝑋̂𝑎𝑏𝑐 + 3𝐴𝑖𝑑𝑣[𝑎
𝑖 ⁡𝑖𝑓𝑏𝑐]

𝑑 + 3𝐻𝑎𝑏𝑐 ,

 

𝑋̂𝐴𝐵𝐶 = 3Ω̂[𝐴𝐵𝐶].  

𝑋̂𝑎𝑏
𝑐 = 2𝑣𝑎

𝑖𝑣𝑏
𝑗
𝜕[𝑖𝑣𝑗]

𝑐 = −𝜄𝑣𝑎𝜄𝑣𝑏 d𝑣𝑐

𝑋̂𝑎𝑏𝑐 = 3𝑣𝑎
𝑖𝑣𝑏
𝑗
𝑣𝑐
𝑘𝜕[𝑖𝐵𝑗𝑘].

 

d𝑣𝐴 = −
1

2
𝐹𝐵𝐶 ⁡

𝐴𝑣𝐵 ∧ 𝑣𝐶 ,  
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𝑋̂𝑎𝑏
𝑐 = −𝑓𝑎𝑏

𝑐 − 2𝐴𝑖𝑑𝑣[𝑎
𝑖 𝑄𝑏]

𝑐𝑑 .  

d𝐵 = 𝐻=
1

6
(𝑣𝑎𝐻𝑎𝑏𝑐 − 3𝑣

𝐴𝐹𝐴𝑏𝑐) ∧ 𝑣
𝑏 ∧ 𝑣𝑐 ⁡

⁡= −
1

3
𝐻𝑎𝑏𝑐𝑣

𝑎 ∧ 𝑣𝑏 ∧ 𝑣𝑐 −
1

2
𝑓𝑎𝑏
𝑐 𝑣𝑎 ∧ 𝑣𝑏 ∧ 𝐴𝑐

 

d𝐻 = 0.  

3

4
𝐹[𝐴𝐵
𝐸 𝐹𝐶𝐷]𝐸 = 𝐽𝐴𝐵𝐶𝐷 = 0  

𝐽𝑎𝑏𝑐𝑑 =
3

2
𝑓[𝑎𝑏
𝑒 𝐻𝑐𝑑]𝑒= 0, ⁡

𝐽𝑎𝑏𝑐
𝑑 =

3

4
(𝐻𝑒[𝑎𝑏𝑄𝑐]

𝑑𝑒 − 𝑓[𝑎𝑏
𝑒 𝑓𝑐]𝑒

𝑑 )⁡= 0,

𝐽𝑎𝑏
𝑐𝑑 =

1

4
(𝑓𝑎𝑏

𝑒 𝑄𝑒
𝑐𝑑 − 4𝑓𝑒[𝑎

[𝑐
𝑄𝑏]
𝑑]𝑒
)⁡= 0,

𝐽𝑎
𝑏𝑐𝑑 =

3

4
𝑄𝑎
𝑒[𝑏
𝑄𝑒
𝑐𝑑]
⁡= 0.

 

d𝐻 = −
1

2
𝐽𝑎𝑏𝑐𝑑𝑣

𝑎 ∧ 𝑣𝑏 ∧ 𝑣𝑐 ∧ 𝑣𝑑 −
4

3
𝐽𝑎𝑏𝑐 ⁡

𝑑𝑣𝑎 ∧ 𝑣𝑏 ∧ 𝑣𝑐 ∧ 𝐴𝑑 − 𝐽𝑎𝑏⁡
𝑐𝑑𝑣𝑎 ∧ 𝑣𝑏 ∧ 𝐴𝑐 ∧ 𝐴𝑑 = 0  

E𝑛(𝑛) → GL(𝑛)   

E𝑛(𝑛) → GL(𝑛 − 1) × SL(2)   
 

ℒ̂𝑈𝑉
𝐼 = 𝑈𝐽𝜕𝐽𝑉

𝐼 − 𝑉𝐽𝜕𝐽𝑈
𝐼 + 𝑌𝐾𝐿

𝐼𝐽𝜕𝐽𝑈
𝐾𝑉𝐿  

𝑌𝐾𝐿
𝐼𝐽 = 𝜂𝐼𝐽𝜂𝐾𝐿  

𝑌𝐾𝐿
𝐼𝐽
= (𝑡𝜶)𝐿

𝐼 (𝑡𝜶)𝐾
𝐽
+ 𝛽𝛿𝐿

𝐼𝛿𝐾
𝐽
+ 𝛿𝐾

𝐼 𝛿𝐿
𝐽  

 

 O(𝐷,𝐷) E4(4) E5(5) E6(6) E7(7) 

𝛼 2 3 4 6 12 

𝛽 0 1/5 1/4 1/3 1/2 

𝑅1 𝟐𝐃 𝟏𝟎 𝟏𝟔 𝟐𝟕 𝟓𝟔 

𝑅2 𝟏 𝟓 𝟏𝟎 𝟐𝟕 𝟏𝟑𝟑 

 

𝜅𝜶𝜷 = −
1

𝛼
tr𝑅1(𝑡𝜶𝑡𝜷).  
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𝑌𝐾𝐿
𝐼𝐽𝜕𝐼 ⋅ 𝜕𝐽 ⋅= 0  

𝑋𝐴𝐵⁡
𝐶 = 𝑊𝐴𝐵⁡

𝐶 + (𝑡𝜶)𝐷⁡
𝐸(𝑡𝜶)𝐵⁡

𝐶𝑊𝐸𝐴⁡
𝐷 − 𝛽𝑊𝐷𝐴⁡

𝐷(𝑡0)𝐵⁡
𝐶 ,  

𝑊𝐴𝐵 ⁡
𝐶 : = 𝑊𝐴⁡

𝜶(𝑡𝜶)𝐵⁡
𝐶 +𝑊𝐴⁡

0(𝑡0)𝐵⁡
𝐶 .  

𝑌𝐶𝐷
𝐴𝐵𝑊𝐴

𝜶̇𝑊𝐵
𝜷̇
= 0,  

Ω𝐴𝐵 ⁡
𝐶 : = 𝐸𝐴⁡

𝐼𝐸𝐵⁡
𝐽𝜕𝐼𝐸𝐽⁡

𝐶 ⁡ where ⁡𝐸𝐼⁡
𝐴:= (𝐸−1)𝐼⁡

𝐴,  

𝑊𝐴𝐵
𝐶 = Ω𝐴𝐵

𝐶 |
𝑥𝑖=0

.  

𝑌𝐾𝐿
𝐼𝐽
𝜕𝐼𝐸𝐴⁡

𝑀𝜕𝐽𝐸𝐵⁡
𝑁|
𝑥𝑖=0

= 0.  

𝟓𝟔 → 𝟕⊕ 𝟐𝟏⊕𝟐𝟏⊕ 𝟕  

𝑊𝐴
𝜶̇ = 𝛿𝐴

𝑏𝑊𝑏
𝜶̇⁡(𝑎, 𝑏 = 1,… , 𝑛)  

𝟐𝟕 → 𝟔⊕𝟏𝟓⊕ 𝟔  

𝟓𝟔 → (𝟔, 𝟏) ⊕ (𝟔, 𝟐)⊕ (𝟐𝟎, 𝟏)⊕ (𝟔, 𝟐)⊕ (𝟔, 𝟏)  

𝜕𝐼 = (𝜕m 𝜕̃𝜇
m 𝜕̃m1… m3 𝜕̃𝜇

m1… m5 𝜕̃m1… m6, m
′
) 

 

𝑊𝐴
𝛼̇ = 𝛿𝐴

b𝑊b
𝛼̇ ⁡(a, b = 1,… , 𝑛 − 1).  

133 → 7⊕ 35⊕ (48 + 1)⊕ 35⊕ 7  

𝑡𝜶 = (𝑅
𝑎1…𝑎6 𝑅𝑎1…𝑎3 𝐾𝑎 ⁡𝑏 𝑅𝑎1…𝑎3 𝑅𝑎1…𝑎6).  

𝑓𝑎,𝑏1…𝑏6 , 𝑓𝑎,𝑏1…𝑏3 , 𝑓𝑎1𝑎2⁡
𝑏 , 𝑓𝑎 ⁡

𝑏1…𝑏3 , 𝑓𝑎 ⁡
𝑏1…𝑏6 ,⁡ and ⁡𝑍𝑎 .  

𝑓𝑎1…𝑎7 , 𝑓𝑎1…𝑎4 , 𝑓𝑎1𝑎2
𝑏 , 𝑓𝑎

𝑏1…𝑏3 , 𝑓𝑎
𝑏1…𝑏6 , and 𝑍𝑎 .  

𝑇𝐴 = (𝑇𝑎 ⁡𝑇
𝑎1𝑎2⁡𝑇𝑎1…𝑎5 ⁡𝑇𝑎1…𝑎7,𝑎

′
)  
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𝑇𝑎 ∘ 𝑇𝑏 =𝑓𝑎𝑏⁡
𝑐𝑇𝑐 + 𝑓𝑎𝑏𝑐2𝑇

𝑐2

𝑇𝑎 ∘ 𝑇
𝑏2 =−𝑓𝑎 ⁡

𝑏2𝑐𝑇𝑐 + 𝛿𝑑𝑒
𝑏2𝑓𝑎𝑐⁡

𝑑𝑇𝑒𝑐 + 3𝑍𝑎𝑇
𝑏2 − 𝑓𝑎𝑐3𝑇

𝑏2𝑐3 ⁡

𝑇𝑎 ∘ 𝑇
𝑏5 =𝑓𝑎⁡

𝑏5𝑐𝑇𝑐 + 𝛿𝑐3𝑑2
𝑏5 𝑓𝑎⁡

𝑐3𝑇𝑑2 − 𝛿𝑑𝑒4
𝑏5 𝑓𝑎𝑐⁡

𝑑𝑇𝑒4𝑐 + 6𝑍𝑎𝑇
𝑏5

𝑇𝑎2 ∘ 𝑇𝑏 =𝑓𝑏⁡
𝑎2𝑐𝑇𝑐 + 𝛿𝑑𝑒

𝑎2𝛿𝑐2𝑏
𝑓2𝑒𝑓𝑓2 ⁡

𝑑𝑇𝑐2 − 3𝑍𝑐𝛿𝑏𝑒2
𝑐𝑎2𝑇𝑒2 + 𝛿𝑏𝑑5

𝑎2𝑐4𝑓𝑐4𝑇
𝑑5

𝑇𝑎2 ∘ 𝑇𝑏2 =𝛿𝑑𝑒
𝑏2𝑓𝑐

𝑎2𝑑𝑇𝑒𝑐 − 𝛿𝑑𝑒
𝑎2𝑓𝑐2 ⁡

𝑑𝑇𝑒𝑏2𝑐2 + 3𝑍𝑐𝑇
𝑎2𝑏2𝑐

𝑇𝑎2 ∘ 𝑇𝑏5 =⁡−𝛿𝑑𝑒4
𝑏5 𝑓𝑐⁡

𝑎2𝑑𝑇𝑒4𝑐

𝑇𝑎5 ∘ 𝑇𝑏 =⁡−𝑓𝑏⁡
𝑎5𝑐𝑇𝑐 − 𝛿𝑐3𝑑2

𝑎5 𝑓𝑏⁡
𝑐3𝑇𝑑2 − 𝛿𝑑3𝑏𝑓

𝑎5 𝑓𝑐
𝑑3𝑇𝑓𝑐

⁡+𝛿𝑑𝑒4
𝑎5 𝑓𝑏𝑐 ⁡

𝑑𝑇𝑒4𝑐 + 𝛿𝑑𝑏𝑓3
𝑎5 𝑓𝑐2⁡

𝑑𝑇𝑓3𝑐2 − 6𝛿𝑏𝑑5
𝑐𝑎5𝑍𝑐𝑇

𝑑5

𝑇𝑎5 ∘ 𝑇𝑏2 =⁡−𝛿𝑑𝑒
𝑏2𝑓𝑐⁡

𝑎5𝑑𝑇𝑒𝑐 + 𝛿𝑑3𝑒2
𝑎5 𝑓𝑐⁡

𝑑3𝑇𝑒2𝑏2𝑐

𝑇𝑎5 ∘ 𝑇𝑏5 =𝛿𝑑𝑒4
𝑏5 𝑓𝑐 ⁡

𝑎5𝑑𝑇𝑒4𝑐

 

𝟏⊕ 𝟑𝟓⊕ (𝟏𝟒𝟎⊕ 𝟕)⊕ (𝟐𝟐𝟒⊕ 𝟐𝟏)⊕ (𝟐𝟖⊕ 𝟐𝟏)⊕ 7  

𝟏𝟑𝟑 → 2(𝟏, 𝟐)⊕ 2(𝟏𝟓, 𝟏) ⊕ 2(𝟏𝟓, 𝟐)⊕ (𝟑𝟓 + 𝟏, 𝟏)⊕ (𝟏, 𝟑).  

𝑡𝜶 = (𝑅𝛼
a1…a6 𝑅a1…a4 𝑅𝛼

a1a2 𝐾ab 𝑅𝛼⁡𝛽 𝑅a1a2
𝛼 𝑅a1…a4 𝑅a1…a6

𝛼 ),  

𝑓a, b1… b6

𝛽
, 𝑓a, b1… b4 , 𝑓a, b1 b2

𝛽
, 𝑓a, b
c , 𝑓a,𝛽

𝛾
, 𝑓a𝛽
b1 b2 , 𝑓a

b1… b4 , 𝑓a𝛽
b1… b6 ,⁡ and ⁡𝑍a.  

𝑓a1…a5 , 𝑓a1…a3
𝛼 , 𝑓a1a2

b , 𝑓a𝛽
𝛾
, 𝑓a𝛽
b1 b2 , 𝑓a

b1… b4 , 𝑓a𝛽
b1… b6 , and 𝑍a  

𝑇𝐴 = (𝑇a 𝑇𝛼
a 𝑇a1…a3 𝑇𝛼

a1…a5 𝑇a1…a6,a
′
)  
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𝑇a ∘ 𝑇b = 𝑓ab⁡
c𝑇c + 𝑓abc

𝛾
𝑇𝛾
c + 𝑓abc3𝑇

c3 ,

𝑇a ∘ 𝑇𝛽
b = 𝑓a𝛽

bc𝑇c − 𝑓a𝛽
𝛾
𝑇𝛾
b − 𝑓ac⁡

b𝑇𝛽
c + 2𝑍a𝑇𝛽

b − 𝜖𝛽𝛾𝑓ac2
𝛾
𝑇bc2 + 𝑓ac4𝑇𝛽

bc4,

𝑇a ∘ 𝑇
b3 = 𝑓a⁡

b3c𝑇c − 𝛿c2 d
b3 𝜖𝛾𝛿𝑓a𝛾

c2𝑇𝛿
d − 𝛿de2

b3 𝑓ac⁡
d𝑇e2c + 4𝑍a𝑇

b3 − 𝑓ac2
𝛾
𝑇𝛾
b3c2 ,

𝑇a ∘ 𝑇𝛽
b5 = 𝑓a𝛽

b5c𝑇c − 𝛿c4 d
b5 𝑓a

c4𝑇𝛽
d + 𝛿c2 d3

b5 𝑓a
c2𝑇d3

−𝑓a𝛽⁡
𝛾𝑇𝛾

b5 − 𝛿de4
b5 𝑓ac⁡

d𝑇𝛽
e4c + 6𝑍a𝑇𝛽

b5 , ⁡

𝑇𝛼
a ∘ 𝑇b = −𝑓b⁡𝛼

ac𝑇c − 𝛿bc
ad𝑓d𝛼 ⁡

𝛾𝑇𝛾
c + 𝑓bc⁡

a𝑇𝛼
c + 2𝛿bd

ac𝑍c𝑇𝛼
d − 𝛿bc3

ad3𝜖𝛼𝛾𝑓d3
𝛾
𝑇c3 ,

𝑇𝛼
a ∘ 𝑇𝛽

b = 𝑓c𝛼
ab𝑇𝛽

c + 𝑓c𝛼⁡
𝛾𝜖𝛾𝛽𝑇

cab + 𝜖𝛼𝛽𝑓c2 ⁡
a𝑇c2 b − 2𝜖𝛼𝛽𝑍c𝑇

abc + 𝜖𝛼𝛾𝑓c3
𝛾
𝑇𝛽
abcc3 ,

𝑇𝛼
a ∘ 𝑇b3 = 𝛿de2

b3 𝑓c𝛼
ad𝑇e2c + 𝑓c𝛼

𝛾
𝑇𝛾
acb3 − 𝑓c2 ⁡

a𝑇𝛼
c2 b3 + 2𝑍c𝑇𝛼

ab3c, 

𝑇𝛼
a ∘ 𝑇𝛽

b5 = 𝛿de4
b5 𝑓c𝛼

ad𝑇𝛽
e4c,  

𝑇a3 ∘ 𝑇b = −𝑓b⁡
a3c𝑇c − 𝛿d2e

a3 𝛿bc
ef𝜖𝛾𝛿𝑓f

d2𝑇𝛿
c + 𝛿de2

a3 𝑓bc⁡
d𝑇e2c

⁡−𝛿bde
a3 𝑓c2 ⁡

d𝑇ec2 + 4𝛿bd3
a3c𝑍c𝑇

d3 ,

𝑇a3 ∘ 𝑇𝛽
b = 𝑓c

a3 b
𝑇𝛽
c − 𝛿d2e

a3 𝑓c𝛽
d2𝑇ebc + 𝛿de2

a3 𝑓c2⁡
d𝑇𝛽

e2 bc2 − 4𝑍c𝑇𝛽
a3bc,

𝑇a3 ∘ 𝑇b3 = 𝛿de2
b3 𝑓c⁡

a3 d𝑇e2c − 𝛿d2e
a3 𝜖𝛾𝛿𝑓c𝛾

d2𝑇𝛿
eb3c,

𝑇a3 ∘ 𝑇𝛽
b5 = 𝛿de4

b5 𝑓c⁡
a3 d𝑇𝛽

e4c,

𝑇𝛼
a5 ∘ 𝑇b = −𝑓b𝛼

a5c𝑇c − 𝛿d4e
a5 𝛿bc

ef𝑓f
d4𝑇𝛼

c + 𝛿bd2e2
a5 𝑓c𝛼

d2𝑇e2c − 𝛿c2 d3

a5 𝑓b𝛼
c2𝑇d3

⁡−𝛿bd4
a5 𝑓c𝛼⁡

𝛾𝑇𝛾
d4c + 𝑓b𝛼⁡

𝛾𝑇𝛾
a5 + 𝛿de4

a5 𝑓bc⁡
d𝑇𝛼

e4c + 𝛿dbe3
a5 𝑓c2 ⁡

d𝑇𝛼
e3c2 ,

𝑇𝛼
a5 ∘ 𝑇𝛽

b = 𝑓c𝛼
a5 b
𝑇𝛽
c + 𝛿d4e

a5 𝜖𝛼𝛽𝑓c
d4𝑇ebc − 𝛿d2e3

a5 𝑓c⁡
d2𝑇𝛽

e3bc, 

𝑇𝛼
a5 ∘ 𝑇b3 = 𝛿de2

b3 𝑓c𝛼
a5 d
𝑇e2c − 𝛿d4e

a5 𝑓c
d4𝑇𝛼

eb3c, 

𝑇𝛼
a5 ∘ 𝑇𝛽

b5 = 𝛿de4
b5 𝑓c𝛼

a5 d
𝑇𝛽
e4c.

 

(𝟔, 𝟏)⊕ (𝟐𝟎, 𝟐)⊕ (𝟖𝟒 + 𝟔, 𝟏) ⊕ (𝟔, 𝟑)⊕ (𝟖𝟒⊕ 𝟔, 𝟐)⊕ (𝟕𝟎⊕ 𝟐𝟎, 𝟏)⊕ (𝟔, 𝟐)⊕ (𝟔, 𝟏).  

2𝐷 → 𝐷⊕𝐷‾  

𝑊𝐴
𝜶̇ = 𝛿𝐴

𝑏𝑊𝑏
𝜶̇⁡(𝑎, 𝑏 = 1,… , 𝐷)  

𝐷(2𝐷 − 1) →
𝐷(𝐷 − 1)

2
⊕ (𝐷‾ ⊗ 𝐷)⊕

𝐷(𝐷 − 1)

2
 

𝑡𝜶 = (𝑅
𝑎1𝑎2 𝐾𝑎 ⁡𝑏 𝑅𝑎1𝑎2)  

(𝐾𝑑
𝑐)𝐴
𝐵 = (

𝛿𝑎
𝑐𝛿𝑑
𝑏 0

0 −𝛿𝑑
𝑎𝛿𝑏

𝑐) , (𝑅
𝑐1𝑐2)𝐴

𝐵= (0 −2𝛿𝑎𝑏
𝑐1𝑐2

0 0
) ⁡

(𝑅𝑐1𝑐2)𝐴
𝐵
⁡= (

0 0
−2𝛿𝑐1𝑐2

𝑎𝑏 0)

 

 

[𝐾𝑏
𝑎 , 𝑅𝑐1𝑐2]= 2𝛿𝑏𝑑

𝑐1𝑐2𝑅𝑎𝑑 , [𝐾𝑏
𝑎, 𝑅𝑐1𝑐2] = −2𝛿𝑐1𝑐2

𝑎𝑑 𝑅𝑏𝑑⁡

[𝑅𝑎1𝑎2 , 𝑅
𝑏1𝑏2]⁡= 4𝛿[𝑎1

[𝑏1𝐾𝑏2]⁡𝑎2].
 

𝑓𝑎,𝑏1𝑏2 , 𝑓𝑎,𝑏
𝑐 , 𝑓𝑎

𝑏1𝑏2 ,⁡ and ⁡𝑍𝑎 .  
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𝑊𝑎 = −
1

2!
𝑓𝑎𝑏𝑐𝑅

𝑏𝑐 +
1

2
𝑓𝑎𝑏⁡

𝑐𝐾𝑏⁡𝑐 −
1

3!
𝑓𝑎⁡

𝑑1𝑑2𝑅𝑑1𝑑2 ,𝑊
𝑎 = 0  

𝑓𝑎1…𝑎3 , 𝑓𝑎1𝑎2
𝑏 ,⁡ and ⁡𝑓𝑎

𝑏1𝑏2  

𝑋𝑎 = −
1

2
𝑓𝑎𝑏1𝑏2𝑅

𝑏1𝑏2 + 𝑓𝑎𝑏
𝑐 𝐾𝑐

𝑏 −
1

2
𝑓𝑎
𝑏1𝑏2𝑅𝑏1𝑏2

𝑋𝑎 = −𝑓𝑏
𝑎𝑐𝐾𝑐

𝑏 −
1

2
𝑓𝑏1𝑏2 ⁡

𝑎𝑅𝑏1𝑏2
 

𝑋𝐴𝐵𝐶 = {

𝑓𝑎𝑏𝑐 = 𝐻𝑎𝑏𝑐
𝑓𝑎𝑏⁡

𝑐

𝑓𝑎⁡
𝑏𝑐 = 𝑄𝑎 ⁡

𝑏𝑐

 

𝑁geo =
𝐷

6
(𝐷 − 1)(7𝐷 − 2).  

𝑁 =
2𝐷

3
(𝐷 − 1)(2𝐷 − 1)  

𝑁geo

𝑁
=
7

8
+

3

16𝐷 − 8
 

𝑋𝐴𝐶
𝐸 𝑋𝐵𝐸

𝐷 − 𝑋𝐵𝐶
𝐸 𝑋𝐴𝐸

𝐷 = −𝑋𝐴𝐵
𝐸 𝑋𝐸𝐶

𝐷  

𝑋[𝐴𝐵]
𝐸 𝑋[𝐸𝐶]

𝐷 + 𝑋[𝐵𝐶]
𝐸 𝑋[𝐸𝐴]

𝐷 + 𝑋[𝐶𝐴]
𝐸 𝑋[𝐸𝐵]

𝐷 = 𝑋[𝐴𝐵
𝐸 𝑍𝐶]𝐸

𝐷
 

𝑍𝐴𝐵⁡
𝐶 := 𝑋(𝐴𝐵)⁡

𝐶 ,  

[𝑇𝐴, 𝑇𝐵]−:=
1

2
(𝑇𝐴 ∘ 𝑇𝐵 − 𝑇𝐵 ∘ 𝑇𝐴)⁡ with ⁡[𝑇𝐴, 𝑇𝐵]− = 𝑋[𝐴𝐵]

𝐶 𝑇𝐶  

𝑍𝐴𝐵 ⁡
𝐸𝑋𝐸𝐶 ⁡

𝐷 = 0  

[𝑇𝐴, 𝑇𝐵]+ =
1

2
(𝑇𝐴 ∘ 𝑇𝐵 + 𝑇𝐵 ∘ 𝑇𝐴) = 𝑍𝐴𝐵

𝐶 𝑇𝐶  

𝑇𝐴 = (𝑇𝑎̀ 𝑇𝛼̇) = (𝑇𝑎 𝑇𝛼̀ 𝑇𝛼̇) = (𝑇𝑎 𝑇𝛼̌).  

𝑎 = 1,… , 𝑛 (a = 1,… , 𝑛 − 1),

𝛼̀ = 1,… , dim𝑅1 − dimℐ − 𝑛 (𝛼̀ = 1,… , dim𝑅1 − dimℐ − 𝑛 + 1)⁡ and 

𝛼̇ = 1,… , dimℐ

 

𝑇𝑎̀ = (𝑇𝑎 𝑇𝛼̀)⁡ and ⁡𝑇𝛼̌ = (𝑇𝛼̀ 𝑇𝛼̇).  

𝑍𝐴𝐵 ⁡
𝑐 = 0⁡ and ⁡𝑋𝛼̇𝐵

𝐶 = 0  

3𝑋[𝑎̀𝑏̀
𝑒̀ 𝑋𝑐]𝑒̀

𝑑̀ = 0  

𝑇𝛼̇ ∘ 𝑇𝐵 = 𝑋𝛼̇𝐵⁡
𝐶𝑇𝐶 = 0 ⊂ ℐ⁡ and ⁡𝑇𝐵 ∘ 𝑇𝛼̇ = 2𝑍𝛼̇𝐵⁡

𝐶𝑇𝐶 = 2𝑍𝛼̇𝐵⁡
𝛾̇𝑇𝛾̇ ⊂ ℐ.  

𝑋
𝛼̌𝛽̌
𝑐 = 0⁡ (𝑋

𝛼̌𝛽̌
𝑐 = 0)  
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𝑇𝛼̌ = (𝑇𝑎1𝑎2 𝑇𝑎1…𝑎5 𝑇𝑎1…𝑎7,𝑏)

(𝑇𝛼̌ = (𝑇𝛼
a 𝑇a1…a3 𝑇𝛼

a1…a5 𝑇a1…a6, b)
) .  

 

𝐺 ∋ 𝑔 = exp⁡(𝑥𝑎̀𝑇𝑎̀) = ∑  

∞

𝑛=0

 
(𝑥𝑎̀𝑇𝑎̀)

𝑛

𝑛!
 

(𝑇𝑎̀)𝐴
𝐵 = −𝑋𝑎̀𝐵

𝐶 = (
−𝑋𝑎̀𝑏̀

𝑐 −𝑋𝑎̀𝑏̀
′ ⁡𝛾̂

0 −𝑋𝑎̀𝛽̇
′ ) .  

[𝑇𝑎̀ , 𝑇𝑏̀] = 𝑋𝑎̀𝑏̀
𝑐 𝑇𝑐  

2𝑋[𝑎̀∣𝑐
𝑒̀ 𝑋∣𝑏̀]𝑒̀

𝑑̀ ⁡= −𝑋𝑎̀𝑏̀
𝑒̀ 𝑋𝑒̀𝑐

𝑑̀

2𝑋[𝑎̀∣𝛾̇⁡
𝜖̂𝑋∣𝑏̀]𝜖̇ ⁡

𝛿̂ ⁡= −𝑋𝑎̀𝑏̀⁡
𝑒̀𝑋𝑒̀𝛾̇ ⁡

𝛿

2𝑋[𝑎̀∣𝑐 ⁡
𝑒̀𝑋∣𝑏̀]𝑒̀⁡

𝛿̂ + 2𝑋[𝑎̀∣𝑐 ⁡
𝜖̂𝑋∣𝑏̀]𝜖̇⁡

𝛿̂ ⁡= −𝑋𝑎̀𝑏̀⁡
𝑒̀𝑋𝑒̀𝑐 ⁡

𝛿̂

 

(𝑀−1)𝐴⁡
𝐶 d𝑀𝐶 ⁡

𝐵 = −𝑣𝐶𝑋𝐶𝐴⁡
𝐵 = 𝑣𝐶(𝑇𝐶)𝐴⁡

𝐵  

d𝑣𝐴𝑇𝐴 = −
1

2
𝑋𝐵𝐶 ⁡

𝐴𝑣𝐵 ∧ 𝑣𝐶𝑇𝐴  

d𝑣𝐴 = −
1

2
𝑋𝐵𝐶 ⁡

𝐴𝑣𝐵 ∧ 𝑣𝐶  

𝑀𝐴⁡
𝐵: = exp⁡(𝑥𝑖𝑇𝑖)𝐴⁡

𝐵  

𝑀𝐴
𝐵 = (

𝑀𝑎̀
𝑏̀ 𝐼𝑎̀ ⁡

𝛾̇𝑀𝛾⁡
𝛽̇

0 𝑀𝛼̇ ⁡
𝛽̇
) , (𝑀−1)𝐴

𝐵 = (
(𝑀−1)𝑎̀⁡

𝑏̀ −(𝑀−1)𝑎̀⁡
𝑐𝐼𝑐 ⁡

𝛽̇

0 (𝑀−1)𝛼̇⁡
𝛽̇

) .  

(𝑀−1)𝐴⁡
𝐶 d𝑀𝐶 ⁡

𝐵 = (
d𝑀𝑐

𝑏̀(𝑀−1)𝑎̀
𝑐 (𝑀−1)𝑎̀

𝑐  d𝐼𝑐
𝛿̂𝑀

𝛿̂

𝛽̂

0  d𝑀𝛾̇
𝛽̂(𝑀−1)𝛼̇

𝛾̂
) = −𝑣𝐶𝑋𝐶𝐴⁡

𝐵 = −𝑣𝑐𝑋𝑐𝐴⁡
𝐵  

(𝑀−1)𝑎̀
𝑐  d𝑀𝑐

𝑏̀ = −𝑣𝑐𝑋𝑐𝑎̀
𝑏̀  

d𝑣𝑎̀ = −
1

2
𝑋𝑏̀𝑐
𝑎̀ 𝑣𝑏̀ ∧ 𝑣𝑐  

 

d𝑣𝐴 +
1

2
𝑋𝐵𝐶 ⁡

𝐴𝑣𝐵 ∧ 𝑣𝐶 +𝑤𝐴 = 0,  

 

𝑤𝑎̀ = 0⁡ and ⁡𝑤𝛼̇ = −
1

2
𝑋𝑏̀𝑐
𝛼̇ 𝑣𝑏̀ ∧ 𝑣𝑐.  
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d𝑤𝐴= 𝑋[𝐵𝐶]
𝐴 𝑤𝐵 ∧ 𝑣𝐶 +

1

2
𝑋[𝐵𝐶]
𝐸 𝑋[𝐸𝐷]

𝐴 𝑣𝐵 ∧ 𝑣𝐶 ∧ 𝑣𝐷 ⁡

⁡= −𝑍𝐵𝐶
𝐴 𝑤𝐵 ∧ 𝑣𝐶 +

1

3!
𝑋[𝐵𝐶
𝐸 𝑍𝐷]𝐸

𝐴 𝑣𝐵 ∧ 𝑣𝐶 ∧ 𝑣𝐷 .

 

𝑤𝐴𝑋𝐴𝐵⁡
𝐶 = 0,  

(𝑀−1)𝐴⁡
𝐶  d𝑀𝐶 ⁡

𝐵 ⁡= −𝑣𝐶𝑋𝐶𝐴⁡
𝐵, and 

d𝑣𝐴 ⁡= −
1

2
𝑋[𝐵𝐶]⁡

𝐴𝑣𝐵 ∧ 𝑣𝐶 −𝑤𝐴 with ⁡𝑤𝐴𝑋𝐴𝐵⁡
𝐶 = 0

 

𝐸𝐴⁡
𝐼 = 𝑀𝐴⁡

𝐵𝑉𝐵⁡
𝐼 ,  

𝑿𝐴𝐵⁡
𝐶 = Ω𝐴𝐵 ⁡

𝐶 + (𝑡𝜶)𝐷⁡
𝐸(𝑡𝜶)𝐵⁡

𝐶Ω𝐸𝐴⁡
𝐷 − 𝛽Ω𝐷𝐴⁡

𝐷(𝑡0)𝐵⁡
𝐶 ,  

 

Ω𝐴𝐵 ⁡
𝐶 := 𝐸𝐴⁡

𝐼𝐸𝐵⁡
𝐽𝜕𝐼𝐸𝐽⁡

𝐶  

Ω𝐴𝐵
𝐶 = 𝑀𝐴

𝐷𝑀𝐵
𝐸(𝑀−1)𝐹

𝐶[Ω̂𝐷𝐸
𝐶 − 𝑉𝐷

𝐼(𝑀−1𝜕𝐼𝑀)𝐸
𝐹]⁡

⁡= 𝑀𝐴
𝐷𝑀𝐵

𝐸(𝑀−1)𝐹
𝐶𝛿𝐷

𝑑(Ω̂𝑑𝐸
𝐶 + 𝐴𝑑

𝐺𝑋𝐺𝐸
𝐶 ).

 

Ω̂𝑎𝐵⁡
𝐶 := 𝑣𝑎

𝑖𝑉𝐵⁡
𝐽𝜕𝑖𝑉𝐽⁡

𝐶 ⁡ and ⁡𝐴𝑎⁡
𝐵:= 𝑣𝑎

𝑖𝑣𝑖
𝐵.  

𝑣𝑖
𝐴 = (𝑣𝑖

𝑎 𝐴𝑖𝑎1𝑎2 𝐴𝑖𝑎1…𝑎5 𝐴𝑖𝑎1…𝑎7,𝑎′),  

𝐴𝑎 ⁡
𝐵 = 𝑣𝑎

𝑖𝑣𝑖
𝐵 = (𝛿𝑎

𝑏 𝐴𝑎𝑏1𝑏2 𝐴𝑎𝑏1…𝑏5 𝐴𝑎𝑏1…𝑏7,𝑏′).  

𝑉̂𝐴
𝐽
: =

(

 
 
 

𝑣𝑎
𝑗

0 0 0

0 2! 𝑣[𝑗1
[𝑎1𝑣𝑗2]

𝑎2] 0 0

0 0 5! 𝑣[𝑗1
[𝑎1 …𝑣𝑗5]

𝑎5] 0

0 0 0 7! 𝑣[𝑗1
[𝑎1 …𝑣𝑗7]

𝑎7]𝑣𝑗′
𝑎′

)

 
 
 
.  

𝑁𝐼⁡
𝐽 = [exp⁡ (

1

3!
𝐶𝑖1…𝑖3𝑅

𝑖1…𝑖3) exp⁡ (
1

6!
𝐶𝑖1…𝑖6𝑅

𝑖1…𝑖6)]
𝐼
⁡𝐽,  

𝑁𝐼
𝐽 =

(

 
 
𝛿𝑖
𝑗
−𝐶𝑖𝑗1𝑗2 −(𝐶𝑖𝑗1…𝑗5 + 5𝐶𝑖[𝑗1𝑗2𝐶𝑗3𝑗4𝑗5])

0 2! 𝛿𝑗1𝑗2
𝑖1𝑖2 20𝛿[𝑗1𝑗2

𝑖1𝑖2 𝐶𝑗3𝑗4𝑗5]

0 0 5! 𝛿𝑗1…𝑗5
𝑖1…𝑖5

)

 
 
.  

𝑉𝐴⁡
𝐼 = 𝑉̂𝐴⁡

𝐽𝑁𝐽⁡
𝐼 .  

Ω̂𝑎𝐵
𝐶 = −𝐷𝑎𝑉̂𝐵

𝐽𝑉̂𝐽
𝐶 − 𝑉̂𝐵

𝐽𝑉̂𝐾
𝐶𝐷𝑎𝑁𝐽

𝐿(𝑁−1)𝐿
𝐾 ⁡

⁡= −(𝐷(𝑎𝑣𝑏)
𝑗
𝑣𝑗
𝑐 +

1

2
[𝑣𝑎, 𝑣𝑏]

𝑗𝑣𝑗
𝑐) (𝐾̃𝑐

𝑏)
𝐵
⁡𝐶 − 𝑉̂𝐵⁡

𝐽𝑉̂𝐾⁡
𝐶𝐷𝑎𝑁𝐽⁡

𝐿(𝑁−1)𝐿⁡
𝐾
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𝑣𝑐([𝑣𝑎, 𝑣𝑏]) ⁡= 𝑓𝑎𝑏
𝑐 −

2

2!
𝑓[𝑎
𝑐𝑑1𝑑2𝐴𝑏]𝑑1𝑑2 −

2

5!
𝑓[𝑎
𝑐𝑑1…𝑑5𝐴𝑏]𝑑1…𝑑5 ,⁡ and 

d𝑁𝑁−1 ⁡=
1

3!
d𝐶𝑖1…𝑖3𝑅

𝑖1…𝑖3 +
1

6!
(d𝐶𝑖1…𝑖6 − 10 d𝐶𝑖1𝑖2𝑖3𝐶𝑖4𝑖5𝑖6)𝑅

𝑖1…𝑖6

 

Ω𝑎 ∼(−
1

2
𝑓𝑎𝑏
𝑐 +

1

2!
𝑓[𝑎
𝑐𝑑1𝑑2𝐴𝑏]𝑑1𝑑2 +

1

5!
𝑓[𝑎
𝑐𝑑1…𝑑5𝐴𝑏]𝑑1…𝑑5) 𝐾̃𝑐

𝑏

⁡−
1

4!
𝐹𝑎𝑏𝑐𝑑𝑅

𝑏𝑐𝑑 −
1

7!
𝐹𝑎𝑏1…𝑏6𝑅

𝑏1…𝑏6

 

𝐹𝑖𝑗𝑘𝑙: = 4𝜕[𝑖𝐶𝑗𝑘𝑙]⁡ and ⁡𝐹𝑖1…𝑖7: = 7𝜕[𝑖1𝐶𝑖2…𝑖7] −
35

2
𝐹[𝑖1…𝑖4𝐶𝑖5𝑖6𝑖7]  

Ω̂𝑎 + 𝐴𝑎 ⁡
𝐵𝑋𝐵 ∼ 𝑋𝑎 −

1

2
𝑓𝑎𝑏⁡

𝑐𝐾̃𝑏⁡𝑐

−
1

4!
(𝐹𝑎𝑏𝑐𝑑 − 12𝑓[𝑎𝑏⁡

𝑒𝐴𝑐𝑑]𝑒 + 36𝑍[𝑎𝐴𝑏𝑐𝑑] + 2𝑓[𝑎⁡
𝑒𝑓𝑔𝐴𝑏𝑐𝑑]𝑒𝑓𝑔 +

1

30
𝑓𝑑 ⁡

𝑒1…𝑒6𝐴𝑎𝑏𝑒1…𝑒6,𝑐)𝑅
𝑏𝑐𝑑⁡

−
1

7!
(𝐹𝑎𝑏1…𝑏6 + 105𝑓[𝑎𝑏1𝑏2𝑏3𝐴𝑏4𝑏5𝑏6] + 105𝑓[𝑎𝑏1 ⁡

𝑒𝐴𝑏2…𝑏6]𝑒 ⁡

⁡+252𝑍[𝑎𝐴𝑏1…𝑏6] + 21𝑓[𝑎⁡
𝑐1𝑐2𝑑𝐴𝑏1…𝑏6]𝑐1𝑐2,𝑑)𝑅

𝑏1…𝑏6

 

𝐴𝑎 ⁡
𝐵𝑋𝐵 = 𝑋𝑎 +

1

2!
𝐴𝑎𝑏1𝑏2𝑋

𝑏1𝑏2 +
1

5!
𝐴𝑎𝑏1…𝑏5𝑋

𝑏1…𝑏5 +
1

7!
𝐴𝑎𝑏1…𝑏7,𝑏′𝑋

𝑏1…𝑏7,𝑏
′

 

𝑋𝑎 =−
1

6!
𝑓𝑎𝑏1…𝑏6𝑅

𝑏1…𝑏6 −
1

3!
𝑓𝑎𝑏1𝑏2𝑏3𝑅

𝑏1𝑏2𝑏3 ⁡

+𝑓𝑎𝑏⁡
𝑐𝐾̃𝑏⁡𝑐 − 𝑍𝑎(𝐾̃

𝑏⁡𝑏 + 𝑡0) −
1

3!
𝑓𝑎 ⁡

𝑏1𝑏2𝑏3𝑅𝑏1𝑏2𝑏3 −
1

6!
𝑓𝑎⁡

𝑏1…𝑏6𝑅𝑏1…𝑏6 ⁡

𝑋𝑎1𝑎2 =𝑓𝑏⁡
𝑐𝑎1𝑎2𝐾̃𝑏⁡𝑐 − 𝑓𝑐1𝑐2 ⁡

[𝑎1𝑅𝑎2]𝑐1𝑐2 + 3𝑍𝑏𝑅
𝑏𝑎1𝑎2 −

1

4!
𝑓𝑏1…𝑏4𝑅

𝑎1𝑎2𝑏1…𝑏4 ,

𝑋𝑎1…𝑎5 =𝑓𝑏⁡
𝑐𝑎1…𝑎5𝐾𝑏⁡𝑐 +

5!

3! 2!
𝑓𝑏⁡

[𝑎1𝑎2𝑎3𝑅𝑎4𝑎5]𝑏 −
5!

2! 4!
𝑓𝑏𝑐⁡

[𝑎1𝑅𝑎2…𝑎5]𝑏𝑐 + 6𝑍𝑏𝑅
𝑏𝑎1…𝑎5 ,

𝑋𝑎1…𝑎7,𝑎
′
=⁡−7𝑓𝑏⁡

[𝑎1…𝑎6𝑅𝑎7]𝑎
′𝑏 − 21𝑓𝑏⁡

𝑎′[𝑎1𝑎2𝑅𝑎3…𝑎7]𝑏.

 

𝑊𝑎 = 𝑊𝑎 ⁡
𝛼̇𝑡𝛼̇ = 𝑋𝑎 −

1

2
𝑓𝑎𝑏⁡

𝑐𝐾̃𝑏⁡𝑐 +
3

4!
𝑓𝑎𝑏1𝑏2𝑏3𝑅

𝑏1𝑏2𝑏3 +
6

7!
𝑓𝑎𝑏1…𝑏6𝑅

𝑏1…𝑏6 ,  

𝐹𝑎𝑏𝑐𝑑 =−3𝑓𝑎𝑏𝑐𝑑 + 12𝑓[𝑎𝑏
𝑒 𝐴𝑐𝑑]𝑒 − 36𝑍[𝑎𝐴𝑏𝑐𝑑] ⁡

⁡−2𝑓[𝑎
𝑒𝑓𝑔
𝐴𝑏𝑐𝑑]𝑒𝑓𝑔 −

1

30
𝑓𝑑
𝑒1…𝑒6𝐴𝑎𝑏𝑒1…𝑒6,𝑐 ⁡ and 

𝐹𝑎1…𝑏7 =⁡−6𝑓𝑎1…𝑎7 − 105𝑓[𝑎1…𝑎4𝐴𝑎5𝑎6𝑎7] − 105𝑓[𝑎1𝑎2
𝑏 𝐴𝑎3…𝑎7]𝑏

⁡−252𝑍[𝑎1𝐴𝑎2…𝑎7] − 21𝑓[𝑎1
𝑏1𝑏2𝑐𝐴𝑎2…𝑎7]𝑏1𝑏2,𝑐

 



pág. 3805 

𝐹4 =⁡−
3

4!
𝑓𝑎𝑏𝑐𝑑𝑣

𝑎 ∧⋯∧ 𝑣𝑑

⁡+
1

2
(𝑓𝑎𝑏⁡

𝑑𝐴𝑐𝑑 + 3𝑍𝑎𝐴𝑏𝑐 +
1

3!
𝑓𝑎 ⁡

𝑒1𝑒2𝑒3𝐴𝑏𝑐𝑒1𝑒2𝑒3 −
2

6!
𝑓𝑎 ⁡

𝑒1…𝑒6𝐴𝑏𝑒1…𝑒6,𝑐) ∧ 𝑣
𝑎 ∧ 𝑣𝑏 ∧ 𝑣𝑐

𝐹7 =⁡−
6

7!
𝑓𝑎1…𝑎7𝑣

𝑎1 ∧ ⋯∧ 𝑣𝑎7

⁡−
1

2
(
1

4!
𝑓𝑎1…𝑎4𝐴𝑎5𝑎6 +

1

4!
𝑓𝑎1𝑎2 ⁡

𝑏𝐴𝑎3…𝑎6𝑏

−
1

10
𝑍𝑎1𝐴𝑎2…𝑎6 −

1

5!
𝑓𝑎1 ⁡

𝑏1𝑏2𝑐𝐴𝑎2…𝑎6𝑏1𝑏2,𝑐) ∧ 𝑣
𝑎1 ∧⋯∧ 𝑣𝑎6 .

 

d𝐹4 = 0⁡ and ⁡d𝐹7 +
1

2
𝐹4 ∧ 𝐹4 = 0.  

𝐹4 =
1

4!
𝑓𝑎𝑏𝑐𝑑𝑣

𝑎 ∧⋯∧ 𝑣𝑑 −
1

3!
𝑋𝐴,𝑏,𝑐1𝑐2𝑣

𝐴 ∧ 𝑣𝑏 ∧ 𝑣𝑐1 ∧ 𝑣𝑐2  

𝐹7 =
1

7!
𝑓𝑎1…𝑎7𝑣

𝑎1 ∧⋯∧ 𝑣𝑎7 −
1

6!
𝑋𝐴,𝑏,𝑐1…𝑐5𝑣

𝐴 ∧ 𝑣𝑏 ∧ 𝑣𝑐1 ∧ ⋯∧ 𝑣𝑐5 .  

𝑋𝐴𝐵
𝑐 = −𝑋𝐵𝐴

𝑐 , 𝑋
𝛼̌𝛽̌
𝑐 = 0,⁡ and ⁡𝑋𝐴𝐵

𝑐 𝑋𝐶 = −𝑋𝐵𝐴
𝑐 𝑋𝐶 ,  

d𝐹4 =−
1

12
(𝑋𝑎𝑏

𝐺 𝑋𝐺,𝑐,𝑑𝑒 + 2𝑓𝑎𝑏
𝑔
𝑓𝑔𝑐𝑑𝑒)𝑣

𝑎 ∧ 𝑣𝑏 ∧ 𝑣𝑐 ∧ 𝑣𝑑 ∧ 𝑣𝑒 ⁡

⁡−
1

12
(4𝑓𝑔𝑏𝑐𝑑𝑋𝑒𝛼̌

𝑔
+ 2𝑋𝑒𝛼̌

𝐺 𝑋𝐺,𝑏,𝑐𝑑 − 3𝑓𝑏𝑐
𝑔
𝑋𝛼̌,𝑔,𝑑𝑒)𝑣

𝛼̌ ∧ 𝑣𝑏 ∧ 𝑣𝑐 ∧ 𝑣𝑑 ∧ 𝑣𝑒

⁡−
1

2 ⋅ 3!
(𝑋

𝛼̌𝛽̌
𝐺 𝑋𝐺,𝑐,𝑑𝑒 + 6𝑋𝛼̌𝑐

𝑓
𝑋𝛽̌,𝑓,𝑑𝑒)𝑣

𝛼̌ ∧ 𝑣𝛽̌ ∧ 𝑣𝑐 ∧ 𝑣𝑑 ∧ 𝑣𝑒 .

 

𝐿𝐴𝐵𝐶 ⁡
𝐷: = 𝑋𝐴𝐶 ⁡

𝐸𝑋𝐵𝐸 ⁡
𝐷 − 𝑋𝐵𝐶 ⁡

𝐸𝑋𝐴𝐸 ⁡
𝐷 + 𝑋𝐴𝐵⁡

𝐸𝑋𝐸𝐶 ⁡
𝐷 = 0  

d𝐹4 =−
1

20
𝐿𝑎,𝑏,𝑐,𝑑𝑒𝑣

𝑎 ∧ 𝑣𝑏 ∧ 𝑣𝑐 ∧ 𝑣𝑑 ∧ 𝑣𝑒 ⁡

⁡+
1

24
(𝐿𝛼̆,𝑏,𝑐,𝑑𝑒 + 4𝐿𝑏,𝛼̆,𝑐,𝑑𝑒)𝑣

𝛼̌ ∧ 𝑣𝑏 ∧ 𝑣𝑐 ∧ 𝑣𝑑 ∧ 𝑣𝑒

⁡−
1

2 ⋅ 3!
𝐿𝛼̌,𝛽̌,𝑐,𝑑𝑒𝑣

𝛼̌ ∧ 𝑣 ,𝛽̌ ∧ 𝑣𝑐 ∧ 𝑣𝑑 ∧ 𝑣𝑒 = 0

 

𝑣m
𝐴= (𝑣m

a 𝐴ma1
𝛼 𝐴ma1a2a3 𝐴ma1…a5

𝛼 𝐴ma1…a6,a′)⁡

𝐴a⁡
𝐵⁡= (𝛿a

b 𝐴ab
𝛽

𝐴ab1 b2 b3 𝐴ab1… b5

𝛽
𝐴ab1… b6, b

′)
 

𝑉̂𝐴
𝐽 =

(

 
 
 
 

𝑣a
n 0 0 0 0
0 𝛿𝛼

𝜈𝑣n
a 0 0 0

0 0 3! 𝑣[n1
[a1𝑣n2

a2𝑣n3]
a3] 0 0

0 0 0 5! 𝛿𝛼
𝜈𝑣[n1

[a1 …𝑣n5]
a5] 0

0 0 0 0 6! 𝑣[n1
[a1 …𝑣n6]

a6]𝑣n′
a′

)

 
 
 
 

 

 

𝑁𝐼⁡
𝐽 = [exp⁡ (

1

2!
𝐵mn
𝜇
𝑅𝜇
mn) exp⁡ (

1

4!
𝐷m1… m4𝑅

m1… m4) exp⁡ (
1

6!
𝐵m1… m6

𝜇
𝑅𝜇
m1… m6)]

𝐼
⁡𝐽.  
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𝑁𝐼
𝐽
=

(

 
 
 
𝛿m
n −𝐵mn

𝜈 −𝐷mn1n2n3 −
3

2
𝜖𝜌𝜎𝐵m[n1

𝜌
𝐵n2n3]
𝜎 −5𝜖𝜌𝜎𝐵m[n1

𝜌
𝐵n2n3
𝜎 𝐵n4n5]

𝜈

0 𝛿𝜇
𝜈𝛿n

m 3𝜖𝜇𝜌𝛿[n1
m 𝐵n2n3]

𝜌
−5𝛿𝜇

𝜈𝛿[n1
m 𝐷n2…n5] + 15𝜖𝜇𝜌𝛿[n1

m 𝐵n2n3
𝜌

𝐵n4n5]
𝜈

0 0 3! 𝛿n1n2n3
m3 60𝛿[n1n2n3

m3 𝐵n4n5]
𝜈

0 0 0 5! 𝛿𝜇
𝜈𝛿n1…n5

m1… m5
)

 
 
 

 

𝑣c([𝑣a, 𝑣b]) = 𝑓ab⁡
c − 2𝑓[a∣𝛼

cd 𝐴∣b]d
𝛼 −

2

3!
𝑓[a⁡

cd1 d2 d3𝐴b]d1 d2 d3 −
2

5!
𝑓[a⁡

cd1… d5𝐴b]d1… d5 ,  

d𝑁𝑁−1 =
1

2!
d𝐵mn

𝜇
𝑅𝜇
mn

⁡+
1

4!
(d𝐷m1… m4

− 3𝜖𝜇𝜈d𝐵m1 m2

𝜇
𝐵m3 m4
𝜈 )𝑅m1… m4

⁡+
1

6!
(… )m1… m6

𝜇
𝑅𝜈
m1… m6 .

 

Ω̂a𝐵⁡
𝐶 =−𝐷a𝑉̂𝐵⁡

𝐽𝑉̂𝐽⁡
𝐶 − 𝑉̂𝐵⁡

𝐽𝑉̂𝐾⁡
𝐶𝐷𝑎𝑁𝐽⁡

𝐿(𝑁−1)𝐿⁡
𝐾 ⁡

∼ [(−
1

2
𝑓ab⁡

c + 𝑓[a∣𝛼
cd 𝐴∣b]d

𝛼 +
1

3!
𝑓[a⁡

cd1 d2 d3𝐴b]d1 d2 d3 +
1

5!
𝑓[a⁡

cd1… d5𝐴b]d1… d5) 𝐾̃
b⁡c]

𝐵
⁡𝐶 ⁡

⁡− [
1

3!
𝐹abc
𝛼 𝑅𝛼

bc +
1

5!
𝐹ab1… b4𝑅

b1… b4]
𝐵
⁡𝐶 .

 

𝐹abc
𝛼 ∶= 3𝑣a

m𝑣b
n𝑣c

p
𝛿𝜇
𝛼𝜕[m𝐵np]

𝜇
⁡ and 

𝐹a1…a5 ∶= 𝑣a1
m1 …𝑣a5

m5 (5𝜕[m1
𝐷m2 m3 m4 m5] − 5𝜖𝜇𝜈𝐹[m1 m2 m3

𝜇
𝐵m4 m5]
𝜈 )

 

Ω̂a + 𝐴a⁡
𝐵𝑋𝐵

∼ 𝑋a −
1

2
𝑓ab⁡

c𝐾̃b⁡c ⁡

−
1

3!
(𝐹abc

𝛼 + 3𝑓[ab⁡
d𝐴c]d

𝛼 − 6𝑓[a∣𝛽
𝛼 𝐴∣bc]

𝛽
+ 12𝑍[a𝐴bc]

𝛼 + 3𝜖𝛼𝛽𝑓[a∣𝛽
d1 d2𝐴∣bc]d1 d2 ⁡

⁡−
1

4
𝑓[a⁡

d1… d4𝐴bc]d1… d4
𝛼 +

1

5!
𝜖𝛼𝛽𝑓b𝛽

d1… d6𝐴ad1… d6,c)𝑅𝛼
bc

⁡−
1

5!
(𝐹ab1… b4 + 30𝑓[ab1 ⁡

c𝐴b2 b3 b4]c + 80𝑍[a𝐴b1… b4] + 10𝑓[a∣𝛼
c1c2𝐴∣b1… b4]c1c2

𝛼

⁡−20𝜖𝛼𝛽𝐴a[ b1
𝛼 𝑓b2 b3 b4]

𝛽
+
10

3
𝑓[b1
⁡cc2c3 d

𝐴b2 b3 b4]c1c2c3, d)𝑅
b1… b4
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𝑋a =−
1

4!
𝑓ab1… b4𝑅

b1… b4 −
1

2!
𝑓ab1 b2

𝛽
𝑅𝛽
b1 b2 ⁡

+𝑓ab⁡
c𝐾̃b⁡c − 𝑍a(𝐾̃b

b + 𝑡0) − 𝑓a𝛼 ⁡
𝛽𝑅𝛼⁡𝛽 ⁡

−
1

2!
𝑓a𝛽
b1 b2𝑅𝑏1𝑏2

𝛽
−
1

4!
𝑓a
b1… b4𝑅b1… b4 −

1

6!
𝑓a𝛽
b1… b6𝑅b1… b6

𝛽
⁡

𝑋𝛼
a =𝑓b𝛼

ca𝐾̃b⁡c −
1

2!
(𝛿𝛼

𝛽
𝑓b1 b2 ⁡

a − 2𝛿[b1
a 𝑓b2]𝛼⁡

𝛽)𝑅𝛽
b1 b2 − 2𝑍b𝑅𝛼

ab

+
1

3!
𝜖𝛼𝛽𝑓b1 b2 b3

𝛽
𝑅ab1 b2 b3 −

1

5!
𝑓b1… b5𝑅𝛼

ab1… b5 ⁡

𝑋a1a2a3 =𝑓b⁡
ca1a2a3𝐾̃b⁡c + 3𝜖

𝛽𝛾𝑓b⁡
[a1a2𝑅𝛾

a3]b −
3

2
𝑓b1 b2⁡

[a1𝑅a2a3]b1 b2 − 4𝑍b𝑅
a1a2a3 b

⁡+
1

3!
𝑓b1 b2 b3
𝛼 𝑅𝛼

a1a2a3 b1 b2 b3 ,

𝑋𝛼
a1…a5 =𝑓b𝛼

ca1…a5𝐾̃b⁡c + 5𝑓b⁡
[a1…a4𝑅𝛼

a5]b − 10𝑓b𝛼
[a1a2𝑅a3a4a5]b

⁡−
5

2
𝑓b1 b2 ⁡

[a1𝑅𝛼
a2…a5]b1 b2 + 𝑓b𝛼 ⁡

𝛽𝑅𝛽
a1…a5 b

− 6𝑍b𝑅𝛼
a1…a5 b

𝑋a1…a6,a
′
=⁡−𝜖𝛽𝛾𝑓b𝛽

a1…a6𝑅𝛾
a′b + 20𝑓b⁡

a′[a1a2a3𝑅a4a5a6]b − 6𝜖𝛽𝛾𝑓b𝛽
a′[a1𝑅𝛾

a2…a6]b

 

𝑊a = 𝑋a −
1

2
𝑓abc𝐾̃

b⁡c +
2

3!
𝑓ab1 b2
𝛼 𝑅𝛼

b1 b2 +
4

5!
𝑓ab1… b4𝑅

b1… b4 ,  

𝐹3
𝜇
=−

2

3!
𝑓abc
𝜇
𝑣a ∧ 𝑣b ∧ 𝑣c − (

1

2
𝑓ab⁡

d𝐴d
𝜇
+ 𝑓a𝛽 ⁡

𝜇𝐴b
𝛽
− 2𝑍a𝐴b

𝜇
) ∧ 𝑣a ∧ 𝑣b⁡ and ⁡ 

+(
1

2!
𝜖𝜇𝛽𝑓a𝛽

c1c2𝐴bc1c2 −
1

4!
𝑓a⁡
c1…c4𝐴bc1…c4

𝜇
−
1

6!
𝜖𝜇𝛽𝑓a𝛽

c1…c6𝐴c1…c6, b) ∧ 𝑣
a ∧ 𝑣b⁡

𝐹5 =⁡−
4

5!
𝑓a1…a5𝑣

a1 ∧⋯∧ 𝑣a5

⁡− (
1

2! 2!
𝑓a1a2 ⁡

b𝐴a3a4 b −
4

3!
𝑍a1𝐴a2…a4 −

1

3! 2!
𝑓a1𝛼
b1 b2𝐴a2…a4 b1 b2

𝛼

−
1

3!
𝜖𝛼𝛽𝑓a1a2a3

𝛼 𝐴a4
𝛽
+
1

36
𝑓a1
b1… b4𝐴a2a3a4 b1 b2 b3, b4) ∧ 𝑣

a1 ∧⋯∧ 𝑣a4

 

d𝐹3
𝜇
= 0⁡ and ⁡d𝐹5 −

1

2
𝜖𝜇𝜈𝐹3

𝜇
∧ 𝐹3

𝜈 = 0  

𝐹3
𝜇
⁡=

1

3!
𝑓abc
𝜇
𝑣a ∧ 𝑣b ∧ 𝑣c −

1

2!
𝑋𝐴bc
𝜇
𝑣𝐴 ∧ 𝑣b ∧ 𝑣c and 

𝐹5 ⁡=
1

5!
𝑓a1…a5𝑣

a1 ∧⋯∧ 𝑣a5 −
1

4!
𝑋𝐴bc1…c3𝑣

𝐴 ∧ 𝑣b ∧ 𝑣c1 ∧⋯∧ 𝑣c3 .

 

d𝐹3
𝜇
=⁡−

1

4
(𝑓ab
e 𝑓ecd

𝜇
+ 𝑋a, b

𝐸 𝑋𝐸,c,𝑑
𝜇

)𝑣a ∧⋯∧ 𝑣d

⁡−
1

2
(𝑓gbc

𝜇
𝑋𝛼̌d
g
+ 𝑋𝛼̌b

𝐺 𝑋𝐺,c, d
𝜇

− 𝑓bc
g
𝑋𝛼̌,g, d
𝜇

)𝑣𝛼̌ ∧ 𝑣b ∧ 𝑣c ∧ 𝑣d

⁡−
1

2 ⋅ 2!
(𝑋

𝛼̌𝛽̌
𝐸 𝑋𝐸,c, d

𝜇
+ 4𝑋𝛼̌,e,c

𝜇
𝑋
𝛽̌,d
e )𝑣𝛼̌ ∧ 𝑣𝛽̆ ∧ 𝑣c ∧ 𝑣d,
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d𝐹5−
1

2
𝜖𝜇𝜈𝐹3

𝜇
∧ 𝐹3

𝜈 ⁡

=⁡− (
1

16
𝑓a1a2 ⁡

b𝑓ba3…a6 +
1

48
𝑋a1a2 ⁡

𝐵𝑋𝐵,a3,a4a5a6 −
1

18
𝜖𝜇𝜈𝑓a1a2a3

𝜇
𝑓a4a5a6
𝜈 ) 𝑣a1 ∧⋯∧ 𝑣a6

⁡− (
1

8
𝑋𝛼̌b1 ⁡

c𝑓cb2… b5 +
1

24
𝑋𝛼̌b1 ⁡

𝐶𝑋𝐶, b2, b3 b4 b5

−
1

12
𝑓b1 b2 ⁡

c𝑋𝛼̌,c, b3 b4 b5 +
1

6
𝜖𝜇𝜈𝑓b1 b2 b3

𝜇
𝑋𝛼̌,b4, b5
𝜈 ) 𝑣𝛼̌ ∧ 𝑣b1 ∧ ⋯∧ 𝑣b5

⁡−
1

2 ⋅ 4!
(𝑋𝛼̌𝛽̌⁡

𝐺𝑋𝐺,c,def + 8𝑋𝛼̌𝑐 ⁡
g𝑋𝛽̌,g,def − 6𝜖𝜇𝜈𝑋𝛼̌,c, d

𝜇
𝑋
𝛽̌,e,f
𝜈 )𝑣𝛼̌ ∧ 𝑣𝛽̌ ∧ 𝑣c ∧ ⋯∧ 𝑣f

 

d𝐹3
𝜇
=−

1

8
𝐿a, b,c, d𝜇𝑣

a ∧⋯∧ 𝑣d −
1

3
𝐿𝛼̌,b,c, d
𝜇

𝑣𝛼̌ ∧ 𝑣b ∧ 𝑣c ∧ 𝑣d⁡

⁡−
1

2 ⋅ 2!
𝐿
𝛼̌,𝛽̌,c, d

𝜇
𝑣𝛼̌ ∧ 𝑣𝛽̌ ∧ 𝑣c ∧ 𝑣d

 

d𝐹5 −
1

2
𝜖𝜇𝜈𝐹3

𝜇
∧ 𝐹3

𝜈 =−
1

72
𝐿a1,a2,a3,a4a5a6𝑣

a1 ∧⋯∧ 𝑣a6 −
1

30
𝐿𝛼̌,b1, b2, b3 b4 b5𝑣

𝛼̌ ∧ 𝑣b1 ∧⋯∧ 𝑣b5⁡

⁡−
1

2 ⋅ 4!
𝐿𝛼̌,𝛽̌,c,def𝑣

𝛼̌ ∧ 𝑣𝛽̌ ∧ 𝑣c ∧ ⋯∧ 𝑣f
 

𝑣𝑖
𝐴 = (𝑣𝑖

𝑎 𝐴𝑖𝑎)⁡ and ⁡𝐴𝑎
𝐵 = 𝑣𝑎

𝑖𝑣𝑖
𝐵 = (𝛿𝑎

𝑏 𝐴𝑎𝑏)  

𝑉̂𝐴
𝐽
= (

𝑣𝑎
𝑗

0

0 𝑣𝑗
𝑎)  

𝑁𝐼
𝐽 = exp⁡ (

1

2!
𝐵𝑖𝑗𝑅

𝑖𝑗) 𝐼𝐽 = (
𝛿𝑖
𝑗
−𝐵𝑖𝑗

0 𝛿𝑗
𝑖
) .  

𝑣𝑐([𝑣𝑎, 𝑣𝑏]) = 𝑓𝑎𝑏⁡
𝑐 − 2𝑓[𝑎⁡

𝑐𝑑𝐴𝑏]𝑑 ⁡ and ⁡d𝑁𝑁−1 =
1

2!
d𝐵𝑖𝑗𝑅

𝑖𝑗  

Ω̂𝑎𝐵⁡
𝐶= 𝐷𝑎𝑉̂𝐵⁡

𝐽𝑉̂𝐽⁡
𝐶 + 𝑉̂𝐵⁡

𝐽𝑉̂𝐾⁡
𝐶𝐷𝑎𝑁𝐽⁡

𝐿(𝑁−1)𝐿⁡
𝐾 ⁡

⁡= −(𝐷(𝑎𝑣𝑏)
𝑗
𝑣𝑗
𝑐 +

1

2
[𝑣𝑎 , 𝑣𝑏]

𝑗𝑣𝑗
𝑐) (𝐾𝑏⁡𝑐)𝐵⁡

𝐶 + 𝑉̂𝐵⁡
𝐽𝑉̂𝐾⁡

𝐶𝐷𝑎𝑁𝐽⁡
𝐿(𝑁−1)𝐿⁡

𝐾

⁡∼ [(−
1

2
𝑓𝑎𝑏⁡

𝑐 + 𝑓[𝑎 ⁡
𝑐𝑑𝐴𝑏]𝑑)𝐾

𝑏⁡𝑐 −
1

3!
𝐹𝑎𝑏𝑐𝑅

𝑏𝑐]
𝐵
⁡𝐶 ,

 

𝐹𝑖𝑗𝑘: = 3𝜕[𝑖𝐵𝑗𝑘].  

Ω̂𝑎 + 𝐴𝑎 ⁡
𝐵𝑋𝐵∼ (−

1

2
𝑓𝑎𝑏⁡

𝑐 + 𝑓[𝑎 ⁡
𝑐𝑑𝐴𝑏]𝑑)𝐾

𝑏⁡𝑐 −
1

3!
𝐹𝑎𝑏𝑐𝑅

𝑏𝑐 + 𝑋𝑎 + 𝐴𝑎𝑏𝑋
𝑏⁡

⁡∼ 𝑋𝑎 −
1

2
𝑓𝑎𝑏⁡

𝑐𝐾𝑏⁡𝑐 −
1

3!
(𝐹𝑎𝑏𝑐 + 3𝑓[𝑎𝑏⁡

𝑑𝐴𝑐]𝑑)𝑅
𝑏𝑐

 

𝐹𝑎𝑏𝑐 = −2𝑓𝑎𝑏𝑐 − 3𝑓[𝑎𝑏⁡
𝑑𝐴𝑐]𝑑  

𝐹3 = −
2

3!
𝑓𝑎𝑏𝑐𝑣

𝑎 ∧ 𝑣𝑏 ∧ 𝑣𝑐 −
1

2
𝑓𝑎𝑏⁡

𝑐𝐴𝑐 ∧ 𝑣
𝑎 ∧ 𝑣𝑏 = 𝐻.  

𝐸𝐴⁡
𝐼 = 𝑀𝐴⁡

𝐵𝑉̂𝐵⁡
𝐽𝑁𝐽⁡

𝐼  
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𝑇𝑎 ∘ 𝑇𝑏 = 𝑓𝑎𝑏
𝑐 𝑇𝑐 + 𝑓𝑎𝑏𝑐2𝑇

𝑐2 + 𝑓𝑎𝑏𝑐5𝑇
𝑐5 ,

𝑇𝑎 ∘ 𝑇
𝑏2 = −𝑓𝑎 ⁡

𝑏2𝑐𝑇𝑐 + 𝛿𝑑𝑒
𝑏2𝑓𝑎𝑐⁡

𝑑𝑇𝑒𝑐 + 3𝑍𝑎𝑇
𝑏2 − 𝑓𝑎𝑐3𝑇

𝑏2𝑐3 + 𝛿𝑎𝑑
𝑏2𝑓𝑐7𝑇

𝑐7,𝑑 ,

𝑇𝑎 ∘ 𝑇
𝑏5 = 𝑓𝑎⁡

𝑏5𝑐𝑇𝑐 + 𝛿𝑐3𝑑2
𝑏5 𝑓𝑎⁡

𝑐3𝑇𝑑2 − 𝛿𝑑𝑒4
𝑏5 𝑓𝑎𝑐⁡

𝑑𝑇𝑒4𝑐 + 6𝑍𝑎𝑇
𝑏5 + 𝛿𝑑4𝑒

𝑏5 𝑓𝑎𝑐3𝑇
𝑐3𝑑4,𝑒 ,

𝑇𝑎 ∘ 𝑇
𝑏7,𝑏

′
= −𝛿𝑐6𝑑

𝑏7 𝑓𝑎⁡
𝑐6𝑇𝑑𝑏

′
+ 𝛿𝑐2𝑑5

𝑏7 𝑓𝑎⁡
𝑏′𝑐2𝑇𝑑5

−𝛿𝑑𝑒6
𝑏7 𝑓𝑎𝑐 ⁡

𝑑𝑇𝑒6𝑐,𝑏
′
− 𝑓𝑎𝑐 ⁡

𝑏′𝑇𝑏7,𝑐 + 9𝑍𝑎𝑇
𝑏7,𝑏

′
, ⁡

𝑇𝑎2 ∘ 𝑇𝑏 = 𝑓𝑏⁡
𝑎2𝑐𝑇𝑐 + 𝛿𝑑𝑒

𝑎2𝛿𝑐2𝑏
𝑓2𝑒𝑓𝑓2 ⁡

𝑑𝑇𝑐2 − 3𝑍𝑐𝛿𝑏𝑒2
𝑐𝑎2𝑇𝑒2 + 𝛿𝑏𝑑5

𝑎2𝑐4𝑓𝑐4𝑇
𝑑5 ,

𝑇𝑎2 ∘ 𝑇𝑏2 = 𝛿𝑑𝑒
𝑏2𝑓𝑐 ⁡

𝑎2𝑑𝑇𝑒𝑐 − 𝛿𝑑𝑒
𝑎2𝑓𝑐2 ⁡

𝑑𝑇𝑒𝑏2𝑐2 + 3𝑍𝑐𝑇
𝑎2𝑏2𝑐 + 𝛿𝑑𝑒

𝑏2𝑓𝑐4𝑇
𝑎2𝑐4𝑑,𝑒 ,

𝑇𝑎2 ∘ 𝑇𝑏5 = −𝛿𝑑𝑒4
𝑏5 𝑓𝑐 ⁡

𝑎2𝑑𝑇𝑒4𝑐 − 𝛿𝑑𝑒
𝑎2𝛿𝑓2𝑔

𝑐2𝑒𝑓𝑐2 ⁡
𝑑𝑇𝑏5𝑓2,𝑔 + 3𝛿𝑑2𝑒

𝑎2𝑐𝑍𝑐𝑇
𝑏5𝑑2,𝑒 ,

𝑇𝑎2 ∘ 𝑇𝑏7,𝑏
′
= −𝛿𝑑𝑒6

𝑏7 𝑓𝑐 ⁡
𝑎2𝑑𝑇𝑒6𝑐,𝑏

′
− 𝑓𝑐 ⁡

𝑎2𝑏
′
𝑇𝑏7,𝑐,  

𝑇𝑎5 ∘ 𝑇𝑏 = −𝑓𝑏⁡
𝑎5𝑐𝑇𝑐 − 𝛿𝑐3𝑑2

𝑎5 𝑓𝑏⁡
𝑐3𝑇𝑑2 − 𝛿𝑑3𝑏𝑓

𝑎5 𝑓𝑐 ⁡
𝑑3𝑇𝑓𝑐

⁡+𝛿𝑑𝑒4
𝑎5 𝑓𝑏𝑐 ⁡

𝑑𝑇𝑒4𝑐 + 𝛿𝑑𝑏𝑓3
𝑎5 𝑓𝑐2 ⁡

𝑑𝑇𝑓3𝑐2 − 6𝛿𝑏𝑑5
𝑐𝑎5𝑍𝑐𝑇

𝑑5 ,

𝑇𝑎5 ∘ 𝑇𝑏2 = −𝛿𝑑𝑒
𝑏2𝑓𝑐 ⁡

𝑎5𝑑𝑇𝑒𝑐 + 𝛿𝑑3𝑒2
𝑎5 𝑓𝑐 ⁡

𝑑3𝑇𝑒2𝑏2𝑐

⁡+𝛿𝑑𝑒4
𝑎5 𝛿𝑓𝑔

𝑏2𝑓𝑐2 ⁡
𝑑𝑇𝑒4𝑐2𝑓,𝑔 − 6𝛿𝑑𝑒

𝑏2𝑍𝑐𝑇
𝑐𝑎5𝑑,𝑒 ,

𝑇𝑎5 ∘ 𝑇𝑏5 = 𝛿𝑑𝑒4
𝑏5 𝑓𝑐 ⁡

𝑎5𝑑𝑇𝑒4𝑐 + 𝛿𝑓3𝑔2
𝑎5 𝛿𝑑2𝑒

𝑔2𝑐𝑓𝑐 ⁡
𝑓3𝑇𝑏5𝑑2,𝑒 ,

𝑇𝑎5 ∘ 𝑇𝑏7,𝑏
′
= 𝛿𝑑𝑒6

𝑏7 𝑓𝑐⁡
𝑎5𝑑𝑇𝑒6𝑐,𝑏

′
+ 𝑓𝑐 ⁡

𝑎5𝑏
′
𝑇𝑏7,𝑐,

𝑇𝑎7,𝑎
′
∘ 𝑇𝑏 = 𝛿𝑒6𝑓

𝑎7 𝛿𝑏𝑑2
𝑓′𝑐
𝑓𝑐⁡
𝑒6𝑇𝑑2 + 𝛿𝑒2𝑓5

𝑎7 𝑓𝑐 ⁡
𝑎′𝑒2𝛿𝑏𝑑5

𝑓5𝑐𝑇𝑑5 ,

𝑇𝑎7,𝑎
′
∘ 𝑇𝑏2 = −𝛿𝑑6𝑒

𝑎7 𝑓𝑐 ⁡
𝑑6𝑇𝑒𝑎

′𝑐𝑏2 + 𝛿𝑑2𝑒5
𝑎7 𝛿𝑓𝑔

𝑏2𝑓𝑐 ⁡
𝑎′𝑑2𝑇𝑒5𝑐𝑓,𝑔,

𝑇𝑎7,𝑎
′
∘ 𝑇𝑏5 = −𝛿𝑓6𝑔

𝑎7 𝛿𝑑2𝑒
𝑔𝑎′𝑐

𝑓𝑐 ⁡
𝑓6𝑇𝑏5𝑑2,𝑒 ,

𝑇𝑎7,𝑎
′
∘ 𝑇𝑏7,𝑏

′
= 0.

 

𝑇𝐴 = (𝑇𝑎 ⁡𝑇
𝑎2 ⁡𝑇𝑎5⁡𝑇𝑎7,𝑎

′
⁡𝑇𝑎8,𝑎3

′
⁡𝑇𝑎8,𝑎6

′
⁡𝑇𝑎8,𝑎8

′ ,𝑎′′)  

 

𝑓𝑎7 , 𝑓𝑎4 , 𝑓𝑎2⁡
𝑏 , 𝑓𝑎 ⁡

𝑏3 , 𝑓𝑎 ⁡
𝑏6 , 𝑓𝑎⁡

𝑏8,𝑏
′
,⁡ and ⁡𝑍𝑎 .  

𝑋𝑎 =−𝑓𝑎𝑏6𝑅
𝑏6 − 𝑓𝑎𝑏3𝑅

𝑏3 + 𝑓𝑎𝑏⁡
𝑐𝐾̃𝑐

𝑏 − 𝑍𝑎(𝐾̃𝑏
𝑏 + 𝑡0) ⁡

−𝑓𝑎
𝑏3𝑅𝑏3 − 𝑓𝑎

𝑏6𝑅𝑏6 − 𝑓𝑎
𝑏8,𝑐𝑅𝑏8,𝑐 ⁡

𝑋𝑎2 =𝑓𝑐
𝑑𝑎2𝐾̃𝑑

𝑐 − 𝛿𝑑𝑒
𝑎2𝑓𝑐2 ⁡

𝑑𝑅𝑒𝑐2 + 3𝑍𝑑𝑅
𝑑𝑎2 − 𝑓𝑏4𝑅

𝑎2𝑏4 + 𝛿𝑐𝑑
𝑎2𝑓𝑏7𝑅

𝑏7𝑐,𝑑

𝑋𝑎5 =𝑓𝑐
𝑑𝑎5𝐾̃𝑑

𝑐 + 𝛿𝑐3𝑑2
𝑎5 𝑓𝑏⁡

𝑐3𝑅𝑑2𝑏 − 𝛿𝑑𝑒4
𝑎4 𝑓𝑐2 ⁡

𝑑𝑅𝑒4𝑐2 + 6𝑍𝑏𝑅
𝑏𝑎5 + 𝛿𝑐3𝑑

𝑏4 𝑓𝑏4𝑅
𝑎5𝑐3,𝑑

𝑋𝑎7,𝑎
′
=(𝑓𝑐

𝑑𝑎7,𝑎
′

−
1

4
𝑓𝑐
𝑎7𝑎

′,𝑑
) 𝐾̃𝑑

𝑐 − 𝛿𝑐6𝑑
𝑎7 𝑓𝑏⁡

𝑐6𝑅𝑑𝑎
′𝑏 +

1

2
𝛿𝑐6𝑑2
𝑎7𝑎

′

𝑓𝑏⁡
𝑐6𝑅𝑑2𝑏

⁡−𝛿𝑐2𝑑5
𝑎7 𝑓𝑏⁡

𝑎′𝑐2𝑅𝑑5𝑏 −
1

4
𝛿𝑐3𝑑5
𝑎7𝑎

′

𝑓𝑏⁡
𝑐3𝑅𝑑5𝑏 − 𝛿𝑐𝑑6

𝑎7 𝑓𝑏2 ⁡
𝑐𝑅𝑑6𝑏2,𝑎

′
+ 𝑓𝑏𝑐 ⁡

𝑎′𝑅𝑎7𝑏,𝑐

⁡+𝑍𝑏 (9𝑅
𝑏𝑎7,𝑎

′
+
3

4
𝑅𝑎7𝑎

′,𝑏)

𝑋𝑎8,𝑎3
′
=⁡−𝛿𝑐𝑑2

𝑎3
′

𝑓𝑏⁡
𝑎8,𝑐𝑅𝑑2𝑏 + 𝛿𝑐3𝑑5

𝑎8 𝑓𝑏⁡
𝑎3
′𝑐3𝑅𝑑5𝑏 − 𝛿𝑐2𝑑

𝑎3
′

𝑓𝑏⁡
𝑐2𝑏𝑅𝑎8,𝑑 − 𝑓𝑏⁡

𝑎3𝑅𝑎8,𝑏

𝑋𝑎8,𝑎6
′
=𝛿𝑐𝑑5

𝑎6
′

𝑓𝑏⁡
𝑎8,𝑐𝑅𝑑5𝑏 − 𝛿𝑐5𝑑

𝑎6
′

𝑓𝑏⁡
𝑐5𝑏𝑅8,𝑑 − 𝑓𝑏⁡

𝑎6
′
𝑅𝑎8,𝑏

𝑋𝑎8,𝑎8
′ ,𝑎′′ =⁡−2𝑓𝑑⁡

𝑎8,𝑎
′′
𝑅𝑎8

′ ,𝑑 − 𝑓𝑑⁡
𝑎8,𝑑𝑅𝑎8

′ ,𝑎′′
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𝑇a ∘ 𝑇b = 𝑓ab⁡
c𝑇c + 𝑓abc

𝛾
𝑇𝛾
c + 𝑓abc3𝑇

c3 ,

𝑇a ∘ 𝑇𝛽
b = 𝑓a𝛽

bc𝑇c − 𝑓a𝛽 ⁡
𝛾𝑇𝛾

b − 𝑓ac⁡
b𝑇𝛽

c + 2𝑍a𝑇𝛽
b − 𝜖𝛽𝛾𝑓ac2

𝛾
𝑇bc2 + 𝑓ac4𝑇𝛽

bc4 ,

𝑇a ∘ 𝑇
b3 = 𝑓a

b3c𝑇c − 𝛿c2 d
b3 𝜖𝛾𝛿𝑓a𝛾

c2𝑇𝛿
d − 𝛿de2

b3 𝑓ac⁡
d𝑇e2c + 4𝑍a𝑇

b3 − 𝑓ac2
𝛾
𝑇𝛾
b3c2 − 𝛿c2 d

b3 𝑓ae4𝑇
c2e4, d,

𝑇a ∘ 𝑇𝛽
b5 = 𝑓a𝛽

b5c𝑇c − 𝛿c4 d
b5 𝑓a⁡

c4𝑇𝛽
d + 𝛿c2 d3

b5 𝑓a⁡𝛽
c2𝑇d3

⁡−𝑓a𝛽⁡
𝛾𝑇𝛾

b5 − 𝛿de4
b5 𝑓ac⁡

d𝑇𝛽
e4c + 6𝑍a𝑇𝛽

b5 + 𝜖𝛽𝛾𝑓acd
𝛾
𝑇b5c, d,

𝑇a ∘ 𝑇
b6, b

′
= 𝜖𝛾𝛿𝑓a𝛾

b6𝑇𝛿
b′ − 𝛿c3 d3

b6 𝑓a
b′c3𝑇d3 + 𝛿cd5

b6 𝜖𝛾𝛿𝑓a𝛾
b′c𝑇𝛿

d5

⁡−𝛿de5
b6 𝑓ac⁡

d𝑇ce5, b
′
− 𝑓ac⁡

b′𝑇b6,c + 8𝑍a𝑇
b6, b

′
,

𝑇𝛼
a ∘ 𝑇b = −𝑓b⁡𝛼

ac𝑇c − 𝛿bc
ad𝑓d𝛼⁡

𝛾𝑇𝛾
c + 𝑓bc⁡

a𝑇𝛼
c + 2𝛿bd

ac𝑍c𝑇𝛼
d − 𝛿b3

ad3𝜖𝛼𝛾𝑓d3
𝛾
𝑇c3 + 𝛿bd5

ac5 𝑓c5𝑇𝛼
d5 ,

𝑇𝛼
a ∘ 𝑇𝛽

b = 𝑓c𝛼
ab𝑇𝛽

c + 𝑓c𝛼 ⁡
𝛾𝜖𝛾𝛽𝑇

cab + 𝜖𝛼𝛽𝑓c2 ⁡
a𝑇c2 b − 2𝜖𝛼𝛽𝑍c𝑇

abc + 𝜖𝛼𝛾𝑓c3
𝛾
𝑇𝛽
abc3 − 𝜖𝛼𝛽𝑓c5𝑇

ac5, b,

𝑇𝛼
a ∘ 𝑇b3 = 𝛿de2

b3 𝑓c𝛼
ad𝑇e2c + 𝑓c𝛼⁡

𝛾𝑇𝛾
acb3 − 𝑓c2 ⁡

a𝑇𝛼
c2 b3 + 2𝑍c𝑇𝛼

ab3c + 𝛿ec3
ad3𝜖𝛼𝛾𝑓d3

𝛾
𝑇b3c3,e,

𝑇𝛼
a ∘ 𝑇𝛽

b5 = 𝛿de4
b5 𝑓c𝛼

ad𝑇𝛽
e4c + 𝛿de

ac𝑓c𝛼
𝛾
𝜖𝛾𝛽𝑇

b5 d,e − 𝜖𝛼𝛽𝑓cd⁡
a𝑇b5c, d + 4𝜖𝛼𝛽𝑍c𝑇

ab5,c,

𝑇𝛼
a ∘ 𝑇b6, b

′
= 𝛿de5

b6 𝑓c𝛼
adad𝑇ce5, b

′
+ 𝑓c𝛼

ab′𝑇b6,c, 

𝑇a3 ∘ 𝑇b = −𝑓b⁡
a3c𝑇c − 𝛿d2e

a3 𝛿bc
ef𝜖𝛾𝛿𝑓f

d2𝑇𝛿
c + 𝛿de2

a3 𝑓bc⁡
d𝑇e2c − 𝛿bde

a3 𝑓c2 ⁡
d𝑇ec2

⁡+4𝛿bd3
a3c𝑍c𝑇

d3 − 𝛿bc5
a3 d3𝑓d3

𝛾
𝑇𝛾
c5 ,

𝑇a3 ∘ 𝑇𝛽
b = 𝑓c

a3 b
𝑇𝛽
c − 𝛿d2e

a3 𝑓c𝛽
d2𝑇ebc + 𝛿de2

a3 𝑓c2 ⁡
d𝑇𝛽

e2bc2 − 4𝑍c𝑇𝛽
a3bc − 𝛿c6

a3 d3𝜖𝛽𝛾𝑓d3
𝛾
𝑇c6, b,

𝑇a3 ∘ 𝑇b3 = 𝛿de2
b3 𝑓c⁡

a3 d𝑇e2c − 𝛿d2e
a3 𝜖𝛾𝛿𝑓c𝛾

d2𝑇𝛿
eb3c

 

+𝛿def 

a3 𝑓c2⁡
d𝑇b3c2e,f + 𝛿ef2

a3 𝑓cd⁡
e𝑇f2 b3c, d + 4𝛿d3e

a3c𝑍c𝑇
b3 d3,e, ⁡

𝑇a3 ∘ 𝑇𝛽
b5 = 𝛿de4

b5 𝑓c
a3 d
𝑇𝛽
e4c − 𝛿f2 g

a3 𝛿de
gc
𝑓c𝛽
f2𝑇b5 d,e,

𝑇a3 ∘ 𝑇b6, b
′
= 𝛿de5

b6 𝑓c⁡
a3 d𝑇c5, b

′
+ 𝑓c⁡

a3 b′𝑇b6,c,

𝑇𝛼
a5 ∘ 𝑇b = −𝑓b𝛼

a5c𝑇c − 𝛿d4e
a5 𝛿bc

ef𝑓f⁡
d4𝑇𝛼

c + 𝛿bd2e2
a5 𝑓c𝛼

d2𝑇e2c − 𝛿c2 d3

a5 𝑓b⁡
c2𝑇d3 − 𝛿bd4

a5 𝑓c𝛼
𝛾
𝑇𝛾
d4c

+𝑓b𝛼⁡
𝛾𝑇𝛾

a5 + 𝛿de4
a5 𝑓bc⁡

d𝑇𝛼
e4c + 𝛿dbe3

a5 𝑓c2 ⁡
d𝑇𝛼

e3c2 + 6𝛿bd5
a5c𝑍c𝑇𝛼

d5 , ⁡

𝑇𝛼
a5 ∘ 𝑇𝛽

b = 𝑓c𝛼
a5 b
𝑇𝛽
c + 𝛿d4e

a5 𝜖𝛼𝛽𝑓c
d4𝑇ebc − 𝛿d2e3

a5 𝑓c𝛼
d2𝑇𝛽

e3bc

−𝑓c𝛼 ⁡
𝛾𝜖𝛾𝛽𝑇

ca6, b − 𝛿de4
a5 𝜖𝛼𝛽𝑓c2 ⁡

d𝑇e4c2, b − 6𝜖𝛼𝛽𝑍c𝑇
a5c, b, ⁡

𝑇𝛼
a5 ∘ 𝑇b3 = 𝛿de2

b3 𝑓c𝛼
a5 d
𝑇e2c − 𝛿d4e

a5 𝑓c
d4𝑇𝛼

eb3c + 𝛿f2 g3

a5 𝛿d3e
g3c𝑓c𝛼

f2𝑇b3 d3,e,

𝑇𝛼
a5 ∘ 𝑇𝛽

b5 = 𝛿de4
b5 𝑓c𝛼

a5 d
𝑇𝛽
e4c + 𝛿f4 g

a5 𝛿de
gc
𝜖𝛼𝛽𝑓c

f4𝑇b5 d,e,

𝑇a5 ∘ 𝑇b6, b
′
= 𝛿de5

b6 𝑓c𝛼
a5 d
𝑇ce5, b

′
+ 𝑓c𝛼

a5 b′
𝑇b6,c,

𝑇a6,a
′
∘ 𝑇b = 𝛿bd

a′c𝜖𝛾𝛿𝑓c𝛾
a6𝑇𝛿

d + 𝛿c3 d3

a6 𝑓b⁡
a′c3𝑇d3 + 𝛿bd3e2

a6 𝑓c⁡
a′d3𝑇e2c

−𝛿cd5
a6 𝜖𝛾𝛿𝑓b𝛾 ⁡

a′c𝑇𝛿
d5 − 𝛿bde4

a6 𝜖𝛾𝛿𝑓c𝛾
a′d𝑇𝛿

e4c, ⁡

𝑇a6,a
′
∘ 𝑇𝛽

b = 𝑓c𝛽
a6𝑇a

′bc + 𝛿d3e3
a6 𝑓c

a′d3𝑇𝛽
e3bc + 𝛿de5

a6 𝑓c𝛽
a′d𝑇e5c, b,

𝑇a6,a
′
∘ 𝑇b3 = 𝜖𝛾𝛿𝑓c𝛾

a6𝑇𝛿
a′b3c − 𝛿f3 g3

a6 𝛿d3e
g3c𝑓c

a′f3𝑇b3 d3,e,

𝑇a6,a
′
∘ 𝑇𝛽

b5 = 𝛿de
a′c𝑓c𝛽

a6𝑇b5 d,e,

𝑇a6,a
′
∘ 𝑇b6, b

′
= 0. 

 

𝑇𝐴 = (𝑇a 𝑇𝛼
a 𝑇a3 𝑇𝛼

a5 𝑇a6, b 𝑇(𝛼1𝛼2)
a7 𝑇𝛼

a7,a2
′

𝑇a7,a4
′
𝑇𝛼
a7,a6

′

𝑇a7,a7
′ ,a′′) .  
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𝑋a = −𝑓ab6
𝛽
𝑅𝛽
b6 − 𝑓ab4𝑅

b4 − 𝑓ab2
𝛽
𝑅𝛽
b2 + 𝑓ab⁡

c𝐾̃b⁡c − 𝑍a(𝐾̃
b⁡b + 𝑡0)

⁡−𝑓a𝛽⁡
𝛾𝑅𝛽⁡𝛾 − 𝑓a𝛽

b2𝑅b2
𝛽
− 𝑓a⁡

b4𝑅b4 − 𝑓a⁡𝛽
b6𝑅b6

𝛽
− 𝑓a⁡

b7, b
′
𝑅b7, b′ ,

𝑋𝛼
a = 𝑓b⁡𝛼

ca𝐾̃b⁡c − (𝛿𝛼
𝛽
𝑓b2 ⁡

a − 𝛿b2
ac𝑓c𝛼⁡

𝛽)𝑅𝛽
b2 − 2𝑍b𝑅𝛼

ab

⁡+𝜖𝛼𝛽𝑓b3
𝛽
𝑅ab3 − 𝑓b5𝑅𝛼

ab5 + 𝜖𝛼𝛽𝑓b7
𝛽
𝑅b7,a,

𝑋a3 = 𝑓b⁡
ca3𝐾̃b⁡c + 𝜖

𝛽𝛾𝛿c2 d
a3 𝑓b⁡𝛽

c2𝑅𝛾
db − 𝛿cd2

a3 𝑓b2 ⁡
c𝑅d2 b2 − 4𝑍b𝑅

a3 b

+𝑓b3
𝛼𝑅𝛼

a3 b3 +
1

2
𝛿c2 d
a3 𝑓b5𝑅

b5c2, d, ⁡

𝑋𝛼
a5 = 𝑓b⁡𝛼

ca5𝐾̃b⁡c + 𝛿c4 d
a5 𝑓b⁡

c4𝑅𝛼
db − 𝛿c2 d3

a5 𝑓b⁡
c2𝑅d3 b

−𝛿cd4
a5 𝑓b2 ⁡

c𝑅𝛼
d4 b2 + 𝑓b𝛼⁡

𝛽𝑅𝛽
a5 b

− 6𝑍b𝑅𝛼
a5 b

+ 𝜖𝛼𝛽𝛿c2 d
b3 𝑓b3

𝛽
𝑅a5c2, d, ⁡

𝑋a6,a
′
= (𝑓b⁡

ca6,a
′
− 𝑐7,1𝑓b⁡

a6a
′,c)𝐾̃b⁡c − 𝜖

𝛽𝛾 (𝑓b⁡𝛽
a6𝑅𝛾

a′b − 𝑐6𝛿c6 d
a6a

′

𝑓b𝛽
c6𝑅𝛾

db)

⁡+𝛿c3 d3

a6 𝑓b⁡
a′c3𝑅d3 b − 𝑐4𝛿c4 d3

a6a
′

𝑓b⁡
c4𝑅d3 b − 𝜖𝛽𝛾 (𝛿cd5

a6 𝑓b⁡
a′⁡c𝑅𝛾

d5 b
− 𝑐2𝛿c2 d5

a6a
′

𝑓b𝛽
c2𝑅𝛾

d5 b
)

⁡−𝛿cd5
a6 𝑓b2 ⁡

c𝑅d5 b2,a
′
− 𝑓bc⁡

a′𝑅a6 b,c + 8𝑍b𝑅
a6 b,a′ − (1 + 𝑐7,1)𝑍b𝑅

a6a
′,b,

𝑋(𝛼1𝛼2)
a7 = 𝛿c6 d

a7 𝑓b⁡(𝛼1
c6 𝑅𝛼2)

db − 𝛿c2 d5

a7 𝑓b⁡(𝛼1
c2 𝑅𝛼2)

d5 b
− 𝑓b(𝛼1 ⁡

𝛽𝜖𝛼2)𝛽𝑅
a7, b,

𝑋𝛼
a7,a2

′

= 𝛿cd
a2
′

𝑓b⁡
a7,c𝑅𝛼

db + 𝛿c6 d
a7 𝑓b⁡

c6𝑅da2
′b − 𝛿c2 d5

a7 𝑓b⁡
a2
′ c2𝑅𝛼

d5 b
− 𝛿cd

a2
′

𝑓b⁡
cb𝑅a7, d − 𝑓b⁡

a2
′
𝑅a7, b,

𝑋a7,a4
′
= 𝛿cd3

a4
′

𝑓b⁡
a7,c𝑅d3 b + 𝜖𝛽𝛾𝛿c6 d

a7 𝑓b⁡𝛽
c6𝑅𝛾

da4
′ ⁡′b

− 𝛿c3 d
a4
′

𝑓b⁡
c3 b𝑅a7, d − 𝑓b⁡

a4
′
𝑅a7, b,

𝑋𝛼
a7,a6

′

= 𝛿cd5
a6
′

𝑓b⁡
a7,c𝑅𝛼

d5 b
− 𝛿c5 d

a6
′

𝑓b⁡
c5 b𝑅a7, d − 𝑓b𝛼⁡

a6
′
𝑅a7, b,

𝑋a7,a7
′ ,a′′ = −𝑓b⁡

a7, b𝑅a7
′ ,a′′ − 2𝑓b⁡

a7,a
′′
𝑅a7

′ ,b,

 

𝐹7
𝜇
:= d𝐵6

𝜇
− 𝐵2

𝜇
∧ d𝐷4 −

1

3!
𝜖𝜈𝜌𝐵2

𝜇
∧ 𝐵2

𝜈 ∧ 𝐹3
𝜌  

𝐹7
𝛼 =

1

7!
𝑓a1…a7
𝛼 𝑣a1 ∧ ⋯∧ 𝑣a7 −

1

6!
𝑋𝐴, b,c1…c5
𝛾

𝑣𝐴 ∧ 𝑣b ∧ 𝑣c1 ∧⋯∧ 𝑣c5 .  

ℒ̂𝑉𝑊
𝐼 =

(

 
 

ℒ𝑣𝑤
𝑖

(ℒ𝑣𝑤2 − 𝜄𝑤 d𝑣2)𝑖1𝑖2
(ℒ𝑣𝑤5 + d𝑣2 ∧ 𝑤2 − 𝜄𝑤 d𝑣5)𝑖1…𝑖5

[ℒ𝑣𝑤7,𝑖′ + (𝜄𝑖′d𝑣2) ∧ 𝑤5 + (𝜄𝑖′𝑤2) ∧ d𝑣5]𝑖1…𝑖7)

 
 
,  

ℒ̂𝑉𝑊
𝐼 =

(

 
 
 
 

ℒ𝑣𝑤
m

(ℒ𝑣𝑤1
𝜇
− 𝜄𝑤 d𝑣1

𝜇
)
m

(ℒ𝑣𝑤3 − 𝜖𝜇𝜈d𝑣1
𝜇
∧ 𝑤1

𝜈 − 𝜄𝑤 d𝑣3)m1 m2 m3

(ℒ𝑣𝑤5
𝜇
+ d𝑣1

𝜇
∧ 𝑤3 − d𝑣3 ∧ 𝑤1

𝜇
− 𝜄𝑤 d𝑣5

𝜇
)
m1… m5

[ℒ𝑣𝑤6, m′ + 𝜖𝜇𝜈(𝜄m′d𝑣1
𝜇
) ∧ 𝑤5

𝜈 − (𝜄m′d𝑣3) ∧ 𝑤3 + 𝜖𝜇𝜈d𝑣5
𝜇
𝑤m′
𝜈 ]

m1… m6)

 
 
 
 

,  

[𝑉,𝑊]𝐼 + [𝑊,𝑉]𝐼 = 𝑌𝐾𝐿
𝐼𝐽
(𝜕𝐽𝑉

𝐾𝑊𝐿 + 𝜕𝐽𝑊
𝐾𝑉𝐿)  

[𝑉,𝑊]𝐼 + [𝑊,𝑉]𝐼 = 𝒟𝐼;𝒥(𝑉 ×𝑁𝑊)𝒥  

 

𝒟𝐼;𝒥: = 2𝜂𝐼𝐾;𝒥𝜕𝐾 ,  
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(𝑉 ×𝑁𝑊)ℐ = 𝜂𝐽𝐾;ℐ𝑉
𝐽𝑊𝐾  

𝒟𝐼;𝒥(𝑓𝑁𝒥) = 𝑓𝒟
𝐼;𝒥𝑁𝒥 + 2𝜂

𝐼𝐾;𝒥𝜕𝐾𝑓𝑁𝒥 = 𝑓𝒟
𝐼;𝒥𝑁𝒥 + 𝜕𝐾𝑓𝑁

𝐾𝐼 + 𝜕𝐾𝑓𝑁
𝐼𝐾  

𝑌𝐾𝐿
𝐼𝐽 = 𝜂𝐼𝐽;ℐ𝜂𝐾𝐿;ℐ −

1

2
Ω𝐼𝐽Ω𝐾𝐿  

[𝑉,𝑊]𝐼 + [𝑊, 𝑉]𝐼= 𝔇𝐼(𝑉 ⊗𝑊) ⁡

∶= 𝒟𝐼;𝒥(𝑉 ×𝑁𝑊)𝒥 −
1

2
Ω𝐽𝐾(𝒟̃

𝐼𝑉𝐽𝑊𝐾 − 𝑉𝐽𝒟̃𝐼𝑊𝐾),
 

[𝐸𝐴, 𝐸𝐵] = −𝑋𝐴𝐵
𝐶 𝐸𝐶  

[𝑉1, [𝑉2, 𝑉3]] = [[𝑉1, 𝑉2], 𝑉3] + [𝑉2, [𝑉1, 𝑉3]]  

[𝑡(𝑤), 𝑉] = 0, 𝑡(𝑤) ∘ 𝑡(𝑤) = 0, 𝑈 ∘
𝑠
[𝑉, 𝑉] = 𝑉 ∘ [𝑈, 𝑉],⁡ and ⁡[𝑉, 𝑉] = 𝑡(𝑉 ∘ 𝑉),  

𝑡(𝑣𝑎̇) = 𝑉𝐴 = (0, 𝑣𝑎̇),  

𝑈 ∘
𝑠
𝑉 = 𝑈𝐴𝑉𝐵𝑍𝐴𝐵⁡

𝑐𝑇𝑐 .  

𝑥 ⋅ 𝑚:= [𝑥 + ℐ,𝑚] = [𝑥,𝑚].  

(𝑇𝑎̀)𝛽̇𝛾̇ = −𝑋𝑎̀𝛽̇⁡
𝛾̂ .  

[(𝑥,𝑚), (𝑦, 𝑛)] = ([𝑥, 𝑦], 𝑥 ⋅ 𝑛 + 𝛼(𝑥, 𝑦)).  

𝛼(𝑇𝑎̀ , 𝑇𝑏̀) = 𝑋𝑎̀𝑏̀⁡
𝛾̂𝑇𝛾̂,  

𝑥 ⋅ 𝛼(𝑦, 𝑧) − 𝑦 ⋅ 𝛼(𝑥, 𝑧) = 𝛼([𝑥, 𝑦], 𝑧) + 𝛼(𝑦, [𝑥, 𝑧]) − 𝛼(𝑥, [𝑦, 𝑧]).  

𝐹 = d𝐴 +
1

2
[𝐴 ∧ 𝐴] = 0  

𝐹 = d𝐴 +
1

2
[𝐴 ∧ 𝐴]− − 𝑡(𝐵),⁡ and 

𝐺 = d𝐵 + 𝑡(𝐵) ∘ 𝐴 −
1

3!
𝛾(𝐴 ∧, 𝐴 ∧, 𝐴) − 𝐴 ∘ 𝐹,

 

𝛾(𝑉1, 𝑉2, 𝑉3):= −𝑋[𝐴𝐵
𝐸 𝑍𝐶]𝐸

𝐷 𝑉1
𝐴𝑉2

𝐵𝑉3
𝐶 .  

𝐹𝑝+2 =
1

(𝑝 + 2)!
𝑓𝑎1⋯𝑎𝑝+2𝑣

𝑎1 ∧⋯∧ 𝑣𝑎𝑝+2 +
1

(𝑝 + 1)!
𝑣𝑎,𝑏1⋯𝑏𝑝 ∧ 𝑣

𝑎 ∧ 𝑣𝑏1 ∧⋯∧ 𝑣𝑏𝑝  

𝑔𝑎𝑏(𝑥)𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜔(𝑑𝜙 + 𝜈𝑑𝑡)(𝑑𝜙 + 𝜈‾𝑑𝑡) = 𝑒2𝜎𝑑𝑥−𝑑𝑥+  
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𝑇−−
F (𝑥−, 𝑥+) = 𝑇−−(𝐹𝑡(𝜙)) −

𝑐

24𝜋

1

𝐹𝑡
′(𝜙)2

{𝐹𝑡(𝜙), 𝜙}

𝑇++
F (𝑥−, 𝑥+) = 𝑇++(𝐹‾𝑡(𝜙)) −

𝑐

24𝜋

1

𝐹‾𝑡
′(𝜙)2

{𝐹‾𝑡(𝜙), 𝜙}

𝑇−+
F (𝑥−, 𝑥+) = 0

 

𝐹𝑡
′(𝜙)2𝑇−−

F (𝜙, 𝑡) ≡ lim
𝜖→0

  [
1

2
𝐹𝑡
′(𝜙 + 𝜖)𝐹𝑡

′(𝜙)[Π−(𝐹𝑡(𝜙 + 𝜖)), Π−(𝐹𝑡(𝜙))]+ +
1

4𝜋𝜖2
]  

𝐻S(𝑡) = −∫  
2𝜋

0

 𝑑𝜙𝜈(𝜙, 𝑡)𝑇−−(𝜙) + ∫  
2𝜋

0

 𝑑𝜙𝜈‾(𝜙, 𝑡)𝑇++(𝜙)  

𝑈(𝑡) = 𝒯←exp⁡ (−𝑖 ∫  
𝑡

0

 𝑑𝑠𝐻S(𝑠)) = 𝑉𝑓𝑡 ⊗𝑉‾𝑓‾𝑡  

𝑇±±
H (𝜙, 𝑡) = 𝑈(𝑡)†𝑇±±

S (𝜙)𝑈(𝑡)  

𝑇−−
H (𝜙, 𝑡) = 𝐹𝑡

′(𝜙)2𝑇−−
F (𝑥−, 𝑥+), 𝑇++

H (𝜙, 𝑡) = 𝐹‾𝑡
′(𝜙)2𝑇++

F (𝑥−, 𝑥+).  

⟨𝐴(𝜙1, 𝑡1)⋯𝐴(𝜙𝑛, 𝑡𝑛)⟩ = ⟨0|𝐴H(𝜙1, 𝑡1)⋯𝐴H(𝜙𝑛, 𝑡𝑛)|0⟩.  

⟨𝑇−−(𝜙, 𝑡)⟩ = −
𝑐

48𝜋
−

𝑐

24𝜋

1

𝐹𝑡
′(𝜙)2

{𝐹𝑡(𝜙), 𝜙}, ⟨𝑇++(𝜙, 𝑡)⟩ = −
𝑐

48𝜋
−

𝑐

24𝜋

1

𝐹‾𝑡
′(𝜙)2

{𝐹‾𝑡(𝜙), 𝜙}  

⟨𝒪(𝜙, 𝑡)𝒪(𝜃, 𝑠)⟩ =
𝑏𝒪
(2𝜋)4

[
𝑒−2(𝜔(𝜙,𝑡)+𝜔(𝜃,𝑠))𝐹𝑡

′(𝜙)𝐹‾𝑡
′(𝜙)𝐹𝑠

′(𝜃)𝐹‾𝑠
′(𝜃)

16sin2⁡ (
𝐹𝑡(𝜙) − 𝐹𝑠(𝜃)

2 ) sin2⁡ (
𝐹‾𝑡(𝜙) − 𝐹‾𝑠(𝜃)

2 )

]

Δ/2

.  

𝑆D(𝑡) =
𝑐

6
(𝜔(𝜙1, 𝑡) + 𝜔(𝜙2, 𝑡)) +

𝑐

12
[log⁡(

4sin2⁡ (
𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)

2
)

𝜀1𝜀2𝐹𝑡
′(𝜙1)𝐹𝑡

′(𝜙2)
) + (𝐹𝑡 ↔ 𝐹‾𝑡)]  

𝑆(𝑡) =
𝑐

12
log⁡ (

4sin2⁡ (
𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)

2 )

𝜀1𝜀2𝐹𝑡
′(𝜙1)𝐹𝑡

′(𝜙2)
) + (𝐹𝑡 ↔ 𝐹‾𝑡)  

𝐺̃𝜇𝜈(𝑋)𝑑𝑋
𝜇𝑑𝑋𝜈 = ℓ2 [

1

𝑧2
(𝑑𝑧2 + 𝑒2𝜎𝑑𝑥−𝑑𝑥+) + 𝑔(2)𝑎𝑏𝑑𝑥

𝑎𝑑𝑥𝑏 + 𝑧2𝑔(4)𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏]  

𝑔(2)±± = 𝜕±
2𝜎 − (𝜕±𝜎)

2 −
1

4
, 𝑔(2)−+ = 𝜕−𝜕+𝜎

𝑔(4)±± = 𝑒
−2𝜎𝑔(2)−+𝑔(2)±±, 𝑔(4)−+ =

1

2
𝑒−2𝜎(𝑔(2)−−𝑔(2)++ + 𝑔(2)−+

2 )

 

𝑔𝑎𝑏(𝑥)𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜔(𝑑𝜙 + 𝜈𝑑𝑡)(𝑑𝜙 + 𝜈‾𝑑𝑡)  

Diff̃ +𝑆
1 ≡ {𝐹:ℝ → ℝ ∣ 𝐹(𝜙 + 2𝜋) = 𝐹(𝜙) + 2𝜋, 𝐹′(𝜙) > 0}  
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𝜈(𝜙, 𝑡) =
𝐹̇𝑡(𝜙)

𝐹𝑡
′(𝜙)

, 𝜈‾(𝜙, 𝑡) =
𝐹‾̇𝑡(𝜙)

𝐹‾𝑡
′(𝜙)

 

𝑥− = 𝐹𝑡(𝜙), 𝑥
+ = 𝐹‾𝑡(𝜙)  

𝑔𝑎𝑏(𝑥)𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜔+2𝜑𝑑𝑥−𝑑𝑥+, 𝑒−2𝜑 = 𝐹𝑡

′(𝜙)𝐹‾𝑡
′(𝜙)  

𝜈(𝜙, 𝑡) = −
1

𝑝′(𝜙)
, 𝜈‾(𝜙, 𝑡) =

1

𝑝‾′(𝜙)
.  

𝐹𝑡(𝜙) = (ℎ ∘ 𝑝
−1)(𝑝(𝜙) − 𝑡), 𝐹‾𝑡(𝜙) = (ℎ‾ ∘ 𝑝‾

−1)(𝑝‾(𝜙) + 𝑡),  

𝑔𝑎𝑏(𝑥)𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜔(−𝑑𝑡2 + 𝑑𝜙2)  

𝑔𝑎𝑏(𝑥)𝑑𝑥
𝑎𝑑𝑥𝑏 = −

1

𝑝′(𝜙)2
𝑑𝑡2 + 𝑑𝜙2  

(𝜓𝑔)𝑎𝑏(𝑥) ⁡= 𝑒
2𝜒(𝐷(𝑥))

𝜕𝐷𝑐

𝜕𝑥𝑎
𝜕𝐷𝑑

𝜕𝑥𝑏
𝑔𝑐𝑑(𝐷(𝑥)),

(𝜓Φ)𝑎1…𝑎𝑛(𝑥) ⁡= 𝑒
−ΔΦ𝜒(𝐷(𝑥))

𝜕𝐷𝑏1

𝜕𝑥𝑎1
⋯
𝜕𝐷𝑏𝑛

𝜕𝑥𝑎𝑛
Φ𝑏1…𝑏𝑛(𝐷(𝑥)),

 

𝑇𝑎𝑏
cl (𝑥) ≡ −

2

√−𝑔

𝛿𝐼[Φ, 𝑔]

𝛿𝑔𝑎𝑏(𝑥)
 

∇𝑏𝑇𝑎𝑏
cl = 𝐸𝛼(Φ)£𝑎Φ

𝛼 , 𝑔𝑎𝑏𝑇𝑎𝑏
cl = ΔΦ𝐸𝛼(Φ)Φ

𝛼,  

∇𝑏𝑇𝑎𝑏
D = 0, 𝑔𝑎𝑏𝑇𝑎𝑏

D = −
𝑐

24𝜋
𝑅  

𝑇𝑎𝑏
D = 𝑇𝑎𝑏 + 𝐶𝑎𝑏

D ,  

∇𝑏𝑇𝑎𝑏 = 0, 𝑔
𝑎𝑏𝑇𝑎𝑏 = 0  

∇𝑏𝐶𝑎𝑏
D = 0, 𝑔𝑎𝑏𝐶𝑎𝑏

D = −
𝑐

24𝜋
𝑅  

𝐶𝑎𝑏
D = −

2

√−𝑔

𝛿𝐴D[𝑔]

𝛿𝑔𝑎𝑏
 

𝐴D[𝑔] = −
𝑐

96𝜋
∫ ⁡ 𝑑2𝑥√−𝑔𝑅

1

∇2
𝑅  

𝐼Lio[𝜒, 𝑔] ≡
𝑐

24𝜋
∫ ⁡ 𝑑2𝑥√−𝑔(𝑔𝑎𝑏𝜕𝑎𝜒𝜕𝑏𝜒 + 𝜒𝑅)  

𝐶𝑎𝑏
D =

𝑐

12𝜋
[∇𝑎𝜎∇𝑏𝜎 + ∇𝑎∇𝑏𝜎 − 𝑔𝑎𝑏 (∇

2𝜎 +
1

2
∇𝑐𝜎∇𝑐𝜎)] .  

𝐼D[ΦH, 𝑔] = 𝒩D{𝐼[ΦH, 𝑔]} + 𝐴D[𝑔]  

𝑇±±(𝑥
−, 𝑥+) = 𝑇±±(𝑥

±), 𝑇−+(𝑥
−, 𝑥+) = 0  
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𝑇𝑎𝑏
F = 𝑇𝑎𝑏 + 𝐶𝑎𝑏

F ,  

𝐴D[𝑔] = 𝐼Lio[𝜔, 𝑔̂] + 𝐴D[𝑔̂] = 𝐼Lio[𝜑, 𝜂] + 𝐼Lio[𝜔, 𝑔̂] + 𝐴D[𝜂],  

𝐼Lio[𝜑, 𝜂] = Γ[𝜈] + Γ‾[𝜈‾] + 𝐾[𝜈, 𝜈‾]  

Γ[𝜈] =
𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝜈𝜕𝜙

2 log⁡ 𝐹𝑡
′(𝜙), Γ‾[𝜈‾] = −

𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝜈‾𝜕𝜙

2 log𝐹‾𝑡
′(𝜙)⁡

𝐾[𝜈, 𝜈‾] =
𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡

1

𝜈‾ − 𝜈
[(𝜕𝜙𝜈) + (𝜕𝜙𝜈‾)]

2
 

𝐴D[𝑔] = Γ[𝜈] + Γ‾[𝜈‾] + 𝐾[𝜈, 𝜈‾] + 𝐼Lio[𝜔, 𝑔̂]  

𝐴F[𝑔] ≡ Γ[𝜈] + Γ‾[𝜈‾] = 𝐴D[𝑔] − (𝐾[𝜈, 𝜈‾] + 𝐼Lio [𝜔, 𝑔̂])  

𝐶𝑎𝑏
F = −

2

√−𝑔

𝛿𝐴F[𝑔]

𝛿𝑔𝑎𝑏
 

𝐶−−
F = −

𝑐

24𝜋

1

𝐹𝑡
′(𝜙)2

{𝐹𝑡(𝜙), 𝜙}, 𝐶++
F = −

𝑐

24𝜋

1

𝐹‾𝑡
′(𝜙)2

{𝐹‾𝑡(𝜙), 𝜙}, 𝐶−+
F = 0  

{𝐹(𝜙), 𝜙} = (
𝐹′′(𝜙)

𝐹′(𝜙)
)

′

−
1

2
(
𝐹′′(𝜙)

𝐹′(𝜙)
)

2

 

𝑇−−
F (𝑥−, 𝑥+) = 𝑇−−(𝐹𝑡(𝜙)) −

𝑐

24𝜋

1

𝐹𝑡
′(𝜙)2

{𝐹𝑡(𝜙), 𝜙}

𝑇++
F (𝑥−, 𝑥+) = 𝑇++(𝐹‾𝑡(𝜙)) −

𝑐

24𝜋

1

𝐹‾𝑡
′(𝜙)2

{𝐹‾𝑡(𝜙), 𝜙}

𝑇−+
F (𝑥−, 𝑥+) = 0
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𝑇−−
F (𝑥−, 𝑥+) = 𝑇−−(𝑥

−) +
𝑐

24𝜋
{𝑓𝑡(𝑥

−), 𝑥−}

𝑇++
F (𝑥−, 𝑥+) = 𝑇++(𝑥

+) +
𝑐

24𝜋
{𝑓‾𝑡(𝑥

+), 𝑥+}

𝑇−+
F (𝑥−, 𝑥+) = 0

 

[𝑇(𝜙1), 𝑇(𝜙2)] = −𝑖(𝑇(𝜙1) + 𝑇(𝜙2))𝛿2𝜋
′ (𝜙1 − 𝜙2) +

𝑖𝑐

24𝜋
𝛿2𝜋
′′′(𝜙1 − 𝜙2),  

𝛿2𝜋(𝜙) ≡
1

2𝜋
∑  

∞

𝑛=−∞

𝑒𝑖𝑛𝜙 

𝑇(𝜙) =
1

2𝜋
∑  

∞

𝑛=−∞

 𝐿𝑛𝑒
𝑖𝑛𝜙, [𝐿𝑛, 𝐿𝑚] = (𝑛 −𝑚)𝐿𝑛+𝑚 +

𝑐

12
𝑛3𝛿𝑛,−𝑚  

𝑇−−(𝜙) = 𝑇(𝜙)⊗ 1, 𝑇++(𝜙) = 1⊗ 𝑇‾(𝜙),  

𝑉𝐹𝑡𝑇(𝜙)𝑉𝐹𝑡
† = 𝐹𝑡

′(𝜙)2𝑇(𝐹𝑡(𝜙)) −
𝑐

24𝜋
{𝐹𝑡(𝜙), 𝜙}  

(𝑉𝐹𝑡⊗𝑉‾𝐹‾𝑡)𝑇−−(𝜙) (𝑉𝐹𝑡
† ⊗𝑉‾𝐹‾𝑡

†) = 𝐹𝑡
′(𝜙)2𝑇−−

F (𝑥−, 𝑥+)  

(𝑉𝐹𝑡⊗𝑉‾𝐹‾𝑡)𝑇−−(𝜙) (𝑉𝐹𝑡
† ⊗𝑉‾𝐹‾𝑡

†) ≠ 𝐹𝑡
′(𝜙)2𝑇−−

D (𝑥−, 𝑥+)  

𝐼[Φ, 𝑔] = ∫ ⁡ 𝑑2𝑥√−𝑔ℒ = −
1

2
∫ ⁡ 𝑑2𝑥√−𝑔𝑔𝑎𝑏𝜕𝑎Φ𝜕𝑏Φ  

𝑇±±
cl = (𝜕±Φ)

2, 𝑇−+
cl = 0  

Π(𝜙, 𝑡) = −
𝜕(√−𝑔ℒ)

𝜕Φ̇(𝜙, 𝑡)
= −𝐹𝑡

′(𝜙)𝜕−Φ+ 𝐹‾𝑡
′(𝜙)𝜕+Φ  

[ΦH(𝜙1, 𝑡), ΠH(𝜙2, 𝑡)] = 𝑖𝛿2𝜋(𝜙1 − 𝜙2)  

ΦH(𝜙, 𝑡) = Φ−(𝑥
−) + Φ+(𝑥

+) = Φ−(𝐹𝑡(𝜙)) + Φ+(𝐹‾𝑡(𝜙)),  

ΠH(𝜙, 𝑡) = −𝐹𝑡
′(𝜙)Π−(𝐹𝑡(𝜙)) + 𝐹‾𝑡

′(𝜙)Π+(𝐹‾𝑡(𝜙)).  

Π−(𝜙) = −
1

√2
(𝐽(𝜙) ⊗ 𝟏), Π+(𝜙) =

1

√2
(𝟏⊗ 𝐽‾(𝜙)),  

[𝐽(𝜙1), 𝐽(𝜙2)] = −𝑖𝛿2𝜋
′ (𝜙1 − 𝜙2)  

𝑇−−
cl (𝜙, 𝑡) = Π−

cl(𝐹𝑡(𝜙))
2, 𝑇++

cl (𝜙, 𝑡) = Π+
cl(𝐹‾𝑡(𝜙))

2.  

1

4
[𝐽(𝜙1), 𝐽(𝜙2)]+ = −

1

4𝜋

1

4sin2⁡ (
𝜙1 − 𝜙2
2 )

+ 𝑇(𝜙1) +
1

2𝜋

1

24
+ 𝒪(𝜙1 − 𝜙2), 𝜙2 → 𝜙1  

𝐹𝑡
′(𝜙)2𝑇−−

F (𝜙, 𝑡) ≡ lim
𝜖→0

  [
1

2
𝐹𝑡
′(𝜙 + 𝜖)𝐹𝑡

′(𝜙)[Π−(𝐹𝑡(𝜙 + 𝜖)), Π−(𝐹𝑡(𝜙))]+ +
1

4𝜋𝜖2
]  
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𝐻cl(𝑡) ≡
𝑑

𝑑𝑠
𝐼[Φ𝑠, 𝑔;𝑀𝑠]|

𝑠=𝑡
 

𝐻cl(𝑡) = −∫  
2𝜋

0

 𝑑𝜙√𝛾𝜁𝑎𝑛𝑏𝑇𝑎𝑏
cl  

𝜁𝑎 = 𝛿𝑡
𝑎 , 𝑛𝑎 =

𝜕𝑎𝑡

√−𝑔𝑎𝑏𝜕𝑎𝑡𝜕𝑏𝑡
 

𝐻cl(𝑡) =−∫  
2𝜋

0

 𝑑𝜙𝐹̇𝑡(𝜙)𝐹𝑡
′(𝜙)𝑇−−

cl (𝑥−, 𝑥+) + ∫  
2𝜋

0

 𝑑𝜙𝐹‾̇𝑡(𝜙)𝐹‾𝑡
′(𝜙)𝑇++

cl (𝑥−, 𝑥+)⁡

⁡+∫  
2𝜋

0

 𝑑𝜙(𝐹̇𝑡(𝜙)𝐹‾𝑡
′(𝜙) − 𝐹‾̇𝑡(𝜙)𝐹𝑡

′(𝜙))𝑇−+
cl (𝑥−, 𝑥+)

 

𝜕𝑡|Ψ(𝑡)⟩ = −𝑖𝐻S(𝑡)|Ψ(𝑡)⟩  

𝑈(𝑡) ≡ 𝒯←exp⁡ (−𝑖∫  
𝑡

0

 𝑑𝑠𝐻S(𝑠)) = 𝒯⃗ exp⁡ (−𝑖∫  
𝑡

0

 𝑑𝑠𝐻H(𝑠))  

𝐻H(𝑡) ≡ 𝑈(𝑡)
†𝐻S(𝑡)𝑈(𝑡)  

𝐻H(𝑡) =−∫  
2𝜋

0

 𝑑𝜙𝜈(𝜙, 𝑡)𝐹𝑡
′(𝜙)2𝑇−−(𝐹𝑡(𝜙)) + ∫  

2𝜋

0

 𝑑𝜙𝜈‾(𝜙, 𝑡)𝐹‾𝑡
′(𝜙)2𝑇++(𝐹‾𝑡(𝜙))⁡

⁡+
𝑐

24𝜋
∫  
2𝜋

0

 𝑑𝜙𝜈(𝜙, 𝑡){𝐹𝑡(𝜙), 𝜙} −
𝑐

24𝜋
∫  
2𝜋

0

 𝑑𝜙𝜈‾(𝜙, 𝑡){𝐹‾𝑡(𝜙), 𝜙}

 

𝐻S(𝑡) = −∫  
2𝜋

0

 𝑑𝜙𝜈(𝜙, 𝑡)𝑇−−(𝜙) + ∫  
2𝜋

0

 𝑑𝜙𝜈‾(𝜙, 𝑡)𝑇++(𝜙)  

 

𝜈(𝜙, 𝑡) = −(𝑓𝑡 ∘ 𝑓𝑡
−1)(𝜙), 𝜈‾(𝜙, 𝑡) = −(𝑓‾̇𝑡 ∘ 𝑓‾𝑡

−1) (𝜙).  

𝑈(𝑡) = 𝑉𝑓𝑡⊗𝑉‾𝑓‾𝑡  

𝑉𝑓𝑡𝑉ℎ𝑡 = 𝑒
𝑖𝐵(𝑓𝑡,ℎ𝑡)𝑉𝑓𝑡∘ℎ𝑡 , 𝑉

‾
𝑓𝑡𝑉
‾
ℎ𝑡 = 𝑒

−𝑖𝐵(𝑓𝑡,ℎ𝑡)𝑉‾𝑓𝑡∘ℎ𝑡 .  

𝐵(𝑓𝑡 , ℎ𝑡) = 𝑏(𝑓𝑡, ℎ𝑡) +
𝑐

48𝜋
∫  
2𝜋

0

 𝑑𝜙
ℎ𝑡
′′(𝜙)

ℎ𝑡
′(𝜙)

log⁡ 𝑓𝑡
′(ℎ𝑡(𝜙))  

𝑎(𝑓𝑡) =
𝑐

48𝜋
∫  
𝑡

0

 𝑑𝑠 ∫  
2𝜋

0

 𝑑𝜙
𝐹̇𝑠(𝜙)

𝐹𝑠
′(𝜙)

(
𝐹𝑠
′′(𝜙)

𝐹𝑠
′(𝜙)

)

′

 

|Ψ(𝑡)⟩ = 𝑒𝑖𝐵(𝑓𝑡,ℎ
−1)−𝑖𝐵(𝑓‾𝑡,ℎ‾

−1)(𝑉𝑓𝑡∘ℎ−1⊗𝑉‾𝑓‾𝑡∘ℎ‾−1)|0⟩,  

𝐻S(𝑡) = ∫  
2𝜋

0

 𝑑𝜙
𝑇−−(𝜙)

𝑝′(𝜙)
+ ∫  

2𝜋

0

 𝑑𝜙
𝑇++(𝜙)

𝑝‾′(𝜙)
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𝐻S(𝑡) = (𝑉𝑃⊗𝑉‾𝑃‾)𝐻0(𝑉𝑃⊗𝑉‾𝑃‾)
† +

𝑐

24𝜋
∫  
2𝜋

0

 𝑑𝜙({𝑃(𝜙), 𝜙} + {𝑃‾(𝜙), 𝜙})  

𝐻0 ≡ ∫  
2𝜋

0

 𝑑𝜙(𝑇−−(𝜙) + 𝑇++(𝜙)) = 𝐿0⊗𝟏+ 𝟏⊗ 𝐿0  

𝑈(𝑡) = 𝑒−
𝑖𝑐𝑡
24𝜋∫

 
2𝜋

0
 𝑑𝜙({𝑃(𝜙),𝜙}+{𝑃‾(𝜙),𝜙})(𝑉𝑃⊗𝑉‾𝑃‾)𝑒

−𝑖𝐻0𝑡(𝑉𝑃⊗𝑉‾𝑃‾)
†  

|Ψ(𝑡)⟩ = 𝑒−
𝑖𝑐𝑡
24𝜋∫

 
2𝜋

0
 𝑑𝜙({𝑃(𝜙),𝜙}+{𝑃‾(𝜙),𝜙}−1)|Ψ(0)⟩  

𝑇±±
F (𝑥−, 𝑥+) = 𝑇±±(𝜙 ± 𝑡) = 𝑒

𝑖𝑡𝐻0𝑇±±(𝜙)𝑒
−𝑖𝑡𝐻0  

𝑇±±
H (𝜙, 𝑡) = 𝑈(𝑡)†𝑇±±

S (𝜙)𝑈(𝑡), 𝑇−+
H (𝜙, 𝑡) = 0  

𝑇−−
S (𝜙) = 𝑇(𝜙) ⊗ 1, 𝑇++

S (𝜙) = 1⊗ 𝑇‾(𝜙), 𝑇−+
S (𝜙) = 0  

𝑇−−
H (𝜙, 𝑡) = 𝐹𝑡

′(𝜙)2𝑇−−
F (𝑥−, 𝑥+), 𝑇++

H (𝜙, 𝑡) = 𝐹‾𝑡
′(𝜙)2𝑇++

F (𝑥−, 𝑥+)  

𝜕𝑡𝑇−−
H = (𝜈𝜕𝜙 + 2𝜕𝜙𝜈)𝑇−−

H −
𝑐

24𝜋
𝜕𝜙
3𝜈, 𝜕𝑡𝑇++

H = (𝜈‾𝜕𝜙 + 2𝜕𝜙𝜈‾)𝑇++
H −

𝑐

24𝜋
𝜕𝜙
3𝜈‾  

𝑉𝐹𝑡𝐽(𝜙)𝑉𝐹𝑡
† = 𝐹𝑡

′(𝜙)𝐽(𝐹𝑡(𝜙))  

Π𝑆(𝜙) = −Π−(𝜙) + Π+(𝜙)  

𝑇±±
𝑆 (𝜙) ≡ lim

𝜖→0
  (
1

2
[Π±(𝜙 + 𝜖), Π±(𝜙)]+ +

1

4𝜋𝜖2
)  

⟨𝐴(𝜙1, 𝑡1)⋯𝐴(𝜙𝑛, 𝑡𝑛)⟩ ≡ ⟨0|𝒯{𝐴H(𝜙1, 𝑡1)⋯𝐴H(𝜙𝑛, 𝑡𝑛)}|0⟩,  

⟨𝐴(𝜙, 𝑡)⟩ = ⟨Ψ(𝑡)|𝐴S(𝜙, 𝑡)|Ψ(𝑡)⟩  

⟨𝐴(𝜙1, 𝑡1)⋯𝐴(𝜙𝑛, 𝑡𝑛)⟩ = ⟨0|𝐴H(𝜙1, 𝑡1)⋯𝐴H(𝜙𝑛, 𝑡𝑛)|0⟩.  

⟨𝑇−−(𝜙, 𝑡)⟩ = −
𝑐

48𝜋
+

𝑐

24𝜋
{𝑓𝑡(𝑥

−), 𝑥−}, ⟨𝑇++(𝜙, 𝑡)⟩ = −
𝑐

48𝜋
+

𝑐

24𝜋
{𝑓‾𝑡(𝑥

+), 𝑥+},  

⟨0|𝐿𝑛|0⟩ = −
𝑐

24
𝛿𝑛,0  

⟨𝐻(𝑡)⟩ =
𝑐

24𝜋
∫  
2𝜋

0

 𝑑𝜙𝜈(𝜙, 𝑡) (
1

2
𝐹𝑡
′(𝜙)2 + {𝐹𝑡(𝜙), 𝜙}) − (𝐹𝑡 ↔ 𝐹‾𝑡)  

𝐹𝑡(𝜙) = 𝑝(𝜙) − 𝑡, 𝐹‾𝑡(𝜙) = 𝑝‾(𝜙) + 𝑡  

⟨𝐻(𝑡)⟩ = −
𝑐

12
+

𝑐

24𝜋
∫  
2𝜋

0

 𝑑𝜙({𝑃(𝜙), 𝜙} + {𝑃‾(𝜙), 𝜙})  

⟨𝐻(𝑡)⟩ = −
𝑐

12
+

𝑐

48𝜋
∫  
2𝜋

0

 𝑑𝜙 (
𝜈′(𝜙)2

𝜈(𝜙)
−
𝜈‾′(𝜙)2

𝜈‾(𝜙)
)  
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(𝜓𝒪)(𝑥) = 𝑒−Δ𝜒(𝐷(𝑥)))𝒪(𝐷(𝑥))  

𝒪H(𝜙, 𝑡) = 𝑒
−Δ𝜔(𝜙,𝑡)𝐹𝑡

′(𝜙)Δ/2𝐹‾𝑡
′(𝜙)Δ/2𝒪Δ/2(𝐹𝑡(𝜙))⊗ 𝒪Δ/2(𝐹‾𝑡(𝜙)),  

⟨𝒪(𝜙, 𝑡)𝒪(𝜃, 𝑠)⟩ = ⟨0|𝒪H(𝜙, 𝑡)𝒪H(𝜃, 𝑠)|0⟩  

⟨0|𝒪Δ/2(𝜙1)𝒪Δ/2(𝜙2)|0⟩ = lim
𝜀→0+

 
1

(2𝜋)2
𝑏𝒪

[2𝑖sin⁡ (
𝜙1 − 𝜙2 + 𝑖𝜀

2
)]
Δ  

⟨𝒪(𝜙, 𝑡)𝒪(𝜃, 𝑠)⟩ =
𝑏𝒪
(2𝜋)4

[
𝑒−2(𝜔(𝜙,𝑡)+𝜔(𝜃,𝑠))𝐹𝑡

′(𝜙)𝐹‾𝑡
′(𝜙)𝐹𝑠

′(𝜃)𝐹‾𝑠
′(𝜃)

−16sin2⁡ (
𝐹𝑡(𝜙) − 𝐹𝑠(𝜃)

2
) sin2⁡ (

𝐹‾𝑡(𝜙) − 𝐹‾𝑠(𝜃)
2

)

]

Δ/2

 

𝑆(𝑡) ≡ −Tr(𝜌(𝑡)log⁡ 𝜌(𝑡)) = − lim
𝑛→1+

 𝜕𝑛Tr𝜌(𝑡)
𝑛

 

(𝑔e)𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 ≡ 𝑒2𝜎e(𝑤,𝑤‾ )𝑑𝑤𝑑𝑤‾  

𝜎e(𝑥
−, 𝑥+) = 𝜎(𝑥−, 𝑥+)  

ℛ(𝑆1×ℝ,𝑔e)(𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2) ≡
𝑍[𝒫∗𝑔e; 𝑆

1 × ℝ]

𝑍[𝑔e; 𝑆
1 × ℝ]𝑛

 

𝑍[𝑔e;𝑀] ≡ ∫ ⁡ [𝑑Φe]𝑒
−𝐼E[Φe,𝑔e;𝑀]  

Tr𝜌(𝑡)𝑛 = ℛ(𝑆1×ℝ,𝑔)(𝐹𝑡(𝜙1), 𝐹‾𝑡(𝜙1); 𝐹𝑡(𝜙2), 𝐹‾𝑡(𝜙2))  

𝒞𝑤(𝑤,𝑤‾ ) = 𝐶(𝑤) ≡ tan⁡
𝑤

2
, 𝒞𝑤‾ (𝑤,𝑤‾ ) = 𝐶‾(𝑤‾ ) ≡ tan⁡

𝑤‾

2
 

ℛ(𝑆1×ℝ,𝑔e)(𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2) = ℛ(ℝ2,(𝒞−1)∗𝑔e)
(𝒞(𝑤1, 𝑤‾1); 𝒞(𝑤2, 𝑤‾ 2))  

(𝑔e)𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜒e𝑑𝑤𝑑𝑤‾  

𝑍D[𝑔e; ℝ
2]

𝑍D[𝜂e; ℝ
2]
= 𝑒𝐼Lio[𝜒e,𝜂e;ℝ

2]  

𝒫𝑤(𝑤, 𝑤‾ ) = 𝑃(𝑤) ≡ (
𝑤 −𝑤1
𝑤 −𝑤2

)
𝑛

, 𝒫𝑤‾ (𝑤,𝑤‾ ) = 𝑃‾(𝑤‾ ) ≡ (
𝑤‾ − 𝑤‾1
𝑤‾ − 𝑤‾ 2

)
𝑛

 

(𝒫∗𝑔e)𝑎𝑏(𝑥)𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜒̃e(𝑤,𝑤‾ )𝑑𝑤𝑑𝑤‾  

𝜒̃e(𝑤,𝑤‾ ) = 𝜅e(𝑤,𝑤‾ ) + Σe(𝑤,𝑤‾ )

𝜅e(𝑤,𝑤‾ ) ≡
1

2
log⁡(𝑃′(𝑤)𝑃‾′(𝑤‾ )), Σe(𝑤,𝑤‾ ) ≡ 𝜒e(𝑃(𝑤), 𝑃‾(𝑤‾ ))

 

𝜒̃e(𝑤,𝑤‾ ) =
𝛾𝑖
2
log⁡|𝑤 − 𝑤𝑖|

2 + 𝒪(1), 𝑤 → 𝑤𝑖  

𝑍D
reg[𝒫∗𝑔e;ℝ

2] ≡ 𝑍D[𝒫
∗𝑔e; ℝ

2 ∖ ℬ]  
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ℛ
(ℝ2,𝑔e)

𝛿̃1,𝛿̃2 (𝑤1, 𝑤‾1; 𝑤2, 𝑤‾ 2) ≡
𝑍D
reg[𝒫∗𝑔e;ℝ

2]

𝑍D
reg[𝑔e; ℝ

2]𝑛
,  

𝑍D
reg[𝒫∗𝑔e;ℝ

2]

𝑍D
reg[𝜂e; ℝ

2]
= 𝑒𝐼Lio

reg
[𝜒̃e,𝜂e;ℝ

2]  

ℛ
(ℝ2,𝑔e)

𝛿̃1,𝛿̃2 (𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2) = 𝑒
−Δ𝑛(𝜒e(𝑤1,𝑤‾ 1)+𝜒e(𝑤2,𝑤‾ 2))ℛ

(ℝ2,𝜂e)

𝛿̃1,𝛿̃2 (𝑤1, 𝑤‾1; 𝑤2, 𝑤‾ 2)  

Δ𝑛 ≡
𝑐

12

𝛾𝑖(𝛾𝑖 + 2)

𝛾𝑖 + 1
=
𝑐

12
(𝑛 −

1

𝑛
) .  

𝜒e(𝑤,𝑤‾ ) = 𝜎e(𝐶
−1(𝑤), 𝐶‾−1(𝑤‾ )) +

1

2
log⁡(𝐶−1)′(𝑤) +

1

2
log⁡(𝐶‾−1)′(𝑤‾ )  

ℛ
(𝑆1×ℝ,𝑔e)

𝛿̃1,𝛿̃2 (𝑤1, 𝑤‾1; 𝑤2, 𝑤‾ 2)

⁡= ℛ
(ℝ2,𝜂e)

𝛿̃1,𝛿̃2 (𝐶(𝑤1), 𝐶‾(𝑤‾1); 𝐶(𝑤2), 𝐶‾(𝑤‾ 2))∏  

2

𝑖=1

  [𝑒−2𝜎e(𝑤𝑖,𝑤‾ 𝑖)𝐶′(𝑤𝑖)𝐶‾
′(𝑤‾ 𝑖)]

Δ𝑛/2
 

ℛ
(ℝ2,𝜂e)

𝛿̃1,𝛿̃2 (𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2) = 𝑏(𝑛) [
𝛿̃1𝛿̃2

(𝑤1 −𝑤2)(𝑤‾1 −𝑤‾ 2)
]

Δ𝑛

 

ℛ
(𝑆1×ℝ,𝑔e)

𝛿̃1,𝛿̃2 (𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2) = 𝑏(𝑛) [
∏  2
𝑖=1   𝛿̃𝑖

2𝑒−2𝜎e(𝑤𝑖,𝑤‾ 𝑖)𝐶′(𝑤𝑖)𝐶‾
′(𝑤𝑖)

(𝐶(𝑤1) − 𝐶(𝑤2))
2
(𝐶‾(𝑤‾1) − 𝐶‾(𝑤‾ 2))

2]

Δ𝑛/2

.  

Tr𝜌(𝑡)𝑛|D = 𝑏(𝑛) [
𝛿̃1
2𝛿̃2
2𝑒−2(𝜔(𝜙1,𝑡)+𝜔(𝜙2,𝑡))𝐹𝑡

′(𝜙1)𝐹‾𝑡
′(𝜙1)𝐹𝑡

′(𝜙2)𝐹‾𝑡
′(𝜙2)

16sin2⁡ (
𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)

2
) sin2⁡ (

𝐹‾𝑡(𝜙1) − 𝐹‾𝑡(𝜙2)
2

)

]

Δ𝑛/2

,  

Tr𝜌(𝑡)𝑛|D = 𝑏(𝑛) [
𝜀1
2𝜀2
2

16sin2⁡ (
𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)

2 ) sin2⁡ (
𝐹‾𝑡(𝜙1) − 𝐹‾𝑡(𝜙2)

2 )

]

Δ𝑛/2

,  

𝑆D(𝑡) =
𝑐

6
(𝜔(𝜙1, 𝑡) + 𝜔(𝜙2, 𝑡)) +

𝑐

12
[log⁡(

4sin2⁡ (
𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)

2 )

𝜀1𝜀2𝐹𝑡
′(𝜙1)𝐹𝑡

′(𝜙2)
) + (𝐹𝑡 ↔ 𝐹‾𝑡)] − 𝑏

′(1),  

𝑆D(𝑡)|flat =
𝑐

12
log⁡ [

4

𝜀1𝜀2
sin2⁡ (

𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)

2
)] + (𝐹𝑡 ↔ 𝐹‾𝑡) − 𝑏

′(1)  

Tr𝜌(𝑡)𝑛|D = ⟨0|𝒯𝑛
H(𝜙1, 𝑡)𝒯̃𝑛

H(𝜙2, 𝑡)|0⟩,  

𝑍F
reg[𝑔e; 𝑆

1 × ℝ] ≡ 𝑍D
reg[𝑔e; 𝑆

1 × ℝ]𝑒−𝐼Lio
reg
[𝜔e,𝑔̂e;𝑆

1×ℝ]  
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𝑍D
reg[𝑔e; 𝑆

1 × ℝ]

𝑍D
reg[𝑔̂e; 𝑆

1 × ℝ]
= 𝑒𝐼Lio

reg
[𝜔e,𝑔̂e;𝑆

1×ℝ]  

𝑍F
reg[𝑔e; 𝑆

1 × ℝ] = 𝑍D
reg[𝑔̂e; 𝑆

1 × ℝ]  

𝑆(𝑡) =
𝑐

12
log⁡(

4sin2⁡ (
𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)

2
)

𝜀1𝜀2𝐹𝑡
′(𝜙1)𝐹𝑡

′(𝜙2)
) + (𝐹𝑡 ↔ 𝐹‾𝑡) − 𝑏

′(1),  

𝑆(𝑡) =
𝑐

12
log⁡ (

4sin2⁡ (
𝑝(𝜙1) − 𝑝(𝜙2)

2
)

𝜀1𝜀2𝑝
′(𝜙1)𝑝

′(𝜙2)
) + (𝑝 ↔ 𝑝‾) − 𝑏′(1).  

𝒯𝑛
S(𝜙) = 𝒪Δ𝑛/2(𝜙)⊗ 𝒪Δ𝑛/2(𝜙)  

Tr𝜌(𝑡)𝑛 = ⟨Ψ(𝑡)|𝒯𝑛
S(𝜙)𝒯̃𝑛

S(𝜙)|Ψ(𝑡)⟩  

𝑆D(𝑡) − 𝑆(0) =
𝑐

6
(𝜔(𝜙1, 𝑡) + 𝜔(𝜙2, 𝑡))  

𝑆(𝑡) =
𝑐

6
(𝜌(𝜙1, 𝑡) + 𝜌(𝜙2, 𝑡)) +

𝑐

12
log⁡ [

4

𝜀1𝜀2
sin2⁡ (

ℎ(𝜙1 − 𝑡) − ℎ(𝜙2 − 𝑡)

2
)] + (ℎ ↔ ℎ‾),  

𝐺𝜇𝜈(𝑋)𝑑𝑋
𝜇𝑑𝑋𝜈 =

ℓ2

𝑧2
(𝑑𝑧2 + 𝑑𝑥−𝑑𝑥+)  

lim
𝑧→0

 
𝑧2

ℓ2
𝐺𝑎𝑏(𝑋)𝑑𝑋

𝑎𝑑𝑋𝑏 = 𝜂𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑑𝑥−𝑑𝑥+  

lim
𝑧→0

 
𝑧2

ℓ2
𝐺̃𝑎𝑏(𝑋)𝑑𝑋

𝑎𝑑𝑋𝑏 = 𝑔𝑎𝑏(𝑥)𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜎𝑑𝑥−𝑑𝑥+  

𝐺̃𝜇𝜈(𝑋) =
𝜕𝐷𝜌

𝜕𝑥𝜇
𝜕𝐷𝜎

𝜕𝑥𝜈
𝐺𝜌𝜎(𝐷(𝑋)).  

𝐶±(𝑥
±) = tan⁡

𝑥±

2
 

𝐷𝑧(𝑧, 𝑥−, 𝑥+)= 𝑧𝑒−2𝜎(𝑥
−,𝑥+)𝐶−

′ (𝑥−)𝐶+
′ (𝑥+) + 𝒪(𝑧2)⁡

𝐷±(𝑧, 𝑥−, 𝑥+)⁡= 𝐶±(𝑥
±) + 𝒪(𝑧2)

 

𝑃𝑧(𝑧, 𝑥−, 𝑥+)=
𝑧𝑒−𝜎(𝜕−𝐶−𝜕+𝐶+)

3/2

𝜕−𝐶−𝜕+𝐶+ +
1
4 𝑧

2𝑒−2𝜎(𝒟−𝜕−𝐶−)(𝒟+𝜕+𝐶+)
⁡

𝑃±(𝑧, 𝑥−, 𝑥+)⁡= 𝐶±(𝑥
±) +

1
2 𝑧

2𝑒−2𝜎(𝜕±𝐶±)
2(𝒟∓𝜕∓𝐶∓)

𝜕−𝐶−𝜕+𝐶+ +
1
4 𝑧

2𝑒−2𝜎(𝒟−𝜕−𝐶−)(𝒟+𝜕+𝐶+)

 

𝐺̃𝜇𝜈(𝑋)𝑑𝑋
𝜇𝑑𝑋𝜈 = ℓ2 [

1

𝑧2
(𝑑𝑧2 + 𝑒2𝜎𝑑𝑥−𝑑𝑥+) + 𝑔(2)𝑎𝑏𝑑𝑥

𝑎𝑑𝑥𝑏 + 𝑧2𝑔(4)𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏]  
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𝑔(2)±± = 𝜕±
2𝜎 − (𝜕±𝜎)

2 −
1

2
{𝐶±(𝑥

±), 𝑥±}, 𝑔(2)−+ = 𝜕−𝜕+𝜎

𝑔(4)±± = 𝑒
−2𝜎𝑔(2)−+𝑔(2)±±, 𝑔(4)−+ =

1

2
𝑒−2𝜎(𝑔(2)−−𝑔(2)++ + 𝑔(2)−+

2 )

 

𝐼EH[𝐺] =
1

2𝜅
∫  
𝑧>𝜖

 𝑑3𝑋√−𝐺 (ℛ +
2

ℓ2
) +

1

𝜅
∫  
𝑧=𝜖

 𝑑2𝑥√−𝛾 (𝐾 −
1

ℓ
)  

𝑇𝑎𝑏
BY ≡ lim

𝜖→0
 
−2

√−𝛾

𝛿𝐼EH[𝐺̃]

𝛿𝛾𝑎𝑏
= −

1

𝜅
(𝐾𝑎𝑏 − 𝐾𝛾𝑎𝑏 +

1

ℓ
𝛾𝑎𝑏)  

𝑇𝑎𝑏
BY =

ℓ

𝜅
(𝑔(2)𝑎𝑏 − 𝑔𝑎𝑏𝑔

𝑐𝑑𝑔(2)𝑐𝑑)  

𝑇±±
BY = 𝐶±±

D −
𝑐

24𝜋
{𝐶±(𝑥

±), 𝑥±}, 𝑇−+
BY = −𝐶−+

D −
𝑐

12𝜋
𝑔−+∇

2𝜎,  

𝑔(2)±± =
12𝜋

𝑐
𝐶±±
D −

1

2
{𝐶±(𝑥

±), 𝑥±}, 𝑔(2)−+ =
12𝜋

𝑐
𝐶−+
D + 𝑔−+∇

2𝜎  

𝑇±±
BY(𝑥−, 𝑥+) = ⟨0|𝑇±±(𝑥

±)|0⟩ + 𝐶±±
D (𝑥−, 𝑥+),  

𝑇±±
BY(𝑥−, 𝑥+) = ⟨0|𝑇±±

D (𝑥−, 𝑥+)|0⟩.  

⟨𝒪(𝜙1, 𝑡1)𝒪(𝜙2, 𝑡2)⟩ = 𝑒
−Δ𝐿̃reg(𝜙1,𝑡1;𝜙2,𝑡2), Δ → ∞  

𝐿(𝑋1, 𝑋2) = log⁡ (
1 + √1 − 𝜉12

2

𝜉12
) , 𝜉12 =

2𝑧1𝑧2

𝑧1
2 + 𝑧2

2 + (𝑥1
− − 𝑥2

−)(𝑥1
+ − 𝑥2

+)
 

𝐿̃(𝑋1; 𝑋2) = 𝐿(𝑃(𝑋1); 𝑃(𝑋2))  

𝜉12 ≡
2𝑃𝑧(𝑋1)𝑃

𝑧(𝑋2)

𝑃𝑧(𝑋1)
2 + 𝑃𝑧(𝑋2)

2 + (𝑃−(𝑋1) − 𝑃
−(𝑋2))(𝑃

+(𝑋1) − 𝑃
+(𝑋2))

 

𝐿̃reg(𝜙1, 𝑡1; 𝜙2, 𝑡2) ≡ 𝐿̃ (𝜀1, 𝐹𝑡1(𝜙1), 𝐹
‾
𝑡1
(𝜙1); 𝜀2, 𝐹𝑡2(𝜙2), 𝐹

‾
𝑡2
(𝜙2)) .  

𝐿̃reg =
1

2
log⁡ [

16

𝜀1
2𝜀2
2 𝑒

2𝜎(𝜙1,𝑡1)+2𝜎(𝜙2,𝑡2)sin2⁡ (
𝑥1
− − 𝑥2

−

2
) sin2⁡ (

𝑥1
+ − 𝑥2

+

2
)] +⋯ ,  

𝑒−Δ𝐿̃reg =

[
 
 
 
 
𝜀1
2𝜀2
2𝑒−2(𝜔(𝜙1,𝑡1)+𝜔(𝜙2,𝑡2))𝐹𝑡1

′ (𝜙1)𝐹‾𝑡1
′ (𝜙1)𝐹𝑡2

′ (𝜙2)𝐹‾𝑡2
′ (𝜙2)

16sin2⁡ (
𝐹𝑡1(𝜙1) − 𝐹𝑡2(𝜙2)

2 ) sin2⁡ (
𝐹‾𝑡1(𝜙1) − 𝐹

‾
𝑡2
(𝜙2)

2 )
]
 
 
 
 
Δ/2

,  

𝑆RT(𝑡) =
Area(𝒮)

4𝐺𝑁
 

𝑆RT(𝑡) =
𝑐

6
(𝜔(𝜙1, 𝑡) + 𝜔(𝜙2, 𝑡)) +

𝑐

12
[log⁡(

4sin2⁡ (
𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)

2 )

𝜀1𝜀2𝐹𝑡
′(𝜙1)𝐹𝑡

′(𝜙2)
) + (𝐹𝑡 ↔ 𝐹‾𝑡)] .  
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𝐼[Φ, 𝑔;𝑀] = ∫  
𝑀

 𝑑𝑑𝑥√−𝑔ℒ  

𝛿𝐼[Φ, 𝑔;𝑀] = ∫  
𝑀

 𝑑𝑑𝑥√−𝑔(−
1

2
𝑇𝑎𝑏
cl 𝛿𝑔𝑎𝑏 + 𝐸𝛼𝛿Φ

𝛼) + ∫  
𝜕𝑀

 𝑑𝑑−1𝑥̂√𝛾𝑛𝑎Π𝛼
𝑎𝛿Φ𝛼,  

𝐸𝛼 =
𝜕ℒ

𝜕Φ𝛼
− ∇𝑎 (

𝜕ℒ

𝜕(∇𝑎Φ
𝛼)
) , Π𝛼

𝑎 = −
𝜕ℒ

𝜕(∇𝑎Φ
𝛼)
.  

𝛿𝐵𝐼[Φ, 𝑔;𝑀] = −∫  
𝜕𝑀

 𝑑𝑑−1𝑥̂√𝛾ℒ𝑛𝑎𝛿𝐵
𝑎  

𝐼[𝐷∗Φ,𝐷∗𝑔;𝐷−1(𝑀)] = 𝐼𝑀[Φ, 𝑔;𝑀]  

(𝐷∗𝑔)𝑎𝑏(𝑥) =
𝜕𝐷𝑐

𝜕𝑥𝑎
𝜕𝐷𝑑

𝜕𝑥𝑏
𝑔𝑐𝑑(𝐷(𝑥))  

𝛿𝐷Φ
𝛼 = £𝜉Φ

𝛼, 𝛿𝐷𝑔
𝑎𝑏 = £𝜉𝑔

𝑎𝑏 = −∇𝑎𝜉𝑏 − ∇𝑏𝜉𝑎, 𝛿𝐷𝐵
𝑎(𝑥̂) = −𝜉𝑎(𝐵(𝑥̂)),  

0 = 𝛿𝐷𝐼[Φ, 𝑔;𝑀]= ∫  
𝑀

 𝑑𝑑𝑥√−𝑔(−𝜉𝑎∇𝑏𝑇𝑎𝑏
cl + 𝐸𝛼£𝜉Φ

𝛼) ⁡

⁡−∫  
𝜕𝑀

 𝑑𝑑−1𝑥̂√𝛾(𝜉𝑎𝑛𝑏𝑇𝑎𝑏
cl − 𝑛𝑎𝜉

𝑎ℒ − 𝑛𝑎Π𝛼
𝑎£𝜉Φ

𝛼)
 

∇𝑏𝑇𝑎𝑏
cl = 𝐸𝛼£𝑎Φ

𝛼  

(𝑛𝑎Π𝛼
𝑎£𝜉Φ

𝛼 + 𝑛𝑎𝜉
𝑎ℒ)|

𝜕𝑀
= 𝜉𝑎𝑛𝑏𝑇𝑎𝑏

cl |
𝜕𝑀
,  

𝐼[Φ̂, 𝑔;𝑀] = 𝐼𝑀[Φ, 𝑔;𝑀]  

𝑔𝑎𝑏(𝑥) = 𝑒
2𝜒(𝑥)𝑔𝑎𝑏(𝑥), Φ̂

𝛼(𝑥) = 𝑒−ΔΦ𝜒(𝑥)Φ𝛼(𝑥)  

𝛿𝜒𝑔
𝑎𝑏 = −2𝛿𝜒𝑔𝑎𝑏 , 𝛿𝜒Φ

𝛼 = −ΔΦ𝛿𝜒Φ
𝛼  

0 = 𝛿𝜒𝐼𝑀 = ∫  
𝑀

 𝑑𝑑𝑥√−𝑔𝛿𝜒(𝑔𝑎𝑏𝑇𝑎𝑏
cl − ΔΦ𝐸𝛼Φ

𝛼) − ∫  
𝜕𝑀

 𝑑𝑑−1𝑥̂√𝛾𝛿𝜒ΔΦ𝑛𝑎Π𝛼
𝑎Φ𝛼  

𝑔𝑎𝑏𝑇𝑎𝑏
cl = ΔΦ𝐸𝛼Φ

𝛼  

𝑛𝑎Π𝛼
𝑎Φ𝛼|𝜕𝑀 = 0  

Φ𝑠(𝜙, 𝑠) = Ψ(𝜙),Φ𝑠(𝜙, 0) = Ψ0(𝜙)  

𝐻cl(𝑡) ≡
𝑑

𝑑𝑠
𝐼[Φ𝑠, 𝑔;𝑀𝑠]|

𝑠=𝑡
 

𝑑

𝑑𝑠
𝐵𝑠
𝑎(𝜙) = 𝛿𝑡

𝑎,
𝑑

𝑑𝑠
Φ𝑠(𝜙, 𝑡) = Φ̇𝑠(𝜙, 𝑡),

𝑑

𝑑𝑠
𝑔𝑎𝑏(𝜙, 𝑡) = 0,  

𝐻cl(𝑡) = ∫  
𝑚𝑡

 𝑑𝑑−1𝜙√𝛾(𝑛𝑎Π𝛼
𝑎Φ̇𝑡

𝛼 − 𝑛𝑡ℒ) − ∫  
𝑚0

 𝑑𝑑−1𝜙√𝛾𝑛𝑎Π𝛼
𝑎Φ̇𝑡

𝛼
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0 =
𝑑

𝑑𝑠
Ψ(𝜙) =

𝑑

𝑑𝑠
Φ𝑠(𝜙, 𝑠) = Φ̇𝑠(𝜙, 𝑠) + 𝜕𝑠Φ𝑠(𝜙, 𝑠)  

𝑑

𝑑𝑠
Φ𝑠(𝜙, 𝑡)|

𝑠=𝑡
= Φ̇𝑡(𝜙, 𝑡) = −𝜕𝑡Φ𝑡(𝜙, 𝑡) = 𝜉

𝑎𝜕𝑎Φ𝑡(𝜙, 𝑡) = £𝜉Φ𝑡(𝜙, 𝑡)  

𝐻cl(𝑡) = ∫  
𝑚𝑡

 𝑑𝑑−1𝜙√𝛾(𝑛𝑎Π𝛼
𝑎£𝜉Φ+ 𝑛𝑎𝜉

𝑎ℒ)  

𝐻cl(𝑡) = ∫  
𝑚𝑡

 𝑑𝑑−1𝜙√𝛾𝜉𝑎𝑛𝑏𝑇𝑎𝑏
cl

 

∇𝑏𝑇𝑎𝑏
cl (𝑥) = 𝐸𝛼(Φ(𝑥))£𝑎Φ

𝛼(𝑥), 𝑔𝑎𝑏(𝑥)𝑇𝑎𝑏
cl (𝑥) = ΔΦ𝐸𝛼(Φ(𝑥))Φ

𝛼(𝑥)  

∇𝑏𝑇𝑎𝑏
reg
(𝑥)=

1

2
[𝐸𝛼(Φ(𝑥)), £𝑎Φ

𝛼(𝑥 + 𝜖)]+⁡

𝑔𝑎𝑏(𝑥)𝑇𝑎𝑏
reg
(𝑥)⁡=

ΔΦ
2
[𝐸𝛼(Φ(𝑥)),Φ

𝛼(𝑥 + 𝜖)]+

 

[𝐴(𝑥1), 𝐵(𝑥2)]+ ≡ 𝐴(𝑥1)𝐵(𝑥2) + 𝐴(𝑥2)𝐵(𝑥1)  

𝒯←{Φ(𝑥)Φ(𝑥′)} = 𝐺F(𝑥, 𝑥
′) + Φ2(𝑥) +⋯⁡𝑥′ → 𝑥  

𝒯←{Φ(𝜙1, 𝑡1)Φ(𝜙2, 𝑡2)} ≡ Φ(𝜙1, 𝑡1)Φ(𝜙2, 𝑡2)Θ(𝑡1 − 𝑡2) + Φ(𝜙2, 𝑡2)Φ(𝜙1, 𝑡1)Θ(𝑡2 − 𝑡1)  

𝐸𝛼𝐺F(𝑥, 𝑥
′) =

1

√−𝑔
𝛿(𝑑)(𝑥 − 𝑥′)  

[Φ(𝑥),Φ(𝑥′)]+ = 2Re𝐺F(𝑥, 𝑥
′) + Φ2(𝑥) + ⋯ , 𝑥′ → 𝑥  

𝜕𝑠𝒢(𝑥, 𝑥
′; 𝑠) = −𝐸𝛼𝒢(𝑥, 𝑥

′; 𝑠), 𝒢(𝑥, 𝑥′; 0) =
1

√−𝑔
𝛿(𝑑)(𝑥 − 𝑥′)  

𝐺F(𝑥, 𝑥
′) = lim

𝜆→0+
 ∫  
∞

𝜆

 𝑑𝑠𝒢(𝑥, 𝑥′; 𝑠)  

𝐸𝛼𝐺F(𝑥, 𝑥
′) = lim

𝜆→0+
 𝒢(𝑥, 𝑥′; 𝜆)  

∇𝑏𝑇𝑎𝑏
reg
(𝑥) = lim

𝜆→0+
 Re𝜕𝑎𝒢(𝑥, 𝑥

′; 𝜆), 𝑔𝑎𝑏(𝑥)𝑇𝑎𝑏
reg
(𝑥) = ΔΦ lim

𝜆→0+
 Re𝒢(𝑥, 𝑥′; 𝜆),  

𝑇𝑎𝑏
ren(𝑥) ≡ lim

𝜖→0
 (𝑇𝑎𝑏

reg
(𝑥) + 𝑇𝑎𝑏

ct (𝑥)),  

∇𝑏𝑇𝑎𝑏
ren(𝑥) =

1

2
lim
𝜆→0+

 Re𝜕𝑎𝒢(𝑥, 𝑥; 𝜆) + ∇
𝑏𝑇𝑎𝑏

ct (𝑥),

𝑔𝑎𝑏(𝑥)𝑇𝑎𝑏
ren(𝑥) = ΔΦ lim

𝜆→0+
 Re𝒢(𝑥, 𝑥; 𝜆) + 𝑔𝑎𝑏(𝑥)𝑇𝑎𝑏

ct (𝑥),
 

𝑑

𝑑𝑥
𝐵(𝑥, 𝑥) = 2 lim

𝑥′→𝑥
 
𝜕

𝜕𝑥′
𝐵(𝑥, 𝑥′)  
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𝒢(𝑥, 𝑥′; 𝑠) =
1

(4𝜋𝑖𝑠)𝑑/2
𝑒−

𝜎(𝑥,𝑥′)
2𝑖𝑠 Ω(𝑥, 𝑥′; 𝑠),  

Ω(𝑥, 𝑥′; 𝑠) = ∑  

∞

𝑛=0

 𝑎𝑛(𝑥, 𝑥
′)(𝑖𝑠)𝑛  

𝒢(𝑥, 𝑥; 𝜖) = 𝒟(𝑥; 𝜖) +
1

(4𝜋)𝑑/2
𝑎𝑑/2(𝑥, 𝑥) + 𝒪(𝜖), 𝜖 → 0+  

∇𝑏𝑇𝑎𝑏
ct (𝑥) = −

1

2
𝜕𝑎𝒟(𝑥; 𝜖), 𝑔

𝑎𝑏(𝑥)𝑇𝑎𝑏
ct (𝑥) = −ΔΦ𝒟(𝑥; 𝜖).  

∇𝑏𝑇𝑎𝑏
ren(𝑥) =

1

2(4𝜋)𝑑/2
𝜕𝑎𝑎𝑑/2(𝑥, 𝑥), 𝑔

𝑎𝑏(𝑥)𝑇𝑎𝑏
ren(𝑥) =

ΔΦ
(4𝜋)𝑑/2

𝑎𝑑/2(𝑥, 𝑥).  

𝑇𝑎𝑏
D ≡ 𝑇𝑎𝑏

ren −
1

2

1

(4𝜋)𝑑/2
𝑎𝑑/2(𝑥, 𝑥)𝑔𝑎𝑏 .  

∇𝑏𝑇𝑎𝑏
D = 0, 𝑔𝑎𝑏𝑇𝑎𝑏

D =
1

(4𝜋)𝑑/2
(ΔΦ −

𝑑

2
) 𝑎𝑑/2(𝑥, 𝑥).  

𝐼[Φ, 𝑔] = −
1

2
∫ ⁡ 𝑑𝑑𝑥√−𝑔(𝑔𝑎𝑏𝜕𝑎Φ𝜕𝑏Φ+ 𝜉Φ

2𝑅)  

𝐸(Φ) = (∇2 − 𝜉𝑅)Φ,  

𝑇𝑎𝑏
cl =(1 − 2𝜉)𝜕𝑎Φ𝜕𝑏Φ−

1

2
(1 − 4𝜉)𝑔𝑎𝑏𝑔

𝑐𝑑𝜕𝑐Φ𝜕𝑑Φ⁡

⁡+𝜉Φ(𝑅𝑎𝑏 −
1

2
𝑅𝑔𝑎𝑏 − 2(∇𝑎∇𝑏 − 𝑔𝑎𝑏∇

2))Φ
 

𝜉 =
𝑑 − 2

4(𝑑 − 1)
, ΔΦ =

𝑑 − 2

2
.  

∇𝑏𝑇𝑎𝑏
D = 0, 𝑔𝑎𝑏𝑇𝑎𝑏

D = −
1

(4𝜋)𝑑/2
𝑎𝑑/2(𝑥, 𝑥)  

𝑎0(𝑥, 𝑥) = 1, 𝑎1(𝑥, 𝑥) = (
1

6
− 𝜉)𝑅

𝑎2(𝑥, 𝑥) =
1

2
(
1

6
− 𝜉)

2

𝑅2 +
1

180
(𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑 − 𝑅𝑎𝑏𝑅
𝑎𝑏) + (

1

30
−
1

6
𝜉)∇2𝑅

 

𝑎1(𝑥, 𝑥) = −
𝑑 − 4

12(𝑑 − 1)
𝑅

𝑎2(𝑥, 𝑥) =
(𝑑 − 4)2

288(𝑑 − 1)2
𝑅2 +

1

180
(𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑 − 𝑅𝑎𝑏𝑅
𝑎𝑏) −

𝑑 − 6

120(𝑑 − 1)
∇2𝑅

 

𝑎1(𝑥, 𝑥) =
1

6
𝑅, 𝑎2(𝑥, 𝑥) =

1

72
𝑅2 +

1

180
(𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑 − 𝑅𝑎𝑏𝑅
𝑎𝑏) +

1

30
∇2𝑅,  
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𝑎1(𝑥, 𝑥) = 0, 𝑎2(𝑥, 𝑥) =
1

180
(𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑 − 𝑅𝑎𝑏𝑅
𝑎𝑏 + ∇2𝑅).  

𝒢(𝑥, 𝑥′; 𝑠) = {

1

4𝜋𝑠
+

1

24𝜋
𝑅 + 𝒪(𝑠), 𝑑 = 2

1

16𝜋2𝑠2
+

1

180
(𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑 − 𝑅𝑎𝑏𝑅
𝑎𝑏 + ∇2𝑅) + 𝒪(𝑠), 𝑑 = 4

 

𝑔𝑎𝑏𝑇𝑎𝑏
D = {

−
1

24𝜋
𝑅, 𝑑 = 2,

−
1

2880𝜋2
(𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑 − 𝑅𝑎𝑏𝑅
𝑎𝑏 + ∇2𝑅), 𝑑 = 4.

 

𝐶𝑎𝑏
D = −

2

√−𝑔

𝛿𝐴D[𝑔]

𝛿𝑔𝑎𝑏
,  

𝐴D[𝜂] = 𝐴D[𝑒
−2𝜎𝑔] = 𝐼Lio[−𝜎, 𝑔] + 𝐴D[𝑔],  

𝐴D[𝑔] = −𝐼Lio[−𝜎, 𝑔] + 𝐴D[𝜂]  

𝐶𝑎𝑏
D = (−𝐶𝑎𝑏

Lio +
𝛿𝜎

𝛿𝑔𝑎𝑏
𝐸Lio)|

𝜒=−𝜎

,  

𝐶𝑎𝑏
Lio ≡ −

2

√−𝑔

𝛿𝐼Lio[𝜒, 𝑔]

𝛿𝑔𝑎𝑏
, 𝐸Lio ≡ −

2

√−𝑔

𝛿𝐼Lio[𝜒, 𝑔]

𝛿𝜒
 

𝐶𝑎𝑏
Lio = −

𝑐

12𝜋
[∇𝑎𝜒∇𝑏𝜒 − ∇𝑎∇𝑏𝜒 + 𝑔𝑎𝑏 (∇

2𝜒 −
1

2
∇𝑐𝜒∇𝑐𝜒)] ,  

𝐸Lio =
𝑐

12𝜋
(−2∇2𝜒 + 𝑅)  

𝐸Lio |𝜒=−𝜎 = −
𝑐

6𝜋
∇2(𝜒 + 𝜎)|

𝜒=−𝜎
= 0  

𝐶𝑎𝑏
D =

𝑐

12𝜋
[∇𝑎𝜎∇𝑏𝜎 + ∇𝑎∇𝑏𝜎 − 𝑔𝑎𝑏 (∇

2𝜎 +
1

2
∇𝑐𝜎∇𝑐𝜎)] .  

∇𝑏𝐶−𝑏
D ⁡= 2𝑒−2𝜎[𝜕+𝐶−−

D + (𝜕− − 2𝜕−𝜎)𝐶−+
D ]

∇𝑏𝐶+𝑏
D ⁡= 2𝑒−2𝜎[𝜕−𝐶++

D + (𝜕+ − 2𝜕+𝜎)𝐶−+
D ]

 

𝜕+𝐶−−
D + (𝜕− − 2𝜕−𝜑)𝐶−+

D = 0, 𝜕−𝐶++
D + (𝜕+ − 2𝜕+𝜎)𝐶−+

D = 0, 𝐶−+
D = −

𝑐

96𝜋
𝑒2𝜎𝑅.  

𝜕+𝐶−−
D −

𝑐

96𝜋
𝑒2𝜎𝜕−𝑅 = 0, 𝜕−𝐶++

D −
𝑐

96𝜋
𝑒2𝜎𝜕+𝑅 = 0, 𝐶−+

D = −
𝑐

96𝜋
𝑒2𝜎𝑅  

𝜕− = −
1

𝐹𝑡
′(𝜙)

𝜕𝑡 − 𝜈‾𝜕𝜙

𝜈‾ − 𝜈
, 𝜕+ =

1

𝐹‾𝑡
′(𝜙)

𝜕𝑡 − 𝜈𝜕𝜙

𝜈‾ − 𝜈
 

𝐹𝑡
′(𝜙)2𝐹‾𝑡

′(𝜙)(𝜈‾ − 𝜈)𝜕+𝐶−−
D = (𝜕𝑡 − 𝜈𝜕𝜙 − 2𝜕𝜙𝜈)(𝐹𝑡

′2𝐶−−
D ),

𝐹‾𝑡
′(𝜙)2𝐹𝑡

′(𝜙)(𝜈‾ − 𝜈)𝜕−𝐶++
D = (𝜕𝑡 − 𝜈‾𝜕𝜙 − 2𝜕𝜙𝜈‾)(𝐹‾𝑡

′2𝐶++
D ).
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(𝜕𝑡 − 𝜈𝜕𝜙 − ℎ𝜕𝜙𝜈)𝐹𝑡
′(𝜙)ℎ = 0, (𝜕𝑡 − 𝜈‾𝜕𝜙 − ℎ𝜕𝜙𝜈‾)𝐹‾𝑡

′(𝜙)ℎ = 0  

(𝜕𝑡 − 𝜈𝜕𝜙 − 2𝜕𝜙𝜈)(𝐹𝑡
′2𝐶−−

D ) −
𝑐

96𝜋
𝑒2𝜔(𝜕𝑡 − 𝜈‾𝜕𝜙)𝑅⁡ = 0

(𝜕𝑡 − 𝜈‾𝜕𝜙 − 2𝜕𝜙𝜈‾)(𝐹‾𝑡
′2𝐶++

D ) −
𝑐

96𝜋
𝑒2𝜔(𝜕𝑡 − 𝜈𝜕𝜙)𝑅⁡ = 0

𝐹𝑡
′𝐹‾𝑡
′𝐶−+
D +

𝑐

96𝜋
𝑒2𝜔𝑅⁡ = 0

 

𝐼Lio[𝜑, 𝜂] =
𝑐

24𝜋
∫ ⁡ 𝑑2𝑥√−𝜂𝜂𝑎𝑏𝜕𝑎𝜑𝜕𝑏𝜑  

𝐼Lio[𝜑, 𝜂] =
𝑐

12𝜋
∫ ⁡ 𝑑𝑥−𝑑𝑥+𝜕−𝜑𝜕+𝜑  

𝐼Lio[𝜑, 𝜂]

⁡= −
𝑐

48𝜋
∫ ⁡ 𝑑𝑥−𝑑𝑥+(𝜕−log⁡ 𝐹𝑡

′𝜕+log⁡ 𝐹𝑡
′ + 𝜕−log⁡ 𝐹‾𝑡

′𝜕+log⁡ 𝐹‾𝑡
′ + 2𝜕−log⁡ 𝐹‾𝑡

′𝜕+log⁡ 𝐹𝑡
′)

 

𝐹𝑡
′𝐹‾𝑡
′(𝜈‾ − 𝜈)𝜕−log⁡ 𝐹𝑡

′𝜕+log⁡ 𝐹𝑡
′ = −(𝜕𝜙𝜈) (

𝜕𝜙𝜈

𝜈‾ − 𝜈
− 𝜕𝜙log⁡ 𝐹𝑡

′) ,

𝐹𝑡
′𝐹‾𝑡
′(𝜈‾ − 𝜈)𝜕− log 𝐹‾𝑡

′𝜕+ log 𝐹‾𝑡
′ = −(𝜕𝜙𝜈‾) (

𝜕𝜙𝜈‾

𝜈‾ − 𝜈
+ 𝜕𝜙 log 𝐹‾𝑡

′) ,

𝐹𝑡
′𝐹‾𝑡
′(𝜈‾ − 𝜈)𝜕−log⁡ 𝐹‾𝑡

′𝜕+log⁡ 𝐹𝑡
′ = −

(𝜕𝜙𝜈)(𝜕𝜙𝜈‾)

𝜈‾ − 𝜈

 

𝐹𝑡
′𝐹‾𝑡
′(𝜈‾ − 𝜈)(𝜕−log⁡ 𝐹𝑡

′𝜕+log⁡ 𝐹𝑡
′ + 𝜕−log⁡ 𝐹‾𝑡

′𝜕+log⁡ 𝐹‾𝑡
′ + 2𝜕−log⁡ 𝐹‾𝑡

′𝜕+log⁡ 𝐹𝑡
′)

⁡= (𝜕𝜙𝜈)𝜕𝜙log⁡ 𝐹𝑡
′ − (𝜕𝜙𝜈‾)𝜕𝜙log⁡ 𝐹‾𝑡

′ −
(𝜕𝜙𝜈 + 𝜕𝜙𝜈‾)

2

𝜈‾ − 𝜈

 

𝐼Lio[𝜑, 𝜂] = −
𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡 [(𝜕𝜙𝜈)𝜕𝜙log⁡ 𝐹𝑡

′ − (𝜕𝜙𝜈‾)𝜕𝜙log⁡ 𝐹‾𝑡
′ −

(𝜕𝜙𝜈 + 𝜕𝜙𝜈‾)
2

𝜈‾ − 𝜈
] .  

𝐶𝑎𝑏
F = −

2

√−𝑔

𝛿𝐴F[𝑔]

𝛿𝑔𝑎𝑏
,  

−
2

√−𝑔

𝛿

𝛿𝑔−−
⁡= −

1

𝐹𝑡
2 (
𝛿

𝛿𝜈
+

1

𝜈‾ − 𝜈

𝛿

𝛿𝜔
)

−
2

√−𝑔

𝛿

𝛿𝑔++
⁡=

1

𝐹‾𝑡
2 (
𝛿

𝛿𝜈‾
−

1

𝜈‾ − 𝜈

𝛿

𝛿𝜔
)

−
2

√−𝑔

𝛿

𝛿𝑔−+
⁡=

1

𝐹𝑡
′𝐹‾𝑡
′

1

𝜈‾ − 𝜈

𝛿

𝛿𝜔

 

𝐶−−
F = −

1

𝐹𝑡
′2

𝛿Γ[𝜈]

𝛿𝜈
, 𝐶++
F =

1

𝐹‾𝑡
′2

𝛿Γ‾[𝜈‾]

𝛿𝜈‾
, 𝐶−+
F = 0  

𝛿Γ =
𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡(𝛿𝜈𝜕𝜙

2 log⁡ 𝐹𝑡
′ + 𝜕𝜙

2𝜈𝛿log⁡ 𝐹𝑡
′)  

(𝜕𝑡 − 𝜈𝜕𝜙)log⁡ 𝐹𝑡
′ = 𝜕𝜙𝜈  
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𝜕𝜙
2𝜈 = (𝜕𝑡 − 𝜈𝜕𝜙)𝜕𝜙log⁡ 𝐹𝑡

′ − 𝜕𝜙𝜈𝜕𝜙log⁡ 𝐹𝑡
′  

𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝜕𝜙

2𝜈𝛿log⁡ 𝐹𝑡
′ =

𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡 ((𝜕𝑡 − 𝜈𝜕𝜙)𝜕𝜙log⁡ 𝐹𝑡

′𝛿log⁡ 𝐹𝑡
′ − 𝜕𝜙𝜈𝜕𝜙log⁡ 𝐹𝑡

′𝛿log⁡ 𝐹𝑡
′) 

 

𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝜕𝜙

2𝜈𝛿log⁡ 𝐹𝑡
′=

𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡(𝜕𝑡𝜕𝜙log⁡ 𝐹𝑡

′𝛿log⁡ 𝐹𝑡
′ + 𝜈𝜕𝜙log⁡ 𝐹𝑡

′𝜕𝜙𝛿log⁡ 𝐹𝑡
′)⁡

⁡= −
𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝜕𝜙log⁡ 𝐹𝑡

′(𝜕𝑡 − 𝜈𝜕𝜙)𝛿log⁡ 𝐹𝑡
′

 

(𝜕𝑡 − 𝜈𝜕𝜙)𝛿log⁡ 𝐹𝑡
′ = 𝛿𝜈𝜕𝜙log⁡ 𝐹𝑡

′ + 𝜕𝜙𝛿𝜈  

𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝜕𝜙

2𝜈𝛿log⁡ 𝐹𝑡
′ ⁡= −

𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝜕𝜙log⁡ 𝐹𝑡

′(𝛿𝜈𝜕𝜙log⁡ 𝐹𝑡
′ + 𝜕𝜙𝛿𝜈)

⁡=
𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝛿𝜈 (−(𝜕𝜙log⁡ 𝐹𝑡

′)
2
+ 𝜕𝜙

2 log⁡ 𝐹𝑡
′)

 

𝛿Γ =
𝑐

48𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝛿𝜈 (2𝜕𝜙

2 log⁡ 𝐹𝑡
′ − (𝜕𝜙log⁡ 𝐹𝑡

′)
2
) =

𝑐

24𝜋
∫ ⁡ 𝑑𝜙𝑑𝑡𝛿𝜈{𝐹𝑡(𝜙), 𝜙}  

𝐶−−
F = −

𝑐

24𝜋

1

𝐹𝑡
′(𝜙)2

{𝐹𝑡(𝜙), 𝜙}, 𝐶++
F = −

𝑐

24𝜋

1

𝐹‾𝑡
′(𝜙)2

{𝐹‾𝑡(𝜙), 𝜙}, 𝐶−+
F = 0  

∇𝑎𝐶±𝑎
F = 2𝑒−2𝜎𝜕∓𝐶±±

F  

∇𝑎𝐶−𝑎
F =

2𝑒−2𝜔

𝜈‾ − 𝜈

1

𝐹𝑡
′ (𝜕𝑡 − 𝜈𝜕𝜙 − 2𝜕𝜙𝜈)(𝐹𝑡

′2𝐶−−
F ) ⁡

∇𝑎𝐶+𝑎
F ⁡= −

2𝑒−2𝜔

𝜈‾ − 𝜈

1

𝐹‾𝑡
′ (𝜕𝑡 − 𝜈‾𝜕𝜙 − 2𝜕𝜙𝜈‾)(𝐹

‾
𝑡
′2𝐶++

F )

 

(𝜕𝑡 − 𝜈𝜕𝜙 − 2𝜕𝜙𝜈){𝐹𝑡(𝜙), 𝜙} = 𝜕𝜙
3𝜈  

∇𝑎𝐶−𝑎
F = −

𝑐

24𝜋

2𝑒−2𝜔

𝜈‾ − 𝜈

1

𝐹𝑡
′ 𝜕𝜙
3𝜈, ∇𝑎𝐶+𝑎

F =
𝑐

24𝜋

2𝑒−2𝜔

𝜈‾ − 𝜈

1

𝐹‾𝑡
′ 𝜕𝜙
3𝜈‾  

(𝜕𝑡 − 𝜈𝜕𝜙 − 2𝜕𝜙𝜈)(𝐹𝑡
′2𝐶−−

F ) = −
𝑐

24𝜋
𝜕𝜙
3𝜈, (𝜕𝑡 − 𝜈‾𝜕𝜙 − 2𝜕𝜙𝜈‾)(𝐹‾𝑡

′2𝐶++
F ) = −

𝑐

24𝜋
𝜕𝜙
3𝜈‾  

𝐼[Φ, 𝑔] = ∫ ⁡ 𝑑2𝑥√−𝑔ℒ = −
1

2
∫ ⁡ 𝑑2𝑥√−𝑔𝑔𝑎𝑏𝜕𝑎Φ𝜕𝑏Φ  

𝐼[Φ, 𝑔] = −∫ ⁡ 𝑑𝜙𝑑𝑡
1

𝜈‾ − 𝜈
[(𝜕𝑡 − 𝜈𝜕𝜙)Φ][(𝜕𝑡 − 𝜈‾𝜕𝜙)Φ]  

𝑇±±
cl = (𝜕±Φ)

2, 𝑇−+
cl = 0  

Π(𝜙, 𝑡) ≡
𝐼[Φ𝑠, 𝑔;𝑀𝑠]

𝛿Ψ𝑠(𝜙)
|
𝑠=𝑡

= −√𝛾𝑛𝑎
𝜕ℒ

𝜕(𝜕𝑎Φ)
|
𝑚𝑡

,  
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Π(𝜙, 𝑡) = −
𝜕(√−𝑔ℒ)

𝜕Φ̇(𝜙, 𝑡)
=
(𝜕𝑡 − 𝜈𝜕𝜙)Φ

𝜈‾ − 𝜈
+
(𝜕𝑡 − 𝜈‾𝜕𝜙)Φ

𝜈‾ − 𝜈
= −𝐹𝑡

′(𝜙)𝜕−Φ+ 𝐹‾𝑡
′(𝜙)𝜕+Φ  

[ΦH(𝜙1, 𝑡), ΠH(𝜙2, 𝑡)] = 𝑖𝛿2𝜋(𝜙1 − 𝜙2)  

ΦH(𝜙, 𝑡) = Φ−(𝑥
−) + Φ+(𝑥

+) = Φ−(𝐹𝑡(𝜙)) + Φ+(𝐹‾𝑡(𝜙))  

ΠH(𝜙, 𝑡) = −𝐹𝑡
′(𝜙)Π−(𝑥

−) + 𝐹‾𝑡
′(𝜙)Π+(𝑥

+)

Π−(𝑥
−) ≡ 𝜕−Φ−(𝑥

−) = Φ−
′ (𝐹𝑡(𝜙)), Π+(𝑥

+) ≡ 𝜕+Φ+(𝑥
+) = Φ+

′ (𝐹‾𝑡(𝜙))
 

[Φ±(𝜙1), Π±(𝜙2)] = ±
𝑖

2
𝛿2𝜋(𝜙1 − 𝜙2) ∓

1

2

𝑖

2𝜋
, [Φ±(𝜙1), Π∓(𝜙2)] = ∓

1

4

𝑖

2𝜋
 

[ΦH(𝜙1, 𝑡), ΠH(𝜙2, 𝑡)]

= −𝐹𝑡
′(𝜙2)[Φ−(𝐹𝑡(𝜙1)), Π−(𝐹𝑡(𝜙2))] + 𝐹‾𝑡

′(𝜙2)[Φ+(𝐹‾𝑡(𝜙1)), Π+(𝐹‾𝑡(𝜙2))]⁡

⁡−𝐹𝑡
′(𝜙2)[Φ+(𝐹𝑡(𝜙1)), Π−(𝐹𝑡(𝜙2))] + 𝐹‾𝑡

′(𝜙2)[Φ−(𝐹‾𝑡(𝜙1)), Π+(𝐹‾𝑡(𝜙2))]

 

[ΦH(𝜙1, 𝑡), ΠH(𝜙2, 𝑡)] =
𝑖

2
𝐹𝑡
′(𝜙2)𝛿2𝜋(𝐹𝑡(𝜙1) − 𝐹𝑡(𝜙2)) +

𝑖

2
𝐹‾𝑡
′(𝜙2)𝛿2𝜋(𝐹‾𝑡(𝜙1) − 𝐹‾𝑡(𝜙2))  

𝑓′(𝜙2)𝛿2𝜋(𝑓(𝜙1) − 𝑓(𝜙2)) = 𝛿2𝜋(𝜙1 −𝜙2) 

[Π±(𝜙1), Π±(𝜙2)] = ±
𝑖

2
𝛿2𝜋
′ (𝜙1 − 𝜙2), [Π−(𝜙1), Π+(𝜙2)] = 0  

Π−(𝜙) = −
1

√2
(𝐽(𝜙) ⊗ 𝟏), Π+(𝜙) =

1

√2
(𝟏⊗ 𝐽‾(𝜙)),  

[𝐽(𝜙1), 𝐽(𝜙2)] = −𝑖𝛿2𝜋
′ (𝜙1 − 𝜙2).  

Φ±(𝑥
±) =

1

2

1

√2𝜋
(𝑄 ± 𝑃𝑥±) +

1

√2
∑  

∞

𝑛=1

 
1

√2𝜋𝑛
[𝑎𝑛
±𝑒∓𝑖𝑛𝑥

±
+ (𝑎𝑛

±)
†
𝑒±𝑖𝑛𝑥

±
]  

Π±(𝑥
±) = ±

1

2

1

√2𝜋
𝑃 +

𝑖

√2
∑  

∞

𝑛=1

 √
𝑛

2𝜋
[∓𝑎𝑛

±𝑒∓𝑖𝑛𝑥
±
± (𝑎𝑛

±)
†
𝑒±𝑖𝑛𝑥

±
] .  

𝑎𝑛
− ≡ 𝑎𝑛⊗1, 𝑎𝑛

+ ≡ 1⊗ 𝑎𝑛  

[𝑎𝑛, 𝑎𝑚
† ] = 𝛿𝑛𝑚, [𝑄, 𝑃] = 𝑖  

𝐽(𝜙) =
1

2𝜋
∑  

∞

𝑛=−∞

  𝐽𝑛𝑒
𝑖𝑛𝜙  

𝐽0 = √𝜋𝑃, 𝐽𝑛 = √2𝜋 × {
−𝑖√𝑛𝑎𝑛, 𝑛 ≥ 1

𝑖√−𝑛𝑎−𝑛
† , 𝑛 ≤ −1

.  

[𝐽𝑛, 𝐽𝑚] = 2𝜋𝑛𝛿𝑛,−𝑚  

𝒩{𝐽𝑛𝐽𝑚} ≡ 𝐽𝑛𝐽𝑚Θ(−𝑛) + 𝐽𝑚𝐽𝑛Θ(𝑛),  
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𝐿𝑛 ≡
1

2𝜋

1

2
∑  

∞

𝑚=−∞

 𝒩{𝐽𝑛−𝑚𝐽𝑚} −
1

24
𝛿𝑛,0  

𝑇(𝜙) =
1

(2𝜋)2
1

2
∑  

∞

𝑛,𝑚=−∞

 𝒩{𝐽𝑛𝐽𝑚}𝑒
𝑖(𝑛+𝑚)𝜙 −

1

2𝜋

1

24
 

[𝐽𝑛, 𝐽𝑚]+ = 2𝜋|𝑛|𝛿𝑛,−𝑚 + 2𝒩{𝐽𝑛𝐽𝑚},  

1

4
[𝐽(𝜙1), 𝐽(𝜙2)]+ =

1

4𝜋

1

2
∑  

∞

𝑛=−∞

  |𝑛|𝑒𝑖𝑛(𝜙1−𝜙2) +
1

(2𝜋)2
1

2
∑  

∞

𝑛,𝑚=−∞

 𝒩{𝐽𝑛𝐽𝑚}𝑒
𝑖𝑛𝜙1+𝑖𝑚𝜙2  

1

2
∑  

∞

𝑛=−∞

  |𝑛|𝑒𝑖𝑛𝜙 = −
1

4sin2⁡ (
𝜙
2
)
≡ 𝜕𝜙1𝒫(

1

2tan⁡ (
𝜙
2
)
)  

1

4
[𝐽(𝜙1), 𝐽(𝜙2)]+ = −

1

4𝜋

1

4sin2⁡ (
𝜙1 − 𝜙2
2 )

+ 𝑇(𝜙1) +
1

2𝜋

1

24
+ 𝒪(𝜙1 − 𝜙2), 𝜙2 → 𝜙1  

𝑇(𝜙) = lim
𝜖→0

  (
1

4
[𝐽(𝜙 + 𝜖), 𝐽(𝜙)]+ +

1

4𝜋𝜖2
)  

lim
𝜖→0

 (−
1

4𝜋

1

4sin2⁡ (
𝜖
2)
+

1

4𝜋𝜖2
) = −

1

2𝜋

1

24
 

𝑇−−
cl (𝜙, 𝑡) = Π−(𝐹𝑡(𝜙))

2, 𝑇++
cl (𝜙, 𝑡) = Π+(𝐹‾𝑡(𝜙))

2.  

𝐹𝑡
′(𝜙)2𝑇−−

F (𝜙, 𝑡) ≡ lim
𝜖→0

  [
1

2
𝐹𝑡
′(𝜙 + 𝜖)𝐹𝑡

′(𝜙)[Π−(𝐹𝑡(𝜙 + 𝜖)), Π−(𝐹𝑡(𝜙))]+ +
1

4𝜋𝜖2
]  

𝐹𝑡
′(𝜙)2𝑇−−

F (𝜙, 𝑡) = lim
𝜖→0

  [
1

4
𝐹𝑡
′(𝜙 + 𝜖)𝐹𝑡

′(𝜙)[𝐽(𝐹𝑡(𝜙 + 𝜖)), 𝐽(𝐹𝑡(𝜙))]+⊗𝟏+
1

4𝜋𝜖2
]  

lim
𝜖→0

  [−
1

4𝜋

𝐹𝑡
′(𝜙 + 𝜖)𝐹𝑡

′(𝜙)

4sin2⁡ (
𝐹𝑡(𝜙 + 𝜖) − 𝐹𝑡(𝜙)

2 )
+

1

4𝜋𝜖2
] = −

1

2𝜋

1

24
𝐹𝑡
′(𝜙)2 −

1

24𝜋
{𝐹𝑡(𝜙), 𝜙}  

𝐹𝑡
′(𝜙)2𝑇−−

F (𝜙, 𝑡) = 𝐹𝑡
′(𝜙)2𝑇(𝐹𝑡(𝜙)) ⊗ 𝟏 −

1

24𝜋
{𝐹𝑡(𝜙), 𝜙}  

(𝜓𝒪)𝑎1…𝑎𝑛(𝑥) = 𝑒
−Δw𝜒(𝐷(𝑥))

𝜕𝐷𝑏1

𝜕𝑥𝑎1
⋯
𝜕𝐷𝑏𝑛

𝜕𝑥𝑎𝑛
𝒪𝑏1…𝑏𝑛(𝐷(𝑥))

 

𝒪−⋯−+⋯+(𝑥
−, 𝑥+) = 𝑒−Δw𝜎(𝑥

−,𝑥+)𝒪−⋯−+⋯+
𝜂 (𝑥−, 𝑥+)  

𝜓𝒞𝜂 = 𝒞
∗(𝑒2𝜔𝒞𝜂) = 𝜂 

𝒞(𝑥−, 𝑥+) = (𝐶(𝑥−), 𝐶‾(𝑥+)) 𝑒
−2𝜔𝒞(𝐶(𝑥

−),𝐶‾(𝑥+))
= 𝐶′(𝑥−)𝐶‾′(𝑥+) 
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𝜕𝒞𝑎

𝜕𝑥𝑏
= 𝜕±𝐶±(𝑥

±)𝛿±
𝑎𝛿𝑏

± 

(𝜓𝒞𝒪)−⋯−+⋯+
𝜂 (𝑥−, 𝑥+) = 𝐶−

′ (𝑥−)ℎ𝐶+
′ (𝑥+)ℎ

‾
𝒪−⋯−+⋯+
𝜂

(𝐶−(𝑥
−), 𝐶+(𝑥

+))  

ℎ =
Δw
2
+ 𝑛−, ℎ‾ =

Δw
2
+ 𝑛+  

𝒪−⋯−+⋯+
𝜂 (𝑥−, 𝑥+) = 𝒪ℎ(𝑥

−)⊗ 𝒪ℎ‾ (𝑥
+)  

𝑉𝐹𝒪ℎ(𝜙)𝑉𝐹
† = 𝐹′(𝜙)ℎ𝒪ℎ(𝐹(𝜙)), 𝒪ℎ(𝜙) ≡ 𝒪ℎ(−𝜙)  

(𝜓𝒞𝒪−⋯−+⋯+
𝜂

)(𝑥−, 𝑥+) = (𝑉𝐶⊗𝑉‾𝐶‾)𝒪−⋯−+⋯+
𝜂 (𝑥−, 𝑥+)(𝑉𝐶⊗𝑉‾𝐶‾)

†  

𝒪−⋯−+⋯+(𝑥
−, 𝑥+) = 𝑒−Δw𝜔(𝑥

−,𝑥+)𝐹𝑡
′(𝜙)

Δw
2 𝐹‾𝑡

′(𝜙)
Δw
2 𝒪ℎ(𝑥

−) ⊗ 𝒪ℎ‾ (𝑥
+)  

𝒪−⋯−+⋯+
H (𝜙, 𝑡) ≡ 𝐹𝑡

′(𝜙)𝑛−𝐹‾𝑡
′(𝜙)𝑛+𝒪−⋯−+⋯+(𝑥

−, 𝑥+),  

𝒪−⋯−+⋯+
H (𝜙, 𝑡) = 𝑒−Δw𝜔(𝜙,𝑡)𝐹𝑡

′(𝜙)ℎ𝐹‾𝑡
′(𝜙)ℎ

‾
𝒪ℎ(𝐹𝑡(𝜙)) ⊗ 𝒪ℎ‾ (𝐹‾𝑡(𝜙))  

𝒪−⋯−+⋯+
S (𝜙, 𝑡) = 𝑒−Δw𝜔(𝜙,𝑡)𝒪ℎ(𝜙)⊗ 𝒪ℎ‾ (𝜙)  

𝜂𝑎𝑏(𝑥)𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑑𝑤𝑑𝑤‾ = 𝑑𝑟2 + 𝑟2𝑑𝜃2  

Vol(𝔻, 𝜂) = ∫  
𝔻

 𝑑2𝑥√𝜂 = ∫  
2𝜋

0

 𝑑𝜃 ∫  
1

0

 𝑑𝑟𝑟 = 𝜋  

𝒫𝑤(𝑤,𝑤‾ ) = 𝑃(𝑤) = 𝑤𝑛, 𝒫𝑤‾ (𝑤,𝑤‾ ) = 𝑃‾(𝑤‾ ) = 𝑤‾ 𝑛  

Vol(𝔻,𝒫∗𝜂) = ∫  
𝔻

 𝑑2𝑥√𝒫∗𝜂  

(𝒫∗𝜂)𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑃′(𝑤)𝑃‾′(𝑤‾ )𝑑𝑤𝑑𝑤‾ = 𝑛2|𝑤|𝑛−1𝑑𝑤𝑑𝑤‾ = 𝑛2𝑟2(𝑛−1)(𝑑𝑟2 + 𝑟2𝑑𝜃2)  

Vol(𝔻,𝒫∗𝜂) = ∫  
2𝜋

0

 𝑑𝜃 ∫  
1

0

 𝑑𝑟𝑟𝑛2𝑟2(𝑛−1) = 2𝜋𝑛2∫  
1

0

 𝑑𝑟𝑟2𝑛−1 = 𝑛𝜋  

Vol(𝔻,𝒫∗𝜂) = 𝑛Vol(𝔻, 𝜂)  

Vol(𝔻,𝒫∗𝜂) = ∫  
𝔻

 𝑑2𝑥√𝒫∗𝜂 = ∫  
𝔻

 𝑑2𝑥√𝜂det{𝜕𝑎𝒫
𝑏}  

Vol(𝔻,𝒫∗𝜂) = ∫  
𝒫−1(𝔻)

 𝑑2𝑥√𝜂 = ∫  
𝒫−1(𝔻)

 𝑑𝜃𝑑𝑟𝑟  

Vol(𝔻,𝒫∗𝜂) = ∫  
2𝜋𝑛

0

 𝑑𝜃 ∫  
1

0

 𝑑𝑟𝑟 = 𝑛𝜋  

𝑔𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜎(𝑤,𝑤‾ )𝜂𝑎𝑏𝑑𝑥

𝑎𝑑𝑥𝑏 , 𝜂𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑑𝑤𝑑𝑤‾  

𝑔̃𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜎̃(𝑤,𝑤‾ )𝜂𝑎𝑏𝑑𝑥

𝑎𝑑𝑥𝑏 , 𝜂̃𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑒2𝜅(𝑤,𝑤‾ )𝑑𝑤𝑑𝑤‾  
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𝜎̃(𝑤,𝑤‾ ) = 𝜅(𝑤, 𝑤‾ ) + Σ(𝑤,𝑤‾ )

𝜅(𝑤,𝑤‾ ) ≡
1

2
log⁡(𝑃′(𝑤)𝑃‾′(𝑤‾ )), Σ(𝑤,𝑤‾ ) ≡ 𝜎(𝑃(𝑤), 𝑃‾(𝑤‾ ))

 

𝜎̃(𝑤,𝑤‾ ) =
𝛾

2
log⁡ |𝑤|2 + 𝜎(0) + log⁡(𝛾 + 1) + 𝒪(𝑤𝛾+1) + 𝒪(𝑤‾ 𝛾+1),𝑤,𝑤‾ → 0  

𝑔̃𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = (𝛾 + 1)2|𝑤|2𝛾𝑒2𝜎(0)𝑑𝑤𝑑𝑤‾ +⋯ ,𝑤,𝑤‾ → 0  

𝑔̃𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = (𝛾 + 1)2𝑟2𝛾𝑒2𝜎(0)(𝑑𝑟2 + 𝑟2𝑑𝜃2) + ⋯ , 𝑟 → 0  

𝑟̃ = 𝑒𝜎(0)𝑟𝛾+1, 𝜃̃ = (𝛾 + 1)𝜃  

𝑔̃𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = 𝑑𝑟̃2 + 𝑟̃2𝑑𝜃̃2 +⋯  

𝑍D
reg[𝑔̃; ℝ2]

𝑍D
reg[𝜂; ℝ2]

= 𝑒𝐼Lio
reg
[𝜎̃,𝜂;ℝ2],

𝑍D
reg[𝜂̃;ℝ2]

𝑍D
reg[𝜂;ℝ2]

= 𝑒𝐼Lio
reg
[𝜅,𝜂;ℝ2],

𝑍D
reg[𝑔;ℝ2]

𝑍D
reg[𝜂; ℝ2]

= 𝑒𝐼Lio
reg
[𝜎,𝜂;ℝ2]  

𝑍D
reg[𝑔̃; ℝ2]

𝑍D
reg[𝑔; ℝ2]𝑛

= 𝑒𝐼Lio
reg
[𝜎̃,𝜂;ℝ2]−𝐼Lio

reg
[𝜅,𝜂;ℝ2]−𝑛𝐼Lio

reg
[𝜎,𝜂;ℝ2]

𝑍D
reg[𝜂̃; ℝ2]

𝑍D
reg[𝜂;ℝ2]𝑛

 

𝐼Lio
reg[𝜎̃, 𝜂;ℝ2] =

𝑐

24𝜋
∫  
ℝ2∖𝐵𝛿̃(0;𝑔̃)

 𝑑2𝑥√𝜂(𝜂𝑎𝑏𝜕𝑎𝜎̃𝜕𝑏𝜎̃ + 𝜎̃𝑅𝜂)  

𝐵𝛿𝑖(𝑤𝑖; 𝑔) ≡ {(𝑤,𝑤‾ ) ∈ ℝ
2 ∣ 𝐿𝑔(𝑤𝑖, 𝑤‾ 𝑖; 𝑤, 𝑤‾ ) < 𝛿𝑖}  

𝑟 = 𝜀 ≡ 𝑒
−
𝜎(0)
𝛾+1 𝛿̃

1
𝛾+1  

𝐼Lio
reg[𝜎̃, 𝜂;ℝ2] = −

𝑐

24𝜋
∫  
ℝ2∖𝐵𝛿̃(0;𝑔̃)

 𝑑2𝑥√𝜂𝜎̃∇2𝜎̃ +
𝑐

24𝜋
∫  
𝜕𝐵𝛿̃(0;𝑔̃)

 𝑑𝑥√ℎ𝑛𝑎𝜎̃𝜕𝑎𝜎̃  

√ℎ = 𝜀 + 𝒪(𝜀2), 𝑛𝑎 = −𝛿𝑟
𝑎 + 𝒪(𝜀2), 𝜀 → 0  

∫  
𝜕𝐵𝛿̃(0;𝑔̃)

 𝑑𝑥√ℎ𝑛𝑎𝜎̃𝜕𝑎𝜎̃= −(𝛾log⁡ 𝜀 + log⁡(𝛾 + 1) + 𝜎(0) + 𝒪(𝜀
𝛾+1)) ⁡

× ∫  
2𝜋

0

 𝑑𝜃𝜀𝜕𝑟(𝛾log⁡ 𝑟 + log⁡(𝛾 + 1) + 𝜎(0) + 𝒪(𝑟
𝛾+1))|

𝑟=𝜀

⁡

⁡= −2𝜋(𝛾2log⁡ 𝜀 + 𝛾log⁡(𝛾 + 1) + 𝛾𝜎(0) + 𝒪(𝜀𝛾+1))

 

𝐼Lio
reg[𝜎̃, 𝜂; ℝ2]

⁡= −
𝑐

24𝜋
∫  
ℝ2∖𝐵𝛿̃(0;𝑔̃)

 𝑑2𝑥√𝜂𝜎̃∇2𝜎̃ −
𝑐

12
[
𝛾2

𝛾 + 1
log⁡ 𝛿̃ +

𝛾

𝛾 + 1
𝜎(0) + 𝛾log⁡(𝛾 + 1) + 𝒪(𝛿̃)]

 

𝐼Lio
reg[𝜅, 𝜂; ℝ2]

⁡= −
𝑐

24𝜋
∫  
ℝ2∖𝐵𝛿̃(0;𝜂̃)

 𝑑2𝑥√𝜂𝜅∇2𝜅 −
𝑐

12
[
𝛾2

𝛾 + 1
log⁡ 𝛿̃ + 𝛾log⁡(𝛾 + 1) + 𝒪(𝛿̃)] .
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𝐼Lio
reg[Σ, 𝜂̃; ℝ2] ⁡=

𝑐

24𝜋
∫  
ℝ2∖𝐵𝛿̃(0;𝑔̃)

 𝑑2𝑥√𝜂(𝜂𝑎𝑏𝜕𝑎Σ𝜕𝑏Σ − 2Σ∇
2𝜅)

⁡= −
𝑐

24𝜋
∫  
ℝ2∖𝐵𝛿̃(0;𝑔̃)

 𝑑2𝑥√𝜂(Σ∇2Σ + 2Σ∇2𝜅)
 

√𝜂̃𝜂̃𝑎𝑏 = √𝜂𝜂𝑎𝑏 , √𝜂̃𝑅𝜂̃ = √𝜂(𝑅𝜂 − 2∇
2𝜅) = −√𝜂2∇2𝜅, ∇𝑎 

𝐼Lio
reg[𝜎̃, 𝜂;ℝ2] − 𝐼Lio

reg[𝜅, 𝜂; ℝ2] − 𝐼Lio
reg[Σ, 𝜂̃; ℝ2]

⁡= −
𝑐

12

𝛾

𝛾 + 1
𝜎(0) +

𝑐

24𝜋
∫  
ℝ2∖𝐵𝛿̃(0;𝑔̃)

 𝑑2𝑥√𝜂(Σ∇2𝜅 − 𝜅∇2Σ)
 

𝜎̃∇2𝜎̃ − (Σ∇2Σ + 2Σ∇2𝜅) − 𝜅∇2𝜅 = −(Σ∇2𝜅 − 𝜅∇2Σ).  

⁡∫  
ℝ2∖𝐵𝛿̃(0;𝑔̃)

 𝑑2𝑥√𝜂(Σ∇2𝜅 − 𝜅∇2Σ)

⁡= ∫  
𝜕𝐵𝛿̃(0;𝑔̃)

 𝑑𝑥√ℎ𝑛𝑎(Σ𝜕𝑎𝜅 − 𝜅𝜕𝑎Σ)

⁡= −∫  
2𝜋

0

 𝑑𝜃𝜀(Σ𝜕𝑟(𝛾log⁡ 𝑟 + log⁡(𝛾 + 1) +⋯) − (𝛾log⁡ 𝑟 + log⁡(𝛾 + 1) + ⋯)𝜕𝑟Σ)|
𝑟=𝜀

⁡= −2𝜋𝛾𝜎(0) + 𝒪(𝛿̃) + 𝒪 (𝛿̃
1

𝛾 + 1
log⁡ 𝛿̃)

 

lim
𝛿̃→0

 (𝐼Lio
reg[𝜎̃, 𝜂; ℝ2] − 𝐼Lio

reg[𝜅, 𝜂;ℝ2] − 𝐼Lio
reg[Σ, 𝜂̃; ℝ2]) = −

𝑐

12

𝛾(𝛾 + 2)

𝛾 + 1
𝜎(0)  

𝐼Lio
reg[Σ, 𝜂̃; ℝ2] =

𝑐

24𝜋
∫  
ℝ2∖𝐵𝛿̃(0;𝑔̃)

 𝑑2𝑥√𝜂̃(𝜂̃𝑎𝑏𝜕𝑎Σ𝜕𝑏Σ + Σ𝑅𝜂̃)  

𝐼Lio
reg[Σ, 𝜂̃; ℝ2] =

𝑐

24𝜋
∫  
𝒫−1(ℝ2∖𝐵𝛿̃(0;𝑔̃))

 𝑑2𝑦√𝜂(𝜂𝑎𝑏𝜕𝑎𝜎𝜕𝑏𝜎 + 𝜎𝑅𝜂)  

𝐼Lio
reg[Σ, 𝜂̃; ℝ2] = 𝑛𝐼Lio

reg[𝜎, 𝜂; ℝ2]  

lim
𝛿̃→0

 (𝐼Lio
reg[𝜎̃, 𝜂;ℝ2] − 𝐼Lio

reg[𝜅, 𝜂; ℝ2] − 𝑛𝐼Lio[𝜎, 𝜂;ℝ
2]) = −

𝑐

12
∑  

𝑘

𝑖=1

 
𝛾𝑖(𝛾𝑖 + 2)

𝛾𝑖 + 1
𝜎(𝑤𝑖, 𝑤‾ 𝑖)  

ℛ
(ℝ2,𝜂)

𝜀̃1,…,𝜀̃𝑘(𝑤1, 𝑤‾1; … ;𝑤𝑘 , 𝑤‾𝑘) =
𝑍D
reg[𝒫∗𝜂;ℝ2]

𝑍D
reg[𝜂; ℝ2]𝑛

,  

ℛ
(ℝ2,𝑒2𝜒𝜂)

𝜀̃1,…,𝜀̃𝑘 (𝑤1, 𝑤‾1;… ; 𝑤𝑘, 𝑤‾𝑘) = 𝑒
−
𝑐
12
∑  𝑘
𝑖=1  

𝛾𝑖(𝛾𝑖+2)
𝛾𝑖+1

𝜒(𝑤𝑖,𝑤‾ 𝑖)ℛ
(ℝ2,𝜂)

𝜀̃1,…,𝜀̃𝑘(𝑤1, 𝑤‾1;… ; 𝑤𝑘, 𝑤‾𝑘)  

ℛ
(ℝ2,𝐷∗𝜂)

𝜀̃1,…,𝜀̃𝑘 (𝑤1, 𝑤‾1; … ;𝑤𝑘 , 𝑤‾𝑘) = ℛ(𝐷(ℝ2),𝜂)
𝜀̃1,…,𝜀̃𝑘 (𝐷(𝑤1, 𝑤‾1);… ;𝐷(𝑤𝑘 , 𝑤‾𝑘))  

ℛ
(ℝ2,𝐷∗(𝑒2𝜒𝜂))

𝜀̃1,𝜀̃2 (𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2)

⁡= 𝑒−Δ𝑛((𝜒∘𝐷)(𝑤1,𝑤‾ 1)+(𝜒∘𝐷)(𝑤2,𝑤‾ 2))ℛ
(𝐷(ℝ2),𝜂)

𝜀̃1,𝜀̃2 (𝐷(𝑤1, 𝑤‾1);𝐷(𝑤2, 𝑤‾ 2))
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Δ𝑛 =
𝑐

12
(𝑛 −

1

𝑛
) 

𝒞(𝑤, 𝑤‾ ) = (𝐶(𝑤), 𝐶‾(𝑤‾ )), 𝜒(𝐶(𝑤), 𝐶‾(𝑤‾ )) = −
1

2
log⁡ 𝐶′(𝑤) −

1

2
log⁡ 𝐶′(𝑤‾ )  

(𝒞∗𝑒2𝜒𝜂)𝑎𝑏(𝑥) = 𝑒
2𝜒(𝒞(𝑥))

𝜕𝒞𝑐

𝜕𝑥𝑎
𝜕𝒞𝑑

𝜕𝑥𝑏
𝜂𝑐𝑑(𝒞(𝑥)) = 𝜂𝑎𝑏(𝑥)  

ℛ
(ℝ2,𝜂)

𝜀̃1,𝜀̃2 (𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2)

⁡= [𝐶′(𝑤1)𝐶‾
′(𝑤‾1)𝐶

′(𝑤2)𝐶‾
′(𝑤‾ 2)]

Δ𝑛/2ℛ
(𝒞(ℝ2),𝜂)

𝜀̃1,𝜀̃2 (𝐶(𝑤1), 𝐶‾(𝑤‾1); 𝐶(𝑤2), 𝐶‾(𝑤‾ 2))
 

𝐶(𝑤) =
𝑎𝑤 + 𝑏

𝑐𝑤 + 𝑑
, 𝐶‾(𝑤‾ ) =

𝑎‾𝑤‾ + 𝑏‾

𝑐‾𝑤‾ + 𝑑‾
 

ℛ
(ℝ2,𝜂)

𝜀̃1,𝜀̃2 (𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2) =
𝐵𝑛(𝜀1, 𝜀2)

[(𝑤1 −𝑤2)(𝑤‾1 −𝑤‾ 2)]
Δ𝑛

 

ℛ
(ℝ2,𝜂)

𝜀̃1,𝜀̃2 (𝑤1, 𝑤‾1; 𝑤2, 𝑤‾ 2) ≡ ℛ[𝜂; 𝜀1, 𝜀2]  

ℛ[𝜆2𝜂; 𝜆𝜀1, 𝜆𝜀2] = ℛ[𝜂; 𝜀1, 𝜀2]  

ℛ[𝜂; 𝜆−1𝜀1, 𝜆
−1𝜀2] = 𝜆

−Δ𝑛ℛ[𝜂; 𝜀1, 𝜀2]  

ℛ
(ℝ2,𝜂)

𝜀̃1,𝜀̃2 (𝑤1, 𝑤‾1;𝑤2, 𝑤‾ 2) = 𝑏(𝑛) [
𝜀1𝜀2

(𝑤1 −𝑤2)(𝑤‾1 −𝑤‾ 2)
]
Δ𝑛

 

Modelo Holográfico AdS/CFT en gravedad cuántica. 

 𝑎Σ 𝑑2 

Bosonic 
𝑁3

24
(1 − 𝑦+

2) −
𝑁3

6
(𝑞1 + 𝑞2) 

Fermionic 
𝑁3

32
−
1

96
∑𝑎  (

1 + 2𝑘𝑎

𝑘𝑎
2 𝑁𝑎

3 + ∑𝑏=𝑎+1
𝑛  𝑁𝑎𝑘𝑏 (

𝑁𝑎
2

𝑘𝑎
2 + 3

𝑁𝑏
2

𝑘𝑏
2)) −

1

24
(𝑁3 − ∑𝑎  

𝑁𝑎
3

𝑘𝑎
2) 

 

𝑆OS
(ren)

|
log
=
𝑁3(4𝑞1𝑞2 − 2(𝑞1 + 𝑞2)𝑦+(1 − 𝑦+) + 5𝑦+(1 − 𝑦+

2))

1920𝑦+
 

𝑇𝜇⁡𝜇 =
1

4𝜋2
(−𝑎4𝑑𝐸4 + 𝑐|𝑊|

2).  

𝑇𝜇⁡𝜇|Σ4
⊃

1

(4𝜋)2
(−𝑎Σ𝐸‾4 + 𝑑2𝒥2 +⋯)  
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⟨𝑇𝑎𝑏⟩ = −ℎ𝑇
(𝑑 − 𝔡 − 1)𝛿𝑎𝑏

|𝑥⊥|
𝑑

, ⟨𝑇𝑖𝑗⟩ = ℎ𝑇

(𝔡 + 1)𝛿𝑖𝑗 − 𝑑
𝑥⊥
𝑖 𝑥⊥

𝑗

|𝑥⊥|
2

|𝑥⊥|
𝑑

,
 

ℎ𝑇 = −
Γ(
𝑑
2 − 1)

𝜋
𝑑
2(𝑑 − 1)

𝑑2  

ℎ𝑇 = −
1

5𝜋3
𝑑2  

∫  
∞

−∞

 𝑑𝜆⟨Ψ|𝑇𝜇𝜈|Ψ⟩𝑣
𝜇𝑣𝜈 ≥ 0  

𝑆EE[Σ]|log = −4 [𝑎Σ +
1

4

(𝑑 − 4)(𝑑 − 5)

𝑑 − 1
𝑑2] log⁡ (

𝑅

𝜖
)  

4𝑎Σ +
2

5
𝑑2 = −𝑅𝜕𝑅(𝑆EE[Σ] − 𝑆EE[∅])|𝑅→0  

𝑆 = −
1

16𝜋𝐺𝑁
(7)
∫ ⁡ 𝑑7𝑥√|𝑔| (ℛ −

1

2
|𝜕𝜇Φ𝐼|

2
− 𝑔̂2𝑉(Φ) −

1

4
∑  

2

𝐼=1

 𝑒𝑎⃗ 𝐼Φ⃗⃗⃗
 
𝐹𝐼
2)  

𝑉 = −4𝑒−
1
2
(𝑎⃗ 1+𝑎⃗ 2)Φ⃗⃗⃗ − 2(𝑒

1
2
(𝑎⃗ 1+2𝛼⃗⃗ 2)Φ⃗⃗⃗ + 𝑒

1
2
(2𝑎⃗ 1+𝛼⃗⃗ 2)Φ⃗⃗⃗ ) +

1

2
𝑒2(𝑎⃗ 1+𝑎⃗ 2)Φ⃗⃗⃗

  

𝑑𝑠7
2 = (𝑦𝑃(𝑦))

1
5𝑑𝑠AdS5

2 +
𝑦(𝑦𝑃(𝑦))

1
5

4𝑄(𝑦)
𝑑𝑦2 +

𝑦𝑄(𝑦)

(𝑦𝑃(𝑦))
4
5

𝑑𝑧2  

𝑃(𝑦) = 𝐻1(𝑦)𝐻2(𝑦)

𝑄(𝑦) = −𝑦3 + 𝜇𝑦2 +
𝑔̂2

4
𝑃(𝑦)

 

𝐴𝐼 = (√1 −
𝜇

𝑞𝐼

𝑞𝐼
𝐻𝐼(𝑦)

+ 𝑎𝐼)𝑑𝑧  

𝑞𝐼 = 𝑦+(
3𝑛̂ + 1

𝑛̂𝑔̂2
− 𝑦+ ±

2

𝑔̂
√
(1 + 3𝑛̂)2

4𝑔̂2𝑛̂2
− 𝑦+)  

𝑞1 + 𝑞2
2𝑦+

= (
3𝑛̂ + 1

𝑛̂𝑔̂2
− 𝑦+) ≥ (

3𝑛̂ + 1

𝑛̂𝑔̂2
− 𝑦+,max) =

(𝑛̂ − 1)(3𝑛̂ + 1)

4𝑔̂2𝑛̂2
≥ 0.  
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𝑑𝑠11
2 = Δ̃1/3𝑑𝑠7

2 + 𝑔̂−2Δ̃−2/3 [𝑋0
−1𝑑𝜇0

2 +∑ 

2

𝐼=1

 𝑋𝐼
−1(𝑑𝜇𝐼

2 + 𝜇𝐼
2(𝑑𝜙𝐼 + 𝑔̂𝐴𝐼)

2)]

⋆11 𝐹4 = 2𝑔̂∑  

2

𝑖=0

  (𝑋𝑖
2𝜇𝑖
2 − Δ̃𝑋𝑖)Υ7 + 𝑔̂Δ̃𝑋0Υ7 +

1

2𝑔̂
∑  

2

𝑖=0

  ⋆7 𝑑ln⁡ 𝑋𝑖 ∧ 𝑑(𝜇𝑖
2)

⁡+
1

2𝑔̂2
∑ 

2

𝐼=1

 𝑋𝐼
−2𝑑(𝜇𝐼)

2 ∧ (𝑑𝜙𝐼 + 𝑔̂𝐴𝐼) ∧⋆7 𝐹𝐼

 

 

𝑋1 =
(𝑦𝐻2(𝑦))

2
5

𝐻1(𝑦)
3
5

, 𝑋2 =
(𝑦𝐻1(𝑦))

2
5

𝐻2(𝑦)
3
5

, 𝑋0 = (𝑋1𝑋2)
−2, Δ̃ = ∑  

2

𝑖=1

 𝑋𝑖𝜇𝑖
2  

 

𝜇0 = sin⁡ 𝜓cos⁡ 𝜁, 𝜇1 = sin⁡ 𝜁, 𝜇2 = cos⁡ 𝜓cos⁡ 𝜁  

𝑑𝑠11
2 = 𝑓AdS

2 𝑑𝑠AdS5
2 + 𝑓𝑦

2𝑑𝑦2 + 𝑓𝑧
2𝑑𝑧2 + 𝑓𝜙𝑖

2 𝑑𝜙𝑖
2 + 𝑓𝑧𝜙𝑖

2 𝑑𝑧𝑑𝜙𝑖 + 𝑓𝜓
2𝑑𝜓2 + 𝑓𝜁

2𝑑𝜁2 + 𝑓𝜓𝜁𝑑𝜓𝑑𝜁  

sin⁡ 𝑥 ≡ 𝑠𝑥 , cos⁡ 𝑥 ≡ 𝑐𝑥  

⋆11 𝐹4
𝜅2

=⁡−2(𝐻̂(𝑋0 + 2(𝑋1 + 𝑋2)) − 2𝑋0
2 + 2(𝑋0

2 − 𝑋1
2)𝑠𝜁

2 + 2(𝑋0
2 − 𝑋2

2)𝑐𝜓
2𝑐𝜁
2)Υ7

⁡+
𝑐𝜁
2𝑐𝜓𝑠𝜓

2𝑋0𝑋2
(𝑋2 ⋆7 𝑑𝑋0 − 𝑋0 ⋆7 𝑑𝑋2) ∧ 𝑑𝜓 +

𝑐𝜁𝑠𝜁

2𝑋1
⋆7 𝑑𝑋1 ∧ 𝑑𝜁

⁡−
𝑐𝜁𝑠𝜁

2𝑋0𝑋2
(𝑋2𝑠𝜓

2 ⋆7 𝑑𝑋0 + 𝑋0𝑐𝜓
2 ⋆7 𝑑𝑋2) ∧ 𝑑𝜁 +

𝑐𝜁𝑠𝜁

4𝑋1
2 𝑑𝜁 ∧ (𝑑𝜙1 + 2𝐴1) ∧⋆7 𝑑𝐴1

⁡−
𝑐𝜁𝑐𝜓

4𝑋2
2 (𝑐𝜁𝑠𝜓𝑑𝜓 + 𝑠𝜁𝑐𝜓𝑑𝜁) ∧ (𝑑𝜙2 + 2𝐴2) ∧⋆7 𝑑𝐴2

 

𝐻̂ =
𝑋2(𝐻2 − 𝑞2𝑐𝜓

2)𝑐𝜁
2

𝑦2
+ 𝑋1𝑠𝜁

2  

𝑑𝑠11
2 = 𝜅11

2
3 (

𝑉̇𝜎

2𝑉′′
)

1
3

(4𝑑𝑠AdS5
2 +

2𝑉′′𝑉̇

𝜎
𝑑Ω2

2 +
2(2𝑉̇ − 𝑉̈)

𝑉̇𝜎
(𝑑𝛽 +

2𝑉̇𝑉̇′

2𝑉̇ − 𝑉̈
𝑑𝜒)

2

+
2𝑉′′

𝑉̇
(𝑑𝑟2 +

2𝑉̇

2𝑉̇ − 𝑉̈
𝑟2𝑑𝜒2 + 𝑑𝜂2))

≡ 𝑓AdS
2 𝑑𝑠AdS5

2 + 𝑓𝕊2𝑑Ω2
2 + 𝑓𝛽

2𝑑𝛽2 + 𝑓𝜒
2𝑑𝜒2 + 𝑓𝛽𝜒

2 𝑑𝛽𝑑𝜒 + 𝑓3
2(𝑑𝑟2 + 𝑑𝜂2)

𝐶3 =
2𝜅11
𝜎
((𝑉̇𝑉̇′ − 𝜎𝜂)𝑑𝛽 − 2𝑉̇2𝑉′′𝑑𝜒) ∧ Υ𝕊2

 

𝑉′ ≡ 𝜕𝜂𝑉, 𝑉̇ ≡ 𝑟𝜕𝑟(𝑉), 𝜎 ≡ 𝑉
′′(2𝑉̇ − 𝑉̈) + (𝑉̇′)2.  

𝑉̈(𝑟, 𝜂) + 𝑟2𝑉′′(𝑟, 𝜂) = 0  

𝜛(𝜂) = lim
𝑟→0+

 𝑉̇(𝑟, 𝜂)  
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𝑉(𝑟, 𝜂) = −
1

2
∫ ⁡ 𝑑𝜂′𝐺(𝑟, 𝜂, 𝜂′)𝜛(𝜂′)  

𝐺(𝑟, 𝜂, 𝜂′) =
1

√𝑟2 + (𝜂 − 𝜂′)2
−

1

√𝑟2 + (𝜂 + 𝜂′)2
 

𝜛(𝜂) =

{
 
 

 
 (1 +

1

√1 − 4𝑞1
)𝜂, 𝜂 ∈ [0,

𝑁

2
√1 − 4𝑞1]

𝜂 + 𝑁/2, 𝜂 ∈ [
𝑁

2
√1 − 4𝑞1,∞)

 

𝜛𝑎(𝜂) ⁡= (1 + ∑  

𝑛

𝑏=𝑎+1

 𝑘𝑏)𝜂 +∑  

𝑎

𝑏=1

 𝜂𝑏𝑘𝑏

⁡≡ 𝑝𝑎+1𝜂 + 𝛿𝑎+1

 

𝑚𝑗 = ∑  

𝑛

𝑎=1

  (𝑝𝑎 − 𝑝𝑎+1)𝜂𝑎
𝑗
= ∑  

𝑛

𝑎=1

 𝑘𝑎𝜂𝑎
𝑗

 

𝑚1 =
𝑁

2
⁡ and ⁡𝑚3 =∑ 

𝑎

 
𝑁𝑎
3

8𝑘𝑎
2  

 

𝑑𝑠11
2 = 𝑔AdS

7×𝕊4
+ ℎ11.  

𝑑𝑠7
2 = (1 +

𝜍‾

5
)𝑔AdS7 + ℎ

‾
7  

𝜍‾ =
3

4
∫  
𝕊4
 √𝑔𝕊4ℎ

𝑎𝑏𝑔𝑎𝑏
(0)

 

𝑑𝑠7
2 =

𝐿2

𝑢2
(𝑑𝑢2 + 𝑔)  

𝑔 = 𝑔(0) + 𝑔(2)𝑢
2 + 𝑔(4)𝑢

4 + 𝑔(6)𝑢
6 + ℎ(6)𝑢

6log⁡ 𝑢2 +⋯  

⟨𝑇𝑖𝑗⟩𝑑𝑥
𝑖𝑑𝑥𝑗 ⁡=

3𝐿5

8𝜋𝐺𝑁
(7)
(𝑔(6) − 𝐴(6) +

𝑆

24
)

⁡=
𝑁3

4𝜋3
(𝑔(6) − 𝐴(6) +

𝑆

24
)
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1

𝐺𝑁
(7)
=
vol(𝕊4)

𝐺𝑁
(11)

, 𝐺𝑁
(11)

= 24𝜋7ℓ𝑃
9 , 𝐿3 = 𝜋𝑁ℓ𝑃

3 , vol(𝕊4) =
𝐿4𝜋2

6
 

𝐹𝑎
𝑀𝑁𝑃𝐹𝑏𝑀𝑁𝑃∼ 𝑐𝜃

2𝑔𝑎𝑏 +⋯ , ⁡

𝐹𝜑1
𝑀𝑁𝑃𝐹𝜑1𝑀𝑁𝑃∼ 𝑠𝜃

2 +⋯ , ⁡

𝐹𝜃
𝑀𝑁𝑃𝐹𝜃𝑀𝑁𝑃∼ 1 +⋯ , ⁡

𝐹𝑧
𝑀𝑁𝑃𝐹𝑧𝑀𝑁𝑃⁡∼ 𝑞1

2(13 − 5𝑐2𝜃)𝑢
8 +⋯ ,

𝐹𝑧
𝑀𝑁𝑃𝐹𝜑1𝑀𝑁𝑃⁡∼ 𝑞1𝑠𝜃

2𝑢4 +⋯ ,

𝐹𝑦
𝑀𝑁𝑃𝐹𝑦𝑀𝑁𝑃⁡∼ 𝑞1

2𝑠2𝜃
2 𝑢12 +⋯ ,

 

𝑑𝑠FG
2 =

𝐿2

𝑢2
(𝑑𝑢2 + 𝛼̂AdS𝑑𝑠AdS5

2 + 𝛼̂𝑧𝑑𝑧
2) + 𝐿2𝑠𝜃

2𝛼̂𝑧𝜑1𝑑𝑧𝑑𝜑1 + 𝐿
2𝑐ℵ
2𝑐𝜃
2𝛼̂𝑧𝜑2𝑑𝑧𝑑𝜑2

⁡+
𝐿2

4
(𝛼̂𝜃𝑑𝜃

2 + 𝑠𝜃
2𝛼̂𝜑1𝑑𝜑1

2 + 𝑐𝜃
2(𝛼̂ℵ𝑑ℵ

2 + 𝑐ℵ
2𝛼̂𝜑2𝑑𝜑2

2) + 𝛼̂𝜃ℵ𝑑𝜃𝑑ℵ)

 

𝑑𝑠2 = (𝑔𝜇𝜈
(0)
+ ℎ𝜇𝜈) 𝑑𝑥

𝜇𝑑𝑥𝜈  

𝑔𝜇𝜈
(0)
𝑑𝑥𝜇𝑑𝑥𝜈 =

𝐿2𝑑𝑢2

𝑢2
+
𝐿2

𝑢2
((1 +

𝑢2

2
+
𝑢4

16
)𝑑𝑠AdS5

2 + (1 −
𝑢2

2
+
𝑢4

16
)𝑑𝑧2) +

𝐿2

4
𝑑Ω4

2  

ℎ‾7 = −
2𝐿2(𝑞1 + 𝑞2)

15
𝑢4(𝑑𝑠AdS5

2 − 5𝑑𝑧2)  

𝜍 =
10𝑞2𝑐2ℵ𝑐𝜃

2 + 5(𝑞2 − 2𝑞1)𝑐2ℵ + 2𝑞1 − 3𝑞2
8

𝑢4 +⋯  

⟨𝑇𝑖𝑗⟩𝑑𝑥
𝑖𝑑𝑥𝑗 =

𝑁3

192𝜋3
[1 −

32

5
(𝑞1 + 𝑞2)] (𝑑𝑠AdS5

2 − 5𝑑𝑧2)  

⟨𝑇𝑖𝑗
(vac)

⟩ 𝑑𝑥𝑖𝑑𝑥𝑗 =
𝑁3

192𝜋3
(𝑑𝑠AdS5

2 − 5𝑑𝑧2)  

Δ⟨𝑇𝑖𝑗⟩𝑑𝑥
𝑖𝑑𝑥𝑗 = −

𝑁3(𝑞1 + 𝑞2)

30𝜋3
(𝑑𝑠AdS5

2 − 5𝑑𝑧2)  

ℎ𝑇 =
𝑁3(𝑞1 + 𝑞2)

30𝜋3
 

𝑑2 = −
1

6
𝑁3(𝑞1 + 𝑞2)  

𝐹4
2𝜅11

= [𝑐𝜔
2 𝑠𝜔

3
5𝑚3 − 2𝑚1

3

𝜚3
𝑑𝜚 ∧ 𝑑𝑧 + 3𝑐𝜔𝑠𝜔

2𝑚1𝑑𝜔 ∧ 𝑑𝑧 ⁡+𝑠𝜔
3
4(𝑚3 −𝑚1

3)

𝜚3
𝑑𝜚 ∧ 𝑑𝜑

+ 𝑐𝜔𝑠𝜔
2
6(𝑚1

3 −𝑚3)

𝜚2
𝑑𝜔 ∧ 𝑑𝜑] ∧ vol(𝕊2) + ⋯ 
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Figura 24. Torsión del espacio – tiempo cuántico. Curvatura por gravedad cuántica. 

𝐹𝑢𝑀𝑁𝑃𝐹𝑢
𝑀𝑁𝑃∼ 𝑠2𝜃

2 (𝑚1
3 −𝑚3)

2𝑢6 +⋯ ⁡

𝐹𝑧𝑀𝑁𝑃𝐹𝑧
𝑀𝑁𝑃∼ (13 − 5𝑐2𝜃)(𝑚1

3 −𝑚3)
2𝑢8 +⋯⁡

𝐹𝜑𝑀𝑁𝑃𝐹𝑧
𝑀𝑁𝑃⁡∼ (𝑚1

3 −𝑚3)𝑠𝜃
2𝑢4 +⋯

𝐹𝑎𝑀𝑁𝑃𝐹𝑏
𝑀𝑁𝑃⁡∼ 𝑔𝕊4 +⋯

 

ℎ11 =
𝐿2

𝑢2
(𝛼AdS − 1 −

𝑢2

2
−
𝑢4

16
)𝑑𝑠AdS5

2 +
𝐿2

𝑢2
(𝛼𝑧 − 1 +

𝑢2

2
−
𝑢4

16
)𝑑𝑧2

⁡+
𝐿2

4
(𝛼𝜃 − 1)𝑑𝜃

2 +
𝐿2𝑠𝜃

2

4
(𝛼𝜑 − 1)𝑑𝜑

2 +
𝐿2𝑐𝜃

2

4
(𝛼𝕊2 − 1)𝑑Ω2

2 + 𝐿2𝑠𝜃
2𝛼𝑧𝜑𝑑𝑧𝑑𝜑

 

ℎ‾7 = 𝐿
2
𝑚3 −𝑚1

3

30𝑚1
3 𝑢4𝑑𝑠AdS5

2 + 𝐿2
𝑚1
3 −𝑚3

6𝑚1
3 𝑢4𝑑𝑧2 +⋯  

𝜍 = (1 − 5𝑐2𝜃)
𝑚1
3 −𝑚3

16𝑚1
3 𝑢4 − 11(1 − 5𝑐2𝜃)

𝑚1
3 −𝑚3

216𝑚1
3 𝑢

6 +⋯  

𝑔7 = (1 +
𝜍‾

5
)𝑔(0) + ℎ‾7  

𝑑𝑠7
2 =

𝐿2

𝑢2
[𝑑𝑢2 + (1 +

𝑢2

2
+
𝑢4

16
+
(𝑚3 −𝑚1

3)𝑢6

30𝑚1
3 )𝑑𝑠AdS5

2

+(1 −
𝑢2

2
+
𝑢4

16
+
(𝑚1

3 −𝑚3)𝑢
6

6𝑚1
3 )𝑑𝑧2]
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⟨𝑇𝑖𝑗⟩𝑑𝑥
𝑖𝑑𝑥𝑗 = −

𝑁3(3𝑚1
3 − 8𝑚3)

960𝜋3𝑚1
3 (𝑑𝑠AdS5

2 − 5𝑑𝑧2)  

Δ⟨𝑇𝑖𝑗⟩𝑑𝑥
𝑖𝑑𝑥𝑗 = −

𝑁3(𝑚1
3 −𝑚3)

120𝜋3𝑚1
3 (𝑑𝑠AdS5

2 − 5𝑑𝑧2)  

ℎ𝑇 =
𝑚1
3 −𝑚3
15𝜋3

 

𝑑2 ⁡= −
𝑚1
3 −𝑚3
3

⁡= −
1

24
(𝑁3 −∑ 

𝑎

 
𝑁𝑎
3

𝑘𝑎
2) ,

 

𝑆EE =
𝒜min

4𝐺𝑁
 

𝑑𝑠AdS5
2 =

1

𝑤2
(𝑑𝑤2 − 𝑑𝑡2 + 𝑑𝑟‖

2 + 𝑟‖
2𝑑Ω2

2)  

𝒜min[Σ] = 8𝜋
4𝐿9𝑅∫  

∞

𝜖𝑤

 𝑑𝑤
√𝑅2 −𝑤2

𝑤3
ℐ = 4𝜋4 (

𝑅2

𝜖𝑤
2
− log⁡

2𝑅

𝜖𝑤
+⋯)ℐ  

ℐ ≡ ∫ ⁡ 𝑑𝜓𝑑𝜁 ∫  
Λ𝑦(𝜖𝑢,𝜓,𝜁)

𝑦+

 𝑑𝑦𝑓AdS
3 𝑓𝑦√(4𝑓𝜓

2𝑓𝜁
2 − 𝑓𝜓𝜁

4 )(𝑓𝜙1
2 𝑓𝑧𝜙2

4 + 𝑓𝜙2
2 𝑓̂𝑧𝜙1

4 − 4𝑓𝜙1
2 𝑓𝜙2

2 𝑓̂𝑧
2)  

ℐ =
1

8
∫ ⁡ 𝑑𝜓𝑑𝜁𝑐𝜓𝑐𝜁

2𝑠𝜁∫  
Λ𝑦(𝜖𝑢,𝜓,𝜁)

𝑦+

 𝑑𝑦𝑦  

Λ𝑦(𝜖𝑢, 𝜓, 𝜁) =
1

𝜖𝑢
2 +

1

2
+
3 − 10𝑞1 − 9𝑞2 − 2𝑞2𝑐2𝜓𝑐𝜁

2 + (2𝑞1 − 𝑞2)𝑐2𝜁

48
𝜖𝑢
2 +⋯  

ℐ =
1

24𝜖𝑢
4 +

1

24𝜖𝑢
2 +

1

960
(15 − 16(𝑞1 + 𝑞2) − 40𝑦+

2) + ⋯  

𝒜min[Σ] − 𝒜min[∅] = −
𝜋4𝐿9

30
(2𝑞1 + 2𝑞2 + 5(𝑦+

2 − 1)) (
𝑅2

𝜖𝑤
2
− log⁡

2𝑅

𝜖𝑤
+⋯)  

−𝑅𝜕𝑅(𝑆EE[Σ] − 𝑆EE[∅])|𝑅→0 = −
𝑁3

30
(2(𝑞1 + 𝑞2) + 5(𝑦+

2 − 1))  

𝑎Σ =
𝑁3

24
(1 − 𝑦+

2)  

𝑦+ ≤
3𝑛̂ + 1

4𝑛̂
≤ 1  

𝑑𝑠11
2 = 𝑓AdS

2 𝑑𝑠AdS5
2 + 𝑓𝕊2𝑑Ω2

2 + 𝑓𝑧
2𝑑𝑧2 + 𝑓𝜑

2𝑑𝜑2 + 𝑓𝑧𝜑
2 𝑑𝑧𝑑𝜑 + 𝑓𝜚

2𝑑𝜚2 + 𝑓𝜔
2𝑑𝜔2  
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𝒜min[Σ] = 32𝜋
4𝑅∫ ⁡ 𝑑𝑤

√𝑅2 −𝑤2

𝑤3
ℐ[Σ]  

ℐ[Σ] ≡ ∫  
𝜋/2

0

 𝑑𝜔∫  
Λ𝜚(𝜖𝑢,𝜔)

0

 𝑓AdS
3 𝑓𝕊2

2 𝑓𝜔𝑓𝜚√4𝑓𝑧
2𝑓𝜑

2 − 𝑓𝑧𝜑
4  

Λ𝜚(𝜖𝑢, 𝜔) =
2𝑚1

𝜖𝑢
2 +

2𝑚1
3𝑠𝜔
2 − (1 + 5𝑐2𝜔)𝑚3

48𝑚1
2 𝜖𝑢

2 + 𝑠𝜔
2
𝑚3 −𝑚1

3

36𝑚1
2 𝜖𝑢

4 +⋯  

𝒜min[Σ] = 16𝜋
4 (
𝑅2

𝜖𝑤
2
− log⁡

2𝑅

𝜖𝑤
+ 𝑂(𝜖𝑤

0 )) ℐ[Σ]  

ℐ[Σ] = 64𝜅11
3 ∫  

𝜋/2

0

 𝑑𝜔∫  
Λ𝜚(𝜖𝑢,𝜔)

0

 𝑑𝜚𝜚2𝑐𝜔𝑉̇𝑉
′′  

ℐ[Σ] = −32𝜅11
3 ∫  

Λ𝜂

0

 𝑑𝜂 ∫  
Λ𝑟

0

 𝑑𝑟𝜕𝑟𝑉̇
2  

Λ𝑟 = Λ𝜚(𝜖𝑢, 𝜔)𝑐𝜔, Λ𝜂 = Λ𝜚(𝜖𝑢, 𝜔)𝑠𝜔  

ℐ[Σ]

32𝜅11
3 = ∫  

𝜂𝑛

0

 𝑑𝜂𝜛(𝜂)2
⏟        

𝐼1

+∫  
Λ𝜚(𝜖𝑢,𝜋/2)

𝜂𝑛

 𝑑𝜂(𝜂 + 𝑚1)
2

⏟                
𝐼2

−∫  
𝜔=𝜋/2

𝜔=0

  𝑉̇2|
Λ𝑟

𝑑 (Λ𝜌(𝜖𝑢, 𝜔))
⏟                  

𝐼3

 

𝐼2 =
8𝑚1

2

3𝜖𝑢
6 +

4𝑚1
3

𝜖𝑢
4 +

13𝑚1
3 + 2𝑚3

6𝜖𝑢
2 +

8𝑚3 +𝑚1
3 − 18𝑚1

2𝜂𝑛 − 18𝑚1𝜂𝑛
2 − 6𝜂𝑛

3

18
+⋯  

𝐼3 =
8𝑚1

3

3𝜖𝑢
6 +

8𝑚1
3

3𝜖𝑢
4 +

5𝑚1
3 + 2𝑚3

6𝜖𝑢
2 +

𝑚1
3 + 14𝑚3
45

+⋯  

𝐼2 − 𝐼3 =
4𝑚1

3

3𝜖𝑢
4 +

4𝑚1
3

3𝜖𝑢
2 +

4𝑚3 +𝑚1
3 − 10𝜂𝑛(𝜂𝑛

2 + 3𝜂𝑛𝑚1 + 3𝑚1
2)

30
+⋯  

𝐼1 =
1

3
∑  

𝑛−1

𝑎=0

 (𝑝𝑎+1
2 (𝜂𝑎+1

3 − 𝜂𝑎
3) + 3𝛿𝑎+1𝑝𝑎+1(𝜂𝑎+1

2 − 𝜂𝑎
2) + 3𝛿𝑎+1

2 (𝜂𝑎+1 − 𝜂𝑎))  

ℐ[Σ]

32𝜅11
3 =

4𝑚1
3

3𝜖𝑢
4 +

4𝑚1
3

3𝜖𝑢
2 +

4𝑚3 +𝑚1
3

30
+
1

3
∑  

𝑛

𝑎=0

  (𝑝𝑎+1
2 𝜂𝑎+1

3 − 𝜂𝑎
3)

⁡+∑  

𝑛

𝑎=0

 𝛿𝑎+1𝑝𝑎+1(𝜂𝑎+1
2 − 𝜂𝑎

2) +∑  

𝑛

𝑎=0

 𝛿𝑎+1
2 (𝜂𝑎+1 − 𝜂𝑎)

 

ℐ[∅]

32𝜅11
3 =

4𝑚1
3

3𝜖𝑢
4 +

4𝑚1
3

3𝜖𝑢
2 −

5𝑚1
3

6
+⋯  
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ℐ[Σ] − ℐ[∅]

32𝜅11
3 =

2𝑚3 + 13𝑚1
3

15
+
1

3
∑  

𝑛

𝑎=0

 𝑝𝑎+1
2 (𝜂𝑎+1

3 − 𝜂𝑎
3) +∑  

𝑛

𝑎=0

 𝛿𝑎+1𝑝𝑎+1(𝜂𝑎+1
2 − 𝜂𝑎

2)

+∑  

𝑛

𝑎=0

 𝛿𝑎+1
2 (𝜂𝑎+1 − 𝜂𝑎))

 

𝒜min[Σ] − 𝒜min[∅] = 2
9𝜋4𝜅11

3 (
𝑅2

𝜖𝑤
2
− log⁡

2𝑅

𝜖𝑤
+ 𝑂(1)) (ℐ[Σ] − ℐ[∅])  

𝑅𝜕𝑅(𝑆EE[Σ] − 𝑆EE[∅]) = −(ℐ[Σ] − ℐ[∅]),  

𝐺𝑁
(11)

= 213𝜋4𝜅11
3  𝜅11 = 𝐿

3/8𝑁 

𝑑2 = −
1

3
(𝑚1

3 −𝑚3) 

𝑎Σ =
(∑  𝑛

𝑎=1  𝑘𝑎𝜂𝑎)
3

4
+
1

12
∑  

𝑛

𝑎=0

(𝑝𝑎+1
2 (𝜂𝑎+1

3 − 𝜂𝑎
3) + 3𝛿𝑎+1𝑝𝑎+1(𝜂𝑎+1

2 − 𝜂𝑎
2) + 3𝛿𝑎+1

2 (𝜂𝑎+1 − 𝜂𝑎)) 

𝑎Σ =
𝑁3

32
−
1

96
∑  

𝑛

𝑎=1

 (
1 + 2𝑘𝑎

𝑘𝑎
2 𝑁𝑎

3 + ∑  

𝑛

𝑏=𝑎+1

 𝑁𝑎𝑘𝑏 (
𝑁𝑎
2

𝑘𝑎
2 + 3

𝑁𝑏
2

𝑘𝑏
2))  

𝑎Σ|𝑛=1 =
𝑁3

48
(1 + 2𝑞1 −√1 − 4𝑞1)  

𝑐4 d =
25𝜋3𝜅11

3

(2𝜋ℓ𝑃)
9
∫  
ℳ6

 (
𝑉̇𝜎

2𝑉′′
)

3
2

 

𝑑𝑠11
2 = (

𝜅11
2 𝑉̇𝜎

2𝑉′′
)

1
3

(𝑑𝑠AdS5
2 + 𝑑𝑠ℳ6

2 )  

𝑆 =
1

16𝜋𝐺𝑁
(11)

∫  
ℳ

 𝑑11𝑥√−𝑔11 (ℛ −
1

48
𝐹𝑀𝑁𝑃𝑄𝐹

𝑀𝑁𝑃𝑄) +
1

8𝜋𝐺𝑁
(11)

∫  
𝜕ℳ

 𝐾Υ𝜕ℳ + 𝑆CS  

√−𝑔11 (ℛ −
1

48
𝐹𝑀𝑁𝑃𝑄𝐹

𝑀𝑁𝑃𝑄)𝑑11𝑥 = −
1

3
𝐹4 ∧⋆ 𝐹4  

𝑑 ⋆ 𝐹4 = 0  

𝑆OS =
1

16𝜋𝐺𝑁
(11)

∫  
𝜕ℳ

  (2𝐾Υ𝜕ℳ −
1

3
𝐹4 ∧ 𝐶6) =: 𝑆OS,GHY + 𝑆OS,bulk  

𝐶6 = 𝐿
6{
1

2
𝑞2𝑐𝜁

2𝑐𝜓
2𝑑𝜙2 +

1

2
𝑞1𝑠𝜁

2𝑑𝜙1 + [𝑦(𝑦
2 + 𝑞2) −

𝑐𝜁
2

2𝑦
(𝑞2𝑐2𝜓(𝑦(𝑦 − 𝑎2 − 1) + 𝑞1)

+2𝑞1𝑦(𝑎1 − 𝑦 + 1) + 𝑞2𝑦(𝑦 − 𝑎2 − 1) − 𝑞2𝑞1)]𝑑𝑧} ∧ ΥAdS5
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𝐶6(𝑦+) = 𝐿
6 {
1

2
𝑞2𝑐𝜁

2𝑐𝜓
2𝑑𝜙2 +

1

2
𝑞1𝑠𝜁

2𝑑𝜙1 + 𝑦+𝐻2(𝑦+)𝑑𝑧} ∧ ΥAdS5  

Λ5 = −𝑧𝐿
6𝑦+𝐻2(𝑦+)ΥAdS5  

Λ5 → Λ5 + 𝑧𝐿
6𝑐𝜁
2𝑐𝜓
2𝑎2𝑞2 + 𝑧𝐿

6𝑠𝜁
2𝑎1𝑞1  

𝐶̃6 = 𝐿
6 [(

1

𝑢6
+

3

2𝑢4
−

1

16𝑢2
(2𝑞1 − 3(5 + 𝑞2) + 10𝑞2𝑐2ℵ𝑐𝜃

2 + 5(𝑞2 − 2𝑞1)𝑐2𝜃)) 𝑑𝑧] ∧ ΥAdS5 +⋯  

𝐹4 =
𝐿3

8
{[[3𝑐𝜃

2𝑠𝜃𝑑𝜑1 ∧ 𝑑𝜃 +
𝑐𝜃
3

2
(5𝑠𝜃

2(2𝑞1 − 𝑞2𝑐2ℵ − 𝑞2)𝑑𝑢 ∧ 𝑑𝜑1 + 16𝑞1𝑑𝑢 ∧ 𝑑𝑧)𝑢
3] ∧ Υ𝕊2

+
𝑠𝜃|𝑐ℵ|

2
𝑑𝑢 ∧ 𝑑𝜑1 ∧ (5𝑞2𝑐𝜃

2𝑠2ℵ𝑑𝜃 ∧ 𝑑𝜑2 + 8𝑞2𝑑𝑧 ∧ (
2𝑠ℵ
𝑐ℵ
𝑑𝜃 − 𝑠2𝜃𝑑ℵ))𝑢

3} + ⋯

 

Υ𝜕ℳ =
𝐿10

16
(
1

𝜖𝑢
6 +

1

𝜖𝑢
4 +

5

16𝜖𝑢
2 +

5(5𝑐2𝜃(𝑞2 − 2𝑞1) + 2𝑞1 + 𝑞2(10𝑐𝜃
2𝑐2ℵ − 3))

432
)ΥAdS5 ∧ 𝑑𝑧 ∧ Υ𝕊4 +⋯ 

𝐾 = −
6

𝐿
+
2𝜖𝑢

2

𝐿
−
3𝜖𝑢

4

4𝐿
+
(25𝑐2𝜃(𝑞2 − 2𝑞1) + 10𝑞1 + 50𝑞2𝑐𝜃

2𝑐2ℵ − 15𝑞2 + 9)𝜖𝑢
6

72𝐿
+⋯  

𝑆OS,GHY = −vol(AdS5)
𝜋2𝐿9

8𝐺𝑁
(11)

(
2

𝜖𝑢
6 +

4

3𝜖𝑢
4 +

5

24𝜖𝑢
2) +⋯  

𝑆OS, bulk = −vol(AdS5)
𝜋2𝐿9

16𝐺𝑁
(11)

(
2

3𝜖𝑢
6 +

1

𝜖𝑢
4 +

5

8𝜖𝑢
2 −

2𝑞1(𝑞2 + 𝑦+(2 + 3𝑦+))

15𝑦+

−
32𝑞2 + 48𝑞2𝑦+ + 80𝑦+

3 − 25

120
) +⋯

 

𝑆OS − 𝑆OS
(vac)

=
vol(AdS5)𝜋

2𝐿9

120𝑦+𝐺𝑁
(11)

(𝑞1𝑞2 + (𝑞1 + 𝑞2)𝑦+(2 + 3𝑦+) + 5𝑦+(𝑦+
3 − 1))⁡

= −
vol(AdS5)𝜋

2𝐿9

24𝐺𝑁
(11)

(1 − 𝑦+
2 −

1

5
(
2𝑞1

2

𝑞1 + 𝑦+
2 +

2𝑞2
2

𝑞2 + 𝑦+
2)) ⁡

⁡= −
vol(AdS5)𝜋

2𝐿9

24𝐺𝑁
(11)

(1 − 𝑦+
2 −

1

5
(2𝑎1𝑞1 + 2𝑎2𝑞2))

 

𝑆OS
(ren)

|
log
= −

𝑁3

1920𝑦+
(𝑞1𝑞2 + (𝑞1 + 𝑞2)𝑦+(2 + 3𝑦+) + 5𝑦+(𝑦+

3 − 1))⁡

⁡=
𝑁3(4𝑞1𝑞2 − 2(𝑞1 + 𝑞2)𝑦+(1 − 𝑦+) + 5𝑦+(1 − 𝑦+

2))

1920𝑦+

 

𝜑𝐼 = 𝜑̃𝐼 + 2𝑎𝐼𝑛𝐼𝑧  

3𝐿9

8
(𝑛2𝑞2𝑎2𝑐𝜁

2𝑐𝜓
2 + 𝑛1𝑎1𝑞1𝑠𝜁

2)Υ𝕊4 ∧ ΥAdS5 ∧ 𝑑𝑧 +⋯ ⊂ 𝐹4 ∧ 𝐶6  
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𝑆OS⟼ 𝑆OS −
vol(AdS5)𝜋

2𝐿9

24𝐺𝑁
(11)

1

5
(2𝑛1𝑎1𝑞1 + 2𝑛2𝑎2𝑞2)  

𝒵𝕊𝛽
1×𝕊3 = 𝑒

−𝛽𝐸𝐶ℐ  

𝐸𝐶[∅] ≡
𝔠

24
,⁡ where ⁡𝔠 = 𝑁(𝑁2 − 1)(𝔟 + 𝔟−1)2 +𝑁 − 1  

𝐸𝐶[Σ]𝜗,𝔴⃗⃗ − 𝐸𝐶[∅] ⁡=
1

2
(𝔟 + 𝔟−1)2[(𝜚̂𝔩, 𝜚̂𝔩) − (𝜚̂𝔤, 𝜚̂𝔤)] +

1

2
(𝔴⃗⃗ , 𝔴⃗⃗ ),

⁡= −
1

6
(𝑁3 −∑  

𝑛

𝑎=1

 𝑁𝑎
3 − 3(𝔴⃗⃗ , 𝔴⃗⃗ )) .

 

(𝜚̂𝔩, 𝜚̂𝔩) =
1

12
∑  

𝑛

𝑎=1

  (𝑁𝑎
3 −𝑁𝑎), (𝜚̂𝔤, 𝜚̂𝔤) =

1

12
(𝑁3 −𝑁)  

𝐸𝐶[Σ]𝜗,0⃗⃗ − 𝐸𝐶[∅] = 4𝑑2|𝑘𝑎→1,  

𝑎Σ =
9𝑘𝑟𝑟𝑟 − 3𝑘𝑟

32
,  

𝑟Σ =
2

3
(2𝑟6𝑑 −𝑀𝜑)  

𝑘𝑟𝑟𝑟 =
2

27
(𝔫𝑣 − 𝔫ℎ) +

8

9
𝔫𝑣, 𝑘𝑟 =

2

3
(𝔫𝑣 − 𝔫ℎ),  

𝑓AdS
2 = 𝜅2/3 [

𝑐𝜁
2(𝑞1 + 𝑦

2)(𝑞2 − 𝑞2𝑐2𝜓 + 2𝑦
2)

2𝑦
+ 𝑦(𝑞2 + 𝑦

2)𝑠𝜁
2]

1/3

𝑓𝑦
2 = 𝜅2/3

𝑓AdS
2 𝑦

4(𝑞1 + 𝑦
2)(𝑞2 + 𝑦

2) − 4𝑦3
,

𝑓𝑧
2 = 𝜅2/3 [

𝑐𝜁
2 (𝑐2𝜓 ((𝑎2 + 1)

2𝑞2𝑦 + 𝑎2
2𝑦3 − 𝑞2(𝑞1 + 𝑦

2)) + (𝑎2 + 1)
2𝑞2𝑦 + (𝑎2

2 − 2)𝑦3)

2𝑦𝑓AdS
4

+
𝑠𝜁
2 (𝑦 ((𝑎1

2 − 1)𝑦 + (𝑞2 + 𝑦
2)) + (𝑎1 + 1)

2𝑞1)

𝑓AdS
4

+
𝑐𝜁
2(𝑞1 + 𝑦

2)(𝑞2 + 2𝑦
2)

2𝑓AdS
4 𝑦

]

𝑓𝜙1
2 = 𝜅2/3

(𝑞1 + 𝑦
2)𝑠𝜁

2

4𝑓AdS
4

,

𝑓𝜙2
2 = 𝜅2/3

𝑐𝜓
2𝑐𝜁
2(𝑞2 + 𝑦

2)

4𝑓AdS
4

,

𝑓𝑧𝜙1
2 = 𝜅2/3

𝑠𝜁
2(𝑎1𝑞1 + 𝑎1𝑦

2 + 𝑞1)

𝑓AdS
4

,
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𝑓𝑧𝜙2
2 ⁡= 𝜅2/3

𝑐𝜓
2𝑐𝜁
2(𝑎2𝑞2 + 𝑎2𝑦

2 + 𝑞2)

𝑓AdS
4

𝑓𝜓
2 ⁡= 𝜅2/3

𝑐𝜁
2(𝑞2 − 𝑞2𝑐2𝜓 + 2𝑦

2)

8𝑓AdS
4

𝑓𝜁
2 ⁡= 𝜅2/3

𝑞1𝑐2𝜁 + 2𝑞2𝑐𝜓
2𝑠𝜁
2 + 𝑞1 + 2𝑦

2

8𝑓AdS
4

𝑓𝜓𝜁
2 ⁡= 𝜅2/3

𝑞2𝑐𝜓𝑐𝜁𝑠𝜓𝑠𝜁

2𝑓AdS
4

 

𝑓𝑦
2𝑑𝑦2 + 𝑓𝜓

2𝑑𝜓2 + 𝑓𝜁
2𝑑𝜁2 + 𝑓𝜓𝜁

2 𝑑𝜓𝑑𝜁 =
𝐿2

𝑢2
𝑑𝑢2 +

𝐿2

4
(𝑐𝜃
2𝛼̂ℵ𝑑ℵ

2 + 𝛼̂𝜃𝑑𝜃
2 + 𝛼̂𝜃ℵ𝑑𝜃𝑑ℵ)  

𝑦=
1

𝑢2
+
1

2
+
(2𝑞1 − 𝑞2)𝑐2𝜃 − 2𝑞2𝑐2ℵ𝑐𝜃

2 − 10𝑞1 − 9𝑞2 + 3

48
𝑢2 +⋯⁡

𝜓⁡= ℵ +
𝑞2𝑠2ℵ
24

𝑢4 +⋯

𝜁⁡= 𝜃 −
𝑠2𝜃(𝑞1 − 𝑞2𝑐ℵ

2)

24
𝑢4 +⋯

 

𝑑𝑠FG
2 =

𝐿2

𝑢2
(𝑑𝑢2 + 𝛼̂AdS𝑑𝑠AdS5

2 + 𝛼̂𝑧𝑑𝑧
2) + 𝐿2𝑠𝜃

2𝛼̂𝑧𝜑1𝑑𝑧𝑑𝜑1 + 𝐿
2𝑐ℵ
2𝑐𝜃
2𝛼̂𝑧𝜑2𝑑𝑧𝑑𝜑2⁡

⁡+
𝐿2

4
(𝛼̂𝜃𝑑𝜃

2 + 𝑠𝜃
2𝛼̂𝜑1𝑑𝜑1

2 + 𝑐𝜃
2(𝛼̂ℵ𝑑ℵ

2 + 𝑐ℵ
2𝛼̂𝜑2𝑑𝜑2

2) + 𝛼̂𝜃ℵ𝑑𝜃𝑑ℵ)

 

𝜙𝐼 = 𝜑𝐼 − 2𝑎𝐼𝑧  

𝛼̂AdS ⁡= 1 +
𝑢2

2
+
3 − 2𝑞1 + 3𝑞2 − 10𝑞2𝑐2ℵ𝑐𝜃

2 + 5(2𝑞1 − 𝑞2)𝑐2𝜃
48

𝑢4 +⋯

𝛼̂𝑧 ⁡= 1 −
𝑢2

2
+
3 − 2𝑞1 + 3𝑞2 − 10𝑞2𝑐2ℵ𝑐𝜃

2 + 5(2𝑞1 − 𝑞2)𝑐2𝜃
48

𝑢4 +⋯

𝛼̂𝜑1 ⁡= 1 +
10𝑞2𝑐2ℵ𝑐𝜃

2 + 5(𝑞2 − 2𝑞1)𝑐2𝜃 + 14𝑞1 − 11𝑞2
24

𝑢4 +⋯

 

𝛼̂𝜑2 ⁡= 1 +
10𝑞2𝑐2ℵ𝑐𝜃

2 + 5(𝑞2 − 2𝑞1)𝑐2𝜃 − 6𝑞1 + 9𝑞2
24

𝑢4 +⋯ ,

𝛼̂𝑧𝜑1 ⁡= 𝑞1𝑢
4 − 𝑞1𝑢

6 +⋯ ,

𝛼̂𝑧𝜑2 ⁡= 𝑞2𝑢
4 − 𝑞2𝑢

6 +⋯ ,

𝛼̂𝜃 ⁡= 1 +
5𝑞2𝑐2ℵ + 2𝑞1 − 3𝑞2

12
𝑢4 +⋯ ,

𝛼̂ℵ ⁡= 1 +
5(𝑞2 − 2𝑞1)𝑐2𝜃 − 10𝑞2𝑐2ℵ𝑠𝜃

2 − 6𝑞1 − 𝑞2
24

𝑢4 +⋯ ,

𝛼̂𝜃ℵ ⁡=
5𝑞2𝑠2𝜃𝑠2ℵ

12
𝑢4 +⋯

 

𝑎𝐼 = −
𝑞𝐼

𝑞𝐼 + 𝑦+
2  

𝜛𝑎(𝜂) = 𝑝1+𝑎𝜂 + 𝛿1+𝑎 
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−
1

2
∫ ⁡ 𝑑𝜂′𝐺(𝑟, 𝜂, 𝜂′)𝜛𝑎(𝜂

′) =
𝑝1+𝑎
2
(√𝑟2 + (𝜂 + 𝜂′)2 −√𝑟2 + (𝜂 − 𝜂′)2

−𝜂tanh−1⁡ (
𝜂 + 𝜂′

√𝑟2 + (𝜂 + 𝜂′)2
) + 𝜂tanh−1⁡ (

𝜂 − 𝜂′

√𝑟2 + (𝜂 − 𝜂′)2
))

⁡+
𝛿1+𝑎
2
(tanh−1⁡ (

𝜂 + 𝜂′

√𝑟2 + (𝜂 + 𝜂′)2
) + tanh−1⁡ (

𝜂 − 𝜂′

√𝑟2 + (𝜂 − 𝜂′)2
))

 

𝑓3
2(𝑑𝑟2 + 𝑑𝜂2) → 𝑓𝜚

2𝑑𝜚2 + 𝑓𝜔
2𝑑𝜔2  

𝑉̇ ⁡= 𝜚𝑠𝜔 +𝑚1𝑠𝜔 −
𝑚3𝑐𝜔

2 𝑠𝜔
2𝜚2

+
𝑚5(7𝑐2𝜔 − 1)𝑐𝜔

2 𝑠𝜔
16𝜚4

+⋯

𝑉̈ ⁡= −𝑚1𝑐𝜔
2 𝑠𝜔 +

𝑚3(5𝑐2𝜔 + 1)𝑐𝜔
2 𝑠𝜔

4𝜚2
−
𝑚5(28𝑐2𝜔 + 63𝑐4𝜔 + 29)𝑐𝜔

2 𝑠𝜔
64𝜚4

+⋯

𝑉̇′ ⁡= 1 +
𝑚1𝑐𝜔

2

𝜚
+
𝑚3(3 − 5𝑐2𝜔)𝑐𝜔

2

4𝜚3
+
3𝑚5(21𝑐4𝜔 − 28𝑐2𝜔 + 15)𝑐𝜔

2

64𝜚5
+⋯

𝑉′′ ⁡=
𝑚1𝑠𝜔
𝜚2

−
𝑚3(5𝑐2𝜔 + 1)𝑠𝜔

4𝜚4
+
𝑚5(28𝑐2𝜔 + 63𝑐4𝜔 + 29)𝑠𝜔

64𝜚6
+⋯

 

𝜎 = 1 +
2𝑚1
𝜚
−
𝑚1
2(𝑐2𝜔 − 3)

2𝜚2
+
𝑚3(1 − 3𝑐2𝜔)

2𝜚3
+
𝑚3𝑚1(1 − 12𝑐2𝜔 + 3𝑐4𝜔)

8𝜚4
+⋯  

(2𝑚1)
1/3

𝜅11
2/3

𝑓AdS
2 ⁡= 4𝜚 + 4𝑚1 +

5𝑚3𝑐2𝜔 + 4𝑚1
3𝑠𝜔
2 +𝑚3

3𝑚1𝜚
+
4(𝑚3 −𝑚1

3)𝑠𝜔
2

3𝜚2
+⋯

(2𝑚1)
1/3

𝑠𝜔
2𝜅11

2/3
𝑓𝕊2
2 ⁡= 2𝑚1 −

(1 + 5𝑐2𝜔)𝑚3 + 4𝑠𝜔
2𝑚1

3

3𝜚2
+
8𝑚1(𝑚1

3 −𝑚3)𝑠𝜔
2

3𝜚3
+⋯

(2𝑚1)
1/3

𝜅11
2/3

𝑓𝜚
2 ⁡=

2𝑚1
𝜚2

−
(1 + 5𝑐2𝜔)𝑚3 − 2𝑠𝜔

2𝑚1
3

3𝜚4
+
4𝑚1(𝑚3 −𝑚1

3)𝑠𝜔
2

3𝜚5
+⋯

(2𝑚1)
1/3

𝜅11
2/3

𝑓𝛽
2 ⁡= 4𝜚 +𝑚1(𝑐2𝜔 − 3) +

(1 + 5𝑐2𝜔)𝑚3 + 4𝑚1
3𝑠𝜔
2

3𝑚1𝜚
+⋯

(2𝑚1)
1/3

𝜅11
2/3

𝑓𝜒
2 ⁡= 4𝜚 + 4𝑚1𝑐2𝜔 +

5𝑚3𝑐2𝜔 + 4𝑚1
3𝑠𝜔
2 +𝑚3

3𝑚1𝜚
+⋯

(2𝑚1)
1/3

𝜅11
2/3

𝑓𝛽𝜒
2 ⁡= 8𝜚 − 8𝑚1𝑠𝜔

2 +
2(5𝑚3𝑐2𝜔 + 4𝑚1

3𝑠𝜔
2 +𝑚3)

3𝑚1𝜚
+⋯

 

𝑓𝜚
2𝑑𝜚2 + 𝑓𝜔

2𝑑𝜔2 =
𝐿2

𝑢2
𝑑𝑢2 +

𝐿2

4
𝛼𝜃𝑑𝜃

2  

𝜌 =
2𝑚1
𝑢2

+
2𝑚1

3𝑐𝜃
2 +𝑚3(5𝑐2𝜃 − 1)

48𝑚1
2 𝑢2 +

(𝑚3 −𝑚1
3)𝑐𝜃

2

36𝑚1
2 𝑢4 +⋯

𝜔 = 𝜃 +
𝜋

2
−
(𝑚1

3 + 5𝑚3)𝑠2𝜃

96𝑚1
3 𝑢4 +

(𝑚1
3 −𝑚3)𝑠2𝜃

216𝑚1
3 𝑢6 +⋯

 

𝜒 = (1 + 𝒞𝑧)𝑧 + 𝑎𝜑𝜑, 𝛽 = −𝒞𝑧𝑧 + 𝑏𝜑𝜑  
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𝑓𝜑
2

𝐿2
⁡=
(𝑎𝜑 + 𝑏𝜑)

2

𝑢2
−
1

8
((2𝑎𝜑 + 𝑏𝜑)

2
𝑐2𝜃 + 𝑏𝜑(4𝑎𝜑 + 3𝑏𝜑)) + ⋯

𝑓𝑧𝜑
2

𝐿2
⁡=
2(𝑎𝜑 + 𝑏𝜑)

𝑢2
+
1

4
(2𝑎𝜑𝒞𝑧 + 𝑏𝜑(𝒞𝑧 − 2) − (2𝑎𝜑 + 𝑏𝜑)(𝒞𝑧 + 2)𝑐2𝜃) + ⋯

𝑓𝑧
2

𝐿2
⁡=

1

𝑢2
+
1

8
(𝒞𝑧(𝒞𝑧 + 4) − (𝒞𝑧 + 2)

2𝑐2𝜃) + ⋯

 

𝑑𝑠FG
2 =

𝐿2

𝑢2
(𝑑𝑢2 + 𝛼AdS𝑑𝑠AdS5

2 + 𝛼𝑧𝑑𝑧
2) + 𝐿2𝑠𝜃

2𝛼𝑧𝜑𝑑𝑧𝑑𝜑

⁡+
𝐿2

4
(𝑠𝜃
2𝛼𝜑𝑑𝜑

2 + 𝑐𝜃
2𝛼𝕊2𝑑Ω2

2 + 𝛼𝜃𝑑𝜃
2)

 

𝛼AdS = 1 +
𝑢2

2
+
1

96
(10𝑐𝜃

2 +
𝑚3(1 − 5𝑐2𝜃)

𝑚1
3 )𝑢4 +

(𝑚3 −𝑚1
3)𝑐𝜃

2

18𝑚1
3 𝑢6…  

𝛼𝑧 = 1 −
𝑢2

2
+
1

96
(10𝑐𝜃

2 +
𝑚3(1 − 5𝑐2𝜃)

𝑚1
3 )𝑢4 +

(𝑚3 −𝑚1
3)(5𝑐2𝜃 − 13)

72𝑚1
3 𝑢6 +⋯

𝛼𝜑 = 1 +
(𝑚3 −𝑚1

3)(5𝑐2𝜃 − 7)

48𝑚1
3 𝑢4 +

(𝑚1
3 −𝑚3)(10𝑐2𝜃 − 17)

108𝑚1
3 𝑢6 +⋯

𝛼𝕊2 = 1 +
(𝑚3 −𝑚1

3)(5𝑐2𝜃 + 3)

48𝑚1
3 𝑢4 +

(𝑚1
3 −𝑚3)(5𝑐2𝜃 + 4)

54𝑚1
3 𝑢6 +⋯

𝛼𝑧𝜑 =
𝑚1
3 −𝑚3

4𝑚1
3 𝑢4 −

𝑚1
3 −𝑚3

4𝑚1
3 𝑢6 +⋯

𝛼𝜃 = 1 +
𝑚1
3 −𝑚3

24𝑚1
3 𝑢4 +

(𝑚3 −𝑚1
3)(5𝑐2𝜃 + 9)

216𝑚1
3 𝑢6 +⋯

 

𝑑𝑠11
2 = 𝐿2(𝑑𝑥2 + cosh2⁡(𝑥)𝑑𝑠AdS5

2 + sinh2⁡(𝑥)𝑑𝑧2) +
𝐿2

4
𝑑Ω4

2  

𝐹4 ⁡= −
3𝐿3

8
Υ𝕊4

⋆11 𝐹4 ⁡= 6𝐿
6cosh5⁡(𝑥)sinh⁡(𝑥)𝑑𝑥 ∧ 𝑑𝑧 ∧ ΥAdS5

 

𝑥 = −ln⁡(𝑢/2)  

𝑑𝑠11
2 =

𝐿2

𝑢2
(𝑑𝑢2 + (1 +

𝑢2

2
+
𝑢4

16
)𝑑𝑠AdS5

2 + (1 −
𝑢2

2
+
𝑢4

16
)𝑑𝑧2) +

𝐿2

4
𝑑Ω4

2  

⋆11 𝐹4 = 6𝐿
6 (
1

𝑢7
+
1

𝑢5
+

5

16𝑢3
−
5𝑢

256
−
𝑢3

256
−

𝑢5

4096
)𝑑𝑢 ∧ 𝑑𝑧 ∧ ΥAdS5 +⋯  

𝑆OS,bulk
(vac)

= −
𝐿9𝜋2

8𝐺𝑁
(11)

vol(AdS5) (
1

3𝜖𝑢
6 +

1

2𝜖𝑢
4 +

5

16𝜖𝑢
2 −

11

48
) +⋯  

𝑆OS
(vac)

= −
𝜋2𝐿9

8𝐺𝑁
(11)

vol(AdS5) (
1

3𝜖𝑢
6 +

5

3𝜖𝑢
5 +

1

2𝜖𝑢
4 +

1

𝜖𝑢
3 +

5

16𝜖𝑢
2 +

5

48𝜖𝑢
−
11

48
) +⋯  
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𝐶6|𝑢=𝜖𝑢 = 3𝐿
6 (

1

3𝜖𝑢
6 +

1

2𝜖𝑢
4 +

5

16𝜖𝑢
2 −

11

48
+
5𝜖𝑢

2

256
+
𝜖𝑢
4

512
+

𝜖𝑢
6

12288
)𝑑𝑧 ∧ ΥAdS5  

𝑑𝑠AdS5
2 = 𝑑𝑥2 + sinh2⁡(𝑥)𝑑Ω4

2  

vol(AdS5) =
8𝜋2

3
∫  
Λ𝑥

0

 𝑑𝑥sinh4⁡(𝑥) =
2𝜋2

3𝜖𝑥
4 −

4𝜋2

3𝜖𝑥
2 − 𝜋

2log⁡
𝜖𝑥
2
+⋯  

𝑆CT,1 ⁡= −
1

4
∫ ⁡ 𝑑Ω4√|𝑔𝜖𝑥| = −

2𝜋2

3𝜖𝑥
4 +

2𝜋2

3𝜖𝑥
2 −

𝜋2

4
+⋯

𝑆CT,2 ⁡=
1

48
∫ ⁡ 𝑑Ω4√|𝑔𝜖𝑥|ℛ𝜖𝑥 =

2𝜋2

3𝜖𝑥
2 −

𝜋2

3
+⋯

 

√|𝑔𝜖𝑥| = (1 − 𝜖𝑥)
4√|𝑔𝕊4|/16𝜖𝑥

2, ℛ𝜖𝑥 = 12csch
2(𝜖𝑥) 

vol(AdS5) = −𝜋
2log⁡

𝜖𝑥
2
+⋯  

𝑐Σ =
9𝑘𝑟𝑟𝑟 − 5𝑘𝑟

32
 

𝑑𝑠2

2𝜋
=

|ℎ|

√2ℎℎ′′ − (ℎ′)2
𝑑𝑠2(AdS3) + √2ℎℎ

′′ − (ℎ′)2 [
1

4|ℎ|
𝑑𝑟2 +

2

|ℎ′′|
𝑑𝑠2(ℂℙ3)]⁡

𝑒−Φ⁡=
(|ℎ′′|)

3
2

2√𝜋(2ℎℎ′′ − (ℎ′)2)
1
4

, 𝐻3 = 𝑑𝐵2, 𝐵2 = 4𝜋(−(𝑟 − 𝑙) +
ℎ′

ℎ′′
) 𝐽

 

𝑑𝑠2(ℂℙ3)= 𝑑𝜉2 +
1

4
cos2⁡ 𝜉𝑑𝑠2( S1

2) +
1

4
sin2⁡ 𝜉𝑑𝑠2( S2

2) +
1

4
sin2⁡ 𝜉cos2⁡ 𝜉(𝑑𝜓 + 𝜂1 + 𝜂2)

2, 𝑑𝜂𝑖 = −vol(S𝑖
2)⁡

𝐽⁡=
1

4
sin2⁡ 𝜉vol( S2

2) −
1

4
cos2⁡ 𝜉vol( S1

2) −
1

2
sin⁡ 𝜉cos⁡ 𝜉𝑑𝜉 ∧ (𝑑𝜓 + 𝜂1 + 𝜂2)

 

𝐹0= −
1

2𝜋
ℎ′′′, 𝐹2 = 𝐵2𝐹0 + 2(ℎ

′′ − (𝑟 − 𝑙)ℎ′′′)𝐽 ⁡

𝐹4= 𝜋𝑑 (ℎ
′ +

ℎℎ′ℎ′′

2ℎℎ′′ − (ℎ′)2
) ∧ vol(AdS3) + 𝐵2 ∧ 𝐹2 −

1

2
𝐵2 ∧ 𝐵2𝐹0⁡

⁡−4𝜋(2ℎ′ + (𝑟 − 𝑙)(−2ℎ′′ + (𝑟 − 𝑙)ℎ′′′))𝐽 ∧ 𝐽

 

ℎ′′′ = −2𝜋𝐹0.  

𝑓 = 𝑒−𝐵2 ∧ 𝑓  

𝑓2 = 2(ℎ
′′ − (𝑟 − 𝑙)ℎ′′′)𝐽,

𝑓4 = −4𝜋 (2ℎ
′ + (𝑟 − 𝑙)((𝑟 − 𝑙)ℎ′′′ − 2ℎ′′)) 𝐽 ∧ 𝐽,

𝑓6 =
16𝜋2

3
(6ℎ − (𝑟 − 𝑙)(6ℎ′ + (𝑟 − 𝑙)((𝑟 − 𝑙)ℎ′′′ − 3ℎ′′))) 𝐽 ∧ 𝐽 ∧ 𝐽.

 

𝑑𝑓2𝑛 = −
1

2𝜋
(4𝜋)𝑛(𝑟 − 𝑙)𝑛ℎ′′′′

1

𝑛!
𝑑𝑟 ∧ 𝐽𝑛  
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ℎ = 𝑐1 + 𝑐2𝑟
3, 𝑐1,2 ≠ 0

⁡ℎ = 𝑐1 + 𝑐2𝑟 +
𝑐2
2

4𝑐1
𝑟2 + 𝑐3𝑟

3, 𝑐1,2,3 ≠ 0

⁡ℎ = (𝑐1 + 𝑐2𝑟)𝑟
2, 𝑐1,2 ≠ 0

 

𝑑𝐹0 = Δ𝐹0𝛿(𝑟 − 𝑟0)  

(ℎ, (ℎ′)2, ℎ′′)  

𝑟0 = 𝑙  

𝑑𝑠10
2 = 𝑎(𝜁, 𝜃 )(𝑑𝑥1,𝑑

2 + 𝑏(𝜁)𝑑𝜁2) + 𝑔𝑖𝑗(𝜁, 𝜃 )𝑑𝜃
𝑖𝑑𝜃𝑗, Φ = Φ(𝜁, 𝜃 )  

𝑐ℎ𝑜𝑙 =
3𝑑𝑑

𝐺𝑁

𝑏(𝜁)𝑑/2(𝐻̂)
2𝑑+1
2

(𝐻̂′)
𝑑

 

𝐻̂ = (∫ ⁡ 𝑑𝜃 𝑒−2Φ√det[𝑔𝑖𝑗]𝑎(𝜁, 𝜃 )
𝑑)

2

 

𝑐ℎ𝑜𝑙 =
1

2
∫ ⁡ 𝑑𝑟(2ℎℎ′′ − (ℎ′)2)  

ℎ(𝑟) = 𝑄2 − 𝑄4𝑟 +
1

2
𝑄6𝑟

2,  

sinh⁡ 𝜇 =
𝑄6𝑟 − 𝑄4

√2𝑄2𝑄6 − 𝑄4
2

 

𝑑𝑠2 =
4𝜋√2𝑄2𝑄6 − 𝑄4

2

𝑄6
(
1

4
𝑑𝑠2(AdS4) + 𝑑𝑠

2(ℂℙ3))

𝑑𝑠2(AdS4) = 𝑑𝜇
2 + cosh2⁡ 𝜇𝑑𝑠2(AdS3), 𝑒

−Φ =
𝑄6

3
2

2√𝜋(2𝑄2𝑄6 − 𝑄4
2)
1
4

 

𝐿 = (
32𝜋2

𝑄6
2 (𝑄2𝑄6 −

1

2
𝑄4
2))

1/4

 

1

2𝜋
∫  
ℂℙ1
 𝑓2 = 𝑄6,

1

(2𝜋)3
∫  
ℂℙ2
 𝑓4 = 𝑄4,

1

(2𝜋)5
∫  
ℂℙ3
 𝑓6 = 𝑄2  

𝐵2 = −4𝜋
𝑄4
𝑄6
𝐽, 𝑏 = −

𝑄4
𝑄6
,  

𝑄2⁡→ 𝑄2 − 𝑄4 +
1

2
𝑄6

𝑄4⁡→ 𝑄4 − 𝑄6
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𝑄2= 𝑁 +
𝑘

12
⁡

𝑄4= 𝑀 −
𝑘

2
⁡

𝑄6⁡= 𝑘

 

𝑁 → 𝑁 + 𝑘 −𝑀,𝑀 → 𝑀 − 𝑘,  

𝑐ℎ𝑜𝑙 =
1

2
(2𝑄2𝑄6 − 𝑄4

2) = 𝑁𝑘 −
1

2
𝑀(𝑀 − 𝑘) −

1

24
𝑘2,  

𝑐ℎ𝑜𝑙
(3𝑑)

=
(2𝑄2𝑄6 − 𝑄4

2)3/2

𝑄6
=
𝐿6𝑄6

2

64𝜋3
=
1

𝑘
(2𝑁𝑘 −𝑀(𝑀 − 𝑘) −

1

12
𝑘2)

3/2

 

𝑄2
𝑀 = 𝑄2 + 𝑏𝑄4 +

1

2
𝑏2𝑄6 = 𝑁 −

1

24
𝑘 −

1

2

𝑀2

𝑘
+
1

2
𝑀  

𝑐hol 

(3𝑑)
= 2√2𝑘(𝑄2

𝑀)3/2 = 23/2𝑘2𝜆̂3/2  

ℎ𝑙(𝑟) = 𝑄2
𝑙 − 𝑄4

𝑙 (𝑟 − 𝑙) +
1

2
𝑄6
𝑙 (𝑟 − 𝑙)2 −

1

6
𝑄8
𝑙 (𝑟 − 𝑙)3  

𝐵2 = 4𝜋(−(𝑟 − 𝑙) +
ℎ𝑙
′

ℎ𝑙
′′) 𝐽  

𝑏 =
1

4𝜋2
∫  
ℂℙ1
 𝐵2  

 

2𝜋𝐹0 = 𝑄8
𝑙 ,
1

2𝜋
∫  
ℂℙ1
 𝑓2 = 𝑄6

𝑙

1

(2𝜋)3
∫  
ℂℙ2
 𝑓4 = 𝑄4

𝑙 ,
1

(2𝜋)5
∫  
ℂℙ3
 𝑓6 = 𝑄2

𝑙

 

 

ℎ > 0, ℎ′′ > 0  

𝑄2
𝑙 ≥ 0,𝑄6

𝑙 ≥ 0,𝑄8
𝑙 ≤ 0, 2𝑄2

𝑙𝑄6
𝑙 ≥ (𝑄4

𝑙 )
2
,

𝑄2
𝑙 ≥ 0,𝑄6

𝑙 > 𝑄8
𝑙 ≥ 0, 2(𝑄6

𝑙 − 𝑄8
𝑙 ) (𝑄2

𝑙 +
1

2
𝑄6
𝑙 − 𝑄4

𝑙 −
1

6
𝑄8
𝑙) ≥ (𝑄4

𝑙 − 𝑄6
𝑙 +

𝑄8
𝑙

2
)

2

,
 

ℎ𝑙−1
′ (𝑙) = ±ℎ𝑙

′(𝑙)  

𝑄2
𝑙 ⁡= 𝑄2

𝑙−1 − 𝑄4
𝑙−1 +

1

2
𝑄6
𝑙−1 −

1

6
𝑄8
𝑙−1,

𝑄4
𝑙= 𝑄4

𝑙−1 − 𝑄6
𝑙−1 +

1

2
𝑄8
𝑙−1, ⁡

𝑄6
𝑙 ⁡= 𝑄6

𝑙−1 − 𝑄8
𝑙−1,
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𝐵2
𝑙 = 4𝜋

−𝑄4
𝑙 +

1
2
𝑄8
𝑙 (𝑟 − 𝑙)2

𝑄6
𝑙 − 𝑄8

𝑙 (𝑟 − 𝑙)
𝐽  

𝑄2
𝑙 = 𝑄2

𝑙 − Δ𝑙𝑄4
𝑙 +

1

2
(Δ𝑙)2𝑄6

𝑙 −
1

6
∑  

Δ𝑙

𝑖=1

  (1 − 3𝑖 + 3𝑖2)𝑄8
𝑙−𝑖

𝑄4
𝑙 = 𝑄4

𝑙 − Δ𝑙𝑄6
𝑙 +

1

2
∑  

Δ𝑙

𝑖=1

  (2𝑖 − 1)𝑄8
𝑙−𝑖

𝑄6
𝑙 = 𝑄6

𝑙 −∑ 

Δ𝑙

𝑖=1

 𝑄8
𝑙−𝑖

 

𝑄4
𝑙 = −(𝑄4

𝑙−1 − 𝑄6
𝑙−1 +

1

2
𝑄8
𝑙−1)  

𝑏𝑙(𝑙) − 𝑏𝑙−1(𝑙) =
2𝑄4

𝑙−1 − 𝑄6
𝑙−1

𝑄6
𝑙−1 − 𝑄8

𝑙−1
 

2𝑄4
𝑙= −(𝑧 − 1)𝑄6

𝑙 ⁡

2𝑄4
𝑙−1⁡= (𝑧 + 1)𝑄6

𝑙−1 − 𝑧𝑄8
𝑙−1  

𝑄2
𝑙= 𝑄2

𝑙 − Δ𝑙𝑄4
𝑙 +

1

2
(Δ𝑙)2𝑄6

𝑙 −
1

6
∑  

Δ𝑙

𝑖=1

  (1 − 3𝑖 + 3𝑖2)𝑄8
𝑙−𝑖⁡

𝑄4
𝑙=
1

2
(1 − 𝑧)(𝑄6

𝑙 −∑ 

Δ𝑙

𝑖=1

 𝑄8
𝑙−𝑖) ⁡

𝑄6
𝑙 ⁡= 𝑄6

𝑙 −∑ 

Δ𝑙

𝑖=1

 𝑄8
𝑙−𝑖

 

2𝑄4
𝑙 − (2Δ𝑙 + 𝑧 − 1)𝑄6

𝑙 +∑ 

Δ𝑙

𝑖=2

  (2(𝑖 − 1) + 𝑧)𝑄8
𝑙−𝑖 + 𝑧𝑄8

𝑙−1 = 0  

𝑄4
0 = 𝑄6

0 = 0

2𝑄2
0𝑄6

0 = (𝑄4
0)2

 𝑄2
0 = 𝑄4

0 = 0

 

 𝑟 = −∞:⁡𝑄8
𝑙 = 0,⁡ for ⁡𝑙 < 𝑙0  

 𝑟 = +∞,𝑄8
𝑙 = 0, 𝑙 ≥ 𝑃  

ℎ = 𝑄2
𝑃+1 − 𝑄4

𝑃+1(𝑟 − 𝑃 − 1) +
1

2
𝑄6
𝑃+1(𝑟 − 𝑃 − 1)2 −

1

3!
𝑄8
𝑃(𝑟 − 𝑃 − 1)3  

𝑄4
𝑃+1 = 𝑄6

𝑃+1 = 0

2𝑄2
𝑃+1𝑄6

𝑃+1 = (𝑄4
𝑃+1)2

 𝑄2
𝑃+1 = 𝑄4

𝑃+1 = 0
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2𝑄2
𝑃+1 +

1

3
(1 + 3𝑃 + 6𝑃2)𝑄6

0 =∑ 

𝑃

𝑖=1

  (2𝑃 − 𝑖)𝑖𝑄8
𝑃−𝑖  

𝑄4
0= (𝑃 + 1)𝑄6

0 −
1

2
𝑄8
𝑃 −

1

2
∑  

𝑃

𝑖=1

  (2𝑖 + 1)𝑄8
𝑃−𝑖 ⁡

6𝑄2
0= 3(𝑃 + 1)2𝑄6

0 − (2 + 3𝑃)∑  

𝑃

𝑖=0

 𝑄8
𝑖 +∑ 

𝑃

𝑖=1

 𝑖(𝑖 − (2𝑃 + 1))𝑄8
𝑃−𝑖⁡

𝑄6
0⁡> ∑  

𝑃

𝑖=0

 𝑄8
𝑖 = 𝑄8

𝑃 +∑ 

𝑃

𝑖=1

 𝑄8
𝑖−1

 

(AdS4, O2) → (AdS4, O2, Monopole )  

𝑄6
0=∑ 

𝑃

𝑖=0

 𝑄8
𝑖 ≥ 0,𝑄2

0 ≥ 𝑃𝑄4
0 +

1 − 3𝑃2

6
∑  

𝑃

𝑖=1

 𝑄8
𝑖 + 3∑ 

𝑃

𝑖=1

 𝑖(𝑖 − 1)𝑄8
𝑖−1⁡

𝑄4
0⁡= −𝑄8

𝑃 +
1

2
(1 + 2𝑃)∑  

𝑃

𝑖=1

 𝑄8
𝑖 −∑  

𝑃

𝑖=1

 𝑖𝑄8
𝑃−1, 𝑧 = 0

 

(D8/O8, AdS4, O2) → (D8/O8, AdS4, O2)  

𝑄2
𝑃 = 𝑄2

𝑃−1 − 𝑄4
𝑃−1 +

1

2
𝑄6
𝑃−1 −

1

3!
𝑄8
𝑃−1, 𝑄8

𝑃 = −𝑄8
𝑃−1

𝑄4
𝑃 = −𝑄4

𝑃−1 + 𝑄6
𝑃−1 −

1

2
𝑄8
𝑃−1, 𝑄6

𝑃 = 𝑄6
𝑃−1 −𝑄8

𝑃−1

 

𝑄8
𝑃−1 ≤ 0,𝑄6

𝑃−1 ≥ 0,𝑄2
𝑃−1 ≥ 0, 2𝑄2

𝑃−1𝑄6
𝑃−1 ≥ (𝑄4

𝑃−1)2

𝑄2
𝑃−1 − 𝑄4

𝑃−1 +
1

2
𝑄6
𝑃−1 −

1

3!
𝑄8
𝑃−1 ≥ 0

 

𝑄2
𝑃+1 = 𝑄2

𝑃−1, 𝑄4
𝑃+1 = −𝑄4

𝑃−1, 𝑄6
𝑃+1 = 𝑄6

𝑃−1  

𝑄2
𝑃+𝑛 = 𝑄2

𝑃−𝑛, 𝑄4
𝑃+𝑛 = −𝑄4

𝑃−𝑛, 𝑄6
𝑃+𝑛 = 𝑄6

𝑃−𝑛, 𝑄8
𝑃+𝑛 = −𝑄8

𝑃−𝑛−1  

2𝑄4
0 − (2(𝑃 − 1) + 𝑧 − 1)𝑄6

0 +∑  

𝑃−1

𝑖=2

  (2(𝑖 − 1) + 𝑧)𝑄8
𝑃−𝑖 + 𝑧𝑄8

𝑃−1 = 0  

ℎ = 𝑄2
0 − (−𝑄4

0)(𝑟 − 2𝑃) +
1

2
𝑄6
0(𝑟 − 2𝑃)2 −

1

3!
(−𝑄8

0)(𝑟 − 2𝑃)3  

D8/O8 → D8/O8,⁡ Monopole →  Monopole , O2 → O2, AdS4 → AdS4  

𝑐ℎ𝑜𝑙
𝑙 =

1

2
∫  
𝑙+1

𝑙

 𝑑𝑟(2ℎ𝑙ℎ𝑙
′′ − (ℎ𝑙

′)2) = 2𝑄2
𝑙𝑄6

𝑙 − (𝑄4
𝑙 )
2
− 𝑄8

𝑙 (𝑄2
𝑙 −

1

3
𝑄4
𝑙 +

1

12
𝑄6
𝑙 −

1

60
𝑄8
𝑙)  

𝑐𝑃+𝑛 = 𝑐𝑃−𝑛−1, 𝑛 = 0,… , 𝑃 − 1⁡ ⇒ ⁡ ∑  

2𝑃−1

𝑙=0

 𝑐𝑙 = 2∑  

𝑃−1

𝑙=0

  𝑐𝑙  
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𝑑𝑠2

2𝜋
⁡=

ℎ

√2ℎℎ′′ − (ℎ′)2
𝑑𝑠2(AdS3) +

2ℎ′′

√2ℎℎ′′ − (ℎ′)2
[(
ℎ′

ℎ′′
− 𝑟)𝑑𝜉 −

𝑑𝜓

2𝜋sin⁡ 𝜉cos⁡ 𝜉
]

2

⁡+
√2ℎℎ′′ − (ℎ′)2

4ℎ
𝑑𝑟2 +

2√2ℎℎ′′ − (ℎ′)2

ℎ′′
(𝑑𝜉2 +

1

4
cos2⁡ 𝜉𝑑𝑠2( S1

2) +
1

4
sin2⁡ 𝜉𝑑𝑠2( S2

2))

 

𝑒Φ =
2

sin⁡ 𝜉cos⁡ 𝜉ℎ′′

𝐵2 =𝜋(
ℎ′

ℎ′′
− 𝑟) [−cos2⁡ 𝜉vol( S1

2) + sin2⁡ 𝜉vol( S2
2)] + (𝜂1 + 𝜂2) ∧ 𝑑𝜓

𝐻3 =2𝜋sin⁡ 𝜉cos⁡ 𝜉 [(
ℎ′

ℎ′′
− 𝑟)𝑑𝜉 −

𝑑𝜓

2𝜋sin⁡ 𝜉cos⁡ 𝜉
] ∧ [vol(S1

2) + vol(S2
2)]

⁡+
𝜋ℎ′ℎ′′′

(ℎ′′)2
𝑑𝑟 ∧ [cos2⁡ 𝜉vol( S1

2) − sin2⁡ 𝜉vol( S2
2)]

 

𝐹1 = sin⁡ 𝜉cos⁡ 𝜉(ℎ
′′ − 𝑟ℎ′′′)𝑑𝜉 −

ℎ′′′

2𝜋
𝑑𝜓

𝐹3 = 𝜋sin⁡ 𝜉cos⁡ 𝜉𝐹3,𝜉𝜓 ∧ [cos
2⁡ 𝜉vol( S1

2) − sin2⁡ 𝜉vol( S2
2)]

𝐹5 = 2𝜋
2sin⁡ 𝜉cos⁡ 𝜉𝐹5,𝜉𝜓

𝑒 ∧ vol(AdS3) ∧ 𝑑𝑟 + 𝜋
2sin3⁡ 𝜉cos3⁡ 𝜉𝐹5,𝜉𝜓

𝑚 ∧ vol( S1
2) ∧ vol(S2

2)

 

𝐹3,𝜉𝜓 =
ℎ′(ℎ′′ + 𝑟ℎ′′′) − 𝑟(ℎ′′)2

ℎ′′
𝑑𝜉 −

(ℎ′′)2 − ℎ′ℎ′′′

ℎ′′
𝑑𝜓

2𝜋sin⁡ 𝜉cos⁡ 𝜉

𝐹5,𝜉𝜓
𝑒 = (𝑟ℎ′ − 2ℎ −

ℎℎ′(ℎ′ − 𝑟ℎ′′)

2ℎℎ′′ − (ℎ′)2
)

′

𝑑𝜉 +
1

2
(3ℎ′ +

(ℎ′)3

2ℎℎ′′ − (ℎ′)2
)

′
𝑑𝜓

2𝜋sin⁡ 𝜉cos⁡ 𝜉

𝐹5,𝜉𝜓
𝑚 =

−6ℎ(ℎ′′)2 + 3(ℎ′)2ℎ′′ + 𝑟(ℎ′)2ℎ′′′

(ℎ′′)2
𝑑𝜉 +

(ℎ′)2ℎ′′′

(ℎ′′)2
𝑑𝜓

2𝜋sin⁡ 𝜉cos⁡ 𝜉

 

ℎ′′′ = −2𝜋𝐹0  

ℎ′′′ = 0⁡ ⇒ ⁡ℎ = 𝑐2 + 𝑐4𝑟 +
𝑐6
2
𝑟2  

𝑑𝑠2

2𝜋
=
√2𝑐2𝑐6 − 𝑐4

2

2𝑐6
(𝑑𝑠2(AdS4) + 4𝑑𝜉

2 + cos2⁡ 𝜉𝑑𝑠2( S1
2) + sin2⁡ 𝜉𝑑𝑠2( S2

2))

⁡+
2𝑐4

2

𝑐6√2𝑐2𝑐6 − 𝑐4
2
(𝑑𝜉 −

𝑐6
2𝜋𝑐4sin⁡ 𝜉cos⁡ 𝜉

𝑑𝜓)
2

 

𝑒Φ=
2

𝑐6sin⁡ 𝜉cos⁡ 𝜉
⁡

𝐵2⁡=
𝜋𝑐4
𝑐6
[−cos2⁡ 𝜉vol( S1

2) + sin2⁡ 𝜉vol( S2
2)] + (𝜂1 + 𝜂2) ∧ 𝑑𝜓

𝐻3⁡= (
2𝜋𝑐4
𝑐6

sin⁡ 𝜉cos⁡ 𝜉𝑑𝜉 − 𝑑𝜓) ∧ (vol(S1
2) + vol(S2

2))
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𝐹1 =𝑐6sin⁡ 𝜉cos⁡ 𝜉𝑑𝜉

𝐹3 =
𝑐6
2
(
2𝜋𝑐4
𝑐6

sin⁡ 𝜉cos⁡ 𝜉𝑑𝜉 − 𝑑𝜓) ∧ [cos2⁡ 𝜉vol( S1
2) − sin2⁡ 𝜉vol( S2

2)]

𝐹5 =⁡−
3𝜋

2
√2𝑐2𝑐6 − 𝑐4

2vol(AdS4) ∧ (
2𝜋𝑐4
𝑐6

sin⁡ 𝜉cos⁡ 𝜉𝑑𝜉 − 𝑑𝜓)

⁡+
3𝜋2

𝑐6
√2𝑐2𝑐6 − 𝑐4

2sin3⁡ 𝜉cos3⁡ 𝜉𝑑𝜉 ∧ vol( S1
2) ∧ vol(S2

2)

 

𝜓 → 𝜓 +
2𝜋𝑐4
𝑐6

sin⁡ 𝜉cos⁡ 𝜉𝑑𝜉  
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Figuras 25, 26, 27, 28, 29 y 30. Simetría compacta en un plano cuántico – relativista. 

 

2𝑀𝑙 −𝑀𝑙−1 −𝑀𝑙+1 + 𝑘𝑙 −
1

2
𝑘𝑙−1 −

1

2
𝑘𝑙+1 −

1

2
Δ𝑞𝑙 = 0  

𝑄2= 𝑁 +
𝑘

12
⁡

𝑄4= 𝑀 −
𝑘

2
+
𝑞

12
⁡

𝑄6= 𝑘 ⁡

𝑄8⁡= −𝑞

 

 

𝑁𝑙 = 𝑁𝑙−1 −𝑀𝑙−1 + 𝑘𝑙−1

𝑀𝑙 +
𝑞𝑙
12
= 𝑀𝑙−1 +

𝑞𝑙−1
12

− 𝑘𝑙−1

𝑘𝑙 = 𝑘𝑙−1 + 𝑞𝑙−1
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2𝑘𝑙 = 𝑘𝑙−1 + 𝑘𝑙+1 + Δ𝑞𝑙  

2𝑀𝑙 = 𝑀𝑙−1 +𝑀𝑙+1 − Δ𝑘𝑙,  

2𝑀𝑙 −𝑀𝑙−1 +𝑀𝑙+1 = 0  

 

Figura 31. Interacciones de una partícula supermasiva con o sin interferencia gravitónica.  

𝑁 → 𝑁 −𝑀 + 𝑘,𝑀 → 𝑀 − 𝑘, 𝑘 → 𝑘 + 𝑞  

𝑐ℎ𝑜𝑙 =
1

2
∑  

𝑃

𝑙=0

 (2𝑁𝑙𝑘𝑙 −𝑀𝑙
2 +𝑀𝑙𝑘𝑙 −

1

12
𝑘𝑙
2 + 𝑞𝑙 (𝑁𝑙 −

1

2
𝑀𝑙 +

5

12
𝑘𝑙 −

13

720
𝑞𝑙)) .  

𝑐𝑅 =
𝑘(3𝑘 + 13)

𝑘 + 3
,  

𝑘 = Tr[𝛾3𝑄𝑅
2]  

𝑘 =∑  

𝑃

𝑙=0

  (2𝑁𝑙𝑘𝑙 +𝑀𝑙𝑘𝑙 −𝑀𝑙
2),  

𝒬𝑝
𝑒 =

𝑓𝑝+2
𝑒

(2𝜋)𝑝
, 𝒬𝑝
𝑚 =

𝑓8−𝑝
𝑚

(2𝜋)7−𝑝
 

𝒬 = ∫ ⁡∑  

4

𝑘=0

  (−1)𝑘+1𝒬(2𝑘)
𝑒 𝒬(2𝑘)

𝑚 =
1

(2𝜋)7
∫ ⁡∑  

4

𝑘=1

  (−1)𝑘+1𝑓̂2𝑘+2
𝑒 𝑓̂8−2𝑘

𝑚  

𝒬 = ∫ ⁡
vol(AdS3)

6𝜋
∧
vol(ℂℙ3)

𝜋3/6
∧ 𝑑𝑟 (2ℎℎ′′ − (ℎ′)2 + 𝜕𝑟 (ℎℎ

′ −
ℎ′′′ℎ3

2ℎℎ′′ − (ℎ′)2
))  
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𝑓4
𝑒 =

−ℎ𝜋

2ℎℎ′′ − (ℎ′)2
(

(ℎ′)3ℎ′′′

2ℎℎ′′ − (ℎ′)2
− 3(ℎ′′)2)vol(AdS3) ∧ 𝑑𝑟

𝑓6
𝑒 =

4ℎ𝜋2

2ℎℎ′′ − (ℎ′)2
(
2ℎ(ℎ′)2ℎ′′′

2ℎℎ′′ − (ℎ′)2
− 3ℎ′ℎ′′)vol(AdS3) ∧ 𝐽 ∧ 𝑑𝑟

𝑓8
𝑒 =

−8ℎ𝜋3

2ℎℎ′′ − (ℎ′)2
(

4ℎ′ℎ′′′ℎ2

2ℎℎ′′ − (ℎ′)2
− 2(ℎℎ′′ + (ℎ′)2))vol(AdS3) ∧ 𝐽 ∧ 𝐽 ∧ 𝑑𝑟

𝑓10
𝑒 =

32ℎ𝜋4

2ℎℎ′′ − (ℎ′)2
(

8ℎ3ℎ′′′

3(2ℎℎ′′ − (ℎ′)2)
− 2ℎℎ′)vol(AdS3) ∧ 𝐽 ∧ 𝐽 ∧ 𝐽 ∧ 𝑑𝑟

 

𝔱 = 𝔤⊕ 𝔥,  

⟨𝜇⟩ = 𝐽  

𝔤 → 𝔰𝔲(2)𝑋⊕ 𝔣  

𝔣 =⨁ 

𝑖

  𝔧𝑖,  

𝐚𝐝𝐣 →⨁ 

ℓ

 𝑉ℓ⊗𝑅ℓ,  

𝑅ℓ =⨂ 

𝑖

 𝑅ℓ
(𝑖)

 

𝐴̂(𝑇)tr𝜌𝑒
𝑖𝐹|

6-form 
 

Tr𝐹2 =
1

ℎ𝔤
∨
tr𝐚𝐝𝐣𝐹

2  

tr𝜌𝐹
2 = 𝐴𝜌Tr𝐹

2  

𝑐2(𝐹) =
1

4
Tr𝐹2  

tr𝒅𝐹
2 = 𝐴𝒅Tr𝐹

2 =
𝑑(𝑑2 − 1)

12
Tr𝐹2  

𝐴̂(𝑇) = 1 −
1

24
𝑝1(𝑇) +⋯  

𝐼6
NG = 𝐻 (

1

12
𝑐1(𝑟)𝑝1(𝑇) −

1

3
𝑐1(𝑟)

3) + 𝐻𝑣𝑐1(𝑟)𝑐2(𝑅
′) +∑  

𝑖

 𝐻𝑖𝑐1(𝑟)𝑐2(𝐹𝑖)  

𝐻 =
1

2
∑  

ℓ

  (𝑑ℓ − 1)dim𝑅ℓ, 𝐻𝑣 =
1

6
∑  

ℓ

 𝑑ℓ(𝑑ℓ − 1)(𝑑ℓ − 2)dim𝑅ℓ

𝐻𝑖 = 2∑  

ℓ

  (𝑑ℓ − 1)𝐴𝑅ℓ
(𝑖)

dim𝑅ℓ

dim𝑅ℓ
(𝑖)
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𝐼6 = 24(𝑐
UV − 𝑎UV) (

1

12
𝑐1(𝑟)𝑝1(𝑇)−

1

3
𝑐1(𝑟)

3) − 4(2𝑎UV − 𝑐UV)𝑐1(𝑟)𝑐2(𝑅)

⁡+𝑘𝐺
UV𝑐1(𝑟)𝑐2(𝐹) +∑  

𝑎

 𝑘𝑎
UV𝑐1(𝑟)𝑐2(𝐻𝑎)

 

𝐼6 = 24(𝑐
IR − 𝑎IR) (

1

12
𝑐1(𝑟)𝑝1(𝑇)−

1

3
𝑐1(𝑟)

3) − 4(2𝑎IR − 𝑐IR)𝑐1(𝑟)𝑐2(𝑅
′)

⁡+∑  

𝑖

 𝑘𝑖
IR𝑐1(𝑟)𝑐2(𝐹𝑖) +∑  

𝑎

 𝑘𝑎
IR𝑐1(𝑟)𝑐2(𝐻𝑎)

 

24(𝑐IR − 𝑎IR)= 24(𝑐UV − 𝑎UV) − 𝐻 ⁡

4(2𝑎IR − 𝑐IR)= 4(2𝑎UV − 𝑐UV) − 𝐼𝑋𝑘𝐺
UV +𝐻𝑣⁡

𝑘𝑖
IR⁡= 𝐼𝑖𝑘𝐺

UV −𝐻𝑖
𝑘𝑎
IR⁡= 𝑘𝑎

UV

 

[1𝑚1 ,⋯ ,𝑁𝑚𝑁]  

∑ 

𝑖

 𝑖𝑚𝑖 = 𝑁.  

𝔰𝔲(𝑁) → 𝔰𝔲(2)𝑋⊕ 𝔣.  

𝔣 =⨁ 

𝑁

𝑖=1

 𝔰𝔲(𝑚𝑖)  

𝐼𝑋 =
1

6
∑  

𝑁

𝑖=1

 𝑚𝑖𝑖(𝑖
2 − 1), 𝐼𝑖 = 𝑖  

𝑁 ⟶⨁ 

𝑁

𝑖=1

 𝑉𝑖⊗𝑅𝑖  

𝑁⊗𝑁‾ = adj ⊕ 1  

𝑉𝑖⊗𝑉𝑗 = ⨁  

min(𝑖,𝑗)

𝑘=1

 𝑉𝑖+𝑗+1−2𝑘,  

𝑵⊗𝑵 →⨁ 

𝑁

𝑖,𝑗=1

  ⨁  

min(𝑖,𝑗)

𝑘=1

  (𝑉𝑖+𝑗+1−2𝑘, 𝑅𝑖⊗𝑅‾𝑗)  
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𝐻=
1

2
∑  

𝑁

𝑖,𝑗=1

 𝑚𝑖𝑚𝑗(𝑖𝑗 − min(𝑖, 𝑗)) ⁡

𝐻𝑣⁡=
1

6
∑  

𝑁

𝑖,𝑗=1

 𝑚𝑖𝑚𝑗(𝑖𝑗 − min(𝑖, 𝑗))(𝑖(𝑖 − 2) + 𝑗(𝑗 − 2) + 2min(𝑖, 𝑗) − 1)

𝐻𝑖⁡= 2∑  

𝑁

𝑗=1

 𝑚𝑗(𝑖𝑗 − min(𝑖, 𝑗))

 

𝐴fund =
1

2
, 𝐴

 fund 
=
1

2
, 𝐴adj = ℎ𝔰𝔲(𝑚𝑖)

∨  

[1𝑚1 , 2𝑚2 ,⋯ , 𝑁𝑚𝑁]⁡ such that ⁡∑  

𝑁

𝑖=1

 𝑖𝑚𝑖 = 𝑁  

𝑖 even ⁡ ⟹⁡𝑚𝑖 even .  

𝔰𝔬(𝑁) → 𝔰𝔲(2)𝑋⊕ 𝔣  

𝔣 =⨁ 

𝑁

𝑖=1

  𝔧𝑖 ⁡ where ⁡𝔧𝑖 = {
𝔲𝔰𝔭(𝑚𝑖)  if 𝑖 even 

𝔰𝔬(𝑚𝑖)  if 𝑖 odd 
 

𝑁 ⟶⨁ 

𝑁

𝑖=1

 𝑉𝑖⊗𝑅𝑖  

𝐼𝑋 =
1

12
∑  

𝑁

𝑖=1

 𝑚𝑖𝑖(𝑖
2 − 1), 𝐼𝑖 = {

𝑖/2  if 𝑖 even 

𝑖  if 𝑖 odd 
 

𝐚𝐝𝐣 = ASym(𝑁⊗𝑁),  

 

𝐚𝐝𝐣 →⨁ 

𝑁

𝑖,𝑗=1
𝑗>𝑖

  (𝑉𝑖⊗𝑉𝑗, 𝑅𝑖⊗𝑅𝑗)⊕⨁ 

𝑁

𝑖=1

  (ASym(𝑉𝑖⊗𝑉𝑖), Sym(𝑅𝑖⊗𝑅𝑖))

⊕⨁ 

𝑁

𝑖=1

  (Sym(𝑉𝑖⊗𝑉𝑖), ASym(𝑅𝑖⊗𝑅𝑖))

 

ASym(𝑉2𝑖⊗𝑉2𝑖)=⨁ 

𝑖

𝑘=1

 𝑉4𝑖+1−4𝑘, ASym(𝑉2𝑖−1⊗𝑉2𝑖−1) =⨁ 𝑉4𝑖−1−4𝑘  

𝑖−1

𝑘=1

⁡

Sym(𝑉2𝑖⊗𝑉2𝑖)⁡=⨁ 

𝑖

𝑘=1

 𝑉4𝑖+3−4𝑘, Sym(𝑉2𝑖−1⊗𝑉2𝑖−1) =⨁ 

𝑖

𝑘=1

 𝑉4𝑖+1−4𝑘

 

ASym(𝑅𝑖⊗𝑅𝑖) = 𝑨
𝟐⊕𝟏, Sym(𝑅𝑖⊗𝑅𝑖) = 𝐚𝐝𝐣.  
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ASym(𝑅𝑖⊗𝑅𝑖) = 𝐚𝐝𝐣, Sym(𝑅𝑖⊗𝑅𝑖) = 𝑺
𝟐⊕𝟏.  

𝐻 =
1

2

(

 [
1

2
∑  

𝑁

𝑖,𝑗=1

 𝑚𝑖𝑚𝑗(𝑖𝑗 − min(𝑖, 𝑗))] −
𝑁

2
+
1

2
∑  

𝑁

𝑖=1
𝑖 odd 

 𝑚𝑖

)

 

𝐻𝑣 =
1

2
[
1

6
∑  

𝑁

𝑖,𝑗=1

 𝑚𝑖𝑚𝑗(𝑖𝑗 − min(𝑖, 𝑗))(𝑖(𝑖 − 2) + 𝑗(𝑗 − 2) + 2min(𝑖, 𝑗) − 1)]

⁡+
1

12
∑  

𝑁

𝑖=1

  (𝑖 + 6𝑖2 − 4𝑖3)𝑚𝑖 −
1

12
∑  

𝑁

𝑖=1
𝑖 odd 

 3𝑚𝑖

𝐻𝑖 =

{
  
 

  
 
[2∑  

𝑁

𝑗=1

  (𝑖𝑗 − min(𝑖, 𝑗))𝑚𝑗] − 4(𝑖 − 1)  if 𝑖 odd 

1

2
[2∑  

𝑁

𝑗=1

  (𝑖𝑗 − min(𝑖, 𝑗))𝑚𝑗] − 2𝑖  if 𝑖 even. 

 

𝔰𝔬(𝑚𝑖): 𝐴vector = 1, 𝐴anti-sym = ℎ𝔰𝔬(𝑚𝑖)
∨ , 𝐴𝐬𝐲𝐦 = ℎ𝔰𝔬(𝑚𝑖)

∨ + 4,

𝔲𝔰𝔭(𝑚𝑖): 𝐴fund =
1

2
, 𝐴anti-sym = ℎ𝔲𝔰𝔭(𝑚𝑖)

∨ − 2, 𝐴𝐬𝐲𝐦 = ℎ𝔲𝔰𝔭(𝑚𝑖)
∨ .

 

[1𝑚1 , 2𝑚2 ,⋯ , 𝑁𝑚𝑁]⁡ such that ⁡∑  

𝑁

𝑖=1

 𝑖𝑚𝑖 = 𝑁⁡ and ⁡𝑖 odd ⁡ ⟹ 𝑚𝑖 even .  

𝔣 =⨁ 

𝑁

𝑖=1

  𝔧𝑖 ⁡ where ⁡𝔧𝑖 = {
𝔲𝔰𝔭(𝑚𝑖)  if 𝑖 odd 

𝔰𝔬(𝑚𝑖)  if 𝑖 even 
 

𝑁 →⨁ 

𝑁

𝑖=1

 𝑉𝑖⊗𝑅𝑖.  

𝐼𝑋 =
1

6
∑  

𝑁

𝑖=1

 𝑚𝑖𝑖(𝑖
2 − 1), 𝐼𝑖 = {

2𝑖  if 𝑖 even 

𝑖  if 𝑖 odd 
 

𝐚𝐝𝐣 = Sym(𝑵⊗𝑵),  

𝐚𝐝𝐣 →⨁ 

𝑁

𝑖,𝑗=1
𝑗>𝑖

  (𝑉𝑖⊗𝑉𝑗, 𝑅𝑖⊗𝑅𝑗)⊕⨁ 

𝑁

𝑖=1

  (ASym(𝑉𝑖⊗𝑉𝑖), ASym(𝑅𝑖⊗𝑅𝑖))

⊕⨁ 

𝑁

𝑖=1

  (Sym(𝑉𝑖⊗𝑉𝑖), Sym(𝑅𝑖⊗𝑅𝑖))
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𝐻 =
1

2

(

 [
1

2
∑  

𝑁

𝑖,𝑗=1

 𝑚𝑖𝑚𝑗(𝑖𝑗 − min(𝑖, 𝑗))] +
𝑁

2
−
1

2
∑  

𝑁

𝑖=1
𝑖 odd 

 𝑚𝑖

)

 

𝐻𝑣 =
1

2
[
1

6
∑  

𝑁

𝑖,𝑗=1

 𝑚𝑖𝑚𝑗(𝑖𝑗 − min(𝑖, 𝑗))(𝑖(𝑖 − 2) + 𝑗(𝑗 − 2) + 2min(𝑖, 𝑗) − 1)]

⁡−
1

12
∑  

𝑁

𝑖=1

  (𝑖 + 6𝑖2 − 4𝑖3)𝑚𝑖 +
1

12
∑  

𝑁

𝑖=1
𝑖 odd 

 3𝑚𝑖

𝐻𝑖 =

{
  
 

  
 1

2
[2∑  

𝑁

𝑗=1

  (𝑖𝑗 − min(𝑖, 𝑗))𝑚𝑗] + 2(𝑖 − 1)  if 𝑖 odd 

[2∑  

𝑁

𝑗=1

  (𝑖𝑗 − min(𝑖, 𝑗))𝑚𝑗] + 4𝑖  if 𝑖 even. 

 

𝒮j⟨𝐶𝑔,𝑛⟩{𝑂1,⋯ , 𝑂𝑛},  

𝑃 = [𝑝1, ⋯ , 𝑝𝑁], 𝑃
′ = [𝑝1

′ , ⋯ , 𝑝𝑁
′ ]  

 

𝑃′ ≺ 𝑃 ⟺∑ 

𝑁

𝑖=𝑗

  (𝑝𝑖
′ − 𝑝𝑖) ≥ 0 for 1 ≤ 𝑗 ≤ 𝑁  

Φ𝑧 = ∑  

𝑝≥𝑞≥0

 
𝑇𝑞

𝑧1+𝑞/𝑏  

 

(𝔧, 𝑜, 𝔤, 𝑏, 𝑝, 𝑂) ⁡→ ⁡𝒟𝑝
𝑏(𝐺, 𝑂)  

(𝔧, 𝑜, 𝔤, 𝑏, 𝑝, 𝑂full ) ⁡→ ⁡𝒟𝑝
𝑏(𝐺)  

𝑎⁡ =
1

24
(𝑔 − 1)(8𝑑jℎj

∨ + 5𝑟j) + 𝑛𝛿𝑎(𝑂full) +𝑚𝛿𝑎(𝑂̃full)

𝑐⁡ =
1

6
(𝑔 − 1)(2𝑑jℎj

∨ + 𝑟j) + 𝑛𝛿𝑐(𝑂full) + 𝑚𝛿𝑐(𝑂̃full)

 

j 𝑜 𝔤 𝑏 𝑝 O 

𝔰𝔲(𝑛) 1 𝔰𝔲(𝑛) n 𝑛 − 1 ℕℕ A-part. of 𝑛 

𝔰𝔲(2𝑛

+ 1) 
ℤ2 𝔲𝔰𝔭′(2𝑛) 

4𝑛

+ 22𝑛 

ℕodd ℕ C-part. of 2𝑛 
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𝔰𝔲(2𝑛) ℤ2 

𝔰𝔬(2𝑛

+ 1) 

4𝑛

− 22𝑛 

ℕodd ℕ 

B-part. of 

2𝑛 + 1 

𝔰𝔬(2𝑛) 1 𝔰𝔬(2𝑛) 
2𝑛 − 2 

n 

ℕℕ D-part. of 2𝑛 

𝔰𝔬(2𝑛

+ 2) 
ℤ2 𝔲𝔰𝔭(2𝑛) 

2𝑛

+ 22𝑛 

ℕodd ℕ C-part. of 2𝑛 

 

 

j 𝑜 ℎ𝑡 Cas𝑡(𝐽, 𝑜) 𝔤 Cas(𝐺) 

𝔰𝔲(2𝑛 + 1)𝔰𝔲(2𝑛) 

𝔰𝔬(2𝑛 + 2) 

   𝔰𝔲(𝑛) {2,3,⋯ , 𝑛} 

ℤ2 4𝑛 + 2 {3,5,⋯ ,2𝑛 + 1} 𝔰𝔬(2𝑛 + 1) {2,4,⋯ ,2𝑛} 

ℤ2 4𝑛 − 2 {3,5,⋯ ,2𝑛 − 1} 𝔰𝔬(2𝑛) {2,4,⋯ ,2𝑛 − 2, 𝑛} 

ℤ2 2𝑛 + 2 {𝑛 + 1} 𝔲𝔰𝔭(2𝑛) {2,4,⋯ ,2𝑛} 

 

𝛿𝑎(𝑂full ) =
1

48
(𝑑j(8ℎj

∨ − 5) + 5𝑟j)) , 𝛿𝑐(𝑂full ) =
1

12
(𝑑j(2ℎj

∨ − 1) + 𝑟j)) ,

𝛿𝑎(𝑂̃full ) =
1

48
(8𝑑jℎj

∨ − 5𝑑𝔤 + 5𝑟j), 𝛿𝑐(𝑂̃full ) =
1

12
(2𝑑jℎj

∨ − 𝑑𝔤 + 𝑟j).

 

𝔣 = 𝔧𝑘j
⊕𝑛⊕𝔤

𝑘̃𝔤

⊕𝑚
 

𝑘𝔧 = 2ℎ𝔧
∨, 𝑘̃𝔤 = 2ℎ𝔤

∨  

𝑜 = 1, 𝔧 = 𝔤,  

𝑘𝔤 = 2(ℎ𝔤
∨ −

𝑏

𝑝
)  

12𝑐 =
𝑘𝔤𝑑𝔤

2ℎ𝔤
∨ − 𝑘𝔤

− 𝑓  

𝔤⊕ 𝔲(1)⊕𝑓  
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4(2𝑎 − 𝑐) =∑ 

𝑢

  (2Δ(𝑢) − 1)  

{Δ(𝑢)} = {𝑗 −
𝑏

𝑝
𝑠 > 1| ⁡𝑗 ∈ Cas(𝐺), 𝑠 ≥ 1}  

𝑜 ≠ 1, 𝔧 ≠ 𝔤,  

𝑘𝔤 = 2 (ℎ𝔤
∨ −

1

𝑚

𝑏

𝑝
)  

12𝑐 =
𝑘𝔤𝑑𝔤

2ℎ𝔤
∨ − 𝑘𝔤

− 𝑓  

{𝑗 −
𝑏

𝑝
𝑠 > 1| ⁡𝑗 ∈ Cas(𝐺), 𝑠 ≥ 1} ⊔ {𝑗𝑡 −

𝑏

𝑝

2𝑠 − 1

2
> 1|⁡𝑗𝑡 ∈ Cas𝑡(𝐽, 𝑜), 𝑠 ≥ 1} .  

d𝑠11
2 = 𝜅2/3e2𝜆[4 d𝑠AdS5

2 + 𝑦2e−6𝜆 d𝑠2(𝑆2) + d𝑠2(ℳ4)] ⁡

d𝑠2(ℳ4)= 4(1 − 𝑦
2e−6𝜆) +

e−6𝜆

1 − 𝑦2e−6𝜆
( d𝑦2 + e𝐷( d𝑥1

2 + d𝑥2
2)) ⁡

𝐺4⁡= 𝜅dvol(𝑆
2) ∧ [𝒟𝜒 ∧ d(𝑦3𝑒−6𝜆) + 𝑦(1 − 𝑦2𝑒−6𝜆)d𝑣 −

1

2
𝜕𝑦e

𝐷 d𝑥1 ∧  d𝑥2]

e−6𝜆⁡= −
𝜕𝑦𝐷

𝑦(1 − 𝑦𝜕𝑦𝐷)
, 𝒟𝜒 = d𝜒 + 𝑣, 𝑣 =

1

2
(𝜕𝑥2𝐷 d𝑥1 − 𝜕𝑥1𝐷 d𝑥2)

 

(𝜕𝑥1
2 + 𝜕𝑥2

2 )𝐷 + 𝜕𝑦
2e𝐷 = 0  

𝑥1 + 𝑖𝑥2 = 𝑟𝑒
𝑖𝛽  

𝑟2𝑒𝐷 = 𝜌2, 𝑦 = 𝜌𝜕𝜌𝑉 ≡ 𝑉̇, log⁡ 𝑟 = 𝜕𝜂𝑉 ≡ 𝑉
′  

1

𝜌
𝜕𝜌(𝜌𝜕𝜌𝑉) + 𝜕𝜂

2𝑉 = 0  

d𝑠11
2 = 𝜅2/3 (

𝑉̇Δ̃

2𝑉′′
)

1/3

[4 d𝑠AdS5
2 +

2𝑉′′𝑉̇

Δ̃
 d𝑠2(𝑆2) + d𝑠4

2] ⁡

d𝑠4
2=

2(2𝑉̇ − 𝑉̃)

𝑉̇Δ̃
𝒟𝛽2 +

2𝑉′′

𝑉̇
( d𝜌2 + d𝜂2 +

2𝑉̇

2𝑉̇ − 𝑉̈
𝜌2 d𝜒2)⁡

𝐶3⁡= 2𝜅 [−
2𝑉̇2𝑉′′

Δ̃
d𝜒 + (

𝑉̇𝑉̇′

Δ̃
− 𝜂)d𝛽] ∧ dvol(𝑆2)

𝒟𝛽⁡= d𝛽 +
2𝑉̇𝑉̇′

2𝑉̇ − 𝑉̈
 d𝜒, Δ̃ = (2𝑉̇ − 𝑉̈)𝑉′′ + (𝑉̇′)2

 

 

𝜆(𝜂) ≡ 𝑉̇(𝜂, 𝜌 = 0)  

𝜆𝑖(𝜂) = 𝛼̂𝑖𝜂 + 𝛽̂𝑖, 𝑖 − 1 ≤ 𝜂 ≤ 𝑖  
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AdS5 × ℂℙ
1 ⋉ 𝑆̃4  

𝒱1(𝜂, 𝜌)= −𝜂log⁡ 𝜌 ⁡

𝒱2(𝜂, 𝜌: 𝑛)⁡=
𝜂

𝑤̃(𝜂, 𝜌: 𝑛)
−
𝜂

2
log⁡

𝑤̃(𝜂, 𝜌: 𝑛) + 1

𝑤̃(𝜂, 𝜌: 𝑛) − 1

𝒱3(𝜂, 𝜌: 𝑛)⁡= −
𝑛

2
log⁡

𝑛𝑤̃(𝜂, 𝜌: 𝑛) + 𝜂

𝑛𝑤̃(𝜂, 𝜌: 𝑛) − 𝜂

 

𝑤̃(𝜂, 𝜌: 𝑛) =
1

√2𝑛
√𝑛2 + 𝜌2 + 𝜂2 +√4𝑛2𝜌2 + (𝜌2 + 𝜂2 − 𝑛2)2  

𝜆1(𝜂) = −𝜂

𝜆2(𝜂) = {
𝜂 0 ≤ 𝜂 ≤ 𝑛
0 0 < 𝑛 ≤ 𝜂

𝜆3(𝜂) = {
0 0 ≤ 𝜂 ≤ 𝑛
𝑛 0 < 𝑛 ≤ 𝜂

 

𝜆reg
block (𝜂) = {

𝜂 0 ≤ 𝜂 ≤ 𝑛
𝑛 𝑛 ≤ 𝜂

 

𝑉reg,[𝑖𝑚𝑖] =∑ 

𝑁

𝑖=1

 𝑚𝑖𝒱reg(𝜂, 𝜌: 𝑖),  

𝜆reg(𝜂) = 𝜂∑  

𝑁

𝑗=𝑖

 𝑚𝑗 +∑  

𝑖−1

𝑗=1

 𝑖𝑚𝑗, 𝑖 − 1 ≤ 𝜂 ≤ 𝑖,  

𝑉irreg(𝜂, 𝜌: 𝑝) = −
𝑁

𝑝
𝜂log⁡ 𝜌,⇒ ⁡𝜆irreg(𝜂) = −

𝑁

𝑝
𝜂  

𝑉tot(𝜂, 𝜌: 𝑝, [𝑖
𝑚𝑖]) = 𝑉irreg(𝜂, 𝜌: 𝑝) + 𝑉reg(𝜂, 𝜌: [𝑖

𝑚𝑖])  

𝜆(𝜂) = 𝜂 (∑ 

𝑁

𝑗=𝑖

 𝑚𝑗 −
𝑁

𝑝
) +∑  

𝑖−1

𝑗=1

 𝑗𝑚𝑗, 𝑖 − 1 ≤ 𝜂 ≤ 𝑖.  

𝑁 =∑ 

𝑁

𝑗=1

 𝑚𝑗min(𝑗, 𝑝)  

𝑉̇tot(𝜂, 𝜌: 𝑝, [𝑖
𝑚𝑖]) = −

𝑁

𝑝
𝜂 + 𝜂∑  

𝑁

𝑖=1

 
𝑚𝑖

𝑤̃(𝜂, 𝜌: 𝑖)
 

0 = −
𝑁

𝑝
+∑  

𝑁

𝑖=1

 
𝑚𝑖

𝑤̃(𝜂, 𝜌: 𝑖)
 

(𝑚𝑖
2𝑝2 −𝑁2)𝜂2 +𝑚𝑖

2𝑝2 =
𝑚𝑖
2𝑖2𝑝2(𝑚𝑖

2𝑝2 −𝑁2)

𝑁2
 

𝑥𝑖 → −𝑥𝑖  
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𝐶 → −𝐶.  

∫ 
𝑆̂

 𝐺 =
1

2
∫ 
𝑆

 𝐺  

2∫ 
𝑆̂

 
𝐺

(2𝜋ℓ𝑝)
3 = ∫ 

𝑆̂

 𝑤4(𝑋)⁡mod2  

∫ 
𝑆̂

 
1

2𝜋ℓ𝑝
3 𝐺 =

1

2
(∫  
𝑆(1)
4
 
1

2𝜋ℓ𝑝
3 𝐺 +∫  

𝑆(2)
4
 
1

2𝜋ℓ𝑝
3 𝐺) =

1 + 1

2
= 1  

2∫ 
𝑆

 
1

(2𝜋ℓ𝑝)
3 𝐺 = 1⁡mod2  

𝑥 → −𝑥, 𝛽 → 𝛽 + 𝜋  

𝜃 ≡
1

2𝜋
∫  
ℝℙ2

 𝐵⁡mod2,𝜑 ≡
1

2𝜋
∫  
𝑆1
 𝐶1⁡mod2  

theory realization 𝑂4 (𝜃, 𝜑) Gauge group Flavor 

ℝ5/ℤ2 × 𝑆
1 𝑂4− (0,0) 𝑆𝑂( even ) 𝑈𝑆𝑝 

ℝ5/ℤ2 × 𝑆
1 and pair of fixed M5s 𝑂4+ (1,0) 𝑈𝑆𝑝( even ) SO 

(ℝ5 × 𝑆1)/ℤ2 𝑂4̃− (0,1) 𝑆𝑂( odd ) 𝑈𝑆𝑝 

(ℝ5 × 𝑆1)/ℤ2 and one trapped M5 𝑂4̃+ (1,1) 𝑈𝑆𝑝′( even ) SO 

 

 

𝜆(𝜂) = 𝜆̃ −
𝑏

𝑠𝔤𝑚𝑝
𝜂 + 𝜂∑  

𝑁

𝑗=𝑖

 𝑚𝑗 +∑ 

𝑖−1

𝑗=1

 𝑗𝑚𝑗 , 𝑖 − 1 ≤ 𝜂 ≤ 𝑖  

𝐼12 = −
1

6
𝐸4 ∧ 𝐸4 ∧ 𝐸4 − 𝐸4 ∧ 𝑋8  

∫  
𝑆4
 𝐸4 = 𝑁  

𝐸̂4 ≡
1

(2𝜋ℓ𝑝)
3 𝐺4 −

1

2
𝑤4 = 𝐸4 −

1

2
𝑤4  
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ℐ12 = −
1

6
𝐸̂4 ∧ 𝐸̂4 ∧ 𝐸̂4 − 𝐸̂4 ∧ 𝑋8  

48(𝑐 − 𝑎)= 𝑡𝔤∑ 

𝑁

𝑖=1

 𝑚𝑖(𝜆(𝑖) + 𝛼𝑖) ⁡

2𝑎 − 𝑐⁡=
𝑡𝔤
4
[∑  

𝑁

𝑖=1

 ∫  
𝑖

𝑖−1

  (𝜆(𝜂) + 𝛼𝑖)
2 d𝜂 + ∫  

𝑝

𝑁

  (𝜆(𝜂) + 𝛼𝑁+1)
2 d𝜂] + 2𝑡𝔤(𝑐 − 𝑎)

𝑘𝑖⁡= 2𝑠𝔤(𝜆(𝑖) + 𝛼𝑖)

 

𝒟𝑝
𝑏=ℎ𝑡(𝐺 ≠ 𝑈𝑆𝑝′, 𝑂full ),  

𝑎UV =
(4𝑝 − 1)(𝑝 − 1)

48𝑝
dim(𝔤)  

deg(𝑝𝑛𝑝𝑁𝑛𝑁𝑀𝑛𝑀) = 𝑛𝑝 + 𝑛𝑁 + {
𝑛𝑀  if 𝑛𝑀 > 0
0  if 𝑛𝑀 < 0

 

𝒟𝑝
𝑏=𝑁(𝑆𝑈(𝑁), [𝑀𝑁/𝑀])  

𝑎UV =
1

48

(4𝑝 − 1)(𝑝 − 1)

𝑝
(𝑁2 − 1), 𝑐UV =

1

12
(𝑝 − 1)(𝑁2 − 1)  

𝔣𝑘
UV = 𝔰𝔲(𝑁)

2(
𝑝−1
𝑝
)𝑁  

𝔰𝔲(𝑁) → 𝔰𝔲(2)𝑋⊕ 𝔰𝔲(𝑚𝑀 = 𝑁/𝑀).  

𝐼𝑋 =
𝑁(𝑀2 − 1)

6
, 𝐼𝑀 = 𝑀  

𝐻 =
𝑁2(𝑀 − 1)

2𝑀
,𝐻𝑣 =

𝑁2(2𝑀2(𝑀 − 2) +𝑀 + 1)

6𝑀
,𝐻𝑀 = 2𝑁(𝑀 − 1).  

12𝑐IR= 12𝑐UV − 3𝐼𝑋𝑘
UV + 3𝐻𝑣 −𝐻 ⁡

⁡= 𝑝𝑁2 +
𝑀2𝑁2

𝑝
− 2𝑀𝑁2 − 𝑝 −

𝑁2

𝑝
+
𝑁2

𝑀
+ 1

48𝑎IR⁡= 48𝑎UV − 12𝐼𝑋𝑘
UV + 12𝐻𝑣 − 2𝐻

⁡= 4𝑁2𝑝 − 4𝑝 +
4𝑀2𝑁2

𝑝
−
3𝑁2

𝑝
−
1

𝑝
− 8𝑀𝑁2 +

3𝑁2

𝑀
+ 5

 

48(𝑐IR − 𝑎IR) =
𝑁2

𝑀
−
𝑁2

𝑝
+
1

𝑝
− 1.  

𝔣
𝑘𝑀
IR
IR = 𝔰𝔲(𝑁/𝑀)𝑘𝑀IR

, ⁡

𝑘𝑀
IR⁡= 𝐼𝑀𝑘

UV −𝐻𝑀 = 2𝑁 (1 −
𝑀

𝑝
) .
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𝜆(𝜂) =

{
 
 

 
 𝑁(𝑝𝑓 −𝑀)

𝑀𝑝𝑓
𝜂 0 ≤ 𝜂 ≤ 𝑀

𝑁

𝑝𝑓
(𝑝𝑓 − 𝜂) 𝑀 ≤ 𝜂 ≤ 𝑝𝑓 ,

 

12(2𝑎IR − 𝑐IR)
inflow

|
2𝜕
= −3∫  

𝑝

0

 𝜆(𝜂)2 d𝜂 = −
𝑁2

𝑝
(𝑝 −𝑀)2.  

12(2𝑎IR − 𝑐IR)
inflow

|
𝑋8
= −

𝑁

2𝑀
𝜆(𝑀) = −

𝑁2

2
(
1

𝑀
−
1

𝑝
) .  

12(2𝑎IR − 𝑐IR) + 12(2𝑎IR − 𝑐IR)
inflow

= −𝑝 +
3

2
−
1

2𝑝
.  

48(𝑐IR − 𝑎IR)
inflow

|
𝑋8
= −

𝑁

𝑀
𝜆(𝑀) = −𝑁2 (

1

𝑀
−
1

𝑝
)  

48(𝑐 − 𝑎) + 48(𝑐 − 𝑎)inflow |
𝑋8
=
1

𝑝
− 1  

(𝑘𝑀
IR)

inflow
= −2𝑁 (1 −

𝑀

𝑝
) ⁡⇒ ⁡𝑘𝑀

IR + (𝑘𝑀
IR)

inflow
= 0  

𝒟𝑝
𝑏=𝑁−2(𝑆𝑂(𝑁), [𝑀𝑁/𝑀])  

𝒟𝑝
𝑏=𝑁−2(𝑆𝑂(𝑁), [1𝑁]),  

gcd(𝑝, 𝑁 − 2) = 1  

𝒟𝑝
𝑏=2𝑁−4(𝑆𝑂(𝑁), [𝑀𝑁/𝑀]),  

𝒟𝑝
𝑏=2𝑁−4(𝑆𝑂(𝑁), [1𝑁])  

𝑎UV ⁡=
1

48

(4𝑝 − 1)(𝑝 − 1)

𝑝

𝑁(𝑁 − 1)

2

𝑐UV ⁡=
1

12
(𝑝 − 1)

𝑁(𝑁 − 1)

2

 

𝔣
𝑘UV
UV = 𝔰𝔬(𝑁)

2(
𝑝−1
𝑝
)(𝑁−2)  

𝔰𝔬(𝑁) → 𝔰𝔲(2)𝑋⊕ 𝔣𝑀⁡ where ⁡𝔣𝑀 = {
𝔲𝔰𝔭(𝑁/𝑀)  if 𝑀 even 

𝔰𝔬(𝑁/𝑀)  if 𝑀 odd 
 

𝐼𝑋 =
1

12
𝑁(𝑀2 − 1), 𝐼𝑀 = {

𝑀/2  if 𝑀 even 

𝑀  if 𝑀 odd 
 

adj → (3⊕ 7⊕⋯⊕ 2𝑀 − 1,1⊕ 𝐴2) ⊕ (1⊕ 5⊕⋯⊕ 2𝑀 − 3, 𝑆2).  

adj → (3⊕ 7⊕⋯⊕ 2𝑀 − 3,1⊕ 𝑆2)⊕ (1⊕ 5⊕⋯⊕ 2𝑀 − 1, 𝐴2),  
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𝐻=
1

2
[
𝑁2(𝑀 − 1)

2𝑀
] −

𝑁

4
+ {

𝑁

4𝑀
 if 𝑀 odd 

0  if 𝑀 even 

⁡

𝐻𝑣=
1

2
[
𝑁2(𝑀 − 1)(2𝑀(𝑀 − 1) − 1)

6𝑀
] +

𝑁(1 + 6𝑀 − 4𝑀2)

12
− {

𝑁

4𝑀
 if 𝑀 odd 

0  if 𝑀 even 

⁡

𝐻𝑀⁡= {
2𝑁(𝑀 − 1) − 4(𝑀 − 1)  if 𝑀 odd 

𝑁(𝑀 − 1) − 2𝑀  if 𝑀 even 

 

 

12𝑐IR =
𝑁2𝑝

2
−
𝑁𝑝

2
+
𝑀2𝑁2

2𝑝
−
𝑁2

2𝑝
−
𝑀2𝑁

𝑝
+
𝑁

𝑝

⁡−𝑀𝑁2 +
𝑁2

2𝑀
+
3𝑀𝑁

2
− {
𝑁

𝑀
 if 𝑀 odd 

0  if 𝑀 even 

48𝑎IR = 2𝑁2𝑝 − 2𝑁𝑝 +
2𝑀2𝑁2

𝑝
−
3𝑁2

2𝑝
−
4𝑀2𝑁

𝑝
+
7𝑁

2𝑝

⁡−4𝑀𝑁2 +
3𝑁2

2𝑀
+ 6𝑀𝑁 − {

7𝑁

2𝑀
 if 𝑀 odd 

0  if 𝑀 even 

 

48(𝑐IR − 𝑎IR) =
𝑁2

2𝑀
+
𝑁

2𝑝
−
𝑁2

2𝑝
− {

𝑁

2𝑀
 if 𝑀 odd 

0  if 𝑀 even 

 

𝑘𝑀
IR = 𝑁 +

2𝑀

𝑝
−
𝑁𝑀

𝑝
,  

𝑘𝑀
IR = 2𝑁 +

4𝑀

𝑝
−
2𝑁𝑀

𝑝
− 4.  

𝜆(𝜂) = −2 + 𝜂 (∑ 

𝑁

𝑗=𝑖

 𝑚𝑗 −
𝑏

𝑚𝑝𝑠𝐺
)+∑  

𝑖−1

𝑗=1

 𝑗𝑚𝑗,  

12(2𝑎IR − 𝑐IR)
inflow 

|
2𝜕
= −

3

2
∫  
𝑝

0

 𝜆(𝜂)2𝑑𝜂 ⁡

⁡= 𝑀𝑁2 −
𝑀2𝑁2

2𝑝
−
𝑁2𝑝

2
+
𝑀2𝑁

𝑝
− 3𝑀𝑁 + 2𝑁𝑝 − 2𝑝

 

48(𝑐IR − 𝑎IR)
inflow 

= −
1

2
∑  

𝑁

𝑖=1

 𝑚𝑖(𝜆(𝑖) + 𝛼𝑖)  

48(𝑐IR − 𝑎IR)
inflow

= −
1

2
[−
2𝑁

𝑀
+𝑁2 −

𝑁2(𝑀 − 1)

𝑀
−

𝑁𝑏

𝑚𝑝𝑠𝐺
+
𝑁

𝑀
𝛼𝑀] .  

48(𝑐IR − 𝑎IR) =
𝑁2

2𝑀
−
𝑁2

2𝑝
+
𝑁

𝑝
+
𝑁

2𝑀
(𝛼𝑀 − 2),  
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48(𝑐IR − 𝑎IR) + 48(𝑐IR − 𝑎IR)
inflow 

= −
𝑁

2𝑝
.  

𝑘𝑖
inflow = −2𝑠𝐺

(𝑖)
𝜆(𝑖)  

𝑘𝑀
inflow = −

{
 

 𝑁 +
2𝑀

𝑝
−
𝑀𝑁

𝑝
+ 2  if 𝑀 even 

2𝑁 +
4𝑀

𝑝
−
2𝑀𝑁

𝑝
+ 4  if 𝑀 odd 

 

𝑘𝑀
IR + 𝑘𝑀

inflow = {
2  if 𝑀 even 

0  if 𝑀 odd 
 

𝒟𝑝
𝑏(𝑈𝑆𝑝(𝑁), [𝑀𝑁/𝑀])⁡ and ⁡𝒟𝑝

𝑏(𝑈𝑆𝑝′(𝑁), [𝑀𝑁/𝑀])  

𝒟𝑝
𝑏=𝑁+2(𝑈𝑆𝑝(𝑁), [𝑀𝑁/𝑀]).  

𝑎UV =
1

48

(4𝑝 − 1)(𝑝 − 1)

𝑝

𝑁(𝑁 + 1)

2
, 𝑐UV =

1

12
(𝑝 − 1)

𝑁(𝑁 + 1)

2
,  

𝔣𝑘
UV = 𝔲𝔰𝔭(𝑁)𝑝−1

𝑝
(𝑁+2)  

𝔲𝔰𝔭(𝑁) → 𝔰𝔲(2)𝑋⊕ 𝔣𝑀⁡ where ⁡𝔣𝑀 = {
𝔲𝔰𝔭(𝑁/𝑀)  if 𝑀 odd 

𝔰𝔬(𝑁/𝑀)  if 𝑀 even ,
 

𝐼𝑋 =
𝑁(𝑀2 − 1)

6
 

adj → (3⊕ 7⊕⋯⊕ 2𝑀 − 1,1⊕ 𝑆2)⊕ (1⊕ 5⊕⋯⊕ 2𝑀 − 3, 𝐴2).  

adj → (3⊕ 7⊕⋯⊕ 2𝑀 − 3,1⊕ 𝐴2) ⊕ (1⊕ 5⊕⋯⊕ 2𝑀 − 1, 𝑆2),  

𝐻=
1

2
[
𝑁2(𝑀 − 1)

2𝑀
] +

𝑁

4
− {

𝑁

4𝑀
 if 𝑀 odd 

0  if 𝑀 even 

⁡

𝐻𝑣=
1

2
[
𝑁2(𝑀 − 1)(2𝑀(𝑀 − 1) − 1)

6𝑀
] −

𝑁(1 + 6𝑀 − 4𝑀2)

12
+ {

𝑁

4𝑀
 if 𝑀 odd 

0  if 𝑀 even 

⁡

𝐻𝑀⁡= {
𝑁(𝑀 − 1) + 2(𝑀 − 1)  if 𝑀 odd 

2𝑁(𝑀 − 1) + 4𝑀  if 𝑀 even 

 

12𝑐IR =
𝑁2𝑝

2
+
𝑁𝑝

2
+
𝑀2𝑁2

2𝑝
−
𝑁2

2𝑝
+
𝑀2𝑁

𝑝
−
𝑁

𝑝

−𝑀𝑁2 +
𝑁2

2𝑀
−
3𝑀𝑁

2
+ {
𝑁

𝑀
 if 𝑀 odd 

0  if 𝑀 even 

⁡

48𝑎IR = 2𝑁2𝑝 + 2𝑁𝑝 +
2𝑀2𝑁2

𝑝
−
3𝑁2

2𝑝
+
4𝑀2𝑁

𝑝
−
7𝑁

2𝑝

⁡−4𝑀𝑁2 +
3𝑁2

2𝑀
− 6𝑀𝑁 + {

7𝑁

2𝑀
 if 𝑀 odd 

0  if 𝑀 even 
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48(𝑐IR − 𝑎IR) =
𝑁2

2𝑀
−
𝑁

2𝑝
−
𝑁2

2𝑝
+ {

𝑁

2𝑀
 if 𝑀 odd 

0  if 𝑀 even 

 

𝑘𝑀
IR = 2𝑁 −

4𝑀

𝑝
−
2𝑀𝑁

𝑝
 

𝑘𝑀
IR = 𝑁 −

2𝑀

𝑝
−
𝑀𝑁

𝑝
+ 2 = (𝑁 + 2)

𝑝 −𝑀

𝑝
.  

𝑏 = 𝑁 + 2,𝑚 = 2, 𝑠𝐺 =
1

2
 

𝜆(𝜂) = 2 + 𝜂 (∑ 

𝑁

𝑗=𝑖

 𝑚𝑗 −
𝑁 + 2

𝑝
) +∑  

𝑖−1

𝑗=1

 𝑗𝑚𝑗,  

12(2𝑎IR − 𝑐IR)
inflow 

|
2𝜕
= −

3

2
∫  
𝑝

0

 𝜆(𝜂)2𝑑𝜂 ⁡

⁡= 𝑀𝑁2 −
𝑀2𝑁2

2𝑝
−
𝑁2𝑝

2
−
𝑀2𝑁

𝑝
+ 3𝑀𝑁 − 2𝑁𝑝 − 2𝑝

 

48(𝑐IR − 𝑎IR)
inflow 

= −
1

2

𝑁

𝑀
(𝜆(𝑀) + 𝛼𝑀) = −

𝑁2

2𝑀
+
𝑁

𝑝
+
𝑁2

2𝑝
−
𝑁

𝑀
(1 +

𝛼𝑀
2
) .  

𝑘𝑀
inflow = −2𝑠𝐺

(𝑀)
𝜆(𝑖) =

{
 

 −4 − 2𝑁 +
4𝑀

𝑝
+
2𝑀𝑁

𝑝
 if 𝑀 even 

−2 − 𝑁 +
2𝑀

𝑝
+
𝑀𝑁

𝑝
 if 𝑀 odd 

 

𝑘𝑀
IR + 𝑘𝑀

inflow = {
−4  if 𝑀 even 

0  if 𝑀 odd 
 

𝒟𝑝
𝑏(𝑆𝑂(2𝑁)), 𝒟𝑝

𝑏(𝑆𝑂(2𝑁 + 1)), 𝒟𝑝
𝑏(𝑈𝑆𝑝(2𝑁)), 𝒟𝑝

𝑏(𝑈𝑆𝑝′(2𝑁))  

𝒟𝑝
𝑏(𝐺, 𝑂),  

𝒟𝑝(SU(𝑁), [1
𝑚1 , 2𝑚2 ,⋯ ,𝑁𝑚𝑁]),  

𝒟𝑝(𝑆𝑈(𝑝ℓ + 𝑁), [1
𝑚1 , 2𝑚2 ,⋯ ,𝑁𝑚𝑁 , 𝑝ℓ])  

𝑘𝑝 = 𝑝 (
2(𝑝 − 1)

𝑝
(𝑝ℓ + 𝑁)) − 2((𝑝 − 1)𝑁 + ℓ𝑝(𝑝 − 1)) = 0  

𝜆(𝜂) = 𝜂 ( ∑  

𝑁+𝑝ℓ

𝑗=𝑖

 𝑚𝑗 −
𝑁 + 𝑝ℓ

𝑝
) +∑ 

𝑖−1

𝑗=1

 𝑗𝑚𝑗.  

𝜒𝑇 = 𝜒𝐸 + 𝛽𝐸 , 𝛽𝑇 = 𝛽𝐸 
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𝑍𝑆1×𝑆2 =
1

(𝑁!)𝑝
∑  

𝔪1,…,𝔪𝑝∈ℤ
𝑁

 ∫  
𝒞

 ∏  

𝑝

𝑎=1

  [∏  

𝑁

𝑖=1

 
𝑑𝑥𝑎,𝑖
2𝜋i𝑥𝑎,𝑖

(𝑥𝑎,𝑖)
𝑘𝑎𝔪𝑎,𝑖+𝔱𝑎(𝜉𝑎)

𝔪𝑎,𝑖∏ 

𝑁

𝑖≠𝑗

 (1 −
𝑥𝑎,𝑖
𝑥𝑎,𝑗

)]

⁡× ∏  

𝑁

𝑖,𝑗=1

 

[
 
 
 
 

∏  

bi-fund pairs Ψ(𝑎,𝑏)&Ψ(𝑏,𝑎)

 

(

 
√
𝑥𝑎,𝑖
𝑥𝑏,𝑗

𝑦Ψ(𝑎,𝑏)

1 −
𝑥𝑎,𝑖
𝑥𝑏,𝑗

𝑦Ψ(𝑎,𝑏)
)

 

𝔪𝑎,𝑖−𝔪𝑏,𝑗−𝔫Ψ(𝑎,𝑏)+1

×

(

 
√
𝑥𝑏,𝑗
𝑥𝑎,𝑖

𝑦Ψ(𝑏,𝑎)

1 −
𝑥𝑏,𝑗
𝑥𝑎,𝑖

𝑦Ψ(𝑏,𝑎)
)

 

−𝔪𝑎,𝑖+𝔪𝑏,𝑗−𝔫Ψ(𝑏,𝑎)+1

]
 
 
 
 

⁡× ∏  

𝑁

𝑖,𝑗=1

 

[
 
 
 
 

∏  

adjoint Ψ(𝑎,𝑎)

 

(

 
√
𝑥𝑎,𝑖
𝑥𝑎,𝑗

𝑦Ψ(𝑎,𝑎)

1 −
𝑥𝑎,𝑖
𝑥𝑎,𝑗

𝑦Ψ(𝑎,𝑎)
)

 

𝔪𝑎,𝑖−𝔪𝑎,𝑗−𝔫Ψ(𝑎,𝑎)+1

]
 
 
 
 

⁡×∏ 

𝑁

𝑖=1

 

[
 
 
 
 

∏  

fund Ψ𝑎

 (
√𝑥𝑎,𝑖𝑦Ψ𝑎
1 − 𝑥𝑎,𝑖𝑦Ψ𝑎

)

𝔪𝑎,𝑖−𝔫Ψ𝑎+1

∏  

anti-fund Ψ̃𝑎

 

(

 
√
1
𝑥𝑎,𝑖

𝑦Ψ̃𝑎

1 −
1
𝑥𝑎,𝑖

𝑦Ψ̃𝑎)

 

−𝔪𝑎,𝑖−𝔫Ψ𝑎+1

]
 
 
 
 

 

𝑊 = Tr [∑  

𝑁𝑓

𝑞=1

  𝜓̃𝑞Ψ3𝜓𝑞 +Ψ3[Ψ1, Ψ2]] .  

𝑍𝑆1×𝑆2
ADHM(𝑁,𝑁𝑓 , Δ, 𝔫) =

1

𝑁!
∑  

𝔪∈ℤ𝑁

 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑥𝑖
2𝜋i𝑥𝑖

𝑥𝑖
𝔱𝜉𝔪𝑖∏ 

𝑁

𝑖≠𝑗

 (1 −
𝑥𝑖
𝑥𝑗
)

⊡

𝒞

⁡×∏  

3

𝐼=1

 ∏  

𝑁

𝑖,𝑗=1

 

(

 
√
𝑥𝑖
𝑥𝑗
𝑦𝐼

1 −
𝑥𝑖
𝑥𝑗
𝑦𝐼
)

 

𝔪𝑖−
1
2
𝔫𝐼+

1
2

(

 
√
𝑥𝑗
𝑥𝑖
𝑦𝐼

1 −
𝑥𝑗
𝑥𝑖
𝑦𝐼
)

 

−𝔪𝑖−
1
2
𝔫𝐼+

1
2

⁡×∏  

𝑁

𝑖=1

 (
√𝑥𝑖𝑦𝑞

1 − 𝑥𝑖𝑦𝑞
)

𝑁𝑓(𝔪𝑖−𝔫𝑞+1)

(

 
√
1
𝑥𝑖
𝑦𝑞̃

1 −
1
𝑥𝑖
𝑦𝑞̃
)

 

𝑁𝑓(−𝔪𝑖−𝔫𝑞̃+1)

 

Δ𝑞 + Δ𝑞̃ + Δ3 = Δ1 + Δ2 + Δ3 = 2, 𝔫𝑞 + 𝔫𝑞̃ + 𝔫3 = 𝔫1 + 𝔫2 + 𝔫3 = 2  

𝑦Ψ(𝑎,𝑏)→ 𝑦𝐼 = 𝑒
i𝜋Δ𝐼 , 𝑦Ψ𝑎 → 𝑦𝑞 = 𝑒

i𝜋Δ𝑞 ⁡

𝑦Ψ̃𝑎 ⁡→ 𝑦𝑞̃ = 𝑒
i𝜋Δ𝑞̃ , 𝜉𝑎 → 𝜉 = 𝑒

i𝜋(Δ𝑚−𝑁−1+2⌊
𝑁+1
2
⌋)
.

 

Δ1 = Δ2 =
1

2
, Δ3 = 1, Δ𝑚 = 0

𝔫1 = 𝔫2 =
1

2
, 𝔫3 = 1, 𝔱 = 0

 

Δ = (Δ𝐼 , Δ𝑞 , Δ𝑞̃ , Δ𝑚), 𝔫 = (𝔫𝐼 , 𝔫𝑞 , 𝔫𝑞̃ , 𝔱)  
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𝑍𝑆1×𝑆2
ADHM(𝑁,𝑁𝑓 , Δ, 𝔫) =

1

𝑁!
∰∏ 

𝑁

𝑖=1

 
𝑑𝑥𝑖
2𝜋i𝑥𝑖

𝑥𝑖
𝔱∏ 

𝑁

𝑖≠𝑗

 (1 −
𝑥𝑖
𝑥𝑗
)∏ 

𝑁

𝑖=1

 
(𝑒i𝐵𝑖)

𝑀

𝑒i𝐵𝑖 − 1

⊞

𝒞

⁡×∏  

3

𝐼=1

 ∏  

𝑁

𝑖,𝑗=1

 

(

 
√
𝑥𝑖
𝑥𝑗
𝑦𝐼

1 −
𝑥𝑖
𝑥𝑗
𝑦𝐼
)

 

−
1
2
𝔫𝐼+

1
2

(

 
√
𝑥𝑗
𝑥𝑖
𝑦𝐼

1 −
𝑥𝑗
𝑥𝑖
𝑦𝐼
)

 

−
1
2
𝔫𝐼+

1
2

⁡×∏  

𝑁

𝑖=1

 (
√𝑥𝑖𝑦𝑞

1 − 𝑥𝑖𝑦𝑞
)

𝑁𝑓(−𝔫𝑞+1)

(

 
√
1
𝑥𝑖
𝑦𝑞̃

1 −
1
𝑥𝑖
𝑦𝑞̃
)

 

𝑁𝑓(−𝔫𝑞̃+1)

 

 

𝑒i𝐵𝑖 = 𝜉 (
√𝑥𝑖𝑦𝑞

1 − 𝑥𝑖𝑦𝑞
)

𝑁𝑓

(

 
√
1
𝑥𝑖
𝑦𝑞̃

1 −
1
𝑥𝑖
𝑦𝑞̃
)

 

−𝑁𝑓

∏ 

3

𝐼=1

 ∏  

𝑁

𝑗=1

 (
𝑥𝑖 − 𝑥𝑗𝑦𝐼

𝑥𝑗 − 𝑥𝑖𝑦𝐼
)  

𝑍𝑆1×𝑆2
ADHM(𝑁,𝑁𝑓 , Δ, 𝔫) =𝑦𝑞

𝑁𝑁𝑓(1−𝔫𝑞)
2 𝑦𝑞̃

𝑁𝑁𝑓(1 − 𝔫𝑞̃)

2
∏  

3

𝐼=1

 𝑦𝐼
−
𝑁2

2
𝔫𝐼

× ∑  

{𝑥𝑖}∈BAE

 
1

det𝔹

∏  𝑁
𝑖=1  𝑥𝑖

𝑁+𝔱∏  𝑖≠𝑗  (1 − 𝑥𝑖/𝑥𝑗)

∏  3
𝐼=1  ∏  𝑁

𝑖,𝑗=1   (𝑥𝑗 − 𝑥𝑖𝑦𝐼)
−
1
2𝔫𝐼+

1
2(𝑥𝑖 − 𝑥𝑗𝑦𝐼)

−
1
2𝔫𝐼+

1
2

⁡

⁡×∏  

𝑁

𝑖=1

 
𝑥
𝑖

𝑁𝑓(1−
𝔫𝑞+𝔫𝑞̃
2

)

(1 − 𝑥𝑖𝑦𝑞)
𝑁𝑓(1−𝔫𝑞)

(𝑥𝑖 − 𝑦𝑞̃)
𝑁𝑓(1−𝔫𝑞̃)

 

2𝜋𝑛𝑖 =𝜋 (Δ𝑚 −𝑁 − 1 + 2 ⌊
𝑁 + 1

2
⌋) + i𝑁𝑓 (Li1 (𝑒

i(−𝑢𝑖+𝜋Δ𝑞̃)) − Li1 (𝑒
i(−𝑢𝑖−𝜋Δ𝑞)))

+
𝑁𝑓𝜋

2
(2 − Δ𝑞 − Δ𝑞̃) + i∑  

3

𝐼=1

 ∑  

𝑁

𝑗=1

  (Li1 (𝑒
i(𝑢𝑗−𝑢𝑖+𝜋Δ𝐼)) − Li1 (𝑒

i(𝑢𝑗−𝑢𝑖−𝜋Δ𝐼)))⁡

⁡+𝑁𝜋⁡ with ⁡𝑛𝑖 ∈ ℤ.

 

𝒱 =∑  

𝑁

𝑖=1

 (2𝑛𝑖 + 𝑁 + 1 − 2 ⌊
𝑁 + 1

2
⌋ − Δ𝑚)𝜋𝑢𝑖 ⁡

⁡+
1

2
∑  

3

𝐼=1

  ∑  

𝑁

𝑖,𝑗=1

  [Li2 (𝑒
i(𝑢𝑗−𝑢𝑖+𝜋Δ𝐼)) − Li2 (𝑒

i(𝑢𝑗−𝑢𝑖−𝜋Δ𝐼))]

⁡+𝑁𝑓∑ 

𝑁

𝑖=1

  [Li2 (𝑒
i(−𝑢𝑖+Δ𝑞̃)) − Li2 (𝑒

i(−𝑢𝑖−Δ𝑞))] −
𝑁𝑓𝜋

2
∑  

𝑁

𝑖=1

  (2 − Δ𝑞 − Δ𝑞̃)𝑢𝑖

 

Li𝑛(𝑒
2𝜋i𝑥) + (−1)𝑛Li𝑛(𝑒

−2𝜋i𝑥) = −
(2𝜋i)𝑛

𝑛!
𝐵𝑛(𝑥)⁡ where {

0 ≤ Re[𝑥] < 1 Im[𝑥] ≥ 0
0 < Re[𝑥] ≤ 1 Im[𝑥] < 0
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0 < Re[𝑢𝑗 − 𝑢𝑖 + 𝜋Δ𝐼] < 2𝜋,−2𝜋 < Re[𝑢𝑗 − 𝑢𝑖 − 𝜋Δ𝐼] < 0  

𝔹 =
𝜕(𝑒i𝐵1 ,⋯ , 𝑒i𝐵𝑁)

𝜕(log⁡ 𝑥1,⋯ , log⁡ 𝑥𝑁)
, ⁡𝔹|BAE =

𝜕(𝐵1,⋯ , 𝐵𝑁)

𝜕(𝑢1,⋯ , 𝑢𝑁)
.  

𝔹𝑖,𝑗|BAE
=𝛿𝑖𝑗 [𝑥𝑖∑ 

3

𝐼=1

 ∑  

𝑁

𝑘=1

  (
1

𝑥𝑖 − 𝑥𝑘𝑦𝐼
+

𝑦𝐼
𝑥𝑘 − 𝑥𝑖𝑦𝐼

) + 𝑁𝑓𝑥𝑖 (
1

𝑥𝑖 − 𝑦𝑞̃
−

1

𝑥𝑖 − 𝑦𝑞
−1)]

⁡+𝑥𝑗∑ 

3

𝐼=1

 (
−𝑦𝐼

𝑥𝑖 − 𝑥𝑗𝑦𝐼
−

1

𝑥𝑗 − 𝑥𝑖𝑦𝐼
)

 

log⁡ 𝑍𝑆1×𝑆2 = ℬ1 + log⁡[1 + 𝑒
ℬ2−ℬ1 +⋯]  

log⁡ 𝑍𝑆1×Σ𝔤
ADHM(𝑁,𝑁𝑓 , Δ, 𝔫) = (1 − 𝔤)log⁡ 𝑍𝑆1×𝑆2

ADHM (𝑁,𝑁𝑓 , Δ,
𝔫

1 − 𝔤
) ,  

𝑢𝑖 = i𝑁
1
2𝑡𝑖 + 𝑣𝑖  

𝑢(𝑡(𝑖)) = i𝑁
1
2𝑡(𝑖) + 𝑣(𝑡(𝑖)) = 𝑢𝑖  

𝜌(𝑡) =
1

𝑁 − 1
∑  

𝑁

𝑖=1

 𝛿(𝑡 − 𝑡𝑖) ⁡⇔ ⁡𝑑𝑖 = (𝑁 − 1)𝜌(𝑡)𝑑𝑡  

∫  
𝑡≫

𝑡≪

 𝑑𝑡𝜌(𝑡) = 1  

𝒱 =⁡−i𝑁
3
2𝜋Δ𝑚∫  

𝑡≫

𝑡≪

 𝑑𝑡𝑡𝜌(𝑡) + i𝑁
3
2
4𝜋3

3
∑  

3

𝐼=1

 𝐵3 (
Δ𝐼
2
)∫  

𝑡≫

𝑡≪

 𝑑𝑡𝜌(𝑡)2

⁡+i𝑁
3
2
𝑁𝑓𝜋

2
(2 − Δ𝑞 − Δ𝑞̃)∫  

𝑡≫

𝑡≪

 𝑑𝑡𝜌(𝑡)|𝑡|

 

𝜌(𝑡)=
2𝜋𝜇 − 𝑁𝑓(2 − Δ𝑞 − Δ𝑞̃)|𝑡| + 2Δ𝑚𝑡

2𝜋2Δ1Δ2Δ3
⁡

𝑡≫⁡=
2𝜋𝜇

𝑁𝑓(2 − Δ𝑞 − Δ𝑞̃) − 2Δ𝑚

𝑡≪⁡= −
2𝜋𝜇

𝑁𝑓(2 − Δ𝑞 − Δ𝑞̃) + 2Δ𝑚

 

𝜇 = √2𝑁𝑓Δ1Δ2
Δ3

2 − Δ𝑞 − Δ𝑞̃
(
2 − Δ𝑞 − Δ𝑞̃

2
−
Δ𝑚
𝑁𝑓
)(
2 − Δ𝑞 − Δ𝑞̃

2
+
Δ𝑚
𝑁𝑓
) .  

𝑛𝑖 = ⌊
𝑁 + 1

2
⌋ − 𝑖  

0⁡ < Re[𝑢𝑗 − 𝑢𝑖 + 𝜋Δ𝐼] < 2𝜋,−2𝜋⁡ < Re[𝑢𝑗 − 𝑢𝑖 − 𝜋Δ𝐼] < 0

0⁡ < Re[𝑢𝑖 + 𝜋Δ𝑞] < 2𝜋, 0⁡ < Re[−𝑢𝑖 + 𝜋Δ𝑞̃] < 2𝜋
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𝒱 = i𝑁
3
2
2𝜋2𝜇

3
 

log⁡ 𝑍𝑆1×𝑆2
ADHM(𝑁,𝑁𝑓 , Δ, 𝔫)= −

𝜋𝜇

3
𝑁
3
2∑  

4

𝑎=1

 
𝔫̃𝑎

Δ̃𝑎
+ 𝑜 (𝑁

3
2) ⁡

⁡= −
𝜋√2𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
𝑁
3
2∑ 

4

𝑎=1

 
𝔫̃𝑎

Δ̃𝑎
+ 𝑜 (𝑁

3
2)

 

Δ̃𝑎 = (Δ1, Δ2,
2 − Δ𝑞 − Δ𝑞̃

2
−
Δ𝑚
𝑁𝑓
,
2 − Δ𝑞 − Δ𝑞̃

2
+
Δ𝑚
𝑁𝑓
)

𝔫̃𝑎 = (𝔫1, 𝔫2,
2 − 𝔫𝑞 − 𝔫𝑞̃

2
+
𝔱

𝑁𝑓
,
2 − 𝔫𝑞 − 𝔫𝑞̃

2
−
𝔱

𝑁𝑓
)

 

log𝑍𝑆1×𝑆2
ADHM(𝑁,𝑁𝑓 , Δ, 𝔫)

=⁡−
𝜋√2𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
∑  

4

𝑎=1

  𝔫̃𝑎 [
1

Δ̃𝑎
(𝑁̂𝑁𝑓,Δ̃)

3
2
+ (𝔠𝑎(Δ̃)𝑁𝑓 +

𝔡𝑎(Δ̃)

𝑁𝑓
)(𝑁̂𝑁𝑓,Δ̃)

1
2
]

⁡−
1

2
log⁡ 𝑁̂𝑁𝑓,Δ̃ + 𝑓0(𝑁𝑓 , Δ̃, 𝔫̃) + 𝑓np(𝑁,𝑁𝑓 , Δ̃, 𝔫̃)

⁡+
i𝑁𝜋(𝑁𝑓(2 − 𝔫𝑞 − 𝔫𝑞̃ − (𝔫𝑞̃ − 𝔫𝑞)Δ𝑚) + 𝔱(Δ𝑞̃ − Δ𝑞) − 2)

2

 

𝑁̂𝑁𝑓,Δ̃ = 𝑁 −
2 − Δ𝑞 − Δ𝑞̃

Δ3

𝑁𝑓

24
+
𝑁𝑓

12
(
1

Δ̃1
+
1

Δ̃2
) +

1

12𝑁𝑓
(
1

Δ̃3
+
1

Δ̃4
)  

𝔠𝑎(Δ̃) =(−
1

Δ̃1

(Δ̃2 + Δ̃3 + Δ̃4)(Δ̃1 + Δ̃2)

8Δ̃1Δ̃2
, −

1

Δ̃2

(Δ̃1 + Δ̃3 + Δ̃4)(Δ̃1 + Δ̃2)

8Δ̃1Δ̃2

−
Δ̃3 + Δ̃4

8Δ̃1Δ̃2
, −
Δ̃3 + Δ̃4

8Δ̃1Δ̃2
)

𝔡𝑎(Δ̃) =(−
(Δ̃1 + Δ̃2)(Δ̃2 + Δ̃3 + Δ̃4)(Δ̃1 + Δ̃3 + Δ̃4)

8Δ̃1Δ̃2Δ̃3Δ̃4

⁡−
(Δ̃1 + Δ̃2)(Δ̃2 + Δ̃3 + Δ̃4)(Δ̃1 + Δ̃3 + Δ̃4)

8Δ̃1Δ̃2Δ̃3Δ̃4

⁡−
1

Δ̃3

(Δ̃3 + Δ̃4) ((Δ̃1 + Δ̃2)(Δ̃2 + Δ̃3)(Δ̃3 + Δ̃1) + (Δ̃1Δ̃2 + Δ̃2Δ̃3 + Δ̃3Δ̃1)Δ̃4)

8Δ̃1Δ̃2Δ̃3Δ̃4

−
1

Δ̃4

(Δ̃3 + Δ̃4) ((Δ̃1 + Δ̃2)(Δ̃2 + Δ̃4)(Δ̃4 + Δ̃1) + (Δ̃1Δ̃2 + Δ̃2Δ̃4 + Δ̃4Δ̃1)Δ̃3)

8Δ̃1Δ̃2Δ̃3Δ̃4
)

 

Δ̃𝑎(𝔠𝑎(Δ̃) + 𝔡𝑎(Δ̃)) = −
∏  𝑏≠𝑎   (Δ̃𝑎 + Δ̃𝑏)

8Δ̃1Δ̃2Δ̃3Δ̃4
∑  

𝑏≠𝑎

  Δ̃𝑏  
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Relog⁡ 𝑍𝑆1×𝑆2
ADHM(𝑁, 𝑁𝑓 , Δ, 𝔫)

=𝑓3/2
(lmf)

(𝑁𝑓 , Δ, 𝔫)𝑁
3
2 + 𝑓1/2

(lmf)
(𝑁𝑓 , Δ, 𝔫)𝑁

1
2 + 𝑓log

(lmf)
(𝑁𝑓 , Δ, 𝔫)log⁡𝑁

⁡+𝑓0
(lmf)

(𝑁𝑓 , Δ, 𝔫) +∑  

𝐿

𝑠=1

 𝑓−𝑠/2
(lmf)

(𝑁𝑓 , Δ, 𝔫)𝑁
−
𝑠
2

 

𝔫 =(𝔫1, 𝔫2, 𝔫3, 𝔫𝑞 , 𝔫𝑞̃ , 𝔱)

∈{(
1

2
,
1

2
, 1,
1

2
,
1

2
, 0) , (

1

4
,
1

2
,
5

4
,
1

4
,
1

2
,
1

2
) , (

1

2
,
3

4
,
3

4
,
1

4
, 1,
1

2
)

(
1

4
,
5

8
,
9

8
,
3

8
,
1

2
,
1

4
) , (

1

2
,
5

8
,
7

8
,
1

4
,
7

8
,
1

4
)}

 

Relog⁡ 𝑍𝑆1×𝑆2
ADHM(𝑁,𝑁𝑓 , Δ, 𝔫)

=⁡∑  

4

𝑎=1

  (𝑓3/2,𝑎
(lmf)

(𝑁𝑓 , Δ)𝑁
3
2 + 𝑓1/2,𝑎

(lmf)
(𝑁𝑓 , Δ)𝑁

1
2) 𝔫̃𝑎 + 𝑓log

(lmf)
(𝑁𝑓 , Δ, 𝔫)log⁡𝑁

⁡+𝑓0
(lmf)

(𝑁𝑓 , Δ, 𝔫) +∑  

𝐿

𝑠=1

 𝑓−𝑠/2
(lmf)

(𝑁𝑓 , Δ, 𝔫)𝑁
−
𝑠
2

 

𝑓3/2,𝑎
(lmf)

(𝑁𝑓 , Δ) ≃ −
𝜋√2𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3

1

Δ̃𝑎
,

 

𝑓log
(lmf)

(𝑁𝑓 , Δ, 𝔫) ≃ −
1

2
,  

𝑓log
(lmf)

(𝑁𝑓 , Δ, 𝔫)log⁡𝑁 +∑ 

∞

𝑠=1

 𝑓−𝑠
(lmf)

(𝑁𝑓 , Δ, 𝔫)𝑁
−𝑠

⁡≃ −
1

2
log⁡ (𝑁 −

2 − Δ𝑞 − Δ𝑞̃
Δ3

𝑁𝑓

24
+
𝑁𝑓

12
(
1

Δ̃1
+
1

Δ̃2
) +

1

12𝑁𝑓
(
1

Δ̃3
+
1

Δ̃4
))

⁡= −
1

2
log⁡ 𝑁̂𝑁𝑓,Δ̃

 

Relog⁡ 𝑍𝑆1×𝑆2
ADHM(𝑁,𝑁𝑓 , Δ, 𝔫) +

1

2
log𝑁̂𝑁𝑓,Δ̃⁡

⁡= ∑  

4

𝑎=1

 (𝑓3/2,𝑎
(lmf)

(𝑁𝑓 , Δ) (𝑁̂𝑁𝑓,Δ̃)

3
2
+ 𝑓1/2,𝑎

(lmf)
(𝑁𝑓 , Δ) (𝑁̂𝑁𝑓,Δ̃)

1
2
) 𝔫̃𝑎 + 𝑓0

(lmf)
(𝑁𝑓 , Δ, 𝔫),

 

𝑓3/2,𝑎
(𝑙mf)

(𝑁𝑓 , Δ) ≃ −
𝜋√2𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3

1

Δ̃𝑎

𝑓1/2,𝑎
(𝑙mf)

(𝑁𝑓 , Δ) ≃ −
𝜋√2𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
(𝔠𝑎(Δ̃)𝑁𝑓 +

𝔡𝑎(Δ̃)

𝑁𝑓
)
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Relog⁡ 𝑍𝑆1×𝑆2
ADHM(𝑁,𝑁𝑓) +

𝜋√2𝑁𝑓

3
[(𝑁̂𝑁𝑓)

3
2
− (

𝑁𝑓

2
+

5

2𝑁𝑓
) (𝑁̂𝑁𝑓)

1
2
] +

1

2
log⁡ 𝑁̂𝑁𝑓

⁡= 𝑓0(𝑁𝑓) + 𝑓np(𝑁,𝑁𝑓)

 

𝑁̂𝑁𝑓 = 𝑁 +
7𝑁𝑓

24
+

1

3𝑁𝑓
,  

log⁡|𝑓np(𝑁 + 10,𝑁𝑓) − 𝑓np(𝑁,𝑁𝑓)| ≃ log⁡|𝑓np(𝑁,𝑁𝑓)| + 𝒪(𝑁
0),  

log⁡|𝑓np(𝑁,𝑁𝑓)| = 𝑓np,1/2
(lmf)

(𝑁𝑓)𝑁
1
2 + 𝑓np,log

(lmf)
(𝑁𝑓)log⁡𝑁 +∑  

𝐿

𝑠=0

 𝑓np,−𝑠
(lmf)

(𝑁𝑓)𝑁
−𝑠/2,  

𝑓np,1/2
(lmf)

(𝑘) ≃ −2𝜋√
2

𝑁𝑓
 

𝑓np(𝑁,𝑁𝑓) = 𝑒
−2𝜋√2𝑁/𝑁𝑓 + 𝒪(log⁡𝑁).  

𝑅np,1/2 =
𝑓np,1/2
(lmf)

(𝑁𝑓) − (−2𝜋√2/𝑁𝑓)

−2𝜋√2/𝑁𝑓
,  

 

 𝑅np,1/2 

𝑁𝑓 = 1 7.372 × 10−10 

𝑁𝑓 = 2 −1.059 × 10−9 

𝑁𝑓 = 3 −5.557 × 10−11 

𝑁𝑓 = 4 1.907 × 10−11 

 

𝑊 = Tr [(𝐴1𝐵2 − 𝐴2𝐵1 −∑ 

𝑟1

𝑠=1

  𝜓̃1
(𝑠)
𝜓1
(𝑠)
)

2

−(𝐴1𝐵2 − 𝐴2𝐵1 +∑ 

𝑟2

𝑠=1

  𝜓̃2
(𝑠)
𝜓2
(𝑠)
)

2

]  
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𝑍𝑆1×𝑆2
𝑁0,1,0 (𝑁, 𝑘, 𝑟, Δ, 𝔫)

1

(𝑁!)2
∑  

𝔪,𝔪̃∈ℤ𝑁

 ∫  
𝒞

 ∏  

𝑁

𝑖=1

 
𝑑𝑥𝑖
2𝜋i𝑥𝑖

𝑑𝑥̃𝑖
2𝜋i𝑥̃𝑖

𝑥𝑖
𝑘𝔪𝑖𝑥̃𝑖

−𝑘𝔪̃𝑖(−1)(𝑁+1)(𝔪𝑖−𝔪̃𝑖)∏ 

𝑁

𝑖≠𝑗

 (1 −
𝑥𝑖
𝑥𝑗
)(1 −

𝑥̃𝑖
𝑥̃𝑗
)

× ∏  

𝑁

𝑖,𝑗=1

  ∏  

𝑎=1,2

 

(

 
√
𝑥𝑖
𝑥̃𝑗
𝑦𝑎

1 −
𝑥𝑖
𝑥̃𝑗
𝑦𝑎
)

 

𝔪𝑖−𝔪̃𝑗−𝔫𝑎+1

∏  

𝑏=3,4

 

(

 
 
 √

𝑥̃𝑗
𝑥𝑖
𝑦𝑏

1 −
𝑥̃𝑗
𝑥𝑖
𝑦𝑏

)

 
 
 

𝔪̃𝑗−𝔪𝑖−𝔫𝑏+1

⁡

×∏  

𝑁

𝑖=1

 (
√𝑥𝑖𝑦𝑞1
1 − 𝑥𝑖𝑦𝑞1

)

𝑟1(𝔪𝑖−𝔫𝑞1+1)

(

 
√
1
𝑥𝑖
𝑦𝑞̃1

1 −
1
𝑥𝑖
𝑦𝑞̃1)

 

𝑟1(−𝔪𝑖−𝔫𝑞̃1+1)

⁡

⁡×∏  

𝑁

𝑖=1

 (
√𝑥̃𝑖𝑦𝑞2
1 − 𝑥̃𝑖𝑦𝑞2

)

𝑟2(𝔪̃𝑖−𝔫𝑞2+1)

(

 
√
1
𝑥̃𝑖
𝑦𝑞̃2

1 −
1
𝑥̃𝑖
𝑦𝑞̃2)

 

𝑟2(−𝔪̃𝑖−𝔫𝑞̃2+1)

 

1 = 𝔫1 + 𝔫4 = 𝔫2 + 𝔫4, 1 = 𝔫𝑞1 + 𝔫𝑞̃1 = 𝔫𝑞2 + 𝔫𝑞̃2
1 = Δ1 + Δ4 = Δ2 + Δ3, 1 = Δ𝑞1 + Δ𝑞̃1 = Δ𝑞2 + Δ𝑞̃2

 

𝑦Ψ(𝑎,𝑏) → 𝑦𝑎 = 𝑒
i𝜋Δ𝑎 , 𝑦Ψ𝑎 → 𝑦𝑞𝑛 = 𝑒

i𝜋Δ𝑞𝑛 , 𝑦Ψ̃𝑎 → 𝑦𝑞̃𝑛 = 𝑒
i𝜋Δ𝑞̃𝑛  

Δ𝑎 = Δ𝑞𝑛 = Δ𝑞̃𝑛 =
1

2
, 𝔫𝑎 = 𝔫𝑞𝑛 = 𝔫𝑞̃𝑛 =

1

2
 

Δ = (Δ𝑎 , Δ𝑞𝑛 , Δ𝑞̃𝑛), 𝔫 = (𝔫𝑎, 𝔫𝑞𝑛 , 𝔫𝑞̃𝑛)  

𝑍𝑆1×𝑆2
𝑁0,1,0 (𝑁, 𝑘, 𝑟, Δ, 𝔫) =

1

(𝑁!)2
∫ 
𝒞

 ∏  

𝑁

𝑖=1

 
𝑑𝑥𝑖
2𝜋i𝑥𝑖

𝑑𝑥̃𝑖
2𝜋i𝑥̃𝑖

∏ 

𝑁

𝑖≠𝑗

 (1 −
𝑥𝑖
𝑥𝑗
)(1 −

𝑥̃𝑖
𝑥̃𝑗
)

× ∏  

𝑁

𝑖,𝑗=1

  ∏  

𝑎=1,2

 

(

 
√
𝑥𝑖
𝑥̃𝑗
𝑦𝑎

1 −
𝑥𝑖
𝑥̃𝑗
𝑦𝑎
)

 

1−𝔫𝑎

∏  

𝑏=3,4

 

(

 
 
 √

𝑥̃𝑗
𝑥𝑖
𝑦𝑏

1 −
𝑥̃𝑗
𝑥𝑖
𝑦𝑏

)

 
 
 

1−𝔫𝑏

⁡

⁡×∏ 

𝑁

𝑖=1

 (
√𝑥𝑖𝑦𝑞1
1 − 𝑥𝑖𝑦𝑞1

)

𝑟1(1−𝔫𝑞1)

(

 
√
1
𝑥𝑖
𝑦𝑞̃1

1 −
1
𝑥𝑖
𝑦𝑞̃1)

 

𝑟1(1−𝔫𝑞̃1)

⁡×∏ 

𝑁

𝑖=1

 (
√𝑥̃𝑖𝑦𝑞2
1 − 𝑥̃𝑖𝑦𝑞2

)

𝑟2(1−𝔫𝑞2)

(

 
√
1
𝑥̃𝑖
𝑦𝑞̃2

1 −
1
𝑥̃𝑖
𝑦𝑞̃2)

 

𝑟2(1−𝔫𝑞̃2)

⁡×∏ 

𝑁

𝑖=1

 
(𝑒i𝐵𝑖)

𝑀

𝑒i𝐵𝑖 − 1
∏ 

𝑁

𝑗=1

 
(𝑒i𝐵̃𝑗)

𝑀

𝑒i𝐵̃𝑗 − 1
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𝑒i𝐵𝑖 ⁡= (−1)𝑁+1𝜎𝑖𝑥𝑖
𝑘 (

√𝑥𝑖𝑦𝑞1
1 − 𝑥𝑖𝑦𝑞1

)

𝑟1

(

 
√
1
𝑥𝑖
𝑦𝑞̃1

1 −
1
𝑥𝑖
𝑦𝑞̃1)

 

−𝑟1

∏ 

𝑁

𝑗=1

 
(1 −

𝑥̃𝑗
𝑥𝑖
𝑦3) (1 −

𝑥̃𝑗
𝑥𝑖
𝑦4)

(1 −
𝑥̃𝑗
𝑥𝑖
𝑦1
−1)(1 −

𝑥̃𝑗
𝑥𝑖
𝑦2
−1)

,

𝑒i𝐵̃𝑗 ⁡= (−1)𝑁+1𝜎̃𝑗𝑥̃𝑗
𝑘 (

√𝑥̃𝑗𝑦𝑞2
1 − 𝑥̃𝑗𝑦𝑞2

)

−𝑟2

(

 
 
 √

1
𝑥̃𝑗
𝑦𝑞̃2

1 −
1
𝑥̃𝑗
𝑦𝑞̃2

)

 
 
 

𝑟2

∏ 

𝑁

𝑖=1

 
(1 −

𝑥̃𝑗
𝑥𝑖
𝑦3) (1 −

𝑥̃𝑗
𝑥𝑖
𝑦4)

(1 −
𝑥̃𝑗
𝑥𝑖
𝑦1
−1)(1 −

𝑥̃𝑗
𝑥𝑖
𝑦2
−1)

.

 

𝜎𝑖 = 𝜎̃𝑗 = (−1)
𝑁  

𝑍𝑆1×𝑆2
𝑁0,1,0 (𝑁, 𝑘, 𝑟, Δ, 𝔫)

=∏ 

2

𝑎=1

 𝑦𝑞𝑎

1
2
𝑁𝑟𝑎(1−𝔫𝑞𝑎)

𝑦
𝑞̃𝑎

1
2
𝑁𝑟𝑎(1−𝔫𝑞̃𝑎)

×∏ 

4

𝑎=1

 𝑦𝑎
−
𝑁2

2
𝔫𝑎

⁡

⁡× ∑  

{𝑥𝑖,𝑥̃𝑗}∈BAE

  [
1

det𝔹

∏  𝑁
𝑖=1  𝑥𝑖

𝑁𝑥̃𝑖
𝑁∏  𝑁

𝑖≠𝑗   (1 −
𝑥𝑖
𝑥𝑗
) (1 −

𝑥̃𝑖
𝑥̃𝑗
)

∏  𝑁
𝑖,𝑗=1  ∏  𝑎=1,2   (𝑥̃𝑗 − 𝑥𝑖𝑦𝑎)

1−𝔫𝑎∏  3,4  (𝑥𝑖 − 𝑥̃𝑗𝑦𝑎)
1−𝔫𝑎

⁡×∏  

𝑁

𝑖=1

 
𝑥
𝑖

1
2
𝑟1

(1 − 𝑥𝑖𝑦𝑞1)
𝑟1(1−𝔫𝑞1)(𝑥𝑖 − 𝑦𝑞̃1)

𝑟1(1−𝔫𝑞̃1)

𝑥̃
𝑖

1
2
𝑟2

(1 − 𝑥̃𝑖𝑦𝑞2)
𝑟2(1−𝔫𝑞2)(𝑥̃𝑖 − 𝑦𝑞̃2)

𝑟2(1−𝔫𝑞̃2)
]

 

2𝜋𝑛𝑖 =𝜋 + 𝑘𝑢𝑖 + i∑  

𝑁

𝑗=1

  [ ∑  

𝑎=3,4

 Li1 (𝑒
i(𝑢̃𝑗−𝑢𝑖+𝜋Δ𝑎)) − ∑  

𝑎=1,2

 Li1 (𝑒
i(𝑢̃𝑗−𝑢𝑖−𝜋Δ𝑎))]

+i𝑟1 [Li1 (𝑒
i(−𝑢𝑖+𝜋Δ𝑞̃1)) − Li1 (𝑒

i(−𝑢𝑖−𝜋Δ𝑞1)) +
i𝜋

2
(Δ𝑞1 + Δ𝑞̃1 − 2)] (𝑛𝑖 ∈ ℤ) ⁡⁡

2𝜋𝑛̃𝑗 =𝜋 + 𝑘𝑢̃𝑗 + i∑  

𝑁

𝑖=1

  [ ∑  

𝑎=3,4

 Li1 (𝑒
i(𝑢̃𝑗−𝑢𝑖+𝜋Δ𝑎)) − ∑  

𝑎=1,2

 Li1 (𝑒
i(𝑢̃𝑗−𝑢𝑖−𝜋Δ𝑎))]

⁡−i𝑟2 [Li1 (𝑒
i(−𝑢̃𝑗+𝜋Δ𝑞̃2)) − Li1 (𝑒

i(−𝑢̃𝑗−𝜋Δ𝑞2)) +
i𝜋

2
(Δ𝑞2 + Δ𝑞̃2 − 2)]⁡(𝑛̃𝑗 ∈ ℤ)

 

𝔹⁡ =
𝜕(𝑒i𝐵1 ,⋯ , 𝑒i𝐵𝑁 , 𝑒i𝐵̃1 ,⋯ , 𝑒i𝐵̃𝑁)

𝜕(log⁡ 𝑥1,⋯ , log⁡ 𝑥𝑁 , log⁡ 𝑥̃1,⋯ , log⁡ 𝑥̃𝑁)

𝔹|BAE ⁡=
𝜕(𝐵1, ⋯ , 𝐵𝑁 , 𝐵̃1,⋯ , 𝐵̃𝑁)

𝜕(𝑢1,⋯ , 𝑢𝑁, 𝑢̃1,⋯ , 𝑢̃𝑁)

 

log⁡ 𝑍𝑆1×𝑆2
𝑁0,1,0 (𝑁, 𝑘, 𝑟) = −

2𝜋(𝑘 + 𝑟)

3√2𝑘 + 𝑟
𝑁
3
2 + 𝑜 (𝑁

3
2) ,  

log⁡ 𝑍𝑆1×𝑆2
𝑁0,1,0 (𝑁, 𝑘, 𝑟) = ⁡−

2𝜋(𝑘 + 𝑟)

3√2𝑘 + 𝑟
((𝑁̂𝑘,𝑟)

3
2 − (

𝑟

4
+
3𝑘 + 2𝑟

(𝑘 + 𝑟)2
) (𝑁̂𝑘,𝑟)

1
2)

⁡−
1

2
log⁡ 𝑁̂𝑘,𝑟 + 𝑓0(𝑘, 𝑟) + 𝑓np(𝑁, 𝑘, 𝑟) +

i𝑁𝑟𝜋

2
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𝑁̂𝑘,𝑟 = 𝑁 +
7𝑟 − 2𝑘

48
+

2

3(𝑘 + 𝑟)
 

𝑓np(𝑁, 𝑘, 𝑟) = 𝑒
−

4𝜋

(1+𝑟/𝑘)√2𝑘+𝑟
√𝑁+𝒪(log⁡𝑁)

⁡(𝑟 ≥ 1)  

𝑊 = Tr[Ψ1
3 +Ψ2

3 +Ψ1(𝐴1𝐵2 + 𝐴2𝐵1) + Ψ2(𝐵2𝐴1 + 𝐵1𝐴2)]  

𝑊 = Tr [∑  

𝑁𝑓

𝑞=1

  𝜓̃𝑞(Ψ1Ψ2 +Ψ2Ψ1 −Ψ3
2)𝜓𝑞 +Ψ3[Ψ1, Ψ2]]  

Δ1 + Δ2 =
4

3
, Δ3 =

2

3
, Δ𝑞 + Δ𝑞̃ =

2

3
, 𝔫1 + 𝔫2 =

4

3
, 𝔫3 =

2

3
, 𝔫𝑞 + 𝔫𝑞̃ =

2

3
 

Δ1 = Δ2 =
2

3
, Δ𝑚 = 0, 𝔫1 = 𝔫2 =

2

3
, 𝔱 = 0  

log⁡ 𝑍𝑆1×𝑆2
𝑉5,2 (𝑁,𝑁𝑓 , Δ, 𝔫)= −

𝜋𝜇

3
𝑁
3
2∑  

4

𝑎=1

 
𝔫̃𝑎

Δ̃𝑎
+ 𝑜 (𝑁

3
2) ⁡

⁡= −
𝜋√𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
𝑁
3
2∑  

4

𝑎=1

 
𝔫̃𝑎

Δ̃𝑎
+ 𝑜 (𝑁

3
2)

 

Relog⁡ 𝑍𝑆1×𝑆2
𝑉5,2 (𝑁,𝑁𝑓 , Δ, 𝔫)

=−
𝜋√𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
∑  

4

𝑎=1

 
𝔫̃𝑎

Δ̃𝑎
(𝑁̂𝑁𝑓,Δ̃)

3
2

⁡

⁡−
𝜋√𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
(∑  

2

𝐼=1

 (𝔞𝐼𝑁𝑓 +
𝔟𝐼
𝑁𝑓
)𝔫𝐼 +

Δ̃3 − Δ̃4

3Δ̃3
2Δ̃4
2

𝔱

𝑁𝑓
2)(𝑁̂𝑁𝑓,Δ̃)

1
2

⁡−
1

2
log⁡ 𝑁̂𝑁𝑓,Δ̃ + 𝑓0(𝑁𝑓 , Δ̃, 𝔫̃) + 𝑓np(𝑁,𝑁𝑓 , Δ̃, 𝔫̃)

 

𝔞𝐼(Δ̃) ⁡= −
1

Δ̃𝐼

2 − (
2
3 − Δ̃𝐼)

4Δ̃1Δ̃2

𝔟𝐼(Δ̃) ⁡= −
2

3Δ̃1Δ̃2Δ̃3Δ̃4
−

3

4Δ̃3Δ̃4
−
(Δ̃3 − Δ̃4)

2

8Δ̃3
2Δ̃4
2

 

𝔫 =(𝔫1, 𝔫2, 𝔫3, 𝔫𝑞 , 𝔫𝑞̃ , 𝔱)

∈ {(
2

3
,
2

3
,
2

3
,
1

3
,
1

3
, 0) , (

1

2
,
5

6
,
2

3
,
1

4
,
5

12
,
1

2
) , (

2

5
,
14

15
,
2

3
,
1

2
,
1

6
,
1

3
)

(
1

4
,
13

12
,
2

3
,
3

8
,
7

24
,
1

4
) , (

1

3
, 1,
2

3
,
1

2
,
1

6
,
2

5
)}
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Relog⁡ 𝑍𝑆1×𝑆2
𝑉5,2 (𝑁,𝑁𝑓) +

16𝜋√𝑁𝑓

27
[(𝑁̂𝑁𝑓)

3
2
− (

9𝑁𝑓

16
+

27

16𝑁𝑓
) (𝑁̂𝑁𝑓)

1
2
] +

1

2
log⁡ 𝑁̂𝑁𝑓

⁡= 𝑓0(𝑁𝑓) + 𝑓np(𝑁,𝑁𝑓)

 

log⁡|𝑓np(𝑁,𝑁𝑓)| = 𝑓np,1/2
(lmf)

(𝑁𝑓)𝑁
1
2 + 𝑓np,log

(lmf)
(𝑁𝑓)log⁡𝑁 +∑  

𝐿

𝑠=0

 𝑓np,−𝑠
(lmf)

(𝑁𝑓)𝑁
−𝑠/2  

𝑓np,1/2
(lmf)

(𝑁𝑓) ≃ −2𝜋√
1

𝑁𝑓
 

𝑓np(𝑁,𝑁𝑓) = 𝑒
−2𝜋√𝑁/𝑁𝑓+𝒪(log⁡𝑁).  

𝑅np,1/2 =
𝑓np,1/2
(lmf)

(𝑁𝑓) − (−2𝜋√1/𝑁𝑓)

−2𝜋√1/𝑁𝑓
,  

 𝑅np,1/2 

𝑁𝑓 = 1 −9.786 × 10−10 

𝑁𝑓 = 2 2.603 × 10−12 

𝑁𝑓 = 3 −1.162 × 10−11 

𝑁𝑓 = 4 6.036 × 10−9 

𝑁𝑓 = 5 −6.007 × 10−8 

 

𝑊 = Tr [𝐴1𝐵1𝐴2𝐵2 − 𝐴1𝐵2𝐴2𝐵1 +∑  

𝑁𝑓

𝑠=1

  𝜓̃1
(𝑠)
𝐴1𝜓1

(𝑠)
+∑ 

𝑁𝑓

𝑠=1

  𝜓̃2
(𝑠)
𝐴2𝜓2

(𝑠)
]  
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𝑍
𝑆1×𝑆2
𝑄1,1,1

(𝑁,𝑁𝑓 , Δ, 𝔫)

=
1

(𝑁!)2
∑  

𝔪,𝔪̃∈ℤ𝑁

 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑥𝑖
2𝜋i𝑥𝑖

𝑑𝑥̃𝑖
2𝜋i𝑥̃𝑖

(−1)(𝑁+𝑁𝑓−2⌊𝑁𝑓/2⌋)(𝔪𝑖−𝔪̃𝑖)∏ 

𝑁

𝑖≠𝑗

 (1 −
𝑥𝑖
𝑥𝑗
)(1 −

𝑥̃𝑖
𝑥̃𝑗
)

𝒞

⁡

⁡× ∏  

𝑁

𝑖,𝑗=1

  ∏  

𝑎=1,2

 

(

 
√
𝑥𝑖
𝑥̃𝑗
𝑦𝑎

1 −
𝑥𝑖
𝑥̃𝑗
𝑦𝑎
)

 

𝔪𝑖−𝔪̃𝑗−𝔫𝑎+1

∏  

𝑎=3,4

 

(

 
 
 √

𝑥̃𝑗
𝑥𝑖
𝑦𝑎

1 −
𝑥̃𝑗
𝑥𝑖
𝑦𝑎

)

 
 
 

−𝔪𝑖+𝔪̃𝑗−𝔫𝑎+1

⁡×∏ 

𝑁

𝑖=1

  ∏  

𝑛=1,2

 

(

 
√
1
𝑥𝑖
𝑦𝑞̃𝑛

1 −
1
𝑥𝑖
𝑦𝑞̃𝑛)

 

𝑁𝑓(−𝔪𝑖−𝔫𝑞̃𝑛+1)

×∏ 

𝑁

𝑗=1

  ∏  

𝑛=1,2

 (
√𝑥̃𝑗𝑦𝑞𝑛
1 − 𝑥̃𝑗𝑦𝑞𝑛

)

𝑁𝑓(𝔪̃𝑗−𝔫𝑞𝑛+1)

 

2 = ∑  

4

𝑎=1

 𝔫𝑎 , 2 = 𝔫1 + 𝔫𝑞1 + 𝔫𝑞̃1 = 𝔫2 + 𝔫𝑞2 + 𝔫𝑞̃2 ,

2 = ∑  

4

𝑎=1

 Δ𝑎 , 2 = Δ1 + Δ𝑞1 + Δ𝑞̃1 = Δ2 + Δ𝑞2 + Δ𝑞̃2 ,

 

𝑦Ψ(𝑎,𝑏) → 𝑦𝑎 = 𝑒
i𝜋Δ𝑎 , 𝑦Ψ𝑎 → 𝑦𝑞𝑛 = 𝑒

i𝜋Δ𝑞𝑛 , 𝑦Ψ̃𝑎 → 𝑦𝑞̃𝑛 = 𝑒
i𝜋Δ𝑞̃𝑛  

 

Δ = (Δ𝑎 , Δ𝑞1,2 , Δ𝑞̃1,2), 𝔫 = (𝔫𝑎, 𝔫𝑞1,2 , 𝔫𝑞̃1,2)  

𝑍
𝑆1×𝑆2
𝑄1,1,1

(𝑁,𝑁𝑓 , Δ, 𝔫)

=∏ 

2

𝑛=1

 𝑦𝑞𝑛

1
2
𝑁𝑘(1−𝔫𝑞𝑛)𝑦

𝑞̃𝑛

1
2
𝑁𝑘(1−𝔫𝑞̃𝑛) ×∏ 

4

𝑎=1

𝑦𝑎
−
𝑁2

2
𝔫𝑎

⁡ 

⁡× ∑  

{𝑥𝑖,𝑥̃𝑗}∈BAE

  [
1

det𝔹

∏  𝑁
𝑖=1  𝑥𝑖

𝑁𝑥̃𝑖
𝑁∏  𝑁

𝑖≠𝑗   (1 −
𝑥𝑖
𝑥𝑗
) (1 −

𝑥̃𝑖
𝑥̃𝑗
)

∏  𝑁
𝑖,𝑗=1  ∏  𝑎=1,2   (𝑥̃𝑗 − 𝑥𝑖𝑦𝑎)

1−𝔫𝑎∏  𝑎=3,4   (𝑥𝑖 − 𝑥̃𝑗𝑦𝑎)
1−𝔫𝑎

⁡×∏  

𝑁

𝑖=1

 ∏  

2

𝑛=1

 
𝑥
𝑖

𝑁𝑓(1−𝔫𝑞̃𝑛)/2

(𝑥𝑖 − 𝑦𝑞̃𝑛)
𝑁𝑓(1−𝔫𝑞̃𝑛)

𝑥̃
𝑖

𝑁𝑓(1−𝔫𝑞𝑛)/2

(1 − 𝑥̃𝑖𝑦𝑞𝑛)
𝑁𝑓(1−𝔫𝑞𝑛)

]
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2𝜋 (𝑛𝑖 −
𝑁𝑓

2
+ ⌊
𝑁𝑓

2
⌋) =i∑  

𝑁

𝑗=1

  [ ∑  

𝑎=3,4

 Li1 (𝑒
i(𝑢̃𝑗−𝑢𝑖+𝜋Δ𝑎)) − ∑  

𝑎=1,2

 Li1 (𝑒
i(𝑢̃𝑗−𝑢𝑖−𝜋Δ𝑎))]

+i𝑁𝑓∑  

2

𝑛=1

 Li1 (𝑒
i(−𝑢𝑖+𝜋Δ𝑞̃𝑛)) −

𝑁𝑓𝜋

2
∑  

2

𝑛=1

 Δ𝑞̃𝑛 +𝑁𝑓𝑢𝑖⁡(𝑛𝑖 ∈ ℤ) ⁡

2𝜋 (𝑛̃𝑗 −
𝑁𝑓

2
+ ⌊
𝑁𝑓

2
⌋) =i∑  

𝑁

𝑖=1

  [ ∑  

𝑎=3,4

 Li1 (𝑒
i(𝑢̃𝑗−𝑢𝑖+𝜋Δ𝑎)) − ∑  

𝑎=1,2

 Li1 (𝑒
i(𝑢̃𝑗−𝑢𝑖−𝜋Δ𝑎))]

⁡+i𝑁𝑓∑  

2

𝑛=1

 Li1 (𝑒
i(−𝑢̃𝑗−𝜋Δ𝑞𝑛)) +

𝑁𝑓𝜋

2
∑  

2

𝑛=1

  (Δ𝑞𝑛 − 2) + 𝑁𝑓𝑢̃𝑗⁡(𝑛̃𝑗 ∈ ℤ)

 

log⁡ 𝑍
𝑆1×𝑆2
𝑄1,1,1

(𝑁,𝑁𝑓 , Δ, 𝔫) = −
4𝜋√𝑁𝑓

3√3
𝑁
3
2 + 𝑜 (𝑁

3
2)  

Relog⁡ 𝑍
𝑆1×𝑆2
𝑄1,1,1

(𝑁,𝑁𝑓 , Δ1, 𝔫) = ⁡−
4𝜋√𝑁𝑓

3√3
((𝑁̂𝑁𝑓)

3
2
− (

𝑁𝑓

4
+

3

4𝑁𝑓
) (𝑁̂𝑁𝑓)

1
2
)

⁡−
1

2
log⁡ 𝑁̂𝑁𝑓 + 𝑓0(𝑁𝑓) + 𝑓np(𝑁, 𝑁𝑓)

 

𝑁̂𝑁𝑓 = 𝑁 +
𝑁𝑓

6
.  

(𝔫1, 𝔫2, 𝔫3, 𝔫4, 𝔫𝑞1 , 𝔫𝑞̃1 , 𝔫𝑞2 , 𝔫𝑞̃2)

⁡∈ {(
1

2
,
1

2
,
1

2
,
1

2
,
3

4
,
3

4
,
3

4
,
3

4
) , (

1

4
,
1

2
,
2

3
,
7

12
,
1

2
,
5

4
,
1

2
, 1) , (

1

4
,
2

3
,
3

8
,
17

24
,
2

3
,
13

12
,
1

2
,
5

6
)

⁡(
1

3
,
2

5
,
1

2
,
23

30
,
2

5
,
19

15
,
3

4
,
17

20
) , (

1

3
,
3

4
,
7

8
,
1

24
,
7

8
,
19

24
,
1

3
,
11

12
) , (

5

8
,
2

3
,
1

4
,
11

24
,
4

5
,
23

40
,
1

3
, 1)}

 

𝑓np(𝑁,𝑁𝑓) = 𝑒
−2𝜋√

𝑁
3𝑁𝑓

+𝒪(log⁡𝑁)  

𝑍
𝑆𝑏
3
ADHM(𝑁,𝑁𝑓 , 𝜇)

=
1

𝑁!
∫ ⁡ 𝑑𝑁𝑥∏ 

𝑁

𝑖<𝑗

 2sinh⁡(𝜋𝑏𝑥𝑖𝑗)2sinh⁡(𝜋𝑏
−1𝑥𝑖𝑗)∏ 𝑠𝑏(𝜇 − 𝑥𝑖𝑗) 

𝑁

𝑖,𝑗=1

⁡ 

⁡× ∏  

𝑁

𝑖,𝑗=1

  𝑠𝑏 (
i(𝑏 + 𝑏−1)

4
−
𝜇

2
+ 𝑥𝑖𝑗) 𝑠𝑏 (

i(𝑏 + 𝑏−1)

4
−
𝜇

2
− 𝑥𝑖𝑗)

⁡× [∏ 

𝑁

𝑖=1

 𝑠𝑏 (
i(𝑏 + 𝑏−1)

4
−
𝜇

2
+ 𝑥𝑖) 𝑠𝑏 (

i(𝑏 + 𝑏−1)

4
−
𝜇

2
− 𝑥𝑖)]

𝑁𝑓

 

𝑍𝑆3
ADHM(𝑁,𝑁𝑓 , 0)

⁡= (
2

𝜋2𝑁𝑓
)

−
1
3

𝑒
1
2
(𝒜(𝑁𝑓)+𝒜(1)𝑁𝑓

2)
Ai [(

2

𝜋2𝑁𝑓
)

−
1
3

(𝑁 +
𝑁𝑓

8
−

1

2𝑁𝑓
)] + 𝒪 (𝑒−√𝑁)
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𝑍
𝑆𝑏
3
ADHM (𝑁,𝑁𝑓 , ±

i(𝑏 − 𝑏−1)

2
) = 𝑍𝑆3

ADHM(𝑁,𝑁𝑓 , 0)  

𝑍
𝑆𝑏
3
ADHM (𝑁, 𝑁𝑓 , ±

i(𝑏 − 𝑏−1)

2
)

⁡= (
2

𝜋2𝑁𝑓
)

−
1
3

𝑒
1
2
(𝒜(𝑁𝑓)+𝒜(1)𝑁𝑓

2)
Ai [(

2

𝜋2𝑁𝑓
)

−
1
3

(𝑁 +
𝑁𝑓

8
−

1

2𝑁𝑓
)] + 𝒪 (𝑒−√𝑁)

 

𝑍
𝑆𝑏
3
ADHM(𝑁,𝑁𝑓 , 𝜇) = 𝐶𝑏(𝑁𝑓 , 𝜇)

−
1
3𝑒𝒜𝑏(𝑁𝑓,𝜇)Ai [𝐶𝑏(𝑁𝑓 , 𝜇)

−
1
3 (𝑁 − 𝐵𝑏(𝑁𝑓 , 𝜇))] + 𝒪 (𝑒

−√𝑁)  

𝐶𝑏(𝑁𝑓 , 𝜇) =
2

𝜋2𝑁𝑓

1

(
𝑏 + 𝑏−1

2 + i𝜇)
2

(
𝑏 + 𝑏−1

2 − i𝜇)
2

𝐵𝑏(𝑁𝑓 , 𝜇) =𝑁𝑓

(

 
1

24
−

(𝑏 + 𝑏−1)2(𝑏2 + 𝑏−2)
48 +

𝑏2 + 4 + 𝑏−2

12 𝜇2

(
𝑏 + 𝑏−1

2 + i𝜇)
2

(
𝑏 + 𝑏−1

2 − i𝜇)
2

)

 

⁡−
1

𝑁𝑓

(𝑏 + 𝑏−1)2(𝑏2 − 8 + 𝑏−2)
48

+
𝑏2 − 4 + 𝑏−2

12
𝜇2

(
𝑏 + 𝑏−1

2 + i𝜇)
2

(
𝑏 + 𝑏−1

2 − i𝜇)
2

 

𝑐𝑇 = −
32

𝜋2

𝜕2log⁡ 𝑍
𝑆𝑏
3
ADHM(𝑁, 𝑁𝑓 , 0)

𝜕𝑏2
|

𝑏=1

= −
32

𝜋2
𝜕2log⁡ 𝑍𝑆3

ADHM(𝑁,𝑁𝑓 , 𝜇)

𝜕𝜇2
|
𝜇=0

 

𝑐𝑇 =⁡−

64𝑁
𝑓

1
2(2𝜋)

2
3 (𝑁 +

3𝑁𝑓
8
+

3
4𝑁𝑓

)Ai′ [(
2

𝜋2𝑁𝑓
)

−
1
3

(𝑁 +
𝑁𝑓
8
−

1
2𝑁𝑓

)]

3𝜋2Ai [(
2

𝜋2𝑁𝑓
)

−
1
3

(𝑁 +
𝑁𝑓
8 −

1
2𝑁𝑓

)]

⁡+(𝑁 −  independent constant ) + 𝒪 (𝑒−√𝑁)

 

𝑁 − 𝐵𝑏(𝑁𝑓 , 𝜇) →

𝜇
𝑏+𝑏−1

 fixed ⁡

𝑏→0⁡
𝑁−

𝑁𝑓

24
+
𝑁𝑓

12
(

1

1
2
+

i𝜇
𝑏 + 𝑏−1

+
1

1
2
−

i𝜇
𝑏 + 𝑏−1

)⁡

⁡+
1

12𝑁𝑓
(

1

1
2 +

i𝜇
𝑏 + 𝑏−1

+
1

1
2 −

i𝜇
𝑏 + 𝑏−1

)

 

Δ̃1 = Δ̃3 =
1

2
−

i𝜇

𝑏 + 𝑏−1
, Δ̃2 = Δ̃4 =

1

2
+

i𝜇

𝑏 + 𝑏−1
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𝐵𝑏(𝑘, Δ) ⁡=
𝑘

24
+

1

12𝑘
[

4 − ∑  4
𝑎=1  Δ𝑎

2

(𝑏 + 𝑏−1)2Δ1Δ2Δ3Δ4
−∑  

4

𝑎=1

 
1

Δ𝑎
]

𝑁 − 𝐵𝑏(𝑘, Δ) ⁡ →
Δ fixed ⁡

𝑏→0⁡
𝑁̂Δ = 𝑁 −

𝑘

24
+
𝑘

12
∑  

4

𝑎=1

 
1

Δ𝑎

 

𝑍𝑆3
𝑁0,1,0(𝑁, 𝑘, 𝑟)= 𝐶(𝑘, 𝑟)−

1
3𝑒𝒜(𝑘,𝑟)Ai [𝐶(𝑘, 𝑟)

−
1
3(𝑁 − 𝐵(𝑘, 𝑟))] + 𝒪 (𝑒−√𝑁)⁡

𝐶(𝑘, 𝑟)⁡=
2𝑘 + 𝑟

𝜋2(𝑘 + 𝑟)2

𝐵(𝑘, 𝑟)⁡=
2𝑘 − 3𝑟

48
+

𝑘

3(𝑘 + 𝑟)2

 

𝑍𝑆𝑏
3 = 𝐶𝑏

−
1
3𝑒𝒜𝑏(𝑘)Ai [𝐶𝑏

−
1
3(𝑁 − 𝐵𝑏)] + 𝒪 (𝑒

−√𝑁) ,  

𝐶𝑏(𝑘, Δ) =
2

𝜋2𝑘

(𝑏 + 𝑏−1)−4

∏  4
𝑎=1  Δ𝑎

, 𝐵𝑏(𝑘, Δ) =
𝑘

24
+
𝛼(Δ, 𝑏)

𝑘
,  

Δ1 =
1

2
− i
𝑚1 +𝑚2 +𝑚3

𝑏 + 𝑏−1
, Δ2 =

1

2
− i
𝑚1 −𝑚2 −𝑚3

𝑏 + 𝑏−1
,

Δ3 =
1

2
+ i
𝑚1 +𝑚2 −𝑚3

𝑏 + 𝑏−1
, Δ4 =

1

2
+ i
𝑚1 −𝑚2 +𝑚3

𝑏 + 𝑏−1
,

 

𝛼(Δ, 𝑏) = −
1

12
∑  

4

𝑎=1

 Δ𝑎
−1 +

1 −
1
4
∑  𝑎  Δ𝑎

2

3(𝑏 + 𝑏−1)2∏  4
𝑎=1  Δ𝑎

 

Δ1 = 1, Δ2 + Δ3 + Δ4 = 1  

𝐹𝑆1×Σ𝔤 =
𝜋√2𝑘Δ1Δ2Δ3Δ4

3
∑  

4

𝑎=1

 
𝔫𝑎
Δ𝑎
(𝑁̂Δ

3
2 −

𝔠𝑎
𝑘
𝑁̂Δ

1
2)

⁡+
1 − 𝔤

2
log⁡ 𝑁̂Δ − 𝑓0(𝑘, Δ, 𝔫)

 

𝔠𝑎 =
∏  𝑏≠𝑎   (Δ𝑎 + Δ𝑏)

8Δ1Δ2Δ3Δ4
∑  

𝑏≠𝑎

 Δ𝑏  

𝑁̂Δ ≡ 𝑁 −
𝑘

24
+

1

12𝑘
∑  

4

𝑎=1

 Δ𝑎
−1  

𝔫1 = 1 − 𝔤, 𝔫2 + 𝔫3 + 𝔫4 = 1 − 𝔤.  

Δ2 = Δ3 = Δ4 =
1

3
, 𝔫2 = 𝔫3 = 𝔫4 =

(1 − 𝔤)

3
.  
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logℐABJM(𝑁, 𝑘, 𝜔, Δ, 𝔫)

=⁡−
2

𝜔
[
𝜋√2𝑘Δ1Δ2Δ3Δ4

3
𝑁̂𝑘,Δ

3
2 + 𝑔̂0(𝑘, Δ)]

⁡+ [−
𝜋√2𝑘Δ1Δ2Δ3Δ4

3
∑  

4

𝑎=1

 
𝔫𝑎
Δ𝑎
(𝑁̂𝑘,Δ

3
2 −

𝔠𝑎(Δ)

𝑘
𝑁̂𝑘,Δ

1
2 ) −

1

2
log⁡ 𝑁̂𝑘,Δ + 𝑓0(𝑘, Δ, 𝔫)]

⁡+𝒪 (𝑒−√𝑁) + 𝒪(𝜔)

 

log⁡ 𝑍𝑆1×Σ𝔤
ADHM(𝑁,𝑁𝑓)

𝔤 − 1
=
𝜋√2𝑁𝑓

3
[(𝑁 +

7𝑁𝑓

24
+

1

3𝑁𝑓
)

3
2

− (
𝑁𝑓

2
+

5

2𝑁𝑓
)(𝑁 +

7𝑁𝑓

24
+

1

3𝑁𝑓
)

1
2

]

+
1

2
log⁡ (𝑁 +

7𝑁𝑓

24
+

1

3𝑁𝑓
) − 𝑓0(𝑁𝑓) − 𝑓np(𝑁,𝑁𝑓) ⁡

log⁡ 𝑍𝑆1×Σ𝔤
𝑁0,1,0 (𝑁, 𝑘)

𝔤 − 1
=
4𝜋√𝑘

3√3
[(𝑁 +

5𝑘

48
+
1

3𝑘
)

3
2
− (

𝑘

4
+
5

4𝑘
) (𝑁 +

5𝑘

48
+
1

3𝑘
)

1
2
]

⁡+
1

2
log⁡ (𝑁 +

5𝑘

48
+
1

3𝑘
) − 𝑓0(𝑘) − 𝑓np(𝑁, 𝑘)

log⁡ 𝑍𝑆1×Σ𝔤
𝑉5,2 (𝑁,𝑁𝑓)

𝔤 − 1
=
16𝜋√𝑁𝑓

27
[(𝑁 +

𝑁𝑓

6
+

1

4𝑁𝑓
)

3
2

− (
9𝑁𝑓

16
+

27

16𝑁𝑓
)(𝑁 +

𝑁𝑓

6
+

1

4𝑁𝑓
)

1
2

]

⁡+
1

2
log⁡ (𝑁 +

𝑁𝑓

6
+

1

4𝑁𝑓
) − 𝑓0(𝑁𝑓) − 𝑓np(𝑁,𝑁𝑓)

log⁡ 𝑍
𝑆1×Σ𝔤

𝑄1,1,1
(𝑁,𝑁𝑓)

𝔤 − 1
=
4𝜋√𝑁𝑓

3√3
[(𝑁 +

𝑁𝑓

6
)

3
2
− (

𝑁𝑓

4
+

3

4𝑁𝑓
)(𝑁 +

𝑁𝑓

6
)

1
2
]

⁡+
1

2
log⁡ (𝑁 +

𝑁𝑓

6
) − 𝑓0(𝑁𝑓) − 𝑓np(𝑁, 𝑁𝑓)

 

𝑑𝑠11
2 =

𝐿2

4
𝑑𝑠4

2 + 𝐿2𝑑𝑠6
2 + 𝐿2 (𝑑𝜓 + 𝜎 +

1

4
𝐴)

2

⁡

𝐺⁡=
3𝐿3

8
vol4 −

𝐿3

4
𝐽 ∧∗4 𝐹

 

𝑑𝑠4
2= 𝑈(𝑟)𝑑𝜏2 +𝑈(𝑟)−1𝑑𝑟2 + 𝑟2𝑑𝑠Σ𝔤

2 ⁡

𝑈(𝑟)⁡= (𝑟 +
𝜅

2𝑟
)
2

−
𝑄2

4𝑟2

𝐹⁡=
𝑄

𝑟2
𝑑𝜏 ∧ 𝑑𝑟 ± 𝜅volΣ𝔤

 

𝐼2𝜕
reg
= (1 − 𝔤)

𝜋𝐿2

2𝐺𝑁
 

𝐼2𝜕
reg

= (1 − 𝔤)√
2𝜋6

27vol[𝑌7]
𝑁
3
2 + 𝑜 (𝑁

3
2)  
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log⁡ 𝑍𝑆1×Σ𝔤
SCFT = (𝔤 − 1)√

2𝜋6

27vol[𝑌7]
𝑁
3
2 + 𝑜 (𝑁

3
2) = −𝐼2𝜕

reg  

𝒮 = Relog⁡ 𝑍𝑆1×Σ𝔤
SCFT

 

 

ℱ 𝜒 

1 1 

1

4
(𝑏 + 𝑏−1)2 1 

1 − 𝔤 2(1 − 𝔤) 

(𝜔 + 1)2

2𝜔
 2 

1

8𝜔
[(
1

𝑛+
+
1

𝑛−
)𝜔 + 2]

2

+
𝜔

8
[
1

𝑛+
−
1

𝑛−
]
2

 
1

𝑛+
+
1

𝑛−
 

 

−log⁡ 𝑍𝑀3
SCFT = 𝜋ℱ (𝐴𝑁

3
2 + 𝐵𝑁

1
2) − 𝜋(ℱ − 𝜒)𝐶𝑁

1
2 + 𝑜 (𝑁

1
2) ,  

SCFT SUSY 𝐴 𝐵/𝐴 𝐶/𝐴 

ABJM 𝒩 = 6 
√2𝑘

3
 −

𝑘

16
−
1

2𝑘
 −

3

2𝑘
 

ADHM 𝒩 = 4 
√2𝑁𝑓

3
 

3𝑁𝑓

16
−

3

4𝑁𝑓
 −

𝑁𝑓

4
−

5

4𝑁𝑓
 

𝑁0,1,0 𝒩 = 3 
2(𝑘 + 𝑟)

3√2𝑘 + 𝑟
 

3𝑟 − 2𝑘

32
−

𝑘

2(𝑘 + 𝑟)2
 −

𝑟

8
−
3𝑘 + 2𝑟

2(𝑘 + 𝑟)2
 

mABJM 𝒩 = 2 
4√2𝑘

9√3
 −

𝑘

16
−
1

𝑘
 −

9

4𝑘
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𝑉5,2: 𝐴 =
16

27
√𝑁𝑓 , 𝐵 + 𝐶 = −

5𝑁𝑓
2 + 21

27√𝑁𝑓

𝑄1,1,1: 𝐴 =
4

3√3
√𝑁𝑓 , 𝐵 + 𝐶 = −

1

√3𝑁𝑓

 

Caso 1. Δ = (Δ1, 1 − Δ1, 1,
1

2
,
1

2
, 0) 

𝑁𝑓 ∈ {1,2,3,4} & Δ1 =
1

2

𝑁𝑓 ∈ {1,2,3} & Δ1 ∈ {
3

8
,
2

5
,
5

12
,
3

7
}

 

Caso 2. Δ = (Δ1, 1 − Δ1, 1, Δ𝑞 , 1 − Δ𝑞 , 0) 

𝑁𝑓 = 1⁡⁡(Δ1, Δ𝑞) ∈ {(
3

8
,
2

5
) , (

2

5
,
5

12
) , (

5

12
,
3

7
) , (

3

7
,
3

8
)}  

Caso 3. Δ = (Δ1, 1 − Δ1, 1,
1

2
,
1

2
, Δ𝑚) 

𝑁𝑓 ∈ {1,2,3}⁡&⁡(Δ1, Δ𝑚)= {(
3

8
,
𝑁𝑓

8
) , (

3

8
,
𝑁𝑓

10
)} ⁡

𝑁𝑓 ∈ {2,3}⁡&⁡(Δ1, Δ𝑚)⁡∈ {(
2

5
,
𝑁𝑓

10
) , (

2

5
,
𝑁𝑓

12
) , (

5

12
,
𝑁𝑓

12
)

(
5

12
,
𝑁𝑓

14
) , (

3

7
,
𝑁𝑓

14
) , (

3

7
,
𝑁𝑓

16
)}

 

Caso 4. Δ = (Δ1, Δ2, 2 − Δ1 − Δ2, Δ𝑞 , Δ1 + Δ2 − Δ𝑞 , Δ𝑚) 

𝑁𝑓 = 3 ⨂ (Δ1, Δ2, Δ𝑞 , Δ𝑚) = (
4

7
,
4

7
,
3

7
,−
𝑁𝑓

7
)

𝑁𝑓 ∈ {2,3} ⊚ (Δ1, Δ2, Δ𝑞 , Δ𝑚) ∈ {(
2

5
,
2

5
,
2

5
,
𝑁𝑓

5
) , (

3

10
,
5

10
,
1

5
,
𝑁𝑓

5
)

(
4

10
,
5

10
,
3

10
,
3𝑁𝑓

20
) , (

3

8
,
17

40
,
2

5
,
3𝑁𝑓

40
)}

𝑁𝑓 ∈ {1,2,3} ⊙ (Δ1, Δ2, Δ𝑞 , Δ𝑚) = (
1

𝜋
,
2

𝜋
,
3

2𝜋
,𝑁𝑓 (1 −

3

𝜋
))

𝑁𝑓 ∈ {3,4} ⊕ (Δ1, Δ2, Δ𝑞 , Δ𝑚) = (
1

𝜋
,
2

𝜋
,
𝑒

2𝜋
,𝑁𝑓 (1 −

3

𝜋
))

 

𝑓3/2
(lmf)

(𝑁𝑓 , Δ, 𝔫) = ∑  

4

𝑎=1

 𝑓3/2,𝑎
(lmf)

(𝑁𝑓 , Δ, 𝔫)𝔫̃𝑎,

𝑓1/2,𝑎
(lmf)

(𝑁𝑓 , Δ, 𝔫) = ∑  

4

𝑎=1

 𝑓1/2,𝑎
(lmf)

(𝑁𝑓 , Δ, 𝔫)𝔫̃𝑎,
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𝑓3/2(𝑁𝑓 , Δ, 𝔫) = −
𝜋√2𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
∑  

4

𝑎=1

 
𝔫̃𝑎

Δ̃𝑎
,

𝑓1/2(𝑁𝑓 , Δ, 𝔫) = −
𝜋√2𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
∑  

4

𝑎=1

 (𝔠𝑎(Δ̃)𝑁𝑓 +
𝔡𝑎(Δ̃)

𝑁𝑓
) 𝔫̃𝑎,

 

𝑅𝑋(𝑁𝑓 , Δ, 𝔫) =
𝑓𝑋
(lmf)

(𝑁𝑓 , Δ, 𝔫) − 𝑓𝑋(𝑁𝑓 , Δ, 𝔫)

𝑓𝑋(𝑁𝑓 , Δ, 𝔫)
⁡(𝑋 ∈ {3/2,1/2}),  

 

Caso 1. Δ1 =
1

2
φ†𝔫 = (

1

2
,
1

2
, 1,

1

2
,
1

2
, 0) 

 𝑅3/2 𝑅1/2 𝑓0
(1mf)

 𝜎0 

𝑁𝑓 = 1 2.436 × 10−39 5.319 × 10−37 -3.0459513105331823845 7.834 × 10−36 

𝑁𝑓 = 2 −6.565 × 10−29 −1.915 × 10−26 -2.8393059176753911173 2.859 × 10−25 

𝑁𝑓 = 3 4.214 × 10−25 1.188 × 10−22 -3.3892805274389775678 2.159 × 10−21 

𝑁𝑓 = 4 1.620 × 10−22 4.069 × 10−20 -4.3655284762174631267 9.220 × 10−19 

 

Caso 2. 𝑁𝑓 = 1φ
‡(Δ1, Δ𝑞) = (

3

8
,
2

5
) 

𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

−3.594 × 10−33 −7.605 × 10−31 -3.1653887845699785480 1.122 × 10−29 

8.694 × 10−33 1.792 × 10−30 -3.1419129712303989770 2.612 × 10−29 

2.285 × 10−33 4.750 × 10−31 -3.1592865927006754811 6.990 × 10−30 

1.188 × 10−32 2.427 × 10−30 -3.1388618752957474436 3.522 × 10−29 

−6.909 × 10−34 −1.449 × 10−31 -3.1623376886353270145 2.113 × 10−30 
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Caso 3. 𝑁𝑓 = 2φ
†(Δ1, Δ𝑚) = (

5

12
,
𝑁𝑓

14
) 

𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

8.370 × 10−24 2.381 × 10−21 -2.9294387406755353595 3.385 × 10−20 

1.364 × 10−23 4.159 × 10−21 -2.6816709273752314462 5.589 × 10−20 

1.359 × 10−23 3.802 × 10−21 -3.0545474608660212803 5.577 × 10−20 

4.598 × 10−24 1.351 × 10−21 -2.7562653234541241733 1.832 × 10−20 

 

Caso 4. 𝑁𝑓 = 3φ
‡(Δ1, Δ2, Δ𝑞 , Δ𝑚) = (

1

𝜋
,
2

𝜋
,
3

2𝜋
, 𝑁𝑓 (1 −

3

𝜋
)) 

𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

−2.023 × 10−18 −4.727 × 10−16 -4.4813859779853576433 8.868 × 10−15 

−1.879 × 10−18 −4.836 × 10−16 -3.5203924078852770102 7.756 × 10−15 

−2.948 × 10−18 −6.613 × 10−16 -4.7777616683409756638 1.286 × 10−14 

−1.710 × 10−19 −4.255 × 10−17 -3.6883756122275059505 6.527 × 10−16 

−2.484 × 10−18 −5.685 × 10−16 -4.6295738231631666536 1.086 × 10−14 

 

𝑘 ∈ {1,2,3,4},
𝑟

𝑘
∈ {
1

2
,
2

3
, 1,
3

2
, 2,3} .  

𝑓3/2
(lmf)

(𝑘, 𝑟), 𝑓1/2
(lmf)

(𝑘, 𝑟)  

log⁡ 𝑍𝑆1×𝑆2
𝑁0,1,0 (𝑁, 𝑘, 𝑟) +

1

2
log⁡ 𝑁̂𝑘,𝑟 = 𝑓3/2

(lmf)
(𝑘, 𝑟)(𝑁̂𝑘,𝑟)

3
2 + 𝑓1/2

(lmf)
(𝑘, 𝑟)(𝑁̂𝑘,𝑟)

1
2 + 𝑓0

(lmf)
(𝑘, 𝑟),  

𝑓3/2(𝑘, 𝑟) = −
2𝜋(𝑘 + 𝑟)

3√2𝑘 + 𝑟

𝑓1/2(𝑘, 𝑟) =
2𝜋(𝑘 + 𝑟)

3√2𝑘 + 𝑟
(
𝑟

4
+
3𝑘 + 2𝑟

(𝑘 + 𝑟)2
)
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𝑅𝑋(𝑘, 𝑟) =
𝑓𝑋
(lmf)

(𝑘, 𝑟) − 𝑓𝑋(𝑘, 𝑟)

𝑓𝑋(𝑘, 𝑟)
⁡(𝑋 ∈ {3/2,1/2}),  

(𝑘, 𝑟) 𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

(1,1

/2) 

−1.842

× 10−16 

−7.982

× 10−14 

-

2.4445122210251198105 

7.956

× 10−13 

(2,1) 
−1.382

× 10−21 

−9.963

× 10−19 

-

1.5990156188560014468 

9.539

× 10−18 

(3,3

/2) 

−1.529

× 10−18 

−1.301

× 10−15 

-

1.4747778063088432060 

1.174

× 10−14 

(4,2) 
−1.430

× 10−16 

−1.249

× 10−13 

-

1.6979156145862367914 

1.187

× 10−12 

 

 

 

(𝑘, 𝑟) 𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

(1,2

/3) 

−3.264

× 10−17 

−1.557

× 10−14 

-

2.3523428919766891206 

1.568

× 10−13 

(2,4

/3) 

−4.072

× 10−19 

−3.009

× 10−16 

-

1.6252242716209757969 

2.823

× 10−15 

(3,2) 
−1.090

× 10−16 

−8.815

× 10−14 

-

1.6284176444001315906 

8.459

× 10−13 

(4,8

/3) 

−4.916

× 10−15 

−3.849

× 10−12 

-

2.0166679918730627992 

4.102

× 10−11 
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(𝑘, 𝑟) 𝑅3/2 𝑅1/2 𝑓0
(lmf )

 𝜎0 

(1,1) −3.573 × 10−18 −1.959 × 10−15 -2.2479735914758641588 2.024 × 10−14 

(2,2) −4.454 × 10−16 −3.269 × 10−13 -1.7710441322786798897 3.135 × 10−12 

(3,3) −3.989 × 10−14 −2.834 × 10−11 -2.0958128593131947881 3.097 × 10−10 

(4,4) −8.360 × 10−13 −5.303 × 10−10 -2.9167150281215899207 6.910 × 10−9 

 

(𝑘, 𝑟) 𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

(1,3

/2) 

−3.293

× 10−16 

−2.036

× 10−13 

-

2.2194141302255562257 

1.941

× 10−12 

(2,3) 
−2.845

× 10−13 

−1.923

× 10−10 

-

2.1883848791741933989 
1.976 × 10−9 

(3,9

/2) 

−1.086

× 10−11 

−6.292 × 10−9 
-

3.1734834121743210878 
8.184 × 10−8 

(4,6) 
−1.205

× 10−10 

−5.835 × 10−8 
-

4.9043313527433843627 

9.564 × 10−7 

 

(𝑘, 𝑟) 𝑅3/2 𝑅1/2 𝑓0
(1mf)

 𝜎0 

(1,2) −3.601 × 10−14 −2.338 × 10−11 -2.2917317046811495268 2.099 × 10−10 

(2,4) −1.842 × 10−11 −1.112 × 10−8 -2.8180835746366396624 1.235 × 10−7 

(3,6) −4.050 × 10−10 −1.949 × 10−7 -4.6848075856487257662 2.909 × 10−6 
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(4,8) −2.996 × 10−9 −1.167 × 10−6 -7.6419214327213593603 2.248 × 10−5 

 

(𝑘, 𝑟) 𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

(1,3) −2.018 × 10−11 −1.291 × 10−8 -2.6498077170116517266 1.104 × 10−7 

(2,6) −2.996 × 10−9 −1.441 × 10−6 -4.6689712958005925271 1.821 × 10−5 

(3,9) −3.148 × 10−8 −1.126 × 10−5 -8.9730889697708208865 2.015 × 10−4 

(4,12) −1.397 × 10−7 −3.939 × 10−5 -15.329031790765612168 9.246 × 10−4 

 

(𝑘, 𝑟) 𝑅np,1/2 (𝑘, 𝑟) 𝑅np,1/2 (𝑘, 𝑟) 𝑅np,1/2 

(1,1) 3.549 × 10−10 (1,2) −3.737 × 10−11 (1,3) −5.599 × 10−8 

(2,2) −2.420 × 10−8 (2,4) −3.968 × 10−7 (2,6) 2.636 × 10−8 

(3,3) 4.451 × 10−5 (3,6) −8.227 × 10−6 (3,9) −3.638 × 10−5 

(4,4) −3.138 × 10−4 (4,8) 8.126 × 10−5 (4,12) 1.289 × 10−4 

 

Caso 1. Δ = (Δ1,
4

3
− Δ1,

2

3
,
1

3
,
1

3
, 0) 

𝑁𝑓 ∈ {1,2,3,4,5} ⋈ Δ1 =
2

3

𝑁𝑓 ∈ {1,2,3} ⋌ Δ1 ∈ {
1

2
,
5

9
}

𝑁𝑓 = 1 ⋋ Δ1 =
7

12

 

Caso 2. Δ = (Δ1,
4

3
− Δ1,

2

3
,
1

3
,
1

3
, Δ𝑚) 
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𝑁𝑓 ∈ {1,2,3}⁡&⁡(Δ1, Δ𝑚) = {(
1

2
,
𝑁𝑓

6
) , (

1

2
,
𝑁𝑓

9
) , (

5

9
,
𝑁𝑓

9
)

(
5

9
,
𝑁𝑓

12
) , (

7

12
,
𝑁𝑓

12
) , (

7

12
,
𝑁𝑓

15
)}

𝑁𝑓 ∈ {1,2}⁡&⁡(Δ1, Δ𝑚) ∈ {(
5

12
,
𝑁𝑓

12
) , (

7

15
,
𝑁𝑓

15
) , (

13

24
,
𝑁𝑓

10
)}

 

Caso 3. Δ = (Δ1,
4

3
− Δ1,

2

3
, Δ𝑞 ,

2

3
− Δ𝑞 , Δ𝑚) 

𝑁𝑓 ∈ {1,2}⁡&⁡(Δ1, Δ𝑞 , Δ𝑚) = (
2

3
−
1

2𝜋
,
1

6
, 𝑁𝑓 (

2

3
−
2

𝜋
))

𝑁𝑓 ∈ {3,4}⁡&⁡(Δ1, Δ𝑞 , Δ𝑚) = (
2

3
−
1

2𝜋
,
1

4
, 𝑁𝑓 (

2

3
−
2

𝜋
))

 

𝑓3/2
(lmf)

(𝑁𝑓 , Δ, 𝔫), 𝑓1/2
(lmf)

(𝑁𝑓 , Δ, 𝔫),  

𝑓3/2(𝑁𝑓 , Δ, 𝔫) = −
𝜋√𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
∑  

4

𝑎=1

 
𝔫̃𝑎

Δ̃𝑎

𝑓1/2(𝑁𝑓 , Δ, 𝔫) = −
𝜋√𝑁𝑓Δ̃1Δ̃2Δ̃3Δ̃4

3
(∑  

2

𝐼=1

 (𝔞𝐼𝑁𝑓 +
𝔟𝐼
𝑁𝑓
)𝔫𝐼 +

Δ̃3 − Δ̃4

3Δ̃3
2Δ̃4
2

𝔱

𝑁𝑓
2)

 

𝑅𝑋(𝑁𝑓 , Δ, 𝔫) =
𝑓𝑋
(lmf)

(𝑁𝑓 , Δ, 𝔫) − 𝑓𝑋(𝑁𝑓 , Δ, 𝔫)

𝑓𝑋(𝑁𝑓 , Δ, 𝔫)
⁡(𝑋 ∈ {3/2,1/2}),  

 

Caso 1. Δ1 =
2

3
ϕ⊗𝔫 = (

2

3
,
2

3
,
2

3
,
1

3
,
1

3
, 0) 

 𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

𝑁𝑓

= 1 

2.446 × 10−28 7.122 × 10−26 

-

2.7620858097124988759 

9.445

× 10−25 

𝑁𝑓

= 2 

−4.779

× 10−22 

−1.594

× 10−19 

-

3.2671366455659909955 

2.399

× 10−18 

𝑁𝑓

= 3 

−7.188

× 10−19 

−2.104

× 10−16 

-

4.7624014875151824187 

4.110

× 10−15 
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𝑁𝑓

= 4 

1.210 × 10−16 2.994 × 10−14 

-

7.0161650179852435476 

7.423

× 10−13 

𝑁𝑓

= 5 

9.005 × 10−15 1.895 × 10−12 

-

9.9830275183613382542 

5.851

× 10−11 

 

Caso 2. 𝑁𝑓 = 2ϕ
⊗(Δ1, Δ𝑞) = (

1

2
,
𝑁𝑓

9
) 

𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

1.078 × 10−16 3.448 × 10−14 
-

3.4528096365944814244 

4.489

× 10−13 

1.732 × 10−16 5.639 × 10−14 
-

3.3715743804211707717 

7.244

× 10−13 

6.362 × 10−17 2.046 × 10−14 
-

3.3447537752182470037 

2.564

× 10−13 

−5.510

× 10−17 

−1.751

× 10−14 

-

3.2966941000920532717 

2.195

× 10−13 

 

Caso 3. 𝑁𝑓 = 3ϕ
⊗(Δ1, Δ𝑞 , Δ𝑚) = (

2

3
−

1

2𝜋
,
1

4
, 𝑁𝑓 (

2

3
−
2

𝜋
)) 

𝑅3/2 𝑅1/2 𝑓0
(lmf)

 𝜎0 

1.584 × 10−15 4.419 × 10−13 
-

5.0895614683300330156 

7.852

× 10−12 

1.597 × 10−15 4.479 × 10−13 
-

4.9454216523869612663 

7.691

× 10−12 
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6.608 × 10−17 1.862 × 10−14 
-

4.8692433262566337160 

2.645

× 10−13 

−1.782

× 10−15 

−4.984

× 10−13 

-

4.7512952786913154264 

8.264

× 10−12 

−3.923

× 10−16 

−1.098

× 10−13 

-

4.8145318465752665874 

1.898

× 10−12 

 

𝑍
𝑆1×𝑆2
𝑄1,1,1

(𝑁,𝑁𝑓 , Δ, 𝔫) =
1

(𝑁!)2
∑  

𝔪,𝔪̃∈ℤ𝑁

 ∰∏ 

𝑁

𝑖=1

 
𝑑𝑥𝑖
2𝜋i𝑥𝑖

𝑑𝑥̃𝑖
2𝜋i𝑥̃𝑖

∏ 

𝑁

𝑖≠𝑗

 (1 −
𝑥𝑖
𝑥𝑗
)(1 −

𝑥̃𝑖
𝑥̃𝑗
)

△

𝒞

⁡× ∏  

𝑁

𝑖,𝑗=1

  ∏  

𝑎=1,2

 

(

 
√
𝑥𝑖
𝑥̃𝑗
𝑦𝑎

1 −
𝑥𝑖
𝑥̃𝑗
𝑦𝑎
)

 

1−𝔫𝑎

∏  

𝑎=3,4

 

(

 
 
 √

𝑥̃𝑗
𝑥𝑖
𝑦𝑎

1 −
𝑥̃𝑗
𝑥𝑖
𝑦𝑎

)

 
 
 

1−𝔫𝑎

⁡×∏ 

𝑁

𝑖=1

  ∏  

𝑛=1,2

 

(

 
√
1
𝑥𝑖
𝑦𝑞̃𝑛

1 −
1
𝑥𝑖
𝑦𝑞̃𝑛)

 

𝑁𝑓(1−𝔫𝑞̃𝑛)

∏ 

𝑁

𝑗=1

  ∏  

𝑛=1,2

 (
√𝑥̃𝑗𝑦𝑞𝑛
1 − 𝑥̃𝑗𝑦𝑞𝑛

)

𝑁𝑓(1−𝔫𝑞𝑛)

⁡×∏ 

𝑁

𝑖=1

 
(𝑒i𝐵𝑖)

𝑀

𝑒i𝐵𝑖 − 1
×∏ 

𝑁

𝑗=1

 
(𝑒i𝐵̃𝑗)

𝑀

𝑒i𝐵̃𝑗 − 1

 

𝑒i𝐵𝑖 ⁡= (−1)𝑁+𝑁𝑓−2⌊𝑁𝑓/2⌋𝜎𝑖 ∏  

𝑛=1,2

 

(

 
√
1
𝑥𝑖
𝑦𝑞̃𝑛

1 −
1
𝑥𝑖
𝑦𝑞̃𝑛)

 

−𝑁𝑓

∏ 

𝑁

𝑗=1

 
(1 −

𝑥̃𝑗
𝑥𝑖
𝑦3) (1 −

𝑥̃𝑗
𝑥𝑖
𝑦4)

(1 −
𝑥̃𝑗
𝑥𝑖
𝑦1
−1) (1 −

𝑥̃𝑗
𝑥𝑖
𝑦2
−1)

𝑒i𝐵̃𝑗 ⁡= (−1)𝑁+𝑁𝑓−2⌊𝑁𝑓/2⌋𝜎̃𝑗 ∏  

𝑛=1,2

 (
√𝑥̃𝑗𝑦𝑞𝑛
1 − 𝑥̃𝑗𝑦𝑞𝑛

)

−𝑁𝑓

∏ 

𝑁

𝑖=1

 
(1 −

𝑥̃𝑗
𝑥𝑖
𝑦3) (1 −

𝑥̃𝑗
𝑥𝑖
𝑦4)

(1 −
𝑥̃𝑗
𝑥𝑖
𝑦1
−1)(1 −

𝑥̃𝑗
𝑥𝑖
𝑦2
−1)
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𝜎𝑖 ⁡=∏ 

𝑁

𝑗=1

 
√
𝑥𝑖
𝑥̃𝑗
𝑦1

−
𝑥𝑖
𝑥̃𝑗
𝑦1

√
𝑥𝑖
𝑥̃𝑗
𝑦2

−
𝑥𝑖
𝑥̃𝑗
𝑦2

1

√
𝑥̃𝑗
𝑥𝑖
𝑦3

1

√
𝑥̃𝑗
𝑥𝑖
𝑦4

∈ {−1,1}

𝜎̃𝑗 ⁡=∏  

𝑁

𝑖=1

 
√
𝑥𝑖
𝑥̃𝑗
𝑦1

−
𝑥𝑖
𝑥̃𝑗
𝑦1

√
𝑥𝑖
𝑥̃𝑗
𝑦2

−
𝑥𝑖
𝑥̃𝑗
𝑦2

1

√
𝑥̃𝑗
𝑥𝑖
𝑦3

1

√
𝑥̃𝑗
𝑥𝑖
𝑦4

∈ {−1,1}

 

𝜎𝑖 = 𝜎̃𝑗 = (−1)
𝑁  

𝒱 =∑  

𝑁

𝑖=1

  [
𝑁𝑓

2
(𝑢̃𝑖
2 − 𝑢𝑖

2) − 2𝜋 (𝑛̃𝑖 −
𝑁𝑓

2
+ ⌊
𝑁𝑓

2
⌋) 𝑢̃𝑖 + 2𝜋 (𝑛𝑖 −

𝑁𝑓

2
+ ⌊
𝑁𝑓

2
⌋)𝑢𝑖] ⁡

⁡+ ∑  

𝑁

𝑖,𝑗=1

  [ ∑  

𝑎=3,4

 Li2 (𝑒
i(𝑢̃𝑗−𝑢𝑖+𝜋Δ𝑎)) − ∑  

𝑎=1,2

 Li2 (𝑒
i(𝑢̃𝑗−𝑢𝑖−𝜋Δ𝑎))]

⁡+𝑁𝑓∑ 

𝑁

𝑖=1

 ∑  

2

𝑛=1

  [Li2 (𝑒
i(−𝑢𝑖+𝜋Δ𝑞̃𝑛)) − Li2 (𝑒

i(−𝑢̃𝑖−𝜋Δ𝑞𝑛)) +
𝜋

2
𝑢𝑖Δ𝑞̃𝑛 +

𝜋

2
𝑢̃𝑖(Δ𝑞𝑛 − 2)] .

 

𝜌(𝑡)=
2𝜇 − 𝑘|𝑡|

𝜋2
⁡(𝑡< < 𝑡 < 𝑡>), ⁡

𝛿𝑣(𝑡)⁡= 𝜋Δ1 −
𝜋𝜇

2𝜇 − 𝑘|𝑡|
⁡(𝑡< < 𝑡 < 𝑡>),

 

𝑡≪ = −
𝜇

𝑁𝑓
, 𝑡≫ =

𝜇

𝑁𝑓
.  

𝜇 = √
𝑁𝑓

3
𝜋.  

𝑛𝑖 = 1 − 𝑖 − ⌊
𝑁𝑓

2
⌋ , 𝑛̃𝑗 = 𝑗 − 𝑁 − ⌊

𝑁𝑓

2
⌋  

0 < Re[𝑢̃𝑗 − 𝑢𝑖 + 𝜋Δ𝑎] < 2𝜋, −2𝜋 < Re[𝑢̃𝑗 − 𝑢𝑖 − 𝜋Δ𝑎] < 0

0 < Re[𝑢̃𝑖 + 𝜋Δ𝑞𝑛] < 2𝜋, 0 < Re[−𝑢𝑖 + 𝜋Δ𝑞̃𝑛] < 2𝜋.
 

𝑣𝑖 + 𝑣̃𝑖|initial condition = 𝜋(2 − Δ1 − Δ𝑞1 − Δ𝑞2) = 0,  

𝑁𝑓 ∈ {1,2,3,4,5} † Δ1 =
1

2

𝑁𝑓 ∈ {1,2,3} ⋆ Δ1 ∈ {
3

8
,
5

12
,
3

7
}

 

𝑓3/2
(lmf)

(𝑁𝑓 , Δ, 𝔫), 𝑓1/2
(lmf)

(𝑁𝑓 , Δ, 𝔫),  
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𝑓3/2(𝑁𝑓 , Δ, 𝔫)= −
4𝜋√𝑁𝑓

3√3
⁡

𝑓1/2(𝑁𝑓 , Δ, 𝔫)⁡=
4𝜋√𝑁𝑓

3√3
(
𝑁𝑓

4
+

3

4𝑁𝑓
) .

 

𝑅𝑋(𝑁𝑓 , Δ, 𝔫) =
𝑓𝑋
(lmf)

(𝑁𝑓 , Δ, 𝔫) − 𝑓𝑋(𝑁𝑓 , Δ, 𝔫)

𝑓𝑋(𝑁𝑓 , Δ, 𝔫)
⁡(𝑋 ∈ {3/2,1/2}),  

 𝑅3/2 𝑅1/2 𝑓0
(lmf )

 𝜎0 

𝑁𝑓 = 1 1.503 × 10−17 9.883 × 10−15 -2.1415723730798296354 6.340 × 10−14 

𝑁𝑓 = 2 −3.490 × 10−14 −2.641 × 10−11 -2.0385864384989237526 1.780 × 10−10 

𝑁𝑓 = 3 −1.753 × 10−12 −1.168 × 10−9 -2.2368141361938090934 9.784 × 10−9 

𝑁𝑓 = 4 5.722 × 10−12 3.251 × 10−9 -2.6005901148883909862 2.981 × 10−8 

𝑁𝑓 = 5 2.396 × 10−10 1.157 × 10−7 -3.1045097958934355205 1.393 × 10−6 

 

𝑅𝜇𝜈
(6)
= 8𝑔𝜇𝜈

(6)
 

𝑑𝑠SE7
2 = (𝑑𝜓 + 𝜎)2 + 𝑑𝑠6

2  

𝜎 =
1

2
(cos2⁡ 𝜉 − sin2⁡ 𝜉)𝑑𝜑 +

1

2
cos2⁡ 𝜉cos⁡ 𝜃1𝑑𝜙1 +

1

2
sin2⁡ 𝜉cos⁡ 𝜃2𝑑𝜙2

𝑑𝑠6
2 =𝑑𝜉2 + cos2⁡ 𝜉sin2⁡ 𝜉 (𝑑𝜑 +

1

2
cos⁡ 𝜃1𝑑𝜙2 −

1

2
cos⁡ 𝜃2𝑑𝜙2)

2

⁡+
1

4
cos2⁡ 𝜉(𝑑𝜃1

2 + sin2⁡ 𝜃1𝑑𝜙1
2) +

1

4
sin2⁡ 𝜉(𝑑𝜃2

2 + sin2⁡ 𝜃2𝑑𝜙2
2)

 

0 ≤ 2𝜓 ± 𝜑 < 4𝜋, 0 ≤ 𝜉 ≤
𝜋

2
, 0 ≤ 𝜃1,2 ≤ 𝜋, 0 ≤ 𝜙1,2 < 2𝜋  

𝑋1 = 𝑒
i(𝜓+

𝜑+𝜙1
2

)
cos⁡ 𝜉cos⁡

𝜃1
2

𝑋2 = 𝑒
i(𝜓+

𝜑−𝜙1
2

)
cos⁡ 𝜉sin⁡

𝜃1
2

𝑋3 = 𝑒
i(𝜓−

𝜑−𝜙2
2

)
sin⁡ 𝜉cos⁡

𝜃2
2

𝑋4 = 𝑒
i(𝜓−

𝜑+𝜙2
2

)
sin⁡ 𝜉sin⁡

𝜃2
2
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(𝑋3, 𝑋4) ∼ 𝑒
2𝜋i
𝑁𝑓 (𝑋3, 𝑋4)

 

2𝜓 − 𝜑 ∼ 2𝜓 − 𝜑 +
4𝜋

𝑁𝑓
 

vol [𝑆7/ℤ𝑁𝑓] =
𝜋4

3𝑁𝑓
 

𝜎 =−
1

2
cos⁡ 𝜇sin⁡ 𝜃(cos⁡𝜙𝜎1 − sin⁡ 𝜙𝜎2) +

1

4
cos𝜃(1 + cos2⁡ 𝜇)𝜎3 −

1

2
cos⁡ 𝜃𝑑𝜙⁡⁡

𝑑𝑠6
2 =

1

4
(𝑑𝜃 − cos⁡ 𝜇(sin⁡𝜙𝜎1 + cos⁡ 𝜙𝜎2))

2

⁡+
1

4
sin2⁡ 𝜃 (𝑑𝜙 − cos⁡ 𝜇cot⁡ 𝜃(cos⁡𝜙𝜎1 − sin⁡ 𝜙𝜎2) −

1

2
(1 + cos2⁡ 𝜇)𝜎3)

2

⁡+
1

2
(𝑑𝜇2 +

1

4
sin2⁡ 𝜇(𝜎1

2 + 𝜎2
2) +

1

4
sin2⁡ 𝜇cos2⁡ 𝜇𝜎3

2)

 

𝜎1 = sin⁡ 𝛽𝑑𝛼 − cos⁡ 𝛽sin⁡ 𝛼𝑑𝛾

𝜎2 = cos⁡ 𝛽𝑑𝛼 + sin⁡ 𝛽sin⁡ 𝛼𝑑𝛾

𝜎3 = 𝑑𝛽 + cos⁡ 𝛼𝑑𝛾

 

0 ≤ 𝜓 < 𝜋, 0 ≤ 𝜇 ≤
𝜋

2
, 0 ≤ 𝜃 < 𝜋, 0 ≤ 𝜙 < 2𝜋

0 ≤ 𝛼 < 𝜋, 0 ≤ 𝛽 < 2𝜋, 0 ≤ 𝛾 < 4𝜋
 

vol[𝑁0,1,0/ℤ𝑘] =
𝜋4

8𝑘
 

𝜎 =
3

8
cos⁡ 𝛼(𝑑𝛽 − cos⁡ 𝜃1𝑑𝜙1 − cos⁡ 𝜃2𝑑𝜙2)

𝑑𝑠6
2 =

3

8
𝑑𝛼2 +

3

32
sin2⁡ 𝛼(𝑑𝛽 − cos⁡ 𝜃1𝑑𝜙1 − cos⁡ 𝜃2𝑑𝜙2)

2

⁡+
3

32
(1 + cos2⁡ 𝛼)(𝑑𝜃1

2 + sin2⁡ 𝜃1𝑑𝜙1
2 + 𝑑𝜃2

2 + sin2⁡ 𝜃2𝑑𝜙2
2)

⁡−
3

16
sin2⁡ 𝛼cos⁡ 𝛽(𝑑𝜃1𝑑𝜃2 − sin⁡ 𝜃1sin⁡ 𝜃2𝑑𝜙1𝑑𝜙2)

⁡+
3

16
sin2⁡ 𝛼sin⁡ 𝛽(sin⁡ 𝜃2𝑑𝜃1𝑑𝜙2 + sin⁡ 𝜃1𝑑𝜃2𝑑𝜙1)

 

0 ≤ 𝜓 <
3

2
𝜋, 0 ≤ 𝛼 ≤

𝜋

2
, 0 ≤ 𝛽 < 4𝜋, 0 ≤ 𝜃1,2 ≤ 𝜋, 0 ≤ 𝜙1,2 < 2𝜋  

𝜙2 ∼ 𝜙2 +
2𝜋

𝑁𝑓
 

vol [𝑉5,2/ℤ𝑁𝑓] =
27𝜋4

128𝑁𝑓
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𝜎⁡ =
1

4
∑  

3

𝑖=1

 cos⁡ 𝜃𝑖𝑑𝜙𝑖

𝑑𝑠6
2 ⁡=

1

8
∑  

3

𝑖=1

  (𝑑𝜃𝑖
2 + sin2⁡ 𝜃𝑖𝑑𝜙𝑖

2)

 

0 ≤ 𝜓 < 𝜋, 0 ≤ 𝜃1,2,3 ≤ 𝜋, 0 ≤ 𝜙1,2,3 < 2𝜋  

(𝜙2, 𝜙3) ∼ (𝜙2, 𝜙3) + (
2𝜋

𝑁𝑓
,
2𝜋

𝑁𝑓
)  

vol [𝑄1,1,1/ℤ𝑁𝑓] =
𝜋4

8𝑁𝑓
 

𝑣𝑖|initial condition =
𝜋(Δ𝑞̃ − Δ𝑞)

2
 

𝑎(𝑡) = 𝑒𝑖𝐻(𝑡−𝑡
′)𝑎(𝑡′)𝑒−𝑖𝐻(𝑡−𝑡

′); ⁡𝑡, 𝑡′ ∈ ℝ  

𝜔(𝑎) = Tr(𝜌𝜔𝑎); ⁡Tr(𝜌𝜔) = 1  

𝜔𝜉𝑎̂(⋅) =
1

𝜔(𝜋𝜉𝑎̂)
𝜔(𝜋𝜉𝑎̂ ⋅ 𝜋𝜉𝑎̂)  

𝑃(𝜉𝑎̂) = 𝜔(𝜋𝜉𝑎̂)  

𝒜≥𝑡′ ⫋ 𝒜≥𝑡 ⁡ for ⁡𝑡′ ≥ 𝑡  

𝒞𝜔≥𝑡(𝒜≥𝑡) = {𝑋 ∈ 𝒜≥𝑡 ∣ 𝜔𝑡([𝑋, 𝐴]) = 0;⁡∀𝐴 ∈ 𝒜≥𝑡}  

ℎ𝑇𝐹𝐷 = 𝛽𝐻𝑅 − 𝛽𝐻𝐿  

Δ𝑇𝐹𝐷
−𝑖𝑢 𝐴(𝑡, 𝑥 )Δ𝑇𝐹𝐷

𝑖𝑢 = 𝐴(𝑡 + 𝛽𝑢, 𝑥 ), Δ𝑇𝐹𝐷
−𝑖𝑢ℳ𝑅Δ𝑇𝐹𝐷

𝑖𝑢 =ℳ𝑅 , ∀𝑢 ∈ ℝ  

ℳ𝑅|≥𝑡 ⫋ℳ𝑅|≥𝑡′ ,⁡ for 𝑡 > 𝑡′  

|Ψ𝜔̂⟩ = |𝑇𝐹𝐷⟩⊗ 𝑓(𝑋)  

𝒩𝑅,≥𝑡 = 𝒩𝑅,≥𝑡−𝑠 = 𝒩𝑅 , ∀𝑠 > 0  

𝒴𝑅,≥𝑡
𝐻 ⫋ 𝒴𝑅,≥𝑡′

𝐻 ⁡ for 𝑡 > 𝑡′  

𝒞𝑇𝐹𝐷,𝑘(𝒴𝑅
𝐻) = {𝑊(ℎ)𝑤(ℎ) ∣ ℎ ∈ 𝐻}  

𝑋 = ∫  
𝒰

 𝑑𝑥 𝑑𝜏𝜙(𝜏, 𝑥 )𝑓(𝜏, 𝑥 )  

𝒪𝑆 ∋ 𝑌 ↦ 𝑌(𝑡) ∈ ℬ(ℋ𝑆)  

𝑌 = 𝐹 [∫  
𝒰

 𝑑𝑥 𝑑𝜏𝜙(𝜏, 𝑥 )𝑓(𝜏, 𝑥 )] ↦ 𝐹 [∫  
𝒰

 𝑑𝑥 𝑑𝜏𝜙(𝜏, 𝑥 )𝑓(𝜏 + 𝑡, 𝑥 )] = 𝑌(𝑡)  
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𝐻𝑆(𝑡) = 𝐻⁡∀𝑡 ∈ ℝ  

𝑌(𝑡2) = 𝑒
𝑖𝐻(𝑡2−𝑡1)𝑌(𝑡1)𝑒

−𝑖𝐻(𝑡2−𝑡1)  

𝒜≥𝑡 = ⋁  

𝐼⊂[𝑡,∞)

 𝒴𝐼

weak 

 

𝒜≥𝑡 ⫋ 𝒜≥𝑡′ ,⁡ for 𝑡 > 𝑡′  

𝒜 =⋁ 

𝑡∈ℝ

 𝒜≥𝑡‖ ⋅ ‖  

𝜌𝜔(𝑡) = 𝑒
𝑖𝐻(𝑡−𝑡′)𝜌𝜔(𝑡

′)𝑒−𝑖𝐻(𝑡−𝑡
′)  

𝜌̃𝜔(𝑡) =
1

Tr(𝜌̃𝜔𝜋𝑎(𝑡))
𝜋𝑎(𝑡)𝜌𝜔𝜋𝑎(𝑡)  

{𝜋𝜉 ∣ 𝜉 ∈ 𝒳} ⊂ 𝒜≥𝑡  

𝜋𝜉𝜋𝜂 = 𝛿𝜉𝜂𝜋𝜉; ⁡𝜋𝜉
∗ = 𝜋𝜉 = 𝜋𝜉

2; ⁡∑  

𝜉∈𝒳

 𝜋𝜉 = 1  

𝜔𝑡: = 𝜔|𝒜≥𝑡  

𝜔𝑡(𝐴) = ∑  

𝜉∈𝒳

 𝜔(𝜋𝜉𝐴𝜋𝜉)⁡∀𝐴 ∈ 𝒜≥𝑡  

𝒞𝜔𝑡(𝒜≥𝑡) = {𝑋 ∈ 𝒜≥𝑡 ∣ 𝜔𝑡([𝑋, 𝐴]) = 0;⁡∀𝐴 ∈ 𝒜≥𝑡}  

𝑍𝜔𝑡(𝒜≥𝑡) = 𝒞𝜔𝑡(𝒜≥𝑡) ∩ 𝒞𝜔𝑡(𝒜≥𝑡)
′ = {𝑌 ∈ 𝒞𝜔𝑡(𝒜≥𝑡) ∣ [𝑌, 𝑋] = 0;⁡∀𝑋 ∈ 𝒞𝜔𝑡(𝒜≥𝑡)}  

0 < 𝜔(𝜋𝑖) < 1; ⁡𝑖 = 1,2  

{𝜋𝜉 ∣ 𝜉 ∈ 𝒳𝜔𝑡} ∷𝑍𝜔𝑡(𝒜≥𝑡)  

𝜔𝑡(𝐴) = ∑  

𝜉,𝜂∈𝒳𝜔𝑡

 𝜔(𝜋𝜉𝐴𝜋𝜂)

= ∑  

𝜉,𝜂∈𝒳𝜔𝑡

 𝜔(𝜋𝜂𝜋𝜉𝐴) = ∑  

𝜉,𝜂∈𝒳𝜔𝑡

 𝜔(𝛿𝜂𝜉𝜋𝜉𝐴)

= ∑  

𝜉∈𝒳𝜔𝑡

 𝜔(𝜋𝜉𝐴) = ∑  

𝜉∈𝒳𝜔𝑡

 𝜔(𝜋𝜉
2𝐴)

= ∑  

𝜉∈𝒳𝜔𝑡

 𝜔(𝜋𝜉𝐴𝜋𝜉) ∀𝐴 ∈ 𝒜≥𝑡

 

𝜔𝑡+𝜖,𝜉∗(⋅) =
1

𝜔𝑡+𝜖(𝜋𝜉∗)
𝜔𝑡+𝜖(𝜋𝜉∗ ⋅ 𝜋𝜉∗)  
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𝑃(𝜉∗, 𝑡) = 𝜔𝑡(𝜋𝜉∗)  

Figura. Comportamiento holográfico de una partícula supermasiva. 

 

 

𝜔𝑡0+𝛿(𝜋𝜉∗) = 1 − 𝒪(𝛼);⁡𝜔𝑡0+𝛿(𝜋𝜉) = 𝒪(𝛼)∀𝜉 ≠ 𝜉∗  

1

𝜔𝑡0+𝛿
𝜔𝑡0+𝛿(𝜋𝜉∗ ⋅ 𝜋𝜉∗) 

𝜔𝑡0+𝛿 and 
1

𝜔𝑡0+𝛿(𝜋𝜉∗)
𝜔𝑡0+𝛿(𝜋𝜉∗ ⋅ 𝜋𝜉∗) 
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1

𝜔𝑡0+𝛿(𝜋𝜉∗,𝑛)
𝜔𝑡0+𝛿(𝜋𝜉∗,𝑛 ⋅ 𝜋𝜉∗,𝑛) 

𝒜 = ⋁  

𝑃∈𝕄4

 𝒜𝑃  

Figura. Deformación del espacio – tiempo cuántico por interacción de la partícula oscura o 

supermasiva en relación a los niveles adimensionales. 

 

𝒜𝑃𝑡 ⫋ 𝒜𝑃𝑡0
, 𝑃𝑡, 𝑃𝑡0  

[𝜋𝜉
𝑃 , 𝜋𝜂

𝑃′] = 0  
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𝐴𝜇 , Φ
𝐼 , 𝜓𝛼

𝑎 , 𝜓‾𝛼̇𝑎  

𝐹𝜇𝜈 → 𝑈𝐹𝜇𝜈𝑈
−1, Φ𝐼 → 𝑈Φ𝐼𝑈−1, 𝜓𝛼

𝑎 → 𝑈𝜓𝛼
𝑎𝑈−1, 𝜓‾𝛼̇𝑎 → 𝑈𝜓‾𝛼̇𝑎𝑈

−1  

ℒ =
1

𝑔2
Tr (

1

2
(𝜕𝐴)2 + 𝐴4 +⋯)  

 ℌ connected vacuum diagram ∼ 𝑁
𝐹(𝑔2)𝐸−𝑉  

 ℌ connected vacuum diagram ∼ (𝑔
2𝑁)𝐸−𝑉𝑁𝐹−𝐸+𝑉 ∼ 𝜆𝐸−𝑉𝑁𝜒 ∼ 𝜆𝐸−𝑉𝑁2−2𝑘  

log⁡ 𝑍 =∑  

𝑘

 𝑁2−2𝑘𝑓𝑘(𝜆)  

𝑍′[𝐽𝑖] = ∫ ⁡𝐷𝐴𝜇∫ ⁡𝐷Φ̂exp⁡ {𝑖 ∫ ⁡ 𝑑
𝑑𝑥ℒ[𝐴𝜇 , Φ̂] + 𝑖𝑁∫ ⁡ 𝑑

𝑑𝑥𝐽𝑖𝒪𝑖} = ∫ ⁡𝐷𝐴𝜇𝐷Φexp⁡ {𝑖 ∫ ⁡ 𝑑
𝑑𝑥𝑁Tr[… . ]} 

⟨𝒪1(𝑥1)𝒪2(𝑥2)⋯𝒪𝑛(𝑥𝑛)⟩
𝑐 =

𝛿

𝛿𝐽1
⋯
𝛿

𝛿𝐽𝑛
log⁡ 𝑍′[𝐽𝑖]|

𝐽𝑖=0

1

(𝑖𝑁)𝑛
=∑ 

𝑘

 𝑁2−2𝑘−𝑛ℎ𝑘(𝜆)  

⟨𝒪1𝒪2⋯𝒪𝑛⟩𝛽
𝑐 =∑ 

𝑘

 𝑁2−2𝑘−𝑛𝑝𝑛(𝑘, 𝛽)  

𝐺𝛽
𝑐(𝜏1, … , 𝜏𝑛) = ∑  

∞

𝑚1,⋯,𝑚𝑛=−∞

 𝐺0
𝑐(𝜏1 −𝑚1𝛽,… , 𝜏𝑛 −𝑚𝑛𝛽)  

⟨𝒪1⋯𝒪𝑛⟩Ω,𝛽
𝑐 ∼ 𝑁2−𝑛  

⟨𝒪⟩Ω,𝛽
𝑐 ∼ 𝑁, ⟨𝒪1𝒪2⟩Ω,𝛽

𝑐 ∼ 𝒪(1), ⟨𝒪1𝒪2⋯𝒪𝑛≥3⟩Ω,𝛽
𝑐 → 0⁡ as 𝑁 → ∞  

: 𝒪: : = 𝒪 − ⟨𝒪⟩𝛽  

⟨: 𝒪: ⟩𝛽 = 0  

: 𝒪:= Tr[𝑂 − ⟨𝒪⟩̃⁡𝛽𝟙]  

⟨: 𝒪1:⋯ : 𝒪𝑛: ⟩𝛽 = {

0  for 𝑛 odd 

∑  
{𝑖1⋯𝑖𝑛}∈𝑆𝑛

  ⟨𝒪𝑖1𝒪𝑖2⟩𝛽
⋯⟨𝒪𝑖𝑛−1𝒪𝑖𝑛⟩𝛽

 for 𝑛 even  

𝜔𝑇𝐹𝐷(⋅) =
1

𝑍𝛽
Tr(𝑒−𝛽𝐻 ⋅) = ⟨𝑇𝐹𝐷| ⋅ |𝑇𝐹𝐷⟩  
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|𝑇𝐹𝐷⟩ =
1

√𝑍𝛽
∑ 

𝑖

 𝑒−𝛽𝐸𝑖/2|𝑖⟩𝑅|𝑖⟩𝐿  

𝒪̃ =
1

𝑁
Tr𝑂  

0 ≤ 𝜔𝑇𝐹𝐷((𝐴 + 𝟙)(𝐴
∗ + 𝟙)) = 𝜔𝑇𝐹𝐷(𝐴𝐴

∗) + 1 + 𝜔𝑇𝐹𝐷(𝐴) + 𝜔𝑇𝐹𝐷(𝐴
∗)  

0 ≤ 𝜔𝑇𝐹𝐷((𝑖𝐴 + 𝟙)(−𝑖𝐴
∗ + 𝟙)) = 𝜔𝑇𝐹𝐷(𝐴𝐴

∗) + 1 + 𝑖𝜔𝑇𝐹𝐷(𝐴) − 𝑖𝜔𝑇𝐹𝐷(𝐴
∗) 

𝜔𝑇𝐹𝐷(𝐴) = ⟨𝑇𝐹𝐷|𝜋𝑇𝐹𝐷(𝐴)|𝑇𝐹𝐷⟩ 

⟨𝐴 ∣ 𝐵⟩:= 𝜔𝑇𝐹𝐷(𝐴
∗𝐵)  

𝒩 = {𝐴 ∈ 𝒜𝑅 ∣ 𝜔𝑇𝐹𝐷(𝐴
∗𝐴) = 0} 

⟨𝐴 ∣ 𝐵⟩ = 0⁡∀𝐵 ∈ 𝒜𝑅 , ∀𝐴 ∈ 𝒩  

0 ≤ |𝜔𝑇𝐹𝐷(𝐴
∗𝐵)|2 = |⟨𝐴 ∣ 𝐵⟩|2 ≤ ‖𝐴‖2‖𝐵‖2 = 0  

ℋ𝑇𝐹𝐷 = 𝒜𝑅/𝒩 = 𝐷‾  

𝐷 = {[𝐴] ∈ ℋ𝑇𝐹𝐷 ∣ 𝐴 ∈ 𝒜𝑅}  

𝜋𝑇𝐹𝐷(𝐴)[𝐵]: = [𝐴𝐵]⁡ on 𝐷  

‖𝐴𝐵‖2 = 𝜔𝑇𝐹𝐷((𝐴𝐵)
∗𝐴𝐵) = 𝜔𝑇𝐹𝐷(𝐵

∗𝐴∗𝐴𝐵) = ⟨𝐵 ∣ 𝐴∗𝐴𝐵⟩ = 0  

𝜋𝑇𝐹𝐷[𝐴]𝜋𝑇𝐹𝐷[𝐵][𝐶] = [𝐴𝐵𝐶] = 𝜋𝑇𝐹𝐷(𝐴𝐵)[𝐶]  
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⟨𝐵|𝜋𝑇𝐹𝐷(𝐴)
∗|𝐶⟩ = ⟨𝐴𝐵⟩𝐶 = 𝜔𝑇𝐹𝐷(𝐵

∗𝐴∗𝐶) = ⟨𝐵 ∣ 𝐴∗𝐶⟩ = ⟨𝐵 ∣ 𝜋𝑇𝐹𝐷(𝐴
∗)𝐶⟩  

⟨𝑈𝜋𝑇𝐹𝐷(𝐴)𝑇𝐹𝐷 ∣ 𝑈𝜋𝑇𝐹𝐷(𝐵)𝑇𝐹𝐷⟩ℋ𝑇𝐹𝐷
′ ⁡= ⟨𝜋𝑇𝐹𝐷

′ (𝐴)𝑇𝐹𝐷′ ∣ 𝜋𝑇𝐹𝐷
′ (𝐵)𝑇𝐹𝐷′⟩

⁡= 𝜔𝑇𝐹𝐷(𝐴
∗𝐵)

⁡= ⟨𝜋𝑇𝐹𝐷(𝐴)𝑇𝐹𝐷 ∣ 𝜋𝑇𝐹𝐷(𝐵)𝑇𝐹𝐷⟩ℋ𝑇𝐹𝐷

 

ℳ𝑅 = 𝜋𝑇𝐹𝐷(𝒜𝑅)
′′  

𝐺𝐸(𝜏, 𝜔) = ∑  

∞

𝑚=−∞

 𝜌0(𝜔)𝑒
−𝜔|𝜏−𝑚𝛽| = 𝜌0(𝜔) (

𝑒−𝜔𝜏 + 𝑒𝜔(𝜏−𝛽)

1 − 𝑒−𝜔𝛽
)  

𝐺𝐸(𝜏, 𝜔) = 𝜌(𝜔) (
𝑒−𝜔𝜏 + 𝑒𝜔(𝜏−𝛽)

1 − 𝑒−𝜔𝛽
)  

𝜌(𝜔) = 𝜃(𝜔)𝜌0(𝜔) − 𝜃(−𝜔)𝜌0(−𝜔)  

𝜌(𝜔) = (1 − 𝑒−𝛽𝜔)∑  

𝑚.𝑛

 𝛿(𝜔 − 𝐸𝑛𝑚)𝑒
−𝛽𝐸𝑚𝜌𝑚𝑛  

𝜌0(𝜔) ∝ 𝜃(𝜔)∑  

∞

𝑙=0

  𝑐𝑙𝛿(𝜔 − Δ − 2𝑙) − 𝜃(−𝜔)∑  

∞

𝑙=0

 𝑐𝑙𝛿(𝜔 + Δ + 2𝑙)  

 

ℳ𝑅 =ℳ𝑟̃,ℳ𝐿 =ℳ𝑙̃  

𝒳𝒰 = 𝜋Ψ ( lim
𝑁→∞,Ψ

 𝒫𝒰ℬ
𝑁) ⊇ 𝒫𝒰̂𝜋Ψ ( lim𝑁→∞

 ℬ𝑁) = 𝒴𝒰̂  

𝒪̂ = 𝒪 − ⟨𝒪⟩Ω  

𝐻 =
𝑁

𝜆
∫  
𝑆3
 𝑑3𝑥√𝑔Tr[𝐹0𝑖𝐹𝑜𝑗𝑔

𝑖𝑗 +⋯] = 𝑁Tr[⋯ ]  
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𝐴(𝑡) = 𝑒𝑖(𝑡−𝑡
′)𝐻𝐴(𝑡′)𝑒−𝑖(𝑡−𝑡

′)𝐻  

𝒜(𝒪) = {Φ(𝑓) ∣ supp(𝑓) ∈ 𝒪} 

[𝜙(𝑥), 𝜙(𝑦)] = Δ+(𝑥, 𝑦) − Δ−(𝑥, 𝑦) = Δ(𝑥, 𝑦)  

𝑃𝑥Δ+/−(𝑥, 𝑦) = 𝛿(𝑥 − 𝑦), 𝑃𝑥Δ(𝑥, 𝑦) = 0  

Δ𝑓(𝑥) = ∫ ⁡ 𝑑
𝑑𝑦Δ(𝑥, 𝑦)𝑓(𝑦)  

Supp(Δ𝑓) ⊂ 𝐽
+(Supp(𝑓))⋃⁡ 𝐽−(Supp(𝑓))  

Δ(𝑓, 𝑔) = ∫ ⁡ 𝑑𝑑𝑥∫ ⁡ 𝑑𝑑𝑦𝑓(𝑥)Δ(𝑥, 𝑦)𝑔(𝑦), 𝑓, 𝑔 ∈ 𝐶0
∞(𝕄𝑑)  

0 → 𝐶0
∞(𝕄𝑑) →

𝑃⁡
𝐶0
∞(𝕄𝑑) →

Δ⁡
𝐶𝑠𝑐
∞(𝕄𝑑) →

𝑃⁡
𝐶𝑠𝑐
∞(𝕄𝑑) → 0  

𝐶0
∞(𝕄𝑑)/Im𝑃 = 𝐶0

∞(𝕄𝑑)/kerΔ = ImΔ = ker𝑃 = {𝑔 ∈ 𝐶𝑠𝑐
∞(𝕄4) ∣ 𝑃𝑔 = 0} = ℰ𝑠𝑐(𝕄

𝑑) = Sol(𝕄𝑑) 

Δ𝑃𝑓(𝑥) = ∫ ⁡ 𝑑
𝑑𝑥∫ ⁡ 𝑑𝑑𝑦Δ(𝑥, 𝑦)(𝑃𝑦𝑓)(𝑦) = ∫ ⁡ 𝑑

𝑑𝑥∫ ⁡ 𝑑𝑑𝑦(𝑃𝑦Δ(𝑥, 𝑦))𝑓(𝑦) = 0  

𝑓𝑈 = 𝑃𝜒𝑔  

ℎ − 𝑓𝑈 = 𝑃(Δ+ℎ − 𝜒Δℎ) = 𝑃((1 − 𝜒)Δ+ℎ + 𝜒Δ−ℎ)  

Supp((1 − 𝜒)Δ+ℎ) ⊂ 𝐽
−(Σ1)⋂⁡ 𝐽+(Supp(ℎ)), Supp(𝜒Δ−ℎ) ⊂ 𝐽

+(Σ1)⋂⁡ 𝐽−(Supp(ℎ))  

Φ(ℎ) = Φ(𝑓𝑈) + Φ(Δ+ℎ − 𝜒Δℎ) = Φ(𝑓𝑈)  

𝒜(𝕄𝑑) = 𝒜(𝑈)  

𝒜(𝑈) = 𝒜(𝑉)  

𝐴(𝑢) = Δ𝑇𝐹𝐷
−𝑖𝑢 𝐴Δ𝑇𝐹𝐷

𝑖𝑢 , Δ𝑇𝐹𝐷
−𝑖𝑢ℳ𝑅Δ𝑇𝐹𝐷

𝑖𝑢 =ℳ𝑅⁡∀𝑢 ∈ ℝ  

𝒜 =∪𝒪 𝒜(𝒪)
‖⋅‖

 

ℳ𝐼×𝑆3 =ℳ|𝐼×𝑆3 ≡ℳ𝐼  
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ℳ(𝑡,∞)×𝑆3:= ℳ≥𝑡 ⫋ℳ≥𝑡′:= ℳ(𝑡′,∞)×𝑆3 , ∀𝑡 > 𝑡
′

 

ℳ̃𝑟,≥𝑡 = ℳ̃(𝑊2), ℳ̃𝑟,≥𝑡′ = ℳ̃(𝑊1)  

ℳ̃(𝑊2) ⫋ ℳ̃(𝑊1)  

ℳ𝑅,≥𝑡 ⫋ℳ𝑅,≥𝑡′ ,⁡ for 𝑡 > 𝑡′  

ℳ
𝐼=(−

𝒯
2
,
𝒯
2
)

′ ∩ℳ 

𝜔Ψ([𝒪(𝑔), 𝒪(𝑓)]) = ∫ ⁡ 𝑑𝑡𝑑𝑡
′𝑔(𝑡)𝑓(𝑡′)⟨Ψ|[𝒪(𝑡), 𝒪(𝑡′)]|Ψ⟩ = ∫ ⁡ 𝑑𝑡𝑑𝑡′𝑔(𝑡)𝜌(𝑡, 𝑡′)𝑓(𝑡′)  

𝒪(𝑓) = ∫ ⁡ 𝑑𝑡𝒪(𝑡)𝑓(𝑡), Supp(𝑓) ∈ 𝐼  

∫ ⁡ 𝑑𝑡𝑑𝑡′𝑔(𝑡)𝜌(𝑡, 𝑡′)𝑓(𝑡) = 0,⁡ for all 𝑓 with Supp(𝑓) ∈ 𝐼  

Supp(𝑔 ∗ 𝜌) ∈ 𝐼𝑐  

(𝑔 ∗ 𝜌)(𝜔) = −𝑔(𝜔)𝜌(𝜔)  

∫ ⁡𝑑𝜔𝑔(𝜔)𝜌(𝜔)𝑓(−𝜔) = 0  

𝜌(𝜔) = 𝜌0(𝜔) = ∑  

∞

𝑛=−∞

 𝑎𝑛𝛿(𝜔 − 2𝑛 − Δ)  

(𝑔 ∗ 𝜌)(𝜔) = ∑  

∞

𝑛=−∞

 𝑐𝑛𝛿(𝜔 − 2𝑛 − Δ)  

 

ℳ≥𝑡 =ℳ≥𝑡′ , ∀𝑡, 𝑡
′ ∈ ℝ  

𝒞𝑇𝐹𝐷(ℳ𝑅) = {𝐴 ∈ ℳ𝑅 ∣ 𝜔𝑇𝐹𝐷([𝐴, 𝐵]) = 0, ∀𝐵 ∈ ℳ𝑅}  

𝒞fixed (ℳ𝑅) = {𝐴 ∈ ℳ𝑅 ∣ 𝜎𝑢
𝑇𝐹𝐷(𝐴) = 𝐴, ∀𝑢 ∈ ℝ}  

𝐹𝐴𝐵(𝑡) = 𝜔(𝐴𝛼𝑡(𝐵))  
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𝐹𝐴𝐵(𝑡 + 𝑖𝛽) = 𝜔(𝛼𝑡(𝐵)𝐴)  

𝜎𝑢
𝜔(𝒜) = Δ𝜔

−𝑖𝑢𝒜Δ𝜔
𝑖𝑢 = 𝒜⁡∀𝑢 ∈ ℝ  

𝐺𝐴𝐵(𝑢) = 𝜔(𝐴𝜎𝑢
𝜔(𝐵))  

𝐺𝐴𝐵(𝑢 + 𝑖) = 𝜔(𝜎𝑢
𝜔(𝐵)𝐴)  

−log⁡ Δ𝜔 = ℎ𝜔 = 𝛽𝐻  

𝜎𝑢
𝜔(𝐵) = 𝑒𝑖ℎ𝜔𝑢𝐵𝑒−𝑖ℎ𝜔𝑢 = 𝑒𝑖𝐻(𝛽𝑢)𝐵𝑒−𝑖𝐻(𝛽𝑢) = 𝛼𝑡=𝛽𝑢(𝐵)  

ℎ𝑇𝐹𝐷 = 𝛽(𝐻𝑅 −𝐻𝐿)  

𝜔𝑇𝐹𝐷(𝜎𝑢
𝑇𝐹𝐷(𝐴)𝐵)⁡= 𝜔𝑇𝐹𝐷(𝐴𝜎−𝑢

𝑇𝐹𝐷(𝐵))

⁡= 𝜔𝑇𝐹𝐷(𝜎−𝑢
𝑇𝐹𝐷(𝐵)𝐴)

⁡= 𝜔𝑇𝐹𝐷(𝐴𝜎−𝑢+𝑖
𝑇𝐹𝐷 (𝐵))

⁡= 𝜔𝑇𝐹𝐷(𝜎𝑢−𝑖
𝑇𝐹𝐷(𝐴)𝐵)

 

𝜔𝑇𝐹𝐷(𝐴𝐵) = 𝜔𝑇𝐹𝐷(𝜎𝑢
𝑇𝐹𝐷(𝐴)𝐵) = 𝜔𝑇𝐹𝐷(𝐵𝜎𝑢+𝑖

𝑇𝐹𝐷(𝐴)) 

𝜔𝑇𝐹𝐷(𝐴𝐵) = 𝜔𝑇𝐹𝐷(𝐵𝜎𝑢+𝑖
𝑇𝐹𝐷(𝐴)) = 𝜔𝑇𝐹𝐷(𝐵𝜎0

𝑇𝐹𝐷(𝐴)) = 𝜔𝑇𝐹𝐷(𝐵𝐴)  

𝒞fixed (ℳ𝑅 , 𝑇𝐹𝐷) ⊂ 𝒞𝑇𝐹𝐷(ℳ𝑅) 

−log⁡ Δ𝑇𝐹𝐷 =
2𝜋

𝜅
(𝐻𝑅 −𝐻𝐿) = ℎ𝑟 − ℎ𝑙 = ℎ̂ 

ℎ𝑟 = ∫  
Σ𝑟

 𝑑Σ𝜇𝑉𝜈𝑇𝜇𝜈 , ℎ𝑙 = −∫  
Σ𝑙

 𝑑Σ𝜇𝑉𝜈𝑇𝜇𝜈  

𝒞fixed (ℳ𝑅 , 𝑇𝐹𝐷) = ℂ𝟙  
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Figura. Curvatura paralela. 

 

𝒩𝑅 =ℳ𝑅 ⋊𝒜𝑋+ℎ𝑇𝐹𝐷 = {ℳ𝑅, 𝑋 + ℎ𝑇𝐹𝐷}
′′

 

𝒩𝑅
′ = 𝒩𝐿 = 𝑒

𝑖𝑃ℎ𝑇𝐹𝐷ℳ𝐿𝑒
−𝑖𝑃ℎ𝑇𝐹𝐷 ⋊𝒜𝑋 = {𝑒

𝑖𝑃ℎ𝑇𝐹𝐷ℳ𝐿𝑒
−𝑖𝑃ℎ𝑇𝐹𝐷 , 𝑋}

′′
 

𝒩𝑅 = 𝑒
−𝑖𝑃ℎ𝑇𝐹𝐷/2ℳ𝑅𝑒

𝑖𝑃ℎ𝑇𝐹𝐷/2 ⋊𝒜
𝑋+
ℎ𝑇𝐹𝐷
2

,𝒩𝐿 = 𝑒
𝑖𝑃ℎ𝑇𝐹𝐷/2ℳ𝐿𝑒

−𝑖𝑃ℎ𝑇𝐹𝐷/2 ⋊𝒜
𝑋−
ℎ𝑇𝐹𝐷
2

 

|𝑇𝐹𝐷, 𝑔⟩ = |𝑇𝐹𝐷⟩ ⊗ 𝑔(𝑋)  

∫ ⁡ 𝑑𝑋|𝑔(𝑋)|2 = 1  

𝑔(𝑋) =
1

(2𝜋𝜎2)
1
4

𝑒−𝑋
2/4𝜎2

 

𝜔̂ (𝑒𝑖𝑠(ℎ𝑇𝐹𝐷+𝑋)(𝑎𝑒𝑖𝑢(ℎ𝑇𝐹𝐷+𝑋)))⁡= 𝜔𝑇𝐹𝐷(𝑒
𝑖𝑠ℎ𝑇𝐹𝐷𝑎𝑒𝑖𝑢ℎ𝑇𝐹𝐷)∫ ⁡ 𝑑𝑋|𝑔(𝑋)|2𝑒𝑖(𝑢+𝑠)𝑋

⁡= 𝜔𝑇𝐹𝐷(𝑎𝑒
𝑖(𝑢+𝑠)ℎ𝑇𝐹𝐷)∫ ⁡ 𝑑𝑋|𝑔(𝑋)|2𝑒𝑖(𝑢+𝑠)𝑋

⁡= 𝜔̂ ((𝑎𝑒𝑖𝑢(ℎ𝑇𝐹𝐷+𝑋))𝑒𝑖𝑠(ℎ𝑇𝐹𝐷+𝑋))

 

𝒞𝑇𝐹𝐷,𝑔(𝒩𝑅) ⊇ {𝑒
𝑖𝑠(ℎ𝑇𝐹𝐷+𝑋), ∀𝑠 ∈ ℝ}  

𝒩𝑅,𝐼 =ℳ𝑅,𝐼 ⋊𝒜ℎ𝑇𝐹𝐷+𝑋  

𝑒−𝑖𝑠(ℎ𝑇𝐹𝐷+𝑋)𝒩𝑅,≥𝑡𝑒
𝑖𝑠(ℎ𝑇𝐹𝐷+𝑋) = 𝒩𝑅,≥𝑡−𝑠 =ℳ𝑅,≥𝑡−𝑠 ⋊𝒜ℎ𝑇𝐹𝐷+𝑋  
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𝒩𝑅,≥𝑡 = 𝒩𝑅,≥𝑡−𝑠 = 𝒩𝑅 , ∀𝑠 > 0  

𝐺 = (Spin(4) × 𝑆𝑈(4)𝑅)/ℤ2  

𝑄̂𝑎 = 𝑄𝑅
𝑎 − 𝑄𝐿

∗𝑎  

𝑄̂𝑎|𝑇𝐹𝐷⟩ = 0  

𝐺ℳ =
𝐺𝐿 × 𝐺𝑅
𝐺𝐷

≅ 𝐺  

𝑔 → 𝑔𝐿
−1𝑔𝑔𝑅  

𝐺𝑔 = {𝑔𝐿 × 𝑔𝑅 ∈ 𝐺𝐿 × 𝐺𝑅 ∣ 𝑔𝐿
−1𝑔𝑔𝑅 = 𝑔 or 𝑔𝑅 = 𝑔𝑔𝐿𝑔

−1} ≅ 𝐺𝐷  

ℋ̂ = Γ𝐿2(𝒱)  

ℋ̂ = ℋ𝑇𝐹𝐷⊗𝐿2(𝐺ℳ)  

𝐿𝑔𝐿 ,𝑔𝑅(Ψ𝐿(𝑔)) = 𝑊(𝑔𝑅)Ψ𝐿(𝑔𝐿
−1𝑔𝑔𝑅)  

𝑅𝑔𝐿 ,𝑔𝑅(Ψ𝑅(𝑔)) = 𝑊(𝑔𝐿)Ψ𝑅(𝑔𝐿
−1𝑔𝑔𝑅)  

Ψ𝑅(𝑔) = (ΛΨ𝐿)(𝑔) = 𝑊(𝑔)Ψ𝐿(𝑔), 𝑅𝑔𝐿,𝑔𝑅 = Λ𝐿𝑔𝐿,𝑔𝑅Λ
−1  

𝒴𝑅 = ℳ̃𝑟 ⋊ 𝐺 = ℳ𝑅 ⋊ 𝐺  

|𝑇𝐹𝐷̃⟩ =
1

√𝑍𝛽
∑ 

𝑖

 𝑒−𝛽𝐸𝑖/2𝑔(𝑅𝑖)|𝑖⟩𝑅|𝑖⟩𝐿  

𝒴𝑅,𝐼 =ℳ𝑅,𝐼 ⋊ 𝐺  

𝒴𝑅,≥𝑡 =ℳ𝑅,≥𝑡 ⋊ 𝐺 ⫋ ℳ𝑅,≥𝑡′ = 𝒴𝑅,≥𝑡′ ⁡ for 𝑡 > 𝑡′  

|Ψ𝜔̂⟩ = |𝑇𝐹𝐷⟩⊗ 𝑓(𝑔) ≡ |𝑇𝐹𝐷, 𝑓⟩  

∫  
𝐺

 𝑑𝜇(𝑔)|𝑓(𝑔)|2 = 1  

𝑤(𝑔1)𝑓(𝑔) = 𝑓(𝑔𝑔1)  

(𝑎𝑊(𝑔1)𝑤(𝑔1)) ∘ (𝑏𝑊(𝑔2)𝑤(𝑔2)) = 𝑎𝑊(𝑔1)𝑏𝑊(𝑔2)𝑤(𝑔1)𝑤(𝑔2) = 𝑎𝜎𝑔(𝑏)𝑊(𝑔1𝑔2)𝑤(𝑔1𝑔2)  

𝜔̂ ((𝑊(𝑔1)𝑤(𝑔1))(𝑎𝑊(𝑔2)𝑤(𝑔2)))⁡= 𝜔𝑇𝐹𝐷(𝑊(𝑔1)𝑎𝑊(𝑔2))∫  
𝐺

 𝑑𝜇(𝑔)𝑓‾(𝑔)𝑓(𝑔𝑔1𝑔2)

⁡= 𝜔𝑇𝐹𝐷(𝑎𝑊(𝑔2)𝑊(𝑔1))∫  
𝐺

 𝑑𝜇(𝑔)𝑓‾(𝑔)𝑓(𝑔𝑔1𝑔2)

⁡ =
𝑖𝑓[𝑔1,𝐺]=0

𝜔̂ ((𝑎𝑊(𝑔2)𝑤(𝑔2))(𝑊(𝑔1)𝑤(𝑔1)))⁡∀𝑔2 ∈ 𝐺

 

𝒞𝑇𝐹𝐷,𝑓(𝒴𝑅) = ℂ𝟙  
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𝔥 = {𝐽1, 𝐽2, 𝑅1, 𝑅2, 𝑅3}  

𝒴𝑅
𝐻 =ℳ𝑅 ⋊𝐻  

𝐽𝑖 = 𝐽𝑅
𝑖 − 𝐽𝐿

𝑖 , 𝑅̂𝛼 = 𝑅𝑅
𝛼 − 𝑅𝐿

𝛼  

ℋ̂𝐻 = ℋ𝑇𝐹𝐷⊗𝐿2(𝐻)  

∫  
𝐻

 𝑑𝜇(ℎ)|𝑘(ℎ)|2 = 1  

[𝑎𝑊(ℎ1)𝑤(ℎ1), 𝑏𝑊(ℎ2)𝑤(ℎ2)] = (𝑎𝜎ℎ1(𝑏) − 𝑏𝜎ℎ2(𝑎))𝑊(ℎ1ℎ2)𝑤(ℎ1ℎ2), ∀𝑏 ∈ ℳ𝑅 , ∀ℎ2 ∈ 𝐻  

𝜔𝑇𝐹𝐷,𝑘([𝑎𝑊(ℎ1)𝑤(ℎ1), 𝑏𝑊(ℎ2)𝑤(ℎ2)]) = 𝜔𝑇𝐹𝐷(𝑎𝜎ℎ1(𝑏) − 𝜎ℎ2−1(𝑏)𝑎)∫  
𝐻

 𝑑𝜇(ℎ)𝑘‾(ℎ)𝑘(ℎℎ1ℎ2)  

𝒞𝑇𝐹𝐷,𝑘(𝒴𝑅
𝐻) = {𝑊(ℎ)𝑤(ℎ) ∣ ℎ ∈ 𝐻}  

𝑍𝑇𝐹𝐷,𝑘(𝒴𝑅
𝐻) = 𝒞𝑇𝐹𝐷,𝑘(𝒴𝑅

𝐻)  

𝐽𝑖 = ∫  
𝜆∈ℝ

  𝑗̃𝑖(𝜆)𝑑𝑃(𝜆), 𝑅̃𝛼 = ∫  
𝜆∈ℝ

  𝑟̃𝛼(𝜆)𝑑𝑃(𝜆)  

𝑃𝜉 = ∫  
𝜆∈ℝ

 𝜒𝜉(𝜆)𝑑𝑃(𝜆)  

𝜒𝜉 = {
1  if 𝜆 ∈ 𝐼𝜉
0  if 𝜆 ∉ 𝐼𝜉

 

|Ψ(𝜉∗)⟩ =
1

⟨𝑇𝐹𝐷, 𝑘|𝑃𝜉∗|𝑇𝐹𝐷, 𝑘⟩
𝑃𝜉∗|𝑇𝐹𝐷, 𝑘⟩  

 

𝒞𝑇𝐹𝐷,𝑘((𝒴𝑅
𝐻 ∨ 𝒴𝐿

𝐻)′′) = {𝑊(ℎ𝑅)𝑤(ℎ𝑅),𝑤(ℎ𝐿) ∣ ℎ𝑅 ∈ 𝐻𝑅 , ℎ𝐿 ∈ 𝐻𝐿}  

𝑤(ℎ𝐿)𝑓(ℎ) = 𝑓(ℎ𝐿
−1ℎ), 𝑓(ℎ) ∈ 𝐿2(𝐻)  
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Φ(𝑔 , 𝝌) = Φ(𝑔 ⋅ ⁡dℎ, 𝝌), ∀ℎ ∈ SU(2)  

Φ(𝑔 , 𝝌)=∑  

𝜄

 ∑  

𝑗 

 ∑  

𝑚⃗⃗⃗ ,𝑛⃗ 

 Φ𝑚1,…,𝑚4

𝑗1,…,𝑗4;𝜄 (𝝌) [∏ 

4

𝑖=1

 √𝑑(𝑗𝑖)𝐷𝑚𝑖𝑛𝑖

𝑗𝑖 (𝑔𝑖)ℐ𝑛1,…,𝑛4
𝑗1,…,𝑗4;𝜄⁡

⁡≡ ∑  

𝜅⃗⃗ 

 Φ𝜅⃗⃗ (𝝌)𝜓𝜅⃗⃗ (𝑔 )

 

[𝜑̂(𝑔 , 𝝌), 𝜑̂†(𝑔 ′, 𝝌′)] ⁡= 𝟙𝐺(𝑔 , 𝑔 
′)𝛿(𝝌 − 𝝌′)

[𝜑̂(𝑔 , 𝝌), 𝜑̂(𝑔 ′, 𝝌′)] ⁡= [𝜑̂†(𝑔 , 𝝌), 𝜑̂†(𝑔 ′, 𝝌′)] = 0
 

[𝜑̂𝜅⃗⃗ (𝝌), 𝜑̂𝜅⃗⃗ ′
† (𝝌′)] = 𝛿𝜅⃗⃗ ,𝜅⃗⃗ ′𝛿(𝝌 − 𝝌

′)

[𝜑̂𝜅⃗⃗ (𝝌), 𝜑̂𝜅⃗⃗ ′(𝝌
′)] = [𝜑̂𝜅⃗⃗ 

†(𝝌), 𝜑̂
𝜅⃗⃗ ′
† (𝝌′)] = 0

 

|𝜅 ; 𝜒⟩ ≡ 𝜑̂𝜅⃗⃗ 
†(𝜒)|0⟩,  

|𝜎⟩ = 𝒩𝜎exp⁡ [∫ ⁡ d𝑔  d𝝌𝜎(𝑔 , 𝝌)𝜑̂
†(𝑔 , 𝝌)] |0⟩, |𝒩𝜎|

2 = exp⁡ [−∫ ⁡ d𝑔  d𝝌|𝜎(𝑔 , 𝝌)|2]  

𝜎(𝑔 , 𝝌) = 𝜎(ℎ ⋅  d𝑔 , 𝝌), ∀ℎ ∈ SU(2)  

𝜎𝜅(𝝌) = 𝜎𝑗(𝝌)(ℐ
∗)𝑚1𝑚2𝑚3𝑚4

𝑗𝑗𝑗𝑗,𝜄+  

𝑂̂(𝑛,𝑚) = ∫ ⁡ [∏ 

𝑛

𝑖=1

  d𝑔 𝑖 d𝝌𝑖𝜑̂
†(𝑔 𝑖, 𝝌𝑖)] [∏  

𝑚

𝑗=1

  d𝑔 𝑗
′d𝝌𝑗

′ 𝜑̂(𝑔 𝑗
′ , 𝝌𝑗

′ )] 𝑂(𝑛,𝑚)  

𝑁̂ ⁡= ∫ ⁡ d𝑔  d𝝌𝜑̂†(𝑔 , 𝝌)𝜑̂(𝑔 , 𝝌)

𝑉̂ ⁡= ∫ ⁡ d𝑔  d𝑔 ′d𝝌𝜑̂†(𝑔 , 𝝌)𝒱(𝑔 , 𝑔 ′)𝜑̂(𝑔 ′, 𝝌)

𝑋̂𝑎 ⁡= ∫ ⁡ d𝑔  d𝝌𝜒𝑎𝜑̂†(𝑔 , 𝝌)𝜑̂(𝑔 , 𝝌)

 

𝜎𝜖,𝜋0(𝑔 , 𝜒, 𝝍) = 𝜂𝜖(𝜒 − 𝜒0, 𝜋0)𝜎̃(𝑔 , 𝜒,𝝍)  

𝜂𝜖(𝜒 − 𝜒0, 𝜋0) = 𝒩𝜀exp⁡ {(−
(𝜒 − 𝜒0)

2

2𝜀
)} exp⁡{(−i𝜋0(𝜒 − 𝜒0))}  
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⟨𝑂̂⟩𝜎𝜖,𝜋𝜓 = 𝑂[𝜎̃](𝜒0)  

𝑆 = 𝐾 + 𝑈 + 𝑈∗  

𝑆𝜒 ⁡= −
1

2
∫ ⁡  d4𝑥√−𝑔𝑔𝜇𝜈𝜕𝜇𝜒𝜕𝜈𝜒

𝑆𝜓 ⁡= −
1

2
∫ ⁡  d4𝑥√−𝑔(𝑔𝜇𝜈𝜕𝜇𝜓𝜕𝜈𝜓 + 𝑉(𝜓))

 

𝑆𝜓
𝑇 =∑ 

𝑙

 
𝑉̃𝑙
2
(
𝜓𝑣𝑙 − 𝜓𝑣𝑙

′

𝐿
)

2

+∑ 

𝑣

 𝑉𝑣𝑉(𝜓)  

𝒦𝜓 = exp⁡ {(𝑖
𝑉̃𝑙
2
(
𝜓𝑣𝑙 − 𝜓𝑣𝑙

′

𝐿
)

2

)} ,𝒰𝜓 = exp⁡{(i𝑉𝑣𝑉(𝜓))}  

𝐾 = ∫ ⁡ d𝑔  dℎ⃗ ∫ ⁡  d𝜒 d𝜒′∫ ⁡ d𝜓 d𝜓′𝜑∗(𝑔 , 𝜒, 𝜓) ×

×𝒦(𝑔 , ℎ⃗ ; (𝜒 − 𝜒′)2; (𝜓 − 𝜓′)2)𝜑(ℎ⃗ , 𝜒′, 𝜓′)⁡

 

𝐾 = ∫ ⁡ d𝑔  dℎ⃗ ∫ ⁡  d𝜒 d𝜒′∫ ⁡ d𝜋𝜓𝜑
∗(𝑔 , 𝜒, 𝜋𝜓)𝒦(𝑔 , ℎ⃗ ; (𝜒 − 𝜒

′)2; 𝜋𝜓)𝜑(ℎ⃗ , 𝜒
′, 𝜋𝜓)  

𝒦(𝑔 , ℎ⃗ ; 𝜒2; 𝜋𝜓) = ∑  

∞

𝑛=0

 
𝒦(2𝑛)(𝑔 , ℎ⃗ ; 𝜋𝜓)

(2𝑛)!
𝜒2𝑛  

𝑈S[𝜑] = ∫ ⁡ d𝜒 d𝜓∫ ⁡(∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)𝒰S(𝑔 1, … , 𝑔 𝑙+1, 𝜓)∏ 

𝑙+1

𝑎=1

 𝜑(𝑔 𝑎 , 𝜒, 𝜓)  

𝑈S = ∫ ⁡ d𝜒 d𝜋𝜓∫ ⁡(∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)𝒰S(𝑔 1, … , 𝑔 𝑙+1, 𝜋𝜓)(𝜑(𝑔 1, 𝜒) ∗ ⋯∗ 𝜑(𝑔 𝑙+1, 𝜒))(𝜋𝜓)  

𝜓𝑛 ⟷ i𝑛
𝜕𝑛

𝜕𝜋𝜓
𝑛  

𝑈T = ∫ ⁡ d𝜒 d𝜓∫ ⁡(∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)𝒰S(𝑔 1, … , 𝑔 𝑙+1, 𝜓) ∏  

(𝑙+1)
2

𝑎=1

 𝜑∗(𝑔 𝑎 , 𝜒, 𝜓) ∏  

(𝑙+1)
2

𝑎=1

 𝜑(𝑔 𝑎 , 𝜒, 𝜓)
 

𝑈T = ∫ ⁡ d𝜒 d𝜋𝜓∫ ⁡(∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)𝒰S(𝑔 1, … , 𝑔 𝑙+1, 𝜋𝜓)

(

 

(𝑙 + 1)

2
∗

𝑎 = 1

𝜑∗(𝑔 𝑎 , 𝜒)𝑎=1

(𝑙+1)
2 𝜑(𝑔 𝑎 , 𝜒)

)

 (𝜋𝜓)  

0 = ⟨𝜎𝜖𝜖′|
𝛿𝑆[𝜙, 𝜙†]

𝛿𝜑†(𝑔 , 𝜒0, 𝜋𝜓0)
|𝜎𝜖𝜖′⟩,  
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𝜎𝜖𝜖′(𝑔 , 𝜒, 𝜋𝜓) = 𝜂𝜖(𝜒 − 𝜒0, 𝜋0)𝜂̃𝜀′(𝜋𝜓 − 𝜋𝜓0)𝜎̃(𝑔 , 𝜒, 𝜋𝜓),  

0 = 𝜎̃𝑗
′′ − 2i𝜋̃0𝜎̃𝑗

′ − 𝐸2𝜎̃𝑗 − (𝜔S,𝑗𝜎̃𝑗)𝜎̃𝑗
𝑙−1
,

0 = 𝜎̃𝑗
′′ − 2i𝜋̃0𝜎̃𝑗

′ − 𝐸2𝜎̃𝑗 − (𝜔T,𝑗𝜎̃𝑗)𝜎̃𝑗

𝑙−3
2 𝜎̃

𝑗

𝑙+1
2 ,

 

𝜋̃0 =
𝜋0

𝜖𝜋0
2 − 1

, 𝐸𝑗
2 = 𝜖−1

2

𝜖𝜋0
2 − 1

+
𝐵𝑗

𝐴𝑗
,  

0 = 𝜌𝑗
′′ − ((𝜃𝑗

′)
2
− 2𝜋̃0𝜃𝑗

′ + 𝐸𝑗
2)𝜌𝑗 − Re [𝑃𝑗

S/T
]

0 = 𝜌𝑗𝜃𝑗
′′ + 2𝜌𝑗

′(𝜃𝑗
′ − 𝜋̃0) − Im [𝑃𝑗

S/T
]

 

{
𝑃𝑗
S = 𝜔S,𝑗(𝜌𝑗e

−i𝜃𝑗)𝜌𝑗
𝑙−1e−𝑙i𝜃𝑗 ,

𝑃𝑗
T = 𝜔T,𝑗(𝜌𝑗e

−i𝜃𝑗)𝜌𝑗
𝑙−1ei𝜃𝑗 ,

 

𝑄̃𝑗
′ = 𝜌𝑗Im [𝑃𝑗

S/T
] ,

ℰ̃𝑗
′ = 2(ℰ̃𝑗 −

𝑄̃𝑗
2

𝜌𝑗
2 + 𝜇𝑗

2𝜌𝑗
2)

1
2

Re [𝑃𝑗
S/T
] + 2

𝑄̃𝑗

𝜌𝑗
Im [𝑃𝑗

S/T
] .

 

𝜔S/T,𝑗(𝜓) =∑  

𝑛

 𝑎S/T,𝑗
(𝑛)

𝜓𝑛 →
 Fourier ⁡

∑ 

𝑛

  𝑎̃S/T,𝑗
(𝑛)

𝜕𝜋𝜓
𝑛

 

𝜌𝑗 = 𝜌‾𝑗 + 𝜀𝛿𝜌𝑗 +𝒪(𝜀
2)⁡, 𝜃𝑗 = 𝜃‾𝑗 + 𝜀𝛿𝜃𝑗 + 𝒪(𝜀

2)  

0 = 𝜌‾𝑗
′′ − 𝜌‾𝑗(𝜃‾𝑗

′)
2
+ 2𝜋̃0𝜌‾𝑗𝜃‾𝑗

′ − 𝐸𝑗
2𝜌‾𝑗

0 = 𝜌‾𝑗𝜃‾𝑗
′′ + 2𝜌‾𝑗

′(𝜃‾𝑗
′ − 𝜋̃0)

 

0 = 𝛿𝜌𝑗
′′ − 2𝜌‾𝑗𝜃‾𝑗

′𝛿𝜃𝑗
′ − 𝛿𝜌𝑗(𝜃‾𝑗

′)
2
+ 2𝜋̃0(𝛿𝜌𝑗𝜃‾𝑗

′ + 𝜌‾𝑗𝛿𝜃𝑗
′) − 𝐸𝑗

2𝛿𝜌𝑗 − Re[𝑃‾𝑗]

0 = 𝜌‾𝑗𝛿𝜃𝑗
′′ + 𝛿𝜌𝑗𝜃‾𝑗

′′ + 2𝜌‾𝑗
′𝛿𝜃𝑗

′ + 2𝛿𝜌𝑗
′(𝜃‾𝑗

′ − 𝜋̃0) − Im[𝑃‾𝑗]
 

𝑄‾𝑗 = 𝜌‾𝑗
2(𝜃‾𝑗

′ − 𝜋̃0), ℰ𝑗 = (𝜌‾𝑗
′)
2
+
𝑄‾𝑗
2

𝜌‾𝑗
2 − 𝜇𝑗

2𝜌‾𝑗
2  

𝜇𝑗
2 ≡ 𝐸𝑗

2 − 𝜋̃0
2  

𝜌‾𝑗
2 = −

ℰ𝑗

2𝜇𝑗
2 + 𝛼𝑗e

2𝜇𝑗𝜒0 + 𝛽𝑗e
−2𝜇𝑗𝜒0  

𝜌‾𝑗 ≃ 𝐴𝑗e
𝜇𝑗𝜒0

𝜃‾𝑗 ≃ 𝜋̃0𝜒0 −
𝑄‾𝑗

2𝜇𝑗𝜌‾𝑗
2 + 𝐶

 

𝜕𝜋𝜓0(𝜌‾𝑗e
i𝜃‾ 𝑗) ≃ 𝜌‾𝑗e

i𝜃‾ 𝑗 (𝜕𝜋𝜓0𝜇𝑗) 𝜒0  
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0 =(𝛿𝜌𝑗
′′′ − 𝜇𝑗

2(2 − 𝑋−
2)𝛿𝜌𝑗

′ − Re [𝑃‾𝑗
S/T
]
′
)

+3𝜇𝑗𝑋− (𝛿𝜌𝑗
′′ −

1

3
𝜇𝑗
2(2𝑋−

2 + 4𝑋+ − 𝑋−𝑋+ − 2)𝛿𝜌𝑗 − Re [𝑃‾𝑗
S/T
]) ⁡

⁡+(
2𝑄‾𝑗

𝜌‾𝑗
2 )

2

(𝛿𝜌𝑗
′ − 𝜇𝑗𝑋−𝛿𝜌𝑗 −

𝜌‾𝑗
2

2𝑄‾𝑗
Im [𝑃‾𝑗

S/T
]) ,

0 =((𝜌‾𝑗𝛿𝜃𝑗)
′′′
− 𝜇𝑗

2(2 − 𝑋−
2)(𝜌‾𝑗𝛿𝜃𝑗)

′
− Im[𝑃‾𝑗

S/T
]
′
)

⁡+3𝜇𝑗𝑋− ((𝜌‾𝑗𝛿𝜃𝑗)
′′
−
1

3
𝜇𝑗
2(6 − 𝑋−𝑋+ − 2𝑋−

2)(𝜌‾𝑗𝛿𝜃𝑗) − Im [𝑃‾𝑗
S/T
])

⁡+(
2𝑄‾𝑗

𝜌‾𝑗
2 )

2

((𝜌‾𝑗𝛿𝜃𝑗)
′
− 𝜇𝑗𝑋−(𝜌‾𝑗𝛿𝜃𝑗) +

𝜌‾𝑗
2

2𝑄‾𝑗
Re [𝑃‾𝑗

S/T
]) ,

 

𝑃‾𝑗
S/T
⁡= ∑  

𝑛

  𝔞S/T,𝑗
(𝑛)

𝜒0
𝑛𝜌‾𝑗

𝑙 × {𝑒
−𝑖(𝑙+1)𝜃‾ 𝑗 ,  

1,   

𝔞S/T,𝑗
(𝑛)

⁡≡ 𝑧𝑎̃S/T,𝑗
(𝑛)

(𝜕𝜋𝜓0𝜇𝑗)
𝑛

 

𝑋± ≡
𝛼𝑗e

2𝜇𝑗𝜒0 ± 𝛽𝑗e
−2𝜇𝑗𝜒0

𝜌‾𝑗
2  

0⁡ = (𝛿𝜌𝑗
′′ − 𝜇𝑗

2𝛿𝜌𝑗 − Re [𝑃‾𝑗
S/T
])
′
+ 3𝜇𝑗 (𝛿𝜌𝑗

′′ − 𝜇𝑗
2𝛿𝜌𝑗 − Re [𝑃‾𝑗

S/T
])

0⁡ = ((𝜌‾𝑗𝛿𝜃𝑗)
′′
− 𝜇𝑗

2(𝜌‾𝑗𝛿𝜃𝑗) − Im [𝑃‾𝑗
S/T
])
′
+ 3𝜇𝑗 ((𝜌‾𝑗𝛿𝜃𝑗)

′′
− 𝜇𝑗

2(𝜌‾𝑗𝛿𝜃𝑗) − Im [𝑃‾𝑗
S/T
])

 

𝛿𝜌𝑗
′′ − 𝜇𝑗

2𝛿𝜌𝑗 − Re [𝑃‾𝑗
S/T
] ⁡≃ 𝐶𝑗e

−3𝜇𝑗𝜒0 ≃ 0

(𝜌‾𝑗𝛿𝜃𝑗)
′′
− 𝜇𝑗

2(𝜌‾𝑗𝛿𝜃𝑗) − Im [𝑃‾𝑗
S/T
] ⁡≃ 𝐷𝑗e

−3𝜇𝑗𝜒0 ≃ 0
 

0 = 𝛿𝜌S,𝑗
′′ − 𝜇𝑗

2𝛿𝜌S,𝑗 −∑ 

𝑛

  𝔞S,𝑗
(𝑛)
𝛼𝑗
𝑙𝜒0
𝑛e𝑙𝜇𝑗𝜒0cos⁡((𝑙 + 1)𝜃‾𝑗)

0 = (𝜌‾𝑗𝛿𝜃S,𝑗)
′′
− 𝜇𝑗

2𝜌‾𝑗𝛿𝜃S,𝑗 +∑ 

𝑛

  𝔞S,𝑗
(𝑛)
𝛼𝑗
𝑙𝜒0
𝑛e𝑙𝜇𝑗𝜒0sin⁡((𝑙 + 1)𝜃‾𝑗)

 

𝛿𝜌S,𝑗 =∑  

𝑛

 (
𝔞S,𝑗
(𝑛)
𝛼𝑗
𝑙𝜒0
𝑛

4𝜇𝑗
e−𝜇𝑗𝜒0 (

Γ(𝑛 + 1, ℎ1𝜒0)

(ℎ1𝜒0)
𝑛ℎ1

+
Γ(𝑛 + 1, ℎ1

∗𝜒0)

(ℎ1
∗𝜒0)

𝑛ℎ1
∗ )

−
𝔞S,𝑗
(𝑛)
𝛼𝑗
𝑙𝜒0
𝑛

4𝜇𝑗
e𝜇𝑗𝜒0 (

Γ(𝑛 + 1, ℎ2𝜒0)

(ℎ2𝜒0)
𝑛ℎ2

+
Γ(𝑛 + 1, ℎ2

∗𝜒0)

(ℎ2
∗𝜒0)

𝑛ℎ2
∗ ))

𝜌‾𝑗𝛿𝜃S,𝑗 = i∑  

𝑛

 (
𝔞S,𝑗
(𝑛)
𝛼𝑗
𝑙𝜒0
𝑛

4𝜇𝑗
e−𝜇𝑗𝜒0 (−

Γ(𝑛 + 1, ℎ1𝜒0)

(ℎ1𝜒0)
𝑛ℎ1

+
Γ(𝑛 + 1, ℎ1

∗𝜒0)

(ℎ1
∗𝜒0)

𝑛ℎ1
∗ )

−
𝔞S,𝑗
(𝑛)
𝛼𝑗
𝑙𝜒0
𝑛

4𝜇𝑗
e𝜇𝑗𝜒0 (−

Γ(𝑛 + 1, ℎ2𝜒0)

(ℎ2𝜒0)
𝑛ℎ2

+
Γ(𝑛 + 1, ℎ2

∗𝜒0)

(ℎ2
∗𝜒0)

𝑛ℎ2
∗ ))

 

0 = 𝛿𝜌𝑗
′′ − 𝜇𝑗

2𝛿𝜌𝑗 − 𝔞S
(𝑛)
𝐴𝑗
𝑙𝜒0
𝑛e𝑙𝜇𝑗𝜒0cos⁡((𝑙 + 1)𝜃‾𝑗)

0 = (𝜌‾𝑗𝛿𝜃𝑗)
′′
− 𝜇𝑗

2𝜌‾𝑗𝛿𝜃𝑗 + 𝔞S
(𝑛)
𝐴𝑗
𝑙𝜒0
𝑛e𝑙𝜇𝑗𝜒0sin⁡((𝑙 + 1)𝜃‾𝑗)
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𝛿𝜌S,𝑗 ⁡= ∑  

𝑛

 
𝔞S
(𝑛)

2𝜇𝑗
𝜌‾𝑗
𝑙𝑛! Re [e−𝑖(𝑙+1)𝜇𝑗𝜒0∑  

𝑛

𝑘=0

 
𝜒0
𝑘

𝑘!
(ℎ1
𝑘−𝑛−1 − ℎ2

𝑘−𝑛−1)]

𝜌‾𝑗𝛿𝜃S,𝑗 ⁡= ∑  

𝑛

 
𝔞S
(𝑛)

2𝜇𝑗
𝜌‾𝑗
𝑙𝑛! Im [e−𝑖(𝑙+1)𝜇𝑗𝜒0∑  

𝑛

𝑘=0

 
𝜒0
𝑘

𝑘!
(−ℎ1

𝑘−𝑛−1 + ℎ2
𝑘−𝑛−1)] .

 

(𝑙 + 1)𝔞S,𝑗
(𝑛)
𝛼𝑗
𝑙𝜒0
𝑛

|ℎ1|
2|ℎ2|

2
e𝑙𝜇𝑗𝜒0 (2𝑙sin⁡((𝑙 + 1)𝜋̃0𝜒0) + ((𝑙 − 1)𝜇𝑗

2 − (𝑙 + 1)𝜋̃0
2)cos⁡((𝑙 + 1)𝜋̃0𝜒)) ,  

𝜎̃S,𝑗 ≃ 𝜌‾𝑗e
i𝜃‾ 𝑗 (1+ 𝜀∑  

𝑛

 𝔞S,𝑗
(𝑛)
e−ℎ2𝜒0 (∑  

𝑛

𝑘=0

 
𝑛!

𝑘!
𝜒0
𝑘

1

ℎ1
𝑛−𝑘−1ℎ2

𝑛−𝑘−1 ∑  

𝑛−𝑘

𝑚=0

  (
ℎ2
ℎ1
)
𝑚

)) .  

0 = 𝛿𝜌T,𝑗
′′ − 𝜇𝑗

2𝛿𝜌T,𝑗 −∑  

𝑛

 𝔞T,𝑗
(𝑛)
𝜒0
𝑛𝛼𝑗

𝑙𝑒𝑙𝜇𝑗𝜒0

0 = (𝜌‾𝑗𝛿𝜃T,𝑗)
′′
− 𝜇𝑗

2(𝜌‾𝑗𝛿𝜃T,𝑗)

 

𝛿𝜌T,𝑗 =∑  

𝑛

 
𝔞T,𝑗
(𝑛)
𝛼𝑗
𝑙𝜒0
𝑛

2𝜇𝑗
(e−𝜇𝑗𝜒0

Γ(𝑛 + 1, ℎ+𝜒0)

(ℎ+𝜒0)
𝑛ℎ+

− e𝜇𝑗𝜒0
Γ(𝑛 + 1, ℎ−𝜒0)

(ℎ−𝜒0)
𝑛ℎ−

) ,  

𝛿𝜌T,𝑗 =∑ 

𝑛

 
𝔞S
(𝑛)

2𝜇𝑗
𝜌‾𝑗
𝑙𝑛!∑  

𝑛

𝑘=0

 
𝜒0
𝑘

𝑘!
(ℎ+
𝑘−𝑛−1 − ℎ−

𝑘−𝑛−1)  

⟨𝑉̂⟩𝜎
𝜖𝜖′
≡ 𝑉 =∑  

𝑗

 𝑉𝑗𝜎̃𝑗
∗𝜎̃𝑗 =∑ 

𝑗

 𝑉𝑗𝜌𝑗
2

 

(
𝑉‾ ′

𝑉‾
)

2

⁡= 4

(

 
 
 ∑  𝑗  𝑉𝑗𝜌‾𝑗sign(𝜌‾𝑗

′) (ℰ𝑗 −
𝑄‾𝑗
2

𝜌‾𝑗
2 + 𝜇𝑗

2𝜌‾𝑗
2)

1
2

∑  𝑗  𝑉𝑗𝜌‾𝑗
2

)

 
 
 

2

𝑉‾ ′′

𝑉‾
⁡= 4

∑  𝑗  𝑉𝑗 (
ℰ𝑗
2 + 𝜇𝑗

2𝜌‾𝑗
2)

∑  𝑗  𝑉𝑗𝜌‾𝑗
2

 

𝛿 ((
𝑉′

𝑉
)

2

)⁡= 4
𝑉‾ ′

𝑉‾ 3
∑ 

𝑗

 𝑉𝑗(𝑉‾(𝜌‾𝑗𝛿𝜌𝑗
′ + 𝜌‾𝑗

′𝛿𝜌𝑗) − 𝑉‾
′𝜌‾𝑗𝛿𝜌𝑗)

𝛿 (
𝑉′′

𝑉
) ⁡= 2

1

𝑉‾ 2
∑ 

𝑗

 𝑉𝑗(𝑉‾(𝜌‾𝑗𝛿𝜌𝑗
′′ + 𝜌‾𝑗

′′𝛿𝜌𝑗 + 2𝜌‾𝑗
′𝛿𝜌𝑗

′) − 𝑉‾ ′′𝜌‾𝑗𝛿𝜌𝑗)

 

𝐺(𝑛, ℎ, 𝜒) =
Γ((𝑛 + 1), ℎ𝜒)

(ℎ𝜒)𝑛ℎ
, ℎ± = −(𝑙 ± 1)𝜇𝑗 , ℎ1/2 = ℎ± + i(𝑙 + 1)𝜋̃0 
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𝛿𝜌S,𝑗 ⁡= ∑  

𝑛

 
𝔞S,𝑗
(𝑛)
𝜒0
𝑛

4𝜇𝑗
𝜌‾𝑗
𝑙 (eℎ+𝜒0(𝐺(𝑛, ℎ1) + 𝐺(𝑛, ℎ1

∗)) − eℎ−𝜒0(𝐺(𝑛, ℎ2) + 𝐺(𝑛, ℎ2
∗)))

𝛿𝜌S,𝑗
′ ⁡= −𝜇𝑗𝛿𝜌S,𝑗 −∑ 

𝑛

 
𝔞S,𝑗
(𝑛)
𝜒0
𝑛𝐴𝑙−1

2
𝜌‾𝑗(𝐺(𝑛, ℎ2) + 𝐺(𝑛, ℎ2

∗))

 

𝛿𝜌T,𝑗 ⁡= ∑  

𝑛

 
𝔞T,𝑗
(𝑛)
𝜒0
𝑛

2𝜇𝑗
𝜌‾𝑗
𝑙 (eℎ+𝐺(𝑛, ℎ+) − e

ℎ−𝐺(𝑛, ℎ−))

𝛿𝜌T,𝑗
′ ⁡= −𝜇𝑗𝛿𝜌𝑗 −∑ 

𝑛

 𝔞T,𝑗
(𝑛)
𝜒0
𝑛𝐴𝑙−1𝜌‾𝑗𝐺(𝑛, ℎ−)

 

Ψ‾ = 𝑁‾ ∑  

𝑗

 𝜕𝜋𝜓0𝜃
‾
𝑗 ⁡

= ∑  

𝑗

 (
𝑄‾𝑗

𝜇𝑗
𝜕𝜋𝜓0𝜇𝑗𝜒0 −

1

2
𝜕𝜋𝜓0 (

𝑄‾𝑗

𝜇𝑗
) + 𝑁‾𝜕𝜋𝜓0𝑐𝑗)⁡

⁡≡ 𝜓‾ + ΔΨ‾ ,

 

𝜓‾ ≡∑  

𝑗

 (
𝑄‾𝑗

𝜇𝑗
𝜕𝜋𝜓0𝜇𝑗𝜒0 −

1

2
𝜕𝜋𝜓0 (

𝑄‾𝑗

𝜇𝑗
)) , ΔΨ‾ ≡∑  

𝑗

 𝑁‾𝜕𝜋𝜓0𝑐𝑗  

𝛿Ψ =∑  

𝑗

  (𝛿𝑁 (𝜕𝜋𝜓0𝜃
‾
𝑗) + 𝑁‾ (𝜕𝜋𝜓0𝛿𝜃𝑗)) ≡ 𝛿𝜓 + ΔΨ  

𝛿𝜓⁡ ≡ (𝛿𝑁 (𝜕𝜋𝜓0𝜃
‾
𝑗))

′′

= 2(
𝛿𝜌𝑗

′′

𝜌‾𝑗
− 2𝜇𝑗

𝛿𝜌𝑗
′

𝜌‾𝑗
+ 𝜇𝑗

2
𝛿𝜌𝑗

𝜌‾𝑗
)𝜓‾ + 4(

𝛿𝜌𝑗𝑜
′

𝜌‾𝑗𝑜
− 𝜇𝑗𝑜

𝛿𝜌𝑗𝑜
𝜌‾𝑗𝑜

)𝜓‾ ′

ΔΨ⁡ ≡ (𝑁‾𝜕𝜋𝜓0𝛿𝜃𝑗)
′′
= 𝑁‾ (4𝜇𝑗

2 (𝜕𝜋𝜓0𝛿𝜃𝑗) + 4𝜇𝑗 (𝜕𝜋𝜓0𝛿𝜃𝑗)
′
+ (𝜕𝜋𝜓0𝛿𝜃𝑗)

′′
)

 

𝛿𝜃S,𝑗 ⁡= i∑  

𝑛

 
𝔞S,𝑗
(𝑛)
𝜒0
𝑛

4𝜇𝑗
𝜌‾𝑗
𝑙−1 (eℎ+𝜒0(−𝐺(𝑛, ℎ1) + 𝐺(𝑛, ℎ1

∗)) − eℎ−𝜒0(−𝐺(𝑛, ℎ2) + 𝐺(𝑛, ℎ2
∗)))

𝛿𝜃S,𝑗
′ ⁡= −i∑  

𝑛

 
𝔞S,𝑗
(𝑛)
𝜒0
𝑛𝐴𝑗

𝑙+1

2
𝜌‾−2(−𝐺(𝑛, ℎ2) + 𝐺(𝑛, ℎ2

∗))

 

𝜔S/T,𝑗(𝜓) ≡ 𝜔S/T,𝑗(𝑉𝜓) = 𝜔S/T,𝑗(0) +
𝜕𝜔S/T,𝑗

𝜕𝑉𝜓
|
𝑉𝜓=0

𝑉𝜓.  

(
𝑉′

3𝑉
)

2

⁡=
8𝜋𝐺

3
(1 +

Π𝜓
2

Π𝜒
2 +

𝑉2

Π𝜒
2 (Λ + 𝑉𝜓))

0⁡ = 𝜓′′ +
𝑉2

Π𝜒
2

 d𝑉𝜓

d𝜓

 

(
𝑉‾ ′

3𝑉‾
)

2

=
8𝜋𝐺

3
(1 +

Π𝜓
2

Π𝜒
2) , 𝜓

‾ ′′ = 0,  
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(
𝑉‾ ′

𝑉‾
)

2

= 4𝜇𝑗𝑜
2 =

𝑉‾ ′′

𝑉‾
 

(
𝑉‾ ′

𝑉‾
)

2

= 24𝜋𝐺 (1 +
Π𝜓
2

Π𝜒
2) =

𝑉‾ ′′

𝑉‾
.  

𝜇𝑗𝑜
2 (𝜋𝜓0) = 6𝜋𝐺(1 + 𝜋𝜓0

2 /𝜋̃0
2)  

𝛿 ((
𝑉′

3𝑉
)

2

)⁡=
8𝜋𝐺

3

𝑉‾ 2

Π𝜒
2 (Λ + 𝑉𝜓)

𝛿𝜓′′ ⁡= −
𝑉‾ 2

Π𝜒
2

 d𝑉𝜓

d𝜓

 

𝛿𝜌T,𝑗 ≃
𝜌‾𝑗
𝑙

𝜇𝑗
2(𝑙2 − 1)

∑  

𝑛

 𝔞T,𝑗
(𝑛)
𝜒0
𝑛 ≡

𝜌‾𝑗
𝑙

𝜇𝑗
2(𝑙2 − 1)

(Λ̃ + 𝒱),  

𝛿 ((
𝑉′

3𝑉
)

2

) =
8

9

1

𝑙 + 1

𝑉‾ (𝑙−1)/2

𝑉𝑗𝑜
(𝑙−1)/2

(Λ̃ + 𝒱)  

Λ̃ = Λ18𝜋𝐺
𝑉𝑗𝑜
2

Π𝜒
2 ,

𝒱 = 𝑉𝜓18𝜋𝐺
𝑉𝑗𝑜
2

Π𝜒
2 .

 

𝛿𝜓′′ = 2
𝑙 − 1

𝑙 + 1
𝜌‾𝑗𝑜
𝑙−1(Λ̃ + 𝒱)𝜓‾ =

𝑙=5 4

3

𝑉‾ 2

𝑉𝑗𝑜
2 (Λ̃ + 𝒱)𝜓

‾  

𝑚𝜓
2 = −

4

3

Λ̃

𝑉𝑗𝑜
2  

−
𝑉‾ 2

Π𝜒
2

 d𝑉𝜓

d𝜓‾
=
4

3

𝑉‾ 2

𝑉𝑗𝑜
2 𝒱𝜓

‾ = 24𝜋𝐺
𝑉‾ 2

Π𝜒
2 𝑉𝜓𝜓

‾,  

𝑉𝜓 = 𝑉0exp⁡[−𝜓‾
2(12𝜋𝐺)],  

𝒱 = 𝑉𝜓18𝜋𝐺‾
𝑉‾𝑗𝑜
2

Π‾ 𝜒
2 +

8𝜋𝛿𝐺

3
(1 + 𝔭2)  

𝛿𝐺 = −(
d𝑉𝜓

d𝜓‾
+ 12𝜋𝐺‾𝑉𝜓𝜓‾)(

8𝜋Π‾ 𝜒
2

3𝑉‾𝑗𝑜
2 𝜓
‾(1 + 𝔭2))

−1

 

𝛿𝜌S,𝑗 = 𝜌‾𝑗
𝑙∑ 

𝑛

  𝔞S,𝑗
(𝑛)
𝜒0
𝑛Re(

𝑒−𝑖(𝑙+1)𝜋̃0𝜒0

ℎ1ℎ2
) ≡ 𝜌‾𝑗

𝑙(Λ̃ + 𝒱)𝐹𝑗(𝜋̃0𝜒0)  
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𝐹𝑗 =
cos⁡((𝑙 + 1)𝜋̃0𝜒0 + 𝜗)

|ℎ1ℎ2|
, ℎ1ℎ2 = |ℎ1ℎ2|𝑒

i𝜗  

𝛿 ((
𝑉′

3𝑉
)

2

) =
8

9
𝜇𝑗𝑜

𝑉‾ 2

𝑉𝑗𝑜
2 (𝐹𝑗𝑜

′ + 4𝜇𝑗𝑜𝐹𝑗𝑜)(Λ̃ + 𝒱)  

𝜇𝑗𝑜(𝐹𝑗𝑜
′ + 4𝜇𝑗𝐹𝑗𝑜)𝒱 = 3𝜋𝐺

𝑉𝑗𝑜
2

Π𝜒
2 𝑉𝜓  

𝑓𝔭 = 𝑀Pl
|𝔭|

(𝑙 + 1)√6𝜋(1 + 𝔭2)
<

𝑀Pl

√6𝜋(𝑙 + 1)
,  

𝛿𝜓 =∑ 

𝑗

 𝛿𝑁 (𝜕𝜋𝜓0𝜃
‾
𝑗)  

𝛿𝜓′′ = 2
𝑉‾ 2

𝑉𝑗𝑜
2 (−36𝐹𝑗𝑜𝛽𝑗𝑜 + 8𝜇𝑗𝑜𝐹𝑗𝑜

′ )(Λ̃ + 𝒱)𝜓‾  

d𝑉𝜓

d𝜓‾
= 6𝜋𝐺𝑉𝜓ℱ𝑗𝑜𝜓

‾, ℱ𝑗𝑜 ≡
−36𝐹𝑗𝑜𝑟𝑗𝑜 + 8𝜇𝑗𝑜𝐹𝑗𝑜

′

𝜇𝑗𝑜(𝐹𝑗𝑜
′ + 4𝜇𝑗𝐹𝑗𝑜)

 

ℱ𝑗𝑜 = 12 [1 −
2

3
cot⁡((𝑙 + 1)𝜋̃0𝜒0 + 𝜗))]

−1

 

𝛿𝐺 = −(
d𝑉𝜓

d𝜓‾
+ 12𝜋𝐺‾ℱ𝑗𝑜𝑉𝜓𝜓

‾)(
8𝜋Π‾ 𝜒

2

3𝑉‾𝑗𝑜
2 𝜓
‾(1 + 𝔭2))

−1

 

𝑈 =∫ ⁡ d𝜒 d𝜓∫ ⁡(∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)𝒰(𝑔 1, … , 𝑔 𝑙+1, 𝜓)∏  

𝑙+1

𝑎=1

 𝜑(𝑔 𝑎, 𝜒, 𝜓) ⁡

=∫ ⁡ d𝜒 d𝜋𝜓𝛿(𝜋𝜓)∫ ⁡(∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)∫ ⁡(∏ 

𝑙+1

𝑏=1

  d𝜋𝑏)(𝒰 ∗ 𝜑(𝑔 
1, 𝜒) ∗ ⋯∗ 𝜑(𝑔 𝑙+1, 𝜒)) (𝜋𝜓)⁡

=∫ ⁡ d𝜒 d𝜋𝜓𝛿(𝜋𝜓)∫ ⁡(∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)∫ ⁡(∏ 

𝑙+1

𝑏=1

  d𝜋𝑏)× ⁡

⁡× 𝒰(𝑔 1, … , 𝑔 𝑙+1, 𝜋𝜓 − 𝜋1)𝜑(𝑔 
1, 𝜒, 𝜋1 − 𝜋2)…𝜑(𝑔 

𝑙+1, 𝜒, 𝜋𝑙+1)

=∫ ⁡ d𝜒∫ ⁡(∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)∫ ⁡(∏ 

𝑙+1

𝑏=1

  d𝜋𝑏)× ⁡

⁡× 𝒰(𝑔 1, … , 𝑔 𝑙+1, −𝜋1)𝜑(𝑔 
1, 𝜒, 𝜋1 − 𝜋2)…𝜑(𝑔 

𝑙+1, 𝜒, 𝜋𝑙+1)
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𝛿𝑈‾

𝛿𝜑†(𝑔 , 𝜒, 𝜓)
= ⁡∫ ⁡ d𝜒∫ ⁡ (∏ 

𝑙+1

𝑎=1

  d𝑔 𝑎)∫ ⁡(∏ 

𝑙+1

𝑏=1

  d𝜋𝑏)([I] + [II] + ⋯+ [l + 1])

[I] = 𝛿(𝜋 − (𝜋1 − 𝜋2))𝛿(𝑔 − 𝑔 
1) (𝒰̃𝜑†) (𝑔 2, 𝜒, 𝜋2 − 𝜋3)𝜑

†(𝑔 3, 𝜒, 𝜋3 − 𝜋4)…

⁡…𝜑†(𝑔 𝑙+1, 𝜒, 𝜋𝑙+1)

[II] = (𝒰𝜑†)(𝑔1, 𝜒, 𝜋1 − 𝜋2)𝛿(𝜋 − (𝜋2 − 𝜋3))𝛿(𝑔 − 𝑔 
2)𝜑†(𝑔 3, 𝜒, 𝜋3 − 𝜋4)…

⁡…𝜑†(𝑔 𝑙+1, 𝜒, 𝜋𝑙+1)
…

[l + 1] = (𝒰𝜑†)(𝑔1, 𝜒, 𝜋1 − 𝜋2)𝜑
†(𝑔2, 𝜒, 𝜋2 − 𝜋3)…

⁡…𝜑†(𝑔 𝑙 , 𝜒, 𝜋𝑙 − 𝜋𝑙+1)𝛿(𝜋 − 𝜋𝑙+1)𝛿(𝑔 − 𝑔 
𝑙+1)

 

∑ 

𝑛

𝑐𝑛𝜓
𝑛 ⟷∑ 

𝑛

𝑐̃𝑛𝜕𝜋𝜓
𝑛  

𝑢‾(𝑔 1, … , 𝑔 
𝑙 , 𝜋1) = 𝒰(𝑔 , 𝑔 

1, … , 𝑔 𝑙 , −𝜋1) + 𝒰(𝑔 
1, 𝑔 , 𝑔 2, … , 𝑔 𝑙 , −𝜋1) + ⋯+𝒰(𝑔 

1, … , 𝑔 𝑙 , 𝑔 ,−𝜋1),  

𝛿𝑈‾

𝛿𝜑†(𝑔 , 𝜒, 𝜓)
=∫ ⁡ d𝜒∫ ⁡ (∏ 

𝑙

𝑎=1

  d𝑔 𝑎)∫ ⁡(∏ 

𝑙

𝑏=1

  d𝜋𝑏)(𝑢‾𝜑
†)(𝑔 1, 𝜒, −𝜋 − 𝜋1) ×⁡

⁡× 𝜑†(𝑔 2, 𝜒, 𝜋1 − 𝜋2)…𝜑
†(𝑔 𝑙 , 𝜒, 𝜋𝑙)

 

𝜎𝜖𝜖′(𝑔 , 𝜒, 𝜋) ⁡= 𝜎̃(𝑔 , 𝜒, 𝜋)𝜂𝜖(𝜒 − 𝜒0, 𝜋𝜒0)𝜂𝜖′(𝜋 − 𝜋𝜓0, 𝜓0)

𝜂𝜖(𝜒 − 𝜒0, 𝜋0) ⁡= 𝒩𝜖exp⁡ {(−
(𝜒 − 𝜒0)

2

2𝜖
)} exp⁡{(−i𝜋0(𝜒 − 𝜒0))}

𝜂𝜖′(𝜋 − 𝜋𝜓0, 𝜓0) ⁡= 𝒩𝜖′exp⁡ {(−
(𝜋 − 𝜋𝜓0)

2

2𝜖′
)} exp⁡ {(−i𝜓0(𝜋 − 𝜋𝜓0))}

 

≃ ∫ ⁡(∏ 

𝑙

𝑎=1

  d𝑔 𝑎)(𝑢‾ (𝜎̃(𝑔 1, 𝜒, −𝜋 − (𝑙 − 1)𝜋𝜓0)𝜂𝜖′(−𝜋 − 𝑙𝜋𝜓0, 𝜓0)))∏  

𝑙−1

𝑏=1

  𝜎̃(𝑔 𝑏 , 𝜒0, 𝜋𝜓0)⁡

⁡≃ ∫ ⁡ (∏ 

𝑙

𝑎=1

  d𝑔 𝑎)𝜂𝜖′(−𝜋 − 𝑙𝜋𝜓0, 𝜓0)(𝑢‾𝜎̃)(𝑔 
1, 𝜒, −𝜋 − (𝑙 − 1)𝜋𝜓0)∏ 

𝑙−1

𝑏=1

  𝜎̃(𝑔 𝑏 , 𝜒0, 𝜋𝜓0)

 

Γ(𝑧) = ∫  
∞

0

 d𝑥𝑥𝑧−1e−𝑥  

Γ(𝑠, 𝑥) ⁡= ∫  
∞

𝑥

  𝑡𝑠−1e−𝑡 d𝑡

𝛾(𝑠, 𝑥) ⁡= ∫  
𝑥

0

  𝑡𝑠−1e−𝑡 d𝑡

 

Γ(𝑛, 𝑓(𝑥)) = 𝑛! e−𝑓(𝑥)∑ 

𝑛−1

𝑘=0

 
𝑓𝑘(𝑥)

𝑘!
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Γ(𝑠, 𝑓(𝑥))

𝑓𝑠−1(𝑥)e−𝑓(𝑥)
→

𝑓(𝑥)→∞⁡
1  

d

 d𝑥
Γ(𝑠, 𝑓(𝑥)) = −e−𝑓(𝑥)(𝑓(𝑥))𝑠−1𝑓′(𝑥)  

Modelo de gravedad cuántica bajo la métrica de Yang – Mills - BRST. 

∫ ⁡ 𝑑8𝑧𝑢(Φ)(−
𝐷2

4 ◻
)𝑣(Φ) = ∫ ⁡ 𝑑6𝑧𝑢(Φ)𝑣(Φ)  

𝒮𝑐 = ∫ ⁡ 𝑑
4𝑥ℒ = tr∫ ⁡ 𝑑8𝑧Φ‾ 𝑒−2𝑔𝑉Φ+

1

2
tr∫ ⁡ 𝑑6𝑧𝒲2

+∫ ⁡𝑑8𝑧(Ψ‾1𝑒
−𝑔𝑉Ψ1 −Ψ‾ 2𝑒

𝑔𝑉Ψ2) + 𝜆tr∫ ⁡ 𝑑
6𝑧Ψ1ΦΨ2 +  h.c. 

 

𝑊tree = 𝜆tr∫ ⁡ 𝑑
6𝑧Ψ1ΦΨ2  

𝑒2𝑔𝑉
′
→ 𝑒−𝑔Λ

‾
𝑒2𝑔𝑉𝑒𝑔Λ  

𝛿𝑉 = 𝑖𝐿𝑔𝑉/2 (Λ + Λ‾ + coth(𝐿𝑔𝑉/2(Λ − Λ‾))) .  

𝛿Φ = 𝑖𝑔ΛΦ, 𝛿Ψ1 =
𝑖

2
𝑔ΛΨ1, 𝛿Ψ2 = −

𝑖

2
𝑔ΛΨ2  

𝒮𝐺𝐹 = −
1

16𝜉
tr∫ ⁡ 𝑑8𝑧𝐷2𝑉𝐷‾ 2𝑉  

𝒮𝐹𝑃 = tr∫ ⁡ 𝑑
8𝑧 [𝑐‾′𝑐 − 𝑐′𝑐‾ +

1

2
(𝑐′ + 𝑐‾′)[𝑉, 𝑐 + 𝑐‾] + ⋯ ]  

𝒮0 = 𝒮𝑐 + 𝒮𝐺𝐹 + 𝒮𝐹𝑃  

Φ → Φ+√ℏ𝜙,Ψ𝐼 → Ψ𝐼 + √ℏ𝜓𝐼  

𝒮(2)= tr∫ ⁡ 𝑑8𝑧(𝜙‾𝜙 − 2𝑔Φ‾ 𝑣𝜙 + 2𝑔𝜙‾𝑣Φ) ⁡

+tr∫ ⁡ 𝑑8𝑧(𝜓‾1𝜓1 − 𝑔Ψ‾1𝑣𝜓1 − 𝑔𝜓‾1𝑣Ψ1) ⁡

+tr∫ ⁡ 𝑑8𝑧(𝜓‾2𝜓2 + 𝑔Ψ‾ 2𝑣𝜓2 + 𝑔𝜓‾2𝑣Ψ2) ⁡

−𝜆tr∫ ⁡ 𝑑6𝑧(𝜓1Φ𝜓2 +Ψ1𝜙𝜓2 +𝜓1𝜙Ψ2 +  h.c. )⁡

⁡+tr∫ ⁡ 𝑑8𝑧 (−
1

2
𝑣 ◻̂ 𝑣 + 𝑐𝑐′ + 𝑐′𝑐)

 

𝜕𝑎Φ = 𝜕𝑎Ψ𝐼 = 𝜕𝑎Φ‾ = 𝜕𝑎Ψ‾ 𝐼 = 0  

Γ[Φ,Ψ𝑖 ∣ Φ‾ ,Ψ‾ 𝑖] = ∫ ⁡ 𝑑
8𝑧(𝐊 + 𝐀) + (∫ ⁡ 𝑑6𝑧𝐖 +  h.c. )  
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Γ[Φ,Ψ𝐼 ∣ Φ‾ ,Ψ‾ 𝐼] = ∑  

∞

𝐿=1

 ℏ𝐿Γ(𝐿)[Φ,Ψ𝐼 ∣ Φ‾ ,Ψ‾ 𝐼]  

𝐖[Φ,Ψ𝐼] = ∑  

∞

𝐿=1

 ℏ𝐿𝐖(𝐿)[Φ,Ψ𝐼]  

𝑛𝐷2 + 1 = 𝑛𝐷‾ 2 ,  

𝐖(1) = lim
𝑝1,𝑝2→0

 
𝜆𝑔2

4
(2𝐶𝐹 − 𝐶𝐴)∫ ⁡∏  

3

𝑙=1

 𝑑8𝑧𝑙Φ(𝑧1)Ψ1(𝑧2)Ψ2(𝑧3)

{
1

◻2
𝛿1,2

𝐷1
2𝐷‾3

16 ◻1
𝛿1,3

𝐷2
2

4
𝛿2,3

1

◻2
} .

 

 

Ψ1(𝑦1, 𝜃)Ψ1(𝑦2, 𝜃)Φ(𝑥, 𝜃) ≃ [Ψ1ΦΨ2](𝑥, 𝜃), 

𝐖(1) =
ℏ

(4𝜋)2
𝑔2

2
(𝐶𝐹 − 𝐶𝐴/2)Υ

(1)𝑊tree  

Υ(1) = lim
𝑝1,𝑝2→0

 ∫ ⁡ 𝑑4𝑞
(𝑝1 + 𝑝2)

2

𝑞2(𝑞 − 𝑝1)
2(𝑞1 + 𝑝2)

2
= ∫  

1

0

 𝑑𝜏
2log⁡(𝜏)

𝜏2 − 𝜏 + 1
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𝐖(2) = lim
𝑝1,𝑝2→0

 
𝑔4

16
(𝐶𝐴 − 𝐶𝐹)∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧3)Φ(𝑧4)Ψ2(𝑧5) {
1

◻1
𝛿1,3

𝐷2
2𝐷‾3

2

16 ◻2
𝛿3,2

1

16 ◻2
𝛿2,4

𝐷1
2𝐷‾4

2

16 ◻1
𝛿1,4

𝐷1
2𝐷‾5

2

16 ◻1
𝛿1,5

𝐷2
2

4 ◻2
𝛿2,5}

 

𝐼(2) = lim
𝑝1,2→0

 ∫ ⁡
𝑑4𝑞1
(4𝜋)4

𝑑4𝑞2
(4𝜋)4

𝑞1
2𝑝1
2 + 𝑞2

2𝑝2
2 − 2𝑝1𝑝2(𝑞1𝑞2)

𝑞1
2𝑞2
2(𝑞1 + 𝑞2)

2(𝑞1 − 𝑝1)
2(𝑞2 − 𝑝2)

2(𝑞1 + 𝑞2 − 𝑝1 − 𝑝2)
2

 

 

𝐖(2) =
ℏ2

(4𝜋)4
3

8
(𝐶𝐴 − 𝐶𝐹)|𝜆|

4𝜁(3) ×𝑊𝑡𝑟𝑒𝑒  

𝐖𝑑𝑖𝑣
(2),𝐴

+𝐖𝑑𝑖𝑣
(2),𝐵

+𝐖𝑑𝑖𝑣
(2),𝐺

= lim
𝑝1,𝑝2→0

 (2𝑁𝑓𝑇𝐹 − 𝐶𝐴)(2𝐶𝐹 − 𝐶𝐴)
𝑔4𝜆

4
×

×∫ ⁡∏ 

5

𝑙=1

 𝑑8𝑧𝑙Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
𝐷1
2𝐷‾3

2

16 ◻1
𝛿1,3

𝐷2
2

4 ◻2
𝛿3,2

1

◻4
𝛿2,4

𝐷‾4
2𝐷5

2

16 ◻4
𝛿4,5

𝐷‾5
2𝐷4

2

16 ◻5
𝛿5,4

1

◻1
𝛿5,1}
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𝐖𝑑𝑖𝑣
(2),𝐶

∼ lim
𝑝1,𝑝2→0

 
𝑔4𝜆

4
∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
𝐷1
2𝐷‾3

2

16◻1
𝛿1,3

𝐷2
2

4 ◻2
𝛿3,2

1

◻4
𝛿2,4

1

◻4
𝛿4,5

1

◻5
𝛿5,4

1

◻1
𝛿5,1} = 0

 

𝐖𝑑𝑖𝑣
(2),𝐼

= 0.  

𝐖𝑑𝑖𝑣,1
(2)

= A + B + G =
1

4
𝑔4(2𝑁𝑓𝑇𝐹 − 𝐶𝐴)(2𝐶𝐹 − 𝐶𝐴) × 𝐽1,1

(1)
Υ(1) ×𝑊tree  
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𝐽1,1
(1)
(𝑘) = (

1

𝜖
+ 2 + 𝑂(𝜖1)) (𝑘2/𝜇2)−𝜖  

𝐖𝑑𝑖𝑣,2
(2)

= 2D + 2E =
1

8
𝑔2(2𝐶𝐹 − 𝐶𝐴)(|𝜆|

2 − 𝑔2) × 𝐽1,1
(1)
Υ(1) ×𝑊tree .  

𝐖𝑑𝑖𝑣
(2)
= (𝑔4{2𝑁𝑓𝑇𝐹 − 𝐶𝐴} + 𝑔

2(|𝜆2| − 𝑔2))
1

4
(2𝐶𝐹 − 𝐶𝐴)𝐽1,1

(1)
Υ(1) ×𝑊tree  

𝛽(𝑔) =
2𝑔3

(4𝜋)2
(2𝑁𝑓𝑇𝐹 − 𝐶𝐴).  

∑ 

𝑖

 𝑚𝑖𝑇𝐹(𝑅𝑖) = 𝐶𝐴  

 

𝐖𝑓𝑖𝑛
(2),𝐴

= lim
𝑝1,𝑝2→0

 
𝑔4

16
(𝐶𝐴 − 2𝐶𝐹)

2∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
1

◻1
𝛿2,1

𝐷1
2𝐷‾4

2

16 ◻4
𝛿1,4

𝐷4
2𝐷‾3

2

16 ◻4
𝛿4,3

𝐷5
2

4 ◻5
𝛿3,5

𝐷‾5
2𝐷2

2

16 ◻5
𝛿5,2

1

◻4
𝛿4,5} .

 

𝐽𝑎
(2)
= lim
𝑝1,𝑝2→0

 ∫ ⁡
𝑑4𝑞1
(4𝜋)2

𝑑4𝑞2
(4𝜋)2

𝑞1
2(𝑝1 + 𝑝2)

2

𝑞1
2(𝑞1 − 𝑝1)

2(𝑞2 − 𝑝2)
2𝑞2
2(𝑞2 − 𝑝2)

2(𝑞1 − 𝑝2)
2
= 6𝜁(3);  

𝐖fin 

(2),𝐴
=
3𝑔4

8
(𝐶𝐴 − 2𝐶𝐹)

2𝜁(3) ×𝑊tree .  
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𝐖𝑓𝑖𝑛
(2),𝐵

= lim
𝑝1,𝑝2→0

 
𝑔4

8
(𝐶𝐴 − 𝐶𝐹)∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
1

◻4
𝛿2,4

𝐷1
2𝐷‾4

2

16 ◻4
𝛿1,4

𝐷‾4
2𝐷3

2

16◻4
𝛿4,3

𝐷5
2

4 ◻5
𝛿3,5

𝐷‾5
2𝐷2

2

16 ◻5
𝛿5,2

1

◻5
𝛿1,5}

 

 

𝐽𝑏
(2)
= lim
𝑝1,𝑝2→0

 ∫ ⁡
𝑑4𝑞1
(4𝜋)2

𝑑4𝑞2
(4𝜋)2

−𝑞1
2𝑝1
2 − 𝑞2

2𝑝2
2 + 2(𝑞1𝑞2)(𝑝1𝑝2)

𝑞1
2(𝑞1 − 𝑝1)

2(𝑞1 + 𝑞2 − 𝑝1)
2𝑞2
2(𝑞2 + 𝑝2)

2(𝑞1 + 𝑞2 + 𝑝1)
2

 

𝐖𝑓𝑖𝑛
(2),𝐵

= −
3𝑔4

2
(𝐶𝐴 − 𝐶𝐹)𝜁(3) ×𝑊𝑡𝑟𝑒𝑒  
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𝐖𝑓𝑖𝑛
(2),𝐶

= lim
𝑝1,𝑝2→0

 
𝑔4

8𝑁2
∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
1

◻1
𝛿2,1

𝐷1
2𝐷‾4

2

16 ◻4
𝛿1,4

𝐷‾4
2𝐷3

2

16 ◻4
𝛿4,3

𝐷2
2

4 ◻3
𝛿3,2

1

◻4
𝛿2,4}

 

𝐽𝑐
(2)
= lim
𝑝1,𝑝2→0

 ∫ ⁡
𝑑4𝑞1
(4𝜋)2

𝑑4𝑞2
(4𝜋)2

𝑞1
2(𝑝1 + 𝑝2)

2

𝑞1
2(𝑞1 + 𝑝1)

2(𝑞2 + 𝑝1)
2(𝑞2 − 𝑞1)

2(𝑞2 − 𝑝2)
2

 

𝐖𝑓𝑖𝑛
(2),𝐶

=
3𝑔4

2
(𝐶𝐴 − 2𝐶𝐹)𝜁(3) ×𝑊𝑡𝑟𝑒𝑒  

𝐖𝑓𝑖𝑛
(2),𝐷

= lim
𝑝1,𝑝2→0

 
𝑔4

8
∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
1

◻5
𝛿5,1

𝐷1
2𝐷‾3

2

16 ◻1
𝛿1,3

𝐷4
2

4 ◻3
𝛿3,4

𝐷‾4
2𝐷2

2

16 ◻4
𝛿4,2

1

◻4
𝛿2,5

1

◻4
𝛿5,4}

 

𝐽𝑑
(2)
= lim
𝑝1,𝑝2→0

 ∫ ⁡
𝑑4𝑞1
(4𝜋)2

𝑑4𝑞2
(4𝜋)2

(𝑝1 + 𝑝2)
2

𝑞1
2(𝑞1 + 𝑝1)

2(𝑞1 − 𝑝2)
2(𝑞2 − 𝑝2)

2𝑞2
2(𝑞1 − 𝑞2)

2
 

𝐖fin 

(2),𝐷
=
𝑔4

8
Υ(2) ×𝑊tree 

 

Υ(2) = ∫  
1

0

 𝑑𝜏
2log3⁡(𝜏)

𝜏2 − 𝜏 + 1
 

𝐖(2),𝐸 = lim
𝑝1,𝑝2→0

 
𝑔4

8
(𝐶𝐴 − 2𝐶𝐹)∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
1

◻4
𝛿1,4

𝐷1
2𝐷‾5

2

16 ◻5
𝛿1,5

𝐷5
2𝐷‾4

2

16 ◻5
𝛿5,4

𝐷4
2𝐷‾3

2

16 ◻4
𝛿4,3

𝐷2
2

4 ◻3
𝛿3,2

1

◻5
𝛿2,5}

 

𝐽𝑒
(2)
= lim
𝑝1,𝑝2→0

 ∫ ⁡
𝑑4𝑞1
(4𝜋)2

𝑑4𝑞2
(4𝜋)2

−𝑞1
2𝑝1
2 + (𝑞1 − 𝑞2)

2𝑝2
2 − 2(𝑞1𝑞2)(𝑝1𝑝2)

𝑞1
2(𝑞1 − 𝑝1)

2(𝑞2 − 𝑞1 + 𝑝1)
2(𝑞2 − 𝑝2)

2𝑞2
2(𝑞2 + 𝑝1)

2
 

𝐖𝑓𝑖𝑛
(2),𝐸

(Φ) = −
3𝑔4

4
(𝐶𝐴 − 2𝐶𝐹)𝜁(3) ×𝑊𝑡𝑟𝑒𝑒  

𝐖𝑓𝑖𝑛
(2),𝐹

(Φ) ∼ lim
𝑝1,𝑝2→0

 𝑔4∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
1

◻4
𝛿2,4

𝐷1
2𝐷‾4

2

16 ◻4
𝛿1,4

𝐷‾4
2𝐷3

2

16◻4
𝛿4,3

𝐷5
2

4 ◻5
𝛿3,5

𝐷‾5
2𝐷2

2

16 ◻5
𝛿5,2

1

◻5
𝛿1,5}

 

𝐽𝑓
(2)
= 0  
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𝐖𝑓𝑖𝑛
(2),𝐺

∼ lim
𝑝1,𝑝2→0

 
𝑔4

4
∫ ⁡∏  

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
𝐷1
2𝐷‾4

2

16◻4
𝛿1,4

𝐷‾4
2𝐷2

2

16 ◻4
𝛿4,2

1

◻3
𝛿2,3

1

◻1
𝛿3,1

𝐷3
2

4 ◻4
𝛿3,4} = 0

 

𝐖(2),𝐻 ∼ lim
𝑝1,𝑝2→0

 
𝑔4

8
∫ ⁡∏ 

5

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3) {
1

◻5
𝛿3,5

𝐷1
2𝐷‾4

2

16 ◻4
𝛿1,4

𝐷‾4
2𝐷2

2

16 ◻4
𝛿4,2

1

◻3
𝛿2,5

1

◻1
𝛿5,3

𝐷3
2

4 ◻4
𝛿3,4} = 0

 

𝐖𝑓𝑖𝑛
(2)
= (

1

8
𝑔4Υ(2) +

3

4
(
𝑁2 + 1

𝑁2
|𝜆|4 − 𝑔4)𝜁(3)) ×𝑊𝑡𝑟𝑒𝑒  

𝐖fin ,𝒩=2
(2)

= 𝑔4 (
1

8
Υ(2) +

3

4𝑁2
𝜁(3)) ×𝑊tree  

𝐖(2)= 𝐖𝑑𝑖𝑣
(2)
+𝐖𝑓𝑖𝑛

(2)
= ((𝑔4{2𝑁𝑓𝑇𝐹 − 𝑁} + 𝑔

2(|𝜆2| − 𝑔2)) 𝐽1,1
(1)
Υ(1)⁡

+
1

2
𝑔4Υ(2) +

3

2
(
𝑁2 + 1

𝑁2
|𝜆|4 − 𝑔4)𝜁(3)) ×

1

4
(2𝐶𝐹 − 𝐶𝐴)𝑊tree 

 

Φ = (𝑧𝜙
1/2
)Φ𝑅 , Φ‾ = (𝑧𝜙

1/2
)Φ‾ 𝑅

Ψ𝐼 = (𝑧𝜓
1/2
)Ψ𝐼,𝑅 , Φ‾ = (𝑧𝜓

1/2
)Ψ‾ 𝐼,𝑅

𝑉 = 𝑧𝑉
1/2
𝑉𝑅 , 𝑔 = 𝑧𝑔𝑔𝑅 , 𝜆 = 𝑧𝜆

3/2
𝜆

 

 

𝑧𝜙
1/2

= 𝑧𝜓
−1  

𝐖𝑅
(2)
= (

1

2
𝑔𝑅
4Υ(2) +

3

2
(
𝑁2 + 1

𝑁2
|𝜆|𝑅

4 − 𝑔𝑅
4) 𝜁(3) + 2𝑢) ×

1

4
(2𝐶𝐹 − 𝐶𝐴)𝑊tree ,𝑅 .  

𝑊tree ,𝑅 = tr ∫ ⁡ 𝑑
6𝑧𝜆𝑅Ψ1,𝑅Φ𝑅Ψ2,𝑅, 𝑢 = (𝑔𝑅

4{2𝑁𝑓𝑇𝐹 − 𝐶𝐴} + 𝑔𝑅
2(|𝜆𝑅

2 | − 𝑔𝑅
2)) Υ(1) 
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𝐖′(𝑚) = lim
𝑝1,𝑝2→0

 (−1)𝑚+1
𝑔2𝑚

2𝑚+2
𝑁𝑚−2∫ ⁡ ∏  

2𝑚+1

𝑙=1

 𝑑8𝑧𝑙𝜆Ψ1(𝑧1)Φ(𝑧2)Ψ2(𝑧3)

⁡× {
1

◻5
𝛿5,1

𝐷1
2𝐷‾3

2

16 ◻1
𝛿1,3

𝐷4
2

4 ◻3
𝛿3,4

𝐷‾4
2𝐷6

2

16 ◻4
𝛿4,6⋯

⁡⋯
𝐷‾2𝑚−2
2 𝐷2𝑚

2

◻2𝑚−2
𝛿2𝑚−2,2𝑚

𝐷‾2𝑚
2 𝐷2

2

◻2𝑚
𝛿2𝑚,2

1

◻2𝑚+1
𝛿2𝑚+1,2⋯

1

◻2𝑚
𝛿2𝑚+1,2𝑚⋯

1

◻4
𝛿5,4}

 

𝐖′(𝑚) = (−1)𝑚−1
𝑔2𝑚

2𝑚+2
𝑁𝑚−2Υ(𝑚) ×𝑊tree 

 

𝐖′𝑙𝑒𝑎𝑑 =
𝑦

2𝑁2
∫  
1

0

 𝑑𝜏
log⁡(𝜏)(1 − 𝜏)

(1 + 𝑦log2⁡(𝜏))(1 + 𝜏3)
×𝑊tree = Υ

tot ×𝑊tree  

Υ𝑡𝑜𝑡 =
1

4𝑁2
∑  

∞

𝑚=1

  ((𝜋 − 2Si(𝑥))sin⁡(𝑥) − 2Ci(𝑥)cos⁡(𝑥))𝑈𝑚(1/2)  



pág. 3931 

Υ𝑡𝑜𝑡|ℏ→∞ ≃
1

2𝑁2
log⁡ (

12𝑒𝛾𝐸

√ℏ𝑔𝑁

Γ(
2
3
) Γ (

5
6
)

Γ (
1
6
) Γ (

1
3
)
) + O(ℏ−2)  

𝑍(𝐿 + 1) = 4𝐶𝐿∑  

∞

𝑝=1

 
(−1)(𝑝−1)(𝐿+1)

𝑝2(𝐿+1)−3
= {

4𝐶𝐿𝜁(2𝐿 − 1) for 𝐿 = 2𝑁 + 1

4𝐶𝐿(1 − 2
2(1−𝐿))𝜁(2𝐿 − 1) for 𝐿 = 2𝑁

 

𝐖sub ∼ 𝑔2𝐿𝑐𝐿/𝑁
𝐿 × 𝑍(𝐿 + 1) ×𝑊tree ,  

 

𝜎𝜇 = (𝜎0, −𝝈⃗⃗ )⁡ and ⁡𝜎‾𝜇 = (𝜎0, 𝝈⃗⃗ )  

(𝜎‾𝜇)𝛼̇𝛼 = 𝜀𝛼̇𝛽̇𝜀𝛼𝛽𝜎
𝛽̇𝛽

𝜇
, 𝜀𝛼̇𝛽̇𝜀𝛽̇𝛾̇ = 𝛿𝛾̇

𝛼̇ ⁡𝜀𝛼𝛽𝜀𝛽𝛾 = 𝛿𝛾
𝛼 .  

(𝜎‾𝜇𝜎𝜈 + 𝜎‾𝜈𝜎𝜇)𝛽
𝛼
= −2𝜂𝜇𝜈𝛿𝛽

𝛼⁡ and ⁡(𝜎𝜇𝜎‾𝜈 + 𝜎𝜈𝜎‾𝜇)𝛽̇
𝛼̇
= −2𝜂𝜇𝜈𝛿𝛽̇

𝛼̇
 

tr( odd number of 𝜎′𝑠) = 0

tr(𝜎𝜇𝜎‾𝜈) = tr(𝜎‾𝜇𝜎𝜈) = −2𝜂𝜇𝜈
 

𝐷𝛼 = 𝜕𝛼 + 𝑖(𝜎
𝜇)𝛼𝛼̇𝜃‾

𝛼̇𝜕𝜇 , 𝐷‾ 𝛼̇ = 𝜕𝛼 − 𝑖(𝜎
𝜇)𝛼𝛼̇𝜃

𝛼𝜕𝜇  

{𝐷𝛼, 𝐷𝛽} = 0, {𝐷𝛼, 𝐷‾𝛽̇} = −2𝑖(𝜎)𝛼𝛽̇
𝜇
𝜕𝜇

𝐷2𝐷‾ 𝛼̇𝐷
2 = 0,𝐷‾ 2𝐷𝛼𝐷‾

2 = 0

𝐷𝛼𝐷‾ 2𝐷𝛼 = 𝐷‾ 𝛼̇𝐷
2𝐷‾ 𝛼̇

𝐷2𝐷‾ 2 + 𝐷‾ 2𝐷2 − 2𝐷𝛼𝐷‾ 2𝐷𝛼 = 16 ◻

𝐷2𝐷‾ 2𝐷2 = 16 ◻ 𝐷2, 𝐷‾ 2𝐷2𝐷‾ 2 = 16 ◻ 𝐷‾ 2

[𝐷2, 𝐷‾ 𝛼̇] = −4𝑖𝜕𝛼𝛼̇𝐷
𝛼, [𝐷‾ 2, 𝐷𝛼] = 4𝑖𝜕𝛼𝛼̇𝐷‾

𝛼̇

 

∫ ⁡𝑑2𝜃 = −
1

4
𝐷2, ∫ ⁡ 𝑑2𝜃‾ =

1

4
𝐷‾ 2

𝑑2𝜃 =
1

4
𝜀𝛼𝛽𝑑𝜃𝛼𝑑𝜃𝛽 , ∫ ⁡ 𝑑𝜃𝛼𝜃

𝛽 = 𝛿𝛼
𝛽

 

𝐽𝛼,𝛽
(1)
(𝑘) = ∫ ⁡

𝑑𝑑𝑞

(𝑞 − 𝑘)2𝛼𝑞2𝛽
=

𝑎(𝛼)𝑎(𝛽)

𝑎(𝛼 + 𝛽 − 𝑑/2)
(𝑘2/𝜇2)𝑑/2−𝛼−𝛽 ,  

𝐽1,1
(1)
(𝑘) = (𝑘2/𝜇2)−𝜖 (

1

𝜖
+ 2 + 𝑂(𝜖1)) .  
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⁡=
⟹⁡
= ⟨𝜙𝑎𝜙‾𝑏⟩ = −

𝐷‾1
2𝐷2

2

16 ◻
𝛿𝑎𝑏𝛿

8(𝑧1 − 𝑧2)

⁡−⟨𝜓𝑖𝜓‾𝑗⟩ = −
𝐷‾1
2𝐷2

2

16 ◻
𝛿𝑖𝑗𝛿

8(𝑧1 − 𝑧2)

⁡∼ 𝑚 = ⟨𝑣𝑎𝑣𝑏⟩ = (−
𝐷𝛼𝐷‾ 2𝐷𝛼
8 ◻2

+ 𝜉
{𝐷2, 𝐷‾ 2}

16 ◻2
)𝛿𝑎𝑏𝛿

8(𝑧1 − 𝑧2) =
𝜉=1 1

16 ◻
𝛿𝑎𝑏𝛿

8(𝑧1 − 𝑧2)

⁡= ⟨𝑐𝑎
′ 𝑐𝑏⟩ = ⟨𝑐𝑏

′ 𝑐𝑎⟩ =
1

16 ◻
𝛿𝑎𝑏𝛿

8(𝑧1 − 𝑧2)

 

𝐽(2) = lim
𝑝1,𝑝2→0

 ∫ ⁡
𝑑4𝑞1
(4𝜋)2

𝑑4𝑞2
(4𝜋)2

𝑞1
2(𝑝1 + 𝑝2)

2

𝑞1
2(𝑞1 − 𝑝1)

2(𝑞2 − 𝑝2)
2𝑞2
2(𝑞2 − 𝑝2)

2(𝑞1 − 𝑝2)
2
= 6𝜁(3).  

𝐽(3) = 20𝜁(5), 𝐽(4) =
441

8
𝜁(7),  

Υ𝐿(𝑢, 𝑣) =
Γ(1 − 𝜖)

𝑢2(1−𝜖)
∑ 

∞

𝑙=0

 
𝜖𝑙

𝑙!
Υ𝐿
(𝑙)
(𝑧1, 𝑧2)  

Υ𝐿
(𝑙)(𝑧1, 𝑧2) = ∑  

𝐿

𝑓=0

 
(−ln⁡(𝑧1𝑧2))

𝑓
(2𝐿 − 𝑓)

𝑓! (𝐿 − 𝑓)!
∑  

𝑙

𝑚=0

 
(−1)𝑚𝑙!

𝑚! (𝑙 − 𝑚)!
𝐙𝑚(𝑧1, 𝑧2; 2𝐿 + 𝑙 − 𝑓)  

𝐙𝑚(𝑧1, 𝑧2; 𝑘) =
Γ(𝑘 −𝑚)

(𝑧1 − 𝑧2)
∑  

∞

{𝑛𝑖}=1

(𝑧1
𝑛0 − 𝑧2

𝑛0)

(∑  𝑚
0  𝑛𝑖)

𝑘−𝑚
(∏ 

𝑚

𝑖=1

 
𝑧1
𝑛𝑖 + 𝑧2

𝑛𝑖

𝑛𝑖
) 

Υ(𝑙) = ∫  
1

0

 𝑑𝜏
2log2𝑙−1⁡(𝜏)

𝜏2 − 𝜏 + 1

=
1

22𝑙−132𝑙
(𝜓(2𝑙+1) (

2

3
) − 𝜓(2𝑙+1) (

1

3
) − 𝜓(2𝑙+1) (

1

6
) + 𝜓(2𝑙+1) (

5

6
))

 

(𝛿𝐴𝜇𝜈𝜎/𝛿𝐴𝛼𝛽𝛾) =
1

3!
[𝛿𝜇
𝛼 (𝛿𝜈

𝛽
𝛿𝜎
𝛾
− 𝛿𝜎

𝛽
𝛿𝜈
𝛾
) + 𝛿𝜈

𝛼 (𝛿𝜎
𝛽
𝛿𝜇
𝛾
− 𝛿𝜇

𝛽
𝛿𝜎
𝛾
) + 𝛿𝜎

𝛼 (𝛿𝜇
𝛽
𝛿𝜈
𝛾
− 𝛿𝜈

𝛽
𝛿𝜇
𝛾
)] 

ℒ(𝑁𝐺) =
1

2
𝐵2(𝜕 ⋅ 𝜙) −

1

4
𝐵2
2 +

1

2
𝐵3(𝜕 ⋅ 𝜙̃) −

1

4
𝐵3
2 +

1

2
𝐵2 − 𝐵(𝜕 ⋅ 𝐴)

+
1

2
𝐵1
2 + 𝐵1 (

1

3!
𝜀𝜇𝜈𝜎𝜌𝜕𝜇𝐴𝜈𝜎𝜌) −

1

4
(𝐵𝜇𝜈)

2
+
1

2
𝐵𝜇𝜈 [𝜕𝜎𝐴

𝜎𝜇𝜈 +
1

2
(𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇)]

−
1

4
(ℬ𝜇𝜈)

2
+
1

2
ℬ𝜇𝜈 [𝜀

𝜇𝜈𝜎𝜌𝜕𝜎𝐴𝜌 +
1

2
(𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇)] ,

 

ℒ(0)=
1

4
(𝜕 ⋅ 𝜙)2 +

1

4
(𝜕 ⋅ 𝜙̃)2 −

1

2
(𝜕 ⋅ 𝐴)2 −

1

2
(−

1

3!
𝜀𝜇𝜈𝜎𝜌𝜕𝜇𝐴𝜈𝜎𝜌)

2

⁡

⁡+
1

4
[𝜕𝜎𝐴

𝜎𝜇𝜈 +
1

2
(𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇)]

2

+
1

4
[𝜀𝜇𝜈𝜎𝜌𝜕𝜎𝐴𝜌 +

1

2
(𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇)]

2

.

 

ℒ(𝐹𝑃)=
1

2
[(𝜕𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)(𝜕

𝜇𝐶𝜈𝜎) + (𝜕𝜇𝐶‾
𝜇𝜈 + 𝜕𝜈𝐶‾1)𝑓𝜈 ⁡

−(𝜕𝜇𝐶
𝜇𝜈 + 𝜕𝜈𝐶1)𝐹‾𝜈 + (𝜕 ⋅ 𝛽‾)𝐵4 − (𝜕 ⋅ 𝛽)𝐵5 − 𝐵4𝐵5 − 2𝐹‾

𝜇𝑓𝜇⁡

−(𝜕𝜇𝛽‾𝜈 − 𝜕𝜇𝛽‾𝜈)(𝜕
𝜇𝛽𝜈) − 𝜕𝜇𝐶‾2𝜕

𝜇𝐶2] − 𝜕𝜇𝐶‾𝜕
𝜇𝐶
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𝑠𝑏𝐴𝜇𝜈𝜎 = 𝜕𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈, 𝑠𝑏𝐶𝜇𝜈 = 𝜕𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇 , 𝑠𝑏𝐶‾𝜇𝜈 = 𝐵𝜇𝜈

𝑠𝑏𝐴𝜇 = 𝜕𝜇𝐶, 𝑠𝑏𝐶‾ = 𝐵, 𝑠𝑏𝛽‾𝜇 = 𝐹‾𝜇 , 𝑠𝑏𝛽𝜇 = 𝜕𝜇𝐶2, 𝑠𝑏𝐵‾𝜇𝜈 = 𝜕𝜇𝑓𝜈 − 𝜕𝜈𝑓𝜇

𝑠𝑏𝐶‾2 = 𝐵5, 𝑠𝑏𝐶1 = −𝐵4, 𝑠𝑏𝐶‾1 = 𝐵2, 𝑠𝑏𝜙𝜇 = 𝑓𝜇 , 𝑠𝑏𝐹𝜇 = −𝜕𝜇𝐵4

𝑠𝑏𝑓‾𝜇 = 𝜕𝜇𝐵2, 𝑠𝑏[𝐶2, 𝐶, 𝑓𝜇 , 𝐹‾𝜇 , 𝜙̃𝜇 , 𝐵, 𝐵1, 𝐵2, 𝐵3, 𝐵4, 𝐵5, 𝐵𝜇𝜈 , ℬ𝜇𝜈 , ℬ𝜇𝜈] = 0,

 

𝑠𝑏ℒ(𝐵)=
1

2
𝜕𝜇[(𝜕

𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈)𝐵𝜈𝜎 + 𝐵
𝜇𝜈𝑓𝜈 − 𝐵5𝜕

𝜇𝐶2⁡

+𝐵2𝑓
𝜇 + 𝐵4𝐹‾

𝜇 − (𝜕𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇)𝐹‾𝜈] − 𝜕𝜇[𝐵𝜕
𝜇𝐶]

 

𝛿𝐴(3) = − ∗ 𝑑 ∗ [
1

3!
𝐴𝜇𝜈𝜎(𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜎)] = −
1

2
(𝜕𝜎𝐴𝜎𝜇𝜈)(𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈) 

𝑠𝑎𝑏𝐴𝜇𝜈𝜎 = 𝜕𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈, 𝑠𝑎𝑏𝐶‾𝜇𝜈 = 𝜕𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇, 𝑠𝑎𝑏𝐶𝜇𝜈 = 𝐵‾𝜇𝜈

𝑠𝑎𝑏𝐴𝜇 = 𝜕𝜇𝐶‾, 𝑠𝑎𝑏𝐶 = −𝐵, 𝑠𝑎𝑏𝛽𝜇 = 𝐹𝜇 , 𝑠𝑎𝑏𝛽‾𝜇 = 𝜕𝜇𝐶‾2, 𝑠𝑎𝑏𝐵𝜇𝜈 = 𝜕𝜇𝑓‾𝜈 − 𝜕𝜈𝑓‾𝜇

𝑠𝑎𝑏𝐶2 = 𝐵4, 𝑠𝑎𝑏𝐶1 = −𝐵2, 𝑠𝑎𝑏𝐶‾1 = −𝐵5, 𝑠𝑎𝑏𝜙𝜇 = 𝑓‾𝜇 , 𝑠𝑎𝑏𝐹‾𝜇 = −𝜕𝜇𝐵5

𝑠𝑎𝑏𝑓𝜇 = −𝜕𝜇𝐵2, 𝑠𝑎𝑏[𝐶‾2, 𝐶‾, 𝑓‾𝜇 , 𝐹𝜇 , 𝜙̃𝜇 , 𝐵, 𝐵1, 𝐵2, 𝐵3, 𝐵4, 𝐵5, 𝐵‾𝜇𝜈 , ℬ𝜇𝜈 , ℬ𝜇𝜈] = 0,

 

𝑠𝑎𝑏ℒ(𝐵‾)=
1

2
𝜕𝜇[−(𝜕

𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)𝐵‾𝜈𝜎 + 𝐵‾
𝜇𝜈𝑓‾𝜈 + 𝐵4𝜕

𝜇𝐶‾2⁡

−𝐵5𝐹
𝜇 + 𝐵2𝑓‾

𝜇 − (𝜕𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇)𝐹𝜈] − 𝜕𝜇[𝐵𝜕
𝜇𝐶‾].

 

ℒ(𝑛𝑔) =
1

2
𝐵2 − 𝐵(𝜕 ⋅ 𝐴) +

1

2
𝐵2(𝜕 ⋅ 𝜙) −

1

4
𝐵2
2 +

1

2
𝐵3(𝜕 ⋅ 𝜙̃) −

1

4
𝐵3
2

+
1

2
𝐵1
2 + 𝐵1 (

1

3!
𝜀𝜇𝜈𝜎𝜌𝜕𝜇𝐴𝜈𝜎𝜌) −

1

4
(𝐵‾𝜇𝜈)

2
−
1

2
𝐵‾𝜇𝜈 [𝜕𝜎𝐴

𝜎𝜇𝜈 −
1

2
(𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇)]

−
1

4
(ℬ𝜇𝜈)

2
−
1

2
ℬ𝜇𝜈 [𝜀

𝜇𝜈𝜎𝜌𝜕𝜎𝐴𝜌 −
1

2
(𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇)]

 

ℒ(𝑓𝑝)⁡=
1

2
[(𝜕𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)(𝜕

𝜇𝐶𝜈𝜎) − (𝜕𝜇𝐶‾
𝜇𝜈 − 𝜕𝜈𝐶‾1)𝐹𝜈

+(𝜕𝜇𝐶
𝜇𝜈 − 𝜕𝜈𝐶1)𝑓‾𝜈 + (𝜕 ⋅ 𝛽‾)𝐵4 − (𝜕 ⋅ 𝛽)𝐵5 − 𝐵4𝐵5 − 2𝑓‾

𝜇𝐹𝜇 ⁡

−(𝜕𝜇𝛽‾𝜈 − 𝜕𝜇𝛽‾𝜈)(𝜕
𝜇𝛽𝜈) − 𝜕𝜇𝐶‾2𝜕

𝜇𝐶2] − 𝜕𝜇𝐶‾𝜕
𝜇𝐶

 

{𝑠𝑏 , 𝑠𝑎𝑏}𝐴𝜇𝜈𝜎 = 𝜕𝜇(𝐵𝜈𝜎 + 𝐵‾𝜈𝜎) + 𝜕𝜈(𝐵𝜎𝜇 + 𝐵‾𝜎𝜇) + 𝜕𝜎(𝐵𝜇𝜈 + 𝐵‾𝜇𝜈)

{𝑠𝑏 , 𝑠𝑎𝑏}𝐶𝜇𝜈 = 𝜕𝜇(𝑓𝜈 + 𝐹𝜈) − 𝜕𝜈(𝑓𝜇 + 𝐹𝜇)

{𝑠𝑏 , 𝑠𝑎𝑏}𝐶‾𝜇𝜈 = 𝜕𝜇(𝑓‾𝜈 + 𝐹‾𝜈) − 𝜕𝜈(𝑓‾𝜇 + 𝐹‾𝜇)

 

𝐵𝜇𝜈 + 𝐵‾𝜇𝜈 = 𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇 , 𝑓𝜇 + 𝐹𝜇 = 𝜕𝜇𝐶1, 𝑓‾𝜇 + 𝐹‾𝜇 = 𝜕𝜇𝐶‾1  

𝑠(𝑎)𝑏[𝐵𝜇𝜈 + 𝐵‾𝜇𝜈 − (𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇)] = 0, 𝑠(𝑎)𝑏[𝑓𝜇 + 𝐹𝜇 − 𝜕𝜇𝐶1] = 0

𝑠(𝑎)𝑏[𝑓‾𝜇 + 𝐹‾𝜇 − 𝜕𝜇𝐶‾1] = 0, 𝑠(𝑎)𝑏[ℬ𝜇𝜈 + ℬ𝜇𝜈 − (𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇)] = 0,
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𝜕𝜇(𝜕
𝜇𝐶‾𝜈𝜆 + 𝜕𝜈𝐶‾𝜆𝜇 + 𝜕𝜆𝐶‾𝜇𝜈) +

1

2
(𝜕𝜈𝐹‾𝜆 − 𝜕𝜆𝐹‾𝜈) = 0

𝜕𝜇(𝜕
𝜇𝐶‾𝜈𝜆 + 𝜕𝜈𝐶‾𝜆𝜇 + 𝜕𝜆𝐶‾𝜇𝜈) −

1

2
(𝜕𝜈𝑓‾𝜆 − 𝜕𝜆𝑓‾𝜈) = 0

𝜕𝜇(𝜕
𝜇𝐶𝜈𝜆 + 𝜕𝜈𝐶𝜆𝜇 + 𝜕𝜆𝐶𝜇𝜈) +

1

2
(𝜕𝜈𝑓𝜆 − 𝜕𝜆𝑓𝜈) = 0

𝜕𝜇(𝜕
𝜇𝐶𝜈𝜆 + 𝜕𝜈𝐶𝜆𝜇 + 𝜕𝜆𝐶𝜇𝜈) −

1

2
(𝜕𝜈𝐹𝜆 − 𝜕𝜆𝐹𝜈) = 0

 

𝜕𝜇(𝑓‾𝜈 + 𝐹‾𝜈) − 𝜕𝜈(𝑓‾𝜇 + 𝐹‾𝜇) = 0, 𝜕𝜇(𝑓𝜈 + 𝐹𝜈) − 𝜕𝜈(𝑓𝜇 + 𝐹𝜇) = 0  

𝑓𝜇 + 𝐹𝜇 = ±𝜕𝜇𝐶1, 𝑓‾𝜇 + 𝐹‾𝜇 = ±𝜕𝜇𝐶‾1  

1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈ℬ𝜎𝜌 + 𝜕

𝜇𝐵 = 0,
1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈𝐵𝜎𝜌 + 𝜕

𝜇𝐵1 = 0  

1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈ℬ𝜎𝜌 − 𝜕

𝜇𝐵 = 0,
1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈𝐵‾𝜎𝜌 − 𝜕

𝜇𝐵1 = 0  

1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈[ℬ𝜎𝜌 +ℬ𝜎𝜌] = 0,

1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈[𝐵𝜎𝜌 + 𝐵‾𝜎𝜌] = 0  

𝐵𝜇𝜈 + 𝐵‾𝜇𝜈 = ±(𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇), ℬ𝜇𝜈 + ℬ𝜇𝜈 = ±(𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇)  

𝐽(𝑏)
𝜇
⁡= 𝑠𝑏Φ𝑖

𝜕ℒ(𝐵)

𝜕(𝜕𝜇Φ𝑖)
+ 𝐵𝜕𝜇𝐶 +

1

2
[𝐵5𝜕

𝜇𝐶2 + (𝜕
𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇)𝐹‾𝜈]

⁡−
1

2
[(𝜕𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈)𝐵𝜈𝜎 + 𝐵

𝜇𝜈𝑓𝜈 + 𝐵2𝑓
𝜇 +𝐵4𝐹‾

𝜇]

 

𝐽(𝑏)
𝜇
=
1

2
[𝜀𝜇𝜈𝜎𝜌𝐵1(𝜕𝜈𝐶𝜎𝜌) + (𝜂

𝜇𝜈𝐵𝜎𝜌 + 𝜂𝜇𝜎𝐵𝜌𝜈 + 𝜂𝜇𝜌𝐵𝜈𝜎)(𝜕𝜈𝐶𝜎𝜌) + 𝐵
𝜇𝜈𝑓𝜈⁡

+𝜀𝜇𝜈𝜎𝜌(𝜕𝜈𝐶)ℬ𝜎𝜌 − 𝐵5𝜕
𝜇𝐶2 − (𝜕

𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇)𝜕𝜈𝐶2 − (𝜕
𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇)𝐹‾𝜈 ⁡

+𝐵2𝑓
𝜇 + 𝐵4𝐹‾

𝜇 − (𝜕𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)(𝜕𝜈𝛽𝜎 − 𝜕𝜎𝛽𝜈)] − 𝐵𝜕
𝜇𝐶

 

(𝜕𝜇𝐵𝜈𝜎 + 𝜕𝜈𝐵𝜎𝜇 + 𝜕𝜎𝐵𝜇𝜈) − 𝜀𝜇𝜈𝜎𝜌𝜕𝜌𝐵1 = 0, 𝜕𝜇𝐵
𝜇𝜈 + 𝜕𝜈𝐵2 = 0  

𝑄𝑏= ∫ ⁡𝑑
3𝑥 [

1

2
{𝜀0𝑖𝑗𝑘𝐵1(𝜕𝑖𝐶𝑗𝑘) + (𝜕

0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)𝐵𝑖𝑗 + 𝐵
0𝑖𝑓𝑖 ⁡

+𝜀0𝑖𝑗𝑘(𝜕𝑖𝐶)ℬ𝑗𝑘 − 𝐵5𝜕
0𝐶2 − (𝜕

0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝜕𝑖𝐶2 − (𝜕
0𝛽𝑖 − 𝜕𝑖𝛽0)𝐹‾𝑖⁡

+𝐵2𝑓
0 + 𝐵4𝐹‾

0 − (𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)(𝜕𝑖𝛽𝑗 − 𝜕𝑗𝛽𝑖)} − 𝐵𝜕
0𝐶]

 

𝑠𝑏Φ𝑖 = ±𝑖[Φ𝑖, 𝑄𝑏](±)  

𝑠𝑏𝑄𝑏 = +𝑖{𝑄𝑏 , 𝑄𝑏}≡ −
1

2
∫ ⁡ 𝑑3𝑥[(𝜕0𝐵𝑖𝑗 + 𝜕𝑖𝐵𝑗0 + 𝜕𝑗𝐵0𝑖)(𝜕𝑖𝛽𝑗 − 𝜕𝑗𝛽𝑖)⁡

+(𝜕0𝐹‾ 𝑖 − 𝜕𝑖𝐹‾0)𝜕𝑖𝐶2] ≠ 0

 

∫ ⁡ 𝑑3𝑥 [
1

2
𝜀0𝑖𝑗𝑘(𝜕𝑖𝐶)ℬ𝑗𝑘 − 𝐵𝜕

0𝐶]  
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1

2
∫ ⁡ 𝑑3𝑥 [−

1

2
𝜀0𝑖𝑗𝑘𝐶(𝜕𝑖ℬ𝑗𝑘) − 𝐵𝐶̇]  

1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈ℬ𝜎𝜌 + 𝜕

𝜇𝐵 = 0  

∫ ⁡ 𝑑3𝑥(𝐵̇𝐶 − 𝐵𝐶̇)  

1

2
∫ ⁡ 𝑑3𝑥𝜀0𝑖𝑗𝑘𝐵1(𝜕𝑖𝐶𝑗𝑘) ≡ −

1

2
∫ ⁡ 𝑑3𝑥𝜀0𝑖𝑗𝑘(𝜕𝑖𝐵1)𝐶𝑗𝑘  

𝜀𝜇𝜈𝜎𝜌𝜕𝜌𝐵1 = (𝜕
𝜇𝐵𝜈𝜎 + 𝜕𝜈𝐵𝜎𝜇 + 𝜕𝜎𝐵𝜇𝜈) ⟹ 𝜀𝑜𝑖𝑗𝑘𝜕𝑘𝐵1 = (𝜕

0𝐵𝑖𝑗 + 𝜕𝑖𝐵𝑗0 + 𝜕𝑗𝐵0𝑖)  

−
1

2
∫ ⁡ 𝑑3𝑥𝜀0𝑖𝑗𝑘(𝜕𝑖𝐵1)𝐶𝑗𝑘 = −

1

2
∫ ⁡ 𝑑3𝑥(𝜕0𝐵𝑖𝑗 + 𝜕𝑖𝐵𝑗0 + 𝜕𝑗𝐵0𝑖)𝐶𝑖𝑗  

−
1

2
∫ ⁡ 𝑑3𝑥(𝜕0𝐵𝑖𝑗 + 𝜕𝑖𝐵𝑗0 + 𝜕𝑗𝐵0𝑖)(𝜕𝑖𝛽𝑗 − 𝜕𝑗𝛽𝑖)  

+
1

2
∫ ⁡ 𝑑3𝑥(𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)(𝜕𝑖𝛽𝑗 − 𝜕𝑗𝛽𝑖)⁡

⁡−∫ ⁡ 𝑑3𝑥(𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)(𝜕𝑖𝛽𝑗 − 𝜕𝑗𝛽𝑖)

 

+
1

2
∫ ⁡ 𝑑3𝑥[(𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)(𝜕𝑖𝛽𝑗 − 𝜕𝑗𝛽𝑖) − (𝜕

0𝐵𝑖𝑗 + 𝜕𝑖𝐵𝑗0 + 𝜕𝑗𝐵0𝑖)𝐶𝑖𝑗]  

−2∫ ⁡ 𝑑3𝑥(𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)(𝜕𝑖𝛽𝑗)  

+2∫ ⁡ 𝑑3𝑥𝜕𝑖(𝜕
0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)𝛽𝑗 = ∫ ⁡ 𝑑

3𝑥(𝜕0𝐹‾𝑗 − 𝜕𝑗𝐹‾0)𝛽𝑗  

𝑠𝑏 [∫ ⁡ 𝑑
3𝑥(𝜕0𝐹‾𝑗 − 𝜕𝑗𝐹‾0)𝛽𝑗] = −∫ ⁡ 𝑑

3𝑥(𝜕0𝐹‾𝑗 − 𝜕𝑗𝐹‾0)𝜕𝑖𝐶2  

−
1

2
∫ ⁡ 𝑑3𝑥(𝜕0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝜕𝑖𝐶2 =+∫ ⁡ 𝑑

3𝑥(𝜕0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝜕𝑖𝐶2 ⁡

⁡−
3

2
∫ ⁡ 𝑑3𝑥(𝜕0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝜕𝑖𝐶2

 

+
3

2
∫ ⁡ 𝑑3𝑥𝜕𝑖(𝜕

0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝐶2 = +
3

2
∫ ⁡ 𝑑3𝑥𝐵̇5𝐶2  

𝑄𝐵= ∫ ⁡𝑑
3𝑥 [

1

2
{(𝜕0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)𝐵𝑖𝑗 − (𝜕

0𝐵𝑖𝑗 + 𝜕𝑖𝐵𝑗0 + 𝜕𝑗𝐵0𝑖)𝐶𝑖𝑗 + 𝐵
0𝑖𝑓𝑖⁡

+3𝐵̇5𝐶2 − 𝐵5𝐶̇2 − (𝜕
0𝛽𝑖 − 𝜕𝑖𝛽0)𝐹‾𝑖 + (𝜕

0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)(𝜕𝑖𝛽𝑗 − 𝜕𝑗𝛽𝑖) ⁡

+𝐵4𝐹‾
0 + 𝐵2𝑓

0} + (𝐵̇𝐶 − 𝐵𝐶̇) + (𝜕0𝐹‾ 𝑖 − 𝜕𝑖𝐹‾0)𝛽𝑖 + (𝜕
0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝜕𝑖𝐶2]
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Π(𝐴1)
𝜇

=
𝜕ℒ(𝐵)

𝜕(𝜕0𝐴𝜇)
=
1

2
𝜀0𝜇𝜈𝜎ℬ𝜈𝜎 − 𝜂

0𝜇𝐵 ⟹ Π(𝐴1)
0 = −𝐵, Π(𝐴1)

𝑖 =
1

2
𝜀0𝑖𝑗𝑘ℬ𝑗𝑘

Π(𝐴3)
𝜇𝜈𝜎

=
𝜕ℒ(𝐵)

𝜕(𝜕0𝐴𝜇𝜈𝜎)
=
1

3!
[𝜀0𝜇𝜈𝜎𝐵1 + (𝜂

0𝜇𝐵𝜈𝜎 + 𝜂0𝜈𝐵𝜎𝜇 + 𝜂0𝜎𝐵𝜇𝜈)] ⟹

Π(𝐴3)
0𝑖𝑗

=
1

3!
𝐵𝑖𝑗 , Π(𝐴3)

𝑖𝑗𝑘
=
1

3!
𝜀0𝑖𝑗𝑘𝐵1

 

1

3!
𝜀𝜇𝜈𝜎𝜌𝜕𝜌𝐵1=

1

3!
(𝜕𝜇𝐵𝜈𝜎 + 𝜕𝜈𝐵𝜎𝜇 + 𝜕𝜎𝐵𝜇𝜈) ⁡

⟹ 𝜕𝑘Π(𝐴3)
𝑘𝑖𝑗

=
1

3!
(𝜕0𝐵𝑖𝑗 + 𝜕𝑖𝐵𝑗0 + 𝜕𝑗𝐵0𝑖)⁡

1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈ℬ𝜎𝜌⁡= 𝜕

𝜇𝐵 ⟹ 𝜕𝑖Π(𝐴1)
𝑖 = 𝐵̇

 

𝐵‖phys⟩  = 0,⟹⁡(𝜕 ⋅ 𝐴)‖phys⟩ = 0⁡ ⟹⁡Π(𝐴1)
0 ‖phys⟩ = 0,

𝐵̇‖phys⟩ = 0,⟹⁡
1

2
𝜀0𝑖𝑗𝑘𝜕𝑖ℬ𝑗𝑘‖phys⟩ = 0⁡ ⟹⁡𝜕𝑖Π(𝐴1)

𝑖 ‖phys⟩ = 0,
 

1

2
𝐵𝑖𝑗 ⁡‖phys⟩ = 0,⟹ ⁡3Π(𝐴3)

0𝑖𝑗 ‖phys⟩ = 0 ⁡

1

2
(𝜕0𝐵𝑖𝑗 + (𝜕𝑖𝐵𝑗0 + (𝜕𝑗𝐵0𝑖)‖phys⟩ = 0,⟹

1

2
𝜀0𝑖𝑗𝑘𝜕𝑘𝐵1‖phys⟩⁡ = 0

⁡⟹ 3𝜕𝑘Π(𝐴3)
𝑘𝑖𝑗 ‖phys⟩ = 0

 

𝐽(𝑎𝑏)
𝜇

= 𝑠𝑎𝑏Φ𝑖
𝜕ℒ(𝐵‾)

𝜕(𝜕𝜇Φ𝑖)
+ 𝐵𝜕𝜇𝐶‾ −

1

2
[𝐵4𝜕

𝜇𝐶‾2 + 𝐵‾
𝜇𝜈𝑓‾𝜈 +𝐵2𝑓‾

𝜇] ⁡

⁡+
1

2
[(𝜕𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈)𝐵‾𝜈𝜎 + (𝜕

𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇)𝐹𝜈 +𝐵5𝐹
𝜇]

 

 

𝐽(𝑎𝑏)
𝜇

=
1

2
[𝜀𝜇𝜈𝜎𝜌𝐵1(𝜕𝜈𝐶‾𝜎𝜌) − (𝜕

𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)𝐵‾𝜈𝜎 + 𝐵‾
𝜇𝜈𝑓‾𝜈 ⁡

−𝜀𝜇𝜈𝜎𝜌(𝜕𝜈𝐶‾)ℬ𝜎𝜌 + 𝐵4𝜕
𝜇𝐶‾2 − (𝜕

𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇)𝜕𝜈𝐶‾2 − (𝜕
𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇)𝐹𝜈⁡

−𝐵5𝐹
𝜇 + 𝐵2𝑓‾

𝜇 + (𝜕𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈)(𝜕𝜈𝛽‾𝜎 − 𝜕𝜎𝛽‾𝜈)] − 𝐵𝜕
𝜇𝐶‾

 

(𝜕𝜇𝐵‾𝜈𝜎 + 𝜕𝜈𝐵‾𝜎𝜇 + 𝜕𝜎𝐵‾𝜇𝜈) + 𝜀𝜇𝜈𝜎𝜌𝜕𝜌𝐵1 = 0, 𝜕𝜇𝐵‾
𝜇𝜈 + 𝜕𝜈𝐵2 = 0  

𝑄𝑎𝑏= ∫ ⁡𝑑
3𝑥 [

1

2
{𝜀0𝑖𝑗𝑘𝐵1(𝜕𝑖𝐶‾𝑗𝑘) − (𝜕

0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)𝐵‾𝑖𝑗 + 𝐵‾
0𝑖𝑓‾𝑖 ⁡

−𝜀0𝑖𝑗𝑘(𝜕𝑖𝐶‾)ℬ𝑗𝑘 + 𝐵4𝜕
0𝐶‾2 − (𝜕

0𝛽𝑖 − 𝜕𝑖𝛽0)𝜕𝑖𝐶‾2 − (𝜕
0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝐹𝑖⁡

−𝐵5𝐹
0 + 𝐵2𝑓‾

0 + (𝜕0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)(𝜕𝑖𝛽‾𝑗 − 𝜕𝑗𝛽‾𝑖)} − 𝐵𝜕
0𝐶‾]

 

𝑠𝑎𝑏𝑄𝑎𝑏 = +𝑖{𝑄𝑎𝑏 , 𝑄𝑎𝑏}≡
1

2
∫ ⁡ 𝑑3𝑥[(𝜕0𝐵‾ 𝑖𝑗 + 𝜕𝑖𝐵‾ 𝑗0 + 𝜕𝑗𝐵‾0𝑖)(𝜕𝑖𝛽‾𝑗 − 𝜕𝑗𝛽‾𝑖)⁡

−(𝜕0𝐹𝑖 − 𝜕𝑖𝐹0)𝜕𝑖𝐶‾2] ≠ 0

 

∫ ⁡ 𝑑3𝑥 [−
1

2
𝜀0𝑖𝑗𝑘(𝜕𝑖𝐶‾)ℬ𝑗𝑘 −𝐵𝜕

0𝐶‾]  
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∫ ⁡ 𝑑3𝑥 [+
1

2
𝜀0𝑖𝑗𝑘𝐶‾(𝜕𝑖ℬ𝑗𝑘) − 𝐵𝜕

0𝐶‾] ≡ ∫ ⁡ 𝑑3𝑥(𝐵̇𝐶‾ − 𝐵𝐶‾̇)  

1

2
∫ ⁡ 𝑑3𝑥 [𝜀0𝑖𝑗𝑘𝐵1(𝜕𝑖𝐶‾𝑗𝑘) = −

1

2
∫ ⁡ 𝑑3𝑥[𝜀0𝑖𝑗𝑘(𝜕𝑖𝐵1)𝐶‾𝑗𝑘  

−
1

2
∫ ⁡ 𝑑3𝑥 [𝜀0𝑖𝑗𝑘(𝜕𝑖𝐵1)𝐶‾𝑗𝑘 = +

1

2
∫ ⁡ 𝑑3𝑥(𝜕0𝐵‾ 𝑖𝑗 + 𝜕𝑖𝐵‾ 𝑗0 + 𝜕𝑗𝐵‾0𝑖)𝐶‾𝑖𝑗  

1

2
∫ ⁡ 𝑑3𝑥(𝜕0𝐵‾ 𝑖𝑗 + 𝜕𝑖𝐵‾ 𝑗0 + 𝜕𝑗𝐵‾0𝑖)(𝜕𝑖𝛽‾𝑗 − 𝜕𝑗𝛽‾𝑖)  

−
1

2
∫ ⁡ 𝑑3𝑥(𝜕0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)(𝜕𝑖𝛽‾𝑗 − 𝜕𝑗𝛽‾𝑖)⁡

⁡+∫ ⁡ 𝑑3𝑥(𝜕0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)(𝜕𝑖𝛽‾𝑗 − 𝜕𝑗𝛽‾𝑖)

 

+2∫ ⁡ 𝑑3𝑥(𝜕0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)(𝜕𝑖𝛽‾𝑗) = −2∫ ⁡ 𝑑
3𝑥𝜕𝑖(𝜕

0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)𝛽‾𝑗  

+∫ ⁡ 𝑑3𝑥(𝜕0𝐹𝑖 − 𝜕𝑖𝐹0)𝛽‾𝑖  

−∫ ⁡𝑑3𝑥(𝜕0𝐹𝑖 − 𝜕𝑖𝐹0)𝜕𝑖𝐶‾2  

+∫ ⁡ 𝑑3𝑥(𝜕0𝛽𝑖 − 𝜕𝑖𝛽0)𝜕𝑖𝐶‾2 −
3

2
∫ ⁡ 𝑑3𝑥(𝜕0𝛽𝑖 − 𝜕𝑖𝛽0)𝜕𝑖𝐶‾2  

+
3

2
∫ ⁡ 𝑑3𝑥𝜕𝑖(𝜕

0𝛽𝑖 − 𝜕𝑖𝛽0)𝐶‾2 = −
3

2
∫ ⁡ 𝑑3𝑥(𝐵̇4𝐶‾2)  

𝑄𝐴𝐵= ∫ ⁡𝑑
3𝑥 [

1

2
{𝐵4𝐶‾̇2 − 3𝐵̇4𝐶‾2 − (𝜕

0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)𝐵‾𝑖𝑗 − (𝜕
0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝐹𝑖 ⁡

+(𝜕0𝐵‾ 𝑖𝑗 + 𝜕𝑖𝐵‾ 𝑗0 + 𝜕𝑗𝐵‾0𝑖)𝐶‾𝑖𝑗 − (𝜕
0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)(𝜕𝑖𝛽‾𝑗 − 𝜕𝑗𝛽‾𝑖) − 𝐵2𝑓‾

0⁡

+𝐵‾0𝑖𝑓‾𝑖 − 𝐵5𝐹
0} + (𝐵̇𝐶‾ − 𝐵𝐶‾̇) + (𝜕0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝜕𝑖𝐶‾2 + (𝜕

0𝐹𝑖 − 𝜕𝑖𝐹0)𝛽‾𝑖].

 

Π(𝐴3)
𝜇𝜈𝜎

=
𝜕ℒ(𝐵‾)

𝜕(𝜕0𝐴𝜇𝜈𝜎)
=
1

3!
[𝜀0𝜇𝜈𝜎𝐵1 − (𝜂

0𝜇𝐵‾𝜈𝜎 + 𝜂0𝜈𝐵‾𝜎𝜇 + 𝜂0𝜎𝐵‾𝜇𝜈)] ⟹

Π(𝐴3)
0𝑖𝑗

= −
1

3!
𝐵‾𝑖𝑗 , Π(𝐴3)

𝑖𝑗𝑘
=
1

3!
𝜀0𝑖𝑗𝑘𝐵1

Π(𝐴1)
𝜇

=
𝜕ℒ(𝐵‾)

𝜕(𝜕0𝐴𝜇)
= −

1

2
𝜀0𝜇𝜈𝜎ℬ𝜈𝜎 − 𝜂

0𝜇𝐵 ⟹ Π(𝐴1)
0 = −𝐵,Π(𝐴1)

𝑖 = −
1

2
𝜀0𝑖𝑗𝑘ℬ𝑗𝑘

 

1

3!
𝜀𝜇𝜈𝜎𝜌𝜕𝜌𝐵1= −

1

3!
(𝜕𝜇𝐵‾𝜈𝜎 + 𝜕𝜈𝐵‾𝜎𝜇 + 𝜕𝜎𝐵‾𝜇𝜈) ⁡

⟹ 𝜕𝑘Π(𝐴3)
𝑘𝑖𝑗

= −
1

3!
(𝜕0𝐵‾ 𝑖𝑗 + 𝜕𝑖𝐵‾ 𝑗0 + 𝜕𝑗𝐵‾0𝑖)⁡

1

2
𝜀𝜇𝜈𝜎𝜌𝜕𝜈ℬ𝜎𝜌⁡= −𝜕

𝜇𝐵 ⟹ 𝜕𝑖Π(𝐴1)
𝑖 = +𝐵̇
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𝐵‖phys⟩ = 0 ⟹ Π(𝐴1)
0 ‖phys⟩ = 0, 𝐵̇‖phys⟩ = 0 ⟹ 𝜕𝑖Π(𝐴1)

𝑖 ‖phys⟩ = 0 

1

2
(𝜕0𝐵‾ 𝑖𝑗 + 𝜕𝑖𝐵‾ 𝑗0 + 𝜕𝑗𝐵‾0𝑖)‖phys⟩ = 0⁡ ⟹⁡−3𝜕𝑘Π(𝐴3)

𝑘𝑖𝑗 ‖phys⟩ = 0

−
1

2
𝐵‾𝑖𝑗‖phys⟩ = 0⁡ ⟹ ⁡3Π(𝐴3)

0𝑖𝑗 ‖phys⟩ = 0

 

Π(𝜙)
𝜇
=

𝜕ℒ(𝐵‾)

𝜕(𝜕0𝜙𝜇)
= −

1

2
𝐵‾0𝜇 +

1

2
𝜂0𝜇𝐵2⟹ Π(𝜙)

0 = +
1

2
𝐵2, Π(𝜙)

𝑖 = −
1

2
𝐵‾0𝑖  

ℒ(0)
(𝐷)
=
1

48
𝐻𝜇𝜈𝜎𝜌𝐻𝜇𝜈𝜎𝜌 −

1

4
𝐹𝜇𝜈𝐹𝜇𝜈 ,  

Π(𝐴3)
𝜇𝜈𝜎

=
𝜕ℒ(0)

(𝐷)

𝜕(𝜕0𝐴𝜇𝜈𝜎)
≡
1

3!
𝐻0𝜇𝜈𝜎 ⁡⟹ ⁡Π(𝐴3)

0𝑖𝑗
=
1

3!
𝐻00𝑖𝑗 ≈ 0

Π(𝐴1)
𝜇

=
𝜕ℒ(0)

(𝐷)

𝜕(𝜕0𝐴𝜇)
≡ −𝐹0𝜇 ⁡⟹ ⁡Π(𝐴1)

0 = −𝐹00 ≈ 0

 

𝜕𝜇𝐻
𝜇𝜈𝜎𝜌 = 0⟹⁡𝜕0𝐻

00𝑗𝑘 + 𝜕𝑖𝐻
𝑖0𝑗𝑘 = 0⁡

𝜕𝜇𝐹
𝜇𝜈 = 0⁡⟹⁡𝜕0𝐹

00 + 𝜕𝑖𝐹
𝑖0 = 0

 

𝜕Π(𝐴3)
0𝑗𝑘

𝜕𝑡
=
1

3!
𝜕𝑖𝐻

0𝑖𝑗𝑘 ≈ 0⁡ ⟹⁡
𝜕Π(𝐴3)

0𝑗𝑘

𝜕𝑡
≡ 𝜕𝑖Π(𝐴3)

𝑖𝑗𝑘
≈ 0

𝜕Π(𝐴1)
0

𝜕𝑡
= 𝜕𝑖𝐹

𝑖0 ≈ 0⁡ ⟹⁡
𝜕Π(𝐴1)

0

𝜕𝑡
≡ 𝜕𝑖Π(𝐴1)

𝑖 ≈ 0

 

 

ℒ(0)
(𝐷=4)

= −
1

2
(−

1

3!
𝜀𝜇𝜈𝜎𝜌𝜕𝜇𝐴𝜈𝜎𝜌)

2

+
1

4
(𝜀𝜇𝜈𝜎𝜌𝜕𝜎𝐴𝜌)

2
 

Π(𝐴3)
𝜇𝜈𝜎

=
𝜕ℒ(0)

(𝐷=4)

𝜕(𝜕0𝐴𝜇𝜈𝜎)
≡
1

3!
𝜀0𝜇𝜈𝜎(𝐻0123)⟹⁡Π(𝐴3)

0𝑖𝑗
=
1

3!
𝜀00𝑖𝑗(𝐻0123) ≈ 0⁡

Π(𝐴1)
𝜇

=
𝜕ℒ(0)

(𝐷=4)

𝜕(𝜕0𝐴𝜇)
≡ −𝐹0𝜇⁡⁡⟹ ⁡Π(𝐴1)

0 = −𝐹00 ≈ 0

 

Π(𝐴1)
𝜇

=
𝜕ℒ(0)

(𝐷=4)

𝜕(𝜕0𝐴𝜇)
=
1

2
𝜀𝛼𝛽0𝜇𝜀𝛼𝛽𝜎𝜌𝜕

𝜎𝐴𝜌 ≡ −𝐹0𝜇  

Π(𝐴3)
𝑖𝑗𝑘

=
1

3!
𝜀0𝑖𝑗𝑘(𝐻0123), Π(𝐴1)

𝑖 = −𝐹0𝑖 ≡ 𝐹𝑖0  

𝐵𝜇𝜈 + 𝐵‾𝜇𝜈 = 𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇 , 𝑓𝜇 + 𝐹𝜇 = 𝜕𝜇𝐶1

ℬ𝜇𝜈 +ℬ𝜇𝜈 = 𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇 , 𝑓‾𝜇 + 𝐹‾𝜇 = 𝜕𝜇𝐶‾1
 

ℒ(𝐹𝑃) −ℒ(𝑓𝑝) = (𝜕𝜇𝐶‾
𝜇𝜈)(𝑓𝜈 + 𝐹𝜈) − (𝜕𝜇𝐶

𝜇𝜈)(𝑓‾𝜈 + 𝐹‾𝜈) + 2𝑓‾
𝜇𝐹𝜇

⁡+(𝜕𝜇𝐶‾1)(𝑓𝜇 − 𝐹𝜇) + (𝜕
𝜇𝐶1)(𝑓‾𝜇 − 𝐹‾𝜇) − 2𝐹‾

𝜇𝑓𝜇
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(𝜕𝜇𝐶‾
𝜇𝜈)(𝑓𝜈 + 𝐹𝜈 − 𝜕𝜈𝐶1) + 𝜕𝜇[𝐶‾

𝜇𝜈(𝜕𝜈𝐶1)]

−(𝜕𝜇𝐶
𝜇𝜈)(𝑓‾𝜈 + 𝐹‾𝜈 − 𝜕𝜈𝐶‾1) − 𝜕𝜇[𝐶

𝜇𝜈(𝜕𝜈𝐶‾1)],
 

(2𝑓𝜇 − 𝜕𝜇𝐶1)[𝑓‾𝜇 + 𝐹‾𝜇 − 𝜕𝜇𝐶‾1] + (2𝑓‾
𝜇 − 𝜕𝜇𝐶‾1)[𝑓𝜇 + 𝐹𝜇 − 𝜕𝜇𝐶1]  

ℒ(𝐹𝑃)−ℒ(𝑓𝑝) = (𝜕𝜇𝐶‾
𝜇𝜈 + 2𝑓‾𝜈 − 𝜕𝜈𝐶‾1)[𝑓‾𝜈 + 𝐹‾𝜈 − 𝜕𝜈𝐶‾1]⁡

⁡−(𝜕𝜇𝐶
𝜇𝜈 − 2𝑓𝜈 + 𝜕𝜈𝐶1)[𝑓‾𝜈 + 𝐹‾𝜈 − 𝜕𝜈𝐶‾1]

 

ℒ(𝑁𝐺) − ℒ(𝑛𝑔) =
1

4
[(𝐵‾𝜇𝜈)

2
− (𝐵𝜇𝜈)

2
] +

1

2
(𝜕𝜎𝐴

𝜎𝜇𝜈)(𝐵‾𝜇𝜈 + 𝐵𝜇𝜈) +
1

4
(𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇)[𝐵𝜇𝜈 − 𝐵‾𝜇𝜈]

⁡+
1

4
[(ℬ𝜇𝜈)

2
− (ℬ𝜇𝜈)

2
] +

1

2
(𝜀𝜇𝜈𝜎𝜌𝜕𝜎𝐴𝜌)[ℬ𝜇𝜈 − ℬ𝜇𝜈] +

1

4
(𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇)[ℬ𝜇𝜈 − ℬ𝜇𝜈].

 

ℒ(𝑁𝐺) − ℒ(𝑛𝑔) = 𝜕𝜇[(𝜕𝜎𝐴
𝜎𝜇𝜈)𝜙𝜈 + 𝜀

𝜇𝜈𝜎𝜌(𝜕𝜎𝐴𝜌)𝜙̃𝜈]

+
1

2
[𝜕𝜎𝐴

𝜎𝜇𝜈 +
1

2
(𝐵‾𝜇𝜈 −𝐵𝜇𝜈)] [𝐵𝜇𝜈 + 𝐵‾𝜇𝜈 − (𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇)]

+
1

2
[𝜀𝜇𝜈𝜎𝜌𝜕𝜎𝐴𝜌 +

1

2
(ℬ

𝜇𝜈
− ℬ𝜇𝜈)] [ℬ𝜇𝜈 + ℬ𝜇𝜈 − (𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇)].

 

𝑠𝑎𝑏ℒ(𝐵) =
1

2
𝜕𝜇[𝐵2𝑓‾

𝜇 + (𝜕𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)𝐵𝜈𝜎 + (𝜕
𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇)𝑓𝜈 

−𝐵‾𝜇𝜈𝐹‾𝜈 − 𝐶
𝜇𝜈𝜕𝜈𝐵5 + 𝐶‾

𝜇𝜈𝜕𝜈𝐵2 − 𝐹
𝜇𝐵5 − 𝐵4𝜕

𝜇𝐶‾2] + 𝜕𝜇[(𝜕𝜎𝐴
𝜎𝜇𝜈)𝑓‾𝜈 − 𝐵𝜕

𝜇𝐶‾]

+
1

2
[𝐵‾𝜇𝜈𝜕𝜇[𝑓‾𝜈 + 𝐹‾𝜈 − 𝜕𝜈𝐶‾1] + (𝑓

𝜇 + 𝐹𝜇 − 𝜕𝜇𝐶1)𝜕𝜇𝐵5 − (𝑓‾
𝜇 + 𝐹‾𝜇 − 𝜕𝜇𝐶‾1)𝜕𝜇𝐵2]

−
1

2
[(𝜕𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇)𝜕𝜇[𝑓𝜈 + 𝐹𝜈 − 𝜕𝜈𝐶1] + {𝐵

𝜇𝜈 + 𝐵‾𝜇𝜈 − (𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇)}𝜕𝜇𝑓‾𝜈]

−
1

2
(𝜕𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)𝜕𝜇[𝐵𝜈𝜎 + 𝐵‾𝜈𝜎 − (𝜕𝜈𝜙𝜎 − 𝜕𝜎𝜙𝜈)].

 

𝑠𝑏ℒ(𝐵‾) =
1

2
𝜕𝜇[𝐵2𝑓

𝜇 − (𝜕𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈)𝐵‾𝜈𝜎 + (𝜕
𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇)𝑓‾𝜈

−𝐵𝜇𝜈𝐹𝜈 − 𝐶‾
𝜇𝜈𝜕𝜈𝐵4 − 𝐶

𝜇𝜈𝜕𝜈𝐵2 + 𝐹‾
𝜇𝐵4 −𝐵5𝜕

𝜇𝐶2] − 𝜕𝜇[(𝜕𝜎𝐴
𝜎𝜇𝜈)𝑓𝜈 + 𝐵𝜕

𝜇𝐶]

+
1

2
[𝐵𝜇𝜈𝜕𝜇[𝑓𝜈 + 𝐹𝜈 − 𝜕𝜈𝐶1] − (𝑓

𝜇 + 𝐹𝜇 − 𝜕𝜇𝐶1)𝜕𝜇𝐵2 − (𝑓‾
𝜇 + 𝐹‾𝜇 − 𝜕𝜇𝐶‾1)𝜕𝜇𝐵4]

−
1

2
[(𝜕𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇)𝜕𝜇[𝑓‾𝜈 + 𝐹‾𝜈 − 𝜕𝜈𝐶‾1] + {𝐵

𝜇𝜈 + 𝐵‾𝜇𝜈 − (𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇)}𝜕𝜇𝑓𝜈]

+
1

2
(𝜕𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈)𝜕𝜇[𝐵𝜈𝜎 + 𝐵‾𝜈𝜎 − (𝜕𝜈𝜙𝜎 − 𝜕𝜎𝜙𝜈)]

 

𝑓𝜇 =
1

2
(𝜕𝜈𝐶𝜈𝜇 + 𝜕𝜇𝐶1), 𝐹‾𝜇 =

1

2
(𝜕𝜈𝐶‾𝜈𝜇 + 𝜕𝜇𝐶‾1),

𝑓‾𝜇 = −
1

2
(𝜕𝜈𝐶‾𝜈𝜇 − 𝜕𝜇𝐶‾1), 𝐹𝜇 = −

1

2
(𝜕𝜈𝐶𝜈𝜇 − 𝜕𝜇𝐶1).

 

𝑓𝜇 + 𝐹𝜇 = 𝜕𝜇𝐶1, 𝑓‾𝜇 + 𝐹‾𝜇 = 𝜕𝜇𝐶‾1  

𝐵𝜇𝜈 = 𝜕
𝜎𝐴𝜎𝜇𝜈 +

1

2
(𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇), ℬ𝜇𝜈 = 𝜀𝜇𝜈𝜎𝜌𝜕

𝜎𝐴𝜌 +
1

2
(𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇),

𝐵‾𝜇𝜈 = −𝜕
𝜎𝐴𝜎𝜇𝜈 +

1

2
(𝜕𝜇𝜙𝜈 − 𝜕𝜈𝜙𝜇), ℬ𝜇𝜈 = −𝜀𝜇𝜈𝜎𝜌𝜕

𝜎𝐴𝜌 +
1

2
(𝜕𝜇𝜙̃𝜈 − 𝜕𝜈𝜙̃𝜇),
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𝐶𝜇𝜈⁡→ 𝑒+Σ𝐶𝜇𝜈 , 𝐶‾𝜇𝜈 → 𝑒−Σ𝐶‾𝜇𝜈 , 𝛽𝜇 → 𝑒+2Σ𝛽𝜇 , 𝛽‾𝜇 → 𝑒−2Σ𝛽‾𝜇

𝑓𝜇⁡→ 𝑒+Σ𝑓𝜇 , 𝑓‾𝜇 → 𝑒−Σ𝑓‾𝜇, 𝐹𝜇 → 𝑒+Σ𝐹𝜇 , 𝐹‾𝜇 → 𝑒−Σ𝐹‾𝜇
 

𝐶2 → 𝑒+3Σ𝐶2, 𝐶‾2 → 𝑒−3Σ𝐶‾2, 𝐶 → 𝑒+Σ𝐶, 𝐶‾ → 𝑒−Σ𝐶‾

𝐶1 → 𝑒+Σ𝐶1, 𝐶‾1 → 𝑒−Σ𝐶‾1, 𝐵4 → 𝑒+2Σ𝐵4, 𝐵5 → 𝑒−2Σ𝐵5

Φ → 𝑒0Φ⁡(Φ = 𝐴𝜇𝜈𝜎 , 𝐵𝜇𝜈 , ℬ𝜇𝜈 , 𝐵‾𝜇𝜈 , ℬ𝜇𝜈 , 𝐴𝜇 , 𝐵, 𝐵1, 𝐵2, 𝐵3, 𝜙𝜇 , 𝜙̃𝜇),

 

 

𝑠𝑔𝐶𝜇𝜈 = +𝐶𝜇𝜈, 𝑠𝑔𝐶‾𝜇𝜈 = −𝐶‾𝜇𝜈, 𝑠𝑔𝛽𝜇 = +2𝛽𝜇 , 𝑠𝑔𝛽‾𝜇 = −2𝛽‾𝜇

𝑠𝑔𝑓𝜇 = +𝑓𝜇 , 𝑠𝑔𝑓‾𝜇 = −𝑓‾𝜇 , 𝑠𝑔𝐹𝜇 = +𝐹𝜇 , 𝑠𝑔𝐹‾𝜇 = −𝐹‾𝜇

𝑠𝑔𝐶2 = +3𝐶2, 𝑠𝑔𝐶‾2 = −3𝐶‾2, 𝑠𝑔𝐶 = +𝐶, 𝑠𝑔𝐶‾ = −𝐶‾

𝑠𝑔𝐶1 = +𝐶1, 𝑠𝑔𝐶‾1 = −𝐶‾1, 𝑠𝑔𝐵4 = +2𝐵4, 𝑠𝑔𝐵5 = −2𝐵5, 𝑠𝑔Φ = 0,

 

 

𝐽(𝑔)
𝜇
=
1

2
[(𝜕𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈)𝐶‾𝜈𝜎 + (𝜕

𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)𝐶𝜈𝜎

−2(𝜕𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇)𝛽𝜈 + 2(𝜕
𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇)𝛽‾𝜈 − 𝐶

𝜇𝜈𝐹‾𝜈 − 𝐶‾
𝜇𝜈𝑓𝜈 − 𝐶1𝐹‾

𝜇

−𝐶‾1𝑓
𝜇 + 3𝐶2𝜕

𝜇𝐶‾2 + 3𝐶‾2𝜕
𝜇𝐶2 − 2𝛽

𝜇𝐵5 − 2𝛽‾
𝜇𝐵4] + 𝐶𝜕

𝜇𝐶‾ + 𝐶‾𝜕𝜇𝐶

 

 

𝐽(𝑔‾)
𝜇
=
1

2
[(𝜕𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈)𝐶‾𝜈𝜎 + (𝜕

𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈)𝐶𝜈𝜎

−2(𝜕𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇)𝛽𝜈 + 2(𝜕
𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇)𝛽‾𝜈 + 𝐶

𝜇𝜈𝑓‾𝜈 + 𝐶‾
𝜇𝜈𝐹𝜈 − 𝐶1𝑓‾

𝜇

−𝐶‾1𝐹
𝜇 + 3𝐶2𝜕

𝜇𝐶‾2 + 3𝐶‾2𝜕
𝜇𝐶2 − 2𝛽

𝜇𝐵5 − 2𝛽‾
𝜇𝐵4] + 𝐶𝜕

𝜇𝐶‾ + 𝐶‾𝜕𝜇𝐶

 

 

◻ 𝐶 = 0,◻ 𝐶‾ = 0,◻ 𝐶2 = 0,◻ 𝐶‾2 = 0, (𝜕 ⋅ 𝐹‾) = 0, (𝜕 ⋅ 𝑓) = 0

𝐵4 = −(𝜕 ⋅ 𝛽), 𝐵5 = (𝜕 ⋅ 𝛽‾), 𝑓𝜇 =
1

2
(𝜕𝜈𝐶𝜈𝜇 + 𝜕𝜇𝐶1), 𝐹‾𝜇 =

1

2
(𝜕𝜈𝐶‾𝜈𝜇 + 𝜕𝜇𝐶‾1)

𝜕𝜇(𝜕
𝜇𝛽𝜈 − 𝜕𝜈𝛽𝜇) − 𝜕𝜈𝐵4 = 0, 𝜕𝜇(𝜕

𝜇𝛽‾𝜈 − 𝜕𝜈𝛽‾𝜇) + 𝜕𝜈𝐵5 = 0

𝜕𝜇(𝜕
𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈) +

1

2
(𝜕𝜈𝐹‾𝜎 − 𝜕𝜎𝐹‾𝜈) = 0

𝜕𝜇(𝜕
𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈) +

1

2
(𝜕𝜈𝑓𝜎 − 𝜕𝜎𝑓𝜈) = 0.

 

𝐹𝜇 = −
1

2
(𝜕𝜈𝐶𝜈𝜇 − 𝜕𝜇𝐶1), 𝑓‾𝜇 = −

1

2
(𝜕𝜈𝐶‾𝜈𝜇 − 𝜕𝜇𝐶‾1), (𝜕 ⋅ 𝐹) = 0, (𝜕 ⋅ 𝑓‾) = 0

𝜕𝜇(𝜕
𝜇𝐶‾𝜈𝜎 + 𝜕𝜈𝐶‾𝜎𝜇 + 𝜕𝜎𝐶‾𝜇𝜈) −

1

2
(𝜕𝜈𝑓‾𝜎 − 𝜕𝜎𝑓‾𝜈) = 0

𝜕𝜇(𝜕
𝜇𝐶𝜈𝜎 + 𝜕𝜈𝐶𝜎𝜇 + 𝜕𝜎𝐶𝜇𝜈) −

1

2
(𝜕𝜈𝐹𝜎 − 𝜕𝜎𝐹𝜈) = 0
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𝑄(𝑔) = ∫ ⁡ 𝑑
3𝑥 {

1

2
[(𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)𝐶𝑖𝑗 + (𝜕

0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)𝐶‾𝑖𝑗

−2(𝜕0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝛽𝑖 + 2(𝜕
0𝛽𝑖 − 𝜕𝑖𝛽0)𝛽‾𝑖 −

1

2
𝐶0𝑖𝐹‾𝑖 +

1

2
𝐶𝑖0𝐹‾𝑖 −

1

2
𝐶‾0𝑖𝑓𝑖 +

1

2
𝐶‾𝑖0𝑓𝑖

−𝐶1𝐹‾
0 − 𝐶‾1𝑓

0 + 3𝐶2𝐶‾̇2 + 3𝐶‾2𝐶̇2 − 2𝛽
0𝐵5 − 2𝛽‾

0𝐵4] + 𝐶𝐶‾̇ + 𝐶‾𝐶̇}

𝑄(𝑔‾) = ∫ ⁡ 𝑑
3𝑥 {

1

2
[(𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾0𝑖)𝐶𝑖𝑗 + (𝜕

0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶0𝑖)𝐶‾𝑖𝑗

−2(𝜕0𝛽‾𝑖 − 𝜕𝑖𝛽‾0)𝛽𝑖 + 2(𝜕
0𝛽𝑖 − 𝜕𝑖𝛽0)𝛽‾𝑖 +

1

2
𝐶0𝑖𝑓‾𝑖 −

1

2
𝐶𝑖𝑜𝑓‾𝑖 +

1

2
𝐶‾0𝑖𝐹𝑖 −

1

2
𝐶‾𝑖0𝐹𝑖

−𝐶1𝑓‾
0 − 𝐶‾1𝐹

0 + 3𝐶2𝐶‾̇2 + 3𝐶‾2𝐶̇2 − 2𝛽
0𝐵5 − 2𝛽‾

0𝐵4] + 𝐶𝐶‾̇ + 𝐶‾𝐶̇}

 

Π(𝛽)
𝜇
=
𝜕ℒ(𝐹𝑃,𝑓𝑝)

𝜕(𝜕0𝛽𝜇)
= −

1

2
(𝜕0𝛽‾𝜇 − 𝜕𝜇𝛽‾0) −

1

2
(𝜂0𝜇𝐵5) ⟹

Π(𝛽)
0 = −

1

2
𝐵5, Π(𝛽)

𝑖 = −
1

2
(𝜕0𝛽‾𝜇 − 𝜕𝜇𝛽‾0), Π(𝐶) =

𝜕ℒ(𝐹𝑃,𝑓𝑝)

𝜕(𝜕0𝐶)
= 𝐶̅˙,

Π
(𝛽‾ )

𝜇
=
𝜕ℒ(𝐹𝑃,𝑓𝑝)

𝜕(𝜕0𝛽‾𝜇)
= −

1

2
(𝜕0𝛽𝜇 − 𝜕𝜇𝛽0) +

1

2
(𝜂0𝜇𝐵4) ⟹

Π(𝛽‾ )
0 = +

1

2
𝐵4, Π(𝛽‾ )

𝑖 = −
1

2
(𝜕0𝛽‾𝜇 − 𝜕𝜇𝛽‾0), Π(𝐶‾) =

𝜕ℒ(𝐹𝑃,𝑓𝑝)

𝜕(𝜕0𝐶‾)
= −𝐶̇,

Π(𝐶‾2) =
𝜕ℒ(𝐹𝑃,𝑓𝑝)

𝜕(𝜕0𝐶‾2)
= −

1

2
𝐶̇2, Π(𝐶2) =

𝜕ℒ(𝐹𝑃,𝑓𝑝)

𝜕(𝜕0𝐶2)
=
1

2
𝐶‾̇2,

 

Π(𝐶)
𝜇𝜈
(𝐹𝑃) =

𝜕ℒ(𝐹𝑃)

𝜕(𝜕0𝐶𝜇𝜈)
= −

1

2
[(𝜕0𝐶‾𝜇𝜈 + 𝜕𝜇𝐶‾𝜈0 + 𝜕𝜈𝐶‾0𝜇) +

1

2
(𝜂0𝜇𝐹‾𝜈 − 𝜂0𝜈𝐹‾𝜇)] ⟹

Π(𝐶)
𝑖𝑗
(𝐹𝑃) = −

1

2
(𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾𝑖0), Π(𝐶)

0𝑖 (𝐹𝑃) =
1

4
𝐹‾𝑖 , Π(𝐶)

𝑖𝑜 (𝐹𝑃) = −
1

4
𝐹‾𝑖

Π(𝐶‾)
𝜇𝜈
(𝐹𝑃) =

𝜕ℒ(𝐹𝑃)

𝜕(𝜕0𝐶‾𝜇𝜈)
=
1

2
[(𝜕0𝐶𝜇𝜈 + 𝜕𝜇𝐶𝜈0 + 𝜕𝜈𝐶0𝜇) +

1

2
(𝜂0𝜇𝑓𝜈 − 𝜂0𝜈𝑓𝜇)] ⟹

Π(𝐶‾)
𝑖𝑗
(𝐹𝑃) =

1

2
(𝜕0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶𝑖0), Π(𝐶‾)

0𝑖 (𝐹𝑃) = −
1

4
𝑓𝑖, Π(𝐶‾)

𝑖𝑜 (𝐹𝑃) =
1

4
𝑓𝑖

Π(𝐶‾1)(𝐹𝑃) =
𝜕ℒ(𝐹𝑃)

𝜕(𝜕0𝐶‾1)
= +

1

2
𝑓0, Π(𝐶1)(𝐹𝑃) =

𝜕ℒ(𝐹𝑃)

𝜕(𝜕0𝐶1)
= −

1

2
𝐹‾0,

 

Π(𝐶)
𝜇𝜈
(𝑓𝑝)⁡=

𝜕ℒ(𝑓𝑝)

𝜕(𝜕0𝐶𝜇𝜈)
= −

1

2
[(𝜕0𝐶‾𝜇𝜈 + 𝜕𝜇𝐶‾𝜈0 + 𝜕𝜈𝐶‾0𝜇) −

1

2
(𝜂0𝜇𝑓‾𝜈 − 𝜂0𝜈𝑓‾𝜇)] ⟹

Π(𝐶)
𝑖𝑗
(𝑓𝑝)⁡= −

1

2
(𝜕0𝐶‾𝑖𝑗 + 𝜕𝑖𝐶‾𝑗0 + 𝜕𝑗𝐶‾𝑖0), Π(𝐶)

0𝑖 (𝑓𝑝) = −
1

4
𝑓‾𝑖, Π(𝐶)

𝑖𝑜 (𝑓𝑝) = +
1

4
𝑓‾𝑖

Π(𝐶‾)
𝜇𝜈
(𝑓𝑝)⁡=

𝜕ℒ(𝑓𝑝)

𝜕(𝜕0𝐶‾𝜇𝜈)
=
1

2
[(𝜕0𝐶𝜇𝜈 + 𝜕𝜇𝐶𝜈0 + 𝜕𝜈𝐶0𝜇) −

1

2
(𝜂0𝜇𝐹𝜈 − 𝜂0𝜈𝐹𝜇)] ⟹

Π(𝐶‾)
𝑖𝑗
(𝑓𝑝)⁡=

1

2
(𝜕0𝐶𝑖𝑗 + 𝜕𝑖𝐶𝑗0 + 𝜕𝑗𝐶𝑖0), Π(𝐶‾)

0𝑖 (𝑓𝑝) = +
1

4
𝐹𝑖, Π(𝐶‾)

𝑖𝑜 (𝑓𝑝) = −
1

4
𝐹𝑖

 

Π(𝐶‾1)(𝑓𝑝) =
𝜕ℒ(𝑓𝑝)

𝜕(𝜕0𝐶‾1)
=
1

2
𝐹0, Π(𝐶1)(𝑓𝑝) =

𝜕ℒ(𝐹𝑃)

𝜕(𝜕0𝐶1)
= −

1

2
𝑓‾0  
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𝑄(𝑔) = ∫ ⁡ 𝑑
3𝑥 {− [Π(𝐶)

𝑖𝑗
(𝐹𝑃)] 𝐶𝑖𝑗 + [Π(𝐶‾)

𝑖𝑗
(𝐹𝑃)] 𝐶‾𝑖𝑗 + 2[Π(𝛽)

𝑖 ]𝛽𝑖 − 2 [Π(𝛽‾ )
𝑖 ] 𝛽‾𝑖

+[Π(𝐶)
0𝑖 (𝐹𝑃)]𝐶0𝑖 + [Π(𝐶)

𝑖0 (𝐹𝑃)]𝐶𝑖0 + [Π(𝐶‾)
0𝑖 (𝐹𝑃)]𝐶‾0𝑖 − [Π(𝐶‾)

𝑖0 (𝐹𝑃)]𝐶‾𝑖0 ⁡

−[Π(𝐶1)(𝐹𝑃)]𝐶1 + [Π(𝐶‾1)(𝐹𝑃)]𝐶
‾
1 − 3[Π(𝐶2)]𝐶2 + 3[Π(𝐶‾2)]𝐶

‾
2 ⁡

⁡+2[Π(𝛽)
0 ]𝛽0 − 2 [Π(𝛽‾ )

0 ] 𝛽‾0 − [Π(𝐶)]𝐶 + [Π(𝐶‾)]𝐶‾}

𝑄(𝑔‾) = ∫ ⁡ 𝑑
3𝑥 {− [Π(𝐶)

𝑖𝑗
(𝑓𝑝)] 𝐶𝑖𝑗 + [Π(𝐶‾)

𝑖𝑗
(𝑓𝑝)] 𝐶‾𝑖𝑗 + 2[Π(𝛽)

𝑖 ]𝛽𝑖 − 2 [Π(𝛽‾ )
𝑖 ] 𝛽‾𝑖

⁡+[Π(𝐶)
0𝑖 (𝑓𝑝)]𝐶0𝑖 + [Π(𝐶)

𝑖0 (𝑓𝑝)]𝐶𝑖0 + [Π(𝐶‾)
0𝑖 (𝑓𝑝)]𝐶‾0𝑖 − [Π(𝐶‾)

𝑖0 (𝑓𝑝)]𝐶‾𝑖0

⁡−[Π(𝐶1)(𝑓𝑝)]𝐶1 + [Π(𝐶‾1)(𝑓𝑝)]𝐶
‾
1 − 3[Π(𝐶2)]𝐶2 + 3[Π(𝐶‾2)]𝐶

‾
2

⁡+2[Π(𝛽)
0 ]𝛽0 − 2 [Π(𝛽‾ )

0 ] 𝛽‾0 − [Π(𝐶)]𝐶 + [Π(𝐶‾)]𝐶‾}

 

𝑠𝑔𝐶𝑖𝑗(𝑥 , 𝑡) = +𝑖[𝐶𝑖𝑗(𝑥 , 𝑡), 𝑄(𝑔,𝑔‾)] = −𝑖 ∫ ⁡ 𝑑
3𝑦[𝐶𝑖𝑗(𝑥 , 𝑡), Π(𝐶)

𝑘𝑙 (𝑦 , 𝑡)𝐶𝑘𝑙(𝑦 , 𝑡)]

≡ −𝑖 ∫ ⁡ 𝑑3𝑦{𝐶𝑖𝑗(𝑥 , 𝑡), Π(𝐶)
𝑘𝑙 (𝑦 , 𝑡)}𝐶𝑘𝑙(𝑦 , 𝑡) + 𝑖 ∫ ⁡ 𝑑

3𝑦Π(𝐶)
𝑘𝑙 (𝑦 , 𝑡){𝐶𝑖𝑗(𝑥 , 𝑡), 𝐶𝑘𝑙(𝑦 , 𝑡)},

 

{𝐶𝑖𝑗(𝑥 , 𝑡), Π(𝐶)
𝑘𝑙 (𝑦 , 𝑡)} =

𝑖

2
(𝛿𝑖
𝑘𝛿𝑗

𝑙 − 𝛿𝑖
𝑙𝛿𝑗
𝑘)𝛿(3)(𝑥 − 𝑦 ) 

 

𝑠𝑔𝛽𝑖(𝑥 , 𝑡) = −𝑖[𝛽𝑖(𝑥 , 𝑡), 𝑄(𝑔,𝑔‾)] = −𝑖∫ ⁡ 𝑑
3𝑦 [𝛽𝑖(𝑥 , 𝑡),2Π(𝛽)

𝑗
(𝑦 , 𝑡)𝛽𝑗(𝑦 , 𝑡)]

≡ −2𝑖 ∫ ⁡ 𝑑3𝑦 [𝛽𝑖(𝑥 , 𝑡), Π(𝛽)
𝑗
(𝑦 , 𝑡)] 𝛽𝑗(𝑦 , 𝑡) − 2𝑖 ∫ ⁡ 𝑑

3𝑦Π(𝛽)
𝑗
(𝑦 , 𝑡)[𝛽𝑖(𝑥 , 𝑡), 𝛽𝑗(𝑦 , 𝑡)].

 

[𝛽𝑖(𝑥 , 𝑡), Π(𝛽)
𝑗
(𝑦 , 𝑡)] = 𝑖𝛿𝑖

𝑗
𝛿(3)(𝑥 − 𝑦 ) 

𝑠𝑔𝑄𝑏 = −𝑖[𝑄𝑏 , 𝑄𝑔] = +𝑄𝑏⟹ 𝑖[𝑄𝑔, 𝑄𝑏] = +𝑄𝑏 , ⁡

𝑠𝑔𝑄𝑎𝑏 = −𝑖[𝑄𝑎𝑏 , 𝑄𝑔] = −𝑄𝑎𝑏⟹ 𝑖[𝑄𝑔, 𝑄𝑎𝑏] = −𝑄𝑎𝑏 , ⁡

𝑠𝑔𝑄𝐵 = −𝑖[𝑄𝐵, 𝑄𝑔] = +𝑄𝐵⟹ 𝑖[𝑄𝑔, 𝑄𝐵] = +𝑄𝐵, ⁡

𝑠𝑔𝑄𝐴𝐵 = −𝑖[𝑄𝐴𝐵, 𝑄𝑔] = −𝑄𝐴𝐵⁡⟹ 𝑖[𝑄𝑔, 𝑄𝐴𝐵] = −𝑄𝐴𝐵,

 

𝑄𝐵
2 = 0,𝑄𝐴𝐵

2 = 0, 𝑖[𝑄𝑔, 𝑄𝐵] = +𝑄𝐵, 𝑖[𝑄𝑔, 𝑄𝐴𝐵] = −𝑄𝐴𝐵  

𝑧𝑒𝑧𝑚
′ − 𝑧𝑚𝑧𝑒

′

𝑁
+ 𝑛𝑒𝑛𝑚

′ − 𝑛𝑚𝑛𝑒
′ ∈ ℤ  

(𝑧𝑒 , 𝑧𝑚, 𝑛𝑒 , 𝑛𝑚) = (𝑘𝑛1 + ℓ𝑛2,
𝑁

𝑟𝑘
𝑛2, 𝑛1 + 𝑟𝑛3, −

1

𝑟
(𝑛2 − 𝑟𝑛4))  

𝐺[𝑘, 𝑟, ℓ] = 𝑈(1)𝑒
(1)
× 𝑈(1)𝑚

(1)
× ℤ𝑁/𝑟gcd(𝑘,𝑁/𝑟𝑘,ℓ)

(1)
× ℤ𝑔𝑐𝑑(𝑘,𝑁/𝑟𝑘,ℓ)

(1)
 

(ℤ𝑁/𝑟𝑘
(1)

× ℤ𝑁/𝑟gcd(𝑁/𝑘𝑟,ℓ)
(1)

) /ℤ𝑁/𝑘𝑟𝑔𝑐𝑑(𝑁/𝑘𝑟,ℓ)
(1)

 

𝐺[𝑘, 𝑟, 0] = 𝑈(1)𝑒
(1)
× 𝑈(1)𝑚

(1)
× ℤ𝑁/𝑟𝑘

(1)
× ℤ𝑘

(1)
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𝑆𝑎𝑛𝑜𝑚𝑎𝑙𝑦[𝐵2, 𝐶2] =
𝑁

2𝜋
∫  
𝑀5

 𝑑𝐵2 ∧ 𝐶2  

𝑆𝑎𝑛𝑜𝑚𝑎𝑙𝑦[ B2, C2] =
2𝜋𝑁

𝑁𝑒𝑁𝑚
∫  
𝑀5

 𝛿 B2 ∪ C2  

B2 =
𝑁𝑒
2𝜋
𝐵2, C2 =

𝑁𝑚
2𝜋
𝐶2  

𝑆anomaly [B2, 𝐶2] =
𝑁

𝑁𝑒
∫ ⁡ 𝛿 B2 ∧ 𝐶2  

𝑆anomaly [𝐵2, C2] =
𝑁

𝑁𝑚
∫ ⁡ 𝑑𝐵2 ∧ C2  

𝑈(1)(1) × 𝑈(1)(1) × ℤ𝑁𝑒
(1)
× ℤ𝑁𝑚

(1)
= 𝑈(1)(1) × 𝑈(1)(1) × ℤ𝑁/𝑟𝑘

(1)
× ℤ𝑘

(1)
,  

1 → ℤ𝑁𝑒 → 𝑈(1) × ℤ𝑔𝑐𝑑(𝑁,𝑁𝑒) → 𝑈(1) → 1  

𝑒( B2) =
gcd(𝑁,𝑁𝑒)

𝑁𝑒
𝛿 B2  

𝑒(C2) =
gcd(𝑁,𝑁𝑚)

𝑁𝑚
𝛿C2  

𝑆anomaly =
2𝜋𝑁

gcd(𝑁,𝑁𝑒)𝑁𝑚
∫  
𝑀5

 𝑒( B2) ∪ C2 = −
2𝜋𝑁

gcd(𝑁,𝑁𝑚)𝑁𝑒
∫  
𝑀5

   B2 ∪ 𝑒(C2)  

𝑆anomaly =
2𝜋𝑁

gcd(𝑁,𝑁𝑒)𝑁𝑚
∫  
𝑀5

 𝑒( B2) ∪ C2 ⁡

=
2𝜋𝑁

gcd(𝑁,𝑁𝑒)𝑁𝑚
∫  
𝑀5

  (1 − 𝑦𝑁𝑚)𝑒( B2) ∪ C2⁡

=
2𝜋𝑁𝑁𝑒𝑥

gcd(𝑁,𝑁𝑒)𝑁𝑚
∫  
𝑀5

 𝑒( B2) ∪ C2 ⁡

⁡=
2𝜋𝑁𝑥

𝑁𝑚
∫  
𝑀5

 𝛿 B2 ∪ C2

⁡= −
2𝜋𝑁𝑥

𝑁𝑚
∫  
𝑀5

   B2 ∪ 𝛿C2

⁡= −
2𝜋𝑁𝑥

gcd(𝑁,𝑁𝑚)
∫  
𝑀5

   B2 ∪ 𝑒(C2)

⁡= 0mod2𝜋

 

𝑈(1)𝑒
(1)
× 𝑈(1)𝑚

(1)
× ℤ𝑔𝑐𝑑(𝑁,𝑁𝑒)

(1)
× ℤ𝑔𝑐𝑑(𝑁,𝑁𝑚)

(1)
.  

𝑆𝑠𝑦𝑚
𝑢(𝑁)[𝐵2, 𝐶2, ℎ2, 𝑓2] =

1

2𝜋
∫  
𝑀5

  [ℎ2 ∧ 𝑑𝐵2 + 𝑓2 ∧ 𝑑𝐶2 +𝑁𝐶2 ∧ 𝑑𝐵2]  

𝛿𝐵2 = 𝑑Λ1
𝐵, 𝛿𝐶2 = 𝑑Λ1

𝐶 , 𝛿𝑓2 = 𝑑𝜆1
𝑓
, 𝛿ℎ2 = 𝑑𝜆1

ℎ.  
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𝑈𝐵[𝑁𝑛, Σ2]𝑈𝑓[−𝑛, Σ2] = 1, 𝑈𝐶[𝑁𝑛, Σ2]𝑈ℎ[𝑛, Σ2] = 1  

𝑈̃𝐵[𝑛𝐵]: = 𝑈𝐵[𝑛𝐵]𝑈𝑓 [−
𝑛𝐵
𝑁
] , 𝑈̃𝐶[𝑛𝐶]: = 𝑈𝐶[𝑛𝐶]𝑈ℎ [

𝑛𝐶
𝑁
] ,  

⟨𝑈𝐵[𝑛𝐵, Σ2]𝑈ℎ[𝛼ℎ, Σ2
′ ]⟩ ⁡= 𝑒−2𝜋𝑖𝑛𝐵𝛼ℎ𝐿(Σ2,Σ2

′ )

⟨𝑈𝐶[𝑛𝐶 , Σ2]𝑈𝑓[𝛼𝑓 , Σ2
′ ]⟩ ⁡= 𝑒−2𝜋𝑖𝑛𝐶𝛼𝑓𝐿(Σ2,Σ2

′ )

⟨𝑈ℎ[𝛼ℎ, Σ2]𝑈𝑓[𝛼𝑓 , Σ2
′ ]⟩ ⁡= 𝑒2𝜋𝑖𝑁𝛼ℎ𝛼𝑓𝐿(Σ2,Σ2

′ )

 

⟨𝑈̃𝐵[𝑛𝐵, Σ2]𝑈̃𝐶[𝑛𝐶 , Σ2
′ ]⟩ ⁡= 𝑒2𝜋𝑖

𝑛𝐵𝑛𝐶
𝑁

𝐿(Σ2,Σ2
′ )

⟨𝑈ℎ[𝛼ℎ, Σ2]𝑈𝑓[𝛼𝑓 , Σ2
′ ]⟩ ⁡= 𝑒2𝜋𝑖𝑁𝛼ℎ𝛼𝑓𝐿(Σ2,Σ2

′ )
 

𝑆𝑠𝑦𝑚
𝑢(𝑁)

[𝐵̃2, 𝐶̃2, ℎ2, 𝑓2] =
1

2𝜋
∫  
𝑀5

  [
1

𝑁
ℎ2 ∧ 𝑑𝑓2 +𝑁𝐶̃2 ∧ 𝑑𝐵̃2]  

𝑈[𝑛𝐵, 𝑛𝐶 , 𝛼ℎ , 𝛼𝑓; Σ2] = 𝑈̃𝐵[𝑛𝐵; Σ2]𝑈̃𝐶[𝑛𝐶; Σ2]𝑈ℎ[𝛼ℎ; Σ2]𝑈𝑓[𝛼𝑓; Σ2].  

𝑛𝐵𝑛𝐶
′ − 𝑛𝐶𝑛𝐵

′

𝑁
+𝑁(𝛼ℎ𝛼𝑓

′ − 𝛼𝑓𝛼ℎ
′ ) ∈ ℤ  

𝑛𝐵 = 𝑧𝑒 , 𝑛𝐶 = 𝑧𝑚, 𝛼𝑓 =
𝑛𝑒
𝑁
, 𝛼ℎ = −𝑛𝑚  

𝑛𝐵 ⁡= 𝑘𝑛1 + ℓ𝑛2

𝑛𝐶 ⁡=
𝑁

𝑟𝑘
𝑛2

𝛼𝑓 ⁡=
1

𝑁
(𝑛1 + 𝑟𝑛3)

𝛼ℎ ⁡=
1

𝑟
(𝑛2 − 𝑟𝑛4).

 

𝑈̃𝐵[𝑘] ⁡= 𝑈𝑓 [−
1

𝑁
]

𝑈̃𝐶 [
𝑁

rgcd(𝑘, ℓ)
] ⁡= 𝑈̃𝐵 [−

ℓ𝑘

gcd(𝑘, ℓ)
]𝑈ℎ [−

𝑘

rgcd(𝑘, ℓ)
]

⁡= 𝑈𝑓 [+
ℓ

𝑁gcd(𝑘, ℓ)
] 𝑈ℎ [−

𝑘

𝑟gcd(𝑘, ℓ)
]

 

𝑈̃𝐵[ℓ]𝑈̃𝐶 [
𝑁

𝑟𝑘
] = 𝑈ℎ [−

1

𝑟
] ,  

(ℤ𝑘
(1)
× ℤ𝑁/rgcd(𝑘,ℓ)

(1)
) /ℤ𝑘/gcd(𝑘,ℓ)

(1)
≅ ℤ𝑁/rgcd(𝑘,𝑁/𝑟𝑘,ℓ)

(1)
× ℤgcd(𝑘,𝑁/𝑟𝑘,ℓ)

(1)
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𝑆𝑠𝑢(𝑁)[𝐵2, 𝐶2] =
𝑁

2𝜋
∫  
𝐴𝑑𝑆5

 𝐶2 ∧ 𝑑𝐵2  

𝑆𝑠𝑢(𝑁)
′ [𝐵2, 𝐶1, ℎ2, 𝑓3] =

1

2𝜋
∫  
𝐴𝑑𝑆5

  [ℎ2 ∧ 𝑑𝐵2 + 𝑓3 ∧ (𝑑𝐶1 +𝑁𝐵2)]  

𝛿𝐵2 = 𝑑Λ1
𝐵, 𝛿𝐶1 = 𝑑Λ0

𝐶 −𝑁Λ1
𝐵, 𝛿𝑓3 = 𝑑𝜆2

𝑓
, 𝛿ℎ2 = 𝑑𝜆1

ℎ +𝑁𝜆2
𝑓
.  

𝑈𝑓[𝛼𝑓 , Σ3] = 𝑒
𝑖𝛼𝑓∮ ⁡Σ3𝑓3 , 𝑈𝐵[𝑛𝐵, Σ2] = 𝑒

𝑖𝑛𝐵∮ ⁡Σ2𝐵2  

𝑈ℎ[𝛼ℎ, Σ2] = 𝑒
𝑖𝛼ℎ∮ ⁡Σ2ℎ2 , 𝑈𝐶[𝑛𝐶 , Σ1] = 𝑒

𝑖𝑛𝐶∮ ⁡Σ1𝐶1  

𝑈̂ℎ[𝛼ℎ, Σ2, 𝛾3] ⁡= 𝑈ℎ[𝛼ℎ , Σ2]𝑈𝑓[−𝑁𝛼ℎ , 𝛾3] = 𝑒
𝑖𝛼ℎ∮ ⁡Σ2ℎ2−𝑖𝑁𝛼ℎ ∫  

𝛾3
 𝑓3

𝑈̂𝐶[𝑛𝐶 , Σ1, 𝛾2] ⁡= 𝑈𝐶[𝑛𝐶 , Σ1]𝑈𝐵[𝑁𝑛𝐶 , 𝛾2] = 𝑒
𝑖𝑛𝐶∮ ⁡Σ1𝐶1+𝑖𝑁𝑛𝐶 ∫  

𝛾2
 𝐵2

 

(𝑈̂ℎ [
𝑛

𝑁
, Σ2])

𝑁

= 𝑈̂ℎ[𝑛, Σ2] = 1  

⟨𝑈𝑓[𝛼𝑓 , Σ3]𝑈̂𝐶[𝑛𝐶 , Σ1]⟩ ⁡= 𝑒
2𝜋𝑖𝑛𝐶𝛼𝑓𝐿(Σ3,Σ1)

⟨𝑈̂ℎ[𝛼ℎ, Σ2]𝑈𝐵[𝑛𝐵, Σ2
′ ]⟩ ⁡= 𝑒2𝜋𝑖𝑛𝐵𝛼ℎ𝐿(Σ2,Σ2

′ )
 

𝑛𝐵𝛼ℎ
′ − 𝛼ℎ𝑛𝐵

′ + 𝑛𝐶𝛼𝑓
′ − 𝛼𝑓𝑛𝐶

′ ∈ ℤ  

𝑆⁡ =
1

2𝜋
∫  
𝑀5

  [ℎ2 ∧ 𝑑𝐵2 + 𝑓3 ∧ (𝑑𝐶1 +𝑁𝐵2)

+𝑔2 ∧ 𝑑𝐺2 + 𝑓2 ∧ 𝑑𝐹2 + 𝐺2 ∧ 𝑑𝐹2 + 𝑓3 ∧ 𝐺2]

 

𝛿𝐺2 = 𝑑Λ1
𝐺 , 𝛿𝐹2 = 𝑑Λ1

𝐹 , 𝛿𝑓2 = 𝑑𝜆1
𝑓
, 𝛿𝑔2 = 𝑑𝜆1

𝑔
+ 𝜆2

𝑓  

𝛿𝐶1 = 𝑑Λ0
𝐶 −𝑁Λ1

𝐵 − Λ1
𝐺  

𝑆 =
1

2𝜋
∫  
𝑀5

  [(ℎ2 −𝑁𝑔2) ∧ 𝑑𝐵2 + 𝑓2𝑑𝐹2 +𝑁𝐹2𝑑𝐵2]  

 

𝑆5[𝐵2, 𝐶2] = ∫  
𝐴𝑑𝑆5

  [
1

2𝑔2
(|𝑑𝐵2|

2 + |𝑑𝐶2|
2) +

𝑁

2𝜋
𝐶2 ∧ 𝑑𝐵2] ,  

𝑆𝐼𝐼𝐵
𝐼𝑅 [𝐵2, 𝐶2] =

𝑁

2𝜋
∫  
𝐴𝑑𝑆5

 𝐶2 ∧ 𝑑𝐵2,  
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𝑆𝑑+1[𝐴1] = ∫  
𝐴𝑑𝑆𝑑+1

 
1

2𝑔2
𝑑𝐴1 ∧∗ 𝑑𝐴1 = ∫  

𝐴𝑑𝑆𝑑+1

 
1

2𝑔2
𝐿𝑑−3

𝑧𝑑−3
𝑑𝐴1 ∧∗̃ 𝑑𝐴1  

𝑆𝑑+1[𝐴1, 𝑓𝑑−1] =
1

2𝜋
∫  
𝐴𝑑𝑆𝑑+1

  [𝑓𝑑−1 ∧ 𝑑𝐴1 −
𝑔2

4𝜋

𝑧𝑑−3

𝐿𝑑−3
𝑓𝑑−1 ∧∗̃ 𝑓𝑑−1]  

𝑓𝑑−1 =
2𝜋

𝑔2
𝐿𝑑−3

𝑧𝑑−3
∗̃ 𝑑𝐴1 

𝑆𝑑+1
𝐼𝑅 [𝐴1, 𝑓𝑑−1] =

1

2𝜋
∫  
𝐴𝑑𝑆𝑑+1

 𝑓𝑑−1 ∧ 𝑑𝐴1  

𝑓𝑑−1 → 𝑓𝑑−1 + 𝑑𝜆𝑑−2  

𝑆5[𝐵2, 𝐶2, ℎ2, 𝑓2] ⁡=
1

2𝜋
∫  
𝐴𝑑𝑆5

  [ℎ2 ∧ 𝑑𝐵2 + 𝑓2 ∧ 𝑑𝐶2 +𝑁𝐶2 ∧ 𝑑𝐵2

−
𝑔2

4𝜋

𝐿

𝑧
(ℎ2 ∧∗̃ ℎ2 + 𝑓2 ∧∗̃ 𝑓2)] .

 

ℎ2 =
2𝜋

𝑔2
𝑧

𝐿
∗̃ 𝑑𝐵2, 𝑓2 =

2𝜋

𝑔2
𝑧

𝐿
∗̃ 𝑑𝐶2  

𝑆
D6
vac ⁡= 𝛼∫  

𝑆5×Σ2

 (𝑑𝐶6 +
1

2𝜋
𝑑𝐶4 ∧ (𝐵2 + 𝐹2

𝑤𝑣) + ⋯)

⁡= 𝛼∫  
Σ2

 (
1

𝑔2
∗ 𝑑𝐶2 +

𝑁

2𝜋
(𝐵2 + 𝐹2

𝑤𝑣))

 

𝑑 (
1

𝑔2
∗ 𝑑𝐵2 −

𝑁

2𝜋
𝐶2) = 0

𝑑 (
1

𝑔2
∗ 𝑑𝐶2 +

𝑁

2𝜋
𝐵2) = 0

 

 

𝑈𝑓[𝛼𝑓 , Σ2] = 𝑒
𝑖𝛼𝑓 ∮ 〈

1
𝑔2
∗𝑑𝐶2+

𝑁
2𝜋
𝐵2〉Σ2 , 𝑈ℎ[𝛼ℎ , Σ2] = 𝑒

𝑖𝛼ℎ ∮ 〈
1
𝑔2
∗𝑑𝐵2−

𝑁
2𝜋
𝐶2〉Σ2  

𝑆𝑑+1[𝐴𝑝+1]= ∫  
𝐴𝑑𝑆𝑑+1

 
1

2𝑔2
𝑑𝐴𝑝+1 ∧∗ 𝑑𝐴𝑝+1 ⁡

⁡= ∫  
𝐴𝑑𝑆𝑑+1

 
1

2𝑔2
𝐿𝑑−2𝑝−3

𝑧𝑑−2𝑝−3
𝑑𝐴𝑝+1 ∧∗̃ 𝑑𝐴𝑝+1

 

𝑆𝑑+1[𝐴𝑝+1, 𝑓𝑑−𝑝−1] =
1

2𝜋
∫  
𝐴𝑑𝑆𝑑+1

  [𝑓𝑑−𝑝−1 ∧ 𝑑𝐴𝑝+1 −
𝑔2

4𝜋

𝑧𝑑−2𝑝−3

𝐿𝑑−2𝑝−3
𝑓𝑑−𝑝−1 ∧∗̃ 𝑓𝑑−𝑝−1]  

𝑆𝑑+1
𝐼𝑅 [𝐴𝑝+1, 𝑓𝑑−𝑝−1] =

1

2𝜋
∫  
𝐴𝑑𝑆𝑑+1

 𝑓𝑑−𝑝−1 ∧ 𝑑𝐴𝑝+1  
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𝑆𝑑+1[𝐴𝑑−𝑝−2]= ∫  
𝐴𝑑𝑆𝑑+1

 
1

2𝑔̃2
𝑑𝐴𝑑−𝑝−2 ∧∗ 𝑑𝐴𝑑−𝑝−2 ⁡

⁡= ∫  
𝐴𝑑𝑆𝑑+1

 
1

2𝑔̃2
𝑧𝑑−2𝑝−3

𝐿𝑑−2𝑝−3
𝑑𝐴𝑑−𝑝−2 ∧∗̃ 𝑑𝐴𝑑−𝑝−2

 

𝑆𝑑+1[𝐴𝑑−𝑝−2, 𝑓𝑝+2] = ∫  
𝐴𝑑𝑆𝑑+1

  [
1

2𝜋
𝑓𝑝+2 ∧ 𝑑𝐴𝑑−𝑝−2 +

1

2𝑔̃2
𝐿𝑑−2𝑝−3

𝑧𝑑−2𝑝−3
𝑓𝑝+2 ∧∗̃ 𝑓𝑝+2]  

𝑆𝑑+1
𝐼𝑅 [𝐴𝑑−𝑝−2, 𝑓𝑝+2] =

1

2𝜋
∫  
𝐴𝑑𝑆𝑑+1

 𝑓𝑝+2 ∧ 𝑑𝐴𝑑−𝑝−2  

𝑆5[𝐵2, 𝐶1, ℎ2, 𝑓3]=
1

2𝜋
∫  
𝑀5

  [ℎ2 ∧ 𝑑𝐵2 − 𝑓3 ∧ (𝑑𝐶1 +𝑁𝐵2)⁡

−
𝑔2

4𝜋

𝐿

𝑧
ℎ2 ∧∗̃ ℎ2 +

𝜋

2𝑔2
𝑧

𝐿
𝑓3 ∧∗̃ 𝑓3]

 

Simetrías de calibre AdS/CFT/SU(4) en gravedad cuántica. 

𝑍(𝑁, 𝑏, 𝝃) = 𝒞−1/3𝑒𝒜Ai[𝒞−1/3(𝑁 − ℬ)] (1 + 𝒪 (𝑒−⋕√𝑁))  

𝑍(𝑁, 𝑏, 𝝃) =
1

(𝑁!)𝑝
∫ ⁡∏ 

𝑝

𝑟=1

  [∏  

𝑁

𝑖=1

 (
𝑑𝜇𝑟,𝑖
2𝜋

𝑒
i𝑘𝑟
4𝜋
𝜇𝑟,𝑖
2 −Δ𝑚,𝑟𝜇𝑟,𝑖)∏ 

𝑁

𝑖>𝑗

 (2sinh⁡
𝑏𝜇𝑟,𝑖𝑗

2
2sinh⁡

𝜇𝑟,𝑖𝑗

2𝑏
)]

⁡×∏  

Ψ

 ∏  

𝜌Ψ

 𝑠𝑏 (
i𝑄

2
(1 − ΔΨ) −

𝜌Ψ(𝜇)

2𝜋
)

 

 

𝑍(𝑁, 𝑏, 𝝃) = 𝒞−1/3𝑒𝒜Ai[𝒞−1/3(𝑁 − ℬ)] (1 + 𝒪 (𝑒−⋕√𝑁))  

ℬ(𝑏, 𝝃) ⁡= 𝛽(𝝃) −
4

3𝑄2
𝛾(𝝃)

𝒞(𝑏, 𝝃) ⁡= (
8

3𝜋𝑄2𝛼(𝝃)
)
2  

−log⁡ 𝑍(𝑁, 𝑏, 𝝃) =
2

3
𝒞−1/2𝑁3/2 − 𝒞−1/2ℬ𝑁1/2 +

1

4
log⁡𝑁 + 𝒪(𝑁0)  
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Ai[𝑧] ⁡=
exp⁡ [−

2
3
𝑧3/2]

2√𝜋𝑧1/4
∑  

∞

𝑛=0

  (−
3

2
)
𝑛

𝑢𝑛𝑧
−3𝑛/2

𝑢𝑛 ⁡=
(6𝑛 − 5)(6𝑛 − 3)(6𝑛 − 1)

216(2𝑛 − 1)𝑛
𝑢𝑛−1⁡(𝑛 ≥ 1, 𝑢0 = 1)

 

𝐶𝑇 = −
32

𝜋2

𝜕2log⁡ 𝑍𝑆𝑏
3

𝜕𝑏2
|

𝑏=1

 

𝐶𝑇(𝑁, 𝝃) =−
32

9𝜋2
{
Ai′[𝒞−1/3(𝑁 − ℬ)]

𝒞7/3Ai[𝒞−1/3(𝑁 − ℬ)]
𝔣(𝑁, 𝑏, 𝝃) ⁡

+
Ai[𝒞−1/3(𝑁 − ℬ)]

2
(𝑁 − ℬ) − 𝒞1/3Ai′[𝒞−1/3(𝑁 − ℬ)]

2

𝒞3Ai[𝒞−1/3(𝑁 − ℬ)]2
𝔤(𝑁, 𝑏, 𝝃)} ℵ′′′|𝑏=1

⁡−
128

3𝜋2
−
32

𝜋2
𝜕𝑏
2𝒜|

𝑏=1
+ 𝒪 (𝑒−√𝑁)

 

𝔣(𝑁, 𝑏, 𝝃)= 4(𝑁 − ℬ)(𝜕𝑏𝒞)
2 − 9𝒞2𝜕𝑏

2ℬ + 3𝒞(2𝜕𝑏𝒞𝜕𝑏ℬ − (𝑁 − ℬ)𝜕𝑏
2𝒞)⁡

𝔤(𝑁, 𝑏, 𝝃)⁡= [(𝑁 − ℬ)𝜕𝑏𝒞 + 3𝒞𝜕𝑏ℬ]
2

 

𝜕𝑏ℬ|𝑏=1 = 𝜕𝑏𝒞|𝑏=1 = 0,  

𝔣(𝑁, 1) =
32

81𝜋4𝛼4
(6𝑁 − 6𝛽 − 𝛾)  

𝐶𝑇(𝑁) = ⁡−
32

3𝜋4/3
(
2𝛼2

3
)

1/3

(6𝑁 − 6𝛽 − 𝛾)

Ai′ [(
3𝜋𝛼
2
)
2/3

(𝑁 − 𝛽 +
𝛾
3
)]

Ai [(
3𝜋𝛼
2
)
2/3

(𝑁 − 𝛽 +
𝛾
3
)]

⁡−
128

3𝜋2
−
32

𝜋2
𝜕𝑏
2𝒜|

𝑏=1
+ 𝒪 (𝑒−√𝑁)

 

Ai′[𝑎(𝑁 − 𝑏)]

Ai[𝑎(𝑁 − 𝑏)]
= −√𝑎𝑁1/2 +

𝑏√𝑎

2
𝑁−1/2 +⋯  

 

𝑁,𝐾 → ∞,𝑁/𝐾 = 𝜆⁡   

𝒞 =
𝑟

𝐾
,ℬ =

𝑝

𝐾
+ 𝑞𝐾,  
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−log⁡ 𝑍(𝑁, 𝜆) =∑  

g≥0

 𝐹g(𝜆)𝑁
2−2 g,  

𝐹g(𝜆) =∑  

𝑛≥0

  {
2

3√𝑟
ℱg,𝑛(𝑟, 𝑝, 𝑞)

(−𝑞)𝑛

𝑛!
∏  

𝑛−1

ℓ=0

  (
3

2
− ℓ) + 𝒢g,𝑛(𝑟, 𝑝, 𝑞)𝜆

−3/2} 𝜆2 g−1/2−𝑛 − 𝐴g𝜆
2 g−2⁡

⁡+𝛿g,1 [
1

4
log⁡(𝑟) + (

1

4
+ 𝐴log) log⁡(𝜆) +

1

2
log⁡(4𝜋)]

 

ℱg,𝑛(𝑟, 𝑝, 𝑞) =

{
 
 

 
 
1  for g = 0

𝑛𝑝𝑞−1  for g = 1

∑  

⌊
g
2
⌋

𝑚=0

 𝐹g,𝑛
(𝑚)
(𝑟, 𝑝, 𝑞)  for g > 1

 

 

𝐹g,𝑛
(𝑚)
(𝑟, 𝑝, 𝑞) = 𝒫(𝑚)

𝑛(𝑛 − 1)… (𝑛 − g + 1 −𝑚)

(g − 2𝑚)!
𝑟𝑚𝑝g−2𝑚𝑞−g−𝑚  

 

𝒢g,𝑛≠0(𝑟, 𝑝, 𝑞) =

{
  
 

  
 
0  for g = 0

−
𝑞𝑛

4𝑛
 for g = 1

∑  

⌈
g
2
⌉

𝑚=1

 𝐺g,𝑛
(𝑚)
(𝑟, 𝑝, 𝑞)  for g > 1

⁡  together with ⁡𝒢g,0 = 0  

𝐺g,𝑛
(𝑚)
(𝑟, 𝑝, 𝑞) = 𝒬(𝑚)

(𝑛 − 1)… (𝑛 − g + 3 −𝑚)

(g − 2𝑚 + 1)!
𝑟𝑚−1𝑝g−2𝑚+1𝑞𝑛−g+2−𝑚  

 

𝒜 =∑ 

g≥0

 𝐴g𝐾
2−2 g + 𝐴loglog⁡(𝐾)  

𝐹0(𝜆) = 𝜆
−2 [

2

3√𝑟
𝜆̂3/2 − 𝐴0] + 𝒪 (𝑒

−√𝜆)

𝐹1(𝜆) = −
𝑝

√𝑟
𝜆̂1/2 − 𝐴1 + 𝐴loglog⁡ 𝜆 +

1

4
log⁡(16𝜋2𝑟) +

1

4
log⁡ 𝜆̂ + 𝒪 (𝑒−√𝜆)

𝐹2(𝜆) = 𝜆
2 [
𝑝2

4√𝑟
𝜆̂−1/2 −

𝑝

4
𝜆̂−1 +

5√𝑟

48
𝜆̂−3/2 − 𝐴2] + 𝒪 (𝑒

−√𝜆)
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𝑍ABJM(𝑁, 𝑏, 𝑘, Δ) =
1

(𝑁!)2
∫ ⁡ (∏ 

𝑁

𝑖=1

 
𝑑𝜇𝑖
2𝜋

𝑑𝜈𝑖
2𝜋
)𝑒

i𝑘
4𝜋
∑  𝑁
𝑖=1  (𝜇𝑖

2−𝜈𝑖
2)

⁡×∏ 

𝑖>𝑗

 2sinh⁡
𝑏𝜇𝑖𝑗

2
2sinh⁡

𝜇𝑖𝑗

2𝑏
2sinh⁡

𝑏𝜈𝑖𝑗

2
2sinh⁡

𝜈𝑖𝑗

2𝑏

⁡× ∏  

𝑁

𝑖,𝑗=1

 ∏  

2

𝑎=1

 𝑠𝑏 (
i𝑄

2
(1 − Δ𝑎) −

𝜇𝑖 − 𝜈𝑗

2𝜋
)∏ 

4

𝑎=3

  𝑠𝑏 (
i𝑄

2
(1 − Δ𝑎) +

𝜇𝑖 − 𝜈𝑗

2𝜋
)

 

∑ 

4

𝑎=1

 Δ𝑎 = 2.  

Δ1⁡=
1

2
− i
𝑚1 +𝑚2 +𝑚3

𝑄
, Δ2 =

1

2
− i
𝑚1 −𝑚2 −𝑚3

𝑄
⁡⁡⁡⁡⁡⁡⁡⁡ ⁡ ⁡⁡⁡⁡⁡⁡⁡⁡

Δ3=
1

2
+ i
𝑚1 +𝑚2 −𝑚3

𝑄
, Δ4 =

1

2
+ i
𝑚1 −𝑚2 +𝑚3

𝑄
⁡⁡⁡⁡⁡⁡⁡ ⁡ ⁡⁡⁡⁡⁡⁡⁡⁡ ⁡

 

Δ1 ↔ Δ2, Δ3 ↔ Δ4, (Δ1, Δ2) ↔ (Δ3, Δ4).  

𝚫 = 𝚫Nosaka ≡ (Δ1, Δ2, 1 − Δ2, 1 − Δ1)  

𝒜ABJM(1, 𝑘, ΔNosaka ) =
1

4
∑  

4

𝑎=1

 𝐴(2Δ𝑎𝑘),  

𝐴(𝑘)≡
2𝜁(3)

𝜋2𝑘
(1 −

𝑘3

16
) +

𝑘2

𝜋2
∫  
∞

0

 𝑑𝑥
𝑥

𝑒𝑘𝑥 − 1
log⁡(1 − 𝑒−2𝑥) ⁡

⁡= −
𝜁(3)

8𝜋2
𝑘2 + 2𝜁′(−1) +

1

6
log⁡

4𝜋

𝑘
+∑  

𝑔≥2

  (
2𝜋

𝑘
)
2𝑔−2 (−1)𝑔4𝑔−1|𝐵2𝑔𝐵2𝑔−2|

𝑔(2𝑔 − 2)(2𝑔 − 2)!
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𝐴(−𝑘) ⁡= −
2𝜁(3)

𝜋2𝑘
(1 +

𝑘3

16
) −

𝑘2

𝜋2
∫  
∞

0

 𝑑𝑥 [𝑥 +
𝑥

𝑒𝑘𝑥 − 1
] log⁡(1 − 𝑒−2𝑥)

⁡= −
2𝜁(3)

𝜋2𝑘
(1 +

𝑘3

16
) −

𝑘2

𝜋2
[−
1

4
𝜁(3) + ∫  

∞

0

 𝑑𝑥
𝑥

𝑒𝑘𝑥 − 1
log⁡(1 − 𝑒−2𝑥)]

⁡= −𝐴(𝑘)

 

𝒜ABJM(√3, 1, 𝚫sc) =
3

4
𝐴(2) −

1

4
𝐴(6) = −

𝜁(3)

3𝜋2
+
1

6
log⁡ 3.  

Δ
Fermi

(𝑁𝑓=1) ≡ (
1

2
+ i
2𝑚

𝑄
,
1

2
− i
2𝜁

𝑄
,
1

2
− i
2𝑚

𝑄
,
1

2
+ i
2𝜁

𝑄
)|
𝑚=

(𝑏2−3)i
4𝑏

 

𝒜ABJM (𝑏, 1, Δ
Fermi 

(𝑁𝑓=1) =
1

4
[𝐴 (

𝑏2 + 1 − 4i𝑏𝜁

2
) + 𝐴(

𝑏2 + 1 + 4i𝑏𝜁

2
)

+𝐴(𝑏2 − 1) − 𝐴(2𝑏2)]

 

𝜁 =
(𝑏−2 − 3)i

4𝑏−1
 

𝒜ABJM (𝑏, 1, Δ
Fermi

(𝑁𝑓=1))|
𝜁=
(𝑏−2−3)i

4𝑏−1

=
1

4
[𝐴(1 − 𝑏2) + 𝐴(𝑏2 − 1)] = 0  

−log⁡ 𝑍ABJM(𝑁, 1, 𝑘, 𝚫) =
4𝜋√2Δ1Δ2Δ3Δ4

3

(𝜆 −
1
24
)

3
2

𝜆2
𝑁2 +

𝔠ABJM(1, 𝚫)

𝜆2
𝑁2

⁡+𝒪 (𝑒−#√𝜆) + 𝑜(𝑁2)

𝔠ABJM(1, 𝚫) =
𝜁(3)

8𝜋2
[4 −∑  

4

𝑎=1

 Δ𝑎
2 +

4

Δ13Δ14Δ23Δ24
∑  

4

𝑎=1

 
∏  4
𝑏=1  Δ𝑏
Δ𝑎

−(
4

Δ13Δ24
+

4

Δ14Δ23
)∑  

4

𝑎=1

 
∏  4
𝑏=1  Δ𝑏
Δ𝑎

]

 

𝒜ABJM(1, 𝑘, 𝚫) = −𝔠ABJM(1, 𝚫)𝑘2 + 𝑜(𝑘2)  

𝐹ABJM (𝑁, 𝑏, 𝑘,𝑚1,𝑚2, i
𝑏 − 𝑏−1

2
)

⁡= 𝐹ABJM (𝑁, 1, 𝑘,
𝑏−1(𝑚1 +𝑚2) + 𝑏(𝑚1 −𝑚2)

2
,
𝑏−1(𝑚1 +𝑚2) − 𝑏(𝑚1 −𝑚2)

2
, 0)

 

−log⁡ 𝑍ABJM(𝑁, 𝑏, 𝑘, Δsc) =
𝜋√2𝑘

3
[
𝑄2

4
(𝑁3/2 +

16 − 𝑘2

16𝑘
𝑁1/2) −

2

𝑘
𝑁1/2]

⁡+
1

4
log⁡𝑁 + 𝒪(𝑁0)

 

𝐹ABJM =
4𝜋√2Δ1Δ2Δ3Δ4

3
𝑁3/2  

Δ2 + Δ3 + Δ4 = 1  
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𝛽(𝝃) =
𝑘

8
(1 −

2𝑀

𝑘
)
2

−
𝑘

12
−

1

12𝑘
∑  

4

𝑎=1

 
1

Δ𝑎
 

 

𝑍ADHM(𝑁, 𝑏, 𝑁𝑓 , 𝚫̃) =
1

𝑁!
∫ ⁡∏  

𝑁

𝑖=1

  (
𝑑𝜇𝑖
2𝜋

𝑒−Δ𝑚𝜇𝑖)∏  

𝑁

𝑖>𝑗

 2sinh⁡
𝑏𝜇𝑖𝑗

2
2sinh⁡

𝜇𝑖𝑗

2𝑏

⁡×∏ 

3

𝑎=1

 ∏  

𝑁

𝑖,𝑗=1

 𝑠𝑏 (
i𝑄

2
(1 − Δ𝑎) −

𝜇𝑖𝑗

2𝜋
)

⁡×∏ 

𝑁

𝑖=1

 ∏  

𝑁𝑓

𝑞=1

  [𝑠𝑏 (
i𝑄

2
(1 − Δ𝜇𝑞) −

𝜇𝑖
2𝜋
)𝑠𝑏 (

i𝑄

2
(1 − Δ̃𝜇𝑞) +

𝜇𝑖
2𝜋
)]

 

Δ̃ = (Δ1, Δ2,
2 − Δ − Δ̃

2
−
2

𝑄

Δ𝑚
𝑁𝑓
,
2 − Δ − Δ̃

2
+
2

𝑄

Δ𝑚
𝑁𝑓
)  

∑ 

3

𝐼=1

 Δ𝐼 = Δ3 + Δ + Δ̃ = 2⁡ → ⁡∑  

4

𝑎=1

  Δ̃𝑎 = 2  

Δ̃Nosaka-like ≡ (Δ̃1, 1 − Δ̃1, Δ̃3, 1 − Δ̃3)  

 

𝒜ADHM(1,𝑁𝑓 , Δ̃Nosaka-like ) =
𝑁𝑓
2

2
(𝐴(2Δ̃1) + 𝐴(2Δ̃2))

⁡+
1

4
(𝐴(2Δ̃3𝑁𝑓) + 𝐴(2Δ̃3𝑁𝑓))

 

 

𝒜ADHM(√3, 1, 𝚫̃sc) =
3

4
𝐴(2) −

1

4
𝐴(6) = −

𝜁(3)

3𝜋2
+
1

6
log⁡ 3.  

Δ̃
Fermi

(𝑁𝑓=1) ≡ (
1

2
+ i
2𝑚

𝑄
,
1

2
− i
2𝑚

𝑄
,
1

2
− i
2𝜁

𝑄
,
1

2
+ i
2𝜁

𝑄
)|
𝑚=

(𝑏2−3)i
4𝑏

 

𝒜ADHM (𝑏, 1, Δ̃
Fermi

(𝑁𝑓=1)) = 𝒜ABJM (𝑏, 1, Δ
Fermi

(𝑁𝑓=1))

⁡=
1

4
[𝐴 (

𝑏2 + 1 − 4i𝑏𝜁

2
) + 𝐴(

𝑏2 + 1 + 4i𝑏𝜁

2
) + 𝐴(𝑏2 − 1) − 𝐴(2𝑏2)] .
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−log⁡ 𝑍ADHM(𝑁, 1, 𝑁𝑓 , Δ̃) =
4𝜋√2Δ̃1Δ̃2Δ̃3Δ̃4

3

(𝜆 −
1 − 2(Δ̃1 + Δ̃2) + Δ̃1Δ̃2

24Δ̃1Δ̃2
)

3
2

𝜆2
𝑁2

⁡+
𝔠ADHM(1, Δ̃)

𝜆2
𝑁2 +𝒪 (𝑒−#√𝜆) + 𝑜(𝑁2)

𝔠ADHM(1, Δ̃Nosaka-like ) =
𝒜(2Δ̃1) +𝒜(2Δ̃2)

4
−
𝜁(3)

8𝜋2
(Δ̃3
2 + Δ̃4

2)

 

𝒜ADHM(1,𝑁𝑓 , 𝚫̃) = −𝔠
ADHM(1, 𝚫̃)𝑁𝑓

2 + 𝑜(𝑁𝑓
2)  

−log⁡ 𝑍ADHM(𝑁, 𝑏, 𝑁𝑓 , Δ̃sc) =
𝜋√2𝑁𝑓

3
[
𝑄2

4
(𝑁3/2 +

8 + 7𝑁𝑓
2

16𝑁𝑓
𝑁1/2) −

𝑁𝑓
2 + 5

4𝑁𝑓
𝑁1/2]

⁡+𝒪(log⁡𝑁)

 

𝑍𝑁
0,1,0
(𝑁, 𝑏, 𝑘, 𝑟1, 𝑟2, 𝚫) =

1

(𝑁!)2
∫ ⁡(∏  

𝑁

𝑖=1

 
𝑑𝜇𝑖
2𝜋

𝑑𝜈𝑖
2𝜋
)𝑒

i𝑘
4𝜋
∑  𝑁
𝑖=1  (𝜇𝑖

2−𝜈𝑖
2)

⁡×∏ 

𝑖>𝑗

 2sinh⁡
𝑏𝜇𝑖𝑗

2
2sinh⁡

𝜇𝑖𝑗

2𝑏
2sinh⁡

𝑏𝜈𝑖𝑗

2
2sinh⁡

𝜈𝑖𝑗

2𝑏

⁡× ∏  

𝑁

𝑖,𝑗=1

 ∏  

2

𝑎=1

 𝑠𝑏 (
i𝑄

2
(1 − Δ𝑎) −

𝜇𝑖 − 𝜈𝑗

2𝜋
)∏ 

4

𝑎=3

  𝑠𝑏 (
i𝑄

2
(1 − Δ𝑎) +

𝜇𝑖 − 𝜈𝑗

2𝜋
)

⁡×∏  

𝑟1

𝑞=1

 ∏  

𝑁

𝑖=1

 𝑠𝑏 (
i𝑄

2
(1 − Δ𝜇𝑞) −

𝜇𝑖
2𝜋
)𝑠𝑏 (

i𝑄

2
(1 − Δ̃𝜇𝑞) +

𝜇𝑖
2𝜋
)

⁡×∏  

𝑟2

𝑞=1

 ∏  

𝑁

𝑖=1

  𝑠𝑏 (
i𝑄

2
(1 − Δ𝜈𝑞) −

𝜈𝑖
2𝜋
)𝑠𝑏 (

i𝑄

2
(1 − Δ̃𝜈𝑞) +

𝜈𝑖
2𝜋
)

 

Δ𝑎 = Δ𝜇𝑞 = Δ̃𝜇𝑞 = Δ𝜈𝑞 = Δ̃𝜈𝑞 =
1

2
 

𝑟1 = 𝑟2 =
𝑁𝑓

2
 

−log⁡ 𝑍
𝑁0,1,0(𝑁,𝑏,𝑘,𝑁𝑓)=

2𝜋(𝑘+𝑁𝑓)

3√2𝑘+𝑁𝑓 [
𝑄2

4
(𝑁3/2 + (

7𝑁𝑓 − 2𝑘

32
+

1

𝑘 + 𝑁𝑓
)𝑁1/2)

−(
𝑁𝑓

8
+
3𝑘 + 2𝑁𝑓

2(𝑘 + 𝑁𝑓)
2)𝑁

1/2] + 𝒪(log⁡ 𝑁)

 

Δ1 + Δ2 =
4

3
, Δ3 =

2

3
, Δ𝜇𝑞 + Δ̃𝜇𝑞 =

2

3
 

(Δ1, Δ2, Δ3) = (
2

3
,
2

3
,
2

3
) , (Δ𝜇𝑞 , Δ̃𝜇𝑞) = (

1

3
,
1

3
)  

−log⁡ 𝑍𝑉
5,2
(1,𝑁𝑓) =

16√2𝜋

27

(𝜆 −
1
48)

3
2

𝜆2
𝑁2 +

𝔠𝑉
5,2
(1)

𝜆2
𝑁2 + 𝒪 (𝑒−#√𝜆) + 𝑜(𝑁2)
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𝒜𝑉5,2(1,𝑁𝑓) = −𝔠
𝑉5,2(1)𝑁𝑓

2 + 𝑜(𝑁𝑓
2)  

−log⁡ 𝑍𝑉
5,2
(𝑁, 𝑏, 𝑁𝑓) =

16𝜋√2𝑁𝑓

27
[
𝑄2

4
(𝑁3/2 + (

𝑁𝑓

4
+

3

8𝑁𝑓
)𝑁1/2)

−
9(𝑁𝑓

2 + 3)

32𝑁𝑓
𝑁1/2] + 𝒪(log⁡𝑁)

 

𝑍𝑄
1,1,1
(𝑁, 𝑏, 𝑁𝑓 , 𝚫) =

1

(𝑁!)2
∫ ⁡ (∏ 

𝑁

𝑖=1

 
𝑑𝜇𝑖
2𝜋

𝑑𝜈𝑖
2𝜋
)∏ 

𝑖>𝑗

 2sinh
𝑏𝜇𝑖𝑗

2
2sinh⁡

𝜇𝑖𝑗

2𝑏
2sinh⁡

𝑏𝜈𝑖𝑗

2
2sinh⁡

𝜈𝑖𝑗

2𝑏
⁡

⁡× ∏  

𝑁

𝑖,𝑗=1

 ∏  

2

𝑎=1

 𝑠𝑏 (
i𝑄

2
(1 − Δ𝑎) −

𝜇𝑖 − 𝜈𝑗

2𝜋
)∏ 

4

𝑎=3

  𝑠𝑏 (
i𝑄

2
(1 − Δ𝑎) +

𝜇𝑖 − 𝜈𝑗

2𝜋
)

×∏ 

𝑁𝑓

𝑞=1

 ∏  

𝑁

𝑖=1

  𝑠𝑏 (
i𝑄

2
(1 − Δ̃𝜇𝑞) +

𝜇𝑖
2𝜋
)𝑠𝑏 (

i𝑄

2
(1 − Δ𝜈𝑞) −

𝜈𝑖
2𝜋
) ⁡

⁡× ∏  

2𝑁𝑓

𝑞=𝑁𝑓+1

 ∏  

𝑁

𝑖=1

 𝑠𝑏 (
i𝑄

2
(1 − Δ̃𝜇𝑞) +

𝜇𝑖
2𝜋
)𝑠𝑏 (

i𝑄

2
(1 − Δ𝜈𝑞) −

𝜈𝑖
2𝜋
)

 

Δ𝑎 =
1

2
, Δ̃𝜇𝑞 = Δ𝜈𝑞 =

3

4
,  

−log⁡ 𝑍𝑄
1,1,1
(1, 𝑁𝑓) =

4𝜋

3√3

(𝜆 +
1
12)

3
2

𝜆2
𝑁2 +

𝔠𝑄
1,1,1
(1)

𝜆2
𝑁2 + 𝒪 (𝑒−#√𝜆) + 𝑜(𝑁2)

 

𝒜𝑄1,1,1(1,𝑁𝑓) = −𝔠
𝑄1,1,1(1)𝑁𝑓

2 + 𝑜(𝑁𝑓
2).  

−log⁡ 𝑍𝑄
1,1,1
(𝑁, 𝑏, 𝑁𝑓) =

4𝜋√𝑁𝑓

3√3
[
𝑄2

4
(𝑁3/2 +

𝑁𝑓

4
𝑁1/2) −

𝑁𝑓
2 + 3

8𝑁𝑓
𝑁1/2]

⁡+𝒪(log⁡𝑁)

 

Δ̃Fermi ≡ (
1

2
+ i
2𝑚

𝑄
,
1

2
− i
2𝑚

𝑄
,
1

2
− i

2𝜁

𝑄𝑁𝑓
,
1

2
+ i

2𝜁

𝑄𝑁𝑓
)|
𝑚=

(𝑏2−3)i
4𝑏

 

𝑍ADHM(𝑁, 𝑏, 𝑁𝑓 , Δ̃Fermi) =
1

𝑁!
∫ ⁡∏  

𝑁

𝑖=1

 𝑑𝜇𝑖det𝑖,𝑗=1
𝑁 ⟨𝜇𝑖|𝜌̂|𝜇𝑗⟩  

𝜌̂ = 𝑒
i𝑏𝜁
2 𝑞̂𝑠 (

𝑏𝑞̂

2𝜋
+
i𝑄

4
)
𝑁𝑓 𝑒

−
𝑝̂
2𝑏2

2cosh⁡
𝑝̂
2

1

𝑠𝑏 (
𝑏𝑞̂
2𝜋 −

i𝑄
4 )

𝑁𝑓
𝑒
i𝑏𝜁
2
𝑞̂

 

𝒵(𝑠) = Tr[𝜌̂𝑠] = ∫ ⁡
𝑑𝑝𝑑𝑞

2𝜋ℏ
(𝜌𝑠)𝑊(𝑝, 𝑞) = ∑  

∞

𝑛=0

 ℏ2𝑛∫ ⁡
𝑑𝑝𝑑𝑞

2𝜋ℏ
(𝜌𝑠)𝑊

(𝑛)
(𝑝, 𝑞)

⏟              
=𝒵(𝑛)(𝑠)
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𝑒𝒥
ADHM(𝜇;𝑏,𝑁𝑓,Δ̃Fermi) = 1 +∑  

∞

𝑁=1

 𝑍ADHM(𝑁; 𝑏, 𝑁𝑓 , Δ̃Fermi)𝑒
𝜇𝑁  

𝒥ADHM(𝜇; 𝑏, 𝑁𝑓 , Δ̃Fermi) = −∫  
𝑐+i∞

𝑐−i∞

 
𝑑𝑠

2𝜋i
Γ(𝑠)Γ(−𝑠)𝒵(𝑠)𝑒𝑠𝜇⁡(𝑐 ∈ (0,1))  

𝑍ADHM(𝑁; 𝑏, 𝑁𝑓 , Δ̃Fermi) = ∫  
𝜋i

−𝜋i

 
𝑑𝜇

2𝜋i
exp⁡[𝒥ADHM(𝜇; 𝑏, 𝑁𝑓 , Δ̃Fermi) − 𝜇𝑁]  

𝒵(0)(𝑠) = ∫ ⁡
𝑑𝑝𝑑𝑞

2𝜋ℏ
(𝑒

−i𝑏𝜁𝑞+(
1
2𝑏2

+
1
2
)𝑝
+∑  

𝑁𝑓

𝑛=0

 (
𝑁𝑓
𝑛
) 𝑒

((2𝑛−𝑁𝑓)
𝑏2

2
−i𝑏𝜁)𝑞+(

1
2𝑏2

−
1
2
)𝑝
)

−𝑠

 

𝒜ADHM(𝑏, 𝑁𝑓 , Δ̃Fermi) =
1

4
[𝐴 (

(𝑏2 + 1)𝑁𝑓 − 4i𝑏𝜁

2
) + 𝐴 (

(𝑏2 + 1)𝑁𝑓 + 4i𝑏𝜁

2
)

+𝑁𝑓
2(𝐴(𝑏2 − 1) − 𝐴(2𝑏2))]

 

𝐹num
ADHM(𝑁, 𝑏, 𝑁𝑓 , Δ̃Fermi).  

𝐷ADHM(𝑁, 𝑏, 𝑁𝑓 , 𝚫̃Fermi) ≡𝐹num
ADHM(𝑁, 𝑏, 𝑁𝑓 , 𝚫̃Fermi)

⁡+log⁡ [𝒞−1/3Ai[𝒞−1/3(𝑁 − ℬ)]]
 

𝐷ADHM(𝑁, 𝑏, 𝑁𝑓 , Δ̃Fermi) =
!
−𝒜ADHM(𝑏, 𝑁𝑓 , Δ̃Fermi) + 𝒪 (𝑒

−#√𝑁) .  

 

𝑅ADHM(𝑁, 𝑏, 𝑁𝑓 , Δ̃Fermi) ≡
𝐷ADHM(𝑁, 𝑏, 𝑁𝑓 , Δ̃Fermi)

−𝒜ADHM(𝑏, 𝑁𝑓 , Δ̃Fermi)
− 1 → 0,  

𝑅ADHM(20, √5, 2, Δ̃Fermi)|𝜁= 𝑖
10

⁡= −1.168 × 10−9

𝑅ADHM(20, √7, 3, Δ̃Fermi)|𝜁=1
5
⁡= −1.595 × 10−6

 

log⁡|𝐷ADHM(𝑁, 𝑏, 𝑁𝑓 , 𝚫̃Fermi) +𝒜
ADHM(𝑏, 𝑁𝑓 , 𝚫̃Fermi)|

⁡= 𝔢1/2
(lmf)

𝑁1/2 + 𝔢log
(lmf)

log⁡ 𝑁 +∑  

3

𝑔=0

  𝔢𝑔
(lmf)

𝑁−𝑔/2
 

(𝑏2, 𝑁𝑓 , 𝜁) 𝔢1/2
(lmf)

 Standard error ( 𝑏2, 𝑁𝑓 , 𝜁 ) 𝔢1/2
(lmf)

 Standard error 

(3, 2, 0) -6.27478965 1.698 × 10−4 (5, 2, 0) -3.61888083 2.913 × 10−4 

(3, 5, 0) -3.95851786 3.338 × 10−4 (5,5,0) -2.29316899 4.984 × 10−4 
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(3, 2, 
i

5
 ) -5.28818832 8.471 × 10−4 (5,2, 

i

5
 ) -3.18353969 2.519 × 10−3 

(3, 5, 
i

5
 ) -3.59847102 2.322 × 10−3 (5,5, 

i

5
 ) -2.15336338 1.505 × 10−3 

 

𝐹(𝑁, 𝑏, 𝝃) = −log⁡ 𝑍(𝑁, 𝑏, 𝝃) =∑  

∞

g=0

 𝑁2−2 g𝐹g(𝑏, 𝝃) + log⁡ 𝑁,  

𝐹0
ABJM

(𝑏, 𝜆, 𝚫) =
4𝜋√2Δ1Δ2Δ3Δ4

3

𝑄2

4

(𝜆 −
1
24
)
3/2

𝜆2
+
𝔠ABJM(𝑏, 𝚫)

𝜆2
+ 𝒪 (𝑒−#√𝜆)

𝔠ABJM(𝑏, 𝚫) =
𝜁(3)

8𝜋2
[
𝑄2

4
(4 −∑  

4

𝑎=1

 Δ𝑎
2)

+ [
4

Δ13Δ14Δ23Δ24
−𝑄2 (

1

Δ13Δ24
+

1

Δ14Δ23
)]∑  

4

𝑎=1

 
∏  4
𝑏=1  Δ𝑏
Δ𝑎

]

 

𝒜ABJM(𝑏, 𝑘, 𝚫) = −𝔠ABJM(𝑏, 𝚫)𝑘2 + 𝑜(𝑘2).  

𝑍
𝑆𝑏
3
ABJM(𝑁, 𝑏, 𝑘, ΔNosaka ) =

1

(𝑁!)2
∫ ⁡(∏  

𝑁

𝑖=1

 
𝑑𝜇𝑖
2𝜋

𝑑𝜈𝑖
2𝜋
) 𝑒

𝑖𝑘
4𝜋
∑  𝑁
𝑖=1  (𝜇𝑖

2−𝜈𝑖
2)

⁡×∏  

𝑖>𝑗

 2sinh⁡
𝑏𝜇𝑖𝑗

2
2sinh⁡

𝜇𝑖𝑗

2𝑏
2sinh⁡

𝑏𝜈𝑖𝑗

2
2sinh⁡

𝜈𝑖𝑗

2𝑏

⁡× ∏  

𝑁

𝑖,𝑗=1

 𝒟𝑏 (
𝜇𝑖 − 𝜈𝑗

2𝜋
+
𝑚1 +𝑚2

2
)𝒟𝑏 (

𝜇𝑖 − 𝜈𝑗

2𝜋
+
𝑚1 −𝑚2

2
)

=
1

(𝑁!)2
∫ ⁡(∏  

𝑁

𝑖=1

 𝑑𝜇𝑖𝑑𝜈𝑖)exp⁡ [−𝑆eff 
ABJM[𝜇, 𝜈; 𝑁, 𝑏, 𝜆, ΔNosaka ]]

 

0 =
i𝑘

2𝜋
𝜇𝑖 +∑ 

𝑁

𝑗=1

  [
𝑏

2
coth

𝑏𝜇𝑖𝑗

2
+
1

2𝑏
coth

𝜇𝑖𝑗

2𝑏
]

⁡+
1

2𝜋
∑  

𝑁

𝑗=1

  [
𝒟𝑏
′ (
𝜇𝑖 − 𝜈𝑗
2𝜋 +

𝑚1 +𝑚2
2 )

𝒟𝑏 (
𝜇𝑖 − 𝜈𝑗
2𝜋 +

𝑚1 +𝑚2
2 )

+
𝒟𝑏
′ (
𝜇𝑖 − 𝜈𝑗
2𝜋 +

𝑚1 −𝑚2
2 )

𝒟𝑏 (
𝜇𝑖 − 𝜈𝑗
2𝜋 +

𝑚1 −𝑚2
2 )

]

0 =⁡−
i𝑘

2𝜋
𝜈𝑗 +∑ 

𝑁

𝑖=1

  [
𝑏

2
coth

𝑏𝜈𝑗𝑖

2
+
1

2𝑏
coth

𝜈𝑗𝑖

2𝑏
]

⁡−
1

2𝜋
∑  

𝑁

𝑖=1

  [
𝒟𝑏
′ (
𝜇𝑖 − 𝜈𝑗
2𝜋 +

𝑚1 +𝑚2
2 )

𝒟𝑏 (
𝜇𝑖 − 𝜈𝑗
2𝜋 +

𝑚1 +𝑚2
2 )

+
𝒟𝑏
′ (
𝜇𝑖 − 𝜈𝑗
2𝜋 +

𝑚1 −𝑚2
2 )

𝒟𝑏 (
𝜇𝑖 − 𝜈𝑗
2𝜋 +

𝑚1 −𝑚2
2 )

]

 

𝑆cl
ABJM(𝑁, 𝑏, 𝜆, ΔNosaka ) ≡ 𝑆eff

ABJM[𝜇⋆, 𝜈⋆;𝑁, 𝑏, 𝜆, ΔNosaka ]  
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𝑆cl
ABJM(𝑁, 𝑏, 𝜆, ΔNosaka ) = 𝐹0

ABJM(𝑏, 𝜆, ΔNosaka )𝑁
2 + 𝑜(𝑁2).  

𝑆cl
ABJM(𝑁, 𝑏, 𝜆, 𝚫Nosaka )

= 𝑆2
ABJM,(lmf)

(𝑏, 𝜆, 𝚫Nosaka )𝑁
2 + 𝑆1−log

ABJM,(lmf)
(𝑏, 𝜆, 𝚫Nosaka )𝑁log⁡𝑁

+𝑆1
ABJM,(lmf)(𝑏, 𝜆, 𝚫Nosaka )𝑁 + 𝑆log

ABJM,(lmf)(𝑏, 𝜆, 𝚫Nosaka )log⁡𝑁 ⁡

⁡+∑  

20

𝐿=0

 𝑆−𝐿
ABJM,(lmf)

(𝑏, 𝜆, 𝚫Nosaka )𝑁
−𝐿

 

𝑆1−log
ABJM,(lmf)(𝑏, 𝜆, ΔNosaka ) ≈ −2, 𝑆log

ABJM,(lmf)(𝑏, 𝜆, ΔNosaka ) ≈ −
1

6
 

𝑆cl
ABJM(𝑁, 𝑏, 𝜆, ΔNosaka ) + 2𝑁log⁡𝑁 +

1

6
log⁡𝑁

= 𝑆2
ABJM,(lmf)

(𝑏, 𝜆, ΔNosaka )𝑁
2 + 𝑆1

ABJM,(lmf)
(𝑏, 𝜆, ΔNosaka )𝑁⁡

⁡+∑  

22

𝐿=0

 𝑆−𝐿
ABJM,(lmf)

(𝑏, 𝜆, ΔNosaka )𝑁
−𝐿

 

𝐹0
ABJM(𝑏, 𝜆, ΔNosaka ) =

4𝜋√2Δ1Δ2Δ3Δ4
3

𝑄2

4

(𝜆 −
1
24)

3/2

𝜆2
+
𝔠ABJM(𝑏, ΔNosaka )

𝜆2

⁡+𝒪 (𝑒−#√𝜆)

 

𝔠ABJM(𝑏, ΔNosaka ) =
𝜁(3)

8𝜋2
[−
1

8
(𝑏 + 𝑏−1)2(𝑏2 − 4 + 𝑏−2) −

𝑏2 + 𝑏−2

2
(𝑚1

2 +𝑚2
2)

+
(𝑏 − 𝑏−1)2

4
(𝑚2

2 +
(𝑏 − 𝑏−1)2

4
)

2(1 +
4

(𝑏 + 𝑏−1)2
(𝑚1

2 +𝑚2
2))

1 +
4

(𝑏 + 𝑏−1)2
𝑚2
2

]
 
 
 
  

𝐹0
ABJM

(𝑏, 𝜆, Δ) =
4𝜋√2Δ1Δ2Δ3Δ4

3

𝑄2

4
𝜆−1/2 + 𝑜(𝜆−1/2)  

𝐹0
ABJM

(1, 𝜆, 𝚫) =
4𝜋√2Δ1Δ2Δ3Δ4

3

(𝜆 −
1
24)

3/2

𝜆2
+
𝔠ABJM(1, 𝚫)

𝜆2
+ 𝒪 (𝑒−#√𝜆) ,

 

4𝜋√2Δ1Δ2Δ3Δ4
3

𝑄2

4

(𝜆 −
1
24)

3/2

𝜆2
 

𝔠ABJM(𝑏, 𝚫)|
𝑚3→i

𝑏−𝑏−1

2

= 𝔠ABJM(1, 𝚫)|
(𝑚1,𝑚2,𝑚3)→(

𝑏−1𝑚+−𝑏𝑚−
2

,
𝑏−1𝑚++𝑏𝑚−

2
,0)
,  

𝚫̃sc = (
1

2
,
1

2
,
1

2
,
1

2
) 
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𝑍
𝑆𝑏
3
ADHM(𝑁, 𝑏, 𝑁𝑓)=

1

𝑁!
∫ ⁡∏  

𝑁

𝑖=1

 
𝑑𝜇𝑖
2𝜋

∏  

𝑁

𝑖>𝑗

 2sinh⁡
𝑏𝜇𝑖𝑗

2
2sinh⁡

𝜇𝑖𝑗

2𝑏
∏  

𝑁

𝑖,𝑗=1

 𝒟𝑏 (
𝜇𝑖𝑗

2𝜋
) ×∏ 

𝑁

𝑖=1

𝒟𝑏 (
𝜇𝑖
2𝜋
)
𝑁𝑓
⁡ 

⁡=
1

𝑁!
∫ ⁡ (∏  

𝑁

𝑖=1

 𝑑𝜇𝑖)exp⁡[−𝑆eff[𝜇; 𝑁, 𝑏, 𝜆]]

 

𝐹0
ADHM(𝑏, 𝜆) =

𝜋√2

3

𝑄2

4

(𝜆 −
1
24 +

𝑏2 + 𝑏−2

3𝑄2
)
3/2

𝜆2
+
𝔠ADHM(𝑏)

𝜆2
+𝒪 (𝑒−#√𝜆) ,

 

𝒜ADHM(𝑏, 𝑁𝑓) = −𝔠
ADHM(𝑏)𝑁𝑓

2 + 𝑜(𝑁𝑓
2),  

𝔠ADHM(𝑏) = {

𝜁(3)

16𝜋2
−
1

2
𝐴(1) =

𝜁(3)

8𝜋2
−
1

8
log⁡ 2 (𝑏 = 1)

𝜁(3)

4𝜋2
−
1

4
(𝐴(2) − 𝐴(6)) =

𝜁(3)

3𝜋2
−
1

6
log⁡ 3 (𝑏 = √3)

 

0 =∑  

𝑁

𝑗=1

  [
𝑏

2
coth

𝑏𝜆𝑖𝑗

2
+
1

2𝑏
coth

𝜆𝑖𝑗

2𝑏
] +

1

𝜋
∑  

𝑁

𝑗=1

 
𝒟𝑏
′ (
𝜆𝑖𝑗
2𝜋
)

𝒟𝑏 (
𝜆𝑖𝑗
2𝜋)

+
𝑁𝑓

2𝜋

𝒟𝑏
′ (
𝜆𝑖
2𝜋
)

𝒟𝑏 (
𝜆𝑖
2𝜋)

,  

𝑆cl
ADHM(𝑁, 𝑏, 𝜆) ≡ 𝑆eff

ADHM[𝜇⋆;𝑁, 𝑏, 𝜆] = 𝐹0
ADHM(𝑏, 𝜆)𝑁2 + 𝑜(𝑁2)  

𝑆cl
ADHM(𝑁, 𝑏, 𝜆) + 𝑁log⁡ 𝑁 +

1

12
log⁡𝑁

⁡= 𝑆2
ADHM,(lmf)

(𝑏, 𝜆)𝑁2 + 𝑆1
ADHM,(lmf)

(𝑏, 𝜆)𝑁 +∑  

22

𝐿=0

 𝑆−𝐿
ADHM,(lmf)

(𝑏, 𝜆)𝑁−𝐿 ,

 

𝑆1−log
ADHM,(lmf)

(𝑏, 𝜆) ≈ −1, 𝑆log
ADHM,(lmf)

(𝑏, 𝜆) ≈ −
1

12
,  

𝐹𝑆1×⁡𝜔𝑆2(𝑁,𝜔, 𝝃)|𝜔=𝑏2
= 2𝐹𝑆𝑏

3(𝑁, 𝑏, 𝝃) + 𝒪(𝑏2)  

𝐹 = −log⁡ 𝑍 

𝐹𝑆1×⁡𝜔𝑆2(𝑁,𝜔, 𝝃) =
2

𝜔
[
𝜋𝛼(𝝃)

4
(𝑁 − 𝛽(𝝃))

3
2 + 𝑔̂0(𝝃) + 𝒪 (𝑒

−#√𝑁)]

+[𝜋𝛼(𝝃) ((𝑁 − 𝛽(𝝃))
3
2 + 𝛾(𝝃)(𝑁 − 𝛽(𝝃))

1
2) +

1

2
log⁡(𝑁 − 𝛽(𝝃))

−𝑓0(𝝃) + 𝒪 (𝑒
−#√𝑁)] + 𝒪(𝜔)

 

𝐹𝑆𝑏
3(𝑁, 𝑏, 𝝃)|

(5.1)+(5.2)
=
1

𝑏2
[
𝜋𝛼

4
(𝑁 − 𝛽)

3
2 + 𝑔̂0(𝝃)] + [

𝜋𝛼

2
(𝛼(𝑁 − 𝛽)

3
2 + 𝛾(𝑁 − 𝛽)

1
2)

+
1

4
log⁡(𝑁 − 𝛽) −

1

2
𝑓0(𝝃)] + 𝒪 (𝑏

2, 𝑒−#√𝑁)
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𝐹𝑆𝑏
3(𝑁, 𝑏, 𝝃)|

(2.2)
=
1

𝑏2
[
𝜋𝛼

4
(𝑁 − 𝛽)

3
2] + log⁡ 𝑏 + [

𝜋𝛼

2
(𝛼(𝑁 − 𝛽)

3
2 + 𝛾(𝑁 − 𝛽)

1
2)

+
1

4
log⁡(𝑁 − 𝛽) +

1

2
log⁡

32

3𝛼
] −𝒜(𝑏, 𝝃) + 𝒪 (𝑏2, 𝑒−#√𝑁)

 

𝒜(𝑏, 𝝃) =
!
−
1

𝑏2
𝑔̂0(𝝃) + log⁡ 𝑏 +

1

2
[𝑓0(𝝃) + log⁡

32

3𝛼(𝝃)
] + 𝒪(𝑏2)  

 

𝒜(num)(𝑁, 𝑏, 𝝃)= log⁡ 𝑍
𝑆𝑏
3
(num)

(𝑁, 𝑏, 𝝃) − log⁡ [𝒞−1/3Ai[𝒞−1/3(𝑁 − ℬ)]]⁡

⁡= −
1

𝑏2
𝑔̂0
num(𝝃) + 𝒪(log⁡ 𝑏)

 

 

𝚫̃ = 𝚫̃sc 𝑔̂0
ADHM,(num)

(𝑁𝑓 , 𝚫̃) 𝑔̂0
ADHM(𝑁𝑓 , 𝚫̃) 

𝑁𝑓 = 1 -0.1838410233 -0.183841023338 

𝑁𝑓 = 2 -0.33723359 -0.337233589618 

𝑁𝑓 = 3 -0.62879449 -0.628794493649 

𝑁𝑓 = 4 -1.043299 -1.043299506902 

𝑁𝑓 = 5 -1.57819 -1.578200494091 

𝑁𝑓 = 6 -2.2327 -2.232772433361 

 

𝚫̃ = (
3

7
,
4

7
,
1

2
,
1

2
) 𝑔̂0

ADHM,(num)
(𝑁𝑓 , 𝚫̃) 𝑔̂0

ADHM(𝑁𝑓 , 𝚫̃) 

𝑁𝑓 = 1 -0.184873819 -0.184873819329 

𝑁𝑓 = 2 -0.3430694 -0.343069446632 

𝑁𝑓 = 3 -0.6425169 -0.642516986634 
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𝚫̃ = (
3

8
,
5

8
,
2

5
,
3

5
) 𝑔̂0

ADHM,(num)
(𝑁𝑓 , 𝚫̃) 𝑔̂0

ADHM(𝑁𝑓 , 𝚫̃) 

𝑁𝑓 = 1 -0.18922588 -0.189225885117 

𝑁𝑓 = 2 -0.3541838 -0.354183848923 

𝑁𝑓 = 3 -0.66685 -0.666855367656 

 

 𝑔̂0
𝑉5,2,(num)

(𝑁𝑓) 𝑔̂0
𝑉5,2(𝑁𝑓) 

𝑁𝑓 = 1 -0.1394556 -0.139455670622 

𝑁𝑓 = 2 -0.188884 -0.188884534562 

𝑁𝑓 = 3 -0.2965 -0.296573183635 

 

𝔠ABJM(𝑏, 𝚫)

⁡=
1

𝑏2
𝜁(3)

8𝜋2
[
4 − ∑  4

𝑎=1  Δ𝑎
2

4
− (

1

Δ13Δ24
+

1

Δ14Δ23
)∑  

4

𝑎=1

 
∏  4
𝑏=1  Δ𝑏
Δ𝑎

]

⁡+
𝜁(3)

8𝜋2
[
4 − ∑  4

𝑎=1  Δ𝑎
2

2
+ (

4

Δ13Δ14Δ23Δ24
−
1

2
(

1

Δ13Δ24
+

1

Δ14Δ23
))∑  

4

𝑎=1

 
∏  4
𝑏=1  Δ𝑏
Δ𝑎

] + 𝒪(𝑏2)

⁡

 

𝑔̂0
ABJM

(𝑘, 𝚫) ⁡= 𝑔̂0,2
ABJM

(𝚫)
𝜁(3)

8𝜋2
𝑘2 +𝒪(log⁡ 𝑘)

𝑔̂0,2
ABJM

(𝚫) ⁡=
4 − ∑  4

𝑎=1  Δ𝑎
2

4
− (

1

Δ13Δ24
+

1

Δ14Δ23
)∑  

4

𝑎=1

 
∏  4
𝑏=1  Δ𝑏
Δ𝑎

𝑓0
ABJM

(𝑘, 𝚫) ⁡= 𝑓0,2
ABJM

(𝚫)
𝜁(3)

8𝜋2
𝑘2 + 𝒪(log⁡ 𝑘)

𝑓0,2
ABJM

(𝚫) ⁡= −(4 −∑  

4

𝑎=1

 Δ𝑎
2) + (

1

Δ13Δ24
+

1

Δ14Δ23
−

8

Δ13Δ14Δ23Δ24
)∑  

4

𝑎=1

 
∏  4
𝑏=1  Δ𝑏
Δ𝑎

 

Ξ(𝜇, 𝑏, 𝝃) = ∑  

𝑁≥0

 𝑍(𝑁, 𝑏, 𝝃)𝑒𝑁𝜇⁡ with ⁡𝑍(0, 𝑏, 𝝃) = 1  

𝒥(𝜇, 𝑏, 𝝃) = log⁡ Ξ(𝜇, 𝑏, 𝝃)  
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𝑒𝒥(𝜇,𝑏,𝝃) =∑  

𝑛∈ℤ

  𝑒𝐽(𝜇+2𝜋i𝑛,𝑏,𝝃)  

𝑍(𝑁, 𝑏, 𝝃) =
1

2i𝜋
∫  
i∞

−i∞

  d𝜇exp⁡[𝐽(𝜇, 𝑏, 𝝃) − 𝑁𝜇]  

Ai(𝑧) =
1

2𝜋
∫  
+∞

−∞

 𝑑𝑡exp⁡ (i
𝑡3

3
+ i𝑡𝑧)  

𝐽(𝜇, 𝑏, 𝝃) =
𝒞(𝑏, 𝝃)

3
𝜇3 + ℬ(𝑏, 𝝃)𝜇 +𝒜(𝑏, 𝝃) + 𝒪(𝑒−𝜇)  

log⁡ 𝑍 ∼ 𝑁
𝑝
𝑝−1⁡ as ⁡𝑁 → +∞  

−log⁡ 𝑧𝑖 =∑ 

𝔤Σ

𝑗=1

  𝑟𝑖𝑗𝜇𝑗 + ∑  

𝑏2(𝑋)−𝔤Σ

𝑘=1

 𝑚𝑖𝑘log⁡ 𝜆𝑘  

𝑡𝑖(𝑧 ) = −log⁡ 𝑧𝑖 − Π𝑖(𝑧 )  

𝑡𝑖(𝜇 , 𝜆 ) =∑  

𝔤Σ

𝑗=1

  𝑟𝑖𝑗𝜇𝑗 + ∑  

𝑏2(𝑋)−𝔤Σ

𝑘=1

 𝑚𝑖𝑘log⁡ 𝜆𝑘 + 𝒪(𝑒
−𝜇𝑗)  

𝐹(𝑡 , 𝑔top) =
1

6(𝑔top)
2 ∑  

𝑏2(𝑋)

𝑖,𝑗,𝑘=1

 𝑐𝑖𝑗𝑘𝑡𝑖𝑡𝑗𝑡𝑘 + ∑  

𝑏2(𝑋)

𝑖=1

 𝑑𝑖𝑡𝑖 +∑ 

𝔤≥2

 𝑐𝔤(𝑔top)
2𝔤−2

+ 𝐹GV(𝑡 , 𝑔top)  

𝐹GV(𝑡 , 𝑔top) =∑  

𝔤≥0

  ∑  

𝑑 ∈𝐻2(𝑋,ℤ)

 ∑  

𝑤≥1

 
𝑛𝔤
𝑑 

𝑤
(2sin⁡

𝑤𝑔top

2
)
2𝔤−2

𝑒−𝑤𝑑
 ⋅𝑡 

 

𝐹(𝑡 , 𝜖1, 𝜖2) = ∑  

𝔤,𝑛≥0

 𝐹𝔤,𝑛(𝑡 )(𝑔top)
2𝔤−2

ℏ2𝑛  

𝐹NS(𝑡 , ℏ) = − lim
𝜖2→0

 𝜖2𝐹(𝑡 , 𝜖1, 𝜖2) =∑  

𝑛≥0

 𝐹𝑛
NS(𝑡 )ℏ2𝑛−1  

𝐹NS(𝑡 , ℏ) =
1

6ℏ
∑  

𝑏2(𝑋)

𝑖,𝑗,𝑘=1

  𝑐𝑖𝑗𝑘𝑡𝑖𝑡𝑗𝑡𝑘 + ℏ ∑  

𝑏2(𝑋)

𝑖=1

 𝑑𝑖
NS𝑡𝑖 + 𝐹

GV,ref(𝑡 , ℏ)  

𝐹GV, ref (𝑡 , ℏ) = ∑  

2𝑗𝐿 ,2𝑗𝑅≥0

 ∑  

𝑑 

 ∑  

𝑤≥1

  (−1)2(𝑗𝐿+𝑗𝑅)
𝑁𝑗𝐿 ,𝑗𝑅
𝑑 

𝑤2

sin⁡ (
ℏ𝑤
2
(2𝑗𝐿 + 1)) sin⁡ (

ℏ𝑤
2
(2𝑗𝑅 + 1))

2sin3⁡ (
ℏ𝑤
2 )

𝑒−𝑤𝑑
 ⋅𝑡  

𝑡𝑖(𝑧 , ℏ) = −log⁡ 𝑧𝑖 − Π𝑖(𝑧 , ℏ)  
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𝐽𝑋(𝜇 , 𝜆 , ℏ) =
1

2𝜋
[ ∑  

𝑏2(𝑋)

𝑖=1

  𝑡𝑖(ℏ)𝜕𝑡𝑖𝐹
NS(𝑡 (ℏ), ℏ) + ℏ2𝜕ℏ (

1

ℏ
𝐹NS(𝑡 (ℏ), ℏ)) +

4𝜋2

ℏ
∑  

𝑏2(𝑋)

𝑖=1

 𝑑𝑖𝑡𝑖(ℏ)]

⁡+𝒜(𝜆 , ℏ) + 𝐹GV (
2𝜋

ℏ
𝑡 (ℏ) + i𝜋𝐵⃗ ,

4𝜋2

ℏ
)

 

𝐽𝑋(𝜇 , 𝜆 , ℏ) =
1

12𝜋ℏ
∑  

𝑏2(𝑋)

𝑖,𝑗,𝑘=1

  𝑐𝑖𝑗𝑘𝑡𝑖𝑡𝑗𝑡𝑘 + ∑  

𝑏2(𝑋)

𝑖=1

  (
2𝜋

ℏ
𝑑𝑖 +

ℏ

2𝜋
𝑑𝑖
NS) 𝑡𝑖 +𝒜(𝜆 , ℏ) + 𝒪(𝑒

−𝑡𝑖 , 𝑒−2𝜋𝑡𝑖/ℏ)  

𝑂𝑗(𝑥, 𝑦) + 𝜅𝑗 = 0, 𝑗 = 1,… , 𝔤Σ  

𝜌̂𝑗 = O𝑗
−1, 𝑗 = 1,… , 𝔤Σ  

Ξ𝑋(𝜇 , 𝜆 , ℏ) = det(1 +∑  

𝔤Σ

𝑗=1

 𝜅𝑗𝜌̂𝑗)  

Ξ𝑋(𝜇 , 𝜆 , ℏ) = ∑  

𝑛⃗ ∈ℤ𝔤Σ

 exp⁡[𝐽𝑋(𝜇 + 2i𝜋𝑛⃗ , 𝜆 , ℏ)]  

Ξ𝑋(𝜇 , 𝜆 , ℏ) = ∑  

𝑁1≥0

 … ∑  

𝑁𝔤Σ≥0

 𝑍𝑋(𝑁⃗⃗ , 𝜆 , ℏ)𝜅1
𝑁1 …𝜅𝔤Σ

𝑁𝔤Σ
 

𝑍𝑋(𝑁⃗⃗ , 𝜆 , ℏ) =
1

(2i𝜋)𝔤Σ
∫  
i∞

−i∞

 𝑑𝜇1…∫  
i∞

−i∞

 𝑑𝜇𝔤Σexp⁡ [𝐽𝑋(𝜇 , 𝜆
 , ℏ) −∑  

𝔤Σ

𝑗=1

 𝑁𝑗𝜇𝑗]  

𝑠𝑏(𝑧) ≡
Γ2 (

𝑄
2 + i𝑧; 𝑏, 𝑏

−1)

Γ2 (
𝑄
2 − i𝑧; 𝑏, 𝑏

−1)
= ∏  

∞

𝑚,𝑛=0

 
𝑚𝑏 + 𝑛𝑏−1 +

𝑄
2
− i𝑧

𝑚𝑏 + 𝑛𝑏−1 +
𝑄
2 + i𝑧

,  

𝜁𝑟(𝑠, 𝑧; 𝜔⃗⃗ ) ⁡≡ ∑  

∞

𝑛1,⋯,𝑛𝑟=0

 
1

(𝑛⃗ ⋅ 𝜔⃗⃗ + 𝑧)𝑠

Γ𝑟(𝑧; 𝜔⃗⃗ ) ⁡≡ exp⁡ [
𝜕

𝜕𝑠
𝜁𝑟(𝑠, 𝑧; 𝜔⃗⃗ )|

𝑠=0
] = ∏  

∞

𝑛1,⋯,𝑛𝑟=0

 
1

(𝑛⃗ ⋅ 𝜔⃗⃗ + 𝑧)

 

𝑠𝑏(𝑧)𝑠𝑏(−𝑧)= 1 ⁡

𝑠𝑏(𝑧)⁡= 𝑠𝑏(−𝑧‾)

𝑠𝑏 (
i

2
𝑏±1 + 𝑧) 𝑠𝑏 (

i

2
𝑏±1 − 𝑧)⁡=

1

2cosh⁡(𝜋𝑏±1𝑧)
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log⁡ 𝑠𝑏(𝑥) =∑  

𝑝𝑞−1

𝑐=1

  [
1

4
log⁡(𝑝𝑞)𝐵2(𝑣) + 𝑣log⁡ Γ(𝑣) − log⁡ 𝐺(𝑣 + 1) ⁡

+(𝑁(𝑐) − 𝑣) (log⁡ Γ(𝑣) −
1

2
log⁡(2𝜋) +

1

2
log⁡(𝑝𝑞)𝐵1(𝑣))]

⁡−(𝑥 → −𝑥)⁡(𝑣 ≡
𝑄/2 + i𝑥

√𝑝𝑞
+
𝑐

𝑝𝑞
)

 

𝑁(𝑐) = {𝑘, 𝑙 ∈ ℤ≥0 ∣ 𝑘𝑝 + 𝑙𝑞 = 𝑐} = 0 or 1  

log⁡ 𝑠𝑏(𝑥) =
1

2𝜋i
∫ ⁡
𝑑𝑡

𝑡
(𝛾 + log⁡ 𝑡)

1

(1 − 𝑒𝑏𝑡)(1 − 𝑒𝑡/𝑏)
[𝑒(𝑄/2+i𝑥)𝑡 − 𝑒(𝑄/2−i𝑥)𝑡]  

𝒟𝑏(𝑥) ≡
𝑠𝑏(𝑥 + i𝑄/4)

𝑠𝑏(𝑥 − i𝑄/4)
= 𝑠𝑏 (

i𝑄

4
+ 𝑥) 𝑠𝑏 (

i𝑄

4
− 𝑥)  

𝒟𝑏(𝑥) =∏ 

𝑛

ℓ=1

 
1

2cosh⁡ (
𝜋
𝑏
𝑥 +

𝜋i
𝑏2
(
𝑛 + 1
2 − ℓ))

⁡(𝑏2 = 2𝑛 − 1, 𝑛 ∈ ℕ)
 

 

𝐴𝑊(𝑝, 𝑞) ≡ ∫  
∞

−∞

 𝑑𝑞′ ⟨𝑞 −
𝑞′

2
| 𝐴̂ |𝑞 +

𝑞′

2
⟩ 𝑒𝑖𝑝𝑞

′/ℏ  

Tr𝐴̂ = ∫  
∞

−∞

 
𝑑𝑝𝑑𝑞

2𝜋ℏ
𝐴𝑊(𝑝, 𝑞)  

(𝐴̂𝐵̂)𝑊(𝑝, 𝑞)= 𝐴𝑊(𝑝, 𝑞) ⋆ 𝐵𝑊(𝑝, 𝑞) ⁡

⁡= ∑  

∞

𝑛=0

 
1

𝑛!
(
iℏ

2
)
𝑛

∑ 

∞

𝑘=0

  (−1)𝑘 (
𝑛

𝑘
) (𝜕𝑝

𝑘𝜕𝑞
𝑛−𝑘𝐴𝑊(𝑝, 𝑞))(𝜕𝑝

𝑛−𝑘𝜕𝑞
𝑘𝐵𝑊(𝑝, 𝑞))

 

 

𝑍𝑁 =
1

𝑁!
∫  
∞

−∞

 𝑑𝑁𝑥 det
𝑖,𝑗=1

𝑓(𝑥𝑖, 𝑥𝑗)⁡(𝑍0 = 1)  

𝑒𝑁(𝜆1,⋯ , 𝜆𝑚) = ∑  

1≤𝑗1<𝑗2<⋯<𝑗𝑁≤𝑚

 𝜆𝑗1⋯𝜆𝑗𝑁 .  
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Ξ(𝑧)= ∑  

∞

𝑁=0

 𝑍𝑁𝑧
𝑁 ⁡

≈ 1 + 𝑧∑  

𝑖

 𝐴𝑖𝑖 +
𝑧2

2!
∑  

𝑖,𝑗

  |
𝐴𝑖𝑖 𝐴𝑖𝑗
𝐴𝑗𝑖 𝐴𝑗𝑗

| +
𝑧3

3!
∑  

𝑖,𝑗,𝑘

  |

𝐴𝑖𝑖 𝐴𝑖𝑗 𝐴𝑖𝑘
𝐴𝑗𝑖 𝐴𝑗𝑗 𝐴𝑗𝑘
𝐴𝑘𝑖 𝐴𝑘𝑗 𝐴𝑘𝑘

| +⋯⁡

= det(1 + 𝑧𝐴) ⁡

⁡=∏ 

𝑚

𝑎=1

  (1 + 𝜆𝑎𝑧) = ∑  

∞

𝑁=0

  𝑒𝑁(𝜆1, … , 𝜆𝑚)𝑧
𝑁

 

𝑍𝑁 = ∮ ⁡⁡
𝑑𝑧

2𝜋i

1

𝑧𝑁+1
Ξ(𝑧) = 𝑟−𝑁∫  

2𝜋

0

 
𝑑𝜃

2𝜋
𝑒−i𝑁𝜃Ξ(𝑟𝑒𝑖𝜃)  

−𝑁log⁡ 𝑟 + log⁡ Ξ(𝑟),  

 

 

𝑓(𝑥, 𝑦) =
1

√2cosh⁡(𝜋𝑥)

1

√2cosh⁡(𝜋𝑦)

1

2cosh⁡(𝜋(𝑥 − 𝑦))
.  

𝑁 Numerical 𝐹𝑁 Analytic 𝐹𝑁 

1 1.386294361 1.386294361 

2 3.917318608 3.917318608 

10 45.49866122 45.49866122 

20 130.2063341 130.2063341 
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40 371.0289665 371.0289665 

100 1474.4973 N /A 

 

𝑁 = 1 ∼ 20, 𝑏2 ∈ {3,5,7},𝑁𝑓 ∈ {1,2,3,4,5}, 𝜁 ∈ {0,
1

5
,
i

5
,
i

10
}  

𝜁 = 0 𝑏 = √3 𝑏 = √5 𝑏 = √7 

𝑁𝑓 = 1 2.301 × 10−12 −1.240 × 10−10 −3.206 × 10−9 

𝑁𝑓 = 2 −2.015 × 10−9 −2.201 × 10−8 3.743 × 10−7 

𝑁𝑓 = 3 5.868 × 10−9 −2.268 × 10−7 1.433 × 10−5 

𝑁𝑓 = 4 3.469 × 10−8 2.935 × 10−7 2.244 × 10−5 

𝑁𝑓 = 5 −1.078 × 10−6 −1.333 × 10−6 −1.555 × 10−4 

 

 

 

 

𝜁 =
1

5
 𝑏 = √3 𝑏 = √5 𝑏 = √7 

𝑁𝑓 = 1 −7.197 × 10−10 1.988 × 10−8 −1.113 × 10−8 

𝑁𝑓 = 2 −3.665 × 10−10 −1.090 × 10−8 −7.673 × 10−8 

𝑁𝑓 = 3 −1.949 × 10−9 −1.886 × 10−7 −1.595 × 10−6 

𝑁𝑓 = 4 −4.454 × 10−9 −3.156 × 10−6 −3.100 × 10−5 

𝑁𝑓 = 5 −1.008 × 10−8 −1.625 × 10−5 −2.761 × 10−4 
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𝜁 =
i

5
 𝑏 = √3 𝑏 = √5 𝑏 = √7 

𝑁𝑓 = 1 −1.345 × 10−9 −8.574 × 10−10 −1.490 × 10−8 

𝑁𝑓 = 2 2.498 × 10−9 −2.417 × 10−8 −5.890 × 10−7 

𝑁𝑓 = 3 1.620 × 10−8 −3.621 × 10−7 −1.729 × 10−6 

𝑁𝑓 = 4 −2.979 × 10−8 −3.326 × 10−6 −8.288 × 10−5 

𝑁𝑓 = 5 1.002 × 10−6 −8.411 × 10−6 −1.471 × 10−4 

 

𝜁 =
i

10
 𝑏 = √3 𝑏 = √5 𝑏 = √7 

𝑁𝑓 = 1 −4.244 × 10−10 −1.739 × 10−9 −5.772 × 10−9 

𝑁𝑓 = 2 −9.711 × 10−11 −1.168 × 10−9 −7.800 × 10−8 

𝑁𝑓 = 3 3.599 × 10−9 −4.187 × 10−8 −4.511 × 10−6 

𝑁𝑓 = 4 −1.380 × 10−5 −4.786 × 10−4 3.858 × 10−5 

𝑁𝑓 = 5 −2.661 × 10−7 −8.303 × 10−6 −1.340 × 10−4 

 

Caso I. 𝑚1 = 𝑚2 = 𝑚3 = 0 

 i) 𝜆 ∈ {30,32,34,36,38,40}, 𝑏 = √7

 ii) 𝜆 ∈ {30,35,40}, 𝑏 ∈ {√3,√5, √9}.
 

Caso II. 𝑚2 = 𝑚3 = 0 with 𝜆 = 30 

 iii) 𝑏 = √3, ΔNosaka ∈ {(
1

4
,
1

4
,
3

4
,
3

4
) , (

1

3
,
1

3
,
2

3
,
2

3
) , (

2

5
,
2

5
,
3

5
,
3

5
)} ,

 iv) 𝑏 = √5, ΔNosaka ∈ {(
1

4
,
1

4
,
3

4
,
3

4
) , (

1

3
,
1

3
,
2

3
,
2

3
)} ,

 v) 𝑏 ∈ {√7,√9}, ΔNosaka = (
1

4
,
1

4
,
3

4
,
3

4
) .
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Caso III. 𝑚1 = 𝑚3 = 0 with 𝜆 = 30 

 vi) 𝑏 = √3, ΔNosaka ∈ {(
5

8
,
3

8
,
3

8
,
5

8
) , (

3

5
,
2

5
,
2

5
,
3

5
) , (

7

12
,
5

12
,
5

12
,
7

12
)} ,

 vii) 𝑏 ∈ {√5, √7}, ΔNosaka = (
5

8
,
3

8
,
3

8
,
5

8
) .

 

𝑏 = √7, 𝚫Nosaka = 𝚫sc 

𝑆2, lead 

ABJM,(lmf)(𝑏, ΔNosaka ) 𝑆2, lead 
ABJM (𝑏, 𝚫Nosaka ) 

3.38505366724720 
𝜋√2

3

𝑄2

4
= 3.38505366716828 

𝔣ABJM,(lmf) (𝑏, 𝚫Nosaka ) 𝔣ABJM (𝑏, 𝚫Nosaka ) 

-0.285715226522448 1 −
(𝑏 − 𝑏−1)2

4
= −

2

7
= −0.285714285714286 

𝑏 = √5, 𝚫Nosaka = (
5

8
,
2

5
,
3

5
,
3

8
) 

𝑆2, lead 

ABJM,(lmf)(𝑏, ΔNosaka ) 𝑆2, lead 
ABJM (𝑏, 𝚫Nosaka ) 

2.52893330316739 
4𝜋√2Δ1Δ2Δ3Δ4

3

𝑄2

4
= 2.52893330317466 

𝔣ABJM,(lmf) (𝑏, 𝚫Nosaka ) fABJM (𝑏, 𝚫Nosaka ) 

0.293303408399649 
1782111

6076000
= 0.293303324555629 

 

Caso IV. 𝑚3 = 0 

 iix) 𝑏 = √3, 𝜆 = 30, ΔNosaka ∈ {(
3

5
,
5

12
,
2

5
,
7

12
) , (

7

12
,
3

8
,
5

12
,
5

8
)} ,

 ix) 𝑏 = √5, 𝜆 ∈ {30,32,34,36,38,40}, ΔNosaka = (
5

8
,
2

5
,
3

8
,
3

5
) ,

 x) 𝑏 = √7, 𝜆 = 30, ΔNosaka = (
5

8
,
2

5
,
3

8
,
3

5
) .

 

𝑆2
ABJM,(lmf)(𝑏, 𝜆, ΔNosaka ) =𝑆2, lead 

ABJM,(lmf)(𝑏, ΔNosaka )
(𝜆 −

1
24)

2

𝜆2

⁡+𝔣ABJM,(lmf)(𝑏, ΔNosaka )
𝜁(3)

8𝜋2𝜆2
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𝔣ABJM,(lmf)(𝑏, ΔNosaka ) ≡
8𝜋2𝜆2

𝜁(3)
[𝑆2
ABJM,(lmf)

(𝑏, 𝜆, ΔNosaka )

−
4𝜋√2Δ1Δ2Δ3Δ4

3

𝑄2

4

(𝜆 −
1
24)

3/2

𝜆2
𝑁2]

 

Data 𝔣ABJM,(lmf) (𝑏, 𝚫Nosaka ) fABJM (𝑏, ΔNosaka ) 

iii) 𝚫Nosaka =

(
1

4
,
1

4
,
3

4
,
3

4
) 

1.16666654026091 
7

6
= 1.16666666666667 

iv) 𝚫Nosaka =

(
1

3
,
1

3
,
2

3
,
2

3
) 

0.577777833211990 
26

45
= 0.577777777777778 

vi) 𝚫Nosaka =

(
3

5
,
2

5
,
3

5
,
2

5
) 

0.720000000024472 
18

25
= 0.720000000000000 

vii) 𝚫Nosaka =

(
5

8
,
3

8
,
5

8
,
3

8
) 

-0.142856901982585 −
1

7
= −0.142857142857143 

iix) 𝚫Nosaka =

(
3

5
,
5

12
,
7

12
,
2

5
) 

0.712043477818766 

3344219

4696650

= 0.712043477798005 

 i) 𝜆 = 30, 𝑏 ∈ {1, √3},

 ii) 𝜆 ∈ {30,32,34,36,38,40}, 𝑏 = √5,

 iii) 𝜆 ∈ {30,35,40}, 𝑏 ∈ {√7,√9, √11}.

 

𝔣ADHM(𝑏 = √5) = −0.247365050537827.  

(𝑏, 𝜆) 𝔠ADHM,(lmf)(𝑏, 𝜆) 𝔠ADHM(𝑏) 

(1,30) -0.071419169040796540447 
𝜁(3)

8𝜋2
−
1

8
log⁡ 2 = −0.071419169040796528287 

(√3, 30) -0.14250410536682725419 
𝜁(3)

3𝜋2
−
1

6
log⁡ 3 = −0.14250410536682725419 
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(𝜆 −
1
24
+
𝑏2 + 𝑏−2

3𝑄2
)
3/2

𝜆2
,⁡ and ⁡

1

𝜆2
,

 

𝔠ADHM,(lmf)(𝑏, 𝜆) ≡ 𝜆2

[
 
 
 
 

𝑆2
ADHM,(lmf)

(𝑏, 𝜆) −
𝜋√2

3

𝑄2

4

(𝜆 −
1
24
+
𝑏2 + 𝑏−2

3𝑄2
)
3/2

𝜆2
𝑁2

]
 
 
 
 

,  

𝑏 𝔠ADHM,(lmf)(𝑏, 𝜆 = 30) 𝔠ADHM,(lmf)(𝑏, 𝜆 = 35) 𝔠ADHM,(lmf)(𝑏, 𝜆 = 40) 

√7 -0.359318492567472 -0.359318479059387 -0.359318430945854 

√9 -0.474110276869651 -0.474110155382705 -0.474110482846968 

√11 -0.590332572015681 -0.590333574547422 -0.590335953236448 

 

sinh⁡ 𝜋𝑏2𝑦 ≈
1

2
sign(𝑦)𝑒𝜋𝑏

2|𝑦|,  

log⁡ 𝑠𝑏 (
i𝑄

2
(1 − Δ) + 𝑏𝑦) = ℒ(𝑦, Δ)𝑏2 + 𝑂(𝑏)0.  

ℒ(𝑥, Δ) =
𝜋i

2
𝐵2 (1 −

Δ

2
− i𝑥) −

i

2𝜋
Li2(𝑒

−𝜋iΔ+2𝜋𝑥),  

𝑍ADHM ≈
𝑏𝑁

𝑁!
∫ ⁡ 𝑑𝑁𝑦∏  

𝑁

𝑖=1

 𝑒−𝜋𝑏
2𝜒𝑚𝑦𝑖∏ 

𝑁

𝑖<𝑗

  [sign(𝑦𝑖𝑗)𝑒
𝜋𝑏2|𝑦𝑖𝑗|2sinh⁡(𝜋𝑦𝑖𝑗)]

⁡×∏  

3

𝑎=1

 ∏  

𝑁

𝑖,𝑗=1

 exp⁡[𝑏2ℒ(−𝑦𝑖𝑗 , Δ𝑎)] ×∏  

𝑁𝑓

𝑞=1

 ∏  

𝑁

𝑖=1

 exp⁡ [𝑏2 (ℒ (−𝑦𝑖, Δ𝜇𝑞) + ℒ (𝑦𝑖 , Δ̃𝜇𝑞))]

 

log⁡ 𝑍ADHM ≈ 𝜌𝑏2 + 𝑂(𝑏)0,  

𝜌 = max
𝑦
 𝑓(𝑦),  

𝑓(𝑦) =−∑  

𝑁

𝑖=1

 𝜋𝜒𝑚𝑦𝑖 +∑ 

𝑁

𝑖<𝑗

 𝜋|𝑦𝑖𝑗| ⁡

⁡+∑  

3

𝑎=1

  ∑  

𝑁

𝑖,𝑗=1

 ℒ(−𝑦𝑖𝑗 , Δ𝑎) +∑  

𝑁𝑓

𝑞=1

 ∑  

𝑁

𝑖=1

  [ℒ (−𝑦𝑖, Δ𝜇𝑞) + ℒ (𝑦𝑖, Δ̃𝜇𝑞)] .

 

log⁡ 𝑍ADHM ≈ 𝜌𝑏−2 + 𝑂(𝑏)0.  
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𝑁 𝜌 𝑦⋆ 

2 -1.39079 (−0.132328,0.132328) 

3 -2.37148 (−0.233632,0. ,0.233632) 

⋮ ⋮ ⋮ 

10 -12.6388 (−0.713068,−0.487065,… ,0.487065,0.713068) 

 

𝑔̂0
num = −𝜌 −

𝜋𝛼

4
(𝑁 − 𝛽)3/2.  

𝑁 𝑔̂0
num  

2 -0.18383993271077603 

3 -0.1838409213600123 

4 -0.18384101054942192 

5 -0.18384102137056857 

6 -0.18384102298546967 

7 -0.1838410232669867 

8 -0.18384102332245966 

9 -0.18384102333451757 

10 -0.18384102333738106 

 

𝑔̂0
ABJM,(num)

(𝑘, 𝚫) ≡
1

2𝜋
Im𝒱ABJM −

𝜋√2𝑘Δ1Δ2Δ3Δ4
3

(𝑁 −
𝑘

24
+

1

12𝑘
∑  

4

𝑎=1

 
1

Δ𝑎
)

3/2

 

𝑔̂0
ABJM,(num)

(𝑘, 𝚫) = 𝑔̂0,2
ABJM,(num)

(𝚫)
𝜁(3)

8𝜋2
𝑘2 +∑  

23

𝑔=0

  𝑔̂0,−2𝑔
ABJM,(num)

(𝚫)𝑘−2𝑔  
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 𝑔̂0,2
ABJM,(num)

(𝚫) 𝑔̂0,2
ABJM

(𝚫) 

𝚫 = (
3

7
,
1

2
,
1

2
,
4

7
) -0.244884877027426 −

18719

76440
= −0.244884877027734 

𝚫 = (
4

9
,
5

9
,
1

2
,
1

2
) -0.248447234644140 −

52001

209304
= −0.248447234644345 

𝚫 = (
5

11
,
5

11
,
6

11
,
6

11
) -0.243801652892334 −

59

242
= −0.243801652892562 

𝚫 = (
5

12
,
7

12
,
5

12
,
7

12
) -0.243055555554787 −

35

144
= −0.243055555555556 

𝚫 = (
2

5
,
2

5
,
2

5
,
4

5
) -0.213333333331287 −

16

75
= −0.213333333333333 

𝚫 = (
15

40
,
17

40
,
21

40
,
27

40
) -0.218610304168689 −

511723

2340800
= −0.218610304169515 

 

𝑓0
ABJM,( from TTI )

(𝑘, 𝚫) = [−∑  

4

𝑎=1

 𝑓0,2,𝑎(𝚫)Δ𝑎]

⏞            

=𝑓̂0,2
ABJM,( from TTI)

(𝚫)

𝜁(3)

8𝜋2
𝑘2 + 𝒪(log⁡ 𝑘), ⁡  

𝑓0,2,1(𝚫) = Δ1 +
Δ1Δ3
Δ1 + Δ4

+
Δ1Δ4
Δ1 + Δ3

+
Δ1Δ4(Δ2 + Δ3)

(Δ1 + Δ4)
2

+
Δ1Δ3(Δ2 + Δ4)

(Δ1 + Δ3)
2

−
2Δ3Δ4

(Δ1 + Δ3)(Δ1 + Δ4)
−

Δ2
2(Δ1 − Δ2)

(Δ2 + Δ3)(Δ2 + Δ4)

+
Δ2Δ3(Δ1 + Δ4)

(Δ1 + Δ3)(Δ2 + Δ3)
+

Δ2Δ4(Δ1 + Δ3)

(Δ1 + Δ4)(Δ2 + Δ4)

𝑓0,2,2(𝚫) = 𝑓0,2,1(𝚫)|Δ1↔Δ2
𝑓0,2,3(𝚫) = 𝑓0,2,1(𝚫)|(Δ1,Δ2)↔(Δ3,Δ4)

𝑓0,2,4(𝚫) = 𝑓0,2,1(𝚫)|(Δ1,Δ2)↔(Δ4,Δ3)

 

𝑓0,2
ABJM

(𝚫) = 𝑓0,2
ABJM,( from TTI )

(𝚫)  

𝚫 = (Δ1, Δ2, Δ3, Δ4) ↔ (Δ̃1, Δ̃3, Δ̃2, Δ̃4) = 𝚫̃  
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[𝑄𝛼 , 𝑄𝛽]⏟    
 super-bracket of 

 super-charges 

= −2Γ𝛼𝛽
𝑎 𝑃𝑎⏟

 space-time 

 momenta 

+ 2Γ𝛼𝛽
𝑎1𝑎2 𝑍𝑎1𝑎2⏟  

 M2-brane 

 charges 

− 2Γ𝛼𝛽
𝑎1⋯𝑎5 𝑍𝑎1⋯𝑎5⏟    

 M5-brane 

 charges 

.  

d𝑒𝑎 = +(𝜓‾Γ𝑎𝜓), d𝑒𝑎1𝑎2 = −(𝜓
‾Γ𝑎1𝑎2𝜓), d𝑒𝑎1⋯𝑎5 = +(𝜓

‾Γ𝑎1⋯𝑎5𝜓) 
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d𝜙 = 2(1 + 𝑠)Γ𝑎𝜓𝑒
𝑎 + Γ𝑎1𝑎2𝜓𝑒𝑎1𝑎2 + 2

6 + 𝑠

6!
Γ𝑎1⋯𝑎5𝜓𝑒𝑎1⋯𝑎5 

𝑃̂3 ∝ 𝑒𝑎1𝑎2𝑒
𝑎1𝑒𝑎2 +  several more terms  

d𝑃̂3 = 𝜙̂
∗𝐺4,⁡ where ⁡𝐺4: =

1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2  

 

 

ℝ1,10∣𝟑𝟐 ≃ ℝ⟨ (𝑄𝛼)𝛼=1
32

⏟    
deg=(0, odd )

, (𝑃𝑎)𝑎=0
10

⏟    
deg=(0, evn )

⟩
 

[𝑄𝛼 , 𝑄𝛽] = −2Γ𝛼𝛽
𝑎 𝑃𝑎 .  

CE(ℝ1,10∣𝟑𝟐) ≃ ℝ[ (𝜓𝛼)𝛼=0
32

⏟    
deg=(1, odd )

, (𝑒𝑎)𝑎=0
10

⏟    
deg=(1, evn )

]
 

d𝜓= 0 ⁡

 d𝑒𝑎⁡= (𝜓‾Γ𝑎𝜓).
 

0 → ℝ1,10⟷ℝ1,10∣𝟑𝟐⟶ℝ0∣𝟑𝟐 → 0  

(𝜓‾Γ𝑎1𝑎2𝜓), (𝜓‾Γ𝑎1⋯𝑎5𝜓) ∈ CE(ℝ0∣𝟑𝟐), 𝑎𝑖 ∈ {0,⋯ ,10}  

𝔐 ≃ ℝ⟨ (𝑄𝛼)𝛼=1
32

⏟    
deg=(0, odd )

, (𝑃𝑎)𝑎=0
10

⏟    
deg=(0, evn )

, (𝑍𝑎1𝑎2 = 𝑍[𝑎1𝑎2])𝑎=0
10

⏟              
deg=(0, evn )

, (𝑍𝑎1⋯𝑎5 = 𝑍[𝑎1⋯𝑎5])𝑎=0
10

⏟              
deg=(0, evn )

⟩
 

[𝑄𝛼 , 𝑄𝛽] = −2Γ𝛼𝛽
𝑎 𝑃𝑎 + 2Γ𝛼𝛽

𝑎1𝑎2𝑍𝑎1𝑎2 − 2Γ𝛼𝛽
𝑎1⋯𝑎5𝑍𝑎1⋯𝑎5  

CE(𝔐) ≃ ℝ[ (𝜓𝛼)𝛼=1
32

⏟    
deg=(1, odd )

, (𝑒𝑎)𝑎=0
10

⏟    
deg=(1, evn )

, (𝑒𝑎1𝑎2 = 𝑒[𝑎1𝑎2])𝑎𝑖=0
10

⏟              
deg=(1, evn )

, (𝑒𝑎1⋯𝑎5 = 𝑒[𝑎1⋯𝑎5])𝑎𝑖=0
10

⏟                
deg=(1, evn )

],
 

d𝜓 = 0

 d𝑒𝑎 = +(𝜓‾Γ𝑎𝜓)

d𝑒𝑎1𝑎2 = −(𝜓
‾Γ𝑎1𝑎2𝜓)

d𝑒𝑎1⋯𝑎5 = +(𝜓
‾Γ𝑎1⋯𝑎5𝜓)

 

𝑒𝛼𝛽: =
1

32
(𝑒𝑎Γ𝑎

𝛼𝛽
+
1

2
𝑒𝑎1𝑎2Γ𝑎1𝑎2

𝛼𝛽
+
1

5!
𝑒𝑎1⋯𝑎5Γ𝑎1⋯𝑎5

𝛼𝛽
)  
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𝑒𝛼𝛽 = 𝑒𝛽𝛼  

d𝜓𝛼= 0 ⁡

 d𝑒𝛼𝛽⁡= 𝜓𝛼𝜓𝛽
 

𝑔: CE(𝔐)⟶ CE(𝔐) ⁡

𝜓𝛼 ⁡⟼ 𝑔𝛼′
𝛼 𝜓𝛼

′

𝑒𝛼𝛽⁡⟼ 𝑔𝛼′
𝛼 𝑔

𝛽′
𝛽
𝑒𝛼

′𝛽′
 

𝑒𝑎= Γ𝛼𝛽
𝑎 𝑒𝛼𝛽 ⁡

𝑒𝑎1𝑎2⁡= −Γ𝛼𝛽
𝑎1𝑎2𝑒𝛼𝛽

𝑒𝑎1⋯𝑎5⁡= Γ𝛼𝛽
𝑎1⋯𝑎5𝑒𝛼𝛽 .

 

d𝑒𝛼𝛽⁡=
1

32
(Γ𝑎

𝛼𝛽(𝜓‾Γ𝑎𝜓) −
1

2
Γ𝑎1𝑎2
𝛼𝛽 (𝜓‾Γ𝑎1𝑎2𝜓) +

1

5!
Γ𝑎1⋯𝑎5
𝛼𝛽 (𝜓‾Γ𝑎1⋯𝑎5𝜓))⁡⁡⁡⁡⁡⁡⁡⁡   

⁡= 𝜓𝛼𝜓𝛽 ⁡⁡⁡⁡⁡⁡⁡⁡   

 

𝑔:= exp⁡ (∑  

5

𝑝=1

 
1

𝑝!
𝐴𝑎1⋯𝑎𝑝Γ

𝑎1⋯𝑎𝑝) ∈ SL(32) ⊂ GL(32) ⊂ Endℝ(𝟑𝟐) 

𝜓𝛼 (Γ
𝛼′𝛽′
𝑎1⋯𝑎𝑝𝑔𝛼

𝛼′𝑔𝛽
𝛽′
)𝜙𝛽⁡= (𝑔𝛼

𝛼′𝜓𝛼)Γ
𝛼′𝛽′
𝑎1⋯𝑎𝑝 (𝑔𝛽

𝛽′
𝜙𝛽)

⁡= −((𝑔 ⋅ 𝜓)Γ𝑎1⋯𝑎𝑝(𝑔 ⋅ 𝜙))⁡ 

⁡= −(𝜓‾(𝑔‾ ⋅ Γ𝑎1⋯𝑎𝑝 ⋅ 𝑔)𝜙)

⁡= 𝜓𝛼(𝑔‾ ⋅ Γ𝑎1⋯𝑎𝑝 ⋅ 𝑔)𝛼𝛽𝜙
𝛽⁡ 

 

Spin(1,10) ⟷ SL(32) 

𝑔 = exp⁡(𝑟Γ10)  for 𝑟 ∈ ℝ

= cosh⁡(𝑟)id + sinh⁡(𝑟)Γ10
 

𝑒10 = Γ𝛼𝛽
10𝑒𝛼𝛽 ↦ (exp⁡(−𝑟Γ10) ⋅ Γ

10 ⋅ exp⁡(𝑟Γ10))𝛼𝛽𝑒
𝛼𝛽 = Γ𝛼𝛽

10𝑒𝛼𝛽 = 𝑒10

𝑒𝑎 = Γ𝛼𝛽
𝑎 𝑒𝛼𝛽 ↦ (exp⁡(−𝑟Γ10) ⋅ Γ

𝑎 ⋅ exp⁡(𝑟Γ10))𝛼𝛽𝑒
𝛼𝛽 = (Γ𝑎 ⋅ exp⁡(2𝑟Γ10))𝛼𝛽𝑒

𝛼𝛽 = cosh⁡(2𝑟)𝑒𝑎 − sinh⁡(2𝑟)𝑒𝑎10

𝑒𝑎10 = −Γ𝛼𝛽
𝑎10𝑒𝛼𝛽 ↦ −(exp⁡(−𝑟Γ10) ⋅ Γ𝛼𝛽

𝑎10 ⋅ exp⁡(𝑟Γ10))
𝛼𝛽
𝑒𝛼𝛽 = −(Γ𝛼𝛽

𝑎10 ⋅ exp⁡(2𝑟Γ10))
𝛼𝛽
𝑒𝛼𝛽 = cosh⁡(2𝑟)𝑒𝑎10 − sinh(2𝑟)𝑒𝑎 ⁡

𝑒𝑎𝑏 = −Γ𝛼𝛽
𝑎𝑏𝑒𝛼𝛽 ↦ −(exp⁡(−𝑟Γ10) ⋅ Γ

𝑎𝑏 ⋅ exp⁡(𝑟Γ10))
𝛼𝛽
𝑒𝛼𝛽 −Γ𝛼𝛽

𝑎𝑏𝑒𝛼𝛽 = 𝑒𝑎𝑏

 

𝑒𝑎1⋯𝑎5 ⁡↦ cosh⁡(2𝑟)𝑒𝑎1⋯𝑎5 + sinh⁡(2𝑟)
1

5!
𝜖𝑎1⋯𝑎510𝑏1⋯𝑏5𝑒𝑏1⋯𝑏5

𝑒𝑎1⋯𝑎410 ⁡↦ 𝑒𝑎1⋯𝑎410.

 

𝑒̃𝑎:= 𝑒𝑎10,  

CE(𝔐̂) ≡ ℝ[(𝑒𝑎)𝑎=0
10

⏟    
deg=(1,0)

, (𝑒𝑎1𝑎2 = 𝑒[𝑎1𝑎2])𝑎𝑖=0
10

⏟              
deg=(1,0)

, (𝑒𝑎1⋯𝑎5 = 𝑒[𝑎1⋯𝑎5])𝑎𝑖=0
10

⏟                
deg=(1,0)

, (𝜓𝛼)𝛼=1
32

⏟    
deg=(1,1)

, (𝜙𝛼)𝛼=1
32

⏟    
deg=(1,1)

]
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d𝜓 = 0

 d𝑒𝑎 = +(𝜓‾Γ𝑎𝜓)

d𝑒𝑎1𝑎2 = −(𝜓
‾Γ𝑎1𝑎2𝜓)

d𝑒𝑎1⋯𝑎5 = +(𝜓
‾Γ𝑎1⋯𝑎5𝜓)

d𝜙 = 𝛿Γ𝑎𝜓𝑒
𝑎 + 𝛾1Γ

𝑎1𝑎2𝜓𝑒𝑎1𝑎2 + 𝛾2Γ
𝑎1⋯𝑎5𝜓𝑒𝑎1⋯𝑎5 ,

 

𝛿 + 10 ⋅ 𝛾1 − 6! ⋅ 𝛾2 = 0  

−d2𝜙 = 𝛿Γ𝑎𝜓(𝜓‾Γ
𝑎𝜓) − 𝛾1Γ𝑎1𝑎2𝜓(𝜓

‾Γ𝑎1𝑎2𝜓) + 𝛾2Γ𝑎1⋯𝑎5𝜓(𝜓
‾Γ𝑎1⋯𝑎5𝜓).  

𝛿
1

11
Γ𝑎Γ𝑎Ξ

(32) − 𝛾1
1

11
Γ𝑎1𝑎2Γ𝑎1𝑎2Ξ

(32) + 𝛾2
−1

77
Γ𝑎1⋯𝑎5Γ𝑎1⋯𝑎5Ξ

(32)⁡= 0

𝛿⁡Γ𝑎Ξ𝑎
(320)

− 𝛾1
−2

9
Γ𝑎1𝑎2Γ[𝑎1Ξ𝑎2]

(320)
+ 𝛾2

5

9
Γ𝑎1⋯𝑎5Γ[𝑎1⋯𝑎4Ξ𝑎5

(320)
⁡= 0

−𝛾1Γ
𝑎1𝑎2Ξ𝑎1𝑎2

(1408)
+ 𝛾22Γ

𝑎1⋯𝑎5Γ[𝑎1𝑎2𝑎3Ξ𝑎4𝑎5]
(1408)

⁡= 0

𝛾2Γ
𝑎1⋯𝑎5Ξ𝑎1⋯𝑎5

(4224)
⁡= 0

 

(

𝛿(𝑠) = 2(1 + 𝑠)
𝛾1(𝑠) = 1

𝛾2(𝑠) = 2 (
1

5!
+
𝑠

6!
)

) , 𝑠 ∈ ℝ  

 

𝔐̂ ≃ ℝ⟨(𝑃𝑎)𝑎=0
10 , (𝑍𝑎1𝑎2 = 𝑍[𝑎1𝑎2])𝑎𝑖=0

10
, (𝑍𝑎1⋯𝑎5 = 𝑍[𝑎1⋯𝑎5])𝑎𝑖=0

10

⏟                                    
deg=(0, evn )

, (𝑄𝛼)𝛼=1
32 , (𝑂𝛼)𝛼=1

32
⏟          

deg=(0, odd )

⟩
 

[𝑄𝛼 , 𝑄𝛽]= −2Γ𝛼𝛽
𝑎 𝑃𝑎 + 2Γ𝛼𝛽

𝑎1𝑎2𝑍𝑎1𝑎2 − 2Γ𝛼𝛽
𝑎1⋯𝑎5𝑍𝑎1⋯𝑎5⁡

[𝑃𝑎 , 𝑄𝛼]⁡= 𝛿Γ𝑎
𝛽
⁡𝛼𝑂𝛽

[𝑍𝑎1𝑎2 , 𝑄𝛼]⁡= 𝛾1Γ𝑎1𝑎2
𝛽

⁡𝛼𝑂𝛽

[𝑍𝑎1⋯𝑎5 , 𝑄𝛼]⁡= 𝛾2Γ𝑎1⋯𝑎5
𝛽

⁡𝛼𝑂𝛽

 

[𝑄𝛾 , [𝑄𝛼 , 𝑄𝛽]]= [𝑄𝛾 , −2Γ𝛼𝛽
𝑎 𝑃𝑎 + 2Γ𝛼𝛽

𝑎1𝑎2𝑍𝑎1𝑎2 − 2Γ𝛼𝛽
𝑎1⋯𝑎5𝑍𝑎1⋯𝑎5] ⁡

⁡= 2 (𝛿Γ𝛼𝛽
𝑎 Γ𝑎

𝛿⁡𝛾 − 𝛾1Γ𝛼𝛽
𝑎1𝑎2Γ𝑎1𝑎2

𝛿 ⁡𝛾 + 𝛾2Γ𝛼𝛽
𝑎1⋯𝑎5Γ𝑎1⋯𝑎5

𝛿 𝛾)⏟                                

=:[𝑄𝑄𝑄]𝛾𝛼𝛽
𝛿

𝑂𝛿  

𝑠 = 0⁡ ⇒ ⁡ [𝑄𝛾, [𝑄𝛼 , 𝑄𝛽]] = 64(𝛿𝛽
𝛾
𝑂𝛼 + 𝛿𝛼

𝛾
𝑂𝛽)  
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𝛿𝛼
𝛿𝛿𝛾

𝛽
=
1

32
∑  

5

𝑝=0

 
(−1)𝑝(𝑝−1)/2

𝑝!
Tr (𝛿𝛼

∙ 𝛿∙
𝛽
⋅ Γ𝑎1⋯𝑎𝑝) (Γ

𝑎1⋯𝑎𝑝)𝛾
𝛿 ⁡⁡  

⁡=
1

32
∑  

5

𝑝=0

 
(−1)𝑝(𝑝−1)/2

𝑝!
(𝛿𝛼

𝛿′𝛿
𝛾′
𝛽
(Γ𝑎1⋯𝑎𝑝)

𝛾′

𝛿′) (Γ𝑎1⋯𝑎𝑝)𝛾
𝛿

⁡=
1

32
∑  

5

𝑝=0

 
(−1)𝑝(𝑝−1)/2

𝑝!
(Γ𝑎1⋯𝑎𝑝)𝛼

𝛽
(Γ𝑎1⋯𝑎𝑝)𝛾

𝛿

 

𝜂𝛿(𝛼𝜂𝛽)𝛾=
1

2
(𝜂𝛿𝛼𝜂𝛽𝛾 + 𝜂𝛿𝛽𝜂𝛼𝛾) ⁡

⁡=
1

32
((Γ𝑎)𝛼𝛽(Γ

𝑎)𝛾𝛿 −
1

2
(Γ𝑎1𝑎2)𝛼𝛽

(Γ𝑎1𝑎2)𝛾𝛿 +
1

5!
(Γ𝑎1⋯𝑎5)𝛼𝛽

(Γ𝑎1⋯𝑎5)𝛾𝛿) ⁡  

⁡=
1

64
(𝛿(Γ𝑎)𝛼𝛽(Γ

𝑎)𝛾𝛿 − 𝛾1(Γ𝑎1𝑎2)𝛼𝛽
(Γ𝑎1𝑎2)𝛾𝛿 + 𝛾2(Γ𝑎1⋯𝑎5)𝛼𝛽

(Γ𝑎1⋯𝑎5)𝛾𝛿) ⁡  

 

[𝑄𝛾, [𝑄𝛼 , 𝑄𝛽]] = 65 (𝛿𝛼
𝛾
𝑂𝛽 + 𝛿𝛽

𝛾
𝑂𝛼) + (4𝑠Γ𝛼𝛽

𝑎 Γ𝑎
𝛾𝛿
+
4𝑠

6!
Γ𝛼𝛽
𝑎1⋯𝑎5Γ𝑎1⋯𝑎5

𝛾𝛿
)𝑂𝛿  

𝑔 ≡ Γ ≡ (Γ10⁡
𝛼 ⁡𝛽) ∈ GL(32) 

(Γ10𝜓Γ10𝜙) =
⋈
(𝜓‾(−Γ10)Γ10𝜙) =

⊠
− (𝜓‾𝜙)  

Γ𝛼 ⁡𝛼′𝜂𝛼𝛽Γ
𝛽⁡𝛽′ =⊟

Γ𝛽𝛼′Γ
𝛽⁡𝛽′ =⊡

Γ𝛼′𝛽Γ
𝛽⁡𝛽′ =⨂

𝜂𝛼𝛼′Γ
𝛼⁡𝛽Γ

𝛽⁡𝛽′ =⨀
𝜂𝛼𝛼′𝛿𝛽′

𝛼 = 𝜂𝛽′𝛼′ =⊝
− 𝜂𝛼′𝛽′ 

Γ𝛼 ⁡𝛼′𝑒
𝛼′𝛽′Γ𝛽⁡𝛽′ =⊚

− Γ𝛼 ⁡𝛼′𝑒
𝛼′⁡𝛽′Γ

𝛽𝛽′ =
∎
− Γ𝛼 ⁡𝛼′𝑒

𝛼′ ⁡𝛽′Γ
𝛽′𝛽 

Γ𝑎𝑒
𝑎 ⟼−(Γ10 ⋅ Γ𝑎 ⋅ Γ10)𝑒

𝑎 = + ∑  

𝑎≠10

 Γ𝑎𝑒
𝑎 − Γ10𝑒

10

Γ𝑎1𝑎2𝑒
𝑎1𝑎2 ⟼−(Γ10 ⋅ Γ𝑎1𝑎2 ⋅ Γ10)𝑒

𝑎1𝑎2 = − ∑  

𝑎𝑖≠10

 Γ𝑎1𝑎2𝑒
𝑎1𝑎2 + 2 ∑  

𝑎≠10

 Γ𝑎10𝑒
𝑎10

Γ𝑎1⋯𝑎5𝑒
𝑎1⋯𝑎5 ⟼−(Γ10 ⋅ Γ𝑎1⋯𝑎5 ⋅ Γ10)𝑒

𝑎1⋯𝑎5 = + ∑  

𝑎𝑖≠10

 Γ𝑎1⋯𝑎5𝑒
𝑎1⋯𝑎5 + 5 ∑  

𝑎≠10

 Γ𝑎1⋯𝑎410𝑒
𝑎1⋯𝑎410
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𝐺4⁡≡
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2

⁡⟼
Γ10 1

2
∑  

𝑎𝑖≠0

  (Γ10𝜓Γ𝑎1𝑎2Γ10𝜓)𝑒
𝑎1𝑒𝑎2 − (Γ10𝜓Γ𝑎110Γ10𝜓)𝑒

𝑎1𝑒10

⁡= −
1

2
∑  

𝑎𝑖≠0

 (𝜓‾Γ𝑎1𝑎2𝜓)𝑒
𝑎1𝑒𝑎2 − (𝜓‾Γ𝑎110𝜓)𝑒

𝑎1𝑒10

⁡= −𝐺4

 

𝑃̂3 →
Γ10⁡
− 𝑃̂3, 

d (−
1

2
𝑒𝑎1𝑎2𝑒

𝑎1𝑒𝑎2)⁡= 𝜙ex
∗ 𝐺4 +⋯

d(
1

2
(𝜓‾Γ𝑎𝜙)𝑒

𝑎)⁡= 𝜙ex
∗ 𝐺4 +⋯
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𝑃̂3: = 𝛼0𝑒𝑎1𝑎2𝑒
𝑎1𝑒𝑎2

+𝛼1𝑒
𝑎1 ⁡𝑎2𝑒

𝑎2 ⁡𝑎3𝑒
𝑎3 ⁡𝑎1 +𝛽1(𝜓‾Γ𝑎𝜙)𝑒

𝑎

+𝛼2𝑒
𝑎1⋯𝑎4𝑏1𝑒𝑏1

𝑏2𝑒𝑏2𝑎1⋯𝑎4 +𝛽2(𝜓‾Γ𝑎1𝑎2𝜙)𝑒
𝑎1𝑎2

+𝛼3𝜖𝑎1⋯𝑎5𝑏1⋯𝑏5𝑐𝑒
𝑎1⋯𝑎5𝑒𝑏1⋯𝑏5𝑒𝑐 +𝛽3(𝜓‾Γ𝑎1⋯𝑎5𝜙)𝑒

𝑎1⋯𝑎5

+𝛼4𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5𝑒
𝑎1𝑎2𝑎3𝑑1𝑑2𝑒𝑑1𝑑2

𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5

 

d𝑃̂3 = 𝜙ex
∗ 𝐺4 ⁡ ∈ CE(𝔐̂)  

𝛼0 =
1

2

−1

5

6 + 2𝑠 + 𝑠2

𝑠2

𝛼1 =
1

2

1

15

6 + 2𝑠

𝑠2
𝛽1 = −1

1

10𝛾1

3 − 2𝑠

𝑠2

𝛼2 =
1

2

1

6!

(6 + 𝑠)2

𝑠2
𝛽2 = −1

1

20𝛾1

3 + 𝑠

𝑠2

𝛼3 =
1

2

1

5 ⋅ 5! ⋅ 6!
(6 + 𝑠)2 𝛽3 = −1

3

10 ⋅ 6! ⋅ 𝛾1

6 + 𝑠

𝑠2

𝛼4 =
1

2

−1(6 + 𝑠)2

9 ⋅ 5! ⋅ 6! 𝑠2
.

 

d𝑃̂3 =

𝛼0(−(𝜓‾Γ𝑎1𝑎2𝜓)𝑒
𝑎1𝑒𝑎2 − 2𝑒𝑎1𝑎2(𝜓

‾Γ𝑎1𝜓)𝑒𝑎2)

⁡+𝛼1(−3(𝜓‾Γ
𝑎1 ⁡𝑎2𝜓)𝑒

𝑎2 ⁡𝑎3𝑒
𝑎3⁡𝑎1)

⁡+𝛼2(2(𝜓‾Γ
𝑎1⋯𝑎4𝑏1𝜓)𝑒𝑏1⁡

𝑏2𝑒𝑏2𝑎1⋯𝑎4 + (𝜓
‾Γ𝑏1⁡

𝑏2𝜓)𝑒𝑎1⋯𝑎4𝑏1𝑒𝑏2𝑎1⋯𝑎4)

⁡+𝛼3(2𝜖𝑎1⋯𝑎5𝑏1⋯𝑏5𝑐(𝜓
‾Γ𝑎1⋯𝑎5𝜓)𝑒𝑏1⋯𝑏5𝑒𝑐 + 𝜖𝑎1⋯𝑎5𝑏1⋯𝑏5𝑐(𝜓

‾Γ𝑐𝜓)𝑒𝑎1⋯𝑎5𝑒𝑏1⋯𝑏5)

⁡+𝛼4(2𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5(𝜓
‾Γ𝑎1𝑎2𝑎3𝑑1𝑑2𝜓)𝑒𝑑1𝑑2⁡

𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5 + 𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5(𝜓
‾Γ𝑐1⋯𝑐5𝜓)𝑒𝑎1𝑎2𝑎3𝑑1𝑑2𝑒𝑑1𝑑2 ⁡

𝑏1𝑏2𝑏3⏟                                                                      )

⁡=
△
3𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5(𝜓

‾Γ𝑐1⋯𝑐5𝜓)𝑒𝑎1𝑎2𝑎3𝑑1𝑑1𝑒𝑑1𝑑1⁡
𝑏1𝑏2𝑏3

⁡+𝛽1(𝛿(𝜓‾Γ𝑎Γ𝑏𝜓)𝑒
𝑎𝑒𝑏⏟          

𝛿(𝜓‾ Γ𝑎𝑏𝜓)𝑒
𝑎𝑒𝑏

+ 𝛾1(𝜓‾Γ𝑎Γ𝑏1𝑏2𝜓)𝑒
𝑎𝑒𝑏1𝑏2⏟              

2𝛾1(𝜓‾ Γ
𝑏𝜓)𝑒𝑎𝑒

𝑎𝑏

+ 𝛾2(𝜓‾Γ𝑎Γ𝑏1⋯𝑏5𝜓)𝑒
𝑎𝑒𝑏1⋯𝑏5⏟                

𝛾2
5!
𝜖𝑎𝑏1⋯𝑏5𝑐1⋯𝑐5(𝜓

‾ Γ𝑐1⋯𝑏5𝜓)𝑒
𝑎𝑒𝑏1⋯𝑏5

+(𝜙‾Γ𝑎𝜓)(𝜓‾Γ
𝑎𝜓))

⁡+𝛽2(𝛿(𝜓‾Γ𝑎1𝑎2Γ𝑏𝜓)𝑒
𝑎1𝑎2𝑒𝑏⏟              

2𝛿(𝜓‾ Γ𝑎𝜓)𝑒
𝑎𝑏𝑒𝑏

+ 𝛾1(𝜓‾Γ𝑎1𝑎2Γ𝑏1𝑏2𝜓)𝑒
𝑎1𝑎2𝑒𝑏1𝑏2⏟                  

4𝛾1(𝜓‾ Γ𝑎⁡
𝑏𝜓)𝑒𝑎⁡𝑐𝑒

𝑐⁡𝑏

+ 𝛾2(𝜓‾Γ𝑎1𝑎2Γ𝑏1⋯𝑏5𝜓)𝑒
𝑎1𝑎2𝑒𝑏1⋯𝑏5⏟                    

10𝛾2(𝜓‾ Γ𝑎𝑏1⋯𝑏4𝜓)𝑒
𝑎𝑐𝑒𝑐⁡

𝑏1⋯𝑏4

−(𝜙‾Γ𝑎1𝑎2𝜓)(𝜓
‾Γ𝑎1𝑎2𝜓))

⁡+𝛽3( 𝛿(𝜓‾Γ𝑎1⋯𝑎5Γ𝑏𝜓)𝑒
𝑎1⋯𝑎5𝑒𝑏⏟                

𝛿
5!
𝜖𝑎1⋯𝑎5𝑏𝑐1⋯𝑐5(𝜓

‾ Γ𝑐1⋯𝑐5𝜓)𝑒
𝑎1⋯𝑎5𝑒𝑏

+ 𝛾1(𝜓‾Γ𝑎1⋯𝑎5Γ𝑏1𝑏2𝜓)𝑒
𝑎1⋯𝑎5𝑒𝑏1𝑏2⏟                    

10𝛾1(𝜓‾ Γ𝑎1⋯𝑎4𝑏𝜓)𝑒
𝑎1⋯𝑎4𝑐𝑒𝑐⁡

𝑏

+ 𝛾2(𝜓‾Γ𝑎1⋯𝑎5Γ𝑏1⋯𝑏5𝜓)𝑒
𝑎1⋯𝑎5𝑒𝑏1⋯𝑏5⏟                      

𝛾2𝜖𝑎1⋯𝑎5𝑏1⋯𝑏5𝑐(𝜓
‾ Γ𝑐𝜓)𝑒

𝑎1⋯𝑎5𝑒𝑏1⋯𝑏5

+(𝜙‾Γ𝑎1⋯𝑎5𝜓)(𝜓
‾Γ𝑎1⋯𝑎5𝜓)) , −

200

5!
𝛾2𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5(𝜓

‾Γ𝑐1⋯𝑐5𝜓)𝑒𝑎1𝑎2𝑎3𝑑1𝑑2𝑒𝑑1𝑑2 ⁡
𝑏1𝑏2𝑏3

⁡+600𝛾2(𝜓‾Γ𝑎 ⁡
𝑏𝜓)𝑒𝑎𝑐1⋯𝑐4𝑒𝑐1⋯𝑐4𝑏
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(𝜓‾Γ𝑎 ⁡
𝑏𝜓)𝑒𝑎⁡𝑐𝑒

𝑐 ⁡𝑏 = −(𝜓‾Γ
𝑎1⁡𝑎2𝜓)𝑒

𝑎2 ⁡𝑎3𝑒
𝑎3 ⁡𝑎1 . 

𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5(𝜓
‾Γ𝑎1𝑎2𝑎3𝑑1𝑑2𝜓)𝑒𝑑1𝑑2

𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5

= 𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5(𝜓
‾Γ𝑐1⋯𝑐5𝜓)𝑒𝑎1𝑎2𝑎3𝑑1𝑑2𝑒𝑑1𝑑2

𝑏1𝑏2𝑏3 .
 

𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5(𝜓
‾Γ𝑎1𝑎2𝑎3𝑑1𝑑2𝜓)𝑒𝑑1𝑑2

𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5

= −
1

6!
𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5𝜖

𝑎1𝑎2𝑎3𝑑1𝑑2𝑓1⋯𝑓6(𝜓‾Γ𝑓1⋯𝑓6𝜓)𝑒
𝑑1𝑑2𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5   

=
3! ⋅ 8!

6!
𝛿𝑏1𝑏2𝑏3𝑐1⋯𝑐5
𝑑1𝑑2𝑓1⋯𝑓6 (𝜓‾Γ𝑓1⋯𝑓6𝜓)𝑒𝑑1𝑑2 ⁡

𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5   

=
3! ⋅ 8!

6!
(
5

2
)
2! ⋅ 6!

8!
𝛿𝑐4𝑐5
𝑑1𝑑2𝛿𝑏1𝑏2𝑏3𝑐1𝑐2𝑐3

𝑓1⋯𝑓6 (𝜓‾Γ𝑓1⋯𝑓6𝜓)𝑒𝑑1𝑑2
𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5

= 120 ⋅ (𝜓‾Γ𝑏1𝑏2𝑏3𝑐1𝑐2𝑐3𝜓)𝑒𝑑1𝑑2
𝑏1𝑏2𝑏3𝑒𝑑1𝑑2𝑐3⋯𝑐5   

=
120

5!
𝜖𝑏1𝑏2𝑏3𝑐1𝑐2𝑐3𝑎1⋯𝑎5(𝜓

‾Γ𝑎1⋯𝑎5𝜓)𝑒𝑏1𝑏2𝑏3𝑑1𝑑2𝑒
𝑑1𝑑2𝑐3⋯𝑐5   

 

𝐺̃7: = (𝜙ex
∗ 𝐺7) −

1

2
𝑃̂3(𝜙ex

∗ 𝐺4),⁡ where 𝐺7: =
1

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)𝑒

𝑎1⋯𝑒𝑎5 ∈ CE(ℝ1,10∣𝟑𝟐)  

d𝐺̃7 = 0 

d𝐺7 =
1

2
𝐺4𝐺4 

d𝜓𝛼 = 0

 d𝑒𝛼⁡𝛽 = 𝜓
𝛼𝜓𝛽

d𝜙𝛼 = 64𝑒𝛼⁡𝛽𝜓
𝛽

 

Sp(32,ℝ) × CE(ℝ1,10∣32)⟶ CE(ℝ1,10∣32)⁡

(𝑔, 𝜓𝛼)⁡⟼ 𝑔𝛼′
𝛼 𝜓𝛼

′

(𝑔, 𝑒𝛼𝛽)⁡⟼ 𝑔𝛼′
𝛼 𝑔

𝛽′
𝛽
𝑒𝛼

′𝛽′

(𝑔, 𝜙𝛼)⁡⟼ 𝑔𝛼′
𝛼 𝜙𝛼

′
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(d𝜙)𝛾 = 𝛿(Γ𝑎𝜓)𝛾𝑒
𝑎 + 𝛾1(Γ𝑎1𝑎2𝜓)𝛾

𝑒𝑎1𝑎2 + 𝛾2(Γ𝑎1⋯𝑎5𝜓)𝛾
𝑒𝑎1⋯𝑎5   

= (𝛿(Γ𝑎)𝛾𝛿Γ𝛼𝛽
𝑎 − 𝛾1(Γ𝑎1𝑎2)𝛾𝛿

Γ𝛼𝛽
𝑎1𝑎2 + 𝛾2(Γ𝑎1⋯𝑎5)𝛾𝛿

Γ𝛼𝛽
𝑎1⋯𝑎5)𝜓𝛿𝑒𝛼𝛽   

= 64𝜂𝛿(𝛼𝜂𝛽)𝛾𝜓
𝛿𝑒𝛼𝛽   

= +64𝜓𝛼𝑒
𝛼𝛾   

= −64𝜓𝛼𝑒𝛼𝛾  

= +64𝑒𝛾𝛼𝜓
𝛼   

 

𝑔: CE(𝔐̂)⟶ CE(𝔐̂) ⁡

𝜓𝛼 ⁡⟼ 𝑔𝛼′
𝛼 𝜓𝛼

′

𝑒𝛼𝛽⁡⟼ 𝑔𝛼′
𝛼 𝑔

𝛽′
𝛽
𝑒𝛼

′𝛽′

𝜙𝛼⁡⟼ 𝑔𝛼′
𝛼 𝜙𝛼

′

 

𝑔: 𝑒𝛼⁡𝛽 ⟼𝑔𝛼′
𝛼 𝑒𝛼

′
⁡𝛽′𝑔‾𝛽

𝛽′
, 

(𝑔𝛼′
𝛼 𝑒𝛼

′𝛾′)𝑔
𝛾′
𝛾
𝜂𝛾𝛽 = (𝑔𝛼′

𝛼 𝑒𝛼
′𝛾′)𝜂𝛾′𝛽′𝑔‾𝛽

𝛽′
, 

CSp(2𝑛):= {𝑔 ∈ GL(𝑛) ∣ 𝜂(𝑔(−), 𝑔(−)) = 𝜆(𝑔) ⋅ 𝜂(−,−), 𝜆(𝑔) ∈ ℝ×}  

0 ⟶ Sp(2𝑛) ⟷ CSp(2𝑛) →
𝜆⁡
ℝ×⟶ 0.  

CSp(32) × CE(𝔐̂) ⟶ CE(𝔐̂)

(𝑔, 𝜓𝛼) ⟼ 𝑔𝛼′
𝛼 𝜓𝛼

(𝑔, 𝑒𝛼𝛽) ⟼ 𝑔𝛼′
𝛼 𝑔

𝛽′
𝛽
𝑒𝛼

′𝛽′

(𝑔, 𝜙𝛼) ⟼ 𝜆(𝑔) ⋅ 𝑔𝛼′
𝛼 𝜙𝛼

′

 

𝑔𝛼′
𝛼 𝜂𝛼𝛽𝑔𝛽′

𝛽
= 𝜆(𝑔) ⋅ 𝜂𝛼′𝛽′ . 
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Ω3: = lim
𝑠→0
 𝑠2 ⋅ 𝑃̂3 =⁡−

3

5
𝑒𝑎1𝑎2𝑒

𝑎1𝑒𝑎2

⁡+
1

5
𝑒𝑎1 ⁡𝑎2𝑒

𝑎2⁡𝑎3𝑒
𝑎3 ⁡𝑎1

⁡+
18

6!
𝑒𝑎1⋯𝑎4𝑏1𝑒𝑏1

𝑏2𝑒𝑏2𝑎1⋯𝑎4

⁡+
18

5 ⋅ 5! ⋅ 6!
𝜖𝑎1⋯𝑎5𝑏1⋯𝑏5𝑐𝑒

𝑎1⋯𝑎5𝑒𝑏1⋯𝑏5𝑒𝑐

⁡−
2

5! ⋅ 6!
𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5𝑒

𝑎1𝑎2𝑎3𝑑1𝑑2𝑒𝑑1𝑑2
𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5

⁡−
3

10
(𝜓‾Γ𝑎𝜙)𝑒

𝑎

⁡−
3

20
(𝜓‾Γ𝑎1𝑎2𝜙)𝑒

𝑎1𝑎2

⁡−
3

10 ⋅ 5!
(𝜓‾Γ𝑎1⋯𝑎5𝜙)𝑒

𝑎1⋯𝑎5

 

dΩ3 = 0 

CE(II𝔄) ≃ ℝd

[
 
 
 
 
 
 
 
 

(𝜓𝛼)𝛼=1
32

(𝑒𝑎)𝑎=1
9

(𝑒̃𝑎)𝑎=1
9

(𝑒𝑎1𝑎2 = 𝑒[𝑎1𝑎2])𝑎𝑖=0
9

(𝑒𝑎1⋯𝑎4 = 𝑒[𝑎1⋯𝑎4])𝑎𝑖=0
9

(𝑒𝑎1⋯𝑎5 = 𝑒[𝑎1⋯𝑎5])𝑎𝑖=0
9

]
 
 
 
 
 
 
 
 

/

(

 
 
 
 
 

d𝜓 = 0

 d𝑒𝑎 = +(𝜓‾Γ𝑎𝜓)

d𝑒̃𝑎 = −(𝜓‾Γ𝑎Γ10𝜓)

d𝑒𝑎1𝑎2 = −(𝜓‾Γ𝑎1𝑎2𝜓)

d𝑒𝑎1⋯𝑎4 = +(𝜓‾Γ𝑎1⋯𝑎4Γ10𝜓)

d𝑒𝑎1⋯𝑎5 = +(𝜓‾Γ𝑎1⋯𝑎5𝜓) )

 
 
 
 
 

 

 

 

∧𝑝 (ℝ1,𝑑)
∗
≃ℝ ∧

𝑝 (ℝ𝑑)
∗

⏟      
spatial 

⊕∧1+𝑑−𝑝 (ℝ𝑑)⏟        
 dualized 

 temporal 

. 
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CE(II𝔄̂) ≃ ℝd

[
 
 
 
 
 
 
 
 
 

(𝜓𝛼)𝛼=1
32

(𝑒𝑎)𝑎=1
9

(𝑒̃𝑎)𝑎=1
9

(𝑒𝑎1𝑎2 = 𝑒[𝑎1𝑎2])𝑎𝑖=0
9

(𝑒𝑎1⋯𝑎4 = 𝑒[𝑎1⋯𝑎4])𝑎𝑖=0
9

(𝑒𝑎1⋯𝑎5 = 𝑒[𝑎1⋯𝑎5])𝑎𝑖=0
9

(𝜙𝛼)𝛼=1
32 ]

 
 
 
 
 
 
 
 
 

/

(

 
 
 
 
 
 
 
 
 
 

d𝜓 = 0

 d𝑒𝑎 = +(𝜓‾Γ𝑎𝜓)

d𝑒̃𝑎 = −(𝜓‾Γ𝑎Γ10𝜓)

d𝑒𝑎1𝑎2 = −(𝜓
‾Γ𝑎1𝑎2𝜓)

d𝑒𝑎1⋯𝑎4 = +(𝜓
‾Γ𝑎1⋯𝑎4Γ10𝜓)

d𝑒𝑎1⋯𝑎5 = +(𝜓
‾Γ𝑎1⋯𝑎5𝜓)

d𝜙 = Γ𝑎1𝑎2𝜓𝑒
𝑎1𝑎2 + 2Γ𝑎10𝜓𝑒̃

𝑎

+
10

6!
Γ𝑎1⋯𝑎5𝜓𝑒

𝑎1⋯𝑎5

+
50

6!
Γ𝑎1⋯𝑎410𝜓𝑒

𝑎1⋯𝑎4
)

 
 
 
 
 
 
 
 
 
 

 

𝔐bos ⁡≃ℝ ⁡ℝ
1,10⊕⁡∧2 (ℝ1,10)∗⊕⁡∧5 (ℝ1,10)∗

⁡≃ℝ ℝ⊕ℝ1,9⊕ (ℝ1,9)∗⊕∧2 (ℝ1,9)∗⊕∧4 (ℝ1,9)∗⊕∧5 (ℝ1,9)∗

⁡≃ℝ ℝ⊕ (II𝔄)bos 

 

∧𝑝 (ℝ1,𝑑)
∗
≃ℝ∧

𝑝−1 (ℝ1,𝑑−1)
∗
⊕∧𝑝 (ℝ1,𝑑−1)

∗
 

 

 

CE(𝔅𝔯𝔫) ≃ ℝd

[
 
 
 
 

(𝜓𝛼)𝛼=1
32

(𝑒𝑎1𝑎2 = 𝑒[𝑎1𝑎2])𝑎𝑖=0
10

(𝑒𝑎1⋯𝑎5 = 𝑒[𝑎1⋯𝑎5])𝑎𝑖=0
10

]
 
 
 
 

/ (

d𝜓 = 0

 d𝑒𝑎1𝑎2 = −(𝜓‾Γ𝑎1𝑎2𝜓)

d𝑒𝑎1⋯𝑎5 = +(𝜓‾Γ𝑎1⋯𝑎5𝜓)

)  

CE(𝔅𝔯𝔫̂) ≃ ℝd

[
 
 
 
 
 

(𝜓𝛼)𝛼=1
32

(𝑒𝑎1𝑎2 = 𝑒[𝑎1𝑎2])𝑎𝑖=0
10

(𝑒𝑎1⋯𝑎5 = 𝑒[𝑎1⋯𝑎5])𝑎𝑖=0
10

(𝜙𝛼)𝛼=1
32 ]

 
 
 
 
 

/

(

  
 

d𝜓 = 0

 d𝑒𝑎1𝑎2 = −(𝜓‾Γ𝑎1𝑎2𝜓)

d𝑒𝑎1⋯𝑎5 = +(𝜓‾Γ𝑎1⋯𝑎5𝜓)

d𝜙 = Γ𝑎1𝑎2𝜓𝑒𝑎1𝑎2 +
10

6!
Γ𝑎1⋯𝑎5𝜓𝑒𝑎1⋯𝑎5)
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Der(CE(𝔐̂)) ≃ CE(𝔐̂)⟨ 𝜕𝜓⏟
(−1, odd )

, 𝜕𝑒𝑎⏟
(−1, evn )

, 𝜕𝑒𝑎1𝑎2⏟  
(−1, evn )

, 𝜕𝑒𝑎1⋯𝑎5⏟    
(−1, evn )

, 𝜕𝜙⏟
(−1, odd )

⟩. 

d = (𝜓‾Γ𝑎𝜓)𝜕𝑒𝑎 − (𝜓‾Γ𝑎1𝑎2𝜓)𝜕𝑒𝑎1𝑎2 + (𝜓
‾Γ𝑎1⋯𝑎5𝜓)𝜕𝑒𝑎1⋯𝑎5

⁡+(𝛿Γ𝑎𝜓𝑒
𝑎 + 𝛾1Γ𝑎1𝑎2𝜓𝑒

𝑎1𝑎2 + 𝛾2Γ𝑎1⋯𝑎5𝜓𝑒
𝑎1⋯𝑎5)𝜕𝜙

 

𝑝∗
𝑀: CE(𝔐̂) ⟶ CE(II𝔄̂)  

𝑝∗
𝑀 = 𝜕𝑒10  

𝑝∗
𝑀𝜙ex

∗ 𝐺4 ≡ 𝑝∗
𝑀 (
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2) = − ∑  

𝑎<10

  (𝜓‾Γ𝑎10𝜓)𝑒
𝑎

⏟          
𝐻3
𝐴

 

𝑝∗
𝑀𝑃̂3⏟  
𝑃̂2

= −2𝛼0 ∑  

𝑎<10

  𝑒𝑎10𝑒
𝑎

⏟        
𝑃2

+ 𝛼3𝜖𝑎1⋯𝑎5𝑏1⋯𝑏510𝑒
𝑎1⋯𝑎5𝑒𝑏1⋯𝑏5 + 𝛽1(𝜓‾Γ10𝜙),

 

𝑝∗
𝑀 (−

1

2
𝑒𝑎1𝑎2𝑒

𝑎1𝑒𝑎2) = ∑  

𝑎<10

  𝑒10𝑎𝑒
𝑎

⏟        
𝑃2

=
(19)

𝑒𝑎𝑒̃𝑎
 

[d, 𝑝∗
𝑀] ≡ d ∘ 𝑝∗

𝑀 + 𝑝∗
𝑀 ∘  d  

[d, 𝑝∗
𝑀] = −𝛿(Γ10𝜓)𝜕𝜙  

[d, 𝑝∗
𝑀]𝑃̂3= 𝛽1𝛿(𝜓‾Γ𝑎Γ10𝜓)𝑒

𝑎 + 𝛽2𝛿(𝜓‾Γ𝑎1𝑎2Γ10𝜓)𝑒
𝑎1𝑎2 + 𝛽3𝛿(𝜓‾Γ𝑎1⋯𝑎5Γ10𝜓)𝑒

𝑎1⋯𝑎5 ⁡

⁡= 𝛽1𝛿 ∑  

𝑎<10

  (𝜓‾Γ𝑎10𝜓)𝑒
𝑎

⏟          
𝐻3
𝐴

− 2𝛽2𝛿 (−1) ∑  

𝑎<10

  (𝜓‾Γ𝑎𝜓)𝑒𝑎10
⏟              

𝐻3
𝐴̃

+ 𝛽3𝛿 ∑  

𝑎𝑖<10

 (𝜓‾Γ𝑎1⋯𝑎510𝜓)𝑒
𝑎1⋯𝑎5

⏟                  
=:𝐻3

𝐶

 

d𝑃̂2 ≡  d(𝑝∗
𝑀𝑃̂3)   

= −𝑝∗
𝑀 d𝑃̂3 + [d, 𝑝∗

𝑀]𝑃̂3   

= −𝑝∗
𝑀𝜙ex

∗ 𝐺4 + [d, 𝑝∗
𝑀]𝑃̂3   

= (1 + 𝛽1𝛿)𝐻3
𝐴 − 2𝛽2𝛿𝐻3

𝐴̃ + 2𝛽3𝛿𝐻3
𝐶   

=

{
 
 

 
 
𝐻3
𝐴  for 𝑠 = −1

17

12
𝐻3
𝐴 +

1

12
𝐻3
𝐴̃  for 𝑠 = −6

2𝑠2

5
𝐻3
𝐴 +

3𝑠2

5
𝐻3
𝐴̃ −

6𝑠2

5 ⋅ 5!
𝐻3
𝐶  for 𝑠 → 0
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𝑃6 ∈ CE(𝔐̂)
Spin(1,10) 

d𝑃6 =
1

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)𝑒

𝑎1⋯𝑒𝑎5
⏟                

𝐺7

−
1

2

1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2
⏟            

𝐺4

(
1

2
𝑒𝑎1𝑒𝑎1𝑎2𝑒

𝑎2 +⋯)
⏟              

𝑃̂3

.
 

𝑃6∶=
1

5!
𝑒𝑎1⋯𝑎5𝑒

𝑎1⋯𝑒𝑎5

⁡+𝑟(𝜓‾Γ𝑎1⋯𝑎4𝜙)𝑒
𝑎1⋯𝑒𝑎4

⁡+⋯ ,

 

d𝑃6 =(
1

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)𝑒

𝑎1⋯𝑒𝑎5 −
1

4!
𝑒𝑏𝑎1⋯𝑎4(𝜓‾Γ

𝑏𝜓)𝑒𝑎1⋯𝑒𝑎4)

⁡+𝑟(− (𝜓‾Γ𝑎1⋯𝑎4Γ
𝑏1𝑏2𝜓)𝑒𝑏1𝑏2𝑎

𝑎1⋯𝑒𝑎4⏟                    
(𝜓‾ Γ𝑎1⋯𝑎4𝑏1𝑏2𝜓)𝑒

𝑏1𝑏2𝑒𝑎1⋯𝑒𝑎4

−12((𝜓‾ Γ𝑎1𝑎2𝜓)𝑒
𝑎1𝑒𝑎2)𝑒𝑏1𝑏2𝑒

𝑏1𝑒𝑏2

−
10

6!
Γ𝑎1⋯𝑎4Γ

𝑏1⋯𝑏5𝜓)𝑒𝑏1⋯𝑏1𝑒
𝑎1⋯𝑒𝑎4

⏟                      
(𝜓‾ Γ𝑎1⋯𝑎4𝑏1⋯𝑏5𝜓)𝑒

𝑏1⋯𝑏5𝑒𝑎1⋯𝑒𝑎4

−120(𝜓‾ Γ𝑎3𝑎4𝑏3𝑏4𝑏5𝜓)𝑒
𝑐1𝑐2𝑏3𝑏4𝑏5𝑒𝑐1𝑒𝑐2𝑒

𝑎3𝑒𝑎4

+120(𝜓‾ Γ𝑏5𝜓)𝑒
𝑐1⋯𝑐4𝑏5𝑒𝑐1⋯𝑒𝑐4

+4(𝜓‾Γ𝑏𝑎1𝑎2𝑎3𝜙)(𝜓
‾Γ𝑏𝜓)𝑒𝑎1𝑒𝑎2𝑒𝑎3) + ⋯ ,

 

−𝑟
1200

6!
−
1

4!
= 0⁡ ⇔ ⁡𝑟 = −

6!

1200 ⋅ 4!
= −

1

40
. 

d𝑃6 =
1

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)𝑒

𝑎1⋯𝑒𝑎5 −
12 ⋅ 8

40⏟  
≠1

1

2
(
1

2
(𝜓‾Γ𝑎1𝑎2𝜓)𝑒

𝑎1𝑒𝑎2
⏟            

𝐺4

1

2
𝑒𝑏1𝑒𝑏1𝑏2𝑒

𝑏2
⏟        

𝑃̂3−⋯

) + ⋯ 

d𝜙(0) = 2(Γ𝑎𝜓𝑒
𝑎 +

1

2
Γ𝑎1𝑎2𝜓𝑒

𝑎1𝑎2 +
1

5!
Γ𝑎1⋯𝑎5𝜓𝑒

𝑎1⋯𝑎5)

d𝜙(−6) = −10Γ𝑎𝜓𝑒
𝑎 + Γ𝑎1𝑎2𝜓𝑒

𝑎1𝑎2 .
 

0 = Γ𝑎𝑏𝜓(𝜓‾Γ
𝑏𝜓) + Γ𝑏𝜓(𝜓‾Γ𝑎𝑏𝜓)

0 = Γ𝑎1⋯𝑎4𝑏𝜓(𝜓
‾Γ𝑏𝜓) − Γ[𝑎1𝑎2𝜓(𝜓

‾Γ𝑎3𝑎4]𝜓) + 6Γ
𝑏𝜓(𝜓‾Γ𝑎1⋯𝑎4𝑏𝜓)

 

0⁡ = 𝛿′Γ𝑎𝑏𝜓(𝜓‾Γ
𝑏𝜓) − 𝛾1

′Γ𝑏𝜓(𝜓‾Γ𝑎𝑏𝜓)

0⁡ = 𝛿′′Γ𝑎1⋯𝑎4𝑏𝜓(𝜓
‾Γ𝑏𝜓) − 𝛾1

′′Γ[𝑎1𝑎2𝜓(𝜓
‾Γ𝑎3𝑎4]𝜓) + 𝛾2

′′Γ𝑏𝜓(𝜓‾Γ𝑎1⋯𝑎4𝑏𝜓).
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Γ𝑎𝑏𝜓(𝜓‾Γ
𝑏𝜓)⁡= Γ𝑎𝑏⏟

Γ𝑎Γ𝑏−𝜂𝑎𝑏

(
1

11
Γ𝑏Ξ(32) + Ξ(320)𝑏)

⁡=
10

11
Γ𝑎Ξ

(32) − Ξ𝑎
(320)

Γ𝑏𝜓(𝜓‾Γ𝑎𝑏𝜓)⁡= Γ
𝑏 (
1

11
Γ𝑎𝑏Ξ

(32) −
2

9
Γ[𝑎Ξ𝑏]

(320)
)

⁡= −
10

11
Γ𝑎Ξ

(32) −
1

9
(Γ𝑏Γ𝑎 + Γ𝑎 Γ

𝑏)Ξ𝑏
(320)

⏟      
0

+
1

9
Γ𝑏Γ𝑏Ξ𝑎

(320)

⁡= −
10

11
Γ𝑎Ξ

(32) + Ξ𝑎
(320)

 

(
10

11
𝛿′ +

10

11
𝛾1
′) Γ𝑎Ξ

(32)⁡= 0

(−𝛿′ − 𝛾1
′)⁡Ξ𝑎

(320)
⁡= 0

 

Γ𝑎1⋯𝑎4𝑏𝜓(𝜓
‾Γ𝑏𝜓) =

1

11
Γ𝑎1⋯𝑎4𝑏Γ

𝑏Ξ(32) + Γ𝑎1⋯𝑎4𝑏Ξ
(320)𝑏

=
7

11
Γ𝑎1⋯𝑎4Ξ

(32) − 4Γ[𝑎1𝑎2Ξ𝑎3𝑎4]
(320)

,

Γ[𝑎1𝑎2𝜓(𝜓
‾Γ𝑎3𝑎4]𝜓) =Γ[𝑎1𝑎2 (

1

11
Γ𝑎3𝑎4]Ξ

(32) −
2

9
Γ𝑎3Ξ𝑎4]

(320)
+ Ξ𝑎3𝑎4]

(1408)
)

=
1

11
Γ𝑎1⋯𝑎4Ξ

(32) −
2

9
Γ[𝑎1𝑎2𝑎3Ξ𝑎4]

(320)
+ Γ[𝑎1𝑎2Ξ𝑎3𝑎4]

(1408)
,

Γ𝑏𝜓(𝜓‾Γ𝑎1⋯𝑎4𝑏𝜓) =⁡−
1

77
Γ𝑏Γ𝑎1⋯𝑎4𝑏Ξ

(32) +
5

9
Γ𝑏Γ[𝑎1⋯𝑎4Ξ𝑏]

(320)
+ 2Γ𝑏Γ[𝑎1𝑎2𝑎3Ξ𝑎4𝑏]

(1408)

⁡−
1

11
Γ𝑎1⋯𝑎4Ξ

(32) +
24

9
Γ[𝑎1𝑎2𝑎3Ξ𝑎4]

(320)
+ 6Γ[𝑎1𝑎2Ξ𝑎3𝑎4]

(1408)
,

 

(
7

11
𝛿′′ −

1

11
𝛾1
′′ −

1

11
𝛾2
′′) Γ𝑎1⋯𝑎4Ξ

(32)⁡= 0

(−4𝛿′′ +
2

9
𝛾1
′′ +

24

9
𝛾2
′′) Γ[𝑎1𝑎2𝑎3Ξ𝑎4]

(320)
⁡= 0

(−𝛾1
′′ + 6𝛾2

′′)Γ[𝑎1𝑎2Ξ𝑎3𝑎4]
(1408)

⁡= 0

 

d(Γ𝑎𝑏𝑒Γ
𝑏𝜓 + Γ𝑏𝑒Γ𝑎𝑏𝜓) = 0. 

(𝜓𝑎
𝛼) 𝛼∈{1,…,32}
𝑎∈{0,1,…,10}

 in deg = (1, odd) 

d𝜓𝑎 =
1

16
(Γ𝑎𝑏𝑒Γ

𝑏𝜓 + Γ𝑏𝑒Γ𝑎𝑏𝜓).  

d𝜓𝑎
⁡= Γ𝑎𝑏𝑒Γ

𝑏𝜓 + Γ𝑏𝑒Γ𝑎𝑏𝜓

⁡=
1

16
Γ𝑎𝑏 (Γ𝑐𝜓𝑒

𝑐 +
1

2
Γ𝑐1𝑐2𝜓𝑒

𝑐1𝑐2 +
1

5!
Γ𝑐1⋯𝑐5𝜓𝑒

𝑐1⋯𝑐5) Γ𝑏𝜓 +
1

16
Γ𝑏 (Γ𝑐𝜓𝑒

𝑐 +
1

2
Γ𝑐1𝑐2𝜓𝑒

𝑐1𝑐2 +
1

5!
Γ𝑐1⋯𝑐5𝜓𝑒

𝑐1⋯𝑐5) Γ𝑎𝑏𝜓

⁡= Γ𝑎𝑐𝜓𝑒
𝑐 − Γ𝑐𝜓𝑒

𝑎𝑐 + 0

 

d(Γ𝑎𝜓𝑎)⁡= 16Γ
𝑎(Γ𝑎𝑐𝜓𝑒

𝑐 − Γ𝑐𝜓𝑒
𝑎𝑐)⁡ 

⁡= 16(10Γ𝑐𝜓𝑒
𝑐 − Γ𝑎𝑐𝜓𝑒

𝑎𝑐)
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(𝜓‾Γ𝑎𝑏𝜓𝑎)𝑒𝑏 − (𝜓‾Γ𝑏𝜓𝑎)𝑒
𝑎𝑏 ∈ CE(𝔐̂).  

d ((𝜓‾𝑎Γ
𝑎𝑏𝜓)𝑒𝑏 − (𝜓‾𝑎Γ𝑏𝜓)𝑒

𝑎𝑏)

⁡= ((𝜓‾𝑎Γ
𝑎𝑏𝜓)(𝜓‾Γ𝑏𝜓) + (𝜓‾𝑎Γ𝑏𝜓)(𝜓‾Γ

𝑎𝑏𝜓))⏟                          
=0

− ((𝜓‾Γ𝑎𝑏 d𝜓𝑎)𝑒𝑏 − (𝜓‾Γ𝑏 d𝜓𝑎)𝑒
𝑎𝑏)  

𝑃̂3: =𝛼0𝑒𝑎1𝑎2𝑒
𝑎1𝑒𝑎2

+𝛼1𝑒
𝑎1𝑎2𝑒

𝑎2𝑎3𝑒
𝑎3𝑎1 ⁡

+𝛼2𝑒
𝑎1⋯𝑎4𝑏1𝑒𝑏1

𝑏2𝑒𝑏2𝑎1⋯𝑎4 ⁡

+𝛼3𝜖𝑎1⋯𝑎5𝑏1⋯𝑏5𝑐𝑒
𝑎1⋯𝑎5𝑒𝑏1⋯𝑏5𝑒𝑐 ⁡

⁡+𝛼4𝜖𝑎1𝑎2𝑎3𝑏1𝑏2𝑏3𝑐1⋯𝑐5𝑒
𝑎1𝑎2𝑎3𝑑1𝑑2𝑒𝑑1𝑑2

𝑏1𝑏2𝑏3𝑒𝑐1⋯𝑐5

⁡+𝛽1(𝜓‾Γ𝑎𝜙)𝑒
𝑎

⁡+𝛽2(𝜓‾Γ𝑎1𝑎2𝜙)𝑒
𝑎1𝑎2

⁡+𝛽3(𝜓‾Γ𝑎1⋯𝑎5𝜙)𝑒
𝑎1⋯𝑎5

⁡+𝛽1
′ ((𝜓‾Γ𝑎𝑏𝜓𝑎)𝑒𝑏 − (𝜓‾Γ𝑏𝜓)𝑒

𝑎𝑏)

 

𝛼0 = −1/20
𝛼1 = −1/60
𝛼2 = 0
𝛼3 = 0
𝛼4 = 0
𝛽1 = 0
𝛽2 = 0
𝛽3 = 0

𝛽1
′ = −1/20

 

d ((𝜓‾Γ𝑎𝑏𝜓𝑎)𝑒𝑏 − (𝜓‾Γ𝑏𝜓𝑎)𝑒
𝑎𝑏)

= −(𝜓‾Γ𝑎𝑏 d𝜓𝑎)𝑒𝑏 + (𝜓‾Γ𝑏 d𝜓𝑎)𝑒
𝑎𝑏)

= −(𝜓‾Γ𝑎𝑏(Γ𝑎𝑐𝜓𝑒
𝑐 − Γ𝑐𝜓𝑒𝑎𝑐)) 𝑒𝑏 + (𝜓‾Γ𝑏(Γ𝑎𝑐𝜓𝑒

𝑐 − Γ𝑐𝜓𝑒𝑎𝑐)) 𝑒
𝑎𝑏) = −9(𝜓‾Γ𝑏𝑐𝜓)𝑒

𝑏𝑒𝑐 + (𝜓‾Γ𝑎𝜓)𝑒𝑎𝑏𝑒
𝑏 + (𝜓‾Γ𝑎𝜓)𝑒𝑎𝑏𝑒

𝑏 + (𝜓‾Γ𝑏𝑐𝜓)𝑒𝑐𝑎𝑒𝑏
𝑎

⁡= −(𝜓‾Γ𝑎𝑏Γ𝑎𝑐𝜓)𝑒
𝑐𝑒𝑏 + (𝜓‾Γ

𝑎𝑏Γ𝑐𝜓)𝑒𝑎𝑐𝑒𝑏 + (𝜓‾Γ𝑏Γ𝑎𝑐𝜓)𝑒
𝑐𝑒𝑎𝑏 − (𝜓‾Γ𝑏Γ

𝑐𝜓)𝑒𝑎𝑐𝑒
𝑎𝑏

⁡= −(−9)(𝜓‾Γ𝑏𝑐𝜓)𝑒
𝑐𝑒𝑏 + (𝜓‾Γ𝑎𝜓)𝑒𝑎𝑐𝑒

𝑐 − (𝜓‾Γ𝑎𝜓)𝑒𝑏𝑒
𝑎𝑏 − (𝜓‾Γ𝑏𝑐𝜓)𝑒𝑎𝑐𝑒𝑏

𝑎

⁡ ⁡ 

(𝜓‾Γ𝑎𝑏Γ𝑐𝜓)𝑒𝑎𝑐𝑒𝑏 = (𝜓‾(𝜂𝑏𝑐Γ𝑎 − 𝜂𝑎𝑐Γ𝑏 + Γ𝑎𝑏𝑐)𝜓)𝑒𝑎𝑐𝑒𝑏  

= (𝜓‾𝜂𝑏𝑐Γ𝑎𝜓)𝑒𝑎𝑐𝑒𝑏  
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{𝑓: 𝑋(1) → 𝑋(2)} ≃ {𝐶∞(𝑋(1)) ← 𝐶∞(𝑋(2)): 𝑓∗}.  

 

 

𝜗𝑖1𝑖2⋯𝑖𝑛: = 𝜗𝑖1𝜗𝑖2⋯𝜗𝑖𝑛 = 𝜖𝑖1𝑖2⋯𝑖𝑛𝜗1𝜗2⋯𝜗𝑛 ∈ 𝐶∞(ℝ0∣𝑞).  

 

ℝ𝑝∣𝑞 = ℝ𝑝 × ℝ0∣𝑞 

𝐶∞(ℝ𝑝∣𝑞) = 𝐶∞(ℝ𝑝)⊗ℝ 𝐶
∞(ℝ0∣𝑞) ≃ 𝐶∞(ℝ𝑝)[𝜗1,⋯ , 𝜗𝑞]. 
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𝐶∞(ℤ) ≃ ℝℤ ≃ {𝑓 ≡ (𝑓(𝑛) ∈ ℝ)𝑛∈ℤ} 

(𝑓 ⋅ 𝑔)(𝑛): = 𝑓(𝑛) ⋅ 𝑔(𝑛), (𝑓 + 𝑔)(𝑛):= 𝑓(𝑛) + 𝑔(𝑛). 

𝑥(𝑛): = 𝑛.  
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𝑒𝑎 ∶= d𝑥𝑎 + (𝜃‾Γ𝑎 d𝜃)
𝜓 ∶= d𝜃

 

 

 

act∗𝑒𝑎 = act∗ ( d𝑥𝑎 + (𝜃‾Γ𝑎 d𝜃)) act∗𝜓 = act∗ d𝜃

= dact∗𝑥𝑎 + (act∗𝜃Γ𝑎dact∗𝜃) = dact⁡∗𝜃

= d(𝑥′𝑎 + 𝑥𝑎 − (𝜃‾′Γ𝑎𝜃)) + ((𝜃‾′ + 𝜃‾)Γ𝑎 d(𝜃′ + 𝜃)) = d(𝜃′ + 𝜃)

= d𝑥𝑎 − (𝜃‾′Γ𝑎 d𝜃) + (𝜃‾′Γ𝑎 d𝜃) + (𝜃‾Γ𝑎 d𝜃) = d𝜃

= d𝑥𝑎 + (𝜃‾Γ𝑎 d𝜃) = 𝜓

= 𝑒𝑎
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𝔤(𝑞): = 𝐶
∞(ℝ0∣𝑞 , 𝔤)

evn 
: = (𝐶∞(ℝ0∣𝑞)⊗ℝ 𝔤)evn 

≃ ℝ ⟨𝜗𝑖1⋯𝑖𝑛 ⊗𝑇 ∣ 𝑛 ∈ ℕ,
𝑇 ∈ 𝔤evn ⁡ for 𝑛 even 

𝑇 ∈ 𝔤odd ⁡ for 𝑛 odd 
⟩  

[𝜗𝑖1⋯𝑖𝑛𝑇, 𝜗𝑖1
′⋯𝑖𝑛

′
𝑇′]: = 𝜗𝑖1⋯𝑖𝑛𝑖1

′⋯𝑖𝑛
′
[𝑇, 𝑇′]  

 

𝔤:  sPnt op ⁡⟶  LieAlg 
ℝ

ℝ0∣𝑞 ⁡⟼ 𝔤(𝑞)
 

𝔤 ∈ sLieAlg⁡ℝ
nil ⁡⇒ ⁡𝔤: sPntop →  LieAlg 

ℝ
nil . 

prd(𝑇1, 𝑇2) = 𝑇1 + 𝑇2 +
1

2
[𝑇1, 𝑇2] +

1

12
([𝑇1, [𝑇1, 𝑇2]] + [𝑇2, [𝑇2, 𝑇1]]) +

1

2
[𝑇2[𝑇1, [𝑇2, 𝑇1]]] + ⋯  

 

ℝ(2)
1,10∣32 ≃ ℝ⟨(𝑃𝑎)𝑎=0

10 , (𝜗12𝑃𝑎)𝑎=0
10 , (𝜗1𝑄𝛼)𝛼=1

32 , (𝜗2𝑄𝛼)𝛼=1
32 ⟩  

 

[𝜗𝑖𝑄𝛼, 𝜗
𝑗𝑄𝛼] = −2Γ𝛼𝛽

𝑎 𝜗𝑖𝑗𝑃𝑎  
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prd (𝜃̇𝑖
𝛼𝜗𝑖𝑄𝛼, 𝜃𝑗

𝛽
𝜗𝑗𝑄𝛽) = 𝜃̇𝑖

𝛼𝜗𝑖𝑄𝛼 + 𝜃𝑗
𝛽
𝜗𝑗𝑄𝛽 + 𝜃̇𝑖

𝛼𝜃𝑗
𝛽 1

2
[𝜗𝑖𝑄𝛼 , 𝜗

𝑗𝑄𝛽]⏟        
−2Γ𝛼𝛽

𝑎 𝜗𝑖𝑗𝑃𝑎

+⋯⏟
0

. 

 

[𝜗𝑖1⋯𝑖2𝑘′+1𝑄𝛼 , 𝜗
𝑗1⋯𝑗2𝑘+1𝑄𝛽] = Γ𝛼𝛽

𝑎 𝜗𝑖1⋯𝑖2𝑘′+1𝑗1⋯𝑗2𝑘+1𝑃𝑎,  
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prd(𝑥′𝑖𝑇𝑖, 𝑥
𝑖𝑇𝑖) = 𝑥

′𝑖 + 𝑥𝑖 +
1

2
𝑓𝑗𝑘
𝑖 𝑥′𝑗𝑥𝑘 +

1

12
𝑓𝑗𝑘
𝑖 𝑓𝑘1𝑘2

𝑘 𝑥′𝑗𝑥′𝑘1𝑥𝑘2 +
1

12
𝑓𝑗𝑘
𝑖 𝑓𝑘1𝑘2

𝑘 𝑥𝑗𝑥𝑘1𝑥′𝑘2  

𝑒𝑖 = d𝑥𝑖 −
1

2
𝑓𝑗𝑘
𝑖 𝑥𝑗 d𝑥𝑘 +

1

6
𝑓𝑗𝑘′
𝑖 𝑓𝑘𝑙

𝑘′𝑥𝑗𝑥𝑘 d𝑥𝑙  

𝑒𝑖⁡= d𝑥𝑖 (
1 − exp⁡(−ad𝑋)

ad𝑋
(𝜕𝑥𝑘)) d𝑥

𝑘

∶= d𝑥𝑖 (∑  

∞

𝑛=0

 
1

(𝑛 + 1)!
(−ad𝑋)𝑛(𝜕𝑥𝑘))d𝑥

𝑘

 

𝑒𝑎 =d𝑥𝑎 ⁡+ (𝜃‾Γ𝑎 d𝜃)

𝑒𝑎1𝑎2 = d𝑏𝑎1𝑎2−(𝜃
‾Γ𝑎1𝑎2 d𝜃) ⁡

𝑒𝑎1⋯𝑎5 = d𝑏𝑎1⋯𝑎5+(𝜃
‾Γ𝑎1⋯𝑎5 d𝜃) ⁡

𝜓⁡ = d𝜃

𝜙⁡ = d𝜉⁡⁡−
1

2
𝛿(𝑥𝑎Γ𝑎 d𝜃 − Γ𝑎𝜃( d𝑥

𝑎))

⁡−
1

2
𝛾1 (𝑥

𝑎1𝑎2Γ𝑎1𝑎2 d𝜃 − Γ𝑎1𝑎2𝜃( d𝑥
𝑎1𝑎2))

⁡−
1

2
𝛾2 (𝑥

𝑎1⋯𝑎5Γ𝑎1⋯𝑎5 d𝜃 − Γ𝑎1⋯𝑎5𝜃( d𝑥
𝑎1⋯𝑎5))

⁡+
2

6
(𝛿Γ𝛼𝛽

𝑎 Γ𝑎𝛾 − 𝛾1Γ𝛼𝛽
𝑎1𝑎2Γ𝑎1𝑎2𝛾 + 𝛾2Γ𝛼𝛽

𝑎1⋯𝑎5Γ𝑎1⋯𝑎5𝛾)𝜃
𝛾𝜃𝛼d𝜃𝛽
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(𝜂𝑎𝑏)𝑎,𝑏=0
𝑑 = (𝜂𝑎𝑏)

𝑎,𝑏=0

𝑑
:= (diag(−1,+1,+1,⋯ ,+1))𝑎,𝑏=0

𝑑 .  

𝑉𝑎:= 𝑉𝑏𝜂
𝑎𝑏 , 𝑉𝑎 = 𝑉

𝑏𝜂𝑎𝑏 

𝑉[𝑎1⋯𝑎𝑝]:=
1

𝑝!
∑  

𝜎∈Sym(𝑛)

(−1)|𝜎|𝑉𝑎𝜎(1)⋯𝑎𝜎(𝑝) . 

𝜖012⋯: = +1 hence 𝜖012⋯:= −1.  

𝛿𝑏1⋯𝑏𝑝
𝑎1⋯𝑎𝑝: = 𝛿[𝑏1

[𝑎1⋯𝛿
𝑏𝑝]

𝑎𝑝] = 𝛿[𝑏1
𝑎1 ⋯𝛿

𝑏𝑝]

𝑎𝑝 = 𝛿𝑏1
[𝑎1⋯𝛿𝑏𝑝

𝑎𝑝]
 

𝑉𝑎1⋯𝑎𝑝𝛿𝑏1⋯𝑏𝑝
𝑎1⋯𝑎𝑝 = 𝑉[𝑏1⋯𝑏𝑝]⁡ and ⁡𝜖𝑐1⋯𝑐𝑝𝑎1⋯𝑎𝑞𝜖𝑐1⋯𝑐𝑝𝑏1⋯𝑏𝑞 = −𝑝! ⋅ 𝑞! 𝛿𝑏1⋯𝑏𝑞

𝑎1⋯𝑎𝑞 .  

deg1 = (𝑛1, 𝜎1), deg2 = (𝑛2, 𝜎2) ∈ ℤ × ℤ2 ⁡⇒ ⁡sgn(deg1, deg2):= (−1)
𝑛1⋅𝑛2+𝜎1⋅𝜎2 .  

𝑣1 ⋅ 𝑣2 = (−1)
sgn(deg1,deg2)𝑣2 ⋅ 𝑣1,  

ℝ[(𝑣𝑖)𝑖∈𝐼]: = Sym(ℝ⟨(𝑣𝑖)𝑖∈𝐼⟩). 

(d𝑣𝑖)𝑖∈𝐼 

𝑒𝑖 ⟼  d𝑒𝑖⁡,⁡ d𝑒𝑖 ⟼ 0 

ℝd[(𝑣𝑖)𝑖∈𝐼]: = (Sym(ℝ⟨(𝑣𝑖)𝑖∈𝐼 , ( d𝑣𝑖)𝑖∈𝐼⟩), d).  

Γ𝑎: 𝟑𝟐 ⟶ 𝟑𝟐  

((−)(−)): 32⊗ 32 ⟶ ℝ  

𝜓𝛼𝜂𝛼𝛽𝜙
𝛽:= (𝜓‾𝜙)  

𝜂𝛼𝛽 = −𝜂𝛽𝛼  

𝜓𝛼:= 𝜓
𝛼′𝜂𝛼′𝛼, 𝜓

𝛼 = 𝜓𝛼′𝜂
𝛼′𝛼, 𝜓𝛼𝜙

𝛼 = −𝜓𝛽𝜂𝛽𝛼𝜂
𝛼𝛾𝜙𝛾 = −𝜓

𝛼𝜙𝛼  

Γ𝑎1⋯𝑎𝑘: =
1

𝑘!
∑  

𝜎∈Sym(𝑘)

 sgn(𝜎)Γ𝑎𝜎(1) ⋅ Γ𝑎𝜎(2)⋯Γ𝑎𝜎(𝑛) :  

Γ𝑎Γ𝑏 + Γ𝑏Γ𝑎 = +2𝜂𝑎𝑏id𝟑𝟐  
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Γ𝑎𝑗⋯𝑎1Γ𝑏1⋯𝑏𝑘 = ∑  

min(𝑗,𝑘)

𝑙=0

 ± 𝑙! (
𝑗

𝑙
) (
𝑘

𝑙
)𝛿[𝑏1⋯𝑏𝑙

[𝑎1⋯𝑎𝑙Γ
𝑏𝑙+1⋯𝑏𝑘]

𝑎𝑗⋯𝑎𝑙+1]  

Γ𝑎1⋯𝑎11 = 𝜖𝑎1⋯𝑎11id𝟑𝟐  

 

Γ𝑎1⋯𝑎𝑝 =
(−1)(𝑝+1)(𝑝−2)/2

(11 − 𝑝)!
𝜖𝑎1⋯𝑎𝑝𝑏1⋯𝑎11−𝑝Γ𝑏1⋯𝑏11−𝑝  

Γ𝑎1⋯𝑎11 = 𝜖𝑎1⋯𝑎11Id𝟑𝟐, Γ𝑎1⋯𝑎6 = +
1

5!
𝜖𝑎1⋯𝑎6𝑏1⋯𝑏5Γ𝑏1⋯𝑏5 ,

Γ𝑎1⋯𝑎10 = 𝜖𝑎1⋯𝑎10𝑏Γ𝑏 , Γ𝑎1⋯𝑎5 = −
1

6!
𝜖𝑎1⋯𝑎5𝑏1⋯𝑏6Γ𝑏1⋯𝑏6 .

 

Γ𝑎 = −Γ𝑎⁡ in that ⁡ ∀
𝜙,𝜓∈𝟑𝟐

((Γ𝑎𝜙)𝜓) = −(𝜙‾(Γ𝑎𝜓)) ,  

Γ𝑎1⋯𝑎𝑝 = (−1)
𝑝+𝑝(𝑝−1)/2Γ𝑎1⋯𝑎𝑝  

Endℝ(𝟑𝟐) = ⟨1, Γ𝑎1 , Γ𝑎1𝑎2 , Γ𝑎1𝑎2𝑎3 , Γ𝑎1⋯𝑎4 , Γ𝑎1⋯𝑎5⟩𝑎𝑖=0,1,⋯
,  

Homℝ((𝟑𝟐⊗ 𝟑𝟐)sym, ℝ) ≃ ⟨((−)̅̅ ̅̅ ̅Γ𝑎(−)), ((−)̅̅ ̅̅ ̅Γ𝑎1𝑎2(−)), ((−)
̅̅ ̅̅ ̅Γ𝑎1⋯𝑎5(−))⟩𝑎𝑖=0,1,⋯  

Γ𝛼𝛽
𝑎 = Γ𝛽𝛼

𝑎 , Γ𝛼𝛽
𝑎1𝑎2 = Γ𝛽𝛼

𝑎1𝑎2 , Γ𝛼𝛽
𝑎1⋯𝑎5 = Γ𝛽𝛼

𝑎1⋯𝑎5 ,  

Homℝ((𝟑𝟐⊗ 𝟑𝟐)skew , ℝ) ≃ ⟨((−)̅̅ ̅̅ ̅(−)), ((−)̅̅ ̅̅ ̅Γ𝑎1𝑎2𝑎3(−)), ((−)
̅̅ ̅̅ ̅Γ𝑎1⋯𝑎4(−))⟩𝑎𝑖=0,1,⋯  

𝜂𝛼𝛽 = −𝜂𝛽𝛼, Γ𝛼𝛽
𝑎1𝑎2𝑎3 = −Γ𝛽𝛼

𝑎1𝑎2𝑎3 , Γ𝛼𝛽
𝑎1⋯𝑎5 = −Γ𝛽𝛼

𝑎1⋯𝑎5  

𝜙 =
1

32
∑  

5

𝑝=0

 
(−1)𝑝(𝑝−1)/2

𝑝!
Tr (𝜙 ∘ Γ𝑎1⋯𝑎𝑝)Γ

𝑎1⋯𝑎𝑝;  

(𝜙‾1𝜓)(𝜓‾𝜙2) =
1

32
((𝜓‾Γ𝑎𝜓)(𝜙‾1Γ𝑎𝜙2) −

1

2
(𝜓‾Γ𝑎1𝑎2𝜓)(𝜙‾1Γ𝑎1𝑎2𝜙2) +

1

5!
(𝜓‾Γ𝑎1⋯𝑎5𝜓)(𝜙‾1Γ𝑎1⋯𝑎5𝜙2)) . 

(32⊗ 32)sym≅ 11⊕ 55⊕ 462 ⁡

(32⊗ 32⊗ 32)sym⁡≅ 32⊕ 320⊕ 1408⊕ 4424

(32⊗ 32⊗ 32⊗ 32)sym⁡≅ 1⊕ 165⊕ 330⊕ 462⊕ 65⊕ 429⊕ 1144⊕ 17160⊕ 32604.

 

⟨Ξ𝑎1⋯𝑎𝑝
𝛼 = Ξ[𝑎1⋯𝑎𝑝]

𝛼 ⟩
𝑎𝑖∈{0,⋯,10},𝛼∈{1,⋯32}

∈ Repℝ(Spin(1,10))

 with Γ𝑎1Ξ𝑎1𝑎2⋯𝑎𝑝 = 0
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[−,−]: 𝔤 ∨ 𝔤 ⟶ 𝔤 

 

 

 

CE(𝔤, [−,−]) ≃ (ℝ[𝑡1,⋯ , 𝑡1], d) 

 

 

[𝜗𝑖1⋯𝑖𝑛𝑇, 𝜗𝑖1
′⋯𝑖

𝑛′
′

𝑇′]
sgn
: = 𝜗𝑖1

′⋯𝑖
𝑛′
′ 𝑖1⋯𝑖𝑛[𝑇, 𝑇′] = (−1)𝑛𝑛

′
𝜗𝑖1⋯𝑖𝑛𝑖1

′⋯𝑖
𝑛′
′

[𝑇, 𝑇′] 
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d ⋆ 𝐽𝑞+1= 2𝜅𝐺𝑞+2 ∧⋆ 𝒥2𝑞+2⁡

 d ⋆ 𝒥2𝑞+2⁡= 0
 

d ⋆ 𝐽3= −𝐺4 ∧⋆ 𝒥6⁡

 d ⋆ 𝒥6⁡= 0
 

𝛿𝐴𝑝𝐼+1
𝐼 = dΛ𝑝𝐼

𝐼  

𝛿𝐴𝑝𝐼+1
𝐼 = dΛ𝑝𝐼

𝐼 +∑ 

𝐽

 Λ𝑝𝐽
𝐽 ∧ 𝔉𝑝𝐼+1−𝑝𝐽(𝐴) +  ⊥non-linear   

 

𝒢𝑝𝐼+2
𝐼 = d𝐴𝑝𝐼+1

𝐼 +ℜ𝑝𝐼+2
𝐼 (𝐴)  

 

ℋ(𝑛+1) = (∏ 

𝑗

 𝑈(1)(𝑝𝑗)) ×𝜅 𝑈(1)
(𝑛)  

 

𝛿𝐵2 = dΛ1 +
1

2𝜋
∑  

𝐼,𝐽

 𝜅𝐼𝐽Λ0
𝐼  d𝐴1

𝐽

𝛿𝐴1
𝐼 = dΛ0

𝐼

 

𝑈(1)𝐼
(0)
× 𝑈(1)𝐽

(0)
× 𝑈(1)𝐶

(0)
 

𝑗𝑝𝐼+1
𝐼  ∫ ⁡𝒟𝜙exp⁡(−𝑖𝑆(𝜙, 𝐴)) 𝐴𝑝𝐼+1

𝐼 𝜙 𝑆(𝜙, 𝐴) 𝛿𝑆 ∼ ∫ ⁡ 𝛿𝐴𝑝𝐼+1
𝐼 ∧⋆ 𝑗𝑝𝐼+1

𝐼  

𝐻(2𝑞+2) = 𝑈(1)(𝑞) ×𝜅 𝑈(1)
(2𝑞+1)  

𝛿𝐴𝑞+1= dΛ𝑞 ⁡

𝛿𝐵2𝑞+2⁡= dΛ2𝑞+1 − 𝜅dΛ𝑞 ∧ 𝐴𝑞+1
 

𝒢2𝑞+3 = d𝐵2𝑞+2 + (−1)
𝑞+1𝜅𝐴𝑞+1 ∧ 𝐺𝑞+2  

d𝒢2𝑞+3 = (−1)
𝑞+1𝜅𝐺𝑞+2 ∧ 𝐺𝑞+2, 𝐵2𝑞+2 → 𝐵2𝑞+2 − 𝜅/2𝐴𝑞+1 ∧ 𝐴𝑞+1 

𝛿𝑆 ∼ ∫ ⁡ 𝛿𝐴𝑞+1 ∧⋆ 𝐽𝑞+1 + (𝛿𝐵2𝑞+2 + 𝜅𝐴𝑞+1 ∧ 𝛿𝐴𝑞+1) ∧⋆ 𝒥2𝑞+2  
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d ⋆ 𝐽𝑞+1= 2𝜅𝐺𝑞+2 ∧⋆ 𝒥2𝑞+2⁡

 d ⋆ 𝒥2𝑞+2⁡= 0
 

𝑈(1)(𝑞) × ⁡𝜅𝑈(1)
(2𝑞+1) 

𝛿𝜙𝑞 = −𝑐𝜙Λ𝑞  

𝐹𝑞+1 = d𝜙𝑞 + 𝑐𝜙𝐴𝑞+1  

d𝐹𝑞+1 = 𝑐𝜙𝐺𝑞+2  

𝛿Φ2𝑞+1 = −𝑐ΦΛ2𝑞+1 − 𝜅
𝑐Φ
𝑐𝜙
d𝜙𝑞 ∧ Λ𝑞  

ℱ2𝑞+2 = dΦ2𝑞+1 + 𝑐Φ𝐵2𝑞+2 + 𝜅
𝑐Φ
𝑐𝜙
𝐴𝑞+1 ∧  d𝜙𝑞  

dℱ2𝑞+2 = 𝑐Φ𝒢2𝑞+3 + 𝜅
𝑐Φ
𝑐𝜙
𝐺𝑞+2 ∧ 𝐹𝑞+1  

𝑆 = ∫  
𝑀

  ⋆ ℒ(𝐹𝑞+1, ℱ2𝑞+2)  

𝑆 = −∫  
𝑀

 𝑔(𝑞)𝐹𝑞+1 ∧⋆ 𝐹𝑞+1 + 𝑔(2𝑞+1)ℱ2𝑞+2 ∧⋆ ℱ2𝑞+2  

d (
𝛿 ⋆ ℒ

𝛿𝐹𝑞+1
)= 𝜅

𝑐Φ
𝑐𝜙
𝐺𝑞+2 ∧

𝛿 ⋆ ℒ

𝛿ℱ2𝑞+2
⁡

 d(
𝛿 ⋆ ℒ

𝛿ℱ2𝑞+2
)⁡= 0

 

⋆ 𝐽𝑞+1= 𝑐𝜙
𝛿 ⋆ ℒ

𝛿𝐹𝑞+1
+ 𝜅

𝑐Φ
𝑐𝜙
𝐹𝑞+1 ∧

𝛿 ⋆ ℒ

𝛿ℱ2𝑞+2
⁡

⋆ 𝒥2𝑞+2⁡= 𝑐Φ
𝛿 ⋆ ℒ

𝛿ℱ2𝑞+2

 

∇𝜇𝑇
𝜇𝜈 =

1

(𝑞 + 1)!
𝐺𝑞+2
𝜈𝜇1…𝜇𝑞+1𝐽𝑞+1,𝜇1…𝜇𝑞+1 +

1

(2𝑞 + 2)!
𝒢2𝑞+3
𝜈𝜇1…𝜇2𝑞+2𝒥2𝑞+2,𝜇1…𝜇2𝑞+2  

𝑆 = ∫  
𝑀

  ⋆ ℒ̂(𝐹𝑞+1) + 𝑄(2𝑞+1)∫  
𝑀

 ℱ2𝑞+2  

⋆ 𝐽𝑞+1 = 𝑐𝜙
𝛿 ⋆ ℒ̂

𝛿𝐹𝑞+1
+ 𝑄(2𝑞+1)

𝜅

𝑐𝜙
𝐹𝑞+1,  

d ⋆ 𝐽𝑞+1 = 2𝜅𝑄(2𝑞+1)𝐺𝑞+2  

𝑆bulk = −𝑄(2𝑞+1)∫ ⁡𝒢2𝑞+3 ⁡

⁡= ∫  
bulk 

 𝜅𝑄(2𝑞+1)𝐴𝑞+1 ∧  d𝐴𝑞+1 − 𝑄(2𝑞+1)d𝐵2𝑞+2
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⋆ 𝐹𝑞+1 = ±𝐹𝑞+1 +⋯  

⋆ 𝐹𝑞+1 =
𝑐𝜙

2𝜅𝑄(2𝑞+1)
𝐽𝑞+1  

𝐽𝑞+1 = 𝑐𝜙𝑓𝐹𝑞+1 + 𝑄(2𝑞+1)
𝜅

𝑐𝜙
⋆ 𝐹𝑞+1 ⁡ ⟹

 self-duality 

⁡⋆ 𝐹𝑞+1 =
𝑐𝜙
2𝑓

𝜅𝑄(2𝑞+1)
𝐹𝑞+1  

𝐹𝑞+1 =
𝑐𝜙

2𝜅𝑄(2𝑞+1)
⋆ 𝐽𝑞+1|

⋆𝐹𝑞+1→
𝑐𝜙

2𝜅𝑄(2𝑞+1)
𝐽𝑞+1 recursively 

 

 

𝑇𝑎𝑏𝐾𝑎𝑏
𝐼 =

1

(𝑞 + 1)!
𝐺𝑞+2
𝐼𝑎…𝐽𝑞+1,𝑎… +

1

(2𝑞 + 2)!
𝒢2𝑞+3
𝐼𝑎… 𝒥2𝑞+2,𝑎…,  

𝛿𝑉2 = −Λ2  

 

𝑆 = −𝑄(5)∫  
𝑀

  ⋆ √1 + 𝒴(𝐹3) + 𝑄(5)∫  
𝑀

 ℱ6  

d ⋆ (
1

√1 +𝒴(𝐹3)

𝛿𝒴(𝐹3)

𝛿𝐹3
) = 𝐺4,  

⋆ 𝐹3 =
1

√1 + 𝒴(𝐹3)

𝛿𝒴(𝐹3)

𝛿𝐹3
 

𝒴(𝐹3) =
1

12
𝐹𝑎𝑏𝑐𝐹

𝑎𝑏𝑐 +
1

288
(𝐹𝑎𝑏𝑐𝐹

𝑎𝑏𝑐)
2
−
1

96
(𝐹𝑎𝑏𝑐𝐹

ℎ𝑏𝑐𝐹ℎ𝑑𝑒𝐹
𝑎𝑑𝑒)  

⋆ 𝐹𝑎𝑏𝑐 =
1

√1 + 𝒴(𝐹3)
(𝐹𝑎𝑏𝑐 +

1

12
𝐹𝑑𝑒ℎ𝐹

𝑑𝑒ℎ𝐹𝑎𝑏𝑐 −
1

4
𝐹𝑑𝑒[𝑎𝐹𝑏𝑐]ℎ𝐹

ℎ𝑑𝑒)  

£𝛽𝐴𝑞+1 = £𝛽𝐵2𝑞+2 = £𝛽𝑔𝜇𝜈 = 0  

𝒵[𝐴𝑞+1, 𝐵2𝑞+1, 𝑔𝜇𝜈] = ∫ ⁡𝒟𝜙e
−𝑆𝐸(𝜙;𝐴𝑞+1,𝐵2𝑞+1,𝑔𝜇𝜈)  

£𝛽𝜙 = 0  

£𝛽Λ𝑞 = £𝛽Λ2𝑞+1 = 0  

𝜉 = −𝑢 ∧ 𝑖𝑢𝜉 + 𝜉Σ,  

∗ 𝜉 =⋆ (𝑢 ∧ 𝜉), ∫  Σ 𝑋 = −∫  
𝑀
𝑢 ∧ 𝑋 =∗ 𝑓 ∫  Σ ∗ 𝑓 = ∫  

𝑀
⋆ 𝑓 

𝛿𝜑𝑞−1 = −𝑖𝛽Λ𝑞 .  
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𝜇𝑞

𝑇
= −d𝜑𝑞−1 + 𝑖𝛽𝐴𝑞+1,  

d (
𝜇𝑞
𝑇
) = −𝑖𝛽𝐺𝑞+2,  

𝑆𝐸 = ∫ 
Σ

  ∗ 𝑃̂(𝑇, 𝜇𝑞) + 𝑄(2𝑞+1)∫ 
Σ

 𝜓2𝑞+1,  

1

𝑇
𝜓2𝑞+1 = 𝑖𝛽𝐵2𝑞+2 + 2𝜅 d𝜑𝑞−1 ∧ 𝐴𝑞+1,Σ − 𝜅𝑖𝛽𝐴𝑞+1 ∧ 𝐴𝑞+1,Σ − 𝜅d(𝑇𝑢) ∧ 𝜑𝑞−1 ∧  d𝜑𝑞−1,  

1

𝑇
𝛿𝜓2𝑞+1= 𝑖𝛽dΛ2𝑞+1 + 2𝜅 d𝜑𝑞−1 ∧  dΛ𝑞 + 𝜅d(𝑇𝑢 ∧ 𝑖𝛽Λ𝑞) ∧ d𝜑𝑞−1 + 𝜅d(𝑇𝑢 ∧ 𝜑𝑞−1) ∧ d𝑖𝛽Λ𝑞⁡

⁡= d (−𝑖𝛽Λ2𝑞+1 + 𝜅𝜑𝑞−1 ∧ ( dΛ𝑞)Σ
+ 𝜅Λ𝑞,Σ ∧  d𝜑𝑞−1)

 

𝑆𝐸 = ∫ 
Σ

  ∗ 𝑃(𝑇, 𝜇𝑞 , 𝜇2𝑞+1)  

𝛿𝑃= 𝑠𝛿𝑇 + 𝑛𝑞 ⋅ 𝛿𝜇𝑞 + 𝑛2𝑞+1 ⋅ 𝛿𝜇2𝑞+1 −
1

2
𝑟𝜇𝜈𝛿𝑔𝜇𝜈⁡

𝜖⁡= 𝑇𝑠 + 𝜇𝑞 ⋅ 𝑛𝑞 + 𝜇2𝑞+1 ⋅ 𝑛2𝑞+1 − 𝑃
 

𝑟𝜇𝜈 =
1

(𝑞 − 1)!
(𝑛𝑞)𝜌…

𝜇
(𝜇𝑞)

𝜈𝜌…
+

1

(2𝑞)!
(𝑛2𝑞+1)𝜌…

𝜇
(𝜇2𝑞+1)

𝜈𝜌…
 

𝐽𝑞+1= 𝑢 ∧ 𝑛𝑞 − (−)
𝑑2𝜅 ∗ (𝜇𝑞 ∧∗ 𝑛2𝑞+1)⁡

𝒥2𝑞+2⁡= 𝑢 ∧ 𝑛2𝑞+1
 

𝑇𝜇𝜈 = (𝜖 + 𝑃)𝑢𝜇𝑢𝜈 + 𝑃𝑔𝜇𝜈 − 𝑟𝜇𝜈 + 2𝑣(𝜇𝑢𝜈)  

 

d ∗ 𝑛𝑞 = 2𝜅 (𝐺𝑞+2,Σ + d(𝑇𝑢) ∧
𝜇𝑞
𝑇
) ∧∗ 𝑛2𝑞+1  

𝜄𝛽𝐹𝑞+1 =
𝜇𝑞
𝑇

 

d ∗ 𝑛̃𝑝 = (−)
𝑑 d(𝑇𝑢) ∧

𝜇𝑞

𝑇
+ (−)𝑑𝐺𝑞+2,Σ,  

𝑆𝐸 = ∫ 
Σ

  ∗ 𝑃̂(𝑇, 𝜇𝑞 , 𝑛̃𝑝) + 𝑄(2𝑞+2)∫ 
Σ

 𝜓2𝑞+1  

𝑆𝐸 = ∫ 
Σ

  ∗ 𝑃(𝑇, 𝜇𝑞 , 𝜇2𝑞+1, 𝑛̃𝑝)  

𝛿𝑃= 𝑠𝛿𝑇 + 𝑛𝑞 ⋅ 𝛿𝜇𝑞 + 𝑛2𝑞+1 ⋅ 𝛿𝜇2𝑞+1 −∗ 𝜇̃𝑝 ⋅ 𝛿 ∗ 𝑛̃𝑝 −
1

2
𝑟𝜇𝜈𝛿𝑔𝜇𝜈⁡

𝜖⁡= 𝑇𝑠 + 𝜇𝑞 ⋅ 𝑛𝑞 + 𝜇2𝑞+1 ⋅ 𝑛2𝑞+1 − 𝑃
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𝑟𝜇𝜈 =
1

(𝑞 − 1)!
(𝑛𝑞)𝜌…

𝜇
(𝜇𝑞)

𝜈𝜌…
+

1

(2𝑞)!
(𝑛2𝑞+1)𝜌…

𝜇
(𝜇2𝑞+1)

𝜈𝜌…

⁡−
1

𝑞!
(∗ 𝑛𝑝)𝜌…

𝜇
(∗ 𝜇𝑝)

𝜈𝜌…
 

𝐽𝑞+1= 𝑢 ∧ 𝑛𝑞 − (−)
𝑑 ∗ 𝜇̃𝑝 − (−)

𝑑2𝜅 ∗ (𝜇𝑞 ∧∗ 𝑛2𝑞+1)⁡

𝒥2𝑞+2⁡= 𝑢 ∧ 𝑛2𝑞+1
 

∗ 𝑣 = −𝜇𝑞 ∧ 𝜇̃𝑝 − 𝜅𝜇𝑞 ∧ 𝜇𝑞 ∧∗ 𝑛2𝑞+1  

d ∗ 𝑛𝑞= d(𝑇𝑢) ∧
𝜇̃𝑝
𝑇
+ 2𝜅 (𝐺𝑞+2,Σ + d(𝑇𝑢) ∧

𝜇𝑞
𝑇
) ∧∗ 𝑛2𝑞+1⁡

 d
𝜇̃𝑝
𝑇
⁡= 0

 

𝛿𝜑2𝑞 = −𝑖𝛽Λ2𝑞+1 + 𝜅𝜑𝑞−1 ∧ ( dΛ𝑞)Σ
+ 𝜅Λ𝑞,Σ ∧  d𝜑𝑞−1  

𝜇2𝑞+1
𝑇

=𝑖𝛽𝐵2𝑞+2 − d𝜑2𝑞

⁡+2𝜅 d𝜑𝑞−1 ∧ 𝐴𝑞+1,Σ − 𝜅𝑖𝛽𝐴𝑞+1 ∧ 𝐴𝑞+1,Σ − 𝜅d(𝑇𝑢) ∧ 𝜑𝑞−1 ∧  d𝜑𝑞−1

 

d (
𝜇2𝑞+1

𝑇
) = −𝑖𝛽𝐺2𝑞+3 − 𝜅 (2𝐺𝑞+2,Σ + d(𝑇𝑢) ∧

𝜇𝑞

𝑇
) ∧

𝜇𝑞

𝑇
 

d ∗ 𝑛2𝑞+1 = 0  

∗ 𝑃 =
𝜒

2
𝜇𝑞 ∧∗ 𝜇𝑞 −

𝑓

2
𝐹𝑞+1 ∧∗ 𝐹𝑞+1 +

𝜒′

2
𝜇2𝑞+1 ∧∗ 𝜇2𝑞+1.  

𝜑2𝑞 = 𝑖𝛽Φ2𝑞+1 − 𝜅𝜑𝑞−1 ∧ ( d𝜙𝑞)Σ  

𝑖𝛽ℱ2𝑞+2 =
𝜇2𝑞+1
𝑇

+ 𝜅
𝜇𝑞
𝑇
∧ 𝐹𝑞+1,Σ  

d ∗ 𝑛̃𝑝−𝑞−1 = −𝒢2𝑞+3,Σ − d(𝑇𝑢) ∧
𝜇2𝑞+1
𝑇

− (−)𝑑𝜅 (𝐺𝑞+2,Σ + d(𝑇𝑢) ∧
𝜇𝑞
𝑇
) ∧∗ 𝑛̃𝑝  

𝑆𝐸 = ∫  
Σ𝑑−1

 
𝜒

2
𝜇𝑞 ∧∗ 𝜇𝑞 −

𝑓

2
𝐹𝑞+1 ∧∗ 𝐹𝑞+1 +

𝜒′

2
𝜇2𝑞+1 ∧∗ 𝜇2𝑞+1 −

𝑓′

2
ℱ2𝑞+2 ∧∗ ℱ2𝑞+2  

𝑆𝐸 = ∫ 
Σ

  ∗ 𝑃(𝜇𝑞 , 𝜇2𝑞+1, 𝑛̃𝑝, 𝑛̃𝑝−𝑞−1)  

𝛿𝑃= 𝑠𝛿𝑇 + 𝑛𝑞 ⋅ 𝛿𝜇𝑞 + 𝑛2𝑞+1 ⋅ 𝛿𝜇2𝑞+1 −∗ 𝜇̃𝑝 ⋅ 𝛿 ∗ 𝑛̃𝑝 −∗ 𝜇̃𝑝−𝑞−1 ⋅ 𝛿 ∗ 𝑛̃𝑝−𝑞−1 −
1

2
𝑟𝜇𝜈𝛿𝑔𝜇𝜈 ⁡

𝜖⁡= 𝑇𝑠 + 𝜇𝑞 ⋅ 𝑛𝑞 + 𝜇2𝑞+1 ⋅ 𝑛2𝑞+1 − 𝑃
 

𝑟𝜇𝜈 =
1

(𝑞 − 1)!
(𝑛𝑞)𝜌…

𝜇
(𝜇𝑞)

𝜈𝜌…
+

1

(2𝑞)!
(𝑛2𝑞+1)𝜌…

𝜇
(𝜇2𝑞+1)

𝜈𝜌…

⁡−
1

𝑞!
(∗ 𝑛𝑝)𝜌…

𝜇
(∗ 𝜇𝑝)

𝜈𝜌…
−

1

(2𝑞 + 1)!
(∗ 𝑛̃𝑝−𝑞−1)𝜌…

𝜇
(∗ 𝜇̃𝑝−𝑞−1)

𝜈𝜌…
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𝐽𝑞+1= 𝑢 ∧ 𝑛𝑞 − (−1)
𝑑 ∗ 𝜇̃𝑝 − (−1)

𝑑2𝜅 ∗ (𝜇𝑞 ∧∗ 𝑛2𝑞+1) + 𝜅 ∗ (∗ 𝑛̃𝑝 ∧ 𝜇̃𝑝−𝑞−1)⁡

𝒥2𝑞+2⁡= 𝑢 ∧ 𝑛2𝑞+1 +∗ 𝜇̃𝑝−𝑞−1
 

∗ 𝑣 = −𝜇𝑞 ∧ 𝜇̃𝑝 − 𝜅𝜇𝑞 ∧ 𝜇𝑞 ∧∗ 𝑛2𝑞+1 + 𝜇2𝑞+1 ∧ 𝜇̃𝑝−𝑞−1 + 𝜅(−1)
𝑑𝜇𝑞 ∧∗ 𝑛̃𝑝 ∧ 𝜇̃𝑝−𝑞−1  

d ∗ 𝑛𝑞= d(𝑇𝑢) ∧
𝜇̃𝑝
𝑇
+ 2𝜅 (𝐺𝑞+2,Σ + d(𝑇𝑢) ∧

𝜇𝑞
𝑇
) ∧∗ 𝑛2𝑞+1 − 𝜅(−1)

𝑑 d(𝑇𝑢) ∧∗ 𝑛̃𝑝 ∧
𝜇̃𝑝−𝑞−1
𝑇

⁡

 d
𝜇̃𝑝
𝑇
= −𝜅 (𝐺𝑞+2,Σ + d(𝑇𝑢) ∧

𝜇𝑞
𝑇
) ∧

𝜇̃𝑝−𝑞−1
𝑇

⁡

 d ∗ 𝑛2𝑞+1= d(𝑇𝑢) ∧
𝜇̃𝑝−𝑞−1
𝑇

⁡

 d
𝜇̃𝑝−𝑞−1
𝑇

⁡= 0

 

𝑛̃𝑝 =
1

2𝜅𝑄(2𝑞+1)
𝑛𝑞 ⟹ 𝑛̃𝑝 =

1

2𝜅𝑄(2𝑞+1)

𝛿𝑆𝐸
𝛿𝜇𝑞

|
𝑇,𝑛̃𝑝,𝜇2𝑞+1

𝜇̃𝑝 = 0 ⟹ 0 =
𝛿𝑆𝐸
𝛿𝑛̃𝑝

|
𝑇,𝜇𝑞,𝜇2𝑞+1

 

∗ 𝐹𝑞+1 =
1

2𝜅𝑄(2𝑞+1)
∗ (
𝛿 ∗ 𝑃̂(𝑇, 𝜇𝑞)

𝛿𝜇𝑞
)⁡, 𝜄𝑢𝐹𝑞+1 = 𝜇𝑞  

𝑆𝐸 = ∫ 
Σ

  ∗ 𝑃̂(𝑇, 𝜇2) + 𝑄(5)∫ 
Σ

 𝜇5  

𝜇2
𝑇
= −d𝜑1 + 𝑖𝛽𝐴3

𝜇5
𝑇
= −d𝜑4 + 𝑖𝛽𝐵6 − d𝜑1 ∧ 𝐴3,Σ +

1

2
𝑖𝛽𝐴3 ∧ 𝐴3,Σ +

1

2
 d(𝑇𝑢) ∧ 𝜑1 ∧  d𝜑1

 

∗ 𝐹3 =
−1

𝑄(5)
∗ (
𝛿 ∗ 𝑃̂(𝑇, 𝜇2)

𝛿𝜇2
)⁡, 𝜄𝑢𝐹3 = 𝜇2  

𝐽3= 𝑢 ∧ 𝑛2 + 𝑄(5) ∗ 𝜇2 ⁡

𝒥6= 𝑄(5)𝑢 ∧∗ 1 ⁡

𝑇𝜇𝜈⁡= (𝜖 + 𝑃̂)𝑢𝜇𝑢𝜈 + 𝑃̂𝑔𝜇𝜈 − 𝑛2
𝜇
⁡𝜌𝜇2

𝜈𝜌
+ 𝑄(5) ∗ (𝜇2 ∧ 𝜇2)

(𝜇𝑢𝜈)
 

𝛿𝑃̂= 𝑠𝛿𝑇 +
1

2
𝑛2
𝜇𝜈
𝛿𝜇2𝜇𝜈 −

1

2
𝑛2
𝜇
⁡𝜌𝜇2

𝜈𝜌
𝛿𝑔𝜇𝜈⁡

𝜖⁡= 𝑇𝑠 +
1

2
𝜇2𝜇𝜈𝑛2

𝜇𝜈
− 𝑃̂

 

𝑝̂(𝑇,Φ(2)) = −
1

3
𝑄(5)

1 + 3(tanh2⁡ 𝛼 − Φ(2)
2 )cosh2⁡ 𝛼

cosh2⁡ 𝛼√tanh2⁡ 𝛼 − Φ(2)
2

 

𝑄(5)cosh⁡ 𝛼

√tanh2⁡ 𝛼 − Φ(2)
2

=
3Ω4
16𝜋𝐺𝑁

(
3

4𝜋𝑇
)
3
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𝐽𝑝+1 =⋆ 𝐹𝑞+1

𝒥̃𝑝−𝑞 =⋆ (ℱ2𝑞+2 −
𝜅̃

𝑐𝜙
𝐹𝑞+1 ∧ 𝐹𝑞+1)

 

d ⋆ 𝐽𝑝+1 = (−)
𝑝𝑐𝜙𝐺𝑞+2

 d ⋆ 𝒥̃𝑝−𝑞 = −𝑐Φ𝒢2𝑞+3 − (−)
𝑝2𝜅̃𝐺𝑞+2 ∧⋆ 𝐽𝑝+1

 

((𝑈(1)(𝑞) ×𝜅 𝑈(1)
(2𝑞+1)) × 𝑈̃(1)(𝑝−𝑞−1)) ×𝜅̃ 𝑈̃(1)

(𝑝).  

𝑆 ∼ ∫ ⁡ (𝐴̃𝑝+1 + 𝜅̃𝐴𝑞+1 ∧ 𝐵̃𝑝−𝑞) ∧⋆ 𝐽𝑝+1 + 𝐵̃𝑝−𝑞 ∧⋆ 𝒥̃𝑝−𝑞

∼ ∫ ⁡ (−)𝑝(𝐴̃𝑝+1 + 𝜅̃𝐴𝑞+1 ∧ 𝐵̃𝑝−𝑞) ∧ 𝐹𝑞+1 ⁡

⁡−𝐵̃𝑝−𝑞 ∧ (ℱ2𝑞+2 −
𝜅̃

𝑐𝜙
𝐹𝑞+1 ∧ 𝐹𝑞+1)

 

𝛿𝐴𝑞+1= dΛ𝑞 ⁡

𝛿𝐵2𝑞+2= dΛ2𝑞+1 − 𝜅dΛ𝑞 ∧ 𝐴𝑞+1 ⁡

𝛿𝐴̃𝑝+1⁡= dΛ̃𝑝 + (−)
𝑝𝜅̃ dΛ̃𝑝−𝑞−1 ∧ 𝐴𝑞+1 − 𝜅̃dΛ𝑞 ∧ 𝐵̃𝑝−𝑞

𝛿𝐵̃𝑝−𝑞⁡= dΛ̃𝑝−𝑞−1

 

𝛿Λ𝑆 = −∫ ⁡ (−)
𝑞𝑐𝜙𝐺𝑞+2 ∧ Λ̃𝑝 − 𝑐Φ𝒢2𝑞+3 ∧ Λ̃𝑝−𝑞−1 + 2(−)

𝑝𝑐𝜙𝜅̃Λ̃𝑝−𝑞−1 ∧ 𝐴𝑞+1 ∧ 𝐺𝑞+2  

𝐺̃𝑝+2= d𝐴̃𝑝+1 − 𝜅̃𝐵̃𝑝−𝑞 ∧ 𝐹𝑞+2 − 𝜅̃𝐴𝑞+1 ∧ 𝐺̃𝑝−𝑞+1⁡

𝒢̃𝑝−𝑞+1⁡= d𝐵̃𝑝−𝑞
 

𝑆bulk = ∫  
bulk

 𝑐𝜙𝐺𝑞+2 ∧ 𝐴̃𝑝+1 + 𝑐Φ (𝒢2𝑞+3 +
1

2
𝜅𝐴𝑞+1 ∧ 𝐺𝑞+2) ∧ 𝐵̃𝑝−𝑞  

𝛿𝑆tot = ∫ ⁡ 𝛿𝐴𝑞+1 ∧⋆ 𝐽𝑞+1 + (𝛿𝐵2𝑞+2 + 𝜅𝐴𝑞+1 ∧ 𝛿𝐴𝑞+1) ∧⋆ 𝒥2𝑞+2 ⁡

+(𝛿𝐴̃𝑝+1 + 𝜅̃𝐴𝑞+1 ∧ 𝛿𝐵̃𝑝−𝑞 − 𝜅̃𝛿𝐴𝑞+1 ∧ 𝐵̃𝑝−𝑞) ∧⋆ 𝐽𝑝+1 + 𝛿𝐵̃𝑝−𝑞 ∧⋆ 𝒥̃𝑝−𝑞⁡

+∫  
bulk

 𝛿𝐴𝑞+1 ∧ 𝑐𝜙𝐺̃𝑝+2 − (𝛿𝐵2𝑞+2 + 𝜅𝐴𝑞+1 ∧ 𝛿𝐴𝑞+1) ∧ 𝑐Φ𝒢̃𝑝−𝑞+1 ⁡

+(𝛿𝐴̃𝑝+1 + 𝜅̃𝐴𝑞+1 ∧ 𝛿𝐵̃𝑝−𝑞 − 𝜅̃𝛿𝐴𝑞+1 ∧ 𝐵̃𝑝−𝑞) ∧ 𝑐𝜙𝐺𝑞+2 ⁡

⁡+𝛿𝐵̃𝑝−𝑞 ∧ (−)
𝑝𝑐Φ𝒢2𝑞+3

 

⋆ 𝐽𝑞+1∼ 𝑐𝜙𝐴̃𝑝+1 +
1

2
𝑐Φ𝜅𝐴𝑞+1 ∧ 𝐵̃𝑝−𝑞 + Ω𝜅̃𝐵̃𝑝−𝑞 ∧⋆ 𝐽𝑝+1⁡

⋆ 𝒥2𝑞+2⁡∼ 𝑐Φ𝐵̃𝑝−𝑞

 

d ⋆ 𝐽𝑞+1= 𝑐𝜙𝐺̃𝑝+2 + 2𝜅𝐺𝑞+2 ∧⋆ 𝒥2𝑞+2 + 2𝜅̃𝒢̃𝑝−𝑞+1 ∧⋆ 𝐽𝑝+1⁡

 d ⋆ 𝒥2𝑞+2= 𝑐Φ𝒢̃𝑝−𝑞+1 ⁡

 d ⋆ 𝐽𝑝+1= (−)
𝑝𝑐𝜙𝐺𝑞+2 ⁡

 d ⋆ 𝒥̃𝑝−𝑞⁡= −𝑐Φ𝒢2𝑞+3 − (−)
𝑝2𝜅̃𝐺𝑞+2 ∧⋆ 𝐽𝑝+1
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𝑆 = 𝑆̂[𝐹𝑞+1] + 𝑄(2𝑞+1)∫ ⁡𝐵2𝑞+2 +
𝜅

𝑐𝜙
𝐴𝑞+1 ∧ 𝐹𝑞+1 +∫ ⁡ 𝐴̃𝑞+1 ∧ 𝐹𝑞+1  

𝑆bulk = ∫  
bulk

𝐶𝐴𝑞+1 ∧ 𝐺𝑞+2 + (𝑐𝜙 − 𝜅×𝑄(2𝑞+1))𝐴̃𝑞+1 ∧ 𝐺𝑞+2 

𝛿𝐴𝑞+1= dΛ𝑞 ⁡

𝛿𝐴̃𝑞+1= dΛ̃𝑞 ⁡

𝛿𝐵2𝑞+2⁡= dΛ2𝑞+1 − (𝜅 −
𝐶

𝑄(2𝑞+1)
)dΛ𝑞 ∧ 𝐴𝑞+1 − 𝜅×dΛ̃𝑞 ∧ 𝐴𝑞+1

 

𝛿𝑆tot = ∫ ⁡𝛿𝐴𝑞+1 ∧⋆ 𝐽𝑞+1 + 𝛿𝐴̃𝑞+1 ∧⋆ 𝐽𝑞+1

+(𝛿𝐵2𝑞+2 + (𝜅 −
𝐶

𝑄(2𝑞+1)
)𝐴𝑞+1 ∧ 𝛿𝐴𝑞+1 + 𝜅×𝐴̃𝑞+1 ∧ 𝛿𝐴𝑞+1) ∧⋆ 𝒥2𝑞+2⁡

⁡+∫  
bulk

 𝛿𝐴𝑞+1 ∧ (2𝐶𝐹𝑞+2 + 𝐶×𝐹̃𝑞+2) + 𝛿𝐴̃𝑞+1 ∧ 𝐶×𝐺𝑞+2

 

 

d ⋆ 𝐽𝑞+1 = 𝑐𝜙𝐺̃𝑞+2 + 2𝜅𝑄(2𝑞+1)𝐺𝑞+2

 d ⋆ 𝐽𝑞+1 = 𝑐𝜙𝐺𝑞+2
 

 

𝐽𝑞+1 =
𝑐𝜙

2𝜅𝑄(2𝑞+1)
𝐽𝑞+1  

d ⋆ 𝑗2= 0 ⁡

 d ⋆ 𝐽2= 𝐻3 ∧⋆ 𝐽4 − 𝐹̃5 ∧⋆ 𝑗6 ⁡
 d ⋆ 𝐽4= 𝐹3 ∧⋆ 𝑗6 +𝐻3 ∧⋆ 𝒥6⁡
 d ⋆ 𝑗6= 0 ⁡
 d ⋆ 𝒥6= 𝐻3 ∧⋆ 𝒥8 ⁡

 d ⋆ 𝒥8⁡= 0

 

 𝑋[𝑎1…𝑎𝑛] =
1

𝑛!
(𝑋𝑎1…𝑎𝑛 + signed permutations ) 

 ∫  Σ 𝑇 d𝑋 = −∫  
𝑀
𝑇𝑢 ∧  d𝑋 = ∫  

𝑀
 d(𝑇𝑢 ∧ 𝑋) − ∫  

𝑀
 d(𝑇𝑢) ∧ 𝑋 

 d(𝑇𝑢) ∧ 𝑋 = −𝑇𝑢 ∧ 𝑖𝛽d(𝑇𝑢) ∧ 𝑋 = −𝑇𝑢 ∧ £𝛽(𝑇𝑢) ∧ 𝑋 = 0  

 𝐴 ⋅ 𝐵 =
1

𝑝!
𝐴𝜇…𝐵𝜇… 

 Λ̃2𝑞+1 = Λ2𝑞+1 + 𝜅Λ𝑞 ∧ 𝐴𝑞+1, 𝜑̃2𝑞 = 𝜑2𝑞 − 𝜅𝜑𝑞−1 ∧ 𝐴𝑞+1,Σ 

 𝛿𝜑̃2𝑞 = −𝑖𝛽Λ̃2𝑞+1 − 𝜅Λ𝑞,Σ ∧
𝜇𝑞

𝑇
 

 𝒫 = 𝑐𝜙𝐺𝑞+2 ∧ 𝐺̃𝑝+2 − 𝑐Φ𝒢2𝑞+3 ∧ 𝒢̃𝑝−𝑞+1 
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 𝑆 = ∫ ⁡ 𝑑𝜏 [𝑃𝑎𝜕𝜏𝑋𝑎 + 𝑝𝛼𝜕𝜏𝜃
𝛼 +𝑤𝛼𝜕𝜏𝜆

𝛼 −
1

2
𝑃2]  

 𝑑𝛼 = 𝑝𝛼 −
1

2
(𝛾𝑎𝜃)𝛼𝑃𝑎  

 
𝑄0Ψ⁡ = 0 → 𝐷(𝛼𝐴𝛽𝛿𝜖) = (𝛾

𝑎)(𝛼𝛽𝐴𝑎𝛿𝜖)
𝛿Ψ⁡ = 𝑄0Λ → 𝛿𝐴𝛼𝛽𝛿 = 𝐷(𝛼Λ𝛽𝛿)

 

 
Ψ =(𝜆𝛾𝑎𝜃)(𝜆𝛾𝑏𝜃)(𝜆𝛾𝑐𝜃)𝐶𝑎𝑏𝑐 + (𝜆𝛾

𝑎𝑏𝜃)(𝜆𝛾𝑏𝜃)(𝜆𝛾
𝑐𝜃)ℎ𝑎𝑐 + (𝜆𝛾

𝑎𝜃)(𝜆𝛾𝑏𝜃)(𝜆𝛾𝑐𝜃)(𝜃𝛾𝑏𝑐𝜓𝑎)

⁡−(𝜆𝛾𝑎𝜃)(𝜆𝛾𝑏𝑐𝜃)(𝜆𝛾𝑏𝜃)(𝜃𝛾𝑐𝜓𝑎) + 𝑂(𝜃
5)

 

 𝜕𝑑𝜕[𝑑𝐶𝑎𝑏𝑐] = 0,◻ ℎ𝑏𝑐 − 2𝜕
𝑎𝜕(𝑏ℎ𝑐)𝑎 + 𝜕𝑏𝜕𝑐(𝜂

𝑎𝑑ℎ𝑎𝑑) = 0, (𝛾
𝑎𝑏𝑐)

𝛼𝛽
𝜕𝑏𝜓𝑐

𝛽
= 0  

 𝛿𝐶𝑎𝑏𝑐 = 𝜕𝑎𝐵𝑏𝑐, 𝛿ℎ𝑎𝑏 = 𝜕(𝑎𝑡𝑏), 𝛿𝜓𝑎
𝛼 = 𝜕𝑎𝜅

𝛽  

 𝑆 = ∫ ⁡ 𝑑𝜏 [𝑃𝑎𝜕𝜏𝑋𝑎 + 𝑝𝛼𝜕𝜏𝜃
𝛼 +𝑤𝛼𝜕𝜏𝜆

𝛼 +𝑤‾ 𝛼𝜕𝜏𝜆‾𝛼 + 𝑠
𝛼𝜕𝜏𝑟𝛼 −

1

2
𝑃2]  

 𝑄 = 𝑄0 + 𝑠  

 

𝑏 =
1

2𝜂
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆𝛾𝑎𝑏𝛾𝑐𝑑)𝑃𝑐 +

2

𝜂2
𝐿𝑎𝑏,𝑐𝑑
(1)

[(𝜆𝛾𝑎𝑑)(𝜆𝛾𝑏𝑐𝑑𝑑) + 2(𝜆𝛾𝑎𝑏𝑐𝑒𝑓𝜆)𝑁𝑑 ⁡𝑒𝑃𝑓

+
2

3
(𝛿𝑒
𝑏𝛿𝑓

𝑑 − 𝜂𝑏𝑑𝜂𝑒𝑓)(𝜆𝛾
𝑎𝑒𝑐𝑔ℎ𝜆)𝑁𝑔ℎ𝑃

𝑓] −
4

3𝜂3
𝐿𝑎𝑏,𝑐𝑑,𝑒𝑓
(2)

[(𝜆𝛾𝑎𝑏𝑐𝑔ℎ𝜆)(𝜆𝛾𝑑𝑒𝑓𝑑)𝑁𝑔ℎ

−12 [(𝜆𝛾𝑎𝑏𝑐𝑒𝑔𝜆)𝜂𝑓ℎ −
2

3
𝜂𝑓[𝑎(𝜆𝛾𝑏𝑐𝑒]𝑔ℎ𝜆)] (𝜆𝛾𝑑𝑑)𝑁𝑔ℎ]

⁡+
8

3𝜂4
𝐿𝑎𝑏,𝑐𝑑,𝑒𝑓,𝑔ℎ
(3)

(𝜆𝛾𝑎𝑏𝑐𝑖𝑗𝜆) [(𝜆𝛾𝑑𝑒𝑓𝑔𝑘𝜆)𝜂ℎ𝑙 −
8

3
𝜂ℎ[𝑑(𝜆𝛾𝑒𝑓𝑔𝑘]𝑙𝜆)] {𝑁𝑖𝑗 , 𝑁𝑘𝑙}

 

 𝜂 = (𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆𝛾𝑎𝑏𝜆),𝑁𝑎𝑏 =
1

2
(𝜆𝛾𝑎𝑏𝑤) 

 𝐿𝑎0𝑏0,𝑎1𝑏1,…,𝑎1𝑏1
(𝑛)

= (𝜆‾𝛾[[𝑎0𝑏0𝜆
‾) (𝜆‾𝛾𝑎1𝑏1𝑟)… (𝜆

‾𝛾𝑎𝑛𝑏𝑛])𝑟) 

 𝑏 = 𝑃𝑎Σ‾𝑎 −
4

𝜂
(𝜆‾𝛾𝑎𝑏𝑟)(𝜆𝛾𝑎

𝑐𝜆)Σ‾𝑐Σ‾𝑏 −
2

𝜂
(𝜆‾𝑟)(𝜆𝛾𝑎𝑏𝜆)Σ‾𝑎Σ‾𝑏  

 
Σ‾ 𝑖 =

1

2𝜂
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆𝛾𝑎𝑏𝛾𝑖𝑑) +

4

𝜂2
𝐿𝑎𝑏,𝑐𝑑
(1)

(𝜆𝛾𝑎𝑏𝑐𝑒𝑖𝜆)𝑁𝑒
𝑑 +

4

3𝜂2
𝐿𝑎𝑏,𝑐
(1)

⁡𝑖(𝜆𝛾𝑎𝑏𝑐𝑑𝑒𝜆)𝑁𝑑𝑒

⁡−
4

3𝜂2
𝐿𝑎𝑑,𝑐
(1)

⁡𝑑(𝜆𝛾𝑎𝑖𝑐𝑑𝑒𝜆)𝑁𝑑𝑒
 

 
{𝑄, Σ‾𝑎} =

𝑃𝑎

2
+
1

𝜂
[(𝜆‾𝛾𝑐𝑏𝜆‾)(𝜆𝛾𝑏𝑎𝜆) − (𝜆‾𝛾

𝑎𝑏𝜆‾)(𝜆𝛾𝑏𝑐𝜆)]𝑃
𝑐 −

2

𝜂
(𝜆‾𝛾𝑏𝑎𝑟)(𝜆𝛾𝑏

𝑐𝜆)Σ‾𝑐

⁡−
4

𝜂
(𝜆‾𝛾𝑏𝑐𝑟)(𝜆𝛾𝑏⁡

𝑎𝜆)Σ‾𝑐 +
2

𝜂
(𝜆‾𝑟)(𝜆𝛾𝑎𝑏𝜆)Σ‾𝑏 −

2

𝜂2
(𝜆‾𝛾𝑐𝑑𝑟)(𝜆𝛾𝑐𝑑𝜆)(𝜆‾𝛾

𝑎𝑏𝜆‾)(𝜆𝛾𝑏𝑒𝜆)Σ‾
𝑒

 

 

[𝑄, 𝐂𝛼] ⁡= −
1

3
𝑑𝛼 − (𝛾

𝑎𝜆)𝛼𝐂𝑎

{𝑄, 𝐂𝑎} ⁡=
1

3
𝑃𝑎 + (𝜆𝛾

𝑎𝑏𝜆)𝚽𝑏

[𝑄,𝚽𝑎] ⁡= (𝜆𝛾𝑎𝚽)

[𝑄,𝚽𝛼] ⁡=
1

4
(𝜆𝛾𝑎𝑏)

𝛼
𝛀𝑎𝑏
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𝐂𝛼 ⁡=
1

3
𝐾𝛼 ⁡

𝛽𝑤𝛽

𝐂𝑎 ⁡=
1

𝜂
(𝜆𝛾𝑎𝑏𝑐)

𝛼
(𝜆‾𝛾𝑏𝑐𝜆‾) [

1

3
𝑑𝛼 + [𝑄, 𝐂𝛼]]

𝚽𝑎 ⁡=
2

𝜂
(𝜆‾𝛾𝑎𝑏𝜆‾) [

1

3
𝑃𝑏 − {𝑄, 𝐂𝑏}]

𝚽𝛼 ⁡= −
2

𝜂
(𝛾𝑎𝑏𝑐𝜆)

𝛼
(𝜆‾𝛾𝑏𝑐𝑟)𝚽𝑎

 

 
𝐾𝛼 ⁡

𝛽 =−
1

6𝜂
(𝜆𝛾𝑎𝑏)

𝛽
(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑎𝑏𝑐𝑑)𝛼 −

4

3𝜂
(𝜆𝛾𝑎𝑏)

𝛽
(𝜆𝛾𝑏

𝑑)
𝛼
(𝜆‾𝛾𝑎𝑑𝜆‾) −

2

3𝜂
(𝜆𝛾𝑐𝑑)

𝛽
𝜆𝛼(𝜆‾𝛾𝑐𝑑𝜆‾)⁡

⁡+
1

3𝜂
𝜆𝛽(𝜆𝛾𝑐𝑑)

𝛼
(𝜆‾𝛾𝑐𝑑𝜆‾)

 

 𝜉𝑎
𝛼𝐂𝛼 = 0, (𝜆‾𝛾

𝑎𝑏𝜆‾)𝐂𝑎 = 0, (𝜆‾𝛾
𝑎)
𝛼
𝚽𝑎 = 0, 𝑅𝛼 ⁡

𝛽𝚽𝛼 = 0  

 
𝜉𝑎
𝛽
⁡=

1

2
(𝛾𝑎𝑏𝑐)

𝛽𝛿𝜆𝛿(𝜆‾𝛾
𝑏𝑐𝜆‾)

𝑅𝛼 ⁡
𝛽 ⁡= [−

1

2
(𝜆𝛾𝑏)

𝛼
(𝜆𝛾𝑐)𝛽 −

1

4
(𝜆𝛾𝑏𝑘𝜆)(𝛾𝑐𝛾𝑘)

𝛼
⁡𝛽 +

1

2
(𝜆𝛾𝑏𝑘)

𝛼
(𝜆𝛾𝑐𝑘)

𝛽
−
1

2
(𝜆𝛾𝑏𝑐)

𝛼
𝜆𝛽] (𝜆‾𝛾𝑏𝑐𝜆‾)

 

 𝜆𝛼𝐾𝛼⁡
𝛽 = 𝜆𝛽 , (𝜆𝛾𝑎𝑏)

𝛼
𝐾𝛼⁡

𝛽 = (𝜆𝛾𝑎𝑏)
𝛽
, (𝜆𝛾𝑎)𝛽𝐾𝛼⁡

𝛽 = 0,𝐾𝛼 ⁡
𝛽𝐾𝛽⁡

𝛿 = 𝐾𝛼 ⁡
𝛿  

 𝐾𝛼
𝛽
= 𝛿𝛼

𝛽
+
1

𝜂
(𝜆𝛾𝑎𝑏𝑐)

𝛽
(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆𝛾𝑎)𝛼  

 

𝐂𝛼 =
𝑤𝛼

3
+

1

3𝜂
(𝜆𝛾𝑎𝑏𝑐𝑤)(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆𝛾𝑎)𝛼

𝐂𝑎 =
1

3𝜂
(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆𝛾𝑎𝑏𝑐𝑑) −

2

3𝜂
(𝜆‾𝛾𝑏𝑐𝑟)(𝜆𝛾𝑎𝑏𝑐𝑤) +

2

3𝜂2
𝜙(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆𝛾𝑎𝑏𝑐𝑤)

⁡+
4

3𝜂2
(𝜆𝛾𝑎𝑐𝜆)(𝜆‾𝛾

𝑏𝑐𝜆‾)(𝜆‾𝛾𝑑𝑒𝑟)(𝜆𝛾𝑏𝑑𝑒𝑤)

𝚽𝑎 =
2

3
[
1

𝜂
(𝜆‾𝛾𝑎𝑏𝜆‾)𝑃𝑏 −

2

𝜂2
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆‾𝛾𝑐𝑑𝑟)(𝜆𝛾𝑏𝑐𝑑𝑑) + {𝑠,

2

𝜂2
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆‾𝛾𝑐𝑑𝑟)} (𝜆𝛾𝑏𝑐𝑑𝑤)

−
8

𝜂3
(𝜆𝛾𝑎𝜉𝑏)(𝜆‾𝛾

𝑐𝑏𝑟)(𝜆‾𝛾𝑑𝑒𝑟)(𝜆𝛾𝑐𝑑𝑒𝑤)]

𝚽𝛼 =
8

3
𝜉𝑎
𝛼 [

1

𝜂2
(𝜆‾𝛾𝑎𝑏𝑟)𝑃𝑏 −

4

𝜂4
(𝜆‾𝛾𝑎𝑏𝑟)(𝜆𝛾𝑐𝑏𝜆)(𝜆‾𝛾

𝑐𝑑𝜆‾)(𝜆‾𝛾𝑒𝑓𝑟)(𝜆𝛾𝑑𝑒𝑓𝑑)

−(
8

𝜂4
(𝜆‾𝛾𝑎𝑏𝑟)(𝜆𝛾𝑐𝑏𝜆)(𝜆‾𝛾

𝑐𝑑𝑟)(𝜆‾𝛾𝑒𝑓𝑟) −
16

𝜂5
(𝜆‾𝛾𝑎𝑏𝑟)𝜙(𝜆𝛾𝑐𝑏𝜆)(𝜆‾𝛾

𝑐𝑑𝜆‾)(𝜆‾𝛾𝑒𝑓𝑟)) (𝜆𝛾𝑑𝑒𝑓𝑤)]

 

 

𝐂𝛼 =−
1

9𝜂
𝑁𝑎𝑏(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑎𝑏𝑐𝑑)𝛼 −

8

9𝜂
𝑁𝑎𝑏(𝜆𝛾𝑏

𝑑)
𝛼
(𝜆‾𝛾𝑎𝑑𝜆‾) −

4

9𝜂
𝑁𝑐𝑑𝜆𝛼(𝜆‾𝛾𝑐𝑑𝜆‾) ⁡

⁡+
2

9𝜂
𝐽(𝜆𝛾𝑐𝑑)

𝛼
(𝜆‾𝛾𝑐𝑑𝜆‾)

𝐂𝑎 =
1

3𝜂
(𝜆𝛾𝑎𝑏𝑐𝑑)(𝜆‾𝛾

𝑏𝑐𝜆‾) +
8

3𝜂2
(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆‾𝛾𝑑𝑒𝑟)(𝜆𝛾𝑏𝑐𝑑𝑓𝑎𝜆)𝑁𝑒

𝑓
+

8

9𝜂2
(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆‾𝑟)(𝜆𝛾𝑎𝑏𝑐𝑑𝑒𝜆)𝑁

𝑑𝑒

⁡+
4

9𝜂2
(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆‾𝛾𝑑𝑎𝑟)(𝜆𝛾

𝑏𝑐𝑑𝑒𝑓𝜆)𝑁𝑒𝑓

𝚽𝑎 =
2

3
[
1

𝜂
(𝜆‾𝛾𝑎𝑏𝜆‾)𝑃𝑏 −

2

𝜂2
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆‾𝛾𝑐𝑑𝑟)(𝜆𝛾𝑏𝑐𝑑𝑑) −

16

𝜂3
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆‾𝛾𝑐𝑑𝑟)(𝜆‾𝛾𝑒𝑓𝑟)(𝜆𝛾𝑏𝑐𝑑𝑒𝑔𝜆)𝑁𝑓

𝑔

−
8

𝜂3
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆‾𝛾𝑐𝑑𝑟)(𝜆‾𝑟)(𝜆𝛾𝑏𝑐𝑑𝑒𝑓𝜆)𝑁

𝑒𝑓]

𝚽𝛼 =
8

3
𝜉𝑎
𝛼 [

1

𝜂2
(𝜆‾𝛾𝑎𝑏𝑟)𝑃𝑏 −

2

𝜂3
(𝜆‾𝛾𝑎𝑏𝑟)(𝜆‾𝛾𝑐𝑑𝑟)(𝜆𝛾𝑏𝑐𝑑𝑑) −

8

𝜂4
(𝜆‾𝛾𝑎𝑏𝑟)(𝜆‾𝛾𝑐𝑑𝑟)(𝜆‾𝑟)(𝜆𝛾𝑏𝑐𝑑𝑒𝑓𝜆)𝑁

𝑒𝑓

−
16

𝜂4
(𝜆‾𝛾𝑎𝑏𝑟)(𝜆‾𝛾𝑐𝑑𝑟)(𝜆‾𝛾𝑒𝑓𝑟)(𝜆𝛾𝑏𝑐𝑑𝑒𝑔𝜆)𝑁𝑓

𝑔
]

 

 𝐂𝛼Ψ = 𝐶𝛼 + (𝜆𝛾
𝑎)𝛼𝜌𝑎  
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 𝐂𝑎Ψ = 𝐶𝑎 + (𝜆𝛾𝑎𝑐𝜆)𝑠
𝑐 − 𝑄𝜌𝑎  

 𝚽𝑎Ψ = Φ𝑎 + (𝜆𝛾𝑎𝜅) + 𝑄𝑠𝑎  

 𝚽𝛼Ψ = Φ𝛼 + (𝜆𝛾𝑎𝑏)
𝛼
𝑓𝑎𝑏 + 𝜆

𝛼𝑓 + 𝑄𝜅𝛽  

 Φ𝛼 = 𝜆𝛽ℎ𝛽⁡
𝛼, 𝑓𝑎𝑏 =

2

3𝜂
(𝜆‾𝛾𝑎𝑏𝜆‾)𝜆𝛿𝜏

𝛿 +
4

3𝜂
(𝜆‾𝛾𝑘[𝑎𝜆‾)(𝜆𝛾

𝑘 ⁡𝑏])𝛼
𝜏𝛼 +

1

6𝜂
(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑐𝑑𝑎𝑏)𝛼𝜏

𝛼, 𝑓 =

−
1

3𝜂
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆𝛾

𝑎𝑏)
𝛿
𝜏𝛿 , 𝜏𝛼 = Φ𝛼 + 𝑄𝜅𝛼 

 𝑅𝛼
𝛽
= [

1

12
(𝜆𝛾𝑎𝑏𝑐𝑑)

𝛼
(𝜆𝛾𝑎𝑏)

𝛽 +
2

3
(𝜆𝛾𝑘𝑑)

𝛼
(𝜆𝛾𝑘

𝑐)𝛽 +
1

3
𝜆𝛼(𝜆𝛾

𝑐𝑑)
𝛽
−
1

6
(𝜆𝛾𝑐𝑑)

𝛼
𝜆𝛽] (𝜆‾𝛾𝑐𝑑𝜆‾)  

 𝑏 =
3

2
𝑃𝑎𝐂𝑎 +

3

2
(𝜆𝛾𝑎𝑑)𝚽𝑎 −

3

2
(𝜆𝛾𝑎𝑤)(𝜆𝛾𝑎𝚽)  

 𝑏 =
3

2
𝑃𝑎𝐂𝑎 +

3

2
(𝜆𝛾𝑎𝑑)𝚽𝑎 −

1

2
𝑁𝑎𝑏(𝜆𝛾𝑎𝑏𝚽)  

 
{𝑄, 𝑏}=

1

2
𝑃2 +

3

2
(𝜆𝛾𝑎𝑏𝜆)𝑃𝑎𝚽𝑏 +

3

2
(𝜆𝛾𝑎𝑏𝜆)𝑃𝑏𝚽𝑎 −

3

2
(𝜆𝛾𝑎𝑑)(𝜆𝛾𝑎𝚽) +

3

2
(𝜆𝛾𝑎𝑑)(𝜆𝛾𝑎𝚽)⁡=

1

2
𝑃2

⁡
 

 
𝑏= −

1

𝜂
(𝜆‾𝛾𝑎𝑏𝜆‾)𝑃𝑎(𝜆𝛾𝑏𝑑) +

1

2𝜂
(𝜆‾𝛾𝑏𝑐𝜆‾)𝑃𝑎(𝜆𝛾𝑎𝑏𝑐𝑑) + 𝑂(𝑟)⁡

⁡=
1

2𝜂
(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆𝛾

𝑏𝑐𝛾𝑎𝑑)𝑃𝑎 + 𝑂(𝑟)
 

 

𝑏 =
1

2𝜂
(𝜆‾𝛾𝑏𝑐𝜆‾)(𝜆𝛾

𝑏𝑐𝛾𝑎𝑑)𝑃𝑎 +
4

𝜂2
𝐿𝑏𝑐,𝑑𝑒
(1)

(𝜆𝛾𝑏𝑐𝑑𝑓𝑎𝜆)𝑃𝑎𝑁𝑓
𝑒 +

4

3𝜂2
𝐿𝑏𝑓,𝑐𝑓
(1)

(𝜆𝛾𝑎𝑏𝑐𝑑𝑒𝜆)𝑃𝑎𝑁𝑑𝑒

+
4

3𝜂2
𝐿𝑏𝑐,𝑑𝑎
(1)

(𝜆𝛾𝑏𝑐𝑑𝑒𝑓𝜆)𝑃𝑎𝑁𝑒𝑓 +
2

𝜂2
𝐿𝑎𝑏,𝑐𝑑
(1) (𝜆𝛾𝑎𝑑)(𝜆𝛾𝑏𝑐𝑑𝑑) −

16

𝜂3
𝐿𝑎𝑏,𝑐𝑑,𝑒𝑓
(2)

(𝜆𝛾𝑏𝑐𝑑𝑒𝑔𝜆)𝑁𝑔
𝑓(𝜆𝛾𝑎𝑑)⁡

−
8

𝜂3
𝐿𝑎𝑔,𝑐𝑑,𝑏𝑔
(2)

(𝜆𝛾𝑏𝑐𝑑𝑒𝑓𝜆)𝑁𝑒𝑓(𝜆𝛾
𝑎𝑑) −

4

3𝜂3
𝐿𝑖𝑗,𝑎𝑏,𝑐𝑑
(2)

(𝜆𝛾𝑎𝑖𝑗𝑘𝑙𝜆)(𝜆𝛾𝑏𝑐𝑑𝑑)𝑁𝑘𝑙 ⁡

⁡−
16

3𝜂4
𝐿𝑖𝑔,𝑎𝑏,𝑐𝑑,𝑗𝑔
(3)

(𝜆𝛾𝑏𝑐𝑑𝑒𝑓𝜆)(𝜆𝛾𝑎𝑖𝑗𝑘𝑙𝜆)𝑁𝑘𝑙𝑁𝑒𝑓 −
32

3𝜂4
𝐿𝑖𝑗,𝑎𝑏,𝑐𝑑,𝑒𝑓
(3)

(𝜆𝛾𝑎𝑖𝑗𝑘𝑙𝜆)(𝜆𝛾𝑏𝑐𝑑𝑒𝑔𝜆)𝑁𝑘𝑙𝑁𝑔
𝑓

 

 𝑈(2) = {𝑏,Ψ}  

 
𝑈(2) =

3

2
𝑃𝑎𝐶𝑎 +

3

2
(𝜆𝛾𝑎𝑑)Φ𝑎 −

1

2
𝑁𝑎𝑏(𝜆𝛾𝑎𝑏Φ) + 𝑄 [−

3

2
𝑃𝑎𝜌𝑎 −

3

2
(𝜆𝛾𝑎𝑑)𝑠𝑎 −

3

2
(𝜆𝛾𝑎𝑤)(𝜆𝛾𝑎𝜅)]

⁡+
3

2
𝐂𝑎𝜕𝑎Ψ+

3

2
𝚽𝑎(𝜆𝛾𝑎𝐷)Ψ+

9

2
(𝜆𝛾𝑎𝐶)(𝜆𝛾𝑎𝚽)

 

 

3

2
𝐂𝑎𝜕𝑎Ψ+

3

2
𝚽𝑎(𝜆𝛾𝑎𝐷)Ψ+

9

2
(𝜆𝛾𝑎𝐶)(𝜆𝛾𝑎𝚽) =

3

2
𝑃𝑎𝐶𝑎 +

3

2
(𝜆𝛾𝑎𝑑)Φ𝑎 −

3

2
(𝜆𝛾𝑎𝑤)(𝜆𝛾𝑎Φ)

⁡+𝑄 [−
9

2
𝐂𝑎𝐶𝑎 −

9

2
𝚽𝑎(𝜆𝛾𝑎𝐶) +

9

2
(𝜆𝛾𝑎𝐂)Φ𝑎]

 

 
𝑈(2) =3𝑃𝑎𝐶𝑎 + 3(𝜆𝛾

𝑎𝑑)Φ𝑎 − 3(𝜆𝛾
𝑎𝑤)(𝜆𝛾𝑎Φ) + 𝑄 [−

3

2
𝑃𝑎𝜌𝑎 −

3

2
(𝜆𝛾𝑎𝑑)𝑠𝑎 −

3

2
(𝜆𝛾𝑎𝑤)(𝜆𝛾𝑎𝜅)

−
9

2
𝐂𝑎𝐶𝑎 −

9

2
𝚽𝑎(𝜆𝛾𝑎𝐶) +

9

2
(𝜆𝛾𝑎𝐂)Φ𝑎]

 

 
𝑏Ψ =

3

2
𝜕𝑎𝐶𝑎 +

3

2
(𝜆𝛾𝑎𝐷)Φ𝑎 +

3

2
(𝜆𝛾𝑎𝐷)(𝜆𝛾𝑎𝜅) −

3

2
(𝜆𝛾𝑎𝜕𝜆)(𝜆𝛾𝑎Φ) −

3

2
(𝜆𝛾𝑎𝜕𝜆)(𝜆𝛾𝑎𝑄𝜅)

⁡+𝑄 [−
3

2
𝜕𝑎𝜌𝑎 −

3

2
(𝜆𝛾𝑎𝐷)𝑠𝑎]
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 𝑏Ψ = 𝑄 [−
3

2
(𝜆𝛾𝑎ℎ

𝑎) −
3

2
𝜕𝑎𝜌𝑎 −

3

2
(𝜆𝛾𝑎𝐷)𝑠𝑎 −

3

2
(𝜆𝛾𝑎𝜕𝜆)(𝜆𝛾𝑎𝜅)]  

 𝑄Ψ +
𝜅

2
(𝜆𝛾𝑎𝑏𝜆)𝚽

𝑎Ψ𝚽𝑏Ψ+
𝜅

2
Ψ{𝑄, 𝐓}Ψ − 𝜅2(𝜆𝛾𝑎𝑏𝜆)𝐓Ψ𝚽

𝑎Ψ𝚽𝑏Ψ = 0  

 𝐓 =
32

9𝜂3
(𝜆‾𝛾𝑎𝑏𝜆‾)(𝜆‾𝑟)(𝑟𝑟)𝑁𝑎𝑏  

 Ψ = ∑  𝒫  Ψ𝒫𝑒
𝑖𝑘𝒫⋅𝑋  

 

𝑄Ψ𝑝1 ⁡= 0

𝑄Ψ𝑝1𝑝2 ⁡= −𝜅(𝜆𝛾𝑎𝑏𝜆)𝚽
𝑎Ψ𝑝1𝚽

𝑏Ψ𝑝2 −
𝜅

2
Ψ𝑝1{𝑄, 𝐓}Ψ𝑝2 −

𝜅

2
Ψ𝑝2{𝑄, 𝐓}Ψ𝑝1

𝑄Ψ𝑝1𝑝2𝑝3 ⁡= −∑  𝒫=𝒬𝑈ℛ  𝜅 [(𝜆𝛾𝑎𝑏𝜆)𝚽
𝑎Ψ𝒬𝚽

𝑏Ψℛ +
1

2
Ψ𝒬{𝑄, 𝐓}Ψℛ]

⁡+∑  𝒫=𝒬𝑈ℛ𝑈𝒮  𝜅
2(𝜆𝛾𝑎𝑏𝜆)𝐓Ψ𝒬𝚽

𝑎Ψℛ𝚽
𝑏Ψ𝒮

⁡⋮

 

 𝑄Ψ̃𝑝1𝑝2 = −𝜅(𝜆𝛾𝑎𝑏𝜆)Φ𝑝1
𝑎 Φ𝑝2

𝑏  

 
Ψ̃𝑝1𝑝2= Ψ𝑝1𝑝2 + 𝜅(𝜆𝛾𝑎𝑏𝜆)𝑠𝑝1

𝑎 Φ𝑝2
𝑏 − 𝜅(𝜆𝛾𝑎𝑏𝜆)Φ𝑝1

𝑎 𝑠𝑝2
𝑏 ⁡

⁡+𝜅(𝜆𝛾𝑎𝑏𝜆)𝑠𝑝1
𝑎 𝑄𝑠𝑝2

𝑏 −
𝜅

2
Ψ𝑝1𝐓Ψ𝑝2 −

𝜅

2
Ψ𝑝2𝐓Ψ𝑝1

 

 Ψ̃𝑝1𝑝2 = −
2𝜅

𝑘𝑝1𝑝2
2 𝑏[(𝜆𝛾𝑎𝑏𝜆)Φ𝑝1

𝑎 Φ𝑝2
𝑏 ]  

 𝑏[(𝜆𝛾𝑎𝑏𝜆)Φ𝑝1
𝑎 Φ𝑝2

𝑏 ] = 𝐶̃𝑝1𝑝2 +𝑄Λ𝑝1𝑝2  

 Λ𝑝1𝑝2 = −
2

𝑘𝑝1𝑝2
2 𝑏(𝐶̃𝑝1𝑝2) 

 
𝐶̃𝑝1𝑝2 =

1

2
[(𝜆𝛾𝑏𝑐𝜆)ℎ𝑝1,𝑎𝑏𝑘𝑝2

𝑎 Φ𝑝2,𝑐 +Ω𝑝1,𝑎𝑏𝑘𝑝2
𝑎 𝐶𝑝2

𝑏 − (𝜆𝛾𝑏)𝛿𝜆
𝛼𝑇𝑝1,𝛼𝑎⁡

𝛿𝐶𝑝2
𝑎𝑏

+(𝜆𝛾𝑏𝑐𝜆)ℎ𝑝2,𝑎𝑏𝑘𝑝1
𝑎 Φ𝑝1,𝑐 +Ω𝑝2,𝑎𝑏𝑘𝑝1

𝑎 𝐶𝑝1
𝑏 − (𝜆𝛾𝑏)

𝛿
𝜆𝛼𝑇𝑝2,𝛼𝑎⁡

𝛿𝐶𝑝1
𝑎𝑏]

 

 𝑇𝛼𝑎⁡
𝛿 =

1

36
[(𝛾𝑏𝑐𝑑)

𝛼
⁡𝛿𝐻𝑎𝑏𝑐𝑑 +

1

8
(𝛾𝑎 ⁡

𝑏𝑐𝑑𝑒)
𝛼
⁡𝛿𝐻𝑏𝑐𝑑𝑒] 

 
𝑄𝐶̃𝑝1𝑝2 =

1

2
[(𝜆𝛾𝑏𝑐𝜆)(𝑘𝑝1 ⋅ 𝑘𝑝2)Φ𝑝1,𝑏Φ𝑝2,𝑐 − (𝜆𝛾𝑏)𝛿𝜆

𝛼𝑇𝑝1,𝛼𝑎𝛿
[𝑎𝑘𝑝2

[𝑎
𝐶𝑝2
]

+𝑄[−(𝜆𝛾𝑏)𝛿𝜆
𝛼𝑇𝑝1,𝛼𝑎⁡

𝛿𝐶𝑝2
𝑎𝑏] + (1 ↔ 2)]

 

 

𝑄𝐶̃𝑝1𝑝2 =
1

2
[(𝜆𝛾𝑏𝑐𝜆)(𝑘𝑝1 ⋅ 𝑘𝑝2)Φ𝑝1,𝑏Φ𝑝2,𝑐 + (𝜆𝛾𝑏)𝛿𝜆

𝛼𝑇𝑝1,𝛼𝑎⁡
𝛿𝑄𝐶𝑝2

𝑎𝑏

+(𝜆𝛾𝑏)𝛿𝜆
𝛼𝑇𝑝1,𝛼𝑎 ⁡

𝛿 [(𝜆𝛾[𝑏𝑐𝜆)ℎ𝑎]⁡𝑐,𝑝2 − (𝜆𝛾
𝑎𝑏)

𝛽
Φ𝑝2
𝛽
] ⁡

+𝑄[−(𝜆𝛾𝑏)𝛿𝜆
𝛼𝑇𝑝1,𝛼𝑎⁡

𝛿𝐶𝑝2
𝑎𝑏] + (1↔ 2)]

=
1

2
[(𝜆𝛾𝑏𝑐𝜆)(𝑘𝑝1 ⋅ 𝑘𝑝2)Φ𝑝1,𝑏Φ𝑝2,𝑐 − (𝜆𝛾𝑏)𝛿𝜆

𝛼𝑇𝑝1,𝛼𝑎⁡
𝛿(𝜆𝛾𝑎𝑏)

𝛽
Φ𝑝2
𝛽
+ (1 ↔ 2)]

 

 (𝜆𝛾𝑏)𝛿𝑇𝛼𝑎⁡
𝛿𝜆𝛼 =

1

12
[(𝜆𝛾𝑑𝑒𝜆)𝐻𝑎𝑏𝑑𝑒 +

1

24
(𝜆𝛾𝑎𝑏⁡

𝑐𝑑𝑒𝑓𝜆)𝐻𝑐𝑑𝑒𝑓] 

 (𝜆𝛾𝑎𝑏)𝛼(𝜆𝛾
𝑎𝑏𝑐𝑑𝑒𝑓𝜆) = −24(𝜆𝛾[𝑎𝑏)

𝛼
(𝜆𝛾𝑐𝑑]𝜆) 

 𝑄𝐶̃𝑝1𝑝2 = (𝜆𝛾
𝑏𝑐𝜆)(𝑘𝑝1 ⋅ 𝑘𝑝2)Φ𝑝1,𝑏Φ𝑝2,𝑐  



pág. 4011 

 𝒟𝑇𝐴 = 𝐸𝐵𝑅𝐵⁡
𝐴⁡, 𝒟𝑅𝐴⁡

𝐵 = 0  

 𝒟ℱ𝐴1…𝐴𝑚 ⁡
𝐵1…𝐵𝑛 = 𝑑ℱ𝐴1…𝐴𝑚 ⁡

𝐵1…𝐵𝑛 −Ω𝐴1 ⁡
𝐶ℱ𝐶𝐴2…𝐴𝑚 ⁡

𝐵1…𝐵𝑛 +⋯+ℱ𝐴1…𝐴𝑚 ⁡
𝐶…𝐵𝑛Ω𝐶 ⁡

𝐵1 +⋯  

 
[∇𝐴, ∇𝐵} ⁡= −𝑇𝐴𝐵

𝐶 ∇𝐶 − 2Ω[𝐴𝐵}
𝐶 ∇𝐶

𝑅𝐴𝐵,𝐶 ⁡
𝐷 ⁡= 2∇[𝐴Ω𝐵}𝐶 ⁡

𝐷 + 𝑇𝐴𝐵 ⁡
𝐹Ω𝐹𝐶 ⁡

𝐷 + Ω[𝐴𝐵}⁡
𝐹Ω𝐹𝐶 ⁡

𝐷
 

 ∇𝐴= 𝐷𝐴 − ℎ𝐴
𝐵𝐷𝐵  

 𝐷𝐴 = 𝐸̂𝐴⁡
𝑀𝜕𝑀, ℎ𝐴⁡

𝐵 = 𝐸̂𝐴⁡
𝑀𝐸𝑀

(1)𝐵
= −𝐸𝐴

(1)𝑀
𝐸̂𝑀⁡

𝐵 , (𝐸̂𝐴⁡
𝑀 , 𝐸̂𝑀⁡

𝐵) (𝐸𝐴
(1)𝑀

, 𝐸𝑀
(1)𝐴

) 𝑇𝛼𝛽⁡
𝛿 = 𝑇𝑎𝛼 ⁡

𝑐 =

𝑇𝑎𝑏⁡
𝑐 = 𝐺𝛼𝛽𝛿𝜖 = 𝐺𝑎𝛼𝛽𝛿 = 𝐺𝑎𝑏𝑐𝛼𝑇𝛼𝛽⁡

𝑎 = (𝛾𝑎)𝛼𝛽, 𝐺𝛼𝛽𝑎𝑏 = (𝛾𝑎𝑏)𝛼𝛽 

 

2𝐷(𝛼ℎ𝛽)
𝑎 − 2ℎ(𝛼

𝛿 (𝛾𝑎)𝛽)𝛿 + ℎ𝑏
𝑎(𝛾𝑏)

𝛼𝛽
⁡= 0

2𝐷(𝛼ℎ𝛽)
𝛿 − 2Ω(𝛼𝛽)

𝛿 + (𝛾𝑎)𝛼𝛽ℎ𝑎
𝛿 ⁡= 0

𝜕𝑎ℎ𝛼
𝛽
− 𝐷𝛼ℎ𝑎

𝛽
− 𝑇𝑎𝛼

𝛽
− Ω𝑎𝛼

𝛽
⁡= 0

𝜕𝑎ℎ𝛼
𝑏 − 𝐷𝛼ℎ𝑎

𝑏 − ℎ𝑎
𝛽
(𝛾𝑏)

𝛽𝛼
+ Ω𝛼𝑎

𝑏 ⁡= 0

𝜕𝑎ℎ𝑏
𝛼 − 𝜕𝑏ℎ𝑎

𝛼 − 𝑇𝑎𝑏
𝛼 ⁡= 0

𝜕𝑎ℎ𝑏
𝑐 − 𝜕𝑏ℎ𝑎

𝑐 − 2Ω𝑎𝑏
𝑐 ⁡= 0

 

 𝐻𝐴𝐵𝐶𝐷 = 𝐸̂[𝐷⁡
𝑄𝐸̂𝐶 ⁡

𝑃𝐸̂𝐵⁡
𝑁𝐸̂𝐴}⁡

𝑀𝐺𝑀𝑁𝑃𝑄  

 𝐻𝐴𝐵𝐶𝐷 = 4𝐷[𝐴𝐶𝐵𝐶𝐷} + 6𝑇̂[𝐴𝐵⁡
𝐸𝐶𝐸𝐶𝐷}, 𝐶𝐴𝐵𝐶 = 𝐸̂[𝐶 ⁡

𝑃𝐸̂𝐵⁡
𝑁𝐸̂𝐴}⁡

𝑀𝐹𝑀𝑁𝑃 

 

4𝐷(𝛼𝐶𝛽𝛿𝜖) + 6(𝛾
𝑎)(𝛼𝛽𝐶𝑎𝛿𝜖) ⁡= 0

𝜕𝑎𝐶𝛼𝛽𝛿 − 3𝐷(𝛼𝐶𝑎𝛽𝛿) + 3(𝛾
𝑏)
(𝛼𝛽
𝐶𝑏𝑎𝛿) ⁡= 3(𝛾𝑎𝑏)(𝛼𝛽ℎ𝛿)

𝑏

2𝜕[𝑎𝐶𝑏]𝛼𝛽 + 2𝐷(𝛼𝐶𝛽)𝑎𝑏 + (𝛾
𝑐)𝛼𝛽𝐶𝑐𝑎𝑏 ⁡= 2(𝛾[𝑏

𝑐 )
𝛼𝛽
ℎ𝑎]𝑐 + 2(𝛾𝑎𝑏)(𝛼𝛿ℎ𝛽)

𝛿

3𝜕[𝑎𝐶𝑏𝑐]𝛼 − 𝐷𝛼𝐶𝑎𝑏𝑐 ⁡= 3(𝛾[𝑎𝑏)𝛼𝛽
ℎ𝑐]
𝛽

 

 3𝑄𝐶𝜖 + 𝐷𝜖Ψ = −3(𝜆𝛾
𝑎)𝜖𝐶𝑎  

 [𝑄, 𝐂𝜖] = −
1

3
𝑑𝜖 − (𝜆𝛾

𝑎)𝜖𝐂𝑎  

 
𝑀𝛼 ⁡

𝛽= 𝛿𝛼
𝛽
−

1

4𝛼
(𝜆‾𝛾𝑐)

𝛽
(𝜆𝛾𝑐)𝛼 −

1

2𝜂𝛼
(𝜆‾𝛾𝑎)

𝛽
(𝜆𝛾𝑎𝑏𝜆)(𝜆‾𝛾𝑐𝑏𝜆‾)(𝜆𝛾

𝑐)𝛼 +
1

8𝛼
(𝜆‾𝛾𝑐𝑑)

𝛽
(𝜆𝛾𝑐𝑑)

𝛼
⁡

⁡+
1

8𝜂𝛼
(𝜆‾𝛾𝑎𝑏)

𝛽
(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾

𝑎𝑏𝜆)(𝜆𝛾𝑐𝑑)
𝛼
−

1

2𝜂𝛼
(𝜆‾𝛾𝑎𝑐)

𝛽
(𝜆‾𝛾𝑏𝑑𝜆‾)(𝜆𝛾

𝑎𝑏𝜆)(𝜆𝛾𝑐𝑑)
𝛼

 

 
𝑀𝛼
𝛽
= 𝛿𝛼

𝛽
−

1

4𝛼
(𝜆‾𝛾𝑐)

𝛽
(𝜆𝛾𝑐)𝛼 −

1

2𝜂𝛼
(𝜆‾𝛾𝑎)

𝛽
(𝜆𝛾𝑎𝑏𝜆)(𝜆‾𝛾𝑐𝑏𝜆‾)(𝜆𝛾

𝑐)𝛼⁡

⁡+
1

8𝜂𝛼
(𝜆‾𝛾𝑎𝑏)

𝛽
(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾

𝑎𝑏𝑐𝑑𝑒𝜆)(𝜆𝛾𝑒)𝛼

 

 (𝛾[𝑎𝑏)
(𝛿𝜖
(𝛾𝑐𝑑])

𝜇)𝛼
= −

1

6
(𝛾𝑘)(𝛿𝜖(𝛾

𝑎𝑏𝑐𝑑𝑘)
𝜇)𝛼

−
1

6
(𝛾𝑎𝑏𝑐𝑑𝑘)

(𝛿𝜖
(𝛾𝑘)𝜇)𝛼 

 (𝛾𝑎𝑏)
𝛼
⁡𝛽(𝛾𝑎𝑏)𝛿⁡

𝜖 = 2(𝛾𝑎)𝛼⁡
𝛽(𝛾𝑎)𝛿 ⁡

𝜖 + 4(𝛾𝑎)𝛼⁡
𝜖(𝛾𝑎)𝛿 ⁡

𝛽 + 4(𝛾𝑎)𝛼𝛿(𝛾𝑎)
𝜖𝛽 − 4𝛿𝛼

𝜖𝛿𝛿
𝛽
+ 4𝐶𝛼𝛿𝐶

𝜖𝛽  
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1

8𝜂𝛼
(𝜆‾𝛾𝑎𝑏𝑤)(𝜆𝛾

𝑎𝑏𝑐𝑑𝑒𝜆)(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑒)𝛼=
1

8𝜂𝛼
(𝜆𝛾𝑎𝑏𝑤)(𝜆‾𝛾

𝑎𝑏𝛾𝑐𝑑𝑒𝜆)(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑒)𝛼 +
1

4𝛼
(𝜆‾𝛾𝑎𝑤)(𝜆𝛾

𝑎)𝛼 ⁡

−
1

𝜂
(𝜆𝛾𝑎𝑤)(𝜆‾𝛾

𝑎𝑐𝜆‾)(𝜆𝛾𝑐)𝛼 −
1

𝜂
(𝑤𝛾𝑐𝑑𝑒𝜆)(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑒)𝛼 ⁡

−
1

2𝜂𝛼
(𝜆‾𝛾𝑎𝑤)(𝜆𝛾

𝑎𝑏𝜆)(𝜆‾𝛾𝑐𝑏𝜆‾)(𝜆𝛾
𝑐)𝛼⁡=

1

𝜂𝛼
(𝜆𝛾𝑎𝜆‾)(𝜆𝛾

𝑎𝑏𝑤)(𝜆‾𝛾𝑐𝑏𝜆‾)(𝜆𝛾
𝑐)𝛼 +

1

𝜂
(𝜆𝛾𝑎𝑤)(𝜆‾𝛾

𝑎𝑐𝜆‾)(𝜆𝛾𝑐)𝛼

 

 
𝑀𝛼 ⁡

𝛽= 𝛿𝛼
𝛽
+
1

𝜂
(𝜆𝛾𝑐𝑑𝑒)

𝛽
(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑒)𝛼 +

1

𝜂𝛼
(𝜆𝛾𝑎𝜆‾)(𝜆𝛾

𝑎𝑏)
𝛽
(𝜆‾𝛾𝑐𝑏𝜆‾)(𝜆𝛾

𝑐)𝛼⁡

⁡+
1

8𝜂𝛼
(𝜆𝛾𝑎𝑏)

𝛽(𝜆‾𝛾𝑎𝑏𝛾𝑐𝑑𝑒𝜆)(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑒)𝛼
 

 𝑀1,𝛼⁡
𝛽 =

1

𝜂𝛼
(𝜆𝛾𝑎𝜆‾)(𝜆𝛾

𝑎𝑏)
𝛽
(𝜆‾𝛾𝑐𝑏𝜆‾)(𝜆𝛾

𝑐)𝛼 ,𝑀2,𝛼 ⁡
𝛽 =

1

8𝜂𝛼
(𝜆𝛾𝑎𝑏)

𝛽(𝜆‾𝛾𝑎𝑏𝛾𝑐𝑑𝑒𝜆)(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑒)𝛼 

 
(𝜆𝛾𝑎)𝛽𝑀1,𝛼⁡

𝛽 = 0, (𝜆𝛾𝑎)𝛽𝑀2,𝛼 ⁡
𝛽 = 0

𝑀1,𝛼 ⁡
𝛼 = 0,𝑀2,𝛼⁡

𝛼 = 0
 

 (𝛾𝑎)(𝜖𝛼(𝛾
𝑎𝑏𝑐)

𝛿)𝜌
= −(𝛾[𝑏)

(𝜖𝛼
(𝛾𝑐])

𝛿)𝜌
+ (𝛾[𝑏⁡𝑘)(𝜖𝛼(𝛾

𝑐]𝑘)
𝛿)𝜌

+ (𝛾𝑏𝑐)
(𝜖𝛼
𝐶𝛿)𝜌 

 
(𝜆𝛾𝑎)𝛼(𝜆𝛾

𝑎𝑏𝑐)
𝜌
=−(𝜆𝛾[𝑏)

𝛼
(𝜆𝛾𝑐])

𝜌
−
1

2
(𝜆𝛾[𝑏⁡𝑘𝜆)(𝛾

𝑐]𝑘)
𝛼𝜌
+ (𝜆𝛾[𝑏⁡𝑘)𝛼(𝜆𝛾

𝑐]𝑘)
𝜌
⁡

⁡−
1

2
(𝜆𝛾𝑏𝑐𝜆)𝐶𝛼𝜌 − (𝜆𝛾

𝑏𝑐)
𝛼
𝜆𝜌

 

 
(𝜆𝛾𝑎)𝛼(𝜆𝛾

𝑎𝑏𝑐)
𝛽
=−𝛿𝛼

𝛽
(𝜆𝛾𝑏𝑐𝜆) + (𝜆𝛾𝑎)

𝛽(𝜆𝛾𝑎𝛾𝑏𝑐)
𝛼
− (𝜆𝛾[𝑏⁡𝑘)𝛼(𝜆𝛾

𝑐]𝑘)
𝛽
⁡

⁡−(𝜆𝛾𝑘𝛾
[𝑐)

𝛼
(𝜆𝛾𝑏]𝑘)

𝛽
+ (𝜆𝛾𝑏𝑐)

𝛼
𝜆𝛽

 

 𝐾𝛼 ⁡
𝛽 =

1

𝜂
[(𝜆𝛾𝑎)

𝛽(𝜆𝛾𝑎𝛾𝑏𝑐)
𝛼
− 𝜆𝛼(𝜆𝛾

𝑏𝑐)
𝛽
+ (𝜆𝛾𝑏𝑐)

𝛼
𝜆𝛽 − 2(𝜆𝛾[𝑏⁡𝑘)𝛼(𝜆𝛾

𝑐]𝑘)
𝛽
] (𝜆‾𝛾𝑏𝑐𝜆‾)  

 (𝜆𝛾𝑘)
𝛽
(𝜆𝛾𝑘)𝜖 = −

1

6
(𝜆𝛾𝑎𝑏)

𝛽
(𝜆𝛾𝑎𝑏)𝜖 −

2

3
𝜆𝜖𝜆

𝛽 

 
𝐾𝛼 ⁡

𝛽 =−
1

6𝜂
(𝜆𝛾𝑎𝑏)

𝛽
(𝜆‾𝛾𝑐𝑑𝜆‾)(𝜆𝛾𝑎𝑏𝑐𝑑)𝛼 −

4

3𝜂
(𝜆𝛾𝑐𝑘)

𝛼
(𝜆𝛾𝑘 ⁡

𝑑)
𝛽
(𝜆‾𝛾𝑐𝑑𝜆‾) −

2

3𝜂
(𝜆𝛾𝑐𝑑)

𝛽
𝜆𝛼(𝜆‾𝛾𝑐𝑑𝜆‾)⁡

⁡+
1

3𝜂
𝜆𝛽(𝜆𝛾𝑐𝑑)

𝛼
(𝜆‾𝛾𝑐𝑑𝜆‾)

 

 𝑑𝑠bound. 
2 = −𝑑𝑡2 + 𝑑𝜑2 + 𝑑𝑧2  

 ΦM =∰𝐴𝜑𝑑𝜑⁡⁡  

 𝒮 =
1

2𝜅
∫ ⁡ 𝑑4𝑥√−𝑔(𝑅 − ∑  3

𝑖=1  
(𝜕Φ𝑖)

2

2
+

2

𝐿2
cosh⁡(Φ𝑖) −

1

4
∑  4
𝑖=1  𝑋𝑖

−2𝐹‾𝑖
2)  

 𝐹‾𝑖 = 𝑑𝐴‾𝑖, 𝑋𝑖 = 𝑒
−
1

2
𝑎⃗ 𝑖⋅Φ⃗⃗⃗ , Φ⃗⃗⃗ = (Φ1, Φ2, Φ3)  

 𝑎 1 = (1,1,1), 𝑎 2 = (1,−1,−1), 𝑎 3 = (−1,1,−1), 𝑎 4 = (−1,−1,1)  

 

𝑑𝑠11
2 = Δ̃2/3𝑑𝑠4

2 + 4𝐿2Δ̃−1/3∑  4
𝑖=1  𝑋𝑖

−1 (𝑑𝜇𝑖
2 + 𝜇𝑖

2 (𝑑𝜑𝑖 +
1

2𝐿
𝐴‾𝑖)

2
)

𝐹 = ⁡−
1

𝐿
𝜖4∑  4

𝑖=1   (𝑋𝑖
2𝜇𝑖
2 − Δ̃𝑋𝑖) + 𝐿𝑋𝑖

−1⋆4𝑑𝑋𝑖 ∧ 𝑑𝜇𝑖
2 −

⁡−4𝐿2∑  𝑖  𝑋𝑖
−2𝜇𝑖𝑑𝜇𝑖 ∧ (𝑑𝜑𝑖 +

1

2𝐿
𝐴‾𝑖) ∧

⋆4 𝐹‾𝑖
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 Φ𝑎 = √
2

3
𝜙, 𝐹‾1 = √2𝐹

1, 𝐹‾2 = 𝐹‾3 = 𝐹‾4 = √
2

3
𝐹2  

 𝒮 =
1

𝜅
∫ ⁡ 𝑑4𝑥√−𝑔(

𝑅

2
−
1

2
(𝜕𝜙)2 +

3

𝐿2
cosh⁡ (√

2

3
𝜙) −

1

4
𝑒
3√

2

3
𝜙
(𝐹1)2 −

1

4
𝑒
−√

2

3
𝜙
(𝐹2)2) 

 

 

𝜕𝜇 (𝑒
3√

2

3
𝜙
√−𝑔𝐹1𝜇𝜈) = 0, 𝜕𝜇 (𝑒

−√
2

3
𝜙
√−𝑔𝐹2𝜇𝜈) = 0,

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 𝑒

3√
2

3
𝜙
𝑇𝜇𝜈
1 + 𝑒

−√
2

3
𝜙
𝑇𝜇𝜈
2 + 𝑇𝜇𝜈

𝜙

𝜕𝜇(√−𝑔𝑔
𝜇𝜈𝜕𝜈𝜙) +

√6

𝐿2
sinh⁡ (√

2

3
𝜙) =

1

2√6
(3𝑒

3√
2

3
𝜙
(𝐹1)2 − 𝑒

−√
2

3
𝜙
(𝐹2)2) ,

 

 

𝑇𝜇𝜈
Λ= 𝐹𝜇𝜌

Λ 𝐹𝜈
Λ𝜌
−
1

4
𝑔𝜇𝜈𝐹𝜌𝜎

Λ 𝐹Λ𝜌𝜎 ⁡

𝑇𝜇𝜈
𝜙
⁡= 𝜕𝜇𝜙𝜕𝜈𝜙 + 𝑔𝜇𝜈 (−

1

2
(𝜕𝜙)2 +

3

𝐿2
cosh⁡ (√

2

3
𝜙))

 

 

𝛿Ψ𝜇
𝐴 =𝜕𝜇𝜖

𝐴 +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜖

𝐴 −
1

2𝐿
(
1

√2
𝐴𝜇
1 +√

3

2
𝐴𝜇
2) 𝑖(𝜎2)𝐴⁡𝐵𝜖

𝐵 +

+
1

8
(
1

√2
𝐹𝜈𝜌
1 𝑒

√
3

2
𝜙
+√

3

2
𝐹𝜈𝜌
2 𝑒

−
𝜙

√6)𝛾𝜈𝜌𝛾𝜇𝜀
𝐴𝐵𝜖𝐵 ⁡

⁡+
1

2
𝒲𝛾𝜇𝛿

𝐴𝐵𝜖𝐵

𝛿𝜆𝐴 =⁡−𝛾𝜇𝜕𝜇𝜙𝜖
𝐴 +

1

2√2
(−√

3

2
𝐹𝜈𝜌
1 𝑒

√
3

2
𝜙
+

1

√2
𝐹𝜈𝜌
2 𝑒

−
𝜙

√6)𝛾𝜈𝜌𝜀𝐴𝐵𝜖𝐵

⁡−
1

2𝐿
√
3

2
(𝑒

−√
3

2
𝜙
− 𝑒

+
𝜙

√6)𝛿𝐴𝐵𝜖𝐵

 

 𝒲 =
𝑒
−√

3
2
𝜙
+3𝑒

𝜙

√6

4𝐿

 

 𝜖𝐴 = Re𝜖𝐴 + 𝑖Im𝜖𝐴  

 𝜒R = Re𝜖
1 + 𝑖Re𝜖2, 𝜒I = Im𝜖

1 + 𝑖Im𝜖2  

 𝜖(M)
𝐴 = 𝜖𝐴 + 𝜖

𝐴 = 2Re𝜖𝐴  

 𝛾5𝜖(M)
𝐴 = 𝜖𝐴 − 𝜖

𝐴 = −2𝑖Im𝜖𝐴  

 Im𝜖𝐴 = 𝑖𝛾5Re𝜖𝐴  

 𝜒I ≡ Im𝜖
1 + 𝑖Im𝜖2 = 𝑖𝛾5(Re𝜖1 + 𝑖Re𝜖2) = 𝑖𝛾5𝜒R  

 𝜒R → 𝑒𝑖Θ𝜒R ⇒ 𝜒I → 𝑒𝑖Θ𝜒I,  
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 𝜖𝐴 = 𝑆(Θ)𝐴⁡𝐵𝜖
∘𝐵, 𝑆(Θ)𝐴⁡𝐵 = (

cos⁡(Θ) −sin⁡(Θ)
sin⁡(Θ) cos⁡(Θ)

)  

 𝜖(M)
1 = 2Re𝜒R, 𝜖(M)

2 = 2Im𝜒R  

 
𝜖1 =

(𝟙−𝛾5)

2
𝜖(M)
1 = (𝟙 − 𝛾5)Re𝜒R

𝜖2 =
(𝟙−𝛾5)

2
𝜖(M)
2 = (𝟙 − 𝛾5)Im𝜒R

 

 

0 =𝜕𝜇𝜒R +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜒R +

𝑖

2𝐿
(
1

√2
𝐴𝜇
1 +√

3

2
𝐴𝜇
2)𝜒R

⁡−
𝑖

8
(
1

√2
𝐹𝜈𝜌
1 𝑒

√
3

2
𝜙
+√

3

2
𝐹𝜈𝜌
2 𝑒

−
𝜙

√6)𝛾𝜈𝜌𝛾𝜇𝜒R +
1

2
𝒲𝛾𝜇𝜒R

0 =⁡−𝛾𝜇𝜕𝜇𝜙𝜒R −
𝑖

2√2
(−√

3

2
𝐹𝜈𝜌
1 𝑒

√
3

2
𝜙
+

1

√2
𝐹𝜈𝜌
2 𝑒

−
𝜙

√6)𝛾𝜈𝜌𝜒R

⁡−
1

2𝐿
√
3

2
(𝑒

−√
3

2
𝜙
− 𝑒

+
𝜙

√6)𝜒R

 

 𝑡 → 𝑖𝜑, 𝜑 → 𝑖𝑡, 𝑄Λ → 𝑖𝑄Λ  

 

𝑒0 ⁡= √Υ(𝑥)𝑑𝑡, 𝑒1 = √
Υ(𝑥)

𝑓(𝑥)
𝜂𝑑𝑥, 𝑒2 = √Υ(𝑥)𝑓(𝑥)𝑑𝜑, 𝑒3 = √Υ(𝑥)𝑑𝑧

𝜙⁡ = √
3

2
ln⁡(𝑥), 𝐴1 = 𝑄1(𝑥

−2 − 𝑥0
−2)𝑑𝜑, 𝐴2 = 𝑄2(𝑥

2 − 𝑥0
2)𝑑𝜑

 

 Υ(𝑥) =
4𝐿2𝑥

(𝑥2−1)2𝜂2
, 𝑓(𝑥) = 1 +

𝜂2(𝑥2−1)
3
(3𝑄1

2−𝑥2𝑄2
2)

6𝐿2𝑥2
 

 𝑥 = 1 ± (
𝐿2

𝜂𝜌
−

𝐿6

8𝜂3𝜌3
) +

𝐿8

8𝜂4𝜌4
+ 𝑂(𝜌−5)  

 

Υ(𝑥) ⁡=
𝜌2

𝐿2
+ 𝑂(𝜌−2)

𝑔𝜑𝜑 ⁡= Υ(𝑥)𝑓(𝑥) =
𝜌2

𝐿2
−
𝜇

𝜌
+ 𝑂(𝜌−2)

𝜇⁡ = ∓
4𝐿2

3𝜂
(3𝑄1

2 − 𝑄2
2)

 

 𝜙 = 𝐿2
𝜙0

𝜌
+ 𝐿4

𝜙1

𝜌2
+𝑂(𝜌−3)  

 𝜙0 = ±
√6

2𝜂
, 𝜙1 = −

√6

4𝜂2
 

 𝑓(𝑥0) = 0  

 Δ−1 = |
1

4𝜋𝜂

𝑑𝑓

𝑑𝑥
|
𝑥=𝑥0

= |
𝜂(𝑥0

2−1)
2

4𝜋𝐿2𝑥0
3 (𝑄1

2(1 + 2𝑥0
2) − 𝑄2

2𝑥0
4)| .  

 
ΦM
1 = ∫ ⁡ 𝐹1 = ∮ ⁡⁡𝐴1 = 𝑄1Δ(1 − 𝑥0

−2) ≡ 2𝜋𝐿𝜓1
ΦM
2 = ∫ ⁡ 𝐹2 = ∮ ⁡⁡𝐴2 = 𝑄2Δ(1 − 𝑥0

2) ≡ 2𝜋𝐿𝜓2
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 ⟨𝒪⟩ = 𝜙0 = ±
√6

2

𝜋𝑥0|𝜓1
2(1+2𝑥0

2)−𝜓2
2|

Δ
 

 ⟨𝑇𝑡𝑡⟩ = −
𝜇

2𝜅𝐿2
, ⟨𝑇𝑧𝑧⟩ =

𝜇

2𝜅𝐿2
, ⟨𝑇𝜑𝜑⟩ = −

𝜇

𝜅𝐿2
 

 
⟨𝐽1
𝜈⟩ =

𝛿𝒮

𝛿𝐴𝜈
1 = −

1

𝜅
𝑁𝜇𝑒

3√
2

3
𝜙
𝐹1𝜇𝜈√|ℎ| =

2𝑄1

𝜂𝜅
𝛿𝜑
𝜈

⟨𝐽2
𝜈⟩ =

𝛿𝒮

𝛿𝐴𝜈
2 = −

1

𝜅
𝑁𝜇𝑒

−√
2

3
𝜙
𝐹2𝜇𝜈√|ℎ| = −

2𝑄2

𝜂𝜅
𝛿𝜑
𝜈

 

 𝑞1 ≡
Δ2

4𝜋2𝐿

𝑄1

𝜂
, 𝑞2 ≡

Δ2

4𝜋2𝐿

𝑄2

𝜂
 

 𝑄1 =
2𝜋𝐿𝜓1

Δ(1−𝑥0
−2)
, 𝑄2 =

2𝜋𝐿𝜓2

Δ(1−𝑥0
2)
, 𝜂 =

𝑥0
−1Δ

𝜋|𝜓1
2(1+2𝑥0

2)−𝜓2
2|

 

 𝑓(𝑥0) = 1 +
2

3

3(1−𝑥0
2)
2
𝜓1
2−(1−𝑥0

2)(3𝜓1
2−𝜓2

2)

𝑥0
2(2(1−𝑥0

2)𝜓1
2−(3𝜓1

2−𝜓2
2))

2 .  

 𝑃(𝑥0) = 4𝜓1
4𝑥0
6 + 2𝜓1

2(2𝜓1
2 − 2𝜓2

2 + 1)𝑥0
4 + (𝜓1

4 + 𝜓2
4 − 2𝜓1

2𝜓2
2 − 2𝜓1

2 −
2

3
𝜓2
2)𝑥0

2 +
2

3
𝜓2
2 = 0  

 36𝜓1
6 − 36𝜓2

6 + 108𝜓1
4𝜓2

2 − 108𝜓1
2𝜓2

4 − 141𝜓1
4 − 258𝜓1

2𝜓2
2 + 75𝜓2

4 + 132𝜓1
2 − 52𝜓2

2 + 12 = 0.  

 𝜂 =
3

2𝜋
Δ

|𝑥0
4𝑞2
2−2𝑥0

2𝑞1
2−𝑞1

2|

𝑥0(𝑥0
2−1)(𝑥0

2𝑞2
2−3𝑞1

2)
 

 𝑓(𝑥0) = 1 +
(𝑥0
4𝑞2
2−2𝑥0

2𝑞1
2−𝑞1

2)
4

𝑥0
6(𝑥0

2−1)(3𝑞1
2−𝑞2

2𝑥0
2)
3

33

2
= 0  

 𝑞2
2 =

2

27

(𝑥0
2−1)

𝑥0
4 𝜆3 + 𝑞1

2 (1+2𝑥0
2)

𝑥0
4  

 8𝜆9(𝜆2 − 1)(𝜆2 + 𝜆 + 1) + 4 × 34𝑞1
2𝜆6 − 2 × 37𝑞1

4𝜆3 + 39𝑞1
6 = 0  

 𝑞1
2 =

2

33
(𝜆3 − 𝜆4𝑒

2𝜋𝑖

3
𝑘)  

 Figuras. Simetría de gauge y escalares de una partícula supermasiva. 
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 𝑥2 = 1 −
𝛼

𝑟
 

 𝑥0
2 = 1 −

𝛼

𝑟0
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𝑒0= √Υ(𝑟)𝑑𝑡, 𝑒1 = √
Υ(𝑟)

𝑓(𝑟)

𝛼𝜂

2𝑟3/2(𝑟−𝛼)1/2
𝑑𝑟, 𝑒2 = √Υ(𝑟)𝑓(𝑟)⁡𝑑𝜑, 𝑒3 = √Υ(𝑟)𝑑𝑧

𝜙⁡= √
3

8
ln⁡ (1 −

𝛼

𝑟
) , 𝐴1 =

𝑄1𝛼(
1

𝑟
−
1

𝑟0
)

(1−
𝛼

𝑟
)(1−

𝛼

𝑟0
)
𝑑𝜑, 𝐴2 = −𝑄2𝛼 (

1

𝑟
−

1

𝑟0
) 𝑑𝜑

 

  

 Υ(𝑟) =
4𝐿2√1−

𝛼

𝑟
𝑟2

𝛼2𝜂2
, 𝑓(𝑟) = 1 −

𝜂2𝛼3(3𝑄1
2−𝑄2

2+𝑄2
2𝛼

𝑟
)

6𝐿2𝑟3(1−
𝛼

𝑟
)

 

 𝜙 = 0, 𝐴1 =
1

√3
𝐴2 = 2𝐿2𝑄̃1 (

1

𝑟
−

1

𝑟0
) 𝑑𝜑  

 𝑒0 =
𝑟

𝐿
𝑑𝑡, 𝑒1 =

𝑑𝑟

√𝑓0(𝑟)
, 𝑒2 = √𝑓0(𝑟)𝑑𝜑, 𝑒

3 =
𝑟

𝐿
𝑑𝑧  

 𝑓0(𝑟) =
𝑟2

𝐿2
𝑓(𝑟) =

𝑟2

𝐿2
−
𝜇

𝑟
−
8𝐿4𝑄̃1

2

𝑟2
,  

 𝑃(𝑥0) = 2𝜓1
2(1 − 𝑥0

2)2(1 + 2𝜓1
2𝑥0
2),  

 𝑓(𝑦0) = 1 +
2

3𝜓1
2

3𝑦0
2−𝑦0

(2𝑦0−1)
2  

 𝑓(𝑥0) = 1 −
33

2

(𝑞2
2−3𝑞1

2−2(1−𝑥0
2)(𝑞2

2−𝑞1
2)+(1−𝑥0

2)
2
𝑞2
2)
4

𝑥0
6(1−𝑥0

2)(3𝑞1
2−𝑞2

2+𝑞2
2(1−𝑥0

2))
3 ,  

 𝜂 =
3Δ

2𝜋

|(𝑞2
2−3𝑞1

2)−2(1−𝑥0
2)(𝑞2

2−𝑞1
2)+(1−𝑥0

2)
2
𝑞2
2|

𝑥0(1−𝑥0
2)(3𝑞1

2−𝑞2
2+𝑞2

2(1−𝑥0
2))

 

 𝑓(𝑥0) = 1 −
𝑞1
2

2𝑥0
6 (1 + 3𝑥0

2)4 = 0  

 𝜂 =
Δ

2𝜋

1+3𝑥0
2

𝑥0(1−𝑥0
2)

 

 Δ𝜑 = 𝜋√
𝐿3

𝑄
 

 𝑄 = 2√2𝐿2𝑄̃1 

 Δ = 𝜋√
𝜂𝐿

2√2𝑄1
 

 𝐴1 =
2𝜋𝐿𝜓1

Δ
, 𝐴2 =

2𝜋𝐿𝜓2

Δ
 

 𝑑𝑠2 =
𝐿2

𝑧2
(𝑑𝑧2 + 𝑑𝑦𝑎𝑑𝑦𝑎)  

 −(𝑋−1)2 + 𝑋𝑎𝑋𝑎 + (𝑋
3)2 = −𝐿2.  

 𝑋−1 =
1

2𝑧
(𝑧2 + 𝐿2 + 𝑦𝑎𝑦𝑎), 𝑋

𝑎 =
𝐿𝑦𝑎

𝑧
, 𝑋3 =

1

2𝑧
(𝑧2 − 𝐿2 + 𝑦𝑎𝑦𝑎),  
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𝜕

𝜕𝑦1
= 𝐿−1(𝑋−1 − 𝑋3)

𝜕

𝜕𝑋1
+ 𝐿−1𝑋1 (

𝜕

𝜕𝑋−1
+

𝜕

𝜕𝑋3
) ,  

 𝜑‾1 ∼ 𝜑‾1 + 2𝜋
𝜓1

√2
, 𝜑‾𝑖≠1 ∼ 𝜑‾𝑖≠1 + 2𝜋

𝜓2

√6
 

 𝑄1 = −
1

√3
𝑄2 ⁡⟹ ⁡𝜇 = 0  

 𝑓(𝑥) = 1 −
(𝑥2−1)

4

𝑥2
𝜂2𝑄2

2

6𝐿2
,  

 

𝜒R(1) = 𝑒
𝑖𝜔𝜑 (

𝛼−(𝑥)
0
0

−𝑖𝛼+(𝑥)

) , 𝜒R(2) = 𝑒
𝑖𝜔𝜑 (

0
𝛼+(𝑥)
−𝑖𝛼−(𝑥)

0

) ,

𝜒I(1) = 𝑒
𝑖𝜔𝜑(

0
𝛼−(𝑥)
−𝑖𝛼+(𝑥)

0

) , 𝜒I(2) = 𝑒
𝑖𝜔𝜑 (

−𝛼+(𝑥)
0
0

𝑖𝛼−(𝑥)

) ,

 

 

𝛼±(𝑥) =
𝑥1/4

(𝑥2 − 1)1/2
√1 ± 𝑓(𝑥)1/2, 𝜔 = −

𝜋

Δ
 

 
𝜖(𝑘)
1 = Re𝜒R(𝑘) + 𝑖Re𝜒I(𝑘) = (𝟙 − 𝛾

5)Re𝜒R(𝑘)

𝜖(𝑘)
2 = Im𝜒R(𝑘) + 𝑖Im𝜒I(𝑘) = (𝟙 − 𝛾

5)Im𝜒R(𝑘)
 

 

𝜖(1)
1 = (

cos⁡(𝜔𝜑)𝛼−(𝑥)
𝑖cos⁡(𝜔𝜑)𝛼−(𝑥)
𝑖sin⁡(𝜔𝜑)𝛼+(𝑥)
sin⁡(𝜔𝜑)𝛼+(𝑥)

) , 𝜖(1)
2 = (

sin⁡(𝜔𝜑)𝛼−(𝑥)
𝑖sin⁡(𝜔𝜑)𝛼−(𝑥)

−𝑖cos⁡(𝜔𝜑)𝛼+(𝑥)
−cos⁡(𝜔𝜑)𝛼+(𝑥)

)

𝜖(2)
1 = (

−𝑖cos⁡(𝜔𝜑)𝛼+(𝑥)
cos⁡(𝜔𝜑)𝛼+(𝑥)
sin⁡(𝜔𝜑)𝛼−(𝑥)

−𝑖sin⁡(𝜔𝜑)𝛼−(𝑥)

) , 𝜖(2)
2 = (

−𝑖sin⁡(𝜔𝜑)𝛼+(𝑥)
sin⁡(𝜔𝜑)𝛼+(𝑥)

−cos⁡(𝜔𝜑)𝛼−(𝑥)
𝑖cos⁡(𝜔𝜑)𝛼−(𝑥)

)

 

 𝛾5𝜖(𝑘)
𝐴 = −𝜖(𝑘)

𝐴
 

 𝜓1 =
𝜓2𝑥0

−2

√3
 

 
𝜓1 = √2 − √3𝜓2, 𝑥0

2 =
𝜓2

√6−3𝜓2
, 0 < 𝜓2 <

√6

3

𝜓1 = −√2 − √3𝜓2, 𝑥0
2 = −

𝜓2

√6+3𝜓2
, −

√6

3
< 𝜓2 < 0

 

 
𝛿𝜓𝜇

𝐴= 𝜕𝜇𝜖
𝐴 +

1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜖

𝐴 −
1

2√2𝐿
(𝐴𝜇
1 + √3𝐴𝜇

2)𝜖𝐴𝐵𝜖𝐵 +
𝒲

2
𝛾𝜇𝜖𝐴 ⁡

𝛿𝜓𝜇
𝐼𝛼 ⁡= 𝜕𝜇𝜖

𝐼𝛼 +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜖

𝐼𝛼 −
1

2√2𝐿
(𝐴𝜇

1 −
1

√3
𝐴𝜇
2) 𝜖𝐼𝛼𝐽𝛼𝜖𝐽𝛼 +

𝒲

2
𝛾𝜇𝜖𝐼𝛼 , (𝛼 ≠ 1)

 

 𝜖𝐴(𝜑, 𝑟) = 𝑒𝑖𝜔1𝜑𝜖
∘ 𝐴(𝑟), 𝜖𝐼𝛼(𝜑, 𝑟) = 𝑒𝑖𝜔2𝜑𝜖

∘𝐼𝛼(𝑟)⁡(𝛼 ≠ 1)  
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 𝜔1 =
𝜋

√2Δ
(𝜓1 +√3𝜓2),𝜔2 =

𝜋

√2Δ
(𝜓1 −

1

√3
𝜓2)  

 𝜓1 =
3𝑚+𝑛

2√2
, 𝜓2 =

1

2
√
3

2
(𝑛 − 𝑚)  

 𝑞1 = −
𝑞2

√3
 

 𝑞2 = ±√6
𝑥S
3

(3𝑥S
2+1)

2  

 
𝑆E

𝑉
= 𝐼bulk + 𝐼GH + 𝐼BK + 𝐼ct + 𝐼𝜙,  

 𝑉 = 𝛽ΔΔ𝑧, Δ𝑧 = ∫ ⁡ 𝑑𝑧  

 𝐼bulk = lim
𝜖→1−

 
1

𝜅
∫  
𝜖

𝑥0
 𝑑𝑥√𝑔E (−

𝑅

2
+
1

2
(𝜕𝜙)2 −

3

𝐿2
cosh⁡ (√

2

3
𝜙) −

1

4
𝑒
3√

2

3
𝜙
(𝐹1)2 −

1

4
𝑒
−√

2

3
𝜙
(𝐹2)2)  

 

𝐼GH= −
1

𝜅
lim
𝜖→1−

 𝐾√ℎ ⁡

𝐼BK=
2

𝜅𝐿
lim
𝜖→1−

 √ℎ ⁡

𝐼ct⁡=
1

2𝜅𝐿
lim
𝜖→1−

 √ℎ𝜙2

𝐼𝜙⁡= −
𝐿2

𝜅

1

3√6
𝜙0
3

 

 

𝐼bulk=
1

𝜅
lim
𝜌→∞

  (
𝜌3

𝐿4
+

3𝜌

8𝜂2
−

𝜇

𝐿2
+

𝐿2

2𝜂3
) ⁡

𝐼GH= −
1

𝜅
lim
𝜌→∞

  (
3𝜌3

𝐿4
+

9𝜌

8𝜂2
−

3𝜇

2𝐿2
+
3𝐿2

2𝜂3
)⁡

𝐼BK⁡=
1

𝜅
lim
𝜌→∞

  (
2𝜌3

𝐿4
−

𝜇

𝐿2
)

𝐼ct⁡=
1

𝜅
lim
𝜌→∞

  (
3𝜌

4𝜂2
+
3𝐿2

4𝜂3
)

𝐼𝜙⁡=
𝐿2

𝜅

1

4𝜂3

 

 
𝑆E

𝑉
= −

𝜇

2𝐿2𝜅
 

 

𝑆E

𝑉
=

𝐺𝜙

ΔΔ𝑧
=

𝑀

ΔΔ𝑧
= −

𝜇

2𝜅𝐿2
= ±

2

3𝜂𝜅
(3𝑄1

2 − 𝑄2
2) =⁡

⁡= ±
8𝜋3𝐿2

3Δ3𝜅

𝑥0|2𝑥0
2𝜓1

2+𝜓1
2−𝜓2

2|(3𝜓1
2𝑥0
4−𝜓2

2)

(𝑥0
2−1)

2

 

 𝐺0 = −
32

27

𝜋3𝐿2

Δ3𝜅
ΔΔ𝑧  

 
𝐺𝜙

|𝐺0|
= ±

9

4

𝑥0|2𝑥0
2𝜓1

2+𝜓1
2−𝜓2

2|(3𝜓1
2𝑥0
4−𝜓2

2)

(𝑥0
2−1)

2  
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𝐹𝜙

𝑉
=
𝑆E

𝑉
− ⟨𝐽Λ

𝜈⟩𝐴𝜈
Λ|
𝑥→1

= ⁡

⁡= −
𝜇

2𝐿2𝜅
− ⟨𝐽1

𝜙
⟩ 𝑄1(1 − 𝑥0

−2) − ⟨𝐽2
𝜙
⟩ 𝑄2(1 − 𝑥0

2) =

⁡= ±
2

3𝜂𝜅
(3𝑄1

2 − 𝑄2
2) ±

2𝑄1
2

𝜂𝜅
(1 − 𝑥0

−2) ∓
2𝑄2

2

𝜂𝜅
(1 − 𝑥0

2),

 

  

 𝑞1 =
Δ2

4𝜋2𝐿

𝑄

√8𝐿2
 

 
𝐹EM

ΔΔ𝑧
= −

𝑚

2𝜅𝐿2
+

2𝑄2

𝜅𝐿2𝑟0
=
2𝜋3𝐿2

Δ3𝜅
𝑋2(5 − 4𝑋)  

 
𝐹𝜙

|𝐺0|
=
27

√2
|𝑞1|.  

 
1

2√2𝐿
lim
𝑟→∞

 (𝐴𝜑
1 + √3𝐴𝜑

2 )Δ = 𝜋𝑛, 𝑛 ∈ ℤ, 𝑛 odd  

 𝑞1
2 = 2−7𝑛2𝑋2, 𝑋 ≡

𝑟0Δ

𝜋𝐿2
 

 𝑋 = 1,
1

3
 

 𝑞1
2 = 2−7⁡ or ⁡𝑞1

2 =
2−7

9
 

 
𝐹EM

𝐹𝜙
=

(5−4𝑋)𝑋2

√(4−3𝑋)𝑋3
 

 
𝐹EM

𝐹𝜙
|
𝑋=

1

3

=
(5−4𝑋)𝑋2

√(4−3𝑋)𝑋3
|
𝑋=

1

3

=
11

9
> 1  

  

  

 𝛾0 = −𝑖 (
0 𝜎2
𝜎2 0

) , 𝛾1 = −(
𝜎3 0
0 𝜎3

) , 𝛾2 = 𝑖 (
0 −𝜎2
𝜎2 0

) , 𝛾3 = (
𝜎1 0
0 𝜎1

)  

 𝛾5 = 𝑖𝛾0𝛾1𝛾2𝛾3  

 𝜖(M)
𝐴 = 𝜖𝐴 + 𝜖𝐴  

 𝛾5𝜖𝐴 = −𝜖𝐴, 𝛾5𝜖𝐴 = 𝜖𝐴  

 𝐶(𝜖‾𝐴)
𝑇 = 𝜖𝐴 ⁡⇔ ⁡𝐶((𝜖𝐴)†𝛾0)

𝑇
= 𝜖𝐴 ⁡⇔ ⁡ (𝜖𝐴)∗ = 𝜖𝐴  

 
𝛿Ψ𝜇

𝐴= 𝐷𝜇𝜖
𝐴 +

1

4
𝑇𝜈𝜌
+ 𝛾𝜈𝜌𝛾𝜇𝜀

𝐴𝐵𝜖𝐵 + 𝕊
𝐴𝐵𝛾𝜇𝜖𝐵 ⁡

𝛿𝜆𝑖𝐴⁡= −𝜕𝜇𝑧
𝑖𝛾𝜇𝜖𝐴 +

1

2
𝑔𝑖𝑗‾𝑓‾𝑗‾

ΛℐΛΣ𝐹𝜇𝜈
Σ−𝛾𝜇𝜈𝜀𝐴𝐵𝜖𝐵 +𝑊

𝑖𝐴𝐵𝜖𝐵
 

 𝐷𝜇𝜖
𝐴 = 𝜕𝜇𝜖

𝐴 +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜖

𝐴 +
𝑖

2
(𝜎2)𝐵

𝐴𝔸𝜇
𝑀𝜃𝑀𝜖

𝐵 +
𝑖

2
𝒬𝜇𝜖

𝐴  
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 𝒬𝜇 =
𝑖

2
(𝜕𝑖‾𝒦𝜕𝜇𝑧‾

𝑖‾ − 𝜕𝑖𝒦𝜕𝜇𝑧
𝑖)  

 

𝐹𝜇𝜈
± =

1

2
(𝐹𝜇𝜈 ± 𝑖

⋆𝐹𝜇𝜈), 𝔽𝜇𝜈
𝑀 = (𝐹𝜇𝜈

Λ , 𝐺Λ𝜇𝜈), 𝛾
𝜇𝜈 = 𝛾[𝜇𝛾𝜈]

𝑇𝜇𝜈 = 𝐿
ΛℐΛΣ𝐹𝜇𝜈

Σ =
1

2𝑖
𝐿Λ(𝔑− 𝔑)ΛΣ𝐹𝜇𝜈

Σ = −
𝑖

2
(𝑀Σ𝐹𝜇𝜈

Σ − 𝐿Λ𝐺Λ𝜇𝜈) =
𝑖

2
𝒱𝑀𝒞𝑀𝑁𝔽𝜇𝜈

𝑁

𝑇𝜇𝜈
+ = 𝐿‾ΛℐΛΣ𝐹𝜇𝜈

Σ+ = −
𝑖

2
𝒱
𝑀
𝒞𝑀𝑁𝔽𝜇𝜈

𝑁+, 𝒱𝑀 = 𝑒
𝒦

2Ω𝑀 = (𝐿Λ,𝑀Λ)

𝕊𝐴𝐵 =
𝑖

2
(𝜎2)𝐴⁡𝐶𝜀

𝐵𝐶𝒲,𝒲 = 𝒱𝑀𝜃𝑀, 𝒰𝑖
𝑀 = (𝜕𝑖 +

1

2
𝜕𝑖𝒦)𝒱

𝑀 = (𝑓𝑖
Λ, ℎ𝑖Λ)

𝑊𝑖𝐴𝐵 = 𝑖(𝜎2)𝐶 ⁡
𝐵𝜀𝐶𝐴𝜃𝑀𝑔

𝑖𝑗‾𝒰𝑗‾
𝑀
, 𝑔𝑖𝑗‾ = 𝜕𝑖𝜕𝑗‾𝒦

 

 𝔑ΛΣ𝐹
Σ− = 𝐺Λ

−, 𝐿Λ𝔑ΛΣ = 𝑀Σ  

 𝔑ΛΣ = 𝜕Λ‾𝜕Σ‾ℱ + 2𝑖
Im[𝜕Λ𝜕Γℱ]Im[𝜕Σ𝜕Δℱ]𝐿

Γ𝐿Δ

Im[𝜕Δ𝜕Γℱ]𝐿
Δ𝐿Γ

 

 𝜕Λ =
𝜕

𝜕𝒳Λ
, 𝜕Λ‾ =

𝜕

𝜕𝒳
Λ 

 

 ℱ(𝒳Λ) = −
𝑖

4
(𝒳0)

1

2(𝒳1)
3

2  

 𝜃𝑀 = ((𝜃2/3)
−3(4𝐿)−4, 𝜃2, 0,0)  

 

𝑥0,1
2 = −𝑊 + 𝑍cos⁡(𝜃), 𝑥0,2

2 = −𝑊 + 𝑍cos⁡ (𝜃 +
2𝜋

3
) , 𝑥0,3

2 = −𝑊 + 𝑍cos⁡ (𝜃 +
4𝜋

3
)

𝑊 =
𝜓1
−2

6
(2𝜓1

2 − 2𝜓2
2 + 1), 𝑍 = (𝑊2 + 𝜓1

−2 −
𝜓1
−4𝜓2

2

9
+

1

12
𝜓1
−4)

1/2

cos⁡(3𝜃) =
𝑊3

𝑍3
−
𝜓1
−2

𝑍3
−

1

2332
(4𝜓2

2−3)(2𝜓2
2−1)

𝜓1
6𝑍3

+
1

2232
16𝜓2

2−21

𝜓1
4𝑍3

.

 

 𝑑𝑠𝑆7×[0,Δ]
2 = 𝐹1∑  4

𝐼=1   (𝑑𝜇𝐼
2 + 𝜇𝐼

2(𝑑𝜑𝐼 − 𝜒𝐼𝑑𝜑)
2) + 𝐹2𝑑𝜑

2  

 (𝑆7 × [0, Δ])/∼  

 (𝑝, 𝜑 = 0) ∈ 𝑆7 × [0, Δ] ∼ (𝔐 ⋅ 𝑝, 𝜑 = Δ) ∈ 𝑆7 × [0, Δ]  

 𝕃̂(𝐗) ≡ (
(1 − 𝐗𝑇𝐗)

1

2 −𝐗𝑇

𝐗 (1 − 𝐗𝐗𝑇)
1

2

) ∈
SO(8)

SO(7)
 

 𝐗𝑇 = (𝜇1cos⁡(𝜑1), 𝜇1sin⁡(𝜑1), 𝜇2cos⁡(𝜑2), 𝜇2sin⁡(𝜑2), 𝜇3cos⁡(𝜑3), 𝜇3sin⁡(𝜑3), 𝜇4cos⁡(𝜑4))  

 𝐗0 ≡ 𝐗|𝜑𝑖=0 

 𝒯(𝜑𝐼) ≡ 𝑒
−(𝐞23𝜑1+𝐞45𝜑2+𝐞67𝜑3−𝐞18𝜑4), 𝕃0(𝜇𝐼) ≡ 𝕃̂(𝐗0(𝜇𝐼))  

 (𝐞𝑖𝑗)
𝑘ℓ
= 𝛿𝑖

𝑘𝛿𝑗
ℓ − 𝛿𝑗

𝑘𝛿𝑗
ℓ, 𝑖, 𝑗,⋯ = 1,… ,8  

 𝕃(𝜇𝐼 , 𝜑𝐼) ≡ 𝒯(𝜑𝐼) ⋅ 𝕃0(𝜇𝐼) = 𝕃̂(𝐗(𝜇𝐼 , 𝜑𝐼)) ⋅ 𝐡,  
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 𝕃′(𝜇𝐼 , 𝜑𝐼 , 𝜑) ≡ 𝒯(−𝜒𝐼𝜑) ⋅ 𝕃(𝜇𝐼 , 𝜑𝐼) = 𝒯(𝜑𝐼 − 𝜒𝐼𝜑) ⋅ 𝕃0(𝜇𝐼).  

 𝕃′(𝜇𝐼 , 𝜑𝐼 , 𝜑 + Δ) = 𝔐 ⋅ 𝕃′(𝜇𝐼 , 𝜑𝐼 , 𝜑)  

 𝔐 ≡ 𝒯(−𝜒𝐼Δ)  

 𝑑𝑠bound. 
2 = −𝑑𝑡2 + 𝑑𝜑1

2 + 𝑑𝜑2
2  

 
𝑑𝑠2 = 𝑓1(𝑟)𝑑𝜑1

2 +
𝑑𝑟2

𝑓1(𝑟)
+
𝑟2

𝐿2
(−𝑑𝑡2 + 𝑑𝜑2

2)

𝑑𝑠2 = 𝑓2(𝑟)𝑑𝜑2
2 +

𝑑𝑟2

𝑓2(𝑟)
+
𝑟2

𝐿2
(−𝑑𝑡2 + 𝑑𝜑1

2)
 

 𝑓1,2(𝑟) =
𝑟2

𝐿2
−
𝜇1,2

𝑟
 

 𝐴𝑎 = 𝐴𝑎 ⁡𝜇𝑑𝑥
𝜇⁡ and ⁡𝐵𝑎 =

1

2
𝐵𝑎𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈  

 𝐿 =
1

𝑔2
𝐵𝑎 ∧ 𝐹

𝑎 −
1

2𝑔2
𝐵𝑎 ∧∗ 𝐵

𝑎 ⁡ where ⁡𝐹𝑎 = 𝑑𝐴𝑎 +
1

2
𝑓𝑏𝑐
𝑎 𝐴𝑏 ∧ 𝐴𝑐  

 𝑊𝜌(𝒞) = tr𝜌Pexp⁡ (∰ 𝐴
𝒞

)  

 𝑈𝛼(𝒮)  

  

 𝑊𝜌(𝒞) ↦ 𝜌(𝛼)link(𝒞,𝒮)𝑊𝜌(𝒞),  

 link(𝒞, 𝒮) = int(𝒞, 𝒱)⁡ where ⁡𝒮 = 𝜕𝒱  

 𝐴𝑎 ↦ (Ω−1𝐴Ω)𝑎 + (Ω−1𝑑Ω)𝑎⁡ and ⁡𝐵𝑎 ↦ (Ω−1𝐵Ω)𝑎  

 lim
𝒫±→𝒫

 Ω(𝒫+)Ω
−1(𝒫−) = 𝛼⁡ where ⁡𝛼 ∈ 𝑍(𝐺)  
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𝑊𝜌(𝒞)↦ lim

𝒞′→𝒞
 tr𝜌[Pexp(∫  

𝒞′
 Ω−1𝐴Ω + Ω−1𝑑Ω)] ⁡

⁡= lim
𝒞′→𝒞

 tr𝜌[Ω
−1(𝒫−)Pexp⁡(∫  

𝒞′
 𝐴)Ω(𝒫+)]

 

 𝑊𝜌(𝒞) ↦ lim
𝒞′→𝒞

 tr𝜌[𝛼Pexp(∫  
𝒞′
 𝐴)] = 𝜌(𝛼)𝑊𝜌(𝒞),  

  

 ⟨𝑈𝛼(𝒮)𝑊𝜌(𝒞)⟩ = 𝜌(𝛼)
link(𝒞,𝒮)⟨𝑊𝜌(𝒞)⟩,  

 ⟨𝑈𝛼(𝒮)𝑊𝜌(𝒞)⟩ = ∫ ⁡𝒟𝐴𝒟𝐵𝑒
−𝑆𝑈𝛼(𝒮)𝑊𝜌(𝒞)  

 𝑈𝛼(𝒮) = exp⁡ (
2𝜋

𝑔2
∫  𝒮  𝜆

𝑎𝐵𝑎) ⁡ where ⁡𝑒2𝜋𝜆 = 𝛼 ∈ 𝑍(𝐺)  

 𝐹𝑎 ↦ (Ω−1𝐹Ω)𝑎 + (Ω−1𝑑𝑑Ω)𝑎  

 (Ω−1𝑑𝑑Ω)𝑎 = 2𝜋𝜆𝑎𝛿(𝒮)⁡ for any 𝜆𝑎 such that ⁡𝑒2𝜋𝜆 = 𝛼 ∈ 𝑍(𝐺)  

 ∫  
ℳ
 𝜑 ∧ 𝛿(𝒮) = ∫  𝒮  𝜑  
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 𝑈𝛼(𝒮) = exp⁡ (
1

𝑔2
∫  
ℳ
 𝐵𝑎 ∧ 2𝜋𝜆

𝑎𝛿(𝒮)) = exp⁡ (
1

𝑔2
∫  
ℳ
 𝐵𝑎 ∧ (Ω

−1𝑑𝑑Ω)𝑎)  

 𝑒−𝑆𝑈𝛼(𝒮) = exp⁡ (−
1

𝑔2
∫  
ℳ
 𝐵𝑎 ∧ (𝐹 − Ω

−1𝑑𝑑Ω)𝑎 −
1

2
𝐵𝑎 ∧∗ 𝐵

𝑎)  

 𝑒−𝑆𝑈𝛼(𝒮) ↦ 𝑒−𝑆  

 ⟨𝑈𝛼(𝒮)𝑊𝜌(𝒞)⟩ ↦ ∫ ⁡𝒟𝐴𝒟𝐵𝑒−𝑆𝜌(𝛼)link(𝒞,𝒮)𝑊𝜌(𝒞)  

 ⟨𝑈𝛼(𝒮)𝒪⟩ = ⟨𝒪Ω⟩  

 𝛼1 = 𝑒
2𝜋Ω2

−1𝜆1Ω2 ⁡ and ⁡𝛼2 = 𝑒
2𝜋𝜆2 .  

 Ω = Ω1Ω2 ⁡⟹⁡Ω−1𝑑𝑑Ω = 2𝜋(Ω2
−1𝜆1Ω2 + 𝜆2)

𝑎𝛿(𝒮)  

 Ω = exp⁡ (
𝑘

𝑁
𝑐𝜙) ⁡ where ⁡𝑒2𝜋𝑐 = 𝟙,  

 𝑐𝑖⁡𝑗 = 𝑖diag(1,1,⋯ , −𝑁 + 1),  

 
𝐴𝑎 ⁡= (Ω−1𝑑Ω)𝑎 =

𝑘

𝑁
𝑐𝑎𝑑𝜙 =

𝑘

𝑁
𝑐𝑎

𝑥𝑑𝑦−𝑦𝑑𝑥

𝑥2+𝑦2

𝐹𝑎 ⁡= (Ω−1𝑑𝑑Ω)𝑎 =
𝑘

𝑁
𝑐𝑎𝑑𝑑𝜙 =

𝑘

𝑁
2𝜋𝑐𝑎𝛿(𝑥)𝛿(𝑦)𝑑𝑥 ∧ 𝑑𝑦

 

 trfund Pexp⁡ (
𝑘

𝑁
𝑐 ∫  

2𝜋

0
 𝑑𝜙) = 𝑒2𝜋𝑖𝑘/𝑁𝑁  

 (Ω(𝜙 = 2𝜋)Ω−1(𝜙 = 0))𝑖⁡𝑗 = 𝑒
2𝜋𝑖𝑘/𝑁𝛿𝑖⁡𝑗  
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 Ω = exp⁡ (
𝑘

𝑁
𝑐𝜙) ⁡ where ⁡tan⁡ 𝜙 =

𝑦−𝑌(𝑧)

𝑥−𝑋(𝑧)
,  

 𝛿(𝑥 − 𝑋(𝑧))𝛿(𝑦 − 𝑌(𝑧))𝑑(𝑥 − 𝑋(𝑧)) ∧ 𝑑(𝑦 − 𝑌(𝑧))  

 ℳ =ℳ3 × S
1, 𝑡 ∼ 𝑡 + 𝛽  

 𝐴𝑎 = 𝑛
2𝜋𝑐𝑎

𝛽
𝑑𝑡⁡ where ⁡𝑛 ∈ ℤ  

 Ω = exp⁡ (
2𝜋𝑘𝑐

𝑁

𝑡

𝛽
)  

 𝐴𝑎 = (𝑛 +
𝑘

𝑁
)
2𝜋𝑐𝑎

𝛽
𝑑𝑡  

 𝑥 =
𝑎sinh⁡ 𝜏

cosh⁡ 𝜏−cos⁡𝜎
cos⁡ 𝜙, 𝑦 =

𝑎sinh⁡ 𝜏

cosh⁡ 𝜏−cos⁡𝜎
sin⁡ 𝜙, 𝑧 =

𝑎sin⁡𝜎

cosh⁡ 𝜏−cos⁡𝜎
 

 Ω = exp⁡ (
𝑘

𝑁
𝑐𝜎)  

 
1

𝑔2
[
1

2
𝐵𝑎𝜇𝜈 (𝜕𝜌𝐴𝜎

𝑎 +
1

2
𝑓𝑏𝑐
𝑎 𝐴𝜌

𝑏𝐴𝜎
𝑐 ) 𝜖𝜇𝜈𝜌𝜎 −

1

4
𝐵𝑎𝜇𝜈𝐵

𝑎𝜇𝜈] ,  

 𝐸𝑎
𝑖 =

1

2
𝐵𝑎𝑗𝑘𝜖

𝑖𝑗𝑘  

 

[𝐴𝑎 ⁡𝑖(𝑥), 𝐴
𝑏⁡𝑗(𝑥

′)]= 0 ⁡

[𝐸𝑖⁡𝑎(𝑥), 𝐴
𝑏⁡𝑗(𝑥

′)]⁡= 𝑔2𝛿𝑖⁡𝑗𝛿
𝑏⁡𝑎𝛿

(3)(𝑥 − 𝑥′),

[𝐸𝑖⁡𝑎(𝑥), 𝐸
𝑗 ⁡𝑏(𝑥

′)]⁡= 0,

 

  

 link(𝒞, 𝒮) = int(𝒞, 𝒱) = int3(𝒞, 𝒮0),  
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 𝑈𝛼(𝒮0)𝑊𝜌(𝒞)𝑈𝛼
−1(𝒮0) = 𝜌(𝛼)

int3(𝒞,𝒮0)𝑊𝜌(𝒞),  

 𝑈𝛼(𝒮0) = exp⁡ (
𝜋

𝑔2
∫  
𝒮0
 𝑑𝑥𝑗 ∧ 𝑑𝑥𝑘𝜖𝑖𝑗𝑘𝐸

𝑖⁡𝑎𝜆
𝑎) ⁡ where ⁡𝑒2𝜋𝜆 = 𝛼  

𝜋

𝑔2
∫  
𝒮0

 𝑑𝑥𝑖 ∧ 𝑑𝑥′𝑗𝜆𝑏(𝑥′)𝜖𝑖𝑗𝑙[𝐸
𝑙 ⁡𝑏(𝑥

′), 𝐴𝑎 ⁡𝑘(𝑥)]

⁡= 2𝜋∫ ⁡ 𝑑𝜎1𝑑𝜎2
𝜕𝑋𝑖

𝜕𝜎1

𝜕𝑋𝑗

𝜕𝜎2
𝜆𝑎(𝑋)𝜖𝑖𝑗𝑘𝛿

(3)(𝑥 − 𝑋)

 

𝑈𝛼(𝒮0)𝐴
𝑎⁡𝑖𝑈𝛼

−1(𝒮0) = (𝐴
𝑎 + 2𝜋𝜆𝑎𝛿3(𝒮0))𝑖,

𝑈𝛼(𝒮0)𝐸
𝑖⁡𝑎𝑈𝛼 ⁡

−1(𝒮0) = 𝐸
𝑖⁡𝑎 .

 

 𝑈𝛼(𝒮0)𝑊𝜌(𝒞)𝑈𝛼
−1(𝒮0) = 𝜌(𝛼)

int3(𝒞,𝒮0)𝑊𝜌(𝒞),  

 𝜔𝐴𝐵 = 𝜔𝐴𝐵⁡𝜇𝑑𝑥
𝜇⁡ and ⁡𝑒𝐴 = 𝑒𝐴⁡𝜇𝑑𝑥

𝜇  

 𝐿 =
1

4𝑔2
𝜖𝐴𝐵𝐶𝐷𝑒

𝐴 ∧ 𝑒𝐵 ∧ 𝑅𝐶𝐷 −
Λ

24𝑔2
𝜖𝐴𝐵𝐶𝐷𝑒

𝐴 ∧ 𝑒𝐵 ∧ 𝑒𝐶 ∧ 𝑒𝐷  

 𝑅𝐵
𝐴 = 𝑑𝜔𝐵

𝐴 +𝜔𝐶
𝐴 ∧ 𝜔𝐵

𝐶 ,  

 𝐷(𝑒𝐴 ∧ 𝑒𝐵) = 0⁡ and ⁡𝑒[𝐵 ∧ 𝑅𝐶𝐷] =
Λ

3
𝑒𝐵 ∧ 𝑒𝐶 ∧ 𝑒𝐷  

 𝑔𝜇𝜈 = 𝛿𝐴𝐵𝑒𝜇
𝐴𝑒𝜈

𝐵  

 𝐵𝐴𝐵 =
1

2
𝜖𝐴𝐵𝐶𝐷𝑒

𝐶 ∧ 𝑒𝐷  

 𝐿 =
1

𝑔2
𝐵𝑎 ∧ 𝑅

𝑎 −
Λ

6𝑔2
𝐵𝑎 ∧⋆ 𝐵

𝑎  

 𝐵𝐴𝐵 =
1

2
𝜖𝐴𝐵𝐶𝐷𝑒

𝐶 ∧ 𝑒𝐷 ⁡ and ⁡ ⋆ 𝐵𝐴𝐵 = 𝑒𝐴 ∧ 𝑒𝐵.  

 Spin(4) ≅ SU(2) × SU(2)⁡ or ⁡SO(4) ≅
Spin(4)

ℤ2
⁡ or ⁡

SO(4)

ℤ2
≅
Spin(4)

ℤ2×ℤ2
,  

 ℤ2 × ℤ2⁡ or ⁡ℤ2⁡ or ⁡𝟙,  

 Spin(3,1) ≅ SL(2, ℂ)⁡ or ⁡SO+(3,1) ≅
Spin(3,1)

ℤ2
 

 ℤ2⁡ or ⁡𝟙,  

 𝑊𝜌(𝒞) = tr𝜌Pexp⁡(∮ ⁡⁡𝒞𝜔)  

 𝑈𝛼(𝒮)  
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 𝑊𝜌(𝒞) ↦ 𝜌(𝛼)link(𝒞,𝒮)𝑊𝜌(𝒞)  

  

𝜔𝐴⁡𝐵 ↦ (Ω−1)𝐴⁡𝐶𝜔
𝐶 ⁡𝐷Ω

𝐷⁡𝐵 + (Ω
−1)𝐴⁡𝐶𝑑Ω

𝐶 ⁡𝐵⁡ and ⁡𝑒𝐴 ↦ (Ω−1)𝐴⁡𝐵𝑒
𝐵  

 

 𝐵𝐵
𝐴⁡𝐵 ↦ (Ω−1)𝐴⁡𝐶𝐵

𝐶 ⁡𝐷Ω
𝐷⁡𝐵,  

 

  

lim
𝒫±→𝒫

 Ω(𝒫+)Ω
−1(𝒫−) = 𝛼⁡ where ⁡𝛼 ∈ 𝑍(𝐺)⁡ and ⁡𝒫 ⊂ 𝒱  

 

𝑊𝜌(𝒞)↦ lim
𝒞′→𝒞

 tr𝜌 [Pexp(∫  
𝒞′
 Ω−1𝜔Ω+ Ω−1𝑑Ω)] ⁡

⁡= lim
𝒞′→𝒞

 tr𝜌 [Ω
−1(𝒫−)Pexp⁡ (∫  

𝒞′
 𝜔)Ω(𝒫+)]

⁡= lim
𝒞′→𝒞

 tr𝜌 [𝛼Pexp(∫  
𝒞′
 𝜔)] = 𝜌(𝛼)𝑊𝜌(𝒞)

 

 

 (Ω−1)𝐴⁡𝐶𝑑𝑑Ω
𝐶 ⁡𝐵 = 2𝜋𝜆

𝐴⁡𝐵𝛿(𝒮)⁡ for any 𝜆𝐴⁡𝐵 such that ⁡𝑒2𝜋𝜆 = 𝛼 ∈ 𝑍(𝐺),  

 𝑈𝛼(𝒮) = exp⁡ (
𝜋

𝑔2
∫  𝒮  𝜆

𝐴𝐵𝐵𝐴𝐵) ⁡ where ⁡𝑒2𝜋𝜆 = 𝛼 ∈ 𝑍(𝐺)  

 𝑈𝛼(𝒮) = exp⁡ (
1

4𝐺N
∫  𝒮  

1

2
⋆ 𝜆𝐴𝐵(𝑒

𝐴 ∧ 𝑒𝐵)) ,  

𝑈̃(𝒮) = exp⁡ (−
1

4𝐺N
∫ 
𝒮

  𝜆̃𝛼̇
𝛽̇
𝑒𝛼̇𝛼 ∧ 𝑒𝛼𝛽̇) ⁡ where ⁡(𝑒2𝜋𝜆̃)

𝛽̇

𝛼̇
= −𝛿𝛽̇

𝛼̇

𝑈(𝒮) = exp⁡ (−
1

4𝐺N
∫ 
𝒮

 𝜆𝛼 ⁡
𝛽𝑒𝛽𝛼̇ ∧ 𝑒

𝛼̇𝛼) ⁡ where ⁡(𝑒2𝜋𝜆)
𝛼
⁡𝛽 = −𝛿𝛼 ⁡

𝛽

 

 ⟨𝑈𝛼(𝒮)𝑊𝜌(𝒞)⟩ = 𝜌(𝛼)
link(𝒞,𝒮)⟨𝑊𝜌(𝒞)⟩  

 ⟨𝑈𝛼(𝒮)𝑊𝜌(𝒞)⟩ = ∫ ⁡ 𝒟𝜔𝒟𝑒𝑒
−𝑆𝑈𝛼(𝒮)𝑊𝜌(𝒞)  

 𝑒−𝑆𝑈𝛼(𝒮) = exp⁡ (−
1

4𝑔2
∫  
ℳ
  𝜖𝐴𝐵𝐶𝐷𝑒

𝐴 ∧ 𝑒𝐵 ∧ (𝑅 − Ω−1𝑑𝑑Ω)𝐶𝐷 +⋯)  

 𝑅𝐵
𝐴 ↦ (Ω−1)𝐶

𝐴𝑅𝐷
𝐶Ω𝐵

𝐷 + (Ω−1)𝐶
𝐴𝑑𝑑Ω𝐵

𝐶  

 𝑒−𝑆𝑈𝛼(𝒮) ↦ 𝑒−𝑆  
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 ⟨𝑈𝛼(𝒮)𝑊𝜌(𝒞)⟩ ↦ ∫ ⁡𝒟𝜔𝒟𝑒𝑒−𝑆𝜌(𝛼)link(𝒞,𝒮)𝑊𝜌(𝒞)  

 −
1

𝑔2
⋆ 𝑅𝐴𝐵 ∧ 𝑒

𝐵 =
1

3!
|𝑒|𝑇𝜇⁡𝐴𝜖𝜇𝜈𝜌𝜎𝑑𝑥

𝜈 ∧ 𝑑𝑥𝜌 ∧ 𝑑𝑥𝜎  

𝑇𝜅
𝜇
= −

1

8𝐺N

1

|𝑒|
⋆ 𝜆𝜅𝜈𝛿(𝒮)𝜌𝜎𝜖

𝜇𝜈𝜌𝜎 ⁡

⁡= −
1

4𝐺N
⋆ 𝜆𝜅𝜈∫ ⁡𝑑𝜎1𝑑𝜎2𝛿

(4)(𝑥 − 𝑋) (
𝜕𝑋𝜇

𝜕𝜎1

𝜕𝑋𝜈

𝜕𝜎2
−
𝜕𝑋𝜈

𝜕𝜎1

𝜕𝑋𝜇

𝜕𝜎2
)

 

 −
1

𝑔2
𝑅𝐴𝐵 ∧ 𝑒

𝐵 =
1

3!
|𝑒|𝑇⋆𝜇⁡𝐴𝜖𝜇𝜈𝜌𝜎𝑑𝑥

𝜈 ∧ 𝑑𝑥𝜌 ∧ 𝑑𝑥𝜎  

 𝑇𝜅
⋆𝜇
= −

1

8𝐺N

1

|𝑒|
𝜆𝜅𝜈𝛿(𝒮)𝜌𝜎𝜖

𝜇𝜈𝜌𝜎
 

 ⟨𝑈𝛼(𝒮)𝑊𝜌(𝒞)⟩ = ∫ ⁡ 𝒟𝜔𝒟𝑒𝑒
−𝑆𝑈𝛼(𝒮)𝑊𝜌(𝒞)  

  

 Ω = exp⁡ (
𝑘

2
𝑐𝜙) ⁡ where ⁡𝑒2𝜋𝑐 = 𝟙  

 𝑐𝐵
𝐴 = (

0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

) ,  

 
𝜔𝐵
𝐴 ⁡= (Ω−1𝑑Ω)𝐴⁡𝐵 =

𝑘

2
𝑐𝐴⁡𝐵𝑑𝜙 =

𝑘

2
𝑐𝐴⁡𝐵

𝑥𝑑𝑦−𝑦𝑑𝑥

𝑥2+𝑦2

𝑅𝐴⁡𝐵 ⁡= (Ω
−1𝑑𝑑Ω)𝐴⁡𝐵 =

𝑘

2
𝑐𝐴⁡𝐵𝑑𝑑𝜙 =

𝑘

2
2𝜋𝑐𝐴⁡𝐵𝛿(𝑥)𝛿(𝑦)𝑑𝑥 ∧ 𝑑𝑦,

 

 trvecPexp⁡ (
𝑘

2
𝑐 ∫  

2𝜋

0
 𝑑𝜙) = 4(−1)𝑘  

 𝑐𝛼 ⁡
𝛽 = 0⁡ and ⁡𝑐̃𝛼̇⁡𝛽̇ = −𝑖(𝜎1)

𝛼̇⁡𝛽̇  
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trspPexp⁡ (
𝑘

2
𝑐 ∫  

2𝜋

0

 𝑑𝜙)= 2 ⁡

trsp̃Pexp⁡ (
𝑘

2
𝑐̃ ∫  

2𝜋

0

 𝑑𝜙)⁡= 2(−1)𝑘
 

 𝑑𝑠2 =
1

𝑓(𝑟)2
𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2sin2⁡ 𝜃𝑑𝜙2 + 𝑓(𝑟)2𝑑𝑡2  

 𝑓(𝑟) = √1 −
2𝐺N𝑀

𝑟
+
𝑟2

𝑙2
,  

 𝑊vec(𝒞) = trvecPexp⁡ (∫  
2𝜋

0
 𝜔𝜙(𝑟0, 𝜋/2,𝜙, 0)𝑑𝜙)  

 𝜔𝐵𝜙
𝐴 (𝑟, 𝜋/2, 𝜙, 𝑡) = (

0 0 𝑓(𝑟) 0
0 0 0 0

−𝑓(𝑟) 0 0 0
0 0 0 0

)  

 𝑊(𝒞) = 2 + 2cos⁡(2𝜋𝑓(𝑟0))  

 𝜔𝐴⁡𝐵𝜙(𝑟, 𝜋/2, 𝜙, 𝑡) =
(𝑐++𝑐−)

𝐴⁡𝐵

2
𝑓(𝑟),  

 (𝑐+)
𝐴⁡𝐵 = (

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

) ⁡ and ⁡(𝑐−)
𝐴⁡𝐵 = (

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

)  

  

 Ω = exp⁡ (
𝑐

2
𝛾(𝑟, 𝜙)) ⁡ where ⁡𝑒2𝜋𝑐 = 𝟙,  
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 tan⁡ 𝛾(𝑟, 𝜙) =
𝑟sin⁡𝜙

𝑟cos⁡𝜙−𝑟1
.  

 𝜔𝐵𝜙
𝐴 (𝑟, 𝜋/2, 𝜙, 𝑡) =

(𝑐++𝑐−)
𝐴𝐵

2
𝑓(𝑟) ↦

(𝑐++𝑐−)
𝐴𝐵

2
𝑓(𝑟) +

(𝑐+)
𝐴𝐵

2

𝜕𝛾

𝜕𝜙
(𝑟, 𝜙),  

𝑊vec(𝒞) ↦trexp⁡ (
𝑐+ + 𝑐−
2

2𝜋𝑓(𝑟0) +
𝑐+
2
2𝜋𝑛)

⁡= 2cos⁡ 𝑛𝜋 + 2cos⁡(2𝜋𝑓(𝑟0) + 𝑛𝜋)

⁡= (2 + 2cos⁡(2𝜋𝑓(𝑟0))) ⋅ (−1)
𝑛

⁡= 𝑊vec(𝒞) ⋅ (−1)
𝑛

 

 𝑛 =
1

2𝜋
∫  
2𝜋

0
 
𝜕𝛾

𝜕𝜙
(𝑟, 𝜙)𝑑𝜙 = {

1  if 𝑟1 < 𝑟0
0  if 𝑟1 > 𝑟0

 

 𝑐𝐵
𝐴 = (

0 𝑛3 −𝑛2 𝑛1
−𝑛3 0 𝑛1 𝑛2
𝑛2 −𝑛1 0 𝑛3
−𝑛1 −𝑛2 −𝑛3 0

) = 𝑛1(𝑡1
+)𝐴⁡𝐵 + 𝑛2(𝑡2

+)𝐴⁡𝐵 + 𝑛3(𝑡3
+)𝐴⁡𝐵.  

 (

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

)
𝑓(𝑟)

2
−(

(𝑛2𝑛1𝐬
2 − 𝑛3𝐬𝐜)(𝑡1

+)𝐴⁡𝐵

+(
1

2
− (1 − 𝑛2⁡

2)𝐬2) (𝑡2
+)𝐴⁡𝐵

+(𝑛2𝑛3𝐬
2 + 𝑛1𝐬𝐜)(𝑡3

+)𝐴⁡𝐵

)𝑓(𝑟) +
𝑐𝐴⁡𝐵

2

𝜕𝛾

𝜕𝜙
(𝑟, 𝜙)  

 
1

𝑔2
[
1

2
𝐵𝑎𝜇𝜈 (𝜕𝜌𝜔𝜎

𝑎 +
1

2
𝑓𝑏𝑐
𝑎𝜔𝜌

𝑏𝜔𝜎
𝑐) 𝜖𝜇𝜈𝜌𝜎 −

Λ

6
𝐵𝑎𝜇𝜈 ⋆ 𝐵𝜌𝜎

𝑎 𝜖𝜇𝜈𝜌𝜎]  

 𝐸𝑎
𝑖 =

1

2
𝐵𝑎𝑗𝑘𝜖

𝑖𝑗𝑘  

[𝜔𝑎⁡𝑖(𝑥), 𝜔
𝑏⁡𝑗(𝑥

′)]= 0 ⁡

[𝐸𝑖⁡𝑎(𝑥), 𝜔
𝑏⁡𝑗(𝑥

′)]⁡= 𝑔2𝛿𝑖⁡𝑗𝛿
𝑏⁡𝑎𝛿

(3)(𝑥 − 𝑥′)

[𝐸𝑖⁡𝑎(𝑥), 𝐸
𝑗 ⁡𝑏(𝑥

′)]⁡= 0

 

 𝑈𝛼(𝒮0)𝑊𝜌(𝒞)𝑈𝛼
−1(𝒮0) = 𝜌(𝛼)

int3(𝒞,𝒮0)𝑊𝜌(𝒞),  

 𝑈𝛼(𝒮0) = exp⁡ (
𝜋

𝑔2
∫  
𝒮0
 𝑑𝑥𝑗 ∧ 𝑑𝑥𝑘𝜖𝑖𝑗𝑘𝐸𝑎

𝑖 𝜆𝑎) ⁡ where ⁡𝑒2𝜋𝜆 = 𝛼  

 𝑈𝛼(𝒮0)𝑊𝜌(𝒞)𝑈𝛼
−1(𝒮0) = tr𝜌Pexp⁡ (∮ ⁡⁡𝒞𝜔 + 2𝜋𝜆𝛿3(𝒮0)) = 𝜌(𝛼)

int3(𝒞,𝒮0)𝑊𝜌(𝒞),  
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 𝜖1234 = +1, 𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜌 ∧ 𝑑𝑥𝜎 = 𝜖𝜇𝜈𝜌𝜎𝑑4𝑥, 𝜖𝜇𝜈𝜌𝜎𝜖
𝜇𝜈𝜌𝜎 = +4!  

 𝛿𝑏
𝑎 =

1

2
(𝑡𝑎)𝐴𝐵(𝑡𝑏)

𝐴𝐵⁡ and ⁡(𝑡𝑎)
𝐴𝐵(𝑡𝑎)𝐶𝐷 = 2𝛿𝐶

[𝐴
𝛿𝐵]𝐷.  

 
𝑋𝐴𝐵 = (𝑡𝑎)

𝐴𝐵𝑋𝑎 , 𝑋𝑎 =
1

2
(𝑡𝑎)𝐴𝐵𝑋

𝐴𝐵

𝑌𝐴𝐵 = 𝑌𝑎(𝑡
𝑎)𝐴𝐵 , 𝑌𝑎 =

1

2
𝑌𝐴𝐵(𝑡𝑎)

𝐴𝐵
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 𝑌𝑎𝑋
𝑎 =

1

2
𝑌𝐴𝐵𝑋

𝐴𝐵  

 (𝑡𝑎)
𝐴𝐵𝑓𝑏𝑐

𝑎𝑋1
𝑏𝑋2

𝑐 = 𝑋1
𝐴𝐶𝛿𝐶𝐷𝑋2

𝐷𝐵 − 𝑋2
𝐴𝐶𝛿𝐶𝐷𝑋1

𝐷𝐵  

 𝛿𝑎𝑏 =
1

2
𝛿𝐴𝐶𝛿𝐵𝐷(𝑡𝑎)

𝐴𝐵(𝑡𝑏)
𝐶𝐷, 𝛿𝑎𝑏 =

1

2
(𝑡𝑎)𝐴𝐵(𝑡

𝑏)
𝐶𝐷
𝛿𝐴𝐶𝛿𝐵𝐷, 𝛿𝑎𝑐𝛿𝑐𝑏 = 𝛿𝑏

𝑎  

 ⋆𝑎𝑏=
1

4
𝜖𝐴𝐵𝐶𝐷(𝑡𝑎)

𝐴𝐵(𝑡𝑏)
𝐶𝐷,⋆𝑎𝑏=

1

4
(𝑡𝑎)𝐴𝐵(𝑡

𝑏)
𝐶𝐷
𝜖𝐴𝐵𝐶𝐷 ,⋆𝑎𝑐⋆𝑐𝑏= 𝛿

𝑎 ⁡𝑏.  

(⋆𝑎𝑏 𝑋
𝑏)(𝑡𝑎)𝐴𝐵=

1

2
𝜖𝐴𝐵𝐶𝐷𝑋

𝐶𝐷 =⋆ 𝑋𝐴𝐵 ⁡

(𝑡𝑎)
𝐴𝐵(⋆𝑎𝑏 𝑌𝑏)⁡=

1

2
𝜖𝐴𝐵𝐶𝐷𝑌𝐶𝐷 =⋆ 𝑌

𝐴𝐵

 

 ⋆𝑎𝑑 𝛿𝑑𝑐 ⋆
𝑐𝑒 𝛿𝑒𝑏 = 𝛿

𝑎 ⁡𝑏, 𝑓
𝑎⁡𝑏𝑐 ⋆

𝑏𝑒⋆𝑐𝑓= 𝑓𝑎⁡𝑏𝑐𝛿
𝑏𝑒𝛿𝑐𝑓  

𝛿𝑎⁡𝑏= (𝑡̃
𝑎)𝛼̇𝛽̇(𝑡̃𝑏)

𝛼̇𝛽̇ + (𝑡𝑎)𝛼𝛽(𝑡𝑏)
𝛼𝛽 ⁡

(𝑡̃𝑎)
𝛼̇𝛽̇(𝑡̃𝑎)𝛾̇𝛿̇⁡= 𝛿

(𝛼̇ ⁡𝛾̇𝛿
𝛽̇)𝛿̇, (𝑡𝑎)

𝛼𝛽(𝑡𝑎)𝛾𝛿 = 𝛿𝛾 ⁡
(𝛼𝛿𝛿 ⁡

𝛽)
 

 
𝑋̃𝛼̇𝛽̇ = (𝑡̃𝑎)

𝛼̇𝛽̇𝑋𝑎, 𝑋𝑎 = (𝑡̃𝑎)𝛼̇𝛽̇𝑋̃
𝛼̇𝛽̇ , 𝑌̃𝛼̇𝛽̇ = 𝑌𝑎(𝑡̃

𝑎)𝛼̇𝛽̇, 𝑌𝑎 = 𝑌̃𝛼̇𝛽̇(𝑡̃𝑎)
𝛼̇𝛽̇ ,

𝑋𝛼𝛽 = (𝑡𝑎)
𝛼𝛽𝑋𝑎, 𝑋𝑎 = (𝑡𝑎)𝛼𝛽𝑋

𝛼𝛽 , 𝑌𝛼𝛽 = 𝑌𝑎(𝑡
𝑎)𝛼𝛽, 𝑌𝑎 = 𝑌𝛼𝛽(𝑡𝑎)

𝛼𝛽.
 

 𝑋𝑎 = (𝑡̃𝑎)𝛼̇𝛽̇𝑋̃
𝛼̇𝛽̇ + (𝑡𝑎)𝛼𝛽𝑋

𝛼𝛽 , 𝑌𝑎𝑋
𝑎 = 𝑌̃𝛼̇𝛽̇𝑋̃

𝛼̇𝛽̇ + 𝑌𝛼𝛽𝑋
𝛼𝛽  

 
(𝑡𝑎)

𝛼̇𝛽̇𝑓𝑎⁡𝑏𝑐𝑋1
𝑏𝑋2

𝑐 ⁡= (𝑋̃1)
𝛼̇𝛾̇
𝜖𝛾̇𝛿̇(𝑋̃2)

𝛿̇𝛽̇
− (𝑋̃2)

𝛼̇𝛾̇
𝜖𝛾̇𝛿̇(𝑋̃1)

𝛿̇𝛽̇

(𝑡𝑎)
𝛼𝛽𝑓𝑎⁡𝑏𝑐𝑋1

𝑏𝑋2
𝑐 ⁡= (𝑋1)

𝛼𝛽𝜖𝛽𝛿(𝑋2)
𝛿𝛾 − (𝑋2)

𝛼𝛽𝜖𝛽𝛿(𝑋1)
𝛿𝛾

 

 ⋆𝑎𝑏 (𝑡̃
𝑏)
𝛼̇𝛽̇
= +𝜖𝛼̇𝛾̇𝜖𝛽̇𝛿̇(𝑡̃𝑎)

𝛾̇𝛿̇ ,⋆𝑎𝑏 (𝑡
𝑏)
𝛼𝛽
= −𝜖𝛼𝛾𝜖𝛽𝛿(𝑡𝑎)

𝛾𝛿 .  

 (𝑡̃𝑎)𝛼̇𝛽̇(𝑡̃
𝑏)
𝛾̇𝛿̇
𝜖𝛼̇𝛾̇𝜖𝛽̇𝛿̇ =

1

2
(𝛿𝑎𝑏 +⋆𝑎𝑏), (𝑡𝑎)𝛼𝛽(𝑡

𝑏)
𝛾𝛿
𝜖𝛼𝛾𝜖𝛽𝛿 =

1

2
(𝛿𝑎𝑏 −⋆𝑎𝑏).  

 (𝑡̃𝐴𝐵)𝛼̇𝛽̇ =
1

2
(𝜖𝜎̃[𝐴𝜎𝐵])

𝛼̇𝛽̇
, (𝑡𝐴𝐵)𝛼𝛽 =

1

2
(𝜎[𝐴𝜎̃𝐵]𝜖)

𝛼𝛽
 

 𝑣𝐴(𝜎
𝐴)𝛼𝛼̇ = (

𝑖𝑣4 + 𝑣3 𝑣1 − 𝑖𝑣2
𝑣1 + 𝑖𝑣2 𝑖𝑣4 − 𝑣3

) , 𝑣𝐴(𝜎̃
𝐴)𝛼̇𝛼 = (

𝑖𝑣4 − 𝑣3 −𝑣1 + 𝑖𝑣2
−𝑣1 − 𝑖𝑣2 𝑖𝑣4 + 𝑣3

) ,  

 𝜓𝛼 = 𝜖𝛼𝛽𝜓𝛽 , 𝜓𝛼 = 𝜖𝛼𝛽𝜓
𝛽 , 𝜓̃𝛼̇ = 𝜖𝛼̇𝛽̇𝜓̃𝛽̇ , 𝜓̃𝛼̇ = 𝜖𝛼̇𝛽̇𝜓̃

𝛽̇  

 𝜔𝑎 = (𝑡̃𝑎)𝛼̇𝛽̇𝜔̃
𝛼̇𝛽̇ + (𝑡𝑎)𝛼𝛽𝜔

𝛼𝛽  

 𝑅̃𝛼̇ ⁡𝛽̇ = 𝑑𝜔̃
𝛼̇ ⁡𝛽̇ − 𝜔̃

𝛼̇ ⁡𝛾̇ ∧ 𝜔̃
𝛾̇ ⁡𝛽̇ , 𝑅𝛼 ⁡

𝛽 = 𝑑𝜔𝛼 ⁡
𝛽 +𝜔𝛼 ⁡

𝛾 ∧ 𝜔𝛾 ⁡
𝛽 .  

 𝑒𝛼̇𝛼 = −
1

2
(𝜎̃𝐴)

𝛼̇𝛼𝑒𝐴  

 𝐵̃𝛼̇𝛽̇ = 𝜖𝛼𝛽𝑒
𝛼̇𝛼 ∧ 𝑒𝛽̇𝛽 , 𝐵𝛼𝛽 = −𝜖𝛼̇𝛽̇𝑒

𝛼̇𝛼 ∧ 𝑒𝛽̇𝛽 .  

 −
1

𝑔2
(𝑒𝛼̇𝛼 ∧ 𝑒𝛼𝛽̇ ∧ 𝑅̃

𝛽̇𝛼̇ + 𝑒𝛽𝛼̇ ∧ 𝑒
𝛼̇𝛼 ∧ 𝑅𝛼 ⁡

𝛽) +
Λ

3𝑔2
𝑒𝛼𝛼̇ ∧ 𝑒

𝛼̇𝛽 ∧ 𝑒𝛽𝛽̇ ∧ 𝑒
𝛽̇𝛼 .  
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 ∫  
𝒩𝑝
 𝛼(𝑝) = ∫  

ℳ𝑑
 𝛼(𝑝) ∧ 𝛿(𝒩𝑝)  

 
1

(𝑑−𝑝)!
[∫ ⁡ 𝑑𝑝𝜎𝛿(𝑑)(𝑥 − 𝑋(𝜎))

𝜕𝑋𝜆1

𝜕𝜎1
⋯
𝜕𝑋𝜆𝑝

𝜕𝜎𝑝
] 𝜖𝜆1⋯𝜆𝑝𝜇1⋯𝜇𝑑−𝑝𝑑𝑥

𝜇1 ∧ ⋯∧ 𝑑𝑥𝜇𝑑−𝑝  

 int(𝒩𝑝,𝒩𝑑−𝑝) = ∫  
ℳ𝑑

 𝛿(𝒩𝑝) ∧ 𝛿(𝒩𝑑−𝑝)  

 int(𝒩𝑝,𝒩𝑑−𝑝) = (−1)
𝑝(𝑑−𝑝)int(𝒩𝑑−𝑝,𝒩𝑝)  

 link∗(𝜕𝒩𝑝+1, 𝒞𝑑−𝑝−1) = int(𝒩𝑝+1, 𝒞𝑑−𝑝−1) = ∫  
𝒞𝑑−𝑝−1

 𝛿(𝒩𝑝+1)  

 
link(𝜕𝒩𝑑−𝑝, 𝒞𝑝) ⁡= link∗(𝜕𝒩𝑑−𝑝, 𝒞𝑝)

link(𝒞𝑑−𝑝−1, 𝒞𝑝) ⁡= (−1)
𝑑𝑝+1link(𝒞𝑝, 𝒞𝑑−𝑝−1)

 

 link(𝒞𝑑−𝑝−1, 𝜕𝒩𝑝+1) = (−1)
𝑑−𝑝int(𝒞𝑑−𝑝−1,𝒩𝑝+1)  

 
𝑑𝛿(𝒩𝑝) ⁡= (−1)

𝑝𝛿(𝜕𝒩𝑝)

link(𝜕𝒩𝑝+1, 𝜕𝒩𝑑−𝑝) ⁡= (−1)
𝑑𝑝+1link(𝜕𝒩𝑑−𝑝, 𝜕𝒩𝑝+1)

 

 𝒞𝑝 = 𝒦𝑝 × {𝑡0}  

 (−1)𝑑−𝑝𝒩𝑑−𝑝 = 𝒴𝑑−𝑝−1 × ℐ  

 𝜕𝒩𝑑−𝑝 = (−𝒴𝑑−𝑝−1 × {𝑡+}) ∪ (𝒴𝑑−𝑝−1 × {𝑡−}) ∪ Γ,  

 (−1)𝑑−𝑝link(𝜕𝒩𝑑−𝑝, 𝒞𝑝) = int(𝒴𝑑−𝑝−1 × ℐ, 𝒞𝑝) = (−1)
𝑝int𝑑−1(𝒴𝑑−𝑝−1,𝒦𝑝)  

 int𝑑−1(𝒴𝑑−𝑝−1,𝒦𝑝) = ∫  
𝒳𝑑−1

 𝛿𝑑−1(𝒴𝑑−𝑝−1) ∧ 𝛿𝑑−1(𝒦𝑝)  

 𝜖𝑖1⋯𝑖𝑑−𝑝−1𝑑𝑗1⋯𝑗𝑝 = (−1)
𝑝𝜖𝑖1⋯𝑖𝑑−𝑝−1𝑗1⋯𝑗𝑝𝑑 = (−1)

𝑝𝜖𝑖1⋯𝑖𝑑−𝑝−1𝑗1⋯𝑗𝑝  
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 𝑆 = ∫  
ℳ𝑑

 𝐵(𝑑−𝑝−1) ∧ 𝐹(𝑝+1) + 𝑓(𝐵(𝑑−𝑝−1))  

 𝑊𝑞(𝜕𝒩𝑝+1) = exp⁡ (𝑞 ∫  
𝒩𝑝+1

 𝐹(𝑝+1))  

 𝑊𝑞(𝜕𝒩𝑝+1) ↦ exp⁡ (𝑞𝜀int(𝒞𝑑−𝑝−1,𝒩𝑝+1))𝑊𝑞(𝜕𝒩𝑝+1)  

 −𝑆 ↦ −𝑆 + 𝜀 ∫  
ℳ𝑑

 𝐵(𝑑−𝑝−1) ∧ 𝛿(𝒞𝑑−𝑝−1)  

 𝑈𝜀(𝒞𝑑−𝑝−1) = exp⁡ (𝜀 ∫  
𝒞𝑑−𝑝−1

 𝐵(𝑑−𝑝−1))  

 ⟨𝑈𝜀(𝒞𝑑−𝑝−1)𝑊𝑞(𝜕𝒩𝑝+1)⟩ = exp⁡ (𝑞𝜀int(𝒞𝑑−𝑝−1,𝒩𝑝+1)) ⟨𝑊𝑞(𝜕𝒩𝑝+1)⟩.  

 ⟨𝑈𝜀(𝒞𝑑−𝑝−1)𝑊𝑞(𝒞𝑝)⟩ = exp⁡ ((−1)
𝑑−𝑝𝑞𝜀link(𝒞𝑑−𝑝−1, 𝒞𝑝)) ⟨𝑊𝑞(𝒞𝑝)⟩,  

 𝒞𝑝 ↔ 𝒞, 𝒞𝑑−𝑝−1 ↔ 𝒮,𝒩𝑑−𝑝 ↔ 𝒱.  

 𝑒−𝜀𝑄(𝒴𝑑−𝑝−1)𝑊𝑞(𝒦𝑝)𝑒
𝜀𝑄(𝒴𝑑−𝑝−1) = exp⁡ ((−1)𝑝𝑞𝜀int𝑑−1(𝒴𝑑−𝑝−1,𝒦𝑝))𝑊𝑞(𝒞𝑝)  

 𝑄(𝒴𝑑−𝑝−1) = ∫  
𝒴𝑑−𝑝−1

 𝐵(𝑑−𝑝−1)  

  

 

[𝐴𝑖1⋯𝑖𝑝 , 𝐵𝑘1⋯𝑘𝑑−𝑝−1] 𝜖
𝑘1⋯𝑘𝑑−𝑝−1𝑗1⋯𝑗𝑝 = (𝑑 − 𝑝 − 1)! 𝑝! (−1)𝑝𝛿𝑗1 ⁡[𝑖1⋯𝛿

𝑗𝑝 ⁡𝑖𝑝]

⟹ [𝐴𝑖1⋯𝑖𝑝 , 𝑄(𝒴𝑑−𝑝−1)] ⁡= (−1)
𝑝 (𝛿𝑑−1(𝒴𝑑−𝑝−1))

𝑖1⋯𝑖𝑝

 

 𝒦𝑝 ↔ 𝒞,𝒴𝑑−𝑝−1 ↔ −𝒮0.  

 
⁡ lim
𝒫±→𝒫

 Ω(𝒫+)Ω
−1(𝒫−) = 𝛼 ∈ 𝑍(𝐺)

⁡⟺⁡∃𝜆𝑎⁡ s.t. ⁡(Ω−1𝑑𝑑Ω)𝑎 = 𝜆𝑎𝛿(𝜕𝒱𝑑−1)⁡ and ⁡𝑒2𝜋𝜆 = 𝛼(−1)
𝑑
,

 

 lim
𝒞1
′→𝒞1

 Pexp⁡ (∰ Ω−1𝑑Ω
𝒞1
′ ) = lim

𝒞1
′→𝒞1

 Ω−1(𝒫−)Ω(𝒫+) = 𝛼  
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 Pexp (∰ Ω−1𝑑Ω
𝜕𝒩2

) = Pexp (∫  
𝒩2
 Ω−1𝑑𝑑Ω) = exp⁡ (∫  

ℳ𝑑
 Ω−1𝑑𝑑Ω ∧ 𝛿(𝒩2))  

 lim
𝒫±→𝒫

 𝜒(𝒫+) − 𝜒(𝒫−) = (−1)
𝑑2𝜋𝜆⁡ ⟺ ⁡𝑑𝑑𝜒 = 2𝜋𝜆𝛿(𝜕𝒱𝑑−1)  

 𝑑𝜒 + (−1)𝑑2𝜋𝜆𝛿(𝒱𝑑−1) = 𝑑𝑓  

CONCLUSIONES. 

De los resultados obtenidos en el apartado anterior, se concluye que: 1) el espacio – tiempo cuántico es 

susceptible de deformación, no necesariamente extrema, lo que aparece como un curvatura 

hipergeométrica; 2) la gravedad cuántica, en escenarios entrópicos, puede formar membranas que no 

necesariamente se despliegan en dimensiones más altas, sino que, se tratan de desdoblamientos dentro 

de un mismo espacio – tiempo cuántico, por lo que, no se forman dimensiones en sí mismas, sino 

distorsiones de realidad espacial y temporal; 3) en un escenario de gravedad cuántica, la formación de 

agujeros negros cuánticos es posible, especialmente cuando la partícula supermasiva colapsa o colisiona 

con otra, en tanto que, es imposible la formación de agujeros cuánticos de gusano, pues la gravedad no 

es extrema aunque entrópica; 4) la partícula supermasiva o llamada también partícula oscura, a propósito 

de su interacción, produce gravedad cuántica. Cuando la partícula supermasiva, por sí misma, tuerce el 

espacio – tiempo cuántico, esto se denomina gravedad cuántica endógena, en tanto que, cuando la 

gravedad cuántica se produce por la interacción de la partícula supermasiva y el gravitón, entonces se 

vuelve exógena por permeabilización del espacio – tiempo cuántico por un campo gravitónico; 5) la 

simetría de calibre, se torna esencial para efectos de conciliar la relatividad  general y especial y la 

mecánica cuántica, aunque no en circunstancias extremas o primitivas; 6) la formación de materia 

oscura, es inevitable en gravedad cuántica, fundamentalmente por interacción de la partícula 

supermasiva y la formación de agujeros negros cuánticos que devoran materia y energía a escala 

microscópica, volviéndola en materia pura y oscura, extremadamente densa, en la que, la intervención 

de la gravedad es unitaria. 

ACLARACIONES FINALES: 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica de 

Campos Relativistas o Curvos (TCCR) propuesta por este autor: 
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1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 

 

2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo ‡ o por este símbolo ‡. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 

 

3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo de Yang 

– Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría Cuántica de 

Campos Relativistas propuesta por este autor. 

4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 
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