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RESUMEN 

En este trabajo, abordaré la gravedad cuántica relativista desde la TCCR, esto es, desde la Teoría 

Cuántica de Campos Relativistas. Es aquí donde se establece una clara distinción entre superpartícula y 

partícula supermasiva respectivamente, en la medida en que, la primera, refiere a aquellas partículas 

cuyo centro de masa  y energía es extremadamente denso, lo que provoca la deformación intensa del 

espacio – tiempo cuántico, todo esto, en dimensiones mas altas y en condiciones de supersimetría, 

causando incluso la formación de agujeros negros cuánticos, esto, sea por razones endógenas o en su 

defecto, por razones exógenas, esto último, cuando la superpartícula interactúa con el supergravitón, es 

decir, por permeabilización del espacio – tiempo cuántico a través del campo supergravitónico, en tanto 

que, la segunda, refiere a las partículas cuyo centro de masa, es extremadamente denso, causando así, la 

deformación del espacio – tiempo cuántico, en simetrías de calibre compactas, pudiendo provocar o no 

la formación de agujeros negros, salvo en circunstancias de colisión, en cuyo caso, es inevitable. La 

partícula supermasiva, por tanto, es la responsable de la gravedad cuántica relativista, sea por razones 

endógenas, es decir, cuando la partícula supermasiva, por sí misma, distorsiona el espacio – tiempo 

cuántico o en su defecto, por interacción con el gravitón, esto es, la permeabilización del plano cuántico 

por intrusión del campo gravitónico. 
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ABSTRACT 

In this work, I will address relativistic quantum gravity from the TCCR, that is, from the Quantum 

Theory of Relativistic Fields. It is here that a clear distinction is established between superparticle and 

supermassive particle respectively, insofar as the former refers to those particles whose center of mass 

and energy is extremely dense, which causes the intense deformation of quantum space-time, all this, in 

higher dimensions and under conditions of supersymmetry, even causing the formation of quantum black 

holes.  This, either for endogenous reasons or, failing that, for exogenous reasons, the latter, when the 

superparticle interacts with the supergraviton, that is, by permeabilization of quantum space-time 

through the supergravitonic field, while the second refers to particles whose center of mass is extremely 

dense, thus causing the deformation of quantum space-time.  in compact gauge symmetries, which may 

or may not cause the formation of black holes, except in collision circumstances, in which case, it is 

inevitable. The supermassive particle, therefore, is responsible for relativistic quantum gravity, either 

for endogenous reasons, that is, when the supermassive particle, by itself, distorts quantum space-time 

or, failing that, by interaction with the graviton, that is, the permeabilization of the quantum plane by 

intrusion of the gravitonic field. 
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INTRODUCCIÓN.  

Las partículas supermasivas, han sido teorizadas en trabajos anteriores, por este autor, sin embargo, 

existen aclaraciones que precisar. Las partículas supermasivas, o llamadas también “partículas oscuras” 

o “partículas cosmológicas”, son aquellas, que a propósito de su masa en extremo pesada, son capaces 

de deformar el espacio – tiempo cuántico, con posibilidad de provocar agujeros negros cuánticos, en 

casos específicos de colapso o colisión, en tanto que, las superpartículas o llamadas también “partículas 

estrella” o “partículas blancas”, son aquellas cuyo centro de masa y energía es tan extremo, que no 

solamente deforma el espacio – tiempo cuántico, sin que además, provoca agujeros negros cuánticos e 

incluso, agujeros de gusano. La otra gran diferencia, está en cuanto a la gravedad exógena se refiere, 

esto es, que la partícula supermasiva, distorsiona el espacio – tiempo cuántico en el que interactúa, 

cuando empata o ancla con el gravitón, lo que supone por tanto, la intrusión y permeo del campo 

gravitónico en el plano repercutido, en tanto que, cuando se trata de la superpartícula, ésta distorsiona 

el espacio – tiempo cuántico en el que interactúa, cuando empata o ancla con el supergravitón, lo que 

supone por tanto, la intrusión y permeo del campo supergravitónico en el plano repercutido. Cabe aclarar 

que los campos de permeabilización antes referidos, pueden ser fantasmas aunque no por regla general. 

En cuanto a la gravedad cuántica relativista, no existe la formación de supersimetrías, sino de simetrías 

de calibre, con propagadores y osciladores armónicos masivos pero no caóticos, es decir, existe un 

mínimo de compactación. Trabajaremos en un espacio de Hilbert – Einstein para campos cuánticos 

relativistas, demostrando la acción gravitatoria de las partículas supermasivas en entornos de entropía 

sin que esto, comporte dimensiones más altas, salvo en casos de colapso o colisión de estas partículas 

pesadas. 

RESULTADOS Y DISCUSIÓN:  

A continuación, se expresa el Modelo de Gravedad Cuántica Relativista, en dimensión ℝ4 para simetrías 

de gauge puras, con osciladores armónicos y propagadores ⟨𝜓∎ ‖∷ ‖ℵ𝜇𝜈⟩, en un espacio de Hilbert – 

Einstein, tanto con interferencia gravitónica como sin interferencia gravitónica. 

En este punto, retomo el desarrollo matemático desplegado en el volumen I de este manuscrito: 
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Formación de materia y energía oscuras a partir de las interacciones de la partícula supermasiva 

o partícula oscura con o sin intervención gravitónica. Modelo Inflacionario. 

𝜌(𝑟) =
𝜌0

𝑟/𝑟𝑠(1 + 𝑟/𝑟𝑠)
2  

𝑆=
𝑚𝑝(11)
9

2
∫  𝑑11𝑥√−𝐺11 [𝑒

𝑎𝑀𝑒𝑏𝑁𝑅𝑀𝑁𝑎𝑏(𝜔) − 𝜓‾𝐴Γ
𝐴𝐵𝐶𝐷𝐵 (

𝜔 + 𝜔̂

2
)𝜓𝐶 −

1

24
𝐹𝐴𝐵𝐶𝐷𝐹𝐴𝐵𝐶𝐷 

−
√2

192
𝜓‾𝑀(Γ

𝐴𝐵𝐶𝐷𝑀𝑁 + 12Γ𝐴𝐵𝑔𝐶𝑀𝑔𝐷𝑁)𝜓𝑁 (2𝐹𝐴𝐵𝐶𝐷 +
3

2
√2𝜓‾[𝐴Γ𝐵𝐶𝜓𝐷])  

−
2√2

(144)2
𝜀𝐴

′𝐵′𝐶′𝐷′𝐴𝐵𝐶𝐷𝑀𝑁𝑃𝐹𝐴′𝐵′𝐶′𝐷′𝐹𝐴𝐵𝐶𝐷𝐴𝑀𝑁𝑃]

 

𝐷𝑀(𝜔̃) = ∇𝑀 +
1

4
𝜔̃𝑀𝑎𝑏Γ

𝑎𝑏  

𝜔𝑀𝑎𝑏  = 𝜔𝑀𝑎𝑏(𝑒) + 𝐾𝑀𝑎𝑏

𝜔̂𝑀𝑎𝑏  = 𝜔𝑀𝑎𝑏(𝑒) −
1

4
(𝜓‾𝑀Γ𝑏𝜓𝑎 − 𝜓‾𝑎Γ𝑀𝜓𝑏 + 𝜓‾𝑏Γ𝑎𝜓𝑀)

𝜔𝑀
𝑎𝑏(𝑒)  = 2𝑒𝑁[𝑎∇[𝑀𝑒𝑁]

𝑏]
− 𝑒𝑁[𝑎𝑒𝑏]𝑃𝑒𝑀𝑐∇𝑁𝑒𝑃

𝑐

𝐾𝑀𝑎𝑏  = −
1

4
(𝜓‾𝑀Γ𝑏𝜓𝑎 −𝜓‾𝑎Γ𝑀𝜓𝑏 + 𝜓‾𝑏Γ𝑎𝜓𝑀) +

1

8
𝜓‾𝑁Γ𝑀𝑎𝑏

𝑁𝑃 𝜓𝑃

 

𝛿𝑒𝑀
𝑎  =

1

2
𝜖‾Γ𝑎𝜓𝑀

𝛿𝜓𝑀  = 𝐷𝑀(𝜔̂)𝜖 +
√2

288
(Γ𝑀
𝐴𝐵𝐶𝐷 − 8Γ𝐵𝐶𝐷𝛿𝑀

𝐴)(𝐹𝐴𝐵𝐶𝐷 +
3√2

2
𝜓‾[𝐴Γ𝐵𝐶𝜓𝐷]) 𝜖

𝛿𝐴𝑀𝑁𝑃  = −
3√2

4
𝜖‾Γ[𝑀𝑁𝜓𝑃]

 

𝑑𝑠11
2 = 𝐺𝐴𝐵𝑑𝑥

𝐴𝑑𝑥𝐵  

𝑑𝑠4
2 = 𝑔𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 = −𝑑𝑡2 + 𝑎2(𝑡)𝛿𝑖𝑗𝑑𝑥
𝑖𝑑𝑥𝑗  

𝑑𝑠2(1)
2 = Φ(𝑥𝜇)𝑔𝑎1𝑏1(𝑥

𝑎1)𝑑𝑥𝑎1𝑑𝑥𝑏1

𝑑𝑠2(2)
2 = ℎ𝑎2𝑏2(𝑥

𝑎2)𝑑𝑥𝑎2𝑑𝑥𝑏2

𝑑𝑠2(3)
2 = Φ2(𝑥𝜇)𝛾𝑎3𝑏3(𝑥

𝑎3)𝑑𝑥𝑎3𝑑𝑥𝑏3

 

𝑑𝑠1
2 = Φ−6(𝑥𝜇)𝑑𝑥10𝑑𝑥10  

𝑑𝑠11
2 = 𝑑𝑠4

2 + 𝑑𝑠2(1)
2 + 𝑑𝑠2(2)

2 + 𝑑𝑠2(3)
2 + 𝑑𝑠1

2  

𝑅(11) = 𝑅(4) −
23

2Φ2
∇𝜇Φ∇

𝜇Φ+
𝑅𝑇𝑞1

2

Φ
+𝑅𝑇𝑞2

2 +
𝑅𝑇𝑞3

2

Φ2
,  
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𝒢𝜇𝜈 −
23

2Φ2
∇𝜇Φ∇𝜈Φ−

1

2
𝑔𝜇𝜈 (

𝑅𝑇𝑞1
2

Φ
+ 𝑅𝑇𝑞2

2 +
𝑅𝑇𝑞3

2

Φ2
−
23

2Φ2
∇𝜌Φ∇

𝜌Φ)=
1

𝑚𝑝(11)
9 𝑇𝜇𝜈

(𝐴,𝜓)
 

𝒢𝑎1𝑏1 −
1

2
𝑔𝑎1𝑏1 (Φ𝑅(4) +Φ𝑅𝑇𝑞2

2 +
𝑅𝑇𝑞3

2

Φ
+ ∇𝜇∇

𝜇Φ−
25

2Φ
∇𝜇Φ∇

𝜇Φ) =
1

𝑚𝑝(11)
9 𝑇𝑎1𝑏1

(𝐴,𝜓)

𝒢𝑎2𝑏2 −
1

2
ℎ𝑎2𝑏2 (𝑅(4) +

𝑅𝑇𝑞1
2

Φ
+
𝑅𝑇𝑞3

2

Φ2
−
23

2Φ2
∇𝜇Φ∇

𝜇Φ) =
1

𝑚𝑝(11)
9 𝑇𝑎2𝑏2

(𝐴,𝜓)

𝒢𝑎3𝑏3 −
1

2
𝛾𝑎3𝑏3 (Φ

2𝑅(4) +Φ𝑅𝑇𝑞1
2 +Φ2𝑅𝑇𝑞2

2 +Φ∇𝜇∇
𝜇Φ−

27

2
∇𝜇Φ∇

𝜇Φ) =
1

𝑚𝑝(11)
9 𝑇𝑎3𝑏3

(𝐴,𝜓)

−
1

2
(
𝑅(4)

Φ6
+
𝑅𝑇𝑞1

2

Φ7
+
𝑅𝑇𝑞2

2

Φ6
+
𝑅𝑇𝑞3

2

Φ8
−
6

Φ7
∇𝜇∇

𝜇Φ−
11

2Φ8
∇𝜇Φ∇

𝜇Φ) =
1

𝑚𝑝(11)
9 𝑇10,10

(𝐴,𝜓)

 

𝑆𝐸𝐻 = ∫  𝑑
11𝑥√−𝐺11

𝑚𝑝(11)
9

2
𝑅(11)  

∫  𝑑11𝑥√−𝐺11[⋯ ] = ∫  
𝑉FRW

 𝑑4𝑥√−𝑔4∫  
𝑇𝑞1
2
 𝑑2𝑥√𝑔2∫  

𝑇𝑞2
2
 𝑑2𝑥√ℎ∫  

𝑇𝑞3
2
 𝑑2𝑥√𝛾∫  

𝑆1
 𝑑𝑥[⋯ ]  

𝑆𝐸𝐻 =∫  𝑑
4𝑥√−𝑔4 [

𝑚𝑝
2

2
𝑅(4) −

1

2

23𝑚𝑝
2

2Φ2
∇𝜇Φ∇

𝜇Φ  

+
4𝜋(1 − 𝑞1)𝑚𝑝

2

𝐴𝑇𝑞1
2 Φ

+
4𝜋(1 − 𝑞2)𝑚𝑝

2

𝐴𝑇𝑞2
2

+
4𝜋(1 − 𝑞3)𝑚𝑝

2

𝐴𝑇𝑞3
2 Φ2

]

 

2𝜋ℛ̃10𝐴𝑇𝑞1
2 𝐴𝑇𝑞2

2 𝐴𝑇𝑞3
2 𝑚𝑝(11)

9

2
=
𝑚𝑝
2

2
.  

∫  
𝑇𝑞𝑖
2
 𝑅𝑇𝑞𝑖

2 = 8𝜋(1 − 𝑞𝑖), 𝑖 = 1,2,3  

𝜙 = √
23

2
𝑚𝑝ln Φ

Φ = exp (√
2

23

𝜙

𝑚𝑝
)

 

𝑆eff = 𝑆𝐸𝐻 = ∫  𝑑
4𝑥√−𝑔4 [

𝑚𝑝
2

2
𝑅(4) −

1

2
∇𝜇𝜙∇

𝜇𝜙 −
4𝜋𝑚𝑝

2

𝐴0
(1 − 𝑒

−√
2
23

𝜙
𝑚𝑝)

2

]  

𝑉(Φ(𝜙)) =
4𝜋𝑚𝑝

2

𝐴0
(1 − 𝑒

−√
2
23

𝜙
𝑚𝑝)

2

,  

𝑑𝑠2(1)
2  = Φ(𝑥𝜇)2𝑠1𝑔𝑎1𝑏1(𝑥

𝑎1)𝑑𝑥𝑎1𝑑𝑥𝑏1

𝑑𝑠2(2)
2  = Φ(𝑥𝜇)2𝑠2ℎ𝑎2𝑏2(𝑥

𝑎2)𝑑𝑥𝑎2𝑑𝑥𝑏2

𝑑𝑠2(3)
2  = Φ(𝑥𝜇)2𝑠3𝛾𝑎3𝑏3(𝑥

𝑎3)𝑑𝑥𝑎3𝑑𝑥𝑏3
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𝑑𝑠1
2 = Φ−2(𝑠1+𝑠2+𝑠3)𝑑𝑥10𝑑𝑥10  

𝑅(11) = 𝑅(4) +
𝑅𝑇𝑞1

2

Φ2𝑠1
+
𝑅𝑇𝑞2

2

Φ2𝑠2
+
𝑅𝑇𝑞3

2

Φ2𝑠3
−
𝜆

Φ2
𝑔𝜇𝜈∇𝜇Φ∇𝜈Φ,  

𝜆 = 6∑  

𝑖

  𝑠𝑖
2 + 8∑ 

𝑖>𝑗

  𝑠𝑖𝑠𝑗  

𝑆eff = ∫  𝑑
4𝑥√−𝑔4 [

𝑚𝑝
2

2
𝑅(4) −

1

2

𝜆𝑚𝑝
2

Φ2
∇𝜇Φ∇

𝜇Φ− 𝑈(Φ) + ℒmatter ]  

𝑈(Φ) = −(
4𝜋(1 − 𝑞1)𝑚𝑝

2

𝐴𝑇𝑞1
2 Φ2𝑠1

+
4𝜋(1 − 𝑞2)𝑚𝑝

2

𝐴𝑇𝑞2
2 Φ2𝑠2

+
4𝜋(1 − 𝑞3)𝑚𝑝

2

𝐴𝑇𝑞3
2 Φ2𝑠3

)  

𝜙 = √𝜆𝑚𝑝ln |Φ|

Φ = ±exp (√𝜆−1
𝜙

𝑚𝑝
)

 

𝑞1 =
Φmin
2𝑠1−2𝑠3(𝑠2 − 𝑠3)(1 − 𝑞3)

2(𝑠2 − 𝑠1)
+ 1

𝑞2 =
Φmin
2𝑠2−2𝑠3(𝑠1 − 𝑠3)(1 − 𝑞3)

(𝑠1 − 𝑠2)
+ 1

 

𝑞1 = 1 + 𝑛
2𝑠3−1(𝑞3 − 1)𝑠3

𝑞2 = 𝑛
2𝑠3[1 + 𝑛−2𝑠3 + 2𝑠3(𝑞3 − 1) − 𝑞3]

 

𝑈(Φ) =
4𝜋𝑚𝑝

2(𝑞3 − 1)Φ
−2𝑠3−1

𝐴0𝑛
[𝑛Φ + (𝑛Φ)2𝑠3(2𝑠3 + (2𝑠3 − 1)𝑛Φ)]  

𝜖(𝜙)  =
𝑚𝑝
2

2
(
𝑈𝜙

𝑈
)
2

𝜂(𝜙)  = 𝑚𝑝
2 (
𝑈𝜙𝜙

𝑈
)

𝑛𝑠  = 1 − 6𝜖(𝜙𝑖) + 2𝜂(𝜙𝑖)

𝑟 = 16𝜖(𝜙𝑖)
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Figura 70. Fluctuaciones inflacionarias de un plano cuántico – relativista oscuro. 

(𝑞1, 𝑞2, 𝑞3, 𝑛) = (7,19,3,3). 

𝑁 = −
1

𝑚𝑝
2∫  

𝜙𝑒

𝜙𝑖

 
𝑈

𝑈𝜙
𝑑𝜙  
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Figura 71. Fluctuaciones de materia y energía oscuras en un plano cuántico – relativista. 

 

Figura 72. Interacción de la partícula oscura con el gravitón. 

𝑃𝑠 =
𝑈(𝜙𝑖)

24𝜋2𝑚𝑝
4𝜖(𝜙𝑖)

≈ 2.1 × 10−9.  

𝐴0 =
4𝜋

𝜁
𝑙𝑝
2 = 1.43 × 10−58[ m]2  

𝑈(𝜙) = 𝜁𝑚𝑝
4 (1 − 𝑒

−√
3
23

𝜙
𝑚𝑝)

2

,  

ℛ = √
𝐴0
8𝜋
= 29387𝑙𝑝 = 2.38 × 10

−30[ m].  

1.417 ≤ Φ ≤ 12.271( for 𝑁 = 50)
1.417 ≤ Φ ≤ 14.153( for 𝑁 = 60)

 

𝑙𝑠 =
𝑙𝑝(11)

√
ℛ10
𝑙𝑝(11)

 

𝐺𝑁
(11)

= 𝜋𝜉−2𝑙𝑝(11)𝐴0
3𝐺  

𝑙𝑝  =
𝑙
𝑝(11)

9
2

(𝜋𝜉−2𝑙𝑝(11)𝐴0
3)
1
2

𝑙𝑝(11)  = (𝜋𝐴0
3𝜉−2)

1
8𝑙𝑝

1
4 = 𝑙𝑝 [

(4𝜋)4

4𝜁3𝜉2
]

1
8

= 8676.7𝜉−
1
4𝑙𝑝

 

𝑙𝑠 ∈ 𝜉[1.7𝑙𝑝(11), 53.2𝑙𝑝(11)]  

𝑉(𝜙) ≈
1

2
𝑚𝜙
2𝜙2  



pág. 4088 

𝑚𝜙 = √
4𝜁

23
𝑚𝑝 = 10

−5𝑚𝑝 = 2.4 × 10
10
TeV

c2
 

Π𝜇𝜈𝜌𝜎(𝑥 − 𝑥
′) = ∫  

𝑑𝑘0
2𝜋

𝑑3𝑘

(2𝜋)3
−𝑖𝑃𝜇𝜈𝜌𝜎

𝑘0
2 − |𝐤|2 + 𝑖𝜀

𝑒−𝑖𝑘0(𝑡−𝑡
′)𝑒𝑖𝐤⋅(𝐱−𝐱

′)  

𝑃𝜇𝜈𝜌𝜎 =
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌 − 𝜂𝜇𝜈𝜂𝜌𝜎).  

𝑔𝜇𝜈 = 𝜂𝜇𝜈 +
2

𝑚𝑝
ℎ𝜇𝜈 ,  

𝒯𝜇𝜈 = 𝒯𝜙
𝜇𝜈
+ 𝒯(matter) 

𝜇𝜈
 

𝒯𝜙
𝜇𝜈
 = 𝜕𝜇𝜙𝜕𝜈𝜙 −

1

2
𝜂𝜇𝜈𝜕𝛼𝜙𝜕𝛼𝜙 − 𝜂

𝜇𝜈𝑉(𝜙),

𝜌 =
1

2
𝜙̇2 +

1

2
𝜕𝑖𝜙𝜕

𝑖𝜙 + 𝑉(𝜙).

 

𝑖𝑆(2) =
1

𝑚𝑝
2∫  𝑑

4𝑥𝑑4𝑥′𝒯1
𝜇𝜈
(𝑥)Π𝜇𝜈𝜌𝜎(𝑥 − 𝑥

′)𝒯2
𝜌𝜎(𝑥′)  

𝒯(matter 1)
𝜇𝜈

= 𝑀1𝑢1
𝜇
𝑢1
𝜈𝛿3(𝐱 − 𝐪1(𝑡)),

𝒯(matter 2)
𝜇𝜈

= 𝑀2𝑢2
𝜇
𝑢2
𝜈𝛿3(𝐱′ − 𝐪2(𝑡)).

 

𝑖𝑆(matter )
(2)

=
1

𝑚𝑝
2∫  𝑑

4𝑥𝑑4𝑥′𝒯(matter 1)
𝜇𝜈

(𝑥)Π𝜇𝜈𝜌𝜎(𝑥 − 𝑥
′)𝒯(matter 2)

𝜌𝜎 (𝑥′)  

𝑖𝑆𝜙
(2)
=
1

𝑚𝑝
2∫  𝑑

4𝑥𝑑4𝑥′𝒯𝜙
𝜇𝜈
(𝑥)Π𝜇𝜈𝜌𝜎(𝑥 − 𝑥

′)𝒯𝜙
𝜌𝜎(𝑥′)  

𝑖 (𝑆(2) − 𝑆(matter)
(2)

− 𝑆𝜙
(2)
) =𝑖

𝑀1

𝑚𝑝
2∫  𝑑𝑡 ∫  

𝑑3𝐤

(2𝜋)3
1

|𝐤|2 − 𝑖𝜀
∫  𝑑3𝐱𝐹(𝑡, 𝐱)𝑒𝑖𝐤⋅(𝐪1(𝑡)−𝐱)

+𝑖
𝑀2

𝑚𝑝
2∫  𝑑𝑡 ∫  

𝑑3𝐤

(2𝜋)3
1

|𝐤|2 − 𝑖𝜀
∫  𝑑3𝐱′𝐹(𝑡, 𝐱′)𝑒𝑖𝐤⋅(𝐱

′−𝐪2(𝑡)) 

 +𝑂(𝐯1, 𝐯2)

 

𝐹(𝑡, 𝐱) = (
𝜕𝜙(𝑡, 𝐱)

𝜕𝑡
)
2

− 𝑉(𝜙(𝑡, 𝐱))  

𝑊(𝐪1(𝑡), 𝐪2(𝑡)) =−
𝑀1𝑀2

8𝜋𝑚𝑝
2

1

|𝐪1(𝑡) − 𝐪2(𝑡)|
−
𝑀1

𝑚𝑝
2∫  

𝑑3𝐤

(2𝜋)3
1

|𝐤|2 − 𝑖𝜀
∫  𝑑3𝐱𝐹(𝑡, 𝐱)𝑒𝑖𝐤⋅(𝐪1(𝑡)−𝐱) 

 −
𝑀2

𝑚𝑝
2∫  

𝑑3𝐤

(2𝜋)3
1

|𝐤|2 − 𝑖𝜀
∫  𝑑3𝐱′𝐹(𝑡, 𝐱′)𝑒𝑖𝐤⋅(𝐱

′−𝐪2(𝑡)) + 𝑂(𝐯1, 𝐯2)
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𝑊(𝐪1(𝑡), 𝐪2(𝑡)) =−
𝑀1𝑀2

8𝜋𝑚𝑝
2

1

|𝐪1(𝑡) − 𝐪2(𝑡)|
−

𝑀2

4𝜋𝑚𝑝
2∫  𝑑

3𝐱
𝐹(𝑡, 𝐱)

|𝐪2(𝑡) − 𝐱|
 

 −
𝑀1

4𝜋𝑚𝑝
2∫  𝑑

3𝐱′
𝐹(𝑡, 𝐱′)

|𝐪1(𝑡) − 𝐱
′|

 

𝜙̈(𝑡, 𝐱) + 3𝐻𝜙̇(𝑡, 𝐱) −
1

𝑎2(𝑡)
𝜕𝑖𝜕

𝑖𝜙(𝑡, 𝐱) + 𝑚𝜙
2𝜙(𝑡, 𝐱) = 0  

𝜙̈1(𝑡) + 3𝐻𝜙̇1(𝑡) + 𝑚𝜙
2𝜙1(𝑡)  = 0

1

𝑟2
𝜕𝑟(𝑟

2𝜕𝑟𝜙2(𝑟))  = 0
 

𝜙1(𝑡)  ≈ 2𝜙0𝑎
−
3
2cos (𝑚𝜙𝑡),

𝜙2(𝑟)  = 𝐶1 +
𝐶2
𝑟
,

 

⟨𝐹(𝑡, 𝐱)⟩𝑡 =
𝑚𝜙

2𝜋
∫  

2𝜋
𝑚𝜙

0

  (𝜙̇2(𝑡, 𝑟) −
1

2
𝑚𝜙
2𝜙2(𝑡, 𝑟)) 𝑑𝑡 = 𝜙2

2(𝑟)𝑎−3𝑚𝜙
2𝜙0

2  

⟨𝐹(𝑡, 𝐱)⟩𝑡 =
1

2
𝜙2
2(𝑟)𝜌𝐷𝑀(𝑡)  

𝜌𝐷𝑀(𝑡) = 2𝑎
−3𝑚𝜙

2𝜙0
2 = 3𝑚𝑝

2𝐻2 × Ω𝐷𝑀 

𝐹2(𝑅) = −𝐺
𝑀1𝑀2
𝑅2

− 4𝜋𝐺𝑀2𝜌𝐷𝑀(𝑡) (
𝐶1
2

3
𝑅 +

𝐶2
2

𝑅
+ 𝐶1𝐶2) ,  

𝜙̈1(𝑡) + 3𝐻𝜙̇1(𝑡) + 𝑚1
2𝜙1(𝑡)  = 0,

−
1

𝑟2
𝜕𝑟 (𝑟

2
𝜕𝜙2(𝑟)

𝜕𝑟
) + 𝑎2𝑚2

2𝜙2(𝑟)  = 0.
 

𝜙1(𝑡)  ≈ 2𝜙0𝑎
−
3
2cos (𝑚1𝑡)

𝜙2(𝑟)  = 𝐶
𝑒−𝑎𝑚2𝑟

𝑟
+ 𝐷

𝑒𝑎𝑚2𝑟

𝑟

 

𝐹2(𝑅) = −
𝐺𝑀1𝑀2
𝑅2

−
2𝜋𝐺𝑀2𝜌𝐷𝑀(𝑡)𝐶

2(1 − 𝑒−2𝑎𝑚2𝑅)

𝑎𝑚2𝑅
2

.  

𝑣2
2 ≈

𝐺𝑀1
𝑅

+ 𝐺𝐾,

𝐾 = 4𝜋𝐶2𝜌𝐷𝑀(𝑡),

 

𝑅 = √
𝐺𝑀1
𝑎𝑁

.  

𝑎2 =
𝑣2
2

𝑅
= 𝑎𝑁 (1 + √

𝑎0
𝑎𝑁
)  
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𝑎0 =
𝐾2𝐺

𝑀1
 

𝑣2
4 = 𝐺𝑀1𝑎0.  

𝐶2 =
√𝑎0𝑀1

𝐺

4𝜋𝜌𝐷𝑀(𝑡)

 

𝜌eff(𝑟) = 𝜙2
2(𝑟)𝜌𝐷𝑀(𝑡)  

𝜙̈1(𝑡) + 3𝐻𝜙̇1(𝑡)  = 0

−
1

𝑟2
𝜕𝑟 (𝑟

2
𝜕𝜙2(𝑟)

𝜕𝑟
) + 𝑚𝜙

2𝜙2(𝑟)  = 0
 

𝜙1(𝑡) = 𝐶1 + 𝐶2𝑎
−3(𝑡)

𝜙2(𝑟) = 𝐶3
𝑒−𝑚𝜙𝑟

𝑟

 

⟨𝐹(𝑡, 𝐱)⟩𝑡 = −𝜙2
2(𝑟)𝜌𝐷𝐸(𝑡)  

𝐹2(𝑅) = −
𝐺𝑀1𝑀2
𝑅2

+
4𝜋𝐺𝑀2𝜌𝐷𝐸(𝑡)𝐶3

2(1 − 𝑒−2𝑚𝜙𝑅)

𝑚𝜙𝑅
2

 

𝑇𝜇𝜈
(𝐴,𝜓)[𝑥𝐴] =

𝑚𝑝
2

𝑚𝑝(11)
9 𝒯𝜇𝜈

(matter )[𝑥𝜇]  

𝐺𝑎𝑖𝐴  = 0, (𝐴 ≠ 𝑎𝑖 and 𝑖 = 1,2,3)

𝐺𝜇𝐴  = 0, (𝐴 ≠ 𝜇)

𝐺10,𝐴  = 0, (𝐴 ≠ 10)

 

Γ𝜇  = 𝛾̂𝜇⊗ 𝟙2⊗𝟙2⊗ 𝟙2
Γ𝑎1  = 𝛾̂∗⊗ 𝛾̂𝑎1⊗ 𝟙2⊗ 𝟙2
Γ𝑎2  = 𝛾̂∗⊗ 𝛾̂1

∗⊗ 𝛾̂𝑎2⊗ 𝟙2
Γ𝑎3  = 𝛾̂∗⊗ 𝛾̂1

∗⊗ 𝛾̂2
∗⊗ 𝛾̂𝑎3

Γ10  = 𝛾̂∗⊗ 𝛾̂1
∗⊗ 𝛾̂2

∗⊗ 𝛾̂10

 

𝛿𝑔𝜇𝜈 = 𝛿𝑔𝑎1𝑏1 = 𝛿ℎ𝑎2𝑏2 = 𝛿𝛾𝑎3𝑏3 = 0  

𝛿𝐺𝐴𝐵 =
1

2
𝜂𝑎𝑏𝜖‾(Γ

𝑎𝜓𝐴𝑒𝐵
𝑏 + 𝑒𝐴

𝑎Γ𝑏𝜓𝐵)  

𝛿𝑒𝜇
𝑎0  =

1

2
𝜖‾Γ𝑎0𝜓𝜇 = 0, 𝑎0 = 1,2,3,4

𝛿𝐺𝑎1𝑏1  = 𝑔𝑎1𝑏1𝛿Φ

𝛿𝐺𝑎2𝑏2  = 0

𝛿𝐺𝑎3𝑏3  = 2𝑔𝑎3𝑏3Φ𝛿Φ

𝛿𝐺10,10  = −6Φ
−7𝛿Φ
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∇𝑀𝜖 +
√2

288
(Γ𝑀
𝐴𝐵𝐶𝐷 − 8Γ𝐵𝐶𝐷𝛿𝑀

𝐴)𝐹𝐴𝐵𝐶𝐷𝜖 = 0  

𝒯00
(matter )[𝜓𝐴, 𝐴𝑀𝑁𝑃, 𝑎(𝑡), Φ(𝑥

𝜇), 𝑥𝜇] 𝒯𝜇𝜈
(matter )[𝜓𝐴, 𝐴𝑀𝑁𝑃, 𝑎(𝑡), Φ(𝑥

𝜇), 𝑥𝜇], 𝜓𝐴(𝑎(𝑡), Φ(𝑥
𝜇), 𝑥𝐴) and 

𝐴𝑀𝑁𝑃(𝑎(𝑡), Φ(𝑥
𝜇), 𝑥𝐴) 𝒯𝜇𝜈

(matter )[𝑎(𝑡), Φ(𝑥𝜇), 𝑥𝜇] 

𝒯𝜇𝜈 =
23𝑚𝑝

2

2Φ2
∇𝜇Φ∇𝜈Φ+ 𝑔𝜇𝜈 (−

1

2

23𝑚𝑝
2

2Φ2
∇𝜌Φ∇

𝜌Φ− 𝑉(Φ)) + 𝒯𝜇𝜈
(matter )

 

𝒢𝜇𝜈 =
1

𝑚𝑝
2 𝒯𝜇𝜈  

𝑆eff = ∫  𝑑
4𝑥√−𝑔4 [

𝑚𝑝
2

2
𝑅(4) −

1

2

23𝑚𝑝
2

2Φ2
∇𝜇Φ∇

𝜇Φ− 𝑉(Φ) + ℒmatter ]  

𝒯𝜇𝜈
(matter) 

= −2
𝛿ℒmatter 

𝛿𝑔𝜇𝜈
+ 𝑔𝜇𝜈ℒmatter  

ℒmatter = ℒSM + ℒDM + ℒDE  

𝑛̃  = 𝑒𝛼𝑛
Φ̃  = 𝑒−𝛼Φ

𝜙̃  = −𝛼/√𝜆−1 + 𝜙

 

𝑈̃(Φ̃) = 𝑈(Φ̃) = 𝑒2𝑠3𝛼𝑈(Φ).  

𝜖̃(𝜙̃) =
𝑚𝑝
2

2
(
𝑈̃𝜙̃

𝑈̃
)

2

=
𝑚𝑝
2

2
(
𝑒2𝑠3𝛼𝑈𝜙𝑑𝜙/𝑑𝜙̃

𝑒2𝑠3𝛼𝑈
)

2

= 𝜖(𝜙).  

Modelo Unificado de Gravedad Cuántica Relativista AdS/CFT en simetría de calibre y espacios 

compactificados, con o sin interferencia gravitónica. Cálculos complementarios. 

ℏ = 1 = 𝑐.  

𝑀Pl ≡
1

√8𝜋𝐺𝑁
 

d𝑠2 = −(d𝑥0)2 + (d𝑥1)2 + (d𝑥2)2 + (d𝑥3)2 +⋯ ≡ 𝜂𝜇𝜈d𝑥
𝜇d𝑥𝜈  

(𝜂𝜇𝜈) = diag(−1,+1,+1,+1,… ).  

𝑓(𝑥) = ∫  
d𝑑𝑥

(2𝜋)𝑑
𝑓(𝑝)𝑒𝑖𝑝⋅𝑥 , 𝑓(𝑝) = ∫  d𝑑𝑥𝑓(𝑥)𝑒−𝑖𝑝⋅𝑥  

𝜕𝜇𝑓(𝑥) = ∫  
d𝑑𝑝

(2𝜋)𝑑
(𝑖𝑝𝜇)𝑓(𝑝)𝑒

𝑖𝑝⋅𝑥  ⇒  𝜕𝜇 → 𝑖𝑝𝜇  
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Γ𝜇𝜈
𝜌
=
1

2
𝑔𝜌𝜎(𝜕𝜇𝑔𝜎𝜈 + 𝜕𝜈𝑔𝜇𝜎 − 𝜕𝜎𝑔𝜇𝜈) 

∇𝜇𝑉
𝑣 = 𝜕𝜇𝑉

𝑣 + Γ𝜇𝜌
𝑣 𝑉𝜌  and  ∇𝜇𝑉𝑣 = 𝜕𝜇𝑉𝑣 − Γ𝜇𝜈

𝜌
𝑉𝜌, 

[∇𝑣, ∇𝜌]𝑉
𝜎 = 𝑉𝜇𝑅𝜇𝜈𝜌

𝜎   and  [∇𝑣, ∇𝜌]𝑉𝜇 = −𝑉𝜎𝑅𝜇𝜈𝜌
𝜎 ,  

𝑅𝜎 𝜇𝜈𝜌 = 𝜕𝜈Γ
𝜎 𝜇𝜌 − 𝜕𝜌Γ

𝜎  𝜇𝜈 + Γ
𝜎  𝛼𝜈Γ

𝛼 𝜇𝜌 − Γ
𝜎  𝛼𝜌Γ

𝛼  𝜇𝜈. 

𝑅𝜇𝜈𝜌𝜎 =
1

2
(𝜕𝜈𝜕𝜌𝑔𝜇𝜎 + 𝜕𝜇𝜕𝜎𝑔𝜈𝜌 − 𝜕𝜎𝜕𝜈𝑔𝜇𝜌 − 𝜕𝜇𝜕𝜌𝑔𝜈𝜎) + 𝑔𝛼𝛽 (Γ𝜈𝜌

𝛼 Γ𝜇𝜎
𝛽
− Γ𝜎𝜈

𝛼 Γ𝜇𝜌
𝛽
) .  

𝑅𝑣𝜎 = 𝑅𝑣𝜌𝜎
𝜌

= 𝛿𝜇
𝜌
𝑅𝑣𝜌𝜎
𝜇

= 𝑔𝜇𝜌𝑅𝜇𝜈𝜌𝜎  

𝑅 = 𝑅𝑣
𝑣 = 𝑔𝑣𝜎𝑅𝑣𝜎  

𝑆EH[𝑔] =
1

2𝜅2
∫   d4𝑥√−𝑔(𝑅 − 2Λ)  

𝛿(√−𝑔)  = −
1

2
√−𝑔𝑔𝜇𝜈𝛿𝑔

𝜇𝜈

𝛿𝑅𝜇𝜈  =
1

2
𝑔𝜎𝜌[∇𝜎∇𝜇𝛿𝑔𝜌𝜈 + ∇𝜎∇𝜈𝛿𝑔𝜇𝜌 − ∇𝜎∇𝜌𝛿𝑔𝜇𝜈 − ∇𝜈∇𝜇𝛿𝑔𝜌𝜎]

 

0= 𝛿(𝑆EH + 𝑆𝑚) = ∫  d
4𝑥√−𝑔 [

1

2𝜅2
(𝑅𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅 + Λ𝑔𝜇𝜈) −

1

2
𝑇𝜇𝜈] 𝛿𝑔

𝜇𝜈 

 ⇒ 𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = 𝜅
2𝑇𝜇𝜈

 

𝑇𝜇𝜈 =
−2

√−𝑔

𝛿𝑆𝑚
𝛿𝑔𝜇𝜈

 

𝑥𝜇 → 𝑥′𝜇(𝑥)  

𝑥𝜇 → 𝑥′𝜇(𝑥) = 𝑥𝜇 + 𝜁𝜇(𝑥)  

𝑔𝜇𝜈
′ (𝑥′)=

𝜕𝑥𝜌

𝜕𝑥′𝜇
𝜕𝑥𝜎

𝜕𝑥′𝜈
𝑔𝜌𝜎(𝑥)  

 = (𝛿𝜇  
𝜌 −

𝜕𝜁𝜌

𝜕𝑥′𝜇
)(𝛿𝜈  

𝜎 −
𝜕𝜁𝜎

𝜕𝑥′𝜈
)𝑔𝜌𝜎(𝑥)

 = 𝑔𝜇𝜈(𝑥) − 𝑔𝜇𝜌(𝑥)𝜕𝜈𝜁
𝜌(𝑥) − 𝑔𝜈𝜌(𝑥)𝜕𝜇𝜁

𝜌(𝑥) + 𝒪(𝜁2)

 

 

𝑔𝜇𝜈
′ (𝑥′) = 𝑔𝜇𝜈

′ (𝑥) + 𝜕𝜌𝑔𝜇𝜈(𝑥)𝜁
𝜌 + 𝒪(𝜁2)  

 

𝜕𝜌𝑔𝜇𝜈
′ (𝑥)𝜁𝜌 = 𝜕𝜌𝑔𝜇𝜈(𝑥

′)𝜁𝜌 + 𝒪(𝜁2) = 𝜕𝜌𝑔𝜇𝜈(𝑥)𝜁
𝜌 + 𝒪(𝜁2) 
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𝛿𝜁𝑔𝜇𝜈(𝑥)≡ 𝑔𝜇𝜈
′ (𝑥) − 𝑔𝜇𝜈(𝑥)  

 = −𝜁𝜌(𝑥)𝜕𝜌𝑔𝜇𝜈(𝑥) − 𝑔𝜇𝜌(𝑥)𝜕𝜈𝜁
𝜌(𝑥) − 𝑔𝜈𝜌(𝑥)𝜕𝜇𝜁

𝜌(𝑥)

 = −∇𝜇𝜁𝜈(𝑥) − ∇𝜈𝜁𝜇(𝑥)

 

0 = 𝛿𝜁𝑆EH =
1

2𝜅2
∫   d4𝑥

𝛿(√−𝑔(𝑅 − 2Λ))

𝛿𝑔𝜇𝜈
𝛿𝜁𝑔𝜇𝜈 = −

1

𝜅2
∫   d4𝑥√−𝑔(∇𝜇𝐺

𝜇𝜈)𝜁𝜈  

0 = ∇𝜇𝐺
𝜇𝑣 = 𝜕0𝐺

0𝑣 + 𝜕𝑖𝐺
𝑖𝑣 + Γ𝜇𝜌

𝜇
𝐺𝜌𝑣 + Γ𝜇𝜌

𝑣 𝐺𝜇𝜌.  

𝑔𝜇𝜈(𝑥) = 𝑔‾𝜇𝜈(𝑥) + 2𝜅ℎ𝜇𝜈(𝑥)  

𝑆EH[𝑔‾ + 2𝜅ℎ] = 𝑆EH
(0)
[𝑔‾] + 𝑆EH

(1)
[𝑔‾, ℎ] + 𝑆EH

(2)
[𝑔‾, ℎ] + ⋯+ 𝑆EH

(𝑛)
[𝑔‾, ℎ] + ⋯ ,  

𝑆EH
(0)
[𝑔‾]  =

1

2𝜅2
∫   d4𝑥√−𝑔‾(𝑅‾ − 2Λ)

𝑆EH
(1)
[𝑔‾, ℎ]  =

1

1!
2𝜅∫   d4𝑦

𝛿𝑆EH
𝛿𝑔𝜇𝜈(𝑦)

|
𝑔=𝑔‾

ℎ𝜇𝜈(𝑦)

𝑆EH
(2)
[𝑔‾, ℎ]  =

1

2!
(2𝜅)2∫   d4𝑦1 d4𝑦2

𝛿𝑆EH
𝛿𝑔𝜇1𝜈1(𝑦1)𝛿𝑔𝜇2𝜈2(𝑦2)

|
𝑔=𝑔‾

ℎ𝜇1𝜈1(𝑦1)ℎ𝜇2𝜈2(𝑦2)

 ⋮

𝑆EH
(𝑛)
[𝑔‾, ℎ]  =

1

𝑛!
(2𝜅)𝑛∫   d4𝑦1⋯  d4𝑦𝑛

𝛿𝑆EH
𝛿𝑔𝜇1𝜈1(𝑦1)⋯𝛿𝑔𝜇𝑛𝜈𝑛(𝑦𝑛)

|
𝑔=𝑔‾

ℎ𝜇1𝜈1(𝑦1)⋯ℎ𝜇𝑛𝜈𝑛(𝑦𝑛),

⋮

 

𝑆EH
(1)
[𝑔‾, ℎ]=

1

𝜅
∫   d4𝑦 [

𝛿

𝛿𝑔𝜇𝜈(𝑦)
∫  d4𝑥√−𝑔(𝑥)(𝑅(𝑥) − 2Λ)]|

𝑔=𝑔‾

ℎ𝜇𝜈(𝑦)  

 = −
1

𝜅
∫   d4𝑦√−𝑔(𝑦) [𝑅‾𝜇𝜈(𝑦) −

1

2
𝑔‾𝜇𝜈(𝑦)𝑅‾(𝑦) + 𝑔‾𝜇𝜈(𝑦)Λ] ℎ𝜇𝜈(𝑦)

 = 0

 

𝑆EH
(2)
[𝑔‾, ℎ]=

1

2!
𝛿(2)𝑆EH[𝑔‾, ℎ]  

 =
1

4𝜅2
∫   d4𝑥[𝛿(𝛿(√−𝑔)𝑅 + √−𝑔𝛿𝑅)]𝑔=𝑔‾

 =
1

4𝜅2
∫   d4𝑥[𝛿(2)(√−𝑔)𝑅 + 2𝛿(√−𝑔)𝛿𝑅 + √−𝑔𝛿(2)𝑅]

𝑔=𝑔‾

 

𝑔𝜇𝑣  = 𝑔‾𝜇𝑣 − 2𝜅ℎ𝜇𝑣 + 4𝜅2ℎ𝜌
𝜇
ℎ𝑣𝜌 +⋯

Γ𝜌𝜎
𝜇
 = Γ‾𝜌𝜎

𝜇
+ 𝜅𝑔𝜇𝑣(∇‾𝜌ℎ𝑣𝜎 + ∇‾𝜎ℎ𝑣𝜌 − ∇‾𝑣ℎ𝜌𝜎)

 

𝑅 =𝑅‾ + 𝛿𝑅 +
1

2
𝛿(2)𝑅 +⋯ ,

𝛿𝑅 =2𝜅(∇‾𝜇∇‾𝜈ℎ
𝜇𝑣 − ∇‾2ℎ − 𝑅‾𝜇𝑣ℎ𝜇𝑣),

𝛿(2)𝑅 =4𝜅2 (
3

2
∇‾𝜌ℎ𝜇𝜈∇‾

𝜌ℎ𝜇𝑣 + 2ℎ𝜇𝜈∇‾
2ℎ𝜇𝑣 − 2∇‾𝜌ℎ𝜇

𝜌
∇‾𝜎ℎ

𝜎𝜇

 +2∇‾𝜌ℎ𝜇
𝜌
∇‾𝜇ℎ − 4ℎ𝜇𝜈∇‾

𝜇∇‾𝜌ℎ
𝜌𝑣 + 2ℎ𝜇𝜈∇‾

𝜇∇‾𝑣ℎ

−∇‾𝜇ℎ𝑣𝜌∇‾
𝜌ℎ𝜇𝑣 −

1

2
∇‾𝜇ℎ∇‾

𝜇ℎ + 2𝑅‾𝜇𝑣𝜌𝜎ℎ
𝜇𝜌ℎ𝑣𝜎) .
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√−𝑔 = √−𝑔‾ + 𝛿(√−𝑔) +
1

2
𝛿(2)(√−𝑔) +⋯

𝛿(√−𝑔) = √−𝑔‾𝜅ℎ, 𝛿(2)(√−𝑔) = √−𝑔‾𝜅2(ℎ2 − 2ℎ𝜇𝜈ℎ
𝜇𝜈).

 

𝑆EH
(2)
[𝑔‾, ℎ] = ∫d4𝑥√−𝑔‾ [−

1

2
∇‾𝜌ℎ𝜇𝜈∇‾

𝜌ℎ𝜇𝜈 + ∇‾𝜌ℎ
𝜌 𝜇∇‾𝜎ℎ

𝜎𝜇 − ∇‾𝜇ℎ∇‾𝜈ℎ
𝜇𝜈 +

1

2
∇‾𝜌ℎ∇‾

𝜌ℎ 

−
1

2
(𝑅‾ − 2Λ) (ℎ𝜇𝜈ℎ

𝜇𝜈 −
1

2
ℎ2) + (ℎ𝜇𝜌ℎ𝜌 

𝜈 − ℎℎ𝜇𝜈)𝑅‾𝜇𝜈+ℎ
𝜇𝜌ℎ𝜈𝜎𝑅‾𝜇𝜈𝜌𝜎]

 

𝑆(𝑛)[𝑔‾, ℎ] ∼ 𝒪(𝜅𝑛−2ℎ𝑛), 𝑛 ≥ 3  

𝑆EH
(2)
[𝜂, ℎ] = ∫  d4𝑥 [−

1

2
𝜕𝜌ℎ𝜇𝜈𝜕

𝜌ℎ𝜇𝜈 + 𝜕𝜌ℎ𝜇
𝜌
𝜕𝜎ℎ

𝜎𝜇 − 𝜕𝜇ℎ𝜕𝜈ℎ
𝜇𝜈 +

1

2
𝜕𝜌ℎ𝜕

𝜌ℎ]  

𝑆EH
(2)
[𝜂, ℎ] = ∫  d4𝑥

1

2
ℎ𝜇𝜈𝕂

𝜇𝜈𝜌𝜎ℎ𝜌𝜎  

𝕂𝜇𝜈𝜌𝜎 ≡
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌) ◻ −𝜂𝜇𝜈𝜂𝜌𝜎 ◻+𝜂𝜇𝜈𝜕𝜌𝜕𝜎 + 𝜂𝜌𝜎𝜕𝜇𝜕𝜈

 −
1

2
(𝜂𝜇𝜌𝜕𝜈𝜕𝜎 + 𝜂𝜇𝜎𝜕𝜈𝜕𝜌 + 𝜂𝜈𝜌𝜕𝜇𝜕𝜎 + 𝜂𝜈𝜎𝜕𝜇𝜕𝜌)

 

𝕂𝜇𝜈𝜌𝜎 = 𝕂𝜈𝜇𝜌𝜎 = 𝕂𝜇𝜈𝜎𝜌 = 𝕂𝜌𝜎𝜇𝜈.  

𝑆𝑚[𝜂 + 2𝜅ℎ]  = 𝑆𝑚[𝜂] + 2𝜅∫   d
4𝑥
𝛿𝑆𝑚
𝛿𝑔𝜇𝑣

ℎ𝜇𝑣 + 𝒪(𝜅
2ℎ2)

 = 𝑆𝑚[𝜂] + 𝜅∫  d
4𝑥𝑇𝜇𝑣ℎ𝜇𝑣 + 𝒪(𝜅

2ℎ2)

 

𝛿𝜁ℎ𝜇𝜈= ∇𝜇𝜁𝑣 + ∇𝑣𝜁𝜇  

 = 𝜕𝜇𝜁𝑣 + 𝜕𝑣𝜁𝜇 + 2𝜅(ℎ𝜇𝜌𝜕𝑣𝜁
𝜌 + ℎ𝑣𝜌𝜕𝜇𝜁

𝜌 + 𝜁𝜌𝜕𝜌ℎ𝜇𝜈),
 

𝛿𝜁ℎ𝜇𝜈 = 𝜕𝜇𝜁𝜈 + 𝜕𝜈𝜁𝜇  ⇒  𝛿𝜁𝑆EH
(2)
[𝜂, ℎ] = 0  

𝕂𝜇𝜈  
𝜌𝜎ℎ𝜌𝜎 = −𝜅𝑇𝜇𝜈

⇔ ◻ ℎ𝜇𝜈 −
1

2
𝜂𝜇𝜈 ◻ ℎ + 𝜂𝜇𝜈𝜕𝜌 (𝜕𝜎ℎ

𝜌𝜎 −
1

2
𝜕𝜌ℎ)

 −𝜕𝜇 (𝜕𝜌ℎ
𝜌 𝜈 −

1

2
𝜕𝜈ℎ) − 𝜕𝜈 (𝜕𝜌ℎ

𝜌 𝜇 −
1

2
𝜕𝜇ℎ) = −𝜅𝑇𝜇𝜈

 

−2◻ ℎ + 2𝜕𝜌𝜕𝜎ℎ
𝜌𝜎 = −𝜅𝑇  

𝜕𝜌ℎ𝑣
𝜌
−
1

2
𝜕𝑣ℎ = 0  

◻ ℎ𝜇𝜈 −
1

2
𝜂𝜇𝜈 ◻ ℎ = −𝜅𝑇𝜇𝜈 .  

◻ ℎ𝜇𝜈 = 0.  

ℎ𝜇𝜈(𝑥) = 𝜖𝜇𝜈(𝑝)𝑒
𝑖𝑝⋅𝑥 + 𝜖𝜇𝜈

∗ (𝑝)𝑒−𝑖𝑝⋅𝑥 , 𝑝2 = −𝑝0
2 + 𝑝2 = 0  
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𝑝𝜇𝜖𝜇𝜈 −
1

2
𝑝𝜈𝜖 = 0, 𝜖 ≡ 𝜂

𝜇𝜈𝜖𝜇𝜈  

0 = 𝛿𝜁 (𝜕
𝜌ℎ𝜌𝑣 −

1

2
𝜕𝑣ℎ) = 𝜕

𝜌(𝜕𝜌𝜁𝑣 + 𝜕𝑣𝜁𝜌) −
1

2
𝜕𝑣(2𝜕𝜌𝜁

𝜌) =◻ 𝜁𝑣  

𝜁𝑣(𝑥) = 𝑟𝑣(𝑝)𝑒
𝑖𝑝⋅𝑥 + 𝑟𝑣

∗(𝑝)𝑒−𝑖𝑝⋅𝑥 , 𝑝2 = −𝑝0
2 + 𝑝2 = 0  

𝑝𝜇 = (𝑝0, 0,0, 𝑝3), 𝑝0 = 𝑝3  

𝑣 = 0: 𝜖00 + 𝜖30 +
1

2
𝜖 = 0,

𝑣 = 1: 𝜖01 + 𝜖31 = 0,
𝑣 = 2: 𝜖02 + 𝜖32 = 0,

𝑣 = 3: 𝜖03 + 𝜖33 −
1

2
𝜖 = 0.

 

𝑟0: 𝜖00 = 0, 𝑟1: 𝜖01 = 0, 𝑟2: 𝜖02 = 0, 𝑟3: 𝜖33 = 0  

𝜖𝜇𝜈 = (

0 0 0 0
0 𝜖11 𝜖12 0
0 𝜖12 −𝜖11 0
0 0 0 0

) = 𝜖11𝑒𝜇𝜈
(+)
+ 𝜖12𝑒𝜇𝜈

(×)
 

𝑒𝜇𝜈
(+)
= (

0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

) , 𝑒𝜇𝜈
(×)
= (

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

)  

𝜕𝜇ℎ𝜈
𝜇
= 0, ℎ = 𝜂𝜇𝜈ℎ𝜇𝜈 = 0  

𝑅𝜇
𝑣(𝜃) = (

1 0 0 0
0 cos 𝜃 sin 𝜃 0
0 −sin 𝜃 cos 𝜃 0
0 0 0 1

)  

𝑒𝜇𝜈
(+2)

=
1

√2
(𝑒𝜇𝜈
(+)
+ 𝑖𝑒𝜇𝜈

(×)
) , 𝑒𝜇𝜈

(−2)
=
1

√2
(𝑒𝜇𝜈
(+)
− 𝑖𝑒𝜇𝜈

(×)
)  

𝑅𝜇
𝜌
(𝜃)𝑒𝜌𝜎

(±2)
𝑅𝑣
𝜎(𝜃) = 𝑒±2𝑖𝜃𝑒𝜇𝑣

(±2)
, 𝜆 = ±2  

𝜖𝜇𝜈 =
1

√2
(𝜖11 − 𝑖𝜖12)𝑒𝜇𝜈

(+2)
+
1

√2
(𝜖11 + 𝑖𝜖12)𝑒𝜇𝜈

(−2)
≡ 𝜖𝜇𝜈

(+2)
+ 𝜖𝜇𝜈

(−2)
 

𝜖𝜇𝜈
(+2)

≡
1

√2
(𝜖11 − 𝑖𝜖12)𝑒𝜇𝜈

(+2)
, 𝜖𝜇𝜈
(−2)

≡
1

√2
(𝜖11 + 𝑖𝜖12)𝑒𝜇𝜈

(−2)
 

𝜕𝑖ℎ𝜇
𝑖 = 0, 𝜇 = 0,1,2,3,  

◻ ℎ𝜇𝜈 − 𝜂𝜇𝜈 ◻ ℎ + 𝜂𝜇𝜈ℎ̈00 + 𝜕𝜇𝜕𝜈ℎ + 𝜕𝜇ℎ̇0𝜈 + 𝜕𝜈ℎ̇0𝜇 = 0,  

0 = 𝑖𝑝𝑗ℎ𝜇
𝑗
= 𝑖𝑝3ℎ3𝜇  ⇒  ℎ30 = ℎ31 = ℎ32 = ℎ33 = 0  
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−𝑝3
2(ℎ00 + ℎ) = 0 ⇒  ℎ00 = −ℎ.  

−(ℎ̈11 + 𝑝3
2ℎ11) + 𝑝3

2ℎ = 0,−(ℎ̈22 + 𝑝3
2ℎ22) + 𝑝3

2ℎ = 0,  

ℎ̈11 + 𝑝3
2ℎ11 = 0.  

ℎ̈12 + 𝑝3
2ℎ12 = 0.  

(−𝑝0
2 + 𝑝3

2)𝜖11 = 0, (−𝑝0
2 + 𝑝3

2)𝜖12 = 0  

∇2𝜁𝑣 + 𝜕𝑣(𝜕
𝑗𝜁𝑗) = 0  

𝑉𝜌𝜎 = 𝜕𝜌𝜁𝜎 + 𝜕𝜎𝜁𝜌, 𝕂
𝜇𝜈𝜌𝜎𝑉𝜌𝜎 = 0  

𝑆gf[𝜂, ℎ] = −
1

𝛼
∫   d4𝑥ℱ𝜇ℱ

𝜇 , ℱ𝜇 ≡ 𝜕𝑣ℎ𝜇
𝑣 −

1

2
𝜕𝜇ℎ  

𝑆gf[𝜂, ℎ] = ∫  d
4𝑥
1

2
ℎ𝜇𝜈𝕂gf

𝜇𝜈𝜌𝜎
ℎ𝜌𝜎  

𝕂gf
𝜇𝜈𝜌𝜎

≡
1

2𝛼
𝜂𝜇𝜈𝜂𝜌𝜎 ◻−

1

𝛼
(𝜂𝜇𝜈𝜕𝜌𝜕𝜎 + 𝜂𝜌𝜎𝜕𝜇𝜕𝜈)

 +
1

2𝛼
(𝜂𝜇𝜌𝜕𝜈𝜕𝜎 + 𝜂𝜇𝜎𝜕𝜈𝜕𝜌 + 𝜂𝜈𝜌𝜕𝜇𝜕𝜎 + 𝜂𝜈𝜎𝜕𝜇𝜕𝜌)

 

𝑆̃(2)[𝜂, ℎ] ≡ 𝑆EH
(2)
[𝜂, ℎ] + 𝑆gf[𝜂, ℎ] = ∫  d

4𝑥
1

2
ℎ𝜇𝜈𝕂̃

𝜇𝜈𝜌𝜎ℎ𝜌𝜎  

𝕂̃𝜇𝜈𝜌𝜎 ≡ 𝕂𝜇𝜈𝜌𝜎 +𝕂gf
𝜇𝜈𝜌𝜎

=
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌) ◻ −(1 −

1

2𝛼
)𝜂𝜇𝜈𝜂𝜌𝜎 ◻

+(1 −
1

𝛼
) (𝜂𝜇𝜈𝜕𝜌𝜕𝜎 + 𝜂𝜌𝜎𝜕𝜇𝜕𝜈)  

 −
1

2
(1 −

1

𝛼
) (𝜂𝜇𝜌𝜕𝜈𝜕𝜎 + 𝜂𝜇𝜎𝜕𝜈𝜕𝜌 + 𝜂𝜈𝜌𝜕𝜇𝜕𝜎 + 𝜂𝜈𝜎𝜕𝜇𝜕𝜌)

 

𝕂̃𝜇𝜈𝜌𝜎𝑉𝜌𝜎 ≠ 0.  

𝕂̃𝜇𝜈𝜌𝜎(𝑝) =−
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌)𝑝2 + (1 −

1

2𝛼
)𝜂𝜇𝜈𝜂𝜌𝜎𝑝2  

 − (1 −
1

𝛼
) (𝜂𝜇𝜈𝑝𝜌𝑝𝜎 + 𝜂𝜌𝜎𝑝𝜇𝑝𝜈)

 +
1

2
(1 −

1

𝛼
) (𝜂𝜇𝜌𝑝𝜈𝑝𝜎 + 𝜂𝜇𝜎𝑝𝜈𝑝𝜌 + 𝜂𝜈𝜌𝑝𝜇𝑝𝜎 + 𝜂𝜈𝜎𝑝𝜇𝑝𝜌)

 

𝒢𝜇𝜈  
𝛼𝛽(𝑝)𝕂̃𝛼𝛽 

𝜌𝜎(𝑝) = 𝑖𝟙𝜇𝜈  
𝜌𝜎 ,  

𝒢𝜇𝜈𝛼𝛽(𝑝)𝕂̃𝜌𝜎
𝛼𝛽
(𝑝) = 𝑖𝟙𝜇𝜈𝜌𝜎  

𝟙𝜇𝜈  
𝜌𝜎 =

1

2
(𝛿𝜇  

𝜌𝛿𝜈  
𝜎 + 𝛿𝜈  

𝜌𝛿𝜇 
𝜎), 𝟙𝜇𝜈𝜌𝜎 =

1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜈𝜌𝜂𝜇𝜎)  
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𝐵𝜇𝜈𝜌𝜎
(1)

(𝑝) = 𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌,

𝐵𝜇𝜈𝜌𝜎
(2)

(𝑝) = 𝜂𝜇𝜈𝜂𝜌𝜎 ,

𝐵𝜇𝜈𝜌𝜎
(3)

(𝑝) =
1

𝑝2
(𝜂𝜇𝜈𝑝𝜌𝑝𝜎 + 𝜂𝜌𝜎𝑝𝜇𝑝𝜈),

𝐵𝜇𝜈𝜌𝜎
(4)

(𝑝) =
1

𝑝2
(𝜂𝜇𝜌𝑝𝜈𝑝𝜎 + 𝜂𝜇𝜎𝑝𝜈𝑝𝜌 + 𝜂𝜈𝜌𝑝𝜇𝑝𝜎 + 𝜂𝜈𝜎𝑝𝜇𝑝𝜌),

𝐵𝜇𝜈𝜌𝜎
(5)

(𝑝) =
1

(𝑝2)2
𝑝𝜇𝑝𝜈𝑝𝜌𝑝𝜎 .

 

𝒢𝜇𝜈𝜌𝜎(𝑝) =∑ 

5

𝑗=1

  𝑐𝑗(𝑝)𝐵𝜇𝜈𝜌𝜎
(𝑗)

(𝑝)  

𝕂̃(𝛼=1)𝜇𝜈𝜌𝜎(𝑝)  = −
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌 − 𝜂𝜇𝜈𝜂𝜌𝜎)𝑝2

 = 𝑎(𝑝)(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌) + 𝑏(𝑝)𝜂𝜇𝜈𝜂𝜌𝜎
 

𝒢𝜇𝜈𝜌𝜎
(𝛼=1)

(𝑝) = 𝐴(𝑝)(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌) + 𝐵(𝑝)𝜂𝜇𝜈𝜂𝜌𝜎  

𝒢𝜇𝜈𝛼𝛽
(𝛼=1)

(𝑝)𝕂̃(𝛼=1)𝛼𝛽 𝜌𝜎(𝑝)= 2𝑎𝐴[𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌] + [2𝑏𝐴 + 2𝑎𝐵 + 4𝑏𝐵]𝜂𝜇𝜈𝜂𝜌𝜎 

 =
𝑖

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜈𝜌𝜂𝜇𝜎)

 

{2𝐴𝑎 =
𝑖

2
2𝑏𝐴 + 2𝑎𝐵 + 4𝑏𝐵 = 0

⇔ 𝐴(𝑝) = −𝐵(𝑝) = −
𝑖

2𝑝2
.  

𝒢𝜇𝜈𝜌𝜎
(𝛼=1)

(𝑝) =
1

2

−𝑖

𝑝2 − 𝑖𝜖
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌 − 𝜂𝜇𝜈𝜂𝜌𝜎)  

𝑆gf[𝜂, ℎ] = −
1

𝛼
∫   d4𝑥ℱ𝜇ℱ

𝜇 , ℱ𝜇 ≡ 𝜕𝑖ℎ𝜇
𝑖  

𝕂gf
𝜇𝜈𝜌𝜎

=
1

2𝛼
(𝜂𝜇𝜌𝜂𝜈𝑖𝜂𝜎𝑗 + 𝜂𝜇𝜎𝜂𝜈𝑖𝜂𝜌𝑗 + 𝜂𝜈𝜌𝜂𝜇𝑖𝜂𝜎𝑗 + 𝜂𝜈𝜎𝜂𝜇𝑖𝜂𝜌𝑗)𝜕𝑖𝜕𝑗  

𝕂̃𝜇𝜈𝜌𝜎(𝑝, 𝑝‾) = −
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌)𝑝2 + 𝜂𝜇𝜈𝜂𝜌𝜎𝑝2 − (𝜂𝜇𝜈𝑝𝜌𝑝𝜎 + 𝜂𝜌𝜎𝑝𝜇𝑝𝜈)

 +
1

2
[𝜂𝜇𝜌 (𝑝𝜈𝑝𝜎 −

1

𝛼
𝑝‾𝜈𝑝‾𝜎) + 𝜂𝜇𝜎 (𝑝𝜈𝑝𝜌 −

1

𝛼
𝑝‾𝜈𝑝‾𝜌)

+𝜂𝜈𝜌 (𝑝𝜇𝑝𝜎 −
1

𝛼
𝑝‾𝜇𝑝‾𝜎) + 𝜂𝜈𝜎 (𝑝𝜇𝑝𝜌 −

1

𝛼
𝑝‾𝜇𝑝‾𝜌)]

 

𝕂̃0101 = 𝕂̃0202 =
1

2
𝑝3
2,𝕂̃0303 =

𝑝3
2

2𝛼
, 𝕂̃1313 = 𝕂̃2323 = −

𝑝2

2
+
1

2
(1 −

1

𝛼
)𝑝3

2

𝕂̃0011 = 𝕂̃0022 = −𝑝3
2,𝕂̃0113 = 𝕂̃0223 = −

𝑝0𝑝3
2
, 𝕂̃1103 = 𝕂̃2203 = 𝑝0𝑝3

𝕂̃1122 = 𝑝2,𝕂̃1212 = −
1

2
𝑝2, 𝕂̃1133 = 𝕂̃2233 = 𝑝2 − 𝑝3

2

 

ℎ̂ ≡ (ℎ00, ℎ01, ℎ02, ℎ03, ℎ11, ℎ12, ℎ13, ℎ22, ℎ23, ℎ33),  
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𝕂̂𝑘̂ℓ̂ ≡ 𝑠𝑘ℓ𝕂̃𝑘ℓ, 𝑘, ℓ ∈ {00,01,02,03,11,12,13,22,23,33}, 𝑘̂, ℓ̂ ∈ {1,2,… ,10}  

𝑆̃(2) =
1

2
∫   d4𝑥 ∑  

10

𝑘̂,ℓ̂=1

  ℎ̂𝑘̂𝕂̂
𝑘̂ℓ̂ℎ̂ℓ̂ =

1

2
∫   d4𝑥ℎ̂ ⋅ 𝕂̂ ⋅ ℎ̂T  
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det(𝒢̂(𝛼=0) − 𝜆𝟙) = 0 ⇔
𝜆4(1 + 𝜆𝑝2)(1 + 2𝜆𝑝2)(2 − 𝜆𝑝3

2)2(1 − 𝜆𝑝2 − 8𝜆2𝑝3
4)

2(𝑝2)2𝑝3
8 = 0  

𝜆1 = 𝜆2 = 𝜆3 = 𝜆4 = 0, 𝜆5 = 𝜆6 =
2

𝑝3
2 , 𝜆7 = −

𝑝2 +√(𝑝2)2 + 32𝑝3
4

4𝑝3
4

𝜆8 =
−𝑝2 +√(𝑝2)2 + 32𝑝3

4

4𝑝3
4 , 𝜆9 = −

2

𝑝2
, 𝜆10 = −

1

𝑝2

 

𝒢𝜇𝜈𝜌𝜎
(𝛼=0)

(𝑝, 𝑝‾) =
1

2

−𝑖

𝑝2 − 𝑖𝜖
(𝛿‾𝜇𝜌𝛿‾𝜈𝜎 + 𝛿‾𝜇𝜎𝛿‾𝜈𝜌 − 𝛿‾𝜇𝜈𝛿‾𝜌𝜎) +⋯ ,  

𝛿‾𝜇𝑣 ≡ diag(0,1,1,0)  

lim
𝑝2→0

  [𝑖𝑝2𝒢𝜇𝜈𝜌𝜎
(𝛼=0)

(𝑝, 𝑝‾)] ℎ𝜌𝜎 =
1

2
(𝑒𝜇𝜈
(+)
𝑒𝜌𝜎
(+)
+ 𝑒𝜇𝜈

(×)
𝑒𝜌𝜎
(×)
)ℎ𝜌𝜎  

𝛿‾𝜇𝜌𝛿‾𝑣𝜎 + 𝛿‾𝜇𝜎𝛿‾𝑣𝜌 − 𝛿‾𝜇𝜈𝛿‾𝜌𝜎 = 𝑒𝜇𝜈
(+)
𝑒𝜌𝜎
(+)
+ 𝑒𝜇𝜈

(×)
𝑒𝜌𝜎
(×)

 

𝑆𝐴  = ∫  d
4𝑥 [−

1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

2𝜉
(𝜕𝜇𝐴

𝜇)
2
] =

1

2
∫   d4𝑥𝐴𝜇𝕂̃

𝜇𝜈𝐴𝜈

𝕂̃𝜇𝜈  ≡ 𝜂𝜇𝜈 ◻−(1 −
1

𝜉
) 𝜕𝜇𝜕𝑣

 

𝐴𝜇 ∈ 𝟎⊕ 𝟏.  

𝜃𝜇𝑣 = 𝜂𝜇𝑣 −
𝑝𝜇𝑝𝑣

𝑝2
, 𝜔𝜇𝑣 =

𝑝𝜇𝑝𝑣

𝑝2
 

𝜃𝜇𝜌𝜃𝑣
𝜌
= 𝜃𝜇𝑣, 𝜔𝜇𝜌𝜔𝑣

𝜌
= 𝜔𝜇𝑣 , 𝜃𝜇𝜌𝜔𝑣

𝜌
= 0  

𝜃𝜇 
𝑣 +𝜔𝜇 

𝑣 = 𝛿𝜇  
𝑣  ⇔  𝜃𝜇𝑣 +𝜔𝜇𝑣 = 𝜂𝜇𝑣 .  
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𝜂𝜇𝑣𝜃𝜇𝑣 = 3 = 2(1) + 1, 𝜂
𝜇𝑣𝜔𝜇𝑣 = 1 = 2(0) + 1  

𝕂̃𝜇𝑣 = −𝑝2 [𝜃𝜇𝑣 +
1

𝜉
𝜔𝜇𝑣] .  

𝒢𝜇𝜈(𝑝) = −
𝑖

𝑝2
(𝜃𝜇𝜈 + 𝜉𝜔𝜇𝜈)  

ℎ𝜇𝑣 ∈ 𝟎⊕ 𝟎⊕ 𝟏⊕𝟐.  

𝒫(2) 𝜇𝜈𝜌𝜎=
1

2
(𝜃𝜇𝜌𝜃𝜈𝜎 + 𝜃𝜇𝜎𝜃𝜈𝜌) −

1

3
𝜃𝜇𝜈𝜃𝜌𝜎,  

𝒫(1) 𝜇𝜈𝜌𝜎 =
1

2
(𝜃𝜇𝜌𝜔𝜈𝜎 + 𝜃𝜇𝜎𝜔𝜈𝜌 + 𝜃𝜈𝜌𝜔𝜇𝜎 + 𝜃𝜈𝜎𝜔𝜇𝜌),

𝒫(0,𝑠) 𝜇𝜈𝜌𝜎 =
1

3
𝜃𝜇𝜈𝜃𝜌𝜎,

𝒫(0,𝑤) 𝜇𝜈𝜌𝜎 = 𝜔𝜇𝜈𝜔𝜌𝜎.

 

𝒫(𝑖,𝑎) 𝜇𝑣  
𝛼𝛽𝒫(𝑗,𝑏) 𝛼𝛽 

𝜌𝜎 = 𝛿𝑖𝑗𝛿𝑎𝑏𝒫(𝑖,𝑎) 𝜇𝑣  
𝜌𝜎  

𝒫(2) 𝜇𝜈𝜌𝜎 +𝒫
(1) 𝜇𝜈𝜌𝜎 +𝒫

(0,𝑠) 𝜇𝜈𝜌𝜎 +𝒫
(0,𝑤) 𝜇𝜈𝜌𝜎 = 𝟙𝜇𝜈𝜌𝜎  

𝟙𝜇𝜈𝜌𝜎𝒫(2) 𝜇𝜈𝜌𝜎 = 5 = 2(2) + 1,

𝟙𝜇𝜈𝜌𝜎𝒫(1) 𝜇𝜈𝜌𝜎 = 3 = 2(1) + 1,

𝟙𝜇𝜈𝜌𝜎𝒫(0,𝑠) 𝜇𝜈𝜌𝜎 = 1 = 2(0) + 1,

𝟙𝜇𝜈𝜌𝜎𝒫(0,𝑤) 𝜇𝜈𝜌𝜎 = 1 = 2(0) + 1,

 

𝒫𝜇𝜈𝜌𝜎
(0,𝑥)

= 𝒫𝜇𝜈𝜌𝜎
(0,𝑠𝑤)

+𝒫𝜇𝜈𝜌𝜎
(0,𝑤𝑠)

 

𝒫𝜇𝜈𝜌𝜎
(0,𝑠𝑤)

=
1

√3
𝜃𝜇𝜈𝜔𝜌𝜎 , 𝒫𝜇𝜈𝜌𝜎

(0,𝑤𝑠)
=
1

√3
𝜔𝜇𝜈𝜃𝜌𝜎  

𝒫𝜇𝜈
(𝑖,𝑎𝑏)

 𝜇𝛽
(𝑗,𝑐𝑑)

 𝛼𝛽
𝜌𝜎
= 𝛿𝑖𝑗𝛿𝑏𝑐𝒫𝜇𝜈

(𝑖,𝑎𝑑)
 𝜇𝜈
𝜌𝜎

 

𝜂𝜇𝜈𝜂𝜌𝜎= (3𝒫
(0,𝑠) +𝒫(0,𝑤) + √3𝒫(0,×))

𝜇𝜈𝜌𝜎
 

𝜂𝜇𝜈𝜔𝜌𝜎 + 𝜂𝜌𝜎𝜔𝜇𝜈 = (√3𝒫
(0,×) + 2𝒫(0,𝑤))

𝜇𝜈𝜌𝜎

1

2
(𝜂𝜇𝜌𝜔𝜈𝜎 + 𝜂𝜇𝜎𝜔𝜈𝜌 + 𝜂𝜈𝜎𝜔𝜇𝜌 + 𝜂𝜈𝜌𝜔𝜇𝜎) = (𝒫

(1) + 2𝒫(0,𝑤))
𝜇𝜈𝜌𝜎

 

𝕂̃𝜇𝜈𝜌𝜎(𝑝) = −𝑝2 [𝒫(2)𝜇𝜈𝜌𝜎 +
1

𝛼
𝒫(1)𝜇𝜈𝜌𝜎 + (

3

2𝛼
− 2)𝒫(0,𝑠)𝜇𝜈𝜌𝜎

+
1

2𝛼
𝒫(0,𝑤)𝜇𝜈𝜌𝜎 −

√3

2𝛼
𝒫(0,𝑥)𝜇𝜈𝜌𝜎]

 

𝒢𝜇𝜈𝜌𝜎(𝑝) = 𝐴(𝑝)𝒫𝜇𝜈𝜌𝜎
(2)

+ 𝐵(𝑝)𝒫𝜇𝜈𝜌𝜎
(1)

+ 𝐶(𝑝)𝒫𝜇𝜈𝜌𝜎
(0,𝑠)

+𝐷(𝑝)𝒫𝜇𝜈𝜌𝜎
(0,𝑤)

+ 𝐸(𝑝)𝒫𝜇𝜈𝜌𝜎
(0,×)
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𝐴(𝑝) = −
𝑖

𝑝2
, 𝐵(𝑝) = −

𝑖

𝑝2
𝛼, 𝐶(𝑝) =

𝑖

2𝑝2
, 𝐷(𝑝) = −

𝑖

𝑝2
(
4𝛼 − 3

2
) , 𝐸(𝑝) =

𝑖

𝑝2
√3

2
,  

𝒢𝜇𝜈𝜌𝜎(𝑝) = −
𝑖

𝑝2
[𝒫𝜇𝜈𝜌𝜎

(2)
−
1

2
𝒫𝜇𝜈𝜌𝜎
(0,𝑠)

+ 𝛼𝒫𝜇𝜈𝜌𝜎
(1)

+
4𝛼 − 3

2
𝒫𝜇𝜈𝜌𝜎
(0,𝑤)

−
√3

2
𝒫𝜇𝜈𝜌𝜎
(0,𝑥)

] .

 

𝒢𝜇𝜈𝜌𝜎
(gauge-ind )

(𝑝) = −
𝑖

𝑝2
[𝒫𝜇𝜈𝜌𝜎

(2)
−
1

2
𝒫𝜇𝜈𝜌𝜎
(0,𝑠)

]  

ℎ𝜇𝜈(𝑥) = ∑  

𝜆=+2,−2

 ∫  
 d3𝑝

(2𝜋)3
1

2𝜔𝑝⃗
(𝑎𝑝⃗,𝜆𝜖𝜇𝜈

(𝜆)
𝑒𝑖𝑝⋅𝑥 + 𝑎𝑝⃗,𝜆

† 𝜖𝜇𝜈
(𝜆)∗
𝑒−𝑖𝑝⋅𝑥)  

[𝑎𝑝⃗,𝜆, 𝑎𝑝⃗′,𝜆′] = 0 = [𝑎𝑝⃗,𝜆
† , 𝑎

𝑝⃗′,𝜆′
†

] , [𝑎𝑝⃗,𝜆, 𝑎𝑝⃗′,𝜆′
†

] = 2𝜔𝑝⃗(2𝜋)
3𝛿𝜆𝜆′𝛿

(3)(𝑝⃗ − 𝑝′).  

𝑎𝑝⃗,𝜆|0⟩ = 0  

|𝑝, 𝜆⟩ = 𝑎𝑝⃗,𝜆
† |0⟩  

𝑆[𝑔, 𝜂, ℎ] =
1

2𝜅2
∫   d4𝑥√−𝑔𝑅 −

1

𝛼
∫   d4𝑥ℱ𝜇𝜂

𝜇𝑣ℱ𝑣 + 𝑆gh[𝑔, 𝜂, ℎ]  

𝑆gh[𝑔, 𝜂, ℎ] = ∫  d
4𝑥𝑐‾𝜇

𝛿ℱ𝜇

𝛿𝜁𝑣
𝑐𝑣  

𝛿ℱ𝜇

𝛿𝜁𝜈
=
𝛿ℱ𝜇

𝛿ℎ𝜌𝜎

𝛿ℎ𝜌𝜎

𝛿𝜁𝜈
= −

𝛿ℱ𝜇

𝛿ℎ𝜌𝜎
(𝛿𝜎  

𝜈∇𝜌 + 𝛿𝜌 
𝜈∇𝜎).  

𝑆gh[𝑔, 𝜂, ℎ] = −∫  d
4𝑥𝑐‾𝜇

𝛿ℱ𝜇

𝛿ℎ𝜌𝜎
(∇𝜌𝑐𝜎 + ∇𝜎𝑐𝜌)  

ℱ𝜇 = [
1

2
(𝛿𝜇 

𝛼𝜕𝛽 + 𝛿𝜇  
𝛽𝜕𝛼) −

1

2
𝜂𝛼𝛽𝜕𝜇] ℎ𝛼𝛽.  

𝛿ℱ𝜇

𝛿ℎ𝜌𝜎
= −[

1

2
(𝛿𝜇 

𝜎𝜕𝜌 + 𝛿𝜇  
𝜌𝜕𝜎) −

1

2
𝜂𝜌𝜎𝜕𝜇] .  

𝑆gh = ∫  d
4𝑥𝑐‾𝜇(𝜕𝜌∇𝜌𝑐𝜇 + 𝜕

𝜌∇𝜇𝑐𝜌 − 𝜕𝜇∇
𝜌𝑐𝜌)  

𝑆gh = ∫  d
4𝑥𝑐‾𝜇 ◻ 𝑐𝜇 + 𝒪(𝜅ℎ)  

ℱ𝜇 =
1

2
(𝛿𝜇

𝛼𝛿𝑖
𝛽
+ 𝛿𝜇

𝛽
𝛿𝑖
𝛼)𝛿𝑣

𝑖𝜕𝑣ℎ𝛼𝛽  

𝛿ℱ𝜇

𝛿ℎ𝜌𝜎
= −

1

2
(𝛿𝜇  

𝜌𝛿𝑖  
𝜎 + 𝛿𝜇  

𝜎𝛿𝑖 
𝜌)𝛿𝑣  

𝑖𝜕𝑣  
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𝑆gh = ∫  d
4𝑥𝑐‾𝜇(𝜕𝑖∇𝜇𝑐𝑖 + 𝜕

𝑖∇𝑖𝑐𝜇)  

𝑆gh = ∫  d
4𝑥𝑐‾𝜇(𝛿𝑖

𝑣𝜕𝑖𝜕𝜇 + 𝜂𝜇𝑣𝜕𝑖𝜕𝑖)𝑐𝑣 + 𝒪(𝜅ℎ)  

𝒜1→1(𝑝
2) = (−𝑖)(−𝑖)2𝜖∗𝜇𝜈𝒢𝜇𝜈𝜌𝜎(𝑝

2)𝜖𝜌𝜎  

1

𝑝2 − 𝑖𝜖
= P. V. (

1

𝑝2
) + 𝑖𝜋𝛿(𝑝2)  

Im[𝒜1→1(𝑝
2)] = 𝜋𝛿(𝑝2) [𝜖∗𝜇𝑣𝜖𝜇𝑣 −

1

2
|𝜂𝜇𝑣𝜖𝜇𝑣|

2
] = 𝜋𝛿(𝑝2)𝜖∗𝜇𝑣𝜖𝜇𝑣 ≥ 0  

𝑆gh = ∫  d
4𝑥𝑐‾𝜇𝕂FP

𝜇𝑣
𝑐𝑣 + 𝒪(𝜅ℎ)  

𝕂FP
𝜇𝑣
=

(

 
 
 
 

𝑝3
2 0 0 −

1

2
𝑝3
2

0 −𝑝3
2 0 0

0 0 −𝑝3
2 0

−
1

2
𝑝3
2 0 0 −2𝑝3

2
)

 
 
 
 

 

Δ𝑛 ≡ [𝜅
𝑛−2] = 2 − 𝑛 < 0, 𝑛 ≥ 3  

𝛿(𝐺) = 4 − 𝐸 −∑  

𝑛

 𝑉𝑛Δ𝑛  

∫  𝑑4𝑘⋯𝑑4𝑘⏟      
𝐿-loops 

×
1

𝑘2
⋯
1

𝑘2⏟    
𝐼-internal propagators 

× 𝑘2⋯𝑘2⏟    
𝑉-vertices 

∼ 𝑘2𝐿+2(𝐿−𝐼+𝑉) = 𝑘2𝐿+2
 

 

𝑝𝑝𝑝𝑝∫   d4𝑘
1

𝑘2
1

𝑘2
𝑘2𝑘2 ∼ 𝑝𝑝𝑝𝑝∫  

 d𝑘

𝑘
.  

Γdiv
(1)
[𝑔] =

1

𝜀
∫   d4𝑥√−𝑔[𝑐1𝑅

2 + 𝑐2𝑅𝜇𝜈𝑅
𝜇𝜈 + 𝑐3𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎

+𝑐4𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜌𝜈𝜎 + 𝑐5∇𝜇∇𝜈𝑅

𝜇𝜈 + 𝑐6 ◻𝑅],
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Γdiv
(1)
[𝑔] =

1

𝜀
∫   d4𝑥√−𝑔[𝑎𝑅2 + 𝑏𝑅𝜇𝑣𝑅

𝜇𝑣]  

𝑎 = −
1

(4𝜋)2
1

120
, 𝑏 = −

1

(4𝜋)2
7

20
.  

𝑆′[𝑔] = 𝑆EH[𝑔] + Γdiv
(1)
[𝑔]  

 

𝑔𝜇𝑣 → 𝑔𝜇𝑣
′ (𝑔, 𝑎, 𝑏) = 𝑔𝜇𝑣 + Δ𝑔𝜇𝑣(𝑎, 𝑏)  

𝑆EH[𝑔] + Γdiv
(1)
[𝑔] = 𝑆EH[𝑔 + Δ𝑔] + 𝒪(𝑎

2, 𝑏2, 𝑎𝑏) = 𝑆EH[𝑔
′] + 𝒪(𝑎2, 𝑏2, 𝑎𝑏)  

 

Δ𝑆EH[𝑔] ≡ ∫  d
4𝑥√−𝑔

𝛿𝑆EH
𝛿𝑔𝜇𝑣

Δ𝑔𝜇𝑣 = Γdiv
(1)
[𝑔]  

Δ𝑆EH[𝑔]  = −∫  d
4𝑥√−𝑔

1

2𝜅2
(𝑅𝜇𝑣 −

1

2
𝑔𝜇𝑣𝑅)(𝐴𝑔𝜇𝑣𝑅 + 𝐵𝑅𝜇𝑣)

 = −∫  d4𝑥√−𝑔
1

2𝜅2
[−(𝐴 +

1

2
𝐵)𝑅2 + 𝐵𝑅𝜇𝑣𝑅

𝜇𝑣]

 

{
 

 
𝑎

𝜀
=

1

2𝜅2
(𝐴 +

𝐵

2
)

𝑏

𝜀
= −

𝐵

2𝜅2

⇔

{
 

 𝐴 =
𝜅2

𝜀
(2𝑎 + 𝑏)

𝐵 = −
𝜅2

𝜀
2𝑏

 

𝑔𝜇𝜈
′ = 𝑔𝜇𝜈 +

𝜅2

𝜀
[(2𝑎 + 𝑏)𝑔𝜇𝜈𝑅 − 2𝑏𝑅𝜇𝜈]  

 = 𝑔𝜇𝜈 +
𝜅2

10(4𝜋)2𝜀
(
11

3
𝑔𝜇𝜈𝑅 − 7𝑅𝜇𝜈)

 

𝑆EH
(Λ≠0)

[𝑔] + Γdiv
(1)
[𝑔] = 𝑆EH

(Λ≠0)[𝑔′] −
23

(4𝜋)230𝜀
∫   d4𝑥√−𝑔′Λ𝑅(𝑔′)  

det(1 + 𝑋) = ∫  𝒟𝑞‾𝒟𝑞𝑒𝑖 ∫   d
4𝑥𝑞‾(1+𝑋)𝑞  

𝑆gf[𝜂, ℎ] = −
1

𝛼
∫   d4𝑥ℱ𝜇ℱ

𝜇, ℱ𝜇 ≡ 𝜕𝑣ℎ𝜇
𝑣 −

1 + 𝛽

4
𝜕𝜇ℎ  

Γdiv
(1)(𝛼∗, 𝛽∗)|

off-shell 
= 0  

Γdiv
(1)(𝛼1, 𝛽1) − Γdiv

(1)(𝛼2, 𝛽2) =
1

𝜀
∫   d4𝑥𝑓𝜇𝑣

𝛿𝑆EH
𝛿𝑔𝜇𝑣

 

Γdiv
(1)(𝛼1, 𝛽1) =

1

𝜀
∫   d4𝑥𝑓𝜇𝑣

𝛿𝑆EH
𝛿𝑔𝜇𝑣
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𝛿(𝑆EH + 𝑆𝑚)

𝛿𝑔𝜇𝜈
= −

1

2𝜅2
√−𝑔 (𝑅𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅 − 𝜅2𝑇𝜇𝜈) .  

𝜅5ℎ𝛼𝛽𝜕𝛼𝜕𝜇𝜕𝜈ℎ
𝜌𝜎𝜕𝛽𝜕𝜌𝜕𝜎ℎ

𝜇𝜈.  

 

Γdiv
(2)
[𝑔] ∝ 𝜅2∫   d4𝑥√−𝑔ℛ  

∇𝜇𝑅∇
𝜇𝑅, ∇𝜌𝑅𝜇𝜈∇

𝜌𝑅𝜇𝜈 , 𝑅3, 𝑅𝑅𝜇𝜈𝑅
𝜇𝜈, 𝑅𝜇𝜈𝑅

𝜇𝜌𝑅𝜌 
𝑣, 𝑅𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎,

𝑅𝜇𝜈𝑅𝜌𝜎𝑅
𝜇𝜌𝑣𝜎 , 𝑅𝛼  

𝛽𝑅𝛼𝜇𝜈𝜌𝑅𝛽𝜇𝜈𝜌, 𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈  𝛼𝛽𝑅

𝜌𝜎𝛼𝛽 , 𝑅𝜇𝜈𝜌𝜎𝑅𝛼
𝜇
 𝛼𝑅

𝑣𝛼𝜎𝛽 .
 

𝑅𝜌𝜎
[𝜇𝑣
𝑅𝛼𝛽
𝜌𝜎
𝑅𝜇𝑣
𝛼]𝛽

= 0  

0 = 4𝑅𝜇𝜈𝜌𝜎𝑅
𝜌𝜎𝛼𝛽𝑅𝛼𝛽

𝜇𝜈
− 8𝑅𝜇𝜈𝜌𝜎𝑅𝛼

𝜇
 𝛽 𝛽𝑅

𝜈𝛼𝜎𝛽 + ( proportional terms to 𝑅𝜇𝜈 y 𝑅).  

Γdiv
(2)
[𝑔] ∝ 𝜅2∫   d4𝑥√−𝑔𝑅𝜇𝜈𝜌𝜎𝑅𝛼𝛽

𝜇𝜈
𝑅𝜌𝜎𝛼𝛽  

𝜇2𝜀 (
𝐶1
𝜀
+
𝐶2
𝜀2
)  

𝐶1
′

𝜀
+
𝐶2
′

𝜀2
 

(1 + 2𝜀ln 𝜇 +⋯) (
𝐶1
𝜀
+
𝐶2
𝜀2
) =

𝐶1
′

𝜀
+
𝐶2
′

𝜀2
 

Γdiv
(2)
[𝑔] =

209

2880(4𝜋)4
𝜅2

𝜀
∫   d4𝑥√−𝑔𝑅𝜇𝜈𝜌𝜎𝑅𝛼𝛽

𝜇𝜈
𝑅𝜌𝜎𝛼𝛽  

Γdiv
(𝐿)
[𝑔] ∝ 𝜅2𝐿−2∫   d4𝑥√−𝑔ℛ  
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∑ 

𝑉

𝑖=1

  (𝑛𝑖 − 2) =∑  

𝑉

𝑖=1

 𝑛𝑖 − 2𝑉  

∑ 

𝑉

𝑖=1

 𝑛𝑖 = 2𝐼 + 𝐸  

∑ 

𝑉

𝑖=1

  (𝑛𝑖 − 2) = 2𝐼 + 𝐸 − 2𝑉 = 2𝐿 − 2 + 𝐸  

𝑆EFT = ∫  d
4𝑥√−𝑔 [

1

2𝜅2
(𝑅 − 2Λ) + 𝑎1𝑅

2 + 𝑎2𝑅𝜇𝜈𝑅
𝜇𝜈

+𝑎3𝜅
2𝑅3 + 𝑎4𝜅

2𝑅𝜇𝜈𝜌𝜎𝑅𝛼𝛽
𝜌𝜎
𝑅𝛼𝛽𝜇𝜈 +⋯]

 

𝐶𝜇𝜈𝜌𝜎 = 𝑅𝜇𝜈𝜌𝜎 +
1

2
(𝑔𝜇𝜎𝑅𝜈𝜌 − 𝑔𝜇𝜌𝑅𝜈𝜎 + 𝑔𝜈𝜌𝑅𝜇𝜎 − 𝑔𝜈𝜎𝑅𝜇𝜌) +

1

6
(𝑔𝜇𝜌𝑔𝜈𝜎 − 𝑔𝜇𝜎𝑔𝜈𝜌)𝑅.  

𝐶𝜇𝜈𝜌𝜎𝐶
𝜇𝜈𝜌𝜎 = 𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 − 2𝑅𝜇𝜈𝑅
𝜇𝜈 +

1

3
𝑅2  

√−𝑔𝔈 ≡ √−𝑔(𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 − 4𝑅𝜇𝜈𝑅

𝜇𝜈 + 𝑅2)  

𝑅𝜇𝜈𝑅
𝜇𝜈 =

1

2
𝐶𝜇𝜈𝜌𝜎𝐶

𝜇𝜈𝜌𝜎 +
1

3
𝑅2 −

1

2
𝔈.  

𝑆qg =
1

2
∫   d4𝑥√−𝑔 [

1

𝜅2
(𝑅 − 2Λ) +

𝑐0
6
𝑅2 −

𝑐2
2
𝐶𝜇𝜈𝜌𝜎𝐶

𝜇𝜈𝜌𝜎]  

1

𝜅2
(𝑅𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅 + Λ𝑔𝜇𝜈) +

𝑐0
3
(𝑔𝜇𝜈 ◻𝑅 − ∇𝜇∇𝜈𝑅 + 𝑅𝑅𝜇𝜈 −

1

4
𝑔𝜇𝜈𝑅

2) − 2𝑐2𝐵𝜇𝜈 = 𝑇𝜇𝜈  

𝐵𝜇𝜈 =
1

2
◻ 𝑅𝜇𝜈 +

1

6
(2∇𝜇∇𝜈 −

1

2
𝑔𝜇𝜈 ◻)𝑅 −

1

2
∇𝜌∇𝜇𝑅𝜈

𝜌

 −
1

2
∇𝜌∇𝜈𝑅𝜇

𝜌
−
1

3
𝑅𝑅𝜇𝜈 + 𝑅𝜇𝜌𝑅𝜈

𝜌
−
1

4
(𝑅𝜌𝜎𝑅𝜌𝜎 −

1

3
𝑅2)𝑔𝜇𝜈 ,

 

1

𝜅2
(𝑅𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅 + Λ𝑔𝜇𝜈) +

2

3
(
𝑐0
2
+ 𝑐2) (𝑔𝜇𝜈 ◻𝑅 − ∇𝜇∇𝜈𝑅 + 𝑅𝑅𝜇𝜈 −

1

4
𝑔𝜇𝜈𝑅

2)

 −𝑐2 (◻ 𝑅𝜇𝜈 +
1

2
𝑔𝜇𝜈 ◻𝑅 − ∇𝜌∇𝜇𝑅𝜈

𝜌
− ∇𝜌∇𝜈𝑅𝜇

𝜌
+ 2𝑅𝜇

𝜌
𝑅𝜌𝜈 −

1

2
𝑔𝜇𝜈𝑅𝜌𝜎𝑅

𝜌𝜎) = 𝑇𝜇𝜈

 

−
1

𝜅2
(𝑅 − 4Λ) + 𝑐0 ◻𝑅 = 𝑇.  

𝑔𝜇𝑣 = 𝜂𝜇𝑣 + 2ℎ𝜇𝑣  

𝑆qg[𝜂 + 2ℎ] = 𝑆qg
(2)
[𝜂, ℎ] + 𝑆qg

(𝑛≥3)
[𝜂, ℎ],  
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𝑆qg
(2)
[𝜂, ℎ] = ∫  d4𝑥[

1

2
ℎ𝜇𝜈 ◻ (

1

𝜅2
− 𝑐2 ◻)ℎ

𝜇𝜈 − ℎ𝜇
𝜌
(
1

𝜅2
− 𝑐2 ◻)𝜕𝜌𝜕𝜈ℎ

𝜇𝜈

 +ℎ (
1

𝜅2
−
1

3
(2𝑐0 + 𝑐2) ◻) 𝜕𝜇𝜕𝜈ℎ

𝜇𝜈 −
1

2
ℎ (

1

𝜅2
−
1

3
(2𝑐0 + 𝑐2) ◻) ◻ ℎ

+
1

3
(𝑐0 − 𝑐2)ℎ𝜇𝜈𝜕

𝜇𝜕𝜈𝜕𝜌𝜕𝜎ℎ𝜌𝜎]

 

1

𝜅2
𝜕2ℎ𝑛, 𝑐0𝜕

4ℎ𝑛, 𝑐2𝜕
4ℎ𝑛  

𝑆qg
(2)
[𝜂, ℎ] = ∫  d4𝑥

1

2
ℎ𝜇𝑣𝕂qg

𝜇𝑣𝜌𝜎
ℎ𝜌𝜎  

𝕂qg
𝜇𝜈𝜌𝜎

≡
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌) (

1

𝜅2
− 𝑐2 ◻)◻−𝜂

𝜇𝜈𝜂𝜌𝜎 (
1

𝜅2
−
1

3
(2𝑐0 + 𝑐2) ◻) ◻

 +(𝜂𝜇𝜈𝜕𝜌𝜕𝜎 + 𝜂𝜌𝜎𝜕𝜇𝜕𝜈) (
1

𝜅2
−
1

3
(2𝑐0 + 𝑐2) ◻)

 −
1

2
(𝜂𝜇𝜌𝜕𝜈𝜕𝜎 + 𝜂𝜇𝜎𝜕𝜈𝜕𝜌 + 𝜂𝜈𝜌𝜕𝜇𝜕𝜎 + 𝜂𝜈𝜎𝜕𝜇𝜕𝜌) (

1

𝜅2
− 𝑐2 ◻)

 +
2

3
(𝑐0 − 𝑐2)𝜕

𝜇𝜕𝜈𝜕𝜌𝜕𝜎

 

𝕂qg
𝜇𝜈𝜌𝜎

= 𝕂qg
𝜈𝜇𝜌𝜎

= 𝕂qg
𝜇𝜈𝜎𝜌

= 𝕂qg
𝜌𝜎𝜇𝜈

 

𝕂qg
𝜇𝑣𝜌𝜎

= −
𝑝2

𝜅2
[𝒫(2)𝜇𝑣𝜌𝜎(1 + 𝜅2𝑐2𝑝

2) − 2𝒫(0,𝑠)𝜇𝑣𝜌𝜎(1 + 𝜅2𝑐0𝑝
2)]  

𝑆gf[𝜂, ℎ] = −
1

𝛼𝜅2
∫   d4𝑥ℱ𝜇𝒴

𝜇𝑣ℱ𝑣  

ℱ𝜇 ≡ 𝜕𝜈ℎ𝜇
𝜈 −

1 + 𝛽

4
𝜕𝜇ℎ,𝒴

𝜇𝜈 ≡ 𝜂𝜇𝜈(1 + 𝛾 ◻) + 𝜔𝜕𝜇𝜕𝜈  

𝒢q𝑔𝜇𝜈𝜌𝜎(𝑝)= −𝑖 [
𝑚2
2𝒫(2)𝜇𝜈𝜌𝜎

𝑝2(𝑝2 +𝑚2
2)
−
𝑚0
2𝒫(0,𝑠)𝜇𝜈𝜌𝜎

2𝑝2(𝑝2 +𝑚0
2)
] + ⋯  

 = −
𝑖

𝑝2
[𝒫(2) 𝜇𝜈𝜌𝜎 −

1

2
𝒫(0,𝑠) 𝜇𝜈𝜌𝜎] −

𝑖

2

𝒫(0,𝑠)

𝑝2 +𝑚0
2 + 𝑖

𝒫(2)

𝑝2 +𝑚2
2 +⋯ ,

 

𝑚0
2 ≡

1

𝜅2𝑐0
=
𝑀Pl
2

𝑐0
, 𝑚2

2 ≡
1

𝜅2𝑐2
=
𝑀Pl
2

𝑐2
 

𝛿(𝐺) = 4 − 𝐸,  

∫  d4𝑘⋯  d4𝑘⏟      
𝐿-loops 

×
1

𝑘4
⋯
1

𝑘4⏟    
𝐼-internal propagators 

× 𝑘4⋯𝑘4⏟    
𝑉-vertices 

∼ 𝑘4(𝐿−𝐼+𝑉) = 𝑘4
 

1

Λ𝑀Pl
2 +𝑀Pl

2 𝑝2 + 𝑐0𝑝
4 + 𝑐2𝑝

4
∼
UV 1

𝑐0𝑝
4 + 𝑐2𝑝

4  

𝜆𝟙, 𝑅, 𝑅2, 𝐶𝜇𝜈𝜌𝜎𝐶
𝜇𝜈𝜌𝜎,  
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(
𝑐2
𝑐0
)
𝐼0−𝑉0

(
1

𝑐2
)
𝐿−1

= (
𝑐0
𝑐2
)
𝐼2−𝑉2

(
1

𝑐0
)
𝐿−1

 

𝑔0 ≡
1

𝑐0
, 𝑔2 ≡

1

𝑐2
 

(
𝑔0
𝑔2
)
𝐼0−𝑉0

𝑔2
𝐿−1 = (

𝑔2
𝑔0
)
𝐼2−𝑉2

𝑔0
𝐿−1  

ℎ𝜇𝑣 →
1

√𝑐2
ℎ𝜇𝑣  

𝑆qg ∼ ∫   d
4𝑥 [ℎ𝜕4ℎ +

𝑐0
𝑐2
ℎ𝜕4ℎ +

𝑀Pl
2

𝑐2
ℎ𝜕2ℎ +

1

√𝑐2
(ℎ𝜕4ℎ2 +

𝑐0
𝑐2
ℎ𝜕4ℎ2 +

𝑀Pl
2

𝑐2
ℎ𝜕2ℎ2)

+⋯+ (
1

√𝑐2
)
𝑛−2

(ℎ𝜕4ℎ𝑛−1 +
𝑐0
𝑐2
ℎ𝜕4ℎ𝑛−1 +

𝑀Pl
2

𝑐2
ℎ𝜕2ℎ𝑛−1) +⋯] .

 

𝛽𝑔0 = −
70𝑔2

2 − 6𝑔0𝑔2 − 𝑔0
2

3
, 𝛽𝑔2 = −

(539𝑔2 + 40𝑔0)𝑔2
15

 

𝑔0 =
√386761 − 569

90
𝑔2 ≃ 0.59𝑔2.  

∫  d4𝑥√−𝑔𝜉|𝐻|2𝑅  

𝑆EFT ≃ ∫   d
4𝑥√−𝑔 [

1

2𝜅2
𝑅 + 𝑎1𝑅

2 + 𝑎2𝑅𝜇𝜈𝑅
𝜇𝜈]  

𝒢(𝑝2) =
−𝑖𝑚2

𝑝2(𝑝2 +𝑚2)
= −𝑖 [

1

𝑝2
−

1

𝑝2 +𝑚2] ,  

𝑖[⟨𝑏|𝑇†|𝑎⟩ − ⟨𝑏|𝑇|𝑎⟩] = ∑  

|𝑛⟩∈ℋ

  ⟨𝑏|𝑇†|𝑛⟩⟨𝑛|𝑇|𝑎⟩.  

Im[𝑖𝒢F(𝑝
2)] = Im [

1

𝑝2 − 𝑖𝜖
−

1

𝑝2 +𝑚2 − 𝑖𝜖
] = 𝜋[𝛿(𝑝2) − 𝛿(𝑝2 +𝑚2)]  

𝑖[⟨𝑏|𝑇†|𝑎⟩ − ⟨𝑏|𝑇|𝑎⟩] = ∑  

|𝑛⟩∈ℋ

 𝜎𝑛⟨𝑏|𝑇
†|𝑛⟩⟨𝑛|𝑇|𝑎⟩,  

𝟙 = ∑  

|𝑛⟩∈ℋ

 𝜎𝑛|𝑛⟩⟨𝑛|  

𝒢anti−F(𝑝
2) = −𝑖 [

1

𝑝2 − 𝑖𝜖
−

1

𝑝2 +𝑚2 + 𝑖𝜖
]  

Im[𝑖𝒢anti-F (𝑝
2)] = Im [

1

𝑝2 − 𝑖𝜖
−

1

𝑝2 +𝑚2 + 𝑖𝜖
] = 𝜋[𝛿(𝑝2) + 𝛿(𝑝2 +𝑚2)]  
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𝑖

𝑝2 +𝑚2
 →  𝑖

𝑝2 +𝑚2

(𝑝2 +𝑚2)2 + 𝜖2
=
𝑖

2
[

1

𝑝2 +𝑚2 + 𝑖𝜖
+

1

𝑝2 +𝑚2 − 𝑖𝜖
]  

𝒢fake (𝑝
2) = −𝑖 [

1

𝑝2 − 𝑖𝜖
−
1

2
(

1

𝑝2 +𝑚2 + 𝑖𝜖
+

1

𝑝2 +𝑚2 − 𝑖𝜖
)] .  

Im[𝑖𝒢fake (𝑝
2)] = 𝜋𝛿(𝑝2)  

𝟙 = ∑  

|𝑛⟩∈ℋ

 𝜎𝑛|𝑛⟩⟨𝑛|  →  𝟙ph = ∑  

|𝑛⟩∈ℋph

  |𝑛⟩⟨𝑛|  

𝑟 =
24

𝑁𝑒
2

𝑚2
2

𝑚0
2 + 2𝑚2

2 =
24

𝑁𝑒
2

𝑐0
𝑐2 + 2𝑐0

,  

ℒ = ℒ(𝜙, 𝜕𝜙, 𝜕2𝜙,… , 𝜕(𝑛)𝜙), 𝑛 < ∞.  

𝑥𝜇 → 𝑥′𝜇 = Λ𝜇 𝑣𝑥
𝑣 + 𝑎𝜇 , detΛ = 1,  

𝑆 = ∫  d4𝑥 [−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 − 𝜓‾(𝑖𝛾𝜇𝜕𝜇 +𝑚)𝜓 − 𝑒𝜓‾𝛾
𝜇𝜓𝐴𝜇]  

𝜓 → 𝑒𝑖𝛼(𝑥)𝜓,𝜓‾ → 𝑒−𝑖𝛼(𝑥)𝜓‾, 𝐴𝜇 → 𝐴𝜇 +
1

𝑒
𝜕𝜇𝛼(𝑥).  

𝑆†𝑆 = 𝟙  

−𝑖(𝑇 − 𝑇†) = 𝑇†𝑇  

𝟙 =∑  

𝑛

 𝜎𝑛|𝑛⟩⟨𝑛|,  

−𝑖[⟨𝑏|𝑇|𝑎⟩ − ⟨𝑏|𝑇†|𝑎⟩] =∑  

𝑛

 𝜎𝑛⟨𝑏|𝑇
†|𝑛⟩⟨𝑛|𝑇|𝑎⟩.  

𝟙 =∑  

{𝑛}

 ∏  

𝑛

𝑙=1

 ∫  
 d3𝑘𝑙
(2𝜋)3

1

2𝜔𝑙
|{𝑘𝑙}⟩⟨{𝑘𝑙}|,  

𝑖[⟨𝑏|𝒜†|𝑎⟩ − ⟨𝑏|𝒜|𝑎⟩] =∑  

{𝑛}

 𝜎𝑛∏ 

𝑛

𝑙=1

 ∫  
 d3𝑘𝑙
(2𝜋)3

1

2𝜔𝑙
(2𝜋)4 ×

𝛿(4) (𝑃𝑎 −∑ 

𝑛

𝑙=1

 𝑘𝑙) ⟨𝑏|𝒜
†|{𝑘𝑙}⟩⟨{𝑘𝑙}|𝒜|𝑎⟩
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𝒢𝜙(𝑥 − 𝑦)≡ ⟨0|𝑇{𝜙(𝑥)𝜙(𝑦)}|0⟩  

= 𝜃(𝑥0 − 𝑦0)⟨0|𝜙(𝑥)𝜙(𝑦)|0⟩ + 𝜃(𝑦0 − 𝑥0)⟨0|𝜙(𝑦)𝜙(𝑥)|0⟩  

 = ∫  
d3𝑝

(2𝜋)3
𝑒𝑖𝑝⃗⋅(𝑥−𝑦⃗⃗)

2𝜔𝑝⃗
[𝜃(𝑥0 − 𝑦0)𝑒−𝑖𝜔𝑝⃗⃗⃗(𝑥

0−𝑦0) + 𝜃(𝑦0 − 𝑥0)𝑒𝑖𝜔𝑝⃗⃗⃗(𝑥
0−𝑦0)]

 = ∫  
d4𝑝

(2𝜋)4
𝒢̃𝜙(𝑝, 𝜖)𝑒

𝑖𝑝⋅(𝑥−𝑦)

 

𝜃(𝑥) = {
1, 𝑥 > 0,
1/2, 𝑥 = 0,
0, 𝑥 < 0.

 

𝒢̃𝜙(𝑝, 𝜖) ≡
−𝑖

𝑝2 +𝑚2 − 𝑖𝜖
 

 

⟨𝑝3, 𝑝4|𝒜|𝑝1, 𝑝2⟩ = (−𝑖)(−𝑖𝜆)
−𝑖

𝑝2 +𝑚2 − 𝑖𝜖
(−𝑖𝜆) =

𝜆2

𝑝2 +𝑚2 − 𝑖𝜖
≡ ⟨𝑝|𝒜|𝑝⟩  

2Im[⟨𝑝|𝒜|𝑝⟩] = 2𝜋𝜆2𝛿(𝑝2 +𝑚2)  

1

𝑥 ± 𝑖𝜖
= P. V. (

1

𝑥
) ∓ 𝑖𝜋𝛿(𝑥)  

∫  
d3𝑘

(2𝜋)3
1

2𝜔
(2𝜋)4𝛿(4)(𝑝 − 𝑘)⟨𝑝3, 𝑝4|𝒜

†|𝑘⟩⟨𝑘|𝒜|𝑝1, 𝑝2⟩  

⟨𝑘|𝒜|𝑝1, 𝑝2⟩ = (−𝑖)(−𝑖𝜆) = −𝜆, ⟨𝑝3, 𝑝4|𝒜
†|𝑘⟩ = (⟨𝑘|𝒜|𝑝3, 𝑝4⟩)

∗ = (−𝜆)∗ = −𝜆 

∫  
d3𝑘

(2𝜋)3
1

2𝜔
= ∫  

d4𝑘

(2𝜋)4
2𝜋𝛿(𝑘2 +𝑚2) 

𝜆2∫  
 d4𝑘

(2𝜋)4
2𝜋𝛿(4)(𝑝 − 𝑘)𝛿(𝑘2 +𝑚2) = 2𝜋𝜆2𝛿(𝑝2 +𝑚2)  

𝐼(𝐿)(𝐺) = ∫  d4𝑘1⋯  d4𝑘𝐿ℐ({𝑘𝑖})  

lim
𝜆→∞

 𝜆4𝐿ℐ({𝜆𝑘𝑖}) ∼ 𝜆
𝛿(𝐺).  

∫  d4𝑘
1

𝑘2 +𝑚2
 

∫  d4𝑘
1

𝑘2 +𝑚2

1

(𝑘 − 𝑝)2 +𝑚2  

𝒦 ∼∑ 

𝑓

 𝜙𝑓 (𝜕
(2−2𝑠𝑓))

𝑟𝑓
𝜙𝑓 , 𝒱 ∼∑  

𝑖

 𝑔𝑖𝜕
𝑑𝑖∏ 

𝑓

 𝜙
𝑓

𝑛𝑖,𝑓 ,  

𝒢̃𝜙𝑓(𝑝) ∼ 𝑝
(2𝑠𝑓−2)𝑟𝑓 .  
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∫  d4𝑘⋯  d4𝑘⏟      
𝐿-loops 

× 𝑘(2𝑠𝑓−2)𝑟𝑓⋯𝑘(2𝑠𝑓−2)𝑟𝑓⏟              
𝐼𝑓-internal propagators 

× 𝑘𝑑𝑖⋯𝑘𝑑𝑖⏟      
𝑉𝑖-vertices of type 𝑖

 

𝑘4𝐿+𝐼𝑓(2𝑠𝑓−2)𝑟𝑓+𝑑𝑖𝑉𝑖 = 𝑘4(𝐼𝑓−𝑉𝑖+1)+𝐼𝑓(2𝑠𝑓−2)𝑟𝑓+𝑑𝑖𝑉𝑖  

 

𝛿(𝐺)  = 4(∑ 

𝑓

  𝐼𝑓 −∑ 

𝑖

 𝑉𝑖 + 1)+∑  

𝑓

  𝐼𝑓(2𝑠𝑓 − 2)𝑟𝑓 +∑ 

𝑖

 𝑑𝑖𝑉𝑖

 = 4 +∑  

𝑓

  𝐼𝑓[(2𝑠𝑓 − 2)𝑟𝑓 + 4] +∑  

𝑖

  (𝑑𝑖 − 4)𝑉𝑖

 

2𝐼𝑓 + 𝐸𝑓 =∑ 

𝑖

 𝑉𝑖𝑛𝑖,𝑓  ⇔  𝐼𝑓 = −
1

2
𝐸𝑓 +

1

2
∑  

𝑖

 𝑉𝑖𝑛𝑖,𝑓  

𝛿(𝐺) = 4 −∑  

𝑓

 𝐸𝑓[(𝑠𝑓 − 1)𝑟𝑓 + 2] −∑  

𝑖

 𝑉𝑖 [4 − 𝑑𝑖 −∑ 

𝑓

 𝑛𝑖,𝑓 ((𝑠𝑓 − 1)𝑟𝑓 + 2)] .  

𝐹𝑓 = (𝑠𝑓 − 1)𝑟𝑓 + 2  and  Δ𝑖 = 4 − 𝑑𝑖 −∑ 

𝑓

 𝑛𝑖,𝑓[(𝑠𝑓 − 1)𝑟𝑓 + 2].  

𝛿(𝐺) = 4 −∑  

𝑓

 𝐸𝑓𝐹𝑓 −∑ 

𝑖

 𝑉𝑖Δ𝑖  

ℒ = −
1

2
𝜕𝜇𝜙𝜕

𝜇𝜙 − 𝑉(𝜙).  

𝜑′𝜇𝜈 = Λ𝜇 𝜌Λ
𝜈 𝜎𝜑

𝜌𝜎 .  

𝜑𝜇𝑣 = ℎ𝜇𝑣 + 𝜓𝜇𝑣 , {
ℎ𝜇𝑣 ≡

1

2
(𝜑𝜇𝑣 + 𝜑𝜈𝜇)

𝜓𝜇𝑣 ≡
1

2
(𝜑𝜇𝑣 − 𝜑𝜈𝜇)

 

ℎ′ = 𝜂𝜇𝜈ℎ
′𝜇𝜈 = 𝜂𝜇𝜈Λ𝜌

𝜇
Λ𝜎
𝜈 ℎ𝜌𝜎 = 𝜂𝜌𝜎ℎ

𝜌𝜎 = ℎ,  

ℎ𝑇𝜇𝜈 ≡ ℎ𝜇𝜈 −
1

4
𝜂𝜇𝜈ℎ.  

𝑉𝜇 ∈ 𝟎⊕ 𝟏.  

𝜑𝜇𝑣 ∈ (0⊕ 1)⊗ (0⊕ 1)  = (0⊗ 0)⊕ (0⊗ 1)⊕ (1⊗ 0)⊕ (1⊗ 1)
 = 0⊕ 1⊕ 1⊕ (0⊕ 1⊕ 2),

 

0⊗ 0 = 0, 0⊗ 1 = 1⊗ 0 = 1 1⊗ 1 = 0⊕ 1⊕ 2.  

ℎ ∈ 0.  

𝜓𝜇𝑣 ∈ 𝟏⊕ 𝟏  
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ℎ𝑇𝜇𝑣 ∈ 𝟎⊕ 𝟏⊕𝟐.  

ℒ =
1

2
𝜑𝜇𝜈𝒪

𝜇𝜈𝜌𝜎𝜑𝜌𝜎  

ℎ𝜇𝜈 =(𝜃𝜇𝜌 +𝜔𝜇𝜌)(𝜃𝜈𝜎 +𝜔𝜈𝜎)ℎ
𝜌𝜎

=(𝜃𝜇𝜌𝜃𝜈𝜎 + 𝜃𝜇𝜌𝜔𝜈𝜎 +𝜔𝜇𝜌𝜃𝜈𝜎 +𝜔𝜇𝜌𝜔𝜈𝜎)ℎ
𝜌𝜎

=
1

2
(𝜃𝜇𝜌𝜃𝜈𝜎 + 𝜃𝜇𝜎𝜃𝜈𝜌)ℎ

𝜌𝜎 −
1

3
𝜃𝜇𝜈𝜃𝜌𝜎ℎ

𝜌𝜎 +
1

3
𝜃𝜇𝜈𝜃𝜌𝜎ℎ

𝜌𝜎 +𝜔𝜇𝜈𝜔𝜌𝜎ℎ
𝜌𝜎

 +
1

2
(𝜃𝜇𝜌𝜔𝜈𝜎 + 𝜃𝜇𝜎𝜔𝜈𝜌 + 𝜃𝜈𝜌𝜔𝜇𝜎 + 𝜃𝜈𝜎𝜔𝜇𝜌)ℎ

𝜌𝜎

=𝒫(2) 𝜇𝜈𝜌𝜎ℎ
𝜌𝜎 +𝒫(1,𝑚) 𝜇𝜈𝜌𝜎ℎ

𝜌𝜎 +𝒫(0,𝑠) 𝜇𝜈𝜌𝜎ℎ
𝜌𝜎 +𝒫(0,𝑤) 𝜇𝜈𝜌𝜎ℎ

𝜌𝜎,

 

𝒫(2) 𝜇𝜈𝜌𝜎=
1

2
(𝜃𝜇𝜌𝜃𝑣𝜎 + 𝜃𝜇𝜎𝜃𝑣𝜌) −

1

3
𝜃𝜇𝜈𝜃𝜌𝜎,  

𝒫(1,𝑚) 𝜇𝜈𝜌𝜎 =
1

2
(𝜃𝜇𝜌𝜔𝑣𝜎 + 𝜃𝜇𝜎𝜔𝑣𝜌 + 𝜃𝑣𝜌𝜔𝜇𝜎 + 𝜃𝑣𝜎𝜔𝜇𝜌),

𝒫(0,𝑠) 𝜇𝜈𝜌𝜎 =
1

3
𝜃𝜇𝜈𝜃𝜌𝜎 ,

𝒫(0,𝑤) 𝜇𝜈𝜌𝜎 = 𝜔𝜇𝜈𝜔𝜌𝜎 .

 

𝒫(𝑖,𝑎) 𝜇𝜈  
𝛼𝛽𝒫(𝑗,𝑏) 𝛼𝛽 

𝜌𝜎 = 𝛿𝑖𝑗𝛿𝑎𝑏𝒫(𝑖,𝑎) 𝜇𝜈  
𝜌𝜎 ,  

𝒫𝜇𝜈𝜌𝜎
(2)

+𝒫𝜇𝜈𝜌𝜎
(1,𝑚)

+𝒫𝜇𝜈𝜌𝜎
(0,𝑠)

+𝒫𝜇𝜈𝜌𝜎
(0,𝑤)

= 𝟙𝜇𝜈𝜌𝜎,  

𝟙𝜇𝜈𝜌𝜎𝒫(2) 𝜇𝜈𝜌𝜎 = 5 = 2(2) + 1(spin-two) ,  

𝟙𝜇𝜈𝜌𝜎𝒫(1,𝑚) 𝜇𝜈𝜌𝜎 = 3 = 2(1) + 1 (spin-one) ,

𝟙𝜇𝜈𝜌𝜎𝒫(0,𝑠) 𝜇𝜈𝜌𝜎 = 1 = 2(0) + 1 (spin-zero) ,

𝟙𝜇𝜈𝜌𝜎𝒫(0,𝑤) 𝜇𝜈𝜌𝜎 = 1 = 2(0) + 1 (spin-zero) ,

 

𝟙𝜇𝜈𝜌𝜎𝒫𝜇𝜈𝜌𝜎
(2)

= 𝟙𝜇𝜈𝜌𝜎𝜃𝜇𝜌𝜃𝜈𝜎 −
1

3
𝟙𝜇𝜈𝜌𝜎𝜃𝜇𝜈𝜃𝜌𝜎  

 =
1

2
(𝜃𝜇 

𝜇𝜃𝜈 
𝜈 + 𝜃𝜇 

𝜇) −
1

6
(2𝜃𝜇 

𝜇)

 =
1

2
(3 × 3 + 3) −

3

3
 = 5

 

𝒫𝜇𝜈𝜌𝜎
(0,𝑥)

= 𝒫𝜇𝜈𝜌𝜎
(0,𝑠𝑤)

+𝒫𝜇𝜈𝜌𝜎
(0,𝑤𝑠)

 

𝒫𝜇𝜈𝜌𝜎
(0,𝑠𝑤)

=
1

√3
𝜃𝜇𝜈𝜔𝜌𝜎 , 𝒫𝜇𝜈𝜌𝜎

(0,𝑤𝑠)
=
1

√3
𝜔𝜇𝜈𝜃𝜌𝜎  

𝒫𝜇𝜈
(𝑖,𝑎𝑏)

 𝛼𝛽
(𝑗,𝑐𝑑)

 𝛼𝛽
𝜌𝜎
= 𝛿𝑖𝑗𝛿𝑏𝑐𝒫𝜇𝜈

(𝑖,𝑎𝑑)
 𝜇𝜈
𝜌𝜎
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𝜂𝜇𝜈 (𝒫𝜇𝜈𝜌𝜎
(2)

ℎ𝜌𝜎)= [
1

2
(𝜂𝜇𝜈𝜃𝜇𝜌𝜃𝜈𝜎 + 𝜂

𝜇𝜈𝜃𝜇𝜎𝜃𝜈𝜌) −
1

3
𝜂𝜇𝜈𝜃𝜇𝜈𝜃𝜌𝜎] ℎ

𝜌𝜎 

 = [
1

2
(𝜃𝜌 

𝜈𝜃𝜈𝜎 + 𝜃𝜎 
𝜈𝜃𝜈𝜌) −

1

3
(4 − 1)𝜃𝜌𝜎] ℎ

𝜌𝜎

 = [
1

2
(𝜃𝜌𝜎 + 𝜃𝜌𝜎) − 𝜃𝜌𝜎] ℎ

𝜌𝜎 = 0

 

𝑝𝜇 (𝒫𝜇𝜈𝜌𝜎
(2)

ℎ𝜌𝜎) = [
1

2
(𝑝𝜇𝜃𝜇𝜌𝜃𝜈𝜎 + 𝑝

𝜇𝜃𝜇𝜎𝜃𝜈𝜌) −
1

3
𝑝𝜇𝜃𝜇𝜈𝜃𝜌𝜎] ℎ

𝜌𝜎 = 0  

𝜓𝜇𝜈 = (𝜃𝜇𝜌 +𝜔𝜇𝜌)(𝜃𝜈𝜎 +𝜔𝜈𝜎)𝜓
𝜌𝜎

= (𝜃𝜇𝜌𝜃𝜈𝜎 + 𝜃𝜇𝜌𝜔𝜈𝜎 +𝜔𝜇𝜌𝜃𝜈𝜎 +𝜔𝜇𝜌𝜔𝜈𝜎)𝜓
𝜌𝜎  

=
1

2
(𝜃𝜇𝜌𝜃𝜈𝜎 − 𝜃𝜇𝜎𝜃𝜈𝜌)𝜓

𝜌𝜎 +
1

2
(𝜃𝜇𝜌𝜔𝜈𝜎 − 𝜃𝜇𝜎𝜔𝜈𝜌 − 𝜃𝜈𝜌𝜔𝜇𝜎 + 𝜃𝜈𝜎𝜔𝜇𝜌)𝜓

𝜌𝜎 

 = 𝒫(1,𝑏) 𝜇𝜈𝜌𝜎𝜓
𝜌𝜎 +𝒫(1,𝑒) 𝜇𝜈𝜌𝜎𝜓

𝜌𝜎

 

𝒫𝜇𝜈𝜌𝜎
(1,𝑏)

=
1

2
(𝜃𝜇𝜌𝜃𝜈𝜎 − 𝜃𝜇𝜎𝜃𝜈𝜌)

𝒫𝜇𝜈𝜌𝜎
(1,𝑒)

=
1

2
(𝜃𝜇𝜌𝜔𝜈𝜎 − 𝜃𝜇𝜎𝜔𝜈𝜌 − 𝜃𝜈𝜌𝜔𝜇𝜎 + 𝜃𝜈𝜎𝜔𝜇𝜌)

 

𝒫𝜇𝜈
(1,𝑐)

 𝛼𝛽
𝛼𝛽
𝒫𝛼𝛽
(1,𝑑)

= 𝛿𝑐𝑑𝒫𝜇𝜈
(1,𝑐)

 

𝒫𝜇𝜈𝜌𝜎
(1,𝑏)

+𝒫𝜇𝜈𝜌𝜎
(1,𝑒)

=
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜎𝜂𝜈𝜌)  

1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜎𝜂𝜈𝜌)𝒫𝜇𝜈𝜌𝜎

(1,𝑏)
= 1 = 2(1) + 1  (spin-one) ,

1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜎𝜂𝜈𝜌)𝒫𝜇𝜈𝜌𝜎

(1,𝑒)
= 1 = 2(1) + 1  (spin-one). 

 

(𝒫(2) +𝒫(1,𝑚) + 𝒫(0,𝑠) +𝒫(0,𝑤) +𝒫(1,𝑏) +𝒫(1,𝑒))
𝜇𝜈𝜌𝜎

=
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌)

 +
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜎𝜂𝜈𝜌)

=𝜂𝜇𝜌𝜂𝜈𝜎

 

𝒫𝜇𝜈𝜌𝜎
(1,×)

= 𝒫𝜇𝜈𝜌𝜎
(1,𝑚𝑒)

+𝒫𝜇𝜈𝜌𝜎
(1,𝑒𝑚)

 

𝒫𝜇𝜈𝜌𝜎
(1,𝑚𝑒)

=
1

2
(𝜃𝜇𝜌𝜔𝜈𝜎 − 𝜃𝜇𝜎𝜔𝜈𝜌 + 𝜃𝜈𝜌𝜔𝜇𝜎 − 𝜃𝜈𝜎𝜔𝜇𝜌)

𝒫𝜇𝜈𝜌𝜎
(1,𝑒𝑚)

=
1

2
(𝜃𝜇𝜌𝜔𝜈𝜎 + 𝜃𝜇𝜎𝜔𝜈𝜌 − 𝜃𝜈𝜌𝜔𝜇𝜎 − 𝜃𝜈𝜎𝜔𝜇𝜌)

 

{𝒪(𝑖)} ≡ {𝒫(2), 𝒫(1,𝑚), 𝒫(0,𝑠), 𝒫(0,𝑤), 𝒫(0,𝑠𝑤), 𝒫(0,𝑤𝑠), 𝒫(1,𝑏), 𝒫(1,𝑒), 𝒫(1,𝑒𝑚), 𝒫(1,𝑚𝑒)}  

𝒫𝜇𝜈
(𝑖,𝐴𝐵)

 𝜇𝜈
𝛼𝛽
𝒫𝛼𝛽
(𝑗,𝐶𝐷)

 𝛼𝜎
𝜌𝜎
= 𝛿𝑖𝑗𝛿𝐵𝐶𝒫𝜇𝜈

(𝑖,𝐴𝐷)
 𝜌𝜎  

ℒ =
1

2
𝜑𝜇𝜈𝒪

𝜇𝜈𝜌𝜎𝜑𝜌𝜎 =
1

2
𝜑𝜇𝜈 (∑  

10

𝑖=1

  𝑐𝑖(𝑝)𝒪
(𝑖)𝜇𝜈𝜌𝜎)𝜑𝜌𝜎  
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ℒ(𝜑,𝜓) = −
1

2
(𝜕𝜇𝜑)

2
−
1

2
𝑚2𝜑2 + 𝜑𝐹(𝜓) + 𝐺(𝜓)  

𝒵 = ∫  𝒟𝜑𝒟𝜓𝑒𝑖 ∫   d
4𝑥ℒ(𝜑,𝜓)  

ℒ(𝜑,𝜓) =
1

2
𝜑(◻ −𝑚2)𝜑 + 𝜑𝐹(𝜓) + 𝐺(𝜓).  

𝜑‾(𝑥) = 𝜑(𝑥) + ∫  d4𝑦𝐷𝐹(𝑥 − 𝑦)𝐹(𝜓(𝑦))  

(◻ −𝑚2)𝐷𝐹(𝑥 − 𝑦) = 𝛿
4(𝑥 − 𝑦).  

1

2
𝜑(◻ −𝑚2)𝜑 + 𝜑𝐹(𝜓) =

1

2
𝜑‾(◻ −𝑚2)𝜑‾ −

1

2
∫   d4𝑦𝐹(𝜓(𝑥))𝐷𝐹(𝑥 − 𝑦)𝐹(𝜓(𝑦)).  

𝒵 = ∫  𝒟𝜓𝑒𝑖 ∫  d4𝑥𝐺(𝜓) 𝑒−
𝑖
2
⟨𝐹𝐷𝐹⟩

 

⟨𝐹𝐷𝐹⟩ = ∫  d4𝑥 d4𝑦𝐹(𝜓(𝑥))𝐷𝐹(𝑥 − 𝑦)𝐹(𝜓(𝑦)).  

𝐷𝐹(𝑥 − 𝑦) = −∫  
d4𝑞

(2𝜋)4
𝑒−𝑖𝑞⋅(𝑥−𝑦)

𝑞2 +𝑚2
= −∫  

d4𝑞

(2𝜋)4
𝑒−𝑖𝑞⋅(𝑥−𝑦) (

1

𝑚2
−
𝑞2

𝑚4
+⋯) ,  

𝐷𝐹(𝑥 − 𝑦) = −(
1

𝑚2
+
◻

𝑚4
+
◻2

𝑚6
+⋯)𝛿4(𝑥 − 𝑦).  

ℒeff(𝜓) = 𝐺(𝜓) −
1

2
𝐹(𝜓)

1

𝑚2
𝐹(𝜓) −

1

2𝑚4
𝐹(𝜓) ◻ 𝐹(𝜓) +⋯  

𝒵 = ∫  𝒟𝜓𝑒𝑖 ∫   d
4𝑥ℒeff (𝜓)  

∇𝜇ℎ
𝜇𝑣 −

1

2
𝜂𝜇𝑣∇𝜇ℎ𝛼

𝛼 = 0  

𝒢𝜇𝜈𝜌𝜎(𝑞) =
1

2

−𝑖

𝑞2 − 𝑖𝜖
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌 − 𝜂𝜇𝜈𝜂𝜌𝜎)  

𝑃𝛼𝛽𝛾𝛿 =
1

2
(𝜂𝛼𝛾𝜂𝛽𝛿 + 𝜂𝛼𝛿𝜂𝛽𝛾 − 𝜂𝛼𝛽𝜂𝛾𝛿)  

𝒢𝜇𝜈𝜌𝜎(𝑞) =
−𝑖

𝑞2 − 𝑖𝜖
𝑃𝛼𝛽𝛾𝛿  

𝑆 = ∫  d4𝑥√−𝑔(
𝑀Pl
2 𝑅

2
−
1

2
(𝜕𝜇𝜑)

2
)  
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𝑉𝜇𝜈(𝑝1, 𝑝2) =
𝑖

2𝑀Pl
(𝑝1𝜇𝑝2𝜈 + 𝑝2𝜇𝑝1𝜈 − 𝜂𝜇𝜈𝑝1

𝛾
𝑝2𝛾).

ℎ𝛼𝛽 ∼ ℎ𝛾𝛿 ≡
−𝑖

𝑞2
𝑃𝛼𝛽𝛾𝛿

𝑧𝜑
𝑞
𝑝𝜑 ≡ 𝑉𝜇𝜈(𝑝1, 𝑝2) =

𝑖

2𝑀Pl
[𝑝1𝜇𝑝2𝜈 + 𝑝1𝜈𝑝2𝜇 − 𝜂𝜇𝜈𝑝1

𝛾
𝑝2𝛾]

 

 

𝒜𝑠 = 𝑖𝑉𝜇𝜈(𝑝1, 𝑝2)
𝑖

(𝑝1 + 𝑝2)
2
𝑃𝜇𝜈𝛼𝛽𝑉𝛼𝛽(𝑝3, 𝑝4).  

𝑉𝜇𝜈(𝑝1, 𝑝2)𝑃
𝜇𝜈𝛼𝛽 =

𝑖

2𝑀Pl
(𝑝1
𝛼𝑝2

𝛽
+ 𝑝1

𝛽
𝑝2
𝛼) .  

2𝑝1𝛼𝑝2𝛽 (𝑝3
𝛼𝑝4

𝛽
+ 𝑝3

𝛽
𝑝4
𝛼 − 𝜂𝛼𝛽(𝑝3 ⋅ 𝑝4))

= 2(𝑝1 ⋅ 𝑝3)(𝑝2 ⋅ 𝑝4) + 2(𝑝1 ⋅ 𝑝4)(𝑝2 ⋅ 𝑝3) − 2(𝑝2 ⋅ 𝑝1)(𝑝3 ⋅ 𝑝4).
 

𝑠 = −(𝑝1 + 𝑝2)
2 = −(𝑝3 + 𝑝4)

2

𝑡 = −(𝑝1 + 𝑝3)
2 = −(𝑝2 + 𝑝4)

2

𝑢 = −(𝑝2 + 𝑝4)
2 = −(𝑝2 + 𝑝3)

2

 

𝑠 = −2(𝑝1 ⋅ 𝑝2) = −2(𝑝3 ⋅ 𝑝4)

𝑡 = −2(𝑝1 ⋅ 𝑝3) = −2(𝑝2 ⋅ 𝑝4)

𝑢 = −2(𝑝1 ⋅ 𝑝4) = −2(𝑝2 ⋅ 𝑝3)

 

cos 𝜃 = 1 +
2𝑡

𝑠
 

𝒜𝑠 = −
1

2𝑀Pl
2 𝑠
(𝑡2 + 𝑢2 − 𝑠2) =

1

𝑀Pl
2

𝑡𝑢

𝑠
 

𝒜 = 𝒜𝑠 +𝒜𝑡 +𝒜𝑢 =
1

𝑀Pl
2 (
𝑡𝑢

𝑠
+
𝑠𝑢

𝑡
+
𝑡𝑠

𝑢
)  

1

𝑡
+
1

𝑠
+
1

𝑢
 

𝒜1𝑙 = ∫  
d4ℓ

(2𝜋)4
𝑖

2𝑀Pl
(ℓ𝛼(ℓ + 𝑞)𝛽 + ℓ𝛽(ℓ + 𝑞)𝛼)

𝑖

ℓ2
𝑖

(ℓ + 𝑞)2
𝑖

2𝑀Pl
(ℓ𝛿(ℓ + 𝑞)𝛾 + ℓ𝛾(ℓ + 𝑞)𝛿)  
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(ln 𝑞2 +
1

𝜀
)𝑞𝛾𝑞𝛿𝑞𝛼𝑞𝛽 ∝ 𝑞

4  

 

 

𝑝1
𝜇
= (𝑝, 0,0, 𝑝)

𝑝2
𝜇
= (𝑝, 0,0, −𝑝)

𝑝3
𝜇
= (−𝑝,−𝑝sin 𝜃, 0, −𝑝cos 𝜃)

𝑝4
𝜇
= (−𝑝, 𝑝sin 𝜃, 0, 𝑝cos 𝜃)

 

𝑝 =
𝑠

2
, cos 𝜃 = 1 +

2𝑡

𝑠
.  

𝑒𝜇±(𝑝1)=
1

√2
(0,1, ±𝑖, 0)  

𝑒𝜇±(𝑝2)=
1

√2
(0,−1,±𝑖, 0)  

𝑒𝜇±(𝑝3)=
1

√2
(0, cos 𝜃, ±𝑖, −sin 𝜃)  

𝑒𝜇±(𝑝4) =
1

√2
(0,−cos 𝜃, ±𝑖, sin 𝜃)

 

𝑒±
𝜇𝜈(𝑝𝑖) = 𝑒

𝜇±(𝑝𝑖)𝑒
𝜈±(𝑝𝑖).  

𝒜+−+−(𝑠, 𝑡, 𝑢) = 𝒜++−−(𝑡, 𝑠, 𝑢).  

𝒜−−−+ = 𝒜+++−,𝒜++++ = 𝒜−−−−, …  

𝒜++++,𝒜+++−,𝒜++−−.  

𝒜++−− =
1

𝑀Pl
2

𝑠3

𝑡𝑢
,𝒜++++ = 𝒜+++− = 0  

𝑆 = ∫  d4𝑥√−𝑔 (−
1

2
(𝜕𝜇𝜑)

2
+ 𝛼(𝜕𝜇𝜑)

2
◻𝜑 + 𝛽 ((𝜕𝜇𝜑)

2
)
2
+ 𝛾(𝜕6(𝜑4)) + ⋯)  
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𝜑 = 𝜒 − 𝑎(𝜕𝜌𝜒)
2

 

ℒ = −
1

2
(𝜕𝜇𝜒)

2
+ 2𝑎𝜕𝜇𝜒𝜕𝜌𝜒𝜕

𝜇𝜕𝜌𝜒 + 2𝑎2(𝜕𝜌𝜒)
2
(𝜕𝜇𝜕𝜈𝜒)

2
+ 𝛼 ◻ 𝜒(𝜕𝜇𝜒)

2

 +𝑎𝛼 ◻ (𝜕𝜌𝜒)
2
(𝜕𝜇𝜒)

2
+ 2𝑎𝛼 ◻ 𝜒𝜕𝜇𝜒𝜕

𝜇𝜕𝜌𝜒𝜕
𝜌𝜒 + 𝒪(𝜒5) + ⋯

 

𝜕𝜇𝜒𝜕𝜌𝜒𝜕
𝜇𝜕𝜌𝜒 = −◻ 𝜒(𝜕𝜌𝜒)

2
− 𝜕𝜇𝜒𝜕

𝜇𝜕𝜌𝜒𝜕
𝜌𝜒 = −

1

2
◻ 𝜒(𝜕𝜌𝜒)

2
 

ℒ = −
1

2
(𝜕𝜇𝜑)

2
+
𝑔2
2
((𝜕𝜇𝜑)

2
)
2
+
𝑔3
3
(𝜕𝜇𝜑)

2
(𝜕𝜌𝜕𝜎𝜑)

2
+ 4𝑔4(𝜕𝜌𝜕𝜎𝜑𝜕

𝜌𝜕𝜎𝜑)
2
+⋯  

ℒ = 𝐹[𝜑]𝐸̂𝜑 +
1

2
𝜑𝐸̂𝜑, 𝐸̂𝜑 = 0  

𝜑 = 𝜒 − 𝐹[𝜒]  

ℒ = 𝐹[𝜒]𝐸̂𝜒 +
1

2
𝜒𝐸̂𝜒 + 𝐹[𝜒]𝐸̂(𝐹[𝜒]) − 𝐹[𝜒]𝐸̂𝜒 + ⋯  

𝒜(𝑠, 𝑡) = 𝑔2(𝑠
2 + 𝑡2 + 𝑢2) + 𝑔3𝑠𝑡𝑢 + 𝑔4(𝑠

2 + 𝑡2 + 𝑢2)2 +⋯  

𝑆 =
𝑀Pl
2

2
∫   d4𝑥√−𝑔𝑅  

Γ = ∫  d4𝑥√−𝑔 [
𝑀Pl
2

2
𝑅 + 𝑎𝑅2 + 𝑏𝑅𝜇𝜈𝑅

𝜇𝜈 + 𝑐𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 + 𝑑 ◻ 𝑅 +

𝑒

ΛUV
2 Riem3 +⋯]  

𝑅𝜇𝜈 −
1

2
𝑅𝑔𝜇𝜈 =

1

𝑀Pl
2 𝑇𝜇𝜈  

𝑅𝜇𝜈 = 0, 𝑅 = 0  

𝔈 = 𝑅2 − 4𝑅𝜇𝜈𝑅
𝜇𝜈 + 𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎.  

𝑅𝜇𝑣𝜌𝜎 + 𝑅𝜇𝜌𝜎𝑣 + 𝑅𝜇𝜎𝑣𝜌  = 0,

∇𝛼𝑅𝜇𝑣𝜌𝜎 + ∇𝜌𝑅𝜇𝑣𝜎𝛼 + ∇𝜎𝑅𝜇𝑣𝛼𝜌  = 0.
 

𝐶𝜇𝜈𝜌𝜎 = 𝑅𝜇𝜈𝜌𝜎 − (𝑔𝜇[𝜌𝑅𝜎]𝜈 − 𝑔𝜈[𝜌𝑅𝜎]𝜇) +
1

3
𝑔𝜇[𝜌𝑔𝜎]𝜈𝑅.  

𝐴[𝜇𝜈] =
1

2
(𝐴𝜇𝜈 − 𝐴𝜈𝜇).  

∇𝜇𝐶𝜇𝜈𝜌𝜎 = 0,◻ 𝐶𝜇𝜈𝜌𝜎 ∼ 𝐶𝜇𝜈𝜌𝜎
2  

𝐶𝜇𝜈𝜌𝜎, ∇(𝜇1𝐶𝜇)𝜈𝜌𝜎, ∇(𝜇1∇𝜇2𝐶𝜇)𝜈𝜌𝜎, …  

𝐶𝐿/𝑅 =
1

2
(𝐶 ± 𝑖𝐶̃), 𝐶̃𝜇𝜈𝜌𝜎 =

1

2
𝜖𝜇𝜈𝛼𝛽𝐶𝛼𝛽 

𝜌𝜎  
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𝑆 = 𝑀Pl
𝑑−2∫   d𝑑𝑥√−𝑔 {

𝑅

2
+
𝑎2

ΛUV
2 𝔈 +

𝑎3

ΛUV
4 𝐶3  +

𝑎4

ΛUV
6 𝒞2 +

𝑎̃4

ΛUV
6 𝒞̃2

+
𝑎5

ΛUV
8 𝐹𝛼  𝛼𝒞 +

𝑎̃5

ΛUV
8 𝐹̃𝛼 𝛼𝒞̃ + ⋯}

 

𝐹𝛼𝛽 = ∇𝛼𝐶𝜇𝜈𝜌𝜎∇𝛽𝐶
𝜇𝜈𝜌𝜎 , 𝐹̃𝛼𝛽 = ∇𝛼𝐶𝜇𝜈𝜌𝜎∇𝛽𝐶̃

𝜇𝜈𝜌𝜎  

𝑀Pl
𝑑−2𝒜++−− =

𝑠3

𝑡𝑢
−
8(𝑑 − 4)

𝑑 − 2

𝑎2

ΛUV
4 𝑠3 − 18

𝑎3
2

ΛUV
8 𝑠3 (

𝑑 − 4

𝑑 − 2
𝑠2 + 2𝑠𝑡 + 2𝑡2)+

8𝑠4

ΛUV
6 𝑎4+ +

4

ΛUV
8 𝑎5+𝑠

5

  

𝑀Pl
𝑑−2𝒜++++ =

12

ΛUV
2 (5𝑎3 −

2(𝑑 − 4)

𝑑 − 2
𝑎2
2) 𝑥

 −
2

ΛUV
8 (

9(12 − 𝑑)

𝑑 − 2
𝑎3
2 + 10𝑎5−)𝑥𝑦 +

16

ΛUV
6 𝑎4−𝑥

2

𝑀Pl
𝑑−2𝒜+++− =

6

ΛUV
4 𝑎3𝑦 +

𝛾𝑦2

ΛUV
10

 

𝑦 = 𝑠𝑡𝑢, 𝑥 = 𝑠𝑡 + 𝑡𝑢 + 𝑢𝑠  

 

𝒜(𝑠, 𝜃) = 32𝜋∑  

∞

𝑙=0

 (𝑙 +
1

2
)𝑓𝑙(𝑠)𝑃𝑙(cos 𝜃).  

∫  
1

−1

  dcos 𝜃𝑃𝑗(cos 𝜃)𝑃𝑘(cos 𝜃) =
2

2𝑗 + 1
𝛿𝑗𝑘  

|𝑓𝑗(𝑠)| < 1, Im𝑓𝑗(𝑠) > 0  

𝜎tot =
1

32𝜋𝑠
∫  
1

−1

  dcos 𝜃|𝒜(𝜃)|2  
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𝜎tot  =
1

32𝜋𝑠
∑  

𝑗,𝑘

 ∫  
1

−1

  dcos 𝜃(32𝜋)2𝑓𝑗(𝑠)𝑓𝑘
∗(𝑠)𝑃𝑗(cos 𝜃)𝑃𝑘(cos 𝜃) (𝑗 +

1

2
) (𝑘 +

1

2
)

 =
32𝜋

𝑠
∑  

𝑗

 (𝑗 +
1

2
) |𝑓𝑗(𝑠)|

2
.

 

Im𝒜(𝑠, 𝜃 = 0)  ≥
1

2
√𝑠(𝑠 − 4𝑚2)𝜎tot(𝑠)

32𝜋∑  

𝑗

 Im𝑓𝑗(𝑠) (𝑗 +
1

2
)  ≥

16𝜋

𝑠
√𝑠(𝑠 − 4𝑚2)∑  

𝑗

  (𝑗 +
1

2
) |𝑓𝑗(𝑠)|

2
.

 

2Im𝑓𝑗(𝑠) ≥ |𝑓𝑗(𝑠)|
2√
𝑠 − 4𝑚2

𝑠
 

𝒜(𝑠, 𝑡) =
1

2
∑ 𝑛(𝑙, 𝑑)𝑓𝑙(𝑠)𝑃𝑙

(𝑑)
(1 +

2𝑡

𝑠 − 4𝑚2
)  

𝑃𝑙
(𝑑)
(𝑧) =

Γ(1 + 𝑙)Γ(𝑑 − 3)

Γ(𝑙 + 𝑑 − 3)
𝐶𝑙

𝑑−3
2 (𝑧).  

1

2
∫  
1

−1

  d𝑧(1 − 𝑧2)
𝑑−4
2 𝑃𝑙

(𝑑)
(𝑧)𝑃

𝑙′
(𝑑)
(𝑧) =

𝛿𝑙𝑙′

𝑁(𝑑)𝑛(𝑙, 𝑑)
 

𝑁(𝑑) =
(16𝜋)

2−𝑑
2

Γ (
𝑑 − 2
2
)
, 𝑛(𝑙, 𝑑) =

(4𝜋)
𝑑
2(𝑑 + 2𝑙 − 3)Γ(𝑑 + 𝑙 − 3)

𝜋Γ (
𝑑 − 2
2
) Γ(𝑙 + 1)

.  

𝑃𝑙
(𝑑)
(𝑥) =  2𝐹1 (−𝑙, 𝑙 + 𝑑 − 3,

𝑑 − 2

2
,
1 − 𝑥

2
) .  

𝑓𝑙(𝑠) = 𝑁(𝑑)∫  
1

−1

  d𝑥(1 − 𝑥2)
𝑑−4
2 𝑃𝑙

(𝑑)
(𝑥)𝒜(𝑠, 𝑡(𝑥))  

2Im𝑓𝑙(𝑠) ≥
(𝑠 − 4𝑚2)

𝑑−3
2

√𝑠
|𝑓𝑙(𝑠)|

2, |𝑓𝑙(𝑠)| <
√2𝑠

(𝑠 − 4𝑚2)
𝑑−3
2

 

𝒜ℎ1ℎ2ℎ3ℎ4 = 32𝜋∑  

𝑙

  (2𝑙 + 1)𝑑𝜆𝜇
𝑙 (cos 𝜃)𝑓ℎ1ℎ1ℎ3ℎ4

𝑙 (𝑠)  

𝜆 = ℎ2 − ℎ1, 𝜇 = ℎ4 − ℎ3, 𝑑𝜆𝜇(−𝜃) = (−1)
𝜆−𝜇𝑑𝜆𝜇(𝜃)  

(−1)𝜆−𝜇 = 1  

𝒜ℎ1ℎ2ℎ3ℎ4 = 16𝜋∑  

𝑙

  (2𝑙 + 1)(𝑑𝜆𝜇
𝑙 (𝜃) + 𝑑𝜆𝜇

𝑙 (−𝜃))𝑓ℎ1ℎ1ℎ3ℎ4
𝑙 (𝑠).  

𝑑𝜆𝜇
𝑙 (𝜃) + 𝑑𝜆𝜇

𝑙 (−𝜃) = 2𝑒𝑖
𝜋
2
(𝜆−𝜇) ∑  

𝑙

𝑣=−𝑙

 𝑑𝜆𝑣
𝑙 (

𝜋

2
)𝑑𝜇𝑣

𝑙 (
𝜋

2
) cos 𝑣𝜃  
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𝒜(𝑠, 𝑡) = 16𝜋∑  

∞

𝑙=0

  (2𝑙 + 1)𝑓𝑙(𝑠)𝑃𝑙 (1 +
𝑡

2𝑞2
)  

𝑞 =
1

2
√𝑠 − 4𝑚2  

𝑄𝑙(𝑧) =
1

2
∫  
1

−1

  d𝜇
𝑃𝑙(𝜇)

𝑧 − 𝜇
 

∰d𝑧𝒜(𝑠, 𝑡(𝑧))𝑄𝑛(𝑧)

𝛾

=
1

2
∑  

𝑙

  (2𝑙 + 1)𝑓𝑙(𝑠)∫  
1

−1

  d𝜇∮   𝛾d𝑧𝑃𝑙 (1 +
𝑡(𝑧)

2𝑞2
)
𝑃𝑛(𝜇)

𝑧 − 𝜇
 

 

∰d𝑧𝒜(𝑠, 𝑡(𝑧))𝑄𝑛(𝑧) = (2𝜋𝑖)
1

2
∑  

𝑙

  (2𝑙 + 1)𝑓𝑙(𝑠)∫  
1

−1

  d𝜇𝑃𝑛(𝜇)𝑃𝑙 (1 +
𝑡(𝜇)

2𝑞2
)

𝛾

 

1 +
𝑡(𝜇)

2𝑞2
= 𝜇, 𝑡(𝜇) = 2𝑞2(𝜇 − 1)  

 

𝑓𝑙(𝑠) =
1

2𝜋𝑖
∮ d𝑧𝒜(𝑠, 2𝑞2(𝑧 − 1))𝑄𝑙(𝑧)

𝛾

 

𝑄𝑙(𝑧) ≈ 𝐾0(𝑙√2(𝑧 − 1)) ≈ 𝑒
−𝑙√2(𝑧−1)

√
𝜋

2𝑙√2(𝑧 − 1)
, 𝑙 → ∞  

𝑧 − 1 =
𝑡

2𝑞2
 

|𝑓𝑙(𝑠)| ∝
𝑞

2𝜋√𝑠
𝑒
−√
𝑡
𝑞
(𝑙+

1
2
)
√
𝜋𝑞

2𝑙√𝑡
𝐵0(𝑠), 𝐵0(𝑠) ≲ 𝑠

𝑁 .  
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|𝑓𝑙(𝑠)| < 1, 𝑙 < 𝐿  

𝑒
−√
𝑡
𝑞
(𝐿+

1
2
)
√
𝑞

𝐿√𝑡
𝐵0(𝑠)  = 1

√𝑡

𝑞
(𝐿 +

1

2
)  = ln 

𝑞

√𝑡
+ ln 𝐵0(𝑠)

 

𝐿 =
𝑞

2√𝑡
ln 
𝑞

√𝑡
+
𝑞

√𝑡
𝑁ln 

𝑠

𝑠0
∝ √𝑠ln 𝑠.  

𝒜(𝑠, 𝑡 → 0+) =∑  

𝐿

𝑙=0

 𝑃𝑙(1)(2𝑙 + 1) + ∑  

∞

𝑙=𝐿+1

 𝑃𝑙(1)
(2𝑙 + 1)

√𝑙
𝑒
−√
𝑡
𝑞
(𝑙+

1
2
)
𝑠𝑁√

𝜋𝑞

2√𝑡
.  

∑  

∞

𝑙=𝐿+1

 √𝑙𝑒
−√
𝑡
𝑞
𝑙
∼ ∫  

∞

𝐿

 d𝑦√𝑦𝑒
−√
𝑡
𝑞
𝑦
∼ 𝑒

−√
𝑡
𝑞
𝐿
∼ 𝑒−√𝑡√𝑠ln 𝑠  

𝑠𝑁𝑒−√𝑡√𝑠ln 𝑠 → 0, 𝑠 → ∞  

𝒜(𝑠, 𝑡 → 0+) = ∑  

𝐿

1=0

 𝑃𝑙(1)(2𝑙 + 1) ∼ (𝐿 + 1)
2 ∝ 𝑠(ln 𝑠)2  

𝒜(𝑠, 𝑡 → 0) < 𝐶|𝑠|(ln |𝑠|)2  

𝒜(𝑠, 𝑡) = 𝑔2(𝑠
2 + 𝑡2 + 𝑢2) + 𝑔3𝑠𝑡𝑢 + 𝑔4(𝑠

2 + 𝑡2 + 𝑢2)2 + 𝑔5(𝑠
2 + 𝑡2 + 𝑢2)𝑠𝑡𝑢 +⋯ .  

𝑓𝑙(𝑠) =
1

16𝜋
∫  
1

−1

  d𝑥𝑃𝑙(𝑥)𝒜 (𝑠,−
𝑠

2
(1 − 𝑥),−

𝑠

2
(1 + 𝑥))  

𝑓0(𝑠) =
5𝑔2𝑠

2

48𝜋
+
𝑔3𝑠

3

96𝜋
+
7𝑔4𝑠

5

40𝜋
, 𝑓2(𝑠) =

𝑔2𝑠
2

240𝜋
−
𝑔3𝑠

3

480𝜋
+
𝑔4𝑠

5

70𝜋
 

Im𝑓0 = (
5𝑔2
48𝜋

)
2

𝑠4, Im𝑓2 = (
𝑔2
240𝜋

)
2

𝑠4  

Im𝒜1𝑙 = 𝑎1𝑠
2(𝑠2 + 𝑎2𝑡𝑢), 2Im𝑓0 =

𝑎1𝑠
4

8𝜋
+
𝑎1𝑎2𝑠

4

48𝜋
, 2Im𝑓2 = −

𝑎1𝑎2𝑠
4

240𝜋
 

𝑎1 =
7𝑔2

2

40𝜋
, 𝑎2 = −

1

21
 

𝒜1𝑙 = −
21𝑔2

2

240𝜋2
𝑠2 (𝑠2 −

1

21
𝑡𝑢) ln (−𝑠) + (𝑠 → 𝑡) + (𝑠 → 𝑢)  

ΣIR =
1

2𝜋𝑖
∰d𝜇

𝒜(𝜇, 0)

(𝜇 − 𝜇0)
3

Γ
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ΣIR =∑ Res
𝒜(𝜇, 0)

(𝜇 − 𝜇0)
3
=
1

2

𝜕2𝒜(𝜇, 0)

𝜕𝜇2
|
𝜇=𝜇0

.  

ΣIR  =
1

2𝜋𝑖
(∫  

∞

4𝑚2
 d𝜇 + ∫  

0

−∞

  d𝜇)
𝒜(𝜇 + 𝑖𝜀, 0) −𝒜(𝜇 − 𝑖𝜀, 0)

(𝜇 − 𝜇0)
3

 = ∫  
∞

4𝑚

 
d𝜇

𝜋
(
Im𝒜(𝜇, 0)

(𝜇 − 𝜇0)
3
+

Im𝒜∗(𝜇, 0)

(𝜇 − 4𝑚2 + 𝜇0)
3
)

 

 

Im𝒜(𝑠, 0) = √𝑠 − 4𝑚2𝜎tot(𝑠) > 0.  

𝜕2𝒜(𝜇, 0)

𝜕𝜇2
|
𝜇=𝜇0

> 0.  

ℒ = −
1

2
(𝜕𝜇𝜑)

2
+ 𝛼(𝜕𝜇𝜑)

2
◻𝜑 + 𝑔2 ((𝜕𝜇𝜑)

2
)
2

 

𝜑 → 𝑞 + 𝑎𝜌𝑥
𝜌, 𝜕𝜇𝜑 → 𝜕𝜇𝜑 + 𝑎𝜇 ,  

ℒ = −
1

2
(𝜕𝜇𝜑 + 𝑎𝜇)

2
+ 𝛼 ◻ 𝜑(𝜕𝜇𝜑 + 𝑎𝜇)

2

 = −
1

2
(𝜕𝜇𝜑)

2
+ 𝛼𝜑(𝜕𝜇𝜑)

2
+ 𝛼𝜑𝑎𝜇𝜕𝜇𝜑 + 𝛼(𝑎𝜇)

2
𝜑

 = −
1

2
(𝜕𝜇𝜑)

2
+ 𝛼 ◻ 𝜑(𝜕𝜇𝜑)

2
+ 𝜕𝜇(… )

 

(◻ 𝜑)𝑎𝜇𝜕𝜇𝜑 = −𝑎
𝜇(◻ 𝜕𝜇𝜑)𝜑 = −𝑎

𝜇(𝜕𝜇𝜑) ◻ 𝜑 = 0.  

𝒜(𝑠, 𝑡, 𝑢) = 𝑔2(𝑠
2 + 𝑡2 + 𝑢2) + 𝑔3𝑠𝑡𝑢 +⋯ .  

𝑔2 > 0,  

 

1

2𝜋𝑖
(∮   + + ∮   −)d𝜇

𝒜(𝜇, 𝑡)

(𝜇 − 𝑠)3
= 0.  

Disc𝑠𝒜(𝑠, 𝑡) =
1

2𝑖
(𝒜(𝑠 + 𝑖𝜀, 𝑡) − 𝒜(𝑠 − 𝑖𝜀, 𝑡))  
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1

2𝜋𝑖
∫  
arc

 d𝜇
𝒜(𝜇, 𝑡)

(𝜇 − 𝑠)3
= ∫  

∞

𝜀2ΛUV
2
 
d𝜇

𝜋

Disc𝑠𝒜𝑠(𝜇, 𝑡)

(𝜇 − 𝑠)3
+∫  

∞

𝜀2ΛUV
2 −𝑡

 
d𝜇

𝜋

Disc𝑠𝒜𝑢(𝜇, 𝑡)

(𝜇 − 𝑢)3
 

𝐶(𝑛,𝑚)  =
1

2

𝑛!

2𝜋𝑖
∫  
arc

 d𝜇
𝜕𝑡
𝑚𝒜(𝜇, 𝑡)

𝜇𝑛+1
|
𝑡=0

 =
1

2
𝜕𝑡
𝑚𝜕𝑠

𝑛𝒜(𝑠, 𝑡)|
𝑠=0,𝑡=0

 

𝐼𝑠,𝑢(𝑛,𝑚) = ∫  
∞

𝜀2ΛUV
2
 
d𝜇

𝜋

𝜕𝑡
𝑚Disc𝑠𝒜𝑠,𝑢(𝜇, 𝑡)

𝜇𝑛+1
|

𝑡=0

 

𝒜(𝑠, 𝑡) = 𝑠2∫  
∞

𝜀2ΛUV
2
 d𝜇
Disc𝑠𝒜(𝜇, 𝑡)

𝜇2(𝜇 − 𝑠)
+ (𝑠 + 𝑡)2∫  

∞

𝜀2ΛUV
2
 d𝜇

Disc𝑢𝒜(𝜇, 𝑡)

𝜇2(𝜇 + 𝑠 + 𝑡)
+
𝜕𝒜(𝑠, 𝑡)

𝜕𝑠
|
𝑠=0

𝑠2  

𝐶(2,0) = 𝐼𝑠(2,0) + 𝐼𝑢(2,0)
𝐶(3,0) = 3𝐼𝑠(3,0) − 3𝐼𝑢(3,0)

𝐶(2,1) =
Disc𝑠𝒜𝑢(𝜀

2ΛUV
2 , 0)

𝜋(𝜀2ΛUV
2 )3

+ 𝐼𝑠(2,1) − 3𝐼𝑢(3,0) + 𝐼𝑢(2,1)

 

1

𝜇
<

1

𝜀2ΛUV
2 , 𝜇 > 𝜀2ΛUV

2  

𝜕𝑡
𝑚Disc𝑠𝒜𝑠,𝑢

𝜇𝑛+1
<
𝜕𝑡
𝑚Disc𝑠𝒜𝑠,𝑢

𝜀2ΛUV
2 𝜇𝑛

, 𝐼𝑠,𝑢(𝑛 + 1,𝑚) <
1

𝜀2ΛUV
2 𝐼𝑠,𝑢(𝑛,𝑚)  

𝐶(2,1) +
3

2𝜀2ΛUV
2 𝐶(2,0) −

1

2
𝐶(3,0) > 0,

12

(𝜀2ΛUV
2 )2

𝐶(2,0) > 𝐶(4,0) > 0,

𝐶(3,1) +
3

𝜀2ΛUV
2 𝐶(2,1) −

3

2𝜀2ΛUV
2 𝐶(3,0) +

9𝐶(2,0)

2(𝜀2ΛUV
2 )2

> 0,

 

(∫  
𝑏

𝑎

  d𝑥𝑓(𝑥)𝑔(𝑥))

2

≤ (∫  
𝑏

𝑎

  d𝑥𝑓2(𝑥)) (∫  
𝑏

𝑎

  d𝑥𝑔2(𝑥))  

𝐼𝑠,𝑢(3,0)
2 < 𝐼𝑠,𝑢(2,0)𝐼𝑠,𝑢(4,0)  

4

3
𝐶(3,0)2 < 𝐶(2,0)𝐶(4,0)  

𝐶(2,1) −
1

2
𝐶(3,0) = 𝐼𝑠(2,1) + 𝐼𝑢(2,1) −

3

2
(𝐼𝑠(3,0) + 𝐼𝑢(3,0))  

(𝐼𝑠(3,0) + 𝐼𝑢(3,0))
2 < (𝐼𝑠(2,0) + 𝐼𝑢(2,0))(𝐼𝑠(4,0) + 𝐼𝑢(4,0)).  

𝐶(2,1) −
1

2
𝐶(3,0) +

√3

4
√𝐶(2,0)𝐶(4,0) > 0  

𝐶(2𝑛, 0)2 < 𝛼(𝑛)𝐶(2𝑛 + 2,0)𝐶(2𝑛 − 2,0)  
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𝒜 = 2𝑔2𝑠
2 + 2𝑔4𝑠

4 + 𝛽𝑠4(ln 𝑠 + ln (−𝑠)) + 2𝑔6𝑠
6 +⋯  

𝐶(4,0) = ∫  
arc

 
d𝜇𝒜(𝜇, 0)

𝜇5
= 2𝑔2 + 4𝑔4ln (𝜀

2ΛUV
2 )  

𝐶(6,0) = 2𝑔6 −
𝛽

𝜀4
ΛUV
4  

21𝑔2
2

240𝜋2
𝑡2 (𝑡2 +

1

21
𝑠(𝑠 + 𝑡)) ln 𝑡  

𝐶(2,2) ∼ ln 𝑡  

𝒜(𝑠, 𝑡) =
1

2
∑  

∞

𝑙=0

 𝑛(𝑙, 𝑑)𝑓𝑙(𝑠)𝑃𝑙
(𝑑)
(1 +

2𝑡

𝑠 − 4𝑚2
)  

𝑓𝑙(𝑠) = 𝑁(𝑑)∫  
1

−1

  d𝑥(1 − 𝑥2)
𝑑−4
2 𝑃𝑙

(𝑑)
(𝑥)𝒜(𝑠, 𝑡(𝑥))  

𝑁(𝑑) =
(16𝜋)

2−𝑑
2

Γ (
𝑑 − 2
2 )

, 𝑛(𝑙, 𝑑) =
(4𝜋)

𝑑
2(𝑑 + 2𝑙 − 3)Γ(𝑑 + 𝑙 − 3)

𝜋Γ (
𝑑 − 2
2 ) Γ(𝑙 + 1)

.  

2Im𝑓𝑙(𝑠) ≥
(𝑠 − 4𝑚2)

𝑑−3
2

√𝑠
|𝑓𝑙(𝑠)|

2  

𝑓𝑙(𝑠) =
√𝑠

(𝑠 − 4𝑚2)
𝑑−3
2

𝑖(1 − 𝑒2𝑖𝛿𝑙(𝑠))  

 

|𝑙| = |𝑏⃗⃗ × 𝑝| =
𝑏√𝑠 − 4𝑚2

2
=
𝑏√𝑠

2
, 𝑏 =

2𝑙

√𝑠
.  

1

𝑙𝑑−3
𝑛(𝑙, 𝑑)𝑃𝑙

(𝑑)
(1 −

𝑞2𝑏2

2𝑙2
) ≈ 2𝑑(2𝜋)

𝑑−2
2 (𝑏𝑞)

4−𝑑
2 𝐽𝑑−4

2
(𝑏𝑞).  

∑ 

𝑙

 →
√𝑠

2
∫   d𝑏.  
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𝑓𝑙(𝑠) → 𝛿(𝑠, 𝑏) = 𝛿tree (𝑠, 𝑏) =
Γ (
𝑑 − 4
2

)𝐺𝑁𝑠

(𝜋)
𝑑−4
2 𝑏𝑑−4

, 𝑏 =
2𝑙

√𝑠
 

𝒜 = 𝒜low +𝒜eik  

𝒜eik(𝑠, 𝑡) = 2𝑖𝑠(2𝜋)
𝑑−2
2 ∫  

∞

𝑏∗
 d𝑏𝑏𝑑−3(𝑏𝑞)

4−𝑑
2 𝐽4−𝑑

2
(𝑏𝑞)(1 − 𝑒2𝑖𝛿tree(𝑠,𝑏))  

|𝑓𝑙(𝑠)| < 𝑠
2−
𝑑
2  

|𝑃𝑙
(𝑑)
(1 −

2𝑞2

𝑠
)| < (

𝑞𝑙

√𝑠
)

3−𝑑
2

 

|∑  

𝑙∗

𝑙=0

 𝑛(𝑙, 𝑑)𝑓𝑙(𝑠)𝑃𝑙
(𝑑)
(1 −

2𝑞2

𝑠
)| <∑  

𝑙∗

𝑙=0

 𝑛(𝑙, 𝑑)𝑠2−
𝑑
2(𝑞𝑙)

3−𝑑
2 𝑠

𝑑−3
4 ,  

𝑏∗ = 𝑠
1
𝑑−2, 𝑙∗ =

𝑏∗√𝑠

2
= 𝑠

𝑑
2(𝑑−2)  

|𝒜low | < 𝑠
5−𝑑
4 (𝑙∗)

𝑑−1
2 = 𝑠

2−
𝑑−3
2(𝑑−2) < 𝑠2  

∫  d𝑥𝑔(𝑥)𝑒𝑖𝑓(𝑥) = 𝑔(𝑥0)𝑒
𝑖𝑓(𝑥0)𝑒

𝑖
𝜋
4
sign(𝑓′′(𝑥0))√

2𝜋

𝑓′′(𝑥0)
 

𝐽𝑑−4
2
(𝑏𝑞) = √

2

𝜋𝑏𝑞
cos (𝑏𝑞 + 𝜋

𝑑 − 5

4
)  

𝜕

𝜕𝑏
(±𝑏𝑞 + 𝛿tree (𝑏)) = 0.  

𝛿tree = 𝛼𝑠𝑏
4−𝑑, 𝛼 =  const. ,  

±𝑞 − (𝑑 − 4)𝛼𝑠𝑏3−𝑑 = 0, 𝑏 > 0.  

𝑏0 = (
𝑞

(𝑑 − 4)𝛼𝑠
)

1
3−𝑑

∝ 𝑠
1
𝑑−3  

𝒜eik = −2𝑖𝑠(2𝜋)
𝑑−2
2 𝑏0

𝑑−3(𝑏0𝑞)
4−𝑑
2 √

2

𝜋𝑏0𝑞

1

2
𝑒𝑖(𝑞𝑏0+𝛼𝑠𝑏0

4−𝑑)√
2𝜋

𝛼𝑏0
2−𝑑𝑠

𝑒
𝑖𝜋(

𝑑
4
−1)

√(𝑑 − 4)(𝑑 − 3)
,  

𝒜eik ∝ 𝑒
𝑖𝜁𝑞

4−𝑑
3−𝑑𝑠

1
𝑑−3𝑠

2−
𝑑−4
2(𝑑−3)𝑞

(𝑑−2)2

2(3−𝑑)  

|𝒜(𝑠, 𝑡)| < 𝑠2  



pág. 4125 

𝒜(𝑠, 𝑡) = 𝐴0
𝑠2

𝑡
+ 𝐴1𝑠

2ln (
−𝑡

𝜇2
) .  

 

 

𝐶(2,0) =
1

2
(
𝐴0
𝑡
+ 𝐴1ln 𝑡 + ⋯) = ∫  

∞

𝜖2ΛUV
2
 d𝜇
Im𝒜(𝜇, 𝑡)

𝜇3
 

∫  
∞

𝑀∗
 d𝜇
Im𝒜(𝑠, 𝑡)

𝜇3
=
𝐴0
𝑡
+ 𝐴1ln 𝑡 + ( finite ).  

Im𝒜 = 𝑠2+𝛼𝑡.  

Im𝒜 = 𝑠2+𝛼𝑡𝜑(𝑠, 𝑡).  

𝜑(𝑠, 𝑡) = 𝜑(𝑠, 0) + 𝜑𝑡(𝑠, 0)𝑡 +
1

2
𝜑𝑡𝑡(𝑠, 0)𝑡

2 +⋯  

𝑠 = 𝑀2𝑒𝜎,  

∫  
∞

0

 
d𝜇

𝜇
2𝜑(𝜇, 0)𝜇𝛼𝑡 = ∫  

∞

0

 d𝜎2𝑀2𝛼𝑡𝜑(𝜎, 0)𝑒𝛼𝜎𝑡  

2𝑀2𝛼𝑡𝐿[𝜑(𝜎, 0)] = 𝑓(𝑡) + 𝒪(𝑡)  

Im𝒜 = 𝑠2+𝛼𝑡 (1 +
1

ln 𝑠
)  

𝜑(𝜎, 0) = 𝑎0𝐿
−1[𝑓(𝑡)], 𝜑𝑡(𝜎, 0) = 𝑎2𝐿

−1 [
𝑓(𝑡)

𝑡
] , 𝜑𝑡𝑡(𝜎, 0) = 𝑎2𝐿

−1 [
𝑓(𝑡)

𝑡2
] , … .  
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𝜑(𝜎, 𝑡) =∑  

𝑛

 𝑎𝑛𝜎
𝑛𝑡𝑛 = 𝜑(𝑡ln 𝑠), 𝜑(0) ≠ 0  

𝒜(𝑠, 𝑡) = −
𝑎0𝑒

−𝑖𝜋𝛼𝑡

sin (𝜋𝛼𝑡)
(𝑠2+𝛼𝑡 + (−𝑠 − 𝑡)2+𝛼𝑡) + 𝒪(𝑡ln 𝑠)  

𝒜(𝑠, 𝑡) = −
𝑠2

𝑀Pl
2 𝑡
− 𝛾𝑠2, 𝛾 > 0  

𝒜UV(𝑠, 𝑡) = 𝑒
−𝑖𝜋𝛼𝑡 (−𝛾 −

𝜋2

𝑀Pl
2 sin 𝜋𝛼𝑡

) (𝑠2+𝛼𝑡 + 𝑢2+𝛼𝑡)  

Im𝒜UV = 𝛾𝑠
2+𝛼𝑡sin 𝜋𝛼𝑡 = 𝛾(𝜋𝛼𝑡)𝑠2+𝛼𝑡 = 𝒪(𝑡ln 𝑠)  

𝑆†𝑆 = 1  

𝒜(𝑠, 𝜃) = 32𝜋∑  

∞

𝑙=0

 (𝑙 +
1

2
)𝑓𝑙(𝑠)𝑃𝑙(cos 𝜃).  

Im𝑓𝑗 ≥ 0, |𝑓𝑗(𝑠)| ≤ 1  

2Im𝑓𝑗(𝑠) ≥ |𝑓𝑗(𝑠)|
2√
𝑠 − 4𝑚2

𝑠
 

ℒ = −
1

2
𝜕𝜇𝜙𝜕

𝜇𝜙 −
1

2
𝑚2𝜙2 −∑ 

𝑛

 
𝜆̃𝑛
𝑛!
𝜙𝑛  

[𝜆̃𝑛] ⋅ 𝑀
𝑛 = 𝑀4  

𝑘𝜕𝑘(𝜆̃𝑛(𝑘)𝑘
−𝑑𝜆̃𝑛) = 𝑘

−𝑑𝜆̃𝑛(𝑘𝜕𝑘𝜆̃𝑛(𝑘)) − 𝑑𝜆̃𝑛𝑘
−𝑑𝜆̃𝑛 𝜆̃𝑛(𝑘)  

𝑘𝜕𝑘𝜆𝑛(𝑘) = 𝜆̃𝑛(𝑘)𝑘
−𝑑𝜆̃𝑛 (

𝑘𝜕𝑘𝜆̃𝑛(𝑘)

𝜆̃𝑛(𝑘)
) − 𝑑𝜆̃𝑛𝜆𝑛(𝑘) = (𝜂[𝜆𝑛] − 𝑑𝜆̃𝑛) ⋅ 𝜆𝑛  

𝜂[𝜆𝑛] ≡
𝜕log 𝜆̃𝑛
𝜕log 𝑘

 

𝜆𝑛(𝑘) ≃ 𝜆𝑛(𝑘0)(𝑘/𝑘0)
−𝑑𝜆̃𝑛  
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𝑘𝜕𝑘𝜆𝑛 = 𝛽𝜆𝑛 .  

 Fixed Points:  𝑘𝜕𝑘𝜆𝑛
∗ = 𝛽𝜆𝑛∗ = 0  

 ∀𝜆𝑛: 𝜆𝑛
∗ = 0,

  ∃𝑛: 𝜆𝑛
∗ ≠ 0.

 

𝑘𝜕𝑘𝜆𝑛 = 𝛽𝜆𝑛 ≃ 𝛽𝜆𝑛∗ +∑ 

𝑚

 
𝜕𝛽𝜆𝑛
𝜕𝜆𝑚

|

𝜆𝑚=𝜆𝑚
∗

(𝜆𝑚 − 𝜆𝑚
∗ ),  

𝜆(𝑘) = 𝜆∗ + (𝑘/𝑘0)
−𝜃,  

𝜃 ≡ −
𝜕𝛽

𝜕𝜆
|
𝜆=𝜆∗

 

 

𝛽 ≃ 𝛽∗ + 𝑆stab(𝜆 − 𝜆
∗)  ⇒  𝜆 = 𝜆∗ +∑ 

𝑖

  𝑐𝑖𝑒𝑖(𝑘/𝑘0)
−𝜃𝑖

 

(𝑆stab)𝑛𝑚 ≡
𝜕𝛽𝑛
𝜕𝜆𝑚

|
𝜆𝑖=𝜆𝑖

∗
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𝛽𝜆𝑛 = (𝜂[𝜆𝑛] − 𝑑𝜆̃𝑛) ⋅ 𝜆𝑛 = 0  

𝜂[𝜆𝑛] − 𝑑𝜆̃𝑛 = 0  

 

𝒵[𝐽] =
1

𝒩
∫  𝒟𝜑𝑒−𝑆[𝜑]+∫  d

𝑑𝑥𝐽(𝑥)𝜑(𝑥)  

⟨𝜑(𝑥1)⋯𝜑(𝑥𝑛)⟩𝐽  =
∫  𝒟𝜑𝜑(𝑥1)⋯𝜑(𝑥𝑛)𝑒

−𝑆[𝜑]+∫  d𝑑𝑥𝐽(𝑥)𝜑(𝑥)

∫  𝒟𝜑𝑒−𝑆[𝜑]+∫  d
𝑑𝑥𝐽(𝑥)𝜑(𝑥)

 =
1

𝒵[𝐽]

𝛿𝑛

𝛿𝐽(𝑥1)⋯𝛿𝐽(𝑥𝑛)
𝒵[𝐽].

 

𝒲[𝐽] = ln 𝒵[𝐽].  
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⟨𝜑(𝑥1)⋯𝜑(𝑥𝑛)⟩𝐽,𝑐 =
𝛿𝑛

𝛿𝐽(𝑥1)⋯𝛿𝐽(𝑥𝑛)
𝒲[𝐽] ≡ 𝒲(𝑛)[𝐽]  

𝒲(2)[𝐽]=
𝛿2

𝛿𝐽(𝑥1)𝛿𝐽(𝑥2)
ln 𝒵[𝐽]  

 =
𝛿

𝛿𝐽(𝑥1)

1

𝒵[𝐽]

𝛿𝒵[𝐽]

𝛿𝐽(𝑥2)

 = [
1

𝒵[𝐽]

𝛿2𝒵[𝐽]

𝛿𝐽(𝑥1)𝛿𝐽(𝑥2)
] − [

1

𝒵[𝐽]

𝛿𝒵[𝐽]

𝛿𝐽(𝑥1)
] [

1

𝒵[𝐽]

𝛿𝒵[𝐽]

𝛿𝐽(𝑥2)
]

 = ⟨𝜑(𝑥1)𝜑(𝑥2)⟩𝐽 − ⟨𝜑(𝑥1)⟩𝐽⟨𝜑(𝑥2)⟩𝐽 = ⟨𝜑(𝑥1)𝜑(𝑥2)⟩𝐽,𝑐

 

Γ[𝜙] = sup
𝐽
  {∫   d𝑑𝑥𝐽(𝑥)𝜙(𝑥) −𝒲[𝐽]}  

𝜙(𝑥) =
𝛿𝒲[𝐽sup ]

𝛿𝐽sup 

=
1

𝒵[𝐽sup ]

𝛿𝒵[𝐽sup ]

𝛿𝐽sup 

= ⟨𝜑(𝑥)⟩𝐽sup 
.  

Γ(1)[𝜙] = 𝐽sup +
𝛿𝐽sup

𝛿𝜙
[𝜙 −

𝛿𝒲[𝐽sup]

𝛿𝐽sup
]

⏟          
=0

= 𝐽sup.  

∫  d𝑑𝑦
𝛿2𝒲

𝛿𝐽(𝑥1)𝛿𝐽(𝑦)

𝛿2Γ

𝛿𝜙(𝑦)𝛿𝜙(𝑥2)
= ∫  d𝑑𝑦 [

𝛿

𝛿𝐽(𝑥1)

𝛿𝒲

𝛿𝐽(𝑦)
] [

𝛿

𝛿𝜙(𝑦)

𝛿Γ

𝛿𝜙(𝑥2)
] 

 = ∫  d𝑑𝑦 [
𝛿

𝛿𝐽(𝑥1)
𝜙(𝑦)] [

𝛿

𝛿𝜙(𝑦)
𝐽(𝑥2)]

 =
𝛿𝐽(𝑥2)

𝛿𝐽(𝑥1)
≡ 𝛿(𝑥1 − 𝑥2)

 

𝑒−Γ[𝜙]= 𝑒−∫  d
𝑑𝑥𝐽sup (𝑥)𝜙(𝑥)+𝒲[𝐽sup ]  

 = 𝑒
−∫  d𝑑𝑥

𝛿Γ[𝜙]
𝛿𝜙(𝑥)

𝜙(𝑥)
𝑒𝒲[𝐽sup ]

 = 𝑒
−∫  d𝑑𝑥

𝛿Γ[𝜙]
𝛿𝜙(𝑥)

𝜙(𝑥)
∫  𝒟𝜑𝑒−𝑆[𝜑]+∫  d

𝑑𝑥𝐽sup (𝑥)𝜑(𝑥)

 

𝑒−Γ[𝜙] = ∫  𝒟𝜑′𝑒
−𝑆[𝜙+𝜑′]+∫  d𝑑𝑥

𝛿Γ[𝜙]
𝛿𝜙(𝑥)

𝜑′(𝑥)
 

Γ[𝜙] =∑  

𝑛≥0

 
1

𝑛!
∫  d𝑑𝑥1⋯  d𝑑𝑥𝑛Γ

(𝑛)[𝜙 = 0](𝑥1, … , 𝑥𝑛)𝜙(𝑥1)⋯𝜙(𝑥𝑛)  

𝒜𝜙𝜙→𝜒𝜒 ≃
𝛿3Γ

𝛿𝜙𝛿𝜙𝛿𝑔𝜇𝜈
∘

𝛿2Γ

𝛿𝑔𝜇𝜈𝛿𝑔𝜌𝜎
∘

𝛿3Γ

𝛿𝑔𝜌𝜎𝛿𝜒𝛿𝜒
+

𝛿4Γ

𝛿𝜙𝛿𝜙𝛿𝜒𝛿𝜒
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𝒵𝑘[𝐽] =
1

𝒩
∫  𝒟𝜑𝑒−Δ𝑆𝑘[𝜑]𝑒−𝑆[𝜑]+∫  d

𝑑𝑥𝐽(𝑥)𝜑(𝑥)  

Δ𝑆𝑘[𝜑] =
1

2
∫  

 d𝑑𝑝

(2𝜋)𝑑
𝜑(−𝑝)ℛ𝑘(𝑝

2)𝜑(𝑝)  

lim
𝑝2→0

 ℛ𝑘(𝑝
2) > 0.  

lim
𝑘→0

 ℛ𝑘(𝑝
2) = 0.  

lim
𝑘→ΛUV→∞

 ℛ𝑘(𝑝
2) → ∞.  

 

ℛ𝑘(𝑝
2) = (𝑘2 − 𝑝2)𝜃 (1 −

𝑝2

𝑘2
)  

ℛ𝑘(𝑝
2) = 𝑘2𝑒−(𝑝

2/𝑘2)
𝑛

,  

ℛ𝑘(𝑝
2) =

𝑝2

𝑒𝑝
2/𝑘2 − 1

 

𝑘𝜕𝑘𝒵𝑘[𝐽] = −
1

2
∫  

 d𝑑𝑝

(2𝜋)𝑑
[𝑘𝜕𝑘ℛ𝑘(𝑝

2)]
𝛿2𝒵𝑘[𝐽]

𝛿𝐽(−𝑝)𝛿𝐽(𝑝)
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𝑘𝜕𝑘𝒵𝑘[𝐽] =
1

𝒩
∫  𝒟𝜑[−𝑘𝜕𝑘Δ𝑆𝑘[𝜑]]𝑒

−𝑆[𝜑]−Δ𝑆𝑘[𝜑]+∫  d
𝑑𝑥𝐽(𝑥)𝜑(𝑥)

=−
1

2𝒩
∫  𝒟𝜑∫  

 d𝑑𝑝

(2𝜋)𝑑
𝜑(−𝑝)[𝑘𝜕𝑘ℛ𝑘(𝑝

2)]𝜑(𝑝)𝑒−𝑆[𝜑]−Δ𝑆𝑘[𝜑]+∫  d
𝑑𝑥𝐽(𝑥)𝜑(𝑥)  

= −
1

2𝒩
∫  𝒟𝜑∫  

 d𝑑𝑝

(2𝜋)𝑑
[𝑘𝜕𝑘ℛ𝑘(𝑝

2)]
𝛿2

𝛿𝐽(−𝑝)𝛿𝐽(𝑝)
𝑒−𝑆[𝜑]−Δ𝑆𝑘[𝜑]+∫  d

𝑑𝑥𝐽(𝑥)𝜑(𝑥)

= −
1

2
∫  

 d𝑑𝑝

(2𝜋)𝑑
[𝑘𝜕𝑘ℛ𝑘(𝑝

2)]
𝛿2𝒵𝑘[𝐽]

𝛿𝐽(−𝑝)𝛿𝐽(𝑝)

 

𝒲𝑘[𝐽] = ln 𝒵𝑘[𝐽]  

𝑘𝜕𝑘𝒲𝑘[𝐽] = −
1

2
∫  

 d𝑑𝑝

(2𝜋)𝑑
[𝑘𝜕𝑘ℛ𝑘(𝑝

2)] {
𝛿2𝒲𝑘[𝐽]

𝛿𝐽(−𝑝)𝛿𝐽(𝑝)
+
𝛿𝒲𝑘[𝐽]

𝛿𝐽(−𝑝)

𝛿𝒲𝑘[𝐽]

𝛿𝐽(𝑝)
}  

Γ𝑘[𝜙] = sup
𝐽
  {∫   d𝑑𝑥𝐽(𝑥)𝜙(𝑥) −𝒲𝑘[𝐽] − Δ𝑆𝑘[𝜙]}  

𝐽sup [𝜙]  =
𝛿(Γ𝑘[𝜙] + Δ𝑆𝑘[𝜙])

𝛿𝜙

𝒢𝑘[𝜙]  ≡
𝛿2𝒲𝑘[𝐽sup ]

𝛿𝐽sup 
2 = [

𝛿2

𝛿𝜙2
(Γ𝑘[𝜙] + Δ𝑆𝑘[𝜙])]

−1

= [Γ𝑘
(2)
[𝜙] + ℛ𝑘]

−1
 

𝑘𝜕𝑘Γ𝑘[𝜙]= −𝑘𝜕𝑘𝒲𝑘[𝐽sup [𝜙]] − 𝑘𝜕𝑘Δ𝑆𝑘[𝜙] + ∫  d
𝑑𝑥𝑘𝜕𝑘𝐽sup [𝜙] [𝜙 −

𝛿𝒲𝑘[𝐽sup [𝜙]]

𝛿𝜙
] 

=
1

2
∫  

 d𝑑𝑝

(2𝜋)𝑑
[𝒢𝑘(𝑝, −𝑝) + 𝜙(−𝑝)𝜙(𝑝)]𝑘𝜕𝑘ℛ𝑘(𝑝

2) − 𝑘𝜕𝑘Δ𝑆𝑘[𝜙]  

 =
1

2
∫  

 d𝑑𝑝

(2𝜋)𝑑
𝒢𝑘(𝑝, −𝑝)𝑘𝜕𝑘ℛ𝑘(𝑝

2)

 

𝑘𝜕𝑘Γ𝑘[𝜙] =
1

2
𝑆Tr [(Γ𝑘

(2)
[𝜙] + ℛ𝑘)

−1
𝑘𝜕𝑘ℛ𝑘]  

Γ𝑘
(2)
+ℛ𝑘 > 0  

lim
𝑝2→∞

 𝑘𝜕𝑘ℛ𝑘(𝑝
2) = 0  

Γ𝑘 ≃ 𝑆 + ΔΓ𝑘,1𝑙  

𝑘𝜕𝑘ΔΓ𝑘,1𝑙 =
1

2
𝑆Tr [(𝑆(2) +ℛ𝑘)

−1
𝑘𝜕𝑘ℛ𝑘] =

1

2
𝑘𝜕𝑘𝑆Trln [𝑆

(2) +ℛ𝑘]  

Γ ≃ 𝑆 +
1

2
𝑆Trln 𝑆(2)  

𝑘𝜕𝑘Γ𝑘
(1)
= −

1

2
𝑆Tr [𝒢𝑘Γ𝑘

(3)
𝒢𝑘𝑘𝜕𝑘ℛ𝑘]  

𝑘𝜕𝑘Γ𝑘
(2)
= −

1

2
STr [𝒢𝑘Γ𝑘

(4)
𝒢𝑘𝑘𝜕𝑘ℛ𝑘] + STr [𝒢𝑘Γ𝑘

(3)
𝒢𝑘Γ𝑘

(3)
𝒢𝑘𝑘𝜕𝑘ℛ𝑘]  
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Γ𝑘[𝜙] = ∑  

∞

𝑛=0

 
1

𝑛!
∫  d𝑑𝑥1⋯  d𝑑𝑥𝑛Γ𝑘

(𝑛)
(𝑥1, … , 𝑥𝑛)𝜙(𝑥1)⋯𝜙(𝑥𝑛)  

Γ𝑘 = ∫  d
𝑑𝑥 [𝑉𝑘(𝜙) +

1

2
𝑍𝑘(𝜙)(𝜕𝜇𝜙)

2
+ 𝒪(𝜕4)]  

𝔊𝑂(𝑁)
𝑎 = −𝑓𝑎𝑏𝑐∫   d𝑑𝑥𝜙𝑏(𝑥)

𝛿

𝛿𝜙𝑐(𝑥)
 

𝔊𝑆𝑈(𝑁)
𝑎 = −𝒟𝜇

𝑎𝑏(𝑥)
𝛿

𝛿𝐴𝜇
𝑏(𝑥)

= −(𝜕𝜇𝛿
𝑎𝑏 − 𝑔𝑓𝑎𝑏𝑐𝐴𝜇

𝑐 (𝑥))
𝛿

𝛿𝐴𝜇
𝑏(𝑥)

.  

0=
1

𝒵[𝐽]
∫  𝒟𝜑𝔊𝑒−𝑆[𝜑]+∫  d

𝑑𝑥𝐽(𝑥)𝜑(𝑥)  

 =
1

𝒵[𝐽]
∫  𝒟𝜑 [−𝔊𝑆[𝜑] + ∫  d𝑑𝑥𝐽(𝑥)𝔊𝜑(𝑥)] 𝑒−𝑆[𝜑]+∫  d

𝑑𝑥𝐽(𝑥)𝜑(𝑥)

 = −⟨𝔊𝑆⟩𝐽 + ⟨∫  d
𝑑𝑥𝐽(𝑥)𝔊𝜑(𝑥)⟩

𝐽

 

0= −⟨𝔊𝑆⟩𝐽sup 
+∫  d𝑑𝑥𝐽sup (𝑥)⟨𝔊𝜑(𝑥)⟩𝐽sup 

 

 = −⟨𝔊𝑆⟩𝐽sup 
+∫  d𝑑𝑥

𝛿Γ

𝛿𝜙(𝑥)
𝔊𝜙(𝑥)

 = −⟨𝔊𝑆⟩𝐽sup 
+𝔊Γ[𝜙]

 

𝔊Γ = ⟨𝔊𝑆⟩𝐽sup 
.  

𝒲 = 𝔊Γ− ⟨𝔊(𝑆gf + 𝑆gh)⟩𝐽sup 

= 0  

𝒲𝑘 = 𝔊Γ𝑘 +𝔊Δ𝑆𝑘 − ⟨𝔊(𝑆gf + 𝑆gh + Δ𝑆𝑘)⟩𝐽sup 

= 0  

Γ𝑘 = ∫  d
𝑑𝑥√𝑔

1

2
(∇𝜇𝜙)(∇

𝜇𝜙)  

𝑘𝜕𝑘Γ𝑘 = ∫  d
𝑑𝑥√𝑔[𝑐0 + 𝑐1𝑅 + 𝑐2𝑅

2 + 𝑐3𝑅𝜇𝜈𝑅
𝜇𝜈 +⋯]  

Γ𝑘
(2)
= −𝑔𝜇𝑣∇𝜇∇𝑣≡ −∇

2≡ Δ  

1

2
𝑆Tr[(Δ + ℛ𝑘(Δ))

−1𝑘𝜕𝑘ℛ𝑘(Δ)] ≡
1

2
𝑆Tr𝑊(Δ)  

STr𝑒−𝑠Δ ≡  STr𝐻(𝑠)  

𝐻(𝑥, 𝑦; 𝑠) = ⟨𝑦|𝐻(𝑠)|𝑥⟩  

𝜕𝑠𝐻(𝑥, 𝑦; 𝑠)  = −Δ𝑥𝐻(𝑥, 𝑦; 𝑠)
𝐻(𝑥, 𝑦; 0)  = 𝛿(𝑥 − 𝑦)
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𝐻(𝑥, 𝑦; 𝑠) = (
1

4𝜋𝑠
)
𝑑/2

𝑒−
(𝑥−𝑦)2

4𝑠  

STr𝑒−𝑠Δ = tr∫  d𝑑𝑥√𝑔⟨𝑥|𝑒−𝑠Δ|𝑥⟩ = tr∫  d𝑑𝑥√𝑔𝐻(𝑥, 𝑥; 𝑠)  

∫  
d𝑑𝑝

(2𝜋)𝑑
𝑒−𝑠𝑝

2
 =

1

(2𝜋)𝑑
∫   dΩ∫  

∞

0

 d𝑝𝑝𝑑−1𝑒−𝑠𝑝
2

 =
1

(2𝜋)𝑑
[
2𝜋𝑑/2

Γ(𝑑/2)
] [
Γ(𝑑/2)

2𝑠𝑑/2
] = (

1

4𝜋𝑠
)
𝑑/2  

𝐻(𝑥, 𝑥; 𝑠) = (
1

4𝜋𝑠
)
𝑑/2

 

𝐻(𝑥, 𝑦; 𝑠) = (
1

4𝜋𝑠
)
𝑑/2

𝑒−
𝜎(𝑥,𝑦)
2𝑠 Ω(𝑥, 𝑦; 𝑠)  

𝜎(𝑥, 𝑥) ≡ 𝜎‾ = 0  

1

2
(∇𝜇𝜎)(∇

𝜇𝜎) = 𝜎  

[(−
𝑑

2𝑠
+ 𝜕𝑠 − ∇

2 +
1

2𝑠
(∇2𝜎(𝑥, 𝑦)))Ω(𝑥, 𝑦; 𝑠) +

1

𝑠
(∇𝜇𝜎(𝑥, 𝑦))(∇

𝜇Ω(𝑥, 𝑦; 𝑠))] = 0.  

Ω(𝑥, 𝑦; 𝑠) ∼ ∑  

𝑛≥0

 𝑠𝑛𝐴𝑛(𝑥, 𝑦), 𝑠 → 0  

(𝑛 −
𝑑

2
+
1

2
(∇2𝜎(𝑥, 𝑦))) 𝐴𝑛(𝑥, 𝑦) + (∇

𝜇𝜎(𝑥, 𝑦))(∇𝜇𝐴𝑛(𝑥, 𝑦)) − ∇
2𝐴𝑛−1(𝑥, 𝑦) = 0  

(1 −
𝑑

2
+
1

2
∇2𝜎)𝐴1 + ∇

𝜇𝜎∇𝜇𝐴1 − ∇
2𝐴0 = 0  

1

2
∇2∇2𝜎𝐴0  + ∇

𝜇∇2𝜎∇𝜇𝐴0 + (−
𝑑

2
+
1

2
∇2𝜎)∇2𝐴0

 +∇2∇𝜇𝜎∇𝜇𝐴0 + ∇
𝜇𝜎∇2∇𝜇𝐴0 + 2∇

𝜇∇𝑣𝜎∇𝜇∇𝑣𝐴0 = 0.

 

1

2
∇𝜇𝜎∇𝜇𝜎 = 𝜎‾ = 0 ⇒  ∇𝜇𝜎 = 0  

0 = ∇𝜇𝜎∇𝛼∇𝜇𝜎 = ∇𝛼𝜎 = 0  

(∇𝛽∇𝛼∇𝜇𝜎(𝑥, 𝑦))(∇
𝜇𝜎(𝑥, 𝑦)) + (∇𝛼∇𝜇𝜎(𝑥, 𝑦))(∇𝛽∇

𝜇𝜎(𝑥, 𝑦)) = ∇𝛽∇𝛼𝜎(𝑥, 𝑦).  

∇𝛼∇𝜇𝜎∇𝛽∇
𝜇𝜎 = ∇𝛽∇𝛼𝜎.  

∇𝜇∇𝜈𝜎 = 𝑔𝜇𝜈 .  

∇2𝜎 = 𝑑.  
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∇𝛽∇𝛼∇𝛾𝜎 + ∇𝛾∇𝛼∇𝛽𝜎 = 0.  

[∇𝜇 , ∇𝑣]𝑇𝛼1…𝛼𝑛 =∑ 

𝑛

𝑖=1

 𝑅𝜇𝑣𝛼𝑖
𝛽

𝑇𝛼1…𝛼𝑖−1𝛽𝛼𝑖+1…𝛼𝑛 .  

2∇𝛾∇𝛽∇𝛼𝜎 + 𝑅𝛼𝛿𝛽𝛾∇
𝛿𝜎 = 0  

∇𝜇∇𝜈∇𝜌𝜎 = 0.  

∇𝜇∇𝑣∇𝜌∇𝜎𝜎 = −
1

3
(𝑅𝜇𝜌𝑣𝜎 + 𝑅𝜇𝜎𝑣𝜌).  

𝜎‾ = ∇𝜇𝜎 = ∇𝜇∇𝜈∇𝜌𝜎  = 0

∇𝜇∇𝜈𝜎  = 𝑔𝜇𝜈
 

∇𝜇∇𝑣∇𝜌∇𝜎𝜎 = −
1

3
(𝑅𝜇𝜌𝑣𝜎 + 𝑅𝜇𝜎𝑣𝜌).  

∇2𝜎 = 𝑑, ∇2∇2𝜎 = −
2

3
𝑅  

∇2𝐴0 =
1

6
𝑅  

𝐴1 =
1

6
𝑅  

Ω‾ (𝑠) ∼ 1 +
1

6
𝑠𝑅 + 𝒪(𝑠2)  

1

2
 STr𝑊(Δ)  

𝑊(𝑥) = ∫  
∞

0

 d𝑠𝑊̃(𝑠)𝑒−𝑠𝑥  

1

2
 STr𝑊(Δ) =

1

2
 STr∫  

∞

0

 d𝑠𝑊̃(𝑠)𝑒−𝑠Δ  

1

2
 STr𝑊(Δ) ∼

1

2
∫   d𝑑𝑥√𝑔∫  

∞

0

 d𝑠𝑊̃(𝑠) (
1

4𝜋𝑠
)
𝑑/2

[1 +
1

6
𝑠𝑅 + 𝒪(𝑠2)]  

∫  
∞

0

 d𝑠𝑊̃(𝑠)𝑠−𝑛 =
1

Γ(𝑛)
∫  
∞

0

 d𝑧𝑧𝑛−1𝑊(𝑧), 𝑛 > 0  

∫  
∞

0

 d𝑠𝑊̃(𝑠)𝑠𝑛 = (−1)𝑛𝑊(𝑛)(0), 𝑛 ≥ 0  
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1

Γ(𝑛)
∫  
∞

0

 d𝑧𝑧𝑛−1𝑊(𝑧)=
1

Γ(𝑛)
∫  
∞

0

 d𝑧𝑧𝑛−1∫  
∞

0

 d𝑠𝑊̃(𝑠)𝑒−𝑠𝑧  

= ∫  
∞

0

 d𝑠𝑊̃(𝑠)
1

Γ(𝑛)
∫  
∞

0

 d𝑧𝑧𝑛−1𝑒−𝑠𝑧  

 = ∫  
∞

0

 d𝑠𝑊̃(𝑠)
1

Γ(𝑛)
(−𝜕𝑠)

𝑛−1∫  
∞

0

 d𝑧𝑒−𝑠𝑧

 = ∫  
∞

0

 d𝑠𝑊̃(𝑠)
1

Γ(𝑛)
(−𝜕𝑠)

𝑛−1
1

𝑠

 = ∫  
∞

0

 d𝑠𝑊̃(𝑠)𝑠−𝑛

 

∫  
∞

0

 d𝑠𝑊̃(𝑠)𝑠𝑛= [∫  
∞

0

 d𝑠𝑊̃(𝑠)𝑠𝑛𝑒−𝑠𝑧]|
𝑧=0

 

 = [(−𝜕𝑧)
𝑛∫  

∞

0

 d𝑠𝑊̃(𝑠)𝑒−𝑠𝑧]|
𝑧=0

 = [(−𝜕𝑧)
𝑛𝑊(𝑧)]|𝑧=0 = (−1)

𝑛𝑊(𝑛)(0)

 

1

2
𝑆Tr𝑊(Δ) ∼

1

2

1

(4𝜋)𝑑/2
∫   d𝑑𝑥√𝑔[

1

Γ (
𝑑
2
)
∫  
∞

0

 d𝑧𝑧
𝑑
2
−1𝑊(𝑧)

+
1

6

1

Γ (
𝑑
2 − 1)

𝑅∫  
∞

0

 d𝑧𝑧
𝑑
2
−2𝑊(𝑧) +⋯]

 

∫  
∞

0

 d𝑧𝑧
𝑑
2
−1𝑊(𝑧) =

4

𝑑
𝑘𝑑 , ∫  

∞

0

 d𝑧𝑧
𝑑
2
−2𝑊(𝑧) =

4

𝑑 − 2
𝑘𝑑−2  

Γ𝑘 = ∫  d𝜏 (
1

2
𝑥̇2 + 𝑉𝑘(𝑥))  

𝑘𝜕𝑘Γ𝑘 ≡ ∫   d𝜏𝑘𝜕𝑘𝑉𝑘  

Γ𝑘
(2)
= (−𝜕𝜏

2 + 𝑉𝑘
′′(𝑥))𝛿(𝜏 − 𝜏′)  

𝑘𝜕𝑘ℛ𝑘
Litim = 2𝑘2𝜃(1 − 𝑝2/𝑘2) − 2

𝑝2

𝑘2
(𝑘2 − 𝑝2)𝛿(1 − 𝑝2/𝑘2)  

𝑘𝜕𝑘𝑉𝑘 =
1

2
∫  
+∞

−∞

 
d𝑝𝜏
2𝜋

2𝑘2𝜃(1 − 𝑝𝜏
2/𝑘2)

𝑘2 + 𝑉𝑘
′′ =

1

𝜋

𝑘3

𝑘2 + 𝑉𝑘
′′  

𝑉𝑘 = 𝐸𝑘 +
1

2!
𝜔𝑘𝑥

2 +
1

4!
𝜆𝑘𝑥

4  

𝛽𝐸 +
1

2!
𝛽𝜔𝑥

2 +
1

4!
𝛽𝜆𝑥

4 =
1

𝜋

𝑘3

𝑘2 +𝜔𝑘 + 𝜆𝑘𝑥
2/2
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𝜕𝑘𝐸𝑘 =
1

𝜋

𝑘2

𝑘2 +𝜔𝑘

𝜕𝑘𝜔𝑘 = −
2

𝜋

𝑘2

(𝑘2 + 𝜔𝑘)
2

𝜆𝑘
2

𝜕𝑘𝜆𝑘 =
24

𝜋

𝑘2

(𝑘2 + 𝜔𝑘)
3
(
𝜆𝑘
2
)
2

 

Γ𝑘 ≃
1

16𝜋𝐺𝑘
∫   d4𝑥√𝑔[2Λ𝑘 − 𝑅]  

𝔏𝜈𝑔𝜇𝜈 = ∇𝜇𝑣𝜈 + ∇𝜈𝑣𝜇 .  

𝑔𝜇𝑣 = 𝑔‾𝜇𝑣 + ℎ𝜇𝑣  

𝑔𝜇𝜈 = 𝑔‾𝜇𝜌exp [𝑔‾
−1ℎ]𝑣

𝜌
 

𝑔‾𝜇𝑣 → 𝑔‾𝜇𝑣 ,

ℎ𝜇𝑣 → ℎ𝜇𝑣 + 𝔏𝑣(𝑔‾𝜇𝑣 + ℎ𝜇𝑣).
 

𝑔‾𝜇𝑣 → 𝑔‾𝜇𝑣 + 𝔏𝑣𝑔‾𝜇𝑣,

ℎ𝜇𝑣 → ℎ𝜇𝑣 + 𝔏𝑣ℎ𝜇𝑣 .
 

𝒩𝑘 =
𝛿Γ𝑘
𝛿𝑔‾𝜇𝑣

−
𝛿Γ𝑘
𝛿ℎ𝜇𝑣

− ⟨[
𝛿

𝛿𝑔‾𝜇𝑣
−

𝛿

𝛿ℎ𝜇𝑣
] (𝑆gf + 𝑆gh)⟩ −

1

2
STr [

1

√𝑔‾

𝛿√𝑔‾ℛ𝑘

𝛿𝑔‾𝜇𝑣
𝒢𝑘] = 0  

𝑆gf =
1

2
∫   d4𝑥√𝑔‾ℱ𝜇𝑔‾

𝜇𝑣ℱ𝑣  

ℱ𝜇 ≡ 𝔉𝜇
𝛼𝛽
ℎ𝛼𝛽 =

1

√16𝜋𝐺𝑘𝛼𝑘
[𝛿𝜇
(𝛼
∇‾𝛽) −

1 + 𝛽𝑘
4

𝑔‾𝛼𝛽∇‾𝜇] ℎ𝛼𝛽.  

𝑆gh = ∫  d
4𝑥√𝑔‾𝑐‾𝜇𝔉𝜇

𝛼𝛽
𝔏𝑐𝑔𝛼𝛽 = ∫  d

4𝑥√𝑔‾𝑐‾𝜇𝔉𝜇
𝛼𝛽
(∇𝛼𝑐𝛽 + ∇𝛽𝑐𝛼)  

Γ𝑘 ≃
1

16𝜋𝐺𝑘
∫   d4𝑥√𝑔[2Λ𝑘 − 𝑅] +

1

2
∫   d4𝑥√𝑔‾ℱ𝜇𝑔‾

𝜇𝜈ℱ𝜈 +∫  d
4𝑥√𝑔‾𝑐‾𝜇𝔉𝜇

𝛼𝛽
𝔏𝑐𝑔𝛼𝛽  

Δ𝑆𝑘 =
1

2
∫   d4𝑥√𝑔‾ℎ𝜇𝜈ℛ𝑘

ℎ,𝜇𝜈𝜌𝜎
ℎ𝜌𝜎 +∫  d

4𝑥√𝑔‾𝑐‾𝜇ℛ𝑘
𝑐,𝜇𝜈

𝑐𝜈  

𝑘𝜕𝑘Γ𝑘 =
1

2
𝑆Tr

[
 
 
 
 
 
 

(

 
 
 
 

𝛿2Γ𝑘
𝛿ℎ2

+ℛ𝑘
ℎ

𝛿2Γ𝑘
𝛿ℎ𝛿𝑐‾

𝛿2Γ𝑘
𝛿ℎ𝛿𝑐

𝛿2Γ𝑘
𝛿𝑐‾𝛿ℎ

𝛿2Γ𝑘
𝛿𝑐‾2

𝛿2Γ𝑘
𝛿𝑐‾𝛿𝑐

+ ℛ𝑘
𝑐

𝛿2Γ𝑘
𝛿𝑐𝛿ℎ

𝛿2Γ𝑘
𝛿𝑐𝛿𝑐‾

+ ℛ𝑘
𝑐

𝛿2Γ𝑘
𝛿𝑐2 )

 
 
 
 

−1

𝑘𝜕𝑘 (

ℛ𝑘
ℎ 0 0

0 0 ℛ𝑘
𝑐

0 ℛ𝑘
𝑐 0

)

]
 
 
 
 
 
 

 

𝑘𝜕𝑘Γ𝑘 ≃
1

2
STr [(

𝛿2Γ𝑘
𝛿ℎ2

+ℛ𝑘
ℎ)

−1

𝑘𝜕𝑘ℛ𝑘
ℎ] + STr [(

𝛿2Γ𝑘
𝛿𝑐‾𝛿𝑐

+ ℛ𝑘
𝑐)

−1

𝑘𝜕𝑘ℛ𝑘
𝑐 ]|

ℎ=𝑐‾=𝑐=0
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𝑆gh≃
1

√16𝜋𝐺𝑘𝛼𝑘
∫   d4𝑥√𝑔‾𝑐‾𝜇 [𝛿𝜇

(𝛼∇‾𝛽)
−
1 + 𝛽𝑘
4

𝑔‾𝛼𝛽∇‾𝜇] (∇‾𝛼𝑐𝛽 + ∇‾𝛽𝑐𝛼) 

 =
1

√16𝜋𝐺𝑘𝛼𝑘
∫   d4𝑥√𝑔‾𝑐‾𝜇 [∇‾2𝛿𝜇

𝛼 + ∇‾𝛼∇‾𝜇 −
1 + 𝛽𝑘
2

∇‾𝜇∇‾
𝛼] 𝑐𝛼

 =
1

√16𝜋𝐺𝑘𝛼𝑘
∫   d4𝑥√𝑔‾𝑐‾𝜇 [∇‾2𝛿𝜇

𝛼 +
1 − 𝛽𝑘
2

∇‾𝜇∇‾
𝛼 + 𝑅‾𝜇

𝛼] 𝑐𝛼

 

𝑆gh ≃ −
1

√16𝜋𝐺𝑘𝛼𝑘
∫   d4𝑥√𝑔‾𝑐‾𝜇[Δ‾𝛿𝜇

𝛼 − 𝑅‾𝜇
𝛼]𝑐𝛼  

Δ𝑆𝑘
gh
= −

1

√16𝜋𝐺𝑘𝛼𝑘
∫   d4𝑥√𝑔‾𝑐‾𝜇𝑅𝑘

𝑐(Δ‾𝟙 − Ric)𝜇
𝛼𝑐𝛼  

𝑅𝑘
𝑐(Δ‾𝟙 − Ric)𝜇

𝛼 = ∫  
∞

0

 d𝑠𝑅̃(𝑠)(exp [−𝑠(Δ‾𝟙 − Ric)])𝜇
𝛼  

−STr𝑊(Δ‾𝟙 − Ric) = −∫  
∞

0

 d𝑠𝑊̃(𝑠)STr𝑒−𝑠(Δ
‾ 𝟙−Ric)  

−
1

16𝜋2
∫   d4𝑥√𝑔‾[4 ∫  

∞

0

 d𝑧𝑧
𝑘𝜕𝑘𝑅𝑘

𝑐(𝑧) −
1
2
𝑘𝜕𝑘(𝐺𝑘𝛼𝑘)
𝐺𝑘𝛼𝑘

𝑅𝑘
𝑐(𝑧)

𝑧 + 𝑅𝑘
𝑐(𝑧)

+
5

3
𝑅‾ ∫  

∞

0

 d𝑧
𝑘𝜕𝑘𝑅𝑘

𝑐(𝑧) −
1
2
𝑘𝜕𝑘(𝐺𝑘𝛼𝑘)
𝐺𝑘𝛼𝑘

𝑅𝑘
𝑐(𝑧)

𝑧 + 𝑅𝑘
𝑐(𝑧)

+ ⋯]

 

𝑔 = 𝑔‾ + ℎ = 𝑔‾(𝟙 + 𝑔‾−1ℎ)  

det𝑔 = det(𝑔‾ + ℎ)= det[𝑔‾(𝟙 + 𝑔‾−1ℎ)]  

= (det𝑔‾)det[𝟙 + 𝑔‾−1ℎ]  

= (det𝑔‾)exp [trln (𝟙 + 𝑔‾−1ℎ)]  

= (det𝑔‾)exp [tr∑  

𝑛≥1

 −
(−1)𝑛

𝑛
(𝑔‾−1ℎ)𝑛]  

= (det𝑔‾)exp [−∑  

𝑛≥1

 
(−1)𝑛

𝑛
tr{(𝑔‾−1ℎ)𝑛}]  

 ≃ (det𝑔‾) [1 + ℎ𝛼  𝛼 +
1

2
ℎ𝛼  𝛼ℎ

𝛽 𝛽 −
1

2
ℎ𝛼𝛽ℎ𝛼𝛽 +⋯]

 

√det𝑔 ≃ √det𝑔‾ [1 +
1

2
ℎ𝛼
𝛼 +

1

8
ℎ𝛼
𝛼ℎ𝛽

𝛽
−
1

4
ℎ𝛼𝛽ℎ𝛼𝛽 +⋯] .  

𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈  

𝑔−1 = (𝟙 + 𝑔‾−1ℎ)−1𝑔‾−1  

𝑔𝜇𝑣 ≃ 𝑔‾𝜇𝑣 − ℎ𝜇𝑣 + ℎ𝛼
𝜇
ℎ𝛼𝑣 +⋯  
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Γ𝛼𝛽
𝜇
=
1

2
𝑔𝜇𝑣(𝜕𝛼𝑔𝜈𝛽 + 𝜕𝛽𝑔𝜈𝛼 − 𝜕𝜈𝑔𝛼𝛽).  

Γ𝑣𝛼𝛽=
1

2
(𝜕𝛼𝑔𝑣𝛽 + 𝜕𝛽𝑔𝑣𝛼 − 𝜕𝑣𝑔𝛼𝛽)  

=
1

2
(𝜕𝛼𝑔‾𝑣𝛽 + 𝜕𝛽𝑔‾𝑣𝛼 − 𝜕𝑣𝑔‾𝛼𝛽) +

1

2
(𝜕𝛼ℎ𝑣𝛽 + 𝜕𝛽ℎ𝑣𝛼 − 𝜕𝑣ℎ𝛼𝛽) 

 = Γ‾𝑣𝛼𝛽 +
1

2
(∇‾𝛼ℎ𝑣𝛽 + ∇‾𝛽ℎ𝑣𝛼 − ∇‾𝑣ℎ𝛼𝛽) + Γ‾𝛼𝛽

𝜇
ℎ𝜇𝑣

 = Γ‾𝛼𝛽
𝜇
(𝑔‾𝜇𝑣 + ℎ𝜇𝑣) +

1

2
(∇‾𝛼ℎ𝑣𝛽 + ∇‾𝛽ℎ𝑣𝛼 − ∇‾𝑣ℎ𝛼𝛽)

 = Γ‾𝛼𝛽
𝜇
𝑔𝜇𝑣 +

1

2
(∇‾𝛼ℎ𝑣𝛽 + ∇‾𝛽ℎ𝑣𝛼 − ∇‾𝑣ℎ𝛼𝛽)

 

Γ𝛼𝛽
𝜇
= Γ‾𝛼𝛽

𝜇
+
1

2
𝑔𝜇𝑣(∇‾𝛼ℎ𝑣𝛽 + ∇‾𝛽ℎ𝑣𝛼 − ∇‾𝑣ℎ𝛼𝛽).  

Γ𝑘
ℎ2 =

1

32𝜋𝐺𝑘
∫   d4𝑥√𝑔‾ℎ𝜇𝜈[(Δ‾ − 2Λ𝑘 +

2

3
𝑅‾) 𝟙𝜇𝜈𝜌𝜎 − 2𝐶‾𝜇𝜌𝜈𝜎

−({1 −
(1 + 𝛽𝑘)

2

8𝛼𝑘
}Δ‾ − Λ𝑘 +

1

6
𝑅‾)𝑔‾𝜇𝜈𝑔‾𝜌𝜎  

+
1 − 2𝛼𝑘 + 𝛽𝑘

𝛼𝑘
𝑔‾𝜇𝜈∇‾𝜌∇‾𝜎 + 2(1 −

1

𝛼𝑘
)𝑔‾𝜇𝜌∇‾𝜈∇‾𝜎] ℎ𝜌𝜎

 

𝟙𝜇𝜈𝜌𝜎 =
1

2
(𝑔‾𝜇𝜌𝑔‾𝜈𝜎 + 𝑔‾𝜇𝜎𝑔‾𝜈𝜌)  

ΠTr𝜇𝜈𝜌𝜎 =
1

4
𝑔‾𝜇𝜈𝑔‾𝜌𝜎 , ΠTL𝜇𝜈𝜌𝜎 = 𝟙𝜇𝜈𝜌𝜎 − ΠTr𝜇𝜈𝜌𝜎  

Γ𝑘
ℎ2 =

1

32𝜋𝐺𝑘
∫   d4𝑥√𝑔‾ℎ𝜇𝜈 [{Δ‾ +

2

3
𝑅‾ − 2ℂ−2Λ𝑘}Π

TL

−{Δ‾ − 2Λ𝑘}Π
Tr]𝜇𝜈𝜌𝜎ℎ𝜌𝜎

 

Δ‾2 = {Δ‾ +
2

3
𝑅‾ − 2ℂ}ΠTL  

Δ𝑆𝑘
ℎ =

1

32𝜋𝐺𝑘
∫   d4𝑥√𝑔‾ℎ𝜇𝜈[𝑅𝑘

ℎ(Δ‾2)Π
TL − 𝑅𝑘

ℎ(Δ‾)ΠTr]ℎ𝜌𝜎  

1

2
STrTL𝑊(Δ‾2) +

1

2
STrTr𝑊(Δ‾)  

1

32𝜋2
∫   d4𝑥√𝑔‾[10∫  

∞

0

 d𝑧𝑧
𝑘𝜕𝑘𝑅𝑘

ℎ(𝑧) −
𝑘𝜕𝑘𝐺𝑘
𝐺𝑘

𝑅𝑘
ℎ(𝑧)

𝑧 + 𝑅𝑘
ℎ(𝑧) − 2Λ𝑘

−
13

3
𝑅‾ ∫  

∞

0

 d𝑧
𝑘𝜕𝑘𝑅𝑘

ℎ(𝑧) −
𝑘𝜕𝑘𝐺𝑘
𝐺𝑘

𝑅𝑘
ℎ(𝑧)

𝑧 + 𝑅𝑘
ℎ(𝑧) − 2Λ𝑘

+⋯]
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𝑘𝜕𝑘Γ𝑘 = ∫  d
4𝑥√𝑔‾ [

𝑘𝜕𝑘Λ𝑘 −
𝑘𝜕𝑘𝐺𝑘
𝐺𝑘

Λ𝑘

8𝜋𝐺𝑘
+
𝑘𝜕𝑘𝐺𝑘

16𝜋𝐺𝑘
2 𝑅
‾]  

𝑔 = 𝐺𝑘𝑘
2, 𝜆 = Λ𝑘𝑘

−2  

𝛽𝑔 = 𝑘𝜕𝑘𝑔 = (𝑘𝜕𝑘𝐺𝑘 + 2𝐺𝑘)𝑘
2, 𝛽𝜆 = 𝑘𝜕𝑘𝜆 = (𝑘𝜕𝑘Λ𝑘 − 2Λ𝑘)𝑘

−2  

𝛽𝑔 = 2𝑔 (1 − 𝑔
23 − 20𝜆

6𝜋(1 − 2𝜆) + 𝑔(−9 + 5𝜆)
)

𝛽𝜆 = (−4 +
𝛽𝑔

𝑔
)𝜆 +

5𝑔

12𝜋

8 −
𝛽𝑔
𝑔

1 − 2𝜆
−
7𝑔

3𝜋
(1 −

1

14

𝛽𝑔

𝑔
)

 

𝜂𝑁 ≡ −2𝑔
23 − 20𝜆

6𝜋(1 − 2𝜆) + 𝑔(−9 + 5𝜆)
 

𝑔∗ = 𝜆∗ = 0  

𝜃1 = 2, 𝜃2 = −2  

𝑔∗ =
6𝜋

2615
(39√19 − 95) ≈ 0.541, 𝜆∗ =

5 − √19

10
≈ 0.064  

 

𝜃1,2 ≈ 2.667 ± 0.958𝑖  

𝑔∗ = −
6𝜋

2615
(39√19 + 95) ≈ −1.910, 𝜆∗ =

5 + √19

10
≈ 0.936,  

𝜃1 ≈ 7.451, 𝜃2 ≈ −5.465.  

ΓΛUV = 𝑆ΛUV +
1

2
STrΛUVln (𝑆ΛUV

(2)
+ 𝑅ΛUV) ,  

lim
ΛUV→∞

 Γ∗ = 𝑆bare +  ℷ  

1

2
𝜙𝑓(−∇2)𝜙.  
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1

16𝜋𝐺𝑁
∫   d4𝑥√𝑔(2Λ − 𝑅)  ↦

1

16𝜋
∫   d4𝑥√𝑔

1

𝐺𝑁(Δ)
(2Λ(Δ) − 𝑅)

 =
1

16𝜋
∫   d4𝑥√𝑔

1

𝐺𝑁(0)
(2Λ(0) − 𝑅)

 

𝑅𝑓𝑅(Δ)𝑅 + 𝑅𝜇𝜈𝑓𝑅𝑖𝑐(Δ)𝑅
𝜇𝜈

 

∇2𝑅𝜇𝜈𝜌𝜎 = 𝑅𝑣  
𝛼𝑅𝜇𝛼𝜌𝜎 − 𝑅𝜇 

𝛼𝑅𝑣𝛼𝜌𝜎 + 2𝑅𝜇 
𝛼  𝜎 

𝛽𝑅𝑣𝛼𝜌𝛽 − 2𝑅𝜇 
𝛼  𝜌 

𝛽𝑅𝑣𝛼𝜎𝛽 − 2𝑅𝜇 
𝛼  𝑣 

𝛽𝑅𝜌𝜎𝛼𝛽
+∇𝜇∇𝜌𝑅𝑣𝜎 − ∇𝜇∇𝜎𝑅𝑣𝜌 − ∇𝑣∇𝜌𝑅𝜇𝜎 + ∇𝑣∇𝜎𝑅𝜇𝜌.

 

∇[𝛼𝑅𝜇𝑣]𝜌𝜎 = 0  

Γ[𝑔𝜇𝜈] = ∫  d
4𝑥√−𝑔 [

−2Λ + 𝑅

16𝜋𝐺𝑁
+
1

6
𝑅𝐹𝑅(◻)𝑅 −

1

2
𝐶𝜇𝜈𝜌𝜎𝐹𝐶(◻)𝐶𝜇𝜈𝜌𝜎 +⋯] ,  

𝒢(𝑝) ≃
1

𝑝2(1 + 𝑝2𝐹(𝑝2))
 

Γ ≃ ∫  d4𝑥√−𝑔 [
𝑅

16𝜋𝐺𝑁
+
1

6
𝑅𝐹𝑅(◻)𝑅−

1

2
𝐶𝜇𝜈𝜌𝜎𝐹𝐶(◻)𝐶𝜇𝜈𝜌𝜎  

−
1

2
(∇𝜇𝜙)(∇

𝜇𝜙) −
1

2
(∇𝜇𝜒)(∇

𝜇𝜒)] .

 

𝒜𝑠(𝑠, 𝑡) =
4𝜋𝐺𝑁
3

𝑠2 [
𝑠2 + 6𝑡(𝑠 + 𝑡)

𝑠2
1

𝑠(1 + 𝑠𝐹𝐶(𝑠))
−

1

𝑠(1 + 𝑠𝐹𝑅(𝑠))
]  

𝒜𝑡(𝑠, 𝑡) = 𝒜𝑠(𝑡, 𝑠) =
4𝜋𝐺𝑁
3

𝑡2 [
𝑡2 + 6𝑠(𝑠 + 𝑡)

𝑡2
1

𝑡(1 + 𝑡𝐹𝐶(𝑡))
−

1

𝑡(1 + 𝑡𝐹𝑅(𝑡))
]  

𝛽𝑔 = 2𝑔 − 𝑔
2(𝑎𝑄𝐺 + 𝑎𝑆𝑁𝑆 + 𝑎𝐹𝑁𝐹 + 𝑎𝑉𝑁𝑉) + 𝒪(𝑔

3)  

𝑔∗ =
2

𝑎𝑄𝐺 + 𝑎𝑆𝑁𝑆 + 𝑎𝐹𝑁𝐹 + 𝑎𝑉𝑁𝑉
.  

𝛽𝑐 = −𝑓𝑐𝑐 + 𝛽𝑐,1𝑐
𝑛 +𝒪(𝑐𝑛+1)  

𝛽𝑔𝑌 = 𝑏𝑌𝑔𝑌
3 − 𝑓𝑌𝑔𝑌,  

𝛽𝜆𝐻 =
3

2𝜋2
𝜆𝐻
2 + 𝜏𝐻(𝑔2, 𝑔𝑌, 𝑦𝑡) + 𝜅𝐻(𝑔2, 𝑔𝑌, 𝑦𝑡)𝜆𝐻 − 𝑓𝐻𝜆𝐻 + 𝒪(𝜆𝐻

3 )  

𝜆𝐻 =
1

2
(
𝑚𝐻
𝑣
)
2

 

𝒫𝑠(𝑘) ≃ 𝐴𝑠 (
𝑘

𝑘∗
)
𝑛𝑠−1

, 𝒫𝑡(𝑘) ≃ 𝐴𝑡 (
𝑘

𝑘∗
)
𝑛𝑡

,  

𝒢(𝑝) ≃
1

𝑝2−𝜂𝑁
.  

𝒢(𝑥, 𝑦) ≃ log |𝑥 − 𝑦|2  
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𝜉(𝑥⃗) = ⟨𝛿𝜌(𝑥⃗ + 𝑦⃗)𝛿𝜌(𝑦⃗)⟩ ∝ ⟨𝛿𝑅(𝑥⃗ + 𝑦⃗, 𝑡)𝛿𝑅(𝑦⃗, 𝑡)⟩ ≃ |𝑥⃗|−4,  

|𝛿𝑘⃗⃗|
2
= 𝑉∫   d3𝑥⃗𝜉(𝑥⃗)𝑒−𝑖𝑘⃗⃗⋅𝑥  

|𝛿𝑘⃗⃗|
2
∝ |𝑘⃗⃗|𝑛𝑠 .  

 

𝐺𝑘 ≃
𝐺𝑁

1 + 𝑔∗
−1𝐺𝑁𝑘

2
.  

𝑓(𝑟) = 1 −
2𝐺𝑁𝑀

𝑟
.  

𝛿Γ

𝛿𝑔𝜇𝑣
= 0.  

𝑆eff ∼ ∫  d
𝑑𝑥√−𝑔(ℒstuff +

𝑀Pl
𝑑−2

2
𝑅 +𝑀Pl

𝑑−2∑ 

𝑘

  𝑐𝑘
𝒪𝑘(∇,ℛ,… )

ΛUV
𝑘−2 ) ,  

Λsp =
𝑀Pl

𝑁(Λsp)
1
𝑑−2

.
 

ΛUV ≲ Λsc ≲ Λsp ≲
𝑀Pl

𝑁
low-energy 

1
𝑑−2

≤ 𝑀Pl  

𝑆BH =
Area(𝑅BH)

4𝐺𝑁
+ 𝛼ln 

Area(𝑅BH)

𝐺𝑁
+⋯ ,  

𝑠 ≡ −(𝑝1 + 𝑝2)
2, 𝑡 ≡ −(𝑝1 + 𝑝3)

2, 𝑢 ≡ −(𝑝1 + 𝑝4)
2.  

𝒜 = 𝐊𝐹(𝑠, 𝑡, 𝑢),  
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𝒜tree
GR = 𝐊

𝐺𝑁
𝑠𝑡𝑢

.  

𝒜tree
UV = 𝐊

𝐺𝑁
𝑠𝑡𝑢

𝐶 (
𝑠

ΛUV
2 ,

𝑡

ΛUV
2 ,

𝑢

ΛUV
2 )  

 

𝑔̃𝜏𝜏 = 𝑋̇
𝜇𝑋̇𝑣𝑔𝜇𝑣(𝑋(𝜏)) ≡ 𝑋̇

2,  

𝑆wl
tentative[𝑋,… ] = −𝑚∫  

𝑊

  dℓ + 𝑆other stuff ⋅  

𝑆wl[𝑋, 𝛾, … ] = −
1

2
∫   d𝜏√−𝛾𝜏𝜏(𝛾

𝜏𝜏𝑋̇𝜇𝑋̇𝑣𝑔𝜇𝑣(𝑋) +𝑚
2) + 𝑆other stuff  

∫  
𝑋(𝑇)=𝑥𝑓

𝑋(0)=𝑥𝑖

 
𝒟𝑋𝒟𝛾

Diff(𝑊)
𝑒−𝑆w𝑙

𝐸 [𝑋,𝛾]  

1 ≡ ΔFP[𝛾]∫  d𝑡 ∫  𝒟𝜉𝛿(𝛾 − 𝛾̂(𝑡)
𝜉)  

∫  d𝑡ΔFP[𝛾̂(𝑡)]∫  
𝑋(𝑇)=𝑥𝑓

𝑋(0)=𝑥𝑖

 𝒟𝑋𝑒−𝑆wl
𝐸 [𝑋,𝛾̂(𝑡)]  

det′(−∇2) = exp (−
d

 d𝑠
(𝑒̂2𝑠𝜁(2𝑠))|

𝑠=0
) ∝ 𝑒̂  

(𝑒̂
3
2, 𝜕𝑡𝛾̂) = 𝑒̂

−
3
2𝜕𝑡𝛾̂  

∫  d𝑡
𝜕𝑡𝛾̂

𝑒̂
∝ ∫   d𝑒̂ = ∫  d𝑇  

∫  
d𝑑𝑝

(2𝜋)𝑑
𝑒𝑖𝑝⋅(𝑥𝑓−𝑥𝑖)𝑒−𝑇(𝑝

2+𝑚2)  
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𝑆NG = −𝑇∫ 
Σ

 d𝐴  

𝑆ws = −
1

4𝜋𝛼′
∫ 
Σ

 d2𝜎√−𝛾[𝛾𝛼𝛽𝜕𝛼𝑋
𝜇𝜕𝛽𝑋

𝜈𝑔𝜇𝜈(𝑋)] + 𝑆other stuff  

𝑆P = −
1

4𝜋𝛼′
∫ 
Σ

 d2𝜎√−𝛾[(𝛾𝛼𝛽𝑔𝜇𝜈 + 𝜖
𝛼𝛽𝐵𝜇𝜈)𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈 + 𝛼′Ric(𝛾)𝜙],  

𝛾 ↦ Ω2(𝜎)𝛾.  

 

MCG(Σ) ≡
Diff(Σ)

Diff0(Σ)
 

∑  

genus 𝑔

 ∫  
ℳ𝑔

  d𝜇(𝑡)∫  
Σ𝑔(𝑡)

  ∑  

spin structure 𝑠

 𝐶𝑠𝒟𝑋𝒟𝜓𝑒
−𝑆ws 

𝐸
   

ln 
𝒵[𝑒2𝜔𝛿]

𝒵[𝛿]
∝ 𝑐 ∫   d2𝜎(𝜕𝜔)2  

𝑐spacetime = (𝑑bosonic  or 
3

2
𝑑RNS) + 𝒪(𝛼

′ℛ),  
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𝑆P
𝐸|

dilaton 
=
𝜙0
4𝜋
∫ 
Σ

 d2𝜎Ric(𝛾) +
1

4𝜋
∫ 
Σ

 d2𝜎Ric(𝛾)𝜙̃ 

 = 𝜒(Σ) +
1

4𝜋
∫ 
Σ

 d2𝜎Ric(𝛾)𝜙̃

 

 

∑  

genus 𝑔

 𝑔𝑠
2𝑔−2

∫  
ℳ𝑔

  d𝜇(𝑡)  

𝒱𝛿𝑔
wl ≡ 𝛾𝜏𝜏𝛿𝑔𝜇𝜈(𝑋)𝑋̇

𝜇𝑋̇𝜈  

𝒱𝛿𝑔
ws ≡ 𝛾𝛼𝛽𝛿𝑔𝜇𝜈(𝑋)𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈 + 𝔉  

∫  d2𝜎√𝛾̂𝒱,  

𝒪̃(𝑤, 𝑤‾ ) = (
d𝑤

 d𝑧
)
−ℎ

(
 d𝑤‾

 d𝑧‾
)
−ℎ‾

𝒪(𝑧, 𝑧‾).  

𝒱𝑝 = 𝑉𝑒
𝑖𝑝⋅𝑋,  

ℎ𝑉 = ℎ‾𝑉 = 1 −
𝛼′𝑝2

4
 

𝑚2 =
4

𝛼′
(ℎ − 1)  

{𝜓̃0
𝜇
, 𝜓̃0

𝜈} ∝ 𝜂𝜇𝜈  

𝒵𝑇2 = tr𝑞
𝐿0−

𝑐L
24𝑞‾𝐿0−

𝑐R
24  

𝜏 = 𝜉 + 𝑖
𝛽

2𝜋
≡ 𝜏1 + 𝑖𝜏2  

𝒵𝑇2 = ∑  

spin structures 𝑠

 𝐶𝑠𝒵𝑠 = ∑  

𝑠L,𝑠R

 𝐶𝑠L,𝑠R𝒵𝑠L,𝑠R .  
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𝑉 = 𝜁𝜇𝜈(𝑝)𝜕𝑋
𝜇𝜕‾𝑋𝜈 + 𝔉,  

𝒵𝑇2  = ∑  

𝑠L,𝑠R∈{(R,±),(NS,±)}

 𝐶𝑠L,𝑠Rtrℋ𝑎L
(𝑏L)𝑞𝐿0−

𝑐L
24tr

ℋ𝑎R
(𝑏R)
𝑞‾𝐿0 −

𝑐R
24

 ≡ ∑  

𝑠L,𝑠R∈{(R,±),(NS,±)}

 𝐶𝑠L,𝑠R𝒵𝑠L𝒵𝑠R

 

Vol(𝑀)∫  
d𝑑𝑝

(2𝜋)𝑑
𝑒−𝜋𝛼

′𝑝2𝜏2 =
Vol(𝑀)

(4𝜋2𝛼′)
𝑑
2

𝜏2
−
𝑑
2 ,  

 

∑  

natural tuples {𝑛𝑘}

 𝑞∑  𝑘>0  𝑘𝑛𝑘 =∏ 

𝑘>0

 ∑  

𝑛≥0

 𝑞𝑘𝑛 =∏ 

𝑘>0

 
1

1 − 𝑞𝑘
≡ 𝒵boson ⋅  

 

𝒵ghosts = 𝒵boson 
−2  

𝒵NS,+
single 

= ∑  

binary tuples {𝑛𝑘}

 𝑞
∑  𝑘>0  (𝑘−

1
2
)𝑛𝑘 =∏ 

𝑘>0

 (1 + 𝑞𝑘−
1
2)

𝒵R,+
single 

= dim(R) ∑  

binary tuples {𝑛𝑘}

 𝑞∑  𝑘>0  𝑘𝑛𝑘 = dim(R)∏ 

𝑘>0

  (1 + 𝑞𝑘)
 

 

𝒵NS,−
single 

=∏ 

𝑘>0

  (1 − 𝑞𝑘−
1
2) , 𝒵R,−

single 
= 0  

𝒵R,+
total =∏ 

𝑘>0

 (
1 + 𝑞𝑘

1 − 𝑞𝑘
)

𝑑−2

 

𝑑𝑘 =
1

2𝜋𝑖
∮   𝒞0

 d𝑞

𝑞𝑘+1
𝒵R,+

total  

∑ 

𝑘>0

 ln (1 ± 𝑞𝑘) = − ∑  

𝑛,𝑘>0

 
(∓𝑞𝑘)

𝑛

𝑛
= −∑  

𝑛>0

 
(∓)𝑛

𝑛

𝑞𝑛

1 − 𝑞𝑛
 

ln 𝒵R,+
total = 2(𝑑 − 2) ∑  

𝑛 odd 

 
1

𝑛

𝑞𝑛

1 − 𝑞𝑛
∼
𝑞→1 2(𝑑 − 2)

1 − 𝑞
∑  

𝑛 odd 

 
1

𝑛2
=
𝜋2

4

𝑑 − 2

1 − 𝑞
 

1 − 𝑞∗ 
𝑘≫1√

𝜋2(𝑑 − 2)

4𝑘
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ln 𝑑𝑘 ∼
𝑘≫1

ln 
𝒵R,+

total 

𝑞𝑘+1
|
𝑞=𝑞∗

∼
𝑘≫1

2𝜋√
(𝑑 − 2)𝑘

4
 

ln 𝜌(𝑚) ∼
𝑚≫𝑀𝑠 √

𝜋(𝑑 − 2)

8

𝑚

𝑀𝑠
 

𝑆BH
leading 

∝ (
𝑀BH
𝑀Pl

)

𝑑−2
𝑑−3

= (𝑔𝑠
2
𝑀BH
𝑑−2

𝑀𝑠
𝑑−2)

1
𝑑−3

 

𝑀match = 𝑀𝑠
3−𝑑𝑀Pl

𝑑−2  

 

 

𝑀 = 𝑀external ×𝑀internal ,  

 

∫  𝒟(… ) 𝑒−∫  d
2𝜎√−𝛾𝒱𝑒−𝑆ws

𝐸 [ background ]⏟                  

𝑒−𝑆ws
𝐸 [ deformed background ]

 

𝑔𝜇𝜈(𝑋)
𝑌 ≈
<1
𝛿𝜇𝜈 −

𝛼′

3
𝑅𝜇𝜌𝜈𝜎𝑌

𝜌𝑌𝜎.  

𝛽𝜇𝜈
(𝑔)

∼
𝛼′Riem≪1

𝛼′𝑅𝜇𝜈  

𝛿𝜔Γ ∝ 𝛽̃𝜇𝜈
(𝑔)
𝜕𝑋𝜇 ⋅ 𝜕𝑋𝜈 + 𝛽̃𝜇𝜈

(𝐵)
𝜖𝛼𝛽𝜕𝛼𝑋

𝜇𝜕𝛽𝑋
𝜈 + 𝛽̃(𝜙)𝛼′Ric(𝛾)𝜙(𝑋)  

 

𝛽̃𝜇𝑣
(𝑔)

∼
𝛼′ℛ≪1

𝛼′𝑅𝜇𝑣 −
𝛼′

4
𝐻𝜇𝜌𝜎𝐻𝑣

𝜌𝜎
+ 2𝛼′∇𝜇∇𝑣𝜙,

𝛽̃𝜇𝑣
(𝐵)

∼
𝛼′ℛ≪1

−
𝛼′

2
∇𝜌𝐻𝜌𝜇𝑣 + 𝛼

′∇𝜌𝜙𝐻𝜌𝜇𝑣,

𝛽̃(𝜙) ∼
𝛼′ℛ≪1

−
𝛼′

2
∇2𝜙 −

𝛼′

24
𝐻2 + 𝛼′(∇𝜙)2.
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𝑆eff 
NS-NS ∼

𝛼′ℛ≪1

𝑒𝜙≪1

𝑀𝑠
𝑑−2

2
∫   d𝑑𝑥√−𝑔𝑒−2𝜙 (𝑅 + 4(𝜕𝜙)2 −

1

12
𝐻2) .  

𝑀Pl = 𝑀𝑠𝑔𝑠
−
2
𝑑−2  

𝒮𝜆1,𝜆2,𝜆3,𝜆4
tree (𝑝1, 𝑝2, 𝑝3, 𝑝4) ∝ 𝑔𝑠

2∫ 
ℂ

 d2𝑧⟨𝒱𝜆1,𝑝1(0)𝒱𝜆2,𝑝2(1)𝒱𝜆3,𝑝3(∞̃)𝒱𝜆4,𝑝4(𝑧)⟩ℂ𝑃1  

𝒜tree 
string 

= 𝐊
𝐺𝑁
𝑠𝑡𝑢

Γ (1 −
𝛼′𝑠
4
) Γ (1 −

𝛼′𝑡
4
) Γ (1 −

𝛼′𝑢
4
)

Γ (1 +
𝛼′𝑠
4
)Γ (1 +

𝛼′𝑡
4
)Γ (1 +

𝛼′𝑢
4
)
,  

Γ(𝑧) =
𝑒−𝛾E𝑧

𝑧
∏  

𝑛>0

  (1 +
𝑧

𝑛
)
−1

𝑒
𝑧
𝑛  

ln Γ(1 − 𝑧) = 𝛾E𝑧 +∑  

𝑛>1

 
𝜁(𝑛)

𝑛
𝑧𝑛  

exp (∑  

𝑛>0

 
2𝜁(2𝑛 + 1)

2𝑛 + 1
(
𝛼′

4
)

2𝑛+1

(𝑠2𝑛+1 + 𝑡2𝑛+1 + 𝑢2𝑛+1))  

1

𝑠𝑡𝑢
+ 𝛼𝑀Pl

−6 +𝑀Pl
2−𝑑𝑓(𝑠, 𝑡, 𝑢) + ⋯  

𝛼10𝑑
II ∼

𝑔𝑠≪1 √𝑔𝑠

64
(
2𝜁(3)

𝑔𝑠
2 +

2𝜋2

3
)  

𝑀𝑠
𝑑−2∑  

𝑘>2

  (𝑐𝑘
0(𝜑)𝑒−2𝜙 + 𝑐𝑘

(1)
(𝜑) + 𝑐𝑘

(2)
(𝜑)𝑒2𝜙 +⋯)

𝒪𝑘(∇,ℛ, … )

ΛUV(𝜑)
𝑘−2

,  

𝑀Pl
𝑑−2

2
∫   d𝑑𝑥√−𝑔(𝑅 −

1

2
𝐺𝑖𝑗(𝜑)𝒟𝜇𝜑

𝑖𝒟𝜇𝜑𝑗 − 𝑉(𝜑) −
1

2
𝑓𝑎𝑏(𝜑)tr𝐹

𝑎  𝜇𝜈𝐹
𝑏𝜇𝜈)  

−∑ 

𝑝

 
𝑤𝑚𝑛
(𝑝)
(𝜑)

2(𝑝 + 1)!
d𝐶𝑝

𝑚 ⋅  d𝐶𝑝
𝑛

 

𝜖𝜇(𝑝)𝐽𝜕‾𝑋
𝜇𝑒𝑖𝑝⋅𝑋, 𝜖𝜇(𝑝)𝐽‾𝜕𝑋

𝜇𝑒𝑖𝑝⋅𝑋  

exp (− const. × (
ΛUV
𝐸
)
𝑘>0

)  

ℎint ↦ ℎint +
1

2
(𝑄L + 𝑛L)

2 −
1

2
𝑄L
2

ℎ‾int ↦ ℎ‾int +
1

2
(𝑄R + 𝑛R)

2 −
1

2
𝑄R
2
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ℎint = ℎgraviton +
1

2
𝑄L
2, ℎ‾int = ℎ‾graviton +

1

2
𝑄R
2  

𝛼′

4
𝑚2 ≤

1

2
max{𝑄L

2, 𝑄R
2}  

𝛼 ∼
𝑚gap≪𝑀Pl

(
𝑀Pl
𝑀𝑠
)
8−𝑑

(
𝑚gap

𝑀𝑠
)
−𝑐

,  

ΛUV ∼
𝑚gap≪𝑀Pl

𝑀Pl (
𝑚gap

𝑀Pl
)

𝑐
𝑑+𝑐−2

,  

ℳ𝑔,𝑛 ≡
( metrics on Σ𝑔) × Σ𝑔

𝑛

 Diff ×  Weyl 
,  

CKG ⊂ Diff0 ×  Weyl ,  

 

𝒮𝜆𝑖…𝜆𝑛(𝑝1, … , 𝑝𝑛)
𝑔𝑠≪1 ∑  

genus 𝑔

 𝑔𝑠
2𝑔−2

∫  
ℳ𝑔,𝑛(𝑡)

 d𝜇(𝑡) ⟨∏  

𝑛

𝑖=1

 𝒱𝜆𝑖(𝑝𝑖)⟩

Σ𝑔(𝑡)

 

 

⟨∏  

𝑛

𝑘=1

  𝑒𝑖𝑝𝑘⋅𝑋(𝜎𝑘)⟩= ⟨𝑒𝑖 ∑  𝑛
𝑘=1  𝑝𝑘⋅𝑋0⟩

zero-modes 
⟨𝑒𝑖 ∫   d

2𝑧𝐽⋅𝑋⟩
no zero-modes 

 

 = ∫  d𝑑𝑋0𝑒
𝑖 ∑  𝑛

𝑘=1  𝑝𝑘⋅𝑋0⟨𝑒𝑖 ∫   d
2𝑧𝐽⋅𝑋⟩

no zero-modes 

 = (2𝜋)𝑑𝛿(𝑑) (∑  

𝑛

𝑘=1

 𝑝𝑘) ⟨𝑒
𝑖 ∫   d2𝑧𝐽⋅𝑋⟩

no zero-modes 

 

exp (
𝜋𝛼′

2
∫   d2𝑧𝐽 ⋅ (𝒢 ⋆ 𝐽))  = exp (

𝛼′

4
∑  

𝑛

𝑖,𝑗=1

 𝑝𝑖 ⋅ 𝑝𝑗ln |𝑧𝑖 − 𝑧𝑗|
2
)

 =∏ 

𝑖<𝑗

  |𝑧𝑖 − 𝑧𝑗|
𝛼′𝑝𝑖⋅𝑝𝑗
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|𝑧|𝛼
′𝑝1⋅𝑝4−2|1 − 𝑧|𝛼

′𝑝2⋅𝑝4−2 = |𝑧|−
𝛼′𝑢
2
−2|1 − 𝑧|−

𝛼′𝑡
2
−2.  

∫ 
ℂ

 d2𝑧|𝑧|2𝑎−2|1 − 𝑧|2𝑏−2 = 2𝜋
Γ(𝑎)Γ(𝑏)Γ(1 − 𝑎 − 𝑏)

Γ(1 − 𝑎)Γ(1 − 𝑏)Γ(𝑎 + 𝑏)
 

𝒜tree
open

∝
Γ(−

𝛼′𝑠
4
) Γ (−

𝛼′𝑡
4
)

Γ (1 −
𝛼′(𝑠 + 𝑡)

4 )
 

𝛼′𝑠 ≫ 1, 𝑠/𝑡 fixed.  

ln 𝐹tree ∼
 hard 

−
1

2
(𝑠ln 𝑠 + 𝑡ln 𝑡 + 𝑢ln 𝑢),  

ln 𝐹𝑔 ∼
 hard 1

𝑔 + 1
ln 𝐹tree  

𝑔𝑠
2exp (−𝐴𝑠ln 𝑠) = exp (−

𝐴

2
𝑠ln 𝑠)  

𝑀th = 𝑀𝑠
3−𝑑𝑀Pl

𝑑−2 =
𝑀𝑠

𝑔𝑠
2  

 

𝜏 ↦ 𝜏 + 1, 𝜏 ↦ −
1

𝜏
.  

MCG(𝑇2)  = {𝜏 ↦
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
: 𝑎𝑑 − 𝑏𝑐 = 1} /{(𝑎, 𝑏, 𝑐, 𝑑) ∼ (−𝑎,−𝑏,−𝑐,−𝑑)}

 ≃ PSL(2, ℤ) ≡ SL(2, ℤ)/ℤ2
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∫  
ℱ

 
d2𝜏

𝜏2
2

1

𝜏2

𝑑−2
2

≡ ∫  
ℱ

 d𝜇𝑇2(𝜏)𝒵(𝜏) ≡ 𝒯.  

Λ𝑒
𝜙
≈
≪1
− 𝑒

2𝑑
𝑑−2

𝜙𝑀𝑠
𝑑𝒯,  

𝑚2 =
4

𝛼′
(ℎ − 1) 

 

d𝑠2 = −(1 −
2𝐺𝑁𝑀

𝑟
)d𝑡2 + (1 −

2𝐺𝑁𝑀

𝑟
)
−1

 d𝑟2 + 𝑟2 d𝜃2 + 𝑟2sin2 𝜃 d𝜙2.  

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 =

48𝐺𝑁
2𝑀2

𝑟6
.  
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𝑣 = 𝑡 + 𝑟∗, 𝑢 = 𝑡 − 𝑟∗.  

d𝑟∗

 d𝑟
= √

𝑔𝑟𝑟
𝑔𝑡𝑡

⟹ 𝑟∗ = 𝑟 + 2𝐺𝑁𝑀ln |
𝑟

2𝐺𝑁𝑀
− 1| .  

d𝑠2 = −(1 −
2𝐺𝑁𝑀

𝑟
)d𝑣2 + 2 d𝑣 d𝑟 + 𝑟2 d𝜃2 + 𝑟2sin2 𝜃 d𝜙2

 d𝑠2 = −(1 −
2𝐺𝑁𝑀

𝑟
)d𝑢2 − 2 d𝑢 d𝑟 + 𝑟2 d𝜃2 + 𝑟2sin2 𝜃 d𝜙2

 d𝑠2 = −(1 −
2𝐺𝑁𝑀

𝑟
)d𝑣 d𝑢 + 𝑟2 d𝜃2 + 𝑟2sin2 𝜃 d𝜙2

 

1 −
2𝐺𝑁𝑀

𝑟
≈ 𝑒(𝑣−𝑢)/4𝐺𝑁𝑀  

𝑈 = ∓𝑒−𝑢/4𝐺𝑁𝑀 , 𝑉 = 𝑒𝑣/4𝐺𝑁𝑀  

d𝑠2 = −
32𝐺𝑁

3𝑀3

𝑟
𝑒−𝑟/2𝐺𝑁𝑀 d𝑈 d𝑉 + 𝑟2 dΩ2  

𝑈 ∈ (−∞,0), 𝑉 ∈ (0,+∞)  

 

 

𝜕𝜇𝜕
𝜇𝜙 = 0.  
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𝜙 =∑  

𝑖

 (𝑎𝑖𝑓𝑖 + 𝑎𝑖
†𝑓𝑖

∗).  

𝑓𝑘⃗⃗ =
1

√16𝜋𝜔𝑘
𝑒−𝑖𝜔𝑘𝑡±𝑖𝑘⃗⃗⋅𝑥⃗, 𝜔𝑘 = |𝑘⃗⃗| > 0  

(𝑓𝑖, 𝑓𝑗) ≡ −𝑖∫   d
3𝑥⃗(𝑓𝑖𝜕𝑡𝑓𝑗

∗ − 𝑓𝑗
∗𝜕𝑡𝑓𝑖) = 𝛿𝑖𝑗  

[𝑎𝑘⃗⃗ , 𝑎𝑘⃗⃗′] = [𝑎𝑘⃗⃗
†, 𝑎

𝑘⃗⃗′
† ] = 0, [𝑎𝑘⃗⃗ , 𝑎𝑘⃗⃗′

† ] = 𝛿3(𝑘⃗⃗ − 𝑘⃗⃗′).  

𝑎𝑘⃗⃗|0⟩ = 0  

𝑔𝜇𝜈∇𝜇∇𝜈𝜙 = 0  

𝜙 =∑  

𝑖

 𝑎𝑖𝑓𝑖 + 𝑎𝑖
†𝑓𝑖

∗
 

𝜉𝜇∇𝜇𝑓𝑖 = −𝑖𝜔𝑖𝑓𝑖,  with  𝜔𝑖 > 0  

𝜙 =∑  

𝑖

 𝑎𝑖
𝑖𝑛𝑓𝑖

𝑖𝑛 + 𝑎𝑖
†𝑖𝑛𝑓𝑖

𝑖𝑛∗
 

𝜙 =∑  

𝑖

 𝑎𝑖
out 𝑓𝑖

out + 𝑎𝑖
†out 

𝑓𝑖
out ∗

 

𝑓𝑖
out =∑ 

𝑗

  (𝛼𝑖𝑗𝑓𝑗
in + 𝛽𝑖𝑗𝑓𝑗

in ∗)  

𝛼𝑖𝑗 = (𝑓𝑖
out , 𝑓𝑗

in ), 𝛽𝑖𝑗 = −(𝑓𝑖
out , 𝑓𝑗

in ∗)  

∑ 

𝑘

 (𝛼𝑖𝑘𝛼𝑗𝑘
∗ − 𝛽𝑖𝑘𝛽𝑗𝑘

∗ ) = 𝛿𝑖𝑗 ,∑  

𝑘

  (𝛼𝑖𝑘𝛽𝑗𝑘 − 𝛽𝑖𝑘𝛼𝑗𝑘) = 0,  

∫  d𝜔𝛼𝜔1𝜔′𝛼𝜔2𝜔′ − 𝛽𝜔1𝜔′𝛽𝜔2𝜔′∗ = 𝛿(𝜔1 −𝜔2)  

𝑎𝑖
in ∣  in ⟩ = 0 𝑎𝑖

out ∣  out ⟩ = 0  

⟨ in |𝑁𝑖
out ∣  in ⟩ = ⟨ in |𝑎𝑖

out †𝑎𝑖
out ∣  in ⟩.  

𝑎𝑖
out =∑ 

𝑗

 𝛼𝑖𝑗𝑎𝑗
in − 𝛽𝑖𝑗

∗ 𝑎𝑗
in †.  

⟨ in |𝑎𝑖
out †𝑎𝑖

out ∣  in ⟩ =∑  

𝑗

  |𝛽𝑖𝑗|
2
.  

𝜙 =∑  

𝑙,𝑚

 
𝜙𝑙𝑚(𝑡, 𝑟)

𝑟
𝑌𝑚
𝑙 (𝜃, 𝜑)  
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d𝑠2 = −d𝑢𝑖𝑛 d𝑣 + 𝑟2 dΩ2,  

𝜕𝜙

𝜕𝑡2
+
𝜕𝜙

𝜕𝑟∗2
+
𝑙(𝑙 + 1)

𝑟2
𝜙 = 0.  

 

d𝑠2 = −(1 −
2𝐺𝑁𝑀

𝑟
)d𝑢out d𝑣 + 𝑟2 dΩ2,  

𝜕𝜙

𝜕𝑡2
+
𝜕𝜙

𝜕𝑟∗2
+ (1 −

2𝐺𝑁𝑀

𝑟
)(
𝑙(𝑙 + 1)

𝑟2
+
2𝐺𝑁𝑀

𝑟3
)𝜙 = 0.  

𝑓𝜔
𝑖𝑛 =

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑣 .  

𝑓𝜔
𝑜𝑢𝑡 =

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑢

𝑜𝑢𝑡
.  

𝛼𝜔𝜔′ = (𝑓𝜔′
out , 𝑓𝜔

in ) = −𝑖∫  
ℐ−
 d𝑟𝑟2(𝑓𝜔

out 𝜕𝑣𝑓𝜔′
in ∗ − 𝑓𝜔

in ∗𝜕𝑣𝑓𝜔′
out ),

𝛽𝜔𝜔′ = −(𝑓𝜔
out , 𝑓𝜔′

in ∗) = 𝑖 ∫  
ℐ−
 d𝑟𝑟2(𝑓𝜔

out 𝜕𝑣𝑓𝜔′
in − 𝑓𝜔

out 𝜕𝑣𝑓𝜔′
in ).

 

𝛼𝜔𝜔′ = −2𝑖 ∫  
ℐ−
 d𝑟𝑟2𝑓𝜔

𝑖𝑛𝜕𝑣𝑓𝜔′
𝑜𝑢𝑡, 𝛽𝜔𝜔′ = 2𝑖 ∫  

ℐ−
 d𝑟𝑟2𝑓𝜔

𝑖𝑛𝜕𝑣𝑓𝜔′
𝑜𝑢𝑡 .  
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𝑓𝜔
𝑜𝑢𝑡 =

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑢

𝑜𝑢𝑡(𝑢𝑖𝑛)  

𝑟∗ = 𝑟 + 2𝐺𝑁𝑀ln |
𝑟

2𝐺𝑁𝑀
− 1| =

𝑣0 − 𝑢
out 

2
 

𝑟 =
𝑣0 − 𝑢

𝑖𝑛

2
 

𝑢out = 𝑢in − 4𝐺𝑁𝑀ln |
𝑣0 − 4𝐺𝑁𝑀− 𝑢

in 

4𝐺𝑁𝑀
|  

𝑢𝐻
𝑖𝑛 = 𝑣0 − 4𝐺𝑁𝑀  

𝑣𝐻 = 𝑣0 − 4𝐺𝑁𝑀  

𝜙(𝑟 = 0) = 0  

𝑓𝜔
𝑜𝑢𝑡 = −

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑢

𝑜𝑢𝑡(𝑣)𝜃(𝑣 − 𝑣𝐻)  

𝑢𝑜𝑢𝑡 = 𝑣 − 4𝐺𝑁𝑀ln |
𝑣𝐻 − 𝑣

4𝐺𝑁𝑀
|  

𝑢𝑜𝑢𝑡 ≈ 𝑣𝐻 − 4𝐺𝑁𝑀ln |
𝑣𝐻 − 𝑣

4𝐺𝑁𝑀
|  

|𝛼𝜔𝜔′| = 𝑒
4𝐺𝑁𝑀𝜔|𝛽𝜔𝜔′|.  

∑ 

𝜔′

 𝛼𝜔𝜔′𝛼𝜔′′𝜔′
∗ − 𝛽𝜔𝜔′𝛽𝜔′′𝜔′

∗ = 𝛿𝜔𝜔′′  

∑ 

𝜔′

  |𝛼𝜔𝜔′|
2 − |𝛽𝜔𝜔′|

2 = (𝑒8𝐺𝑁𝑀𝜔 − 1)∑  

𝜔′

  |𝛽𝜔𝜔′|
2 = 1,  
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𝑁𝜔
out =

1

𝑒8𝜋𝐺𝑁𝑀𝜔 − 1
.  

1

𝑒𝜔/𝑘𝐵𝑇 − 1
,  

𝑇 =
ℏ𝑐3

8𝜋𝑘𝐵𝐺𝑁𝑀
.  

𝑇 ≈ 10−7 (
𝑀⊙
𝑀
)K,  

⟨ in |𝑁𝜔
out 𝑁𝜔′

out ∣  in ⟩ = ⟨ in |𝑁𝜔
out ∣  in ⟩⟨ in |𝑁𝜔′

out ∣  in ⟩,  for 𝜔 ≠ 𝜔′.  

𝑁𝜔
out =

Γ𝜔𝑙
𝑒8𝜋𝐺𝑁𝑀𝜔 − 1

.  

𝑇𝜇𝜈 =
1

√−𝑔

𝛿𝑆𝜙

𝛿𝑔𝜇𝜈
 

⟨𝜓|𝑇̂𝜇𝜈|𝜓⟩.  

𝐺𝜇𝜈 = 8𝜋𝐺𝑁𝑇𝜇𝜈
cl + 8𝜋𝐺𝑁⟨𝜓|𝑇̂𝜇𝜈|𝜓⟩.  

𝑆 = ∫  d4𝑥√−𝑔(4) [−
1

2
(∇𝜙)2]  

d𝑠2 = 𝑔𝑎𝑏 d𝑥𝑎 d𝑥𝑏 + 𝑟2 dΩ2  

𝑆(4) = 4𝜋∫   d2𝑥√−𝑔(2)𝑟2 [−
1

2
(∇𝜙)2]  

𝑆(2) = ∫  d2𝑥√−𝑔(2) [−
1

2
(∇𝜙)2]  

𝑇𝑎𝑏
(4)
=

1

4𝜋𝑟2
𝑇𝑎𝑏
(2)  

𝑔𝜇𝜈 → Ω2(𝑥)𝑔𝜇𝜈  

𝛿𝑔𝜇𝑣 = 𝜔𝑔𝜇𝑣 , 0 = 𝛿𝑆 = ∫  d
𝑛𝑥√−𝑔𝜔𝑇𝜇𝑣𝑔𝜇𝑣 ⇔ 𝑇𝜇𝑣𝑔𝜇𝑣 = 0  

⟨𝑇(2)⟩ = 𝑎𝑅  

𝑔𝜇𝜈 = Ω
2(𝑥)𝜂𝜇𝜈  

⟨𝑇̂𝜇𝜈⟩ =
−2

√−𝑔

𝛿Γ

𝛿𝑔𝜇𝜈
.  

Γ[𝑔] = Γ[𝜂] + ∫  d2𝑥√−𝑔⟨𝑇̂𝜇
𝜇
⟩𝛿Ω2  
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⟨𝑇̂𝑈𝑈⟩ = ⟨𝑇̂𝑢𝑢⟩ (
𝜕𝑈

𝜕𝑢
)
−2

∝ 𝑈−2⟨𝑇̂𝑢𝑢⟩

⟨𝑇̂𝑈𝑉⟩ = ⟨𝑇̂𝑢𝑣⟩ (
𝜕𝑈

𝜕𝑢
) (
𝜕𝑉

𝜕𝑣
) ∝ 𝑈−1𝑉−1⟨𝑇̂𝑢𝑣⟩

⟨𝑇̂𝑉𝑉⟩ = ⟨𝑇̂𝑣𝑣⟩ (
𝜕𝑉

𝜕𝑣
)
−2

∝ 𝑉−2⟨𝑇̂𝑣𝑣⟩

 

(1 −
2𝐺𝑁𝑀

𝑟
)
−2

⟨𝑇̂𝑢𝑢⟩  < ∞,

(1 −
2𝐺𝑁𝑀

𝑟
) ⟨𝑇̂𝑢𝑣⟩ < ∞,(6.78)

⟨𝑇̂𝑣𝑣⟩ < ∞.(6.78)

 

⟨𝑇̂𝑢𝑢⟩  < ∞,

(1 −
2𝐺𝑁𝑀

𝑟
) ⟨𝑇̂𝑢𝑣⟩ < ∞,(6.79)

(1 −
2𝐺𝑁𝑀

𝑟
)
−2

⟨𝑇̂𝑣𝑣⟩ < ∞.(6.79)

 

𝑓𝐿 ∝ 𝑒
−𝑖𝜔𝑣  

𝑓𝑅 ∝ 𝑒
−𝑖𝜔𝑢  

𝜙 =∑  

𝜔

  [
1

4𝜋√𝜔
𝑒−𝑖𝜔𝑣𝑎𝜔 +

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑢𝑎𝜔] + ℎ. 𝑐. .  

⟨𝐵|𝑇̂𝑢𝑢|𝐵⟩ =  ⟨𝐵|𝑇̂𝑣𝑣|𝐵⟩ =
1

24𝜋
(−

𝐺𝑁𝑀

𝑟3
+
3

2

𝐺𝑁
2𝑀2

𝑟4
)

 ⟨𝐵|𝑇̂𝑢𝑣|𝐵⟩ = −
1

24𝜋
(1 −

2𝐺𝑁𝑀

𝑟
)
𝐺𝑁𝑀

𝑟3

 

𝑢̃(𝑢),  and  𝑣̃(𝑣).  

𝜙 =∑  

𝜔

  [
1

4𝜋√𝜔
𝑒−𝑖𝜔𝑣̃𝑎𝜔 +

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑢̃𝑎𝜔] + ℎ. 𝑐. .  

⟨0̃|𝑇̂𝑢𝑢|0̃⟩ = ⟨𝐵|𝑇̂𝑢𝑢|𝐵⟩ −
1

24𝜋
{𝑢̃, 𝑢}, 

 ⟨0̃|𝑇̂𝑣𝑣|0̃⟩ = ⟨𝐵|𝑇̂𝑣𝑣|𝐵⟩ −
1

24𝜋
{𝑣̃, 𝑣},

 ⟨0̃|𝑇̂𝑢𝑣|0̃⟩ = ⟨𝐵|𝑇̂𝑢𝑣|𝐵⟩,

 

{𝑓(𝑥), 𝑥} ≡
𝑓′′′(𝑥)

𝑓′(𝑥)
−
3

2
(
𝑓′′(𝑥)

𝑓′(𝑥)
)  

𝜙 =∑  

𝜔

  [
1

4𝜋√𝜔
𝑒−𝑖𝜔𝑣𝑎𝜔 +

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑈𝑎𝜔] + ℎ. 𝑐. .  

−
1

24𝜋
{𝑢̃, 𝑢} =

𝑘2

48𝜋
,  
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⟨𝑈|𝑇̂𝑢𝑢|𝑈⟩= ⟨𝐵|𝑇̂𝑢𝑢|𝐵⟩ −
1

24𝜋
{𝑈, 𝑢}  

 =
1

32𝐺𝑁
2𝑀2

(1 −
2𝐺𝑁𝑀

𝑟
)
2

(1 + 4
𝐺𝑁𝑀

𝑟
+ 12 (

𝐺𝑁𝑀

𝑟
)
2

) ,

⟨𝑈|𝑇̂𝑣𝑣|𝑈⟩ = ⟨𝐵|𝑇̂𝑣𝑣|𝐵⟩,

⟨𝑈|𝑇̂𝑢𝑣|𝑈⟩ = ⟨𝐵|𝑇̂𝑢𝑣|𝐵⟩.

 

𝜙 =∑  

𝜔

  [
1

4𝜋√𝜔
𝑒−𝑖𝜔𝑉𝑎𝜔 +

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑈𝑎𝜔] + ℎ. 𝑐. .  

𝜙 =∑  

𝜔

  [
1

4𝜋√𝜔
𝑒−𝑖𝜔𝑣𝑎𝜔 +

1

4𝜋√𝜔
𝑒−𝑖𝜔𝑢

𝑖𝑛
𝑎𝜔] + ℎ. 𝑐. .  

⟨𝑖𝑛|𝑇̂𝑣𝑣|𝑖𝑛⟩|𝑟=2𝐺𝑁𝑀
= −

1

648𝐺𝑁
2𝑀2𝜋

 

⟨𝑖𝑛|𝑇̂𝑢𝑢|𝑖𝑛⟩|𝑟→∞ =
1

648𝐺𝑁
2𝑀2𝜋

 

𝜌 =∑  

𝑖

 𝜌𝑖|𝜓𝑖⟩⟨𝜓𝑖|.  

𝜌 =
1

2
(|𝜓1⟩⟨𝜓1| + |𝜓2⟩⟨𝜓2|)  

|𝜓⟩ =
1

√2
(|𝜓1⟩ + |𝜓2⟩), 𝜌 = |𝜓⟩⟨𝜓| =

1

2
(|𝜓1⟩⟨𝜓1| + |𝜓1⟩⟨𝜓2| + |𝜓2⟩⟨𝜓1| + |𝜓2⟩⟨𝜓2|)  

𝑆vN = −Tr(𝜌ln 𝜌)  

𝑆Th ≥ 𝑆vN.  

𝑆vN(𝐴 ∪ 𝐵) = 0, 𝑆vN(𝐴) = 𝑆vN(𝐵) ≠ 0  
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𝑆BH =
𝐴

4𝐺𝑁
.  

𝑆 ≤ 2𝜋𝐸𝑅  

𝑆 ≤
𝐴

4𝐺𝑁
= 𝑆BH  

𝜏Φ ∼ 4𝜋
𝑀𝑃
2

𝑚Φ
3  

𝑡end 

𝑡start 

∼ 4𝜋 (
𝑀𝑃
𝑚Φ

)
2

 

𝜙̈ + 3𝐻𝜙̇ + ∇2𝜙 = −
𝜕𝑉

𝜕𝜙
,  

𝜙 = 𝜙0 +√
2

3
𝑀𝑃ln (

𝑡

𝑡0
) ,  

𝜌𝐾𝐸 ∝
1

𝑎(𝑡)6
 

𝑎(𝑡) = 𝑎0 (
𝑡

𝑡0
)
1/3

, 𝐻 =
1

3𝑡
,  

𝜂(𝑡) =
3

2𝑎0
(𝑡2𝑡0)

1/3 = 𝜂0 (
𝑡

𝑡0
)
2/3

,  

𝜙 = 𝜙0 +√
3

2
𝑀𝑃ln (

𝜂

𝜂0
)  with 𝑎(𝜂) = 𝑎0 (

𝜂

𝜂0
)

1
2
.  

ℋ ≡
𝑎′

𝑎
=
1

2𝜂
.  
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𝒱

𝒱0
∼
𝑡

𝑡0
.  

𝑀𝑃
2

3𝑡0
2 ∼ 𝑉(𝜙0) ∼ Λinf

4 .  

𝑥 =
𝜙̇

𝑀𝑃

1

√6𝐻
, 𝑦 = √

𝑉(𝜙)

3

1

𝑀𝑃𝐻
,  

|

|

| 𝑥′(𝑁)  = −3𝑥 −
𝑀𝑃𝑉

′(𝜙)

𝑉(𝜙)
√
3

2
𝑦2 +

3

2
𝑥[2𝑥2 + 𝛾(1 − 𝑥2 − 𝑦2)]

𝑦′(𝑁)  =
𝑀𝑃𝑉

′(𝜙)

𝑉(𝜙)
√
3

2
𝑥𝑦 +

3

2
𝑦[2𝑥2 + 𝛾(1 − 𝑥2 − 𝑦2)]

𝐻′(𝑁)  = −
3

2
𝐻(2𝑥2 + 𝛾(1 − 𝑥2 − 𝑦2))

𝜙′(𝑁)  = √6𝑀𝑃𝑥

⟩ 

𝑉(Φ) = 𝑀𝑃
4𝑒
−√

27
2
Φ
𝑀𝑃 = Λinf

4 (
𝒱0
𝒱
)
3

 

(𝑥, 𝑦) = (√
3

2

𝛾

𝜆
, √
3(2 − 𝛾)𝛾

2𝜆2
)  

Ω𝛾(𝑡0) ≡
𝜌𝛾(𝑡0)

3𝐻inf
2 𝑀𝑃

2 =
𝜌𝛾(𝑡0)

Λinf
4 = 𝜀 ≪ 1,  

𝑑𝑥

𝑑𝑁
= 𝑥3 − 𝑥  

𝑥(𝑎) =
1

√1 +
𝜀

1 − 𝜀 (
𝑎
𝑎0
)
2
≃

1

√1 + 𝜀 (
𝑎
𝑎0
)
2  

𝑑𝐻

𝑑𝑁
= −2𝐻 −

𝐻

1 +
𝜀

1 − 𝜀 𝑒
2(𝑁−𝑁0)

 

𝐻(𝑎) = 𝐻0√1 − 𝜀 (
𝑎

𝑎0
)
−3

√1 +
𝜀

1 − 𝜀
(
𝑎

𝑎0
)
2

.  

𝑎(𝜂) = 𝑎0√1 + 2ℋ0(𝜂 − 𝜂0) + 𝜀ℋ0
2(𝜂 − 𝜂0)

2,  

ℋ(𝜂) = ℋ0

1 + 𝜀ℋ0(𝜂 − 𝜂0)

1 +ℋ0(𝜂 − 𝜂0)(2 +ℋ0𝜀(𝜂 − 𝜂0))
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𝜙′′(𝜂) + 2ℋ0

1 + 𝜀ℋ0(𝜂 − 𝜂0)

1 +ℋ0(𝜂 − 𝜂0)(2 +ℋ0𝜀(𝜂 − 𝜂0))
𝜙′(𝜂) = 0  

𝜙(𝜂) = 𝜙(𝜂0) + √
3

2
𝑀𝑃log (

(𝜀ℋ0(𝜂 − 𝜂0) + 1 − √1 − 𝜀)(1 + √1 − 𝜀)

(𝜀ℋ0(𝜂 − 𝜂0) + 1 + √1 − 𝜀)(1 − √1 − 𝜀)
)  

𝜙′(𝜂) =
√6(1 − 𝜀)ℋ0𝑀𝑃

1 +ℋ0(𝜂 − 𝜂0)(2 +ℋ0𝜀(𝜂 − 𝜂0))
.  

ℋ0𝜂0 =
1 − √1 − 𝜀

𝜀
,  

𝜙(𝜂) = 𝜙(𝜂0) + √
3

2
𝑀𝑃ln (

(1 + √1 − 𝜀)𝜂

(1 − √1 − 𝜀)𝜂 + 2𝜂0√1 − 𝜀
)  

Δ𝜙 = √
3

2
𝑀𝑃ln (

1 + √1 − 𝜀

1 − √1 − 𝜀
) ≃ √

3

2
𝑀𝑃log (

4

𝜀
)  

𝑎(𝜂) = 𝑎0√
𝜂

𝜂0
+
𝜀

4
(
𝜂

𝜂0
)
2

 

𝑎(𝜂)

𝑎0
≃

𝜂≪
𝜂0
𝜀

(
𝜂

𝜂0
)
1/2

  and  
𝑎(𝜂)

𝑎0
≃

𝜂≫
𝜂0
𝜀

√𝜀

2𝜂0
(
𝜂

𝜂0
) .  

ℋ(𝜂) =
1

2𝜂

1 +
𝜀𝜂
2𝜂0

1 +
𝜀𝜂
4𝜂0

,  

1

2
𝜙̇2 ≡

1

2𝑎(𝜂)2
𝜙′2 ≳ 𝑉(𝜙) = 𝑉0𝑒

−
𝜆𝜙
𝑀𝑃  

𝑤 = (
𝜙̇2 − 2𝑉(𝜙)

𝜙̇2 + 2𝑉(𝜙)
) ∼ 1 

3𝑀𝑃
2

4𝑎0
2𝜂0
2𝑥̃3 (1 +

𝜀𝑥̃
4 ) (1 +

𝜀𝑥̃
2 +

𝜀2𝑥̃2

16 )
∼ 𝑉0𝑒

−
𝜆𝜙0
𝑀𝑃 (

4𝑥̃

4 + 𝜀𝑥̃
)
−𝜆√

3
2
.  

3𝑀𝑃
2

4𝑎0
2𝜂0
2 ∼ 𝑉0𝑒

−
𝜆𝜙0
𝑀𝑃  

𝜂𝑡 = 𝜂0𝜀
−
𝜆
6
√3
2
−
1
2  

𝑥̃ ∼ 𝜀−5/4  
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𝜂 ∼ (
𝜂0
𝜀
) (𝜀−3/2)

1/6
∼ 𝜂0𝜀

−5/4  

𝜂 ∼ (
𝜂0
𝜀
) (𝜀−3/2)

1/4
∼ 𝜂0𝜀

−11/8  

𝑥̃tracker ∼ 𝜀
−11/8  

(𝑥, 𝑦) = (√
3

2

𝛾

𝜆
, √
3(2 − 𝛾)𝛾

2𝜆2
)  

𝐻′(𝑁) = −
3

2
𝐻𝛾, 𝜙′(𝑁) =

3𝛾

𝜆
𝑀𝑃  

𝜙 = 𝜙𝑡 +
3𝛾𝑀𝑃
𝜆

log (
𝑎

𝑎𝑡
)  

𝐻 = 𝐻𝑡 (
𝑎

𝑎𝑡
)
−
3
2
𝛾

, 𝑎 = 𝑎𝑡 (
𝑡

𝑡𝑡
)
2/3𝛾

, 𝜂(𝑎) = 𝜂𝑡 (
𝑎

𝑎𝑡
)
3𝛾/2−1

 

𝜙 = 𝜙𝑡 +
4𝑀𝑃
𝜆
ln (

𝑎

𝑎𝑡
) = 𝜙𝑡 +

2𝑀𝑃
𝜆
ln (

𝑡

𝑡𝑡
)  

Φ = Φ𝑡 +
4√2𝑀𝑃

3√3
ln (

𝑎

𝑎𝑡
) = Φ𝑡 + (

2

3
)
3/2

𝑀𝑃ln (
𝑡

𝑡𝑡
)  

𝑎(𝜂)  ∝ 𝜂

ℋ =
1

𝜂

Φ(𝜂)  = Φ𝑡 +
4𝑀𝑃
𝜆
ln (

𝜂

𝜂𝑡
) = Φ𝑡 +

4√2𝑀𝑃

3√3
ln (

𝜂

𝜂𝑡
)

 

𝜙 = 𝜙𝑡 +
3𝑀𝑃
𝜆
ln (

𝑎

𝑎𝑡
) = 𝜙𝑡 +

2𝑀𝑃
𝜆
ln (

𝑡

𝑡𝑡
) .  

Φ = Φ𝑡 +√
2

3
𝑀𝑃ln (

𝑎

𝑎𝑡
) = Φ𝑡 + (

2

3
)
3/2

𝑀𝑃ln (
𝑡

𝑡𝑡
)  

𝑎(𝜂)  ∝ 𝜂2

ℋ =
2

𝜂

Φ(𝜂)  = Φ𝑡 +
6𝑀𝑃
𝜆
ln (

𝜂

𝜂𝑡
) = Φ𝑡 +

2√2𝑀𝑃

√3
ln (

𝜂

𝜂𝑡
)

 

𝜌𝛿Φ ∼ 𝑛𝛿Φ(𝑡)𝑚𝛿Φ(𝑡) ∼
1

𝑎3(𝑡)

1

𝑎2(𝑡)
∼

1

𝑎5(𝑡)
.  

𝜙̈ +
3

2𝑡
𝜙̇ = −

𝜕𝑉

𝜕𝜙
,  
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𝑚𝛿Φ
2 (𝑡) ≡

𝜕2𝑉

𝜕Φ2
=
1

𝑡2
= 4𝐻2  

𝛿𝜙̈ + 3𝐻𝛿𝜙̇ = −
𝜇2

𝑡2
𝛿𝜙,  

𝛿𝜙(𝑡) = 𝑡𝛼(𝐴cos (𝜔̃ln 𝑡) + 𝐵sin (𝜔̃ln 𝑡))  

𝜌𝛿𝜙 =
𝛿𝜙̇2

2
+
𝑚𝛿𝜙
2 (𝑡)𝛿𝜙2

2
,  

𝜔̃2 =
2 − 𝛾

4𝛾2
(9𝛾 − 2).  

𝑑

𝑑𝑁
(
𝑓

𝑔
)  =

(

 
 

3

2
(𝛾 − 2 +

6𝛾2

𝜆2
− 3

𝛾3

𝜆2
) 3√(2 − 𝛾)𝛾 (1 −

3

2

𝛾2

𝜆2
)

3√(2 − 𝛾)𝛾 (
3𝛾

𝜆2
−
3𝛾2

2𝜆2
−
1

2
)

9𝛾2

2𝜆2
(𝛾 − 2)

)

 
 
(
𝑓

𝑔
)

 = (
𝛼 𝛽
𝛾 𝛿

) (
𝑓

𝑔
)

 

𝑥(𝑁)= 𝑥0 + 𝑒
3
4
(𝛾−2)𝑁 [𝑐1cos (𝜔𝑁) +

1

2𝜔
[2𝛽𝑐2 + (𝛼 − 𝛿)𝑐1]sin (𝜔𝑁))]

𝑦(𝑁)= 𝑦0 + 𝑒
3
4
(𝛾−2)𝑁 [𝑐2cos (𝜔𝑁) +

1

2𝜔
[2𝛾𝑐1 − (𝛼 − 𝛿)𝑐2]sin (𝜔𝑁))]

 

𝜔2 = (
3𝛾

2
)
2

𝜔̃2 −
27

2𝜆2
𝛾2(2 − 𝛾)  

𝛿𝐻 = 𝐻 [𝑐3 + 𝐴
′𝑒
3
4
(𝛾−2)𝑁sin (𝜔𝑁 + 𝛼′)]  

𝑉(𝜙) =
1

2
𝑚2(𝜙̃ − 𝜙)2  

𝜙 ≈ 𝜙̃ + 𝐴(𝑎)sin (𝑚𝑡)  

⟨𝑉⟩ =
1

4
𝑚2𝐴2, ⟨𝐾⟩ = ⟨

1

2
𝜙̇2⟩ =

1

4
𝑚2𝐴2,  

⟨𝑉⟩ ≡
1

𝑇
∫  
𝑇

0

𝑉𝑑𝑡 

𝜌 = ⟨𝐾⟩ + ⟨𝑉⟩ =
1

2
𝑚2𝐴2, 𝑃 = ⟨𝐾⟩ − ⟨𝑉⟩ = 0,  

𝜂 ∝ 𝑡1/3 ∝ 𝑎1/2,ℋ =
2

𝜂
.  

𝜏Φ ∼
4𝜋𝑀𝑃

2

𝑚Φ
3 , 𝑇reheat ∼ 1GeV(

𝑀Φ
106GeV

)
3/2

.  
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𝑓𝑘
′′ + (𝑘2 −

𝑧′′

𝑧
)𝑓𝑘 = 0,  with  𝑧 ≡

𝑎(𝜂)𝜙‾ ′

ℋ
,  

𝑓𝑘
′′ + (𝑘2 +

1

4𝜂2
) 𝑓𝑘 = 0  

𝑓𝑘(𝜂) = √𝜂[𝐶1𝐽0(𝑘𝜂) + 𝐶2𝑌0(𝑘𝜂)],  

𝛿𝜙𝑘(𝜂) = [𝐶1𝐽0(𝑘𝜂) + 𝐶2𝑌0(𝑘𝜂)],  

ℛ𝑘(𝜂) =
𝛿𝜙𝑘(𝜂)

√6𝑀𝑃
= [𝐶1𝐽0(𝑘𝜂) + 𝐶2𝑌0(𝑘𝜂)],  

Φ′′ +
3

𝜂
Φ′ − ∇2Φ = 0  

Φ𝑘(𝜂) =
𝐶1
𝑘𝜂
𝐽1(𝑘𝜂) +

𝐶2
𝑘𝜂
𝑌1(𝑘𝜂)  

ℛ ≡ Φ−ℋ𝑣 = Φ−
ℋ𝑞

𝑃‾ + 𝜌‾
 

𝜕𝑖𝜕
𝑗Π = Π𝑗

𝑖 = 𝑇𝑗
𝑖 − 𝛿𝑗

𝑖(𝑃‾ + 𝛿𝑃) = 𝜕𝑖𝛿𝜙𝜕𝑗𝛿𝜙 = 𝒪(𝛿𝜙
2)  

Φ−Ψ =
Π𝑎2

𝑀𝑃
2  

𝑎2𝑞

2𝑀𝑃
2 = −(Φ

′ +ℋΦ)  

ℛ𝑘 =
4

3
Φ𝑘 +

Φ𝑘
′

3ℋ
=
2𝐶1
3
𝐽0(𝑘𝜂) +

2𝐶2
3
𝑌0(𝑘𝜂),  

𝑓𝑘
′′ + (𝑘2 −

2

𝜂2
) 𝑓𝑘 = 0  

𝑓𝑘(𝜂) =
1

√2𝑘
(1 −

𝑖

𝑘𝜂
) 𝑒−𝑖𝑘𝜂  

𝛿𝜑𝑘 = lim
𝜂→0

 
𝑓𝑘(𝜂)

𝑎(𝜂)
=
𝑖𝐻inf

√2𝑘3
,  

ℛ𝑘 = lim
𝜂→0

 
𝑓𝑘(𝜂)

𝑧(𝜂)
=
𝐻

𝜑̇
|
inf

𝛿𝜑𝑘  

ℛ𝑘 =
1

√2𝜀𝑉

𝛿𝜑𝑘
𝑀𝑃

,  where  𝜀𝑉 =
𝑀𝑃
2

2
(
𝑉,𝜑

𝑉
)
2

 

ℛ𝑘(𝜂) =
𝛿𝜙𝑘(𝜂)

√6𝑀𝑃
,  
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𝛿𝜙𝑘(𝜂) = 𝑖𝐻inf√
3

2𝜀𝑉𝑘
3

𝐽0(𝑘𝜂)

𝐽0(𝑘𝜂0)
.  

𝛿𝜙𝑘(𝜂) =

{
 
 

 
 
𝑖𝐻inf√

3

2𝜀𝑉𝑘
3

 

𝑖𝐻inf√
3

𝜋𝜀𝑉𝜂

cos (𝑘𝜂 −
𝜋
4)

𝐽0(𝑘𝜂0)𝑘
2

  

 

𝐶1 =
3𝑖𝐻inf
4𝑀𝑃

1

𝐽0(𝑘𝜂0)√𝜀𝑉𝑘
3
  and  𝐶2 = 0.  

𝜌‾Δ ≡ 𝛿𝜌‾ + 𝜌‾′(𝑣 + 𝐵),  

∇2Φ =
𝜌‾𝑎2

2𝑀𝑃
2 Δ =

3ℋ2

2
Δ.  

Δ𝑘 = −
8𝑘2𝜂2

3
Φ𝑘 ,  

Δ𝑘(𝜂) = 𝐴𝑘𝜂𝐽1(𝑘𝜂) + 𝐵𝑘𝜂𝑌1(𝑘𝜂),  

Δ𝑘(𝜂) = −
2𝑖𝐻inf

𝑀𝑃√𝜀𝑉𝑘
3

𝑘𝜂𝐽1(𝑘𝜂)

𝐽0(𝑘𝜂0)
.  

𝐽1(𝑘𝜂) ∼
sin (𝑘𝜂)

√𝑘𝜂
 

Δ𝑘 ∼ √𝑘𝜂sin (𝑘𝜂)  

lim
𝑘𝜂→∞

 𝑌1(𝑘𝜂) ∼
cos (𝑘𝜂)

√𝑘𝜂
 

Δ𝑘 ∼
𝛿𝜌

𝜌‾
∼ 𝑎2 ∼ 𝜂 

∫  𝑑4𝑥𝜕𝜇𝜙𝜕
𝜇𝜙  

𝜙(𝑥, 𝑡) = 𝜙0 + 𝑣𝑡 + ∫  
𝑑3𝑘

(2𝜋)3
1

√2𝜔𝑘
(𝛼𝑘𝑒

𝑖(𝑘𝑥−𝜔𝑡) + 𝛼𝑘
∗𝑒−𝑖(𝑘𝑥−𝜔𝑡))  

𝜙̇2 = 𝑣2 + 2𝑣∫  
𝑑3𝑘

(2𝜋)3
1

√2𝜔𝑘
(−𝑖𝜔𝛼𝑘𝑒

𝑖(𝑘𝑥−𝜔𝑡) + 𝑖𝜔𝛼𝑘
∗𝑒−𝑖(𝑘𝑥−𝜔𝑡)) + 𝒪(𝛼𝑘

2) 

𝐴 =
𝜀ℋ

𝜙′
𝛿𝜙 =

𝜙′𝛿𝜙

2ℋ𝑀𝑃
2  



pág. 4165 

Δ𝑘 = 3√
3

2

𝑀𝑃
𝜂
ℋ2𝛿𝜙𝑘

′ = −
2𝑖𝐻inf

𝑀𝑃√𝜀𝑉𝑘
3

𝑘𝜂𝐽1(𝑘𝜂)

𝐽0(𝑘𝜂0)
,  

𝜙𝑘(𝜂) = 𝜙0 +𝑀𝑃 (
2

3
)
3/2

ln 𝜂 +∑  

𝑘

 (𝐴𝑘
𝑒𝑖𝑘𝜂

√𝑘𝜂
+ 𝐴𝑘

∗
𝑒−𝑖𝑘𝜂

√𝑘𝜂
) .  

𝜙̇2

2
+
1

𝑎2
(∇𝜙)2

2
≡
1

𝑎2
𝜙′(𝜂)2

2
+
1

𝑎2
(∇𝜙)2

2
 

𝜙′(𝜂) =
𝑀𝑃
𝜂
(
2

3
)
3/2

+∑ 

𝑘

 (𝑖𝑘𝐴𝑘
𝑒𝑖𝑘𝜂

√𝑘𝜂
− 𝑖𝑘𝐴𝑘

∗
𝑒−𝑖𝑘𝜂

√𝑘𝜂
) ,  

𝜌cross term ∝
sin (𝑘𝜂 + 𝜃)

𝜂5/2
,  

𝜌cross term 

𝜌𝐾𝐸
∼ √𝑘𝜂sin (𝑘𝜂 + 𝜃)  

𝜌𝜙 ∼ 𝑎
−2𝜙′2 ∼ 𝑎−6, 𝜌𝛿𝜙 ∼ 𝑎

−2(𝛿𝜙′)2 ∼ 𝑎−4  

𝛿𝜌𝜙 = 𝑎
−2(𝜙′𝛿𝜙′ +Φ𝜙′2)  

𝑎−2(𝜙′𝛿𝜙′) ∼ 𝑎−5, 𝑎−2(Φ𝜙′2) ∼ 𝑎−9.  

𝜌𝛿𝜙 ∼ 𝑎
−2(𝜙′𝛿𝜙′) ∼ √𝜌𝜙 ⋅ 𝜌𝛿𝜙 ∼ 𝑎

−5  

Δ𝑘 ∝ (𝑘𝜂)
2 ∼ 𝑎4  

𝐿 = ∫  𝑑4𝑥√−𝑔
1

𝒱4/3
𝜕𝜇𝜒𝜕

𝜇𝜒  

𝐿 = ∫  𝑑4𝑥
1

𝑡1/3
𝜕𝜇𝜒𝜕

𝜇𝜒  

𝜕𝜇(𝑡
−1/3𝜕𝜇𝜒) = 0 

𝜒̈ −
1

3𝑡
𝜒̇ +

∇2𝜒

𝑡2/3
= 0  

𝜒(𝑡) = 𝐴 + 𝐵𝑡4/3  

𝜒𝑘
′′ −

1

𝜂
𝜒𝑘
′ + 𝑘2𝜒𝑘 = 0  

𝜒𝑘 = 𝐴(𝑘𝜂)𝐽1(𝑘𝜂) + 𝐵(𝑘𝜂)𝑌1(𝑘𝜂).  

𝜒 = 𝐴 + 𝐵𝜂2  

𝜒𝑘 ∼ 𝛼√𝑘𝜂sin (𝑘𝜂 + 𝛽),  
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𝜌𝜒 =
1

𝒱4/3
𝜒̇2

2
+

1

𝒱4/3
(∇𝜒)2

2𝑎2
.  

𝜌𝜒𝑘 ∼
|𝛼|2

𝜂2
∝ 𝑎−4  

𝐿 = ∫  𝑑4𝑥√−𝑔 (
1

2
𝜕𝜇𝑈𝜕

𝜇𝑈 − 𝑉(𝑈))  

𝐿 = ∫  𝑑4𝑥√−𝑔(
1

2
𝜕𝜇𝑈𝜕

𝜇𝑈 −
𝜇𝑈
2

2𝑡2
𝑈2)  

𝑈̈ + 3𝐻𝑈̇ = −
𝜇𝑈
2

𝑡2
𝑈,  

𝑈(𝑡) = 𝛼̃cos (𝜇𝑈ln 𝑡 + 𝛽̃)  

𝑈̇2

2
+
𝜇𝑈
2𝑈2

2𝑡2
∝
1

𝑡2
=
1

𝑎6
 

𝑑𝑠2 = −𝑎2(𝜂)(1 + 2Ψ)𝑑𝜂2 + 𝑎2(𝜂)(1 − 2Φ)(𝑑𝑥1
2 + 𝑑𝑥2

2 + 𝑑𝑥3
2)  

𝛿𝜌 ≡ −𝛿𝑇0
0 = 𝛿 (−

1

2
𝑔00𝜙2 + 𝑉(𝜙)) =

1

𝑎2
(𝜙′𝛿𝜙′ −Φ𝜙2) +

𝑑𝑉(𝜙)

𝑑𝜙
𝛿𝜙  

𝛿𝑃 ≡ 𝛿𝑇𝑖
𝑖 = 𝛿 (−

1

2
𝑔00𝜙′2 − 𝑉(𝜙)) =

1

𝑎2
(𝜙′𝛿𝜙′ −Φ𝜙′2) −

𝑑𝑉(𝜙)

𝑑𝜙
𝛿𝜙.  

𝛿𝜙′′ + 2ℋ𝛿𝜙′ − ∇2𝛿𝜙 +
𝑑2𝑉(𝜙)

𝑑𝜙2
𝑎2𝛿𝜙 − 4𝜙′Φ′ + 2

𝑑𝑉(𝜙)

𝑑𝜙
𝑎2Φ = 0,  

𝛿𝑟
′′ −

1

3
∇2𝛿𝑟 −

4

3
∇2Φ− 4Φ′′ = 0  

∇2Φ− 3ℋ(Φ′ +ℋΦ)  =
𝑎2

2𝑀𝑃
2 (𝛿𝜌𝑘 + 𝛿𝜌𝑝 + 𝛿𝜌𝑟)

Φ′′ + 3ℋΦ′ + (2ℋ′ +ℋ2)Φ =
𝑎2

2𝑀𝑃
2 (𝛿𝜌𝑘 − 𝛿𝜌𝑝 +

1

3
𝛿𝜌𝑟)

 

𝛿𝜙𝑘
′′ + 2ℋ𝛿𝜙𝑘

′ + 𝑘2𝛿𝜙𝑘 + 𝜆
2𝑎2

𝑉(𝜙)

𝑀𝑃
2 𝛿𝜙𝑘 = 4𝜙

′Φ𝑘
′ + 2𝜆𝑎2

𝑉(𝜙)

𝑀𝑃
Φ𝑘 ,  

Φ𝑘
′′ + 4ℋΦ𝑘

′ + 2(ℋ ′ +ℋ2 +
𝑘2

6
)Φ𝑘 =

1

3𝑀𝑃
2 (𝜙

′𝛿𝜙𝑘
′ −Φ𝑘𝜙

′2 + 2𝜆𝑎2
𝑉(𝜙)

𝑀𝑃
𝛿𝜙𝑘) .  

𝑦 =
𝜌𝑟
𝜌𝜙
=
𝑎2

𝑎𝑒𝑞
2 = 𝜀𝑎2  

𝑑𝑦

𝑑𝜂
= 2𝑦ℋ  and  ℋ =

𝜀

2𝜂0

√1 + 𝑦

𝑦
,  
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ℋ′ = −ℋ2 (1 +
𝑦

1 + 𝑦
)  

𝐹′(𝜂) = 2𝑦ℋ
 d𝐹

 d𝑦
 𝐹′′(𝜂) = 4𝑦2ℋ2

 d2𝐹

 d𝑦2
+
2𝑦2ℋ2

1 + 𝑦

 d𝐹

 d𝑦
.  

{
 
 

 
 2𝑦

 d2Φ

 d𝑦2
+ (4 +

𝑦

1 + 𝑦
)
dΦ

 d𝑦
+
2𝜂0

2𝑘2

3𝜀2
𝑦

1 + 𝑦
Φ =

√6

3𝑀𝑃√1 + 𝑦

 d𝛿𝜙

 d𝑦

2𝑦
 d2𝛿𝜙

 d𝑦2
+ (2 +

𝑦

1 + 𝑦
)
d𝛿𝜙

 d𝑦
+
2𝜂0

2𝑘2

𝜀2
𝑦

1 + 𝑦
𝛿𝜙 =

4√6𝑀𝑃

√1 + 𝑦

 dΦ

 d𝑦

 

{
 
 

 
 2𝑦

 d2Φ

 d𝑦2
+ (4 +

𝑦

1 + 𝑦
)
dΦ

 d𝑦
=

√6

3𝑀𝑃√1 + 𝑦

 d𝛿𝜙

 d𝑦

2𝑦
 d2𝛿𝜙

 d𝑦2
+ (2 +

𝑦

1 + 𝑦
)
d𝛿𝜙

 d𝑦
=
4√6𝑀𝑃

√1 + 𝑦

 dΦ

 d𝑦

 

𝑞(𝑦) ≡
dΦ

d𝑦
 

2𝑦(1 + 𝑦)
d2𝑞

 d𝑦
+ (8 + 11𝑦)

d𝑞

 d𝑦
+ 10𝑞 = 0  

𝑞(𝑦) =  −
9𝑐1(𝑦(√𝑦 + 1 − 3) + 4(√𝑦 + 1 − 1))

24𝑦3√𝑦 + 1

 −
8𝑐3(𝑦√𝑦 + 1 − 3𝑦 + 4√𝑦 + 1 − 4) + 9𝑐4(3𝑦 + 4)

24𝑦3√𝑦 + 1

 

Φ(𝑦) =
8𝑐3(2𝑦

2 + 𝑦 − 2√𝑦 + 1 + 2) + 9𝑐1(𝑦 − 2√𝑦 + 1 + 2) + 18𝑐4√𝑦 + 1

24𝑦2
.  

𝑐1 = 𝑐4 = 0  

Φ(𝑦 → ∞)

Φ(𝑦 → 0)
=
8

9
 

ℛ = Φ−
𝑦 + 1

2𝑦 + 3
(Φ + 2𝑦

 dΦ

 d𝑦
) =

3𝑐1
8(2𝑦 + 3)

+ 𝑐3.  

𝛿𝜙(𝑦) =
(9𝑐1 + 8𝑐3)(𝑦 − 2)√𝑦 + 1 + 2(9𝑐1 + 8𝑐3 − 9𝑐4)

4√6𝑦2
+ 𝑐2  

𝛿𝜙 = 2
𝛿𝜙′

𝜙′
− 2Φ =

−3𝑐1(𝑦
2 − 3𝑦 + 6√𝑦 + 1 − 6) + 8𝑐3(−𝑦

2 + 𝑦 − 2√𝑦 + 1 + 2) + 18𝑐4√𝑦 + 1

4𝑦2
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𝛿𝑟= −
𝛿𝜙

𝑦
−
2(𝑦 + 1)

𝑦
(Φ + 2𝑦

 dΦ

 d𝑦
)  

 =
8𝑐3(−𝑦

2 + 𝑦 − 2√𝑦 + 1 + 2) + 9𝑐1(𝑦 − 2√𝑦 + 1 + 2) + 18𝑐4√𝑦 + 1

6𝑦2
.

 

{
 
 

 
 2𝑦

 d2Φ

 d𝑦2
+ 5

 dΦ

 d𝑦
+
2𝜂0

2𝑘2

3𝜀2
Φ =

√6

3𝑀𝑃√𝑦

 d𝛿𝜙

 d𝑦

2𝑦
 d2𝛿𝜙

 d𝑦2
+ 3

 d𝛿𝜙

 d𝑦
+
2𝜂0

2𝑘2

𝜀2
𝜙 =

4√6𝑀𝑃

√𝑦

 dΦ

 d𝑦

 

Φ(𝑥)

𝛿𝜙(𝑥)
∼ 𝒪(𝑥−𝑏)  with  𝑏 > 0  

𝛿𝜙 =
𝑐1

√𝑦
cos (

2𝜂0𝑘√𝑦

𝜀
) +

𝑐2

√𝑦
sin (

2𝜂0𝑘√𝑦

𝜀
) ,  

 

Φ =
(√6𝜋𝑐2 + 𝑐3)

𝑦
cos (

2𝜂0𝑘√𝑦

√3𝜀
) +

𝑐4
𝑦
cos (

2𝜂0𝑘√𝑦

√3𝜀
) + 𝒪 (

1

𝑦2
) .  

√𝑦 ≃
𝜀𝜂

2𝜂0
 

Φ ≃
𝑐3
′

𝑎2(𝜂)
cos (

𝑘𝜂

√3
) +

𝑐4
′

𝑎2(𝜂)
sin (

𝑘𝜂

√3
)  

𝛿𝜙 ≃
𝑐1
′

𝑎(𝜂)
cos (𝑘𝜂) +

𝑐2
′

𝑎(𝜂)
sin (𝑘𝜂).  

Δ𝑟 ≃ 𝑐5cos (
𝑘𝜂

√3
) + 𝑐6sin (

𝑘𝜂

√3
)  

𝑦 =
𝜌𝑚
𝜌𝜙

=
𝑎3

𝑎𝑒𝑞
3 = 𝜀𝑎3  

𝑑𝑦

𝑑𝜂
= 3𝑦ℋ  and  ℋ =

𝜀2/3

2𝜂0

√1 + 𝑦

𝑦2/3
.  

ℋ ′ = −ℋ2
𝑦 + 4

2𝑦 + 2
,  

𝐺′(𝜂) = 3𝑦ℋ
 d𝐺

 d𝑦
 𝐺′′(𝜂) = 9ℋ2𝑦2

 d2𝐺

 d𝑦2
+ 3𝑦ℋ2

5𝑦 + 2

2𝑦 + 2

 d𝐺

 d𝑦
.  

Φ′′ + 3ℋΦ′ + (2ℋ′ +ℋ2)Φ =
𝑎2

2𝑀𝑃
2 (𝛿𝜌𝑘 − 𝛿𝜌𝑝)  



pág. 4169 

{
 
 

 
 3𝑦

 d2Φ

 d𝑦2
+
11𝑦 + 8

2𝑦 + 2

 dΦ

 d𝑦
=

√6

2𝑀𝑃√1+ 𝑦

 d𝛿𝜙

 d𝑦

3𝑦
 d2𝛿𝜙

 d𝑦2
+
9𝑦 + 6

2𝑦 + 2

 d𝛿𝜙

 d𝑦
+
4𝑘2𝜂0

2

3𝜀4/3
𝑦1/3

𝑦 + 1
𝛿𝜙 =

4√6𝑀𝑃

√1 + 𝑦

 dΦ

 d𝑦
.

 

{
 
 

 
 3𝑦

 d2Φ

 d𝑦2
+
11𝑦 + 8

2𝑦 + 2

 dΦ

 d𝑦
=

√6

2𝑀𝑃√1 + 𝑦

 d𝛿𝜙

 d𝑦

3𝑦
 d2𝛿𝜙

 d𝑦2
+
9𝑦 + 6

2𝑦 + 2

 d𝛿𝜙

 d𝑦
=
4√6𝑀𝑃

√1 + 𝑦

 dΦ

 d𝑦

 

𝑟(𝑦) ≡
dΦ(𝑦)

d𝑦
 

6𝑦(1 + 𝑦)
d2𝑟(𝑦)

d𝑦2
+ (20 + 29𝑦)

d𝑟(𝑦)

d𝑦
+ 22𝑟(𝑦) = 0  

𝑟(𝑦) =

8(𝑐1 + 3𝑐3(𝑦 + 2) −
𝑐4√𝑦 + 1(5𝑦 + 8)

𝑦4/3
)

48𝑦(𝑦 + 1)

+

1
5
(5𝑦 + 8) ( 2𝐹1 (

5
6
, 1;
7
3
; −𝑦) (3𝑐3(𝑦 − 4) − 5𝑐1)) − 18𝑐3(𝑦 + 1) 2𝐹1 (

5
6
, 2;
7
3
;−𝑦)

48𝑦(𝑦 + 1)

 

Φ(𝑦) = −
1

24
(𝑦 + 1)(5𝑐1 + 6𝑐3)2𝐹1 (1,

11

6
;
7

3
;−𝑦) +

𝑐1
3
+ 𝑐3 +

𝑐4√𝑦 + 1

𝑦4/3
 

Φ(𝑦 → ∞)

Φ(𝑦 → 0)
=
4

5
 

{
 
 

 
 3𝑦

 d2Φ

 d𝑦2
+
11

2

 dΦ

 d𝑦
=

√6

2𝑀𝑃√𝑦

 d𝛿𝜙

 d𝑦

3𝑦
 d2𝛿𝜙

 d𝑦2
+
9

2

 d𝛿𝜙

 d𝑦
+

4𝑘2𝜂0
2

3𝜀4/3𝑦2/3
𝛿𝜙 =

4√6𝑀𝑃

√1 + 𝑦

 dΦ

 d𝑦

 

Φ(𝑦) = 𝑐1 +
𝑐2
𝑦5/6

+ 𝒪 (
1

𝑦
)  

𝛿𝜙(𝑦) =
𝑐3
𝑦1/3

sin (
4𝑘𝜂0𝑦

1/6

𝜀2/3
) +

𝑐4
𝑦1/3

cos (
4𝑘𝜂0𝑦

1/6

𝜀2/3
) + 𝒪 (

1

√𝑦
) .  

Φ(𝑎) = 𝑐1 + 𝑐2𝑎
−5/2  

{
 

 𝛿𝜙′′ +
2

𝜂
𝛿𝜙′ + (𝑘2 +

4

𝜂2
) 𝛿𝜙 =

8𝑀𝑃
𝜆𝜂

(2Φ′ +
Φ

𝜂
)

Φ′′ +
4

𝜂
Φ′ +

Φ

3
(𝑘2 +

16

𝜆2𝜂2
) =

4

3𝑀𝑃𝜆𝜂
(𝛿𝜙′ +

2𝛿𝜙

𝜂
) .
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𝑥 ≡ 𝑘𝜂 𝛿𝜙̃ ≡
𝛿𝜙𝑘(𝑘𝜂)

𝑀𝑃
 Φ̃(𝑥) ≡ Φ𝑘(𝑘𝜂).  

{
 

 𝑥2𝛿𝜙̃′′(𝑥) + 2𝑥𝛿𝜙̃′(𝑥) + (𝑥2 + 4)𝛿𝜙̃(𝑥) =
8

𝜆
(2𝑥Φ̃′(𝑥) + Φ̃(𝑥))

𝑥2Φ̃′′(𝑥) + 4𝑥Φ̃′(𝑥) +
Φ̃(𝑥)

3
(𝑥2 +

16

𝜆2
) =

4

3𝜆
(𝑥𝛿𝜙̃′(𝑥) + 2𝛿𝜙̃(𝑥))

 

𝛿𝜙̃(𝑥) = 𝑥𝛼  Φ̃(𝑥) = 𝐾𝑥𝛽 .  

{
(4 + 𝛼 + 𝛼2)𝜆 − 8𝐾(1 + 2𝛼) = 0

(16 + 9𝛼𝜆2 + 3𝛼2𝜆2)𝐾 − 4(2 + 𝛼)𝜆 = 0
 

𝛼 =

{
 

 

0,−3,
−1 ± √

64
𝜆2
− 15

2

}
 

 

.  

𝛿𝜙(𝜂) = 𝑐𝑎𝜂
−
1
2cos 

(

 
√15 −

64
𝜆2

2
log (𝜂)

)

 + 𝑐𝑏𝜂
−
1
2sin 

(

 
√15 −

64
𝜆2

2
log (𝜂)

)

  

{
𝑥2𝛿𝜙̃′′(𝑥) + 2𝑥𝛿𝜙̃′(𝑥) + 𝑥2𝛿𝜙̃(𝑥) =

8

𝜆
(2𝑥Φ̃′(𝑥) + Φ̃(𝑥))

𝑥2Φ̃′′(𝑥) + 4𝑥Φ̃′(𝑥) +
𝑥2

3
Φ̃(𝑥) =

4

3𝜆
(𝑥𝛿𝜙̃′(𝑥) + 2𝛿𝜙̃(𝑥))

 

Φ̃(𝑥)

𝛿𝜙̃(𝑥)
∼ 𝒪(𝑥−𝑏)  with  𝑏 > 0  

𝛿𝜙̃(𝑥) =
𝑐1cos (𝑥) + 𝑐2sin (𝑥)

𝑥
,  

Φ̃(𝑥) =

𝑐3sin (
𝑥

√3
) + 𝑐4cos (

𝑥

√3
)

𝑥2
+

8𝜋𝑐1cos (
𝑥

√3
) + 2𝑐1sin (𝑥) − 2𝑐2cos (𝑥)

𝜆𝑥2
+ 𝒪 (

1

𝑥3
)

 

ℛ(𝜂) =
3

2
Φ +

Φ′

2ℋ
 

ℛ(𝜂) =

𝑐3cos (
𝑘𝜂

√3
) − 𝑐4sin (

𝑘𝜂

√3
)

√3𝑘𝜂
+

6𝑐1cos (𝑘𝜂) + 6𝑐2sin (𝑘𝜂) − 8√3𝜋𝑐1sin (
𝑘𝜂

√3
)

3𝜆𝑘𝜂
 

Δ =−
2

3
(𝑘𝜂)2Φ(𝜂) = −

2

3
(𝑐4cos (

𝑘𝜂

√3
) + 𝑐3sin (

𝑘𝜂

√3
)) 

 +

4𝑐2cos (𝑘𝜂) − 4𝑐1 (sin (𝑘𝜂) + 4𝜋cos (
𝑘𝜂

√3
))

3𝜆
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𝛿𝑟 ≡
𝛿𝜌𝑟
𝜌𝑟

=
3𝜆2

2(𝜆2 − 4)
(Φ′′𝜂2 + 4Φ

4 − 𝜆2

𝜆2
− (𝑘𝜂)2Φ−

4

𝜆
𝛿𝜙′𝜂)  

𝛿𝑟 =

4(𝑐4𝜆 + 8𝜋𝑐1)cos (
𝑘𝜂

√3
)

3𝜆
−
4

3
𝑐3sin (

𝑘𝜂

√3
)

 

𝜙(𝜂) = 𝜙𝑡 +
4

𝜆
log (𝜂) +∑  

𝑘

 𝑎±𝑘
𝑒±𝑖𝑘𝜂

(𝑘𝜂)
,  

𝜙′(𝜂) =
4

𝜆𝜂
+∑  

𝑘

  (±𝑖𝑘)𝑎±𝑘
𝑒±𝑖𝑘𝜂

(𝑘𝜂)
 

1

𝑎2
(𝜙′𝛿𝜙′) ∼ 𝑎−4,

1

𝑎2
(Φ𝜙2) ∼ 𝑎−6,

𝑑𝑉(𝜙)

𝑑𝜙
𝛿𝜙 ∼ 𝑎−5  

⟨

Φ′′ +
6

𝜂
Φ′ +

18

𝜆2𝜂2
Φ =

3

𝜆𝜂𝑀𝑝
(
3

𝜂
𝛿𝜙 + 𝛿𝜙′)

𝛿𝜙′′ +
4

𝜂
𝛿𝜙′ + 𝑘2𝛿𝜙 =

12

𝜆𝜂
𝑀𝑝 (2Φ

′ +
3

𝜂
Φ)

|| 

𝛿𝜙(𝜂) = 𝜂𝛼 , Φ(𝜂) = 𝐾𝜂𝛼  

𝛼 = {0,−
5

2
,
3(𝜆 ± √24 − 7𝜆2)

4𝜆
} .  

𝛿𝜙(𝜂) = 𝑐𝑎𝜂
−
3
2cos (

3√7𝜆2 − 24

2𝜆
log 𝜂) + 𝑐𝑏𝜂

−
3
2sin (

3√7𝜆2 − 24

2𝜆
log 𝜂)  

𝜌𝛿𝜙1 ∼ 𝑎
−3, 𝜌𝛿𝜙2 ∼ 𝑎

−8, 𝜌𝛿𝜙3,4 ∼ 𝑎
−9/2  

Φ(𝜂) = 𝐴(𝑘𝜂)−𝑎 , 𝛿𝜙(𝜂) = 𝐵(𝑘𝜂)−𝑏𝑓(𝑘𝜂),  

𝑎 =
5

2
±
√25𝜆2 − 72

2𝜆
 

𝑏 = 2, 𝑓(𝑘𝜂) = cos (𝑘𝜂)  or  𝑓(𝑘𝜂) = sin (𝑘𝜂)  

Φ(𝜂)  = 𝐴1𝜂

1
2(
√25𝜆2−72

𝜆
−5)

+ 𝐴2𝜂

1
2(
−
√25𝜆2−72

𝜆
−5)

 = 𝐴1(𝑘𝜂)

√59
3
2
−
5
2 + 𝐴2(𝑘𝜂)

−
5
2
−
√59
3
2 ≈ 𝐴1(𝑘𝜂)

−0.28 + 𝐴2(𝑘𝜂)
−4.72

 

𝛿𝜙(𝜂) =
𝐵1cos (𝑘𝜂) + 𝐵2sin (𝑘𝜂)

(𝑘𝜂)2
 

ℛ(𝜂) = (−
𝐴1√25𝜆2 − 72

6𝜆
+
5

6
𝐴1) (𝑘𝜂)

√25𝜆2−72
2𝜆

−
5
2 + (

𝐴2√25𝜆2 − 72

6𝜆
+
5

6
𝐴2) (𝑘𝜂)

−
√25𝜆2−72

2𝜆
−
5
2.  



pág. 4172 

𝛿𝑚
′′ +ℋ𝛿𝑚

′ = 3Φ′′ + 3ℋΦ′ − 𝑘2Φ,  

𝛿𝑚 ≈
𝑘2𝜆2𝜂

√25𝜆2−72
2𝜆 −

1
2

18 − 6𝜆2
𝐴1,

 

Δ ∼ ℋ−2Φ ∼ 𝜂2Φ ∼ 𝜂

1
2(
√25𝜆2−72

𝜆
−1)
.

 

Δ ∼ 𝜂2 ∼ 𝑎,  

Δ ∼ 𝜂
√59
3
+
1
6
(−3−√177)

≈ 𝜂1.72 ∼ 𝑎0.86,
 

𝜙′′ + 2ℋ𝜙′ + 𝑘2𝜙 = −𝑎2
𝑑𝑉

𝑑𝜙
(𝜙) 

𝜙(𝜂) = 𝜙𝑡 +
6

𝜆
log (𝜂) +∑  

𝑘

 𝑎±𝑘
𝑒±𝑖𝑘𝜂

(𝑘𝜂)2
,  

𝜙′(𝜂) =
6

𝜆𝜂
+∑  

𝑘

  (±𝑖𝑘)𝑎±𝑘
𝑒±𝑖𝑘𝜂

(𝑘𝜂)2
.  

𝑥 =
1

2
(5 −

√25𝜆2 − 72

𝜆
) 

𝛿𝜌𝜙 = 𝑎
−2(𝜙′𝛿𝜙′ −Φ𝜙′2) + (𝑑𝑉(𝜙)/𝑑𝜙)𝛿𝜙 

1

𝑎2
(𝜙′𝛿𝜙′) ∼ 𝑎−

7
2,
1

𝑎2
(Φ𝜙′2) ∼ 𝑎−3−

𝑥
2,
𝑑𝑉(𝜙)

𝑑𝜙
𝛿𝜙 ∼ 𝑎−4  

𝛿𝜌𝜙 ∼ 𝑎
−3−

𝑥
2 ≈ 𝑎−3.14  

𝜌 ∼ 𝑎−3  

Φ′′ +
6

𝜂
Φ′ = 0  

Φ = 𝑐1 + 𝑐2𝜂
−5  

Δ ∼ 𝜂2 ∼ 𝑎.  

Φ(𝜂) =
𝐶1
𝑘𝜂
𝐽1(𝑘𝜂) +

𝐶2
𝑘𝜂
𝑌1(𝑘𝜂),  

𝐶1 =
3𝑖𝐻inf
4𝑀𝑃

1

𝐽0(𝑘𝜂0)√𝜀𝑉𝑘
3
  and  𝐶2 = 0.  

Δ(𝜂) = −
2𝑖𝐻inf

𝑀𝑃√𝜀𝑉𝑘
3

𝑘𝜂𝐽1(𝑘𝜂)

𝐽0(𝑘𝜂0)
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Φ(𝜂) ≃

𝐶3sin (
𝑘𝜂

√3
) + 𝐶4sin (𝑘𝜂 + 𝐶5)

𝑎(𝜂)2
 

Δ ≃ 𝐶3sin (
𝑘𝜂

√3
) + 𝐶4sin (𝑘𝜂 + 𝐶5)  

Φ ≃ 𝐶6𝑎(𝜂)

1
4(
√25𝜆2−72

𝜆
−5)  

 

Δ ≃ 𝐶7𝑎(𝜂)

1
4(
√25𝜆2−72

𝜆
−1)
,

 

 

2𝜋

𝑔𝑌𝑀
2 = ∫  

Σ𝑖

  𝑒−𝜑√𝑔,  

ℒ𝑆𝑀 =∑ 

𝑖

 
1

𝑔𝑖
2(Φ)

Tr(𝐹𝑖,𝜇𝜈𝐹
𝑖,𝜇𝜈) +∑ 

𝑖

 𝐾𝑓(Φ)𝜓‾𝛾
𝑖𝜕𝑖𝜓 + 𝐾ℎ(Φ)𝜕𝜇𝐻𝜕

𝜇𝐻∗ +∑  

𝑖

 𝑌𝑎𝑏(Φ)𝐻𝜓‾
𝑎𝜓𝑏 ,  

𝑉(Φ) = 𝑉0𝑒
−√
27
2
Φ
(1 − 𝛼Φ3/2) + 𝜀𝑒−√6Φ,  

 

𝑛𝜓(𝑡reheat ) = 𝑛𝜓(𝑡moduli ) (
𝑎(𝑡moduli )

𝑎(𝑡reheat )
)

3

 

𝑛𝜓(𝑡reheat ) = 𝑛𝜓(𝑡moduli ) (
𝑡moduli 

𝑡reheat 

)
2

 

𝑛𝜓(𝑡reheat ) = 𝑛𝜓(𝑡moduli ) (
ΓΦ
𝑚Φ

)
2

 

𝑇4 ∼ 3𝐻2𝑀𝑃
2, 𝑇 ∼ (𝑀𝑃𝑚Φ)

1/2 ∼ 1012GeV(
𝑚Φ

106GeV
)

1
2  

𝑠moduli ∼ 𝑇
3 ∼ 𝑀𝑃

3/2
𝑚Φ
3/2  

𝑇reheat ∼ ΓΦ
1/2
𝑀𝑃
1/2
  with  𝑠reheat ∼ ΓΦ

3/2
𝑀𝑃
3/2
,  

𝑠reheat = 𝑠moduli (
ΓΦ
𝑚Φ

)
3/2

 

𝑛𝜓(𝑡reheat )

𝑠(𝑡reheat )
=
𝑛𝜓(𝑡moduli )

𝑠(𝑡moduli )
(
ΓΦ
𝑚Φ

)
1/2
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𝑦 = (
ΓΦ
𝑚Φ

)
1/2

 

Γ ∼
𝑚Φ
3

𝑀𝑃
2  

𝑦dilution ∼
𝑚Φ
𝑀𝑃

∼ 10−12 (
𝑚Φ

106GeV
)  

ΓΦ ∼
𝑚3/2
4 𝛼loop 

2

𝑚Φ𝑀𝑃
2 ∼ (𝛼loop 𝒱)

2𝑚Φ
3

𝑀𝑃
2 ≫

𝑚Φ
3

𝑀𝑃
2 ,  

𝑦dilution ∼ (𝛼loop 𝒱)
𝑚Φ
𝑀𝑃

∼ 10−12(𝛼loop 𝒱) (
𝑚Φ

106GeV
)  

𝜏Hawking ∼
𝑀𝑃𝐵𝐻
3

𝑀𝑃
4 , 

𝑀𝑃𝐵𝐻 ∼
𝑀𝑃
2

𝐻formation 

 

𝑥(𝑁) = 𝑥0 + 𝑒
3
4
(𝛾−2)𝑁𝜂1sin (𝜔𝑁 + 𝛼̃1),

𝑦(𝑁) = 𝑦0 + 𝑒
3
4
(𝛾−2)𝑁𝜂2sin (𝜔𝑁 + 𝛼̃2),

 

𝜂1 = √𝑐1
2 +

1

4𝜔2
[2𝛽𝑐2 + (𝛼 − 𝛿)𝑐1]

2

𝜂2 = √𝑐2
2 +

1

4𝜔2
[2𝛾𝑐1 − (𝛼 − 𝛿)𝑐2]

2

 

tan 𝛼1 =
2𝜔𝑐1

2𝛽𝑐2 + (𝛼 − 𝛿)𝑐1
, tan 𝛼2 =

2𝜔𝑐2
2𝛾𝑐1 − (𝛼 − 𝛿)𝑐2

 

𝜙(𝑁) = 𝜙0 + √6𝑀𝑃𝑥0𝑁 +
√6𝑀𝑃𝜂1

√𝜔2 +
9
16 (𝛾 − 2)

2

𝑒
3
4
(𝛾−2)𝑁sin (𝜔𝑁 + 𝛼̃1 + 𝛼

′)
 

tan 𝛼′ = −
4

3

𝜔

𝛾 − 2
 

𝛿𝐻′ = −
3

2
𝛾𝛿𝐻 − 3√

3

2

𝛾

𝜆
𝐻0𝑒

−3𝛾𝑁/2[(2 − 𝛾)(𝑥(𝑁) − 𝑥0) − √(2 − 𝛾)𝛾(𝑦(𝑁) − 𝑦0)].  

𝛿𝐻′ = −
3

2
𝛾𝛿𝐻 − 3√

3

2

𝛾

𝜆
𝐻0𝑒

−3(𝛾+2)𝑁/4[(2 − 𝛾)𝜂1sin (𝜔𝑁 + 𝛼̃1) − √(2 − 𝛾)𝛾𝜂2sin (𝜔𝑁 + 𝛼̃2)] 
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𝛿𝐻 = 𝐻 [𝑐3 +
12

9(𝛾 − 2)2 + 16𝜔2
√
3

2

𝛾

𝜆
𝐻0𝑒

−3(𝛾+2)𝑁/4ℎ(𝑁)] ,  

ℎ(𝑁) = 3(2−𝛾)[(2 − 𝛾)𝜂1sin (𝜔𝑁 + 𝛼̃1) − √(2 − 𝛾)𝛾𝜂2sin (𝜔𝑁 + 𝛼̃2)]  

 +4𝜔[(2 − 𝛾)𝜂1cos (𝜔𝑁 + 𝛼̃1) − √(2 − 𝛾)𝛾𝜂2cos (𝜔𝑁 + 𝛼̃2)].
 

𝛿𝐻 = 𝐻 [𝑐3 + 𝐴
′𝑒
3
4
(𝛾−2)𝑁sin (𝜔𝑁 + 𝛼′)] ,  

𝜌𝛾 =
𝑁𝛾

𝑉
⟨𝐸𝛾(𝑡)⟩ =

2𝑁0(1 − 𝑒
−𝛼(𝑡−𝑡0))

𝑉0

𝑎0
3

𝑎3
⟨𝐸𝛾(𝑡)⟩,  

⟨𝐸𝛾(𝑡)⟩ =
1

𝑛𝛾, tot 

∫  

4𝜋𝑎(𝑡)
𝑚𝑎(𝑡0)

4𝜋/𝑚

 𝑑𝜆𝑛̃(𝑡, 𝜆)𝐸𝛾(𝜆)  

𝑛𝛾, tot = ∫  

4𝜋𝑎(𝑡)
𝑚𝑎(𝑡0)

4𝜋/𝑚

 𝑑𝜆𝑛̃𝛾(𝑡, 𝜆) = 2𝑛0(1 − 𝑒
−𝛼(𝑡−𝑡0))  

𝑑𝜆 =
4𝜋

𝑚

𝑎(𝑡)

𝑎𝑐(𝑡𝑐)
−
4𝜋

𝑚

𝑎(𝑡)

𝑎𝑐(𝑡𝑐 + 𝑑𝑡)
≈
4𝜋

𝑚

𝑎𝐻𝑐
𝑎𝑐

𝑑𝑡,  

𝑛̃𝛾𝑑𝜆 = 𝑛̇𝛾(𝑎𝑐)
𝑚

4𝜋𝐻𝑐

𝑎𝑐𝑑𝜆

𝑎(𝑡)
.  

𝑑𝑎𝑐/𝑑𝜆 = −𝑚𝑎𝑐
2/4𝜋𝑎 

⟨𝐸𝛾(𝑡)⟩ =
1

𝑛𝛾, tot 

𝑚

2𝑎(𝑡)
∫  
𝑎(𝑡)

𝑎(𝑡0)

 𝑑𝑎𝑐
𝑛̇𝛾(𝑎𝑐)

𝐻𝑐
=

1

𝑛𝛾, tot 

𝑚

2𝑎(𝑡)
∫  
𝑡

𝑡0

 𝑑𝑡𝑐𝑎(𝑡𝑐)𝑛̇𝛾(𝑡𝑐).  

𝑛̇𝛾(𝑡𝑐) = 2𝛼𝑛0𝑒
−𝛼(𝑡𝑐−𝑡0).  

𝐻2 =
𝐻0
2𝑎0
3

𝑎3
𝑒𝛼𝑡0 (𝑒−𝛼𝑡 +

𝛼

𝑎
∫  
𝑡

𝑡0

 𝑑𝑡𝑐𝑎(𝑡𝑐)𝑒
−𝛼𝑡𝑐) ,  

𝑎̈ +
𝑎̇2

𝑎
=
𝐻0
2𝑎0
3

2𝑎2
𝑒−𝛼(𝑡−𝑡0).  

−3ℋ(Φ′ +ℋΨ) = 4𝜋𝐺𝑎2(𝜌1𝛿1 + 𝜌2𝛿2).  

𝑦 ≡
𝜌1
𝜌2
∼ 𝑎−3(𝛾1−𝛾2),  

𝛿1
𝛾1
=
𝛿2
𝛾2

 

−3ℋ(Φ′ +ℋΦ) = 4𝜋𝐺𝑎2𝜌2𝛿2 (1 +
1

𝑦

𝛾1
𝛾2
) =

3

2
ℋ2

𝑦

𝑦 + 1
𝛿2 (1 +

1

𝑦

𝛾1
𝛾2
) ,  
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8𝜋𝐺𝜌2/3 = (ℋ
2𝑦)/(𝑎2(𝑦 + 1)) 

−3(3(𝛾1 − 𝛾2)𝑦
𝑑Φ

𝑑𝑦
+ Φ) =

3

2

𝑦

𝑦 + 1
(1 +

1

𝑦

𝛾1
𝛾2
) 𝛿2  

 −(𝛾1(9𝛾1 − 6𝛾2 + 2) + (6𝛾1 − 3𝛾2 + 2)𝛾2𝑦
2 + 2(6𝛾1

2 − 3𝛾2𝛾1 + 𝛾1 + 𝛾2)𝑦)Φ
′(𝑦)

 −6(𝛾1 − 𝛾2)𝑦(𝑦 + 1)(𝛾1 + 𝛾2𝑦)Φ
′′(𝑦) + 2(𝛾2 − 𝛾1)Φ(𝑦) = 0.

 

Φ(𝑦) =
2(𝛾1 − 𝛾2) (3𝛾1 − 2√𝑦 + 12𝐹1 (

1
2
,
3𝛾1 + 2
6𝛾1 − 6𝛾2

;
3𝛾1 + 2
6𝛾1 − 6𝛾2

+ 1;−𝑦) + 2)

3𝛾1 + 2
 

lim
𝑦→0

 Φ(𝑦) =
6𝛾1(𝛾1 − 𝛾2)

3𝛾1 + 2
 

√𝑦 + 1
2
𝐹1 (

1

2
, 𝑏; 𝑏 + 1,−𝑦) = 𝑏√𝑦 + 1∫  

1

0

 
𝑡𝑏−1

(1 + 𝑡𝑦)1/2
→ 𝑏∫  

1

0

  𝑡𝑏−3/2 =
𝑏

𝑏 − 1/2
 

lim
𝑦→∞

 Φ(𝑦) =
6(𝛾1 − 𝛾2)𝛾2
3𝛾2 + 2

 

lim
𝑦→∞

 Φ(𝑦)/Φ(0) =
𝛾2(3𝛾1 + 2)

𝛾1(3𝛾2 + 2)
 

ℛ ≃
3𝛾𝑖 + 2

3𝛾𝑖
Φ  for  𝑘𝜂 ≪ 1  

𝑎(𝜂) = 𝑎0𝜂
2

3𝛾−2,  

𝜙 = 𝜙𝑡 +
6𝛾

(3𝛾 − 2)𝜆
log (𝜂)  

𝑉 = 𝑉0𝑒
−𝜆𝜙 = −

18(𝛾 − 2)𝛾𝜂
6𝛾
2−3𝛾

(2 − 3𝛾)2𝜆2
.  

∇2Φ− 3ℋ(Φ′ +ℋΦ)  =
𝑎2

2𝑀𝑃
2 (𝛿𝜌𝜙 + 𝛿𝜌𝛾)

Φ′′ + 3ℋΦ′ + (2ℋ ′ +ℋ2)Φ =
𝑎2

2𝑀𝑃
2 (𝛿𝑃𝜙 + (𝛾 − 1)𝛿𝜌𝛾),

 

𝛿𝜌𝜙=
1

𝑎2
(𝜙′𝛿𝜙′ −Φ𝜙′2) +

𝑑𝑉(𝜙)

𝑑𝜙
𝛿𝜙  

 =
6𝛾𝜂

6𝛾
2−3𝛾((3𝛾 − 2)𝜂𝜆𝛿𝜙′(𝜂) + 3(𝛾 − 2)𝜆𝛿𝜙(𝜂) − 6𝛾Φ(𝜂))

(2 − 3𝛾)2𝜆2

𝛿𝑃𝜙 =
1

𝑎2
(𝜙′𝛿𝜙′ −Φ𝜙′2) −

𝑑𝑉(𝜙)

𝑑𝜙
𝛿𝜙

 = −
6𝛾𝜂

6𝛾
2−3𝛾((2 − 3𝛾)𝜂𝜆𝛿𝜙′(𝜂) + 3(𝛾 − 2)𝜆𝛿𝜙(𝜂) + 6𝛾Φ(𝜂))

(2 − 3𝛾)2𝜆2
.
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{
 
 

 
 Φ′′(𝜂) +

6𝛾Φ′(𝜂)

(3𝛾 − 2)𝜂
+ Φ(𝜂) ((𝛾 − 1)𝑘2 −

18(𝛾 − 2)𝛾2

(3𝛾 − 2)2𝜂2𝜆2
) = −

3(𝛾 − 2)𝛾((3𝛾 − 2)𝜂𝛿𝜙′(𝜂) + 3𝛾𝛿𝜙(𝜂))

(3𝛾 − 2)2𝜂2𝜆
.

𝛿𝜙′′(𝜂) +
4𝛿𝜙′(𝜂)

(3𝛾 − 2)𝜂
+ 𝛿𝜙(𝜂) (𝑘2 −

18(𝛾 − 2)𝛾

(3𝛾 − 2)2𝜂2
) =

12𝛾(2(3𝛾 − 2)𝜂Φ′(𝜂) − 3(𝛾 − 2)Φ(𝜂))

(3𝛾 − 2)2𝜂2𝜆
.

 

Φ(𝜂) = 𝑐1 + 𝑐2𝜂
3𝛾+2
2−3𝛾 + 𝛾𝜂

3(𝛾−2)
2(3𝛾−2)(𝑐3cos (𝜔log 𝜂) + 𝑐4sin (𝜔log 𝜂)),

𝛿𝜙(𝜂) =
2𝑐1
𝜆
− 3𝛾𝑐2𝜂

3𝛾+2
2−3𝛾 +

4(3𝛾 − 2)𝜆𝜔

9(𝛾 − 2)
𝜂
3(𝛾−2)
2(3𝛾−2)(𝑐3cos (𝜔log 𝜂) + 𝑐4sin (𝜔log 𝜂)),

 

𝜔 =
3√−(3𝛾 − 2)2(𝛾 − 2)((9𝛾 − 2)𝜆2 − 24𝛾2)

2(3𝛾 − 2)2𝜆
.  

Φ(𝜂) = 𝑐1 + 𝑐2𝜂
3𝛾+2
2−3𝛾 + 𝛾𝜂

3(𝛾−2)
2(3𝛾−2)(𝑐3𝜂

𝜔 + 𝑐4𝜂
−𝜔),  

𝛿𝜙(𝜂) =
2𝑐1
𝜆
− 3𝛾𝑐2𝜂

3𝛾+2
2−3𝛾 +

4(3𝛾 − 2)𝜆𝜔

9(𝛾 − 2)
𝜂
3(𝛾−2)
2(3𝛾−2)(𝑐3𝜂

𝜔 + 𝑐4𝜂
−𝜔),  

𝜔 =
3√(3𝛾 − 2)2(𝛾 − 2)((9𝛾 − 2)𝜆2 − 24𝛾2)

2(3𝛾 − 2)2𝜆
 

𝛿𝜙(𝜂) = (𝑘𝜂)
−2
3𝛾−2𝑓(𝑘𝜂),Φ(𝜂) = (𝑘𝜂)

−3𝛾
3𝛾−2𝑔(𝑘𝜂),  

𝑓′′(𝑘𝜂) + 𝑓(𝑘𝜂) = 0,  

𝛿𝜙(𝜂) = 𝐴1(𝑘𝜂)
−2
3𝛾−2cos (𝑘𝜂).  

(2 − 3𝛾)2𝜂𝑘𝜆(𝑔′′(𝑘𝜂) + (𝛾 − 1)𝑔(𝑘𝜂)) = 3𝐴1(𝛾 − 2)𝛾sin (𝑘𝜂)  

𝑔(𝑘𝜂) = 𝐴1
3𝛾sin (𝑘𝜂)

(3𝛾 − 2)𝜆
+ 𝐴2cos (𝑘√𝛾 − 1𝜂),  

Φ(𝜂) = (𝑘𝜂)
−3𝛾
3𝛾−2 [𝐴1

3𝛾sin (𝑘𝜂)

(3𝛾 − 2)𝜆
+ 𝐴2cos (𝑘√𝛾 − 1𝜂)] ,  

𝜙′′ + 2ℋ𝜙′ + 𝑘2𝜙 = −𝑎2𝑉′(𝜙) 

𝜙(𝜂) = 𝜙𝑡 +
6𝛾

(3𝛾 − 2)𝜆
log (𝜂) +∑  

𝑘

 𝑎±𝑘
𝑒±𝑖𝑘𝜂

(𝑘𝜂)
2

3𝛾−2

,  

𝜙′(𝜂) =
6𝛾

(3𝛾 − 2)𝜆

1

𝜂
+∑  

𝑘

  (±𝑖𝑘)𝑎±𝑘
𝑒±𝑖𝑘𝜂

(𝑘𝜂)
2

3𝛾−2

,  

𝛿𝜌𝜙 = 𝑎
−2(𝜙′𝛿𝜙′ −Φ𝜙′2) + (𝑑𝑉(𝜙)/𝑑𝜙)𝛿𝜙 

1

𝑎2
(𝜙′𝛿𝜙′) ∼ 𝑎−

4+3𝛾
2 ,

1

𝑎2
(Φ𝜙′2) ∼ 𝑎−

9𝛾
2 ,
𝑑𝑉(𝜙)

𝑑𝜙
𝛿𝜙 ∼ 𝑎−1−3𝛾,  
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Φ(𝜂) = 𝑓(𝑘𝜂)𝑒√1−𝛾𝑘𝜂 , 𝛿𝜙(𝜂) = 𝑔(𝑘𝜂)𝑒√1−𝛾𝑘𝜂  

𝑓(𝑘𝜂) ≫ 𝑓′(𝑘𝜂), 𝑓′′(𝑘𝜂), 𝑔(𝑘𝜂), 𝑔′(𝑘𝜂), 𝑔′′(𝑘𝜂)  

𝑓(𝑘𝜂) = (√1 − 𝛾(3𝛾 − 2)𝑘𝜂)
3𝛾
2−3𝛾𝑐1

 

𝑔(𝑘𝜂)  = −

24𝛾 ((√1 − 𝛾(3𝛾 − 2)𝑘𝜂)
2

2−3𝛾 − 3𝛾(√1 − 𝛾(3𝛾 − 2)𝑘𝜂)
3𝛾
2−3𝛾)

(2 − 3𝛾)2(𝛾 − 2)𝜆𝑘𝜂2
𝑐1

 +𝑒−√1−𝛾(𝑘𝜂)(𝑐2cos (𝑘𝜂) + 𝑐3sin (𝑘𝜂))

 

Φ(𝜂) = 𝑐1𝑒
𝑘𝜂 + 𝑐2𝑒

−𝑘𝜂

𝛿𝜙(𝜂) = (𝑐3𝑘𝜂 + 𝑐4)cos (𝑘𝜂) + (𝑐4𝑘𝜂 − 𝑐3)sin (𝑘𝜂)
 

𝜒𝑘
′′(𝜂) + [

2𝑎′

𝑎
+
𝑓′

𝑓
]𝜒𝑘

′ (𝜂) + 𝑘2𝜒𝑘(𝜂) = 0  

𝑎(𝜂) = 𝜂
2

3𝛾−2, 𝑓(𝜂) = exp (√
8

3

Φ

𝑀𝑝
) ∼ 𝜂

−
4√6𝛾

(3𝛾−2)𝜆  

𝑘2𝜒𝑘(𝜂) + 𝜒𝑘
′′(𝜂) +

4(𝜆 − √6𝛾)𝜒𝑘
′ (𝜂)

(3𝛾 − 2)𝜂𝜆
= 0.  

𝜒𝑘(𝜂) = 𝜂
−
3𝛾𝜆+4√6𝛾−6𝜆

4𝜆−6𝛾𝜆 (𝑐1𝐽𝛼(𝑘𝜂) + 𝑐2𝑌𝛼(𝑘𝜂)),
 

𝛼 = −
√96𝛾2 + 9(𝛾 − 2)2𝜆2 + 24√6(𝛾 − 2)𝛾𝜆

2(3𝛾 − 2)𝜆
.

 

𝜌 =
𝑓(𝜂)𝜒𝑘

′ (𝜂)2

𝑎(𝜂)
∼ 𝑎−4.  

𝒮 =
3ℋ𝛾𝑟𝛾𝜙Ω𝑟

𝛾
(
𝛿𝜌𝜙

𝜌𝜙
′ −

𝛿𝜌𝑟
𝜌𝑟
′ ) = Ω𝑟

𝛾𝜙𝛿𝑟 − 𝛾𝑟𝛿𝜙

𝛾
,  

𝛾 = Ω𝜙𝛾𝜙 + Ω𝑟𝛾𝑟 

Γ =
3ℋ𝛾𝜙𝑐𝜙

2

1 − 𝑐𝜙
2 (

𝛿𝜌𝜙

𝜌𝜙
′ −

𝛿𝑃𝜙

𝑃𝜙
′ ) ,  

𝑐𝜙
2 = 𝑃𝜙

′ /𝜌𝜙
′  

𝑑𝐯

𝑑𝑁
= (𝑀0 + 𝑘

2ℋ−2𝑀1 + 𝑘
4ℋ−4𝑀2)𝐯, 𝐯 = (Φ,ℛ, 𝒮, Γ)

𝑇 ,  
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𝑀0 =

(

 
 
 
 
 
 
−
3𝛾

2
− 1

3𝛾

2
0 0

0 0
Ω𝜙(𝜔𝑟 − 𝑐𝜙

2)

𝛾

(1 − 𝑐𝜙
2)Ω𝑟

𝛾

0 0
3𝛾𝑟Ω𝑟(𝜔𝑟 − 𝑐𝜙

2)

𝛾
+ 3(𝜔𝜙 −𝜔𝑟)

3(1 − 𝑐𝜙
2)𝛾𝑟Ω𝑟

𝛾

0 0 −
3𝛾

2
3 (𝜔𝜙 −

𝛾

2
) )

 
 
 
 
 
 

,  

𝑀1 =

(

 
 
 
 

0 0 0 0

−
2𝑐2

3𝛾
0 0 0

0 0
1

3

1

3

0 −𝛾𝜙 −
1

3
−
1

3)

 
 
 
 

,𝑀2 =

(

 
 
 

0 0 0 0
0 0 0 0
2𝛾𝜙

9𝛾
0 0 0

−
2𝛾𝜙

9𝛾
0 0 0

)

 
 
 

 

𝑐2 =
(𝜌𝜙 + 𝑃𝜙)𝑐𝜙

2 + (𝜌𝑟 + 𝑃𝑟)𝑐𝑟
2

(𝜌𝜙 + 𝑃𝜙) + (𝜌𝑟 + 𝑃𝑟)
 

𝑦 =
𝜌𝛾

𝜌𝜙
=
𝑎3(2−𝛾)

𝑎𝑒𝑞
3(2−𝛾)  

3(2 − 𝛾)𝑦
𝑑𝐯

𝑑𝑦
=
𝑑𝐯

𝑑𝑁
= (𝑀0 + 𝑘

2ℋ−2𝑀1 + 𝑘
4ℋ−4𝑀2)𝐯 ≡ ℳ𝐯, 𝐯 = (Φ,ℛ, 𝒮, Γ)𝑇  

Ω𝜙(𝑦) =
1

1 + 𝑦
, Ω𝑟(𝑦) =

𝑦

1 + 𝑦
 

𝑀0 =

(

 
 
 
 
 
 
−
3(𝛾𝑦 + 2)

2(𝑦 + 1)
− 1

3𝛾𝑦 + 6

2𝑦 + 2
0 0

0 0
𝛾 − 2

𝛾𝑦 + 2
0

0 0 −
6(𝛾 − 2)

𝛾𝑦 + 2
0

0 0 −
3(𝛾𝑦 + 2)

2(𝑦 + 1)
−
3(𝛾 − 2)𝑦

2(𝑦 + 1) )

 
 
 
 
 
 

 

𝑆(𝑦) =
𝑐1𝑦

𝛾𝑦 + 2
, Γ(𝑦) = √2𝑐2√𝑦 + 1 −

𝑐1
𝛾 − 2

,ℛ(𝑦) =
𝑐1

6𝛾 + 3𝛾2𝑦
+ 𝑐3

Φ(𝑦) =
√𝑦 + 1

8𝛾
(3𝛾2𝑐3 2𝐹1 (

1

2
,

4

6 − 3𝛾
; 1 +

4

6 − 3𝛾
;−𝑦)

+(𝑐1 − 3(𝛾 − 2)𝛾𝑐3)2𝐹1 (
3

2
,

4

6 − 3𝛾
; 1 +

4

6 − 3𝛾
;−𝑦) + 8𝛾𝑐4𝑦

4
3(𝛾−2))

 

Φ(𝑦) =
𝑐3(2𝑦

2 + 𝑦 − 2√𝑦 + 1 + 2)

3𝑦2
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Φ(𝑦) = 𝑐3 −
1

4
𝑐3(𝑦 + 1)2𝐹1 (1,

11

6
;
7

3
; −𝑦)  

𝑀0 =

(

 
 
 
 
 
−
3𝛾

2
− 1

3𝛾

2
0 0

0 0 0
3(2 − 𝛾)

𝜆2

0 0 0 3(2 − 𝛾) (1 −
3𝛾

𝜆2
)

0 0 −
3𝛾

2
3 (
𝛾

2
− 1) )

 
 
 
 
 

 

𝐯 =∑  

𝑖

  𝑐𝑖𝐯𝑖𝑎
𝜆𝑖

 

𝜆1, 𝜆2, 𝜆3,4 = {0,−
3𝛾

2
− 1,

3((𝛾 − 2) ± √(𝛾 − 2)(−24𝛾2 + 9𝛾𝜆2 − 2𝜆2)𝜆)

4𝜆
}  

𝐯1 = (
3𝛾

3𝛾 + 2
, 1,0,0) , 𝐯2 = (1,0,0,0)  

𝑀0 =

(

  
 

−3 2 0 0

0 0 0
2

𝜆2

0 0 0 2 (1 −
4

𝜆2
)

0 0 −2 −1 )

  
 

 

𝐯 =∑  

𝑖

  𝑐𝑖𝐯𝑖𝑎
𝜆𝑖 , 𝐯 = (Φ,ℛ, 𝒮, Γ)𝑇  

𝐯1, 𝐯2, 𝐯3,4 = {(2,3,0,0), (1,0,0,0), (−
4

5𝜆2 ± 𝑖𝜆𝜈 − 16
,−

4

𝜆2 ± 𝑖𝜆𝜈
,
−𝜆 ± 𝑖𝜈

4𝜆
, 1)}  

𝜆1, 𝜆2, 𝜆3,4 =

{
 

 

0,−3,
−1 ± √

64
𝜆2
− 15

2

}
 

 
 

𝑀0 =

(

 
 
 
 
 
−
5

2

3

2
0 0

0 0 0
3

𝜆2

0 0 0 3 (1 −
3

𝜆2
)

0 0 −
3

2
−
3

2 )

 
 
 
 
 

.  

𝐯 =∑  

𝑖

  𝑐𝑖𝐯𝑖𝑎
𝜆𝑖
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𝜆1, 𝜆2, 𝜆3,4 = {0,−
5

2
,
3(𝜆 ± √24 − 7𝜆2)

4𝜆
} ,  

𝐯1 = (
3

5
, 1,0,0) , 𝐯2 = (1,0,0,0), 𝐯3,4 = (

6

−7𝜆2 ± 𝑖𝜆𝜈 + 18
,

4

𝜆(−𝜆 ± 𝑖𝜈)
, −
𝜆 ± 𝑖𝜈

2𝜆
, 1)  

 
𝑑𝑍1(𝑥)

𝑑𝑥
= 𝑍0(𝑥) −

𝑍1(𝑥)

𝑥
 for 𝑍 = 𝐽, 𝑌. 

 𝑅𝑘 = −ℋ(𝑣 + 𝐵) 

Δ𝑘
𝜙
= 𝛿𝜌 − 𝜌‾′

𝛿𝜙

𝜙′
 

𝛿𝜌 ≡ −𝛿𝑇0
0 = 𝛿 (−

1

2
𝑔00𝜙′2) =

1

𝑎2
(𝜙′𝛿𝜙′ − 𝐴𝜙′2),  

𝑦(𝜇) = 𝑦(𝑀𝑠) + 𝛽ln (
𝑀𝑠
𝜇
) ≡ 𝑦 (

𝑀𝑃

√𝒱
) + 𝛽ln (

𝑀𝑠
𝜇
) 

𝑆eff = −∫  d
4𝑥√𝑔 (

1

8𝜋𝐺
Λ +

1

16𝜋𝐺
𝑅 + 𝑎𝑅𝜇𝜈𝑅

𝜇𝜈 + 𝑏𝑅2 + 𝑐𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 +⋯)  

𝑆B = −∫  
𝑀

   d𝑑+1𝑥√−𝑔(
1

8𝜋𝐺
Λ +

1

16𝜋𝐺
𝑅) +

1

8𝜋𝐺
∫  
𝜕𝑀+

𝜕𝑀−
 d𝑑𝑥√ℎ𝐾.  

𝑙Λ = √
(𝑑 − 1)(𝑑 − 2)

2Λ
,  

d𝑠2 = −d𝑡2 + 𝑙Λ
2cosh2 (𝑡/𝑙Λ)dΩ𝑑−1

2  

d𝑠2 = −d𝑡2 + exp (2𝜏/𝑙Λ)d𝑥⃗
2 =

𝑙Λ
2

𝜂2
(−d𝜂2 + d𝑥⃗2)  

d𝑠2 = −(1 − 𝑟2/𝑙Λ
2)d𝑡2 + (1 − 𝑟2/𝑙Λ

2)
−1

 d𝑟2 + 𝑟2 dΩ𝑑−2
2  

𝑆eff = ∫  √|𝑔| (
1

2
𝑅 −

1

2
𝑔𝜇𝜈𝐺𝑖𝑗(𝜙)𝜕𝜇𝜙

𝑖𝜕𝜈𝜙
𝑗 − 𝑉(𝜙) +⋯)  

𝑆eff = ∫  √|𝑔|(
1

2
𝑅 −

1

2
‖𝜕𝜙‖2 −∑ 

𝑝

 𝑐𝑝𝑒
𝑎𝑝𝜙𝐹𝑝

2)+ 𝐶𝑆  

𝑉 = −∫  √𝑔6𝑅6 +∫  √𝑔6𝑐𝑝𝑒
𝑎𝑝𝜙𝐹𝑝

2  

𝑉src = 𝜇∫  √|𝑔𝑛|  
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𝑆eff =
1

2𝜅2
∫   d𝐷𝑥√−𝑔(𝑅 − 𝒢𝜏𝜏‾𝑔

𝜇𝜈𝜕𝜇𝜏𝜕𝜈𝜏‾ + ⋯)  

𝑇̃𝜇𝜈 =
 def 

𝑇𝜇𝜈 −
1

𝐷 − 2
𝑔𝜇𝜈𝑇, so  𝑅𝜇𝜈 = 𝜅

2𝑇̃𝜇𝜈(𝜏, 𝜏‾),

𝑔𝜇𝜈[(∇𝜇∇𝜈𝜏) + Γ𝜏𝜏
𝜏 (∇𝜇𝜏)(∇𝜈𝜏)]  = 0,

 

d𝑠2  = 𝐴2(𝑧)𝑔‾𝑎𝑏 d𝑥𝑎 d𝑥𝑏 + ℓ2𝐵2(𝑧)(d𝑧2 + d𝜃2)

𝑔‾𝑎𝑏 d𝑥𝑎 d𝑥𝑏  = −d𝑥0
2 + 𝑒2√Λ𝑏𝑥0( d𝑥1

2 +⋯+ d𝑥𝐷−3
2 )

 

𝜏𝐼(𝜃) = 𝑏0 + 𝑖𝑔𝑠
−1𝑒𝜔𝜃  

𝜏𝐼𝐼(𝜃) = (𝑏0 ± 𝑔𝑠
−1tanh (𝜔𝜃)) ± 𝑖𝑔𝑠

−1sech(𝜔𝜃).  

 

 

 

𝑔𝑠
(eff)[𝜏𝐼(𝜋 − 𝜖)] ≪ 1  whereas  𝑔𝑠

(eff)[𝜏𝐼(𝜋 + 𝜖)] ≫ 1.  

𝒲𝑧=0
𝐷−3,1: 𝑔𝑠

𝐷−2 = 𝑔𝑠
𝐷√𝛼′/𝑉⊥ ≪ 1  

𝑅𝜇𝜈 ∝ 𝑇̃𝜇𝜈(𝜏, 𝜏‾) = diag [0,⋯ ,0,
1

4
𝜔2ℓ−2] 

𝐴(𝑧) = 𝑍(𝑧) (1 −
𝜔2𝑧0

2(𝐷 − 3)

24(𝐷 − 1)(𝐷 − 2)
𝑍(𝑧)2 + 𝑂(𝜔4))

𝐵(𝑧) =
1

ℓ𝑧0√Λ𝑏
(1 −

𝜔2𝑧0
2

8(𝐷 − 1)
𝑍(𝑧)2 + 𝑂(𝜔4))

𝑍(𝑧) = 𝑍±(𝑧): = 1 ± |𝑧|/𝑧0, 𝑧0 > 0,  and  Λ𝑏:=
𝜔2

2(𝐷 − 2)ℓ2
⩾ 0.
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𝐴̃(𝑧) = 𝑍(𝑧)
1

(𝐷−2)  and  𝐵̃(𝑧) = 𝑍(𝑧)
−(𝐷−3)
2(𝐷−2)𝑒2𝜉(1−𝑍(𝑧)

2)/𝑧0 ,  when  Λ𝑏 = 0.  

 

 

 

 

 

𝑧0 = −
ℎ

ℎ′
|
𝑧=0

, 𝜉: = (
ℎ′′

2ℎ′
−
𝜔2ℎ

8ℎ′
)|
𝑧=0

, ℓ = Λ𝑏
−1/2√

ℎ′′ℎ−(𝐷−4)/(𝐷−2)

(𝐷 − 2)(𝐷 − 3)
|

𝑧=0

,  

 

Λ𝑏 =
(𝜔2 −𝜔𝐺𝐶𝐵

2 𝐴2|
𝑧=0
)

4ℓ2(𝐷 − 2)(𝐷 − 3)
=

 def Δ𝜔2

4ℓ2(𝐷 − 2)(𝐷 − 3)
 

 

𝜔𝐺𝐶𝐵
2 =

 def 
8𝜉/𝑧0 

𝐺𝑁
(𝐷−2)

= (𝑀𝑃
(𝐷−2)

)
−(𝐷−4)
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𝐺𝑁
(𝐷−2)

= (𝑀𝑃
(𝐷)
)
−(𝐷−2)

𝑉⊥
−1  

𝑉⊥ ≈
𝜋ℓ2

2𝑧0
(
2𝑧0
𝜉
)

𝐷−3
2(𝐷−2)

𝑒𝜉/2𝑧0𝛾 (
𝐷 − 3

4(𝐷 − 2)
;
𝜉

2𝑧0
) ∼

𝜋

𝐷 − 3

ℓ

√Λ𝑏
.

 

(𝑀𝑃
(𝐷−2)

)
𝐷−4

= (𝑀𝑃
(𝐷)
)
𝐷−2

2𝜋ℓ2𝑧0
−
𝐷−1
2(𝐷−2)

𝑒𝑧0𝛾 (
𝐷 − 3

2(𝐷 − 2)
;
1

|𝑧0|
) ,  for  𝑍(𝑧) = 1 ± |𝑧|/𝑧0  

𝑀𝑃
(4)
= √𝜁0|𝑧0|

−
5
16𝑒𝑧0/2

(𝑀𝑃
(6)
)
2

𝑀ℓ
, 𝑀ℓ =

 def 
1/ℓ  

0 ⩽ 𝜁0 =
 def  

2𝜋Γ(
3

8
;
1

|𝑧0|
) ⩽ 2𝜋Γ (

3

8
) ≈ 14.89 

Λ𝐷−2 = Λ𝑏/𝐺𝑁
(𝐷−2)

 

Λ𝐷−2 ∼ (
𝜋

𝐷 − 3
)
2

(𝑀𝑃
(𝐷−2)

)
𝐷−2

(ℓ𝑀𝑃
(𝐷−2)

)
2
(
𝑀𝑃
(𝐷)

𝑀𝑃
(𝐷−2)

)

2𝐷−4

 

Λ4 ∼ (𝑀𝑃
(4)
)
4
(ℓ𝑀𝑃

(4)
)
2
(
𝑀𝑃
(6)

𝑀𝑃
(4)
)

8

∼ (𝑀𝑃
(4)
)
4
(
𝑀𝑃
(6)

𝑀𝑃
(4)
)

8

 

ℓ ∼ (𝑀𝑃
(4)
)
−1

 

𝑀Λ ∼
𝜋2

9𝜁0
|𝑧0|

5/4𝑒−2𝑧0
(𝑀𝑃

(4)
)
2

ℓ2
=
𝜋2

9𝜁0
|𝑧0|

5/4𝑒−2𝑧0 (𝑀𝑃
(4)
)
2
𝑀ℓ
2  

(𝑀𝑃
(10)

)
−1
= (𝑀𝑃

(6)
)
−1
∼ (10TeV)−1 ∼ 10−19 nm 

𝑀𝑃
(4)
∼ 1019GeV 

𝐿 =
 def 

Λ𝑏
−1/2

∼ 1041GeV−1 ∼ 1025 nm 

𝑆 =
 def 

∫  
1

0

  d𝜏 [𝑝 ⋅ 𝑥̇ −
1

2
𝑁(𝑝2 +𝑚2)]  

𝑍vac(𝑚
2) = exp [𝑍𝑆1(𝑚

2)].  

𝑍vac (𝑚
2) = ⟨0|exp (−𝑖𝐻𝑇)|0⟩ = exp (−𝑖𝜌0𝑉𝐷)  

𝜌0 =
𝑖

𝑉𝐷
𝑍𝑆1(𝑚

2)  

𝑍𝑆1(𝑚
2) = 𝑉𝐷∫  

 d𝐷𝑝

(2𝜋)𝐷
∫  
∞

0

 
d𝑙

2𝑙
𝑒−(𝑝

2+𝑚2)𝑙/2 = 𝑖𝑉𝐷∫  
∞

0

 
d𝑙

2𝑙
(2𝜋𝑙)−𝐷/2𝑒−𝑚

2𝑙/2  
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∫  
∞

0

 
d𝑙

2𝑙
𝑒−(𝑝

2+𝑚2)𝑙/2 → −
1

2
log (𝑝2 +𝑚2)  

𝑖 ∫  
∞

0

 
d𝑙

2𝑙

 d𝑝0

(2𝜋)
𝑒−(𝑝

2+𝑚2)𝑙/2 →
1

2
𝐸𝑝  

𝜌0 = ∫  d
3𝑝
1

2
𝐸𝑝  

𝜌0 = ∫ d3
Λ

𝑝
1

2
𝐸𝑝 

𝜌0 ∼ Λ
4  

𝑍𝑆1(𝑚
2) =

 def 
𝑖𝑉𝐷∫  

∞

0

 
d𝑙

2𝑙
(2𝜋𝑙)−𝐷/2𝑒−𝑚

2𝑙/2 = 𝑉𝐷∫  
 d𝐷𝑝

(2𝜋)𝐷
∫  
∞

0

 
d𝑙

2𝑙
𝑒−(𝑝

2+𝑚2)𝑙/2  

𝑚2 =
2

𝛼′
(ℎ + ℎ̃ − 2)  

𝛿ℎ,ℎ̃ = ∫  
𝜋

−𝜋

 
d𝜃

2𝜋
𝑒𝑖(ℎ−ℎ̃)𝜃  

∑ 

𝑖

 𝑍𝑆1(𝑚𝑖
2) = 𝑖𝑉𝐷∫  

∞

0

 
d𝑙

2𝑙
∫  
𝜋

−𝜋

 
d𝜃

2𝜋
(2𝜋𝑙)−𝐷/2∑ 

𝑖

  𝑒−𝑖(ℎ𝑖+ℎ̃𝑖−2)+𝑖(ℎ𝑖−ℎ̃𝑖)𝜃  

2𝜋𝜏 =
 def 

𝜃 +
𝑖𝑙

𝛼′
=

 def 
𝜏1 + 𝑖𝜏2, 𝑞 =

 def 
exp (2𝜋𝑖𝜏)  

𝑍string =∑  

𝑖

 𝑍𝑆1(𝑚𝑖
2) = 𝑖𝑉𝐷∫ 

𝑅

 
 d𝜏 d𝜏‾

4𝜏2
(4𝜋2𝛼′𝜏2)

−𝐷/2∑ 

𝑖

 𝑞ℎ𝑖−1𝑞‾ ℎ̃𝑖−1  

𝑅: 𝜏2 > 0, |𝜏1| <
1

2
 

𝐹: |𝜏| > 1, |𝜏1| <
1

2
 

𝑆𝑚𝑝 =
 def 

∫  
1

0

  d𝜏 [𝑝 ⋅ 𝑥̇ + 𝑝̃ ⋅ 𝑥̇̃ + 𝛼′𝑝 ⋅ 𝑝̇̃ +
1

2
𝑁(𝑝2 + 𝑝̃2 +𝔪2) + 𝑁̃(𝑝 ⋅ 𝑝̃ − 𝜇)]  

{𝑝𝜇 , 𝑥
𝜈} = 𝛿𝜇

𝜈 , {𝑝̃𝜇 , 𝑥̃
𝜈} = 𝛿𝜇

𝜈 , {𝑥̃𝜇 , 𝑥
𝜈} = 𝜋𝛼′𝛿𝜇

𝜈  

𝐺(𝑝, 𝑝̃; 𝑝𝑖, 𝑝̃𝑖) ∼ 𝛿
(𝑑)(𝑝 − 𝑝𝑖)𝛿

(𝑑)(𝑝̃ − 𝑝̃𝑖)
𝛿(𝑝 ⋅ 𝑝̃ − 𝜇)

𝑝2 + 𝑝̃2 +m2 − 𝑖𝜀
 

ℋ =
 def 

𝑝2 + 𝑝̃2 +𝔪2 = 0,

𝒟 =
 def 

𝑝 ⋅ 𝑝̃ − 𝜇 = 0.
 

𝑔𝜇𝜈𝑝𝜇𝑝𝜈 + 𝑔𝜇𝜈𝑝̃
𝜇𝑝̃𝜈 = −𝔪2  
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𝑑𝑠2 = −𝑑𝑡2 + 𝑎2𝑑𝐱2  

𝑆str
ch =

1

4𝜋
∫ 
Σ

 d2𝜎[𝜕𝜏𝕏
𝐴(𝜂𝐴𝐵(𝕏) + 𝜔𝐴𝐵(𝕏)) − 𝜕𝜎𝕏

𝐴𝐻𝐴𝐵(𝕏)]𝜕𝜎𝕏
𝐵  

𝕏𝐴 =
 def  

(𝑥𝑎/𝜆, 𝑥̃𝑎/𝜆)
𝑇 

𝜂𝐴𝐵 =
 def 

(
0 𝛿
𝛿𝑇 0

) , 𝐻𝐴𝐵 =
 def 

(
ℎ 0
0 ℎ−1

) , 𝜔𝐴𝐵 = (
0 𝛿
−𝛿𝑇 0

) ,  

 

ℋ = 𝐻𝐴𝐵𝜕𝜎𝕏
𝐴𝜕𝜎𝕏

𝐴, 𝒟 = 𝜂𝐴𝐵𝜕𝜎𝕏
𝐴𝜕𝜎𝕏

𝐴  

 

[𝕏𝐴(𝜎), 𝕏𝐵(𝜎′)] = 2𝑖𝜆2[𝜋𝜔𝐴𝐵 − 𝜂𝐴𝐵𝜃(𝜎 − 𝜎′)]  

𝐾(𝑥𝑓 , 𝑝̃𝑓 , ℓ𝑓 , ℓ̃𝑓; 𝑥𝑖, 𝑝̃𝑖, ℓ𝑖, ℓ̃𝑖)= ⟨𝑥𝑓 , 𝑝̃𝑓; ℓ𝑓 , ℓ̃𝑓 ∣ 𝑥𝑖, 𝑝̃𝑖; ℓ𝑖, ℓ̃𝑖⟩  

 = ⟨𝑥𝑓 , 𝑝̃𝑓|𝑒
−𝑖(ℓ𝑓−ℓ𝑖)ℋ̂−𝑖(ℓ̃𝑓−ℓ̃𝑖)𝒟̂|𝑥𝑖, 𝑝̃𝑖⟩.

 

ℓ = ∫ 
𝒞

  |𝑒|(𝜏), ℓ̃ = ∫ 
𝒞

  𝑒̃(𝜏)  

𝐺(𝑥𝑓 , 𝑝̃𝑓; 𝑥𝑖 , 𝑝̃𝑖) = ∫  [d𝑒 d𝑒̃]∫  
𝑥𝑓,𝑝̃𝑓

𝑥𝑖,𝑝̃𝑖

  [ d𝑑𝑥 d𝑑𝑝̃]∫  [d𝑑𝑝 d𝑑𝑥̃]𝑒𝑖 ∫  𝒞  (𝑝⋅ d𝑥−𝑥̃⋅ d𝑝̃+𝜋𝛼
′𝑝⋅ d𝑝̃−|𝑒|ℋ−𝑒̃𝒟)  

𝐺(𝑥𝑓 , 𝑝̃; 𝑥𝑖 , 𝑝̃𝑖) ∼ 𝛿
(𝑑)(𝑝̃ − 𝑝̃𝑖)∫  

d𝑑𝑝

(2𝜋)𝑑
∫   dℓ dℓ̃𝑒−𝑖ℓℋ−𝑖ℓ̃𝒟𝑒𝑖𝑝⋅(𝑥𝑓−𝑥𝑖)  

𝐺(𝑥, 𝑝̃; 0, 𝑝̃𝑖) ∼ 𝛿
(𝑑)(𝑝̃ − 𝑝̃𝑖)∫  

d𝑑𝑝

(2𝜋)𝑑
𝑒𝑖𝑝⋅𝑥

𝑝2 + 𝑝̃2 +𝑚2 − 𝑖𝜀
𝛿(𝑝 ⋅ 𝑝̃ − 𝜇)  

∫  
𝑙

0

 d𝑎∫  
𝑙

0

 d𝜏

𝑙
𝛿(𝑓(𝜏) − 𝑎) = 1 

𝑉𝑝̃𝑍𝑚𝑝(𝑚
2, 𝜇) = (∫  

𝜋

−𝜋

 
d𝜃

2𝜋
𝑒𝑖(𝑝⋅𝑝̃−𝜇)𝑙𝑠

2𝜃/2)∫  
d𝐷𝑝̃ d𝐷𝑝

(2𝜋)2𝐷
∫  
∞

0

 
d𝑙

2𝑙
𝑒𝑖(𝑝

2+𝑝̃2+𝑚2)𝑙/2  

𝑍𝑚𝑝(𝑚
2, 𝜇) = 𝑎𝐷∫  

 d𝐷𝑝

(2𝜋)𝐷
 

ΛΛ̃ = 𝜇vac  

𝑍𝑚𝑝(𝑚
2, 𝜇) = 𝑎𝐷∫  

 d𝐷𝑝

(2𝜋)𝐷
= 𝑎𝐷Λ

𝐷 = 𝑎𝐷 (
𝜇vac

Λ̃
)
𝐷

 

𝑍𝑚𝑝(𝑚
2, 𝜇) = 𝑎𝐷 (

𝜇vac
Λ
)
𝐷
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𝜌0 = 𝑎𝐷 (
𝜇vac

Λ̃
)
𝐷

 

𝑚2 =
2

𝛼′
(𝑁𝐿 +𝑁𝑅 − 2) and 𝜇 =

2

𝛼′
(𝑁𝐿 −𝑁𝑅) 

𝑉𝑝̃∑ 

𝐿,𝑅

 𝑍𝑚𝑝(𝑚
2, 𝜇) =

 def 
𝑉𝑝̃𝑍𝑚𝑠  

𝑉𝑝̃𝑍𝑚𝑠 =∑ 

𝐿,𝑅

 (∫  
𝜋

−𝜋

 
d𝜃

2𝜋
𝑒𝑖[𝑝⋅𝑝̃−(𝑁𝐿−𝑁𝑅)]𝑙𝑠

2𝜃/2)∫  
d𝐷𝑝̃ d𝐷𝑝

(2𝜋)2𝐷
∫  
∞

0

 
d𝑙

2𝑙
𝑒𝑖[𝑝

2+𝑝̃2+(𝑁𝐿+𝑁𝑅)]𝑙/2  

𝑍𝑚𝑠 = 𝑏𝐷∫  
 d𝐷𝑝

(2𝜋)𝐷
= 𝑏𝐷Λ

𝐷 = 𝑏𝐷 (
𝜇vac
Λ
)
𝐷

 

𝜌𝑚𝑠 = 𝑏𝐷Λ
𝐷 = 𝑏𝐷 (

𝜇vac

Λ̃
)
𝐷

 

∫  d4𝑥∫   d4𝑝 = 𝑐4𝑙
4Λ4 = 𝑁  

𝜆𝑐𝑐 = 8𝜋𝜌𝑙𝑃
2 = 8𝜋𝑏4Λ

4𝑙𝑃
2 .  

𝜆𝑐𝑐 = 8𝜋
𝑏4
𝑐4
𝑁(

𝑙𝑃
2

𝑙2
)
1

𝑙2
.  

𝑁 =
 def 

𝑆 =
𝑑4𝑙

2

𝑙𝑃
2 → 𝑁

𝑙𝑃
2

𝑑4𝑙
2
= 1.  

𝑆4𝑑 = −∬ √−𝑔(𝑥)√−𝑔̃(𝑥̃)[𝑅(𝑥) + 𝑅̃(𝑥̃)],  

𝑆eff =
−1

8𝜋𝐺
∫  
𝑋

 √−𝑔(𝜆𝑐𝑐 +
1

2
𝑅 + 𝑂(𝑅2))  

𝜆𝑐𝑐 = 8𝜋 (
𝑏4𝑑4
𝑐4
)
1

𝑙2
 

𝜆𝑐𝑐 = 8𝜋 (
𝑏4𝑑4
𝑐4
)
1

𝑙2
=

 def 
8𝜋𝑏4Λ

4𝑙𝑃
2 → Λ = (

𝑑4
𝑐4
)
1/4 1

√𝑙𝑙𝑃
 

ΛΛ̃ = 𝜇vac → 𝜇vac = (
𝑑4
𝑐4
)
1/4 1

√𝑙𝑙𝑃𝑙𝑃
 

𝑙𝐷+1Λ𝐷+1 ∼ 𝑁,         𝑁
𝑙𝑃
𝐷−1

𝑙𝐷−1
 ∼ 1,         𝜆𝑐𝑐 ∼

1

𝑙2
        

Λ𝐷+1∼
1

𝑙2𝑙𝑃
𝐷−1,         Λ̃∼ 𝑙𝑃

−1,         𝜇vac∼ ΛΛ̃         
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𝑚 =
 def 𝑙

𝑙𝑃
, 𝑛 =

 def 
(
𝑙

𝑙𝑃
)
1/2

 

2𝜋𝑉26∫  
 d𝜏2

𝜏2
(4𝜋2𝛼′𝜏2)

−13∑ 

𝑖

  𝑒−𝜋𝛼
′𝑚𝑖

2𝜏2  

𝑙4 → ∫ 
𝑙

 √−𝑔 d4𝑥  

Λ4 →
𝑁

∫  𝑙  √−𝑔 d4𝑥
 

1

8𝜋𝐺
∫  √−ℎ d3𝑥𝐾  

∫ 
𝑙

 √−ℎ d3𝑥 = 4𝜋𝑙2∫   d𝑡(1 + 𝑂(1/𝑙))  

1

8𝜋𝐺
∫  √−ℎ d3𝑥𝐾 =

1

8𝜋𝐺

𝜕

𝜕𝑛
∫  √−ℎ d3𝑥  

4𝐺𝑁 = 4𝜋𝑙2 =
∫  𝑙  √−ℎ d3𝑥

∫   d𝑡(1 + 𝑂(1/𝑙))
 

𝜆𝑐𝑐 = 8𝜋𝐺
𝑁

∫  𝑙  √−𝑔 d4𝑥
 

𝜆𝑐𝑐 =
8𝜋2𝑙2

∫  𝑙  √−𝑔 d4𝑥
 

𝑁 =
𝜆𝑐𝑐𝑉4
8𝜋𝐺

 

𝑉4 = 𝑎𝑙
4  

𝑁 = (
8𝜋2

𝑎
)
1

𝜆𝑐𝑐𝐺
 

𝜆𝑐𝑐∫ 
𝑙

 √−𝑔 d4𝑥 = 8𝜋𝐺𝑁 = 2𝜋𝑁(4𝐺)  

1

8𝜋𝐺
𝜆𝑐𝑐∫ 

𝑙

 √−𝑔 d4𝑥  

1

2
∫ 
𝑙

 𝑅√−𝑔 d4𝑥 = 2𝜋𝑁(4𝐺)  

∫ 
𝑙

 𝐾√−ℎ𝑑3𝑥 = 2𝜋𝑁(4𝐺)  
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Area(𝑙) =
 def 

4𝜋𝑙2 = 4𝐺𝑁  

𝑁 → ∞, 𝑙 → ∞,
𝑁

𝑙4
=

 def 
1/𝑙Λ

4 =  ℸ  

𝑙 → ∞, 𝑙𝑃 → 0, 𝑙2/𝑙𝑃
2 =

 def 
𝑁 → ∞  

𝑁 =
 def 

𝑙4/𝑙Λ
4 =

 def 
𝑙2/𝑙𝑃

2 , 𝑁 → ∞, 𝑙 → ∞, 𝑙𝑃 → 0, 𝑙Λ →  ℷ ,  

𝑙 → ∞, 𝑙𝑃 → 0, 𝑙Λ =
 def 

√𝑙𝑙𝑃 =  ℶℵ.  

𝜌vac =
 def 

Λ4 = 1/𝑙Λ
4  

𝑙Λ𝑙 = 𝑙𝑠
2𝑁𝐿

1/4
= 𝑙𝑠

2 (
𝑙Λ
2

𝑙𝑃
2)

1/4

= 𝑙𝑠
2 (
𝑙Λ
𝑙𝑃
)
1/2

 

𝑔𝑠𝑙𝑠 = 𝑙𝑃 , 𝑀𝑠 = 𝑔𝑠𝑀𝑃  

𝑙 =
𝑙𝑃

𝑔𝑠
2 (
𝑙𝑃
𝑙Λ
)
1/2

 

𝑔𝑠 = (
𝑙𝑃
𝑙Λ
)
1/4

=
 def 

(
𝑀Λ
𝑀𝑃
)
1/4

→ 𝑔𝑠
2 = (

𝑀Λ
𝑀𝑃
)
1/2

 

𝑚𝐻
2 =

𝜉Λ4

𝑀𝑃
2 −

𝑔𝑠
2𝑀𝑠

2

8𝜋2
⟨𝒳⟩  

𝑚𝐻 ∼ 𝑔𝑠𝑀𝑠√
⟨𝒳⟩

8𝜋2
= 𝑔𝑠

2𝑀𝑃√
⟨𝒳⟩

8𝜋2
 

𝑔𝑠
2 = (

𝑀Λ
𝑀𝑃
)
1/2

 

𝑚𝐻 ∼ √𝑀Λ𝑀𝑃√
⟨𝒳⟩

8𝜋2
 

𝑀𝑠 ∼ √𝑚𝐻𝑀𝑃  

d𝑠2 = d𝑟2 + 𝑒𝐴𝑟 d𝑠curve 
2 , ( AdS )  

d𝑠2 = −d𝑡2 + 𝑒𝐻𝑡 d𝑠curve 
2 , (dS)  

−𝑥0
2 + 𝑥1

2 +⋯+ 𝑥𝐷+1
2 = 𝑙2, |Λ| =

𝐷(𝐷 − 1)

2𝑙2
,  

𝜓(𝑌) = ∫  d𝑋𝐾(𝑌, 𝑋)𝜙(𝑋)  
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𝐾(𝑔𝑋, 𝑔𝑌) = 𝐾(𝑋, 𝑌)  

𝑌(𝜉) =
 def 

(𝑌0, ⋯ , 𝑌𝐷+1) = (√1 + 𝜉
2, 0,⋯ ,0, 𝜉) .  

𝐾(𝐸, 𝑌(𝜉)) =
 def 

𝐾(𝜉)  

𝑃(𝑋, 𝑋) = 1  

𝑃(𝑋, 𝑌) = −𝑋0𝑌0 + 𝑋1𝑌1 +⋯+ 𝑋𝐷+1𝑌𝐷+1  

𝐾(𝑋, 𝑌) = ∫  d𝜉𝛿(𝑃(𝑋, 𝑌) − 𝜉)𝐾(𝜉)  

𝜓(𝑌, 𝑈) = ∫  d𝑋𝛿(𝑃(𝑋, 𝑌))|𝑃(𝑋, 𝑈)|−1−𝑖𝜌/2  

𝑆 = 𝑐[𝐼𝐶𝑆(𝐴) − 𝐼𝐶𝑆(𝐴‾)]  

𝐼𝐶𝑆(𝐴) = ∫  d
3𝑥Tr (𝐴 ∧ 𝑑𝐴 +

2

3
𝐴3)  

2𝑖𝑒 = 𝐴 − 𝐴‾, 2𝜔 = 𝐴 + 𝐴‾.  

Ψ𝐵𝐶𝑆 =∏ 

𝑘

 𝜓𝑘  

𝜓𝑘 = (𝑢𝑘 + 𝑣𝑘𝑎𝑘
†𝑎−𝑘
† )𝜙0  

𝐻𝐵𝐶𝑆 =∑ 

𝑘

 (𝑒𝑘𝑎𝑘
†𝑎𝑘 + 𝑒−𝑘𝑎−𝑘

† 𝑎−𝑘) +∑  

𝑘,𝑘′

 𝑉𝑘,𝑘′𝑎𝑘′
† 𝑎

−𝑘′
† 𝑎𝑘𝑎−𝑘  

𝐸𝑘 = √𝑒𝑘
2 + Δ𝑘

2  

Δ𝑘 = −∑ 

𝑘′

 𝑉𝑘𝑘′𝑢𝑘′𝑣𝑘′  

𝑢𝑘
2 =

1

2
(1 −

𝑒𝑘
𝐸𝑘
) , 𝑣𝑘

2 =
1

2
(1 +

𝑒𝑘
𝐸𝑘
)  

Δ𝑘 = −∑ 

𝑘′

 𝑉𝑘𝑘′
Δ𝑘′

2√𝑒𝑘′
2 + Δ𝑘′

2  

1 = −𝑉∑  

𝑘

 
1

2√𝑒𝑘
2 + Δ2

 

1 =
|𝑉|

2
∫  
𝑒𝑐

−𝑒𝑐

 
𝐷(𝑒)d𝑒

√𝑒2 + Δ2
∼ |𝑉|𝐷(0)∫  

𝑒𝑐

0

 
 d𝑒

√𝑒2 + Δ2
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Δ =
𝑒𝑐

sinh (
1

|𝑉|𝐷(0)
)

 

𝑎dS = √𝑎
2 + 𝑎0

2  

ΨdS =∏ 

𝑘

 𝜓𝑘  

𝜓𝑘 =∏ 

𝑛

 (𝑢𝑘,𝑛 + 𝑣𝑘,𝑛𝐿𝑘,𝑛
† 𝐿−𝑘,−𝑛

† )𝜙0  

𝐻dS =∑ 

𝑘,𝑛

  (𝑒𝑘,𝑛𝐿𝑘,𝑛
† 𝐿𝑘,𝑛 + 𝑒−𝑘,−𝑛𝐿−𝑘,−𝑛

† 𝐿−𝑘,−𝑛)  

 + ∑  

𝑘,𝑘′;𝑛,𝑛′

 𝑉𝑘,𝑘′;𝑛,𝑛′𝐿𝑘′,𝑛′
† 𝐿

−𝑘′,−𝑛′
† 𝐿𝑘,𝑛𝐿−𝑘,−𝑛

 

𝑀Λ = 𝑀𝑐AdSexp (−
1

|𝑉|𝐷AdS
)  

[𝑥̂𝑎, 𝑥̂̃𝑏] = 2𝜋𝑖𝜆
2𝛿𝑎 𝑏  

𝑆str
ch =

1

4𝜋
∫ 
Σ

 d2𝜎[𝜕𝜏𝕏
𝐴(𝜂𝐴𝐵(𝕏) + 𝜔𝐴𝐵(𝕏)) − 𝜕𝜎𝕏

𝐴𝐻𝐴𝐵(𝕏)]𝜕𝜎𝕏
𝐵  

(𝐼:= 𝜔−1𝐻)𝐵
𝐴 = (

0 −ℎ𝑎𝑏

ℎ𝑎𝑏 0
) , 𝐼2 = −1;

(𝐽:= 𝜂−1𝐻)𝐵
𝐴 = (

0 ℎ𝑎𝑏

ℎ𝑎𝑏 0
) , 𝐽2 = +1;

(𝐾:= 𝜂−1𝜔)𝐵
𝐴 = (

−𝛿𝑎 𝑏 0

0 𝛿𝑎  
𝑏) , 𝐾

2 = +1.

[𝐼, 𝐽] = 2𝐾, [𝐾, 𝐼] = 2𝐽, [𝐽, 𝐾] = −2𝐼; {𝐽, 𝐼} = {𝐼, 𝐾} = {𝐾, 𝐽} = 0.

 

[𝕏̂𝐴, 𝕏̂𝐵] = 𝑖𝜔𝐴𝐵  

[𝑥̂𝑎, 𝑥̂̃𝑏] = 2𝜋𝑖𝜆
2𝛿𝑏
𝑎, [𝑥̂𝑎 , 𝑥̂𝑏] = 0 = [𝑥̂̃𝑎, 𝑥̂̃𝑏]  

𝜕𝜎𝕏
𝐴𝐻𝐴𝐵𝜕𝜎𝕏

𝐵  = 𝜆−2[𝑔𝑎𝑏(𝑥, 𝑥̃)(𝜕𝜎𝑥
𝑎)(𝜕𝜎𝑥

𝑏) + 𝑔𝑎𝑏(𝑥, 𝑥̃)(𝜕𝜎𝑥̃𝑎)(𝜕𝜎𝑥̃𝑏)] = 0,

𝜕𝜎𝕏
𝐴𝜂𝐴𝐵𝜕𝜎𝕏

𝐵  = 2𝜆−2[(𝜕𝜎𝑥
𝑎)(𝜕𝜎𝑥̃𝑎)] = 0,

 

[𝑥̂𝑎 , 𝑥̂𝑏] = 0, [𝑥̂𝑎, 𝑥̂̃𝑏] = 2𝜋𝑖𝜆
2𝛿𝑎 𝑏 , [𝑥̂̃𝑎, 𝑥̂̃𝑏] = −4𝜋𝑖𝜆

2𝐵𝑎𝑏  

[𝑥̂𝑎 , 𝑥̂𝑏] = 4𝜋𝑖𝜆2𝛽𝑎𝑏, [𝑥̂𝑎 , 𝑥̂̃𝑏] = 2𝜋𝑖𝜆
2𝛿𝑎 𝑏 , [𝑥̂̃𝑎 , 𝑥̂̃𝑏] = 0  

∫  Tr[𝜕𝜏𝕏
𝐴𝜕𝜎𝕏

𝐵(𝜔𝐴𝐵 + 𝜂𝐴𝐵) − 𝜕𝜎𝕏
𝐴𝐻𝐴𝐵𝜕𝜎𝕏

𝐵]d𝜏 d𝜎  

𝜕𝜎𝕏
𝐴 → [𝕏26, 𝕏𝐴]  
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∫  Tr[𝜕𝜏𝕏
𝑎[𝕏𝑏, 𝕏𝑐]𝜂𝑎𝑏𝑐 −𝐻𝑎𝑐[𝕏

𝑎, 𝕏𝑏][𝕏𝑐 , 𝕏𝑑]𝐻𝑏𝑑]d𝜏  

𝜕𝜏𝕏
𝐶 = [𝕏,𝕏𝐶],  

𝕊ncF =
1

4𝜋
[𝕏𝑎, 𝕏𝑏][𝕏𝑐, 𝕏𝑑]𝑓𝑎𝑏𝑐𝑑,  

𝕊ncM =
1

4𝜋
∫ 
𝜏

  (𝜕𝜏𝕏
𝑖[𝕏𝑗, 𝕏𝑘]𝑔𝑖𝑗𝑘 − [𝕏

𝑖, 𝕏𝑗][𝕏𝑘, 𝕏𝑙]ℎ𝑖𝑗𝑘𝑙),  

𝑆eff
𝑛𝑐 =∬ Tr√𝑔(𝑥, 𝑥̃)[𝑅(𝑥, 𝑥̃) + 𝐿𝑚(𝑥, 𝑥̃) + ⋯ ]  

𝑆‾ =
∫  𝑋  √−𝑔(𝑥)[𝑅(𝑥) + ⋯ ]

∫  𝑋  √−𝑔(𝑥)
+ ⋯  

∬ √𝑔(𝑥)𝑔̃(𝑥̃)[𝑅(𝑥) + 𝑅̃(𝑥̃) + 𝐿𝑚(𝐴(𝑥, 𝑥̃)) + 𝐿̃𝑑𝑚(𝐴̃(𝑥, 𝑥̃))]  

𝑆‾′ =
∫  𝑋  √−𝑔(𝑥)[𝑅(𝑥) + 𝐿𝑚(𝑥) + 𝐿̃𝑑𝑚(𝑥)]

∫  𝑋  √−𝑔(𝑥)
+ ⋯  

𝑆0 = −∬ √𝑔(𝑥)𝑔̃(𝑥̃)[𝐿𝑚(𝐴(𝑥, 𝑥̃)) + 𝐿̃𝑑𝑚(𝐴̃(𝑥, 𝑥̃))]  

𝑆‾0 =
∫  𝑋  √−𝑔(𝑥)[𝐿𝑚(𝑥) + 𝐿̃𝑑𝑚(𝑥)]

∫  𝑋  √−𝑔(𝑥)
+ ⋯  

𝑀Λ𝑀𝑃 ∼ 𝑀𝐻
2  

𝜌0 ∼ 𝑀Λ
4 = (

𝑀𝐻
2

𝑀𝑃
)

4

 

∫  
𝑋

 √−𝑔 [
𝑅

2𝐺
+ 𝑠4𝐿(𝑠−2𝑔𝑎𝑏) +

Λ

𝐺
] + 𝜎 (

Λ

𝑠4𝜇𝑠
4)  

𝑆𝑚𝑝 = ∫  d𝜏(𝑝 ⋅ 𝑥̇ + 𝑝̃ ⋅ 𝑥̇̃ + 𝜆
2𝑝 ⋅ 𝑝̇̃ + 𝑁ℎ + 𝑁̃𝑑)  

𝑝𝑎 → 𝑝𝑎 + 𝐴𝑎(𝑥, 𝑥̃), 𝑝̃𝑎 → 𝑝̃𝑎 + 𝐴̃𝑎(𝑥, 𝑥̃)  

∫  
𝑥,𝑥̃

  [𝐹2 − 𝑎𝜆2⟦𝐴, 𝐴̃⟧ + 𝐹̃2 + 𝐹𝐹̃ +⋯ ]  

⟦𝐴, 𝐴̃⟧  =
 def 

∫  
𝜏

𝜏∗

 d𝜏′𝐴(𝑥(𝜏′))
d𝐴̃(𝑥̃(𝜏′))

d𝜏′

 =
1

2
[𝐴(𝑥)𝐴̃(𝑥̃)]𝜏∗

𝜏 +
1

2
∫  
𝜏

𝜏∗

 d𝜏′ [𝐴(𝑥(𝜏′))
d𝐴̃(𝑥̃(𝜏′))

d𝜏′
−
d𝐴(𝑥(𝜏′))

d𝜏′
𝐴̃(𝑥̃(𝜏′))]
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∫  
𝑥,𝑥̃

  [(𝜕𝐴)2 − 𝑎𝜆2⟦𝐴, 𝐴̃⟧ + (𝜕̃𝐴̃)2 + 𝜕𝐴𝜕̃𝐴̃ +⋯ ]  

∫  
𝑥,𝑥̃

  [(𝜕𝐴)2 + (𝜕̃𝐴)2 − 𝑎𝜆2⟦𝐴, 𝐴̃⟧ + (𝜕̃𝐴̃)2 + (𝜕𝐴̃)2 + 𝜕𝐴𝜕̃𝐴̃ +⋯ ]  

∫ 
𝑥

  [(𝜕[𝑎𝐴𝑏])
2
−
𝜆4
2

𝐿4
ℱ𝑎𝑏⟦𝐴𝑎, 𝐴̃𝑏⟧ + (𝜕[𝑎𝐴̃𝑏])

2
+⋯] , 𝐴̃𝑎 =

 def 
𝜂𝑎𝑏𝐴̃

𝑏  

∫ 
𝑥

  [‖𝜕𝜙‖2 + ‖𝜕𝜙̃‖2 −
𝜆4
2

𝐿4
𝔉𝑖𝑗⟦𝜙

𝑖, 𝜙̃𝑗⟧ + ⋯]  

∫ 
𝑥

  [(𝜕𝑎)2 −
𝜆4
2

𝐿4
⟦𝑎, 𝑎̃⟧ + (𝜕𝑎̃)2 +⋯]  

∫ 
𝑥

  [𝑖(𝜓‾ ∂̸𝜓) + 𝑖(𝜓̃ ∂̸𝜓̃) −
𝜆4
3

𝐿4
𝔉𝑖𝑗(⟦𝜓‾

𝑖, 𝜓̃𝑗⟧ +  h.c. ) + ⋯]  

⟦𝜓‾ 𝑖 , 𝜓̃𝑗⟧ =
1

2
(𝜓‾ 𝑖𝜓̃𝑗 −𝜓‾ 𝑗𝜓̃𝑖) 

[
𝑚 𝜆4 

3/𝐿4

𝜆4 
3/𝐿4 𝑚̃

] =
1

2
[(𝑚 + 𝑚̃) ± √(𝑚 − 𝑚̃)2 + 4(𝜆4 

3/𝐿4)2]

≈ {
𝑚 + 𝛿𝑚
𝑚̃ − 𝛿𝑚

, 𝛿𝑚 =
 def 𝜆4 

6

𝐿8(𝑚 − 𝑚̃)
+⋯ 

 

 

({
𝑥𝐿
2,⋯ , 𝑥𝐿

9

𝑥𝑅
2,⋯ , 𝑥𝑅

9} = {
𝑥2,⋯ , 𝑥9

𝑥̃2,⋯ , 𝑥̃9
}) ⟷

 Susy 

({
𝑥𝑅
10,⋯ , 𝑥𝑅

25

𝑥𝑅
10,⋯ , 𝑥𝑅

25}𝐹
𝐵

{
𝜓𝑅
2 ,⋯ , 𝜓𝑅

9

𝜓‾𝑅
2 ,⋯ , 𝜓‾𝑅

9}) .  

(𝑥𝜇 ⟷
 "Susy" 

(𝑥𝑅
𝜇+8

, 𝑥𝑅
𝜇+16

)⏟              
𝑀↔𝑇𝑀+𝑇𝑀

∗

) ⇆
𝐹

𝐵

 boson/fermion-ization 

(𝑥𝜇 ⟷
 SuSy 

(𝜓𝑅
𝜇
[𝑥𝑅
𝜇+8

, 𝑥𝑅
𝜇+16

], 𝜓‾𝑅
𝜇
[𝑥𝑅
𝜇+8

, 𝑥𝑅
𝜇+16

])) ,  
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𝜆4 
2

𝐿4
∫ 
𝑥

𝔉𝜇𝜈 ⟦𝐴𝜇
𝛼(𝑥), 𝐴̃𝜈

𝛽̃
(𝑥̃)⟧ 𝜂𝛼𝛽̃ 

𝜆4 
2

𝐿4
∫ 
𝑥

𝔉𝑎𝑏⟦𝐴𝑎, Γ𝑏⟧ 

𝐴8 =
1

2
𝑌 ∧ 𝑌  

𝑑𝐻 = 𝑌  

1

2
∫  𝐵 ∧ 𝑌  

1

2
∫  𝐴 ∧ 𝑌  

1 → 𝐺1 → 𝐺 → 𝜋0(𝐺) → 1  

𝐺1 ≅ (𝐺̃ss × 𝐺a)/Γ  

𝔤 = 𝔤ss⊕𝔤a =⨁ 

𝑖

  𝔤𝑖⊕⨁ 

𝐼

 𝔲(1)𝐼  

∗ 𝐻 = 𝜃𝐻  

𝐴8 =
1

2
𝑌 ∧ 𝑌  

𝑑𝐻 = 𝑌  

exp 2𝜋𝑖 (
1

2
∫  𝐵 ∧ 𝑌)  

2𝜋𝑖
1

2
∫  𝐵 ∧ 𝑌  

2𝜋𝑖
1

2
∫  
𝑈

 𝐴 ∧ 𝑌  

𝑌 =
1

4
𝑎𝑝1 −∑ 

𝑖

 𝑏𝑖𝑐2
𝑖 +

1

2
∑  

𝐼𝐽

 𝑏𝐼𝐽𝑐1
𝐼𝑐1
𝐽

 

𝑎, 𝑏𝑖,
1

2
𝑏𝐼𝐼 , 𝑏𝐼𝐽 ∈ Λ  

(𝑎, 𝑥) = (𝑥, 𝑥) mod2 ∀𝑥 ∈ Λ  

(
0 1
1 0

)  

1

2𝜋𝑖
ln AnWf,𝑅(𝑈) = 𝜉𝑅(𝑈) =

𝜂𝑅 + ℎ𝑅
2

,  
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𝜉𝑅(𝑈) = ∫  
𝑊

  𝐼𝑅 − index (𝐷𝑅
(𝑊)
)  

𝜉𝑅(𝑈) = ∫  
𝑊

  𝐼𝑅mod1  

1

2𝜋𝑖
ln AnMWf,𝑅(𝑈) =

1

2
𝜉𝑅(𝑈).  

1

2𝜋𝑖
ln AnSMWf,𝑅(𝑈) =

1

2
𝜉𝑅(𝑈).  

1

2𝜋𝑖
ln AnSD0(𝑈) =

1

4
𝜉𝜎(𝑈) =

1

8
(∫  
𝑊

 𝐿𝑇𝑊 − 𝜎𝑊)  

−
1

2𝑔2
∫  
𝑀

  (𝑑𝐵 − 𝑞𝐴) ∧∗ (𝑑𝐵 − 𝑞𝐴) + 𝑖𝜋𝑝∫  
𝑀

 𝐴 ∧ 𝑑𝐵  

−
𝑖

𝑔2
∫  
𝑀

  ((𝑑𝐵)− ∧ (𝑑𝐵)+ + 𝑞𝐴−𝐴+ + (𝜋𝑔2𝑝 + 𝑞)𝐴+ ∧ (𝑑𝐵)− + (𝜋𝑔2𝑝 − 𝑞)𝐴− ∧ (𝑑𝐵)+)  

1

2𝜋𝑖
ln AnSDk(𝑈) =

1

4
𝜉𝜎(𝑈) − 𝑘Arf(𝑞),  

1

2𝜋𝑖
ln AnSDk(𝑈) =

1

8
(∫  
𝑊

 𝐿𝑇𝑊 − 𝜎𝑊) − 𝑘 (
1

2
∫  
𝑊

 𝑌𝑊
2 −

1

8
𝜎𝑊)  

1

2𝜋𝑖
ln AnSDgen (𝑈) =

sgn(Λ)

8
(∫  
𝑊

 𝐿𝑇𝑊 − 𝜎𝑊) − (
1

2
∫  
𝑊

 𝑌𝑊
2 − 𝑡) ,  

1

2𝜋𝑖
ln AnΛ,𝐺,𝑅(𝑈) =

1

2
𝜉𝑅′(𝑈) +

sgn(Λ)

4
𝜉𝜎(𝑈)  

𝑅′ = ((VecSpin(7)⊖ 1)⊗ 1)⊖ (𝑇 − 1)(1⊗ 1)⊕ (1⊗ Ad𝐺)⊖ (1⊗𝑅)  

1

2𝜋𝑖
ln Anbare (𝑈) =

1

2
∫  
𝑊

 𝑌𝑊 ∧ 𝑌𝑊 −
𝜎𝐻4(𝑊,𝜕𝑊;Λ)

8
.  

𝑡 =
𝜎𝐻4(𝑊,𝜕𝑊;Λ)

8
 

1

2𝜋𝑖
ln AnGS(𝑈) = −

1

2
∫  
𝑊

 𝑌𝑊 ∧ 𝑌𝑊 +
𝜎𝐻4(𝑊,𝜕𝑊;Λ)

8
 

𝐶̌𝑝(𝑀; Λℝ) = 𝐶
𝑝(𝑀; Λℝ) × 𝐶

𝑝−1(𝑀; Λℝ) × Ω
𝑝(𝑀; Λℝ).  

𝑑𝑐̌ = (𝑑𝑎,𝜔 − 𝑎 − 𝑑ℎ, 𝑑𝜔), 𝑑2 = 0  

𝑥̌ ≃ 𝑥̌ + 𝑑𝑦̌, 𝑦̌ = (𝑏, 𝑔, 0), 𝑏 ∈ 𝐶𝑝−1(𝑀; Λ), 𝑔 ∈ 𝐶𝑝−2(𝑀; Λℝ).  

∪∶ 𝐶̌𝑝(𝑀; Λ) × 𝐶̌𝑞(𝑀; Λ) → 𝐶̌𝑝+𝑞(𝑀; ℤ)

𝑐̌1 ∪ 𝑐̌2 = (𝑎1 ∪ 𝑎2, (−1)
deg𝑎1𝑎1 ∪ ℎ2 + ℎ1 ∪ 𝜔2 +𝐻∪

∧(𝜔1, 𝜔2), 𝜔1 ∧ 𝜔2)
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𝑑𝐻∪
∧(𝜔1, 𝜔2) + 𝐻∪

∧(𝑑𝜔1, 𝜔2) + (−1)
deg𝜔1𝐻∪

∧(𝜔1, 𝑑𝜔2) = 𝜔1 ∧ 𝜔2 − 𝜔1 ∪𝜔2  

𝑑(𝑐̌1 ∪ 𝑐̌1) = 𝑑𝑐̌1 ∪ 𝑐2 + (−1)
deg𝑐1 𝑐̌1 ∪ 𝑑𝑐̌2  

𝐻 = 𝑑𝐵 + 𝐴  

2𝜋𝑖
1

2
∫  
𝑀

 𝐵 ∧ 𝑌  

𝑋̌ = 𝑌̌ −
1

2
𝜈̌,  

𝑑𝐻̌ = 𝑌̌  

𝑑ℎ = 𝑦,𝐻 − ℎ − 𝑑𝐵 = 𝐴, 𝑑𝐻 = 𝑌  

𝐹̌ = 𝐻̌ −
1

2
𝜂̌, 𝑑𝐹̌ = 𝑋̌  

𝐻̌ ↦ 𝑓∗𝐻̌, 𝑌̌ ↦ 𝑓∗𝑌̌, 𝜂̌ ↦ 𝑓∗𝜂̌,  

𝑌̌↦ 𝑌̌  
𝐻̌ ↦ 𝐻̌ + 𝑑𝑊̌
𝜂̌ ↦ 𝜂̌

 

ℎ ↦ ℎ + 𝑑𝑤,𝐵 ↦ 𝐵 − 𝑤 − 𝑑𝑊,𝐻 ↦ 𝐻  

𝑌̌↦ 𝑌̌ + 𝑑𝑉̌, 

𝐻̌ ↦ 𝐻̌ + 𝑉̌,
𝜂̌ ↦ 𝜂̌,

 

𝑦 ↦ 𝑦 + 𝑑𝑣, 𝐴 ↦ 𝐴 − 𝑣 − 𝑑𝑉, 𝑌 ↦ 𝑌,
ℎ ↦ ℎ + 𝑣, 𝐵 ↦ 𝐵 + 𝑉,𝐻 ↦ 𝐻.

 

𝑌̌↦ 𝑌̌ +
1

2
𝑑𝜌̌, 

𝐻̌ ↦ 𝐻̌ +
1

2
𝜌̌,

𝜂̌ ↦ 𝜂̌ + 𝜌̌,

 

𝜂 ↦ 𝜂 + 𝜌, 𝑦 ↦ 𝑦 +
1

2
𝑑𝜌, 𝐴 ↦ 𝐴 −

1

2
𝜌, 𝑌 ↦ 𝑌,

ℎ ↦ ℎ +
1

2
𝜌, 𝐵 ↦ 𝐵,𝐻 ↦ 𝐻,

 

𝐿̃(𝑥1, 𝑥2):=
1

𝑘
∫  
𝑈

 𝑥1 ∪ 𝑦mod1  

𝐿(𝑋̌1, 𝑋̌2):= ∫  
𝑈

 𝑥1 ∪ 𝐴2 = ∫  
𝑈

  𝑋̌1 ∪ 𝑋̌2  

1

2
𝑥 ∪ (𝑥 + 𝜈Λ)  
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𝜈̌: = (𝑑𝜂Λ, −𝜂Λ, 0) = 𝑑(𝜂Λ, 0,0) ∈ 𝑍̌0
4(𝑀; Λ).  

𝑙(𝑋̌) ∶=
1

2
[𝑋̌ ∪ (𝑋̌ + 𝜈̌)]hol

 =
1

2
𝑥 ∪ (𝐴 − 𝜂Λ) +

1

2
𝐴 ∪ 𝑋 +

1

2
𝐻∧
∪(𝑋, 𝑋)mod1,

 

𝑆𝜔(𝑈; 𝑋̌): = ∫  
E

𝑈,𝜔

 (𝑙(𝑋̌), 𝑥2)  

𝑆𝜔(𝑈; 𝑋̌ + 𝑍̌)= ∫  
E

𝑈,𝜔

  𝑙‾(𝑋̌ + 𝑍̌)  

= ∫  
E

𝑈,𝜔

  (𝑙(𝑋̌ + 𝑍̌), (𝑥)2 + (𝑧)2)  

= ∫  
E

𝑈,𝜔

  (𝑙(𝑋̌) + 𝑙(𝑍̌) +
1

2
(𝑥 ∪ 𝑍 + 𝑧 ∪ 𝐴 + 𝑍 ∪ 𝑋), (𝑥)2 + (𝑧)2)  

= ∫  
E

𝑈,𝜔

  (𝑙(𝑋̌) + 𝑙(𝑍̌) +
1

2
(𝑥 ∪ 𝑍 + 𝑍 ∪ 𝑥 − 𝑑(𝑍 ∪ 𝐴)), (𝑥)2 + (𝑧)2)  

= ∫  
E

𝑈,𝜔

  (𝑙(𝑋̌) + 𝑙(𝑍̌) + 𝑥 ∪ 𝑍 +
1

2
𝑥 ∪1 𝑧 −

1

2
𝑑(𝑍 ∪ 𝐴 − 𝑥 ∪1 𝑍), (𝑥)2 + (𝑧)2) 

 = 𝑆𝜔(𝑈; 𝑋̌) + ∫  
𝑈

  𝑋̌ ∪ 𝑍̌ + 𝑆𝜔(𝑈; 𝑍̌)

 

𝑆𝜔(𝑈; 𝑋̌) =
1

2
∫  
𝑊

 𝑋𝑊 ∧ (𝑋𝑊 + 𝜆
′)mod1  

WCS𝜔
PQ(𝑈; 𝑋̌) = exp 2𝜋𝑖𝑆𝜔(𝑈; 𝑋̌)  

𝑋̌12 = 𝑋̌1 + 𝑑𝑊𝐼 ,𝑊𝐼 = (𝜌̃𝑤, 𝜌𝑊, 0),  

𝑓(𝑈2, 𝑋̌𝑈2)/𝑓(𝑈1, 𝑋̌𝑈1) = exp 2𝜋𝑖𝑆𝜔(𝑈12; 𝑋̌𝑈12)  

𝑆𝜔(𝑈; 𝑋̌ + 𝑍̌) − 𝑆𝜔(𝑈; 𝑋̌) = 𝑆𝜔(𝑈; 𝑍̌) + ∫  
𝑈

  𝑋̌ ∪ 𝑍̌ = 𝑞𝜔(𝑧) + ∫  
𝑈

 𝑥 ∪ 𝑍  

𝑇:= 𝐻tors
3 (𝑀; Λ) ∪ 𝜃 ⊂ 𝐻tors

4 (𝑀; Λ)  

−∫  
𝑈

 𝑣 ∪ 𝑧 = −𝐿̃(𝑥, 𝑧)  

𝑞𝜔(𝑧) = 𝑞ℤ,𝜔(𝑧
′) ⋅ (𝛼, 𝛼)  

𝐿̃(𝑥0, 𝑧) = ⟨𝑧2 ∪ (𝛿 ⊗ 𝛾), [𝑀 × 𝑆1]⟩ = ⟨𝑧2
′ ∪ 𝛿, [𝑀 × 𝑆1]⟩(𝛼, 𝛾)  

𝑞𝜔′(𝑧) = 𝑞𝜔(𝑧) − ⟨𝑧2 ∪ (𝛿 ⊗ 𝛾), [𝑀 × 𝑆1]⟩  

Arf(𝑞𝜔) = arg ( ∑  

𝑧∈𝐻4(𝑈,𝜕𝑈;Λ)

 exp 2𝜋𝑖𝑞𝜔(𝑧))  
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WCS𝜔(𝑈; 𝑋̌) : = 𝑁(𝑈) ∑  

[𝑧]∈𝐻tors 
4 (𝑈,𝜕𝑈;Λ)

 exp 2𝜋𝑖(𝑆𝜔(𝑈; 𝑋̌) − 𝑆𝜔(𝑈; 𝑍̌))

 = exp 2𝜋𝑖 (𝑆𝜔(𝑈; 𝑋̌) − Arf(𝑞𝜔))

 

𝑁(𝑈):=
1

√|𝐻tors
4 (𝑈, 𝜕𝑈; Λ)||𝑅(𝑈)|

 

Arf(𝑞𝜔) =
1

8
(𝜎𝐻4(𝑊,𝑈;Λ) −∫  

𝑊

 𝜆′2)  

WCS𝜔(𝑈; 𝑋̌)= exp 
2𝜋𝑖

8
(4∫  

𝑊

 𝑋𝑊 ∧ (𝑋𝑊 + 𝜆
′) + ∫  

𝑊

 𝜆′2 − 𝜎𝐻4(𝑊,𝑈;Λ)) 

 = exp 2𝜋𝑖 (∫  
𝑊

 
1

2
(𝑋𝑊

′ )2 −
𝜎𝐻4(𝑊,𝑈;Λ)

8
)

 

𝑆𝜔′(𝑈; 𝑋̌) = 𝑆𝜔(𝑈; 𝑋̌) − ⟨𝑥2 ∪ 𝛿Λ/2Λ, [𝑈, 𝜕𝑈]⟩,  

𝑞𝜔′(𝑥) = 𝑞𝜔(𝑥) − ⟨𝑥2 ∪ 𝛿Λ/2Λ, [𝑈, 𝜕𝑈]⟩.  

𝑞𝜔′(𝑥) = 𝑞𝜔(𝑥) − 𝐿̃ (𝑥, 𝛽(𝛿Λ/2Λ))  

Arf(𝑞𝜔′) = Arf(𝑞𝜔) − 𝑞𝜔 (𝛽(𝛿Λ/2Λ))  

𝑆𝜔′(𝑈; 𝑋̌) − Arf(𝑞𝜔′)  = 𝑆𝜔(𝑈; 𝑋̌) − Arf(𝑞𝜔) + 𝐿(𝑋̌, Δ̌/2) + 𝑆𝜔(𝑈; Δ̌/2)

 = 𝑆𝜔(𝑈; 𝑋̌ + Δ̌/2) − Arf(𝑞𝜔)mod1
 

WCS𝜔′(𝑈; 𝑋̌) = WCS𝜔(𝑈; 𝑋̌ + Δ̌/2).  

WCS𝜔(𝑀; 𝑋̌):= WCS𝜔
PQ
(𝑀; 𝑋̌) ⊗WCS𝜔

PQ
(𝑀; 0̌).  

WCS𝜔(𝑀; 𝑋̌):= WCS𝜔
PQ(𝑀; 𝑋̌) ⊗ ⨁  

[𝑧]∈𝐻tors 
4 (𝑀;Λ)

 WCS𝜔
PQ(𝑀; 𝑍̌),  

𝑋𝑊 = 𝑌𝑊 −
1

2
𝜆′  

𝑋̌ = 𝑌̌ −
1

2
𝜈̌  

WCSs(𝑁; 𝑌̌): = WCS† (𝑁; 𝑌̌ −
1

2
𝜈̌) ,  

GST(𝑀; 𝑌̌, 𝐻̌) ∈ WCSs(𝑀; 𝑌̌)  

GST(𝑀, 𝑌̌, 𝐻̌): = exp − 2𝜋𝑖∫  
E

𝑀,𝜔

  gst(𝑀, 𝑌̌, 𝐻̌)

gst(𝑀, 𝑌̌, 𝐻̌) = (
1

2
[(𝐻̌ −

1

2
𝜂̌) ∪ (𝑌̌ +

1

2
𝜈̌)]

hol
, ℎ2 −

1

2
𝜂) = (

1

2
[𝐹̌ ∪ (𝑋̌ + 𝜈̌)]hol, 𝑓2)
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[(𝐻̌ −
1

2
𝜂̌) ∪ (𝑌̌ +

1

2
𝜈̌)]

hol 
 gst(𝑀, 𝑌̌, 𝐻̌) 

∫  
E

𝑀,𝜔′
  (𝑠, 𝑦) = ∫  

E

𝑀,𝜔

  (𝑠, 𝑦) +
1

2
∫  
𝑀

 𝑦 ∪ 𝛿Λ/2Λ  

1

2𝜋𝑖
ln GST𝜔′(𝑀, 𝑌̌, 𝐻̌) =−∫  

E

𝑀,𝜔′
  (
1

2
[𝐹̌ ∪ (𝑋̌ + 𝜈̌ + Δ̌)]hol, 𝑓2)  

=−∫  
E

𝑀,𝜔

 ((
1

2
[𝐹̌ ∪ (𝑋̌ + 𝜈̌)]hol, 𝑓2)⊞ (

1

2
[𝐹̌ ∪ Δ̌]hol, 0))  

 −
1

2
∫  
𝑀

 𝑓2 ∪ 𝛿Λ/2Λ

=
1

2𝜋𝑖
ln GST𝜔(𝑀, 𝑌̌, 𝐻̌) +

1

2
∫  
𝑀

 𝑓 ∪ 𝛿Λ −
1

2
∫  
𝑀

 𝑓2 ∪ 𝛿Λ/2Λ

=
1

2𝜋𝑖
ln GST𝜔(𝑀, 𝑌̌, 𝐻̌)mod1

 

Δ𝑊̌ (
1

2𝜋𝑖
ln GST(𝑀; 𝑌̌, 𝐻̌)) = −∫  

E

𝑀,𝜔

  (
1

2
[(𝐹̌ + 𝑑𝑊̌) ∪ (𝑋̌ + 𝜈̌)]hol, 𝑓2 + 𝑑𝑤2)

 +∫  
E

𝑀,𝜔

  (
1

2
[𝐹̌ ∪ (𝑋̌ + 𝜈̌)]hol, 𝑓2)

 = −∫  
E

𝑀,𝜔

 ((
1

2
[(𝐹̌ + 𝑑𝑊̌) ∪ (𝑋̌ + 𝜈̌)]hol, 𝑓2 + 𝑑𝑤2)

⊟ (
1

2
[𝐹̌ ∪ (𝑋̌ + 𝜈̌)], 𝑓2))

 = −∫  
E

𝑀,𝜔

  (
1

2
[𝑑𝑊̌ ∪ (𝑋̌ + 𝜈̌)]hol +

1

2
𝑑𝑤 ∪ 𝑓, 𝑑𝑤2)

 = −∫  
E

𝑀,𝜔

  (
1

2
[𝑑𝑊̌ ∪ (𝑋̌ + 𝜈̌)]hol +

1

2
(𝑑𝑤 ∪ 𝑓 + 𝑤 ∪ 𝜈Λ + 𝑑𝑤 ∪ 𝑑𝑤), 0)

 = −∫  
𝑀

 
1

2
(−𝑑𝑤 ∪ (𝐴 − 𝜂Λ) + (−𝑤 − 𝑑𝑊) ∪ 𝑋 + 𝑑𝑤 ∪ 𝑓

 = −∫  
𝑀

 
1

2
(−𝑤 ∪ 𝑥 + 𝑑𝑤 ∪ 𝜂Λ + 𝑑𝑤 ∪ 𝑓 + 𝑤 ∪ 𝜈Λ)

 = 0mod1.
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Δ𝑉̌ (
1

2𝜋𝑖
ln GST(𝑀; 𝑌̌, 𝐻̌)) =−∫  

E

𝑀,𝜔

  (
1

2
[(𝐹̌ + 𝑉̌) ∪ (𝑋̌ + 𝑑𝑉̌ + 𝜈̌)]hol, 𝑓2 + 𝑣2)  

+∫  
E

𝑀,𝜔

  (
1

2
[𝐹̌ ∪ (𝑋̌ + 𝜈̌)]hol, 𝑓2)  

=−∫  
E

𝑀,𝜔

  (
1

2
[𝐹̌ ∪ 𝑑𝑉̌ + 𝑉̌ ∪ (𝑋̌ + 𝜈̌) + 𝑉̌ ∪ 𝑑𝑉̌]hol  

+
1

2
(𝑑𝑣 ∪1 𝑓 + 𝑣 ∪ 𝑓), 𝑣2)

= −∫  
E

𝑀,𝜔

  (
1

2
(−𝑓 ∪ (−𝑣 − 𝑑𝑉) − 𝑣 ∪ (𝐴 − 𝜂Λ) + 𝑉 ∪ 𝑋

= ∫  
E

𝑀,𝜔

 (
1

2
(−𝑣 ∪1 𝑥 − 𝑥 ∪ 𝑉 + 𝑣 ∪ 𝐴 − 𝑉 ∪ 𝑋 + 𝑣 ∪ 𝜂Λ

−𝑣 ∪ 𝑣 − 𝑣 ∪ 𝑑𝑉), 𝑣2)mod1,

 

 

𝑣 ∪ 𝑓 + 𝑓 ∪ 𝑣 = −𝑑𝑣 ∪1 𝑓 + 𝑣 ∪1 𝑥 + 𝑑(𝑣 ∪1 𝑓)  

 

Δ𝑉̌ (
1

2𝜋𝑖
ln WCSs(𝑁; 𝑌̌)) =∫  

E

𝑁,𝜔

  (
1

2
[(𝑋̌ + 𝑑𝑉̌) ∪ (𝑋̌ + 𝑑𝑉̌ + 𝜈̌)]hol, 𝑥2 + 𝑑𝑣2)  

−∫  
E

𝑁,𝜔

 (
1

2
[𝑋̌ ∪ (𝑋̌ + 𝜈̌)]hol, 𝑥2)  

=∫  
E

𝑁,𝜔

  (
1

2
(𝑥 ∪ (−𝑣 − 𝑑𝑉) + 𝑑𝑣 ∪ (𝐴 − 𝜂Λ) + (−𝑣 − 𝑑𝑉) ∪ 𝑋 

 +𝑑𝑣 ∪ (−𝑣 − 𝑑𝑉) + 𝑑𝑣 ∪1 𝑥), 𝑑𝑣2)

=∫  
E

𝑁,𝜔

  (
1

2
𝑑(𝑣 ∪ 𝐴 + 𝑣 ∪1 𝑥 − 𝑉 ∪ 𝑋 − 𝑥 ∪ 𝑉 + 𝑣 ∪ 𝜂Λ  

−𝑣 ∪ 𝑑𝑉 − 𝑣 ∪ 𝑣) +
1

2
(−𝑣 ∪ 𝑑𝑣 + 𝑣 ∪ 𝜈̂Λ), 𝑑𝑣2)

=∫  
E

𝑀,𝜔

  (
1

2
(𝑣 ∪ 𝐴 + 𝑣 ∪1 𝑥 − 𝑉 ∪ 𝑋 − 𝑥 ∪ 𝑉 + 𝑣 ∪ 𝜂Λ  

 −𝑣 ∪ 𝑑𝑉 − 𝑣 ∪ 𝑣), 𝑣2)mod1,

 

 

ch(𝑅(1)) = ch(𝑅(2))  

dim𝑅(1)= dim𝑅(2)  
Tr𝑅(1)𝐹

2 = Tr𝑅(2)𝐹
2

Tr𝑅(1)𝐹
4 = Tr𝑅(2)𝐹

4

 

exp [𝜋𝑖(𝜉𝑅(1)(𝑈) − 𝜉𝑅(2)(𝑈))]  

𝜉𝑅𝑠(𝑈) =
1

360 ⋅ 𝑛
(−11 + 10𝑛2 + 𝑛4 − 60𝑛𝑠 + 60𝑠2 − 30𝑛2𝑠2 + 60𝑛𝑠3 − 30𝑠4)  
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𝑅(𝑖) =⨁ 𝑥𝑠
(𝑖)
𝑅𝑠, 𝑖 = 1,2,  

∑  

𝑛−1

𝑠=0

 Δ𝑥𝑠𝑝(𝑛, 𝑠) = 0mod2  

𝑝(𝑛, 𝑠) =
1

12𝑛
(−2𝑛𝑠 + 2𝑠2 − 𝑛2𝑠2 + 2𝑛𝑠3 − 𝑠4)  

𝑛 = 2:
1

16
Δ𝑥1 = 0mod1

𝑛 = 3:
1

9
(Δ𝑥1 + Δ𝑥2) = 0mod1

𝑛 = 4:
1

32
(5Δ𝑥1 + 8Δ𝑥2 + 5Δ𝑥3) = 0mod1

𝑛 = 5:
1

5
(Δ𝑥1 + 2Δ𝑥2 + 2Δ𝑥3 + Δ𝑥4) = 0mod1

𝑛 = 6:
1

144
(35Δ𝑥1 + 80Δ𝑥2 + 99Δ𝑥3 + 80Δ𝑥4 + 35Δ𝑥5) = 0mod1

 …

 

𝑛 = 2:
1

4
Δ𝑥1 = 0mod1

𝑛 = 3:
1

3
(Δ𝑥1 + Δ𝑥2) = 0mod1

𝑛 = 4:
1

4
(5Δ𝑥1 + 8Δ𝑥2 + 5Δ𝑥3) = 0mod1

𝑛 = 5: No apparent constraint 

𝑛 = 6:
1

12
(35Δ𝑥1 + 80Δ𝑥2 + 99Δ𝑥3 + 80Δ𝑥4 + 35Δ𝑥5) = 0mod1

 ⋯

 

Ω6
spin 
(𝐵𝑈(1)) = Ω6

spin 
(𝐾(ℤ, 2)) ≅ Ω4

spin 
𝑐

(𝑝𝑡) ≅ ℤ⊕ ℤ  

𝑥 +
1

2
𝜈Λ = 𝑦 =

1

2
𝜆⊗ 𝑎 + 𝑣  

𝑣 = −∑  

𝑖

 𝑏𝑖𝑐2
𝑖 +

1

2
∑  

𝐼𝐽

 𝑏𝐼𝐽𝑐1
𝐼 ∪ 𝑐1

𝐽
 

1

2
𝑏 ∈ 𝐻free 

4 (𝐵𝐺1; ℤ) ⊗ Λ ⊂ 𝐻4(𝐵𝐺1; Λℝ)  

𝑏𝑖,
1

2
𝑏𝐼𝐼 , 𝑏𝐼𝐽 ∈ Λ  

1

2
𝑏 ∈ 𝐻4(𝐵𝐺; Λ)  

(
0 1
1 0

)  

𝒯:= 𝒜⊗WCSs  
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𝑌̌U = (𝑦̂U, 𝐴̂U, 𝑌U)  

𝜏𝜌(𝜃2, 𝜃1):= ∫  
[0,1]

 𝜌(Θ).  

𝜏𝜌(𝜃3, 𝜃2) + 𝜏𝜌(𝜃2, 𝜃1) = 𝜏𝜌(𝜃3, 𝜃1).  

𝑌̌ = 𝑌̌(𝜃, 𝛾) = (𝛾‾∗𝑦̂U, 𝜏𝜌(𝜃, 𝛾
∗(𝜃U)) + 𝛾‾

∗𝐴̂U, 𝜌(𝜃)).  

1

2
𝑎𝜆𝐵𝑆𝑝𝑖𝑛 −∑ 

𝑖

 𝑏𝑖𝑐2,𝐵𝐺
𝑖 +

1

2
∑  

𝐼𝐽

 𝑏𝐼𝐽𝑐1,𝐵𝐺
𝐼 𝑐1,𝐵𝐺

𝐽
 

𝑌 = 𝜌(𝜃) =
1

4
𝑎𝑝1 −∑ 

𝑖

 𝑏𝑖𝑐2
𝑖 +

1

2
∑  

𝐼𝐽

 𝑏𝐼𝐽𝑐1
𝐼𝑐1
𝐽

 

𝑦̂U: =
1

2
𝑎𝜆̂𝐵𝑆𝑝𝑖𝑛 −∑ 

𝑖

 𝑏𝑖𝑐̂2,𝐵𝐺
𝑖 +

1

2
∑  

𝐼𝐽

 𝑏𝐼𝐽𝑐̂1,𝐵𝐺
𝐼 𝑐̂1,𝐵𝐺

𝐽
 

1

2
𝛾‾∗(𝜆̂BSpin )⊗ 𝑎 =

1

2
𝛾‾∗(𝜈̂)⊗ 𝑎 modΛ.  

𝑦̂U: =
1

2
𝑎𝜆̂𝐵𝑆𝑝𝑖𝑛 −∑ 

𝑖

 𝑏𝑖𝑐̂2,𝐵𝐺
𝑖 +

1

2
∑  

𝐼𝐽

 𝑏𝐼𝐽𝑐̂1,𝐵𝐺
𝐼 𝑐̂1,𝐵𝐺

𝐽
+ 𝑡̂4,𝐵𝐺

𝑡̂4,𝐵𝐺 =∑ 

𝑘

 𝑏𝑘
𝑇 𝑡̂4,𝐵𝐺
𝑘

 

𝑦̂U: =
1

2
𝑎𝜆̂𝐵𝑆𝑝𝑖𝑛 −∑ 

𝑖

 𝑏𝑖𝑐̂2,𝐵𝐺
𝑖 +

1

2
∑  

𝐼𝐽

 𝑏𝐼𝐽𝑐̂1,𝐵𝐺
𝐼 𝑐̂1,𝐵𝐺

𝐽
+ 𝑏𝑇𝑢̂2,𝐵𝐺

2 .  

𝜃 → 𝑓∗(𝜃)  

𝑌̌ ↦ 𝑓‾∗𝑌̌, 𝐻̌ ↦ 𝑓‾∗𝐻̌, 𝜂̌ ↦ 𝑓‾∗(𝜂̌),  

𝑥̂U = 𝑦̂U −
1

2
𝑑𝜂Λ,U, 𝐶̂U = 𝐴̂U +

1

2
𝜂Λ,U, 𝑋U = 𝑌U  

𝑋̌ ↦ 𝑋̌ + ((𝛾‾′∗ − 𝛾‾∗)𝑥̂U, 𝜏𝜌(𝛾
∗(𝜃U), 𝛾

′∗(𝜃U)) + (𝛾‾
′∗ − 𝛾‾∗)𝐶̂U, 0) .  

𝑋̌ ↦ 𝑋̌ + 𝑑𝑉̌, 𝑉̌ = (𝑣, 𝑉, 0).  

𝑌̌ ↦ 𝑌̌ + 𝑑𝑉̌ +
1

2
𝑑𝜌̌,  

𝐻̌ ↦ 𝐻̌ + 𝑉̌ +
1

2
𝜌̌,  

𝑑𝜏𝜌(𝛾
∗(𝜃U), 𝛾

′∗(𝜃U)) = 𝛾
∗(𝑋U) − 𝛾

′∗(𝑋U)  

𝑑Δ𝐶̂U = (𝛾
′∗ − 𝛾∗)(𝑑𝐶̂U − 𝑋U) = −(𝛾

′∗ − 𝛾∗)𝑥̂U = −Δ𝑥̂U  
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∫ 
Σ

 Δ𝐶̂ = ∫  
Σ×𝐼

  (−Γ∗𝑋U + 𝑑Γ
∗𝐶̂U) = ∫  

Σ×𝐼

 Γ∗𝑥̂U  

∪𝑖: 𝐶
𝑝(𝑀; Ξ1) × 𝐶

𝑞(𝑀; Ξ2) → 𝐶𝑝+𝑞−𝑖(𝑀; Ξ3).  

𝑑(𝑢 ∪𝑖 𝑣) − 𝑑𝑢 ∪𝑖 𝑣 − (−1)
𝑝𝑢 ∪𝑖 𝑑𝑣 = (−1)

𝑝+𝑞−𝑖𝑢 ∪𝑖−1 𝑣 + (−1)
𝑝𝑞+𝑝+𝑞𝑣 ∪𝑖−1 𝑢  

𝑠‾ = (𝑠, 𝑦) ∈ 𝐶‾𝑝(𝑀; Λ):= 𝐶𝑝(𝑀;ℝ/ℤ) × 𝐶𝑝−3(𝑀; Λ/2Λ)  

∪:𝐶 ∙(𝑀; Λ/2Λ)⊗ 𝐶 ∙(𝑀; Λ/2Λ) → 𝐶 ∙(𝑀; ℤ2)  

1

2
𝑦1 ∪ 𝑦2 ∈ 𝐶

∙(𝑀;ℝ/ℤ)  

(𝑠1, 𝑦1) ⊞ (𝑠2, 𝑦2) = (𝑠1 + 𝑠2 +
1

2
𝑑𝑦1 ∪𝑝−5 𝑦2 +

1

2
𝑦1 ∪𝑝−6 𝑦2, 𝑦1 + 𝑦2)  

⊟ (𝑠, 𝑦) = (−𝑠 +
1

2
𝑑𝑦 ∪𝑝−5 𝑦 +

1

2
𝑦 ∪𝑝−6 𝑦, 𝑦) .  

𝑑(𝑠, 𝑦) = (𝑑𝑠 + 𝑦 ∪𝑝−6 𝑑𝑦 +
1

2
𝑦 ∪𝑝−7 𝑦 +

1

2
𝑦 ∪ 𝜈̂Λ/2Λ, 𝑑𝑦)  

…𝐻𝑝(𝑀;ℝ/ℤ)  →
𝑖 
𝐸[Λ/2Λ, 3]𝑝(𝑀) →

𝑗 
𝐻𝑝−3(𝑀; Λ/2Λ)

 →
Sq4 

𝐻𝑝+1(𝑀;ℝ/ℤ) →
𝑖 
𝐸[Λ/2Λ, 3]𝑝+1(𝑀) →

𝑗 
𝐻𝑝−2(𝑀; Λ/2Λ)…

 

𝐼𝑈,𝜔
E : 𝐸[Λ/2Λ, 3]𝑝(𝑈, 𝜕𝑈) → ℝ/ℤ

𝐼𝑀,𝜔𝑀
E : 𝐸[Λ/2Λ, 3]𝑝−1(𝑀) → ℝ/ℤ

 

∫  
E

𝑈,𝜔

  : 𝐶‾𝑝(𝑈; Λ) → ℝ/ℤ

∫  
E

𝑀,𝜔

  : 𝐶‾𝑝−1(𝑀; Λ) → ℝ/ℤ

 

∫  
E

𝑀,𝜔

 𝑥‾ = ∫  
E

𝑈,𝜔

 𝑑𝑥‾′  

∫  
E

𝑈,𝜔

  (𝑠, 0) = ∫  
𝑈

 𝑠  

2∫  
E

𝑈,𝜔

  (𝑠, 𝑦) = ∫  
E

𝑈,𝜔

  (𝑠, 𝑦) ⊞ (𝑠, 𝑦) = ∫  
𝑈

 2𝑠 + ∫  
𝑈

 
1

2
𝑦 ∪ 𝜈̂Λ/2Λ mod1  

∫  
𝐸

𝑈,𝜔

  (𝑠, 𝑦) = ∫  
𝑈

 𝑠 + 𝑓(𝑦)  

𝑓(𝑦1 + 𝑦2) − 𝑓(𝑦1) − 𝑓(𝑦2) = ∫  
𝑈

 𝑦1 ∪𝑝−6 𝑦2  
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TrWCS(𝑀;𝑋̌𝑀)WCS(𝑈𝑀; 𝑋̌𝑈𝑀) ≃ WCS(𝑈; 𝑋̌𝑈)  

WCS(𝜕𝑈𝑀; 𝑋̌𝜕𝑈𝑀) ≃ WCS(𝜕𝑈; 𝑋̌𝜕𝑈)⊗WCS(𝑀; 𝑋̌𝑀)⊗ (WCS(𝑀; 𝑋̌𝑀))
†
,  

TrWCSPQ(𝑀;𝑋̌𝑀)WCS
PQ(𝑈𝑀; 𝑋̌𝑈𝑀)⊗ ∑  

𝑧∈𝐻tors 
4 (𝑈𝑀 ,𝜕𝑈𝑀;Λ)

 TrWCSPQ(𝑀;0)WCS
PQ(𝑈𝑀; 𝑍̌𝑈𝑀),  

WCSPQ(𝑈; 𝑋̌𝑈)⊗ ∑  

𝑧∈𝐻tors
4 (𝑈𝑀 ,𝜕𝑈𝑀;Λ)

 WCSPQ(𝑈; 𝑍̌𝑈)  

𝐻tors
3 (𝑀; Λ) →

ℎ 
𝐻tors
4 (𝑈, 𝜕𝑈; Λ)  

𝑞(𝑥 + 𝑦) − 𝑞(𝑥) = 𝐿̃(𝑥, 𝑦)  

𝐸𝑝,𝑞
2 = 𝐻𝑝(𝐵𝐺, Ω𝑞

spin
(pt. )) ⇒ Ω𝑝+𝑞

Spin
(𝐵𝐺)  

Ω∙
spin 

 (pt.) = (
0 1 2 3 4 5 6 7 8
ℤ ℤ2 ℤ2 0 ℤ 0 0 0 ℤ2 ⋯

)  

 

𝐸8,0
2 →

𝑑8,0
2  

𝐸6,1
2 →

𝑑6,1
2  

𝐸4,2
2  

𝑑𝑝,0
2 = (Sq2)∗ ∘ 𝜌2, 𝑑𝑝,1

2 = (Sq2)∗  

Sq2(𝑤2
2) = 2𝑤2

3 +𝑤3
2 = 0  

Sq2(𝑤2
3) = 𝑤2

4 = 𝜌2(𝑐1
4)  

 

Ω7
spin

(𝐵𝑈(1)) = 0  

𝐻∙(𝐵𝑈(2); ℤ) = (
0 1 2 3 4 5 6 7 8
ℤ 0 ℤ 0 ℤ2 0 ℤ2 0 ℤ3

1 − 𝑐1
∗ − (𝑐1

2)∗, 𝑐2
∗ 0 (𝑐1

3)∗, (𝑐1𝑐2)
∗ − (𝑐1

4)∗, (𝑐1
2𝑐2)

∗, (𝑐2
2)∗
)  

Sq2(𝑤4) = 𝑤2𝑤4 +𝑤6 = 𝑤2𝑤4  
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Ω7
spin

(𝐵𝑈(2)) = 0  

𝐸6,1
2 = spanℤ2((𝑤2

3)∗, (𝑤2𝑤4)
∗, (𝑤6)

∗)  

Sq2(𝑤2
3) = 𝑤2

4 = 𝜌2(𝑐1
4)

Sq2(𝑤2𝑤4) = 𝑤2𝑤6 = 𝜌2(𝑐1𝑐3)

Sq2(𝑤6) = 𝑤2𝑤6 = 𝜌2(𝑐1𝑐3)

Sq2(𝑤4) = 𝑤2𝑤4 +𝑤6

 

Ω7
spin

(𝐵𝑈(𝑛)) = 0.  

Ω7
spin

(𝐵𝑆𝑝(𝑛)) = 0  

𝐻∙(𝐾(ℤ, 4); ℤ) = (
0 1 2 3 4 5 6 7 8
ℤ 0 0 0 ℤ 0 ℤ2 0 ℤ

⋯)

𝐻∙(𝐾(ℤ, 4); ℤ2) = (
0 1 2 3 4 5 6 7 8
ℤ2 0 0 0 ℤ2 0 ℤ2 ℤ2 ℤ2

⋯)
 

 

Ω7
spin(𝐵𝐸8) = 0  
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𝜉𝑅(𝑈) =
1

|𝐺|
∑  

𝑔∈𝐺−{1}

 Tr(𝑅(𝑔))
√det(𝜏(𝑔))

det(𝜏(𝑔) − 𝐼)
 

𝜏 = 𝜌1
⊕4  

det(𝜏(𝑧)) = 𝑧4  

√det(𝜏(𝑧)) = 𝑧2  

det(𝜏(𝑧) − 𝐼) = (𝑧 − 1)4  

√det(𝜏(𝑧))

det(𝜏(𝑧) − 𝐼)
=

1

16 (sin (
𝜋
𝑛
𝑗))

4  

𝑅𝑠: = 𝜌𝑠⊕𝜌−𝑠  

𝜉𝑅𝑠1⊖𝑅𝑠2
(𝑈) = 𝑓(𝑠1) − 𝑓(𝑠2)  

𝑓(𝑠) =
1

8𝑛
∑  

𝑛−1

𝑗=1

 
cos (

2𝜋
𝑛 𝑗𝑠)

(sin 
𝜋
𝑛
𝑗)
4  

𝑓(𝑠) =
1

8 ⋅ 45 ⋅ 𝑛
(−11 + 10𝑛2 + 𝑛4 − 60𝑛𝑠 + 60𝑠2 − 30𝑛2𝑠2 + 60𝑛𝑠3 − 30𝑠4)  

𝑓(𝑠 + 𝑛) = 𝑓(𝑠) −
1

3
𝑠(𝑠2 − 1)  

(1, 𝜙): Spin(𝑑 − 1,1) → Spin(𝑑 − 1,1) × 𝐺𝑅 

𝑞 ∈ 𝐶∞(ℝ𝑛, 𝑆), 

∫  𝜓∗∇𝑔𝑞 

∫  𝑉∗Γ(𝑞, 𝑞) 

𝒪 ↦∑ 𝑓𝑖𝑄Ψ𝑖𝒪 

PV𝑖,𝑗(𝑋) = Ω0,𝑗(𝑋,∧𝑗 𝑇𝑋) 

PV𝑐
𝑖,𝑗
(𝑋) ⊂ PV𝑖,𝑗(𝑋), Ω𝑐

𝑖,𝑗
(𝑋) ⊂ Ω𝑖,𝑗(𝑋) 

PV𝑑,𝑑(𝑋) ≅ Ω𝑐
0,𝑑(𝑋) ≅ Ω𝑐

𝑑,𝑑(𝑋) 

Ker𝜕 ⊂⊕ PV𝑖,𝑗(𝑋)[2]. 
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1

2
∫  𝛼𝜕‾𝜕−1𝛼 +

1

6
∫  𝛼3. 

PV∗,∗(X)⟦𝑡⟧ 

(𝜕 ⊗ 1)𝛿Diag ∈ ⨁  
𝑖1+𝑖2=𝑑+1
𝑗1+𝑗2=𝑑

Ω𝑖1,𝑗1(𝑋)⊗ Ω𝑖2,𝑗2(𝑋) 

(𝜕 ⊗ 1)𝛿Diag ∈ ⨁  
𝑖1+𝑖2=𝑑−1
𝑗1+𝑗2=𝑑

𝑡0PV𝑖1,𝑗1(𝑋)⊗ 𝑡0PV𝑖2,𝑗2(𝑋) 

(𝜕 ⊗ 1)𝛿Diag : (𝛼 ⊗ 𝛽) → ∫  
𝑋

𝛼𝜕𝛽 

𝑃 ∈ PV(𝑋)[[𝑡]] ⊗̂ PV(𝑋)[[𝑡]] 

(𝜕‾ + 𝑡𝜕)𝑃 = (𝜕 ⊗ 1)𝛿Diag + 𝔎something smooth (the regularized Poisson kernel)  

𝑃 =𝜕‾𝑧
∗𝜕𝑧

(𝜕𝑧1 − 𝜕𝑤1)… (𝜕𝑧𝑛 − 𝜕𝑤𝑛)(d𝑧‾1 − d𝑤‾1)… (d𝑧‾𝑛 − d𝑤‾𝑛))

‖𝑧 − 𝑤‖2𝑛−2

= ∑ (−1)𝑖(−1)𝑗+𝑛(𝜕𝑧1 − 𝜕𝑤1)…(𝜕𝑧𝑖̂
−𝜕𝑤𝑖)… (𝜕𝑧𝑛 − 𝜕𝑤𝑛)

× (d𝑧‾1 − d𝑤‾1)… (d𝑧‾𝑗 − d̂𝑤‾𝑗)(d𝑧‾𝑛 − d𝑤‾𝑛))
𝜕

𝜕𝑧𝑖

𝜕

𝜕𝑧𝑗
‖𝑧 − 𝑤‖2−2𝑛

 

𝐼𝑛: PV𝑐
∗,∗(𝑋)⟦𝑡⟧ → ℂ 

𝐼𝑛(𝛼) = ∑  

𝑘1,…,𝑘𝑛 with ∑  𝑘𝑖=𝑛−3

(𝑛 − 3)!

𝑘1! … 𝑘𝑛!
∫  𝛼𝑘1 ∧ ⋯∧ 𝛼𝑘𝑛.  

𝐼(𝛼) =∑  

𝑛≥3

1

𝑛!
𝐼𝑛(𝛼) 

𝑄𝐼 +
1

2
{𝐼, 𝐼} = 0 

𝐴𝑑𝑆5 × 𝑆5 ≃ (ℝ
10 ∖ ℝ4, 𝑔) 

𝐹 = 𝑁
3

4𝑖𝜋3
 d𝑧1 d𝑧2 d𝑧3𝑟

−6(𝑧‾1 d𝑧‾2 d𝑧‾3 − 𝑧‾2 d𝑧‾1 d𝑧‾3 + 𝑧‾3 d𝑧‾1 d𝑧‾2) 

𝜕‾𝐹 = 𝑁𝛿ℂ2 

ℒ𝑉𝑔 = 𝑄(Ψ) 

Ω+
5 = Ω5,0⊕Ω3,2⊕Ω1,4 
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 Sym 2𝑆+ ≅ 𝑉 ⊕Ω+,const 
5

 ∧2 𝑆+ ≅ Ωconst 
3

𝑆+⊗𝑆− ≅ Ωconst 
0 ⊕Ωconst 

2 ⊕Ωconst 
4

 Sym 2𝑆− ≅ 𝑉 ⊕Ω−,const 
5 .

 

Γ =ΓΩ1: 𝑆+⊗𝑆+ → 𝑉 = Ωconst 
1

ΓΩ+5 : 𝑆+⊗𝑆+ → Ω+,const 
5 .

 

𝑆+ ≅ Ω𝑐𝑜𝑛𝑠𝑡
0,𝑒𝑣 ≅ Ω𝑐𝑜𝑛𝑠𝑡

𝑜𝑑𝑑,0

𝑆− ≅ Ω𝑐𝑜𝑛𝑠𝑡
0,𝑜𝑑𝑑 ≅ Ω𝑐𝑜𝑛𝑠𝑡

𝑒𝑣,0 .
 

𝒯2,0 = 𝑉⊕Π(𝑆+⊗ℂ2). 

𝒯1,1 = 𝑉⊕Π𝑆+⊕Π𝑆− 

𝑆+⊗𝑆+ = Ωconst 
1 ⊕Ωconst 

3 ⊕Ω+,const 
5 . 

[𝜓1⊗𝑒𝑖, 𝜓2⊗𝑒𝑗] = ΓΩ1(𝜓1⊗𝜓2)𝜔(𝑒𝑖, 𝑒𝑗) 

[𝜓1⊗𝑒𝑖 , 𝜓2⊗𝑒𝑗] = ΓΩ+5 (𝜓1⊗𝜓2)𝜔(𝑒𝑖, 𝑒𝑗). 

[𝜓1⊗𝑒𝑖 , 𝜓2⊗𝑒𝑗] = ΓΩ3(𝜓1⊗𝜓2)𝜂(𝑒𝑖, 𝑒𝑗). 

[𝒞(𝜓1⊗𝑒𝑖), 𝒞(𝜓2⊗𝑒𝑗)] = 𝒞(Γ(𝜓1⊗𝜓2)𝛿𝑖𝑗) 

[𝒞(𝜓1⊗𝑒𝑖), 𝒞(𝜓2⊗𝑒𝑗)] = 𝒞(Γ(𝜓1⊗𝜓2)𝛿𝑖𝑗) + ∫  ΓΩ1(𝜓1⊗𝜓2)𝜔(𝑒𝑖, 𝑒𝑗). 

𝜇1(𝜓1⊗𝑒𝑖, 𝜓2⊗𝑒𝑗, 𝑣) = ΓΩ1(𝜓1⊗𝜓2)(𝑣)𝜔(𝑒𝑖, 𝑒𝑗) 

𝑙𝑘: (𝒯
(2,0))

⊗𝑘
→ ℂ[𝑘 − 2] 

𝐶𝐷𝑘 ∈ 𝐶
2 (𝒯(2,0), Ωclosed 

𝑘 (ℝ10))

𝐶𝐹𝑆 ∈ 𝐶
2 (𝒯(2,0), Ωclosed 

1 (ℝ10))

𝐶𝑁𝑆5 ∈ 𝐶
2 (𝒯(2,0), Ωclosed 

5 (ℝ10)) ,

 

𝐶∗ (𝒯(2,0), Ω0(ℝ10)) →
d𝑑𝑅 

𝐶∗ (𝒯(2,0), Ω1(ℝ10) →
d𝑑𝑅 

… 

𝐶2(𝒯(2,0), Ωclosed 
𝑘 ) → 𝐶2+𝑘 (𝒯(2,0), Ω∗(ℝ10)) 

𝐶∗(𝒯(2,0), ℂ) → 𝐶∗ (𝒯(2,0), Ω∗(ℝ10)) 

𝐶̃𝐷𝑘 ∈ 𝐶
𝑘+2(𝒯(2,0), ℂ)

𝐶̃𝐹𝑆 ∈ 𝐶
3(𝒯(2,0), ℂ)

𝐶̃𝑁𝑆5 ∈ 𝐶
7(𝒯(2,0), ℂ)
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𝑉 ⊕ 𝔰𝔬(10, ℂ)⊕ Π(𝑆+⊗ℂ2)⊕ Ω∗(ℝ10) 

𝑄 = Ψ⊗ 𝑒1 ∈ 𝔖. 

𝑉 = 𝑉1,0⊕𝑉0,1 

𝑉1,0⊕Stab(𝑄)⊕ Π(𝑆+⊗𝑒2) ⊕ 𝜋ℂ ⋅ 𝑐 

𝜓1, 𝜓2 ∈ 𝑆+ = 𝑆+⊗𝑒2 

[𝜓1, 𝜓2] = 𝜋𝑉1,0Γ(𝜓1⊗𝜓2) 

[𝑣, 𝜓] = 𝑐⟨Γ(Ψ⊗𝜓), 𝑣⟩𝑉 

𝔊𝔠𝔲𝔞𝔫𝔱𝔦𝔠𝔞 = 𝔰𝔬(10, ℂ)⊕ 𝑉 ⊕Π(𝑆+⊗ℂ2) 

[𝑄,−]: 𝑆+⊗𝑒1 → 𝑉0,1 

[𝑄,−]: 𝔰𝔬(10, ℂ) → 𝑆+⊗𝑒1. 

𝔊𝔠𝔲𝔞𝔫𝔱𝔦𝔠𝔞 = 𝔰𝔬(10, ℂ)⊕ 𝑉 ⊕Π(𝑆+⊗ℂ2)⊕ Ω∗(ℝ10) 

[𝑄,−]: 𝑆+⊗𝑒2 → Ω1(ℝ10)

𝜓⊗ 𝑒2 ↦ ΓΩ1(Ψ,𝜓).
 

𝐻:Ω1(ℝ10) → Ω0(ℝ10) 

(𝐻𝜔)(𝑥) = ∫  
𝑥

0

𝜔 

d𝑑𝑅𝐻𝜔 = 𝜔. 

𝐿(𝜓) = 𝜓⊗ 𝑒2 −𝐻ΓΩ1(Ψ⊗𝜓) ∈ 𝑆+⊗𝑒2⊕Ω0[1]. 

[𝑣, 𝐿(𝜓)] = −⟨𝑣, Γ(Ψ⊗𝜓)⟩ = 𝑐⟨𝑣, Γ(Ψ⊗𝜓)⟩ 

Stab(𝑄) ≅ 𝔰𝔩(5, ℂ)⊕ PVconst 
3,0 ≅ 𝔰𝔩(5, ℂ)⊕ Ωconst 

2,0

𝑆+ ≅ Ωconst 
odd ,0 ≅ Ωconst 

1,0 ⊕PVconst 
2,0 ⊕Ωconst 

0,0  

𝔊𝔠𝔲𝔞𝔫𝔱𝔦𝔠𝔞 = 𝔰𝔩(5, C) ⊕ PVconst 
1,0 ⊕PVconst 

3,0 ⊕Π(Ωconst 
1,0 ⊕PVconst 

2,0 ⊕Ωconst 
0,0 ⊕C ⋅ 𝑐) 
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𝐴𝑖𝑗 ∈ 𝔰𝔩(5, C) ↦∑ 𝐴𝑖𝑗𝑧𝑖
𝜕

𝜕𝑧𝑗
∈ PV1,0 ⊂ PV⟦𝑡⟧

𝜕

𝜕𝑧𝑖

𝜕

𝜕𝑧𝑗

𝜕

𝜕𝑧𝑘
∈ PV3,0 ↦

𝜕

𝜕𝑧𝑖

𝜕

𝜕𝑧𝑗

𝜕

𝜕𝑧𝑘
∈ PV3,0 ⊂ PV⟦𝑡⟧

𝜕

𝜕𝑧𝑖
∈ PVconst 

1,0 = 𝑉1,0 ↦
𝜕

𝜕𝑧𝑖
∈ PV⟦𝑡⟧

 d𝑧𝑖 ∈ Ωconst 
1,0  ↦ 𝑧𝑖 ∈ PV

0,0 ⊂ PV⟦𝑡⟧

𝜕

𝜕𝑧𝑖

𝜕

𝜕𝑧𝑗
∈ PVconst 

2,0  ↦
𝜕

𝜕𝑧𝑖

𝜕

𝜕𝑧𝑗
∈ PV2,0 ⊂ PV⟦𝑡⟧

1 ∈ Ωconst 
0,0  ↦ 0

𝑐 ↦ 1 ∈ PV0 ⊂ PV⟦𝑡⟧.

 

Ker𝜕 ⊂ PVℎ𝑜𝑙(ℂ
5) 

{𝑧𝑖, 𝜕𝑧𝑗𝜕𝑧𝑘} = 𝛿𝑖𝑗𝜕𝑧𝑘 − 𝛿𝑖𝑘𝜕𝑧𝑗 

{
𝜕

𝜕𝑧𝑖
, 𝑧𝑗} = 𝛿𝑖𝑗 

Ext𝒪(ℂ5)(𝒪ℂ𝑘
𝑁 , 𝒪

ℂ𝑘
𝑁 ) ≃ Ω0,∗(ℂ𝑘)[𝜖1, … , 𝜖5−𝑘] ⊗ 𝔤𝔩𝑁 

𝑆(𝐴) = ∫  
ℂ𝑘∣5−𝑘

(
1

2
Tr(𝐴𝜕‾𝐴) +

1

3
Tr(𝐴3))∏ d𝑧𝑖∏  d𝜖𝑖 

Ω0,∗(ℂ𝑘)[d𝑧‾1…  d𝑧‾5−𝑘]. 

𝐻𝐻∗(𝒪𝑋) → 𝐻𝐻∗(RHom(𝐸, 𝐸)) 

PV(𝑋) → 𝐻𝐻∗(RHom(𝐸, 𝐸)). 

PV(𝑋)⟦𝑡⟧ → 𝐻𝐶∗(RHom(𝐸, 𝐸)) 

PV(ℂ5)⟦𝑡⟧ → 𝐻𝐶∗(Ω0,∗(ℂ𝑘)[𝜖𝑖]) 

PV∗,∗(ℂ𝑘∣5−𝑘)⟦𝑡⟧ = PV∗,∗(ℂ𝑘) ⟦𝜖𝑖,
𝜕

𝜕𝜖𝑖
⟧ ⟦𝑡⟧ 

PVℎ𝑜𝑙(ℂ
5) → PVℎ𝑜𝑙(ℂ

𝑘∣5−𝑘) = PVℎ𝑜𝑙(ℂ
𝑘) ⟦𝜖𝛼 ,

𝜕

𝜕𝜖𝛼
⟧ 

𝐻𝐻∗ (Ω0,∗(ℂ5)) → 𝐻𝐻∗ (Ω0,∗(ℂ𝑘∣5−𝑘)) 

𝑤𝑖 ↦ 𝑤𝑖
𝜕

𝜕𝑤𝑖
 ↦

𝜕

𝜕𝑤𝑖

𝑧𝛼 ↦
𝜕

𝜕𝜖𝛼
𝜕

𝜕𝑧𝛼
 ↦ 𝜖𝛼 .
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ℂ [𝑧𝛼 , 𝑤𝑖,
𝜕

𝜕𝑧𝛼
,
𝜕

𝜕𝑤𝑖
] 

PV(𝑉∨[−1]) =∧∗ 𝑉 ⊗ Sym̂∗𝑉∨ 

PV(𝑉) = Sym∗𝑉∨⊗∧∗ 𝑉. 

Sym∗𝑉∨⊗∧∗ 𝑉 →∧∗ 𝑉 ⊗ Sym̂∗𝑉∨. 

PVℎ𝑜𝑙(𝑉) = 𝒪(𝑉) ⊗∧
∗ 𝑉 → Sym̂∗𝑉∨⊗∧∗ 𝑉 

𝑧𝛼 , 𝑤𝑖,
𝜕

𝜕𝑧𝛼

𝜕

𝜕𝑧𝛽
,
𝜕

𝜕𝑤𝑖

𝜕

𝜕𝑤𝑗
, and 

𝜕

𝜕𝑧𝛼

𝜕

𝜕𝑤𝑗
 

𝜕

𝜕𝜖𝛼
, 𝑤𝑖, 𝜖𝛼𝜖𝛽 ,

𝜕

𝜕𝑤𝑖

𝜕

𝜕𝑤𝑗
, and 𝜖𝛼

𝜕

𝜕𝑤𝑗
 

∫  
ℂ𝑘∣5−𝑘

∏  d𝑤𝑖∏  d𝜖𝛼Tr (𝐴
𝜕

𝜕𝜖𝛼
𝐴) 

𝐴 ↦ ∫  
C𝑘∣5−𝑘

 ∏   d𝑤𝑖∏  d𝜖𝛼Tr(𝐴)𝑤𝑖

𝐴 ↦ ∫  
C𝑘∣5−𝑘

 ∏   d𝑤𝑖∏  d𝜖𝛼Tr(𝐴)𝜖𝛼𝜖𝛽 .
 

{𝑓, 𝑔} =
𝜕

𝜕𝑤𝑖
𝑓
𝜕

𝜕𝑤𝑗
𝑔 

𝐴 ↦ ∫  
ℂ𝑘∣5−𝑘

∏  d𝑤𝑖∏  d𝜖𝛼Tr(𝐴
𝜕

𝜕𝑤𝑖
𝐴
𝜕

𝜕𝑤𝑗
𝐴). 

∫  
ℂ𝑘∣5−𝑘

∏  d𝑤𝑖∏  d𝜖𝛼Tr(𝐴𝜖𝛼
𝜕

𝜕𝑤𝑗
𝐴). 

𝜕‾𝐴 +
1

2
[𝐴, 𝐴] + 𝑤𝑖Id = 0

𝜕‾𝐴 +
1

2
[𝐴, 𝐴] + 𝜖𝛼𝜖𝛽Id = 0

 

𝑠 (𝜖1
𝜕

𝜕𝑤1
+ 𝜖2

𝜕

𝜕𝑤2
) + 𝑡

𝜕

𝜕𝜖3
 

𝑠 (
𝜕

𝜕𝑧1

𝜕

𝜕𝑤1
+
𝜕

𝜕𝑧2

𝜕

𝜕𝑤2
) + 𝑡𝑧3 

d−1𝛿ℝ2𝑘 ∈ Ω
10−2𝑘−1(ℝ10) 

𝐹10−2𝑘−1 = d
−1𝛿ℝ2𝑘 

𝐹𝑙 =∗ 𝐹10−𝑙 
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∫  
ℝ2𝑘

𝐴2𝑘 +∫  d𝐴2𝑘 ∗  d𝐴2𝑘 = ∫  
ℝ2𝑘

𝐴2𝑘 −∫  𝐴2𝑘 d𝐹10−2𝑘−1 

PV𝑐
∗,∗(ℂ5) ↦ ℂ

𝛼𝑖,𝑗 ↦ 0 if (𝑖, 𝑗) ≠ (5 − 𝑘, 𝑘)

𝛼5−𝑘,𝑘 ↦ ∫  
ℂ𝑘
 𝛼5−𝑘,𝑘 ∨ Ω

 

𝐿: PV𝑐
∗,∗(ℂ5) → ℂ 

𝐿(𝜕𝛼) = ∫  
ℂ𝑘
𝛼 ∨ Ω 

𝐿(𝛼) = ∫  
ℂ𝑘
(𝜕−1𝛼) ∨ Ω 

∫  
ℂ5
𝛼𝑘,4−𝑘 ∧ 𝜕‾𝜕−1𝛼4 − 𝑘, 𝑘 + ∫  

ℂ𝑘
(𝜕−1𝛼4−𝑘,𝑘) ∨ Ω 

𝜕‾𝛼𝑘,4−𝑘 = 𝛿ℂ𝑘 

∗  d𝐴𝑘 = d𝐴8−𝑘. 

(⊕𝑖+𝑗≤2 𝑡
𝑗PV𝑖,∗(𝑋))⨁ (⊕𝑙−𝑘≥2 𝑡

−𝑘PV𝑙,∗(𝑋)) 

(⊕𝑖+𝑗≤2 𝑡
𝑗PV𝑖,∗(𝑋))⨁ (⊕𝑙−𝑘≥2 𝑡

−𝑘PV𝑙,∗(𝑋)) →⊕𝑖+𝑗≤4 𝑡
𝑗PV𝑖,∗(𝑋)

𝑡𝑗PV𝑖,∗(𝑋) ∋ 𝛼 ↦ 𝛼 ∈ 𝑡𝑗PV𝑖,∗(𝑋)

𝑡−𝑘PV𝑙,∗(𝑋) ∋ 𝛼 ↦ 𝛿𝑘=0𝜕𝛼 ∈ PV
𝑙+1,∗(𝑋).

 

𝔦𝔰𝔬(4) = (𝔰𝔩(2)⊕ 𝔰𝔩(2)) ⋉ ℂ4 

𝑉𝐶⊗𝑉𝑅
∗⊕𝑉𝐶

∗⊗𝑉𝑅 = 𝑆+⊗𝑉𝑅⊕𝑆−⊗𝑉𝑅⊕𝑆+⊗𝑉𝑅
∗⊕𝑆−⊗𝑉𝑅

∗ 

𝐹 ∈ Ω‾ 3,2(ℂ5) 

𝜕‾𝐹 = 𝛿ℂ2 

𝑟 = √|𝑧1|
2 + |𝑧2|

2 + |𝑧3|
2 

𝐹 =
3

4𝑖𝜋3
 d𝑧1 d𝑧2 d𝑧3𝑟

−6(𝑧‾1 d𝑧‾2 d𝑧‾3 − 𝑧‾2 d𝑧‾1 d𝑧‾3 + 𝑧‾3 d𝑧‾1 d𝑧‾2). 

∫  
Σ|𝑧𝑖|

2=1

𝐹 = 1 

𝐹 =
3

4𝑖𝜋3
𝜕

𝜕𝑤1

𝜕

𝜕𝑤2
𝑟−6(𝑧‾1 d𝑧‾2 d𝑧‾3 − 𝑧‾2 d𝑧‾1 d𝑧‾3 + 𝑧‾3 d𝑧‾1 d𝑧‾2). 

𝜕‾𝐹 + 𝑡𝜕𝐹 +
1

2
{𝐹, 𝐹} = 0. 
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𝛼 = 𝑁𝐹 ∈ PV2,2(ℂ5 ∖ ℂ2) 

∑ 𝑤𝑖
𝜕

𝜕𝑤𝑖
−
2

3
∑ 𝑧𝑖

𝜕

𝜕𝑧𝑖
. 

𝑤𝑖 (∑  

𝑗

 𝑤𝑗
𝜕

𝜕𝑤𝑗
−∑ 

𝑘

  𝑧𝑘
𝜕

𝜕𝑧𝑘
) 

𝜕

𝜕𝑧𝑖
(∑  

𝑙

 𝑤𝑙
𝜕

𝜕𝑤𝑙
−∑ 

𝑘

  𝑧𝑘
𝜕

𝜕𝑧𝑘
) ∈ PV2,0(ℂ5 ∖ ℂ2). 

𝒯(1,1) = 𝑉 ⊕Π(𝑆+⊕𝑆−). 

Γ: 𝑆±⊗𝑆± → 𝑉. 

ΓΩ1: 𝑆−⊗𝑆− → Ω1 ⊂ Ω∗(ℝ10). 

𝑆+ = Ωconst 
0,𝑒𝑣

𝑆− = Ωconst 
0, odd .

 

𝑄 = 1 + d𝑧‾1 ∈ Ω𝑐𝑜𝑛𝑠𝑡
0,0 ⊕Ω𝑐𝑜𝑛𝑠𝑡

0,1 ⊂ 𝑆+⊕𝑆−. 

Ω∗(ℝ2) ⊗̂ PV(ℂ4) 

Ω∗(ℝ2) ⊗̂ PV(ℂ4)[ [𝑡] ] 

d𝑑𝑅
ℝ2 + 𝜕‾C

4
+ 𝑡𝜕C

4
 

𝜋 = (𝜕C
4
⊗1)𝛿Diag  

Ω∗(ℝ2) ⊗̂ PV(ℂ4) ≅ Ω∗(ℝ2) ⊗̂ Ω∗,∗(ℂ4) 

PV4,4(ℂ4) = Ω0,4(ℂ4) = Ω4,4(ℂ4). 

𝛼 =∑ 𝛼𝑘𝑡
𝑘 ∈ Ω∗(ℝ2) ⊗̂ PV(ℂ4)⟦𝑡⟧ 

𝐼(𝛼) = ∫  𝛼0
3 +ℍ 

𝔊𝔠𝔲𝔞𝔫𝔱𝔦𝔠𝔞 = 𝔰𝔬(10, ℂ) ⋉ (𝑉 ⊕ Π𝑆+⊕Π𝑆−) 

𝔰𝔩(4) ⊕𝑊⊕∧2𝑊∨⊕Π(𝑊∨⊕∧2𝑊∨⊕ℂ ⋅ 𝑐) 

𝑊∨⊗∧2𝑊∨ →
∧ 
∧3𝑊∨ = 𝑊 

𝑆+ = Ω𝑐𝑜𝑛𝑠𝑡
0,𝑒𝑣

𝑆− = Ω𝑐𝑜𝑛𝑠𝑡
0,𝑜𝑑𝑑 .

 



pág. 4214 

[1, −]: Ω0,4 → ℂ5⊕ℂ
5
 

d𝑧‾1 ∧ ⋯∧  d̂𝑖⋯∧  d𝑧‾5 ↦
𝜕

𝜕𝑧‾𝑖
. 

[d𝑧‾1, −]: Ωconst 
0,3  → ℂ

5

 d𝑧‾2 ∧⋯∧  d̂𝑧‾⋯∧  d𝑧‾5 ↦
𝜕

𝜕𝑧‾𝑖
[ d𝑧‾1, −]: Ωconst 

0,5  → ℂ5

 d𝑧‾1 ∧⋯∧  d𝑧‾5 ↦
𝜕

𝜕𝑧1
.

 

C
4
= 𝑊∨ ⊂ Ωconst 

0,4 ⊕Ωconst 
0,3

 

𝜕

𝜕𝑧𝑖
∨ ( d𝑧‾1 ∧ ⋯∧  d𝑧‾5 − d𝑧‾2 ∧ ⋯∧  d𝑧‾5) 

𝔰𝔬(10, ℂ) = 𝔰𝔩(5, ℂ)⊕∧2 ℂ5⊕∧2 ℂ
5
 

[𝑄,−]: 𝔰𝔬(10, ℂ) → Ωconst 
0,∗ = 𝑆+⊕𝑆− 

∧2 ℂ4 =∧2𝑊 ⊂ Ωconst 
0,2 ⊕Ωconst 

0,3
 

d𝑧‾𝑖 ∧  d𝑧‾𝑗 − d𝑧‾1 d𝑧‾𝑖 d𝑧‾𝑗 

𝜕

𝜕𝑧𝑖
∨ ( d𝑧‾1 ∧⋯∧  d𝑧‾5 − d𝑧‾2 ∧ ⋯∧  d𝑧‾5) for 𝑖 = 1,…4

 d𝑧‾𝑖 d𝑧‾𝑗 for 2 ≤ 𝑖 < 𝑗 ≤ 4.
 

Stab𝔰𝔩(5,ℂ)(𝑄) = 𝔰𝔩(4, ℂ)⊕𝑊∨ 

𝔰𝔩(5, ℂ) = 𝔰𝔩(4, ℂ) ⊕𝑊⊕𝑊∨ 

Stab(𝑄) = 𝔰𝔩(4, ℂ)⊕𝑊∨⊕∧2 ℂ5 = 𝔰𝔩(4, ℂ)⊕𝑊∨⊕𝑊∨⊕∧2𝑊∨. 

𝑊∨⊗∧2𝑊∨ →∧3𝑊∨ = 𝑊 

𝑊∨⊗𝑊∨ →∧2𝑊∨ ⊂ Stab(𝑄). 

𝔊𝔠𝔲𝔞𝔫𝔱𝔦𝔠𝔞 → Ω∗(ℝ2) ⊗̂ PV(ℂ4)[1]⟦𝑡⟧ 

Ω∗(ℝ6) ⊗̂ PV(ℂ2)⟦𝑡⟧ 

Ω∗(ℝ) ⊗̂ PV(ℂ4)⟦𝑡⟧[𝜖] 

Ω∗(ℝ) ⊗̂ Ω0,∗(ℂ𝑘)[𝜖1, … , 𝜖4−𝑘] ⊗ 𝔤𝔩𝑁 

∫  
ℝ×ℂ𝑘∣4−𝑘

 d𝑤1…  d𝑤𝑘 d𝜖1…  d𝜖4−𝑘 (
1

2
Tr(𝐴(𝜕‾ℂ

4
+ d𝑑𝑅

ℝ2)𝐴) +
1

3
Tr𝐴3) 
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Ω∗(ℝ) ⊗̂ PV∗,∗(ℂ𝑘∣4−𝑘) 

Ω∗(ℝ) ⊗̂ PV∗,∗(ℂ𝑘∣4−𝑘)⟦𝑡⟧ 

PV∗,∗(ℂ5)[ [𝑡] ] → PV∗,∗(ℂ𝑘∣5−𝑘)⟦𝑡⟧. 

Ω∗(ℝ2) ⊗̂ PV(ℂ4)⟦𝑡⟧ → Ω∗(ℝ) ⊗̂ PVC
𝑘∣4−𝑘

)) ⟦𝑡⟧ 

𝒯2𝑘 = ℂ
2𝑘⊕Π𝑆 

𝔰𝔦𝔰𝔬𝑅(2𝑘) = (𝔰𝔬(2𝑘, ℂ)⊕ 𝔰𝔬(10 − 2𝑘, ℂ)) ⋉ 𝒯2𝑘 

Stab(𝑄) ⊂ 𝔰𝔬(2𝑘, ℂ)⊕ 𝔰𝔬(10 − 2𝑘, ℂ) 

[𝑤∨, 𝑤 ⊗ 𝑣] = ⟨𝑤∨, 𝑤⟩𝑣 

𝑆 = 𝑆+
(2)
⊗𝑆+

(8)
⊕𝑆−

(2)⊗𝑆−
(8) 

[𝑢∨, 𝑢] = ⟨𝑢∨, 𝑢⟩
𝜕

𝜕𝑤
 

∧∗ 𝑉 ⊗ Sym̂∗𝑉∗⟦𝑡⟧ = ℂ ⟦𝜖𝛼,
𝜕

𝜕𝜖𝛼
, 𝑡⟧ 

Ker𝜕 ⊂∧∗ 𝑉 ⊗ Sym̂∗𝑉∗. 

𝑉 ⊗∧∗ 𝑉 ⊗ Sym̂∗𝑉∗. 

Ker(𝜕) ⊂ Hol(ℂ𝑘) ⟦
𝜕

𝜕𝑤𝑖
, 𝜖𝛼 ,

𝜕

𝜕𝜖𝛽
⟧ 

𝜖𝛼
𝜕

𝜕𝑤𝑗
+ 𝐴𝛼𝑗 

C ⟦
𝜕

𝜕𝑤𝑖
,
𝜕

𝜕𝜖𝛼
⟧. 

𝐴𝛼𝑗 =
𝜕

𝜕𝑤𝑖

𝜕

𝜕𝜖1
⋯

𝜕̂

𝜕𝜖𝛼
⋯

𝜕

𝜕𝜖5−𝑘
. 

𝐴𝛼1 =
𝜕

𝜕𝜖1
⋯

𝜕̂

𝜕𝜖𝛼
⋯

𝜕

𝜕𝜖5−𝑘
 

 

[𝐹] = 𝑧1
−1𝑧2

−1𝑧3
−1

𝜕

𝜕𝑤1

𝜕

𝜕𝑤2
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𝐻∗(PV(ℂ5 ∖ ℂ2), 𝜕‾) = 𝐻∗ (PV(ℂ5))⊕𝐻𝜕‾
2(ℂ3 ∖ 0)[𝑤𝑖, 𝜕𝑤𝑖 , 𝜕𝑧𝑖]. 

( † )𝐻∗(PV(ℂ5 ∖ ℂ2)[ [𝑡] ], 𝜕‾ + 𝑡𝜕) ≃ 𝐻∗(PV(ℂ5)[ [𝑡] ]) ⊕ 𝐻𝜕‾
2(ℂ3 ∖ 0)[𝑤𝑖 , 𝜕𝑤𝑖 , 𝜕𝑧𝑖]⟦𝑡⟧  

{[𝐹], 𝑤1𝑧1} = {𝑧1
−1𝑧2

−1𝑧3
−1𝜕𝑤1𝜕𝑤2 , 𝑤1𝑧1}

 = 𝑧1(𝑧1
−1𝑧2

−1𝑧3
−1)𝜕𝑤2

 = 0

 

lim
𝑘→0

 𝒜(𝛿𝜙𝐼(𝑘), {𝜓𝑖(𝑝𝑖)}) = 𝐺
𝐼𝐽(𝜙0)∇𝐽𝒜({𝜓𝑖(𝑝𝑖)}).  

 

ℒ = ℒ(2) + 𝒪,  

1

2
( lim
𝑘1→0

  lim
𝑘2→0

 + lim
𝑘2→0

  lim
𝑘1→0

 )𝒜(𝛿𝜙𝐼(𝑘1), 𝛿𝜙
𝐽(𝑘2), {𝜓𝑖(𝑝𝑖)}) = 𝐺

(𝐼𝐾(𝜙0)𝐺
𝐽)𝐿(𝜙0)∇𝐾∇𝐿𝒜({𝜓𝑖(𝑝𝑖)})  

𝑝𝑚𝛿𝐴𝐵 = Γ𝛼𝛽
𝑚 𝜁𝛼𝐴𝜁𝛽𝐵, 𝜁𝛼𝐴𝜁𝛽𝐴 =

1

2
𝑝𝑚Γ𝛼𝛽

𝑚  

𝑞𝛼 = 𝜁𝛼𝐴𝜂𝐴,  and  𝑞‾𝛼 = 𝜁𝛼𝐴
𝜕

𝜕𝜂𝐴
 

{𝑞𝛼, 𝑞‾𝛽} =
1

2
𝑝𝑚Γ𝛼𝛽

𝑚 , {𝑞𝛼 , 𝑞𝛽} = {𝑞‾𝛼, 𝑞‾𝛽} = 0  

𝒜 = 𝛿10(𝑃)𝛿16(𝑄)ℱ(𝜁𝑖, 𝜂𝑖)  

𝛿16(𝑄)𝑄‾16𝒫(𝜁𝑖, 𝜂𝑖)  

𝛿16(𝑄)𝑓(𝑠𝑖𝑗)  

𝑓(𝑠𝑖𝑗)𝑄‾
16∏ 

𝑛

𝑖=1

 𝜂𝑖
8  

𝑅 = −
1

4
∑  

𝑖

 (𝜂𝑖𝐴
𝜕

𝜕𝜂𝑖𝐴
− 4)  

𝛾𝛼𝛽
𝑚 𝜆𝛼𝐴𝜆𝛽𝐵 = 𝛿𝐴𝐵𝑝

𝑚, 𝜆𝛼𝐴𝜆𝛼𝐵 = 0  

𝜆𝛼𝐴𝜆𝛽𝐴 =
1

2
𝛾𝛼𝛽
𝑚 𝑝𝑚  
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𝑞𝛼 = 𝜆𝛼𝐴𝜂𝐴, 𝑞‾𝛼 = 𝜆𝛼𝐴
𝜕

𝜕𝜂𝐴
 

𝑝𝑚𝛿𝐼
𝐽
= 𝛾𝐴𝐵̇

𝑚 𝜆𝐴𝐼𝜆̃𝐵̇
𝐽
, 𝜆𝐴𝐼𝜆̃𝐵̇

𝐼 =
1

2
𝑝𝑚𝛾𝐴𝐵̇

𝑚  

𝑞𝐴 = 𝜆𝐴𝐼𝜂
𝐼 , 𝑞̃𝐴̇ = 𝜆̃𝐴̇

𝐼 𝜂̃𝐼

𝑞̃𝐴 = 𝜆𝐴𝐼
𝜕

𝜕𝜂̃𝐼
, 𝑞‾𝐴̇ = 𝜆̃𝐴̇

𝐼 𝜕

𝜕𝜂𝐼
 

𝑅+ = 𝜂𝜂̃, 𝑅− = 𝜕𝜂𝜕𝜂̃ , 𝑅3 = −
1

2
(𝜂𝜕𝜂 + 𝜂̃𝜕𝜂̃) + 2

𝑅′ =
1

4
(𝜂𝜕𝜂 − 𝜂̃𝜕𝜂̃)

 

𝑉𝑛
− = 𝛿8(𝑄𝐴)∏  

8

𝐴=1

  𝑄̃𝐴∏ 

𝑛

𝑖=1

  𝜂̃𝑖
4 = 𝛿8(𝑄𝐴)∏  

8

𝐴=1

 (∑  

𝑛

𝑗=1

 𝜆𝑖𝐴𝐼
𝜕

𝜕𝜂̃𝑖𝐼
)∏ 

𝑛

𝑖=1

  𝜂̃𝑖
4

𝑉𝑛
+ = 𝛿8(𝑄̃𝐴̇)∏ 

8

𝐴=1

 𝑄‾𝐴̇∏ 

𝑛

𝑖=1

 𝜂𝑖
4 = 𝛿8(𝑄̃𝐴̇)∏ 

8

𝐴=1

 (∑  

𝑛

𝑗=1

  𝜆̃𝑖𝐴̇ 
𝐼
𝜕

𝜕𝜂𝑖  
𝐼
)∏ 

𝑛

𝑖=1

 𝜂𝑖
4

 

𝛿16(𝑄)𝑄‾8𝒫(𝜂𝑖
4)= 𝛿16(𝑄)∏  

8

𝐴=1

 (∑  

𝑛

𝑗=1

  𝜆̃𝑖𝐴 
𝐼
𝜕

𝜕𝜂𝑖  
𝐼
)𝒫(𝜂𝑖

4),    

𝛿16(𝑄)𝑄̃
8

𝒫(𝜂̃𝑖
4) = 𝛿16(𝑄)∏ 

8

𝐴=1

 (∑  

𝑛

𝑗=1

 𝜆𝑖𝐴𝐼
𝜕

𝜕𝜂̃𝑖𝐼
)𝒫(𝜂̃𝑖

4)

 

𝛿16(𝑄)𝑄‾8 ∑  

1≤𝑖<𝑗<𝑘≤6

 𝜂𝑖
4𝜂𝑗
4𝜂𝑘
4

𝛿16(𝑄)𝑄̃
8

∑  

1≤𝑖<𝑗<𝑘≤6

  𝜂̃𝑖
4𝜂̃𝑗
4𝜂̃𝑘
4

 

𝛿16(𝑄)𝑄‾8∑ 

𝑖<𝑗

 𝑠𝑖𝑗𝒫𝑖𝑗(𝜂𝑘
4)

𝛿16(𝑄)𝑄̃
8

∑ 

𝑖<𝑗

 𝑠𝑖𝑗𝒫𝑖𝑗(𝜂̃𝑘
4)

 

𝛿16(𝑄)𝑄‾8 ∑  

1≤𝑖<𝑗<𝑘≤6

  𝑠𝑖𝑗𝑘𝜂𝑖
4𝜂𝑗
4𝜂𝑘
4

𝛿16(𝑄)𝑄̃
8

∑  

1≤𝑖<𝑗<𝑘≤6

  𝑠𝑖𝑗𝑘𝜂̃𝑖
4𝜂̃𝑗
4𝜂̃𝑘
4

 

𝛾𝛼𝛽
𝑚 𝜆𝛼𝐼𝜆𝛽𝐽 = 𝑝

𝑚Ω𝐼𝐽, 𝜆𝛼𝐼𝜆𝛼𝐽 = 0  

𝜆𝛼𝐼𝜆𝛽𝐽Ω
𝐼𝐽 =

1

2
𝑝𝑚𝛾𝛼𝛽

𝑚 .  
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𝑞𝛼𝑎 = 𝜆𝛼𝐼𝜂𝑎
𝐼 , 𝑞‾𝛼

𝑎 = 𝜆𝛼𝐼
𝜕

𝜕𝜂𝐼𝑎
.  

1, Ω𝐼𝐽𝜂(𝑎
𝐼 𝜂𝑏)

𝐽 , Ω𝐼𝐽𝜂(𝑎
𝐼 𝜂𝑏)

𝐽 Ω𝐾𝐿𝜂(𝑐
𝐾 𝜂𝑑)

𝐿 , Ω𝐼𝐽
𝜕2

𝜕𝜂𝐼
(𝑎
𝜕𝜂𝐽

𝑏)
𝜂8, 𝜂8  

𝑅(𝑎𝑏)
+ =∑ 

𝑖

 Ω𝐼𝐽𝜂𝑖(𝑎
𝐼 𝜂𝑖𝑏)

𝐽
, 𝑅−(𝑎𝑏) =∑ 

𝑖

 Ω𝐼𝐽
𝜕2

𝜕𝜂𝑖𝐼(𝑎𝜕𝜂𝑖𝐽𝑏)
, 𝑅𝑎
0 𝑏 =∑ 

𝑖

 (𝜂𝑖𝑎
𝐼 𝜕

𝜕𝜂𝑖𝑏
𝐼 − 2𝛿𝑎

𝑏) .  

Sym2[2,0] = [0,0] ⊕ [0,4] ⊕ [2,0] ⊕ [4,0]  

𝛿16(𝑄) ∑  

1≤𝑖<𝑗≤6

 𝑠𝑖𝑗
2 ,  

𝛿16(𝑄)𝑄‾−
8 ∑  

1≤𝑖<𝑗<𝑘<ℓ≤6

 𝜂𝑖+
4 𝜂𝑗+

4 𝜂𝑘+
4 ,  

𝑄‾−
8 ≡∏ 

8

𝛼=1

 𝑄‾𝛼− =∏ 

8

𝛼=1

 (∑  

6

𝑖=1

 𝜆𝑖𝛼𝐼
𝜕

𝜕𝜂𝐼+
) , 𝜂𝑖+

4 ≡
1

4!
𝜖𝐼𝐽𝐾𝐿𝜂𝑖+

𝐼 𝜂𝑖+
𝐽 𝜂𝑖+

𝐾 𝜂𝑖+
𝐿 .  

𝛿16(𝑄)(𝑄‾−
8 ∑  

1≤𝑖<𝑗<𝑘<ℓ≤6

 𝜂𝑖+
4 𝜂𝑗+

4 𝜂𝑘+
4 −

22 × 35

12! 8!
∑  

1≤𝑖≤𝑗≤6

  𝑠𝑖𝑗
2 (𝑅(++)

+ )
2
)  

𝑝𝐴𝐵 = 𝜆𝐴𝑎𝜆𝐵𝑏𝜖
𝑎𝑏, 𝑝𝐴𝐵 =

1

2
𝜖𝐴𝐵𝐶𝐷𝑝𝐶𝐷 = 𝜆̃𝑎̇

𝐴𝜆̃𝑏̇
𝐵𝜖𝑎̇𝑏̇  

𝑞𝐴𝑎′ = 𝜆𝐴𝑎𝜂𝑎′
𝑎 , 𝑞̃𝑎̇′

𝐴 = 𝜆̃𝐴 𝑎̇𝜂̃𝑎̇′

𝑞‾𝐴𝑎′ = 𝜆𝐴𝑎
𝜕

𝜕𝜂𝑎  
𝑎′
, 𝑞̃
𝐴
 𝑎̇′ = 𝜆̃

𝐴 𝑎̇
𝜕

𝜕𝜂̃𝑎̇  
𝑎′

 

(𝜂2)𝑎′𝑏′ , (𝜕𝜂
2)
𝑎′𝑏′

, 𝜂𝑎′𝜕𝜂𝑏′
− 𝛿𝑎′

𝑏′

(𝜂̃2)𝑎̇′𝑏′ , (𝜕𝜂̃
2)
𝑎̇′𝑏′

, 𝜂̃𝑎̇′𝜕𝜂̃𝑏′
− 𝛿𝑎̇′

𝑏′
 

Sym2([1,0; 1,0]) = [0,0; 0,0]⊕ [0,2; 0,2] ⊕ [0,0; 2,0] ⊕ [2,0; 0,0] ⊕ [2,0; 2,0].  

𝛿16(𝑄)𝑄‾8𝑄̅̃−
4𝒫(𝜂𝑖𝑎′𝑏′

2 , 𝜂̃𝑖++
2 )  

𝑄‾8 ≡∏ 

4

𝐴=1

 𝑄‾𝐴+𝑄‾𝐴−, 𝑄̃−

4

≡∏ 

4

𝐴=1

  𝑄̃−

𝐴

=∏ 

4

𝐴=1

 (∑  

𝑛

𝑖=1

  𝜆̃𝑖
𝐴 𝑎̇
𝐴

𝜕

𝜕𝜂̃𝑖𝑎̇+
)

𝜂𝑖𝑎′𝑏′
2 ≡ 𝜖𝑎𝑏𝜂𝑖

𝑎 𝑎′𝜂𝑖
𝑏 𝑏′ , 𝜂̃𝑖++

2 ≡ 𝜖𝑎̇𝑏̇𝜂̃𝑖
𝑎̇𝜂̃𝑖
𝑏̇ +

 

𝑝𝐴𝐵 = 𝜆𝐴𝑎𝜆𝐵𝑏𝜖
𝑎𝑏 , Ω𝐴𝐵𝜆𝐴𝑎𝜆𝐵𝑏𝜖

𝑎𝑏 = 0  

𝑞𝐴𝐼 = 𝜆𝐴𝑎𝜂𝐼
𝑎, 𝑞‾𝐴

𝐼 = 𝜆𝐴𝑎
𝜕

𝜕𝜂𝑎𝐼
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𝑅𝐼𝐽
+ = 𝜂𝑎𝐼𝜂𝑏𝐽𝜖

𝑎𝑏 , 𝑅−𝐼𝐽 =
𝜕

𝜕𝜂𝑎𝐼

𝜕

𝜕𝜂𝑏𝐽
𝜖𝑎𝑏, 𝑅𝐼

0 𝐽 = 𝜂𝑎𝐼
𝜕

𝜕𝜂𝑎𝐽
− 𝛿𝐼

𝐽
.  

Sym2[0,0,0,1] = [0,0,0,0] ⊕ [0,2,0,0]⊕ [0,0,0,2].  

𝛿16(𝑄)∏  

4

𝐴=1

 𝑄‾𝐴−−𝑄‾𝐴+− ∑  

1≤𝑖1<𝑖2<𝑖3≤6

 ∏  

3

𝑘=1

  (𝜂𝑖𝑘  
𝑎  ++𝜂𝑖𝑘  

𝑏 ++𝜖𝑎𝑏)(𝜂𝑖𝑘  
𝑐  −+𝜂𝑖𝑘  

𝑑  −+𝜖𝑐𝑑).  

𝛿16(𝑄) ∑  

1≤𝑖<𝑗≤6

  𝑠𝑖𝑗
2𝑅++++

+ 𝑅−+−+
+ , 𝛿16(𝑄) ∑  

1≤𝑖<𝑗≤6

  𝑠𝑖𝑗
2 (𝑅++−+

+ )2.  

𝑝𝛼𝛽̇ = 𝜆𝛼𝜆̃𝛽̇  

𝑞𝛼𝐼 = 𝜆𝛼𝜂𝐼 , 𝑞̃𝛼̇
𝐼 = 𝜆̃𝛼̇𝜂̃

𝐼

𝑞̃𝛼𝐼 = 𝜆𝛼
𝜕

𝜕𝜂̃𝐼
, 𝑞‾𝛼̇
𝐼 = 𝜆̃𝛼̇

𝜕

𝜕𝜂𝐼

 

𝑅𝐼
+ 𝐽
𝐽
= 𝜂𝐼𝜂̃

𝐽, 𝑅𝐽
−𝐼 =

𝜕

𝜕𝜂𝐼

𝜕

𝜕𝜂̃𝐽
, 𝑀𝐼

𝐽
= 𝜂𝐼

𝜕

𝜕𝜂𝐽
+ 𝜂̃𝐽

𝜕

𝜕𝜂̃𝐼
− 𝛿𝐼

𝐽

𝑁𝐼
𝐽 = 𝜂𝐼

𝜕

𝜕𝜂𝐽
− 𝜂̃𝐽

𝜕

𝜕𝜂̃𝐼
−
1

4
𝛿𝐼
𝐽
(𝜂𝜕𝜂 − 𝜂̃𝜕𝜂̃).

 

[𝑅+ 𝐼 
𝐽, 𝑅−𝐾 𝐿] = −𝛿𝐼

𝐾𝜂̃𝐽
𝜕

𝜕𝜂̃𝐿
+ 𝛿𝐿

𝐽 𝜕

𝜕𝜂𝐾
𝜂𝐼 = −

1

2
𝛿𝐿
𝐽(𝑀𝐼 

𝐾 +𝑁𝐼
𝐾) −

1

2
𝛿𝐼
𝐾(𝑀𝐿 

𝐽 −𝑁𝐿  
𝐽).  

Sym2[0001000] = [0000000]⊕ [0100010]⊕ [0002000].  

𝛿16(𝑄)𝑄‾8 ∑  

1≤𝑖<𝑗<𝑘≤6

 𝜂𝑖
4𝜂𝑗
4𝜂𝑘
4

 

𝑝𝛼𝛽 = 𝜆𝛼𝜆𝛽  

𝑞𝛼𝐴 = 𝜆𝛼𝜂𝐴, 𝑞‾𝛼𝐴 = 𝜆𝛼
𝜕

𝜕𝜂𝐴
.  

𝑅[𝐴𝐵]
+ = 𝜂𝐴𝜂𝐵, 𝑅[𝐴𝐵]

− =
𝜕

𝜕𝜂𝐴

𝜕

𝜕𝜂𝐵
, 𝑅𝐴𝐵
0 = 𝜂𝐴

𝜕

𝜕𝜂𝐵
−
1

2
𝛿𝐴𝐵  

Sym2[00000001] = [00000000]⊕ [00010000]⊕ [00000002].  

𝛿16(𝑄) ∏  

𝛼=1,2

 𝑄‾𝛼+++𝑄‾𝛼+−+𝑄‾𝛼−++𝑄‾𝛼−−+ ∑  

1≤𝑖1<𝑖2<𝑖3≤6

 ∏  

3

𝑘=1

 𝜂𝑖𝑘+++𝜂𝑖𝑘+−+𝜂𝑖𝑘−++𝜂𝑖𝑘−−+  

𝛿16(𝑄) ∑  

1≤𝑖<𝑗≤6

  𝑠𝑖𝑗
2𝑅[+++,+−+]

+ 𝑅[−++,−−+]
+
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𝜁𝛼𝐴 → (𝜆𝐴𝐼 , 𝜆𝐴
𝐼 = 0, 𝜆̃𝐴̇𝐼 = 0, 𝜆̃𝐴̇

𝐼 ),

𝜂𝐴 → (𝜃𝐼 , 𝜃̃𝐼).
 

p̸𝑖𝐴𝐵̇
𝜆̃𝑖𝐵̇
𝐼

= 0, 𝑝𝑖𝐴𝐵̇𝜆𝑖𝐴𝐼 = 0,  

𝑞𝑖 = p̸𝑖𝑢𝑖,  

𝑞𝑖𝛾𝑢̃𝑖 = 𝑢𝑖𝑝𝑖𝛾 V𝑢̃𝑖 = −𝑢𝑖𝛾𝑝𝑖𝑢̃𝑖 = −𝑢𝑖𝛾 V𝑞̃𝑖,  

𝑀+(𝐯) =∑  

𝑛

𝑖=1

 𝑞𝑖𝜸𝑢̃𝑖 = −∑ 

𝑖

 𝑢𝑖𝜸𝑞̃𝑖

𝑀−(𝐯) =∑  

𝑛

𝑖=1

  𝑞̃𝑖𝜸𝑢‾𝑖 = −∑ 

𝑖

  𝑢̃𝑖𝒗𝑞‾𝑖.

 

[𝑀+(v), 𝑄‾𝐴̇]= −
1

2
∑  

𝑛

𝑖=1

  (p̸𝑖𝛾𝑢𝑖̃)𝐴̇
=
1

2
(𝛾𝑄̃)𝐴̇  

[𝑀+(v), 𝑄̃𝐴̇] = −
1

2
∑  

𝑛

𝑖=1

  (p̸𝑖𝛾𝑢𝑖)𝐴̇
=
1

2
(𝛾𝑄)𝐴̇

[𝑀−(v), 𝑄̃𝐴] = −
1

2
∑  

𝑛

𝑖=1

  (p̸𝑖𝛾𝑢‾𝑖)𝐴
=
1

2
(𝛾𝑄‾)𝐴

[𝑀−(v), 𝑄𝐴] = −
1

2
∑  

𝑛

𝑖=1

  (p̸𝑖𝛾𝑢𝑖̃)𝐴
=
1

2
(𝛾𝑄̃)𝐴

 

𝑀0≡ 2[𝑀+(𝐯),𝑀−(𝐯)] = −∑  

𝑖

  (𝑢𝑖 ∨ 𝑝𝑖 ∨ 𝑢‾𝑖 − 𝑢̃𝑖 ∨ 𝑝𝑖 ∨ 𝑢̃𝑖)  

 =∑  

𝑖

 (𝑢𝑖p̸𝑖𝑢‾𝑖 − 𝑢̃𝑖𝑝𝑖𝑢̃𝑖) =∑ 

𝑖

  (𝑞𝑖𝑢‾𝑖 − 𝑞̃𝑖𝑢̃𝑖) =∑  

𝑖

 (𝑢𝑖𝑞‾𝑖 − 𝑢̃𝑖𝑞̃𝑖).
 

[𝑀0,𝑀±(𝐯)] = ±𝑀±(𝐯)  
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𝑀(𝐯) = 𝑀+(𝐯) + 𝑀−(𝐯)  

𝑀(𝐯)𝛿16(𝑄)  = [−
1

2
∑  

𝑖

  (𝑢𝑖 ∨ 𝑝𝑖)𝐴̇
𝜕

𝜕𝑄̃𝐴̇
−
1

2
∑  

𝑖

  (𝑢̃𝑖 ∨ 𝑝𝑖)𝐴
𝜕

𝜕𝑄𝐴
] 𝛿16(𝑄)

 = [
1

2
(𝑄 ∨)𝐴̇

𝜕

𝜕𝑄̃𝐴̇
+
1

2
(𝑄̃ ∨)𝐴

𝜕

𝜕𝑄𝐴
] 𝛿16(𝑄) = 0

 

𝑀+(𝐯)𝑉5
0 = 2𝛿16(𝑄)𝑅+∑ 

5

𝑖=1

 𝑢𝑖∀𝑞𝑖

(𝑀+(𝐯))2𝑉5
0 = 2𝛿16(𝑄)(∑  

5

𝑖=1

 𝑢𝑖 ∨ 𝑞𝑖)

2  

𝑉6
+ ∑  

1≤𝑖<𝑗≤6

  𝑠𝑖𝑗
2 ,

𝛿16(𝑄)𝑄‾8𝑅+
2 ∑  

1≤𝑖<𝑗<𝑘≤6

 𝜂𝑖
4𝜂𝑗
4𝜂𝑘
4,

𝛿16(𝑄)𝑅+
4 ∑  

1≤𝑖<𝑗≤6

  𝑠𝑖𝑗
2 ,

𝛿16(𝑄)𝑄̃
8

𝑅+
2 ∑  

1≤𝑖<𝑗<𝑘≤6

  𝜂̃𝑖
4𝜂̃𝑗
4𝜂̃𝑘
4,

𝑉6
− ∑  

1≤𝑖<𝑗≤6

  𝑠𝑖𝑗
2 ,

 

𝛿𝐴𝐵̇𝜁𝐴𝐼𝜁𝐵̇
𝐽 = 0  

𝜁𝐴𝐼 = 𝛿𝐴𝐵̇Ω𝐼𝐽𝜁𝐵̇ 
𝐽 = 𝜆𝐴𝐼  

𝜂𝐼 = 𝜃+
𝐼 , 𝜂̃𝐼 = Ω𝐼𝐽𝜃−

𝐽 .  

(𝑄𝐴, 𝑄̃𝐴̇) ∼ (𝑄𝐴+, 𝛿𝐵𝐴̇𝑄𝐵−),

(𝑄̃𝐴, 𝑄‾𝐴̇) ∼ (𝑄‾𝐴−, 𝛿𝐵𝐴̇𝑄‾𝐵+).
 

𝑅(+−)
+ , 𝑅(+−)

− , 𝑅(+−)
0 , and 𝑅𝑎𝑏

0 𝜖𝑎𝑏  

𝜂𝐼 = 𝜃+
𝐼 , 𝜂̃𝐼 =

𝜕

𝜕𝜃−
𝐼

 

𝒜(𝜂𝑖 , 𝜂̃𝑖) = ∫  ∏ 

𝑖

 𝑑4𝜃𝑖−𝑒
∑  𝑖  𝜂̃𝑖𝜃𝑖−

𝐼
𝒜(𝜃𝑖+ = 𝜂𝑖 , 𝜃𝑖−)  

(𝑄𝐴, 𝑄̃𝐴̇) ∼ (𝑄𝐴+, 𝛿𝐵𝐴̇𝑄‾𝐵−),

(𝑄̃𝐴, 𝑄‾𝐴̇) ∼ (𝑄𝐴−, 𝛿𝐵𝐴̇𝑄‾𝐵+),
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𝑀+(𝐯) =∑  

𝑛

𝑖=1

 𝑞𝑖𝜓𝑢𝑖

𝑀−(𝐯) =∑  

𝑛

𝑖=1

 𝑞‾𝑖𝜓𝑢‾𝑖

 

𝑞𝑖 = 𝑝𝑖𝑢𝑖, 𝑞‾𝑖 = 𝑝𝑖𝑢‾𝑖.  

[𝑀+(𝐯), 𝑄‾𝛼] = 𝔨𝑄𝛼 , [𝑀−(𝐯), 𝑄𝛼] = 𝔨𝑄‾𝛼  

𝑀−(𝐯)𝛿
16(𝑄) =

1

4
∑  

𝑖

 (p̸𝑖𝒗)𝛼𝛽

𝜕

𝜕𝑄𝛼

𝜕

𝜕𝑄𝛽
𝛿16(𝑄) =

1

4
(𝑃𝝍)𝛼𝛽

𝜕

𝜕𝑄𝛼

𝜕

𝜕𝑄𝛽
𝛿16(𝑄) = 0  

𝑀+(𝐯)𝛿
16(𝑄) = 𝑀+(𝐯)𝑄‾

16∏ 

4

𝑖=1

 𝜂𝑖
8 = 0  

Sym2[2,0] = [0,0]⊕ [0,4] ⊕ [2,0] ⊕ [4,0].  

 

[∇𝐼∇𝐽𝑓0(𝜙)][0,0]∼ 𝑓0(𝜙)  

[∇𝐼∇𝐽𝑓0(𝜙)][2,0] ∼
𝜕

𝜕𝜙𝐾
𝑓0(𝜙)

[∇𝐼∇𝐽𝑓0(𝜙)][0,4] = 0

 

𝑔𝑖𝑗𝛿𝑔𝑖𝑗 −
1

2
𝑔𝑖𝑗𝛿𝑔𝑗𝑘𝑔

𝑘ℓ𝛿𝑔ℓ𝑖 = 𝒪((𝛿𝑔)
3)  

𝛿𝑓(𝑔) = 𝛿𝑔𝑖𝑗𝑓
𝑖𝑗(𝑔) + 𝛿𝑔𝑖𝑗𝛿𝑔𝑘ℓ𝑓

𝑖𝑗,𝑘ℓ(𝑔) + 𝒪((𝛿𝑔)3)  

𝑔𝑖𝑗𝑔𝑘ℓ𝑓
𝑖𝑘,𝑗ℓ(𝑔) = 𝑎𝑓(𝑔)

𝑔𝑘ℓ𝑓
𝑖𝑘,𝑗ℓ(𝑔) −

1

5
𝑔𝑖𝑗𝑔𝑘ℓ𝑔𝑚𝑛𝑓

𝑚𝑘,𝑛ℓ(𝑔) = 𝑏𝑓𝑖𝑗(𝑔)

𝑓𝑖𝑗,𝑘ℓ(𝑔) − 𝑓𝑖ℓ,𝑘𝑗(𝑔) = 0

 

𝑔𝑖𝑗 = 𝑔7
−2/5

(

 

𝑔7
2 0 0

0 𝑣3
−1 𝑣3

−1𝐵i
𝑁𝑆

0 𝑣3
−1𝐵i

𝑁𝑆 𝑣3

1
3𝑔̃ij − 𝑣3

−1𝐵i
𝑁𝑆𝐵j

𝑁𝑆
)

  

𝑓(𝑔) = 𝐄
[1000];

3
2

𝑆𝐿(5)
(𝑔)  
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𝐄[1000];𝑠
𝑆𝐿(5)

= ∑  

(𝑚1,⋯,𝑚5)∈ℤ
5∖{0}

 
1

(𝑚𝑖𝑔𝑖𝑗𝑚
𝑗)
𝑠 .  

𝑓(𝑚)
𝑖𝑗
 = −

𝑠

(𝑚𝑘𝑔𝑘𝑙𝑚
𝑙)𝑠+1

(𝑚𝑖𝑚𝑗 −
1

5
(𝑚𝑘𝑔𝑘𝑙𝑚

𝑙)𝑔𝑖𝑗)

𝑔𝑘𝑙𝑓(𝑚)
𝑖𝑘,𝑗𝑙

 =
𝑠

50(𝑚𝑘𝑔𝑘𝑙𝑚
𝑙)𝑠+1

(15(𝑠 + 1)𝑚𝑖𝑚𝑗 + (𝑠 − 13)(𝑚𝑘𝑔𝑘𝑙𝑚
𝑙)𝑔𝑖𝑗)

 

𝑀 = (
𝑔𝑖𝑗 −𝑔𝑖𝑘𝑏𝑘𝑗

𝑏𝑖𝑘𝑔
𝑘𝑗 𝑔𝑖𝑗 − 𝑏𝑖𝑘𝑔

𝑘ℓ𝑏ℓ𝑗
)  

𝑀𝜂𝑀 = 𝜂, 𝜂 = (
0 𝕀
𝕀 0

)  

𝑀 → Ω𝑀Ω𝑇 .  

𝛿𝑀𝜂𝑀0 +𝑀0𝜂𝛿𝑀 = −𝛿𝑀𝜂𝛿𝑀.  

𝒪𝑀0𝒪
𝑇 = 𝑀0  

𝛿𝑀 → 𝒪𝛿𝑀𝒪𝑇 .  

𝑓(𝑀) = 𝑓(𝑀0) + 𝛿𝑀𝑖𝑗𝑓(1)
𝑖𝑗 (𝑀0) + 𝛿𝑀𝑖𝑗𝛿𝑀𝑘ℓ𝑓(2)

𝑖𝑗,𝑘ℓ(𝑀0) + ⋯  

𝑓(1)
𝑖𝑗
→ 𝑓(1)

𝑖𝑗
+ (𝜂𝑀0𝑁)

𝑗𝑖 + (𝑁𝑀0𝜂)
𝑗𝑖  

𝑓(2)
𝑖𝑗,𝑘ℓ

 → 𝑓(2)
𝑖𝑗,𝑘ℓ

+
1

4
(𝜂𝑖𝑘𝑁𝑗ℓ + 𝜂𝑗𝑘𝑁𝑖ℓ + 𝜂𝑖ℓ𝑁𝑗𝑘 + 𝜂𝑗ℓ𝑁𝑖𝑘)

 +[(𝜂𝑀0𝑃)
𝑗𝑖 + (𝑃𝑀0𝜂)

𝑗𝑖]𝑄𝑘ℓ + [(𝜂𝑀0𝑃)
ℓ𝑘 + (𝑃𝑀0𝜂)

ℓ𝑘]𝑄𝑖𝑗

 

𝑆 =
1

√2
(
𝕀 −𝕀
𝕀 𝕀

)  

𝑆𝑇𝜂𝑆 = (
𝕀 0
0 −𝕀

) ≡ 𝜂̃  

𝛿𝑀̃𝜂̃ + 𝜂̃𝛿𝑀̃ = −𝛿𝑀̃𝜂̃𝛿𝑀̃  

𝑓(𝑀) = 𝑓(𝑀0) + 𝛿𝑀̃𝑖𝑗𝑓(1)
𝑖𝑗 (𝑀0) + 𝛿𝑀̃𝑖𝑗𝛿𝑀̃𝑘ℓ𝑓(2)

𝑖𝑗,𝑘ℓ(𝑀0) +⋯  

𝒪 = 𝑆 (
𝐴 0
0 𝐵

) 𝑆𝑇 =
1

2
(
𝐴 + 𝐵 𝐴 − 𝐵
𝐴 − 𝐵 𝐴 + 𝐵

) , 𝐴, 𝐵 ∈ 𝑆𝑂(5)  

𝛿𝑎𝑏𝛿𝑎̇𝑏̇𝑓(2)
𝑎𝑎̇,𝑏𝑏̇(𝕀) = 𝑐𝑓(𝕀),

𝛿𝑎𝑏𝑓
𝑎𝑎̇,𝑏𝑏̇(𝕀) = 𝛿𝑎̇𝑏̇𝑓

𝑎𝑎̇,𝑏𝑏̇(𝕀) = 0,

𝑓(2)
𝑎𝑎̇,𝑏𝑏̇(𝕀) = 𝑓(2)

𝑎𝑏̇,𝑏̇(𝕀).

 

𝛿𝑀̃𝑎𝑏 =
1

2
𝛿𝑀̃𝑎𝑐𝛿𝑀̃𝑏𝑐 , 𝛿𝑀̃𝑎̇𝑏̇ =

1

2
𝛿𝑀̃𝑐𝑎̇𝛿𝑀̃𝑐𝑏̇  
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𝑣𝑇𝛿𝑀𝑣= 𝑢𝑇𝛿𝑀̃𝑢 = 𝛿𝑀̃𝑎𝑏𝑢
𝑎𝑢𝑏 + 𝛿𝑀̃𝑎̇𝑏̇𝑢

𝑎̇𝑢𝑏̇ + 2𝛿𝑀̃𝑎𝑏̇𝑢
𝑎𝑢𝑏̇  

 = 2𝛿𝑀̃𝑎𝑏̇𝑢
𝑎𝑢𝑏̇ +

1

2
𝛿𝑀̃𝑎𝑐𝛿𝑀̃𝑏𝑐𝑢

𝑎𝑢𝑏 +
1

2
𝛿𝑀̃𝑐𝑎̇𝛿𝑀̃𝑐𝑏̇𝑢

𝑎̇𝑢𝑏̇ + 𝒪((𝛿𝑀)3)
 

𝐹𝑠(𝑀) ≡ (𝑣
𝑇𝑀𝑣)−𝑠  

𝐹𝑠(𝕀 + 𝛿𝑀) =(𝑢
𝑇𝑢)−𝑠 − 2𝑠(𝑢𝑇𝑢)−𝑠−1𝛿𝑀̃𝑎𝑏̇𝑢

𝑎𝑢𝑏̇ + 2𝑠(𝑠 + 1)(𝑢𝑇𝑢)−𝑠−2𝛿𝑀̃𝑎𝑏̇𝛿𝑀̃𝑐𝑑̇𝑢
𝑎𝑢𝑏̇𝑢𝑐𝑢𝑑̇

 −
𝑠

2
(𝑢𝑇𝑢)−𝑠−1(𝛿𝑀̃𝑎𝑐𝛿𝑀̃𝑏𝑐

𝑎 𝑢𝑏 + 𝛿𝑀̃𝑐𝑎̇𝛿𝑀̃𝑐𝑏̇𝑢
𝑎̇𝑢𝑏̇) + 𝒪((𝛿𝑀)3)

 

𝐹̃𝑠(2)
𝑎𝑏̇,𝑐𝑑̇ = 𝐹𝑠(𝕀) [

2𝑠(𝑠 + 1)

(𝑢𝑇𝑢)2
𝑢𝑎𝑢𝑏̇𝑢𝑐𝑢𝑑̇ −

𝑠

2𝑢𝑇𝑢
(𝑢𝑎𝑢𝑐𝛿𝑏̇𝑑̇ + 𝑢𝑏̇𝑢𝑑̇𝛿𝑎𝑐)] .  

𝛿𝑎𝑐𝐹̃𝑠(2)
𝑎𝑏̇,𝑐𝑑̇ −

1

5
𝛿𝑎𝑐𝛿

𝑏̇𝑑̇𝛿𝑒̇𝑓̇𝐹̃𝑠(2)
𝑎𝑒̇,𝑐𝑓̇

 = [
𝑠(2𝑠 − 3)𝛿𝑎𝑐𝑢

𝑎𝑢𝑐

(𝑢𝑇𝑢)2
+
5𝑠(𝛿𝑎𝑐𝑢

𝑎𝑢𝑐 − 𝛿𝑎̇𝑐𝑢
𝑎̇𝑢𝑐)

2(𝑢𝑇𝑢)2
] (𝑢𝑏̇𝑢𝑑̇ −

1

5
𝛿𝑏̇𝑑̇𝛿𝑒̇𝑓̇𝑢

𝑒̇𝑢𝑓̇)𝐹𝑠(𝕀)

 

𝛿𝑎𝑐𝑢
𝑎𝑢𝑐 − 𝛿𝑎̇𝑐𝑢

𝑎̇𝑢𝑐 = 𝑢𝑇𝜂̃𝑢 = 0 ⇔ 𝑣𝑇𝜂𝑣 = 0.  

𝛿𝑎𝑐𝛿𝑏̇𝑑̇𝐹̃3
2
,(2)

𝑎𝑏̇,𝑐𝑑̇ = −
15

8
𝐹3
2
(𝕀),

𝐹̃𝑠(2)
𝑎𝑏̇,𝑐𝑑̇ = 𝐹𝑠(2)

𝑎𝑑̇,𝑐𝑏̇ .

 

𝑓(Ω, 𝑈) = 𝑓𝑆𝐿(3)(Ω) + 𝑓𝑆𝐿(2)(𝑈).  

4𝑈2
2𝜕𝑈𝜕𝑈‾𝑓𝑆𝐿(2)(𝑈) = 𝑎𝑓𝑆𝐿(2)(𝑈),  

Sym2𝟓 = 𝟏⊕ 𝟓⊕𝟗  

𝛿𝑓𝑆𝐿(3)(Ω) = 𝛿Ω𝑖𝑗𝑓
𝑖𝑗(Ω) + 𝛿Ω𝑖𝑗𝛿Ω𝑘ℓ𝑓

𝑖𝑗,𝑘ℓ(Ω) + 𝒪((𝛿Ω)3)  

Ω𝑖𝑗Ω𝑘ℓ𝑓
𝑖𝑘,𝑗ℓ(Ω) = 𝑏𝑓𝑆𝐿(3)(Ω)

Ω𝑘ℓ𝑓
𝑖𝑘,𝑗ℓ(Ω) −

1

3
Ω𝑖𝑗Ω𝑘ℓΩ𝑚𝑛𝑓

𝑚𝑘,𝑛ℓ(Ω) = 𝑐 [𝑓𝑖𝑗(Ω) −
1

3
Ω𝑖𝑗Ω𝑚𝑛𝑓

𝑚𝑛(Ω)] .
 

4𝜏2
2𝜕𝜏𝜕𝜏‾𝑓 = 𝑎1𝜕𝜎𝑓 + 𝑎2𝑓

𝜕𝜎
2𝑓 = 𝑎3𝜕𝜎𝑓 + 𝑎4𝑓

𝜕𝜏𝜕𝜎𝑓 = 𝑎5𝜕𝜏𝑓

 

𝑎1 = −
1

2
, 𝑎2 =

3

7
, 𝑎3 =

3

14
, 𝑎4 =

27

49
, 𝑎5 = −

9

14
.  

𝑓(𝜏, 𝜏‾, 𝜎) = 𝑒−
9
14
𝜎𝐹3

4
(𝜏, 𝜏‾) + 𝑒

6
7
𝜎𝐶  

𝔇 = ∇(ℐ∇𝒥∇𝒦)𝑓4|[0200]
∼ ∇(ℐ∇𝒥)𝑓4|

[0200]
,  ∇(ℐ∇𝒥∇𝒦)𝑓4|[2001]

= 0,

𝔇 = ∇(ℐ∇𝒥∇𝒦)𝑓4|[0200000]
= ∇(ℐ∇𝒥∇𝒦)𝑓4|[0000020]

= ∇(ℐ∇𝒥∇𝒦)𝑓4|[1001001]
= 0,

𝔇 =∇(ℐ∇𝒥∇𝒦)𝑓4|[01000001]
= 0.
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Δ𝑓6 = 𝑎𝑓6 + 𝑏𝑓
2,  

 

𝜕

𝜕𝜙𝐼
𝑓(𝜙)𝑒̂𝐼 ⋅ [𝑣𝛿16 (∑  

5

𝑖=1

 𝑄𝑖)]

𝑆𝑂(5)𝑅

 

𝛿16(𝑄) [𝐹1(𝜏, 𝜏‾) ∑  

1≤𝑖<𝑗≤6

  𝑠𝑖𝑗
3 + 𝐹2(𝜏, 𝜏‾) ∑  

1≤𝑖<𝑗<𝑘≤6

  𝑠𝑖𝑗𝑘
3 ]  

𝛿16(𝑄)[𝐹1(𝜏, 𝜏‾) + 2𝐹2(𝜏, 𝜏‾)] ∑  

1≤𝑖<𝑗≤5

 𝑠𝑖𝑗
3

 

𝐹1(𝜏, 𝜏‾) + 2𝐹2(𝜏, 𝜏‾) = ∇𝜏
2𝑓6(𝜏, 𝜏‾) = (𝜕𝜏

2 −
𝑖

𝜏2
𝜕𝜏) 𝑓6(𝜏, 𝜏‾)  
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Δ𝐹1 = 𝑎𝐹1 + 𝑏∇𝜏
2𝑓6 + 𝑐𝑓0∇𝜏

2𝑓0 + 𝑑(𝜕𝜏𝑓0)
2,  

𝑔𝑖𝑗𝑔𝑘𝑙𝑓
𝑖𝑘,𝑗𝑙 =

1

4
Δ𝑆𝐿(5)𝑓  

ℒ𝑘𝑖𝑛 = −
1

2
∑  

𝑝

 𝑀𝐼𝑝𝐽𝑝
(𝑝)
(𝜙)𝐹(𝑝)𝐼𝑝 ∧∗ 𝐹(𝑝)𝐽𝑝  

𝑀𝐼𝑝𝐽𝑝
(𝑝)

= 𝛿𝛼𝑝𝛽𝑝𝒱𝐼𝑝
𝛼𝑝𝒱𝐽𝑝

𝛽𝑝
 

𝐹𝛼𝑝 = 𝒱𝐼𝑝
𝛼𝑝𝐹𝐼𝑝  

𝛼𝑝 = (𝛼̂𝑝, 𝛼̃𝑝)  

𝛿𝜓𝑀
𝑖 = D𝑀𝜖

𝑖 + (ℱ𝑀)𝑗
𝑖 𝜖𝑗 + 𝐴0𝑗

𝑖 Γ𝑀𝜖
𝑗  

D𝑀𝜖
𝑖 = ∇𝑀𝜖

𝑖 − (𝒬𝑀)𝑗
𝑖 𝜖𝑗  

(ℱ𝑀)𝑗
𝑖 =∑  

𝑝≥2

 ∑  

𝛼̂𝑝

  (𝐵𝛼̂𝑝
(𝑝)
)
𝑗

𝑖
𝐹𝑁1…𝑁𝑝
𝛼̂𝑝 𝑇

(𝑝)

𝑁1…𝑁𝑝  𝑀  

𝑇
(𝑝)

𝑁1…𝑁𝑝  𝑀 = Γ
𝑁1…𝑁𝑝  𝑀 + 𝛽(𝑝)Γ

[𝑁1…𝑁𝑝−1𝛿𝑀
𝑁𝑝],  

𝛽(𝑝) =
𝑝(𝐷 − 𝑝 − 1)

𝑝 − 1
 

𝛿𝜒𝑎 =∑  

𝑝≥1

 ∑  

𝛼̂𝑝

  (𝐶𝛼̂𝑝
(𝑝)
)
𝑖

𝑎
𝐹𝑁1…𝑁𝑝
𝛼̂𝑝 Γ𝑁1…𝑁𝑝𝜖𝑖 + 𝐴1𝑖

𝑎 𝜖𝑖  



pág. 4227 

𝛿𝜆𝑠 =∑  

𝑝≥1

 ∑  

𝛼̃𝑝

  (𝐷𝛼̃𝑝
(𝑝)
)
𝑖

𝑠
𝐹𝑁1…𝑁𝑝
𝛼̃𝑝 Γ𝑁1…𝑁𝑝𝜖𝑖 + 𝐴2𝑖

𝑠 𝜖𝑖  

𝑉 = −𝑐0tr(𝐴0
†𝐴0) + 𝑐1tr(𝐴1

†𝐴1) + 𝑐2tr(𝐴2
†𝐴2),  

𝒬𝑀 = 𝒬𝑀
scalar + 𝒬𝑀

gauge 
 

𝒬𝑀
gauge 

= 𝐴𝑀
𝛼2𝑡𝛼2 .  

[D𝑀 , D𝑁]𝜖
𝑖 =

1

4
𝑅𝑀𝑁𝑃𝑄Γ

𝑃𝑄𝜖𝑖 − (ℋ𝑀𝑁)𝑗
𝑖 𝜖𝑗  

ℋ𝑀𝑁 = ℋ𝑀𝑁
scalar +ℋ𝑀𝑁

gauge 
 

 

ℋ𝑀𝑁
gauge 

= 𝐹𝑀𝑁
𝛼2 𝑡𝛼2  

ℋ𝑀𝑁
scalar = ℎ1𝐶𝛼̂1

† 𝐶𝛽̂1𝐹[𝑀
𝛼̂1𝐹𝑁]

𝛽̂1 + ℎ2𝐷𝛼̃1
† 𝐷𝛽̃1𝐹[𝑀

𝛼̃1𝐹𝑁]
𝛽̃1  

 

𝛿𝜓𝑀
𝑖 = 𝛿𝜒𝑎 = 𝛿𝜆𝑠 = 0  

𝐴1 = 𝐴2 = 0  

𝛿𝜓𝑀
𝑖 = D𝑀𝜖

𝑖 + 𝐴0𝑗
𝑖 Γ𝑀𝜖

𝑗 = 0  

[(
1

4
𝑅𝑀𝑁 

𝑃𝑄𝛿𝑘
𝑖 + 2𝐴0𝑗

𝑖 𝐴0𝑘
𝑗
𝛿𝑀
𝑃𝛿𝑁

𝑄) Γ𝑃𝑄 + 2(D[𝑀𝐴0)𝑘
𝑖
Γ𝑁]] 𝜖

𝑘 = 0  

𝜕𝑀𝐴0
2 = D𝑀𝐴0

2 = 0  

𝑅𝑀𝑁𝑃𝑄 = −
4

𝒩
tr(𝐴0

2)(𝑔𝑀𝑃𝑔𝑁𝑄 − 𝑔𝑀𝑄𝑔𝑁𝑃)  

Λ = −
2

𝒩
(𝐷 − 1)(𝐷 − 2)tr(𝐴0

2)  

ℳ𝐷 = AdS𝐷  or  ℳ𝐷 = 𝑀𝑑 × 𝑇
(𝐷−𝑑), 1 ≤ 𝑑 ≤ 𝐷,  

𝐴0
2 = −

Λ

2(𝐷 − 1)(𝐷 − 2)
𝟙, 𝐴1 = 𝐴2 = 0  

𝐴1 = 𝐴2 = 0  and  𝐹(𝑝) = 0  

∗ 𝐹(𝑝) ⋅ Γ = −(−1)𝑝(𝑝−1)/2𝑖𝐷/2+1(𝐹(𝑝) ⋅ Γ)Γ∗  

𝐹± ⋅ Γ = (𝐹± ⋅ Γ)𝑃±  
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(
1

4
𝑅𝑀𝑁𝑃𝑄 Γ

𝑃𝑄𝛿𝑗
𝑖 − (ℋ𝑀𝑁)𝑗

𝑖 + 2(D[𝑀ℱ𝑁] +D[𝑀𝐴0Γ𝑁])𝑗
𝑖

+[(ℱ𝑀 + 𝐴0Γ𝑀)𝑘
𝑖 (ℱ𝑁 + 𝐴0Γ𝑁)𝑗

𝑘 − (𝑀 ↔ 𝑁)])𝜖𝑗 = 0
 

ℋ𝑀𝑁 = 0.  

ℋ𝑀𝑁
gauge 

= 0.  

ℋ𝑀𝑁
gauge 

∼ 𝐹𝑀𝑁
𝛼̂2 {𝐴0, 𝐵𝛼̂2},  

 

ℋ𝑀𝑁
gauge 

∼ 𝐹𝑀𝑁𝐴0,  

1

4
𝑅𝑀𝑁𝑃𝑄Γ

𝑃𝑄𝛿𝑗
𝑖 + 2(∇[𝑀ℱ𝑁])𝑗

𝑖
+ 2(ℱ[𝑀)𝑘

𝑖
(ℱ𝑁])𝑗

𝑘
= 0  

∇𝐹𝛼̂𝑝 = 0  

𝐹𝛼̂𝑝 = 𝑣𝛼̂𝑝𝐹  or  𝐹𝛼̂𝑝 = 𝑣𝛼̂𝑝(𝐹 +∗ 𝐹)  

ℳ𝐷 = AdS𝑝 × 𝑆
(𝐷−𝑝)  or  ℳ𝐷 = AdS(𝐷−𝑝) × 𝑆

𝑝  

Γ𝑀Γ𝑁 + Γ𝑁Γ𝑀 = 2𝑔𝑀𝑁𝟙  

Γ𝑀1…𝑀𝑝 = Γ[𝑀1 …Γ𝑀𝑝]  

Γ∗ = (−𝑖)
𝑚+1Γ0Γ1…Γ𝐷−1.  

Γ𝑀1…𝑀𝑝Γ∗ = −(−𝑖)
𝑚+1

1

(𝐷 − 𝑝)!
𝜖𝑀𝑝…𝑀1  𝑁1…𝑁𝐷−𝑝Γ

𝑁1…𝑁𝐷−𝑝 ,  

Γ𝑀1…𝑀𝑝 = 𝑖𝑚+1
1

(𝐷 − 𝑝)!
𝜖𝑀1…𝑀𝑝  𝑁𝐷−𝑝…𝑁1Γ

𝑁1…𝑁𝐷−𝑝 .  

𝐹 ⋅ Γ = 𝐹𝑀1…𝑀𝑝Γ
𝑀1…𝑀𝑝  

{Γ𝑀1…𝑀𝑟 , Γ𝑁1…𝑁𝑟} = 𝑝! 𝛿𝑁𝑟
[𝑀1 …𝛿𝑁1

𝑀𝑟] +⋯  

((ℱ𝑀 + 𝐴0Γ𝑀)(ℱ𝑁 + 𝐴0Γ𝑁) − (𝑀 ↔ 𝑁)) =

=[ℱ𝑀 , ℱ𝑁] + [ℱ𝑀 , 𝐴0Γ𝑁] − 𝐴0[ℱ𝑁, 𝐴0Γ𝑀] + 2𝐴0𝐴0Γ𝑀𝑁

=
1

2
(𝑝 − 1)! (𝛽(𝑝)

2 − 𝑝2) [𝐵𝛼̂𝑝 , 𝐵𝛽̂𝑝] 𝐹𝑀𝑃1…𝑃𝑝−1
𝛼̂𝑝 𝐹𝑁

𝛽̂𝑝𝑃𝑝−1…𝑃𝑝

 +𝛿𝑝,24(𝐷 − 3)[𝐵𝛼̂2 , 𝐴0]𝐹𝑀𝑁
𝛼̂2 +⋯ ,

 

[𝐵𝛼̂𝑝Γ
𝑀1…𝑀𝑟 , 𝐵𝛽̂𝑝Γ

𝑁1…𝑁𝑟]

 =
1

2
([𝐵𝛼̂𝑝 , 𝐵𝛽̂𝑝]

{Γ𝑀1…𝑀𝑟 , Γ𝑁1…𝑁𝑟} + {𝐵𝛼̂𝑝 , 𝐵𝛽̂𝑝}
[Γ𝑀1…𝑀𝑟 , Γ𝑁1…𝑁𝑟])
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(𝑄𝑀
gauge 

)
𝑗

𝑖
= 𝐴𝑀

𝛼2(𝑡𝛼2)𝑗
𝑖

 

𝑒−1ℒ𝜓‾ 𝜕𝜓 = −
1

2
𝜓‾𝑖𝑀Γ

𝑀𝑁𝑃D𝑁𝜓𝑃
𝑖  

𝑒−1𝛿ℒ𝜓‾ 𝜕𝜓 =
1

2
(ℋ𝑀𝑁

gauge 
)
𝑗

𝑖
𝜓‾𝑖𝑃Γ

𝑀𝑁𝑃𝜖𝑗 +⋯  

𝑒−1ℒ𝜓‾ 𝜓=
1

2
𝑑0𝐴0𝑗

𝑖 𝜓‾𝑖𝑀Γ
𝑀𝑁𝜓𝑁

𝑗
 

𝑒−1ℒ𝐹𝜓‾ 𝜓 =
1

2
𝑒0𝐹𝑀𝑁

𝛼̂2 (𝐵𝛼̂2)𝑗
𝑖
𝜓‾𝑖
𝑃Γ[𝑃Γ

𝑀𝑁Γ𝑅]𝜓
𝑗𝑅

 

𝑑0 = −𝑒0 = (𝐷 − 2)  

𝑒−1𝛿ℒ𝜓‾ 𝜓 = 𝑑0𝐹𝑀𝑁
𝛼̂2𝐴0𝑗

𝑖 (𝐵𝛼̂2)𝑘
𝑗
𝜓‾𝑖
𝑃 (−(𝐷 − 3)Γ𝑀𝑁 𝑃 + 2𝛿𝑃

[𝑀
Γ𝑁]) 𝜖𝑘 +⋯  

𝑒−1𝛿ℒ𝐹𝜓‾ 𝜓 = 𝑒0𝐹𝑀𝑁
𝛼̂2 (𝐵𝛼̂2)𝑗

𝑖
𝐴0𝑘
𝑗
𝜓‾𝑖
𝑃 ((𝐷 − 3)Γ𝑀𝑁 𝑃 + 2𝛿𝑃

[𝑀
Γ𝑁]) 𝜖𝑘 +⋯  

𝑡𝛼̂2 = 2(𝐷 − 2)(𝐷 − 3){𝐴0, 𝐵𝛼̂2}, 𝑡𝛼̃2 = 0  

[𝑡𝛼̂2 , 𝐴0] = 0  

(𝑇𝐴)𝛼̂2  
𝛽̂2𝐵𝛽̂2 − [𝑇𝐴, 𝐵𝛼̂2] = 0  

𝑡𝛼2 = Θ𝛼2  
𝐴𝑇𝐴  

[𝑡𝛼̂2 , 𝑡𝛽̂2]= 2(𝐷 − 2)(𝐷 − 3) {𝐴0, [𝑡𝛼̂2 , 𝐵𝛽̂2]}  

 = 2(𝐷 − 2)(𝐷 − 3) {𝐴0, (𝑡𝛼̂2)𝛽̂2

𝛾̂2

𝐵𝛾̂2}

 = (𝑡𝛼̂2)𝛽̂2

𝛾̂2
𝑡𝛾̂2

 

𝑅𝛼𝛽𝑎𝑏 = 0  

𝑋12 =
62

945
tr𝑅6 −

7

180
tr𝑅4tr𝑅2 +

1

216
(tr𝑅2)3  

Ω𝐿𝐴𝐿 = 0  

Ω𝐿𝐴𝐿 = 0
Ω𝑆𝐴𝐿 + Ω𝐿𝐴𝑆 = 0

Ω𝑆𝐴𝑆 = 0
 

𝑋12 = 𝑑𝑌.  

𝑑𝐻4 = 0

𝑑𝐻̃7 = 0.
 

𝜙𝑝 =
1

𝑝!
𝐸𝐴1 − 𝐸𝐴𝑝𝜙𝐴𝑝−𝐴1(𝑧) 
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Γ𝑎1−𝑎𝑘 ≡ Γ[𝑎1 − Γ𝑎𝑘] 

(Γ𝑎)𝛼𝛽(Γ
𝑏)
𝛽𝛾
+ (Γ𝑏)

𝛼𝛽
(Γ𝑎)𝛽𝛾 = 2𝜂𝑎𝑏𝛿𝛼

𝛾
 

𝑇𝐴  = 𝐷𝐸𝐴 =
1

2
𝐸𝐵𝐸𝐶𝑇𝐶𝐵 

𝐴

𝑅𝐴 
𝐵  = 𝑑Ω𝐴 

𝐵 + Ω𝐴 
𝐶Ω𝐶  

𝐵 =
1

2
𝐸𝐶𝐸𝐷𝑅𝐷𝐶𝐴 

𝐵

 

𝐷𝑇𝐴 = 𝐸𝐵𝑅𝐵
𝐴

𝐷𝑅𝐴
𝐵 = 0

 

𝐷[𝐴𝑇𝐵𝐶) 
𝐷 + 𝑇[𝐴𝐵

𝐺 𝑇𝐺𝐶) 
𝐷 = 𝑅[𝐴𝐵𝐶) 

𝐷  

𝑇𝛼𝛽
𝑎 = 2Γ𝛼𝛽

𝑎 .  

𝑇𝛼𝛽 
𝛾 = (1440⊕ 560⊕ 144⊕ 2 ⋅ 16)

𝑇𝛼𝑎 
𝑏 = (720⊕ 560⊕ 2 ⋅ 144⊕ 2 ⋅ 16)

 

𝐸′𝛼  = 𝐸𝛼 + 𝐸𝑏𝐻𝑏
𝛼

Ω𝛼𝑎
′  𝑏  = Ω𝛼𝑎  

𝑏 + 𝑋𝛼𝑎 
𝑏 ,

 

(Γ𝑎)𝛿(𝛼𝑇𝛽𝛾) 
𝛿 = (Γ𝑔)(𝛼𝛽𝑇𝛾)𝑔 

𝑎  

𝑇𝛼𝛽
𝛾
= 2𝛿(𝛼

𝛾
𝑉𝛽) − (Γ

𝑔)𝛼𝛽(Γ𝑔)
𝛾𝜑
𝑉𝜑.  

𝑅𝛼𝛽𝑎𝑏 = 0  

𝑇𝛼𝛽
𝑎 = 2Γ𝛼𝛽

𝑎  

𝑇𝛼𝛽
𝛾
 = 2𝛿(𝛼

𝛾
𝑉𝛽) − (Γ

𝑔)𝛼𝛽(Γ𝑔)
𝛾𝜑
𝑉𝜑

𝑇𝛼𝑎
𝑏  = 0 = 𝑇𝑎𝛼

𝑏

𝑅𝛼𝛽𝑎𝑏 = 0.

 

𝑉𝛼 = 𝐷𝛼𝜙  

 

2𝑇𝑎(𝛼
𝛾
(Γ𝑏)

𝛽)𝛾
+ (Γ𝑔)𝛼𝛽𝑇𝑔𝑎

𝑏 = 0

𝐷(𝛼𝑇𝛽𝛾)
𝛿 − 2(Γ𝑔)(𝛼𝛽𝑇𝛾)𝑔

𝛿 + 𝑇(𝛼𝛽
𝜀 𝑇𝛾)𝜀

𝛿 = 0

𝐷𝛼𝑇𝑎𝑏
𝑐 + 2(Γ𝑐)𝛼𝛾𝑇𝑎𝑏

𝛾
= 2𝑅𝛼[𝑎𝑏]

𝑐

 

𝐷𝑎𝑇𝛼𝛽
𝛾
+ 2𝐷(𝛼𝑇𝛽)𝑎

𝛾
+ 2𝑇𝑎(𝛼

𝛿 𝑇𝛽)𝛿
𝛾
+ 2Γ𝛼𝛽

𝑔
𝑇𝑔𝑎
𝛾
− 𝑇𝛼𝛽

𝜀 𝑇𝑎𝜀
𝛾
= 2𝑅𝑎(𝛼𝛽)

𝛾

𝐷[𝑎𝑇𝑏𝑐]
𝑑 − 𝑇[𝑎𝑏

𝑔
𝑇𝑐]𝑔
𝑑 = 𝑅[𝑎𝑏𝑐]

𝑑

𝐷𝛼𝑇𝑎𝑏 
𝛽 + 2𝐷[𝑎𝑇𝑏]𝛼  

𝛽 − 2𝑇𝛼[𝑎  
𝛿𝑇𝑏]𝛿  

𝛽 + 𝑇𝑎𝑏 
𝑔𝑇𝑔𝛼  

𝛽 + 𝑇𝑎𝑏 
𝛿𝑇𝛿𝛼  

𝛽 = 𝑅𝑎𝑏𝛼  
𝛽
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𝑇𝑎𝑏𝑐 ≡ 𝑇𝑎𝑏 
𝑑𝜂𝑑𝑐 = 𝑇[𝑎𝑏𝑐]  

𝑇𝑎𝛼
𝛽
=
1

4
(Γ𝑏𝑐)

𝛼

𝛽
𝑇𝑎𝑏𝑐

𝐷𝛼𝐷𝛽𝜙 = −Γ𝛼𝛽
𝑔
𝐷𝑔𝜙 + 𝑉𝛼𝑉𝛽 +

1

12
(Γ𝑎𝑏𝑐)𝛼𝛽𝑇

𝑎𝑏𝑐

 

𝐷𝛼𝑇𝑎𝑏𝑐 = −6𝑇[𝑎𝑏 
𝜀(Γ𝑐])𝜀𝛼  

𝑅𝑎𝛼𝑏𝑐 = 2(Γ𝑎)𝛼𝜀𝑇𝑏𝑐
𝜀

(Γ𝑏)
𝛼𝜀
𝑇𝑏𝑎
𝜀 = 𝐷𝑎𝑉𝛼 +

1

4
𝑇𝑎𝑏𝑐(Γ

𝑏𝑐)
𝛼

𝛽
𝑉𝛽 .

 

𝐹𝑎𝛼 = (Γ𝑎)𝛼𝜀𝜒
𝜀 

𝑅[𝑎𝑏] = −
1

2
𝐷𝑐𝑇𝑐𝑎𝑏  

𝑅𝑏𝑐 = 2𝐷𝑐𝐷𝑏𝜙 − 𝐷𝑎𝑇
𝑎 𝑏𝑐  

𝑅(𝑎𝑏) = 2𝐷(𝑎𝐷𝑏)𝜙  

𝐷(𝜀𝐷𝛼)𝐷𝛽𝜙 = −Γ𝜀𝛼
𝑔
𝐷𝑔𝐷𝛽𝜙 −

1

2
𝑇𝜀𝛼  

𝛿𝐷𝛿𝑉𝛽  

(Γ𝑎)𝛼𝛽𝐷𝑎𝑉𝛽 = 2(Γ
𝑎)𝛼𝛽𝑉𝛽𝐷𝑎𝜙 −

1

12
(Γ𝑎𝑏𝑐)

𝛼𝛽𝑇𝑎𝑏𝑐𝑉𝛽 .  

𝐷𝑎𝐷𝑎𝜙 = 2𝐷𝑎𝜙𝐷
𝑎𝜙 −

1

12
𝑇𝑎𝑏𝑐𝑇

𝑎𝑏𝑐  

𝐷(𝛽𝐷𝛼)𝑇𝑎𝑏𝑐 = −Γ𝛼𝛽
𝑔
𝐷𝑔𝑇𝑎𝑏𝑐 −

1

2
𝑇𝛼𝛽 

𝛿𝐷𝛿𝑇𝑎𝑏𝑐  

𝐷𝑑𝑇𝑎𝑏𝑐 − 6𝐷[𝑎𝑇𝑏𝑐]𝑑 + 3𝑅[𝑎𝑏𝑐]𝑑 − 9𝑇[𝑎𝑏𝑐]𝑑
2 = 0  

𝐷[𝑎𝑇𝑏𝑐𝑑] +
3

2
𝑇[𝑎𝑏𝑐𝑑]
2 = 0  

𝐻𝛼𝛽𝛾= 0 = 𝐻𝑎𝑏𝛼 

𝐻𝑎𝛼𝛽 = 2(Γ𝑎)𝛼𝛽
𝐻𝑎𝑏𝑐 = 𝑇𝑎𝑏𝑐

 

𝑑𝐻3 = 0  

𝐻3 = 𝑑𝐵2  

𝐷𝑐𝑇𝑎𝑏
𝑐 = −4𝐷[𝑎𝐷𝑏]𝜙  

𝐷𝑐(𝑒
−2𝜙𝑇𝑎𝑏

𝑐 ) = 2𝑒−2𝜙𝑇𝑎𝑏
𝛼 𝑉𝛼  

𝐷𝑐(𝑒−2𝜙𝑉𝑎𝑏𝑐) = 𝑒
−2𝜙 ((Γ𝑎𝑏

ℎ𝑔
)
𝜀
 𝛽𝑇ℎ𝑔 

𝜀𝑉𝛽 + 2𝑇𝑎𝑏 
𝛼𝑉𝛼 + 𝑇

𝑐1𝑐2  [𝑎𝑉𝑏]𝑐1𝑐2)  
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𝐷𝑐 (𝑒−2𝜙(𝑇𝑎𝑏𝑐 − 𝑉𝑎𝑏𝑐)) = −𝑒
−2𝜙 ((Γ𝑎𝑏

ℎ𝑔
)
𝜀

𝛽
𝑇ℎ𝑔
𝜀 𝑉𝛽 + 𝑇

𝑐1𝑐2  [𝑎𝑉𝑏]𝑐1𝑐2)  

𝐻𝑎1−𝑎7  ≡
1

3!
𝜀𝑎1−𝑎7𝑏1𝑏2𝑏3𝑒

−2𝜙(𝑇𝑏1𝑏2𝑏3 − 𝑉𝑏1𝑏2𝑏3)

𝐻𝛼𝑎1−𝑎6  ≡ −2𝑒
−2𝜙(Γ𝑎1−𝑎6)𝛼

 𝛽𝑉𝛽

 

𝐷[𝑎1𝐻𝑎2−𝑎8] +
7

2
𝑇[𝑎1𝑎2  

𝑏𝐻𝑎3−𝑎8]𝑏 +
7

2
𝑇[𝑎1𝑎2  

𝛿𝐻𝛿𝑎3−𝑎8] = 0  

𝐻𝛼𝛽𝑎1−𝑎5  ≡ −2𝑒
−2𝜙(Γ𝑎1−𝑎5)𝛼𝛽

𝐻𝛼1𝛼2𝛼3𝑎1−𝑎4  = ⋯ = 𝐻𝛼1𝛼2…𝛼7 = 0
 

𝐻7 ≡
1

7!
𝐸𝐴1 − 𝐸𝐴7𝐻𝐴7−𝐴1  

𝑑𝐻7 = 0  

𝐻7 = 𝑑𝐵6 

𝐷𝑏𝐻𝑎1−𝑎6
𝑏 = −2𝐷𝑔𝜙𝐻𝑎1−𝑎6

𝑔
− 6𝑉𝑏1𝑏2[𝑎1𝐻

𝑏1𝑏2  𝑎2−𝑎6]

 +
1

3!
𝜀𝑎1−𝑎6
𝑏1−𝑏4𝑒−2𝜙 (𝐷𝑏1𝑉𝑏2−𝑏4 +

3

2
𝑉𝑏1𝑏2𝑏3𝑏4
2 )

 −
1

180
𝑒2𝜙𝜀𝑎1−𝑎6𝑏1−𝑏4𝐻

𝑏1𝑏2  𝑓1−𝑓5𝐻
𝑏3𝑏4𝑓1−𝑓5

 

Ω̃𝑎𝑏 
𝑐 = Ω𝑎𝑏 

𝑐 −
1

2
𝑇𝑎𝑏 

𝑐.  

𝐷̃[𝑎𝑇𝑏𝑐𝑑] = 𝐷̃[𝑎𝐻𝑏𝑐𝑑] = 0

𝐷̃𝑔(𝑒
2𝜙𝐻𝑎1−𝑎6

𝑔
) =

1

3!
𝜀𝑎1−𝑎6
𝑏1−𝑏4𝐷̃𝑏1𝑉𝑏2𝑏3𝑏4 .

 

𝐵6 → 𝐵6 + 𝑑𝜙5
𝐵2 → 𝐵2 + 𝑑𝜙1

 

𝑇𝛼𝛽 
𝑎 = 2Γ𝛼𝛽

𝑎  

𝑇𝛼𝛽 
𝛾 = 5280⊕ 4224⊕ 3520⊕ 2 ⋅ 1408⊕ 3 ⋅ 320⊕ 3 ⋅ 32

𝑇𝛼𝑎 
𝑏 = 1760⊕ 1408⊕ 2 ⋅ 320⊕ 2 ⋅ 32.

 

(Γ𝑎)𝛿(𝛼𝑇𝛽𝛾)
𝛿 = (Γ𝑔)(𝛼𝛽𝑇𝛾)𝑔 

𝑎 .  

36960⊕ 10240⊕ 5280⊕ 4224⊕ 3520⊕ 1760⊕ 2 ⋅ 1408⊕ 3 ⋅ 320⊕ 2 ⋅ 32 

𝑇𝛼𝛽
𝛾
= 16𝛿(𝛼

𝛾
𝑉𝛽) − 6(Γ

𝑔)𝛼𝛽(Γ𝑔)
𝛾𝛿
𝑉𝛿 + (Γ

𝑎𝑏)
𝛼𝛽
(Γ𝑎𝑏)

𝛾𝛿𝑉𝛿  

𝑇𝛼𝛽
𝛾
= 0 ⇔ 𝑉𝛼 = 0.  
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𝑇𝛼𝛽
𝑎 = 2Γ𝛼𝛽

𝑎

𝑇𝛼𝑎
𝑏 = 𝑇𝛼𝛽

𝛾
= 𝑇𝑎𝑏

𝑐 = 0.
 

4𝑇𝑎(𝛼  
𝛾Γ𝛽)𝛾
𝑏 = 𝑅𝛼𝛽𝑎 

𝑏

2Γ(𝛼𝛽
𝑔
𝑇𝑔𝛾) 

𝛿 = 𝑅(𝛼𝛽𝛾) 
𝛿  

𝑇𝑎𝛼
𝛽
 = 8(Γ𝑏1𝑏2𝑏3)

𝛼𝛽
𝑊𝑎𝑏1𝑏2𝑏3 + (Γ𝑎𝑏1−𝑏4)𝛼𝛽

𝑊𝑏1−𝑏4

𝑅𝛼𝛽𝑎𝑏 = 96(Γ
𝑐1𝑐2)𝛼𝛽𝑊𝑐1𝑐2𝑎𝑏 + 4(Γ𝑎𝑏𝑐1−𝑐4)𝛼𝛽

𝑊𝑐1−𝑐4 .
 

𝑅𝛼𝑎𝑏𝑐 = 2𝑇𝑎[𝑏
𝛿 Γ𝑐]𝛿𝛼 − 𝑇𝑏𝑐

𝛿 (Γ𝑎)𝛿𝛼

𝐷𝛼𝑊𝑎1−𝑎4 =
1

24
(Γ[𝑎1𝑎2)𝛼𝛾

𝑇𝑎3𝑎4]
𝛾

 

(Γ𝑎𝑏𝑐)
𝛼𝛽
𝑇𝑏𝑐
𝛽
= 0  

𝑇𝑎𝑏 
𝛼(Γ𝑏)

𝛼𝛽
= 0.  

𝐷𝛼𝑇𝑎𝑏  
𝛽 = −2𝐷[𝑎𝑇𝑏]𝛼  

𝛽 − 2𝑇[𝑎𝛼  
𝛾𝑇𝑏]𝛾  

𝛽 +
1

4
𝑅𝑎𝑏𝑐𝑑(Γ

𝑐𝑑)
𝛼
 𝛽 .  

𝑅𝑎𝑏 −
1

2
𝜂𝑎𝑏𝑅 = −288 ⋅ 4! (𝑊𝑎𝑏

2 −
1

8
𝜂𝑎𝑏𝑊

2)  

𝑅 = 𝑅𝑎 𝑎,𝑊𝑎𝑏
2 ≡ 𝑊𝑎𝑐1𝑐2𝑐3𝑊𝑏 

𝑐1𝑐2𝑐3 ,𝑊2 ≡ 𝑊𝑎1−𝑎4𝑊
𝑎1−𝑎4 

 

(Γ𝑎5)
𝛽𝛼
𝐷𝛽𝐷𝛼𝑊𝑎1−𝑎4 = −32𝐷𝑎5𝑊𝑎1−𝑎4 .  

𝐷[𝑎1𝑊𝑎2𝑎3𝑎4𝑎5] = 0  

𝐻𝑎1−𝑎4= 𝑊𝑎1−𝑎4  

𝐻𝑎𝑏𝛼𝛽 = −
1

144
(Γ𝑎𝑏)𝛼𝛽

𝐻𝛼𝛽𝛾𝛿 = 𝐻𝛼𝛽𝛾𝑎 = 𝐻𝛼𝑎𝑏𝑐 = 0

 

𝑑𝐻4 = 0  

𝐻4 = 𝑑𝐵3.  

𝐷𝛼𝑇𝑎𝑔 
𝛽(Γ𝑔Γ𝑏𝑐)𝛽 

𝛼 = 0 

𝐷𝑑𝑊𝑎𝑏𝑐
𝑑 = −

1

4
𝜀𝑎𝑏𝑐𝑓1−𝑓4𝑔1−𝑔4𝑊

𝑓1−𝑓4𝑊𝑔1−𝑔4  

𝐻𝑎1−𝑎7=
1

4!
𝜀𝑎1−𝑎7𝑏1−𝑏4𝑊

𝑏1−𝑏4 

𝐻𝛼𝛽𝑎1−𝑎5 =
1

144
(Γ𝑎1−𝑎5)𝛼𝛽
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𝑑𝐻7 =
1

144
𝐻4 ∧ 𝐻4  

𝑑 (𝐻7 −
1

144
𝐵3 ∧ 𝐻4) = 0 

𝑑𝐻̃7 = 0 ⇒  𝐻̃7 = 𝑑𝐵6  

𝐻7 = 𝑑𝐵6 +
1

144
𝐵3 ∧ 𝐻4  

𝐻3 = 𝑑𝐵2 + 𝑘𝐴 ∧ 𝐹  

𝐵2 → 𝐵2 − 𝑘𝜙 ∧ 𝐹. 

𝐵6 → 𝐵6 −
1

144
𝜙2 ∧ 𝐻4 

𝐷𝑏𝐻𝑏𝑎1−𝑎6 = 0.  

𝑅𝛼𝛽𝑎𝑏 = (Γ𝑎𝑏𝑐1𝑐2𝑐3)𝛼𝛽
𝐽𝑐1𝑐2𝑐3  

𝑇𝑎𝛼  
𝛽 =

1

4
(Γ𝑏𝑐)

𝛼
 𝛽𝑇𝑎𝑏𝑐 −

1

4
(Γ𝑎𝑏𝑐𝑑)𝛼 

𝛽𝐽𝑏𝑐𝑑.  

[𝐷𝛼(𝑒
2𝜙𝐽𝑎𝑏𝑐)]

1200
= 0  

𝑑𝐻3 = 𝐾  

𝐾𝛼𝛽𝛾𝛿= 𝐾𝛼𝛽𝛾𝑎 = 0  

𝐾𝛼𝛽𝑎𝑏 = 2(Γ𝑎𝑏𝑐1𝑐2𝑐3)𝛼𝛽
𝐽𝑐1𝑐2𝑐3

𝑑𝐾 = 0

 

𝐻3 = 𝑑𝐵2 + Ω  

𝑑𝐻7 = 0  

𝐻𝑎1−𝑎7=
1

3!
𝑒−2𝜙𝜀𝑎1−𝑎7

𝑏1−𝑏3(𝑇𝑏1−𝑏3 − 𝑉𝑏1−𝑏3 − 6𝐽𝑏1−𝑏3) 

𝐻𝛼𝑎1−𝑎6 = −2𝑒
−2𝜙(Γ𝑎1−𝑎6)𝛼

 𝜀𝑉𝜀

𝐻𝛼𝛽𝑎1−𝑎5 = −2𝑒
−2𝜙(Γ𝑎1−𝑎5)𝛼𝛽

,

 

𝑑𝜔𝑌𝑀 = Tr𝐹
2 = 𝑑𝑋𝑌𝑀 + 𝐾𝑌𝑀  

𝑋𝑌𝑀 = −
1

48
𝐸𝑐𝐸𝑏𝐸𝑎(Γ𝑎𝑏𝑐)𝛼𝛽Tr(𝜒

𝛼𝜒𝛽). 

𝑑𝜔𝐿 = tr𝑅
2 ≡ 𝑅𝑎  

𝑏𝑅𝑏 
𝑎 = 𝑑𝑋𝐿 + 𝐾𝐿 , 

Ω = (𝜔𝑌𝑀 −𝜔𝐿) − (𝑋𝑌𝑀 − 𝑋𝐿) 
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𝐻3= 𝑑𝐵2 + (𝜔𝑌𝑀 − 𝑋𝑌𝑀) − (𝜔𝐿 − 𝑋𝐿) 

𝑑𝐻3 = Tr𝐹
2 − tr𝑅2 − 𝑑(𝑋𝑌𝑀 − 𝑋𝐿)

 

𝑑𝐻7  =
1

24
Tr𝐹4 −

1

7200
(Tr𝐹2)2 −

1

240
Tr𝐹2tr𝑅2 +

1

8
tr𝑅4 +

1

32
(tr𝑅2)2

 ≡ 𝑋8 = 𝑑𝜔7

 

(Γ𝑎)𝛼𝛽 = (𝛾
𝑎)𝛼 

𝜀𝐶𝜀𝛽

(Γ𝑎)𝛼𝛽 = 𝐶𝛼𝜀(𝛾𝑎)𝜀
𝛼,

 

(Γ𝑎)𝛼𝛽(Γ
𝑏)
𝛽𝛾
+ (Γ𝑏)

𝛼𝛽
(Γ𝑎)𝛽𝛾 = 2𝜂𝑎𝑏𝛿𝛼

𝛾
 

Γ𝑎1⋯𝑎𝑘 = Γ[𝑎1⋯Γ𝑎𝑘]  

Γ𝑎1⋯𝑎𝑘 = ±(−1)
𝑘
2
(𝑘+1) 1

(𝐷 − 𝑘)!
𝜀𝑎1⋯𝑎𝐷Γ𝑎𝑘+1⋯𝑎𝐷  

(Γ𝑔)(𝛼𝛽(Γ𝑔)𝛾)𝛿
= 0  

(Γ𝑔)(𝛼𝛽(Γ𝑔 
𝑎1⋯𝑎4)

𝛾𝛿)
= 0.  

(Γ𝑎)𝛼
𝛽
= (𝛾𝑎)𝛼

𝛽

(Γ𝑎)𝛼𝛽 = (𝛾
𝑎)𝛼  

𝜀𝐶𝜀𝛽

(Γ𝑎)𝛼𝛽 = 𝐶𝛼𝜀(𝛾𝑎)𝜀 
𝛽

(Γ𝑎)𝛼 𝛽 = 𝐶
𝛼𝜀(𝛾𝑎)𝜀  

𝜆𝐶𝜆𝛽 .

 

Γ𝑎 , Γ𝑎1𝑎2 , Γ𝑎1⋯𝑎5 , Γ𝑎1⋯𝑎6 , Γ𝑎1⋯𝑎9 , Γ𝑎1⋯𝑎10 

𝐶, Γ𝑎1⋯𝑎3 , Γ𝑎1⋯𝑎4 , Γ𝑎1⋯𝑎7 , Γ𝑎1⋯𝑎8 , Γ𝑎1⋯𝑎11 . 

Γ𝑎1⋯𝑎𝑘 = −(−1)
𝑘
2
(𝑘−1) 1

(𝐷 − 𝑘)!
𝜀𝑎1⋯𝑎𝐷Γ𝑎𝑘+1⋯𝑎𝐷  

(Γ𝑔𝑎)(𝛼𝛽(Γ𝑔)𝛾𝛿)
= 0  

(Γ𝑔)(𝛼𝛽(Γ𝑔 
𝑎1⋯𝑎4)

𝛾𝛿)
= 3(Γ[𝑎1𝑎2)

(𝛼𝛽
(Γ𝑎3𝑎4])

𝛾𝛿)
,  

4𝑇𝑎(𝛼 
𝜀(Γ𝑏)𝛽)𝜀 = 𝑅𝛼𝛽𝑎𝑏

2(Γ𝑔)(𝛼𝛽𝑇𝑔𝛾) 
𝛿 = 𝑅(𝛼𝛽𝛾) 

𝛿 .
 

𝑇𝑎𝛼𝛽 =𝑇𝑎(𝛼𝛽) + 𝑇𝑎[𝛼𝛽]

= (11⊕ 55⊕ 462)⊗ 11⊕ (1⊕ 165⊕ 330)⊗ 11

=4290⊕ 3003⊕ 1430⊕ 2 ⋅ 462⊕ 429
 ⊕ 2 ⋅ 330⊕ 2 ⋅ 165⊕ 65⊕ 2 ⋅ 55⊕ 2 ⋅ 11⊕ 1.

 

𝑇(𝑎 (𝛼 
𝜀Γ𝛽)𝜀
𝑏)
= 0  
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(𝑎𝑏)(𝛼𝛽)= (1⊕ 65)⊗ (11⊕ 55⊕ 462)  

 = 22275⊕ 4290⊕ 3003⊕ 2025⊕ 1430⊕ 2 ⋅ 462
 

⊕429⊕ 275⊕ 65⊕ 2 ⋅ 55⊕ 2 ⋅ 11 

𝑇𝑎𝛼  
𝛽 = 2 ⋅ 330⊕ 2 ⋅ 165⊕ 1.  

𝑔11 = 𝑒
2Δ(𝑔AdS4 + 𝑔7), 𝐺(4) = 𝑚vol(AdS4) + 𝐹(4)  

1

2
𝜕𝑛Δ𝛾

𝑛𝜒𝑖 −
𝑖𝑚𝑒−3Δ

6
𝜒𝑖 +

𝑒−3Δ

288
𝐹𝑏𝑐𝑑𝑒𝛾

𝑏𝑐𝑑𝑒𝜒𝑖 + 𝜒𝑖
𝑐= 0  

∇𝑚𝜒𝑖 +
𝑖𝑚𝑒−3Δ

4
𝛾𝑚𝜒𝑖 −

𝑒−3Δ

24
𝛾𝑐𝑑𝑒𝐹𝑚𝑐𝑑𝑒𝜒𝑖 − 𝛾𝑚𝜒𝑖

𝑐 = 0

 

𝐸1 =
1

4
‖𝜉‖(d𝜓 +𝒜), 𝐸2 =

𝑒−3Δ

4√1 − ‖𝜉‖2
 d𝜌, 𝐸3 =

6

𝑚

𝜌‖𝜉‖

4√1 − ‖𝜉‖2
( d𝜏 +𝒜)  

‖𝜉‖2 =
𝑒−6Δ

36
(𝑚2 + 36𝜌2)  

𝑔7 = 𝑔SU(2) + 𝐸1
2 + 𝐸2

2 + 𝐸3
2  

𝐽3 = 𝑒
45 + 𝑒67, Ω = 𝐽1 + 𝑖𝐽2 = (𝑒

4 + 𝑖𝑒5) ∧ (𝑒6 + 𝑖𝑒7)  

𝑒−3Δ d [‖𝜉‖−1 (
𝑚

6
𝐸1 + 𝑒

3Δ|𝑆|√1 − ‖𝜉‖2𝐸3)]  = 2(𝐽3 − ‖𝜉‖𝐸2 ∧ 𝐸3)

d(‖𝜉‖2𝑒9Δ𝐽2 ∧ 𝐸2) − 𝑒
3Δ|𝑆|d(‖𝜉‖𝑒6Δ|𝑆|−1𝐽1 ∧ 𝐸3)  = 0

 d(𝑒6Δ𝐽1 ∧ 𝐸2) + 𝑒
3Δ|𝑆|d(‖𝜉‖𝑒3Δ|𝑆|−1𝐽2 ∧ 𝐸3)  = 0

 

𝐹(4) =
1

‖𝜉‖
𝐸1 ∧  d (𝑒3Δ√1 − ‖𝜉‖2𝐽1) − 𝑚

√1 − ‖𝜉‖2

‖𝜉‖
𝐽1 ∧ 𝐸2 ∧ 𝐸3  

d𝒜 =
4𝑚𝑒−3Δ

3‖𝜉‖2
[𝐽3 + (3‖𝜉‖ −

4

‖𝜉‖
)𝐸2 ∧ 𝐸3]  

𝑔11 = 𝑒
2Δ(𝑔4 + 𝑔̂7), 𝐺(4) = 𝑚vol4 + 𝐹̂(4) − 𝛼 ∧ 𝑔𝐹‾ − 𝛽 ∧ 𝑔 ⋆4 𝐹‾.  

𝐸̂1 =
1

4
‖𝜉‖(d𝜓 +𝒜 − 𝑔𝐴‾)  

𝑔̂7= 𝑔𝑆𝑈(2) + 𝐸̂1
2 + 𝐸2

2 + 𝐸3
2  

𝐹̂(4) =
1

‖𝜉‖
𝐸̂1 ∧  d (𝑒3Δ√1− ‖𝜉‖2𝐽1) − 𝑚

√1 − ‖𝜉‖2

‖𝜉‖
𝐽1 ∧ 𝐸2 ∧ 𝐸3

 

𝐹‾ ∧ 𝐹‾:𝑖𝜉𝛼 = 0,         𝐹‾:
1

4
𝑖𝜉𝐹(4) + d𝛼̃ = 0        

⋆4 𝐹‾ ∧ 𝐹‾:𝑖𝜉𝛽 = 0,         ⋆4 𝐹‾:d𝛽̃ = 0        
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𝐹‾ ∧ 𝐹‾:
1

4
𝑒3Δ𝑖𝜉 ⋆7 𝛽 +

1

2
(𝛽 ∧ 𝛽 − 𝛼 ∧ 𝛼) = 0

⋆4 𝐹‾ ∧ 𝐹‾:
1

4
𝑒3Δ𝑖𝜉 ⋆7 𝛼 + 𝛼 ∧ 𝛽 = 0

𝐹‾:
𝑚

8
‖𝜉‖𝑒3Δ𝐽3 ∧ 𝐽3 ∧ 𝐸2 ∧ 𝐸3 −

1

4
𝑒3Δ d𝒜 ∧ 𝑖𝜉 ⋆7 𝛽

+
1

4
𝑒̂ ∧  d(𝑒3Δ𝑖𝜉 ⋆7 𝛽) + 𝛼 ∧ 𝐹̂(4) = 0  

⋆4 𝐹‾:
1

4
𝑒3Δ d𝒜 ∧ 𝑖𝜉 ⋆7 𝛼 −

1

4
𝑒̂ ∧  d(𝑒3Δ𝑖𝜉 ⋆7 𝛼) + 𝛽 ∧ 𝐹̂(4) = 0

 

Ric𝛼𝛽 −
𝑔2

32
‖𝜉‖2𝐹‾𝛼𝛾𝐹‾𝛽

𝛾
− 9(𝜕𝑎Δ𝜕

𝑎Δ + ∇𝑎∇
𝑎Δ)𝜂𝛼𝛽

= −𝑒−6Δ {
1

3
𝑚2𝜂𝛼𝛽 −

𝑔2

4
(𝛼2 + 𝛽2)𝐹‾𝛼𝛾𝐹‾𝛽

𝛾
+
𝑔2

24
𝜂𝛼𝛽𝐹‾

2(𝛼2 + 2𝛽2)  

 +
𝑔2

4
𝐹‾𝛾(𝛼𝜖𝛽)

𝛾𝜇𝜈
𝐹‾𝜇𝜈𝛼𝑐𝑑𝛽

𝑐𝑑 +
𝑔2

24
𝜂𝛼𝛽𝜖𝜇𝜈𝜌𝜎𝐹‾

𝜇𝜈𝐹‾𝜌𝜎𝛼𝑐𝑑𝛽
𝑐𝑑}

𝑔

8
‖𝜉‖𝛿8𝑏∇𝛾𝐹‾𝛼

𝛾
= 0

Ric𝑎𝑏 +
𝑔2

64
‖𝜉‖2𝛿8𝑎𝛿8𝑏𝐹‾𝛾𝛿𝐹‾

𝛾𝛿 + 9[𝜕𝑎Δ𝜕𝑏Δ − ∇𝑎∇𝑏Δ − (𝜕𝑐Δ𝜕
𝑐Δ − ∇𝑐∇

𝑐Δ)

 = 𝑒−6Δ {
1

2
[𝐹𝑎𝑐𝑑𝑒𝐹𝑏

𝑐𝑑𝑒 −
1

12
𝜂𝑎𝑏𝐹

2] +
𝑔2

24
𝐹‾2[6(𝛼𝑎𝑐𝛼𝑏

𝑐 − 𝛽𝑎𝑐𝛽𝑏
𝑐) − 𝜂𝑎𝑏(𝛼

2 − 𝛽2)]

 +
𝑔2

24
𝜖𝜇𝜈𝜌𝜎𝐹‾

𝜇𝜈𝐹‾𝜌𝜎[3(𝛼𝑎𝑐𝛽𝑏
𝑐 + 𝛽𝑎𝑐𝛼𝑏

𝑐) − 𝜂𝑎𝑏𝛼𝑐𝑑𝛽
𝑐𝑑] +

1

2
𝑚2𝜂𝑎𝑏}

 

𝛼 = −
1

4
𝑒3Δ√1− ‖𝜉‖2𝐽1, 𝛽 = −

1

4
𝑒3Δ(𝐽3 − ‖𝜉‖𝐸2 ∧ 𝐸3)  

𝜖 = 𝜓𝑖
+⊗𝑒Δ/2𝜒𝑖 + (𝜓𝑖

+)𝑐⊗𝑒Δ/2𝜒𝑖
𝑐  

[‖𝜉‖(3𝛾8 + 𝑖𝛾910) + √1 − ‖𝜉‖2(𝛾46 − 𝛾57) − 𝑖(𝛾45 + 𝛾67)] 𝜒𝑖 = 0  

(𝛾46 + 𝛾57)𝜒𝑖 = 0, (𝛾
45 − 𝛾67)𝜒𝑖 = 0

[−√1 − ‖𝜉‖2𝛾46 + 𝑖(𝛾45 + ‖𝜉‖𝛾910)] 𝜒𝑖 = 0
 

𝑖𝛾45𝜒𝑖 = −𝜖𝑖𝑗𝜒𝑗
𝑐

 

Ψ𝜇 = 𝜓𝑖𝜇
+ ⊗𝑒Δ/2𝜒𝑖 + (𝜓𝑖𝜇

+ )
𝑐
⊗𝑒Δ/2𝜒𝑖

𝑐  

𝑔11  = 𝑒
2Δ(𝑔4 + 𝑔̂7)

𝐺(4)  = 𝑚vol4 + 𝐹̂(4) +
1

4
𝑒3Δ√1− ‖𝜉‖2𝐽1 ∧ 𝑔𝐹‾ +

1

4
𝑒3Δ(𝐽3 − ‖𝜉‖𝐸2 ∧ 𝐸3) ∧ 𝑔 ⋆4 𝐹‾

 

𝐽𝐼 =
𝑚

24
𝑒−3Δ𝑓(𝑟)𝕁𝐼 , 𝐼 = 1,2,3, (1 + 𝑟

2)(d𝜏 +𝒜) = 𝑓(𝑟)(d𝜏 + 𝐴KE)  

d𝐴KE = 2𝕁3,  d(𝕁1 + 𝑖𝕁2) = 3𝑖(𝕁1 + 𝑖𝕁2) ∧ (d𝜏 + 𝐴KE),  
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𝑓′ = −
1

2
𝑟Ω2𝑓,

(𝑟Ω′ − 𝑟2Ω3)𝑓

√1 + (1 + 𝑟2)Ω2
= −3  

𝑒6Δ = (
𝑚

6
)
2

(1 + 𝑟2 + Ω−2) 

𝐸1 =
Ω√1 + 𝑟2

4√1 + (1 + 𝑟2)Ω2
[ d𝜓 − d𝜏 +

𝑓

1 + 𝑟2
( d𝜏 + 𝐴KE)]

𝐸2 =
1

4
Ω d𝑟, 𝐸3 =

1

4

𝑟Ω𝑓

√1 + 𝑟2
( d𝜏 + 𝐴KE)

 

𝑔11 = 𝑒
2Δ{𝑔4 +

Ω𝑓

4√1 + (1 + 𝑟2)Ω2
𝑔KE +

Ω2

16
[ d𝑟2 +

𝑟2𝑓2

1 + 𝑟2
( d𝜏 + 𝐴KE)

2

+
1 + 𝑟2

1 + (1 + 𝑟2)Ω2
(D𝜓 − d𝜏 +

𝑓

1 + 𝑟2
( d𝜏 + 𝐴KE))

2

]}

𝐹̂(4) =ℎ1(𝑟)(D𝜓 − d𝜏) ∧ d𝑟 ∧ 𝕁1 + ℎ2(𝑟)(D𝜓 − d𝜏) ∧ (d𝜏 + 𝐴KE) ∧ 𝕁2

 +ℎ3(𝑟)(d𝜏 + 𝐴KE) ∧ d𝑟 ∧ 𝕁1 − 𝛼 ∧ 𝑔𝐹‾ − 𝛽 ∧ 𝑔 ⋆4 𝐹‾

 

ℎ1(𝑟) =
𝑚2

32 ⋅ 26
(Ω−1𝑒−3Δ𝑓)

′
, ℎ2(𝑟) = −

𝑚2

3 ⋅ 26
(Ω−1𝑒−3Δ𝑓)

ℎ3(𝑟) =
𝑚2

32 ⋅ 27
𝑓

1 + 𝑟2
[2(Ω−1𝑒−3Δ𝑓)

′
− 3𝑟Ω2(Ω−1𝑒−3Δ𝑓)]

 

𝛼 = −
𝑚2

576
(Ω−1𝑒−3Δ𝑓)𝕁1, 𝛽 = −

𝑚𝑓

96
[𝕁3 −

1

4
𝑟Ω2 d𝑟 ∧ ( d𝜏 + 𝐴KE)]  

𝑓(𝑟) = 3 (2 −
𝑟

√2
) , Ω(𝑟) = √

2

2√2𝑟 − 𝑟2
,  

𝑟here = 2√2sin
2 𝛼there , (d𝜓 − d𝜏)here = −2 d𝜓there 

′ , (d𝜏 + 𝐴KE)here = 𝜼there 
′ ,

𝕁3 here = 𝑱there 
′ , (𝕁1 + 𝑖𝕁2)here = 𝛀there 

′ ,
 

ℒ11 = 𝑅vol11 −
1

2
𝐺(4) ∧⋆11 𝐺(4) −

1

6
𝐴(3) ∧ 𝐺(4) ∧ 𝐺(4),  

d𝐺(4)= 0,  

 d ⋆11 𝐺(4) +
1

2
𝐺(4) ∧ 𝐺(4) = 0,

𝑅𝑀𝑁 −
1

12
[𝐺𝑀𝑃𝑄𝑅𝐺𝑁𝑃𝑄𝑅 −

1

12
𝐺2𝑔𝑀𝑁] = 0.

 

𝛿𝜖Ψ𝑀 = ∇𝑀𝜖 +
1

288
(Γ𝑀
𝑆𝑃𝑄𝑅 − 8𝛿𝑀

𝑆 Γ𝑃𝑄𝑅)𝐺𝑆𝑃𝑄𝑅𝜖 = 0  

ℒ = 𝑅‾vol4 −
1

2
𝐹‾ ∧ 𝑥‾4𝐹‾ + 6𝑔

2vol4  
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d𝐹‾ = 0,  d ⋆‾4 𝐹‾ = 0, 𝑅‾𝜇𝜈 = −3𝑔
2𝑔‾𝜇𝜈 +

1

2
(𝐹‾𝜇𝜎𝐹‾𝜈

𝜎 −
1

4
𝑔‾𝜇𝜈𝐹‾𝜌𝜎𝐹‾

𝜌𝜎)  

𝛿𝜓𝑖𝜇
+ = ∇𝜇𝜓𝑖

+ +
𝑖𝑔

2
𝜖𝑖𝑗𝐴‾𝜇𝜓𝑗

+ −
𝑔

2
𝜌‾𝜇(𝜓𝑖

+)𝑐 +
𝑔2

32
𝐹‾𝛿𝜖𝜌‾

𝛿𝜖𝜌‾𝜇𝜖𝑖𝑗(𝜓𝑗
+)
𝑐

 

{Γ𝐴, Γ𝐵} = 2𝜂𝐴𝐵, {𝜌𝛼, 𝜌𝛽} = 2𝜂𝛼𝛽 , {𝛾𝑎 , 𝛾𝑏} = 2𝛿𝑎𝑏  

Γ0…Γ10 = 1, 𝜌5 = 𝑖𝜌0𝜌1𝜌2𝜌3  

𝜖𝛼𝛽𝛾𝛿𝜌
𝛿 = −𝑖𝜌𝛼𝛽𝛾𝜌5, 𝜖𝛼𝛽𝛾𝛿𝜌

𝛾𝛿 = −2𝑖𝜌𝛼𝛽𝜌5, 𝜖𝛼𝛽𝛾𝛿𝜌
𝛽𝛾𝛿 = 6𝑖𝜌𝛼𝜌5  

𝜌𝛼  
𝛿𝜖 = 𝜌𝛿𝜖𝜌𝛼 − 2𝜌

[𝛿𝛿𝛼
𝜖]  

Γ𝛼 = 𝜌𝛼⊗𝟙, Γ𝑎 = 𝜌5⊗𝛾𝑎  

𝐹̂(4) = 𝐹(4) −
𝑔

4
𝐴‾ ∧ 𝑖𝜉𝐹(4).  

𝛼 = 𝑒̂ ∧ 𝑖𝑒̂∗𝛼 + 𝛼̃, 𝛽 = 𝑒̂ ∧ 𝑖𝑒̂∗𝛽 + 𝛽̃,  with  𝑖𝑒̂∗𝛼̃ = 𝑖𝑒̂∗𝛽̃ = 0,  

d𝛼 = (d𝒜 − 𝑔𝐹‾) ∧ 𝑖𝑒̂∗𝛼 − 𝑒̂ ∧  d𝑖𝑒̂∗𝛼 + d𝛼̃,  

d𝐺(4) = −
𝑔

4
𝐹‾ ∧ 𝑖𝜉𝐹(4) −

𝑔

4
𝐴‾ ∧  d𝑖𝜉𝐹(4) − 𝑔𝐹‾ ∧ [( d𝒜 − 𝑔𝐹‾) ∧ 𝑖𝑒̂∗𝛼 − 𝑒̂ ∧  d𝑖𝑒̂∗𝛼 + d𝛼̃]

 −𝑔 ⋆4 𝐹‾ ∧ [( d𝒜 − 𝑔𝐹‾) ∧ 𝑖𝑒̂∗𝛽 − 𝑒̂ ∧  d𝑖𝑒̂∗𝛽 + d𝛽̃]
 

vol7 = −𝑒
4 ∧ ⋯∧ 𝑒10 = −𝐸1 ∧ 𝐸2 ∧ 𝐸3 ∧ vol(𝑔SU(2)),  

d ⋆11 𝐺(4) =vol4 ∧  d(𝑒3Δ ⋆7 𝐹(4)) − 𝑔𝐹‾ ∧ (
𝑚

4
‖𝜉‖𝑒3Δvol(𝑔SU(2)) ∧ 𝐸2 ∧ 𝐸3)

 −
𝑔

4
⋆4 𝐹‾ ∧ [( d𝒜 − 𝑔𝐹‾)𝑒3Δ ∧ 𝑖𝜉 ⋆7 𝛼 − 𝑒̂ ∧  d(𝑒3Δ ∧ 𝑖𝜉 ⋆7 𝛼)]

 +
𝑔

4
𝐹‾ ∧ [( d𝒜 − 𝑔𝐹‾)𝑒3Δ ∧ 𝑖𝜉 ⋆7 𝛽 − 𝑒̂ ∧  d(𝑒3Δ ∧ 𝑖𝜉 ⋆7 𝛽)].

 

𝐺(4) ∧ 𝐺(4) =2𝑚vol4 ∧ 𝐹(4) − 2𝑔𝐹̂(4) ∧ (𝐹‾ ∧ 𝛼 +⋆4 𝐹‾ ∧ 𝛽)

 +2𝑔2𝐹‾ ∧⋆4 𝐹‾ ∧ 𝛼 ∧ 𝛽 + 𝑔
2𝐹‾ ∧ 𝐹‾ ∧ (𝛼 ∧ 𝛼 − 𝛽 ∧ 𝛽)

 

Ric˜ 𝛼𝛽 =𝑒
−2Δ {Ric𝛼𝛽 −

𝑔2

32
‖𝜉‖2𝐹‾𝛼𝛾𝐹‾𝛽

𝛾
− 9(𝜕𝑎Δ𝜕

𝑎Δ + ∇𝑎∇
𝑎Δ)𝜂𝛼𝛽}

Ric˜ 𝛼𝑏 =𝑒
−2Δ {−

𝑔

8
‖𝜉‖𝛿8𝑏∇𝛾𝐹‾𝛼

𝛾
}

Ric˜ 𝑎𝑏 =𝑒
−2Δ {Ric𝑎𝑏 +

𝑔2

64
‖𝜉‖2𝛿8𝑎𝛿8𝑏𝐹‾𝛾𝛿𝐹‾

𝛾𝛿

+9[𝜕𝑎Δ𝜕𝑏Δ − ∇𝑎∇𝑏Δ − (𝜕𝑐Δ𝜕
𝑐Δ − ∇𝑐∇

𝑐Δ)𝛿𝑎𝑏]}

 

 

𝐺𝛼𝛽𝛾𝛿 = 𝑚𝑒
−4Δ𝜖𝛼𝛽𝛾𝛿 , 𝐺𝑎𝑏𝑐𝑑 = 𝑒

−4Δ𝐹𝑎𝑏𝑐𝑑 , 𝐺𝛼𝛽𝑎𝑏 = −𝑔𝑒
−4Δ [𝐹‾𝛼𝛽𝛼𝑎𝑏 +

1

2
𝜖𝛼𝛽𝛾𝛿𝐹‾

𝛾𝛿𝛽𝑎𝑏] 
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𝑇𝐴𝐵 ≡
1

12
(𝐺𝐴𝐶𝐷𝐸𝐺𝐵 

𝐶𝐷𝐸 −
1

12
𝜂𝐴𝐵𝐺

2) 

𝑇 = 𝑇𝐴𝐵𝑒̃
𝐴⊗ 𝑒̃𝐵 

𝑒8Δ𝑇𝛼𝛽 =−
1

3
𝑚2𝜂𝛼𝛽 +

𝑔2

4
(𝛼2 + 𝛽2)𝐹‾𝛼𝛾𝐹‾𝛽

𝛾
−
𝑔2

24
𝜂𝛼𝛽𝐹‾

2(𝛼2 + 2𝛽2)  

−
𝑔2

4
𝐹‾𝛾(𝛼𝜖𝛽) 

𝛾𝜇𝜈𝐹‾𝜇𝜈𝛼𝑐𝑑𝛽
𝑐𝑑 −

𝑔2

24
𝜂𝛼𝛽𝜖𝜇𝜈𝜌𝜎𝐹‾

𝜇𝜈𝐹‾𝜌𝜎𝛼𝑐𝑑𝛽
𝑐𝑑  

𝑒8Δ𝑇𝛼𝑏 =0

𝑒8Δ𝑇𝑎𝑏 =
1

2
[𝐹𝑎𝑐𝑑𝑒𝐹𝑏

𝑐𝑑𝑒 −
1

12
𝜂𝑎𝑏𝐹

2] +
𝑔2

24
𝐹‾2[6(𝛼𝑎𝑐𝛼𝑏

𝑐 − 𝛽𝑎𝑐𝛽𝑏
𝑐) − 𝜂𝑎𝑏(𝛼

2 − 𝛽2)]

 +
𝑔2

24
𝜖𝜇𝜈𝜌𝜎𝐹‾

𝜇𝜈𝐹‾𝜌𝜎[3(𝛼𝑎𝑐𝛽𝑏
𝑐 + 𝛽𝑎𝑐𝛼𝑏

𝑐) − 𝜂𝑎𝑏𝛼𝑐𝑑𝛽
𝑐𝑑] +

1

2
𝑚2𝜂𝑎𝑏

 

d𝛼 = −
1

4
𝑖𝜉𝐹(4) = −

1

4
 d (𝑒3Δ√1− ‖𝜉‖2𝐽1) 

𝛼 = −
1

4
𝑒3Δ√1− ‖𝜉‖2𝐽1 + 𝛿  

𝛽 = 𝑘𝑒3Δ(𝐽3 − ‖𝜉‖𝐸2 ∧ 𝐸3)  

𝑖𝜉 ⋆7 𝛼 =
‖𝜉‖

4
𝑒3Δ√1− ‖𝜉‖2𝐽1 ∧ 𝐸2 ∧ 𝐸3 + 𝑖𝜉 ⋆7 𝛿

𝑖𝜉 ⋆7 𝛽 = −𝑘‖𝜉‖𝑒
3Δ(𝐸2 ∧ 𝐸3 − ‖𝜉‖𝐽3) ∧ 𝐽3

 

𝑒6Δ {
𝑘‖𝜉‖

4
(1 + 4𝑘)𝐽3 ∧ 𝐸2 ∧ 𝐸3 +[

‖𝜉‖2

32
(1 + 4𝑘) +

1

2
(𝑘2 −

1

16
)] 𝐽1 ∧ 𝐽1}

 +
1

2
𝛿 ∧ (𝛿 −

1

2
𝑒3Δ√1 − ‖𝜉‖2𝐽1) = 0

1

4
(𝑘 +

1

4
) 𝑒6Δ‖𝜉‖√1 − ‖𝜉‖2𝐽1 ∧ 𝐸2 ∧ 𝐸3

 +𝑒3Δ [
1

4
𝑖𝜉 ⋆7 𝛿 + 𝑘(𝐽3 − ‖𝜉‖𝐸2 ∧ 𝐸3) ∧ 𝛿] = 0

𝑚𝑒3Δ [−‖𝜉‖ (
𝑘

2
+
1

8
) +

1

‖𝜉‖
(𝑘 +

1

4
)] 𝐽3 ∧ 𝐽3 ∧ 𝐸2 ∧ 𝐸3 − 𝛿 ∧ 𝐹̂(4) −

1

8
(𝑘 +

1

4
) 𝑒̂ ∧  d[𝑒6Δ(1 − ‖𝜉‖2)𝐽1 ∧ 𝐽1] = 0

𝑚

3‖𝜉‖2
𝑖𝜉 ⋆7 𝛿 ∧ [𝐽3 + (3‖𝜉‖ −

4

‖𝜉‖
)𝐸2 ∧ 𝐸3] −

1

4
𝑒̂ ∧  d(𝑒3Δ𝑖𝜉 ⋆7 𝛿) = 0

 

9(𝜕𝑎Δ𝜕
𝑎Δ + ∇𝑎∇

𝑎Δ) −
1

3
𝑒−6Δ𝑚2 = −12  

𝛼𝑎𝑐𝛽𝑏
𝑐 = −

1

16
√1 − ‖𝜉‖2𝑒6Δ[𝛿𝑎

6𝛿𝑏
5 − 𝛿𝑎

7𝛿𝑏
4 + 𝛿𝑎

4𝛿𝑏
7 − 𝛿𝑎

5𝛿𝑏
6]

𝛼𝑎𝑐𝛼
𝑏𝑐 =

1

16
(1 − ‖𝜉‖2)𝑒6Δ[𝛿𝑎

4𝛿4
𝑏 + 𝛿𝑎

5𝛿5
𝑏 + 𝛿𝑎

6𝛿6
𝑏 + 𝛿𝑎

7𝛿7
𝑏]

𝛽𝑎𝑐𝛽
𝑏𝑐 =

1

16
𝑒6Δ[𝛿𝑎

4𝛿4
𝑏 + 𝛿𝑎

5𝛿5
𝑏 + 𝛿𝑎

6𝛿6
𝑏 + 𝛿𝑎

7𝛿7
𝑏 + ‖𝜉‖2(𝛿𝑎

9𝛿9
𝑏 + 𝛿𝑎

10𝛿10
𝑏 )].

 

Ric𝛼𝛽 + 12𝜂𝛼𝛽 =
𝑔2

8
(𝐹‾𝛼𝛾𝐹‾𝛽

𝛾
−
1

4
𝜂𝛼𝛽𝐹‾

2)  



pág. 4241 

𝑔‾4 = 4𝑔
−2𝑔4  

𝛿Ψ𝑎 =𝛿
0Ψ𝑎 − 𝑔𝑒

−Δ/2 {𝐹𝛽𝛾(𝜌
𝛽𝛾⊗ 𝟙) [−

1

8
𝑘𝑎𝜓𝑖

+⊗𝜒𝑖 −
1

8
𝑘𝑎(𝜓𝑖

+)𝑐⊗𝜒𝑖
𝑐

+
𝑒−3Δ

48
𝛼𝑑𝑒𝜓𝑖

+⊗𝛾𝑎
𝑑𝑒𝜒𝑖 −

𝑒−3Δ

48
𝛼𝑑𝑒(𝜓𝑖

+)𝑐⊗𝛾𝑎
𝑑𝑒𝜒𝑖

𝑐  

 −
𝑒−3Δ

12
𝛼𝑎𝑒𝜓𝑖

+⊗𝛾𝑒𝜒𝑖 +
𝑒−3Δ

12
𝛼𝑎𝑒(𝜓𝑖

+)𝑐⊗𝛾𝑒𝜒𝑖
𝑐]

 +𝐹‾𝛽𝛾
∗ (𝜌𝛽𝛾⊗ 𝟙) [

𝑒−3Δ

48
𝛽𝑑𝑒𝜓𝑖

+⊗𝛾𝑎
𝑑𝑒𝜒𝑖 −

𝑒−3Δ

48
𝛽𝑑𝑒(𝜓𝑖

+)𝑐⊗𝛾𝑎
𝑑𝑒𝜒𝑖

𝑐

 −
𝑒−3Δ

12
𝛽𝑎𝑒𝜓𝑖

+⊗𝛾𝑒𝜒𝑖 +
𝑒−3Δ

12
𝛽𝑎𝑒(𝜓𝑖

+)𝑐⊗𝛾𝑒𝜒𝑖
𝑐]}

 

𝐹‾𝛿𝜖
∗ ≡

1

2
𝜖𝛿𝜖𝜅𝜆𝐹‾

𝜅𝜆 

𝑘𝑎 =
1

4
𝜉𝑎 =

1

4
‖𝜉‖𝛿𝑎8 

𝛿Ψ𝑎= −𝑔𝑒
−Δ/2𝐹‾𝛽𝛾(𝜌

𝛽𝛾⊗ 𝟙) [−
1

8
𝑘𝑎𝜓𝑖

+⊗𝜒𝑖 −
1

8
𝑘𝑎(𝜓𝑖

+)𝑐⊗𝜒𝑖
𝑐  

+
𝑒−3Δ

48
𝛼𝑑𝑒𝜓𝑖

+⊗𝛾𝑎
𝑑𝑒𝜒𝑖 −

𝑒−3Δ

48
𝛼𝑑𝑒(𝜓𝑖

+)𝑐⊗𝛾𝑎
𝑑𝑒𝜒𝑖

𝑐  

 −
𝑒−3Δ

12
𝛼𝑎𝑒𝜓𝑖

+⊗𝛾𝑒𝜒𝑖 +
𝑒−3Δ

12
𝛼𝑎𝑒(𝜓𝑖

+)𝑐⊗𝛾𝑒𝜒𝑖
𝑐

 −
𝑖𝑒−3Δ

48
𝛽𝑑𝑒𝜓𝑖

+⊗𝛾𝑎
𝑑𝑒𝜒𝑖 −

𝑖𝑒−3Δ

48
𝛽𝑑𝑒(𝜓𝑖

+)𝑐⊗𝛾𝑎
𝑑𝑒𝜒𝑖

𝑐

+
𝑖𝑒−3Δ

12
𝛽𝑎𝑒𝜓𝑖

+⊗𝛾𝑒𝜒𝑖 +
𝑖𝑒−3Δ

12
𝛽𝑎𝑒(𝜓𝑖

+)𝑐⊗𝛾𝑒𝜒𝑖
𝑐]

 

𝑃± =
1

2
(𝟙 ± 𝜌5)⊗ 𝟙 

(−6𝑘𝑎 + 𝑒
−3Δ(𝛼𝑑𝑒 − 𝑖𝛽𝑑𝑒)(𝛾𝑎

𝑑𝑒 − 4𝛿𝑎
𝑑𝛾𝑒)) 𝜒𝑖 = 0  

𝜒‾+
𝑐 [‖𝜉‖(3𝛾8 + 𝑖𝛾910) + √1 − ‖𝜉‖2(𝛾46 − 𝛾57) − 𝑖(𝛾45 + 𝛾67)] 𝜒−

 = ‖𝜉‖(3(−𝑖‖𝜉‖) + 𝑖‖𝜉‖) + √1 − ‖𝜉‖2 (−2𝑖√1 − ‖𝜉‖2) − 𝑖(−2)
 

𝛿Ψ𝜇 =𝑒
Δ/2 {∇𝜇𝜓𝑖

+⊗𝜒𝑖 − 𝜌𝜇𝜓𝑖
+⊗𝜒𝑖

𝑐 −
𝑔‖𝜉‖

16
𝐹‾𝜇𝛽𝜌

𝛽𝜓𝑖
+⊗𝛾8𝜒𝑖

+
𝑔

4
∇𝑏𝑘𝑐𝐴‾𝜇𝜓𝑖

+⊗𝛾𝑏𝑐𝜒𝑖 +
𝑔‖𝜉‖

4
𝐴‾𝜇𝜓𝑖

+⊗∇8𝜒𝑖  

 −
𝑔2‖𝜉‖2

128
𝐴‾𝜇𝐹‾𝛽𝛾𝜌

𝛽𝛾𝜓𝑖
+⊗𝜒𝑖 −

𝑔𝑒−3Δ

48
(𝐹‾𝛿𝜖𝛼𝑏𝑐 + 𝐹‾𝛿𝜖

∗ 𝛽𝑏𝑐)𝜌𝜇 
𝛿𝜖𝜓𝑖

+⊗𝛾𝑏𝑐𝜒𝑖

 +
𝑔2‖𝜉‖𝑒−3Δ

192
𝐴‾𝜇(𝐹‾𝛿𝜖𝛼𝑏𝑐 + 𝐹‾𝛿𝜖

∗ 𝛽𝑏𝑐)𝜌
𝛿𝜖𝜓𝑖

+⊗𝛾8 
𝑏𝑐𝜒𝑖

+
𝑔𝑒−3Δ

12
(𝐹‾𝜇𝛾𝛼𝑑𝑒 + 𝐹‾𝜇𝛾

∗ 𝛽𝑑𝑒)𝜌
𝛾𝜓𝑖

+⊗𝛾𝑑𝑒𝜒𝑖} +  m.c. 
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ℒ𝜉𝜒 = ∇𝜉𝜒 +
1

4
∇𝑎𝜉𝑏𝛾

𝑎𝑏𝜒 

‖𝜉‖∇8𝜒1 + ∇𝑎𝑘𝑏𝛾
𝑎𝑏𝜒1 = −2𝜒2, ‖𝜉‖∇8𝜒2 + ∇𝑎𝑘𝑏𝛾

𝑎𝑏𝜒2 = 2𝜒1  

𝛿Ψ𝜇 =𝑒
Δ/2 {∇𝜇𝜓𝑖

+⊗𝜒𝑖 − 𝜌𝜇(𝜓𝑖
+)𝑐⊗𝜒𝑖 −

𝑔‖𝜉‖

16
𝐹‾𝜇𝛽𝜌

𝛽𝜓𝑖
+⊗𝛾8𝜒𝑖 −

𝑖𝑔

2
𝜖𝑖𝑗𝐴‾𝜇𝜓𝑖

+⊗𝜒𝑗

−
𝑔𝑒−3Δ

48
𝐹‾𝛿𝜖[𝛼𝑏𝑐(𝜌

𝛿𝜖𝜌𝜇 + 2𝜌
𝛿𝑒𝜇
𝜖)𝜓𝑖

+ + 2𝑖𝛽𝑏𝑐(𝜌
𝛿𝜖𝜌𝜇 − 𝜌

𝛿𝑒𝜇
𝜖)𝜓𝑖

+] ⊗ 𝛾𝑏𝑐𝜒𝑖} + 𝑚. 𝑐.

 

𝛿Ψ𝜇 = 𝑒
Δ/2 {∇𝜇𝜓𝑖

+⊗𝜒𝑖 − 𝜌𝜇(𝜓𝑖
+)𝑐⊗𝜒𝑖 −

𝑖𝑔

2
𝜖𝑖𝑗𝐴‾𝜇𝜓𝑖

+⊗𝜒𝑗

+
𝑖𝑔

16
𝐹‾𝛿𝜖𝜌

𝛿𝜖𝜌𝜇𝜓𝑖
+⊗𝛾45𝜒𝑖} +  m.c. 

 

(𝜌(𝑛)𝜓𝑖
+)
𝑐
= 𝜌(𝑛)(𝜓𝑖

+)𝑐 

𝛿Ψ𝜇 = 𝑒
Δ/2 {∇𝜇𝜓𝑖

+ − 𝜌𝜇(𝜓𝑖
+)𝑐 +

𝑖𝑔

2
𝜖𝑖𝑗𝐴‾𝜇𝜓𝑗

+ +
𝑔

16
𝐹‾𝛿𝜖𝜌

𝛿𝜖𝜌𝜇𝜖𝑖𝑗(𝜓𝑗
+)
𝑐
} ⊗ 𝜒𝑖 +𝑚. 𝑐.  

 𝑔4 + 𝑔7 = −𝑒
0⊗𝑒0 + ∑  10

𝑖=1 𝑒
𝑖⊗𝑒𝑖 

  

 

(𝑛𝑎) = (0,0,⋯ ,0, +
1

√2
,−

1

√2
) , (𝑛𝑎) = (0,0,⋯ ,0,+

1

√2
, +

1

√2
)

(𝑚𝑎) = (0,0,⋯ ,0,+
1

√2
,+

1

√2
) , (𝑚𝑎) = (0,0,⋯ ,0, +

1

√2
,−

1

√2
) .

 

𝑉± ≡
1

√2
(𝑉(11) ± 𝑉(12))  

𝑛𝑎𝑛𝑎 = 𝑚
𝑎𝑚𝑎 = 0 ,𝑚

𝑎𝑛𝑎 = 𝑚
+𝑛+ = 𝑚−𝑛

− = +1  
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𝛿𝑎  
𝑏 ≡ 𝛿𝑎  

𝑏 −𝑚𝑎𝑛
𝑏 = {

𝛿𝑖  
𝑗 ( for 𝑎 = 𝑖, 𝑏 = 𝑗)

𝛿+ 
+ = 1 ( for 𝑎 = +, 𝑏 = +)

0 ( otherwise )

 

∇𝑀𝑛
− = 𝜕𝑀𝑛

− +
1

2
𝜙𝑀
𝑎𝑏(ℳ̃𝑏𝑎)

−+
𝑛+ = 0

∇𝑀𝑚
+ = 𝜕𝑀𝑚

+ +
1

2
𝜙𝑀
𝑎𝑏(ℳ̃𝑏𝑎)

+−
𝑚− = 0
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[∇𝐴, 𝑇𝛼𝛽
𝑐 ] = 0 

∇𝑎∇𝑏𝜑 = 0, ∇𝑎∇𝑏𝜑̃ = 0, ∇𝛼𝜑 = 0, ∇𝛼𝜑̃ = 0

(∇𝑎𝜑)
2 = 0, (∇𝑎𝜑̃)

2 = 0, (∇𝑎𝜑)(∇
𝑎𝜑̃) = 1

 

∇𝑎𝜑 = 𝑛𝑎, ∇𝑎𝜑̃ = 𝑚𝑎  

𝑃↑ ≡
1

2
(𝛾𝑎𝛾𝑏)(∇𝑎𝜑)(∇𝑏𝜑̃) , 𝑃↓ ≡

1

2
(𝛾𝑎𝛾𝑏)(∇𝑎𝜑̃)(∇𝑏𝜑) , 𝑃↑↓ ≡ 𝑃↑ − 𝑃↓  

∇𝑀∇
−𝜑 = 𝜕𝑀∇

−𝜑 +
1

2
𝜙𝑀
𝑎𝑏(ℳ̃𝑏𝑎)

−+
∇+𝜑 = 0

∇𝑀∇
+𝜑̃ = 𝜕𝑀∇

+𝜑̃ +
1

2
𝜙𝑀
𝑎𝑏(ℳ̃𝑏𝑎)

+−
∇−𝜑̃ = 0

 

𝛿𝑎  
𝑏 ≡ 𝛿𝑎  

𝑏 − (∇𝑎𝜑̃)(∇
𝑏𝜑)  

1

2
∇[𝐴𝑇𝐵𝐶)

𝐷 −
1

2
𝑇[𝐴𝐵∣
𝐸 𝑇𝐸∣𝐶) −

1

4
𝑅[𝐴𝐵∣𝑒
𝑓

(ℳ𝑓
𝑒)
∣𝐶)

𝐷
≡ 0

1

6
∇[𝐴𝐺𝐵𝐶𝐷) −

1

4
𝑇[𝐴𝐵∣
𝐸 𝐺𝐸∣𝐶𝐷) ≡ 0

1

2
∇[𝐴𝑅𝐵𝐶)𝑑  

𝑒 −
1

2
𝑇[𝐴𝐵∣
𝐸 𝑅𝐸∣𝐶)𝑑  

𝑒 ≡ 0
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(𝜎𝑎𝑏)
(𝛼𝛽∣

(𝜎𝑓𝑐)
∣𝛾)
 𝛿𝐺𝑎𝑐𝑑(∇𝑓𝜑)(∇𝑏𝜑)(∇

𝑑𝜑̃) 

𝑅(𝛼𝛽𝛾) 
𝛿 = −

1

4
𝑅(𝛼𝛽∣ 

𝑐𝑑(𝛾𝑐𝑑𝑃↑)∣𝛾) 
𝛿  

 

{∇𝛼, ∇𝛽}Φ = ∇(𝛼∣[(𝛾
𝑐𝜒‾)∣𝛽)∇𝑐𝜑] = +2𝑐2(𝛾

𝑐𝑑)
𝛼𝛽
(∇𝑐Φ)(∇𝑑𝜑)  
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𝑋𝛼𝛽𝛾𝑑 = 2(𝑎1 + 𝑎2)[+2(𝛾𝑑
𝑎)(𝛼𝛽∣(𝛾

𝑏𝜒‾)
∣𝛾)
(∇𝑎𝜑)(∇𝑏𝜑)  

−(𝛾𝑎𝑏)
(𝛼𝛽∣

(𝛾𝑐𝜒‾)∣𝛾)(∇𝑏𝜑)(∇𝑐𝜑)(∇𝑑𝜑)(∇𝑎𝜑̃)]
 

𝑎1 = −𝑎2  

(∇Φ-terms ) = −𝑐2(𝑎1 + 𝑎2)[(𝛾
𝑎𝑏)

(𝛼𝛽∣
(𝛾𝑐𝑑)

∣𝛾)

𝛿
(∇𝑎Φ)(∇𝑏𝜑)(∇𝑐𝜑)(∇𝑑𝜑̃)

+(𝛾𝑎𝑏)
(𝛼𝛽
𝛿𝛾)
𝛿 (∇𝑎Φ)(∇𝑏𝜑)]

 

(𝐺-terms ) =(−3𝑐1𝑎2 +
1

8
)

 × [(𝛾𝑎𝑏)
(𝛼𝛽∣

(𝛾𝑐𝑑)
∣𝛾)
 𝛿𝐺𝑐𝑑𝑎(∇𝑏𝜑) − 2(𝛾

𝑎𝑏)
(𝛼𝛽∣

(𝛾𝑓𝑐)
∣𝛾)
 𝛿𝐺𝑐𝑑𝑎(∇𝑓𝜑)(∇𝑏𝜑)(∇𝑑𝜑̃)

 +(𝛾𝑎𝑏)
(𝛼𝛽∣

(𝛾𝑓𝑐𝑑𝑔)
∣𝛾)
 𝛿𝐺𝑐𝑑𝑎(∇𝑓𝜑)(∇𝑏𝜑)(∇𝑔𝜑̃)]

 

𝑐1𝑎2 = +
1

24
 

(𝜒2-terms ) = 𝑎2(𝑔 − 𝑎1 − 2𝑎2)(𝛾
𝑎𝑏)

(𝛼𝛽∣
[(𝛾𝑐𝜒‾)∣𝛾)(𝛾

𝑑𝜒‾)
𝛿
(∇𝑐𝜑)(∇𝑏𝜑)(∇𝑑𝜑)(∇𝑎𝜑̃)

−(𝛾𝑐𝜒‾)∣𝛾)(𝛾𝑎𝜒‾)
𝛿(∇𝑐𝜑)(∇𝑏𝜑)]

 

𝑔 = 𝑎1 + 2𝑎2  

𝑎1 = −𝑎2 , 𝑐1𝑎2 = +
1

24
 , 𝑔 = 𝑎1 + 2𝑎2  

𝑎1 = −𝑎2 , 𝑐1 =
1

24
𝑎2
−1 , 𝑔 = −𝑎1  

 

𝑋𝑎𝛽𝛾
𝛽

= −
7

2
[𝛾𝑏𝑐𝑇𝑎𝑏∇𝑐𝜑 + 2𝑎1(𝛾

𝑐∇𝑎𝜒‾)∇𝑐𝜑]𝛾 = 0  

 

0 = 𝑋𝑎𝑏𝑐
𝑐 = −𝑅[𝑎𝑏] − ∇𝑐𝐺𝑎𝑏

𝑐
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𝛾𝑎̂ = {

𝛾𝑎 = 𝛾𝑎⊗ 𝜏3
𝛾(11) = 𝐼 ⊗ 𝜏1
𝛾(12) = −𝐼 ⊗ 𝑖𝜏2

 

𝐶̂ = 𝐶 ⊗ 𝜏1 , 𝛾13 = 𝛾11⊗ 𝜏3  

 

 

 

 

𝛾𝑏𝑇𝑎𝑏 + ∇𝑎𝜒 = 0  
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0 =+𝑅̂𝑎𝑏𝑛̂+ + 4∇̂𝑎∇̂𝑏Φ̂𝑛̂+ − 4(𝜒‾̂𝛾
+𝑇̂𝑎𝑏)𝑛̂+ 

= +𝑅𝑎𝑏 + 4∇𝑎∇𝑏Φ− 4𝑇̂𝑎𝑏
𝛾↑(𝛾+)𝛾↑

𝛿↓𝜒̂𝛿↓
 

𝑅𝑎𝑏 + 4∇𝑎∇𝑏Φ− 4√2(𝑇‾𝑎𝑏𝜒) = 0  

𝑅[𝑎𝑏] = −2∇𝑐𝐺𝑎𝑏
𝑐 ,  

𝑆 ≡ 𝑆𝜎 + 𝑆𝐵 + 𝑆Λ

𝑆𝜎 ≡ ∫  𝑑
2𝜎[𝑉−1𝜂𝑎𝑏Π+

𝑎Π−
𝑏]

𝑆𝐵 ≡ ∫  𝑑
2𝜎[𝑉−1Π+

𝐴Π−
𝐵𝐵𝐵𝐴]

𝑆Λ ≡ ∫  𝑑
2𝜎[𝑉−1Λ++(Π−

𝑎∇𝑎𝜑)(Π−
𝑏∇𝑏𝜑̃)

 +𝑉−1Λ̃++{(Π−
𝑎∇𝑎𝜑)

2 + (Π−
𝑎∇𝑎𝜑̃)

2}]

 

 

𝛿𝜅Π±
𝐴 = 𝑉± 

𝑖𝐷𝑖(𝛿𝜅𝐸
𝐴) + (𝛿𝜅𝑉± 

𝑖)Π𝑖 
𝐴 − Π± 

𝐷(𝛿𝜅𝐸
𝐶)(𝑇𝐶𝐷 

𝐴 −𝜙𝐶𝐷  
𝐴)  

𝛿𝜅(𝑆𝜎 + 𝑆𝐵) =+(𝜅‾+𝛾
𝑐Π+)(Π−

𝑎)2∇𝑐𝜑 −
1

2
(𝜅‾+𝛾

𝑑𝛾𝑎𝛾𝑒𝛾𝑏𝑐Π+)Π−𝑒Π−𝑏(∇𝑐𝜑)(∇𝑑𝜑)(∇𝑎𝜑̃) 

−
1

2
(𝜅‾+𝛾

𝑐𝛾𝑎𝛾𝑒𝑃↑↓Π+)Π−𝑒Π−
𝑏(∇𝑏𝜑)(∇𝑐𝜑)(∇𝑎𝜑̃)  

= +2𝑉−1(𝜅‾+𝛾
𝑐Π+)(Π−

𝑎∇𝑎𝜑)(Π−
𝑏∇𝑏𝜑̃)∇𝑐𝜑

 

𝜅‾+𝛾
𝑎𝛾𝑏(∇𝑎𝜑̃)(∇𝑏𝜑) = +2𝜅‾+ 

𝛿𝜅𝑆Λ = −2𝑉
−1(𝜅‾+𝛾

𝑐Π+)(Π− 
𝑎∇𝑎𝜑)(Π− 

𝑏∇𝑏𝜑̃)∇𝑐𝜑,  

𝛿𝜅(Π− 
𝑎∇𝑎𝜑) = 𝛿𝜅(Π− 

𝑎∇𝑎𝜑̃) = 0 

𝑇𝛼𝛽 
𝑐∇𝑐𝜑̃ = 0 

(𝑀̃𝑏𝑐)
−𝑑
= 0 

  

𝛿𝜅𝑆 = 𝛿𝜅(𝑆𝜎 + 𝑆𝐵 + 𝑆Λ) = 0  
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𝛿𝜂𝑆 = 0  

(Π− 
𝑎∇𝑎𝜑)(Π− 

𝑏∇𝑏𝜑̃) = 0, (Π− 
𝑎∇𝑎𝜑)

2 + (Π− 
𝑎∇𝑎𝜑̃)

2 = 0  

Π− 
𝑎∇𝑎𝜑 = 0, Π− 

𝑎∇𝑎𝜑̃ = 0  

𝛿𝑉±
𝛼 = 𝑚𝛽

𝛼𝑉±
𝛽
± 𝑖Σ𝑉±

𝛼  

(
𝑉−
1 𝑉+

1

𝑉−
2 𝑉+

2) = exp (
𝑖𝜑 𝐴
𝐴∗ −𝑖𝜑

) =

(

 
 
cosh 𝜌 + 𝑖𝜑

sinh 𝜌

𝜌
𝐴
sinh 𝜌

𝜌

𝐴∗
sinh 𝜌

𝜌
cosh 𝜌 − 𝑖𝜑

sinh 𝜌

𝜌 )

 
 

 

(𝑚𝛼  𝛽) = (
𝑖𝛾 𝛼
𝛼∗ −𝑖𝛾

)  

𝜖𝛼𝛽𝑉−
𝛼𝑉+

𝛽
= det𝑉 = 1, 𝑉−

𝛼𝑉+
𝛽
− 𝑉+

𝛼𝑉−
𝛽 = 𝜖𝛼𝛽  

𝑄𝜇 = −𝑖𝜖𝛼𝛽𝑉−
𝛼𝜕𝜇𝑉+

𝛽
 

𝛿𝐴𝜇𝜈  
𝛼 = 𝑚𝛼  𝛽𝐴𝜇𝜈  

𝛽 , 𝛿𝜓𝜇 =
𝑖

2
Σ𝜓𝜇 , 𝛿𝜆 =

3𝑖

2
Σ𝜆.  

𝛾[6]𝜓+𝑆[6] ≡ 0, 𝛾
[6]𝜓−𝐴[6] ≡ 0, 𝛾13𝜓± ≡ ±𝜓±

𝑆[6] = +
1

6!
𝜖[6]
[6]′
𝑆[6]′ , 𝐴[6] = −

1

6!
𝜖[6]
[6]′
𝐴[6]′

 

(𝜓‾1𝛾
𝜇1⋯𝜇𝑁𝜓2) = +(𝜓‾2𝛾

𝜇𝑁⋯𝜇1𝜓1) = (−)
𝑁(𝑁−1)/2(𝜓‾2𝛾

𝜇1⋯𝜇𝑁𝜓1)

(𝜓‾1𝛾
𝜇1⋯𝜇𝑁𝜓2)

† = 𝜓2
†(𝛾𝜇1⋯𝜇𝑁)†𝜓‾1

† = +(𝜓‾2𝛾
𝜇𝑁⋯𝜇1𝜓1)

 = (−1)𝑁(𝑁−1)/2(𝜓‾2𝛾
𝜇1⋯𝜇𝑁𝜓1) = +(𝜓‾1

∗𝛾𝜇1⋯𝜇𝑁𝜓2
∗)

 

𝛿𝑄𝑒𝜇
𝑚 = [(𝜖‾𝛾𝑚𝑛𝜓𝜇)𝐷𝑛𝜑 + (𝜖‾𝑃↑↓𝜓𝜇)𝐷

𝑚𝜑] +  c.c. 

𝛿𝑄𝜓𝜇 = 𝐷̂𝜇𝜖 −
𝑖

480
(𝑃↓𝛾

[5]𝛾𝜇𝜖)𝐹̂[5] +
1

96
𝑃↓ (𝛾𝜇

[3]
𝐺[3] − 9𝛾

[2]𝐺𝜇[2]) 𝜖
∗

𝛿𝑄𝐴𝜇𝜈
𝛼 = 𝑉+

𝛼(𝜖‾∗𝛾𝜇𝜈
𝜌
𝜆∗)𝜕𝜌𝜑 + 𝑉−

𝛼(𝜖‾𝛾𝜇𝜈
𝜌
𝜆)𝜕𝜌𝜑

 −4𝑉+
𝛼 (𝜖‾𝛾[𝜇∣

𝜌
𝜓∣𝜈]
∗ ) 𝜕𝜌𝜑 − 4𝑉−

𝛼 (𝜖‾∗𝛾[𝜇∣
𝜌
𝜓∣𝜈]) 𝜕𝜌𝜑

𝛿𝑄𝐴𝜇𝜈𝜌𝜎 = 𝑖(𝜖‾𝛾[𝜇𝜈𝜌∣
𝜏 𝜓∣𝜎])𝜕𝜏𝜑 − 𝑖(𝜖‾

∗𝛾[𝜇𝜈𝜌∣
𝜏 𝜓∣𝜎]

∗ )𝜕𝜏𝜑 −
3𝑖

8
𝜖𝛼𝛽𝐴[𝜇𝜈

𝛼 𝛿𝑄𝐴𝜌𝜎]
𝛽

𝛿𝑄𝜆 = (𝑃↓𝛾
𝜇𝜖∗)𝑃̂𝜇 −

1

24
(𝑃↓𝛾

𝜇𝜈𝜌𝜖)𝐺̂𝜇𝜈𝜌

𝛿𝑄𝑉+
𝛼 = 𝑉−

𝛼(𝜖‾∗𝛾𝜇𝜆)𝜕𝜇𝜑, 𝛿𝑄𝑉−
𝛼 = 𝑉+

𝛼(𝜖‾𝛾𝜇𝜆∗)𝜕𝜇𝜑

(4 ⋅ 2 ⋅ 1 𝑔)𝛿𝑄𝜑 = 0𝛿𝑄𝜑̃ = 0
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𝐺𝜇𝜈𝜌 ≡ −𝜖𝛼𝛽𝑉+
𝛼𝐹𝜇𝜈𝜌

𝛽
 , 𝑃𝜇 ≡ −𝜖𝛼𝛽𝑉+

𝛼𝜕𝜇𝑉+
𝛽
, 𝑄𝜇 ≡ −𝑖𝜖𝛼𝛽𝑉−

𝛼𝜕𝜇𝑉+
𝛽

𝐹𝜇𝜈𝜌
𝛼 ≡ 3𝜕[𝜇𝐴𝜈𝜌]

𝛼 , 𝐹𝜇𝜈𝜌𝜎𝜏 ≡ 5𝜕[𝜇𝐴𝜈𝜌𝜎𝜏] +
5𝑖

8
𝜖𝛼𝛽𝐴[𝜇𝜈

𝛼 𝐹𝜌𝜎𝜏]
𝛽

 

𝐷[𝜇𝑃𝜈] = 0,𝐷[𝜇𝐺𝜈𝜌𝜎] = +𝑃[𝜇𝐺𝜈𝜌𝜎]
∗

𝜕[𝜇1𝐹𝜇2⋯𝜇6] ≡
5𝑖

12
𝐺[𝜇1𝜇2𝜇3𝐺𝜇4𝜇5𝜇6]

∗

𝜕[𝜇𝑄𝜈] = −𝑖𝑃[𝜇𝑃𝜈]
∗

 

𝐺𝜇𝜈
𝜌
𝜕𝜌𝜑 = 0 , 𝐹̂𝜇𝜈𝜌𝜎

𝜏 𝜕𝜏𝜑 = 0 , 𝑅̂𝜇
𝜈𝑚𝑛𝜕𝜈𝜑 = 0 , 𝑅̂𝜇𝜈

𝑚𝑛𝐷𝑚𝜑 = 0  

𝑃̂𝜇𝜕𝜇𝜑 = 0, 𝑄𝜇𝜕𝜇𝜑 = 0

ℛ̂𝜇 
𝜈𝜕𝜈𝜑 = 0, ℛ̂̂𝜇𝜈𝛾

𝑚𝐷𝑚𝜑̃ = 0

𝛾𝜇𝜆𝜕𝜇𝜑̃ = 0, (𝐷̂𝑚𝜆)(𝐷
𝑚𝜑) = 0

𝐷𝑚𝐷𝑛𝜑 = 0, 𝐷𝑚𝐷𝑛𝜑̃ = 0, (𝐷𝑚𝜑)(𝐷
𝑚𝜑̃) = 1

(𝐷𝑚𝜑)
2 = 0, (𝐷𝑚𝜑̃)

2 = 0

 

𝛿E𝜙𝜇1⋯𝜇𝑚  
𝑟1⋯𝑟𝑛 = Ω[𝜇1⋯𝜇𝑚−1  

𝑟1⋯𝑟𝑛𝜕𝜇𝑚]𝜑 + Ω𝜇1⋯𝜇𝑚
′[𝑟1⋯𝑟𝑛−1𝐷𝑟𝑛]𝜑  

𝛿E𝐴𝜇𝜈𝜌𝜎 = Ω[𝜇𝜈𝜌𝜕𝜎]𝜑  
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𝐷̂𝜇𝑃̂
𝜇 −

1

24
𝐺𝜇𝜈𝜌
2 + 𝒪(𝜓2) = 0

(𝐷̂𝜇𝐺̂
𝜇 [𝜈𝜌)𝜕𝜎]𝜑 + 𝑃̂

𝜇𝐺𝜇[𝜈𝜌
∗ 𝜕𝜎]𝜑 +

2𝑖

3
𝐹̂[𝜈𝜌∣
𝜏𝜔𝜆𝐺̂𝜏𝜔𝜆𝜕∣𝜎]𝜑 + 𝒪(𝜓

2) = 0

(𝑅̂𝜌[𝜇∣ − 𝑃̂𝜌𝑃̂[𝜇∣
∗ − 𝑃̂[𝜇∣𝑃̂𝜌

∗ −
1

6
𝐹̂[4]𝜌𝐹̂[4]

[4]

 −
1

8
𝐺𝜌
𝜎𝜏𝐺𝜎𝜏[𝜇∣

∗ −
1

8
𝐺𝜎𝜏[𝜇∣𝐺̂𝜌

∗𝜎𝜏 +
1

48
𝑔𝜌[𝜇∣𝐺̂

[3]𝐺̂[3]
∗ ) 𝜕∣𝜈]𝜑 + 𝒪(𝜓

2) = 0

𝐹̂[𝜇1⋯𝜇5𝜕𝜇6]𝜑 = −
1

6!
𝑒−1𝜖𝜇1⋯𝜇6

𝜈1⋯𝜈6𝐹̂𝜈1⋯𝜈5𝜕𝜈6𝜑

𝛾𝜎 (𝛾𝜌ℛ̂𝜌[𝜇∣ + 𝜆
∗𝑃̂[𝜇∣ −

1

48
𝛾[3]𝛾[𝜇∣𝜆𝐺[3]

∗ −
1

96
𝛾[𝜇∣𝛾

[3]𝜆𝐺[3]
∗ ) (𝜕∣𝜈]𝜑)(𝜕𝜎𝜑) = 0

𝛾𝜎 (𝛾𝜇𝐷̂𝜇𝜆 −
𝑖

240
𝛾[5]𝜆𝐹̂[5]) 𝜕𝜎𝜑 = 0

 

 

[𝛿𝑄(𝜖1), 𝛿𝑄(𝜖2)]𝐴𝜇𝜈
𝛼 = [−

3

4
𝑉+
𝛼(𝜖‾2𝛾

𝜎𝜌𝜖1)𝐺𝜎𝜇𝜈
∗ 𝜕𝜌𝜑 +

1

4
𝑉−
𝛼(𝜖‾2𝛾

𝜏𝜌𝜖1)𝐺𝜌𝜇𝜈𝜕𝜏𝜑

+
1

24
𝑉−
𝛼(𝜖‾2𝛾𝜇𝜈

𝜌𝜎𝜏𝜔
𝜖1)𝐺𝜌𝜎𝜏𝜕𝜔 𝜑

−
1

24
𝑉+
𝛼(𝜖‾2𝛾𝜇𝜈

𝜌𝜎𝜏𝜔
𝜖1)𝐺𝜌𝜎𝜏

∗ 𝜕𝜔𝜑] − (1↔ 2) +  c.c. 

= (𝜖‾1𝛾
𝜌𝜎𝜖2)𝐹𝜌𝜇𝜈

𝛼 𝜕𝜎𝜑 = 𝜉
𝜌𝐹𝜌𝜇𝜈

𝛼

 

[
1

4
𝑉−
𝛼(𝜖‾2𝛾

𝜏𝜌𝜖1)𝐺𝜌𝜇𝜈𝜕𝜏𝜑 −
3

4
𝑉+
𝛼(𝜖‾2𝛾

𝜎𝜌𝜖1)𝐺𝜎𝜇𝜈
∗ 𝜕𝜌𝜑] − (1 ↔ 2) +  c.c. = +𝜉𝜌𝐹𝜌𝜇𝜈

𝛼  

𝑃↓𝛾
𝜇𝐷̂𝜇𝜆 − 𝑖𝑎1𝑃↓𝛾

[5]𝜆𝐹̂[5] = 0  

(𝐹𝐺-terms ) =+𝑖 (
1

320
−
3

4
𝑎1) (∂̸𝜑̃)𝛾

𝜌𝜎𝜈1⋯𝜈5𝜖𝐹[𝜈1⋯𝜈5∣𝐺𝜌𝜎
𝜏 𝜕∣𝜏]𝜑 

 −𝑖 (
1

16
+ 5𝑎1)𝑃↓𝛾

𝜇𝜈𝜖𝐹𝜇𝜈
[3]
𝐺[3]

 

𝑎1 = +
1

240
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(𝜖-terms ) =  −
1

8
𝑃↓𝛾

𝜇𝜈𝜖 [𝐷𝜏𝐺𝜇𝜈
𝜏 + 𝑃𝜏𝐺𝜇𝜈

∗𝜏 +
2𝑖

3
𝐹𝜇𝜈
[3]
𝐺[3]]

=  −
1

4
𝛾𝜎𝛾𝜌𝜇𝜈𝜖[𝐷𝜏𝐺[𝜇𝜈

𝜏 (𝜕𝜌]𝜑) + 𝑃
𝜏𝐺𝜏[𝜇𝜈

∗ (𝜕𝜌]𝜑)

+
2𝑖

3
𝐹[𝜇𝜈∣
[3]
𝐺[3](𝜕∣𝜌]𝜑)] 𝜕𝜎𝜑 = 0

 

(𝑃𝐹-terms ) = 𝑖 (
1

24
− 10𝑎1)𝑃↓𝛾

[4]𝜖∗𝑃𝜇𝐹[4]𝜇  

𝑎1 = +
1

240
 

(𝜖∗-terms ) = 𝑃↓𝜖
∗ (𝐷𝜇𝑃

𝜇 −
1

24
𝐺𝜌𝜎𝜏
2 )  

𝛾𝜆[𝛾𝜌ℛ̂𝜌[𝜇∣ + 𝑏2(𝛾
𝜌𝛾[𝜇∣𝜆

∗)𝑃̂𝜌 + 𝑏3(𝛾[𝜇∣𝛾
𝜌𝜆∗)𝑃̂𝜌

+𝑏4(𝛾
𝜌𝜎𝜏𝛾[𝜇∣𝜆)𝐺̂𝜌𝜎𝜏

∗ + 𝑏5(𝛾[𝜇∣𝛾
𝜌𝜎𝜏𝜆)𝐺̂𝜌𝜎𝜏

∗ ](𝜕∣𝜈]𝜑)(𝜕𝜆𝜑) = 0
 

𝛾[𝜇1𝜇2𝜇3  
𝜈ℛ𝜇4𝜇5(𝜕𝜇6]𝜑)(𝜕𝜈𝜑) +

1

720
𝜖𝜇1⋯𝜇6  

𝜈1⋯𝜈6𝛾𝜈1𝜈2𝜈3  
𝜌ℛ𝜈4𝜈5(𝜕𝜈6𝜑)(𝜕𝜌𝜑) + 𝒪(𝜙

2)  

(𝐷𝐺-terms ) + (𝑃𝐺∗-terms ) =+(−
1

96
− 𝑏5)𝛾

𝜆𝛾[𝜇∣
𝜌𝜎𝜏𝜔

𝜖∗𝑃𝜌𝐺𝜎𝜏𝜔
∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)  

+ (
1

32
−
1

12
𝑏2 − 𝑏5)𝛾

𝜆𝛾𝜌𝜎𝜏𝜖∗𝑃[𝜇∣𝐺𝜌𝜎𝜏
∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑) 

+ (−
3

32
− 9𝑏5) 𝛾

𝜆𝛾𝜌𝜎𝜏𝜖∗𝑃𝜌𝐺𝜎𝜏[𝜇
∗ (𝜕𝜈]𝜑)(𝜕𝜆𝜑)  

+ (+
3

16
+ 18𝑏5) 𝛾

𝜆𝛾𝜌𝜖∗𝑃𝜌𝐺𝜎𝜌[𝜇
∗ (𝜕𝜈]𝜑)(𝜕𝜆𝜑)  

+ (+
1

32
+ 3𝑏5) 𝛾

𝜆𝛾[𝜇∣
𝜌𝜎
𝜖∗𝑃𝜏𝐺𝜌𝜎𝜏

∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)  

−
𝑖

8
𝛾𝜆𝛾𝜌𝜖∗𝐹𝜌[𝜇∣ 

[3]𝐺[3](𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)  

+
𝑖

48
𝛾𝜆𝛾[𝜇∣

𝜌𝜎
𝜖∗𝐹𝜌𝜎  

[3]𝐺[3](𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)  

 +[(𝑏2 − 𝑏3)-terms ] + [(𝑏4 − 2𝑏5)-terms ]

 

𝑏2 = +
1

2
 , 𝑏3 = +

1

2
 , 𝑏4 = −

1

48
 , 𝑏5 = −

1

96
 

𝛾𝜆𝛾𝜌𝜎𝜏𝛾[𝜇∣𝑃↓𝛾
𝜔𝜖∗𝑃𝜔𝐺𝜌𝜎𝜏

∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)

=−𝛾𝜆𝛾[𝜇∣
𝜌𝜎𝜏𝜔

𝜖∗𝑃𝜔𝐺𝜌𝜎𝜏
∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑) − 3𝛾

𝜆𝛾[𝜇∣
𝜌𝜎
𝜖∗𝑃𝜏𝐺𝜌𝜎𝜏

∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)  

+𝛾𝜆𝛾𝜌𝜎𝜏𝜖∗𝑃[𝜇∣𝐺𝜌𝜎𝜏
∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)  

 +3𝛾𝜆𝛾𝜌𝜎𝜏𝜖∗𝑃𝜏𝐺𝜌𝜎[𝜇∣
∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑) + 6𝛾

𝜆𝛾𝜌𝜖∗𝑃𝜎𝐺𝜌𝜎[𝜇∣
∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)

 

ℱ[6] = −
1

6!
𝜖[6]
[6]′
ℱ[6]′ , ℱ𝜇1⋯𝜇6 ≡ 𝐹[𝜇1⋯𝜇5𝜕𝜇6]𝜑  
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(𝑃𝑃∗-terms ) =+𝛾𝜆𝛾𝜌𝜖 [−
1

2
𝑃𝜌𝑃[𝜇∣

∗ + (
1

2
− 2𝑏2)𝑃[𝜇∣𝑃𝜌

∗] (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑) 

 +(𝑏2 − 𝑏3)𝛾
𝜆𝛾[𝜇∣𝛾

𝜌𝑃↓𝛾
𝜎𝜖𝑃𝜌𝑃𝜎

∗(𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)
 

𝑏2 = 𝑏3 = +
1

2
 

(𝐷𝐹-terms ) =−
1

192
𝛾𝜆𝛾[3][2]𝜖[𝐺[3]𝐺[2][𝜇∣

∗ (𝜕∣𝜈]𝜑) − 𝐺[2][𝜇∣𝐺[3]
∗ (𝜕∣𝜈]𝜑)](𝜕𝜆𝜑) 

 −
1

576
𝛾𝜆𝛾[𝜇∣

[3][3]′
𝜖𝐺[3]𝐺[3]′

∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)

 

(𝐹2-terms ) = −
1

12
𝛾𝜆𝛾𝜌𝜖𝐹[4][𝜇∣𝐹𝜌

[4]
 𝜌(𝜕∣𝜈]𝜑)(𝜕𝜆𝜑),  

𝐹𝑖1⋯𝑖5 = +
1

5!
𝜖𝑖1⋯𝑖5
𝑗1⋯𝑗5𝐹𝑗1⋯𝑗5  

𝛾𝑖[2]𝜖𝐹[3] 𝑖𝑗𝐹[2][3] ≡ 0, 𝛾
[3][4]𝜖𝐹[3]𝑖𝑗𝐹[4]

𝑗
≡ 0  

(∂̸𝜑𝛾[7]𝜖-terms ) =
1

768
[32(−𝑏4 + 𝑏5) +

1

3
] 𝛾𝜆𝛾[𝜇∣

[3][3]′
𝜖𝐺[3]𝐺[3]′

∗ (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)  

𝑏4 − 𝑏5 = −
1

96
 

(∂̸𝜑𝛾[5]𝜖-terms ) = +
1

256
[96(𝑏4 − 𝑏5) + 1]𝛾

𝜓𝛾[𝜇∣
𝜌𝜎𝜆𝜔

𝜖𝐺𝜌𝜎𝜏𝐺𝜆𝜔
∗ (𝜕∣𝜈]𝜑)(𝜕𝜓𝜑)

+
1

3072
[−12 − 384(𝑏4 + 𝑏5)]𝛾

𝜆𝛾[3][2]𝜖𝐺[3]𝐺[2][𝜇
∗ (𝜕𝜈]𝜑)(𝜕𝜆𝜑)  

 +
1

3072
[−4 − 384(𝑏4 − 𝑏5)]𝛾

𝜔𝛾𝜌𝜎𝜏𝜆𝜔𝜖𝐺𝜆𝜔[𝜇∣𝐺𝜌𝜎𝜏
∗ (𝜕∣𝜈]𝜑)(𝜕𝜔𝜑).

 

(∂̸𝜑𝛾[3]𝜖-terms ) = +
1

512
[4 + 384(𝑏4 − 𝑏5)]𝛾

𝜓𝛾[𝜇∣
𝜌𝜔
𝜖𝐺𝜌𝜎𝜏𝐺𝜔

∗𝜎𝜏(𝜕∣𝜈]𝜑)(𝜕𝜓𝜑)

+
1

512
[−12 − 384(𝑏4 + 𝑏5)]𝛾

𝜓𝛾𝜎𝜏𝜆𝜖𝐺𝜎𝜏𝜔𝐺𝜆
∗𝜔 [𝜇(𝜕𝜈]𝜑)(𝜕𝜓𝜑) 

 +
1

512
[+4 + 384(𝑏4 − 𝑏5)]𝛾

𝜔𝛾𝜌𝜎𝜆𝜖𝐺𝜆𝜏[𝜇∣𝐺𝜌𝜎
∗ (𝜕∣𝜈]𝜑)(𝜕𝜔𝜑)

 

(∂̸𝜑𝛾[1]𝜖-terms )

 =
1

16
𝛾𝜆𝛾𝜏𝜖 [−𝐺𝜌𝜎𝜏𝐺𝜌𝜎[𝜇∣

∗ − 𝐺𝜌𝜎[𝜇∣𝐺𝜌𝜎𝜏
∗ +

1

6
𝑔𝜏[𝜇∣|𝐺𝜌𝜎𝜔|

2
] (𝜕∣𝜈]𝜑)(𝜕𝜆𝜑)

 

 

ℛ̂𝜇̂𝜈̂ = (ℛ𝜇̂𝜈̂ , 0) , 𝜆̂ = (
0

𝜆
)  
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𝑆 = 𝑆𝜎 + 𝑆𝐴

𝑆𝜎 ≡ ∫  𝑑
4𝜎 (

1

2
√𝑔𝑔𝑖𝑗𝜂𝑎𝑏Π𝑖

𝑎Π𝑗
𝑏 −√𝑔)

𝑆𝐴 ≡ ∫  𝑑
4𝜎 (−

𝑖

6
𝜖𝑖1⋯𝑖4Π𝑖1

𝐵1⋯Π𝑖4
𝐵4𝐴𝐵4⋯𝐵1)

 

𝑇𝛼𝛽
𝑐 = (𝛾𝑐𝑑)

𝛼𝛽
∇𝑑𝜑 + (𝑃↑↓)𝛼𝛽∇

𝑐𝜑, 𝑇𝛼‾ 𝛽‾
𝑐 = (𝛾𝑐𝑑)

𝛼𝛽
∇𝑑𝜑 + (𝑃↑↓)𝛼𝛽∇

𝑐𝜑

𝐹𝛼𝛽𝑐𝑑𝑒 = −
𝑖

4
(𝛾𝑐𝑑𝑒
𝑓
)
𝛼𝛽
∇𝑓𝜑, 𝐹𝛼‾ 𝛽‾ 𝑐𝑑𝑒 = +

𝑖

4
(𝛾𝑐𝑑𝑒
𝑓
)
𝛼𝛽
∇𝑓𝜑

∇𝑎∇𝑏𝜑 = 0, ∇𝑎∇𝑏𝜑̃ = 0, (∇𝑎𝜑)(∇
𝑎𝜑̃) = 1,

(∇𝑎𝜑)
2 = 0, (∇𝑎𝜑̃)

2 = 0, ∇𝛼𝜑 = 0, ∇𝛼𝜑̃ = 0

 

 

Γ ≡
1

24√𝑔
𝜖𝑖𝑗𝑘𝑙Π𝑖

𝑎Π𝑗
𝑏Π𝑘

𝑐Π𝑙
𝑑(𝛾𝑎𝑏𝑐𝑑)  

Γ2 = 𝐼

𝜖𝑖
𝑗𝑘𝑙
Π𝑗
𝑎Π𝑘

𝑏Π𝑙
𝑐𝛾𝑎𝑏𝑐Γ = +6√𝑔Π𝑖

𝑎𝛾𝑎
 

𝛿(𝑆𝜎 + 𝑆𝐴) = [+√𝑔𝑔
𝑖𝑗Π𝑖

𝛾
(𝛾𝑎𝛾

𝑏)
𝛾𝛽
(∇𝑏𝜑)(𝛿𝐸

𝛽)Π𝑗
𝑎  

+
1

6
𝜖𝑖𝑗𝑘𝑙Π𝑖

𝛾(𝛾𝑏𝑐𝑑𝛾
𝑎)𝛾𝛼(∇𝑎𝜑)(𝛿𝐸

𝛼)Π𝑗
𝑏Π𝑘

𝑐Π𝑙
𝑑] + (𝛿𝐸𝛼 → 𝛿𝐸‾𝛼‾ )

 

Π𝑖
𝑎∇𝑎𝜑 = 0  

(𝑛𝑚) = (0,0,⋯ ,0, +
1

√2
,+

1

√2
) , (𝑚𝑚) = (0,0,⋯ ,0, +

1

√2
,−

1

√2
)  

𝑉± ≡
1

√2
(𝑉(12) ± 𝑉(13))  

𝑛𝜇 ≡ 𝜕𝜇𝜑 ,𝑚𝜇 ≡ 𝜕𝜇𝜑̃ , 𝐷𝑚𝐷𝑛𝜑 = 0 , 𝐷𝑚𝐷𝑛𝜑̃ = 0  

𝛿𝑄𝑒𝜇
𝑚 = (𝜖‾𝛾𝑚𝜈𝜓𝜇)𝜕𝜈𝜑

𝛿𝑄𝜓𝜇 = 𝐷𝜇𝜖 +
1

144
𝑃↓ (𝛾𝜇

[4]
𝜖𝐹̂[4] − 8𝛾

[3]𝜖𝐹̂𝜇[3])

𝛿𝑄𝐴𝜇𝜈𝜌 = +
3

2
(𝜖‾𝛾[𝜇𝜈

𝜎 𝜓𝜌])𝜕𝜎𝜑

𝛿𝑄𝜑 = 0, 𝛿𝑄𝜑̃ = 0

 

𝐹̂𝜇𝜈𝜌𝜎
𝜏 𝜕𝜏𝜑 = 0, 𝑅̂𝜇

𝜈𝑚𝑛𝜕𝜈𝜑 = 0, 𝑅̂𝜇𝜈
𝑚𝑛𝐷𝑚𝜑 = 0

ℛ̂𝜇
𝜈𝜕𝜈𝜑 = 0, ℛ̂̂𝜇𝜈𝛾

𝑚𝐷𝑚𝜑̃ = 0

(𝐷𝑚𝜑)
2 = 0, (𝐷𝑚𝜑̃)

2 = 0, (𝐷𝑚𝜑)(𝐷
𝑚𝜑̃) = 1
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𝛿𝑄𝜓𝜇 = 𝑃↓(𝑎1𝛾𝜇 
[4]𝜖𝐹[4] + 𝑎2𝛾

[3]𝜖𝐹𝜇[3])

𝛿𝑄𝐴𝜇𝜈𝜌 = 𝑎3(𝜖‾𝛾[𝜇𝜈  
𝜎𝜓𝜌])𝜕𝜎𝜑

 

𝛿E𝑒𝜇
𝑚 = 𝛼𝜇(𝐷

𝑚𝜑) + 𝛼̃𝑚𝜕𝜇𝜑

𝛿E𝐴𝜇𝜈𝜌 = 𝛽[𝜇𝜈𝜕𝜌]𝜑
 

[𝛿1, 𝛿2]𝐴𝜇𝜈𝜌 =−12𝑎2𝑎3𝜉
𝜎𝐹𝜎𝜇𝜈𝜌 + 𝜕[𝜇Λ𝜈𝜌]  

−2𝑎3(8𝑎1 + 𝑎2)(𝜖‾2𝛾[𝜇𝜈∣ 
[3]𝑚𝜖1)𝐹∣𝜌][3]𝐷𝑚𝜑  

+𝑎1[−2(𝜖‾2𝛾[𝜇∣𝑃↓𝛾|𝜈| 
[4]𝜖1)𝐹[4] − (𝜖‾2𝛾[𝜇𝜈∣𝛾

[4]𝜖1)𝐹[4]]𝜕∣𝜌]𝜑 − (1 ↔ 2) 

 +𝑎2[−2(𝜖‾2𝛾[𝜇∣𝑃↓𝛾
[3]𝜖1)𝐹|𝜈|[3] + 6(𝜖‾2𝛾

[2]𝜖1)𝐹[𝜇𝜈∣[2]]𝜕∣𝜌]𝜑 − (1 ↔ 2)

 

𝑎2𝑎3 = −
1

12
8𝑎1 + 𝑎2 = 0

 

𝑎1 = +
1

144
, 𝑎2 = −

1

18
, 𝑎3 = +

3

2
 

[𝑅̂𝜌[𝜇∣ +
1

3
𝐹̂𝜌[3]𝐹̂[𝜇∣

[3]
−
1

36
𝑔𝜌[𝜇∣𝐹̂[4]

2 ] 𝜕∣𝜈]𝜑 = 𝒪(𝜓
2)

(𝐷̂𝜇𝐹̂[𝜈𝜌𝜎
𝜇

)𝜕𝜏]𝜑 = +
1

2304
𝜖𝜈𝜌𝜎𝜏 

[4][4]′𝜇𝐹̂[4]𝐹̂[4]′𝜕𝜇𝜑

𝛾𝜎𝛾𝜌ℛ̂𝜌[𝜇(𝜕𝜈]𝜑)(𝜕𝜎𝜑) = 0

 

(𝐷𝜇𝐹̂[𝜈𝜌𝜎
𝜇

)𝜕𝜏]𝜑 = 𝛼𝑒
−1𝜖𝜈𝜌𝜎𝜏

[4][4]′𝜇
𝐹̂[4]𝐹̂[4]′𝜕𝜇𝜑

[𝑅̂𝜌[𝜇∣ + 𝛿𝐹𝜌[3]𝐹[𝜇∣
[3]
+ 𝛽𝑔𝜌[𝜇∣𝐹[4] 

2] 𝜕∣𝜈]𝜑 = 0
 

−3𝑎2(∂̸𝜑)𝛾
[2]𝜖(𝐷𝜌𝐹[2][𝜇

𝜌
) 𝜕𝜈]𝜑 = −24𝑎2𝛼(∂̸𝜑)𝛾

[4][4][𝜇∣
′

𝜖𝐹[4]𝐹[4]′𝜕∣𝜈]𝜑

 −6𝑎2(∂̸𝜑)𝛾
𝜌𝜎𝜖[(𝐷𝜏𝐹[𝜌𝜎𝜇

𝜏 )𝜕𝜈]𝜑 − 𝛼𝜖𝜌𝜎𝜇𝜈 
[4][4]′𝜏𝐹[4]𝐹[4]′𝜕𝜏𝜑]

 

−4𝑎1(∂̸𝜑)𝛾[𝜇∣
[3]
𝜖 (𝐷𝜌𝐹[3]

𝜌
) 𝜕∣𝜈]𝜑 = +768𝑎1𝛼(∂̸𝜑)𝛾

[4][3]𝜖𝐹[4]𝐹[3][𝜇𝜕𝜈]𝜑

 −8𝑎1(∂̸𝜑)𝛾𝜇 
𝜎𝜏𝜔𝜖 [(𝐷𝜌𝐹[𝜎𝜏𝜔

𝜌
)𝜕𝜈]𝜑 − 𝛼𝜖𝜎𝜏𝜔𝜈 

[4][4]]′𝜆𝐹[4]𝐹[4]′𝜕𝜆𝜑] − (𝜇 ↔ 𝜈)
 

1

2
(∂̸𝜑)𝛾𝜌𝜖𝑅𝜌[𝜇𝜕𝜈]𝜑= +

1

2
(∂̸𝜑)𝛾𝜌𝜖 (𝛿𝐹𝜌[3]𝐹[𝜇∣

[3]
𝜕∣𝜈]𝜑 − 𝛽𝑔𝜌[𝜇∣𝐹[4]

2 𝜕∣𝜈]𝜑)  

 +
1

2
(∂̸𝜑)𝛾𝜌𝜖 (𝑅𝜌[𝜇𝜕𝜈]𝜑 + 𝛿𝐹𝜌[3]𝐹[𝜇∣

[3]
𝜕∣𝜈]𝜑 + 𝛽𝑔𝜌[𝜇∣𝐹[4]

2 𝜕∣𝜈]𝜑)

 

𝛿[(∂̸𝜑)𝛾𝜌ℛ̂𝜌[𝜇∣𝜕∣𝜈]𝜑] = (768𝛼𝑎1 + 32𝑎1
2 − 6𝑎1𝑎2 − 2𝑎2

2)𝑁𝜇𝜈

+(−24𝑎2𝛼 + 4𝑎1
2 + 2𝑎1𝑎2)𝑊𝜇𝜈 + (

1

2
𝛽 + 288𝑎1

2)𝑆𝜇𝜈 + (−
1

2
𝛿 + 1152𝑎1

2 + 36𝑎2
2)𝑃𝜇𝜈  

 −36(8𝑎1 + 𝑎2)(2𝑎1 − 𝑎2)𝑄𝜇𝜈 − 6(8𝑎1 + 𝑎2)
2𝑇𝜇𝜈 − 72𝑎1(8𝑎1 + 𝑎2)𝑈𝜇𝜈
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𝑁𝜇𝜈 ≡ (∂̸𝜑)𝛾
[4][3]𝜖𝐹[4]𝐹[3][𝜇𝜕𝜈]𝜑, 𝑃𝜇𝜈 ≡ (∂̸𝜑)𝛾

𝜌𝜖𝐹𝜌
[3]
𝐹[3][𝜇𝜕𝜈]𝜑

𝑄𝜇𝜈 ≡ (∂̸𝜑)𝛾
[2]𝜌𝜖𝐹[2] 

[2]′𝐹[2]′𝜌[𝜇𝜕𝜈]𝜑, 𝑆𝜇𝜈 ≡ (∂̸𝜑)𝛾[𝜇∣𝜖𝐹[4] 
2𝜕∣𝜈]𝜑

𝑇𝜇𝜈 ≡ (∂̸𝜑)𝛾
[3][2]𝜖𝐹[3] 

𝜌𝐹𝜌[2][𝜇𝜕𝜈]𝜑,𝑈𝜇𝜈 ≡ (∂̸𝜑)𝛾
[2][2]′  [𝜇∣𝜖𝐹[2][2]′′𝐹[2]′  

[2]′′𝜕∣𝜈]𝜑

𝑊𝜇𝜈 ≡ (∂̸𝜑)𝛾
[4][4]′  [𝜇∣𝜖𝐹[4]𝐹[4]′𝜕∣𝜈]𝜑.

 

𝛼 = +
1

2304
 

𝛽 = −
1

36
 , 𝛿 = +

1

3
 

𝑇𝛼𝛽
𝑐 = (𝛾𝑐𝑑)

𝛼𝛽
∇𝑑𝜑 + (𝑃↑↓)𝛼𝛽∇

𝑐𝜑

𝐹𝛼𝛽𝑐𝑑 = −
1

2
(𝛾𝑐𝑑
𝑒 )𝛼𝛽∇𝑒𝜑 −

1

2
(𝑃↓𝛾[𝑐])(𝛼𝛽)

∇∣𝑑]𝜑

(∇𝑎𝜑)(∇
𝑎𝜑) = 0, (∇𝑎𝜑̃)(∇

𝑎𝜑̃) = 0, (∇𝑎𝜑)(∇
𝑎𝜑̃) = 1, ∇𝛼𝜑 = ∇𝛼𝜑̃ = 0

 

𝑉̃𝑎 ≡ 𝑉𝑎 − (∇𝑎𝜑)(∇
𝑏𝜑̃)𝑉𝑏 .  

(𝛾𝑎𝑏)
(𝛼𝛽∣

(𝛾𝑎𝑑
𝑐 )∣𝛾𝛿)(∇𝑏𝜑)(∇𝑐𝜑) − 2(𝛾

𝑎𝑏)
(𝛼𝛽∣

(𝑃↓𝛾𝑎)∣𝛾𝛿)(∇𝑏𝜑)(∇𝑑𝜑) = 0  

(𝛾𝑖)
(𝛼𝛽∣

(𝛾𝑖𝑗)∣𝛾𝛿)
≡ 0  

𝑆 = 𝑆𝜎 + 𝑆𝐴

𝑆𝜎 ≡ ∫  𝑑
3𝜎 (−

1

2
√−𝑔𝑔𝑖𝑗𝜂𝑎𝑏Π𝑖

𝑎Π𝑗
𝑏 +

1

2
√−𝑔)

𝑆𝐴 ≡ ∫  𝑑
3𝜎 (+

1

3
𝜖𝑖𝑗𝑘Π𝑖

𝐴Π𝑗
𝐵Π𝑘

𝐶𝐴𝐶𝐵𝐴)

 

𝛿𝐸𝛼 = (𝐼 + Γ)𝛼  𝛽𝜅
𝛽 + (𝑃↑)

𝛼𝛽𝜂𝛽
𝛿𝐸𝑎 = 0

 

Γ ≡
1

6√−𝑔
𝜖𝑖𝑗𝑘Π𝑖

𝑎Π𝑗
𝑏Π𝑘

𝑐(𝛾𝑎𝑏𝑐)  

Γ2 = 𝐼

𝜖𝑖 
𝑗𝑘Π𝑗 

𝑎Π𝑘 
𝑏𝛾𝑎𝑏Γ = +2√−𝑔Π𝑖 

𝑎𝛾𝑎
 

Π𝑖  
𝑎∇𝑎𝜑 = 0  

𝛿𝜂𝑆 = √−𝑔Π𝑖𝑎(𝜂‾𝑃↓𝛾
𝑏𝑎)

𝛽
Π𝑖𝛽∇𝑏𝜑 +

1

4
𝜖𝑖𝑗𝑘(𝜂‾𝑃↓𝛾𝑑𝑐𝑏)𝛽Π𝑖 

𝛽Π𝑗 
𝑏Π𝑘 

𝑐∇𝑑𝜑.  

𝛿(𝛼  
𝛽𝛿𝛾) 

𝛿  =
1

32
(𝛾𝑎𝑏)

𝛼𝛾
(𝛾𝑎𝑏)

𝛽𝛿 +
1

32(6!)
(𝛾[6])

𝛼𝛾
(𝛾[6])

𝛽𝛿

𝛿[𝛼  
𝛽𝛿𝛾] 

𝛿  = +
1

16
𝐶𝛼𝛾𝐶

𝛽𝛿 +
1

16(4!)
(𝛾[4])

𝛼𝛾
(𝛾[4])

𝛽𝛿
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𝛾[𝑛] =
(−1)𝑛(𝑛−1)/2

(12 − 𝑛)!
𝜖[𝑛]
[12−𝑛]

𝛾[12−𝑛]𝛾13 (0 ≤ 𝑛 ≤ 12)  

𝑆[6]𝐴[6] ≡ 0  

𝜓‾ = 𝜓†𝐴 ( for Dirac conjugate )

𝜓 = 𝐶𝜓‾𝑇 ( for Majorana-Weyl condition )

𝛾𝜇
† = −𝐴𝛾𝜇𝐴

−1, 𝐴 ≡ 𝛾(1)𝛾(12), 𝐴
† = −𝐴

𝐴𝑇 = −𝐶𝐴𝐶−1, 𝛾𝜇 = −𝐵−1𝛾𝜇∗𝐵 (𝜂 = −1 for Majorana spinors )

𝐵 ≡ (𝐴𝑇)−1𝐶𝑇 = −𝐶𝐴, 𝐶𝑇 = −𝐶 (𝜖 = +1, 𝜂 = −1)

𝛾𝜇
𝑇 = +𝐶𝛾𝜇𝐶

−1, 𝐶†𝐶 = +𝐼, 𝜓∗ = 𝐵𝜓
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𝛾𝜇𝛾
[𝑛]𝛾𝜇 = (−1)𝑛(12 − 2𝑛)𝛾[𝑛], 𝛾𝜇𝛾

[6]𝛾𝜇 = 0,

𝛾𝜇𝜈𝛾𝜌𝜎𝛾𝜇𝜈 = −52𝛾𝜌𝜎 , 𝛾
𝜇𝜈𝛾𝜌𝛾𝜇𝜈 = −88𝛾𝜌, 

𝛾𝜈𝛾𝜇𝛾𝜈𝜌 = −9𝛾𝜇𝜌 − 11𝑔𝜇𝜌, 𝛾𝜈𝜌𝛾𝜇𝛾
𝜈 = −9𝛾𝜇𝜌 + 11𝑔𝜇𝜌,

𝛾𝜇𝜈𝛾𝜎𝜏𝛾
𝜇𝜈𝜌 = −38𝛾𝜎𝜏 

𝜌 + 140𝛿[𝜎  
𝜌𝛾𝜏],

𝛾𝜇 
𝜈𝛾𝜎𝜏𝛾𝜈𝜌 = +6𝛾𝜇𝜌 

𝜎𝜏 + 32𝛾(𝜌 
[𝜎𝛾𝜏] 𝜇) + 7𝑔𝜇𝜌𝛾

𝜎𝜏 + 20𝛿𝜇  
[𝜎𝛿𝜌 

𝜏],

𝛾𝜌𝛾𝜇𝜈𝛾𝜌𝜎 = +7𝛾𝜎  
𝜇𝜈 − 18𝛿𝜎  

[𝜇𝛾𝜈], 𝛾𝜌𝜎𝛾𝜇𝜈𝛾𝜌 = −7𝛾𝜇𝜈  
𝜎 − 18𝛿[𝜇 

𝜎𝛾𝜈],

𝛾𝜌𝜎𝜏𝛾𝜇𝜈𝛾𝜌 = +6𝛾𝜇𝜈  
𝜎𝜏 + 32𝛿[𝜇 

[𝜎𝛾𝜈] 
𝜏] − 20𝛿[𝜇 

𝜎𝛿𝜈] 
𝜏,

𝛾[2]𝜎𝜏𝜔𝛾𝜇𝛾[2] = +40𝛾𝜇 
𝜎𝜏𝜔 − 216𝛿𝜇 

[𝜎𝛾𝜏𝜔], 

𝛾[2]𝜏𝜆𝜔𝛾𝜇𝜈𝜌𝛾[2] = −144𝛿[𝜇
[𝜏
𝛾𝜈𝜌] 

𝜆𝜔] − 720𝛿[𝜇 
[𝜏𝛿𝜈  

𝜆𝛾𝜌] 
𝜔] + 432𝛿[𝜇 

[𝜏𝛿𝜈  
𝜆𝛿𝜌] 

𝜔],

𝛾[2]𝜇𝜈𝜌𝛾𝜎𝜏𝛾[2] = −16𝛾𝜎𝜏 
𝜇𝜈𝜌 − 240𝛿[𝜎  

[𝜇𝛾𝜏] 
𝜈𝜌] + 432𝛿[𝜎  

[𝜇𝛿𝜏] 
𝜈𝛾𝜌],

𝛾𝜇𝜈𝜌𝜎𝜏𝛾𝜆𝜔𝛾𝜏 = +4𝛾𝜆𝜔 
𝜇𝜈𝜌𝜎 + 48𝛿[𝜆 

[𝜇𝛾𝜔] 
𝜈𝜌𝜎] − 96𝛿[𝜆 

[𝜇𝛿𝜔] 
𝜈𝛾𝜌𝜎],

𝛾𝜇𝜈𝜌𝛾𝜆𝜔𝛾𝜇 
𝜎 = +5𝛾𝜆𝜔 

𝜈𝜌𝜎 + 12𝑔𝜎[𝜌𝛾𝜆𝜔 
𝜈] − 14𝛿[𝜆 

𝜎𝛾𝜔] 
𝜈𝜌 + 28𝛿[𝜆 

[𝜈𝛾𝜔] 
𝜌]𝜎

 −18𝛿[𝜆 
[𝜈𝛿𝜔] 

𝜌]𝛾𝜎 + 32𝛿[𝜆 
[𝜈𝑔𝜌]𝜎𝛾𝜔] − 36𝛿[𝜆 

[𝜈∣𝛿𝜔] 
𝜎𝛾∣𝜌],

𝛾𝜈𝜌𝜎𝜏𝛾𝜆𝜔𝛾𝜎𝜏 = −26𝛾𝜆𝜔 
𝜈𝜌 − 216𝛿[𝜆 

[𝜈𝛾𝜔] 
𝜌] + 180𝛿[𝜆 

𝜈𝛿𝜔] 
𝜌,

𝛾𝜌𝛾𝜎𝜏𝛾𝜌 
𝜆𝜇𝜈 = +5𝛾𝜎𝜏 

𝜆𝜇𝜈 − 42𝛿[𝜎  
[𝜆𝛾𝜏] 

𝜇𝜈] − 54𝛿𝜎  
[𝜆𝛿𝜏 

𝜇𝛾𝜈],

𝛾[𝜇𝜈𝛾𝜆𝜔𝛾
𝜌𝜎] = 𝛾𝜆𝜔 

𝜇𝜈𝜌𝜎 + 4𝛿[𝜆 
[𝜇𝛿𝜔] 

𝜈𝛾𝜌𝜎],

𝛾[𝜇𝛾
𝜌𝜎𝛾𝜈] = +𝛾𝜇𝜈  

𝜌𝜎 + 2𝛿[𝜇 
𝜌𝛿𝜈] 

𝜎 ,

𝛾[𝜇𝛾
𝜌𝜎𝜏𝜔𝛾𝜈] = 𝛾𝜇𝜈  

𝜌𝜎𝜏𝜔 + 12𝛿[𝜇 
[𝜌𝛿𝜈] 

𝜎𝛾𝜏𝜔],

𝛾[2]𝛾𝜆𝜔𝛾[2] 
𝜇𝜈𝜌𝜎 = −8𝛾𝜆𝜔 

𝜇𝜈𝜌𝜎 + 224𝛿[𝜆 
[𝜇𝛾𝜔] 

𝜈𝜌𝜎] + 672𝛿[𝜆 
[𝜇𝛿𝜔] 

𝜈𝛾𝜌𝜎],

𝛾𝜌𝜎𝛾𝜇𝜈𝛾𝜌𝜎 
𝜏𝜆 = −26𝛾𝜇𝜈 

𝜏𝜆 + 216𝛿[𝜇 
[𝜏𝛾𝜈] 

𝜆] + 180𝛿[𝜇 
𝜏𝛿𝜈] 

𝜆,

𝛾[3]𝜇𝜈𝜌𝛾𝜎𝜏𝛾[3] = +1008𝛿[𝜎  
[𝜇𝛾𝜏] 

𝜈𝜌] − 3024𝛿[𝜎  
[𝜇𝛿𝜏] 

𝜈𝛾𝜌],

𝛾[2]𝜇𝜈𝜌𝜎𝛾𝜆𝜔𝛾[2] = −8𝛾𝜆𝜔 
𝜇𝜈𝜌𝜎 − 224𝛿[𝜆 

[𝜇𝛾𝜔] 
𝜈𝜌𝜎] + 672𝛿[𝜆 

[𝜇𝛿𝜔] 
𝜈𝛾𝜌𝜎],

𝛾[3][𝜇𝜈𝜌𝛾𝜆𝜔𝛾[3] 
𝜎] = −24𝛾𝜆𝜔 

𝜇𝜈𝜌𝜎 + 336𝛿[𝜆 
[𝜇𝛾𝜔] 

𝜈𝜌𝜎],

𝛾[3]𝛾[2]𝛾
[3] = −240𝛾[2], 𝛾[4]𝛾[2]𝛾

[4] = +360𝛾[3],

𝛾[2]𝛾[3]𝛾
[2] = −24𝛾[3], 𝛾[3]𝛾[3]𝛾

[3]′ = +12𝛾[3],

𝛾[4]𝛾[3]𝛾
[4] = −648𝛾[3], 𝛾[5]𝛾[3]𝛾

[5] = +4320𝛾[3], 𝛾[6]𝛾[3]𝛾
[6] = 0,

𝛾[2]𝛾[4]𝛾
[2] = −4𝛾[4], 𝛾[3]𝛾[4]𝛾

[3] = +72𝛾[4], 𝛾[4]′𝛾[4]𝛾
[4]′ = −408𝛾[4],

 

𝛾[5]𝛾[4]𝛾
[5] = +960𝛾[4], 𝛾[6]𝛾[4]𝛾

[6] = −20160𝛾[4]

𝛾[2]𝛾[5]𝛾
[2] = +8𝛾[5], 𝛾[3]𝛾[5]𝛾

[3] = −60𝛾[5], 𝛾[4]𝛾[5]𝛾
[4] = +120𝛾[5]

𝛾[5]𝛾[5]𝛾
[5]′ = −2400𝛾[5], 𝛾[6]𝛾[5]𝛾

[6] = 0,

𝛾[2]𝛾[6]𝛾
[2] = +12𝛾[6], 𝛾[3]𝛾[6]𝛾

[3] = 0, 𝛾[4]𝛾[6]𝛾
[4] = +360𝛾[6],

𝛾[5]𝛾[6]𝛾
[5] = 0, 𝛾[6]𝛾[6]𝛾

[6]′ = +14400𝛾[6].

 



pág. 4259 

 

 

 



pág. 4260 

 

𝛾[𝑛] =
(−1)(𝑛+1)(𝑛+2)/2

(13 − 𝑛)!
𝜖[𝑛]
[13−𝑛]

𝛾[13−𝑛] (0 ≤ 𝑛 ≤ 13)

𝛿(𝛼  
𝛽𝛿𝛾)

𝛿
= +

1

64
(𝛾[2])

𝛼𝛾
(𝛾[2])

𝛽𝛿
+

1

192
(𝛾[3])

𝛼𝛾
(𝛾[3])

𝛽𝛿
+

1

32(6!)
(𝛾[6])

𝛼𝛾
(𝛾[6])

𝛽𝛿

(𝛾𝑎)(𝛼∣
𝛽 (𝛾𝑎)∣𝛾)

𝛿 =
9

64
(𝛾[2])

𝛼𝛾
(𝛾[2])

𝛽𝛿
−

7

192
(𝛾[3])

𝛼𝛾
(𝛾[3])

𝛽𝛿
+

1

32(6!)
(𝛾[6])

𝛼𝛾
(𝛾[6])

𝛽𝛿

 = 𝛿(𝛼  
𝛽𝛿𝛾) 

𝛿 +
1

8
(𝛾[2])

𝛼𝛾
(𝛾[2])

𝛽𝛿
−
1

24
(𝛾[3])

𝛼𝛾
(𝛾[3])

𝛽𝛿

(𝛾[2])(𝛼𝛽∣
(𝛾[2])

∣𝛾𝛿)
= +

1

3
(𝛾[3])(𝛼𝛽∣

(𝛾[3])
∣𝛾𝛿)

= −
1

6!
(𝛾[6])(𝛼𝛽∣

(𝛾[6])
∣𝛾𝛿)

𝛾𝑎𝛾[𝑛]𝛾𝑎 = (−1)
𝑛(13 − 2𝑛)𝛾[𝑛]

𝛾𝑎𝑏𝛾𝑐𝑑𝛾𝑎𝑏 = −68𝛾
𝑐𝑑 , 𝛾𝑎𝑏𝑐𝛾

𝑑𝑒𝛾𝑎𝑏𝑐 = −396𝛾𝑑𝑒

𝛾𝑎𝑑𝛾
𝑏𝑐𝛾𝑑 = +8𝛾𝑎

𝑏𝑐 + 10𝛿𝑎
[𝑏
𝛾𝑐], 𝛾𝑑𝛾𝑏𝑐𝛾𝑎𝑑 = −8𝛾𝑎

𝑏𝑐 + 10𝛿𝑎
[𝑏
𝛾𝑐]

𝛾𝑎𝑑𝛾
𝑏𝑐𝑑 = +10𝛾𝑎

𝑏𝑐 + 11𝛿𝑎
[𝑏
𝛾𝑐],

𝛾𝑎𝑒𝛾
𝑐𝑑𝛾𝑏

𝑒 = −7𝛾𝑎𝑏
𝑐𝑑 − 8𝜂𝑎𝑏𝛾

𝑐𝑑 + 9𝛿(𝑎
[𝑐
𝛾𝑏)
𝑑]
− 11𝛿[𝑎

𝑐 𝛿𝑏]
𝑑 ,

𝛾𝑒𝛾𝑎𝑏𝛾
𝑐𝑑𝑒 = +7𝛾𝑎𝑏 

𝑐𝑑 − 9𝛿[𝑎  
[𝑐𝛾𝑏] 

𝑑] − 11𝛿[𝑎  
𝑐𝛿𝑏]
𝑑 ,

𝛾𝑐𝑑𝑒𝛾𝑎𝑏𝛾𝑒 = +7𝛾𝑎𝑏 
𝑐𝑑 + 9𝛿[𝑎  

[𝑐𝛾𝑏] 
𝑑] − 11𝛿[𝑎  

𝑐𝛿𝑏] 
𝑑 ,

𝛾𝑑𝛾𝑎𝑏𝑐𝛾𝑑𝑒 = +6𝛾𝑒 
𝑎𝑏𝑐 − 4𝛿𝑒 

[𝑎𝛾𝑏𝑐],

 

𝛾𝑎𝑏𝛾𝑑𝑒𝛾𝑎𝑏𝑐 = −52𝛾
𝑑𝑒 𝑐 + 88𝛿𝑐  

[𝑑𝛾𝑒], 𝛾𝑑𝑒𝑎𝛾
𝑏𝑐𝛾𝑑𝑒 = −52𝛾𝑎 

𝑏𝑐 − 88𝑎  
[𝑏𝛾𝑐]

𝛾[3]𝛾
𝑏𝑐𝛾[3] 𝑎 = −240𝛾𝑎 

𝑏𝑐 + 660𝛿𝑎  
[𝑏𝛾𝑐]

𝛾[2]𝑎𝛾
𝑐𝑑𝛾[2] 𝑏 = −38𝛾𝑎𝑏 

𝑐𝑑 + 70𝛿(𝑎  
[𝑐𝛾𝑏) 

𝑑] − 110𝛿𝑎  
[𝑐𝛿𝑏 

𝑑] − 52𝜂𝑎𝑏𝛾
𝑐𝑑

𝛾[2]𝛾
𝑐𝑑𝛾𝑎𝑏 

[2] = −38𝛾𝑎𝑏 
𝑐𝑑 − 70𝛾𝛿[𝑎  

[𝑐𝛾𝑏] 
𝑑] + 110𝛿𝑎  

[𝑐𝛿𝑏 
𝑑]

𝛾[3]𝛾
𝑎𝑏𝛾[3] 𝑐𝑑 = −126𝛾

𝑎𝑏 𝑐𝑑 − 450𝛿[𝑐  
[𝑎𝛾𝑑] 

𝑏] + 990𝛿𝑐  
[𝑎𝛿𝑑  

𝑏]

𝛾𝑏𝛾𝑎1⋯𝑎6𝛾𝑏𝑐 = −
1

60
𝛿𝑐  

[𝑎1𝛾𝑎2⋯𝑎6]
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𝜙𝑀 
𝑖𝑗(ℳ̃𝑖𝑗)𝛼 𝜙𝑀 

±𝑖(ℳ̃±𝑖)𝛼 𝜙𝑀 
+−(ℳ̃+−)𝛼 

𝛽
 𝕐[4] 

ℳ̃′ s[ℳ̃𝑎𝑏 , ℳ̃𝑐𝑑]𝛾 
𝛿 ± : (i) [ℳ̃𝑖𝑗, ℳ̃𝑘𝑙]𝛾

𝛿
, (ii) [ℳ̃𝑖𝑗, ℳ̃+𝑘]𝛾

𝛿
, (iii) [ℳ̃𝑖𝑗, ℳ̃+−]𝛾

𝛿
, (iv) [ℳ̃+𝑖, ℳ̃+𝑗]𝛾

𝛿
, (v) 

[ℳ̃+𝑖, ℳ̃+−]𝛾𝛿, (vi) [ℳ̃+−, ℳ̃+−]𝛾𝛿. 
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[ℳ𝑎𝑏 ,ℳ
𝑐𝑑] = −𝛿[𝑎∣

[𝑐∣
ℳ∣𝑏] 

∣𝑑]  

[ℳ̃𝑎𝑏 , [ℳ̃𝑐𝑑, ℳ̃𝑒𝑓]] + [ℳ̃𝑐𝑑, [ℳ̃𝑒𝑓 , ℳ̃𝑎𝑏]] + [ℳ̃𝑒𝑓 , [ℳ̃𝑎𝑏, ℳ̃𝑐𝑑]] ≡ 0  

(i) [𝑖𝑗][𝑘𝑙][𝑚𝑛], (ii) [𝑖𝑗][𝑘𝑙][+𝑚], (iii) [𝑖𝑗][+𝑘][+𝑙], (iv) [+𝑖][+𝑗][+𝑘], (v) [𝑖𝑗][𝑘𝑙][+−], (vi) 

[𝑖𝑗][+𝑘][+−], (vii) [𝑖𝑗][+−][+−], (viii) [+𝑖][+−][+−], (ix) [+𝑖][+𝑗][+−], (x)[+−][+−][+−]. 

(I) ℳ̃ℳ̃ℳ̃, (II) 𝑃𝑃𝑃, (III) 𝑄𝑄𝑄, (IV) ℳ̃ℳ̃𝑃, (V) ℳ̃ℳ̃𝑄, (VI) 𝑃𝑃ℳ̃, (VII) 𝑃𝑃𝑄, (VIII) 𝑄𝑄ℳ̃, (IX) 

𝑄𝑄𝑃, (X) ℳ̃𝑃𝑄 

(V) [ℳ̃+𝑖, [ℳ̃𝑗𝑘, 𝑄𝛼]] + (2 perms. ) ≠ 0 

(VIII) [ℳ̃+𝑖, {𝑄𝛼, 𝑄𝛽}] + (2 perms. ) ≠ 0 

[∇𝐴, [∇𝐵, ∇𝐶}} + (2 perms. ) ≡ 0 

𝛿𝑄(𝑅𝜇 
𝜈  𝑟𝑠𝜕𝜈𝜑)= +(𝐷

𝜈𝜑)𝐷𝜇(𝛿𝜔𝜈𝑟𝑠) − (𝐷
𝜈𝜑)𝐷𝜈(𝛿𝜔𝜇𝑟𝑠)  

 = −2(𝐷𝜈𝜑)(𝜖‾𝛾[𝑟∣ 
𝜏𝐷∣𝑠]ℛ𝜇𝜈)𝜕𝜏𝜑 +  c.c. = 0

 

𝛿𝑄(𝑃
𝜇𝜕𝜇𝜑)= −𝜖𝛼𝛽(𝐷

𝜇𝜑)(𝛿𝑄𝑉+
𝛼)𝜕𝜇𝑉+

𝛽
− 𝜖𝛼𝛽𝑉+

𝛼(𝐷𝜇𝜑)𝜕𝜇(𝛿𝑄𝑉+
𝛼) 

 = −𝜖𝛼𝛽𝑉+
𝛼𝑉−

𝛽(𝐷𝜇𝜑)(𝜖‾∗𝛾𝜈𝐷𝜇𝜆)𝜕𝜈𝜑 = 0.
 

𝑅(𝑃)𝜇𝜈  
𝑚 = 0  

𝛿𝑆 ∼ ∫  𝜖𝜇𝜈𝜌𝜎𝜖𝑚𝑛𝑟𝑠𝑅(𝑃)𝜇𝜈  
𝑚[𝛿𝜔𝜌 

𝑛𝑟 −Ω(𝑒, 𝜓)𝜌 
𝑛𝑟]𝑒𝜎  

𝑠  

𝑆 = ∫  𝑑4𝑥𝜖𝜇𝜈𝜌𝜎[𝑅(𝑀)𝜇𝜈
𝑚𝑛𝑅(𝑀)𝜌𝜎  

𝑟𝑠𝜖𝑚𝑛𝑟𝑠

+8𝜆𝑅(𝑄)𝜇𝜈
𝛼 𝛾𝛼𝛽

5 𝑅(𝑄)𝜌𝜎  
𝛽]

 

𝑃𝑚(𝑒𝜇 
𝑚) 𝑄𝛼(𝜓𝜇 

𝛼) 𝑀𝑚𝑛(𝜔𝜇 
𝑚𝑛) 𝑆𝛼(𝜙𝜇 

𝛼)

𝐷(𝑏𝜇)

𝐴(𝑎𝜇)

 

∫  𝑑4𝑥[𝑎𝑅(𝑃)𝑅(𝐾) + 𝑏𝑅(𝑄)𝛾5𝑅(𝑆) + 𝑐𝑅(𝑀)𝑅̃(𝑀) + 𝑑𝑅(𝐷)𝑅(𝐴) +

𝛼𝑒𝑔𝜇𝜌𝑔𝜈𝜎𝑅(𝐴)𝜇𝜈𝑅(𝐴)𝜌𝜎].
 

 ∗𝑅(𝐷)𝜇𝜈 =
1

2
𝑒𝜖𝜇𝜈𝜌𝜎𝑅(𝐷)𝜌′𝜎′𝑔

𝜌𝜌′𝑔𝜎𝜎
′
) 

𝑅(𝑄)𝜇𝜈 +
1

2
𝛾5𝑒𝜖𝜇𝜈𝜌𝜎𝑅(𝑄)

𝜌𝜎 = 0 

𝛾𝜇𝑅(𝑄)𝜇𝜈 = 0  
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𝑅(𝐴)𝜇𝜈 =
1

2
𝑒𝜖𝜇𝜈𝜌𝜎𝑅

𝜌𝜎(𝐷)  

𝐽𝜇1…𝜇𝑝+1(𝑥) =
1

√𝑔
∫  𝑑𝜏∫  𝑑𝑝𝜎𝛿𝑑(𝑥 − 𝑋(𝜏, 𝜎))

 𝜖𝑖1…𝑖𝑝+1𝜕𝑖1𝑋
𝜇1(𝜏, 𝜎)…𝜕𝑖(𝑝+1)𝑋

𝜇(𝑝+1)(𝜏, 𝜎)

 

𝜕𝜈(√𝑔𝐽
𝜈𝜇1…𝜇𝑝(𝑥)) = 0  

𝑍𝜇1…𝜇𝑝 = ∫  𝑑𝑑−1𝑥𝐽0𝜇1…𝜇𝑝(𝑥)  

{𝑄𝑎, 𝑄𝑏} = Γ𝑎𝑏
𝜇
𝑃𝜇 + Γ𝑎𝑏

𝜇
𝑍𝜇 + Γ𝑎𝑏

𝜇1…𝜇5𝑍𝜇1…𝜇5
+  

{𝑄𝑎, 𝑄𝑏} = Γ𝜇𝑎𝑏𝑃𝜇 − Γ
𝜇𝑎𝑏𝑍𝜇 + Γ

𝜇1…𝜇5𝑎𝑏𝑍𝜇1…𝜇5
−

{𝑄𝑎, 𝑄
𝑏} = 𝛿𝑎

𝑏𝑍 + Γ𝜇𝜈 𝑎  
𝑏𝑍𝜇𝜈 + Γ

𝜇1…𝜇4  𝑎  
𝑏𝑍𝜇1…𝜇4

 

{𝑄𝛼 , 𝑄𝛽} = Γ𝛼𝛽
𝑀 𝑃𝑀 + Γ𝛼𝛽

𝑀𝑁𝑍𝑀𝑁 + Γ𝛼𝛽
𝑀1…𝑀5𝑍𝑀1…𝑀5  

{𝑄𝛼 , 𝑄𝛽} = Γ𝛼𝛽
𝑀𝑁𝑀𝑀𝑁 + Γ𝛼𝛽

𝑀1…𝑀6𝑍𝑀1…𝑀6  

{𝑄𝑎𝑖, 𝑄𝑏𝑗} = Γ𝑎𝑏
𝜇
Σ𝑖𝑗
𝐽 𝑍𝐽𝜇 + Γ𝑎𝑏

𝜇1𝜇2𝜇3𝜖𝑖𝑗𝑍𝜇1𝜇2𝜇3 + Γ𝑎𝑏
𝜇1…𝜇5Σ𝑖𝑗

𝐽 𝑍𝐽𝜇1…𝜇5 ,  

Σ(𝑖𝑗)
𝐽

= 𝜖𝑖𝑙Σ
𝐽𝑙  𝑗, Σ0 = −𝑖𝜎

2, Σ1 = −𝜎
1 and Σ2 = 𝜎

3. 

Σ𝐼Σ𝐽 = 𝜂𝐼𝐽 + 𝜖𝐼𝐽 
𝐾Σ𝐾 = 𝜂𝐼𝐽 + 𝜖𝐼𝐽𝐿𝜂

𝐿𝐾Σ𝐾, with 𝜂𝐼𝐽 = (− + +), 𝜖012 = 1 

{𝑄𝛼 , 𝑄𝛽} =−
1

128
Γ𝛼𝛽
𝑀𝑁𝐽𝑀𝑁 −

1

128 ⋅ 6!
Γ𝛼𝛽
𝑀1…𝑀6𝐽𝑀1…𝑀6 

[𝐽𝑀𝑁, 𝑄𝛼] =−(Γ𝑀𝑁)𝛼 
𝛽𝑄𝛽  

[𝐽𝑀1…𝑀6 , 𝑄𝛼] =−(Γ𝑀1…𝑀6)𝛼
 𝛽𝑄𝛽  

[𝐽𝑀𝑁, 𝐽
𝐾𝐿] =8𝛿[𝑁

[𝐾
𝐽𝑀 

𝐿]

[𝐽𝑀𝑁, 𝐽
𝑀1…𝑀6] =24𝛿[𝑁

[𝑀1𝐽𝑀]
𝑀2…𝑀6]

[𝐽𝑁1…𝑁6 , 𝐽
𝑀1…𝑀6] = −12 ⋅ 6! 𝛿[𝑁1…𝑁5

[𝑀1…𝑀5𝐽𝑁6]
𝑀6]

 +12𝜖𝑁1…𝑁6  
[𝑀1…𝑀5∣𝑅]𝐽𝑅 

𝑀6].

 

Ψ−1/2
𝜇

∣ 𝑘 > 𝜇 = 0,1 2-d gauge fields 

Ψ−1/2
𝑚 ∣ 𝑘 > 𝑚 = 2,⋯ ,9  transverse fluctuations, 

 

𝑃𝑚 =
1

√2
𝛾𝑚⊗𝜎+ 𝑀𝑚𝑛 =

1

2
𝛾𝑚𝑛⊗𝟏 𝐾𝑚 = −

1

√2
𝛾𝑚⊗𝜎−

𝐸𝑚𝑛 =
1

√2
𝛾𝑚𝑛⊗𝜎+ 𝐷 = 𝟏⊗𝜎3 𝐹𝑚𝑛 =

1

√2
𝛾𝑚𝑛⊗𝜎−

𝐴 = −𝛾5⊗𝜎3

𝑉𝑚 = −𝛾𝑚⊗𝟏

𝑍𝑚 = 𝛾
5𝛾𝑚⊗𝜎3

 



pág. 4264 

{𝛾𝑚, 𝛾𝑛} = 2𝜂𝑚𝑛 = 2diag(−1,1,1,1)𝑚𝑛  

𝛾5 ≡ 𝛾0𝛾1𝛾2𝛾3 (𝛾5)2 = −1, 𝛾5 = −(𝛾5)⊤. 

𝛾𝑚𝑛 ≡ 𝛾[𝑚𝛾𝑛] =
1

2
(𝛾𝑚𝛾𝑛 − 𝛾𝑛𝛾𝑚). 

𝑀⊤𝐶 + 𝐶𝑀 = 0 

𝐶 = 𝛾0⊗𝜎1 = −𝐶⊤ 

𝐶4 = 𝛾
0 (𝐶4𝛾𝑚 = −𝛾𝑚

⊤𝐶4 ), 𝐶2 = (−𝑖𝜎
2)𝜎3 (𝐶2𝜎

± = (𝜎±)⊤𝐶2 ), Sp(8, 𝐑). 

[𝑃𝑚, (
𝑆

𝑄
)] = −√2(

𝛾𝑚𝑄

0
) .  

𝑇𝐴 = {𝑃𝑚, 𝐸𝑚𝑛, 𝑄,𝑀𝑚𝑛, 𝐷, 𝐴, 𝑉𝑚, 𝑍𝑚, 𝑆, 𝐾𝑚, 𝐹𝑚𝑛}  

[𝑇𝐴, 𝑇𝐵} = 𝑓𝐴𝐵
𝐶 𝑇𝐶  

ℎ𝐴 = {𝑒𝑚, 𝐸𝑚𝑛, 𝜓, 𝜔𝑚𝑛, 𝑏, 𝑎, 𝑣𝑚, 𝑧𝑚, 𝜙, 𝑓𝑚, 𝐹𝑚𝑛}  

𝑅 = 𝑑ℎ + ℎℎ = (𝑑ℎ𝐴 −
1

2
ℎ𝐶ℎ𝐵𝑓𝐵𝐶

𝐴 )𝑇𝐴 = 𝑅
𝐴𝑇𝐴 ≡

1

2
𝑅𝜇𝜈
𝐴 𝑇𝐴𝑑𝑥

𝜇𝑑𝑥𝜈 ,  
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𝑅(𝑃)𝑚 = 𝑑𝑒𝑚 +𝜔𝑚 𝑛𝑒
𝑛 + 2𝑏𝑒𝑚 − 2𝐸𝑚 𝑛𝑣

𝑛 − 2𝐸̃𝑚 𝑛𝑧
𝑛 −

1

4√2
𝜓‾𝛾𝑚𝜓

𝑅(𝐸)𝑚𝑛 = 𝑑𝐸𝑚𝑛 − 2𝜔[𝑚 𝑘𝐸
𝑛]𝑘 + 2𝑏𝐸𝑚𝑛 + 2𝐸̃𝑚𝑛𝑎 − 4𝑒[𝑚𝑣𝑛]

 +2𝜖𝑚𝑛𝑝𝑞𝑒𝑝𝑧𝑞 +
1

4√2
𝜓‾𝛾𝑚𝑛𝜓

𝑅(𝑄) = 𝑑𝜓 + (−𝑎𝛾5 + 𝑏 +
1

4
𝜔𝑚𝑛𝛾𝑚𝑛 − 𝑣

𝑚𝛾𝑚 + 𝑧
𝑚𝛾5𝛾𝑚)𝜓

 +(√2𝑒𝑚𝛾𝑚 +
1

√2
𝐸𝑚𝑛𝛾𝑚𝑛)𝜙

𝑅(𝑀)𝑚𝑛 = 𝑑𝜔𝑚𝑛 −𝜔[𝑚 𝑘𝜔
𝑛]𝑘 + 4𝑣[𝑚𝑣𝑛] + 4𝑧[𝑚𝑧𝑛] − 8𝑒[𝑚𝑓𝑛]

 −8𝐸[𝑚 𝑘𝐹
𝑛]𝑘 +

1

2
𝜓‾𝛾𝑚𝑛𝜙

𝑅(𝐷) = 𝑑𝑏 − 2𝑒𝑚𝑓𝑚 − 𝐸
𝑚𝑛𝐹𝑚𝑛 +

1

4
𝜓‾𝜙

𝑅(𝐴) = 𝑑𝑎 − 2𝑣𝑚𝑧𝑚 − 𝐸̃
𝑚𝑛𝐹𝑚𝑛 +

1

4
𝜓‾𝛾5𝜙

𝑅(𝑉)𝑚 = 𝑑𝑣𝑚 +𝜔𝑚 𝑛𝑣
𝑛 + 2𝑧𝑚𝑎 + 2𝐸𝑚 𝑛𝑓

𝑛 − 2𝐹𝑚 𝑛𝑒
𝑛 +

1

4
𝜓‾𝛾𝑚𝜙

𝑅(𝑍)𝑚 = 𝑑𝑧𝑚 +𝜔𝑚 𝑛𝑧
𝑛 − 2𝑣𝑚𝑎 + 2𝐸̃𝑚𝑛𝑓𝑛 + 2𝐹̃

𝑚𝑛𝑒𝑛 +
1

4
𝜓‾𝛾5𝛾𝑚𝜙

𝑅(𝑆) = 𝑑𝜙 + (𝑎𝛾5 − 𝑏 +
1

4
𝜔𝑚𝑛𝛾𝑚𝑛 − 𝑣

𝑚𝛾𝑚 − 𝑧
𝑚𝛾5𝛾𝑚)𝜙

 + (−√2𝑓𝑚𝛾𝑚 +
1

√2
𝐹𝑚𝑛𝛾𝑚𝑛)𝜓

𝑅(𝐾)𝑚 = 𝑑𝑓𝑚 +𝜔𝑚 𝑛𝑓
𝑛 − 2𝑏𝑓𝑚 + 2𝐹𝑚 𝑛𝑣

𝑛 − 2𝐹̃𝑚𝑛𝑧𝑛 +
1

4√2
𝜙‾𝛾𝑚𝜙

𝑅(𝐹)𝑚𝑛 = 𝑑𝐹𝑚𝑛 − 2𝜔[𝑚 𝑘𝐹
𝑛]𝑘 − 2𝑏𝐹𝑚𝑛 − 2𝐹̃𝑚𝑛𝑎 + 4𝑓[𝑚𝑣𝑛]

 +2𝜖𝑚𝑛𝑝𝑞𝑓𝑝𝑧𝑞 +
1

4√2
𝜙‾𝛾𝑚𝑛𝜙.

 

𝑑𝑅𝐴 = −𝑅𝐶ℎ𝐵𝑓𝐵𝐶  
𝐴  

{𝑄𝑎 , 𝑄𝑏} = 𝑎(𝑎𝑎𝑏)  

𝛿(𝑎
𝑐 𝛿𝑏)

𝑑 = −
1

8
{Γ𝑎𝑏
7 Γ7𝑐𝑑 +

1

2
Γ𝑎𝑏
𝑀𝑁Γ𝑀𝑁

𝑐𝑑 +
1

6
Γ𝑎𝑏
𝐿𝑀𝑁Γ𝐿𝑀𝑁 

𝑐𝑑}  

{𝑄𝑎 , 𝑄𝑏} =
1

8
{Γ𝑎𝑏
7 𝑎𝑐Γ𝑐

7𝑑𝑎𝑑 +
1

2
Γ𝑎𝑏
𝑀𝑁𝑎𝑐Γ𝑀𝑁𝑐  

𝑑𝑎𝑑

+
1

6
Γ𝑎𝑏
𝐿𝑀𝑁𝑎𝑐Γ𝐿𝑀𝑁𝑐  

𝑑𝑎𝑑}

≡
1

4
{Γ𝑎𝑏
7 𝐽7 +

1

2
Γ𝑎𝑏
𝑀𝑁𝐽𝑀𝑁 +

1

6
Γ𝑎𝑏
𝐿𝑀𝑁𝐽𝐿𝑀𝑁}

 

Γ𝑚 = −𝛾𝑚⊗𝜎3, Γ⊕ =
1

√2
𝟏⊗ 𝜎+, Γ⊖ =

1

√2
𝟏⊗ 𝜎−

{Γ𝑀, Γ𝑁} = 2𝜂𝑀𝑁 = diag(− − + + ++)𝑀𝑁, Γ7 = −𝛾5⊗𝜎3
 

𝑎𝑎 = 𝐶𝑎𝑏𝑎𝑏 , Γ
∗𝑎𝑏 = Γ∗𝑎  𝑐𝐶

𝑐𝑏 = 𝐶𝑎𝑐Γ∗ 𝑐  
𝑏 , Γ∗ 𝑎𝑏 = Γ

∗ 𝑎  
𝑐𝐶𝑐𝑏 = 𝐶𝑎𝑐Γ

∗𝑐  𝑏, 𝐶𝑎𝑐𝐶𝑐𝑏 = 𝛿𝑏
𝑎 . 𝐶𝑎𝑏 =

(𝛾0⊗𝜎1)𝑎𝑏 
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[𝐽∗, 𝑄𝑎] = −Γ
∗ 𝑎 

𝑏𝑄𝑏  

[𝐽7, 𝐽𝑀𝑁𝑃]  =
1

3
𝜖𝑀𝑁𝑃𝑅𝑆𝑇𝐽𝑅𝑆𝑇

[𝐽𝑀𝑁 , 𝐽𝑅𝑆]  = 8𝛿[𝑅
[𝑁
𝐽𝑀] 𝑆]

[𝐽𝑀𝑁, 𝐽𝑅𝑆𝑇]  = 12𝛿[𝑅
[𝑁
𝐽𝑀] 𝑆𝑇]

[𝐽𝑀𝑁𝑃 , 𝐽𝑅𝑆𝑇]= 2𝜖
𝑀𝑁𝑃 𝑅𝑆𝑇𝐽

7 − 36𝛿[𝑅
[𝑀
𝛿𝑆
𝑁𝐽𝑃]𝑇]

 

𝑃𝑚 = Γ⊕𝑚 𝑀𝑚𝑛 =
1

2
Γ𝑚𝑛 𝐾𝑚 = Γ⊖𝑚

𝐸𝑚𝑛 = Γ⊕𝑚𝑛 𝐷 = Γ⊕⊖ 𝐹𝑚𝑛 = Γ⊖𝑚𝑛

𝐴 = Γ7

𝑉𝑚 = Γ⊕⊖𝑚

𝑍𝑚 = −
1

3!
𝜖𝑚𝑛𝑝𝑞Γ𝑛𝑝𝑞

 

 

 

 

𝛿ℎ𝐴 = 𝑑𝜖𝐴 + 𝜖𝐶ℎ𝐵𝑓𝐵𝐶  
𝐴  

−ℒ =𝛼0𝜖𝑚𝑛𝑝𝑞𝑅(𝑀)
𝑚𝑛𝑅(𝑀)𝑝𝑞 + 𝛼1𝑅(𝐴)𝑅(𝐷) + 𝛼2𝑅(𝑉)

𝑚𝑅(𝑍)𝑚

 +𝛼3𝜖𝑚𝑛𝑝𝑞𝑅(𝐸)
𝑚𝑛𝑅(𝐹)𝑝𝑞 + 𝛽𝑅(𝑄)𝛾5𝑅(𝑆)
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𝛼0 = 1, 𝛼1 = −32, 𝛼2 = 0, 𝛼3 = 8, 𝛽 = −8  

𝛿𝑅𝐴 = −𝑅𝐶𝜖𝐵𝑓𝐵𝐶  
𝐴.  

−𝛿𝐾ℒ =  −32𝑅(𝑃)𝑚 [𝑅̃(𝑀)
𝑚𝑛 +

𝛼1
16
𝑅(𝐴)𝜂𝑚𝑛] 𝜖𝑛 + √2𝛽𝑅(𝑄)𝛾

5𝛾𝑚𝑅(𝑄)𝜖𝑚

 +2[(𝛼2 + 4𝛼3)𝑅̃(𝐸)
𝑚𝑛𝑅(𝑉)𝑚 + (𝛼2 − 4𝛼3)𝑅(𝐸)

𝑚𝑛𝑅(𝑍)𝑚]𝜖𝑛
−𝛿𝐹ℒ = 𝑅̃(𝐸)𝑚𝑛[(4𝛼3 − 32)𝑅(𝑀)

𝑚 𝑘𝜖
𝑘𝑛 − (4𝛼3 + 𝛼1)(𝑅(𝐷)𝜖

𝑚𝑛 − 𝑅(𝐴)𝜖̃𝑚𝑛)]

 −2𝛼2𝑅(𝑃)𝑚[𝜖
𝑚𝑛𝑅(𝑍)𝑛 − 𝜖̃

𝑚𝑛𝑅(𝑉)𝑛]

−𝛿𝑆ℒ = 𝑅(𝑄) [(
𝛼1
4
− 𝛽) (𝑅(𝐴) + 𝛾5𝑅(𝐷)) + (

𝛼2
4
+ 𝛽)𝛾𝑚𝑅(𝑍)𝑚

+(
𝛼2
4
− 𝛽)𝛾5𝛾𝑚𝑅(𝑉)𝑚 + (2 +

𝛽

4
) 𝑅̃(𝑀)𝑚𝑛𝛾𝑚𝑛] 𝜖

 +𝑅(𝑆) [√2𝛽𝛾5𝛾𝑚𝑅(𝑃)𝑚 + (
𝛽

√2
+
𝛼3

√2
) 𝛾𝑚𝑛𝑅̃(𝐸)𝑚𝑛] 𝜖,

 

𝜖𝑚𝑛𝑝𝑞𝑋𝑟 = 𝜖𝑟𝑛𝑝𝑞𝑋𝑚 + 𝜖𝑚𝑟𝑝𝑞𝑋𝑛 + 𝜖𝑚𝑛𝑟𝑞𝑋𝑝 + 𝜖𝑚𝑛𝑝𝑟𝑋𝑞 

𝑋𝑌̃𝑚𝑛 ≡
1

2
𝜖𝑚𝑛𝑝𝑞𝑋𝑝𝑘𝑌

𝑘 𝑞 =
1

2
[𝑋𝑌̃ − 𝑌̃𝑋]𝑚𝑛 ≡ 𝑋𝑘  

[𝑚𝑌̃𝑛]𝑘 

𝑅(𝑄) = −𝛾5 ∗𝑅(𝑄),  

𝑅(𝑃)𝑚 = 0.  

𝛿𝑆[𝑅(𝑄) + 𝛾∗
5𝑅(𝑄)] =

1

√2
[𝑅(𝐸)𝑚𝑛 +  ∗𝑅̃(𝐸)

𝑚𝑛]𝛾𝑚𝑛𝜖  

𝑅(𝐸)𝑚𝑛 = − ∗𝑅̃(𝐸)
𝑚𝑛.  

 

2𝑅(𝐸)𝑚𝑛[𝛼2( ∗𝑅(𝑉)𝑚 + 𝑅(𝑍)𝑚) + 4𝛼3( ∗𝑅(𝑉)𝑚 − 𝑅(𝑍)𝑚)]𝜖𝑛.  

 ∗𝑅(𝑉)
𝑚 = 𝑅(𝑍)𝑚.  

𝑅(𝑄)𝛾𝑚 {
𝛼2
4
[𝑅(𝑍)𝑚 +  ∗𝑅(𝑉)𝑚] + 𝛽[𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚]} .  

−ℒ = 𝜖𝑚𝑛𝑝𝑞𝑅(𝑀)
𝑚𝑛𝑅(𝑀)𝑝𝑞 − 32𝑅(𝐴)𝑅(𝐷) 

 +8𝜖𝑚𝑛𝑝𝑞𝑅(𝐸)
𝑚𝑛𝑅(𝐹)𝑝𝑞 − 8𝑅(𝑄)𝛾5𝑅(𝑆)

𝑅(𝑃)𝑚 = 0

𝑅(𝐸)𝑚𝑛 = − ∗𝑅̃(𝐸)
𝑚𝑛

𝑅(𝑍)𝑚 =  ∗𝑅(𝑉)
𝑚

𝑅(𝑄) = −𝛾5 ∗𝑅(𝑄).

 

𝜔𝜇𝑚𝑛 =
1

2
(−𝑅̂(𝑃)𝑚𝑛𝜇 + 𝑅̂(𝑃)𝜇𝑚𝑛 − 𝑅̂(𝑃)𝜇𝑛𝑚);

𝑅̂(𝑃)𝜇𝜈  
𝑚 ≡ 𝑅(𝑃;𝜔𝜇 

𝑚𝑛 = 0)
𝜇𝜈
 𝑚
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𝛾𝜈𝑅(𝑄)𝜇𝜈 −
1

4
𝛾𝜇𝛾

𝛼𝛽𝑅(𝑄)𝛼𝛽 = 12 

𝛾𝛼𝛽𝑅(𝑄)𝛼𝛽 = 4 

𝛾𝜇𝑅(𝑄)𝜇𝜈 = 0  

𝛾𝜇𝜈𝑅(𝑄)𝜇𝜈 = 0.  

𝑧[𝜇𝜈] +  ∗𝑣[𝜇𝜈], 𝑣𝜇 
𝜇 and 𝑣(𝜇𝜈) −

1

4
𝑔𝜇𝜈𝑣𝜌 

𝜌 

𝑧(𝜇𝜈) −
1

4
𝑔𝜇𝜈𝑧𝜌 

𝜌 and 𝑧𝜇 
𝜇 

𝑅(𝐸)𝑚𝑛 = −∗𝑅̃(𝐸)
𝑚𝑛 

𝑅(𝐸)𝜈[𝜇𝑚] 
𝜈  = 0

𝑅(𝐸)𝜇𝜈  
𝜈𝜇  = 0

𝜖𝜇𝜈𝜌𝜎𝑅(𝐸)𝜇𝜈𝜌𝜎  = 0

 



pág. 4269 

𝑅(𝑃)𝑚  = 𝑑𝑒𝑚 +𝜔𝑛
𝑚𝑒𝑛 + 2𝑏𝑒𝑚 −

1

4√2
𝜓‾𝛾𝑚𝜓

𝑅(𝑄)  = 𝑑𝜓 + (3𝑎𝛾5 + 𝑏 +
1

4
𝜔𝑚𝑛𝛾𝑚𝑛)𝜓 + √2𝑒

𝑚𝛾𝑚𝜙

𝑅(𝑀)𝑚𝑛  = 𝑑𝜔𝑚𝑛 −𝜔𝑘
[𝑚
𝜔𝑛]𝑘 − 8𝑒[𝑚𝑓𝑛] +

1

2
𝜓‾𝛾𝑚𝑛𝜙

𝑅(𝐷)  = 𝑑𝑏 − 2𝑒𝑚𝑓𝑚 +
1

4
𝜓‾𝜙

𝑅(𝐴)  = 𝑑𝑎 +
1

4
𝜓‾𝛾5𝜙

𝑅(𝑆)  = 𝑑𝜙 + (−3𝑎𝛾5 − 𝑏 +
1

4
𝜔𝑚𝑛𝛾𝑚𝑛)𝜙 − √2𝑓

𝑚𝛾𝑚𝜓

𝑅(𝐾)𝑚  = 𝑑𝑓𝑚 +𝜔𝑛
𝑚𝑓𝑛 − 2𝑏𝑓𝑚 +

1

4√2
𝜙‾𝛾𝑚𝜙

 

𝑄𝑎
(+)
= 𝑎𝑎𝑎 = (𝑎

𝐾𝑎, 𝑎‾𝐾𝑎) and 𝑄𝑎
(−)
= 𝑎𝑎𝑎‾ = (𝑎

𝐾𝑎‾, 𝑎‾𝐾𝑎‾) 

𝑄𝑎 = 𝑎𝑎(𝑎 + 𝑎‾)/√2 

𝐽𝐾 𝐿 =
1

2
{𝑎𝐾 , 𝑎‾𝐿} −

1

8
𝛿𝐿
𝐾{𝑎𝑁, 𝑎‾𝑁} and 𝐽 =

1

2
{𝑎𝐾 , 𝑎‾𝐾} =

1

2
[𝑎, 𝑎‾] 

{𝑄𝐾 , 𝑄‾𝐿} =
1

2
{𝑎𝐾 , 𝑎‾𝐿} −

1

2
𝛿𝐿
𝐾[𝑎, 𝑎‾] = 𝐽𝐾 𝐿 −

3

4
𝛿𝐿
𝐾𝐽,  

{𝑄𝐾 , 𝑄‾𝐿} =
1

2
{𝑎𝐾 , 𝑎‾𝐿} = 𝐽𝐿

𝐾 +
1

4
𝛿𝐿
𝐾𝐽,  

𝐽 =
1

2
{𝑎𝐾 , 𝑎‾𝐾} 𝐽

𝐾𝐿 = 𝑎(𝐾𝑎𝐿) and 𝐽‾𝐾𝐿 = 𝑎‾(𝐾𝑎‾𝐿) 

−ℒ = 𝜖𝑚𝑛𝑝𝑞𝑅(𝑀)
𝑚𝑛𝑅(𝑀)𝑝𝑞  + 32𝑅(𝐴)𝑅(𝐷) − 8𝑅(𝑄)𝛾5𝑅(𝑆),

𝑅(𝑃)𝑚  = 0

𝑅(𝑄)  = −𝛾5 ∗𝑅(𝑄),
𝑅(𝐴)  =  ∗𝑅(𝐷).

 

ℒnon-affine = ℒ + 64𝑅(𝐴)(𝑅(𝐷) +  ∗𝑅(𝐴))  

0 = 𝑅̃(𝑀)𝑚𝑛𝑒𝑛 + 2𝑅(𝐴)𝑒
𝑚 −

1

2√2
𝜓‾𝛾5𝛾𝑚𝑅(𝑄)  

𝛾𝜇𝑅(𝑄)𝜇𝜈 = 0  

0 = 𝑑𝑅(𝑃)𝑚 = 𝑅(𝑀)𝑚𝑛𝑒𝑛 + 2𝑅(𝐷)𝑒
𝑚 +

1

2√2
𝜓‾𝛾𝑚𝑅(𝑄)  

0 = 𝑅(𝑀)𝜌[𝜇𝜈]
𝜌

+ 2∗𝑅(𝐴)𝜇𝜈 +
1

4√2
𝑅(𝑄)

𝜇𝜈
𝛾 ⋅ 𝜓 {𝑓𝑚 equation }

0 = 𝑅(𝑀)𝜌[𝜇𝜈]
𝜌

− 2𝑅(𝐷)𝜇𝜈 +
1

4√2
𝑅(𝑄) 𝜇𝜈𝛾 ⋅ 𝜓 { Bianchi }

 

ℒnon-affine = ℒ + 32(1 − 2𝛼)𝑅(𝑉)
𝑚𝑅(𝑍)𝑚 + 32𝛼𝑅(𝑉)

𝑚 ∗𝑅(𝑉)𝑚
 +32(1 − 𝛼)𝑅(𝑍)𝑚 ∗𝑅(𝑍)𝑚.
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0 =𝑅̃(𝑀)𝑚𝑛𝑒𝑛 + 2𝑅(𝐴)𝑒
𝑚 −

1

2√2
𝜓‾𝛾5𝛾𝑚𝑅(𝑄) − 2𝑅̃(𝐸)𝑚𝑛𝑣𝑛

 −2𝐸̃𝑚𝑛𝑅(𝑉)𝑛 + 2𝑅(𝐸)
𝑚𝑛𝑧𝑛 + 2𝐸

𝑚𝑛𝑅(𝑍)𝑛

 

0 = 𝑑𝑅(𝑃)𝑚 =𝑅(𝑀)𝑚𝑛𝑒𝑛 + 2𝑅(𝐷)𝑒
𝑚 +

1

2√2
𝜓‾𝛾𝑚𝑅(𝑄) − 2𝑅(𝐸)𝑚𝑛𝑣𝑛

 +2𝐸𝑚𝑛𝑅(𝑉)𝑛 − 2𝑅̃(𝐸)
𝑚𝑛𝑧𝑛 + 2𝐸̃

𝑚𝑛𝑅(𝑍)𝑛

 

0 = ∗𝑅̃(𝑀)𝜌[𝜇𝜈]𝜌′𝑔
𝜌𝜌′ − 2∗𝑅(𝐴)𝜇𝜈 +

1

4√2
𝜓‾ ⋅ 𝛾𝑅(𝑄)𝜇𝜈

−𝑅(𝐸)𝜇𝜈𝜌𝜎𝑣
𝜌𝜎 + 2𝐸̃𝜌𝜎  [𝜇𝑅(𝑍)𝜈]𝜌𝜎 −  ∗𝑅(𝐸)𝜇𝜈𝜌𝜎𝑧

𝜌𝜎 + 2𝐸𝜌𝜎  [𝜇𝑅(𝑉)𝜈]𝜌𝜎  

0 = ∗𝑅(𝑀)𝜌[𝜇𝜈] 
𝜌 − 2∗𝑅(𝐷)𝜇𝜈 −

1

4√2
𝜓‾ ⋅ 𝛾∗𝑅(𝑄)𝜇𝜈

 + ∗𝑅(𝐸)𝜇𝜈𝜌𝜎𝑣
𝜌𝜎 − 2𝐸𝜌𝜎  [𝜇𝑅(𝑍)𝜈]𝜌𝜎 − 𝑅(𝐸)𝜇𝜈𝜌𝜎𝑧

𝜌𝜎 + 2𝐸̃𝜌𝜎  [𝜇𝑅(𝑉)𝜈]𝜌𝜎 .

 

𝑅(𝐸)[𝜇𝜈𝜌]𝜎 = 0  

 ∗𝑅(𝐸)[𝜇𝜈𝜌]𝜎 = 0  

𝛾[𝜇𝑅(𝑄)𝜌𝜎] = 0  

0 =𝑅(𝐴)𝜇𝜈 −  ∗𝑅(𝐷)𝜇𝜈 + 𝐸̃
𝜌𝜎  [𝜇𝑅(𝑉)𝜈]𝜌𝜎 − 𝐸

𝜌𝜎  [𝜇𝑅(𝑍)𝜈]𝜌𝜎

 +
1

2
𝑒𝜖𝜇𝜈𝛼𝛽[𝐸

𝜌𝜎𝛼𝑅(𝑉)𝛽 𝜌𝜎 + 𝐸̃
𝜌𝜎𝛼𝑅(𝑍)𝛽 𝜌𝜎].

 

𝑅(𝑉)𝑚 = − ∗𝑅(𝑍)
𝑚 

0 = 𝑅(𝑃)𝜇𝜈  
𝑚

0 = 𝑅(𝐸)𝜌[𝜇𝜈] 
𝜌

0 = 𝑅(𝐸)𝜇𝜈  
𝜈𝜇

0 = 𝜖𝜇𝜈𝜌𝜎𝑅(𝐸)𝜇𝜈𝜌𝜎

0 = 𝑅(𝐸)𝜇𝜈  
𝑚𝑛 +  ∗𝑅̃(𝐸)𝜇𝜈  

𝑚𝑛

0 = 𝑅(𝑍)𝜇𝜈  
𝑚 −  ∗𝑅(𝑉)𝜇𝜈  

𝑚

0 = 𝛾𝜇𝑅(𝑄)𝜇𝜈

0 = 𝑅(𝑀)𝜌𝜇𝜈  
𝜌 −

1

2
𝑔𝜇𝜈𝑅(𝑀)𝜌𝜎  

𝜎𝜌 + 2∗𝑅(𝐴)𝜇𝜈 +
1

2√2
𝑅(𝑄)

𝜌𝜈
𝛾𝜇𝜓

𝜌

 −2∗𝑅(𝐸)𝜌𝜈𝜎𝜇𝑧
𝜌𝜎 − 2𝑅(𝐸)𝜌𝜈𝜎𝜇𝑣

𝜌𝜎 + 2𝑅(𝑉)𝜌𝜈𝜎𝐸
𝜌𝜎  𝜇 + 2𝑅(𝑍)𝜌𝜈𝜎𝐸̃

𝜌𝜎  𝜇 .

 

𝛿ℎIndept. 
𝐴 = 𝑑𝜖𝐴 + 𝜖𝐶ℎ𝐵𝑓𝐵𝐶  

𝐴 = 𝛿Group ℎIndept. 
𝐴  

𝛿ℎDept. 
𝐴 = 𝑑𝜖𝐴 + 𝜖𝐶ℎ𝐵𝑓𝐵𝐶

𝐴 + 𝛿ℎDept. 
𝐴 ≡ 𝛿Group ℎDept. 

𝐴 + 𝛿ℎDept. 
𝐴  

0 = 𝛿𝑅(𝑃)𝑚= 𝛿Group 𝑅(𝑃)
𝑚 + 𝛿𝑅(𝑃)𝑚  

 = 𝛿Group 𝑅(𝑃)
𝑚 + 𝛿𝜔𝑚𝑛𝑒𝑛 − 2𝐸

𝑚𝑛𝛿̂𝑣𝑛 − 2𝐸̃
𝑚𝑛𝛿̂𝑧𝑛

 

𝛿𝜔𝜇𝑚𝑛 =
1

2
(−𝛿Group 𝑅(𝑃)𝑚𝑛𝜇 + 𝛿Group 𝑅(𝑃)𝜇𝑚𝑛 − 𝛿Group 𝑅(𝑃)𝜇𝑛𝑚) + ⋯  

𝛿ℎDept. 
𝐴 ∼ ( curvatures ) + ( curvatures ) × ( fields ) + ( curvatures ) × ( fields )2 +⋯ .  
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−𝛿ℒ = −𝛿Group ℒ + 32𝑅(𝑉)
𝑚𝛿Group [𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚] − 16√2𝑅(𝑆)𝛾

5𝛾𝑚𝑒𝑚𝛿̂𝜙

+32𝑅(𝐾)𝑚𝑒𝑛𝛿̂𝜔̃𝑚𝑛 − 128𝑅̃(𝐹)𝑚𝑛𝑒
𝑚𝛿̂𝑣𝑛 − 128𝑅(𝐹)𝑚𝑛𝑒

𝑚𝛿̂𝑧𝑛  

 +𝑂([ curvature ]2 × ( field ))

 

𝛿𝑣(𝜇𝜈)  = −
1

4
𝛿Group [𝑅(𝐸)𝜌(𝜇𝜈) 

𝜌 −
1

6
𝑔𝜇𝜈𝑅(𝐸)𝜌𝜎

𝜎𝜌
]

𝛿𝑧(𝜇𝜈)  = −
1

4
𝛿Group [𝑅̃(𝐸)𝜌(𝜇𝜈)𝜌′𝑔

𝜌𝜌′ −
1

6
𝑔𝜇𝜈𝑅̃(𝐸)𝜌𝜎𝜎′𝜌′

𝜌𝜌′
𝑔𝜎𝜎

′
]

𝛿𝑧[𝜇𝜈]  = −
1

4
𝛼∗ (𝛿Group 𝑅(𝐸)𝜌[𝜇𝜈]

𝜌
)

𝛿𝑣[𝜇𝜈]  = −
1

4
(1 − 𝛼)𝛿Group 𝑅(𝐸)𝜌[𝜇𝜈]

𝜌

𝛿𝜔𝜇𝑚𝑛
0  = −

1

2
𝛿Group [𝑅(𝑃)𝑚𝑛𝜇

0 − 𝑅(𝑃)𝜇𝑚𝑛
0 + 𝑅(𝑃)𝜇𝑛𝑚

0 ]

𝛿𝜔𝑚  = (1 − 𝛽)𝛿Group 𝑅(𝑃)𝑚

𝛿𝑏𝜇  =
1

6
𝛽𝛿Group 𝑅(𝑃)𝜇

𝛿𝜙𝜇  =
1

2√2
𝛿Group [𝛾

𝜌𝑅(𝑄)𝜇𝜌 +
1

6
𝛾𝜇𝛾

𝜎𝜌𝑅(𝑄)𝜌𝜎] .

 

𝑅(𝑃)𝜇𝜈𝑚 and 𝜔𝜇𝑚𝑛 by 𝑅(𝑃)𝜇𝜈𝑚
0 = 𝑅(𝑃)𝜇𝜈𝑚 +

2

3
𝑅(𝑃)[𝜇𝑒𝜈]𝑚 and 𝜔𝜇𝑚𝑛

0 = 𝜔𝜇𝑚𝑛 +
2

3
𝑒𝜇[𝑚𝜔𝑛] 

𝑅(𝑃)𝜇 = 𝑅(𝑃)𝜌𝜇 
𝜌 and 𝜔𝑚 = 𝜔𝜌𝑚 

𝜌. 

𝑧[𝜇𝜈] +  ∗𝑣[𝜇𝜈] and 𝑏𝜇 +
1

6
𝜔𝜇 𝛼𝑣[𝜇𝜈] + (1 − 𝛼)∗𝑧[𝜇𝜈] and (1 − 𝛽)𝑏𝜇 −

1

6
𝛽𝜔𝜇 

𝛿𝑉𝜔𝜇𝑚𝑛
0 = 2𝑅(𝐸)𝑚𝑛𝜇𝑘𝜖

𝑘 ; 𝛿̂𝑍𝜔𝜇𝑚𝑛
0 = 2𝑅̃(𝐸)𝑚𝑛𝜇𝑘𝜖

𝑘

𝛿𝑉𝜔𝑚 = 0 = 𝛿𝑉𝑏𝜇 ; 𝛿𝑍𝜔𝑚 = 0 = 𝛿𝑍𝑏𝜇

𝛿𝑉𝑣𝜇 
𝑚 = 0 = 𝛿𝑉𝑧𝜇 

𝑚 ; 𝛿̂𝑍𝑣𝜇 
𝑚 = 0 = 𝛿𝑍𝑧𝜇  

𝑚

𝛿𝑉𝜙𝜇 =
1

√2
𝑅(𝑄)𝜇𝜈𝜖

𝜈 ; 𝛿𝑍𝜙𝜇 =
1

√2
𝛾5𝑅(𝑄)𝜇𝜈𝜖

𝜈

 

𝑒𝑛𝛿̂𝑉𝜔̃𝑚𝑛  = −2𝑅̃(𝐸)𝑚𝑛𝜖
𝑛

𝑒𝑛𝛿̂𝑍𝜔̃𝑚𝑛  = 2𝑅(𝐸)𝑚𝑛𝜖
𝑛

𝑒𝑚𝛾𝑚𝛿̂𝑉𝜙 = −
1

√2
𝛾𝑚𝑅(𝑄)𝜖

𝑚

𝑒𝑚𝛾𝑚𝛿̂𝑍𝜙 = +
1

√2
𝛾5𝛾𝑚𝑅(𝑄)𝜖

𝑚

 

−𝛿𝑉ℒ =32[𝑅̃(𝑀)
𝑚𝑛𝑅(𝑉)𝑚 − 2𝑅(𝐷)𝑅(𝑍)

𝑛]𝜖𝑛
 +32𝑅(𝑉)𝑚𝛿𝑉, Group [𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚]

−𝛿𝑍ℒ =32[𝑅̃(𝑀)
𝑚𝑛𝑅(𝑍)𝑚 + 2𝑅(𝐷)𝑅(𝑉)

𝑛]𝜖𝑛
 +32𝑅(𝑉)𝑚𝛿𝑍, Group [𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚].

 

𝛿𝑉, Group [𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚]  = −𝑅̃(𝑀)𝑚𝑛𝜖
𝑛 + 2∗𝑅(𝐷)𝜖𝑚

𝛿𝑍, Group [𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚]  = 𝑅(𝑀)𝑚𝑛𝜖
𝑛 − 2𝑅(𝐷)𝜖𝑚
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𝑅(𝑀)𝑚𝑛  = − ∗𝑅̃(𝑀)
𝑚𝑛

𝑅(𝐴)  =  ∗𝑅(𝐷)
 

−𝛿𝑄ℒ= −16√2𝑅(𝑆)𝛾
5𝛾𝑚𝑒𝑚𝛿̂𝑄𝜙 − 128𝑅̃(𝐹)𝑚𝑛𝑒

𝑚𝛿̂𝑄𝑣
𝑛 − 128𝑅(𝐹)𝑚𝑛𝑒

𝑚𝛿̂𝑄𝑧
𝑛 

−𝛿𝐸ℒ = 164𝑅(𝐾)
𝑚 [𝜖𝑚̃𝑛𝑅(𝑉)

𝑛 − 𝜖𝑚𝑛𝑅(𝑍)
𝑛 +

1

2
𝑒𝑛𝛿̂𝐸𝜔̃𝑚𝑛]

 −128𝑅̃(𝐹)𝑚𝑛𝑒
𝑚𝛿̂𝐸𝑣

𝑛 − 128𝑅(𝐹)𝑚𝑛𝑒
𝑚𝛿̂𝐸𝑧

𝑛 − 16√2𝑅(𝑆)𝛾5𝛾𝑚𝑒𝑚𝛿̂𝜙

 

 

𝑅(𝑉)𝜈 = 𝑅(𝑉)𝜌𝜈  
𝜌 and 𝑅(𝑍)𝜈 = 𝑅(𝑍)𝜌𝜈  

𝜌 

𝑅(𝑍)𝑚 =  ∗𝑅(𝑉)
𝑚 

𝑅(𝑉)𝜇𝜌𝜎 + 𝑅(𝑉)𝜌𝜎𝜇 + 𝑅(𝑉)𝜎𝜇𝜌  = −𝑒𝜖𝜇𝜌𝜎𝜏𝑅(𝑍)
𝜏

𝑅(𝑍)𝜇𝜌𝜎 + 𝑅(𝑍)𝜌𝜎𝜇 + 𝑅(𝑍)𝜎𝜇𝜌  = 𝑒𝜖𝜇𝜌𝜎𝜏𝑅(𝑉)
𝜏  

−𝛿𝑄ℒ = 8√2𝑒𝑅(𝑄)𝜇𝜈𝜖[𝑔𝜌𝜎∗𝑅̃(𝐹)
𝜌𝜇𝜈𝜎] + ⋯  

𝑧[𝜇𝜈]  ∗𝑣[𝜇𝜈] 𝑔𝜌𝜎∗𝑅̃(𝐹)
𝜌𝜇𝜈𝜎 𝛿𝑄ℒ 𝑅(𝐹)𝜇𝜈  

𝑚𝑛 ∗𝑅̃(𝐹)𝜇𝜈  
𝑚𝑛𝛿̂𝑧[𝜇𝜈] 𝛿∗𝑣[𝜇𝜈] (1 − 𝛼)∗𝛿𝑧[𝜇𝜈] = −𝛼𝛿𝑣[𝜇𝜈]. 

−𝛿𝐸ℒ = −16𝑒(𝑅(𝑀)𝜇𝜈𝛼𝛽𝜖
𝛼𝛽 + 4𝑅(𝐷)𝛼[𝜇𝜖𝜈]

𝛼 )[𝑔𝜌𝜎∗𝑅̃(𝐹)
𝜌𝜇𝜈𝜎] + ⋯  

𝑅(𝐾)𝜌𝜇 𝜌 ≡ 𝑅(𝐾)
𝜇 𝛿𝐸ℒ 
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−𝛿𝐸ℒ = −
64

3
(2𝛽 − 3)𝑒𝑅(𝐾)𝜇[𝜖𝜇𝜈𝑅(𝑉)

𝜈 +  ∗𝜖𝜇𝜈𝑅(𝑍)
𝜈] + ⋯ ,  

(𝑏𝜇 +
1

2
𝜔𝜇) 𝛿𝐸ℒ 𝐸𝑚𝑛 

𝑏𝜇 → 𝑏𝜇 − 2𝜖𝜇 𝑎𝜇 , 𝑏𝜇 𝑧[𝜇𝜈] −  ∗𝑣[𝜇𝜈]𝑒𝜇 
𝑚, 𝐸𝜇 

𝑚𝑛, 𝜓𝜇 , 𝑏𝜇 , 𝑎𝜇𝑧[𝜇𝜈] −  ∗𝑣𝜇𝜈 

ℒ = ℒ(𝑒𝜇 
𝑚, 𝐸𝜇 

𝑚𝑛, 𝜓𝜇 , 𝑏𝜇 , 𝑎𝜇 , 𝑧[𝜇𝜈] −  ∗𝑣[𝜇𝜈]).  

𝑏𝜇  → 𝑏𝜇 − 2𝜖𝜇

𝑧[𝜇𝜈] −  ∗𝑣[𝜇𝜈]  → 𝑧[𝜇𝜈] −  ∗𝑣[𝜇𝜈] + 2𝑒𝑚[𝜈𝐸̃𝜇]
𝑚𝑛𝜖𝑛 − 2∗[𝐸[𝜇𝜈]

𝑛 𝜖𝑛].
 

𝑎𝜇  → 𝑎𝜇 − 𝐸̃𝜇 
𝑚𝑛𝜖𝑚𝑛

𝑏𝜇  → 𝑏𝜇 − 𝐸𝜇 
𝑚𝑛𝜖𝑚𝑛

𝑧[𝜇𝜈] −  ∗𝑣[𝜇𝜈]  → 𝑧[𝜇𝜈] −  ∗𝑣[𝜇𝜈] + 4∗𝜖𝜇𝜈 .

 

 

𝑧[𝜇𝜈] −  ∗𝑣𝜇𝜈 𝑎𝜇
′ = 𝑎𝜇 + Δ𝑎𝜇(𝑏, 𝑧 −  ∗𝑣) ℒ(𝑎𝜇 , 𝑏𝜇 , 𝑧[𝜇𝜈] −  ∗𝑣𝜇𝜈) = ℒ(𝑎𝜇

′ , 0,0) 

𝛿Gen. coord. ℎ𝜇 
𝐴 = 𝜕𝜇𝜉

𝜌ℎ𝜌 
𝐴 + 𝜉𝜌𝜕𝜌ℎ𝜇 

𝐴,  

𝛿Group ,Pm(𝜖
𝑚 = 𝜉𝜌𝑒𝜌 

𝑚)ℎ𝜇 
𝐴 + 𝜉𝜌𝑅𝜌𝜇 

𝐴

 = 𝛿Gen. coord. (𝜉
𝜌)ℎ𝜇 

𝐴 − 𝛿Group (𝜖
𝐵≠𝑃𝑚 = 𝜉𝜌ℎ𝜌 

𝐵)ℎ𝜇 
𝐴.

 

 

𝑅(𝑃)𝜇𝜈  
𝑚 = 0  

 

𝑅(𝐸)𝜇𝜈  
𝑚𝑛 = 0  

{𝑄𝐴, 𝑄𝐵}  = 𝐸(𝐴𝐵)
{𝑄𝐴, 𝑄𝐵̇}  = 𝑃𝐴𝐵̇
{𝑄𝐴̇, 𝑄𝐵̇}  = 𝐸(𝐴̇𝐵̇)
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 −𝛿𝑉, Group ℒ = 16[2𝑅̃(𝑀)
𝑚𝑛𝑅(𝑉)𝑚 − 4𝑅(𝐷)𝑅(𝑍)

𝑛

+4𝑅̃(𝐸)𝑚𝑛𝑅(𝐾)𝑚 − 𝑅(𝑄)𝛾
5𝛾𝑛𝑅(𝑆)]𝜖𝑛

 −𝛿𝑍, Group ℒ = 16[[2𝑅̃(𝑀)
𝑚𝑛𝑅(𝑍)𝑚 + 4𝑅(𝐷)𝑅(𝑉)

𝑛

−4𝑅(𝐸)𝑚𝑛𝑅(𝐾)𝑚 + 𝑅(𝑄)𝛾
𝑛𝑅(𝑆)]𝜖𝑛

 −𝛿𝑄, Group ℒ = 8[𝑅(𝑆){𝛾
5𝛾𝑚𝑅(𝑉)

𝑚 + 𝛾𝑚𝑅(𝑍)
𝑚} + √2𝑅(𝑄)𝛾5𝛾𝑚𝑅(𝐾)

𝑚]𝜖

 −𝛿𝑃, Group ℒ = −32[𝑅̃(𝑀)
𝑚𝑛𝑅(𝐾)𝑚 + 2𝑅(𝐴)𝑅(𝐾)

𝑛 + 2𝑅̃(𝐹)𝑚𝑛𝑅(𝑉)𝑚

+2𝑅(𝐹)𝑚𝑛𝑅(𝑍)𝑚 + 4√2𝑅(𝑆)𝛾
5𝛾𝑛𝑅(𝑆)]𝜖𝑛

 −𝛿𝐸, Group ℒ = 0

 

−𝛿ℒ =32[𝑣𝑚𝑅(𝑉)𝑛 + 𝑧𝑚𝑅(𝑍)𝑛 − 𝑒𝑚𝑅(𝐾)𝑛]𝛿̂𝜔̃𝑚𝑛
+32[𝑅̃(𝑀)𝑚𝑛𝑣𝑚 − 2𝑅̃(𝐹)

𝑚𝑛𝑒𝑚 + 2𝑅̃(𝐸)
𝑚𝑛𝑓𝑚

−2𝑅(𝐷)𝑧𝑛 −
1

4
𝜓‾𝛾5𝛾𝑛𝑅(𝑆) −

1

4
𝑅(𝑄)𝛾5𝛾𝑛𝜙]𝛿𝑣𝑛

+32[𝑅̃(𝑀)𝑚𝑛𝑧𝑚 − 2𝑅(𝐹)
𝑚𝑛𝑒𝑚 − 2𝑅(𝐸)

𝑚𝑛𝑓𝑚

+2𝑅(𝐷)𝑣𝑛 +
1

4
𝜓‾𝛾𝑛𝑅(𝑆) +

1

4
𝑅(𝑄)𝛾𝑛𝜙] 𝛿𝑧𝑛

+16 [𝑅(𝑄)(𝛾5𝑣𝑚𝛾𝑚 − 𝑧
𝑚𝛾𝑚) −

1

2
𝜓‾(𝛾5𝑅(𝑉)𝑚𝛾𝑚 − 𝑅(𝑍)

𝑚𝛾𝑚)

−√2𝑅(𝑆)𝛾5𝑒𝑚𝛾𝑚]𝛿̂𝜙

 

+32[𝑅̃(𝑀)𝑚𝑛𝑒𝑛 − 2𝑅̃(𝐸)
𝑚𝑛𝑣𝑛 + 2𝑅(𝐸)

𝑚𝑛𝑧𝑛

+2𝑅(𝐴)𝑒𝑚 −
1

2√2
𝜓‾𝛾5𝛾𝑚𝑅(𝑄)] 𝛿𝑓𝑚

+64[𝑅(𝑉)𝑚𝑒𝑛𝛿̂𝐹̃𝑚𝑛 + 𝑅(𝑍)
𝑚𝑒𝑛𝛿̂𝐹𝑚𝑛]

−32[𝑅(𝑉)𝑚𝑧𝑚 − 𝑅(𝑍)
𝑚𝑣𝑚]𝛿̂𝑏 + 64𝑅(𝐾)

𝑚𝑒𝑚𝛿̂𝑎

−8[𝜙‾(𝑅(𝑉)𝑚𝛾5𝛾𝑚 + 𝑅(𝑍)
𝑚𝛾𝑚) − 2𝑅(𝑆)(𝑣

𝑚𝛾5𝛾𝑚 + 𝑧
𝑚𝛾𝑚)

+√2𝜓‾𝑅(𝐾)𝑚𝛾5𝛾𝑚 − 2√2𝑅(𝑄)𝑓
𝑚𝛾5𝛾𝑚]𝛿̂𝜓

−64[(𝑅(𝐾)𝑚𝑣𝑛 − 𝑓𝑚𝑅(𝑉)𝑛)𝛿̂𝐸̃𝑚𝑛 − (𝑅(𝐾)
𝑚𝑧𝑛 − 𝑓𝑚𝑅(𝑍)𝑛)𝛿̂𝐸𝑚𝑛]

+32[𝑅̃(𝑀)𝑚𝑛𝑓𝑛 − 2𝑅(𝐴)𝑓
𝑚 + 2𝑅̃(𝐹)𝑚𝑛𝑣𝑛

+2𝑅(𝐹)𝑚𝑛𝑧𝑛 +
1

2√2
𝑅(𝑆)𝛾5𝛾𝑚𝜙]𝛿𝑒𝑚.

 

0 = 𝛿𝑎 = 𝛿𝜓 = 𝛿𝑒𝑚 = 𝛿𝐸𝑚𝑛 

ℎ𝐴 → ℎ𝐴 + 𝛿ℎ𝐴 𝑑𝛿ℎ𝐴 

−64𝑅(𝑉)𝑚𝐸̃
𝑚𝑛𝛿̂𝑓𝑛 + 64𝑅(𝑍)𝑚𝐸

𝑚𝑛𝛿̂𝑓𝑛𝑅(𝑍)
𝑚 =  ∗𝑅(𝑉)

𝑚 𝑅(𝑍)𝑚 𝑅(𝑉)𝑚 𝑅(𝑉)𝑚 

−32𝑅(𝑉)𝑚 {
2𝛿̂𝐹̃𝑚𝑛𝑒

𝑛 + 2𝐸̃𝑚𝑛𝛿̂𝑓
𝑛 +

1

4
𝜓‾𝛾5𝛾𝑚𝛿̂𝜙 − 𝛿𝜔̃𝑚𝑛𝑣

𝑛 + 𝑧𝑚𝛿̂𝑏

− ∗ [−2𝛿̂𝐹𝑚𝑛𝑒
𝑛 + 2𝐸𝑚𝑛𝛿̂𝑓

𝑛 +
1

4
𝜓‾𝛾𝑚𝛿̂𝜙 + 𝛿𝜔̃𝑚𝑛𝑧

𝑛 + 𝑣𝑚𝛿̂𝑏]

} .  

0 = 𝛿[𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚]

 = 𝛿Group [𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚]
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+{
𝑑𝛿𝑧𝑚 + 𝛿(𝜔𝑚𝑛𝑧

𝑛) − 2𝛿𝑣𝑚𝑎 + 2𝛿̂𝐹̃𝑚𝑛𝑒
𝑛 + 2𝐸̃𝑚𝑛𝛿̂𝑓

𝑛 +
1

4
𝜓‾𝛾5𝛾𝑚𝛿̂𝜙

− ∗ [𝑑𝛿𝑣𝑚 + 𝛿(𝜔𝑚𝑛𝑣
𝑛) + 2𝛿𝑧𝑚𝑎 − 2𝛿𝐹𝑚𝑛𝑒

𝑛 + 2𝐸𝑚𝑛𝛿̂𝑓
𝑛 +

1

4
𝜓‾𝛾𝑚𝛿̂𝜙]

} .  

−𝛿̂ℒ =32𝑅(𝑉)𝑚{𝛿Group [𝑅(𝑍)𝑚 −  ∗𝑅(𝑉)𝑚]

+𝛿̂𝜔̃𝑚𝑛𝑣
𝑛 +  ∗(𝛿𝜔̃𝑚𝑛𝑧

𝑛) − 𝑧𝑚𝛿̂𝑏 +  ∗(𝑣𝑚𝛿̂𝑏)}

−128𝑅̃(𝐹)𝑚𝑛𝑒
𝑚𝛿̂𝑣𝑛 − 128𝑅(𝐹)𝑚𝑛𝑒

𝑚𝛿̂𝑧𝑛  

−64𝑅(𝐾)𝑚 [𝐸𝑚𝑛𝛿̂𝑧
𝑛 − 𝐸̃𝑚𝑛𝛿̂𝑣

𝑛 −
1

2
𝑒𝑛𝛿̂𝜔̃𝑚𝑛]  

+64𝑅(𝐷)[𝛿𝑣𝑚𝑧𝑚 + 𝑣
𝑚𝛿̂𝑧𝑚] + 64𝑅(𝐴)[𝑧

𝑚𝛿̂𝑧𝑚 + 𝑣
𝑚𝛿̂𝑣𝑚]  

+32𝑅(𝑀)𝑚𝑛 [−𝛿̂𝑣𝑚𝑧𝑛 + 𝑣𝑚𝛿̂𝑧𝑛 +
1

2
𝜖𝑚𝑛𝑝𝑞(𝑣

𝑝𝛿̂𝑣𝑞 + 𝑧𝑝𝛿̂𝑧𝑞)] 

+16𝑅(𝑄)[𝛾5𝛾𝑚𝑣𝑚 − 𝛾
𝑚𝑧𝑚]𝛿̂𝜙 − 16√2𝑅(𝑆)𝛾

5𝛾𝑚𝑒𝑚𝛿̂𝜙  

 +16𝜓‾[𝛾𝑚𝛿̂𝑧𝑚 − 𝛾
5𝛾𝑚𝛿̂𝑣𝑚]𝑅(𝑆),

 

 [𝑒𝜇 
𝑚] = [𝐸𝜇 

𝑚𝑛] = 0, [𝜓𝜇] = 1/2, [𝜔𝜇 
𝑚𝑛] = [𝑏𝜇] = [𝑎𝜇] = [𝑣𝜇 

𝑚] = [𝑧𝜇 
𝑚] = 1, [𝜙𝜇] =

3/2, [𝑓𝜇 
𝑚] = [𝐹𝜇 

𝑚𝑛] = 2⋄ 

 𝜖𝜇𝜈𝜌𝜎𝜖
𝑚𝑛𝑟𝑠 = −𝑒𝜇 

𝑚𝑒𝜈 
𝑛𝑒𝜌 

𝑟𝑒𝜎  
𝑠 +⋯ 

−ℒKin = −2[𝑅(𝜔)𝜇𝜈𝑅(𝜔)
𝜈𝜇 −

1

3
𝑅(𝜔)2] + 24𝑅(𝐴)𝜇𝜈𝑅(𝐴)

𝜇𝜈 

𝑅(𝜔)𝜇𝜈 ≡ 𝑅(𝜔)𝛼𝜇𝜈  
𝛼 𝑅(𝜔) ≡ 𝑅(𝜔)𝜇 

𝜇 

𝑅(𝜔)𝜇𝜈  
𝑚𝑛 = 2𝜕[𝜇𝜔𝜈] 

𝑚𝑛 + 2𝜔[𝜇 
𝑘[𝑚𝜔𝜈] 

𝑛]𝑘 

−ℒKin = −2[𝑅(𝜔)𝜇𝜈𝑅(𝜔)
𝜈𝜇 −

1

3
𝑅(𝜔)2] − 8𝑅(𝐴)𝜇𝜈𝑅(𝐴)

𝜇𝜈 

 𝛿Group 𝑅̃(𝐸)𝜇𝜈𝜌𝜎 ≡
1

2
𝑒𝜖𝜌𝜎𝛼𝛽𝛿Group 𝑅(𝐸)𝜇𝜈  

𝛼𝛽 ≠ 𝛿Group ∗𝑅(𝐸)𝜇𝜈𝜌𝜎 ≡
1

2
𝑒𝜖𝜇𝜈𝛼𝛽𝛿Group 𝑅(𝐸)

𝛼𝛽 𝜌𝜎 

𝜕𝑖𝜕̃
𝑖ℰ𝑗𝑘 = 𝜕𝑖𝜕̃

𝑖𝑑 = 0  

ℋ𝑀𝑁𝜂
𝑁𝑃ℋ𝑃𝑄𝜂

𝑄𝑅 = ℋ𝑀𝑁ℋ
𝑁𝑅 = 𝛿𝑀

𝑅  

𝜕𝑀𝜕
𝑀ℋ𝑁𝑃 = 𝜕

𝑀ℋ𝑁𝑃𝜕𝑀ℋ𝑄𝑅 = 𝜕
𝑀ℋ𝑁𝑃𝜕𝑀𝑑 = 𝜕

𝑀ℋ𝑁𝑃𝜕𝑀𝜁
𝑄 = 𝜕𝑀𝑑𝜕𝑀𝑑 = ⋯ = 0  

𝑋𝐼 = Θ𝐼 
Λ𝑇Λ  

[𝑋𝐼 , 𝑋𝐽] = −𝑋𝐼𝐽 
𝐾𝑋𝐾  

𝜉+ 
𝐴𝜉+𝐴= 0  

𝜉+ 
𝐴𝑓+𝐴𝐵𝐶 = 0

𝑓+[𝐴𝐵 
𝐸𝑓+𝐶]𝐷𝐸  =

2

3
𝑓+[𝐴𝐵𝐶𝜉+𝐷]
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𝑤𝑖𝑝𝑖 =
1

2
𝜂𝑀𝑁𝑃𝑀𝑃𝑁 = 𝑁 −𝑁‾  

𝜂 = (𝜂𝑀𝑁) = (
𝜂𝑖𝑗 𝜂𝑖 𝑗

𝜂𝑖  
𝑗 𝜂𝑖𝑗

) = (
0 𝛿𝑖  𝑗

𝛿𝑖  
𝑗 0

)  

ℋ = (ℋ𝑀𝑁) = (
ℋ𝑖𝑗 ℋ𝑖 

𝑗

ℋ 𝑖 𝑗 ℋ 𝑖𝑗) = (
𝑔𝑖𝑗 − 𝐵𝑖𝑘𝑔

𝑘𝑙𝐵𝑙𝑗 𝐵𝑖𝑘𝑔
𝑘𝑗

−𝑔𝑖𝑘𝐵𝑘𝑗 𝑔𝑖𝑗
) .  

𝑃𝑀 ⟶𝑂𝑀
𝑁𝑃𝑁, 𝑂𝑀

𝑁 ∈ 𝑂(𝐷,𝐷, ℤ), 𝑂𝑀
𝑃 𝜂𝑃𝑄𝑂𝑁

𝑄
= 𝜂𝑀𝑁  

𝑒−2𝑑 = 𝑒−2𝜙√|𝑔|  

𝜕𝑖𝜕̃
𝑖ℰ𝑗𝑘 = 𝜕𝑖𝜕̃

𝑖𝑑 = 𝜕𝑖𝜕̃
𝑖𝜖𝑗 = 𝜕𝑖𝜕̃

𝑖𝜖𝑗 = 0  

𝑆 = ∫  𝑑2𝐷𝑋𝑒−2𝑑 (
1

8
ℋ𝑀𝑁𝜕𝑀ℋ

𝑃𝑄𝜕𝑁ℋ𝑃𝑄 −
1

2
ℋ𝑀𝑁𝜕𝑀ℋ

𝑃𝑄𝜕𝑄ℋ𝑃𝑁

−2ℋ𝑀𝑁𝜕𝑀𝑑𝜕𝑁𝑑 + 4𝜕𝑀ℋ
𝑀𝑁𝜕𝑁𝑑)

 

ℋ𝑀𝑁𝜂
𝑁𝑃ℋ𝑃𝑄 = 𝜂𝑀𝑄 .  

𝜕𝑀𝜕
𝑀ℋ𝑁𝑃 =𝜕𝑀𝜕

𝑀𝑑 = 𝜕𝑀𝜕
𝑀𝜁𝑁 = 𝜕𝑀ℋ𝑁𝑃𝜕

𝑀ℋ𝑄𝑅 = 𝜕𝑀ℋ𝑁𝑃𝜕
𝑀𝑑 =

𝜕𝑀ℋ𝑁𝑃𝜕
𝑀𝜁𝑄 = 𝜕𝑀𝑑𝜕

𝑀𝑑 = 𝜕𝑀𝑑𝜕
𝑀𝜁𝑁 = 𝜕𝑀𝜁

𝑁𝜕𝑀𝜁𝑄 = 0.
 

𝛿̂ℋ𝑀𝑁 = ℒ̂𝜁ℋ𝑀𝑁 = 𝜁
𝑃𝜕𝑃ℋ𝑀𝑁 + (𝜕𝑀𝜁

𝑃 − 𝜕𝑃𝜁𝑀)ℋ𝑃𝑁 + (𝜕𝑁𝜁
𝑃 − 𝜕𝑃𝜁𝑁)ℋ𝑀𝑃  

𝜁3
𝑀 = [𝜁1, 𝜁2](𝐶)

𝑀 = 2𝜁[1
𝑁𝜕𝑁𝜁2]

𝑀 − 𝜁[1
𝑁𝜕𝑀𝜁2]𝑁  

𝛿̂𝑒−2𝑑 = 𝜕𝑀(𝜁
𝑀𝑒−2𝑑)  

𝑆 = ∫  𝑑2𝐷𝑋𝑒−2𝑑ℛ  

ℛ =
1

8
ℋ𝑀𝑁𝜕𝑀ℋ

𝑃𝑄𝜕𝑁ℋ𝑃𝑄 −
1

2
ℋ𝑀𝑁𝜕𝑀ℋ

𝑃𝑄𝜕𝑄ℋ𝑃𝑁 − 𝜕𝑀𝜕𝑁ℋ
𝑀𝑁

+4ℋ𝑀𝑁𝜕𝑀𝜕𝑁𝑑 − 4ℋ
𝑀𝑁𝜕𝑀𝑑𝜕𝑁𝑑 + 4𝜕𝑀ℋ

𝑀𝑁𝜕𝑁𝑑
 

ℋ𝑀𝑁= 𝐸
𝐴 𝑀ℋ𝐴𝐵𝐸

𝐵 𝑁 

𝜂𝑀𝑁 = 𝐸
𝐴 𝑀𝜂𝐴𝐵𝐸

𝐵 𝑁
 

(ℋ𝐴𝐵) = (
ℎ𝑎𝑏 0

0 ℎ𝑎𝑏
) .  

(𝐸𝐴
𝑀) = (

𝑒𝑎
𝑖 𝑒𝑎

𝑗
𝐵𝑖𝑗

0 𝑒𝑖
𝑎
)  

𝛿𝐸𝐴 
𝑀 = Λ𝐴 

𝐵𝐸𝐵 
𝑀  

Ω𝐴𝐵𝐶 = 𝐸𝐴
𝑀(𝜕𝑀𝐸𝐵

𝑁)𝐸𝐶𝑁 = −Ω𝐴𝐶𝐵  
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𝛿̂𝜁𝐸𝐴 
𝑀 = ℒ̂𝜁𝐸𝐴 

𝑀 = 𝜁𝑁𝜕𝑁𝐸𝐴 
𝑀 + 𝜕𝑀𝜁𝑁𝐸𝐴 

𝑁 − 𝜕𝑁𝜁
𝑀𝐸𝐴 

𝑁  

[𝐸𝐴, 𝐸𝐵](𝐶)
𝑀 = [𝐸𝐴, 𝐸𝐵](𝐷)

𝑀 = 𝐹𝐴𝐵 
𝐶𝐸𝐶  

𝑀  

𝐹𝐴𝐵𝐶 = Ω𝐴𝐵𝐶 +Ω𝐶𝐴𝐵 + Ω𝐵𝐶𝐴 = 3Ω[𝐴𝐵𝐶]  

Ω̃𝐴 = 2𝐸𝐴 
𝑀𝜕𝑀𝑑 + Ω

𝐵 𝐵𝐴  

ℛ =2ℋ𝐴𝐵𝐸𝐴 
𝑀𝜕𝑀Ω̃𝐵 −ℋ

𝐴𝐵Ω̃𝐴Ω̃𝐵 +
1

4
ℋ𝐴𝐵𝐹𝐴𝐶𝐷𝐹𝐵 

𝐶𝐷

 −
1

12
ℋ𝐴𝐵ℋ𝐶𝐷ℋ𝐸𝐹𝐹𝐴𝐶𝐸𝐹𝐵𝐷𝐹 −

1

2
ℋ𝐴𝐵Ω𝐶𝐷 𝐴Ω𝐶𝐷𝐵 .

 

𝑆 = ∫  𝑑2𝐷𝑋𝑒−2𝑑 (
1

4
ℋ𝐴𝐵𝐹𝐴𝐶𝐷𝐹𝐵

𝐶𝐷 −
1

12
ℋ𝐴𝐵ℋ𝐶𝐷ℋ𝐸𝐹𝐹𝐴𝐶𝐸𝐹𝐵𝐷𝐹 +ℋ

𝐴𝐵Ω̃𝐴Ω̃𝐵) .  

𝛿𝑆 = ∫  𝑑2𝐷𝑋𝑒−2𝑑𝐾𝐴𝐵Δ
𝐴𝐵  

𝐾[𝐴𝐵] = 0.  

𝐾[𝐴𝐵] =
1

2
(Ω̃𝐶 − 𝐸𝐶  

𝑀𝜕𝑀)𝑍
𝐶  𝐴𝐵 +

1

2
𝑍[𝐴 

𝐶𝐷𝐹𝐵]𝐶𝐷 − 2ℋ[𝐴 
𝐶𝐸𝐵] 

𝑀𝜕𝑀Ω̃𝐶 ,  

𝑍𝐴𝐵𝐶 = 3ℋ[𝐴 
𝐷𝐹𝐵𝐶]𝐷 −ℋ𝐴 

𝐷ℋ𝐵 
𝐸ℋ𝐶  

𝐹𝐹𝐷𝐸𝐹 .  

𝐹 =∑  

𝑝

 𝐹𝑝 =∑ 

𝑝

 
1

𝑝!
𝐹𝑖1…𝑖𝑝𝑑𝑥

𝑖1 ∧ …∧ 𝑑𝑥𝑖𝑝 ,  

𝑆 =
1

4
∫  ∗ 𝐹 ∧ 𝐹, 𝐹 =∗ 𝜎(𝐹)  

𝐹 = (𝑑 + 𝐻 ∧)𝐶, (𝑑 + 𝐻 ∧)𝐹 = 0  

𝛿ℱ =
1

2
Λ𝐴𝐵Γ

𝐴𝐵ℱ  

{Γ𝐴, Γ𝐵} = 𝜂𝐴𝐵  

ℱ = 𝐻ℱ,𝐻 = (Γ0 − Γ0)(Γ
1 + Γ1)… (Γ

𝐷 + Γ𝐷),  

ℱ =∑  

𝑝

 
𝑒𝜙

𝑝!
𝐹𝑖1…𝑖𝑝𝑒𝑎1

𝑖1 …𝑒𝑎𝑝
𝑖𝑝 Γ𝑎1…𝑎𝑝|0⟩  

∇𝐴= 𝑒
𝑑 (𝐸𝐴

𝑀𝜕𝑀 −
1

2
Ω𝐴𝐵𝐶Γ

𝐵𝐶) 𝑒−𝑑  

∇̸ = ⧸0 − F̸ −
1

2
Å̃ = Γ𝐴𝐸𝐴 

𝑀𝜕𝑀 −
1

6
Γ𝐴𝐵𝐶𝐹𝐴𝐵𝐶 −

1

2
Γ𝐴Ω̃𝐴  

ℱ =∤ ̸𝒜,⧸∇̸ℱ = 0  
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𝑆 =
1

4
∫  𝑑2𝐷𝑋𝑒−2𝑑ℱ𝑇𝐵ℱ, 𝐵 = (Γ0 + Γ0)(Γ

0 − Γ0)  

 

𝑆𝐿(2,ℝ)

𝑆𝑂(2)
×

𝑆𝑂(6, 𝑛)

𝑆𝑂(6) × 𝑆𝑂(𝑛)
 

𝑉 =
1

4
(𝑓𝛼𝐴𝐵𝐶𝑓𝛽𝐷𝐸𝐹ℳ

𝛼𝛽 [
1

3
ℳ𝐴𝐷ℳ𝐵𝐸ℳ𝐶𝐹 + (

2

3
𝜂𝐴𝐷 −ℳ𝐴𝐷) 𝜂𝐵𝐸𝜂𝐶𝐹]

−
4

9
𝑓𝛼𝐴𝐵𝐶𝑓𝛽𝐷𝐸𝐹𝜖

𝛼𝛽ℳ𝐴𝐵𝐶𝐷𝐸𝐹 + 3𝜉𝛼
𝑀𝜉𝛽

𝑁ℳ𝛼𝛽ℳ𝐴𝐵)

 

𝜉𝐴𝜉𝐴= 0  

𝜉𝐴𝑓𝐴𝐵𝐶  = 0

𝑓[𝐴𝐵
𝐸 𝑓𝐶]𝐷𝐸  =

2

3
𝑓[𝐴𝐵𝐶𝜉𝐷]

 

 

𝑆 = ∫  (𝑅 ∗ 1 −
∗ 𝒟𝜏 ∧ 𝒟𝜏‾

2(Im𝜏)2
+
1

8
∗ 𝒟ℳ𝐴𝐵 ∧ 𝒟ℳ

𝐴𝐵

−
Im𝜏

2
ℳ𝐴𝐵 ∗ 𝐹

𝐴 ∧ 𝐹𝐵 +
Re𝜏

2
𝜂𝐴𝐵𝐹

𝐴 ∧ 𝐹𝐵  

 +
1

2
𝐴𝐴 ∧ 𝑑𝐴𝐴 ∧ 𝑋 +

𝑓𝐴𝐵𝐸𝑓̂𝐶𝐷
𝐸

8
𝐴𝐴 ∧ 𝐴𝐵 ∧ 𝐴𝐶 ∧ 𝑋𝐷

+
1

2
𝜉𝐴𝐵 ∧ (𝑑𝑋

𝐴 − 𝑓𝐵𝐶𝐴
𝐴𝐴𝐵 ∧ 𝑋𝐶) − 𝑉(ℳ) ∗ 1)

 

𝑓𝐴𝐵𝐶 = 𝑓𝐴𝐵𝐶 − 𝜉[𝐴𝜂𝐶]𝐵 −
3

2
𝜉𝐵𝜂𝐴𝐶  

𝒟𝜏= 𝑑𝜏 + 𝑋 + 𝐴𝜏  
𝒟ℳ𝐴𝐵 = 𝑑ℳ𝐴𝐵 + 2𝐴

𝐶𝑓𝐶(𝐴
𝐷 ℳ𝐵)𝐷 + 𝐴(𝐴ℳ𝐵)𝐶𝜉

𝐶 − 𝜉(𝐴ℳ𝐵)𝐶𝐴
𝐶

𝐹𝐴 = 𝑑𝐴𝐴 −
1

2
𝑓𝐵𝐶  

𝐴𝐴𝐵 ∧ 𝐴𝐶 −
1

2
𝐴 ∧ 𝐴𝐴 + 𝜉𝐴𝐵

 

𝒟𝑎  = 𝑑𝑎 + 𝑋 + 𝐴𝑎

𝒟𝜙 = 𝑑𝜙 −
1

2
𝐴(3.7)

 

𝑆 = ∫  (−
𝑒4𝜙

2
∗ 𝑑𝑎 ∧ 𝑑𝑎 +

𝑎

2
𝐹𝐴 ∧ 𝐹𝐴 +⋯)  

𝑑𝐻 = −
1

2
𝐹𝐴 ∧ 𝐹𝐴  



pág. 4279 

𝑆 = ∫  (𝑅 ∗ 1 − 2 ∗ 𝑑𝜙 ∧ 𝑑𝜙 −
𝑒−4𝜙

2
∗ 𝐻 ∧ 𝐻

+
1

8
∗ 𝒟ℳ𝐴𝐵 ∧ 𝒟ℳ

𝐴𝐵 −
𝑒−2𝜙

2
ℳ𝐴𝐵 ∗ 𝐹

𝐴 ∧ 𝐹𝐵 − 𝑉(ℳ) ∗ 1)

 

𝑆 = ∫  (−
𝑒4𝜙

2
∗ 𝑋 ∧ 𝑋 − 𝐻 ∧ 𝑋 +⋯)  

𝐻 = 𝑑𝐵 − 𝐴 ∧ 𝐵 −
1

2
𝐴𝐴 ∧ 𝑑𝐴𝐴 +

1

6
𝑓𝐴𝐵𝐶𝐴

𝐴 ∧ 𝐴𝐵 ∧ 𝐴𝐶  

𝑆 = ∫  (𝑅 ∗ 1 − 2 ∗ 𝒟𝜙 ∧ 𝒟𝜙 −
𝑒−4𝜙

2
∗ 𝐻 ∧ 𝐻

+
1

8
∗ 𝒟ℳ𝐴𝐵 ∧ 𝒟ℳ

𝐴𝐵 −
𝑒−2𝜙

2
ℳ𝐴𝐵 ∗ 𝐹

𝐴 ∧ 𝐹𝐵 − 𝑉(ℳ) ∗ 1)

 

𝛿𝜙=
1

2
Λ  

𝛿𝐴𝐴 = 𝑑Λ𝐴 − 𝑓𝐵𝐶  
𝐴𝐴𝐵Λ𝐶 − 𝜉𝐴𝜆 +

1

2
(𝐴𝐴Λ − 𝐴Λ𝐴 + 𝜉𝐴𝐴𝐵Λ𝐵)

𝛿𝐵 = 𝑑𝜆 −
1

2
𝐴 ∧ 𝜆 −

1

2
𝑑Λ𝐴 ∧ 𝐴𝐴 + Λ𝐵

𝛿ℳ𝐴𝐵 = −2Λ
𝐶𝑓𝐶(𝐴 

𝐷ℳ𝐵)𝐷, +𝜉(𝐴ℳ𝐵)𝐶ℒ
𝐶 − ℒ(𝐴ℳ𝐵)𝐶𝜉

𝐶

 

𝑋̂𝑀̂ = (𝑥𝜇 , 𝑥̃𝜇 , 𝑌
𝑀)  

𝜁𝑀̂ = (𝜉𝜇(𝑥), 𝑒𝛾𝜆𝜇(𝑥), 𝑒
𝛾
2Λ𝐴(𝑥)𝐸𝐴

𝑀(𝑌))  

𝐸̂𝑎  
𝜇= 𝑒−𝜙−

𝛾
2𝑒𝑎  

𝜇(𝑥)  

𝐸̂𝑎𝜇= 0  
𝐸̂𝐴 

𝜇= 0  

𝐸̂𝑎𝜇= 𝑒
−𝜙+

𝛾
2𝑒𝑎  

𝜈 (𝐵𝜇𝜈(𝑥) −
1

2
𝐴𝜇 

𝐴𝐴𝜈𝐴) 

𝐸̂𝑎  𝜇 = 𝑒
𝜙+

𝛾
2𝑒𝑎 𝜇(𝑥)

𝐸̂𝐴𝜇  = 𝑒
𝛾
2Φ𝐴 

𝐵(𝑥)𝐴𝜇𝐵(𝑥)

𝐸̂𝑎  
𝑀 = −𝑒−𝜙𝑒𝑎 

𝜇(𝑥)𝐴𝜇 
𝐴𝐸𝐴 

𝑀(𝑌)

𝐸̂𝑎𝑀 = 0
𝐸̂𝐴 

𝑀 = Φ𝐴 
𝐵(𝑥)𝐸𝐵 

𝑀(𝑌)

 

𝑑̂ = −
1

4
log det𝑔 − 𝜙(𝑥) + 𝑑(𝑌)  

𝐸̂𝐴̂𝑀̂𝐸̂𝐵̂𝑀̂ = 𝜂̂𝐴̂𝐵̂  
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Ω̂̃𝑎 = 𝑒
−𝜙−

𝑐
2 (𝜏𝑎𝑏

𝑏 − 𝑒𝑎
𝜇
(𝜕𝜇𝜙 + 𝑒

𝛾
2𝐴𝜇

𝐴Ω̃𝐴)) ,

Ω̂̃𝑎 = 0,

Ω̂̃𝐴 = Φ𝐴 
𝐵Ω̃𝐵,

 

Ω̃𝐴 = 2𝐸𝐴
𝑀𝜕𝑀𝑑 + Ω𝐵𝐴

𝐵  

𝐹̂𝑎𝑏𝑐 = −𝑒
−3𝜙−

𝛾
2𝑒𝑎
𝜇
𝑒𝑏
𝜈𝑒𝑐
𝜌
{3𝜕[𝜇𝐵𝜈𝜌] − 3𝐴[𝜇

𝐴 𝐵𝜈𝜌]𝑒
𝛾
2𝐸𝐴𝛾

−3𝜕[𝜇𝐴𝜈
𝐴𝐴𝜌]𝐴 + 𝐴𝜇

𝐴𝐴𝜈
𝐵𝐴𝜌

𝐶𝑒
𝛾
2𝐹𝐴𝐵𝐶}

 

𝐹𝐴𝐵𝐶 = 3(𝐸[𝐴
𝑀𝜕𝑀𝐸𝐵

𝑁)𝐸𝐶]  

𝐹̂𝑎𝑏𝑐 = −𝑒
−3𝜙−

𝛾
2𝑒𝑎
𝜇
𝑒𝑏
𝜈𝑒𝑐
𝜌
𝐻𝜇𝜈𝜌  

𝑒
𝛾
2𝐸𝐴𝛾= 𝜉𝐴  

𝑒
𝛾
2𝐹𝐴𝐵𝐶  = 𝑓𝐴𝐵𝐶

 

−
1

12
∫  𝑑2𝐷𝑋√−𝑔𝑒−4𝜙−𝛾−2𝑑𝑔𝜇𝜈𝑔𝜌𝜎𝑔𝜆𝜏𝐻𝜇𝜌𝜆𝐻𝜈𝜎𝜏  

𝐹̂𝑎𝑏𝐶= −𝑒
−2𝜙−

𝛾
2𝑒𝑎
𝜇
𝑒𝑏
𝜈Φ𝐶

𝐷𝐹𝜇𝜈𝐷  

 = −𝑒−2𝜙−
𝛾
2𝑒𝑎
𝜇
𝑒𝑏
𝜈Φ𝐶

𝐷{2𝜕[𝜇𝐴𝜈]𝐷 − 𝑓𝐷𝐴𝐵𝐴𝜇
𝐴𝐴𝜈

𝐵 − 𝐴[𝜇𝐴𝜈]𝐶
𝐴 + 𝜉𝐶𝐵𝜇𝜈}

 

ℳ𝐴𝐵 = ℋ𝐶𝐷Φ𝐶  
𝐴Φ𝐷 

𝐵  

𝐹̂𝑎𝐵𝐶= 𝑒
−𝜙−

𝛾
2𝑒𝑎
𝜇
(𝒟𝜇Φ𝐵𝐴)Φ𝐶

𝐴,  

𝒟𝜇Φ𝐵𝐴 = 𝜕𝜇Φ𝐵𝐴 + 𝐴𝜇
𝐶𝑓𝐶𝐴

𝐷Φ𝐵𝐷 +
1

2
𝐴𝜇𝐴Φ𝐵𝐷𝜉

𝐷 −
1

2
𝜉𝐴Φ𝐵𝐷𝐴𝜇

𝐷 .
 

1

4
∫  𝑑2𝐷𝑋𝑒2𝜙−𝛾−2𝑑 {ℳ𝐴𝐵𝑓𝐴𝐶𝐷𝑓𝐵

𝐶𝐷 −
1

3
ℳ𝐴𝐵ℳ𝐶𝐷ℳ𝐸𝐹𝑓𝐴𝐶𝐸𝑓𝐵𝐷𝐹 − 3ℳ

𝐴𝐵𝜉𝐴𝜉𝐵}  

Ω̃𝐴 = −
𝑒−

𝛾
2

2
𝜉𝐴

 

Ω̂̃𝑎= 𝑒
−𝜙−

𝑐
2(𝜏𝑎𝑏

𝑏 − 𝒟𝑎𝜙)  

𝐹̂𝑎𝑏
𝑐 = 𝑒−𝜙−

𝛾
2(𝜏𝑎𝑏

𝑐 + 2𝛿[𝑎
𝑐 𝒟𝑏]𝜙) 

𝒟𝑎𝜙 = 𝑒𝑎
𝜇
(𝜕𝜇𝜙 −

1

2
𝐴𝜇)

𝜏𝑎𝑏
𝑐  = (𝑒𝑎

𝜇
𝜕𝜇𝑒𝑏

𝜈 − 𝑒𝑏
𝜇
𝜕𝜇𝑒𝑎

𝜈)𝑒𝜈
𝑐.

 

𝑓𝐴𝐵𝐶= 𝑒
𝛾
2𝐹𝐴𝐵𝐶 = 𝑐𝑠𝑡. ,  

𝐹𝐴𝐵𝐶  = Ω𝐴𝐵𝐶 + Ω𝐶𝐴𝐵 + Ω𝐵𝐶𝐴 = 𝐹[𝐴𝐵𝐶]

𝜉𝐴 = 𝑒
𝛾
2𝐸𝐴 

𝑀𝜕𝑀𝛾 = −2𝑒
𝛾
2(2𝐸𝐴 

𝑀𝜕𝑀𝑑 + Ω𝐵𝐴
𝐵 ) = 𝑐𝑠𝑡.
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∫  𝑑12𝑌𝑒−2𝑑−𝛾  

𝐸[𝐴 
𝑀𝜕𝑀𝐹𝐵𝐶𝐷] = 3Ω[𝐴𝐵 

𝐸Ω𝐶𝐷]𝐸 + 3Ω
𝐸  [𝐴𝐵Ω𝐶𝐷]𝐸 .  

𝑓[𝐴𝐵
𝐸 𝑓𝐶]𝐷𝐸 =

2

3
𝑓[𝐴𝐵𝐶𝜉𝐷]  

Ω𝐸[𝐴𝐵Ω𝐶]𝐷
𝐸 = 0  

Ω𝐸  𝐴𝐵Ω𝐸𝐶𝐷 = 0.  

𝜉𝐴𝑓𝐴𝐵𝐶 = 0  

Ω𝐴𝐵𝐶𝐸
𝐴𝑀𝜕𝑀𝑑 = Ω𝐴𝐵𝐶𝐸

𝐴𝑀𝜕𝑀𝛾 = 0  

(𝜕𝑀𝜕𝑀𝐸[𝐴
𝑁)𝐸𝐵]𝑁 = 0  

𝜕𝑀𝛾𝜕𝑀𝛾 = Ω̃
𝐴Ω̃𝐴 = 0  

𝑉̃ =
𝑒2𝜙

6
𝑓𝐴𝐵𝐶𝑓

𝐴𝐵𝐶  

𝑆̃ = −
1

6
∫  𝑑2𝐷𝑋𝑒−2𝑑̂𝐹̂𝐴̂𝐵̂𝐶̂𝐹̂

𝐴̂𝐵̂𝐶̂  

𝑆̃ = ∫  𝑑2𝐷𝑋𝑒−2𝑑̂ {−2𝜕𝑀̂𝜕
𝑀̂𝑑̂ + Ω̂̃𝐴̂Ω̂̃𝐴̂ −

1

2
Ω̂𝐴̂𝐵̂𝐶̂Ω̂𝐴̂𝐵̂𝐶̂}  

ℋ[𝐴 
𝐺𝐹𝐵]𝐶𝐷𝐹𝐸𝐹𝐺(𝜂

𝐶𝐸𝜂𝐷𝐹 −ℋ𝐶𝐸ℋ𝐷𝐹) = 0.  

𝑃±𝐴𝐵𝐶𝐷 =
1

2
(𝜂𝐴(𝐶𝜂𝐷)𝐵 ±ℋ𝐴(𝐶ℋ𝐷)𝐵)  

𝑊𝐴𝐵 = 𝑃−
𝐴𝐵𝐶𝐷𝑍𝐶𝐷 = 0  

𝑍𝐴𝐵 =
1

4
𝐹𝐴𝐶𝐷𝐹𝐵𝐸𝐹𝑃−

𝐶𝐸𝐷𝐹  

−
1

12
𝑍𝐴𝐵𝐶𝐹𝐴𝐵𝐶 = 𝑅

𝑒𝑥𝑡  

𝑉(ℳ) = −
1

12
𝑍𝐴𝐵𝐶(ℳ)𝐹𝐴𝐵𝐶  

𝑃±𝐴𝐵𝐶𝐷(ℳ) =
1

2
(𝜂𝐴(𝐶𝜂𝐷)𝐵 ±ℳ𝐴(𝐶ℳ𝐷)𝐵)  

𝑉̂ = 𝑉 + 𝐿𝐴𝐵(ℳ𝐴𝐵 − (ℳ
−1)𝐶𝐷𝜂𝐶𝐴𝜂𝐷𝐵)  

𝜕𝑉̂

𝜕ℳ𝐴𝐵
= −𝑍𝐴𝐵(ℳ) + 2𝑃+𝐴𝐵𝐶𝐷(ℳ)𝐿𝐶𝐷 = 0  
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−𝑍𝐴𝐵(ℳ) =
𝜕𝑉

𝜕ℳ𝐴𝐵
 = −

1

4
𝐹𝐴𝐶𝐷𝐹𝐵𝐸𝐹(𝜂

𝐶𝐸𝜂𝐷𝐹 −ℳ𝐶𝐸ℳ𝐷𝐹)

 = 𝐹𝐴𝐶𝐷𝐹𝐵𝐸𝐹𝑃−
𝐶𝐸𝐷𝐹(ℳ) = 0

 

𝑃−
𝐴𝐵𝐶𝐷(ℳ)𝑍𝐶𝐷(ℳ) = 0  

𝑒𝑎𝑇𝑎 = 𝑔
−1𝑑𝑔, 𝑑𝑒𝑎 = −

1

2
𝜏𝑏𝑐  

𝑎𝑒𝑏 ∧ 𝑒𝑐 , [𝑇𝑎 , 𝑇𝑏] = 𝜏𝑎𝑏 
𝑐𝑇𝑐  

𝜏[𝑎𝑏 
𝑑𝜏𝑐]𝑑  

𝑒  = 0

𝐻𝑒[𝑎𝑏𝜏𝑐𝑑] 
𝑒  = 0.

 

𝐸𝐴
𝑁 = (

𝑒𝑎
𝑛(𝑦) 𝑒𝑎

𝑚(𝑦)𝐵𝑚𝑛(𝑦)

0 𝑒𝑎 𝑛(𝑦)
)
𝐴

𝑁

 

[𝐸𝑎 , 𝐸𝑏]  = 𝐻𝑎𝑏𝑐𝐸
𝑐 + 𝜏𝑎𝑏 

𝑐𝐸𝑐
[𝐸𝑎 , 𝐸𝑏]  = 𝜏𝑏𝑐  

𝑎𝐸𝑐

[𝐸𝑎 , 𝐸𝑏]  = 0

 

𝐻𝑎𝑏𝑐 = 3𝑒[𝑎  
𝑚𝑒𝑏 

𝑛𝑒𝑐] 
𝑝𝜕𝑚𝐵𝑛𝑝.  

𝑒−2𝑑 = det(𝑒𝑎  𝑚)  

𝐸𝐴 
𝑁 = (

𝛿𝑎  
𝑛 0

𝛽𝑎𝑏(𝑦)𝛿𝑏 
𝑚 𝛿𝑎  𝑛

)
𝐴

𝑁

 

Ω𝑎
𝑏𝑐 = 𝜕𝑎𝛽

𝑏𝑐

Ω𝑎𝑏𝑐 = 𝛽𝑎𝑑𝜕𝑑𝛽
𝑏𝑐  

𝛽𝑎𝑏(𝑦) = 𝑦𝑐𝛽𝑐  
𝑎𝑏  

𝑄𝑑  
[𝑎𝑏𝑄𝑒 

𝑐]𝑑= 0  

𝑅𝑒[𝑎𝑏𝑄𝑒 
𝑐𝑑] = 0

 

𝑄𝑎  
𝑏𝑐= 𝛽𝑎 

𝑏𝑐  

𝑅𝑎𝑏𝑐 = 3𝛽[𝑎∣𝑑𝛽𝑑  
∣𝑏𝑐] = 0.

 

𝛽𝑎𝑏 = 𝑦𝑐𝛽𝑐
𝑎𝑏 + 𝑦̃𝑐𝛽

𝑐𝑎𝑏  

𝛽𝑎[𝑏𝑐𝛽𝑎
𝑑𝑒]
= 0  

𝐸𝐴 
𝑀 = (𝑒𝑦𝒩)

𝐴
 𝐵𝛿𝐵

𝑀
 

Ω𝑦𝐴‾𝐵‾ = 𝒩𝐴‾𝐵‾  

[𝑇𝐴‾ , 𝑇𝐵‾ ]= 𝒩𝐴‾𝐵‾𝑇  

[𝑇̃, 𝑇𝐴‾] = 𝒩𝐴‾𝐵‾𝑇
𝐵‾  

𝐸𝐴
𝑀 = (𝑒𝑌

𝐼𝑇𝐼)
𝐴

𝐵
𝛿𝐵
𝑀  
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Ω𝐼𝐴‾𝐵‾ = 𝑇𝐼𝐴‾𝐵‾  

[𝑇𝐼 , 𝑇𝐽]= 0  

[𝑇𝐼 , 𝑇𝐴‾] = 𝑇𝐼𝐴‾𝐵‾𝑇𝐵‾
[𝑇𝐴‾ , 𝑇𝐵‾ ] = 𝑇𝐼𝐴‾𝐵‾𝑇

𝐼

 

𝑇𝐼 [𝐴‾𝐵‾𝑇𝐼𝐶‾]𝐷‾ = 0  

𝑇𝐼𝑎  
𝑏 = −𝑇𝐼 

𝑏 𝑎 = 𝛼𝐼𝑎𝛿𝑎
𝑏  

𝛼𝐼 𝑎𝛼𝐼𝑏 = 0, 𝑎 ≠ 𝑏  

𝛼𝐼𝑎 = ±ℋ𝐼𝐽𝛼
𝐽 𝑎  

𝑉(ℋ) = −𝑒2𝜙(1 ∓ 1)𝛼𝐼 𝑎𝛼𝐼𝑏𝛿
𝑎𝑏,  

 

𝑔𝜇𝜈
′ = e−2𝜎(𝑥)𝑔𝜇𝜈 , 𝜙

′ = e𝜎(𝑥)𝜙,𝑊𝜇
′ = 𝑊𝜇 , 𝜆

′ = e
3
2
𝜎(𝑥)𝜆.  

 

𝑆𝑔𝑟𝑎𝑣 = ∫  d4𝑥 {√𝑔(𝒟𝜇𝜙)(𝒟𝜈𝜙
∗)𝑔𝜇𝜈 −

1

6
|𝜙|2[√𝑔𝑅 + √𝑔𝜓‾𝜇𝑅

𝜇 + 𝜕𝜇(√𝑔𝜓‾ ⋅ 𝛾𝜓
𝜇)]} ,  

𝑅𝜇 = 𝑒−1𝜀𝜇𝜈𝜌𝜎𝛾5𝛾𝜈𝒟𝜌𝜓𝜎 = 𝛾
𝜇𝜌𝜎𝒟𝜌𝜓𝜎 ,  

 

𝒟𝜇𝜓𝜈 = ((𝜕𝜇 +
1

4
𝜔𝜇
𝑚𝑛𝛾𝑚𝑛 +

1

2
i𝛾5𝐴𝜇) 𝛿𝜈

𝜆 − Γ𝜇𝜈
𝜆 )𝜓𝜆  

𝑔𝜇𝜈
′ = e−2𝜎(𝑥)𝑔𝜇𝜈,𝜙

′ = e𝜎(𝑥)−
1
3
iΛ(𝑥)𝜙,         

𝜓𝜇
′ = e−

1
2
[𝜎(𝑥)+i𝛾5Λ(𝑥)]𝜓𝜇 ,        𝐴𝜇

′ = 𝐴𝜇 + 𝜕𝜇Λ(𝑥).  
 

𝜙 = 𝜙∗ = √3𝑀𝑃 .  

−
1

6
∫   d4𝑥 [√𝑔𝜓̃𝜇𝑅̃

𝜇 − 2(𝜕𝜇ln 𝜙) (√𝑔𝜓̃ ⋅ 𝛾𝜓̃
𝜇)] .  

𝑅̃𝜇 − 𝛾𝜇𝜓̃𝜈𝜕𝜈ln 𝜙 + 𝛾 ⋅ 𝜓̃𝜕𝜇ln 𝜙 = 0  

𝛾 ⋅ 𝜓 ≠ 0  or  𝜓0 ≠ 0  

Φ′ = e𝑤𝜎(𝑥)+i𝑐Λ(𝑥)Φ  
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ℒ = [𝒩(𝑋, 𝑋∗)]𝐷 + [𝒲(𝑋)]𝐹 + [𝑓𝛼𝛽(𝑋)𝜆‾𝐿
𝛼𝜆𝐿
𝛽
]
𝐹

 

𝒩 = 𝑋𝐼𝒩𝐼 = 𝑋𝐼𝒩
𝐼 = 𝑋𝐼𝒩

𝐼 𝐽𝑋
𝐽, 𝒩𝐼 = 𝑋𝐽𝒩

𝐽 𝐼

𝑋𝐽𝒩
𝐽𝐼 = 0, 𝑋𝐼𝒩

𝐼 𝐽𝐾 = 𝒩𝐽𝐾 , 𝑋𝐾𝒩𝐽
𝐼𝐾 = 0

 

 

 

𝒟𝜇 = 𝜕𝜇 − i𝑐𝐴𝜇 −𝑊𝜇
𝛼𝛿𝛼 +

1

4
𝜔𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏

𝒟̂𝜇= 𝜕𝜇 − i𝑐𝐴𝜇 −𝑊𝜇
𝛼𝛿𝛼 +

1

4
𝜔̂𝜇
𝑎𝑏(𝑒, 𝜓)𝛾𝑎𝑏  

𝜔̂𝜇
𝑎𝑏(𝑒, 𝜓)= 𝜔𝜇

𝑎𝑏(𝑒) +
1

4
(2𝜓‾𝜇𝛾

[𝑎𝜓𝑏] + 𝜓‾𝑎𝛾𝜇𝜓
𝑏)  

𝐹̂𝜇𝜈
𝛼= 𝐹𝜇𝜈

𝛼 + 𝜓‾[𝜇𝛾𝜈]𝜆
𝛼, 𝐹𝜇𝜈

𝛼 = 2𝜕[𝜇𝑊𝜈]
𝛼 +𝑊𝜇

𝛽
𝑊𝜈
𝛾
𝑓𝛽𝛾
𝛼  

𝐹̃𝜇𝜈𝛼=
1

2
𝑒−1𝜀𝜇𝜈𝜌𝜎𝐹𝜌𝜎

𝛼  

𝐹̂𝜇𝜈
−𝛼 =

1

2
(𝐹̂𝜇𝜈

𝛼 − 𝐹̃̂𝜇𝜈
𝛼 ) = 𝐹𝜇𝜈

−𝛼 −
1

4
𝜓‾𝜌𝐿𝛾𝜇𝜈𝛾

𝜌𝜆𝑅
𝛼 +

1

4
𝜓‾𝑅 ⋅ 𝛾𝛾𝜇𝜈𝜆𝑅

𝛼

 

ℒ𝑆𝐺, torsion =
1

16
[2(𝜓‾𝜇𝛾𝜈𝜓𝜌)(𝜓‾

𝜈𝛾𝜇𝜓𝜌) + (𝜓‾𝜇𝛾𝜈𝜓𝜌)
2
− 4(𝜓‾ ⋅ 𝛾𝜓𝜇)

2
]  
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𝑘𝛼𝐼𝐽 = 𝑘𝛼  
𝐼𝐽 = 0, 𝑘𝛼𝐼 

𝐽𝑋𝐽 = 𝑘𝛼𝐼 , 𝑘𝛼  
𝐼 𝐽𝑋

𝐽 = 𝑘𝛼  
𝐼  

𝑘𝛽𝐼 
𝐽𝑘𝛼𝐽 − 𝑘𝛼𝐼 

𝐽𝑘𝛽𝐽 = 𝑓𝛼𝛽
𝛾
𝑘𝛾𝐼  

𝛿𝛾𝜆
𝛼 = 𝜆𝛽𝑓𝛽𝛾

𝛼
 

𝒩𝐼𝑘𝛼𝐼 +𝒩𝐼𝑘𝛼 
𝐼 = 𝒲𝐼𝑘𝛼𝐼 = 0, 𝑓𝛼𝛽

𝐼 𝑘𝛾𝐼 + 2𝑓𝛿(𝛼𝑓𝛽)𝛾
𝛿 = i𝑐𝛼𝛽  

𝛿𝑒𝜇
𝑎=

1

2
𝜖‾𝛾𝑎𝜓𝜇  

𝛿𝜓𝜇= (𝜕𝜇 +
1

4
𝜔𝜇
𝑎𝑏(𝑒, 𝜓)𝛾𝑎𝑏 +

1

2
i𝐴𝜇𝛾5) 𝜖 − 𝛾𝜇𝜂 

𝛿𝑋𝐼= 𝜖‾𝐿Ω𝐼  

𝛿Ω𝐼=
1

2
𝛾𝜇(𝒟𝜇𝑋𝐼 − 𝜓‾𝜇Ω𝐼)𝜖𝑅 +

1

2
ℎ𝐼𝜖𝐿 + 𝑋𝐼𝜂𝐿  

𝛿𝑊𝜇
𝛼= −

1

2
𝜖‾𝛾𝜇𝜆

𝛼  

𝛿𝜆𝛼 =
1

4
𝛾𝜇𝜈𝐹̂𝜇𝜈

𝛼 𝜖 +
1

2
i𝛾5𝜖𝐷

𝛼

 

 

−ℎ𝐽𝒩𝐽
𝐼= 𝒲𝐼 −𝒩𝐼 𝐽𝐾Ω‾

𝐽Ω𝐾 −
1

4
𝑓𝛼𝛽
𝐼 𝜆‾𝐿

𝛼𝜆𝐿
𝛽

 

(Re𝑓𝛼𝛽)𝐷
𝛽= 𝒫𝛼 +𝒫𝛼

𝐹  

𝒫𝛼= i
1

2
[𝒩𝐼𝑘𝛼𝐼 −𝒩𝐼𝑘𝛼

𝐼 ] = i𝒩𝐼𝑘𝛼𝐼 = −i𝒩𝐼𝑘𝛼
𝐼  

𝒫𝛼
𝐹= −i

1

2
𝑓𝛼𝛽
𝐼 Ω‾ 𝐼𝜆

𝛽 + i
1

2
𝑓𝛼𝛽𝐼Ω‾

𝐼𝜆𝛽  

𝐴𝜇 = 𝐴𝜇
𝐵 + 𝐴𝜇

𝐹

𝐴𝜇
𝐵 =

3i

2𝒩
[𝒩𝐼𝜕̂𝜇𝑋𝐼 −𝒩𝐼𝜕̂𝜇𝑋

𝐼] =
3i

2𝒩
[𝒩𝐼𝜕𝜇𝑋𝐼 −𝒩𝐼𝜕𝜇𝑋

𝐼] −
3

𝒩
𝑊𝜇
𝛼𝒫𝛼

𝐴𝜇
𝐹 =

3i

2𝒩
[𝒩𝐼𝜓‾𝜇𝑅Ω

𝐼 −𝒩𝐼𝜓‾𝜇𝐿Ω𝐼 −𝒩𝐼
𝐽Ω‾ 𝐽𝛾𝜇Ω

𝐼 −
3

4
(Re𝑓𝛼𝛽)𝜆‾

𝛼𝛾𝜇𝛾5𝜆
𝛽]
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𝒟𝜇𝑋𝐼 = 𝜕̂𝜇𝑋𝐼 +
1

3
i𝐴𝜇
𝐵𝑋𝐼 , 𝜕̂𝜇𝑋𝐼 = 𝜕𝜇𝑋𝐼 −𝑊𝜇

𝛼𝑘𝛼𝐼

𝒟𝜇Ω𝐼= (𝜕𝜇 +
1

4
𝜔𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏 −

1

6
i𝐴𝜇
𝐵)Ω𝐼 −𝑊𝜇

𝛼𝑘𝛼𝐼
𝐽
Ω𝐽  

𝒟𝜇𝜆
𝛼= (𝜕𝜇 +

1

4
𝜔𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏 +

1

2
i𝐴𝜇
𝐵𝛾5)𝜆

𝛼 −𝑊𝜇
𝛾
𝜆𝛽𝑓𝛽𝛾

𝛼  

𝑅𝜇 = 𝛾𝜇𝜌𝜎𝒟𝜌𝜓𝜎, 𝒟[𝜇𝜓𝜈] = (𝜕[𝜇 +
1

4
𝜔[𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏 +

1

2
i𝐴[𝜇
𝐵 𝛾5)𝜓𝜈]

 

𝒩𝐼𝒟𝜇𝑋𝐼 = 𝒩𝐼𝒟𝜇𝑋
𝐼 =

1

2
(𝒩𝐼𝜕𝜇𝑋𝐼 +𝒩𝐼𝜕𝜇𝑋

𝐼)  

[𝐹] ≡ ∫  𝐹𝜇𝜈d𝑥
𝜇d𝑥𝜈 = 2𝜋𝑛, 𝑛 ∈ ℤ  

𝐷-gauge:  𝒩 = −3𝑀𝑃
2.  

𝑋𝐼 = 𝑌𝑥𝐼(𝑧𝑖),  

𝒦(𝑧, 𝑧∗)= −3ln [−
1

3
𝑥𝐼(𝑧∗)𝒩𝐼

𝐽(𝑧, 𝑧∗)𝑥𝐽(𝑧)] 

𝑔𝑗
𝑖 ≡ 𝜕𝑖𝜕𝑗𝒦 = −3(𝜕

𝑖𝑋𝐼)(𝜕𝑗𝑋
𝐽)𝜕𝐼𝜕𝐽ln 𝒩.

 

𝑌𝑌∗exp (−
1

3
𝒦) = 𝑀𝑃

2 = −
1

3
𝒩  

𝑌′ = 𝑌e
1
3
Λ𝑌(𝑧), 𝑥𝐼

′ = 𝑥𝐼e
−
1
3
Λ𝑌(𝑧)  

𝒦′ = 𝒦 + Λ𝑌(𝑧) + Λ𝑌
∗ (𝑧∗)  

𝒲 = 𝑌3𝑀𝑃
−3𝑊(𝑧)  

𝑊′ = 𝑊e−Λ𝑌(𝑧)  

 Kähler symmetric 𝑈(1)-gauge:  𝒲 = 𝒲∗.  

 non-singular at 𝒲 = 0𝑈(1)-gauge:  𝑌 = 𝑌∗.  

𝑆-gauge:  𝒩𝐼Ω𝐼 = 0  
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𝛿𝑧𝑖 = 𝑀𝑃
−1𝜖‾𝜒𝑖, 𝛿𝑧

𝑖 = 𝑀𝑃
−1𝜖‾𝜒𝑖  

Ω𝐼 = 𝑀𝑃
−1𝑌𝜒𝑖𝒟

𝑖𝑥𝐼 = 𝑀𝑃
−1𝜒𝑖

1

𝑌∗
𝜕𝑖(𝑌𝑌∗𝑥𝑖) ⇒ 𝜒𝑖 = 𝑀𝑃

−1𝑔−1𝑗 𝑖
𝑗
𝑌∗(𝒟𝑗𝑥

𝐽)𝒩𝐽
𝐼Ω𝐼 ,  

𝒟𝑖𝑥𝐼 = 𝜕
𝑖𝑥𝐼 +

1

3
(𝜕𝑖𝒦)𝑥𝐼 =

1

𝑌𝑌∗
𝜕𝑖(𝑌𝑌∗𝑥𝐼),𝒩

𝐼𝒟𝑖𝑥𝐼 = 0  

𝐹𝜇𝜈
𝑞𝑢𝑎𝑛𝑡

=
1

2
(𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇) = 3i(𝜕[𝜇𝑋

𝐼)(𝜕𝜈]𝑋𝐽)𝜕𝐼𝜕
𝐽ln 𝒩 

= 3i(𝜕[𝜇𝑧
𝑖)(𝜕𝑖𝑋

𝐼)(𝜕𝜈]𝑧𝑗)(𝜕
𝑗𝑋𝐽)𝜕𝐼𝜕

𝐽ln 𝒩  

 = −i(𝜕[𝜇𝑧
𝑖)(𝜕𝜈]𝑧𝑗)𝜕

𝑖𝜕𝑗𝒦

 

i

2𝜋
𝑔𝑖
𝑗
 d𝑧𝑗 ∧  d𝑧𝑖  

𝑐1 ∈ 2ℤ.  

0 = 𝑔𝑘
𝑗
𝜕𝑖𝜉𝛼  

𝑘 + 𝑔𝑖
𝑘𝜕𝑗𝜉𝛼𝑘 + (𝜉𝛼𝑘𝜕

𝑘 + 𝜉𝛼  
𝑘𝜕𝑘)𝑔𝑖

𝑗
= 𝜕𝑖𝜕

𝑗(𝜉𝛼  
𝑘𝜕𝑘𝒦 + 𝜉𝛼𝑘𝜕

𝑘𝒦).  

𝛿𝛼𝑌 = 𝑌𝑟𝛼(𝑧), 𝛿𝛼𝑧𝑖 = 𝜉𝛼𝑖(𝑧)  

𝑘𝛼𝐼 = 𝑌[𝑟𝛼(𝑧)𝑥𝐼(𝑧) + 𝜉𝛼𝑖(𝑧)𝜕
𝑖𝑥𝐼(𝑧)]  

0 = 𝒩𝐼𝑘𝛼𝐼 +𝒩𝐼𝑘𝛼 
𝐼 = 𝒩 [𝑟𝛼(𝑧) + 𝑟𝛼

∗(𝑧∗) −
1

3
(𝜉𝛼𝑖𝜕

𝑖𝒦(𝑧, 𝑧∗) + 𝜉𝛼  
𝑖𝜕𝑖𝒦(𝑧, 𝑧

∗))]  

𝛿𝛼𝒦 = 𝜉𝛼𝑖(𝑧)𝜕
𝑖𝒦(𝑧, 𝑧∗) + 𝜉𝛼  

𝑖𝜕𝑖𝒦(𝑧, 𝑧
∗) = 3(𝑟𝛼(𝑧) + 𝑟𝛼

∗(𝑧∗))  

𝒫𝛼(𝑧, 𝑧
∗)=

1

2
i𝑀𝑃

2 [(𝜉𝛼𝑖(𝑧)𝜕
𝑖𝒦(𝑧, 𝑧∗) − 𝜉𝛼  

𝑖𝜕𝑖𝒦(𝑧, 𝑧
∗)) − 3𝑟𝛼(𝑧) + 3𝑟𝛼

∗(𝑧∗))]

 = i𝑀𝑃
2(𝜉𝛼𝑖(𝑧)𝜕

𝑖𝒦(𝑧, 𝑧∗) − 3𝑟𝛼(𝑧)) = i𝑀𝑃
2 (−𝜉𝛼 

𝑖𝜕𝑖𝒦(𝑧, 𝑧
∗) + 3𝑟𝛼

∗(𝑧∗))
 

𝜕𝑖𝒫𝛼(𝑧, 𝑧
∗) = i𝑀𝑃

2𝜉𝛼𝑗𝑔𝑖
𝑗

 

𝑌𝒲𝐼𝜉𝛼𝑖𝜕
𝑖𝑥𝐼 = −3𝑟𝛼𝒲,𝑌𝑓𝛼𝛽

𝐼 𝜉𝛾𝑖𝜕
𝑖𝑥𝐼 + 2𝑓𝛿(𝛼𝑓𝛽)𝛾

𝛿 = i𝑐𝛼𝛽,𝛾 ,  

𝜉𝛼𝑖𝜕
𝑖𝑊 = −3𝑟𝛼𝑊  

𝑥0 = 1, 𝑥𝑖 = 𝑧𝑖 .  

𝑞𝑖𝑧𝑖𝜕
𝑖𝑊(𝑧) = −𝑀𝑃

−2𝜛𝑊(𝑧)  

𝒫 = −𝑞𝑖𝑀𝑃
2𝑧𝑖𝑧

𝑖 +𝜛  

𝒦 = −3𝜈ln [−
1

3
(1 + 𝑧𝑧∗)−1/3] ,  

𝑔𝑧
𝑧 =

𝜈

(1 + 𝑧𝑧∗)2
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𝒫1 =
𝜈

2
𝑀𝑃
2
𝑧 + 𝑧∗

1 + 𝑧𝑧∗
, 𝒫2 = −

i𝜈

2
𝑀𝑃
2
𝑧 − 𝑧∗

1 + 𝑧𝑧∗
, 𝒫3 = 𝑀𝑃

2
𝜈𝑧𝑧∗

1 + 𝑧𝑧∗
+𝜛  

𝛿1𝑧 =
1

2
i(𝑧2 − 1), 𝛿2𝑧 =

1

2
(𝑧2 + 1), 𝛿3𝑧 = −i𝑧.  

𝑟1 =
1

6
i𝜈𝑧, 𝑟2 =

1

6
𝜈𝑧, 𝑟3 =

1

3
i𝜛𝑀𝑃

−2 = −
1

6
i𝜈.  

𝑔𝑖 
𝑗= e𝒦/3𝒟𝑖𝑥

𝐼𝒩𝐼 
𝐽𝒟𝑗𝑥𝐽 

−3 = e𝒦/3𝑥𝐼𝒩𝐼 
𝐽𝑥𝐽

 

(
−3 0
0 𝑔𝑖 

𝑗) = e
𝒦/3 (

𝑥𝐼

𝒟𝑖𝑥
𝐼)𝒩𝐼

𝐽
(𝑥𝐽 𝒟𝑗𝑥𝐽)  

𝑉= 𝑉𝐹 + 𝑉𝐷,  

𝑉𝐹= ℎ
𝐼𝒩𝐼 

𝐽ℎ𝐽|bos 
= 𝒲𝐼𝒩−1 𝐼 

𝐽𝒲𝐽  

= e𝒦/3 [−
1

3
𝒲𝐼𝑥𝐼𝑥

𝐽𝒲𝐽 +𝒲
𝐼𝒟𝑖𝑥𝐼𝑔

−1 𝑖 
𝑗𝒟𝑗𝑥

𝐽𝒲𝐽] 

= 𝑀𝑃
−2e𝒦[−3𝑊𝑊∗ + (𝒟𝑖𝑊)𝑔−1 𝑖 

𝑗(𝒟𝑗𝑊
∗)],  

𝑉𝐷 =
1

2
(Re𝑓𝛼𝛽)𝐷

𝛼𝐷𝛽|
bos 

=
1

2
(Re𝑓)−1𝛼𝛽𝒫𝛼𝒫𝛽 .

 

𝒟𝑖𝑊 = 𝜕𝑖𝑊 + (𝜕𝑖𝒦)𝑊.  

𝑉𝐹,+ = 𝑉 + 3𝒲𝒲
∗ = 𝑀𝑃

−2e𝒦(𝒟𝑖𝑊)𝑔−1 𝑖 
𝑗(𝒟𝑗𝑊

∗) ≥ 0, 𝑉𝐷 ≥ 0,𝑉+ = 𝑉𝐹,+ + 𝑉𝐷 ≥ 0.  

−2𝒩𝜂𝐿 = 6𝑀𝑃
2𝜂𝐿 = 𝒩

𝐼D̸𝑋𝐼𝜖𝑅 +𝒩
𝐼ℎ𝐼𝜖𝐿.  

𝜂𝐿 = −
1

2
𝑀𝑃
−2𝒲∗𝜖𝐿  

𝑒−1ℒ𝑚𝑖𝑥 = 𝒩𝐽 
𝐼𝜓‾𝜇𝑅(D̸𝑋𝐼)𝛾

𝜇Ω𝐽 + 𝜓‾𝑅 ⋅ 𝛾 (
1

2
𝒩𝐼𝑘𝛼 

𝐼𝜆𝐿
𝛼 +𝒲𝐼Ω𝐼) +  h.c.  

𝑣𝐿
1 =

1

2
𝒩𝐼𝑘𝛼  

𝐼𝜆𝐿
𝛼 +𝒲𝐼Ω𝐼 , 𝑣𝐿

2 = D̸𝑋𝐼𝒩
𝐼 𝐽Ω

𝐽  

𝛿𝑣𝐿
1 =

1

2
D̸𝒲𝜖𝑅 −

1

2
𝑉𝜖𝐿 + 3𝒲𝜂𝐿 , 𝛿𝑣𝐿

2 = −
1

2
D̸𝒲𝜖𝑅 +

1

2
D̸𝑋𝐼𝒩𝐽

𝐼 𝐽D̸𝑋
𝐽𝜖𝐿+⊅ 𝑋𝐼𝒩

𝐼𝜂𝑅 ,  

𝑣 = 𝑣1 + 𝑣2  

𝑣𝐿 = i
1

2
𝜆𝐿
𝛼𝒫𝛼 + 𝜒𝑖𝑀𝑃

−4𝑌3𝒟𝑖𝑊 +𝑀𝑃𝜙̂𝑧𝑖𝜒
𝑗𝑔𝑗
𝑖  

𝛿𝑣𝐿 =
1

2
𝑀𝑃
2𝑔𝑖 𝑗 ∂̸̂𝑧𝑖𝜕̂𝑧

𝑗𝜖𝐿 −
1

2
𝑉+𝜖𝐿,  

𝑒−1ℒmix = 2𝒩𝐽 
𝐼𝜓‾𝜇𝑅𝛾

𝜈𝜇Ω𝐽𝒟𝜈𝑋𝐼 + 𝜓‾𝑅 ⋅ 𝛾𝑣𝐿 +  h.c.   

 = 2𝑀𝑃𝑔𝑗 
𝑖𝜓‾𝜇𝑅𝛾

𝜈𝜇𝜒𝑗𝜕̂𝜈𝑧𝑖 + 𝜓‾𝑅 ⋅ 𝛾𝑣𝐿 +  h.c. 
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𝜕̂𝜇𝑧𝑖 = 𝜕𝜇𝑧𝑖 −𝑊𝜇
𝛼(𝛿𝛼𝑧𝑖)  

𝐴𝜇
𝐵 =

1

2
i[(𝜕𝑖𝒦)𝜕𝜇𝑧

𝑖 − (𝜕𝑖𝒦)𝜕𝜇𝑧𝑖] +
3

2
i𝜕𝜇ln 

𝑌

𝑌∗
+
1

𝑀𝑃
2𝑊𝜇

𝛼𝒫𝛼  

𝒟𝜇𝜒𝑖 = (𝜕𝜇 +
1

4
𝜔𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏 −

1

2
i𝐴𝜇
𝐵)𝜒𝑖 + Γ𝑖

𝑗𝑘
𝜒𝑗𝜕̂𝜇𝑧𝑘 −𝑊𝜇

𝛼(𝜕𝑗𝜉𝛼𝑖)𝜒𝑗 ,  

Γ𝑖
𝑗𝑘
= 𝑔−1ℓ 𝑖

ℓ𝜕𝑗𝑔ℓ
𝑘  

𝑅𝑖𝑗
𝑘ℓ ≡ 𝑔𝑖

𝑚𝜕𝑗Γ𝑚
𝑘ℓ  

 Kähler symmetric 𝑈(1)-gauge:  𝑌3𝑊 = (𝑌∗)3𝑊∗.  

e−𝒢 = 𝑀𝑃
−6e𝒦|𝑊|2  

𝑌3𝑊 = 𝑀𝑃
6e−𝒢/2, 𝑌3𝒟𝑖𝑊 = −𝑀𝑃

6𝒢𝑖e−𝒢/2  

 non-singular at 𝑊 = 0𝑈(1)-gauge:  𝑌3 = (𝑌∗)3 = 𝑀𝑃
3e𝒦/2  

𝐴𝜇
𝐵 =

1

2
i(𝒢 𝑖𝜕̂𝜇𝑧𝑖 − 𝒢𝑖𝜕̂𝜇𝑧

𝑖)  
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𝐴𝜇
𝐵 =

1

2
i[(𝜕𝑖𝒦)𝜕𝜇𝑧

𝑖 − (𝜕𝑖𝒦)𝜕𝜇𝑧𝑖] +𝑀𝑃
−2𝑊𝜇

𝛼𝒫𝛼  

iΛ =
1

2
(Λ𝑌(𝑧) − Λ𝑌

∗ (𝑧∗))  

𝑌′ = 𝑌exp 
1

6
(Λ𝑌 + Λ𝑌

∗ ),  

𝑄′ = 𝑄ei𝑤𝐾Λ,  

𝑚 = e𝒦/2𝑊,  

𝑚3/2 = |𝑚|𝑀𝑃
−2,  

 

𝒟𝑖𝑄 = 𝜕𝑖𝑄 +
1

2
𝑤𝐾(𝜕𝑖𝒦)𝑄,𝒟

𝑖𝑄 = 𝜕𝑖𝑄 −
1

2
𝑤𝐾(𝜕

𝑖𝒦)𝑄.  

𝑚𝑖 ≡ 𝒟𝑖𝑚 = e𝒦/2𝒟𝑖𝑊 = 𝜕𝑖𝑚+
1

2
(𝜕𝑖𝒦)𝑚, 𝒟𝑖𝑚 = 𝜕𝑖𝑚 −

1

2
(𝜕𝑖𝒦)𝑚 = 0,

𝑚𝑖 ≡ 𝒟𝑖𝑚
∗ = e𝒦/2𝒟𝑖𝑊

∗ = 𝜕𝑖𝑚
∗ +

1

2
(𝜕𝑖𝒦)𝑚

∗, 𝒟𝑖𝑚∗ = 𝜕𝑖𝑚∗ −
1

2
(𝜕𝑖𝒦)𝑚∗ = 0.

 

𝑧𝑖 = 𝑧
0

𝑖 +𝑀𝑃
−1𝜙𝑖  

𝒦 = 𝐾0 +𝑀𝑃
−1(𝐾𝑖𝜙

𝑖 + 𝐾𝑖𝜙𝑖) + 𝑀𝑃
−2𝐾(𝜙, 𝜙∗, 𝑀𝑃

−1),  

𝐾𝑖 ∝ 𝑥𝐼𝒩𝐽
𝐼𝜕𝑖𝜕𝑖𝑥

𝐽|
𝑧=
0
𝑧

 

𝑥0 = 1, 𝑥𝑖 = 𝑀𝑃
−1𝜙𝑖  

𝑔𝑗
𝑖 =

𝜕

𝜕𝑧𝑖

𝜕

𝜕𝑧𝑗
𝒦 =

𝜕

𝜕𝜙𝑖

𝜕

𝜕𝜙𝑗
𝐾,  

𝑋0 = 𝑌 = 𝑀𝑃 + 𝒪(𝑀𝑃
−1), 𝑋𝑖 = 𝑌𝑥𝑖 = 𝑌𝑀𝑃

−1𝜙𝑖 = 𝜙𝑖exp [𝐾/(6𝑀𝑃
2)] = 𝜙𝑖 + 𝒪(𝑀𝑃

−2).  

Ω0 = 𝒪(𝑀𝑃
−1), Ω𝑖 = 𝜒𝑖 + 𝒪(𝑀𝑃

−2)  

𝑓𝛼𝛽
𝑖 =

𝜕

𝜕𝜙𝑖
𝑓𝛼𝛽 = 𝑀𝑃

−1
𝜕

𝜕𝑧𝑖
𝑓𝛼𝛽.  

𝜉𝛼𝑖= 𝛿𝛼𝑧𝑖 = 𝑀𝑃
−1𝛿𝛼𝜙𝑖 

𝜕

𝜕𝑧𝑖
𝒦 = 𝑀𝑃

−1
𝜕

𝜕𝜙𝑖
𝐾
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𝑚𝑖𝑗= 𝒟𝑖𝒟𝑗𝑚 = (𝜕𝑖 +
1

2
(𝜕𝑖𝒦))𝑚𝑗 − Γ𝑘

𝑖𝑗
𝑚𝑘 

𝑚𝑖𝛼  = −i [𝜕𝑖𝒫𝛼 −
1

4
(Re𝑓)−1𝛽𝛾𝒫𝛽𝑓𝛾𝛼𝑖]

𝑚𝑅,𝛼𝛽 = −
1

4
𝑓𝛼𝛽𝑖𝑔

−1𝑖 𝑗𝑚
𝑗

 

𝑒−1ℒmix = 𝑔𝑗 
𝑖𝜓‾𝜇𝐿(𝜕̂𝜙

𝑗)𝛾𝜇𝜒𝑖 + 𝜓‾𝑅 ⋅ 𝛾𝑣𝐿
1 +  h.c.   

 = 2𝑔𝑗 
𝑖𝜓‾𝜇𝑅𝛾

𝜈𝜇𝜒𝑗𝜕̂𝜈𝜙𝑖 + 𝜓‾𝑅 ⋅ 𝛾𝑣𝐿 +  h.c. ,
 

 

𝑣𝐿= 𝑣𝐿
1 + 𝑣𝐿

2  

𝑣𝐿
1 =

1

2
i𝒫𝛼𝜆𝐿

𝛼 +𝑚𝑖𝜒𝑖 , 𝑣𝐿
2 = (𝜕̂𝜙𝑖)𝜒

𝑗𝑔𝑗 
𝑖.

 

𝒟𝜇𝜒𝑖 =(𝜕𝜇 +
1

4
𝜔𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏)𝜒𝑖 −𝑊𝜇

𝛼𝜒𝑗𝜕
𝑗𝜉𝛼𝑖 −

i

2𝑀𝑃
2𝑊𝜇

𝛼𝒫𝛼𝜒𝑖

 +
1

4
[(𝜕𝑗𝒦)𝜕𝜇𝜙

𝑗 − (𝜕𝑗𝒦)𝜕𝜇𝜙𝑗]𝜒𝑖 + Γ𝑖
𝑗𝑘
𝜒𝑗𝜕̂𝜇𝜙𝑘,

 

𝜕𝑗𝜉𝛼𝑖 =
𝜕

𝜕𝑧𝑗
𝛿𝛼𝑧𝑖 =

𝜕

𝜕𝜙𝑗
𝛿𝛼𝜙𝑖  

𝛿𝑒𝜇
𝑎=

1

2
𝜖‾𝛾𝑎𝜓𝜇 , 𝛿𝜙𝑖 = 𝜖‾𝐿𝜒𝑖, 𝛿𝑊𝜇

𝛼 = −
1

2
𝜖‾𝛾𝜇𝜆

𝛼  

𝛿𝜓𝜇𝐿= (𝜕𝜇 +
1

4
𝜔𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏 +

1

2
i𝐴𝜇
𝐵) 𝜖𝐿 +

1

2
𝑀𝑃
−2𝑚𝛾𝜇𝜖𝑅 

𝛿𝜒𝑖=
1

2
𝜕̂𝜙𝑖𝜖𝑅 −

1

2
𝑔−1𝑗 𝑖𝑚𝑗𝜖𝐿  

𝛿𝜆𝛼 =
1

4
𝛾𝜇𝜈𝐹𝜇𝜈

𝛼 +
1

2
i𝛾5(Re𝑓)

−1𝛼𝛽𝒫𝛽𝜖.

 

 



pág. 4292 

 

𝑉 = −3𝑀𝑃
−2|𝑚|2 +𝑚𝑖𝑔

−1𝑖𝑚𝑗
𝑗
+
1

2
𝒫𝛼(Re𝑓)

−1𝛼𝛽𝒫𝛽 = −3𝑀𝑃
−2|𝑚|2 + 𝑉+

𝜕𝑖𝑉 = −2𝑀𝑃
−2𝑚𝑚𝑖 +𝑚𝑖𝑗𝑔

−1𝑗 𝑘𝑚
𝑘 + i𝑚𝑖𝛼(Re𝑓)

−1𝛼𝛽𝒫𝛽 .
 

1

2
𝑆𝜇𝜈𝛾

𝜇𝜓𝐿
𝜈 + 𝑆𝑖𝜒

𝑖 +𝒟𝜇Σ𝑅
𝜇
+
1

2
𝑀𝑃
−2𝑚𝛾𝜇Σ𝐿

𝜇

 +(∂̸𝜙𝑖)Σ
𝑖 +𝑚𝑗𝑔𝑗

−1𝑖Σ𝑖 +
1

2
i(Re𝑓𝛼𝛽)

−1
𝒫𝛽Σ𝛼𝑅 = 0

 

𝛾𝜇𝑅𝜇 = 2𝛾
𝜇𝜈𝒟𝜇𝜓𝜈

𝒟𝜇𝑅
𝜇 = −

1

2
𝐺𝜇𝜈𝛾

𝜇𝜓𝜈 + i𝐹̃𝜇𝜈
quant 

𝛾𝜇𝜓𝜈

𝑅𝜇 −
1

2
𝛾𝜇𝛾 ⋅ 𝑅 = 𝒟𝜓𝜇 −𝒟𝜇𝛾 ⋅ 𝜓

 

𝒟𝜇𝜓𝜈 = (𝜕𝜇 +
1

4
𝜔𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏 +

1

2
i𝐴𝜇
𝐵𝛾5)𝜓𝜈 − Γ𝜇𝜈

𝜆 𝜓𝜆  

Υ𝜇 ≡ 𝑔𝑗 
𝑖(𝜒𝑖𝜕𝜇𝜙

𝑗 + 𝜒𝑗𝜕𝜇𝜙𝑖)  

𝑣2 = 𝛾𝜇Υ𝜇 ,  

 

 

𝒟𝜇𝐦 ≡ (𝜕𝜇 − i𝛾5𝐴𝜇
𝐵)𝐦 = 𝑃𝑅𝑚

𝑖𝜕𝜇𝜙𝑖 + 𝑃𝐿𝑚𝑖𝜕𝜇𝜙
𝑖 − i𝛾5𝑀𝑃

−2𝑊𝜇
𝛼𝒫𝛼𝐦

𝒟𝜇𝐦
† ≡ (𝜕𝜇 + i𝛾5𝐴𝜇

𝐵)𝐦† = 𝑃𝑅𝑚𝑖𝜕𝜇𝜙
𝑖 + 𝑃𝐿𝑚

𝑖𝜕𝜇𝜙𝑖 + i𝛾5𝑀𝑃
−2𝑊𝜇

𝛼𝒫𝛼𝐦
†

 

 

𝐆𝜇𝜈 = 𝐺𝜇𝜈 − 2i𝐹̃𝜇𝜈
quant 

 

 

 possible 𝑄-gauge:  𝑣 = 0.  
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d𝑠2 = −d𝑡2 + 𝑎2(𝑡)d𝐱2  

𝑔𝜇𝜈 = 𝑎
2(𝜂)𝜂𝜇𝜈  

 

𝛾𝜇𝜓𝜇 = 𝑎
−1𝛾‾𝜇𝜓𝜇 = 𝑎

−1(𝛾0𝜓0 + 𝛾⃗ ⋅ 𝜓⃗⃗)  

Υ⃗⃗⃗ = 0, 𝑣2 = 𝑎−1𝛾0Υ0,

𝐴0
𝐵 =

1

2
i ((𝜕𝑖𝒦)𝜕0𝜙

𝑖 − (𝜕𝑖𝒦)𝜕0𝜙𝑖) , 𝐴
𝐵 = 0, 𝐹𝜇𝜈

quant 
= 0,

 

𝐺0
0 = 𝑀𝑃

−2𝜌, 𝐺 = −𝟙3𝑀𝑃
−2𝑝  

𝜌 = |𝜙̇|2 + 𝑉, 𝑝 = |𝜙̇|2 − 𝑉

𝜙̇ ≡ 𝑎−1𝜕0𝜙, |𝜙̇|2 ≡ 𝑔𝑖  
𝑗𝜙̇𝑗𝜙̇

𝑖  

−𝑆𝑖 = 𝑔𝑖
𝑗
(𝜙̈𝑗 + 3𝐻𝜙̇𝑗) + 𝑔𝑖

𝑗𝑘
𝜙̇𝑗𝜙̇𝑘 + 𝜕𝑖𝑉 = 0  

𝜌̇ = −6𝐻|𝜙̇|2 = −3𝐻(𝜌 + 𝑝).  

𝜌 = 3𝑀𝑃
2𝐻2, 𝑝 = −𝑀𝑃

2(3𝐻2 + 2𝐻̇),  

𝑣𝐿
1=

1

2
i𝒫𝛼𝜆𝐿

𝛼 +𝑚𝑖𝜒𝑖 , 𝑣𝐿
2 = 𝛾0𝑛𝑖𝜒

𝑖  

𝑣𝑅
1= −

1

2
i𝒫𝛼𝜆𝑅

𝛼 +𝑚𝑖𝜒
𝑖, 𝑣𝑅

2 = 𝛾0𝑛𝑖𝜒𝑖  

𝛿𝜒𝑖  = −
1

2
𝑃𝐿𝑔

−1𝑗 𝑖𝜉𝑗𝜖, 𝛿𝜆
𝛼 =

1

2
i𝛾5(Re𝑓)

−1𝛼𝛽𝒫𝛽𝜖.

 

𝑛𝑖 = 𝑔𝑖 
𝑗𝜙̇𝑗, 𝑛

𝑖 = 𝑔𝑗 
𝑖𝜙̇𝑗  

 

𝑣 = 𝑣1 + 𝑣2 = 𝜉†𝑖𝜒𝑖 + 𝜉𝑖
†𝜒𝑖 +

1

2
i𝛾5𝒫𝛼𝜆

𝛼  

−2𝛿𝑣 = (𝜉†𝑖𝑃𝐿𝑔
−1𝑗 𝑖

𝑗
𝜉𝑗 + 𝜉𝑗

†𝑃𝑅𝑔
−1𝑗 𝑖

𝑗
𝜉𝑖 +

1

2
𝒫𝛼(Re𝑓)

−1𝛼𝛽𝒫𝛽) 𝜖 = 𝛼𝜖  
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𝛼 = 𝜉†𝑖𝑃𝐿𝑔
−1𝑗𝜉𝑗 + 𝜉𝑗

†𝑃𝑅𝑔
−1𝑗 𝑖𝜉

𝑖 + 𝑉𝐷

=
1

2
(𝜉†𝑖𝑔−1𝑗 𝑖𝜉𝑗 + 𝜉

𝑖𝑔−1𝑗 𝑖𝜉𝑗
†) + 𝑉𝐷  

= 𝑚𝑖𝑔−1𝑗𝑚𝑗 + 𝑛
𝑖𝑔−1𝑗𝑛𝑗 + 𝑉𝐷  

= |𝜙̇|2 +𝑚𝑖𝑔−1𝑗𝑚𝑗 + 𝑉𝐷 = |𝜙̇|
2 + 𝑉+  

= 𝜌 + 3𝑀𝑃
−2|𝑚|2 = 3(𝑀𝑃

2𝐻2 +𝑀𝑃
−2|𝑚|2) 

 = 3𝑀𝑃
2(𝐻2 +𝑚3/2

2 )

 

𝜛Λ + 𝛿𝜛Λ (
2

𝛼
𝑣)  

𝑔𝑖
𝑗
𝜒𝑗= Π̂𝑖

𝑗
𝜒𝑗 + Π̂𝑖𝑗𝜒

𝑗 + Π̂𝑖𝛼𝜆
𝛼 +

1

𝛼
𝑃𝐿𝜉𝑖𝑣  

𝑔𝑗
𝑖𝜒𝑗= Π̂𝑖𝑗𝜒𝑗 + Π̂𝑗

𝑖𝜒𝑗 + Π̂𝛼
𝑖 𝜆𝛼 +

1

𝛼
𝑃𝑅𝜉

𝑖𝑣  

(Re𝑓𝛼𝛽)𝜆
𝛽 = Π̂𝛼

𝑗
𝜒𝑗 + Π̂𝛼𝑗𝜒

𝑗 + Π̂𝛼𝛽𝜆
𝛽 −

𝑖

𝛼
𝛾5𝒫𝛼𝑣

 

Π̂𝑖
𝑗
= 𝑃𝐿 (𝑔𝑖

𝑗
−
1

𝛼
𝜉𝑖𝜉

†𝑗)𝑃𝐿 , Π̂𝑖𝑗 = −
1

𝛼
𝑃𝐿𝜉𝑖𝜉𝑗

†𝑃𝑅 , Π̂𝑖𝛼 = −
i

2𝛼
𝑃𝐿𝜉𝑖

†𝒫𝛼 

Π̂𝑖𝑗 = −
1

𝛼
𝑃𝑅𝜉

𝑖𝜉†𝑗𝑃𝐿, Π̂𝑗
𝑖 = 𝑃𝑅 (𝑔𝑗

𝑖 −
1

𝛼
𝜉𝑖𝜉𝑗

†)𝑃𝑅 , Π̂𝛼
𝑖 =

i

2𝛼
𝑃𝑅𝜉

†𝑖𝒫𝛼

Π̂𝛼  
𝑗 =

i

𝛼
𝒫𝛼𝜉

𝑗𝑃𝐿, Π̂𝛼𝑗 = −
i

𝛼
𝒫𝛼𝜉𝑗𝑃𝑅 , Π̂𝛼𝛽 = Re𝑓𝛼𝛽 −

1

2𝛼
𝒫𝛼𝒫𝛽

 

 

Π𝑖 
𝑗𝑔−1𝑖 𝑗 =

1

𝛼
𝑉𝐷, Π𝑖𝑗 = −Π𝑗𝑖,  

Υ = 𝑎(𝑛𝑖𝜒
𝑖 + 𝑛𝑖𝜒𝑖) = −

1

2
𝑎𝛾0(𝜉𝑖𝜒

𝑖 + 𝜉𝑖𝜒𝑖).  

𝑃𝐿𝜉
†𝑖Υ = 𝛼𝑎Π𝑖𝑗𝜒𝑗  

0 =−𝛼𝛾0𝜓0 + (𝛼1 + 𝛾0𝛼2)𝜃 + 4 (𝑎
−1i𝛾⃗ ⋅ 𝑘⃗⃗ +

3

2
𝑀𝑃
−2𝑚̂) 𝛾0Υ 

𝛼1 ≡ 𝑝 − 3𝑀𝑃
−2|𝑚|2, 𝛼2 ≡ 2𝐦̇

†

𝜃 ≡ 𝛾⃗ ⋅ 𝜓⃗⃗,  and  𝑚̂ ≡ 𝐦+𝑀𝑃
2𝐻𝛾0, 𝑚̂

† ≡ 𝐦† −𝑀𝑃
2𝐻𝛾0,

 

𝑎2𝛾𝜇𝜈𝒟𝜇Υ𝜈 = (i𝛾⃗ ⋅ 𝑘⃗⃗𝛾
0 +

3

2
𝑎̇) Υ0  

𝐦̇† = 𝑎−1𝒟0𝐦
† = 𝑎−1(𝜕0 + i𝛾5𝐴0

𝐵)𝐦†  
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𝛼1 = −𝑚
𝑖𝑔−1𝑗𝑚𝑗 + 𝑛

𝑖𝑔−1𝑗 𝑖𝑛𝑗 − 𝑉𝐷 = −
1

2
(𝜉†𝑖𝑔−1𝑗 𝑖𝜉𝑗 + 𝜉

𝑖𝑔−1𝑗 𝑖𝜉𝑗
†) − 𝑉𝐷,

𝛼2 = 2𝑚
𝑖𝑔−1𝑗 𝑖𝑛𝑗𝑃𝐿 + 2𝑛

𝑖𝑔−1𝑗 𝑖𝑚𝑗𝑃𝑅 = 𝛾0(𝜉
†𝑖𝑃𝑅𝑔

−1𝑗 𝑖
𝑗
𝜉𝑗
† − 𝜉𝑖𝑃𝑅𝑔

−1𝑗 𝑖
𝑗
𝜉𝑗),

𝛼2
† = 2𝑚𝑖𝑔−1𝑗 𝑖

𝑗
𝑛𝑗𝑃𝑅 + 2𝑛

𝑖𝑔−1𝑗 𝑖
𝑗
𝑚𝑗𝑃𝐿 = 𝛾

0𝛼2𝛾0.

 

(
𝑚𝑖

𝑛𝑖
)𝑔𝑖

−1𝑗(𝑚𝑗 𝑛𝑗) + (
𝒫𝛼
0
)
1

2
(Re𝑓)−1𝛼𝛽(𝒫𝛽 0) =

1

2
(

𝛼 − 𝛼1 𝛼2𝑃𝑅 + 𝛼2
†𝑃𝐿

𝛼2𝑃𝐿 + 𝛼2
†𝑃𝑅 𝛼 + 𝛼1

) .  

1

4
𝛼2Δ2≡

1

4
(𝛼2 − 𝛼1

2 − |𝛼2|
2)  

= 𝑛𝑖𝑛𝑗 [𝑚𝑘𝑚
ℓ(𝑔−1 𝑖 

𝑗𝑔−1 ℓ 
𝑘 − 𝑔−1 𝑖 

𝑘𝑔−1 ℓ 
𝑗) +

1

2
𝑔−1 𝑖 

𝑗𝒫𝛼(Re𝑓)
−1𝛼𝛽𝒫𝛽] 

 = 𝜙̇𝑖𝜙̇𝑗𝑚𝑘𝑚
ℓ(𝑔−1 ℓ 

𝑘𝑔𝑖 
𝑗 − 𝛿𝑖  

𝑘𝛿ℓ 
𝑗) +

1

2
|𝜙̇|2𝒫𝛼(Re𝑓)

−1𝛼𝛽𝒫𝛽 ≥ 0

 

Π𝑖𝑗𝑔−1𝑘 𝑖
𝑘𝑔−1ℓΠ𝑘ℓ =

1

2
Δ2 −

2

𝛼2
𝑉𝐷𝑛

𝑖𝑔−1𝑗 𝑖
𝑗
𝑛𝑗.  

𝛾0𝜓0 = 𝐴̂𝜃 + 𝐶̂Υ  

𝐴̂≡
1

𝛼
(𝛼1 + 𝛾0𝛼2), 𝐴̂

† ≡
1

𝛼
(𝛼1 − 𝛾0𝛼2), 

𝐶̂ ≡
4

𝛼
(𝑎−1i𝛾⃗ ⋅ 𝑘⃗⃗ +

3

2
𝑀𝑃
−2𝑚̂) 𝛾0.

 

𝐴̂ = −
𝜉†𝑖𝑃𝑅𝑔

−1𝑗𝜉𝑗
† + 𝜉𝑗

†𝑃𝐿𝑔
−1𝑗 𝑖

𝑗
𝜉†𝑖 + 𝑉𝐷

𝜉†𝑖𝑃𝐿𝑔
−1𝑗 𝑖

𝑗
𝜉𝑗 + 𝜉𝑗

†𝑃𝑅𝑔
−1𝑗 𝑖

𝑗
𝜉𝑖 + 𝑉𝐷

 

1 − |𝐴̂|2 = Δ2 ≥ 0,  and |𝐴̂|2 = 1  

i𝑘⃗⃗ ⋅ 𝜓⃗⃗ = (i𝛾⃗ ⋅ 𝑘⃗⃗ − 𝑀𝑃
−2𝑎𝐦† − 𝛾0𝑎̇)𝜃  

𝜓⃗⃗ = 𝜓⃗⃗𝑇 + (
1

2
𝛾⃗ −

1

2𝑘⃗⃗2
𝑘⃗⃗(𝑘⃗⃗ ⋅ 𝛾⃗)) 𝜃 + (

3

2𝑘⃗⃗2
𝑘⃗⃗ −

1

2𝑘⃗⃗2
𝛾⃗(𝑘⃗⃗ ⋅ 𝛾⃗)) 𝑘⃗⃗ ⋅ 𝜓⃗⃗  

𝐏 = 𝟙3 − (
1

2
𝛾⃗ −

1

2𝑘⃗⃗2
𝑘⃗⃗(𝑘⃗⃗ ⋅ 𝛾⃗)) 𝛾⃗𝑡 − (

3

2𝑘⃗⃗2
𝑘⃗⃗ −

1

2𝑘⃗⃗2
𝛾⃗(𝑘⃗⃗ ⋅ 𝛾⃗)) 𝑘⃗⃗𝑡  

𝐏𝛾⃗ = 𝐏𝑘⃗⃗ = 𝛾⃗𝑡𝐏 = 𝑘⃗⃗𝑡𝐏 = 0, 𝐏𝛾0 = 𝛾0𝐏, 𝛾⃗ ⋅ 𝑘⃗⃗𝐏 = 𝐏𝛾⃗ ⋅ 𝑘⃗⃗  

𝜓⃗⃗ = 𝜓⃗⃗𝑇 +
1

𝑘⃗⃗2
[𝑘⃗⃗(𝛾⃗ ⋅ 𝑘⃗⃗) +

1

2
i(3𝑘⃗⃗ − 𝛾⃗(𝑘⃗⃗ ⋅ 𝛾⃗))(𝑎̇𝛾0 +𝑀𝑃

−2𝑎𝐦†)] 𝜃.  
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(∂̸ +
1

2
𝑎̇𝛾0 +

1

2
𝛾0 i̇𝛾5𝐴0

𝐵 +𝑀𝑃
−2𝐦𝑎) 𝜓⃗⃗𝑇 = 0  

 

(
3

2
(𝑀𝑃

−2𝐦𝑎 − 𝑎̇𝛾0) + i𝛾⃗ ⋅ 𝑘⃗⃗)𝜓0 = 𝜃̇ −
1

2
𝑀𝑃
−2𝐦𝑎𝛾0𝜃 + 3𝑀𝑃

−2𝑎Υ0  

[𝜕̂0 −
1

2
𝑀𝑃
−2𝐦𝑎𝛾0 − 𝛾0 (

3

2
𝑀𝑃
−2𝑎𝑚̂† + i𝛾⃗ ⋅ 𝑘⃗⃗) 𝐴̂] 𝜃 −

4

𝛼𝑎
𝑘⃗⃗2Υ = 0  

𝑚̂†𝑚̂ = |𝑚|2 +𝑀𝑃
4𝐻2 =

1

3
𝑀𝑃
2𝛼  

𝐵̂= −
3

2
𝑎̇𝐴̂ −

1

2
𝑀𝑃
−2𝐦𝑎𝛾0(1 + 3𝐴̂) = −

1

2
𝑀𝑃
−2𝐦𝑎𝛾0 −

3

2
𝑀𝑃
−2𝛾0𝑎𝑚̂

†𝐴̂, 

𝐵̂† = −
3

2
𝑎̇𝐴̂† +

1

2
𝑀𝑃
−2(1 + 3𝐴̂†)𝑎𝐦𝛾0,

 

(𝜕̂0 + 𝐵̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 −
4

𝛼𝑎
𝑘⃗⃗2Υ = 0  

𝛾0𝜙̇𝑖Σ
𝑖 =−𝑎−2 (𝜕̂0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾

0 +
1

2
𝑎̇) Υ𝑅 + 𝜒

𝑗(𝑔𝑗  
𝑖𝜙̈𝑖 + 𝑔𝑗

𝑖𝑘𝜙̇𝑖𝜙̇𝑘)  

 +𝛾0𝜙̇𝑖(𝑚
𝑖𝑗𝜒𝑗 +𝑚

𝑖 𝛼𝜆𝐿
𝛼) −

1

2
|𝜙̇|2𝑎−1(−𝛾0𝜓0𝐿 + 𝜃𝑅) +

1

2
𝛾0𝜙̇𝑖𝑚

𝑖𝛾 ⋅ 𝜓𝑅 .

 

𝛾0𝜙̇𝑖Σ
𝑖 =−𝑎−2 (𝜕̂0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾

0 +
7

2
𝑎̇) Υ𝑅 − (𝜕𝑖𝑉)𝜒

𝑖 + 𝛾0𝜙̇𝑖𝑚
𝑖𝑗𝜒𝑗 + 𝛾

0𝜙̇𝑖𝑚𝛼
𝑖 𝜆𝐿
𝛼 

+
1

4
𝑎−1[(𝛼 + 𝛼1)(𝛾

0𝜓0𝐿 − 𝜃𝑅) + 𝛾
0𝛼2(𝛾

0𝜓0𝑅 + 𝜃𝐿)]  

=−𝑎−2 (𝜕̂0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾
0 +

7

2
𝑎̇) Υ𝑅 − 2𝑀𝑃

−2𝑎−1𝑚𝛾0Υ𝐿 + Ξ𝑅  

 +
1

4
𝑎−1𝑃𝑅𝛼[(1 + 𝐴̂

†)𝛾0𝜓0 − (1 + 𝐴̂)𝜃].

 

Ξ𝑅 = −𝑚
𝑘𝑔−1 𝑘 

𝑗𝑚𝑗𝑖𝜒
𝑖 − i𝒫𝛼(Re𝑓)

−1𝛼𝛽𝑚𝛽𝑖𝜒
𝑖 + 𝛾0𝜙̇𝑗(𝑚

𝑗𝑖𝜒𝑖 +𝑚
𝑗 𝛼𝜆𝐿

𝛼) + i𝑀𝑃
−2𝑚𝒫𝛼𝜆𝑅

𝛼  

[𝜕̂0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾
0 +

7

2
𝑎̇ −

1

4
𝑎𝛼(1 + 𝐴̂†)𝐶̂ + 2𝐦𝑎𝛾0] Υ − 𝑎2Ξ +

1

4
𝑎𝛼Δ2𝜃 = 0  

[𝜕̂0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂ + 𝑎̇ (2 −
3

2
𝐴̂†) −

1

2
𝑀𝑃
−2(1 − 3𝐴̂†)𝑎𝐦𝛾0] Υ − 𝑎

2Ξ +
1

4
𝑎𝛼Δ2𝜃 = 0.  

𝐴̂ =
𝑝 − 3𝑀𝑃

−2|𝑚|2 + 2𝛾0𝐦̇
†

𝜌 + 3𝑀𝑃
−2|𝑚|2
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(𝜕̂0 + 𝐵̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 −
4

𝛼𝑎
𝑘⃗⃗2Υ = 0

[𝜕̂0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂ + 𝐵̂
† + 2𝑎̇ − 𝑀𝑃

−2𝑎𝐦𝛾0]Υ − 𝑎
2Ξ +

1

4
𝑎𝛼Δ2𝜃 = 0

 

Ξ = −𝜉𝑘𝑔−1𝑗 𝑘𝑚𝑗𝑖𝜒
𝑖 − 𝜉𝑘𝑔

−1𝑘  𝑗
𝑘𝑚𝑗𝑖𝜒𝑖 +𝔙  

2𝐵1 ≡ 𝐵̂ + 𝐵̂
† = −3𝑎̇

𝛼1
𝛼
+
3𝑎

2𝛼
𝑀𝑃
−2(𝐦𝛼2 + 𝛼2

†𝐦†) = 𝑎
𝛼̇

𝛼
+ 3𝑎̇.  

0 =
1

𝛼𝑎
[𝜕̂0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂ + 𝐵̂

† + 2𝑎̇ − 𝑀𝑃
−2𝑎𝐦𝛾0]𝛼𝑎[𝜕̂0 + 𝐵̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂]𝜃

−
4𝑘⃗⃗2

𝛼𝑎
[𝑎2Ξ −

1

4
𝑎𝛼Δ2𝜃]  

=[𝜕̂0𝜕̂0 + 𝑘⃗⃗
2 + |𝐵̂|2 + 2𝐵1𝜕̂0 + 𝑎𝐵̇̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝑎𝐴̇̂] 𝜃

 −
4𝑎𝑘⃗⃗2

𝛼
Ξ + (2𝐵1 −𝑀𝑃

−2𝑎𝐦𝛾0)[𝜕̂0 + 𝐵̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂]𝜃.

 

 

 

 

∂̸𝜓0 +𝑀𝑃
−2(𝐦𝜓0 − 3Υ + 𝑎𝛾0𝑣) = 0  

𝑔𝑗
𝑖 ∂̸𝜒𝑗 +𝑚𝑖𝑗𝜒𝑗 +𝑚𝛼

𝑖 𝜆𝐿
𝛼 − 𝜙̇𝑗𝑔𝑗  

𝑖𝜓0𝐿 = 0

(Re𝑓𝛼𝛽) ∂̸𝜆𝐿
𝛽
+ 2𝑚𝑖𝛼𝜒

𝑖 + 2𝑚𝑅𝛼𝛽𝜆𝑅
𝛽
−
1

4
(𝑓𝛼𝛽
𝑖 ∂̸𝜙𝑖 − 𝑓𝛼𝛽𝑖 ∂̸𝜙

𝑖)𝜆𝐿
𝛽
= 0

 

𝑔𝑗
𝑖 ∂̸𝜒𝑗 +𝑚𝑖𝑗𝜒𝑗 +𝑚𝛼

𝑖 𝜆𝐿
𝛼 = 0

(Re𝑓𝛼𝛽) ∂̸𝜆𝐿
𝛽
+ 2𝑚𝑖𝛼𝜒

𝑖 + 2𝑚𝑅𝛼𝛽𝜆𝑅
𝛽
−
1

4
(𝑓𝛼𝛽
𝑖 ∂̸𝜙𝑖 − 𝑓𝛼𝛽𝑖 ∂̸𝜙

𝑖)𝜆𝐿
𝛽
= 0

 

(𝛾0𝜕0 + i𝛾⃗ ⋅ 𝑘⃗⃗ + Ω𝑇)Ψ⃗⃗⃗⃗
𝑇 = 0, Ψ⃗⃗⃗⃗𝑇 ≡ 𝑎1/2𝜓⃗⃗𝑇 .  

(𝜕0
2 + 𝑘2 + Ω𝑇

2 − 𝛾0Ω𝑇
′ )Ψ⃗⃗⃗⃗𝑇 = 0.  

(𝜕̂0 + 𝐵̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 = 0,  

𝛾0𝜓0 = 𝐴̂𝜃.  

[𝜕̂0𝜕̂0 + 𝑘⃗⃗
2 + |𝐵̂|2 + 2𝐵1𝜕̂0 + 𝑎𝐵̇̂ − 𝑎𝐴̇̂

†𝐴̂(𝜕̂0 + 𝐵̂)] 𝜃 = 0.  



pág. 4298 

𝐵̂ = 𝐵1 + 𝛾0𝐵2 = −
3

2
𝑎̇𝐴̂ −

1

2
𝛾0𝑚3/2𝑎(1 + 3𝐴̂), 

𝐵̂†= 𝐵1 − 𝛾0𝐵2 = −
3

2
𝑎̇𝐴̂† +

1

2
𝑚3/2𝑎𝛾0(1 + 3𝐴̂

†)  

𝐵1 =
3

2𝛼
(−𝑎̇𝛼1 +𝑚3/2𝑎𝛼2), 𝐵2 = −

1

2𝛼
(3𝑎̇𝛼2 +𝑚3/2𝑎(𝛼 + 3𝛼1))

 

 

𝜃= 𝜃+ + 𝜃−, 𝜃± =
1

2
(1 ∓ i𝛾0)𝜃 

𝜃±(𝑘⃗⃗)
∗ = ∓𝒞𝜃∓(−𝑘⃗⃗)

 

 

𝜃+ = ∑  

2

𝛼,𝛽=1

 𝑎𝛼𝛽(𝑘)𝑓𝛼(𝑘, 𝜂)𝑢𝛽(𝑘), 𝜃− = −𝒞
−1 ∑  

2

𝛼,𝛽=1

 𝑎∗𝛼𝛽(−𝑘)𝑓𝛼
∗(−𝑘, 𝜂)𝑢𝛽

∗ (−𝑘)  

[𝜕0
2 + 2(𝐵1 + i𝑎𝜇)𝜕0 + (𝑘⃗⃗

2 + |𝐵|2 + (𝜕0𝐵) + 2i𝐵𝑎𝜇)]𝑓(𝑘, 𝜂) = 0  

𝐴 =
1

𝛼
(𝛼1 + i𝛼2), 𝜇 ≡

i

2
𝐴̇∗𝐴 =

i

2

𝐴̇∗

𝐴∗
 

𝜇 = (𝑚11 +𝑚3/2) + 3(𝐻𝜙̇ − 𝑚3/2𝑚1)
𝑚1

𝜙̇2 +𝑚1
2  

𝑓(𝑘, 𝜂) = 𝐸(𝜂)𝑦(𝑘, 𝜂) 𝐸(𝜂) = (−𝐴∗)1/2exp (−∫ d
𝜂

d𝜂𝐵1(𝜂)) .  

(𝜕0
2 + 𝑘2 + Ω2 − i(𝜕0Ω))𝑦 = 0  

𝐴∗ = −exp (−2i∫  
𝑡

−∞

  d𝑡𝜇(𝜂))  

𝑚̃ ≡
Ω

𝑎
= 𝜇 +

3

2𝛼
𝐻𝛼2 +

1

2𝛼
𝑚3/2(𝛼 + 3𝛼1)  

 = 𝜇 −
3

2
𝐻sin 2∫   d𝑡𝜇 +

1

2
𝑚3/2 (1 − 3cos 2∫   d𝑡𝜇)

 

Ξ = −𝑎−1𝐹̂Υ  

|Π12|
2 =

1

4
Δ2det𝑔.  

Π𝑖𝑗𝑃𝐿𝜉
†𝑗Υ = −

1

4
𝑎𝛼𝜒𝑖Δ

2det𝑔  

𝐹̂ = −
4

𝛼Δ2det𝑔
[𝜉𝑘𝑃𝑅𝑔𝑘

−1ℓ𝑚ℓ𝑖Π
𝑖𝑗𝜉𝑗

† + 𝜉𝑘𝑃𝐿𝑔ℓ
−1𝑘𝑚ℓ𝑖Π𝑖𝑗𝜉

†𝑗]  
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(𝜕̂0 + 𝐵̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 −
4

𝛼𝑎
𝑘⃗⃗2Υ = 0

(𝜕̂0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂ + 𝐵̂
† + 𝑎𝐹̂ + 2𝑎̇ − 𝑀𝑃

−2𝑎𝐦𝛾0)Υ +
1

4
𝑎𝛼Δ2𝜃 = 0

 

 

0 =[𝜕̂0𝜕̂0 + 𝑘⃗⃗
2 + |𝐵̂|2 + 2𝐵1𝜕̂0 + 𝑎𝐵̇̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝑎𝐴̇̂] 𝜃

 +(2𝐵1 + 𝑎𝐹̂ − 𝑀𝑃
−2𝑎𝐦𝛾0)[𝜕̂0 + 𝐵̂ − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂]𝜃

 

𝑔𝑖
𝑗
= 𝛿𝑖

𝑗
, 𝑚𝑖 = 𝑊𝑖 =

𝜕𝑊

𝜕𝜙𝑖
, 𝑛𝑖 = 𝜙̇𝑖, 𝑚𝑖𝑗 = 𝑊𝑖𝑗 =

𝜕2𝑊

𝜕𝜙𝑖𝜕𝜙𝑗
 

𝜉𝑘 = 𝑊𝑘 + 𝛾0𝜙̇𝑘, 𝜉𝑘
† = 𝑊𝑘 − 𝛾0𝜙̇𝑘  

𝛾0𝜉̇𝑖 = 𝑊𝑖𝑗𝜉
𝑗 , 𝛾0𝜉̇𝑖

† = −𝑊𝑖𝑗𝜉
†𝑗  

𝛼 = 𝜌, 𝛼1 = 𝑝, 𝛼2 = 𝑊̇ + 𝑊̇∗ + 𝛾5(𝑊̇ − 𝑊̇∗),

𝐴̂ =
𝑝

𝜌
+ 𝛾0

𝛼2
𝜌
.

 

𝐴̂ =
𝑝

𝜌
+
2𝛾0𝑊̇

𝜌
, Δ2 ≡ 1 − |𝐴̂|2  

(𝜕0 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 −
4

𝜌
𝑘⃗⃗2Υ = 0,

[𝜕0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂]Υ − Ξ +
1

4
𝜌Δ2𝜃 = 0.(9.27)

 

Υ = −
1

2
𝛾0(𝜉𝑖𝜒

𝑖 + 𝜉𝑖𝜒𝑖), Ξ = −𝜉
𝑗𝑊𝑗𝑖𝜒

𝑖 − 𝜉𝑗𝑊
𝑗𝑖𝜒𝑖  

𝑣 = 𝜉†𝑖𝜒𝑖 + 𝜉𝑖
†𝜒𝑖 = 0  

𝜃̈ + [𝑘⃗⃗2 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̇̂] 𝜃 −
4𝑘⃗⃗2

𝜌
Ξ = 0  

Ω = 𝑚̃ = 𝜇 = 𝑚11 = 𝜕𝜙
2𝑊  

𝑓(𝑘, 𝑡) = e−i∫   d𝑡𝜇𝑦(𝑘, 𝑡)  

𝜉†1 = 𝜉1
† = 𝜌1/2e𝛾0 ∫  𝑑𝑡𝜇  

𝑣 = 𝜌1/2e𝛾0 ∫   d𝑡𝜇(𝜒1 + 𝜒
1)  

𝜃̈ + [𝑘⃗⃗2 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̇̂ + 𝐹̂(𝜕̂0 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)] 𝜃 = 0  

Δ = 2Π12 =
2

𝜌
(𝑊1𝜙̇2 −𝑊2𝜙̇1)  
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𝐹̂ = −
2

𝜌Δ
𝜉𝑘𝑊𝑘𝑖𝜀

𝑖𝑗𝜉𝑗
† = −

𝛾0(𝜉̇1𝜉2
† − 𝜉̇2𝜉1

†)

𝑊1𝜙̇2 −𝑊2𝜙̇1
 

𝑣 =∑ 

𝑖

 𝜌𝑖
1/2
e𝛾0 ∫   d𝑡𝜇𝑖(𝜒𝑖 + 𝜒

𝑖)  

𝜌𝑖 = 𝜉𝑖
†𝜉𝑖, 𝜌 =∑  

𝑖

 𝜌𝑖  

𝜉1 = 𝜇𝐶e
−𝛾0𝜇𝑡, 𝜌1 = (𝜇𝐶)

2, 𝜉2 = 𝜁, 𝜌2 = 𝜁
2

Δ =
2(𝜌1𝜌2)

1/2sin 𝜇𝑡

𝜌
, 𝐹̂ = −

𝜇e𝛾0𝜇𝑡

sin 𝜇𝑡

 

Δ =
2(𝜌1𝜌2)

1/2sin (𝜇1 − 𝜇2)𝑡

𝜌
, 𝐹̂ = −

𝜇1e
𝛾0(𝜇2−𝜇1)𝑡 − 𝜇2e

𝛾0(𝜇1−𝜇2)𝑡

sin (𝜇1 − 𝜇2)𝑡
.  

(𝜕0 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 −
4

𝜌
𝑘⃗⃗2Υ = 0

(𝜕0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂ + 𝐹̂)Υ +
1

4
𝜌Δ2𝜃 = 0

 

Δ =
2

𝜌
(𝑊1𝜙̇2 −𝑊2𝜙̇1) and |𝑊𝑖|, |𝜙̇𝑖| ≤ √𝜌𝑖

. 

Δ2 ≤
16𝜌1𝜌2
𝜌2

 

𝜌 ≈ 𝜌1 ≫ 𝜌2Δ
2 ≤

16𝜌2
𝜌1

≪ 1 

(𝜕0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂ + 𝐹̂)(𝜕0 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 + 𝑘⃗⃗
2Δ2𝜃 = 0  

(𝜕0 + i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂ + 𝐹̂)(𝜕0 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 = 0 

(𝜕0 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 = 0 

𝑣 = 𝜌1
1/2
e𝛾0 ∫   d𝑡𝜇1(𝜒1 + 𝜒

1) 

(𝜕̂0 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̂)𝜃 + 𝐹̂
−1 [𝜃̈ + (𝑘⃗⃗2 − i𝛾⃗ ⋅ 𝑘⃗⃗𝛾0𝐴̇̂) 𝜃] = 0  

 

(𝜕0𝜃 + 𝛾⃗ ⋅ 𝜕 +
3

2
𝑎̇ + 𝑚3/2𝑎𝛾0)𝜃 = 0  

(∂̸ +
3

2
𝑎̇𝛾0 +𝑚3/2𝑎)𝜓0 = 0  
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(∂̸ + 𝑚3/2𝑎)Ψ0 = 0.  

𝜕0
2𝑦 + (𝑘2 +𝑚3/2

2 𝑎2 + i𝑚3/2𝑎𝑎̇)𝑦 = 0.  

𝑦(𝑘, 𝜂) =
1

2
√𝜋𝑘|𝜂|exp (

𝜋𝑚3/2

2𝐻
)ℋ1

2
−i𝑚3/2/𝐻

(1)
(|𝑘𝜂|),  

𝑛3/2

𝑠
∼ 10−2 (

𝑚𝜙

𝑀𝑃
)
3/2

∼ 10−10  

𝜌 = 𝑚𝜙
2𝜙0

2(𝑡)/2 

𝑊 = √𝜆𝜙3/3 

𝜙 → 𝜙/√2 

𝜙 ≪ 𝑀𝑃 is 𝜆𝜙4/4 

𝜙(𝜂) =
𝜙0
𝑎
cn (√𝜆𝜙0,

1

√2
) 

𝜙0 ≃ 𝑀𝑃 

𝜇 = √2𝜆𝜙√2𝜆𝜙0 𝑚3/2𝜆𝜙
4/4𝑛𝑘 ≃

1

2
 √𝜆𝜙0 

𝜌3/2 ∼ (√𝜆𝜙0)
4
∼ 𝜆𝑉(𝜙0),  

𝑛3/2 ∼ 𝜆
3/4𝑉3/4(𝜙0)  

𝑛3/2

𝑠
∼ 𝜆3/4 ∼ 10−10  

𝑚3/2 = e
𝒦/2𝑊𝑀𝑃

−2 ∼ 102GeV 

𝑉 ∼ −𝑀𝑃
2𝑚3/2

2 ∼ −10−32𝑀𝑃
4 

𝜌vac ∼ 10
−122𝑀𝑃

4 

𝑊 =
1

2
𝑚𝜙𝜙

2 with 𝑚𝜙 ∼ 10
13GeV 

𝑊𝜙𝜙 = 𝑚𝜙 

𝑊𝜙𝜙 at 𝜙 ≪ 𝑀𝑃 

𝜇 ≈ 𝑚𝜙 ≫ 𝑚3/2 

|𝜌| ≪ 𝑀𝑃
2𝑚3/2

2  𝑀𝑃
2𝑚3/2

2  𝐴̂ = 𝑀𝑃
2𝑚3/2

2  

𝑊 =
1

2
𝑚𝜙𝜙

2 
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𝑊 = 𝜁(𝜙 + 2 − √3) Re𝜙 

𝑊 = 𝜁(𝜙 + 2 − √3) 

𝜙 = 𝑀𝑃(√3 − 1) 

e𝒦 = exp (𝜙2/𝑀𝑃
2) 

𝑊 = 𝜁(𝜙 + 2 − √3) + 𝐶1(𝜙 + 𝐶2)(1 − tanh (𝐶3(𝜙 +𝐶2) )) Re𝜙 

𝜁(𝜙 + 2 − √3) 𝜙 = 𝑀𝑃(√3 − 1) 

𝑊 = 𝜁(𝜙 + 2 − √3) + 𝐶1(𝜙 + 𝐶2) (1 − tanh (𝐶3(𝜙 + 𝐶2))) 

 

𝑊 = 𝜁(𝜙 + 2 − √3) + 𝐶1(𝜙 + 𝐶2)(1 − tanh(𝐶3(𝜙 +𝐶2))) 

𝑊 = 𝜁(𝜙 + 2 − √3) 

𝑊 = 𝑚𝜙𝜙1
2/2 + 𝜁(𝜙2 + 2 − √3) 

𝑊 = √𝜆𝜙1
3/3 + 𝜁(𝜙2 + 2 − √3) 

(1 + 𝜙2
2/𝑀𝑃

2)𝜌1 ≈ (𝜌1 + 3𝜙2
2𝐻2) 

𝜙2 = 𝑀𝑃(√3 − 1) 

𝑣 = 𝜌1
1/2
e𝛾0 ∫   d𝑡𝜇1(𝜒1 + 𝜒

1) 
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𝑣 = 𝜌2
1/2
e𝛾0 ∫   d𝑡𝜇2(𝜒2 + 𝜒

2) 

O(𝐻−1) ∼ 𝑀𝑝/√𝜌 

𝜌1
1/2
e𝛾0 ∫   d𝑡𝜇1(𝜒1 + 𝜒

1) to 𝜌2
1/2
e𝛾0 ∫   d𝑡𝜇2(𝜒2 + 𝜒

2) 

𝑊 = 𝑚𝜙𝜙1
2/2 + 𝜁(𝜙2 + 2 − √3) with 𝑚𝜙 ∼ 10

13GeV 

𝜇1 ∼ 𝑚𝜙 ∼ 10
13GeV 

𝐻−1 ∼ 𝑚3/2
−1  O(𝑚3/2) ∼ 10

2GeV 

𝑛3/2 ∼ 10
−2(𝑚𝜙𝑚3/2)

3/2
 

𝑠 ∼ (𝑀𝑃𝑚3/2)
3/2

 and 
𝑛3/2

𝑠
∼ 10−2 (

𝑚𝜙

𝑀𝑃
)
3/2

 

𝒟𝜇𝜓𝜈 = (𝜕𝜇 +
1

4
𝜔𝜇
𝑎𝑏(𝑒)𝛾𝑎𝑏 +

1

2
i𝐴𝜇
𝐵𝛾5)𝜓𝜈 − Γ𝜇𝜈

𝜆 𝜓𝜆 

𝐴𝜇
𝐵 =

1

2
i[(𝜕𝑖𝒦)𝜕𝜇𝑧

𝑖 − (𝜕𝑖𝒦)𝜕𝜇𝑧𝑖] +𝑀𝑃
−2𝑊𝜇

𝛼𝒫𝛼 

𝐽𝜇 = 𝑧𝑖𝜕𝜇𝑧
𝑖 − 𝑧𝑖𝜕𝜇𝑧𝑖 

𝛾0 = (
i𝟙2 0
0 −i𝟙2

) ; 𝛾⃗ = ( 0 −i𝜎⃗
i𝜎⃗ 0

) ; 𝛾5 = (
0 −𝟙2
−𝟙2 0

) .  

𝑃𝐿 =
1

2
(1 + 𝛾5), 𝑃𝑅 =

1

2
(1 − 𝛾5)  

𝜆∗ = (
0 −𝜎2
𝜎2 0

) 𝜆  

𝜆‾𝐿 ≡ (𝜆𝐿)
𝑇𝒞 = 𝜆‾𝑃𝐿 = −i(𝜆𝑅)

†𝛾0  

𝑅𝜇𝜈
𝑎𝑏= 2𝜕[𝜇𝜔𝜈]

𝑎𝑏 + 2𝜔[𝜇
𝑎𝑐𝜔𝜈]𝑐

𝑏  

𝑅𝜇𝜈= 𝑅𝜇𝜌
𝑎𝑏𝑒𝑎

𝜌
𝑒𝜈
𝑏, 𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈  

𝐺𝜇𝜈= 𝑒
−1

𝛿

𝛿𝑔𝜇𝜈
∫  d4𝑥𝑒𝑅 = 𝑅𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑅 

𝑇𝜇𝜈  = −𝑒
−1𝑒𝜈

𝑎
𝛿

𝛿𝑒𝑎
𝜇𝑀𝑃

−2∫   d4𝑥ℒ(𝑚)
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𝑒𝜇
𝑎 = 𝑎(𝜂)𝛿𝜇

𝑎, 𝑔𝜇𝜈 = 𝑎
2(𝜂)𝜂𝜇𝜈  

𝜔𝜇
𝑎𝑏 = 2𝛿𝜇

[𝑎
𝜕𝑏]ln 𝑎, Γ𝜇𝜈

𝜌
= 2𝛿(𝜈

𝜌
𝜕𝜇)ln 𝑎 − 𝜂𝜇𝜈𝜕

𝜌ln 𝑎.  

𝑅𝜈𝜌𝜎
𝜇
= 𝜂𝜈𝜈′ [4𝛿[𝜎

[𝜇
𝜕𝜌]𝜕

𝜈′]ln 𝑎 + 4𝛿[𝜌
[𝜇
(𝜕𝜈

′]ln 𝑎)(𝜕𝜎]ln 𝑎) − 2𝛿[𝜌
[𝜇
𝛿𝜎]
𝜈′]
(𝜕ln 𝑎)2] 

𝑅𝜇𝜈= 2𝜕𝜇𝜕𝜈ln 𝑎 − 2(𝜕𝜇ln 𝑎)(𝜕𝜈ln 𝑎) + 𝜂𝜇𝜈[◻ ln 𝑎 + 2(𝜕ln 𝑎)
2]  

𝑎2𝑅 = 6 ◻ ln 𝑎 + 6(𝜕ln 𝑎)2

𝐺𝜇𝜈 = 2𝜕𝜇𝜕𝜈ln 𝑎 − 2(𝜕𝜇ln 𝑎)(𝜕𝜈ln 𝑎) − 𝜂𝜇𝜈[2 ◻ ln 𝑎 + (𝜕ln 𝑎)
2].

 

+
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏 = +

1

2
𝛿𝜇
𝑎𝛾𝑎

𝑏𝛿𝑏
𝜈𝜕𝜈ln 𝑎.  

 

𝑎̇ ≡
𝜕0𝑎

𝑎
,  

𝐻 =
𝑎̇

𝑎
=
𝜕0𝑎

𝑎2
.  

 

−𝑀𝑃
−2𝜌 ≡ 𝐺0

0  =  −3𝑎−2(𝜕0ln 𝑎)
2 = −3𝐻2  

 −𝑀𝑃
−2𝑝𝟙3 ≡ 𝐺 = 𝑎

−2 𝟙3[2𝜕0
2ln 𝑎 + (𝜕0ln 𝑎)

2] = 𝟙3(3𝐻
2 + 2𝐻̇),
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𝑎−1= 𝐻(𝐶 − 𝜂)  

𝑅𝜇𝜈
𝜌𝜎
= 2𝛿𝜇

[𝜌
𝛿𝜈
𝜎]
𝐻2  

𝑅= −12𝐻2 = −4𝑉𝑀𝑃
−2  

𝐺𝜇𝜈 = −
1

4
𝑔𝜇𝜈𝑅 = 𝑔𝜇𝜈𝑉𝑀𝑃

−2,

 

ℒ = −𝒩𝐼 
𝐽𝒟𝜇𝑋

𝐼𝒟𝜇𝑋𝐽  

𝒟𝜇𝑋𝐼 = 𝜕𝜇𝑋𝐼 +
1

3
i𝐴𝜇𝑋𝐼 , 𝒟𝜇𝑋

𝐼 = 𝜕𝜇𝑋
𝐼 −

1

3
i𝐴𝜇𝑋

𝐼 .  

𝑋𝐼
𝜕

𝜕𝑋𝐾
𝒩𝐼
𝐽
= 𝑋𝐾

𝜕

𝜕𝑋𝐾
𝒩𝐼

𝐽
= 0  

𝑋𝐼 = 𝑌𝑥𝐼(𝑧), 𝑋
𝐼 = 𝑌∗𝑥𝐼(𝑧∗)  

ℒ =−
1

4
𝒩−1(𝜕𝜇𝒩)

2
−
1

9
𝒩 (𝐴𝜇 +

i

2
(𝜕𝑖𝒦𝜕𝜇𝑧𝑖 − 𝜕𝑖𝒦𝜕𝜇𝑧

𝑖) −
3i

2
𝜕𝜇ln 

𝑌

𝑌∗
)
2

 

 +
1

3
𝒩(𝜕𝑗𝜕𝑖𝒦)𝜕𝜇𝑧

𝑖𝜕𝜇𝑧𝑗

 

𝒩≡ 𝑋𝐼𝒩𝐼
𝐽
𝑋𝐽  

𝒦(𝑧, 𝑧∗) ≡ −3ln [−
1

3
𝑥𝐼(𝑧∗)𝒩𝐼

𝐽(𝑧, 𝑧∗)𝑥𝐽(𝑧)]
 

𝒩 = −3𝑀𝑃
2  

ℒ(𝐴𝜇) = −
1

9
𝒩(𝐴𝜇 − 𝐴̃𝜇)

2
+ ℒ(𝐴̃𝜇)

𝐴̃𝜇 ≡
3i

2𝒩
[𝑋𝐼𝒩𝐼

𝐽
(𝜕𝜇𝑋𝐽) − (𝜕𝜇𝑋

𝐼)𝒩𝐼
𝐽𝑋𝐽]

 

𝜕𝑖𝒦 = −3
𝑥𝐼𝒩𝐼

𝐽𝜕𝑖𝑥𝐽

𝑥𝐾𝒩𝐾 
𝐿𝑥𝐿

𝐴̃𝜇 = −
i

2
(𝜕𝑖𝒦𝜕𝜇𝑧𝑖 − 𝜕𝑖𝒦𝜕𝜇𝑧

𝑖) +
3i

2
𝜕𝜇ln 

𝑌

𝑌∗

 

ln (−𝒩) = −
1

3
𝒦 + ln (3𝑌𝑌∗)  

𝒟̃𝜇𝑋𝐼 = 𝑌𝜕𝜇𝑧𝑖𝒟
𝑖𝑥𝐼 +

1

2
𝑋𝐼𝜕𝜇ln 𝒩,𝒟

𝑖𝑥𝐼 ≡ [𝜕
𝑖 +

1

3
(𝜕𝑖𝒦)]𝑥𝐼  

ℒ = −
1

4
𝒩−1(𝜕𝜇𝒩)

2
−
1

9
𝒩(𝐴𝜇 − 𝐴̃𝜇)

2
− 𝑌𝑌∗𝒩𝐼

𝐽𝒟𝑖𝑥𝐼𝒟𝑗𝑥
𝐽𝜕𝜇𝑧𝑖𝜕

𝜇𝑧𝑗  

𝜕𝑗𝜕𝑖(𝑥
𝐼𝒩𝐼

𝐽𝑥𝐽) = (𝜕𝑖𝑥
𝐼)𝒩𝐼

𝐽
(𝜕𝑗𝑥𝐽)  

ℒ = −𝑀𝑃
2(𝜕𝑗𝜕𝑖𝒦)𝜕𝜇𝑧

𝑖𝜕𝜇𝑧𝑗  

𝑥𝐼𝒩𝐼 
𝐽𝑥𝐽 < 0  
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𝜕𝑗𝜕𝑖𝒦 ∝ −𝒩(𝜕𝑖𝑥
𝐼𝒩𝐼 

𝐽𝜕𝑗𝑥𝐽) + (𝜕𝑖𝑥
𝐼𝒩𝐼 

𝐾𝑥𝐾)(𝑥
𝐿𝒩𝐿 

𝐽𝜕𝑗𝑥𝐽)  

𝑉′(𝑧, 𝑧∗) = 𝑉(𝑧, 𝑧∗)exp [−
1

3
(𝑤+Λ𝑌 +𝑤−Λ𝑌

∗ )] .  

𝒟𝑖𝑉 = 𝜕𝑖𝑉 +
1

3
𝑤+(𝜕

𝑖𝒦)𝑉  

(𝜕𝐼𝒱)𝒟𝑖𝑥𝐼 = 𝑌
𝑤+−1(𝑌∗)𝑤−𝒟𝑖𝑉  

𝒟𝑖𝒟𝑗𝑥𝐼 ≡ 𝜕
𝑖𝒟𝑗𝑥𝐼 +

1

3
(𝜕𝑖𝒦)𝒟𝑗𝑥𝐼 − Γ𝑘

𝑖𝑗
𝒟𝑘𝑥𝐼 

= −𝑌𝒩−1 𝐼 
𝐽𝒩𝐽 

𝐾𝐿(𝒟𝑖𝑥𝐾)(𝒟
𝑗𝑥𝐿)  

𝒟𝑖𝒟𝑗𝑊 ≡ 𝜕𝑖𝒟𝑗𝑊 + (𝜕𝑖𝒦)𝒟𝑗𝑊 − Γ𝑘
𝑖𝑗
𝒟𝑘𝑊

= 𝑌−1𝑀𝑃
3𝒲𝐼𝐽(𝒟𝑖𝑥𝐼)(𝒟

𝑗𝑥𝐽) + 𝑌
−2𝑀𝑃

3𝒲𝐼𝒟𝑖𝒟𝑗𝑥𝐼  

𝑀𝑃
2 (𝑅𝑘ℓ

𝑖𝑗
−
2

3
𝑔
𝑘

(𝑖
𝑔ℓ
𝑗)
) = −𝑌𝑌∗(𝒟ℓ𝑥

𝐿)𝒩𝐿 
𝐼𝜕𝑘𝒟

𝑖𝒟𝑗𝑥𝐼

 = (𝒩𝐾𝐿
𝐼𝐽
−𝒩𝐾𝐿

𝑀𝒩−1 𝑀 
𝑁𝒩𝑁

𝐼𝐽
)(𝒟ℓ𝑥

𝐿)(𝒟𝑘𝑥
𝐾)(𝒟𝑖𝑥𝐼)(𝒟

𝑗𝑥𝐽)(𝑌𝑌
∗)2

 

𝜇 =
1

2
i𝐴𝐴̇∗ = −

𝐴̇1
2𝐴2

=
1

2𝛼2
(𝛼̇2𝛼1 − 𝛼̇1𝛼2).  

𝑚= e𝒦/2|𝑊|, 𝑚̇ = (𝒟1𝑚)𝜙̇ ≡ 𝑚1𝜙̇  

𝑚̇1 = (𝒟1𝒟1𝑚+𝑀𝑃
−2𝑚)𝜙̇ = (𝑚11 +𝑚3/2)𝜙̇

 

𝛼 = 𝜙̇2 +𝑚1
2, 𝛼1 = 𝜙̇

2 −𝑚1
2, 𝛼2 = 2𝑚1𝜙̇  

𝜇 =
−𝜙̈𝑚1 + (𝑚11 +𝑚3/2)𝜙̇

2

𝜙̇2 +𝑚1
2

.  

𝜙̈ = −3
𝑎̇

𝑎
𝜙̇ − 𝑚1(−2𝑚3/2 +𝑚11),  

𝜇 = (𝑚11 +𝑚3/2) + 3(𝐻𝜙̇ − 𝑚3/2𝑚1)
𝑚1

𝜙̇2 +𝑚1
2  

 𝒟𝜇𝜕
𝜇𝜙𝑖 = 𝜕𝜇𝜕

𝜇𝜙𝑖 + Γ𝜇𝜈
𝜇
𝜕𝜈𝜙𝑖 + Γ𝑖

𝑗𝑘
𝜕𝜇𝜙𝑗𝜕𝜇𝜙𝑘 

𝐦′ = exp (i𝛾5Λ)𝐦,𝜓𝜇
′ = exp (−

1

2
i𝛾5Λ)𝜓𝜇 , Υ𝜇

′ = exp (
1

2
i𝛾5Λ)Υ𝜇  

 (𝑃𝐿)
† = 𝑃𝐿, (𝑃𝐿)

𝐶 = 𝑃𝑅 

 𝜃′ = ei𝛾5Λ/2𝜃, 𝐴̂′ = ei𝛾5Λ/2𝐴̂e−i𝛾5Λ/2, 𝐵̂′ = ei𝛾5Λ/2𝐵̂e−i𝛾5Λ/2 

 𝜕̂0𝜃 = 𝜕0𝜃 − i𝛾5𝐴0
𝐵/2 

 𝜃̇ = 𝑎−1𝜕0𝜃 +
1

4
𝛾5(𝜙̇

𝑖𝜕𝑖𝒦 −𝜙̇𝑖𝜕
𝑖𝒦) 
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 𝑉 = −
1

2
𝑔2(cosh (𝑎|𝜙|) + 2)  

 Λ = −
3

2
𝑔2  

 𝑉 = −
1

2
𝑔2(cosh (𝑎|𝜙|) − 2)  

 Λ =
1

2
𝑔2  

 𝜂𝐴𝐵𝑧
𝐴𝑧𝐵 = 𝑅2  

 𝑑𝑠2 = 𝑓1
2(𝑦)𝑑𝑆𝑑

2(𝑥) + 𝑓2
2(𝑦)𝑑Ω𝑝,𝑞,0

2 (𝑦)  

 𝜂𝐴𝐵 = diag(𝟙𝑝, −𝑐
2𝟙𝑞)  

 𝐿2 = 𝑅−2 [∑  
𝑝
𝑖=1  (𝑧

𝑖)
2
+ 𝑐4∑  

𝑝+𝑞
𝑖=𝑝+1   (𝑧

𝑖)
2
]  

 𝑓1 = 𝐿
𝑎, 𝑓2 = 𝐿

𝑏  

 𝑝 = 4, 𝑞 = 4, 𝑐2 = 1, 𝑎 = 2/3, 𝑏 = −1/3  

 𝑝 = 5, 𝑞 = 3, 𝑐2 = 3, 𝑎 = 2/3, 𝑏 = −1/3  

 𝑝 = 3, 𝑞 = 3, 𝑐2 = 1, 𝑎 = 1/2, 𝑏 = −1/2  

 
𝑆𝐼𝐼𝐴∗ = ∫  𝑑

10𝑥√−𝑔[𝑒−2Φ(𝑅 + 4(𝜕Φ)2 −𝐻2)

+𝐺2
2 + 𝐺4

2] + ⋯
 

 
𝑆𝐼𝐼𝐵∗ = ∫  𝑑

10𝑥√−𝑔[𝑒−2Φ(𝑅 + 4(𝜕Φ)2 −𝐻2)

+𝐺1
2 + 𝐺3

2 + 𝐺5
2] + ⋯

 

 𝐻𝑑 =
𝑆𝑂(𝑑,1)

𝑆𝑂(𝑑)
 

 𝑑𝑆𝑑 =
𝑆𝑂(𝑑,1)

𝑆𝑂(𝑑−1,1)
, 𝐴𝑑𝑆𝑑 =

𝑆𝑂(𝑑−1,2)

𝑆𝑂(𝑑−1,1)
 

 𝐸 =
2𝜋𝑛

𝑅
 

 𝐸2 − 𝐩2 = 𝑚𝑠
2𝑁  

 ΔΦ = −𝑚2Φ  

 Δ𝑁𝑓𝑛 = 𝜆𝑛𝑓𝑛  

 ΔΦ𝑎 = −𝑀𝑎  𝑏Φ
𝑏 + 𝑐𝑏𝑐

𝑎 Φ𝑏Φ𝑐 +𝑂(Φ3)  

 Φ𝑎(𝑥, 𝑦) = ∑  𝑛  𝜙𝑛
𝑎(𝑥)𝑓𝑛  

 𝑓𝑚(𝑦)𝑓𝑛(𝑦) = ∑  𝑝  𝑑𝑚𝑛
𝑝
𝑓𝑝(𝑦)  
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 Δ𝑀𝜙𝑛
𝑎 = 𝑀𝑎  𝑏𝜙𝑛

𝑏 − 𝜆𝑛𝜙𝑛
𝑎 + 𝑐𝑏𝑐

𝑎 𝑑𝑝𝑞
𝑛 𝜙𝑝

𝑏𝜙𝑞
𝑐 + 𝑂(𝜙3)  

 𝑑𝑠2 = 𝐻−𝛿(−𝑑𝑡2 + 𝑑𝑥1
2 +⋯+ 𝑑𝑥𝑚

2 ) + 𝐻𝛼(𝑑𝑟2 + 𝑟2𝑑Ω𝑁
2 )  

 𝐻 = 𝑐 +
𝑎𝑛−1

𝑟𝑛−1
 

 𝑒𝜙 = 𝐻𝛾  

 𝑑𝑠2 = 𝐻𝐴𝑑𝑠̃2, 𝐴 = 𝛼 −
2

𝑛−1
 

 𝑑𝑠̃2 =
𝑟𝛽

𝑎𝛽
𝑑𝑥‖

2 +
𝑎2

𝑟2
𝑑𝑟2 + 𝑎2𝑑Ω𝑁

2  

 𝑑𝑠𝐴𝑑𝑆
2 =

𝑈2

𝑎𝛽
𝑑𝑥‖

2 +
4𝑎2

𝛽2
1

𝑈2
𝑑𝑈2  

 𝑒𝜙 ∝ 𝑈−2(𝑛−1)𝛾/𝛽  

 𝑑𝑠2 = 𝐻−𝛿(𝑑𝑥1
2 +⋯+ 𝑑𝑥𝑚

2 ) + 𝐻𝛼(−𝑑𝑡2 + 𝑑𝑟2 + 𝑟2𝑑Ω𝑁
2 ),  

 𝑒𝜙 = 𝐻𝛾  

 𝐻 = 𝑐 +
𝑞

𝑟𝑛−2
 

 𝐻 = 𝑚𝑡 + 𝑏  

 𝐻 = 𝑐 +
𝑎𝑛−1

𝜏𝑛−1
 

 𝑡 = 𝜏cosh 𝜌, 𝑟 = 𝜏sinh 𝜌  

 𝑑𝑠̃2 =
𝜏𝛽

𝑎𝛽
𝑑𝑥‖

2 −
𝑎2

𝜏2
𝑑𝜏2 + 𝑎2𝑑Ω̃𝑁̃

2  

 𝑑Ω𝑁̃
2 = 𝑑𝜌2 + sinh2 𝜌𝑑Ω𝑁

2  

 𝑑𝑠2 =
𝜏𝛽

𝑎𝛽
𝑑𝑥‖

2 −
𝑎2

𝜏2
𝑑𝜏2  

 𝑑𝑠𝑑𝑆
2 =

𝑇2

𝑎2
𝑑𝑥‖

2 −
𝑎2

𝑇2
𝑑𝑇2  

 𝑒𝜙 ∝ 𝑇−2(𝑛−1)𝛾/𝛽  

 𝑐′ +
𝑏𝑛−1

𝜎𝑛−1
 

 𝑟 = 𝜎cosh 𝜉, 𝑡 = 𝜎sinh 𝜉  

 𝑑𝑠2 =
𝜎𝛽

𝑎𝛽
𝑑𝑥‖

2 +
𝑏2

𝜎2
𝑑𝜎2 + 𝑏2𝑑Ω̂𝑁‾

2  

 𝑑Ω‾𝑁‾
2 = −𝑑𝜉2 + cosh2 𝜉𝑑Ω𝑁

2  
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 𝑑𝑠2 =
𝜎𝛽

𝑏𝛽
𝑑𝑥‖

2 +
𝑏2

𝜎2
𝑑𝜎2  

 𝑑𝑠𝐻
2 =

𝑋2

𝑏2
𝑑𝑥‖

2 +
𝑏2

𝑋2
𝑑𝑋2  

 𝑒𝜙 ∝ 𝑋−2(𝑛−1)𝛾/𝛽  

Morfología y fenomenología de la partícula supermasiva u oscura. Modelo matemático. 

𝒢 = 𝑅𝜇𝜈𝜌𝜏𝑅𝜇𝜈𝜌𝜏 − 4𝑅
𝜇𝜈𝑅𝜇𝜈 + 𝑅

2,  

lim
𝐷→4

 (𝐷 − 4)𝛼 → 𝛼  

𝑆 =
1

2𝜅
∫  𝑑4𝑥√−𝑔[𝑅 + 𝛼(𝜙𝒢 + 4𝐺𝜇𝜈∇

𝜇𝜙∇𝑣𝜙 − 4(∇𝜙)2 ◻𝜙 + 2(∇𝜙)4)] + 𝑆𝑚  

ℰ𝜙 = −𝒢 + 8𝐺
𝜇𝑣∇𝜈∇𝜇𝜙 + 8𝑅

𝜇𝑣∇𝜇𝜙∇𝜈𝜙 − 8(◻ 𝜙)
2 + 8(∇𝜙)2 ◻𝜙 + 16∇𝜇𝜙∇𝑣𝜙∇𝜈∇𝜇𝜙

 +8∇𝜈∇𝜇𝜙∇
𝑣∇𝜇𝜙 = 0.

 

ℰ𝜇𝜈 =𝐺𝜇𝜈 + 𝛼{𝜙𝐻𝜇𝜈 − 2𝑅[(∇𝜇𝜙)(∇𝜈𝜙) + ∇𝜈∇𝜇𝜙] + 8𝑅(𝜇
𝜎 ∇𝜈)∇𝜎𝜙 + 8𝑅(𝜇

𝜎 (∇𝜈)𝜙)(∇𝜎𝜙)

−2𝐺𝜇𝜈[(∇𝜙)
2 + 2◻ 𝜙] − 4[(∇𝜇𝜙)(∇𝜈𝜙) + ∇𝜈∇𝜇𝜙] ◻ 𝜙 − [𝑔𝜇𝜈(∇𝜙)

2 − 4(∇𝜇𝜙)(∇𝜈𝜙)](∇𝜙)
2 

 +8(∇(𝜇𝜙)(∇𝜈)∇𝜎𝜙)∇
𝜎𝜙 − 4𝑔𝜇𝜈𝑅

𝜎𝜌[∇𝜎∇𝜌𝜙 + (∇𝜎𝜙)(∇𝜌𝜙)] + 2𝑔𝜇𝜈(◻ 𝜙)
2

 −4𝑔𝜇𝜈(∇
𝜎𝜙)(∇𝜌𝜙)(∇𝜎∇𝜌𝜙) + 4(∇𝜎∇𝜈𝜙)(∇

𝜎∇𝜇𝜙)

−2𝑔𝜇𝜈(∇𝜎∇𝜌𝜙)(∇
𝜎∇𝜌𝜙) + 4𝑅𝜇𝜈𝜎𝜌[(∇

𝜎𝜙)(∇𝜌𝜙) + ∇𝜌∇𝜎𝜙]} = 𝜅𝑇𝜇𝜈

 

𝑇𝜇𝜈 =
−2

√−𝑔

𝛿𝑆𝑚
𝛿𝑔𝜇𝜈

 

𝐻𝜇𝜈 = 2 [𝑅𝑅𝜇𝜈 − 2𝑅𝜇𝛼𝜈𝛽𝑅
𝛼𝛽 + 𝑅𝜇𝛼𝛽𝜎𝑅𝜈

𝛼𝛽𝜎
− 2𝑅𝜇𝛼𝑅𝜈

𝛼 −
1

4
𝑔𝜇𝜈𝒢]  

𝜅𝑔𝜇𝑣𝑇𝜇𝑣 = 𝑔
𝜇𝑣ℰ𝜇𝑣 +

𝛼

2
ℰ𝜙 = −𝑅 −

𝛼

2
𝒢  

𝑑𝑠2 = −𝑒2Φ(𝑟)𝑑𝑡2 + 𝑒2Ψ(𝑟)𝑑𝑟2 + 𝑟2𝑑Ω2  

𝑇𝜇𝜈 = (𝜌 + 𝑝⊥)𝑢𝜇𝑢𝜈 + 𝑝⊥𝑔𝜇𝜈 − 𝜎𝜒𝜇𝜒𝜈  

2

𝑟
[1 +

2𝛼(1 − 𝑒−2Ψ)

𝑟2
]
𝑑Ψ

𝑑𝑟
= 𝑒2Ψ [8𝜋𝜌 −

1 − 𝑒−2Ψ

𝑟2
(1 −

𝛼(1 − 𝑒−2Ψ)

𝑟2
)]

2

𝑟
[1 +

2𝛼(1 − 𝑒−2Ψ)

𝑟2
]
𝑑Φ

𝑑𝑟
= 𝑒2Ψ [8𝜋𝑝𝑟 +

1 − 𝑒−2Ψ

𝑟2
(1 −

𝛼(1 − 𝑒−2Ψ)

𝑟2
)]

 

𝑑𝑝𝑟
𝑑𝑟

= −(𝜌 + 𝑝𝑟)
𝑑Φ

𝑑𝑟
+
2

𝑟
𝜎  

𝑒−2Ψ = 1 +
𝑟2

2𝛼
[1 − √1 +

8𝛼𝑚

𝑟3
]  
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lim
𝛼→0

 𝑒−2Ψ = 1 −
2𝑚

𝑟
+
4𝑚2

𝑟4
𝛼 +⋯  

𝑑Φ

𝑑𝑟
=

𝑟3 (√1 +
8𝛼𝑚
𝑟3

+ 8𝜋𝛼𝑝𝑟 − 1) − 2𝛼𝑚

𝑟2(2𝛼 + 𝑟2)√1 +
8𝛼𝑚
𝑟3

− 8𝛼𝑚𝑟 − 𝑟4

 

𝑑𝑚

𝑑𝑟
 = 4𝜋𝑟2𝜌

𝑑𝑝𝑟
𝑑𝑟

 =
(𝜌 + 𝑝𝑟)[2𝛼𝑚 + 𝑟

3(1 −𝒜 − 8𝜋𝛼𝑝𝑟)]

𝑟2𝒜(𝑟2 + 2𝛼 − 𝑟2𝒜)
+
2

𝑟
𝜎

 

𝑝𝑟(𝑘𝐹) =
1

3𝜋2ℏ3
∫  
𝑘𝐹

0

 
𝑘4

√𝑘2 +𝑚𝑒
2
𝑑𝑘  

𝑝𝑟(𝑘𝐹) =
𝜋𝑚𝑒

4

3ℎ3
[𝑥𝐹(2𝑥𝐹

2 − 3)√𝑥𝐹
2 + 1 + 3sinh−1 𝑥𝐹]  

𝜌 =
8𝜋𝜇𝑒𝑚𝐻𝑚𝑒

3

3ℎ3
𝑥𝐹
3  

𝜎 ≡ 𝑝⊥ − 𝑝𝑟 = 𝛽𝑝𝑟𝜇  

𝑝𝑟(𝑟 → 𝑅) = 0, 𝑝⊥(𝑟 → 𝑅) = 0  

𝑆 =
1

2𝜅
∫  𝑓(ℚ, 𝒯)√−𝑔𝑑4𝑥 + ∫  (𝕃𝑚 + 𝕃𝑒)√−𝑔𝑑

4𝑥  

𝕃𝑒 =
−1

16𝜋
𝐹𝜍𝜈𝐹𝜍𝜈.  

ℚ = −𝑔𝜉𝜚 (L𝜇𝜉
𝜌
L𝜚𝜌
𝜇
− L𝜇𝜌

𝜌
L𝜉𝜚
𝜇
) ,  

L𝜇𝜛
𝜌

= −
1

2
𝑔𝜌𝜆(∇𝜛𝑔𝜇𝜆 + ∇𝜇𝑔𝜆𝜛 − ∇𝜆𝑔𝜇𝜛)  

ℚ𝜌 = ℚ𝜌 
𝜉  𝜉 , ℚ̃𝜌 = ℚ𝜌𝜉

𝜉
.  

𝑃𝜉𝜚
𝜌
= −

1

2
 L𝜉𝜚
𝜌
+
1

4
(ℚ𝜌 − ℚ̃𝜌)𝑔𝜉𝜚 −

1

4
𝛿𝜌 (𝜉ℚ𝜚).

 

ℚ = −ℚ𝜌𝜉𝜚𝑃
𝜌𝜉𝜚 = −

1

4
(−ℚ𝜌𝜉𝜚ℚ𝜌𝜚𝜉 + 2ℚ

𝜌𝜚𝜉ℚ𝜉𝜌𝜚 − 2ℚ
𝜚ℚ̃𝜚 +ℚ

𝜚ℚ𝜚)  

𝛿𝑆= 0 = ∫  
1

2
𝛿[𝑓(ℚ, 𝒯)√−𝑔] + 𝛿[𝕃𝑚√−𝑔]𝑑

4𝑥  

0= ∫  
1

2
(
−1

2
𝑓𝑔𝜉𝜚√−𝑔𝛿𝑔

𝜉𝜚 + 𝑓ℚ√−𝑔𝛿ℚ+ 𝑓𝒯√−𝑔𝛿𝒯) 

 −
1

2
𝒯𝜉𝜚√−𝑔𝛿𝑔

𝜉𝜚𝑑4𝑥
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𝒯𝜉𝜚 =
−2

√−𝑔

𝛿(√−𝑔𝕃𝑚)

𝛿𝑔𝜉𝜚
, Θ𝜉𝜚 = 𝑔

𝜌𝜇
𝛿𝒯𝜌𝜇

𝛿𝑔𝜉𝜚
.  

𝛿𝒯 = 𝛿(𝒯𝜉𝜚𝑔
𝜉𝜚) = (𝒯𝜉𝜚 +Θ𝜉𝜚)𝛿𝑔

𝜉𝜚 

𝛿𝑆 = 0 = ∫  
1

2
{
−1

2
𝑓𝑔𝜉𝜚√−𝑔𝛿𝑔

𝜉𝜚 + 𝑓𝒯(𝒯𝜉𝜚 + Θ𝜉𝜚)√−𝑔𝛿𝑔
𝜉𝜚

 −𝑓ℚ√−𝑔(𝑃𝜉𝜌𝜇ℚ𝜚 
𝜌𝜇 − 2ℚ𝜌𝜚 𝜉𝑃𝜌𝜇𝜚)𝛿𝑔

𝜉𝜚 + 2𝑓ℚ√−𝑔𝑃𝜌𝜉𝜚∇
𝜌𝛿𝑔𝜉𝜚

 

+2𝑓ℚ√−𝑔𝑃𝜌𝜉𝜚∇
𝜌𝛿𝑔𝜉𝜚} −

1

2
𝒯𝜉𝜚√−𝑔𝛿𝑔

𝜉𝜚𝑑4𝑥  

𝒯𝜉𝜚 + 𝐸𝜉𝜚=
−2

√−𝑔
∇𝜌 (𝑓ℚ√−𝑔𝑃𝜉𝜚

𝜌
) −

1

2
𝑓𝑔𝜉𝜚 + 𝑓𝒯(𝒯𝜉𝜚 + Θ𝜉𝜚) 

 −𝑓ℚ(𝑃𝜉𝜌𝜇ℚ𝜚 
𝜌𝜇 − 2ℚ𝜌𝜇 𝜉𝑃𝜌𝜇𝜚)

 

𝑑𝑠2 = −𝑒𝛼(𝑟)𝑑𝑡2 + 𝑒𝛽(𝑟)𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝑑𝜙2)  

𝒯𝜉𝜚 = (𝜌 + 𝑝𝑡)𝑢𝜉𝑢𝜚 + 𝑝𝑡𝑔𝜉𝜚 − 𝜎𝑘𝜉𝑘𝜚 .  

𝒯 = 3𝑝𝑟 − 𝜌 + 2𝜎  

𝐸𝜉𝜚 =
1

4𝜋
(𝐹𝜉

𝜈𝐹𝜈𝜚 −
1

4
𝑔𝜉𝜚𝐹𝜍𝜈𝐹

𝜍𝜈) .  

(√−𝑔𝐹𝜉𝜚);𝜚
= 4𝜋𝐽𝜉√−𝑔𝐹[𝜉𝜚;𝛿] = 0  

𝐸(𝑟) =
𝑒
𝑎+𝑏
2

𝑟2
𝑞(𝑟)  

𝑞(𝑟) = 4𝜋∫  
𝑟

0

 𝜎𝑟2𝑒𝑏𝑑𝑟  

𝜎 =
𝑒−𝑏

4𝜋𝑟2
𝑑𝑞(𝑟)

𝑑𝑟
 

𝑞 = 𝑞0𝑟
3  

𝜌 =
1

2𝑟2𝑒𝛽
[𝑓ℚℚ2𝑟ℚ

′(𝑟)(𝑒𝛽 − 1) + 𝑓ℚ ((𝑒
𝛽 − 1)(2 + 𝑟𝛼′(𝑟)) + (𝑒𝛽 + 1)𝑟𝛽′(𝑟)) 
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+𝑓𝑟2𝑒𝛽] −
1

3
𝑓𝒯(3𝜌 + 𝑝𝑟 + 2𝑝𝑡) −

𝑞2

𝑟4

𝑝𝑟 = −
1

2𝑟2𝑒𝛽
[2𝑟ℚ′(𝑟)𝑓ℚℚ(𝑒

𝛽 − 1) + 𝑓ℚ ((𝑒
𝛽 − 1)(2 + 𝑟𝛼′(𝑟)) + 𝑟𝑏′) − 2𝑟𝛼′(𝑟)))

+𝑓𝑟2𝑒𝛽] +
𝑞2

𝑟4
+
2

3
𝑓𝒯(𝑝𝑡 − 𝑝𝑟)

𝑝𝑡  = −
1

4𝑟𝑒𝛽
[−2𝑟ℚ′(𝑟)𝛼′𝑓ℚℚ + 𝑓ℚ(2𝛼

′(𝑒𝛼 − 2) − 𝑟𝛽′2 + 𝑏′(2𝑒𝛼 + 𝑟𝛼′) − 2𝑟𝛼′)

+2𝑓𝑟𝑒𝛽] −
𝑞2

𝑟4
+
1

3
𝑓𝒯(𝑝𝑟 − 𝑝𝑡)

 

𝑓(ℚ, 𝒯) = 𝐴ℚ + 𝐵𝒯  

𝜌= [𝑒−𝛽(𝑟) ((𝛼′(𝑟)𝐵 ((𝑒𝛽(𝑟) − 1)(2𝑟2 − 1 + 𝑒𝛽(𝑟)) + 𝑟𝛽′(𝑟)) + (𝐵(𝑒𝛽(𝑟)) 

× (2𝑟2(𝑒5+𝛽(𝑟)) − 1))) 𝛽′(𝑟) − 2𝐵𝑟𝛼′′(𝑟) + 𝐵(−𝑟)𝛼′(𝑟)2𝐴𝑟3)

−2(𝐵(6𝑟2𝑒𝛽(𝑟) − 7) − 6)(𝑒𝛽(𝑟)(𝑞2 − 𝐴𝑟2) + 𝐴𝑟2))] [2𝑟4(𝐵(−8𝐵

+2(4𝐵 + 3)𝑟2𝑒𝛽(𝑟) − 15) − 6)]
−1

 

𝑝𝑟 = [𝑒
−𝛽(𝑟)(4𝐵𝑟2𝑒2𝛽(𝑟)((7𝐵 + 3)𝑞2 + 𝐴(𝐵 + 3)𝑟2) − 2𝑒𝛽(𝑟)((𝐵(3𝐵 + 13) + 6)𝑞2

+𝐴𝑟2(𝐵(13𝐵 + 2(𝐵 + 3)𝑟2 + 17) + 6)) + 2𝐴(𝐵(13𝐵 + 17) + 6)𝑟2 + 𝐴𝑟3

 × (−2𝐵𝑟𝛼′′(𝑟)(3𝐵 + 2(4𝐵 + 3)𝑒𝛽(𝑟)𝑟2 + 2) + 𝛼′(𝑟)(𝐵(27𝐵 + 47) + 𝐵𝑟(3𝐵

+2(4𝐵 + 3)𝑟2𝑒𝛽(𝑟) + 2)𝛽′(𝑟) + 2(𝐵 + 1)(11𝐵 + 6)𝑟2𝑒2𝛽(𝑟) − 𝑒𝛽(𝑟)((𝐵 + 1)

× (11𝐵 + 6) + 2(𝐵(19𝐵 + 23) + 6)𝑟2) + 18) + 𝛼′(𝑟)2𝐵(−𝑟)(3𝐵 + 2(4𝐵 + 3)

× 𝑟2𝑒𝛽(𝑟) + 2) + (𝐵(21 + 13𝐵) + 2(𝐵 + 1)(11𝐵 + 6)𝑟2𝑒2𝛽(𝑟) − 𝑒𝛽(𝑟)((𝐵 + 1)

× (11𝐵 + 6) + 2(𝐵 + 2)(𝐵 + 3)𝑟2) + 6)𝛽′(𝑟)))][2(𝐵 + 1)𝑟4(𝐵(−8𝐵

+2(4𝐵 + 3)𝑟2𝑒𝛽(𝑟)))]
−1
,

𝑝𝑡 = [𝑒
−𝛽(𝑟)(8𝐵𝑟2𝑒2𝛽(𝑟)(𝐴𝐵𝑟2 − (5𝐵 + 3)𝑞2) + 4𝑒𝛽(𝑟)((𝐵(9𝐵 + 17) + 6)𝑞2 − 𝐴𝐵𝑟2

(−2(𝐵 + 2𝐵𝑟2 + 2)) + 4𝐴𝐵(𝐵 + 2)𝑟2 + 𝐴𝑟3(2(𝑟𝛼′′(𝑟)(𝐵(−6𝐵 + 2(4𝐵 + 3)

𝑟2𝑒𝛽(𝑟))) + (𝐵 (𝐵 + 𝑒𝛽(𝑟) (𝐵 − 2𝑟2(𝐵 + (𝐵 + 1)𝑒𝛽(𝑟)))))

× 𝛽′(𝑟)) + 𝛼′(𝑟)(𝑟(𝐵(6𝐵 − 2(4𝐵 + 3)𝑟2𝑒𝛽(𝑟) + 13) + 6)𝛽′(𝑟) + 2𝐵(−9𝐵

+𝑒𝛽(𝑟)(𝐵 − 2𝑟2(−5𝐵 + (𝐵 + 1)𝑒𝛽(𝑟) − 4) + 1) − 16) − 12) + 𝑟𝛼′(𝑟)2(𝐵

× (−6𝐵 + 2(4𝐵 + 3)𝑟2𝑒𝛽(𝑟) − 13) − 6)))] [4(𝐵 + 1)𝑟4(𝐵(−8𝐵 + 2

× (4𝐵 + 3)𝑟2𝑒𝛽(𝑟)))] .

 

𝛼(𝑟) = 𝛾0𝑟
2 + 𝛾1, 𝛽(𝑟) = 𝛾2𝑟

2  

𝑑𝑠2 = −(1 +
𝐐2

𝑟2
−
2𝐌

𝑟
)𝑑𝑡2 + (1 +

𝐐2

𝑟2
−
2𝐌

𝑟
)

−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  
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𝑔𝑡𝑡  = 𝑒
𝛾0𝐑

2+𝛾1 = (1 +
𝐐2

𝐑2
−
2𝐌

𝐑
) ,

𝑔𝑟𝑟  = 𝑒
𝛾2𝐑

2
= (1 +

𝐐2

𝐑2
−
2𝐌

𝐑
)

−1

,

𝑔𝑡𝑡,𝑟  = 2𝛾0𝐑𝑒
𝛾0𝐑

2+𝛾1 =
2𝐌

𝐑2
−
2𝐐2

𝐑3
.

 

𝛾0 = (−
2𝐐2

𝐑4
+
2𝐌

𝐑3
)(−

2𝐌

𝐑
+ 1 +

𝐐2

𝐑2
)

−1

,  

𝛾1  = ln (1 −
2𝐌

𝐑
+
𝐐2

𝐑2
) − (

2𝐌

𝐑3
−
2𝐐2

𝐑4
)(1 −

2𝐌

𝑅
+
𝐐2

𝐑2
)

−1

𝛾2  =
ln (

𝐑2

−2𝐌𝐑+ 𝐐2 + 𝐑2
)

𝐑2

 

𝜌= [𝑒−𝛾2𝑟
2
(2𝐵𝑟2𝑒2𝛾2𝑟

2
(𝐴(𝑟2(𝛾0 + 𝛾2) + 3) − 3𝑞0

2𝑟4) + 𝑒𝛾2𝑟
2
(𝐴(𝐵(−(2𝑟4(𝛾0  

−5𝛾2) + 𝑟
2(𝛾0 + 𝛾2 + 6) + 7)) − 6) + (7𝐵 + 6)𝑞0

2𝑟4) + 𝐴(𝑟2(−𝐵(2𝛾0𝑟
2

× (𝑎 − 𝛾2) + 𝛾0 + 9𝛾2) − 𝛾2) + 𝐵 + 6))] [𝑟
2 (𝐵(2(4𝐵 + 3)𝑟2𝑒𝛾2𝑟

2
− 8𝐵))]

−1
,

𝑝𝑟  = [𝑒
−𝛾2𝑟

2
(𝑒𝛾2𝑟

2
((𝐵(3𝐵 + 13) + 6)(−𝑞0

2)𝑟4 − 𝐴(4𝛾0
2𝐵(4𝐵 + 3)𝑟6 + 𝛾0𝑟

2(−4

× (4𝐵 + 3)𝑟4 + (𝐵 + 1)(11𝐵 + 6) + 2(𝐵(27𝐵 + 29) + 6)𝑟2) + 𝛾2𝑟
2((𝐵 + 1)

× (11𝐵 + 6) + 2(𝐵 + 2)(𝐵 + 3)𝑟2) + 𝐵(13𝐵 + 2(𝐵 + 3)𝑟2 + 17) + 6))

 +𝐴(−2𝛾0
2𝐵(3𝐵 + 2)𝑟4 + 𝛾0𝑟

2(𝐵(2𝛾2(3𝐵 + 2)𝑟
2 + 21𝐵 + 43) + 18) + 𝛾2(𝐵

 

 

× (13𝐵 + 21) + 6)𝑟2 + 𝐵(13𝐵 + 17) + 6) + 2𝑟2𝑒2𝛾2𝑟
2
(𝛾0𝐴(𝐵 + 1)(11𝐵 + 6)𝑟

2

+𝛾2𝐴(𝐵 + 1)(11𝐵 + 6)𝑟
2 + 𝐵(𝐴(𝐵 + 3) + (7𝐵 + 3)𝑞0

2𝑟4)))] [(𝐵 + 1)𝑟2(𝐵(2(4𝐵

+3)𝑟2𝑒𝛾2𝑟
2
− 8𝐵 − 15) − 6)]

−1

𝑝𝑡 = [𝑒
−𝛾2𝑟

2
(𝑒𝛾2𝑟

2
(𝐴𝐵(𝑟2(2𝛾0

2(4𝐵 + 3)𝑟4 + 𝛾0(2𝑟
2(−𝛾2(4𝐵 + 3)𝑟

2 + 9𝐵 + 7)

+𝐵 + 1) + 𝛾2(𝐵 − 2(𝐵 + 2)𝑟
2 + 1) − 2𝐵) − 𝐵 − 2) + (𝐵(9𝐵 + 17) + 6)𝑞0

2𝑟4)

 +𝐴(−𝛾0
2(2𝐵 + 3)(3𝐵 + 2)𝑟4 + 𝛾0𝑟

2(𝛾2(2𝐵 + 3)(3𝐵 + 2)𝑟
2 − (3𝐵 + 4))

+𝛾2(𝐵(𝐵 + 6) + 6)𝑟
2 + 𝐵(𝐵 + 2)) − 2𝐵𝑟2𝑒2𝛾2𝑟

2
(𝐴((𝐵 + 1)𝑟2(𝛾0 + 𝛾2) − 𝐵)

+(5𝐵 + 3)𝑞0
2𝑟4))] [(𝐵 + 1)𝑟2(𝐵(2(4𝐵 + 3)𝑟2𝑒𝛾2𝑟

2
− 8𝐵 − 15) − 6)]

−1
.

 

𝜒 = [𝑒−𝛾2𝑟
2
(𝑒𝛾2𝑟

2
((𝐵(3𝐵 + 13) + 6)(−𝑞0

2)𝑟4 − 𝐴(4𝛾0
2𝐵(4𝐵 + 3)𝑟6 + 𝛾0𝑟

2(−4 
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× 𝛾2𝐵(4𝐵 + 3)𝑟
4 + (𝐵 + 1)(11𝐵 + 6) + 2(𝐵(27𝐵 + 29) + 6)𝑟2) + 𝛾2𝑟

2((𝐵 + 1)

+2(𝐵 + 2)(𝐵 + 3)𝑟2) + 𝜂(13𝐵 + 2(𝐵 + 3)𝑟2 + 17) + 6)) + 𝐴(−2𝛾0
2𝐵(3𝐵 + 2)

 × 𝑟4 + 𝛾0𝑟
2(𝐵(2𝛾2(3𝐵 + 2)𝑟

2 + 21𝐵 + 43) + 18) + 𝛾2(𝐵(13𝐵 + 21) + 6)𝑟
2 + 𝐵

 × (13𝐵 + 17) + 6) + 2𝑟2𝑒2𝛾2𝑟
2
(𝛾0𝐴(𝐵 + 1)(11𝐵 + 6)𝑟

2 + 𝛾2𝐴(𝐵 + 1)(11𝐵 + 6)𝑟
2

+𝐵(𝐴(𝐵 + 3) + (7𝐵 + 3)𝑞0
2𝑟4)))] [(𝐵 + 1)𝑟2 (𝐵(2(4𝐵 + 3)𝑟2𝑒𝛾2𝑟

2
− 8𝐵 − 15))]

−1

 −[𝑒−𝛾2𝑟
2
(𝑒𝛾2𝑟

2
(𝐴𝐵(𝑟𝛾2

2(2𝛾0
2(4𝐵 + 3)𝑟4 + 𝛾0(2𝑟

2(−𝛾2(4𝐵 + 3)𝑟
2 + 9𝐵 + 7)

+𝐵 + 1) + 𝛾2(𝐵 − 2(𝐵 + 2)𝑟
2 + 1) − 2𝐵) − 𝐵 − 2) + (𝐵(9𝐵 + 17) + 6)𝑞0

2𝑟4)

 +𝐴(−𝛾0
2(2𝐵 + 3)(3𝐵 + 2)𝑟4 + 𝛾0𝑟

2(𝛾2(2𝐵 + 3)(3𝐵 + 2)𝑟
2 − (3𝐵 + 4)(5𝐵 + 3))

+𝛾2(𝐵(𝐵 + 6) + 6)𝑟
2 + 𝐵(𝐵 + 2)) − 2𝐵𝑟2𝑒2𝛾2𝑟

2
(𝐴((𝐵 + 1)𝑟2(𝑎 + 𝛾2) − 𝐵)

+(5𝐵 + 3)𝑞0
2𝑟4))] [(𝐵 + 1)𝑟2(𝐵(2(4𝐵 + 3)𝑟2𝑒𝛾2𝑟

2
− 8𝐵 − 15) − 6)]

−1
.

 

𝑀(𝑟) = 4𝜋∫  
𝑟

0

𝜍2𝜌(𝜍)𝑑𝜍 

𝑍(𝑟) = −1 +
1

√−𝑔𝑡𝑡
 

𝑍(𝑟) = −1 +
1

√1 − 𝜇
 

𝜌(0) =
𝐴(−2𝛾0𝐵 − 17𝐵𝛾2 − 18𝛾2)

−8𝐵2 − 15𝐵 − 6

𝑝𝑟(0) =
𝐴(10𝛾0𝐵

2 + 26𝛾0𝐵 + 12𝛾0 − 11𝐵
2𝛾2 − 13𝐵𝛾2 − 6𝛾2)

(𝐵 + 1)(−8𝐵2 − 15𝐵 − 6)

𝑝𝑡(0) =
𝐴(−14𝛾0𝐵

2 − 28𝛾0𝐵 − 12𝛾0 + 2𝐵
2𝛾2 + 7𝐵𝛾2 + 6𝛾2)

(𝐵 + 1)(−8𝐵2 − 15𝐵 − 6)
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𝑣𝑟
2 =

𝑑𝑝𝑟
𝑑𝜌

, 𝑣𝑡
2 =

𝑑𝑝𝑡
𝑑𝜌
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𝑝𝑟(𝜌) ≈ 𝑣𝑟
2(𝜌 − 𝜌𝐼), 𝑝𝑡(𝜌) ≈ 𝑣𝑡

2(𝜌 − 𝜌𝐼𝐼),  

𝜔𝑟 =
𝑝𝑟
𝜌
,𝜔𝑡 =

𝑝𝑡
𝜌
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Γ =
4

3
(1 +

𝜎

𝑟|𝑝̇𝑟|
)
max

Γ𝑟 =
𝑝𝑟 + 𝜌

𝑝𝑟
𝑣𝑟
2, Γ𝑡 =

𝑝𝑡 + 𝜌

𝑝𝑡
𝑣𝑡
2

 

𝑑𝑝𝑟
𝑑𝑟

+
1

𝑟2
𝑒
𝛼−𝛽
2 𝐌𝐺(𝑟)(𝜌 + 𝑝𝑟) −

2

𝑟
(𝑝𝑡 − 𝑝𝑟) = 0  

𝐌𝐺(𝑟) = 4𝜋∫  (𝒯𝑡
𝑡 − 𝒯𝑟

𝑟 − 𝒯𝜙
𝜙
−𝒯𝜃

𝜃) 𝑟2𝑒
𝛼+𝛽
2 𝑑𝑟  

 

 

𝐌𝐺(𝑟) =
1

2
𝑟2𝑒

𝛽−𝛼
2 𝛼′.  

1

2
𝛼′(𝜌 + 𝑝𝑟) +

𝑑𝑝𝑟
𝑑𝑟

−
2

𝑟
(𝑝𝑡 − 𝑝𝑟) = 0.  

𝐹𝑔 + 𝐹𝑎 + 𝐹ℎ + 𝐹(ℚ,𝒯) = 0.  

𝐹𝑔 =
(𝜌 + 𝑝𝑟)𝛼

′

2
, 𝐹𝑎 =

2𝜎

𝑟
,

𝐹ℎ = −𝑝𝑟
′ , 𝐹(ℚ,𝒯) = 𝑝𝑟

′ +
1

2
(𝜌 − 𝑝𝑟)𝛽

′(𝑟) − 2𝑟−1(𝑝𝑡 − 𝑝𝑟).
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𝐹𝑎 = −[6𝑒
−𝛾2𝑟

2
(𝑒𝛾2𝑟

2
(−𝐴(2𝛾0

2𝐵(4𝐵 + 3)𝑟6 + 2𝛾0𝑟
2(−𝛾2𝐵(4𝐵 + 3)𝑟

4 + 2𝐵2

+3𝐵 + 2(6𝐵2 + 6𝐵 + 1)𝑟2 + 1) + 2𝛾2𝑟
2(2𝐵2 + 3𝐵 + (𝜂 + 2)𝑟2 + 1) + 4𝐵2

+5𝐵 + 2𝐵𝑟2 + 2) − 2(2𝜂2 + 5𝐵 + 2)𝑞0
2𝑟4) + 𝐴(𝛾0

2(3𝐵 + 2)𝑟4 + 𝛾0𝑟
2(2(6𝜂2

+12𝐵 + 5) − 𝛾2(3𝐵 + 2)𝑟
2) + 4𝜂2(𝛾2𝑟

2 + 1) + 5𝐵(𝛾2𝑟
2 + 1) + 2) + 2𝑟2

 × 𝑒2𝛾2𝑟
2
(2𝛾0𝐴(2𝜂

2 + 3𝐵 + 1)𝑟2 + 2𝛾2𝐴(2𝐵
2 + 3𝐵 + 1)𝑟2 + 𝐵(𝐴 + 2(2𝐵 + 1)

× 𝑞0
2𝑟4)))] [(𝐵 + 1)𝑟3(8𝐵2(𝑟2𝑒𝛾2𝑟

2
− 1) + 3𝐵(2𝑟2𝑒𝛾2𝑟

2
− 5) − 6)]

−1
, 

𝐹𝑔 = −[𝛾0𝑒
−𝛾2𝑟

2
(𝐴(𝑒𝛾2𝑟

2
(2𝛾0

2𝐵(4𝐵 + 3)𝑟6 + 𝛾0𝑟
2(−2𝛾2𝐵(4𝐵 + 3)𝑟

4 + 6𝐵2

+9𝐵 + (28𝐵2 + 30𝐵 + 6)𝑟2 + 3) + 𝛾2𝑟
2(6𝐵2 + 9𝐵 + (6 − 4𝜂2)𝑟2 + 3)

+10𝐵2 + 15𝐵 + 4𝐵2𝑟2 + 6𝐵𝑟2 + 6) + 𝛾0
2𝐵(4𝐵 + 3)𝑟4 − 𝛾0𝑟

2(2𝐵2(2𝛾2𝑟
2

+5) + 3𝜂(𝛾2𝑟
2 + 7) + 9) − 2𝑟2𝑒2𝛾2𝑟

2
(3𝛾0(2𝐵

2 + 3𝜂 + 1)𝑟2 + 3𝛾2(2𝜂
2

+3𝐵 + 1)𝑟2 + 𝐵(2𝐵 + 3)) − 2𝛾2𝐵
2𝑟2 + 3𝛾2𝑟

2 − 10𝐵2 − 15𝐵 − 6) − 2𝐵2

+𝑞0
2𝑟4𝑒𝛾2𝑟

2
(𝑟2𝑒𝛾2𝑟

2
+ 1))] [(𝐵 + 1)𝑟 (𝜂2(𝑟2𝑒𝛾2𝑟

2
− 1) + 𝜂(2𝑟2𝑒𝛾2𝑟

2
))]

−1
,

𝐹ℎ = [2𝑒
−𝛾0𝑟

2
(−4𝐵𝑟2𝑒2𝛾0𝑟

2
(𝐴(−𝛾2

2𝜂(4𝐵 + 3)2𝑟6(𝛾0𝑟
2 −) + (𝛾0

2𝜂(4𝐵 + 3)2

 × 𝛾2𝑟
2𝑟6 + 𝛾0𝑟

2(𝜂3(2 − 52𝑟2) + 𝐵2(8 − 79𝑟2) + 𝐵(9 − 30𝑟2) + 3)

+(2𝐵3 + 8𝜂2𝛾2 + 9𝐵 + 3)) + (𝛾0
2𝑟4(𝐵3(4𝑟2 + 2) + 𝐵2(11𝑟2 + 8)

+𝜂(6𝑟2 + 9) + 3) + 𝛾0𝑟
2(9𝐵 + 4𝐵3𝑟2 + 3𝐵2(𝑟2 + 2) + 3) + 𝐵(4𝐵 + 3)

× (𝐵 + 𝐵𝑟2 + 2))) + 𝑞0
2𝑟4(2𝛾0𝐵

2(𝐵 + 1)𝑟2 + (40𝐵3 + 99𝐵2 + 75𝐵

 +18))) + 𝑒𝛾0𝑟
2
(𝐴𝐵(−4𝛾2

2(4𝐵 + 3)𝑟6(𝛾0(6𝐵
2 + 13𝐵 + 6)𝑟2 − (8𝐵2

 +15𝐵 + 6)) + 4𝛾2𝑟
4(𝛾0

2(24𝐵3 + 70𝐵2 + 63𝐵 + 18)𝑟4 − 𝛾0(92𝐵
3 + 245𝐵2

+204𝐵 + 54)𝑟2 + 3(𝐵 + 1)2(2𝐵 + 1)) + (4𝛾0
2(4𝐵3 + 27𝐵2 + 42𝐵)𝑟6

 +4𝛾2(2𝐵
3 + 9𝐵2 + 9𝐵 + 3)𝑟4 + (𝐵 + 2)(8𝐵2(2𝑟2 + 1) + 3𝐵(4𝑟2 + 5)

+6))) + (72𝐵4 + 271𝐵3 + 357𝐵2 + 192𝐵 + 36)𝑞0
2𝑟4) + 𝐴(8𝐵2 + 15𝐵 + 6)

 × (𝛾2
2(6𝐵2 + 13𝐵 + 6)𝑟4(𝛾2𝑟

2 −) + 𝛾2𝛾0𝑟
4(3(7𝐵2 + 14𝐵 + 6) − 𝛾0(6𝐵

2

+13𝐵 + 6)𝑟2) − (𝛾0
2(𝐵2 + 6𝐵 + 6)𝑟4 + 𝛾0𝐵(𝐵 + 2)𝑟

2 + 𝐵(𝐵 + 2)𝑅4))

+4𝐵2(4𝐵 + 3)𝑟4𝑒3𝛾0𝑟
2
(𝐴𝐵 + (5𝐵 + 3)𝑞0

2𝑟4))] [(𝐵 + 1)𝑟3(8𝐵2(𝑟2𝑒𝛾0𝑟
2
)

 

+3𝐵(2𝑟2𝑒𝛾0𝑟
2
− 5) − 6)

2
]
−1
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𝑣𝑟
2 = −[(𝐵 + 1)(12𝑒3𝛾0𝑟

2
𝑟4(𝑞0

2𝑟4 + 𝐴)𝐵2(4𝐵 + 3) + 4𝑒2𝛾0𝑟
2
𝑟2𝐵(𝑞0

2(2𝛾0

× 𝐵2 − 3(8𝐵2 + 15𝐵 + 6))𝑟4 + 𝐴(𝛾0
2((20𝑟2 + 2)𝐵2 + 3(5𝑟2 + 2)𝐵)𝑟4

 +3𝛾0(−4𝑟
2𝐵2 + (2 − 3𝑟2)𝐵 + 1)𝑟2 + 𝑎(𝛾0((2 − 4𝑟

2)𝐵2 − (𝑟2 − 2)𝐵

+3)𝑟2 + (2𝐵2 + 6𝐵 + 3))𝑟2 − (4𝐵 + 3)((3𝑟2 + 7)𝐵 + 6))) − 𝐴

 × (8𝐵2 + 15𝐵 + 6)((7𝐵 + 6) + 2𝑎2𝑟4𝐵 + 𝛾0
2𝑟4(2𝑎𝑟2𝐵 − 3(3𝐵 + 4))

+𝛾0𝑟
2(−2𝑎2𝐵𝑟4 − 3𝑎𝐵𝑟2 + (7𝐵 + 6))) + 𝑒𝛾0𝑟

2
(𝑞0
2𝑟4(56𝐵3 + 153𝐵2

 +132𝐵 + 36) + 𝐴(−8𝑎(𝑎 − 𝛾0)𝛾0𝐵
2(4𝐵 + 3)𝑟8 − 4𝛾0𝐵(4𝐵 + 3)(𝑎𝐵

+3𝛾0(3𝐵 + 4))𝑟
6 − 12(𝑎 − 5𝛾0)𝜂(2𝐵

2 + 3𝐵 + 1)𝑟4 + (7𝐵 + 6)(8(2𝑟2

+1)𝐵2 + 3(4𝑟2 + 5)𝐵 + 6))))] [4𝑒3𝛾0𝑟
2
𝑟4𝐵2(4𝜂 + 3)(𝑞0

2𝑟4(7𝐵 + 3) − 𝐴

 −(𝐵 + 3)) − 𝐴 − (8𝐵2 + 15𝐵 + 6)(2𝑎2(𝛾0𝑟
2 −)𝐵(3𝐵 + 2)𝑟4 − 𝑎𝛾0

 −(2𝛾0𝐵(3𝐵 + 2)𝑟
2 + 3(5𝐵2 + 13𝐵 + 6))𝑟4 − (𝛾0

2(13𝐵2 + 21𝐵 + 6)𝑟4

+𝛾0(13𝐵
2 + 17𝐵 + 6)𝑟2 + (13𝐵2 + 17𝐵 + 6))) + 𝑒𝛾0𝑟

2
(𝑞0
2𝑟4(24𝐵4

+149𝐵3 + 261𝐵2 + 168𝐵 + 36) − 𝐴(−8𝑎2𝐵(4𝐵 + 3)(𝛾0𝐵(3𝐵 + 2)𝑟
2

+𝑅2(8𝐵2 + 15𝐵 + 6))𝑟6 + 4𝑎(2𝛾0
2𝐵2(12𝐵2 + 17𝐵 + 6)𝑟4 + 𝛾0𝐵(148𝐵

3

+403𝐵2 + 339𝐵 + 90)𝑟2 − 3(𝐵 + 1)2(22𝐵2 + 23𝐵 + 6))𝑟4 + (4𝛾0
2𝐵

 × (52𝐵3 + 123𝐵2 + 87𝐵 + 18)𝑟6 + 4𝛾0(74𝐵
4 + 141𝐵3 + 54𝐵2 − 33𝐵

−18)𝑟4 + (13𝐵2 + 17𝐵 + 6)(8(2𝑟2 + 1)𝐵2 + 3(4𝑟2 + 5)𝐵 + 6))))

 × 𝑒2𝛾0𝑟
2
𝑟2(−2𝑎2(𝛾0𝑟

2 −)𝐴𝐵2(4𝐵 + 3)2𝑟6 + 𝑎𝐴(2𝛾0
2𝐵2(4𝐵 + 3)2𝑟6

 +𝛾0((22 − 140𝑟
2)𝐵4 − 5(49𝑟2 − 20)𝐵3 − 3(43𝑟2 − 49)𝐵2 + (87

−18𝑟2)𝐵 + 18)𝑟2 + (22𝐵4 + 𝐵3 + 147𝐵2 + 87𝐵 + 18))𝑟2 + (𝛾0
2𝐴

 +((22 − 4𝑟2)𝐵4 + (100 − 23𝑟2)𝐵3 + (147 − 39𝑟2)𝐵2 + (87 − 18𝑟2)𝐵

 +18)𝑟4 + 𝛾0(2𝑞0
2𝐵2(11𝐵2 + 17𝜂 + 6)𝑟4 + 𝐴(−4𝑟2𝐵4 + (−15𝑟2)𝐵3
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−9(𝑟2 − 15)𝐵2 + 87𝐵 + 18))𝑟2𝐵(𝑞0
2𝑟4(56𝐵3 + 𝐵2 + 𝐵 + 18) − 𝐴

× (4𝐵 + 3)((𝑟2 + 13)𝐵2 + (3𝑟2 + 17)𝐵 + 6)))]
−1

,

𝑣𝑡
2 = [(𝐵 + 1)(12𝑒3𝛾0𝑟

2
𝑟4(𝑞0

2𝑟4 + 𝐴)𝐵2(4𝐵 + 3) + 4𝑒2𝛾0𝑟
2
𝑟2𝐵(𝑞0

2(2𝛾0𝑟
2𝐵2

−3(8𝐵2 + 15𝐵 + 6))𝑟4 + 𝐴(𝛾0
2((20𝑟2 + 2)𝐵2 + 3(5𝑟2 + 2)𝐵 + 3)𝑟4

 +3𝛾0(−4𝑟
2𝐵2 + (2 − 3𝑟2)𝐵 + 1)𝑟2 + 𝑎(𝛾0((2 − 4𝑟

2)𝐵2 − 3(𝑟2 − 2)𝐵

+3)𝑟2 + (2𝐵2 + 6𝐵 + 3))𝑟2 − (4𝐵 + 3)((3𝑟2 + 7)𝐵 +))) − 𝐴(𝐵2

 +15𝐵 + 6)((7𝐵 + 6) + 2𝑎2𝑟4𝐵 + 𝛾0
2𝑟4(2𝑎𝑟2𝐵 − 3(3𝐵 + 4)) + 𝛾0𝑟

2

× (−2𝑎2𝐵𝑟4 − 3𝑎𝐵𝑟2 + (7𝐵 + 6))) + 𝑒𝛾0𝑟
2
(𝑞0
2𝑟4(56𝐵3 + 𝐵2 + 132𝐵

 +36) + 𝐴(−8𝑎(𝑎 − 𝛾0)𝛾0𝐵
2(4𝐵 + 3)𝑟8 − 4𝛾0𝐵(4𝐵 + 3)(𝑎𝐵 + 3𝛾0

 × (3𝐵 + 4))𝑟6 − 12(𝑎 − 5𝛾0)𝐵(2𝐵
2 + 3𝐵 + 1)𝑟4 + (7𝐵 + 6)(8

× (2𝑟2 + 1)𝐵2 + 3(4𝑟2 + 5)𝐵 + 6))))] [4𝑒3𝛾0𝑟
2
𝑟4𝐵2(4𝐵 + 3)(𝑞0

2(5𝐵 + 3)𝑟4

 +𝐴𝐵) + 𝐴(8𝐵2 + 15𝐵 + 6)(𝑎2(𝛾0𝑟
2 −)(6𝐵2 + 13𝐵 + 6)𝑟4 + 𝑎𝛾0

 × (3(7𝐵2 + 14𝐵 + 6) − 𝑟2(6𝐵2 + 13𝐵 + 6))𝑟4 − (𝛾0
2(𝐵2 + 6𝐵 + 6)𝑟4

+𝛾0𝐵(𝐵 + 2)𝑟
2 + 𝐵(𝐵 + 2))) + 𝑒𝛾0𝑟

2
(𝑞0
2𝑟4(72𝐵4 + 271𝐵3 + 357𝐵2

 +192𝐵 + 36)𝑅6 + 𝐴𝐵(−4𝑎2(4𝐵 + 3)(𝛾0𝑟
2(6𝐵2 + 13𝐵 + 6) − (8𝐵2

 +15𝐵 + 6))𝑟6 + 4𝑎(𝛾0
2(24𝐵3 + 70𝐵2 + 63𝐵 + 18)𝑟4 − 𝛾0(92𝐵

3 + 245𝐵2

+204𝐵 + 54)𝑟2 + 3(𝐵 + 1)2(2𝐵 + 1))𝑟4 + (4𝛾0
2(4𝐵3 + 27𝐵2 + 42𝐵

 +18)𝑟6 + 4𝑓(2𝐵3 + 9𝐵2 + 9𝐵 + 3)𝑟4 + (𝐵 + 2)(8(2𝑟2 + 1)𝐵2 + 3

+(4𝑟2 + 5)𝐵 + 6))) − 4𝑒2𝛾0𝑟
2
𝑟2𝐵(𝑞0

2𝑟4((40𝐵3 + 99𝐵2 + 75𝐵 + 18)

+2𝛾0𝑟
2𝐵2(𝐵 + 1)) + 𝐴(−𝑎2(𝛾0𝑟

2 − 𝑅2)𝐵(4𝐵 + 3)2𝑟6 + 𝑎(𝛾0
2𝐵

 +(4𝐵 + 3)2 + 𝑟6 + 𝛾0((2 − 52𝑟
2)𝐵3 + (8 − 79𝑟2)𝐵2 + (9 − 30𝑟2)𝐵

+3)𝑟2 + (2𝐵3 + 8𝐵2 + 9𝐵 + 3))𝑟2 + (𝛾0
2((4𝑟2 + 2)𝐵3 + (𝑟2 + 8)𝐵2

+(6𝑟2 + 9)𝐵 + 3)𝑟4 + 𝛾0(4𝑟
2𝐵3 + 3(𝑟2 + 2)𝐵2 + 9𝐵 + 3)𝑟2 + 𝐵(4𝐵

+3)(𝐵𝑟2 + 𝐵 + 2))))]
−1
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𝛿𝑙 = 𝑙(∇𝜂ℎ1 − ∇1ℎ𝜂)𝛿𝑠
1𝜂 .  

Γ‾𝜏 1𝜂 = Γ
𝜏 1𝜂 + g1𝜂ℎ

𝜏 − 𝛿𝜏 1ℎ𝜂 − 𝛿
𝜏 𝜂ℎ1,  

ℂ1𝜂𝜇𝜒 = ℂ(1𝜂)𝜇𝜒 + ℂ[1𝜂]𝜇𝜒.  

ℂ
1
 𝜂 = ℂ

𝜇
 𝜇𝜂 = ℂ

1 𝜂 + 2ℎ
1ℎ𝜂 + 3∇𝜂ℎ

1 − ∇1ℎ
𝜂 + 𝑔1 𝜂(∇𝜏ℎ

𝜏 − 2ℎ𝜏ℎ
𝜏).  

ℂ = ℂ
𝜏
 𝜏 = ℂ + 6(∇1ℎ

1 − ℎ1ℎ
1).  

Γ̃𝜏 1𝜂 = Γ
𝜏 1𝜂 +𝕎

𝜏 1 + 𝕃
𝜏 1𝜂 ,  

𝕃𝜏 1𝜂 =
1

2
 g𝜇𝜒(ℚ𝜂1𝜒 +ℚ1𝜂𝜒 −ℚ𝜇1𝜂),  

𝕎𝜏 1𝜂 = Γ̃
𝜏 [1𝜂] + g

𝜇𝜒g1𝜈Γ̃
𝜈 [𝜂𝜒] + g

𝜇𝜒g𝜂𝜈Γ̃
𝜈 [1𝜒]  

ℚ𝜇1𝜂 = ∇𝜏g1𝜂 = −𝜕g1𝜂,𝜏 + g𝜂𝜒Γ̃1𝜇
𝜒
+ g𝜒1Γ̃𝜂𝜇

𝜒
 

Γ̃𝜏 1𝜂  = Γ
𝜏 1𝜂 + g1𝜂ℎ

𝜏 − 𝛿𝜏ℎ𝜂 − 𝛿
𝜏 𝜂ℎ1 +𝕎

𝜏 1𝜂

𝕎𝜏 1𝜂  = 𝒯
𝜏 1𝜂 − g

𝜇𝜒g𝜈1𝒯𝜒𝜂
𝜈𝜇
− g𝜇𝜒g𝜈𝜂𝒯

𝜈𝜇 𝜒1
 

𝒯𝜏 1𝜂 =
1

2
(Γ̃𝜏 1𝜂 − Γ̃

𝜏 𝜂1).  

ℂ̃𝜏 1𝜂𝜒 = Γ̃
𝜏 1𝜒,𝜂 − Γ̃

𝜏 1𝜂,𝜒 + Γ̃
𝜏 1𝜒Γ̃

𝜈 𝜇𝜂 − Γ̃
𝜏 1𝜂Γ̃

𝜈 𝜇𝜒.  

ℂ̃= ℂ̃1𝜂
1𝜂
= ℂ+ 6∇𝜂ℎ

𝜂 − 4∇𝜂𝒯
𝜂 − 6ℎ𝜂ℎ

𝜂 + 8ℎ𝜂𝒯
𝜂 + 𝒯1𝜇𝜂𝒯1𝜇𝜂 

 +2𝒯1𝜇𝜂𝒯𝜂𝜇1 − 4𝒯
𝜂𝒯𝜂 .
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ℐ =
1

2𝜅
∫   g1𝜂(Γ𝜏 𝜒1Γ

𝜒 𝜇𝜂 − Γ
𝜏 𝜒𝜇Γ

𝜒 1𝜂)√−g𝑑
4𝑥.  

ℐ =
1

2𝜅
∫  − g1𝜂(𝕃𝜏 𝜒1𝕃

𝜒 𝜇𝜂 − 𝕃
𝜏 𝜒𝜇𝕃

𝜒 1𝜂)√−g𝑑
4𝑥  

ℚ ≡ −g1𝜂(𝕃𝜏 𝜒1𝕃
𝜒 𝜇𝜂 − 𝕃

𝜏 𝜒𝜇𝕃
𝜒 1𝜂),  

𝕃𝜒1
𝜏 ≡ −

1

2
 g𝜇𝜈(∇1 g𝜒𝜈 + ∇𝜒g𝜈𝜇 − ∇𝜈𝜇g𝜒1)  

ℐ = ∫  
√−g

2𝜅
𝑓(ℚ)𝑑4𝑥  

ℐ = ∫  
√−g

2𝜅
𝑓(ℚ)𝑑4𝑥 + ∫  ℒ𝑚√−g𝑑

4𝑥  

ℐ = ∫  
√−g

2𝜅
𝑓(ℚ, 𝕋)𝑑4𝑥 + ∫  ℒ𝑚√−g𝑑

4𝑥  

ℙ1𝜂
𝜏 = −

1

2
𝕃1𝜂
𝜏 +

1

4
(ℚ𝜏 − ℚ̃𝜏)g1𝜂 −

1

4
𝛿(1ℚ𝜂)
𝜏  

ℚ𝜏 ≡ ℚ𝜏 
1 1, ℚ̃𝜏 ≡ ℚ

1 𝜇1.  

ℚ = −ℚ𝜇𝑖𝜂ℙ
𝜇𝑖𝜂 = −

1

4
(−ℚ𝜇𝜂𝜒ℚ𝜇𝜂𝜒 + 2ℚ

𝜇𝜂𝜒ℚ𝜒𝜇𝜂 − 2ℚ
𝜒ℚ̃𝜒 +ℚ

𝜒ℚ𝜒)  

𝛿ℐ= ∫  
1

2𝜅
𝛿(𝑓(ℚ, 𝕋)√−g)𝑑4𝑥 + ∫  𝛿(ℒ𝑚√−g)𝑑

4𝑥  

= ∫  
1

2𝜅
(−
1

2
𝑓 g1𝜂√−g𝛿 g1𝜂 + 𝑓ℚ√−g𝛿ℚ + 𝑓𝕋√−g𝛿𝕋 − 𝜅𝕋1𝜂 

× √−g𝛿 g1𝜂)𝑑4𝑥

 

𝕋1𝜂 ≡
−2

√−𝑔

𝛿(√−𝑔ℒ𝑚)

𝛿g1𝜂
, Θ1𝜂 ≡  g𝜇𝜒

𝛿𝕋𝜇𝜒

𝛿g1𝜂
,  

𝛿𝕋 = 𝛿(𝕋1𝜂 g1𝜂) = (𝕋1𝜂 + Θ1𝜂)𝛿g
1𝜂 

 

𝛿ℐ = ∫
1

2𝜅
(
−1

2
𝑓 g1𝜂√−g𝛿g

1𝜂 + 𝑓𝕋(𝕋1𝜂 +Θ1𝜂)√−g𝛿g
1𝜂 − 𝑓ℚ√−g(ℙ1𝜇𝜒ℚ𝜂 

𝜇𝜒 

−2ℚ𝜇𝜒 1ℙ𝜇𝜒𝜂)𝛿g
1𝜂 + 2𝑓ℚ√−gℙ𝜇1𝜂∇

𝜏𝛿g1𝜂 − 𝜅𝕋1𝜂√−g𝛿 g1𝜂)𝑑4𝑥  

𝕋1𝜂=
−2

√−𝑔
∇𝜏(𝑓ℚ√−𝑔ℙ1𝜂

𝜏 ) −
1

2
𝑓 g1𝜂 + 𝑓𝕋(𝕋1𝜂 + Θ1𝜂) − 𝑓ℚ(ℙ1𝜇𝜒ℚ𝜂

𝜇𝜒
 

−2ℚ1
𝜇𝜒
ℙ𝜇𝜒𝜂)

 

𝑑𝑠2 = 𝑑𝑡2𝑒𝜉(𝑟) − 𝑑𝑟2𝑒𝜂(𝑟) − 𝑟2𝑑Ω2  
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𝕋𝜏𝑣 = 𝕌𝜏𝕌𝑣𝜚 + 𝕍𝜏𝕍𝑣𝑝𝑟 − 𝑝𝑡𝑔𝜏𝑣 + 𝕌𝜏𝕌𝑣𝑝𝑡 −𝕍𝜏𝕍𝑣𝑝𝑡.  

𝜚=
1

2𝑟2𝑒𝜂
(2𝑟𝑓ℚℚ(𝑒

𝜂 − 1)ℚ′ + 𝑓ℚ((𝑒
𝜂 − 1)(2 + 𝑟𝜉′) + (𝑒𝜂 + 1)𝑟𝜂′) 

+𝑓𝑟2𝑒𝜂) −
1

3
𝑓𝕋(3𝜚 + 𝑝𝑟 + 2𝑝𝑡)

𝑝𝑟  =
−1

2𝑟2𝑒𝜂
(2𝑟𝑓ℚℚ(𝑒

𝜂 − 1)ℚ′ + 𝑓ℚ((𝑒
𝜂 − 1)(2 + 𝑟𝜉′ + 𝑟𝜂′) − 2𝑟𝜉′)

+𝑓𝑟2𝑒𝜂) +
2

3
𝑓𝕋(𝑝𝑡 − 𝑝𝑟)

𝑝𝑡  =
−1

4𝑟𝑒𝜂
(−2𝑟ℚ′𝜉′𝑓ℚℚ + 𝑓ℚ(2𝜉

′(𝑒𝜂 − 2) − 𝑟𝜉′2 + 𝜂′(2𝑒𝜂 + 𝑟𝜉′)

−2𝑟𝜉′′) + 2𝑓𝑟𝑒𝜂) +
1

3
𝑓𝕋(𝑝𝑟 − 𝑝𝑡)

 

𝑓(ℚ, 𝕋) = ℎℚ + 𝑘𝕋  

𝜚=
ℎ𝑒−𝜂

12𝑟2(2ℎ2 + 𝑘 − 1)
(𝑘(2𝑟(−𝜂′(𝑟𝜉′ + 2) + 2𝑟𝜉′′ + 𝜉′(𝑟𝜉′ + 4)) − 4𝑒𝜂 

+4) + 3𝑘𝑟(𝜉′(4 − 𝑟𝜂′ + 𝑟𝜉′) + 2𝑟𝜉′′) + 12(𝑘 − 1)(𝑟𝜂′ + 𝑒𝜂 − 1)),

𝑝𝑟  =
ℎ𝑒−𝜂

12𝑟2(2𝑘2 + 𝑘 − 1)
(2𝑘(𝑟𝜂′(𝑟𝜉′ + 2) + 2(𝑒𝜂 − 1) − 𝑟(2𝑟𝜉′′ + 𝜉′(𝑟𝜉′

 +4))) + 3(𝑟(𝑘𝜂′(𝑟𝜉′ + 4) − 2𝑘𝑟𝜉′′ − 𝜉′(−4𝑘 + 𝑘𝑟𝜉′ + 4)) − 4(𝑘 − 1)

× (𝑒𝜂 − 1))) ,

𝑝𝑡 =
ℎ𝑒−𝜂

12𝑟2(2𝑘2 + 𝑘 − 1)
(2𝑘(𝑟𝜂′(𝑟𝜉′ + 2) + 2(𝑒𝜂 − 1) − 𝑟(2𝑟𝜉′′ + 𝜉′

× (𝑟𝜉′ + 4))) + 3(𝑟(2(𝑘 − 1)𝑟𝜉′′ − ((𝑘 − 1)𝑟𝜉′ − 2)(𝜂′ − 𝜉′))

+4𝑘(𝑒𝜂 − 1))) .

 

𝑒𝜉(𝑟) = 𝑎(
𝑟2

𝑏
+ 1) , 𝑒𝜂(𝑟) =

2𝑟2

𝑏
+ 1

(
𝑟2

𝑏
+ 1) (1 −

𝑟2

𝑐 )
 

𝑑𝑠+
2 = 𝑑𝑡2ℵ − 𝑑𝑟2ℵ−1 − 𝑟2𝑑Ω2  

ℵ = (1 −
2𝑚

𝑟
) 

𝑔𝑡𝑡 = 𝑎 (
𝑅2

𝑏
+ 1) = ℵ,

𝑔𝑟𝑟  =

2𝑅2

𝑏
+ 1

(
𝑅2

𝑏
+ 1) (1 −

𝑅2

𝑐 )
= ℵ−1

𝑔𝑡𝑡,𝑟 =
2𝑎𝑅

𝑏
=
𝑚

𝑅2
.

 

𝑎 = 1 −
3𝑚

𝑅
, 𝑏 =

𝑅3 − 3𝑚𝑅2

𝑚
, 𝑐 =

𝑅3

𝑚
.  
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𝜔𝑟 =
(𝑏 + 2𝑟2)(𝑏 − 𝑐 + 3𝑟2) + (𝑏(2𝑏 + 𝑐) + 6𝑏𝑟2 + 6𝑟4)𝑘

𝑏2(2𝑘 − 3) − 2𝑟2(𝑐 − 4𝑐𝑘 + 3𝑟2(1 + 𝑘)) + 𝑏(𝑐(7𝑘 − 3) − 𝑟2(2𝑘 + 7))
,

𝜔𝑡 =
(𝑏 + 2𝑟2)(𝑏 − 𝑐 + 3𝑟2) + (𝑏(2𝑏 + 𝑐) + 6𝑏𝑟2 + 6𝑟4)𝑘

𝑏2(2𝑘 − 3) − 2𝑟2(𝑐 − 4𝑐𝑘 + 3𝑟2(1 + 𝑘)) + 𝑏(𝑐(7𝑘 − 3) − 𝑟2(2𝑘 + 7))
.

 

𝑀 = 4𝜋∫  
𝑅

0

  𝑟2𝜚𝑑𝑟  

 

 

𝑍𝑠 = −1+
1

√1 − 2𝑢
.  



pág. 4330 

 

𝑀𝐺(𝑟)

𝑟2
(𝜚 + 𝑝𝑟)𝑒

𝜉−𝜂
2 + 𝑝𝑟

′ −
2Δ

𝑟
,  

𝑀𝐺(𝑟) = 4𝜋∫  (𝕋0
0 −𝕋1

1 − 𝕋2
2 − 𝕋3

3)𝑟2𝑒
𝜉+𝜂
2 𝑑𝑟 

𝑀𝐺(𝑟) =
1

2
𝑟2𝑒

𝜂−𝜉
2 𝜉′. 

1

2
𝜉′(𝜚 + 𝑝𝑟) + 𝑝𝑟

′ −
2Δ

𝑟
= 0.  

 

Γ𝑟 =
𝜚 + 𝑝𝑟
𝑝𝑟

𝑢𝑟, Γ𝑡 =
𝜚 + 𝑝𝑡
𝑝𝑡

𝑢𝑡.  
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Γ𝑟= −[2(𝑏 + 2𝑐)(𝑏 + 𝑟
2)(2𝑘 − 1)(𝑏 + 2𝑟2 − 2𝑏𝑘)][((𝑏 + 2𝑟2)(𝑏 − 𝑐 + 3𝑟2)  

+(𝑏(2𝑏 + 𝑐) + 6𝑏𝑟2 + 6𝑟4)𝑘)(5𝑏(2𝑘 − 1) + 2𝑟2(4𝑘 − 1))]−1,

Γ𝑡 = −[2(𝑏 + 2𝑐)(𝑏 + 𝑟
2)(2𝑘 − 1)(𝑏 + 2𝑟2 − 2𝑏𝑘)][((𝑏 + 2𝑟2)(𝑏 − 𝑐 + 3𝑟2)

+(𝑏(2𝑏 + 𝑐) + 6𝑏𝑟2 + 6𝑟4)𝑘)(5𝑏(2𝑘 − 1) + 2𝑟2(4𝑘 − 1))]−1.

 

ℚ ≡ −g1𝜈(𝕃𝜒 𝜏1𝕃
𝜏 𝜈𝜒 − 𝕃

𝜒 𝜏𝜒𝕃
𝜏 1𝜈),  

𝕃𝜏1
𝜒
 = −

1

2
 g𝜒𝜂(ℚ1𝜏𝜂 +ℚ𝜏𝜂1 −ℚ𝜂1𝜏)

𝕃𝜈𝜒
𝜏  = −

1

2
 g𝜏𝜂(ℚ𝜒𝜈𝜂 +ℚ𝜈𝜂𝜒 −ℚ𝜂𝜒𝜈)

𝕃𝜏1
𝜒
 = −

1

2
 g𝜒𝜂(ℚ𝜒𝜏𝜂 +ℚ𝜏𝜂𝜒 −ℚ𝜂𝜒𝜏)

 = −
1

2
(ℚ𝜏 +ℚ𝜏 −ℚ𝜏) = −

1

2
ℚ𝜏

𝕃1𝜈
𝜏  = −

1

2
 g𝜏𝜂(ℚ𝜈1𝜂 +ℚ1𝜂𝜈 −ℚ𝜂𝜈1)

 

−g1𝜈𝕃𝜏1
𝜒
𝕃𝜈𝜒
𝜏 = −

1

4
 g1𝜈 g𝜒𝜂g𝜏𝜂(ℚ1𝜏𝜂 +ℚ𝜏𝜂1 −ℚ𝜂1𝜏) 

 × (ℚ𝜒𝜈𝜂 +ℚ𝜈𝜂𝜒 −ℚ𝜂𝜒𝜈)

 = −
1

4
(ℚ𝜈𝜂𝜒 +ℚ𝜂𝜒𝜈 −ℚ𝜒𝜈𝜂)

 × (ℚ𝜒𝜈𝜂 +ℚ𝜈𝜂𝜒 −ℚ𝜂𝜒𝜈)

 = −
1

4
(2ℚ𝜈𝜂𝜒ℚ𝜂𝜒𝜈 −ℚ

𝜈𝜂𝜒ℚ𝜈𝜂𝜒)

g1𝜈𝕃𝜏𝜒
𝜒
𝕃𝜏 1𝜈 =

1

4
 g1𝜈 g𝜏𝜂ℚ𝜂(ℚ𝜈1𝜂 +ℚ1𝜂𝜈 −ℚ𝜂𝜈1)

 =
1

4
ℚ𝜂 (2ℚ𝜂 −ℚ𝜂)

ℚ = −
1

4
(ℚ𝜒𝜈𝜂ℚ𝜒𝜈𝜂 + 2ℚ

𝜒𝜈𝜂𝜒ℚ𝜂𝜒𝜈

−2ℚ𝜂ℚ𝜂 +ℚ
𝜂ℚ𝜂)

 

ℙ𝜒
1𝜈
=
1

4
[−ℚ𝜒

1𝜈
+ℚ1𝜒

𝜈
+ℚ𝜈𝜒

1
+ℚ𝜒g1𝜈  

−ℚ𝜒g1𝜈 −
1

2
( g𝜒

1
ℚ𝜈 + g𝜒𝜈ℚ1)]

−ℚ𝜒1𝜈ℙ
𝜒1𝜈  = −

1

4
[−ℚ𝜒1𝜈ℚ

𝜒1𝜈

 +ℚ𝜒1𝜈ℚ
1𝜒𝜈 +ℚ𝜈𝜒

1
ℚ𝜒1𝜈 +ℚ𝜒1𝜈ℚ

𝜒g1𝜈

−ℚ𝜒1𝜈ℚ
𝜒g1𝜈 −

1

2
ℚ𝜒1𝜈( g

𝜒1ℚ𝜈 + g𝜒𝜈ℚ1)] ,

 

 = −
1

4
(−ℚ𝜒1𝜈ℚ

𝜒1𝜈 + 2ℚ𝜒1𝜈ℚ
1𝜒𝜈 +ℚ𝜒ℚ𝜒 − 2ℚ

𝜒˜ 𝜒ℚ𝜒) = ℚ
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ℚ𝜒1𝜈  = ∇𝜒g1𝜈,

ℚ𝜒 1𝜈  = g
𝜒𝜏ℚ𝜏1𝜈 = g

𝜒𝜏∇𝜏g1𝜈 = ∇
𝜒g1𝜈,

ℚ𝜒 
1 𝜈  = g

1𝜂ℚ𝜒𝜂𝜈 = g
1𝜂∇𝜒g𝜂𝜈 = −g1𝜂∇𝜒g

1𝜂 ,

ℚ𝜒𝜂 
𝜈  = g𝜈𝜂ℚ𝜒1𝜂 = g

𝜈𝜂∇𝜒g1𝜂 = −g1𝜂∇𝜒g
𝜈𝜂 ,

ℚ𝜒
1
 𝜈  = g

1𝜂 g𝜒𝜏∇𝜏g𝜂𝜈 = g
1𝜂∇𝜒g𝜈𝜂 = −g𝜂𝜈∇

𝜒g1𝜂 ,

ℚ1
𝜒
 𝜈  = g𝜈𝜂g𝜒𝜏∇𝜏g1𝜂 = g

𝜈𝜂∇𝜒g1𝜂 = −g1𝜂∇
𝜒g𝜈𝜂 ,

ℚ𝜒 
1𝜈  = g1𝜂 g𝜈𝜏∇𝜒g𝜂𝜏 = −g

1𝜂 g𝜂𝜏∇𝜒g
𝜈𝜂 = −∇𝜒g

1𝜈.

 

𝛿ℚ = −
1

4
𝛿 (−ℚ𝜒𝜈𝜂ℚ𝜒𝜈𝜂 + 2ℚ

𝜒𝜈𝜂ℚ𝜂𝜒𝜈 − 2ℚ
𝜂ℚ𝜂 +ℚ

𝜂ℚ𝜂)

 = −
1

4
(−𝛿ℚ𝜒𝜈𝜂ℚ𝜒𝜈𝜂 −ℚ

𝜒𝜈𝜂𝛿ℚ𝜒𝜈𝜂 + 2𝛿ℚ𝜒𝜈𝜂ℚ
𝜂𝜒𝜈

+2ℚ𝜒𝜈𝜂𝛿ℚ𝜂𝜒𝜈 − 2𝛿ℚ
𝜂ℚ𝜂 + 𝛿ℚ

𝜂ℚ𝜂 − 2ℚ
𝜂𝛿𝑄‾𝜂 +ℚ

𝜂𝛿ℚ𝜂)

 = −
1

4
[ℚ𝜒𝜈𝜂∇

𝜒𝛿g𝜈𝜂 −ℚ𝜒𝜈𝜍∇𝜒𝛿g𝜈𝜂 − 2ℚ𝜂𝜒𝜈∇
𝜒𝛿g𝜈𝜂

 +2ℚ𝜒𝜈𝜂∇𝜂𝛿g𝜒𝜈 + 2ℚ𝜂g
1𝜈∇𝜂𝛿g1𝜈 + 2ℚ

𝜂∇𝜏𝛿g𝜂𝜏

 +2ℚ𝜂g1𝜈∇
𝜂𝛿g1𝜈 −ℚ𝜂∇

𝜏g1𝜈𝛿 g1𝜈 −ℚ𝜂g1𝜈∇
𝜂𝛿g1𝜈

−ℚ𝜂g
1𝜈∇𝜂𝛿g1𝜈 −ℚ

𝜂g1𝜈∇𝜂𝛿g1𝜈].

 

𝛿g1𝜈  = −g1𝜒𝛿 g𝜒𝜏g𝜏𝜈 −ℚ
𝜒𝜈𝜂∇𝜒𝛿g𝜈𝜂 ,

 = −ℚ𝜒𝜈𝜂∇𝜒(−g𝜈1𝛿 g1𝜏 g𝜏𝜂),

 = 2ℚ𝜒𝜈 𝜂ℚ𝜒𝜈1𝛿 g1𝜃 +ℚ𝜒𝜏𝜂∇
𝜒g1𝜂 ,

 = 2ℚ𝜒𝜏 𝜈ℚ𝜒𝜏𝜈𝛿g
1𝜈 +ℚ𝜒𝜈𝜂∇

𝜒g𝜈𝜂 ,

2ℚ𝜒𝜈𝜂∇𝜂𝛿g𝜒𝜈  = −4ℚ1 
𝜏𝜂ℚ𝜂𝜏𝜈𝛿g

1𝜈 − 2ℚ𝜈𝜂𝜒∇
𝜒𝛿g𝜈𝜂 ,

 

−2ℚ𝜂∇𝜏𝛿g𝜂𝜏= 2ℚ
𝜒ℚ𝜈𝜒1𝛿 g1𝜈 + 2ℚ1ℚ𝜈𝛿g

1𝜈 

 +2ℚ𝜈g𝜒𝜂∇
𝜒g𝜈𝜂

 

𝛿ℚ = 2ℙ𝜒𝜈𝜂∇
𝜒𝛿g𝜈𝜂 − (ℙ1𝜒𝜏ℚ𝜈

𝜒𝜏
− 2ℙ𝜒𝜏𝜈ℚ𝜈

𝜒𝜏
)𝛿g1𝜈  

𝒫(𝒟) =∑  

𝑗

 𝒫(𝒟 ∣ ℳ𝑗)𝒫(ℳ𝑗) = ∫  𝒫(𝒟 ∣ ℳ)𝒫(ℳ)𝑑𝑁ℳ  

𝒫(𝒟 ∣ ℳ) ∝ Π𝑖𝒟𝑖  

𝒫(ℳ ∣ 𝒟) =
𝒫(𝒟 ∣ ℳ)𝒫(ℳ)

𝒫(𝒟)
=

Π𝑖𝒟𝑖

∑  𝑗  Π𝑖𝒟𝑖(ℳ𝑗)
 

𝑄 = √
𝑐4

4𝜋𝐺ℰ𝑐
 

𝑟̂ =
𝑟

𝑄
, 𝑚̂ =

𝐺𝑚

𝑄𝑐2
, ℰ̂ =

ℰ

ℰ𝑐
, 𝑃̂ =

𝑃

ℰ𝑐
 

𝑑𝑃̂

𝑑𝑟̂
= −

(ℰ̂ + 𝑃̂)(𝑚̂ + 𝑟̂3𝑃̂)

𝑟̂(𝑟̂ − 2𝑚̂)
,
𝑑𝑚̂

𝑑𝑟̂
= ℰ̂𝑟̂2  
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ℰ̂ =∑  

𝑖

 𝑎𝑖𝑟̂
𝑖 , 𝑃̂ = ∑  

𝑖

 𝑏𝑖𝑟̂
𝑖 , 𝑚̂ =∑  

𝑖

  𝑐𝑖𝑟̂
𝑖

 

𝑎0 = 1, 𝑎2 = −
1

𝑅̂2
, 𝑏0 = 𝑃̂𝑐 , 𝑏2 = −

1 + 4𝑃̂𝑐 + 3𝑃̂𝑐
2

6
, 𝑐3 =

𝑎0
3
, 𝑐5 =

𝑎2
5

 

𝑀̂max=
𝐺𝑀max
𝑐2

√
4𝜋𝐺ℰmax

𝑐4
≃
2𝑅̂max

3

15
 

𝑅̂max= 𝑅max√
4𝜋𝐺ℰmax
𝑐4

≃ √
6𝑃̂max

1 + 4𝑃̂max + 3𝑃̂max
2

≡ √6𝜙max 

𝑐𝑠,max
2

𝑐2
 = (

𝑑𝑃

𝑑ℰ
)
max

=
𝑏2
𝑎2
≃ 𝑃̂max

 

𝑀max = 𝛼𝑀 + 𝛽𝑀 (
ℰmax
GeVfm3

) 𝜈max
3 , 𝑅max = 𝛼𝑅 + 𝛽𝑅𝜈max  

𝜈max = √
𝜙maxGeVfm

−3

ℰmax
 

𝜈max = 𝑎𝜈 + 𝑏𝜈𝑅max, 𝜙max = 𝑎𝜙 + 𝑏𝜙 (
𝐺𝑀max
𝑅max𝑐

2
) ,
𝑐𝑠,max
𝑐

= 𝛼𝑐 + 𝛽𝑐√
𝐺𝑀max
𝑅max𝑐

2
 

𝑃̂max =
1

3𝜙max
[(
1

2
− 2𝜙max) − √𝜙max

2 − 2𝜙max +
1

4
]  

𝐺 = 𝑎𝐺 (
𝑃max

MeVfm−3
)
𝑏𝐺

(
ℰmax

GeVfm−3
)
𝑐𝐺

 

𝜒𝐺
2 = 𝑁−1∑ 

𝑁

𝑖

  [ln (
𝐺𝑖
𝑎𝐺
) − 𝑏𝐺ln (

𝑃max,𝑖
MeVfm−3

) − 𝑐𝐺ln (
ℰmax,𝑖
GeVfm−3

)]
2

,  

𝛿𝐺𝑖 =
𝑎𝐺
𝐺𝑖
(
𝑃max,𝑖

MeVfm−3
)
𝑏𝐺

(
ℰmax,𝑖
GeVfm−3

)
𝑐𝐺

− 1  

< 𝛿𝐺 >= √𝑁−1∑ 

𝑁

𝑖

  (𝛿𝐺𝑖)
2  

𝐺 = 𝑎𝐺 (
𝑀max
𝑀⊙

)

𝑏𝐺

(
𝑅max
10 nm

)
𝑐𝐺

 

𝜈𝑓 = 𝑎𝜈𝑓 + 𝑏𝜈𝑓𝑅𝑓 , 𝜙𝑓 = 𝑎𝜙𝑓 + 𝑏𝜙𝑓 (
𝐺𝑀𝑓

𝑅𝑓𝑐
2) ,

𝑐𝑠,𝑓

𝑐
= 𝛼𝑐𝑓 + 𝛽𝑐𝑓√

𝐺𝑀𝑓

𝑅𝑓𝑐
2
.  
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𝑃̂𝑓 =
1

3𝜙𝑓
2 [(

1

2
− 2𝜙𝑓) − √𝜙𝑓

2 − 2𝜙𝑓 +
1

4
]  

𝐺𝑓 = 𝑎𝐺𝑓 (
𝑀max
𝑀⊙

)

𝑏𝐺𝑓

(
𝑅𝑓

10 nm
)
𝑐𝐺𝑓

 

𝐺𝑓 = 𝑎𝐺𝑓 (
𝑀max
𝑀⊙

)

𝑏𝐺𝑓

(
𝑅𝑔

10 nm
)
𝑐𝐺𝑓

(
𝑅ℎ

10 nm
)
𝑑𝐺𝑓

,  

𝜒𝐺𝑓
2 =∑ 

𝑁

𝑖

  [ln (
𝐺𝑓𝑖

𝑎𝐺𝑓
) − 𝑏𝐺𝑓ln (

𝑀max,𝑖
𝑀⊙

) − 𝑐𝐺𝑓ln (
𝑅𝑔𝑖

10 nm
) − 𝑑𝐺𝑓ln (

𝑅ℎ𝑖
10 nm

)]

2

 

 

Δ𝑃𝑖 =
𝑃𝑓𝑖𝑡,𝑖(ℰ𝑓𝑖𝑡,𝑖)

𝑃𝑖(ℰ𝑓𝑖𝑡,𝑖)
− 1,  

𝐺𝑖 = 𝑐𝑖 (
𝑃max
ℰmax

)
𝑝𝑖

(
ℰmax
ℰ0

)
𝑞𝑖

+ 𝑑𝑖,  

𝜈𝑗 = 𝑎𝜈 + 𝑏𝜈𝑅𝑗, 𝜙𝑗 = 𝑎𝜙 + 𝑏𝜙 (
𝐺𝑀𝑗

𝑅𝑗𝑐
2) ,

𝑐𝑠
𝑐
= 𝛼𝑐 + 𝛽𝑐√

𝐺𝑀𝑗

𝑅𝑗𝑐
2

 

ℰ𝑗

GeVfm−3
=
𝜙𝑗

𝜈𝑗
2 , 𝑃̂𝑗 =

1

3𝜙𝑗
[(
1

2
− 2𝜙𝑗) − √𝜙𝑗

2 − 2𝜙𝑗 +
1

4
]  

𝐺𝑗 = 𝑎𝐺 (
𝑅𝑗

10 nm
)
𝑏𝐺

 

ln 𝐺 = 𝑎𝐺 + 𝑏𝐺ln (
𝑀

𝑀⊙
) + 𝑐𝐺ln (

𝑅

 nm
) + 𝑑𝐺 [ln (

𝑀

𝑀⊙
)]

2

+ 𝑒𝐺ln (
𝑀

𝑀⊙
) ln (

𝑅

 nm
) + 𝑓𝐺 [ln (

𝑅

 nm
)]
2

 

ln 𝐺 = 𝑎𝐺+𝑏𝐺ln (
𝑀

𝑀⊙
) + 𝑐𝐺ln (

𝑅

 nm
) + 𝑑𝐺 [ln (

𝑀

𝑀⊙
)]

2

+ 𝑒𝐺ln (
𝑀

𝑀⊙
) ln (

𝑅

 nm
) 

 +𝑓𝐺 [ln (
𝑅

 nm
)]
2

+ 𝑔𝐺 (
𝑑𝑅

𝑑𝑀
)(
𝑀⊙
nm

)

 

ℰ𝑏𝑎𝑔 = 3𝑃𝑏𝑎𝑔 + 4𝐵 =
3

4
𝜇𝑏𝑎𝑔𝑛𝑏𝑎𝑔 + 𝐵  

𝜇𝑢,𝑑 = ℏ𝑐 (
3

𝑁𝑐𝑔
𝜋2𝑛𝑢,𝑑)

1/3

 

𝜇𝑏𝑎𝑔 = 2𝜇𝑑 + 𝜇𝑢 = ℏ𝑐(2
4/3 + 1)(𝜋2𝑛𝑏𝑎𝑔)

1/3
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𝜇0 = [ℏ𝑐(2
4/3 + 1)]

3/4
𝜋1/2(4𝐵)1/4, 𝑛0 =

4𝐵

𝜇0
 

𝑛𝑏𝑎𝑔 = 𝑛0 (
𝑃𝑏𝑎𝑔 + 𝐵

𝐵
)

3
4
, 𝑃𝑏𝑎𝑔 = 𝐵 [(

𝑛𝑏𝑎𝑔

𝑛0
)

4
3
− 1]  

[𝛾𝛼 , 𝛾𝛽]
+
≡ 𝛾𝛼𝛾𝛽 + 𝛾𝛽𝛾𝛼 = 2𝜂𝛼𝛽𝟏4, 𝛼, 𝛽 = 0,1,2,3  

𝛾5𝛾𝛼 = −𝑖𝛿𝛼  𝛽𝛾𝛿𝛾
𝛽𝛾𝛾𝛾𝛿 ,  with 

𝛿0 123 = 𝛿
1 023 = 𝛿

2 031 = 𝛿
3 012 = 1  otherwise 𝛿𝛼 𝛽𝛾𝛿 = 0

 

𝛾0 = 𝛽 ≡ (
𝟏 𝟎
𝟎 −𝟏

) , 𝛾𝑎 = 𝛽𝛼𝑎 ,  with 𝛼𝑎 ≡ (
𝟎 𝜎𝑎
𝜎𝑎 𝟎

)  

𝜎𝑎𝑏 = (
𝜎𝑐 𝟎
𝟎 𝜎𝑐

) ≡ Σ𝑐 , 𝑎, 𝑏, 𝑐 = 1,2,3 in cyclic order,  

𝜎0𝑎 = 𝑖 (
𝟎 𝜎𝑎
𝜎𝑎 𝟎

) = 𝑖𝛾5Σ𝑎 ≡  ∗Σ𝑎   with 𝛾5 = (
𝟎 𝟏
𝟏 𝟎

)  

[Σ𝑎 , Σ𝑏]− = 2𝑖Σ
𝑐 , [Σ𝑎 ,  ∗Σ𝑏]− = 2𝑖

∗Σ𝑐 , [ ∗Σ𝑎 ,  ∗Σ𝑏]− = −2𝑖Σ
𝑐

𝑎, 𝑏, 𝑐 = 1,2,3 in cyclic order 
 

Σ𝜌 = 𝑖𝛿𝜌 𝛼𝛽𝛾
𝛼𝛾𝛽   with  

𝛿1 23 = 𝛿
2 31 = 𝛿

3 12 = 𝛿
4 01 = 𝛿

5 02 = 𝛿
6 03 = 1  otherwise 𝛿𝜌 𝛼𝛽 = 0

 

𝜃̂𝛼(𝑥) = 𝑒𝛼  𝑖(𝑥)𝑑𝑥
𝑖  and  𝜔̂𝛼𝛽(𝑥) = 𝜔𝛼𝛽 𝑖(𝑥)𝑑𝑥

𝑖  

𝑔𝑖𝑗(𝑥) = 𝑒𝑖
𝛼(𝑥)𝑒𝑗

𝛽
(𝑥)𝜂𝛼𝛽  

𝑔𝑖𝑗(𝑥) = 𝑒𝛼  
𝑖(𝑥)𝑒𝛽 

𝑗(𝑥)𝜂𝛼𝛽

 with 𝑒𝛼  
𝑖(𝑥)𝑒𝛽 𝑖(𝑥) = 𝛿𝛼

𝛽
  and  𝑒𝛼 

𝑖(𝑥)𝑒𝛼 𝑗(𝑥) = 𝛿
𝑖 𝑗

 

𝜃̌𝛼(𝑥) = 𝑒𝛼  
𝑖(𝑥)𝜕𝑖   and  𝛾̌(𝑥) = 𝛾𝛼𝜃̌𝛼(𝑥).  

𝛾̂(𝑥) = 𝛾𝛼𝜃̂
𝛼(𝑥) = 𝛾𝑖(𝑥)𝑑𝑥

𝑖  and  Γ̂(𝑥) =
1

2
𝜎𝛼𝛽𝜔̂

𝛼𝛽(𝑥) ≡ Γ𝑖(𝑥)𝑑𝑥
𝑖  

𝛾𝑖(𝑥) = 𝛾𝛼𝑒𝑖
𝛼(𝑥)  and  Γ𝑖(𝑥) = ∑  

6

𝜌=1

 𝛿𝛼𝛽
𝜌
Σ𝜌𝜔𝑖

𝛼𝛽
(𝑥).  

𝛾𝑖(𝑥)𝛾𝑗(𝑥) + 𝛾𝑗(𝑥)𝛾𝑖(𝑥) = 2𝑔𝑖𝑗(𝑥)𝟏4  

Θ̂ = 𝑑̂𝛾̂ +
1

2
[Γ̂, 𝛾̂]− ≡ 𝐷̂𝛾̂  and  Ω̂ = 𝑑̂Γ̂ +

1

2
[Γ̂, Γ̂]− ≡ 𝐷̂Γ̂  

Θ̂ = 𝛾𝛼Θ̂
𝛼   and  Ω̂ =

1

2
𝜎𝛼𝛽Ω̂

𝛼𝛽 = ∑  

6

𝜌=1

 𝛿𝛼𝛽
𝜌
Σ𝜌Ω̂

𝛼𝛽  
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𝜂̂ = 𝑒̃𝑑̂4𝑥 =
𝑖𝛾5
4!
𝛾̂4  with 𝑒̃ = det|𝑒𝑖

𝛼| and 𝑑̂4𝑥 ≡ 𝑑𝑥0 ∧ 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3  

𝛾̂4

4!
= 𝛾0𝛾1𝛾2𝛾3𝜀𝛼𝛽𝛾𝛿𝑒0

𝛼𝑒1
𝛽
𝑒2
𝛾
𝑒3
𝛿𝑑̂4𝑥 = −𝑖𝛾5det|𝑒𝑖

𝛼|𝑑̂4𝑥  

𝛾̂3

3!
= −𝑖𝛾5𝛾𝛼𝑒̃𝛼 

𝑖(𝑑̂3𝑥)
𝑖
  with (𝑑̂3𝑥)

𝑖
≡ 𝛿𝑖 𝑗𝑘ℓ𝑑𝑥

𝑗 ∧ 𝑑𝑥𝑘 ∧ 𝑑𝑥ℓ  

𝑒̃𝛼  
𝑖 = 𝑒̃𝑒𝛼  

𝑖.  

𝛾̂2

2!
= 2 ∑  

6

𝜌,𝑟=1

 Σ𝜌𝑑𝑟
𝜌
(𝑑̂2)

𝑟
 with (𝑑̂2)

𝑟
= 𝛿𝑖𝑗

𝑟 𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗  

𝑖𝛾5exp 𝛾̂ =  
⋆(exp 𝛾̂)  

𝑖ℏ∗ 
⋆𝛾̂𝐷̂FΨ+  

⋆1𝑚𝑐Ψ = 0  

 ⋆𝛾̂ = 𝛾𝛼𝑒̃𝑒𝛼
𝑖 (𝑑̂3𝑥)

𝑖
,  and   ⋆1̂ = 𝜂̂  

𝐷̂FΨ = 𝑑̂Ψ +
𝑖

2
Γ̂Ψ  

𝑇̂ =
𝑖ℏ∗𝑐0
2

(Ψ‾ ⋆𝛾̂𝐷̂FΨ− (𝐷̂FΨ‾ )
⋆
𝛾̂Ψ)   and  𝑆̂ =

ℏ∗
2
𝛾̂2Ψ‾ 𝛾̂𝛾5Ψ  

Ω̂ = 𝜅0𝑇̂  and  Θ̂ = 𝜅0𝑐0𝑆̂  

𝐷̂Γ̂ = Ω̂  and  𝐷̂𝛾̂ = Θ̂  

𝛾̂(𝑥) = 𝛾0𝜃̂
0(𝑥) +∑  

3

𝑎=1

 𝛾𝑎𝜃̂
𝑎(𝑥) = (

𝑓(𝑥) −ℎ̂(𝑥)

ℎ̂(𝑥) −𝑓(𝑥)
)  

Γ̂(𝑥) = ∑  

3

(𝑎𝑏𝑐)=1

 Σ𝑐𝜔̂
𝑎𝑏(𝑥) +∑  

3

𝑎=1

   ∗Σ𝑎𝜔̂
0𝑎(𝑥) = (

𝐹̂(𝑥) −𝑖𝐻̂(𝑥)

−𝑖𝐻̂(𝑥) 𝐹̂(𝑥)
) ,  

(
𝑓(𝑥)

ℎ̂(𝑥)
) ≡ (

1𝜃̂0(𝑥)

∑  3
𝑎=1  𝜎𝑎𝜃̂

𝑎(𝑥)
) ,  and  (

𝐹̂(𝑥)

𝐻̂(𝑥)
) ≡ (

∑  3
(𝑎𝑏𝑐)=1  𝜎𝑎𝜔̂

𝑏𝑐(𝑥)

∑  3
𝑎=1  𝜎𝑎𝜔̂

0𝑎(𝑥)
)  

[∘,∙]𝜏 ≡∘⋅∙ −(−1)
𝜏 ∙⋅∘   with (𝜏 = 0 or 1)  

Ω̂(𝑥) = 𝐷̂Γ̂(𝑥) = (
𝑑̂𝐹̂(𝑥) + 𝐹̂1(𝑥) −𝑖𝑑̂𝐻̂(𝑥) − 𝑖𝐻̂1(𝑥)

−𝑖𝑑̂𝐻̂(𝑥) − 𝑖𝐻̂1(𝑥) 𝑑̂𝐹̂(𝑥) + 𝐹̂1(𝑥)
) ,  

(
𝐹̂1(𝑥)

𝐻̂1(𝑥)
) =

1

2
(
[𝐹̂(𝑥), 𝐹̂(𝑥)]0 − [𝐻̂(𝑥), 𝐻̂(𝑥)]0

2[𝐹̂(𝑥), 𝐻̂(𝑥)]1
)  

Θ̂(𝑥) = 𝐷̂𝛾̂(𝑥) = (
𝑑̂𝑓(𝑥) + 𝑓1(𝑥) 𝑑̂ℎ̂(𝑥) + ℎ̂1(𝑥)

−𝑑̂ℎ̂(𝑥) − ℎ̂1(𝑥) −𝑑̂𝑓(𝑥) − 𝑓1(𝑥)
) ,  
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(
𝑓1(𝑥)

ℎ̂1(𝑥)
) =

1

2
(
[𝐹̂(𝑥), 𝑓(𝑥)]0 − 𝑖[𝐻̂(𝑥), ℎ̂(𝑥)]1

[𝐹̂(𝑥), ℎ̂(𝑥)]0 + 𝑖[𝐻̂(𝑥), 𝑓(𝑥)]1
)  

𝑓(𝑥) =∑  

𝜆

 𝑓𝜆(𝑡𝑟)𝒵0𝐽𝜆𝑀𝜆
(𝐽𝜆) (Ω),

(

ℎ̂(𝑥)

𝐹̂(𝑥)

𝐻̂(𝑥)

) =∑  

𝜆

 (

ℎ̂𝜆(𝑡𝑟)

𝐹̂𝜆(𝑡𝑟)

𝐻̂𝜆(𝑡𝑟)

)𝒵1𝐿𝜆𝑀𝜆
(𝐽𝜆) (Ω),

 

𝒵𝑠𝐿𝑀
(𝐽)
(Ω) =∑  

𝜇

  ⟨𝑠𝜇𝐿(𝑀 − 𝜇) ∣ 𝐽𝑀⟩𝜎𝜇
(𝑠)
𝐶𝑀−𝜇
(𝐿)

(Ω)   

𝐶𝑀
(𝐿)
(Ω) = √

4𝜋

2𝐿 + 1
𝑌𝐿𝑀(Ω),  

𝜎0
(0)
= 𝟏, 𝜎±1

(1)
= ∓

1

√2
(𝜎1 ± 𝑖𝜎2), 𝜎0

(1)
= 𝜎3

 

𝑑̂ (
𝑓𝜆(𝑡𝑟)

ℎ̂𝜆(𝑡𝑟)
) + ∑  

𝜆1𝜆2

 𝐷(𝜆1𝜆2; 𝜆)(
𝛿0
{𝜆}
𝐻̂𝜆1(𝑡𝑟)ℎ̂𝜆2(𝑡𝑟)

−𝑖𝛿1
{𝜆}
(𝐹̂𝜆1(𝑡𝑟)ℎ̂𝜆2(𝑡𝑟) + 𝐻̂𝜆1(𝑡𝑟)𝑓𝜆2(𝑡𝑟))

) = (
𝑖𝜆(𝑡𝑟)

𝑗𝜆(𝑡𝑟)
)  

𝑑̂ (
𝐹̂𝜆(𝑡𝑟)

𝐻̂𝜆(𝑡𝑟)
) + ∑  

𝜆1𝜆2

 𝐷(𝜆1𝜆2; 𝜆) (𝛿0
{𝜆}
(
𝐹̂𝜆1(𝑡𝑟)𝐹̂𝜆2(𝑡𝑟) − 𝐻̂𝜆1(𝑡𝑟)𝐻̂𝜆2(𝑡𝑟)

−2𝑖𝛿1
{𝜆}
𝐻̂𝜆1(𝑡𝑟)𝐹̂𝜆2(𝑡𝑟)

) = (
𝐼𝜆(𝑡𝑟)

𝐽𝜆(𝑡𝑟)
)  

𝛿𝑞1𝑞2𝜏
𝜆1𝜆2𝜆 =

1

2
(1 − (−1)𝑠1+𝑠2+𝑠+𝐿1+𝐿2+𝐿+𝐽1+𝐽2+𝐽+𝑞1𝑞2+𝜏)  

𝛿𝜏
{𝜆}
= 𝛿11𝜏

𝜆1𝜆2𝜆  

Ω̂(𝑥) = (
𝐼(𝑥) −𝑖𝐽(𝑥)

−𝑖𝐽(𝑥) 𝐼(𝑥)
)   and  Θ̂(𝑥) = (

𝑖(𝑥) −𝑗(𝑥)
𝑗(𝑥) −𝑖(𝑥)

)  

(
𝐼(𝑥)

𝐽(𝑥)
) =∑  

𝜆

 (
𝐼𝜆(𝑡𝑟)

𝐽𝜆(𝑡𝑟)
)𝒵1𝐽𝜆𝑀𝜆

(𝐽𝜆) (Ω) and (
𝐼(𝑥)

𝐽(𝑥)
) =∑  

𝜆

 (
𝑖𝜆(𝑡𝑟)𝒵0𝐽𝜆

(𝐽𝜆)(Ω)

𝑗𝜆(𝑡𝑟)𝒵1𝐽𝜆𝑀𝜆
(𝐽𝜆) (Ω)

)  

{𝑖ℏ∗𝑐𝛾
𝑖(𝑥)𝜂𝑖𝑗 (𝜕𝑗 +

𝑖

2
Γ𝑗(𝑥)) − 𝑚𝑐

2}Ψ(𝑥𝜎) = 0  

𝛾𝑖(𝑥)𝛾
𝑗(𝑥) = 𝟏4𝛿𝑖  

𝑗 − 𝑖𝜎𝑖 
𝑗(𝑥)  with 𝜎𝑖 

𝑗(𝑥) = 𝑒𝛼  𝑖(𝑥)𝜎𝛼  
𝛽𝑒𝛽 

𝑗(𝑥),  

𝑖ℏ∗(𝟏4 − 𝑖𝜎0 
0(𝑥))

𝜕Ψ

𝜕𝑡
= {𝑐0𝜶(𝑥) ⋅ 𝚷(𝑥) + 𝑉0(𝑥) + 𝑚𝑐0

2𝛽(𝑥)}Ψ(𝑥𝜎)  

𝜶(𝑥) = 𝛾0(𝑥)𝜸(𝑥),  and  𝛽(𝑥) = 𝛾0(𝑥)  

𝚷(𝑥) = −𝑖ℏ∗𝛁 +
𝚪(𝑥)

2
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∇= ∑  

3

𝑎=1

 𝑛𝑎(Ω)
𝜕

𝜕𝑥𝑎
 

𝛾(𝑥) = ∑  

3

𝑎=1

 𝛾𝑎(𝑥)𝑛𝑎(Ω),  𝚪(𝑥) = ∑  

3

𝑎=1

 Γ𝑎(𝑥)𝑛𝑎(Ω)

 𝑛𝑎(Ω) = (sin 𝜃cos 𝜙, sin 𝜃sin 𝜙, cos 𝜃)

 

𝑉0(𝑥) =
ℏ∗𝑐0
2
(𝟏4 − 𝑖𝜎0

0(𝑥))Γ0(𝑥)  

Ψ𝜈(𝑥) = 𝑒
−𝑖𝐸𝜈(𝑡)𝑡/ℏ∗𝜓𝜈(𝑥) 

𝑖ℏ∗
𝜕Ψ

𝜕𝑡
= 𝐸(𝑡)Ψ,  

𝐻𝜓𝜈(𝑥) = (𝟏4 − 𝑖𝜎0 
0(𝑥))𝐸𝜈(𝑡)𝜓𝜈(𝑥)  

𝛾𝑖(𝑥) = (
𝑓𝑖(𝑥) ℎ𝑖(𝑥)

−ℎ𝑖(𝑥) −𝑓𝑖(𝑥)
)   and  𝛾𝑖(𝑥) = (

𝑓𝑖(𝑥) −ℎ𝑖(𝑥)
ℎ𝑖(𝑥) −𝑓𝑖(𝑥)

)  

Ψ(𝑥) =∑  

𝜅𝜇

 (
𝑔𝜅𝜇
(𝑢)
(𝑡𝑟)𝒴𝜅𝜇(𝜃𝜙𝜎)

𝑔𝜅𝜇
(ℓ)
(𝑡𝑟)𝒴𝜅̃𝜇(𝜃𝜙𝜎)

)  

𝑑𝑠2 = 𝑒𝜈(𝑟)𝑑𝑡2 − 𝑒𝜆(𝑟)𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2sin2 𝜃𝑑𝜙2  

𝜅𝑝(𝑟) = 𝑒−𝜆(𝑟) (
𝜈′(𝑟)

𝑟
+
1

𝑟2
) −

1

𝑟2
,

𝜅𝜌(𝑟) = 𝑒−𝜆(𝑟) (
𝜆′(𝑟)

𝑟
−
1

𝑟2
) +

1

𝑟2 }
 
 

 
 

  with 𝑝′(𝑟) = −
𝑝(𝑟) + 𝜌(𝑟)

2
𝜈′(𝑟)  

𝑑𝑝

𝑑𝑟
=
𝑝 + 𝜌(𝑝)

𝑟(𝑟 − 2𝑢)
[4𝜋𝑝𝑟3 + 𝑢],  with 

𝑑𝑢

𝑑𝑟
= 4𝜋𝜌(𝑝)𝑟2  

𝑇𝑀12
(𝐽12) = ∑  

𝑚1(𝑚2)

  ⟨𝑗1𝑚1𝑗2𝑚2 ∣ 𝐽12𝑀12⟩𝑇𝑚1

(𝑗1)𝑇𝑚2

(𝑗2) ≡ [𝑇(𝑗1) × 𝑇(𝑗2)]
𝑀12

(𝐽12)

 

𝑇𝑀
(𝐽)
= [[𝑇(𝑗1) × 𝑇(𝑗2)]

(𝐽12)
× [𝑇(𝑗3) × 𝑇(𝑗4)]

(𝐽34)
]
𝑀

(𝐽)
 

𝑇𝑀
(𝐽)
= [[𝑇(𝑗1) × 𝑇(𝑗3)]

(𝐽13)
× [𝑇(𝑗2) × 𝑇(𝑗4)]

(𝐽24)
]
𝑀

(𝐽)
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[[𝑇1
(𝑗1) × 𝑇2

(𝑗2)]
(𝐽12)

× [𝑇3
(𝑗3) × 𝑇4

(𝑗4)]
(𝐽34)

]
𝑀

(𝐽)

= ∑  

𝐽13𝐽24

 𝑈 (

𝑗1 𝑗2 𝐽12
𝑗3 𝑗4 𝐽34
𝐽13 𝑗24 𝐽

)

[[𝑇1
(𝑗1) × 𝑇3

(𝑗3)]
(𝐽13)

× [𝑇2
(𝑗2) × 𝑇4

(𝑗4)]
(𝐽24)

]
𝑀

(𝐽)

𝑈(
𝑗1 𝑗2 𝐽12
𝑗3 𝑗4 𝐽34
𝐽13 𝐽24 𝐽

) = √(2𝐽12 + 1)(2𝐽34 + 1)(2𝐽13 + 1)(2𝐽24 + 1) {

𝑗1 𝑗2 𝐽12
𝑗3 𝑗4 𝐽34
𝐽13 𝐽24 𝐽

}

 

|𝑗1 − 𝑗2| ≤ 𝐽12 ≤ 𝑗1 + 𝑗2, |𝑗3 − 𝑗4| ≤ 𝐽34 ≤ 𝑗3 + 𝑗4, |𝑗1 − 𝑗3| ≤ 𝐽13 ≤ 𝑗1 + 𝑗3
|𝑗2 − 𝑗4| ≤ 𝐽24 ≤ 𝑗2 + 𝑗4, |𝐽12 − 𝐽34| ≤ 𝐽 ≤ 𝐽12 + 𝐽34, |𝐽13 − 𝐽24| ≤ 𝐽 ≤ 𝐽13 + 𝐽24

 

[𝒵𝑠1𝐿1
(𝐽1) (Ω) × 𝒵𝑠2𝐿2

(𝐽2) (Ω)]
𝑀

(𝐽)
≡ ∑  

(𝑀1𝑀2)

  ⟨𝐽1𝑀1𝐽2𝑀2 ∣ 𝐽𝑀⟩𝒵𝑠1𝐿1𝑀1
(𝐽1) (Ω)𝒵𝑠2𝐿2𝑀2

(𝐽2) (Ω)

=∑  

𝑠𝐿

  ⟨𝐿10𝐿20 ∣ 𝐿0⟩𝑈 (
𝑠1 𝐿1 𝐽1
𝑠2 𝐿2 𝐽2
𝑠 𝐿 𝐽

) [[𝜎(𝑠1) × 𝜎(𝑠2)]
(𝑠)
× [𝐶(𝐿1)(Ω) × 𝐶(𝐿2)(Ω)]

(𝐿)
]
(𝐽)

=∑ 

𝑠𝐿

 𝐷(𝜆1𝜆2; 𝜆)𝒵𝑠𝐿𝑀
(𝐽)
(Ω)

 

[𝜎(0) × 𝜎(𝑠)]
𝜇

(𝑠)
= [𝜎(𝑠) × 𝜎(0)]

𝜇

(𝑠)
= 𝜎𝜇

(𝑠)
, [𝜎(1) × 𝜎(1)]

𝜇

(2)
= 𝟎

[𝜎(1) × 𝜎(1)]
𝜇

(1)
= −√2𝜎𝜇

(1)
 [𝜎(1) × 𝜎(1)]

0

(0)
= −√3𝜎0

(0)
 

[𝐶(𝐿1)(Ω) × 𝐶(𝐿2)(Ω)]
𝑀

(𝐿)
= ⟨𝐿10𝐿20 ∣ 𝐿0⟩𝐶𝑀

(𝐿)
(Ω)  

𝐷(𝜆1𝜆2; 𝜆) = −√6(2𝐿 + 1)(2𝐽1 + 1)(2𝐽2 + 1)⟨𝐿10𝐿20 ∣ 𝐿0⟩ {
1 𝐿1 𝐽1
1 𝐿2 𝐽2
1 𝐿 𝐽

}  

𝐷(𝜆1𝜆2; 𝜆) = (−1)
𝐽1+𝐿2+𝐿√(2𝐽1 + 1)(2𝐽2 + 1)⟨𝐿10𝐿20 ∣ 𝐿0⟩ {

𝐿1 𝐽1 1
𝐽2 𝐿2 𝐿

}  

𝐷(𝜆2𝜆1; 𝜆) = (−1)
𝑠1+𝑠2+𝑠+𝐿1+𝐿2+𝐿+𝐽1+𝐽2+𝐽𝐷(𝜆1𝜆2; 𝜆)  

𝐷(𝜆1, 𝜆2; 𝜆3) = (−1)
𝐽𝑖+1+𝐿𝑖+1+1√(2𝐽𝑖+1 + 1)(2𝐿𝑖+1 + 1)⟨𝐿10𝐿20 ∣ 𝐿0⟩  

𝑖ℏ
𝜕

𝜕𝑡
Ψ(𝑥) = (𝑐0𝜶 ⋅ 𝒑 + 𝑈(𝑟)𝟏4 + 𝛽𝑚𝑐

2)Ψ(𝑥) = 𝐻Ψ(𝑥)  with 𝒑 = −𝑖ℏ∗𝛁  

Ψ(𝑥) = (
𝜓𝑢(tr𝜎)

𝜓ℓ(tr𝜎)
) = (

∑  𝜅𝜇  𝑔𝜅𝜇
(𝑢)
(tr)𝒴𝜅𝜇(𝜃𝜙𝜎),

∑  𝜅𝜇  𝑔𝜅𝜇
(ℓ)
(tr)𝒴𝜅̃𝜇(𝜃𝜙𝜎)

) ,  

𝒴𝜅𝜇(𝜃𝜙𝜎) = ∑  

𝜎=±
1
2

  ⟨ℓ𝜅𝑚
1

2
𝜎| 𝑗𝜅𝜇⟩ (𝑖)

ℓ𝜅𝑌ℓ𝜅𝑚(𝜃𝜙)𝜒𝜎
(
1
2
)

 

|𝜅| = 𝑘 = 𝑗𝜅 +
1

2
, ℓ𝜅 ±

1

2
 for 𝜅 = ±𝑘  
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𝐾 = 𝛽(𝝈 ⋅ 𝓵 + 𝟏)  

𝐻Ψ𝜅
(𝜈)
= (

(𝑈(𝑟) + 𝑚𝑐0
2)𝟏 𝑐0𝝈 ⋅ 𝒑

𝑐0𝝈 ⋅ 𝒑 (𝑈(𝑟) − 𝑚𝑐0
2)𝟏

)(
𝑔𝜅𝜇
(𝑢)
(𝑟)𝒴𝜅𝜇(𝜃𝜙𝜎),

𝑔𝜅𝜇
(ℓ)
(𝑟)𝒴𝜅̃𝜇(𝜃𝜙𝜎)

) = 𝐸𝜈Ψ𝜅
(𝜈)

 

𝜎𝑟 = 𝝈 ⋅ 𝒏𝑟 = −√3𝒵110
(0)
(𝜃𝜙), 𝒏𝑟 = (sin 𝜃cos 𝜙, sin 𝜃sin 𝜙, cos 𝜃),  

𝜎𝑟𝒴𝜅𝜇 = −𝑖𝑆𝜅𝒴𝜅̃𝜇  

𝝈 ⋅ 𝒑 =
𝜎𝑟
𝑟
(𝝈 ⋅ 𝒓)(𝝈 ⋅ 𝒑) =

𝜎𝑟
𝑟
(𝒓 ⋅ 𝒑 + 𝑖𝝈 ⋅ (𝒓 × 𝒑)) = 𝑖ℏ∗𝜎𝑟 (−𝟏

𝜕

𝜕𝑟
+ 𝝈 ⋅ 𝓵)  

(𝐺𝜅𝜇
(𝑢)
(𝑟), 𝐺𝜅𝜇

(ℓ)
(𝑟)) = (𝑟𝑔𝜅𝜇

(𝑢)
(𝑟), 𝑟𝑔𝜅𝜇

(ℓ)
(𝑟))  

𝑑

𝑑𝑟
(
𝐺𝜅𝜇
(𝑢)
(𝑟)

𝐺𝜅𝜇
(ℓ)
(𝑟)
) =

(

 
−
𝜅

𝑟
−
1

ℏ∗
(𝑈(𝑟) − 𝐸𝜈 −𝑚𝑐0

2)

1

ℏ∗
(𝑈(𝑟) − 𝐸𝜈 +𝑚𝑐0

2)
𝜅

𝑟 )

 (
𝐺𝜅𝜇
(𝑢)
(𝑟)

𝐺𝜅𝜇
(ℓ)
(𝑟)
)  

 

𝑆𝐵 = ∫  𝑑
4𝑥√−𝑔 [

𝑅

2𝜅
+
𝜉

2𝜅
𝐵𝜇𝐵𝜈𝑅𝜇𝜈 −

1

4
𝐵𝜇𝜈𝐵

𝜇𝜈 − 𝑉(𝐵𝜇𝐵𝜇 ± 𝑏
2) + ℒ𝑀]  

𝐵𝜇𝜈 ≡ 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇  

𝐺𝜇𝜈 =𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 𝜅(𝑇𝜇𝜈

𝐵 + 𝑇𝜇𝜈
𝑀)

=𝜅 [2𝑉′𝐵𝜇𝐵𝜈 + 𝐵𝜇
𝛼𝐵𝜈𝛼 − (𝑉 +

1

4
𝐵𝛼𝛽𝐵

𝛼𝛽)𝑔𝜇𝜈] + 𝜉 [
1

2
𝐵𝛼𝐵𝛽𝑅𝛼𝛽𝑔𝜇𝜈 − 𝐵𝜇𝐵

𝛼𝑅𝛼𝜈 − 𝐵𝜈𝐵
𝛼𝑅𝛼𝜇

+
1

2
∇𝛼∇𝜇(𝐵

𝛼𝐵𝜈) +
1

2
∇𝛼∇𝜈(𝐵

𝛼𝐵𝜇) −
1

2
∇2(𝐵𝜇𝐵𝜈) −

1

2
𝑔𝜇𝜈∇𝛼∇𝛽(𝐵

𝛼𝐵𝛽)] + 𝜅𝑇𝜇𝜈
𝑀

 

∇𝜇𝐵
𝜇𝜈 = 𝐽𝐵

𝜈 + 𝐽𝑀
𝜈

 

𝐽𝐵
𝜈 = 2(𝑉′𝐵𝜈 −

𝜉

2𝜅
𝐵𝜇𝑅

𝜇𝜈)  

𝑔𝜇𝜈 = diag(−𝑒
2𝛼(𝑟), 𝑒2𝛽(𝑟), 𝑟2, 𝑟2sin2 𝜃)  

𝐵𝜇 = 𝑏𝜇 = (0, 𝑏𝑟(𝑟),0,0)  

𝑏𝑟(𝑟) = |𝑏|𝑒
𝛽(𝑟)  

𝑑𝑠2 = −(1 −
2𝑀

𝑟
)𝑑𝑡2 + (1 + ℓ) (1 −

2𝑀

𝑟
)
−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑇𝜇𝜈
𝑀 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜇 + 𝑝𝑔𝜇𝜈 ,  
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𝑒−2𝛽

𝑟2
[𝑒2𝛽 − (1 + ℓ)(1 − 2𝑟𝛽′)] = 𝜅𝜌

𝑒−2𝛽

𝑟2
[(1 + ℓ)(1 + 2𝑟𝛼′) − 𝑒2𝛽 − ℓ𝑟2 (𝛼′′ + 𝛼′2 − 𝛼′𝛽′ −

2

𝑟
𝛽′)] = 𝜅𝑝

 (1 + ℓ)𝑒−2𝛽 [𝛼′′ + 𝛼′2 − 𝛼′𝛽′ +
1

𝑟
(𝛼′ − 𝛽′)] = 𝜅𝑝

 

𝑔𝑟𝑟 = 𝑒
2𝛽 = (1 + ℓ) (1 −

2𝑚(𝑟)

𝑟
)
−1

,  

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜌  

𝑑𝑝

𝑑𝑟
= −(

𝜌 + 𝑝 + ℓ(𝜌 + 2𝑝)

1 + 2ℓ
)𝛼′ −

ℓ(8𝜋𝑟𝑝 −𝑚′′)

(1 + 2ℓ)8𝜋𝑟2
 

𝑑𝛼

𝑑𝑟
=
(1 + 2ℓ)8𝜋𝑟3𝑝 + (2 + 3ℓ)𝑚 − ℓ𝑟𝑚′

(2 + 3ℓ)𝑟(𝑟 − 2𝑚)
.  

𝑑𝑝

𝑑𝑟
= 𝑞0 + 𝑞1𝑝 + 𝑞2𝑝

2  

𝑢′′ − 𝑞3𝑢
′ + 𝑞4𝑢 = 0  

𝑝 = −
1

𝑞2

𝑢′

𝑢
=
(2 + 3ℓ)(𝑟 − 2𝑚)

8𝜋𝑟2(1 + 2ℓ)

𝑢′

𝑢
.  

𝛼 = ∫  
(2 + 3ℓ)𝑚 − ℓ𝑟𝑚′

(2 + 3ℓ)𝑟(𝑟 − 2𝑚)
𝑑𝑟 + ln 𝑢,  for 𝑟 < 𝑅  

𝜌(𝑟) = 𝜌0  

𝑢(𝑟) = (3 − 8𝜋𝑟2𝜌0)
2−3ℓ
8 (𝐶1(3 − 8𝜋𝑟

2𝜌0)
1
2 + 𝐶2) ,  

𝐶1 = −
(2 − 3ℓ)

4√3

𝐶2 =
√3

4
(2 − ℓ)(3 − 8𝜋𝑅2𝜌0)

1
2.

 

 

𝑝(𝑟) = 𝜌0

(

 
√1 −

2𝑀
𝑅 − √1 −

2𝑀𝑟2

𝑅3

√1 −
2𝑀𝑟2

𝑅3
− 3√1 −

2𝑀
𝑅 )

 + ℓ𝜌0

(

 
 7−

2𝑀
𝑅 (

𝑟2

𝑅2
+ 6) − 7√(1 −

2𝑀𝑟2

𝑅3
) (1 −

2𝑀
𝑅 )

(√1 −
2𝑀𝑟2

𝑅3
− 3√1 −

2𝑀
𝑅 )

2

)

 
 
,  

𝛼(𝑟) = ln [
𝑢(𝑟)

(3 − 8𝜋𝑟2𝜌0)
1

4+6ℓ

]  
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𝑒𝛼(𝑟) =
3

2
√1 −

2𝑀

𝑅
−
1

2
√1 −

2𝑀𝑟2

𝑅3
+
3ℓ

4
(√1 −

2𝑀𝑟2

𝑅3
−√1 −

2𝑀

𝑅
) .  

𝑝 =
1

3
(𝜌 − 4ℬ)  

𝛾 = (1 +
𝜌

𝑝
) (
𝑑𝑝

𝑑𝜌
)
𝑆

 

𝐷𝜇𝜓 = 𝜕𝜇𝜓 +
1

4
𝜔𝑖𝑗𝜇𝛾

𝑖𝛾𝑗𝜓  

ℒ𝜓 = −
𝑖

2
𝜓‾[D̸ − 𝐷←]𝜓  

𝑅𝑖𝑗 𝜇𝜈 = 𝜕𝜇𝜔
𝑖𝑗 𝜈 − 𝜕𝜈𝜔

𝑖𝑗 𝜇 +𝜔
𝑖 𝑘𝜇𝜔

𝑘𝑗 𝜈 −𝜔
𝑖 𝑘𝜈𝜔

𝑘𝑗 𝜇 .  

𝑅 = 𝑒𝑖 
𝜇𝑒𝑗 

𝜈𝑅𝑖𝑗 𝜇𝜈(𝜔, 𝜕𝜔).  

𝑅 = 𝑅𝐸 + 𝑇 − 2∇𝐸𝜇𝑇
𝜇,  

𝑇 =
1

4
𝑇𝜌𝜇𝜈𝑇𝜌𝜇𝜈 −

1

4
𝑇𝜌𝜇𝜈𝑇𝜇𝜈𝜌 −

1

4
𝑇𝜌𝜇𝜈𝑇𝜈𝜌𝜇 − 𝑇

𝜇𝑇𝜇 .  

𝑆 = ∫  𝑑4𝑥𝑒 (
𝑀Pl
2

2
𝐹(𝑅) + ℒ𝜓)  

𝑀Pl
2 [(𝑇𝜈 𝑘𝑙 − 𝑒𝑙  

𝜈𝑇𝑘 + 𝑒𝑘  
𝜈𝑇𝑙)𝐹

′(𝑅) + (𝑒𝑘  
𝛼𝑒𝑙  

𝜈 − 𝑒𝑘 
𝜈𝑒𝑙  

𝛼)𝜕𝛼𝐹
′(𝑅)] + 𝑆𝜈 𝑘𝑙 = 0,  

𝑆𝜇 𝑘𝑙 ≡ −
𝛿ℒ𝜓

𝑒𝛿𝜔𝑘𝑙 𝜇
=
𝑖

2
𝜓‾𝛾𝑖𝛾𝑗𝛾𝑘𝜓 =

1

2
𝜓‾𝜖𝑖𝑗𝑘𝑙𝛾5𝛾𝑙𝜓.  

𝑇𝑖𝑗 
𝑘 =

1

2
(𝛿𝑗
𝑘𝑒𝑖 

𝜆 − 𝛿𝑖
𝑘𝑒𝑗 

𝜆)𝜕𝜆ln 𝐹
′(𝑅) −

𝑆𝑘 𝑖𝑗

𝐹′(𝑅)𝑀Pl
 

𝑅 = 𝑅𝐸 −
3

2
𝜕𝜆ln 𝐹

′(𝑅)𝜕𝜆ln 𝐹′(𝑅) − 3∇𝐸
2 ln 𝐹′(𝑅) −

1

4𝐹′(𝑅)2𝑀Pl
2 𝑆

𝜇𝜈𝜌𝑆𝜇𝜈𝜌  

𝜙 ≡ −√
3

2
𝑀Plln 𝐹

′(𝑅)  

𝑆 = ∫  𝑑4𝑥𝑒 (
𝑀Pl
2

2
𝑅𝐸 −

1

2
𝜕𝜆𝜙𝜕

𝜆𝜙 − 𝑉(𝜙) + ℒ𝜓)  

𝑉(𝜙) ≡ −
𝑀Pl
2

2
𝑓(𝑅)|

𝑅=𝑅(𝜙)

 

𝑓(𝑅) = −𝛼𝑅ln (1 +
𝑅

𝑅0
)  
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𝑉(𝜙) =
𝑀Pl
2 𝑅0
2𝑒

{
𝑒

1 + 𝛼
(1 − 𝑒−√2/3𝜙/𝑀Pl)}

1+𝛼
𝛼  

𝑅0 = 2ΛInf𝑒
−
1
𝛼  

𝑉(𝜙) = −√
2

3
𝛼ΛInf𝑒

−1/𝛼𝑀Pl𝜙  

√
2

3
𝛼ΛInf𝑒

−
1
𝛼 ∼

ΛInf
10114

∼ ΛDE  

𝜔𝑖𝑗𝑘 = 𝜔⋄𝑖𝑗𝑘 +
1

2
(𝑇𝑖𝑗𝑘 + 𝑇𝑗𝑘𝑖 + 𝑇𝑘𝑗𝑖)  

𝜔⋄𝑖𝑗𝑘  =
1

2
(Δ𝑘𝑖𝑗 − Δ𝑖𝑗𝑘 + Δ𝑗𝑖𝑘)

Δ𝑘𝑖𝑗 = (𝑒𝑖
𝜇
𝑒𝑗
𝜈 − 𝑒𝑗

𝜇
𝑒𝑖
𝜈)𝜕𝜈𝑒𝑘𝜇

 

𝑆 = ∫  𝑑4𝑥𝑒 (
𝑀Pl
2

2
𝑅𝐸 −

1

2
𝜕𝜆𝜙𝜕

𝜆𝜙 − 𝑉(𝜙) − 𝑖𝜓‾
1

2
[D̸⋄ − 𝐷←⋄]𝜓 −

Ω(𝜙)

4
(𝜓‾𝛾5𝛾𝑙𝜓)

2)  

Ω(𝜙) =
3

4𝑀Pl
2 (2𝑒

√2
3
𝜙
𝑀Pl − 𝑒

2√
2
3
𝜙
𝑀Pl)  

(𝜓‾𝛾5𝛾𝑙𝜓)
2 = 2(𝜓‾𝜓)2 + 2(𝜓‾𝑖𝛾5𝜓)2 − (𝜓‾𝛾𝜇𝜓)2.  

 

 

𝒱 =
1

2𝜆
𝜎2 −

1

16𝜋2
{2Λcut-off 

2 𝜎2 + 𝜎4 (ln 
𝜎2

Λcut-off 
2 −

1

2
)}

 −
𝑅𝐸
16𝜋2

2

3
{ln (

Λcut-off 
2

𝜎2
) − 1}𝜎2.

 

1

𝜆
−
𝑀2

4𝜋2
(
Λcut-off 
2

𝑣2
− ln 

Λcut-off 
2

𝑣2
) +

𝑅𝐸
24𝜋2

(2 − ln 
Λcut-off 
2

𝑣2
) = 0  
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𝑆eff= ∫  𝑑
4𝑥√−𝑔{

𝑀Pl
2

2
(1 + Π)𝑅𝐸 −

1

2
𝜕𝜇𝜙𝜕𝜇𝜙  

+𝑀Pl
2 ΛInf𝛼𝑒

−1/𝛼 (
𝜙

𝑀Pl
) −

3𝑚6

8𝑀Pl
2 {2𝑒

√2
3
𝜙
𝑀Pl − 𝑒

2√
2
3
𝜙
𝑀Pl)}

 

Π =
𝑀2

12𝜋2𝑀pl
2 {ln (

Λcut-off 
2

𝑀2 ) − 1}  

𝑈(𝜙) = −𝑈1 (
𝜙

𝑀Pl
) + 𝑈2 (2𝑒

√2
3
(1+Π)1/2

𝜙
𝑀Pl − 𝑒

2√
2
3
(1+Π)1/2

𝜙
𝑀Pl) ,  

𝑈1 = 𝑀pl
2 ΛInf𝛼𝑒

−1/𝛼(1 + Π)−3/2, 𝑈2 =
3𝑚6

8𝑀pl
2 (1 + Π)

−2  

𝜙min = √
3

2
𝑀Plln (√

3

8

𝑈1
𝑈2(1 + Π)

1/2
)  

𝑑2𝑠 = −𝜑(𝑟)𝑑𝑡2 + ℎ(𝑟)−1𝑑2𝑟 + 𝑟2(𝑑2𝜃 + sin2 𝜃𝑑2𝜗)  

𝜑′

𝜑
= −

8𝜋𝐺

ℎ(𝑟)𝑟
[
ℎ(𝑟) − 1

8𝜋𝐺
− 𝑟2(𝑃 + 𝑃𝑠)]

𝑑𝑃

𝑑𝑟
+
𝜑′

2𝜑
(𝜌 + 𝑃) = 0

𝑑𝑀

𝑑𝑟
= 4𝜋(𝜌 + 𝜌𝑠)𝑟

2

𝑑2𝜙

𝑑2𝑟
+ (

2

𝑟
+
1

2

𝑑

𝑑𝑟
ln (𝜑(𝑟)ℎ(𝑟)))

𝑑𝜙

𝑑𝑟
− ℎ(𝑟)−1𝑈𝜙 = 0

 

𝜌𝑠  =
ℎ(𝑟)

16𝜋𝐺
(
𝑑𝜙

𝑑𝑟
)
2

+ 𝑈(𝜙)

𝑃𝑠  =
ℎ(𝑟)

16𝜋𝐺
(
𝑑𝜙

𝑑𝑟
)
2

− 𝑈(𝜙)

 

ℎ(𝑟) = 1 −
2𝐺𝑀(𝑟)

𝑟
,  

𝑃̃ ≡ 𝑃/𝜌0𝑐
2, 𝜌̃ ≡ 𝜌/𝜌0, 𝑀̃ ≡ 𝑀/(𝜌0𝑟0

3), 𝑠 ≡ 𝑟/𝑟0, 𝜙̃ ≡ 𝜙/𝑀Pl, 𝑈̃ ≡ 𝑈/(𝜌0𝑐
2)  

𝐺̃ ≡ 𝐺𝜌0𝑟0
2/𝑐2 = 0.996861  

𝜁(𝜉) =
𝑎1 + 𝑎2𝜉 + 𝑎3𝜉

3

1 + 𝑎4𝜉
𝑓0(𝑎5(𝜉 − 𝑎6)) + (𝑎7 + 𝑎8𝜉)𝑓0(𝑎9(𝑎10 − 𝜉))

 +(𝑎11 + 𝑎12𝜉)𝑓0(𝑎13(𝑎14 − 𝜉)) + (𝑎15 + 𝑎16𝜉)𝑓0(𝑎17(𝑎18 − 𝜉))

 

𝜁 = log10 𝑃/dyn ⋅  nm−2 =
ln 𝜌0𝑐

2/dyn ⋅  nm−2

ln 10
+
ln 𝑃̃

ln 10

𝜉 = log10 𝜌/g ⋅  nm−3 =
ln 𝜌0/g ⋅  nm−3

ln 10
+
ln 𝜌̃

ln 10
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𝜑′

𝜑
= −

8𝜋𝐺̃

ℎ(𝑠)𝑠
[
ℎ(𝑠) − 1

8𝜋𝐺̃
− 𝑠2(𝑃̃ + 𝑃̃𝑠)]

𝜌̃′ +
𝜌̃

2𝑃̃
(
𝑑𝜁

𝑑𝜉
)
−1𝜑′

𝜑
(𝜌̃ + 𝑃̃) = 0

𝜙̃′′ + (
2

𝑠
+
1

2

𝑑

𝑑𝑠
ln (𝜑(𝑠)ℎ(𝑠))) 𝜙̃′ − ℎ(𝑠)−18𝜋𝐺̃𝐺̃𝜙̃𝜙̃ = 0

𝑀̃′ = 4𝜋(𝜌̃ + 𝜌̃𝑠)𝑠
2

 

𝑈̃(𝜙) =
𝑈(𝜙)

𝜌0𝑐
2
= −𝑈̃1 (

𝜙

𝑀Pl
) + 𝑈̃2 (2𝑒

√2
3
𝜙
𝑀Pl − 𝑒

2√
2
3
𝜙
𝑀Pl)  

𝑈̃1 = (
𝑀Pl
2 Λ

𝜌0𝑐
2) ∼ 8.2 × 10

21 (
Λ1/2

1eV
)

2

∼ 1.38 × 1033 (
𝑈1
1eV

)
4

𝑈̃2 =
3𝑚6

8𝑀Pl
2 𝜌0𝑐

2
∼ 2.3 × 10−40 (

⟨𝜓‾𝜓⟩

(100MeV)3
)

2  

 

𝑈(𝜙) = −4.7 × 10−44𝜙 + 5.7 × 10−38 (2𝑒
√2
3
𝜙
− 𝑒

2√
2
3
𝜙
) 

𝑈(𝜙) = −5 × 10−2𝜙 + 5 × 10−1.4 (2𝑒
√2
3
𝜙
− 𝑒

2√
2
3
𝜙
) 

𝜙min = ln (√
3

8

𝑈1
𝑈2
) 

𝜌(𝑠 = 10−6) = 𝜌𝑐 , 𝜑(𝑠 = 10
−6) = 1,𝑀(𝑠 = 10−6) = 4𝜋/3(10−6)3𝜌𝑐 and 𝜙′(𝑠 = 10−6) = 0. 

Δ ≡
𝜙surface 

𝜙min
− 1. 

𝑑𝑠2 = −exp (2𝜙)𝑐2𝑑𝑡2 +
𝑑𝑟2

1 −
2𝐺𝑚(𝑟)
𝑟𝑐2

+ 𝑟2𝑑Ω2  

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2𝜌(𝑟)

𝑑𝜙

𝑑𝑟
=
𝐺(𝑚(𝑟) + 4𝜋𝑟3𝑃/𝑐2)

𝑟(𝑟𝑐2 − 2𝐺𝑚(𝑟))

𝑑𝑃

𝑑𝑟
= −𝑐2 (𝜌(𝑟) +

𝑃

𝑐2
)
𝑑𝜙

𝑑𝑟
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𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2 (𝜌(𝑟) +

𝐵2

8𝜋𝑐2
)

𝑑𝜙

𝑑𝑟
=
𝐺 (𝑚(𝑟) + 4𝜋𝑟3

𝑃
𝑐2
)

𝑟(𝑟𝑐2 − 2𝐺𝑚(𝑟))

 

𝑑𝑃

𝑑𝑟
= −𝑐2 (𝜌(𝑟) +

𝐵2

8𝜋𝑐2
+
𝑃

𝑐2
)(
𝑑𝜙

𝑑𝑟
− 𝐿(𝑟))  

𝐿(𝑟) = 𝐵𝑐
2[−3.8𝑥 + 8.1𝑥3 − 1.6𝑥5 − 2.3𝑥7] × 10−41,  

𝑆 = ∫  √−𝑔 [
1

16𝜋𝐺
𝑓(𝑅, 𝑇) + ℒ𝑚] 𝑑

4𝑥  

𝐺𝜇𝜈 + (𝑓𝑅 − 1)𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑓+(𝑔𝜇𝜈 ◻−∇𝜇∇𝜈)𝑓𝑅  

 = 8𝜋𝐺𝑇𝜇𝜈 + 𝑓𝑇𝑇𝜇𝜈 + 𝑓𝑇Θ𝜇𝜈

 

 

𝑓𝑅 =
𝜕𝑓

𝜕𝑅
, 

𝑓𝑇 =
𝜕𝑓

𝜕𝑇
◻= 𝑔𝜇𝜈∇𝜇∇𝜈, 

Θ𝜇𝜈 = 𝑔
𝛼𝛽 𝛿𝑇𝛼𝛽

𝛿𝑔𝜇𝜈
. 

 

𝑑𝑠2 = −𝑒𝜈(𝑟)𝑑𝑡2 + 𝑒𝜆(𝑟)𝑑𝑟2 + 𝑟2𝑑Ω2  

𝑇𝜇𝜈 = (𝜌 + 𝑃)𝑢𝜇𝑢𝜈 + 𝑃𝑔𝜇𝜈  

𝑑𝑚

𝑑𝑟
= 4𝜋𝑟2 (𝜌 +

𝐵2

8𝜋
) −

2𝜆𝑇𝑟2

4

𝑑𝜙

𝑑𝑟
=
[𝑚 + 4𝜋𝑟3𝑃 +

𝑟3

2 (
2𝜆𝑇
2 + (𝜌 +

𝐵2

8𝜋 + 𝑃) 2𝜆)]

𝑟2 (1 −
2𝑚
𝑟 )

𝑑𝑃

𝑑𝑟
= −(𝜌 +

𝐵2

8𝜋
+ 𝑃)(

𝑑𝜙

𝑑𝑟
− L)

 

𝑇 = −(𝜌 +
𝐵2

8𝜋
) + 3𝑃 

𝐶𝑣
𝑑𝑇𝑏

∞

𝑑𝑡
= −𝐿𝜈

∞(𝑇𝑏
∞) − 𝐿𝛾

∞(𝑇𝑠) + 𝐻  
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𝑇𝑠
∞ = 𝑇𝑠√1 −

2𝐺𝑀

𝑐2𝑅
 

𝑛 + 𝑛 → [𝑛𝑛] + 𝜈 + 𝜈‾
𝑝 + 𝑝 → [𝑝𝑝] + 𝜈 + 𝜈‾

 

𝜖𝜈
𝑠 =

5𝐺𝐹
2

14𝜋3
𝜈𝑁(0)𝑣𝐹(𝑁)

2𝑇7𝐼𝜈
𝑠  

𝐼𝜈
𝑠 = 𝑧𝑁

7 (∫  
∞

1

 
𝑦5

√𝑦2 − 1
[𝑓𝐹(𝑧𝑁𝑦)]

2𝑑𝑦)  

𝜖𝜈𝑒𝑒, brem = 7.42 × 10
−2𝐺𝐹

2𝑍2𝑎𝑒
4𝑛𝐼𝑇

6𝐿.  

𝑇𝜇𝜈 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 + 𝑝𝑔𝜇𝜈 ,  

𝑑𝑠2 = −𝑒2𝜙𝑑𝑡2 + 𝑒2𝜓𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

8𝜋𝜌 =
2

𝑟
𝑒−2𝜓𝜓𝑟 +

1 − 𝑒−2𝜓

𝑟2

8𝜋𝑝 =
2

𝑟
𝑒−2𝜓𝜙𝑟 +

𝑒−2𝜓 − 1

𝑟2

8𝜋𝑝 = 𝑒−2𝜓 [(𝜙𝑟)
2 + 𝜙𝑟𝑟 − 𝜙𝑟𝜓𝑟 +

𝜙𝑟 − 𝜓𝑟
𝑟

]

 

𝜙𝑟 =
𝜕𝜙

𝜕𝑟
 

𝐴(𝑟): = 𝑒2𝜓(𝑟) = (1 −
2𝑚(𝑟)

𝑟
)
−1

, 𝑚(𝑟): = 4𝜋∫  
𝑟

0

 𝜌(𝑟′)𝑟′2𝑑𝑟′  

𝑑𝜙

𝑑𝑟
=
𝑚(𝑟) + 4𝜋𝑟3𝑝(𝑟)

𝑟(𝑟 − 2𝑚(𝑟))
 

𝑝𝑟 = −(𝑝 + 𝜌)𝜙𝑟  

𝑑𝑝

𝑑𝑟
= −(𝑝(𝑟) + 𝜌(𝑟))

𝑚(𝑟) + 4𝜋𝑟3𝑝(𝑟)

𝑟(𝑟 − 2𝑚(𝑟))
.  

𝜌(𝑟) =∑  

𝑛

𝑖=0

 𝑐𝑖𝑟
𝑖  

𝜌(𝑟) = 𝜌𝑐 − 𝑐1𝑟 − 𝑐2𝑟
2 − 𝑐3𝑟

3 − 𝑐4𝑟
4  

𝜌(𝑟) = {
𝜌𝑐 − 𝑐2𝑟

2 − 𝑐4𝑟
4, 𝑟 < 𝑅

0, 𝑟 > 𝑅
 

𝜌𝑐 = 𝑐4𝑅
4 + 𝑐2𝑅

2  
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𝑚(𝑟) = {
4𝜋𝑟3 [

𝜌𝑐
3
−
𝑐2
5
𝑟2 −

𝑐4
7
𝑟4] , 𝑟 < 𝑅

4𝜋𝑅3 [
𝜌𝑐
3
−
𝑐2
5
𝑅2 −

𝑐4
7
𝑅4] ≡ 𝑀, 𝑟 > 𝑅

 

𝐴(𝑟) = (1 −
2𝑚(𝑟)

𝑟
)
−1

=

{
 
 

 
 (1 − 8𝜋𝑟2 [

𝜌𝑐
3
−
𝑐2𝑟

2

5
−
𝑐4𝑟

4

7
])

−1

, 𝑟 < 𝑅

(1 −
2𝑀

𝑟
)
−1

, 𝑟 > 𝑅

 

𝑑𝑒 = −𝑝𝑑 (
1

𝜌0
) =

𝑝

𝜌0
2 𝑑𝜌0  

𝜌(𝑟) = 𝜌0(𝑟)(1 + 𝑒(𝑟))  

𝑑𝜌0
𝑑𝑟

=
𝜌0

[𝑝(𝑟) + 𝜌(𝑟)]

𝑑𝜌

𝑑𝑟
,  

𝑑𝜌

𝑑𝑟
= {
−2𝑟(𝑐2 + 2𝑐4𝑟

2), 𝑟 < 𝑅
0, 𝑟 > 𝑅

 

𝑣𝑠
2 =

𝜕𝑝

𝜕𝜌
 

𝑣𝑠
2 =

Δ𝑝

Δ𝜌
 

𝑑𝑝

𝑑𝑟
|
𝑟=0

= 0,  
𝑑𝜌0
𝑑𝑟
|
𝑟=0

= 0  

𝑣𝑠
2|𝑟=0 = [

𝑑𝑝

𝑑𝑟
(
𝑑𝜌

𝑑𝑟
)
−1

]
𝑟=0

=
2𝜋

𝑐2
(𝑝𝑐 + 𝜌𝑐) (𝑝𝑐 +

𝜌𝑐
3
)  

2𝜋

𝑐2
(𝑝𝑐 + 𝜌𝑐) (𝑝𝑐 +

𝜌𝑐
3
) < 1  

2𝑚(𝑟)

𝑟
<
8

9
.  

𝐴(𝑟) = (1 −
2𝑚(𝑟)

𝑟
)
−1

< 9  

𝑒𝑐 =
𝜌𝑐
𝜌0𝑐

− 1 ≥ 0  

𝑀 = 4𝜋𝑅3 [
𝜌𝑐
3
−
𝑐2𝑅

2

5
−
𝑐4𝑅

4

7
] .  

𝑀(𝑅) =
8𝜋𝑅3

7
[
2

3
𝜌𝑐 −

1

5
𝑐2𝑅

2] .  
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𝑐2 = 3.27 × 10
−6, 𝑐4 = 1.42 × 10

−9.  

𝑑𝐴

𝑑𝑟
= 𝐴 [

1 − 𝐴

𝑟
+ 8𝜋𝑟𝐴𝜌] ,  

𝑑𝐴

𝑑𝑟
=

{
 

 16𝜋𝑟𝐴(𝑟)2 [
1

3
𝜌𝑐 −

2

5
𝑐2𝑟

2 −
3

7
𝑐4𝑟

4] , 𝑟 < 𝑅

−
2𝑀

(𝑟 − 2𝑀)2
, 𝑟 > 𝑅.

 

  𝑃 ≲ 𝜀/3 ↔ 𝜙 ≲ 1/3  

Δ ≡ 1/3 − 𝑃/𝜀 ≳ 0, 𝜌 ≳ 40𝜌0.  

𝑠2 = 𝜙𝑓(𝜙), 𝜙 = 𝑃/𝜀  

d𝑃

 d𝑟
= −

𝐺𝑀𝜀

𝑟2
(1 +

𝑃

𝜀
) (1 +

4𝜋𝑟3𝑃

𝑀
)(1 −

2𝐺𝑀

𝑟
)
−1

,
 d𝑀

 d𝑟
= 4𝜋𝑟2𝜀  

𝑊 =
1

𝐺

1

√4𝜋𝐺𝜀c
=

1

√4𝜋𝜀c
, 𝑄 =

1

√4𝜋𝐺𝜀c
=

1

√4𝜋𝜀c
,  

d𝑃̂

 d𝑟̂
= −

𝜀̂𝑀̂

𝑟̂2
(1 + 𝑃̂/𝜀̂)(1 + 𝑟̂3𝑃̂/𝑀̂)

1 − 2𝑀̂/𝑟̂
,
 d𝑀̂

 d𝑟̂
= 𝑟̂2𝜀̂  

X ≡ 𝜙c ≡ 𝑃̂c ≡ 𝑃c/𝜀c,  

𝜇 ≡ 𝜀̂ − 𝜀ĉ = 𝜀̂ − 1  

𝒰/𝒰c ≈ 1 + ∑  

𝑖+𝑗≥1

 𝑢𝑖𝑗X
𝑖𝜇𝑗 ,  

𝑃(𝑅) = 0 ↔ 𝑃̂(𝑅̂) = 0,  

𝑀NS = 𝑀̂NS𝑊, with 𝑀̂NS ≡ 𝑀̂(𝑅̂) = ∫  
𝑅̂

0

  d𝑟̂𝑟̂2𝜀̂(𝑟̂).  

𝜀̂(𝑟̂) ≈ 1 + 𝑎2𝑟̂
2 + 𝑎4𝑟̂

4 + 𝑎6𝑟̂
6 +⋯

𝑃̂(𝑟̂) ≈ X + 𝑏2𝑟̂
2 + 𝑏4𝑟̂

4 + 𝑏6𝑟̂
6 +⋯

𝑀̂(𝑟̂) ≈
1

3
𝑟̂3 +

1

5
𝑎2𝑟̂

5 +
1

7
𝑎4𝑟̂

7 +
1

9
𝑎6𝑟̂

9 +⋯

 

𝑏2 = −
1

6
(1 + 3𝑃̂c

2 + 4𝑃̂c),

𝑏4 =
𝑃̂c
12
(1 + 3𝑃̂c

2 + 4𝑃̂c) −
𝑎2
30
(4 + 9𝑃̂c),

𝑏6 = −
1

216
(1 + 9𝑃̂c

2)(1 + 3𝑃̂c
2 + 4𝑃̂c) −

𝑎2
2

30
+ (

2

15
𝑃̂c
2 +

1

45
𝑃̂c −

1

54
) 𝑎2 −

5 + 12𝑃̂c
63

𝑎4,

 

𝑠2 =
d𝑃̂

 d𝜀̂
=
d𝑃̂

 d𝑟̂
⋅

 d𝑟̂

 d𝜀̂
=
𝑏2 + 2𝑏4𝑟̂

2 +⋯

𝑎2 + 2𝑎4𝑟̂
2 +⋯
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𝑅 = 𝑅̂𝑄 ≈ (
3

2𝜋𝐺
)
1/2

𝑣c, with 𝑣c ≡
1

√𝜀c
(

X

1 + 3X2 + 4X
)
1/2

 

𝑀NS ≈
1

3
𝑅̂3𝜀ĉ𝑊 =

1

3
𝑅̂3𝑊 ≈ (

6

𝜋𝐺3
)
1/2

Γc, with Γc ≡
1

√𝜀c
(

X

1 + 3X2 + 4X
)
3/2

 

𝜉 ≡
𝑀NS
𝑅

≈
2

𝐺

X

1 + 3X2 + 4X
=
2Πc
𝐺
, with Πc ≡

X

1 + 3X2 + 4X
 

 

d𝑀NS
 d𝜀c

|
𝑀NS=𝑀NS

max=𝑀TOV

= 0.  

d𝑀NS
 d𝜀c

=
1

2

𝑀NS
𝜀c

[3 (
𝑠c
2

X
− 1)

1 − 3X2

1 + 3X2 + 4X
− 1] ,  where 𝑠c

2 ≡
 d𝑃c
 d𝜀c

.  

  𝑠c
2 = X(1 +

1 + Ψ

3

1 + 3X2 + 4X

1 − 3X2
) ,  

Ψ = 2
 dln 𝑀NS
 dln 𝜀c

≥ 0.  

 𝑠c
2 = X(1 +

1

3

1 + 3X2 + 4X

1 − 3X2
) .  

d𝑅

 d𝜀c
∼

 d

 d𝜀c
(
𝑅̂

√𝜀c
)

𝑅max↔𝑀NS
max

= (
𝑠c
2

X
− 1)

1 − 3X2

1 + 3X2 + 4X
− 1 = −

2

3
,  

 

𝑅max/nm ≈ 1050−30
+30 × (

𝑣c
fm3/2/MeV1/2

) + 0.64−0.25
+0.25,

𝑀NS
max/𝑀⊙ ≈ 1730−30

+30 × (
Γc

fm3/2/MeV1/2
) − 0.106−0.035

+0.035,
 

𝑠c
2 ≤ 1 ↔ X = 𝑃̂c ≲ 0.374 ≡ X+

GR.  

𝜙 = 𝑃/𝜀 = 𝑃̂/𝜀̂ ≈ 𝑃̂c/𝜀ĉ + (1 −
𝑃̂c

𝑠c
2)𝑏2𝑟̂

2 = 𝑃̂c + (1 −
𝑃̂c

𝑠c
2)𝑏2𝑟̂

2 ≈ 𝑃̂c − (
1 + 7𝑃̂c
24

) 𝑟̂2 < 𝑃̂c  

𝜙 = 𝑃̂/𝜀̂ ≈ 𝑃̂c −
1

24

1 + Ψ

(1 + Ψ/4)2
[1 + 7𝑃̂c +Ψ(𝑃̂c +

1

4
)] 𝑟̂2 < 𝑃̂c  

𝜙 = 𝑃/𝜀 = 𝑃̂/𝜀̂ ≤ X ≤ 0.374.  

 

 𝑠c
2 ≈ 4X/3,  
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𝐸(𝜌) = 𝐵FFG (
𝜌

𝜌0
)
2/3

+ 𝐵 (
𝜌

𝜌0
)
𝜎

,  

𝜎(X+
GR𝜎 − 1) +

ℓ2/3

3
(
𝐵FFG
𝑀N

)(𝜎 −
2

3
) [(3𝜎 + 2)X+

GR − 2𝜎 − 3] = 0.  

𝜎 =
1

2
(X+

GR + Λ(X+
GR −

2

3
))

−1

{1 +
5

9
Λ ±√1 +

16Λ

9
[(X+

GR,2 −
3X+

GR

2
+
5

8
) + Λ (X+

GR −
13

12
)
2

]}  

Λ ≡ ℓ2/3 (
𝐵FFG
𝑀N

) ≪ 1  

𝐵 = (
1 + 5Λ/9

𝜎2 − 1

1

ℓ𝜎
)𝑀N  

𝜎small →
2

3

1

1 + 3/Λ
=
2

3
(1 +

3

ℓ2/3
(
𝑀N
𝐵FFG

))

−1

≪ 1, and 𝜎large → 1 from above.  

∑ 

𝐽

𝑗=1

  (
𝐵𝑗

𝑀N
) (𝜎𝑗 − X+

GR)ℓ𝜎𝑗 + ℓ2/3 (
𝐵FFG
𝑀N

)(
2

3
− X+

GR) − X+
GR  = 0

∑  

𝐽

𝑗=1

  (
𝐵𝑗

𝑀N
) (1 − 𝜎𝑗

2)ℓ1/3+𝜎𝑗 − ℓ1/3 (1 +
5

9
ℓ2/3 (

𝐵FFG
𝑀N

))  = 0

 

Δ ≥ ΔGR ≈ −0.04.  

𝑀NS ≈ (
1

3
𝑅̂3 +

1

5
𝑎2𝑅̂

5)𝑊 =
1

3
𝑅̂3𝑊(1+

3

5
𝑎2𝑅̂

2) =
1

3
𝑅̂3𝑊(1 −

3

5

X

𝑠c
2) ∼ Γc (1 −

3

5

X

𝑠c
2) ,  

⟨𝜀̂⟩ = ∫  
𝑅̂

0

  d𝑟̂𝑟̂2𝜀̂(𝑟̂)/∫  
𝑅̂

0

  d𝑟̂𝑟̂2 = 1 +
3

5
𝑎2𝑅̂

2, 𝜀̂(𝑟̂) ≈ 1 + 𝑎2𝑟̂
2  

𝑠c
2 ≈ X(1 +

1

3

1 + 3X2 + 4X

1 − 3X2
) (1 + 𝜅1X) ≈

4

3
X +

4

3
(1 + 𝜅1)X

2 + 𝒪(X3),  

𝑠c
2 ≈

4

3
X +

1

11
(
38

3
− 2𝜅1)X

2 +𝒪(X3).  

𝑀NS ∼
1

√𝜀c
(

X

1 + 3X2 + 4X
)
3/2

⋅ (1 +
18

25
X)  

𝒬𝛼𝑎𝑏 = ∇𝛼𝑔𝑎𝑏 = 𝜕𝛼𝑔𝑎𝑏 − Γ𝛼𝑎
𝜎 𝑔𝜎𝑏 − Γ𝛼𝑏

𝜎 𝑔𝑎𝜎.  

Γ𝑎𝑏
𝜎 = { 𝜎  𝑎𝑏} + 𝜁𝑎𝑏

𝜎 + 𝐿𝑎𝑏
𝜎 ,  

{ 𝑎𝑏 𝑎𝑏 ≡
1

2
𝑔𝜎𝛽(𝜕𝑎𝑔𝛽𝑏 + 𝜕𝑏𝑔𝛽𝑏 − 𝜕𝛽𝑔𝑎𝑏),  
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𝜁𝑎𝑏
𝜎 ≡

1

2
𝑇𝜎𝑎𝑏 + 𝑇(𝑎

𝜎  𝑏)  

𝐿𝑎𝑏
𝜎 ≡

1

2
𝑄𝑎𝑏
𝜎 − 𝑄(𝑎

𝜎  𝑏)  

𝐹𝑎𝑏
𝛼 =

−1

4
𝑄𝑎𝑏
𝛼 +

1

2
𝑄(𝑎𝑏)
𝛼 +

1

4
(𝑄𝛼 − 𝑄̃𝛼)𝑔𝑎𝑏 −

1

4
𝛿(𝑎𝑏)
𝛼 .  

𝑄𝛼 ≡ 𝑄𝛼𝑎
𝑎  𝑄̃𝛼 ≡ 𝑄𝛼𝑎

𝑎 ,  

𝑄 = −𝑄𝛼𝑏𝑎𝐹
𝛼𝑎𝑏  

𝑆 = ∫  √−𝑔𝑑4𝑥 [
1

2
𝐹(𝑄) + 𝜎𝛼

𝛽𝑎𝑏
ℛ𝛽𝑎𝑏
𝑧 + 𝜎𝛼

𝑎𝑏𝑇𝑎𝑏
𝛼 + ℒ𝑛]  

𝑇𝑎𝑏 =
2

√−𝑔
Δ𝛼(√−𝑔𝐹𝑄𝐻𝑎𝑏

𝛼 )

 +
1

2
𝑔𝑎𝑏𝐹 + 𝐹𝑄 (𝐻𝑎𝛼𝛽𝑄𝑏

𝛼𝛽
− 2𝑄𝛼𝛽𝑎𝐻𝑏

𝛼𝛽
)

 

𝑇𝑎𝑏 ≡
2

√𝑔

𝛿(√−𝑔)ℒ𝑛

𝛿𝑔𝑎𝑏
 

∇𝜌𝜎𝛼
𝑏𝑎𝜌

+ 𝜎𝛼
𝑎𝑏 = √−𝑔𝐹𝑄𝐻𝑎𝑏

𝛼 + 𝐽𝛼
𝑎𝑏  

𝐽𝛼
𝑎𝑏 =

−1

2

𝛿ℒ𝑛
𝛿𝑇𝑎𝑏

𝛼  

∇𝑎∇𝑏(√−𝑔𝐹𝑄𝐻𝛼
𝑎𝑏 + 𝐽𝛼

𝑎𝑏) = 0.  

∇𝑎∇𝑏(√−𝑔𝐹𝑄𝐻𝛼
𝑎𝑏) = 0  

Γ𝑎𝑏
𝛼 = (

𝜕𝑢𝑢

𝜕𝜉𝜎
)𝜕𝑎𝜕𝑏𝜉

𝜎  

𝑄𝛼𝑎𝑏 = 𝜕𝛼𝑔𝑎𝑏  

𝑑𝑠2 = −𝑒𝑣(𝑟)𝑑𝑡2 + 𝑒𝜎(𝑟)𝑑𝑟2 + 𝑟2𝑑𝑤2  

𝑄(𝑟) = −
2𝑒−𝜎

𝑟
(𝑣′ +

1

𝑟
)  

𝑇𝑎𝑏 = (𝜌 + 𝑝𝑡)𝑎𝑎𝑎𝑏 + 𝑝𝑡𝑔𝑎𝑏 + (𝑝𝑟 − 𝑝𝑡)𝑏𝑎𝑏𝑏  
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𝜌 = −
𝐹

2
+ 𝐹𝑄 [𝑄 +

1

𝑟2
+
𝑒−𝜎

𝑟
(𝑣′ + 𝜎′)] ,

𝑝𝑟 =
𝐹

2
− 𝐹𝑄 [𝑄 +

1

𝑟2
] ,

𝑝𝑡 =
𝐹

2
− 𝐹𝑄 [

𝑄

2
− 𝑒−𝜎

𝑄

2
− 𝑒−𝜎 [

𝑣′′

2
+ (

𝑣′

4
+
1

2𝑟
) (𝑣′ − 𝜎′)]] ,

0 =
cot 𝜃

2
𝑄′𝐹𝑄𝑄.

 

cot 𝜃

2
𝑄′𝐹𝑄𝑄 = 0  

𝐹𝑄𝑄 = 0 ⇒ 𝐹(𝒬) = 𝛽1𝑄 + 𝛽2  

𝜌 =
1

2𝑟2
[2𝛽1 + 2𝑒

−𝜎𝛽1(𝑟𝜎
′ − 1) − 𝑟2𝛽2]

𝑝𝑟 =
1

2𝑟2
[−2𝛽1 + 2𝑒

−𝜎𝛽1(𝑟𝑣
′ + 1) + 𝑟2𝛽2]

𝑝𝑡 =
𝑒−𝜎

4𝑟
[2𝑒𝜎𝑟𝛽2 + 𝛽1(2 + 𝑟𝑣

′)(𝑣′ − 𝜎′) + 2𝑟𝛽1𝑣
′′]

 

Δ(𝑟) =
𝛽1
8𝜋
[𝑒−𝜎 (

𝑣′′

2
−
𝜎′𝑣′

4
+
(𝑣′)2

4
−
𝑣′ + 𝜎′

2𝑟
−
1

2𝑟2
) +

1

𝑟2
]  

𝜎 = ln (𝜁(1 + 𝑥)) − ln (𝜁 + 𝑥)  

𝑣 = 2ln 𝜂  

Δ =
𝛽1
8𝜋
[
𝜁 + 𝑥

𝜁(1 + 𝑥)
[
𝜂′′

𝜂
−√

𝜉

𝑥

𝜂′

𝜂
+

√𝜉𝑥(𝜁 − 1)

(𝜁 + 𝑥)(1 + 𝑥)
(√𝜉𝑥 −

𝜂′

𝜂
)]] .  

𝑋′′ +
1

𝑌1
2 − 1

[1 − 𝜁 +
8𝜋Δ𝜁(1 + 𝑥)2

𝜉𝑥
+
3𝑌1

2 + 2

4(1 − 𝑌1
2)
] 𝑋 = 0  

Δ =
𝜉𝑥

8𝜋𝜁(1 + 𝑥)2
𝛽1 [

5

4

1

(1 − 𝑌1
2)
−
2𝛼(1 − 𝑌1

2)

𝑌1
2(𝛼 + 𝛽𝑌1)

+ 𝜁 −
7

4
]  

𝑋′′ −
2𝛼

𝑌1
2(𝛼 + 𝛽𝑌1)

𝑋 = 0  

𝑋 = 𝐴1
𝛼 + 𝛽𝑌1
𝑌1

[
𝛼

𝛽3
𝑓(𝑌1) +

𝐵1
𝐴1
]  

𝜂 = 𝐴1(1 − 𝑌1
2)1/4

𝛼 + 𝛽𝑌1
𝑌1

[
𝛼

𝛽3
𝑓(𝑌1) +

𝐵1
𝐴1
] ,  

𝑓(𝑌1) =
sec2 𝑣 − cos2 𝑣

2
+ log cos2 𝑣 
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𝑣 = tan−1 √
𝛽𝑌1
𝛼
, 𝐴1𝐵1 

𝜌 =
𝛽1𝜉(𝜁 − 1)(3 + 𝑥)

8𝜋𝜁(1 + 𝑥)2
−
𝛽2
16𝜋

𝑝𝑟  =
−2𝜉𝛽1 + 𝛽2(1 + 𝑥) + 2(1 + 𝑥)𝜉𝛽1𝜓1

8𝜋2(1 + 𝑥)𝜓2𝜓3
+

2𝜉2𝑟2𝛽1𝜓4
8𝜋𝜁(1 + 𝑥)2𝜓5𝜓6

𝑝𝑡  =
2𝐵1𝛽

3(𝜁 − 1)𝜓7 + 𝐴1𝛽𝜁
2𝛽2𝜓8 + 2𝐴1(𝜁 − 1)𝛼𝜓9𝜓10

8𝜋𝜓11𝜓12

 

0 <
𝑝

𝜌
< 1.  

 i:e 0 < (
𝑑𝑝

𝑑𝜌
)
𝑟=0

≤ 1 

(
𝑑

𝑑𝑟
(
𝑑𝑝

𝑑𝜌
)
𝑟=0

< 0  

(
𝑑

𝑑𝑟
(
𝑝

𝜌
)
𝑟=0

< 0  

𝑑𝑠2 = −(1 −
2𝑀

𝑟
−
Λ

3
𝑟2)𝑑𝑡2 +

𝑑𝑟2

(1 −
2𝑀
𝑟
−
Λ
3
𝑟2)

 +𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)

 

(1 −
2𝑀

𝑟
−
Λ

3
𝑟2)  = 𝑒𝑣(𝑅)

(1 −
2𝑀

𝑟
−
Λ

3
𝑟2)  = 𝑒−𝜎(𝑅)

𝑝𝑟(𝑅)  = 0

 

𝐴1  = −
2𝐵1(−1 + 𝜁)𝛽

3𝜓13
(𝜁 + 𝜉𝑅2)𝛽𝜓14 + 2(−1 + 𝜁)𝛼𝑍

𝐵1  =
𝜓15

(1 + 𝜉𝑅2)(𝛼 + 𝑌2𝛽)𝜓16

 

𝜔𝑟 =
𝑝𝑟
𝜌
,𝜔𝑡 =

𝑝𝑡
𝜌
.  

𝑉𝑟
2 =

𝑑𝑝𝑟
𝑑𝜌

< 1, 𝑉𝑡
2 =

𝑑𝑝𝑡
𝑑𝜌

< 1,  

𝑚(𝑟) =
𝜅

2
∫  
𝑟

0

 𝜌𝑟2𝑑𝑟

𝑢(𝑟) =
𝜅

2𝑟
∫  
𝑟

0

 𝜌𝑟2𝑑𝑟
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𝑚(𝑟) = −
44𝑟3(−6𝛽1𝜉(𝜁 − 1) + 𝛽2𝜉𝜁𝑟

2 + 𝛽2𝜁)

7(𝜁(3𝜉𝑟2 + 3))

𝑢(𝑟) = −
44𝑟2(−6𝛽1𝜉(𝜁 − 1) + 𝛽2𝜉𝜁𝑟

2 + 𝛽2𝜁)

7(𝜁(3𝜉𝑟2 + 3))

 

𝑁𝐸𝐶: 𝜌 ≥ 0,
𝑊𝐸𝐶: 𝜌 + 𝑝𝑟 ≥ 0, 𝜌 + 𝑝𝑡 ≥ 0,
𝐷𝐸𝐶: 𝜌 − 𝑝𝑟 ≥ 0, 𝜌 − 𝑝𝑡 ≥ 0,

𝑆𝐸𝐶: 𝜌 + 𝑝𝑟 + 2𝑝𝑡 ≥ 0,
𝑇𝐸𝐶: 𝜌 − 𝑝𝑟 − 2𝑝𝑡 ≥ 0.

 

Γ =
𝑝𝑟 + 𝜌

𝑝𝑟
⋅
𝑑𝑝𝑟
𝑑𝜌

 

𝑍𝐺 =
1

√|𝑒𝑣(𝑟)|
− 1,  

𝑍𝑆 =
1

√1 − 2𝑢(𝑟)
− 1 =

1

√1 + 2(
44𝑟2(−6𝛽1𝜉(𝜁 − 1) + 𝛽2𝜉𝜁𝑟

2 + 𝛽2𝜁)

7(𝜁(3𝜉𝑟2 + 3))
)

− 1.  

𝐹𝑔 + 𝐹ℎ + 𝐹𝑎 = 0  

𝐹𝑔 = −
𝑣′

2
(𝜌 + 𝑝𝑟), 𝐹ℎ = −

𝑑𝑝𝑟
𝑑𝑟

, 𝐹𝑎 =
2

𝑟
(𝑝𝑡 − 𝑝𝑟).  

𝑌1 = √
𝜁 + 𝑥

𝜁 − 1
, 𝑌2 = √

𝜁 + 𝜉𝑅2

𝜁 − 1
, 𝑌3 = √

𝜁 + 𝜉𝑅2

𝜁 + 𝜉𝜁𝑅2
 

𝜓1 = 2𝐴1𝛽
3𝑌1 +

2𝛽

(𝜁 − 1)(𝑥 + 1)𝑌1(𝛼 + 𝛽𝑌1)
−

2

(𝑥 + 1)(𝜁 + 𝑥)
+

1

𝜁𝑥 + 𝜁
+

4

(𝑥 + 1)2
, 𝜓2

= (1 + 𝑥)(𝛼 + 𝑌1𝛽) 

𝜓3 = 𝛽(2𝐴1(−1 + 𝜁)𝑌1𝛼 + 𝐴1(𝜁 + 𝑥)𝛽 + 2𝐵1(−1 + 𝜁)𝛽
2(𝛼 + 𝑌1𝛽)) + 2𝐴1(−1

+ 𝜁)𝛼(𝛼 + 𝑌1𝛽)log [
𝛼

𝛼 + 𝑌1𝛽
] 

𝜓4 = 𝐴1𝛽
3(𝑥 + 1)𝑌1 +

𝛽(𝑥 + 1)

(𝜁 − 1)𝑌1(𝛼 + 𝛽𝑌1)
−
𝑥 + 1

𝜁 + 𝑥
+ 2,𝜓5 = 𝛼 + 𝛽𝑌1 

𝜓6 = 𝛽(𝐴1𝛽(𝜁 + 𝑥) + 2𝛼𝐴1(𝜁 − 1)𝑌1 + 2𝛽
2𝐵1(𝜁 − 1)(𝛼 + 𝛽𝑌1)) + 2𝛼𝐴1(𝜁 − 1)(𝛼

+ 𝛽𝑌1)log (
𝛼

𝛼 + 𝛽𝑌1
) 
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𝜓7 = 𝜉𝜁𝜓74 + 𝛽
2𝜉𝑥4𝜓72 + 𝜉𝑥

3𝜓73 + 𝜉𝑥
2𝜓75 + 𝜉𝑥𝜓76 + 𝛽2𝜁

2𝜓71 

𝜓71 = 𝛼
3(𝜁 − 1) + 3𝛼𝛽2𝜁 + 3𝛼2𝛽(𝜁 − 1)𝑌1 + 𝛽

3𝜁𝑌1, 𝜓72

= 3𝛼(6𝛽1 + 𝛽2𝜁𝑟
2) + 𝛽𝑌1(8𝛽1 + 𝛽2𝜁𝑟

2) 

𝜓73 = 𝛼
3(𝜁 − 1)(2𝛽1 + 𝛽1𝜁𝑟

2) + 𝛼𝛽2(𝛽1(38𝜁 + 36) + 3𝛽2𝜁(2𝜁 + 3)𝑟
2) + 3𝛼2𝛽(𝜁 − 1)𝑌1(4𝛽1 + 𝛽2𝜁𝑟

2)

 +𝛽3𝑌1(2𝛽1(9𝜁 + 7) + 𝛽2𝜁(2𝜁 + 3)𝑟
2)

 

𝜓74 = 𝛼
3(𝜁 − 1)(𝛽1(6𝜁 − 2) + 𝛽1(3𝜁 + 1)𝑟

2) + 𝛼𝛽2𝜁(2𝛽1(9𝜁 + 1) + 3𝛽2(3𝜁 + 2)𝑟
2)

 +𝛼2𝛽(𝜁 − 1)𝑌1(2𝛽1(9𝜁 − 1) + 3𝛽2(3𝜁 + 1)𝑟
2) + 𝛽3𝜁𝑌1(𝛽1(6𝜁 + 2) + 𝛽2(3𝜁 + 2)𝑟

2)
 

𝜓75 = 𝛼𝛽
2(𝛽1(26𝜁

2 + 82𝜁 + 6) + 3𝛽2𝜁(𝜁
2 + 6𝜁 + 3)𝑟2) + 𝛼2𝛽(𝜁2 + 2𝜁 − 3)𝑌1(10𝛽1 + 3𝛽2𝜁𝑟

2)

 +𝛽3𝑌1(2𝛽1(6𝜁
2 + 17𝜁 + 1) + 𝛽2𝜁(𝜁

2 + 6𝜁 + 3)𝑟2) + 𝛼3(𝜁 − 1)(8𝛽1 + 𝛽2𝜁(𝜁 + 3)𝑟
2)

 

𝜓76 =𝛼
3(𝜁 − 1)(2𝛽1(𝜁

2 + 3𝜁 + 1) + 3𝛽1𝜁(𝜁 + 1)𝑟
2) + 𝛼𝛽2𝜁(𝛽1(6𝜁𝜁

2 + 64𝜁 + 8) + 3𝛽2(3𝜁
2 + 6𝜁 + 1)𝑟2)

 +𝛼2𝛽(𝜁 − 1)𝑌1(𝛽1(6𝜁
2 + 32𝜁 + 6) + 9𝛽2𝜁(𝜁 + 1)𝑟

2) + 𝛽3𝜁𝑌1(2𝛽1(𝜁
2 + 13𝜁 + 2) + 𝛽2(3𝜁

2 + 6𝜁 + 1)𝑟2)
 

𝜓8 = 𝜓81 + 𝜉𝑥
5𝛽3(18𝛽1 + 𝜁𝑟

2𝛽2) + 𝜉𝑥
4𝛽𝜓82 + 𝜉𝜁𝜓83 + 𝜉𝑥

3𝜓84 + 𝜉𝑥𝜓85 + 𝜉𝑥
2𝜓86 

𝜓81 = 𝛽
3𝜁2 + 5𝛼2𝛽(𝜁 − 1)𝜁 + 2𝛼3(𝜁 − 1)2𝑌1 + 4𝛼𝛽

2(𝜁 − 1)𝜁𝑌1 

𝜓82 = 𝛼
2(𝜁 − 1)(22𝛽1 + 5𝛽2𝜁𝑟

2) + 𝛽2(28𝛽1(2𝜁 + 1) + 3𝛽1𝜁(𝜁 + 1)𝑟
2) + 4𝛼𝛽(𝜁

− 1)𝑌1(9𝛽1 + 𝛽2𝜁𝑟
2) 

𝜓83 = 3𝛽
3𝜁2(𝜁 + 1)(2𝛽1 + 𝛽2𝑟

2) + 𝛼2𝛽(𝜁 − 1)𝜁(𝛽1(30𝜁 − 2) + 5𝛽2(3𝜁 + 2)𝑟
2)

 +2𝛼3(𝜁 − 1)2𝑌1(𝛽1(6𝜁 − 2) + 𝛽2(3𝜁 + 1)𝑟
2) + 4𝛼𝛽2(𝜁 − 1)𝜁𝑌1(𝛽1(6𝜁 + 2) + 𝛽2(3𝜁 + 2)𝑟

2)
 

𝜓84 = 3𝛽
3(𝛽1(20𝜁

2 + 30𝜁 + 2) + 𝛽2𝜁(𝜁
2 + 3𝜁 + 1)𝑟2) + 𝛼2𝛽(𝜁 − 1)(𝛽1(42𝜁 + 52) + 5𝛽2𝜁(2𝜁 + 3)𝑟

2)

 +2𝛼3(𝜁 − 1)2𝑌1(2𝛽1 + 𝛽2𝜁𝑟
2) + 4𝛼𝛽2(𝜁 − 1)𝑌1(𝛽1(19𝜁 + 16) + 𝛽2𝜁(2𝜁 + 3)𝑟

2)
 



pág. 4357 

𝜓85 = 𝛼
2𝛽(𝜁 − 1)𝜁(2𝛽1(5𝜁

2 + 44𝜁 + 4) + 5𝛽2(3𝜁
2 + 6𝜁 + 1)𝑟2)

 +𝛽3𝜁2(2𝛽1(𝜁
2 + 23𝜁 + 9) + 3𝛽2(𝜁

2 + 3𝜁 + 1)𝑟2)

 +2𝛼3(𝜁 − 1)2𝑌1(2𝛽1(𝜁
2 + 3𝜁 + 1) + 3𝛽2𝜁(𝜁 + 1)𝑟

2)

 +4𝛼𝛽2(𝜁 − 1)𝜁𝑌1(𝛽1(2𝜁
2 + 26𝜁 + 5) + 𝛽2(3𝜁

2 + 6𝜁 + 1)𝑟2)

𝜓86 = 5𝛼
2𝛽(𝜁 − 1)(𝛽1(6𝜁

2 + 22𝜁 + 2) + 𝛽2𝜁(𝜁
2 + 6𝜁 + 3)𝑟2)

+4𝛼𝛽2(𝜁 − 1)𝑌1(3𝛽1(4𝜁
2 + 12𝜁 + 1) + 𝛽2𝜁(𝜁

2 + 6𝜁 + 3)𝑟2))

 +𝛽3𝜁(6𝛽1(4𝜁
2 + 17𝜁 + 3) + 𝛽2(𝜁

3 + 9𝜁2 + 9𝜁 + 1)𝑟2) + 2𝛼3(𝜁 − 1)2𝑌1(8𝛽1 + 𝛽2𝜁(𝜁 + 3)𝑟
2)

𝜓9 = 𝜁
2𝛽2𝜓91 + 𝜉𝑥

4𝛽2𝜓92 + 𝜉𝑥
3𝜓93 + 𝜉𝜁𝜓94 + 𝜉𝑥

2𝜓95 + 𝜉𝑥𝜓96
𝜓91 = 𝛼

3(𝜁 − 1) + 3𝛼𝛽2𝜁 + 3𝛼2𝛽(𝜁 − 1)𝑌1 + 𝛽
3𝜁𝑌1, 𝜓92 = 3𝛼(6𝛽1 + 𝛽2𝜁𝑟

2) + 𝛽𝑌1(8𝛽1 + 𝛽2𝜁𝑟
2)

𝜓93 = 𝛼
3(𝜁 − 1)(2𝛽1 + 𝛽2𝜁𝑟

2) + 𝛼𝛽2(𝛽1(38𝜁 + 36) + 3𝛽2𝜁(2𝜁 + 3)𝑟
2) + 3𝛼2𝛽(𝜁 − 1)𝑌11(4𝛽1 + 𝛽1𝜁𝑟

2)

 +𝛽3𝑌1(2𝛽1(9𝜁 + 7) + 𝛽2𝜁(2𝜁 + 3)𝑟
2)

𝜓94 = 𝛼
3(𝜁 − 1)(𝛽1(6𝜁 − 2) + 𝛽2(3𝜁 + 1)𝑟

2) + 𝛼𝛽2𝜁(2𝛽1(9𝜁 + 1) + 3𝛽1(3𝜁 + 2)𝑟
2)

 +𝛼2𝛽(𝜁 − 1)𝑌1(2𝛽1(9𝜁 − 1) + 3𝛽2(3𝜁 + 1)𝑟
2) + 𝛽3𝜁𝑌1(𝛽1(6𝜁 + 2) + 𝛽2(3𝜁 + 2)𝑟

2)

𝜓95 = 𝛼𝛽
2(𝛽1(26𝜁

2 + 82𝜁 + 6) + 3𝛽2𝜁(𝜁
2 + 6𝜁 + 3)𝑟2) + 𝛼2𝛽(𝜁2 + 2𝜁 − 3)𝑌1(10𝛽1 + 3𝛽2𝜁𝑟

2)

+𝛽3𝑌1𝛽1(6𝜁
2 + 17𝜁 + 1) + 𝛽2𝜁(𝜁

2 + 6𝜁 + 3)𝑟2) + 𝛼3(𝜁 − 1)(8𝛽1 + 𝛽2𝜁(𝜁 + 3)𝑟
2)

𝜓96 = 𝛼
3(𝜁 − 1)(2𝛽1(𝜁

2 + 3𝜁 + 1) + 3𝛽2𝜁(𝜁 + 1)𝑟
2) + 𝛼𝛽2𝜁(𝛽1(6𝜁

2 + 64𝜁 + 8) + 3𝛽2(3𝜁
2 + 6𝜁 + 1)𝑟2)

 +𝛼2𝛽(𝜁 − 1)𝑌1(𝛽1(6𝜁
2 + 32𝜁 + 6) + 9𝛽2𝜁(𝜁 + 1)𝑟

2) + 𝛽3𝜁𝑌1(2𝛽1(𝜁
2 + 13𝜁 + 2) + 𝛽2(3𝜁

2 + 6𝜁 + 1)𝑟2)

𝜓10 = log (
𝛼

𝛼 + 𝛽𝑌1
) , 𝜓11 = 2(𝜁 − 1)𝜁(𝑥 + 1)

3(𝜁 + 𝑥)(𝛼 + 𝛽𝑌1)
2

𝜓12 = 𝛽(𝐴1𝛽(𝜁 + 𝑥) + 2𝛼𝐴1(𝜁 − 1)𝑌1 + 2𝛽
2𝐵1(𝜁 − 1)(𝛼 + 𝛽𝑌1)) + 2𝛼𝐴1(𝜁 − 1)(𝛼 + 𝛽𝑌1)log (

𝛼

𝛼 + 𝛽𝑌1
)

𝜓13 = (𝜁𝛽2𝜓131 + 𝜉
3𝑅4𝛽𝜓132 + 𝜉

2𝑅2𝜓133 + 𝜉𝜓134)

𝜓131 = 2𝛼𝛽𝜁 + 𝛽
2𝜁𝑌2 + (𝜁 − 1)𝑌2𝛼

2, 𝜓132 = 𝛼(2𝛽2𝜁𝑅
2 − 4𝛽1(𝜁 − 4)) + 𝛽𝑌2(𝛽2𝜁𝑅

2 − 2𝛽1(𝜁 − 5))

𝜓133 = 𝛽
2𝑌2(𝛽2𝜁(𝜁 + 2)𝑅

2 − 2𝛽1(𝜁
2 − 8𝜁 − 1)) + 2𝛼𝛽𝜁(𝛽2(𝜁 + 2)𝑅

2 − 2𝛽1(𝜁 − 7))

 +𝛼2(𝜁 − 1)𝑌2(𝛽2𝜁𝑅
2 − 2𝛽1(𝜁 − 3))

𝜓134 = 2𝛼𝛽𝜁(6𝛽1𝜁 + 2𝛽2𝜁𝑅
2 + 𝛽2𝑅

2) + 2𝛼2(𝜁 − 1)𝑌2(𝛽1(3𝜁 − 1) + 𝛽2𝜁𝑅
2)

 +𝛽2𝜁𝑌2(𝛽1(6𝜁 + 2) + 𝛽2(2𝜁 + 1)𝑅
2)

𝜓14 = (𝜁𝛽2𝜓141 + 𝜉
3𝑅4𝛽2(−2(−7 + 𝜁)𝛽1 + 𝜁𝛽2𝛽2) + 𝜉2𝑅2𝜓142 + 𝜉𝜓143)

 

𝜓141 = 2𝛼𝛽𝜁 + 𝛼
2(𝜁 − 1)𝑌2 + 𝛽

2𝜁𝑌2 

𝜓142 = 𝛽
2(𝛽1(−2𝜁

2 + 20𝜁 + 6) + 𝛽2𝜁(𝜁 + 2)𝑅
2) − 2𝛼2(𝜁 − 1)(2𝛽1(𝜁 − 3) − 𝛽2𝜁𝑅

2)

 +𝛼𝛽(𝜁 − 1)𝑌2(𝛽1(26 − 6𝜁) + 3𝛽2𝜁𝑅
2)

 

𝜓143 = 4𝛼
2(𝜁 − 1)(𝛽1(3𝜁 − 1) + 𝛽2𝜁𝑅

2) + 𝛽2𝜁(6𝛽1(𝜁 + 1) + 𝛽2(2𝜁 + 1)𝑅
2)

 +2𝛼𝛽(𝜁 − 1)𝑌2(𝛽1 + 9𝛽1𝜁 + 3𝛽2𝜁𝑅
2)

 

𝑍 = (𝜁𝛽2𝑍1 + 𝜉
3𝑅4𝛽𝑍2 + 𝜉

2𝑅2𝑍3 + 𝜉𝑍4) (log [
𝛼

𝛼 + 𝑌2
]) , 𝑍1 = 2𝛼𝛽𝜁 + 𝛼

2(𝜁 − 1)𝑌2 + 𝛽
2𝜁𝑌2 

𝑍2 = 𝛼(2𝛽2𝜁𝑅
2 − 4𝛽1(𝜁 − 4)) + 𝛽𝑌2(𝛽2𝜁𝑅

2 − 2𝛽1(𝜁 − 5)) 

𝑍3 = 𝛽
2𝑌2(𝛽2𝜁(𝜁 + 2)𝑅

2 − 2𝛽1(𝜁
2 − 8𝜁 − 1)) + 2𝛼𝛽𝜁(𝛽2(𝜁 + 2)𝑅

2 − 2𝛽1(𝜁 − 7))

 +𝛼2(𝜁 − 1)𝑌2(𝛽2𝜁𝑅
2 − 2𝛽1(𝜁 − 3))

 

𝑍4 = 2𝛼𝛽𝜁(6𝛽1𝜁 + 2𝛽2𝜁𝑅
2 + 𝛽2𝑅

2)

 +2𝛼2(𝜁 − 1)𝑌2(𝛽1(3𝜁 − 1) + 𝛽2𝜁𝑅
2) + 𝛽2𝜁𝑌2(𝛽1(6𝜁 + 2) + 𝛽2(2𝜁 + 1)𝑅

2)
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𝜓15 = 4(1 − 𝜁)𝑌2𝑌3, 𝜓16 = (1 −
𝜓17
𝜓18

) 

𝜓17 = 2(−1 + 𝜁)𝛼
1

2
(1 +

𝑌2𝛽

2
−

𝛼

𝛼 + 𝑌2𝛽
)

 +2(−1 + 𝜁)log [
𝛼

𝛼 + 𝑌2𝛽
] (𝜁𝛽2𝜓171 + 𝜉

3𝑅4𝛽𝜓172 + 𝜉
2𝑅2𝜓173 + 𝜉𝜓174)

 

𝜓171 = 2𝛼𝛽𝜁 + 𝛼
2(𝜁 − 1)𝑌2 + 𝛽

2𝜁𝑌2, 𝜓172

= 𝛼(2𝛽2𝜁𝑅
2 − 4𝛽1(𝜁 − 4)) + 𝛽𝑌2(𝛽2𝜁𝑅

2 − 2𝛽1(𝜁 − 5)) 

𝜓173 = 𝛽
2𝑌2(𝛽2𝜁(𝜁 + 2)𝑅

2 − 2𝛽1(𝜁
2 − 8𝜁 − 1)) + 2𝛼𝛽𝜁(𝛽2(𝜁 + 2)𝑅

2 − 2𝛽1(𝜁 − 7))

 +𝛼2(𝜁 − 1)𝑌2(𝛽2𝜁𝑅
2 − 2𝛽1(𝜁 − 3))

 

𝜓174 = 2𝛼𝛽𝜁(6𝛽1𝜁 + 2𝛽2𝜁𝑅
2 + 𝛽2𝑅

2) + 2𝛼2(𝜁 − 1)𝑌2(𝛽1(3𝜁 − 1) + 𝛽2𝜁𝑅
2)

 +𝛽2𝜁𝑌2(𝛽1(6𝜁 + 2) + 𝛽2(2𝜁 + 1)𝑅
2)

 

𝜓18 = (𝜁 + 𝜉𝑅
2)𝛽(𝜁𝛽2𝜓181 + 𝜉

3𝑅4𝛽2𝜓182 + 𝜉
2𝑅2𝜓183 + 𝜉𝜓184)

 +2(−1 + 𝜁)𝛼 (𝜁𝛽2𝜓185 + 𝜉
3𝑅3𝛽𝜓186 + 𝜉

2𝑅2𝜓187 + 𝜉𝜓188log [
𝛼

𝛼 + 𝑌2𝛽
])

 

𝜓181 = 2𝛼
2(𝜁 − 1) + 𝛽2𝜁 + 3𝛼𝛽(𝜁 − 1)𝑌2, 𝜓182 = 𝛽2𝜁𝑅

2 − 2𝛽1(𝜁 − 7)

𝜓183 = 𝛽
2(𝛽1(−2𝜁

2 + 20𝜁 + 6) + 𝛽2𝜁(𝜁 + 2)𝑅
2) − 2𝛼2(𝜁 − 1)(2𝛽1(𝜁 − 3) − 𝛽2𝜁𝑅

2)

 +𝛼𝛽(𝜁 − 1)𝑌2(𝛽1(26 − 6𝜁) + 3𝛽2𝜁𝑅
2) − 24 −

 

𝜓184 = 4𝛼
2(𝜁 − 1)(𝛽1(3𝜁 − 1) + 𝛽2𝜁𝑅

2) + 𝛽2𝜁(6𝛽1(𝜁 + 1) + 𝛽2(2𝜁 + 1)𝑅
2)

 +2𝛼𝛽(𝜁 − 1)𝑌2(𝛽1 + 9𝛽1𝜁 + 3𝛽2𝜁𝑅
2)

 

𝜓185 = 2𝛼𝛽𝜁 + 𝛼
2(𝜁 − 1)𝑌2 + 𝛽

2𝜁𝑌2, 𝜓186

= 𝛼(2𝛽2𝜁𝑅
2 − 4𝛽1(𝜁 − 4)) + 𝛽𝑌2(𝛽2𝜁𝑅

2 − 2𝛽1(𝜁 − 5)) 

𝜓187 = 𝛽
2𝑌2(𝛽2𝜁(𝜁 + 2)𝑅

2 − 2𝛽1(𝜁
2 − 8𝜁 − 1)) + 2𝛼𝛽𝜁(𝛽2(𝜁 + 2)𝑅

2 − 2𝛽1(𝜁 − 7))

 +𝛼2(𝜁 − 1)𝑌2(𝛽2𝜁𝑅
2 − 2𝛽1(𝜁 − 3))

 

𝜓188 = 2𝛼𝛽𝜁(6𝛽1𝜁 + 2𝛽2𝜁𝑅
2 + 𝛽2𝑅

2)

 +2𝛼2(𝜁 − 1)𝑌2(𝛽1(3𝜁 − 1 + 𝛽2𝜁𝑅
2) + 𝛽2𝜁𝑌2(𝛽1(6𝜁 + 2) + 𝛽2(2𝜁 + 1)𝑅

2)
 

𝑒𝑣(𝑟) = ((1 − 𝑌1
2)
1
4 (
𝛼 + 𝛽 × 𝑌1

𝑌1
(
𝛼

𝛽3
𝐴1 (

sec 𝑣 × sec 𝑣 − cos 𝑣 × cos 𝑣

2
) + log [cos 𝑣 × cos 𝑣])

+ 𝐵1))

2
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SUPLEMENTO. ECUACIONES COMPLEMENTARIAS. 

𝐸𝑎 = 𝑑𝑥𝑎 −
𝑖

2
𝑑𝜃𝛼(Γ𝑎)𝛼𝛽𝜃

𝛽;  𝐸𝛼 = 𝑑𝜃𝛼  

𝐷𝛼 = 𝜕𝛼 +
𝑖

2
(Γ𝑎𝜃)𝛼𝜕𝑎  

∇𝛼Λ
𝛽 = −

𝑖

4
(Γ𝑎𝑏)

𝛼
 𝛽𝐹𝑎𝑏  

Γ𝑎∇𝑎Λ= 0  

∇𝑏𝐹𝑎𝑏 = 2𝑖ΛΓ𝑎Λ,
 

𝐽𝑎𝑏𝑐 = tr(ΛΓ𝑎𝑏𝑐Λ)  

𝐼 = ∫  𝑑𝐷𝑥𝜀𝑚1…𝑚𝐷𝐿𝑚1…𝑚𝐷
(𝑥, 𝜃 = 0)  

𝐾8,2 ∼ 𝑖Γ5,2𝐽3,0 + 3𝑖Γ1,2 ⋆ 𝐽3,0  

𝑃2,2 ∼ 𝑖𝑡0𝐽3,0 +
1

6
Γ2𝑎𝑏𝑐,2𝐽

𝑎𝑏𝑐  

𝐾6,4 = 𝑖Γ1,2𝐽3,0𝑃2,2 +
𝑖

2
Γ3𝑎𝑏,2𝐽1,0

𝑎𝑏𝑃2,2  

𝑍4,6
′ ∼ Γ4𝑎,2𝑁,4

𝑎  

𝑁,4
𝑎 = Ξ̂,1

𝑎 𝑄̂0,3 +
7

96
Γ,2
𝑏Γ𝑏

𝛼𝛽
Ξ̂𝛼
𝑎𝑄̂0,2𝛽 +

1

96
Γ𝑏,2Γ

𝑎,𝛼𝛽Ξ̂𝛼
𝑏𝑄̂0,2𝛽 +

1

16
[Γ𝑎Γ𝑏],1

𝛼 Ξ̂,1
𝑏 𝑄̂0,2𝛼

+
1

192
[Γ𝑎Γ𝑏],1

𝛼Γ,2
𝑐Γ𝑐,
𝛽𝛾
Ξ̂𝛾
𝑏𝑄̂0,1𝛼𝛽

 

Ξ̂𝑎 ≡
𝑖

10
tr([−8𝐹𝑎𝑏Γ𝑏 + 𝐹𝑏𝑐Γ

𝑎𝑏𝑐]Λ),  
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𝑄̂𝛼𝛽𝛾 ≡ 𝑄𝛼𝛽𝛾 −
3

20
Γ(𝛼𝛽
𝑎 Γ𝑎

𝛿𝜂
𝑄𝛾)𝛿𝜂 .  

𝑑1𝑍4,6
′ (𝑁) ∼ Γ4𝑎,2𝑂

𝑎  ,5(𝑁)  

𝑑0𝑍4,6
′ (𝑁) + 𝑑1𝑍5,5

′ (𝑁) ∼ Γ5,2𝑂0,4(𝑁)  

[𝑂0,4] ∼ [𝐷
2]𝑎𝑏𝑐[Γ

𝑎𝑏]1 
𝛼𝑁𝑐  ,3𝛼 + 𝑐𝜕𝑎𝑁

𝑎 ,4  

[𝑑1𝜕𝑎𝑁
𝑎 ,4] ∼ Γ

5 ,2𝑃̂4,0𝑑0𝑄̂0,3  

𝑃̂𝑎𝑏𝑐𝑑 ≡ tr𝐹[𝑎𝑏𝐹𝑐𝑑] −
𝑖

2
𝜕[𝑎𝐽𝑏𝑐𝑑]  

𝐷𝛿𝑄̂𝛼𝛽𝛾 =
15𝑖

8
Γ𝛿(𝛼
𝑎 𝑄̂𝑎,𝛽𝛾)

′ −
3𝑖

8
Γ(𝛼𝛽
𝑎 𝑄̂𝑎,𝛾)𝛿

′ +
1

4
Γ𝛿(𝛼
𝑎𝑏𝑐𝑆̂𝑎𝑏𝑐,𝛽𝛾);  

𝑄̂1,2
′ ≡

2

5
(𝑄1,2+

1

96
Γ1,2Γ

𝑎,𝛼𝛽𝑄𝑎,𝛼𝛽 −
1

96
Γ,2
𝑎Γ1,

𝛼𝛽
𝑄𝑎,𝛼𝛽 −

5

96
Γ𝑎,2Γ

𝑎,𝛼𝛽𝑄1,𝛼𝛽  

−
1

12
[Γ1Γ

𝑎],1 
𝛼𝑄𝑎,1𝛼) −

𝑖

20
(Γ,1

𝑎𝑏 ,1
𝛼𝑆1𝑎𝑏,1𝛼 +

1

6
Γ,2
𝑏Γ𝑎,𝛼𝛽𝑆1𝑎𝑏,𝛼𝛽

−
1

12
[Γ1Γ

𝑎𝑏𝑐],1 
𝛼𝑆𝑎𝑏𝑐,1𝛼 +

1

12
Γ,1
𝑎𝑏 ,1

𝛼 [Γ1Γ
𝑐],1 

𝛽𝑆𝑎𝑏𝑐,𝛼𝛽)

 

[𝑂0,4] ∼𝑐1Ξ̂,1
𝑎𝜕𝑎𝑄̂0,3 + 𝑐2𝜕𝑎Ξ̂,1

𝑎 𝑄̂0,3 + 𝑐3[Γ
𝑎𝑏]1 

𝛼𝜕𝑎Ξ̂𝑏,1𝑄̂0,2𝛼 + 𝑐4[Γ
𝑎𝑏]1 

𝛼𝜕𝑐(𝑑1𝐽𝑎𝑏𝑐)𝑄̂0,2𝛼

+Γ,2
𝑎𝑏𝑐𝑑𝑒(𝑐5𝑃̂𝑎𝑏𝑐𝑑𝑄̂𝑒,2

′ + 𝑐6𝜕
𝑓𝐽𝑎𝑏𝑓𝑆̂𝑐𝑑𝑒,2 + 𝑐7𝜕

𝑓𝐽𝑎𝑏𝑐𝑆̂𝑑𝑒𝑓,2 + 𝑐8𝑃̂𝑎𝑏𝑐  
𝑓𝑆̂𝑑𝑒𝑓,2 + 𝑐9Ξ̂𝑎,1𝑆̂𝑏𝑐𝑑𝑒,1 

+𝑐10[Γ
𝑓𝑔]

1
 𝛼Ξ̂𝑎𝛼𝑆̂𝑏𝑐𝑑𝑒,𝑓𝑔,1) + 𝑐11[Γ

𝑎𝑏]1 
𝛼Ξ̂𝑎,1𝜕𝑏𝑄̂0,2𝛼 + 𝑐12[Γ

𝑎]1𝛼Ξ
𝛼𝜕𝑎𝑄̂0,3

∼ −𝑑1𝑀0,3

 

𝑀0,3 ∼𝑐1
′𝑇𝑄0,3 + 𝑐2

′ [Γ𝑎𝑏]1 
𝛼𝜕𝑐𝐽𝑎𝑏𝑐𝑄̂0,2𝛼 + 𝑐3

′ [Γ𝑎𝑏𝑐𝑑]1 
𝛼𝑃̂𝑎𝑏𝑐𝑑𝑄̂0,2𝛼 + 𝑐4

′ Ξ̂𝑎 ,1𝑄𝑎,2

 +𝑐5
′ Ξ̂𝑎 ,1𝑄̂𝑎,2

′ + 𝑐6
′Γ𝑎 ,1𝛼Ξ

𝛼𝑄̂𝑎,2
′ + 𝑐7

′ [Γ𝑎𝑏]1 
𝛼Ξ̂𝛼

𝑐 𝑆̂𝑎𝑏𝑐,2 + 𝑐8
′ [Γ𝑎𝑏𝑐]1𝛼Ξ

𝛼𝑆̂𝑎𝑏𝑐,2
 

𝑍5,5
′ = 𝑍5,5

′ (𝑁) + Γ5,2𝑀0,3  

Γ4𝑎,2𝑁,4
𝑎 = Γ4𝑎,2Ξ̂,1

𝑎 𝑄̂0,3 + 𝑡0𝑉5,4  

𝑉5,4 ≡
7𝑖

96
Γ4𝑎,2Γ1, 

𝛼𝛽Ξ̂𝛼
𝑎𝑄̂0,2𝛽 +

𝑖

96
Γ4𝑎,2Γ

𝑎,𝛼𝛽Ξ̂1,𝛼𝑄̂0,2𝛽 −
𝑖

16
[Γ5Γ𝑎],1 

𝛼Ξ̂,1
𝑎 𝑄̂0,2𝛼

−
𝑖

192
Γ4𝑎,2[Γ

𝑎Γ𝑏],  
𝛼Γ1, 

𝛽𝛾Ξ̂𝛾
𝑏𝑄̂0,1𝛼𝛽

 

𝑑1(Γ4𝑎,2𝑁,4
𝑎) = −𝑡0 (Γ4𝑎,2Ξ̂,1

𝑎 𝑄̂1,2
′ − 𝑖Γ4𝑎,2 (𝑇̂1

𝑎 +
𝑖

5
𝜕𝑏𝐽1

𝑎𝑏) 𝑄̂0,3

−
6𝑖

5
Γ1,2𝑃̂4𝑄̂0,3 +

3𝑖

5
Γ3
𝑎𝑏 ,2𝑃̂2𝑎𝑏𝑄̂0,3 + 𝑑1𝑉5,4)
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𝑑0(Γ4𝑎,2𝑁,4
𝑎) +𝑑1(Γ4𝑎,2Ξ̂,1

𝑎 𝑄̂1,2
′ +⋯+ 𝑑1𝑉5,4)

+𝑡0 (−𝑖 [Γ4𝑎,2 (𝑇̂1
𝑎 +

𝑖

5
𝜕𝑏𝐽1

𝑎𝑏) +
6

5
Γ1,2𝑃̂4 −

3

5
Γ3
𝑎𝑏 ,2𝑃̂2𝑎𝑏] 𝑄̂1,2

′ + 𝑑0𝑉5,4) 

=Γ4𝑎,2(Ξ̂,1
𝑎(𝑑0𝑄̂0,3 + 𝑑1𝑄̂1,2

′ ) − 𝑑0Ξ̂,1
𝑎 𝑄̂0,3)

 +𝑖𝑑1 [Γ4𝑎,2 (𝑇̂1
𝑎 +

𝑖

5
𝜕𝑏𝐽1

𝑎𝑏) +
6

5
Γ1,2𝑃̂4 −

3

5
Γ3
𝑎𝑏 ,2𝑃̂2𝑎𝑏] 𝑄̂0,3

 

𝑑1[Γ
𝑎𝑏],1 

𝛼Ξ̂𝛼
𝑐 𝑆̂𝑎𝑏𝑐,2 ∼ Γ

𝑎𝑏𝑐𝑑𝑒 ,2Γ
𝑓𝑔 ,1 

𝛼Ξ̂𝑎,𝛼𝑆̂𝑏𝑐𝑑𝑒,𝑓𝑔,1 +⋯  

𝑑1𝑀0,3 ∼ −[𝐷
2]𝑎𝑏𝑐[Γ

𝑎𝑏]1 
𝛼𝑁𝑐  ,3𝛼 − 𝑐𝜕𝑎𝑁

𝑎  ,4  

𝐿9,1 ∼ Γ9,1𝛼[𝐷
4]𝛼𝛽𝛾𝛿𝑀𝛽𝛾𝛿 + [𝐷

5]𝛼𝛽𝛾𝑁9,1𝛼𝛽𝛾  

𝑍1,9 ∼ Γ1,2𝑄0,7  

𝑍2,8
′ ∼

1

6
Γ2𝑎𝑏𝑐,2𝑆̂,6

𝑎𝑏𝑐  

𝑀0,3 ∼ 𝜄𝜃Γ𝑎,2𝑌,2
𝑎

 

𝑌𝑎𝛽𝛾 = (Γ
𝑏𝑐𝑑𝑒𝑓)

𝛽𝛾
𝐽𝑎𝑏𝑐𝐽𝑑𝑒𝑓  

∫  𝑑10𝑥[𝐷5]𝛼𝛽𝛾𝑀𝛼𝛽𝛾 = ∫  𝑑
10𝑥[𝐷4]𝑎𝛼𝛽[𝐷𝑀]𝑎𝛼𝛽  

𝐼 = ∫  𝑑10𝑥[𝐷4]𝑎𝛼𝛽𝑌𝑎𝛼𝛽  

 

ℒ𝑎𝑃 = 𝜄𝑎𝑑𝑃 + 𝑑𝜄𝑎𝑃 = 𝑑𝜄𝑎𝑃,  

𝑊̂11:= 𝐻3ℒ𝑎𝑃4ℒ
𝑎𝑃4= 𝐻3(𝑑𝜄𝑎𝑃4)ℒ

𝑎𝑃4  

 = 𝑑(𝐻3𝜄𝑎𝑃4ℒ
𝑎𝑃4):= 𝑑𝑉̂10

 

𝑉̂4,6 = Γ1,2𝜄𝑎𝑃2,2ℒ
𝑎𝑃2,2 = −𝑡0𝑁5,4,  

𝑁5,4 = 𝜄𝑎𝑃2,2𝑋4,2
𝑎

 

Γ1,2ℒ
𝑎𝑃2,2 = 𝑡0𝑋4,2

𝑎
 

𝑀3
inv ∼ Γ𝑎𝑏𝑐𝑑𝑒 ,2𝜕𝑎Ξ̂𝑏,1𝐽𝑐𝑑𝑒  

𝐼 = ∫  𝑑10𝑥𝑑16𝜃(Γ𝑎)𝛼𝛽𝑄𝑎𝛼𝛽  

𝐴:= 𝐴 + 𝐸𝑟𝑊𝑟 ,  

𝐹 = (𝐹 + 𝐺𝑟𝑊𝑟) + 𝐸
𝑟𝐷𝑊𝑟 −

1

2
𝐸𝑠𝐸𝑟[𝑊𝑟 ,𝑊𝑠]  
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𝜔𝑝 = 𝜔𝑝 + 𝐸
𝑟𝜔𝑝,𝑟 +⋯

1

𝑛!
𝐸𝑟𝑛 …𝐸𝑟1𝜔𝑝−𝑛,𝑟1…𝑟𝑛  

𝑊11= 𝑊11 + 𝐸
9𝑊10  

 = (𝐻3 + 𝐸
9𝐻2)𝑃8

 

𝑊10= 𝐻2(𝑃8 + 𝐺
9𝑋6) − 𝐻3𝑑𝑋6 

 = 𝐻2𝑃8 − 𝑑(𝐻3𝑋6)
 

𝑄3(𝐴) = 𝑄3(𝐴 + 𝐸
9𝑊) = 𝑄3(𝐴) + 𝐸

9tr(2𝑊𝐹(𝐴) + 𝐺9𝑊2) + 𝑑(tr(𝐴𝐸9𝑊))  

𝐹𝛼𝛽 = 𝑖(Γ
9)𝛼𝛽𝑊  

(Γ𝑎)𝛼𝛽𝑄𝑎𝛼𝛽(𝐴) = (Γ
𝑎)𝛼𝛽𝑄𝑎𝛼𝛽(𝐴) + (Γ

9)𝛼𝛽𝑄9𝛼𝛽,  

𝐼 = ∫  𝑑10𝑥𝑑16𝜃(Γ𝑎)𝛼𝛽𝑄𝑎𝛼𝛽 → ℵ∫  𝑑9𝑥𝑑16𝜃tr𝑊2  

 

𝐾 = −
2

𝑔5
2∫  √𝑔|𝑑

2𝑧|Tr(𝑔𝑧𝑧‾𝐴𝑧‾𝐴𝑧 + ℎ
𝑖𝑗‾Φ𝑖Φ‾ 𝑗‾)

𝑊 = −
√2𝑖

𝑔5
2 ∫  𝑑𝑧 ∧ 𝑑𝑧‾𝜖

𝑖𝑗Tr(Φ𝑖𝐷𝑧‾Φ𝑗)

 

𝑔𝑧𝑧‾𝐹𝑧𝑧‾ + ℎ
𝑖𝑗‾[Φ𝑖, Φ𝑗‾

†] = 0, 𝐷𝑧‾Φ𝑖 = 0, 𝜖
𝑖𝑗[Φ𝑖, Φ𝑗] = 0

𝐷𝑧‾𝜎 = 0, [𝜎,Φ𝑖] = 0
 

𝑊 ⊃ −√2(∑  

𝑎∈𝐴

 Tr (𝜇𝑎,𝐻
(3𝑑)

Φ1(𝑧𝑎)) −∑  

𝑏∈𝐵

 Tr (𝜇𝑏,𝐻
(3𝑑)

Φ2(𝑧𝑏))) ,  

Φ2 →
𝑐1𝜇𝑎,𝐻

(3𝑑)

𝑧 − 𝑧𝑎
 (𝑧 → 𝑧𝑎),Φ1 →

𝑐1𝜇𝑏,𝐻
(3𝑑)

𝑧 − 𝑧𝑏
 (𝑧 → 𝑧𝑏),  

det(𝑥 − 𝑐2Φ1) → det (𝑥 − 𝜇𝑎,𝐶
(3𝑑)

) ,Φ2 →
𝑐3𝑚𝑎
𝑧 − 𝑧𝑎

 (𝑧 → 𝑧𝑎)  
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𝑊|solution = 𝑐4∑ 

𝑎∈𝐴

 ∮   |𝑧−𝑧𝑏|=𝜖𝑑𝑧Tr(Φ1Φ2) = −𝑐4∑  

𝑏∈𝐵

  ∮ 𝑑𝑧Tr(Φ1Φ2)

|𝑧−𝑧𝑎|=𝜖

 

0 =
1

𝑁!
(𝑥𝑖1 −Φ𝑖1)𝛽1

𝛼1
⋯(𝑥𝑖𝑁 −Φ𝑖𝑁)𝛽𝑁

𝛼𝑁
𝜖𝛼1⋯𝛼𝑁𝜖

𝛽1⋯𝛽𝑁 .  

𝑧 =
𝑥4 + 𝑖𝑥5

√2
, 𝑢1 =

𝑥6 + 𝑖𝑥7

√2
, 𝑢2 =

𝑥8 + 𝑖𝑥9

√2
.  

(Γ𝐼)
𝑇 = −𝐶Γ𝐼𝐶

†, 𝐶𝑇 = −𝐶  

(Γ01⋯9)𝜖 = 𝜖

𝜖†Γ0  = 𝜖
𝑇𝐶

 

𝐼10 =
1

𝑒10
2 ∫  𝑑

10𝑥Tr (
1

2
𝐹𝐼𝐽𝐹

𝐼𝐽 − 𝑖𝜆𝑇𝐶Γ𝐼𝐷𝐼𝜆)  

𝛿𝐴𝐼 = 𝑖𝜖
𝑇𝐶Γ𝐼𝜆, 𝛿𝜆 =

1

2
Γ𝐼𝐽𝐹𝐼𝐽𝜖  

𝟏𝟔 →∑ 

±

  [(𝟐, 𝟏)
±
1
2
,+1⊕ (𝟐, 𝟐)±

1
2
,0⊕ (𝟐,𝟏)±

1
2
,−1
]  

𝜔 + tr𝜔𝑢 = 0  

𝟐ℓ ≡ (𝟐, 𝟏)
+
1
2
,+1, 𝟐𝑟 ≡ (𝟐, 𝟏)

−
1
2
,−1  

Γ𝑧𝑧‾𝜖ℓ = Γ𝑢1𝑢‾
1𝜖ℓ = Γ𝑢2𝑢‾

2𝜖ℓ = 𝜖ℓ, Γ𝑧𝜖ℓ = Γ𝑢𝜖ℓ = 0

Γ𝑧𝑧‾𝜖𝑟 = Γ𝑢1𝑢‾
1𝜖𝑟 = Γ𝑢2𝑢‾2𝜖𝑟 = −𝜖𝑟, Γ𝑧‾𝜖𝑟 = Γ𝑢‾𝜖𝑟 = 0

 

𝑧1 = 𝑢1, 𝑧2 = 𝑢2, 𝑧3 = 𝑧  

Ω =
1

3!
Ω𝑖𝑗𝑘𝑑𝑧

𝑖 ∧ 𝑑𝑧𝑗 ∧ 𝑑𝑥𝑘 = 𝑑𝑢1 ∧ 𝑑𝑢2 ∧ 𝑑𝑧  

𝜆 = −𝜆ℓ − 𝜆𝑟 +
1

4
Ω𝑖𝑗𝑘

‾
Γ𝑖𝑗𝜓ℓ,𝑘‾ +

1

4
Ω‾ 𝑖𝑗𝑘Γ𝑖𝑗𝜓𝑟,𝑘  

𝜆ℓ
†Γ0 = 𝜆𝑟

𝑇𝐶,𝜓ℓ,𝑖
† Γ0 = 𝜓𝑟,𝑖

𝑇 𝐶  

𝛿ℓ𝜆= (
1

2
𝐹𝜇𝜈Γ

𝜇𝜈 + 𝐹𝑖𝑖‾Γ
𝑖𝑖‾ +

1

2
𝐹𝑖𝑗Γ

𝑖𝑗 + 𝐹𝜇𝑖Γ
𝜇𝑖) 𝜖ℓ  

 = (
1

2
𝐹𝜇𝜈Γ

𝜇𝜈 − 𝐹𝑖𝑖‾ +
1

2
𝐹𝑖𝑗Γ𝑖‾𝑗‾ −

1

8
Ω‾ 𝑖𝑗𝑘𝐹𝜇𝑖Γ𝑗𝑘Γ

𝜇Γ123) 𝜖ℓ,
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𝛿ℓ𝜆ℓ  = (−
1

2
𝐹𝜇𝜈Γ

𝜇𝜈 + 𝐹𝑖𝑖‾) 𝜖ℓ

𝛿ℓ𝜆𝑟  = 0

𝛿ℓ𝜓ℓ,𝑖‾  = Ω‾ 𝑖‾𝑗‾𝑘‾𝐹𝑗𝑘𝜖ℓ

𝛿ℓ𝜓𝑟,𝑖  = −
1

2
𝐹𝜇𝑖Γ

𝜇Γ123𝜖ℓ

 

𝛿ℓ𝐴𝐼 = 𝑖𝜖ℓ
𝑇𝐶Γ𝐼 (−𝜆𝑟 +

1

4
Ω𝑖𝑗𝑘

‾
Γ𝑖‾𝑗‾𝜓ℓ,𝑘‾ ) ,  

𝛿ℓ𝐴𝜇  = −𝑖𝜖ℓ
𝑇𝐶Γ𝜇𝜆𝑟

𝛿ℓ𝐴𝑖‾  =
𝑖

2
𝜖ℓ
𝑇𝐶Γ123𝜓ℓ,𝑖‾

𝛿ℓ𝐴𝑖  = 0

 

(Γ123 + Γ123)
2
𝜖ℓ,𝑟 = −8𝜖ℓ,𝑟.  

(Γ123 + Γ123)
2
≅ −8  

𝛾𝜇 =
1

2√2
(Γ123 + Γ123)Γ𝜇 , 𝐶4 =

𝑖

2√2
𝐶(Γ123 + Γ123).  

{𝛾𝜇 , 𝛾𝜈} ≅ 2𝑔𝜇𝜈 , 𝛾𝜇𝜈 ≅ Γ𝜇𝜈

(𝛾𝐼)
𝑇 ≅ −𝐶4𝛾𝐼𝐶4

†, 𝐶𝑇 = −𝐶
 

𝜆ℓ
†(−𝑖𝛾0) = 𝜆𝑟

𝑇𝐶4, 𝜓ℓ,𝑖‾
† (−𝑖𝛾0) = 𝜓𝑟,𝑖

𝑇 𝐶4  

𝐷 = −𝑖𝐹𝑖𝑖‾

𝐹𝑖‾  =
1

√2
Ω‾ 𝑖𝑗𝑘‾𝐹𝑗𝑘

 

𝛿ℓ𝐴𝜇  = 𝜖ℓ
𝑇𝐶4𝛾𝜇𝜆𝑟

𝛿ℓ𝜆ℓ  = (−
1

2
𝐹𝜇𝜈𝛾

𝜇𝜈 + 𝑖𝐷)𝜖ℓ

𝛿ℓ𝜆𝑟  = 0

 

𝛿ℓ𝐴𝑖‾  = √2𝜖ℓ
𝑇𝐶4𝜓ℓ,𝑖‾,

𝛿ℓ𝐴𝑖  = 0,

𝛿ℓ𝜓ℓ,𝑖‾  = √2𝐹𝑖‾𝜖ℓ,

𝛿ℓ𝜓𝑟,𝑖  = √2𝐷𝜇𝐴𝑖𝛾
𝜇𝜖ℓ,

 

Φ1 = 𝐴𝑢‾1 , 𝜓1 = 𝜓ℓ,𝑢‾1 , 𝐹1 = 𝐹𝑢‾1

Φ2 = 𝐴𝑢‾2 , 𝜓2 = 𝜓ℓ,𝑢‾2 , 𝐹2 = 𝐹𝑢‾2 .
 

𝐷 = −𝑖(𝑔𝑧𝑧‾𝐹𝑧𝑧‾ − ℎ
𝑖𝑗‾[Φ𝑖, Φ‾ 𝑗‾]),

𝐹𝑧‾  =
1

√2
[Φ‾ 𝑖‾, Φ‾ 𝑗‾]𝜖

𝑖‾𝑗‾,

𝑔𝑧𝑧‾ℎ
𝑖𝑗‾𝐹𝑖  = −√2𝜖

𝑗‾𝑘‾𝐷𝑧Φ‾ 𝑘‾ ,
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𝐾3𝑑 = −
2

𝑔5
2∫  √𝑔|𝑑

2𝑧|Tr(𝑔𝑧𝑧‾𝐴𝑧‾𝐴𝑧 + ℎ
𝑖𝑗‾Φ𝑖Φ‾ 𝑗‾)

𝑊3𝑑 = −
2

𝑔5
2∫  |𝑑

2𝑧|
1

√2
𝜖𝑖𝑗Tr(Φ𝑖𝐷𝑧‾Φ𝑗)

 

𝛿𝛼𝐴𝑧‾ = −𝐷𝑧‾𝛼, 𝛿𝛼Φ𝑖 = [𝛼,Φ𝑖]  

𝜔 = −∫  √𝑔|𝑑2𝑧|Tr(𝑖𝑔𝑧𝑧‾𝛿𝐴𝑧‾ ∧ 𝛿𝐴𝑧 + 𝑖ℎ
𝑖𝑗‾𝛿Φ𝑖 ∧ 𝛿Φ‾ 𝑗‾)  

𝜄𝑉(𝛼)𝜔 = −∫  √𝑔|𝑑
2𝑧|Tr (−𝑖𝑔𝑧𝑧‾((𝐷𝑧‾𝛼)𝛿𝐴𝑧 − (𝐷𝑧𝛼)𝛿𝐴𝑧‾) + 𝑖ℎ

𝑖𝑗‾([𝛼,Φ𝑖]𝛿Φ‾ 𝑗‾ − [𝛼,Φ‾ 𝑖‾]𝛿Φ𝑗))  

𝜇(𝛼)= 𝑖 ∫  √𝑔|𝑑2𝑧|Tr𝛼(𝑔𝑧𝑧‾𝐹𝑧𝑧‾ − ℎ
𝑖𝑗‾[Φ𝑖, Φ‾ 𝑗]) 

 ≡ −∫  √𝑔|𝑑2𝑧|Tr𝛼𝜇
 

−∫  𝑑2𝜃∫  √𝑔|𝑑2𝑧|
1

2𝑔5
2 Tr(𝑊

𝛼𝑊𝛼) ≡
1

4𝑔5
2∫  𝑑

2𝜃[𝑊𝛼𝑊𝛼]  

ℒ3𝑑 = ∫  𝑑
2𝜃𝑑2𝜃‾𝐾3𝑑 +∫  𝑑

2𝜃𝑊3𝑑 +∫  𝑑
2𝜃

1

4𝑔5
2
[𝑊𝛼𝑊𝛼] +  h.c.  

Φ𝑖
(6 d)

= 𝑅−1Φ𝑖  

1

𝑔5
2 =

1

8𝜋2𝑅
 

𝑊4𝑑≡
1

2𝜋𝑅
𝑊3𝑑  

 =
1

√2(2𝜋)3𝑖
∫  𝑑𝑧 ∧ 𝑑𝑧‾𝜖𝑖𝑗Tr (Φ𝑖

(6 d)
𝐷𝑧‾Φ𝑗

(6 d)
)

 

0 = 𝑔𝑧𝑧‾𝐹𝑧𝑧‾ − ℎ
𝑖𝑗‾[Φ𝑖, Φ‾ 𝑗‾]

0 = 𝐷𝑧‾Φ𝑖
0 = 𝜖𝑖𝑗[Φ𝑖, Φ𝑗]

0 = 𝐷𝑧‾𝜎

0 = [𝜎,Φ𝑖]

 

0 = det(𝑥 − Φ(𝑧)) = 𝑥𝑁 +∑  

𝑁

𝑘=2

 𝜙𝑘(𝑧)𝑥
𝑁−𝑘  

𝐵𝐻 =⨁ 

𝑁

𝑘=2

 𝐻0(𝐶, 𝐾𝑘),  

𝜋: (𝐴𝑧‾ , Φ) ↦ {𝜙𝑘}2≤𝑘≤𝑁  

0 = 𝑃𝑖1⋯𝑖𝑁 ≡
1

𝑁!
(𝑥𝑖1 −Φ𝑖1)𝛽1

𝛼1
⋯(𝑥𝑖𝑁 −Φ𝑖𝑁)𝛽𝑁

𝛼𝑁
𝜖𝛼1⋯𝛼𝑁𝜖

𝛽1⋯𝛽𝑁 ,  
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Φ𝑖 → diag(𝜆𝑖,1(𝑧),⋯ , 𝜆𝑖,𝑁(𝑧))  

Σ= {(𝑧, 𝑥1, 𝑥2) ∈ 𝐹: 𝑃𝑖1⋯𝑖𝑁(𝑧, 𝑥1, 𝑥2) = 0}  

 = {(𝑧, 𝑥1, 𝑥2) ∈ 𝐹: (𝑥1, 𝑥2) = (𝜆1,𝑘(𝑧), 𝜆2,𝑘(𝑧)), 𝑘 = 1,⋯ ,𝑁}
 

𝜙𝑖1⋯𝑖𝑘
(𝑘)

=
(−1)𝑘

𝑘! (𝑁 − 𝑘)!
(Φ𝑖1)𝛽1

𝛼1
⋯(Φ𝑖𝑘)𝛽𝑘

𝛼𝑘
𝜖𝛼1⋯𝛼𝑘𝛼𝑘+1⋯𝛼𝑁𝜖

𝛽1⋯𝛽𝑘𝛼𝑘+1⋯𝛼𝑁 .  

0 = (𝑥𝑁)𝑖1⋯𝑖𝑁 +∑  

𝑁

𝑘=2

 𝜙(𝑖1⋯𝑖𝑘
(𝑘)

(𝑥𝑁−𝑘)
𝑖𝑘+1⋯𝑖𝑁)

,  

𝜋: (𝐴𝑧‾ , Φ𝑖) ↦ {𝜙𝑖1⋯𝑖𝑘
(𝑘)

}
2≤𝑘≤𝑁

 

𝐵𝐺𝐻 = 𝜋(𝑀𝐺𝐻) ⊂⨁ 

𝑁

𝑘=2

 𝐻0(𝐶, Sym𝑘𝐹).  

0 = det(𝑥 − Φ) = 𝑥𝑁 +∑  

𝑁

𝑘=2

  𝜙̃𝑘(𝑧)𝑥
𝑁−𝑘  

𝜋: (𝐴𝑧‾ , Φ) ↦ {𝜙̃𝑘}2≤𝑘≤𝑁  

U(1) − U(2) − ⋯− U(𝑁 − 1) − SU(𝑁)𝐻|flavor .  

 

𝜇𝐻
(3 d)

= 𝐴𝑁−1𝐵𝑁−1 −
1

𝑁
tr(𝐴𝑁−1𝐵𝑁−1),  

𝜌: SU(2) → SU(𝑁).  

⟨𝜇𝐶
(3 d)

⟩ ∝ 𝜌(𝜎+),  

adj →⨁ 

𝑎∈𝐴

  (𝟐𝐣𝐚 + 𝟏)  

𝜇𝐶
(3 d)

= 𝜌(𝜎+) +∑  

𝑎∈𝐴

  ∑  

𝑗𝑎

𝑚=−𝑗𝑎

 𝑇𝑎,𝑚𝜇𝐶
𝑎,𝑚  
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𝜇𝐶
(3 d)

= 𝜌(𝜎+) +∑  

𝑎∈𝐴

 𝑇𝑎,−𝑗𝑎𝜇𝐶
𝑎,−𝑗𝑎

 

𝑔hk = −
1

𝑔5
2∫  |𝑑

2𝑧|Tr(𝛿𝐴𝑧‾⊗𝛿𝐴𝑧 + 𝛿𝐴𝑧⊗𝛿𝐴𝑧‾ + 𝛿Φ2⊗𝛿Φ‾ 2 + 𝛿Φ‾ 2⊗𝛿Φ2)  

𝐼𝑇(𝛿𝐴𝑧‾ , 𝛿Φ2, 𝛿𝐴𝑧, 𝛿Φ‾ 2)  = (𝑖𝛿𝐴𝑧‾ , 𝑖𝛿Φ2, −𝑖𝛿𝐴𝑧, −𝑖𝛿Φ‾ 2)

𝐽𝑇(𝛿𝐴𝑧‾ , 𝛿Φ2, 𝛿𝐴𝑧, 𝛿Φ‾ 2)  = (−𝛿Φ‾ 2, 𝛿𝐴𝑧, −𝛿Φ2, 𝛿𝐴𝑧‾)

𝐾𝑇(𝛿𝐴𝑧‾ , 𝛿Φ2, 𝛿𝐴𝑧, 𝛿Φ‾ 2)  = (−𝑖𝛿Φ‾ 2, 𝑖𝛿𝐴𝑧, 𝑖𝛿Φ2, −𝑖𝛿𝐴𝑧‾)

 

𝜔𝐽 + 𝑖𝜔𝐾 = −∫  |𝑑
2𝑧|2Tr[𝛿𝐴𝑧‾ ∧ 𝛿Φ2]  

𝜇ℂ
(5 d)

(𝛼)= −∫  |𝑑2𝑧|2Tr[𝛼(𝐷𝑧‾Φ2)]  

 ≡ −∫  √𝑔|𝑑2𝑧|Tr [𝛼𝜇ℂ
(5 d)

]
 

𝜇ℂ = 𝑔5
−2𝜇ℂ

(5 d)
+√𝑔−1𝛿2(𝑧 − 𝑧𝑝)𝜇𝐻

(3𝑑)
 

𝑊3𝑑= −∫  √𝑔|𝑑
2𝑧|√2Tr(Φ1𝜇ℂ)  

 = −√2(Tr (𝜇𝐻
(3𝑑)

Φ1(𝑧𝑝)) + ∫  |𝑑
2𝑧|

2

𝑔5
2 Tr(Φ1𝐷𝑧‾Φ2))

 

𝐵𝑘
′𝐴𝑘
′ − 𝐴𝑘−1

′ 𝐵𝑘−1
′ = 𝜉𝑘  (2 ≤ 𝑘 ≤ 𝑁 − 1)

𝐵1
′𝐴1
′ = 𝜉1

 

𝑀′(𝑀′ − 𝜉𝑁−1) = (𝐴𝑁−1
′ 𝐵𝑁−1

′ 𝐴𝑁−1
′ 𝐵𝑁−1

′ − 𝜉𝑁−1𝐴𝑁−1
′ 𝐵𝑁−1

′ )

 = 𝐴𝑁−1
′ 𝐴𝑁−2

′ 𝐵𝑁−2
′ 𝐵𝑁−1

′  

𝐵𝑘
′𝐵𝑘+1

′ ⋯𝐵𝑁−1
′ (𝐴𝑁−1

′ 𝐵𝑁−1
′ −∑  

𝑁−1

𝑖=𝑘

 𝜉𝑖) = 𝐵𝑘
′𝐵𝑘+1

′ ⋯𝐵𝑁−2
′ (𝐴𝑁−2

′ 𝐵𝑁−2
′ −∑  

𝑁−2

𝑖=𝑘

  𝜉𝑖)𝐵𝑁−1
′

 = ⋯ = 𝐴𝑘−1
′ 𝐵𝑘−1

′ 𝐵𝑘+1
′ ⋯𝐵𝑁−1

′

 

𝑀′(𝑀′ − 𝜉𝑁−1)(𝑀
′ − 𝜉𝑁−1 − 𝜉𝑁−2)⋯(𝑀

′ −∑  

𝑁−1

𝑘=1

 𝜉𝑘) = 0  

𝑃(𝑥)  ≡ det (𝑥 − 𝜇𝐶
(3𝑑)

) =∏ 

𝑁

𝑘=1

  (𝑥 − 𝜆𝑘)

𝜆𝑘  = ∑  

𝑁−1

𝑖=𝑘

  𝜉𝑖 −
1

𝑁
∑  

𝑁−1

𝑖=1

 𝑖𝜉𝑖

 

det (𝑥 − 𝜇𝐶
(3𝑑)

) = det(𝑥 −
√2

4𝜋
Φ1(𝑧𝑝))  
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𝜇𝐶
(3𝑑)

≈
√2

4𝜋
Φ1(𝑧𝑝)  

𝒪𝜆 = {𝑔ℂ𝜆𝑔ℂ
−1; 𝑔ℂ ∈ SU(𝑁)ℂ}  

(2𝜋𝑅)𝐾4𝑑 = 𝐾3𝑑, (2𝜋𝑅)𝑊4𝑑 = 𝑊3𝑑  

𝜇(4𝑑) =
1

2𝜋𝑅
𝜇𝐶
(3𝑑)

≈
√2

8𝜋2𝑅
Φ1(𝑧𝑝) =

√2

8𝜋2
Φ1
(6𝑑)

(𝑧𝑝),  

𝑊3𝑑 = −√2(∑  

𝑎∈𝐴

 Tr (𝜇𝑎,𝐻
(3𝑑)

Φ1(𝑧𝑎)) −∑  

𝑏∈𝐵

 Tr (𝜇𝑏,𝐻
(3𝑑)

Φ2(𝑧𝑏)) +∫  |𝑑
2𝑧|

2

𝑔5
2 Tr(Φ1𝐷𝑧‾Φ2)) ,  

0 = ∑  

𝑎∈𝐴

 𝜇𝑎,𝐻
(3𝑑)

𝛿2(𝑧 − 𝑧𝑎) +
2

𝑔5
2𝐷𝑧‾Φ2

0 = ∑  

𝑏∈𝐵

 𝜇𝑏,𝐻
(3𝑑)

𝛿2(𝑧 − 𝑧𝑏) +
2

𝑔5
2 𝐷𝑧‾Φ1

 

Φ2  → −
𝑔5
2

4𝜋

𝜇𝑎,𝐻
(3𝑑)

𝑧 − 𝑧𝑎
 (𝑧 → 𝑧𝑎)

Φ1  → −
𝑔5
2

4𝜋

𝜇𝑏,𝐻
(3𝑑)

𝑧 − 𝑧𝑏
 (𝑧 → 𝑧𝑏)

 

𝑊3𝑑|solution = √2∑  

𝑏∈𝐵

 Tr (𝜇𝑏,𝐻
(3𝑑)

Φ2(𝑧𝑏))  

 =
2√2𝑖

𝑔5
2 ∑ 

𝑏∈𝐵

  ∮ 𝑑𝑧Tr(Φ1Φ2)

|𝑧−𝑧𝑏|=𝜖

 

𝑊4𝑑|solution =
1

2𝜋𝑅
𝑊3𝑑|

solution 

 

 = −∑  

𝑏∈𝐵

  ∮
𝑑𝑧

2𝜋𝑖

√2

4𝜋2
Tr (Φ1

(6𝑑)
Φ2
(6𝑑)

)

|𝑧−𝑧𝑏|=𝜖

 

𝑊4𝑑|solution = ∑  

𝑎∈𝐴

  ∮
𝑑𝑧

2𝜋𝑖

√2

4𝜋2
Tr (Φ1

(6𝑑)
Φ2
(6𝑑)

)

|𝑧−𝑧𝑎|=𝜖

 

𝑊4𝑑 ⊃ tr(𝑚𝜇
(4𝑑)) ↔ 𝑊3𝑑 ⊃ tr (𝑚𝜇𝐶

(3𝑑)
) .  

𝜇𝐻
(3𝑑)

≈
1

4𝜋
𝑚  

Φ2
(6𝑑)

= 𝑅−1Φ2 →
1

2

𝑚

𝑧 − 𝑧𝑝
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𝑊4𝑑|solution  = ∑  

𝑎∈𝐴

  ∮
𝑑𝑧

2𝜋𝑖
2Tr (Φ1

(6𝑑)
𝜇𝑎
(4𝑑)

)

|𝑧−𝑧𝑎|=𝜖

 = ∑  

𝑎∈𝐴

 tr (𝑚𝑎𝜇𝑎
(4𝑑)

)

 

Φ̃1 =
√2

8𝜋2
Φ1
(6𝑑)

, Φ̃2 = 2Φ2
(6𝑑)  

Φ̃1 → 𝜇𝑎
(4𝑑)

, Φ̃2 →
𝑚𝑎
𝑧 − 𝑧𝑎

(𝑧 → 𝑧𝑎)

Φ̃2 → 𝜇𝑏
(4𝑑)

, Φ̃1 →
𝑚𝑏
𝑧 − 𝑧𝑏

(𝑧 → 𝑧𝑎)
 

𝑊4𝑑|solution = ∑  

𝑎∈𝐴

  ∮
𝑑𝑧

2𝜋𝑖
Tr(Φ̃1Φ̃2)

|𝑧−𝑧𝑎|=𝜖

 

⟨Φ𝒩=4
∨ ⟩ =

(𝑒∨)2

4𝜋
⟨Φ𝒩=4⟩  

𝜇𝐶
(3𝑑)

=
√2

(𝑒∨)2
Φ𝒩=4
∨ (𝑥3 = 𝐿) ≈

√2

(𝑒∨)2
⟨Φ𝒩=4

∨ ⟩ =
√2

4𝜋
Φ1(𝑧𝑝),  

ℒeff
(4𝑑)

= ∫  𝑑2𝜃𝑑2𝜃‾2𝐾eff
(4𝑑)

(𝑢, 𝑢†) + ∫  𝑑2𝜃𝑊eff
(4𝑑)

(𝑢) + ∫  𝑑𝜃2
𝜏𝐼𝐽(𝑢)

8𝜋𝑖
𝑊𝛼𝐼𝑊𝛼

𝐽 +  h.c.  

∫  𝑑4𝑥ℒeff
(4𝑑)

⊃ ∫  (
𝜏𝐼𝐽
4𝜋𝑖

𝐹+
𝐼 ∧∗ 𝐹+

𝐽 −
𝜏‾𝐼𝐽
4𝜋𝑖

𝐹−
𝐼 ∧∗ 𝐹−

𝐽)  

2𝜋𝑅∫  𝑑3𝑥ℒeff
(4𝑑)

⊃ 2𝜋𝑅∫  (𝑒𝐼𝐽
−2(𝐹′𝐼 ∧∗ 𝐹′𝐽 + 𝑅−2𝑑𝑎𝐼 ∧∗ 𝑑𝑎𝐽) −

𝑖𝜃𝐼𝐽

4𝜋2
𝑅−1𝐹′𝐼 ∧ 𝑑𝑎𝐽)  

∫  (2𝜋𝑅𝑒𝐼𝐽
−2(𝐹′𝐼 ∧∗ 𝐹′𝐽 + 𝑅−2𝑑𝑎𝐼 ∧∗ 𝑑𝑎𝐽) −

𝑖𝜃𝐼𝐽
2𝜋

𝐹𝐼 ∧ 𝑑𝑎𝐽 + 𝑖𝑏𝐼𝑑𝐹
′𝐼)  

1

2𝑅
∫  ((

4𝜋

𝑒2
)
𝐼𝐽
𝑑𝑎𝐼 ∧∗ 𝑑𝑎𝐽 + (

𝑒2

4𝜋
)

𝐼𝐽

(𝑑𝑏𝐼 +
𝜃𝐼𝐾
2𝜋
𝑑𝑎𝐾) ∧∗ (𝑑𝑏𝐽 +

𝜃𝐽𝐿

2𝜋
𝑑𝑎𝐿))

 = ∫  (
𝑒2

8𝜋𝑅
)

𝐼𝐽

𝑑𝜑𝐼 ∧∗ 𝜑𝐽
† +⋯

 

𝜑𝐼 = 𝑏𝐼 + 𝜏𝐼𝐽𝑎
𝐽  

𝜑𝐼 ≅ 𝜑𝐼 +𝑚𝐼 + 𝜏𝐼𝐽𝑛
𝐽  

𝐾eff
(3𝑑)

 = 2𝜋𝑅𝐾eff
(4𝑑)

(𝑢, 𝑢†) +
1

𝑅
((Im𝜏)−1)𝐼𝐽Im𝜑𝐼Im𝜑𝐽

𝑊eff
(3𝑑)

 = 2𝜋𝑅𝑊eff
(4𝑑)

(𝑢)
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𝑊UV
(4𝑑)

=∑  

𝑎

 𝜉𝑎𝑂𝑎  

𝐴𝑧‾(𝑥, 𝜃, 𝑧)  =∑  

𝑛

 𝐴𝑧‾
(𝑛)
(𝑥, 𝜃)𝜓𝑧‾

(𝑛)
(𝑧)

Φ𝑖(𝑥, 𝜃, 𝑧)  =∑  

𝑛

 Φ𝑖
(𝑛)
(𝑥, 𝜃)𝜓𝑖

(𝑛)
(𝑧)

𝑉(𝑥, 𝜃, 𝑧)  =∑  

𝑛

 𝑉(𝑛)(𝑥, 𝜃)𝜓𝑉
(𝑛)
(𝑧)

 

𝐴𝑧‾(𝑥, 𝜃, 𝑧)  → ∑  

𝑔

𝑛=1

 𝐴𝑧‾
(𝑛)
(𝑥, 𝜃) (𝑠𝐾

(𝑛)
)
∗
(𝑧)

Φ𝑖(𝑥, 𝜃, 𝑧)  → ∑  

𝑔𝑖

𝑛=1

 Φ𝑖
(𝑛)
(𝑥, 𝜃)𝑠𝑖

(𝑛)
(𝑧)

𝑉(𝑥, 𝜃, 𝑧)  → 𝑉(𝑥, 𝜃)

 

𝑃𝑋(𝑥) = det(𝑥 − 𝜇𝑋) (𝑋 = 𝐴, 𝐵, 𝐶)  

𝑃𝐴(𝑥) = 𝑃𝐵(𝑥) = 𝑃𝐶(𝑥) ≡ 𝑃(𝑥),

(𝜇𝐴)
𝑖𝐴  𝑗𝐴𝑄

𝑗𝐴𝑖𝐵𝑖𝐶 = (𝜇𝐵)
𝑖𝐵  𝑗𝐵𝑄

𝑖𝐴𝑗𝐵𝑖𝐶 = (𝜇𝐶)
𝑖𝐶  𝑗𝐶𝑄

𝑖𝐴𝑖𝐵𝑗𝐶 ,

(𝜇𝐴)
𝑗𝐴  𝑖𝐴𝑄𝑗𝐴𝑖𝐵𝑖𝐶 = (𝜇𝐵)

𝑗𝐵𝑄𝑖𝐵𝑄𝑖𝐴𝑗𝐵𝑖𝐶 =
(𝜇𝐶)

𝑗𝐶𝑄𝑖𝐴𝑖𝐵𝑗𝐶 ,

(𝑄𝑖𝐴𝑖𝐵𝑖𝐶𝑄𝑗𝐴𝑗𝐵𝑖𝐶) = [(
𝑃(𝑥) − 𝑃(𝑦)

𝑥 − 𝑦
) (𝑥 = 𝜇𝐴⊗𝟏, 𝑦 = 𝟏⊗ 𝜇𝐵)]

𝑗𝐴𝑗𝐵

𝑖𝐴𝑖𝐵

,

1

𝑁!
𝑄𝑖𝐴,1𝑖𝐵,1𝑖𝐶,1⋯𝑄𝑖𝐴,𝑁𝑖𝐵,𝑁𝑖𝐶,𝑁𝜖𝑖𝐵,1⋯𝑖𝐵,𝑁𝜖𝑖𝐶,1⋯𝑖𝐶,𝑁 = (𝜇𝐴

0)
(𝑖𝐴,1

⋯(𝜇𝐴
𝑁−1)𝑖𝐴,𝑁  𝑗𝐴,𝑁𝜖

𝑗𝐴,1⋯𝑗𝐴,𝑁 ,

 

𝑈𝑋𝜇𝑋𝑈𝑋
−1 = diag(𝜆1,⋯ , 𝜆𝑁) ≡ 𝜆 (𝑋 = 𝐴, 𝐵, 𝐶),  

𝑄̃𝑖𝐴𝑖𝐵𝑖𝐶 = (𝑈𝐴)𝑗𝐴
𝑖𝐴 (𝑈𝐵)𝑗𝐵

𝑖𝐵 (𝑈𝐶)𝑗𝐶
𝑖𝐶𝑄𝑗𝐴𝑗𝐵𝑗𝐶 ,

𝑄̃𝑖𝐴𝑖𝐵𝑖𝐶 = (𝑈𝐴
−1)𝑖𝐴

𝑗𝐴(𝑈𝐵
−1)𝑖𝐵

𝑗𝐵(𝑈𝐶
−1)𝑖𝐶

𝑗𝐶𝑄𝑗𝐴𝑗𝐵𝑗𝐶 .
 

𝑄̃𝑘𝑘𝑘 = 𝑞𝑘, 𝑄̃𝑘𝑘𝑘 = 𝑞𝑘,  

𝑞𝑘𝑞𝑘 =∏ 

ℓ≠𝑘

  (𝜆𝑘 − 𝜆ℓ)  

∏ 

𝑁

𝑘=1

 𝑞𝑘 = ∏  

1≤𝑘<ℓ≤𝑁

  (𝜆ℓ − 𝜆𝑘).  
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SU(𝑁)(𝐼) ∋ 𝑔 ↦ (𝑔,  𝑡𝑔−1) ∈ SU(𝑁)(𝑉,𝐼) × SU(𝑁)(𝑉′,𝐼),  

𝑊 ⊃ √2tr𝜙(𝐼) (𝜇(𝑉,𝐼) −  
𝑡𝜇(𝑉′,𝐼)) .  

𝑈(𝑉,𝐼)𝜇(𝑉,𝐼)𝑈(𝑉,𝐼)
−1 = 𝑈(𝑉,𝐸)𝜇(𝑉,𝐸)𝑈(𝑉,𝐸)

−1 = diag(𝜆1,⋯ , 𝜆𝑁) ≡ 𝜆  

𝑄̃(𝑉)
𝑘𝑘𝑘 = 𝑞(𝑉)

𝑘 , (𝑄̃(𝑉))𝑘𝑘𝑘
= (𝑞(𝑉))𝑘

.  

(−1)ℎ(𝑉,𝐼)𝑉(𝐼) + (−1)
ℎ(𝑉,𝐽)𝑉(𝐽) + (−1)

ℎ(𝑉,𝐾)𝑉(𝐾) = 0  

𝑞tot
𝑘 =∏ 

𝑉

 𝑞(𝑉)
𝑘

 

𝜇(𝑉,𝐸) ∈ 𝒪𝜆
(𝐸)
≡ {𝑈(𝑉,𝐸)

−1 𝜆𝑈(𝑉,𝐸)}  

∏ 

𝑁

𝑘=1

 𝑞tot
𝑘 = ( ∏  

1≤𝑘<ℓ≤𝑁

  (𝜆ℓ − 𝜆𝑘))

𝑁𝑉

 

0 = 𝐹𝑧𝑧‾ − [Φ2, Φ‾ 2]
0 = 𝐷𝑧‾Φ2

0 = 𝐷𝑧‾𝜎 = 𝐷𝑧‾Φ1 = 𝐷𝑧‾Φ‾ 1
0 = [𝜎,Φ2] = [Φ1, Φ2] = [Φ‾ 1, Φ2]

0 = [𝜎,Φ1] = [Φ1, Φ‾ 1]

 

0= √𝑔Tr(𝑔𝑧𝑧‾𝐹𝑧𝑧‾ − 𝑔
𝑧𝑧‾[Φ2, Φ‾ 2] − [Φ1, Φ‾ 1])

2  

 = √𝑔−1Tr(𝐹𝑧𝑧‾ − [Φ2, Φ‾ 2])
2 +√𝑔Tr([Φ1, Φ‾ 1])

2 − 2Tr((𝐹𝑧𝑧‾ − [Φ2, Φ‾ 2])[Φ1, Φ‾ 1])
 

Tr(𝐹𝑧𝑧‾[Φ1, Φ‾ 1]) = Tr(Φ‾ 1([𝐷𝑧, 𝐷𝑧‾]Φ1))

Tr([Φ2, Φ‾ 2][Φ1, Φ‾ 1]) = Tr([Φ1, Φ‾ 2][Φ2, Φ‾ 1]) + Tr([Φ1, Φ2][Φ‾ 1, Φ‾ 2])
 

0 =∫  |𝑑2𝑧|√𝑔−1Tr(𝐹𝑧𝑧‾ − [Φ2, Φ‾ 2])
2 +∫  |𝑑2𝑧|√𝑔Tr([Φ1, Φ‾ 1])

2 

 −2∫  |𝑑2𝑧|Tr(𝐷𝑧‾Φ‾ 1𝐷𝑧Φ1) + 2∫  |𝑑
2𝑧|Tr([Φ1, Φ‾ 2][Φ2, Φ‾ 1])

 



pág. 4375 

𝜆 = diag(𝜆1,⋯ , 𝜆𝑁) =
√2

8𝜋2𝑅
Φ1  

𝜇(𝐸)
(4𝑑)

= (𝜇𝐶
(3𝑑)

)
(𝐸)
/2𝜋𝑅 

𝜇(𝐸)
(4𝑑)

= 𝑈(𝐸)
−1𝜆𝑈(𝐸),  

𝜎 = diag(𝜎1,⋯ , 𝜎𝑁), 𝐴𝜇 = diag((𝐴1)𝜇 ,⋯ , (𝐴𝑁)𝜇).  

𝜑𝑘 = 𝜌𝑘 +
2𝑖𝒜

𝑔5
2 𝜎𝑘 = 𝜌𝑘 +

𝑖𝒜

4𝜋2
𝜎𝑘
(6𝑑)

 

𝒜 = ∫  √𝑔|𝑑2𝑧| 

𝑞̃𝑘 = exp (2𝜋𝑖𝜑𝑘).  

∏ 

𝑁

𝑘=1

  𝑞̃𝑘 = 1.  

𝑞̃𝑘 ∼ 𝑞tot
𝑘 .  

𝑞tot 
𝑘 = 𝑞̃𝑘∏ 

ℓ≠𝑘

(𝜆𝑘 − 𝜆ℓ)
𝑁𝑉
2  

𝑝 (𝜇(𝐸)
(4𝑑)

) = 𝑝 (𝜇
(𝐸′)

(4𝑑)
) ,  

𝑁𝑓 = 0:Φ →
𝜁

(𝑧 − 𝑧𝑝)
1+1/𝑁

diag(1, 𝜔𝑁,⋯ , 𝜔𝑁
𝑁−1)

𝑁𝑓 < 𝑁:Φ →
𝜁

(𝑧 − 𝑧𝑝)
1+1/(𝑁−𝑁𝑓)

diag (0,⋯ ,0,1,𝜔𝑁−𝑁𝑓 ,⋯ , 𝜔𝑁−𝑁𝑓
𝑁−𝑁𝑓−1)

 +
1

(𝑧 − 𝑧𝑝)
diag (𝑚1,⋯ ,𝑚𝑁𝑓 ,𝑚,⋯ ,𝑚) − (𝔗)

𝑁𝑓 = 𝑁:Φ →
1

(𝑧 − 𝑧𝑝)
diag(𝑚1,⋯ ,𝑚𝑁)

 

𝑁𝑓 = 0: det(𝑥 − Φ) → 𝑥𝑁 −
𝜁𝑁

(𝑧 − 𝑧𝑝)
𝑁+1 + (𝔏)

𝑁𝑓 < 𝑁 − 1: det(𝑥 − Φ) → 𝑥𝑁 −
𝜁𝑁−𝑁𝑓

(𝑧 − 𝑧𝑝)
𝑁−𝑁𝑓+1

∏ 

𝑁𝑓

𝑘=1

 (𝑥 −
𝑚𝑘
𝑧 − 𝑧𝑝

) + (𝔏)

𝑁𝑓 = 𝑁: det(𝑥 − Φ) →∏ 

𝑁

𝑘=1

 (𝑥 −
𝑚𝑘
𝑧 − 𝑧𝑝

) + (𝔏)
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 If Φ2 →
𝜁

(𝑧 − 𝑧𝑝)
1+1/𝑁

diag(1, 𝜔𝑁,⋯ , 𝜔𝑁
𝑁−1)  

Φ2 ≈ (
𝜇 −

1

𝑁
(tr𝜇)𝟏𝑁𝑓 0

0 −
1

𝑁
(tr𝜇)𝟏𝑁−𝑁𝑓

)  

∰
𝑑𝑧

2𝜋𝑖
tr(Φ1Φ2) = tr(𝑚𝜇) +⋯   

𝑠1 =∏ 

𝑏∈𝐵

  (𝑧 − 𝑧𝑏),  

(𝑠1)∞ ≡ 𝑧
−𝑛1𝑠1 → 1 (𝑧 → ∞)  

Φ1
′ = 𝑠1Φ1  

𝐿1
′ = 𝐿1⊗𝐿𝐵  

deg𝐿1
′ = deg𝐿1 + 𝑛1 = 𝑝  

Φ1
′ →

𝜁

(𝑧 − 𝑧𝑏)
1/(𝑁−𝑁𝑓)

diag (0,⋯ ,0,1,𝜔𝑁−𝑁𝑓 , ⋯ , 𝜔𝑁−𝑁𝑓
𝑁−𝑁𝑓−1)

 +diag (𝑚1,⋯ ,𝑚𝑁𝑓 ,𝑚,⋯ ,𝑚) − (𝔗)

 

𝑊 = tr𝑚𝑀 + (𝑁 − 𝑁𝑓) (
Λ3𝑁−𝑁𝑓

det𝑀
)

1
𝑁−𝑁𝑓

 

𝑀 = (Λ3𝑁−𝑁𝑓det𝑚)
1
𝑁𝑚−1

𝑊 = 𝑁(Λ3𝑁−𝑁𝑓det𝑚)
1
𝑁

 

det(𝑥1
′ −Φ1

′ )  = 𝑥1
′𝑁 − 𝑧𝜁1

𝑁−𝑁𝑓∏ 

𝑁𝑓

𝑘=1

  (𝑥1
′ −𝑚𝑘) +∑  

𝑁

𝑘=2

 𝑢𝑘𝑥1
′𝑁−𝑘

det(𝑥2
′ −Φ2

′ )  = 𝑥2
′𝑁 −

𝜁2
𝑁

𝑧
+∑  

𝑁

𝑘=2

 𝑢𝑘
′ 𝑥1
′𝑁−𝑘

 

0 = det(𝑥1
′ −Φ1

′ ) = 𝑥1
′𝑁 − 𝑧𝜁1

𝑁−𝑁𝑓∏ 

𝑁𝑓

𝑘=1

  (𝑥1
′ −𝑚𝑘)  

Φ1
′ → ((−1)𝑁𝑓𝜁1

𝑁−𝑁𝑓∏ 

𝑁𝑓

𝑘=1

 𝑚𝑘)

1
𝑁

𝑧
1
𝑁diag(1,𝜔𝑁,⋯ , 𝜔𝑁

𝑁−1)  

Φ2
′ ∼ (Λeff

3𝑁)
1
𝑁(Φ1

′ )−1  
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Λeff
3𝑁 = (−1)𝑁𝑓𝜁1

𝑁−𝑁𝑓𝜁2
𝑁∏ 

𝑁𝑓

𝑘=1

 𝑚𝑘  

Φ2
′ = Λeff

3 ((Φ1
′ )−1 −

𝟏𝑁
𝑁
∑  

𝑁𝑓

𝑘=1

 
1

𝑚𝑘
)  

𝑥1
′𝑥2
′ = Λeff

3 (1 −
𝑥1
′

𝑁
∑  

𝑁𝑓

𝑘=1

 𝑚𝑘
−1) .  

Φ2
′ → Λeff

3 (diag (𝑚1
−1,⋯ ,𝑚𝑁𝑓

−1, 0,⋯ ,0) −
𝟏𝑁
𝑁
∑  

𝑁𝑓

𝑘=1

 𝑚𝑘
−1)  

𝑀 ≈ Λeff
3 diag (𝑚1

−1,⋯ ,𝑚𝑁𝑓
−1)  

(−1)𝑁𝑓𝜁1
𝑁−𝑁𝑓𝜁2

𝑁 = Λ3𝑁−𝑁𝑓  

𝑊 =∰
𝑑𝑧

2𝜋𝑖
Tr(Φ1Φ2) = 𝑁Λeff

3

𝑧∼0

 

𝑀 = (
𝑞̃𝑖

𝑝̃ℓ
) (𝑞𝑗, 𝑝𝑚) = (

(𝑀1)𝑗
𝑖 𝐿𝑚

𝑖

𝐿̃𝑗
ℓ (𝑀2)𝑚

ℓ
)  

𝑊 = 𝑐 (𝑞𝑖
𝛼𝑞̃𝛽

𝑖 −
𝛿𝛽
𝛼

𝑁
𝑞𝑖
𝛾
𝑞̃𝛾
𝑖 )(𝑝ℓ

𝛽
𝑝̃𝛼
ℓ −

𝛿𝛼
𝛽

𝑁
𝑝ℓ
𝛾
𝑝̃𝛾
ℓ)

 = 𝑐 (tr(𝐿𝐿̃) −
1

𝑁
(tr𝑀1)(tr𝑀2))

 

𝑊 = 𝑋(𝑀1𝑀2 − 𝐿𝐿̃ − 𝐵𝐵̃ − Λ
4) + 𝑐 (𝐿𝐿̃ −

1

2
𝑀1𝑀2)  

(1): 𝑋 = 𝑐/2, 𝑀1𝑀2 = Λ
4, 𝐿 = 𝐿̃ = 𝐵 = 𝐵̃ = 0

(2): 𝑋 = 𝑐, 𝐿𝐿̃ = −Λ4, 𝑀1 = 𝑀2 = 𝐵 = 𝐵̃ = 0

(3): 𝑋 = 0, 𝐵𝐵̃ = −Λ4, 𝑀1 = 𝑀2 = 𝐿 = 𝐿̃

 

𝑥1
′2 =

1

2
TrΦ1

′2, 𝑥2
′2 =

1

2
TrΦ1

′2, 𝑥1
′𝑥2
′ =

1

2
TrΦ1

′Φ2
′  

𝑥1
′2 =

1

4
𝜁1
2𝑧2 + 𝑢1, 𝑥2

′2 =
1

4

𝜁2
2

𝑧2
+ 𝑢2, 𝑥1

′𝑥2
′ = ℎ(𝑧)  
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𝑢1𝑢2 =
1

16
𝜁1
2𝜁2
2, 𝑥1

′𝑥2
′ =

𝜁1√𝑢2
2𝑧

(𝑧2 +
𝜁2
2

4𝑢2
) ,

𝑢1 = 𝑢2 = 0, 𝑥1
′𝑥2
′ = +

1

4
𝜁1𝜁2

𝑢1 = 𝑢2 = 0, 𝑥1
′𝑥2
′ = −

1

4
𝜁1𝜁2.

 

Φ1
′ =

1

2
(
−𝜁1𝑧 0
0 +𝜁1𝑧

) , Φ2
′ =

1

2
(
−𝜁2/𝑧 0
0 +𝜁2/𝑧

)

Φ1
′ =

1

2
(
−𝜁1𝑧 0
0 +𝜁1𝑧

) , Φ2
′ =

1

2
(
+𝜁2/𝑧 0
0 −𝜁2/𝑧

)

 

𝜎 = (
𝜎0 0
0 −𝜎0

) ,  

𝑊 = 𝑋(det𝑀 − 𝐵𝐵̃ − Λ2𝑁) + 𝑐 (tr(𝐿𝐿̃) −
1

𝑁
(tr𝑀1)(tr𝑀2))  

Φ1
′ = (

Φ1,1
′ 0

0 Φ1,2
′ ) ,Φ2

′ = (
Φ2,1
′ 0

0 Φ2,2
′ ) , 𝜎 = (

𝜎0𝟏𝑁1/𝑁1 0

0 −𝜎0𝟏𝑁2/𝑁2
) ,  

Φ1,1
′ → 𝜁1𝑧

1/𝑁1diag(1, 𝜔𝑁1 ,⋯ , 𝜔𝑁1
𝑁1−1), 𝑧 → ∞

Φ2,2
′ →

𝜁2
𝑧1/𝑁2

diag(1, 𝜔𝑁2 , ⋯ , 𝜔𝑁2
𝑁2−1), 𝑧 → 0

 

det(𝑥1
′ −Φ1

′ )  = 𝑥1
′𝑁2 (𝑥1

′𝑁1 +∑  

𝑁1

𝑘=2

 𝑢1,𝑘𝑥1
′𝑁1−𝑘 − 𝑧𝜁1

𝑁1)

det(𝑥2
′ −Φ2

′ )  = 𝑥2
′𝑁1 (𝑥2

′𝑁2 +∑  

𝑁2

𝑘=2

 𝑢2,𝑘𝑥2
′𝑁2−𝑘 − 𝑧−1𝜁2

𝑁2)

 

det(𝑥1
′ − 𝜇1) = 𝑥1

′𝑁1 +∑  

𝑁1

𝑘=2

 𝑢1,𝑘𝑥1
′𝑁1−𝑘

det(𝑥2
′ − 𝜇2) = 𝑥2

′𝑁2 +∑  

𝑁2

𝑘=2

 𝑢2,𝑘𝑥2
′𝑁2−𝑘

 

deg𝐿1
′ = deg𝐿1 + 𝑛1 = 0, deg𝐿2

′ = deg𝐿2 + 𝑛2 = 1  

det(𝑥 − 𝜇𝐴) = det(𝑥 − 𝜇𝐵) = det(𝑥 − 𝜇𝐶)  

det(𝑥 − 𝜇𝐴) = det(𝑥 − 𝜇𝐵) − Λ𝐶
2𝑁,  

Φ1
′ → 𝜁𝐶𝑧

1/𝑁diag(1,𝜔𝑁,⋯ , 𝜔𝑁
𝑁−1)  

det(𝑥1
′ −Φ1

′ ) = 𝑥1
′𝑁 +∑  

𝑁

𝑘=2

 𝑢𝑘𝑥1
′𝑁−𝑘 − 𝜁𝐶

𝑁𝑧  
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det(𝑥1
′ − 𝜇𝐴) = det(𝑥1

′ −Φ1
′ )|𝑧=0 = 𝑥1

′𝑁 +∑  

𝑁

𝑘=2

 𝑢𝑘𝑥1
′𝑁−𝑘

det(𝑥1
′ − 𝜇𝐵) = det(𝑥1

′ −Φ1
′ )|𝑧=1 = 𝑥1

′𝑁 +∑  

𝑁

𝑘=2

 𝑢𝑘𝑥1
′𝑁−𝑘 − 𝜁𝐶

𝑁

 

det(𝑥1
′ − 𝜇𝐴) = det(𝑥1

′ − 𝜇𝐵) + 𝜁𝐶
𝑁  

0 = det(𝑥1
′ −Φ1

′ ) = 𝑥1
′𝑁 +∑  

𝑁

𝑘=2

 𝑢𝑘𝑥1
′𝑁−𝑘 −

𝜁𝐵
𝑁𝑧

𝑧 − 1
− 𝜁𝐶

𝑁𝑧,  

det(𝑥1
′ − 𝜇𝐴) = det(𝑥1

′ −Φ1
′ )|𝑧=0 = 𝑥1

′𝑁 +∑  

𝑁

𝑘=2

 𝑢𝑘𝑥1
′𝑁−𝑘  

𝑦2 = 𝑤3 + (𝜁𝐶
2 + 𝜁𝐵

2 − det𝜇𝐴)𝑤
2 + 𝜁𝐶

2𝜁𝐵
2𝑤  

0 = det(𝑥1
′ −Φ1

′ ) = 𝑥1
′𝑁 +∑  

𝑁

𝑘=2

 𝑢𝑘𝑥1
′𝑁−𝑘 −

𝜁𝐴
𝑁

𝑧
−
𝜁𝐵
𝑁𝑧

𝑧 − 1
− 𝜁𝐶

𝑁𝑧  

𝑊 = √2tr𝜙𝐵𝜇𝐵 +∑  

𝑁

𝑘=2

 𝑋𝑘(tr𝜇𝐴
𝑘 − tr𝜇𝐵

𝑘 −𝑁Λ𝐶
2𝑁𝛿𝑘,𝑁)  

𝜇𝐴 = Λ𝐶
2diag(1, 𝜔𝑁,⋯ , 𝜔𝑁

𝑁−1), 𝜇𝐵 = 0  

det (𝑥 −
𝜇𝐴
Λ𝐶
) −

Λ𝐴
2𝑁

𝑧
+ 𝑧 ∼ 0  

𝑥𝑁 − Λ𝐶
2𝑁 −

Λ𝐴
2𝑁

𝑧
+ Λ𝐶

2𝑁𝑧 ∼ 0  

𝑥𝑁 −
Λ𝐴
2𝑁

𝑧
+ Λ𝐶

2𝑁𝑧 − (Λ𝐶
2𝑁 − Λ𝐴

2𝑁) = 0  

Λ𝐵, low 
3𝑁 ∼ Λ𝐵

𝑁Λ𝐶
2𝑁  

Λ𝐵, low 
3𝑁 = Λ𝐵

𝑁(Λ𝐶
2𝑁 + Λ𝐴

2𝑁)  

𝑊condense = 𝑁Λ𝐵, low 
3 = 𝑁[Λ𝐵

𝑁(Λ𝐶
2𝑁 + Λ𝐴

2𝑁)]
1
𝑁.  

det(𝑥1
′ −Φ1

′ ) = 𝑥1
′𝑁 +∑  

𝑁

𝑘=2

 𝑢𝑘𝑥1
′𝑁−𝑘 −

𝜁𝐴
𝑁

𝑧
+ 𝜁𝐶

𝑁𝑧,  

0 = det(𝑥1
′ −Φ1

′ ) = 𝑥1
′𝑁 −

𝜁𝐴
𝑁(1 − 𝑧)

𝑧
− 𝜁𝐶

𝑁(1 − 𝑧)  

Φ2
′ ∼ (Φ1

′ )−1.  
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Φ1
′ →  const. (𝑧 + 𝜁𝐴

𝑁/𝜁𝐶
𝑁)1/𝑁diag(1,𝜔𝑁,⋯ , 𝜔𝑁

𝑁−1)  

𝜆 =
𝜁𝐵

(𝜁𝐴
𝑁 + 𝜁𝐶

𝑁)1−1/𝑁
(𝜁𝐶
𝑁𝑧 + 𝜁𝐴

𝑁)  

Φ2
′ = 𝜆(Φ1

′ )−1.  

𝑥1
′𝑁  =

(𝜁𝐶
𝑁𝑧 + 𝜁𝐴

𝑁)(1 − 𝑧)

𝑧

𝑥1
′𝑥2
′  =

𝜁𝐵
(𝜁𝐶
𝑁 + 𝜁𝐴

𝑁)1−1/𝑁
(𝜁𝐶
𝑁𝑧 + 𝜁𝐴

𝑁)
 

𝑠1 = 𝑧, 𝑠2 = (𝑧 − 1)  

𝑥1𝑥2 =
𝜁𝐵

(𝜁𝐶
𝑁 + 𝜁𝐴

𝑁)1−1/𝑁
(
𝜁𝐶
𝑁𝑧 + 𝜁𝐴

𝑁

𝑧(𝑧 − 1)
)  

𝑊 = ∮
𝑑𝑧

2𝜋𝑖
𝑥1𝑥2𝑁

𝑧∼1

 = 𝑁𝜁𝐵(𝜁𝐶
𝑁 + 𝜁𝐴

𝑁)1/𝑁

 

Φ2(𝑧 = 0) ≈ 𝑀𝐴.  

Φ2
′′ = 𝑠Φ2 =

Φ2
𝑧

 

0 = det(𝑥′′ −Φ2
′′)  

Φ2
′′ →

𝑀𝐴
𝑧

 

tr(𝜙(𝜇1 −  
𝑡𝜇2)),  

𝑊 = 𝑐tr(𝜇1 
𝑡𝜇2)  

𝑊 = 𝑐′tr(𝜇1 
𝑡𝜇2) + tr(𝜇𝐵𝑀𝐵) + tr(𝜇𝐶𝑀𝐶),  

𝑊 = 𝑐′′tr(𝜇1 
𝑡𝜇2) + tr(𝜇𝐴𝑀𝐴) + tr(𝜇𝐵𝑀𝐵) + tr(𝜇𝐶𝑀𝐶) + tr(𝜇𝐷𝑀𝐷).  

𝑐tr(𝜇1 
𝑡𝜇2).  

tr(𝜇𝐴𝑀𝐴).  

(𝜇1)𝛽
𝛼  = 𝑞𝑖

𝛼𝑞̃𝛽
𝑖 −

𝛿𝛽
𝛼

𝑁
𝑞𝑖
𝛾
𝑞̃𝛾
𝑖

( 𝑡𝜇2)𝛼
𝛽
 = 𝑝ℓ

𝛽
𝑝̃𝛼
ℓ −

𝛿𝛼
𝛽

𝑁
𝑝ℓ
𝛾
𝑝̃𝛾
ℓ

 

𝑊 ⊃ tr𝜙𝐵(𝜇𝐵 + 𝑞𝑖𝑞̃
𝑖)  

𝑊 ⊃ tr𝜙𝐵(𝑀𝐵 + 𝑞𝑖𝑞̃
𝑖) + tr(𝑀𝐵𝜇𝐵)  
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𝑊 ⊃ −tr(𝜇𝐵𝑞𝑖𝑞̃
𝑖)  

 

 

deg𝐿1 = 𝑝 − 𝑛+, deg𝐿2 = 𝑞 − 𝑛−.  

0 = 𝑃𝑖1⋯𝑖𝑁(𝑥1, 𝑥2) ≡
1

𝑁!
(𝑥𝑖1 −Φ𝑖1)

𝛼1
⋯(𝑥𝑖𝑁 −Φ𝑖𝑁)

𝛼𝑁
𝜖𝛽𝑁𝜖𝛼1⋯𝛼𝑁𝜖

𝛽1⋯𝛽𝑁 .  

𝜙𝑘,ℓ(𝑧) = (−1)
𝑘+ℓ

(Φ1)𝛽1
𝛼1⋯(Φ1)𝛽𝑘

𝛼𝑘(Φ2)𝛽𝑘+1
𝛼𝑘+1⋯(Φ2)𝛽𝑘+ℓ

𝛼𝑘+ℓ𝛿𝛼1⋯𝛼𝑘𝛼𝑘+1⋯𝛼𝑘+ℓ𝛾𝑘+ℓ+1⋯𝛾𝑁
𝛽1⋯𝛽𝑘𝛽𝑘+1⋯𝛽𝑘+ℓ𝛾𝑘+ℓ+1⋯𝛾𝑁

𝑘! ℓ! (𝑁 − 𝑘 − ℓ)!
,  

𝑃1⋯12⋯2 = 𝑥1
𝑁−𝑚𝑥2

𝑚 +∑ 

𝑘,ℓ

 
(𝑁 − 𝑚)!𝑚! (𝑁 − 𝑘 − ℓ)!

𝑁! (𝑁 −𝑚 − 𝑘)! (𝑚 − ℓ)!
𝜙𝑘,ℓ(𝑧)𝑥1

𝑁−𝑚−𝑘𝑥2
𝑚−ℓ,  

0 = 𝑃1 ≡ 𝑥1
𝑁 +∑  

𝑁

𝑘=2

 𝜙𝑘,0(𝑧)𝑥1
𝑁−𝑘

0 =
𝜕𝑃1(𝑥1, 𝑧)

𝜕𝑥1
𝑥2 +∑  

𝑁−1

𝑘=1

 𝜙𝑘,1(𝑧)𝑥1
𝑁−1−𝑘

 

(𝑥2 − 𝜆2,𝑘)∏ 

ℓ≠𝑘

  (𝜆1,𝑘 − 𝜆1,ℓ) = 0  

Φ2 = −[
𝜕𝑃1
𝜕𝑥1

(𝑥1 = Φ1)]
−1

∑  

𝑁−1

𝑘=1

 𝜙𝑘,1Φ1
𝑁−1−𝑘  
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Φ1 = (
0 1
𝑧 0

)  

Φ2(𝑧 = 0) = (
0 𝑐
0 0

)  

𝑥1
2 = 𝑓(𝑧), 𝑥2

2 = 𝑔(𝑧), 𝑥1𝑥2 = ℎ(𝑧),  

Φ2 = ∑  

𝑁−1

𝑘=0

 𝑓𝑘Φ1
𝑘  

∑  

𝑁−1

𝑘=0

 tr(Φ1
𝑚+𝑘)𝑓𝑘 = tr(Φ1

𝑚Φ2), (𝑚 = 0,⋯ ,𝑁 − 1)  

det(𝑥1 −Φ1) ∼∏ 

ℓ

  [(𝑥1 − 𝑎ℓ)
𝑛ℓ − 𝑏ℓ

𝑛ℓ𝑧𝑚ℓ]  

Φ1 ∼ diag [⨁ 

ℓ

 (𝑎ℓ + 𝑏ℓ𝑧
𝑚ℓ/𝑛ℓ , ⋯ , 𝑎ℓ + (𝜔𝑛ℓ)

𝑛ℓ−1
𝑏ℓ𝑧

𝑚ℓ/𝑛ℓ)]  

Φ2 ∼ diag [⨁ 

ℓ

  (𝑐ℓ𝑧
𝑟ℓ + 𝑑ℓ𝑧

𝑝ℓ+𝑞ℓ𝑚ℓ/𝑛ℓ , ⋯ , 𝑐ℓ𝑧
𝑟ℓ + (𝜔𝑛ℓ

𝑞ℓ)
𝑛ℓ−1

𝑑ℓ𝑧
𝑝ℓ+𝑞ℓ𝑚ℓ/𝑛ℓ)]  

 Φ1 → 𝑧𝑚ℓ/𝑁diag(1,𝜔𝑁,⋯ , 𝜔𝑁
𝑁−1)  

Φ1
′ → 𝑐1𝑧

1/𝑁diag(1,𝜔𝑁 ,⋯ , 𝜔𝑁
𝑁−1)

Φ2
′ →

𝜁2
𝑧1/𝑁

diag(1,𝜔𝑁
−1,⋯ , 𝜔𝑁

−𝑁+1)
 

Φ1
′ →𝜁1𝑧

1/(𝑁−𝑁𝑓)diag (0,⋯ ,0,1,𝜔𝑁−𝑁𝑓 ,⋯ , 𝜔𝑁−𝑁𝑓
𝑁−𝑁𝑓−1)

 +diag (𝑚1, ⋯ ,𝑚𝑁𝑓 , 𝑚
′,⋯ ,𝑚′)

Φ2
′ →diag (𝑐1

′ ,⋯ , 𝑐𝑁𝑓
′ , 𝑐′,⋯ , 𝑐′)

 

∑ 

𝑁𝑓

𝑖=1

𝑚𝑖 + (𝑁 − 𝑁𝑓)𝑚 = 0,∑  

𝑁𝑓

𝑖=1

𝑐𝑖
′ + (𝑁 − 𝑁𝑓)𝑐

′ = 0 

𝜙𝑘,ℓ
′ → {

𝑂(𝑧1) 𝑘 > ℓ

𝑂(𝑧0) ℓ ≠ 𝑁

𝑂(𝑧−1) (𝑘, ℓ) = (0,𝑁)

 

𝜙𝑘,ℓ
′ → {

𝑂(𝑧0)𝑘 < 𝑁 −𝑁𝑓

𝑂(𝑧1)𝑘 ≥ 𝑁 −𝑁𝑓
 

0 = 𝑃1 = 𝑥1
′𝑁 − 𝜁1

𝑁−𝑁𝑓𝑧𝑄1(𝑥1
′)  
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𝑄1(𝑥1
′) =∏ 

𝑁𝑓

𝑖=1

  (𝑥1
′ −𝑚𝑖)  

∑  

𝑁−1

𝑘=1

 𝜙𝑘,1
′ 𝑥1

′𝑁−1−𝑘 = 𝑎𝑥1
′𝑁−2 + 𝑧 ∑  

𝑁−1

𝑘=𝑁−𝑁𝑓

 𝑏𝑁−1−𝑘𝑥1
′𝑁−1−𝑘

 

0 = (𝑁𝑥1
′𝑁−1𝑥2

′ − 𝑧𝜁1
𝑁−𝑁𝑓 𝜕𝑄1

𝜕𝑥1
′ 𝑥2

′) + (𝑎𝑥1
′𝑁−2 + 𝑧 ∑  

𝑁𝑓−1

𝑘=0

 𝑏𝑘𝑥1
′𝑘)  

0 = (𝑁𝑄1 − 𝑥1
′
𝜕𝑄1
𝜕𝑥1

′ )𝑥1
′𝑥2
′ + (𝑎𝑄1 + ∑  

𝑁𝑓−1

𝑘=0

 𝑏𝑘
′ 𝑥1
′𝑘+2)  

𝑎𝑄1 + ∑  

𝑁𝑓−1

𝑘=0

𝑏𝑘
′ 𝑥1
′𝑘+2 

𝑎𝑄1 + ∑  

𝑁𝑓−1

𝑘=0

 𝑏𝑘
′ 𝑥1
′𝑘+2 = 𝑐′(1 + 𝑐𝑥1

′) (𝑄1 −
𝑥1
′

𝑁

𝜕𝑄1
𝜕𝑥1

′ )  

𝑐′ = 𝑎, 𝑐 = −
1

𝑁
∑  

𝑁𝑓

𝑖=1

 
1

𝑚𝑖
.  

𝑥1
′𝑥2
′ +

𝑎

𝑁
(1 −

𝑥1
′

𝑁
∑ 

𝑁𝑓

𝑖=1

 
1

𝑚𝑖
) = 0.  

𝑥1
′𝑁 → (−1)𝑁𝑓𝜁1

𝑁−𝑁𝑓𝑧∏  

𝑁𝑓

𝑖=1

𝑚𝑖 

(𝑥1
′𝑥2
′ )𝑁 → (−1)𝑁𝑓𝜁1

𝑁−𝑁𝑓𝜁2
𝑁∏ 

𝑁𝑓

𝑖=1

𝑚𝑖 

0 = 𝑥1
′𝑥2
′ − Λeff

3 (1 −
𝑥1
′

𝑁
∑ 

𝑁𝑓

𝑖=1

 
1

𝑚𝑖
) ,

Λeff
3  = [(−1)𝑁𝑓𝜁1

𝑁−𝑁𝑓𝜁2
𝑁∏ 

𝑁𝑓

𝑖=1

 𝑚𝑖]

1
𝑁

.

 

Φ1
′ →

𝜁𝐴
𝑧1/𝑁

diag(1,𝜔𝑁,⋯ , 𝜔𝑁
𝑁−1)

Φ2
′ → 𝑐𝑧1/𝑁diag(1,𝜔𝑁

−1, ⋯ , 𝜔𝑁
−𝑁+1)
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Φ1
′ → 𝜁𝐶𝑧

1/𝑁diag(1,𝜔𝑁,⋯ , 𝜔𝑁
𝑁−1)

Φ2
′ → 𝑧

𝑐

𝑧1/𝑁
diag(1,𝜔𝑁

−1,⋯ , 𝜔𝑁
−𝑁+1)

 

Φ1
′ → 𝑐(𝑧 − 1)1/𝑁diag(1,𝜔𝑁 ,⋯ , 𝜔𝑁

𝑁−1)

Φ2
′ →

𝜁𝐵
(𝑧 − 1)1/𝑁

diag(1,𝜔𝑁
−1,⋯ , 𝜔𝑁

−𝑁+1).
 

𝜙𝑘,ℓ
′ → {

𝑂(𝑧1) ℓ > 𝑘

𝑂(𝑧0) 𝑘 ≠ 𝑁

𝑂(𝑧−1) (𝑘, ℓ) = (𝑁, 0)

 

𝜙𝑘,ℓ
′ → {

𝑂(𝑧ℓ−1) ℓ > 𝑘

𝑂(𝑧ℓ) 𝑘 ≠ 𝑁

𝑂(𝑧1) (𝑘, ℓ) = (𝑁, 0)

 

𝜙𝑘,ℓ
′ → {

𝑂((𝑧 − 1)1) 𝑘 > ℓ

𝑂((𝑧 − 1)0) ℓ ≠ 𝑁

𝑂((𝑧 − 1)−1) (𝑘, ℓ) = (0,𝑁)

 

𝑃1 = 𝑥1
′𝑁 − (

𝜁𝐴
𝑁

𝑧
+ 𝜁𝐶

𝑁) (1 − 𝑧)  

0 = 𝑥1
′𝑁−1𝑥2

′ + (𝑎1𝑧 + 𝑎2)𝑥1
′𝑁−2 + (1 − 𝑧)∑  

𝑁−1

𝑘=2

 𝑏𝑘𝑥1
′𝑁−1−𝑘  

0 = (𝜁𝐶
𝑁𝑧 + 𝜁𝐴

𝑁)(𝑥1
′𝑥2
′ + 𝑎1𝑧 + 𝑎2) + 𝑧∑  

𝑁−1

𝑘=2

 𝑏𝑘𝑥1
′𝑁+1−𝑘  

𝑥1
′𝑥2
′ = (

𝜁𝐵
𝑁

(𝜁𝐶
𝑁 + 𝜁𝐴

𝑁)𝑁−1
)

1/𝑁

(𝜁𝐶
𝑁𝑧 + 𝜁𝐴

𝑁)  

𝛾𝜇 = 𝑖 (
0 𝜎𝜇
𝜎‾𝜇 0

) .  

ℒ = Tr(−
1

4
𝐹𝜇𝜈
2 −

1

2
(𝐷𝜇𝑋

𝑖)
2
+ 𝑖𝜒𝑇D̸χ +

𝑔2

4
[𝑋𝑖 , 𝑋𝑗]

2
− √2𝑔𝜒𝐿

𝑇𝛾𝑖[𝑋
𝑖 , 𝜒𝑅])  

𝑒𝑖𝜃 = 𝑒𝑖
2𝜋𝑀
𝑁  

𝑋𝑖 = 𝐼𝑁/𝑑⊗(
𝑥1
𝑖

⋱
𝑥𝑑
𝑖

) ,  with Tr𝑋𝑖 = 0  

ℐ𝜃(𝜏 ∣ 𝜉) =∑  

𝑘

  𝑒𝑖𝜃𝑘Trℋ𝑘
(−1)𝐹𝑎𝑓𝑞𝐻𝐿𝑞‾𝐻𝑅  
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ℐ𝑆𝑈(𝑁)/ℤ𝑁
𝜃(𝑀)

(𝜏 ∣ 𝜉) =
ℐ𝐷
ℐ1
(𝜏 ∣ 𝜉)  

ℐ𝑆𝑈(𝑁)/ℤ𝐾
𝜃(𝑀)

(𝜏 ∣ 𝜉) = ∑  

𝑚≡𝑀

  ∑  

(mod𝐾)

 
ℐgcd(𝑚,𝑁)

ℐ1
(𝜏 ∣ 𝜉),  

ℐ𝑈(𝑁)(𝜏 ∣ 𝜉) = ℐ𝑈(1)ℐ𝑆𝑈(𝑁)(𝜏 ∣ 𝜉) = ∑  

𝑁

𝑚=1

 ℐgcd(𝑚,𝑁)(𝜏 ∣ 𝜉)  

ℐ𝑈(𝑁)+𝐵
𝑀=0 (𝜏 ∣ 𝜉) = ℐ𝑈(1)ℐ𝑆𝑈(𝑁)/ℤ𝑁

𝜃=0 (𝜏 ∣ 𝜉) = ℐ𝑁(𝜏 ∣ 𝜉)  

ℐ𝑈(𝑁)+𝐵
𝑀 (𝜏 ∣ 𝜉) = ℐ𝐷(𝜏 ∣ 𝜉)  

ℐ𝑈(𝑁)+𝐵(𝜏 ∣ 𝜉) = ∑  

𝑀∈ℤ

 𝑒𝑖𝑀𝜙ℐ𝑈(𝑁)+𝐵
𝑀 (𝜏 ∣ 𝜉) = ∑  

𝑀∈ℤ

  𝑒𝑖𝑀𝜙ℐ𝐷(𝜏 ∣ 𝜉)  

𝑤2(𝑃) ∈ 𝐻
2 (Σ, 𝜋1(𝐺𝑎𝑑𝑗)) = 𝐻

2(Σ, ℤ𝑁)  

⟨𝑒𝑖2𝜋𝑀𝑘/𝑁|𝑒𝑖𝑀 ∫  Σ  𝑑𝐴̂/𝑁⟩   

−
1

4
Tr(𝐹𝜇𝜈 + 𝐵𝜇𝜈𝟏𝑁)

2
,  

𝐴 =
1

𝑁
𝐴̂𝟏𝑁 + 𝐴

′  

 

 

 

𝑒𝑖𝑀∫  
𝑇2
 𝑑𝐴̂/𝑁𝑒𝑖𝑀∫  

𝑇2
 𝐵  

ℐ = Tr(−1)𝐹∏ 

𝐽𝐿

 𝑦𝐽𝐿∏ 

𝑓

 𝑥𝑓𝑞𝐻𝐿𝑞‾𝐻𝑅  

ℳcurvature = Hom(𝜋1(𝑇
2), 𝐺adj )/𝐺adj  

[𝐴][𝐵][𝐴]−1[𝐵]−1 = 1  

𝐴𝐵𝐴−1𝐵−1 = 𝜔𝑁
𝑘  

𝑆𝐷𝑆† = 𝜔𝑁
𝑘𝐷  
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𝐷𝑁 = (

1
𝜔𝑁

⋱
𝜔𝑁
𝑁−1

) , and  𝑆𝑁 =

(

 
 
 

0 1
0 1

⋱

1
)

 
 
 

 

𝑆𝑁
𝑘𝐷𝑁(𝑆𝑁

𝑘)
†
= 𝜔𝑁

𝑘𝐷𝑁  

ℳ𝑁 = ⨆  

𝑁−1

𝑘=0

 ℳ𝑁,𝑘  

𝑘 = ∫  
𝑇2
𝑤2(𝑃𝑁,𝑘) 

𝑆𝑁(𝜔𝑁
𝑎𝑆𝑁

𝑘 , 𝜔𝑁
𝑏𝐷𝑁)𝑆𝑁

† = (𝜔𝑁
𝑎𝑆𝑁𝑆𝑁

𝑘𝑆𝑁
† , 𝜔𝑁

𝑏𝑆𝑁𝐷𝑁𝑆𝑁
†) = (𝜔𝑁

𝑎𝑆𝑁
𝑘 , 𝜔𝑁

𝑏+1𝐷𝑁)

𝐷𝑁(𝜔𝑁
𝑎𝑆𝑁

𝑘 , 𝜔𝑁
𝑏𝐷𝑁)𝐷𝑁

† = (𝜔𝑁
𝑎𝐷𝑁𝑆𝑁

𝑘𝐷𝑁
† , 𝜔𝑁

𝑏𝐷𝑁𝐷𝑁𝐷𝑁
†) = (𝜔𝑁

𝑎−1𝑆𝑁
𝑘 , 𝜔𝑁

𝑏𝐷𝑁)
 

 

[𝑆𝑁]([𝑆𝑁
𝑘], [𝐷𝑁])[𝑆𝑁]

†  = ([𝑆𝑁
𝑘], [𝐷𝑁])

[𝐷𝑁]([𝑆𝑁
𝑘], [𝐷𝑁])[𝐷𝑁]

†  = ([𝑆𝑁
𝑘], [𝐷𝑁])

 

ℳ𝑁,𝑘 = {([𝑆𝑁
𝑘], [𝐷𝑁])}/ℤ𝑁

2  

ℳ𝑁,𝑑=1 = {([𝑆𝑁], [𝐷𝑁])}/ℤ𝑁
2  

𝑆𝑁
𝑑 = 𝑆𝑁/𝑑⊗ 𝐼𝑑 , and 𝐷𝑁

𝑑 = 𝐷𝑁/𝑑⊗𝐷𝑑
𝑑/𝑁

 

(𝑒𝑖𝔥𝑁,𝑑(𝜃𝑠)𝑆𝑁
𝑘 , 𝑒𝑖𝔥𝑁,𝑑(𝜃𝑡)𝐷𝑁) = (𝑆𝑁/𝑑⊗ 𝑒𝑖𝔥𝑑(𝜃𝑠), 𝐷𝑁/𝑑⊗𝑒𝑖𝔥𝑑(𝜃𝑡)𝐷𝑁

𝑑)  

𝑒𝑖𝔥𝑁,𝑑(𝜃): = 𝐼𝑁/𝑑⊗𝑒𝑖𝔥𝑑(𝜃): = 𝐼𝑁/𝑑⊗(

𝑒2𝜋𝑖𝜃1

𝑒2𝜋𝑖𝜃2

⋱
𝑒2𝜋𝑖𝜃𝑑

)  

(𝑒𝑖𝔥𝑁,𝑑(𝜃𝑠)𝑆𝑁
𝑘)(𝑒𝑖𝔥𝑁,𝑑(𝜃𝑡)𝐷𝑁)(𝑒

𝑖𝔥𝑁,𝑑(𝜃𝑠)𝑆𝑁
𝑘)
†

= 𝑆𝑁/𝑑
𝑘/𝑑
𝐷𝑁/𝑑 (𝑆𝑁/𝑑

𝑘/𝑑
)
†
⊗𝑒𝑖𝔥𝑑(𝜃𝑠) (𝑒𝑖𝔥𝑑(𝜃𝑡)𝐷𝑑

𝑑/𝑁
) 𝑒−𝑖𝔥𝑑(𝜃𝑠) 

 = 𝜔𝑁/𝑑
𝑘/𝑑
𝐷𝑁/𝑑⊗𝑒𝑖𝔥𝑑(𝜃𝑡)𝐷𝑑

𝑑/𝑁

 = 𝜔𝑁
𝑘 (𝑒𝑖𝔥𝑁,𝑑(𝜃𝑡)𝐷𝑁)

 

𝔐̃𝑁,𝑘:= {(𝑆𝑁/𝑑
𝑘/𝑑

⊗𝑒𝑖𝔥𝑑(𝜃𝑠⋅𝑁/𝑑), 𝐷𝑁/𝑑⊗ 𝑒𝑖𝔥𝑑(𝜃𝑡⋅𝑁/𝑑))} ≅ (𝑇2/ℤ𝑁/𝑑
2 )

𝑑−1
 

ℳ𝑁,𝑘 ≅ {([𝑆𝑁/𝑑
𝑘/𝑑

⊗𝑒𝑖𝔥𝑑(𝑁𝜃𝑠)] , [𝐷𝑁/𝑑⊗𝑒𝑖𝔥𝑑(𝑁𝜃𝑡)])} /ℤ𝑁/𝑑
2 × 𝕊𝑑  

ℳ𝑁,𝑑 ≅ (𝔐𝑁,𝑑/𝕊𝑑)/ℤ𝑁/𝑑
2  
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𝔐𝑁,𝑑 = {(𝑆𝑁/𝑑⊗𝑒𝑖𝔥𝑑(𝑁𝜃𝑠), 𝐷𝑁/𝑑⊗ 𝑒𝑖𝔥𝑑(𝑁𝜃𝑡))} ≅ (𝑇2/ℤ𝑁
2 )𝑑−1  

𝛿Θ = Γ𝑀𝑁ℱ𝑀𝑁𝜖1 + 𝟏𝑁𝜖2  

ℐ𝜃 =∑ 

𝑃

  𝑒𝑖𝜃 ∫  𝑤(𝑃)𝑍𝑃  

ℐ𝑆𝑈(𝑁)/ℤ𝑁
𝜃 = ∑  

𝑁−1

𝑘=0

  𝑒𝑖𝜃𝑘𝑍𝑁,𝑘  

𝜃 = 0,2𝜋
1

𝑁
, 2𝜋

2

𝑁
,… ,2𝜋

𝑁 − 1

𝑁
 

ℐ𝑈(𝑁) = ℐ𝑈(1)ℐ𝑆𝑈(𝑁)  

ℐ𝑈(𝑁)+𝐵
𝑐1=0 = ℐ𝑈(1)ℐ𝑆𝑈(𝑁)/ℤ𝑁

𝜃=0  

𝑒𝑖𝑀∫  Σ  
𝑑𝐴̂
𝑁
+𝐵  

𝑒𝑖𝑀𝜙ℐ𝑈(𝑁)+𝐵
𝑀 = 𝑒𝑖𝑀𝜙ℐ1ℐ𝑆𝑈(𝑁)

𝜃=2𝜋𝑀/𝑁
,  

ℐ𝑈(𝑁)+𝐵 = ∑  

𝑀∈ℤ

 𝑒𝑖𝑀𝜙ℐ𝑈(𝑁)+𝐵
𝑀

 

𝑍𝑃 =
1

Vol(𝒢(𝑃))
∫  
𝐴∈Ω1(𝑇2,ad𝑃)

 𝒟𝐴𝑍(𝐴)  

𝑍𝑁,1 = 𝑍1− loop (𝑢)|𝑢∈ℳ𝑁,1
=
1

𝑁2
𝑍1− loop (𝑢)|

𝑢∈𝔐𝑁,1

 

Vol (𝒢(𝑃̃𝑁))

Vol (𝒢(𝑃𝑁,0))
= |𝜋1(𝑆𝑈(𝑁)/ℤ𝑁)|

1−2𝑔  
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𝑆𝑁𝐷𝑁𝐴(𝑆𝑁𝐷𝑁)
† = 𝜔𝑁𝐷𝑁𝑆𝑁𝐴(𝜔𝑁𝐷𝑁𝑆𝑁)

† = 𝐷𝑁𝑆𝑁𝐴(𝐷𝑁𝑆𝑁)
†  

ℭ𝑁 = {
{−
𝑁 − 1

2
,−
𝑁 − 1

2
+ 1,… ,

𝑁 − 1

2
}  for 𝑁 odd 

{−
𝑁

2
,−
𝑁

2
+ 1,… ,

𝑁

2
,
𝑁

2
+ 1}  for 𝑁 even 

 

𝑍1− loop (𝑢)|𝑢∈ℳ𝑁,1
=
1

𝑁2
∏  
𝑎,𝑏∈ℭ𝑁

(𝑎,𝑏)≠(0,0)

 Ξ (
𝑎 + (−1)𝑎𝑏𝜏

𝑁
)

 

𝑆𝑁/𝑑
𝑎 𝐷𝑁/𝑑

𝑏 ⊗(𝐸(𝑑))𝑖,𝑗  

(𝜔𝑁/𝑑
𝑏 𝑒2𝜋𝑖((𝜃𝑠)𝑖−(𝜃𝑠)𝑗), 𝜔𝑁/𝑑

−𝑎 𝑒2𝜋𝑖((𝜃𝑡)𝑖−(𝜃𝑡)𝑗))  

 

𝟖𝑠 → 𝟏+1⊕𝟔0⊕𝟏−1

𝟖𝑐 → 𝟒
−
1
2
⊕𝟒

+
1
2

𝟖𝑣 → 𝟒
+
1
2
⊕𝟒

−
1
2
.

 

Trℋ(−1)
𝐹𝑞𝐻𝐿𝑞‾𝐻𝑅∏ 

𝐴

 𝑎𝐴
𝑓𝐴

 

Trℋ𝑒
𝑖𝜃 ∫  𝑤2(−1)𝐹𝑞𝐻𝐿𝑞‾𝐻𝑅∏ 

𝐴

 𝑎𝐴
𝑓𝐴 =∑  

𝑘

 Trℋ𝑘
𝑒𝑖𝜃𝑘(−1)𝐹𝑞𝐻𝐿𝑞‾𝐻𝑅∏ 

𝐴

 𝑎𝐴
𝑓𝐴 .  

{𝑋𝑖} → {𝜙𝐴, 𝜙‾𝐴}

{𝜒𝐿
𝛼} → {𝜆−, 𝜆‾−, 𝜓−

𝐴𝐵}

{𝜒𝑅
𝛼̇} → {𝜓+

𝐴, 𝜓‾+𝐴}

 

Φ𝐴= 𝜙𝐴 + 𝜃+𝜓+
𝐴 + 𝜃+𝜃‾+𝐷+𝜙

𝐴  

Λ = 𝜆− + 𝜃
+
1

√2
(𝐷 + 𝑖𝐹09) + 𝜃

+𝜃‾+𝐷+𝜆−

Ψ𝐴4 = 𝜓+
𝐴4 + 𝜃+𝐺𝐴4 + 𝜃‾+𝐸𝐴4(Φ) + 𝜃+𝜃‾+𝐷+𝜓+

𝐴4
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𝑖𝑔Tr∫  𝑑𝜃+Ψ𝐴4𝐽𝐴(Φ)|
𝜃‾+=0

+ ℎ. 𝑐. = 𝑖𝑔
𝜖𝐴𝐵𝐶4
3!

Tr∫  𝑑𝜃+Ψ𝐴4[Φ𝐵, Φ𝐶]|
𝜃‾+=0

+ ℎ. 𝑐.  

𝑖𝑔Tr∫  𝑑𝜃2Φ̃1[Φ̃2, Φ̃3] + ℎ. 𝑐. .  

ℐ𝑈(1) = 𝑍Λ∏ 

𝐴

 𝑍Φ𝐴𝑍Ψ𝐴4 = 𝜂(𝜏)
3
∏  3
𝐴=1  𝜃1(𝜏 ∣ 𝜉𝐴 + 𝜉4)

∏  4
𝐴=1  𝜃1(𝜏 ∣ 𝜉𝐴)

 

∑ 

𝐴

  𝜉𝐴 = 0  

𝜂(𝜏) = 𝑞1/24∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)  

𝜃1(𝜏 ∣ 𝑢) = −𝑖𝑞
1/8𝑧1/2∏ 

∞

𝑛=1

  (1 − 𝑞𝑛)(1 − 𝑧𝑞𝑛)(1 − 𝑧−1𝑞𝑛−1)  

𝑍1− loop (𝜏 ∣ 𝑢; 𝜉) =∏ 

𝛼

 Ξ(𝜏 ∣ 𝛼(𝑢); 𝜉)  

Ξ(𝜏 ∣ 𝑢; 𝜉):=
𝜃1(𝜏 ∣ 𝑢)∏  3

𝐴=1  𝜃1(𝜏 ∣ 𝜉𝐴 + 𝜉4 + 𝑢)

∏  4
𝐴=1  𝜃1(𝜏 ∣ 𝜉𝐴 + 𝑢)

 

ℐ𝑈(1)(𝜏 ∣ 𝜉) = −
𝜕

𝜕𝑢
|
𝑢=0

Ξ(𝜏 ∣ 𝑢; 𝜉)  

Ξ(𝜏 ∣ 𝑢 + 𝑎 + 𝑏𝜏; 𝜉)  = 𝑒−2𝜋𝑖𝑏(2𝜉4)Ξ(𝜏 ∣ 𝑢; 𝜉)

Ξ(𝜏 ∣ 𝑢; 𝜉1 + 𝑎 + 𝑏𝜏, 𝜉2, 𝜉3)  = 𝑒
2𝜋𝑖𝑏(2𝑢)Ξ(𝜏 ∣ 𝑢; 𝜉)

 

Ξ(𝜏 + 1 ∣ 𝑢; 𝜉)= Ξ(𝜏 ∣ 𝑢; 𝜉),  

Ξ (−
1

𝜏
| 
𝑢

𝜏
;
𝜉

𝜏
) = 𝑒

𝜋𝑖
𝜏
(4𝑢𝜉4)Ξ(𝜏 ∣ 𝑢; 𝜉).

 

𝑍1− loop |ℳ𝑁,1
=
1

𝑁2
∏  
𝑎,𝑏∈ℭ𝑁

(𝑎,𝑏)≠(0,0)

 Ξ (𝜏 | 
𝑎 + (−1)𝑎𝑏𝜏

𝑁
; 𝜉𝐴)  

∏  

𝑎,𝑏∈ℭ𝑁

 Ξ (𝜏 | 𝑢 +
𝑎 + (−1)𝑎𝑏𝜏

𝑁
; 𝜉𝐴) = Ξ(𝜏 ∣ 𝑁𝑢;𝑁𝜉𝐴).  

𝑍1− loop |ℳ𝑁,1
=
1

𝑁2
lim
𝑢→0

 
Ξ(𝜏 ∣ 𝑁𝑢; 𝑁𝜉𝐴)

Ξ(𝜏 ∣ 𝑢; 𝜉𝐴)
=
1

𝑁

ℐ𝑈(1)(𝜏 ∣ 𝑁𝜉𝐴)

ℐ𝑈(1)(𝜏 ∣ 𝜉𝐴)
.  
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𝑍1− loop = (ℐ𝑈(1))
𝑁−1

∏ 

𝑖≠𝑗

 
𝜃1(𝜏 ∣ 𝑢𝑖 − 𝑢𝑗)∏  3

𝐴=1  𝜃1(𝜏 ∣ 𝜉𝐴 + 𝜉4 + 𝑢𝑖 − 𝑢𝑗)

∏  4
𝐴=1  𝜃1(𝜏 ∣ 𝜉𝐴 + 𝑢𝑖 − 𝑢𝑗)

⋀  

𝑁

𝑖=2

 𝑑𝑢𝑖  

𝐻𝑖𝑗
𝐴 = {𝑢𝑖 − 𝑢𝑗 + 𝜉𝐴 = 0 modℤ + 𝜏ℤ} ⊂ 𝔐̃  

JK − Res
𝑢=𝑢∗

(Q(𝑢∗), 𝜂)
𝑑𝑢1 ∧ ⋯∧ 𝑑𝑢𝑟

𝑄𝑗1(𝑢 − 𝑢∗)⋯𝑄𝑗𝑟(𝑢 − 𝑢∗)
= {

1

|det(𝑄𝑗1⋯𝑄𝑗𝑟)|
 if 𝜂 ∈ Cone(𝑄𝑗1⋯𝑄𝑗𝑟)

0  otherwise. 

 

𝑁𝑖𝑗  = {𝑢𝑖 − 𝑢𝑗 = 0 modℤ + 𝜏ℤ}

𝑁𝑖𝑗
𝐵4  = {𝑢𝑖 − 𝑢𝑗 + 𝜉𝐵 + 𝜉4 = 0 modℤ + 𝜏ℤ}

 

𝑁𝑖𝑗
𝐴𝐵 = {𝑢𝑖 − 𝑢𝑗 + 𝜉𝐴 + 𝜉𝐵 = 0 modℤ + 𝜏ℤ}  

(𝑢2, 𝑢3, 𝑢4) =
1

2
(𝜉𝐴 − 𝜉𝐵, −𝜉𝐴 + 𝜉𝐵, 𝜉𝐴 + 𝜉𝐵) +

𝑎 + 𝑏𝜏

4
(1,1,1)  

(𝑣2, 𝑣3, 𝑣4) = (𝜉𝐴, 𝜉𝐵, 𝜉𝐴 + 𝜉𝐵) + (𝑎 + 𝑏𝜏)(1,1,1)  

JK − Res(Q∗, 𝜂)
𝑣=0

𝜖(𝐴, 𝐵)𝑣4
𝑣2𝑣3(𝑣4 − 𝑣2)(𝑣4 − 𝑣3)

𝑑𝑣2 ∧ 𝑑𝑣3 ∧ 𝑑𝑣4
4

 

𝑄12 = (−1,0,0), 𝑄13 = (0,−1,0), 𝑄24 = (1,0, −1), 𝑄34 = (0,1,−1)  

𝜔234 = (
𝑎

𝑣2𝑣3(𝑣4 − 𝑣2)
+

𝑏

𝑣2𝑣3(𝑣4 − 𝑣3)
+

𝑐

𝑣2(𝑣4 − 𝑣2)(𝑣4 − 𝑣3)
+

𝑑

𝑣3(𝑣4 − 𝑣2)(𝑣4 − 𝑣3)
)  

(𝑣𝑖)𝑖=2,…,8 = (𝜉1, 𝜉2, 𝜉3, 𝜉1 + 𝜉2, 𝜉1 + 𝜉3, 𝜉2 + 𝜉3, 𝜉1 + 𝜉2 + 𝜉3)  

𝐻12
1 , 𝐻13

2 , 𝐻14
3 , 𝐻25

1 , 𝐻35
2 , 𝐻26

3 , 𝐻46
1 , 𝐻37

3 , 𝐻47
2 , 𝐻58

3 , 𝐻68
2 , 𝐻78

1 , 𝐻81
4  

JK − Res
𝑣=0

(𝑄∗, 𝜂)
(𝑣5 + 𝜖)(𝑣6 + 𝜖)(𝑣7 + 𝜖)

𝑣2𝑣3𝑣4(𝑣5 − 𝑣2)(𝑣5 − 𝑣3)(𝑣6 − 𝑣2)(𝑣6 − 𝑣4)(𝑣7 − 𝑣3)(𝑣7 − 𝑣4)

×
(𝑣8 − 𝑣2 + 𝜖)(𝑣8 − 𝑣3 + 𝜖)(𝑣8 − 𝑣4 + 𝜖)

(𝑣8 − 𝑣5)(𝑣8 − 𝑣6)(𝑣8 − 𝑣7)(−𝜖 − 𝑣8)

Λ𝑖=2
8 𝑑𝑣𝑖
8

 

JK − Res
𝑣=0

(Q∗, 𝜂)⋀  

8

𝑖=2

 𝑑𝑣𝑖 = Res
𝑣8=0

Res
𝑣7=0

… Res
𝑣2=0

 

𝑦𝑖 ⪯ 𝑦𝑗   if 𝑦𝑖
𝐴 ≤ 𝑦𝑗

𝐴  

JK − Res(𝐐∗, 𝜂)⋀ 𝑑𝑢𝑖 =
1

𝑁
Res

𝑣𝑁=𝑦𝑁
𝐴𝜉𝐴

⋯ Res
𝑣3=𝑦3

𝐴𝜉𝐴
Res

𝑣2=𝑦2
𝐴𝜉𝐴
.

𝑢=𝑢∗
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𝜖(𝑌) = (−1)𝑐3(𝑌)+𝑐4(𝑌)  

1

𝑁
∑  

|𝑌|=𝑁

 𝜖(𝑌)lim
𝛿→0

 
1

Ξ(𝜏 ∣ 𝛿; 𝜉)
∏  

𝑖,𝑗

 Ξ(𝜏 ∣ 𝑦𝑖
𝐴𝜉𝐴 − 𝑦𝑗

𝐴𝜉𝐴 + 𝛿; 𝜉) =
1

𝑁
∑  

𝑠∣𝑁

 𝑠
ℐ𝑈(1) (𝜏 | 

𝑁
𝑠
𝜉)

ℐ𝑈(1)(𝜏 ∣ 𝜉)
 

 

∫  
ℳ𝑁,𝑑

 𝑍1− loop =
1

𝑁

ℐ𝑈(1) (𝜏 | 
𝑁
𝑑
𝜉)

ℐ𝑈(1)(𝜏 ∣ 𝜉)
∑  

𝑠∣𝑑

 𝑠
ℐ𝑈(1) (𝜏 | 

𝑑
𝑠
𝑁
𝑑
𝜉)

ℐ𝑈(1) (𝜏 | 
𝑁
𝑑
𝜉)

=
1

𝑁
∑  

𝑠∣𝑑

 𝑠
ℐ𝑈(1) (𝜏 | 

𝑁
𝑠 𝜉)

ℐ𝑈(1)(𝜏 ∣ 𝜉)
 

ℐ𝑆𝑈(𝑁)/ℤ𝑁
𝜃 (𝜏 ∣ 𝜉) =

1

𝑁
∑  

𝑁

𝑘=1

 𝑒𝑖𝜃𝑘 ∑  

𝑠∣gcd(𝑘,𝑁)

 𝑠
ℐ𝑈(1) (𝜏 | 

𝑁
𝑠
𝜉)

ℐ𝑈(1)(𝜏 ∣ 𝜉)
 

ℐ
𝑆𝑈(𝑁)/ℤ𝑁

𝜃=
2𝜋𝑀
𝑁 (𝜏 ∣ 𝜉) =∑  

𝑠∣𝐷

 
ℐ𝑈(1)(𝜏 ∣ 𝑠𝜉)

ℐ𝑈(1)(𝜏 ∣ 𝜉)
=
ℐ𝐷
ℐ1
(𝜏 ∣ 𝜉)  

ℐ𝑆𝑈(𝑁) =∑ 

𝑠∣𝑁

 𝑠
ℐ𝑈(1) (𝜏 | 

𝑁
𝑠 𝜉)

ℐ𝑈(1)(𝜏 ∣ 𝜉)
= ∑  

𝑁

𝑘=1

 
ℐgcd(𝑘,𝑁)

ℐ1
(𝜏 ∣ 𝜉)  

ℐ
𝑆𝑈(𝑁)/ℤ𝐾

𝜃=
2𝜋𝑀
𝑁 (𝜏 ∣ 𝜉)  =

1

𝐾
∑  

𝑁/𝐾

𝑘=1

  𝑒𝑖𝜃𝑘𝐾 ∑  

𝑠∣gcd(𝑘𝐾,𝑁)

 𝑠
ℐ𝑈(1) (𝜏 | 

𝑁
𝑠 𝜉)

ℐ𝑈(1)(𝜏 ∣ 𝜉)

 = ∑  

𝑘≡𝑀

  ∑  

(mod𝐾)

 
ℐ𝑈(1)(𝜏 ∣ 𝑠𝜉)

ℐ𝑈(1)(𝜏 ∣ 𝜉)

 = ∑  

𝑘≡𝑀(mod𝐾)

 
ℐgcd(𝑘,𝑁)

ℐ1
(𝜏 ∣ 𝜉)

 

ℐ𝑈(𝑁)(𝜏 ∣ 𝜉) = ℐ𝑈(1)ℐ𝑆𝑈(𝑁)(𝜏 ∣ 𝜉) = ∑  

𝑁

𝑘=1

 ℐgcd(𝑘,𝑁)(𝜏 ∣ 𝜉)  
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ℐ𝑈(𝑁)+𝐵
𝑀 (𝜏 ∣ 𝜉) = ℐ𝑈(1)

𝑐1=𝑀ℐ
𝑆𝑈(𝑁)

𝜃=
2𝜋𝑀
𝑁 (𝜏 ∣ 𝜉) = ℐ𝐷(𝜏 ∣ 𝜉)  

ℐ𝑈(𝑁)+𝐵(𝜏 ∣ 𝜉) = ∑  

𝑀∈ℤ

  𝑒𝑖𝑀𝜙ℐ𝐷(𝜏 ∣ 𝜉)  

(𝟖𝑣 , 𝟏, 𝟏) ⊕ (𝟏, 𝟖𝑠, 𝟏) ⊕ (𝟏, 𝟏, 𝟖𝑐).  

𝑍1(𝜏 ∣ 𝜉𝐴, 𝜁𝐴̃) = Tr𝑅𝑅(−1)
𝐹𝑞𝐻𝐿𝑞‾𝐻𝑅∏ 

4

𝐴=1

 𝑎𝐴
𝐾𝑏,𝐴∏ 

4

𝐴̃=1

 𝑏
𝐴̃

𝐾𝑙,𝐴̃ =
𝜃1(𝜁1)𝜃1(𝜁2)𝜃1(𝜁3)𝜃1(𝜁4)

𝜃1(𝜉1)𝜃1(𝜉2)𝜃1(𝜉3)𝜃1(𝜉4)
 

𝑎𝐴 = 𝑒
2𝜋𝑖𝜉𝐴 , 𝑏̃𝐴̃ = 𝑒

2𝜋𝑖𝜁̃𝐴̃  

𝐾𝑙,𝐴̃ = 𝑀𝐴̃
𝐴𝐾𝑙,𝐴,  where  𝑀𝐴̃

𝐴 =
1

2
(

1 1 1 1
1 −1 −1 1

−1 1 −1 1
−1 −1 1 1

)  

𝑍1(𝜏 ∣ 𝜉𝐵
′ ) = Tr𝑅𝑅(−1)

𝐹𝑞𝐻𝐿𝑞‾𝐻𝑅∏ 

3

𝐵=1

 𝑎𝐵
′𝐾𝐵
′

 

𝑍1(𝜏 ∣ 𝜉𝐴) =
𝜃1 (

𝜉1 + 𝜉2 + 𝜉3 + 𝜉4
2 )𝜃1 (

𝜉1 − 𝜉2 − 𝜉3 + 𝜉4
2 )𝜃1 (

−𝜉1 + 𝜉2 − 𝜉3 + 𝜉4
2 )𝜃1 (

−𝜉1 − 𝜉2 + 𝜉3 + 𝜉4
2 )

𝜃1(𝜉1)𝜃1(𝜉2)𝜃1(𝜉3)𝜃1(𝜉4)
. 

𝐾𝐵
′ = 𝑀𝐵+1

𝐴 𝐾𝐴, 𝐵 = 1,2,3  

𝜉1 + 𝜉2 + 𝜉3 + 𝜉4 = 0  

𝑏1 = exp (2𝜋𝑖𝜁1) = exp (2𝜋𝑖
𝜉1 + 𝜉2 + 𝜉3 + 𝜉4

2
) = √𝑎1𝑎2𝑎3𝑎4 

ℐ1(𝜏 ∣ 𝜉𝐴) ∶= −
𝜕

𝜕𝑏1
𝑍1(𝜏 ∣ 𝜉𝐴)|

𝑏1=1

 =
𝜂3(𝜏)𝜃1(𝜏 ∣ 𝜉1 + 𝜉4)𝜃1(𝜏 ∣ 𝜉2 + 𝜉4)𝜃1(𝜏 ∣ 𝜉3 + 𝜉4)

𝜃1(𝜏 ∣ 𝜉1)𝜃1(𝜏 ∣ 𝜉2)𝜃1(𝜏 ∣ 𝜉3)𝜃1(𝜏 ∣ 𝜉4)

 

ℐ(𝜏 ∣ 𝜉𝐴)  = −
𝜕

𝜕𝑏1
|
𝑏1=1

Tr𝑅𝑅(−1)
𝐹𝑞𝐻𝐿𝑞‾𝐻𝑅∏ 

4

𝐴=1

 𝑎𝐴
𝐾𝐴

 = Tr𝑅𝑅(−1)
𝐹𝐽𝑅𝑞

𝐻𝐿𝑞‾𝐻𝑅∏ 

3

𝐵=1

 𝑎𝐵
𝐾𝐵
′

.

 

ℐ1(𝜏 ∣ 𝜉 + Ω ⋅ 𝑛) = ℐ1(𝜏 ∣ 𝜉)  

Ω = (
1 𝜏 0 0 0 0
0 0 1 𝜏 0 0
0 0 0 0 1 𝜏

)  

ℐ1 (
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
| 
𝜉𝐴

𝑐𝜏 + 𝑑
) = ℐ1(𝜏 ∣ 𝜉𝐴), (

𝑎 𝑏
𝑐 𝑑

) ∈ 𝑆𝐿(2, ℤ)  
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ℐ1(𝜏 ∣ 𝜉𝐴) =∑  

𝑚

 𝑞𝑚𝑓𝑚(𝜉) = ∑  

𝑚≥0,𝑙

 𝑐(𝑚, 𝑙)𝑞𝑚∏ 

𝐴

 𝑎𝐴
𝑙𝐴

 

ℐ1|𝑞=0(𝜉) ∶= ℐ1(𝜏 = 𝑖∞ ∣ 𝜉) =
(1 − 𝑎1𝑎2)(1 − 𝑎1𝑎3)(1 − 𝑎2𝑎3)

(1 − 𝑎1)(1 − 𝑎2)(1 − 𝑎3)(1 − 𝑎1𝑎2𝑎3)

 = 1 +
𝑎1

1 − 𝑎1
+

𝑎2
1 − 𝑎2

+
𝑎3

1 − 𝑎3
−

𝑎1𝑎2𝑎3
1 − 𝑎1𝑎2𝑎3

 

ℐ1(𝜏 ∣ 𝜉) = ℐ1|𝑞=0(𝜉) + ∑  

∞

𝑚=1

 𝑞𝑚∑ 

𝑠∣𝑚

 𝜒(𝑠𝜉)  

𝜒(𝜉𝐴) = 𝜒◻(𝜉𝐴) − 𝜒∧3◻(𝜉𝐴) = 𝑎1 + 𝑎2 + 𝑎3 + 𝑎4 −
1

𝑎1
−
1

𝑎2
−
1

𝑎3
−
1

𝑎4
.  

∑  

𝑚≥0,𝑙𝐴

 𝑐(𝑚, 𝑙1, 𝑙2, 𝑙3)𝑞
𝑚𝑎1

𝑙1𝑎2
𝑙2𝑎3

𝑙3 = ∑  

𝑚≥0,𝑙𝐴

 𝑐(𝑚, 𝑙𝐴)𝑞
𝑚+𝑙1𝑎1

𝑙1𝑎2
𝑙2𝑎3

𝑙3
 

𝑐(𝑚, 𝑙1, 𝑙2, 𝑙3) = {
0  if 𝑚 > 0 and, 𝑚+ 𝑙𝐴 < 0 or 𝑚− 𝑙𝐴 < 0

𝑐(𝑚 + 𝑙𝐴, 𝑙1, 𝑙2, 𝑙3)  if 𝑚+ 𝑙𝐴 > 0
 

ℐ1|𝑞=0(𝜉) = ∑  

𝑙1≤0,𝑙2,𝑙3

 𝑐(−𝑙1, 𝑙1, 𝑙2, 𝑙3)𝑎1
𝑙1𝑎2

𝑙2𝑎3
𝑙3

 

𝑐(𝑚, 𝑙1, 𝑙2, 𝑙3) = {

𝑐(0, 𝑙1, 𝑙2, 𝑙3)  

𝑐̃(0, 𝑙1, 𝑙2, 𝑙3)  

𝑐(𝑚, 0,0,0)
0  otherwise. 

 

𝑍𝑁 =
1

|𝕊𝑁|
∑  

𝑔ℎ=ℎ𝑔

  (𝑍1
𝑁)𝑔,ℎ  

𝒵:= 1 +∑  

𝑁≥1

 𝑝𝑁𝑍𝑁(𝑞, 𝑎⃗) = ∏  

𝑛>0,𝑚≥0,𝑙

 
1

(1 − 𝑝𝑛𝑞𝑚𝑎⃗)𝑐(𝑛𝑚,𝑙)
 

log 𝒵 = ∑  

∞

𝑀=1

 𝑝𝑀𝑇𝑀𝑍1  

𝑍𝑁 = 𝑇𝑁𝑍1 +⋯+
1

𝑁!
(𝑇1𝑍1)

𝑁  

𝑇𝑀𝑍1(𝜏 ∣ 𝜉):=
1

𝑀
∑  

𝑀

𝑑∣𝑀,𝑑=1

  ∑  

𝑀/𝑑−1

𝑏=0

 𝑍1 (
𝑑𝜏 + 𝑏

𝑀/𝑑
|  𝑑𝜉)  

ℐ𝑁: = −
𝜕

𝜕𝑏1
|
𝑏1=1

𝑍𝑁  
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ℐ𝑁 = −
𝜕

𝜕𝑏1
|
𝑏1=1

𝑇𝑁𝑍1 =
1

𝑁
∑  

𝑑∣𝑁

  ∑  

𝑁/𝑑−1

𝑏=0

 𝑑ℐ1 (
𝑑𝜏 + 𝑏

𝑁/𝑑
|  𝑑𝜉𝐴)  

ℐ𝑁 =∑ 

𝑑∣𝑁

 ℐ1(𝜏 ∣ 𝑑𝜉𝐴)  

1

𝑁
∑  

𝑑∣𝑁

  ∑  

𝑁/𝑑−1

𝑏=0

 𝑑ℐ1 (
𝑑𝜏 + 𝑏

𝑁/𝑑
|  𝑑𝜉𝐴)=∑  

𝑑∣𝑁

 ℐ1|

𝑞=0

(𝑑𝜉𝐴) +∑  

𝑑∣𝑁

  ∑  

∞

𝑚=1

 𝑞𝑑𝑚 ∑  

𝑠| 
𝑁
𝑑
𝑚

 𝜒(𝑠𝑑𝜉𝐴)  

 =∑  

𝑑∣𝑁

  ℐ1(𝜏 = 𝑖∞ ∣ 𝑑𝜉𝐴) +∑  

∞

𝑘=1

 𝑞𝑘 ∑  

𝑑′∣𝑁

 ∑  

𝑠′∣𝑘

 𝜒(𝑠′𝑑′𝜉𝐴)

 =∑  

𝑑∣𝑁

  ℐ1(𝜏 ∣ 𝑑𝜉𝐴)

 

𝒵0(𝜏, 𝜎 ∣ 𝜉) = 1 +∑  

𝑁≥1

 𝑝𝑁ℐ𝑁(𝜏 ∣ 𝜉)  

∫  𝑑10𝑥Tr (−
1

4
𝐹𝑀𝑁𝐹

𝑀𝑁 +
𝑖

2
Θ‾Γ𝑀𝐷𝑀Θ)  

𝐷𝑀  = 𝜕𝑀 + 𝑖𝑔[𝐴𝑀 ,⋅]

𝐹𝑀𝑁  =
1

𝑖𝑔
[𝐷𝑀 , 𝐷𝑁] = 𝜕𝑀𝐴𝑁 − 𝜕𝑁𝐴𝑀 + 𝑖𝑔[𝐴𝑀 , 𝐴𝑁]

 

ℒ = Tr(−
1

2
(𝐷𝜇𝑋

𝑖)
2
+ 𝑖𝜒𝑇D̸χ −

1

4
𝐹𝜇𝜈
2 +

𝑔2

4
[𝑋𝑖 , 𝑋𝑗]

2
− √2𝑔𝜒𝐿

𝑇𝛾𝑖[𝑋
𝑖 , 𝜒𝑅])  

𝑔𝑀𝑁 = 𝜂𝜇𝜈⊕𝛿𝑖𝑗  

Γ0 = 𝜎2⊗ 𝐼16 𝛾𝑖 = (
0 𝛽𝑖
𝛽𝑖
𝑇 0

)

Γ𝑖 = 𝑖𝜎1⊗𝛾𝑖

Γ9 = 𝑖𝜎1⊗𝛾9, 𝛾9 = (
𝐼8 0
0 −𝐼8

)

 

𝜎1 = (
0 1
1 0

) , 𝜎2 = (
0 −𝑖
𝑖 0

) , 𝜎3 = (
1 0
0 −1

)  

𝑆MSYM2 = ∫  𝑑𝑥
2Tr (−

1

2
(𝐷𝜇𝑋

𝑖)
2
+
𝑖

2
𝜒𝐿
𝑇(𝐷0 + 𝐷9)𝜒𝐿 +

𝑖

2
𝜒𝑅
𝑇(𝐷0 −𝐷9)𝜒𝑅 −

1

4
𝐹𝜇𝜈
2

+
𝑔2

4
[𝑋𝑖 , 𝑋𝑗]

2
− 𝑔𝜒𝐿

𝛼𝛾𝛼𝛽̇
𝑖 [𝑋𝑖 , 𝜒𝑅

𝛽̇
])

 

𝛿𝐴𝑀  = 𝑖𝜀‾Γ𝑀Θ

𝛿Θ = Γ𝑀𝑁𝐹
𝑀𝑁𝜀.
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𝛿𝐴𝜇  = 𝑖𝜀
𝑇Γ0Γ𝜇𝜒

𝛿𝑋𝑖  = 𝑖𝜀𝐿
𝛼𝛾𝛼𝛼̇

𝑖 𝜒𝑅
𝛼̇ + 𝑖𝜀𝑅

𝛼̇𝛾𝛼̇𝛼
𝑖 𝜒𝐿

𝛼

𝛿𝜒𝐿
𝛼  = 4𝑐 [(+𝐹09𝛿𝛼𝛽 −

𝑖𝑔

2
[𝑋𝑖, 𝑋𝑗]𝛾𝛼𝜌̇

𝑖 𝛾𝜌̇𝛽
𝑗
) 𝜀𝐿

𝛽
+ (𝐷0 + 𝐷9)𝑋𝑖𝛾𝛼𝛽̇

𝑖 𝜀𝑅
𝛽̇
]

𝛿𝜒𝑅
𝛼̇  = 4𝑐 [(−𝐹09𝛿𝛼̇𝛽̇ −

𝑖𝑔

2
[𝑋𝑖, 𝑋𝑗]𝛾𝛼̇𝜌

𝑖 𝛾
𝜌𝛽̇

𝑗
) 𝜀𝑅

𝛽̇
+ (𝐷0 −𝐷9)𝑋𝑖𝛾𝛼̇𝛽

𝑖 𝜀𝐿
𝛽
]

 

𝑟:=
1

2
(𝑒1 + 𝑒2 + 𝑒3 + 𝑒4)  

𝟖𝑠 → 𝟏+1⊕𝟔0⊕𝟏−1

𝟖𝑐 → 𝟒
−
1
2
⊕𝟒

+
1
2

𝟖𝑣 → 𝟒
+
1
2
⊕𝟒

−
1
2

 

(𝜀𝐿
𝛼̇ , 𝜀𝑅

𝛼) = (𝜀𝐿
𝐴, (𝜀𝐿)𝐴, 𝜀𝑅

±, 𝜀𝑅
𝐴𝐵) 

𝑙: =
1

2
(𝑒1 + 𝑒2 + 𝑒3 − 𝑒4) 

𝑅𝑉 = 𝑟 + 𝑙 = 𝑒1 + 𝑒2 + 𝑒3, 𝑅𝐴 = 𝑟 − 𝑙 = 𝑒4  

𝟖𝑠 → 𝟏
+1,+

1
2
⊕𝟑

0,+
1
2
⊕𝟑

0,−
1
2
⊕𝟏

−1,−
1
2

𝟖𝑐 → 𝟑
−
1
2
,0
⊕𝟏

−
1
2
,−1
⊕𝟑

+
1
2
,0
⊕𝟏

+
1
2
,+1

𝟖𝑣 → 𝟑
+
1
2
,+
1
2
⊕𝟏

+
1
2
,−
1
2
⊕𝟑

−
1
2
,−
1
2
⊕𝟏

−
1
2
,+
1
2

 

𝒪𝑀(𝑈) ≅ 𝐶
∞(𝑈̂) ⊗∧ (ℝ𝑛)∨  

𝐬𝐌𝐟𝐝𝐴 → 𝐬𝐌𝐟𝐝𝐴̃, (𝑀, 𝜎, 𝐴) ↦ (𝑀, 𝜎 ∘ 𝜑, 𝐴̃)  

𝑋(𝑓) ∘ 𝜙𝑡
𝑋 =

d

 d𝑡
𝑓 ∘ 𝜙𝑡

𝑋  

𝒯𝑈 = span𝒪𝑈 {
𝜕

𝜕𝑥𝑎
,
𝜕

𝜕𝜉𝛼
} = span𝒪𝑈 {

𝜕

𝜕𝑋𝐴
}  

𝑋𝐴 = {
𝑥𝑎  if 𝐴 = 𝑎
𝜉𝛼  if 𝐴 = 𝛼

 

𝜙𝑡

𝜕
𝜕𝑋𝐵 =:𝜙𝑡

𝐵 

𝜙𝑡
𝐵: 𝑈 → 𝑈, (𝑋1, … , 𝑋𝐵−1, 𝑋𝐵 , 𝑋𝐵+1, … ) ↦ (𝑋1, … , 𝑋𝐵−1, 𝑋𝐵 + 𝑡, 𝑋𝐵+1, … )  

𝒯𝑀 = ℬ⊕ℱ,  

∧𝒪𝑀
2 ℱ → ℬ, (𝑋 ∧ 𝑌) ↦ [𝑋, 𝑌] modℱ  

𝐥𝐟𝐕𝐁𝑀 →
Γ(𝑀,−) 

𝐥𝐟𝐌𝐨𝐝𝒪𝑀 , 𝐸 ↦ Γ(𝑀, 𝐸) =: ℰ  
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ℬ = Γ(𝑀,𝐵), ℱ = Γ(𝑀, 𝐹).  

∧𝒪𝑀
2 ℱ → 𝒯𝑀/ℱ, 𝑋 ∧ 𝑌 ↦ [𝑋, 𝑌] modℱ.  

𝒯𝑀|𝑁𝛼 ≅ 𝒪𝑀|𝑁𝛼
⊗𝒯𝑁𝛼 .  

𝑓𝐹:∧𝒪𝑀
2 ℱ → ℬ,𝑋 ∧ 𝑌 ↦ prℬ([𝑋, 𝑌]).  

 

Ω𝑟(𝑀) = ⨁  

𝑝+𝑞=𝑟

 Ω𝑝∣𝑞(𝑀), Ω𝑝∣𝑞(𝑀) =∧𝒪𝑀
𝑝
ℬ∨ ⊗̂∧𝒪𝑀

𝑞
ℱ∨,  

𝑄𝐵 ×𝑀 𝑄
𝐹 → Fr(𝑇𝑀) → 𝑀.  

𝑝𝐵: ℝ
𝑚∣0 × 𝑈 → 𝐵|𝑈, 𝑝𝐹: ℝ

0∣𝑛 × 𝑈 → 𝐹|𝑈.  

𝜃(𝑝𝐵,𝑝𝐹)  = (𝑝𝐵, 𝑝𝐹)
−1 ∘  d𝜋 = 𝑝𝐵

−1 ∘ pr𝐵
∗  d𝜋⊕ 𝑝ℱ

−1 ∘ pr𝐹
∗  d𝜋

 = 𝜃𝑝𝐵
𝐵 ⊕𝜃𝑝𝐹

𝐹 ∈ Ω1(𝑄𝐵 ×𝑀 𝑄
𝐹 , ℝ𝑚∣0⊕ℝ0∣𝑛)

hor 

GL(𝑚)×GL(𝑛)  

prℝ𝑚∣0(Θ
𝜑(𝑋, 𝑌)) = 𝜄[𝑋,𝑌]𝜃

𝐵  

prℝ𝑚∣0Θ
𝜑(𝑋, 𝑌) = 𝜄𝑋𝜄𝑌 d𝜑𝜃𝐵 = 𝜄𝑋𝐿𝑌𝜃

𝐵 = 𝜄[𝑋,𝑌]𝜃
𝐵  

𝛾̃(𝑣) ∘ 𝛾(𝑤) + 𝛾̃(𝑤) ∘ 𝛾(𝑣) = 𝑞(𝑣,𝑤)id𝑆∨ ,

𝛾(𝑣) ∘ 𝛾̃(𝑤) + 𝛾(𝑤) ∘ 𝛾̃(𝑣) = 𝑞(𝑣,𝑤)id𝑆.
 

[𝑣, 𝑤] = 0, [𝑣, 𝑠] = 0, [𝑠, 𝑡] = Γ(𝑠, 𝑡)  

𝑄𝐹 → 𝑄𝐵 ×𝑀 𝑄
𝐹 → Fr(𝑇𝑀)  

Spin(𝑉, 𝑞) →
𝛼×id 

SO(𝑉, 𝑞) × Spin(𝑉, 𝑞) → GL(𝑚 ∣ 𝑛),  

𝑓𝐹:∧
2 𝐹 →

[−,−] 
𝑇𝑀 →

pr𝐵 
𝐵,  



pág. 4397 

𝑝:Π𝑆 × 𝑈 →
∼ 
𝐹|
𝑈
, 𝛼(𝑝): 𝑉 × 𝑈 →

∼ 
𝐵|
𝑈
.  

∧2 (𝐹|𝑈) →
𝑓𝐹 
𝐵|
𝑈
 ↓𝛼̂(𝑝)

−1

𝑈 ×∧2 (Π𝑆)𝛼̂(𝑝)
−1(𝑓)𝑈 × 𝑉.

 

𝐶𝐹 ∈ Ω
2(𝑄, 𝑉)hor 

Spin(𝑉,𝑞)
 

Hom(∧2 (ℱ), ℬ) ≅∧2 (ℱ)∨⊗𝒪𝑀 ℬ  

𝑇𝑀̌ ≅ 𝜄∗𝐵 ≅ 𝐵𝜄(𝑀̌)  

𝑆 ≅⨁ 

𝑘

𝑖=1

 𝑆0  

𝑆 ≅⨁ 

𝑘+

𝑖=1

 𝑆0
+⊕⨁ 

𝑘−

𝑖=1

 𝑆0
−  

𝛾(𝑉) ∘ 𝛾̃(𝑊) + (−1)𝑝(𝑉)𝑝(𝑊)𝛾(𝑊) ∘ 𝛾̃(𝑉) = 2𝑔(𝑉,𝑊) ⋅ idℱ ,

𝛾̃(𝑉) ∘ 𝛾(𝑊) + (−1)𝑝(𝑉)𝑝(𝑊)𝛾̃(𝑊) ∘ 𝛾(𝑉) = 2𝑔(𝑉,𝑊) ⋅ idℱ ∨.
 

Spin𝔽(𝑉, 𝑞): = (Spin(𝑉, 𝑞) × 𝐾𝔽)/{±1}.  

1 ⟶ 𝐾 ⟶ Spin𝔽(𝑉, 𝑞) →
𝛼 
SO(𝑉, 𝑞) ⟶ 1.  

𝑄̂ → 𝑄𝐵 ×𝑀 𝑄̂ → Fr(𝑇𝑀)  

Spin𝔽(𝑉, 𝑞) →
𝛼×id 

SO(𝑉, 𝑞) × Spin𝔽(𝑉, 𝑞) → GL(𝑚 ∣ 𝑛).  

Γ ∈ Ω0∣2(𝑄̂, 𝑉)hor 

Spin𝔽(𝑉,𝑞)
.  

𝑄̂ = (𝑄 ×𝑀 𝐾
𝔽)/{±1} → 𝑀.  

𝑄̂ = (𝑄 ×𝑀 𝑄
𝔽)/{±1} → 𝑀  

𝒜𝑄̂ ≅ Ω
2∣0(𝑄̂, 𝑉)hor

Spin𝔽(𝑉,𝑞)
×𝒜𝑄𝔽 ,  

𝒜𝑄 →
∼ 
Ω2∣0(𝑄̂, 𝑉)Spin

F(𝑉,𝑞) ≅ Ω2∣0(𝑄, 𝑉)SO(𝑉,𝑞).  

0 ⟶ 𝐾̂ ⟶ Ω1(𝑄𝐵, 𝔰𝔬(𝑉, 𝑞))hor 

SO(𝑉,𝑞)
→
𝛼̂ 
Ω2(𝑄𝐵, 𝑉)hor 

SO(𝑉,𝑞)
⟶ 𝐶̂ ⟶ 0,  

0 ⟶ 𝐾 ⟶ 𝑉∨⊗ 𝔰𝔬(𝑉, 𝑞) →
𝛼 
∧2 (𝑉∨)⊗ 𝑉 ⟶ 𝐶 ⟶ 0,  

id𝑉∨⊗𝜌∗: 𝑉
∨⊗𝔰𝔬(𝑉, 𝑞) → 𝑉∨⊗End(𝑉) = 𝑉∨⊗𝑉∨⊗𝑉  

𝒜𝑄𝐵 → Ω2(𝑄𝐵, 𝑉)hor 

SO(𝑉,𝑞)
, 𝜑̃ ↦ d𝜑̃𝜃ℬ  
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Ψ:𝒜𝑄 → Ω2∣0(𝑄, 𝑉)hor 

SO(𝑉,𝑞)
, 𝜑 ↦ (pr̃ℬ)

∗ d𝜑𝜃ℬ  

𝒜𝑄
𝑠 ≅ 𝒜𝑄𝔽  

vol ∈ ℬ𝑒𝑟𝑀  

ℱℂ = ℱ1,0⊕ℱ0,1  

Ω𝑝∣𝑞,𝑟(𝑀) =∧𝑝 (ℬℂ)
∨
⊗𝒪𝑀∧

𝑞 (ℱ1,0)∨⊗𝒪𝑀∧
𝑟 (ℱ0,1)∨  

d:𝒪𝑀⊗ℂ → Ω1(𝑀, ℂ) = (ℬℂ)
∨
⊕ (ℱ1,0)∨⊕ (ℱ0,1)∨

d = dℬ⊕𝜕⊕ 𝜕‾
 

d𝜑
𝑠
= d𝐵

𝜑𝑠
⊕𝜕𝜑

𝑠
⊕𝜕‾𝜑

𝑠
 

𝜕𝜑
𝑠
: Ω∙(𝑀, 𝐹1,0) → Ω∙+1(𝑀, 𝐹1,0)  

𝒪𝑀
𝜔: = {𝑓 ∈ 𝒪𝑀⊗ℂ:𝑋𝑓 = 0 for all 𝑋 ∈ Ω0(𝑀,ℱ0,1)}  

𝒪𝑀
𝜔‾ : = {𝑓 ∈ 𝒪𝑀⊗ℂ:𝑋𝑓 = 0 for all 𝑋 ∈ Ω0(𝑀,ℱ1,0)}  

𝜕‾𝜑
𝑠
(𝑓𝑋) = 𝜕‾𝜑

𝑠
(𝑓)𝑋 + 𝑓𝜕‾𝜑

𝑠
𝑋 = 0,  

ℬ|𝑖(𝑀̌) = 𝒯𝑀̌ .  

𝑖∗𝑄𝐵 ×𝑀̌ 𝑖
∗𝑄𝐹 → 𝑀̌.  

𝑖∗𝑄𝐹 → 𝑖∗𝑄𝐵 → 𝑀̌.   

𝑆𝑀̌ = 𝑖∗𝑄𝐹 ×Spin𝔽(𝑉,𝑞) Π𝑆 → 𝑀̌.  

Ω0(𝑀̌, 𝑆𝑀̌) →
∼ 
Ω0(𝑖∗𝑄,Π𝑆)Spin(𝑉,𝑞) →

⟨𝑖∗𝜃ℱ ,⋅⟩ 

𝑖∗ℱ.   

𝑄̌ ⟶ FrSO(𝑇𝑀̌) ⟶ 𝑀̌,  

𝑀:= Π𝑆𝑀̌,  

𝜏: Π𝑆𝑀̌ = 𝑄̌ ×Spin(𝑉,𝑞) Π𝑆 → 𝑀̌  

0 ⟶ 𝑉𝑄̌ →
𝜑 
𝑇𝑄̌ →

 d𝜋̌ 
𝜋̌∗𝑇𝑀̌ ⟶ 0.  

𝑖: 𝑀̌ → 𝑀.  

𝜓:𝑄 → 𝑄̌ × Π𝑆  

𝑅𝑔
′ (𝑞, 𝑠) = (𝑞𝑔, 𝑔−1𝑠), 𝑔 ∈ Spin(𝑉, 𝑞), 𝑞 ∈ 𝑄̌, 𝑠 ∈ Π𝑆  

𝜋′: 𝑄̌ × Π𝑆 → Π𝑆𝑀̌, (𝑞, 𝑠) ↦ [(𝑞, 𝑠)], (𝑞, 𝑠) ∼ (𝑞 ⋅ 𝑔, 𝑔−1𝑠).  
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𝑄̌ ×𝑀̌ Π𝑆𝑀 ≅ 𝑄̌ ×𝑀̌ (𝑄̌ ×Spin(𝑉,𝑞) Π𝑆).  

𝜓: 𝑄̌ ×𝑀̌ (𝑄̌ ×Spin(𝑉,𝑞) Π𝑆𝑀) → 𝑄̌ × Π𝑆, (𝑞, [(𝑞′, 𝑠′)]) = (𝑞, [(𝑞, 𝑠)]) ↦ (𝑞, 𝑠).  

𝑅𝑔 ((𝑞, [(𝑞
′, 𝑠′)]) = (𝑞 ⋅ 𝑔, [(𝑞, 𝑠)]) = (𝑞 ⋅ 𝑔, [(𝑞 ⋅ 𝑔, 𝑔−1𝑠]) ↦ (𝑞 ⋅ 𝑔, 𝑔−1𝑠) =: 𝑅𝑔

′ (𝑞, 𝑠).  

𝑄̌ × Π𝑆 → 𝑄̌ ×  Spin(𝑉,𝑞)Π𝑆 = Π𝑆𝑀̌, (𝑞, 𝑠) ↦ [(𝑞, 𝑠)]  

 

 

 

𝑄̌ ⟷
pr𝑄̌

𝑄̌ × Π𝑆 →
prΠ𝑆 

Π𝑆,  
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ℰ𝑆 =∑ 

𝑖

  𝑠𝑖
𝜕

𝜕𝑠𝑖
.  

𝑄̌ × 𝑇Π𝑆 →
prΠ𝑆
∗  d𝑞 

𝜏∗Π𝑆𝑀̌ ↪ 𝑇Π𝑆𝑀̌.  

𝛿ℱ: 𝜏
∗Π𝑆𝑀̌ → 𝑇Π𝑆𝑀̌, 𝑋 ↦ 𝑋 +

1

2
∇Γ(ℰ,𝑋)
𝜑

,  

ℱ:= Ω0 (Π𝑆𝑀̌, 𝛿ℱ(𝜏
∗Π𝑆𝑀̌)) → 𝒯Π𝑆𝑀̌ .  

[𝛿ℱ(𝑋), 𝛿ℱ(𝑌)]|𝑀̌ = [𝑋 +
1

2
∇Γ(ℰ,𝑋)
𝜑

, 𝑌 +
1

2
∇Γ(ℰ,𝑌)
𝜑

]|
𝑀̌

 

𝑓𝜇 =
𝜕

𝜕𝑠𝜇
=: 𝜕𝜇  

[𝜕𝜇 +
1

2
∇
Γ(ℰ,𝜕𝜇)

𝜑
, 𝜕𝜈 +

1

2
∇Γ(ℰ,𝜕𝜈)
𝜑

] =
1

2
[𝜕𝜇 , ∇Γ(ℰ,𝜕𝜈)

𝜑
] +

1

2
[∇
Γ(ℰ,𝜕𝜇)

𝜑
, 𝜕𝜈] +

1

4
[∇
Γ(ℰ,𝜕𝜇)

𝜑
, ∇Γ(ℰ,𝜕𝜈)
𝜑

]  

ℰ =∑  

𝜆

  𝑠𝜆𝜕𝜆  

[𝜕𝜇 ,
1

2
∇Γ(ℰ,𝜕𝜈)
𝜑

]  =
1

2
∑  

𝜆

  [𝜕𝜇 , 𝑠
𝜆∇Γ(𝜕𝜆,𝜕𝜈)

𝜑
]

 =
1

2
∇Γ(𝜕𝜇,𝜕𝜈) modΠ𝑆

 

[𝜕𝜇 , ∇Γ(ℰ,𝜕𝜈)
𝜑

]|
𝑀̌
= (𝜓𝑆

∗Γ) (𝜕𝜇|𝑀̌
, 𝜕𝜈|𝑀̌)  

[∇
Γ(ℰ,𝜕𝜇)

𝜑
, ∇Γ(ℰ,𝜕𝜈)
𝜑

] 

[𝛿ℱ(𝜕𝜇), 𝛿ℱ(𝜕𝜈)]|𝑀̌ =
(𝜓𝑆

∗Γ) (𝜕𝜇|𝑀̌ , 𝜕𝜈
|𝑀̌) ,  

𝑀 × 𝐴 →
pr𝐴 

𝐴  

𝑇𝑀̌ ≅ 𝑀̌ × 𝑉 →
pr 
𝑀̌,  

FrSO(𝑉,𝑞)(𝑇𝑀̌) ≅ 𝑀̌ × SO(𝑉, 𝑞) →
pr 
𝑀.  

𝑀 = 𝑀̌ × Π𝑆  

 

𝑇𝑀 ≅ 𝑀 × (𝑉 ⊕ Π𝑆) → 𝑀  

ℱ = span𝒪𝑀 {𝐷𝜇 = 𝜕𝜇 +
1

2
𝜉𝜈Γ𝜇𝜈

𝑖 𝜕𝑖: 𝜇 = 1,… , dim(𝑆)}  
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𝑞 = (𝜏∗(𝑒1, … , 𝑒𝑚), 𝛿ℱ(𝜕1)
∨, … , 𝛿ℱ(𝜕𝑛)

∨)  

Ψ: (𝜏∗(𝑒1, … , 𝑒𝑛), 𝜕1, … , 𝜕𝑛) ↦ (𝑒1, … , 𝑒𝑛, 𝛿ℱ(𝜕1),… , 𝛿ℱ(𝜕𝑛))  

 

∫  
𝑀

 𝑓[𝑞] = ∫  
𝑀̌

  𝑖∗(𝜕1…𝜕𝑛𝑓)𝑒
1 ∧ ⋯∧ 𝑒𝑚  

𝑖∗(𝜕1𝜕2𝑓) =
1

2
𝑖∗ ((𝛿ℱ(𝜕1) ∘ 𝛿ℱ(𝜕2) − 𝛿ℱ(𝜕2) ∘ 𝛿ℱ(𝜕1))𝑓)  

𝑖∗(𝛿ℱ(𝜕1) ∘ 𝛿ℱ(𝜕2)𝑓) = 𝑖
∗ (𝜕1 ∘ (𝜕2 +

1

2
∇Γ(ℰ,𝜕2)
𝜑

𝑓) = 𝑖∗ ((𝜕1 ∘ 𝜕2 +
1

2
∇Γ(𝜕1,𝜕2)
𝜑

)𝑓)  

∫  
𝑀

 𝑓vol =
1

2
∫  
𝑀̌

  𝑖∗ ((𝛿ℱ(𝜕1) ∘ 𝛿ℱ(𝜕2) − 𝛿ℱ(𝜕1) ∘ 𝛿ℱ(𝜕2))𝑓) volˇ  

ℒ̌(𝑎, 𝜆) = −
1

2
(𝜇‖𝐹𝑎‖2 − ⟨𝜆, D̸

𝑎𝜆⟩) vol ˇ ,  

𝔉𝑠𝑌𝑀 = 𝔉𝑃 = {a ∈ 𝒜𝑃: ⟨ℱ ∧ ℱ, 𝐹
a⟩ = 0},  

𝐹a = da +
1

2
[a ∧ a] ∈ Ω2(𝑃, 𝔤)) ≅ Ω2(𝑀, ad(𝑃))  

𝐹a = 𝑓a⊕𝜙a ∈ Ω2∣0(𝑃, 𝔤)hor 
𝐺 ⊕Ω1∣1(𝑃, 𝔤)hor 

𝐺  

𝜓a: =
1

√𝑛
⟨𝜙, 𝛾̃⟩ ∈ Ω0(𝑀, ad(𝑃))⊗ ℱ∨ ≅ Ω0(𝑄 ×𝑀 𝑃, Π𝑆 ⊗ 𝔤)hor 

Spin(𝑉,𝑞)×𝐺
 

ℒ:𝔉sYM → ℬℯ𝓇𝑀, a ↦
1

2
‖𝜓a‖𝜅⊗𝜖

2 vol𝑔  

ℒ̌(𝑎, 𝜆) = (−
1

4
‖𝐹𝑎‖2 +

1

2
⟨𝜆, D̸𝑎𝜆⟩)  vol ˇ  

𝑎 = 𝑖∗a ∈ 𝒜𝑃̌ , 𝜆 = (𝜓𝑆
−1⊗ id)(𝜓|𝑀̌) ∈ Ω

0(𝑀̌, 𝑆𝑀̌ ⊗ ad(𝑃̌)).  

Π𝑆𝑀̌ = 𝑄̌ ×Spin(𝑉,𝑞) Π𝑆  

ℒ̌ =
1

2
𝑖∗(∑ 

𝑋,𝑌

  𝜖(𝑋∨, 𝑌∨)𝑋 ∘ 𝑌((𝜖 ⊗ 𝜅)(𝜓a, 𝜓a))) volˇ  

1

2
𝑋 ∘ 𝑌((𝜖 ⊗ 𝜅)(𝜓,𝜓)) = 𝑋((𝜖 ⊗ 𝜅)(∇𝑌𝜓,𝜓)) = (𝜖 ⊗ 𝜅)(∇𝑋∇𝑌𝜓,𝜓) − (𝜖 ⊗ 𝜅)(∇𝑌𝜓, ∇𝑋𝜓)  
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1

4
𝑖∗(∑ 

𝑋,𝑌

  𝜖(𝑋̃, 𝑌̃)((𝜖 ⊗ 𝜅)(∇𝑋∇𝑌𝜓,𝜓) − (𝜖 ⊗ 𝜅)(∇𝑌𝜓, ∇𝑋𝜓))) =
1

2
⟨𝜆, D̸

𝑎
𝜆⟩ −

1

4
‖𝐹𝑎‖2  

𝑆ℂ = 𝑆1,0⊕𝑆0,1  

(𝜓a)ℂ = 𝜒a⊕𝜒a ∈ Ω0(𝑀, ad(𝑃)ℂ) ⊗𝒪𝑀
((ℱ1,0)∨⊕ (ℱ0,1)∨).  

ℒ: 𝔉sYM → ℬℯ𝓇𝑀
1,0⊕ℬℯ𝓇𝑀

0,1,

ℒ(a) =
1

4
(‖𝜒a‖𝜖⊗𝜅

2 vol1,0 + ‖𝜒a‖ 2
𝜖⊗𝜅

2
vol0,1) =

1

2
Re(‖𝜒a‖𝜖⊗𝜅

2 vol1,0)
 

ℒ̌(𝑎, 𝜓, 𝐸) = −
1

2
(‖𝐹𝑎‖2 − ⟨𝜆, D̸

𝑎𝜆⟩) vol ˇ ,  

𝑎 = 𝑖∗a ∈ 𝒜𝑃̌ , 𝜆 = (𝜓𝑆
−1⊗ id)(𝜓|𝑀̌) ∈ Ω

0(𝑀̌, 𝑆𝑀̌ ⊗ ad(𝑃̌)).  

da𝑓 + da𝜁 + da𝜁‾ = 0.  

𝜒 = ⟨𝜁‾, 𝛾̃⟩, 𝜒‾ = ⟨𝜁, 𝛾̃⟩.  

ℒ̌ =
1

4
𝑖∗(𝜖𝑋𝑌𝑋 ∘ 𝑌(𝜖 ⊗ 𝜅)(𝜒, 𝜒))volˇ + 𝑐. 𝑐. ,  

(𝜖𝑋𝑌𝑋 ∘ 𝑌)(𝜖 ⊗ 𝜅)(𝜒, 𝜒) = −2𝜖𝑋𝑌((𝜖 ⊗ 𝜅)(∇𝑋𝜒, ∇𝑌𝜒) − (𝜖 ⊗ 𝜅)(∇𝑋∇𝑌𝜒, 𝜒))  

𝜖 (𝜒|𝑀̌ , D̸
𝑎(𝜒𝑀̌))  

〈𝜒‾|𝑀̌ , D̸
𝑎(𝜒𝑀̌)〉.  

ℒ̌ = −
1

2
(‖𝐹𝑎‖2 − ⟨𝜆, D̸

𝑎𝜆⟩)volˇ  

𝑀1 = (𝑀,𝒪𝑀1), 𝒪𝑀1 = {𝑠 ∈ 𝒪𝑀⊗ℂ:𝑋𝑠 = 0 for all 𝑋 ∈ Ω0(𝑀,𝐷2)}.  

𝑋(𝑠𝑡) = (𝑋𝑠)𝑡 + (−1)𝑝(𝑋)𝑝(𝑠)𝑠(𝑋𝑡) = 0  

𝐴𝑏 = 𝜖(⋅, 𝐴) ⇔ 𝜖𝑋𝑌𝐴𝑌 = 𝐴
𝑋.  

𝐴𝑍 = 𝛿𝑍
𝑋𝐴𝑋 = 𝜖

𝑋𝑌𝜖𝑌𝑍𝐴𝑋 = −𝜖𝑌𝑍𝐴
𝑌  

𝜄𝑋𝜄𝑌 da𝜙 = −𝜄[𝑋,𝑌]𝑓  

𝜄𝑋𝜄𝑌 da𝜙 = −𝜄𝑋𝜄𝑌 da𝑓
 = −𝜄𝑋𝐿𝑌𝑓
 = −𝜄[𝑋,𝑌]𝑓,

 

(∇𝑋𝜓)|𝑀̌ =
1

√𝑛
⟨𝑓, 𝛾̃ ∘ 𝛾(𝑋)⟩|

𝑀̌

 

√𝑛∇𝑋𝜓 = 𝜄𝑋 da⟨𝜙, 𝛾̃⟩ = ⟨𝜄𝑋 da𝜙, 𝛾̃⟩,  
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𝛾̃ = ∑  

𝑌

  𝛾̃(𝑌∨) ⊗ 𝑌  

√𝑛∇𝑋𝜓 = ⟨𝜄𝑋 da𝜙,∑  

𝑌

  𝛾̃(𝑌∨) ⊗ 𝑌⟩

 =∑  

𝑌

  ⟨𝜄𝑌𝜄𝑋 da𝜙, 𝛾̃(𝑌∨)⟩

 = −∑  

𝑌

  ⟨𝜄[𝑋,𝑌]𝑓, 𝛾̃(𝑌
∨)⟩

 

√𝑛 ⋅ (𝜓𝑆
−1⊗ id)((∇𝑋𝜓)|𝑀̌)  =∑  

𝑌

  ⟨𝑓, 𝛾̃(𝑌∨)⊗ Γ(𝑋, 𝑌)⟩|

𝑀̌

 = ⟨𝑓, 𝛾̃ ∘ 𝛾(𝑋)⟩|𝑀̌

 

𝑖∗(𝜖𝑋𝑌(𝜖 ⊗ 𝜅)(∇𝑋𝜓, ∇𝑌𝜓)) = ‖𝐹
𝑎‖2  

tr(𝛾 ∘ 𝛾̃) = 𝑛 ⋅ 𝑔, 𝑄: = tr(𝛾̃ ∘ 𝛾 ∘ 𝛾̃ ∘ 𝛾)|Sym2(Ω2∣0(𝑀)) = −𝑛‖ ⋅ ‖𝑔
2 ,  

𝑛 ⋅ 𝑖∗(𝜖𝑋𝑌(𝜖 ⊗ 𝜅)(∇𝑋𝜓, ∇𝑌𝜓))  = 𝑖
∗(𝜖𝑋𝑌(𝜖 ⊗ 𝜅)(⟨𝑓, 𝛾̃ ∘ 𝛾(𝑋)⟩, ⟨𝑓, 𝛾̃ ∘ 𝛾(𝑌)⟩))

 = 𝑖∗(𝜖𝑋𝑌𝜖𝑊𝑍𝜅(⟨𝑓, 𝛾̃(𝑊
∨) ∘ 𝛾(𝑋)⟩, ⟨𝑓, 𝛾̃(𝑍∨) ∘ 𝛾(𝑌)⟩))

 

𝑖∗ (𝛿𝑊
𝑋𝛿𝑍

𝑌𝜅(⟨𝑓, 𝛾̃(𝑊∨) ∘ 𝛾(𝑋)⟩, ⟨𝑓, 𝛾̃(𝑍∨) ∘ 𝛾(𝑌)⟩)) = 𝑖∗(𝜅(⟨𝑓, 𝑔⟩, ⟨𝑓, 𝑔⟩)) = 0  

𝑖∗ (𝛿𝑍
𝑋𝛿𝑊

𝑌 𝜅(⟨𝑓, 𝛾̃(𝑊∨) ∘ 𝛾(𝑋)⟩, ⟨𝑓, 𝛾̃(𝑍∨) ∘ 𝛾(𝑌)⟩))  = 𝑖∗(⟨𝜅(𝑓 ∧ 𝑓), tr(𝛾̃ ∘ 𝛾 ∘ 𝛾̃ ∘ 𝛾)⟩)

 = 𝑛‖𝑖∗𝑓‖2 = 𝑛‖𝐹𝑎‖2
 

D̸𝑎𝜆 =
1

√𝑛
⟨ da𝜙, 𝛾̃ ∘ 𝛾 ∘ 𝜖⟩|

𝑀̌

 

D̸𝑎𝜓̌ = ⟨d𝑎𝜓̌, 𝛾 ∘ 𝜖⟩ (𝑇𝑀̌ ⊗ 𝑆𝑀̌),  

√𝑛 ⋅ D̸
𝑎𝜓̌  = ⟨d𝑎𝑖∗⟨𝜓, 𝛾̃⟩, 𝛾 ∘ 𝜖⟩

 = 𝑖∗⟨ da𝜙, 𝛾̃ ∘ 𝛾 ∘ 𝜖⟩
 

Δ𝜖
a = 𝜖𝑋𝑌∇𝑋 ∘ ∇𝑌 

(Δ𝜖
a𝜓)|𝑀̌ = 2D̸

𝑎𝜆  

√𝑛 ⋅ Δ𝜖
a𝜓 = 𝜖𝑋𝑌𝜄𝑋 da𝜄𝑌 da⟨𝜙, 𝛾̃⟩

 = 𝜖𝑋𝑌⟨𝜄𝑍𝜄𝑋 da𝜄𝑌 da𝜙, 𝛾̃(𝑍∨)⟩

 = 𝜖𝑋𝑌⟨𝜄𝑋𝜄𝑍𝐿𝑌 da𝜙, 𝛾̃(𝑍∨), ⟩

 = 𝜖𝑋𝑌⟨𝜄𝑋(𝜄[𝑍,𝑌] − d
a𝜄𝑌𝜄𝑍)d

a𝜙, 𝛾̃(𝑍∨)⟩

 = −𝜖𝑋𝑌⟨𝜄[𝑍,𝑌]𝜄𝑋 da𝜙, 𝛾̃(𝑍∨)⟩ − 𝜖𝑋𝑌⟨𝜄𝑋 da𝜄𝑌𝜄𝑍 da𝜙, 𝛾̃(𝑍∨)⟩
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𝜖𝑋𝑌⟨𝜄[𝑍,𝑌]𝜄𝑋 da𝜙, 𝛾̃(𝑍∨)⟩|
𝑀̌
 = 𝜖𝑋𝑌⟨𝜄𝑋 da𝜙, 𝛾̃(𝑍∨) ⊗ Γ(𝑍, 𝑌)⟩|𝑀̌

 = 𝜖𝑋𝑌⟨𝜄𝑋 da𝜙, 𝛾̃ ∘ 𝛾(𝑌)⟩|𝑀̌
 = −⟨da𝜙, 𝛾̃ ∘ 𝛾 ∘ 𝜖⟩|𝑀̌

 = −√𝑛 ⋅ D̸
𝑎𝜆

 

−𝜖𝑋𝑌⟨𝜄𝑋 da𝜄𝑌𝜄𝑍 da𝜙, 𝛾̃(𝑍∨)⟩|𝑀̌  = 𝜖
𝑋𝑌⟨𝜄𝑋 da𝜄[𝑌,𝑍]𝑓, 𝛾̃(𝑍

∨)⟩|
𝑀̌

 = 𝜖𝑋𝑌⟨𝐿𝑋𝜄[𝑌,𝑍]𝑓, 𝛾̃(𝑍
∨)⟩|

𝑀̌

 = 𝜖𝑋𝑌⟨𝜄[𝑋,[𝑌,𝑍]]𝑓 + 𝜄[𝑌,𝑍]𝜄𝑋 da𝜙, 𝛾̃(𝑍∨)⟩|
𝑀̌

 = 𝜖𝑋𝑌⟨𝜄[𝑋,[𝑌,𝑍]]𝑓, 𝛾̃(𝑍
∨)⟩|

𝑀̌
+ √𝑛 ⋅ 𝐷𝑎𝜆

 

Δ𝜖
a𝜓|𝑀̌ = 2D̸

𝑎𝜆  

∑ 

𝑋𝑌

  𝜖𝑋𝑌(𝜖 ⊗ 𝜅)(∇𝑋𝜒, ∇𝑌𝜒)|

𝑀̌

= ‖𝐹𝑎‖2  

𝐹a = 𝑓a⊕ 𝜁a⊕ 𝜁‾a  

 

√𝑛∇𝑋𝜒 = 𝜄𝑋 da⟨𝜁, 𝛾̃⟩

 =∑  

𝑌

  ⟨𝜄𝑌𝜄𝑋 da𝜁, 𝛾̃(𝑌∨)⟩

 = −∑  

𝑌

  ⟨𝜄𝑌𝜄𝑋 da(𝑓 + 𝜁‾), 𝛾̃(𝑌∨)⟩

 = −∑  

𝑌

  ⟨𝜄[𝑌,𝑋]d
a(𝑓 + 𝜁‾), 𝛾̃(𝑌∨)⟩

 

√𝑛∇𝑋𝜒 = 𝜄𝑋 da⟨𝜁, 𝛾̃⟩|𝑀̌ = −⟨𝑓 + 𝜁‾, 𝛾̃ ∘ 𝛾(𝑋)⟩|𝑀̌ = −⟨𝑓, 𝛾̃ ∘ 𝛾(𝑋)⟩|𝑀̌  

𝜖𝑋𝑌(𝜖 ⊗ 𝜅)(∇𝑋𝜒, ∇𝑌𝜒)|𝑀̌ = 𝜖
𝑋𝑌(𝜖 ⊗ 𝜅)(⟨𝑓, 𝛾̃ ∘ 𝛾(𝑋)⟩, ⟨𝑓, 𝛾̃ ∘ 𝛾(𝑌)⟩)|𝑀̌ = ‖𝐹

𝑎‖2,  

(Δ𝜖
a𝜒)|𝑀̌: = (𝜖

𝑋𝑌∇𝑋∇𝑌𝜒)|𝑀̌ = −D̸
𝑎(𝜒|𝑀̌)  
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√𝑛 ⋅ Δ𝜖
a𝜒 = 𝜖𝑋𝑌𝜄𝑋 da𝜄𝑌 da⟨𝜁, 𝛾̃⟩

 = 𝜖𝑋𝑌⟨𝜄𝑍𝜄𝑋 da𝜄𝑌 da𝜁, 𝛾̃(𝑍∨)⟩

 = 𝜖𝑋𝑌⟨𝜄𝑋𝜄𝑍𝐿𝑌 da𝜁, 𝛾̃(𝑍∨), ⟩

 = 𝜖𝑋𝑌⟨𝜄𝑋(𝜄[𝑍,𝑌] − d
a𝜄𝑌𝜄𝑍)d

a𝜁, 𝛾̃(𝑍∨)⟩

 = −𝜖𝑋𝑌⟨𝜄[𝑍,𝑌]𝜄𝑋 da𝜁, 𝛾̃(𝑍∨)⟩ − 𝜖𝑋𝑌⟨𝜄𝑋 da𝜄𝑌𝜄𝑍 da𝜁, 𝛾̃(𝑍∨)⟩

 

𝜖𝑋𝑌⟨𝜄[𝑍,𝑌]𝜄𝑋 da𝜁, 𝛾̃(𝑍∨)⟩|
𝑀̌
 = 𝜖𝑋𝑌⟨𝜄𝑋 da𝜁, 𝛾̃(𝑍∨)⊗ Γ(𝑍, 𝑌)⟩|𝑀̌

 = 𝜖𝑋𝑌⟨𝜄𝑋 da𝜁, 𝛾̃ ∘ 𝛾(𝑌)⟩|𝑀̌
 = −⟨da𝜁, 𝛾̃ ∘ 𝛾 ∘ 𝜖⟩|𝑀̌
 = −√𝑛 ⋅ D̸

𝑎(𝜒|𝑀̌)

 

−𝜖𝑋𝑌⟨𝜄𝑋 da𝜄𝑌𝜄𝑍 da𝜁, 𝛾̃(𝑍∨)⟩|𝑀̌  = 𝜖
𝑋𝑌⟨𝜄𝑋 da𝜄[𝑌,𝑍](𝑓 + 𝜁‾), 𝛾̃(𝑍

∨)⟩|
𝑀̌

 = 𝜖𝑋𝑌⟨𝐿𝑋𝜄[𝑌,𝑍](𝑓 + 𝜁‾), 𝛾̃(𝑍
∨)⟩|

𝑀̌

 = 𝜖𝑋𝑌⟨𝜄[𝑋,[𝑌,𝑍]](𝑓 + 𝜁‾) + 𝜄[𝑌,𝑍]𝜄𝑋 da𝜁, 𝛾̃(𝑍∨)⟩|
𝑀̌

 = 𝜖𝑋𝑌⟨𝜄[𝑋,[𝑌,𝑍]](𝑓 + 𝜁‾), 𝛾̃(𝑍
∨)⟩|

𝑀̌
+ √𝑛 ⋅ D̸

𝑎(𝜒|𝑀̌)

 

Δ𝜖
a𝜒|𝑀̌ = 2D̸

𝑎(𝜒|𝑀̌)  

𝑚𝑖:⊗
𝑖  A →  A  

∑  
𝑟+𝑠+𝑡=𝑖
𝑟,𝑡∈ℕ0
𝑠∈ℕ

  (−1)𝑟𝑠+𝑡𝑚𝑟+1+𝑡 ∘ (𝟙 ⊗⋯⊗ 𝟙⏟      
𝑟− times 

⊗𝑚𝑠⊗ 𝟙⊗⋯⊗ 𝟙⏟      
𝑡− times 

) = 0
 

𝑖 = 1: 𝑚1(𝑚1(𝑎1)) = 0

𝑖 = 2: 𝑚1(𝑚2(𝑎1, 𝑎2)) − 𝑚2(𝑚1(𝑎1), 𝑎2) − (−1)
|𝑎1|𝑚2(𝑎1,𝑚1(𝑎2)) = 0

𝑖 = 3: 𝑚1(𝑚3(𝑎1, 𝑎2, 𝑎3)) − 𝑚2(𝑚2(𝑎1, 𝑎2), 𝑎3) + 𝑚2(𝑎1,𝑚2(𝑎2, 𝑎3)) +

 +𝑚3(𝑚1(𝑎1), 𝑎2, 𝑎3) + (−1)
|𝑎1|𝑚3(𝑎1,𝑚1(𝑎2), 𝑎3) +

 +(−1)|𝑎1|+|𝑎2|𝑚3(𝑎1, 𝑎2,𝑚1(𝑎3)) = 0

 

 

⟨−,−⟩A: A ⊙  A → ℝ  

⟨𝑎1,𝑚𝑖(𝑎2, … , 𝑎𝑖+1)⟩A = (−1)
𝑖+𝑖(|𝑎1|+|𝑎𝑖+1|)+|𝑎𝑖+1| ∑  𝑖

𝑗=1  |𝑎𝑗|⟨𝑎𝑖+1,𝑚𝑖(𝑎1, 𝑎2, … , 𝑎𝑖)⟩A  

𝜇𝑖:∧
𝑖  L →  L  

∑  

𝑟+𝑠=𝑖

 ∑  

𝜎

 𝜒(𝜎; ℓ1, … , ℓ𝑟+𝑠)(−1)
𝑠𝜇𝑠+1(𝜇𝑟(ℓ𝜎(1), … , ℓ𝜎(𝑟)), ℓ𝜎(𝑟+1), … , ℓ𝜎(𝑟+𝑠)) = 0  

ℓ1 ∧ …∧ ℓ𝑖 = 𝜒(𝜎; ℓ1, … , ℓ𝑖)ℓ𝜎(1) ∧ …∧ ℓ𝜎(𝑖)  

𝜇𝑖(ℓ1, … , ℓ𝑖) =∑  

𝜎

 𝜒(𝜎; ℓ1, … , ℓ𝑖)𝑚𝑖(ℓ𝜎(1), … , ℓ𝜎(𝑖))  

⟨−,−⟩𝐋: 𝐋 ⊙ 𝐋 → ℝ  
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⟨ℓ1, 𝜇𝑖(ℓ2, … , ℓ𝑖+1)⟩𝐋 = (−1)
𝑖+𝑖(|ℓ1|+|ℓ𝑖+1|)+|ℓ𝑖+1| ∑  𝑖

𝑗=1  |ℓ𝑗|⟨ℓ𝑖+1
,𝜇𝑖(ℓ1,…,ℓ𝑖)⟩

𝐋
 

∑ 

𝑖∈ℕ

 𝑚𝑖(𝑎,… , 𝑎) = 𝑚1(𝑎) + 𝑚2(𝑎, 𝑎) + ⋯ = 0.  

Â: = 𝑉 ⊗  A:=⨁ 

𝑝∈ℤ

   Â𝑝  with  Â𝑝:=⨁ 

𝑖+𝑗=𝑝

 𝑉𝑖⊗  A𝑗  

𝑚̂1(𝑣1⊗𝑎1):= d𝑣1⊗𝑎1 + (−1)
|𝑣1|𝑣1⊗𝑚1(𝑎1)

𝑚̂𝑖(𝑣1⊗𝑎1, … , 𝑣𝑖⊗𝑎𝑖): = (−1)
𝑖 ∑  𝑖

𝑗=1  |𝑣𝑗|+∑  𝑖−2
𝑗=0  |𝑣𝑖−𝑗| ∑  

𝑖−𝑗−1
𝑘=1  |𝑎𝑘|

 × (𝑣1 ∧ …∧ 𝑣𝑖) ⊗𝑚𝑖(𝑎1, … , 𝑎𝑖)

 

⟨𝜔1⊗𝑎1, 𝜔2⊗𝑎2⟩Â: = (−1)
|𝜔2||𝑎1|∫  

𝑀

 𝜔1 ∧ 𝜔2⟨𝑎1, 𝑎2⟩A  

𝑎̂ = 𝑎 + d𝑡𝜆,  

𝛿𝑎:=∑  

𝑖∈ℕ

  [(−1)𝑖−1𝑚𝑖(𝜆, 𝑎, … , 𝑎⏟  
(𝑖−1)− times 

) +

 +(−1)𝑖−2𝑚𝑖(𝑎, 𝜆, 𝑎, … , 𝑎⏟  
(𝑖−2)− times 

) + ⋯+𝑚𝑖( 𝑎,… , 𝑎⏟  
(𝑖−1)− times 

, 𝜆))].
 

𝑆:=∑  

𝑖∈ℕ

 
1

𝑖 + 1
⟨𝑎,𝑚𝑖(𝑎,… , 𝑎)⟩A,  

𝑆:=∑  

𝑖∈ℕ

 
1

(𝑖 + 1)!
⟨ℓ, 𝜇𝑖(ℓ, … , ℓ)⟩L,∑  

𝑖∈ℕ

 
1

𝑖!
𝜇𝑖(ℓ, … , ℓ) = 0

𝛿ℓ:=∑  

𝑖∈ℕ

 
1

(𝑖 − 1)!
𝜇𝑖(ℓ, … , ℓ, 𝜆)

 

𝒞∞(𝑀) →
d 
Ω1(𝑀) →

d 
Ω2(𝑀) →

d 
⋯  

𝒞∞(𝑋) →
𝜕‾  
Ω0,1(𝑋) →

𝜕‾  
Ω0,2(𝑋) →

𝜕‾  
⋯ ,  

𝑚2(𝑎1, 𝑎2):= {
𝑎1𝑎2 ∈  A|𝑎1|+|𝑎2|  for |𝑎1| + |𝑎2| > −𝑛

0  else 
 

⟨𝑎1, 𝑎2⟩A: = {
tr(𝑎1

†𝑎2)  for |𝑎1| + |𝑎2| = −𝑛 + 1

0  else 
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𝑚̂1(𝜔1⊗𝑎1) ∶= d𝜔1⊗𝑎1
𝑚̂2(𝜔1⊗𝑎1, 𝜔2⊗𝑎2) ∶= (−1)

|𝑎1||𝜔2|(𝜔1 ∧ 𝜔2)⊗ 𝑎1𝑎2
 

𝑚̂1(𝜔1⊗𝑎1): = 𝜕‾𝜔1⊗𝑎1  

𝑚̂2(𝜔1⊗𝑎1, 𝜔2⊗𝑎2)∶= (−1)
|𝑎1||𝜔2|(𝜔1 ∧ 𝜔2)⊗ 𝑎1𝑎2

 

⟨𝜔1⊗𝑎1, 𝜔2⊗𝑎2⟩Â: = (−1)
|𝑎1||𝜔2|∫  

𝑀

 𝜔1 ∧ 𝜔2tr(𝑎1
†𝑎2)  

⟨𝜔1⊗𝑎1, 𝜔2⊗𝑎2⟩Â:= (−1)
|𝑎1||𝜔2|∫  

𝑋

 Ω𝑑,0 ∧ 𝜔1 ∧ 𝜔2tr(𝑎1
†𝑎2),  

𝑆= ∫  
𝑀

 tr {
1

2
𝑎̂† ∧ d𝑎̂ +

1

3
𝑎̂† ∧ 𝑎̂ ∧ 𝑎̂}  

 = ∫  
𝑀

 tr {
1

2
∑  

𝑖+𝑗=𝑑−1

  𝑎̂𝑖
† ∧ d𝑎̂𝑗 +

1

3
∑  

𝑖+𝑗+𝑘=𝑑

  𝑎̂𝑖
† ∧ 𝑎̂𝑗 ∧ 𝑎̂𝑘}

 

 

𝑚̂1(𝜔1⊗𝑎1):= d𝜔1⊗𝑎1 + (−1)
|𝜔1|𝜔1⊗𝑚1(𝑎1)

𝑚̂𝑖(𝜔1⊗𝑎1, … , 𝜔𝑖⊗𝑎𝑖): = (−1)
𝑖 ∑  𝑖

𝑗=1  |𝜔𝑗|+∑  𝑖−2
𝑗=0  |𝜔𝑖−𝑗| ∑  

𝑖−𝑗−1
𝑘=1  |𝑎𝑘|

 × (𝜔1 ∧ …∧ 𝜔𝑖) ⊗𝑚𝑖(𝑎1, … , 𝑎𝑖)

 

𝑆 = ∫  
𝑀

 tr {
1

2
𝐴 ∧  d𝐴 +

1

3
𝐴 ∧ 𝐴 ∧ 𝐴}  

A = A−2⊕  A−1⊕  A0: = 𝔤
∗⊕𝔥⊕ 𝔤  

⟨𝑎−2 + 𝑎−1 + 𝑎0, 𝑏−2 + 𝑏−1 + 𝑏0⟩A = 𝑏−2(𝑎0) + ⟨𝑎−1, 𝑏−1⟩𝔥 + 𝑎−2(𝑏0),  

 

𝑎̂: = 𝐴 + 𝐵 + 𝐶 with 𝐴 ∈ Ω1(𝑀, 𝔤), 𝐵 ∈ Ω2(𝑀, 𝔥), 𝐶 ∈ Ω3(𝑀, 𝔤∗).  
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𝑆 = ∫  
𝑀

  {⟨𝐴, d𝐶⟩A + ⟨𝐵,𝑚1(𝐶)⟩A −
1

2
⟨𝐵, d𝐵⟩A + ⟨𝐴,𝑚2(𝐴, 𝐶)⟩A

+⟨𝐴,𝑚2(𝐵, 𝐵)⟩A + ⟨𝐴,𝑚3(𝐴, 𝐴, 𝐵)⟩A +
1

5
⟨𝐴,𝑚4(𝐴, 𝐴, 𝐴, 𝐴)⟩A}

 

𝑚𝑖(𝑎1, … , 𝑎𝑖) +  graded cyclic = 𝜇𝑖(𝑎1, … , 𝑎𝑖), 𝑎1, … , 𝑎𝑖 ∈ {𝐴, 𝐵, 𝐶}  

ℱ:= d𝐴 +
1

2
𝜇2(𝐴, 𝐴) + 𝜇1(𝐵) = 0

ℋ∶= d𝐵 + 𝜇2(𝐴, 𝐵) −
1

3!
𝜇3(𝐴, 𝐴, 𝐴) − 𝜇1(𝐶) = 0

𝒢∶= d𝐶 + 𝜇2(𝐴, 𝐶) +
1

2
𝜇3(𝐴, 𝐴, 𝐵) +

1

2
𝜇2(𝐵, 𝐵) +

1

4!
𝜇4(𝐴, 𝐴, 𝐴, 𝐴) = 0

 

𝜆:= 𝑋 + Λ + Σ  with  𝑋 ∈ 𝒞∞(𝑀, 𝔤), Λ ∈ Ω1(𝑀, 𝔥), Σ ∈ Ω2(𝑀, 𝔤∗)  

𝛿𝐴 = d𝑋 − 𝜇1(Λ) + 𝜇2(𝐴, 𝑋)

𝛿𝐵 = dΛ + 𝜇1(Σ) + 𝜇2(𝐵, 𝑋) + 𝜇2(𝐴, Λ) +
1

2
𝜇3(𝐴, 𝐴, 𝑋)

𝛿𝐶 = dΣ + 𝜇2(𝐶, 𝑋) − 𝜇2(𝐵, Λ) + 𝜇2(𝐴, Σ) −

 −𝜇3(𝐴, 𝐵, 𝑋) −
1

2
𝜇3(𝐴, 𝐴, Λ) +

1

3!
𝜇4(𝐴, 𝐴, 𝐴, 𝑋)

 

𝑥𝛼𝛼̇  = 𝑥0
𝛼𝛼̇ + 𝑡𝜇𝛼𝜆𝛼̇ + 𝑡𝑖𝜇𝛼𝜂𝑖

𝛼̇ − 𝑡𝑖𝜃
𝑖𝛼𝜆𝛼̇

𝜃𝑖𝛼  = 𝜃0
𝑖𝛼 + 𝑡𝑖𝜇𝛼 , 𝜂𝑖

𝛼̇ = 𝜂0𝑖
𝛼̇ + 𝑡𝑖𝜆

𝛼̇
 

𝑉:= 𝜇𝛼𝜆𝛼̇𝜕𝛼𝛼̇ , 𝑉𝑖: = 𝜇
𝛼𝐷𝑖𝛼 , 𝑉

𝑖: = 𝜆𝛼̇𝐷𝛼̇
𝑖  

 

𝐷𝑖𝛼: = 𝜕𝑖𝛼 + 𝜂𝑖
𝛼̇𝜕𝛼𝛼̇   and  𝐷𝛼̇

𝑖 : = 𝜕𝛼̇
𝑖 + 𝜃𝑖𝛼𝜕𝛼𝛼̇  

𝑧𝛼𝜇𝛼 −𝑤
𝛼̇𝜆𝛼̇ + 2𝜃

𝑖𝜂𝑖 = 0  

𝑧𝛼 = (𝑥𝛼𝛼̇ − 𝜃𝑖𝛼𝜂𝑖
𝛼̇)𝜆𝛼̇, 𝜂𝑖 = 𝜂𝑖

𝛼̇𝜆𝛼̇, 𝑤
𝛼̇ = (𝑥𝛼𝛼̇ + 𝜃𝑖𝛼𝜂𝑖

𝛼̇)𝜇𝛼 , 𝜃
𝑖 = 𝜃𝑖𝛼𝜇𝛼 ,  
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𝐴𝑏
0,1 = 𝑔𝑎𝑏

−1𝐴𝑎
0,1𝑔𝑎𝑏 + 𝑔𝑎𝑏

−1𝜕‾𝑔𝑎𝑏  on  𝑈𝑎 ∩ 𝑈𝑏  

𝐹𝑎
0,2: = 𝜕‾𝐴𝑎

0,1 +
1

2
[𝐴𝑎
0,1, 𝐴𝑎

0,1]  

𝐹𝑏
0,2 = 𝑔𝑎𝑏

−1𝐹𝑎
0,2𝑔𝑎𝑏  on  𝑈𝑎 ∩ 𝑈𝑏 .  

𝑔𝑏 = 𝑔𝑎𝑏
−1𝑔𝑎𝑔𝑎𝑏 ⟺ 𝑔𝑎𝑏 = 𝑔𝑎𝑔𝑎𝑏𝑔𝑏

−1  on  𝑈𝑎 ∩ 𝑈𝑏 .  

𝐴𝑎
0,1 ↦ 𝑔𝑎

−1𝐴𝑎
0,1𝑔𝑎 + 𝑔𝑎

−1𝜕‾𝑔𝑎  and  𝐹𝑎
0,2 ↦ 𝑔𝑎

−1𝐹𝑎
0,2𝑔𝑎  

𝐹𝑎
0,2 = 0 on 𝑈𝑎  

𝐴𝑎
0,1 = 𝜓𝑎

−1𝜕‾𝜓𝑎  

𝑔̌𝑎𝑏:= 𝜓𝑎𝑔𝑎𝑏𝜓𝑏
−1  with  𝜕‾𝑔̌𝑎𝑏 = 0  

𝑆 = ∫  
𝑋

 Ω3,0 ∧ tr {𝐴0,1 ∧ 𝜕‾𝐴0,1 +
2

3
𝐴0,1 ∧ 𝐴0,1 ∧ 𝐴0,1}  

𝐴0,1∣0 ∈ Ω0,1(𝐿5∣6,  L0), 𝐵
0,2∣0 ∈ Ω0,2(𝐿5∣6,  L−1),  and  𝐶0,3∣0 ∈ Ω0,3(𝐿5∣6,  L−2).  

𝑆 = ∫  
𝐿5∣6
 Ω5∣6,0 ∧ {⟨𝐴0,1∣0, 𝜕‾𝐶0,3∣0⟩

L
+ ⟨𝐵0,2∣0, 𝜇1(𝐶

0,3∣0)⟩
L
−
1

2
⟨𝐵0,2∣0, 𝜕‾𝐵0,2∣0⟩

L

+
1

2
⟨𝐴0,1∣0, 𝜇2(𝐴

0,1∣0, 𝐶0,3∣0)⟩
L
+
1

2
⟨𝐴0,1∣0, 𝜇2(𝐵

0,2∣0, 𝐵0,2∣0)⟩
L

+
1

3!
⟨𝐴0,1∣0, 𝜇3(𝐴

0,1∣0, 𝐴0,1∣0, 𝐵0,2∣0)⟩
L

+
1

5!
⟨𝐴0,1∣0, 𝜇4(𝐴

0,1∣0, 𝐴0,1∣0, 𝐴0,1∣0, 𝐴0,1∣0)⟩
L
}

 

ℱ𝑎
0,2∣0:= 𝜕‾𝐴𝑎

0,1∣0 +
1

2
𝜇2(𝐴𝑎

0,1∣0, 𝐴𝑎
0,1∣0) + 𝜇1(𝐵𝑎

0,2∣0) = 0

ℋ𝑎
0,3∣0: = 𝜕‾𝐵𝑎

0,2∣0 + 𝜇2(𝐴𝑎
0,1∣0, 𝐵𝑎

0,2∣0) −
1

3!
𝜇3(𝐴𝑎

0,1∣0, 𝐴𝑎
0,1∣0, 𝐴𝑎

0,1∣0) − 𝜇1(𝐶𝑎
0,3∣0) = 0

𝒢𝑎
0,4∣0:= 𝜕‾𝐶𝑎

0,3∣0 + 𝜇2(𝐴𝑎
0,1∣0, 𝐶𝑎

0,3∣0) +
1

2
𝜇2(𝐵𝑎

0,2∣0, 𝐵𝑎
0,2∣0) +

 +
1

2
𝜇3(𝐴𝑎

0,1∣0, 𝐴𝑎
0,1∣0, 𝐵𝑎

0,2∣0) +
1

4!
𝜇4(𝐴𝑎

0,1∣0, 𝐴𝑎
0,1∣0, 𝐴𝑎

0,1∣0, 𝐴𝑎
0,1∣0) = 0

 

ℱ𝑎
0,2∣0 = 𝜕‾𝐴𝑎

0,1∣0 +
1

2
𝜇2
min(𝐴𝑎

0,1∣0, 𝐴𝑎
0,1∣0) = 0  

CONCLUSIONES. 

De los resultados obtenidos en el apartado anterior, se concluye que: 1) el espacio – tiempo cuántico es 

susceptible de deformación, no necesariamente extrema, lo que aparece como un curvatura 

hipergeométrica; 2) la gravedad cuántica, en escenarios entrópicos, puede formar membranas que no 

necesariamente se despliegan en dimensiones más altas, sino que, se tratan de desdoblamientos dentro 
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de un mismo espacio – tiempo cuántico, por lo que, no se forman dimensiones en sí mismas, sino 

distorsiones de realidad espacial y temporal; 3) en un escenario de gravedad cuántica, la formación de 

agujeros negros cuánticos es posible, especialmente cuando la partícula supermasiva colapsa o colisiona 

con otra, en tanto que, es imposible la formación de agujeros cuánticos de gusano, pues la gravedad no 

es extrema aunque entrópica; 4) la partícula supermasiva o llamada también partícula oscura, a propósito 

de su interacción, produce gravedad cuántica. Cuando la partícula supermasiva, por sí misma, tuerce el 

espacio – tiempo cuántico, esto se denomina gravedad cuántica endógena, en tanto que, cuando la 

gravedad cuántica se produce por la interacción de la partícula supermasiva y el gravitón, entonces se 

vuelve exógena por permeabilización del espacio – tiempo cuántico por un campo gravitónico; 5) la 

simetría de calibre, se torna esencial para efectos de conciliar la relatividad  general y especial y la 

mecánica cuántica, aunque no en circunstancias extremas o primitivas; 6) la formación de materia 

oscura, es inevitable en gravedad cuántica, fundamentalmente por interacción de la partícula 

supermasiva y la formación de agujeros negros cuánticos que devoran materia y energía a escala 

microscópica, volviéndola en materia pura y oscura, extremadamente densa, en la que, la intervención 

de la gravedad es unitaria. 

ACLARACIONES FINALES: 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica de 

Campos Relativistas o Curvos (TCCR) propuesta por este autor: 

1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 

 

2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo ‡ o por este símbolo ‡. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 
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3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo de Yang 

– Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría Cuántica de 

Campos Relativistas propuesta por este autor. 

4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 

REFERENCIAS BIBLIOGRÁFICAS. 

Christian Sämann y Martin Wolf, Supersymmetric Yang-Mills Theory as Higher Chern-Simons Theory, 

arXiv:1702.04160v2 [hep-th] 26 Jul 2017. 

Johannes Moerland, Spinorial Superspaces and Super Yang-Mills Theories, arXiv:2411.06165v2 [hep-

th] 30 Apr 2025. 
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