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RESUMEN 

Los agujeros negros cuánticos, son sin duda, un campo de estudio fascinante en la teoría cuántica 

de campos relativistas. Éstos, según la TCCR (Teoría Cuántica de Campos Relativistas), se 

forman por partículas supermasivas o en su defecto, por superpartículas, de tal suerte que, en 

escenarios de supergravedad o gravedad cuánticas, según sea el caso, su formación es inminente 

en la primera y potencial en la segunda. En este trabajo, abordaré más a detalle, la formación de 

agujeros negros cuánticos supermasivos, especialmente en escenarios de extrema gravitación e 

intentaremos descifrar la singularidad de los mismos, incluyendo la formación de agujeros 

cuánticos de gusano, que en sí, son disímiles a los agujeros negros cuánticos. Estos agujeros 

negros, de carácter subatómico, interactúan con campos cuánticos específicos, con la 

particularidad, de que devoran energía a escala microscópica, lo que explicaría, en forma 

exponencial, la formación de materia oscura. 
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de gusano, partícula oscura, partícula estrella. 
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ABSTRACT 

Quantum black holes are undoubtedly a fascinating field of study in the quantum theory of 

relativistic fields. These, according to the TCCR (Quantum Theory of Relativistic Fields), are 

formed by supermassive particles or, failing that, by superparticles, in such a way that, in scenarios 

of supergravity or quantum gravity, as the case may be, their formation is imminent in the former 

and potential in the latter. In this work, I will address in more detail the formation of supermassive 

quantum black holes, especially in extreme gravitation scenarios and we will try to decipher their 

singularity, including the formation of quantum wormholes, which in themselves, are dissimilar 

to quantum black holes. These black holes, of a subatomic nature, interact with specific quantum 

fields, with the particularity that they devour energy on a microscopic scale, which would explain, 

exponentially, the formation of dark matter. 

 

Keywords: dark matter, quantum black hole, quantum relativity, wormholes, dark particle, star 

particle. 
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INTRODUCCIÓN 

Los agujeros negros cuánticos, son aquellos fenómenos propios de la dualidad holográfica. Se 

forman principalmente por la deformación del espacio – tiempo cuántico, sea por una partícula 

supermasiva o en su defecto, por una superpartícula, aunque es inevitable en el segundo caso, sea 

por colapso o colisión. Estos agujeros negros cuánticos, a diferencia de los que ocurren a escala 

cosmológica, devoran energía para convertirla en materia oscura. En este trabajo se consolidará 

el modelo matemático de un agujero negro cuántico y de un agujero cuántico de gusano, éste 

último el mismo que se explica a través del puente de Einstein – Rosen, como ha quedado referido 

en trabajos anteriores, lo que además, explicaría la superposición y el entrelazamiento cuánticos. 

Se ha dicho que estos fenómenos microscópicos, ocurren por colapso o colisión de una partícula 

supermasiva o de una superpartícula, según sea el caso, sin embargo, los agujeros negros 

cuánticos también pueden colisionar, formando así, ondas cuánticas o denominadas también 

“ondas cuánticas gravitacionales”, como se ha teorizado en trabajos anteriores. En este artículo, 

abordaré los fenómenos antes referidos, con especial énfasis, en la descripción matemática de los 

mismos, en un espacio de Hilbert – Einstein, tanto en supergravedad como en gravedad cuánticas, 

según corresponda, incluyendo la morfología propiamente de un agujero negro cuántico y un 

agujero cuántico de gusano. 

RESULTADOS Y DISCUSIÓN. 

Retomo el desarrollo matemático desplegado en el volumen I de este manuscrito: 

Modelo Matemático para describir agujeros negros cuánticos masivos y supermasivos en 

condiciones de gravedad y supergravedad cuánticas relativistas. Este modelo es aplicable 

también para describir tanto agujeros blancos cuánticos de distinta clase como agujeros 

cuánticos de gusano. 
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𝑟∗ ≡ 𝑟 + 𝑟𝑠log (
𝑟 − 𝑟𝑠
𝑟𝑠

)  

𝑑𝑠2 = −
2𝑟𝑠
𝑟
𝑒−𝑟/𝑟𝑠(𝑑𝑋+𝑑𝑋− + 𝑑𝑋−𝑑𝑋+) + 𝑟2𝑑Ω2

2.  

𝑋+𝑋− = (𝑟𝑠 − 𝑟)𝑟𝑠𝑒
𝑟/𝑟𝑠 .  
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ℒ =
𝑅

16𝜋𝐺
−
1

2
𝜕𝜇𝜙𝜕𝜈𝜙𝑔

𝜇𝜈 ,  

𝑔𝜇𝜈 = 𝑔𝜇𝜈
𝑐𝑙 + √16𝜋𝐺ℎ𝜇𝜈 ,  

1

16𝜋𝐺
∫  𝑑4√−𝑔𝑅 =

1

16𝜋𝐺
∫  𝑑4𝑥√−𝑔𝑐𝑙𝑅𝑐𝑙

+∫  𝑑4𝑥√−𝑔𝑐𝑙(𝜕ℎ𝜕ℎ + 𝑅ℎ2  

+√16𝜋𝐺ℎ𝜕ℎ𝜕ℎ + 16𝜋𝐺ℎ2𝜕ℎ𝜕ℎ +⋯)

 

ℓ𝑝 ≡ √
8𝜋𝐺ℏ

𝑐3
≈ 8 × 10−35 nm  

𝐻 =
1

2
∫  𝑑3𝑥(𝜙̇2 + ∇⃗⃗ 𝜙 ⋅ ∇⃗⃗ 𝜙)  

𝐾𝑥 = ∫  𝑑
3𝑥(𝑥𝑇00 + 𝑡𝑇0𝑥)  

(𝑡 ± 𝑥)′ = (𝑡 ± 𝑥)𝑒±𝜆  

𝐾𝑥
𝑅= ∫  

∞

0

 𝑑𝑥 ∫  𝑑𝑦𝑑𝑧(𝑥𝑇00 + 𝑡𝑇0𝑥)  

𝐾𝑥
𝐿 = −∫  

0

−∞

 𝑑𝑥 ∫  𝑑𝑦𝑑𝑧(𝑥𝑇00 + 𝑡𝑇0𝑥)

 

|Ω⟩ ∝∑  

𝑖

 𝑒−𝜋𝜔𝑖|𝑖∗⟩𝐿|𝑖⟩𝑅  

𝜌𝑅 ∝ 𝑒
−2𝜋𝐾𝑥

𝑅
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𝑇𝑈𝑛𝑟𝑢ℎ =
𝑎

2𝜋
=

ℏ𝑎

2𝜋𝑘𝐵𝑐
,  

𝑋±
′
= 𝑋±𝑒

±
𝑏
2𝑟𝑠  

𝐻 =
𝐾

2𝑟𝑠
.  

𝑇Hawking =
1

4𝜋𝑟𝑠
=

1

8𝜋𝐺𝑀
=

ℏ𝑐3

8𝜋𝑘𝐵𝐺𝑀
,  

𝑑𝑆

𝑑𝐸
=
1

𝑇
 

𝑆𝐵𝐻 =
4𝜋𝑟𝑠

2

4𝐺
=

 Area 

4𝐺
 

𝑑𝑀

𝑑𝑡
∼ −(4𝜋𝑟𝑠

2)𝑇Hawking 
4 ∼ −

1

𝐺2𝑀2
 

𝑀(𝑡) = (𝑀0
3 −

𝐶𝑡

𝐺2
)
1/3

,  

𝑡evap ∼ 𝐺
2𝑀0

3  

𝑆𝑐𝑔 ∼
1

𝐺𝑀
× 𝐺2𝑀3 ∼ 𝐺𝑀2 ∼

(𝐺𝑀)2

𝐺
∼

 Area 

𝐺
,  

𝑆 = −
1

2𝜋ℓ𝑠
2∫  𝑑

2𝑥√−𝛾 (1 +
Φ0ℓ𝑠

2

2
𝑅)  

 

𝑔 ≡ 𝑒Φ0  

𝑆 =
1

2𝜅10
2 ∫  𝑑

10𝑥√−𝑔 [𝑒−2Φ (𝑅 + 4𝜕𝜇Φ𝜕
𝜇Φ−

1

24
𝐻𝜇𝜈𝜎𝐻

𝜇𝜈𝜎)

−
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈 −
1

48
𝐹̃𝜇𝜈𝜌𝜎𝐹̃

𝜇𝜈𝜌𝜎]

−
1

4𝜅10
2 ∫  𝐵 ∧ 𝐹̃ ∧ 𝐹̃  

 +⋯
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2𝜅10
2 = (2𝜋)7ℓ𝑠

8  

𝑆 =
1

2𝜅11
2 ∫  𝑑

11𝑥√−𝑔 (𝑅 −
1

48
𝑇𝛼𝛽𝜌𝜎𝑇

𝛼𝛽𝜌𝜎) −
1

12𝜅11
2 ∫  𝑀 ∧ 𝑇 ∧ 𝑇 +⋯  

𝑟𝐵 =
ℓ𝑠
2

𝑟𝐴
,  

𝑆 = 𝑞1∫  𝐴  

 

𝑑𝑠2=
1

√𝑍𝑝(𝑟)
𝜂𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 +√𝑍𝑝(𝑟)(𝑑𝑟
2 + 𝑟2𝑑Ω8−𝑝

2 ) 

𝑒2Φ= 𝑔2𝑍𝑝(𝑟)
3−𝑝
2  

𝐴𝑝+1 = 𝑔
−1 (

1

𝑍𝑝(𝑟)
− 1)𝑑𝑥0 ∧ …∧ 𝑑𝑥𝑝

 

𝑍𝑝(𝑟) ≡ 1 +
(4𝜋)

5−𝑝
2 Γ (

7 − 𝑝
2 )𝑔𝑁ℓ𝑠

7−𝑝

𝑟7−𝑝
.

 

𝑝5 =
2𝜋𝑚5
𝐿

 

𝑆 =
 Area 

4𝐺
=
2𝜋 Area 

𝑔2𝜅10
2 = 2𝜋√𝑁1𝑁5𝑚5.  

𝜌 ≈ 𝑒2𝜋√𝑁1𝑁5𝑚5  



pág. 4440 

𝑑𝑠2=
1

√1 + (
ℓ𝑎𝑑𝑠
𝑟
)
4
𝜂𝜇𝜈𝑑𝑥

𝜇𝑑𝑥𝜈 +√1 + (
ℓ𝑎𝑑𝑠
𝑟
)
4

(𝑑𝑟2 + 𝑟2𝑑Ω5
2) 

𝑒2Φ= 𝑔2  

𝐶4 = −𝑔
−1

ℓ𝑎𝑑𝑠
4

ℓ𝑎𝑑𝑠
4 + 𝑟4

𝑑𝑥0 ∧ …∧ 𝑑𝑥
4

 

ℓ𝑎𝑑𝑠
4 ≡ 4𝜋𝑔𝑁ℓ𝑠

4  

𝑑𝑠2 ≈ (
𝑟

ℓ𝑎𝑑𝑠
)
2

𝜂𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 + (

ℓ𝑎𝑑𝑠
𝑟
)
2

𝑑𝑟2 + ℓ𝑎𝑑𝑠
2 𝑑Ω5

2  

𝑔𝑌𝑀
2 = 4𝜋𝑔.  

ℒ = −
1

2𝑔𝑌𝑀
2 Tr(𝐹𝜇𝜈𝐹

𝜇𝜈) −∑ 

𝑖

 Tr(𝐷𝜇𝑋𝑖𝐷
𝜇𝑋𝑖) +

𝑔𝑌𝑀
2

2
∑  

𝑖,𝑗

 Tr ([𝑋𝑖 , 𝑋𝑗]
2
) +⋯  

ℓ10
8 ≡ 𝑔2𝜅10

2 =
𝑔2

2
(2𝜋)7ℓ𝑠

8  

ℓ𝑎𝑑𝑠
ℓ10

∼ 𝑁1/4.  

ℓ𝑎𝑑𝑠
ℓ𝑠

∼ (𝑔𝑌𝑀
2 𝑁)1/4  

𝑁 ≫ 1
𝑔𝑌𝑀
2 𝑁 ≫ 1.

 

 

𝑑𝑠2 = −(1 +
𝑟2

ℓ𝑎𝑑𝑠
2 )𝑑𝑡2 +

𝑑𝑟2

1 +
𝑟2

ℓ𝑎𝑑𝑠
2

+ 𝑟2𝑑Ω𝑑−2
2

 

𝑇1
2 + 𝑇2

2 − 𝑋 2 = ℓ𝑎𝑑𝑠
2  

𝑥𝜇′ = Λ𝜇 𝜈𝑥
𝜈 + 𝑎𝜇  

𝑥𝜇′ = 𝜆𝑥𝜇  
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𝑥𝜇′ =
𝑥𝜇 + 𝑏𝜇𝑥𝜈𝑥𝜈

1 + 2𝑏𝛼𝑥
𝛼 + 𝑏𝛽𝑏

𝛽𝑥𝛾𝑥
𝛾
:  

𝑒𝑖𝐷𝛼𝑂(𝑥)𝑒−𝑖𝐷𝛼  = 𝑒𝛼Δ𝑂(𝑒𝛼𝑥)

𝑒𝑖𝐾𝜇𝑎
𝜇
𝑂(0)𝑒−𝑖𝐾𝜇𝑎

𝜇
 = 𝑂(0),

 

∫  𝒟𝜙𝑖𝑒
𝑖𝑆(𝜙𝑖,Λ)𝑂𝑖1

𝑏𝑢𝑙𝑘(𝑡1, Ω1)…𝑂𝑖𝑛
𝑏𝑢𝑙𝑘(𝑡𝑛, Ω𝑛) = ⟨𝑂𝑖1(𝑡1, Ω1)…𝑂𝑖𝑛(𝑡𝑛, Ω𝑛)⟩𝐶𝐹𝑇

 

𝑂𝑖
bulk (𝑡, Ω) ≡ lim

𝑟→∞
 𝑟Δ𝑖𝜙𝑖(𝑟, 𝑡, Ω)  

𝑔𝜇𝜈 ↔ 𝑇𝜇𝜈  

 

𝐴𝜇 ↔ 𝐽𝜇  

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑑Ω𝑑−2

2  

𝑓(𝑟) =
𝑟2

ℓ𝑎𝑑𝑠
2 + 1 −

16𝜋𝐺𝑀

(𝑑 − 2)Ω𝑑−2𝑟
𝑑−3

.  

𝑇 =
(𝑑 − 3) + (𝑑 − 1)𝑟𝑠

2/ℓ𝑎𝑑𝑠
2

4𝜋𝑟𝑠
.  

𝑆 ∝ 𝐸
𝑑−2
𝑑−1  

|𝑇𝐹𝐷⟩ =
1

√𝑍
∑  

𝑖

 𝑒−𝛽𝐸𝑖/2|𝑖∗⟩𝐿|𝑖⟩𝑅  

𝐶(𝑡) ≡
1

𝑍
Tr(𝑒−𝛽𝐻𝑂(𝑡)𝑂(0))  

lim
𝑇→∞

 ∫  
𝑇

0

 𝑑𝑡|𝐶(𝑡)|2 ≈ 𝑒−2𝑆  
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[𝜙(𝑥), 𝑂(𝑋)] = 0  

𝑆(𝜌𝑅) = min
𝛾
 
Area(𝛾)

4𝐺
,  

 

𝑆(𝜌𝑅) = min
𝛾
 (ext𝛾 (

Area(𝛾) + ⋯

4𝐺
+ 𝑆𝑏𝑢𝑙𝑘(𝜌𝐻)))  

𝜌 ≈ 𝑒
√𝜋𝑐𝐿𝐿𝐸

3  

𝑀 ≥ |𝒵1|, … ,𝑀 ≥ |𝒵[𝒩/2]|  

𝛿𝜖𝐹 = 0  

∑ 

𝐵

 𝐄𝐵
𝛿𝛿𝜖𝐵

𝛿𝐹
= 0  

𝑀 = |𝒵(𝜙∞, 𝑞, 𝑝)|  

𝑆 = 𝑆(𝑞, 𝑝),  

𝑀 = |𝒵fake (𝜙∞, 𝑝, 𝑞)|,  
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𝑆 = ∫  𝑑4𝑥√|𝑔|{𝑅 + 𝒢𝑖𝑗𝜕𝜇𝜙
𝑖𝜕𝜇𝜙𝑗 + 2ℑ𝔪𝒩ΛΣ𝐹

Λ𝜇𝑣𝐹Σ 𝜇𝜈 − 2ℜ𝔢𝒩ΛΣ𝐹
Λ𝜇𝜈 ⋆ 𝐹Σ 𝜇𝜈}  

𝑑𝑠2 = 𝑒2𝑈𝑑𝑡2 − 𝑒−2𝑈 [
𝑟0
4

sinh4 (𝑟0𝜌)
𝑑𝜌2 +

𝑟0
2

sinh2 (𝑟0𝜌)
𝑑Ω(2)

2 ]  

𝑟0 = 2𝑆𝑇  

𝑆eff[𝑈, 𝜙
𝑖] = ∫  𝑑𝜌 [𝑈̇2 +

1

2
𝒢𝑖𝑗𝜙̇

𝑖𝜙̇𝑗 − 𝑒2𝑈𝑉bh(𝜙)]  

𝑉bh(𝜙) = −
1

2
𝒬𝑀ℳ𝑀𝑁𝒬

𝑁, (ℳ𝑀𝑁) ≡ (
𝐼ΛΣ + 𝑅ΛΓ𝐼

ΓΩ𝑅ΩΣ −𝑅ΛΓ𝐼
ΓΣ

−𝐼ΛΩ𝑅ΩΣ 𝐼ΛΣ
)  

𝑈̇2 +
1

2
𝒢𝑖𝑗𝜙̇

𝑖𝜙̇𝑗 − 𝑒2𝑈𝑉bh(𝜙) = 𝑟0
2  

𝜕𝑖𝑉bh|𝜙=𝜙h = 0,  

𝑆/𝜋 = −𝑉bh(𝜙h, 𝒬)  

𝑀doubleextremal
2 = −𝑉bh(𝜙h, 𝒬) = 𝑆/𝜋  

𝑀2 +
1

2
𝒢𝑖𝑗(𝜙∞)Σ

𝑖Σ𝑗 + 𝑉bh(𝜙∞, 𝒬) = 𝑟0
2 ≥ 0  

Σ𝑖 = Σ𝑖(𝜙∞, 𝒬,𝑀) 

𝒵(𝒬, 𝑍, 𝑍∗) ≡ 𝒱𝑀𝒬
𝑀  

 

−𝑉bh(𝑍, 𝑍
∗, 𝒬) = |𝒵|2 + 4𝒢 𝑖𝑗

∗
𝜕𝑖|𝒵|𝜕𝑗∗|𝒵|  

(𝑀 = |𝒵(𝜙∞, 𝒬)| ≡ |𝒵∞|) 

𝑆/𝜋 = |𝒵h|
2 𝜕𝑖 ∣ 𝒵‖h = 0  

𝜕𝑖𝜕𝑗∗𝑉bh|𝑍h susy 
= 2𝒢𝑖𝑗∗𝑉bh|𝑍h susy 

,  𝜕𝑖𝜕𝑗∗|𝒵||𝑍h susy 
=
1

2
𝒢𝑖𝑗∗|𝒵||

𝑍h susy 

,  

𝑆[𝑈, 𝑍𝑖] = ∫  𝑑𝜌[(𝑈̇ ± 𝑒𝑈|𝒵|)2 + 𝒢𝑖𝑗∗(𝑍̇
𝑖 ± 2𝑒𝑈𝜕𝑖|𝒵|)(𝑍̇∗𝑗

∗
± 2𝑒𝑈𝜕𝑗

∗
|𝒵|)]  

𝒰̇ = 𝑒𝑈|𝒵|, 𝑍̇𝑖 = 2𝑒𝑈𝜕𝑖|𝒵|.  

𝜕𝑆

𝜕𝑀
=
1

𝑇
,  

𝑆𝐵𝐻 =
𝑘𝐵
𝐺ℏ

1

4
Area𝐻  
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𝑑𝑠2 = −𝑑𝑡2 (1 −
2𝑚

𝜌
+
𝑞

𝜌2
) + 𝑑𝜌2 (1 −

2𝑚

𝜌
+
𝑞

𝜌2
)
−1

+ 𝜌2𝑑Ω2  

𝑑Ω2 = (𝑑𝜃2 + sin2 𝜃𝑑𝜙2) 

Δ ≡ −2𝑚𝜌 + 𝑞2 + 𝜌2 

𝜌± = 𝑚 ±√𝑚
2 − 𝑞2  

𝑚 ≥ |𝑞|  

𝑚 = |𝑞| ;  𝜌 = 𝑟 +𝑚 ; 𝑟2 = 𝑥 ⋅ 𝑥  

𝑑𝑠2= −𝑑𝑡2 (1 +
𝑞

𝑟
)
−2

+ (1 +
𝑞

𝑟
)
2

(𝑑𝑟2 + 𝑟2𝑑Ω2) 

 = −𝐻−2(𝑥 )𝑑𝑡2 +𝐻2(𝑥 )𝑑𝑥 ⋅ 𝑑𝑥 
 

𝐻(𝑥 ) = (1 +
𝑞

√𝑥 ⋅ 𝑥 
)  

𝑑𝑠2 = −𝑒2𝑈(𝑟)𝑑𝑡2 + 𝑒−2𝑈(𝑟)𝑑𝑥 2  

𝑈(𝑟) =∑  

𝑝

𝑖=1

 𝛼𝑖log 𝐻𝑖(𝑥 )  

𝑀Black Hole ∼ 𝑀Planck  

(ℙ𝐵𝑃𝑆𝑄𝑆𝑈𝑆𝑌) ∣  BPS state >= 0  

{𝑄‾𝐴𝛼 , 𝑄‾𝐵𝛽} = i(𝐂𝛾
𝜇)𝛼𝛽𝑃𝜇𝛿𝐴𝐵 − 𝐂𝛼𝛽𝐙𝐴𝐵

(𝐴, 𝐵 = 1,… ,2𝑝)
 

𝑄‾𝐴 ≡ 𝑄𝐴
†𝛾0 = 𝑄𝐴

𝑇𝐂 

𝐙𝐴𝐵 = (

𝜖𝑍1 0 … 0
0 𝜖𝑍2 … 0
… … … …
0 0 … 𝜖𝑍𝑝

)  

𝐴 = (𝑎, 𝐼) ;  𝑎, 𝑏, … = 1,2 ;  𝐼, 𝐽, … = 1,… , 𝑝  

{𝑄‾𝑎𝐼∣𝛼 , 𝑄‾𝑏𝐽∣𝛽} = i(𝐶𝛾
𝜇)𝛼𝛽𝑃𝜇𝛿𝑎𝑏𝛿𝐼𝐽 − 𝐶𝛼𝛽𝜖𝑎𝑏 × ℤ𝐼𝐽  

𝑄‾𝑎𝐼 ≡ 𝑄𝑎𝐼
† 𝛾0 = 𝑄𝑎𝐼

𝑇 𝐶 

𝑀 ≥ |𝑍𝐼| ∀𝑍𝐼 , 𝐼 = 1,… , 𝑝  

𝑆‾𝑎𝐼∣𝛼
± =

1

2
(𝑄‾𝑎𝐼𝛾0 ± i𝜖𝑎𝑏𝑄‾𝑏𝐼)𝛼  
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𝑆‾𝑎𝐼
±= 𝑄‾𝑏𝐼ℙ𝑏𝑎

±  

ℙ𝑏𝑎
±  =

1

2
(𝟏𝛿𝑏𝑎 ± i𝜖𝑏𝑎𝛾0)

 

{𝑆‾𝑎𝐼
± , 𝑆‾𝑏𝐽

± } = ±𝜖𝑎𝑐𝐶ℙ𝑐𝑏
± (𝑀 ∓ 𝑍𝐼)𝛿𝐼𝐽  

(𝑀 ± 𝑍𝐼) ∣ BPS state , 𝑖⟩ = 0  

𝑆‾𝑎𝐼
± ∣ BPS state , 𝑖⟩ = 0  

𝜉𝜇𝛾𝜇𝜖𝑎𝐼 = i𝜀𝑎𝑏𝜖
𝑏𝐼 ; 𝐼 = 1,… , 𝑛max

𝜖𝑎𝐼 = 0 ; 𝐼 > 𝑛max
 

Area𝐻 = ∫  
𝜌=𝜌+

 √𝑔𝜃𝜃𝑔𝜙𝜙𝑑𝜃𝑑𝜙 = 4𝜋𝜌+
2 = 4𝜋 (𝑚 + √𝑚2 − |𝑞|2)

2

 

Area𝐻
4𝜋

= |𝑞|2  

𝑆𝐵𝐻 = 𝒮(𝑞, 𝑝)  

𝐴[𝑝+1] ≡ 𝐴𝑀1…𝑀𝑝+1𝑑𝑋
𝑀1 ∧ …∧ 𝑑𝑋𝑝+1

𝑀  

𝐼𝐷 = ∫  𝑑
𝐷𝑥√−𝑔 [𝑅 −

1

2
∇𝑀𝜙∇

𝑀𝜙 −
1

2𝑛!
𝑒𝑎𝜙𝐹[𝑝+2]

2 ]  

𝐹[𝑝+2] ≡ 𝑑𝐴[𝑝+1] 

𝑛 = 𝑝 + 2  and  𝑎  

Δ = 𝑎2 + 2
𝑑𝑑̃

𝐷 − 2
 

𝑑𝑠2= (1 +
𝑘

𝑟𝑑̃
)
−

4𝑑̃
Δ(𝐷−2)

𝑑𝑥𝜇⊗𝑑𝑥𝜈𝜂𝜇𝜈 − (1 +
𝑘

𝑟𝑑̃
)

4𝑑
Δ(𝐷−2)

𝑑𝑦𝑚⊗𝑑𝑦𝑛𝛿𝑚𝑛 

𝐹= 𝜆(−)𝑝+1𝜖𝜇1…𝜇𝑝+1𝑑𝑥
𝜇1 ∧ …∧ 𝑑𝑥𝜇𝑝+1 ∧

𝑦𝑚𝑑𝑦𝑚

𝑟
(1 +

𝑘

𝑟𝑑̃
)
−2 1

𝑟𝑑̃+1
 

𝑒𝜙(𝑟) = (1 +
𝑘

𝑟𝑑̃
)
−
2𝑎
Δ

 

𝜆 = 2
𝑑̃𝑘

√Δ
 

𝑑𝑠2 = (1 +
𝑘

𝑟𝑑
)
−

4𝑑
Δ(𝐷−2)

𝑑𝑥𝜇⊗𝑑𝑥𝜈𝜂𝜇𝜈 − (1 +
𝑘

𝑟𝑑
)

4𝑑̃
Δ(𝐷−2)

𝑑𝑦𝑚⊗𝑑𝑦𝑛𝛿𝑚𝑛

𝐹̃[𝐷−𝑛]= 𝜆𝜖𝜇1…𝜇𝑑𝑝𝑑𝑥
𝜇1 ∧ …∧ 𝑑𝑥𝜇𝑑̃ ∧

𝑦𝑝

𝑟𝑑+2
 

𝑒𝜙(𝑟) = (1 +
𝑘

𝑟𝑑
)

2𝑎
Δ
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𝜆 = −2
𝑑̃𝑘

√Δ
 

𝐷 = 10 𝑑 = 2 𝑑̃ = 6 𝑎 = 1 Δ = 4 𝜆 = ±6𝑘  

𝑑𝑠2= exp [2𝑈(𝑟)]𝑑𝑥𝜇⊗𝑑𝑥𝜈 − exp [−
2

3
𝑈(𝑟)] 𝑑𝑦𝑚⊗𝑑𝑦𝑚 

exp [2𝑈(𝑟)]= (1 +
𝑘

𝑟6
)
−3/4

 

𝐹= 6𝑘𝜖𝜇𝜈𝑑𝑥
𝜇 ∧ 𝑑𝑥𝜈 ∧

𝑦𝑚𝑑𝑦𝑚

𝑟
(1 +

𝑘

𝑟6
)
−2 1

𝑟7
 

exp [𝜙(𝑟)] = (1 +
𝑘

𝑟6
)
−1/2

 

𝛿𝜓𝜇= ∇𝜇𝜖 +
1

96
exp [

1

2
𝜙] (Γ𝜆𝜌𝜎𝜇 + 9Γ𝜆𝜌𝑔𝜎𝜇)𝐹

𝜆𝜌𝜎𝜖 

𝛿𝜒 = i
√2

4
𝜕𝜇𝜙Γ𝜇𝜖 − i

√2

24
exp [−

1

2
𝜙]Γ𝜇𝜈𝜌𝜖𝐹

𝜇𝜈𝜌

 

𝜖 = (1 +
𝑘

𝑟6
)
−3/16

𝜖0⊗𝜂0  

𝛾3𝜖0 = 𝜖0 Σ10𝜂0 = 𝜂0  

𝑑𝑠11
2 = (1 +

𝑘

𝑟𝑑̃
)
−
𝑑̃
9
𝑑𝑥𝜇𝑑𝑥𝜈𝜂𝜇𝜈 + (1 +

𝑘

𝑟𝑑̃
)

𝑑
9
𝑑𝑋𝐼𝑑𝑋𝐽𝛿𝐼𝐽

 

ℐ2− brane = 𝐼𝑆𝑂(1,2) ⊗ 𝑆𝑂(8)  

𝑑𝑠2 = 𝜌2(−𝑑𝑡2 + 𝑑𝑧 ⋅ 𝑑𝑧 ) + 𝜌−2𝑑𝜌2 + 𝑑Ω7
2  

𝑑𝑦𝐼𝑑𝑦𝐽𝛿𝐼𝐽 = 𝑑𝑟
2 + 𝑟2𝑑Ω7

2  

𝑀2
ℎ𝑜𝑟 = 𝐴𝑑𝑆4 × 𝑆

7  

𝑀𝑝
ℎ𝑜𝑟 = 𝐴𝑑𝑆𝑝+2 × 𝑆

𝐷−𝑝−2  

𝑑𝑠2 = 𝑒2𝐴(𝑟)𝑑𝑥𝜇𝑑𝑥𝜈𝜂𝜇𝜈 + 𝑒
2𝐵(𝑟)[𝑑𝑟2 + 𝑟2𝜆−2𝑑𝑠𝐺/𝐻

2 ]

𝐴𝜇1…𝜇𝑑 = 𝜖𝜇1…𝜇𝑑𝑒
𝐶(𝑟)

𝜙 = 𝜙(𝑟)

 

𝑀𝑝
ℎ𝑜𝑟 = 𝐴𝑑𝑆𝑝+2 × (

𝐺

𝐻
)
𝐷−𝑝−2

 

𝑆𝑂(2, 𝑝 + 1) × 𝐺  
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𝑅𝑀𝑁 =
1

2
𝜕𝑀𝜙𝜕𝑁𝜙 + 𝑆𝑀𝑁

∇𝑀1(𝑒
𝑎𝜙𝐹𝑀1…𝑀𝑛) = 0

◻ 𝜙 =
𝑎

2𝑛!
𝐹2

 

𝑆𝑀𝑁 =
1

2(𝑛 − 1)!
𝑒𝑎𝜙 [𝐹𝑀…𝐹𝑁⋯−

𝑛 − 1

𝑛(𝐷 − 2)
𝐹2𝑔𝑀𝑁]  

 

𝑑𝐸𝑀 +𝜔𝑀 ∧ 𝐸𝑁 = 0  

 

𝑅𝑀𝑁 = 𝑑𝜔𝑀𝑁 +𝜔𝑀 ∧ 𝜔𝑆𝑁  

 

𝐴′′ + 𝑑(𝐴′)2 + 𝑑̃𝐴′𝐵′ + (𝑑̃ + 1)𝐴′𝑟−1  =
𝑑̃

2(𝐷 − 2)
𝑆2

𝑑[𝐴′′ + (𝐴′)2 − 𝐴′𝐵′] + (𝑑̃ + 1)[𝐵′′ + 𝑟−1𝐵′]  =
𝑑̃

2(𝐷 − 2)
𝑆2 −

(𝜙′)2

2

𝐠𝑚𝑛[𝑑𝐴
′(𝐵′ + 𝑟−1) + 𝑟−1𝐵′ + 𝐵′′ + 𝑑̃(𝐵′ + 𝑟−1)2] − 2𝐑𝑚𝑛  =

 −
𝑑

2(𝐷 − 2)
𝐠
𝑚𝑛
𝑆2

 

𝐶′′ + (𝑑̃ + 1)𝑟−1𝐶′ + (𝑑̃𝐵′ − 𝑑𝐴′ + 𝐶′ + 𝑎𝜙′)𝐶′ = 0

𝜙′′ + (𝑑̃ + 1)𝑟−1𝜙′ + [𝑑𝐴′ + 𝑑̃𝐵′]𝜙′ = −
𝑎

2
𝑆2

 

𝑆 ≡ 𝑒
1
2
𝑎𝜙+𝐶−𝑑𝐴𝐶′  

𝐼11 = ∫  𝑑
11𝑥√−𝑔(𝑅 −

1

48
𝐹[4]
2 ) +

1

6
∫  𝐹[4] ∧ 𝐹[4] ∧ 𝐴[3]  

𝛿𝜓𝑀 = 𝐷̃𝑀𝜖  
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𝐷̃𝑀 = 𝜕𝑀 +
1

4
𝜔𝑀
𝐴𝐵Γ𝐴𝐵 −

1

288
[Γ𝑀
𝑃𝑄𝑅𝑆 + 8Γ𝑃𝑄𝑅𝛿𝑀

𝑆 ]𝐹𝑃𝑄𝑅𝑆  

𝛿𝜓𝑀∣𝜓=0 = 𝐷̃𝑀𝜖 = 0  

Γ𝐴 = [𝛾𝜇⊗𝟙8, 𝛾3⊗ 𝟙8, 𝛾5⊗Γ𝑚]  

𝜖 = 𝜀 ⊗ 𝜂(𝑟, 𝑦)  

 

(14 − 𝑖𝛾3𝛾5)𝜀 = 0;  3𝑒
3𝐴𝐴′ = 𝑒𝐶𝐶′  

𝜕𝑟𝜂 +
1

6
𝐶′𝜂 = 0  

𝜂(𝑟, 𝑦) = 𝑒−𝐶(𝑟)/6𝜂∘(𝑦)  

𝐵 = −
1

6
𝐶 + 𝔊 

[𝒟𝑚
𝐺/𝐻

+
1

2𝜆
Γ𝑚] 𝜂∘ = 0

 

𝑒 ≡
1

2𝜆
 

ℳ11 = 𝐴𝑑𝑆4 × (
𝐺

𝐻
)
7

 

𝐹𝜇1𝜇2𝜇3𝜇4 = 𝑒𝜖𝜇1𝜇2𝜇3𝜇4  

𝐴′′ + 7𝑟−1𝐴′ =
1

3
𝑆2

(𝐴′)2 =
1

6
𝑆2

𝐑𝑚𝑛 =
3

𝜆2
𝐠𝑚𝑛

 

∇2𝐴 − 3(𝐴′)2 ≡ 𝐴′′ +
7

𝑟
𝐴′ − 3(𝐴′)2 = 0  

∇2𝑒−3𝐴 = 0  
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𝑒−3𝐴(𝑟) = 𝐻(𝑟) = 1 +
𝑘

𝑟6
 

𝐴(𝑟) = −
𝑑̃

18
ln (1 +

𝑘

𝑟𝑑̃
) = −

1

3
ln (1 +

𝑘

𝑟6
)

𝐵(𝑟) =
𝑑

18
ln (1 +

𝑘

𝑟𝑑̃
) =

1

6
ln (1 +

𝑘

𝑟6
)

𝐶(𝑟) = 3𝐴(𝑟)

 

 

𝑑𝑠2 = 𝑒2𝑈(𝑟)𝑑𝑡2 − 𝑒−2𝑈(𝑟)𝑑𝑥 2 ;  (𝑟2 = 𝑥 2)  

𝐹Λ =
𝑝Λ

2𝑟3
𝜖𝑎𝑏𝑐𝑥

𝑎𝑑𝑥𝑏 ∧ 𝑑𝑥𝑐 −
ℓΛ(𝑟)

𝑟3
𝑒2𝒰𝑑𝑡 ∧ 𝑥 ⋅ 𝑑𝑥  

𝜙𝐼 = 𝜙𝐼(𝑟) ; (𝐼 = 1,…𝑚)  

𝑓𝑆𝑈𝑆𝑌 =
𝑁

2𝑛max
 ;  (𝑓𝑆𝑈𝑆𝑌) =  

1

2
  or  

1

4
  or  

1

8
 

𝛾0𝜉𝐴= iℂ𝐴𝐵𝜉
𝐵;  𝐴, 𝐵 = 1,… , 𝑛max;  2 ≤ 𝑛max ≤ 𝑁 

𝜉𝐴= 0 ;  𝐴 = 𝑛max + 1,… ,𝑁  

ℂ𝐴𝐵 = −ℂ𝐴𝐵 = 𝑛max

 

𝑑 = 1; 𝑑̃= 1  

𝑝 = 0; Δ = 𝑎2 + 1
 

𝑑𝑠2 = (1 +
𝑘

𝑟
)
−

2
𝑎2+1

𝑑𝑡2 − (1 +
𝑘

𝑟
)

2
𝑎2+1

𝑑𝑥 2  

𝑈(𝑟) = −
1

𝑎2 + 1
log 𝐻(𝑟)  

𝐻(𝑟)≡ (1 +
𝑘

𝑟
)  

Δ3𝐻(𝑟) =∑  

3

𝑖=1

 
𝜕2

𝜕𝑥𝑖
2𝐻(𝑟) = 0
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Δ = 4 × 2 × 𝑓𝑆𝑈𝑆𝑌;

{
 
 

 
 𝑓𝑆𝑈𝑆𝑌 =

1

2
↔ 𝑎 = √3

𝑓𝑆𝑈𝑆𝑌 =
1

4
↔ 𝑎 = 1

𝑓𝑆𝑈𝑆𝑌 =
1

8
↔ 𝑎 = 0

 

𝑑𝑠𝑅𝑁
2 = (1 +

𝑘

𝑟
)
−2

𝑑𝑡2 − (1 +
𝑘

𝑟
)
2

𝑑𝑥 2  

𝐴𝑑𝑆2 × 𝑆
2  

𝑑𝑠𝐵𝑅
2 =

1

𝑚𝐵𝑅
2 𝑟2𝑑𝑡2 −𝑚𝐵𝑅

2
𝑑𝑟2

𝑟2
−𝑚𝐵𝑅

2 (sin2 (𝜃)𝑑𝜙2 + 𝑑𝜃2)  

𝑚𝐵𝑅 = |𝑘|  

ℙ𝐴𝐵
± =

1

2
(𝟙𝛿𝐴

𝐵 ± iℂ𝐴𝐵𝛾0)  

ℒ= ∫  √−𝑔𝑑4𝑥 (2𝑅 + Im𝒩ΛΓ𝐹𝜇𝜈
Λ𝐹Γ∣𝜇𝜈 +

1

6
𝑔𝐼𝐽(𝜙)𝜕𝜇𝜙

𝐼𝜕𝜇𝜙𝐽 + 

+
1

2
Re𝒩ΛΓ

𝜖𝜇𝜈𝜌𝜎

√−𝑔
𝐹𝜇𝜈
Λ𝐹𝜌𝜎

Γ )
 

𝒩ΛΣ(𝜙)  

𝐴Λ ≡ 𝐴𝜇
Λ𝑑𝑥𝜇 (Λ = 1,… , 𝑛‾)  

𝐹Λ≡ 𝑑𝐴Λ ≡ ℱ𝜇𝜈
Λ𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈 

ℱ𝜇𝜈
Λ≡

1

2
(𝜕𝜇𝐴𝜈

Λ − 𝜕𝜈𝐴𝜇
Λ)  

 ⋆𝐹Λ≡ ℱ̃𝜇𝜈
Λ𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈  

ℱ̃𝜇𝜈
Λ  ≡

1

2
𝜀𝜇𝜈𝜌𝜎ℱ

Λ∣𝜌𝜎
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d4𝑥 ≡ −
1

4!
𝜀𝜇1…𝜇4𝑑𝑥

𝜇1 ∧ …∧ 𝑑𝑥𝜇4  

𝐹Λ ∧ 𝐹Σ = 𝜀𝜇𝜈𝜌𝜎ℱ𝜇𝜈
Λℱ𝜌𝜎

Σ 𝑑4𝑥 ;  𝐹Λ ∧⋆ 𝐹Σ = −2ℱ𝜇𝜈
ΛℱΣ∣𝜇𝜈𝑑4𝑥  

𝒮 =
1

2
∫  {[𝛾ΛΣ(𝜙)𝐹

Λ ∧⋆ 𝐹Σ + 𝜃ΛΣ(𝜙)𝐹
Λ ∧ 𝐹Σ] + 𝑔𝐼𝐽(𝜙)𝜕𝜇𝜙

𝐼𝜕𝜇𝜙𝐽 d4𝑥}  

(𝑗ℱΛ)
𝜇𝜈
≡
1

2
𝜖𝜇𝜈𝜌𝜎ℱ

Λ∣𝜌𝜎  

(𝐺, 𝐾) ≡ 𝐺𝑇𝐾 ≡ ∑  

𝑛‾

Λ=1

 𝐺𝜇𝜈
Λ 𝐾Λ∣𝜇𝜈  

ℒ (𝑡𝑜𝑡) = ℱ𝑇(−𝛾 ⊗ 𝟙 + 𝜃⊗ 𝑗)ℱ +
1

2
𝑔𝐼𝐽(𝜙)𝜕𝜇𝜙

𝐼𝜕𝜇𝜙𝐽  

ℱ±=
1

2
(ℱ ± i𝑗ℱ) 

𝑗ℱ± = ∓iℱ±
 

𝒩= 𝜃 − i𝛾  

𝒩 = 𝜃 + i𝛾,
 

ℒ𝑣𝑒𝑐 = i[ℱ
−𝑇𝒩ℱ− − ℱ+𝑇𝒩ℱ+]  

𝒢̃𝜇𝜈
Λ ≡

1

2

𝜕ℒ

𝜕ℱ𝜇𝜈
Λ
↔ 𝒢𝜇𝜈

∓Λ ≡ ∓
i

2

𝜕ℒ

𝜕ℱ𝜇𝜈
∓Λ  

𝑗𝒢 ≡
1

2

𝜕ℒ

𝜕ℱ𝑇
= −(𝛾 ⊗ 𝟙 − 𝜃⊗ 𝑗)ℱ  

𝜕𝜇ℱ̃𝜇𝜈
Λ  = 0

𝜕𝜇𝒢̃𝜇𝜈
Λ  = 0

 

𝜕𝜇Imℱ𝜇𝜈
±Λ  = 0

𝜕𝜇Im𝒢𝜇𝜈
±Λ  = 0

 

𝐕 ≡ (
𝑗ℱ

𝑗𝒢
)  

(
𝑗ℱ

𝑗𝒢
)
′

= (
𝐴 𝐵
𝐶 𝐷

)(
𝑗ℱ

𝑗𝒢
)  

(
𝐴 𝐵
𝐶 𝐷

) ∈ 𝐺𝐿(2𝑛‾, ℝ) 

𝜕𝐕 = 0 ⟺  𝜕𝐕′ = 0  

ℱ = (ℱ+ + ℱ−) ;  𝒢 = (𝒢+ + 𝒢−)  
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𝒢+ = 𝒩ℱ+ 𝒢− = 𝒩ℱ−  

(
ℱ+

𝒢+
)

′

= (
𝐴 𝐵
𝐶 𝐷

)(
ℱ+

𝒩ℱ+
) ;  (

ℱ−

𝒢−
)
′

= (
𝐴 𝐵
𝐶 𝐷

)(
ℱ−

𝒩ℱ−
)  

Λ = (
𝐴 𝐵
𝐶 𝐷

) 

Λ ≡ (
𝐴 𝐵
𝐶 𝐷

) ∈ Sp(2𝑛‾, ℝ) ⊂ 𝐺𝐿(2𝑛‾,ℝ)  

Λ ∈ 𝑆𝑝(2𝑛‾,ℝ) ⟶ Λ𝑇 (
𝟎 𝟙
−𝟙 𝟎

)Λ = (
𝟎 𝟙
−𝟙 𝟎

)  

𝐴𝑇𝐶 − 𝐶𝑇𝐴 = 𝐵𝑇𝐷 − 𝐷𝑇𝐵 = 0 𝐴𝑇𝐷 − 𝐶𝑇𝐵 = 1  

𝜄𝛿: Diff(ℳscalar ) ⟶ 𝐺𝐿(2𝑛‾,ℝ)  

∀ 𝜉 ∈ Diff(ℳscalar ):𝜙
𝐼 →
𝜉 
𝜙𝐼′

∃ 𝜄𝛿(𝜉)  = (
𝐴𝜉 𝐵𝜉
𝐶𝜉 𝐷𝜉

) ∈ 𝐺𝐿(2𝑛‾,ℝ)
 

𝜉: {

𝜙 ⟶ 𝜉(𝜙)
𝐕 ⟶ 𝜄𝛿(𝜉)𝐕

𝒩(𝜙) ⟶ 𝒩′(𝜉(𝜙))
 

ℒvec 
′ = i [ℱ−𝑇(𝐴 + 𝐵𝒩)𝑇𝒩

′
(𝐴 + 𝐵𝒩)ℱ− − ℱ+𝑇(𝐴 + 𝐵𝒩)𝑇𝒩′(𝐴 + 𝐵𝒩)ℱ+]  

𝒩′ ≡ 𝒩′(𝜉(𝜙)) = (𝐶 + 𝐷𝒩(𝜙))(𝐴 + 𝐵𝒩(𝜙))−1  

𝒩
′
≡ 𝒩

′
(𝜉(𝜙)) = (𝐶 + 𝐷𝒩(𝜙))(𝐴 + 𝐵𝒩(𝜙))−1  

𝜄𝛿: Diff(ℳscalar ) ⟶ Sp(2𝑛‾,ℝ)  

Diff(ℳscalar ) ⊃ Tor(ℳscalar ) ≡ ker𝜄𝛿  

dimTor(ℳscalar ) = ∞  

Imℱ−Λ𝒩ΛΣℱ
−Σ →Imℱ̃−Λ𝒢̃Σ

−

= Im(ℱ−Λ𝒢Λ
− + 2ℱ−Λ(𝐶𝑇𝐵)Λ 

Σ𝒢Σ
−  

+ℱ−Λ(𝐶𝑇𝐴)ΛΣℱ
−Σ + 𝒢Λ

−(𝐷𝑇𝐵)ΛΣ𝒢Σ
−)

 

𝜉⋆: 𝑇ℳscalar → 𝑇ℳscalar  

∀𝑋, 𝑌 ∈ 𝑇ℳscalar 

𝑔(𝑋, 𝑌) = 𝑔(𝜉⋆𝑋, 𝜉⋆𝑌)
 

𝒩(𝜉(𝜙)) = (𝐶𝜉 + 𝐷𝜉𝒩(𝜙))(𝐴𝜉 + 𝐵𝜉𝒩(𝜙))
−1

 

𝜄𝛿: Diff (
𝒢

ℋ
)⟶ Sp(2𝑛‾,ℝ)  
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𝒢1𝟐1
ℋ(𝐮1 ⋅

ℐ (
𝒢

ℋ
) = 𝒢 

𝜄𝛿: 𝒢 ⟶ Sp(2𝑛‾,ℝ)  

Λ𝑇ℂΛ = ℂ  

𝑆𝑝(2𝑛‾,ℝ) ∼ 𝑈𝑠𝑝(𝑛‾, 𝑛‾) ≡ 𝑆𝑝(2𝑛‾, ℂ) ∩ 𝑈(𝑛‾, 𝑛‾)  

𝒮𝑇ℂ𝒮 = ℂ ; 𝒮†ℍ𝒮 = ℍ  

ℍ ≡ (
𝟙 𝟎
𝟎 −𝟙

) 

𝒮 = (
𝑇 𝑉⋆

𝑉 𝑇⋆
)  

𝑇†𝑇 − 𝑉†𝑉 = 𝟙 ;  𝑇†𝑉⋆ − 𝑉†𝑇⋆ = 𝟎  

𝒞 ≡
1

√2
(
𝟙 i𝟙
𝟙 −i𝟙

)  

𝒮 = 𝒞Λ𝒞−1  

𝑇 =
1

2
(𝐴 + 𝐷) −

i

2
(𝐵 − 𝐶) ;  𝑉 =

1

2
(𝐴 − 𝐷) −

i

2
(𝐵 + 𝐶)  

𝒢 →
𝜄𝛿 
𝑈𝑠𝑝(𝑛‾, 𝑛‾) ;  𝒢 ⊃ ℋ →

𝜄𝛿 
𝑈(𝑛‾) ⊂ 𝑈𝑠𝑝(𝑛‾, 𝑛‾)  

𝐿(𝜙) ⟶ 𝒪(𝜙) = (
𝑈0(𝜙) 𝑈1

⋆(𝜙)

𝑈1(𝜙) 𝑈0
⋆(𝜙)

) ∈ 𝑈𝑠𝑝(𝑛‾, 𝑛‾)  

𝒪(𝜙′) = 𝒪(𝜙) (
𝑊 𝟎
𝟎 𝑊⋆)  

𝒮𝜉 = (
𝑇𝜉 𝑉𝜉

⋆

𝑉𝜉 𝑇𝜉
⋆)  

𝒮𝜉𝒪(𝜙) = 𝒪(𝜉(𝜙)) (
𝑊(𝜉, 𝜙) 𝟎

𝟎 𝑊⋆(𝜉, 𝜙)
)  

𝑈0
†(𝜉(𝜙)) + 𝑈1

†(𝜉(𝜙))= 𝑊[𝑈0
†(𝜙)(𝐴𝑇 + i𝐵𝑇) + 𝑈1

†(𝜙)(𝐴𝑇 − i𝐵𝑇)]  

𝑈0
†(𝜉(𝜙)) − 𝑈1

†(𝜉(𝜙)) = 𝑊[𝑈0
†(𝜙)(𝐷𝑇 − i𝐶𝑇) − 𝑈1

†(𝜙)(𝐷𝑇 + i𝐶𝑇)]
 

𝒩 ≡ i[𝑈0
† + 𝑈1

†]
−1
[𝑈0

† − 𝑈1
†]  

𝒩𝑇 = 𝒩  

𝒮𝒯[𝑚, 𝑛] ≡
𝑆𝑈(1,1)

𝑈(1)
⊗

𝑆𝑂(𝑚, 𝑛)

𝑆𝑂(𝑚)⊗ 𝑆𝑂(𝑛)
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𝑆= 𝒜 − iexp[𝐷] 

𝜕𝜇𝒜 ≡ 𝜀𝜇𝜈𝜌𝜎𝜕𝜈𝐵𝜌𝜎
 

𝑆𝑈(1,1)

𝑈(1)
∭

𝑆𝑂(𝑚, 𝑛)

𝑆𝑂(𝑚)⊗ 𝑆𝑂(𝑛)
 

𝟐𝐧 →
𝒢 
⊕𝑖=1
ℓ 𝐃𝑖  

∀𝒮 ∈ Sp(2𝑛‾,ℝ): 𝜄𝛿
′ ≡ 𝒮 ∘ 𝜄𝛿 ∘ 𝒮

−1  

𝐿 ∈ 𝑆𝑂(𝑚, 𝑛) ⟺ 𝐿𝑇𝜂𝐿 = 𝜂  

 

𝟐𝐦+ 𝟐𝐧 →
𝑆𝑂(𝑚,𝑛) 

𝐦+ 𝐧⊕𝐦+ 𝐧  

 

𝟐𝐦+ 𝟐𝐧 →
𝑆𝐿(2,ℝ) 

⊕𝑖=1
𝑚+𝑛 𝟐  

 

 

𝑀(𝑆) ≡
1

𝑛(𝑆)

(

 
𝟙

i − 𝑆

i + 𝑆
i + 𝑆‾

i − 𝑆‾
𝟙
)

 ∶  𝑛(𝑆) ≡ √
4Im𝑆

1 + |𝑆|2 + 2Im𝑆
 

𝐿(𝑋) ≡ (
(𝟙 + 𝑋𝑋𝑇)1/2 𝑋

𝑋𝑇 (𝟙 + 𝑋𝑇𝑋)1/2
)  

𝜄𝛿(𝑀(𝑆)) ∘ 𝜄𝛿(𝐿(𝑋)) = (
𝑈0(𝑆, 𝑋) 𝑈1

⋆(𝑆, 𝑋)

𝑈1(𝑆, 𝑋) 𝑈0
⋆(𝑆, 𝑋)

) ∈ 𝑈𝑠𝑝(𝑛 +𝑚, 𝑛 +𝑚)  

𝒩 = iIm𝑆𝜂𝐿(𝑋)𝐿𝑇(𝑋)𝜂 + Re𝑆𝜂  
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𝒩 = iIm𝑆𝐿(𝑋)′𝐿𝑇
′
(𝑋) + Re𝑆𝜂  

ℳscalar = 𝒮ℳ⊗ℋℳ 
dim𝐂𝒮ℳ= 𝑛𝑣  

dim𝐑ℋℳ = 4𝑛ℎ

 

Λ, Σ, Γ, …= 0,1, … , 𝑛 
𝐼, 𝐼, 𝐾 = 1,… ,2𝑛

 

𝑐1(ℒ) =
𝑖

2𝜋
𝜕‾(ℎ−1𝜕ℎ) =

𝑖

2𝜋
𝜕‾𝜕log ℎ  

𝑐1(ℒ) =
𝑖

2𝜋
𝜕‾𝜕log ‖𝜉(𝑧)‖2  

‖𝜉(𝑧)‖2 = ℎ(𝑧, 𝑧‾)𝜉‾(𝑧‾)𝜉(𝑧) 

𝑐1(ℒ) = [𝐾]  

𝐾 =
𝑖

2𝜋
𝑔𝑖𝑗⋆𝑑𝑧

𝑖 ∧ 𝑑𝑧‾𝑗
⋆
=
𝑖

2𝜋
𝜕‾𝜕log ‖𝑊(𝑧)‖2  

𝑔𝑖𝑗⋆ = 𝜕𝑖𝜕𝑗⋆𝒦(𝑧, 𝑧‾) 

ℎ(𝑧, 𝑧‾) = exp (𝒦(𝑧, 𝑧‾)) 

log ‖𝑊(𝑧)‖2 = 𝒦(𝑧, 𝑧‾) + log |𝑊(𝑧)|2 = 𝐺(𝑧, 𝑧‾) 

𝜃 ≡ ℎ−1𝜕ℎ =
1

ℎ
𝜕𝑖ℎ𝑑𝑧

𝑖 ;  𝜃‾ ≡ ℎ−1𝜕‾ℎ =
1

ℎ
𝜕𝑖⋆ℎ𝑑𝑧‾

𝑖⋆  

[𝜕‾𝜃] = 𝑐1(ℒ) = [𝐾]  

𝜃 = 𝜕𝒦 = 𝜕𝑖𝒦𝑑𝑧
𝑖; 𝜃‾ = 𝜕‾𝒦 = 𝜕𝑖⋆𝒦𝑑𝑧‾

𝑖⋆  

𝜃 = 𝜃‾ = 0  

 

 

𝒦𝛽 = 𝒦𝛼 + 𝑓𝛼𝛽 + 𝑓‾𝛼𝛽  
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𝑈(1) ∷ 𝒬⋈Im𝜃 = −
i

2
(𝜃 − 𝜃‾)  

𝒬 = −
i

2
(𝜕𝑖𝒦𝑑𝑧

𝑖 − 𝜕𝑖⋆𝒦𝑑𝑧‾
𝑖⋆)  

∇Φ = (𝑑 + 𝑖𝑝𝒬)Φ  

∇𝑖Φ = (𝜕𝑖 +
1

2
𝑝𝜕𝑖𝒦)Φ ; ∇𝑖∗Φ = (𝜕𝑖∗ −

1

2
𝑝𝜕𝑖∗𝒦)Φ  

Φ̃ = 𝑒−𝑝𝒦/2Φ  

∇𝑖Φ̃ = (𝜕𝑖 + 𝑝𝜕𝑖𝒦)Φ̃; ∇𝑖∗Φ̃ = 𝜕𝑖∗Φ̃  

𝜕𝑚∗𝑊𝑖𝑗𝑘= 0 𝜕𝑚𝑊𝑖∗𝑗∗𝑘∗ = 0  

∇[𝑚𝑊𝑖]𝑗𝑘= 0 ∇[𝑚𝑊𝑖∗]𝑗∗𝑘∗ = 0  

ℛ𝑖∗𝑗ℓ∗𝑘 = 𝑔ℓ∗𝑗𝑔𝑘𝑖∗ + 𝑔ℓ∗𝑘𝑔𝑗𝑖∗ − 𝑒
2𝒦𝑊𝑖∗ℓ∗𝑠∗𝑊𝑡𝑘𝑗𝑔

𝑠∗𝑡

 

𝐶𝑖𝑗𝑘 = 𝑊𝑖𝑗𝑘𝑒
𝒦  ;  𝐶𝑖⋆𝑗⋆𝑘⋆ = 𝑊𝑖⋆𝑗⋆𝑘⋆𝑒

𝒦  

Ω = (
𝑋Λ

𝐹Σ
)  Λ, Σ = 0,1, … , 𝑛  

(
𝑋

𝐹
)
𝑖
= 𝑒𝑓𝑖𝑗𝑀𝑖𝑗 (

𝑋

𝐹
)
𝑗

 

𝑒𝑓𝑖𝑗+𝑓𝑗𝑘+𝑓𝑘𝑖= 1  
𝑀𝑖𝑗𝑀𝑗𝑘𝑀𝑘𝑖 = 1

 

𝑖⟨Ω ∣ Ω‾ ⟩ ≡ −𝑖Ω𝑇 (
0 𝟙
−𝟙 0

)Ω‾  

𝐾 =
𝑖

2𝜋
𝜕𝜕‾log (i⟨Ω ∣ Ω‾ ⟩)  

𝒦 = −log (i⟨Ω ∣ Ω‾ ⟩) = −log [i(𝑋‾Λ𝐹Λ − 𝐹‾Σ𝑋
Σ)]  

𝑉 = (
𝐿Λ

𝑀Σ
) ≡ 𝑒𝒦/2Ω = 𝑒𝒦/2 (

𝑋Λ

𝐹Σ
)  

1 = i⟨𝑉 ∣ 𝑉‾ ⟩ = i(𝐿‾Λ𝑀Λ −𝑀‾Σ𝐿
Σ)  

∇𝑖⋆𝑉 = (𝜕𝑖⋆ −
1

2
𝜕𝑖⋆𝒦)𝑉 = 0  

𝑈𝑖 = ∇𝑖𝑉 = (𝜕𝑖 +
1

2
𝜕𝑖𝒦)𝑉 ≡ (

𝑓𝑖
Λ

ℎΣ∣𝑖
)  

∇𝑖𝑈𝑗 = i𝐶𝑖𝑗𝑘𝑔
𝑘ℓ⋆𝑈‾ℓ⋆  
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𝒯ℳ
3
⊗ℒ2 

∇𝑖𝑉 = 𝑈𝑖

∇𝑖𝑈𝑗 = i𝐶𝑖𝑗𝑘𝑔
𝑘ℓ⋆𝑈ℓ⋆

∇𝑖⋆𝑈𝑗 = 𝑔𝑖⋆𝑉

∇𝑖⋆𝑉 = 0

 

𝑀‾Λ = 𝒩ΛΣ𝐿‾
Σ ;  ℎΣ∣𝑖 = 𝒩ΛΣ𝑓𝑖

Σ  

𝑓𝐼
Λ = (

𝑓𝑖
Λ

𝐿‾Λ
) ; ℎΛ∣𝐼 = (

ℎΛ∣𝑖
𝑀‾Λ

)  

𝒩ΛΣ = ℎΛ∣𝐼 ∘ (𝑓
−1)Σ

𝐼  

Im𝒩ΛΣ𝐿
Λ𝐿‾Σ  = −

1

2
⟨𝑉, 𝑈𝑖⟩  = ⟨𝑉, 𝑈𝑖⋆⟩ = 0

𝑈ΛΣ ≡ 𝑓𝑖
Λ𝑓𝑗⋆

Σ𝑔𝑖𝑗
⋆
 = −

1

2
(Im𝒩)−1∣ΛΣ − 𝐿‾Λ𝐿Σ

𝑔𝑖𝑗⋆  = −i⟨𝑈𝑖 ∣ 𝑈‾𝑗⋆⟩ = −2𝑓𝑖
ΛIm𝒩ΛΣ𝑓𝑗⋆

Σ;

𝐶𝑖𝑗𝑘  = ⟨∇𝑖𝑈𝑗 ∣ 𝑈𝑘⟩ = 𝑓𝑖
Λ𝜕𝑗𝒩ΛΣ𝑓𝑘

Σ = (𝒩 −𝒩)ΛΣ𝑓𝑖
Λ𝜕𝑗𝑓𝑘

Σ
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𝒦 → 𝒦 + 𝑓(𝑧) + 𝑓‾(𝑧‾) 

𝑋Λ → 𝑋Λ𝑒−𝑓 

𝑒𝑖
𝐼(𝑧) = 𝜕𝑖 (

𝑋𝐼

𝑋0
) ;  𝑎 = 1,… , 𝑛  

0 = ⟨𝑉 ∣ 𝑈𝑖⟩ = 𝑋
Λ𝜕𝑖𝐹Λ − 𝜕𝑖𝑋

Λ𝐹Λ  

𝑋Σ𝜕Σ𝐹Λ(𝑥) = 𝐹Λ(𝑋)  

𝐹Λ(𝑋) =
𝜕

𝜕𝑋Λ
𝐹(𝑋)  

𝑡𝐼 ≡
𝑋𝐼

𝑋0
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ℱ(𝑡) ≡ (𝑋0)−2𝐹(𝑋)  

𝒦(𝑡, 𝑡‾) = −log i[2(ℱ − ℱ) − (𝜕𝐼ℱ + 𝜕𝐼⋆ℱ)(𝑡
𝐼 − 𝑡‾𝐼

⋆
)]  

𝑊𝐼𝐽𝐾 = 𝜕𝐼𝜕𝐽𝜕𝐾ℱ(𝑡)  

𝑒𝑖
𝐼(𝑧) = 𝜕𝑖 (

𝑋𝐼

𝑋0
) = 𝐴 + 𝐵𝒩

𝜕2𝐹

𝜕𝑋𝐼𝜕𝑋𝐽
 

ΦΛ(𝑋) ≡
1

√2
(𝐿0
Λ + i𝐿1

Λ) ;  (Λ = 0,1, 𝑎 𝑎 = 2,… , 𝑛 + 1)  

𝜂ΛΣ = diag(+,+,−,… ,−) 

𝐿Λ 0𝐿
Σ 0𝜂ΛΣ = 1 ; 𝐿

Λ 0𝐿
Σ 1𝜂ΛΣ = 0 ; 𝐿

Λ 1𝐿
Σ 1𝜂ΛΣ = 1  

Φ‾ ΛΦΣ𝜂ΛΣ = 1 ; Φ
Σ𝜂ΛΣ = 0  

ΦΛ =
𝑋Λ

√𝑋‾Λ𝑋Σ𝜂ΛΣ
 

𝑋Λ𝑋Σ𝜂ΛΣ = 0  

𝑋Λ(𝑦) ≡ (

1/2(1 + 𝑦2)

i/2(1 − 𝑦2)

𝑦𝑎
)  

Ω(𝑦, 𝑆) = (
𝑋Λ

𝐹Λ
) = (

𝑋Λ(𝑦)

𝒮𝜂ΛΣ𝑋
Σ(𝑦)

)  

𝒦 = 𝒦1(𝑆) +𝒦2(𝑦) = −log [i(𝑆‾ − 𝑆)] − log 𝑋
𝑇𝜂𝑋  

𝑔𝑖𝑗⋆ = (
𝑔𝑆𝑆‾ 𝟎
𝟎 𝑔𝑎𝑏‾

) {
𝑔𝑆𝑆‾ = 𝜕𝑆𝜕𝑆‾𝒦1 =

−1

(𝑆‾ − 𝑆)2

𝑔𝑎𝑏‾(𝑦) = 𝜕𝑎𝜕𝑏‾𝒦2

 

𝐶𝑆𝑎𝑏 = −exp [𝒦]𝛿𝑎𝑏 ,  

𝒩ΛΣ = (𝑆 − 𝑆‾)
𝑋Λ𝑋‾Σ + 𝑋‾Λ𝑋Σ

𝑋‾𝑇𝜂𝑋
+ 𝑆‾𝜂ΛΣ  

ΦΛΦ‾ Σ +ΦΣΦ‾ Λ =
1

2
𝐿Γ
Λ𝐿Δ
Σ (𝛿ΓΔ + 𝜂ΓΔ)  

𝑋1 =
1

2
(1 + 𝑦2)= −

1

2
(1 − 𝜂𝑖𝑗𝑡

𝑖𝑡𝑗)  

𝑋2 = 𝑖
1

2
(1 − 𝑦2)= 𝑡2  

𝑋𝑎 = 𝑦𝑎= 𝑡2+𝑎  𝑎 = 1,… , 𝑛 − 1 

𝑋𝑎=𝑛 = 𝑦𝑛 =
1

2
(1 + 𝜂𝑖𝑗𝑡

𝑖𝑡𝑗)
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𝜂𝑖𝑗 = diag(+,−,… ,−)𝑖, 𝑗 = 2,… , 𝑛 + 1  

𝒞 (
𝑋Λ

𝑆𝜂ΛΣ𝑋
Λ) = exp [𝜑(𝑡)]

(

 
 
 
 
 
 

1
𝑆
𝑡𝑖

2ℱ − 𝑡𝑖
𝜕

𝜕𝑡𝑖
ℱ − 𝑆

𝜕

𝑆
ℱ

𝑆
𝜕

𝑆
ℱ

𝜕

𝜕𝑡𝑖
ℱ )

 
 
 
 
 
 

 

ℱ(𝑆, 𝑡)=
1

2
𝑆𝜂𝑖𝑗𝑡

𝑖𝑡𝑗 =
1

2
𝑑𝐼𝐽𝐾𝑡

𝐼𝑡𝐽𝑡𝐾 

𝑡1= 𝑆  

𝑑𝐼𝐽𝐾 = {
𝑑1𝑗𝑘 = 𝜂𝑖𝑗
0  otherwise 

 

𝑊𝐼𝐽𝐾 = 𝑑𝐼𝐽𝐾 =
𝜕3ℱ(𝑆, 𝑡𝑖)

𝜕𝑡𝐼𝜕𝑡𝐽𝜕𝑡𝐾
 

𝐹(𝑋) =
1

3!

𝑑𝐼𝐽𝐾𝑋
𝐼𝑋𝐽𝑋𝐾

𝑋0
 

𝒞 =

(

 
 
 
 
 

1 0 −1 0 0 0
0 0 0 1 0 1
0 −1 0 0 0 0

0 0 0
1

2
0 −

1

2

−
1

2
0 −

1

2
0 0 0

0 0 0 0 −1 0 )

 
 
 
 
 

 

ℒungauged 

SUGRA|dark particle 
=√−𝑔[𝑅[𝑔] + 𝑔𝑖𝑗⋆(𝑧, 𝑧‾)𝜕

𝜇𝑧𝑖𝜕𝜇𝑧‾
𝑗⋆

+i(𝒩ΛΣℱ𝜇𝜈
−Λℱ−Σ∣𝜇𝜈 −𝒩ΛΣℱ𝜇𝜈

+Λℱ+Σ∣𝜇𝜈)]
 

𝛾5𝜓𝐴𝜇 = 𝜓𝐴𝜇  

𝛾5𝜓𝜇
𝐴 = −𝜓𝜇

𝐴  

𝛾5𝜆
𝑖𝐴 = 𝜆𝑖𝐴  

𝜆𝐴
𝑖⋆ = −𝛾5𝜆𝐴

𝑖⋆  

𝛿Ψ𝐴𝜇  = 𝒟𝜇𝜖𝐴 + 𝜖𝐴𝐵𝑇𝜇𝜈
− 𝛾𝜈𝜖𝐵

𝛿𝜆𝑖𝐴  = i∇𝜇𝑧
𝑖𝛾𝜇𝜖𝐴 + 𝐺𝜇𝜈

−𝑖𝛾𝜇𝜈𝜖𝐵𝜖
𝐴𝐵  

𝛾5𝜖𝐴 = 𝜖𝐴 ;  𝛾5𝜖
𝐴 = −𝜖𝐴  
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𝑇𝜇𝜈
−  = 2i(Im𝒩)ΛΣ𝐿

Σ𝐹𝜇𝜈
Λ−

𝑇𝜇𝜈
+  = 2i(Im𝒩)ΛΣ𝐿‾

Σ𝐹𝜇𝜈
Λ+

𝐺𝜇𝜈
𝑖−  = −𝑔𝑖𝑗

⋆
𝑓‾𝑗⋆
Γ(Im𝒩)ΓΛ𝐹𝜇𝜈

Λ−

𝐺𝜇𝜈
𝑖⋆+  = −𝑔𝑖

⋆𝑗𝑓𝑗
Γ(Im𝒩)ΓΛ𝐹𝜇𝜈

Λ+

 

𝐸−= i
𝑒2𝑈(𝑟)

𝑟3
𝑑𝑡 ∧ 𝑥 ⋅ 𝑑𝑥 +

1

2

𝑥𝑎

𝑟3
𝑑𝑥𝑏 ∧ 𝑑𝑥𝑐𝜖𝑎𝑏𝑐 

2𝜋 = ∫  
𝑆∞
2
 𝐸−

 

𝐸𝜇𝜈
− 𝛾𝜇𝜈 = 2i

𝑒2𝑈(𝑟)

𝑟3
𝛾𝑎𝑥

𝑎𝛾0
1

2
[𝟏 + 𝛾5]  

𝑡Λ(𝑟) = 2𝜋(𝑝Λ + iℓΛ(𝑟))  

𝐹−∣Λ =
𝑡Λ

4𝜋
𝐸−  

𝐹Λ  = 2Re𝐹−∣Λ =
𝑝Λ

2𝑟3
𝜖𝑎𝑏𝑐𝑥

𝑎𝑑𝑥𝑏 ∧ 𝑑𝑥𝑐 −
ℓΛ(𝑟)

𝑟3
𝑒2𝒰𝑑𝑡 ∧ 𝑥 ⋅ 𝑑𝑥 

𝐹̃Λ  = −2Im𝐹−∣Λ = −
ℓΛ(𝑟)

2𝑟3
𝜖𝑎𝑏𝑐𝑥

𝑎𝑑𝑥𝑏 ∧ 𝑑𝑥𝑐 −
𝑝Λ

𝑟3
𝑒2𝒰𝑑𝑡 ∧ 𝑥 ⋅ 𝑑𝑥 

 

𝑞Λ  ≡
1

4𝜋
∫  
𝑆∞
2
 𝐺Λ∣𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈

𝑝Σ  ≡
1

4𝜋
∫  
𝑆∞
2
 𝐹𝜇𝜈
Σ 𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈

 

4𝜋ℓΛ(𝑟) = −∫  
𝑆𝑟
2
  𝐹̃Λ = 2Im𝑡Λ  

0 = 𝒟𝜇𝜉𝐴 + 𝜖𝐴𝐵𝑇𝜇𝜈
− 𝛾𝜈𝜉𝐵

0 = i∇𝜇𝑧
𝑖𝛾𝜇𝜉𝐴 + 𝐺𝜇𝜈

−𝑖𝛾𝜇𝜈𝜉𝐵𝜖
𝐴𝐵  

𝜉𝐴(𝑟)= 𝑒
𝑓(𝑟)𝜒𝐴 𝜒𝐴 = 𝔊 

𝛾0𝜒𝐴 = ±i𝜖𝐴𝐵𝜒
𝐵  

𝑑𝑧𝑖

𝑑𝑟
=∓(

𝑒𝑈(𝑟)

4𝜋𝑟2
)𝑔𝑖𝑗

⋆
𝑓‾𝑗⋆
Λ(𝒩 −𝒩)ΛΣ𝑡

Σ =  

 ∓(
𝑒𝑈(𝑟)

4𝜋𝑟2
)𝑔𝑖𝑗

⋆
∇𝑗⋆𝑍‾(𝑧, 𝑧‾, 𝑝, 𝑞)

𝑑𝑈

𝑑𝑟
= ∓(

𝑒𝑈(𝑟)

𝑟2
) (𝑀Σ𝑝

Σ − 𝐿Λ𝑞Λ) = ∓(
𝑒𝑈(𝑟)

𝑟2
)𝑍(𝑧, 𝑧‾, 𝑝, 𝑞)

 

𝑉 = (𝐿Λ(𝑧, 𝑧‾),𝑀Σ(𝑧, 𝑧‾)) 

𝑍(𝑧, 𝑧‾, 𝑝, 𝑞) ≡ (𝑀Σ𝑝
Σ − 𝐿Λ𝑞Λ)  
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𝑍𝑖(𝑧, 𝑧‾, 𝑝, 𝑞) ≡ 𝑔𝑖𝑗
⋆
∇𝑗⋆𝑍‾(𝑧, 𝑧‾, 𝑝, 𝑞)  

0 = ℎ‾𝑗⋆∣𝑡⋆𝑡
⋆Σ − 𝑓‾𝑗⋆

Λ𝒩ΛΣ𝑡
⋆Σ

0 = 𝑀Σ𝑡
⋆Σ − 𝐿Λ𝒩ΛΣ𝑡

⋆Σ
 

𝑞Λ =
1

2𝜋
Re(𝒩(𝑧(𝑟), 𝑧‾(𝑟))𝑡(𝑟))Λ  

𝜕𝑎(√−𝑔𝐺̃
𝑎0∣Λ(𝑟)) = 0 ⇒ 𝜕𝑟Re(𝒩(𝑧(𝑟), 𝑧‾(𝑟))𝑡(𝑟))

Λ = 0  

0 = −𝑔𝑖𝑗
⋆
𝑓‾𝑗⋆
Γ(Im𝒩)ΓΛ𝑡

Λ(0)

𝑑𝑈

𝑑𝑟
 ≅ ∓(

𝑒𝑈(𝑟)

𝑟2
)𝑍(𝑧𝑓𝑖𝑥 , 𝑧‾𝑓𝑖𝑥 , 𝑝, 𝑞)

 

0 = −
1

2

𝑡Λ

4𝜋
−
𝑍𝑓𝑖𝑥𝐿‾𝑓𝑖𝑥

Λ

8𝜋
 

𝑝Λ  = i(𝑍𝑓𝑖𝑥𝐿‾𝑓𝑖𝑥
Λ − 𝑍‾𝑓𝑖𝑥𝐿𝑓𝑖𝑥

Λ )

𝑞Σ  = i(𝑍𝑓𝑖𝑥𝑀‾Σ
𝑓𝑖𝑥
− 𝑍‾𝑓𝑖𝑥𝑀Σ

𝑓𝑖𝑥
)

𝑍𝑓𝑖𝑥  = 𝑀Σ
𝑓𝑖𝑥
𝑝Σ − 𝐿𝑓𝑖𝑥

Λ 𝑞Λ

 

𝐿𝑓𝑖𝑥
Λ = 𝐿Λ(𝑝, 𝑞) ⟶ 𝑍𝑓𝑖𝑥 = 𝑍(𝑝, 𝑞) = 𝔊  

±
𝑑𝑈

𝑑𝑟
=
𝑍(𝑝, 𝑞)

𝑟2
𝑒𝑈(𝑟)  

exp [𝑈(𝑟)] →
𝑟→0 

ℜ+
𝑍(𝑝, 𝑞)

𝑟
 

𝑚𝐵𝑅
2 = |𝑍(𝑝, 𝑞)|2  

 Area 𝐻 = ∫  
𝑟=0

 √𝑔𝜃𝜃𝑔𝜙𝜙𝑑𝜃𝑑𝜙 = 4𝜋𝑚𝐵𝑅
2

 

Area𝐻
4𝜋

= |𝑍(𝑝, 𝑞)|2  

Area𝐻(𝑧, 𝑧‾)= 4𝜋|𝑍(𝑧, 𝑧‾, 𝑝, 𝑞)|
2 

𝛿Area𝐻
𝛿𝑧

 = 0 ⟶ 𝑧 = 𝑧𝑓𝑖𝑥
 

𝕃𝑆𝑝(𝜙) = (
𝐴 𝐵
𝐶 𝐷

)  

𝕃𝑈𝑠𝑝 =
1

√2
(
𝑓 + iℎ 𝑓‾ + iℎ‾

𝑓 − iℎ 𝑓‾ − iℎ‾
) = 𝒞𝕃𝑆𝑝𝒞

−1  
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𝑓=
1

√2
(𝐴 − i𝐵)  

ℎ =
1

√2
(𝐶 − i𝐷)

 

〈
i(𝑓†ℎ − ℎ†𝑓)  = 𝟙

(𝑓𝑡ℎ − ℎ𝑡𝑓)  = 0
〉 

𝐻= 𝐻𝐴𝑢𝑡⊗𝐻matter  

𝐻𝐴𝑢𝑡 = 𝑆𝑈(𝑁)⊗ 𝑈(1)
 

𝑓= (𝑓𝐴𝐵
Λ , 𝑓𝐼

Λ)  

ℎ = (ℎΛ𝐴𝐵 , ℎΛ𝐼)
 

(𝑓𝐴𝐵
Λ )

∗
= 𝑓Λ𝐴𝐵   

𝒩 = ℎ𝑓−1,𝒩 = 𝒩𝑡  

(𝑓𝑡)−1 = i(𝒩 −𝒩)𝑓‾  

𝑓𝐴𝐵Λ  ≡ (𝑓
−1)𝐴𝐵Λ = i(𝒩 −𝒩)ΛΣ𝑓‾𝐴𝐵

Σ

𝑓𝐼Λ  ≡ (𝑓
−1)𝐼Λ = i(𝒩 −𝒩)ΛΣ𝑓‾𝐼

Σ
 

𝛾5𝜒𝐴𝐵𝐶= 𝜒𝐴𝐵𝐶  

𝛾5𝜒
𝐴𝐵𝐶  = −𝜒𝐴𝐵𝐶

 

𝛿𝜓𝐴𝜇  = ∇𝜇𝜖𝐴 −
1

4
𝑇𝐴𝐵∣𝜌𝜎
(−)

𝛾𝜌𝜎𝛾𝜇𝜖
𝐵 = 0

𝛿𝜒𝐴𝐵𝐶  = 4i𝑃𝐴𝐵𝐶𝐷∣𝑖𝜕𝜇Φ
𝑖𝛾𝜇𝜖𝐷 − 3𝑇[𝐴𝐵∣𝜌𝜎

(−)
𝛾𝜌𝜎𝜖𝐶] = 0

 

𝛿𝜆𝐴
𝐼 = 𝑎𝑃𝐴𝐵,𝑖

𝐼 𝜕𝑎𝜙
𝑖𝛾𝑎𝜖𝐵 + 𝑏𝑇𝑎𝑏

−𝐼𝛾𝑎𝑏𝜖𝐴  

𝑇𝐴𝐵
− = i(𝑓‾−1)

𝐴𝐵Λ
𝐹−Λ = 𝑓𝐴𝐵

Λ (𝒩 −𝒩)ΛΣ𝐹
−Σ = ℎΛ𝐴𝐵𝐹

−Λ − 𝑓𝐴𝐵
Λ 𝒢Λ

− 

𝑇𝐼
−= i(𝑓‾−1)

𝐼Λ
𝐹−Λ = 𝑓𝐼

Λ(𝒩 −𝒩)ΛΣ𝐹
−Σ = ℎΛ𝐼𝐹

−Λ − 𝑓𝐼
Λ𝒢Λ

−  

𝑇‾+𝐴𝐵= (𝑇𝐴𝐵
− )∗  

𝑇‾+𝐼 = (𝑇𝐼
−)∗

 

𝑇𝐴𝐵 = 𝑇𝐴𝐵
+ + 𝑇𝐴𝐵

−  

𝑇𝐼 = 𝑇𝐼
+ + 𝑇𝐼

− 

𝑇𝐴𝐵
+  = ℎΛ𝐴𝐵𝐹

+Λ − 𝑓𝐴𝐵
Λ 𝒢Λ

+ = 0

𝑇𝐼
+  = ℎΛ𝐼𝐹

+Λ − 𝑓𝐼
Λ𝒢Λ

+ = 0
 

𝑍𝐴𝐵  = ∫  
𝑆2
 𝑇𝐴𝐵 = ∫  

𝑆2
  (𝑇𝐴𝐵

+ + 𝑇𝐴𝐵
− ) = ∫  

𝑆2
 𝑇𝐴𝐵
− = ℎΛ𝐴𝐵(𝑟)𝑝

Λ − 𝑓𝐴𝐵
Λ (𝑟)𝑞Λ

𝑍𝐼  = ∫  
𝑆2
 𝑇𝐼 = ∫  

𝑆2
  (𝑇𝐼

+ + 𝑇𝐼
−) = ∫  

𝑆2
 𝑇𝐼
− = ℎΛ𝐼(𝑟)𝑝

Λ − 𝑓𝐼
Λ(𝑟)𝑞Λ (𝑁 ≤ 4)
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𝑞Λ = ∫  
𝑆2
 𝒢Λ, 𝑝

Λ = ∫  
𝑆2
 𝐹Λ  

𝑑Γ + Γ ∧ Γ = 0  

Γ ≡ 𝕃𝑈𝑠𝑝
−1 𝑑𝕃𝑈𝑠𝑝 = (

i(𝑓†𝑑ℎ − ℎ†𝑑𝑓) i(𝑓†𝑑ℎ‾ − ℎ†𝑑𝑓‾)

−i(𝑓𝑡𝑑ℎ − ℎ𝑡𝑑𝑓) −i(𝑓𝑡𝑑ℎ‾ − ℎ𝑡𝑑𝑓‾)
) ≡ (Ω

(𝐻) 𝒫
𝒫 Ω‾

)  

∇𝑉 = 𝑑𝑉 − 𝑉𝜔,𝜔 = (
𝜔𝐶𝐷
𝐴𝐵 0

0 𝜔𝐽
𝐼)  

∇(𝜔)(𝑓 + iℎ) = (𝑓‾ + iℎ‾)𝒫

∇(𝜔)(𝑓 − iℎ) = (𝑓‾ − iℎ‾)𝒫
 

∇(𝜔)𝑓𝐴𝐵
Λ = 𝑓‾𝐼

Λ𝑃𝐴𝐵
𝐼 +

1

2
𝑓‾Λ𝐶𝐷𝑃𝐴𝐵𝐶𝐷 

∇(𝜔)𝑓𝐼
Λ =

1

2
𝑓‾Λ𝐴𝐵𝑃𝐴𝐵𝐼 + 𝑓‾

Λ𝐽𝑃𝐽𝐼

 

𝒫 = (
𝑃𝐴𝐵𝐶𝐷 𝑃𝐴𝐵𝐽
𝑃𝐼𝐶𝐷 𝑃𝐼𝐽

)  

𝐻Aut × 𝐻matter  

(𝑓𝐴𝐵
Λ , 𝑓𝐼

Λ)
⋆
= (𝑓‾Λ𝐴𝐵, 𝑓‾Λ𝐼) 

∇(𝜔)𝑍𝐴𝐵= 𝑍‾𝐼𝑃𝐴𝐵
𝐼 +

1

2
𝑍‾𝐶𝐷𝑃𝐴𝐵𝐶𝐷 

∇(𝜔)𝑍𝐼  =
1

2
𝑍‾𝐴𝐵𝑃𝐴𝐵𝐼 + 𝑍‾𝐽𝑃𝐼

𝐽
 

𝐺/𝐻 = 𝑆𝑈(3, 𝑛)/𝑆𝑈(3) × 𝑆𝑈(𝑛) × 𝑈(1) [36

6
] 

𝑃𝐴𝐵𝐶𝐷 = 𝑃𝐼𝐽 = 0 

𝑁 = 4, 𝐺/𝐻 = 𝑆𝑈(1,1)/𝑈(1)⊗ 𝑂(6, 𝑛)/𝑂(6) × 𝑂(𝑛)[37] 

𝑃𝐴𝐵𝐶𝐷 = 𝜖𝐴𝐵𝐶𝐷𝑃, 𝑃𝐼𝐽 = 𝑃‾𝛿𝐼𝐽 

𝑆𝑈(1, 1)

𝑈(1)
𝑂(6, 𝑛)/𝑂(6) × 𝑂(𝑛) 

1

2
𝑍𝐴𝐵𝑍‾

𝐴𝐵 + 𝑍𝐼𝑍‾
𝐼 = −

1

2
𝑄𝑡ℳ(𝒩)𝑄  

ℳ = (
𝟙 −Re𝒩
0 𝟙

)(
Im𝒩 0
0 Im𝒩−1) (

𝟙 0
−Re𝒩 𝟙

)

𝑄 = (
𝑝Λ

𝑞Λ
)
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𝑓𝑓†  = −i(𝒩 −𝒩)−1

ℎℎ†  = −i (𝒩
−1
−𝒩−1)

−1

≡ −i𝒩(𝒩 −𝒩)−1𝒩

ℎ𝑓†  = 𝒩𝑓𝑓†

𝑓ℎ†  = 𝑓𝑓†𝒩

 

|𝑍|2 + |𝑍𝑖|
2 ≡ |𝑍|2 + 𝑍𝑖𝑔

𝑖𝚥‾𝑍‾𝚥‾ = −
1

2
𝑄𝑡ℳ𝑄  

𝑉(𝜙, 𝑄) = −
1

2
𝑄𝑡ℳ(𝒩)𝑄  

𝑆𝑒𝑓𝑓≡ ∫  ℒ𝑒𝑓𝑓(𝜏)𝑑𝜏 ;  𝜏 = −
1

𝑟
 

ℒ𝑒𝑓𝑓(𝜏) = (
𝑑𝑈

𝑑𝜏
)
2

+ 𝑔𝐼𝐽
𝑑𝜙𝐼

𝑑𝜏

𝑑𝜙𝐽

𝑑𝜏
+ 𝑒2𝑈𝑉(𝜙, 𝑄)

 

(
𝑑𝑈

𝑑𝜏
)
2

𝑔𝐼𝐽
𝑑𝜙𝐼

𝑑𝜏

𝑑𝜙𝐽

𝑑𝜏
− 𝑒2𝑈𝑉(𝜙, 𝑄) ≅ 0  

𝜙𝐼 = ℜ = 𝜙∞
𝐼  

(
𝑑𝑈

𝑑𝜏
)
2

= 𝑒2𝑈𝑉(𝜙, 𝑄)  

𝑒2𝑈(𝜏) →
𝜏→∞ 1

𝑚𝐵𝑅
2

1

𝜏2
=

4𝜋

Area𝐻

1

𝜏2
 

𝑉(𝜙𝐻 , 𝑄) =
 Area 𝐻

4𝜋
 

lim
𝜏→∞

 𝑔𝐼𝐽
𝑑𝜙𝐼

𝑑𝜏

𝑑𝜙𝐽

𝑑𝜏
𝑒2𝑈𝜏4 < ∞  

𝑔𝐼𝐽
𝑑𝜙𝐼

𝑑𝜏

𝑑𝜙𝐽

𝑑𝜏

4𝜋

 Area 𝐻
𝜏2 →

𝜏→∞ 
𝑋2 = 𝔈𝔐  

𝜏
𝑑𝜙𝐼

𝑑𝜏
→
𝜏→∞ 

ℰ →  𝜙𝐼 ∼ ℳ × log 𝜏  

𝜕𝑉

𝜕𝜙𝐼
|
𝐻

= 0  

𝐷2

𝑑𝜏2
𝜙𝐼 =

1

2
𝑒2𝑈

𝜕𝑉

𝜕𝜙𝐼
𝑔𝐼𝐽  

𝑑2

𝑑𝜏2
𝜙𝐼 ≅

1

2

𝜕𝑉

𝜕𝜙𝐼
𝑔𝐼𝐽

4𝜋

Area𝐻

1

𝜏2
 

𝜙𝐼 ∼
2𝜋

Area𝐻

𝜕𝑉

𝜕𝜙𝐼
𝑔𝐼𝐽log 𝜏 + 𝜙𝐻

𝐼  
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0=
𝑑

𝑑𝑧𝑖
(𝑍𝑍‾ + 𝑔𝑖𝑗

⋆
𝑍𝑖𝑍‾𝑗⋆)  

= ∇𝑖𝑍𝑍‾ + ∇𝑖𝑍𝑗𝑍‾𝑗⋆𝑔
𝑗𝑘⋆ + 𝑍𝑗∇𝑖𝑍‾𝑘⋆𝑔

𝑗𝑘⋆  

 = ∇𝑖𝑍𝑍‾ + i𝐶𝑖𝑗𝑚𝑍‾ℓ⋆𝑍‾𝑘⋆𝑔
ℓ⋆𝑚𝑔𝑗𝑘

⋆
+ 𝑍𝑗𝑍𝛿𝑗

𝑖(4.3.15)

 

𝑍𝑖 = ∇𝑖𝑍  

𝑍𝑖 = ∇𝑖𝑍 = 0 ⟶ 𝜕𝑖|𝑍|
2 = 0  

𝑉𝑆𝑈𝑆𝑌(𝜙, 𝑄⃗ ) =
1

2
𝑍𝐴𝐵𝑍‾

𝐴𝐵 + 𝑍𝐼𝑍‾
𝐼  

0 = 𝑑𝑉𝑆𝑈𝑆𝑌(𝜙, 𝑄⃗ )

 =
1

2
∇𝑍𝐴𝐵𝑍‾

𝐴𝐵 +
1

2
𝑍𝐴𝐵∇𝑍‾

𝐴𝐵 + ∇𝑍𝐼𝑍‾
𝐼 + 𝑍𝐼∇𝑍‾

𝐼
 

0 =[
1

2
(𝑍‾𝐼𝑃𝐼∣𝐴𝐵 +

1

2
𝑍‾𝐶𝐷𝑃𝐴𝐵𝐶𝐷)𝑍‾

𝐴𝐵 +  c.c ]

 + [
1

2
(𝑍‾𝐴𝐵𝑃𝐴𝐵∣𝐼 + 𝑍‾

𝐽𝑃𝐽∣𝐼)𝑍‾
𝐽 +  c.c ]

 

𝑍𝐼
𝑓𝑖𝑥
 = 0

𝑍[𝐴𝐵
𝑓𝑖𝑥
𝑍𝐶𝐷]
𝑓𝑖𝑥
 = 0

 

𝑍1
𝑓𝑖𝑥
≡ 𝑍12

𝑓𝑖𝑥
, 𝑍2
𝑓𝑖𝑥
≡ 𝑍34

𝑓𝑖𝑥
, … , 𝑍𝑁/2

𝑓𝑖𝑥
≡ 𝑍𝑁−1𝑁

𝑓𝑖𝑥
 

Area𝐻
4𝜋

=∑  

𝑝

𝑖=1

  |𝑍𝑖
𝑓𝑖𝑥
|
2

 

Area𝐻
4𝜋

= |𝑍1
𝑓𝑖𝑥
|
2
> 0  

Area𝐻
4𝜋

= 𝑆(𝑝, 𝑞)  

𝑉(𝜙, 𝑄⃗ )≡
1

2
𝑍‾𝐴𝐵(𝜙)𝑍𝐴𝐵(𝜙)  

 =
1

2
𝑄⃗ 𝑇[𝕃𝑆𝑝

−1(𝜙)]
𝑇
𝕃𝑆𝑝
−1(𝜙)𝑄⃗ 

 

𝕃𝑆𝑝(𝒜𝜙)  = 𝐴𝕃𝑆𝑝(𝜙)𝑊𝐴(𝜙)

𝑊𝐴(𝜙) ∈ 𝐻 ⊂ 𝑈(𝑛‾) ⊂ 𝑆𝑝(2𝑛‾,ℝ)  ⟹ [𝑊𝐴(𝜙)]
𝑇𝑊𝐴(𝜙) = 𝟙

 

𝑈(𝑛‾) = 𝑆𝑂(2𝑛‾) ∩ 𝑆𝑝(2𝑛‾,ℝ) 

𝑉(𝒜𝜙, 𝐴𝑄⃗ )= 𝑄⃗ 𝑇𝐴𝑇[𝕃𝑆𝑝
−1(𝒜𝜙)]

𝑇
𝕃𝑆𝑝
−1(𝒜𝜙)𝐴𝑄⃗  

= 𝑄⃗ 𝑇𝐴𝑇[𝐴−1]𝑇[𝕃𝑆𝑝
−1(𝜙)]

𝑇
[𝑊𝐴

−1(𝜙)]𝑇𝑊𝐴
−1(𝜙)𝕃𝑆𝑝

−1(𝜙)𝐴−1𝐴𝑄⃗  

 = 𝑉(𝜙, 𝑄⃗ )
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𝜙𝑓𝑖𝑥 = 𝜙(𝑝, 𝑞) 

 Area 𝐻

4𝜋
≡ 𝑆(𝑝, 𝑞) = √𝑄Λ𝑄Σ𝑄Δ𝑄Γ𝑑ΛΣΔΓ  

𝑆2(𝑝, 𝑞) = 𝐼 =∑  

𝑖

 𝛼𝑖𝐼𝑖(𝑍(𝑝, 𝑞, 𝜙))  

𝜕

𝜕𝜙𝐼
𝐼 = 0  

𝐼1≡ (𝑍𝐴𝐵𝑍‾
𝐵𝐴)2  

𝐼2≡ 𝑍𝐴𝐵𝑍‾
𝐵𝐶𝑍𝐶𝐷𝑍‾

𝐷𝐴  

𝐼3 ≡
1

2
(
1

2! 4!
𝜖𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻𝑍𝐴𝐵𝑍𝐶𝐷𝑍𝐸𝐹𝑍𝐺𝐻 +  c.c )

 

𝐼1 = 4(∑ 

4

𝑖=1

  |𝑍𝑖|
2)

2

𝐼2 = 2∑ 

𝑖<𝑗

  |𝑍𝑖|
2|𝑍𝑗|

2

𝐼3 =
1

2
(∏ 

4

𝑖=1

 𝑍𝑖 +∏ 

4

𝑖=1

 𝑍‾𝑖)

 

𝑃1 = 𝑃1234 ;  𝑃2 = 𝑃1256 ;  𝑃3 = 𝑃1278  

∇𝑍1 = 𝑃1𝑍‾2 + 𝑃2𝑍‾3 + 𝑃3𝑍‾4
∇𝑍2 = 𝑃1𝑍‾1 + 𝑃3𝑍‾3 + 𝑃2𝑍‾4
∇𝑍3 = 𝑃2𝑍‾1 + 𝑃3𝑍‾2 + 𝑃1𝑍‾4
∇𝑍4 = 𝑃3𝑍‾1 + 𝑃2𝑍‾2 + 𝑃1𝑍‾3

 

𝑑 (∑ 

3

𝑖=1

 𝛼𝑖𝐼𝑖) = 0  

(
Area𝐻
4𝜋

)
2

=
1

4
𝐼1 − 𝐼2 + 8𝐼3

=∑ 

4

𝑖=1

  (|𝑍𝑖|
2)2 − 2∑  

𝑖<𝑗

  |𝑍𝑖|
2|𝑍𝑗|

2
+ 4(∏ 

4

𝑖=1

 𝑍𝑖 +∏ 

4

𝑖=1

 𝑍‾𝑖) 

=(𝜌1 + 𝜌2 + 𝜌3 + 𝜌4)(𝜌1 + 𝜌2 − 𝜌3 − 𝜌4)

× (𝜌1 − 𝜌2 + 𝜌3 − 𝜌4)(𝜌1 − 𝜌2 − 𝜌3 + 𝜌4)  

 +8𝜌1𝜌2𝜌3𝜌4(cos 𝜃 − 1)

 

𝑍𝑖 = 𝜌𝑖exp [i𝜃] ; 𝜌𝑖 ∈ ℝ  

dim𝐑
𝑆𝑈(8)

(𝑆𝑈(2))4
= 51  
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𝜌1 > 𝜌2 > 𝜌3 > 𝜌4 ≥ 0  Area 𝐻 > 0
1

8
BPS

𝜌1 = 𝜌2 > 𝜌3 = 𝜌4 ≥ 0  Area 𝐻 = 0
1

4
BPS

𝜌1 = 𝜌2 = 𝜌3 = 𝜌4 ≥ 0  Area 𝐻 = 0
1

2
BPS

 

𝜌1
∞ ≠ 𝜌2

∞ ≠ 𝜌3
∞ ≠ 𝜌4

∞ ;  𝜃∞  

𝜌1
𝐻 ≠ 0 ; 𝜌2

𝐻 = 𝜌3
𝐻 = 𝜌4

𝐻 = 0 ; 𝜃𝐻 = 0  

(𝜌1
𝐻)2 =(𝜌1

∞ + 𝜌2
∞ + 𝜌3

∞ + 𝜌4
∞)(𝜌1

∞ + 𝜌2
∞ − 𝜌3

∞ − 𝜌4
∞)

× (𝜌1
∞ − 𝜌2

∞ + 𝜌3
∞ − 𝜌4

∞)(𝜌1
∞ − 𝜌2

∞ − 𝜌3
∞ + 𝜌4

∞) 

 +8𝜌1
∞𝜌2

∞𝜌3
∞𝜌4

∞(cos 𝜃∞ − 1)

 

𝜇𝐼 ≡ 𝜙𝐼(∞)  

ℳscalar 

(𝑁=8)
=
𝐸7(7)

𝑆𝑈(8)
,  

𝑈𝐷
𝐻𝐷

=
𝐸𝑟+1(𝑟+1)

𝐻𝑟+1
 

 

ℳ = exp ( Solv )  
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𝒮𝒯[2,2]=
𝑆𝑈(1,1)

𝑈(1)
⊗

𝑆𝑂(2,2)

𝑆𝑂(2) × 𝑆𝑂(2)
 

∼
𝑆𝑈(1,1)

𝑈(1)
⊗
𝑆𝑈(1,1)

𝑈(1)
⊗
𝑆𝑈(1,1)

𝑈(1)
 

 ∼ (
𝑆𝐿(2,ℝ)

𝑆𝑂(2)
)
3

 

 

 

ℳ𝑇6/𝑍3
=

𝑆𝑈(3,3)

𝑆𝑈(3) × 𝑈(3)
= exp (𝑆𝑜𝑙𝑣) 

𝑆𝑜𝑙𝑣 = Solv𝑆𝑇𝑈⊕𝐗⊕𝐘⊕𝐙

 

𝑆𝑈(3,3) = [𝑆𝑈(3)1⊕𝑆𝑈(3)2⊕𝑈(1)] ⊕  Solv 

𝑆𝑜𝑙𝑣 = 𝐹1⊕𝐹2⊕𝐹3⊕𝐗⊕𝐘⊕𝐙

𝐹𝑖 = {h𝑖,  g𝑖} 𝑖 = 1,2,3

𝐗 = 𝐗+⊕𝐗−, 𝐘 = 𝐘+⊕𝐘−, 𝐙 = 𝐙+⊕𝐙−

[h𝑖,  g𝑖] = 2 g𝑖 𝑖 = 1,2,3

[𝐹𝑖, 𝐹𝑗] = 0 𝑖 ≠ 𝑗

[ h3, 𝐘
±] = ±𝐘±, [h3, 𝐗

±] = ±𝐗±

[h2, 𝐙
±] = ±𝐙±, [h2, 𝐗

±] = 𝐗±

[h1, 𝐙
±] = 𝐙±, [h1, 𝐘

±] = 𝐘±

[g1, 𝐗] = [g1, 𝐘] = [g1, 𝐙] = 0

[ g2, 𝐗] = [g2, 𝐘] = [g2, 𝐙
+] = 0, [ g2, 𝐙

−] = 𝐙+

[g3, 𝐘
+] = [g3, 𝐗

+] = [g3, 𝐙] = 0
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[g3, 𝐘
−]= 𝐘+; [g3, 𝐗

−] = 𝐗+  
[𝐹1, 𝐗]= [𝐹2, 𝐘] = [𝐹3, 𝐙] = 0 

[𝐗−, 𝐙−] = 𝐘−
 

h1 = 𝐻𝛼1 g1 = i𝐸𝛼1
 h2= 𝐻𝛼3 g2 = i𝐸𝛼3  

 h3= 𝐻𝛼5 g3 = i𝐸𝛼5  

𝐗+= (
𝐗1
+ = i(𝐸−𝛼4 + 𝐸𝛼3+𝛼4+𝛼5)

𝐗2
+ = 𝐸𝛼3+𝛼4+𝛼5 − 𝐸−𝛼4

)  

𝐗−= (
𝐗1
− = i(𝐸𝛼3+𝛼4 + 𝐸−(𝛼4+𝛼5))

𝐗2
− = 𝐸𝛼3+𝛼4 − 𝐸−(𝛼4+𝛼5)

)  

𝐘+= (
𝐘1
+ = i(𝐸𝛼1+𝛼2+𝛼3+𝛼4+𝛼5 + 𝐸−(𝛼2+𝛼3+𝛼4))

𝐘2
+ = 𝐸𝛼1+𝛼2+𝛼3+𝛼4+𝛼5 − 𝐸−(𝛼2+𝛼3+𝛼4)

) 

𝐘−= (
𝐘1
− = i(𝐸𝛼1+𝛼2+𝛼3+𝛼4 + 𝐸−(𝛼2+𝛼3+𝛼4+𝛼5))

𝐘2
− = 𝐸𝛼1+𝛼2+𝛼3+𝛼4 − 𝐸−(𝛼2+𝛼3+𝛼4+𝛼5)

) 

𝐙+= (
𝐙1
+ = i(𝐸𝛼1+𝛼2+𝛼3 + 𝐸−𝛼2)

𝐙2
+ = 𝐸𝛼1+𝛼2+𝛼3 − 𝐸−𝛼2

)  

𝐙− = (
𝐙1
− = i(𝐸𝛼1+𝛼2 + 𝐸−(𝛼2+𝛼3))

𝐙2
− = 𝐸𝛼1+𝛼2 − 𝐸−(𝛼2+𝛼3)

)

 

𝑔̃1=
1

2
(𝜆 +

1

2
(𝐻𝑐1 −𝐻𝑑1 +𝐻𝑐1+𝑐2 −𝐻𝑑1+𝑑2))  

𝑔̃2=
1

2
(𝜆 +

1

2
(𝐻𝑐1 −𝐻𝑑1 − 2(𝐻𝑐1+𝑐2 −𝐻𝑑1+𝑑2)))  

𝑔̃3 =
1

2
(𝜆 +

1

2
(−2(𝐻𝑐1 −𝐻𝑑1) + (𝐻𝑐1+𝑐2 −𝐻𝑑1+𝑑2)))

 

 

{𝐶(𝑛)}= {
𝐻𝑐1
2
,
𝐻𝑐1+𝑐2
2

,
𝐻𝑑1
2
,
𝐻𝑑1+𝑑2
2

, 𝜆} 

𝐶(𝑛) ⋅ |𝑣𝑥
Λ′⟩= 𝑣(𝑛)

Λ′ |𝑣𝑦
Λ′⟩  

𝐶(𝑛) ⋅ |𝑣𝑦
Λ′⟩ = −𝑣(𝑛)

Λ′ |𝑣𝑥
Λ′⟩
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𝑣 Λ
′
= 𝑣Λ

′
(
𝐻𝑐1
2
,
𝐻𝑐1+𝑐2
2

,
𝐻𝑑1
2
,
𝐻𝑑1+𝑑2
2

, 𝜆) 

𝑣0= {0,0,0,0,
3

2
}  

𝑣1= {
1

2
,
1

2
,−
1

2
,−
1

2
,−
1

2
}  

𝑣2= {0,
1

2
, 0, −

1

2
,
1

2
}  

𝑣3= {
1

2
, 0, −

1

2
, 0,
1

2
}  

𝑣4= {
1

2
, 0,0, −

1

2
,
1

2
}  

𝑣5= {0,
1

2
,−
1

2
, 0,
1

2
}  

𝑣6= {
1

2
, 0,
1

2
,
1

2
,
1

2
}  

𝑣7= {
1

2
,
1

2
,
1

2
, 0, −

1

2
}  

𝑣8= {0,
1

2
,
1

2
,
1

2
,
1

2
}  

𝑣9 = {
1

2
,
1

2
, 0,
1

2
,−
1

2
}

 

𝐻matter = 𝑆𝑈(3)1⊕𝑆𝑈(3)2 

|𝑣𝑥,𝑦
Λ ⟩[𝑆𝐿(2, ℝ)]3𝑆𝑝(8) 

|𝑣𝑥
1⟩= {0,0,0,0,

1

2
,−
1

2
,
1

2
,−
1

2
}  

|𝑣𝑥
2⟩= {0,0,0,0,

1

2
,
1

2
,
1

2
,
1

2
}  

|𝑣𝑥
3⟩= {−

1

2
,
1

2
,
1

2
,−
1

2
, 0,0,0,0} 

|𝑣𝑥
4⟩= {

1

2
,
1

2
,−
1

2
,−
1

2
, 0,0,0,0} 

|𝑣𝑦
1⟩= {

1

2
,−
1

2
,
1

2
,−
1

2
, 0,0,0,0} 

|𝑣𝑦
2⟩= {

1

2
,
1

2
,
1

2
,
1

2
, 0,0,0,0}  

|𝑣𝑦
3⟩= {0,0,0,0,−

1

2
,
1

2
,
1

2
,−
1

2
}  

|𝑣𝑦
4⟩ = {0,0,0,0,

1

2
,
1

2
,−
1

2
,−
1

2
}
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ℎ1 =
1

2

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 1)

 
 
 
 
 

 ; 𝑔1 =
1

2

(

 
 
 
 
 

0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0)

 
 
 
 
 

ℎ2 =
1

2

(

 
 
 
 
 

−1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1)

 
 
 
 
 

 ; 𝑔2 =
1

2

(

 
 
 
 
 

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1
0 0 0 0 0 0 −1 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 )

 
 
 
 
 

 

ℎ3 =
1

2

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 −1)

 
 
 
 
 

 ; 𝑔3 =
1

2

(

 
 
 
 
 

0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 )

 
 
 
 
 

 

Solv(𝒰/ℋ) = Solv(𝑆/ℋ𝑆) ⊕ Solv(𝑇/ℋ𝑇) ⊕𝒲  

ℳscalar = 𝐸𝑟+1(𝑟+1)/ℋ𝑟+1 

Solv(𝐸𝑟+1(𝑟+1)/ℋ𝑟+1) = 𝑂(1,1) ⊕ Solv (
𝑆𝑂(𝑟, 𝑟)

𝑆𝑂(𝑟) × 𝑆𝑂(𝑟)
)⊕𝒲𝑛𝑟+1  

𝒲𝑛𝑟+1 ≡ spin[𝑟, 𝑟] 

Solv (
𝐸7(7)

𝑆𝑈(8)
) = Solv (

𝑆𝐿(2, 𝑅)

𝑂(2)
)⊕ Solv (

𝑆𝑂(6,6)

𝑆𝑂(6) × 𝑆𝑂(6)
) ⊕𝒲32  

𝑆 ⊗ 𝑇 = 𝑂(1,1)⊗ 𝐺𝐿(𝑟)  

Solv(𝐸𝑟+1(𝑟+1)/ℋ𝑟+1) = 𝑂(1,1) ⊕ Solv (
𝐺𝐿(𝑟)

𝑆𝑂(𝑟)
)⊕ 𝒲̃𝑛𝑟+1  

Solv𝑟+1 ≡ Solv(𝐸𝑟+1(𝑟+1)/ℋ𝑟+1) = Solv(𝑆𝐿(2, 𝑅)/𝑂(2))⊕ Solv (
𝐺𝐿(𝑟)

𝑆𝑂(𝑟)
)⊕𝒲𝑛𝑟+1  
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(ℎ, 𝑓) = (ℎΛΣ∣𝐴𝐵, 𝑓𝐴𝐵
ΛΣ)  

 

𝑃𝐴𝐵𝐶𝐷 =
1

24
𝜖𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻𝑃‾

𝐸𝐹𝐺𝐻  

ℒ= ∫  √−𝑔𝑑4𝑥 (2𝑅 + Im𝒩ΛΣ∣ΓΔ𝐹𝜇𝜈
ΛΣ𝐹ΓΔ∣𝜇𝜈 +

1

6
𝑃𝐴𝐵𝐶𝐷,𝑖𝑃‾𝑗

𝐴𝐵𝐶𝐷𝜕𝜇Φ
𝑖𝜕𝜇Φ𝑗 

+
1

2
Re𝒩ΛΣ∣ΓΔ

𝜖𝜇𝜈𝜌𝜎

√−𝑔
𝐹𝜇𝜈
ΛΣ𝐹𝜌𝜎

ΓΔ)
 

𝑅𝑎𝑏 = 𝑑𝜔𝑎𝑏 −𝜔𝑐
𝑎 ∧ 𝜔𝑐𝑏  

𝒩 = ℎ𝑓−1  →  𝒩ΛΣ∣ΓΔ = ℎΛΣ∣𝐴𝐵𝑓ΓΔ
−1𝐴𝐵

ΓΔ
 

𝐹±ΛΣ =
1

2
(𝐹 ± i ⋆ 𝐹)ΛΣ  

𝐺ΛΣ
−  = 𝒩ΛΣ∣ΓΔ𝐹

−ΓΔ

𝐺ΛΣ
+  = 𝒩ΛΣ∣ΓΔ𝐹

+ΓΔ
 

𝐺ΛΣ
± =

𝑖

2

𝛿ℒ

𝛿𝐹±ΛΣ
 

𝑈 (
𝐹

𝐺
) = (

𝐹′

𝐺′
) ;  𝑈 = (

𝐴 𝐵
𝐶 𝐷

)

𝐴𝑡𝐶 − 𝐶𝑡𝐴 = 0
𝐵𝑡𝐷 − 𝐷𝑡𝐵 = 0
𝐴𝑡𝐷 − 𝐶𝑡𝐵 = 𝟏

 

 

 

𝛿𝜒𝐴𝐵𝐶  = 4i𝑃𝐴𝐵𝐶𝐷∣𝑖𝜕𝜇Φ
𝑖𝛾𝜇𝜖𝐷 − 3𝑇[𝐴𝐵∣𝜌𝜎

(−)
𝛾𝜌𝜎𝜖𝐶] = 0

𝛿𝜓𝐴𝜇  = ∇𝜇𝜖𝐴 −
1

4
𝑇𝐴𝐵∣𝜌𝜎
(−)

𝛾𝜌𝜎𝛾𝜇𝜖
𝐵 = 0

 

∇𝜇𝜖𝐴 = 𝜕𝜇𝜖𝐴 −
1

4
𝛾𝑎𝑏𝜔

𝑎𝑏𝜖𝐴 − Ω𝐴
𝐵𝜖𝐵  
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𝑇𝐴𝐵
(−)
= (ℎΛΣ𝐴𝐵(Φ)𝐹

−ΛΣ − 𝑓𝐴𝐵
ΛΣ(Φ)𝐺ΛΣ

− )  

𝑇𝐴𝐵
+ = 0 → 𝑇𝐴𝐵

− = 𝑇𝐴𝐵  𝑇‾𝐴𝐵
− = 0 → 𝑇‾𝐴𝐵

+ = 𝑇‾𝐴𝐵 

𝑍𝐴𝐵 = ∫  
𝑆2
 𝑇𝐴𝐵 = ℎΛΣ∣𝐴𝐵𝑝

ΛΣ − 𝑓𝐴𝐵
ΛΣ𝑞ΛΣ  

𝑝ΛΣ= ∫  
𝑆2
 𝐹ΛΣ  

𝑞ΛΣ = ∫  
𝑆2
 𝒩ΛΣ∣ΓΔ ⋆ 𝐹

ΓΔ
 

 

𝑔 ∈ 𝐺𝑠𝑡𝑎𝑏(𝑄⃗ ) ⊂ 𝐸7(7) ⟺𝑔𝑄⃗ = 𝑄⃗  

 SUSY  Central Charge  Stabilizer ≡ 𝐺𝑠𝑡𝑎𝑏  Normalizer ≡ 𝐺𝑛𝑜𝑟𝑚
1/2 𝑍1 = 𝑍2 = 𝑍3 = 𝑍4 𝐸6(6) 𝑂(1,1)

1/4 𝑍1 = 𝑍2 ≠ 𝑍3 = 𝑍4 𝑆𝑂(5,5) 𝑆𝐿(2,ℝ) × 𝑂(1,1)

1/8 𝑍1 ≠ 𝑍2 ≠ 𝑍3 ≠ 𝑍4 𝑆𝑂(4,4) 𝑆𝐿(2,ℝ)3

 

[𝐺norm , 𝐺stab ] = 0  

 

𝟕𝟎 →
𝑈𝑠𝑝(8) 

𝟒𝟐⊕ 𝟏⊕𝟐𝟕  

 Solv 7  =  Solv 6⊕𝑂(1,1)⊕𝔻6
70 = 42 + 1 + 27

 

 

Solv7≡ Solv (
𝐸7(7)

SU(8)
)  

Solv6≡ Solv (
𝐸6(6)

𝑈sp(8)
)  

dimSolv7= 70;  rankSolv7 = 7  

dimSolv6 = 42;  rankSolv6 = 6

 

𝟓𝟔 →
𝑈𝑠𝑝(8) 

(𝟏, 𝟐𝟕)⊕ (𝟏, 𝟐𝟕)⊕ (𝟐, 𝟏)  
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𝟓𝟔 →
𝑈𝑠𝑝(8) 

𝟒𝟖⊕ 𝟖  

 

 Solv 7  =  Solv 𝑆⊕  Solv 𝑇⊕𝒲32

70 = 2 + 36 + 32
 

Solv𝑆 ≡ Solv (
𝑆𝐿(2, 𝑅)

𝑈(1)
)

Solv𝑇 ≡ Solv (
𝑆𝑂(6,6)

𝑆𝑂(6) × 𝑆𝑂(6)
)

 

dim Solv𝑆 = 2;  rank Solv 𝑆 = 1

dim Solv 𝑇 = 36;  rank Solv 𝑇 = 6
 

Solv𝑇= Solv𝑇5⊕ Solv𝑇1  

Solv𝑇5≡ Solv (
𝑆𝑂(5,6)

𝑆𝑂(5) × 𝑆𝑂(6)
) 

Solv𝑇1 ≡ Solv (
𝑆𝑂(1,6)

𝑆𝑂(6)
)

 

𝟕𝟎 →
𝑈𝑠𝑝(4)×𝑆𝑈(4)×𝑈(1) 

(𝟏, 𝟏, 𝟏 + 𝟏)⊕ (𝟓, 𝟔, 𝟏)⊕ (𝟏, 𝟔, 𝟏) ⊕ (𝟒, 𝟒, 𝟏)⊕ (𝟒, 𝟒, 𝟏)  

 Solv 7=  Solv 𝑆⊕  Solv 𝑇5⊕  Solv 𝑇1⊕𝒲32 

70 = 2 + 30 + 6 + 32
 

𝟓𝟔 →
𝑈𝑠𝑝(4)×𝑆𝑈(4) 

(𝟒, 𝟏)⊕ 2(𝟏, 𝟒, ) ⊕ (𝟓, 𝟒) ⊕ (𝟒, 𝟔)

𝟖𝑈𝑠𝑝(4)×𝑆𝑈(4)(𝟒, 𝟏)⊕ (𝟏, 𝟒, )
 

𝐺norm /𝐻norm =
𝑆𝑙(2,ℝ)

𝑈(1)
× 𝑂(1,1) 

 ≡ Solv(𝐸6(4)/𝑆𝑈(2) × 𝑆𝑈(6))  

exp [𝑆𝑜𝑙𝑣3] = 𝓀 

exp [𝑆𝑜𝑙𝑣4] = 𝔮
 

Solv𝑆𝑇𝑈 ≡ Solv(
𝑆𝐿(2,ℝ)3

𝑈(1)3
) ⊂ Solv3  

𝑄⃗ ≡ (
𝑝Λ⃗⃗ 

𝑞Σ⃗⃗ 
)  

(
𝑡 Λ⃗⃗
 1 = 𝑝Λ⃗⃗

 1 + i𝑞Λ⃗⃗ 1

𝑡 Λ⃗⃗ 1 = 𝑝
Λ⃗⃗ 1 − i𝑞Λ⃗⃗ 1

)  
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𝑄⃗ → 𝑄⃗ 𝑁 ≡

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑡(1,1,1)
0

𝑡(1,1,15)
1

𝑡(1,1,15)
2

𝑡(1,1,15)
3

0
⋯
0

𝑡‾
(1,1,1)
0

𝑡‾
(1,1,15)
1

𝑡‾
(1,1,15)
2

𝑡‾
(1,1,15)
3

0
⋯
0 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

𝑈(1) × 𝑆𝑈(2) × 𝑆𝑈(6) ⊂ 𝑆𝑈(8) ⊂ 𝐸7(7)  

𝟓𝟔 real = (𝟏, 𝟏, 𝟏)comp. ⊕ (𝟏, 𝟐, 𝟔)comp. ⊕ (𝟏, 𝟏, 𝟏𝟓)comp  

𝑍 ≡ (𝑍𝐴𝐵 , 𝑍𝐶𝐷) 

𝑍 → 𝑍 𝑁 ≡

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑧(1,1,1)
0

𝑧(1,1,15)
1

𝑧(1,1,15)
2

𝑧(1,1,15)
3

0
∷
0

𝑧‾
(1,1,1)
0

𝑧‾
(1,1,15)
1

𝑧‾
(1,1,15)
2

𝑧‾
(1,1,15)
3

0
∷
0 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

𝟓𝟔 → (𝟖v, 𝟐, 𝟏, 𝟏) ⊕ (𝟖s, 𝟏, 𝟐, 𝟏) ⊕ (𝟖s′ , 𝟏, 𝟏, 𝟐) ⊕ (𝟏, 𝟐, 𝟐, 𝟐)  

𝟓 = 56 − dim
𝑆𝑈(8)

𝑆𝑈(2)4
 

𝑉(𝜙)≡
1

2
𝑍‾𝐴𝐵(𝜙)𝑍𝐴𝐵(𝜙)  

 =
1

2
𝑄⃗ 𝑇[𝕃−1(𝜙)]𝑇𝕃−1(𝜙)𝑄⃗ 
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𝑞𝑓  ↔  
𝜕

𝜕𝑞𝑓
𝑉(𝜙) = 0  

 Solv 3 = 𝐹1⊕𝐹2⊕𝐹3⊕𝐗⊕𝐘⊕𝐙

𝐹𝑖 = {h𝑖,  g𝑖} 𝑖 = 1,2,3

𝐗 = 𝐗+⊕𝐗− = 𝐗𝑁𝑆⊕𝐗𝑅𝑅
𝐘 = 𝐘+⊕𝐘− = 𝐘𝑁𝑆⊕𝐘𝑅𝑅
𝐙 = 𝐙+⊕𝐙− = 𝐙𝑁𝑆⊕𝐙𝑅𝑅

 

Solv(𝑆𝑈(3,3)1)= 𝐹1⊕𝐹2⊕𝐹3⊕𝐗𝑁𝑆⊕𝐘𝑁𝑆⊕𝐙𝑁𝑆  

Solv(𝑆𝐿(2,ℝ)3)= 𝐹1⊕𝐹2⊕𝐹3  
𝒲12= 𝐗𝑅𝑅⊕𝐘𝑅𝑅⊕𝐙𝑅𝑅  

dim(𝐹𝑖)= 2; dim(𝐗𝑁𝑆/𝑅𝑅) = dim(𝐗
±) = 4  

dim(𝐘𝑁𝑆/𝑅𝑅)= dim(𝐘
±) = dim(𝐙𝑁𝑆/𝑅𝑅) = dim(𝐙

±) = 4 

[ h𝑖,  g𝑖]= g𝑖  𝑖 = 1,2,3  

[𝐹𝑖, 𝐹𝑗]= 0 𝑖 ≠ 𝑗  

[ h3, 𝐘
±]= ±

1

2
𝐘±  

[h3, 𝐗
±]= ±

1

2
𝐗±  

[h2, 𝐙
±]= ±

1

2
𝐙±  

[g3, 𝐘
+]= [g2, 𝐙

+] = [g3, 𝐗
+] = 0  

[ g3, 𝐘
−]= 𝐘+; [g2, 𝐙

−] = 𝐙+; [g3, 𝐗
−] = 𝐗+  

[𝐹1, 𝐗]= [𝐹2, 𝐘] = [𝐹3, 𝐙] = 0  

[𝐗−, 𝐙−] = 𝐘−

 

Solv4 =𝐹0⊕𝐹1
′⊕𝐹2

′⊕𝐹2
′

⊕𝐗𝑁𝑆
′ ⊕𝐘𝑁𝑆

′ ⊕𝐙𝑁𝑆
′ ⊕𝒲20 

Solv(𝑆𝐿(2,ℝ))⊕ Solv(𝑆𝑈(3,3)2) =[𝐹0] ⊕ [𝐹1
′⊕𝐹2

′⊕𝐹2
′

⊕𝐗𝑁𝑆
′ ⊕]

𝐹0 ={h0,  g0} [h0,  g0] = g0
𝐹𝑖
′ ={h𝑖

′, g𝑖
′} 𝑖 = 1,2,3

[𝐹0, Solv(𝑆𝑈(3,3)2)] =0; [h0,𝒲20] =
1

2
𝒲20

[ g0,𝒲20] =[g0, Solv(𝑆𝑈(3,3)2)] = 0

[Solv(𝑆𝐿(2,ℝ))⊕ Solv(𝑆𝑈(3,3)2),𝒲20] =𝒲20

 

Solv𝑆𝑇𝑈 ≡ Solv(𝑆𝐿(2,ℝ)
3) 

Solv(𝑂(4,4))  ⊂ Solv4
Solv(𝑂(4,4))  =  𝐹0⊕𝐹1

′⊕𝐹2
′⊕𝐹3

′⊕𝒲8
 

𝐹0⊕𝐹1
′⊕𝐹2

′⊕𝐹3
′ 

𝒮𝒦15 ≡ exp [ Solv 3] =
𝑆𝑂⋆(12)

𝑈(1) × 𝑆𝑈(6)
 

𝐺𝐿 = 𝑂(4,4) of 𝑄⃗ 𝑁 
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𝑄⃗ ′𝑁 = 𝐺𝑁 ⋅ 𝑄⃗ 𝑁  𝑄⃗ 𝑁 = 𝐺𝐿 ⋅ 𝑄⃗ 𝑁

𝑄⃗ ′𝑁 = 𝐺𝐿 ⋅ 𝑄⃗ ′𝑁 ⇒ [𝐺𝑁, 𝐺𝐿] = 0
 

Solv  𝑆𝑇𝑈 ≡ Solv(𝑆𝐿(2,ℝ)
3) 

𝐸7(7) ⊃ 𝐸6(6) × 𝑂(1,1)
𝐸7(7)

𝑆𝑈(8)
 

𝟕𝟎 =
𝑈𝑠𝑝(8)

𝟒𝟐⊕ 𝟐𝟕⊕ 𝟏

𝟐𝟖 =
𝑈𝑠𝑝(8)

𝟐𝟕⊕ 𝟏
 

𝑃𝐴𝐵𝐶𝐷= 𝑃
∘

𝐴𝐵𝐶𝐷 +
3

2
𝐶[𝐴𝐵𝑃

∘

𝐶𝐷] +
1

16
𝐶[𝐴𝐵𝐶𝐶𝐷]𝑃 

𝑇𝐴𝐵 = 𝑇
∘

𝐴𝐵 +
1

8
𝐶𝐴𝐵𝑇

 

4𝑃,𝑎𝛾
𝑎𝛾0 − 6𝑇𝑎𝑏𝛾

𝑎𝑏 = 0  

−4(𝑃
∘

𝐴𝐵𝐶𝐷,𝑎 +
3

2
𝑃
∘

[𝐶𝐷,𝑎𝐶𝐴𝐵])𝐶
𝐷𝐿𝛾𝑎𝛾0 − 3𝑇

∘

[𝐴𝐵𝛿𝐶]
𝐿 𝛾𝑎𝑏 = 0  

𝑃
∘

𝐴𝐵 = 𝑇
∘

𝐴𝐵 = 0,  

𝑃
∘

𝐴𝐵𝐶𝐷 = 0  

𝑃
∘

𝐴𝐵𝐶𝐷∣𝑖𝜕𝜇Φ
𝑖𝛾𝜇𝜖𝐷= 0  

𝑃
∘

𝐴𝐵∣𝑖𝜕𝜇Φ
𝑖𝛾𝜇𝜖𝐵 = 0

𝑇
∘

𝐴𝐵 = 0

 

(𝑃̂𝜕𝜇Φ𝛾
𝜇 −

3

2
i𝑇𝜌𝜎
(−)
𝛾𝜌𝜎𝛾0) 𝜖𝐴 = 0  

𝐹−ΛΣ  =
1

4𝜋
𝑡ΛΣ(𝑟)𝐸(−)

𝑡ΛΣ(𝑟)  = 2𝜋(𝑔 + iℓ(𝑟))ΛΣ
 

𝑇𝑎𝑏
− = i𝑡ΛΣ(𝑟)𝐸𝑎𝑏

− 𝐶𝐴𝐵Im𝒩ΛΣ,ΓΔ𝑓𝐴𝐵
ΓΔ  

𝛾𝑎𝑏𝐸𝑎𝑏
∓ = 2i

𝑒2𝑈

𝑟3
𝑥𝑖𝛾0𝛾𝑖 (

±1 + 𝛾5
2

)  

𝑑Φ

𝑑𝑟
= −

√3

4
ℓ(𝑟)ΛΣIm𝒩ΛΣ∣ΓΔ𝑓

ΓΔ 𝐴𝐵
𝑒𝑈

𝑟2
 

𝑃̂ = 4√3  

𝑃𝐴𝐵𝐶𝐷
(singlet )

=
1

16
𝑃𝐶[𝐴𝐵𝐶𝐶𝐷] =

√3

4
𝐶[𝐴𝐵𝐶𝐶𝐷]𝑑Φ.  



pág. 4479 

𝜔0𝑖=
𝑑𝑈

𝑑𝑟

𝑥𝑖

𝑟
𝑒𝑈(𝑟)𝑉0  

𝜔𝑖𝑗 = 2
𝑑𝑈

𝑑𝑟

𝑥𝑘
𝑟
𝜂𝑘[𝑖𝑉𝑗]𝑒𝑈

 

𝑉0 = 𝑒𝑈𝑑𝑡, 𝑉𝑖 = 𝑒−𝑈𝑑𝑥𝑖 

𝜖𝐴 = 𝑒
𝑓(𝑟)𝜁𝐴 

{
𝑑𝑓

𝑑𝑟

𝑥𝑖

𝑟
𝑒𝑓+𝑈𝛿𝐴

𝐵𝑉𝑖 + Ω𝐴,𝛼
𝐵 𝜕𝑖Φ

𝛼𝑒𝑓𝑉𝑖

−
1

4
(2
𝑑𝑈

𝑑𝑟

𝑥𝑖

𝑟
𝑒𝑈𝑒𝑓(𝛾0𝛾𝑖𝑉0 + 𝛾𝑖𝑗𝑉𝑗)) 𝛿𝐴

𝐵 + 𝛿𝐴
𝐵𝑇𝑎𝑏

− 𝛾𝑎𝑏𝛾𝑐𝛾0𝑉𝑐} 𝜁𝐵 = 0

 

𝑑𝑈

𝑑𝑟
= −

1

8
ℓ(𝑟)ΛΣ

𝑒𝑈

𝑟2
𝐶𝐴𝐵Im𝒩ΛΣ,ΓΔ𝑓

ΓΔ 𝐴𝐵  

Φ = 2√3𝑈  

ℙ = (
0 𝑃‾𝐴𝐵𝐶𝐷

𝑃𝐴𝐵𝐶𝐷 0
)  
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𝑓 =
1

8√2
𝑒
√3
2
Φ𝐶𝐴𝐵𝐶𝐶𝐷

ℎ = −i
1

8√2
𝑒−

√3
2
Φ𝐶𝐴𝐵𝐶𝐶𝐷

 

𝒩𝐴𝐵𝐶𝐷 = −i
1

8
𝑒−√3Φ𝐶𝐴𝐵𝐶𝐶𝐷  

𝑈‾(𝑟), ℓ‾(𝑟) = 𝐶ΛΣℓ
ΛΣ(𝑟) 

𝑑𝑈

𝑑𝑟
=

1

8√2

ℓ(𝑟)

𝑟2
exp (−2𝑈)  

ℒ = 2𝑅 − 𝑒−√3Φ𝐹𝜇𝜈𝐹
𝜇𝜈 +

1

2
𝜕𝜇Φ𝜕

𝜇Φ  

𝑈= −
1

4
log 𝐻(𝑟)  

Φ= −
√3

2
log 𝐻(𝑟)  

ℓ = 2𝑟3
𝑑

𝑑𝑟
(𝐻(𝑟))−

1
2 = 𝑘 × (𝐻(𝑟))−

3
2

 

𝑈′′ +
2

𝑟
𝑈′ − (𝑈)2 =

1

4
(Φ′)2  

𝑑

𝑑𝑟
(𝑒−√3Φℓ(𝑟)) = 0  

Φ′′ +
2

𝑟
Φ′ = −𝑒−√3Φ+2𝑈ℓ(𝑟)2

1

𝑟4
 

ℓ(𝑟) = 𝑒√3Φ(𝑟)  

𝑈= −
1

4
log 𝐻(𝑥)  

Φ= −
√3

2
log 𝐻(𝑥) 

ℓ = 𝐻(𝑥)−
3
2

 



pág. 4481 

𝐻(𝑥) ≡ 1 +∑  

𝑖

 
𝑘𝑖

𝑥 − 𝑥 𝑖
0  

𝐻(𝑥) = 1 +
𝑘

𝑟
 

𝐸(7,7) ⊃ 𝑂(5,5) × 𝑆𝐿(2,ℝ) × 𝑂(1,1) = 𝐺stab × 𝐺norm  

𝑆𝐿(2,ℝ)

𝑈(1)
× 𝑂(1,1) 

𝑆𝑈(8) → 𝑈𝑠𝑝(4) × 𝑆𝑈(4) × 𝑈(1)  

𝑆𝑈(4) × 𝑈𝑠𝑝(4), 𝑃𝐴𝐵𝐶𝐷 

 

𝛿𝜒𝑋𝑌𝑍  = 0
𝛿𝜒𝑎𝑋𝑌  = 0

𝛿𝜒
∘

𝑎𝑏𝑋  = 𝐶
𝑎𝑏𝛿𝜒𝑎𝑏𝑋 = 0

𝛿𝜒𝑎𝑏𝑐  = 𝐶[𝑎𝑏𝛿𝜒𝑐] = 0

 

𝑃𝑋𝑌𝑍𝑎,𝛼𝜕𝜇Φ
𝛼 = 0  

𝑃𝑋𝑎𝑏𝑐 ≡ 𝑃𝑋[𝑎𝐶𝑏𝑐] = 0  

𝑃𝑋𝑌,𝑖𝜕𝜇Φ
𝑖𝛾𝜇𝛾0𝜖𝑎  = 𝑇𝑋𝑌𝜇𝜈𝛾

𝜇𝜈𝜖𝑎

𝑃
∘

𝑋𝑌𝑎𝑏,𝑖𝜕𝜇Φ
𝑖  = 0

 

𝑃𝑋𝑌𝑎𝑏 = 𝑃
∘

𝑋𝑌𝑎𝑏 +
1

4
𝐶𝑎𝑏𝑃𝑋𝑌  

𝑃𝑎𝑏𝑐𝑑  = 𝐶[𝑎𝑏𝐶𝑐𝑑]𝑃

𝑇𝑎𝑏  = 𝑇
∘

𝑎𝑏 +
1

4
𝐶𝑎𝑏𝑇

 

𝑇
∘

𝑎𝑏  = 0

𝑃,𝑖𝜕𝜇Φ
𝑖𝛾𝜇𝛾0 −

3

16
𝑇𝜇𝜈𝛾

𝜇𝜈𝜖𝑎  = 0
 

𝑃,𝑖
𝑑Φ𝑖

𝑑𝑟
= i

3

8
(𝑝 + iℓ(𝑟))ΛΣIm𝒩ΛΣ,ΓΔ𝑓

ΓΔ 𝐴𝐵𝐶
𝐴𝐵
𝑒𝑈

𝑟2
 

𝑃𝑋𝑌,𝑖
𝑑Φ𝑖

𝑑𝑟
 = 2i(𝑝 + iℓ(𝑟))ΛΣIm𝒩ΛΣ,ΓΔ𝑓

ΓΔ 𝑋𝑌
𝑒𝑈

𝑟2
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𝑃1
𝑑Φ1

𝑑𝑟
= −2ℓ(𝑟)ΛΣIm𝒩ΛΣ,ΓΔ𝑓𝑋𝑌

ΓΔ
𝑒𝑈

𝑟2
 

Ω𝑋
𝑎 = 0; 𝑇𝑋𝑎 = 0  

𝑑𝑈

𝑑𝑟
= −

1

4
ℓ(𝑟)ΛΣ

𝑒𝑈

𝑟2
𝐶𝑎𝑏Im𝒩ΛΣ,ΓΔ𝑓𝑎𝑏

ΓΔ  

𝑃2
𝑑Φ2
𝑑𝑟

= −
3

8
ℓ(𝑟)ΛΣIm𝒩ΛΣ,ΓΔ𝑓𝑋𝑌

ΓΔ𝐶𝑋𝑌
𝑒𝑈

𝑟2
 

 

𝐶𝑇 = −𝐶 ; 𝐶2 = −𝟙  

𝐴 ∈ 𝑈𝑠𝑝(4) × 𝑈𝑠𝑝(4) ⊂ 𝑆𝑈(8)  ↔  𝐴†𝜛𝐴 = 𝜛  and  𝐴†Ω𝐴 = Ω  

 

 

𝜋𝐴𝐵 = −𝜛𝐴𝐶𝜛𝐶𝐵 ;  Π𝐴𝐵 = −Ω𝐴𝐶Ω𝐶𝐵  

𝟐𝟖 ⟹
𝑈𝑠𝑝(4)×𝑈𝑠𝑝(4)

 (𝟏, 𝟎) ⊕ (𝟎, 𝟏) ⊕ (𝟓, 𝟎)⊕ (𝟎, 𝟓)⊕ (𝟒, 𝟒)  
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ℓ𝑅𝑆
𝐴𝐵 ≡

1

2
(𝜋𝐴𝑅𝜋𝐵𝑆 − 𝜋𝐴𝑆𝜋𝐵𝑅)

𝐿𝑅𝑆
𝐴𝐵 ≡

1

2
(Π𝐴𝑅Π𝐵𝑆 − Π𝐴𝑆Π𝐵𝑅)

𝑈𝐴𝐵𝐶𝐷 ≡𝜛[𝐴𝐵𝜛𝐶𝐷] =
1

3
[𝜛𝐴𝐵𝜛𝐶𝐷 +𝜛𝐴𝐶𝜛𝐷𝐵 +𝜛𝐴𝐷𝜛𝐵𝐶]

𝑊𝐴𝐵𝐶𝐷 ≡Ω[𝐴𝐵Ω𝐶𝐷] =
1

3
[Ω𝐴𝐵Ω𝐶𝐷 + Ω𝐴𝐶Ω𝐷𝐵 + Ω𝐴𝐷Ω𝐵𝐶]

𝑍𝐴𝐵𝐶𝐷 ≡𝜛[𝐴𝐵Ω𝐶𝐷] =
1

6
[𝜛𝐴𝐵Ω𝐶𝐷 +𝜛𝐴𝐶Ω𝐷𝐵𝜛𝐴𝐷Ω𝐵𝐶

+Ω𝐴𝐵𝜛𝐶𝐷 + Ω𝐴𝐶𝜛𝐷𝐵 +Ω𝐴𝐷𝜛𝐵𝐶]

 

 

 

 

𝕃(Φ1, Φ2) ≡ exp [Φ1𝒞 + Φ2𝐿0]  
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Φ± =
Φ2 ±Φ1

2
 

 

𝑓𝐴𝐵𝐶𝐷=
1

√2
(exp [Φ+]

1

2
𝜏𝐴𝐵
+ 𝜏𝐶𝐷

+ + exp [Φ−]
1

2
𝜏𝐴𝐵
− 𝜏𝐶𝐷

− )  

ℎ𝐴𝐵𝐶𝐷= −
i

√2
(exp [−Φ+]

1

2
𝜏𝐴𝐵
+ 𝜏𝐶𝐷

+ + exp [−Φ−]
1

2
𝜏𝐴𝐵
− 𝜏𝐶𝐷

− )  

𝒩𝐴𝐵𝐶𝐷 = −
i

4
(exp [−2Φ+]

1

2
𝜏𝐴𝐵
+ 𝜏𝐶𝐷

+ + exp [−2Φ−]
1

2
𝜏𝐴𝐵
− 𝜏𝐶𝐷

− )

 

 

 

𝑃𝐴𝐵𝐶𝐷 = 𝑑Φ1
3

4
𝑍𝐴𝐵𝐶𝐷 + 𝑑Φ2

3

4
(𝑈𝐴𝐵𝐶𝐷 +𝑊𝐴𝐵𝐶𝐷)  

𝑃𝜇
𝐴𝐵𝐶𝐷𝑃𝐴𝐵𝐶𝐷

𝜇
=
3

2
𝜕𝜇Φ1𝜕

𝜇Φ1 + 3𝜕𝜇Φ2𝜕
𝜇Φ2  
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𝐴𝜇
𝐴𝐵 = 𝜏𝐴𝐵

+
1

2√2
𝒜𝜇
1 + 𝜏𝐴𝐵

−
1

2√2
𝒜𝜇
2  

ℒred 

1/4
=√−𝑔 [2𝑅[𝑔] +

1

4
𝜕𝜇Φ1𝜕

𝜇Φ1 +
1

2
𝜕𝜇Φ2𝜕

𝜇Φ2

 −exp [−Φ1 −Φ2](𝐹𝜇𝜈
1 )

2
− exp [Φ1 −Φ2](𝐹𝜇𝜈

2 )
2

 

Φ1 = √2ℎ1 ;  Φ2 = ℎ2  

ℒred 

1/4
=√−𝑔 [2𝑅[𝑔] +

1

2
𝜕𝜇ℎ1𝜕

𝜇ℎ1 +
1

2
𝜕𝜇ℎ2𝜕

𝜇ℎ2

 −exp [−√2ℎ1 − ℎ2](𝐹𝜇𝜈
1 )

2
− exp [√2ℎ1 − ℎ2](𝐹𝜇𝜈

2 )
2

 

𝑈′′ +
2

𝑟
𝑈′ − (𝑈′)2 =

1

4
(ℎ1
′ )2 +

1

4
(ℎ2
′ )2  

√2ℎ1
′ − ℎ2

′= −
ℓ2
′

ℓ2
 

−√2ℎ1
′ − ℎ2

′  = −
ℓ1
′

ℓ1
,

 

ℎ1
′′ +

2

𝑟
ℎ1
′=

1

√2𝑟4
(𝑒√2ℎ1−ℎ2+2𝑈ℓ2

2 − 𝑒−√2ℎ1−ℎ2+2𝑈ℓ1
2) 

ℎ2
′′ +

2

𝑟
ℎ2
′  =

1

2𝑟4
(𝑒√2ℎ1−ℎ2+2𝑈ℓ2

2 + 𝑒−√2ℎ1−ℎ2+2𝑈ℓ1
2)

 

ℓ1(𝑟) = ℓ1𝑒
√2ℎ1+ℎ2

ℓ2(𝑟) = ℓ2𝑒
−√2ℎ1+ℎ2

 

ℓ1≡ ℓ1(∞)  

ℓ2 ≡ ℓ2(∞)

ℎ1 = −
1

√2
log 

𝐻1
𝐻2

ℎ2 = −
1

2
log 𝐻1𝐻2

𝑈 = −
1

4
ln 𝐻1𝐻2

 

𝐻1(𝑟) = 1 +∑ 

𝑖

 
𝑘𝑖
1

𝑥 − 𝑥 𝑖
(1)

𝐻2(𝑟) = 1 +∑  

𝑖

 
𝑙𝑖
2

𝑥 − 𝑥 𝑖
(2)
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𝑑𝑠2= (𝐻1𝐻2)
−1/2𝑑𝑡2 − (𝐻1𝐻2)

1/2(𝑑𝑟2 + 𝑟2𝑑Ω2) 

ℎ1= −
1

√2
log 

𝐻1
𝐻2

 

ℎ2= −
1

2
log [𝐻1𝐻2]  

𝐹1,2 = −𝑑𝑡 ∧ 𝑑𝑥⃗⃗⃗⃗ ⋅
𝜕 

𝜕𝑥
(𝐻1,2)

−1

 

16

3
𝑃2
𝑑Φ2
𝑑𝑟

± 𝑃1
𝑑Φ1
𝑑𝑟

= −2ℓ(𝑟)ΛΣ𝜏(±)𝐴𝐵Im𝒩ΛΣ,ΓΔ𝑓𝐴𝐵
ΓΔ
𝑒𝑈

𝑟2
 

𝑃2𝑑Φ2=
3

8
𝐶𝑎𝑏𝐶𝑐𝑑𝑃𝑎𝑏𝑐𝑑 =

3

8
𝑈𝐴𝐵𝐶𝐷𝑃𝐴𝐵𝐶𝐷 =

3

4
𝑑Φ2 

𝑃1𝑑Φ1 = 𝐶
𝑋𝑌𝐶𝑎𝑏𝑃𝑋𝑌𝑎𝑏 = 𝑍

𝐴𝐵𝐶𝐷𝑃𝐴𝐵𝐶𝐷 = 2𝑑Φ1

 

Im𝒩ΛΣ,ΓΔ𝑓𝐴𝐵
ΓΔ = −

1

2√2
(𝑒−Φ+𝜏(+)ΛΣ𝜏𝜏(+)𝐴𝐵 + 𝑒−Φ−𝜏(−)ΛΣ𝜏𝜏(−)𝐴𝐵)  

4
𝑑Φ2
𝑑𝑟

± 2
𝑑Φ1
𝑑𝑟

= 4√2𝜏ΛΣ
(±)
ℓΛΣ

𝑒𝑈−Φ±

𝑟2
 

𝜏ΛΣ
(+)
𝑞ΛΣ=

1

√2
ℓ1(𝑟)  

𝜏ΛΣ
(−)
𝑞ΛΣ =

1

√2
ℓ2(𝑟)

 

ℓ1= −𝑟
2
𝐻1
′

𝐻1
2√𝐻1𝐻2  

ℓ2 = −𝑟
2
𝐻2
′

𝐻2
2√𝐻1𝐻2

 

ℳ = 𝐸7(7)/𝑆𝑈(8) 

ℳ𝑇6/ℤ3
= [𝑆𝑈(3,3)/𝑆𝑈(3) × 𝑈(3)] ×ℳQuat  

𝑀𝐴𝐷𝑀 = |𝑍(𝑎𝑖 , 𝑏𝑖, 𝑝
Λ, 𝑞Λ)|.  

|𝑍|min(𝑝
Λ, 𝑞Λ)= |𝑍(𝑎𝑖

𝑓𝑖𝑥
, 𝑏𝑖
𝑓𝑖𝑥
, 𝑝Λ, 𝑞Λ)|  

0 =
𝜕

𝜕𝑎𝑖
|𝑍|𝑎=𝑏=𝑓𝑖𝑥𝑒𝑑 =

𝜕

𝜕𝑎𝑖
|𝑍|𝑎=𝑏=𝑓𝑖𝑥𝑒𝑑

 

ℳ𝑇6/𝑍3 = 𝑆𝑈(3,3)/𝑆𝑈(3) × 𝑈(3) 

𝐻matter = [𝑆𝑂(2)]
2 = {𝑔̃1 − 𝑔̃2, 𝑔̃1 − 𝑔̃3} 

𝕂 = Solv𝑆𝑇𝑈 + Solv𝑆𝑇𝑈
† [𝑆𝐿(2,ℝ)]3 
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{𝜙𝛼} ≡ {−2𝑎1, −2𝑎2, −2𝑎3, log (−𝑏1), log (−𝑏2), log (−𝑏3), }  
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(𝑎1 + i𝑏1)𝑓𝑖𝑥=
𝑝Λ𝑞Λ − 2𝑝

1𝑞1 − i√𝑓(𝑝, 𝑞)

2𝑝2𝑝3 − 2𝑝0𝑞1
 

(𝑎2 + i𝑏2)𝑓𝑖𝑥=
𝑝Λ𝑞Λ − 2𝑝

2𝑞2 − i√𝑓(𝑝, 𝑞)

2𝑝1𝑝3 − 2𝑝0𝑞2
 

(𝑎3 + i𝑏3)𝑓𝑖𝑥 =
𝑝Λ𝑞Λ − 2𝑝

3𝑞3 − i√𝑓(𝑝, 𝑞)

2𝑝1𝑝2 − 2𝑝0𝑞3

 

𝑆2(𝑝, 𝑞) = 𝑓(𝑝, 𝑞) = −(𝑝0𝑞0 − 𝑝
1𝑞1 + 𝑝

2𝑞2 + 𝑝
3𝑞3)

2 + 4(𝑝2𝑝3 − 𝑝0𝑞1)(𝑝
1𝑞0 + 𝑞2𝑞3)  

{𝑧𝑖} = {𝑆, 𝑇, 𝑈}, Ω(𝑧) = (
𝑋Λ(𝑧)

𝐹Σ(𝑧)
)  

𝑋Λ(𝑧)= (

1
𝑆
𝑇
𝑈

)  

𝐹Σ(𝑧) = 𝜕Σ𝐹(𝑋)
𝒦(𝑧, 𝑧‾)= −log (8|Im𝑆Im𝑇Im𝑈|)  

𝑔𝑖𝑗⋆(𝑧, 𝑧‾) = 𝜕𝑖𝜕𝑗⋆𝒦(𝑧, 𝑧‾)= diag{−(𝑆‾ − 𝑆)
−2, −(𝑇‾ − 𝑇)−2, −(𝑈‾ − 𝑈)−2} 

𝒩ΛΣ= 𝐹‾ΛΣ + 2i
Im𝐹ΛΩIm𝐹ΣΠ𝐿

Ω𝐿Π

𝐿Ω𝐿ΠIm𝐹ΩΠ
 

𝐹ΛΣ(𝑧)= 𝜕Λ𝜕Σ𝐹(𝑋)  

𝐹(𝑋) =
𝑋1𝑋2𝑋3

𝑋0

 

𝑉(𝑧, 𝑧‾)= (
𝐿Λ(𝑧, 𝑧‾)

𝑀Σ(𝑧, 𝑧‾)
) = 𝑒𝒦(𝑧,𝑧‾)/2Ω(𝑧, 𝑧‾)  

𝑈𝑖(𝑧, 𝑧‾)= (
𝑓𝑖
Λ(𝑧, 𝑧‾)

ℎ𝑖∣Σ(𝑧, 𝑧‾)
) = ∇𝑖𝑉(𝑧, 𝑧‾) = (𝜕𝑖 +

𝜕𝑖𝒦

2
)𝑉(𝑧, 𝑧‾)  

𝑈‾ 𝑖⋆(𝑧, 𝑧‾)= (
𝑓‾𝑖⋆
Λ(𝑧, 𝑧‾)

ℎ‾𝑖⋆∣Σ(𝑧, 𝑧‾)
) = ∇𝑖⋆𝑉‾(𝑧, 𝑧‾) = (𝜕𝑖⋆ +

𝜕𝑖⋆𝒦

2
)𝑉‾(𝑧, 𝑧‾) 

𝑀Σ(𝑧, 𝑧‾)= 𝒩ΣΛ(𝑧, 𝑧‾)𝐿
Λ(𝑧, 𝑧‾)  

ℎ𝑖∣Σ(𝑧, 𝑧‾) = 𝒩ΣΛ(𝑧, 𝑧‾)𝑓𝑖
Λ(𝑧, 𝑧‾)

 

Re𝒩= (

2𝑎1𝑎2𝑎3 −(𝑎2𝑎3) −(𝑎1𝑎3) −(𝑎1𝑎2)
−(𝑎2𝑎3) 0 𝑎3 𝑎2
−(𝑎1𝑎3) 𝑎3 0 𝑎1
−(𝑎1𝑎2) 𝑎2 𝑎1 0

)  

Im𝒩 =

(

 
 
 
 
 
 

𝑎12𝑏2𝑏3

𝑏1
+
𝑏1(𝑎32𝑏22 + (𝑎22 + 𝑏22)𝑏32)

𝑏2𝑏3
−
𝑎1𝑏2𝑏3

𝑏1
−
𝑎2𝑏1𝑏3

𝑏2
−
𝑎3𝑏1𝑏2

𝑏3

−
𝑎1𝑏2𝑏3

𝑏1

𝑏2𝑏3

𝑏1
0 0

−
𝑎2𝑏1𝑏3

𝑏2
0

𝑏1𝑏3

𝑏2
0

−
𝑎3𝑏1𝑏2

𝑏3
0 0

𝑏1𝑏2

𝑏3 )
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𝑑𝑆

𝑑𝑟
= ±(

𝑒𝒰(𝑟)

𝑟2
)√|

Im(𝑆)

2Im(𝑇)Im(𝑈)
| [𝑞0 + 𝑈‾𝑞3 −𝑈‾𝑝

2𝑆 + 𝑞1𝑆 + 𝑇‾(−(𝑈‾𝑝1) + 𝑞2 + 𝑈‾𝑝
0𝑆 − 𝑝3𝑆)]

𝑑𝑇

𝑑𝑟
= ±(

𝑒𝒰(𝑟)

𝑟2
)√|

Im(𝑇)

2Im(𝑆)Im(𝑈)
| [𝑞0 +𝑈‾𝑞3 − 𝑈‾𝑝

1𝑇 + 𝑞2𝑇

+𝑆‾(−(𝑈‾𝑝2) + 𝑞1 + 𝑈‾𝑝
0𝑇 − 𝑝3𝑇)]

𝑑𝑈

𝑑𝑟
=±(

𝑒𝒰(𝑟)

𝑟2
)√|

Im(𝑈)

2Im(𝑆)Im(𝑇)
| [𝑞0 + 𝑡‾𝑞2 − 𝑇‾𝑝

1𝑈 + 𝑞3𝑈  

+𝑆‾(−(𝑇‾𝑝3) + 𝑞1 + 𝑇‾𝑝
0𝑈 − 𝑝2𝑈)]

𝑑𝒰

𝑑𝑟
=±(

𝑒𝒰(𝑟)

𝑟2
)(

1

2√2(|Im(𝑆)Im(𝑇)Im(𝑈)|)1/2
) [𝑞0 + 𝑆(𝑇𝑈𝑝

0 − 𝑈𝑝2 − 𝑇𝑝3 + 𝑞1)  

+𝑇(−(𝑈𝑝1) + 𝑞2) + 𝑈𝑞3]

 

𝑍(𝑧, 𝑧‾, 𝑝, 𝑞) =−(
1

2√2(|Im(𝑆)Im(𝑇)Im(𝑈)|)1/2
) [𝑞0 + 𝑆(𝑇𝑈𝑝

0 − 𝑈𝑝2 − 𝑇𝑝3 + 𝑞1) + 

𝑇(−(𝑈𝑝1) + 𝑞2) + 𝑈𝑞3]

 

𝜕𝜇(√−𝑔𝐺̃
𝜇𝜈)= 0  

𝜕𝜇(√−𝑔𝐹̃
𝜇𝜈) = 0
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𝒰′′ +
2

𝑟
𝒰′= −2𝑒−2𝒰𝑆00  

(𝒰′)2 +∑ 

𝑖

 
1

4𝑏𝑖
2
((𝑏𝑖

′)2 + (𝑎𝑖
′)2) = −2𝑒−2𝒰𝑆00

 

𝑆00 = −
2𝑒4𝒰

(8𝜋)2𝑟4
Im𝒩ΛΣ(𝑝

Λ𝑝Σ + ℓ(𝑟)Λℓ(𝑟)Σ)  

ℓΛ(𝑟) = Im𝒩−1∣ΛΣ(𝑞Σ − Re𝒩ΣΩ𝑝
Ω)  

𝑑𝑎

𝑑𝑟
= ±(

𝑒𝒰(𝑟)

𝑟2
)

1

√−2𝑏
(𝑏𝑞 − 2𝑎𝑏𝑝 + (𝑎2𝑏 + 𝑏3)𝑝0)  

𝑑𝑏

𝑑𝑟
= ±(

𝑒𝒰(𝑟)

𝑟2
)

1

√−2𝑏
(3𝑎𝑞 − (3𝑎2 + 𝑏2)𝑝 + (𝑎3 + 𝑎𝑏2)𝑝0 + 𝑞0)  

𝑑𝒰

𝑑𝑟
= ±(

𝑒𝒰(𝑟)

𝑟2
)(

1

2√2(−𝑏)3/2
) (3𝑎𝑞 − (3𝑎2 − 3𝑏2)𝑝 + (𝑎3 − 3𝑎𝑏2)𝑝0 + 𝑞0) 

0 = 3𝑏𝑞 − 6𝑎𝑏𝑝 + (3𝑎2𝑏 − 𝑏3)𝑝0

 

𝑎𝑓𝑖𝑥 =
𝑝𝑞 + 𝑝0𝑞0
2𝑝2 − 2𝑝0𝑞

𝑏𝑓𝑖𝑥 = −
√𝑓(𝑝, 𝑞, 𝑝0, 𝑞0)

2(𝑝2 − 𝑝0𝑞)

 where 𝑓(𝑝, 𝑞, 𝑝0, 𝑞0) = 3𝑝
2𝑞2 + 4𝑝3𝑞0 − 6𝑝𝑝

0𝑞𝑞0 − 𝑝
0(4𝑞3 + 𝑝0𝑞0

2)

 

𝑍𝑓𝑖𝑥(𝑝, 𝑞, 𝑝
0, 𝑞0) = 𝑍(𝑎𝑓𝑖𝑥 , 𝑏𝑓𝑖𝑥 , 𝑝, 𝑞, 𝑝

0, 𝑞0) 

𝑍𝑓𝑖𝑥(𝑝, 𝑞, 𝑝
0, 𝑞0)= |𝑍𝑓𝑖𝑥|𝑒

𝜃  

|𝑍𝑓𝑖𝑥(𝑝, 𝑞, 𝑝
0, 𝑞0)|= 𝑓(𝑝, 𝑞, 𝑝

0, 𝑞0)
1/4  

sin 𝜃=
𝑝0𝑓(𝑝, 𝑞, 𝑝0, 𝑞0)

1/2

2(𝑝2 − 𝑞𝑝0)3/2
 

cos 𝜃 =
−2𝑝3 + 3𝑝𝑝0𝑞 + 𝑝0

2
𝑞0

2(𝑝2 − 𝑝0𝑞)3/2

 

𝑆2(𝑝, 𝑞, 𝑝0, 𝑞0) = |𝑍𝑓𝑖𝑥(𝑝, 𝑞, 𝑝
0, 𝑞0)|

4
= 𝑓(𝑝, 𝑞, 𝑝0, 𝑞0)  
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𝑎𝑓𝑖𝑥=
𝑞

2𝑝
 

𝑏𝑓𝑖𝑥= −
√3𝑞2 + 4𝑞0𝑝

2𝑝
 

𝐼4 = (3𝑞
2𝑝2 + 4𝑞0𝑝

3)

 

𝑑𝑏

𝑑𝑟
= ±

𝑒𝒰

𝑟2√2𝑏
(𝑞0 +

3𝑞2

4𝑝
− 𝑏2𝑝)  

𝑑𝒰

𝑑𝑟
 = ±

𝑒𝒰

𝑟2(2𝑏)3/2
(𝑞0 +

3𝑞2

4𝑝
+ 3𝑏2𝑝)

 

𝑏(𝑟)= −√
(𝐴1 + 𝑘1/𝑟)

(𝐴2 + 𝑘2/𝑟)
 

𝑒𝒰= ((𝐴2 +
𝑘2
𝑟
)
3

(𝐴1 + 𝑘1/𝑟))

−1/4

 

𝑘1= ±
√2(3𝑞2 + 4𝑞0𝑝)

4𝑝
 

𝑘2 = ±√2𝑝

 

𝑏(𝑟) → −(
𝑘1
𝑘2
)
1/2

= 𝑏𝑓𝑖𝑥

𝑒𝒰(𝑟) → 𝑟(𝑘1𝑘2
3)−1/4 = 𝑟𝑓−1/4

 

𝑎= 𝑎𝑓𝑖𝑥 =
𝑞

2𝑝
 

𝑏= −√
(1 + 𝑘1/𝑟)

(1 + 𝑘2/𝑟)
 

𝑒𝒰 = [(1 + 𝑘1/𝑟)(1 + 𝑘2/𝑟)
3]−1/4

 

Re𝒩 = (

2𝑎3 −𝑎2 −𝑎2 −𝑎2

−𝑎2 0 𝑎 𝑎
−𝑎2 𝑎 0 𝑎
−𝑎2 𝑎 𝑎 0

) , Im𝒩 =

(

 

3𝑎2𝑏 + 𝑏3 −(𝑎𝑏) −(𝑎𝑏) −(𝑎𝑏)
−(𝑎𝑏) 𝑏 0 0
−(𝑎𝑏) 0 𝑏 0
−(𝑎𝑏) 0 0 𝑏 )

  

ℓΛ(𝑟) =

(

 
 
 
 
 
 

−3𝑎2𝑝 + 3𝑎𝑞 + 𝑞0
𝑏3

−3𝑎3𝑝 + 𝑏2𝑞 + 3𝑎2𝑞 + 𝑎(−2𝑏2𝑝 + 𝑞0)

𝑏3

−3𝑎3𝑝 + 𝑏2𝑞 + 3𝑎2𝑞 + 𝑎(−2𝑏2𝑝 + 𝑞0)

𝑏3

−3𝑎3𝑝 + 𝑎4𝑝0 + 𝑏2𝑞 + 3𝑎2𝑞 + 𝑎(−2𝑏2𝑝 + 𝑞0)

𝑏3 )
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(𝑎′′ − 2
𝑎′𝑏′

𝑏
+ 2

𝑎′

𝑟
)= 0  

(𝑏′′ + 2
𝑏′

𝑟
+
(𝑎′2 − 𝑏′2)

𝑏
) = −

𝑏2𝑒2𝒰 (𝑝2 −
(−3𝑎2𝑝 + 3𝑎𝑞 + 𝑞0)

2

𝑏6
)

𝑟4

 

(𝑘2 − 𝑘1)𝑒
4𝒰 (𝑘1 + 𝑘2 +

2𝑘1𝑘2
𝑟

)

2𝑏𝑟4
 

𝒰′′ +
2

𝑟
𝒰′= (𝒰′)2 +

3

4𝑏2
((𝑏′)2 + (𝑎′)2) 

𝒰′′ +
2

𝑟
𝒰′ = −2𝑒−2𝒰𝑆0

 

3(𝑘2 − 𝑘1)
2

16𝑟4(𝐻1)
2(𝐻2)

2
 

𝑆𝐵𝐻 =
1

4𝜋
(3𝑝2𝑞2 + 4𝑞0𝑝

3)1/2  

𝑑𝑎1
𝑑𝑟

=±
𝑒𝒰(𝑟)

𝑟2
√−

𝑏1
2𝑏2𝑏3

[−𝑏1𝑞1 + 𝑏2𝑞2 + 𝑏3𝑞3 + (−(𝑎2𝑎3𝑏1)  

+𝑎1𝑎3𝑏2 + 𝑎1𝑎2𝑏3 + 𝑏1𝑏2𝑏3)𝑝
0 +

+(−(𝑎3𝑏2) − 𝑎2𝑏3)𝑝
1 + (𝑎3𝑏1 − 𝑎1𝑏3)𝑝

2  

+(𝑎2𝑏1 − 𝑎1𝑏2)𝑝
3]

𝑑𝑏1
𝑑𝑟

=±
𝑒𝒰(𝑟)

𝑟2
√−

𝑏1
2𝑏2𝑏3

[𝑎1𝑞1 + 𝑎2𝑞2 + 𝑎3𝑞3  

+(𝑎1𝑎2𝑎3 + 𝑎3𝑏1𝑏2 + 𝑎2𝑏1𝑏3 − 𝑎1𝑏2𝑏3)𝑝
0 +  

+(−(𝑎2𝑎3) + 𝑏2𝑏3)𝑝
1 − (𝑎1𝑎3 + 𝑏1𝑏3)𝑝

2  

−(𝑎1𝑎2 + 𝑏1𝑏2)𝑝
3 + 𝑞0]

𝑑𝑎2
𝑑𝑟

=(1,2,3) → (2,1,3)  

𝑑𝑏2
𝑑𝑟

=(1,2,3) → (2,1,3)  

𝑑𝑎3
𝑑𝑟

=(1,2,3) → (3,2,1)  

𝑑𝑏3
𝑑𝑟

=(1,2,3) → (3,2,1)  

𝑑𝒰

𝑑𝑟
=±

𝑒𝒰(𝑟)

𝑟2
1

2√2(−𝑏1𝑏2𝑏3)
1/2
[𝑎1𝑞1 + 𝑎2𝑞2 + 𝑎3𝑞3  

+(𝑎1𝑎2𝑎3 − 𝑎3𝑏1𝑏2 − 𝑎2𝑏1𝑏3 − 𝑎1𝑏2𝑏3)𝑝
0 +  

−(𝑎2𝑎3 − 𝑏2𝑏3)𝑝
1 − (𝑎1𝑎3 − 𝑏1𝑏3)𝑝

2 − (𝑎1𝑎2 − 𝑏1𝑏2)𝑝
3 + 𝑞0]

0𝑏1𝑞1 + 𝑏2𝑞2 + 𝑏3𝑞3 + (𝑎2𝑎3𝑏1 + 𝑎1𝑎3𝑏2 + 𝑎1𝑎2𝑏3 − 𝑏1𝑏2𝑏3)𝑝
0

−(𝑎3𝑏2 + 𝑎2𝑏3)𝑝
1  

 −(𝑎3𝑏1 + 𝑎1𝑏3)𝑝
2 − (𝑎2𝑏1 − 𝑎1𝑏2)𝑝

3
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(𝑎1
′′ − 2

𝑎1
′ 𝑏1
′

𝑏1
+ 2

𝑎1
′

𝑟
) =

−2𝑏1𝑒
2𝒰

𝑟4
[𝑎1𝑏2𝑏3(𝑝

12 − ℓ(𝑟)1
2)

 +𝑏2(−(𝑏3𝑝
1𝑝2) + 𝑏3ℓ(𝑟)1ℓ(𝑟)2) +

 +𝑏1(−2𝑎2𝑎3𝑝
1ℓ(𝑟)1 + 𝑎3𝑝

3ℓ(𝑟)1 + 𝑎2𝑝
4ℓ(𝑟)1 + 𝑎3𝑝

1ℓ(𝑟)3 +

−𝑝4ℓ(𝑟)3 + 𝑎2𝑝
1ℓ(𝑟)4 − 𝑝

3ℓ(𝑟)4)]

(𝑏1
′′ + 2

𝑏1
′

𝑟
+
(𝑎1
′2 − 𝑏1

′2)

𝑏1
) = −

𝑒2𝒰

𝑏2𝑏3𝑟
4 [−(𝑎1

2𝑏2
2𝑏3
2𝑝1

2
) + 𝑏1

2𝑏2
2𝑏3
2𝑝1

2

 +2𝑎1𝑏2
2𝑏3
2𝑝1𝑝2 +

 −𝑏2
2𝑏3
2𝑝2 2𝑏1

2𝑏3
2𝑝3 2𝑏1

2𝑏2
2𝑝4

2

 +𝑎1
2𝑏2
2𝑏3
2ℓ(𝑟)1

2 +

 −𝑏1
2𝑏2
2𝑏3
2ℓ(𝑟)1

2 + 𝑎3
2𝑏1
2𝑏2
2(𝑝12 − ℓ(𝑟)1

2)

 +𝑎2
2𝑏1
2𝑏3
2

(𝑝1
2
− ℓ(𝑟)1

2) − 2𝑎1𝑏2
2𝑏3
2ℓ(𝑟)1ℓ(𝑟)2 + 𝑏2

2𝑏3
2ℓ(𝑟)2

2 +

 −𝑏1
2𝑏3
2ℓ(𝑟)3

2 + 2𝑎2𝑏1
2𝑏3
2(−(𝑝1𝑝3) + ℓ(𝑟)1ℓ(𝑟)3) +

−𝑏1
2𝑏2
2ℓ(𝑟)4

2 + 2𝑎3𝑏1
2𝑏2
2(−(𝑝1𝑝4) + ℓ(𝑟)1ℓ(𝑟)4)]

(𝑎2
′′ − 2

𝑎2
′ 𝑏2
′

𝑏2
+ 2

𝑎2
′

𝑟
) = (1,2,3) → (2,1,3)

(𝑏2
′′ + 2

𝑏2
′

𝑟
+
(𝑎2
′2 − 𝑏2

′2)

𝑏2
) = (1,2,3) → (2,1,3)

(𝑎3
′′ − 2

𝑎3
′ 𝑏3
′

𝑏3
+ 2

𝑎3
′

𝑟
) = (1,2,3) → (3,2,1)

(𝑏3
′′ + 2

𝑏3
′

𝑟
+
(𝑎3
′2 − 𝑏3

′2)

𝑏3
) = (1,2,3) → (3,2,1)

 

𝒰′′ +
2

𝑟
𝒰′= −2𝑒−2𝒰𝑆00 

(𝒰′)2 +∑ 

𝑖

 
1

4𝑏𝑖
2
((𝑏𝑖

′)2 + (𝑎𝑖
′)2) = 2𝑒−2𝒰𝑆00

 

𝑆00 =
𝑒4𝒰

4𝑏1𝑏2𝑏3𝑟
4
(𝑎1
2𝑏2
2𝑏3
2𝑝1
2 + 𝑏1

2𝑏2
2𝑏3
2𝑝1
2 − 2𝑎1𝑏2

2𝑏3
2𝑝1𝑝2 + 𝑏2

2𝑏3
2𝑝2
2 + 𝑏1

2𝑏3
2𝑝3
2

+𝑏1
2𝑏2
2𝑝4
2 + 𝑎1

2𝑏2
2𝑏3
2ℓ(𝑟)1

2 + 𝑏1
2𝑏2
2𝑏3
2ℓ(𝑟)1

2 + 𝑎3
2𝑏1
2𝑏2
2(𝑝1

2 + ℓ(𝑟)1
2)  

+𝑎2
2𝑏1
2𝑏3
2(𝑝1

22 + ℓ(𝑟)1
2) − 2𝑎1𝑏2

2𝑏3
2ℓ(𝑟)1ℓ(𝑟)2 + 𝑏2

2𝑏3
2ℓ(𝑟)2

2 + 𝑏1
2𝑏3
2ℓ(𝑟)3

2

−2𝑎2𝑏1
2𝑏3
2(𝑝1𝑝3 + ℓ(𝑟)1ℓ(𝑟)3) + 𝑏1

2𝑏2
2ℓ(𝑟)4

2 − 2𝑎3𝑏1
2𝑏2
2(𝑝1𝑝4 + ℓ(𝑟)1ℓ(𝑟)4))

 

ℓΛ(𝑟) =
1

𝑏1𝑏2𝑏3

(

 
 
 
 
 
 
 

[𝑞1 + 𝑎1(𝑎2𝑎3𝑝
1 − 𝑎3𝑝

3 − 𝑎2𝑝
4 + 𝑞2)

+𝑎2(−(𝑎3𝑝
2) + 𝑞3) + 𝑎3𝑞4]

[𝑎1 
2(𝑎2𝑎3𝑝

1 − 𝑎3𝑝
3 − 𝑎2𝑝

4 + 𝑞2) + 𝑏1 
2(𝑎2𝑎3𝑝

1 − 𝑎3𝑝
3 − 𝑎2𝑝

4 + 𝑞2)

+𝑎1(𝑞1 + 𝑎2(−(𝑎3𝑝
2) + 𝑞3) + 𝑎3𝑞4)]

[
𝑎1(𝑎2 

2(𝑎3𝑝
1 − 𝑝4) + 𝑏2 

2(𝑎3𝑝
1 − 𝑝4) + 𝑎2(−(𝑎3𝑝

3) + 𝑞2))

+𝑎2 
2(−(𝑎3𝑝

2) + 𝑞3) + 𝑏2 
2(−(𝑎3𝑝

2) + 𝑞3) + 𝑎2(𝑞1 + 𝑎3𝑞4)]

[𝑎3𝑞1 + 𝑎1(−(𝑎3 
2𝑝3) − 𝑏3 

2𝑝3 + 𝑎2(𝑎3 
2𝑝1 + 𝑏3 

2𝑝1 − 𝑎3𝑝
4) + 𝑎3𝑞2)

−𝑎2(𝑎3 
2𝑝2 + 𝑏3 

2𝑝2 − 𝑎3𝑞3) + 𝑎3 
2𝑞4 + 𝑏3 

2𝑞4] )
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ℒEH = −
1

2
|𝑒D|𝑅,  

ℒscal =
1

2
|𝑒D|𝒢𝑠𝑢(𝜙)𝜕𝜇𝜙

𝑠𝜕𝜈𝜙
𝑢𝑔𝜇𝜈 − |𝑒D|𝑉(𝜙),  

ℒvect =
1

4
|𝑒D|𝑔

𝜇𝜌𝑔𝜈𝜎𝐹𝜇𝜈
Λ ℐΛΣ(𝜙)𝐹𝜌𝜎

Σ +
1

8
𝜀𝜇𝜈𝜌𝜎𝐹𝜇𝜈

ΛℛΛΣ(𝜙)𝐹𝜌𝜎
Σ ,  

𝜙′𝑠 = 𝑔 ⋆ 𝜙 = 𝜙′𝑠(𝜙𝑢)  

𝐴𝜇
Λ → 𝐴𝜇

Λ + 𝜕𝜇𝜁
Λ  

ℒblack particle = ℒwhite particle + ℒscal + ℒvect  

𝑑𝑠2 = (1 −
2𝑟M
𝑟
+
𝑟Q
2

𝑟2
)𝑑𝑡2 − (1 −

2𝑟M
𝑟
+
𝑟Q
2

𝑟2
)

−1

𝑑𝑟2 − 𝑟2(𝑑𝜃2 + sin2 (𝜃)𝑑𝜑2)  

𝑟M =
GN
𝑐2
𝑀; 𝑟Q

2 =
GN
4𝜋𝑐4

𝑄2  

𝑟± = 𝑟M ±√𝑟M
2 − 𝑟Q

2  if  𝑟M > 𝑟Q  

𝛿𝑀 =
𝜅

8𝜋GN
𝛿𝐴H +

1

𝑐2
ΩH𝛿𝒥H +Φ𝛿𝑄  

𝑇 =
𝜅ℏ

2𝜋𝑘B𝑐
 

𝒮 =
𝑘B

4ℓP
2 𝐴H  

𝑀2 ≥
𝑝2 + 𝑞2

2
.  

{𝑄𝛼
𝐴, 𝑄‾𝛽

𝐵} = 2𝛿𝐴𝐵𝑃𝜇Γ𝛼𝛽
𝜇
+ 𝑍𝐴𝐵𝛿𝛼𝛽 ,  

𝑍𝐴𝐵 = −𝑍𝐵𝐴, 𝐴, 𝐵 = 1,… ,𝒩.  

𝑀 ≥ |𝑧ℓ|, ℓ = 1,… ,
𝒩

2
,  

1

𝑒D
ℒ(4) = −

𝑅

2
+
1

2
𝒢𝑠𝑢(𝜙)𝜕𝜇𝜙

𝑠𝜕𝜇𝜙𝑢 +
1

4
ℐΛΣ(𝜙)𝐹𝜇𝜈

Λ𝐹Σ𝜇𝜈 +
1

8𝑒D
ℛΛΣ(𝜙)𝜀

𝜇𝜈𝜌𝜎𝐹𝜇𝜈
Λ𝐹𝜌𝜎

Σ  

𝐹𝜇𝜈
Λ = 𝜕𝜇𝐴𝜈

Λ − 𝜕𝜈𝐴𝜇
Λ, 𝑒D = √|Det(𝑔𝜇𝜈)|  

𝑝 ∈ ℳ ⟶ 𝑔𝑝𝐻 ⊂ 𝐺.  

ℳ ∼ 𝐺/𝐻,  
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dim(ℳ) = dim(𝐺) − dim(𝐻)  

𝑝 ∈ ℳ ⟶ 𝐿(𝜙𝑠) ∈ 𝑔𝑝𝐻 ⊂ 𝐺.  

𝑝′ = 𝑔 ⋆ 𝑝 

𝜙′ = 𝑔 ⋆ 𝜙 = 𝜙′𝑠(𝜙𝑢) 

𝐿(𝑔 ⋆ 𝜙)𝑔𝐿(𝜙) 

𝑔𝐿(𝜙) = 𝐿(𝑔 ⋆ 𝜙)ℎ(𝜙, 𝑔)  

𝔤 = ℌ⊕𝔎  

[ℌ,ℌ] ⊆ ℌ  

[ℌ,𝔎] ⊆ 𝔎  

[𝔎,𝔎] ⊆ 𝔎⊕ℌ,  

[𝔎,𝔎] ⊆ ℌ;  

𝐻 ∈ ℌ ⇒ 𝐻† = −𝐻,𝐾 ∈ 𝔎 ⇒ 𝐾† = 𝐾  

[𝐾𝑠, 𝐾𝑢] = 𝒞𝑠𝑢 
𝑞𝐻𝑞 .  

𝐿(𝜙𝑠) = exp (𝜙𝑠𝐾𝑠)  

𝐺solv = exp (১)  

𝐃𝔤 ≡ [𝔤, 𝔤], 𝐃𝑛𝔤 ≡ [𝐃𝑛−1𝔤,𝐃𝑛−1𝔤].  

{𝐿𝑠(𝜙𝑝)} = 𝐺solv, 𝑝 ∈ ℳ  

ℳ ∼ 𝐺solv ,  

∀𝑔 ∈ 𝐺semi ⇒ 𝑔 = 𝑠ℎ  with 𝑠 ∈ 𝐺solv , ℎ ∈ 𝐻  

Ω = 𝐿−1𝑑𝐿  

Ω(𝜙) = 𝜎𝐴(𝜙)𝑇𝐴 = 𝐿(𝜙)
−1𝑑𝐿(𝜙) = 𝑉𝑠(𝜙)𝐾𝑠 +𝑤

𝑟(𝜙)𝐻𝑟 = ℘(𝜙) + 𝑤(𝜙),  

Ω(𝜙) = Ω𝑠(𝜙)𝑑𝜙
𝑠, 𝑉𝑢(𝜙) = 𝑉𝑠𝑢(𝜙)𝑑𝜙

𝑠, ℘(𝜙) = 𝑉𝑠(𝜙)𝐾𝑠, 𝑤(𝜙) = 𝑤
𝑞(𝜙)𝐻𝑞 . 

𝑑Ω = 𝑑𝐿−1 ∧ 𝑑𝐿 = 𝑑𝐿−1𝐿𝐿−1 ∧ 𝑑𝐿 = −𝐿−1𝑑𝐿 ∧ 𝐿−1𝑑𝐿 = −Ω ∧ Ω  

𝑑Ω + Ω ∧ Ω = 0  

𝐿(𝑔 ⋆ 𝜙) = 𝑔𝐿(𝜙)ℎ−1 

Ω(𝑔 ⋆ 𝜙) = ℎ𝐿(𝜙)−1𝑔−1𝑑(𝑔𝐿(𝜙)ℎ−1) = ℎ𝐿(𝜙)−1(𝑑𝐿(𝜙))ℎ−1 + ℎ𝑑ℎ−1  
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Ω(𝑔 ⋆ 𝜙)= ℘(𝑔 ⋆ 𝜙) + 𝑤(𝑔 ⋆ 𝜙) = 𝑉𝑠(𝑔 ⋆ 𝜙)𝐾𝑠 +𝑤
𝑟(𝑔 ⋆ 𝜙)𝐻𝑟 

 = ℎ(𝑉𝑠(𝜙)𝐾𝑠)ℎ
−1 + ℎ(𝑤𝑢(𝜙)𝐻𝑢)ℎ

−1 + ℎ𝑑ℎ−1 =

 = ℎ℘(𝜙)ℎ−1 + ℎ𝑤(𝜙)ℎ−1 + ℎ𝑑ℎ−1
 

℘(𝑔 ⋆ 𝜙) = ℎ℘(𝜙)ℎ−1

𝑤(𝑔 ⋆ 𝜙) = ℎ𝑤(𝜙)ℎ−1 + ℎ𝑑ℎ−1
 

𝒟℘ ≡ 𝑑℘ +𝑤 ∧ ℘+℘ ∧ 𝑤 = 0
𝑅(𝑤)  ≡ 𝑑𝑤 +𝑤 ∧ 𝑤 = ℘ ∧ ℘

 

𝑅(𝑤) =
1

2
𝑅𝑠𝑢𝑑𝜙

𝑠 ∧ 𝑑𝜙𝑢 ⇒ 𝑅𝑠𝑢 = −[℘𝑠, ℘𝑢] ∈ ℌ.  

𝜅𝑠𝑢 ≡ 𝑘Tr(𝐾𝑠𝐾𝑢)  

𝒢𝑠𝑢(𝜙) = 𝑉𝑠𝑠(𝜙)𝑉𝑢𝑢(𝜙)𝜅𝑠𝑢  ⇔  𝑑𝑠2(𝜙) = 𝒢𝑠𝑢(𝜙)𝑑𝜙
𝑠𝑑𝜙𝑢 = 𝑘Tr(℘(𝜙)2),  

℘ = ℘𝑠𝑑𝜙
𝑠 

ℒscal =
𝑒D
2
𝒢𝑠𝑢(𝜙)𝜕𝜇𝜙

𝑠𝜕𝜇𝜙𝑢 =
𝑒D
2
𝑘Tr[℘𝑠(𝜙)℘𝑢(𝜙)]𝜕𝜇𝜙

𝑠𝜕𝜇𝜙𝑢,  

[𝑡𝛼 , 𝑡𝛽] = 𝑓𝛼𝛽
𝛾
𝑡𝛾,  

𝑔 ≈ 𝟙 + 𝜖𝛼𝑡𝛼,  

𝜙𝑠 → 𝜙𝑠 + 𝜖𝛼𝑘𝛼
𝑠 (𝜙)  

[𝑘𝛼 , 𝑘𝛽] = −𝑓𝛼𝛽
𝛾
𝑘𝛾.  

𝒢Λ𝜇𝜈 ≡ −𝑒D𝜀𝜇𝜈𝜌𝜎
𝜕ℒ(4)

𝜕𝐹𝜌𝜎
Λ
= ℛΛΣ𝐹𝜇𝜈

Σ − ℐΛΣ 
∗𝐹𝜇𝜈
Σ ,  

 ∗𝐹𝜇𝜈
Λ ≡

𝑒D
2
𝜀𝜇𝜈𝜌𝜎𝐹

Λ𝜌𝜎  

𝒟̃𝜇(𝜕
𝜇𝜙𝑠) =

1

4
𝒢𝑠𝑢(𝐹𝜇𝜈

Λ 𝜕𝑢ℐΛΣ𝐹
Σ𝜇𝜈 + 𝐹𝜇𝜈

Λ 𝜕𝑢ℛΛΣ 
∗𝐹Σ𝜇𝜈)  

∇𝜇( 
∗𝐹Λ𝜇𝜈) = 0, ∇𝜇( 

∗𝒢Λ𝜇𝜈) = 0  

𝒟̃𝜇(𝜕𝜈𝜙
𝑠) ≡ ∇𝜇(𝜕𝜈𝜙

𝑠) + Γ̃𝑣𝑢
𝑠 𝜕𝜇𝜙

𝑣𝜕𝜈𝜙
𝑢  

 ⋇⋇𝐹Λ  = (ℐ−1)ΛΣ(ℛΣΠ𝐹
Π − 𝒢Σ)

 ⋇⋇𝒢Λ  = (ℛℐ
−1ℛ + ℐ)ΛΣ𝐹

Σ − (ℛℐ−1)Λ 
Σ𝒢Σ

 

𝔽𝑀 ≡ (
𝐹𝜇𝜈
Λ

𝒢Λ𝜇𝜈
)  

 ∗𝔽 = −ℂℳ(𝜙𝑠)𝔽,  
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ℂ ≡ ℂ𝑀𝑁 ≡ (
𝟘 𝟙
−𝟙 𝟘

) ≡ (
𝟘𝑛v 𝟙𝑛v
−𝟙𝑛v 𝟘𝑛v

)  

ℳ(𝜙) ≡ ℳ(𝜙)𝑀𝑁 ≡ (
(ℛℐ−1ℛ + ℐ)ΛΣ −(ℛℐ−1)Λ 

Γ

−(ℐ−1ℛ)Ξ Σ (ℐ−1)ΞΓ
)  

 

∇𝜇( 
∗𝔽𝜇𝜈) = 0 ⇔ ∇𝜇(ℂℳ(𝜙)𝔽𝜇𝜈) = 0 ⇔  𝑑𝔽 = 0  

𝒟̃𝜇(𝜕
𝜇𝜙𝑠) =

1

8
𝒢𝑠𝑢(𝔽𝜇𝜈)

𝑇
𝜕𝑢ℳ(𝜙)𝔽𝜇𝜈  

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 = 𝑇𝜇𝜈

(S)
+ 𝑇𝜇𝜈

(V)  

𝑇𝜇𝜈
(S)
= 𝒢𝑠𝑢(𝜙)𝜕𝜇𝜙

𝑠𝜕𝜈𝜙
𝑢 −

1

2
𝑔𝜇𝜈𝒢𝑠𝑢(𝜙)𝜕𝜌𝜙

𝑠𝜕𝜌𝜙𝑢 

𝑇𝜇𝜈
(V)
 = (𝐹𝜇𝜌)

𝑇
ℐ𝐹𝜈  

𝜌 −
1

4
𝑔𝜇𝜈(𝐹𝜌𝜎)

𝑇
ℐ𝐹𝜌𝜎

 

𝑇𝜇𝜈
(V)
=
1

2
(𝔽𝜇𝜌)

𝑇
ℳ(𝜙)𝔽𝜈

𝜌  

𝑅 = 𝒢𝑠𝑢(𝜙)𝜕𝜌𝜙
𝑠𝜕𝜌𝜙𝑢  

𝑅𝜇𝜈 = 𝒢𝑠𝑢(𝜙)𝜕𝜇𝜙
𝑠𝜕𝜈𝜙

𝑢 +
1

2
(𝔽𝜇𝜌)

𝑇
ℳ(𝜙)𝔽𝜈  

𝜌  

 𝒟̃𝜇(𝜕
𝜇𝜙𝑠) =

1

8
𝒢𝑠𝑢(𝔽𝜇𝜈)

𝑇
𝜕𝑢ℳ(𝜙)𝔽𝜇𝜈

 𝑅𝜇𝜈 = 𝒢𝑠𝑢(𝜙)𝜕𝜇𝜙
𝑠𝜕𝜈𝜙

𝑢 +
1

2
(𝔽𝜇𝜌)

𝑇
ℳ(𝜙)𝔽𝜈  

𝜌

 𝑑𝔽 = 0 ⟹ ∇𝜇(ℂℳ(𝜙)𝔽𝜇𝜈) = 0

 

ℳ ∈ Sp(2𝑛v, ℝ): ℳ
𝑇ℂℳ =ℳℂℳ𝑇 = ℂ  

ℳ(𝜙)𝑀𝑃ℂ
𝑃𝐿ℳ(𝜙)𝐿𝑁 = ℂ𝑀𝑁  ⟹  ℳ(𝜙)−1 = −ℂℳ(𝜙)ℂ  

ℛv[𝑔] ≡ ℛv[𝑔]
𝑀 𝑁 

ℳ(𝑔 ⋆ 𝜙) = ℛv[𝑔]
−𝑇ℳ(𝜙)ℛv[𝑔]

−1.  

𝑔 ∈ 𝐺 ↔ ℛv[𝑔] ∈ Sp(2𝑛v, ℝ)  ⟹  𝐺 ⟷
ℛv
Sp(2𝑛v, ℝ),  

ℛv[𝑔1 ⋅ 𝑔2]  = ℛv[𝑔1]ℛv[𝑔2],

ℛv[𝑔]ℂℛv[𝑔]
𝑇  = ℛv[𝑔]

𝑇ℂℛv[𝑔] = ℂ.
 

ℛv∗ = ℛv
−𝑇 

ℛv∗[𝑔] = (ℛv∗[𝑔]𝑀 
𝑁) = ℛv[𝑔]

−𝑇 = −ℂℛv[𝑔]ℂ

 ⟹ ℛv∗[𝑔]𝑀 
𝑁 = ℂ𝑀𝑃ℛv[𝑔]

𝑃 𝑄ℂ
𝑁𝑄 ,
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ℳ(𝜙) →
𝐸s 
ℳ ′(𝜙) = (𝐸S)

𝑇ℳ(𝜙)𝐸S  

𝐿(𝜙)  →
ℛv 
 ℛv[𝐿(𝜙)] ∈ Sp(2𝑛v, ℝ).  

ℛv[𝐻] ⊈ SO(2𝑛v) 

𝒜 ≡ 𝒜𝑁 𝑀 ∈ Sp(2𝑛v, ℝ)/U(𝑛)  

ℛv[𝐻] ≡ 𝒜
−1ℛv[𝐻]𝒜 ⊂ SO(2𝑛v) 

𝕃(𝜙) ≡ 𝕃(𝜙)𝑀 𝑁 

𝕃(𝜙) ≡ ℛv[𝐿(𝜙)]𝒜 ⟹  𝕃(𝜙)𝑀 𝑁 ≡ ℛv[𝐿(𝜙)]
𝑀 𝑁𝒜

𝑁 𝑁,  

𝕃(𝜙)𝑀𝑁 ≡ ℂ𝑀𝑃ℂ𝑁𝑄𝕃(𝜙)
𝑃𝑄.  

∀𝑔 ∈ 𝐺: ℛv[𝑔]𝕃(𝜙) = 𝕃(𝑔 ⋆ 𝜙)ℛv[ℎ]  

ℳ(𝜙)𝑀𝑁 = ℂ𝑀𝑃𝕃(𝜙)
𝑃 𝐿𝕃(𝜙)

𝑅 𝐿ℂ𝑅𝑁  ⟹  ℳ(𝜙) = ℂ𝕃(𝜙)𝕃(𝜙)𝑇ℂ,  

 

∀𝑔 ∈ 𝐺: ℳ(𝑔 ⋆ 𝜙) = ℂ𝐿(𝑔 ⋆ 𝜙)𝐿(𝑔 ⋆ 𝜙)𝑇ℂ = ℛv[𝑔]
−𝑇ℳ(𝜙)ℛv[𝑔]

−1  

 

𝑔 ∈ 𝐺: {
𝜙𝑠 →

𝑔 
𝑔 ⋆ 𝜙𝑠

𝔽𝜇𝜈
𝑀 →

𝑔 
𝔽𝜇𝜈
′𝑀 = ℛv[𝑔]

𝑀 𝑁𝔽𝜇𝜈
𝑁

 

𝑔 ∈ 𝐺: {

𝜙𝑠 → 𝑔 ⋆ 𝜙𝑠

(
𝐹Λ

𝒢Λ
) → ℛv[𝑔] ⋅ (

𝐹Λ

𝒢Λ
) = (

𝐴𝑔 
ΛΣ 𝐵𝑔 

ΛΣ

𝐶𝑔ΛΣ 𝐷𝑔 
Σ )(

𝐹Σ

𝒢Σ
)
  (curvature)  

(
𝐹𝜇𝜈
 ∗𝐹𝜇𝜈

)  →
U(1) 

(
𝐹𝜇𝜈
′

 ∗𝐹𝜇𝜈
′ ) = (

cos (𝜃) sin (𝜃)
−sin (𝜃) cos (𝜃)

) (
𝐹𝜇𝜈
 ∗𝐹𝜇𝜈

)  

(
𝐹Λ

𝒢Λ
)  →
ℛv[𝑔] 

(
𝐹′Λ

𝒢Λ
′ ) = (

𝐴𝑔 
Λ Σ𝐹

Σ +𝐵𝑔 
ΛΣ𝒢Σ

𝐶𝑔ΛΣ𝐹
Σ +𝐷𝑔 

Σ𝒢Σ
)  

ℒscal =
𝑒D
2
𝒢𝑠𝑢(𝜙)𝜕𝜇𝜙

𝑠𝜕𝜇𝜙𝑢 =
𝑒D
8
𝑘Tr(ℳ−1𝜕𝜇ℳℳ−1𝜕𝜇ℳ)  

𝔑ΛΣ ≡ ℛΛΣ + 𝑖ℐΛΣ  

𝔑(𝑔 ⋆ 𝜙) = (𝐶𝑔 + 𝐷𝑔𝔑(𝜙))(𝐴𝑔 + 𝐵𝑔𝔑(𝜙))
−1
,  



pág. 4501 

𝑒Λ  ≡
1

4𝜋
∫  
𝕊2
 𝒢Λ =

1

8𝜋
∫  
𝕊2
 𝒢Λ𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈

𝑚Λ  ≡
1

4𝜋
∫  
𝕊2
 𝐹Λ =

1

8𝜋
∫  
𝕊2
 𝐹𝜇𝜈
Λ 𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈

 

Γ𝑀 = (
𝑚Λ

𝑒Λ
) =

1

4𝜋
∫  
𝕊2
 𝔽𝑀  

(Γ2 
𝑀)𝑇ℂΓ1 

𝑀 = 𝑚2 
Λ𝑒1Λ −𝑚1 

Λ𝑒2Λ =
1

2𝜋
ℏ𝑐𝑛; (𝑛 ∈ ℤ)  

𝑔 ∈ 𝐺el: ℛv[𝑔] = (
𝐴ΛΣ 𝕆
𝐶ΛΣ 𝐷Λ 

Σ)  

𝑔 ∈ 𝐺el: 𝐹Λ → 𝐹′Λ = 𝐴Λ Σ𝐹
Σ

𝒢Λ → 𝒢Λ
′ = 𝐶ΛΣ𝐹

Σ + 𝐷Λ 
Σ𝒢Σ

 

ℐΛΣ → 𝐷Λ 
Π𝐷Σ 

ΔℐΠΔ; ℛΛΣ → 𝐷Λ 
Π𝐷Σ 

ΔℛΠΔ + 𝐶ΛΠ𝐷Σ 
Π  

𝛿ℒBOS =
1

8
𝐶ΛΠ𝐷Σ 

Π𝜀𝜇𝜈𝜌𝜎𝐹𝜇𝜈
Λ𝐹𝜌𝜎

Σ  

𝒩 = 2: ℳscal =ℳSK ×ℳQK  

𝑔 ∈  isom. of ℳQK  ⟹ ℛv[𝑔] = 𝟙  

 

𝐺: {
𝛿𝕃 = Λ𝛼𝑡𝛼𝕃

𝛿𝔽𝜇𝜈
𝑀 = −Λ𝛼(𝑡𝛼)𝑁

𝑀𝔽𝜇𝜈
𝑁  

 

[𝑡𝛼 , 𝑡𝛽] = 𝑓𝛼𝛽
𝛾
𝑡𝛾,  

 

(𝑡𝛼)𝑀 
𝑁ℂ𝑁𝑃 = (𝑡𝛼)𝑃 

𝑁ℂ𝑁𝑀 𝑀,𝑁,… = 1,… ,2𝑛v  

 

(𝑡𝛼)𝑀𝑁 = (𝑡𝛼)𝑁𝑀  

𝐻 = 𝐻R ×𝐻matt,  

𝐺 ⇝ 𝕃(𝜙) ⇝ 𝐻.  

(𝜕𝐛) ⋅ 𝕃(𝜙) ⋅ 𝐟 = 𝐝(𝜙, 𝜕𝐛) ⋅ 𝐟  
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𝑔 ∈ 𝐺:

{
 
 

 
 𝜙𝑠 →

𝑔 
𝑔 ⋆ 𝜙𝑠

𝔽𝜇𝜈
𝑀 →

𝑔 
𝔽𝜇𝜈
′𝑀 = ℛv[𝑔]

𝑀 𝑁𝔽𝜇𝜈
𝑁

𝐟 →
𝑔 

𝐟′ = ℎ(𝜙, 𝑔) ⋆ 𝐟

 

𝛿𝜖𝐛 = 𝜖‾𝐟, 𝛿𝜖𝐟 = 𝜖𝜕𝐛  

𝛿𝜖𝐟 = 𝐝(𝜙, 𝜕𝐛)𝜖  

𝑑𝑠2 = 𝑓(𝑟)2𝑑𝑡2 − 𝑓(𝑟)−2𝑑𝑟2 − ℎ(𝑟)2(𝑑𝜃2 + sin2 (𝜃)𝑑𝜑2)  

 white particles = 0,𝜙𝑠 = 𝜙𝑠(𝑟)  

Γ𝑀 ≡ (𝑚Λ, 𝑒Λ) 

𝔽𝑀 = (
𝐹𝜇𝜈
Λ

𝒢Λ𝜇𝜈
)
𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈

2
=
1

ℎ2
ℂℳ(𝜙)Γ𝑀𝑑𝑡 ∧ 𝑑𝑟 + Γ𝑀sin (𝜃)𝑑𝜃 ∧ 𝑑𝜑  

(𝔽𝜇𝜈)
𝑇
𝜕𝑠ℳ𝔽𝜇𝜈= 2(𝔽𝑡𝑟)

𝑇𝜕𝑠ℳ𝔽𝑡𝑟𝑔
𝑡𝑡𝑔𝑟𝑟 + 2(𝔽𝜃𝜑)

𝑇
𝜕𝑠ℳ𝔽𝜃𝜑𝑔

𝜃𝜃𝑔𝜑𝜑 

 = −
2

ℎ4
Γ𝑇ℳℂ𝑇𝜕𝑠ℳℂℳΓ+

2

ℎ4
Γ𝑇𝜕𝑠ℳΓ =

 =
4

ℎ4
Γ𝑇𝜕𝑠ℳΓ = −

8

ℎ4
𝜕𝑠𝑉BH

 

𝑉BH(𝜙, Γ) ≡ −
1

2
Γ𝑇ℳ(𝜙)Γ > 0  

(𝑓2ℎ2𝜙′𝑠)′ + Γ̃𝑢𝑣
𝑠 𝜙′𝑢𝜙′𝑣 =

1

ℎ2
𝒢𝑠𝑢𝜕𝑢𝑉BH,  

𝑓′(𝑟) ≡
𝑑

𝑑𝑟
, while 𝜕𝑠,𝑢,𝑣,… indicates 

𝜕

𝜕𝜙𝑠,𝑢,𝑣,…
 

𝑑𝜏

𝑑𝑟
=

1

𝑓2ℎ2
 

𝑓(𝜏) ≡
𝑑𝑓(𝜏)

𝑑𝜏
 

𝜙̈𝑠 + Γ̃𝑠 𝑢𝑣𝜙̇
𝑢𝜙̇𝑣 = 𝑓2𝒢𝑠𝑢𝜕𝑢𝑉BH  

𝑅𝑟𝑟 = 𝒢𝑠𝑢𝜙
′𝑠𝜙′𝑢 −

1

𝑓2ℎ4
𝑉BH,

𝑅𝑡𝑡 =
𝑓2

ℎ4
𝑉BH, 𝑅𝜃𝜃 =

1

ℎ2
𝑉BH, 𝑅𝜑𝜑 =

sin2 (𝜃)

ℎ2
𝑉BH,

 

𝑅𝑡
𝑡 =

1

𝑓2
𝑅𝑡𝑡 =

1

ℎ4
𝑉BH =

1

ℎ2
𝑅𝜃𝜃 = −𝑅𝜃

𝜃  

𝑅𝑡
𝑡 = −𝑅𝜃

𝜃  ⇒  
(𝑓𝑓′ℎ2)′

ℎ2
=
1

ℎ2
(1 − (𝑓2ℎℎ′)′)

 ⇒  (𝑓2ℎ2)′′ = 2
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𝑓2ℎ2  = (𝑟 − 𝑟0)
2 − 𝑐ex

2 = (𝑟 − 𝑟+)(𝑟 − 𝑟−)
𝑟±  ≡ 𝑟0 ± 𝑐ex

 

𝑑𝜏

𝑑𝑟
=

1

𝑓2ℎ2
=

1

(𝑟 − 𝑟0)
2 − 𝑐ex

2  ⟹  𝑟 − 𝑟0 = −𝑐excoth(𝑐ex𝜏)  

𝜏 =
1

2𝑐ex
log (

𝑟 − 𝑟+
𝑟 − 𝑟−

)  

𝑑𝜏

𝑑𝑟
=

1

(𝑟 − 𝑟0)
2 − 𝑐ex

2 =
sinh2 (𝑐ex𝜏)

𝑐ex
2

 

𝑓(𝑟)2= 𝑒2𝑈(𝑟)  

ℎ(𝑟)2 = 𝑒−2𝑈(𝑟)(𝑟 − 𝑟+)(𝑟 − 𝑟−) = 𝑒
−2𝑈(𝑟)

𝑐ex
2

sinh2 (𝑐ex𝜏)
.

 

𝑑𝑠2 = 𝑒2𝑈𝑑𝑡2 − 𝑒−2𝑈(𝑑𝑟2 + (𝑟 − 𝑟+)(𝑟 − 𝑟−)𝑑Ω
2)  

𝑑Ω2 ≡ 𝑑𝜃2 + sin2 (𝜃)𝑑𝜑2 

𝑑𝑠2 = 𝑒2𝑈𝑑𝑡2 − 𝑒−2𝑈 (
𝑐ex
4

sinh4 (𝑐ex𝜏)
𝑑𝜏2 +

𝑐ex
2

sinh2 (𝑐ex𝜏)
𝑑Ω2)  

𝑓𝑓′ℎ2 =
𝑓

𝑓
= 𝑈̇,  

𝑈̈ = 𝑒2𝑈𝑉BH.  

𝑅𝑡𝑡 =
1

ℎ4
𝑈̈, 𝑅𝜏𝜏 = 2𝑐ex

2 − 2𝑈̇2 + 𝑈̈, 𝑅𝜃𝜃 =
𝑅𝜑𝜑

sin2 (𝜃)
=

1

𝑓2ℎ2
𝑈̈.  

𝑈̇2 +
1

2
𝒢𝑠𝑢𝜙̇

𝑠𝜙̇𝑢 − 𝑒2𝑈𝑉BH = 𝑐ex
2 ,  

𝑈̈ = 𝑒2𝑈𝑉BH,

𝜙̈𝑠 + Γ̃𝑠 𝑢𝑣𝜙̇
𝑢𝜙̇𝑣 = 𝑒2𝑈𝒢𝑠𝑢𝜕𝑢𝑉BH,

𝑈̇2 +
1

2
𝒢𝑠𝑢𝜙̇

𝑠𝜙̇𝑢 − 𝑒2𝑈𝑉BH = 𝑐ex
2 .

 

𝒮eff = ∫  ℒeff𝑑𝜏 = ∫  (𝑈̇
2 +

1

2
𝒢𝑠𝑢(𝜙)𝜙̇

𝑠𝜙̇𝑢 + 𝑒2𝑈𝑉BH(𝜙, Γ
𝑀))𝑑𝜏  

𝑑ℋ

𝑑𝜏
= 0 ⇒  ℋ = 𝔊  

ℋ = 𝑈̇2 +
1

2
𝒢𝑠𝑢(𝜙)𝜙̇

𝑠𝜙̇𝑢 − 𝑒2𝑈𝑉BH(𝜙, Γ) = 𝑐ex
2  

𝑀ADM =
𝑐2

8𝜋GN
∫  
𝕊∞
2
  𝑒D𝜀𝜃𝜑𝜇𝜈∇

𝜇𝜉𝜈𝑑𝜃𝑑𝜑  
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𝑀ADM =
𝑐2

GN
lim
𝜏→0−

 𝑈̇  

𝑈(0) = 0; 𝑈̇(0) =
GN
𝑐2
𝑀ADM;  𝜙

𝑠(0) = 𝜙0
𝑠;  𝜙̇𝑠(0) = 𝜙̇0

𝑠  

𝜏 → 0: 
GN
2

𝑐4
𝑀ADM
2 +

1

2
𝒢𝑠𝑢(𝜙0)𝜙̇0

𝑠𝜙̇0
𝑢 −

8𝜋GN
𝑐4

𝑉BH(𝜙0, Γ) = 𝑐ex
2 .  

𝐴H = lim
𝜏→−∞

 ∫  
𝑆2

 √𝑔𝜃𝜃𝑔𝜑𝜑𝑑𝜃𝑑𝜑 = lim
𝜏→−∞

 4𝜋𝑒−2𝑈
𝑐ex
2

sinh2 (𝑐ex𝜏)
 

𝑟 → 𝑟H = 𝑟+: 𝑒
−2𝑈 ∼

𝐴H
4𝜋

sinh2 (𝑐ex𝜏)

𝑐ex
2 =

𝑟H
2

(𝑟 − 𝑟+)(𝑟 − 𝑟−)
 

𝑑𝑠2 =
(𝑟 − 𝑟+)(𝑟 − 𝑟−)

𝑟H
2 𝑑𝑡2 −

𝑟H
2

(𝑟 − 𝑟+)(𝑟 − 𝑟−)
𝑑𝑟2 − 𝑟H

2𝑑Ω2  

𝜅2 = −
𝑐4

2
∇𝜇𝜉𝜈∇𝜇𝜉𝜈  

𝜅 =
𝑐2𝑐ex

𝑟H
2  

𝑇 =
ℏ𝑐

2𝜋𝑘B

𝑐ex

𝑟H
2 ,  

𝒮 =
𝑘B𝑐

3𝐴H
4GNℏ

 

𝑐ex = 2
GN
𝑐4
𝒮𝑇  

𝑑𝜌2 = 𝑒−2𝑈𝑑𝑟2  

lim
𝜌→𝜌H

 𝜙𝑠(𝜌) = 𝜙∗
𝑠;   |𝜙∗

𝑠| < ∞  

𝑐ex → 0: 𝜏 = −
1

𝑟
 

(𝑟 − 𝑟0) ⇝ 𝑟 

𝜏 → −∞: 𝑒−2𝑈 ∼ lim
𝑐ex→0

 𝑟H
2
sinh2 (𝑐ex𝜏)

𝑐ex
2 = 𝑟H

2𝜏2  

𝜏 → −∞: 𝑒−𝑈 ∼ −𝜏𝑟H, 𝑈̇ ∼ −
1

𝜏
, 𝑈̈ ∼

1

𝜏2
.  
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𝜏 → −∞: 𝑑𝜌 = 𝑒−𝑈𝑑𝑟 = lim
𝑐ex→0

 𝑒−𝑈𝑐ex
2

𝑑𝜏

sinh2 (𝑐ex𝜏)
=

 = 𝑒−𝑈
𝑑𝜏

𝜏2
∼ −𝑟H

𝑑𝜏

𝜏

 

𝑐ex → 0, 𝜏 → −∞: 𝜌 = −𝑟Hlog (−𝜏)  

lim
𝜌→−∞

 𝜙𝑠(𝜌) = 𝜙∗
𝑠, |𝜙∗

𝑠| < ∞  

lim
𝜌→−∞

 
𝑑ℓ

𝑑𝜌ℓ
𝜙(𝜌) = 0  

lim
𝜏→−∞

 𝜏𝜙̇𝑠 = lim
𝜏→−∞

 𝜏2𝜙̈𝑠 = 0  

𝜏 → −∞: 𝜏2𝜙̈𝑠 + Γ̃𝑢𝑣
𝑠 (𝜏𝜙̇𝑢)(𝜏𝜙̇𝑣) =

1

𝑟H
2 𝒢

𝑠𝑢𝜕𝑢𝑉BH  

lim
𝜙→𝜙∗

 𝜕𝑢𝑉BH = 𝜕𝑠𝑉BH(𝜙∗
𝑠, 𝑒,𝑚) = 0  

𝜙∗
𝑠 = 𝜙∗

𝑠(𝑒,𝑚)  

𝑉BH
(ex)

= 𝑉BH(𝜙∗, 𝑒,𝑚) = 𝑉BH
(ex)
(𝑒,𝑚).  

𝜏 → −∞:
1

𝜏2
= 𝑈̈ = 𝑒2𝑈𝑉BH

(ex)
=

1

𝑟H
2𝜏2

𝑉BH
(ex)

⇒ 𝑉BH
(ex)

= 𝑟H
2.

 

𝐴H = 4𝜋𝑉BH
(ex)
(𝑒,𝑚) = 𝐴H(𝑒,𝑚),  

𝑑𝑠2 = (
𝑟

𝑟H
)
2

𝑑𝑡2 − (
𝑟

𝑟H
)
−2

𝑑𝑟2 − 𝑟H
2𝑑Ω2  

𝜙𝑠(𝜏 = 0) = 𝜙∗
𝑠  

𝜕𝑠𝑉BH(𝜙∗
𝑠, 𝑒,𝑚) = 0  

𝜏 → −∞: 𝑑𝜌 = 𝑒−𝑈𝑑𝑟 ∼ −𝑟H
sinh (𝑐ex𝜏)

𝑐ex

𝑑𝑟

𝑑𝜏
𝑑𝜏 ∼

 ∼ −
𝑐ex

sinh (𝑐ex𝜏)
𝑑𝜏 ∼ 2𝑐ex𝑒

𝑐ex𝜏𝑑𝜏
 

𝑐ex ≠ 0, 𝜏 → −∞: 𝜌(𝜏) = 2𝑒𝑐ex𝜏  

lim
𝜌→0

 𝜙𝑠(𝜌) = 𝜙∗
𝑠, |𝜙∗

𝑠| < ∞ ⇒  lim
𝜌→−∞

 
𝑑ℓ

𝑑𝜌ℓ
𝜙(𝜌) = 0.  

𝑔 ∈ 𝐺: 

{
 

 
𝑈(𝜏)

𝜙𝑠(𝜏)

Γ𝑀

𝑀ADM

 →
𝑔 

{
 

 
𝑈′(𝜏) = 𝑈(𝜏)

𝜙′𝑠(𝜏) = 𝑔 ⋆ 𝜙𝑠(𝜏)

Γ′𝑀 = ℛv[𝑔]Γ
𝑀ADM
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Ξ = {𝑈(𝜏), 𝜙𝑠(𝜏)} 

Ξ′ = {𝑈′(𝜏) = 𝑈(𝜏), 𝜙′𝑠(𝜏)} 

𝜙0
′ = 𝑔 ⋆ 𝜙0 

𝑉BH(𝜙, Γ) ≡ −
1

2
Γ𝑇ℳ(𝜙)Γ,  

𝑉BH(𝜙, Γ)  →
𝑔 
 𝑉BH
′ (𝑔 ⋆ 𝜙,ℛv[𝑔]Γ)  = −

1

2
Γ𝑇ℛv

𝑇ℛv
−𝑇ℳ(𝜙)ℛv

−1ℛvΓ =

 = 𝑉BH(𝜙, Γ)
 

𝜙∗
𝑠(Γ) = 𝜙∗

𝑠(𝑒,𝑚) 

𝜕𝑠𝑉BH(𝜙∗(Γ), Γ) = 0,  

𝜕𝑠𝑉BH(𝜙∗, Γ) = 0 ⇔ 𝜕𝑠𝑉BH(𝑔 ⋆ 𝜙∗, ℛv[𝑔]Γ) = 0,  

𝑔 ⋆ 𝜙∗ 

𝑉(𝜙′, ℛv[𝑔]Γ) 

𝜙∗(ℛv[𝑔]Γ) 

𝑔 ⋆ 𝜙∗
𝑠(Γ) = 𝜙∗

𝑠(ℛv[𝑔]Γ)  

𝑉BH
(ex)
(Γ)= 𝑉BH(𝜙∗(Γ), Γ) = 𝑉BH(𝑔 ⋆ 𝜙∗(Γ), ℛv[𝑔]Γ) = 𝑉BH(𝜙∗(ℛv[𝑔]Γ), ℛv[𝑔]Γ) 

 = 𝑉BH 
(ex)(ℛv[𝑔]Γ)

 

𝐼4(Γ) = 𝐼4(𝑒,𝑚)  

ℛv[𝑇𝒜] ≡ (𝑇𝒜)𝑀 
𝑁 

𝐼4(Γ) = −
𝑛v(2𝑛v + 1)

6dim(𝐺)
(𝑇𝒜)𝑀𝑁(𝑇

𝒜)
𝑃𝑄
Γ𝑀Γ𝑁Γ𝑃Γ𝑄  

𝜂𝒜ℬ ≡ (𝑇𝒜)𝑀 
𝑁(𝑇ℬ)𝑁 

𝑀 

𝑉BH
(ex)

= √|𝐼4|,  

𝐴H
(ex)

= 4𝜋 (
8𝜋GN
𝑐4

√|𝐼4|)  

𝒮(ex) =
𝑘B

ℓP
2 𝜋 (

8𝜋GN
𝑐4

√|𝐼4|)  

1

𝑒D
ℒ† = −

𝑅

2
+
1

2
𝒢𝑠𝑢(𝜙)𝜕𝜇𝜙

𝑠𝜕𝜇𝜙𝑢 +
1

4
ℐΛΣ(𝜙)𝐹𝜇𝜈

Λ𝐹Σ𝜇𝜈 +
1

8𝑒D
ℛΛΣ(𝜙)𝜀

𝜇𝜈𝜌𝜎𝐹𝜇𝜈
Λ𝐹𝜌𝜎

Σ ,  

ℳscal
⊟ =

𝐺(4)

𝐻(4)
,  
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𝑑𝑠2 = 𝑒2𝑈(𝑑𝑡 + 𝜔𝜑𝑑𝜑)
2
− 𝑒−2𝑈𝑔𝑖𝑗

⊠𝑑𝑥𝑖𝑑𝑥𝑗;  

𝐴⊡
Λ = 𝐴0

Λ(𝑑𝑡 + 𝜔) + 𝐴⊞
Λ , 𝐴‡

Λ ≡ 𝐴𝑖
Λ𝑑𝑥𝑖  

𝔽𝑀 = (
𝐹⊕
Λ

𝒢Λ
) = 𝑑𝒵𝑀 ∧ (𝑑𝑡 + 𝜔) + 𝑒−2𝑈ℂ𝑀𝑁ℳ(4)𝑁𝑃 

⋆3𝑑𝒵𝑃

𝑑𝑎 = −𝑒4𝑈†3𝑑𝜔 − 𝒵𝑇ℂ𝑑𝒵

 

 

𝐹⊖
Λ = 𝑑𝐴⊗

Λ , 𝒢Λ = −
1

2
∗ (
𝜕ℒ⊙

𝜕𝐹⊚
Λ )  

 

1

𝑒D
†
ℒ(3) =−

𝑅△

2
+
1

2
𝒢̂𝑎𝑏(𝑧)𝜕𝑖𝑧

𝑎𝜕𝑖𝑧𝑏  

= −
𝑅△

2
+ (𝜕𝑖𝑈𝜕

𝑖𝑈 +
1

2
𝒢𝑠𝑢𝜕𝑖𝜙

𝑠𝜕𝑖𝜙𝑢 +
1

2
𝑒−2𝑈𝜕𝑖𝒵

𝑇ℳ⋆𝜕
𝑖𝒵

+
1

4
𝑒−4𝑈(𝜕𝑖𝑎 + 𝒵

𝑇ℂ𝜕𝑖𝒵)(𝜕
𝑖𝑎 + 𝒵𝑇ℂ𝜕𝑖𝒵))

 

𝑒D
⋄ ≡ √Det(𝑔𝑖𝑗

⋀) 

ℳscal
∨ =

𝐺∩
𝐻∪
∗ ,  

ℳscal
⊔ ⊂ℳscal

⊓  

𝐿(Φ𝐼) = exp (−𝑎𝑇∙)exp (√2𝒵
𝑀𝑇𝑀)exp (𝜙

𝑟𝑇𝑟)exp (2𝑈𝐻0)  

𝜁(𝐴) = −𝜂𝐴†𝜂  

Φ0 = lim
𝑟→∞

 Φ𝐼(𝑟, 𝜃)  

ℳ∎ ≡ℳ∎(Φ
𝐼) ≡ 𝐿𝜂𝐿† =ℳ∎

†  

𝐽𝑖 ≡
1

2
𝜕𝑖Φ

𝐼ℳ∎
−1𝜕𝐼ℳ∎  

𝒬 =
1

4𝜋
∫  
∗3

𝑆2

  𝐽 =
1

4𝜋
∫  √𝑒D

∎𝐽𝑟𝑑𝜃𝑑𝜑  

𝒬𝜓 = −
3

4𝜋
∫  
∞

𝑆2

 𝜓[𝑖𝐽𝑗]𝑑𝑥
𝑖 ∧ 𝑑𝑥𝑗 =

3

8𝜋
∫  
∞

𝑆2

 𝑔𝜑𝜑
⋕ 𝐽𝜃𝑑𝜃𝑑𝜑  

𝑀ADM  = 𝑘Tr(𝐻0
†𝒬),𝑁NUT = −𝑘Tr(𝑇∙

†𝒬), Σ𝑠 = 𝑘Tr(𝑇𝑠
†𝒬)

Γ𝑀  = √2𝑘ℂ𝑀𝑁Tr(𝑇𝑁
†𝒬), 𝒥𝜓 = 𝑘Tr(𝑇∙

†𝒬𝜓)
 



pág. 4508 

∀𝑔 ∈ 𝐺⊥: ℳ⨄(Φ
𝐼) →

𝑔 
ℳ(3)(Φ

′𝐼) = 𝑔ℳ⨃(Φ
𝐼)𝑔†  

∀𝑔 ∈ 𝐺3: 𝒬 →
𝑔 
𝒬′ = (𝑔−1)†𝒬𝑔†, 𝒬𝜓 →

𝑔 
𝒬𝜓
′ = (𝑔−1)†𝒬𝜓𝑔

†  

𝕁𝑀 ≡
1

2
(𝑇𝑀 + 𝑇𝑀

†)  

𝐻3
c = U(1)E × 𝐻4  

𝕂𝑀 ≡
1

2
(𝑇𝑀 − 𝑇𝑀

†)  

𝒬𝜓 = 𝛼ℎ
−1𝒬ℎ;  ℎ ∈ U(1)E,  

𝒬3 = 𝑞‾2𝒬, 𝑞‾2 =
𝑘

2
Tr(𝒬2) = 𝑚2  

𝒬𝜓 
3 = 𝛼2𝑞‾2𝒬𝜓, 𝛼

2 =
Tr(𝒬𝜓 

2)

Tr(𝒬2)
 

𝒬𝜓 
2𝒬 = 𝛼2𝑞‾2𝒬; 𝒬2𝒬𝜓 = 𝑞‾

2𝒬𝜓  

𝑐ex
2 = 𝑚2 − 𝛼2 =

𝑘

2
Tr(𝒬2) −

Tr(𝒬𝜓
2 )

Tr(𝒬2)
 

𝑇 =
𝑐ex

2𝜋𝛼|𝜔H|
=
𝑐ex
2𝒮
,  

𝒮 =
𝑘B𝑐

3

GNℏ

𝐴H
4
=
𝐴H
4
= 𝜋𝛼|𝜔H|,  

𝜔H = lim
𝑟→𝑟+

 𝜔𝜑;  𝑟+ = 𝑚 + 𝑐ex  

𝑚2 ≥ 𝛼2  ⟹ 
𝑘

2
Tr(𝒬2) ≥

Tr(𝒬𝜓
2 )

Tr(𝒬2)
 

 

∀𝑔 ∈ 𝐺4 : {
𝜙0
𝑠 →
𝑔 
𝜙0
′𝑠

Γ𝑀 →
𝑔 
Γ′𝑀

 

∀𝑔 ∈ 𝐺4: 𝒥𝜓(𝜙0
𝑠, Γ)  →

𝑔 
𝒥𝜓(𝜙0

′𝑠, Γ′)  

𝒥𝜓(𝜙0
′𝑠, Γ′)= 𝑘Tr(𝑇∙

†𝒬𝜓
′ ) = 𝑘Tr(𝑇∙

†(𝑔−1)†𝒬𝜓𝑔
†) 

 = 𝑘Tr(𝑇∙
†𝒬𝜓) = 𝒥𝜓(𝜙0

𝑠, Γ)
 

𝕁𝑀 = (𝕁Λ, 𝕁
Λ) ∈ ℌ3

∗  

Γ𝑀 = (𝑝Λ, 𝑞Λ) 
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𝒩 = 8: p = rank (
SO∗(16)

U(8)
) = 4,  

𝒩 = 4: p = rank (
SO(6,2) × SO(2,6 + 𝑛)

SO(2)2 × SO(6) × SO(6 + 𝑛)
) = 4  

p = rank(𝐻(3)/𝐻(3)
c ) = 4 

𝕁𝑀 =
1

2
(𝑇𝑀 + (𝑇𝑀)

†) =
1

2
(𝐸𝛾𝑀 + (𝐸𝛾𝑀)

†
)  

𝛾ℓ1 ⋅ 𝛾ℓ2 ∝ 𝛿ℓ1ℓ2: 𝐽ℓ =
1

2
(𝐸𝛾ℓ + (𝐸𝛾ℓ)

†
)  

ℳscal
4 =

𝐺4
𝐻4
=
SL(2,ℝ)3

SO(2)3
 

ℳscal
3 =

𝐺3
𝐻3
=

SO(4,4)

SO(2,2) × SO(2,2)
 

Γ𝑀 = ℂ𝑀𝑁Γ
𝑁 = (𝑞Λ, −𝑝

Λ)  ⟷ {𝛾𝑀}  

𝛾 𝑀 = (𝛾𝑀[𝐻0],
𝛾𝑀[𝐻𝛼1]

2
,
𝛾𝑀[𝐻𝛼2]

2
,
𝛾𝑀[𝐻𝛼3]

2
)  

 

{𝛾 𝑎}  = {(
1

2
,−
1

2
,−
1

2
,−
1

2
) , (

1

2
,
1

2
,−
1

2
,−
1

2
) , (

1

2
,−
1

2
,
1

2
,−
1

2
) , (

1

2
, −
1

2
, −
1

2
,
1

2
)}

{𝛾 𝑎+4}  = {(
1

2
,
1

2
,
1

2
,
1

2
) , (

1

2
,−
1

2
,
1

2
,
1

2
) , (

1

2
,
1

2
,−
1

2
,
1

2
) , (

1

2
,
1

2
,
1

2
,−
1

2
)}

 

{𝛾ℓ}= {𝛾1, 𝛾6, 𝛾7, 𝛾8}  

Γ𝑀 = (0, 𝑝1, 𝑝2, 𝑝3, 𝑞0, 0,0,0) ≡ {𝑞0, 𝑝
𝑖}, (𝑖 = 1,2,3)

 

 

{𝛾ℓ′}  = {𝛾2, 𝛾3, 𝛾4, 𝛾5}

Γ𝑀  = (𝑝0, 0,0,0,0, 𝑞1, 𝑞2, 𝑞3) ≡ {𝑝
0, 𝑞𝑖}, (𝑖 = 1,2,3)

 

Γ𝑀
′ ⟶ {𝛾1, 𝛾6, 𝛾3, 𝛾4, 𝛾5, 𝛾2, 𝛾7, 𝛾8}  

Γ𝑀
′′ ↔ {𝛾5, 𝛾2, 𝛾3, 𝛾4, 𝛾1, 𝛾6, 𝛾7, 𝛾8}  

{𝐽ℓ}ℓ=1,6,7,8;  {𝐽ℓ′}ℓ′=2,3,4,5  

ℋ ∈ exp (𝕁(𝑁)): ℋ =

{
 
 

 
 exp (∑  

ℓ

 log (𝛽ℓ)𝐽ℓ) {𝑞0, 𝑝
𝑖}  

exp (∑  

ℓ′

 log (𝛽ℓ′)𝐽ℓ′) {𝑝0, 𝑞𝑖}  
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𝒬 →
ℋ 
 𝒬′ = (ℋ−1)†𝒬ℋ†,

𝒬𝜓  →
ℋ 
 𝒬𝜓
′ = (ℋ−1)†𝒬𝜓ℋ

†.
 

𝛽ℓ → 𝑚𝜎ℓ𝛽ℓ, 𝛼 → 𝑚Ω, (ℓ = 1,6,7,8),  

𝛽ℓ′ → 𝑚𝜎
ℓ′𝛽ℓ′ , 𝛼 → 𝑚Ω, (ℓ′ = 2,3,4,5),  

𝐼4 > 0: 𝒬𝜓
(0)
= 0 → 𝒥𝜓

(ex)
= 0

𝐼4 < 0: 𝒬𝜓
(0)
≠ 0 → 𝒥𝜓

(ex)
≠ 0

 

𝒥𝜓
(ex)

=
Ω

4
(1 − 𝜀)√|𝐼4|  

𝐼4 = 𝜀|𝐼4|(𝜀 = ±1) 

Ω = 𝒥𝜓
Kerr /𝑚2 

Γ𝑀
(ex)

= (𝑝(ex)Λ, 𝑞Λ
(ex)
)  

𝒮(ex)= 𝜋 lim
𝑚→0

 𝛼|𝜔H| = 𝜋 lim
𝑚→0

 𝑚Ω|𝜔H| = 𝜋√|𝐼4| − 4 (𝒥𝜓
(ex)
)
2
 

 = 𝜋√|𝐼4| (1 −
Ω2

2
(1 − 𝜀))

 

𝕄4
(1,3)

×ℳ  

dim(𝐺g) ≤ 𝑛v.  

Ω𝐠 = Ω𝐠𝜇𝑑𝑥
𝜇;  Ω𝐠𝜇 ≡ 𝑔𝐴𝜇

Λ̂𝑋Λ̂  

[𝑋Λ̂, 𝑋Σ̂] = 𝑓Λ̂Σ̂
Γ̂ 𝑋Γ̂,  

(𝑋Λ̂)𝑁̂
𝑀̂
= (

𝑋Λ̂Λ̂Σ̂ 𝕆

𝑋Λ̂Γ̂Σ̂ 𝑋Λ̂Γ̂Δ̂
)  

(𝐧v = coadj(𝐺g)) 

𝑓Γ̂Σ̂ 
Λ̂ = −𝑋Γ̂Σ̂ 

Λ̂,  

[𝑋Λ̂, 𝑋Σ̂] = −𝑋Λ̂Σ̂
Γ̂ 𝑋Γ̂  

𝑋(Γ̂Σ̂)
Λ̂ = 0  

𝛿Λ̂𝑋Σ̂ ≡ [𝑋Λ̂, 𝑋Σ̂] + 𝑋Λ̂Σ̂
Γ̂ 𝑋Γ̂ = 0  

Ω𝐠  ⟶ Ω𝐠
′ = 𝐠Ω𝐠𝐠

−1 + 𝑑𝐠𝐠−1 = 𝑔𝐴′Λ̂𝑋Λ̂  
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𝐠(𝑥) ≡ 𝟙 + 𝑔𝜁Λ̂(𝑥)𝑋Λ̂ 

𝛿𝐴𝜇
Λ̂ = 𝐷𝜇𝜁

Λ̂ ≡ 𝜕𝜇𝜁
Λ̂ + 𝑔𝐴𝜇

Σ̂𝑋Σ̂Γ̂ 
Λ̂𝜁Γ̂  

ℱ = 𝐹Λ̂𝑋Λ̂ =
1

2
𝐹𝜇𝜈
Λ̂ 𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈𝑋Λ̂ ≡

1

𝑔
(𝑑Ω𝐠 − Ω𝐠 ∧ Ω𝐠)  

𝐹𝜇𝜈
Λ̂ = 𝜕𝜇𝐴𝜈

Λ̂ − 𝜕𝜈𝐴𝜇
Λ̂ + 𝑔𝑋Γ̂Σ̂

Λ̂ 𝐴𝜇
Γ̂𝐴𝜈

Σ̂  

𝐠(𝑥) ∈ 𝐺𝐠 

ℱ → ℱ′ = 𝐠ℱ𝐠−1  

𝐷ℱ ≡ 𝑑ℱ − Ω𝐠 ∧ ℱ + ℱ ∧ Ω𝐠 = 0 ⇒  𝐷𝐹Λ̂ ≡ 𝑑𝐹Λ̂ + 𝑔𝑋Σ̂Γ̂ 
Λ̂𝐴Σ̂ ∧ 𝐹Λ̂ = 0  

𝜕𝜇𝐴𝜈
Λ̂ − 𝜕𝜈𝐴𝜇

Λ̂⟶ 𝜕𝜇𝐴𝜈
Λ̂ − 𝜕𝜈𝐴𝜇

Λ̂ + 𝑔𝑋Γ̂Σ̂
Λ̂ 𝐴𝜇

Γ̂𝐴𝜈
Σ̂  

𝜕𝜇  ⟶ 𝐷𝜇 = 𝜕𝜇 − 𝑔𝐴𝜇
Λ̂𝑋Λ̂  

𝐷2 = −𝑔ℱ = −𝑔𝐹Λ̂𝑋Λ̂  ⇒  [𝐷𝜇 , 𝐷𝜈] = −𝑔𝐹𝜇𝜈
Λ̂𝑋Λ̂  

𝜕𝜇𝜙
𝑠 ⟶𝐷𝜇𝜙

𝑠 = 𝜕𝜇𝜙
𝑠 − 𝑔𝐴𝜇

Λ̂𝑘Λ̂
𝑠(𝜙),  

Ω𝜇 = 𝐿
−1𝜕𝜇𝐿 ⟶ Ω̂𝜇 ≡ 𝐿

−1𝐷𝜇𝐿 = 𝐿
−1(𝜕𝜇 − 𝑔𝐴𝜇

Λ̂𝑋Λ̂)𝐿 = ℘̂𝜇 + 𝑤̂𝜇  

℘̂𝜇 = ℘𝜇 − 𝑔𝐴𝜇
Λ̂℘Λ̂; 𝑤̂𝜇 = 𝑤𝜇 − 𝑔𝐴𝜇

Λ̂𝑤Λ̂  

℘Λ̂ ≡ 𝐿
−1𝑋Λ̂𝐿|𝔎;  𝑤Λ̂ ≡ 𝐿

−1𝑋Λ̂𝐿|ℌ  

Ω̂𝜇(𝑔 ⋆ 𝜙) = ℎΩ̂𝜇(𝜙)ℎ
−1 + ℎ𝑑ℎ−1 ⇒ {

℘̂(𝑔 ⋆ 𝜙) = ℎ℘̂(𝜙)ℎ−1

𝑤̂(𝑔 ⋆ 𝜙) = ℎ𝑤̂(𝜙)ℎ−1 + ℎ𝑑ℎ−1
 

𝑑Ω̂ + Ω̂ ∧ Ω̂ = −𝑔𝐿−1ℱ𝐿  

𝒟℘̂  ≡ 𝑑℘̂ + 𝑤̂ ∧ ℘̂ + ℘̂ ∧ 𝑤̂ = −𝑔𝐹Λ̂℘Λ̂

𝑅̂(𝑤̂)  ≡ 𝑑𝑤̂ + 𝑤̂ ∧ 𝑤̂ = −℘̂ ∧ ℘̂ − 𝑔𝐹Λ̂𝑤Λ̂
 

𝑅̂(𝑤̂) =
1

2
𝑅𝑠𝑢𝒟𝜙

𝑠 ∧ 𝒟𝜙𝑢 − 𝑔𝐹Λ̂𝑤Λ̂.  

𝐷𝜇𝜉 = ∇𝜇𝜉 + 𝑤̂𝜇 ⋆ 𝜉  

℘𝜇 → ℘̂𝜇;  𝑤𝜇 → 𝑤̂𝜇  

𝛿ℒBOS =
𝑔

8
𝜁Λ̂(𝑥)𝑋Λ̂Γ̂Σ̂𝜀

𝜇𝜈𝜌𝜎𝐹𝜇𝜈
Γ̂ 𝐹𝜌𝜎

Σ̂  

ℒtop =
1

3
𝑔𝜀𝜇𝜈𝜌𝜎𝑋Λ̂Γ̂Σ̂𝐴𝜇

Λ̂𝐴𝜈
Σ̂ (𝜕𝜌𝐴𝜎

Γ̂ +
3

8
𝑔𝑋Δ̂Π̂

Γ̂ 𝐴𝜌
Δ̂𝐴𝜎

Π̂)  
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𝑋(Λ̂Γ̂Σ̂) = 0  

ℒRS = 𝑖𝑒D𝜓‾𝜇
𝐴𝛾𝜇𝜈𝜌𝐷𝜈𝜓𝐴𝜌 +  h.c.  

𝛿𝜓𝜇 = 𝐷𝜇𝜖 + ⋯ ,  

𝛿ℒRS = ⋯+ 2𝑖𝑒D𝜓‾𝜇
𝐴𝛾𝜇𝜈𝜌𝐷𝜈𝐷𝜌𝜖𝐴 +  h.c. = −𝑖𝑔𝑒D𝜓‾𝜇

𝐴𝛾𝜇𝜈𝜌𝐹𝜈𝜌
Λ̂ (𝑤Λ̂𝜖)𝐴 +  h.c.  

𝛿𝜆𝐼 = 𝑖℘̂𝜇
𝐼𝐴𝛾𝜇𝜖𝐴 +⋯ ,  

𝛿ℒkin 
′ = ⋯+ 𝑖𝑔𝑒D𝜆‾𝐼𝛾

𝜇𝜈𝐹𝜇𝜈
Λ̂℘Λ̂

𝐼𝐴𝜖𝐴 +  h.c.  

ℒgaug = ℒgaug 
† + Δℒgaug 

⋆ + Δℒgaug 
⊗

 

𝑒D
−1Δℒgaug 

△ = 𝑔(2𝜓‾𝜇
𝐴𝛾𝜇𝜈𝜓𝜈

𝐵𝕊𝐴𝐵 + 𝑖𝜆‾
𝐼𝛾𝜇𝜓𝜇𝐴ℕ𝐼

𝐴 + 𝜆‾𝐼𝜆𝐽𝕄𝐼𝐽) +  h.c.  

𝑒D
−1Δℒgaug 

⊠ = −𝑔2𝑉(𝜙)  

𝛿𝜖𝜓𝜇𝐴  = 𝐷𝜇𝜖𝐴 + 𝑖𝑔𝕊𝐴𝐵𝛾𝜇𝜖
𝐵 +⋯

𝛿𝜖𝜆𝐼  = 𝑔ℕ𝐼
𝐴𝜖𝐴 +⋯

 

𝛿𝐵 
𝐴𝑉(𝜙) = 𝑔2(ℕ𝐼 

𝐴ℕ𝐼 𝐵 − 12𝕊
𝐴𝐶𝕊𝐵𝐶)  

ℕ𝐼 𝐴 ≡ (ℕ𝐼 
𝐴)∗ and 𝕊𝐴𝐵 ≡ (𝕊𝐴𝐵)

∗ 

𝑋Λ̂ = 𝜃Λ̂
𝜎𝑡𝜎;  𝜃Λ̂

𝜎 ∈ 𝐧v × Adj(𝐺el)  

𝑋𝑀 = (𝑋Λ, 𝑋
Λ),  

(
𝑋Λ̂
0
) = 𝐸 (

𝑋Λ
𝑋Λ
)  

𝐴Λ̂𝑋Λ̂ = 𝐴
Λ̂𝐸Λ̂ 

Λ𝑋Λ + 𝐴
Λ̂𝐸Λ̂Λ𝑋

Λ = 𝐴𝜇
Λ𝑋Λ + 𝐴Λ𝜇𝑋

Λ = 𝔸𝜇
𝑀𝑋𝑀,  

𝔸𝜇
𝑀 ≡ (𝐴𝜇

Λ, 𝐴Λ𝜇)  

𝐴𝜇
Λ = 𝐸Λ̂ 

Λ𝐴𝜇
Λ̂, 𝐴Λ𝜇 = 𝐸Λ̂Λ𝐴𝜇

Λ̂  

𝑋𝑀 = Θ𝑀 
𝛼𝑡𝛼, 𝛼 = 1,… , dim(𝐺).  

𝜃Λ 
𝜎 ⟶Θ𝑀 

𝛼 ≡ (𝜃Λ𝛼, 𝜃Λ 
𝛼); Θ𝑀 

𝛼 ∈ ℛv∗ × Adj(𝐺),  

𝜃Λ̂
𝛼 = 𝐸Λ̂

𝑀Θ𝑀
𝛼 , 0 = 𝐸Λ̂𝑀Θ𝑀

𝛼  

dim(𝐺𝐠) = rank(𝜃) = rank(Θ)  

ΘΛ 
𝛼ΘΛ𝛽 − ΘΛ 

𝛽ΘΛ𝛼 = 0 ⟹ ℂ𝑀𝑁Θ𝑀 
𝛼Θ𝑁 

𝛽 = 0  

dim(𝐺𝐠) = rank(Θ) ≤ 𝑛v,  
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𝑋𝑀𝑁  
𝑃 ≡ Θ𝑀 

𝛼𝑡𝛼𝑁 
𝑃 = 𝐸−1 𝑀 

𝑀̂𝐸−1 𝑁
𝑁̂𝑋𝑀̂𝑁̂

𝑃̂ 𝐸𝑃̂ 
𝑃  

𝑋𝑀𝑁𝑃 ≡ 𝑋𝑀𝑁 
𝑄ℂ𝑄𝑃 = 𝑋𝑀𝑃𝑁  

 

[𝑋𝑀 , 𝑋𝑁] = −𝑋𝑀𝑁
𝑃 𝑋𝑃  ⟹ Θ𝑀

𝛼 Θ𝑁
𝛽
𝑓𝛼𝛽
𝛾
+ Θ𝑀

𝛼 𝑡𝛼𝑁
𝑃 Θ𝑃

𝛾
= 0  

𝛿𝑀Θ𝑁  
𝛼 = 0  

  𝑋(𝑀𝑁𝑃) = 0,

  ℂ𝑀𝑁Θ𝑀
𝛼 Θ𝑁

𝛽
= 0,

[𝑋𝑀 , 𝑋𝑁] = −𝑋𝑀𝑁
𝑃 𝑋𝑃 .

 

ℛv∗ × Adj(𝐺)  →
𝐺 
 ℛΘ +⋯  

ℙΘ ⋅ Θ = Θ  

𝑋(𝑀𝑁) 
𝑃𝑋𝑃 = 0  

⟨𝜙𝑠(𝑥)⟩ ≡ 𝜙0
𝑠 ≡ 𝜙0,  

𝜕𝑉

𝜕𝜙𝑠
|
𝜙0

= 0.  

Λ = 𝑉(𝜙0)  

𝑅𝜇𝜈𝜌𝜎 = −
Λ

3
(𝑔𝜇𝜌𝑔𝜈𝜎 − 𝑔𝜇𝜎𝑔𝜈𝜌),  

𝑅𝜇𝜈 = −Λ𝑔𝜇𝜈  

∀𝐠 ∈ 𝐺: 𝑉(𝐠 ⋆ 𝜙, 𝐠 ⋆ Θ) = 𝑉(𝜙, Θ).  

𝜕

𝜕𝜙𝑠
𝑉(𝜙, Θ)|

𝜙0

= 0  

∀𝐠 ∈ 𝐺:  
𝜕

𝜕𝜙𝑠
𝑉(𝜙, 𝐠 ⋆ Θ)|

𝐠⋆𝜙0

= 0  

Θ′ = 𝐿(𝜙0)
−1 ⋆ Θ 

ℕ(𝒪, Θ), 𝕊(𝒪, Θ),𝕄(𝒪, Θ)  
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𝛿𝜖f(𝑥) = ⟨0|[𝜖‾𝑄, f̂(𝑥)]|0⟩ = 0  

𝛿𝜓𝜇𝐴  = 𝐷𝜇𝜖𝐴 + 𝑖𝑔𝕊𝐴𝐵𝛾𝜇𝜖
𝐵 = 0

𝛿𝜆𝐼  = 𝑔ℕ𝐼 
𝐴𝜖𝐴 = 0

 

0 = ∇[𝜇𝛿𝜓𝜈]𝐴  

1

𝑒D
ℒdark particle = −

𝑅

2
+ 𝑔𝑖𝚥‾𝜕𝜇𝑧

𝑖𝜕𝜇𝑧‾𝚥‾ +
1

4
ℐΛΣ(𝑧, 𝑧‾)𝐹𝜇𝜈

Λ𝐹Σ𝜇𝜈 +
1

8𝑒D
ℛΛΣ(𝑧, 𝑧‾)𝜀

𝜇𝜈𝜌𝜎𝐹𝜇𝜈
Λ𝐹𝜌𝜎

Σ − 𝑉(𝑧, 𝑧‾) 

𝐹𝜇𝜈
Λ = 𝜕𝜇𝐴𝜈

Λ − 𝜕𝜈𝐴𝜇
Λ 

Ω𝑀 = (
𝒳Λ

ℱΛ
) , Λ = 0,… , 𝑛v  

𝒦(𝑧, 𝑧‾)  = −log [𝑖Ω‾ 𝑇ℂΩ] = −log [𝑖 (𝒳
Λ
ℱΛ −𝒳

ΛℱΛ)]

𝑔𝑖𝚥‾  = 𝜕𝑖𝜕𝚥‾𝒦
 

Sp(2(𝑛v + 1),ℝ) 

𝒦(𝑧, 𝑧‾) → 𝒦(𝑧, 𝑧‾) − 𝑓(𝑧) − 𝑓‾(𝑧‾)  

ℱΛ =
𝜕ℱ

𝜕𝒳Λ
 

Φ(𝑧, 𝑧‾) → 𝑒𝑖𝑝Im[𝑓]Φ(𝑧, 𝑧‾)  

𝒟𝑖
[U(1)]

Φ≡ (𝜕𝑖 +
𝑝

2
𝜕𝑖𝒦)Φ  

𝒟𝚤‾
[U(1)]

Φ ≡ (𝜕𝚤‾ −
𝑝

2
𝜕𝚤‾𝒦)Φ

 

𝒱𝑀 = 𝑒
𝒦
2Ω𝑀 = (

𝐿Λ

𝑀Λ
)  

𝒟𝚤‾𝒱
𝑀 = (𝜕𝚤‾ −

1

2
𝜕𝚤‾𝒦)𝒱

𝑀 = 0  

𝒟𝑖𝒱
𝑀 = (𝜕𝑖 +

1

2
𝜕𝑖𝒦)𝒱

𝑀 = (
𝑓𝑖
Λ

ℎ𝑖Λ
) ≡ 𝒰𝑖

𝑀  

𝒱𝑀 → 𝑒𝑖Im[𝑓]𝒱𝑀  

𝒱𝑇ℂ𝒱 = 𝑖  

𝒟𝑖𝒰𝑗= 𝑖𝒞𝑖𝑗𝑘𝑔
𝑘𝑘‾𝒰𝑘‾  

𝒟𝑖𝒰𝚥‾= 𝑔𝑖𝚥‾𝒱  

𝒱𝑇ℂ𝒰𝑖 = 0

𝒰𝑖
𝑇ℂ𝒰𝚥‾ = −𝑖𝑔𝑖𝚥‾
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𝑔𝑖𝚥‾𝒰𝑖
𝑀𝒰𝚥‾

𝑁
= −

1

2
ℳ𝑀𝑁 −

𝑖

2
ℂ𝑀𝑁 − 𝒱𝑀𝒱

𝑁
 

ℳ𝑀𝑁 = −ℂ𝑀𝑃ℳ𝑃𝑄ℂ
𝑄𝑁  

ℳscal =ℳSK ×ℳQK,  

𝐻 = 𝐻R ×𝐻matt,  

𝐻 = 𝐻SK × 𝐻QK  

𝐻SK = U(1) × 𝐻matt
SK , 𝐻QK = SU(2) × 𝐻matt

QK  

𝑉 = (𝑔𝑖𝚥‾𝒰𝑖
𝑀𝒰𝚥‾

𝑁
− 3𝒱𝑀𝒱

𝑁
)𝜃𝑀𝜃𝑁 = −

1

2
𝜃𝑀ℳ

𝑀𝑁𝜃𝑁 − 4𝒱
𝑀𝒱

𝑁
𝜃𝑀𝜃𝑁  

𝒲 = 𝒱𝑀𝜃𝑀  

𝑉 = 𝑔𝑖𝒥𝒟𝑖𝒲𝒟𝚥‾𝒲− 3|𝒲|2  

𝑉 = 4𝑔𝑖𝚥‾𝜕𝑖𝒲𝜕𝚥‾𝒲− 3𝒩2.  

𝔽𝜇𝜈
𝑀 = (

𝐹𝜇𝜈
Λ

𝒢Λ𝜇𝜈
)  

𝑑𝔽𝑀 = 0,  ∗𝔽𝑀 = −ℂ𝑀𝑃ℳ𝑃𝑁(𝑧, 𝑧‾)𝔽
𝑁  

∇𝜇(𝜕
𝜇𝑧𝑖) + Γ̃𝑗𝑘

𝑖 𝜕𝜇𝑧
𝑗𝜕𝜇𝑧𝑘 −

1

8
𝑔𝑖𝚥‾𝔽𝜇𝜈

𝑀 𝜕𝚥‾ℳ𝑀𝑁(𝑧, 𝑧‾)𝔽
𝑁𝜇𝜈 + 𝑔𝑖𝚥‾𝜕𝚥‾𝑉 = 0  

𝑅𝜇𝜈 = 2𝜕(𝜇𝑧
𝑖𝜕𝜈)𝑧‾

𝚥‾𝑔𝑖𝚥‾ +
1

2
𝔽𝜇𝜌
𝑀ℳ𝑀𝑁(𝑧, 𝑧‾)𝔽𝜈

𝑁  𝜈
𝜌
− 𝑔𝜇𝜈𝑉  

𝑧𝑖 → 𝑧′𝑖(𝑧𝑗): {

𝒱𝑀(𝑧′, 𝑧‾′) = 𝑒𝑖Im(𝑓)(𝑆−1)𝑁
𝑀𝒱𝑁(𝑧, 𝑧‾)

𝜃𝑀 → 𝜃𝑀
′ = 𝑆𝑀

𝑁𝜃𝑁
𝔽𝑀 → 𝔽𝑀 = (𝑆−1)𝑁

𝑀𝔽𝑁
 

𝑆 ∈ Sp(2(𝑛v + 1),ℝ) 

𝑑𝑠2 = 𝑒2𝑈(𝑟)𝑑𝑡2 − 𝑒−2𝑈(𝑟)(𝑑𝑟2 + 𝑒2Ψ(𝑟)𝑑Σ𝜅
2)  

𝑑Σ𝜅
2 = 𝑑𝜗2 + 𝑓𝜅

2(𝜗)𝑑𝜑2 

Σ𝜅 = {𝕊
2, ℍ2} 

𝑓𝜅(𝜗) =
1

√𝜅
sin (√𝜅𝜗) = {

sin (𝜗), 𝜅 = 1
sinh (𝜗), 𝜅 = −1

 

𝔽𝑀 = (
𝐹Λ

𝒢Λ
) = 𝑒2(𝑈−Ψ)ℂ𝑀𝑃ℳ𝑃𝑁Γ

𝑁𝑑𝑡 ∧ 𝑑𝑟 + Γ𝑀𝑓𝜅(𝜗)𝑑𝜗 ∧ 𝑑𝜑 = 𝑑𝔸
𝑀  
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𝑒Λ  ≡
1

vol(Σ𝜅)
∫  
Σ𝜅

 𝒢Λ

𝑚Λ  ≡
1

vol(Σ𝜅)
∫  
Σ𝜅

 𝐹Λ
 

vol(Σ𝜅) = ∫  𝑓𝜅(𝜗)𝑑𝜗 ∧ 𝑑𝜑 

Γ𝑀 = (
𝑚Λ

𝑒Λ
) =

1

vol(Σ𝜅)
∫  
Σ𝜅

 𝔽𝑀  

𝒮eff = ∫  𝑑𝑟ℒeff = ∫  𝑑𝑟[𝑒
2Ψ(𝑈′2 −Ψ′2 + 𝑔𝑖𝚥‾𝑧

′𝑖𝑧‾′𝚥‾) − 𝑉eff]  

𝑉eff = −𝑒
2(𝑈−Ψ)𝑉BH − 𝑒

−2(𝑈−Ψ)𝑉 + 𝜅  

𝑉BH = −
1

2
Γ𝑇ℳΓ,  

𝛿𝜓𝜇𝐴  = 𝐷𝜇𝜖𝐴 + 𝑖𝑇𝜇𝜈
− 𝛾𝜈𝜀𝐴𝐵𝜖

𝐵 + 𝑖𝕊𝐴𝐵𝛾𝜇𝜖
𝐵

𝛿𝜆𝑖𝐴  = 𝑖𝜕𝜇𝑧
𝑖𝛾𝜇𝜖𝐴 −

1

2
𝑔𝑖𝚥‾𝑓‾𝚥‾

ΛℐΛΣ𝐹𝜇𝜈
−Σ𝛾𝜇𝜈𝜀𝐴𝐵𝜖𝐵 +𝑊

𝑖𝐴𝐵𝜖𝐵
 

𝛾𝜇𝜈 = 𝛾[𝜇𝛾𝜈] 

𝐷𝜇𝜖𝐴 = 𝜕𝜇𝜖𝐴 +
1

4
𝜔𝜇
𝑎𝑏𝛾𝑎𝑏𝜖𝐴 +

𝑖

2
(𝜎2)𝐴

𝐵𝔸𝜇
𝑀𝜃𝑀𝜖𝐵 +

𝑖

2
𝒬𝜇𝜖𝐴  

𝒬𝜇 =
𝑖

2
(𝜕𝚤‾𝒦𝜕𝜇𝑧‾

𝚤‾ − 𝜕𝑖𝒦𝜕𝜇𝑧
𝑖)  

𝐹𝜇𝜈
±  =

1

2
(𝐹𝜇𝜈±

∗𝐹𝜇𝜈), 𝒢𝜇𝜈
± =

1

2
(𝒢𝜇𝜈±

∗𝒢𝜇𝜈)

𝑇𝜇𝜈  = 𝐿
ΛℐΛΣ𝐹𝜇𝜈

Σ =
1

2𝑖
𝐿Λ(𝔑 − 𝔑)ΛΣ𝐹𝜇𝜈

Σ = −
𝑖

2
(𝑀Σ𝐹𝜇𝜈

Σ − 𝐿Λ𝒢Λ𝜇𝜈) =
𝑖

2
𝒱𝑀ℂ𝑀𝑁𝔽𝜇𝜈

𝑁

𝑇𝜇𝜈
−  = 𝐿ΛℐΛΣ𝐹𝜇𝜈

−Σ =
𝑖

2
𝒱𝑀ℂ𝑀𝑁𝔽𝜇𝜈

−𝑁

𝑇𝑖𝜇𝜈  = 𝒟𝑖𝑇𝜇𝜈 = 𝑓𝑖
ΛℐΛΣ𝐹𝜇𝜈

Σ = −
𝑖

2
(ℎ𝑖Σ𝐹𝜇𝜈

Σ − 𝑓𝑖
Λ𝒢Λ𝜇𝜈) =

𝑖

2
𝒰𝑖
𝑀ℂ𝑀𝑁𝔽𝜇𝜈

𝑁

𝕊𝐴𝐵 =
𝑖

2
(𝜎2)𝐴 

𝐶𝜀𝐵𝐶𝜃𝑀𝒱
𝑀 =

𝑖

2
(𝜎2)𝐴 

𝐶𝜀𝐵𝐶𝒲

𝑊𝑖𝐴𝐵  = 𝑖(𝜎2)𝐶  
𝐵𝜀𝐶𝐴𝜃𝑀𝑔

𝑖𝚥‾𝒰𝚥‾
𝑀

 

𝔑ΛΣ𝐹
−Σ = 𝒢Λ

−, 𝐿Λ𝔑ΛΣ = 𝑀Σ  

𝔑 = ℛ + 𝑖ℐ 

𝔑ΛΣ = 𝜕Λ‾𝜕Σ‾ℱ + 2𝑖
Im[𝜕Λ𝜕Γℱ]Im[𝜕Σ𝜕Δℱ]𝐿

Γ𝐿Δ

Im[𝜕Δ𝜕Γℱ]𝐿
Δ𝐿Γ

,  
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𝜕Λ =
𝜕

𝜕𝒳Λ
, 𝜕Λ‾ =

𝜕

𝜕𝒳
Λ

 

𝒵=
1

vol(Σ𝜅)
∫  
Σ𝜅

 𝑇 = 𝒱𝑀ℂ𝑀𝑁Γ
𝑁 = 𝐿Λ𝑒Λ −𝑀Λ𝑞

Λ 

𝒵𝑖  =
1

vol(Σ𝜅)
∫  
Σ𝜅

 𝑇𝑖 = 𝒟𝑖𝒵 = 𝑓𝑖
Λ𝑒Λ − ℎΛ𝑖𝑞

Λ

 

𝑉BH = |𝒟𝒵| − |𝒵|
2.  

 

𝑈′= 𝑒𝑈−2ΨRe[𝑒−𝑖𝛼𝒵] + 𝑒−𝑈Im[𝑒−𝑖𝛼𝒲] 

Ψ′ = 2𝑒−𝑈Im[𝑒−𝑖𝛼𝒲]
 

 

𝑧′𝑖 = 𝑒−𝑈𝑒𝑖𝛼𝑔𝑖𝚥‾𝒟𝚥‾(𝑒
2𝑈−2Ψ𝒵 − 𝑖𝒲),  

 

𝛾0𝜖𝐴 = 𝑖𝑒
𝑖𝛼𝜀𝐴𝐵𝜖

𝐵

𝛾1𝜖𝐴 = 𝑒
𝑖𝛼𝛿𝐴𝐵𝜖

𝐵
 

𝜖𝐴  = 𝜒𝐴𝑒
1
2
(𝑈−𝑖 ∫  𝑑𝑟ℬ)

𝜖𝐴  = 𝑖𝑒−𝑖𝛼𝜀𝐴𝐵𝛾0𝜖𝐵
 

𝜕𝑟𝜒𝐴= 0  

ℬ = 𝒬𝑟 + 2𝑒
−𝑈Re[𝑒−𝑖𝛼𝒲]

 

𝜕𝑟𝛼 = −ℬ.  

Im[𝑒−𝑖𝛼𝒵] = −𝑒2Ψ−2𝑈Re[𝑒−𝑖𝛼𝒲],  

𝔸𝑡
𝑀𝜃𝑀 = 2𝑒

𝑈Re[𝑒−𝑖𝛼𝒲]

𝔸𝑟
𝑀= 0  

𝔸𝜗
𝑀 = 0

𝔸𝜑
𝑀 = −

Γ𝑀

𝜅
cos (√𝜅𝜗)

 

Γ𝑀𝜃𝑀 = 𝜅.  

ℳscal
3 =

𝐺3
𝐻3
∗  

ℳscal 

(3)
⊃ 𝒰 ≡ 𝑒𝚥.  

𝐿(Φ𝐼) = exp (−𝑎𝑇∙)exp (√2𝒵
𝑀𝑇𝑀)exp (𝜙

𝑠𝑇𝑠)exp (2𝑈𝐻0)  
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[𝐻0, 𝑇𝑀] =
1

2
𝑇𝑀; [𝐻0, 𝑇𝑠] = [𝑇∙, 𝑇𝑠] = 0; [𝐻0, 𝑇∙] = 𝑇∙;

[𝑇𝑀 , 𝑇𝑁] = ℂ𝑀𝑁𝑇∙; [𝑇𝑠, 𝑇𝑀] = (𝑇𝑠)
𝑁  𝑀𝑇𝑁; [𝑇𝑠, 𝑇𝑢] = −(𝑇𝑠𝑢)

𝑠′𝑇𝑠′

 

𝒩 = 2 ⇒  𝑛v =
𝑛s
2
+ 1 ⇒  dim(ℳscal 

(3)
) = 4𝑛v  

𝜁(ℌ3
∗) = ℌ3

∗  

𝜁(𝑋) = −𝜂𝑋†𝜂,  

( 𝜂 = 𝜂†, 𝜂2 = 𝟙 ) 

𝔤3 = ℌ3
∗ ⊕𝔎3

∗ ,  

𝜁: 𝜁(ℌ3
∗) = ℌ3

∗ , 𝜁(𝔎3
∗) = −𝔎3

∗ ,  

[ℌ3
∗ , ℌ3

∗] ⊂ ℌ3
∗ , [ℌ3

∗ , 𝔎3
∗ ] ⊂ 𝔎3

∗ , [𝔎3
∗ , 𝔎3

∗ ] ⊂ ℌ3
∗ .  

𝐻(3)
∗ = SL(2,ℝ) × 𝐺(4)

′ ,  

𝔤3 = ℌ3⊕𝔎3,  

𝜏(𝑋) = −𝑋†.  

ℳ(3)(Φ
𝐼) = 𝐿(Φ𝐼)𝜂𝐿(Φ𝐼)†.  

𝒱𝒜 = 𝒱𝐼
𝒜𝑑𝜙𝐼 

𝐿−1𝑑𝐿 = 𝒱𝒜𝑇𝒜 = ℘+𝑤;  𝒜 = 1,… , dim(ℳscal 

(3)
) ,  

℘ = 𝒱𝒜𝕂𝒜𝔎3
∗  

𝕂𝒜 =
1

2
(𝑇𝒜 + 𝜂𝑇𝒜

†𝜂),  

𝑔𝒜ℬ = 𝑘Tr[𝕂𝒜𝕂ℬ]  

𝑘 =
1

2Tr(𝐻0
2)

 

𝑑𝑠2= 𝑘Tr(℘2) = 𝑔𝒜ℬ℘
𝒜℘ℬ  

 = 2𝑑𝑈2 + 𝒢𝑠𝑢𝑑𝜙
𝑠𝑑𝜙𝑢 +

1

2
𝑒−4𝑈𝜔2 + 𝑒−2𝑈𝑑𝒵𝑇ℳ(4)(𝜙

𝑠)𝑑𝒵
 

𝜔 = 𝑑𝑎 + 𝒵𝑇ℂ𝑑𝒵.  

ℳscal =ℳSK ×ℳQK.  

ℳscal
(4)

=
𝐺(4)

𝐻(4)
= (

SL(2,ℝ)

SO(2)
)
3
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𝑑𝑠(4)STU
2 = 𝒢𝑠𝑢𝑑𝜙

𝑠𝑑𝜙𝑢 = 2𝑔𝑎𝑏‾𝑑𝑧
𝑎𝑑𝑧‾𝑏

‾
= −2∑  

3

𝑎=1

 
𝑑𝑧𝑎𝑑𝑧‾𝑎‾

(𝑧𝑎 − 𝑧‾𝑎‾)2
=∑  

3

ℐ=1

  𝑒𝑖 
ℐ𝑒‾𝚤‾
ℐ𝑑𝑧𝑖𝑑𝑧‾𝚤‾.  

𝜙𝑠 = {𝜖𝑖, 𝜑𝑖}  ⟹ 𝑧𝑖 = 𝜖𝑖 − 𝑖𝑒
𝜑𝑖 .  

𝑒−𝒦 = 8𝑒𝜑1+𝜑2+𝜑3 ,  

ℱ(𝑧) = 𝑧1𝑧2𝑧3.  

Ω𝑀(𝑧) = {1, 𝑧1, 𝑧2, 𝑧3, −𝑧1𝑧2𝑧3, 𝑧2𝑧3, 𝑧1𝑧3, 𝑧1𝑧2},  

𝒱𝑀(𝑧, 𝑧‾) = 𝑒
𝒦
2Ω𝑀(𝑧).  

𝒟𝑖𝒱:= 𝜕𝑖𝒱 +
𝜕𝑖𝒦

2
𝒱,  

𝒵 = 𝒱𝑇ℂΓ

 = 𝑒
𝒦
2 (−𝑞0 − 𝑞1𝑧1 − 𝑞2𝑧2 + 𝑝

3𝑧1𝑧2 − 𝑞3𝑧3 + 𝑝
2𝑧1𝑧3 + 𝑝

1𝑧2𝑧3 − 𝑝
0𝑧1𝑧2𝑧3)

𝒵1 = 𝑒1 
𝑖𝒟𝑖𝒱

𝑇ℂΓ

 = −𝑖𝑒
𝒦
2 (𝑞0 + 𝑞2𝑧2 + 𝑞3𝑧3 − 𝑝

1𝑧2𝑧3 + 𝑞1𝑧‾1 − 𝑝
3𝑧2𝑧‾1 − 𝑝

2𝑧3𝑧‾1 + 𝑝
0𝑧2𝑧3𝑧‾1)

𝒵2 = 𝑒2 
𝑖𝒟𝑖𝒱

𝑇ℂΓ

 = −𝑖𝑒
𝒦
2 (𝑞0 + 𝑞1𝑧1 + 𝑞3𝑧3 − 𝑝

2𝑧1𝑧3 + 𝑞2𝑧‾2 − 𝑝
3𝑧1𝑧‾2 − 𝑝

1𝑧3𝑧‾2 + 𝑝
0𝑧1𝑧3𝑧‾2)

𝒵3 = 𝑒3 
𝑖𝒟𝑖𝒱

𝑇ℂΓ

 = −𝑖𝑒
𝒦
2 (𝑞0 + 𝑞1𝑧1 + 𝑞2𝑧2 − 𝑝

3𝑧1𝑧2 + 𝑞3𝑧‾3 − 𝑝
2𝑧1𝑧‾3 − 𝑝

1𝑧2𝑧‾3 + 𝑝
0𝑧1𝑧2𝑧‾3)

 

𝐼4(𝑝, 𝑞) =−(𝑝
0)2𝑞0

2 − 2𝑞0(−2𝑝
1𝑝2𝑝3 + 𝑝0𝑞3𝑝

3 + 𝑝0𝑝1𝑞1 + 𝑝
0𝑝2𝑞2) − (𝑝

1)2𝑞1
2 

 −(𝑝2𝑞2 − 𝑝
3𝑞3)

2 + 2𝑞1(𝑝
1𝑝3𝑞3 + 𝑞2(𝑝

1𝑝2 − 2𝑝0𝑞3)).
 

ℳscal
(3)

=
𝐺(3)

𝐻(3)
∗ =

SO(4,4)

SO(2,2) × SO(2,2)
.  

[𝐻𝛼, 𝐸±𝛼] = ±2𝐸±𝛼; [𝐸𝛼 , 𝐸−𝛼] = 𝐻𝛼 ,  

𝐸−𝛼 = 𝐸𝛼
† = 𝐸𝛼

𝑇 .  

𝑇𝑠 = {𝐸𝛼𝑖 , 𝐻𝛼𝑖/2}  

𝐿(4)(𝜙
𝑠) = exp (𝜙𝑠𝑇𝑠) =∏ 

3

𝑖=1

  𝑒𝜖𝑖𝐸𝛼𝑖𝑒𝜑𝑖
𝐻𝛼𝑖
2  

𝔥B = Span(𝑇𝒜), 𝑇𝒜 = {𝐻0, 𝑇∙, 𝑇𝑠, 𝑇𝑀}  

𝐻0 =
𝐻𝛽0
2
; 𝑇∙ = 𝐸𝛽0;  𝑇𝑀 = 𝐸𝛾𝑀  

[𝑇𝑠, 𝑇𝑀] = −(𝑇𝑠)𝑀
𝑁𝑇𝑁  
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ℳ(4)𝑀𝑁 = −∑  

8

𝑃=1

 (𝐿(4))𝑀
 𝑃(𝐿(4))𝑁

 𝑃  

𝜙𝑠𝑇𝑠 =∑ 

3

𝑖=1

  𝜖𝑖𝐸𝛼𝑖 + 𝜑𝑖
𝐻𝛼𝑖
2
= (

𝐴 𝐵
𝟘 −𝐴𝑇

) ,  

𝐴=

(

 
 
 
 
 

𝜑1
2
+
𝜑2
2
+
𝜑3
2

−𝜖1 −𝜖2 −𝜖3

0 −
𝜑1
2
+
𝜑2
2
+
𝜑3
2

0 0

0 0
𝜑1
2
−
𝜑2
2
+
𝜑3
2

0

0 0 0
𝜑1
2
+
𝜑2
2
−
𝜑3
2 )

 
 
 
 
 

 

𝐵 = (

0 0 0 0
0 0 −𝜖3 −𝜖2
0 −𝜖3 0 −𝜖1
0 −𝜖2 −𝜖1 0

)

 

1

𝑒D
ℒ(4) = −

𝑅

2
+
1

2
𝑔𝜇𝜈⟨𝐽𝜇 , 𝐽𝜈⟩ +

1

4
ℐΛΣ(𝜙)𝐹𝜇𝜈

Λ𝐹Σ𝜇𝜈 +
1

8𝑒D
ℛΛΣ(𝜙)𝜀

𝜇𝜈𝜌𝜎𝐹𝜇𝜈
Λ𝐹𝜌𝜎

Σ  

𝐽𝜇 =
1

2
ℳ−1𝜕𝜇ℳ  

ℳscal
(4)

=
𝐺(4)

𝐻(4)
,  

𝑔𝜇𝜈 = (
Υ Υ𝜔𝑗

Υ𝜔𝑖 −Υ−1𝑔𝑖𝑗
(3)
+ Υ𝜔𝑖𝜔𝑗

) ,  

𝐴𝜇
Λ = (𝐴0

Λ, 𝐴0
Λ𝜔𝑖 + 𝐴𝑖

Λ) = (𝒵Λ, 𝒵Λ𝜔𝑖 + 𝐴𝑖
Λ)  

1

𝑒D
(3)
ℒ̃ =+

𝑅(3)

2
−
1

2
𝑔(3)𝑖𝑗⟨𝐽𝑖, 𝐽𝑗⟩ −

1

2Υ
ℐΛΣ(𝜙)𝜕𝑖𝒵

Λ𝜕𝑖𝒵Σ −
1

4Υ2
𝜕𝑖Υ𝜕

𝑖Υ 

 +
Υ2

8
𝜔𝑖𝑗𝜔

𝑖𝑗 +
Υ

4
ℐΛΣ(𝜙)(𝐹𝑖𝑗

Λ +𝜔𝑖𝑗𝒵
Λ)(𝐹Σ𝑖𝑗 +𝜔𝑖𝑗𝒵Σ)

 +
1

2𝑒D
(3)
ℛΛΣ(𝜙)𝜀

𝑖𝑗𝑘(𝐹𝑖𝑗
Λ +𝜔𝑖𝑗𝒵

Λ)𝜕𝑘𝒵
Σ

 

𝜔𝑖𝑗 = 𝜕𝑖𝜔𝑗 − 𝜕𝑗𝜔𝑖, 𝐹𝑖𝑗
Λ = 𝜕𝑖𝐴𝑗

Λ − 𝜕𝑗𝐴𝑖
Λ  

{𝑔𝑖𝑗
(3)
, Υ, 𝜔𝑖, 𝐴0

Λ, 𝐴𝑖
Λ, 𝜙𝑠} 

∇𝑖 (Υℐ(𝜙)(𝐹
𝑖𝑗 +𝜔𝑖𝑗𝒵) +

1

𝑒D
(3)
ℛ(𝜙)𝜀𝑖𝑗𝑘𝜕𝑘𝒵) = 0

∇𝑖 (
Υ2

2
𝜔𝑖𝑗 + Υℐ(𝜙)𝒵𝑇(𝐹𝑖𝑗 +𝜔𝑖𝑗𝒵) +

1

𝑒D
(3)
ℛ(𝜙)𝜀𝑖𝑗𝑘𝒵𝑇𝜕𝑘𝒵) = 0
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ℒ̃′ = ℒ̃ +
1

2
𝜀𝑖𝑗𝑘𝒵Λ𝜕𝑖𝐹𝑗𝑘

Λ +
1

4
𝜀𝑖𝑗𝑘(𝒵Λ𝒵

Λ − 𝑎)𝜕𝑖𝜔𝑗𝑘  

𝜔𝑖𝑗  =
1

𝑒D
(3)
𝜀𝑖𝑗𝑘

1

Υ2
𝜛𝑘

𝐹Λ𝑖𝑗 +𝜔𝑖𝑗𝒵Λ  =
1

𝑒D
(3)
Υ
𝜀𝑖𝑗𝑘ℐ−1ΛΣ(𝜙)(ℛΣΠ(𝜙)𝜕𝑘𝒵

Π − 𝜕𝑘𝒵Σ)

 

𝜛𝑖 = −𝜕𝑖𝑎 − (𝒵
Λ𝜕𝑖𝒵Λ − 𝒵Λ𝜕𝑖𝒵

Λ)  

1

𝑒D
(3)
ℒ(3)=

𝑅(3)

2
−
1

2
𝑔(3)𝑖𝑗⟨𝐽𝑖, 𝐽𝑗⟩ −

1

4Υ2
(𝜕𝑖Υ𝜕

𝑖Υ +𝜛𝑖𝜛𝑗) −
1

2Υ
𝜕𝑖𝒵

𝑀ℳ(4)𝑀𝑁𝜕
𝑖𝒵𝑁 

 ≡
𝑅(3)

2
−
1

2
𝐺̂𝑎𝑏(𝑧)𝜕𝑖𝑧

𝑎𝜕𝑖𝑧𝑏

 

𝜛𝑖 = −𝜕𝑖𝑎 − 𝒵
𝑀ℂ𝑀𝑁𝜕𝑖𝒵

𝑁  

ℳscal 

(3)
=
𝐺(3)

𝐻(3)
, (Υ > 0)  

ℳscal
(3)

=
𝐺(3)

𝐻(3)
∗ , (Υ < 0)  

ℳscal 

(3)
= 𝐺(3)/𝐻(3)

∗  

ℳ(3) ≡ℳ(3)(Φ) ≡ 𝐿𝜂𝐿
† =ℳ(3)

†
 

1

𝑒D
(3)
ℒ(3)  =

𝑅(3)

2
−
1

2
⟨𝐽𝑖, 𝐽

𝑗⟩ ≡

 ≡
𝑅(3)

2
−
𝜅̂

8
𝑔(3)𝑖𝑗Tr(ℳ(3)

−1𝜕𝑖ℳ(3)ℳ(3)
−1𝜕𝑗ℳ(3))

 

𝐽𝑖 =
1

2
ℳ(3)

−1𝜕𝑖ℳ(3)  

𝑅𝑖𝑗
(3)
= ⟨𝐽𝑖, 𝐽𝑗⟩, 

∇𝑖𝐽𝑖  = 0,
 

𝑉BH →
8𝜋GN
𝑐4

𝑉BH 

𝐴H = 4𝜋
8𝜋GN
𝑐4

𝑉BH 
(ex)(𝑒,𝑚) 

𝑞‾2 =
𝑘

2
Tr(𝒬2) = 𝑚2 +𝑁NUT 

2 −
𝑝2 + 𝑞2

2
 

𝜔(𝑝) =
1

𝑝!
𝜔𝜇1…𝜇𝑝𝑑𝑥

𝜇1 ∧ …𝑑𝑥𝜇𝑝  



pág. 4522 

𝑆 =
𝑘𝐵

𝑙𝑃
2

𝐴

4
 

𝑒−1ℒ = 𝑅 −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈  

𝑑𝑠2 = −𝑒2𝑈(𝑟)𝑑𝑡2 + 𝑒−2𝑈(𝑟)𝑑𝑟2 + 𝑟2𝑑Ω2  

𝐹 = 𝑃sin 𝜃𝑑𝜃 ∧ 𝑑𝜙 + 𝑄𝑑𝑡 ∧
𝑑𝑟

𝑟2
 

1

4𝜋
∫  
𝑆2
 𝐹 = 𝑃,

1

4𝜋
∫  
𝑆2
  ⋆ 𝐹 = 𝑄  

𝑒2𝑈(𝑟) = 1 −
2𝑀

𝑟
+
𝑃2 + 𝑄2

𝑟2
,  

𝑅𝜇𝜈𝑅
𝜇𝜈 = 4

(𝑄2 + 𝑃2)2

𝑟8
→
𝑟→0 

∞  

𝑒2𝑈 = 0 ⇔ 𝑟± = 𝑀 ±√𝑀2 − (𝑃2 + 𝑄2).  

𝑐 = 𝑟+ − 𝑟− = √𝑀
2 − (𝑃2 + 𝑄2)  

√𝑔𝑡𝑡𝑑𝑡 = √𝑔𝑟𝑟𝑑𝑟  

𝑡12 = ∫  
𝑟2

𝑟1

 √
𝑔𝑟𝑟
𝑔𝑡𝑡

𝑑𝑟̃ = ∫  
𝑟2

𝑟1

  𝑒−2𝑈(𝑟̃)𝑑𝑟̃  

 

𝑒2𝑈 =
(𝑟 − 𝑟+)(𝑟 − 𝑟−)

𝑟2
 →
𝑟→𝑟+ 

 
𝑟+ − 𝑟−

𝑟+
2 𝜌,  

𝑑𝑠2 → −
𝑟+ − 𝑟−

𝑟+
2 𝜌𝑑𝑡2 +

𝑟+
2

𝑟+ − 𝑟−

𝑑𝜌2

𝜌
+ 𝑟+

2𝑑Ω2,  
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𝜌 = 𝑒2𝛼𝜉 , 𝑡 =
1

4𝛼2
𝜏, 𝛼 =

√𝑟+ − 𝑟−

2𝑟+
.  

𝑑𝑠𝑁𝐻
2 = 𝑒2𝛼𝜉(−𝑑𝜏2 + 𝑑𝜉2) + 𝑟+

2𝑑Ω2.  

𝑥(𝑥0) =
1

𝛼
√1 + 𝛼2(𝑥0)2  

𝑥0(𝜏) =
1

𝛼
sinh (𝛼𝜏)  

𝛼2 = [−
1

2
∇𝜇𝜉𝜈∇

𝜇𝜉𝜈]
𝑟=𝑟+

 

𝑇 =
𝛼

2𝜋
 

𝑍 = Tr𝑒−𝛽𝐻  

𝜉̃ = 𝑒𝛼𝜉/𝛼 

𝑑𝑠2 = 𝑑𝜉̃2 + 𝛼2𝜉̃2𝑑𝜏̃2  

𝛽 =
1

𝑇
=
2𝜋

𝛼
=
4𝜋𝑟+

2

𝑟+ − 𝑟−
 

𝑑𝑆𝐵𝐻
𝑑𝑀

=
1

𝑇
.  

𝑆𝐵𝐻 = 𝜋𝑟+
2 = 𝜋 [𝑀 + √𝑀2 − (𝑃2 + 𝑄2)]

2
 

𝑆𝐵𝐻 =
𝐴

4
 

𝑆 = log Ω  

𝑆𝐵𝐻 = log Ω(𝑀,𝑄, 𝑃).  

𝑑𝑀 = 𝑇𝑑𝑆 + 𝜓𝑑𝑄 + 𝜒𝑑𝑃 + Ω𝑑𝐽 − 𝑔𝑖𝑗Σ
𝑖𝑑𝜙𝑗,  

(𝑀1 +𝑀2)
2 ≥ 𝑀1

2 +𝑀2
2 

𝑇 =
𝛼

2𝜋
=
𝑐

2𝑆
 ⇒  𝑐 = 2𝑆𝑇.  

 Extremality  ⇔  𝑐 = 2𝑆𝑇 = 0 ⇒  𝑇 = 0.  

𝑒2𝑈 =
(𝑟+ − 𝑟−)

2

𝑟2
→
𝜌2

𝑟+
2

 

𝑧 = −
𝑀2

𝜌
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𝑀 = √𝑃2 + 𝑄2 

𝑑𝑠𝑁𝐻
2 = 𝑀2 (

−𝑑𝑡2 + 𝑑𝑧2

𝑧2
) +𝑀2𝑑Ω2  

𝑆 = 𝜋√𝑃2 + 𝑄2 

𝑑𝑠2 = −𝐻−2(𝑥 )𝑑𝑡2 +𝐻2(𝑥 )𝑑𝑥 3
2  

△3 𝐻 = 0  

𝐻 = 1 +∑  

𝑖

 
𝑚𝑖

|𝑥 − 𝑥 𝑖|
,𝑚𝑖 = √𝑝𝑖

2 + 𝑞𝑖
2

 

AdS𝑝+2 × 𝑆
𝐷−𝑝−2 

𝑑𝑠2 = −𝑒2𝑈𝑑𝑡2 + 𝑒−2𝑈 [
𝑐4

sinh4 (𝑐𝑧)
𝑑𝑧2 +

𝑐2

sinh2 (𝑐𝑧)
𝑑Ω2]  

𝑑𝑠𝑐=0
2 = −𝑒2𝑈𝑑𝑡2 + 𝑒−2𝑈 [

𝑑𝑧2

𝑧4
+
1

𝑧2
𝑑Ω2]  

𝑑𝑠𝑐=0
2 = −𝑒2𝑈𝑑𝑡2 + 𝑒−2𝑈𝑑𝑥 2  

𝑒−2𝑈
𝑐2

sinh2 (𝑐𝑧)
 →
𝑧→−∞ 

 
𝐴

4𝜋
= 𝑟𝐻

2,  

𝑒−2𝑈
𝑐4

sinh4 (𝑐𝑧)
𝑑𝑧2 ⟶

𝐴

4𝜋
4𝑐2𝑒2𝑐𝑧𝑑𝑧2 ≡ 𝑟𝐻

2𝑑𝜔2.  

𝐿 = ∫  
𝜔0

𝜔𝐻

  𝑟𝐻𝑑𝜔 = 𝑟𝐻𝜔0 < ∞  
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𝑒−2𝑈

𝑧2
⟶

𝐴

4𝜋
= 𝑟𝐻

2.  

𝑒−2𝑈
𝑑𝑧2

𝑧4
⟶

𝐴

4𝜋

𝑑𝑧2

𝑧2
= 𝑟𝐻

2𝑑𝜔2,  

𝜔 = −log (−𝑧).  

𝐿 = ∫  
𝜔0

𝜔𝐻

  𝑟𝐻𝑑𝜔 = +∞  

𝑒−1ℒ = 𝑅 −
1

2
𝑔𝑖𝑗(𝜙)𝜕𝜇𝜙

𝑖𝜕𝜇𝜙𝑗 +
1

4
ℐΛΣ(𝜙)𝐹𝜇𝜈

Λ𝐹Σ𝜇𝜈 +
1

4
ℛΛΣ(𝜙)

𝜖𝜇𝜈𝜌𝜎

2√−𝑔
𝐹𝜇𝜈
Λ𝐹𝜌𝜎

Σ
 

1

4𝜋
∫  
𝑆2
 𝐹Λ = 𝑝Λ,

1

4𝜋
∫  
𝑆2
 𝐺Λ = 𝑞Λ  

𝑆𝐸𝑀 = ∫  [ℐΛΣ𝐹
Λ ∧⋆ 𝐹Σ −ℛΛΣ𝐹

Λ ∧ 𝐹Σ]  

{
𝑑𝐹Λ = 0
𝑑𝐺Λ = 𝑑(ℛΛΣ𝐹

Σ − ℐΛΣ ⋆ 𝐹
Σ) = 0

 

(
𝐹

𝐺
) → (

𝐹′

𝐺′
) = 𝑆 (

𝐹

𝐺
) .  

𝐺Λ ≡ −
𝛿ℒ

𝛿𝐹Λ
 

𝐴Λ = 𝜒Λ(𝑟)𝑑𝑡 − 𝑝Λcos 𝜃𝑑𝜙  

𝐴Λ = 𝜓Λ(𝑟)𝑑𝑡 − 𝑞Λcos 𝜃𝑑𝜙  

𝜒Λ′ = 𝑒2𝑈ℐ−1ΛΣ(𝑞Σ −ℛΣΓ𝑝
Γ)  

𝜙𝑖 = 𝜙𝑖(𝑟), 𝑈 = 𝑈(𝑟) 

𝐿1𝑑 = (𝑈
′)2 +

1

2
𝑔𝑖𝑗𝜙

𝑖′𝜙𝑗′ + 𝑒2𝑈𝑉𝐵𝐻 − 𝑐
2,  

𝑉𝐵𝐻 = −
1

2
𝑄𝑇ℳ𝑄  

ℳ = (𝐼 + 𝑅𝐼
−1𝑅 −𝑅𝐼−1

−𝐼−1𝑅 𝐼−1
)  

𝑄 = (
𝑝Λ

𝑞Λ
)  

(𝑈′)2 +
1

2
𝑔𝑖𝑗𝜙

𝑖′𝜙𝑗′ = 𝑒2𝑈𝑉𝐵𝐻 + 𝑐
2  
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𝑈′′  = 𝑒2𝑈𝑉𝐵𝐻
𝜙𝑖′′ + Γ𝑗𝑘  

𝑖𝜙𝑗′𝜙𝑘′  = 𝑒2𝑈𝑔𝑖𝑗𝜕𝑗𝑉𝐵𝐻
 

𝜙𝑖′ →
𝑧→−∞ 

0.  

𝜕𝑖𝑉𝐵𝐻(𝜙
𝑖∗, 𝑞, 𝑝) = 0  

 

𝜙𝑖∗ = 𝜙𝑖∗(𝑞, 𝑝).  

𝑉𝐵𝐻
∗ = 𝑉𝐵𝐻(𝜙

𝑖∗(𝑞, 𝑝), 𝑞, 𝑝).  

𝑈 → −log (√𝑉𝐵𝐻
∗ 𝑧).  

𝑟𝐻 = √𝑉𝐵𝐻
∗  

𝑆𝐵𝐻 =
𝐴

4
= 𝜋𝑉𝐵𝐻

∗ (𝑞, 𝑝).  

𝑟± = 𝑀 ±√𝑀
2 − 𝑉𝐵𝐻(𝜙∞, 𝑝, 𝑞) +

1

2
𝑔𝑖𝑗(𝜙∞)Σ

𝑖Σ𝑗.  
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(

𝑔𝜇𝜈

𝜓𝜇
𝐴

𝐴𝜇
0
) , (

𝐴𝜇
𝑖

𝜆𝐴
𝑖

𝑧𝑖

) , (
𝜁𝛼

𝑞𝑢
) ,

 gravity, 
𝑛𝑉 vector 

 multiplets, 

𝑛𝐻 hyper 

 multiplets. 

 

ℳscalar =ℳ𝑆𝐾⊗ℳ𝑄𝐾  

𝐾 = −log 𝑖(𝑋‾Λ𝐹Λ − 𝑋
Λ𝐹‾Λ) = −log 𝑖⟨Ω, Ω‾ ⟩  

⟨𝐴, 𝐵⟩ = 𝐴𝑇 (
0 −1
1 0

)𝐵  

(
𝑋

𝐹
)
𝛼
= 𝑆𝛼𝛽𝑒

ℎ𝛼𝛽(𝑧) (
𝑋

𝐹
)
𝛽
,  

𝑆𝛼𝛽 ∈ Sp(2𝑛𝑉 + 2,ℝ) 

𝐾𝛼 → 𝐾𝛽 + ℎ𝛼𝛽 + ℎ‾𝛼𝛽.  

𝑡𝑖 =
𝑋𝑖

𝑋0
 

𝐹(𝜆𝑋) = 𝜆2𝐹(𝑋) 

𝐹Λ = 𝒩ΛΣ𝑋
Σ  

𝑅ΛΣ = Re𝒩ΛΣ, 𝐼ΛΣ = Im𝒩ΛΣ  

𝐹 = −𝑖𝑋0𝑋1  

Ω = (

1
𝑧
−𝑖𝑧
−𝑖

) ,𝐾 = −log 2(𝑧 + 𝑧‾).  
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𝐹 =
𝑋1𝑋2𝑋3

𝑋0
 

Ω =

(

 
 
 
 
 

1
𝑠
𝑡
𝑢

−𝑠𝑡𝑢
𝑡𝑢
𝑠𝑢
𝑠𝑡 )

 
 
 
 
 

,𝐾 = −log [−𝑖(𝑠 − 𝑠‾)(𝑡 − 𝑡‾)(𝑢 − 𝑢‾)],  

𝑋Λ = ∫  
𝐴Λ

 Ω, 𝐹Λ = ∫  
𝐵Λ
 Ω  

𝐾 = −log 𝑖 ∫  
𝐶𝑌

 Ω ∧ Ω‾  

𝐹5 = 𝐹
Σ ∧ 𝛼Σ − 𝐺Σ ∧ 𝛽

Σ  

𝑋𝑖

𝑋0
= ∫  

𝐶𝑖

  𝐽𝑐 ,
𝐹𝑖
𝐹0
= ∫  

𝐷𝑖
  𝐽𝑐 ∧ 𝐽𝑐  

𝐾 = −log [
4

3
∫  
𝐶𝑌

 𝐽 ∧ 𝐽 ∧ 𝐽]  

𝑉𝐵𝐻 = |𝑍|
2 + 4𝑔𝑖𝚥‾𝜕𝑖|𝑍|𝜕‾𝚥‾|𝑍|,  

𝑍 = 𝑒−𝐾/2(𝑋Λ𝑞Λ − 𝑝
Λ𝐹Λ) = 𝑒

−𝐾/2⟨Ω, 𝑄⟩  

ℒ = (𝑈′)2 + 𝑔𝑖𝚥‾𝑧
𝑖′𝑧‾𝚥‾′ + 𝑒2𝑈(|𝑍|2 + 4𝑔𝑖𝚥‾𝜕𝑖|𝑍|𝜕‾𝚥‾|𝑍|),  

𝐻 = 0 ⇔ (𝑈′)2 + 𝑔𝑖𝚥‾𝑧
𝑖′𝑧‾𝚥‾′ = 𝑒2𝑈(|𝑍|2 + 4𝑔𝑖𝚥‾𝜕𝑖|𝑍|𝜕‾𝚥‾|𝑍|)  

{
𝑈′ = −𝑒𝑈|𝑍|

𝑧𝑖′ = −2𝑒𝑈𝑔𝑖𝚥‾𝜕‾𝚥‾|𝑍|
 

𝑀𝐴𝐷𝑀 = |𝑍|∞  

𝑧𝑖′ = −𝑒𝑈−𝑖𝛼𝑔𝑖𝚥‾𝐷‾𝚥‾𝑍‾  

𝛼′ +𝑄 = 0  

𝑄 = Im𝑧𝑖′𝜕𝑖𝐾 

𝜕𝑖|𝑍|∗ = 0 ⇔ 𝑧𝑖′ = 0.  

𝜕𝑖𝑉𝐵𝐻 = |𝑍|𝜕𝑖|𝑍| + 𝜕𝑖𝜕𝑗|𝑍|𝜕‾
𝑗|𝑍| + 𝜕𝑗|𝑍|𝜕𝑖𝜕‾

𝑗|𝑍| = 0  

𝑧𝑖∗ = 𝑧𝑖∗(𝑝, 𝑞) 
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(𝑒−𝑈)′ = |𝑍|∗  ⇒  𝑒
−𝑈 → |𝑍|∗𝑧,  

𝑑𝑠2 = −
𝑟2

|𝑍|∗
2
𝑑𝑡2 +

|𝑍|∗
2

𝑟2
[𝑑𝑟2 + 𝑟2𝑑Ω𝑆2

2 ]  

𝑆𝐵𝐻 =
𝐴

4
= 𝜋|𝑍|∗

2 = 𝜋𝑉𝐵𝐻
∗  

|𝑍|∗ = |𝑍|(𝑝, 𝑞, 𝑧∗
𝑖(𝑝, 𝑞))  

𝜕𝑖𝜕‾𝚥‾|𝑍| = 𝑔𝑖𝚥‾|𝑍| > 0.  

 

ℝ2 is 𝑓 = 𝑒−2𝑥 − 𝑒−𝑥−𝑦
2
𝑦2 

𝜇′ = |𝑍| > 0  

𝜇
𝑑

𝑑𝜇
𝑧𝑖 = 𝑔𝑖𝚥‾𝜕‾𝚥‾log |𝑍|.  

𝑇𝜇𝜈𝜁
𝜇𝜁𝜈 ≥ 0, ∀𝜁 ∣ 𝜁2 = 0  

𝐴′ ∼ −𝑅𝑟𝑟𝑔
𝑟𝑟 + 𝑅𝑡𝑡𝑔

𝑡𝑡 

(𝜁𝑡)2 = −𝑔𝑡𝑡 and (𝜁𝑟)2 = 𝑔𝑟𝑟 

𝐴′ ∼ −𝑅𝑟𝑟𝑔
𝑟𝑟 + 𝑅𝑡𝑡𝑔

𝑡𝑡 = −𝑇𝜇𝜈𝜁
𝜇𝜁𝜈 ≤ 0.  

ℒ = (𝜙′)2 + 𝑉(𝜙), 𝐻 = (𝜙′)2 − 𝑉(𝜙) = 0  

𝑆 = ∫  𝑑𝑡(𝜙′ ± √𝑉)
2
∓ 2∫  𝑑𝑡𝜙′√𝑉  

𝜙′ ± √𝑉 = 0.  
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ℒ = |𝜙⃗ ′|
2
+ 𝑉(𝜙⃗ ),𝐻 = |𝜙⃗ ′|

2
− 𝑉(𝜙⃗ ) = 0  

𝑆 = ∫  𝑑𝑡|𝜙⃗ ′ ± 𝑛⃗ √𝑉|
2
∓ 2∫  𝑑𝑡𝑛⃗ ⋅ 𝜙⃗ ′√𝑉  

𝑛⃗ =
∇𝜙𝒲

√𝑉
.  

𝑉(𝜙) = |∇𝜙𝒲|
2
.  

𝜙⃗ = {𝑈, 𝑧𝑖} 

𝑒2𝑈𝑉𝐵𝐻 = 𝜕𝑈(𝑒
𝑈𝑊)2 + 4𝜕𝑖(𝑒

𝑈𝑊)𝑔𝑖𝚥‾𝜕‾𝚥‾(𝑒
𝑈𝑊),  

𝑉𝐵𝐻 = 𝑊
2 + 4𝜕𝑖𝑊𝑔

𝑖𝚥‾𝜕‾𝚥‾𝑊.  

{
𝑈′ = −𝑒𝑈𝑊
𝑧𝑖′ = −2𝑒𝑈𝑔𝑖𝚥‾𝜕‾𝚥‾𝑊

 

𝜕𝑖𝑊∗ = 0  

𝑆𝐵𝐻 =
𝐴

4
= 𝜋𝑊∗

2 = 𝜋𝑉𝐵𝐻
∗ .  

ℋ(𝜙𝑖,
𝜕𝒲

𝜕𝜙𝑖
) = 0  

ℋ = 𝑉(𝜙, 𝑄) − |
𝜕𝒲

𝜕𝜙
|
2

 

𝜋𝑖 =
𝜕𝒲

𝜕𝜙𝑖
 and 𝜋𝑖 = 𝐺𝑖𝑗𝜙

𝑗′ =
𝛿ℒ

𝛿𝜙𝑖′
 

𝒲(𝜙) = 𝒲0 +∫  
𝜏

𝜏0

 ℒ(𝜙, 𝜙′)𝑑𝜏  

𝐹 = −𝑖𝑋0𝑋1  

𝑍 =
𝑞0 + 𝑖𝑝

1 + (𝑞1 + 𝑖𝑝
0)𝑧

√2(𝑧 + 𝑧‾)
 

𝑉𝐵𝐻 =
(𝑝1)2 − 𝑖𝑞1(𝑧 − 𝑧‾)𝑝

1 + 𝑞0
2 + 𝑖𝑝0𝑞0(𝑧 − 𝑧‾) + ((𝑝

0)2 + (𝑞1)
2)𝑧𝑧‾

𝑧 + 𝑧‾
.  

𝑧± =
±(𝑝0𝑝1 + 𝑞0𝑞1) + 𝑖(𝑝

0𝑞0 − 𝑝
1𝑞1)

(𝑝0)2 + (𝑞1)
2

 

 𝔈 {ℌ(𝑉𝐵𝐻)} = ±
1

𝑝0𝑝1 + 𝑞0𝑞1
{((𝑝0)2 + (𝑞1)

2)2, ((𝑝0)2 + (𝑞1)
2)2}  
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𝒲 =
|−𝑞0 + 𝑖𝑝

1 + (𝑞1 − 𝑖𝑝
0)𝑧|

√2(𝑧 + 𝑧‾)
,  

𝑍 =
𝑧𝑞1 + 𝑝

0𝑧3

√−𝑖(𝑧 − 𝑧‾)3
 

𝑧∗ = −𝑖√−
𝑞1
3𝑝0

 

𝑊 =
|𝑧𝑞1 + 𝑝

0𝑧2𝑧‾|

√−𝑖(𝑧 − 𝑧‾)3
,  

𝑧∗ = −𝑖√
𝑞1
3𝑝0

.  

(
𝑝′

𝑞′
) = 𝑆 (

𝑝

𝑞
) ,  

𝐶𝑌6 =
𝑇6

ℤ2 × ℤ2
≃ (𝑇2)3  

𝑑𝑠11
2 = −𝑍−2(𝑑𝑡 + 𝜔)2 + 𝑍𝑑𝑠4

2(𝑥) +∑  

𝐼

 
𝑍

𝑍𝐼
𝑑𝑠𝑇2

2 .  

𝑍 = (𝑍1𝑍2𝑍3)
1/3.  

𝐶3 =∑ 

𝐼

 (
−𝑑𝑡 + 𝜔

𝑍𝐼
+ 𝑎𝐼) ∧ 𝑑𝑇𝐼  

𝑑𝑎𝐼  =⋆4 𝑑𝑎𝐼

𝑑 ⋆4 𝑑𝑍𝐼  =
|𝜖𝐼𝐽𝐾|

2
𝑑𝑎𝐽 ∧⋆4 𝑑𝑎𝑘

𝑑𝜔 +⋆4 𝑑𝜔 = 𝑍𝐼𝑑𝑎𝐼

 

𝑑𝑠4
2 =

1

𝑉
(𝑑𝜓 + 𝐴 )2 + 𝑉𝑑𝑥 3

2  
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⋆ 𝑑𝐴 = ±𝑑𝑉  

𝑑𝑥 3
2 = 𝑑𝑥1

2 + 𝑑𝑥2
2 + 𝑑𝑥3

2 

𝑉 = ℎ0 +
𝑝0

𝑟
 

𝑅𝑇𝑁 =
1

√ℎ0
.  

𝑎𝐼  = 𝐶
𝐼(𝑑𝜓 − 𝐴 0) + 𝐴 𝐼

𝜔 = 𝜇(𝑑𝜓 − 𝐴 0) + 𝜔⃗⃗ 
 

𝑧𝐼 = 𝐶𝐼 − 𝑖
𝑋𝐼

Δ2
,  

Δ4 =
𝑍2/3𝑉

𝑉𝑍3 − 𝑉2𝜇2
.  

𝑧𝑖 →
𝑎𝑖𝑧

𝑖 + 𝑏𝑖
𝑐𝑖𝑧𝑖 + 𝑑𝑖

,  

𝑀𝑖 = (
𝑎𝑖 𝑏𝑖
𝑐𝑖 𝑑𝑖

) ∈ 𝑆𝑈(1,1)𝑖  

𝑀𝐼 = (
0 −1
1 0

)  

𝑀𝐼 = (
1 𝜆𝐼
0 1

)  
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𝑀𝐼 = (
1 0
𝜆𝑖 1

)  

𝐴Λ ∼ {𝐴0⃗⃗ ⃗⃗  , 𝐴𝐼⃗⃗⃗⃗ } 

⋆3 𝑑𝐴 
Λ  = 𝑑𝐻Λ,

⋆3 𝑑𝐴 Λ  = 𝑑𝐻Λ,
 

𝐻 = ℎ +∑ 

𝑖

 
𝑄𝑖

|𝑥 − 𝑥 𝑖|
,  

⋆ 𝑑𝜔⃗⃗ = ⟨𝑑𝐻,𝐻⟩  

∑ 

𝑗

 
⟨𝑄𝑖, 𝑄𝑗⟩

|𝑥 𝑖 − 𝑥 𝑗|
= 2Im(𝑒−𝑖𝛼𝑍(𝑞𝑖))

∞
 

𝑑𝐴 𝐼  = 𝐶𝐼𝑑𝑉 − 𝑉𝑑𝐶𝐼

𝑑 ⋆3 𝑑𝑍𝐼  =
|𝜖𝐼𝐽𝐾|

2
𝑉𝑑 ⋆3 𝑑(𝐶

𝐽𝐶𝐾)

⋆3 𝑑𝜔 = 𝑑(𝜇𝑉) − 𝑉𝑍𝐼𝑑𝐶
𝐼

 

𝑒−4𝑈 = 4𝑉𝑍1𝑍2𝑍3 − 𝑏
2.  

𝑑 ⋆ 𝑑(𝑉𝜇) = 𝑑(𝑉𝑍3) ∧⋆ 𝑑𝐶
3  

𝑑𝑠4
2 = (𝑉1𝑉2)

−1(𝑑𝜓 − 𝐴 )2 + 𝑉1𝑉2𝑑𝑥 3
2  

𝑉1 = 𝐶
3, 𝑉2 = 𝑍3 

⋆ 𝑑𝐴 = 𝑉2𝑑𝑉1 − 𝑉1𝑑𝑉2 

ℒ𝐷 = 𝑅 ⋆ 1 −
1

2
∑  

2

𝑖=1

  ⋆  d𝜑𝑖 ∧  d𝜑𝑖 −
1

2
∑ 

2

𝐼=1

 𝑋𝐼
−2 ⋆ 𝐹(2)

𝐼 ∧ 𝐹(2)
𝐼 −

1

2
𝑋1
−2𝑋2

−2 ⋆ 𝐻(3) ∧ 𝐻(3)  

𝑋1 = e
−𝜑1/√2(𝐷−2)−𝜑2/√2, 𝑋2 = e

−𝜑1/√2(𝐷−2)+𝜑2/√2

𝐹(2)
𝐼 = d𝐴(1)

𝐼 , 𝐻(3) = d𝐵(2) −
1

2
𝐴(1)
1 ∧  d𝐴(1)

2 −
1

2
𝐴(1)
2 ∧  d𝐴(1)

1 .
 

ℒ𝐷 =𝑅 ⋆ 1 −
1

2
∑  

2

𝑖=1

  ⋆  d𝜑𝑖 ∧  d𝜑𝑖 −
1

2
∑  

2

𝐼=1

 𝑋𝐼
−2 ⋆ 𝐹(2)

𝐼 ∧ 𝐹(2)
𝐼 −

1

2
𝑋1
2𝑋2

2 ⋆ 𝐹(𝐷−3) ∧ 𝐹(𝐷−3)

 +(−1)𝐷−1𝐹(2)
1 ∧ 𝐹(2)

2 ∧ 𝐴(𝐷−4)

 

𝐹(𝐷−3) = d𝐴(𝐷−4) = 𝑋1
−2𝑋2

−2 ⋆ 𝐻(3)  

ℒ𝐷+1 = 𝑅 ⋆ 1 −
1

2
⋆  d𝜙1 ∧  d𝜙1 −

1

2
e2√2/(𝐷−1)𝜙1 ⋆ 𝐻(3) ∧ 𝐻(3)  

d𝑠𝐷+1
2 = e−√2(𝐷−2)/(𝐷−1)𝜙2( d𝑧 + 𝐴(1)

2 )
2
+ e√2/(𝐷−1)(𝐷−2)𝜙2 d𝑠𝐷

2  
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𝐻̂(3) = e
−3𝜙2/√2(𝐷−1)(𝐷−2)𝐻(3) + e

(𝐷−4)𝜙2/√2(𝐷−1)(𝐷−2)𝐹(2)
1 ∧ ( d𝑧 + 𝐴(1)

2 )  

(
𝜑1
𝜑2
) =

1

√𝐷 − 1
(√
𝐷 − 2 −1

1 √𝐷 − 2
)(
𝜙1
𝜙2
)  

(
𝑡

𝑧
) → (

cosh 𝛿1 sinh 𝛿1
sinh 𝛿1 cosh 𝛿1

) (
𝑡

𝑧
)  

d𝑠2 = ∑  

𝑛

𝜇=1

 (
𝑋𝜇

𝑈𝜇
𝒜𝜇
2 +

𝑈𝜇

𝑋𝜇
d𝑥𝜇

2)  

 

d𝑠2 = ∑  

𝑛

𝜇=1

 (
𝑋𝜇

𝑈𝜇
𝒜𝜇
2 +

𝑈𝜇

𝑋𝜇
d𝑥𝜇

2) −
∏  𝑛
𝑘=1  𝑎𝑘

2

∏  𝑛
𝜇=1  𝑥𝜇

2
( d𝑡 −∑  

𝑛

𝑖=1

 
𝛾̃𝑖

𝑎𝑖
2  d𝜙̃𝑖)

2

 

 

𝐵(1)
(𝜇)
=
𝑥𝜇

𝑈𝜇
𝒜𝜇  

𝐺(2)
(𝜇)
= d𝐵(1)

(𝜇)
 

𝐵(1)
(𝜇)
=
1

𝑈𝜇
𝒜𝜇  

𝐺(2)
(𝜇)
= d𝐵(1)

(𝜇)
 

∑  

𝑛

𝜇=1

𝐵(1)
(𝜇)
= 0 

𝐵(𝜇) =
𝑥𝜇

𝑈𝜇
 

𝐵(𝜇) =
1

𝑈𝜇
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𝐺(1)
(𝜇)
= d𝐵(𝜇) 

∑  

𝑛

𝜇=1

𝐵(𝜇) = 0 

𝐵(2)
(𝜇)
=
𝑥𝜇

𝑈𝜇
d𝑡 ∧ 𝒜𝜇  

𝐵(2)
(𝜇)
=
1

𝑈𝜇
d𝑡 ∧ 𝒜𝜇  

𝐻(3)
(𝜇)
= d𝐵(2)

(𝜇)
 

∑  

𝑛

𝜇=1

𝐵(2)
(𝜇)
= 0 

𝐹(𝐷−3)
(𝜇)

= d𝐴(𝐷−4)
(𝜇)

 with 𝐻(3)
(𝜇)
=⋆ 𝐹(𝐷−3)

(𝜇)
 

𝒜𝜇 = ∑  

𝑛−1

𝑘=0

 𝐴𝜇
(𝑘)
d𝜓𝑘, 𝐴𝜇

(𝑘)
= ∑  
𝜈1<𝜈2<⋯<𝜈𝑘

𝜈𝑖≠𝜇

 𝑥𝜈1
2 𝑥𝜈2

2 …𝑥𝜈𝑘
2

 

𝐴(𝐷−4)
(𝜇)

=
∏  𝑛
𝜌=1  𝑥𝜌

𝑈𝜇𝑥𝜇
(∑  

𝜈≠𝜇

 
𝑥𝜈
2 − 𝑥𝜇

2

𝑥𝜈
d𝑥𝜈 ∧𝒜𝜇𝜈)

𝑛−2

 

𝐴(𝐷−4)
(𝜇)

=
1

𝑈𝜇
∑  

𝑛

𝑘=1

 𝐴𝜇
(𝑘−1)

d𝜓𝑘 ∧ (∑  

𝜈≠𝜇

 
𝑥𝜈
2 − 𝑥𝜇

2

𝑥𝜈
d𝑥𝜈 ∧ 𝒜𝜇𝜈)

𝑛−2

 

𝒜𝜇𝜈 = ∑  

𝑛−1

𝑘=1

 𝐴𝜇𝜈
(𝑘−1)

d𝜓𝑘, 𝐴𝜇𝜈
(𝑘)
= ∑  
𝜈1<𝜈2<⋯<𝜈𝑘

𝜈𝑖≠𝜇,𝜈

 𝑥𝜈1
2 𝑥𝜈2

2 …𝑥𝜈𝑘
2

 

∑  

𝑛

𝜇=1

 𝐴(𝐷−4)
(𝜇)

= d(
1

2
∑  

𝑛

𝑘=0

 𝐴(𝑘)d𝜓𝑘) ∧ d(∑ 

𝜇

 𝑥𝜇d𝑥𝜇 ∧𝒜𝜇)

𝑛−2

∧  d𝜓𝑛  

𝑋 = 𝑋1 = 𝑋2 = e
−𝜑1/√2(𝐷−2) 

𝐴(1) = 𝐴(1)
1 = 𝐴(1)

2  
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d𝑠2 = 𝐻2/(𝐷−2) {∑  

𝑛

𝜇=1

  [
𝑋𝜇

𝑈𝜇
(𝒜𝜇 −∑  

𝑛

𝜈=1

 
2𝑚𝜈𝑠

2𝑥𝜈
𝐻𝑈𝜈

𝒜𝜈)

2

+
𝑈𝜇

𝑋𝜇
d𝑥𝜇

2]}

𝑋 = 𝐻−1/(𝐷−2), 𝐴(1) = ∑  

𝑛

𝜇=1

 
2𝑚𝜇𝑠𝑐𝑥𝜇

𝐻𝑈𝜇
𝒜𝜇 , 𝐵(2) = ∑  

𝑛

𝜇=1

 
2𝑚𝜇𝑠

2𝑥𝜇

𝐻𝑈𝜇
d𝑡 ∧∑  

𝑛−1

𝑖=1

 
𝛾̃𝑖

𝑧𝑖𝜇
2  d𝜙̃𝑖

 

𝑈𝜇 =∏ 

𝑛

𝜈=1

  (𝑥𝜈
2 − 𝑥𝜇

2), 𝑋𝜇 = −∏ 

𝑛−1

𝑘=1

 (𝑎𝑘
2 − 𝑥𝜇

2) + 2𝑚𝜇𝑥𝜇 , 𝐻 = 1 +∑  

𝑛

𝜇=1

 
2𝑚𝜇𝑠

2𝑥𝜇

𝑈𝜇

𝛾̃𝑖 =∏ 

𝑛

𝜈=1

  (𝑎𝑖
2 − 𝑥𝜈

2), 𝑧𝑖𝜇 = 𝑎𝑖
2 − 𝑥𝜇

2,𝒜𝜇 = d𝑡 −∑  

𝑛−1

𝑖=1

 
𝛾̃𝑖

𝑎𝑖
2 − 𝑥𝜇

2
 d𝜙̃𝑖

 

𝐴(𝐷−4) = ∑  

𝑛

𝜇=1

 
2i𝑚𝜇𝑠

2∏  𝑛
𝜌=1  𝑥𝜌

(𝑛 − 2)!𝑈𝜇𝑥𝜇
(∑  

𝜈≠𝜇

 
𝑥𝜈
2 − 𝑥𝜇

2

𝑥𝜈
d𝑥𝜈 ∧𝒜𝜇𝜈)

𝑛−2

 

d𝑠2 = 𝐻2/(𝐷−2){∑  

𝑛

𝜇=1

  [
𝑋𝜇

𝑈𝜇
(𝒜𝜇 −∑  

𝑛

𝜈=1

 
2𝑚𝜈𝑠

2

𝐻𝑈𝜈
𝒜𝜈)

2

+
𝑈𝜇

𝑋𝜇
d𝑥𝜇

2]

−
∏  𝑛
𝑘=1  𝑎𝑘

2

∏  𝑛
𝜇=1  𝑥𝜇

2
( d𝑡 −∑  

𝑛

𝑖=1

 
𝛾̃𝑖

𝑎𝑖
2  d𝜙̃𝑖 −∑  

𝑛

𝜈=1

 
2𝑚𝜈𝑠

2

𝐻𝑈𝜈
𝒜𝜈)

2

}

𝑋 = 𝐻−1/(𝐷−2),𝐴(1) = ∑  

𝑛

𝜇=1

 
2𝑚𝜇𝑠𝑐

𝐻𝑈𝜇
𝒜𝜇 , 𝐵(2) = ∑  

𝑛

𝜇=1

 
2𝑚𝜇𝑠

2

𝐻𝑈𝜇
d𝑡 ∧∑  

𝑛

𝑖=1

 
𝛾̃𝑖

𝑧𝑖𝜇
2  d𝜙̃𝑖

 

𝑈𝜇 =∏ 

𝑛

𝜈=1

  (𝑥𝜈
2 − 𝑥𝜇

2), 𝑋𝜇 =
1

𝑥𝜇
2
∏ 

𝑛

𝑘=1

  (𝑎𝑘
2 − 𝑥𝜇

2) + 2𝑚𝜇 , 𝐻 = 1 +∑  

𝑛

𝜇=1

 
2𝑚𝜇𝑠

2

𝑈𝜇

𝛾̃𝑖 = 𝑎𝑖
2∏ 

𝑛

𝜈=1

  (𝑎𝑖
2 − 𝑥𝜈

2), 𝑧𝑖𝜇
2 = 𝑎𝑖

2 − 𝑥𝜇
2,𝒜𝜇 = d𝑡 −∑  

𝑛

𝑖=1

 
𝛾̃𝑖

𝑎𝑖
2 − 𝑥𝜇

2
 d𝜙̃𝑖

 

d𝑠2 = 𝐻2/(𝐷−2){∑  

𝑛

𝜇=1

  [
𝑋𝜇

𝑈𝜇
(𝒜𝜇 −∑  

𝑛

𝜈=1

 
2𝑚𝜈𝑠

2

𝐻𝑈𝜈
𝒜𝜈)

2

+
𝑈𝜇

𝑋𝜇
d𝑥𝜇

2]

−
∏  𝑛
𝑖=1  𝑎𝑖

2

∏  𝑛
𝜇=1  𝑥𝜇

2
(∑  

𝑛

𝑘=0

 𝐴(𝑘)d𝜓𝑘 −∑  

𝑛

𝜈=1

 
2𝑚𝜈𝑠

2

𝐻𝑈𝜈
𝒜𝜈)

2

}

 

𝐴(𝑘) = ∑  

𝜈1<𝜈2<⋯<𝜈𝑘

𝑥𝜈1
2 𝑥𝜈2

2 …𝑥𝜈𝑘
2  

𝐴(𝐷−4) = ∑  

𝑛

𝜇=1

 
2𝑚𝜇𝑠

2∏  𝑛
𝑖=1  𝑎𝑖

(𝑛 − 2)!𝑈𝜇
∑  

𝑛

𝑘=1

 𝐴𝜇
(𝑘−1)

d𝜓𝑘 ∧ (∑  

𝜈≠𝜇

 
𝑥𝜈
2 − 𝑥𝜇

2

𝑥𝜈
d𝑥𝜈 ∧𝒜𝜇𝜈)

𝑛−2

 

∇(𝑎𝐾𝑏𝑐) = 0  
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∇(𝑎𝑄𝑏𝑐) = 𝑞(𝑎𝑔𝑏𝑐)  

𝑞𝑎 =
1

𝐷 + 2
(𝜕𝑎𝑄𝑏

𝑏 + 2∇𝑏𝑄𝑎
𝑏)  

𝐾𝑎𝑏 = 𝑄𝑎𝑏 − 𝑞𝑔𝑎𝑏  

𝐾𝑎𝑏 = 𝑘
1 (𝑎𝑘

2 𝑏) 

∇(𝑎𝐾𝑎1…𝑎𝑘) = 0  

∇(𝑎𝑄𝑎1…𝑎𝑘) = 𝑞(𝑎𝑎1…𝑎𝑘−2𝑔𝑎𝑘−1𝑎𝑘)  

d𝑠̃2 = e2Ω d𝑠2 

d𝑠̃2 = e2Ω d𝑠2 

∇(𝑎1𝑄𝑎2…𝑎𝑘+1) = 𝑞(𝑎1…𝑎𝑘−1𝑔𝑎𝑘𝑎𝑘+1)  

∇̃(𝑎1𝑄𝑎2…𝑎𝑘+1) = 𝑞̃(𝑎1…𝑎𝑘−1𝑔𝑎𝑘𝑎𝑘+1), 𝑞̃𝑎1…𝑎𝑘−1 = 𝑞𝑎1…𝑎𝑘−1 + 𝑘𝑄𝑎1…𝑎𝑘−1𝑏𝜕𝑏Ω  

𝑞𝑎 = 𝑄𝑎𝑏𝜕𝑏𝑞 

d𝑠̃2 = e−𝑞 d𝑠2 

𝐴𝑎1…𝑎𝑚 = 𝐴(𝑎1…𝑎𝑚) and 𝐵𝑎1…𝑎𝑛 = 𝐵(𝑎1…𝑎𝑛) 

[𝐴, 𝐵]SN
𝑎1…𝑎𝑚+𝑛−1= 𝑚𝐴𝑏(𝑎1…𝑎𝑚−1∇𝑏𝐵

𝑎𝑚…𝑎𝑚+𝑛−1) − 𝑛𝐵𝑏(𝑎1…𝑎𝑚−1∇𝑏𝐴
𝑎𝑚…𝑎𝑚+𝑛−1)  

 = 𝑚𝐴𝑏(𝑎1…𝑎𝑚−1𝜕𝑏𝐵
𝑎𝑚…𝑎𝑚+𝑛−1) − 𝑛𝐵𝑏(𝑎1…𝑎𝑚−1𝜕𝑏𝐴

𝑎𝑚…𝑎𝑚+𝑛−1)
 

ℋ(𝑥𝑎 ,
𝜕𝑊

𝜕𝑥𝑎
) = −

1

2
𝜇2,  

ℋ̃ = ℋ/Λ 

ℋ =
1

2
𝑔𝑎𝑏

𝜕𝑊

𝜕𝑥𝑎
𝜕𝑊

𝜕𝑥𝑏
 

d𝑠2 = ∑  

𝑛

𝜇=1

  (𝑒𝜇𝑒𝜇 + 𝑒𝜇̂𝑒𝜇̂) − 𝜀𝑒0̂𝑒0̂  

𝑒𝜇= 𝐻1/(𝐷−2)√
𝑈𝜇

𝑋𝜇
d𝑥𝜇 , 𝑒

𝜇̂ = 𝐻1/(𝐷−2)√
𝑋𝜇

𝑈𝜇
(𝒜𝜇 −∑  

𝑛

𝜈=1

 
2𝑁𝜈𝑠

2

𝐻𝑈𝜈
𝒜𝜈) 

𝑒0̂ = 𝐻1/(𝐷−2)
𝑐

𝑃
(∑  

𝑛

𝑘=0

 𝐴(𝑘)d𝜓𝑘 −∑  

𝑛

𝜈=1

 
2𝑁𝜈𝑠

2

𝐻𝑈𝜈
𝒜𝜈)

 

𝑁𝜇 = 𝑚𝜇𝑥𝜇
1−𝜀 

𝑁𝜇 = 𝑚𝜇𝑥𝜇 
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𝑐 =∏ 

𝑛

𝑖=1

𝑎𝑖, 𝑃 =∏ 

𝑛

𝜌=1

𝑥𝜌𝑃
2 = 𝐴(𝑛) 

d𝑠̃2 = 𝐻−2/(𝐷−2)d𝑠2 

d𝑠̃2 = ∑  

𝑛

𝜇=1

  (𝑒̃𝜇𝑒̃𝜇 + 𝑒̃𝜇̂𝑒̃𝜇̂) − 𝜀𝑒0̂𝑒̃0̂  

𝑒̃𝜇 = √
𝑈𝜇

𝑋𝜇
d𝑥𝜇 , 𝑒̃

𝜇̂ = √
𝑋𝜇

𝑈𝜇
(𝒜𝜇 −∑  

𝑛

𝜈=1

 
2𝑁𝜈𝑠

2

𝐻𝑈𝜈
𝒜𝜈)

𝑒̃0̂ =
𝑐

𝑃
(∑  

𝑛

𝑘=0

 𝐴(𝑘)d𝜓𝑘 −∑  

𝑛

𝜈=1

 
2𝑁𝜈𝑠

2

𝐻𝑈𝜈
𝒜𝜈)

 

𝑒̃𝐴 = 𝐻−1/(𝐷−2)𝑒𝐴 

ℒ𝐷 = 𝑅 ⋆ 1 +⋯ 

d𝑠̃2 = 𝐻−2/(𝐷−2)d𝑠2 

d𝑒̃𝐴 + 𝜔̃𝐴 𝐵 ∧ 𝑒̃
𝐵 = 0 

𝜔𝐴𝐵 = −𝜔𝐵𝐴 

𝜔̃𝜇𝜈 =(1 − 𝛿𝜇𝜈) (−√
𝑋𝜈
𝑈𝜈

𝑥𝜈

𝑥𝜇
2 − 𝑥𝜈

2 𝑒̃
𝜇 −√

𝑋𝜇

𝑈𝜇

𝑥𝜇

𝑥𝜇
2 − 𝑥𝜈

2 𝑒̃
𝜈)

𝜔̃𝜇𝜈̂ =𝛿𝜇𝜈 [−𝐻𝜕𝜇 (
1

𝐻
√
𝑋𝜇

𝑈𝜇
) 𝑒̃𝜇̂ +

1

2
∑  

𝜌≠𝜇

 √
𝑋𝜇

𝑈𝜇
𝜕𝜇[log (𝐻𝑈𝜌)]𝑒̃

𝜌̂ − 𝜀
𝑐

𝑃
(
1

𝑥𝜇
+
1

2
𝜕𝜇log 𝐻) 𝑒̃

0̂]

+(1 − 𝛿𝜇𝜈)(−√
𝑋𝜇

𝑈𝜇

𝑥𝜇

𝑥𝜇
2 − 𝑥𝜈

2 𝑒̃
𝜈̂ +

1

2
√
𝑋𝜈
𝑈𝜈
𝜕𝜇[log (𝐻𝑈𝜈)]𝑒̃

𝜇̂)  

𝜔̃𝜇̂𝜈̂ =(1 − 𝛿𝜇𝜈) (−
1

2
√
𝑋𝜈
𝑈𝜈
𝜕𝜇[log (𝐻𝑈𝜈)]𝑒̃

𝜇 +
1

2
√
𝑋𝜇

𝑈𝜇
𝜕𝜈[log (𝐻𝑈𝜇)]𝑒̃

𝜈)

𝜔̃𝜇0̂ = −
𝑐

𝑃
(
1

𝑥𝜇
+
1

2
𝜕𝜇log 𝐻) 𝑒̃

𝜇̂ +√
𝑋𝜇

𝑈𝜇

1

𝑥𝜇
𝑒̃0̂, 𝜔̃𝜇̂0̂ =

𝑐

𝑃
(
1

𝑥𝜇
+
1

2
𝜕𝜇log 𝐻) 𝑒̃

𝜇 ,

 

𝜔̃𝐴 𝐵 = 𝜔̃
𝐴 𝐵𝐶𝑒̃

𝐶 

𝐾̃(𝑗) = ∑  

𝑛

𝜇=1

 𝐴𝜇
(𝑗)
(𝑒̃𝜇𝑒̃𝜇 + 𝑒̃𝜇̂𝑒̃𝜇̂) − 𝜀𝐴(𝑗)𝑒̃0̂𝑒̃0̂  

𝑄(𝑗) = 𝐻2/(𝐷−2)(∑  

𝑛

𝜇=1

 𝐴𝜇
(𝑗)
(𝑒𝜇𝑒𝜇 + 𝑒𝜇̂𝑒𝜇̂) − 𝜀𝐴(𝑗)𝑒0̂𝑒0̂)  
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𝑞(𝑗) 𝜇 =
2

𝐷 − 2
𝐻(4−𝐷)/(𝐷−2)𝜕𝜇 (𝐴𝜇

(𝑗)
𝐻)  

𝑞(1) =
2𝑚1𝑠

2𝑥1𝑥2
2

𝑥2
2 − 𝑥1

2 +
2𝑚2𝑠

2𝑥2𝑥1
2

𝑥1
2 − 𝑥2

2
 

𝐾 = 𝑄(1) − 𝑞(1)d𝑠2 = 𝑥2(𝑥2 + 2𝑚2𝑠
2)(𝑒1𝑒1 + 𝑒1̂𝑒1̂) + 𝑥1(𝑥1 + 2𝑚1𝑠

2)(𝑒2𝑒2 + 𝑒2̂𝑒2̂)  

d𝑠̃2 = 𝐻−2/(𝐷−2)d 

(
𝜕

𝜕𝑠̃
)
2

=∑  

𝑛

𝜇=1

  [
𝑋𝜇

𝑈𝜇
(
𝜕

𝜕𝑥𝜇
)

2

+
1

𝑋𝜇𝑈𝜇
( ∑  

𝑛−1+𝜀

𝑘=0

  (−𝑥𝜇
2)
𝑛−1−𝑘 𝜕

𝜕𝜓𝑘
+ 2𝑁𝜇𝑠

2
𝜕

𝜕𝜓0
)

2

] 

 −
𝜀

𝑐2𝑃2
(
𝜕

𝜕𝜓𝑛
)
2

 

(𝜕/𝜕𝑠)2 = 𝐻−2/(𝐷−2)(𝜕/𝜕𝑠̃)2 

𝜕𝑆

𝜕𝜆
+
1

2
𝑔̃𝑎𝑏𝜕𝑎𝑆𝜕𝑏𝑆 = 0  

𝑆 =
1

2
𝜇2𝜆 +∑  

𝑛

𝜇=1

 𝑆𝜇(𝑥𝜇) + ∑  

𝑛−1+𝜖

𝑘=0

 Ψ𝑘𝜓𝑘  

∑  

𝑛

𝜇=1

 
𝐹𝜇(𝑥𝜇)

𝑈𝜇
= −𝜇2 +

𝜀Ψ𝑛
2

𝑐2𝑃2
 

𝐹𝜇 = 𝑋𝜇(𝑆𝜇
′)
2
+
1

𝑋𝜇
( ∑  

𝑛−1+𝜀

𝑘=0

  (−𝑥𝜇
2)
𝑛−1−𝑘

Ψ𝑘 + 2𝑁𝜇𝑠
2Ψ0)

2

,  

𝐹𝜇 = ∑  

𝑛−1+𝜀

𝑘=0

  𝑐𝑘(−𝑥𝜇
2)
𝑛−1−𝑘

 

𝑐𝑛 = −Ψ𝑛
2/𝑐2 

(𝑆𝜇
′)
2
= −

1

𝑋𝜇
2
( ∑  

𝑛−1+𝜀

𝑘=0

 (−𝑥𝜇
2)
𝑛−1−𝑘

Ψ𝑘 + 2𝑁𝜇𝑠
2Ψ0)

2

+
1

𝑋𝜇
∑  

𝑛−1+𝜀

𝑘=0

  𝑐𝑘(−𝑥𝜇
2)
𝑛−1−𝑘

,  

𝑔𝑎𝑏 = 𝐻−2/(𝐷−2)𝑔̃𝑎𝑏 

∑  

𝑛

𝜇=1

 
𝐹𝜇

𝑈𝜇
= −𝐻2/(𝐷−2)𝜇2 +

𝜀Ψ𝑛
2

𝑐2𝑃2
 

𝐹𝜇 = −𝜇
2(−𝑥𝜇

2 + 2𝑚𝜇𝑠
2𝑥𝜇) + 𝑐1  
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(𝑆𝜇
′)
2
= −

1

𝑋𝜇
2 [(−𝑥𝜇

2 + 2𝑚𝜇𝑠
2𝑥𝜇)Ψ0 +Ψ1]

2
+
1

𝑋𝜇
[−𝜇2(−𝑥𝜇

2 + 2𝑚𝜇𝑠
2𝑥𝜇) + 𝑐1]  

◻Φ =
1

√|𝑔|
𝜕𝑎(√|𝑔|𝑔

𝑎𝑏𝜕𝑏Φ) = 𝜇
2Φ  

𝑔 = det(𝑔𝑎𝑏) 

det(𝑔𝑎𝑏) = 𝐻
4/(𝐷−2)𝑈2(𝑐𝑃)2𝜀 , 𝑈 =∏ 

𝜇<𝜈

  (𝑥𝜇
2 − 𝑥𝜈

2)  

Φ =∏ 

𝑛

𝜇=1

 𝑅𝜇(𝑥𝜇) ∏  

𝑛−1+𝜀

𝑘=0

 eiΨ𝑘𝜓𝑘  

∑  

𝑛

𝜇=1

 
𝐺𝜇(𝑥𝜇)

𝑈𝜇
= 𝐻2/(𝐷−2)𝜇2  

𝐺𝜇 =
(𝑋𝜇𝑅𝜇

′ )
′

𝑅𝜇
+
𝜀𝑋𝜇𝑅𝜇

′

𝑥𝜇𝑅𝜇
−
1

𝑋𝜇
( ∑  

𝑛−1+𝜀

𝑘=0

 (−𝑥𝜇
2)
𝑛−1−𝑘

Ψ𝑘 + 2𝑁𝜇𝑠
2Ψ0)

2

+
𝜀Ψ𝑛

2

𝑐2𝑥𝜇
2

 

𝐺𝜇 = ∑  

𝑛−1

𝑘=1

 𝑏𝑘(−𝑥𝜇
2)
𝑛−1−𝑘

 

𝑏𝑛 = Ψ𝑛
2/𝑐2 

(𝑋𝜇𝑅𝜇
′ )
′
+
𝜀𝑋𝜇𝑅𝜇

′

𝑥𝜇
−
𝑅𝜇

𝑋𝜇
( ∑  

𝑛−1+𝜀

𝑘=0

  (−𝑥𝜇
2)
𝑛−1−𝑘

Ψ𝑘 + 2𝑁𝜇𝑠
2Ψ0)

2

− ∑  

𝑛−1+𝜀

𝑘=1

 𝑏𝑘(−𝑥𝜇
2)
𝑛−1−𝑘

𝑅𝜇 = 0. 

𝐺𝜇 = 𝜇
2(−𝑥𝜇

2 + 2𝑚𝜇𝑠
2𝑥𝜇) + 𝑏1  

(𝑋𝜇𝑅𝜇
′ )
′
−
𝑅𝜇

𝑋𝜇
[(−𝑥𝜇

2 + 2𝑚𝜇𝑠
2𝑥𝜇)Ψ0 +Ψ1]

2
− [𝜇2(−𝑥𝜇

2 + 2𝑚𝜇𝑠
2𝑥𝜇) + 𝑏1]𝑅𝜇 = 0  

d𝑠2 = −𝑒0𝑒0 +∑  

𝐷−1

𝐴=1

  𝑒𝐴𝑒𝐴  

𝑒0 = 𝐻−1/2√
𝑅

𝑟2 + 𝑦2
( d𝑡′ + 𝑦1𝑦2 d𝜓), 𝑒1 = 𝐻1/2√

𝑟2 + 𝑦2

𝑅
 d𝑟

𝑒2 = 𝐻−1/2√
𝑌

𝑟2 + 𝑦2
( d𝑡′ − 𝑟1𝑟2 d𝜓), 𝑒3 = 𝐻1/2√

𝑟2 + 𝑦2

𝑌
 d𝑦

 

𝑅 = 𝑎2 + 𝑟2 − 2𝑚𝑟 + 𝑔2𝑟1𝑟2(𝑟1𝑟2 + 𝑎
2), 𝑌 = 𝑎2 − 𝑦2 + 2ℓ𝑦 + 𝑔2𝑦1𝑦2(𝑦1𝑦2 − 𝑎

2),

𝑟𝐼 = 𝑟 + 2𝑚𝑠𝐼
2, 𝑦𝐼 = 𝑦 + 2ℓ𝑠𝐼

2, 𝐻 =
𝑟1𝑟2 + 𝑦1𝑦2
𝑟2 + 𝑦2

.
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𝑒̃𝐴 = 𝐻−1/2𝑒𝐴 

𝐾̃ = 𝑦2(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) − 𝑟2(𝑒̃2𝑒̃2 + 𝑒̃3𝑒̃3)  

𝑄 = 𝐻[𝑦2(−𝑒0𝑒0 + 𝑒1𝑒1) − 𝑟2(𝑒2𝑒2 + 𝑒3𝑒3)]  

𝑞 =
𝑟1𝑟2𝑦

2 − 𝑦1𝑦2𝑟
2

𝑟2 + 𝑦2
 

𝐾 = 𝑦1𝑦2(−𝑒
0𝑒0 + 𝑒1𝑒1) − 𝑟1𝑟2(𝑒

2𝑒2 + 𝑒3𝑒3)  

𝑒0=
𝐻−1/2

1 − 𝑟𝑦
√

𝑅

𝑟2 + 𝑦2
( d𝑡′ + 𝑦1𝑦2 d𝜓), 𝑒1 =

𝐻1/2

1 − 𝑟𝑦
√
𝑟2 + 𝑦2

𝑅
 d𝑟 

𝑒2 =
𝐻−1/2

1 − 𝑟𝑦
√

𝑌

𝑟2 + 𝑦2
( d𝑡′ − 𝑟1𝑟2 d𝜓), 𝑒3 =

𝐻1/2

1 − 𝑟𝑦
√
𝑟2 + 𝑦2

𝑌
 d𝑦

 

𝑅 = 𝛾 − 2𝑚𝑟 + 𝜖𝑟2 − 2ℓ𝑟3 − 𝛾𝑟4, 𝑌 = 𝛾 + 2ℓ𝑦 − 𝜖𝑦2 + 2𝑚𝑦3 − 𝛾𝑦4

𝑟𝐼 = 𝑟 + 2𝑚𝑠𝐼
2, 𝑦𝐼 = 𝑦 + 2ℓ𝑠𝐼

2, 𝐻 =
𝑟1𝑟2 + 𝑦1𝑦2
𝑟2 + 𝑦2

 

𝐾̃ = 𝑦2(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) − 𝑟2(𝑒̃2𝑒̃2 + 𝑒̃3𝑒̃3)  

𝑄 = 𝐻(1 − 𝑟𝑦)−2[𝑦2(−𝑒0𝑒0 + 𝑒1𝑒2) − 𝑟2(𝑒2𝑒2 + 𝑒3𝑒3)]  

𝑒0= 𝐻−2/3√
𝑅

𝑟2 + 𝑦2
𝒜, 𝑒1 = 𝐻1/3√

𝑟2 + 𝑦2

𝑅
 d𝑟  

𝑒2= 𝐻1/3√
𝑌

𝑟2 + 𝑦2
( d𝑡′ − 𝑟2 d𝜓1 −

𝑞

𝐻(𝑟2 + 𝑦2)
𝒜) , 𝑒3 = 𝐻1/3√

𝑟2 + 𝑦2

𝑌
 d𝑦 

𝑒4 = 𝐻1/3
𝑎𝑏

𝑟𝑦
( d𝑡′ + (𝑦2 − 𝑟2)d𝜓1 − 𝑟

2𝑦2 d𝜓2 −
𝑞

𝐻(𝑟2 + 𝑦2)
𝒜)

 

𝑅 =
(1 + 𝑔2𝑟2)(𝑟2 + 𝑎2)(𝑟2 + 𝑏2)

𝑟2
+ 𝑞𝑔2(2𝑟2 + 𝑎2 + 𝑏2) + 𝑞2𝑔2 − 2𝑚

𝑌 = −
(1 − 𝑔2𝑦2)(𝑎2 − 𝑦2)(𝑏2 − 𝑦2)

𝑦2

𝐻 = 1 +
𝑞

𝑟2 + 𝑦2
, 𝑞 = 2𝑚𝑠2, 𝑠 = sinh 𝛿,𝒜 = d𝑡′ + 𝑦2 d𝜓1

 

𝐾̃ = 𝑦2(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) − 𝑟2(𝑒̃2𝑒̃2 + 𝑒̃3𝑒̃3) + (𝑦2 − 𝑟2)𝑒̃4𝑒̃4  

𝑄 = 𝐻2/3[𝑦2(−𝑒0𝑒0 + 𝑒1𝑒1) − 𝑟2(𝑒2𝑒2 + 𝑒3𝑒3) + (𝑦2 − 𝑟2)𝑒4𝑒4]  
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𝑒0= √
𝑅

𝑟2 + 𝑦2
𝒜, 𝑒1 = √

𝑟2 + 𝑦2

𝑅
 d𝑟, 𝑒2 = √

𝑌

𝑟2 + 𝑦2
( d𝑡′ − 𝑟2 d𝜓1)  

𝑒3 = √
𝑟2 + 𝑦2

𝑌
 d𝑦, 𝑒4 =

𝑎𝑏

𝑟𝑦
( d𝑡′ + (𝑦2 − 𝑟2)d𝜓1 − 𝑟

2𝑦2 d𝜓2 +
𝑞𝑦2

𝑎𝑏(𝑟2 + 𝑦2)
𝒜)

 

𝑅 =
(1 + 𝑔2𝑟2)(𝑟2 + 𝑎2)(𝑟2 + 𝑏2) + 2𝑎𝑏𝑞 + 𝑞2

𝑟2
− 2𝑚, 𝑌 = −

(1 − 𝑔2𝑦2)(𝑎2 − 𝑦2)(𝑏2 − 𝑦2)

𝑦2

𝑞 = 2𝑚𝑠2, 𝑠 = sinh 𝛿,𝒜 = d𝑡′ + 𝑦2 d𝜓1

 

𝐾 = 𝑦2(−𝑒0𝑒0 + 𝑒1𝑒1) − 𝑟2(𝑒2𝑒2 + 𝑒3𝑒3) + (𝑦2 − 𝑟2)𝑒4𝑒4  

𝑒0 =𝐻1
−2/3

𝐻3
1/6
√

𝑅

𝑟2 + 𝑦2
𝑟

√𝑟2 + 𝛾𝑟
( d𝑡′ + 𝑦2 d𝜓1), 𝑒

1 = 𝐻1
1/3
𝐻3
1/6√

𝑟2 + 𝑦2

𝑅
 d𝑟

𝑒2 =𝐻1
−2/3

𝐻3
1/6
√

𝑌

𝑟2 + 𝑦2
𝑦

√𝑦2 + 𝛾𝑦

[ d𝑡′ − (𝑟2 + 2𝑚𝑠1
2)d𝜓1], 𝑒

3 = 𝐻1
1/3
𝐻3
1/6√

𝑟2 + 𝑦2

𝑌
 d𝑦

𝑒4 =
𝐻1
1/3
𝐻3
−1/3

𝑎𝑏

√(𝑟2 + 𝛾𝑟)(𝑦
2 + 𝛾𝑦)

{[𝑟2 + 𝛾𝑟 + (1 +
2𝑚𝑠3𝑐3
𝑎𝑏

) (𝑦2 + 𝛾𝑦)]
(d𝑡′ + 𝑦2 d𝜓1)

𝐻1(𝑟
2 + 𝑦2)

 −(𝑟2 + 𝛾𝑟)[d𝜓1 + (𝑦
2 + 𝛾𝑦)d𝜓2]}

 

𝑅 =
(𝑟2 + 𝑎̃2)(𝑟2 + 𝑏̃2) + 𝑔2(𝑟2 + 𝑎̃2 + 2𝑚𝑠1

2)(𝑟2 + 𝑏̃2 + 2𝑚𝑠1
2)(𝑟2 + 𝛾𝑟)

𝑟2
− 2𝑚

𝑌 = −
[1 − 𝑔2(𝑦2 + 𝛾𝑦)](𝑎̃

2 − 𝑦2)(𝑏̃2 − 𝑦2)

𝑦2

𝑎̃ = 𝑎𝑐3 + 𝑏𝑠3, 𝑏̃ = 𝑏𝑐3 + 𝑎𝑠3, 𝛾𝑟 = −𝛾𝑦 + 2𝑚𝑠3
2, 𝛾𝑦 = −[(𝑎

2 + 𝑏2)𝑠3
2 + 2𝑎𝑏𝑠3𝑐3]

𝐻𝐼 = 1 +
2𝑚𝑠𝐼

2

𝑟2 + 𝑦2
, 𝑠𝐼 = sinh 𝛿𝐼 , 𝑐𝐼 = cosh 𝛿𝐼

 

𝑥 → 𝑟, 𝑦 → i𝑦, 𝑡 → 𝑡′, 𝜎 → −𝜓1, 𝜒 → −𝑎𝑏𝜓2 

𝑒̃𝐴 = 𝐻1
−1/3

𝐻3
−1/6

𝑒𝐴 

𝐾̃ = 𝑦2(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) − 𝑟2(𝑒̃2𝑒̃2 + 𝑒̃3𝑒̃3) + (
𝑦2 + 𝛾𝑦

𝐻3
− 𝑟2) 𝑒̃4𝑒̃4  

𝑄 = 𝐻1
2/3
𝐻3
1/3
[𝑦2(−𝑒0𝑒0 + 𝑒1𝑒1) − 𝑟2(𝑒2𝑒2 + 𝑒3𝑒3) + (

𝑦2 + 𝛾𝑦

𝐻3
− 𝑟2)𝑒4𝑒4]  
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(
𝜕

𝜕𝑠̃
)
2

=−
(1 + 𝛾𝑟/𝑟

2)

(𝑟2 + 𝑦2)𝑅
[(𝑟2 + 2𝑚𝑠1

2)
𝜕

𝜕𝑡′
+

𝜕

𝜕𝜓1
+ (1 +

2𝑚𝑠3𝑐3
𝑎𝑏

)
1

𝑟2 + 𝛾𝑟

𝜕

𝜕𝜓2
]

2

 

+
𝑅

𝑟2 + 𝑦2
(
𝜕

𝜕𝑟
)
2

+
(1 + 𝛾𝑦/𝑦

2)

(𝑟2 + 𝑦2)𝑌
(𝑦2

𝜕

𝜕𝑡′
−

𝜕

𝜕𝜓1
+

1

𝑦2 + 𝛾𝑦

𝜕

𝜕𝜓2
)

2

 

 +
𝑌

𝑟2 + 𝑦2
(
𝜕

𝜕𝑦
)
2

+
𝐻3

𝑎2𝑏2(𝑟2 + 𝛾𝑟)(𝑦2 + 𝛾𝑦)
(
𝜕

𝜕𝜓2
)
2

 

𝑒0 = 𝐻−3/4√
𝑅

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
𝒜, 𝑒1 = 𝐻1/4√

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)

𝑅
 d𝑟

𝑒2 = 𝐻1/4√
𝑌

(𝑟2 + 𝑦2)(𝑦2 − 𝑧2)
[d𝑡′ + (𝑧2 − 𝑟2)d𝜓1 − 𝑟

2𝑧2 d𝜓2 −
𝑞𝑟

𝐻(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
𝒜]

𝑒3 = 𝐻1/4√
(𝑟2 + 𝑦2)(𝑦2 − 𝑧2)

𝑌
 d𝑦

𝑒4 = 𝐻1/4√
𝑍

(𝑟2 + 𝑧2)(𝑧2 − 𝑦2)
[d𝑡′ + (𝑦2 − 𝑟2)d𝜓1 − 𝑟

2𝑦2 d𝜓2 −
𝑞𝑟

𝐻(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
𝒜]

𝑒5 = 𝐻1/4√
(𝑟2 + 𝑧2)(𝑧2 − 𝑦2)

𝑍
 d𝑧

 

𝑅 = (𝑟2 + 𝑎2)(𝑟2 + 𝑏2) + 𝑔2[𝑟(𝑟2 + 𝑎2) + 𝑞][𝑟(𝑟2 + 𝑏2) + 𝑞] − 2𝑚𝑟

𝑌= −(1 − 𝑔2𝑦2)(𝑎2 − 𝑦2)(𝑏2 − 𝑦2), 𝑍 = −(1 − 𝑔2𝑧2)(𝑎2 − 𝑧2)(𝑏2 − 𝑧2) 

𝐻= 1 +
𝑞𝑟

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
, 𝑞 = 2𝑚𝑠2, 𝑠 = sinh 𝛿  

𝒜 = d𝑡′ + (𝑦2 + 𝑧2)d𝜓1 + 𝑦
2𝑧2 d𝜓2

 

𝐾̃(1) = (𝑦2 + 𝑧2)(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) + (𝑧2 − 𝑟2)(𝑒̃2𝑒̃2 + 𝑒̃3𝑒̃3) + (𝑦2 − 𝑟2)(𝑒̃4𝑒̃4 + 𝑒̃5𝑒̃5)

𝐾̃(2) = 𝑦2𝑧2(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) − 𝑟2𝑧2(𝑒̃2𝑒̃2 + 𝑒̃3𝑒̃3) − 𝑟2𝑦2(𝑒̃4𝑒̃4 + 𝑒̃5𝑒̃5)
 

𝑄(1) = 𝐻1/2[(𝑦2 + 𝑧2)(−𝑒0𝑒0 + 𝑒1𝑒1) + (𝑧2 − 𝑟2)(𝑒2𝑒2 + 𝑒3𝑒3) + (𝑦2 − 𝑟2)(𝑒4𝑒4 + 𝑒5𝑒5)]

𝑄(2) = 𝐻1/2[𝑦2𝑧2(−𝑒0𝑒0 + 𝑒1𝑒1) − 𝑟2𝑧2(𝑒2𝑒2 + 𝑒3𝑒3) − 𝑟2𝑦2(𝑒4𝑒4 + 𝑒5𝑒5)]
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𝑒0 = 𝐻−4/5√
𝑅

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
𝒜, 𝑒1 = 𝐻1/5√

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)

𝑅
 d𝑟

𝑒2 = 𝐻1/5√
𝑌

(𝑟2 + 𝑦2)(𝑦2 − 𝑧2)
[d𝑡′ + (𝑧2 − 𝑟2)d𝜓1 − 𝑟

2𝑧2 d𝜓2 −
𝑞

𝐻(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
𝒜]

𝑒3 = 𝐻1/5√
(𝑟2 + 𝑦2)(𝑦2 − 𝑧2)

𝑌
 d𝑦

𝑒4 = 𝐻1/5√
𝑍

(𝑟2 + 𝑧2)(𝑧2 − 𝑦2)
[d𝑡′ + (𝑦2 − 𝑟2)d𝜓1 − 𝑟

2𝑦2 d𝜓2 −
𝑞

𝐻(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
𝒜]

𝑒5 = 𝐻1/5√
(𝑟2 + 𝑧2)(𝑧2 − 𝑦2)

𝑍
 d𝑧

𝑒6 = 𝐻1/5
𝑎1𝑎2𝑎3
𝑟𝑦𝑧

[ d𝑡′ + (𝑦2 + 𝑧2 − 𝑟2)d𝜓1 + (𝑦
2𝑧2 − 𝑟2𝑦2 − 𝑟2𝑧2)d𝜓2 − 𝑟

2𝑦2𝑧2 d𝜓3

 −
𝑞

𝐻(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)
(1 +

𝑔𝑦2𝑧2

𝑎1𝑎2𝑎3
)𝒜]

 

𝑅 =
1 + 𝑔2𝑟2

𝑟2
∏ 

3

𝑖=1

  (𝑟2 + 𝑎𝑖
2) + 𝑞𝑔2(2𝑟2 + 𝑎1

2 + 𝑎2
2 + 𝑎3

2) −
2𝑞𝑔𝑎1𝑎2𝑎3

𝑟2
+
𝑞2𝑔2

𝑟2
− 2𝑚

𝑌 =
1 − 𝑔2𝑦2

𝑦2
∏ 

3

𝑖=1

  (𝑎𝑖
2 − 𝑦2), 𝑍 =

1 − 𝑔2𝑧2

𝑧2
∏ 

3

𝑖=1

  (𝑎𝑖
2 − 𝑧2),𝐻 = 1 +

𝑞

(𝑟2 + 𝑦2)(𝑟2 + 𝑧2)

𝑞 = 2𝑚𝑠2, 𝑠 = sinh 𝛿,𝒜 = d𝑡′ + (𝑦2 + 𝑧2)d𝜓1 + 𝑦
2𝑧2 d𝜓2

 

𝐾̃(1) =(𝑦2 + 𝑧2)(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) + (𝑧2 − 𝑟2)(𝑒̃2𝑒̃2 + 𝑒̃3𝑒̃3) + (𝑦2 − 𝑟2)(𝑒̃4𝑒̃4 + 𝑒̃5𝑒̃5)

+(𝑦2 + 𝑧2 − 𝑟2)𝑒̃6𝑒̃6  

𝐾̃(2) =𝑦2𝑧2(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) − 𝑟2𝑧2(𝑒̃2𝑒̃2 + 𝑒̃3𝑒̃3) − 𝑟2𝑦2(𝑒̃4𝑒̃4 + 𝑒̃5𝑒̃5)

 +(𝑦2𝑧2 − 𝑟2𝑦2 − 𝑟2𝑧2)𝑒̃6𝑒̃6

 

𝑄(1) =𝐻2/5[(𝑦2 + 𝑧2)(−𝑒0𝑒0 + 𝑒1𝑒1) + (𝑧2 − 𝑟2)(𝑒2𝑒2 + 𝑒3𝑒3) + (𝑦2 − 𝑟2)(𝑒4𝑒4 + 𝑒5𝑒5)

 +(𝑦2 + 𝑧2 − 𝑟2)𝑒6𝑒6]

𝑄(2) =𝐻2/5[𝑦2𝑧2(−𝑒0𝑒0 + 𝑒1𝑒1) − 𝑟2𝑧2(𝑒2𝑒2 + 𝑒3𝑒3) − 𝑟2𝑦2(𝑒4𝑒4 + 𝑒5𝑒5)

 +(𝑦2𝑧2 − 𝑟2𝑦2 − 𝑟2𝑧2)𝑒6𝑒6]

 

𝑒̃1̂𝑎𝜕𝑎 =
1

√𝑋1𝑈1
(∑  

3

𝑘=0

  (−𝑥1
2)2−𝑘

𝜕

𝜕𝜓𝑘
+ 2𝑚𝑠2

𝜕

𝜕𝜓0
+

2𝑚𝑠2𝑔

𝑎1𝑎2𝑎3𝑥1
2

𝜕

𝜕𝜓3
)  

𝐾𝑎  
𝑏ℰ𝑏 = 𝜆ℰ𝑎  
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𝑒0 =(𝐻1𝐻2)
−1/4 (1 +

2𝑚𝑟(𝑐1 − 𝑐2)
2(𝑎2 − 𝑦2)

𝐻1𝐻2(𝑟
2 + 𝑦2)2

)

−1/2

√
𝑅

𝑟2 + 𝑦2
( d𝑡 −

𝑎2 − 𝑦2

𝑎
 d𝜙) ,

𝑒1 =(𝐻1𝐻2)
1/4√

𝑟2 + 𝑦2

𝑅
 d𝑟,

𝑒2 =(𝐻1𝐻2)
1/4 (1 +

2𝑚𝑟(𝑐1 − 𝑐2)
2(𝑎2 − 𝑦2)

𝐻1𝐻2(𝑟
2 + 𝑦2)2

)

1/2

√
𝑌

𝑟2 + 𝑦2
[ d𝑡 −

𝑟2 + 𝑎2

𝑎
 d𝜙

−(1 −
1 + 2𝑚𝑟(𝑐1𝑐2 − 1)/(𝑟

2 + 𝑦2)

𝐻1𝐻2[1 + 2𝑚𝑟(𝑐1 − 𝑐2)
2(𝑎2 − 𝑦2)/𝐻1𝐻2(𝑟

2 + 𝑦2)2]
)(d𝑡 −

𝑎2 − 𝑦2

𝑎
 d𝜙)] ,

𝑒3 =(𝐻1𝐻2)
1/4√

𝑟2 + 𝑦2

𝑌
 d𝑦,

 

𝑅 = 𝑟2 + 𝑎2 − 2𝑚𝑟, 𝑌 = 𝑎2 − 𝑦2, 𝐻𝐼 = 1 +
2𝑚𝑠𝐼

2𝑟

𝑟2 + 𝑦2
, 𝑠𝐼 = sinh 𝛿𝐼 , 𝑐𝐼 = cosh 𝛿𝐼  

𝐾̃ = 𝑦2(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) − (𝑟2 +
2𝑚𝑟(𝑐1 − 𝑐2)

2(𝑎2 − 𝑦2)

𝐻1𝐻2(𝑟
2 + 𝑦2)

) 𝑒̃2𝑒̃2 − 𝑟2𝑒̃3𝑒̃3  

𝑄 = (𝐻1𝐻2)
1/2 [𝑦2(−𝑒0𝑒0 + 𝑒1𝑒1) − (𝑟2 +

2𝑚𝑟(𝑐1 − 𝑐2)
2(𝑎2 − 𝑦2)

𝐻1𝐻2(𝑟
2 + 𝑦2)

) 𝑒2𝑒2 − 𝑟2𝑒3𝑒3]  

𝑒0 =√
𝑊𝑅

𝑊2 + (𝑎2 − 𝑦2)𝑉
( d𝑡 −

𝑎2 − 𝑦2

𝑎
 d𝜙) , 𝑒1 = √

𝑊

𝑅
 d𝑟

𝑒2 =√
𝑊2 + (𝑎2 − 𝑦2)𝑉

𝑊(𝑟2 + 𝑦2)
√

𝑌

𝑟2 + 𝑦2
[ d𝑡 −

𝑟2 + 𝑎2

𝑎
 d𝜙

−(1 −
(𝑟2 + 𝑦2)[𝑟2 + 𝑦2 + 2𝑚𝑟(𝑐1234 − 𝑠1234 − 1) + 4𝑚

2𝑠1234
2 ]

𝑊2 + (𝑎2 − 𝑦2)𝑉
)(d𝑡 −

𝑎2 − 𝑦2

𝑎
 d𝜙)]

𝑒3 =√
𝑊

𝑌
 d𝑦

 

𝑅 = 𝑟2 + 𝑎2 − 2𝑚𝑟, 𝑌 = 𝑎2 − 𝑦2

𝑉 = 2𝑚𝑟[(𝑐13 − 𝑐24)
2 − (𝑠13 − 𝑠24)

2] + 4𝑚2[(𝑠13 − 𝑠24)
2 − (𝑠13𝑐24 − 𝑠24𝑐13)

2]

𝑊2 = (𝑟1𝑟3 + 𝑦
2)(𝑟2𝑟4 + 𝑦

2) − 4𝑚2(𝑠13𝑐24 − 𝑠24𝑐13)
2𝑦2, 𝑟𝐼 = 𝑟 + 2𝑚𝑠𝐼

2

𝑠𝐼…𝐽 = 𝑠𝐼 …𝑠𝐽 , 𝑐𝐼…𝐽 = 𝑐𝐼 …𝑐𝐽, 𝑠𝐼 = sinh 𝛿𝐼 , 𝑐𝐼 = cosh 𝛿𝐼

 

𝑒̃𝐴 = √(𝑟2 + 𝑦2)/𝑊𝑒𝐴 

𝐾̃ = 𝑦2(−𝑒̃0𝑒̃0 + 𝑒̃1𝑒̃1) − (𝑟2 +
(𝑟2 + 𝑦2)(𝑎2 − 𝑦2)𝑉

𝑊2 ) 𝑒̃2𝑒̃2 − 𝑟2𝑒̃3𝑒̃3  

𝑄 =
𝑊

𝑟2 + 𝑦2
[𝑦2(−𝑒0𝑒0 + 𝑒1𝑒1) − (𝑟2 +

(𝑟2 + 𝑦2)(𝑎2 − 𝑦2)𝑉

𝑊2 )𝑒2𝑒2 − 𝑟2𝑒3𝑒3]  
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[cosh (𝛿1 − 𝛿3) − cosh (𝛿2 − 𝛿4)][cosh (𝛿1 + 𝛿3) − cosh (𝛿2 + 𝛿4)] = 0  

{[1 + cosh (𝛿1 + 𝛿3)][1 + cosh (𝛿2 − 𝛿4)] − [1 + cosh (𝛿2 + 𝛿4)][1 + cosh (𝛿1 − 𝛿3)]}

 × {[1 − cosh (𝛿1 − 𝛿3)][1 − cosh (𝛿2 + 𝛿4)] − [1 − cosh (𝛿2 − 𝛿4)][1 − cosh (𝛿1 + 𝛿3)]} = 0
 

𝑦2 = 𝑎2cos2 𝜃 + 𝑏2sin2 𝜃, 𝑠1 = sh𝑒1, 𝑠2 = sh𝑒2, 𝑠3 = sh𝑒, 𝐻𝐼 = 1 + 2𝑚𝑠𝐼
2/(𝑟2 + 𝑦2) 

Δ‾ = 𝐻1𝐻2𝐻3(𝑟
2 + 𝑦2)3 

d𝑠̃2 = (𝐻1𝐻2𝐻3)
−1/3 d𝑠2 

𝐾̃𝑎𝑏 = 𝑄̃𝑎𝑏 − 𝑦2𝑔̃𝑎𝑏 

𝑄̃𝑎𝑏𝜕𝑎𝜕𝑏 = −𝑦
2 (
𝜕

𝜕𝑡
)
2

+
𝑎2 − 𝑏2

𝑎2 − 𝑦2
(
𝜕

𝜕𝜙
)
2

+
𝑏2 − 𝑎2

𝑏2 − 𝑦2
(
𝜕

𝜕𝜓
)
2

−
(𝑎2 − 𝑦2)(𝑏2 − 𝑦2)

𝑦2
(
𝜕

𝜕𝑦
)
2

.  

d𝑠2 = −𝑓2( d𝑡 + 𝜔)2 + 𝑓−1 d𝑠‾4
2  

𝐽 = 𝑒‾1 ∧ 𝑒‾2 + 𝑒‾3 ∧ 𝑒‾4 

d𝑠‾4
2 = Δ𝑟 (sin

2 𝜃
 d𝜙

Ξ𝑎
+ cos2 𝜃

 d𝜓

Ξ𝑏
)
2

+
𝑟2

Δ𝑟
 d𝑟2 + 𝑟2sin2 𝜃cos2 𝜃Δ𝜃 (

d𝜙

Ξ𝑎
−
d𝜓

Ξ𝑏
)
2

+
𝑟2

Δ𝜃
d𝜃2  

Δ𝑟 = 𝑔
2𝑟4 + (1 + 𝑎𝑔 + 𝑏𝑔)2𝑟2, Δ𝜃 = 1 − 𝑎

2𝑔2cos2 𝜃 − 𝑏2𝑔2sin2 𝜃, Ξ𝑎 = 1 − 𝑎
2𝑔2, Ξ𝑏 = 1 − 𝑏

2𝑔2 

𝐽 =
1

2
 d [𝑟2 (sin2 𝜃

 d𝜙

Ξ𝑎
+ cos2 𝜃

 d𝜓

Ξ𝑏
)]  

𝑒0= (𝐻1𝐻2𝐻3)
−1/3( d𝑡 + 𝜔𝜙d𝜙 + 𝜔𝜓d𝜓)  

𝑒1= (𝐻1𝐻2𝐻3)
1/6

𝑟

√𝑅
 d𝑟, 𝑒2 = (𝐻1𝐻2𝐻3)

1/6√𝑅(
(𝑎2 − 𝑦2)d𝜙

Ξ𝑎(𝑎
2 − 𝑏2)

+
(𝑏2 − 𝑦2)d𝜓

Ξ𝑏(𝑏
2 − 𝑎2)

)  

𝑒3 = (𝐻1𝐻2𝐻3)
1/6

𝑟

√𝑌
 d𝑦, 𝑒4 = (𝐻1𝐻2𝐻3)

1/6𝑟𝑦√𝑌 (
 d𝜙

Ξ𝑎(𝑎
2 − 𝑏2)

+
d𝜓

Ξ𝑏(𝑏
2 − 𝑎2)

)

 

𝜔𝜙 = −
𝑔(𝑎2 − 𝑦2)

Ξ𝑎(𝑎
2 − 𝑏2)𝑟2

[(𝑟2 + 𝑦2)2 + (𝑎2 + 2𝑎𝑏 +
2(𝑎 + 𝑏)

𝑔
) (𝑟2 + 𝑦2)

+
𝜈1𝜈2 + 𝜈2𝜈3 + 𝜈3𝜈1

2𝑔4
−
𝑎2𝑏2

2
+
𝑏2 − 𝑎2

2𝑔2
]

𝜔𝜓 = −
𝑔(𝑏2 − 𝑦2)

Ξ𝑏(𝑏
2 − 𝑎2)𝑟2

[(𝑟2 + 𝑦2)2 + (𝑏2 + 2𝑎𝑏 +
2(𝑎 + 𝑏)

𝑔
) (𝑟2 + 𝑦2)

+
𝜈1𝜈2 + 𝜈2𝜈3 + 𝜈3𝜈1

2𝑔4
−
𝑎2𝑏2

2
+
𝑎2 − 𝑏2

2𝑔2
]

 

𝑅 = 𝑔2𝑟4 + (1 + 𝑎𝑔 + 𝑏𝑔)2𝑟2, 𝑌 = −
(1 − 𝑔2𝑦2)(𝑎2 − 𝑦2)(𝑏2 − 𝑦2)

𝑦2
, 𝐻𝐼 = 1 +

𝑔2𝑦2 + 𝜈𝐼
𝑔2𝑟2

 

𝜈𝐼 = √Ξ𝑎Ξ𝑏(1 + 𝑔
2𝜇𝐼) − 1 

𝑦2 = 𝑎2cos2 𝜃 + 𝑏2sin2 𝜃 
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𝜈1 + 𝜈2 + 𝜈3 = 2(𝑎𝑔 + 𝑏𝑔 + 𝑎𝑏𝑔
2).  

𝑒̃𝐴 = (𝐻1𝐻2𝐻3)
−1/6𝑒𝐴 

𝐾̃ =
(1 − 𝑔2𝑦2)[1 − (𝑎2 − 𝑦2)(𝑏2 − 𝑦2)/𝑟4]

𝐻1𝐻2𝐻3𝑔
2

𝑒̃0𝑒̃0

 +
1

(𝐻1𝐻2𝐻3)
1/2𝑔𝑟

[𝑟√𝑅(𝑒̃0𝑒̃2 + 𝑒̃2𝑒̃0) + 𝑦√𝑌(𝑒̃0𝑒̃4 + 𝑒̃4𝑒̃0)] + 𝑟2(𝑒̃3𝑒̃3 + 𝑒̃4𝑒̃4)

 

𝑄 =
(1 − 𝑔2𝑦2)[1 − (𝑎2 − 𝑦2)(𝑏2 − 𝑦2)/𝑟4]

𝐻1𝐻2𝐻3𝑔
2

𝑒0𝑒0

 +
1

(𝐻1𝐻2𝐻3)
1/2𝑔𝑟

[𝑟√𝑅(𝑒0𝑒2 + 𝑒2𝑒0) + 𝑦√𝑌(𝑒0𝑒4 + 𝑒4𝑒0)] + 𝑟2(𝑒3𝑒3 + 𝑒4𝑒4)

 

d𝑠2 = (𝐻1𝐻2)
1/(𝐷−2)d𝑠̃2 

d𝑠̃2 =∑ 

𝜇

 
𝑈𝜇

𝑋𝜇
d𝑥𝜇

2 − (1−∑  

𝜇

 
2𝑁𝜇

𝑈𝜇
)
d𝑡2

𝐻1𝐻2
− 𝑐1𝑐2∑ 

𝑖

 ∑  

𝜇

 
2𝑁𝜇𝛾̃𝑖

𝑧𝑖𝜇
2 𝑈𝜇

2 d𝑡 d𝜙̃𝑖
𝐻1𝐻2

 

+∑  

𝑖

  [
𝐻1𝐻2𝐵𝑖
𝛾̃𝑖

+∑ 

𝜇

 (
2𝑁𝜇

𝑈𝜇𝑧𝑖𝜇
4 −

4𝑁𝜇
2𝑠1
2𝑠2
2

𝑈𝜇
2𝑧𝑖𝜇
4 )  

+∑  

𝜇<𝜈

 (
4𝑁𝜇𝑁𝜈(𝑠1

2 + 𝑠2
2)𝑥𝜇𝜈

4

𝑈𝜇𝑈𝜈𝑧𝑖𝜇
4 𝑧𝑖𝜈

4 −
8𝑁𝜇𝑁𝜈𝑠1

2𝑠2
2

𝑈𝜇𝑈𝜈𝑧𝑖𝜇
2 𝑧𝑖𝜈

2 ) +∑  

𝜇≠𝜈

 
8𝑁𝜇

2𝑁𝜈𝑠1
2𝑠2
2𝑥𝜇𝜈
4

𝑈𝜇
2𝑈𝜈𝑧𝑖𝜇

4 𝑧𝑖𝜈
4  

− ∑  

𝜇<𝜈<𝜌

 
16𝑁𝜇𝑁𝜈𝑁𝜌𝑠1

2𝑠2
2

𝑈𝜇𝑈𝜈𝑈𝜌𝑧𝑖𝜇
2 𝑧𝑖𝜈

2 𝑧𝑖𝜌
2 (
𝑥𝜈𝜇
2 𝑥𝜌𝜇

2

𝑧𝑖𝜇
2 +

𝑥𝜌𝜈
2 𝑥𝜇𝜈

2

𝑧𝑖𝜈
2 +

𝑥𝜇𝜌
2 𝑥𝜈𝜌

2

𝑧𝑖𝜌
2 )] 𝛾̃𝑖

2  d𝜙̃𝑖
2

𝐻1𝐻2

+∑ 

𝑖<𝑗

  [∑  

𝜇

 (
2𝑁𝜇

𝑧𝑖𝜇
2 𝑧𝑗𝜇

2 𝑈𝜇
−
4𝑁𝜇

2𝑠1
2𝑠2
2

𝑧𝑖𝜇
2 𝑧𝑗𝜇

2 𝑈𝜇
2
) +∑  

𝜇<𝜈

 
4𝑁𝜇𝑁𝜈(𝑠1

2 + 𝑠2
2)𝑥𝜇𝜈

4

𝑧𝑖𝜇
2 𝑧𝑖𝜈

2 𝑧𝑗𝜇
2 𝑧𝑗𝜈

2 𝑈𝜇𝑈𝜈
 

−∑  

𝜇<𝜈

 
4𝑁𝜇𝑁𝜈𝑠1

2𝑠2
2

𝑈𝜇𝑈𝜈
(

1

𝑧𝑖𝜇
2 𝑧𝑗𝜈

2 +
1

𝑧𝑖𝜈
2 𝑧𝑗𝜇

2 ) +∑  

𝜇≠𝜈

 
8𝑁𝜇

2𝑁𝜈𝑠1
2𝑠2
2𝑥𝜇𝜈
4

𝑧𝑖𝜇
2 𝑧𝑖𝜈

2 𝑧𝑗𝜇
2 𝑧𝑗𝜈

2 𝑈𝜇
2𝑈𝜈

 

+ ∑  

𝜇<𝜈<𝜌

 
8𝑁𝜇𝑁𝜈𝑁𝜌𝑠1

2𝑠2
2

𝑧𝑖𝜇
2 𝑧𝑖𝜈

2 𝑧𝑖𝜌
2 𝑧𝑗𝜇

2 𝑧𝑗𝜈
2 𝑧𝑗𝜌

2 𝑈𝜇𝑈𝜈𝑈𝜌
[(𝑧𝑖𝜈

2 𝑧𝑗𝜌
2 + 𝑧𝑖𝜌

2 𝑧𝑗𝜈
2 )𝑥𝜈𝜇

2 𝑥𝜌𝜇
2  

 +(𝑧𝑖𝜌
2 𝑧𝑗𝜇

2 + 𝑧𝑖𝜇
2 𝑧𝑗𝜌

2 )𝑥𝜌𝜈
2 𝑥𝜇𝜈

2 + (𝑧𝑖𝜇
2 𝑧𝑗𝜈

2 + 𝑧𝑖𝜈
2 𝑧𝑗𝜇

2 )𝑥𝜇𝜌
2 𝑥𝜈𝜌

2 ]] 𝛾̃𝑖𝛾̃𝑗
2 d𝜙̃𝑖 d𝜙̃𝑗

𝐻1𝐻2

 

𝐴(1)
1 =∑ 

𝜇

 
2𝑁𝜇𝑠1

𝐻1𝑈𝜇
(𝑐1 d𝑡 − 𝑐2∑ 

𝑖

 
𝛾̃𝑖

𝑧𝑖𝜇
2  d𝜙̃𝑖) , 𝐴(1)

2 =∑ 

𝜇

 
2𝑁𝜇𝑠2

𝐻2𝑈𝜇
(𝑐2 d𝑡 − 𝑐1∑ 

𝑖

 
𝛾̃𝑖

𝑧𝑖𝜇
2  d𝜙̃𝑖)

𝑋𝐼 =
(𝐻1𝐻2)

(𝐷−3)/2(𝐷−2)

𝐻𝐼
, 𝐵(2) =∑ 

𝜇

 
𝑁𝜇𝑠1𝑠2

𝑈𝜇
(
1

𝐻1
+
1

𝐻2
) d𝑡 ∧∑  

𝑖

 
𝛾̃𝑖

𝑧𝑖𝜇
2  d𝜙̃𝑖
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𝑈𝜇 =∏ 

𝑛

𝜈=1

 (𝑥𝜈
2 − 𝑥𝜇

2), 𝑋𝜇 = −
1

(−𝑥𝜇
2)
𝜀 ∏  

𝑛−1+𝜀

𝑘=1

  (𝑎𝑘
2 − 𝑥𝜇

2) + 2𝑁𝜇 , 𝑥𝜇𝜈
2 = 𝑥𝜇

2 − 𝑥𝜈
2

𝐻𝐼 = 1 +∑  

𝑛

𝜇=1

 
2𝑁𝜇𝑠𝐼

2

𝑈𝜇
, 𝑁𝜇 = 𝑚𝜇𝑥𝜇

1−𝜀 , 𝑠𝐼 = sinh 𝛿𝐼 , 𝑐𝐼 = cosh 𝛿𝐼

𝛾̃𝑖 = 𝑎𝑖
2𝜀∏ 

𝑛

𝜇=1

  (𝑎𝑖
2 − 𝑥𝜇

2), 𝑧𝑖𝜇
2 = 𝑎𝑖

2 − 𝑥𝜇
2, 𝐵𝑖 = ∏  

𝑛−1+𝜀

𝑘=1

  (𝑎𝑖
2 − 𝑎𝑘

2)

 

𝑡 = 𝑡′ +
2ℓ2cosh 𝛼

𝑎′
𝜙′, 𝜙 =

√𝑎′2 + ℓ2

𝑎′
𝜙′, cos 𝜃 =

𝑦′ − ℓ

√𝑎′2 + ℓ2
, 𝑎 = √𝑎′2 + ℓ2.  

d𝑠2 = (𝐻1𝐻2)
1/2 d𝑠̃2 

𝑥1 = 𝑦, 𝑥2 = i𝑟,𝑚1 = −ℓ,𝑚2 = −i𝑀, 𝛿1 = 𝛼, 𝛿2 = 0 

  

ℳ →
𝜋 
ℳ4,  

ℳ6(𝑝) = 𝜋
−1(𝑝) 

ℳ6(𝑝) ≅ ℳ6(𝑞), ∀𝑝, 𝑞 ∈ ℳ4 

𝛿𝜖𝜙𝑏 ∼ 𝜖‾(𝑝)(𝜙𝑏 + 𝜙‾𝑓𝜙𝑓)𝜙𝑓 , 𝛿𝜖𝜙𝑓 ∼ 𝜕𝜖(𝑝) + (𝜙𝑏 + 𝜙‾𝑓𝜙𝑓)𝜖(𝑝)𝜙𝑓  

𝜙𝑏 → 𝜙𝑏 , 𝜙𝑓 → −𝜙𝑓 .  

𝐑(∇) = 𝐓.  

ℤ2 → Spin(1,3) →
𝜌 
SO(1,3).  

F(𝑇ℳ) = {(𝑝, e1, … , e4): 𝑝 ∈ ℳ, (e1, … , e4) ‖𝑇𝑝ℳ‖}  

𝜋F: F(𝑇ℳ) →ℳ by 𝜋(𝑝, e1,⋯ , e4) = 𝑝 

𝐞𝑎
′ = 𝐴𝑎

𝑏𝐞𝑏, 𝑎 = 1,⋯ ,4 

FSO(𝑇ℳ) = {(𝑝, e1, … , e4): 𝑝 ∈ ℳ, (e1, … , e4)⟨𝑇𝑝ℳ|𝐠(𝐞𝑎, 𝐞𝑏)⟩ = 𝜂𝑎𝑏 , det𝜕(𝐞) > 0}  

𝜋SO: FSO(𝑇ℳ) → ℳ by 𝜋(𝑝, e1,⋯ , e4) = 𝑝 

𝐞𝑎
′ = 𝑂𝑎

𝑏𝐞𝑏 , 𝑎 = 1,⋯ ,4 

𝜋SO ∘ ΩP = 𝜋P 

ΩP(𝑝, 𝑂) = ΩP(𝑝)𝜌(𝑂), ∀𝑝 ∈ P, ∀𝑂 ∈ Spin(1,3) 

S = (P × 𝑉)/Spin(1,3).  

𝜋S: (P × 𝑉)/Spin(1,3) → P/Spin(1,3) 
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𝐠 = 𝜂(𝐞, 𝐞),  

𝑆[𝐞, 𝜔] =
1

2
∫  𝑅𝑎1𝑎2(𝜔) ∧ 𝐞𝑎3 ∧ 𝐞𝑎4𝜖

𝑎1𝑎2𝑎3𝑎4  

𝜓‾⧸𝜙‾𝜓, where 𝒟𝜓 ∼ 𝜕𝜓 + 𝜔𝜓 

𝜔 = 𝜔LC + K,  

𝑓: (ℳ, 𝐠) → (ℳ, 𝐠̃ = (𝑓−1)∗𝐠) 

𝕋𝕄 = 𝑇ℳ⊕𝑇∗ℳ over ℳ 

𝕏 = 𝑋 + 𝜉 

𝜉 ∈ 𝑇∗ℳ 

G(𝕏,𝕐) =
1

2
(𝜉(𝑌) + 𝜂(𝑋)), ∀𝕏 = 𝑋 + 𝜉, 𝕐 = 𝑌 + 𝜂 ∈ 𝕋𝕄  

J: 𝑇ℳ⊕𝑇∗ℳ → 𝑇ℳ⊕𝑇∗ℳ  

Λ2𝑇∗ℳ⨁𝑇ℳ⊕𝑇∗ℳ 

ℳ =ℳ4 ×ℳ6,  g(𝑥, 𝑦) = g4(𝑥) + g6(𝑦)  

𝐠(𝑦) = 𝜂 + 𝐠𝐶𝑌(𝑦)  

 

𝐠 = 𝑔𝑡𝑡(𝑟)𝑑𝑡 ⊗ 𝑑𝑡 − 𝑔𝑟𝑟(𝑟)𝑑𝑟 ⊗ 𝑑𝑟 − 𝑟2 h𝑆2  

h𝑆2 = 𝑑𝜃 ⊗ 𝑑𝜃 + sin2 𝜃𝑑𝜙⊗ 𝑑𝜙 

𝑔𝑡𝑡(𝑟) = 1 −
2𝑚

𝑟
+
𝑞2

𝑟2
, 𝑔𝑟𝑟(𝑟) = 𝑔𝑡𝑡

−1(𝑟)  

𝑔𝑡𝑡(𝑟) =
(𝑟 − 𝑟+)(𝑟 − 𝑟−)

𝑟2
, 𝑟± = 𝑚 ±√𝑚

2 − 𝑞2  

𝑆 =
𝐴

4
= 𝜋𝑟+

2, 𝑇 =
1

2𝜋
(
𝑟0
𝑟+
)
2

,  

𝐠 = 𝑒2𝑈𝑑𝑡 ⊗ 𝑑𝑡 − 𝑒−2𝑈 [
𝑟0
4

sinh4 𝑟0𝜏
𝑑𝜏 ⊗ 𝑑𝜏 +

𝑟0
2

sinh2 𝑟0𝜏
 h𝑆2]  

𝐠 = 𝑒2𝑈𝑑𝑡 ⊗ 𝑑𝑡 − 𝑒−2𝑈 [
1

𝜏4
𝑑𝜏 ⊗ 𝑑𝜏 +

1

𝜏2
𝐡𝑆2] = 𝑒

2𝑈𝑑𝑡 ⊗ 𝑑𝑡 − 𝑒−2𝑈[𝛿𝑖𝑗𝑑𝑥
𝑖⊗𝑑𝑥𝑗]  

lim
𝜏→−∞

 𝑒−2𝑈 =
𝐴

4𝜋
lim
𝜏→−∞

 𝜏2, lim
𝜏→−∞

 𝜏
𝑑𝜙𝑖

𝑑𝜏
= 0, 𝑖 = 1,⋯ , 𝑛𝑣  



pág. 4550 

lim
𝜏→−∞

  [
𝑑2𝜙𝑖

𝑑𝜏2
+
4𝜋

𝐴
𝑔𝑖𝑗(𝜙h)𝜕𝑗𝑉bh(𝜙h, 𝒬)

1

𝜏2
] = 0  

lim
𝜏→−∞

 𝜙𝑖 = lim
𝜏→−∞

  [−
4𝜋

𝐴
𝑔𝑖𝑗(𝜙h)𝜕𝑗𝑉bh(𝜙h, 𝒬)log (−𝜏) + 𝑐1

𝑖𝜏 + 𝑐2
𝑖 ]  

lim
𝜏→−∞

 
𝑑𝜙𝑖

𝑑𝜏
= lim
𝜏→−∞

  [−
4𝜋

𝐴
𝑔𝑖𝑗(𝜙h)𝜕𝑗𝑉bh(𝜙h, 𝒬)

1

𝜏
+ 𝑐1

𝑖 ]  

𝑐1
𝑖 = 0, 𝑐2

𝑖 = 𝜙h
𝑖 , 𝒢 𝑖𝑗(𝜙h)𝜕𝑗𝑉bh(𝜙h, 𝒬) = 0  

𝜕𝑖𝑉bh(𝜙h, 𝒬) = 0  

𝑆 = 𝜋𝑉bh(𝜙h, 𝒬)  

𝜙h = 𝜙h(𝒬), 𝑆 = 𝜋𝑉bh(𝜙h(𝒬), 𝒬)  

𝛿𝜖𝜙𝑏 = 0, 𝛿𝜖𝜙𝑓 = 0  

𝑇ℳ⊗ℂ →ℳ 

(𝑇ℳ⊗ℂ)𝑝 = 𝑇ℳ𝑝⊗ℂ 

𝒥(𝑣 ⊗ 𝑐) = 𝒥𝑣 ⊗ 𝑐, 𝑣 ∈ 𝑇ℳ, 𝑐 ∈ ℂ.  

𝑇𝑝ℳ⊗ℂ 

𝑇(1,0)ℳ = {𝑣 ∈ 𝑇ℳ⊗ℂ ∣ 𝒥𝑣 = 𝑖𝑣, ∀𝑣 ∈ 𝑇ℳ⊗ℂ},

𝑇(0,1)ℳ = {𝑣 ∈ 𝑇ℳ⊗ℂ ∣ 𝒥𝑣 = −𝑖𝑣, ∀𝑣 ∈ 𝑇ℳ⊗ℂ}.
 

𝜋(1,0): 𝑇ℳ⊗ℂ→ 𝑇(1,0)ℳ  

𝑣 →
1

2
(𝑣 ⊗ 1 − 𝒥𝑣 ⊗ 𝑖)

𝜋(0,1): 𝑇ℳ⊗ℂ → 𝑇(0,1)ℳ

𝑣 →
1

2
(𝑣 ⊗ 1 + 𝒥𝑣 ⊗ 𝑖)

 

𝜋(1,0) ∘ 𝒥 = −𝑖𝜋(0,1) 

𝑇ℳ ≅ 𝑇(1,0)ℳ ≅ 𝑇(0,1)ℳ

(𝜋(1,0), 𝜋(0,1)): 𝑇ℳ⊗ℂ ≅ 𝑇(1,0)ℳ⊕𝑇(0,1)ℳ.
 

𝑇∗ℳ⊗ℂ →ℳ 

𝑇∗ℳ ≅ 𝑇(1,0)ℳ ≅ 𝑇(0,1)ℳ
(𝜋(1,0), 𝜋(0,1)): 𝑇∗ℳ⊗ℂ ≅ 𝑇(1,0)ℳ⊕𝑇(0,1)ℳ.

 

𝑇(1,0)ℳ = {𝛼 ∈ 𝑇∗ℳ⊗ℂ ∣ 𝛼(𝒥𝑣) = 𝑖𝛼(𝑣), ∀𝑣 ∈ 𝑇ℳ⊗ℂ}

𝑇(0,1)ℳ = {𝑣𝛼 ∈ 𝑇∗ℳ⊗ℂ ∣ 𝛼(𝒥𝑣) = −𝑖𝛼(𝑣), ∀𝑣 ∈ 𝑇ℳ⊗ℂ}
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𝜋(1,0): 𝑇∗ℳ⊗ℂ→ 𝑇(1,0)ℳ  

𝛼 →
1

2
(𝛼 ⊗ 1 − 𝛼 ⊗ 𝑖 ∘ 𝒥)

 

𝜋(0,1): 𝑇∗ℳ⊗ℂ→ 𝑇(0,1)ℳ  

𝛼 →
1

2
(𝛼 ⊗ 1 + 𝛼 ⊗ 𝑖 ∘ 𝒥)

 

Ω𝑘(ℳ, ℂ) ≡ Γ (Λ𝑘(𝑇∗ℳ⊗ℂ))  

Λ𝑘(𝑇∗ℳ⊗ℂ) = Λ𝑘(𝑇(0,1)ℳ⊕𝑇(1,0)ℳ) = ⨁  

𝑙+𝑚=𝑘

 Λ𝑙(𝑇(0,1)ℳ)∧ Λ𝑚(𝑇(1,0)ℳ)  

⨁  

𝑙+𝑚=𝑘

Λ𝑙(𝑇(0,1)ℳ)∧ Λ𝑚(𝑇(1,0)ℳ) 

Ω(𝑙,𝑚)(ℳ, ℂ) = Γ(Λ𝑙(𝑇(0,1)ℳ) ∧ Λ𝑚(𝑇(1,0)ℳ))  

Ω𝑘(ℳ, ℂ) = ⨁  

𝑙+𝑚=𝑘

 Ω(𝑙,𝑚)(ℳ, ℂ)  

𝜋(𝑙,𝑚) : Λ𝑘(𝑇∗ℳ⊗ℂ) → Λ𝑙(𝑇(0,1)ℳ) ∧ Λ𝑚(𝑇(1,0)ℳ) 

𝜕 ≡ 𝜋(𝑙+1,𝑚) ∘ 𝑑:Ω(𝑙,𝑚)(ℳ, ℂ) → Ω(𝑙+1,𝑚)(ℳ, ℂ)

𝜕‾ ≡ 𝜋(𝑙,𝑚+1) ∘ 𝑑:Ω(𝑙,𝑚)(ℳ, ℂ) → Ω(𝑙,𝑚+1)(ℳ, ℂ)
 

𝒢(𝒥 ⋅, 𝒥 ⋅) = 𝜔(𝒥 ⋅, 𝒥2 ⋅) = 𝜔(⋅, 𝒥 ⋅) = 𝒢(⋅,⋅)  

𝑁(𝑢, 𝑣) ≡ [𝒥𝑢, 𝒥𝑣] − 𝒥[𝑢, 𝒥𝑣] − 𝒥[𝒥𝑢, 𝑣] − [𝑢, 𝑣] = 0∀𝑢, 𝑣 ∈ 𝑇ℳ 

𝑇𝑝
∗ℳ= ℝ− Span[𝑑𝑥𝑖, 𝑑𝑦𝑖]

𝑝
 

𝑇𝑝
∗ℳ⊗ℂ = ℂ − Span[𝑑𝑥𝑖, 𝑑𝑦𝑖]

𝑝

 

𝑑𝑧𝑖 = 𝑑𝑥𝑖 + 𝑖𝑑𝑦𝑖 and 𝑑𝑧‾𝚤‾ = 𝑑𝑥𝑖 − 𝑖𝑑𝑦𝑖 

𝑇𝑝
∗ℳ⊗ℂ = ℂ − Span[𝑑𝑧𝑖]

𝑝
⊕ℂ− Span[𝑑𝑧‾𝚤‾]𝑝 = 𝑇

(1,0)ℳ⊕𝑇(0,1)ℳ  

𝑑𝑧𝑖 ∘ 𝒥 = 𝑖𝑑𝑧𝑖 

𝑑𝑧‾𝚤‾ ∘ 𝒥 = −𝑖𝑑𝑧‾𝚤‾ 

𝜕

𝜕𝑧𝑖
=
1

2
(
𝜕

𝜕𝑥𝑖
− 𝑖

𝜕

𝜕𝑦𝑖
) ,
𝜕

𝜕𝑧‾𝚤‾
=
1

2
(
𝜕

𝜕𝑥𝑖
+ 𝑖

𝜕

𝜕𝑦𝑖
) ,  

𝜕𝑓 =
𝜕𝑓

𝜕𝑧𝑖
𝑑𝑧𝑖, 𝜕‾𝑓 =

𝜕𝑓

𝜕𝑧‾𝚤‾
𝑑𝑧‾𝚤‾.  

𝒥𝑝
∗𝜔𝑝(𝑢, 𝑣) = 𝜔𝑝(𝒥𝑝𝑢, 𝒥𝑝𝑣) = 𝒢𝑝(𝑣, 𝒥𝑝𝑢) = 𝜔𝑝(𝑢, 𝑣), ∀𝑝 ∈ ℳ and 𝑢, 𝑣 ∈ 𝑇𝑝ℳ  

𝑇ℳ⊗ℂ 
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𝜔 ∈ Ω2(ℳ, ℂ) = Ω(2,0)(ℳ, ℂ)⊕ Ω(1,1)(ℳ, ℂ)⊕ Ω(0,2)(ℳ, ℂ).  

𝜔 ∈ Ω(1,1)(ℳ, ℂ),  

[𝜔] ∈ 𝐻Dolbeault 

(1,1)
(ℳ) 

𝑑𝑧𝑖 ∧ 𝑑𝑧𝑗 or 𝑑𝑧‾𝚤‾ ∧ 𝑑𝑧‾𝚥‾  

𝜔 = 𝑖ℎ𝑖𝚥‾𝑑𝑧
𝑖 ∧ 𝑑𝑧‾𝚥‾  

𝒢 = ℎ𝑖𝚥‾(𝑑𝑧
𝑖⊗𝑑𝑧‾𝚥‾ + 𝑑𝑧𝚥‾⊗𝑑𝑧‾𝑖).  

𝒢 = 𝜕𝑖𝜕𝑗𝒦(𝑑𝑧
𝑖⊗𝑑𝑧‾𝚥‾ + 𝑑𝑧𝚥‾⊗𝑑𝑧‾𝑖)  

Γ𝑗𝑘  
𝑖 = 𝒢 𝑖𝚤‾𝜕𝑗𝒢𝚤‾𝑘 , Γ𝚥‾𝑘‾

𝚤‾ = 𝒢 𝚤‾𝑖𝜕𝚥‾𝒢𝑘‾ 𝑖  

𝑅𝑖𝚤‾ = 𝜕𝑖𝜕𝚤‾ (
1

2
log det𝒢)  

𝒦′ = 𝒦 + 𝑓 + 𝑓‾  

{ℒ(𝑞,𝑞‾), 𝑞 ∈ ℝ, 𝑞‾ ∈ ℝ} 

𝑊(𝛼) = 𝑒
−(𝑞𝑓+𝑞‾𝑓‾)/2𝑊(𝛽),𝒦(𝛼) = 𝒦(𝛼) + 𝑓 + 𝑓‾  

𝒬 ≡ (2𝑖)−1(𝑑𝑧𝑖𝜕𝑖𝒦 − 𝑑𝑧‾𝚤‾𝜕𝚤‾𝒦),  

𝔇𝑖 ≡ ∇𝑖 + 𝑖𝑞𝒬𝑖, 𝔇𝚤‾ ≡ ∇𝚤‾ − 𝑖𝑞‾𝒬𝚤‾,  

𝒬(𝛼) = 𝒬(𝛽) −
𝑖

2
𝜕𝑓  

𝒮𝒱 = 𝒮ℳ⊗ℒ →
𝜋 
ℳ 

𝜔 = 𝑖𝜕𝜕‾log (𝑖Ω𝑀Ω‾
𝑀) 

 

Ω𝑀Ω‾
𝑀 = ⟨Ω ∣ Ω‾ ⟩ 

Ω𝑀 = (𝒳Λ, ℱΛ)
𝑇
 

Ω = (
𝒳Λ

ℱΣ
) → {

⟨Ω ∣ Ω‾ ⟩ ≡ 𝒳
Λ
ℱΛ −𝒳

ΛℱΛ = −𝑖𝑒
−𝒦

𝜕𝑖Ω = 0
⟨𝜕𝑖Ω ∣ Ω⟩ = 0

 

𝒱 = 𝑒
𝜅
2Ω3 
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𝒱 = (
ℒΛ

ℳΣ
) →

{
 
 

 
 ⟨𝒱 ∣ 𝒱⟩ ≡ ℒ

Λ
ℳΛ − ℒ

ΛℳΛ = −𝑖

𝔇𝚤‾𝒱 = (𝜕𝚤‾ +
1

2
𝜕𝚤‾𝒦)𝒱 = 0

⟨𝔇𝑖𝒱 ∣ 𝒱⟩ = 0

 

𝒰𝑖 ≡ 𝔇𝑖𝒱 = (
𝑓Λ 𝑖
ℎΣ𝑖

) ,𝒰𝚤‾ = 𝒰𝑖  

𝔇𝚤‾𝒰𝑖 = 𝒢𝑖𝚤‾𝒱⟨𝒰𝑖 ∣ 𝒰𝚤‾⟩ = 𝑖𝒢𝑖𝚤‾

⟨𝒰𝑖 ∣ 𝒱⟩ = 0, ⟨𝒰𝑖 ∣ 𝒱⟩ = 0
 

⟨𝔇𝑖𝒰𝑗 ∣ 𝒱⟩ = −⟨𝒰𝑗 ∣ 𝒰𝑖⟩ 

⟨𝔇𝑖𝒰𝑗 ∣ 𝒱⟩ = ⟨𝒰𝑗 ∣ 𝒰𝑖⟩ = 0.  

𝒜 = 𝑖⟨𝒜 ∣ 𝒱⟩𝒱 − 𝑖⟨𝒜 ∣ 𝒱⟩𝒱 + 𝑖⟨𝒜 ∣ 𝒰𝑖⟩𝒢
𝑖𝚤‾𝑈𝑖 − 𝑖⟨𝒜 ∣ 𝑈‾𝚤‾⟩𝒢

𝑖𝚤‾𝒰𝑖.  

𝒞𝑖𝑗𝑘 ≡ ⟨𝔇𝑖𝒰𝑗 ∣ 𝒰𝑘⟩ → 𝔇𝑖𝒰𝑗 = 𝑖𝒞𝑖𝑗𝑘𝒢
𝑘𝑙‾𝒰𝑙‾  

𝔇𝚤‾𝒞𝑗𝑘𝑙 = 0,𝔇[𝑖𝒞𝑗]𝑘𝑙 = 0  

ℳΛ = 𝒩ΛΣℒ
Σ, ℎΛ𝑖 = 𝒩ΛΣ𝑓

Σ 𝑖  

ℒΛℑm𝒩ΛΣℒ
Σ
 = −

1

2
ℒΛℑm𝒩ΛΣ𝑓𝑖

Σ  = ℒΛℑm𝒩ΛΣ𝑓‾𝚤‾ = 0

𝑓𝑖
Λℑm𝒩ΛΣ𝑓‾𝚤‾  = −

1

2
𝒢𝑖𝚤‾

 

(𝜕𝑖𝒩ΛΣ)ℒ
Σ  = −2𝑖ℑ m(𝒩)ΛΣ𝑓𝑖

Σ

𝜕𝑖𝒩ΛΣ𝑓
Σ 𝑗  = −2𝒞𝑖𝑗𝑘𝒢

𝑘𝑘‾ℑ m𝒩ΛΣ𝑓‾𝑘‾

𝒞𝑖𝑗𝑘  = 𝑓
Λ 𝑖𝑓

Σ 𝑗𝜕𝑘𝒩ΛΣ

ℒΣ𝜕𝚤‾𝒩ΛΣ  = 0

𝜕𝚤‾𝒩ΛΣ𝑓
Σ  = 2𝑖𝒢𝑖𝚤‾ℑ m𝒩ΛΣℒ

Σ

 

𝑈ΛΣ ≡ 𝑓Λ 𝑖𝒢
𝑖𝚤‾𝑓‾𝜈‾  𝚤‾ = −

1

2
ℑ𝑚(𝒩)−1∣ΛΣ − ℒ

Λ
ℒΣ  

𝒯Λ  ≡ 2𝑖ℒΛ = 2𝑖ℒ
Σℑm𝒩ΣΛ

𝒯 𝑖 Λ  ≡ −𝑓‾Λ 
𝑖 = −𝒢 𝑖𝚥‾𝑓‾Σ 𝚥‾ℑ m𝒩ΣΛ

 

𝜕𝑖𝒩ΛΣ = 4𝒯𝑖(Λ𝒯Σ)

𝜕𝚤‾𝒩ΛΣ = 4𝐶‾𝚤‾𝚥‾𝑘‾𝒯(Λ
𝚤‾ 𝒯Σ)

𝚥‾  

𝑒−𝒦 = −2ℑ m𝒩ΛΣ𝒳
Λ𝒳

Σ
 

𝜕𝑖𝒳
Λ[2ℱΛ − 𝜕Λ(𝒳

ΣℱΣ)] = 0  



pág. 4554 

ℱΛ = 𝜕Λℱ(𝒳)  

𝒩ΛΣ = ℱΛΣ + 2𝑖
ℑ mℱΛΛ′𝜒

Λ′ℑmℱΣΣ′𝜒
Σ′

𝜒ΩℑmℱΩΩ′𝜒
Ω′

 

𝒞𝑖𝑗𝑘 = 𝑒
𝜅𝜕𝑖𝒳

Λ𝜕𝑗𝒳
Σ𝜕𝑘𝒳

ΩℱΛΣΩ  

𝑠𝑝(𝑝) = 𝑝, (𝑑𝑠𝑝)𝑝
= −I  

𝔤 = 𝔱⊕ 𝔥 

[𝔥, 𝔥] ⊂ 𝔥, [𝔥, 𝔱] ⊂ 𝔱, [𝔱, 𝔱] ⊂ 𝔥,  

𝑓 ≡ (𝑓𝐼𝐽
Λ, 𝑓𝑖

Λ), ℎ ≡ (ℎΛ𝐼𝐽, ℎΛ𝑖)  

 

𝐺 ×𝐻 ℝ
2𝑛 → 𝐺/𝐻  

𝑛‾ = 𝑛 +
𝒩(𝒩 − 1)

2
 

𝑈 ≡
1

√2
(
𝑓 + 𝑖ℎ 𝑓‾ + 𝑖ℎ‾

𝑓 − 𝑖ℎ 𝑓‾ − 𝑖ℎ‾
) .  

𝑈−1  = (
1 0
0 −1

)𝑈† (
1 0
0 −1

) = (
0 1
−1 0

)𝑈𝑇 (
0 −1
1 0

)

 =
1

√2
(
𝑓† − 𝑖ℎ† −(𝑓† + 𝑖ℎ†)

−(𝑓 − 𝑖ℎ) 𝑓 + 𝑖ℎ
)

 

𝑖(𝑓†ℎ − ℎ†𝑓) = 1, 𝑓𝑇ℎ − ℎ𝑇𝑓 = 0  

𝒱𝐼𝐽 = (
𝑓Λ𝐼𝐽

ℎΛ𝐼𝐽
) , 𝒱𝑖 = (

𝑓Λ 𝑖
ℎΛ𝑖

)  

⟨𝒱𝐼𝐽 ∣ 𝒱
𝐾𝐿
⟩= −2𝑖𝛿𝐾𝐿 𝐼𝐽 

⟨𝒱𝑖 ∣ 𝒱
𝑗
⟩ = −𝑖𝛿𝑖

𝑗
 

Γ ≡ 𝑈−1𝑑𝑈 = (Ω 𝑃‾

𝑃 Ω‾
)  

Ω = (
Ω𝐾𝐿  𝐼𝐽 Ω𝑗  𝐼𝐽

Ω𝐾𝐿  𝑖 Ω𝑗  𝑖
) = (

𝑖 ⟨𝑑𝒱𝐼𝐽 ∣ 𝒱
𝐾𝐿
⟩ 𝑖 ⟨𝑑𝒱𝐼𝐽 ∣ 𝒱

𝑗
⟩

𝑖 ⟨𝑑𝒱𝑖 ∣ 𝒱
𝐾𝐿
⟩ 𝑖 ⟨𝑑𝒱𝑖 ∣ 𝒱

𝑗
⟩
) ,  

𝑃 = (
𝑃𝐾𝐿𝐼𝐽 𝑃𝑗𝐼𝐽
𝑃𝐾𝐿𝑖 𝑃𝑖𝑗

) = (
−𝑖⟨𝑑𝒱𝐼𝐽 ∣ 𝒱𝐾𝐿⟩ −𝑖⟨𝑑𝒱𝐼𝐽 ∣ 𝒱𝑗⟩

−𝑖⟨𝑑𝒱𝑖 ∣ 𝒱𝐾𝐿⟩ −𝑖⟨𝑑𝒱𝑖 ∣ 𝒱𝑗⟩
) .  

𝒩 = ℎ𝑓−1 = 𝒩𝑇,  
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𝔇ℎΛ = 𝒩ΛΣ𝔇𝑓
Λ, ℎΛ = 𝒩ΛΣ𝑓

Σ,  

−
1

2
(ℑ m𝒩)−1∣ΛΣ =

1

2
𝑓Λ 𝐼𝐽𝑓‾

Σ𝐼𝐽 + 𝑓Λ 𝑖𝑓‾
Σ𝑖,  

1

2
|𝒱𝐼𝐽⟩ ⟨𝒱

𝐼𝐽
| −

1

2
|𝒱
𝐼𝐽
⟩ ⟨𝒱𝐼𝐽| + |𝒱𝑖⟩ ⟨𝒱

𝑖
| − |𝒱

𝑖
⟩ ⟨𝒱𝑖| = 𝑖.  

𝔇𝒱 = 𝑑𝒱 − 𝒱Ω,  

Ω𝐾𝐿  𝑖 = Ω
𝑗  𝐼𝐽 = 0,  

𝑃𝐼𝐽𝐾𝐿  = −2𝑓𝐼𝐽
Λℑm𝒩ΛΣ𝔇𝑓𝐾𝐿

Σ

𝑃𝑖𝐼𝐽  = −2𝑓𝑖
Λℑm𝒩ΛΣ𝔇𝑓𝐼𝐽

Σ

𝑃𝑖𝑗  = −2𝑓𝑖
Λℑm𝒩ΛΣ𝔇𝑓𝑗

Σ

 

𝔇𝑓𝐼𝐽
Λ  = 𝑓‾Λ𝑖𝑃𝑖𝐼𝐽 +

1

2
𝑓‾Λ𝐾𝐿𝑃𝐼𝐽𝐾𝐿

𝔇𝑓𝑖
Λ  = 𝑓‾Λ𝑗𝑃𝑖𝑗 +

1

2
𝑓‾Λ𝐼𝐽𝑃𝑖𝐼𝐽

 

⟨𝔇𝒱 ∣ 𝒱⟩ = 0, ⟨𝔇𝒱 ∣ 𝒱⟩ = ⟨𝑑𝒱 ∣ 𝒱⟩ = 𝑖𝑃.  

𝑃‾𝐼𝐽𝐾𝐿𝐴𝑃𝑀𝑁𝑂𝑃𝐴 = 4! 𝛿
𝐼𝐽𝐾𝐿  𝑀𝑁𝑂𝑃 , 𝑃‾

𝑖𝐼𝐽𝐴𝑃𝑗𝐾𝐿𝐴 = 2𝛿
𝑖 𝑗𝛿

𝐼𝐽 𝐾𝐿 .  

⟨𝔇𝐴𝒱𝐼𝐽 ∣ 𝔇𝐵𝒱
𝐾𝐿
⟩  =

𝑖

2
𝑃𝐼𝐽𝑀𝑁𝐴𝑃‾

𝐾𝐿𝑀𝑁 𝐵 + 𝑖𝑃𝑖𝐼𝐽𝐴𝑃‾
𝑖𝐾𝐿  𝐵

⟨𝔇𝐴𝒱𝐼𝐽 ∣ 𝔇𝐵𝒱
𝑖
⟩  =

𝑖

2
𝑃𝐼𝐽𝐾𝐿𝐴𝑃‾

𝑖𝐾𝐿  𝐵 + 𝑖𝑃𝑗𝐼𝐽𝐴𝑃‾𝐵
𝑖𝑗

⟨𝔇𝐴𝒱𝑖 ∣ 𝔇𝐵𝒱
𝑗
⟩  =

𝑖

2
𝑃𝑖𝐼𝐽𝐴𝑃‾

𝑖𝐼𝐽 𝐵 + 𝑖𝑃𝑖𝑘𝐴𝑃‾𝐵
𝑗𝑘

 

⟨𝔇𝐴𝒱𝐼𝐽 ∣ 𝔇𝐵𝒱𝐾𝐿⟩ = ⟨𝔇𝐴𝒱𝐼𝐽 ∣ 𝔇𝐵𝒱𝑖⟩ = ⟨𝔇𝐴𝒱𝑖 ∣ 𝔇𝐵𝒱𝑗⟩ = 0 

𝑑𝒩 = 4𝑖ℑ m𝒩𝔇𝑓𝑓†ℑm𝒩  

𝑑𝒩ΛΣ = 𝑖ℑ m𝒩Γ(Λℑm𝒩Σ)Ω[𝑃𝐼𝐽𝐾𝐿𝑓‾
Γ𝐼𝐽𝑓‾Ω𝐾𝐿 + 4𝑃𝑖𝐼𝐽𝑓‾

Γ𝑖𝑓‾Ω𝐼𝐽 + 4𝑃𝑖𝑗𝑓‾
Γ𝑖𝑓‾Ω𝑗]  

𝑃‾𝐼𝐽𝐾𝐿𝐴
𝜕

𝜕𝜙𝐴
𝒩ΛΣ  = 4! 𝑖ℑ m𝒩Ω(Λℑm𝒩Σ)Δ𝑓‾

Ω[𝐼𝐽∣𝑓‾Δ∣𝐾𝐿]

𝑃‾𝑖𝐼𝐽𝐴
𝜕

𝜕𝜙𝐴
𝒩ΛΣ  = 8𝑖ℑ m𝒩Ω(Λℑm𝒩Σ)Δ𝑓‾

Ω𝑖𝑓‾Δ𝐼𝐽

𝑃‾𝐼𝐽𝐾𝐿𝐴
𝜕

𝜕𝜙𝐴
𝒩ΛΣ  = −4𝑖ℑ m𝒩Ω(Λℑm𝒩Σ)Δ𝑃‾

𝐼𝐽𝐾𝐿𝐴𝑃‾𝑖𝑗 𝐴𝑓
Ω 𝑖𝑓

Δ 𝑗

𝑃‾𝑖𝐼𝐽𝐴
𝜕

𝜕𝜙𝐴
𝒩ΛΣ  = −4𝑖ℑ m𝒩Ω(Λℑm𝒩Σ)Δ𝑃‾

𝑖𝐼𝐽𝐴𝑃‾𝑗𝑘  𝐴𝑓
Ω 𝑖𝑓

Δ 𝑗
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𝑅𝐼𝐽
𝐾𝐿= 𝑑Ω𝐼𝐽

𝐾𝐿 +
1

2
Ω𝑀𝑁
𝐾𝐿 ∧ Ω𝐼𝐽

𝑀𝑁  

 = −
1

2
𝑃‾𝐾𝐿𝑀𝑁 ∧ 𝑃𝑀𝑁𝐼𝐽 − 𝑃‾

𝑖𝐾𝐿 ∧ 𝑃𝑖𝐼𝐽

 = −𝑖 ⟨𝔇𝒱𝐼𝐽 ∣ 𝔇𝒱
𝐾𝐿
⟩

𝑅𝑖
𝑗
 = 𝑑Ω𝑖

𝑗
+ Ω𝑘

𝑗
∧ Ω𝑖

𝑘 = −
1

2
𝑃‾𝑗𝐼𝐽 ∧ 𝑃𝑖𝐼𝐽 − 𝑃‾

𝑖𝑘 ∧ 𝑃𝑖𝑘

 = −𝑖 ⟨𝔇𝒱𝑖 ∣ 𝔇𝒱
𝑗
⟩

 

1

2
𝑃𝐼𝐽𝐾𝐿 ∧ 𝑃‾

𝑖𝐾𝐿 + 𝑃𝑗𝐼𝐽 ∧ 𝑃‾
𝑖𝑗 = −𝑖⟨𝔇𝒱𝐼𝐽 ∣ 𝔇𝑉‾

𝑖⟩ = 0  

𝐼 = ∫  𝑑4𝑥√|𝑔|{𝑅 + 𝒢𝑖𝑗(𝜙)𝜕𝜇𝜙
𝑖𝜕𝜇𝜙𝑗 + 2ℑ m𝒩ΛΣ𝐹

Λ 𝜇𝜈𝐹
Σ𝜇𝜈 − 2ℜe𝒩ΛΣ𝐹

Λ 𝜇𝜈 ⋆ 𝐹
Σ𝜇𝜈}  

ℰ𝑎  
𝜇 ≡ −

1

2√|𝑔|

𝛿𝑆

𝛿𝑒𝑎  𝜇
, ℰ𝑖 ≡ −

1

2√|𝑔|

𝛿𝑆

𝛿𝜙𝑖
, ℰΛ 

𝜇 ≡
1

8√|𝑔|

𝛿𝑆

𝛿𝐴Λ 𝜇
,  

ℬΛ𝜇 ≡ ∇𝜈  
⋆𝐹Λ𝜈𝜇 .  

ℰ𝜇𝜈 =𝐺𝜇𝜈 + 𝒢𝑖𝑗 [𝜕𝜇𝜙
𝑖𝜕𝜈𝜙

𝑗 −
1

2
𝑔𝜇𝜈𝜕𝜌𝜙

𝑖𝜕𝜌𝜙𝑗]

 +8ℑ m𝒩ΛΣ𝐹
Λ+ 𝜇 

𝜌𝐹Σ− 𝜈𝜌

ℰ𝑖 =∇𝜇(𝒢𝑖𝑗𝜕
𝜇𝜙𝑖) −

1

2
𝜕𝑖𝒢𝑗𝑘𝜕𝜌𝜙

𝑗𝜕𝜌𝜙𝑘 + 𝜕𝑖[𝐹̃Λ 
𝜇𝜈⋆𝐹Λ 𝜇𝜈],

ℰΛ 
𝜇 =∇𝜈  

⋆𝐹̃Λ 
𝜈𝜇

 

𝐹̃Λ𝜇𝜈 ≡ −
1

4√|𝑔|

𝛿𝑆

𝛿⋆𝐹Λ 𝜇𝜈
= ℜe𝒩ΛΣ𝐹

Σ 𝜇𝜈 +ℑm𝒩ΛΣ 
∗𝐹Σ 𝜇𝜈  

𝜀𝜇
𝑀 ≡ (

ℬΛ 𝜇
𝜀Λ𝜇

)  

𝜀𝜇
𝑀 = 0  

ℰ𝜇
𝑀 = 0 ⇒ 𝔄𝑀 𝑁ℰ𝜇

𝑁 = 0,𝔄 ∈ G𝐿(2𝑛𝑣 + 2,ℝ).  

𝔄 = (
𝐷 𝐶
𝐵 𝐴

) ,  

𝐹𝑀 ≡ (
𝐹Λ

𝐹̃Λ
) , 𝐹′𝑀 = 𝔄𝑀 𝑁𝐹

𝑁.  

𝐹̃Λ𝜇𝜈
′ ≡ −

1

4√|𝑔|

𝛿𝑆′

𝛿⋆𝐹′Λ 𝜇𝜈
 

𝑖: Diff(ℳscalar ) → 𝐺𝐿(2𝑛𝑣 + 2,ℝ),  

𝜉 ∈ Diff(ℳscalar ) 
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𝔦(𝜉) ∈ GL(2𝑛𝑣 + 2,ℝ) 

{𝜙, 𝐹𝑀 ,𝒩ΛΣ} →
𝜉 
{𝜙′, (𝔦(𝜉))𝑀 𝑁𝐹

𝑁,𝒩ΛΣ
′ (𝜙′)}  

𝒩′(𝜙′) = (𝐴𝒩(𝜙) + 𝐵)(𝐶𝒩(𝜙) + 𝐷)−1  

𝐴𝑇𝐶 = 𝐶𝑇𝐴,𝐷𝑇𝐵 = 𝐵𝑇𝐷, 𝐴𝑇𝐷 − 𝐶𝑇𝐵 = 1  

𝑖: Diff(ℳscalar ) → Sp(2𝑛𝑣 + 2,ℝ)  

ℑm𝒩′ = (𝐶𝒩∗ + 𝐷)−1𝑇ℑ m𝒩(𝐶𝒩 + 𝐷)−1, 𝐹′Λ+ = (𝐶𝒩∗ + 𝐷)ΛΣ𝐹
Σ+  

ℑm𝒩ΛΣ𝐹
Λ+ 𝜇 

𝜌𝐹Λ− 𝜈𝜌 

𝐼einstein = ∫  𝑑
4𝑥√|𝑔|{+2ℑ m𝒩ΛΣ𝐹

Λ 𝜇𝜈𝐹
Σ𝜇𝜈 − 2ℜe𝒩ΛΣ𝐹

Λ 𝜇𝜈 ⋆ 𝐹
Σ𝜇𝜈}  

𝐼Scalars = ∫  𝑑
4𝑥√|𝑔|{𝒢𝑖𝑗(𝜙)𝜕𝜇𝜙

𝑖𝜕𝜇𝜙𝑗}  

𝔦: Isometries(ℳscalar , 𝒢𝑖𝑗) → Sp(2𝑛𝑣 + 2,ℝ)  

𝑆 = ∫  𝑑4𝑥√|𝑔|(𝑅 + 𝒢𝑖𝚥‾(𝑧, 𝑧‾)𝜕𝜇𝑧
𝑖𝜕𝜇𝑧‾𝚥‾ + ℎ𝑢𝑣(𝑞)𝜕𝜇𝑞

𝑢𝜕𝜇𝑞𝑣

+2ℑ m𝒩ΛΣ(𝑧, 𝑧‾)𝐹
Λ 𝜇𝜈𝐹

Σ𝜇𝜈 − 2ℜe𝒩ΛΣ(𝑧, 𝑧‾)𝐹
Λ 𝜇𝜈 ⋆ 𝐹

Σ𝜇𝜈)
 

𝔇𝜇𝜕
𝜇𝑞𝑢 = ∇𝜇𝜕

𝜇𝑞𝑢 + Γ𝑣𝑤  
𝑢𝜕𝜇𝑞𝑣𝜕𝜇𝑞

𝑤 = 0  

𝒮𝒱 = 𝑆ℳ⊗ℒ 

Sp(2𝑛𝑣 + 2,ℝ)⊗ 𝑈(1) 

ℳΛ = 𝒩ΛΣℒ
Σ, ℎΛ𝑖 = 𝒩

∗ ΛΣ𝑓
Σ 𝑖  

𝐹(𝒳) = −
1

3!
𝜅𝑖𝑗𝑘
0 𝒳𝑖𝒳𝑗𝒳𝑘

𝒳0
+ 𝑖

𝜒𝜁(3)

2(2𝜋)3
+
𝑖(𝒳0)2

(2𝜋)3
∑ 
{𝑑𝑖}

𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖

𝜒𝑖

𝜒0) 

𝐿𝑖3(𝑥) = ∑  

∞

𝑘=1

𝑥𝑘

𝑘3
 

ℱ = −
1

3!
𝜅𝑖𝑗𝑘
0 𝑧𝑖𝑧𝑗𝑧𝑘 + 𝑖

𝜒𝜁(3)

2(2𝜋)3
+

𝑖

(2𝜋)3
∑ 
{𝑑𝑖}

𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖𝑧

𝑖
) 

ℱ0 = −
1

3!
𝜅𝑖𝑗𝑘
0 𝑧𝑖𝑧𝑗𝑧𝑘 

ℱ0 = −𝑡
3 

𝒢𝑡𝑡‾ =
−3

(𝑡 − 𝑡‾)2
, 𝒱𝑇 = (1, 𝑡, 𝑡3, −3𝑡2) 



pág. 4558 

ℳ =
𝑆𝑈(1,1)

𝑈(1)
 

Re𝒩𝐼𝐽 = (
−2ℜ3 3ℜ2

3ℜ2 −6ℜ
) ,

Im𝒩𝐼𝐽 = (
−(ℑ3 + 3ℜ2ℑ) 3ℜℑ

3ℜℑ −3ℑ
) ,

 

ℜ = Re(𝑡) and ℑ = Im(𝑡) 

𝑆 = ∫  𝑑4𝑥√|𝑔| (𝑅 −
3𝜕𝜇𝑡𝜕

𝜇𝑡‾

(𝑡 − 𝑡‾)2
+ 2ℑ m𝒩ΛΣ(𝑧, 𝑧‾)𝐹

Λ 𝜇𝜈𝐹
Σ𝜇𝜈 − 2ℜe𝒩ΛΣ(𝑧, 𝑧‾)𝐹

Λ 𝜇𝜈 ⋆ 𝐹
Σ𝜇𝜈) 

𝐼Scalars = ∫  𝑑
4𝑥√|𝑔|{𝒢𝑖𝑗(𝜙)𝜕𝜇𝜙

𝑖𝜕𝜇𝜙𝑗}  

ℳscalar =
𝐺

𝐻
 

𝐻 = 𝐻A × 𝐻M,  

𝐺 ×𝐻 ℝ
2𝑛 →

𝐺

𝐻
,  

{𝑒𝑎 𝜇 , 𝜓𝐼𝜇 , 𝐴
𝐼𝐽 𝜇 , 𝜒𝐼𝐽𝐾 , 𝜒

𝐼𝐽𝐾𝐿𝑀, 𝑃𝐼𝐽𝐾𝐿𝜇}, 𝐼, 𝐽,⋯ = 1,⋯ , 𝑁,  

{𝐴𝑖𝜇 , 𝜆𝑖𝐼 , 𝜆𝑖
𝐼𝐽𝐾 , 𝑃𝑖𝐼𝐽𝜇}  

𝜓𝐼𝜇 , 𝜒𝐼𝐽𝐾 , 𝜒
𝐼𝐽𝐾𝐿𝑀 , 𝜆𝑖𝐼 , 𝜆𝑖 

𝐼𝐽𝐾 ( 𝑛‾ ≡ 𝑛 +
𝒩(𝒩−1)

2
 ) symplectic sections (Λ = 1,…𝑛‾)𝒱𝐼𝐽 

𝒩 = 4:: 𝑃∗𝑖𝐼𝐽 =
1

2
𝜀𝐼𝐽𝐾𝐿𝑃𝑖𝐾𝐿  

𝒩 = 6:: 𝑃∗𝐼𝐽 =
1

4!
𝜀𝐼𝐽𝐾1⋯𝐾4𝑃𝐾1⋯𝐾4  

𝒩 = 8:: 𝑃∗𝐼1⋯𝐼4 =
1

4!
𝜀𝐼1⋯𝐼4𝐽1⋯𝐽4𝑃𝐽1⋯𝐽4  

𝐴Λ 𝜇 ≡
1

2
𝑓Λ 𝐼𝐽𝐴

𝐼𝐽 𝜇 + 𝑓
Λ 𝑖𝐴

𝑖 𝜇 .  

𝑆 = ∫  𝑑4𝑥√|𝑔|[𝑅 + 2ℑ m𝒩ΛΣ𝐹
Λ𝜇𝜈𝐹Σ 𝜇𝜈 − 2ℜe𝒩ΛΣ𝐹

Λ𝜇𝜈 ⋆ 𝐹Σ 𝜇𝜈

+
2

4!
𝛼1𝑃

∗𝐼𝐽𝐾𝐿  𝜇𝑃𝐼𝐽𝐾𝐿 
𝜇 + 𝛼2𝑃

∗𝑖𝐽𝐽 𝜇𝑃𝑖𝐼𝐽 
𝜇]

 

𝒩 = ℎ𝑓−1 = 𝒩𝑇  
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𝐼 = ∫  𝑑4𝑥√|𝑔|{𝑅 + 𝒢𝑖𝑗(𝜙)𝜕𝜇𝜙
𝑖𝜕𝜇𝜙𝑗 + 2ℑ m𝒩ΛΣ𝐹

Λ 𝜇𝜈𝐹
Σ𝜇𝜈 − 2ℜe𝒩ΛΣ𝐹

Λ 𝜇𝜈 ⋆ 𝐹
Σ𝜇𝜈}  

𝑑𝑠2 = 𝑒2𝑈𝑑𝑡2 − 𝑒−2𝑈𝛾𝑚𝑛𝑑𝑥
𝑚𝑑𝑥𝑛  

∇𝑚(𝒢𝐴𝐵𝜕
𝑚𝜙̃𝐵) −

1

2
𝜕𝐴𝒢𝐵𝐶𝜕𝑚𝜙̃

𝐵𝜕𝑚𝜙̃𝐶  = 0

𝑅𝑚𝑛 + 𝒢𝐴𝐵𝜕𝑚𝜙̃
𝐴𝜕𝑛𝜙̃

𝐵  = 0

𝜕[𝑚𝜓
Λ𝜕𝑛𝜒Λ  = 0

 

𝒢𝐴𝐵 ≡ (

2
𝒢𝑖𝑗

4𝑒−2𝑈ℳ𝑀𝑁

)  

(ℳ𝑀𝑁) ≡ (
(ℑ +ℜℑ−1ℜ)ΛΣ −(ℜℑ−1)Λ 

Σ

−(ℑ−1ℜ)ΛΣ (ℑ−1)ΛΣ
) ,ℜΛΣ ≡ ℜe𝒩ΛΣ, ℑΛΣ ≡ ℑm𝒩ΛΣ,  

 𝜙̃𝐴 = (𝑈, 𝜙𝑖, 𝜓Λ, 𝜒Λ) 

 

𝐼 = ∫  𝑑3𝑥√|𝛾|{𝑅 + 𝒢𝐴𝐵𝜕𝑚𝜙̃
𝐴𝜕𝑚𝜙̃𝐵}  
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𝛾𝑚𝑛𝑑𝑥
𝑚𝑑𝑥𝑛 =

𝑑𝜏2

𝑊𝜅
4 +

𝑑Ω𝜅
2

𝑊𝜅
2 ,  

𝑑Ω(1)
2  ≡ 𝑑𝜃2 + sin2 𝜃𝑑𝜙2

𝑑Ω(−1)
2  ≡ 𝑑𝜃2 + sinh2 𝜃𝑑𝜙2

𝑑Ω(0)
2  ≡ 𝑑𝜃2 + 𝑑𝜙2

 

𝑊1  =
sinh 𝑟0𝜏

𝑟0

𝑊−1  =
cosh 𝑟0𝜏

𝑟0
𝑊0
±  = 𝑎𝑒∓𝑟0𝜏

 

𝑑

𝑑𝜏
(𝒢𝐴𝐵

𝑑𝜙̃𝐵

𝑑𝜏
) −

1

2
𝜕𝐴𝒢𝐵𝐶

𝑑𝜙̃𝐵

𝑑𝜏

𝑑𝜙̃𝐶

𝑑𝜏
 = 0

𝒢𝐵𝐶
𝑑𝜙̃𝐵

𝑑𝜏

𝑑𝜙̃𝐶

𝑑𝜏
 = 2𝑟0

2

 

𝑈′′ + 𝑒2𝑈𝑉bh = 0

(𝑈′)2 +
1

2
𝒢𝑖𝑗𝜙

𝑖′𝜙𝑗′ + 𝑒2𝑈𝑉bh = 𝑟0
2

(𝒢𝑖𝑗𝜙
𝑗′)

′
−
1

2
𝜕𝑖𝒢𝑗𝑘𝜙

𝑗′𝜙𝑘′ + 𝑒2𝑈𝜕𝑖𝑉bh = 0

 

−𝑉bh(𝜙, 𝒬) ≡ −
1

2
𝒬𝑀𝒬𝑁ℳ𝑀𝑁, (𝒬

𝑀) ≡ (
𝑝Λ

𝑞Λ
)  

𝐼eff[𝑈, 𝜙
𝑖] = ∫  𝑑𝜏 {(𝑈′)2 +

1

2
𝒢𝑖𝑗𝜙

𝑖′𝜙𝑗′ − 𝑒2𝑈𝑉bh}  

𝑑𝑠2= 𝑒2𝑈𝑑𝑡2 − 𝑒−2𝑈𝛾𝑚𝑛𝑑𝑥
𝑚𝑑𝑥𝑛  

𝛾𝑚𝑛𝑑𝑥
𝑚𝑑𝑥𝑛 = (

𝑟0
sinh 𝑟0𝜏

)
2

[(
𝑟0

sinh 𝑟0𝜏
)
2

𝑑𝜏2 + 𝑑Ω(2)
2 ]

 

𝐴(𝜏0) = 4𝜋𝑓
2(𝜏0)𝑒

−2𝑈(𝜏0)  

𝑓(𝜏) ≡
𝑟0

sinh 𝑟0𝜏
 

𝐴± = lim
𝜏0→∓∞

 𝐴(𝜏0)  

1

√|𝑔|
𝜕𝜇(√|𝑔|𝑔

𝜇𝜈𝜕𝜈Φ) = 0  

𝑒−2𝑈𝜕𝑡
2Φ− 𝑒2𝑈𝑓−4𝜕𝜏

2Φ− 𝑒2𝑈𝑓−2Δ𝑆2Φ = 0  

Δ𝑆2Φ =
1

sin 𝜃
𝜕𝜃(sin 𝜃𝜕𝜃Φ) +

1

sin2 𝜃
𝜕𝜙
2Φ  
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Φ = 𝑒−𝑖𝜔𝑡𝑅(𝜏)𝑌𝑚
𝑙 (𝜃, 𝜙)  

Δ𝑆2𝑌𝑚
𝑙 (𝜃, 𝜙) = −𝑙(𝑙 + 1)𝑌𝑚

𝑙 (𝜃, 𝜙)  

𝜔2𝑒−4𝑈𝑓2𝑅(𝜏) + 𝑓−2𝜕𝜏
2𝑅(𝜏) = 𝑙(𝑙 + 1)𝑅(𝜏)  

𝒦4Φ = 𝑙(𝑙 + 1)Φ  

𝒦4 ≡ −𝑒
−4𝑈𝑓2𝜕𝑡

2 + 𝑓−2𝜕𝜏
2  

𝐿𝑚 = 𝑎𝑚𝑡𝜕𝑡 + 𝑎𝑚𝜏𝜕𝜏,𝑚 = 0,±1  

𝑎𝑚𝑡(𝑡, 𝜏), 𝑎𝑚𝜏(𝑡, 𝜏) 

[𝐿𝑚, 𝐿𝑛] = (𝑚 − 𝑛)𝐿𝑚+𝑛, 𝑚 = 0,±1  

ℋ2 ≡ 𝐿0
2 −

1

2
(𝐿1𝐿−1 + 𝐿−1𝐿1) = 𝒦4  

𝐿1  = 𝑙(𝑡)[−𝑚(𝜏)𝜕𝑡 + 𝑛(𝜏)𝜕𝜏]

𝐿0  = −
𝑐

𝑟0
𝜕𝑡

𝐿−1  = −𝑙
−1(𝑡)[𝑚(𝜏)𝜕𝑡 + 𝑛(𝜏)𝜕𝜏]

 

𝑚2𝜕𝑡log 𝑙 + 𝑛𝜕𝜏𝑚 =
𝑐

𝑟0
𝑐

𝑟0
𝜕𝑡log 𝑙 = 1

 

𝑚 = ℎ𝜕𝜏𝑛

𝑚2  = 𝑒−4𝑈𝑓2 + (𝑐/𝑟0)
2

𝑛2  = 𝑓−2
 

𝑙(𝑡) = 𝑐0𝑒
𝑟0𝑡/𝑐 , 𝑛2(𝜏) = 𝑓−2,𝑚(𝜏) = ℎcosh (𝑟0𝜏)  

𝑐2 = (𝑒−2𝑈𝑓2)2  

(𝑒−2𝑈𝑓2)2 ∼
𝜏→∓∞

(
𝐴±
4𝜋
)
2

+ 𝒪(𝑒±𝑟0𝜏) = 𝑐2 + 𝒪(𝑒±𝑟0𝜏)  

𝐿1
±  = −

𝑒𝑟0𝜋𝑡/𝑆±

𝑟0
(
𝑆±
𝜋
cosh (𝑟0𝜏)𝜕𝑡 + sinh (𝑟0𝜏)𝜕𝜏)

𝐿0
±  = −

𝑆±
𝑟0𝜋

𝜕𝑡

𝐿−1
±  = −

𝑒−𝑟0𝜋𝑡/𝑆±

𝑟0
(
𝑆±
𝜋
cosh (𝑟0𝜏)𝜕𝑡 − sinh (𝑟0𝜏)𝜕𝜏)

 

𝑆± =
𝐴±
4

 

ℋ±2 ≡ (𝐿0
±)
2
−
1

2
(𝐿1
±𝐿−1
± + 𝐿−1

± 𝐿1
±)  
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𝒦4Φ = {−𝑒
−4𝑈𝑓2𝜕𝑡

2 + 𝑓−2𝜕𝜏
2}Φ →

𝜏→∓∞ 
𝑓−2{−(𝑆±/𝜋)

2𝜕𝑡
2 + 𝜕𝜏

2}Φ = ℋ±2Φ  

𝐿𝑚
± = −

𝑒𝑚𝑟0𝜋𝑡/𝑆±

𝑟0
(
𝑆±
𝜋
cosh (𝑚𝑟0𝜏)𝜕𝑡 + sinh (𝑚𝑟0𝜏)𝜕𝜏)  

𝑆±  = 𝑆R ± 𝑆L
1

𝑇±
 =
1

2
(
1

𝑇R
±
1

𝑇L
)

 

𝑆+ =
𝜋2

12
(𝑐R𝑇𝑅 + 𝑐L𝑇L)  

2𝑆±𝑇± = 𝑟0  

4𝑆L,R𝑇L,R = 𝑟0  

𝑆L → 0, 𝑇R → 0, 𝑇± → 0, 𝑆± → 𝑆R  

𝑐 =
12

𝜋2
𝑆R
𝑇L

 

(𝒱𝑀 𝐼𝐽) = (
𝑓𝑖𝑗 𝐼𝐽
ℎ𝑖𝑗𝐼𝐽

) ,  

⟨𝒱𝐼𝐽 ∣ 𝒱
𝐾𝐿
⟩ =

1

2
𝑓‾𝑖𝑗𝐾𝐿ℎ𝑖𝑗𝐼𝐽 −

1

2
ℎ‾𝑖𝑗  

𝐾𝐿𝑓𝑖𝑗 𝐼𝐽 = −2𝑖𝛿
𝐾𝐿  𝐼𝐽, ⟨𝒱𝐼𝐽 ∣ 𝒱𝐾𝐿⟩ = 0,  

⟨𝒜 ∣ ℬ⟩ ≡ 𝒜𝑀ℬ
𝑀 ≡ 𝒜𝑁ℬ𝑀Ω𝑀𝑁,  

(Ω𝑀𝑁) ≡ (
0 𝟙28×28

−𝟙28×28 0
)  

ℛ𝑀 + 𝑖ℐ𝑀 ≡ 𝒱𝐼𝐽
𝑀
𝑀𝐼𝐽

|𝑀|2
, |𝑀|2 = 𝑀𝐼𝐽𝑀

𝐼𝐽  

𝑑𝑠2 = 𝑒2𝑈(𝑑𝑡 + 𝜔)2 − 𝑒−2𝑈𝑑𝑥 2  

𝑒−2𝑈  = |𝑀|−2 = ⟨ℛ ∣ ℐ⟩ =
1

2
ℐ𝑖𝑗ℛ𝑖𝑗 −

1

2
ℐ𝑖𝑗ℛ

𝑖𝑗

(𝑑𝜔)𝑚𝑛  = 2𝜖𝑚𝑛𝑝⟨ℐ ∣ 𝜕𝑝ℐ⟩
 

ℱ = −
1

2
𝑑(ℛ𝑉̂) −

1

2
⋆ (𝑉̂ ∧ 𝑑ℐ), 𝑉̂ = √2𝑒2𝑈(𝑑𝑡 + 𝜔)  

𝑃𝐼𝐽𝐾𝐿𝒥
𝐼 [𝑀𝒥

𝐽 𝑁𝒥
𝐾 𝑃𝒥̃

𝐿 𝑄],  and  𝑃𝐼𝐽𝐾𝐿𝒥
𝐼 [𝑀𝒥̃

𝐽 𝑁𝒥̃
𝐾 𝑃𝒥̃

𝐿 𝑄]  

𝒥𝐼 𝐽 ≡
2𝑀𝐼𝐾𝑀𝐽𝐾
|𝑀|2

, 𝒥𝐼 𝐽 = 𝛿
𝐼 𝐽 − 𝒥̃

𝐼 𝐽  

𝒬 ≡ (
𝑝𝑖𝑗

𝑞𝑖𝑗
)  
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𝐽4(𝒬) = 𝑝
𝑖𝑗𝑞𝑗𝑘𝑝

𝑘𝑙𝑞𝑙𝑖 −
1

4
(𝑝𝑖𝑗𝑞𝑖𝑗)

2
+
1

96
𝜀𝑖𝑗𝑘𝑙𝑚𝑛𝑝𝑞𝑝

𝑖𝑗𝑝𝑘𝑙𝑝𝑚𝑛𝑝𝑝𝑞 +
1

96
𝜀𝑖𝑗𝑘𝑙𝑚𝑛𝑝𝑞𝑞𝑖𝑗𝑞𝑘𝑙𝑞𝑚𝑛𝑞𝑝𝑞 . 

𝑆 = 𝜋√|𝐽4(𝒬)|  

ℛ𝑀(ℐ) ∼ (ℐ, ℐ, ℐ)𝑀  

(ℐ, ℐ, ℐ)𝑖𝑗 =
1

2
ℐ𝑖𝑘ℐ𝑘𝑙ℐ

𝑙𝑗 +
1

8
ℐ𝑖𝑗ℐ𝑘𝑙ℐ

𝑘𝑙 −
1

96
𝜀𝑖𝑗𝑘𝑙𝑚𝑛𝑝𝑞ℐ𝑘𝑙ℐ𝑚𝑛ℐ𝑝𝑞

 (ℐ, ℐ, ℐ)𝑖𝑗 = −
1

2
ℐ𝑖𝑘ℐ

𝑘𝑙ℐ𝑙𝑗 −
1

8
ℐ𝑖𝑗ℐ𝑘𝑙ℐ

𝑘𝑙 +
1

96
𝜀𝑖𝑗𝑘𝑙𝑚𝑛𝑝𝑞ℐ

𝑘𝑙ℐ𝑚𝑛ℐ𝑝𝑞
 

ℛ𝑀(ℐ) = 𝛽
(ℐ, ℐ, ℐ)𝑀

√𝐽4(ℐ)
 

⟨𝒬̃ ∣ 𝒬⟩ = 2𝐽4(𝒬),  

⟨(𝒬, 𝒬, 𝒬) ∣ 𝒬⟩ = 𝐽4(𝒬)  

𝒬̃̃ = −𝒬,  

𝑒−2𝑈 = ⟨ℛ ∣ ℐ⟩ 

𝐽4(𝑄̃) = 𝐽4(𝒬)  

𝑒−2𝑈 = 𝛽√𝐽4(𝐻)  

(𝑑𝜔)𝑚𝑛 = 𝜀𝑚𝑛𝑝(ℐ𝑖𝑗𝜕𝑝ℐ
𝑖𝑗 − ℐ𝑖𝑗𝜕𝑝ℐ𝑖𝑗)  

 

2ℛ𝑀(ℐ) =
𝜕𝑒−2𝑈

𝜕ℐ𝑀
 

𝐽4
′ (𝒬1, 𝒬2, 𝒬3, 𝒬4) ≡

1

6
Tr𝑆𝐿(8,ℝ){𝑝1 ⋅ 𝑞2 ⋅ 𝑝3 ⋅ 𝑞4 + 𝑝1 ⋅ 𝑞3 ⋅ 𝑝4 ⋅ 𝑞2 + 𝑝1 ⋅ 𝑞4 ⋅ 𝑝2 ⋅ 𝑞3 + (𝑝 ↔ 𝑞)}

 −
1

12
{[𝒬1 ∣ 𝒬2][𝒬3 ∣ 𝒬4] + [𝒬1 ∣ 𝒬3][𝒬2 ∣ 𝒬4] + [𝒬1 ∣ 𝒬4][𝒬2 ∣ 𝒬3]}

 +
1

4
[Pf𝑆𝐿(8,ℝ)||𝑝1𝑝2𝑝3𝑝4 ∣ +(𝑝 ↔ 𝑞)]

 

[𝒬1 ∣ 𝒬2] ≡ −
1

2
Tr𝑆𝐿(8,ℝ)[𝑝1 ⋅ 𝑞2 + (𝑝 ↔ 𝑞)]  

Pf‖𝑝1𝑝2𝑝3𝑝4‖  ≡
1

4!
𝜀𝑖𝑗𝑘𝑙𝑚𝑛𝑜𝑝𝑝1

𝑖𝑗
𝑝2
𝑘𝑙𝑝3

𝑚𝑛𝑝4
𝑜𝑝

Pf‖𝑞1𝑞2𝑞3𝑞4‖  ≡
1

4!
𝜀𝑖𝑗𝑘𝑙𝑚𝑛𝑜𝑝𝑞1𝑖𝑗𝑞2𝑘𝑙𝑞3𝑚𝑛𝑞4𝑜𝑝.

 

𝕂𝑀𝑁𝑃𝑄 1 
𝑀𝒬2 

𝑁𝒬3 
𝑃𝒬4 

𝑄 ≡ 𝐽4
′ (𝒬1, 𝒬2, 𝒬3, 𝒬4)  
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𝕂𝑀𝑁𝑃𝑄 = 𝕂(𝑀𝑁𝑃𝑄)  

𝐽4
′ (𝒬, 𝒬, 𝒬, 𝒬) = 𝐽4(𝒬) = 𝕂𝑀𝑁𝑃𝑄𝒬

𝑀𝒬𝑁𝒬𝑃𝒬𝑄  

(𝒬, 𝒬, 𝒬)𝑀 = 𝕂𝑀 𝑁𝑃𝑄𝒬
𝑁𝒬𝑃𝒬𝑄  

ℛ𝑀  = 𝛽
𝕂𝑀𝑁𝑃𝑄𝐻

𝑁𝐻𝑃𝐻𝑄

√𝐽4(𝐻)

𝑒−2𝑈  = 𝛽√𝕂𝑀𝑁𝑃𝑄𝐻
𝑀𝐻𝑁𝐻𝑃𝐻𝑄

 

𝐻𝑀 = 𝐴𝑀 +
𝒬𝑀/√2

𝑟
, 𝑟 ≡ |𝑥 |  

|𝑀∞|
−2 = ⟨ℛ∞ ∣ ℐ∞⟩ = 𝑒

−2𝑈∞ = 1,  

𝕂𝑀𝑁𝑃𝑄𝐴
𝑀𝐴𝑁𝐴𝑃𝐴𝑄 = 𝛽−2  

0 = ⟨𝐴 ∣ 𝒬⟩ = ℑm(𝒵∞𝐼𝐽𝑀∞
𝐼𝐽
)  

𝒵𝐼𝐽 ≡ ⟨𝒱𝐼𝐽 ∣ 𝒬⟩  

𝒵 ≡
1

√2
𝒵𝐼𝐽

𝑀𝐼𝐽

|𝑀|2
 

𝑁 = ℑm𝒵∞ = 0  

𝑀 = |𝒵∞| = ℜe𝒵∞ =
1

√2
⟨ℛ∞ ∣ 𝒬⟩ =

1

√2
𝛽2𝕂𝑀𝑁𝑃𝑄𝐴

𝑀𝐴𝑁𝐴𝑃𝒬𝑄  

𝑒−2𝑈 = √1 +
4𝑀

𝑟
+
3𝛽2𝕂𝑀𝑁𝑃𝑄𝐴

𝑀𝐴𝑁𝒬𝑃𝒬𝑄

𝑟2
+
√2𝛽2𝕂𝑀𝑁𝑃𝑄𝐴

𝑀𝒬𝑁𝒬𝑃𝒬𝑄

𝑟3
+
𝛽2𝐽4(𝒬)/4

𝑟4
.  

𝐻𝑀 = 𝐴𝑀 +∑ 

𝑎

 
𝑄𝑎
𝑀/√2

|𝑥 − 𝑥𝑎⃗⃗⃗⃗ |
 

⟨𝐴 ∣ 𝒬𝑎⟩ +∑  

𝑏

 
⟨𝒬𝑏 ∣ 𝒬𝑎⟩/√2

|𝑥 𝑎 − 𝑥 𝑏|
= 0  

𝑀𝑎 ≡ 2√2𝕂𝑀𝑁𝑃𝑄𝐴
𝑀𝐴𝑁𝐴𝑃𝒬𝑎

𝑄
 

|𝑥 − 𝑥 𝑎|
−𝑛|𝑥 − 𝑥 𝑏|

−𝑚 

𝐼+2= 𝕂𝑀𝑁𝑃𝑄𝒬𝑎
𝑀𝒬𝑎 

𝑁𝒬𝑎  
𝑃𝒬𝑎 

𝑄 = 𝐽4
′ (𝒬𝑎, 𝒬𝑎 , 𝒬𝑎 , 𝒬𝑎) = 𝐽4(𝒬𝑎)  

𝐼+1= 𝕂𝑀𝑁𝑃𝑄𝒬𝑎 
𝑀𝒬𝑎 

𝑁𝒬𝑎 
𝑃𝒬𝑏 

𝑄 = 𝐽4
′ (𝒬𝑎, 𝒬𝑎 , 𝒬𝑎 , 𝒬𝑏)  

𝐼0 = 𝕂𝑀𝑁𝑃𝑄𝒬𝑎 
𝑀𝒬𝑎 

𝑁𝒬𝑏 
𝑃𝒬𝑏 

𝑄 = 𝐽4
′ (𝒬𝑎, 𝒬𝑎 , 𝒬𝑏 , 𝒬𝑏)

𝐼−1 = 𝕂𝑀𝑁𝑃𝑄𝒬𝑎 
𝑀𝒬𝑏 

𝑁𝒬𝑏 
𝑃𝒬𝑏 

𝑄 = 𝐽4
′ (𝒬𝑎, 𝒬𝑏 , 𝒬𝑏 , 𝒬𝑏)

𝐼−2 = 𝕂𝑀𝑁𝑃𝑄𝒬𝑏 
𝑀𝒬𝑏 

𝑁𝒬𝑏 
𝑃𝒬𝑏 

𝑄 = 𝐽4
′ (𝒬𝑏, 𝒬𝑏 , 𝒬𝑏 , 𝒬𝑏),= 𝐽4(𝒬𝑏)
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∃!Ω[𝑀𝑁] ≡ 𝟏 ∈ 𝐑 ×  𝑎𝐑;  

⟨𝒬1, 𝒬2⟩ ≡ 𝒬1
𝑀𝒬2

𝑁Ω𝑀𝑁 = −⟨𝒬2, 𝒬1⟩  

∃!𝕂(𝑀𝑁𝑃𝑄) ≡ 𝟏 ∈ [𝐑 × 𝐑 × 𝐑 × 𝐑]𝑠  

𝐪(𝒬) ≡ 𝜍𝕂𝑀𝑁𝑃𝑂𝒬
𝑀𝒬𝑁𝒬𝑃𝒬𝑂  

⟨𝑡(𝒬1, 𝒬2, 𝒬3), 𝒬4⟩ = q(𝒬1, 𝒬2, 𝒬3, 𝒬4)  

⟨𝑡(𝒬1, 𝒬1, 𝒬2), 𝑡(𝒬2, 𝒬2, 𝒬2)⟩ = −2⟨𝒬1, 𝒬2⟩𝐪(𝒬1, 𝒬2, 𝒬2, 𝒬2)  

ℛ𝑀(ℐ) = 𝛽(ℐ, ℐ, ℐ)𝑀  

𝕂𝑀𝑁𝑃𝑄 = 𝛼𝕊𝑀(𝑁𝕊𝑃𝑄)  

𝐐1
𝑖𝐐2

𝚥‾
𝜂𝑖𝚥‾ = 𝕊𝑀𝑁𝒬1

𝑀𝒬2
𝑁 + 𝑖ℂ𝑀𝑁𝒬1

𝑀𝒬2
𝑁  

𝑞(𝒬, 𝒬, 𝒬, 𝒬) = 𝛾(𝕊𝑀𝑁𝒬
𝑀𝒬𝑁)2  

𝑒−2𝑈 ∼ |𝕊𝑀𝑁𝐻
𝑀𝐻𝑁|  

𝐺 = 𝑆𝐿(2,ℝ) × 𝑆𝑂(6, 𝑛𝑣) → 𝒩 = 4 

𝐺 = 𝑆𝐿(2,ℝ) × 𝑆𝑂(2, 𝑛𝑣) → 𝒩 = 2 

𝑑𝑠2 = 𝑒2𝑈(𝑑𝑡 + 𝜔)2 − 𝑒−2𝑈𝛿𝑚𝑛𝑑𝑥
𝑚𝑑𝑥𝑛  

ℛ + 𝑖ℐ = 𝒱/𝑋  

𝑒−2𝑈  = ⟨ℛ ∣ ℐ⟩

(𝑑𝜔)𝑥𝑦  = 2𝜖𝑥𝑦𝑧⟨ℐ ∣ 𝜕
𝑧ℐ⟩

ℐ𝑀  = 𝑎𝑀 −
𝒬𝑀

√2
𝜏

 

𝐹 = −
1

√2
{𝑑[𝑒2𝑈ℛ(𝑑𝑡 + 𝜔)] −  ⋆[𝑒−2𝑈𝑑ℐ ∧ (𝑑𝑡 + 𝜔)]}  

𝑧𝑖 = (𝒱/𝑋)𝑖/(𝒱/𝑋)0  

ℐ𝑀 = 𝑎𝑀 −
𝒬𝑀

√2
𝜏 

(𝒬𝑀) ≡ (𝑝Λ, 𝑞Λ)
𝑇

 

(𝒬𝑀) = (𝑝Λ, 𝑞Λ)
T

 

(𝐻𝑀) = (𝐻Λ, 𝐻Λ)
T
 

𝑋 =
1

√2
𝑒𝑈+𝑖𝛼 ,  
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ℱΛ ≡
𝜕ℱ

𝜕𝒳Λ
  and  ℱΛΣ ≡

𝜕2ℱ

𝜕𝒳Λ𝜕𝒳Σ
,  we have:  ℱΛ = ℱΛΣ𝒳

Σ  

(𝒱𝑀) = (
ℒΛ

ℳΛ
) = 𝑒𝒦/2 (

𝒳Λ

ℱΛ
) ,  

ℳΛ

𝑋
= ℱΛΣ

ℒΣ

𝑋
.  

ℛ𝑀 = ℜ𝔢𝒱𝑀/𝑋, ℐ𝑀 = ℑ𝔪𝒱𝑀/𝑋  

(Ω𝑀𝑁) ≡ (
0 𝕀
−𝕀 0

)  

ℛ𝑀 = Ω𝑀𝑁ℛ
𝑁, ℛ𝑀 = ℛ𝑁Ω

𝑁𝑀  

ℛ𝑀 = −ℳ𝑀𝑁(ℱ)ℐ
𝑁  

ℳ(𝒜) ≡ (
ℑ𝔪𝒜ΛΣ +ℜ𝔢𝒜ΛΩℑ𝔪𝒜

−1∣ΩΓℜ𝔢𝒜ΓΣ −ℜ𝔢𝒜ΛΩℑ𝔪𝒜
−1∣ΩΣ

−ℑ𝔪𝒜−1∣ΛΩℜ𝔢𝒜ΩΣ ℑ𝔪𝒜−1∣ΛΣ ) ,  

𝑑ℛ𝑀 = −ℳ𝑀𝑁(ℱ)𝑑ℐ
𝑁.  

𝜕ℐ𝑀

𝜕ℛ𝑁
=
𝜕ℐ𝑁

𝜕ℛ𝑀
= −

𝜕ℛ𝑀

𝜕ℐ𝑁
= −

𝜕ℛ𝑁

𝜕ℐ𝑀
= −ℳ𝑀𝑁(ℱ)  

ℐ𝑀(𝑋, 𝑍, 𝑋∗, 𝑍∗) = 𝐻𝑀 .  

𝑧𝑖 =
𝒱𝑖/𝑋

𝒱0/𝑋
  and  𝑒−2𝑈 =

1

2|𝑋|2
= ℛ𝑀ℐ

𝑀  

𝛼̇ = 2|𝑋|2𝐻̇𝑀𝐻𝑀 − 𝒬⋆,  where  𝒬⋆ =
1

2𝑖
𝑧̇𝑖𝜕𝑖𝒦 +  c.c.  

𝒬⋆ =
1

2𝑖
𝑧̇𝑖𝜕𝑖𝒦 +  c.c.  

𝐼FGK[𝑈, 𝑧
𝑖] = ∫  𝑑𝜏 {(𝑈̇)2 + 𝒢𝑖𝑗∗ 𝑧̇

𝑖𝑧̇∗𝑗
∗
−
1

2
𝑒2𝑈ℳ𝑀𝑁(𝒩)𝒬

𝑀𝒬𝑁 + 𝑟0
2}  

W(𝐻) ≡ 𝐻̃𝑀(𝐻)𝐻
𝑀 = 𝑒−2𝑈 =

1

2|𝑋|2
 

𝜕𝑀 W ≡
𝜕 W

𝜕𝐻𝑀
= 2𝐻̃𝑀

𝜕𝑀 W ≡
𝜕 W

𝜕𝐻̃𝑀
= 2𝐻𝑀

𝜕𝑀𝜕𝑁 W = −2ℳ𝑀𝑁(ℱ)

W𝜕𝑀𝜕𝑁log  W = 2ℳ𝑀𝑁(𝒩) + 4 W−1𝐻𝑀𝐻𝑁

 

−ℳ𝑀𝑁(𝒩) = ℳ𝑀𝑁(ℱ) + 4𝒱(𝑀𝒱𝑁)
∗
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𝒢𝑖𝑗∗ = −𝑖𝒟𝑖𝒱𝑀𝒟𝑗∗𝒱
∗𝑀 

−𝐼eff[𝐻] = ∫  𝑑𝜏 {
1

2
𝜕𝑀𝜕𝑁log  W(𝐻̇

𝑀𝐻̇𝑁 +
1

2
𝒬𝑀𝒬𝑁) − Λ − 𝑟0

2}  

Λ ≡ (
𝐻̇𝑀𝐻𝑀

 W
)

2

+ (
𝒬𝑀𝐻𝑀

 W
)

2

 

ℋ ≡ −
1

2
𝜕𝑀𝜕𝑁log  W(𝐻̇

𝑀𝐻̇𝑁 −
1

2
𝒬𝑀𝒬𝑁) + (

𝐻̇𝑀𝐻𝑀
 W

)

2

− (
𝒬𝑀𝐻𝑀

 W
)

2

− 𝑟0
2 = 0  

1

2
𝜕𝑃𝜕𝑀𝜕𝑁log  W(𝐻̇

𝑀𝐻̇𝑁 −
1

2
𝒬𝑀𝒬𝑁) + 𝜕𝑃𝜕𝑀log  W𝐻̈

𝑀 −
𝑑

𝑑𝜏
(
𝜕Λ

𝜕𝐻̇𝑃
) +

𝜕Λ

𝜕𝐻𝑃
= 0  

1

2
𝜕𝑀log  W(𝐻̈

𝑀 − 𝑟0
2𝐻𝑀) + (

𝐻̇𝑀𝐻𝑀
 W

)

2

= 0  

𝐻̇𝑀𝐻𝑀 = 0  

𝐻𝑀 = 𝐴𝑀 −
1

√2
𝐵𝑀𝜏  

𝜕𝑃[𝑉bh(𝐻, 𝒬) − 𝑉bh(𝐻, 𝐵)]  = 0
𝑉bh(𝐻, 𝒬) − 𝑉bh(𝐻, 𝐵)  = 0

𝐴𝑀𝐵𝑀  = 0

 

𝒵̃(𝜙, 𝐵) ≡ ⟨𝒱 ∣ 𝐵⟩,  

−𝑉bh(𝜙, 𝒬) = |𝒵̃|
2 + 𝒢 𝑖𝑗

∗
𝒟𝑖𝒵̃𝒟𝑗∗𝒵̃

∗  

W(𝐴)  = 1

𝑧∞
𝑖  =

𝐻̃𝑖(𝐴) + 𝑖𝐴𝑖

𝐻̃0(𝐴) + 𝑖𝐴0
 

𝑋 =
1

√2
𝑒𝑈+𝑖𝛼  

𝐻𝑀 = √2𝑒−𝑈ℑ𝔪(𝑒−𝑖𝛼𝒱𝑀)  

𝐴𝑀 = √2ℑ𝔪(𝑒−𝑖𝛼∞𝒱∞
𝑀)  

𝐴𝑀𝐵
𝑀 = ⟨𝐻 ∣ 𝐵⟩ = ℑ𝔪⟨𝒱/𝑋 ∣ 𝐵⟩ = ℑ𝔪(𝒵̃/𝑋) = 𝑒−𝑈ℑ𝔪(𝑒−𝑖𝛼𝒵̃) = 0  

𝑒𝑖𝛼 = ±𝒵̃/|𝒵̃|,  

𝐴𝑀 = ±√2ℑ𝔪(
𝒵̃∞
∗

|𝒵̃∞|
𝒱∞
𝑀)  

𝑆/𝜋 =
1

2
 W(𝐵) = −𝑉bh(𝐵, 𝒬) = |𝒵̃(𝐵, 𝐵)|

2  
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𝜕𝑖|𝒵̃(𝜙ℎ, 𝐵)| = 0  

𝜕𝑀𝑉bh(𝐵, 𝒬) = 0  

𝒬̃𝑀 =
1

2

𝜕 W(𝒬)

𝜕𝒬𝑀
 

𝑄̃̃ℳ = −𝒬ℳ  

𝑊(𝒬̃) = 𝑊(𝒬)  

𝐵𝑀 = 𝑄̃𝑀  

𝑀 = 𝑈̇(0) =
1

√2
⟨ℛ(𝐴) ∣ 𝐵⟩ = ±|𝒵̃(𝐴, 𝐵)|.  

𝑀2 + [𝒢 𝑖𝑗
∗
𝒟𝑖𝒵̃𝒟𝑗∗𝒵̃

∗]
∞
+ 𝑉bh∞ = 0  

Σ𝑖 = 𝒟𝑖𝒵̂|∞  

𝒟𝑋−1= 𝑖⟨𝒱 ∣ 𝒱∗⟩𝒟𝑋−1 = 𝑖⟨𝒟(𝒱/𝑋) ∣ 𝒱∗⟩ = 𝑖⟨𝑑(𝒱/𝑋) ∣ 𝒱∗⟩ 

 = 𝑖⟨𝑑(𝒱/𝑋) − 𝑑(𝒱/𝑋)∗ ∣ 𝒱∗⟩ = −2⟨𝑑𝐻 ∣ 𝒱∗⟩

 = +√2𝑍̃∗(𝜙, 𝐵)𝑑𝜏

 

⟨𝒟𝒱 ∣ 𝒱∗⟩⟨𝒟𝒱∗ ∣ 𝒱∗⟩ = ⟨𝒱∗ ∣ 𝒱∗⟩ 

𝑑𝑒−𝑈

𝑑𝜏
= |𝒵̃(𝜙, 𝐵)|.  

𝑑𝑧𝑖= 𝑖𝒢 𝑖𝑗
∗
⟨𝒟𝑗∗𝒱

∗ ∣ 𝒟𝑘𝒱⟩𝑑𝑧
𝑘 = 𝑖𝑋𝒢 𝑖𝑗

∗
⟨𝒟𝑗∗𝒱

∗ ∣ 𝒟𝑘(𝒱/𝑋)⟩𝑑𝑧
𝑘  

 = 𝑖𝑋𝒢 𝑖𝑗
∗
⟨𝒟𝑗∗𝒱

∗ ∣ 𝜕𝑘(𝒱/𝑋)⟩𝑑𝑧
𝑘 = 𝑖𝑋𝒢 𝑖𝑗

∗
⟨𝒟𝑗∗𝒱

∗ ∣ 𝑑(𝒱/𝑋)⟩

 = 𝑖𝑋𝒢 𝑖𝑗
∗
⟨𝒟𝑗∗𝒱

∗ ∣ 𝑑(𝒱/𝑋) − 𝑑(𝒱/𝑋)∗⟩ = −2𝑋𝒢 𝑖𝑗
∗
⟨𝒟𝑗∗𝒱

∗ ∣ 𝑑𝐻⟩

 = +√2𝑋𝒢 𝑖𝑗
∗
⟨𝒟𝑗∗𝒱

∗ ∣ 𝐵⟩𝑑𝜏 = √2𝑋𝒢 𝑖𝑗
∗
𝒟𝑗∗𝒵̃

∗(𝜙, 𝐵)𝑑𝜏

 

𝒟𝑗∗𝒵̃
∗ = 𝒟𝑗∗

|𝒵̃|2

𝒵̃
=
2|𝒵̃|𝜕𝑗∗|𝒵̃|

𝒵̃
= 2𝑒−𝑖𝛼𝜕𝑗∗|𝒵̃|  

𝑑𝑧𝑖

𝑑𝜏
= 2𝑒𝑈𝒢𝑖𝑗

∗
𝜕𝑗∗|𝒵̃|  

𝑈̈ + 𝑒2𝑈𝑉bh(𝜙, 𝐵)  = 0

𝑍̈𝑖 + Γ𝑗𝑘
𝑖 𝑍̇𝑗𝑍̇𝑘 + 𝑒2𝑈𝜕𝑖𝑉bh(𝜙, 𝐵)  = 0

 

𝑉bh(𝜙, 𝐵) = 𝑉bh(𝜙, 𝒬)  

𝐻𝑀(𝜏) = 𝐴𝑀cosh 𝑟0𝜏 +
𝐵𝑀

𝑟0
sinh 𝑟0𝜏  
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1

2
𝜕𝑃𝜕𝑀𝜕𝑁log  W[𝐵

𝑀𝐵𝑁 − 𝑟0
2𝐴𝑀𝐴𝑁] − 𝜕𝑃(𝑉bh(𝜙, 𝒬)/W)  = 0

−
1

2
𝜕𝑀𝜕𝑁log  W[𝐵

𝑀𝐵𝑁 − 𝑟0
2𝐴𝑀𝐴𝑁] − 𝑉bh(𝜙, 𝒬)/W = 0

𝐴𝑀𝐵𝑀  = 0

 

𝒵̃(𝜙, 𝐵) ≡ ⟨𝒱 ∣ 𝐵⟩, 𝒵̃(𝜙, 𝐵±) ≡ ⟨𝒱 ∣ 𝐵±⟩,  

𝐵±
𝑀 ≡ lim

𝜏→∓∞
 
𝑟0𝐻

𝑀(𝜏)

sinh 𝑟0𝜏
= 𝐵𝑀 ∓ 𝑟0𝐴

𝑀  

𝐴h±
4𝜋

= W(𝐵±).  

𝐴h±
4𝜋

 = −𝑉bh(𝐵±) ± 2𝑟0ℳ𝑀𝑁[ℱ(𝐵±)]𝐴
𝑀𝐵±

𝑁 = W(𝐵±)

𝜕𝑃𝑉bh(𝐵±)  = ±2𝑟0𝜕𝑃ℳ𝑀𝑁[ℱ(𝐵)]𝐴
𝑀𝐵±

𝑁 = −2𝑟0
2𝜕𝑃ℳ𝑀𝑁[ℱ(𝐵)]𝐴

𝑀𝐴𝑁
 

𝐻𝑀𝜕𝑃ℳ𝑀𝑁(ℱ) = 0  

𝜌 ≡
sinh 𝑟0𝜏

𝑟0cosh 𝑟0𝜏
 𝑓(𝜌) ≡

1

√1 − 𝑟0
2𝜌2

= cosh 𝑟0𝜏  

𝐻𝑀 = 𝑓(𝜌)(𝐴𝑀 + 𝐵𝑀𝜌) ≡ 𝑓(𝜌)𝐻̂𝑀  

𝑑𝑒−𝑈̂

𝑑𝜌
 = √2|𝒵̃(𝜙, 𝐵)|

𝑑𝑧𝑖

𝑑𝜌
 = −2√2𝑒𝑈̂𝒢 𝑖𝑗

∗
𝜕𝑗∗|𝒵̃(𝜙, 𝐵)|

 

𝑑2𝑈̂

𝑑𝜌2
+ 𝑒2𝑈̂𝑉bh(𝜙, √2𝐵)  = 0

𝑑2𝑧𝑖

𝑑𝜌2
+ Γ𝑘𝑙  

𝑖
𝑑𝑧𝑘

𝑑𝜌

𝑑𝑧𝑙

𝑑𝜌
+ 𝑒2𝑈̂𝒢 𝑖𝑗

∗
𝜕𝑗∗𝑉bh(𝜙, √2𝐵)  = 0

 

(
𝑑𝑈̂

𝑑𝜌
)

2

+ 𝒢𝑖𝑗∗
𝑑𝑧𝑖

𝑑𝜌

𝑑𝑧∗𝑗
∗

𝑑𝜌
+ 𝑒2𝑈̂𝑉bh(𝜙, √2𝐵) = 0  

𝑑/𝑑𝑟ℎ𝑜 = 𝑓2𝑑/𝑑𝜏 

𝑈̈ −
2√2𝜌

𝑓
𝑒𝑈|𝒵(𝜙, √2𝐵)| +

𝑟0
2

𝑓2
+
𝑒2𝑈

𝑓2
𝑉bh(𝜙, √2𝐵),  

𝑒2𝑈𝑉bh(𝜙, 𝒬) =
𝑒2𝑈

𝑓2
𝑉bh(𝜙, √2𝐵) −

2√2𝑟0
2𝜌

𝑓
𝑒𝑈|𝒵(𝜙, √2𝐵)| +

𝑟0
2

𝑓2
 

𝜕𝑖 {𝑒
2𝑈𝑉bh(𝜙, 𝒬) −

𝑒2𝑈

𝑓2
𝑉bh(𝜙, √2𝐵) +

4√2𝑟0
2𝜌

𝑓
𝑒𝑈|𝒵(𝜙, √2𝐵)|} = 0  
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𝑉bh(𝜙∞, 𝒬) − 𝑉bh(𝜙∞, √2𝐵) = 𝑟0
2  

𝑧∞
𝑖 = 𝑧h

𝑖  

𝐵𝑀 ∝ 𝐴𝑀  

𝜕𝐾𝑉bh(𝜙∞, 𝒬) = 0  

−𝑉bh(𝜙∞, 𝒬) = |𝒵̃(𝐵, 𝐵)|
2  

𝐻𝑀(𝜏) = 𝐴𝑀 [cosh 𝑟0𝜏 −W
1/2(𝐵)

sinh 𝑟0𝜏

𝑟0
]  

𝐵±
𝑀 = −[W1/2(𝐵) ± 𝑟0]𝐴

𝑀  

W(𝐵±) = [W
1/2(𝐵) ± 𝑟0]

2
.  

W(𝐵) = 𝑟0
2 − 𝑉bh(𝜙∞, 𝒬)  

𝑀 = W1/2(𝐵)  

𝐻𝑀(𝜏)  = 𝐴𝑀 [cosh 𝑟0𝜏 − 𝑀
sinh 𝑟0𝜏

𝑟0
]

𝑆±  = 𝜋[𝑀 ± 𝑟0]
2

 

𝑟0 = √𝑀
2 − |𝒵̃(𝐵, 𝐵)|2  

ℱ = −
1

3!
𝜅𝑖𝑗𝑘
0 𝑧𝑖𝑧𝑗𝑧𝑘 +

𝑖𝑐

2
+

𝑖

(2𝜋)3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖𝑧

𝑖
) ,  

 2𝑐 =
𝜒𝜁(3)

(2𝜋)3
 

ℱP = −
1

3!
𝜅𝑖𝑗𝑘
0 𝑧𝑖𝑧𝑗𝑧𝑘 +

𝑖𝑐

2
,  

ℱNP =
𝑖

(2𝜋)3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖𝑧

𝑖
)  

𝐹(𝒳) = −
1

3!
𝜅𝑖𝑗𝑘
0 𝒳 𝑖𝒳𝑗𝒳𝑘

𝒳0
+
𝑖𝑐(𝒳0)2

2
+
𝑖(𝒳0)2

(2𝜋)3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
2𝜋𝑖𝑑𝑖

𝒳𝑖

𝒳0)  

𝑧𝑖 =
𝜒𝑖

𝜒0
 

𝐹(𝒳) = −
1

3!
𝜅𝑖𝑗𝑘
0 𝒳𝑖𝒳𝑗𝒳𝑘

𝒳0
+
𝑖𝑐

2
(𝒳0)2  
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𝑧𝑖 =
𝜒𝑖

𝜒0
 

ℰ𝑃 =
1

2
𝜕𝑃𝜕𝑀𝜕𝑁log  W[𝐻̇

𝑀𝐻̇𝑁 −
1

2
𝒬𝑀𝒬𝑁] + 𝜕𝑃𝜕𝑀log  W𝐻̈

𝑀 −
𝑑

𝑑𝜏
(
𝜕Λ

𝜕𝐻̇𝑃
) +

𝜕Λ

𝜕𝐻𝑃
= 0  

ℋ ≡ −
1

2
𝜕𝑀𝜕𝑁log  W(𝐻̇

𝑀𝐻̇𝑁 −
1

2
𝒬𝑀𝒬𝑁) + (

𝐻̇𝑀𝐻𝑀
 W

)

2

− (
𝒬𝑀𝐻𝑀

 W
)

2

− 𝑟0
2 = 0  

Λ ≡ (
𝐻̇𝑀𝐻𝑀

 W
)

2

+ (
𝒬𝑀𝐻𝑀

 W
)

2

 

 

W(𝐻) ≡ 𝐻̃𝑀(𝐻)𝐻
𝑀 = 𝑒−2𝑈  

𝐻0 = 𝐻0 = 𝐻𝑖 = 0, 𝑝
0 = 𝑝0 = 𝑞𝑖 = 0  

W(𝐻) = 𝛼|𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘|

2/3
 

𝛼 =
(3! 𝑐)1/3

2
 

𝑉bh =
W(𝐻)

4
𝜕𝑖𝑗log  W(𝐻)𝒬

𝑖𝒬𝑗  

𝑧𝑖 = 𝑖(3! 𝑐)1/3
𝐻𝑖

(𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘)

1/3  

𝜅𝑖𝑗𝑘
0 ℑ m𝑧𝑖ℑ m𝑧𝑗ℑ m𝑧𝑘 >

3𝑐

2
 

𝑒−𝒦 = 6𝑐  

𝐻𝑖 = 𝑎𝑖 −
𝑝𝑖

√2
𝜏, 𝑟0 = 0  

𝐻𝑀 = 𝐻𝑀(𝑎, 𝑏)  

{𝐻𝑃 = 0, 𝒬𝑃 = 0} ⇒ ℰ𝑃 = 0  

𝑐 > 0 ⇒ ℎ11 > ℎ21.  

𝑆𝑠𝑢𝑠𝑦 = 𝜋𝛼|𝜅𝑖𝑗𝑘
0 𝑝𝑖𝑝𝑗𝑝𝑘|

2/3
 

W(𝐻) = 𝛼|𝐻1𝐻2𝐻3|2/3,  

𝑧𝑖 = 𝑖𝑐1/3
𝐻𝑖

(𝐻1𝐻2𝐻3)1/3
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𝐻𝑖 = 𝑎𝑖cosh (𝑟0𝜏) +
𝑏𝑖

𝑟0
sinh (𝑟0𝜏), 𝑏

𝑖 = 𝑠𝑏
𝑖√𝑟0

2(𝑎𝑖)2 +
(𝑝𝑖)2

2
 

𝑎𝑖 = −𝑠𝑏
𝑖
ℑ m𝑧∞

𝑖

√3𝑐
 

𝑀 =
𝑟0
3
∑  

𝑖

 √1 +
3𝑐(𝑝𝑖)2

2𝑟0
2(ℑ m𝑧∞

𝑖 )
2

𝑆± = 𝑟0
2𝜋∏ 

𝑖

 (√1 +
3𝑐(𝑝𝑖)2

2𝑟0
2(ℑ m𝑧∞

𝑖 )
2 ± 1)

2/3  

𝑆+𝑆− =
𝜋2𝛼2

4
∏ 

𝑖

  (𝑝𝑖)
4/3

 

𝐻0 = 𝐻0 = 𝐻𝑖 = 0, 𝑝
0 = 𝑞0 = 𝑞𝑖 = 0  

(
𝑖𝐻𝑖

ℛ𝑖
) =

𝑒𝒦/2

𝑋
(
𝒳𝑖

𝜕𝐹(𝒳)
𝜕𝒳 𝑖

) , (
ℛ0

0
) =

𝑒𝒦/2

𝑋
(
𝒳0

𝜕𝐹(𝒳)
𝜕𝒳0

) ,  

𝑒−2𝑈 = ℛ𝑖(𝐻)𝐻
𝑖, 𝑧𝑖 = 𝑖

𝐻𝑖

ℛ0(𝐻)
 

𝜕𝐹(𝐻)

𝜕ℛ0
= 0  

𝐹(𝐻) =
𝑖

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

ℛ0
+
𝑖𝑐(ℛ0)2

2
+
𝑖(ℛ0)2

(2𝜋)3
∑ 

{𝑑𝑖}

 𝑛{𝑑𝑖}𝐿𝑖3 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

ℛ0)  

ℛ𝑖 = −𝑖
𝜕𝐹(𝐻)

𝜕𝐻𝑖
,  

−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(ℛ0)3
+ 𝑐+

1

4𝜋3
∑ 

{𝑑𝑖}

 𝑛{𝑑𝑖} [𝐿𝑖3 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

ℛ0) 

+𝐿𝑖2 (𝑒
−2𝜋𝑑𝑖

𝐻𝑖

ℛ0) [
𝜋𝑑𝑖𝐻

𝑖

ℛ0
]] = 0.

 

lim
|𝑤|→0

 𝐿𝑖𝑠(𝑤) = 𝑤, ∀𝑠 ∈ ℕ  

𝑤 = 𝑒−2𝜋𝑑𝑖§𝑚𝑧
𝑖
, ∀{𝑑𝑖} ∈ (ℤ

+)ℎ
1,1

 

−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(ℛ0)3
+ 𝑐 +

1

4𝜋3
∑ 

{𝑑𝑖}

 𝑛{𝑑𝑖} [𝑒
−2𝜋𝑑𝑖

𝐻𝑖

ℛ0 + 𝑒
−2𝜋𝑑𝑖

𝐻𝑖

ℛ0 [
𝜋𝑑𝑖𝐻

𝑖

ℛ0
]] = 0  
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−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(ℛ0)3
+

1

4𝜋3
∑ 
{𝑑𝑖}

 𝑛{𝑑𝑖}𝑒
−2𝜋𝑑𝑖

𝐻𝑖

ℛ0 [
𝜋𝑑𝑖𝐻

𝑖

ℛ0
] = 0  

−
1

3!
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

(ℛ0)3
+

𝑛̂

4𝜋3
𝑒
−2𝜋𝑑̂𝑖

𝐻𝑖

ℛ0 [
𝜋𝑑̂𝑖𝐻

𝑖

ℛ0
] = 0, ℑ m𝑧𝑖 ≫ 1  

ℛ0 =
𝜋𝑑̂𝑙𝐻

𝑙

𝑊𝑎 (𝑠𝑎√
3𝑛̂(𝑑̂𝑛𝐻

𝑛)
3

2𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

)
 

ℛ𝑖 =
1

2
𝜅𝑖𝑗𝑘
0 𝐻𝑗𝐻𝑘

𝜋𝑑̂𝑙𝐻
𝑙
𝑊𝑎 (𝑠𝑎√

3𝑛̂(𝑑̂𝑚𝐻
𝑚)

3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

)  

𝑒−2𝑈 = W(𝐻) =
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑚𝐻
𝑚

𝑊𝑎 (𝑠𝑎√
3𝑛̂(𝑑̂𝑙𝐻

𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

)

𝑧𝑖 = 𝑖
𝐻𝑖

𝜋𝑑̂𝑚𝐻
𝑚
𝑊𝑎 (𝑠𝑎√

3𝑛̂(𝑑̂𝑙𝐻
𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

)

 

sign[𝑊𝑎(𝑥)] = sign[𝑥], 𝑎 = 0,−1, 𝑥 ∈ 𝐷ℝ
𝑎 

𝑠0 ≡ sign [𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

𝑑̂𝑚𝐻
𝑚
]  

𝑠−1 ≡ −1  

𝐻𝑖 = 𝑎𝑖 −
𝑝𝑖

√2
𝜏, 𝑟0 = 0  

𝑆 =
1

2
𝜅𝑖𝑗𝑘
0 𝑝𝑖𝑝𝑗𝑝𝑘

𝑑̂𝑚𝑝
𝑚
𝑊𝑎(𝑠𝑎𝛽)  

𝛽 = √
3𝑛̂(𝑑̂𝑙𝑝

𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝑝𝑝𝑝𝑞𝑝𝑟

 

 

𝑀 = 𝑈̇(0) =
1

2√2
[
3𝜅𝑖𝑗𝑘

0 𝑝𝑖𝑎𝑗𝑎𝑘

𝜅𝑝𝑞𝑟
0 𝑎𝑝𝑎𝑞𝑎𝑟

[1 −
1

1 +𝑊𝑎(𝑠𝑎𝛼)
]

−
𝑑𝑙𝑝

𝑙

𝑑𝑛𝑎
𝑛
[1 −

3

2(1 +𝑊𝑎(𝑠𝑎𝛼))
]]

𝛼 = √
3𝑛̂(𝑑𝑙𝑎

𝑙)3

2𝜅𝑝𝑞𝑟
0 𝑎𝑝𝑎𝑞𝑎𝑟

 



pág. 4574 

∼ |𝑑𝑖ℑ𝑚𝑧
𝑖|𝑒−2𝜋𝑑𝑖ℑ𝑚𝑧

𝑖
 

𝑊𝑎(𝑥) ≫ 1,  

Arg[𝑊𝑎] ∈ |−
1

𝑒
, 0⟩ 

𝑒−2𝑈  =
𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑚𝐻
𝑚

𝑊0 (√
3𝑛̂(𝑑̂𝑙𝐻

𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

)

𝑧𝑖  = 𝑖
𝐻𝑖

𝜋𝑑̂𝑚𝐻
𝑚
𝑊0 (√

3𝑛̂(𝑑̂𝑙𝐻
𝑙)
3

2𝜅𝑝𝑞𝑟
0 𝐻𝑝𝐻𝑞𝐻𝑟

)

 

𝜅𝑖𝑗𝑘
0 𝐻𝑖𝐻𝑗𝐻𝑘

2𝜋𝑑̂𝑛𝐻
𝑛

> 0∀𝜏 ∈ (−∞, 0]

𝜅𝑖𝑗𝑘
0 𝑎𝑖𝑎𝑗𝑎𝑘

2𝜋𝑑̂𝑚𝑎
𝑚
𝑊0(𝛼) = 1

 

𝑒−2𝑈 →
𝜏→−∞ 𝜅𝑖𝑗𝑘

0 𝑝𝑖𝑝𝑗𝑝𝑘

8𝜋𝑑̂𝑚𝑝
𝑚
𝑊0(𝛽)𝜏

2.  

Arg[𝑊0]|𝜏=0 = Arg[𝑊−1]|𝜏=0 = −1/𝑒 and Arg[𝑊0]|𝜏→−∞ = Arg[𝑊−1]|𝜏→−∞ = 𝛽, 𝛽 ∈

(−1/𝑒, 0) 

𝐿𝑖𝑤(𝑧) =∑  

∞

𝑗=1

 
𝑧𝑗

𝑗𝑤
, 𝑧, 𝑤 ∈ ℂ  

𝐿𝑖𝑤−1(𝑧) = 𝑧
𝜕𝐿𝑖𝑤(𝑧)

𝜕𝑧
 

𝐿𝑖1(𝑧) = −log (1 − 𝑧)  

𝐿𝑖0(𝑧) =
𝑧

1 − 𝑧
, 𝐿𝑖−𝑛(𝑧) = (𝑧

𝜕

𝜕𝑧
)
𝑛 𝑧

1 − 𝑧
.  

𝐿𝑖𝑤(𝑧) = ∫  
𝑧

0

 
𝐿𝑖𝑤−1(𝑠)

𝑠
𝑑𝑠  

𝑧 = 𝑊(𝑧)𝑒𝑊(𝑧), ∀𝑧 ∈ ℂ.  

𝑑𝑊(𝑧)

𝑑𝑧
=

𝑊(𝑧)

𝑧(1 +𝑊(𝑧))
, ∀𝑧 ∉ {0,−1/𝑒};  

𝑑𝑊(𝑧)

𝑑𝑧
|
𝑧=0

= 1,  

lim
𝑥→−1/𝑒

 
𝑑𝑊0(𝑥)

𝑑𝑥
= ∞, lim

𝑥→−1/𝑒
 
𝑑𝑊−1(𝑥)

𝑑𝑥
= −∞.  

⟨𝒜 ∣ ℬ⟩ ≡ ℬΛ𝒜Λ − ℬΛ𝒜
Λ  
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𝑒−4𝑈𝑓2 = 𝑓−2(𝑒−2𝑈𝑓2)2 ∼ 𝑓−2 [(
𝐴±
4𝜋
)
2

+ 𝒪(𝑒±𝑟0𝜏)] ∼ 𝑓−2 (
𝐴±
4𝜋
)
2

+ 𝒪(𝑒±𝑟0𝜏)  

𝑒2𝜋𝑖𝑑𝑖𝑧
𝑖
≪ 𝜋|𝑑𝑖ℑ m𝑧𝑖|𝑒2𝜋𝑖𝑑𝑖𝑧

𝑖
 for ℑm𝑧𝑖 ≫ 1 

𝑥̇(𝜏) →
𝜏→0 

0 

 |𝑊0,−1
′ (𝑥)| →

𝑥→−1/𝑒 
∞ 

Ω𝐻𝛽 = 2𝜋𝑖.  

Ω =
1

𝛽

𝜕𝑆wald 

𝜕𝐽
,  

Ω = −Ω𝐻 = −2𝜋𝑖/𝛽  

𝐼 = 𝑆𝑤𝑎𝑙𝑑 + 2𝜋𝑖𝐽  

∫  𝑑4𝑥√−det𝑔𝑅 

𝜀0123 = 1, 𝜀0123 = −1  

𝑇𝑎𝑏 = −
𝑖

2
𝜀𝑎𝑏𝑐𝑑𝑇𝑐𝑑 , 𝑇‾

𝑎𝑏 =
𝑖

2
𝜀𝑎𝑏𝑐𝑑𝑇‾𝑐𝑑  

𝐹𝜇𝜈
𝐼 = 𝜕𝜇𝐴𝜈

𝐼 − 𝜕𝜈𝐴𝜇
𝐼  

𝐹𝑎𝑏
−𝐼 =

1

2
(𝐹𝑎𝑏

𝐼 −
𝑖

2
𝜀𝑎𝑏𝑐𝑑𝐹

𝐼𝑐𝑑)  

𝐴̂ = 𝑇𝑎𝑏𝑇
𝑎𝑏  

𝐹({𝜆𝑋𝐼}, 𝜆2𝐴̂) = 𝜆2𝐹({𝑋𝐼}, 𝐴̂)  

𝐹𝐼 =
𝜕𝐹

𝜕𝑋𝐼
, 𝐹𝐴̂ =

𝜕𝐹

𝜕𝐴̂
 

𝑆 = ∫  𝑑4𝑥√−det𝑔ℒ  

 

8𝜋ℒ= [−𝑖𝐹𝐼𝑋‾
𝐼 (
1

6
𝑅 − 𝐷) +

1

2
𝑖𝐹̂−𝑎𝑏𝐹𝐴̂𝐼 (𝐹𝑎𝑏

−𝐼 −
1

4
𝑋‾𝐼𝑇𝑎𝑏) +

1

2
𝑖𝐹𝐴̂𝐶̂ +

𝑖

4
𝐹𝐴̂𝐴̂𝐹̂

−𝑎𝑏𝐹̂𝑎𝑏
−  

 +c.c. ] + 𝜒 (
1

6
𝑅 +

1

2
𝐷) +⋯
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𝐶̂ = 64ℛ(𝑀)− 𝑒𝑓 
𝑔ℎℛ(𝑀)−𝑒𝑓 𝑔ℎ + 16𝑓𝑎 

𝑐𝑇𝑎𝑏𝑇‾𝑐𝑏 +⋯ ,

𝐹̂−𝑎𝑏 = −16ℛ(𝑀)𝑐𝑑  
𝑎𝑏𝑇𝑐𝑑 ,

𝑓𝜇 
𝑎 =

1

2
𝑅𝜇 

𝑎 −
1

4
(𝐷 +

1

3
𝑅) 𝑒𝜇 

𝑎 +⋯ ,

ℛ(𝑀)𝑎𝑏 
𝑐𝑑 = 𝑅𝑎𝑏 

𝑐𝑑 − 2𝑅[𝑎
𝑐 𝛿𝑏]

𝑑]
+
𝑅

3
𝛿[𝑎
𝑐 𝛿𝑏]

𝑑 + 𝐷𝛿[𝑎
𝑐 𝛿𝑏]

𝑑 +⋯ ,

ℛ(𝑀)−𝑒𝑓 𝑔ℎ =
1

2
(ℛ(𝑀)𝑒𝑓 𝑔ℎ −

𝑖

2
𝜀𝑔ℎ𝑎𝑏ℛ(𝑀)

𝑒𝑓𝑎𝑏) .

 

 

𝑑𝑠2 = −𝑒2𝑔(𝑑𝑡 + 𝜎𝛼𝑑𝑥
𝛼)2 + 𝑒−2𝑔𝑑𝑠base 

2  

𝑒𝜇
0𝑑𝑥𝜇 = 𝑒𝑔(𝑑𝑡 + 𝜎𝛼𝑑𝑥

𝛼), 𝑒𝜇
𝑝
𝑑𝑥𝜇 = 𝑒−𝑔𝑒̂𝛼

𝑝
𝑑𝑥𝛼   for 𝑝 = 1,2,3  

𝒯𝛼 ≡
1

4
𝑒−𝑔𝑒̂𝛼

𝑝
ℎ‾𝑇𝑝0  

∇̂𝑝≡ 𝐸̂𝑝
𝛼∇𝛼, 𝑇𝑝 ≡ 𝐸̂𝑝

𝛼𝒯𝛼  

𝑅(𝜎)𝑚 = 𝜀𝑚𝑛𝑝𝐸̂𝑛 
𝛼𝐸̂𝑝 

𝛽𝜕𝛼𝜎𝛽 .  

ℎ‾𝑇𝑝0 = 4𝑒
𝑔𝑇𝑝  

ℎ‾𝑇𝑝𝑞 = −𝑖𝜀𝑝𝑞0𝑟ℎ‾𝑇
0𝑟 = 4𝑖𝑒𝑔𝜀𝑝𝑞

𝑟 𝑇𝑟  

ℎ𝑇‾𝑝0 = 4𝑒
𝑔𝑇‾𝑝, ℎ𝑇‾𝑝𝑞 = −4𝑖𝑒

𝑔𝜀𝑝𝑞
𝑟 𝑇‾𝑟  

𝑇𝑚 = ∇̂𝑚𝑔 −
1

2
𝑖𝐾𝑚, 𝐾𝑚 ≡ 𝑒

2𝑔𝑅(𝜎)𝑚 = 𝑒
2𝑔𝜀𝑚

𝑛𝑝
𝐸̂𝑛
𝛼𝐸̂𝑝

𝛽
𝜕𝛼𝜎𝛽  

𝑇‾𝑚 = ∇̂𝑚𝑔 +
1

2
𝑖𝐾𝑚  

ℛ(𝑀)𝑝𝑞0𝑟=
1

2
𝑖𝜀𝑝𝑞
𝑠 𝑒2𝑔[∇̂𝑟𝑇𝑠 + 2𝑇𝑟𝑇𝑠 − 𝛿𝑟𝑠𝑇𝑚𝑇𝑚] +  c.c.   

ℛ(𝑀)0𝑟𝑝𝑞=
1

2
𝑖𝜀𝑝𝑞 

𝑠𝑒2𝑔[∇̂𝑠𝑇𝑟 + 2𝑇𝑟𝑇𝑠 − 𝛿𝑟𝑠𝑇𝑚𝑇𝑚] +  c.c.   

ℛ(𝑀)0𝑝0𝑞= −
1

2
𝑒2𝑔[∇̂𝑞𝑇𝑝 + 2𝑇𝑞𝑇𝑝 − 𝛿𝑝𝑞𝑇𝑚𝑇𝑚] +  c.c.   

ℛ(𝑀)𝑝𝑞𝑟𝑠 =
1

2
𝑒2𝑔𝜀𝑟𝑠 

𝑣𝜀𝑝𝑞 
𝑢[∇̂𝑣𝑇𝑢 + 2𝑇𝑣𝑇𝑢 − 𝛿𝑢𝑣𝑇𝑚𝑇𝑚] +  c.c. 

 

𝐹0𝑝
−𝐼 = −𝑒𝑔 [∇̂𝑝(ℎ‾𝑋

𝐼) + (∇̂𝑝𝑔)ℎ𝑋‾
𝐼 −

1

2
𝑖𝑒2𝑔𝑅(𝜎)𝑝(ℎ‾𝑋

𝐼 + ℎ𝑋‾𝐼)]  

−𝑖𝑒−𝑔(ℎ‾𝑋𝐼 − ℎ𝑋‾ 𝐼) = 𝐻𝐼 , −𝑖𝑒−𝑔(ℎ‾𝐹𝐼 − ℎ𝐹‾𝐼) = 𝐻𝐼 ,  

𝑖(𝑋‾𝐼𝐹𝐼 − 𝑋
𝐼𝐹‾𝐼) +

1

2
𝜒 =−128𝑖𝑒3𝑔∇̂𝑝[𝑒−𝑔∇̂𝑝𝑔(𝐹𝐴̂ − 𝐹‾𝐴̂)] − 32𝑖𝑒

6𝑔(𝑅(𝜎)𝑝)
2
(𝐹𝐴̂ − 𝐹‾𝐴̂) 

 −64𝑒4𝑔𝑅(𝜎)𝑝∇̂
𝑝(𝐹𝐴̂ + 𝐹‾𝐴̂)
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(ℎ‾𝑋𝐼 − ℎ𝑋‾𝐼)∇̂𝑝(ℎ‾𝐹𝐼 − ℎ𝐹‾𝐼) − (ℎ‾𝐹𝐼 − ℎ𝐹‾𝐼)∇̂𝑝(ℎ‾𝑋
𝐼 − ℎ𝑋‾ 𝐼) −

1

2
𝜒𝑒2𝑔𝑅(𝜎)𝑝

=128𝑒2𝑔∇̂𝑞 [2∇̂[𝑝𝑔∇̂𝑞](𝐹𝐴̂ + 𝐹‾𝐴̂) + 𝑖∇̂[𝑝 (𝑒
2𝑔𝑅(𝜎)𝑞](𝐹𝐴̂ − 𝐹‾𝐴̂))] .

 

𝑑𝑠base 
2 =

𝑟2 − 𝑏2cos2 𝜃

𝑟2 − 𝑏2
𝑑𝑟2 + (𝑟2 − 𝑏2cos2 𝜃)𝑑𝜃2 + (𝑟2 − 𝑏2)sin2 𝜃𝑑𝜙2  

𝑒̂𝛼
1𝑑𝑥𝛼 = 𝑑𝑟 (

𝑟2 − 𝑏2cos2 𝜃

𝑟2 − 𝑏2
)

1/2

, 𝑒̂𝛼
2𝑑𝑥𝛼 = (𝑟2 − 𝑏2cos2 𝜃)1/2𝑑𝜃

𝑒̂𝛼
3𝑑𝑥𝛼 = (𝑟2 − 𝑏2)1/2sin 𝜃𝑑𝜙

 

𝜎𝛼𝑑𝑥
𝛼 = 𝜔𝜙𝑑𝜙  

𝐸0
𝜇 𝜕

𝜕𝑥𝜇
= 𝑒−𝑔

𝜕

𝜕𝑡
, 𝐸1 

𝜇
𝜕

𝜕𝑥𝜇
= 𝑒𝑔 (

𝑟2 − 𝑏2cos2 𝜃

𝑟2 − 𝑏2
)

−1/2
𝜕

𝜕𝑟

𝐸2 
𝜇
𝜕

𝜕𝑥𝜇
= 𝑒𝑔(𝑟2 − 𝑏2cos2 𝜃)−1/2

𝜕

𝜕𝜃
, 𝐸3 

𝜇
𝜕

𝜕𝑥𝜇
=

𝑒𝑔

(𝑟2 − 𝑏2)1/2sin 𝜃
(
𝜕

𝜕𝜙
−𝜔𝜙

𝜕

𝜕𝑡
) .

 

𝐸̂1
𝛼
𝜕

𝜕𝑥𝛼
= (

𝑟2 − 𝑏2cos2 𝜃

𝑟2 − 𝑏2
)

−1/2
𝜕

𝜕𝑟
, 𝐸̂2
𝛼
𝜕

𝜕𝑥𝛼
= (𝑟2 − 𝑏2cos2 𝜃)−1/2

𝜕

𝜕𝜃

𝐸̂3
𝛼
𝜕

𝜕𝑥𝛼
=

1

(𝑟2 − 𝑏2)1/2sin 𝜃

𝜕

𝜕𝜙

 

𝜕𝜃𝜔𝜙 = 0  at 𝑟 = 𝑏  

𝜕

𝜕𝑡
− 𝜔𝜙

−1 𝜕

𝜕𝜙
 

Ω𝐻 = −𝜔𝐻
−1,  𝜔𝐻 ≡ 𝜔𝜙|𝑟=𝑏  

−𝑖𝑒−𝑔(ℎ‾𝑋𝐼 − ℎ𝑋‾𝐼)= ℎ̂𝐼 +
𝛾𝑁
𝐼

𝑟𝑁
+
𝛾𝑆
𝐼

𝑟𝑆
 

−𝑖𝑒−𝑔(ℎ‾𝐹𝐼 − ℎ𝐹‾𝐼) = ℎ̂𝐼 +
𝛾𝑁𝐼
𝑟𝑁
+
𝛾𝑆𝐼
𝑟𝑆

 

𝑟𝑁 = 𝑟 − 𝑏cos 𝜃, 𝑟𝑆 = 𝑟 + 𝑏cos 𝜃  

𝛾𝑁
𝐼 + 𝛾𝑆

𝐼 = 𝑃𝐼 , 𝛾𝑁𝐼 + 𝛾𝑆𝐼 = 𝑄𝐼  

−𝑖𝑒−𝑔ℎ‾𝑋𝐼 =
𝛾𝑁
𝐼

𝑟𝑁
+ 𝒪(1), −𝑖𝑒−𝑔ℎ‾𝐹𝐼 =

𝛾𝑁𝐼
𝑟𝑁
+ 𝒪(1), 𝑒−2𝑔ℎ‾2𝐴̂ = −

64

𝑟𝑁
2 ,  as 𝑟𝑁 → 0 

𝑖𝑒−𝑔ℎ𝑋‾𝐼 = 𝒪(1), 𝑖𝑒−𝑔ℎ𝐹‾𝐼 = 𝒪(1), 𝑒
−2𝑔ℎ2𝐴̂ = 𝒪 (

1

𝑟𝑁
) ,  as 𝑟𝑁 → 0

𝑖𝑒−𝑔ℎ𝑋‾𝐼 =
𝛾𝑆
𝐼

𝑟𝑆
+ 𝒪(1), 𝑖𝑒−𝑔ℎ𝐹‾𝐼 =

𝛾𝑆𝐼
𝑟𝑆
+ 𝒪(1), 𝑒−2𝑔ℎ2𝐴̂ = −

64

𝑟𝑆
2 ,  as 𝑟𝑆 → 0

 −𝑖𝑒−𝑔ℎ‾𝑋𝐼 = 𝒪(1), −𝑖𝑒−𝑔ℎ‾𝐹𝐼 = 𝒪(1), 𝑒
−2𝑔ℎ‾2𝐴̂ = 𝒪 (

1

𝑟𝑆
) ,  as 𝑟𝑆 → 0
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ℎ‾𝑒−𝑔 =
1

𝑟𝑁
 as 𝑟𝑁 → 0 

ℎ𝑒−𝑔 =
1

𝑟𝑆
 as 𝑟𝑆 → 0 

⟨ℎ̂, 𝛾𝑁 + 𝛾𝑆⟩ = 0  

⟨𝑎, 𝑏⟩ ≡ 𝑎𝐼𝑏𝐼 − 𝑎𝐼𝑏
𝐼  

𝑖(𝑋‾𝐼𝐹𝐼 − 𝑋
𝐼𝐹‾𝐼) +

1

2
𝜒 ≃ 0

(ℎ‾𝑋𝐼 − ℎ𝑋‾ 𝐼)∇̂𝑝(ℎ‾𝐹𝐼 − ℎ𝐹‾𝐼) − (ℎ‾𝐹𝐼 − ℎ𝐹‾𝐼)∇̂𝑝(ℎ‾𝑋
𝐼 − ℎ𝑋‾𝐼) −

1

2
𝜒𝑒2𝑔𝑅(𝜎)𝑝 ≃ 0

 

 

𝑆extremal = −𝑖𝜋𝑄𝐼𝛾𝑁
𝐼 − 2𝜋𝑖𝐹({𝑖𝛾𝑁

𝐼 },−64) + 𝑖𝜋𝑄𝐼𝛾𝑆
𝐼 + 2𝜋𝑖𝐹‾({−𝑖𝛾𝑆

𝐼}, −64)  

 

𝐹𝐼({𝑖𝛾𝑁
𝐼 },−64) = 𝑖𝛾𝑁𝐼 , 𝐹‾𝐼({−𝑖𝛾𝑆

𝐼}, −64) = −𝑖𝛾𝑆𝐼  

2𝐹({𝑖𝛾𝑁
𝐼 },−64)= 𝑖𝛾𝑁

𝐼 𝐹𝐼({𝑖𝛾𝑁
𝐼 },−64) − 128𝐹𝐴̂({𝑖𝛾𝑁

𝐼 },−64)  

= −𝛾𝑁
𝐼 𝛾𝑁𝐼 − 128𝐹𝐴̂({𝑖𝛾𝑁

𝐼 },−64)  

2𝐹‾({−𝑖𝛾𝑆
𝐼},−64)= −𝑖𝛾𝑆

𝐼𝐹‾𝐼({−𝑖𝛾𝑆
𝐼},−64) − 128𝐹‾𝐴̂({−𝑖𝛾𝑆

𝐼}, −64) 

 = −𝛾𝑆
𝐼𝛾𝑆𝐼 − 128𝐹‾𝐴̂({−𝑖𝛾𝑆

𝐼}, −64)

 

𝑆extremal =−𝑖𝜋(𝛾𝑁𝐼 + 𝛾𝑆𝐼)𝛾𝑁
𝐼 + 𝜋𝑖 (𝛾𝑁

𝐼 𝛾𝑁𝐼 + 128𝐹𝐴̂({𝑖𝛾𝑁
𝐼 },−64))  

+𝑖𝜋(𝛾𝑁𝐼 + 𝛾𝑆𝐼)𝛾𝑆
𝐼 − 𝜋𝑖 (𝛾𝑆

𝐼𝛾𝑆𝐼 + 128𝐹‾𝐴̂({−𝑖𝛾𝑆
𝐼}, −64))  

= −𝑖𝜋⟨𝛾𝑁 , 𝛾𝑆⟩ + 128𝜋𝑖[𝐹𝐴̂({𝑖𝛾𝑁
𝐼 }, −64) − 𝐹‾𝐴̂({−𝑖𝛾𝑆

𝐼},−64)].

 

𝑌𝐼 ≡ ℎ‾𝑒−𝑔𝑋𝐼 , Υ = ℎ‾2𝑒−2𝑔𝐴̂  

𝐹(𝑌, Υ) = ℎ‾2𝑒−2𝑔𝐹(𝑋, 𝐴̂)  

𝐹𝐼
′ =

𝜕𝐹(𝑌, Υ)

𝜕𝑌𝐼
= ℎ‾𝑒−𝑔𝐹𝐼 , 𝐹Υ

′ =
𝜕𝐹(𝑌, Υ)

𝜕Υ
= 𝐹𝐴̂

𝐹Υ𝐼
′ =

𝜕2𝐹(𝑌, Υ)

𝜕Υ𝜕𝑌𝐼
= ℎ‾−1𝑒𝑔𝐹𝐴̂𝐼 , 𝐹ΥΥ

′ =
𝜕2𝐹(𝑌, Υ)

𝜕Υ2
= ℎ‾−2𝑒2𝑔𝐹𝐴̂𝐴̂.

 

∇̂1𝑔 = 𝐸̂1
𝑟𝜕𝑟𝑔 = 0, ∇̂3𝑔 = 𝐸̂3

𝜙
𝜕𝜙𝑔 = 0  

𝐾1 = 𝑒
2𝑔𝐸̂2

𝜃𝐸̂3
𝜙
(𝜕𝜃𝜎𝜙 − 𝜕𝜙𝜎𝜃) = 0, 𝐾3 = 𝑒

2𝑔𝐸̂1
𝑟𝐸̂2

𝜃(𝜕𝑟𝜎𝜃 − 𝜕𝜃𝜎𝑟) = 0  

𝑇1 = 𝑇‾1 = 0, 𝑇2 = ∇̂2𝑔 −
𝑖

2
𝐾2, 𝐾2 = −𝑒

2𝑔𝐸̂1
𝑟𝐸̂3

𝜙
𝜕𝑟𝜔𝜙 = −

𝑒2𝑔

𝑏sin2 𝜃
𝜕𝑟𝜔𝜙

𝑇3 = 𝑇‾3 = 0, 𝑇‾2 = ∇̂2𝑔 +
𝑖

2
𝐾2,  for 𝑟 = 𝑏
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− ⟨ℎ̂ +
𝛾𝑁
𝑟𝑁
+
𝛾𝑆
𝑟𝑆
, 𝑑 (ℎ̂ +

𝛾𝑁
𝑟𝑁
+
𝛾𝑆
𝑟𝑆
)⟩ +⋆ 𝑑𝜎 = 0  

𝜎 = 𝜔𝜙𝑑𝜙  

𝜔𝜙 = ⟨𝛾𝑁 , 𝛾𝑆⟩
𝑏sin2 𝜃

𝑟2 − 𝑏2cos2 𝜃
+ ⟨ℎ̂, 𝛾𝑁⟩ (

𝑟cos 𝜃 − 𝑏

𝑟 − 𝑏cos 𝜃
−
𝑟cos 𝜃 + 𝑏

𝑟 + 𝑏cos 𝜃
)  

𝜔𝐻 ≡ 𝜔𝜙|𝑟=𝑏
= 𝑏−1⟨𝛾𝑁, 𝛾𝑆⟩ − 2⟨ℎ̂, 𝛾𝑁⟩  

𝜕𝑟𝜔𝜙|𝑟=𝑏
= −2𝑏−2csc2 𝜃⟨𝛾𝑁, 𝛾𝑆⟩ + 2𝑏

−1(1 + cos2 𝜃)csc2 𝜃⟨ℎ̂, 𝛾𝑁⟩.  

𝜕𝑟𝜔𝜙|𝑟=𝑏
≃ −2𝑏−1𝜃−2𝜔𝐻 for 𝜃 ≃ 0  

 ≃ −2𝑏−1(𝜋 − 𝜃)−2𝜔𝐻 for 𝜃 ≃ 𝜋.
 

𝑒−2𝑔 =
𝐶𝑁
𝑟𝑁
=

𝐶𝑁
𝑟 − 𝑏cos 𝜃

 

𝜕𝜃𝑔 =
sin 𝜃

2(1 − cos 𝜃)
,  

∇̂2𝑔 = 𝐸̂2
𝜃𝜕𝜃𝑔 =

1

2𝑏(1 − cos 𝜃)
≃

1

𝑏𝜃2
.  

𝐾2 = −
𝑒2𝑔

𝑏sin2 𝜃
𝜕𝑟𝜔𝜙 ≃ 𝑏

−1𝐶𝑁
−1𝜃−2𝜔𝐻  for 𝑟 = 𝑏, 𝜃 ≃ 0  

𝑇2 = ∇̂2𝑔 −
𝑖

2
𝐾2 ≃ 𝑏

−1𝜃−2 (1 −
𝑖𝜔𝐻
2𝐶𝑁

) , 𝑇‾2 ≃ 𝑏
−1𝜃−2 (1 +

𝑖𝜔𝐻
2𝐶𝑁

)  

Υ = ℎ‾2𝑒−2𝑔𝑇𝑎𝑏𝑇
𝑎𝑏 = −64𝑇2

2 = −64𝑏−2𝜃−4 (1 −
𝑖𝜔𝐻
2𝐶𝑁

)
2

,

Υ‾ = −64𝑏−2𝜃−4 (1 +
𝑖𝜔𝐻
2𝐶𝑁

)
2

.

 

Υ‾ = ℎ2𝑒−2𝑔𝐴̂ 

𝑟𝑁 = 𝑏(1 − cos 𝜃) = 𝑏𝜃
2/2 

(1 +
𝑖𝜔𝐻
2𝐶𝑁

)
2

= 0.  

𝐶𝑁 = −𝑖𝜔𝐻/2.  

Υ ≃ −256𝑏−2𝜃−4 ≃ −64𝑟𝑁
−2,  

𝐶𝑆 = −𝑖𝜔𝐻/2.  

(1 +
𝑖𝜔𝐻
2𝐶𝑆

)
2

= 0,  
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𝑒−2𝑔 = −
𝑖𝜔𝐻

2(𝑟 + 𝑏cos 𝜃)
,  𝜕𝜃𝑔|𝑟=𝑏 = −

sin 𝜃

2(1 + cos 𝜃)
,  as 𝑟𝑆 → 0.  

𝛽 =
2𝜋𝑖

Ω𝐻
= −2𝜋𝑖𝜔𝐻 > 0,  

𝐷′ = 𝐷 −
1

6
𝑅  

8𝜋ℒ = 𝑖𝐹𝐼𝑋‾
𝐼𝐷′ +

1

2
𝑖𝐹̂−𝑎𝑏𝐹𝐴̂𝐼 (𝐹𝑎𝑏

−𝐼 −
1

4
𝑋‾𝐼𝑇𝑎𝑏) +

1

2
𝑖𝐹𝐴̂𝐶̂ +

𝑖

4
𝐹𝐴̂𝐴̂𝐹̂

−𝑎𝑏𝐹̂𝑎𝑏
− + c.c.  

+𝜒(
1

4
𝑅 +

1

2
𝐷′) +⋯

𝑓𝜇 
𝑎 =

1

2
𝑅𝜇 

𝑎 −
1

4
(𝐷′ +

1

2
𝑅)𝑒𝜇 

𝑎 +⋯

ℛ(𝑀)𝑎𝑏 
𝑐𝑑 = 𝑅𝑎𝑏 

𝑐𝑑 − 2𝑅[𝑎
𝑐 𝛿𝑏]

𝑑]
+
𝑅

2
𝛿[𝑎
𝑐 𝛿𝑏]

𝑑 + 𝐷′𝛿[𝑎
𝑐 𝛿𝑏]

𝑑 +⋯

 

∫  𝑑4𝑥√−det𝑔𝑅 

𝜀𝑎𝑏 = 𝐸𝑎
𝑡𝐸𝑏

𝑟𝜀𝑡𝑟 − (𝑎 ↔ 𝑏), 𝜀𝑡𝑟 =
√−det𝑔

√det𝑔𝐻
 

𝜀13 = 𝜀
13 = 𝑖, 𝜀31 = 𝜀

31 = −𝑖  

𝑆𝑤𝑎𝑙𝑑 =
𝜋

2
𝜀𝑎𝑏𝜀𝑐𝑑∫  

𝐻

 
𝜕ℒ

𝜕𝑅𝑎𝑏𝑐𝑑
𝑑𝜃𝑑𝜙√det𝑔𝐻  

𝜕𝑅𝑎𝑏𝑐𝑑
𝜕𝑅𝑝𝑞𝑟𝑠

= 𝛿𝑎
𝑝
𝛿𝑏
𝑞
𝛿𝑐
𝑟𝛿𝑑
𝑠 − 𝛿𝑎

𝑞
𝛿𝑏
𝑝
𝛿𝑐
𝑟𝛿𝑑
𝑠 − 𝛿𝑎

𝑝
𝛿𝑏
𝑞
𝛿𝑐
𝑠𝛿𝑑
𝑟 + 𝛿𝑎

𝑞
𝛿𝑏
𝑝
𝛿𝑐
𝑠𝛿𝑑
𝑟

 

−(16𝜋𝐺𝑁)
−1∫  √−det𝑔𝑅𝑑4𝑥 

𝑆𝑤𝑎𝑙𝑑 =
𝑖

4
∫  
𝐻

 
𝜕(8𝜋ℒ)

𝜕𝑅3131
𝑑𝜃𝑑𝜙𝜔𝐻𝑏sin 𝜃  

𝑆𝑤𝑎𝑙𝑑 =
𝑖

4
𝜔𝐻𝑏∫  

𝐻

 ℐsin 𝜃𝑑𝜃𝑑𝜙  

ℐ≡ 8𝜋
𝜕ℒ

𝜕𝑅3131
 

=
1

4
𝜒

𝜕𝑅

𝜕𝑅3131
+ [
1

2
𝑖𝐹𝐴̂

𝜕𝐶̂

𝜕𝑅3131
+  c.c. ] + [

1

2
𝑖
𝜕𝐹̂−𝑎𝑏

𝜕𝑅3131
𝐹𝐴̂𝐼 (𝐹𝑎𝑏

−𝐼 −
1

4
𝑋‾ 𝐼𝑇𝑎𝑏) +  c.c. ] 

+ [
𝑖

2
𝐹𝐴̂𝐴̂

𝜕𝐹̂−𝑎𝑏

𝜕𝑅3131
𝐹̂𝑎𝑏
− + c.c. ]  

 = ℐ0 + ℐ1 + ℐ2 + ℐ3
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ℐ0 =
1

4
𝜒

𝜕𝑅

𝜕𝑅3131
,

ℐ1 = [64𝑖𝐹Υ
′
𝜕ℛ(𝑀)−𝑐𝑑𝑎𝑏

𝜕𝑅3131
ℛ(𝑀)𝑐𝑑𝑎𝑏

− + 8𝑖𝐹Υ
′
𝜕𝑓𝑎

𝑐

𝜕𝑅3131
𝑇𝑎𝑏𝑇‾𝑐𝑏 +  c.c. ] ,

 

ℐ2= [−8𝑖
𝜕ℛ(𝑀)𝑐𝑑𝑎𝑏

𝜕𝑅3131
ℎ‾𝑇𝑐𝑑𝑒

−𝑔𝐹Υ𝐼
′ (𝐹𝑎𝑏

−𝐼 −
1

4
𝑒𝑔𝑌‾ 𝐼ℎ‾𝑇𝑎𝑏) +  c.c. ] ,

ℐ3 = [128𝑖𝑒
−2𝑔𝐹ΥΥ

′
𝜕ℛ(𝑀)𝑐𝑑𝑎𝑏

𝜕𝑅3131
ℎ‾𝑇𝑐𝑑ℛ(𝑀)

𝑐′𝑑′  𝑎𝑏ℎ‾𝑇𝑐′𝑑′ +  c.c. ] .

 

ℐ0 =
1

2
𝜒 = −1  

𝜕𝑓𝑎𝑐
𝜕𝑅3131

=
1

2
[𝛿𝑎
3𝛿𝑐
3 + 𝛿𝑎

1𝛿𝑐
1] −

1

4
𝜂𝑎𝑐

𝜕ℛ(𝑀)𝑎𝑏𝑐𝑑
𝜕𝑅3131

= 𝛿𝑎
3𝛿𝑏
1𝛿𝑐
3𝛿𝑑
1 − 𝛿𝑎

1𝛿𝑏
3𝛿𝑐
3𝛿𝑑
1 − 𝛿𝑎

3𝛿𝑏
1𝛿𝑐
1𝛿𝑑
3 + 𝛿𝑎

1𝛿𝑏
3𝛿𝑐
1𝛿𝑑
3

−[{
1

2
(𝛿𝑎
3𝛿𝑐
3 + 𝛿𝑎

1𝛿𝑐
1)𝜂𝑏𝑑 −

1

4
𝜂𝑎𝑐𝜂𝑏𝑑}

−(𝑎 ↔ 𝑏) − (𝑐 ↔ 𝑑) + (𝑎 ↔ 𝑏, 𝑐 ↔ 𝑑)].

 

𝜕ℛ(𝑀)𝑎𝑏𝑐𝑑
−

𝜕𝑅3131
ℛ(𝑀)−𝑎𝑏𝑐𝑑= 2ℛ(𝑀)3131

− − 2ℛ(𝑀)0202
−  

= ℛ(𝑀)3131 −ℛ(𝑀)0202 − 𝑖(ℛ(𝑀)0231 + ℛ(𝑀)3102) 

 = 𝑒2𝑔(2∇̂2𝑇2 + 2𝑇2
2)

 

𝜕𝑓𝑎𝑏
𝜕𝑅3131

𝑇𝑎𝑐𝑇‾𝑐
𝑏 = 16𝑒2𝑔𝑇‾2𝑇2  

ℐ1 = 64𝑖𝐹Υ
′𝑒2𝑔(2∇̂2𝑇2 + 2𝑇2

2 + 2𝑇‾2𝑇2) +  c.c.  

ℐ1 = 128𝑖𝐹Υ
′ 𝐸̂2 

𝜃𝜕𝜃(𝑒
2𝑔𝑇2) +  c.c..  

ℐ1= 128𝑖𝐸̂2
𝜃𝜕𝜃(𝑒

2𝑔𝑇2𝐹Υ
′) − 128𝑖𝑒2𝑔𝑇2𝐹Υ𝐼

′ ∇̂2𝑌
𝐼 − 128𝑖𝑒2𝑔𝑇2𝐹ΥΥ

′ ∇̂2Υ +  c.c.   

 = 128𝑖𝐸̂2
𝜃𝜕𝜃(𝑒

2𝑔𝑇2𝐹Υ
′) − 128𝑖𝑒2𝑔𝑇2𝐹Υ𝐼

′ ∇̂2𝑌
𝐼 − 256𝑖𝑒2𝑔Υ𝐹ΥΥ

′ ∇̂2𝑇2 +  c.c. ,
 

Υ = ℎ‾2𝑒−2𝑔𝑇𝑎𝑏𝑇
𝑎𝑏 = −64𝑇2

2.  

ℐ2= 128𝑖𝐹Υ𝐼
′ 𝑒𝑔𝑇2 (∇̂2(𝑒

𝑔𝑌𝐼) −
1

2
𝑖𝐾2𝑒

𝑔𝑌𝐼) +  c.c.   

 = 128𝑖𝐹Υ𝐼
′ 𝑒2𝑔𝑇2∇̂2𝑌

𝐼 − 256𝑖Υ𝐹ΥΥ
′ 𝑒2𝑔𝑇2

2 +  c.c. 

 

𝐹Υ𝐼
′ 𝑌𝐼 + 2𝐹ΥΥ

′ Υ = 0  

ℐ3 = 256𝑖𝑒
2𝑔Υ𝐹ΥΥ

′ (∇̂2𝑇2 + 𝑇2
2) +  c.c. ,  

ℐ0 + ℐ1 + ℐ2 + ℐ3 = −1+ [128𝑖𝐸̂2
𝜃𝜕𝜃(𝑒

2𝑔𝑇2𝐹Υ
′ ) +  c.c. ]

= −1 + [128𝑖
1

𝑏sin 𝜃
𝜕𝜃(𝑒

2𝑔𝑇2𝐹𝐴̂) − 128𝑖
1

𝑏sin 𝜃
𝜕𝜃(𝑒

2𝑔𝑇‾2𝐹‾𝐴̂)] ,
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𝐹Υ
′ = 𝐹𝐴̂, 𝐹‾Υ

′ = 𝐹‾𝐴̂ 

𝑆wald = −𝑖𝜋𝜔𝐻𝑏 − 32𝜋𝜔𝐻 [[𝐹𝐴̂ (
1

𝑏sin 𝜃
𝜕𝜃𝑒

2𝑔 + 𝑖
𝑒4𝑔

𝑏sin2 𝜃
𝜕𝑟𝜔𝜙)]

0

𝜋

−[𝐹‾𝐴̂ (
1

𝑏sin 𝜃
𝜕𝜃𝑒

2𝑔 − 𝑖
𝑒4𝑔

𝑏sin2 𝜃
𝜕𝑟𝜔𝜙)]

0

𝜋

]

𝑟=𝑏

 

𝑆𝑤𝑎𝑙𝑑 = −𝑖𝜋(⟨𝛾𝑁 , 𝛾𝑆⟩ − 2𝑏⟨ℎ̂, 𝛾𝑁⟩) + [128𝜋𝑖𝐹𝐴̂|𝑁 − 128𝜋𝑖𝐹‾𝐴̂|𝑆]  

𝜔𝜙 ≃ −
2𝑏sin2 𝜃

𝑟
⟨ℎ̂, 𝛾𝑁⟩.  

𝐽 =
𝑟𝜔𝜙

2𝐺𝑁sin
2 𝜃

= −𝑏⟨ℎ̂, 𝛾𝑁⟩  

𝑆𝑤𝑎𝑙𝑑 + 2𝜋𝑖𝐽 = −𝑖𝜋⟨𝛾𝑁 , 𝛾𝑆⟩ + [128𝜋𝑖𝐹𝐴̂|𝑁 − 128𝜋𝑖𝐹‾𝐴̂|𝑆]  

ℐ≡ 8𝜋
𝜕ℒ

𝜕𝑅3131
 

=
1

6
(𝜒 − 𝑒−𝐾)

𝜕𝑅

𝜕𝑅3131
 

+ [
1

2
𝑖
𝜕𝐹̂−𝑒𝑓

𝜕𝑅3131
𝐹𝐴̂𝐼 (𝐹𝑒𝑓

−𝐼 −
1

4
𝑋‾𝐼𝑇𝑒𝑓) +

1

2
𝑖𝐹𝐴̂

𝜕𝐶̂

𝜕𝑅3131
+  c.c. ] 

 + [
𝑖

2
𝐹𝐴̂𝐴̂

𝜕𝐹̂−𝑒𝑓

𝜕𝑅3131
𝐹̂𝑒𝑓
− + c.c. ]

 

𝑒−𝐾 = −𝑖(𝑋𝐼𝐹‾𝐼 − 𝑋‾
𝐼𝐹𝐼)  

𝜕𝑓𝑎𝑐
𝜕𝑅3131

=
1

2
[𝛿𝑎
3𝛿𝑐
3 + 𝛿𝑎

1𝛿𝑐
1] −

1

6
𝜂𝑎𝑐

𝜕ℛ(𝑀)𝑎𝑏𝑐𝑑
𝜕𝑅3131

= 𝛿𝑎
3𝛿𝑏
1𝛿𝑐
3𝛿𝑑
1 − 𝛿𝑎

1𝛿𝑏
3𝛿𝑐
3𝛿𝑑
1 − 𝛿𝑎

3𝛿𝑏
1𝛿𝑐
1𝛿𝑑
3 + 𝛿𝑎

1𝛿𝑏
3𝛿𝑐
1𝛿𝑑
3

−[{
1

2
(𝛿𝑎
3𝛿𝑐
3 + 𝛿𝑎

1𝛿𝑐
1)𝜂𝑏𝑑 −

1

6
𝜂𝑎𝑐𝜂𝑏𝑑}

−(𝑎 ↔ 𝑏) − (𝑐 ↔ 𝑑) + (𝑎 ↔ 𝑏, 𝑐 ↔ 𝑑)]

 

ℐ1
′ =

𝑖

2
𝐹𝐴̂

𝜕𝐶̂

𝜕𝑅3131
+  c.c..  

𝜕ℛ(𝑀)𝑎𝑏𝑐𝑑
−

𝜕𝑅3131
ℛ(𝑀)−𝑎𝑏𝑐𝑑= 4ℛ(𝑀)3131

− − 𝐷̃  

 = 𝑒2𝑔(2∇̂2𝑇2 + 2𝑇2
2) − 𝐷̃

 

ℛ(𝑀)𝑎𝑏𝑐𝑑
− 𝜂𝑏𝑑 + (𝑎 ↔ 𝑐) =

3

2
𝐷̃𝜂𝑎𝑐  
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𝐷̃  =
2

3
𝑒2𝑔(∇̂𝑝𝑇𝑝 − 𝑇𝑝

2)

 =
2

3
𝑒2𝑔(∇̂𝑝𝑇‾𝑝 − 𝑇‾𝑝

2)

 =
2

3
𝑒2𝑔 [∇̂𝑝

2𝑔 − (∇̂𝑝𝑔)
2
+
1

4
𝑒4𝑔(𝑅(𝜎)𝑝)

2
]

 

ℐ1
′= −64𝑖𝐹Υ

′ 𝐷̃ + 128𝑖𝐹Υ
′𝑒2𝑔(∇̂2𝑇2 + 𝑇2

2 + 𝑇2𝑇‾2) +  c.c.  

 = −64𝑖𝐹Υ
′ 𝐷̃ +  c.c. + ℐ1

 

ℐ0
′ =

1

6
(𝜒 − 𝑒−𝐾)

𝜕𝑅

𝜕𝑅3131
= −

1

3
(2 + 𝑒−𝐾) = −1 − (

𝑒−𝐾 − 1

3
) ,  

ℐ0
′′ = −(

𝑒−𝐾 − 1

3
)  

𝑒−𝐾 − 1 =−128𝑖𝑒3𝑔∇̂𝑝[𝑒−𝑔∇̂𝑝𝑔(𝐹𝐴̂ − 𝐹‾𝐴̂)] − 32𝑖𝑒
6𝑔(𝑅(𝜎)𝑝)

2
(𝐹𝐴̂ − 𝐹‾𝐴̂) 

 −64𝑒4𝑔𝑅(𝜎)𝑝∇̂
𝑝(𝐹𝐴̂ + 𝐹‾𝐴̂)

 

𝑒−𝐾 − 1 = −192𝑖𝐹Υ
′ 𝐷̃ − 128𝑖𝑒2𝑔𝑇2𝐹Υ𝐼

′ ∇̂2𝑌
𝐼 − 128𝑖𝑒2𝑔𝑇2𝐹ΥΥ

′ ∇̂2Υ +  c.c. ,  

ℐ0
′′= 64𝑖𝐹Υ

′ 𝐷̃ +
128

3
𝑖𝑒2𝑔𝑇2𝐹Υ𝐼

′ ∇̂2𝑌
𝐼 +

128

3
𝑖𝑒2𝑔𝑇2𝐹ΥΥ

′ ∇̂2Υ +  c.c.  

 = 64𝑖𝐹Υ
′ 𝐷̃ +  c.c. +

1

3
(ℐ2 + ℐ3)

 

ℐ2
′  =

𝑖

2

𝜕𝐹̂−𝑒𝑓

𝜕𝑅3131
𝐹𝐴̂𝐼 (𝐹𝑒𝑓

−𝐼 −
1

4
𝑋‾𝐼𝑇𝑒𝑓) +  c.c. 

=
256𝑖

3
𝐹Υ𝐼
′ 𝑒2𝑔𝑇2(𝑇2𝑌

𝐼 + ∇̂2𝑌
𝐼) +  c.c.  

 =
2

3
ℐ2

 

ℐ3
′=

𝑖

2
𝐹𝐴̂𝐴̂

𝜕𝐹̂−𝑒𝑓

𝜕𝑅3131
𝐹̂𝑒𝑓
− + c.c.  

= −
2 × (128)2𝑖

3
𝑒2𝑔𝐹ΥΥ

′ 𝑇2
2(∇̂2𝑇2 + 𝑇2

2) +  c.c.  

 =
2

3
ℐ3

 

∑ 

3

𝑖=0

ℐ𝑖
′ =∑ 

3

𝑖=0

ℐ𝑖 

𝑥1 = √𝑟2 − 𝑏2sin 𝜃cos 𝜙, 𝑥2 = √𝑟2 − 𝑏2sin 𝜃sin 𝜙, 𝑥3 = 𝑟cos 𝜃  

𝑟𝑁 = √(𝑥
1)2 + (𝑥2)2 + (𝑥3 − 𝑏)2 = 𝑟 − 𝑏cos 𝜃

𝑟𝑆 = √(𝑥
1)2 + (𝑥2)2 + (𝑥3 + 𝑏)2 = 𝑟 + 𝑏cos 𝜃
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𝑑𝑠2 = 𝑒2𝑔(𝑑𝜏 + 𝜔𝐸𝑑𝜙)
2 + 𝑒−2𝑔 [

𝑟2 − 𝑏2cos2 𝜃

𝑟2 − 𝑏2
𝑑𝑟2 + (𝑟2 − 𝑏2cos2 𝜃)𝑑𝜃2 + (𝑟2 − 𝑏2)sin2 𝜃𝑑𝜙2] 

𝜙̃ = 𝜙 + 𝜔0
−1𝜏  

𝑑𝑠2 = 𝑒2𝑔 (𝑑𝜏 (1 −
𝜔𝐸
𝜔0
) + 𝜔𝐸𝑑𝜙̃)

2

+ 𝑒−2𝑔 [
𝑟2 − 𝑏2cos2 𝜃

𝑟2 − 𝑏2
𝑑𝑟2 + (𝑟2 − 𝑏2cos2 𝜃)𝑑𝜃2]

 +𝑒−2𝑔(𝑟2 − 𝑏2)sin2 𝜃(𝑑𝜙̃ − 𝜔0
−1𝑑𝜏)

2

 = 𝑑𝜙̃2[𝑒2𝑔𝜔𝐸
2 + 𝑒−2𝑔(𝑟2 − 𝑏2)sin2 𝜃] + 𝑑𝜃2𝑒−2𝑔(𝑟2 − 𝑏2cos2 𝜃) + 𝑒−2𝑔

𝑟2 − 𝑏2cos2 𝜃

𝑟2 − 𝑏2
𝑑𝑟2

 

+𝑑𝜏2 [𝑒2𝑔 (1 −
𝜔𝐸
𝜔0
)
2

+ 𝑒−2𝑔(𝑟2 − 𝑏2)sin2 𝜃𝜔0
−2]  

 +2𝑑𝜏𝑑𝜙̃ [𝑒2𝑔𝜔𝐸 (1 −
𝜔𝐸
𝜔0
) − 𝑒−2𝑔(𝑟2 − 𝑏2)sin2 𝜃𝜔0

−1]

 

𝜌 = √𝑟 − 𝑏  

𝜔𝐸 = 𝜔0(1 + 𝜌𝑓1(𝜃) + 𝜌
2𝑓2(𝜃) + ⋯), 𝑔 = 𝑔0(𝜃) + 𝑔1(𝜃)𝜌 + 𝑔2(𝜃)𝜌

2 +⋯  

𝑑𝑠2= 𝑒2𝑔0𝜔0
2(1 + 2𝑔1𝜌 + 2𝑓1𝜌 + 𝒪(𝜌

2))𝑑𝜙̃2 + 𝑒−2𝑔0𝑏2sin2 𝜃(1 − 2𝑔1𝜌 + 𝒪(𝜌
2))𝑑𝜃2 

+2𝑒−2𝑔0𝑏(1 − 2𝑔1𝜌 + 𝒪(𝜌
2))sin2 𝜃𝑑𝜌2  

+𝜌2𝑑𝜏2(𝑒2𝑔0𝑓1(𝜃)
2 + 2𝑏𝑒−2𝑔0𝜔0

−2sin2 𝜃 + 𝒪(𝜌))  

 −2𝑑𝜏𝑑𝜙̃𝑒2𝑔0𝜔0𝑓1𝜌(1 + 𝒪(𝜌))

 

𝑒2𝑔0𝑓1(𝜃) 

sin2 𝜃(𝑑𝜌2 + 𝑐2𝜌2𝜏2) 

𝜌 = √𝑥2 + 𝑦2 and 𝜏 = 𝑐−1tan−1 (𝑦/𝑥) 

−2𝑒2𝑔0𝜔0𝑓1𝑐
−1𝑑𝜙̃

𝑥𝑑𝑦 − 𝑦𝑑𝑥

√𝑥2 + 𝑦2
 

𝑑𝜙̃2𝑒2𝑔0𝜔0
2 (1 + 2𝑔1√𝑥

2 + 𝑦2 +⋯)  

𝐴𝑛 → 𝐴𝑛 + 𝑑Λ𝑛−1  

𝐴𝑛 =
1

𝑝!
𝐴𝛼1…𝛼𝑛𝑑𝑥

𝛼1 ∧ …∧ 𝑑𝑥𝛼𝑛  

∫  𝐴𝑛 = ∫  𝐴0123…(𝑛−1)𝑑
𝑛𝑥  

𝑑 ⋆ 𝐹𝐷−(𝑛+1) =⋆ 𝐽𝐷−𝑛  

⋆ 𝐹𝛼1…𝛼𝑑−𝑝 =
1

𝑝!
𝜖𝛼1…𝛼𝑑−𝑝  

𝛽1…𝛽𝑝𝐹𝛽1…𝛽𝑝  
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∫  
ℳ

𝐴𝑛 ∧⋆ 𝐽𝐷−𝑛 ∝ ∫  
ℳ
√−𝑔𝐴𝛼1…𝛼𝑛𝐽

𝛼1…𝛼𝑛 

𝑄𝐷−𝑛 = ∫  
𝜕𝐵

⋆ 𝐹𝐷−(𝑛+1) 

 

𝑆 =
1

2𝜅11
2 ∫  𝑑

11𝑥𝑒 [(𝑅 −
1

2
|𝐹4|

2)

 −
1

23 ⋅ 4!
(𝜓‾𝛼Γ

𝛼𝛽𝛾𝛿𝜎𝜆𝜓𝜆 + 12𝜓‾
𝛽Γ𝛾𝛿𝜓𝜎)(𝐹 + 𝐹̂)𝛽𝛾𝛿𝜎

 

−𝜓‾𝛼Γ
𝛼𝛽𝛾𝐷𝛽 (

1

2
(𝜔 + 𝜔̂))𝜓𝛾] −

1

12𝜅11
2 ∫  𝐴3 ∧ 𝐹4 ∧ 𝐹4  

|𝐹𝑚|
2 =

1

𝑚!
𝑔𝛼1𝛽1 …𝑔𝛼𝑚𝛽𝑚𝐹𝛼1…𝛼𝑚𝐹𝛽1…𝛽𝑚  

𝜔̂𝛼𝑎𝑏= 𝜔𝛼𝑎𝑏 +
1

8
𝜓‾𝛽Γ𝛽𝛼𝑎𝑏𝛾𝜓

𝛾 

𝐹̂𝛼𝛽𝛾𝛿 = 𝐹𝛼𝛽𝛾𝛿 − 3𝜓‾[𝛼Γ𝛽𝛾𝜓𝛼]

 

𝑆dark particle =
1

2𝜅11
2 ∫  𝑑

11𝑥(−𝑔)1/2 (𝑅 −
1

2
|𝐹4|

2) −
1

12𝜅11
2 ∫  𝐴3 ∧ 𝐹4 ∧ 𝐹4  

𝑑(⋆ 𝐹4 + (𝔊)𝐴3 ∧ 𝐹4) =⋆ 𝐽3.  

𝛿𝑒𝛼
𝑎=

1

2
𝜂‾Γ𝑎𝜓𝛼 ,  

𝛿𝐴𝛼𝛽𝛾= −
3

2
𝜂‾Γ[𝛼𝛽𝜓𝛾],  

𝛿𝜓𝛼 = 𝐷𝛼(𝜔̂)𝜂 +
√2

(4!)2
(Γ𝛼
𝑎𝑏𝑐𝑑 − 8𝑒𝛼

𝑎Γ𝑏𝑐𝑑)𝜂𝐹̂𝑎𝑏𝑐𝑑 ≡ 𝐷̂𝛼𝜂,

 

𝐴3 → 𝐴3 + 𝑑Λ2 

{𝑄𝐴
𝐼 , 𝑄‾ 𝐽𝐵}+ = −2𝑃𝜇Γ𝐴

𝜇𝐵
𝛿𝐼𝐽 − 2𝑖𝑍𝐼𝐽𝛿𝐴

𝐵  

{𝑄𝐴
𝐼 , 𝑄†𝐽𝐵}

+
= 2𝑇𝛿𝐼𝐽𝛿𝐴

𝐵 + 2𝑖𝑍𝐼𝐽Γ𝐴
0𝐵

 

𝑇 ≥ |𝑞|.  

𝑑𝑠2 = −(1 −
2𝐺𝑀

𝑅
+
𝐺𝑄2

𝑅2
)𝑑𝑡2 +

1

1 −
2𝐺𝑀
𝑅 +

𝐺𝑄2

𝑅2

𝑑𝑅2 + 𝑅2𝑑Ω2
2

 

√( mass ) (length)  

𝐹 = 𝑄2/𝑟2 

𝐺𝑀2 = 𝑄2 
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𝑟0 = 𝐺𝑀 = √𝐺𝑄 

𝑑𝑠2 = −(1 − 𝑟0/𝑅)
2𝑑𝑡2 + (1 − 𝑟0/𝑅)

−2𝑑𝑅2 + 𝑅2𝑑Ω2
2  

𝑧 = 𝑟0(1 − 𝑟0/𝑅)
−1 

𝑑𝑠2 =
−𝑑𝑡2 + 𝑑𝑧2

𝑧2
+ 𝑟0

2𝑑Ω2
2 + 𝑂(𝑧−4)  

𝑑𝑠2 = −𝑓−2𝑑𝑡2 + 𝑓2∑ 

3

𝑖=1

 𝑑𝑥𝑖𝑑𝑥𝑖  

𝑓 = 1 + 𝑟0/𝑟 

𝐴𝑡 = 𝑓
−1 

𝜕𝑥
2𝑓:=∑  

3

𝑖=1

 𝜕𝑖𝜕𝑖𝑓 = −4𝜋𝛿
(3)(𝑥)  

𝑑𝑥2: = ∑  

𝑖

𝑑𝑥𝑖𝑑𝑥𝑖 

𝜌 = −
1

4𝜋
∇2𝑓 

𝜌0 +∑  

𝑁

𝑘=1

𝑟𝑘𝛿(𝑥 − 𝑥𝑘) 

𝑑𝑠2 = −𝑓−2𝑑𝑡2 + 𝑓∑  

4

𝑖=1

 𝑑𝑥𝑖𝑑𝑥𝑖 = −𝑓−2𝑑𝑡2 + 𝑓𝑑𝑥2,  

𝜕𝑥
2𝑓 = −2Ω3(𝜌0 +∑  

𝑁

𝑘=1

 𝑟𝑘
2𝛿(𝑥 − 𝑥𝑘))Ω3 
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𝑑𝑥‖
2 = −(𝑑𝑥‖

0)
2
+ (𝑑𝑥‖

1)
2
+ (𝑑𝑥‖

2)
2
 

𝐴3= 𝐻2
−1𝑑𝑡 ∧ 𝑑𝑥‖,1 ∧ 𝑑𝑥‖,2  

𝑑𝑠2 = 𝐻2
−2/3

𝑑𝑥‖
2 +𝐻2

1/3
𝑑𝑥⊥

2
 

𝑑𝐴 = 𝐹= −
1

4!
𝜕𝑥⊥𝑖

𝐻5𝜖𝑗𝑘𝑙𝑚
𝑖 𝑑𝑥𝑗 ∧ 𝑑𝑥𝑘 ∧ 𝑑𝑥𝑙 ∧ 𝑑𝑥𝑚 

𝑑𝑠2 = 𝐻5
−1/3

𝑑𝑥‖
2 +𝐻5

2/3
𝑑𝑥⊥

2
 

 

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥⊥
2 + 𝑑𝑧2 + (𝐻𝐴𝑆 − 1)(𝑑𝑡 − 𝑑𝑧)

2  
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𝜕⊥
2𝐻𝐴𝑆 = −7Ω9𝜌 

𝑑𝑠2 = 𝑑𝑥‖
2 +𝐻𝐾𝐾𝑑𝑥⊥

2 +𝐻𝐾𝐾
−1(𝑑𝜃 + 𝑎𝑖𝑑𝑥⊥

𝑖 )
2

 

𝜕⊥
2𝐻𝐾𝐾 = −4𝜋𝜌 

𝜕𝑥⊥𝑖
𝐻𝐾𝐾 = 𝜖𝑖𝑗𝑘𝜕𝑥⊥

𝑗 𝑎𝑘 

𝜌 =
𝐿

4𝜋
𝛿(3)(𝑥⊥) 

𝐴= 𝐻𝑥
−1𝑑𝑡 ∧ 𝑑𝑥‖,1 ∧ 𝑑𝑥‖,2 +𝐻𝑦

−1𝑑𝑡 ∧ 𝑑𝑦‖,1 ∧ 𝑑𝑦‖,2  

𝑑𝑠2= −𝐻𝑥
−2/3

𝐻𝑦
−2/3

𝑑𝑡2 +𝐻𝑥
−2/3

𝐻𝑦
1/3
𝑑𝑥‖

2 +𝐻𝑥
1/3
𝐻𝑦
−2/3

𝑑𝑦‖
2 

 +𝐻𝑥
1/3
𝐻𝑦
1/3
𝑑𝑥⊥

2

 

𝜕𝑥⊥
2 𝐻𝑥 = −7Ω8𝜌𝑥 

𝜕𝑥⊥
2 𝐻𝑦 = −7Ω8𝜌𝑦 

𝜌𝑥 = 𝜌𝑦 = 𝑟0
4𝛿(6)(𝑥⊥) 

𝑥⊥ = 0 like |𝑥⊥|
−4(𝑧‖

1, 𝑧‖
2)  

𝐴= 𝐻𝑥
−1𝑑𝑡 ∧ 𝑑𝑥‖,1 ∧ 𝑑𝑥‖,2 +𝐻𝑦

−1𝑑𝑡 ∧ 𝑑𝑦‖,1 ∧ 𝑑𝑦‖,2 +𝐻𝑧
−1𝑑𝑡 ∧ 𝑑𝑧‖,1 ∧ 𝑑𝑧‖,2 

𝑑𝑠2= −𝐻𝑥
−2/3

𝐻𝑦
−2/3

𝐻𝑧
−2/3

𝑑𝑡2 +𝐻𝑥
−2/3

𝐻𝑦
1/3
𝐻𝑧
1/3
𝑑𝑥‖

2 +𝐻𝑥
1/3
𝐻𝑦
−2/3

𝐻𝑧
1/3
𝑑𝑦‖

2  

 +𝐻𝑥
1/3
𝐻𝑦
1/3
𝐻𝑧
−2/3

𝑑𝑧‖
2 +𝐻𝑥

1/3
𝐻𝑦
1/3
𝐻𝑧
1/3
𝑑𝑥⊥

2

 

𝜕𝑥⊥
2 𝐻𝑥,𝑦,𝑧(𝑥⊥) = −2Ω3𝜌𝑥,𝑦,𝑧(𝑥⊥) 

𝐴 = Ω3𝑟𝑥𝑟𝑦𝑟𝑧𝐿1𝑥𝐿2𝑥𝐿1𝑦𝐿2𝑦𝐿1𝑧𝐿2𝑧  

16𝜋𝐺11 = 2𝜅11
2 = (2𝜋)8𝑙𝑝

9 

𝑄𝑥/𝐿1𝑦𝐿2𝑦𝐿1𝑧𝐿2𝑧 

𝐴/4𝐺11 = 2𝜋√𝑄𝑥𝑄𝑦𝑄𝑧  

𝐸2 = 𝑝2 + (𝑘/𝐿)2 

𝜃,𝜇𝜆
𝜇 = 𝜆𝜇𝜆𝜇 

𝑔𝑎𝑏 = 𝑥𝑎  ,𝜇𝑥
𝑏 ,𝜈𝑔

𝜇𝜈 

𝐴1
𝑎 = −𝑥,𝜇

𝑎𝜃,𝜈𝑔
𝜇𝜈 

𝐿𝑒4𝜙/3 = 𝜆𝜇𝑔𝜇𝜈𝜆
𝜈 

𝑥,𝜈
𝑎𝑔𝜈𝜇𝜆𝜇 = 𝜆

𝜇𝜃,𝜇 = 𝜆
𝜇𝜆𝜇𝜃,𝜇 − 𝜆𝜇 
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𝑐𝑎 = −𝑔𝑎𝑏𝐴1
𝑏  

𝜃,𝜇𝜃,
𝜇 = 𝜆𝜇𝜆𝜇 + 𝐴1𝑎𝐴1

𝑎
 

𝐴1
𝑎 → 𝐴1

𝑎 + Λ,𝑏𝑔
𝑎𝑏; i.e., 𝐴1𝑎 → 𝐴1𝑎 + Λ,𝑎 

𝑑𝑠11
2 = 𝑔𝑎𝑏𝑑𝑥

𝑎𝑑𝑥𝑏 + 𝑒4𝜙/3[𝑑𝜃 + 𝐴1𝑎𝑑𝑥
𝑎]2  

𝐴̂3
𝑎𝑏𝑐 = 𝐴3

𝜇𝜈𝜌
𝑥,𝜇
𝑎𝑥,𝜈

𝑏𝑥,𝜌
𝑐  

𝐴2
𝑎𝑏 = 𝐴3

𝜇𝜈𝜌
𝑥,𝜇
𝑎𝑥,𝜈

𝑏𝜆𝜌 

𝐴1 → 𝐴1 + 𝑑Λ0 

𝐴3 =
1

3!
𝐴̃3𝑎𝑏𝑐𝑑𝑥

𝑎 ∧ 𝑑𝑥𝑏 ∧ 𝑑𝑥𝑐 +
1

2!
𝐴2𝑎𝑏𝑑𝑥

𝑎 ∧ 𝑑𝑥𝑏 ∧ 𝑑𝜃  

𝐴3 → 𝐴2 ∧ 𝑑Λ0 

𝐴3 → 𝐴3 + 𝑑Λ2 and 𝐴2 → 𝐴2 + 𝑑Λ1 

𝑆9+1, white particle =
1

2𝜅10
2 ∫  𝑑

10𝑥 [√−𝑔 (𝑒2𝜙/3𝑅 −
1

2
𝑒2𝜙|𝐹2|

2)  

−
1

4𝜅10
2 ∫  𝑑

10𝑥√−𝑔(𝑒−2𝜙/3|𝐹2|3 + 𝑒
2𝜙/3|𝐹̃4|

2
) 

−
1

4𝜅10
2 ∫  𝐴2 ∧ 𝐹4 ∧ 𝐹4]

 

𝐹𝑛 = 𝑑𝐴𝑛−1 

𝐹̃4 = 𝑑𝐴3 − 𝐴1 ∧ 𝐹3 

𝜅10
2 = 𝜅11

2 /𝐿 

𝑔𝐸 = 𝑒
𝜙/6𝑔 

𝑆dark particle =
1

2𝜅10
2 ∫  𝑑

10𝑥√−𝑔𝐸 (𝑅𝐸 −
1

2
𝜕𝑎𝜙𝜕

𝑎𝜙)  

−
1

4𝜅10
2 ∫  𝑑

10𝑥√−𝑔𝐸 (𝑒
3𝜙/2|𝐹2|

2 + 𝑒−𝜙|𝐹2|3 + 𝑒
𝜙/2|𝐹̃4|

2
) 

 −
1

4𝜅10
2 ∫  𝐴2 ∧ 𝐹4 ∧ 𝐹4

 

𝑆white particle =
1

2𝜅10
2 ∫  𝑑

10𝑥√−𝑔𝑆𝑒
−2𝜙 (𝑅𝑆 + 4𝜕𝑎𝜙𝜕

𝑎𝜙 −
1

2
|𝐹3|

2) 

 −
1

4𝜅10
2 ∫  𝑑

10𝑥√−𝑔𝑆(|𝐹2|
2 + |𝐹̃4

2|)

 −
1

4𝜅10
2 ∫  𝐴2 ∧ 𝐹4 ∧ 𝐹4

 

𝑐 = ℏ = 1 
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2𝜅10
2 = (2𝜋)7𝑔𝑠

2𝑙𝑠
8 

𝑑𝐴8−𝑛 =⋆ 𝐹𝑛+1 

𝑑𝑠supergravity 
2 = 𝐻𝑝

−1/2
𝑑𝑥‖

2 +𝐻𝑝
1/2
𝑑𝑥⊥

2 

𝐴𝑝+1= 𝐻𝑝
−1𝑑𝑥‖

0 ∧ …∧ 𝑑𝑥‖
𝑝

 

𝑒2𝜙 = 𝐻𝑝
(3−𝑝)/2

 

𝜕⊥
2𝐻𝑝 = −(7 − 𝑝)Ω8−𝑝𝑟0

7−𝑝
𝛿(9−𝑝)(𝑥⊥)  

𝑑𝑠supergravity
2 = 𝐻𝑝

−1/2
(−𝑓𝑑𝑡2 +∑ 

𝑝

𝑖=1

  (𝑑𝑥‖
𝑖)
2
)+ 𝐻𝑝

1/2
(
𝑑𝑟2

𝑓
+ 𝑟2𝑑Ω8−𝑝

2 ) 

𝐴𝑝+1= [1 + coth𝛽(𝐻𝑝
−1 − 1)]𝑑𝑥‖

0 ∧ …∧ 𝑑𝑥‖
𝑝

 

𝑒2𝜙 = 𝐻𝑝
(3−𝑝)/2

 

𝐻𝑝 = 1 +
sinh2 𝛽𝑟+

7−𝑝

𝑟7−𝑝
, 𝑓 = 1 −

𝑟+
7−𝑝

𝑟7−𝑝
 

𝑄 =
(7 − 𝑝)Ω8−𝑝

2𝜅10
2 𝑟+

7−𝑝
sinh 𝛽cosh 𝛽 

𝑀/𝑉𝑝=
(8 − 𝑝)Ω8−𝑝𝑟+

7−𝑝

2𝜅10
2 (1 +

7 − 𝑝

8 − 𝑝
sinh2 𝛽) 

𝑇=
7 − 𝑝

4𝜋𝑟+cosh 𝛽
 

𝑆/𝑉𝑝 =
4𝜋Ω8−𝑝

2𝜅2
cosh 𝛽𝑟+

(8−𝑝)

 

𝛽 → ∞, 𝑟+ → 0 

𝑀/𝑉𝑝 

𝑀/𝑉𝑝 → 𝑄 and 𝑆 → 0 

𝑑𝑠supergravity 
2 = 𝐻𝐹

−1𝑑𝑥‖
2 + 𝑑𝑥⊥

2  

𝐴2= 𝐻𝐹
−1𝑑𝑥‖

0 ∧ 𝑑𝑥‖
1  

𝑒2𝜙 = 𝐻𝐹
−1

 

𝑑𝑠supergravity 
2 = 𝑑𝑥‖

2 +𝐻5𝑑𝑥⊥
2 

𝐹3= −
1

3!
𝜕𝑥⊥𝑖

𝐻5𝜖𝑖𝑗𝑘𝑙𝑑𝑥⊥
𝑗
∧ 𝑑𝑥⊥

𝑘 ∧ 𝑑𝑥⊥
𝑙  

𝑒2𝜙 = 𝐻5
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√−𝑔𝑆|𝐹5|
2 

√−𝑔|𝐹2|
2 

AdS5 × 𝑆
5 

𝜏 = 𝐴0 + 𝑖𝑒
−𝜙 

ℳ𝑖𝑗 =
1

Im𝜏
[ |𝜏|

2 −Re𝜏
−Re𝜏 1

] 

𝐴2
𝑖 = [

𝐵2
𝐴2
] 

𝑆white particle =
1

2𝜅10
2 ∫  𝑑

10𝑥√−𝑔𝐸 (𝑅𝐸 −
1

12
𝐹𝑎𝑏𝑐
𝑖 ℳ𝑖𝑗𝐹

𝑗𝑎𝑏𝑐 +
1

4
(𝜕𝑎ℳ𝑖𝑗𝜕𝑎ℳ

−1𝑖𝑗)) 

 −
1

8𝜅10
2 ∫  𝑑

10𝑥√−𝑔𝑆|𝐹̃5|
2
−

1

4𝜅10
2 ∫  𝐴4 ∧ 𝐻3 ∧ 𝐹3

 

𝐹3
𝑖 =

1

3!
𝐹𝑎𝑏𝑐
𝑖 𝑑𝑥𝑎 ∧ 𝑑𝑥𝑏 ∧ 𝑑𝑥𝑐 = 𝑑𝐴2

𝑖  
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𝐹̃5 = 𝐹5 +
1

2
𝜖𝑖𝑗𝐴2

𝑖 ∧ 𝐹3
𝑗
 

𝜏 →
𝑎𝜏 + 𝑏

𝑐𝜏 + 𝑑
, 𝐹3
𝑖 → Λ𝑗

𝑖𝐹3
𝑗

𝐹̃5 → 𝐹̃5, 𝑔𝐸 → 𝑔𝐸

 

Λ𝑗
𝑖 = [

𝑑 𝑐
𝑏 𝑎

] 

detΛ = 1 

Λ𝑗
𝑖 = [

0 1
−1 0

] 

𝑔̃𝑧𝑧= 1/𝑔𝑧𝑧, 𝑔̃𝑧𝛼 = 𝐵𝑧𝛼/𝑔𝑧𝑧,  

𝑔̃𝛼𝛽= 𝑔𝛼𝛽 − (𝑔𝑧𝛼𝑔𝑧𝛽 − 𝐵𝑧𝛼𝐵𝑧𝛼)/𝑔𝑧𝑧, 𝐵̃𝑧𝛼 = 𝑔𝑧𝛼/𝑔𝑧𝑧  

𝐵̃𝛼𝛽 = 𝐵𝛼𝛽 − (𝑔𝑧𝛼𝐵𝛽𝑧 − 𝑔𝑧𝛽𝐵𝛼𝑧)/𝑔𝑧𝑧, 𝜙̃ = 𝜙 + log 𝑔𝑧𝑧

 

4𝜋2𝑙𝑠
2

𝐿
 

𝐹̃𝑛,𝛼1…𝛼𝑛 = (𝔖𝔊)𝐹𝑛+1,𝑧𝛼1…𝛼𝑛 ,

𝐹̃𝑛,𝑧𝛼1…𝛼𝑛−1 = (𝔖𝔊)𝐹𝑛−1,𝛼1…𝛼𝑛−1 .
 

𝛿0𝜙̂(𝑥) = 𝜙̂(𝑥) − 𝜙0(𝑥) 

𝛿𝑛𝜙̂ = 𝜙(𝑥) − 𝜙‾𝑛 

𝛼′ ∝ 𝑙𝑠
2 

16𝜋𝐺 = 2𝜅10
2 = (2𝜋)7𝑔𝑠

2𝑙𝑠
8 

𝐺𝑇 ∼ 𝑛𝑔𝑠 

𝑆 = 2𝜋√𝑄𝑧𝑛/6 

𝑆 = 2𝜋√𝑄𝑦𝑄𝑧 

𝑆 = 𝐴/4𝐺11 

𝑆 =
1

4𝜋𝛼′
∫  𝑑2𝜎[𝜕𝛼𝑋

𝜇𝜕𝛼𝑋𝜇 + 𝜓‾
𝜇 ∂̸𝜓𝜇]  

𝑇 =
1

2𝜋𝛼′
 

𝐸2 = 𝑃⃗ 2 + (
𝑛

𝑅
−
𝑚𝑅

𝛼′
)
2

+
4

𝛼′
𝑁𝐿

𝐸2 = 𝑃⃗ 2 + (
𝑛

𝑅
+
𝑚𝑅

𝛼′
)
2

+
4

𝛼′
𝑁𝑅
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𝑃9𝑅
2 − 𝑃9𝐿

2 = 4𝑛𝑚 = 4(𝑁𝐿 −𝑁𝑅),  

𝑃9𝐿,𝑅 =
𝑛

𝑅
∓
𝑚𝑅

𝛼′
 

{𝑄𝛼
𝐿 , 𝑄𝛽

𝐿} = Γ𝛼𝛽
𝜇
𝑃𝜇𝐿, {𝑄𝛼

𝑅, 𝑄𝛽
𝑅} = Γ𝛼𝛽

𝜇
𝑃𝜇𝑅  

𝑃0 ≥ |𝑃⃗ 𝐿|, 𝑃
0 ≥ |𝑃⃗ 𝑅| 

𝑅 → 𝑅′ =
𝛼′

𝑅
, 𝑔 → 𝑔′ =

𝑔√𝛼′

𝑅
.  

  

𝑆 =
1

16𝜋𝐺𝑁
10∫  𝑑

10𝑥√−𝐺 [𝑒−2𝜙 (𝑅 + 4(∇𝜙)2 −
1

3
𝐻2) − 𝛼′𝐺2 −

𝛼′

12
𝐹′2

−
𝛼′

288
𝜖𝜇1…𝜇10𝐹𝜇1𝜇2𝜇3𝜇4𝐹𝜇5𝜇6𝜇7𝜇8𝐵𝜇9𝜇10]

 

𝑆 ∼ ∫  √𝑔𝑅 

𝑔𝐸 = 𝑒
−𝜙/2𝐺 

𝐹 = 𝑑𝐴 =∗ 𝐹 

𝑔 → 𝑔′ =
1

𝑔
, 𝑅𝑖 → 𝑅𝑖 =

𝑅𝑖

√𝑔
 

𝑔 = 𝑒𝜙∞ 

𝐺𝑁
10 = 8𝜋6𝑔2𝛼′4 

𝜇𝑝∫  
𝑉𝑝+1

 𝐴𝑝+1  

𝑑𝐴̃7−𝑝 =∗ 𝑑𝐴𝑝+1 
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𝜕𝜎𝑋
𝜇 = 0 for  𝜇 = 0,… , 𝑝,

𝑋𝜇 = 0 for  𝜇 = 𝑝 + 1,… ,9.
 

𝑃2 =
4

𝛼′
𝑁open [

1 2 2
2 3 0
2 0 0

] 

𝐸 =
𝑅9
𝛼′𝑔

+∑  

𝑖

  𝜖𝑖 = 𝐸0 +
𝑁𝐿 +𝑁𝑅
𝑅9

 

𝑁𝑅 = ∑  

𝑛>0

𝑛𝑁𝑛 , 𝑁𝐿 = ∑  

𝑛<0

𝑛𝑁𝑛 

𝑇𝐷 =
1

2𝜋𝑔𝛼′
 

  

𝑆 =
1

4𝑔
∫  𝑑10𝑥Tr[𝐹𝜇𝜈𝐹

𝜇𝜈] +  white particles  

𝐴𝜇(𝑥9 + 2𝜋𝑅9) = 𝑈𝐴𝜇(𝑥9)𝑈
−1 

𝑉 =∑ 

𝐼𝐽

Tr[𝐴𝐼 , 𝐴𝐽]
2
 

𝐴𝐼 =

(

 

𝑓𝐼
1(𝑢, 𝑣)

⋅
⋅

𝑓𝐼
𝑄(𝑢, 𝑣))

 ,  

4𝜕𝑢𝜕𝑣(𝛿𝐴𝐼)𝑚𝑛 − (𝑓𝐽
𝑛 − 𝑓𝐽

𝑚)
2
(𝛿𝐴𝐼)𝑚𝑛 = 0  

𝑓𝐼
𝑛(𝑥9 + 2𝜋𝑅9) = 𝑓𝐼

𝑛+1(𝑥9) 

𝐸 =
𝑅9𝑄

𝑔𝛼′
+
𝑁𝐿
′ +𝑁𝑅

′

𝑄𝑅9
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𝑃 = (𝑁𝐿
′ −𝑁𝑅

′ )/𝑄𝑅9 = 𝑁/𝑅9 

  

𝑆𝑅(𝑧) = ±Γ
0⋯Γ𝑝𝑆𝐿(𝑧‾)|𝑧=𝑧‾ .  

𝜖𝑅 = Γ
0⋯Γ𝑝𝜖𝐿  

𝑟𝑠
7−𝑝

∼ 𝑔 

𝑟𝑠
7−𝑝

= 𝑄𝑔 

 

𝑀 = 𝑐𝑝𝑄𝑝 + 𝑐𝑝−4𝑄𝑝−4 

𝑀 ∼ √𝑐𝑝
′𝑄𝑝

2 + 𝑐𝑝−2
′ 𝑄𝑝−2

2  

𝑑𝑠2 = −Δ𝑑𝑡2 + Δ−1𝑑𝑟2 + 𝑟2𝑑Ω2
2

Δ = (1 −
𝑟+
𝑟
) (1 −

𝑟−
𝑟
)

 

𝑀 =
1

2𝐺𝑁
4
(𝑟+ + 𝑟−), 𝑄 =

1

𝐺𝑁
4 √𝑟+𝑟−  

𝑑𝑠2 = ℎ[𝑓𝑠
−1(−𝑑𝑡2 + 𝑑𝑥9

2) + 𝑑𝑥1
2 +⋯+ 𝑑𝑥8

2]  

𝛿𝜆= [𝜕𝜇𝜙𝛾
𝜇Γ11 +

1

6
𝐻𝜇𝜈𝜌𝛾

𝜇𝜈𝜌] 𝜂,  

𝛿𝜓𝜇 = [𝜕𝜇 +
1

4
(𝜔𝜇

𝑎𝑏 +𝐻𝜇
𝑎𝑏Γ11)Γ𝑎𝑏] 𝜂,
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𝜂 = 𝜖𝑅 + 𝜖𝐿 

{Γ𝑎 , Γ𝑏} = 2𝜂𝑎𝑏 , 𝛾
𝜇 = 𝑒𝑎

𝜇
Γ𝑎 and 𝛾𝜇1⋯𝜇𝑛 

𝑑𝑠2= 𝑓𝑓
−1(−𝑑𝑡2 + 𝑑𝑥9

2) + 𝑑𝑥1
2 +⋯+ 𝑑𝑥8

2 

𝐵09 =
1

2
(𝑓𝑓

−1 − 1)

𝑒−2(𝜙−𝜙∞) = 𝑓𝑓

 

𝜖𝑅,𝐿 = 𝑓𝑓
−1/4

𝜖𝑅,𝐿
0 , Γ0Γ9𝜖𝑅

0 = 𝜖𝑅
0, Γ0Γ9𝜖𝐿

0 = −𝜖𝐿
0  

𝑓𝑓 = 1 +
𝑄𝑓

𝑟6
,  

𝑐𝑓
10 =

8𝐺𝑁
10

𝛼′6𝜔7
,  

𝜔𝑑 =
2𝜋𝑑/2

Γ(𝑑/2)
 

𝑓𝑓 =∑ 

𝑖

𝑐𝑓
10/(𝑟 − 𝑟 𝑖)

6 

𝑑𝑠2= −𝑑𝑡2 + 𝑓𝑠5(𝑑𝑥1
2 +⋯+ 𝑑𝑥4

2) + 𝑑𝑥5
2 +⋯+ 𝑑𝑥9

2 

𝑒−2(𝜙−𝜙∞) = 𝑓𝑠5
−1

𝐻𝑖𝑗𝑘 = (𝑑𝐵)𝑖𝑗𝑘 =
1

2
𝜖𝑖𝑗𝑘𝑙𝜕𝑙𝑓𝑠5, 𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3,4

 

𝑓𝑠5 = 1 +
𝑐𝑠5

(𝑥1
2 +⋯+ 𝑥4

2)
 

𝑐5
𝑠 = 𝛼′ [

 4[1]
−1

] 

𝜖𝐿
0 = Γ1Γ2Γ3Γ4𝜖𝐿

0, 𝜖𝑅
0 = −Γ1Γ2Γ3Γ4𝜖𝑅

0  

𝑑𝑠2= 𝑓𝑝
−1/2

(−𝑑𝑡2 + 𝑑𝑥1
2 +⋯+ 𝑑𝑥𝑝

2) + 𝑓𝑝
1/2
(𝑑𝑥𝑝+1

2 +⋯+ 𝑑𝑥9
2) 

𝑒−2𝜙 = 𝑓𝑝

𝑝−3
2

𝐴0⋯𝑝 = −
1

2
(𝑓𝑝
−1 − 1)

 

𝑓𝑝 = 1 + 𝑛𝑐𝑝
10/𝑟7−𝑝 

𝑑𝑠2= 𝑓𝑓
−1𝑑𝑢[𝑑𝑣 + 𝑘̃(𝑟)𝑑𝑢 + 2𝐹′𝑖(𝑢)𝑑𝑦𝑖] + 𝑑𝑦𝑖𝑑𝑦𝑖 

𝐵𝑢𝑣 = −
1

4
(𝑓𝑓

−1 − 1)

𝐵𝑢𝑖 = 𝑓𝑓
−1𝐹′𝑖(𝑢)

𝑒−2𝜙 = 𝑓𝑓
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𝑦𝑖 = 𝑥𝑖 − 𝐹𝑖(𝑢), 𝑣 = 𝑣̃ + ∫ [𝐹′𝑖(𝑢0)]
2

𝑢

[𝐹′𝑖(𝑢0)]
2
𝑑𝑢0  

𝑑𝑠2= 𝑓𝑓
−1(𝑟 , 𝑢)𝑑𝑢[𝑑𝑣̃ − 2(𝑓𝑓(𝑟 , 𝑢) − 1)𝐹

𝑖(𝑢)𝑑𝑥𝑖 + 𝑘(𝑟 , 𝑢)𝑑𝑢] + 𝑑𝑥𝑖𝑑𝑥𝑖 

𝑘(𝑟 , 𝑢)= 𝑘̃(𝑟 , 𝑢) + (𝑓𝑓 − 1)(𝐹
′(𝑢))2  

𝐵𝑢𝑣= −
1

4
(𝑓𝑓
−1(𝑟 , 𝑢) − 1)  

𝐵𝑢𝑖 = (𝑓𝑓
−1(𝑟 , 𝑢) − 1)𝐹𝑖(𝑢)

 

𝑓𝑓(𝑟 , 𝑢) = 𝑓𝑓(𝑟 − 𝐹 (𝑢)) 

𝑘(𝑟 , 𝑢) = 𝑘(𝑟 − 𝐹 (𝑢)) 

𝑘(𝑟) = 𝑃(𝑢)2𝜋𝛼′𝑐𝑓
10/𝑟6 

𝜖𝑅
0 = Γ0Γ9𝜖𝑅

0, 𝜖𝐿
0 = 0  

𝑔𝐸 = 𝑒
−𝜙/2𝐺supergravity  

𝑔𝐸𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 

𝑃𝑖 =
𝑚

2𝜋𝛼′
𝐹′𝑖(𝑢)  

(Θ𝛼𝛽) = (

𝑚

2𝜋𝛼′
+ 𝑃(𝑢) −𝑃(𝑢)

−𝑃(𝑢) −
𝑚

2𝜋𝛼′
+ 𝑃(𝑢)

). 

𝑀12 ∼ (𝑓′1𝑓2 − 𝑓′2𝑓1)(𝑢)  

𝑃(𝑢)𝑚

2𝜋𝛼
=

𝑚2

(2𝜋𝛼′)2
𝐹′𝑖(𝑢)2.  
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𝐾 =
𝑐𝑃𝑁

𝑟7−𝑝
 

𝑐𝑃 =
𝛼′

𝑅9
2 𝑐𝑓 

−𝑑𝑡2 + 𝑑𝑥9
2 → −𝑑𝑡2 + 𝑑𝑥9

2 + 𝑘(𝑑𝑡 − 𝑑𝑥9)
2 

𝜖𝑅
0 = Γ0Γ9𝜖𝑅

0, 𝜖𝐿
0 = Γ0Γ9𝜖𝐿

0  

𝑓 = 1 +∑  

𝑖

𝑐𝑝/(𝑟 − 𝑟 𝑖)
7−𝑝 

𝑓 = 1 + ∑  

𝑛⃗ ∈ Lattice 

 
𝑐

(𝑟 − 2𝜋𝑅𝑖𝑛⃗ )
7−𝑝  

𝑓 = 1 + 𝑐𝑃
(𝑑)
/𝑟𝑑−3 

𝑓𝑓
(𝑑)
= 1 +

𝑐𝑓
(𝑑)
𝑚

𝜌𝑑−3
,  where  𝑐𝑓

(𝑑)
=

16𝜋𝐺𝑁
𝑑𝑅9

𝛼′(𝑑 − 3)𝜔𝑑−2
 

𝑒−2𝜙𝑑= 𝑒−2𝜙10√𝐺99 = √𝑓𝑓
(𝑑)(1 + 𝑘𝑑)  

𝑑𝑠𝐸
2 = −

1

[𝑓𝑓
(𝑑)(1 + 𝑘𝑑)]

𝑑−3
𝑑−2

𝑑𝑡2 + [𝑓𝑓
(𝑑)
(1 + 𝑘𝑑)]

1
𝑑−2

𝑑𝑥 2
 

𝑔𝐸 = 𝑒
−𝜙/2𝐺 
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𝑔̃𝐸 = 𝑒
−
(𝜙−𝜙∞)

2 𝐺 = 𝑔1/2𝑔𝐸 

𝑀𝐸 = 𝑔
1/4𝑀 

𝐺𝑁
𝑑 = 𝐺𝑁

10/𝑉10−𝑑 

𝑀𝑓 =
𝑅9
𝛼′
.  

𝑔′1/4𝑀′ = 𝑀𝐸
′ = 𝑀𝐸 = 𝑔

1/4
𝑅9
𝛼′

 

𝑀1𝐷 =
𝑅9
𝑔𝛼′

 

𝑀 =
𝑅9
𝑔𝛼′

=
𝑅9𝑅8

′

𝑔′𝛼′3/2
 

𝑀𝑝𝐷 =
𝑅10−𝑝⋯𝑅9

𝑔𝛼′(𝑝+1)/2
 

𝑀𝑠5 =
𝑅5⋯𝑅9
𝑔2𝛼′3

 

𝑔̃𝐸00 ∼
16𝜋𝐺𝑁

𝑑𝑀

(𝑑 − 2)𝜔𝑑−2

1

𝑟𝑑−3
=
𝑑 − 3

𝑑 − 2

𝑐(𝑑)

𝑟𝑑−3
 

𝑆𝑛, 𝜔𝑛 =
2𝜋𝑛/2

Γ(𝑛/2)
 

𝐺𝑁
10 = 8𝜋6𝑔2𝛼′4  

𝑐1
(5)
=
4𝐺𝑁

5𝑅9
𝜋𝛼′𝑔

, 𝑐5
(5)
= 𝑔𝛼′, 𝑐𝑃

(5)
=
4𝐺𝑁

5

𝜋𝑅9
 

𝑐2
(4)
=
4𝐺𝑁

4𝑅4𝑅9
𝑔𝛼′3/2

, 𝑐5
(4)
=
𝛼′

2𝑅4

𝑐6
(4)
=
𝑔𝛼′1/2

2
, 𝑐𝑃

(4)
=
4𝐺𝑁

4

𝑅9

 

𝑑𝑠𝑠𝑡𝑟
2 = 𝑓1

−
1
2𝑓5
−
1
2(−𝑑𝑡2 + 𝑑𝑥9

2 + 𝑘(𝑑𝑡 − 𝑑𝑥9)
2)  

 +𝑓1

1
2𝑓5

1
2(𝑑𝑥1

2 +⋯+ 𝑑𝑥4
2) + 𝑓1

1
2𝑓5
−
1
2(𝑑𝑥5

2 +⋯+ 𝑑𝑥8
2)

𝑒−2(𝜙10−𝜙∞) = 𝑓5𝑓1
−1

𝐵09
′  =

1

2
(𝑓1
−1 − 1)

𝐻𝑖𝑗𝑘
′  = (𝑑𝐵′)𝑖𝑗𝑘 =

1

2
𝜖𝑖𝑗𝑘𝑙𝜕𝑙𝑓5, 𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3,4
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𝑓1 = 1 +
𝑐1
(5)
𝑄1

𝑥2
, 𝑓5 = 1 +

𝑐5
(5)
𝑄5

𝑥2
, 𝑘 =

𝑐𝑃
(5)
𝑁

𝑥2
 

𝐻3
′𝑅𝑅 = 𝑑𝐵2

′𝑅𝑅 

𝐹2 =∗5 𝐻3
′𝑅𝑅. 𝑄5 

𝜖𝐿(Γ
11𝜖𝑅,𝐿 = 𝜖𝑅,𝐿) 

𝜖𝑅 = Γ
0Γ9𝜖𝐿, 𝜖𝑅 = Γ

0Γ5Γ6Γ7Γ8Γ9𝜖𝐿  

Γ0Γ9𝜖𝑅 = 𝜖𝑅 , Γ
0Γ9𝜖𝐿 = 𝜖𝐿  

𝜖𝐿 = 𝜖𝑅 = 𝜖𝑆𝑂(1,1)
+ 𝜖𝑆𝑂(4)

+ 𝜖𝑆𝑂(4)
+

 

𝑔𝐸
5 = 𝑒−4𝜙5/3𝐺string 

5  

𝑑𝑠𝐸
2 = −

1

(𝑓1𝑓5(1 + 𝑘))
2
3

𝑑𝑡2 + (𝑓1𝑓5(1 + 𝑘))
1
3(𝑑𝑥1

2 +⋯+ 𝑑𝑥4
2)  

𝑆𝑒 =
𝐴𝐻

4𝐺𝑁
5 = 2𝜋√𝑁𝑄1𝑄5  

𝑐𝑃𝑁 = 𝑐1𝑄1 = 𝑐5𝑄5 = 𝑟𝑒
2  

𝑒−2𝜙10 = 𝑓𝑝 
𝑝−3
2  

𝑑𝑠2 = −𝜆𝑑𝑡2 + 𝜆−1𝑑𝑟2 + 𝑟2𝑑Ω3
2

𝜆 = (1 −
𝑟+
2

𝑟2
)(1 −

𝑟−
2

𝑟2
)

 

𝑀 =
3𝜋

8𝐺𝑁
5
(𝑟+
2 + 𝑟−

2), 𝑄 =
3𝜋

4𝐺𝑁
5 𝑟+𝑟−  

𝑒−2(𝜙−𝜙∞) = (1 +
𝑟0
2sinh2 𝛾

𝑟2
)(1 +

𝑟0
2sinh2 𝛼

𝑟2
)

−1

𝑑𝑠𝑠𝑡𝑟
2 = (1 +

𝑟0
2sinh2 𝛼

𝑟2
)

−1/2

(1 +
𝑟0
2sinh2 𝛾

𝑟2
)

−1/2

[−𝑑𝑡2 + 𝑑𝑥9
2

+
𝑟0
2

𝑟2
(cosh 𝜎𝑑𝑡 + sinh 𝜎𝑑𝑥9)

2 + (1 +
𝑟0
2sinh2 𝛼

𝑟2
) (𝑑𝑥5

2 +⋯+ 𝑑𝑥8
2)]

+(1 +
𝑟0
2sinh2 𝛼

𝑟2
)

1/2

(1 +
𝑟0
2sinh2 𝛾

𝑟2
)

1/2

[(1 −
𝑟0
2

𝑟2
)

−1

𝑑𝑟2 + 𝑟2𝑑Ω3
2]
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𝑄1=
𝑉

4𝜋2𝑔
∫  𝑒𝜙6 ∗ 𝐻′ =

𝑉𝑟0
2

2𝑔
sinh 2𝛼 

𝑄5 =
1

4𝜋2𝑔
∫  𝐻′ =

𝑟0
2

2𝑔
sinh 2𝛾

𝑁 =
𝑅2𝑉𝑟0

2

2𝑔2
sinh 2𝜎

 

𝑑𝑠5
2 = −𝜆−2/3 (1 −

𝑟0
2

𝑟2
)𝑑𝑡2 + 𝜆1/3 [(1 −

𝑟0
2

𝑟2
)

−1

𝑑𝑟2 + 𝑟2𝑑Ω3
2]  

𝜆 = (1 +
𝑟0
2sinh2 𝛼

𝑟2
)(1 +

𝑟0
2sinh2 𝛾

𝑟2
)(1 +

𝑟0
2sinh2 𝜎

𝑟2
)  

𝐸 =
𝑅𝑉𝑟0

2

2𝑔2
(cosh 2𝛼 + cosh 2𝛾 + cosh 2𝜎).  

𝑆 =
𝐴10

4𝐺𝑁
10 =

𝐴5

4𝐺𝑁
5 =

2𝜋𝑅𝑉𝑟0
3

𝑔2
cosh 𝛼cosh 𝛾cosh 𝜎.  

𝑇 =
1

2𝜋𝑟0cosh 𝛼cosh 𝛾cosh 𝜎
 

𝑃1  =
𝑅𝑉𝑟0

2

2𝑔2
[cosh 2𝜎 −

1

2
(cosh 2𝛼 + cosh 2𝛾)] ,

𝑃2  =
𝑅𝑉𝑟0

2

2𝑔2
(cosh 2𝛼 − cosh 2𝛾).

 

𝐸𝑒𝑥𝑡=
𝑅|𝑄1|

𝑔
+
𝑅𝑉|𝑄5|

𝑔
+
|𝑁|

𝑅
,  

𝑆𝑒𝑥𝑡= 2𝜋√|𝑄1𝑄5𝑁|  

𝑇𝑒𝑥𝑡 = 0

𝑃1𝑒𝑥𝑡 =
|𝑁|

𝑅
−
𝑅|𝑄1|

2𝑔
−
𝑅𝑉|𝑄5|

2𝑔
,

𝑃2𝑒𝑥𝑡 =
𝑅|𝑄1|

𝑔
−
𝑅𝑉|𝑄5|

𝑔
.

 

𝑀 =
𝑅

𝑔
, 𝑃1 = −

𝑅

2𝑔
, 𝑃2 =

𝑅

𝑔
 

𝑀 =
𝑅𝑉

𝑔
, 𝑃1 = −

𝑅𝑉

2𝑔
, 𝑃2 = −

𝑅𝑉

𝑔
 

𝑀 =
1

𝑅
, 𝑃1 =

1

𝑅
, 𝑃2 = 0  
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𝑁1 =
𝑉𝑟0

2

4𝑔
𝑒2𝛼

𝑁1 =
𝑉𝑟0

2

4𝑔
𝑒−2𝛼

𝑁5 =
𝑟0
2

4𝑔
𝑒2𝛾

𝑁5 =
𝑟0
2

4𝑔
𝑒−2𝛾

𝑁𝑅 =
𝑟0
2𝑅2𝑉

4𝑔2
𝑒2𝜎

𝑁𝐿 =
𝑟0
2𝑅2𝑉

4𝑔2
𝑒−2𝜎

 

𝐸 =
𝑅

𝑔
(𝑁1 +𝑁1) +

𝑅𝑉

𝑔
(𝑁5 +𝑁5) +

1

𝑅
(𝑁𝑅 +𝑁𝐿)  

𝑉 = (
𝑁1𝑁1
𝑁5𝑁5

)

1/2

𝑅 = (
𝑔2𝑁𝑅𝑁𝐿
𝑁1𝑁1

)

1/4
 

𝑅

𝑔
(𝑁1 +𝑁1) =

𝑅𝑉

𝑔
(𝑁5 +𝑁5) =

1

𝑅
(𝑁𝑅 +𝑁𝐿).  

𝑆 = 2𝜋(√𝑁1 +√𝑁1)(√𝑁5 +√𝑁5)(√𝑁𝐿 +√𝑁𝑅)  

𝑆 = 2𝜋|𝑇𝐴𝐵𝐶𝑉
𝐴𝑉𝐵𝑉𝐶|1/2  

𝑆 = 2𝜋∑  

𝑖,𝑗,𝑘

  |𝑇𝐴𝐵𝐶𝑉𝑖
𝐴𝑉𝑗

𝐵𝑉𝑘
𝐶|
1/2

 

𝐽1 =
1

2
(𝐹𝑅 + 𝐹𝐿), 𝐽2 =

1

2
(𝐹𝑅 − 𝐹𝐿)  

[1] [
1 − 1
5

] , [1] [

1 − 6
6
6
4

] 

𝑆𝑒𝑥𝑡 = 2𝜋√𝑁𝑄1𝑄5 − 𝐽1𝐽2  

𝑒−2𝜙 = 𝑓2
−1/2

𝑓6
3/2

 

𝑒−2𝜙 = 𝑓2
−1/2

𝑓6
3/2
𝑓𝑠5
−1 

𝑇6 = 𝑇4 × 𝑆1
′ × 𝑆1 

Γ4𝜖𝑅 = 𝜖𝐿 = 𝜖𝑆𝑂(1,1)
+ 𝜖𝑆𝑂(4)

+ 𝜖𝑆𝑂(4)
+
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𝑑𝑠𝑠𝑡𝑟
2 = 𝑓2

−
1
2𝑓6
−
1
2(−𝑑𝑡2 + 𝑑𝑥9

2 + 𝑘(𝑑𝑡 − 𝑑𝑥9)
2) + 𝑓𝑠5𝑓2

−
1
2𝑓6

−
1
2𝑑𝑥4

2 

+𝑓2

1
2𝑓6
−
1
2(𝑑𝑥5

2 +⋯+ 𝑑𝑥8
2) + 𝑓𝑠5𝑓2

1
2𝑓6

1
2(𝑑𝑥1

2 +⋯+ 𝑑𝑥3
2)  

𝑒−2(𝜙10−𝜙∞)= 𝑓𝑠5
−1𝑓2

−
1
2𝑓6

3
2,  

𝐻𝑖𝑗4=
1

2
𝜖𝑖𝑗𝑘𝜕𝑘𝑓𝑠5 𝑖, 𝑗, 𝑘 = 1,2,3  

𝐶049=
1

2
(𝑓2
−1 − 1),  

(𝑑𝐴)𝑖𝑗 =
1

2
𝜖𝑖𝑗𝑘𝜕𝑘𝑓6 𝑖, 𝑗, 𝑘 = 1,2,3

 

𝑓2 = 1 +
𝑐2
(4)
𝑄2
𝑟

, 𝑓5 = 1 +
𝑐𝑠5
(4)
𝑄5
𝑟

, 𝑓6 = 1 +
𝑐6
(4)
𝑄6
𝑟

, 𝑘 =
𝑐𝑃
(4)
𝑁

𝑟
 

𝑆 =
𝐴4

4𝐺𝑁
4 = 2𝜋√𝑄2𝑄5𝑄6𝑁  

𝑑𝑠2= −𝜒−1/2(𝑟) (1 −
𝑟0
𝑟
) 𝑑𝑡2 + 𝜒1/2(𝑟) [(1 −

𝑟0
𝑟
)
−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)] 

𝜒(𝑟) = (1 +
𝑟0sinh

2 𝛼2
𝑟

)(1 +
𝑟0sinh

2 𝛼5
𝑟

)(1 +
𝑟0sinh

2 𝛼6
𝑟

) (1 +
𝑟0sinh

2 𝛼𝑝
𝑟

)

 

𝑄2=
𝑟0𝑉

𝑔
sinh 2𝛼2  

𝑄5= 𝑟0𝑅4sinh 2𝛼5  

𝑄6 =
𝑟0
𝑔
sinh 2𝛼6

𝑁 =
𝑟0𝑉𝑅9

2𝑅4
𝑔2

sinh 2𝛼𝑝

 

𝐺𝑁
4 = 𝑔2/(8𝑉𝑅4𝑅9) 

𝑀 =
𝑟0𝑉𝑅4𝑅9
𝑔2

(cosh 2𝛼2 + cosh 2𝛼5 + cosh 2𝛼6 + cosh 2𝛼𝑝)  

𝑆 =
𝐴4

4𝐺𝑁
4 =

8𝜋𝑟0
2𝑉𝑅4𝑅9
𝑔2

cosh 𝛼2cosh 𝛼5cosh 𝛼6cosh 𝛼𝑝  

𝑃1=
𝑟0𝑉𝑅4𝑅9
𝑔2

(cosh 2𝛼2 + cosh 2𝛼6 − cosh 2𝛼5 − cosh 2𝛼𝑝) 

𝑃2 =
𝑟0𝑉𝑅4𝑅9
𝑔2

(cosh 2𝛼2 − cosh 2𝛼6)

𝑃3 =
𝑟0𝑉𝑅4𝑅9
𝑔2

(cosh 2𝛼5 − cosh 2𝛼𝑝)

 

𝑀 = 𝑃1 = 𝑃2 =
𝑅4𝑅9
𝑔

, 𝑃3 = 0  
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𝑀 = 𝑃1 = −𝑃2 =
𝑉𝑅4𝑅9
𝑔

, 𝑃3 = 0  

𝑀 = −𝑃1 = 𝑃3 =
𝑉𝑅9
𝑔2

, 𝑃2 = 0  

𝑀 = −𝑃1 = −𝑃3 =
1

𝑅9
, 𝑃2 = 0  

𝑁𝑅 =
𝑟0𝑉𝑅9

2𝑅4
2𝑔2

𝑒2𝛼𝑝 ,        𝑁𝐿 =
𝑟0𝑉𝑅9

2𝑅4
2𝑔2

𝑒−2𝛼𝑝        

𝑁2=
𝑟0𝑉

2𝑔
𝑒2𝛼2 ,         𝑁2=

𝑟0𝑉

2𝑔
𝑒−2𝛼2         

𝑁5 =
𝑟0𝑅4
2
𝑒2𝛼5 ,         𝑁5 =

𝑟0𝑅4
2
𝑒−2𝛼5         

𝑁6 =
𝑟0
2𝑔
𝑒2𝛼6 ,         𝑁6 =

𝑟0
2𝑔
𝑒−2𝛼6         

 

𝑀 =
1

𝑅1
(𝑁𝑅 +𝑁𝐿) +

𝑅9𝑅4
𝑔

(𝑁2 +𝑁2) +
𝑉𝑅9
𝑔2

(𝑁5 +𝑁5) +
𝑉𝑅9𝑅4
𝑔

(𝑁6 +𝑁6),  

𝑉 = √
𝑁2𝑁2
𝑁6𝑁6

, 𝑅4 = √
𝑁5𝑁5
𝑔2𝑁6𝑁6

, 𝑅9
2𝑅4 = √

𝑔2𝑁𝑅𝑁𝐿
𝑁2𝑁2

.  

𝑆 = 2𝜋(√𝑁𝑅 +√𝑁𝐿)(√𝑁2 +√𝑁2)(√𝑁5 +√𝑁5)(√𝑁6 +√𝑁6).  

𝑆 = 2𝜋 ∑  

𝑖,𝑗,𝑘,𝑙

 √𝑇𝐴𝐵𝐶𝐷𝑉𝑖
𝐴𝑉𝑗

𝐵𝑉𝑘
𝐶𝑉𝑙

𝐷 ,  

𝑆 = 2𝜋 (√𝑁𝑅𝑁2𝑁5𝑁6 +√𝑁𝐿𝑁2𝑁5𝑁6 − 𝐽
2)  

  

𝐷𝐼𝐽 =
1

2
𝜖𝐼𝐽𝐾𝐿𝐷𝐾𝐿 

𝑉 ∼∑  

𝑎

𝐷12
𝑎2 + 𝐷13

𝑎2 + 𝐷14
𝑎2 

𝐷𝑎 ∼ 𝜙†𝑇𝑎𝜙′ 

𝑉 = Tr𝐹𝐼𝐽𝐹
𝐼𝐽 =∑ 

𝐼𝐽

 Tr[𝐴𝐼 , 𝐴𝐽]
2
=∑ 

𝑎

 𝐷12
𝑎2 + 𝐷13

𝑎2 + 𝐷14
𝑎2

 

𝐷𝐼𝐽
𝑎𝑇𝑎 = [𝐴𝐼 , 𝐴𝐽] +

1

2
𝜖𝐼𝐽𝐾𝐿[𝐴𝐾 , 𝐴𝐿]  
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𝐷𝐼𝐽
𝑎 = 𝑓𝑏𝑐

𝑎 (𝐴𝐼
𝑏𝐴𝐽

𝑐 +
1

2
𝜖𝐼𝐽𝐾𝐿𝐴𝐾

𝑏𝐴𝐿
𝑐) + 𝜒†𝑇𝑎Γ𝐼𝐽𝜒

𝑉 =∑  

𝑎𝐼𝐽

 𝐷𝐼𝐽
𝑎2

 

𝑆=
1

𝑔
∫  Tr(𝐹𝛼𝛽𝐹

𝛼𝛽) + Tr(𝐹𝛼𝛽
′ 𝐹′𝛼𝛽) + Tr[(𝜕𝛼𝐴𝐼 + [𝐴𝛼 , 𝐴𝐼])

2]  

 +Tr[(𝜕𝛼𝐴𝐼
′ + [𝐴𝛼

′ , 𝐴𝐼
′])2] + |(𝜕𝛼 + 𝐴𝛼

𝑎𝑇𝑎 + 𝐴𝛼
′𝑎𝑇𝑎)𝜒|2 +∑  

𝑎𝐼𝐽

 𝐷𝐼𝐽
𝑎2

 

SO(4)𝐸 ∼ SU(2)𝐿 × SU(2)𝑅 

𝑆𝑒 = √𝜋(2𝑁𝐵 +𝑁𝐹)𝐸𝐿/6 = 2𝜋√𝑄1𝑄5𝑁,  

𝐸 =
𝑙2

2
 

(𝑇4)𝑄1𝑄5/𝑆(𝑄1𝑄5) 

𝑆 = 2𝜋√𝑁′ = 2𝜋√𝑁𝑄1𝑄5  

  

√𝑁 + 𝛿𝑁𝑅 − √𝑁 

𝛿𝑁𝑅/𝑁𝐿 

√𝛿𝑁𝑅/𝑁𝐿 

Δ𝑆

𝑆𝑒
|
oscill 

= √
𝛿𝑁𝑅
𝑁
.  

Δ𝑆

𝑆
|
gravity 

= √
𝛿𝑁1
𝑄1
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Δ𝑆

𝑆
|
total 

= √
𝛿𝑁𝑅
𝑁

+√
𝛿𝑁1
𝑄1

+√
𝛿𝑁5
𝑄5

 

𝛿𝑆𝑒
𝑆
|
supergravity 

=
3

√2
√
𝛿𝑀

𝑀𝑒
 

𝑑Γ ∼
𝑑4𝑘

𝑘0

1

𝑝0
𝑅𝑝0

𝐿𝑉𝑅
𝛿 (𝑘0 − (𝑝0

𝑅 + 𝑝0
𝐿))∑  

𝑖,𝑓

  |⟨Ψ𝑓|𝐻𝑖𝑛𝑡|Ψ𝑖⟩|

2

 

𝒜 ∼ 𝑔𝑘0
2.  

𝜌𝑅(𝑛) =
1

𝑁𝑖
∑ 

𝑖

  ⟨Ψ𝑖|𝑎𝑛
𝑅†𝑎𝑛

𝑅|Ψ𝑖⟩  

𝐸𝑅 = 𝛿𝑁𝑅/𝑅9 = 𝛿𝑁𝑅
′/𝑅9𝑄1𝑄5 

𝑍 =∑ 

𝑁′

𝑞𝑁
′
𝑑(𝑁′) =∑  

𝑁′

𝑞𝑁
′
𝑒2𝜋√𝑁

′
 

𝛿𝑁𝑅𝑄1𝑄5 = 𝛿𝑁𝑅
′ = 𝑞

𝜕

𝜕𝑞
log 𝑍 

log 𝑞 = −𝜋√1/𝑄1𝑄5𝛿𝑁𝑅 

𝜌𝑅(𝑘0) =
𝑞𝑛

1 − 𝑞𝑛
=

𝑒
−𝑘0
2𝑇𝑅

1 − 𝑒
−𝑘0
2𝑇𝑅

. 

𝑇𝑅 =
1

𝜋

1

𝑅
√
𝛿𝑁𝑅
𝑄1𝑄5

. 

𝑇𝑅 =
𝑟0
2𝑅9𝑉

2𝑔𝑆𝑒
 

𝑇𝐿 =
1

𝜋

1

𝑅
√

𝑁

𝑄1𝑄5
.  

𝜌𝐿 ∼
2𝑇𝐿
𝑘0

=
2

𝜋𝑘0𝑅
√

𝑁

𝑄1𝑄5
.  

𝑑Γ ∼
𝑑4𝑘

𝑘0

1

𝑝0
𝑅𝑝0

𝐿𝑅𝑉
|𝒜|2𝑄1𝑄5𝑅𝜌𝑅(𝑘0)𝜌𝐿(𝑘0)  
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∑ 

𝑛

𝛿(𝑘0 − 2𝑛/𝑅𝑄1𝑄5) ∼ 𝑅𝑄1𝑄5 

𝑑Γ ∼
𝑔2

𝑅𝑉
√𝑄1𝑄5𝑁

𝑒
−𝑘0
2𝑇𝑅

1 − 𝑒
−𝑘0
2𝑇𝑅

𝑑4𝑘 ∼ ( Area )
𝑒
−𝑘0
2𝑇𝑅

1 − 𝑒
−𝑘0
2𝑇𝑅

𝑑4𝑘  

𝑇𝐻 = 2𝑇𝑅  

𝛿𝑀min ∼
𝐺𝑁
5

𝑟𝑒
4

 

𝛿𝑀min ∼
1

𝑄1𝑄5𝑅
 

  

  

𝑆 = 2𝜋√
(2𝑁𝐵 +𝑁𝐹)𝐸𝑅9

12
 

𝑆stat = 2𝜋√𝑄2𝑄5𝑄6𝑁  

𝛿𝑀 ∼
𝐺𝑁
4

𝑟𝑒
3 ∼

1

𝑅𝑄2𝑄5𝑄6
 

𝑆 = 2𝜋√𝑁2𝑁5𝑁6(√𝑁𝑅 +√𝑁𝐿)  

𝑆 = 2𝜋√
𝑐

6
(√𝑁𝑅 +√𝑁̃𝐿)  

𝑛̃𝐿 = 𝑛𝐿 − 6𝐽
2/𝑐 
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𝑆 = 2𝜋√𝐽2 +𝑁𝑄2𝑄5𝑄6  

𝐺𝜇𝜈 = 2𝜕[𝜇𝐴𝜇], 𝐻𝜇𝜈𝜌 = 3𝜕[𝜇𝐵𝜈𝜌], 𝐹𝜇𝜈𝜌𝜎
′ = 4𝜕[𝜇𝐶𝜈𝜌𝜎] + 8𝐴[𝜇𝐻𝜈𝜌𝜎] 

ℒ = ∫  𝑑2Θ2ℰ [−
1

8
(𝒟

2
− 8ℛ)𝑁(ℛ,ℛ) + ℱ(ℛ)] +  h.c.  

𝑁 =
12

𝑀2
ℛℛ −

𝜉

2
(ℛℛ)2, ℱ = 𝛼 + 3𝛽ℛ,  

𝑒−1ℒ =−
1

12
[3(𝛽 + 𝛽‾) −

24

𝑀2
|𝑋|2 + 11𝜉|𝑋|4 −

2

9
(
6

𝑀2
− 𝜉|𝑋|2) 𝑏𝑚𝑏

𝑚] (𝑅 +
2

3
𝑏𝑚𝑏

𝑚) 

+(
6

𝑀2
− 𝜉|𝑋|2)(

1

72
𝑅2 − 2𝜕𝑚𝑋𝜕

𝑚𝑋‾ +
1

18
(∇𝑚𝑏

𝑚)2 −
1

162
(𝑏𝑚𝑏

𝑚)2)  

 +
𝑖

2
(𝛽 − 𝛽‾)∇𝑚𝑏

𝑚 −
𝑖

3
(
12

𝑀2
− 𝜉|𝑋|2) 𝑏𝑚(𝑋‾𝜕𝑚𝑋 − 𝑋𝜕𝑚𝑋‾) − 𝑈(𝑋, 𝑋‾),

 

𝑈 = −6(𝛼𝑋‾ + 𝛼‾𝑋) − 6(𝛽 + 𝛽‾)|𝑋|2 −
48

𝑀2
|𝑋|4 + 18𝜉|𝑋|6  

𝑀4𝜉

144
≡ 𝜁  and  |𝑋| ≡

𝑀

2√6
𝜎  

𝑒−1ℒ =
1

2
𝑓(𝑅, 𝜎) −

1

2
(1 − 𝜁𝜎2)(𝜕𝜎)2 − 𝑈,  

𝑓(𝑅, 𝜎) = (1 +
1

6
𝜎2 −

11

24
𝜁𝜎4)𝑅 +

1

6𝑀2
(1 − 𝜁𝜎2)𝑅2

𝑈 =
1

2
𝑀2𝜎2 (1 −

1

6
𝜎2 +

3

8
𝜁𝜎4)

 

𝑒−1ℒ =
1

2
[𝑓𝜒(𝑅 − 𝜒) + 𝑓] −

1

2
(1 − 𝜁𝜎2)(𝜕𝜎)2 − 𝑈,  

𝑓𝜒 ≡
𝜕𝑓

𝜕𝜒
 

𝑓 ≡ 𝑓(𝜒, 𝜎) 

𝑔𝑚𝑛 → 𝑓𝜒
−1𝑔𝑚𝑛, 𝑒 → 𝑓𝜒

−2𝑒

𝑒𝑓𝜒𝑅 → 𝑒𝑅 −
3

2
𝑒𝑓𝜒

−2(𝜕𝑓𝜒)
2  

𝑓𝜒 = 𝐴 + 𝐵𝜒  with 

𝐴 ≡ 1 +
1

6
𝜎2 −

11

24
𝜁𝜎4  and  𝐵 ≡

1

3𝑀2
(1 − 𝜁𝜎2),

 

𝑓𝜒 = exp [√
2

3
𝜑]  
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𝜒 =
1

𝐵
(𝑒

√2
3
𝜑
− 𝐴)   and  𝑓 =

1

2𝐵
(𝑒

2√
2
3
𝜑
− 𝐴2)  

𝑒−1ℒ =
1

2
𝑅 −

1

2
(𝜕𝜑)2 −

1

2
(1 − 𝜁𝜎2)𝑒

−√
2
3
𝜑
(𝜕𝜎)2 − 𝑉  

𝑉=
1

4𝐵
(1 − 𝐴𝑒

−√
2
3
𝜑
)

2

+ 𝑒
−2√

2
3
𝜑
𝑈  

 =
3𝑀2

4(1 − 𝜁𝜎2)
[1 − 𝑒

−√
2
3
𝜑
−
1

6
𝜎2 (1 −

11

4
𝜁𝜎2) 𝑒

−√
2
3
𝜑
]

2

+
𝑀2

2
𝑒
−2√

2
3
𝜑
𝜎2 (1 −

1

6
𝜎2 +

3

8
𝜁𝜎4)

 

𝜎2 > 1/𝜁 

𝜎2 = 1/𝜁 

𝜎2 < 1/𝜁) 

ℒ = ∫  𝑑2Θ2ℰ {−
1

8
(𝒟

2
− 8ℛ)𝑁(𝐒, 𝐒) + ℱ(𝐒) + 6𝐓(𝐒 − ℛ)} +  h.c.  

∫  𝑑2Θ2ℰ (𝒟
2
− 8ℛ) (𝐓 + 𝐓) +  h.c. = −16∫  𝑑2Θ2ℰℛ𝐓 +  h.c.  

ℒ = ∫  𝑑2Θ2ℰ {
3

8
(𝒟

2
− 8ℛ) [𝐓 + 𝐓 −

1

3
𝑁(𝐒, 𝐒)] + ℱ(𝐒) + 6𝐓𝐒} +  h.c.  

ℒ = ∫  𝑑2Θ2ℰ [
3

8
(𝒟

2
− 8ℛ)𝑒−𝐾/3 +𝑊] +  h.c.  

𝐾 = −3log (𝐓 + 𝐓 − 𝑁̃), 𝑁̃ ≡
1

3
𝑁 = 𝐒𝐒 −

3

2
𝜁(𝐒𝐒)2

𝑊 = 3𝑀𝐒(𝐓 −
1

2
)

 

𝑒−1ℒ =
1

2
𝑅 − 𝐾𝑖𝚥‾𝜕𝑚Φ

𝑖𝜕𝑚Φ‾ 𝑗 − 𝑒𝐾(𝐾𝑖𝚥‾𝐷𝑖𝑊𝐷𝚥‾𝑊‾ − 3|𝑊|
2),  

𝐾𝑖𝚥‾ = (
𝐾𝑇𝑇‾ 𝐾𝑇𝑆‾
𝐾𝑆𝑇‾ 𝐾𝑆𝑆‾

) =
3

𝑃2
(
1 −𝑁̃𝑆‾

−𝑁̃𝑆 𝑁̃𝑆𝑁̃𝑆‾ + 𝑃𝑁̃𝑆𝑆‾
)  

𝐾𝑖𝚥‾ = (𝐾
𝑇𝑇‾ 𝐾𝑇𝑆‾

𝐾𝑆𝑇‾ 𝐾𝑆𝑆‾
) =

𝑃

3
(
𝑃 + 𝑁̃𝑆𝑆‾𝑁̃𝑆𝑁̃𝑆‾ 𝑁̃𝑆𝑆‾𝑁̃𝑆

𝑁̃𝑆𝑆‾𝑁̃𝑆‾ 𝑁̃𝑆𝑆‾
) .  

𝑒−1ℒkin = −
3

𝑃2
[𝜕𝑇𝜕𝑇‾ − 𝑁̃𝑆𝜕𝑆𝜕𝑇‾ − 𝑁̃𝑆‾𝜕𝑇𝜕𝑆‾ + (𝑁̃𝑆𝑁̃𝑆‾ + 𝑃𝑁̃𝑆𝑆‾)𝜕𝑆𝜕𝑆‾]  

|𝑆| = 𝜎/√6 
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𝑃 = exp [√
2

3
𝜑] 

𝑒−1ℒkin = −
1

2
(𝜕𝜑)2 −

1

2
(1 − 𝜁𝜎2)𝑒

−√
2
3
𝜑
(𝜕𝜎)2  

𝑉 =
1

4𝐵
(1 − 𝐴𝑥)2 + 𝑥2𝑈, where 

{
 
 

 
 𝐴 = 1 +

1

6
𝜎2 −

11

24
𝜁𝜎4,

𝐵 =
1

3𝑀2
(1 − 𝜁𝜎2),

𝑈 =
𝑀2

2
𝜎2 (1 −

1

6
𝜎2 +

3

8
𝜁𝜎4) .

 

𝜕𝑥𝑉 =
𝐴

2𝐵
(𝐴𝑥 − 1) + 2𝑥𝑈 = 0

𝜕𝜎𝑉 =
2𝑥𝐴′𝐵 + (1 − 𝐴𝑥)𝐵′

4𝐵2
(𝐴𝑥 − 1) + 𝑥2𝑈′ = 0

 

𝐴𝑥 = 1, 𝑈 = 𝑈′ = 0  

𝜎2 =
2

27𝜁
(2 ± √4 − 162𝜁)  

𝜎2 =
2

9𝜁
(1 ± √1 − 54𝜁)  

  

𝑒−1ℒ =
1

2
𝑅 −

1

2
𝐺𝐴𝐵𝜕𝜙

𝐴𝜕𝜙𝐵 − 𝑉,  

𝐺𝐴𝐵 = (
1 0

0 (1 − 𝜁𝜎2)𝑒
−√

2
3
𝜑
) .  

◻𝜙𝐶 + Γ𝐴𝐵
𝐶 𝜕𝜙𝐴𝜕𝜙𝐵 = 𝐺𝐴𝐶𝜕𝐴𝑉,  

◻≡ ∇𝑚∇
𝑚 

Γ𝜎𝜑
𝜎 = −

1

√6
, Γ𝜎𝜎
𝜑
=
1

√6
(1 − 𝜁𝜎2)𝑒

−√
2
3
𝜑
, Γ𝜎𝜎
𝜎 = −

𝜁𝜎

1 − 𝜁𝜎2
.  
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𝜑̈ + 3𝐻𝜑̇ +
1

√6
(1 − 𝜁𝜎2)𝑒

−√
2
3
𝜑
𝜎̇2 + 𝜕𝜑𝑉 = 0

𝜎̈ + 3𝐻𝜎̇ −
𝜁𝜎𝜎̇2

1 − 𝜁𝜎2
−√

2

3
𝜑̇𝜎̇ +

𝑒
√2
3
𝜑

1 − 𝜁𝜎2
𝜕𝜎𝑉 = 0

 

3𝐻2  =
1

2
𝜑̇2 +

1

2
(1 − 𝜁𝜎2)𝑒

−√
2
3
𝜑
𝜎̇2 + 𝑉

𝐻̇  = −
1

2
𝜑̇2 −

1

2
(1 − 𝜁𝜎2)𝑒

−√
2
3
𝜑
𝜎̇2

 

𝜖 ≡ −
𝐻̇

𝐻2
= −

𝐻̇̃

𝐻̃2
 

Σ𝐴 ≡
𝜙̇𝐴

|𝜙̇|
 , Ω𝐴 ≡

𝜔𝐴

|𝜔|
,  

|𝑎| ≡ √𝐺𝐴𝐵𝑎
𝐴𝑎𝐵 

𝜔𝐴 ≡ Σ̇𝐴 + Γ𝐵𝐶
𝐴 Σ𝐵𝜙̇𝐶  

{
 
 

 
 𝜔𝜑 = Σ̇𝜑 +

1

√6
(1 − 𝜁𝜎2)𝑒

−√
2
3
𝜑
Σ𝜎𝜎̇

𝜔𝜎 = Σ̇𝜎 −
1

√6
(Σ𝜑𝜎̇ + Σ𝜎𝜑̇) −

𝜁𝜎

1 − 𝜁𝜎2
Σ𝜎𝜎̇

 

ℳ𝐵
𝐴 ≡ 𝐺𝐴𝐶∇𝐵𝜕𝐶𝑉 − 𝑅𝐶𝐷𝐵

𝐴 𝜙̇𝐶𝜙̇𝐷  

𝑅𝜎𝜎𝜑
𝜑

=
1

6
(1 − 𝜁𝜎2)𝑒

−√
2
3
𝜑
, 𝑅𝜑𝜑𝜎
𝜎 =

1

6
.  

𝜂ΣΣ ≡
ℳ𝐵

𝐴Σ𝐴Σ
𝐵

𝑉
, 𝜂ΩΩ ≡

ℳ𝐵
𝐴Ω𝐴Ω

𝐵

𝑉
,  

𝑇𝑆𝑆(𝑡1, 𝑡2) ≡ exp [∫  
𝑡2

𝑡1

 𝑑𝑡′𝛽(𝑡′)𝐻(𝑡′)]

𝑇𝑅𝑆(𝑡1, 𝑡2) ≡ 2∫  
𝑡2

𝑡1

 𝑑𝑡′|𝜔(𝑡′)|𝑇𝑆𝑆(𝑡1, 𝑡2)

 

𝛽(𝑡) ≡ −2𝜖 + 𝜂ΣΣ − 𝜂ΩΩ −
4|𝜔|2

3𝐻2
 

𝑛𝑠 = 1 − 6𝜖 + 2𝜂ΣΣ  and  𝑟 =
16𝜖

1 + 𝑇𝑅𝑆
2  

𝑛𝑠 = 0.9649 ± 0.0042(1𝜎CL)  and  𝑟 < 0.064(2𝜎CL).  
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𝜑(0) = 5, 𝜎̇(0) = 79.784527415607, 𝜎(0) = 𝜑̇(0) = 0.  

𝑁 =
12

𝑀2
|ℛ|2 −

72

𝑀4
𝜁|ℛ|4 −

768

𝑀6
𝛾|ℛ|6,

ℱ = −3ℛ +
3√6

𝑀
𝛿ℛ2,

 

  

𝑒−1ℒ =
1

2
𝑅 −

1

2
(𝜕𝜑)2 −

3𝑀2

2
𝐵𝑒

−√
2
3
𝜑
(𝜕𝜎)2 −

1

4𝐵
(1 − 𝐴𝑒

−√
2
3
𝜑
)

2

− 𝑒
−2√

2
3
𝜑
𝑈  
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𝐴 = 1 − 𝛿𝜎 +
1

6
𝜎2 −

11

24
𝜁𝜎4 −

29

54
𝛾𝜎6

𝐵 =
1

3𝑀2
(1 − 𝜁𝜎2 − 𝛾𝜎4)

𝑈 =
𝑀2

2
𝜎2 (1 +

1

2
𝛿𝜎 −

1

6
𝜎2 +

3

8
𝜁𝜎4 +

25

54
𝛾𝜎6)

 

0 = 𝜑̈ + 3𝐻𝜑̇ +
1

√6
(1 − 𝜁𝜎2 − 𝛾𝜎4)𝑒

−√
2
3
𝜑
𝜎̇2 + 𝜕𝜑𝑉

0 = 𝜎̈ + 3𝐻𝜎̇ −
𝜁𝜎 + 2𝛾𝜎3

1 − 𝜁𝜎2 − 𝛾𝜎4
𝜎̇2 −√

2

3
𝜑̇𝜎̇ +

𝑒
√2
3
𝜑

1 − 𝜁𝜎2 − 𝛾𝜎4
𝜕𝜎𝑉

0 =
1

2
𝜑̇2 +

1

2
(1 − 𝜁𝜎2 − 𝛾𝜎4)𝑒

−√
2
3
𝜑
𝜎̇2 + 𝐻̇

0 = 𝑉 − 3𝐻2 − 𝐻̇

 

  

  

𝑛𝑠 ≈ 0.9545  and  𝑟max ≈ 0.006  

𝜕𝜑𝑉 = 𝜕𝜎𝑉 = 𝐇 = 0  
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𝑀PBH ≃
𝑀Pl
2

𝐻(𝑡∗)
exp [2(𝑁end − 𝑁∗) + ∫  

𝑡exit

𝑡∗

 𝜖(𝑡)𝐻(𝑡)𝑑𝑡] ,  

𝑀̃PBH ≃ 10
20 (

7 × 1012

𝑘Mpc
)

2

 g, 𝛽𝑓(𝑘) ≃
𝜎(𝑘)

√2𝜋𝛿𝑐
𝑒
−

𝛿𝑐
2

2𝜎2(𝑘)

𝜎2(𝑘) =
16

81
∫  
𝑑𝑞

𝑞
(
𝑞

𝑘
)
4

𝑒−𝑞
2/𝑘2𝑃𝜁(𝑞)

 

ΩPBH(𝑘)

ΩDM
≡ 𝑓(𝑘) ≃

1.2 × 1024𝛽𝑓(𝑘)

√𝑀̃PBH(𝑘)g
−1

 

𝑓tot = ∫  𝑑(log 𝑀̃PBH)𝑓(𝑀̃PBH)  

  

  

  

ℒ = ∫  𝑑2Θ2ℰ [
3

8
(𝒟

2
− 8ℛ)𝑒

−𝐾(𝚽𝑖,𝚽
𝑖
)/3
+𝑊(𝚽𝑖)] +  h.c.  

𝒟2 ≡ 𝒟𝛼𝒟𝛼 
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𝒟
2
≡ 𝒟𝛼̇𝒟

𝛼̇
 

𝚽 = Φ+ √2Θ𝜒 + Θ2𝐹  

2ℰ = 𝑒[1 + 𝑖Θ𝜎𝑚𝜓‾𝑚 + Θ
2(6𝑋‾ − 𝜓‾𝑚𝜎‾

𝑚𝑛𝜓‾𝑛)]

ℛ = 𝑋 + Θ(−
1

6
𝜎𝑚𝜎‾𝑛𝜓𝑚𝑛 − 𝑖𝜎

𝑚𝜓‾𝑚𝑋 −
𝑖

6
𝜓𝑚𝑏

𝑚) +

 +Θ2 (−
1

12
𝑅 −

𝑖

6
𝜓‾𝑚𝜎‾𝑛𝜓𝑚𝑛 − 4𝑋𝑋‾ −

1

18
𝑏𝑚𝑏

𝑚 +
𝑖

6
∇𝑚𝑏

𝑚 +

+
1

2
𝜓‾𝑚𝜓‾

𝑚𝑋 +
1

12
𝜓𝑚𝜎

𝑚𝜓‾𝑛𝑏
𝑛 −

1

48
𝜀𝑎𝑏𝑐𝑑(𝜓‾𝑎𝜎‾𝑏𝜓𝑐𝑑 + 𝜓𝑎𝜎𝑏𝜓‾𝑐𝑑))

 

𝑒 ≡ det(𝑒𝑚
𝑎 ) 

𝜓𝑚𝑛 ≡ 𝐷̃𝑚𝜓𝑛 − 𝐷̃𝑛𝜓𝑚 

𝐷̃𝑚𝜓𝑛 ≡ 𝜕𝑚𝜓𝑛 + 𝜓𝑛𝜔𝑚 

𝑒−1ℒ =
1

2
𝑅 − 𝐾𝑖𝚥‾𝜕𝑚Φ

𝑖𝜕𝑚Φ‾ 𝑗 − 𝑒𝐾(𝐾𝑖𝚥‾𝐷𝑖𝑊𝐷𝚥‾𝑊‾ − 3|𝑊|
2)  

𝐾𝑖𝚥‾ ≡
𝜕2𝐾

𝜕Φ𝑖𝜕Φ‾ 𝑗
, 𝐾𝑖𝚥‾ ≡ 𝐾𝑖𝚥‾

−1, 𝐷𝑖𝑊 ≡
𝜕𝑊

𝜕Φ𝑖
+𝑊

𝜕𝐾

𝜕Φ𝑖
 

𝛽iso =
𝑇SS
2

1 + 𝑇SS
2 + 𝑇RS

2 = 𝒪(𝑒−1200)  

𝑥𝑖 = 𝜒𝑖 , 𝑦𝑖 = e
−𝜑𝑖  

𝑧𝑖 = 𝑥𝑖 + i𝑦𝑖  

ℒ4 =𝑅 ⋆ 1 −
1

2
∑  

3

𝑖=1

  (⋆  d𝜑𝑖 ∧  d𝜑𝑖 + e
2𝜑𝑖 ⋆  d𝜒𝑖 ∧  d𝜒𝑖) −

1

2
e−𝜑1(e𝜑2+𝜑3 ⋆ ℱ1 ∧ ℱ1 + e𝜑2−𝜑3 ⋆ ℱ̃2 ∧ ℱ̃2

+e−𝜑2+𝜑3 ⋆ ℱ̃3 ∧ ℱ̃3 + e
−𝜑2−𝜑3 ⋆ ℱ4 ∧ ℱ4) + 𝜒1(𝐹

1 ∧ 𝐹4 + 𝐹̃2 ∧ 𝐹̃3)

 

ℱ1 = 𝐹1 + 𝜒3𝐹̃2 + 𝜒2𝐹̃3 − 𝜒2𝜒3𝐹
4, ℱ4 = 𝐹4

ℱ̃2 = 𝐹̃2 − 𝜒2𝐹
4, ℱ̃3 = 𝐹̃3 − 𝜒3𝐹

4  

𝜒1(ℱ
1 ∧ ℱ4 + ℱ̃2 ∧ ℱ̃3) 

ℒ4 = d
4𝑥√−𝑔 [𝑅 −

1

2
𝑓𝐴𝐵(Φ)𝜕𝜇Φ

𝐴𝜕𝜇Φ𝐵 −
1

4
𝑘𝐼𝐽(Φ)𝐅𝜇𝜈

𝐼 𝐅𝐽𝜇𝜈 +
1

4
ℎ𝐼𝐽(Φ)𝜖

𝜇𝜈𝜌𝜎𝐅𝜇𝜈
𝐼 𝐅𝜌𝜎

𝐽
] ,  

Φ𝐴 = (𝜑1, 𝜑2, 𝜑3, 𝜒1, 𝜒2, 𝜒3) 

𝐀𝐼 = (𝐴1, 𝐴̃2, 𝐴̃3, 𝐴
4) 

𝑓𝐴𝐵 = diag(1,1,1, e
2𝜑1 , e2𝜑2 , e2𝜑3), ℎ𝐼𝐽 = −

𝜒1
2
(

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

) ,  
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ℳ𝑖 =
1

𝑦𝑖
(
1 𝑥𝑖
𝑥𝑖 𝑥𝑖

2 + 𝑦𝑖
2) = (

e𝜑𝑖 𝜒𝑖e
𝜑𝑖

𝜒𝑖e
𝜑𝑖 e−𝜑𝑖 + 𝜒𝑖

2e𝜑𝑖
) .  

SL(2,ℝ)1 × SL(2,ℝ)2 × SL(2,ℝ)3 

ℳ𝑖 → 𝜔𝑖
𝑇ℳ𝑖𝜔𝑖,  

𝜔𝑖 = (
𝑑 𝑏
𝑐 𝑎

) , 𝑎𝑑 − 𝑏𝑐 = 1  

ℒscalar = −
1

2
∑  

3

𝑖=1

  (⋆  d𝜑𝑖 ∧  d𝜑𝑖 + e
2𝜑𝑖 ⋆  d𝜒𝑖 ∧  d𝜒𝑖) =

1

4
∑  

3

𝑖=1

 Tr(⋆  dℳ𝑖
−1 ∧  dℳ𝑖),  

−𝐴̃1 ∧  d𝐹1 = −𝐹̃1 ∧ 𝐹
1 + d(𝐴̃1 ∧ 𝐹

1)  

𝐹̃1 − 𝜒1𝐹
4 = −e−𝜑1+𝜑2+𝜑3 ⋆ ℱ1.  

𝐹̃4 − 𝜒1𝐹
1 = e−𝜑1(−e−𝜑2−𝜑3 ⋆ ℱ4 + 𝜒2𝜒3e

𝜑2+𝜑3 ⋆ ℱ1 + 𝜒2e
𝜑2−𝜑3 ⋆ ℱ̃2 + 𝜒3e

−𝜑2+𝜑3 ⋆ ℱ̃3).  

𝐴2 ∧  d𝐹̃2 = 𝐹
2 ∧ 𝐹̃2 − d(𝐴

2 ∧ 𝐹̃2),  

𝐹2 + 𝜒1𝐹̃3 = e
−𝜑1+𝜑2(e−𝜑3 ⋆ ℱ̃2 + 𝜒3e

𝜑3 ⋆ ℱ1)

𝐹3 + 𝜒1𝐹̃2 = e
−𝜑1+𝜑3(e−𝜑2 ⋆ ℱ̃3 + 𝜒2e

𝜑2 ⋆ ℱ1)
 

ℒ4 =𝑅 ⋆ 1 −
1

2
∑  

3

𝑖=1

  (⋆  d𝜑𝑖 ∧  d𝜑𝑖 + e
2𝜑𝑖 ⋆  d𝜒𝑖 ∧  d𝜒𝑖) −

1

2
e−𝜑1−𝜑2−𝜑3 ⋆ 𝐹4 ∧ 𝐹4

−
1

2
∑  

3

𝑖=1

  e2𝜑𝑖−𝜑1−𝜑2−𝜑3 ⋆ (𝐹̃𝑖 − 𝜒𝑖𝐹
4) ∧ (𝐹̃𝑖 − 𝜒𝑖𝐹

4) + 𝜒1𝜒2𝜒3𝐹
4 ∧ 𝐹4  

 −(𝜒1𝜒2𝐹̃3 + 𝜒2𝜒3𝐹̃1 + 𝜒3𝜒1𝐹̃2) ∧ 𝐹
4 + 𝜒1𝐹̃2 ∧ 𝐹̃3 + 𝜒2𝐹̃3 ∧ 𝐹̃1 + 𝜒3𝐹̃1 ∧ 𝐹̃2

 

e𝜑1−𝜑2−𝜑3 ⋆ (𝐹̃1 − 𝜒1𝐹
4) = 𝐹1 + 𝜒3𝐹̃2 + 𝜒2𝐹̃3 − 𝜒2𝜒3𝐹

4

e𝜑2−𝜑3−𝜑1 ⋆ (𝐹̃2 − 𝜒2𝐹
4) = 𝐹2 + 𝜒1𝐹̃3 + 𝜒3𝐹̃1 − 𝜒3𝜒1𝐹

4

e𝜑3−𝜑1−𝜑2 ⋆ (𝐹̃3 − 𝜒3𝐹
4) = 𝐹3 + 𝜒2𝐹̃1 + 𝜒1𝐹̃2 − 𝜒1𝜒2𝐹

4

 

𝐹̃4 =−e
−𝜑1−𝜑2−𝜑3 ⋆ 𝐹4 +∑ 

3

𝑖=1

  e2𝜑𝑖−𝜑1−𝜑2−𝜑3𝜒𝑖 ⋆ (𝐹̃𝑖 − 𝜒𝑖𝐹
4) + 2𝜒1𝜒2𝜒3𝐹

4 

 −(𝜒2𝜒3𝐹̃1 + 𝜒3𝜒1𝐹̃2 + 𝜒1𝜒2𝐹̃3)

 

𝐴0 ≡ −𝐴̃4, 𝐴̃0 ≡ 𝐴
4  

𝐹̃Λ = d𝐴̃Λ 

ℒ4 = 𝑅 ⋆ 1 − 2𝑔𝑖𝚥‾ ⋆  d𝑋𝑖 ∧  d𝑋‾𝚥‾ +
1

2
𝐹̃Λ ∧ 𝐺̃

Λ  

𝑔𝑖𝚥‾ = 𝜕𝑖𝜕𝚥‾𝐾 
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𝐹(𝑋) = −
𝑋1𝑋2𝑋3

𝑋0
 

𝐴/√3 ≡ 𝐴1 = 𝐴2 = 𝐴3, 𝜑/√3 ≡ 𝜑1 = 𝜑2 = 𝜑3 and 𝜒/√3 ≡ 𝜒1 = 𝜒2 = 𝜒3 

ℒ4 =𝑅 ⋆ 1 −
1

2
⋆  d𝜑 ∧  d𝜑 −

1

2
e2𝜑/√3 ⋆  d𝜒 ∧  d𝜒 −

1

2
e−𝜑/√3 ⋆ (𝐹̃ − 𝜒𝐹4) ∧ (𝐹̃ − 𝜒𝐹4)

 −
1

2
e−√3𝜑 ⋆ 𝐹4 ∧ 𝐹4 +

𝜒

√3
(𝐹̃ ∧ 𝐹̃ − 𝜒𝐹̃ ∧ 𝐹4 +

𝜒2

3
𝐹4 ∧ 𝐹4)

 

ℒ4 = 𝑅 ⋆ 1 −
1

2
⋆  d𝜑 ∧  d𝜑 −

1

2
e−√3𝜑 ⋆ 𝐹 ∧ 𝐹.  

ℒ4 = 𝑅 ⋆ 1 −
1

2
⋆  d𝜑 ∧  d𝜑 −

1

2
e2𝜑 ⋆  d𝜒 ∧  d𝜒 − e−𝜑(⋆ 𝐹1 ∧ 𝐹1 +⋆ 𝐹̃2 ∧ 𝐹̃2) + 𝜒(𝐹

1 ∧ 𝐹1 + 𝐹̃2 ∧ 𝐹̃2) 

ℒ4 = 𝑅 ⋆ 1 −
1

2
⋆  d𝜑 ∧  d𝜑 −

1

2
e2𝜑 ⋆  d𝜒 ∧  d𝜒 − e−𝜑 ⋆ 𝐹 ∧ 𝐹 + 𝜒𝐹 ∧ 𝐹,  

ℒ4 = 𝑅 ⋆ 1 − 2 ⋆ 𝐹 ∧ 𝐹.  

ℒ5 = 𝑅 ⋆ 1 −
1

2
∑  

3

𝑖=1

 ℎ𝑖
−2(⋆  dℎ𝑖 ∧  dℎ𝑖 +⋆ 𝐹̃𝑖 ∧ 𝐹̃𝑖) + 𝐹̃1 ∧ 𝐹̃2 ∧ 𝐴̃3  

ℎ1 = e
−𝜑1

′ /√6−𝜑2
′ /√2, ℎ2 = e

−𝜑1
′ /√6+𝜑2

′ /√2, ℎ3 = e
2𝜑1

′ /√6  

ℎ1 = e
2𝜙2/√6, ℎ2 = e

𝜙/√2−𝜙2/√6, ℎ3 = e
−𝜙/√2−𝜙2/√6.  

1

2
∑  

3

𝑖=1

 ℎ𝑖
−2 ⋆  dℎ𝑖 ∧  dℎ𝑖 =

1

2
∑  

2

𝑖=1

  ⋆  d𝜑𝑖
′ ∧ d𝜑𝑖

′ =
1

2
(⋆  d𝜙 ∧  d𝜙 +⋆ d𝜙2 ∧  d𝜙2).  

𝐹̃3 = d𝐴̃3 = −ℎ1
−2ℎ2

−2 ⋆ ℋ 

dℋ = −𝐹̃1 ∧ 𝐹̃2 

ℒ5 = 𝑅 ⋆ 1 −
1

2
∑  

3

𝑖=1

 ℎ𝑖
−2 ⋆  dℎ𝑖 ∧  dℎ𝑖 −

1

2
∑ 

2

𝑖=1

 ℎ𝑖
−2 ⋆ 𝐹̃𝑖 ∧ 𝐹̃𝑖 −

1

2
ℎ1
−2ℎ2

−2 ⋆ ℋ ∧ℋ.  

d𝑠5
2 = 𝑓−1 d𝑠2 + 𝑓2( d𝑧5 − 𝐴

4)2, 𝐴̃(5 d)𝑖 = 𝐴̃𝑖 + 𝜒𝑖( d𝑧5 − 𝐴
4)  

𝑓ℎ𝑖 = e
−𝜑𝑖 

𝐴2 =̃ 𝐴̃3 and ℎ2 = ℎ3 

ℎ1 = e
2𝜑/√6 

ℒ5 = 𝑅 ⋆ 1 −
1

2
⋆  d𝜑 ∧  d𝜑 −

1

2
e−4𝜑/√6 ⋆ 𝐹̃1 ∧ 𝐹̃1 − e

2𝜑/√6 ⋆ 𝐹̃2 ∧ 𝐹̃2 + 𝐹̃2 ∧ 𝐹̃2 ∧ 𝐴̃1  
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ℒ5 = 𝑅 ⋆ 1 −
3

2
⋆ 𝐹̃ ∧ 𝐹̃ + 𝐹̃ ∧ 𝐹̃ ∧ 𝐴̃  

ℒ6 = 𝑅 ⋆ 1 −
1

2
⋆  d𝜙 ∧  d𝜙 −

1

2
e−√2𝜙 ⋆ 𝐻 ∧ 𝐻  

d𝑠(6𝑑)
2 = e𝜙2/√6 d𝑠2 + e−3𝜙2/√6( d𝑧6 + 𝐴̃1)

2
, 𝐵(6𝑑) = 𝐵 + 𝐴̃2 ∧ ( d𝑧6 + 𝐴̃1),  

𝐻(6𝑑) = ℋ + 𝐹̃2 ∧ ( d𝑧6 + 𝐴̃1),ℋ = d𝐵 − 𝐴̃2 ∧ 𝐹̃1, 𝐹̃𝑖 = d𝐴̃𝑖  

𝐻 =⋆ 𝐻  

ℒ6 = 𝑅 ⋆ 1 −
1

2
⋆ 𝐻 ∧ 𝐻  

d𝑠10
2 = d𝑠6

2 + e𝜙/√2( d𝑋1
2 + d𝑋2

2 + d𝑋3
2 + d𝑋4

2), Φ =
𝜙

√2
, 𝐶 ≡ 𝐵.  

ℒ11 = 𝑅 ⋆ 1 −
1

2
⋆ ℱ ∧ ℱ −

1

6
ℱ ∧ ℱ ∧𝒜  

d𝑠11
2 = d𝑠5

2 + ℎ1( d𝑋1
2 + d𝑋2

2) + ℎ2( d𝑋3
2 + d𝑋4

2) + ℎ3( d𝑋5
2 + d𝑋6

2) 

𝒜 = 𝐴̃1 ∧  d𝑋1 ∧  d𝑋2 + 𝐴̃2 ∧  d𝑋3 ∧  d𝑋4 + 𝐴̃3 ∧  d𝑋5 ∧  d𝑋6
 

SO(4,4)/SL(2,ℝ)4 

𝐺/𝐾 = SO(4,4)/SL(2,ℝ)4 

𝜑𝑎 = {𝑈, 𝜎, 𝑥𝑖 , 𝑦𝑖 , 𝜁
𝐼 , 𝜁𝐼} 

ℒ3 = 𝑅 ⋆3 1 −
1

2
𝐺𝑎𝑏𝜕𝜇𝜑

𝑎𝜕𝜇𝜑𝑏 ⋆3 1  

d𝑠𝐺/𝐾
2 =∑ 

𝑖

 
 d𝑥𝑖

2 + d𝑦𝑖
2

𝑦𝑖
2 + 4 d𝑈2 +

e−4𝑈

4
( d𝜎 +∑ 

𝐼

  (𝜁𝐼 d𝜁
𝐼 − 𝜁𝐼 d𝜁𝐼))

2

 −e−2𝑈∑ 

𝐼,𝐽

 (
𝑌𝑌𝐼𝑌𝐽

𝑋𝐼𝐽
 d𝜁𝐼 d𝜁𝐽 +

𝑌

𝑋𝐼𝐽𝑌𝐼𝑌𝐽
 d𝜁𝐼 d𝜁𝐽 +

𝑋𝑋𝐼𝐽𝑌𝐼

𝑌𝐽
2 d𝜁𝐼 d𝜁𝐽)

 

𝑋12 =
√(𝑥1

2 + 𝑦1
2)(𝑥2

2 + 𝑦2
2)

𝑥1𝑥2
, 𝑋13 =

√(𝑥1
2 + 𝑦1

2)(𝑥3
2 + 𝑦3

2)

𝑥1𝑥3

𝑋23 =
√(𝑥2

2 + 𝑦2
2)(𝑥3

2 + 𝑦3
2)

𝑥2𝑥3
, 𝑋11 = 𝑋22 = 𝑋33 = 𝑋44 = 1

 

𝑌𝑖 =
√𝑥𝑖

2 + 𝑦𝑖
2

[(𝑥1
2 + 𝑦1

2)(𝑥2
2 + 𝑦2

2)(𝑥3
2 + 𝑦3

2)]1/4
,        𝑌4 = −[(𝑥1

2 + 𝑦1
2)(𝑥2

2 + 𝑦2
2)(𝑥3

2 + 𝑦3
2)]1/4        

𝑋=
𝑥1𝑥2𝑥3
𝑦1𝑦2𝑦3

,         𝑌=
√(𝑥1

2 + 𝑦1
2)(𝑥2

2 + 𝑦2
2)(𝑥3

2 + 𝑦3
2)

𝑦1𝑦2𝑦3
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𝑌1𝑌2𝑌3𝑌4 = −1,𝑋
2𝑋12𝑋13𝑋14 = 𝑌

2,
1

𝑋2
= (

𝑌2

𝑋2𝑋12
2 − 1)(

𝑌2

𝑋2𝑋13
2 − 1)(

𝑌2

𝑋2𝑋14
2 − 1)  

d [e−4𝑈 ⋆3 ( d𝜎 +∑  

𝐼

 (𝜁𝐼 d𝜁
𝐼 − 𝜁𝐼 d𝜁𝐼))] = 0  

d𝜔3 = −
e−4𝑈

2
⋆3 ( d𝜎 +∑ 

𝐼

  (𝜁𝐼 d𝜁
𝐼 − 𝜁𝐼 d𝜁𝐼))  

d𝐴(3d)
𝐼 = −𝜁𝐼 d𝜔3 + e

−2𝑈 ⋆3∑ 

𝐽

 (
𝑌

𝑋𝐼𝐽𝑌𝐼𝑌𝐽
 d𝜁𝐽 +

𝑋𝑋𝐼𝐽𝑌𝐽

𝑌𝐼
 d𝜁𝐽) 

d𝐴̃𝐼(3d) = −𝜁𝐼 d𝜔3 − e
−2𝑈 ⋆3∑ 

𝐽

 (
𝑌𝑌𝐼𝑌𝐽
𝑋𝐼𝐽

 d𝜁𝐽 +
𝑋𝑋𝐼𝐽𝑌𝐼
𝑌𝐽

 d𝜁𝐽)

 

d𝑠2 = −e2𝑈( d𝑡 + 𝜔3)
2 + e−2𝑈 d𝑠3

2  

𝐴𝐼 = 𝜁𝐼( d𝑡 + 𝜔3) + 𝐴(3d)
𝐼 , 𝐴̃𝐼 = 𝜁𝐼( d𝑡 + 𝜔3) + 𝐴̃𝐼(3d)  

𝜁0 ≡ −𝜁4, 𝜁0 ≡ 𝜁
4  

𝜁Λ = (𝜁0, 𝜁1, 𝜁2, 𝜁3), 𝜁Λ = (𝜁0, 𝜁1, 𝜁2, 𝜁3) 

d𝑠𝐺/𝐾
2 =∑ 

𝑖

 
 d𝑥𝑖

2 + d𝑦𝑖
2

𝑦𝑖
2 + 4 d𝑈2 +

e−4𝑈

4
( d𝜎 − 𝜁Λd𝜁Λ + 𝜁Λd𝜁

Λ)
2
+ e−2𝑈[(Im𝒩)ΛΣd𝜁Λd𝜁Σ 

+((Im𝒩)−1)ΛΣ(d𝜁
Λ − (Re𝒩)ΛΓd𝜁Γ)(d𝜁

Σ − (Re𝒩)ΣΔd𝜁Δ)]

 

𝒩 =

(

 
 
 
 
 
 
−2𝑥1𝑥2𝑥3 − i𝑦1𝑦2𝑦3 (1 +∑  

3

𝑖=1

 
𝑥𝑖
2

𝑦𝑖
2) 𝑥2𝑥3 + i

𝑥1𝑦2𝑦3
𝑦1

𝑥1𝑥3 + i
𝑥2𝑦1𝑦3
𝑦2

𝑥1𝑥2 + i
𝑥3𝑦1𝑦2
𝑦3

𝑥2𝑥3 + i
𝑥1𝑦2𝑦3
𝑦1

−i
𝑦2𝑦3
𝑦1

−𝑥3 −𝑥2

𝑥1𝑥3 + i
𝑥2𝑦1𝑦3
𝑦2

−𝑥3 −i
𝑦1𝑦3
𝑦2

−𝑥1

𝑥1𝑥2 + i
𝑥3𝑦1𝑦2
𝑦3

−𝑥2 −𝑥1 −i
𝑦1𝑦2
𝑦3 )

 
 
 
 
 
 

. 

𝒩 = −i𝕀 + 𝑂(1/𝑟) 

d𝜔3 = −
1

2
e−4𝑈 ⋆3 ( d𝜎 + 𝜁Λd𝜁

Λ − 𝜁Λd𝜁Λ)  

d𝐴(3d)
Λ = −𝜁Λd𝜔3 − e

−2𝑈 ⋆3 [(Im𝒩)
ΛΣd𝜁Σ + (Re𝒩)

ΛΓ((Im𝒩)−1)ΓΣ(d𝜁
Σ − (Re𝒩)ΣΔd𝜁Δ)] 

d𝐴̃Σ(3d) = −𝜁Σd𝜔3 + e
−2𝑈 ⋆3 ((Im𝒩)

−1)ΣΛ(d𝜁
Λ − (Re𝒩)ΛΣd𝜁Σ)

 

(𝜁1, 𝜁1) = (𝜎2, −𝜓2), (𝜁
2, 𝜁2) = (𝜓1, 𝜎1), (𝜁

3, 𝜁3) = (𝜓3, 𝜎3), (𝜁
4, 𝜁4) = (𝜎4, −𝜓4)  

𝜎 = −2𝜒4 − 𝜁
1𝜁1 + 𝜁

2𝜁2 + 𝜁
3𝜁3 − 𝜁

4𝜁4  
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𝐻0 = 𝐸33 + 𝐸44 − 𝐸77 − 𝐸88, 𝐻1 = 𝐸33 − 𝐸44 − 𝐸77 + 𝐸88
𝐻2 = 𝐸11 + 𝐸22 − 𝐸55 − 𝐸66, 𝐻3 = 𝐸11 − 𝐸22 − 𝐸55 + 𝐸66

 

𝐸0 = 𝐸47 − 𝐸38, 𝐸1 = 𝐸87 − 𝐸34, 𝐸2 = 𝐸25 − 𝐸16, 𝐸3 = 𝐸65 − 𝐸12,

𝐸𝑄1 = 𝐸45 − 𝐸18, 𝐸
𝑄2 = 𝐸32 − 𝐸67, 𝐸

𝑄3 = 𝐸36 − 𝐸27, 𝐸
𝑄4 = 𝐸41 − 𝐸58,

𝐸𝑃
1
= 𝐸57 − 𝐸31, 𝐸

𝑃2 = 𝐸46 − 𝐸28, 𝐸
𝑃3 = 𝐸42 − 𝐸68, 𝐸

𝑃4 = 𝐸17 − 𝐸35,

 

 

(𝐸𝑄𝐼 , 𝐸𝑃
𝐼
, 𝐹𝑄𝐼 , 𝐹𝑃

𝐼
)(𝐸𝑞Λ , 𝐸𝑝Λ , 𝐹𝑞Λ , 𝐹𝑝Λ) 

(𝐸𝑞𝑖 , 𝐸𝑝𝑖) = (𝐸
𝑃𝑖 , −𝐸𝑄𝑖) ,         (𝐸𝑞0 , 𝐸𝑝0) = (𝐸

𝑄4 , 𝐸𝑃
4
)         

(𝐹𝑞𝑖 , 𝐹𝑝𝑖)= (𝐹
𝑃𝑖 , −𝐹𝑄𝑖),         (𝐹𝑞0 , 𝐹𝑝0)= (𝐹

𝑄4 , 𝐹𝑃
4
)         

 

𝐻Λ
♯ = 𝐻Λ, 𝐸Λ

♯ = 𝐹Λ, 𝐹Λ
♯ = 𝐸Λ,  

(𝐸𝑄𝐼)♯ = −𝐹𝑄𝐼 , (𝐸𝑃
𝐼
)
♯

= −𝐹𝑃
𝐼
, (𝐹𝑄𝐼)♯ = −𝐸𝑄𝐼 , (𝐹𝑃

𝐼
)
♯

= −𝐸𝑃
𝐼
.  

𝑘Λ = 𝐸Λ − 𝐹Λ, 𝑘
𝑄𝐼 = 𝐸𝑄𝐼 + 𝐹𝑄𝐼 , 𝑘𝑃

𝐼
= 𝐸𝑃

𝐼
+ 𝐹𝑃

𝐼
 

𝑝Λ = 𝐸Λ + 𝐹Λ, 𝑝𝑄𝐼 = 𝐸𝑄𝐼 − 𝐹𝑄𝐼 , 𝑝𝑃
𝐼
= 𝐸𝑃

𝐼
− 𝐹𝑃

𝐼
 

𝐴♯ = 𝜂𝐴𝑇𝜂−1,  

𝜂 = diag(−1,−1,1,1,−1,−1,1,1)  

𝔰𝔩(2, ℝ)4 = 𝔰𝔬(2,2)2 

𝒱= exp (−𝑈𝐻0)exp (
1

2
∑  

𝑖

 𝜑𝑖𝐻𝑖)exp (−∑ 

𝑖

 𝜒𝑖𝐸𝑖)exp [−∑  

𝐼

  (𝜁𝐼𝐸𝑄𝐼 + 𝜁𝐼𝐸
𝑃𝐼)] exp (−

1

2
𝜎𝐸0)  

 = exp (−𝑈𝐻0)exp [−
1

2
∑  

𝑖

  (log 𝑦𝑖)𝐻𝑖] exp (−∑  

𝑖

 𝑥𝑖𝐸𝑖)exp [∑  

Λ

  (−𝜁Λ𝐸𝑞Λ + 𝜁
Λ𝐸𝑝Λ)] exp (−

1

2
𝜎𝐸0)

 

d𝑠𝐺/𝐾
2 = Tr(𝑃∗𝑃∗), 𝑃∗ =

1

2
(𝜃 + 𝜃♯)  

ℳ = 𝒱♯𝒱  

−
1

2
𝐺𝑎𝑏𝜕𝜇𝜑

𝑎𝜕𝜇𝜑𝑏 ⋆3 1 = −
1

8
Tr[⋆3 (ℳ

−1 dℳ) ∧ (ℳ−1 dℳ)].  

𝒱 → 𝑘𝒱𝑔  

ℳ → 𝑔♯ℳ𝑔,  



pág. 4621 

e−4𝑈 =ℳ33ℳ44 −ℳ34
2  

𝑥1 =
ℳ34

ℳ33
, 𝑦1
−1 = e2𝑈ℳ33  

1

𝑦2𝑦3
=ℳ11 + e

4𝑈(ℳ33ℳ41
2 +ℳ44ℳ31

2 − 2ℳ31ℳ34ℳ41)  

𝑥2
𝑦2𝑦3

=ℳ16 + e
4𝑈(ℳ34ℳ41ℳ63 +ℳ31ℳ34ℳ64 −ℳ31ℳ44ℳ63 −ℳ33ℳ41ℳ64) 

𝑥3
𝑦2𝑦3

=ℳ12 + e
4𝑈(ℳ31ℳ32ℳ44 +ℳ33ℳ41ℳ42 −ℳ31ℳ34ℳ42 −ℳ32ℳ34ℳ41) 

𝑥3
2 + 𝑦3

2

𝑦2𝑦3
 = ℳ22 +

ℳ32
2

ℳ33
+ e4𝑈

(ℳ32ℳ34 −ℳ33ℳ42)
2

ℳ33

 

e−4𝑈𝜁1 =ℳ35ℳ34 −ℳ45ℳ33, e−4𝑈𝜁1 =ℳ31ℳ44 −ℳ41ℳ34

e−4𝑈𝜁2 =ℳ42ℳ34 −ℳ32ℳ44, e−4𝑈𝜁2 =ℳ64ℳ33 −ℳ63ℳ34

e−4𝑈𝜁3 =ℳ63ℳ44 −ℳ64ℳ34, e−4𝑈𝜁3 =ℳ32ℳ34 −ℳ42ℳ33

e−4𝑈𝜁4 =ℳ31ℳ34 −ℳ41ℳ33, e−4𝑈𝜁4 =ℳ35ℳ44 −ℳ45ℳ34

 

𝜎 =
2ℳ38

ℳ33
+
e4𝑈

ℳ33

(ℳ33ℳ35ℳ41 +ℳ31ℳ33ℳ45 + 2ℳ32ℳ34ℳ63 −ℳ33ℳ42ℳ63

−ℳ32ℳ33ℳ64 − 2ℳ31ℳ34ℳ35)

=
2ℳ38

ℳ33
− 𝜁4𝜁4 − 𝜁

1𝜁1 + 𝜁
2𝜁2 + 𝜁

3𝜁3 + 2𝑥1𝜁2𝜁3 − 2𝑥1𝜁
4𝜁1

 

d(ℳ−1 ⋆3  dℳ) = 0 

d𝒩 =ℳ−1 ⋆3  dℳ  

𝒩 → 𝑔−1𝒩𝑔  

d𝒩 =ℳ−1 ⋆3  dℳ= d𝜔3𝐹0 +∑ 

𝐼

  ( d𝐴(3 d)
𝐼 𝐹𝑃

𝐼
− d𝐴̃𝐼(3 d)𝐹

𝑄𝐼) +⋯  

 = d𝜔3𝐹0 +∑  

Λ

  (d𝐴̃Λ(3 d)𝐹𝑝Λ + d𝐴(3 d)
Λ 𝐹𝑞Λ) + ⋯ ,

 

𝜔3 = 𝒩74  

𝐴(3 d)
1 = 𝒩75, 𝐴(3 d)

2 = 𝒩64, 𝐴(3 d)
3 = 𝒩24, 𝐴(3 d)

4 = 𝒩71

𝐴̃1(3 d) = 𝒩81, 𝐴̃2(3 d) = 𝒩76, 𝐴̃3(3 d) = 𝒩72, 𝐴̃4(3 d) = 𝒩85
 

d𝑠3
2 = d𝑟2 + (𝑟2 − 2𝑚𝑟)(d𝜃2 + sin2 𝜃 d𝜙2) + 𝑂(𝑟−2)d𝑟2 + 𝑂(𝑟0)d𝜃2 + 𝑂(𝑟0)d𝜙2  

e2𝑈 = 1 −
2𝑀

𝑟
+ 𝑂(𝑟−2), 𝜁𝐼 =

𝑄𝐼
𝑟
+ 𝑂(𝑟−2), 𝜑𝑖 =

Σ𝑖
𝑟
+ 𝑂(𝑟−2)

𝜔3 = (2𝑁cos 𝜃 + 2𝐽
sin2 𝜃

𝑟
+ 𝑂(𝑟−2))d𝜙, 𝜁𝐼 =

𝑃𝐼

𝑟
+ 𝑂(𝑟−2), 𝜒𝑖 =

Ξ𝑖
𝑟
+ 𝑂(𝑟−2)

 

⋆3 1 ∼ 𝑟
2sin 𝜃 d𝑟 ∧  d𝜃 ∧  d𝜙,⋆ 1 ∼ 𝑟2sin 𝜃 d𝑡 ∧  d𝑟 ∧  d𝜃 ∧  d𝜙  
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⋆3  d𝜔3 = −
2𝑁

𝑟2
 d𝑟 −

1

2
 d (

4𝐽cos 𝜃 + 𝑐

𝑟2
) + 𝑂(𝑟−3),  

𝜎 = −
4𝑁

𝑟
+
4𝐽cos 𝜃 + 𝑐

𝑟2
+ 𝑂(𝑟−3)  

𝑀 = −lim
𝑟→∞

 (𝑟𝑈), 𝑄𝐼 = lim
𝑟→∞

 (𝑟𝜁𝐼), Σ𝑖 = lim
𝑟→∞

 (𝑟𝜑𝑖), 𝐽 = lim
𝑟→∞

 (
𝑟(𝜔3𝜙 − 2𝑁 cos 𝜃)

2 sin2 𝜃
) ,

𝑁 = −
1

4
lim
𝑟→∞

 (𝑟𝜎), 𝑃𝐼 = lim
𝑟→∞

 (𝑟𝜁𝐼), Ξ𝑖 = lim
𝑟→∞

 (𝑟𝜒𝑖).

 

(𝑄𝐼 , 𝑃
𝐼) = (−𝑃̃𝐼 , 𝑄̃

𝐼)  

(𝑄0, 𝑃
0) = (−𝑄̃4, −𝑃̃4), (𝑄̃

0, 𝑃̃0) = (𝑄4, 𝑃
4)  

ℳ = 𝕀 +
𝒬

𝑟
+
𝒬(2)

𝑟2
+ 𝑂(𝑟−3)  

𝒬= 2𝑀𝐻0 + 2𝑁𝑝0 −∑ 

4

𝐼=1

  (𝑄𝐼𝑝
𝑄𝐼 + 𝑃𝐼𝑝𝑃𝐼) +∑  

3

𝑖=1

  (Σ𝑖𝐻𝑖 − Ξ𝑖𝑝𝑖)  

 = 2𝑀𝐻0 + 2𝑁𝑝0 +∑  

3

Λ=0

 (−𝑄Λ𝑝𝑝Λ + 𝑃
Λ𝑝𝑞Λ) +∑  

3

𝑖=1

  (Σ𝑖𝐻𝑖 − Ξ𝑖𝑝𝑖)

 

ℳ → 𝑔♯ℳ𝑔 

𝑔♯𝑔 = 𝕀 

1

4
Tr(𝒬2) = 4(𝑀2 +𝑁2) −∑  

4

𝐼=1

  [(𝑄𝐼)
2 + (𝑃𝐼)2] +∑  

3

𝑖=1

 (Σ𝑖
2 + Ξ𝑖

2)  

𝒬(2) = (−2𝐽cos 𝜃 + 𝑎0)𝑝0 +⋯ ,  

𝒬𝜕𝜙 ≡ −
3

8𝜋
∫  
𝑆∞
2
  (𝜕𝜙)𝜇

ℳ−1𝜕𝜈ℳd𝑥
𝜇 ∧ d𝑥𝜈  

𝒬𝜕𝜙 = −
3

4
∫  
𝜋

0

 d𝜃sin2 𝜃𝜕𝜃𝒬
(2) = −2𝐽𝑝0 +⋯  

1

16
Tr (𝒬𝜕𝜙

2 ) = 𝐽2 +⋯  

d𝑠2 = −
𝑟2 − 2𝑚𝑟 − 𝑛2

𝑟2 + 𝑛2
( d𝑡 + 2𝑛cos 𝜃 d𝜙)2 +

𝑟2 + 𝑛2

𝑟2 − 2𝑚𝑟 − 𝑛2
 d𝑟2 + (𝑟2 + 𝑛2)(d𝜃2 + sin2 𝜃 d𝜙2), 

e−2𝑈 =
𝑟2 + 𝑛2

𝑟2 − 2𝑚𝑟 − 𝑛2
𝜔3 = 2𝑛cos 𝜃 d𝜙

 d𝑠3
2 = d𝑟2 + (𝑟2 − 2𝑚𝑟 − 𝑛2)(d𝜃2 + sin2 𝜃 d𝜙2)
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𝜎 = −
4𝑛(𝑟 − 𝑚)

𝑟2 + 𝑛2
 

ℳ = (𝑟2 − 2𝑚𝑟 − 𝑛2)ℳ 

d𝑠2 = −
𝑅

𝑟2 + 𝑢2
( d𝑡‾ −

𝑎‾2 − 𝑢2

𝑎‾
 d𝜙‾)

2

+
𝑈

𝑟2 + 𝑢2
( d𝑡‾ −

𝑟2 + 𝑎‾2

𝑎‾
 d𝜙‾)

2

+ (𝑟2 + 𝑢2) (
d𝑟2

𝑅
+
d𝑢2

𝑈
) , 

𝑅 = 𝑟2 + 𝑎‾2 − 2𝑚𝑟, 𝑈 = 𝑎‾2 − 𝑢2 + 2𝑛𝑢  

𝜙

𝑎
=
𝜙‾

𝑎‾
, 𝑡 = 𝑡‾ +

2𝑛2

𝑎‾
𝜙‾, 𝑢 = 𝑛 + 𝑎cos 𝜃  

𝑎‾2 = 𝑎2 − 𝑛2,  d𝑡 + 𝜔3 = d𝑡‾ + 𝜔‾3  

d𝑠3
2 =

𝑅𝑈

𝑎‾2
 d𝜙‾2 + (𝑅 − 𝑈)(

d𝑟2

𝑅
+
d𝑢2

𝑈
) , e−2𝑈 =

𝑟2 + 𝑢2

𝑅 − 𝑈

𝜔‾3 =
(𝑟2 + 𝑎‾2)𝑈 − (𝑎‾2 − 𝑢2)𝑅

𝑎‾(𝑅 − 𝑈)
d𝜙‾ =

2(𝑚𝑟𝑈 + 𝑛𝑢𝑅)

𝑎‾(𝑅 − 𝑈)
d𝜙‾.

 

𝜎 =
4(𝑚𝑢 − 𝑛𝑟)

𝑟2 + 𝑢2
 

ℳ ≡ (𝑅 − 𝑈)ℳ  

ℳ =

(

 
 
 
 
 
 

𝑅 − 𝑈 0 0 0 0 0 0 0
0 𝑅 − 𝑈 0 0 0 0 0 0
0 0 𝑟2 + 𝑢2 0 0 0 0 2(𝑚𝑢 − 𝑛𝑟)

0 0 0 𝑟2 + 𝑢2 0 0 −2(𝑚𝑢 − 𝑛𝑟) 0
0 0 0 0 𝑅 − 𝑈 0 0 0
0 0 0 0 0 𝑅 − 𝑈 0 0
0 0 0 −2(𝑚𝑢 − 𝑛𝑟) 0 0 (𝑟 − 2𝑚)2 + (𝑢 − 2𝑛)2 0

0 0 2(𝑚𝑢 − 𝑛𝑟) 0 0 0 0 (𝑟 − 2𝑚)2 + (𝑢 − 2𝑛)2)

 
 
 
 
 
 

. 

𝜕𝑢𝒩𝜙 = −
𝑅

𝑎
ℳ−1𝜕𝑟ℳ,𝜕𝑟𝒩𝜙 =

𝑈

𝑎
ℳ−1𝜕𝑢ℳ  

𝒩𝜙 = 𝜔3𝜙(𝐹0 + 𝐸0) −
4(𝑚2𝑈 + 𝑛2𝑅)

𝑎(𝑅 − 𝑈)
𝐸0 +

2(𝑚𝑢𝑅 − 𝑛𝑟𝑈)

𝑎(𝑅 − 𝑈)
𝐻0  

𝑔 = exp (−∑  

𝐼

 𝛾𝐼𝑘
𝑃𝐼)exp (−∑  

𝐼

 𝛿𝐼𝑘
𝑄𝐼)  
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𝑘 =

(

 
 
 
 
 
 

𝑐𝛾1𝑐𝛾4 0 𝑠𝛾1𝑐𝛾4 0 𝑠𝛾1𝑠𝛾4 0 −𝑐𝛾1𝑠𝛾4 0

0 𝑐𝛾2𝑐𝛾3 0 −𝑐𝛾2𝑠𝛾3 0 𝑠𝛾2𝑠𝛾3 0 𝑠𝛾2𝑐𝛾3
𝑠𝛾1𝑐𝛾4 0 𝑐𝛾1𝑐𝛾4 0 𝑐𝛾1𝑠𝛾4 0 −𝑠𝛾1𝑠𝛾4 0

0 −𝑐𝛾2𝑠𝛾3 0 𝑐𝛾2𝑐𝛾3 0 −𝑠𝛾2𝑐𝛾3 0 −𝑠𝛾2𝑠𝛾3
𝑠𝛾1𝑠𝛾4 0 𝑐𝛾1𝑠𝛾4 0 𝑐𝛾1𝑐𝛾4 0 −𝑠𝛾1𝑐𝛾4 0

0 𝑠𝛾2𝑠𝛾3 0 −𝑠𝛾2𝑐𝛾3 0 𝑐𝛾2𝑐𝛾3 0 𝑐𝛾2𝑠𝛾3
−𝑐𝛾1𝑠𝛾4 0 −𝑠𝛾1𝑠𝛾4 0 −𝑠𝛾1𝑐𝛾4 0 𝑐𝛾1𝑐𝛾4 0

0 𝑠𝛾2𝑐𝛾3 0 −𝑠𝛾2𝑠𝛾3 0 𝑐𝛾2𝑠𝛾3 0 𝑐𝛾2𝑐𝛾3 )

 
 
 
 
 
 

 ×

(

 
 
 
 
 
 
 

𝑐𝛿1𝑐𝛿4 0 0 −𝑐𝛿1𝑠𝛿4 𝑠𝛿1𝑠𝛿4 0 0
0 𝑐𝛿2𝑐𝛿3 −𝑠𝛿2𝑐𝛿3 0 0 𝑠𝛿2𝑠𝛿3 𝑐𝛿2𝑠𝛿3
0 −𝑠𝛿2𝑐𝛿3 𝑐𝛿2𝑐𝛿3 0 0 −𝑐𝛿2𝑠𝛿3 −𝑠𝛿2𝑠𝛿3

−𝑐𝛿1𝑠𝛿4 0 0 𝑐𝛿1𝑐𝛿4 −𝑠𝛿1𝑐𝛿4 0 0
𝑠𝛿1𝑠𝛿4 0 0 −𝑠𝛿1𝑐𝛿4 𝑐𝛿1𝑐𝛿4 0 0
0 𝑠𝛿2𝑠𝛿3 −𝑐𝛿2𝑠𝛿3 0 0 𝑐𝛿2𝑐𝛿3 𝑠𝛿2𝑐𝛿3
0 𝑐𝛿2𝑠𝛿3 −𝑠𝛿2𝑠𝛿3 0 0 𝑠𝛿2𝑐𝛿3 𝑐𝛿2𝑐𝛿3

𝑠𝛿1𝑐𝛿4 0 0 −𝑠𝛿1𝑠𝛿4 𝑐𝛿1𝑠𝛿4 0 0

𝑐𝛿1𝑐𝛿4 0 0 0 0 )

 
 
 
 
 
 
 

 

𝑠𝛿𝐼 = sinh 𝛿𝐼 , 𝑐𝛿𝐼 = cosh 𝛿𝐼 , 𝑠𝛿𝐼…𝐽 = 𝑠𝛿𝐼 …𝑠𝛿𝐽 , 𝑐𝛿𝐼…𝐽 = 𝑐𝛿𝐼 …𝑐𝛿𝐽 

𝑘♯𝑘 = 𝕀 

𝑘 = e𝛽𝑘0 

𝑀 = 𝑚cos (2𝛽) 

𝑁 = 𝑚sin (2𝛽) 

ℳ = 𝑘♯ℳKTN𝑘,  

𝑀 = 𝑚𝜇1 + 𝑛𝜇2, 𝑁 = 𝑚𝜈1 + 𝑛𝜈2  

𝜇1 = 1 +∑  

𝐼

 (
𝑠𝛿𝐼
2 + 𝑠𝛾𝐼

2

2
− 𝑠𝛿𝐼

2 𝑠𝛾𝐼
2 ) +

1

2
∑  

𝐼,𝐽

  𝑠𝛿𝐼
2 𝑠𝛾𝐽

2 , 𝜇2 =∑ 

𝐼

  𝑠𝛿𝐼𝑐𝛿𝐼 (
𝑠𝛾𝐼

𝑐𝛾𝐼
𝑐𝛾1234 −

𝑐𝛾𝐼

𝑠𝛾𝐼
𝑠𝛾1234)  

𝜈1 =∑ 

𝐼

 𝑠𝛾𝐼𝑐𝛾𝐼 (
𝑐𝛿𝐼
𝑠𝛿𝐼
𝑠𝛿1234 −

𝑠𝛿𝐼
𝑐𝛿𝐼
𝑐𝛿1234) , 𝜈2 = 𝜄 − 𝐷  

𝜄= 𝑐𝛿1234𝑐𝛾1234 + 𝑠𝛿1234𝑠𝛾1234 +∑ 

𝐼<𝐽

  𝑐𝛿1234
𝑠𝛿𝐼𝐽
𝑐𝛿𝐼𝐽

𝑐𝛾𝐼𝐽

𝑠𝛾𝐼𝐽
𝑠𝛾1234  

𝐷 = 𝑐𝛿1234𝑠𝛾1234 + 𝑠𝛿1234𝑐𝛾1234 +∑ 

𝐼<𝐽

 𝑐𝛿1234
𝑠𝛿𝐼𝐽
𝑐𝛿𝐼𝐽

𝑠𝛾𝐼𝐽

𝑐𝛾𝐼𝐽
𝑐𝛾1234

 

𝑛0 ≡ −𝑚
𝜈1
𝜈2

 

𝑄𝐼 = 2
𝜕𝑀

𝜕𝛿𝐼
, 𝑃𝐼 = −2

𝜕𝑁

𝜕𝛿𝐼
 

𝑄𝐼 = 𝑚𝜌𝐼
1 + 𝑛𝜌𝐼

2, 𝑃𝐼 = 𝑚𝜋1
𝐼 + 𝑛𝜋2

𝐼  
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𝜌𝐼
1 = 2

𝜕𝜇1
𝜕𝛿𝐼

, 𝜌𝐼
2 = 2

𝜕𝜇2
𝜕𝛿𝐼

, 𝜋1
𝐼 = −2

𝜕𝜈1
𝜕𝛿𝐼

, 𝜋2
𝐼 = −2

𝜕𝜈2
𝜕𝛿𝐼

 

𝜌𝐼
1 = 2𝑠𝛿𝐼𝑐𝛿𝐼 (1 − 𝑠𝛾𝐼

2 +∑ 

𝐽≠𝐼

  𝑠𝛾𝐽
2 ) , 𝜌𝐼

2 = 2(1 + 2𝑠𝛿𝐼
2 ) (

𝑠𝛾𝐼

𝑐𝛾𝐼
𝑐𝛾1234 −

𝑐𝛾𝐼

𝑠𝛾𝐼
𝑠𝛾1234)  

𝜋1
𝐼 = 2[𝑠𝛾𝐼𝑐𝛾𝐼(𝑐𝛿1234 − 𝑠𝛿1234) +∑  

𝐽≠𝐼

  𝑠𝛾𝐽𝑐𝛾𝐽 (𝑐𝛿1234
𝑠𝛿𝐼𝐽
𝑐𝛿𝐼𝐽

− 𝑠𝛿1234
𝑐𝛿𝐼𝐽
𝑠𝛿𝐼𝐽

)]

𝜋2
𝐼 = −2 {(𝑐𝛾1234 − 𝑠𝛾1234) (𝑐𝛿1234

𝑠𝛿𝐼
𝑐𝛿𝐼
− 𝑠𝛿1234

𝑐𝛿𝐼
𝑠𝛿𝐼
)

+∑  

𝐽≠𝐼

  [𝑐𝛾1234
𝑠𝛾𝐼𝐽

𝑐𝛾𝐼𝐽
(
𝑐𝛿𝐽

𝑠𝛿𝐽
𝑠𝛿1234 −

𝑠𝛿𝐽

𝑐𝛿𝐽
𝑐𝛿1234) + 𝑠𝛾1234

𝑐𝛾𝐼𝐽

𝑠𝛾𝐼𝐽
(
𝑠𝛿𝐽

𝑐𝛿𝐽
𝑐𝛿1234 −

𝑐𝛿𝐽

𝑠𝛿𝐽
𝑠𝛿1234)]} .

 

𝐽 = (𝜈2𝑚− 𝜈1𝑛)𝑎  

d𝑠2 = −
𝑟2 − 2𝑚𝑟 − 𝑛0

2

𝑊0
 d𝑡2 +𝑊0 (

 d𝑟2

𝑟2 − 2𝑚𝑟 − 𝑛0
2 + d𝜃

2 + sin2 𝜃 d𝜙2) .  

𝑊0
2(𝑟) = ℳ33ℳ44 −ℳ34

2
.  

d𝐴̃𝐼(3 d) = 𝑃̃𝐼(𝑟)sin 𝜃d𝜃 ∧ d𝜙 

𝐴̃𝐼(3 d) = 𝑃̃𝐼cos 𝜃 d𝜙 

d𝑠2 = −
𝑅 − 𝑈

𝑊
( d𝑡 + 𝜔3𝜙 d𝜙)

2
+𝑊(

 d𝑟2

𝑅
+
d𝑢2

𝑈
+

𝑅𝑈

𝑎2(𝑅 − 𝑈)
d𝜙2) ,  

𝑊2(𝑟, 𝑢) = ℳ33ℳ44 −ℳ34

2
.  

d𝑠2 = −
𝑅0(𝑟)

𝑊0(𝑟)
(d𝑡 + 2𝑁cos 𝜃 d𝜙)2 +𝑊0(𝑟) (

𝑑𝑟2

𝑅0(𝑟)
+ d𝜃2 + sin2 𝜃 d𝜙2) ,  

𝑅0(𝑟) = 𝑟
2 − 2𝑚𝑟 − 𝑛2,𝑊0

2(𝑟) = 𝑅0
2(𝑟) + 2𝑅0(𝑟)(2𝑀𝑟 + 𝑉) + (𝐿(𝑟) + 2𝑁𝑛)

2.  

𝐿(𝑟) = 𝜆1𝑟 + 𝜆0  

𝜆1 = 2(𝑚𝜈2 − 𝑛𝜈1), 𝜆0 = 4(𝑚
2 + 𝑛2)𝐷, 𝑉 = 2(−𝜇2𝑚+ 𝜇1𝑛)𝑛 + 2(𝑚

2 + 𝑛2)𝐶,  

𝐶 =1 +∑ 

𝐼

  (𝑠𝛿𝐼
2 𝑐𝛾𝐼

2 + 𝑠𝛾𝐼
2 𝑐𝛿𝐼

2 ) +∑  

𝐼<𝐽

(𝑠𝛿𝐼𝐽
2 + 𝑠𝛾𝐼𝐽

2 ) +∑  

𝐼≠𝐽

 𝑠𝛿𝐼
2 𝑠𝛾𝐽

2 +∑ 

𝐼

 ∑  

𝐽<𝐾

 (𝑠𝛿𝐼
2 𝑠𝛾𝐽𝐾

2 + 𝑠𝛾𝐼
2 𝑠𝛿𝐽𝐾

2 ) 

 +2∑  

𝐼<𝐽

 (𝑠𝛿1234𝑐𝛿1234
𝑠𝛾𝐼𝐽

𝑐𝛿𝐼𝐽

𝑐𝛾𝐼𝐽

𝑠𝛿𝐼𝐽
+ 𝑠𝛿1234

2
𝑠𝛾𝐼𝐽
2

𝑠𝛿𝐼𝐽
2 + 𝑠𝛿𝐼𝐽𝑠𝛾𝐼𝐽𝑐𝛿𝐼𝐽𝑐𝛾𝐼𝐽 + 𝑠𝛿𝐼𝐽

2 𝑠𝛾𝐼𝐽
2 ) − 𝜈1

2 − 𝜈2
2.

 

𝜃 ∈ [0, 𝜋], 𝜙 ∼ 𝜙 + 2𝜋 

𝐴𝐼 = 𝜁𝐼(𝑟)(d𝑡 + 2𝑁cos 𝜃 d𝜙) + 𝑃𝐼cos 𝜃 d𝜙, 𝐴̃𝐼 = 𝜁𝐼(𝑟)(d𝑡 + 2𝑁cos 𝜃 d𝜙) − 𝑄𝐼cos 𝜃 d𝜙  



pág. 4626 

𝜁𝐼 =
1

2𝑊0
2

𝜕𝑊0
2

𝜕𝛿𝐼
=

1

𝑊0
2(𝑟)

[𝑅(𝑟) (𝑄𝐼𝑟 +
𝜕𝑉

𝜕𝛿𝐼
) + (𝐿(𝑟) + 2𝑁𝑛) (

𝜕𝐿(𝑟)

𝜕𝛿𝐼
− 𝑃𝐼𝑛)] .  

𝜁𝐼 =
𝑅(𝑟)(𝑃𝐼𝑟 + 𝑉̃𝐼) + (𝐿(𝑟) + 2𝑁𝑛)(𝐿̃𝐼(𝑟) + 𝑄𝐼𝑛)

𝑊0
2(𝑟)

,  

𝐿̃𝐼(𝑟) = (𝑚𝜌𝐼
2 − 𝑛𝜌𝐼

1)𝑟 − 4(𝑚2 + 𝑛2)𝐷̃𝐼 , 𝑉̃𝐼 = (𝑛𝜋1
𝐼 −𝑚𝜋2

𝐼 )𝑛 + 2(𝑚2 + 𝑛2)𝐶̃𝐼  

𝐷̃𝐼 =
𝑠𝛾𝐼

𝑐𝛾𝐼
𝑐𝛾1234𝑠𝛿𝐼

2 −
𝑐𝛾𝐼

𝑠𝛾𝐼
𝑠𝛾1234𝑐𝛿𝐼

2

𝐶̃𝐼 =(𝑠𝛿1234 − 𝑐𝛿1234)𝐶̃𝐼𝐼 + 2𝑠𝛾𝐼𝑐𝛾𝐼𝑠𝛿1234 (2 +∑  

𝐾

 𝑠𝛾𝐾
2 ) +∑  

𝐽≠𝐼

 (𝑐𝛿1234
𝑠𝛿𝐼𝐽
𝑐𝛿𝐼𝐽

− 𝑠𝛿1234
𝑐𝛿𝐼𝐽
𝑠𝛿𝐼𝐽

) 𝐶̃𝐼𝐽

+2∑  

𝐽≠𝐼

  𝑠𝛾𝐽𝑐𝛾𝐽 (
𝑠𝛿𝐼𝐽

𝑐𝛿𝐼𝐽
𝑐𝛿1234(𝑠𝛾𝐼

2 + 𝑠𝛾𝐽
2 ) −

𝑐𝛿𝐼𝐽

𝑠𝛿𝐼𝐽
𝑠𝛿1234 ∑  

𝐾≠𝐼,𝐽

  𝑠𝛾𝐾
2 )  

𝐶̃𝐼𝐽 =2(1 + 2𝑠𝛿𝐼
2 )𝑠𝛾1234 [(2 +∑  

𝐾≠𝐽

 
1

𝑠𝛾𝐾
2 )𝑠𝛾1234

𝑐𝛾𝐽

𝑠𝛾𝐽
− (1 + 2𝑠𝛾𝐽

2 )
𝑐𝛾1234

𝑠𝛾𝐽𝑐𝛾𝐽
]

 +2𝑠𝛿𝐼
2 𝑠𝛾𝐽𝑐𝛾𝐽 (1 +∑  

𝐾

 𝑠𝛾𝐾
2 )

 

e𝜑𝑖 =
𝑟2 + 𝑢2 + 𝑔𝑖

𝑊
,𝜒𝑖 =

𝑓𝑖
𝑟2 + 𝑢2 + 𝑔𝑖

 

𝑓𝑖 = 2(𝑚𝑟 + 𝑛𝑢)𝜉𝑖1 + 2(𝑚𝑢 − 𝑛𝑟)𝜉𝑖2 + 4(𝑚
2 + 𝑛2)𝜉𝑖3

𝑔𝑖 = 2(𝑚𝑟 + 𝑛𝑢)𝜂𝑖1 + 2(𝑚𝑢 − 𝑛𝑟)𝜂𝑖2 + 4(𝑚
2 + 𝑛2)𝜂𝑖3

 

𝜉11 =[(𝑠𝛿123𝑐𝛿4 − 𝑐𝛿123𝑠𝛿4)𝑠𝛾1𝑐𝛾1 + (1 ↔ 4)] − ((1,4) ↔ (2,3)),

𝜉12 =[
1

2
(𝑐𝛿23𝑠𝛾14 + 𝑐𝛾14𝑠𝛿23)(𝑐𝛿14𝑐𝛾23 + 𝑠𝛾23𝑠𝛿14) + 𝑠𝛿1𝑠𝛾4𝑐𝛿4𝑐𝛾1(𝑠𝛿2𝑠𝛾2𝑐𝛿3𝑐𝛾3 + 𝑠𝛿3𝑠𝛾3𝑐𝛿2𝑐𝛾2)

+(1 ↔ 4)] − ((1,4) ↔ (2,3)),  

𝜉13 =[(𝑠𝛿134𝑐𝛿2𝑐𝛾2
2 + 𝑐𝛿134𝑠𝛿2𝑠𝛾2

2 )𝑠𝛾3𝑐𝛾3 + (2 ↔ 3)] − ((1,4) ↔ (2,3)),

 

𝜂11 =𝑠𝛿2
2 + 𝑠𝛿3

2 + 𝑠𝛾1
2 + 𝑠𝛾4

2 + (𝑠𝛿2
2 + 𝑠𝛿3

2 )(𝑠𝛾1
2 + 𝑠𝛾4

2 ) + (𝑠𝛿2
2 − 𝑠𝛿3

2 )(𝑠𝛾3
2 − 𝑠𝛾2

2 ),

𝜂12 =2𝑠𝛿2𝑐𝛿2(𝑐𝛾2𝑠𝛾134 − 𝑠𝛾2𝑐𝛾134) + (2 ↔ 3),

𝜂13 =2𝑠𝛿23𝑐𝛿23(𝑠𝛾23𝑐𝛾23 + 𝑠𝛾14𝑐𝛾14) + 𝑠𝛿23
2 (1 +∑  

𝐼

 𝑠𝛾𝐼
2 ) + (𝑠𝛿2

2 + 𝑠𝛿3
2 + 2𝑠𝛿23

2 )(𝑠𝛾14
2 + 𝑠𝛾23

2 )

 +𝑠𝛿2
2 𝑠𝛾2

2 + 𝑠𝛿3
2 𝑠𝛾3

2 + 𝑠𝛾14
2 .

 

d𝑠2 = −
𝑅 − 𝑈

𝑊
( d𝑡 + 𝜔3)

2 +𝑊(
 d𝑟2

𝑅
+
d𝑢2

𝑈
+

𝑅𝑈

𝑎2(𝑅 − 𝑈)
d𝜙2) ,  

𝑅(𝑟) = 𝑟2 − 2𝑚𝑟 + 𝑎2 − 𝑛2, 𝑈(𝑢) = 𝑎2 − (𝑢 − 𝑛)2.  

𝑊2= (𝑅 − 𝑈)2 + (2𝑁𝑢 + 𝐿)2 + 2(𝑅 − 𝑈)(2𝑀𝑟 + 𝑉) 

𝜔3 =
2𝑁(𝑢 − 𝑛)𝑅 + 𝑈(𝐿 + 2𝑁𝑛)

𝑎(𝑅 − 𝑈)
d𝜙
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𝐿(𝑟) = 2(−𝑛𝜈1 +𝑚𝜈2)𝑟 + 4(𝑚
2 + 𝑛2)𝐷, 𝑉(𝑢) = 2(𝑛𝜇1 −𝑚𝜇2)𝑢 + 2(𝑚

2 + 𝑛2)𝐶,  

𝐴𝐼 = −𝑊
𝜕

𝜕𝛿𝐼
(

 d𝑡 + 𝜔3
𝑊

)  

𝐴𝐼 = 𝜁𝐼( d𝑡 + 𝜔3) + 𝐴(3 d)
𝐼

 

𝜁𝐼=
1

2𝑊2

𝜕

𝜕𝛿𝐼
(𝑊2) =

1

𝑊2 [(𝑅 − 𝑈) (𝑄𝐼𝑟 +
𝜕𝑉

𝜕𝛿𝐼
) + (𝐿 + 2𝑁𝑢) (

𝜕𝐿

𝜕𝛿𝐼
− 𝑃𝐼𝑢)] , 

𝐴(3d)
𝐼  = −

𝜕

𝜕𝛿𝐼
𝜔3 = [𝑃

𝐼(𝑢 − 𝑛) +
𝑈

𝑅 − 𝑈
(𝑃𝐼𝑢 −

𝜕𝐿

𝜕𝛿𝐼
)]
d𝜙

𝑎
.

 

𝐴̃𝐼 = 𝜁𝐼( d𝑡 + 𝜔3) + 𝐴̃𝐼(3 d)  

𝐴̃𝐼(3d)= −(𝑄𝐼(𝑢 − 𝑛) +
𝑈(𝑄𝐼𝑢 + 𝐿̃𝐼)

𝑅 − 𝑈
)
d𝜙

𝑎
 

𝜁𝐼 =
1

𝑊2
((𝑅 − 𝑈)(𝑃𝐼𝑟 + 𝑉̃𝐼) + (𝐿 + 2𝑁𝑢)(𝐿̃𝐼 + 𝑄𝐼𝑢))

 

𝐿̃𝐼(𝑟) = (𝑚𝜌𝐼
2 − 𝑛𝜌𝐼

1)𝑟 − 4(𝑚2 + 𝑛2)𝐷̃𝐼 , 𝑉̃𝐼(𝑢) = (𝑛𝜋1
𝐼 −𝑚𝜋2

𝐼)𝑢 + 2(𝑚2 + 𝑛2)𝐶̃𝐼 .  

e𝜑𝑖 =
𝑟2 + 𝑢2 + 𝑔𝑖

𝑊
,𝜒𝑖 =

𝑓𝑖
𝑟2 + 𝑢2 + 𝑔𝑖

,  

𝑓𝑖 = 2(𝑚𝑟 + 𝑛𝑢)𝜉𝑖1 + 2(𝑚𝑢 − 𝑛𝑟)𝜉𝑖2 + 4(𝑚
2 + 𝑛2)𝜉𝑖3

𝑔𝑖 = 2(𝑚𝑟 + 𝑛𝑢)𝜂𝑖1 + 2(𝑚𝑢 − 𝑛𝑟)𝜂𝑖2 + 4(𝑚
2 + 𝑛2)𝜂𝑖3

 

𝑄‾𝐼 =
1

4𝐺
𝑄𝐼 , 𝑃‾

𝐼 =
1

4𝐺
𝑃𝐼  

𝑀 =
𝑚

𝐺
(𝜇1 −

𝜈1𝜇2
𝜈2
) ,         𝐽 =

𝑚𝑎

𝐺

(𝜈1
2 + 𝜈2

2)

𝜈2
        

𝑄‾𝐼=
𝑚

2𝐺
(
𝜕𝜇1
𝜕𝛿𝐼

−
𝜈1
𝜈2

𝜕𝜇2
𝜕𝛿𝐼

),         𝑃‾𝐼=
𝑚

2𝐺
(
𝜈1
𝜈2

𝜕𝜈2
𝜕𝛿𝐼

−
𝜕𝜈1
𝜕𝛿𝐼

)         

 

𝜉𝜇𝜕𝜇 = 𝜕𝑡 + Ω+𝜕𝜙  

Ω+ =
𝑎

𝐿(𝑟+)
 

𝑆+ =
𝜋

𝐺
𝐿(𝑟+), 𝑇+ =

𝑅′(𝑟+)

4𝜋𝐿(𝑟+)
=
𝑟+ −𝑚

2𝜋𝐿(𝑟+)
 

Φ+
𝐼 = 𝜉+

𝜇
𝐴𝜇
𝐼  

Ψ𝐼
+ = 𝜉+

𝜇
𝐴̃𝐼𝜇 

Φ+
𝐼 = Ω+𝐴(3 d)𝜙

𝐼 (𝑟+) =
1

𝐿
(
𝜕𝐿

𝜕𝛿𝐼
− 𝑛0𝑃

𝐼)|
𝑟=𝑟+

, Ψ𝐼
+ = Ω+𝐴̃(3 d)𝜙

𝐼 (𝑟+) =
𝐿̃𝐼 + 𝑛0𝑄𝐼

𝐿
|
𝑟=𝑟+
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𝛿𝑀 = 𝑇+𝛿𝑆+ + Ω+𝛿𝐽 + Φ+
𝐼 𝛿𝑄‾𝐼 +Ψ𝐼

+𝛿𝑃‾𝐼  

𝑀 = 2𝑇+𝑆+ + 2Ω+𝐽 + Φ+
𝐼 𝑄‾𝐼 +Ψ𝐼

+𝑃‾𝐼  

∑ 

𝐼

  (𝜌𝐼
2𝜋1

𝐼 − 𝜌𝐼
1𝜋2

𝐼 )= 8(𝜇1𝜈2 − 𝜇2𝜈1 − 𝜄 − 𝐷)  

∑  

𝐼

  (𝑄𝐼
𝜕𝐷

𝜕𝛿𝐼
− 𝑃𝐼𝐷̃𝐼) = 4𝐷(𝜇1 + 1)𝑚 + (4𝐷𝜇2 + 2𝜈1)𝑛0

 

𝑆+ = 2𝜋√| ⋄ |  

𝑆+ = 2𝜋√|Δ|  

Δ(𝑄𝐼 , 𝑃
𝐼) =

1

16
(4(𝑄1𝑄2𝑄3𝑄4 + 𝑃

1𝑃2𝑃3𝑃4) + 2∑  

𝐽<𝐾

 𝑄𝐽𝑄𝐾𝑃
𝐽𝑃𝐾 −∑  

𝐽

 (𝑄𝐽)
2
(𝑃𝐽)2)  

𝑄𝐼 = 𝑄, 𝑃
𝐼 = 𝑃 

Δ =
1

4
(𝑄2 + 𝑃2)2 

Δ =
1

4
𝑄1𝑄2𝑄3𝑄4 

Δ = −
1

16
(𝑄1)

2(𝑃1)2 

((𝑄1, 𝑃
1) = (𝑄4, 𝑃

4) and (𝑄2, 𝑃
2) = (𝑄3, 𝑃

3)) 

Δ =
1

4
(𝑄1𝑄2 + 𝑃

1𝑃2)2 

Δ =
1

32
𝜖𝑎𝑏𝜖𝑐𝑑𝜖𝑎

′𝑏′𝜖𝑐
′𝑑′𝜖𝑎

′′𝑐′′𝜖𝑏
′′𝑑′′𝛾𝑎𝑎′𝑎′′𝛾𝑏𝑏′𝑏′′𝛾𝑐𝑐′𝑐′′𝛾𝑑𝑑′𝑑′′  

(𝛾000, 𝛾111) = (𝑃
4, −𝑄4), (𝛾100, 𝛾011) = (𝑄1, −𝑃

1)

(𝛾010, 𝛾101) = (𝑄2, −𝑃
2), (𝛾001, 𝛾110) = (𝑄3, −𝑃

3)
 

Δ=
1

32
𝜖𝑎

′𝑏′𝜖𝑐
′𝑑′𝜖𝑎

′′𝑏′′𝜖𝑐
′′𝑑′′𝜖𝑎𝑐𝜖𝑏𝑑𝛾𝑎𝑎′𝑎′′𝛾𝑏𝑏′𝑏′′𝛾𝑐𝑐′𝑐′′𝛾𝑑𝑑′𝑑′′  

 =
1

32
𝜖𝑎

′′𝑏′′𝜖𝑐
′′𝑑′′𝜖𝑎𝑏𝜖𝑐𝑑𝜖𝑎

′𝑐′𝜖𝑏
′𝑑′𝛾𝑎𝑎′𝑎′′𝛾𝑏𝑏′𝑏′′𝛾𝑐𝑐′𝑐′′𝛾𝑑𝑑′𝑑′′

 

Δ =
𝑚4(𝜈1

2 + 𝜈2
2)2(4𝜄𝐷 − 𝜈1

2)

𝜈2
4

 

𝜉−
𝜇𝜕𝜇 = 𝜕𝑡 + Ω−𝜕𝜙 

𝑆−𝑇− ≤ 0  
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𝑆− =
𝜋

𝐺
𝐿(𝑟−)  

𝛿𝑀= 𝑇−𝛿𝑆− + Ω−𝛿𝐽 + Φ−
𝐼 𝛿𝑄‾𝐼 +Ψ𝐼

−𝛿𝑃‾𝐼 

𝑀 = 2𝑇−𝑆− + 2Ω−𝐽 + Φ−
𝐼 𝑄‾𝐼 +Ψ𝐼

−𝑃‾𝐼
 

𝑆−
𝑆+
=
𝑇+
−𝑇−

=
Ω+
Ω−

=
𝐿(𝑟−)

𝐿(𝑟+)
,  

𝑆+ =
𝜋2

3
𝑐𝐽

−2𝑇−
Ω− − Ω+

=
𝜋2

3
𝑐𝑄𝐼

−2𝑇−

Φ−
𝐼 −Φ+

𝐼 =
𝜋2

3
𝑐𝑃𝐼

−2𝑇−
Ψ𝐼
− −Ψ𝐼

+ ,  

𝑐𝐽 = 6
𝜕Δ𝐽

𝜕𝐽
, 𝑐𝑄𝐼 = 6

𝜕Δ𝐽

𝜕𝑄‾𝐼
, 𝑐𝑃𝐼 = 6

𝜕Δ𝐽

𝜕𝑃‾𝐼
 

 

Δ𝐽 = Δ + 𝐽
2  

8𝜋2𝐽 = Ω+𝑆+ (
1

𝑇+
+
1

𝑇−
)  

𝐴+𝐴−
64𝜋2𝐺2

= 𝐽2 + Δ(𝑄𝐼 , 𝑃
𝐼) = Δ𝐽  

𝑆𝐿 ≡
1

2
(𝑆+ + 𝑆−), 𝑆𝑅 ≡

1

2
(𝑆+ − 𝑆−)  

𝑆𝐿
2 − 𝑆𝑅

2 = 4𝜋2(𝐽2 + Δ)  

𝐴+𝐴− = (8𝜋𝐽)
2 + (4𝜋𝑄2)2  

𝒜2 ≥ (8𝜋𝐽)2 + (4𝜋𝑄2)2  

𝐴+𝐴− = (8𝜋𝐽)
2 + (8𝜋)2Δ,𝒜2 ≥ (8𝜋𝐽)2 + (8𝜋)2Δ  

𝐴+𝐴− = (8𝜋𝐽)
2 + (8𝜋)2 ⋄,𝒜2 ≥ (8𝜋𝐽)2 + (8𝜋)2 ⋄  

𝑆+ = 2𝜋 (√Δ + 𝐹 + √−𝐽
2 + 𝐹)  

𝐹(𝑀,𝑄𝐼 , 𝑃
𝐼) =

𝑚4(𝜈1
2 + 𝜈2

2)3

𝜈2
4

 

Ω+/𝑇+ = −Ω−/𝑇− 

𝜕𝑆𝐿/𝜕𝐽 = 0 

𝜕(𝑆𝑅
2)/𝜕𝐽 = −8𝜋2𝐽 

𝑆𝑅 = 2𝜋√−𝐽
2 + 𝐹 

𝑆𝐿 = 2𝜋√Δ + 𝐹 
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𝑆+ = 𝑆𝐿 + 𝑆𝑅 

ℳ𝑖(𝑟, 𝑢) =
1

𝑊
(
𝑟2 + 𝑢2 + 𝑔𝑖 𝑓𝑖

𝑓𝑖 (𝑊2 + 𝑓𝑖
2)/(𝑟2 + 𝑢2 + 𝑔𝑖)

)  

ℳ𝑖 = 𝕀 + 𝑂(𝑟
−1)  

𝑀2 =
1

16
𝛾𝑎𝑎′𝑎′′[(ℳ1

−1)𝑎𝑏(ℳ2
−1)𝑎

′𝑏′(ℳ3
−1)𝑎

′′𝑏′′ − (ℳ1
−1)𝑎𝑏𝜖𝑎

′𝑏′𝜖𝑎
′′𝑏′′ − 𝜖𝑎𝑏(ℳ2

−1)𝑎
′𝑏′𝜖𝑎

′′𝑏′′

−𝜖𝑎𝑏𝜖𝑎
′𝑏′(ℳ3

−1)𝑎
′′𝑏′′]𝛾𝑏𝑏′𝑏′′

 

𝑀2
∞=

1

16
𝛾𝑎𝑎′𝑎′′(𝛿

𝑎𝑏𝛿𝑎
′𝑏′𝛿𝑎

′′𝑏′′ − 𝛿𝑎𝑏𝜖𝑎
′𝑏′𝜖𝑎

′′𝑏′′ − 𝜖𝑎𝑏𝛿𝑎
′𝑏′𝜖𝑎

′′𝑏′′ − 𝜖𝑎𝑏𝜖𝑎
′𝑏′𝛿𝑎

′′𝑏′′)𝛾𝑏𝑏′𝑏′′ 

 =
1

16
∑  

𝐼,𝐽

  (𝑄𝐼𝑄𝐽 + 𝑃
𝐼𝑃𝐽)

 

𝑀2
∞ = |𝑍(𝑃, 𝑄, 𝑧∞)|

2 

𝑍(𝑃, 𝑄, 𝑧, 𝑧‾) =
1

√2
e𝐾(𝑧,𝑧‾)/2(𝑋Λ(𝑧)𝑄Λ − 𝐹Λ(𝑧)𝑃

Λ)  

𝐾 = −log (−8𝑦1𝑦2𝑦3) 

𝐹Λ = 𝜕Λ𝐹 

𝑀2 ≥ 𝑀2
∞  

 

𝐹ΛΣ = 𝜕Λ𝜕Σ𝐹 

𝐹 = −𝑋1𝑋2𝑋3/𝑋0 

𝐼2
∞ ≡ 𝐼2(∞, 𝑢)=

1

4
∑  

𝐼

  [(𝑄𝐼)
2 + (𝑃𝐼)2]  

𝐽2
∞ ≡ 𝐽2(∞, 𝑢) =

1

4
∑  

𝐼

  [(𝑄𝐼)
2 + (𝑃𝐼)2] −

1

8
∑  

𝐼,𝐽

 (𝑃𝐼𝑃𝐽 + 𝑄𝐼𝑄𝐽)

 

|𝑍|2 + |𝑍𝑖|
2 = 𝐼2

∞, −|𝑍|2 + |𝑍𝑖|
2 = 𝐽2

∞  

𝐽2
∞ = 𝐼2

∞ − 2𝑀2
∞ 

𝑆2
∞ =

1

4
𝐺𝐴𝐵𝜕𝑟Φ

𝐴𝜕𝑟Φ
𝐵|
𝑟=∞
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𝑆2
∞ =

1

4
∑  

𝑖

  (Σ𝑖
2 + Ξ𝑖

2).  

𝑀2 +𝑁2 + 𝑆2
∞ = 𝐼2

∞ + 4𝑆+
2𝑇+

2.  

𝑀2 +𝑁2 + 𝑆2
∞ = 𝐼2

∞ + 4𝑆+
2 (𝑇+

2 +
Ω+
2

4𝜋2
)  

4𝐺2𝑆+
2 (𝑇+

2 +
Ω+
2

4𝜋2
) = 𝑚2 + 𝑛2 = 4𝐺2𝑆−

2 (𝑇−
2 +

Ω−
2

4𝜋2
)  

𝑀= 𝑚cosh (2𝛿)cosh (2𝛾) + 𝑛sinh (2𝛿)sinh (2𝛾), 
𝑁= 𝑛cosh (2𝛿)cosh (2𝛾) − 𝑚sinh (2𝛿)sinh (2𝛾), 

𝑄 ≡ 𝑄𝐼= 𝑚sinh (2𝛿)cosh (2𝛾) + 𝑛sinh (2𝛾)cosh (2𝛿), 

𝑃 ≡ 𝑃𝐼= 𝑚sinh (2𝛾)cosh (2𝛿) − 𝑛sinh (2𝛿)cosh (2𝛾), 

𝐽 = 𝑎𝑀,

 

Δ =
1

4
(𝑄2 + 𝑃2)2.  

𝐹 = 𝑀2(𝑀2 − 𝑄2 − 𝑃2).  

𝑀 =
1

2
𝑚(𝑐𝛿1

2 𝑐𝛾1
2 − 1),        𝑄1 =

2𝑚𝑠𝛿1(𝑐𝛿1
2 + 𝑠𝛿1

2 𝑠𝛾1
2 )

𝑐𝛿1
,        

𝑁= 0,         𝑃1=
2𝑚𝑠𝛾1𝑐𝛾1

𝑐𝛿1
         

 

Δ = −
1

16
(𝑄1)

2(𝑃1)2, 𝐹 = 𝑚4
𝑐𝛾1
2

𝑐𝛿1
4 (𝑐𝛿1

2 + 𝑠𝛿1
2 𝑠𝛾1

2 )
3

 

𝐻(𝜓) = 2cos 𝜓cos (𝜓/3) + 6sin 𝜓sin (𝜓/3) − 2  

sin2 𝜓(𝑀,𝑄1, 𝑃
1) =

54𝑀2[(𝑄1)
2 − (𝑃1)2]2

[8𝑀2 + (𝑄1)
2 + (𝑃1)2]3

 

0 ≤ 𝜓 ≤ 𝜋/2 

4𝑀 ≥ [(𝑄1)
2/3 +(𝑃1)2/3]

3/2
 

𝐹 = [𝑀2 −
1

4
(𝑄1)

2] [𝑀2 −
1

4
(𝑃1)2] +

1

3
{𝑀2 +

1

8
[(𝑄1)

2 + (𝑃1)2]}
2

𝐻(𝜓(𝑀,𝑄1, 𝑃
1)).  

𝐹 =
1

64
[32𝑀4 − 40𝑀2(𝑄1)

2 − (𝑄1)
4 + 4𝑀(4𝑀2 + 2(𝑄1)

2)3/2].  

𝑆+ = 2𝜋(√𝐹 −
1

16
(𝑄1)

2(𝑃1)2 +√𝐹 − 𝐽2)  
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𝑀 =
𝑚

4
∑  

𝐼

 cosh (2𝛿𝐼),        𝑁 = 𝑛(𝑐𝛿1234 − 𝑠𝛿1234),         

𝑄𝐼= 𝑚sinh (2𝛿𝐼),         𝑃𝐼= 2𝑛(𝑐𝛿1𝑠𝛿234 − 𝑠𝛿1𝑐𝛿234).         

 

𝐽 = 𝑚𝑎(𝑐𝛿1234 − 𝑠𝛿1234)  

Δ=
1

4
𝑄1𝑄2𝑄3𝑄4  

𝐹 =
1

8
(𝑚4 − 4Δ +∏ 

𝐼

 √𝑚2 +𝑄𝐼
2 +𝑚2∑ 

𝐼<𝐽

 √𝑚2 + 𝑄𝐼
2√𝑚2 + 𝑄𝐽

2)
 

𝑊2(𝑟, 𝑢) = (𝑟2 − 2𝑚𝑟 + 𝑢2)(𝑟2 + 2(2𝑀 −𝑚)𝑟 + 𝑢2) + 4𝜈2
2𝑚2𝑟2  

d𝑠2 = −
𝑟2 − 2𝑚𝑟 + 𝑢2

𝑊(𝑟, 𝑢)
(d𝑡 + 𝜔3)

2 +𝑊(𝑟, 𝑢) (
d𝑟2

𝑅(𝑟)
+

𝑑𝑢2

𝑎2 − 𝑢2
+

𝑅(𝑟)(𝑎2 − 𝑢2)

𝑎2(𝑟2 − 2𝑚𝑟 + 𝑢2)
d𝜙2)  

𝑅(𝑟) = 𝑟2 − 2𝑚𝑟 + 𝑎2 

𝜔3 =
2𝜈2𝑚(𝑎

2 − 𝑢2)𝑟

𝑎(𝑟2 − 2𝑚𝑟 + 𝑢2)
d𝜙  

(𝛿1, 𝛾1) = (𝛿4, 𝛾4) and (𝛿2, 𝛾2) = (𝛿3, 𝛾3) 

𝑄2 = 𝑄1, 𝑃
2 = 𝑃1 

Δ𝑟1= 𝑚[cosh (2𝛿1)cosh (2𝛾2) − 1] + 𝑛 sinh(2𝛿1) sinh(2𝛾1) ,

Δ𝑟2= 𝑚[cosh (2𝛿2)cosh (2𝛾1) − 1] + 𝑛 sinh(2𝛿2) sinh(2𝛾2) ,

Δ𝑢1= 𝑛[cosh (2𝛿1)cosh (2𝛾2) − 1] − 𝑚sinh (2𝛿1)sinh (2𝛾1),  

Δ𝑢2 = 𝑛[cosh (2𝛿2)cosh (2𝛾1) − 1] −𝑚sinh (2𝛿2)sinh (2𝛾2),

 

 

𝑟1 = 𝑟 + Δ𝑟1, 𝑟2 = 𝑟 + Δ𝑟2, 𝑢1 = 𝑢 + Δ𝑢1, 𝑢2 = 𝑢 + Δ𝑢2  

𝑊 = 𝑟1𝑟2 + 𝑢1𝑢2 

d𝑠2 =−
𝑅

𝑊
( d𝑡 −

𝑎2 − 𝑢1𝑢2 + (Δ𝑢1 + 𝑛)(Δ𝑢2 + 𝑛)

𝑎
 d𝜙)

2

+
𝑊

𝑅
 d𝑟2  

 +
𝑈

𝑊
( d𝑡 −

𝑟1𝑟2 + 𝑎
2 + (Δ𝑢1 + 𝑛)(Δ𝑢2 + 𝑛)

𝑎
 d𝜙)

2

+
𝑊

𝑈
 d𝑢2.

 

𝐴1 =
𝑄1𝑟2
𝑊

( d𝑡 −
𝑎2 − 𝑢1𝑢2 + (Δ𝑢1 + 𝑛)(Δ𝑢2 + 𝑛)

𝑎
 d𝜙)

 −
𝑃1𝑢2
𝑊

( d𝑡 −
𝑟1𝑟2 + 𝑎

2 + (Δ𝑢1 + 𝑛)(Δ𝑢2 + 𝑛)

𝑎
 d𝜙) +

(Δ𝑢2 + 𝑛)

2𝑎

𝜕(Δ𝑢1)

𝜕𝛿1
 d𝜙
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𝐴̃1 =
𝑃1𝑟1
𝑊

( d𝑡 −
𝑎2 − 𝑢1𝑢2 + (Δ𝑢1 + 𝑛)(Δ𝑢2 + 𝑛)

𝑎
 d𝜙)

 +
𝑄1𝑢1
𝑊

( d𝑡 −
𝑟1𝑟2 + 𝑎

2 + (Δ𝑢1 + 𝑛)(Δ𝑢2 + 𝑛)

𝑎
 d𝜙) +

(Δ𝑢1 + 𝑛)

2𝑎

𝜕(Δ𝑟1)

𝜕𝛿1
 d𝜙

 

(𝛿1, 𝛾1) = (𝛿4, 𝛾4) and (𝛿2, 𝛾2) = (𝛿3, 𝛾3) 

e𝜑1 =
𝑟2
2 + 𝑢2

2

𝑊
,𝜒1 =

𝑟2𝑢1 − 𝑟1𝑢2

𝑟2
2 + 𝑢2

2
 

d𝑠2 = −
𝑅

𝑊
( d𝜏 + 𝑢1𝑢2 d𝜓)2 +

𝑈

𝑊
( d𝜏 − 𝑟1𝑟2 d𝜓)2 +𝑊(

 d𝑟2

𝑅
+
d𝑢2

𝑈
) ,  

𝐴1 =
𝑄1𝑟2
𝑊

( d𝜏 + 𝑢1𝑢2 d𝜓) −
𝑃1𝑢2
𝑊

( d𝜏 − 𝑟1𝑟2 d𝜓)

𝐴̃1 =
𝑃1𝑟1
𝑊

( d𝜏 + 𝑢1𝑢2 d𝜓) +
𝑄1𝑢1
𝑊

( d𝜏 − 𝑟1𝑟2 d𝜓)

 

𝜈1= −𝜇2 = −
1

2
[sinh(2𝛿1) sinh(2𝛾1) + sinh(2𝛿2) sinh(2𝛾2)],

𝜈2 = 𝜇1 =
1

2
[cosh (2𝛿1)cosh (2𝛾2) + cosh (2𝛿2)cosh (2𝛾1)].

 

𝑀 = 𝑚 +
1

2
(Δ𝑟1 + Δ𝑟2), 𝑁 = 𝑛 +

1

2
(Δ𝑢1 + Δ𝑢2)

𝑄1 =
𝜕𝑀

𝜕𝛿1
=
1

2

𝜕(Δ𝑟1)

𝜕𝛿1
, 𝑃1 = −

𝜕𝑁

𝜕𝛿1
= −

1

2

𝜕(Δ𝑢1)

𝜕𝛿1

𝑄2 =
𝜕𝑀

𝜕𝛿2
=
1

2

𝜕(Δ𝑟2)

𝜕𝛿2
, 𝑃2 = −

𝜕𝑁

𝜕𝛿2
= −

1

2

𝜕(Δ𝑢2)

𝜕𝛿2
𝐽 = 𝑀𝑎

 

Δ = (
1

2
𝐼2
∞ −𝑀2

∞)
2

=
1

4
(𝑄1𝑄2 + 𝑃

1𝑃2)2

𝐹 = (𝑀2 −
1

2
𝐼2
∞)

2

− Δ = (𝑀2 −𝑀2
∞)(𝑀2 +𝑀2

∞ − 𝐼2
∞)

 

𝐼2
∞ =

1

2
[(𝑄1)

2 + (𝑃1)2 + (𝑄2)
2 + (𝑃2)2],𝑀2

∞ =
1

4
[(𝑄1 + 𝑃

1)2 + (𝑄2 + 𝑃
2)2].  

(𝛿1, 𝛾1) = (𝛿4, 𝛾4) and 𝛿2 = 𝛿3 = 𝛾2 = 𝛾3 = 0 

𝑚 ∼ 𝜖2, 𝛿𝐼 ∼ 𝜖
0, e𝛾𝐼 ∼ 𝜖−1.  

𝑀2 = 𝑀2
∞  

𝑆+ = 2𝜋√Δ,  

𝑆2
∞ = 𝐼2

∞ −𝑀2
∞  

d𝑠2 = −𝑟2𝑊0
−1(𝑟)d𝑡2 +𝑊0(𝑟)𝑟

−2( d𝑟2 + 𝑟2 dΩ2),  
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𝑎 = √𝑚2 + 𝑛0
2 

𝑟 = 𝑟+ = 𝑟− = 𝑚 

𝑀2 = 𝐼2
∞ − 𝑆2

∞ + 𝑎2.  

𝐽/𝑎 = 𝑚(𝜈1
2 + 𝜈2

2)/𝜈2 

𝐹 = 𝐽2.  

𝑆+ = 2𝜋√Δ + 𝐽
2.  

𝑡 → 𝑟0𝜆
−1𝑡, 𝑟 → 𝑟+ + 𝜆𝑟0𝑟, 𝜙 → 𝜙 + Ω+

ext 𝜆−1𝑟0𝑡  

𝐴𝐼 → 𝐴𝐼 −Φ+,ext
𝐼 𝜆−1𝑟0 d𝑡, 𝐴̃𝐼 → 𝐴̃𝐼 −Ψ𝐼,ext

+ 𝜆−1𝑟0 d𝑡  

𝜆 → 0, Ω+
ext , Φ+,ext 

𝐼 , Ψ𝐼, ext 
+  

𝑟0
2 = 𝐿(𝑟+) 

d𝑠2 = 𝑊+ (−𝑟
2 d𝑡2 +

d𝑟2

𝑟2
+
d𝑢2

𝑈
+ Γ2( d𝜙 + 𝑘𝑟 d𝑡)2)  

𝑊+(𝑢) = 𝑊(𝑟+, 𝑢) 

Γ2(𝑢) =
𝐿(𝑟+)

2𝑈(𝑢)

𝑎2𝑊+
2(𝑢)

, 𝑘 = 2(𝑚𝜈2 − 𝑛0𝜈1)Ω+ =
2𝜋𝐽

𝑆+
 

𝐴𝐼 = 𝑓𝐼( d𝜙 + 𝑘𝑟 d𝑡) +
𝑒𝐼

𝑘
 d𝜙, 𝐴̃𝐼 = 𝑓𝐼( d𝜙 + 𝑘𝑟 d𝑡) +

𝑒̃𝐼
𝑘

 d𝜙  

𝑓𝐼(𝑢) = −
𝐿(𝑟+)

𝑎
(𝜁𝐼(𝑟+, 𝑢) +

𝜈1𝜋1
𝐼 + 𝜈2𝜋2

𝐼

2(𝜈1
2 + 𝜈2

2)
) , 𝑒𝐼 = 2(𝑚𝜈2 − 𝑛0𝜈1)Φ+

𝐼 − 𝑛0𝜋1
𝐼 +𝑚𝜋2

𝐼

𝑓𝐼(𝑢) = −
𝐿(𝑟+)

𝑎
(𝜁𝐼(𝑟+, 𝑢) −

𝜈1𝜌𝐼
1 + 𝜈2𝜌𝐼

2

2(𝜈1
2 + 𝜈2

2)
) , 𝑒̃𝐼 = 2(𝑚𝜈2 − 𝑛0𝜈1)Ψ𝐼

+ + 𝑛0𝜌𝐼
1 −𝑚𝜌𝐼

2

 

𝑆+ =
1

3
𝜋2𝑐𝐽𝑇𝐽  

𝑐𝐽 = 12𝐽, 𝑇𝐽 =
1

2𝜋𝑘
 

𝑆+ =
1

3
𝜋2𝑐𝑄1𝑇𝑄1  

𝑐𝑄1 = 24
𝜕Δ

𝜕𝑄1
, 𝑇𝑄1 =

1

2𝜋𝑒1
 

𝑐𝑄1 = 6𝑄2𝑄3𝑄4 + 3𝑃
1(𝑃2𝑄2 + 𝑃

3𝑄3 + 𝑃
4𝑄4 − 𝑃

1𝑄1)  

𝑚 ∼ 𝜖2𝑚, 𝑛 ∼ 𝜖𝑛, 𝑎 ∼ 𝜖𝑎, e𝛾1 ∼ 𝜖−1e𝛾1  
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𝑟+ = −𝑟− + 𝑂(𝜖
2) 

𝐽2 + Δ ≤ 0 

𝐹 = −Δ 

𝑆+ = 2𝜋√−Δ− 𝐽
2  

𝑀2 = 𝐼2
∞ − 𝑆∞

2  

𝑃̃1 = 1, 𝑃̃2 = 𝑃̃3, 𝑄̃2 = 𝑄̃3 and 𝑃4 = 0 

𝐿 = 𝑂(𝜖−1), 𝑉 = 𝑂(𝜖−2) 

𝑊2 = 𝑟4 + 4𝑀𝑟3 + (𝑀2𝑏1 + 𝑏2𝐽cos 𝜃)𝑟
2 + 𝑏3𝑀

3𝑟 − 4𝐽2cos2 𝜃 − 4Δ,𝜔3 =
2𝐽

𝑟
sin2 𝜃 d𝜙  

d𝑠2 = −
𝑟2

𝑊(𝑟, 𝜃)
(d𝑡 +

2𝐽

𝑟
sin2 𝜃 d𝜙)

2

+
𝑊(𝑟, 𝜃)

𝑟2
[ d𝑟2 + 𝑟2( d𝜃2 + sin2 𝜃 d𝜙2)]  

𝑡 → 𝜆−1𝑟0√−Δ− 𝐽
2𝑡, 𝑟 → 𝜆𝑟0𝑟  

𝐴𝐼 → 𝐴𝐼 − d(Φ+
𝐼 𝜆−1𝑟0√−Δ− 𝐽

2𝑡) , 𝐴̃𝐼 → 𝐴̃𝐼 − d(Ψ𝐼
+𝜆−1𝑟0√−Δ− 𝐽

2𝑡)  

d𝑠2 = 𝑊+ (−𝑟
2 d𝑡2 +

d𝑟2

𝑟2
+ d𝜃2 + Γ2( d𝜙 − 𝑘𝑟 d𝑡)2)  

𝑊+ = 2√−Δ− 𝐽
2cos2 𝜃, 𝑘 =

𝐽

√−Δ + 𝐽2
, Γ2 = sin2 𝜃

−Δ − 𝐽2

−Δ − 𝐽2cos2 𝜃
 

𝐶 = −𝜈1
2 + 𝑂(𝜖−2) 

Φ+
𝐼 = 𝜕𝛿𝐼log 𝜈1 + 𝑂(𝜖) 

𝑊2 = 4𝜈1
2𝑛2(𝑛2 − 𝑎2cos2 𝜃) + 𝑂(𝜆), 𝜔3 = −

2𝑎𝑛𝜈1
𝜆𝑟0𝑟

sin2 𝜃 d𝜙 + 𝑂(𝜆0)  

𝜉𝐼 = 𝜕𝛿𝐼log 𝜈1 

𝐴𝐼 = 𝑃𝐼cos 𝜃 d𝜙 − 𝜕𝛿𝐼log 𝜈1𝜔3 

𝐴𝐼 = 𝑓𝐼( d𝜙 − 𝑘𝑟 d𝑡) −
𝑒𝐼

𝑘
 d𝜙, 𝑓𝐼 =

𝑃𝐼(−Δ − 𝐽2)(𝜋̂𝐼 + 𝐽cos 𝜃)

𝐽(−Δ − 𝐽2cos2 𝜃)
,

𝐴̃𝐼 = 𝑓𝐼( d𝜙 − 𝑘𝑟 d𝑡) −
𝑒̃𝐼
𝑘

 d𝜙, 𝑓𝐼 =
𝑃𝐼𝜋̂

𝐼

√−Δ − 𝐽2

𝐽(−Δ − 𝐽2cos2 𝜃) 𝑒̃𝐼 =
𝑄𝐼𝜌̂𝐼

√−Δ− 𝐽2

 

𝜋̂𝐼 = −2
1

𝑃𝐼
𝜕Δ

𝜕𝑄𝐼
, 𝜌̂𝐼 = −2

1

𝑄𝐼

𝜕Δ

𝜕𝑃𝐼
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𝑆+ =
1

3
𝜋2𝑐𝐽𝑇𝐽  

𝑐𝐽 = 12𝐽, 𝑇𝐽 =
1

2𝜋𝑘
 

𝑆+ =
1

3
𝜋2𝑐𝑄𝐼𝑇𝑄𝐼 =

1

3
𝜋2𝑐𝑃𝐼𝑇𝑃𝐼  

𝑐𝑄𝐼  = −6
𝜕Δ

𝜕𝑄‾𝐼
,        𝑇𝑄𝐼  =

1

2𝜋𝑒𝐼

𝑐𝑃𝐼 = −6
𝜕Δ

𝜕𝑃‾𝐼
,        𝑇𝑃𝐼 =

1

2𝜋𝑒̃𝐼

 

𝑀 =
𝑚e2𝛾cosh2 𝛿

8
, 𝑄‾ =

𝑚e2𝛾sinh3 𝛿

8cosh 𝛿
, 𝑃‾ =

𝑚e2𝛾

8cosh 𝛿
 

𝑀2/3 = 𝑄‾2/3 + 𝑃‾2/3  

𝑊𝑄 = 𝑟
2 + 4𝑄‾2/3√𝑄‾2/3 + 𝑃‾2/3𝑟 + 8𝑄‾

1
3𝑃‾−

1
3(𝑄‾𝑃‾ − 𝐽 cos 𝜃),

𝑊𝑃 = 𝑟
2 + 4𝑃‾2/3√𝑄‾2/3 + 𝑃‾2/3𝑟 + 8𝑃‾1/3𝑄‾−1/3(𝑄‾𝑃‾ + 𝐽cos 𝜃).

 

𝜋̂1 = 𝜌̂1 = √−Δ = 𝑄‾𝑃‾  

𝑥𝑖 = 0, 𝑦2 = 𝑦3 =
1

𝑦1
=
𝑃‾2/3(𝑄‾𝑃‾ + 𝐽cos 𝜃)

𝑄‾2/3(𝑄‾𝑃‾ − 𝐽cos 𝜃)
 

𝜓 ∼ 𝜓 + 2𝜋 

d𝑠5
2 = 𝑓2(𝜃)[𝑅𝜓d𝜓 −

𝑃‾𝑟

𝑄‾𝑃‾ − 𝐽cos 𝜃
( d𝑡 +

𝐽

𝑟
sin2 𝜃 d𝜙) + 𝑃‾cos 𝜃 d𝜙]

2

 +
𝐺(𝜃)

2𝑓(𝜃)
[−

𝑟2

𝐺2(𝜃)
(d𝑡 +

𝐽

𝑟
sin2 𝜃 d𝜙)

2

+
d𝑟2

𝑟2
+ d𝜃2 + sin2 𝜃 d𝜙2]

 

𝑓(𝜃) = (
𝑄‾

𝑃‾
)

1/3

(
𝑄‾𝑃‾ − 𝐽cos 𝜃

𝑄‾𝑃‾ + 𝐽cos 𝜃
)

1/2

, 𝐺(𝜃) = √𝑄‾2𝑃‾2 − 𝐽2cos2 𝜃  

d𝑠2 = Γ(𝜃)(−𝑟2 d𝑡‾2 +
d𝑟2

𝑟2
+ d𝜃2 + ∑  

2

𝐴,𝐵=1

 𝛾𝐴𝐵(𝜃)(d𝜙
𝐴 − 𝑘𝐴𝑟 d𝑡‾)(d𝜙𝐵 − 𝑘𝐵𝑟 d𝑡‾))  

𝑡‾ = 𝑡/(𝑄‾2𝑃‾2 − 𝐽2)1/2, 𝜙1 = 𝜙,𝜙2 = 𝑅𝜓𝜓 

Γ(𝜃) =
𝑃‾1/3(𝑄‾𝑃‾ + 𝐽cos 𝜃)

2𝑄‾1/3
, 𝑘1 =

𝐽

(𝑄‾2𝑃‾2 − 𝐽2)1/2
, 𝑘2 =

𝑄‾𝑃‾2

(𝑄‾2𝑃‾2 − 𝐽2)1/2
,  

𝛾𝐴𝐵 =
1

(𝑄‾𝑃‾ + 𝐽cos 𝜃)2
(
𝑄‾2𝑃‾2 − 𝐽2cos2 𝜃 + (𝑄‾𝑃‾cos 𝜃 − 𝐽)2 2𝑄‾(𝑄‾𝑃‾cos 𝜃 − 𝐽)

2𝑄‾(𝑄‾𝑃‾cos 𝜃 − 𝐽) 2𝑄‾(𝑄‾𝑃‾ − 𝐽cos 𝜃)/𝑃‾
) .  
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SL(2,ℝ) × U(1)2 

𝜉−1 = 𝜕𝑡 , 𝜉0 = 𝑟𝜕𝑟 − 𝑡𝜕𝑡 

𝜉1 = (
1

2𝑟2
+
𝑡‾2

2
)𝜕𝑡‾ − 𝑡‾𝑟𝜕𝑟 +

𝑘1

𝑟
𝜕𝜙 +

𝑘2

𝑅𝜓𝑟
𝜕𝜓  

[𝜉0, 𝜉1] = −𝜉1, [𝜉0, 𝜉−1] = 𝜉−1 

[𝜉−1, 𝜉1] = −𝜉0 

𝑆+ =
1

3
𝜋2𝑐𝐽𝑇𝐽 =

1

3
𝜋2𝑐𝑄𝑇𝑄  

𝑐𝐽 = 12𝐽,

𝑐𝑄 = −6
𝜕Δ

𝜕𝑄‾
,

𝑇𝐽 =
1

2𝜋𝑘1

𝑇𝑄 =
1

2𝜋𝑘2

 

d𝑠2 = −
𝑅 − 𝑈

𝑊
 d𝑡2 −

(𝐿𝑢𝑅 + 𝐿𝑟𝑈)

𝑎𝑊
2 d𝑡 d𝜙 +

(𝑊𝑟
2𝑈 −𝑊𝑢

2𝑅)

𝑎2𝑊
 d𝜙2 +𝑊(

 d𝑟2

𝑅
+
d𝑢2

𝑈
) ,  

𝑊2 = (𝑅 − 𝑈)(
𝑊𝑟
2

𝑅
−
𝑊𝑢
2

𝑈
) +

(𝐿𝑢𝑅 + 𝐿𝑟𝑈)
2

𝑅𝑈
 

√−𝑔 = 𝑊 

𝐿𝑟(𝑟) = 𝐿 + 2𝑁𝑛, 𝑊𝑟
2(𝑟) = 𝑅2 + 4𝑀𝑟𝑅 + (𝐿 + 2𝑁𝑛)2

𝐿𝑢(𝑢) = 2𝑁(𝑢 − 𝑛), 𝑊𝑢
2(𝑢) = 𝑈2 − 2𝑈𝑉 + 4𝑁2(𝑢 − 𝑛)2

 

d𝑠̃2 =
𝑟2 + 𝑢2

𝑊
 d𝑠2,  

(𝜕/𝜕𝑠̃)2 

(𝑟2 + 𝑢2) (
𝜕

𝜕𝑠̃
)
2

= 𝑅𝜕𝑟
2 + 𝑈𝜕𝑢

2 + (
𝑊𝑢
2

𝑈
−
𝑊𝑟
2

𝑅
)𝜕𝑡

2 − 𝑎 (
𝐿𝑟
𝑅
+
𝐿𝑢
𝑈
)2𝜕𝑡𝜕𝜙 + 𝑎

2 (
1

𝑈
−
1

𝑅
)𝜕𝜙

2  

𝐾𝜇𝜈 = 𝐾(𝜇𝜈) 

∇(𝜇𝐾𝜈𝜌) = 0 

𝑄𝜇𝜈 = 𝑄(𝜇𝜈) 

∇(𝜇𝑄𝜈𝜌) = 𝑞(𝜇𝑔𝜇𝜈) 

𝑞𝜇 =
1

6
(𝜕𝜇𝑄

𝜈  𝜈 + 2∇𝜈𝑄
𝜈 𝜇) 
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𝐾̃𝜇𝜈𝜕𝜇𝜕𝜈 =
1

𝑟2 + 𝑢2
[(
𝑢2𝑊𝑟

2

𝑅
+
𝑟2𝑊𝑢

2

𝑈
)𝜕𝑡

2 − 𝑎 (
𝑢2𝐿𝑟
𝑅

+
𝑟2𝐿𝑢
𝑈
)2𝜕𝑡𝜕𝜙 + 𝑎

2 (
𝑟2

𝑈
−
𝑢2

𝑅
)𝜕𝜙

2

−𝑢2𝑅𝜕𝑟
2 + 𝑟2𝑈𝜕𝑢

2]

 

𝑄𝜇𝜈 = 𝐾̃𝜇𝜈 

𝐿𝑟 = 𝑊𝑟 

𝐿𝑢 = 𝑊𝑢 

𝑊 = 𝑊𝑟 +𝑊𝑢 

d𝑠2 = −
𝑅

𝑊𝑟 +𝑊𝑢
( d𝑡 +

𝑊𝑢
𝑎

 d𝜙)
2

+
𝑈

𝑊𝑟 +𝑊𝑢
( d𝑡 −

𝑊𝑟
𝑎

 d𝜙)
2

+ (𝑊𝑟 +𝑊𝑢) (
d𝑟2

𝑅
+
d𝑢2

𝑈
)  

(𝛿1, 𝛾1) = (𝛿4, 𝛾4) and (𝛿2, 𝛾2) = (𝛿3, 𝛾3) 

𝜕𝑆

𝜕𝜆
+
1

2
𝑔̃𝜇𝜈𝜕𝜇𝑆𝜕𝜈𝑆 = 0  

𝜕𝜇𝑆 = 𝑝𝜇 = d𝑥𝜇/d𝜆, 𝑝𝜆 

𝑆 =
1

2
𝜇2𝜆 − 𝐸𝑡 + 𝐿𝜙 + 𝑆𝑟(𝑟) + 𝑆𝑢(𝑢)  

𝑝𝜇𝑝𝜇 = −𝜇
2 

(𝑟2 + 𝑢2)𝑔̃𝜇𝜈 

(
𝑊𝑢
2

𝑈
−
𝑊𝑟
2

𝑅
)𝐸2 + 2𝑎 (

𝐿𝑟
𝑅
+
𝐿𝑢
𝑈
)𝐸𝐿 + 𝑎2 (

1

𝑈
−
1

𝑅
)𝐿2 + 𝑅 (

 d𝑆𝑟
 d𝑟

)
2

+ 𝑈(
 d𝑆𝑢
 d𝑢

)
2

+ 𝜇2(𝑟2 + 𝑢2) = 0 

d𝑆𝑟
 d𝑟
=
1

𝑅
√𝑊𝑟

2𝐸2 − 2𝑎𝐿𝑟𝐸𝐿 + 𝑎
2𝐿2 − (𝐶 + 𝜇2𝑟2)𝑅  

 d𝑆𝑢
 d𝑢

 =
1

𝑈
√−𝑊𝑢

2𝐸2 − 2𝑎𝐿𝑢𝐸𝐿 − 𝑎
2𝐿2 + (𝐶 − 𝜇2𝑢2)𝑈

 

d𝑟

 d𝜆
= 𝑔̃𝑟𝑟𝑝𝑟 =

𝑅

𝑟2 + 𝑢2
 d𝑆𝑟
 d𝑟

,
 d𝑢

 d𝜆
= 𝑔̃𝑢𝑢𝑝𝑢 =

𝑈

𝑟2 + 𝑢2
 d𝑆𝑢
 d𝑢

.  

d𝑡

 d𝜆
= 𝑔̃𝑡𝑡𝑝𝑡 + 𝑔̃

𝑡𝜙𝑝𝜙 =
𝐸

𝑟2 + 𝑢2
(
𝑊𝑟
2

𝑅
−
𝑊𝑢
2

𝑈
) −

𝑎𝐿

𝑟2 + 𝑢2
(
𝐿𝑟
𝑅
+
𝐿𝑢
𝑈
) 

d𝜙

 d𝜆
 = 𝑔̃𝑡𝜙𝑝𝑡 + 𝑔̃

𝜙𝜙𝑝𝜙 =
𝑎𝐸

𝑟2 + 𝑢2
(
𝐿𝑟
𝑅
+
𝐿𝑢
𝑈
) +

𝑎2𝐿

𝑟2 + 𝑢2
(
1

𝑈
−
1

𝑅
)

 

◻Φ =
1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈Φ) = 𝜇
2Φ  

Φ = Φ𝑟(𝑟)Φ𝑢(𝑢)e
i(𝑘𝜙−𝜔𝑡)  
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𝜇2𝑊 =
𝜔2𝑊𝑟

2 − 2𝑎𝜔𝑘𝐿𝑟 + 𝑎
2𝑘2

𝑅
−
𝜔2𝑊𝑢

2 + 2𝑎𝜔𝑘𝐿𝑢 + 𝑎
2𝑘2

𝑈
+
1

Φ𝑟

 d

 d𝑟
(𝑅

 dΦ𝑟
 d𝑟

) +
1

Φ𝑢

 d

 d𝑢
(𝑈

 dΦ𝑢
 d𝑢

) . 

d

 d𝑟
(𝑅

 dΦ𝑟
 d𝑟

) + (
𝜔2𝑊𝑟

2 − 2𝑎𝜔𝑘𝐿𝑟 + 𝑎
2𝑘2

𝑅
+ 𝐶)Φ𝑟 = 0

 d

 d𝑢
(𝑈

 dΦ𝑢
 d𝑢

) − (
𝜔2𝑊𝑢

2 + 2𝑎𝜔𝑘𝐿𝑢 + 𝑎
2𝑘2

𝑈
+ 𝐶)Φ𝑢 = 0

 

𝑥𝑖 = −𝜒𝑖 

ℱ1 = 𝐹̂2, ℱ̃2 = 𝐹̂1, ℱ̃3 = ℱ̂
1, ℱ4 = ℱ̂2 

(𝜁ours 
Λ , 𝜁Λ

ours ) = (−𝜁Λ
theirs , 𝜁theirs 

Λ ) 

𝑇− = (𝑟− −𝑚)/(2𝜋𝐿(𝑟−))and 𝑆− = 𝜋𝐿(𝑟−)/𝐺. 

𝑇− = (𝑟− −𝑚)/(2𝜋|𝐿(𝑟−)|)and 𝑆− = 𝜋|𝐿(𝑟−)|/𝐺, 

 

𝑆 = ∫  𝑑4𝑥
√−𝑔

16𝜋
[𝑅 +

𝛼CS
4
𝑓(Θ)∗𝑅𝑅 −

1

2
(∇Θ)2 − 𝑉(Θ)] ,  

[𝛼CS] = [𝐿]
2, 𝑉(Θ) 

 ∗𝑅𝑅 =  ∗𝑅𝑎𝑏𝑐𝑑𝑅𝑏𝑎𝑐𝑑 = −
1

2
𝜖𝑒𝑓
𝑐𝑑𝑅𝑎𝑏𝑒𝑓𝑅𝑎𝑏𝑐𝑑  

 ∗𝑅𝑎𝑏𝑐𝑑 =
1

2
𝜖𝑐𝑑  𝑒𝑓𝑅

𝑎𝑏𝑒𝑓 

𝑓(Θ) ∼ Θ 

𝑓(Θ) = Θ, 𝑉(Θ) =
𝜇2

2
Θ2  

𝜇 ≃ 10−10(𝑀⊙/𝑀)eV 

(◻ −𝜇2)Θ +
𝛼CS
4
 ∗𝑅𝑅 = 0

𝐺𝑎𝑏 −
1

2
𝑇𝑎𝑏
Θ + 𝛼CS𝒞𝑎𝑏 = 0
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𝐺𝑎𝑏 = 𝑅𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑅 

𝑇𝑎𝑏
Θ = ∇𝑎Θ∇𝑏Θ −

1

2
𝑔𝑎𝑏((∇Θ)

2 + 𝜇2Θ2).  

𝒞𝑎𝑏 ≡ ℰ𝑐𝜖
𝑐𝑑𝑒(𝑎∇𝑒𝑅𝑑

𝑏)
+ ℱ𝑐𝑑

∗ 𝑅𝑑(𝑎𝑏)𝑐  

ℰ𝑎 = ∇𝑎Θ,  and  ℱ𝑎𝑏 = ∇𝑎∇𝑏Θ  

𝐺𝑎𝑏 =
1

2
𝑇𝑎𝑏
eff 

𝑇𝑎𝑏
eff = 𝑇𝑎𝑏

Θ − 2𝛼CS𝒞𝑎𝑏  

Θ → (𝛼CS/𝑀
2)Θ 

◻Θ− 𝜇2Θ +
𝛼̂𝑀2

4
∗ 𝑅𝑅 = 0

𝐺𝑎𝑏 = 0
 

(ℳ, 𝑔𝑎𝑏)(Σ𝑡 , 𝛾𝑖𝑗)𝛾𝑖𝑗 

𝛾𝑎𝑏 = 𝑔𝑎𝑏 + 𝑛𝑎𝑛𝑏 

𝛾𝑎  𝑏𝑛
𝑏 = 0 

𝑛𝑎𝑛𝑎 = −1 

𝛾𝑎  𝑏 = 𝛿
𝑎  𝑏 + 𝑛

𝑎𝑛𝑏.  

d𝑠2  = 𝑔𝑎𝑏 d𝑥𝑎 d𝑥𝑏

 = −(𝛼2 − 𝛽𝑘𝛽𝑘)d𝑡
2 + 2𝛾𝑖𝑗𝛽

𝑖 d𝑡 d𝑥𝑗 + 𝛾𝑖𝑗 d𝑥
𝑖 d𝑥𝑗

 

𝐾𝑎𝑏 = −𝛾
𝑐  𝑎𝛾

𝑑  𝑏∇𝑐𝑛𝑑 = −
1

2
ℒ𝑛𝛾𝑎𝑏 ,  

 

d𝑠2 =−(1 −
2𝑀𝑟BL
Σ

)d𝑡2 −
4𝑎𝑀𝑟BLsin

2 𝜃

Σ
 d𝑡 d𝜙 

 +
Σ

Δ
d𝑟BL

2 + Σd𝜃2 +
𝒜

Σ
sin2 𝜃 d𝜙2

 

 

Δ = (𝑟BL − 𝑟BL,+)(𝑟BL − 𝑟BL,−)

Σ = 𝑟BL
2 + 𝑎2cos2 𝜃

𝒜 = (𝑟BL
2 + 𝑎2)

2
− Δ𝑎2sin2 𝜃

𝑟BL,±  = 𝑀 ± √𝑀
2 − 𝑎2

 



pág. 4641 

𝑟BL = 𝑟 (1 +
𝑟BL,+
4𝑟

)
2

 

𝑟+ = 𝑟BL,+/4 

𝛾𝑖𝑗  = Diag [
(4𝑟 + 𝑟BL,+)

2
Σ

16𝑟3(𝑟BL − 𝑟BL,−)
, Σ,
𝒜

Σ
sin2 𝜃]

𝛼 = ±√
ΔΣ

𝒜
, 𝛽𝑖 = (0,0,−

2𝑎𝑀𝑟BL
𝒜

)

 

𝐾𝑟𝜙= 𝛼
𝑎𝑀𝑟BL

′ sin2 𝜃

ΔΣ2
[2𝑟BL

2 (𝑟BL
2 + 𝑎2) + Σ(𝑟BL

2 − 𝑎2)] 

𝐾𝜃𝜙 = −2𝛼
𝑎3𝑀𝑟BLsin

3 𝜃

Σ2

 

𝑟BL
′ = 𝜕𝑟𝑟BL 

𝑌𝑎 = (𝑟, 𝜃, 𝜙) to cartesian coordinates 𝑋𝑖 = (𝑥, 𝑦, 𝑧) 

𝑥 = 𝑟cos 𝜙sin 𝜃, 𝑦 = 𝑟sin 𝜙sin 𝜃, 𝑧 = 𝑟cos 𝜃  

𝒪((𝛼CS/𝑀
2)2) 

𝑓′(Θ) ≠ 0 

𝑓′(Θ0) = 0 

𝛾𝑖𝑗 d𝑋
𝑖 d𝑋𝑗 =𝜓0

4[𝜂𝑖𝑗 d𝑋
𝑖 d𝑋𝑗 + 𝐺(𝑥 d𝑥 + 𝑦 d𝑦 + 𝑧 d𝑧)2

+𝑎2𝐻(𝑥 d𝑦 − 𝑦 d𝑥)2]
 

𝜓0
4 =

Σ

𝑟2
, 𝐺 =

𝑟BL

𝑟2(𝑟BL − 𝑟BL,−)
, 𝐻 =

Σ + 2𝑀𝑟BL
𝑟2Σ2

.  

𝐾𝑖𝑗 = 𝐽𝑖 
𝑎𝐽𝑗 

𝑏𝐾𝑎𝑏, 𝛽𝑖 = 𝐽𝑖 
𝑎𝛽𝑎.  

𝐽𝑖  
𝑎 = 𝜕𝑌𝑎/𝜕𝑋𝑖 

𝐾Θ = −ℒ𝑛Θ.  

dtΘ = −𝛼𝐾Θ
dt𝐾Θ = −𝛼𝐷

𝑖𝐷𝑖Θ− 𝐷
𝑖𝛼𝐷𝑖Θ

 +𝛼 (𝐾𝐾Θ + 𝜇
2Θ −

𝛼̂𝑀2

4
 ∗𝑅𝑅) .

 

dt = (𝜕𝑡 − ℒ𝛽) 

 ∗𝑅𝑅 =  ∗𝑊𝑎𝑏𝑐𝑑𝑊
𝑏𝑎𝑐𝑑 = −16𝐸𝑖𝑗𝐵𝑖𝑗,  

 ∗𝑊𝑎𝑏𝑐𝑑 =
1

2
𝜖𝑐𝑑  

𝑒𝑓𝑊𝑎𝑏𝑒𝑓 
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𝐸𝑖𝑗 = 𝛾
𝑎  𝑖𝛾

𝑏 𝑗𝑛
𝑐𝑛𝑑𝑊𝑎𝑐𝑏𝑑 

𝐵𝑖𝑗 = 𝛾
𝑎  𝑖𝛾

𝑏 𝑗𝑛
𝑐𝑛𝑑∗𝑊𝑎𝑐𝑏𝑑 

𝐸𝑖𝑗  = 𝑅𝑖𝑗
tf +

1

3
𝐴𝑖𝑗𝐾 − 𝐴𝑖 

𝑘𝐴𝑗𝑘 +
1

3
𝛾𝑖𝑗𝐴𝑘𝑙𝐴

𝑘𝑙 ,

𝐵𝑖𝑗  = −𝜖(𝑖∣ 
𝑘𝑙𝐷𝑙𝐴∣𝑗)𝑘 ,

 

𝛾𝑖𝑗 , 𝐾 = 𝛾
𝑖𝑗𝐾𝑖𝑗 

𝐴𝑖𝑗 = 𝐾𝑖𝑗 −
1

3
𝛾𝑖𝑗𝐾 

𝑊 = 𝛾−
1
6, 𝛾̃𝑖𝑗 = 𝑊

2𝛾𝑖𝑗

𝐾 = 𝛾𝑖𝑗𝐾𝑖𝑗, 𝐴̃𝑖𝑗 = 𝑊
2 (𝐾𝑖𝑗 −

1

3
𝛾𝑖𝑗𝐾)

Γ̃𝑖  = 𝛾̃𝑘𝑙Γ̃𝑘𝑙
𝑖

 

dtΘ = −𝛼𝐾Θ
dt𝐾Θ = −𝑊

2𝐷̃𝑖𝛼𝐷̃𝑖Θ − 𝛼(𝑊
2𝐷̃𝑖𝐷̃𝑖Θ−𝑊𝐷̃

𝑖Θ𝐷̃𝑖𝑊

−𝐾𝐾Θ − 𝜇
2Θ +

𝛼̂𝑀2

4
 ∗𝑅𝑅)

 

 ∗𝑅𝑅 = −16𝛾̃𝑖𝑎𝛾̃𝑗𝑏𝐸̃𝑎𝑏𝐵̃𝑖𝑗  

Θ(𝑡 = 0) = 0 = 𝐾Θ(𝑡 = 0)  

Θ(𝑡 = 0) = 𝐴exp {−
(𝑟 − 𝑟0)

2

𝜎2
}Σ𝑙𝑚(𝜃, 𝜙)  

𝐾Θ(𝑡 = 0) = −
1

𝛼
(𝜕𝑡 − 𝛽

𝑎𝜕𝑎)Θ|
𝑡=0

=
𝛽𝜙

𝛼
𝜕𝜙Θ|

𝑡=0

= 0  

Θ = 𝛼̂
𝑎

𝑀
(
5𝑀2

8𝑟BL
2 +

5𝑀3

4𝑟BL
3 +

9𝑀4

4𝑟BL
4 ) cos 𝜃

 −𝛼̂
𝑎3

𝑀3
[(

𝑀2

16𝑟BL
2 +

𝑀3

8𝑟BL
3 +

3𝑀4

20𝑟BL
4 +

𝑀5

10𝑟BL
5 ) cos 𝜃

+(
3𝑀4

4𝑟BL
4 +

3𝑀5

𝑟BL
5 +

25𝑀6

3𝑟BL
6 ) cos3 𝜃] + 𝒪 ((

𝑎

𝑀
)
5

)

 

𝐾Θ(𝑡 = 0) =
𝛽𝜙

𝛼
𝜕𝜙Θ|

𝑡=0

= 0  

Θ𝑙𝑚 = exp (−𝑖𝜔𝑡)exp (𝑖𝑚𝜙)𝒮𝑙𝑚(𝜃)ℛ𝑙𝑚(𝑟BL),  

𝜔 = 𝜔‾ + 𝚤𝜈‾ 
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ℛ𝑙𝑚(𝑟BL) = Δ+
−𝑖𝜂
Δ−
𝑖𝜂+𝜒−1𝑒𝑞𝑟BL ∑ 

∞

𝑛=0

 𝑎𝑛 (
Δ+
Δ−
)
𝑛

,  

Δ+  = 𝑟BL − 𝑟BL,+, Δ− = 𝑟BL − 𝑟BL,−

𝜂 =
2𝑟BL,+(𝜔 − 𝜔c)

𝑟BL,+ − 𝑟BL,−
, 𝜒 =

𝜇2 − 2𝜔2

𝑞

𝑞 = ±√𝜇2 −𝜔2

 

𝜔c = 𝑚ΩH = 𝑚
𝑎

2𝑀𝑟BL,+
 

Θ𝑙𝑚(𝑡 = 0) = exp (𝑖𝑚𝜙)𝒮𝑙𝑚(𝜃)ℛ𝑙𝑚(𝑟BL) 

𝐾Θ,𝑙𝑚(𝑡 = 0) = 𝑖𝜔Θ𝑙𝑚(𝑡 = 0)  

Θ𝑙𝑚(𝑡, 𝑟ex) = ∫  dΩΘ(𝑡, 𝑟ex, 𝜃, 𝜙)𝑌𝑙𝑚
∗ (𝜃, 𝜙)  

d𝑥/2RL−1 = d𝑥/26 = 1/64𝑀 

ΔΘ10/Θ10,ℎ 

ΔΘ11/Θ11,ℎ 
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Θ11 ∝ 𝑡
−(𝑙+3/2)sin (𝜇𝑡) = 𝑡−5/2sin (0.1𝑡) 

1 < 𝑡/𝑀 < 1/(𝜇𝑀)3 
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∝ 𝑡−𝑝sin (𝜇𝑡) 

 

 

 

𝜔𝑙𝑚𝑛 ≃ 𝜇 (1 −
(𝜇𝑀)2

2(𝑙 + 𝑛 + 1)2
) ,  
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Θ̃𝑙𝑚(𝜔𝑖) =
1

𝑁
∑  

𝑁−1

𝑗=0

 Θ𝑙𝑚(𝑡𝑗)𝑒
−𝑖𝜔𝑖𝑡𝑗  

𝑃𝑙𝑚(𝜔) = |Θ̃𝑙𝑚(𝜔)|
2
 

Θ𝑙𝑚 ∼ exp (−𝑖𝜔‾ 𝑡 + 𝜈‾𝑡) 
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(𝑟/𝑀)max ∼ (𝜇𝑀)
−2 

𝑟 ≃ 𝑟max  

𝑟/𝑀 ∼ (𝜇𝑀)−2 
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 ∗𝑅𝑅 =∑  

𝑙,𝑚

 𝒫𝑙𝑚(𝑟BL)𝑌𝑙𝑚(𝜃, 𝜙)

𝒫𝑙𝑚 ∶= ∫  𝑌𝑙𝑚
∗ (𝜃, 𝜙)( ∗𝑅𝑅)𝑑(cos 𝜃)𝑑𝜙

 

∫  𝑌𝑙𝑚
∗ (𝜃, 𝜙)𝑌𝑘𝑛(𝜃, 𝜙)𝑑(cos 𝜃)𝑑𝜙 = 𝛿𝑙𝑘𝛿𝑚𝑛  

 ∗𝑅𝑅 = 96𝑀2
3𝑟BL

5 𝑎cos 𝜃 − 10𝑟BL
3 𝑎3cos3 𝜃 + 3𝑟BL𝑎

5cos5 𝜃

Σ6
,  

 ∗𝑅𝑅 =∑  

∞

𝑗=0

 𝑝𝑗(𝑟BL)𝑌(2𝑗+1)0(𝜃, 𝜙)  

𝑝𝑗: = 2𝜋∫  
+1

−1

 𝑌(2𝑗+1),0
∗ ( ∗𝑅𝑅)𝑑(cos 𝜃)  

 

𝜎P̃ =
2√𝑃̃

√𝑁
𝜎Θ.  

◻Θ− 𝑉′(Θ) +
𝛼CS
4
𝑓′(Θ) ∗𝑅𝑅 = 0

𝐺𝑎𝑏 −
1

2
𝑇𝑎𝑏
Θ + 𝛼CS𝒞𝑎𝑏 = 0

 

𝐺𝑎𝑏 = 𝑅𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑅 

𝑇𝑎𝑏
Θ = ∇𝑎Θ∇𝑏Θ − 𝑔𝑎𝑏 (

1

2
(∇Θ)2 + 𝑉(Θ)) .  

𝒞𝑎𝑏 ≡ ℰ𝑐𝜖
𝑐𝑑𝑒(𝑎∇𝑒𝑅𝑑

𝑏)
+ ℱ𝑐𝑑 ∗ 𝑅

𝑑(𝑎𝑏)𝑐  

ℰ𝑎  ≡ 𝑓
′(Θ)∇𝑎Θ,

ℱ𝑎𝑏  ≡ 𝑓
′(Θ)∇𝑎∇𝑏Θ+ 𝑓

′′(Θ)∇𝑎Θ∇𝑏Θ.
 

𝑅𝑎𝑏 = 0 = ∇
𝑒𝑅𝑎𝑏 
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𝒞vac;GR
𝑎𝑏 = ℱ𝑐𝑑  

∗𝑊𝑑(𝑎𝑏)𝑐  

Θ → (𝛼CS/𝑀
2)Θ 

dtΘ = −𝛼𝐾Θ
d𝑡𝐾Θ = −𝛼𝐷

𝑖𝐷𝑖Θ − 𝐷
𝑖𝛼𝐷𝑖Θ

 +𝛼 (𝐾𝐾Θ + 𝑉
′(Θ) −

𝛼̂𝑀2

4
𝑓′(Θ)∗𝑅𝑅)

 

dt = (𝜕𝑡 − ℒ𝛽) 

 ∗𝑅𝑅 =  ∗𝑊𝑎𝑏𝑐𝑑𝑊
𝑏𝑎𝑐𝑑 = −16𝐸𝑖𝑗𝐵𝑖𝑗  

𝑇𝑎𝑏
eff:= 𝑇𝑎𝑏

Θ − 2𝛼̂𝑀2𝒞𝑎𝑏
vac;GR  

𝜌eff := 𝑛𝑎𝑛𝑏𝑇𝑎𝑏
eff  

𝑗𝑖
eff : = −𝛾𝑖

𝑎𝑛𝑏𝑇𝑎𝑏
eff  

𝑆𝑖𝑗
eff := 𝛾𝑖

𝑎𝛾𝑗
𝑏𝑇𝑎𝑏

eff  

𝜌eff =
1

2
(𝐾Θ

2 + 2𝑉(Θ) + 𝐷𝑖Θ𝐷
𝑖Θ) + 2𝛼̂𝑀2(𝐵𝑖𝑗ℱ𝑖𝑗),

𝑗𝑖
eff = 𝐾Θ𝐷𝑖Θ + 2𝛼̂𝑀

2(𝐵𝑖𝑗ℱ
𝑗 − 𝜖𝑖𝑗𝑘𝐸

𝑗𝑙ℱ𝑙  
𝑘),

𝑆𝑖𝑗
eff = 𝐷𝑖Θ𝐷𝑗Θ+

1

2
𝛾𝑖𝑗(𝐾Θ

2 − 𝐷𝑘Θ𝐷
𝑘Θ− 2𝑉(Θ))

 +2𝛼̂𝑀2(2𝜖(𝑖𝑘𝑙)𝐸∣𝑗) 
𝑙ℱ𝑘 − 2𝐵(𝑖 

𝑘ℱ𝑗)𝑘 + 𝛾𝑖𝑗𝐵
𝑘𝑙ℱ𝑘𝑙

+𝐵𝑖𝑗(ℱ𝑛𝑛 + trℱ)) .

 

ℱ𝑛𝑛 = ℱ𝑎𝑏𝑛
𝑎𝑛𝑏, ℱ𝑖 = −𝛾

𝑎  𝑖𝑛
𝑏ℱ𝑎𝑏 

ℱ𝑖𝑗 = 𝛾
𝑎  𝑖𝛾

𝑏 𝑗ℱ𝑎𝑏 

trℱ = 𝛾𝑖𝑗ℱ𝑖𝑗 

ℱ𝑛𝑛 =(𝐷𝑘𝐷
𝑘Θ− 𝐾𝐾Θ − 𝑉

′(Θ))𝑓′(Θ)

 +
𝛼̂𝑀2

4
 ∗𝑅𝑅𝑓′(Θ)2 + 𝐾Θ

2𝑓′′(Θ)

ℱ𝑖 =(𝐷𝑖𝐾Θ − 𝐾𝑖𝑗𝐷
𝑗Θ)𝑓′(Θ) + 𝐾Θ𝐷𝑖𝑓

′′(Θ),

ℱ𝑖𝑗 =(𝐷𝑖𝐷𝑗Θ − 𝐾𝑖𝑗𝐾Θ)𝑓
′(Θ) + 𝐷𝑖Θ𝐷𝑗Θ𝑓

′′(Θ)

 

dtΘ = −𝛼𝐾Θ
dt𝐾Θ = −𝑊

2𝐷̃𝑖𝛼𝐷̃𝑖Θ − 𝛼(𝑊
2𝐷̃𝑖𝐷̃𝑖Θ−𝑊𝐷̃

𝑖Θ𝐷̃𝑖𝑊

−𝐾𝐾Θ − 𝑉
′(Θ) +

𝛼̂𝑀2

4
 ∗𝑅𝑅𝑓′(Θ)) ,

 

 ∗𝑅𝑅 = −16𝛾̃𝑖𝑎𝛾̃𝑗𝑏𝐸̃𝑎𝑏𝐵̃𝑖𝑗  
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𝐸̃𝑖𝑗  = 𝑊
2𝐸𝑖𝑗

 = 𝑊2𝑅𝑖𝑗
tf +

1

3
𝐴̃𝑖𝑗𝐾 − 𝐴̃𝑖  

𝑘𝐴̃𝑗𝑘 +
1

3
𝛾̃𝑖𝑗𝐴̃𝑘𝑙𝐴̃

𝑘𝑙,

𝐵̃𝑖𝑗  = 𝑊
2𝐵𝑖𝑗

 = −𝑊𝜖(𝑖∣ 
𝑘𝑙𝐷̃𝑙𝐴̃∣𝑗)𝑘 − 𝜖(𝑖∣ 

𝑘𝑙𝐴̃∣𝑗)𝑙𝐷̃𝑘𝑊.

 

𝜌eff =
1

2
(𝐾Θ

2 + 2𝑉(Θ) +𝑊2(𝐷̃𝑖Θ)(𝐷̃
𝑖Θ))

 +2𝛼̂𝑀2(𝐵̃𝑖𝑗ℱ̃𝑖𝑗),
 

𝑗𝑖
eff = 𝐾Θ𝐷̃𝑖Θ + 2𝛼̂𝑀

2 (𝐵̃𝑖𝑗ℱ̃
𝑗 −

1

𝑊
𝜖𝑖𝑗𝑘𝐸̃

𝑗𝑙ℱ̃𝑙  
𝑘) 

𝑆𝑖𝑗
eff = 𝐷̃𝑖Θ𝐷̃𝑗Θ +

1

2𝑊2
𝛾̃𝑖𝑗(𝐾Θ

2 −𝑊2𝐷̃𝑘Θ𝐷̃
𝑘Θ− 2𝑉(

 +
2𝛼̂𝑀2

𝑊2 (2𝑊𝜖(𝑖∣𝑘𝑙𝐸̃∣𝑗) 
𝑙ℱ̃𝑘 − 2𝐵̃(𝑖 

𝑘ℱ̃𝑗)𝑘

+𝛾̃𝑖𝑗𝐵̃
𝑘𝑙ℱ̃𝑘𝑙 + 𝐵̃𝑖𝑗(ℱ𝑛𝑛 + trℱ))

 

ℱ𝑛𝑛 =𝑓
′(Θ)(−𝐾𝐾Θ +𝑊

2𝐷̃𝑘𝐷̃
𝑘Θ−𝑊𝐷̃𝑘Θ𝐷̃

𝑘𝑊

−𝑉′(Θ)) +
𝛼̂𝑀2

4
 ∗𝑅𝑅𝑓′(Θ)2 +𝐾Θ

2𝑓′′(Θ)

ℱ𝑖 =(𝐷̃𝑖𝐾Θ)𝑓
′(Θ) − (𝐴̃𝑖𝑗 +

1

3
𝐾𝛾̃𝑖𝑗) (𝐷̃

𝑗Θ)𝑓′(Θ)

 +𝐾Θ(𝐷̃𝑖Θ)𝑓
′′(Θ)

ℱ̃𝑖𝑗 =𝑊
2ℱ𝑖𝑗

= −(𝐴̃𝑖𝑗 +
1

3
𝐾𝛾̃𝑖𝑗)𝐾Θ𝑓

′(Θ) +𝑊2(𝐷𝑖𝐷𝑗Θ)𝑓
′(Θ)

 +𝑊2(𝐷̃𝑖Θ)(𝐷̃𝑗Θ)𝑓
′′(Θ),

 

ℱ𝑖 = 𝑊2ℱ̃𝑖 

trℱ = 𝛾𝑖𝑗ℱ𝑖𝑗 = 𝛾̃
𝑖𝑗ℱ̃𝑖𝑗 

𝐷𝑖𝐷𝑗Θ =
𝐷̃𝑘Θ

𝑊
(𝛾̃𝑖
𝑘(𝐷̃𝑗𝑊)+ 𝛾̃𝑗

𝑘(𝐷̃𝑖𝑊)− 𝛾̃𝑖𝑗(𝐷̃
𝑘𝑊))

 +𝐷̃𝑖𝐷̃𝑗Θ
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◻ 𝜗 = −
𝛼

4
𝑅𝜈𝜇𝜌𝜎
∗ 𝑅𝜇𝜈𝜌𝜎 ,

𝑅𝜇𝜈  = −
𝛼

𝜅𝑔
𝐶𝜇𝜈 +

1

2𝜅𝑔
𝑇‾𝜇𝜈
𝜗 ,

 

𝜅𝑔 = (16𝜋)
−1, 𝛼 

◻= ∇𝜇∇
𝜇 

 ∗𝑅𝜇𝜈𝜌𝜎 =
1

2
𝜖𝜌𝜎𝛼𝛽𝑅𝛼𝛽

𝜇𝜈  

𝐶𝜇𝜈  ≡ (∇𝜎𝜗)𝜖
𝜎𝛿𝛼(𝜇∇𝛼𝑅

𝜈)𝛿 + (∇𝜎∇𝛿𝜗)
∗𝑅𝛿(𝜇𝜈)𝜎

𝑇‾𝜇𝜈
𝜗  ≡ (∇𝜇𝜗)(∇𝜈𝜗)

 

𝜗 = 𝜁𝜗(1,0) + 𝜁𝜖𝜗(1,1)

Ψ𝑖 = Ψ𝑖
(0,0)

+ 𝜁Ψ𝑖
(1,0)

+ 𝜖Ψ𝑖
(0,1)

+ 𝜁𝜖Ψ𝑖
(1,1)  

𝜁 ≡
𝛼2

𝜅𝑔𝑀
4

 

𝜁1/2𝜗 → 𝜗 

◻(0,0) 𝜗(1,1) = −
𝑀2

16𝜋
1
2

[𝑅∗𝑅](0,1) −◻(0,1) 𝜗(1,0)  

𝐻0
(0,0)

Ψ0
(1,1)

= 𝒮geo
(1,1)

+ 𝒮(1,1)  

𝐻4
(0,0)

Ψ4
(1,1)

= 𝒯geo 

(1,1)
+ 𝒯(1,1)  
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 ℎ𝜇𝜈𝑙
𝜈 = 0, ℎ = 0

 ℎ𝜇𝜈𝑛
𝜈 = 0, ℎ = 0

 

ℎ𝜇𝜈
(0,1)

= 𝒪𝜇𝜈Ψ‾H + 𝒪𝜇𝜈ΨH  

Ψ0
(0,1)

 = ∑  

ℓ,𝑚

   2𝑅ℓ𝑚
(0,1)

(𝑟)2𝒴ℓ𝑚(𝜃, 𝜙)𝑒
−𝑖𝜔ℓ𝑚𝑡

𝜌−4Ψ4
(0,1)

 = ∑  

ℓ,𝑚

   −2𝑅ℓ𝑚
(0,1)

(𝑟)−2𝒴ℓ𝑚(𝜃, 𝜙)𝑒
−𝑖𝜔ℓ𝑚𝑡

 

 𝑠𝒴ℓ𝑚(𝜃, 𝜙) =  𝑠𝑆ℓ𝑚(𝜃)𝑒
𝑖𝑚𝜙 

Ψ‾H =∑ 

ℓ,𝑚

   2𝑅̂ℓ𝑚(𝑟)2𝒴ℓ𝑚(𝜃, 𝜙)𝑒
−𝑖𝜔ℓ𝑚𝑡

Ψ‾H =∑ 

ℓ,𝑚

   −2𝑅̂ℓ𝑚(𝑟)−2𝒴ℓ𝑚(𝜃, 𝜙)𝑒
−𝑖𝜔ℓ𝑚𝑡

 

 2𝑅̂ℓ𝑚(𝑟)  = −
2

ℭ
Δ2(𝑟)(𝐷ℓ𝑚

† )
4
[Δ2(𝑟) 2𝑅ℓ𝑚

(0,1)
(𝑟)]

 −2𝑅̂ℓ𝑚(𝑟)  =
32

ℭ
(𝐷ℓ𝑚)

4 −2𝑅ℓ𝑚
(0,1)

(𝑟)

 

𝐷ℓ𝑚 = 𝜕𝑟 + 𝑖
𝑎𝑚 − (𝑟2 + 𝑎2)𝜔ℓ𝑚

Δ(𝑟)
,

𝐷ℓ𝑚
† = 𝜕𝑟 − 𝑖

𝑎𝑚 − (𝑟2 + 𝑎2)𝜔ℓ𝑚
Δ(𝑟)

,

 

Δ(𝑟) = 𝑟2 − 2𝑀𝑟 + 𝑎2 

ℭ =144𝑀2𝜔ℓ𝑚
2 + (8 + 6 𝑠𝐵ℓ𝑚 +  𝑠𝐵ℓ𝑚

2 )
2
− 8[−8 +  𝑠𝐵ℓ𝑚

2 (4 +  𝑠𝐵ℓ𝑚)]𝑚𝛾ℓ𝑚

+4[8 − 2 𝑠𝐵ℓ𝑚 −  𝑠𝐵ℓ𝑚
2 +  𝑠𝐵ℓ𝑚

3 + 2(−2 +  𝑠𝐵ℓ𝑚)(4 + 3 𝑠𝐵ℓ𝑚)𝑚
2]𝛾ℓ𝑚

2  

−8𝑚(8 − 12 𝑠𝐵ℓ𝑚 + 3𝑠𝐵ℓ𝑚
2 + 4(−2 +  𝑠𝐵ℓ𝑚)𝑚

2)𝛾ℓ𝑚
3  

+2(42 − 22𝑠𝐵ℓ𝑚 + 3𝑠𝐵ℓ𝑚
2 + 8(−11 + 3 𝑠𝐵ℓ𝑚)𝑚

2 + 8𝑚4)𝛾ℓ𝑚
4  

 −8𝑚[3𝑠𝐵ℓ𝑚 + 4(−4 +𝑚
2)]𝛾ℓ𝑚

5 + 4(−7 +  𝑠𝐵ℓ𝑚 + 6𝑚
2)𝛾ℓ𝑚

6 − 8𝑚𝛾ℓ𝑚
7 + 𝛾ℓ𝑚

8

 

𝛾ℓ𝑚 = 𝜒𝑀𝜔ℓ𝑚,  𝑠𝐵ℓ𝑚 =  𝑠𝐴ℓ𝑚 + 𝑠, 𝑠 

 𝑠𝐴ℓ𝑚 = ℓ(ℓ + 1) − 𝑠(𝑠 + 1) −
2𝜒𝑚𝑀𝜔𝑠2

ℓ(ℓ + 1)
+ 𝒪(𝜒2)  

𝒟ℓ𝑚
† ≡ −

2

ℭ
Δ2(𝑟)(𝐷ℓ𝑚

† )
4
Δ2(𝑟), 𝒟ℓ𝑚 ≡

32

ℭ
(𝐷ℓ𝑚)

4  

 𝑠Ψ
(0,1) =  𝑠𝑅ℓ𝑚

(0,1)
(𝑟)𝑠𝒴ℓ𝑚(𝜃, 𝜙)𝑒

−𝑖𝜔ℓ𝑚𝑡 + 𝜂ℓ𝑚 𝑠𝑅ℓ−𝑚
(0,1)

(𝑟)𝑠𝒴ℓ−𝑚(𝜃, 𝜙)𝑒
𝑖𝜔‾ ℓ𝑚𝑡

 𝑠Ψ
(1,1) =  𝑠𝑅ℓ𝑚

(1,1)
(𝑟)𝑠𝒴ℓ𝑚(𝜃, 𝜙)𝑒

−𝑖𝜔ℓ𝑚𝑡 + 𝜂ℓ𝑚 𝑠𝑅ℓ−𝑚
(1,1)

(𝑟)𝑠𝒴ℓ−𝑚(𝜃, 𝜙)𝑒
𝑖𝜔‾ ℓ𝑚𝑡

 

𝜔ℓ−𝑚 = −𝜔‾ ℓ𝑚  
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 𝑠𝑅ℓ−𝑚
(0,1)

(𝑟) = (−1)𝑚 𝑠𝑅‾ℓ𝑚
(0,1)

(𝑟)  

 𝑠𝑅ℓ𝑚
(1,1)

(𝑟) 

𝜗(1,1)=
Θℓ𝑚
(1,1)

(𝑟)

𝑟
 0𝒴ℓ𝑚(𝜃, 𝜙)𝑒

−𝑖𝜔ℓ𝑚𝑡 +
Θℓ−𝑚
(1,1)

(𝑟)

𝑟
 0𝒴ℓ−𝑚(𝜃, 𝜙)𝑒

𝑖𝜔‾ ℓ𝑚𝑡 

 ≡
Θℓ𝑚
(1,1)

(𝑟)

𝑟
 0𝒴ℓ𝑚(𝜃, 𝜙)𝑒

−𝑖𝜔ℓ𝑚𝑡 +
Θ‾ ℓ𝑚
(1,1)

(𝑟)

𝑟
 0𝒴ℓ𝑚(𝜃, 𝜙)𝑒

𝑖𝜔‾ ℓ𝑚𝑡

 

𝜔‾ ℓ𝑚 = 𝜔ℓ−𝑚 and  0𝒴ℓ𝑚(𝜃, 𝜙) = (−1)
𝑚 0𝒴ℓ−𝑚(𝜃, 𝜙) 

Θℓ𝑚
(1,1)

(𝑟) = (−1)𝑚Θ‾ ℓ−𝑚
(1,1)

(𝑟)  

{𝜗(1,1), Ψ0
(1,1)

, Ψ4
(1,1)

} 

 0𝒴ℓ𝑚(𝜃, 𝜙),  2𝒴ℓ𝑚(𝜃, 𝜙), and  −2𝒴ℓ𝑚(𝜃, 𝜙) 

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔2𝑟3 − 4𝜒𝑚𝑀2𝜔

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ𝑚]Θℓ𝑚

(1,1)
(𝑟)

 = 𝑉ℓ𝑚
𝑅 (𝑟) + 𝑉ℓ𝑚

◻ (𝑟) + 𝜂‾ℓ𝑚(𝑉ℓ−𝑚
†𝑅 (𝑟) + 𝑉ℓ−𝑚

†◻ (𝑟)),

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔2𝑟3 + 4𝜒𝑚𝑀2𝜔

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ−𝑚] Θℓ−𝑚

(1,1)
(𝑟)

 = 𝜂ℓ𝑚(𝑉ℓ−𝑚
𝑅 (𝑟) + 𝑉ℓ−𝑚

◻ (𝑟)) + 𝑉ℓ𝑚
†𝑅(𝑟) + 𝑉ℓ𝑚

†◻(𝑟),

 

𝑟𝑠 = 2𝑀 ⊗0 𝐴ℓ𝑚 

𝑉ℓ𝑚
𝑅 (𝑟)  = 𝑖(𝑔1

ℓ𝑚(𝑟)2𝑅̂ℓ𝑚(𝑟) + 𝑔2
ℓ𝑚(𝑟)2𝑅̂ℓ𝑚

′ (𝑟))Λ00
ℓℓ𝑚 + 𝜒(𝑔3

ℓ𝑚(𝑟)2𝑅̂ℓ𝑚(𝑟) + 𝑔4
ℓ𝑚(𝑟)2𝑅̂ℓ𝑚

′ (𝑟))Λ10𝑠
ℓℓ𝑚

𝑉ℓ𝑚
◻ (𝑟)  = 𝜒(ℎ1

ℓ𝑚(𝑟)2𝑅̂ℓ𝑚(𝑟) + ℎ2
ℓ𝑚(𝑟)2𝑅̂ℓ𝑚

′ (𝑟))Λ10𝑠
ℓℓ𝑚

 

𝑉ℓ−𝑚
†𝑅 ⊠𝑉ℓ−𝑚

†◻ {Λ𝑠1𝑠2
ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑐

ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑠
ℓ1ℓ2𝑚} → {Λ𝑠1𝑠2

†ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑐
†ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑠

†ℓ1ℓ2𝑚} 

𝑔𝑖
ℓ𝑚(𝑟) = 𝑔𝑖

ℓ𝑚(𝑟, 𝜔,𝑀) and ℎ𝑖
ℓ𝑚(𝑟) = ℎ𝑖

ℓ𝑚(𝑟, 𝜔,𝑀) 

 

 

𝑔‾𝑖
ℓ−𝑚(𝑟) = 𝑔𝑖

ℓ𝑚(𝑟), ℎ‾𝑖
ℓ−𝑚(𝑟) = ℎ𝑖

ℓ𝑚(𝑟)  
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𝑔𝑖
ℓ𝑚(𝑟) ⊛ ℎ𝑖

ℓ𝑚(𝑟)⨁𝑔1
ℓ𝑚(𝑟) ⊞ 𝑔2

ℓ𝑚(𝑟) 

𝒪(𝜒1) △ 𝑔𝑖
ℓ𝑚(𝑟) △ ℎ𝑖

ℓ𝑚(𝑟){Λ𝑠1𝑠2
ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑐

ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑠
ℓ1ℓ2𝑚} △ {Λ𝑠1𝑠2

†ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑐
†ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑠

†ℓ1ℓ2𝑚} 

Λ10𝑠
ℓℓ𝑚 = 𝑚Λ10𝑠

ℓℓ1 , Λ10𝑠
†ℓ𝑚 = (−1)𝑚+1𝑚Λ10𝑠

ℓℓ1  𝑠𝑅ℓ𝑚
(0,1)

(𝑟) 𝑠𝑅̂ℓ𝑚(𝑟)  

𝑉ℓ𝑚
𝑅 (𝑟) = 𝑖(𝑔1

ℓ𝑚(𝑟)2𝑅̂ℓ𝑚(𝑟) + 𝑔2
ℓ𝑚(𝑟)2𝑅̂ℓ𝑚

′ (𝑟)) + 𝜒𝑚(𝑔3
ℓ𝑚(𝑟)2𝑅̂ℓ𝑚(𝑟) + 𝑔4

ℓ𝑚(𝑟)2𝑅̂ℓ𝑚
′ (𝑟))Λ10𝑠

ℓℓ1  

𝑉ℓ𝑚
◻ (𝑟) = 𝜒𝑚(ℎ1

ℓ𝑚(𝑟)2𝑅̂ℓ𝑚(𝑟) + ℎ2
ℓ𝑚(𝑟)2𝑅̂ℓ𝑚

′ (𝑟))Λ10𝑠
ℓℓ1 ,

𝑉ℓ−𝑚
†𝑅 (𝑟) = −𝑉ℓ𝑚

𝑅 (𝑟), 𝑉ℓ−𝑚
†◻ (𝑟) = −𝑉ℓ𝑚

◻ (𝑟).
 

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔2𝑟3 − 4𝜒𝑚𝑀2𝜔

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ𝑚]Θℓ𝑚

(1,1)
(𝑟) = (1 − 𝜂‾ℓ𝑚)(𝑉ℓ𝑚

𝑅 (𝑟) + 𝑉ℓ𝑚
◻ (𝑟)),

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔2𝑟3 + 4𝜒𝑚𝑀2𝜔

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ−𝑚] Θℓ−𝑚

(1,1)
(𝑟) = (𝜂ℓ𝑚 − 1)(𝑉ℓ−𝑚

𝑅 (𝑟) + 𝑉ℓ−𝑚
◻ (𝑟)).

 

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔2𝑟3 − 4𝜒𝑚𝑀2𝜔

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ𝑚]Θ‾ ℓ−𝑚

(1,1)
(𝑟) = (−1)𝑚(1 − 𝜂‾ℓ𝑚)(𝑉ℓ𝑚

𝑅 (𝑟) + 𝑉ℓ𝑚
◻ (𝑟)), 

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔2𝑟3 − 4𝜒𝑚𝑀2𝜔

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ𝑚]Θℓ𝑚

(1,1)
(𝑟) = (1 − 𝜂‾ℓ𝑚)(𝑈ℓ𝑚

𝑅 (𝑟) + 𝑈ℓ𝑚
◻ (𝑟)),

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔2𝑟3 + 4𝜒𝑚𝑀2𝜔

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ−𝑚] Θℓ−𝑚

(1,1)
(𝑟) = (𝜂ℓ𝑚 − 1)(𝑈ℓ−𝑚

𝑅 (𝑟) + 𝑈ℓ−𝑚
◻ (𝑟)),

 

𝑈ℓ𝑚
𝑅 (𝑟) = 𝑖(𝔤1

ℓ𝑚(𝑟)−2𝑅̂ℓ𝑚(𝑟) + 𝔤2
ℓ𝑚(𝑟)−2𝑅̂ℓ𝑚

′ (𝑟)) + 𝜒𝑚(𝔤3
ℓ𝑚(𝑟)−2𝑅̂ℓ𝑚(𝑟) + 𝔤4

ℓ𝑚(𝑟)−2𝑅̂ℓ𝑚
′ (𝑟))Λ10𝑠

ℓℓ1

𝑈ℓ𝑚
◻ (𝑟) = 𝜒𝑚(𝔥1

ℓ𝑚(𝑟)−2𝑅̂ℓ𝑚(𝑟) + 𝔥2
ℓ𝑚(𝑟)−2𝑅̂ℓ𝑚

′ (𝑟))Λ10𝑠
ℓℓ1

𝑈ℓ−𝑚
†𝑅 (𝑟) = −𝑈ℓ𝑚

𝑅 (𝑟), 𝑈ℓ−𝑚
†◻ (𝑟) = −𝑈ℓ𝑚

◻ (𝑟)

 

𝔤𝑖
ℓ−𝑚

(𝑟) = 𝔞𝑖
ℓ𝑚(𝑟), 𝔥𝑖

ℓ−𝑚
(𝑟) = 𝔥𝑖

ℓ𝑚(𝑟).  

𝐻0
(0,0)

Ψ0
(1,1)

= 2𝑟2 (𝒮geo 

(1,1)
 + 𝒮𝑇𝜗

(1,1)
+ 𝒮̃𝑇𝜗

(1,1)

+𝒮𝑇Ψ
(1,1)

+ 𝒮̃𝑇Ψ
(1,1)

)
 

𝐻0
(0,0)

= 𝐻0
(0,0,0)

+ 𝜒𝐻0
(0,1,0)

𝐻0
(0,0,0)

= −𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 − 6(𝑟 −𝑀)𝜕𝑟 −

𝐶(𝑟)

𝑟 − 𝑟𝑠
 −𝜕𝜃

2 − cot 𝜃𝜕𝜃 + (4 +𝑚
2 + 4𝑚cos 𝜃)csc2 𝜃 − 6

𝐻0
(0,1,0)

= −4𝑀 [
𝑚(𝑖(𝑟 −𝑀) −𝑀𝜔𝑟)

𝑟(𝑟 − 𝑟𝑠)
− 𝜔cos 𝜃]

𝐶(𝑟) = 4𝑖𝜔𝑟(𝑟 − 3𝑀) + 𝜔2𝑟3.

 

𝒫̂𝐻0
(0,0)

= 𝐻0
(0,0)  

𝒫̂𝑓 = 𝒞̂𝑃̂𝑓 = 𝒞̂𝑓(𝜋 − 𝜃, 𝜙 + 𝜋) = 𝑓‾(𝜋 − 𝜃, 𝜙 + 𝜋)  

𝒮geo 

(1,1)
, {𝒮𝑇𝜗

(1,1)
, 𝒮̃𝑇𝜗
(1,1)

}, and {𝒮𝑇Ψ
(1,1)

, 𝒮̃𝑇Ψ
(1,1)

} 



pág. 4662 

𝒮geo
(1,1)

= −𝑒−𝑖𝜔ℓ𝑚𝑡𝐻0
ℓ𝑚(1,0)

[ 2𝑅ℓ𝑚
(0,1)

(𝑟)2𝑌ℓ𝑚(𝜃, 𝜙)] − 𝜂ℓ𝑚 × (𝑚 → −𝑚),  

𝐻0
ℓ𝑚(1,0)

=
𝑖𝜒𝑚𝑀4

448𝑟9(𝑟 − 𝑟𝑠)
(𝐶1(𝑟) + 4𝑖𝜔ℓ𝑚𝑟

2𝐶2(𝑟)) −
𝑖𝜒𝑀4

16𝑟9
cos 𝜃 (𝐶3(𝑟) −

𝑖𝜔ℓ𝑚𝑟
2𝐶4(𝑟)

2
)

 +
𝑖𝜒𝑀4

32𝑟8
[(𝑟 − 𝑟𝑠)𝐶4(𝑟)cos 𝜃𝜕𝑟 −

𝐶5(𝑟)

2𝑟
sin 𝜃𝜕𝜃]

 

𝜕𝜃( 2𝑌ℓ𝑚(𝜃, 𝜙)) =
1

2
(√(ℓ + 2)(ℓ − 1)1𝑌ℓ𝑚(𝜃, 𝜙) − √(ℓ + 3)(ℓ − 2)3𝑌ℓ𝑚(𝜃, 𝜙)),  

𝒮geo
(1,1)

= 𝑒−𝑖𝜔ℓ𝑚𝑡𝒪geo
ℓ𝑚  2𝑅ℓ𝑚

(0,1)
+ 𝜂ℓ𝑚 × (𝑚 → −𝑚),  

𝒪geo 
ℓ𝑚 =−

𝑖𝜒𝑚𝑀4

448𝑟9(𝑟 − 𝑟𝑠)
 2𝑌ℓ𝑚(𝜃, 𝜙)(𝐶1(𝑟) + 4𝑖𝜔ℓ𝑚𝑟

2𝐶2(𝑟))  

 +
𝑖𝜒𝑀4

16𝑟9
cos 𝜃2𝑌ℓ𝑚(𝜃, 𝜙) [𝐶3(𝑟) − 𝐶4(𝑟) (

𝑖𝜔ℓ𝑚𝑟
2

2
+
𝑟(𝑟 − 𝑟𝑠)

2
𝜕𝑟)]

 +
𝑖𝜒𝑀4

128𝑟9
𝐶5(𝑟)(√(ℓ + 2)(ℓ − 1)sin 𝜃1𝑌ℓ𝑚(𝜃, 𝜙) − √(ℓ + 3)(ℓ − 2)sin 𝜃3𝑌ℓ𝑚(𝜃, 𝜙)).

 

 𝑠𝑌ℓ𝑚(𝜋 − 𝜃, 𝜙 + 𝜋) = (−1)
ℓ −𝑠𝑌ℓ𝑚(𝜃, 𝜙),

 𝑠𝑌‾ℓ𝑚(𝜃, 𝜙) = (−1)
𝑚+𝑠 −𝑠𝑌ℓ−𝑚(𝜃, 𝜙),

 

𝒫̂[±2𝑌ℓ𝑚(𝜃, 𝜙)] = (−1)
ℓ+𝑚 ± 2𝑌ℓ−𝑚(𝜃, 𝜙)

𝒫̂[sin 𝜃±1𝑌ℓ𝑚(𝜃, 𝜙)] = (−1)
ℓ+𝑚+1sin 𝜃±1𝑌ℓ−𝑚(𝜃, 𝜙)

𝒫̂[cos 𝜃±2𝑌ℓ𝑚(𝜃, 𝜙)] = (−1)
ℓ+𝑚+1cos 𝜃±2𝑌ℓ−𝑚(𝜃, 𝜙)

𝒫̂[sin 𝜃±3𝑌ℓ𝑚(𝜃, 𝜙)] = (−1)
ℓ+𝑚+1sin 𝜃±3𝑌ℓ−𝑚(𝜃, 𝜙)

 

𝒫̂ [𝒪geo 
ℓ𝑚  2𝑅ℓ𝑚

(0,1)
(𝑟)] = (−1)ℓ𝒪geo 

ℓ−𝑚 2𝑅ℓ−𝑚
(0,1)

(𝑟)  

𝒮𝑇𝜗
(1,1)

 = 𝑒−𝑖𝜔ℓ𝑚𝑡[𝒜1
ℓ𝑚(𝑟)2𝑌ℓ𝑚(𝜃, 𝜙) + 𝑖𝜒𝒜2

ℓ𝑚(𝑟)sin 𝜃1𝑌ℓ𝑚(𝜃, 𝜙) + 𝑖𝜒𝒜3
ℓ𝑚(𝑟)cos 𝜃2𝑌ℓ𝑚(𝜃, 𝜙)]

𝒮̃𝑇𝜗
(1,1)

 = 𝑒+𝑖𝜔‾ ℓ𝑚𝑡 [−𝒜1

ℓ𝑚
(𝑟)−2𝑌‾ℓ𝑚(𝜃, 𝜙) + 𝑖𝜒𝒜2

ℓ𝑚
(𝑟)sin 𝜃−1𝑌‾ℓ𝑚(𝜃, 𝜙) − 𝑖𝜒𝒜3

ℓ𝑚
(𝑟)cos 𝜃−2𝑌‾ℓ𝑚(𝜃, 𝜙)]

 

𝒜𝑖
ℓ𝑚(𝑟) = 𝑖𝒪𝑖

ℓ𝑚Θℓ𝑚(𝑟) + 𝛼ℓ𝑚𝒬𝑖
ℓ𝑚 2𝑅̂ℓ𝑚(𝑟)  

𝒪𝑖
ℓ−𝑚

= 𝒪𝑖
ℓ𝑚, 𝒬𝑖

ℓ−𝑚
= 𝒬𝑖

ℓ𝑚  

𝒬𝑖
ℓ𝑚 2𝑅̂ℓ𝑚(𝑟)𝜕𝑟

2Θℓ𝑚
(1,1)

(𝑟)𝜕𝑟Θℓ𝑚
(1,1)

(𝑟)Θℓ𝑚(𝑟)𝒮𝑇𝜗
(1,1)

 𝒮̃𝑇𝜗
(1,1)

𝜗(1,1) 

𝒜𝑖

ℓ−𝑚
(𝑟) = (−1)𝑚+1 [𝑖𝒪𝑖

ℓ𝑚Θℓ𝑚
(1,1)

(𝑟) + 𝛼ℓ𝑚𝒬𝑖
ℓ𝑚 2𝑅̂ℓ𝑚(𝑟)] 

Θℓ𝑚
(1,1)

(𝑟)= 𝛼ℓ𝑚ℋ𝜗
−1[𝑉ℓ𝑚

𝑅 (𝑟) + 𝑉ℓ𝑚
◻ (𝑟)] 

 ≡ 𝑖𝛼ℓ𝑚ℋ𝜗
−1𝒱ℓ𝑚 2𝑅̂ℓ𝑚(𝑟)

 

𝒱
ℓ−𝑚

= 𝒱ℓ𝑚  
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𝒜𝑖
ℓ𝑚(𝑟)  = 𝛼ℓ𝑚𝐴̂𝑖

ℓ𝑚 2𝑅̂ℓ𝑚(𝑟)

𝒜𝑖

ℓ−𝑚
(𝑟)  = (−1)𝑚+1𝛼ℓ𝑚𝐴̂𝑖

ℓ𝑚 2𝑅̂ℓ𝑚(𝑟)
 

𝐴̂𝑖
ℓ𝑚 ≡ 𝒬𝑖

ℓ𝑚 − 𝒪𝑖
ℓ𝑚ℋ𝜗

−1𝒱ℓ𝑚  

𝒫̂𝐴̂𝑖
ℓ𝑚 = 𝐴̂𝑖

ℓ𝑚

= 𝐴̂𝑖
ℓ−𝑚  

𝒮𝑇𝜗
(1,1)

= 𝒮̃𝑇𝜗
(1,1)

(𝑚 → −𝑚)  

 = (1 − 𝜂‾ℓ𝑚)𝑒
−𝑖𝜔ℓ𝑚𝑡𝒪𝑇𝜗

ℓ𝑚 2𝑅ℓ𝑚
(0,1)

(𝑟)
 

𝒪𝑇𝜗
ℓ𝑚 =[ 2𝑌ℓ𝑚(𝜃, 𝜙)𝐴̂1

ℓ𝑚 + 𝑖𝜒sin 𝜃1𝑌ℓ𝑚(𝜃, 𝜙)𝐴̂2
ℓ𝑚

+𝑖𝜒cos 𝜃2𝑌ℓ𝑚(𝜃, 𝜙)𝐴̂3
ℓ𝑚]𝒟ℓ𝑚

†
 

𝒮𝑇𝜗
(1,1)

= 𝒮̃𝑇𝜗
(1,1)

(𝑚 → −𝑚) 

Θ‾ ℓ−𝑚
(1,1)

(𝑟)Θℓ𝑚
(1,1)

(𝑟) {Θℓ𝑚
(1,1)

(𝑟), 𝒮𝑇𝜗
(1,1)

} {Θℓ−𝑚
(1,1)

(𝑟), 𝒮̃𝑇𝜗
(1,1)

} 𝒮𝑇𝜗
(1,1)

Θℓ𝑚
(1,1)

(𝑟) 

𝒫̂ [𝒪𝑇𝜗
ℓ𝑚 2𝑅ℓ𝑚

(0,1)
(𝑟)] = (−1)ℓ𝒪𝑇𝜗

ℓ−𝑚 2𝑅ℓ−𝑚
(0,1)

(𝑟)  

𝒮𝑇Ψ
(1,1)

 = 𝑖𝜒𝑒−𝑖𝜔ℓ𝑚𝑡[ℬ1
ℓ𝑚(𝑟)sin 𝜃1𝑌ℓ𝑚(𝜃, 𝜙) + ℬ2

ℓ𝑚(𝑟)cos 𝜃2𝑌ℓ𝑚(𝜃, 𝜙) + ℬ3
ℓ𝑚(𝑟)sin 𝜃3𝑌ℓ𝑚(𝜃, 𝜙)] + 𝜂ℓ𝑚 × (𝑚 → −𝑚),

𝒮̃𝑇Ψ
(1,1)

 = 𝑖𝜒𝑒+𝑖𝜔‾ ℓ𝑚𝑡[ℬ̃1
ℓ𝑚(𝑟)sin 𝜃−1𝑌‾ℓ𝑚(𝜃, 𝜙) + ℬ̃2

ℓ𝑚(𝑟)cos 𝜃−2𝑌‾ℓ𝑚(𝜃, 𝜙)] + 𝜂‾ℓ𝑚 × (𝑚 → −𝑚),
 

ℬ𝑖
ℓ−𝑚

(𝑟) = ℬ𝑖
ℓ𝑚(𝑟), ℬ̃𝑖

ℓ−𝑚

(𝑟) = ℬ̃𝑖
ℓ𝑚(𝑟)  

ℬ𝑖
ℓ𝑚(𝑟) ≡ 𝐵̂𝑖

ℓ𝑚 2𝑅̂ℓ𝑚(𝑟), ℬ̃𝑖
ℓ𝑚 ≡ 𝐵̂̃𝑖

ℓ𝑚 2𝑅̂ℓ𝑚(𝑟),  

𝒫̂𝐵̂𝑖
ℓ𝑚 = 𝐵̂𝑖

ℓ−𝑚, 𝒫̂𝐵̂̃𝑖
ℓ𝑚 = 𝐵̂̃𝑖

ℓ−𝑚  

𝒮𝑇Ψ
(1,1)

= 𝑒−𝑖𝜔ℓ𝑚𝑡𝒪𝑇Ψ
ℓ𝑚 2𝑅ℓ𝑚

(0,1)
(𝑟) + 𝜂ℓ𝑚 × (𝑚 → −𝑚),

𝒮̃𝑇Ψ
(1,1)

= 𝜂‾ℓ𝑚𝑒
−𝑖𝜔ℓ𝑚𝑡𝒪̃𝑇Ψ

ℓ𝑚 2𝑅ℓ𝑚
(0,1)

(𝑟) + (𝑚 → −𝑚),
 

𝒪𝑇Ψ
ℓ𝑚 =𝑖𝜒[sin 𝜃1𝑌ℓ𝑚(𝜃, 𝜙)𝐵̂1

ℓ𝑚 + cos 𝜃2𝑌ℓ𝑚(𝜃, 𝜙)𝐵̂2
ℓ𝑚

+sin 𝜃3𝑌ℓ𝑚(𝜃, 𝜙)𝐵̂3
ℓ𝑚]𝒟ℓ𝑚

† ,

𝒪̃𝑇Ψ
ℓ𝑚 =𝑖𝜒 [−sin 𝜃1𝑌ℓ𝑚(𝜃, 𝜙)𝐵̂̃1

ℓ−𝑚 + cos 𝜃2𝑌ℓ𝑚(𝜃, 𝜙)𝐵̂̃2
ℓ−𝑚]

𝒟ℓ𝑚
† ,

 

{ 𝑠𝑅̂ℓ−𝑚(𝑟),  𝑠𝑌‾ℓ−𝑚(𝜃, 𝜙)} { 𝑠𝑅̂ℓ𝑚(𝑟),  𝑠𝑌ℓ𝑚(𝜃, 𝜙)} 

𝜔ℓ𝑚 = −𝜔‾ ℓ−𝑚 

𝒫̂ [𝒪𝑇Ψ
ℓ𝑚 2𝑅ℓ𝑚

(0,1)
(𝑟)] = (−1)ℓ𝒪𝑇Ψ

ℓ−𝑚 2𝑅ℓ−𝑚
(0,1)

(𝑟)

𝒫̂ [𝒪̃𝑇Ψ
ℓ𝑚 2𝑅ℓ𝑚

(0,1)
(𝑟)] = (−1)ℓ𝒪̃𝑇Ψ

ℓ−𝑚 2𝑅ℓ−𝑚
(0,1)

(𝑟)
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𝐻0
ℓ𝑚(0,0)

[ 2𝑅ℓ𝑚
(1,1)

(𝑟)2𝑌ℓ𝑚(𝜃, 𝜙)] = 2𝑟
2[(𝒪geo 

ℓ𝑚 + 𝒪𝑇𝜗
ℓ𝑚 + 𝒪𝑇Ψ

ℓ𝑚) − 𝜂‾ℓ𝑚(𝒪𝑇𝜗
ℓ𝑚 − 𝒪̃𝑇Ψ

ℓ𝑚)] 2𝑅ℓ𝑚
(0,1)

(𝑟),

𝜂ℓ𝑚𝐻0
ℓ−𝑚(0,0)

[ 2𝑅ℓ−𝑚
(1,1)

(𝑟)2𝑌ℓ−𝑚(𝜃, 𝜙)] = 2𝑟
2[𝜂ℓ𝑚(𝒪geo 

ℓ−𝑚 + 𝒪𝑇𝜗
ℓ−𝑚 + 𝒪𝑇Ψ

ℓ−𝑚) − (𝒪𝑇𝜗
ℓ−𝑚 − 𝒪̃𝑇Ψ

ℓ−𝑚)] 2𝑅ℓ−𝑚
(0,1)

(𝑟).
 

𝜂‾ℓ𝑚𝐻0
ℓ𝑚(0,0)

[ 2𝑅ℓ𝑚
(1,1)

(𝑟)2𝑌ℓ𝑚(𝜃, 𝜙)] = 2𝑟
2[𝜂‾ℓ𝑚(𝒪geo 

ℓ𝑚 + 𝒪𝑇𝜗
ℓ𝑚 + 𝒪𝑇Ψ

ℓ𝑚) − (𝒪𝑇𝜗
ℓ𝑚 − 𝒪̃𝑇Ψ

ℓ𝑚)] 2𝑅ℓ𝑚
(0,1)

(𝑟), 

 2𝑅‾ℓ−𝑚
(1,1)

(𝑟) = (−1)𝑚 2𝑅ℓ𝑚
(1,1)

(𝑟) 

𝜂ℓ𝑚 = ±1 

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 6(𝑟 − 𝑀)𝜕𝑟 +

4𝑖𝜔ℓ𝑚𝑟(𝑟 − 3𝑀) + 𝜔ℓ𝑚
2 𝑟3

𝑟 − 𝑟𝑠
+
4𝑖𝜒𝑚𝑀((𝑟 − 𝑀) + 𝑖𝑀𝜔ℓ𝑚𝑟)

𝑟(𝑟 − 𝑟𝑠)
−  2𝐴ℓ𝑚]  2𝑅ℓ𝑚

(1,1)
(𝑟)

 = −2𝑟2[(𝒪geo
ℓ𝑚 + 𝒪𝑇𝜗

ℓ𝑚 + 𝒪𝑇Ψ
ℓ𝑚) ∓ (𝒪𝑇𝜗

ℓ𝑚 − 𝒪̃𝑇Ψ
ℓ𝑚)] 2𝑅ℓ𝑚

(0,1)
(𝑟)

 

𝒪geo
ℓ𝑚 =−

𝑖𝜒𝑚𝑀4

448𝑟9(𝑟 − 𝑟𝑠)
(𝐶1(𝑟) + 4𝑖𝜔ℓ𝑚𝑟

2𝐶2(𝑟)) +
𝑖𝜒𝑚𝑀4

16𝑟9
[𝐶3(𝑟) − 𝐶4(𝑟) (

𝑖𝜔ℓ𝑚𝑟
2

2
+
𝑟(𝑟 − 𝑟𝑠)

2
𝜕𝑟)]Λ22𝑐

ℓℓ1  

 +
𝑖𝜒𝑚𝑀4

128𝑟9
𝐶5(𝑟)(√(ℓ + 2)(ℓ − 1)Λ12𝑠

ℓℓ1 −√(ℓ + 3)(ℓ − 2)Λ32𝑠
ℓℓ1)

𝒪𝑇𝜗
ℓ𝑚 =[𝐴̂1

ℓ𝑚 + 𝑖𝜒𝑚Λ12𝑠
ℓℓ1 𝐴̂2

ℓ𝑚 + 𝑖𝜒𝑚Λ22𝑐
ℓℓ1 𝐴̂3

ℓ𝑚]𝒟ℓ𝑚
†

𝒪𝑇Ψ
ℓ𝑚 =𝑖𝜒𝑚[Λ12𝑠

ℓℓ1 𝐵̂1
ℓ𝑚 + Λ22𝑐

ℓℓ1 𝐵̂2
ℓ𝑚 + Λ32𝑠

ℓℓ1 𝐵̂3
ℓ𝑚]𝒟ℓ𝑚

†

𝒪̃𝑇Ψ
ℓ𝑚 = −𝑖𝜒𝑚 [Λ12𝑠

ℓℓ1 𝐵̂̃1
ℓ−𝑚 − Λ22𝑐

ℓℓ1 𝐵̂̃2
ℓ−𝑚]𝒟ℓ𝑚

†

 

Λ12𝑠
ℓℓ𝑚 = 𝑚Λ12𝑠

ℓℓ1 , Λ−12𝑠
†ℓ𝑚 = (−1)𝑚+1𝑚Λ12𝑠

ℓℓ1

Λ22𝑐
ℓℓ𝑚 = 𝑚Λ22𝑐

ℓℓ1 , Λ−22𝑐
†ℓℓ𝑚 = (−1)𝑚𝑚Λ22𝑐

ℓℓ1

Λ32𝑠
ℓℓ𝑚 = 𝑚Λ32𝑠

ℓℓ1 , Λ−32𝑠
†ℓℓ𝑚 = (−1)𝑚+1𝑚Λ32𝑠

ℓℓ1

 

{𝐴̂𝑖
ℓ𝑚, 𝐵̂𝑖

ℓ𝑚, 𝐵̂̃𝑖
ℓ𝑚} 

𝜔ℓ𝑚
(1,0)

= 𝜔ℓ𝑚
(1,0,0)

+ 𝜒𝑚𝜔ℓ1
(1,1,0)

+ 𝒪(𝜒2)  

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 − 2(𝑟 − 𝑀)𝜕𝑟 −

4𝑖𝜔ℓ𝑚𝑟(𝑟 − 3𝑀) − 𝜔ℓ𝑚
2 𝑟3

𝑟 − 𝑟𝑠
−
4𝑖𝜒𝑚𝑀((𝑟 − 𝑀) − 𝑖𝑀𝜔ℓ𝑚𝑟)

𝑟(𝑟 − 𝑟𝑠)
−  −2𝐴ℓ𝑚] −  2𝑅ℓ𝑚

(1,1)
(𝑟)

 = −2𝑟6[(𝒬geo 
ℓ𝑚 + 𝒬𝑇𝜗

ℓ𝑚 + 𝒬𝑇Ψ
ℓ𝑚) ∓ (𝒬𝑇𝜗

ℓ𝑚 − 𝒵̃𝑇Ψ
ℓ𝑚)] −  2𝑅ℓ𝑚

(0,1)
(𝑟),

 

𝒬geo 
ℓ𝑚 =

𝑖𝜒𝑚𝑀4

448𝑟13(𝑟 − 𝑟𝑠)
(𝐷1(𝑟) − 4𝑖𝜔ℓ𝑚𝑟

2𝐷2(𝑟)) +
𝑖𝜒𝑚𝑀4

16𝑟13
[𝐷3(𝑟) − 𝐷4(𝑟) (

𝑖𝜔ℓ𝑚𝑟
2

2
−
𝑟(𝑟 − 𝑟𝑠)

2
𝜕𝑟)]Λ22𝑐

ℓℓ1

 −
𝑖𝜒𝑚𝑀4

128𝑟13
𝐷5(𝑟)(√(ℓ + 2)(ℓ − 1)Λ12𝑠

ℓℓ1 −√(ℓ + 3)(ℓ − 2)Λ32𝑠
ℓℓ1)

𝒬𝑇𝜗
ℓ𝑚 =[𝒜̂1

ℓ𝑚 + 𝑖𝜒𝑚Λ12𝑠
ℓℓ 𝒜̂2

ℓ𝑚 − 𝑖𝜒𝑚Λ22𝑐
ℓℓ1 𝒜̂3

ℓ𝑚]𝒟ℓ𝑚

𝒬𝑇Ψ
ℓ𝑚 =𝑖𝜒𝑚[Λ12𝑠

ℓℓ1 ℬ̂1
ℓ𝑚 − Λ22𝑐

ℓℓ1 ℬ̂2
ℓ𝑚 + Λ32𝑠

ℓℓ1 ℬ̂3
ℓ𝑚]𝒟ℓ𝑚

𝒬̃𝑇Ψ
ℓ𝑚 = −𝑖𝜒𝑚 [Λ12𝑠

ℓℓ1 ℬ̂̃1
ℓ−𝑚 + Λ22𝑐

ℓℓ1 ℬ̂̃2
ℓ−𝑚]𝒟ℓ𝑚

 

Λ−1−2𝑠
ℓℓ𝑚 = 𝑚Λ12𝑠

ℓℓ1 , Λ1−2𝑠
†ℓℓ𝑚 = (−1)𝑚+1𝑚Λ12𝑠

ℓℓ1

Λ−2−2𝑐
ℓℓ𝑚 = −𝑚Λ22𝑐

ℓℓ1 , Λ2−2𝑐
†ℓℓ𝑚 = (−1)𝑚+1𝑚Λ22𝑐

ℓℓ1

Λ−3−2𝑠
ℓℓ𝑚 = 𝑚Λ32𝑠

ℓℓ1 , Λ3−2𝑠
†ℓℓ𝑚 = (−1)𝑚+1𝑚Λ32𝑠

ℓℓ1
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 𝑠ℋℓ𝑚
(0,0)

 𝑠𝑅ℓ𝑚
(0,1)

= 0

 𝑠ℋℓ𝑚
(0,0)

 𝑠𝑅ℓ𝑚
(1,1)

=  𝑠𝒱ℓ𝑚
(1,0)

 𝑠𝑅ℓ𝑚
(0,1)

 

𝜔ℓ𝑚 =𝜔ℓ𝑚
(0,0)

+ 𝜁𝜔ℓ𝑚
(1,0)

+ 𝒪(𝜁2)

=(𝜔ℓ𝑚
(0,0,0)

+ 𝜒𝑚𝜔ℓ1
(0,1,0)

) + 𝜁 (𝜔ℓ𝑚
(1,0,0)

+ 𝜒𝑚𝜔ℓ1
(1,1,0)

)

 +𝒪(𝜁2, 𝜒2)

 

 

𝜔ℓ𝑚
(0,1,0)

= 𝑚𝜔ℓ1
(0,1,0)

 

𝜔ℓ𝑚
(1,1,0)

= 𝑚𝜔ℓ1
(1,1,0)

 

 𝑠ℋℓ𝑚
(0,0)

 𝑠𝑅ℓ𝑚
(1,1)

+𝜔ℓ𝑚
(1,0)

𝜕𝜔 ( 𝑠ℋℓ𝑚
(0,0)

)  𝑠𝑅ℓ𝑚
(0,1)

=  𝑠𝒱ℓ𝑚
(1,0)

 𝑠𝑅ℓ𝑚
(0,1)

 

⟨𝜑1(𝑟) ∣  𝑠ℋℓ𝑚
(0,0)

𝜑2(𝑟)⟩ = ⟨ 𝑠ℋℓ𝑚
(0,0)

𝜑1(𝑟) ∣ 𝜑2(𝑟)⟩ ,  

⟨𝜑1(𝑟) ∣ 𝜑2(𝑟)⟩ = ∫ 
𝒞

 Δ𝑠(𝑟)𝜑1(𝑟)𝜑2(𝑟)𝑑𝑟  

𝑟𝒞(𝜉) = 2𝑀 +
4𝑀2𝜉

20𝑀2 + 𝜉2
+ 𝑖 (

𝜉2

2𝑀
− 2𝑀)

𝜉 ∈ [−𝜉max, 𝜉max]

 

⟨ 𝑠𝑅ℓ𝑚
(0,1)

∣  𝑠ℋℓ𝑚
(0,0)

 𝑠𝑅ℓ𝑚
(1,1)

⟩ = ⟨ 𝑠ℋℓ𝑚
(0,0)

 𝑠𝑅ℓ𝑚
(0,1)

∣  𝑠𝑅ℓ𝑚
(1,1)

⟩ = 0.  

𝜔ℓ𝑚
(1,0)

= ⟨ 𝑠𝒱ℓ𝑚
(1,0)

⟩ / ⟨𝜕𝜔 ( 𝑠ℋℓ𝑚
(0,0)

)⟩  

⟨𝒪̂⟩ = ⟨ 𝑠𝑅ℓ𝑚
(0,1)

∣ 𝒪̂𝑠𝑅ℓ𝑚
(0,1)

⟩  

ℋ0
ℓ𝑚(0,0,0)

 2𝑅ℓ𝑚
(0,0,1)

= 0

ℋ0
ℓ𝑚(0,0,0)

 2𝑅ℓ𝑚
(0,1,1)

= −ℋ0
ℓ𝑚(0,1,0)

 2𝑅ℓ𝑚
(0,0,1)

 

ℋ0
ℓ𝑚(0,0,0)

 = 𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 6(𝑟 −𝑀)𝜕𝑟 +

4𝑖𝜔ℓ𝑚𝑟(𝑟 − 3𝑀) + 𝜔ℓ𝑚
2 𝑟3

𝑟 − 𝑟𝑠
− ℓ(ℓ + 1) + 6,

ℋ0
ℓ𝑚(0,1,0)

 =
4𝑖𝑚𝑀((𝑟 − 𝑀) + 𝑖𝑀𝜔ℓ𝑚𝑟)

𝑟(𝑟 − 𝑟𝑠)
+
8𝑚𝑀𝜔ℓ𝑚
ℓ(ℓ + 1)

,

 

 

𝜔0,ℓ1
(0,1,0)

=
⟨4𝑖𝑀 ((𝑟 − 𝑀) + 𝑖𝑀𝜔ℓ𝑚

(0,0,0)
𝑟) /(𝑟 − 𝑟𝑠) + 8𝑀𝜔ℓ𝑚

(0,0,0)
/(ℓ(ℓ + 1))⟩

⟨[4𝑖𝑟(𝑟 − 3𝑀) + 2𝜔ℓ𝑚
(0,0,0)

𝑟3] /(𝑟 − 𝑟𝑠)⟩
,  
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𝛿(Re[𝜔1], Re[𝜔2])  = |Re[𝜔2]/Re[𝜔1] − 1|,

𝛿(Im[𝜔1], Im[𝜔2])  = |Im[𝜔2]/Im[𝜔1] − 1|.
 

𝛿(Re[𝜔Kerr ], Re[𝜔slow ]) 

𝛿(Im[𝜔Kerr ], Im[𝜔slow ]) 

Re [𝜔22
(0,0)

] 𝒪(𝜁1, 𝜒1, 𝜖1) 

𝜔0,ℓ𝑚
±(1,0)

 =
⟨−2𝑟2[(𝒪geo 

ℓ𝑚 + 𝒪𝑇𝜗
ℓ𝑚 + 𝒪𝑇Ψ

ℓ𝑚) ∓ (𝒪𝑇𝜗
ℓ𝑚 − 𝒪̃𝑇Ψ

ℓ𝑚)]⟩

⟨𝜕𝜔ℋ0
ℓ𝑚⟩

,

𝜔4,ℓ𝑚
±(1,0)

 =
⟨−2𝑟6[(𝒬geo 

ℓ𝑚 +𝒬𝑇𝜗
ℓ𝑚 + 𝒬𝑇Ψ

ℓ𝑚) ∓ (𝒬𝑇𝜗
ℓ𝑚 − 𝒬̃𝑇Ψ

ℓ𝑚)]⟩

⟨𝜕𝜔ℋ4
ℓ𝑚⟩

,

 

𝜕𝜔ℋ0
ℓ𝑚  =

4𝑖𝑟(𝑟 − 3𝑀) + 2𝜔ℓ𝑚𝑟
3

𝑟 − 𝑟𝑠
+ 𝜒𝑚 [

8𝑀

ℓ(ℓ + 1)
−
4𝑀2

𝑟 − 𝑟𝑠
]

𝜕𝜔ℋ4
ℓ𝑚  =

−4𝑖𝑟(𝑟 − 3𝑀) + 2𝜔ℓ𝑚𝑟
3

𝑟 − 𝑟𝑠
+ 𝜒𝑚 [

8𝑀

ℓ(ℓ + 1)
−
4𝑀2

𝑟 − 𝑟𝑠
]

 

𝜔𝑖,ℓ𝑚
+(1,0)

 = 𝜒𝑚𝜔𝑖,ℓ1
+(1,1,0)

+𝒪(𝜒2)

𝜔𝑖,ℓ𝑚
−(1,0)

 = 𝜔𝑖,ℓ𝑚
−(1,0,0)

+ 𝜒𝑚𝜔𝑖,ℓ1
−(1,1,0)

+ 𝒪(𝜒2)
 

𝜔0,ℓ𝑚
−(1,0,0)

=
⟨−2𝑟2(𝐴̂1

ℓ𝑚 + 𝐴̂1
ℓ𝑚)𝒟ℓ𝑚

† ⟩

⟨[4𝑖𝑟(𝑟 − 3𝑀) + 2𝜔ℓ𝑚
(0,0,0)

𝑟3] /(𝑟 − 𝑟𝑠)⟩
(93a)

,

𝜔4,ℓ𝑚
−(1,0,0)

=
⟨−2𝑟6(𝒜̂1

ℓ𝑚 + 𝒜̂1
ℓ𝑚)𝒟ℓ𝑚⟩

⟨[−4𝑖𝑟(𝑟 − 3𝑀) + 2𝜔ℓ𝑚
(0,0,0)

𝑟3] /(𝑟 − 𝑟𝑠)⟩
,

 

𝜔0,ℓ𝑚
+(1,0,0)

= 𝜔4,ℓ𝑚
+(1,0,0)

= 0 

 

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔ℓ𝑚
2 𝑟3

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ𝑚]Θℓ𝑚

(1,1)
(𝑟) = −

2𝑖

𝒞2
(1 − 𝜂ℓ𝑚)(𝑔1

ℓ𝑚(𝑟) + 𝑔2
ℓ𝑚(𝑟)𝜕𝑟) −2𝑅ℓ𝑚

(0,1)
(𝑟), 

𝑔1
ℓ𝑚(𝑟) = −3√Λℓ𝑀

3
(2𝜔ℓ𝑚

2 𝑟2 − 8𝑖𝜔ℓ𝑚𝑟 − ℓ
2 − ℓ − 4)𝑟2 + 2𝑀(9𝑖𝜔ℓ𝑚𝑟 + ℓ

2 + ℓ + 10)𝑟 − 24𝑀2

4√𝜋𝑟4(𝑟 − 𝑟𝑠)
2

,

𝑔2
ℓ𝑚(𝑟) = −3√Λℓ𝑀

3
𝑖𝜔ℓ𝑚𝑟

2 + 𝑟 − 3𝑀

2√𝜋𝑟3(𝑟 − 𝑟𝑠)
, Λℓ = (ℓ + 2)(ℓ + 1)ℓ(ℓ − 1),

 

(𝐷𝑚𝜔)
4 −2𝑅ℓ𝑚

(0,1)
(𝑟) = 𝒞2 2𝑅̂ℓ𝑚(𝑟)

Δ2(𝐷𝑚𝜔
† )

4
[Δ2 2𝑅ℓ𝑚

(0,1)
(𝑟)] = 𝒞−2 −2𝑅̂ℓ𝑚(𝑟)

 

𝒞2𝒞−2 = ℭ 
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 2𝑅̂ℓ𝑚(𝑟) = −
2

𝒞2
−  2𝑅ℓ𝑚

(0,1)
(𝑟)

 −2𝑅̂ℓ𝑚(𝑟) =
32

𝒞−2
 2𝑅ℓ𝑚

(0,1)
(𝑟)

 

 ±2𝑅ℓ𝑚
(0,1)

= 𝑓±2(𝑟) [𝑉𝑍(𝑟) + (
2

𝑟2
(𝑟 − 3𝑀) ∓ 2𝑖𝜔ℓ𝑚)Λ±]Ψℓ𝑚

Rw(0,1)
(𝑟),

𝑉𝑍(𝑟) = (1 −
𝑟𝑠
𝑟
) (
ℓ(ℓ + 1)

𝑟2
−
6𝑀

𝑟3
) , 𝑓2(𝑟) = 𝑟

3Δ−2(𝑟), 𝑓−2(𝑟) = 𝑟
3, Λ± =

𝑑

𝑑𝑟∗
∓ 𝑖𝜔ℓ𝑚

 

𝑑𝑟∗/𝑑𝑟 = (𝑟
2 +𝑎2)/Δ(𝑟) 

[𝑟(𝑟 − 𝑟𝑠)𝜕𝑟
2 + 𝑟𝑠𝜕𝑟 +

𝜔ℓ𝑚
2 𝑟3

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ𝑚] Θℓ𝑚

(1,1)
(𝑟)

 = −
3𝑖√Λℓ𝑀

3

√𝜋𝑟3
Ψℓ𝑚
RW(0,1)

(𝑟)

 

[𝜕𝑟∗
2 +

𝑟 − 𝑟𝑠
𝑟3

(
𝜔ℓ𝑚
2 𝑟3

𝑟 − 𝑟𝑠
−
𝑟𝑠
𝑟
−  0𝐴ℓ𝑚)]Θℓ𝑚

(1,1)
(𝑟) = −

4𝑖

𝒞2

𝑟 − 𝑟𝑠
𝑟3

(𝑔1
ℓ𝑚(𝑟) + 𝑔2

ℓ𝑚(𝑟)𝜕𝑟) −2𝑅ℓ𝑚
(0,1)

(𝑟) 

Θℓ𝑚
(1,1)

(𝜉) =
Θℓ𝑚
𝑅 (𝜉) ∫  

𝜉

−∞
 Θℓ𝑚
𝐿 (𝜉′)𝒮𝜗

ℓ𝑚(𝜉′)𝜕𝜉′𝑟∗𝑑𝜉
′ + Θℓ𝑚

𝐿 (𝜉) ∫  
∞

𝜉
 Θℓ𝑚
𝑅 (𝜉′)𝒮𝜗

ℓ𝑚(𝜉′)𝜕𝜉′𝑟∗𝑑𝜉
′

(Θℓ𝑚
𝐿 (𝜉)𝜕𝜉Θℓ𝑚

𝑅 (𝜉) − Θℓ𝑚
𝑅 (𝜉)𝜕𝜉Θℓ𝑚

𝐿 (𝜉))𝜕𝑟∗𝜉
 

𝑟 = 𝑟𝒞(𝜉) 

𝑟 = 𝑟𝒞(𝜉
′) 

𝜉 = ±∞ at 𝜉 = ±𝜉max 

Θℓ𝑚
𝑅 (𝜉 → ∞) ∝ 𝑒𝑖𝜔ℓ𝑚𝑟∗(𝜉) 

Θℓ𝑚
𝐿 (𝜉 → −∞) ∝ 𝑒−𝑖𝜔ℓ𝑚𝑟∗(𝜉) 

𝜉 = 𝜉max  

𝜉 = −𝜉max  

ℋ𝜗
−1𝒱ℓ𝑚 2𝒟ℓ𝑚

†  2𝑅ℓ𝑚
(0,1)

 

𝐴̂1
ℓ𝑚𝒟ℓ𝑚

†  2𝑅ℓ𝑚
(0,1)

 

Im [𝜔ℓ𝑚
(0,0)

]𝜔ℓ𝑚
−(1,0,0)

 

𝜔0,ℓ𝑚
+(1,0)

=
⟨−2𝑟2(𝒪geo 

ℓ𝑚 +𝒪𝑇Ψ
ℓ𝑚 + 𝒪̃𝑇Ψ

ℓ𝑚)⟩

⟨𝜕𝜔ℋ0
ℓ𝑚⟩

,

𝜔4,ℓ𝑚
+(1,0)

=
⟨−2𝑟6(𝒬geo 

ℓ𝑚 +𝒬𝑇Ψ
ℓ𝑚 + 𝒬̃𝑇Ψ

ℓ𝑚)⟩

⟨𝜕𝜔ℋ4
ℓ𝑚⟩

,
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{𝒪geo 
ℓ𝑚 , 𝒪𝑇Ψ

ℓ𝑚, 𝒪̃𝑇Ψ
ℓ𝑚, 𝒬geo 

ℓ𝑚 , 𝒬𝑇Ψ
ℓ𝑚, 𝒬̃𝑇Ψ

ℓ𝑚} 

 ±2𝑅ℓ𝑚
(0,1)

(𝑟) {𝐵̂𝑖
ℓ𝑚, 𝐵̂̃𝑖

ℓ𝑚, ℬ̂𝑖
ℓ𝑚, ℬ̂̃𝑖

ℓ𝑚} 

〈𝜔0,ℓ𝑚
+(1,0)

𝜔4,ℓ𝑚
+(1,0)

𝜔0,ℓ1
+(1,1,0)

𝜔4,ℓ1
+(1,1,0)

〉 

𝛿Im(𝜔ZM ) 

𝛿Re(𝜔ZM ) 

𝜔ℓ𝑚
+ = 𝜔ℓ𝑚

(0,0)
+ 𝜁𝜔ℓ𝑚

+(1,0)
 

𝜔ℓ𝑚
+(1,0,0)

∷ 𝜔ℓ1
+(1,1,0)

 

𝜉 = 𝜉min  to 𝜉 = 𝜉max  

𝑆𝜗
ℓ𝑚(𝑟) = −

4

𝒞2

𝑟 − 𝑟𝑠
𝑟3

(𝑉ℓ𝑚
𝑅 (𝑟) + 𝑉ℓ𝑚

◻ (𝑟)),  

𝑉ℓ𝑚
𝑅 (𝑟)𝑉ℓ𝑚

◻ (𝑟)∎−2𝑅ℓ𝑚
(0,1)

(𝑟) ±2𝑅ℓ𝑚
(0,1)

(𝑟)𝒪(𝜒1)𝑟𝒞(𝜉) 
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𝜔ℓ𝑚
+ = 𝜔ℓ𝑚

(0,0)
+ 𝜁𝜔ℓ𝑚

+(1,0)
 

 

𝜔0,ℓ𝑚
±(1,0)

=
⟨−2𝑟2(𝒪geo 

ℓ𝑚 + 2𝒪𝑇𝜗
ℓ𝑚 + 𝒪𝑇Ψ

ℓ𝑚 − 𝒪̃𝑇Ψ
ℓ𝑚)⟩

⟨𝜕𝜔ℋ0
ℓ𝑚⟩

,

𝜔4,ℓ𝑚
±(1,0)

=
⟨−2𝑟6(𝒬geo 

ℓ𝑚 + 2𝒬𝑇𝜗
ℓ𝑚 + 𝒬𝑇Ψ

ℓ𝑚 − 𝒬̃𝑇Ψ
ℓ𝑚)⟩

⟨𝜕𝜔ℋ4
ℓ𝑚⟩

,

 

{𝒪geo 
ℓ𝑚 , 𝒪𝑇Ψ

ℓ𝑚, 𝒪̃𝑇Ψ
ℓ𝑚, 𝒬geo 

ℓ𝑚 , 𝒬𝑇Ψ
ℓ𝑚, 𝒬̃𝑇Ψ

ℓ𝑚}∎±2𝑅ℓ𝑚
(0,1)

(𝑟) ±2𝑅ℓ𝑚
(0,1)

(𝑟)𝒪𝑇𝜗
ℓ𝑚𝒬𝑇𝜗

ℓ𝑚𝜗(1,1)𝜔0,ℓ𝑚
−(1,0,0)

𝜔4,ℓ𝑚
−(1,0,0)

𝜔𝑖,ℓ1
−(1,1,0)

𝜕𝜒𝜔𝑖,ℓ1
−(1,0)

𝜔𝑖,ℓ1
−(1,0)

  

𝜔𝑖,ℓ1
−(1,1,0)

≈
𝜔𝑖,ℓ1
−(1,0)

(𝜒2) − 𝜔𝑖,ℓ1
−(1,0)

(𝜒1)

𝜒2 − 𝜒1
 

𝛿𝜒 = 𝜒2 − 𝜒1 

𝜔𝑖,ℓ1
−(1,1,0)

 Θℓ𝑚
(1,1)

(𝑟) ±2𝑅ℓ𝑚
(0,1)

(𝑟)𝒪(𝜒1) ±2𝑅ℓ𝑚
(0,1,1)

(𝑟) 

𝜔0,ℓ𝑚
±(1,0)

𝜔4,ℓ𝑚
±(1,0)

𝒪(𝜒1)𝒪(𝜒2)𝜔0,ℓ𝑚
−(1,0)

𝜔4,ℓ𝑚
−(1,0)

 

𝜔𝑖,ℓ𝑚
±(1,1,0)

𝜔𝑖,ℓ𝑚
±(1,0)

𝜔𝑖,ℓ𝑚
±(1,1,0)

𝜔0,ℓ𝑚
−(1,1,0)

𝜔4,ℓ𝑚
−(1,1,0)

 

𝜔0,ℓ𝑚
−(1,1,0)

𝜔4,ℓ𝑚
−(1,1,0)

𝜔0,ℓ𝑚
−(1,1,0)

𝜔4,ℓ𝑚
−(1,1,0)

 

𝜔0,ℓ𝑚
−(1,1,0)

𝜔4,ℓ𝑚
−(1,1,0)

ℎ𝜇𝜈
(0,1)

 

𝜔0,ℓ𝑚
−(1,1,0)

𝜔4,ℓ𝑚
−(1,1,0)

𝜔0,ℓ𝑚
+(1,1,0)

𝜔4,ℓ𝑚
+(1,1,0)

 

𝜔0,ℓ𝑚
−(1,1,0)

𝜔4,ℓ𝑚
−(1,1,0)
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𝜔ℓ1
−(1,0,0)

𝜔ℓ1
−(1,1,0)

𝛿Im(𝜔)𝛿Re(𝜔) 

𝛿Im(𝜔RW)𝛿Re(𝜔RW) 

𝜔ℓ1
−(1,0,0)

𝜔ℓ1
−(1,1,0)

 ±2𝑅ℓ𝑚
(0,1)

(𝑟)𝜔0,ℓ𝑚
−(1,1,0)

𝜔4,ℓ𝑚
−(1,1,0)

 

|Im [𝜔ℓ𝑚
−(1,1,0)

]| ≪ |Re [𝜔ℓ𝑚
−(1,1,0)

]| 

|Im [𝜔ℓ𝑚
−(1,1,0)

]| Im [𝜔ℓ𝑚
−(1,1,0)

] Re [𝜔ℓ𝑚
−(1,1,0)

] |Im [𝜔ℓ𝑚
−(1,1,0)

]| |Re [𝜔ℓ𝑚
−(1,1,0)

]| 

 

𝜔ℓ1
−(1,1,0)

𝜔ℓ1
−(1,1,0)

𝜔ℓ1
(0,1,0)

 

𝜔ℓ1
−(1,1,0)

𝜔ℓ1
+(1,1,0)

𝜔ℓ1
−(1,0,0)

𝜔ℓ1
−(1,1,0)

|Re [𝜔ℓ𝑚
+(1,1,0)

]| |Re [𝜔ℓ𝑚
−(1,0,0)

]| , |Re [𝜔ℓ𝑚
−(1,1,0)

]| 
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𝜔ℓ𝑚
− = 𝜔ℓ𝑚

(0,0)
+ 𝜁𝜔ℓ𝑚

−(1,0)
 

𝜔ℓ𝑚
− = 𝜔ℓ𝑚

(0,0)
+ 𝜁𝜔ℓ𝑚

−(1,0)
 

(𝜔0,ℓ𝑚
±(1,0)

) (𝜔4,ℓ𝑚
±(1,0)

)𝜔0,ℓ𝑚
±(1,0)

𝜔4,ℓ𝑚
±(1,0)

 

[𝑓(𝑟)2𝜕𝑟
2 +

2𝑀

𝑟2
𝑓(𝑟)𝜕𝑟 +𝜔

2 − 𝑉eff
𝑆 (𝑟, 𝜒, 𝜁)] Θℓ𝑚(𝑟)

 = 𝜁
1
2𝑀2𝜅

1
2𝑓(𝑟)[𝑔(𝑟) + 𝜒𝑀𝑚(ℎ(𝑟) + 𝑗(𝑟)𝜕𝑟)]Ψℓ𝑚

RW(𝑟)

[𝑓(𝑟)2𝜕𝑟
2 +

2𝑀

𝑟2
𝑓(𝑟)𝜕𝑟 +𝜔

2 − 𝑉eff
𝐴 (𝑟, 𝜒, 𝜁)]Ψℓ𝑚

RW(𝑟)

 = 𝜁
1
2𝑀2𝜅

1
2𝑓(𝑟)[𝑣(𝑟) + 𝜒𝑀𝑚(𝑛(𝑟) + 𝑝(𝑟)𝜕𝑟)]Θℓ𝑚(𝑟)

[𝑓(𝑟)2𝜕𝑟
2 +

2𝑀

𝑟2
𝑓(𝑟)𝜕𝑟 +𝜔

2 − 𝑉eff
𝑃 (𝑟, 𝜒, 𝜁)]Ψℓ𝑚

ZM(𝑟) = 0

 

𝑉eff
𝑆 (𝑟, 𝜒, 𝜁) = 𝑉eff

𝑆(0,0)
(𝑟, 𝜒) + 𝜁𝑉eff

𝑆(1,0)
(𝑟, 𝜒)

𝑉eff
𝐴 (𝑟, 𝜒, 𝜁) = 𝑉eff

𝐴(0,0)
(𝑟, 𝜒) + 𝜁𝑉eff

𝐴(1,0)
(𝑟, 𝜒)

𝑉eff
𝑃 (𝑟, 𝜒, 𝜁) = 𝑉eff

𝑃(0,0)
(𝑟, 𝜒) + 𝜁𝑉eff

𝑃(1,0)
(𝑟, 𝜒)
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ℋ𝑆
ℓ𝑚Θℓ𝑚

(1,1)
(𝑟)  = 𝑀2𝜅

1
2𝑓(𝑟)[𝑔(𝑟) + 𝜒𝑀𝑚(ℎ(𝑟) + 𝑗(𝑟)𝜕𝑟)]Ψℓ𝑚

Rw(0,1)
(𝑟),

ℋ𝐴
ℓ𝑚Ψℓ𝑚

Rw(1,1)
(𝑟)  = 𝑀2𝜅

1
2𝑓(𝑟)[𝑣(𝑟) + 𝜒𝑀𝑚(𝑛(𝑟) + 𝑝(𝑟)𝜕𝑟)]Θℓ𝑚

(1,1)
(𝑟) + 𝑉eff

𝐴(1,0)
(𝑟, 𝜒)Ψℓ𝑚

Rw(0,1)
(𝑟),

ℋ𝑃
ℓ𝑚Ψℓ𝑚

ZM(1,1)
(𝑟)  = 𝑉eff

𝑃(1,0)
(𝑟, 𝜒)Ψℓ𝑚

ZM(0,1)
(𝑟),

 

ℋ𝑖
ℓ𝑚 = 𝑓(𝑟)2𝜕𝑟

2 +
2𝑀

𝑟2
𝑓(𝑟)𝜕𝑟 +𝜔

2 − 𝑉eff
𝑖(0,0)

(𝑟, 𝜒)  

ℋ𝑆
ℓ𝑚Θℓ𝑚

(1,1)
(𝑟)  = 𝑀2𝜅

1
2𝑓(𝑟)[𝑔(𝑟) + 𝜒𝑀𝑚(ℎ(𝑟) + 𝑗(𝑟)𝜕𝑟)]Ψℓ𝑚

RW(0,1)
(𝑟),

ℋ𝐴
ℓ𝑚Ψℓ𝑚

RW(1,1)
(𝑟)  = 𝑀2𝜅

1
2𝑓(𝑟)[𝑣(𝑟) + 𝜒𝑀𝑚(𝑛(𝑟) + 𝑝(𝑟)𝜕𝑟)]Θℓ𝑚

(1,1)
(𝑟) + 𝜒𝑚𝜅[𝐴2(𝑟) − 𝐴1(𝑟)𝜕𝑟]Ψℓ𝑚

RW(0,1)
(𝑟),

ℋ𝑃
ℓ𝑚Ψℓ𝑚

ZM(1,1)
(𝑟)  = 𝜒𝑚𝜅[𝑃2(𝑟) − 𝑃1(𝑟)𝜕𝑟]Ψℓ𝑚

ZM(0,1)
(𝑟),

 

𝜔𝜗,ℓ𝑚 =𝜔𝜗,ℓ𝑚
(0,0)

+ 𝜁𝜔𝜗,ℓ𝑚
(1,0)

+𝒪(𝜁2)

=(𝜔𝜗,ℓ𝑚
(0,0,0)

+ 𝜒𝑚𝜔𝜗,ℓ1
(0,1,0)

) + 𝜁 (𝜔𝜗,ℓ𝑚
(1,0,0)

+ 𝜒𝑚𝜔𝜗,ℓ1
(1,1,0)

)

 +𝒪(𝜁2, 𝜒2)

 

𝑉eff 

𝑆(1,0)
(𝑟, 𝜒)𝜔𝜗,ℓ𝑚

(1,0)
Θℓ𝑚
(1,1)

(𝑟)Θℓ𝑚
𝐻(1,1)

(𝑟) 

𝜔𝜗,ℓ𝑚
(0,0)

 Ψℓ𝑚
Rw(0,1)

(𝑟)𝒪(𝜁3/2) 𝑉eff 

𝑆(1,0)
(𝑟, 𝜒)Θℓ𝑚

𝐻(1,1)
(𝑟)Ψℓ𝑚

Rw(1,1)
(𝑟)𝜔𝜗,ℓ𝑚

(0,0)
𝜔𝜗,ℓ𝑚
(1,0)

𝒪(𝜁1, 𝜖1)  

[𝑅∗𝑅](1,1)𝒪(𝜁3/2) 

𝜔ℎ,ℓ𝑚
−(1,0)

 =

⟨𝑉eff
𝐴(1,0)

(𝑟, 𝜒) + 𝑀2𝜅
1
2𝑓(𝑟)[𝑣(𝑟) + 𝜒𝑀𝑚(𝑛(𝑟) + 𝑝(𝑟)𝜕𝑟)]𝒪

𝑆⟩
ℎ

⟨𝜕𝜔ℋ𝐴
ℓ𝑚⟩

ℎ

,

𝜔ℎ,ℓ𝑚
+(1,0)

 =

⟨𝑉eff
𝑃(1,0)

(𝑟, 𝜒)⟩
ℎ

⟨𝜕𝜔ℋ𝑃
ℓ𝑚⟩

ℎ

,

 

 𝑠𝑅ℓ𝑚
(0,1)

Ψℓ𝑚
RW(0,1)

(𝑟)Ψℓ𝑚
ZM(0,1)

(𝑟)𝜔ℎ,ℓ𝑚
−(1,0)

𝜔ℎ,ℓ𝑚
+(1,0)

 

⟨𝜑1(𝑟) ∣ 𝜑2(𝑟)⟩ℎ = ∫ 
𝒞

 𝑓(𝑟)𝜑1(𝑟)𝜑2(𝑟)𝑑𝑟  

𝜕𝜔ℋ𝐴
ℓ𝑚  = 2𝜔ℓ𝑚 + 𝜒𝑚 [

24𝑀2(3𝑟2 − 13𝑀𝑟 + 14𝑀2)

ℓ(ℓ + 1)𝜔2𝑟7
−
4𝑀2

𝑟3
]

𝜕𝜔ℋ𝑃
ℓ𝑚  = 2𝜔ℓ𝑚 − 𝜕𝜔𝑉eff

𝑃(0,0)
(𝑟, 𝜒)

 

𝜕𝜔𝑉eff 

𝑃(0,0)
(𝑟, 𝜒) 

𝑉eff 

𝑃(0,0)
(𝑟, 𝜒) 

Θℓ𝑚
(1,1)

(𝑟)Ψℓ𝑚
Rw(0,1)

(𝑟) 

𝒪𝑆 = 𝑀2𝜅
1
2(ℋ𝑆

ℓ𝑚)
−1
{𝑓(𝑟)[𝑔(𝑟) + 𝜒𝑀𝑚(ℎ(𝑟) + 𝑗(𝑟)𝜕𝑟)]}  
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(ℋ𝑆
ℓ𝑚)

−1
Θℓ𝑚
(1,1)

(𝑟)𝒮𝜗
ℓ𝑚(𝑟)Ψℓ𝑚

RW(0,1)
(𝑟)Ψℓ𝑚

ZM(0,1)
(𝑟) 

Ψℓ𝑚
RW(0,1)

(𝑟)Ψℓ𝑚
ZM(0,1)

(𝑟)Ψℓ𝑚
RW(0,1)

(𝑟)Ψℓ𝑚
ZM(0,1)

(𝑟) 

Θℓ𝑚
(1,1)

(𝑟)Ψℓ𝑚
RW(0,1)

(𝑟)Ψℓ𝑚
ZM(0,1)

(𝑟) 

𝛿 (Re [𝜔0,ℓ𝑚
±(1,𝑖,0)

] , Re [𝜔ℎ,ℓ𝑚
±(1,𝑖,0)

]) and 𝛿 (Im [𝜔0,ℓ𝑚
±(1,𝑖,0)

] , Im [𝜔ℎ,ℓ𝑚
±(1,𝑖,0)

]) , 𝑖 ∈ {0,1} 

𝜔0,ℓ𝑚
±(1,𝑖,0)

𝜔ℎ,ℓ𝑚
±(1,𝑖,0)

 

Δ (Re [𝜔ℓm
±(1,i,0)

]) := 𝛿 (Re [𝜔0,ℓ𝑚
±(1,𝑖,0)

] , Re [𝜔ℎ,ℓ𝑚
±(1,𝑖,0)

])

Δ (Im [𝜔ℓm
±(1,i,0)

]) := 𝛿 (Im [𝜔0,ℓ𝑚
±(1,𝑖,0)

] , Im [𝜔ℎ,ℓ𝑚
±(1,𝑖,0)

])
 

 

ℓ Overtones Δ Δ (Im [𝜔ℓm
−(1,0,0)

]) Δ (Re [𝜔ℓ1
−(1,1,0)

]) Δ (Im [𝜔ℓ1
−(1,1,0)

]) 

 𝑛 = 0 10−4 10−5 0.014 0.004 

ℓ = 2 𝑛 = 1 10−5 10−4 0.013 0.045 

𝑛 = 2 0.001 0.003 0.002 0.194 

ℓ = 3 

𝑛 = 0 10−6 10−4 0.021 0.220 

𝑛 = 1 10−4 0.002 0.078 0.128 

𝑛 = 2 0.003 0.001 0.273 0.310 

ℓ = 4 

𝑛 = 0 10−4 0.002 0.021 4.645 

𝑛 = 1 10−4 0.009 0.027 0.649 

𝑛 = 2 0.005 0.015 0.500 0.044 

 

{Λ𝑠1𝑠2
ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑐

ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑠
ℓ1ℓ2𝑚}{Λ𝑠1𝑠2

†ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑐
†ℓ1ℓ2𝑚, Λ𝑠1𝑠2𝑠

†ℓ1ℓ2𝑚} 
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Λ𝑠1𝑠1𝑐
ℓℓ𝑚 = 𝑚Λ𝑠1𝑠1𝑐

ℓℓ1

Λ𝑠1𝑠1±1𝑠
ℓℓ𝑚 = 𝑚Λ𝑠1𝑠1±1𝑠

ℓℓ1  

Λ𝑠1𝑠2𝑐
ℓ1ℓ2𝑚  ≡ ∫  

𝑆2
 𝑑𝑆cos 𝜃𝑠1𝑌ℓ1𝑚𝑠2𝑌

‾
ℓ2𝑚

Λ𝑠1𝑠2𝑠
ℓ1ℓ2𝑚  ≡ ∫  

𝑆2
 𝑑𝑆sin 𝜃𝑠1𝑌ℓ1𝑚𝑠2𝑌

‾
ℓ2𝑚

 

 0𝑌10(𝜃, 𝜙) = √
3

4𝜋
cos 𝜃,  ±1𝑌10(𝜃, 𝜙) = ±√

3

8𝜋
sin 𝜃  

Λ𝑠1𝑠1𝑐
ℓℓ𝑚 = √

4𝜋

3
∫  
𝑆2
 𝑑𝑆𝑠1𝑌

‾
ℓ𝑚𝑠1𝑌ℓ𝑚0𝑌10

Λ𝑠1𝑠1±1𝑠
ℓℓ𝑚 = ±√

8𝜋

3
∫  
𝑆2
 𝑑𝑆𝑠1±1𝑌

‾
ℓ𝑚𝑠1𝑌ℓ𝑚±1𝑌10

 

 𝑠𝑌ℓ𝑚(𝜃, 𝜙)𝑒
−𝑖𝑠𝛾 = √

2ℓ + 1

4𝜋
𝐷−𝑠𝑚
ℓ (𝜙, 𝜃, 𝛾)  

 

Λ𝑠1𝑠1𝑐
ℓℓ𝑚 =

2ℓ + 1

8𝜋2
∫  
2𝜋

0

𝑑𝛾∫  
𝑆2
𝑑𝑆𝐷‾−𝑠1𝑚

ℓ 𝐷−𝑠1𝑚
ℓ 𝐷00

1  

 

Λ𝑠1𝑠1±1𝑠
ℓℓ𝑚 = ±

2ℓ + 1

4√2𝜋2
∫  
2𝜋

0

𝑑𝛾∫  
𝑆2
𝑑𝑆𝐷‾−𝑠1∓1𝑚

ℓ 𝐷−𝑠1𝑚
ℓ 𝐷∓10

1  

 

∫  
2𝜋

0

 𝑑𝛾 ∫  
𝑆2
 𝑑𝑆𝐷‾𝑠3𝑚3

ℓ3 𝐷𝑠2𝑚2

ℓ2 𝐷𝑠1𝑚1

ℓ1 =
8𝜋2

2ℓ3 + 1
𝛿𝑠1+𝑠2,𝑠3𝛿𝑚1+𝑚2,𝑚3

𝐶ℓ1𝑚1ℓ2𝑚2

ℓ3𝑚3 𝐶ℓ1𝑠1ℓ2𝑠2
ℓ3𝑠3  
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Λ𝑠1𝑠1𝑐
ℓℓ𝑚 = 𝐶10ℓ𝑚

ℓ𝑚 𝐶10ℓ(−𝑠1)
ℓ(−𝑠1)

Λ𝑠1𝑠1±1𝑠
ℓℓ𝑚 = ±√2𝐶10ℓ𝑚

ℓ𝑚 𝐶1(∓1)ℓ(−𝑠1)
ℓ(−𝑠1∓1)

 

𝐶10ℓ𝑚
ℓ𝑚 = 𝑚𝐶10ℓ1

ℓ1  

Λ−𝑠1−𝑠1𝑐
ℓℓ𝑚 = −Λ𝑠1𝑠1𝑐

ℓℓ𝑚

Λ−𝑠1−𝑠1∓1𝑠
ℓℓ𝑚 = Λ𝑠1𝑠1±1𝑠

ℓℓ𝑚  

Λ−𝑠1−𝑠2𝑐
ℓ1ℓ2𝑚 = (−1)𝑠1+𝑠2∫  

𝑆2
 𝑑𝑆cos 𝜃𝑠1𝑌

‾
ℓ1−𝑚𝑠2𝑌ℓ2−𝑚  

Λ−𝑠1−𝑠2𝑠
ℓ1ℓ2𝑚 = (−1)𝑠1+𝑠2∫  

𝑆2
 𝑑𝑆sin 𝜃𝑠1𝑌

‾
ℓ1−𝑚𝑠2𝑌ℓ2−𝑚  

Λ−𝑠1−𝑠2𝑐
ℓ1ℓ2𝑚 = (−1)𝑠1+𝑠2Λ𝑠1𝑠2𝑐

ℓ1ℓ2−𝑚

Λ−𝑠1−𝑠2𝑠
ℓ1ℓ2𝑚 = (−1)𝑠1+𝑠2Λ𝑠1𝑠2𝑠

ℓ1ℓ2−𝑚
 

Λ−𝑠1𝑠2𝑐
†ℓℓ𝑚 = (−1)𝑚+𝑠1Λ𝑠1𝑠2𝑐

ℓℓ𝑚

Λ−𝑠1𝑠2𝑠
†ℓ𝑚 = (−1)𝑚+𝑠1Λ𝑠1𝑠2𝑠

ℓℓ𝑚
 

Λ𝑠1𝑠2𝑐
†ℓ1ℓ2𝑚  ≡ ∫  

𝑆2
 𝑑𝑆cos 𝜃𝑠1𝑌

‾
ℓ1−𝑚𝑠2𝑌

‾
ℓ2𝑚

Λ𝑠1𝑠2𝑠
†ℓ1ℓ2𝑚  ≡ ∫  

𝑆2
 𝑑𝑆sin 𝜃𝑠1𝑌

‾
ℓ1−𝑚𝑠2𝑌

‾
ℓ2𝑚

 

Λ−𝑠1𝑠2𝑐
†ℓ1ℓ2𝑚 = (−1)𝑚+𝑠1∫  

𝑆2
 𝑑𝑆cos 𝜃𝑠1𝑌ℓ1𝑚𝑠2𝑌

‾
ℓ2𝑚  

Λ−𝑠1𝑠2𝑠
†ℓ1ℓ2𝑚 = (−1)𝑚+𝑠1∫  

𝑆2
 𝑑𝑆sin 𝜃𝑠1𝑌ℓ1𝑚𝑠2𝑌

‾
ℓ2𝑚  

{𝐴̂𝑖
ℓ𝑚, 𝐵̂𝑖

ℓ𝑚, 𝐵̂̃𝑖
ℓ𝑚} {𝒜̂𝑖

ℓ𝑚, ℬ̂𝑖
ℓ𝑚, ℬ̂̃𝑖

ℓ𝑚} 
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𝐴̂1
ℓ𝑚 =𝑖(𝑘1

ℓ𝑚(𝑟) + 𝑘2
ℓ𝑚(𝑟)𝜕𝑟)ℋ𝜗

−1𝒱ℓ𝑚

 +
1

1 − 𝜂‾ℓ𝑚
(𝑘3
ℓ𝑚(𝑟) + 𝑘4

ℓ𝑚(𝑟)𝜕𝑟),

𝐴̂2
ℓ𝑚 =(𝑘5

ℓ𝑚(𝑟) + 𝑘6
ℓ𝑚(𝑟)𝜕𝑟)ℋ𝜗

−1𝒱ℓ𝑚

 −
𝑖

1 − 𝜂‾ℓ𝑚
(𝑘7
ℓ𝑚(𝑟) + 𝑘8

ℓ𝑚(𝑟)𝜕𝑟),

𝐴̂3
ℓ𝑚 =(𝑘9

ℓ𝑚(𝑟) + 𝑘10
ℓ𝑚(𝑟)𝜕𝑟)ℋ𝜗

−1𝒱ℓ𝑚

 −
𝑖

1 − 𝜂‾ℓ𝑚
(𝑘11
ℓ𝑚(𝑟) + 𝑘12

ℓ𝑚(𝑟)𝜕𝑟),

𝐵̂1
ℓ𝑚 = −𝑖(𝑞1

ℓ𝑚(𝑟) + 𝑞2
ℓ𝑚(𝑟)𝜕𝑟),

𝐵̂2
ℓ𝑚 = −𝑖(𝑞3

ℓ𝑚(𝑟) + 𝑞4
ℓ𝑚(𝑟)𝜕𝑟),

𝐵̂3
ℓ𝑚 = −𝑖(𝑞5

ℓ𝑚(𝑟) + 𝑞6
ℓ𝑚(𝑟)𝜕𝑟),

𝐵̂̃1
ℓ𝑚 = −𝑖(𝑞̃1

ℓ𝑚(𝑟) + 𝑞̃2
ℓ𝑚(𝑟)𝜕𝑟),

𝐵̂̃2
ℓ𝑚 = −𝑖𝑞̃3

ℓ𝑚(𝑟),

 

𝒱ℓ𝑚 =𝑔1
ℓ𝑚(𝑟) + 𝑔2

ℓ𝑚(𝑟)𝜕𝑟 − 𝑖𝜒𝑚Λ10𝑠
ℓℓ1 [𝑔3

ℓ𝑚(𝑟) + ℎ1
ℓ𝑚(𝑟)

+(𝑔4
ℓ𝑚(𝑟) + ℎ2

ℓ𝑚(𝑟))𝜕𝑟]
 

1/(1 − 𝜂‾ℓ𝑚) 

𝑘𝑖
ℓ𝑚(𝑟) = 𝑘𝑖

ℓ𝑚(𝑟, 𝜔,𝑀), 𝑞𝑖
ℓ𝑚(𝑟) = 𝑞𝑖

ℓ𝑚(𝑟, 𝜔,𝑀) 

𝑞̃𝑖
ℓ𝑚(𝑟) = 𝑞̃𝑖

ℓ𝑚(𝑟, 𝜔,𝑀) 

  

𝑔𝑖
ℓ𝑚(𝑟)ℎ𝑖

ℓ𝑚(𝑟) {𝒜̂𝑖
ℓ𝑚, ℬ̂𝑖

ℓ𝑚, ℬ̂̃𝑖
ℓ𝑚}Ψ4

(1,1)
 

𝒜̂1
ℓ𝑚 =𝑖(𝔥1

ℓ𝑚(𝑟) + 𝔥2
ℓ𝑚(𝑟)𝜕𝑟)ℋ𝜗

−1𝒰ℓ𝑚

 +
1

1 − 𝜂‾ℓ𝑚
(𝔥3
ℓ𝑚(𝑟) + 𝔨4

ℓ𝑚(𝑟)𝜕𝑟),

𝒜̂2
ℓ𝑚 =(𝔥5

ℓ𝑚(𝑟) + 𝔨6
ℓ𝑚(𝑟)𝜕𝑟)ℋ𝜗

−1𝒰ℓ𝑚

 −
𝑖

1 − 𝜂‾ℓ𝑚
(𝔥7
ℓ𝑚(𝑟) + 𝔨8

ℓ𝑚(𝑟)𝜕𝑟),

𝒜̂3
ℓ𝑚 =(𝔥9

ℓ𝑚(𝑟) + 𝔥10
ℓ𝑚(𝑟)𝜕𝑟)ℋ𝜗

−1𝒰ℓ𝑚

 −
𝑖

1 − 𝜂‾ℓ𝑚
(𝔥11
ℓ𝑚(𝑟) + 𝔥12

ℓ𝑚(𝑟)𝜕𝑟),

ℬ̂1
ℓ𝑚 = −𝑖(𝔮1

ℓ𝑚(𝑟) + 𝔮2
ℓ𝑚(𝑟)𝜕𝑟),

ℬ̂2
ℓ𝑚 = −𝑖(𝔮3

ℓ𝑚(𝑟) + 𝔮4
ℓ𝑚(𝑟)𝜕𝑟),

ℬ̂3
ℓ𝑚 = −𝑖(𝔮5

ℓ𝑚(𝑟) + 𝔮6
ℓ𝑚(𝑟)𝜕𝑟),

ℬ̂̃1
ℓ𝑚 = −𝑖(𝔮̃1

ℓ𝑚(𝑟) + 𝔮̃2
ℓ𝑚(𝑟)𝜕𝑟),

ℬ̂̃2
ℓ𝑚 = −𝑖𝔮̃3

ℓ𝑚(𝑟),

 

𝒰ℓ𝑚 =𝔤1
ℓ𝑚(𝑟) + 𝔤2

ℓ𝑚(𝑟)𝜕𝑟 − 𝑖𝜒𝑚Λ10𝑠
ℓℓ1 [𝔤3

ℓ𝑚(𝑟) + 𝔥1
ℓ𝑚(𝑟)

+(𝔤4
ℓ𝑚(𝑟) + 𝔥2

ℓ𝑚(𝑟))𝜕𝑟]
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𝔥𝑖
ℓ𝑚(𝑟) = 𝔥̂𝑖

ℓ𝑚(𝑟, 𝜔,𝑀), 𝔮𝑖
ℓ𝑚(𝑟) = 𝔮𝑖

ℓ𝑚(𝑟, 𝜔,𝑀) 

𝔮̃𝑖
ℓ𝑚(𝑟) = 𝔮̃𝑖

ℓ𝑚(𝑟, 𝜔,𝑀) 

[𝑓(𝑟)2𝜕𝑟
2 + (

2𝑀

𝑟2
𝑓(𝑟) + 𝜁𝜒𝑚𝜅𝑇1(𝑟)) 𝜕𝑟 +𝜔

2 − 𝑉eff
Smod(𝑟, 𝜒, 𝜁)] Θℓ𝑚(𝑟)

 = 𝜁
1
2𝑀2𝜅

1
2𝑓(𝑟)[𝑔(𝑟) + 𝜒𝑀𝑚(ℎ(𝑟) + 𝑗(𝑟)𝜕𝑟)]Ψℓ𝑚

RWmod(𝑟)

[𝑓(𝑟)2𝜕𝑟
2 + (

2𝑀

𝑟2
𝑓(𝑟) + 𝜁𝜒𝑚𝜅𝐴1(𝑟)) 𝜕𝑟 +𝜔

2 − 𝑉eff
Amod(𝑟, 𝜒, 𝜁)]Ψℓ𝑚

RWmod(𝑟)

 = 𝜁
1
2𝑀2𝜅

1
2𝑓(𝑟)[𝑣(𝑟) + 𝜒𝑀𝑚(𝑛(𝑟) + 𝑝(𝑟)𝜕𝑟)]Θℓ𝑚(𝑟),

[𝑓(𝑟)2𝜕𝑟
2 + (

2𝑀

𝑟2
𝑓(𝑟) + 𝜁𝜒𝑚𝜅𝑃1(𝑟)) 𝜕𝑟 +𝜔

2 − 𝑉eff
Pmod(𝑟, 𝜒, 𝜁)]Ψℓ𝑚

ZMmod(𝑟) = 0,

 

Ψℓ𝑚
RWmod = Ψℓ𝑚

RW(1 − 𝛿Ψℓ𝑚
RW)

Ψℓ𝑚
ZMmod = Ψℓ𝑚

ZM(1 − 𝛿Ψℓ𝑚
ZM)

 

𝛿Ψℓ𝑚
RW =−

1

14ℓ(ℓ + 1)𝑀𝑟9𝜔
[𝜋𝑚(63(83ℓ2 + 83ℓ − 640)𝑀3𝑟 + 32𝑀2𝑟2(−5ℓ2 − 5ℓ + 63𝑟2𝜔2 − 35)  

+70𝑀𝑟3(−3ℓ2 − 3ℓ + 12𝑟2𝜔2 − 4) + 140𝑟4(−3ℓ2 − 3ℓ + 2𝑟2𝜔2 + 12) + 60480𝑀4)]

𝛿Ψℓ𝑚
ZM =

1

14ℓ(ℓ + 1)𝑀𝑟9𝜔((ℓ2 + ℓ − 2)𝑟 + 6𝑀)
2
[𝜋𝑚(−144(2730ℓ2 + 2730ℓ − 11603)𝑀5𝑟

 +70(ℓ2 + ℓ − 2)𝑀𝑟5(3ℓ2(4𝑟2𝜔2 + 3) + 3ℓ(4𝑟2𝜔2 + 3) + 4(5𝑟2𝜔2 − 42))

 +280(ℓ2 + ℓ − 2)2𝑟6(𝑟2𝜔2 − 3) + 6𝑀4𝑟2(−5439ℓ4 − 10878ℓ3 + 55307ℓ2 + 60746ℓ + 11340𝑟2𝜔2 − 96536)

 +3𝑀3𝑟3(6479ℓ4 + 12958ℓ3 + ℓ2(7812𝑟2𝜔2 − 17747) + ℓ(7812𝑟2𝜔2 − 24226) − 6504𝑟2𝜔2 + 37096)

 +12𝑀2𝑟4(3ℓ4(56𝑟2𝜔2 + 15) + 6ℓ3(56𝑟2𝜔2 + 15) + ℓ2(296𝑟2𝜔2 + 625) + 4ℓ(32𝑟2𝜔2 + 145)

−4(57𝑟2𝜔2 + 1280)) − 1469664𝑀6)]

 

𝑅𝐶𝑆 =
1

2
𝑅𝜈𝜌𝜎
𝜇
𝑅̃𝜇
𝜈 𝜇
𝜌𝜎  

𝑅̃𝛼𝛽𝛾𝛿 =
1

2
𝑅𝛼𝛽 

𝜌𝜎𝜀𝜌𝜎𝛾𝛿 ,  

𝜀𝜌𝜎𝜅𝜆 = √−𝑔(𝑥)𝜖𝜌𝜎𝜅𝜆 

𝑆 = ∫  𝑑4𝑥√−𝑔 [
𝑅

2𝜅2
−
1

2
(𝜕𝜇𝑏)(𝜕

𝜇𝑏) − 𝐴𝑏𝑅𝐶𝑆] = ∫  𝑑
4𝑥√−𝑔 [

𝑅

2𝜅2
−
1

2
(𝜕𝜇𝑏)(𝜕

𝜇𝑏)] − ∫  𝑑4𝑥𝐴𝑏𝑅̂𝐶𝑆 

𝐴 = √
2

3

𝛼′

48𝜅
 

𝒪 (
𝑀𝑝

𝑀𝑠
2) 

ℳ𝜅 ≫ 1  

𝐺𝜇𝜈 = 𝜅
2𝑇𝜇𝜈

𝑏 + 4𝜅2𝐴𝐶𝜇𝜈 ,

◻ 𝑏 = 𝐴𝑅𝐶𝑆,
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𝑇𝜇𝜈
𝑏 = ∇𝜇𝑏∇𝜈𝑏 −

1

2
𝑔𝜇𝜈(∇𝑏)

2  

𝐶𝜇𝜈 = −
1

2
∇𝛼[(∇𝛽𝑏)𝑅̃𝛼𝜇𝛽𝜈 + (∇

𝛽𝑏)𝑅̃𝛼𝜈𝛽𝜇]  

∇𝜇𝐶
𝜇𝜈 = −

1

4
(∇𝜈𝑏)𝑅𝐶𝑆  

∇𝜇𝐺𝜇𝜈 = 0, where 𝐺𝜇𝜈 ≡ 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 

∇𝜇𝑇𝜇𝜈 =◻ 𝑏∇
𝜈𝑏 

0 = ∇𝜇𝐺𝜇𝜈 = 𝜅
2∇𝜇𝑇𝜇𝜈

𝑏 + 4𝜅2𝐴∇𝜇𝐶𝜇𝜈,  

0 = 𝜅2 ◻ 𝑏∇𝜈𝑏 + 4𝜅2𝐴∇𝜇𝐶𝜇𝜈 →
ℵ
𝐴𝑅𝐶𝑆∇

𝜈𝑏 = −4𝐴∇𝜇𝐶𝜇𝜈 ⟹ ∇𝜇𝐶𝜇𝜈 = −
1

4
(∇𝜈𝑏)𝑅𝐶𝑆.  

∇𝜇𝑇𝜇𝜈
𝑏 = −4𝐴∇𝜇𝐶𝜇𝜈 = 𝐴

1

4
(∇𝜈𝑏)𝑅𝐶𝑆.  

𝑑𝑠2 = −𝐺(𝑟)𝑑𝑡2 + 𝐹(𝑟)𝑑𝑟2 − 2𝑟2𝑎sin2 𝜃𝑊(𝑟)𝑑𝑡𝑑𝜙 + 𝑟2𝑑Ω2.  

𝐴𝑅𝐶𝑆 = −𝑎𝐴cos 𝜃𝑊
′
4𝐹2𝐺2 + 𝑟𝐺𝐹′(𝑟𝐺′ − 2𝐺) + 𝐹(−4𝐺2 + 𝑟2(𝐺′)2 + 2𝑟𝐺(𝐺′ − 𝑟𝐺′′))

𝐹2𝐺2𝑟2√𝐹𝐺
,  

◻ 𝑏 =
1

𝐹
[𝜕𝑟
2 + (

2

𝑟
−
𝐹′

𝐹
+
𝐺′

2𝐺
)] 𝑏 +

1

𝑟2
1

sin 𝜃
𝜕𝜃[sin 𝜃𝜕𝜃𝑏],  

𝑏 = 𝑎𝐴𝑢(𝑟)𝑃1(cos 𝜃),  

 

𝐺(𝑟) =
1

𝐹(𝑟)
= 1 −

2𝑀

𝑟
,𝑀 ≡ 𝐺ℳ  

𝐺 = 8𝜋𝜅−2 

 

𝑊(𝑟) =
2𝑀

𝑟3
+𝑤(𝑟)  

𝐺𝑡𝜙 = 𝜅
2𝑇𝑡𝜙 + 4𝐴𝜅

2𝐶𝑡𝜙 

 

𝐶𝑡𝜙 = −
3𝐴𝑀(𝑟 − 2𝑀)(𝑟𝑢′ − 𝑢)

𝑟5
𝑎sin2 𝜃 + 𝒪(𝑎2)  

(
𝑢

𝑟
)
′

= −
1

24𝐴2𝜅2𝑀
(𝑟4𝑤′)′ 



pág. 4679 

𝑢(𝑟) = −
𝑟5𝑤′

24𝐴2𝜅2𝑀
 

𝑟11(𝑟 − 2𝑀)𝑤′′′ + 2𝑟10(6𝑟 − 11𝑀)𝑤′′ + (28𝑟10 − 50𝑀𝑟9 − 576𝐴2𝜅2𝑀2𝑟4)𝑤′ + 3456𝐴2𝜅2𝑀3 = 0 

𝑤(𝑟) = ∑  

∞

𝑛=4

 
𝑑𝑛𝑀

𝑛−2

𝑟𝑛
 

3456𝐴2𝜅2𝑀3 − 162𝑀7𝑑9 + 256𝑀
7𝑑8 + 8𝑀

2𝑑4𝑟
5 + ∑  

−1

𝑛=−4

 
𝑀𝑛+7[−(𝑛 + 3)(𝑛 + 6)(𝑛 + 9)𝑑𝑛+9 + 2(𝑛 + 4)

2(𝑛 + 8)𝑑𝑛+8]

𝑟𝑛

 +∑  

∞

𝑛=1

 
𝑀𝑛+7[−(𝑛 + 3)(𝑛 + 6)(𝑛 + 9)𝑑𝑛+9 + 2(𝑛 + 4)

2(𝑛 + 8)𝑑𝑛+8] + 576𝐴
2𝜅2𝑀𝑛+3(𝑛 + 3)𝑑𝑛+3

𝑟𝑛
= 0

 

𝑑4 = 0

256𝑑8 − 162𝑑9 = −3456
𝐴2𝜅2

𝑀4

 −(𝑛 + 3)(𝑛 + 6)(𝑛 + 9)𝑑𝑛+9 + 2(𝑛 + 4)
2(𝑛 + 8)𝑑𝑛+8 = 0, for 𝑛 = −1,−2,−3,−4

 −(𝑛 + 3)(𝑛 + 6)(𝑛 + 9)𝑑𝑛+9 + 2(𝑛 + 4)
2(𝑛 + 8)𝑑𝑛+8 + 576

𝐴2𝜅2

𝑀4
(𝑛 + 3)𝑑𝑛+3 = 0 for 𝑛 ≥ 1

 

𝑑𝑛 =
2(𝑛 − 5)2(𝑛 − 1)

𝑛(𝑛 − 6)(𝑛 − 3)
𝑑𝑛−1 +

576𝐴2𝜅2

𝑛(𝑛 − 3)𝑀4
𝑑𝑛−6, for 𝑛 ≥ 10  

𝑑4 = 𝑑5 = 0  

−28𝑑7 + 48𝑑6 = 0  

 −80𝑑8 + 126𝑑7 = 0

256𝑑8 − 162𝑑9 = −3456
𝐴2𝜅2

𝑀4

 

−2𝑢(𝑟) + 2(𝑟 − 𝑀)𝑢′(𝑟) + (𝑟2 − 2𝑀𝑟)𝑢′′(𝑟) =
144𝑀2

𝑟5
 

𝑢(𝑟) = −
5

4𝑀𝑟2
−
5

2𝑟3
−
9𝑀

2𝑟4
 

𝑢(𝑟) =
1

24𝐴2𝜅2𝑀
[4𝑑4𝑀

2 +
5𝑑5𝑀

3

𝑟
+
6𝑑6𝑀

4

𝑟2
+
7𝑑7𝑀

5

𝑟3
+
8𝑑8𝑀

6

𝑟4
] + 𝒪(1/𝑟5)  

𝑑4 = 𝑑5 = 0 , 𝑑6 = −5𝛾
2 , 𝑑7 = −

60𝛾2

7
 , 𝑑8 = −

27𝛾2

2
 , 𝑑9 = 0,  where  𝛾2 =

𝐴2𝜅2

𝑀4
 

𝑑10 = 𝑑11 = 0, 𝑑12, 𝑑13, 𝑑14 ∼ −𝛾
4, … . 𝑑21 ∼ −𝛾

4 − 𝛾6… .  

𝑑𝑠2 = −(1 −
2𝑀

𝑟
)𝑑𝑡2 +

𝑑𝑟2

1 −
2𝑀
𝑟

+ 𝑟2𝑑Ω2 − 2𝑟2𝑎sin2 𝜃𝑊(𝑟)𝑑𝑡𝑑𝜙  

𝑊(𝑟) =
2𝑀

𝑟3
−
𝐴2𝜅2(189𝑀2 + 120𝑀𝑟 + 70𝑟2)

14𝑟8
+ 𝒪(𝐴2𝑛),  
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𝑏 = 𝑎𝐴cos 𝜃 (−
5

4𝑀𝑟2
−
5

2𝑟3
−
9𝑀

2𝑟4
) + 𝒪(𝐴𝑚),  for 𝑚 = 2𝑛 + 1, 𝑛 ∈ ℤ+  

4𝜅2𝐴𝐶𝑡𝜙 = 𝑎
𝑟 − 2𝑀

2
∑  

∞

𝑛=4

 
𝑛(𝑛 − 3)𝑑𝑛𝑀

𝑛−2

𝑟𝑛+1
sin2 (𝜃)  

𝐽 = ∫  ⋆ 𝑑𝜉 = 𝑎𝑀  

𝑇𝜇𝜈
𝑒𝑓𝑓

= 𝜅2𝑇𝜇𝜈 + 4𝜅
2𝐴𝐶𝜇𝜈  

𝑇𝑡𝜙
𝑒𝑓𝑓

= 4𝜅2𝐴𝐶𝑡𝜙 = 𝑎
𝑟 − 2𝑀

2
∑  

∞

𝑛=4

 
𝑛(𝑛 − 3)𝑑𝑛𝑀

𝑛−2

𝑟𝑛+1
sin2 (𝜃).  

𝑙±
𝜇
= (1,0,0, −

𝑔𝑡𝜙

𝑔𝜙𝜙
±√(

𝑔𝑡𝜙

𝑔𝜙𝜙
)

2

−
𝑔𝑡𝑡
𝑔𝜙𝜙

) .  

𝑇𝜇𝜈
𝑒𝑓𝑓
𝑙±
𝜇
𝑙±
𝜈 = ±

𝑎(𝑟 − 2𝑀)3/2

2
sin (𝜃)∑  

∞

𝑛=4

 
𝑛(𝑛 − 3)𝑑𝑛𝑀

𝑛−2

𝑟𝑛+5/2
+ 𝒪(𝑎2).  

𝑇𝜇𝜈
𝑒𝑓
𝑙+
𝜇
𝑙+
𝜈 ≤ 0 

𝑇𝜇𝜈
𝑒𝑓
𝑙−
𝜇𝑙−
𝜈 ≥ 0 

Λ+ = 𝑇𝜇𝜈
𝑒𝑓𝑓
𝑙+
𝜇
𝑙+
𝜈/𝑎 

𝑛𝜇 =
𝑑𝑥𝜇

𝑑𝜆
⟹ 𝑛𝜇 = 𝜖𝜕𝜇𝜆 ⟹ 𝜕𝜇 = 𝜖𝑛𝜇𝜕𝜆  

𝐴(𝑥) = 𝐴+(𝑥+)Θ(𝜆) + 𝐴−(𝑥−)Θ(−𝜆)  

[𝐴] = 𝐴(𝒱+)|Σ − 𝐴(𝒱
−)|Σ  

[𝑛𝜇] = [𝑒𝑖
𝜇
] = 0  

𝑒𝑖
𝜇
=
𝜕𝑥𝜇

𝜕𝑦𝑖
 

𝒱± → Σ. [𝑛𝜇] = 0 

𝑔𝜇𝜈 = 𝑔𝜇𝜈
+ Θ(𝜆) + 𝑔𝜇𝜈

− Θ(−𝜆)  

𝜕𝜌𝑔𝜇𝜈 = 𝜕𝜌
+𝑔𝜇𝜈

+ Θ(𝜆) + 𝜕𝜌
−𝑔𝜇𝜈

− Θ(−𝜆) + 𝜖𝑛𝜌𝛿(𝜆)[𝑔𝜇𝜈].  

[𝑔𝜇𝜈] = 0  

𝑔𝜇𝜈 = ℎ𝜇𝜈 + 𝜖𝑛𝜇𝑛𝜈 
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[𝑔𝜇𝜈] = [ℎ𝜇𝜈] 

ℎ𝑖𝑗 = ℎ𝜇𝜈𝑒𝑖
𝜇
𝑒𝑗
𝜈 

[ℎ𝑖𝑗] = 0  

Γ𝛽𝛾
𝛼 = Θ(𝜆)Γ𝛽𝛾

+𝛼 + Θ(−𝜆)Γ𝛽𝛾
−𝛼,  

𝜕𝛿Γ
𝛼 𝛽𝛾 = Θ(𝜆)𝜕𝛿Γ+𝛽𝛾

𝛼 + Θ(−𝜆)𝜕𝛿Γ−𝛽𝛾
𝛼 + 𝜖𝛿(𝜆)[Γ𝛼 𝛽𝛾]𝑛𝛿 .  

𝑅𝛽𝛾𝛿
𝛼 = Θ(𝜆)𝑅+𝛽𝛾𝛿

𝛼 +Θ(−𝜆)𝑅−𝛽𝛾𝛿
𝛼 + 𝛿(𝜆)ℜ𝛽𝛾𝛿

𝛼 ,  

ℜ𝛼 𝛽𝛾𝛿 = 𝜖([Γ
𝛼 𝛽𝛿]𝑛𝛾 − [Γ

𝛼  𝛽𝛾]𝑛𝛿)  

ℜ𝛼  𝛽𝛾𝛿 = (𝑛𝛽𝑛𝛾[𝐾𝛿
𝛼] − 𝑛𝛽𝑛𝛿[𝐾𝛾

𝛼] − [𝐾𝛽𝛿]𝑛
𝛼𝑛𝛾 + [𝐾𝛽𝛾]𝑛

𝛼𝑛𝛿).  

𝐺𝜇𝜈 = 𝐺𝜇𝜈
+ Θ(𝜆) + 𝐺𝜇𝜈

− Θ(−𝜆) + 𝛿(𝜆)𝔊𝜇𝜈 ,  

𝔊𝛼𝛽 = −𝜖([𝐾𝛼𝛽] − [𝐾]𝑔𝛼𝛽) − [𝐾]𝑛𝛼𝑛𝛽  

𝑏 = 𝑏+Θ(𝜆) + 𝑏−Θ(−𝜆)  

𝑇𝜇𝜈 = ∇𝜇𝑏∇𝜈𝑏 −
1

2
𝑔𝜇𝜈(∇𝑏)

2 

𝜕𝜇𝑏 = 𝜕𝜇
+𝑏+Θ(𝜆) + 𝜕𝜇

−𝑏−Θ(𝜆) + 𝜖𝛿(𝜆)[𝑏] ⟹ [𝑏] = 0  

𝑇𝜇𝜈 = 𝑇𝜇𝜈
+Θ(𝜆) + 𝑇𝜇𝜈

−Θ(−𝜆)  

|𝑔| = −
1

4
𝜀𝜇𝜈𝜌𝜎𝜀𝛼𝛽𝛾𝛿𝑔𝜇𝛼𝑔𝜈𝛽𝑔𝜌𝛾𝑔𝜎𝛿 

|𝑔| = |𝑔+|Θ(𝜆) + |𝑔−|Θ(−𝜆),  

 

𝜀𝜇𝜈𝜌𝜎 = 𝜀𝜇𝜈𝜌𝜎
+ Θ(𝜆) + 𝜀𝜇𝜈𝜌𝜎

− Θ(−𝜆)  

𝐶𝜇𝜈 = ∇𝛼𝐷
𝛼 𝜇𝜈 ,  

𝐷𝜇𝜈
𝛼 = (−

𝜕𝜉𝑏

2
(𝑅̃𝜇𝜉𝜈

𝛼 + 𝑅̃𝜈𝜉𝜇
𝛼 ))  

𝑅̃𝛼 𝜇𝜉𝜈 = Θ(𝜆)𝑅̃+𝜇𝜉𝜈
𝛼 + Θ(−𝜆)𝑅̃−𝜇𝜉𝜈

𝛼 + 𝛿(𝜆)ℜ𝛼 𝜇𝛾𝛿𝜀
𝛾𝛿 𝜉𝜈 .  

𝐷𝛼 𝜇𝜈 = 𝐷+𝜇𝜈
𝛼 Θ(𝜆) + 𝐷−𝜇𝜈

𝛼 Θ(−𝜆) + 𝛿(𝜆) (−
𝜕𝜉𝑏

2
ℜ𝛼  𝜇𝛾𝛿𝜀

𝛾𝛿 𝜉𝜈 + (𝜇 ↔ 𝜈))  

(−
𝜕𝜉𝑏

2
ℜ𝛼  𝜇𝛾𝛿𝜀

𝛾𝛿 𝜉𝜈 + (𝜇 ↔ 𝜈)) = 0.  
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𝐶𝜇𝜈 = 𝐶𝜇𝜈
+ Θ(𝜆) + 𝐶𝜇𝜈

− Θ(−𝜆) + 𝜖𝛿(𝜆)𝑛𝛼[𝐷𝜇𝜈
𝛼 ] = 𝐶𝜇𝜈

+ Θ(𝜆) + 𝐶𝜇𝜈
− Θ(−𝜆) + 𝛿(𝜆)ℭ𝜇𝜈 ,  

[𝒟𝛼𝜇𝜈] = 𝒟+
𝛼𝜇𝜈
|
Σ
−𝒟−

𝛼𝜇𝜈|Σ

 = (
−𝜕𝛽

+𝑏+

2
𝑅̃+
𝛼𝜇𝛽𝜈

+
−𝜕𝛽

+𝑏+

2
𝑅̃+
𝛼𝜈𝛽𝜇

−
−𝜕𝛽

−𝑏−

2
𝑅̃−
𝛼𝜇𝛽𝜈 −

−𝜕𝛽
−𝑏−

2
𝑅̃−
𝛼𝜈𝛽𝜇)|

Σ

 = −
1

2
[𝜕𝛽𝑏𝑅̃

𝛼𝜇𝛽𝜈] −
1

2
[𝜕𝛽𝑏𝑅̃

𝛼𝜈𝛽𝜇]

 

ℭ𝜇𝜈 = −
1

2
[𝜕𝛽𝑏𝑅̃𝛼 𝜇𝛽𝜈𝑛𝛼] −

1

2
[𝜕𝛽𝑏𝑅̃𝛼  𝜈𝛽𝜇𝑛𝛼].  

ℭ𝜇𝜈𝑛
𝜇 = −

1

2
[𝜕𝛽𝑏𝑅̃𝛼 𝜈𝛽𝜇𝑛

𝜇𝑛𝛼], ℭ𝜇𝜈𝑛
𝜈 = −

1

2
[𝜕𝛽𝑏𝑅̃𝛼 𝜇𝛽𝜈𝑛

𝜈𝑛𝛼]. 

𝜕𝛽𝑏 = 𝑓(𝑥)𝑛𝛽 

𝔊𝜇𝜈 − 4𝐴𝜅
2ℭ𝜇𝜈 = 𝜅

2𝑆𝜇𝜈 ,  

𝑑𝑠±
2 = −𝑓±𝑑𝑡±

2 +
𝑑𝑟±

2

𝑓±
− 2𝑟±

2sin2 𝜃±𝑎±𝑊±𝑑𝑡±𝑑𝜙± + 𝑟±
2𝑑Ω±

2

= −𝑓±𝑑𝑡±
2 +

𝑑𝑟±
2

𝑓±
+ 𝑟±

2𝑑𝜃±
2 + 𝑟±

2sin2 𝜃±(𝑑𝜙± − 𝑎±𝑊±𝑑𝑡±)
2 

𝑑𝜓 = 𝑑𝜙 − 𝑎𝑊(𝑅)𝑑𝑡  

𝑑𝑠±
2 = −𝑓±𝑑𝑡±

2 +
𝑑𝑟±

2

𝑓±
+ 𝑟±

2𝑑𝜃±
2 + 𝑟±

2sin2 𝜃±(𝑑𝜓± − 𝑎±Δ𝑊±𝑑𝑡±)
2  

Δ𝑊 = 𝑊(𝑟) −𝑊(𝑅) 

𝑡± = 𝑇±(𝜏), 𝑟± = 𝑅±(𝜏) 

𝑑𝑠−
2|Σ  = − [𝐹(𝑅−)𝑇̇−

2 −
𝑅̇−
2

𝐹(𝑅−)
] 𝑑𝜏2 + 𝑅−

2(𝜏)𝑑Ω2

𝑑𝑠+
2|Σ  = − [𝐹(𝑅+)𝑇̇+

2 −
𝑅̇+
2

𝐹(𝑅+)
] 𝑑𝜏2 + 𝑅+

2(𝜏)𝑑Ω2
 

𝐹± = 1 − 2𝑀/𝑅±(𝜏) 

𝑑𝑠Σ
2 = −𝑑𝜏2 + 𝑅2(𝜏)𝑑𝜃2 + 𝑅2(𝜏)sin2 𝜃𝑑𝜓2  

𝜃 = 𝜃+ = 𝜋 − 𝜃− 

𝑅+ = 𝑅− = 𝑅 

𝐹±𝑇̇± = 𝛽± = √𝑅̇±
2 + 𝐹±  

𝐹+ = 𝐹− ⟹ 𝑇+ = 𝑇−⟹ 𝛽+ = 𝛽− 
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𝑒𝜏
𝜇
= (

𝛽

𝐹
, 𝑅̇, 0,0)  

𝑛𝜇
± = ±(−𝑅̇,

𝛽

𝐹
, 0,0)  

𝑛𝜇𝑒𝜏
𝜇
= 0 

𝑛𝜇𝑛
𝜇 = 1 

𝐾𝑖𝑗
± = −𝑛𝛼

± (
𝜕2𝑥𝛼

𝜕𝑦𝑖𝜕𝑦𝑗
+ Γ𝛼  𝛽𝛾

𝜕𝑥𝛽

𝜕𝑦𝑖
𝜕𝑥𝛾

𝜕𝑦𝑗
) 

𝐾𝑖𝑗
± = ±

(

  
 

−
𝛽̇

𝑅̇
0 −

𝑎±𝑅
2sin2 𝜃𝑊′

2
0 𝑅𝛽 0

−
𝑎±𝑅

2sin2 𝜃𝑊′

2
0 𝑅sin2 𝜃𝛽 )

  
 

 

−
1

2
𝜕𝛽𝑏𝑅̃𝛼 𝜇𝛽𝜈𝑛𝛼 + (𝜇 ↔ 𝜈) 

𝑏± = 𝑎±𝐴𝑢±cos 𝜃±  

𝜃+ = 𝜋 − 𝜃− 

𝑎+ = −𝑎−  

[𝑏] ⟹ 𝑎+ = −𝑎− 

ℭ𝜇𝜈 = 0  

𝑆𝑖𝑗 = −
𝜖

𝜅2
([𝐾𝑖𝑗] − [𝐾]ℎ𝑖𝑗),  

𝑆𝑖𝑗 =
−𝜖

𝜅2

(

 
 
 
 
4
𝛽

𝑅
0 0

0 −𝑅2 (
2𝛽

𝑅
+
2𝛽̇

𝑅̇
) 0

0 0 −𝑅2sin2 𝜃 (
2𝛽

𝑅
+
2𝛽̇

𝑅̇
)
)

 
 
 
 

 

𝑅𝜎𝜇𝜈
𝜌

= 𝜕𝜇Γ𝜎𝜈
𝜌
+ Γ𝜉𝜇

𝜌
Γ𝜎𝜈
𝜉
−⋯  

𝑅̃𝛽𝛾𝛿
𝛼 =

1

2
𝑅𝛽𝜌𝜎
𝛼 𝜀𝛾𝛿

𝜌𝜎
, 

𝜀𝜌𝜎𝜅𝜆 = √−𝑔 

𝜀0123 =
−1

√−𝑔
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𝛿 (𝐴∫  𝑑4𝑥√−𝑔𝑏(𝑥)𝑅𝜇𝜈𝜌𝜎(𝑥)𝑅̃𝜇𝜈𝜌𝜎(𝑥)) ≡ 4𝐴∫  𝑑
4𝑥√−𝑔𝐶𝜇𝜈(𝑥)𝛿𝑔𝜇𝜈(𝑥) = −4𝐴∫  𝑑

4𝑥√−𝑔𝐶𝜇𝜈(𝑥)𝛿𝑔
𝜇𝜈(𝑥) 

 

𝐶𝜇𝜈 = −
1

2
∇𝛼[(∇𝛽𝑏)𝑅̃𝛼𝜇𝛽𝜈 + (∇

𝛽𝑏)𝑅̃𝛼𝜈𝛽𝜇]  

𝜀𝛽𝛼𝜌𝜎∇𝛼𝑅𝜌𝜎  
𝜇𝜈 = 0 

𝐶𝜇𝜈 = −
1

4
∇𝛼 [(∇

𝛽𝑏) (𝑅𝜇𝛾𝛿
𝑎 𝜀𝛽𝜈

𝛾𝛿
+ 𝑅𝜈𝛾𝛿

𝑎 𝜀𝛽𝜇
𝛾𝛿
)]

⟹ 𝑔𝜇𝜈𝐶𝜇𝜈 =
1

2
∇𝛼[(∇𝛽𝑏)(𝑅𝜇𝛾𝛿

𝑎 )𝜀𝜇𝛾𝛿𝛽] = 0

 

𝑅𝜅𝜆𝜉
𝛼 𝜀𝜅𝜆𝜉𝜎 = 0  

∇𝜇𝐶
𝜇𝜈 = −

1

2
∇𝜇∇𝜌[(∇𝜎𝑏)(𝑅̃

𝜌𝜇𝜎𝜈 + 𝑅̃𝜌𝜈𝜎𝜇)]

 = −
1

2
∇𝜇∇𝜌[(∇𝜎𝑏)𝑅̃

𝜌𝜇𝜎𝜈] −
1

2
∇𝜇∇𝜌[(∇𝜎𝑏)𝑅̃

𝜌𝜈𝜎𝜇]

 = −
1

2
(∇[𝜇∇𝜌])[(∇𝜎𝑏)𝑅̃

𝜌𝜇𝜎𝜈] −
1

2
(∇𝜇∇𝜌 − ∇𝜌∇𝜇)[(∇𝜎𝑏)𝑅̃

𝜌𝜈𝜎𝜇] −
1

2
∇𝜌∇𝜇[(∇𝜎𝑏)𝑅̃

𝜌𝜈𝜎𝜇]

 = −
1

2
(∇𝜇∇𝜌 − ∇𝜌∇𝜇) [(∇𝜎𝑏) (𝑅̃

𝜌𝜈𝜎𝜇 +
1

2
𝑅̃𝜌𝜇𝜎𝜈)]

 = −
∇𝜎𝑏

2
[−𝑅𝜉𝜇 (𝑅̃

𝜉𝜈𝜎𝜇 +
𝑅̃𝜉𝜇𝜎𝜈

2
) + 𝑅𝜈 𝜉𝜇𝜌 (𝑅̃

𝜌𝜉𝜎𝜇 +
𝑅̃𝜌𝜇𝜎𝜉

2
) + 𝑅𝜉𝜌 (𝑅̃

𝜌𝜈𝜎𝜉 +
𝑅̃𝜌𝜉𝜎𝜈

2
)]

 = −
𝜕𝜎𝑏

2
[𝑅𝜈 𝜉𝜇𝜌 (𝑅̃

𝜌𝜉𝜎𝜇 +
𝑅̃𝜌𝜇𝜎𝜉

2
)] = −

𝜕𝜎𝑏

4
[𝑅̃𝜌𝜉𝜎𝜇(𝑅𝜈 𝜉𝜇𝜌 − 𝑅

𝜈  𝜌𝜇𝜉) + 𝑅
𝜈 𝜉𝜇𝜌𝑅̃

𝜌𝜇𝜎𝜉]

 = −
𝜕𝜎𝑏

4
[𝑅̃𝜌𝜉𝜎𝜇𝑅𝜈  𝜇𝜉𝜌 + 𝑅

𝜈  𝜉𝜇𝜌𝑅̃
𝜌𝜇𝜎𝜉] = −

𝜕𝜎𝑏

2
𝑅̃𝜌𝜉𝜎𝜇𝑅𝜈 𝜇𝜉𝜌 = −

𝜕𝜎𝑏

2
𝑅̃𝜌 𝜉  

𝜎𝜇𝑅𝜉 𝜌 𝜇 = −
1

4
(𝜕𝜈𝑏)𝑅𝐶𝑆

 

𝑅̃𝜉
𝜌
 𝜉  
𝜉𝜇𝑅𝜌 

𝜈 𝜇 =
1

4
𝑔𝜎𝜈𝑅̃𝜉

𝜌
 𝜉  
𝜆𝜇𝑅𝜌𝜆𝜇

𝜉
=
1

2
𝑔𝜎𝜈𝑅𝐶𝑆  

−2𝑢(𝑟) + 2(𝑟 − 𝑀)𝑢′(𝑟) + (𝑟2 − 2𝑀𝑟)𝑢′′(𝑟) = 0  

𝑢1 = 𝑐1 (
𝑟 − 𝑀

𝑀
) 

𝑢 = 𝑢1(𝑟)𝑧(𝑟) 

1

𝑀
[2(𝑀2 − 4𝑀𝑟 + 2𝑟2)𝑧′ + 𝑟(2𝑀2 − 3𝑀𝑟 + 𝑟2)𝑧′′] = 0  
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(ln 𝑧′) = ∫  
8𝑀𝑟 − 2𝑀2 − 4𝑟2

(𝑟 − 2𝑀)(𝑟 − 𝑀)𝑟
𝑑𝑟 = −ln [𝑟(𝑟 − 2𝑀)(𝑟 − 𝑀)2] + 𝑐2

⟹ 𝑧′ =
𝑐2

𝑟(𝑟 − 2𝑀)(𝑟 − 𝑀)2

𝑧 =
𝑐2

(𝑟 −𝑀)𝑀2
+
𝑐2
2𝑀3

ln [1 −
2𝑀

𝑟
] + 𝑐3

 

𝑢ℎ = 𝑐1𝑢1(𝑟) + 𝑐2𝑢2(𝑟)  

𝑢1(𝑟) = (
𝑟 −𝑀

𝑀
) , 𝑢2(𝑟) = 1 +

1

2𝑀
(𝑟 −𝑀)ln [1 −

2𝑀

𝑟
] .  

𝑢(𝑟) = 𝐶1(𝑟)𝑢1(𝑟) + 𝐶2(𝑟)𝑢2(𝑟)  

𝐶1
′(𝑟)𝑢1(𝑟) + 𝐶2

′(𝑟)𝑢2(𝑟) = 0

𝐶1
′(𝑟)𝑢1

′ (𝑟) + 𝐶2
′(𝑟)𝑢2

′ (𝑟) =
144𝑀2

𝑟5(𝑟2 − 2𝑀𝑟)

 

[
𝐶1
′

𝐶2
′] =

1

𝒲
[
𝑢2
′ −𝑢2

−𝑢1
′ 𝑢1

] [

0
144𝑀2

𝑟5(𝑟2 − 2𝑀𝑟)
]  

𝐶1(𝑟)  =
81𝑀

2𝑟4
−
5

𝑟3
−

15

4𝑀𝑟2
−

15

4𝑀2𝑟
+ ln (1 −

2𝑀

𝑟
)
6(4𝑟 − 3𝑀)

𝑟4
−
15

8𝑀3
ln (1 −

2𝑀

𝑟
) + 𝑐1

𝐶2(𝑟)  =
36𝑀

𝑟4
−
48

𝑟3
+ 𝑐2

 

 

𝑢(𝑟) = −𝑐1 + 𝑐2 −
15

4𝑀3
−
9𝑀

2𝑟4
−
5

2𝑟3
−

5

4𝑀𝑟2
+ 𝑐1

𝑟

𝑀
+ ln (1 −

2𝑀

𝑟
) [
15

8𝑀3
−
𝑐2
2
]

+ ln (1 −
2𝑀

𝑟
) [
𝑐2𝑟

2𝑀
−
15𝑟

8𝑀4] 

𝑢(𝑟) = −
9𝑀

2𝑟4
−
5

2𝑟3
−

5

4𝑀𝑟2
 

𝑔𝑡𝜙 = 𝑟
2 (−

2𝑀

𝑟3
−𝑤(𝑟)) 𝑎sin2 (𝜃) ≡ (−

2𝑀

𝑟
− 𝑤̃(𝑟)) 𝑎sin2 (𝜃), 𝑤̃(𝑟) = ∑  

∞

𝑛=4

 
𝑑𝑛𝑀

𝑛−2

𝑟𝑛−2
,  

𝑑𝑛 =
2(𝑛 − 5)2(𝑛 − 1)

𝑛(𝑛 − 6)(𝑛 − 3)
𝑑𝑛−1 +

576𝛾2

𝑛(𝑛 − 3)
𝑑𝑛−6, for 𝑛 ≥ 10  

𝑑4 = 𝑑5 = 0 , 𝑑6 = −5𝛾
2 , 𝑑7 = −

60𝛾2

7
 , 𝑑8 = −

27𝛾2

2
 , 𝑑9 = 0  

𝑤̃(𝑟) = ∑  

∞

𝑛=4

 
𝑑𝑛
𝑟𝑛−2
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𝑤̃(𝑟) = −∑  

∞

𝑛=4

 
𝑐𝑛
𝑟𝑛−2

 

𝑐𝑛 = 𝑎𝑛𝑐𝑛−1 + 𝑏𝑛𝑐𝑛−6, for 𝑛 ≥ 10  

𝑎𝑛 =
2(𝑛 − 5)2(𝑛 − 1)

𝑛(𝑛 − 6)(𝑛 − 3)
 𝑏𝑛 =

576𝛾2

𝑛(𝑛 − 3)
,  

𝑐4 = 𝑐5 = 0 , 𝑐6 = 5𝛾
2 , 𝑐7 =

60𝛾2

7
 , 𝑐8 =

27𝛾2

2
 , 𝑐9 = 0  

Σ̃𝑁 = ∑  

𝑁

𝑛=4

𝑐𝑛
𝑟𝑛−2

 

𝑐𝑛/𝑟
𝑛−2 

Σ̃𝑁+1 ≥ Σ̃𝑁, ∀𝑁 ∈ ℕ 

Σ̃ = ∑  

∞

𝑛=4

𝑐𝑛
𝑟𝑛−2

≤ 𝒩 

∑  

∞

𝑛=4

𝑐𝑛
2𝑛−2

 

∑  

∞

𝑛=4

𝑐𝑛
𝑟𝑛−2

 

∀𝑟 ≥ 2 

∑ 

∞

𝑛=4

𝑐𝑛
2𝑛−2

≤ 𝒦 

𝑟 > 2 → 1/𝑟𝑛−2 < 1/2𝑛−2 → 𝑐𝑛/𝑟
𝑛−2 ≤ 𝑐𝑛/2

𝑛−2∀𝑛 ≥ 4 

∑  

∞

𝑛=4

𝑐𝑛
𝑟𝑛−2

≤ ∑  

∞

𝑛=4

𝑐𝑛
2𝑛−2

⇒ ∑  

∞

𝑛=4

𝑐𝑛
𝑟𝑛−2

≤ 𝒦 

∑  

∞

𝑛=4

𝑐𝑛
𝑟𝑛−2

 

Σ = ∑  

∞

𝑛=4

𝑐𝑛
2𝑛−2

 

 1) 𝑎𝑛 → 2, as 𝑛 → +∞

 2) 𝑏𝑛 → 0, as 𝑛 → +∞
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|𝑎𝑛| ≤ 𝑘1 and |𝑏𝑛| ≤ 𝑘2∀𝑛 ∈ ℕ  

|𝑐𝑁−6|, |𝑐𝑁−5|, … , |𝑐𝑁−1| ≤ 𝑁
′ 

|𝑐𝑁| ≤ |𝑎𝑁||𝑐𝑁−1| + |𝑏𝑁||𝑐𝑁−6| ⇒ |𝑐𝑁| ≤ (𝑘1 + 𝑘2)𝑁
′ ⇒ |𝑐𝑁| ≤ ℳ̃, 

ℳ̃ = (𝑘1 + 𝑘2)𝑁
′ 

|𝑐𝑛| ≤ 𝒟, ∀𝑛 ≥ 10 

∀𝑛 ≥◻ 

0 ≤ 𝑐𝑛 ≤ 𝒟,∀𝑛 ≥ 4 

Σ = ∑  

∞

𝑛=4

𝑐𝑛
2𝑛−2

≤ 𝒟∑  

∞

𝑛=4

(
1

2
)
𝑛−2

 

Σ ≤ 𝒟∑  

∞

𝑛=2

(
1

2
)
𝑛

 

∑  

∞

𝑛=0

𝑥𝑛 =
1

1 − 𝑥
,  for − 1 < 𝑥 < 1 

∑  

∞

𝑛=2

(
1

2
)
𝑛

=
1

2
 

Σ = ∑  

∞

𝑛=4

𝑐𝑛
2𝑛−2

≤
𝒟

2
 

𝑅𝜇𝜈 = 𝜅
2 (𝑇𝜇𝜈 −

1

2
𝑔𝜇𝜈𝑇)  

𝑇𝜇𝜈𝑡
𝜇𝑡𝜈 ≥ 0, ∀𝑡: 𝑡𝜇𝑡𝜇 < 0  

𝑇𝜇𝜈𝑙
𝜇𝑙𝜈 ≥ 0, ∀𝑙: 𝑙𝜇𝑙𝜇 = 0  

𝑑

𝑑𝜏
𝜃𝑙 = −𝑅𝜇𝜈𝑙

𝜇𝑙𝜈 +⋯ 

𝑇𝜇𝜈𝑡
𝜇𝑡𝜈 ≥

1

2
𝑇𝑔𝜇𝜈𝑡

𝜇𝑡𝜈 , ∀𝑡: 𝑡𝜇𝑡𝜇 < 0  

𝑑

𝑑𝜏
𝜃𝑡 = −𝑅𝜇𝜈𝑡

𝜇𝑡𝜈 +⋯ 

𝑃𝛼 = −𝑇𝛼 𝛽𝑡
𝛽 

𝑃𝛼𝑡
𝛼 ≤ 0 and 𝑃𝛼𝑃

𝛼 ≤ 0 

𝑇𝜇𝜈𝑡
𝜇𝑡𝜈 ≥ 0 and 𝑇𝜇𝜈𝑇𝛼

𝜇
𝑡𝜈𝑡𝛼 ≤ 0∀𝑡: 𝑡𝜇𝑡

𝜇 < 0  
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𝑇𝛼𝛽𝑡
𝛼𝑡𝛽 ≥ 0 

[𝜕𝛾𝑔𝛼𝛽] = 𝑛𝛾𝑞𝛼𝛽 ⟹ 𝑞𝛼𝛽 = 𝜖[𝜕𝛾𝑔𝛼𝛽]𝑛
𝛾  

[Γ𝛽𝛾
𝛼 ] =

1

2
(𝑞𝛽
𝛼𝑛𝛾 + 𝑞𝛾

𝛼𝑛𝛽 − 𝑞𝛽𝛾𝑛
𝛼)  

ℜ𝛽𝛾𝛿
𝛼 =

𝜖

2
(𝑞𝛼  𝛿𝑛𝛽𝑛𝛾 − 𝑞

𝛼  𝛾𝑛𝛽𝑛𝛿 − 𝑞𝛽𝛿𝑛
𝛼𝑛𝛾 + 𝑞𝛽𝛾𝑛

𝛼𝑛𝛿)  

𝐺𝛼𝛽 = 𝐺𝛼𝛽
+ Θ(𝜆) + 𝐺𝛼𝛽

− Θ(−𝜆) + 𝛿(𝜆)𝔊𝛼𝛽  

𝔊𝛼𝛽 =
𝜖

2
(𝑞𝜇𝛼𝑛

𝜇𝑛𝛽 + 𝑞𝜇𝛽𝑛
𝜇𝑛𝛼 − 𝑞𝑛𝛼𝑛𝛽 − 𝜖𝑞𝛼𝛽 − (𝑞𝜇𝜈𝑛

𝜇𝑛𝜈 − 𝜖𝑞)𝑔𝛼𝛽)  

𝔊𝛼𝛽 = 𝔊𝑖𝑗𝑒𝑖
𝛼𝑒𝑗

𝛽
 

𝔊𝑖𝑗  = 𝔊𝛼𝛽𝑒𝑖
𝛼𝑒𝑗

𝛽

 =
𝜖

2
(−𝜖𝑞𝛼𝛽𝑒𝑖

𝑎𝑒𝑗
𝛽
+ 𝜖𝑞𝜇𝜈(𝑔

𝜇𝜈 − 𝜖𝑛𝜇𝑛𝜈)ℎ𝑖𝑗)

 =
1

2
(−𝑞𝛼𝛽𝑒𝑖

𝑎𝑒𝑗
𝛽
+ 𝑞𝜇𝜈ℎ

𝜇𝜈ℎ𝑖𝑗)

 

[𝐾𝑖𝑗] = [(∇𝛼𝑛𝛽)𝑒𝑖
𝛼𝑒𝑗

𝛽
]

 =
⊗
[(∇𝛼𝑛𝛽)]𝑒𝑖

𝛼𝑒𝑗
𝛽

 = − ([Γ𝛼𝛽
𝛾
] 𝑛𝛾) 𝑒𝑖

𝛼𝑒𝑗
𝛽

 =
⊠
− (

1

2
(𝑞𝛽
𝛾
𝑛𝛼 + 𝑞𝛼

𝛾
𝑛𝛽 − 𝑞𝛼𝛽𝑛

𝛾))𝑛𝛾𝑒𝑖
𝛼𝑒𝑗

𝛽

 =
𝜖

2
𝑞𝛼𝛽𝑒𝑖

𝛼𝑒𝑗
𝛽

 

[𝐾𝑖𝑗] =
𝜖

2
𝑞𝛼𝛽𝑒𝑖

𝛼𝑒𝑗
𝛽
, [𝐾] =

𝜖

2
ℎ𝑚𝑛 (𝑞𝛼𝛽𝑒𝑚

𝛼 𝑒𝑛
𝛽
)  

𝐾𝑖𝑗 = 𝐾𝜇𝜈𝑒𝑖
𝜇
𝑒𝑗
𝜇

 

𝑞𝛼𝛽 =
2

𝜖
[𝐾𝛼𝛽]  

ℜ𝛼  𝛽𝛾𝛿 = (𝑛𝛽𝑛𝛾[𝐾𝛿
𝛼] − 𝑛𝛽𝑛𝛿[𝐾𝛾

𝛼] − [𝐾𝛽𝛿]𝑛
𝛼𝑛𝛾 + [𝐾𝛽𝛾]𝑛

𝛼𝑛𝛿),  

𝐼𝐶𝑆 = ∫  𝑑
4𝑥√−𝑔𝑏𝑅𝑅̃  

𝛿𝐼𝐶𝑆 ∼ 2∫  𝑑
4𝑥√−𝑔𝑏𝑅𝛽𝜅𝜆

𝛼 𝜀𝜅𝜆𝜌𝜎 (∇𝜌𝛿Γ𝛼𝜎
𝛽
)  

∫  𝑑Σ𝜌𝑏𝑅𝛽𝜅𝜆
𝛼 𝜀𝜅𝜆𝜌𝜎 (𝛿Γ𝛼𝜎

𝛽
)  

𝑔𝜇𝜈 → 𝑔𝜇𝜈 + 𝛿𝑔𝜇𝜈 
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𝛿Γ𝛼𝜎
𝛽
= −

1

2
[𝑔𝜇𝜎∇𝛼(𝛿𝑔

𝜇𝛽) + 𝑔𝜇𝛼∇𝜎(𝛿𝑔
𝜇𝛽) − 𝑔𝛼𝜈𝑔𝜎𝜇∇

𝛽(𝛿𝑔𝜇𝜈)]  

∫  𝑑Σ𝜌𝑏𝑅𝛽𝜅𝜆
𝛼 𝜀𝜅𝜆𝜌𝜎 (𝛿Γ𝛼𝜎

𝛽
) = −∫  𝑑Σ𝜌𝑏𝑅̃𝛽

𝛼 𝜌𝜎𝑔𝜇𝜎∇𝛼(𝛿𝑔
𝜇𝛽) − ∫  𝑑Σ𝜌𝑏𝑅̃𝛽

𝛼 𝜌𝜎𝑔𝜇𝛼∇𝜎(𝛿𝑔
𝜇𝛽) +∫  𝑑Σ𝜌𝑏𝑅̃𝛽

𝛼 𝜌𝜎𝑔𝛼𝜇𝑔𝜎𝜈∇
𝛽(𝛿𝑔𝜇𝜈)

 = −∫  𝑑Σ𝜌𝑏𝑅̃𝛽
𝛼 𝜇∇𝛼(𝛿𝑔

𝜇𝛽) − ∫  𝑑Σ𝜌𝑏𝑅̃𝜇𝛽 
𝜌𝛼∇𝛼(𝛿𝑔

𝜇𝛽) + ∫  𝑑Σ𝜌𝑏𝑅̃𝜇 
𝛼𝜌 𝛽∇𝛼(𝛿𝑔

𝜇𝛽)

 = ∫  𝑑Σ𝜌𝑏(𝑅̃𝜇 
𝛼𝜌 𝜈 − 𝑅̃𝜈  

𝜌 𝜇)∇𝛼(𝛿𝑔
𝜇𝜈)

 = ∫  𝑑3𝑥√ℎ𝑛𝜌𝑏(𝑅̃𝜇𝛽𝜌𝜈 + 𝑅̃𝜈𝛽𝜌𝜇)𝑔
𝛼𝛽∇𝛼(𝛿𝑔

𝜇𝜈)

 

Σ, ∇𝛼𝛿𝑔
𝜇𝜈 = 𝜕𝛼𝛿𝑔

𝜇𝜈 

𝑔𝛼𝛽 = ℎ𝛼𝛽 + 𝜖𝑛𝛼𝑛𝛽 

∫  𝑑Σ𝜌𝑏𝑅𝛽𝜅𝜆
𝛼 𝜖𝜅𝜆𝜌𝜎 (𝛿Γ𝛼𝜎

𝛽
) = ∫  𝑑3𝑥√ℎ𝑛𝜌𝑏(𝑅̃𝜇𝛽𝜌𝜈 + 𝑅̃𝜈𝛽𝜌𝜇)𝜖𝑛

𝛽𝑛𝛼𝜕𝛼(𝛿𝑔
𝜇𝜈) 

𝑑𝑠2 = 2𝑑𝑣𝑑𝑟 − 𝑟2𝑋(𝑟, 𝑣, 𝑥𝑖)𝑑𝑣2 + 2𝑟𝜔𝑖(𝑟, 𝑣, 𝑥
𝑖)𝑑𝑣𝑑𝑥𝑖 + ℎ𝑖𝑗(𝑟, 𝑣, 𝑥

𝑖)𝑑𝑥𝑖𝑑𝑥𝑗  

𝑋𝑒𝑞 = 𝑋𝑒𝑞(𝑟𝑣, 𝑥𝑖), 𝜔𝑖
𝑒𝑞
= 𝜔𝑖

𝑒𝑞
(𝑟𝑣, 𝑥𝑖), ℎ𝑖𝑗

𝑒𝑞
= ℎ𝑖𝑗

𝑒𝑞
(𝑟𝑣, 𝑥𝑖).  

𝜉 = 𝑣𝜕𝑣 − 𝑟𝜕𝑟,  

ℒ𝜉𝑔𝜇𝜈
𝑒𝑞
|
𝑟=0

= 0 

𝐴𝜇 → 𝐴𝜇 + 𝐷𝜇Λ 

ℒ𝜉𝐴𝜇
𝑒𝑞
+ 𝐷𝜇Λ = 0,  

(𝐴𝜇
𝑒𝑞
𝜉𝜇 + Λ)|

𝑟=0
= (𝑣𝐴𝑣

𝑒𝑞
+ Λ)|

𝑟=0
= 0  

𝑋 = 𝑋𝑒𝑞(𝑟𝑣, 𝑥𝑖) + 𝜖𝛿𝑋(𝑟, 𝑣, 𝑥𝑖), 𝜔𝑖 = 𝜔𝑖
𝑒𝑞
(𝑟𝑣, 𝑥𝑖) + 𝜖𝛿𝜔𝑖(𝑟, 𝑣, 𝑥

𝑖)                 

ℎ𝑖𝑗= ℎ𝑖𝑗
𝑒𝑞
(𝑟𝑣, 𝑥𝑖) + 𝜖𝛿ℎ𝑖𝑗(𝑟, 𝑣, 𝑥

𝑖), 𝐴𝜇 = 𝐴𝜇
𝑒𝑞
(𝑟𝑣, 𝑥𝑖) + 𝜖𝛿𝐴𝜇(𝑟, 𝑣, 𝑥

𝑖)                 
 

 

𝑟 → 𝑟̃ = 𝜆𝑟, 𝑣 → 𝑣̃ = 𝑣/𝜆,  

𝒫 ∼ (𝜕𝑟)
𝑛1(𝜕𝑣)

𝑛2𝒬 

𝒫(𝑟, 𝑣, 𝑥𝑖) = 𝒫𝑒𝑞(𝑟𝑣, 𝑥𝑖) + 𝜖𝛿𝒫(𝑟, 𝑣, 𝑥𝑖) 

𝒫|𝑟=0𝒫 ∼ (𝜕𝑟)
𝑛1(𝜕𝑣)

𝑛2𝒬 

𝒫|𝑟=0 ∼ 𝒪(𝜖) 

ℛ ∼ (𝜕𝑟)
𝑛1(𝜕𝑣)

𝑛2𝒬1 × (𝜕𝑟)
𝑛3(𝜕𝑣)

𝑛4𝒬2 

ℛ|𝑟=0 ∼ 𝒪(𝜖
2) 
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(𝐴𝜇𝜉
𝜇 + Λ)|

𝑟=0
= (𝑣𝐴𝑣 + Λ)|𝑟=0 = 𝒪(𝜖)  

𝐸𝑣𝑣|𝑟=0 = 𝜕𝑣 [
1

√ℎ
𝜕𝑣(√ℎ𝒥

𝑣) + ∇𝑖𝒥
𝑖] + 𝒪(𝜖2)  

𝑆tot = ∫  
ℋ𝑣

 𝑑𝑑−2𝑥√ℎ(𝑠wald + 𝑠cor )  

𝑠wald = 1 + 𝑠wald 
𝐻𝐷  

𝜕𝑣𝜗 = 𝐸𝑣𝑣
𝐻𝐷 + 𝜕𝑣 [

1

√ℎ
𝜕𝑣 (√ℎ(𝑠𝑤𝑎𝑙𝑑

𝐻𝐷 + 𝑠𝑐𝑜𝑟))] − 𝑇𝑣𝑣 + 𝒪(𝜖
2),  

𝜕𝑆𝑡𝑜𝑡
𝜕𝑣

= ∫  
ℋ𝑣

 𝑑𝑑−2𝑥√ℎ𝜗.  

𝑅𝑣𝑣 + 𝐸𝑣𝑣
𝐻𝐷 = 𝑇𝑣𝑣 

𝒥𝑣|𝑒𝑞 = 𝑠𝑤𝑎𝑙𝑑  

𝑣 = 𝑒𝜁(𝑦⃗ )𝜏 + 𝒪(𝜌), 𝑟 = 𝑒−𝜁(𝑦⃗ )𝜌 + 𝒪(𝜌2), 𝑥𝑎 = 𝑦𝑎 + 𝒪(𝜌)  

𝑑𝑠2 = 2𝑑𝜏𝑑𝜌 − 𝜌2𝑋̃(𝜌, 𝜏, 𝑦𝑖)𝑑𝜏2 + 2𝜌𝜔̃𝑖(𝜌, 𝜏, 𝑦
𝑖)𝑑𝜏𝑑𝑦𝑖 + ℎ̃𝑖𝑗(𝜌, 𝜏, 𝑦

𝑖)𝑑𝑦𝑖𝑑𝑦𝑗  

𝑋̃(𝜌, 𝜏, 𝑦𝑖) =𝑋 + 𝜔𝑖𝜉𝑗ℎ
𝑖𝑗 + 𝜉𝑖𝜉𝑗ℎ

𝑖𝑗 − 𝑣(𝜉𝑖ℎ
𝑖𝑗𝜕𝑣𝜔𝑗 + 2𝜔𝑖𝜉𝑗𝐾

𝑖𝑗 + 2𝜉𝑖𝜉𝑗𝐾
𝑖𝑗)

+𝑣2(𝜉𝑖𝜉𝑙ℎ
𝑘𝑙ℎ𝑖𝑗𝜕𝑣𝐾𝑗𝑘) + 𝒪(𝜌)  

𝜔̃𝑖(𝜌, 𝜏, 𝑦
𝑖) =𝜔𝑖 − 2𝜉𝑖 + 2𝑣𝜉𝑘ℎ

𝑗𝑘𝐾𝑖𝑗 + 𝒪(𝜌)

ℎ̃𝑖𝑗(𝜌, 𝜏, 𝑦
𝑖) =ℎ𝑖𝑗(𝑣, 𝑟, 𝑥

𝑖) + 𝒪(𝜌)

 

𝜉𝑖 = 𝜕𝑖𝜁(𝑥
𝑎) 

𝐸𝜇𝜈 ∼ 𝒪(𝑙
𝑁/𝐿𝑁+2) 

𝐸𝑣𝑣|𝑟=0 = 𝜕𝑣 [
1

√ℎ
𝜕𝑣(√ℎ𝒥

𝑣) + ∇𝑖𝒥
𝑖] + (𝐾𝑖𝑗 + 𝑋𝑖𝑗)(𝐾

𝑖𝑗 + 𝑋𝑖𝑗) + ∇𝑖𝒴
𝑖 + 𝒪(𝑙𝑁),  

𝜕𝑣 [
1

√ℎ
𝜕𝑣(√ℎ𝒥

𝑣) + ∇𝑖𝒥
𝑖] = −(𝐾𝑖𝑗 + 𝑋𝑖𝑗)(𝐾

𝑖𝑗 + 𝑋𝑖𝑗) − ∇𝑖𝒴
𝑖 + 𝒪(𝑙𝑁)  

𝐾𝑖𝑗 = (1/2)𝜕𝑣ℎ𝑖𝑗 

𝒴𝑖 ∼ 𝒪(𝜖2) 

𝜕𝑆𝑡𝑜𝑡
𝜕𝑣

= ∫  
ℋ𝑣

 𝑑𝑑−2𝑥√ℎ𝜗 = −∫  
ℋ𝑣

 𝑑𝑑−2𝑥√ℎ∫  
∞

𝑣

𝑑𝑣′𝜕𝑣′𝜗   

 = ∫  
ℋ𝑣

 𝑑𝑑−2𝑥√ℎ∫  
∞

𝑣

 𝑑𝑣′[𝜕𝑣′(∇𝑖𝒥
𝑖) + (𝐾𝑖𝑗 + 𝑋𝑖𝑗)(𝐾

𝑖𝑗 + 𝑋𝑖𝑗) + ∇𝑖𝒴
𝑖]

 

𝜗 = (1/√ℎ)𝜕𝑣(√ℎ𝒥
𝑣) 
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𝜕𝑆𝑡𝑜𝑡
𝜕𝑣

 = ∫  
ℋ𝑣

 𝑑𝑑−2𝑥√ℎ∫  
∞

𝑣

 𝑑𝑣′(𝐾𝑖𝑗 + 𝑋𝑖𝑗)(𝐾
𝑖𝑗 + 𝑋𝑖𝑗) + 𝒪(𝜖3)

⋆ 𝒪(𝜖2𝑙𝑁)

 

𝐿 = 𝐿(𝑔𝜇𝜈 , Γ𝛽𝜇
𝛼 , 𝑅𝛽𝜇𝜈

𝛼 , 𝐴𝜇 , 𝐹𝜇𝜈)  

𝛿(√−𝑔𝐿) = √−𝑔𝐸𝜇𝜈𝛿𝑔𝜇𝜈 +√−𝑔𝐺
𝜇𝛿𝐴𝜇 +√−𝑔𝐷𝜇Θ

𝜇[𝑔𝜇𝜈, Γ𝛽𝜇
𝛼 , 𝐴𝜇 , 𝛿𝑔𝜇𝜈 , 𝛿Γ𝛽𝜇

𝛼 , 𝛿𝐴𝜇].  

𝑥𝜇 → 𝑥𝜇 + 𝜁𝜇 

𝐴𝜇 → 𝐴𝜇 + 𝐷𝜇Λ 

𝛿𝑔𝜇𝜈= ℒ𝜁𝑔𝜇𝜈 = 𝐷𝜇𝜁𝜈 + 𝐷𝜈𝜁𝜇  

𝛿𝐴𝜇 = ℒ𝜁𝐴𝜇 + 𝐷𝜇Λ = 𝜁
𝛼𝐹𝛼𝜇 + 𝐷𝜇(𝐴𝛼𝜉

𝛼 + Λ)
 

𝛿[√−𝑔𝐿] = √−𝑔𝐷𝜇(𝜁
𝜇𝐿) + √−𝑔𝐷𝜇Ξ

𝜇  

𝐷𝜇[𝜁
𝜇𝐿 + Ξ𝜇 − 2𝜁𝜈𝐸

𝜇𝜈 − 𝐺𝜇(𝐴𝜈𝜁
𝜈 + Λ) − Θ𝜇] = −2𝜁𝜈𝐷𝜇𝐸

𝜇𝜈 − (𝐴𝜈𝜁
𝜈 + Λ)𝐷𝜇𝐺

𝜇 + 𝐺𝜇𝜁𝜈𝐹𝜈𝜇 

−2𝐷𝜇𝐸
𝜇𝜈 + 𝐺𝜇𝐹

𝜈𝜇 = 0,  and  𝐷𝜇𝐺
𝜇 = 0  

∫  
full space-time 

  [𝜁𝜈(−2𝐷𝜇𝐸
𝜇𝜈 + 𝐺𝜇𝐹

𝜈𝜇) − (𝐴𝜈𝜁
𝜈 + Λ)𝐷𝜇𝐺

𝜇]  

Θ𝜇 − Ξ𝜇 − 𝜁𝜇𝐿 = −2𝐸𝜇𝜈𝜁𝜈 − 𝐺
𝜇(𝐴𝜈𝜁𝜈 + Λ) + 𝐷𝜈𝑄

𝜇𝜈  

𝜉 = 𝑣𝜕𝑣 − 𝑟𝜕𝑟 

Θ𝜇𝜉𝜇 − Ξ
𝜇𝜉𝜇 − 𝜉

𝜇𝜉𝜇𝐿 = −2𝐸
𝜇𝜈𝜉𝜇𝜉𝜈 − 𝐺

𝜇𝜉𝜇(𝐴
𝜈𝜉𝜈 + Λ) + 𝜉𝜇𝐷𝜌𝑄

𝜇𝜌
 

2𝑣𝐸𝑣𝑣 + 𝐺𝑣(𝑣𝐴𝑣 + Λ) = (−Θ
𝑟 + Ξ𝑟 + 𝐷𝜌𝑄

𝑟𝜌)|
𝑟=0

 

𝐺𝑣(𝑣𝐴𝑣 + Λ) ∼ 𝒪(𝜖
2) 

𝑆𝐼𝑊𝑇 = −2𝜋∫ 
Σ

 𝐐𝜉|
𝜉→0,𝐷𝛼𝜉𝛽→𝜅𝜖𝛼𝛽

 

𝑆𝐼𝑊𝑇 = −4𝜋∫ 
Σ

 𝑑𝑑−2𝑥√ℎ𝜖𝛽
𝛼 𝜕𝐿

𝜕𝑅𝛽𝑟𝑣
𝛼  

𝑆𝐼𝑊𝑇 = −2∫ 
Σ

 𝑑𝑑−2𝑥√ℎ (
𝜕𝐿

𝜕𝑅𝑣𝑟𝑣
𝑣 −

𝜕𝐿

𝜕𝑅𝑟𝑟𝑣
𝑟 ) = ∫ 

Σ

 𝑑𝑑−2𝑥√ℎ𝑠𝐼𝑊𝑇  

𝜖𝛼1…𝛼𝑘 = −
1

√ℎ
𝜀𝛼1…𝛼𝑘 

𝜖𝑣𝑟𝑥 = −
1

√ℎ
, 𝜖𝑣𝑟𝑥𝑦𝑧 = −

1

√ℎ
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𝐼 = ∫  𝑑3𝑥√−𝑔ℒ,  with  ℒ = 𝜖𝜆𝜇𝜈Γ𝜌 𝜆𝜎 (𝜕𝜇Γ
𝜎 𝜌𝜈 +

2

3
Γ𝜎  𝜇𝜏Γ

𝜏 𝜌𝜈)  

𝐸𝜇𝜈 = −(𝜖𝜈𝜌𝜎𝐷𝜌𝑅𝜎  
𝜇 + 𝜖𝜇𝜌𝜎𝐷𝜌𝑅𝜎  

𝜈)  

𝑑𝑠2 = 2𝑑𝑣𝑑𝑟 − 𝑟2𝑋(𝑟, 𝑣, 𝑥)𝑑𝑣2 + 2𝑟𝜔(𝑟, 𝑣, 𝑥)𝑑𝑣𝑑𝑥 + ℎ(𝑟, 𝑣, 𝑥)𝑑𝑥2  

2𝐸𝑣𝑣= 2𝐸
𝑟𝑟 = −4𝜖𝑟𝜌𝜎𝐷𝜌𝑅𝜎

𝑟 = 4𝜖𝑟𝜎𝜌(𝜕𝜌𝑅𝜎𝑣 − Γ𝜌𝜎
𝛼 𝑅𝛼𝑣 − Γ𝜌𝑣

𝛼 𝑅𝜎𝛼)  

 = 4𝜖𝑟𝑣𝑥(𝜕𝑥𝑅𝑣𝑣 − 𝜕𝑣𝑅𝑥𝑣) + 𝜖
𝑟𝑣𝑥 (−

𝜔

ℎ
𝜕𝑣
2ℎ +

𝜔

ℎ2
(𝜕𝑣ℎ)

2 +
1

ℎ
(𝜕𝑣ℎ)(𝜕𝑣𝜔)) .

 

𝐸𝑣𝑣 = 𝜖
𝑟𝑣𝑥 (𝜕𝑣

2𝜔 +
1

ℎ
(𝜕𝑣𝜔)(𝜕𝑣ℎ) −

1

ℎ
𝜕𝑣
2𝜕𝑥ℎ +

1

ℎ
𝜕𝑣 (

1

ℎ
(𝜕𝑣ℎ)(𝜕𝑥ℎ))) .  

𝐴𝜕2 𝑣𝐵 = 𝜕𝑣(𝐴𝜕𝑣𝐵) + 𝒪(𝜖
2) 

𝐸𝑣𝑣= 𝜕𝑣 (𝜖
𝑟𝑣𝑥𝜕𝑣𝜔 −

1

ℎ
𝜖𝑟𝑣𝑥𝜕𝑣𝜕𝑥ℎ +

1

ℎ2
𝜖𝑟𝑣𝑥(𝜕𝑣ℎ)(𝜕𝑥ℎ)) + 𝒪(𝜖

2) 

 = 𝜕𝑣 (𝜖
𝑟𝑣𝑥𝜕𝑣𝜔 − 𝜖

𝑟𝑣𝑥𝜕𝑥 (
1

ℎ
𝜕𝑣ℎ)) + 𝒪(𝜖

2)

 = 𝜕𝑣 (
1

√ℎ
𝜕𝑣(√ℎ𝜖

𝑟𝑣𝑥𝜔) −
1

√ℎ
𝜕𝑥 (√ℎ𝜖

𝑟𝑣𝑥
1

ℎ
𝜕𝑣ℎ)) + 𝒪(𝜖

2)

 

𝒥𝑣 = 𝜖𝑟𝑣𝑥𝜔, 𝒥𝑖 = −𝜖𝑟𝑣𝑥 (
1

ℎ
𝜕𝑣ℎ)  

𝐸𝑣𝑣 =𝜕𝑣 (𝜖
𝑟𝑣𝑥𝜕𝑣𝜔 − 𝜖

𝑟𝑣𝑥𝜕𝑥 (
1

ℎ
𝜕𝑣ℎ)) −

3

4
𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2) +
3

2
𝜖𝑟𝑣𝑥(𝜕𝑣𝜔)(

1

ℎ
𝜕𝑣ℎ)

=𝜕𝑣 (
1

√ℎ
𝜕𝑣(√ℎ𝜖

𝑟𝑣𝑥𝜔) −
1

√ℎ
𝜕𝑥 (√ℎ𝜖

𝑟𝑣𝑥
1

ℎ
𝜕𝑣ℎ))

 −
3

4

1

√ℎ
𝜕𝑥 (√ℎ𝜖

𝑟𝑣𝑥
1

ℎ2
(𝜕𝑣ℎ)

2) +
3

2
𝜖𝑟𝑣𝑥(𝜕𝑣𝜔)(

1

ℎ
𝜕𝑣ℎ)

 

ℒ = 𝑅 + 𝑙𝜖𝜆𝜇𝜈Γ𝜌 𝜆𝜎 (
1

2
𝑅𝜎 𝜌𝜇𝜈 −

1

3
Γ𝜎  𝜇𝜏Γ

𝜏 𝜌𝜈)  

𝐸𝜇𝜈 =
1

2
𝑅𝑔𝜇𝜈 − 𝑅𝜇𝜈 − 𝑙(𝜖𝜈𝜌𝜎𝐷𝜌𝑅𝜎

𝜇
+ 𝜖𝜇𝜌𝜎𝐷𝜌𝑅𝜎

𝜈)  

𝐸𝑣𝑣 = −𝑅𝑣𝑣 + 𝑙𝜖
𝑟𝑣𝑥 (𝜕𝑣

2𝜔 +
1

ℎ
(𝜕𝑣𝜔)(𝜕𝑣ℎ) −

1

ℎ
𝜕𝑣
2𝜕𝑥ℎ +

1

ℎ
𝜕𝑣 (

1

ℎ
(𝜕𝑣ℎ)(𝜕𝑥ℎ))) .  
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𝐸𝑣𝑣 =−𝑅𝑣𝑣 + 𝑙𝜖
𝑟𝑣𝑥 (𝜕𝑣

2𝜔 +
1

ℎ
(𝜕𝑣𝜔)(𝜕𝑣ℎ) −

1

ℎ
𝜕𝑣
2𝜕𝑥ℎ +

1

ℎ
𝜕𝑣 (

1

ℎ
(𝜕𝑣ℎ)(𝜕𝑥ℎ))) 

=𝜕𝑣 (
1

2
ℎ𝑖𝑗𝜕𝑣ℎ𝑖𝑗 + 𝑙𝜖

𝑟𝑣𝑥𝜕𝑣𝜔− 𝑙𝜖
𝑟𝑣𝑥𝜕𝑥 (

1

ℎ
𝜕𝑣ℎ)) +

1

4
(
1

ℎ
𝜕𝑣ℎ)

2

 −
3

4
𝑙𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2) +
3

2
𝑙𝜖𝑟𝑣𝑥(𝜕𝑣𝜔) (

1

ℎ
𝜕𝑣ℎ)

=𝜕𝑣 (
1

2
ℎ𝑖𝑗𝜕𝑣ℎ𝑖𝑗 + 𝑙𝜖

𝑟𝑣𝑥𝜕𝑣𝜔− 𝑙𝜖
𝑟𝑣𝑥𝜕𝑥 (

1

ℎ
𝜕𝑣ℎ)) −

3

4
𝑙𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2)

 + (
1

2ℎ
𝜕𝑣ℎ +

3

2
𝑙𝜖𝑟𝑣𝑥𝜕𝑣𝜔)

2

− 𝑙2 (
9

4
𝜖𝑟𝑣𝑥𝜕𝑣𝜔)

2

=𝜕𝑣 (
1

2
ℎ𝑖𝑗𝜕𝑣ℎ𝑖𝑗 + 𝑙𝜖

𝑟𝑣𝑥𝜕𝑣𝜔− 𝑙𝜖
𝑟𝑣𝑥𝜕𝑥 (

1

ℎ
𝜕𝑣ℎ)) −

3

4
𝑙𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2)

 + (
1

2ℎ
𝜕𝑣ℎ +

3

2
𝑙𝜖𝑟𝑣𝑥𝜕𝑣𝜔)

2

+ 𝒪(𝑙2)

 

𝒥𝑣 = 1 + 𝑙𝜖𝑟𝑣𝑥𝜔, 𝒥𝑖 = −𝑙𝜖𝑟𝑣𝑥 (
1

ℎ
𝜕𝑣ℎ)  

(𝐾𝑖𝑗 + 𝑋𝑖𝑗) ∼ (
1

2ℎ
𝜕𝑣ℎ +

3

2
𝑙𝜖𝑟𝑣𝑥𝜕𝑣𝜔) , ∇𝑖𝒴

𝑖 ∼ −
3

4
𝑙
1

√ℎ
𝜕𝑥 (√ℎ𝜖

𝑟𝑣𝑥
1

ℎ2
(𝜕𝑣ℎ)

2)  

𝐼 = ∫  𝑑5𝑥√−𝑔ℒ,  with  ℒ = 2𝜖𝜇𝜈𝜆𝜌𝜎𝐹𝜇𝜈Γ
𝛼 𝜆𝛽 (

1

2
𝑅𝛽 𝛼𝜌𝜎 −

1

3
Γ𝛽  𝜌𝜏Γ

𝜏 𝛼𝜎)  

ℒ̃ = 𝜖𝜇𝜈𝜌𝜎𝛿𝐴𝜇𝑅
𝛼  𝛽𝜈𝜌𝑅

𝛽 𝛼𝜎𝛿 ,  

ℒ= ℒ̃ + 𝐷𝜇𝐵
𝜇  

 𝐵𝜇 = 4𝜖𝜇𝜈𝜆𝜌𝜎𝐴𝜈Γ
𝛼 𝜆𝛽 (

1

2
𝑅𝛽 𝛼𝜌𝜎 −

1

3
Γ𝛽 𝜌𝜏Γ

𝜏 𝛼𝜎) .
 

𝐸𝜇𝜈 = 𝜖𝜇𝛽𝜌𝜎𝛿𝐷𝛼(𝑅𝛽𝜌
𝜈𝛼𝐹𝜎𝛿) + 𝜖

𝜈𝛽𝜌𝜎𝛿𝐷𝛼 (𝑅𝛽𝜌
𝜇𝛼
𝐹𝜎𝛿) .  

𝐸𝑣𝑣 = 𝐸
𝑟𝑟= 2𝜖𝑟𝛽𝜌𝜎𝛿𝐷𝛼(𝑅

𝑟𝛼  𝛽𝜌𝐹𝜎𝛿) = 2𝜖
𝑟𝛽𝜌𝜎𝛿(𝐹𝜎𝛿(𝐷𝜌𝑅𝑣𝛽 − 𝐷𝛽𝑅𝑣𝜌) + 𝑅𝑣

𝛼  𝛽𝜌𝐷𝛼𝐹𝜎𝛿) 

 = 2𝜖𝑟𝛽𝜌𝜎𝛿 (2𝐹𝜎𝛿(𝜕𝜌𝑅𝑣𝛽 − Γ
𝜆 𝜌𝑣𝑅𝛽𝜆) + 𝑅𝑣

𝛼 𝛽𝜌(𝜕𝛼𝐹𝜎𝛿 − 2Γ
𝜆 𝛼𝜎𝐹𝜆𝛿)) .

 

𝜖𝑟𝛽𝜌𝜎𝛿𝑅𝑣  
𝛼 𝛽𝜌Γ

𝜆 𝛼𝜎𝐹𝜆𝛿= 2𝜖
𝑟𝑣𝑖𝑗𝑘𝑅𝑣𝑛𝑣𝑖ℎ

𝑚𝑛Γ𝑙  𝑚𝑗𝐹𝑙𝑘 + 𝒪(𝜖
2)  

= 𝜖𝑟𝑣𝑖𝑗𝑘ℎ𝑚𝑛Γ̂𝑙 𝑚𝑗𝐹𝑘𝑙𝜕
2 𝑣ℎ𝑛𝑖 + 𝒪(𝜖

2)  

𝜖𝑟𝛽𝜌𝜎𝛿𝑅𝑣  
𝛼 𝛽𝜌𝜕𝛼𝐹𝜎𝛿= 2𝜖

𝑟𝑣𝑖𝑗𝑘(𝑅𝑣𝑛𝑣𝑖ℎ
𝑚𝑛𝜕𝑚𝐹𝑗𝑘 + 𝑅𝑣𝑟𝑗𝑘𝜕𝑣𝐹𝑣𝑖) + 𝒪(𝜖

2)  

= 𝜖𝑟𝑣𝑖𝑗𝑘[−ℎ𝑚𝑛(𝜕𝑚𝐹𝑗𝑘)(𝜕
2 𝑣ℎ𝑛𝑖) + 2(𝜕𝑗𝜔𝑘)(𝜕𝑣𝐹𝑣𝑖)] + 𝒪(𝜖

2)  

𝜖𝑟𝛽𝜌𝜎𝛿𝐹𝜎𝛿Γ
𝜆 𝜌𝑣𝑅𝛽𝜆= 𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘Γ
𝑣 𝑖𝑣𝑅𝑣𝑣 + 𝒪(𝜖

2)  

 =
1

4
𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖ℎ

𝑚𝑛𝜕2 𝑣ℎ𝑚𝑛 + 𝒪(𝜖
2)

𝜖𝑟𝛽𝜌𝜎𝛿𝐹𝜎𝛿𝜕𝜌𝑅𝑣𝛽 = 𝜖
𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜕𝑖𝑅𝑣𝑣 − 𝜕𝑣𝑅𝑣𝑖) + 𝒪(𝜖

2)

 =
1

4
𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(2𝜕

2 𝑣𝜔𝑖 + 𝜔𝑖ℎ
𝑚𝑛𝜕2 𝑣ℎ𝑚𝑛)

 −
1

2
𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘ℎ

𝑛𝑚(𝜕𝑚𝜕
2 𝑣ℎ𝑛𝑖 − Γ̂

𝑙  𝑚𝑛𝜕
2 𝑣ℎ𝑖𝑙 − Γ̂

𝑙  𝑚𝑖𝜕
2 𝑣ℎ𝑛𝑙) + 𝒪(𝜖

2)
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𝐸𝑣𝑣 =2𝜖
𝑟𝑣𝑖𝑗𝑘[2(𝜕𝑗𝜔𝑘)(𝜕𝑣𝐹𝑣𝑖) − ℎ

𝑚𝑛𝜕𝑚(𝐹𝑗𝑘𝜕𝑣
2ℎ𝑛𝑖) − 2ℎ

𝑚𝑛Γ̂𝑚𝑗
𝑙 𝐹𝑘𝑙𝜕𝑣

2ℎ𝑛𝑖]

+2𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘[𝜕𝑣
2𝜔𝑖 + ℎ

𝑛𝑚(Γ̂𝑚𝑛
𝑙 𝜕𝑣

2ℎ𝑖𝑙 + Γ̂𝑚𝑖
𝑙 𝜕𝑣

2ℎ𝑛𝑙)] + 𝒪(𝜖
2)  

=2𝜕𝑣[2𝜖
𝑟𝑣𝑖𝑗𝑘(𝜕𝑗𝜔𝑘)𝐹𝑣𝑖 − 𝜖

𝑟𝑣𝑖𝑗𝑘ℎ𝑚𝑛𝜕𝑚(𝐹𝑗𝑘𝜕𝑣ℎ𝑛𝑖) − 2𝜖
𝑟𝑣𝑖𝑗𝑘ℎ𝑚𝑛Γ̂𝑚𝑗

𝑙 𝐹𝑘𝑙𝜕𝑣ℎ𝑛𝑖]

 +2𝜕𝑣[𝜖
𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜕𝑣𝜔𝑖 + 𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘ℎ
𝑛𝑚(Γ̂𝑚𝑛

𝑙 𝜕𝑣ℎ𝑖𝑙 + Γ̂𝑚𝑖
𝑙 𝜕𝑣ℎ𝑛𝑙)] + 𝒪(𝜖

2)

 

𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜕𝑣𝜔𝑖= 𝜖
𝑟𝑣𝑖𝑗𝑘𝜕𝑣(𝐹𝑗𝑘𝜔𝑖) − 𝜖

𝑟𝑣𝑖𝑗𝑘𝜔𝑖𝜕𝑣𝐹𝑗𝑘  

 = 𝜖𝑟𝑣𝑖𝑗𝑘𝜕𝑣(𝐹𝑗𝑘𝜔𝑖) + 𝜖
𝑟𝑣𝑖𝑗𝑘𝜔𝑖(𝜕𝑗𝐹𝑘𝑣 + 𝜕𝑘𝐹𝑣𝑗)

 = 𝜖𝑟𝑣𝑖𝑗𝑘[𝜕𝑣(𝐹𝑗𝑘𝜔𝑖) + 2𝜕𝑖(𝜔𝑗𝐹𝑣𝑘) − 2𝐹𝑣𝑖𝜕𝑗𝜔𝑘].

 

𝜖𝑟𝑣𝑖𝑗𝑘Γ̂𝑚𝑗
𝑙 𝐹𝑘𝑙𝜕𝑣ℎ𝑛𝑖= (𝜖

𝑟𝑣𝑎𝑗𝑘𝛿𝑙
𝑖 + 𝜖𝑟𝑣𝑖𝑎𝑘𝛿𝑙

𝑗
+ 𝜖𝑟𝑣𝑖𝑗𝑎𝛿𝑙

𝑘)Γ̂𝑚𝑗
𝑙 𝐹𝑘𝑎𝜕𝑣ℎ𝑛𝑖  

 = 𝜖𝑟𝑣𝑖𝑗𝑘(Γ̂𝑚𝑗
𝑙 𝐹𝑘𝑖𝜕𝑣ℎ𝑛𝑙 + Γ̂𝑚𝑙

𝑙 𝐹𝑘𝑗𝜕𝑣ℎ𝑛𝑖 + Γ̂𝑚𝑗
𝑙 𝐹𝑙𝑘𝜕𝑣ℎ𝑛𝑖),

   2𝜖𝑟𝑣𝑖𝑗𝑘Γ̂𝑚𝑗
𝑙 𝐹𝑘𝑙𝜕𝑣ℎ𝑛𝑖 = 𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(Γ̂𝑚𝑖
𝑙 𝜕𝑣ℎ𝑛𝑙 − Γ̂𝑚𝑙

𝑙 𝜕𝑣ℎ𝑛𝑖).

 

𝐸𝑣𝑣 =2𝜕𝑣[𝜖
𝑟𝑣𝑖𝑗𝑘𝜕𝑣(𝐹𝑗𝑘𝜔𝑖) + 2𝜖

𝑟𝑣𝑖𝑗𝑘𝜕𝑖(𝜔𝑗𝐹𝑣𝑘) − 𝜖
𝑟𝑣𝑖𝑗𝑘ℎ𝑚𝑛𝜕𝑚(𝐹𝑗𝑘𝜕𝑣ℎ𝑛𝑖)]

 +2𝜕𝑣[𝜖
𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(ℎ

𝑙𝑚Γ̂𝑚𝑙
𝑛 + ℎ𝑛𝑚Γ̂𝑚𝑙

𝑙 )(𝜕𝑣ℎ𝑖𝑛)] + 𝒪(𝜖
2)

 

ℎ𝑙𝑚Γ̂𝑚𝑙
𝑛 + ℎ𝑛𝑚Γ̂𝑚𝑙

𝑙  =
1

2
ℎ𝑙𝑚ℎ𝑛𝑜(𝜕𝑚ℎ𝑜𝑙 + 𝜕𝑙ℎ𝑜𝑚 − 𝜕𝑜ℎ𝑚𝑙) +

1

2
ℎ𝑛𝑚ℎ𝑙𝑜𝜕𝑚ℎ𝑜𝑙

 = ℎ𝑙𝑚ℎ𝑛𝑜𝜕𝑚ℎ𝑜𝑙 = −𝜕𝑚ℎ
𝑛𝑚

 

𝐸𝑣𝑣= 2𝜕𝑣[𝜖
𝑟𝑣𝑖𝑗𝑘𝜕𝑣(𝐹𝑗𝑘𝜔𝑖) + 2𝜖

𝑟𝑣𝑖𝑗𝑘𝜕𝑖(𝜔𝑗𝐹𝑣𝑘) − 𝜖
𝑟𝑣𝑖𝑗𝑘𝜕𝑚(ℎ

𝑛𝑚𝐹𝑗𝑘𝜕𝑣ℎ𝑛𝑖)] + 𝒪(𝜖
2)  

 = 2𝜕𝑣 [
1

√ℎ
𝜕𝑣(√ℎ𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖) + ∇𝑖(2𝜖
𝑟𝑣𝑖𝑗𝑘𝜔𝑗𝐹𝑣𝑘 − 𝜖

𝑟𝑣𝑚𝑗𝑘ℎ𝑛𝑖𝐹𝑗𝑘𝜕𝑣ℎ𝑛𝑚)] + 𝒪(𝜖
2)

 

𝒥𝑣 = 2𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖, 𝒥
𝑖 = 4𝜖𝑟𝑣𝑖𝑗𝑘𝜔𝑗𝐹𝑣𝑘 − 2𝜖

𝑟𝑣𝑚𝑗𝑘ℎ𝑛𝑖𝐹𝑗𝑘𝜕𝑣ℎ𝑛𝑚  

𝑣 = 𝑒𝜁(𝑦⃗ )𝜏 + 𝒪(𝜌), 𝑟 = 𝑒−𝜁(𝑦⃗ )𝜌 + 𝒪(𝜌2), 𝑥𝑎 = 𝑦𝑎 + 𝒪(𝜌)  

𝐸𝑣𝑣|𝑟=0 =𝜕𝑣 [
1

√ℎ
𝜕𝑣(√ℎ𝒥

𝑣) + ∇𝑖𝒥
𝑖]

 −
3

4
𝑙𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2) + (
1

2ℎ
𝜕𝑣ℎ +

3

2
𝑙𝜖𝑟𝑣𝑥𝜕𝑣𝜔)

2

+ 𝒪(𝑙2),

 

𝒥𝑣 = 1 + 𝑙𝜖𝑟𝑣𝑥𝜔, 𝒥𝑖 = −𝑙𝜖𝑟𝑣𝑥 (
1

ℎ
𝜕𝑣ℎ)  

𝐸𝑣𝑣 = (
𝜕𝜏

𝜕𝑣
)
2

𝐸𝜏𝜏,  implying  𝐸𝑣𝑣 = 𝑒
−2𝜁𝐸𝜏𝜏.  

𝑑𝑠2 = 2𝑑𝜏𝑑𝜌 − 𝜌2𝑋̃(𝜌, 𝜏, 𝑦)𝑑𝜏2 + 2𝜌𝜔̃(𝜌, 𝜏, 𝑦)𝑑𝜏𝑑𝑦 + ℎ̃(𝜌, 𝜏, 𝑦)𝑑𝑦2  

𝜔 = 𝜔̃ + 2(𝜕𝑦𝜁) − 𝜏(𝜕𝑦𝜁)
1

ℎ̃
𝜕𝜏ℎ̃ + 𝒪(𝜌), ℎ = ℎ̃ + 𝒪(𝜌)  

𝜕𝑣 = 𝑒
−𝜁𝜕𝜏 + 𝒪(𝜌), 𝜕𝑥 = 𝜕𝑦 − 𝜏(𝜕𝑦𝜁)𝜕𝜏 + 𝒪(𝜌)  

𝐵 = 𝑒−𝜙(𝑦)𝐵̃  
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𝜕𝑥𝐵 = 𝜕𝑦(𝑒
−𝜙𝐵̃) − 𝜏

𝜕𝜁

𝜕𝑦
𝜕𝜏(𝑒

−𝜙𝐵̃) = 𝑒−𝜙 (𝜕𝑦𝐵̃ − 𝜕𝜏 (𝜏
𝜕𝜁

𝜕𝑦
𝐵̃) −

𝜕(𝜙 − 𝜁)

𝜕𝑦
𝐵̃) .  

𝜕𝑥 (
1

ℎ
𝜕𝑣ℎ)= 𝑒

−𝜁 [𝜕𝑦 (
1

ℎ̃
𝜕𝜏ℎ̃) − 𝜕𝜏 (𝜏

𝜕𝜁

𝜕𝑦

1

ℎ̃
𝜕𝜏ℎ̃)]  

𝜕𝑥 (
1

ℎ2
(𝜕𝑣ℎ)

2) = 𝑒−2𝜁 [𝜕𝑦 (
1

ℎ̃2
(𝜕𝜏ℎ̃)

2
) − 𝜕𝜏 (𝜏

𝜕𝜁

𝜕𝑦

1

ℎ̃2
(𝜕𝜏ℎ̃)

2
) −

𝜕𝜁

𝜕𝑦𝑖
1

ℎ̃2
(𝜕𝜏ℎ̃)

2
] .

 

𝒥𝑣 = 1 + 𝑙𝜖𝑟𝑣𝑥𝜔 = 1 + 𝑙𝜖𝜌𝜏𝑦 (𝜔̃ + 2(𝜕𝑦𝜁) − 𝜏(𝜕𝑦𝜁)
1

ℎ̃
𝜕𝜏ℎ̃)  

𝒥𝑖 = −𝑙𝜖𝑟𝑣𝑥 (
1

ℎ
𝜕𝑣ℎ) = −𝑒

−𝜁𝑙𝜖𝜌𝜏𝑦 (
1

ℎ̃
𝜕𝜏ℎ̃)  

𝜕𝑣 [
1

√ℎ
𝜕𝑣(√ℎ𝒥

𝑣) + ∇𝑖𝒥
𝑖] = 𝜕𝑣 (

1

2

𝜕𝑣ℎ

ℎ
+ 𝑙𝜖𝑟𝑣𝑥𝜕𝑣𝜔 − 𝑙𝜖

𝑟𝑣𝑥𝜕𝑥 (
𝜕𝑣ℎ

ℎ
))

 = 𝑒−2𝜁𝜕𝜏 [
1

2

𝜕𝜏ℎ̃

ℎ̃
+ 𝑙𝜖𝜌𝜏𝑦 {𝜕𝜏 (𝜔̃ + 2

𝜕𝜁

𝜕𝑦
− 𝜏

𝜕𝜁

𝜕𝑦

𝜕𝜏ℎ̃

ℎ̃
) − 𝜕𝑦 (

𝜕𝜏ℎ̃

ℎ̃
) + 𝜕𝜏 (𝜏

𝜕𝜁

𝜕𝑦

𝜕𝜏ℎ̃

ℎ̃
)}]

 = 𝑒−2𝜁𝜕𝜏 (
1

2

𝜕𝜏ℎ̃

ℎ̃
+ 𝑙𝜖𝜌𝜏𝑦𝜕𝜏𝜔̃ − 𝑙𝜖

𝜌𝜏𝑦𝜕𝑦 (
1

ℎ̃
𝜕𝜏ℎ̃))

 

𝜕𝑣 [
1

√ℎ
𝜕𝑣(√ℎ𝒥

𝑣) + ∇𝑖𝒥
𝑖] = 𝑒−2𝜁𝜕𝜏 [

1

√ℎ̃
𝜕𝜏 (√ℎ̃𝒥̃

𝜏) + ∇̃𝑖𝒥̃
𝑖]  

𝒥̃𝜏 = 1 + 𝑙𝜖𝜌𝜏𝑦 (𝜔̃ + 2
𝜕𝜁

𝜕𝑦
) , 𝒥̃𝑖 = −𝑙𝜖𝜌𝜏𝑦 (

𝜕𝑣ℎ̃

ℎ̃
)  

𝒥̃𝑒𝑥
𝜏 = 2𝑙𝜖𝜌𝜏𝑦

𝜕𝜁

𝜕𝑦
 

𝜕𝜏(√ℎ𝒥̃𝑒𝑥
𝜏 ) = 2𝑙𝜀𝜌𝜏𝑦𝜕𝜏𝜕𝑦𝜁 = 0  

∫  𝑑𝑦√ℎ𝒥̃𝑒𝑥
𝜏 = ∫  𝑑𝑦2𝑙𝜀𝜌𝜏𝑦

𝜕𝜁

𝜕𝑦
= 0  

−
3

4
𝑙𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2) + (
1

2ℎ
𝜕𝑣ℎ +

3

2
𝑙𝜖𝑟𝑣𝑥𝜕𝑣𝜔)

2

+𝒪(𝑙2)  

 =
1

4
(
1

ℎ
𝜕𝑣ℎ)

2

−
3

4
𝑙𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2) +
3

2
𝑙𝜖𝑟𝑣𝑥(𝜕𝑣𝜔)(

1

ℎ
𝜕𝑣ℎ) + 𝒪(𝑙

2)

 

1

4
(
1

ℎ
𝜕𝑣ℎ)

2

= 𝑒−2𝜁
1

4
(
1

ℎ̃2
(𝜕̃𝜏ℎ̃)

2
)  
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𝜖𝑟𝑣𝑥(𝜕𝑣𝜔)(
1

ℎ
𝜕𝑣ℎ) −

1

2
𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2)

=𝑒−2𝜁𝜖𝜌𝜏𝑦 [𝜕̃𝜏 (𝜔̃ + 2
𝜕𝜁

𝜕𝑦
− 𝜏

𝜕𝜁

𝜕𝑦

1

ℎ̃
𝜕̃𝜏ℎ̃) (

1

ℎ̃
𝜕̃𝜏ℎ̃)]

 −
1

2
𝑒−2𝜁𝜖𝜌𝜏𝑦 [𝜕̃𝑦 (

1

ℎ̃2
(𝜕̃𝜏ℎ̃)

2
) − 𝜕̃𝜏 (𝜏

𝜕𝜁

𝜕𝑦

1

ℎ̃2
(𝜕̃𝜏ℎ̃)

2
) −

𝜕𝜁

𝜕𝑦𝑖
1

ℎ̃2
(𝜕̃𝜏ℎ̃)

2
]

=𝑒−2𝜁𝜖𝜌𝜏𝑦 [(𝜕̃𝜏𝜔̃) (
1

ℎ̃
𝜕̃𝜏ℎ̃) −

1

2
𝜕̃𝑦 (

1

ℎ̃2
(𝜕̃𝜏ℎ̃)

2
)] .

 

−
3

4
𝑙𝜖𝑟𝑣𝑥𝜕𝑥 (

1

ℎ2
(𝜕𝑣ℎ)

2) + (
1

2ℎ
𝜕𝑣ℎ +

3

2
𝑙𝜖𝑟𝑣𝑥𝜕𝑣𝜔)

2

 

 = 𝑒−2𝜁 [−
3

4
𝑙𝜖𝜌𝜏𝑦𝜕𝑦 (

1

ℎ̃2
(𝜕𝜏ℎ̃)

2
) + (

1

2ℎ̃
𝜕𝜏ℎ̃ +

3

2
𝑙𝜖𝜌𝜏𝑦𝜕𝜏𝜔̃)

2

] + 𝒪(𝑙2)

 

𝜕𝑖𝐶 = 𝜕̃𝑖(𝑒
−𝜙𝐶̃) − 𝜏

𝜕𝜁

𝜕𝑦𝑖
𝜕̃𝜏(𝑒

−𝜙𝐶̃) = 𝑒−𝜙 [𝜕̃𝑖𝐶̃ − 𝜕̃𝜏 (𝜏
𝜕𝜁

𝜕𝑦𝑖
𝐶̃) −

𝜕(𝜙 − 𝜁)

𝜕𝑦𝑖
𝐶̃]  

𝜕𝑖(𝜔𝑗𝐹𝑣𝑘) = 𝑒
−𝜁𝜕̃𝑖(𝜔𝑗𝐹̃𝜏𝑘) − 𝑒

−𝜁𝜕̃𝜏 (
𝜕𝜁

𝜕𝑦𝑖
𝜏𝜔𝑗𝐹̃𝜏𝑘)

= 𝑒−𝜁𝜕̃𝑖 ((𝜔̃𝑗 + 2
𝜕𝜁

𝜕𝑦𝑗
) 𝐹̃𝜏𝑘) − 𝑒

−𝜁𝜕̃𝜏 (𝜏
𝜕𝜁

𝜕𝑦𝑖
(𝜔̃𝑗 + 2

𝜕𝜁

𝜕𝑦𝑗
) 𝐹̃𝜏𝑘) + 𝒪(𝜖

2)  

𝜕𝑚(ℎ
𝑛𝑚𝐹𝑗𝑘𝜕𝑣ℎ𝑛𝑖) = 𝑒

−𝜁𝜕̃𝑚(ℎ̃
𝑛𝑚𝐹𝑗𝑘𝜕𝜏ℎ̃𝑛𝑖) − 𝑒

−𝜁𝜕̃𝜏 (𝜏
𝜕𝜁

𝜕𝑦𝑚
ℎ̃𝑛𝑚𝐹𝑗𝑘𝜕𝜏ℎ̃𝑛𝑖)

 = 𝑒−𝜁𝜕̃𝑚(ℎ̃
𝑛𝑚𝐹̃𝑗𝑘𝜕𝜏ℎ̃𝑛𝑖) − 𝑒

−𝜁𝜕̃𝜏 (𝜏
𝜕𝜁

𝜕𝑦𝑚
ℎ̃𝑛𝑚𝐹̃𝑗𝑘𝜕𝜏ℎ̃𝑛𝑖) + 𝒪(𝜖

2)

 

𝜕𝑣(𝐹𝑗𝑘𝜔𝑖) = 𝑒
−𝜁𝜕̃𝜏 [(𝜏

𝜕𝜁

𝜕𝑦𝑘
𝐹̃𝜏𝑗 − 𝜏

𝜕𝜁

𝜕𝑦𝑗
𝐹̃𝜏𝑘 + 𝐹̃𝑗𝑘) (𝜔̃𝑖 + 2

𝜕𝜁

𝜕𝑦𝑖
− 𝜏ℎ̃𝑚𝑛

𝜕𝜁

𝜕𝑦𝑛
𝜕𝜏ℎ̃𝑖𝑚)]

 = 𝑒−𝜁𝜕̃𝜏 [(𝜏
𝜕𝜁

𝜕𝑦𝑘
𝐹̃𝜏𝑗 − 𝜏

𝜕𝜁

𝜕𝑦𝑗
𝐹̃𝜏𝑘 + 𝐹̃𝑗𝑘) (𝜔̃𝑖 + 2

𝜕𝜁

𝜕𝑦𝑖
) − 𝜏ℎ̃𝑚𝑛𝐹̃𝑗𝑘

𝜕𝜁

𝜕𝑦𝑛
𝜕𝜏ℎ̃𝑖𝑚] + 𝒪(𝜖

2)

 

𝜖𝑟𝑣𝑖𝑗𝑘𝜕𝑣(𝐹𝑗𝑘𝜔𝑖) + 2𝜖
𝑟𝑣𝑖𝑗𝑘𝜕𝑖(𝜔𝑗𝐹𝑣𝑘) − 𝜖

𝑟𝑣𝑖𝑗𝑘𝜕𝑚(ℎ
𝑛𝑚𝐹𝑗𝑘𝜕𝑣ℎ𝑛𝑖)

=𝑒−𝜁𝜖𝜌𝜏𝑖𝑗𝑘𝜕̃𝜏 [(𝜏
𝜕𝜁

𝜕𝑦𝑖
𝐹̃𝜏𝑘 − 𝜏

𝜕𝜁

𝜕𝑦𝑘
𝐹̃𝜏𝑖 + 𝐹̃𝑘𝑖) (𝜔̃𝑗 + 2

𝜕𝜁

𝜕𝑦𝑗
)]

−𝑒−𝜁𝜖𝜌𝜏𝑖𝑗𝑘𝜕̃𝜏 [𝜏
𝜕𝜁

𝜕𝑦𝑚
ℎ̃𝑚𝑛𝐹̃𝑗𝑘𝜕𝜏ℎ̃𝑖𝑛]

+2𝑒−𝜁𝜖𝜌𝜏𝑖𝑗𝑘𝜕̃𝑖 ((𝜔̃𝑗 + 2
𝜕𝜁

𝜕𝑦𝑗
) 𝐹̃𝜏𝑘) − 2𝑒

−𝜁𝜖𝜌𝜏𝑖𝑗𝑘𝜕̃𝜏 (𝜏
𝜕𝜁

𝜕𝑦𝑖
(𝜔̃𝑗 + 2

𝜕𝜁

𝜕𝑦𝑗
) 𝐹̃𝜏𝑘)  

−𝑒−𝜁𝜖𝜌𝜏𝑖𝑗𝑘𝜕̃𝑚(ℎ̃
𝑛𝑚𝐹̃𝑗𝑘𝜕𝜏ℎ̃𝑛𝑖) + 𝑒

−𝜁𝜖𝜌𝜏𝑖𝑗𝑘𝜕̃𝜏 (𝜏
𝜕𝜁

𝜕𝑦𝑚
ℎ̃𝑛𝑚𝐹̃𝑗𝑘𝜕𝜏ℎ̃𝑛𝑖) + 𝒪(𝜖

2)  

=𝑒−𝜁𝜖𝜌𝜏𝑖𝑗𝑘 (𝜕̃𝜏 [𝐹̃𝑘𝑖 (𝜔̃𝑗 + 2
𝜕𝜁

𝜕𝑦𝑗
)] + 2𝜕̃𝑖 [(𝜔̃𝑗 + 2

𝜕𝜁

𝜕𝑦𝑗
) 𝐹̃𝜏𝑘] − 𝜕̃𝑚[ℎ̃

𝑛𝑚𝐹̃𝑗𝑘𝜕𝜏ℎ̃𝑛𝑖]) + 𝒪(𝜖
2)

 

𝐸𝑣𝑣 =2𝜕𝑣[𝜖
𝑟𝑣𝑖𝑗𝑘𝜕𝑣(𝐹𝑗𝑘𝜔𝑖) + 2𝜖

𝑟𝑣𝑖𝑗𝑘𝜕𝑖(𝜔𝑗𝐹𝑣𝑘) − 𝜖
𝑟𝑣𝑖𝑗𝑘𝜕𝑚(ℎ

𝑛𝑚𝐹𝑗𝑘𝜕𝑣ℎ𝑛𝑖)] + 𝒪(𝜖
2)

=2𝑒−2𝜁𝜕̃𝜏 (𝜖
𝜌𝜏𝑖𝑗𝑘𝜕̃𝜏 [𝐹̃𝑗𝑘 (𝜔̃𝑖 + 2

𝜕𝜁

𝜕𝑦𝑖
)] + 2𝜖𝜌𝜏𝑖𝑗𝑘𝜕̃𝑖 [(𝜔̃𝑗 + 2

𝜕𝜁

𝜕𝑦𝑗
) 𝐹̃𝜏𝑘])

 −2𝑒−2𝜁𝜕̃𝜏(𝜖
𝜌𝜏𝑖𝑗𝑘𝜕̃𝑚[ℎ̃

𝑛𝑚𝐹̃𝑗𝑘𝜕𝜏ℎ̃𝑛𝑖]) + 𝒪(𝜖
2)
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𝐸𝑣𝑣 = 𝑒
−2𝜁𝐸𝜏𝜏 

𝐸𝜏𝜏|𝜌=0 = 𝜕𝜏 [
1

√ℎ̃
𝜕𝜏 (√ℎ̃𝒥̃

𝜏) + ∇̃𝑖𝒥̃
𝑖] + 𝒪(𝜖2)  

𝒥̃𝜏 = 2𝜖𝜌𝜏𝑖𝑗𝑘𝐹̃𝑗𝑘 (𝜔̃𝑖 + 2
𝜕𝜁

𝜕𝑦𝑖
) , 𝒥̃𝑖 = 4𝜖𝜌𝜏𝑖𝑗𝑘 (𝜔̃𝑗 + 2

𝜕𝜁

𝜕𝑦𝑗
) 𝐹̃𝜏𝑘 − 2𝜖

𝜌𝜏𝑚𝑗𝑘ℎ̃𝑛𝑖𝐹̃𝑗𝑘𝜕𝜏ℎ̃𝑛𝑚  

𝒥̃𝑒𝑥
𝜏 = 4𝜖𝜌𝜏𝑖𝑗𝑘𝐹̃𝑗𝑘

𝜕𝜁

𝜕𝑦𝑖
, 𝒥̃𝑒𝑥
𝑖 = 8𝜖𝜌𝜏𝑖𝑗𝑘

𝜕𝜁

𝜕𝑦𝑗
𝐹̃𝜏𝑘  

𝜕𝜏(√ℎ𝒥̃𝑒𝑥
𝜏 ) = 4𝜀𝜌𝜏𝑖𝑗𝑘𝜕𝜏𝐹̃𝑗𝑘

𝜕𝜁

𝜕𝑦𝑖
= 4𝜀𝜌𝜏𝑖𝑗𝑘𝜕[𝜏𝐹̃𝑗𝑘]

𝜕𝜁

𝜕𝑦𝑖
= 0

𝜕𝑖(√ℎ𝒥̃𝑒𝑥
𝑖 ) = 8𝜀𝜌𝜏𝑖𝑗𝑘𝜕[𝑖𝐹̃𝜏𝑘]

𝜕𝜁

𝜕𝑦𝑗
+ 8𝜀𝜌𝜏𝑖𝑗𝑘𝐹̃𝜏𝑘

𝜕𝜁

𝜕𝑦[𝑖𝑦𝑗]
= 0

 

1

√ℎ̃
𝜕𝜏 (√ℎ̃𝒥̃𝑒𝑥

𝜏 ) + ∇̃𝑖𝒥̃𝑒𝑥
𝑖 = 0  

∫  𝑑3𝑦√ℎ̃𝐽𝑒𝑥
𝜏 = ∫  𝑑3𝑦4𝜀𝜌𝜏𝑖𝑗𝑘𝐹̃𝑗𝑘𝜕𝑖𝜁 = ∫  𝑑

3𝑦[4𝜕𝑖(𝜀
𝜌𝜏𝑖𝑗𝑘𝐹̃𝑗𝑘𝜁) + 4𝜀

𝜌𝜏𝑖𝑗𝑘𝜕𝑖𝐹̃𝑗𝑘𝜁] 

 = ∫  𝑑3𝑦√ℎ̃∇𝑖[4𝜖
𝜌𝜏𝑖𝑗𝑘𝐹̃𝑗𝑘𝜁] = 0

 

2𝑣𝐸𝑣𝑣 + 𝐺𝑣(𝑣𝐴𝑣 + Λ) = (−Θ
𝑟 + Ξ𝑟 + 𝐷𝜌𝑄

𝑟𝜌)|
𝑟=0
.  

𝐺𝑣(𝑣𝐴𝑣 + Λ) ∼ 𝒪(𝜖
2) 

Θ𝑟|𝑟=0 = Θ(1) + 𝑣Θ(2),  𝑄
𝑟𝑣|𝑟=0 = 𝑄(0) + 𝑣𝑄(1),  𝑄

𝑟𝑖|
𝑟=0

= 𝐽(1)
𝑖 + 𝑣𝜕𝑣𝐽(1)

𝑖 .  

Θ𝑟|𝑟=0 = (1 + 𝑣𝜕𝑣)𝒜(1) + 𝑣𝜕𝑣
2ℬ(0).  

ℬ(0) ∼ 𝑋(−𝑘+𝑚)𝜕𝑣
𝑘−𝑚𝑌(0) ∼ 𝒪(𝜖).  

𝑄𝑟𝜇 = 𝑄̃𝑟𝜇 + 𝑣𝑊𝑣
𝑟𝜇
.  

2𝐸𝑣𝑣|𝑟=0 = −𝜕𝑣 (
1

√ℎ
𝜕𝑣[√ℎ(𝑄̃

𝑟𝑣 + ℬ(0))] + ∇𝑖[𝑄̃
𝑟𝑖 − 𝐽(1)

𝑖 ]) + 𝒪(𝜖2).  

𝑊𝑣
𝑟𝑖 = 𝜕𝑣𝐽(1)

𝑖 + 𝒪(𝜖2) 

𝒥𝑣 = −
1

2
(𝑄̃𝑟𝑣 + ℬ(0)),  and  𝒥𝑖 = −

1

2
(𝑄̃𝑟𝑖 − 𝐽(1)

𝑖 )  

𝛿𝐿 =
𝜕𝐿

𝜕𝐴𝜇
𝛿𝐴𝜇 +

𝜕𝐿

𝜕𝐹𝜇𝜈
𝛿𝐹𝜇𝜈 +

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝛿Γ𝜆 𝜇𝜈 +

𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
𝛿𝑅𝛼 𝛽𝜇𝜈 +

𝜕𝐿

𝜕𝑔𝜇𝜈
𝛿𝑔𝜇𝜈 .  
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𝐸𝜇𝜈=
1

2
𝐿𝑔𝜇𝜈 − 𝑔𝜇𝛼𝑔𝜈𝛽

𝜕𝐿

𝜕𝑔𝛼𝛽
− 𝐷𝛼𝑆

𝛼𝜇𝜈, 𝐺𝜇 =
𝜕𝐿

𝜕𝐴𝜇
+ 2𝐷𝜈

𝜕𝐿

𝜕𝐹𝜇𝜈
 

Θ𝜇 = 2
𝜕𝐿

𝜕𝐹𝜇𝜈
𝛿𝐴𝜈 + 2

𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
𝛿Γ𝛼  𝛽𝜈 + 𝑆

𝜇𝛼𝛽𝛿𝑔𝛼𝛽

 

𝑆𝜇𝛼𝛽 =
1

2
𝐷𝜈 [𝑔

𝛼𝜆 (
𝜕𝐿

𝜕𝑅𝜆 𝛽𝜇𝜈
+

𝜕𝐿

𝜕𝑅𝜆 𝜇𝛽𝜈
) + 𝑔𝛽𝜆 (

𝜕𝐿

𝜕𝑅𝜆 𝛼𝜇𝜈
+

𝜕𝐿

𝜕𝑅𝜆 𝜇𝛼𝜈
)

−𝑔𝜇𝜆 (
𝜕𝐿

𝜕𝑅𝜆 𝛽𝛼𝜈
+

𝜕𝐿

𝜕𝑅𝜆 𝛼𝛽𝜈
)] +

1

2
(𝑔𝛼𝜆

𝜕𝐿

𝜕Γ𝜆 𝛽𝜇
+ 𝑔𝛽𝜆

𝜕𝐿

𝜕Γ𝜆 𝛼𝜇
− 𝑔𝜇𝜆

𝜕𝐿

𝜕Γ𝜆 𝛽𝛼
) .

 

𝛿𝐴𝜇 = ℒ𝜉𝐴𝜇 + 𝐷𝜇Λ

𝛿Γ𝜆 𝜇𝜈 = ℒ𝜉Γ
𝜆 𝜇𝜈 + 𝜕𝜇𝜕𝜈𝜉

𝜆.
 

𝛿𝐿 =
𝜕𝐿

𝜕𝐴𝜇
ℒ𝜉𝐴𝜇 +

𝜕𝐿

𝜕𝐹𝜇𝜈
ℒ𝜉𝐹𝜇𝜈 +

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
ℒ𝜉Γ

𝜆 𝜇𝜈 +
𝜕𝐿

𝜕𝑅𝛼  𝛽𝜇𝜈
ℒ𝜉𝑅

𝛼 𝛽𝜇𝜈 +
𝜕𝐿

𝜕𝑔𝜇𝜈
ℒ𝜉𝑔

𝜇𝜈

 +
𝜕𝐿

𝜕𝐴𝜇
𝐷𝜇Λ +

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜇𝜕𝜈𝜉

𝜆 = ℒ𝜉𝐿 +
𝜕𝐿

𝜕𝐴𝜇
𝐷𝜇Λ +

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜇𝜕𝜈𝜉

𝜆

 

𝛿𝜉(√−𝑔𝐿) = √−𝑔𝐷𝜇(𝜉
𝜇𝐿) + √−𝑔𝐷𝜇Ξ

𝜇 −√−𝑔Λ𝐷𝜇
𝜕𝐿

𝜕𝐴𝜇
+ 𝜉𝜆𝜕𝜇𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜇𝜈
𝜆
)  

Ξ𝜇 =
𝜕𝐿

𝜕𝐴𝜇
Λ +

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆 −
1

√−𝑔
𝜉𝜆𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)  

𝐷𝜇
𝜕𝐿

𝜕𝐴𝜇
= 0, 𝜕𝜇𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
) = 0  

𝑄𝜇𝜈 = 2
𝜕𝐿

𝜕𝐹𝜇𝜈
(𝐴𝜆𝜉

𝜆 + Λ) + 2
𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
𝐷𝛽𝜉

𝛼 + 𝜉𝛼(𝑆
𝜇𝜈𝛼 − 𝑆𝜈𝜇𝛼) + 𝜉𝜆𝐷𝛽 [

𝜕𝐿

𝜕𝑅𝜆 𝜇𝜈𝛽
−

𝜕𝐿

𝜕𝑅𝜆 𝜈𝜇𝛽
] , 

𝐿 = 𝜖𝜇𝜈𝜌𝜎𝛿𝐴𝜇𝑅𝛽𝜈𝜌
𝛼 𝑅𝛼𝜎𝛿

𝛽
 

𝐿 = 𝐿(𝑔𝜇𝜈, Γ𝛼 𝛽𝜇 , 𝑅
𝛼 𝛽𝜇𝜈, 𝐴𝜇 , 𝐹𝜇𝜈) 

𝐿𝑛 = ℒ̃
𝜈1⋯𝜈𝑛∏ 

𝑛

𝑖=1

 𝐴𝜈𝑖  

𝐷𝜇
𝜕𝐿𝑛
𝜕𝐴𝜇

= 0⟹ 𝑛𝐷𝜇ℒ̃
𝜇𝜈1⋯𝜈𝑛−1 = 0  and  𝑛(𝑛 − 1)ℒ̃𝜇𝜈𝜈1⋯𝜈𝑛−2 = 0  

𝐿 = ℒ̃ + ℒ̃𝜇𝐴𝜇  

ℒ̃𝜇 =

{
 
 

 
 𝐷𝜈ℬ

𝜈𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖   if  2𝑛 + 1 < 𝐷

𝑎𝑔𝜖
𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖   if  2𝑛 + 1 = 𝐷
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𝐿 = ℒ + 𝐷𝜇 [𝐴𝜈∑  

𝑁−1

𝑛=0

 ℬ𝜇𝜈𝜌1𝜎1⋯𝜌𝑛𝜎𝑛 (∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)] + 𝑎𝑔𝜖
𝜇𝜌1𝜎1⋯𝜌𝑁𝜎𝑁𝐴𝜇∏ 

𝑁

𝑖=1

 𝐹𝜌𝑖𝜎𝑖  

𝐿 = ℒ + 𝐷𝜇(𝑈
𝜇𝜈𝐴𝜈)  

ℒ = 2𝜖𝜇𝜈𝜆𝜌𝜎𝐹𝜇𝜈Γ
𝛼 𝜆𝛽 (

1

2
𝑅𝛽 𝛼𝜌𝜎 −

1

3
Γ𝛽 𝜌𝜏Γ

𝜏 𝛼𝜎)  

𝑈𝜇𝜈 = −4𝜖𝜇𝜈𝜆𝜌𝜎Γ𝜆𝛽
𝛼 (
1

2
𝑅𝛼𝜌𝜎
𝛽

−
1

3
Γ𝜌𝜏
𝛽
Γ𝛼𝜎
𝜏 )  

𝐿 = 𝜖𝜇𝜈𝜆𝜌𝜎𝐴𝜇𝐹𝜈𝜆𝐹𝜌𝜎  

𝐿 = ℒ⏟
Gauge invariant 

+ 𝐷𝜇(𝑈
𝜇𝜈𝐴𝜈)⏟      

total derivative 

+ 𝑎𝑔𝜖
𝜇𝜌1𝜎1⋯𝜌𝑁𝜎𝑁𝐴𝜇∏ 

𝑁

𝑖=1

 𝐹𝜌𝑖𝜎𝑖
⏟                  

pure gauge 

,
 

2𝑣𝐸𝑣𝑣 + 𝐺𝑣(𝑣𝐴𝑣 + Λ) = (−Θ
𝑟 + Ξ𝑟 + 𝐷𝜌𝑄

𝑟𝜌)|
𝑟=0

 

 

ℒ𝜇 = 𝑈𝜇𝜈𝐴𝜈 

𝑄𝑡
𝑟𝜌
|
𝑟=0
= 𝑈𝑟𝜆𝐴𝜆𝜉

𝜌 = 𝑣𝑈𝑟𝜆𝐴𝜆𝛿
𝜌 𝑣  

⟹
1

√ℎ
𝜕𝜌(√ℎ𝑄𝑡

𝑟𝜌
)|
𝑟=0

 =
1

√ℎ
(1 + 𝑣𝜕𝑣)(√ℎ𝑈

𝑟𝜌𝐴𝜌)

 = (1 + 𝑣𝜕𝑣)(𝑈
𝑟𝜌𝐴𝜌) +

1

2
𝑣𝐴𝑣𝑈

𝑟𝑣ℎ𝑚𝑛𝜕𝑣ℎ𝑚𝑛 + 𝒪(𝜖
2)

 

Ξ𝑡
𝑟|𝑟=0= 𝑈

𝑟𝜌𝐷𝜌Λ  

Θ𝑡
𝑟|𝑟=0 = 𝐴𝑣ℒ𝜉𝑈

𝑟𝑣 + 𝐴𝑖ℒ𝜉𝑈
𝑟𝑖 + 𝑈𝑟𝑣ℒ𝜉𝐴𝑣 + 𝑈

𝑟𝑖ℒ𝜉𝐴𝑖 +
1

2
𝑈𝑟𝑣𝑣𝐴𝑣ℎ

𝑚𝑛𝜕𝑣ℎ𝑚𝑛 + 𝒪(𝜖
2)

 = (1 + 𝑣𝜕𝑣)(𝑈
𝑟𝑣𝐴𝑣 +𝑈

𝑟𝑖𝐴𝑖) + 𝑈
𝑟𝜌𝜕𝜌Λ +

1

2
𝑈𝑟𝑣𝑣𝐴𝑣ℎ

𝑚𝑛𝜕𝑣ℎ𝑚𝑛

 

−Θ𝑡
𝑟|𝑟=0 + Ξ𝑡

𝑟|𝑟=0 +
1

√ℎ
𝜕𝜌(√ℎ𝑄𝑡

𝑟𝜌
)|
𝑟=0

= 0  

𝐿𝑔 = 𝑎𝑔𝜖
𝜇𝜌1𝜎1⋯𝜌𝑁𝜎𝑁𝐴𝜇∏ 

𝑁

𝑖=1

 𝐹𝜌𝑖𝜎𝑖  

[𝐷𝜌𝑄𝑔
𝑟𝜌
− Θ𝑔

𝑟 + Ξ𝑔
𝑟]|

𝑟=0
− 𝐺𝑔

𝑟(𝐴𝜌𝜉
𝜌 + Λ) = −𝑣 (

𝜕𝐿𝑔

𝜕𝐴𝑟
𝐴𝑣 + 2

𝜕𝐿𝑔

𝜕𝐹𝑟𝑖
𝐹𝑣𝑖)  

[𝐷𝜌𝑄𝑔
𝑟𝜌
− Θ𝑔

𝑟 + Ξ𝑔
𝑟]|

𝑟=0
− 𝐺𝑔

𝑟(𝐴𝜌𝜉
𝜌 + Λ) = 0  

𝛿ℒ = ℒ𝜉ℒ +
𝜕ℒ

𝜕Γ𝜆 𝜇𝜈
𝜕𝜇𝜕𝜈𝜉

𝜆  
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𝜕ℒ

𝜕Γ𝜆 𝜇𝜈
𝜕𝜇𝜕𝜈𝜉

𝜆 = 𝐷𝜇Ξℒ
𝜇
+

𝜉𝜆

√−𝑔
𝜕𝜇𝜕𝜈 (√−𝑔

𝜕ℒ

𝜕Γ𝜆 𝜇𝜈
)  

𝐷𝜇Ξℒ
𝜇
=

𝜕ℒ

𝜕Γ𝜆 𝜇𝜈
𝜕𝜇𝜕𝜈𝜉

𝜆  

𝐷𝜇Ξℒ
𝜇
|
𝑟=0

= 0 

Ξℒ
𝜇
= 𝐷𝜈𝑞

𝜇𝜈  

𝑞𝑟𝜌 ∣= 𝑞̃𝑟𝜌 + 𝑣𝑤𝑣
𝑟𝜌

 

Ξℒ
𝑟 =

1

√ℎ
𝜕𝜌(√ℎ𝑞̃

𝑟𝜌) + (1 + 𝑣𝜕𝑣)𝑤𝑣
𝑟𝑣 + 𝑣𝜕𝑣 (

1

√ℎ
𝜕𝑖(√ℎ𝑗(1)

𝑖 )) + 𝒪(𝜖2).  

𝐺ℒ
𝜇
=
𝜕ℒ

𝜕𝐴𝜇
+ 2𝐷𝜈

𝜕ℒ

𝜕𝐹𝜇𝜈

Θℒ
𝜇
= 2

𝜕ℒ

𝜕𝐹𝜇𝜈
𝛿𝐴𝜈 + 2

𝜕ℒ

𝜕𝑅𝛼  𝛽𝜇𝜈
𝛿Γ𝛼  𝛽𝜈 + 𝑆ℒ

𝜇𝛼𝛽
𝛿𝑔𝛼𝛽

𝑄ℒ
𝜇𝜈
= 2

𝜕ℒ

𝜕𝐹𝜇𝜈
(𝐴𝜆𝜉

𝜆 + Λ) + 2
𝜕ℒ

𝜕𝑅𝛼 𝛽𝜇𝜈
𝐷𝛽𝜉

𝛼 + 𝜉𝛼(𝑆ℒ
𝜇𝜈𝛼

− 𝑆ℒ
𝜈𝜇𝛼
) + 𝜉𝜆𝐷𝛽 [

𝜕ℒ

𝜕𝑅𝜆 𝜇𝜈𝛽
−

𝜕ℒ

𝜕𝑅𝜆 𝜈𝜇𝛽
]

 

𝑆ℒ
𝜇𝛼𝛽

=
1

2
𝐷𝜈[𝑔

𝛼𝜆 (
𝜕ℒ

𝜕𝑅𝜆 𝛽𝜇𝜈
+

𝜕ℒ

𝜕𝑅𝜆 𝜇𝛽𝜈
) + 𝑔𝛽𝜆 (

𝜕ℒ

𝜕𝑅𝜆 𝛼𝜇𝜈
+

𝜕ℒ

𝜕𝑅𝜆 𝜇𝛼𝜈
)

−𝑔𝜇𝜆 (
𝜕ℒ

𝜕𝑅𝜆 𝛽𝛼𝜈
+

𝜕ℒ

𝜕𝑅𝜆 𝛼𝛽𝜈
)] +

1

2
(𝑔𝛼𝜆

𝜕ℒ

𝜕Γ𝜆 𝛽𝜇
+ 𝑔𝛽𝜆

𝜕ℒ

𝜕Γ𝜆 𝛼𝜇
− 𝑔𝜇𝜆

𝜕ℒ

𝜕Γ𝜆 𝛽𝛼
) .

 

Θℒ
𝜇
= Θℒ

𝜇
|
gauge 

+Θℒ
𝜇
|
gravity  

Θℒ
𝜇
|
gauge 

= 2
𝜕ℒ

𝜕𝐹𝜇𝜈
𝛿𝐴𝜈 ,  Θℒ

𝜇
|
gravity 

= 2
𝜕ℒ

𝜕𝑅𝛼 𝛽𝜇𝜈
𝛿Γ𝛼  𝛽𝜈 + 𝑆ℒ

𝜇𝛼𝛽
𝛿𝑔𝛼𝛽

𝑄ℒ
𝜇𝜈
= 𝑄ℒ

𝜇𝜈
|
gauge 

+ 𝑄ℒ
𝜇𝜈
|
gravity 

 

𝑄ℒ
𝜇𝜈
|
gauge 

= 2
𝜕ℒ

𝜕𝐹𝜇𝜈
(𝐴𝜆𝜉

𝜆 + Λ)  

𝑄ℒ
𝜇𝜈
|
gravity 

 = 2
𝜕ℒ

𝜕𝑅𝛼 𝛽𝜇𝜈
𝐷𝛽𝜉

𝛼 + 𝜉𝛼(𝑆ℒ
𝜇𝜈𝛼

− 𝑆ℒ
𝜈𝜇𝛼
) + 𝜉𝜆𝐷𝛽 [

𝜕ℒ

𝜕𝑅𝜆 𝜇𝜈𝛽
−

𝜕ℒ

𝜕𝑅𝜆 𝜈𝜇𝛽
] .

 

[𝐷𝜌𝑄ℒ
𝑟𝜌
− Θℒ

𝑟]|
gauge 

− 𝐺ℒ
𝑟(𝐴𝜌𝜉

𝜌 + Λ) = 𝒪(𝜖2)  

𝑄ℒ
𝑟𝜌
|
gravity 

=2
𝜕ℒ

𝜕𝑅𝛼  𝛽𝑟𝜌
𝐷𝛽𝜉

𝛼 + 𝑣(𝑆ℒ
𝑟𝜌𝑟

− 𝑆ℒ
𝜌𝑟𝑟
) + 𝑣𝐷𝛽 [

𝜕ℒ

𝜕𝑅𝑣  𝑟𝜌𝛽
−

𝜕ℒ

𝜕𝑅𝑣 𝜌𝑟𝛽
]

=2
𝜕ℒ

𝜕𝑅𝑣  𝑣𝑟𝜌
− 2

𝜕ℒ

𝜕𝑅𝑟 𝑟𝑟𝜌
+ 𝑣

𝜕ℒ

𝜕𝑅𝑚 𝑟𝑟𝜌
𝜔𝑚 − 𝑣

𝜕ℒ

𝜕𝑅𝑣 𝑚𝑟𝜌
𝜔𝑚 + 𝑣

𝜕ℒ

𝜕𝑅𝑛 𝑚𝑟𝜌
ℎ𝑛𝑙𝜕𝑣ℎ𝑚𝑙

 +𝑣 (𝑔𝜌𝜆
𝜕ℒ

𝜕Γ𝜆 𝑟𝑟
−

𝜕ℒ

𝜕Γ𝑣  𝑟𝜌
) + 2𝑣𝐷𝛽 [𝑔

𝜌𝜆
𝜕ℒ

𝜕𝑅𝜆 𝑟𝑟𝛽
−

𝜕ℒ

𝜕𝑅𝑣 𝜌𝑟𝛽
]
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𝑄ℒ
𝑟𝜌
|
gravity 

= 𝑄̃𝑟𝜌 + 𝑣𝑊𝑣
𝑟𝜌
,  

𝑊𝑣  
𝑟𝑖 = 𝜕𝑣𝐽

𝑖 (1) + 𝒪(𝜖
2)  

1

√ℎ
𝜕𝑣(√ℎ𝑣𝑊𝑣

𝑟𝑣) = (1 + 𝑣𝜕𝑣)𝑊𝑣
𝑟𝑣

1

√ℎ
𝜕𝑖(√ℎ𝑣𝑊𝑣

𝑟𝑖) = 𝑣𝜕𝑣 (
1

√ℎ
𝜕𝑖(√ℎ𝐽(1)

𝑖 )) + 𝒪(𝜖2)

 

𝐷𝜌𝑄ℒ
𝑟𝜌
|
gravity 

=
1

√ℎ
𝜕𝜌(√ℎ𝑄ℒ

𝑟𝜌
)|

gravity 

=
1

√ℎ
𝜕𝜌(√ℎ𝑄̃

𝑟𝜌) + (1 + 𝑣𝜕𝑣)𝑊𝑣
𝑟𝑣

 +𝑣𝜕𝑣 (
1

√ℎ
𝜕𝑖(√ℎ𝐽(1)

𝑖 )) + 𝒪(𝜖2)

 

𝐸ℒ
𝑟𝛼𝛽𝜈

=
1

2
(𝑔𝛼𝜆

𝜕ℒ

𝜕𝑅𝜆 𝛽𝑟𝜈
+ 𝑔𝛼𝜆

𝜕ℒ

𝜕𝑅𝜆 𝜈𝑟𝛽
+ 𝑔𝛽𝜆

𝜕ℒ

𝜕𝑅𝜆 𝛼𝑟𝜈
+ 𝑔𝛽𝜆

𝜕ℒ

𝜕𝑅𝜆 𝜈𝑟𝛼
− 𝑔𝜈𝜆

𝜕ℒ

𝜕𝑅𝜆 𝛽𝑟𝛼
− 𝑔𝜈𝜆

𝜕ℒ

𝜕𝑅𝜆 𝛼𝑟𝛽
) 

Θℒ
𝑟|gravity  = −(1 + 𝑣𝜕𝑣)(𝐸ℒ

𝑟𝑚𝑛𝑟𝜕𝑟ℎ𝑚𝑛) + 𝑣𝜕𝑣
2(𝐽(1)

𝑚𝑛𝜕𝑟ℎ𝑚𝑛) + 𝒪(𝜖
2)

 = (1 + 𝑣𝜕𝑣)𝒜(1) + 𝑣𝜕𝑣
2ℬ(0) + 𝒪(𝜖

2)
 

𝐸ℒ
𝑟𝑚𝑛𝑟 =

1

2
(ℎ𝑚𝑙

𝜕ℒ

𝜕𝑅𝑙 𝑟𝑟𝑛
+ ℎ𝑛𝑙

𝜕ℒ

𝜕𝑅𝑙 𝑟𝑟𝑚
−

𝜕ℒ

𝜕𝑅𝑣 𝑟𝑟𝑚
−

𝜕ℒ

𝜕𝑅𝑣 𝑚𝑟𝑛
) .  

2𝑣𝐸𝑣𝑣 =
1

√ℎ
𝜕𝜌(√ℎ𝑄ℒ

𝑟𝜌
) − Θℒ

𝑟 + Ξℒ
𝑟 − 𝐺ℒ

𝑟(𝐴𝜌𝜉
𝜌 + Λ)

=𝑣𝜕𝑣 (𝑊𝑣  
𝑟𝑣 +𝑤𝑣  

𝑟𝑣 −𝒜(1) +
1

√ℎ
𝜕𝑖 (√ℎ(𝐽

𝑖 (1) + 𝑗
𝑖 (1))) −

1

√ℎ
𝜕𝑣(√ℎℬ(0)))

 +
1

√ℎ
𝜕𝜌 (√ℎ(𝑄̃

𝑟𝜌 + 𝑞̃𝑟𝜌)) +𝑊𝑣  
𝑟𝑣 +𝑤𝑣  

𝑟𝑣 −𝒜(1) +𝒪(𝜖
2)

 

𝒜(1)= 𝑊𝑣  
𝑟𝑣 +𝑤𝑣  

𝑟𝑣 +
1

√ℎ
𝜕𝑣 (√ℎ(𝑄̃

𝑟𝑣 + 𝑞̃𝑟𝑣)) +
1

√ℎ
𝜕𝑖 (√ℎ(𝑄̃

𝑟𝑖 + 𝑞̃𝑟𝑖)) + 𝒪(𝜖2)  

2𝐸𝑣𝑣 = 𝜕𝑣 (𝑊𝑣  
𝑟𝑣 + 𝑤𝑣  

𝑟𝑣 −𝒜(1) +
1

√ℎ
𝜕𝑖 (√ℎ(𝐽

𝑖 (1) + 𝑗
𝑖 (1))) −

1

√ℎ
𝜕𝑣(√ℎℬ(0))) + 𝒪(𝜖

2)

 

2𝐸𝑣𝑣 = −𝜕𝑣 (
1

√ℎ
𝜕𝑣 (√ℎ(𝑄̃

𝑟𝑣 + 𝑞̃𝑟𝑣 + ℬ(0))) +
1

√ℎ
𝜕𝑖 (√ℎ(𝑄̃

𝑟𝑖 + 𝑞̃𝑟𝑖 − 𝐽𝑖 (1) − 𝑗
𝑖 (1)))) + 𝒪(𝜖

2) 

𝒥𝑣 = −
1

2
(𝑄̃𝑟𝑣 + 𝑞̃𝑟𝑣 + ℬ(0)), 𝒥

𝑖 = −
1

2
(𝑄̃𝑟𝑖 + 𝑞̃𝑟𝑖 − 𝐽(1)

𝑖 − 𝑗(1)
𝑖 )  

Θ𝑟 = (1 + 𝑣𝜕𝑣)𝒜(1) + 𝑣𝜕𝑣
2ℬ(0) + 𝒪(𝜖

2)

𝑄𝑟𝑣 = 𝑄̃𝑟𝑣 + 𝑣𝑊𝑣
𝑟𝑣 , 𝑄𝑟𝑖 = 𝑄̃𝑟𝑖 + 𝑣𝑊𝑣

𝑟𝑖, 𝑊𝑣
𝑟𝑖 = 𝜕𝑣𝐽(1)

𝑖 + 𝒪(𝜖2)

Ξ𝑟 =
1

√ℎ
𝜕𝑣(√ℎ𝑞̃

𝑟𝑣) +
1

√ℎ
𝜕𝑖(√ℎ𝑞̃

𝑟𝑖) + (1 + 𝑣𝜕𝑣)𝑤𝑣
𝑟𝑣 + 𝑣𝜕𝑣 (

1

√ℎ
𝜕𝑖(√ℎ𝑗(1)

𝑖 )) + 𝒪(𝜖2)
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𝒥𝑣 = −
1

2
(𝑄̃𝑟𝑣 + 𝑞̃𝑟𝑣 + ℬ(0)), 𝒥

𝑖 = −
1

2
(𝑄̃𝑟𝑖 + 𝑞̃𝑟𝑖 − 𝐽(1)

𝑖 − 𝑗(1)
𝑖 )  

𝐿 = 𝜖𝜇𝜈𝜆𝐹𝜇𝜈𝐴𝜆  

𝐺𝜇 = 2𝜖𝜇𝜈𝜆𝐹𝜈𝜆, Θ
𝜇 = 2𝜖𝜇𝜈𝜆𝐴𝜆𝛿𝐴𝜈 , Ξ

𝜇 = 𝜖𝜇𝜈𝜆𝐹𝜈𝜆Λ,𝑄
𝜇𝜈 = 2𝜖𝜇𝜈𝜆𝐴𝜆[𝐴𝛼𝜉

𝛼 + Λ]  

⟹𝐷𝜌𝑄
𝑟𝜌 − Θ𝑟 + Ξ𝑟 = 𝒪(𝜖2)  

ℒ = 𝜖𝜆𝜇𝜈Γ𝜌 𝜆𝜎 (𝜕𝜇Γ
𝜎  𝜌𝜈 +

2

3
Γ𝜎  𝜇𝜏Γ

𝜏 𝜌𝜈)  

Θ𝜇= 𝜖𝛼𝜌𝜎𝑅𝜇𝛽 𝜌𝜎𝛿𝑔𝛼𝛽 + 𝜖
𝜆𝜇𝜈Γ𝛽 𝜆𝛼𝛿Γ

𝛼  𝛽𝜈, Ξ
𝜇 = 𝜖𝜇𝜈𝜆(𝜕𝜈Γ

𝜎 𝜌𝜆)(𝜕𝜎𝜉
𝜌),

𝑄𝜇𝜈  = 𝜖𝜈𝜌𝜎𝑅𝜇𝜆 𝜌𝜎𝜉𝜆 − 𝜖
𝜇𝜌𝜎𝑅𝜈 𝜆𝜌𝜎𝜉

𝜆 + 𝜖𝜆𝜌𝜎𝑅𝜇𝜈 𝜌𝜎𝜉𝜆 + 𝜖
𝜇𝜈𝜆Γ𝜌 𝜆𝜎𝐷𝜌𝜉

𝜎 .
 

Ξ𝜇 = 𝜖𝜇𝜈𝜆(𝜕𝜈Γ𝜌𝜆
𝜎 )(𝜕𝜎𝜉

𝜌) + 𝐷𝜈𝐿
𝜇𝜈 → Ξ𝜇 + 𝐷𝜈𝐿

𝜇𝜈

𝑄𝜇𝜈 = 𝜖𝜈𝜌𝜎𝑅𝜌𝜎
𝜇𝜆
𝜉𝜆 − 𝜖

𝜇𝜌𝜎𝑅𝜆𝜌𝜎
𝜈 𝜉𝜆 + 𝜖𝜆𝜌𝜎𝑅𝜌𝜎

𝜇𝜈
𝜉𝜆 + 𝜖

𝜇𝜈𝜆Γ𝜆𝜎
𝜌
𝐷𝜌𝜉

𝜎 − 𝐿𝜇𝜈 → 𝑄𝜇𝜈 − 𝐿𝜇𝜈

 where 𝐿𝜇𝜈 =
1

2
𝜉𝜆(𝜖𝜈𝜌𝜎𝜕𝜌Γ𝜎𝜆

𝜇
− 𝜖𝜇𝜌𝜎𝜕𝜌Γ𝜎𝜆

𝜈 ). 

 

Θ𝑟|𝑟=0 = (1 + 𝑣𝜕𝑣) [𝜖
𝑟𝑣𝑥
𝜕𝑣ℎ

2ℎ
(𝜔 +

𝜕𝑥ℎ

2ℎ
)] + 𝒪(𝜖2),⟹ ℬ(0) = 0

Ξ𝑟|𝑟=0 = −
1

√ℎ
𝜕𝑣(√ℎ𝜖

𝑟𝑣𝑥𝜔),⟹ 𝑞̃𝑟𝑣 = −𝜖𝑟𝑣𝑥𝜔, 𝑞̃𝑟𝑥 = 0, 𝑗(1)
𝑥 = 0

𝑄̃𝑟𝑣 = −𝜖𝑟𝑣𝑥𝜔, 𝑄̃𝑟𝑥 = 0,𝑊𝑣
𝑟𝑥 = 𝜕𝑣 [−

2𝜖𝑟𝑣𝑥𝜕𝑣ℎ

ℎ
] + 𝒪(𝜖2) ⟹ 𝐽(1)

𝑥 = −
2

ℎ
𝜖𝑟𝑣𝑥𝜕𝑣ℎ

𝑊𝑣
𝑟𝑣 = 𝜖𝑟𝑣𝑥 (2𝜕𝑣𝜔+

𝜔

2ℎ
𝜕𝑣ℎ +

1

4ℎ2
(𝜕𝑣ℎ)(𝜕𝑥ℎ))

 

𝒥𝑣= −
1

2
(𝑄̃𝑟𝑣 + 𝑞̃𝑟𝑣 + ℬ(0)) = 𝜖

𝑟𝑣𝑥𝜔  

𝒥𝑥 = −
1

2
(𝑄̃𝑟𝑥 + 𝑞̃𝑟𝑥 − 𝐽(1)

𝑥 − 𝑗(1)
𝑥 ) = −𝜖𝑟𝑣𝑥

𝜕𝑣ℎ

ℎ

 

𝑠𝐼𝑊𝑇 = −2(
𝜕𝐿

𝜕𝑅𝑣𝑟𝑣
𝑣 −

𝜕𝐿

𝜕𝑅𝑟𝑟𝑣
𝑟 ) = 𝜖𝑟𝑣𝑥𝜔 = 𝒥𝑣  

𝐿 = 𝜖𝜇𝜈𝜌𝜎𝛿𝐴𝜇𝑅𝛽𝜈𝜌
𝛼 𝑅𝛼𝜎𝛿

𝛽
 

𝐿 = ℒ + 𝐷𝜇(𝑈
𝜇𝜈𝐴𝜈)  

ℒ = 2𝜖𝜇𝜈𝜆𝜌𝜎𝐹𝜇𝜈Γ
𝛼 𝜆𝛽 (

1

2
𝑅𝛽 𝛼𝜌𝜎 −

1

3
Γ𝛽 𝜌𝜏Γ

𝜏 𝛼𝜎)  

𝑈𝜇𝜈 = −4𝜖𝜇𝜈𝜆𝜌𝜎Γ𝜆𝛽
𝛼 (
1

2
𝑅𝛼𝜌𝜎
𝛽

−
1

3
Γ𝜌𝜏
𝛽
Γ𝛼𝜎
𝜏 )  
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Θ𝜇 =−𝑈𝜇𝜈𝛿𝐴𝜈 + 2𝜖
𝜇𝜈𝜏𝜌𝜎𝐹𝜌𝜎Γ𝜏𝛼

𝛽
𝛿Γ𝛽𝜈

𝛼 + 2𝜖𝜌𝛼𝛽𝜈𝜆𝑅𝛼𝛽
𝜇𝜎
𝐹𝜈𝜆𝛿𝑔𝜌𝜎 

Ξ𝜇 =2𝜖𝜇𝜈𝜆𝜌𝜎𝐹𝜌𝜎(𝜕𝜈Γ𝛽𝜆
𝛼 )(𝜕𝛼𝜉

𝛽)

𝑄𝜇𝜈 = −𝑈𝜇𝜈(𝐴𝜂𝜉
𝜂 + Λ) + 2𝜖𝜇𝜈𝜆𝜌𝜎𝐹𝜌𝜎Γ𝜆𝛽

𝛼 𝐷𝛼𝜉
𝛽

 +2𝜉𝜆𝐹𝜌𝜎 (𝜖
𝜈𝛼𝛽𝜌𝜎𝑅𝛼𝛽

𝜇𝜆
− 𝜖𝜇𝛼𝛽𝜌𝜎𝑅𝛼𝛽

𝜈𝜆 + 𝜖𝜆𝛼𝛽𝜌𝜎𝑅𝛼𝛽
𝜇𝜈
)

 

Θ𝜇→ Θ𝜇 + 𝐷𝜈𝑀1
𝜇𝜈
[𝛿𝑔𝛼𝛽],  

Ξ𝜇→ Ξ𝜇 + 𝐷𝜈𝑀2
𝜇𝜈
[𝜉],  

𝑄𝜇𝜈 → 𝑄𝜇𝜈 +𝑀1
𝜇𝜈
[ℒ𝜉𝑔𝛼𝛽] − 𝑀2

𝜇𝜈
[𝜉],

 where 𝑀1
𝜇𝜈
[𝛿𝑔𝛼𝛽] = 4𝜖

𝜇𝜈𝜏𝜌𝜎𝐴𝜌Γ𝜏𝛼
𝛽
𝛿Γ𝛽𝜎

𝛼 ,

𝑀2
𝜇𝜈
[𝜉] = 𝜉𝜆𝐹𝜌𝜎 [𝜖

𝜈𝛼𝛽𝜌𝜎𝜕𝛼Γ𝛽𝜆
𝜇
− 𝜖𝜇𝛼𝛽𝜌𝜎𝜕𝛼Γ𝛽𝜆

𝜈 ] .

 

Θ𝑟|𝑟=0 = −𝑈
𝑟𝑣𝜕𝑣(𝑣𝐴𝑣 + Λ) + (1 + 𝑣𝜕𝑣)[𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜔
𝑙𝜕𝑣ℎ𝑖𝑙 + 2Γ𝑖𝑛

𝑚Γ𝑚𝑣
𝑛 )] + 𝒪(𝜖2)

⟹ ℬ(0) = 0

Ξ𝑟|𝑟=0 =
1

√ℎ
𝜕𝑣(√ℎ[−2𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖]) +
1

√ℎ
𝜕𝑖(√ℎ[−4𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑗𝜔𝑘])

⟹ 𝑞̃𝑟𝑣 = −2𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖, 𝑞̃
𝑟𝑖 = −4𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑗𝜔𝑘, 𝑗(1)

𝑖 = 0

𝑄𝑟𝜈 = 𝑄̃𝑟𝜈 + 𝑣𝑊𝑣
𝑟𝜈 − 𝑈𝑟𝜈(𝑣𝐴𝑣 + Λ)

𝑄̃𝑟𝑣 = −2𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖, 𝑄̃
𝑟𝑖 = −4𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑘𝜔𝑗

𝑊𝑣
𝑟𝑖 = −4𝜕𝑣(ℎ

𝑖𝑚𝜖𝑟𝑣𝑙𝑗𝑘𝐹𝑗𝑘𝜕𝑣ℎ𝑚𝑙) + 𝒪(𝜖
2) ⟹ 𝐽(1)

𝑖 = −4ℎ𝑖𝑚𝜖𝑟𝑣𝑙𝑗𝑘𝐹𝑗𝑘𝜕𝑣ℎ𝑚𝑙

𝑊𝑣
𝑟𝑣 = 8𝜖𝑟𝑣𝑖𝑗𝑘(𝐹𝑗𝑘𝑅𝑣𝑟𝑣𝑖 + 𝐹𝑣𝑖𝑅𝑣𝑟𝑗𝑘) + 2𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘Γ𝑖𝛽
𝛼 Γ𝛼𝑣

𝛽

 

𝒥𝑣= −
1

2
(𝑄̃𝑟𝑣 + 𝑞̃𝑟𝑣 + ℬ(0)) = 2𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖  

𝒥𝑖 = −
1

2
(𝑄̃𝑟𝑖 + 𝑞̃𝑟𝑖 − 𝐽(1)

𝑖 − 𝑗(1)
𝑖 ) = 4𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑘𝜔𝑗 − 2ℎ

𝑖𝑚𝜖𝑟𝑣𝑙𝑗𝑘𝐹𝑗𝑘𝜕𝑣ℎ𝑚𝑙

 

𝑠𝐼𝑊𝑇 = −2(
𝜕𝐿

𝜕𝑅𝑣𝑟𝑣
𝑣 −

𝜕𝐿

𝜕𝑅𝑟𝑟𝑣
𝑟 ) = 2𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖 = 𝒥

𝑣  

𝐿 = 𝐿(𝑔𝜇𝜈 , 𝑅𝜇𝜈𝜌𝜎 , 𝐷𝛼1𝑅𝜇𝜈𝜌𝜎 , 𝐷(𝛼1𝐷𝛼2)𝑅𝜇𝜈𝜌𝜎, … , 𝜙, 𝐷𝛼1𝜙,𝐷(𝛼1𝐷𝛼2)𝜙,… , 𝐹𝜇𝜈 , 𝐷𝛼1𝐹𝜇𝜈 , … ).  

𝑡(𝑎+1)
(𝑘)

|
𝑟=0

= 𝑇̃(−𝑘)𝜕𝑣
𝑘+𝑎+1𝑇(0)|𝑟=0

+ 𝒪(𝜖2).  

𝑡(𝑎+1)
(𝑘)

= 𝜕𝑣
𝑎+1 [∑  

𝑘−1

𝑚=0

  (−1)𝑚[ 𝑚+𝑎𝐶𝑚]𝑇̃(−𝑘+𝑚)𝜕𝑣
(𝑘−𝑚)

𝑇(0)] + (−1)
𝑘[ 𝑘+𝑎𝐶𝑎]𝑇̃(0)𝜕𝑣

𝑎+1𝑇(0) +𝒪(𝜖
2) 

𝛿𝒮𝛼1𝛼2…𝛼𝑘[𝛿𝑔𝛼𝛽 → ℒ𝜉𝑔𝛼𝛽] = ℒ𝜉𝒮𝛼1𝛼2…𝛼𝑘 .  

Θ𝜇 = 2𝐸𝑅
𝜇𝜈𝛼𝛽

𝐷𝛽(ℒ𝜉𝑔𝜈𝛼) +∑  

𝑘

 𝒯𝜇𝛼1𝛼2…𝛼𝑘ℒ𝜉𝒮𝛼1…𝛼𝑘 .  

𝐸𝑅
𝜇𝜈𝛼𝛽

=
𝜕𝐿

𝜕𝑅𝜇𝜈𝛼𝛽
− 𝐷𝜌1

𝜕𝐿

𝜕𝐷𝜌1𝑅𝜇𝜈𝛼𝛽
+⋯+ (−1)𝑚𝐷(𝜌1 …𝐷𝜌𝑚)

𝜕𝐿

𝜕𝐷(𝜌1 …𝐷𝜌𝑚)𝑅𝜇𝜈𝛼𝛽
,  

Θ𝑟|𝑟=0 = (1 + 𝑣𝜕𝑣)𝒜(1) + 𝑣𝜕𝑣
2ℬ(0).  
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ℬ(0) ∼ 𝑋(−𝑘+𝑚)𝜕𝑣
𝑘−𝑚𝑌(0) ∼ 𝒪(𝜖)  

𝑄𝜇𝜈 = 𝑊𝜇𝜈𝜌𝜉𝜌 − 2𝐸𝑅
𝜇𝜈𝛼𝛽

𝐷[𝛼𝜉𝛽]  

𝑄𝑟𝜌 = 𝑄̃𝑟𝜌 + 𝑣𝑊𝑣
𝑟𝜌

 

𝐷𝜇𝑄
𝑟𝜇 =

1

√ℎ
𝜕𝑣(√ℎ𝑄̃

𝑟𝑣) + ∇𝑖𝑄̃
𝑟𝑖 + 𝑣𝜕𝑣(∇𝑖𝐽(1)

𝑖 ) + (1 + 𝑣𝜕𝑣)𝑊𝑣
𝑟𝑣 + 𝒪(𝜖2),  

𝑊𝑣
𝑟𝑖 = 𝜕𝑣𝐽(1)

𝑖 + 𝒪(𝜖2)  

2𝑣𝐸𝑣𝑣 =(−Θ
𝑟 + 𝐷𝜇𝑄

𝑟𝜇)|
𝑟=0

= −𝒜(1) +
1

√ℎ
𝜕𝑣(√ℎ𝑄̃

𝑟𝑣) + ∇𝑖𝑄̃
𝑟𝑖 +𝑊𝑣

𝑟𝑣

 +𝑣𝜕𝑣[−𝒜(1) +𝑊𝑣
𝑟𝑣 + ∇𝑖𝐽(1)

𝑖 − 𝜕𝑣ℬ(0)] + 𝒪(𝜖
2)

 

𝒜(1)  =
1

√ℎ
𝜕𝑣(√ℎ𝑄̃

𝑟𝑣) + ∇𝑖𝑄̃
𝑟𝑖 +𝑊𝑣

𝑟𝑣

2𝐸𝑣𝑣  = 𝜕𝑣[−𝒜(1) +𝑊𝑣
𝑟𝑣 + ∇𝑖𝐽(1)

𝑖 − 𝜕𝑣ℬ(0)]

 

2𝐸𝑣𝑣|𝑟=0 = −𝜕𝑣 (
1

√ℎ
𝜕𝑣[√ℎ(𝑄̃

𝑟𝑣 + ℬ(0))] + ∇𝑖[𝑄̃
𝑟𝑖 − 𝐽(1)

𝑖 ]) + 𝒪(𝜖2).  

𝜕𝑣
2ℬ(0) = 𝜕𝑣 (

1

√ℎ
𝜕𝑣[√ℎℬ(0)]) + 𝒪(𝜖

2)  

𝒥𝑣 = −
1

2
(𝑄̃𝑟𝑣 + ℬ(0)),  and  𝒥𝑖 = −

1

2
(𝑄̃𝑟𝑖 − 𝐽(1)

𝑖 )  

2𝑣𝐸𝑣𝑣|𝑟=0 = (−Θ
𝑟 + 𝐷𝜇𝑄

𝑟𝜇)|
𝑟=0

+ 𝒪(𝜖2) = 𝒰(1) + 𝑣𝒱(2) + 𝒪(𝜖
2)  

𝒰(1) = 𝒪(𝜖
2),  2𝐸𝑣𝑣|𝑟=0 = 𝒱(2) + 𝒪(𝜖

2)  

𝜓(𝜆):= 𝜓‾ + 𝜆𝛿𝜓  

𝜕𝑣 (
1

√𝜇

𝜕

𝜕𝜆
(∗ 𝑄𝐾

𝑣𝑟√𝜇) − 𝑣(∗ 𝜃𝑟) [𝑔;
𝜕

𝜕𝜆
𝑔])

𝜆=0

+ 𝐷𝐴
𝜕

𝜕𝜆
(∗ 𝑄𝐾

𝐴𝑟)|
𝜆=0

= 2𝑣
𝜕

𝜕𝜆
𝐸𝑣𝑣|

𝜆=0
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Θ𝑟 =(1 + 𝑣𝜕𝑣)(8𝑅𝑣𝑖𝑗𝑟𝐾
𝑖𝑗 − 8𝐾‾ 𝑖𝑗𝜕𝑣𝐾𝑖𝑗) + 𝑣𝜕𝑣

2(8𝐾‾ 𝑖𝑗𝐾𝑖𝑗) + 𝒪(𝜖
2)

𝑄𝑟𝑣 =8𝑅𝑟𝑣𝑟𝑣 − 8𝑣
1

√ℎ
𝜕𝑣(√ℎ𝑅𝑟𝑣𝑟𝑣) − 4𝑣∇𝑖(ℎ

𝑖𝑗𝜕𝑣𝜔𝑗 +𝐾𝑘
𝑖𝜔𝑘)

 +8𝑣𝐾𝑖𝑗𝑅𝑣𝑖𝑗𝑟 − 8𝑣𝐾‾
𝑖𝑗𝜕𝑣𝐾𝑖𝑗 + 𝒪(𝜖

2)

𝑄𝑟𝑖 =4ℎ𝑖𝑗𝜕𝑣𝜔𝑗 + 4𝐾𝑘
𝑖𝜔𝑘 + 4𝑣𝜕𝑣(𝐾𝑘

𝑖𝜔𝑘)

 +𝑣𝜕𝑣(−4ℎ
𝑖𝑗𝜕𝑣𝜔𝑗 + 8∇𝑚𝐾

𝑖𝑚) + 𝒪(𝜖2)

𝐷𝜇𝑄
𝑟𝜇 =

1

√ℎ
𝜕𝑣(√ℎ8𝑅𝑟𝑣𝑟𝑣) + ∇𝑖(4ℎ

𝑖𝑗𝜕𝑣𝜔𝑗 + 4𝐾𝑘
𝑖𝜔𝑘)

 +𝑣𝜕𝑣[∇𝑖(4𝐾𝑘
𝑖𝜔𝑘 − 4ℎ𝑖𝑗𝜕𝑣𝜔𝑗 + 8∇𝑚𝐾

𝑖𝑚)]

 +(1 + 𝑣𝜕𝑣) [−8
1

√ℎ
𝜕𝑣(√ℎ𝑅𝑟𝑣𝑟𝑣) − 4∇𝑖(ℎ

𝑖𝑗𝜕𝑣𝜔𝑗 + 𝐾𝑘
𝑖𝜔𝑘)

+8𝐾𝑖𝑗𝑅𝑣𝑖𝑗𝑟 − 8𝐾‾
𝑖𝑗𝜕𝑣𝐾𝑖𝑗] + 𝒪(𝜖

2)

 

𝑄̃𝑟𝑣 =8𝑅𝑟𝑣𝑟𝑣  , 𝑄̃
𝑟𝑖 = 4ℎ𝑖𝑗𝜕𝑣𝜔𝑗 + 4𝐾𝑘

𝑖𝜔𝑘,

𝐽(1)
𝑖 =4𝐾𝑘

𝑖𝜔𝑘 − 4ℎ𝑖𝑗𝜕𝑣𝜔𝑗 + 8∇𝑚𝐾
𝑖𝑚,

𝑊𝑣
𝑟𝑣 = −8

1

√ℎ
𝜕𝑣(√ℎ𝑅𝑟𝑣𝑟𝑣) − 4∇𝑖(ℎ

𝑖𝑗𝜕𝑣𝜔𝑗 + 𝐾𝑘
𝑖𝜔𝑘)

 +8𝐾𝑖𝑗𝑅𝑣𝑖𝑗𝑟 − 8𝐾‾
𝑖𝑗𝜕𝑣𝐾𝑖𝑗,

𝒜(1) =8𝑅𝑣𝑖𝑗𝑟𝐾
𝑖𝑗 − 8𝐾‾ 𝑖𝑗𝜕𝑣𝐾𝑖𝑗 , ℬ(0) = 8𝐾‾

𝑖𝑗𝐾𝑖𝑗

 

𝒰(1) =−8𝑅𝑣𝑖𝑗𝑟𝐾
𝑖𝑗 + 8𝐾‾ 𝑖𝑗𝜕𝑣𝐾𝑖𝑗 +

1

√ℎ
𝜕𝑣(√ℎ8𝑅𝑟𝑣𝑟𝑣) + ∇𝑖(4ℎ

𝑖𝑗𝜕𝑣𝜔𝑗 + 4𝐾𝑘
𝑖𝜔𝑘)  

 −8
1

√ℎ
𝜕𝑣(√ℎ𝑅𝑟𝑣𝑟𝑣) − 4∇𝑖(ℎ

𝑖𝑗𝜕𝑣𝜔𝑗 + 𝐾𝑘
𝑖𝜔𝑘) + 8𝐾𝑖𝑗𝑅𝑣𝑖𝑗𝑟 − 8𝐾‾

𝑖𝑗𝜕𝑣𝐾𝑖𝑗

=0

𝒱(2) =𝜕𝑣 [
1

√ℎ
𝜕𝑣[√ℎ(−8𝑅𝑟𝑣𝑟𝑣 − 8𝐾‾

𝑖𝑗𝐾𝑖𝑗)] + ∇𝑖(−8ℎ
𝑖𝑗𝜕𝑣𝜔𝑗 + 8∇𝑚𝐾

𝑖𝑚)] = 2𝐸𝑣𝑣

 

2𝑣𝐸𝑣𝑣|𝑟=0 = (
1

√ℎ
𝜕𝜈(√ℎ𝑄

𝑟𝜈) − Θ𝑟 + Ξ𝑟)|
𝑟=0

= 𝒰(1) + 𝑣𝒱(2)  

ℒ = 𝜖𝜆𝜇𝜈Γ𝜌 𝜆𝜎 (𝜕𝜇Γ
𝜎  𝜌𝜈 +

2

3
Γ𝜎  𝜇𝜏Γ

𝜏 𝜌𝜈)  

Θ𝑟|𝑟=0  = (1 + 𝑣𝜕𝑣) [𝜖
𝑟𝑣𝑥
𝜕𝑣ℎ

2ℎ
(𝜔 +

𝜕𝑥ℎ

2ℎ
)] + 𝒪(𝜖2),

Ξ𝑟|𝑟=0  = −
1

√ℎ
𝜕𝑣(√ℎ𝜖

𝑟𝑣𝑥𝜔),

𝑄𝑟𝑣  = −𝜖𝑟𝑣𝑥𝜔 + 𝑣𝜖𝑟𝑣𝑥 (2𝜕𝑣𝜔 +
𝜔

2ℎ
𝜕𝑣ℎ +

1

4ℎ2
(𝜕𝑣ℎ)(𝜕𝑥ℎ)) ,

𝑄𝑟𝑥  = 𝑣𝜕𝑣 [−
2

ℎ
𝜖𝑟𝑣𝑥𝜕𝑣ℎ] + 𝒪(𝜖

2).

 

1

√ℎ
𝜕𝜈(√ℎ𝑄

𝑟𝜈) = (1 + 𝑣𝜕𝑣)(𝜖
𝑟𝑣𝑥 (2𝜕𝑣𝜔 +

𝜔

2ℎ
𝜕𝑣ℎ +

1

4ℎ2
(𝜕𝑣ℎ)(𝜕𝑥ℎ)))

 +
1

√ℎ
𝜕𝑣(√ℎ[−𝜖

𝑟𝑣𝑥𝜔]) + 𝑣𝜕𝑣 (
1

√ℎ
𝜕𝑥 (√ℎ [−

2

ℎ
𝜖𝑟𝑣𝑥𝜕𝑣ℎ])) + 𝒪(𝜖

2)
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𝒜(1)= 𝜖
𝑟𝑣𝑥
𝜕𝑣ℎ

2ℎ
(𝜔 +

𝜕𝑥ℎ

2ℎ
) , ℬ(0) = 0  

𝑞̃𝑟𝑣= −𝜖𝑟𝑣𝑥𝜔, 𝑞̃𝑟𝑥 = 0, 𝑗(1)
𝑥 = 0,𝑤𝑣

𝑟𝑣 = 0  

𝑄̃𝑟𝑣= −𝜖𝑟𝑣𝑥𝜔, 𝑄̃𝑟𝑥 = 0,𝑊𝑣
𝑟𝑥 = 𝜕𝑣 [−

2

ℎ
𝜖𝑟𝑣𝑥𝜕𝑣ℎ] + 𝒪(𝜖

2) ⟹ 𝐽(1)
𝑥 = −

2

ℎ
𝜖𝑟𝑣𝑥𝜕𝑣ℏ

𝑊𝑣
𝑟𝑣 = 𝜖𝑟𝑣𝑥 (2𝜕𝑣𝜔 +

𝜔

2ℎ
𝜕𝑣ℎ +

1

4ℎ2
(𝜕𝑣ℎ)(𝜕𝑥ℎ))

 

𝒰(1) =
1

√ℎ
𝜕𝑣(√ℎ[−𝜖

𝑟𝑣𝑥𝜔]) + 𝜖𝑟𝑣𝑥 (2𝜕𝑣𝜔 +
𝜔

2ℎ
𝜕𝑣ℎ +

1

4ℎ2
(𝜕𝑣ℎ)(𝜕𝑥ℎ))

 −𝜖𝑟𝑣𝑥
𝜕𝑣ℎ

2ℎ
(𝜔 +

𝜕𝑥ℎ

2ℎ
) −

1

√ℎ
𝜕𝑣(√ℎ𝜖

𝑟𝑣𝑥𝜔)

=0

𝒱(2) =𝜕𝑣 (𝜖
𝑟𝑣𝑥 (2𝜕𝑣𝜔 +

𝜔

2ℎ
𝜕𝑣ℎ +

1

4ℎ2
(𝜕𝑣ℎ)(𝜕𝑥ℎ)) +

1

√ℎ
𝜕𝑥 (√ℎ [−

2

ℎ
𝜖𝑟𝑣𝑥𝜕𝑣ℎ]))

 −𝜕𝑣 (𝜖
𝑟𝑣𝑥
𝜕𝑣ℎ

2ℎ
(𝜔 +

𝜕𝑥ℎ

2ℎ
))

=𝜕𝑣 (
1

√ℎ
𝜕𝑥 (√ℎ [−

2

ℎ
𝜖𝑟𝑣𝑥𝜕𝑣ℎ]) +

1

√ℎ
𝜕𝑣(√ℎ[2𝜖

𝑟𝑣𝑥𝜔]))

=2𝐸𝑣𝑣

 

ℒ = 2𝜖𝜇𝜈𝜆𝜌𝜎𝐹𝜇𝜈Γ
𝛼 𝜆𝛽 (

1

2
𝑅𝛽 𝛼𝜌𝜎 −

1

3
Γ𝛽 𝜌𝜏Γ

𝜏 𝛼𝜎)  

Θ𝑟|𝑟=0  = −𝑈
𝑟𝑣𝜕𝑣(𝑣𝐴𝑣 + Λ) + (1 + 𝑣𝜕𝑣)[𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜔
𝑙𝜕𝑣ℎ𝑖𝑙 + 2Γ𝑖𝑛

𝑚Γ𝑚𝑣
𝑛 )] + 𝒪(𝜖2)

Ξ𝑟|𝑟=0  =
1

√ℎ
𝜕𝑣(√ℎ[−2𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖]) +
1

√ℎ
𝜕𝑖(√ℎ[−4𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑗𝜔𝑘])

𝑄𝑟𝑣  = −2𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖 + 2𝑣 (𝜖
𝑟𝑣𝑖𝑗𝑘 (4𝐹𝑗𝑘𝑅𝑣𝑟𝑣𝑖 + 4𝐹𝑣𝑖𝑅𝑣𝑟𝑗𝑘 + 𝐹𝑗𝑘Γ𝑖𝛽

𝛼 Γ𝛼𝑣
𝛽
)) − 𝑈𝑟𝑣(𝑣𝐴𝑣 + Λ)

𝑄𝑟𝑖  = −4𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑘𝜔𝑗 − 4𝑣𝜕𝑣(ℎ
𝑖𝑚𝜖𝑟𝑣𝑙𝑗𝑘𝐹𝑗𝑘𝜕𝑣ℎ𝑚𝑙) + 𝒪(𝜖

2)

 

1

√ℎ
𝜕𝜈(√ℎ𝑄

𝑟𝜈) =−𝑈𝑟𝑣𝜕𝑣(𝑣𝐴𝑣 + Λ) +
1

√ℎ
𝜕𝑣(√ℎ[2𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖]) +
1

√ℎ
𝜕𝑖(√ℎ[4𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑗𝜔𝑘]) 

+(1 + 𝑣𝜕𝑣) (𝜖
𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜔

𝑙𝜕𝑣ℎ𝑖𝑙 + 2Γ𝑖𝑛
𝑚Γ𝑚𝑣

𝑛 ))  

+𝑣𝜕𝑣 (
1

√ℎ
𝜕𝑖(√ℎ[8𝜖

𝑟𝑣𝑖𝑗𝑘𝜔𝑗𝐹𝑣𝑘 − 4𝜖
𝑟𝑣𝑚𝑗𝑘𝐹𝑗𝑘ℎ

𝑖𝑛𝜕𝑣ℎ𝑛𝑚]))  

 +𝑣𝜕𝑣 (
1

√ℎ
𝜕𝑣(√ℎ[4𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖])) + 𝒪(𝜖
2)

 

𝒜(1)= 𝜖
𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜔

𝑙𝜕𝑣ℎ𝑖𝑙 + 2Γ
𝑚 𝑖𝑛Γ

𝑛 𝑚𝑣) , ℬ(0) = 0,  

𝑞̃𝑟𝑣= −2𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖, 𝑞̃
𝑟𝑖 = −4𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑗𝜔𝑘, 𝑗(1)

𝑖 = 0,𝑤𝑣  
𝑟𝑣 = 0,  

𝑄̃𝑟𝑣 = −2𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖, 𝑄̃
𝑟𝑖 = −4𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑘𝜔𝑗,

𝑊𝑣
𝑟𝑖 = −4𝜕𝑣(ℎ

𝑖𝑚𝜖𝑟𝑣𝑙𝑗𝑘𝐹𝑗𝑘𝜕𝑣ℎ𝑚𝑙) + 𝒪(𝜖
2) ⟹ 𝐽(1)

𝑖 = −4ℎ𝑖𝑚𝜖𝑟𝑣𝑙𝑗𝑘𝐹𝑗𝑘𝜕𝑣ℎ𝑚𝑙 ,

𝑊𝑣
𝑟𝑣 = 8𝜖𝑟𝑣𝑖𝑗𝑘(𝐹𝑗𝑘𝑅𝑣𝑟𝑣𝑖 + 𝐹𝑣𝑖𝑅𝑣𝑟𝑗𝑘) + 2𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘Γ𝑖𝛽
𝛼 Γ𝛼𝑣

𝛽
.
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𝒰(1) =
1

√ℎ
𝜕𝑣(√ℎ[2𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖]) +
1

√ℎ
𝜕𝑖(√ℎ[4𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑗𝜔𝑘])

 +𝜖𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜔
𝑙𝜕𝑣ℎ𝑖𝑙 + 2Γ

𝑚 𝑖𝑛Γ
𝑛 𝑚𝑣) − 𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜔
𝑙𝜕𝑣ℎ𝑖𝑙 + 2Γ

𝑚 𝑖𝑛Γ
𝑛 𝑚𝑣)

 +
1

√ℎ
𝜕𝑣(√ℎ[−2𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖]) +
1

√ℎ
𝜕𝑖(√ℎ[−4𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑣𝑗𝜔𝑘])

=0

𝒱(2) =𝜕𝑣 (
1

√ℎ
𝜕𝑖(√ℎ[8𝜖

𝑟𝑣𝑖𝑗𝑘𝜔𝑗𝐹𝑣𝑘 − 4𝜖
𝑟𝑣𝑚𝑗𝑘𝐹𝑗𝑘ℎ

𝑖𝑛𝜕𝑣ℎ𝑛𝑚]) +
1

√ℎ
𝜕𝑣(√ℎ[4𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖]))

 +𝜕𝑣 (𝜖
𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜔

𝑙𝜕𝑣ℎ𝑖𝑙 + 2Γ
𝑚 𝑖𝑛Γ

𝑛 𝑚𝑣)) − 𝜕𝑣 (𝜖
𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘(𝜔

𝑙𝜕𝑣ℎ𝑖𝑙 + 2Γ
𝑚 𝑖𝑛Γ

𝑛 𝑚𝑣))

=𝜕𝑣 (
1

√ℎ
𝜕𝑖(√ℎ[8𝜖

𝑟𝑣𝑖𝑗𝑘𝜔𝑗𝐹𝑣𝑘 − 4𝜖
𝑟𝑣𝑚𝑗𝑘𝐹𝑗𝑘ℎ

𝑖𝑛𝜕𝑣ℎ𝑛𝑚]) +
1

√ℎ
𝜕𝑣(√ℎ[4𝜖

𝑟𝑣𝑖𝑗𝑘𝐹𝑗𝑘𝜔𝑖]))

=2𝐸𝑣𝑣 ⋅

 

𝛿𝜉𝐿 = ℒ𝜉𝐿 +
𝜕𝐿

𝜕𝐴𝜇
𝐷𝜇Λ +

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜇𝜕𝜈𝜉

𝜆  

𝜕𝐿

𝜕𝐴𝜇
𝐷𝜇Λ = 𝐷𝜇 (

𝜕𝐿

𝜕𝐴𝜇
Λ) − Λ𝐷𝜇

𝜕𝐿

𝜕𝐴𝜇
 

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜇𝜕𝜈𝜉

𝜆 =𝜕𝜇 (
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆) − (𝜕𝜈𝜉
𝜆)(𝜕𝜇

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)

=𝐷𝜇 (
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆) − Γ𝜏 𝜇𝜏
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆 − (𝜕𝜈𝜉
𝜆)(𝜕𝜇

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)

=𝐷𝜇 (
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆) −
1

√−𝑔
(𝜕𝜈𝜉

𝜆)𝜕𝜇 (√−𝑔
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)

=𝐷𝜇 (
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆) − 𝜕𝜇 [
𝜉𝜆

√−𝑔
𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)]

+𝜉𝜆𝜕𝜇 [
1

√−𝑔
𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)]  

=𝐷𝜇 (
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆 −
1

√−𝑔
𝜉𝜆𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)) +

𝜉𝜆

√−𝑔
𝜕𝜇𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)

 

𝛿𝜉(√−𝑔𝐿) = √−𝑔𝐷𝜇(𝜉
𝜇𝐿) + √−𝑔𝐷𝜇Ξ

𝜇 −√−𝑔Λ𝐷𝜇
𝜕𝐿

𝜕𝐴𝜇
+ 𝜉𝜆𝜕𝜇𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜇𝜈
𝜆
)  

𝐽𝜇 = 2𝐸𝜇𝜈𝜉𝜈 + 𝐺
𝜇(𝐴𝜈𝜉

𝜈 + Λ) + Θ𝜇 − 𝜉𝜇𝐿 − Ξ𝜇  

𝐽𝜇 = 𝐷𝜈𝑄
𝜇𝜈  

Θ𝜇 = (𝑔𝛼𝜆
𝜕𝐿

𝜕𝑅𝜆 𝛽𝜇𝜈
+ 𝑔𝛼𝜆

𝜕𝐿

𝜕𝑅𝜆 𝜈𝜇𝛽
− 𝑔𝜈𝜆

𝜕𝐿

𝜕𝑅𝜆 𝛽𝜇𝛼
)𝐷𝜈(𝐷𝛼𝜉𝛽 + 𝐷𝛽𝜉𝛼)

 +2
𝜕𝐿

𝜕𝐹𝜇𝜈
[𝜉𝜆𝐹𝜆𝜈 + 𝐷𝜈(𝐴𝜆𝜉

𝜆 + Λ)] + 2𝑆𝜇𝛼𝛽𝐷𝛼𝜉𝛽
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Θ𝜇 = 𝐷𝜈 (2
𝜕𝐿

𝜕𝑅𝛼  𝛽𝜇𝜈
𝐷𝛽𝜉

𝛼) − 2(𝐷𝛽𝜉
𝛼)𝐷𝜈

𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
+ 2

𝜕𝐿

𝜕𝑅𝛼 𝛽𝜈𝜇
𝑅𝛼 𝛽𝜈𝜂𝜉

𝜂

 +2
𝜕𝐿

𝜕𝐹𝜇𝜈
[𝜉𝜆𝐹𝜆𝜈 + 𝐷𝜈(𝐴𝜆𝜉

𝜆 + Λ)] + 2𝑆𝜇𝛼𝛽𝐷𝛼𝜉𝛽

 

𝐺𝜇Λ −
𝜕𝐿

𝜕𝐴𝜇
Λ + 2

𝜕𝐿

𝜕𝐹𝜇𝜈
𝐷𝜈Λ = 2𝐷𝜈 (

𝜕𝐿

𝜕𝐹𝜇𝜈
Λ)  

𝐽gauge 
𝜇

= 𝐷𝜈 (2
𝜕𝐿

𝜕𝐹𝜇𝜈
(𝐴𝜆𝜉

𝜆 + Λ)) + 𝜉𝜆 (
𝜕𝐿

𝜕𝐴𝜇
𝐴𝜆 + 2

𝜕𝐿

𝜕𝐹𝜇𝜈
𝐹𝜆𝜈) .  

𝐽metric 
𝜇

=2𝐸𝜇𝛼𝜉𝛼 − 𝜉
𝜇𝐿 + 2𝑆𝜇𝜈𝛼𝐷𝜈𝜉𝛼 −

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆 +
1

√−𝑔
𝜉𝜆𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
)

+(𝑔𝛼𝜆
𝜕𝐿

𝜕𝑅𝜆 𝛽𝜇𝜈
+ 𝑔𝛼𝜆

𝜕𝐿

𝜕𝑅𝜆 𝜈𝜇𝛽
− 𝑔𝜈𝜆

𝜕𝐿

𝜕𝑅𝜆 𝛽𝜇𝛼
)𝐷𝜈(𝐷𝛼𝜉𝛽 +𝐷𝛽𝜉𝛼)  

=2𝑆𝜇𝜈𝛼𝐷𝜈𝜉𝛼 − 2𝜉𝛼𝐷𝜈𝑆
𝜈𝜇𝛼 + 𝐷𝜈 (2

𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
𝐷𝛽𝜉

𝛼) − 2(𝐷𝛽𝜉
𝛼)𝐷𝜈

𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈

+2
𝜕𝐿

𝜕𝑅𝛼 𝛽𝜈𝜇
𝑅𝛼 𝛽𝜈𝜂𝜉

𝜂 −
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆 +
1

√−𝑔
𝜉𝜆𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
) − 2𝑔𝜇𝜈

𝜕𝐿

𝜕𝑔𝜈𝜆
𝜉𝜆  

=𝐷𝜈 (2
𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
𝐷𝛽𝜉

𝛼 + 𝜉𝛼(𝑆
𝜇𝜈𝛼 − 𝑆𝜈𝜇𝛼)) + (𝑆𝜇𝜈𝛼 + 𝑆𝜈𝜇𝛼)𝐷𝜈𝜉𝛼 − 𝜉𝛼𝐷𝜈(𝑆

𝜇𝜈𝛼 + 𝑆𝜈𝜇𝛼)

−2(𝐷𝛽𝜉
𝛼)𝐷𝜈

𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
+ 2

𝜕𝐿

𝜕𝑅𝛼  𝛽𝜈𝜇
𝑅𝛼  𝛽𝜈𝜂𝜉

𝜂 −
𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆  

 +
1

√−𝑔
𝜉𝜆𝜕𝜈 (√−𝑔

𝜕𝐿

𝜕Γ𝜆 𝜇𝜈
) − 2𝑔𝜇𝜈

𝜕𝐿

𝜕𝑔𝜈𝜆
𝜉𝜆

 

𝑆𝜇𝜈𝛼 + 𝑆𝜈𝜇𝛼 = 𝑔𝛼𝜆 (
𝜕𝐿

𝜕Γ𝜈𝜇
𝜆
+ 𝐷𝛽 [

𝜕𝐿

𝜕𝑅𝜈𝜇𝛽
𝜆

+
𝜕𝐿

𝜕𝑅𝜇𝜈𝛽
𝜆
])  

𝐽metric 
𝜇

=𝐷𝜈 (2
𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
𝐷𝛽𝜉

𝛼 + 𝜉𝛼(𝑆
𝜇𝜈𝛼 − 𝑆𝜈𝜇𝛼) + 𝜉𝜆𝐷𝛽 [

𝜕𝐿

𝜕𝑅𝜆 𝜇𝜈𝛽
−

𝜕𝐿

𝜕𝑅𝜆 𝜈𝜇𝛽
])

 +𝜉𝜆 (2
𝜕𝐿

𝜕𝑅𝛼 𝛽𝜈𝜇
𝑅𝛼 𝛽𝜈𝜆 − 𝑅

𝜇 𝜂𝛼𝛽
𝜕𝐿

𝜕𝑅𝜆 𝜂𝛼𝛽
− 𝑅𝛼𝛽𝜆 

𝜂
𝜕𝐿

𝜕𝑅𝜂 𝜇𝛼𝛽
)

 +𝜉𝜆 (2
𝜕𝐿

𝜕Γ𝜂 𝜇𝜈
Γ𝜂 𝜈𝜆 − Γ

𝜇 𝜈𝜂
𝜕𝐿

𝜕Γ𝜆 𝜂𝜈
− 2𝑔𝜇𝜈

𝜕𝐿

𝜕𝑔𝜈𝜆
)

 

𝐽𝜇 = 𝐷𝜈𝑄
𝜇𝜈 + 𝜉𝜆𝐵𝜆

𝜇
 

𝑄𝜇𝜈 = 2
𝜕𝐿

𝜕𝐹𝜇𝜈
(𝐴𝜆𝜉

𝜆 + Λ) + 2
𝜕𝐿

𝜕𝑅𝛼 𝛽𝜇𝜈
𝐷𝛽𝜉

𝛼 + 𝜉𝛼(𝑆
𝜇𝜈𝛼 − 𝑆𝜈𝜇𝛼) + 𝜉𝜆𝐷𝛽 [

𝜕𝐿

𝜕𝑅𝜆 𝜇𝜈𝛽
−

𝜕𝐿

𝜕𝑅𝜆 𝜈𝜇𝛽
] . 

𝐵𝜆
𝜇
=2

𝜕𝐿

𝜕𝑅𝛼  𝛽𝜈𝜇
𝑅𝛼  𝛽𝜈𝜆 − 𝑅𝜂𝛼𝛽

𝜇 𝜕𝐿

𝜕𝑅𝜆 𝜂𝛼𝛽
− 𝑅𝛼𝛽𝜆 

𝜂
𝜕𝐿

𝜕𝑅𝜂 𝜇𝛼𝛽
+ 2

𝜕𝐿

𝜕Γ𝜂 𝜇𝜈
Γ𝜂 𝜈𝜆 − Γ

𝜇 𝜈𝜂
𝜕𝐿

𝜕Γ𝜆 𝜂𝜈

 +
𝜕𝐿

𝜕𝐴𝜇
𝐴𝜆 + 2

𝜕𝐿

𝜕𝐹𝜇𝜈
𝐹𝜆𝜈 − 2𝑔

𝜇𝜈
𝜕𝐿

𝜕𝑔𝜈𝜆
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𝜕𝐿𝑛
𝜕𝐴𝜇

=∑ 

𝑛

𝑖=1

 ℒ𝜈1⋯𝜈𝑖−1𝜇𝜈𝑖+1⋯𝜈𝑛 ∏  

𝑛

𝑗=1,𝑗≠𝑖

 𝐴𝜈𝑗 = 𝑛ℒ
𝜇𝜈1⋯𝜈𝑛−1∏ 

𝑛−1

𝑖=1

 𝐴𝜈𝑖  

𝐷𝜇
𝜕𝐿𝑛
𝜕𝐴𝜇

= 𝑛(∏ 

𝑛−1

𝑖=1

 𝐴𝜈𝑖)(𝐷𝜇ℒ
𝜇𝜈1⋯𝜈𝑛−1) + 𝑛ℒ𝜇𝜈1⋯𝜈𝑛−1∑  

𝑛−1

𝑗=1

 ((𝐷𝜇𝐴𝜈𝑗)( ∏  

𝑛−1

𝑖=1,𝑖≠𝑗

 𝐴𝜈𝑖))  

= 𝑛 (∏ 

𝑛−1

𝑖=1

 𝐴𝜈𝑖)(𝐷𝜇ℒ
𝜇𝜈1⋯𝜈𝑛−1) + 𝑛(𝐷𝜇𝐴𝜈)(∑  

𝑛−1

𝑗=1

 ℒ𝜇𝜈1⋯𝜈𝑗−1𝜈𝜈𝑗⋯𝜈𝑛−2 (∏ 

𝑛−2

𝑖=1

 𝐴𝜈𝑖)) 

 = 𝑛 (∏ 

𝑛−1

𝑖=1

 𝐴𝜈𝑖)(𝐷𝜇ℒ
𝜇𝜈1⋯𝜈𝑛−1) + 𝑛(𝑛 − 1)ℒ𝜇𝜈𝜈1⋯𝜈𝑛−2(𝐷𝜇𝐴𝜈)(∏ 

𝑛−2

𝑖=1

 𝐴𝜈𝑖)

 

𝐷𝜇
𝜕𝐿𝑛
𝜕𝐴𝜇

= 0⟹ 𝑛𝐷𝜇ℒ
𝜇𝜈1⋯𝜈𝑛−1 = 0  and  𝑛(𝑛 − 1)ℒ𝜇𝜈𝜈1⋯𝜈𝑛−2 = 0  

ℒ𝜇 =∑ 

𝑛

 𝒞𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖  

𝐷𝜇ℒ
𝜇=∑ 

𝑛

 (𝐷𝜇𝒞
𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛)(∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖) +∑ 

𝑛

∑ 

𝑛

𝑗=1

 𝒞𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛 (𝐷𝜇𝐹𝜌𝑗𝜎𝑗)( ∏  

𝑛

𝑖=1,𝑖≠𝑗

 𝐹𝜌𝑖𝜎𝑖)  

 = ∑  

𝑛

 (𝐷𝜇𝒞
𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛)(∏  

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖) +∑  

𝑛

 𝑛𝒞𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛−1𝜎𝑛−1(𝐷𝜇𝐹𝜈𝜆) (∏ 

𝑛−1

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)

 

𝐷𝜇𝒞
𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛 = 0  and  𝒞𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛−1𝜎𝑛−1 is antisymmetric in (𝜇, 𝜈, 𝜆)  

𝒞𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛 = {
𝐷𝜈ℬ

𝜈𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛  (i) 2𝑛 + 1 < 𝐷
𝑎𝑔𝜖

𝜇𝜌1𝜎1⋯𝜌𝑛𝜎𝑛  (ii) 2𝑛 + 1 = 𝐷
 

ℒ𝜇𝐴𝜇= 𝐴𝜈∑  

𝑁

𝑛=0

  (𝐷𝜇ℬ
𝜇𝜈𝜌1𝜎1⋯𝜌𝑛𝜎𝑛)(∏  

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖) = 𝐴𝜈𝐷𝜇 [∑  

𝑁

𝑛=0

 ℬ𝜇𝜈𝜌1𝜎1⋯𝜌𝑛𝜎𝑛 (∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)] 

 = 𝐷𝜇 [𝐴𝜈∑  

𝑁

𝑛=0

 ℬ𝜇𝜈𝜌1𝜎1⋯𝜌𝑛𝜎𝑛 (∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)] −
1

2
(𝐹𝜇𝜈)∑  

𝑁

𝑛=0

 ℬ𝜇𝜈𝜌1𝜎1⋯𝜌𝑛𝜎𝑛 (∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)

 

𝛿(√−𝑔𝐷𝜇ℒ
𝜇) = 𝜕𝜇𝛿(√−𝑔ℒ

𝜇) = √−𝑔𝐷𝜇 (𝛿ℒ
𝜇 +

1

2
ℒ𝜇𝑔𝛼𝛽𝛿𝑔𝛼𝛽)  

𝛿ℒ𝜇 +
1

2
ℒ𝜇𝑔𝛼𝛽𝛿𝑔𝛼𝛽 =

1

√−𝑔
(√−𝑔𝛿ℒ𝜇) = ℰ𝜇𝜌𝜎𝛿𝑔𝜌𝜎 + 𝒢

𝜇𝜈𝛿𝐴𝜈 + 𝐷𝜈𝜃
𝜇𝜈
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𝒢𝜇𝜈=
𝜕ℒ𝜇

𝜕𝐴𝜈
+ 2𝐷𝜆

𝜕ℒ𝜇

𝜕𝐹𝜈𝜆
, ℰ𝜇𝜌𝜎 =

1

2
ℒ𝜇𝑔𝜌𝜎 − 𝑔𝜌𝛼𝑔𝜎𝛽

𝜕ℒ𝜇

𝜕𝑔𝛼𝛽
− 𝐷𝛼𝒮

𝜇𝛼𝜌𝜎  

𝜃𝜇𝜈= 2
𝜕ℒ𝜇

𝜕𝐹𝜈𝜆
𝛿𝐴𝜆 + 2

𝜕ℒ𝜇

𝜕𝑅𝛼 𝛽𝜈𝜆
𝛿Γ𝛼  𝛽𝜆 + 𝒮

𝜇𝜈𝜌𝜎𝛿𝑔𝜌𝜎  

∴ 

𝒮𝜇𝜈𝜌𝜎 =
1

2
𝐷𝛽 [𝑔

𝜌𝛼 (
𝜕ℒ𝜇

𝜕𝑅𝛼 𝜎𝜈𝛽
+

𝜕ℒ𝜇

𝜕𝑅𝛼  𝜈𝜎𝛽
) + 𝑔𝜎𝛼 (

𝜕ℒ𝜇

𝜕𝑅𝛼  𝜌𝜈𝛽
+

𝜕ℒ𝜇

𝜕𝑅𝛼  𝜈𝜌𝛽
)

−𝑔𝜈𝛼 (
𝜕ℒ𝜇

𝜕𝑅𝛼 𝜎𝜌𝛽
+

𝜕ℒ𝜇

𝜕𝑅𝛼 𝜌𝜎𝛽
)] +

1

2
(𝑔𝜌𝛼

𝜕ℒ𝜇

𝜕Γ𝛼  𝜎𝜈
+ 𝑔𝜎𝛼

𝜕ℒ𝜇

𝜕Γ𝛼  𝜌𝜈
− 𝑔𝜈𝛼

𝜕ℒ𝜇

𝜕Γ𝛼  𝜎𝜌
)

 

Θ𝑡
𝜇
= 𝛿ℒ𝜇 +

1

2
ℒ𝜇𝑔𝛼𝛽𝛿𝑔𝛼𝛽 = ℰ

𝜇𝜌𝜎𝛿𝑔𝜌𝜎 + 𝒢
𝜇𝜈𝛿𝐴𝜈 + 𝐷𝜈𝜃

𝜇𝜈  

ℒ𝜉ℒ
𝜇 = 𝜉𝜈𝐷𝜈ℒ

𝜇 − ℒ𝜈𝐷𝜈𝜉
𝜇 = 𝐷𝜈(ℒ

𝜇𝜉𝜈 − ℒ𝜈𝜉𝜇) − ℒ𝜇𝐷𝜈𝜉
𝜈 + 𝜉𝜇𝐷𝜈ℒ

𝜈
 

𝛿(√−𝑔𝐷𝜇ℒ
𝜇) = √−𝑔𝐷𝜇(𝜉

𝜇𝐷𝜈ℒ
𝜈) + √−𝑔𝐷𝜇 ((𝛿 − ℒ𝜉)ℒ

𝜇)  

Ξ𝑡
𝜇
= 𝛿ℒ𝜇 − ℒ𝜉ℒ

𝜇 =
𝜕ℒ𝜇

𝜕𝐴𝜈
𝐷𝜈Λ +

𝜕ℒ𝜇

𝜕Γ𝜏 𝜌𝜎
𝜕2 𝜌𝜎𝜉

𝜏  

𝐷𝜈𝑄𝑡
𝜇𝜈
 = 2𝐸𝜇𝜈𝜉𝜈 + 𝐺

𝜇(𝐴𝜈𝜉
𝜈 + Λ) + Θ𝜇 − 𝜉𝜇𝐿 − Ξ𝜇

 = 𝛿ℒ𝜇 + ℒ𝜇𝐷𝜈𝜉
𝜈 − (𝛿 − ℒ𝜉)ℒ

𝜇 − 𝜉𝜇𝐷𝜈ℒ
𝜈 = 𝐷𝜈(ℒ

𝜇𝜉𝜈 − ℒ𝜈𝜉𝜇)
 

𝑄𝑡
𝜇𝜈
= ℒ𝜇𝜉𝜈 − ℒ𝜈𝜉𝜇  

Ξℒ
𝜇
=

𝜕ℒ

𝜕Γ𝜆 𝜇𝜈
𝜕𝜈𝜉

𝜆 −
1

√−𝑔
𝜉𝜆𝜕𝜈 (√−𝑔

𝜕ℒ

𝜕Γ𝜆 𝜇𝜈
) .  

𝜉 : Ξ(𝜉1 + 𝜉2) = Ξ(𝜉1) + Ξ(𝜉2) 

𝑞𝜇𝜈 = 𝒦𝜇𝜈  𝜆𝜉
𝜆 + ℒ𝜇𝜈𝛼  𝛽𝜕𝛼𝜉

𝛽  

𝑞𝜇𝜈 = 𝑞̃𝜇𝜈 + 𝑣𝑤𝑣
𝜇𝜈

 

𝑞𝑛 
𝜇𝜈 = 𝒬𝜇𝜈𝜆1⋯𝜆𝑛∏ 

𝑛

𝑖=1

 𝐴𝜆𝑖  

𝐷𝜈𝑞𝑛 
𝜇𝜈  = (𝐷𝜈𝒬

𝜇𝜈𝜆1⋯𝜆𝑛) (∏ 

𝑛

𝑖=1

 𝐴𝜆𝑖) +∑ 

𝑛

𝑗=1

 𝒬𝜇𝜈𝜆1⋯𝜆𝑛 (𝐷𝜈𝐴𝜆𝑗)( ∏  

𝑛

𝑖=1,𝑖≠𝑗

 𝐴𝜆𝑖)

 = (𝐷𝜈𝒬
𝜇𝜈𝜆1⋯𝜆𝑛) (∏  

𝑛

𝑖=1

 𝐴𝜆𝑖) + 𝑛𝒬
𝜇𝜈𝜆𝜆1⋯𝜆𝑛−1(𝐷𝜈𝐴𝜆)(∏ 

𝑛−1

𝑖=1

 𝐴𝜆𝑖)

 

𝒬𝜇𝜈𝜆𝜆1⋯𝜆𝑛 = −𝒬𝜇𝜆𝜈𝜆1𝜆2⋯𝜆𝑛 = −𝒬𝜇𝜆1𝜈𝜆𝜆2⋯𝜆𝑛 = 𝒬𝜇𝜆1𝜆𝜈𝜆2⋯𝜆𝑛 = 𝒬𝜇𝜆𝜆1𝜈𝜆2⋯𝜆𝑛

𝒬𝜇𝜈𝜆𝜆1⋯𝜆𝑛 = 𝒬𝜇𝜈𝜆1𝜆⋯𝜆𝑛 = −𝒬𝜇𝜆𝜆1𝜈⋯𝜆𝑛
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𝒬𝜇𝜈𝜆 =∑ 

𝑛

 ℳ𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖  

𝐷𝜈𝒬
𝜇𝜈𝜆 = ∑  

𝑛

 (𝐷𝜈ℳ
𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛) (∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)

 +∑  

𝑛

 𝑛ℳ𝜇𝜈𝜆𝜌𝜎𝜌1𝜎1⋯𝜌𝑛−1𝜎𝑛−1(𝐷𝜈𝐹𝜌𝜎)(∏  

𝑛−1

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)

 

ℳ𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛 = {
𝐷𝜏𝒩

𝜏𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛  (i) 2𝑛 + 3 < 𝐷

𝒮𝜖𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛  (ii) 2𝑛 + 3 = 𝐷
 

𝐴𝜆𝒬
𝜇𝜈𝜆  = ∑  

𝑛

 𝐴𝜆(𝐷𝜏𝒩
𝜏𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛) (∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)

 = 𝐷𝜏 [∑  

𝑛

 𝐴𝜆𝒩
𝜏𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖] −
1

2
∑  

𝑛

 𝒩𝜏𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛𝐹𝜏𝜆∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖

 

𝑞𝜇𝜈 = 𝒬𝜇𝜈 +𝐷𝜏 (∑  

𝑁−2

𝑛=0

 𝐴𝜆𝒩
𝜏𝜇𝜈𝜆𝜌1𝜎1⋯𝜌𝑛𝜎𝑛∏ 

𝑛

𝑖=1

 𝐹𝜌𝑖𝜎𝑖)  

[𝐷𝜌𝑄𝑔
𝑟𝜌
−Θ𝑔

𝑟 + Ξ𝑔
𝑟]|

𝑟=0
− 𝐺𝑔

𝑟(𝐴𝜌𝜉
𝜌 + Λ)

=𝐷𝜌 [2
𝜕𝐿𝑔

𝜕𝐹𝑟𝜌
[𝑣𝐴𝑣 + Λ]] − 2

𝜕𝐿𝑔

𝜕𝐹𝑟𝜌
[𝑣𝐹𝑣𝜌 + 𝐷𝜌(𝑣𝐴𝑣 + Λ)] +

𝜕𝐿𝑔

𝜕𝐴𝑟
Λ

 − [
𝜕𝐿𝑔

𝜕𝐴𝑟
+ 2𝐷𝜌

𝜕𝐿𝑔

𝜕𝐹𝑟𝜌
] [𝑣𝐴𝑣 + Λ]

= −𝑣 (
𝜕𝐿𝑔

𝜕𝐴𝑟
𝐴𝑣 + 2

𝜕𝐿𝑔

𝜕𝐹𝑟𝑖
𝐹𝑣𝑖)

 

[𝐷𝜌𝑄𝑔
𝑟𝜌
− Θ𝑔

𝑟 + Ξ𝑔
𝑟]|

𝑟=0
− 𝐺𝑔

𝑟(𝐴𝜌𝜉
𝜌 + Λ)

=−𝑣 (𝑎𝑔𝜖
𝑟𝜌1𝜎1⋯𝜌𝑁𝜎𝑁𝐴𝑣∏ 

𝑁

𝑖=1

 𝐹𝜌𝑖𝜎𝑖 + 2𝑁𝑎𝑔𝜖
𝜇𝑟𝑖𝜌1𝜎1⋯𝜌𝑁−1𝜎𝑁−1𝐴𝜇𝐹𝑣𝑖∏ 

𝑁−1

𝑖=1

 𝐹𝜌𝑖𝜎𝑖) 

= −𝑣 (2𝑁𝑎𝑔𝜖
𝑟𝑣𝑖𝑗1𝑘1⋯𝑗𝑁−1𝑘𝑁−1𝐴𝑣𝐹𝑣𝑖∏ 

𝑁−1

𝑎=1

 𝐹𝑗𝑎𝑘𝑎

+2𝑁𝑎𝑔𝜖
𝑣𝑟𝑖𝑗1𝑘1⋯𝑗𝑁−1𝑘𝑁−1𝐴𝑣𝐹𝑣𝑖∏ 

𝑁−1

𝑎=1

 𝐹𝑗𝑎𝑘𝑎) = 0

 

[𝐷𝜌𝑄ℒ
𝑟𝜌
−Θℒ

𝑟]|
gauge 

− 𝐺ℒ
𝑟(𝐴𝜌𝜉

𝜌 + Λ)

=𝐷𝜌 [2
𝜕ℒ

𝜕𝐹𝑟𝜌
[𝑣𝐴𝑣 + Λ]] − 2

𝜕ℒ

𝜕𝐹𝑟𝜌
[𝑣𝐹𝑣𝜌 + 𝐷𝜌(𝑣𝐴𝜆 + Λ)] − [

𝜕ℒ

𝜕𝐴𝑟
+ 2𝐷𝜌

𝜕ℒ

𝜕𝐹𝑟𝜌
] [𝑣𝐴𝑣 + Λ]

= − (
𝜕ℒ

𝜕𝐴𝑟
(𝑣𝐴𝑣 + Λ) + 2

𝜕ℒ

𝜕𝐹𝑟𝑖
𝑣𝐹𝑣𝑖) = 𝒪(𝜖

2)
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Θℒ
𝑟|gravity  = 2

𝜕ℒ

𝜕𝑅𝛼 𝛽𝑟𝜈
𝛿Γ𝛼  𝛽𝜈 + 𝑆ℒ

𝑟𝛼𝛽
𝛿𝑔𝛼𝛽 = 𝐸ℒ

𝑟𝛼𝛽𝜈
𝐷𝜈𝛿𝑔𝛼𝛽 + 𝑆ℒ

𝑟𝛼𝛽
𝛿𝑔𝛼𝛽

 = 𝐷𝜈 (𝐸ℒ
𝑟𝛼𝛽𝜈

𝛿𝑔𝛼𝛽) + (𝑆ℒ
𝑟𝛼𝛽

− 𝐷𝜈𝐸ℒ
𝑟𝛼𝛽𝜈

)𝛿𝑔𝛼𝛽

 

𝑈𝑟𝛼𝛽𝛿𝑔𝛼𝛽 = 𝑣𝑈
𝑟𝑚𝑛𝜕𝑣ℎ𝑚𝑛 = 𝒪(𝜖

2)  

𝑃𝜇𝜈 = 𝐸ℒ
𝜇𝛼𝛽𝜈

𝛿𝑔𝛼𝛽  

Θℒ
𝑟|gravity = 𝐷𝜌𝑃

𝑟𝜌 +𝒪(𝜖2)  

𝐷𝜌𝑃
𝑟𝜌 = 𝜕𝜌𝑃

𝑟𝜌 + Γ𝜆𝜌
𝑟 𝑃𝜆𝜌 + Γ𝜆𝜌

𝜌
𝑃𝑟𝜆 = 𝜕𝑟𝑃

𝑟𝑟 + 𝜕𝑣𝑃
𝑟𝑣 + 𝒪(𝜖2)  

𝐸ℒ
𝑟𝑚𝑛𝑟 = 𝜕𝑣𝐽(1) 

𝑚𝑛 + 𝒪(𝜖2) 

𝜕𝑣𝑃
𝑟𝑣= (1 + 𝑣𝜕𝑣)(𝐸ℒ

𝑟𝑚𝑛𝑣𝜕𝑣ℎ𝑚𝑛)  

𝜕𝑟𝑃
𝑟𝑟= 𝐸ℒ

𝑟𝑚𝑛𝑟(𝑣𝜕2 𝑣𝑟 − 𝜕𝑟)ℎ𝑚𝑛  

= −(1 + 𝑣𝜕𝑣)(𝐸ℒ
𝑟𝑚𝑛𝑟𝜕𝑟ℎ𝑚𝑛) + 𝑣𝜕𝑣(𝐸ℒ

𝑟𝑚𝑛𝑟𝜕𝑟ℎ𝑚𝑛) + 𝑣𝐸ℒ
𝑟𝑚𝑛𝑟𝜕2 𝑣𝑟ℎ𝑚𝑛  

= −(1 + 𝑣𝜕𝑣)(𝐸ℒ
𝑟𝑚𝑛𝑟𝜕𝑟ℎ𝑚𝑛) + 𝑣𝜕𝑣 ((𝜕𝑣𝐽(1) 

𝑚𝑛)(𝜕𝑟ℎ𝑚𝑛) + 𝐽(1) 
𝑚𝑛𝜕2 𝑣𝑟ℎ𝑚𝑛) + 𝒪(𝜖

2) 

 = −(1 + 𝑣𝜕𝑣)(𝐸ℒ
𝑟𝑚𝑛𝑟𝜕𝑟ℎ𝑚𝑛) + 𝑣𝜕𝑣

2(𝐽(1) 
𝑚𝑛𝜕𝑟ℎ𝑚𝑛) + 𝒪(𝜖

2)

 

Θℒ
𝑟|gravity = (1 + 𝑣𝜕𝑣)𝒜(1) + 𝑣𝜕

2 𝑣ℬ(0) + 𝒪(𝜖
2),  

𝑔𝑟𝑟 = 𝑟2𝑋(𝑟, 𝑣, 𝑥𝑖) + 𝑟2𝜔𝑖(𝑟, 𝑣, 𝑥𝑖)𝜔𝑖(𝑟, 𝑣, 𝑥
𝑖) = 𝑟2𝑋 + 𝑟2𝜔2

𝑔𝑟𝑖 = −𝑟𝜔𝑖 𝑔𝑟𝑣 = 1 𝑔𝑖𝑗 = ℎ𝑖𝑗 𝑔𝑣𝑣 = 𝑔𝑣𝑖 = 0
 

𝐾𝑖𝑗 =
1

2
𝜕𝑣ℎ𝑖𝑗 𝐾‾𝑖𝑗 =

1

2
𝜕𝑟ℎ𝑖𝑗  𝐾

𝑖𝑗 = −
1

2
𝜕𝑣ℎ

𝑖𝑗 𝐾‾ 𝑖𝑗= −
1

2
𝜕𝑟ℎ

𝑖𝑗 

𝐾 =
1

2
ℎ𝑖𝑗𝜕𝑣ℎ𝑖𝑗 =

1

√ℎ
𝜕𝑣√ℎ 𝐾‾ =

1

2
ℎ𝑖𝑗𝜕𝑟ℎ𝑖𝑗 =

1

√ℎ
𝜕𝑟√ℎ

 

Γ𝑣𝑣
𝑣 =

1

2
(2𝑟𝑋 + 𝑟2𝜕𝑟𝑋) Γ𝑣𝑟

𝑣 = 0 Γ𝑣𝑖
𝑣 = −

1

2
(𝜔𝑖 + 𝑟𝜕𝑟𝜔𝑖)

Γ𝑣𝑣
𝑟 =

1

2
(2𝑟3𝑋2 + 2𝑟3𝑋𝜔2 + 𝑟4𝑋𝜕𝑟𝑋 + 𝑟

4𝜔2𝜕𝑟𝑋 − 𝑟
2𝜕𝑣𝑋 − 2𝑟

2𝜔𝑖𝜕𝑣𝜔𝑖 − 𝑟
3𝜔𝑖𝜕𝑖𝑋)

Γ𝑣𝑟
𝑟 = −

1

2
(2𝑟𝑋 + 𝑟2𝜕𝑟𝑋 + 𝑟𝜔

2 + 𝑟2𝜔𝑖𝜕𝑟𝜔𝑖)

Γ𝑣𝑖
𝑟 = −

1

2
(𝑟3𝑋𝜕𝑟𝜔𝑖 + 𝑟

3𝜔2𝜕𝑟𝜔𝑖 + 𝑟
2𝑋𝜔𝑖 + 𝑟

2𝜔2𝜔𝑖 + 𝑟
2𝜕𝑖𝑋 + 𝑟

2𝜔𝑗𝜕𝑖𝜔𝑗 − 𝑟
2𝜔𝑗𝜕𝑗𝜔𝑖) − 𝑟𝜔

𝑗𝐾𝑖𝑗

Γ𝑣𝑣
𝑖 =

1

2
(−2𝑟2𝜔𝑖𝑋 − 𝑟3𝜔𝑖𝜕𝑟𝑋 + 2ℎ

𝑖𝑗𝑟𝜕𝑣𝜔𝑗 + 𝑟
2ℎ𝑖𝑗𝜕𝑗𝑋)

Γ𝑣𝑗
𝑖 =

1

2
𝑟𝜔𝑖(𝜔𝑗 + 𝑟𝜕𝑟𝜔𝑗) +

1

2
ℎ𝑖𝑘(𝑟𝜕𝑗𝜔𝑘 − 𝑟𝜕𝑘𝜔𝑗) + ℎ

𝑖𝑘𝐾𝑗𝑘

Γ𝑣𝑟
𝑖 =

1

2
ℎ𝑖𝑗(𝑟𝜕𝑟𝜔𝑗 +𝜔𝑗) Γ𝑟𝑟

𝑣 = 0 Γ𝑟𝑖
𝑣 = 0 Γ𝑖𝑗

𝑣 = −𝐾‾𝑖𝑗 Γ𝑟𝑟
𝑟 = 0

Γ𝑟𝑟
𝑖 = 0 Γ𝑟𝑖

𝑟 = −𝑟𝜔𝑗𝐾‾𝑖𝑗 +
1

2
(𝜔𝑖 + 𝑟𝜕𝑟𝜔𝑖)

Γ𝑖𝑗
𝑟 =

1

2
(𝑟𝜕𝑖𝜔𝑗 + 𝑟𝜕𝑗𝜔𝑖) − 𝑟𝜔𝑘Γ̂𝑖𝑗

𝑘 − (𝑟2𝑋 + 𝑟2𝜔2)𝐾‾𝑖𝑗 − 𝐾𝑖𝑗

Γ𝑟𝑗
𝑖 = ℎ𝑖𝑘𝐾‾𝑗𝑘 Γ𝑗𝑘

𝑖 = 𝑟𝜔𝑖𝐾‾𝑗𝑘 + Γ̂𝑗𝑘
𝑖

 



pág. 4713 

𝑅𝑟𝑣𝑟𝑣= 𝑋 +
1

4
𝜔2  

𝑅𝑣𝑗𝑣𝑟=
1

2
(𝜕𝑣𝜔𝑗 +𝜔

𝑘𝐾𝑗𝑘)  

𝑅𝑣𝑙𝑣𝑚= −𝜕𝑣𝐾𝑙𝑚 +𝐾𝑙𝑛𝐾𝑚
𝑛  

𝑅𝑟𝑣 = −𝑋 −
1

2
𝜔2 − 𝜕𝑟𝐾 − 𝐾‾𝑖𝑗𝐾

𝑖𝑗 +
1

2
∇𝑖𝜔𝑖

𝑅𝑗𝑣 = −
1

2
𝜕𝑣𝜔𝑗 + ∇𝑛𝐾𝑗

𝑛 − ∇𝑗𝐾 −
1

2
𝜔𝑗𝐾

𝑅𝑣𝑣 = −𝜕𝑣𝐾 − 𝐾𝑚𝑛𝐾
𝑚𝑛

𝑅 = 𝑅̂ − 2𝑋 −
3

2
𝜔2 − 4𝜕𝑟𝐾 + 2(∇

𝑖𝜔𝑖) − 2𝐾‾𝑖𝑗𝐾
𝑖𝑗 − 2𝐾‾𝐾

 

In𝒫 ∼ (𝜕𝑟)
𝑛1(𝜕𝑣)

𝑛2𝒬, 𝑛1 

𝑇𝑣𝑣 ∼ 𝒪(𝜖
2) 

𝑇𝑣𝑣 ∼ 𝒪(𝜖) 

𝐸𝜇𝜈 ∼ 𝒪(𝑙
𝑁) 

 𝜖𝑟 𝑟 = −1 and 𝜖𝑣  𝑣 = 1 

𝒥𝑣 ∼ 𝜔 ∧ 𝑑𝐴 

𝑣 = 𝜏 = 0: 𝒥̃𝜏 = 𝒥𝑣 + ∇𝑖𝐵
𝑖 

𝐵2 =
1

2
𝐵𝜇𝜈𝑑𝑥

𝜇 ∧ 𝑑𝑥𝜈 

𝐻3 = 𝑑𝐵2, i.e. 𝐻𝜆𝜇𝜈 ≡ 𝜕[𝜆𝐵𝜇𝜈] 

𝐵2 → 𝐵2 + 𝑑 ∧1 

𝑉 = 𝑉(𝐵𝜇𝜈𝐵
𝜇𝜈 ± 𝑏𝜇𝜈𝑏

𝜇𝜈) 

𝛿𝐾𝑅
𝑛𝑜𝑛min = ∫  𝑒𝑑4𝑥 [

𝑅

2𝜅
−
1

12
𝐻𝜆𝜇𝜈𝐻

𝜆𝜇𝜈 − 𝑉(𝐵𝜇𝜈𝐵
𝜇𝜈 ± 𝑏𝜇𝜈𝑏

𝜇𝜈) +
1

2𝜅
(𝜉2𝐵

𝜆𝜈𝐵𝜈
𝜇
𝑅𝜆𝜇 + 𝜉3𝐵

𝜇𝜈𝐵𝜇𝜈𝑅) + ℒ
𝑀] , 

[𝜉] = 𝐿2 

𝐵𝜇𝜈𝐵
𝜇𝜈 ± 𝑏𝜇𝜈𝑏

𝜇𝜈 

𝜕𝑝𝑏𝜇𝜈 = 0 

𝑏2 = 𝜂𝜇𝜈𝜂𝛼𝛽𝑏𝜇𝛼𝑏𝜈𝛽 

𝑏2 = 𝑏𝜇𝜈𝑏
𝜇𝜈 

𝑏2 = −𝐸̃(𝑥
1)𝑑𝑥0 ∧ 𝑑𝑥1.  

𝑏2 = 𝑑𝐴̃1 
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𝐴̃1 = 𝐴̃0(𝑥
1)𝑑𝑥0 

𝐸̃ = −𝜕1𝐴0̃ 

𝐺𝜇𝜈 = 𝑅𝜇𝜈 −
1

2
𝑅𝑔𝜇𝜈 = 𝜅𝑇𝜇𝜈

𝜉2 + 𝜅𝑇𝜇𝜈
𝑀 ,  

𝑇𝜇𝜈
𝜉2 =

𝜉2
𝜅
[
1

2
𝑔𝜇𝜈𝐵

𝛼𝛾𝐵𝛾
𝛽
𝑅𝛼𝛽 − 𝐵𝜇

𝛼𝐵𝜈
𝛽
𝑅𝛼𝛽 − 𝐵

𝛼𝛽𝐵𝜇𝛽𝑅𝜈𝛼 − 𝐵
𝛼𝛽𝐵𝜈𝛽𝑅𝜇𝛼 +

1

2
𝐷𝛼𝐷𝜇(𝐵𝜈𝛽𝐵

𝛼𝛽) +
1

2
𝐷𝛼𝐷𝜈(𝐵𝜇𝛽𝐵

𝛼𝛽)

−
1

2
𝐷2(𝐵𝜇

𝛼𝐵𝛼𝜈) −
1

2
𝑔𝜇𝜈𝐷𝛼𝐷𝛽 (𝐵

𝛼𝛾𝐵𝛾
𝛽
)]

 

𝑑𝑠2 = −𝑒2𝜙(𝑟)𝑑𝑡2 + (1 −
Ω(𝑟)

𝑟
)
−1

𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2sin2 𝜃𝑑𝜙2,  

Ω(𝑟0) = 𝑟0 

Ω′(𝑟) < 1 

Ω(𝑟)/𝑟 < 1, 𝑟 > 𝑟0 

𝑏2 = 𝑔𝜇𝛼𝑔𝜈𝛽𝑏𝜇𝜈𝑏𝛼𝛽 

𝐸̃(𝑟) =
|𝑏|𝑒𝜙(𝑟)

√2(1 −
Ω(𝑟)
𝑟
)

,
 

𝑡𝜇 = (
𝜕

𝜕𝑡
)
𝜇

 

𝜓𝜇 = (
𝜕

𝜕𝜙
)
𝜇

 

𝐺𝑡𝑡  =
𝜆

4
[3𝑅𝑡𝑡 − (1 −

Ω(𝑟)

𝑟
) 𝑅𝑟𝑟] + 𝜅𝑇𝑡𝑡

𝑀

𝐺𝑟𝑟  =
𝜆

4
[3𝑅𝑟𝑟 − (1 −

Ω(𝑟)

𝑟
)
−1

𝑅𝑡𝑡] + 𝜅𝑇𝑟𝑟
𝑀

𝐺𝜃𝜃  =
𝜆𝑟2

4
[𝑅𝑡𝑡 − (1 −

Ω(𝑟)

𝑟
) 𝑅𝑟𝑟] + 𝜅𝑇𝜃𝜃

𝑀

𝐺𝜙𝜙  = sin
2 𝜃𝐺𝜃𝜃

 

𝜆 = |𝑏|2𝜉2 

𝜙(𝑟) = 𝐴 = ℷ 

𝑅𝑟𝑟 =
𝑟Ω′(𝑟) − Ω(𝑟)

𝑟 (1 −
Ω(𝑟)
𝑟 )

, 𝑅𝜃𝜃 =
𝑟Ω′(𝑟) + Ω(𝑟)

2𝑟
,

 

(𝑇𝜈
𝜇
)
𝑀
= (𝜌(𝑟) + 𝑃𝑟(𝑟))𝑢

𝜇𝑢𝜈 + 𝑃𝑟(𝑟)𝑔𝜇
𝜈 + (𝑃𝑡(𝑟) − 𝑃𝑟(𝑟))𝜒

𝜇𝜒𝜈 ,  
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𝑢𝜇𝑢𝜈 = −
1

2
𝜒𝜇𝜒𝜈 = −1 

(𝑇𝑡
𝑡)𝑀 = −𝜌(𝑟), (𝑇𝑟

𝑟)𝑀 = 𝑃𝑟(𝑟), (𝑇𝜃
𝜃)
𝑀
= (𝑇𝜙

𝜙
)
𝑀
= 𝑃𝑡(𝑟).  

𝜌(𝑟)  =
1

8𝜋
[
Ω′(𝑟)

𝑟2
+

𝜆

4𝑟3
(𝑟Ω′(𝑟) − Ω(𝑟))] ,

𝑃𝑟(𝑟)  = −
1

8𝜋
[
Ω(𝑟)

𝑟3
+
3𝜆

4𝑟3
(𝑟Ω′(𝑟) − Ω(𝑟))] ,

𝑃𝑡(𝑟)  = −
1

8𝜋
(1 −

𝜆

2
)
𝑟Ω′(𝑟) − Ω(𝑟)

2𝑟3
.

 

𝜌(𝑟) = 𝛼 [(
𝑟

𝑟𝑠
)
2

+ 𝛽]

𝜂

,  

Ω(𝑟) =
16𝜋𝛼

𝜆 + 6
𝛽𝜂𝐻(𝑟)𝑟3 + 𝐶1𝑟

𝜆
𝜆+4,  

𝐻(𝑟) =  2𝐹1 [−𝜂,
𝜆 + 6

𝜆 + 4
,
2(𝜆 + 5)

𝜆 + 4
,−

𝑟2

𝑟𝑠
2𝛽
] 

𝐶1 =
𝑟0

4
𝜆+4

𝜆 + 6
[𝜆 + 6 − 16𝜋𝛼𝛽𝜂𝐻(𝑟0)𝑟0

2].
 

Ω(𝑟) =
1

𝜆 + 6
[16𝜋𝛼𝛽𝜂𝐻(𝑟)𝑟3 + 𝑟

𝜆
𝜆+4𝑟0

4
𝜆+4{𝜆 + 6 − 16𝜋𝛼𝛽𝜂𝐻(𝑟0)𝑟0

2}] .  

Ω′(𝑟0) =
1

𝜆 + 4
[𝜆 + 32𝜋𝛼𝑟0

2 (
𝑟0
2

𝑟𝑠
2 + 𝛽)

𝜂

] < 1.  

𝜌(𝑟) =
𝜌𝑠

(
𝑟
𝑟𝑠
)
𝛾
(1 +

𝑟
𝑟𝑠
)
3−𝛾 ,  

Ω(𝑟) = 𝐶2((𝜆 + 4)𝑟)
𝜆
𝜆+4 −

32𝜋𝜌𝑠𝐺(𝑟)𝑟
3 (
𝑟
𝑟𝑠
)
−𝛾

𝛾(𝜆 + 4) − 2(𝜆 + 6)
,  

𝐺(𝑟) =  2𝐹1 [3 − 𝛾,
2(𝜆 + 6)

𝜆 + 4
− 𝛾,

3𝜆 + 16

𝜆 + 4
− 𝛾,−

𝑟

𝑎
] 

𝐶2 =
𝑟0(𝑟0(𝜆 + 4))

−
𝜆
𝜆+4

𝛾(𝜆 + 4) − 2(𝜆 + 6)
[𝛾(𝜆 + 4) − 2(𝜆 + 6) + 32𝜋𝑟0

2𝜌𝑠𝐺(𝑟0) (
𝑟0
𝑟𝑠
)
−𝛾

] .  

Ω(𝑟) =
𝑟0 (

𝑟
𝑟0
)

𝜆
𝜆+4

[𝛾(𝜆 + 4) − 2(𝜆 + 6) + 32𝜋𝜌𝑠𝐺(𝑟0)𝑟0
2 (
𝑟0
𝑟𝑠
)
−𝛾
] − 32𝜋𝜌𝑠𝐺(𝑟)𝑟

3 (
𝑟
𝑟𝑠
)
−𝛾

𝛾(𝜆 + 4) − 2(𝜆 + 6)
.
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Ω′(𝑟0) =
𝜆𝑟0
3 + 𝑟𝑠

3 [𝜆 + 32𝜋𝑟0
2𝜌𝑠 (

𝑟𝑠 + 𝑟0
𝑟𝑠

)
𝛾

(
𝑟0
𝑟𝑠
)
−𝛾
] + 3𝜆𝑟0𝑟𝑠(𝑟0 + 𝑟𝑠)

(𝜆 + 4)(𝑟𝑠 + 𝑟0)
3

< 1.
 

𝜌(𝑟) + 𝑃𝑟(𝑟) ≥ 0, 𝜌(𝑟) + 𝑃𝑡(𝑟) ≥ 0  

𝜌(𝑟) ≥ 0, 𝜌(𝑟) + 𝑃𝑟(𝑟) ≥ 0, 𝜌(𝑟) + 𝑃𝑡(𝑟) ≥ 0  

𝜌(𝑟) − |𝑃𝑟(𝑟)| ≥ 0, 𝜌(𝑟) − |𝑃𝑡(𝑟)| ≥ 0  

𝜌(𝑟) + 𝑃𝑟(𝑟) ≥ 0, 𝜌(𝑟) + 𝑃𝑡(𝑟) ≥ 0, 𝜌(𝑟) + 𝑃𝑟(𝑟) + 2𝑃𝑡(𝑟) ≥ 0  

𝜌(𝑟) + 𝑃𝑟(𝑟) =

{
  
 

  
 (𝜆 − 2) (

𝑟0
2

𝑟𝑠
2𝛽
+ 1)

−𝜂

(
𝑟2

𝑟𝑠
2𝛽
+ 1)

−𝜂

[𝒯1 − 16𝜋𝛼𝐻(𝑟0)𝑟0

4
𝜆+4

+2
𝑟
𝜆
𝜆+4 (

𝑟0
2

𝑟𝑠
2 + 𝛽)

𝜂

(
𝑟2

𝑟𝑠
2𝛽
+ 1)

𝜂

] ,

4𝜋(𝜆 + 4)(𝜆 + 6)𝑟3
(𝔎)

(𝜆 − 2) [32𝜋𝜌𝑠𝑟0
2𝐺(𝑟0)(𝑟𝑠 + 𝑟)

3(𝑟0(𝜆 + 4))
4
𝜆+4((𝜆 + 4)𝑟)

𝜆
𝜆+4 (

𝑟0
𝑟𝑠
)
−𝛾
+ (𝜆 + 4) {𝑟0𝒯2 + 8𝜋𝜌𝑠𝒯3𝑟

3 (
𝑟
𝑟𝑠
)
−𝛾
}]

4𝜋𝑟3(𝜆 + 4)2[𝛾(𝜆 + 4) − 2(𝜆 + 6)](𝑟𝑠 + 𝑟)
3 , (𝔑𝔉𝔚).

 

𝒯1 = (
𝑟0
2

𝑟𝑠
2𝛽
+ 1)

𝜂

[(𝜆 + 6) (
𝑟2

𝑟𝑠
2𝛽
+ 1)

𝜂

{𝑟0

4
𝜆+4𝑟

𝜆
𝜆+4 − 8𝜋𝛼𝑟3 (

𝑟2

𝑟0
2 + 𝛽)

𝜂

} + 16𝜋𝛼𝐻(𝑟)𝑟3 (
𝑟2

𝑟𝑠
2 + 𝛽)

𝜂

] ,

𝒯2 = (𝑟𝑠 + 𝑟)
3[𝛾(𝜆 + 4) − 2(𝜆 + 6)] (

𝑟

𝑟0
)

𝜆
𝜆+4

,

𝒯3 = 𝑟𝑠
3−𝛾
[2(𝜆 + 6) − 𝛾(𝜆 + 4)](𝑟𝑠 + 𝑟)

𝛾 − 4𝐺(𝑟)(𝑟𝑠 + 𝑟)
3.
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(𝜌(𝑟) + 𝑃𝑟(𝑟))𝑟=𝑟0 =

{
  
 

  
 (𝜆 − 2) [1 − 8𝜋𝛼𝑟0

2 (
𝑟0
2

𝑟𝑠
2 + 𝛽)

𝜂

]

4𝜋𝑟0
2(𝜆 + 4)

,  (𝔎) 

(𝜆 − 2) [3𝑟𝑠
2𝑟0 + 3𝑟𝑠𝑟0

2 + 𝑟0
3 + 𝑟𝑠

3 {1 − 8𝜋𝜌𝑠𝑟0
2 (

𝑟0
𝑟𝑠 + 𝑟0

)
−𝛾
}]

4𝜋𝑟0
2(𝜆 + 4)(𝑟𝑠 + 𝑟0)

3
,  (𝔑𝔉𝔚) .

 

 

(𝜌(𝑟) + 𝑃𝑟(𝑟))𝑟=𝑟0 = 0 

𝜌(𝑟) + 𝑃𝑟(𝑟) 

𝜌(𝑟) + 𝑃𝑡(𝑟), 𝜌(𝑟) − 𝑃𝑟(𝑟) 

𝜌(𝑟) + 𝑃𝑟(𝑟) + 2𝑃𝑡(𝑟) 

𝜌(𝑟) − 𝑃𝑡(𝑟) 

𝜔′

2
[𝜌(𝑟) + 𝑃𝑟(𝑟)] +

𝑑𝑃𝑟(𝑟)

𝑑𝑟
+
2

𝑟
[𝑃𝑟(𝑟) − 𝑃𝑡(𝑟)] = 0.  

𝜔 = 2𝜙 = 2𝐴 

𝐹𝑔(𝑟) = −
𝜔′

2
[𝜌(𝑟) + 𝑃𝑟(𝑟)], 𝐹ℎ(𝑟) = −𝑑𝑃𝑟(𝑟)/𝑑𝑟, 𝐹𝑎(𝑟) =

2

𝑟
[𝑃𝑡(𝑟) − 𝑃𝑟(𝑟)].  

𝐹𝑔(𝑟) + 𝐹ℎ(𝑟) + 𝐹𝑎(𝑟) = 0.  

 

𝑑𝑠2 = −(1 −
Ω(𝑟)

𝑟
)
−1

𝑑𝑟2 − 𝑟2𝑑𝜙2  
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𝑑𝑠2 = −[1 + (
𝑑𝑧(𝑟)

𝑑𝑟
)
2

] 𝑑𝑟2 − 𝑟2𝑑𝜙2.  

𝑑𝑧(𝑟)

𝑑𝑟
= ±(

𝑟

Ω(𝑟)
− 1)

−
1
2
.  

𝑧(𝑟) = ±∫  
∞

𝑟0
+
  (
𝑟

Ω(𝑟)
− 1)

−
1
2

 

𝑌𝑇𝐹 = 8𝜋Δ(𝑟) −
4𝜋

𝑟3
∫  
𝑟

0

  𝑟‾3𝜌′(𝑟‾)𝑑𝑟‾  

Δ(𝑟) = 𝑃𝑟(𝑟) − 𝑃𝑡(𝑟) 

𝑚𝑇 = (𝑚𝑇)𝑅 (
𝑟

𝑅
)
3

+ 𝑟3∫  
𝑅

0

 
𝑒(𝜈+𝜉)/2

𝑟‾
𝑌𝑇𝐹𝑑𝑟‾.  

Δ(𝑟) =
1

2𝑟3
∫  
𝑟

0

  𝑟‾3𝜌′(𝑟‾)𝑑𝑟‾  

𝑌𝑇𝐹 = 8𝜋Δ(𝑟) −
4𝜋

𝑟3
∫  
𝑟

𝑟0

  𝑟‾3𝜌′(𝑟‾)𝑑𝑟‾  

 

𝑀𝐴 = 4𝜋∫  
𝑟

𝑟0

  𝑟‾2𝜌(𝑟‾)𝑑𝑟‾  

𝑀𝐴 = [
4

3
𝜋𝛼𝑟3 (

𝑟2

𝑟𝑠
2𝛽
+ 1)

−𝜂

(
𝑟2

𝑟𝑠
2 + 𝛽)

𝜂

 2𝐹1 (
3

2
,−𝜂;

5

2
; −

𝑟2

𝑟𝑠
2𝛽
)]
𝑟0

𝑟

.  

𝑀𝐴 = [
4𝜋𝜌𝑠
3 − 𝛾

𝑟3 (
𝑟

𝑟𝑠
)
−𝛾

 2𝐹1 (3 − 𝛾, 3 − 𝛾; 4 − 𝛾;−
𝑟

𝑟𝑠
)]
𝑟0

𝑟

.  
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𝐸𝑔 = 𝑀𝑐
2 − 𝐸𝑀 ,  

𝑀𝑐2 =
1

2
∫  
𝑟

𝑟0

  (𝑇𝑡
𝑡)𝑀𝑟2𝑑𝑟 +

𝑟0
2

 

𝐸𝑀 =
1

2
∫  
𝑟

𝑟0

 𝑟2(𝑇𝑡
𝑡)𝑀√𝑔𝑟𝑟𝑑𝑟, with 𝑔𝑟𝑟 = (1 −

Ω(𝑟)

𝑟
)
−1

.  

𝐸𝑔 =
1

2
∫  
𝑟

𝑟0

  [1 − √𝑔𝑟𝑟](𝑇𝑡
𝑡)𝑀𝑟2𝑑𝑟 +

𝑟0
2
.  
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𝜓 = −𝜋 + 2∫  
∞

𝑟𝑐

 
𝑒𝜙(𝑟)

𝑟2√(1 −
Ω(𝑟)
𝑟 ) (

1
𝛽2
−
𝑒2𝜙(𝑟)

𝑟2
)

𝑑𝑟
 

𝛽 = 𝑟𝑐𝑒
−𝜙(𝑟𝑐)  

𝑓(𝒬, 𝒯) ≡ 𝒬 + 𝛽𝒯 

𝒮 = ∫  
1

2𝜅2
𝑓(𝒬, 𝒯)√−𝑔𝑑4𝑥 + ∫  ℒ𝑚√−𝑔𝑑

4𝑥  

𝜅2 = 8𝜋𝐺/𝑐4 

𝒬𝜆𝜇𝜈 = ∇𝜆𝑔𝜇𝜈  

𝒬 = −𝒬𝛼𝜇𝜈𝑃
𝛼𝜇𝜈 ≡ −𝑔𝜇𝜈 (𝐿𝛼𝜇

𝛽
𝐿𝜈𝛽
𝛼 − 𝐿𝛼𝛽

𝛽
𝐿𝜇𝜈
𝛼 )  

𝑃𝛼  𝜇𝜈 =
1

4
[2𝒬(𝜇 

𝛼  𝜈) − 𝒬
𝛼  𝜇𝜈 + 𝒬

𝛼𝑔𝜇𝜈 − 𝒬̃
𝛼𝑔𝜇𝜈 − 𝛿(𝜇

𝛼 𝒬𝜈)]  

𝐿𝛽 𝜇𝜈 =
1

2
𝒬𝛽 𝜇𝜈 − 𝒬(𝜇 

𝛽 𝜈)  

𝒬𝛼 = 𝒬𝛼  
𝜇 𝜇 , 𝒬̃𝛼 = 𝒬

𝜇 𝛼𝜇  

−2

√−𝑔
∇𝛼(√−𝑔𝑓𝒬𝑃

𝛼 𝜇𝜈) −
1

2
𝑔𝜇𝜈𝑓 + 𝑓𝒯(𝒯𝜇𝜈 + Θ𝜇𝜈) − 𝑓𝒬(𝑃𝜇𝛼𝛽𝒬𝜈 

𝛼𝛽 − 2𝒬𝛼𝛽 𝜇𝑃𝛼𝛽𝜈) = 𝜅
2𝒯𝜇𝜈  

𝑓𝒬 =
𝜕𝑓

𝜕𝒬
 and 𝑓𝒯 =

𝜕𝑓

𝜕𝒯
 

Θ𝜇𝜈 = 𝑔
𝛼𝛽
𝛿𝒯𝛼𝛽

𝛿𝑔𝜇𝜈
, 𝒯𝜇𝜈 = −

2

√−𝑔

𝛿(√−𝑔ℒ𝑚)

𝛿𝑔𝜇𝜈
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𝑑𝑠2 = 𝑒2𝜉(𝑟)𝑑𝑡2 − (1 −
ℎ(𝑟)

𝑟
)
−1

𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2sin2 𝜃𝑑Φ2  

ℎ(𝑟0) = 𝑟0 

ℎ − 𝑟ℎ′

2ℎ2
> 0 

ℎ(𝑟)

𝑟
→ 0 as 𝑟 → ∞ 

𝑇𝜇
𝜈 = (𝜎𝑐2 + 𝑝𝜃)𝑈𝜇𝑈

𝜈 − 𝑝𝜃𝛿𝜇
𝜈 + (𝑝𝑟 − 𝑝𝜃)𝑉𝜇𝑉

𝜈  

𝑈𝜇𝑈
𝜈 = −𝑉𝜇𝑉

𝜈 = 1 

𝑇 = 𝜎𝑐2 − 𝑝𝑟 − 2𝑝𝜃 

ℒ𝑚 = −𝑃 

𝑃 ≡
𝑝𝑟 + 2𝑝𝜃

3
 

Θ𝜇𝜈 = −𝑔𝜇𝜈𝑃 − 2𝑇𝜇𝜈  

𝒬 = −
ℎ

𝑟2
[
𝑟ℎ′ − ℎ

𝑟(𝑟 − ℎ)
+ 2𝜉′]  

2(𝑟 − ℎ)

(2𝑟 − ℎ)𝑓𝒬
[𝜎𝑐2 −

(𝑟 − ℎ)

𝜅2𝑟3
(
ℎ𝑟𝑓𝒬𝑄𝒬

′

𝑟 − ℎ
+ ℎ𝑓𝒬 (

𝑟𝜉′ + 1

𝑟 − ℎ
−

2𝑟 − ℎ

2(𝑟 − ℎ)2
) +

𝑓𝑟3

2(𝑟 − ℎ)
) +

𝑓𝒯(𝑃 + 𝜎)

𝜅2
] =

ℎ′

𝜅2𝑟2

2ℎ

𝑓𝑟3
[𝑝𝑟 +

(𝑟 − ℎ)

2𝜅2𝑟3
(𝑓𝒬 (

ℎ (
𝑟ℎ′ − ℎ
𝑟 − ℎ

+ 2𝑟𝜉′ + 2)

𝑟 − ℎ
− 4𝑟ℎ′)+

2ℎ𝑟𝑓𝒬𝒬𝒬
′

𝑟 − ℎ
)+

𝑓𝑟3(𝑟 − ℎ)𝜉′

𝜅2ℎ𝑟2
−
𝑓𝒯(𝑃 − 𝑝𝑟)

𝜅2
]

 =
1

𝜅2
[2 (1 −

ℎ

𝑟
)
𝜉′

𝑟
−
ℎ

𝑟3
]

1

𝑓𝒬 (
𝑟

𝑟 − ℎ
+ 𝑟𝜉′)

[𝑝𝜃 +
(𝑟 − ℎ)

4𝜅2𝑟2
(𝑓𝒬 (

4(2ℎ − 𝑟)𝜉′

𝑟 − ℎ
− 4𝑟(𝜉′)2 − 4𝑟𝜉′′) +

2𝑓𝑟2

𝑟 − 𝑏
− 4𝑟𝑓𝒬𝒬𝑄

′𝜉′) −
𝑓𝒯(𝑃 − 𝑝𝜃)

𝜅2

+
(𝑟 − ℎ)

𝜅2𝑟
(𝜉′′ + 𝜉′2 −

(𝑟ℎ′ − ℎ)𝜉′

2𝑟(𝑟 − ℎ)
+
𝜉′

𝑟
)𝑓𝒬 (

𝑟

𝑟 − ℎ
+ 𝑟𝜉′)] =

1

𝜅2
(1 −

ℎ

𝑟
) [𝜉′′ + 𝜉′2 −

(𝑟ℎ′ − ℎ)𝜉′

2𝑟(𝑟 − ℎ)
−

𝑟ℎ′ − ℎ

2𝑟2(𝑟 − ℎ)
+
𝜉′

𝑟
]

 

𝜎̃𝑐2 =
2(𝑟 − ℎ)

(2𝑟 − ℎ)𝑓𝒬
[
 
 
 

𝜎𝑐2 −
(1 −

ℎ
𝑟) {

ℎ𝑟𝑓𝒬𝒬𝒬
′

𝑟 − ℎ
+
ℎ𝑓𝒬
𝑟 − ℎ

−
ℎ(2𝑟 − ℎ)𝑓𝒬
2(𝑟 − ℎ)2

+
𝑓𝑟3

2(𝑟 − ℎ)
}

𝜅2𝑟2
+
𝑓𝒯(𝑃 + 𝜎𝑐

2)

𝜅2

]
 
 
 

𝑝̃𝑟 =
2ℎ

𝑓𝑟3

[
 
 
 
 
 
 
 

𝑝𝑟 −
𝑓𝒯(𝑃 − 𝑝𝑟)

𝜅2
+

(1 −
ℎ
𝑟){

ℎ𝑓𝒬 (
𝑟ℎ′ − ℎ
𝑟 − 𝑏

+ 2)

𝑟 − ℎ
+
2ℎ𝑟𝑓𝒬𝒬𝒬

′

𝑟 − ℎ }

2𝜅2𝑟2

]
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𝑝𝜃̃ =
(𝑟 − ℎ)

𝑟𝑓𝒬
[𝑝𝜃 −

𝑓𝒯(𝑃 − 𝑝𝜃)

𝜅2
+
𝑓𝑟 (1 −

ℎ
𝑟
)

2𝜅2(𝑟 − ℎ)
]  

𝜎̃𝑐2 + 𝑝𝚥̃ ≥ 0∀𝑗 

𝜎̃𝑐2 − |𝑝𝚥̃| ≥ 0∀𝑗 

𝜎̃𝑐2 + 𝑝𝑟̃ ≥ 0, 𝜎̃𝑐
2 + 𝑝𝜃̃ ≥ 0 

𝜎̃𝑐2 + 𝑝𝑟̃ + 𝑝𝜃̃ ≥ 0 

𝑓(𝒬, 𝒯) = 𝒬 + 𝛽𝒯  

𝜎 =
(3 + 8𝛽)ℎ′

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑐2𝑟2

𝑝𝑟  = −
3(1 + 4𝛽)ℎ − 4𝛽𝑟ℎ′

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟3

𝑝𝜃  =
3(1 + 4𝛽)ℎ − (3 + 4𝛽)𝑟ℎ′

6(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟3

 

𝜎̃𝑐2 = 𝜎𝑐2 + 𝛽(3𝜎𝑐2 − 𝑝𝑟/3 − 2𝑝𝜃/3),

𝑝̃𝑟 = 𝑝𝑟 − 𝛽(𝜎𝑐
2 − 7𝑝𝑟/3 − 2𝑝𝜃/3),

𝑝̃𝜃 = 𝑝𝜃 − 𝛽(𝜎𝑐
2 − 𝑝𝑟/3 − 8𝑝𝜃/3).

 

[𝑖
𝜕

𝜕𝜏
+
1

2
∇2 − 𝑎𝑉]𝜓 = 0

∇2𝑉 = 4𝜋(|𝜓|2 − 1)
 

𝜎sol(𝑟) =
𝜎𝑐

[1 + 𝛼(𝑟/𝑟𝑐)
2]8

 

𝜎𝑐 = 2.4 × 10
12 (

𝑚𝑏
10−22eV

)
−2

(
𝑟𝑐
pc
)
−4𝑀⊙
pc3

 

𝜎NFW(𝑟) =
𝜎𝑠

(𝑟/𝑟𝑠)(1 + 𝑟/𝑟𝑠)
2  

𝜎𝑠 =
𝜁(𝑧)𝜎𝑚0

3

𝑐3

log (1 + 𝑐) −
𝑐

1 + 𝑐

𝜁(𝑧) =
18𝜋2 + 82(Ω𝑚(𝑧) − 1) − 39(Ω𝑚(𝑧) − 1)

2

Ω𝑚(𝑧)

 

𝜎𝑐0 = 3𝐻0
2/8𝐺 

𝜎𝑚0 = Ω𝑚0𝜎𝑐0 

ℎ(𝑟) = 𝑟0 + 𝐴[arctan (√𝛼𝑟/𝑟𝑐) − arctan (√𝛼𝑟0/𝑟𝑐)] + 𝐵
𝑟 − 𝑟0

(𝑟𝑐
2 + 𝛼𝑟2)7

ℱ(𝑟)  
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𝐴 =
99𝜎𝑠𝑐

2𝜅2(1 + 2𝛽)(1 + 4𝛽)𝑟𝑐
3

2048𝛼√𝛼(3 + 8𝛽)

𝐵 = −
99𝜎𝑠𝑐

2𝜅2(1 + 2𝛽)(1 + 4𝛽)𝑟𝑐
4

2048𝛼(3 + 8𝛽)(𝑟𝑐
2 + 𝛼𝑟0

2)7

 

3𝜅2𝜎𝑐𝑐
2𝑟0
2𝑟𝑐
16(1 + 2𝛽)(1 + 4𝛽)

(3 + 8𝛽)(𝑟𝑐
2 + 𝛼𝑟0

2)8
< 1  

𝛽 < −
3

8
+
4(𝑟𝑐

2 + 𝛼𝑟0
2)8 −√16(𝑟𝑐

2 + 𝛼𝑟0
2)16 + 9𝜅4𝜎𝑐

2𝑐4𝑟𝑐
32𝑟0

4

24𝜅2𝜎𝑐𝑐
2𝑟𝑐
16𝑟0

2 , 

−3/8 < 𝛽 < −
3

8
+
4(𝑟𝑐

2 + 𝛼𝑟0
2)8 +√16(𝑟𝑐

2 + 𝛼𝑟0
2)16 + 9𝜅4𝜎𝑐

2𝑐4𝑟𝑐
32𝑟0

4

24𝜅2𝜎𝑐𝑐
2𝑟𝑐16𝑟0

2

 

 

(𝑑ℎ/𝑑𝑟)𝑟0 < 1 

ℎ(𝑟)/𝑟 < 1 at 𝑟 > 𝑟0 

ℎ(𝑟)/𝑟 → 0 as 𝑟 → ∞ 

𝑑ℎ/𝑑𝑟 < 1 at 𝑟 > 𝑟0 

𝑑ℎ/𝑑𝑟 → 0 as 𝑟 → ∞ 

𝑑𝑠2 =
𝑑𝑟2

1 − ℎ(𝑟)/𝑟
+ 𝑟2𝑑Φ2.  

𝑑𝑠2 = [1 + (
𝑑𝑧

𝑑𝑟
)
2

] 𝑑𝑟2 + 𝑟2𝑑Φ2  

𝑧(𝑟) = ±∫  
𝑟

𝑟0

 
𝑑𝜁

√𝜁/ℎ(𝜁) − 1
 

lim
𝑟→𝑟0

 𝑑𝑧/𝑑𝑟 → ∞, 
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ℎ(𝑟) = 𝑟0 + 𝐴̃
𝑟 − 𝑟0
𝑟 + 𝑟𝑠

+ 𝐵̃ln [
𝑟 + 𝑟𝑠
𝑟0 + 𝑟𝑠

] ,  

 

𝐴̃ = −
3𝜎𝑠𝑐

2𝜅2(1 + 2𝛽)(1 + 4𝛽)𝑟𝑠
4

(3 + 8𝛽)(𝑟0 + 𝑟𝑠)

𝐵̃ = −𝐴̃ (1 +
𝑟0
𝑟𝑠
) =

3𝜎𝑠𝑐
2𝜅2(1 + 2𝛽)(1 + 4𝛽)𝑟𝑠

3

(3 + 8𝛽)

 

3𝜅2𝜎𝑠𝑐
2𝑟0𝑟𝑠

3(1 + 2𝛽)(1 + 4𝛽)

(3 + 8𝛽)(𝑟𝑠 + 𝑟0)
2

< 1.  

𝛽 < −
3

8
+
4(𝑟𝑠 + 𝑟0)

2 −√16(𝑟𝑠 + 𝑟0)
4 + 9𝜅4𝜎𝑠

2𝑐4𝑟𝑠
6𝑟0
2

24𝜅2𝜎𝑠𝑐
2𝑟𝑠
3𝑟0

, 

−3/8 < 𝛽 < −
3

8
+
4(𝑟𝑠 + 𝑟0)

2 +√16(𝑟𝑠 + 𝑟0)
4 + 9𝜅4𝜎𝑠

2𝑐4𝑟𝑠
6𝑟0
2

24𝜅2𝜎𝑠𝑐
2𝑟𝑠
3𝑟0

 

lim
𝑟→𝑟0

 𝑑𝑧/𝑑𝑟 → ∞, 

 



pág. 4725 

 

 

ℜ𝛼𝛽𝑢
𝛼𝑢𝛽 ≥ 0 and ℜ𝛼𝛽ℓ

𝛼ℓ𝛽 ≥ 0 

𝔗̃𝛼 𝛽 = diag(−𝜌̃𝑐
2, 𝑝̃𝑟, 𝑝̃𝑡 , 𝑝̃𝑡) 

ℜ𝛼𝛽 = 𝜅 (𝔗̃𝛼𝛽 −
1

2
𝑔𝛼𝛽𝔗̃) 

𝜎̃𝑐2 + 𝑝̃𝑟 = (1 + 2𝛽)(𝜎𝑐
2 + 𝑝𝑟),

𝜎̃𝑐2 + 𝑝̃𝜃 = (1 + 2𝛽)(𝜎𝑐
2 + 𝑝𝜃),

𝜎̃𝑐2 − 𝑝̃𝑟 = 𝜎𝑐
2 − 𝑝𝑟 + 4𝛽(𝜎𝑐

2 − 𝑝𝑟/3 − 2𝑝𝜃/3),

𝜎̃𝑐2 − 𝑝̃𝜃 = 𝜎𝑐
2 − 𝑝𝜃 + 2𝛽(2𝜎𝑐

2 − 𝑝𝑟/3 − 5𝑝𝜃/3),

𝜎̃𝑐2 + 𝑝̃𝑟 + 2𝑝̃𝜃 = 𝜎𝑐
2 + 𝑝𝑟 + 2𝑝𝜃 +

8

3
𝛽(𝑝𝑟 + 2𝑝𝜃).
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𝑝𝑟 = −
[𝑟0 + 𝐴̃

(𝑟 − 𝑟0)
(𝑟 + 𝑟𝑠)

+ 𝐵̃ln (
𝑟𝑠 + 𝑟
𝑟𝑠 + 𝑟0

)]

(1 + 2𝛽)𝜅2𝑟3
+

4𝛽[(𝐴̃ + 𝐵̃)𝑟𝑠 + 𝐴̃𝑟0 + 𝐵̃𝑟]

3(𝑟𝑠 + 𝑟)
2(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟2

,

𝑝𝜃 =
[𝑟0 + 𝐴̃

(𝑟 − 𝑟0)
(𝑟 + 𝑟𝑠)

+ 𝐵̃ln (
𝑟𝑠 + 𝑟
𝑟𝑠 + 𝑟0

)]

2(1 + 2𝛽)𝜅2𝑟3
+
(3 + 4𝛽)[(𝐴̃ + 𝐵̃)𝑟𝑠 + 𝐴̃𝑟0 + 𝐵̃𝑟]

6(𝑟𝑠 + 𝑟)
2(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟2

.

 

 

 

𝑝𝑟
′ = −

3(1 + 2𝛽)(𝜎𝑐2 + 𝑝𝑟)

3 + 7𝛽
𝜉′ + 𝛽

3𝜎′𝑐2 − 2𝑝𝜃
′

3 + 7𝛽
+
6(1 + 2𝛽)(𝑝𝜃 − 𝑝𝑟)

(3 + 7𝛽)𝑟
.  
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𝐹ℎ = −𝑝𝑟
′ , 𝐹𝑔 = −

3(1 + 2𝛽)(𝜎𝑐2 + 𝑝𝑟)

3 + 7𝛽
𝜉′, 𝐹𝑐 = 𝛽

3𝜎′𝑐2 − 2𝑝𝜃
′

3 + 7𝛽
, 𝐹𝑎 =

6(1 + 2𝛽)(𝑝𝜃 − 𝑝𝑟)

(3 + 7𝛽)𝑟
.  

𝑝𝑟
′ = −(𝜎𝑐2 + 𝑝𝑟)𝜉

′ +
2

𝑟
(𝑝𝜃 − 𝑝𝑟) 

𝐹ℎ + 𝐹𝑐 + 𝐹𝑎 = 0  

1 + 2𝛽

3 + 7𝛽
=
2

7
+

1

7(3 + 7𝛽)
→
2

7
|𝛽| 

𝑝𝑟 < 𝑝𝜃(𝑝𝑟 > 𝑝𝜃) 

𝐹ℎ  = −
3ℎ

(1 + 2𝛽)𝜅2𝑟4
+

(3 + 20𝛽)ℎ′

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟3
−

4𝛽ℎ′′

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟2

𝐹𝑐  =
3𝛽ℎ

(1 + 2𝛽)(3 + 7𝛽)𝜅2𝑟4
−

𝛽(27 + 68𝛽)ℎ′

3(1 + 2𝛽)(1 + 4𝛽)(3 + 7𝛽)𝜅2𝑟3
+

4𝛽ℎ′′

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟2

𝐹𝑎  =
9ℎ

(3 + 7𝛽)𝜅2𝑟4
−

3ℎ′

(3 + 7𝛽)𝜅2𝑟3

 

 

 

2ℒ = −𝑡̇2 +
𝑟̇2

1 −
ℎ
𝑟

+ 𝑟2[𝜃̇2 + sin2 𝜃Φ̇2]  

𝔭𝑡 =
𝜕ℒ

𝜕𝑡̇
= 𝑡̇ = 𝐸, 𝔭Φ =

𝜕ℒ

𝜕Φ̇
= 𝑟2sin2 𝜃Φ̇ = 𝐿  

𝑡̇ = 𝐸, Φ̇ =
𝐿

𝑟2sin2 𝜃
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𝔭𝑟 =
𝜕ℒ

𝜕𝑟̇
=

𝑟̇

1 −
ℎ
𝑟

, 𝔭𝜃 =
𝜕ℒ

𝜕𝜃̇
= 𝑟2𝜃̇  

𝜕𝑆

𝜕𝜆
= −

1

2
𝑔𝜇𝜈

𝜕𝑆

𝜕𝑥𝜇
𝜕𝑆

𝜕𝑥𝜈
,  

𝑆 = −𝐸𝑡 + 𝐿Φ + 𝑆𝑟(𝑟) + 𝑆𝜃(𝜃)  

(
𝑑𝑆𝜃
𝑑𝜃
)
2

= 𝑄 −
𝐿2

sin2 𝜃
, (1 −

ℎ

𝑟
) (
𝑑𝑆𝑟
𝑑𝑟
)
2

= 𝐸2 −
𝑄

𝑟2
 

𝔭𝑟 =
𝜕𝑆

𝜕𝑟
=
𝑑𝑆𝑟
𝑑𝑟

 

𝔭𝜃 =
𝜕𝑆

𝜕𝜃
=
𝑑𝑆𝜃
𝑑𝜃

 

1

(1 −
ℎ
𝑟)
1/2

𝑑𝑟

𝑑𝜆
= ±√𝑅(𝑟), 𝑟2

𝑑𝜃

𝑑𝜆
= ±√𝑇(𝜃)

 

𝑅(𝑟) = 𝐸2 −
𝑄

𝑟2
, 𝑇(𝜃) = 𝑄 −

𝐿2

sin2 𝜃
 

𝜁 =
𝐿

𝐸
, 𝜂 =

𝑄

𝐸2
 

𝑅(𝑟) = 1 −
𝜂

𝑟2
, 𝑇(𝜃) = 𝜂 −

𝜁2

sin2 𝜃
 

(
𝑑𝑟

𝑑𝜆̃
)
2

+ 𝑉𝑒𝑓𝑓 = 0,𝑉𝑒𝑓𝑓 = −(1 −
ℎ

𝑟
)𝑅(𝑟) = −(1 −

ℎ

𝑟
) (1 −

𝜂

𝑟2
) ,  

𝑉𝑒𝑓𝑓 = 0,
𝑑𝑉𝑒𝑓𝑓

𝑑𝑟
= 0,

𝑑2𝑉𝑒𝑓𝑓

𝑑𝑟2
≤ 0  

𝜅2𝜎𝑐2 =
(𝑟 − ℎ)

2𝑟3
[𝑓𝒬 {

(2𝑟 − ℎ)(𝑟ℎ′ − ℎ)

(𝑟 − ℎ)2
+
ℎ(2𝑟𝜉′ + 2)

𝑟 − ℎ
} +

2ℎ𝑟𝑓𝒬𝒬𝒬
′

𝑟 − ℎ
+
𝑓𝑟3

𝑟 − ℎ
−
2𝑟3𝑓𝒯(𝑃 + 𝜎𝑐

2)

(𝑟 − ℎ)
]

𝜅2𝑝𝑟 = −
(𝑟 − ℎ)

2𝑟3
[𝑓𝒬 {

ℎ

𝑟 − ℎ
(
𝑟ℎ′ − ℎ

𝑟 − 𝑏
+ 2𝑟𝜉′ + 2) − 4𝑟𝜉′} +

2ℎ𝑟𝑓𝒬𝒬𝒬
′

𝑟 − ℎ
+
𝑓𝑟3

𝑟 − ℎ
−
2𝑟3𝑓𝒯(𝑃 − 𝑝𝑟)

(𝑟 − ℎ)
]

𝜅2𝑝𝜃 = −
(𝑟 − ℎ)

4𝑟2
[𝑓𝒬 {

(𝑟ℎ′ − ℎ) (
2𝑟
𝑟 − ℎ

+ 2𝑟𝜉′)

𝑟(𝑟 − ℎ)
+
4(2ℎ − 𝑟)𝜉′

𝑟 − ℎ
− 4𝑟𝜉′2 − 4𝑟𝜉′′} − 4𝑟𝑓𝒬𝒬𝒬

′𝜉′ +
2𝑓𝑟2

𝑟 − ℎ
−
4𝑟2𝑓𝒯(𝑃 − 𝑝𝜃)

(𝑟 − ℎ)
]

 

𝐺𝜇𝜈 = 𝜅
2(𝒯𝜇𝜈 +𝒯𝜇𝜈

NMG) = 𝜅2𝒯̃𝜇𝜈  

𝒯̃𝜇 𝜈 = diag(𝜎̃𝑐
2, 𝑝̃𝑟, 𝑝̃𝜃, 𝑝̃𝜃) 
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𝜎̃𝑐2 =
ℎ′

𝜅2𝑟2

𝑝̃𝑟 =
1

𝜅2
[2 (1 −

ℎ

𝑟
)
𝜉′

𝑟
−
ℎ

𝑟3
]

𝑝̃𝜃 =
1

𝜅2
(1 −

ℎ

𝑟
) [𝜉′′ + 𝜉′2 −

(𝑟ℎ′ − ℎ)𝜉′

2𝑟(𝑟 − ℎ)
−

𝑟ℎ′ − ℎ

2𝑟2(𝑟 − ℎ)
+
𝜉′

𝑟
]

 

𝜎̃𝑐2 =
2(𝑟 − ℎ)

(2𝑟 − ℎ)𝑓𝒬
[𝜎𝑐2 −

1

𝜅2𝑟2
(1 −

ℎ

𝑟
) (
ℎ𝑟𝑓𝒬𝒬𝒬

′

𝑟 − 𝑏
+ ℎ𝑓𝒬 (

𝑟𝜉′ + 1

𝑟 − ℎ
−

2𝑟 − ℎ

2(𝑟 − ℎ)2
) +

𝑓𝑟3

2(𝑟 − ℎ)
) +

𝑓𝒯(𝑃 + 𝜎𝑐
2)

𝜅2
]

𝑝̃𝑟 =
2ℎ

𝑓𝑟3
[𝑝𝑟 +

1

2𝜅2𝑟2
(1 −

ℎ

𝑟
)(𝑓𝒬 (

ℎ (
𝑟ℎ′ − ℎ
𝑟 − ℎ

+ 2𝑟𝜉′ + 2)

𝑟 − ℎ
− 4𝑟𝜉′)+

2ℎ𝑟𝑓𝒬𝒬𝒬ℎ
′

𝑟 − 𝑔
) +

𝑓𝑟3(𝑟 − ℎ)𝜉′

𝜅2ℎ𝑟2
−
𝑓𝒯(𝑃 − 𝑝𝑟)

𝜅2
]

𝑝̃𝜃 =
1

𝑓𝒬 (
𝑟

𝑟 − ℎ
+ 𝑟𝜉′)

[𝑝𝜃 +
1

4𝜅2𝑟
(1 −

ℎ

𝑟
) (𝑓𝒬 (

4(2ℎ − 𝑟)𝜉′

𝑟 − ℎ
− 4𝑟(𝜉′)2 − 4𝑟𝜉′′) +

2𝑓𝑟2

𝑟 − ℎ
− 4𝑟𝑓𝒬𝒬𝑄

′𝜉′)

+
1

𝜅2
(1 −

ℎ

𝑟
) (𝜉′′ + 𝜉′2 −

(𝑟ℎ′ − ℎ)𝜉′

2𝑟(𝑟 − ℎ)
+
𝜉′

𝑟
)𝑓𝒬 (

𝑟

𝑟 − ℎ
+ 𝑟𝜉′) −

𝑓𝒯(𝑃 − 𝑝𝜃)

𝜅2
]

 

𝜎̃𝑐2 + 𝑝𝑟̃ =
ℎ(ℎ − 2𝑟)𝑓𝒬

2[ℎ(3ℎ − 2𝑟) − ℎ𝑟ℎ′] − 𝑓𝑟4(ℎ − 𝑟)2[2ℎ𝑓𝒬𝒬𝒬
′ + 𝑟2{𝑓 − 2𝑓𝒯(𝑃 + 𝜎𝑐

2) + 2𝜅2𝑝𝑟}]

𝜅2𝑓𝑟6(ℎ − 2𝑟)(ℎ − 𝑟)𝑓𝒬

 +
2(𝑟 − ℎ)(𝜎𝑐2 + 𝑝𝑟)

(2𝑟 − ℎ)𝑓𝒬
+
ℎ𝑟(ℎ − 𝑟)𝑓𝒬[2(ℎ − 2𝑟){𝒬𝑓𝒬𝒬𝒬

′ + 𝑟2(𝑓𝑇(𝑝𝑟 − 𝑃) + 𝜅
2𝑝𝑟)} − ℎ𝑓𝑟

2]

𝜅2𝑓𝑟6(ℎ − 2𝑟)(ℎ − 𝑟)𝑓𝒬

,   

𝜎̃𝑐2 + 𝑝𝜃̃ =

𝜎̃𝑐2 − 𝑝𝑟̃ = −
2(𝑟 − ℎ)(𝜎 + 𝑝𝜃)

(2𝑟 − ℎ)𝑓𝒬
−
2ℎ2𝑓𝒬 + 𝑟(𝑟 − ℎ)[2𝑟𝑓𝒯(+2𝜎𝑟 − ℎ𝑝𝜃 + ℎ𝑃 + 2𝑟𝑝𝜃) − ℎ(4𝑓𝒬𝒬𝒬

′ + 𝑓𝑟 + 2𝜅2𝑟𝑝𝜃)]

2𝜅2𝑟3(ℎ − 2𝑟)𝑓𝒬
,   

 +
2(𝑟 − ℎ)(𝜎 − 𝑝𝑟)

(2𝑟 − ℎ)𝑓𝑄
−
ℎ𝑟(ℎ − 𝑟)𝑓𝒬[2(ℎ − 2𝑟){ℎ𝑓𝒬𝒬𝒬

′ + 𝑟2(𝑓𝒯(𝑝𝑟 − 𝑃) + 𝜅
2𝑝𝑟)} + ℎ𝑓𝑟

2]

𝜅2𝑓𝑟6(ℎ − 2𝑟)(ℎ − 𝑟)𝑓𝒬
,   

𝜎̃𝑐2 − 𝑝𝜃̃ =
2(𝑟 − ℎ)(𝜎 − 𝑝𝜃)

(2𝑟 − ℎ)𝑓𝒬
−
2ℎ2𝑓𝒬 + 𝑟(𝑟 − ℎ)[2{𝑟𝑓𝒯((ℎ − 2𝑟)𝑝𝜃 − ℎ𝑃 + 4𝑃𝑟 + 2𝜎𝑟) − 2𝑏𝑓𝒬𝒬𝒬

′ + 𝜅2ℎ𝑟𝑝𝜃} + 𝑓𝑟(ℎ − 4𝑟)]

2𝜅2𝑟3(ℎ − 2𝑟)𝑓𝒬

𝜎̃𝑐2 + 𝑝𝑟̃ + 2𝑝𝜃̃ = +
2(𝑟 − ℎ)(𝑝𝑟 + 2𝑝𝜃 + 𝜎)

(2𝑟 − ℎ)𝑓𝒬
+
ℎ𝑟

𝜅2𝑟6
[
2(ℎ𝑓𝒬𝒬𝒬

′ + 𝑟2{𝑓𝒯(𝑝𝑟 − 𝑃) + 𝜅
2𝑝𝑟})

𝑓
−

ℎ𝑟2

ℎ − 2𝑟
]

+
ℎ2𝑓𝒬(3ℎ − 𝑟ℎ

′ − 2𝑟)

𝜅2𝑟6𝑓(ℎ − 𝑟)
+
𝑟4(ℎ − 𝑟)[2𝑟𝑓𝒯(ℎ𝑃 − (ℎ − 2𝑟)𝑝𝜃 − 𝑃𝑟 + 𝜎𝑟) − 2ℎ𝑓𝒬𝒬𝒬

′ + 𝑓𝑟(𝑟 − ℎ) − 2𝜅2𝑟(ℎ𝑝𝜃 + 𝑟𝑝𝑟)]

𝜅2𝑟6(ℎ − 2𝑟)𝑓𝒬

 

• 𝜎̃ ≥ 0 ⇒ 𝜎 ≥ 0 

(2𝑟 − ℎ)𝑓𝒬

𝑟 − ℎ

> 𝔊 

2(𝑟 − ℎ)

[
 
 
 (1 −

ℎ
𝑟) (

ℎ𝑟𝑓𝒬𝒬𝒬
′

𝑟 − ℎ
+
ℎ𝑓𝒬
𝑟 − ℎ

−
ℎ(2𝑟 − ℎ)𝑓𝒬
2(𝑟 − ℎ)2

+
𝑓𝑟3

2(𝑟 − ℎ)
)

𝜅2𝑟2
−
𝑓𝒯(𝑃 + 𝜎)

𝜅2

]
 
 
 

(2𝑟 − ℎ)𝑓𝒬
≤ 𝔊 

• 𝜎̃ + 𝑝𝑟̃ ≥ 0 ⇒ 𝜎 + 𝑝𝑟 ≥ 0 

(2𝑟 − ℎ)𝑓𝒬

𝑟 − ℎ
> 𝔊 

ℎ𝑟(ℎ − 𝑟)𝑓𝒬 [2(ℎ − 2𝑟) (ℎ𝑓𝒬𝒬𝒬
′ + 𝑟2(𝑓𝒯(𝑝𝑟 − 𝑃) + 𝜅

2𝑝𝑟)) − 𝑏𝑓𝑟
2]

𝜅2𝑓𝑟6(𝑏 − 2𝑟)(𝑏 − 𝑟)𝑓𝑄

+
ℎ(ℎ − 2𝑟)𝑓𝒬

2(ℎ(3ℎ − 2𝑟) − ℎ𝑟ℎ′) − 𝑓𝑟4(ℎ − 𝑟)2[2ℎ𝑓𝒬𝒬𝒬
′ + 𝑟2(−2𝑓𝒯(𝑃 + 𝜎) + 𝑓 + 2𝜅

2𝑝𝑟)]

𝜅2𝑓𝑟6(ℎ − 2𝑟)(ℎ − 𝑟)𝑓𝒬
≥ 𝔊
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• 𝜎̃ + 𝑝𝜃̃ ≥ 0 ⇒ 𝜎 + 𝑝𝜃 ≥ 0 

(2𝑟 − ℎ)𝑓𝒬
𝑟 − ℎ

> 𝔊 
2ℎ2𝑓𝒬 + 𝑟(𝑟 − ℎ)[2𝑟𝑓𝒬(−ℎ𝑝𝜃 + ℎ𝑃 + 2𝑟𝑝𝜃 + 2𝜎𝑟) − ℎ(4𝑓𝒬𝒬𝒬

′ + 𝑓𝑟 + 2𝜅2𝑟𝑝𝜃)]

2𝜅2𝑟3(ℎ − 2𝑟)𝑓𝒬
≤ 𝔊 

• 𝜎̃ − 𝑝𝑟̃ ≥ 0 ⇒ 𝜎 − 𝑝𝑟 ≥ 0 

(2𝑟 − ℎ)𝑓𝒬
𝑟 − ℎ

> 𝔊
ℎ𝑟(ℎ − 𝑟)𝑓𝒬[2(ℎ − 2𝑟){ℎ𝑓𝒬𝒬𝒬

′ + 𝑟2(𝑓𝒯(𝑝𝑟 − 𝑃) + 𝜅
2𝑝𝑟)} + 𝑏𝑓𝑟

2]

𝜅2𝑓𝑟6(𝑏 − 2𝑟)(𝑏 − 𝑟)𝑓𝑄
+

ℎ(ℎ − 2𝑟)𝑓𝒬
2[ℎ(3ℎ − 2𝑟) − ℎ𝑟ℎ′] + 𝑓𝑟4(ℎ − 𝑟)2[2ℎ𝑓𝒬𝒬𝒬

′ + 𝑟2(−2𝑓𝒯(𝑃 + 𝜎) + 𝑓 − 2𝜅
2𝑝𝑟)]

𝜅2𝑓𝑟6(𝑏 − 2𝑟)(ℎ − 𝑟)𝑓𝒬
≤ 𝔊

 

• 𝜎̃ − 𝑝𝜃̃ ≥ 0 ⇒ 𝜎 − 𝑝𝜃 ≥ 0 

 

(2𝑟−ℎ)𝑓𝒬

𝑟−ℎ
> 𝔊 

2ℎ2𝑓𝒬+𝑟(𝑟−ℎ)[2(𝑟𝑓𝒯((ℎ−2𝑟)𝑝𝜃−ℎ𝑃+4𝑃𝑟+2𝜎𝑟)−2𝑏𝑓𝒬𝒬𝒬
′+𝜅2ℎ𝑟𝑝𝜃)+𝑓𝑟(ℎ−4𝑟)]

2𝜅2𝑟3(ℎ−2𝑟)𝑓𝒬
≤ 𝔊 

• 𝜎̃ + 𝑝𝑟̃ + 2𝑝𝜃̃ ≥ 0 ⇒ 𝜎 + 𝑝𝑟 + 2𝑝𝜃 ≥ 0 

(2𝑟 − ℎ)𝑓𝒬
𝑟 − ℎ

> 𝔊 

ℎ𝑟 [
2 (ℎ𝑓𝒬𝒬𝒬

′ + 𝑟2(𝑓𝒯(𝑝𝑟 − 𝑃) + 𝜅
2𝑝𝑟))

𝑓
−

ℎ𝑟2

ℎ − 2𝑟
]

𝜅2𝑟6

+

ℎ2𝑓𝒬(3ℎ − 𝑟ℎ
′ − 2𝑟)

𝑓(ℎ − 𝑟)
+
𝑟4(ℎ − 𝑟)[2𝑟𝑓𝒯(ℎ𝑃 − (ℎ − 2𝑟)𝑝𝜃 − 𝑃𝑟 + 𝜎𝑟) − 2ℎ𝑓𝒬𝒬𝒬

′ + 𝑓𝑟(𝑟 − ℎ) − 2𝜅2𝑟(ℎ𝑝𝜃 + 𝑟𝑝𝑟)]
(ℎ − 2𝑟)𝑓𝒬

𝜅2𝑟6
≥ 𝔊

 

ℱ(𝑟) = 680680𝑟𝑐
8𝑟0 

11𝑟7𝛼9 + 680680𝑟𝑐
8𝑟0 

7𝑟11𝛼9 + 3465𝑟13𝛼13𝑟0 
13 + 3465𝑟𝑐

26 − 48580𝑟𝑐
24𝛼𝑟0 

2 −

48580𝑟𝑐
24𝛼𝑟2 − 92323𝑟𝑐

22𝛼2𝑟4 − 92323𝑟𝑐
22𝛼2𝑟0 

4 − 101376𝑟𝑐
20𝛼3𝑟0 

6 − 101376𝑟𝑐
20𝛼3𝑟6 −

65373𝑟𝑐
18𝛼4𝑟0 

8 − 23100𝑟𝑐
16𝛼5𝑟0 

10 − 3465𝑟𝑐
14𝛼6𝑟0 

12 − 65373𝑟𝑐
18𝛼4𝑟8 − 23100𝑟𝑐

16𝛼5𝑟10 −

3465𝑟𝑐
14𝛼6𝑟12 + 65373𝑟𝑐

4𝑟0 
9𝑟13𝛼11 + 23100𝑟𝑐

2𝑟0 
13𝑟11𝛼12 − 1155𝑟𝑐

2𝑟0 
12𝑟12𝛼12 +

23100𝑟𝑐
2𝑟0 

11𝑟13𝛼12 + 65373𝑟𝑐
4𝑟0 

13𝑟9𝛼11 − 7392𝑟𝑐
4𝑟0 

12𝑟10𝛼11 + 154308𝑟𝑐
4𝑟0 

11𝑟11𝛼11 −

7392𝑟𝑐
4𝑟0 

10𝑟12𝛼11 − 127820𝑟𝑐
8𝑟0 

10𝑟8𝛼9 + 92323𝑟𝑐
8𝑟0 

5𝑟13𝛼9 − 28952𝑟𝑐
8𝑟0 

6𝑟12𝛼9 +

1245013𝑟𝑐
8𝑟0 

9𝑟9𝛼9 + 101376𝑟𝑐
6𝑟0
7𝑟13𝛼10 + 101376𝑟𝑐

6𝑟0
13𝑟7𝛼10 − 19899𝑟𝑐

6𝑟0
12𝑟8𝛼10 +

437712𝑟𝑐
6𝑟0
11𝑟9𝛼10 − 47388𝑟𝑐

6𝑟0 
10𝑟10𝛼10 + 437712𝑟𝑐

6𝑟0 
9𝑟11𝛼10 − 19899𝑟𝑐

6𝑟0 
8𝑟12𝛼10 −

72835𝑟𝑐
24𝛼𝑟𝑟0 − 165088𝑟𝑐

22𝛼2𝑟0𝑟
3 − 165088𝑟𝑐

22𝛼2𝑟0 
3𝑟 − 505148𝑟𝑐

22𝛼2𝑟0
2𝑟2 −

868912𝑟𝑐
20𝛼3𝑟0 

4𝑟2 + 151268𝑟𝑐
20𝛼3𝑟0 

3𝑟3 − 222651𝑟𝑐
20𝛼3𝑟0 

5𝑟 − 222651𝑟𝑐
20𝛼3𝑟0𝑟

5 −

868912𝑟𝑐
20𝛼3𝑟0 

2𝑟4 − 1134763𝑟𝑐
18𝛼4𝑟0 

4𝑟4 + 804020𝑟𝑐
18𝛼4𝑟0 

5𝑟3 − 896280𝑟𝑐  
18𝛼4𝑟0 

2𝑟6 −

186648𝑟𝑐
18𝛼4𝑟0𝑟

7 + 804020𝑟𝑐
18𝛼4𝑟0 

3𝑟5 − 896280𝑟𝑐
18𝛼4𝑟0

6𝑟2 − 186648𝑟𝑐
18𝛼4𝑟0 

7𝑟 −
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95865𝑟𝑐
16𝛼5𝑟0𝑟

9 − 982072𝑟𝑐
16𝛼5𝑟0 

6𝑟4 + 1146824𝑟𝑐
16𝛼5𝑟0 

3𝑟7 − 982072𝑟𝑐
16𝛼5𝑟0 

4𝑟6 −

553476𝑟𝑐
16𝛼5𝑟0 

8𝑟2 − 95865𝑟𝑐
16𝛼5𝑟0 

9𝑟 + 2249233𝑟𝑐
16𝛼5𝑟5𝑟0 

5 − 553476𝑟𝑐
16𝛼5𝑟0 

2𝑟8 +

1146824𝑟𝑐
16𝛼5𝑟0 

7𝑟3 − 27720𝑟𝑐
14𝛼6𝑟0 

11𝑟 − 542073𝑟𝑐
14𝛼6𝑟0 

4𝑟8 + 2689232𝑟𝑐
14𝛼6𝑟0

5𝑟7 −

27720𝑟𝑐
14𝛼6𝑟0𝑟

11 + 2689232𝑟𝑐
14𝛼6𝑟0

7𝑟5 + 830760𝑟𝑐
14𝛼6𝑟0 

9𝑟3 − 189420𝑟𝑐
14𝛼6𝑟0

2𝑟10 −

542073𝑟𝑐
14𝛼6𝑟0

8𝑟4 + 830760𝑟𝑐
14𝛼6𝑟0 

3𝑟9 − 858928𝑟𝑐
14𝛼6𝑟0 

6𝑟6 − 189420𝑟𝑐
14𝛼6𝑟0 

10𝑟2 +

1766023𝑟𝑐
12𝑟0 

5𝑟9𝛼7 + 1942472𝑟𝑐
10𝑟0 

7𝑟9𝛼8 − 28952𝑟𝑐
8𝑟0
12𝑟6𝛼9. +92323𝑟𝑐

8𝑟0 
13𝑟5𝛼9 −

522032𝑟𝑐
12𝑟0 

6𝑟8𝛼7 − 27720𝑟𝑐
12𝑟0 

2𝑟12𝛼7 − 172760𝑟𝑐
12𝑟0 

10𝑟4𝛼7 + 622076𝑟𝑐
10𝑟0 

11𝑟5𝛼8 −

24185𝑟𝑐
10𝑟0

4𝑟12𝛼8 − 186424𝑟𝑐
10𝑟0 

6𝑟10𝛼8 − 345583𝑟𝑐
10𝑟0 

8𝑟8𝛼8 + 622076𝑟𝑐
10𝑟0 

5𝑟11𝛼8 +

1942472𝑟𝑐
10𝑟0

9𝑟7𝛼8 + 48580𝑟𝑐
10𝑟0

3𝑟13𝛼8 + 48580𝑟𝑐
10𝑟0

13𝑟3𝛼8 − 186424𝑟𝑐
10𝑟0 

10𝑟6𝛼8 −

24185𝑟𝑐
10𝑟0 

12𝑟4𝛼8 − 3465𝑟𝑐
12𝑟0𝑟

13𝛼7 + 312340𝑟𝑐
12𝑟0 

3𝑟11𝛼7 + 3026128𝑟𝑐
12𝑟0

7𝑟7𝛼7 −

27720𝑟𝑐
12𝑟0

12𝑟2𝛼7 − 3465𝑟𝑐
12𝑟0 

13𝑟𝛼7 + 1766023𝑟𝑐
12𝑟0 

9𝑟5𝛼7 + 312340𝑟𝑐
12𝑟0 

11𝑟3𝛼7 −

522032𝑟𝑐
12𝑟0 

8𝑟6𝛼7 − 172760𝑟𝑐
12𝑟0 

4𝑟10𝛼7 − 127820𝑟𝑐
8𝑟0
8𝑟10𝛼9. 

𝑝𝑟 = −

𝐴 [arctan (
√𝛼𝑟
𝑟𝑐
) − arctan (

√𝛼𝑟0
𝑟𝑐
)]

𝜅2𝑟3(1 + 2𝛽)
+

1

3(𝑟𝑐
2 + 𝛼𝑟2)8𝜅2(1 + 2𝛽)(8𝛽 + 1)𝑟3

[136𝛽𝑟2ℱ(𝑟)𝛼𝑟0 + 8𝛽𝑟
2ℱ′(𝑟)𝑟𝑐

2

 +8𝛽𝑟4ℱ′(𝑟)𝛼 − 16𝛽𝑟ℱ(𝑟)𝑟𝑐
2 − 128𝛽𝑟3ℱ(𝑟)𝛼 + 3ℱ(𝑟)𝑟0𝛼𝑟

2 + 24𝛽ℱ(𝑟)𝑟0𝑟𝑐
2 + 56𝛽𝑟3𝐴𝛼

3
2𝑟𝑐
13 + 168𝛽𝑟5𝐴𝛼

5
2𝑟𝑐
11

 +280𝛽𝑟7𝐴𝛼
7
2𝑟𝑐
9 + 280𝛽𝑟9𝐴𝛼

9
2𝑟𝑐
7 + 168𝛽𝑟11𝐴𝛼

11
2 𝑟𝑐

5 + 56𝛽𝑟13𝐴𝛼
13
2 𝑟𝑐

3 + 8𝛽𝑟15𝐴𝛼
15
2 𝑟𝑐 − 192𝛽𝑟0𝑟𝑐

14𝛼𝑟2 − 672𝛽𝑟0𝑟𝑐
12𝛼2𝑟4

 −1344𝛽𝑟0𝑟𝑐
10𝛼3𝑟6 − 1680𝛽𝑟0𝑟𝑐

8𝛼4𝑟8 − 1344𝛽𝑟0𝑟𝑐
6𝛼5𝑟10 − 672𝛽𝑟0𝑟𝑐

4𝛼6𝑟12 − 192𝛽𝑟0𝑟𝑐
2𝛼7𝑟14 + 8𝛽𝑟𝐴√𝛼𝑟𝑐

15

 −8𝛽𝑟ℱ′(𝑟)𝑟0𝑟𝑐
2 − 8𝛽𝑟3ℱ′(𝑟)𝑟0𝛼 − 24𝑟0𝑟𝑐

14𝛼𝑟2 − 84𝑟0𝑟𝑐
12𝛼2𝑟4 − 168𝑟0𝑟𝑐

10𝛼3𝑟6 − 210𝑟0𝑟𝑐
8𝛼4𝑟8 − 168𝑟0𝑟𝑐

6𝛼5𝑟10

−84𝑟0𝑟𝑐  
4𝛼6𝑟12 − 24𝑟0𝑟𝑐  

2𝛼7𝑟14 − 24𝛽𝑟0𝛼
8𝑟16 − 3ℱ(𝑟)𝑟𝑟𝑐  

2 − 3ℱ(𝑟)𝑟3𝛼 + 3ℱ(𝑟)𝑟0𝑟𝑐  
2 − 3𝑟0𝑟𝑐  

16 − 3𝑟0𝛼
8𝑟16 − 24𝛽𝑟0𝑟𝑐  

16]

 

𝑝𝜃 =

𝐴 [arctan (
√𝛼𝑟
𝑟𝑐
) − arctan (

√𝛼𝑟0
𝑟𝑐
)]

2𝜅2𝑟3(1 + 2𝛽)
+

1

6(𝑟𝑐
2 + 𝛼𝑟2)8𝜅2𝑟3(1 + 10𝛽 + 16𝛽2)

[−(8𝛽 + 3)𝑟𝑐𝐴𝑟
15𝛼15/2

 −21(8𝛽 + 3)𝑟𝑐
5𝐴𝑟11𝛼

11
2 − 7(8𝛽 + 3)𝑟𝑐

3𝐴𝑟13𝛼
13
2 − 35(8𝛽 + 3)𝑟𝑐

7𝐴𝑟9𝛼9/2 − 7(8𝛽 + 3)𝑟𝑐
13𝐴𝑟3𝛼3/2 − 21(8𝛽 + 3)𝑟𝑐  

11𝐴𝑟5𝛼5/2

 −35(8𝛽 + 3)𝑟𝑐  
9𝐴𝑟7𝛼7/2 + 3𝑟0(8𝛽 + 1)(𝑟𝑐  

2 + 𝛼𝑟2)8 − (8𝛽 + 3)(𝑟 − 𝑟0)𝑟(𝑟𝑐  
2 + 𝛼𝑟2)ℱ′(𝑟) − (8𝛽 + 3)𝑟𝑐  

15𝐴𝑟√𝛼

+((128𝛽 + 42)𝛼𝑟3 − 𝑟0(45 + 136𝛽)𝛼𝑟
2 + 16𝛽𝑟𝑟𝑐  

2 − 3𝑟0𝑟𝑐  
2(8𝛽 + 1))ℱ(𝑟)]
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𝐹ℎ=
3

(1 + 2𝛽)𝜅2𝑟4
[𝑟0 + 𝐴[arctan (√𝛼𝑟/𝑟𝑐) − arctan (√𝛼𝑟0/𝑟𝑐)] + 𝐵

𝑟 − 𝑟0
(𝑟𝑐
2 + 𝛼𝑟2)7

ℱ(𝑟)]  

+
(3 + 20𝛽)

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟3

[
 
 
 𝐴√𝛼

𝑟𝑐 (1 +
𝑟2𝛼
𝑟𝑐
2 )

+
ℱ′(𝑟)(𝑟 − 𝑟0)

(𝑟𝑐
2 + 𝑟2𝛼)7

+
ℱ(𝑟)

(𝑟𝑐
2 + 𝑟2𝛼)7

− 14
ℱ(𝑟)(𝑟 − 𝑟0)𝑟𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

]
 
 
 

 

−
4𝛽

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟2

[
 
 
 
 

−
2𝐴𝛼3/2𝑟

𝑟𝑐
3 (1 +

𝑟2𝛼
𝑟𝑐
2 )

2 +
ℱ′′(𝑟)(𝑟 − 𝑟0)

(𝑟𝑐
2 + 𝑟2𝛼)7

+
2ℱ′(𝑟)

(𝑟𝑐
2 + 𝑟2𝛼)7

−
28ℱ′(𝑟)(𝑟 − 𝑟0)𝑟𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

 

−
28ℱ(𝑟)𝑟𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

+
224ℱ(𝑟)(𝑟 − 𝑟0)𝑟

2𝛼2

(𝑟𝑐
2 + 𝑟2𝛼)9

−
14ℱ(𝑟)(𝑟 − 𝑟0)𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

]

 

𝐹𝑐=
3𝛽

(1 + 2𝛽)(3 + 7𝛽)𝜅2𝑟4
[𝑟0 + 𝐴[arctan (√𝛼𝑟/𝑟𝑐) − arctan (√𝛼𝑟0/𝑟𝑐)] + 𝐵

𝑟 − 𝑟0
(𝑟𝑐
2 + 𝛼𝑟2)7

ℱ(𝑟)]  

−
𝛽(27 + 68𝛽)

3(1 + 2𝛽)(1 + 4𝛽)(3 + 7𝛽)𝜅2𝑟3

[
 
 
 𝐴√𝛼

𝑟𝑐 (1 +
𝑟2𝛼
𝑟𝑐
2 )

+
ℱ′(𝑟)(𝑟 − 𝑟0)

(𝑟𝑐
2 + 𝑟2𝛼)7

+
ℱ(𝑟)

(𝑟𝑐
2 + 𝑟2𝛼)7

− 14
ℱ(𝑟)(𝑟 − 𝑟0)𝑟𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

]
 
 
 
 

+
4𝛽

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟2

[
 
 
 
 

−
2𝐴𝛼3/2𝑟

𝑟𝑐
3 (1 +

𝑟2𝛼
𝑟𝑐
2 )

2 +
ℱ′′(𝑟)(𝑟 − 𝑟0)

(𝑟𝑐
2 + 𝑟2𝛼)7

+
2ℱ′(𝑟)

(𝑟𝑐
2 + 𝑟2𝛼)7

−
28ℱ′(𝑟)(𝑟 − 𝑟0)𝑟𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

 

−
28ℱ(𝑟)𝑟𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

+
224ℱ(𝑟)(𝑟 − 𝑟0)𝑟

2𝛼2

(𝑟𝑐
2 + 𝑟2𝛼)9

−
14ℱ(𝑟)(𝑟 − 𝑟0)𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

]

 

𝐹𝑎=
9

(3 + 7𝛽)𝜅2𝑟4
[𝑟0 + 𝐴[arctan (√𝛼𝑟/𝑟𝑐) − arctan (√𝛼𝑟0/𝑟𝑐)] + 𝐵

𝑟 − 𝑟0
(𝑟𝑐
2 + 𝛼𝑟2)7

ℱ(𝑟)] 

 −
3

(3 + 7𝛽)𝜅2𝑟3

[
 
 
 𝐴√𝛼

𝑟𝑐 (1 +
𝑟2𝛼
𝑟𝑐
2 )

+
ℱ′(𝑟)(𝑟 − 𝑟0)

(𝑟𝑐
2 + 𝑟2𝛼)7

+
ℱ(𝑟)

(𝑟𝑐
2 + 𝑟2𝛼)7

− 14
ℱ(𝑟)(𝑟 − 𝑟0)𝑟𝛼

(𝑟𝑐
2 + 𝑟2𝛼)8

]
 
 
  

𝐹ℎ=
3

(1 + 2𝛽)𝜅2𝑟4
[𝑟0 +

𝐴̃(𝑟 − 𝑟0)

𝑟 + 𝑟𝑠
+ 𝐵̃ln (

𝑟 + 𝑟𝑠
𝑟𝑠 + 𝑟0

)] +
(3 + 20𝛽)[𝐵̃𝑟 + (𝐴̃ + 𝐵̃)𝑟𝑠 + 𝐴̃𝑟0]

3(𝑟 + 𝑟𝑠)
2(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟3

 

 +
4𝛽[𝐵̃𝑟 + (2𝐴̃ + 𝐵̃)𝑟𝑠 + 2𝐴̃𝑟0]

3(𝑟 + 𝑟𝑠)
3(1 + 2𝛽)(1 + 4𝛽)(3 + 7𝜂)𝜅2𝑟2

𝐹𝑐  =
3𝛽

(1 + 2𝛽)(3 + 7𝛽)𝜅2𝑟4
[𝑟0 + 𝐴̃

𝑟 − 𝑟0
𝑟𝑠 + 𝑟

+ 𝐵̃ln (
𝑟𝑠 + 𝑟

𝑟𝑠 + 𝑟0
)] −

𝛽(27 + 68𝛽)

3(1 + 2𝛽)(1 + 4𝛽)(3 + 7𝛽)𝜅2𝑟3
×

[
(𝐴̃ + 𝐵̃)𝑟𝑠 + 𝐴̃𝑟0 + 𝐵̃𝑟

(𝑟 + 𝑟𝑠)
2

] −
4𝛽

3(1 + 2𝛽)(1 + 4𝛽)𝜅2𝑟2
[
(2𝐴̃ + 𝐵̃)𝑟𝑠 + 2𝐴̃𝑟0 + 𝐵̃𝑟

(𝑟 + 𝑟𝑠)
3

]

𝐹𝑎 =
9

(3 + 7𝛽)𝜅2𝑟4
[𝑟0 +

𝐴̃(𝑟 − 𝑟0)

𝑟 + 𝑟𝑠
+ 𝐵̃ln (

𝑟 + 𝑟𝑠
𝑟𝑠 + 𝑟0

)] −
(3𝐴̃ + 3𝐵̃)𝑟𝑠 + 3𝐴̃𝑟0 + 3𝐵̃𝑟

(𝑟 + 𝑟𝑠)
2(3 + 7𝛽)𝜅2𝑟3
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𝑑𝑠2 = −(1 −
2𝑀

𝑟
)𝑑𝑡2 +

1

(1 −
2𝑀
𝑟 )

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

𝑑𝑟𝑘/𝑑𝑟 = (1 −
2𝑀

𝑟
)
−1

 

𝑑𝑠2 = −(1 −
2𝑀

𝑟
)𝑑𝑣2 + 2𝑑𝑣𝑑𝑟 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

𝑑𝑠2 = −(1 −
2𝑀

𝑟
)𝑑𝑢2 − 2𝑑𝑢𝑑𝑟 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

𝑈 = −𝑒−𝑢/4𝑀 

𝑉 = 𝑒𝑣/4𝑀 

𝑑𝑠2 = −
32𝑀3

𝑟
𝑒−𝑟/2𝑀𝑑𝑈𝑑𝑉 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

𝑈𝑉 = −
(𝑟 − 2𝑀)

2𝑀
𝑒𝑟/2𝑀  
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𝑈

𝑉
= 𝑒−𝑡/2𝑀 

𝑟 = 𝜌 (1 +
𝑀

2𝜌
)
2

 

𝑑𝑠2 = −(
1 −

𝑀
2𝜌

1 +
𝑀
2𝜌

)

2

𝑑𝑡2 + (1 +
𝑀

2𝜌
)
4

(𝑑𝜌2 + 𝜌2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2))  

𝜌 → 𝑀2/(4𝜌) 

 

𝑅𝜇𝑣 −
1

2
𝑅𝑔𝜇𝑣 = 8𝜋 (∇𝜇Φ∇𝑣Φ−

1

2
𝑔𝜇𝑣∇

𝜎Φ∇𝜎Φ)  

𝑑𝑠2= −𝑑𝑡2 + (𝑑𝜌 − 𝑓(𝜌)𝑑𝑡)2 + 𝑟2(𝜌)(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

 = −[1 − 𝑓2(𝜌)]𝑑𝑇2 +
1

1 − 𝑓2(𝜌)
𝑑𝜌2 + 𝑟2(𝜌)(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)
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𝑑𝑇 = 𝑑𝑡 +
𝑓(𝜌)

1 − 𝑓2(𝜌)
𝑑𝜌 

−∞ < 𝑡 < ∞; −∞ < 𝜌 < ∞;  0 < 𝜃 < 𝜋; −𝜋 < 𝜑 < 𝜋. 

𝑓(𝜌) = −√1 − 𝑒
−(
2𝑚
𝑛
)𝜏(𝜌)  

𝑟(𝜌) = √(𝜌 −𝑚)2 + 𝑎2𝑒
(
𝑚
𝑛
)𝜏(𝜌)  

𝜏(𝜌) =
𝑛

𝑎
[
𝜋

2
− tan−1 (

𝜌 − 𝑚

𝑎
)] 

𝑎 = √𝑛2 −𝑚2 

 

𝐺𝜇𝜈 ≡ 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 =

8𝜋𝐺

𝑐4
𝑇𝜇𝜈  

𝑑𝑠2 = 𝑒2𝜙(𝑟)𝑑𝑡2 −
𝑑𝑟2

(1 −
𝑏(𝑟)
𝑟
)
− 𝑟2𝑑𝜃2 − 𝑟2sin2 𝜃𝑑𝜑2  

𝐺𝑡𝑡 =
𝑏′(𝑟)

𝑟2

𝐺𝑟𝑟 = −
𝑏(𝑟)

𝑟3
+ 2(1 −

𝑏(𝑟)

𝑟
)
𝜙′(𝑟)

𝑟

 

𝐺𝜃𝜃 = (1 −
𝑏(𝑟)

𝑟
) [𝜙′′(𝑟) −

𝑟𝑏′(𝑟) − 𝑏(𝑟)

2𝑟(𝑟 − 𝑏(𝑟))
𝜙′(𝑟) + 𝜙′(𝑟)2 +

𝜙′(𝑟)

𝑟
−
𝑟𝑏′(𝑟) − 𝑏(𝑟)

2𝑟2(𝑟 − 𝑏(𝑟))
] = 𝐺𝜑𝜑  

𝑇𝑡𝑡 = 𝜌(𝑟), 𝑇𝑟𝑟 = −𝜏(𝑟), 𝑇𝜃𝜃 = 𝑇𝜑𝜑 = 𝑝(𝑟)  

𝜌(𝑟) =
1

8𝜋
[
𝑏′(𝑟)

𝑟2
]

𝜏(𝑟) =
1

8𝜋
[
𝑏(𝑟)

𝑟3
− 2(1 −

𝑏(𝑟)

𝑟
)
𝜙′(𝑟)

𝑟
]

 

𝑝(𝑟) =
1

8𝜋
(1 −

𝑏(𝑟)

𝑟
) [𝜙′′(𝑟) −

𝑟𝑏′(𝑟) − 𝑏(𝑟)

2𝑟(𝑟 − 𝑏(𝑟))
𝜙′(𝑟) + 𝜙′(𝑟)2 +

𝜙′(𝑟)

𝑟
−
𝑟𝑏′(𝑟) − 𝑏(𝑟)

2𝑟2(𝑟 − 𝑏(𝑟))
]  

𝑑𝑠2 = 𝑁2𝑑𝑡2 −
𝑑𝑟2

(1 −
𝑏
𝑟)
− 𝑟2𝐾2[𝑑𝜃2 + sin2 𝜃(𝑑𝜑 − 𝜔𝑑𝑡)2]  

𝜉 =
(𝜏 − 𝜌)

|𝜌|
=
𝑏/𝑟 − 𝑏′ − 𝑟(1 − 𝑏/𝑟)𝜙′

|𝑏′|
.  

𝑑2𝑟

𝑑𝑧2
=
𝑏 − 𝑟𝑏′

𝑏2
> 0 
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𝜉 =
2𝑏2

𝑟|𝑏′|

𝑑2𝑟

𝑑𝑧2
−
𝑟(1 − 𝑏/𝑟)𝜙′

|𝑏′|
 

(1 − 𝑏/𝑟)𝜙′ → 0 

𝜉(𝑟0) =
𝜏0 − 𝜌0
|𝜌0|

> 0  

𝑇𝜇 
𝑣 = diag(𝜌,−𝑝1, −𝑝2, −𝑝3).  

𝑇𝜇𝜈𝑘
𝜇𝑘𝜈 ≥ 0  

𝜌 + 𝑝𝑖 ≥ 0, ∀𝑖.  

𝑇𝜇𝜈𝑈
𝜇𝑈𝑣 ≥ 0  

𝜌 ≥ 0  and  𝜌 + 𝑝𝑖 ≥ 0,∀𝑖.  

(𝑇𝜇𝑣 −
𝑇

2
𝑔𝜇𝑣)𝑈

𝜇𝑈𝑣 ≥ 0  

𝜌 + 𝑝𝑖 ≥ 0  and  𝜌 +∑  

𝑖

 𝑝𝑖 ≥ 0  

𝑇𝜇𝜈𝑈
𝜇𝑈𝑣 ≥ 0  

𝜌 ≥ 0  and  𝑝𝑖 ∈ [−𝜌,+𝜌].  

𝑀200 =
4

3
𝜋200𝜌crit𝑟200

3 ,  

𝜌(𝑟) = 𝜌𝑠 (
𝑟

𝑟𝑠
)
−𝛾

(1 +
𝑟

𝑟𝑠
)
𝛾−𝛽

,  

𝜌NFW(𝑟) = 𝜌𝑠 (
𝑟

𝑟𝑠
)
−1

(1 +
𝑟

𝑟𝑠
)
−2

.  

𝜌PI(𝑟) =
𝜌𝑠

1 + (
𝑟
𝑟𝑠
)
2 .  

𝜌URC(𝑟) =
𝜌𝑠𝑟𝑠

3

(𝑟 + 𝑟𝑠)(𝑟
2 + 𝑟𝑠

2)
 

𝜌PI(𝑟) =
𝜌𝑠

1 + 𝑟2/𝑟𝑐
2  

𝒵 =∑  

𝑁𝑖,𝜀

 𝑒
−𝜁(𝐸𝑁𝑖,𝜀−

∑  𝑖  𝑁𝑖𝜇𝑖)
 

𝜁 =
1

𝑘𝐵𝑇
,𝑁𝑖 
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𝐸𝑁𝑖,𝜀 = 𝑓(𝑁𝑖 , 𝑚𝑖 , 𝑉, 𝜀) 

𝑝0 = −Ξ =
1

𝜁𝑉
ln 𝒵  

𝐸‾ = −
𝜕

𝜕𝜁
ln 𝒵 +∑ 

𝑖

 𝑁‾𝑖𝜇𝑖  

𝑁‾𝑖 =
1

𝜁
(
𝜕

𝜕𝜇𝑖
ln 𝒵)

𝑇,𝑉,𝑚𝑗

= −𝑉 (
𝜕Ξ

𝜕𝜇𝑖
)
𝑇,𝑚𝑗

 

𝐸0 = Ξ +∑ 

𝑖

 𝑛𝑖𝜇𝑖  

𝑛𝑖 =
𝑁‾𝑖
𝑉
= −(

𝜕Ξ

𝜕𝜇𝑖
)
𝑇,𝑚𝑗

 

𝐸𝑁𝑖,𝜀
𝐵𝑎𝑔

= 𝐸𝑁𝑖,𝜀 + 𝐵𝑉  

𝒵𝐵𝑎𝑔 = 𝒵𝑒−𝜁𝐵𝑉  

𝑛𝑖
𝐵𝑎𝑔

=
𝑁‾𝑖
𝑉
= −(

𝜕

𝜕𝜇𝑖
(Ξ + 𝐵))

𝑇,𝑚𝑗,𝐸𝑁𝑖,𝜀,𝐵
 

𝑝𝐵𝑎𝑔 = −(Ξ + 𝐵); 𝐸𝐵𝑎𝑔 = (Ξ + 𝐵) +∑  

𝑖

 𝑛𝑖𝜇𝑖  

𝑝𝐵𝑎𝑔 = 𝑝0 − 𝐵; 𝐸
𝐵𝑎𝑔 = (𝐸0 + 𝐵)  

𝑝𝐵𝑎𝑔 =
1

3
(𝜌 − 4𝐵)  

[𝑥𝜇 , 𝑥𝑣] = 𝑖Θ𝜇𝑣 

𝜌𝐺 =
𝑀𝑒−

𝑟2

4Θ

8𝜋3/2Θ3/2
 

𝜌𝐿 =
√Θ𝑀

𝜋2(Θ + 𝑟2)2
 

∇𝛾𝑉𝑣
𝜇
= 𝜕𝛾𝑉𝑣

𝜇
+ 𝑉𝑣

𝛿Γ𝛿𝛾
𝜇
− 𝑉𝛿

𝜇
Γ𝑣𝛾
𝛿  

Γ𝜇𝑣
𝜆 = Γ𝑣𝜇

𝜆  

∇𝛾𝑔𝜇𝑣 = 0  

Γ𝜇𝑣
𝜆 =

1

2
𝑔𝜆𝛿(𝜕𝜇𝑔𝛿𝑣 + 𝜕𝑣𝑔𝜇𝛿 − 𝜕𝛿𝑔𝜇𝑣)  
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𝑅𝜇𝑣𝜎
𝜆 = 𝜕𝑣Γ𝜇𝜎

𝜆 − 𝜕𝜎Γ𝜇𝑣
𝜆 + Γ𝜇𝜎

𝜏 Γ𝜏𝑣
𝜆 − Γ𝜇𝑣

𝜏 Γ𝜏𝜎
𝜆 .  

𝑅𝜇𝑣 = 𝑅𝜇𝜆𝑣
𝜆 = −𝑅𝜇𝑣𝜆

𝜆  

𝑅 = 𝑔𝜇𝑣𝑅𝜇𝑣  

𝑆 =
1

16𝜋
∫  𝑑4𝑥√−𝑔𝑅 +∫  𝑑4𝑥√−𝑔ℒ𝑚  

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡)𝑑𝑥‾2 = 𝑎2(𝜂)[𝑑𝜂2 − 𝑑𝑥‾2]  

Γ̃𝜇𝑣
𝜆 = Γ𝜇𝑣

𝜆 + 𝐾𝜇𝑣
𝜆 + 𝐿𝜇𝑣

𝜆  

𝐾𝜇𝜈
𝜆 =

1

2
𝑔𝜆𝛿(𝒯𝜈𝛿𝜇 +𝒯𝜇𝛿𝜈 − 𝒯𝛿𝜇𝜈),  

𝐿𝜇𝜈
𝜆 =

1

2
𝑔𝜆𝛿(𝑄𝛿𝜇𝜈 − 𝑄𝜇𝜈𝛿 − 𝑄𝜈𝛿𝜇)  

𝑅̂𝜇𝜈𝜎
𝜆 = 𝑅𝜇𝜈𝜎

𝜆 + ∇𝜈𝒟̂𝜇𝜎
𝜆 − ∇𝜎𝒟̂𝜇𝜈

𝜆 + 𝒟̂𝜏𝜈
𝜆 𝒟̂𝜇𝜎

𝜏 − 𝒟̂𝜏𝜎
𝜆 𝒟̂𝜇𝜈

𝜏 ,  

𝒟̂𝜇𝜈
𝜆 = Γ̃𝜇𝜈

𝜆 − Γ𝜇𝜈
𝜆 = 𝐾𝜇𝜈

𝜆 + 𝐿𝜇𝜈
𝜆 .  

𝑅𝜇𝑣𝜎
𝜆 = 𝐾𝜏𝜎

𝜆 𝐾𝜇𝑣
𝜏 − 𝐾𝜏𝑣

𝜆 𝐾𝜇𝜎
𝜏 + ∇𝜎𝐾𝜇𝑣

𝜆 − ∇𝑣𝐾𝜇𝜎
𝜆 .  

𝑅𝜇𝜈𝜎
𝜆 = 𝐿𝜏𝜎

𝜆 𝐿𝜇𝜈
𝜏 − 𝐿𝜏𝜈

𝜆 𝐿𝜇𝜎
𝜏 + ∇𝜎𝐿𝜇𝜈

𝜆 − ∇𝜈𝐿𝜇𝜎
𝜆  

𝑅 = 𝐾𝜆 𝑣𝜇𝐾
𝑣𝜇 𝜆 − 𝐾

𝜆 𝑣𝜆𝐾
𝑣𝜇 𝜇 − 2∇𝜆𝐾

𝜆𝜇 𝜇 = 𝒯 + 2∇𝜆𝒯𝜇 
𝜇𝜆,  

𝑅 = 𝐿𝜆𝜇𝑣𝐿𝑣𝜆𝜇 − 𝐿𝜆𝑣
𝜆 𝐿𝜇

𝑣𝜇
+ ∇𝜇𝐿𝜆

𝜆𝜇
− ∇𝜆𝐿

𝜆𝜇  𝜇 = 𝑄 + ∇𝜇𝑄𝜆
𝜆𝜇
− ∇𝜆𝑄

𝜆𝜇 𝜇  

𝑆𝐸𝐻 =
1

16𝜋
∫  𝑑4𝑥√−𝑔𝑅  

𝑆TEGR =
1

16𝜋
∫  𝑑4𝑥√−𝑔𝒯.  

𝑆𝑆𝑇𝐸𝐺𝑅 =
1

16𝜋
∫  𝑑4𝑥√−𝑔𝑄  

𝑑𝑠2 = 𝑔𝜇𝑣𝑑𝑥
𝜇⊗𝑑𝑥𝑣 = 𝜂𝑎𝑏𝜗

𝑎⊗𝜗𝑏  

Γ̃𝑏
𝑎 = 𝜔𝑏

𝑎 + 𝐾𝑏
𝑎 + 𝐿𝑏

𝑎 ,  

𝑄𝜆𝜇𝑣 = ∇𝜆𝑔𝜇𝑣 = −𝐿𝜆𝜇
𝛼 𝑔𝛼𝑣 − 𝐿𝜆𝑣

𝛼 𝑔𝛼𝜇  

𝑄 = −𝑔𝜇𝑣 (𝐿𝛽𝑣
𝛼 𝐿𝜇𝛼

𝛽
− 𝐿𝛼𝛽

𝛽
𝐿𝜇𝑣
𝛼 )  

𝑃𝜇𝜈
𝜆 = −

1

2
𝐿𝜇𝜈
𝜆 +

1

4
(𝑄𝜆 − 𝑄̃𝜆)𝑔𝜇𝜈 −

1

4
𝛿(𝜇
𝜆 𝑄𝜈)  



pág. 4739 

𝑄 = −𝑔𝜇𝑣 (𝐿𝛽𝑣
𝛼 𝐿𝜇𝛼

𝛽
− 𝐿𝛼𝛽

𝛽
𝐿𝜇𝑣
𝛼 ) = −𝑃𝜆𝜇𝑣𝑄𝜆𝜇𝑣.  

𝑆 =
1

16𝜋
∫  √−𝑔𝑓(𝑄)𝑑4𝑥 + ∫  ℒ𝑚√−𝑔𝑑

4𝑥  

−
2

√−𝑔
∇𝛼(√−𝑔𝑓𝑄𝑃𝜇𝑣

𝛼 ) − 𝑓𝑄 (𝑃𝜇𝛼𝛽𝑄𝑣
𝛼𝛽
− 2𝑄𝜇

𝛼𝛽
𝑃𝛼𝛽𝑣) −

1

2
𝑔𝜇𝑣𝑓 = 8𝜋𝑇𝜇𝑣 ,  

𝑓𝑄 =
𝑑𝑓

𝑑𝑄
 

∇𝜇∇𝛾(√−𝑔𝑓𝑄𝑃𝜇𝜈
𝛾
) = 0.  

Γ̃𝜇𝜈
𝜆 =

𝜕𝑥𝜆

𝜕𝜒𝛼
𝜕𝜇𝜕𝜈𝜒

𝛼  

Γ̃𝜇𝜈
𝜆 = Λ𝛼

𝜆𝜕𝜇(Λ
−1)𝜈

𝛼 ,  

𝐿𝜇𝑣
𝜆 |

𝐺=0
= (

1

2
𝑄𝜇𝑣
𝜆 − 𝑄(𝜇𝑣)

𝜆 )|
𝐺=0

= 0,  

Γ̃𝜇𝑣
𝜆 |
𝐺=0

= Γ𝜇𝑣
𝜆 |
𝐺=0

+ 𝐿𝜇𝑣
𝜆 |

𝐺=0
= Γ𝜇𝑣

𝜆 |
𝐺=0

.  

Γ̃𝜇𝑣
𝜆 = Γ̃𝜇𝑣

𝜆 |
𝐺=0

= Γ𝜇𝑣
𝜆 |
𝐺=0

 

𝑆 =
1

16𝜋
∫  𝑓(𝑄, 𝑇)√−𝑔𝑑4𝑥 + ∫  ℒ𝑚√−𝑔𝑑

4𝑥  

−2

√−𝑔
∇𝛼(√−𝑔𝑓𝑄𝑃𝜇𝑣

𝛼 ) −
1

2
𝑔𝜇𝑣𝑓 + 𝑓𝑇(𝑇𝜇𝑣 + Ξ𝜇𝑣) − 𝑓𝑄 (𝑃𝜇𝛼𝛽𝑄𝑣

𝛼𝛽
− 2𝑄𝜇

𝛼𝛽
𝑃𝛼𝛽𝑣) = 8𝜋𝑇𝜇𝑣 ,  

𝑓𝑄 =
𝜕𝑓

𝜕𝑄
 

𝑓𝑇 =
𝜕𝑓

𝜕𝑇
 

𝑇𝜇𝑣 = −
2

√−𝑔

𝛿(√−𝑔ℒ𝑚)

𝛿𝑔𝜇𝑣
 

Ξ𝜇𝑣 = 𝑔
𝛼𝛽
𝛿𝑇𝛼𝛽

𝛿𝑔𝜇𝑣
 

Ξ𝜇 
𝑣 = 𝛿𝜇  

𝑣ℒ𝑚 − 2𝑇𝜇 
𝑣

 

𝑆 =
1

16𝜋
∫  𝑓(𝑄)√−𝑔𝑑4𝑥 + ∫  (ℒ𝑚 + ℒquantum hole )√−𝑔𝑑

4𝑥  

ℒquantum hole = −
𝜆

4
(Φ2 − 𝜂2)2 −

1

2
∑  

𝑎

 𝑔𝑖𝑗𝜕𝑖Φ
𝑎𝜕𝑗Φ

𝑎
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Φ𝑎 =
𝜂

𝑟
𝐹(𝑟)𝑥𝑎  

∑ 

𝑎

𝑥𝑎𝑥𝑎 = 𝑟2 

 

ℒquantum hole = −(1 −
𝑏(𝑟)

𝑟
)
𝜂2(𝐹′)2

2
−
𝜂2𝐹2

𝑟2
−
𝜆𝜂4

4
(𝐹2 − 1)2.  

(1 −
𝑏(𝑟)

𝑟
)𝐹′′ + 𝐹′ [(1 −

𝑏(𝑟)

𝑟
)
2

𝑟
+
1

2
(
𝑏 − 𝑏′𝑟

𝑟2
)] − 𝐹 [

2

𝑟2
+ 𝜆𝜂2(𝐹2 − 1)] = 0.  

𝑇‾𝑖𝑗 = 𝜕𝑖Φ
𝑎𝜕𝑗Φ

𝑎 −
1

2
𝑔𝑖𝑗𝑔

𝜇𝑣𝜕𝜇Φ
𝑎𝜕𝑣Φ

𝑎 −
𝑔𝑖𝑗𝜆

4
(Φ2 − 𝜂2)2  

𝑇‾𝑡
𝑡 = −𝜂2 [

𝐹2

𝑟2
+ (1 −

𝑏(𝑟)

𝑟
)
(𝐹′)2

2
+
𝜆𝜂2

4
(𝐹2 − 1)2] ,

𝑇‾𝑟
𝑟 = −𝜂2 [

𝐹2

𝑟2
+ (1 −

𝑏(𝑟)

𝑟
)
(𝐹′)2

2
+
𝜆𝜂2

4
(𝐹2 − 1)2] ,

 

𝑇‾𝜃
𝜃 = 𝑇‾𝜑

𝜑
= −𝜂2 [(1 −

𝑏(𝑟)

𝑟
)
(𝐹′)2

2
+
𝜆𝜂2

4
(𝐹2 − 1)2] .  

𝑇‾𝑡
𝑡 = 𝑇‾𝑟

𝑟 = −
𝜂2

𝑟2
, 𝑇‾𝜃
𝜃 = 𝑇‾𝜑

𝜑
= 0  

𝑇𝜇𝑣 = 𝕋𝜇𝑣 + 𝑇‾𝜇𝑣  

𝕋𝜇
𝑣 = (𝜌 + 𝑝𝑡)𝑢𝜇𝑢

𝑣 − 𝑝𝑡𝛿𝜇
𝑣 + (𝑝𝑟 − 𝑝𝑡)𝑣𝜇𝑣

𝑣
 

𝑄𝑟𝑡𝑡 = 2𝑒
2𝜙𝜙′, 𝑄𝑟𝑟𝑟 = −

(𝑟𝑏′ − 𝑏)

(𝑟 − 𝑏)2
, 𝑄𝜃𝑟𝜃 = 𝑄𝜃𝜃𝑟 = −

𝑟𝑏

𝑟 − 𝑏
, 𝑄𝜑𝑟𝜑 = 𝑄𝜑𝜑𝑟 = −

𝑟𝑏sin2 𝜃

𝑟 − 𝑏
 

𝐿𝑡𝑟
𝑡 = 𝐿𝑟𝑡

𝑡 = −𝜙′, 𝐿𝜃𝜃
𝑟 = −𝑏, 𝐿𝑡𝑡

𝑟 = −
(𝑟 − 𝑏)

𝑟
𝑒2𝜙𝜙′, 𝐿𝑟𝑟

𝑟 = −
(𝑟𝑏′ − 𝑏

2𝑟(𝑟 − 𝑏)
, 𝐿𝜑𝜑
𝑟 = −𝑏sin2 𝜃  

𝑄 = −
𝑏

𝑟2
[2𝜙′ +

𝑟𝑏′ − 𝑏

𝑟(𝑟 − 𝑏)
] .  

8𝜋𝜌 =
(𝑟 − 𝑏)

2𝑟3
[𝑓𝑄 (

(2𝑟 − 𝑏)(𝑟𝑏′ − 𝑏)

(𝑟 − 𝑏)2
+
𝑏(2𝑟𝜙′ + 2)

𝑟 − 𝑏
) +

𝑓𝑟3

𝑟 − 𝑏
+
2𝑏𝑟𝑓QQ𝑄

′

𝑟 − 𝑏
] −

8𝜋𝜂2

𝑟2
,

8𝜋𝑝𝑟 = −
(𝑟 − 𝑏)

2𝑟3
[−𝑓𝑄 (

𝑏

𝑟 − 𝑏
(
𝑟𝑏′ − 𝑏

𝑟 − 𝑏
+ 2 + 2𝑟𝜙′) − 4𝑟𝜙′) −

𝑓𝑟3

𝑟 − 𝑏
−
2𝑏𝑟𝑓QQ𝑄

′

𝑟 − 𝑏
] +

8𝜋𝜂2

𝑟2
,

 

8𝜋𝑝𝑡 =
(𝑟 − 𝑏)

4𝑟2
[𝑓𝑄 (

(𝑟𝑏′ − 𝑏) (
2𝑟
𝑟 − 𝑏

+ 2𝑟𝜙′)

𝑟(𝑟 − 𝑏)
+
4(2𝑏 − 𝑟)𝜙′

𝑟 − 𝑏
− 4𝑟(𝜙′)2 − 4𝑟𝜙′′)+

2𝑓𝑟2

𝑟 − 𝑏
−4𝑟𝑓QQ𝑄

′𝜙′]
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𝑓(𝑄) = 𝛼𝑄,  

𝜌 =
𝛼𝑏′ − 8𝜋𝜂2

8𝜋𝑟2

𝑝𝑟 =
2𝛼𝑟(𝑏 − 𝑟)𝜙′ + 𝛼𝑏 + 8𝜋𝜂2𝑟

8𝜋𝑟3

 

𝑝𝑡 =
𝛼(𝑟𝜙′ + 1)(𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)𝜙′ − 𝑏) + 2𝛼𝑟2(𝑏 − 𝑟)𝜙′′

16𝜋𝑟3
.  

𝑏(𝑟) =
1

𝛼
(8𝜋𝜌𝑠𝑟𝑠

3 (tan−1 (
𝑟0
𝑟𝑠
) − tan−1 (

𝑟

𝑟𝑠
)) + 𝑟0(𝛼 − 8𝜋(𝜂

2 + 𝜌𝑠𝑟𝑠
2)) + 8𝜋𝑟(𝜂2 + 𝜌𝑠𝑟𝑠

2)) . 

𝑑𝑧

𝑑𝑟
= ±

1

√
𝑟
𝑏(𝑟)

− 1

.
 

𝑍(𝑟) = ±∫  
𝑟

𝑟0

 
𝑑𝑟

√
𝑟
𝑏(𝑟)

− 1
 

 

𝑝𝑟 =
1

8𝜋𝑟3
(8𝜋𝜌𝑠𝑟𝑠

3 (tan−1 (
𝑟0
𝑟𝑠
) − tan−1 (

𝑟

𝑟𝑠
)) + 𝑟0(𝛼 − 8𝜋(𝜂

2 + 𝜌𝑠𝑟𝑠
2)) + 8𝜋𝑟(2𝜂2 + 𝜌𝑠𝑟𝑠

2)) 

𝑝𝑡 =
1

16𝑟3
(−

𝑟0𝛼

𝜋
+ 8(tan−1 (

𝑟

𝑟𝑠
) − tan−1 (

𝑟0
𝑟𝑠
))𝜌𝑠𝑟𝑠

3 + 8𝑟0(𝜂
2 + 𝜌𝑠𝑟𝑠

2) −
8𝜌𝑠𝑟𝑟𝑠

4

𝑟2 + 𝑟𝑠
2) .  

(𝜌 + 𝑝𝑟)at𝑟=𝑟0 =

𝛼
8𝜋 + 𝜂

2

𝑟0
2 +

𝜌𝑠𝑟𝑠
2

𝑟0
2 + 𝑟𝑠

2
 

(𝜌 + 𝑝𝑡)at 𝑟=𝑟0 =
3𝜌𝑠𝑟𝑠

2

2(𝑟0
2 + 𝑟𝑠

2)
−
𝛼 − 8𝜋𝜂2

16𝜋𝑟0
2 .  



pág. 4742 

𝑝𝑟 =
1

8𝜋𝑟4
(𝑟0(𝑟 − 2)(𝛼 − 8𝜋(𝜂

2 + 𝜌𝑠𝑟𝑠
2)) + 8𝜋𝜌𝑠𝑟𝑠

3(𝑟 − 2)(tan−1 (
𝑟0
𝑟𝑠
) − tan−1 (

𝑟

𝑟𝑠
)) + 2𝑟

× (𝛼 + 8𝜋𝜂2(𝑟 − 1) + 4𝜋𝜌𝑠(𝑟 − 2)𝑟𝑠
2))

 

𝑝𝑡 =
1

16𝑟5
(
𝑟0
𝜋
((𝑟 − 3)𝑟 − 2)(8𝜋(𝜂2 + 𝜌𝑠𝑟𝑠

2) − 𝛼) + 8((𝑟 − 3)𝑟 − 2)(tan−1 (
𝑟

𝑟𝑠
) − tan−1 (

𝑟0
𝑟𝑠
))

× 𝜌𝑠𝑟𝑠
3 +

8𝜌𝑠𝑟𝑟𝑠
2

𝑟2 + 𝑟𝑠
2
(2(𝑟 + 1)𝑟2 + (2 − (𝑟 − 3)𝑟)𝑟𝑠

2) −
2𝑟

𝜋
(𝑟 + 1)(𝛼 − 8𝜋𝜂2))

 

(𝜌 + 𝑝𝑟)at𝑟=𝑟0 =

𝛼
8𝜋
+ 𝜂2

𝑟0
2 +

𝜌𝑠𝑟𝑠
2

𝑟0
2 + 𝑟𝑠

2
 

(𝜌 + 𝑝𝑡)at𝑟=𝑟0 =
1

16𝑟0
3 (
8𝑟0

2(3𝑟0 − 1)𝜌𝑠𝑟𝑠
2

𝑟0
2 + 𝑟𝑠

2 +
(𝑟0 − 1)(8𝜋𝜂

2 − 𝛼)

𝜋
)  

𝜙(𝑟) = log (1 +
𝑟0
𝑟
) 

𝑝𝑟 =
1

8𝜋𝑟3(𝑟0 + 𝑟)
(−𝑟0

2𝛼 + 8𝜋𝑟0
2𝜂2 + 3𝑟0𝛼𝑟 − 8𝜋𝑟0𝜂

2𝑟 + 8𝜋𝜌𝑠𝑟𝑠
2(𝑟0 − 𝑟)

2 + 8𝜋𝜌𝑠𝑟𝑠
3 (tan−1 (

𝑟

𝑟𝑠
)

× (𝑟0 − 𝑟) − tan
−1 (

𝑟0
𝑟𝑠
)) + 16𝜋𝜂2𝑟2)

 

𝑝𝑡 =
1

16𝜋𝑟3(𝑟0 + 𝑟)(𝑟
2 + 𝑟𝑠

2)
(−8𝜋𝜌𝑠𝑟𝑠

2(2𝑟0
2(𝑟2 + 𝑟𝑠

2) − 3𝑟0𝑟(𝑟
2 + 𝑟𝑠

2) + 𝑟2𝑟𝑠
2) + 𝑟0(𝛼 − 8𝜋𝜂

2)

× (2𝑟0 − 3𝑟)(𝑟
2 + 𝑟𝑠

2) + (tan−1 (
𝑟0
𝑟𝑠
) − tan−1 (

𝑟

𝑟𝑠
))8𝜋𝜌𝑠𝑟𝑠

3(2𝑟0 − 𝑟)(𝑟
2 + 𝑟𝑠

2))

 

(𝜌 + 𝑝𝑟)at𝑟=𝑟0 =

𝛼
8𝜋 + 𝜂

2

𝑟0
2 +

𝜌𝑠𝑟𝑠
2

𝑟0
2 + 𝑟𝑠

2
 

(𝜌 + 𝑝𝑡)at 𝑟=𝑟0 =
5𝜌𝑠𝑟𝑠

2

4(𝑟0
2 + 𝑟𝑠

2)
−
𝛼 − 8𝜋𝜂2

32𝜋𝑟0
2 .  

𝑏(𝑟) = −
8𝜋

𝛼
(
𝜌𝑠𝑟𝑠

4

𝑟0 + 𝑟𝑠
+ 𝜌𝑠𝑟𝑠

3log (𝑟0 + 𝑟𝑠) + 𝜂
2(𝑟0 + 𝑟𝑠))

+𝑟0 +
8𝜋

𝛼
(
𝜌𝑠𝑟𝑠

4

𝑟 + 𝑟𝑠
+ 𝜌𝑠𝑟𝑠

3log (𝑟 + 𝑟𝑠) + 𝜂
2(𝑟 + 𝑟𝑠)) 

 

𝑝𝑟 =
1

8𝑟3
(
𝑟0𝛼

𝜋
− 8𝜂2(𝑟0 − 2𝑟) +

8𝜌𝑠𝑟𝑠
4(𝑟0 − 𝑟)

(𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠)
+ 8𝜌𝑠𝑟𝑠

3(log (𝑟 + 𝑟𝑠) − log (𝑟0 + 𝑟𝑠)))  
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𝑝𝑡 =
1

16𝑟3
(
8𝜌𝑠𝑟𝑠

3(𝑟0(𝑟
2 − 𝑟𝑟𝑠 − 𝑟𝑠

2) + 𝑟𝑟𝑠(2𝑟 + 𝑟𝑠))

(𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠)
2

+ 𝑟0 (8𝜂
2 −

𝛼

𝜋
)+8(log (𝑟0 + 𝑟𝑠)  

−log (𝑟 + 𝑟𝑠))𝜌𝑠𝑟𝑠
3)

 

(𝜌 + 𝑝𝑟)at 𝑟=𝑟0 =
1

8𝑟0
2 (8(

𝑟0𝜌𝑠𝑟𝑠
3

(𝑟0 + 𝑟𝑠)
2
+ 𝜂2) +

𝛼

𝜋
)  

(𝜌 + 𝑝𝑡)at𝑟=𝑟0 =
1

16𝑟0
2 (8(

3𝑟0𝜌𝑠𝑟𝑠
3

(𝑟0 + 𝑟𝑠)
2
+ 𝜂2) −

𝛼

𝜋
) .  

𝑝𝑟 =
1

8𝑟4
(
𝑟0
𝜋
(𝑟 − 2)(𝛼 − 8𝜋𝜂2) +

2𝑟

𝜋
(𝛼 + 8𝜋𝜂2(𝑟 − 1)) +

8𝜌𝑠(𝑟 − 2)𝑟𝑠
4(𝑟0 − 𝑟)

(𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠)
+ 8𝜌𝑠(𝑟 − 2)𝑟𝑠

3

× (log (𝑟 + 𝑟𝑠) − log (𝑟0 + 𝑟𝑠)))

 

 

𝑝𝑡 =
1

16𝜋𝑟5(𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠)
2
(−𝑟0

2((𝑟 − 3)𝑟 − 2)(𝛼 − 8𝜋𝜂2)(𝑟 + 𝑟𝑠)
2 + 𝑟0(8𝜋𝜌𝑠𝑟𝑠

3((𝑟 − 1)𝑟3 + (2)

−(𝑟 − 3)𝑟)𝑟𝑠
2 + (2 − (𝑟 − 3)𝑟)𝑟𝑟𝑠) − (𝛼 − 8𝜋𝜂

2)(𝑟 + 𝑟𝑠)
2(((𝑟 − 3)𝑟 − 2)𝑟𝑠 + 2𝑟(𝑟 + 1)))

+8𝜋𝜌𝑠((𝑟 − 3)𝑟 − 2)𝑟𝑠
3(𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠)

2(log (𝑟0 + 𝑟𝑠) − log (𝑟 + 𝑟𝑠)) + 8𝜋𝜌𝑠𝑟𝑟𝑠
4(𝑟(𝑟(2𝑟)  

 +𝑟𝑠 − 4) − 3𝑟𝑠 − 2) − 2𝑟𝑠) − 2𝑟(𝑟 + 1)𝑟𝑠(𝛼 − 8𝜋𝜂
2)(𝑟 + 𝑟𝑠)

2)

 

(𝜌 + 𝑝𝑟)at 𝑟=𝑟0 =
1

8𝑟0
2 (8(

𝑟0𝜌𝑠𝑟𝑠
3

(𝑟0 + 𝑟𝑠)
2
+ 𝜂2) +

𝛼

𝜋
)  

(𝜌 + 𝑝𝑡)at𝑟=𝑟0 =
1

16𝑟0
3 (
(𝑟0 − 1)(8𝜋𝜂

2 − 𝛼)

𝜋
+
8𝑟0(3𝑟0 − 1)𝜌𝑠𝑟𝑠

3

(𝑟0 + 𝑟𝑠)
2 ) .  

𝜙(𝑟) = log (1 +
𝑟0
𝑟
) 

𝑝𝑟 = −
1

8𝜋𝑟3(𝑟0 + 𝑟)(𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠)
((𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠) (𝑟0𝛼(𝑟0 − 3𝑟) − 8𝜋𝜂

2(𝑟0
2 − 𝑟0𝑟 + 2𝑟

2)) + 8𝜋𝜌𝑠

× 𝑟𝑠
4(𝑟0 − 𝑟)

2 − 8𝜋𝜌𝑠𝑟𝑠
3(log (𝑟0 + 𝑟𝑠) − log (𝑟 + 𝑟𝑠))(𝑟0 − 𝑟)(𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠))
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𝑝𝑡 =
1

16𝜋𝑟3(𝑟0 + 𝑟)(𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠)
2
(8𝜋𝜌𝑠𝑟𝑠

3 (2𝑟0
2𝑟𝑠(𝑟 + 𝑟𝑠) + 𝑟0𝑟(𝑟

2 − 3𝑟𝑟𝑠 − 3𝑟𝑠
2) + 𝑟2𝑟𝑠(2𝑟 + 𝑟𝑠))

−8𝜋𝜌𝑠𝑟𝑠
3(2𝑟0 − 𝑟)(𝑟0 + 𝑟𝑠)(log (𝑟0 + 𝑟𝑠) − log (𝑟 + 𝑟𝑠))(𝑟 + 𝑟𝑠)

2 + 𝑟0(𝛼 − 8𝜋𝜂
2)(2𝑟0 − 3𝑟)

× (𝑟0 + 𝑟𝑠)(𝑟 + 𝑟𝑠)
2)

 

(𝜌 + 𝑝𝑟)at 𝑟=𝑟0 =
1

8𝑟0
2 (8(

𝑟0𝜌𝑠𝑟𝑠
3

(𝑟0 + 𝑟𝑠)
2
+ 𝜂2) +

𝛼

𝜋
)  

 

(𝜌 + 𝑝𝑡)at 𝑟=𝑟0 =
1

32𝑟0
2 (8(

5𝑟0𝜌𝑠𝑟𝑠
3

(𝑟0 + 𝑟𝑠)
2
+ 𝜂2) −

𝛼

𝜋
) .  

𝑏(𝑟) = 𝑟 −
𝑟5

𝑟0
4(𝑟0 − 𝛿)𝑒

2
𝑟
−
2
𝑟0

𝛿
+ 𝑟4

+ 𝛿, 0 < 𝛿 < 𝑟0.
 

𝑓(𝑄) = 𝑄 +𝑚𝑄𝑛.  

𝜌 =
−1

16𝜋𝑟6(𝑟 − 𝑏)2
((
𝑏(−𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏)

𝑟3(𝑟 − 𝑏)
)𝑛−22𝑚(𝑛 − 1)𝑛𝑏(𝑟2𝑏(𝑟(𝑏′′ − 4𝜙′ + 2𝑟𝜙′′) − 𝑏′(4

× 𝑟𝜙′ + 5)) + 𝑟3𝑏′(𝑏′ + 2𝑟𝜙′) + 𝑟𝑏2(−𝑟(𝑏′′ − 8𝜙′ + 4𝑟𝜙′′) + 𝑏′(2𝑟𝜙′ + 3) + 4) + 𝑏3(2𝑟2𝜙′′ − 4𝑟𝜙′

−3)) + 𝑟3(𝑟 − 𝑏)(𝑏(𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏) − 2𝑟2𝑏′)(1 +𝑚𝑛 (
𝑏(−𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏)

𝑟3(𝑟 − 𝑏)
)

𝑛−1

)  

−𝑟3(𝑟 − 𝑏)(𝑏(−𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏) + (
𝑏 (
𝑏 − 𝑟𝑏′

𝑟2 − 𝑟𝑏
− 2𝜙′)

𝑟2
)

𝑛

𝑚𝑟3(𝑟 − 𝑏)) + 16𝜋𝜂2𝑟4(𝑟 − 𝑏)2)

 

𝑝𝑟 =
1

16𝜋
(

−𝑚𝑛

𝑏(−𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏)2
((𝑟2𝑏(2𝑟((𝑛 − 1)(𝑏′′ + 2𝑟𝜙′′) − 4(𝑛 − 2)𝜙′ + 14𝑟𝜙′2) + 2𝑏′

× (2(5 − 2𝑛)𝑟𝜙′ − 5𝑛 + 6) + 𝑏′2) + 2𝑟3(𝑏′ + 2𝑟𝜙′)((𝑛 − 1)𝑏′ − 2𝑟𝜙′) + 2𝑟𝑏2(𝑟(−(𝑛 − 1)(𝑏′′

+4𝑟𝜙′′) + 2(4𝑛 − 9)𝜙′ − 16𝑟𝜙′2) + 𝑏′(2(𝑛 − 3)𝑟𝜙′ + 3𝑛 − 5) + 4𝑛 − 5) + 𝑏3(4𝑟(𝜙′(−2𝑛 + 3

× 𝑟𝜙′ + 5) + (𝑛 − 1)𝑟𝜙′′) − 6𝑛 + 9)) (
𝑏

𝑟2
(
𝑏 − 𝑟𝑏′

𝑟2 − 𝑟𝑏
− 2𝜙′))

𝑛

) + (
𝑏

𝑟2
(
𝑏 − 𝑟𝑏′

𝑟2 − 𝑟𝑏
− 2𝜙′))

𝑛

𝑚

+
2

𝑟3
(2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏 + 8𝜋𝜂2𝑟))
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𝑝𝑡 =
1

16𝜋𝑟4(𝑟 − 𝑏)2
((1 −

𝑏

𝑟
) (2𝑚(𝑛 − 1)𝑛𝜙′(

𝑏(−𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏)

𝑟3(𝑟 − 𝑏)
)𝑛−2(𝑟2𝑏(𝑟(𝑏′′ − 4𝜙′

+2𝑟𝜙′′) − 𝑏′(4𝑟𝜙′ + 5)) + 𝑟3𝑏′(𝑏′ + 2𝑟𝜙′) + 𝑟𝑏2(−𝑟(𝑏′′ − 8𝜙′ + 4𝑟𝜙′′) + 𝑏′(2𝑟𝜙′ + 3) + 4)

+𝑏3(2𝑟2𝜙′′ − 4𝑟𝜙′ − 3)) − 𝑟2((𝑏 − 𝑟𝑏′)(𝑟(𝑟 − 𝑏)𝜙′ + 𝑟) + 2𝑟2(𝑟 − 𝑏)2𝜙′2 + 2(𝑟 − 𝑏)(𝑟 − 2𝑏)

× 𝜙′𝑟 + 2𝑟2(𝑟 − 𝑏)2𝜙′′) (𝑚𝑛(
𝑏(−𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏)

𝑟3(𝑟 − 𝑏)
)

𝑛−1

+ 1) + 𝑟2𝑏(−𝑟𝑏′ + 2𝑟(𝑏 − 𝑟)

× 𝜙′ + 𝑏) +𝑚𝑟5(𝑟 − 𝑏)(
𝑏

𝑟2
(
𝑏 − 𝑟𝑏′

𝑟2 − 𝑟𝑏
− 2𝜙′))

𝑛

))

 

𝐼𝑉 = ∮[𝜌 + 𝑝𝑟]𝑑𝑉  

𝑑𝑉 = 𝑟2𝑑𝑟𝑑Ω 

∮𝑑𝑉 = 2∫  
∞

𝑟0

𝑑𝑉 = 8𝜋∫  
∞

𝑟0

𝑟2𝑑𝑟 

𝐼𝑉 = 8𝜋∫  
∞

𝑟0

  (𝜌 + 𝑝𝑟)𝑟
2𝑑𝑟  

𝐼𝑉 = 8𝜋∫  
𝑟1

𝑟0

  (𝜌 + 𝑝𝑟)𝑟
2𝑑𝑟  

2(𝑟 − 𝑏)

(2𝑟 − 𝑏)𝑓𝑄
[𝜌 −

(𝑟 − 𝑏)

8𝜋𝑟3
(
𝑏𝑟𝑓QQ𝑄

′

𝑟 − 𝑏
+ 𝑏𝑓𝑄 (

𝑟𝜙′ + 1

𝑟 − 𝑏
−

2𝑟 − 𝑏

2(𝑟 − 𝑏)2
) +

𝑓𝑟3

2(𝑟 − 𝑏)
) +

𝑓𝑇(𝑃 + 𝜌)

8𝜋
] =

𝑏′

8𝜋𝑟2

2𝑏

𝑓𝑟3
[𝑝𝑟 +

(𝑟 − 𝑏)

16𝜋𝑟3
(𝑓𝑄 (

𝑏 (
𝑟𝑏′ − 𝑏
𝑟 − 𝑏

+ 2𝑟𝜙′ + 2)

𝑟 − 𝑏
− 4𝑟𝜙′)+

2𝑏𝑟𝑓QQ𝑄
′

𝑟 − 𝑏
) +

𝑓𝑟3(𝑟 − 𝑏)𝜙′

8𝜋𝑏𝑟2
−
𝑓𝑇(𝑃 − 𝑝𝑟)

8𝜋
]

=
1

8𝜋
[2 (1 −

𝑏

𝑟
)
𝜙′

𝑟
−
𝑏

𝑟3
]

 

1

𝑓𝑄 (
𝑟

𝑟 − 𝑏
+ 𝑟𝜙′)

[𝑝𝑡 +
(𝑟 − 𝑏)

32𝜋𝑟2
(𝑓𝑄 (

4(2𝑏 − 𝑟)𝜙′

𝑟 − 𝑏
− 4𝑟(𝜙′)2 − 4𝑟𝜙′′) +

2𝑓𝑟2

𝑟 − 𝑏
− 4𝑟𝑓QQ𝑄

′𝜙′)

+
(𝑟 − 𝑏)

8𝜋𝑟
(𝜙′′ + 𝜙′2 −

(𝑟𝑏′ − 𝑏)𝜙′

2𝑟(𝑟 − 𝑏)
+
𝜙′

𝑟
)𝑓𝑄 (

𝑟

𝑟 − 𝑏
+ 𝑟𝜙′) −

𝑓𝑇(𝑃 − 𝑝𝑡)

8𝜋
]

=
1

8𝜋
(1 −

𝑏

𝑟
) [𝜙′′ + 𝜙′2 −

(𝑟𝑏′ − 𝑏)𝜙′

2𝑟(𝑟 − 𝑏)
−

𝑟𝑏′ − 𝑏

2𝑟2(𝑟 − 𝑏)
+
𝜙′

𝑟
]

 

𝑏′

8𝜋𝑟2
= 𝜌̃

1

8𝜋
[2 (1 −

𝑏

𝑟
)
𝜙′

𝑟
−
𝑏

𝑟3
] = 𝑝𝑟̃

 

1

8𝜋
(1 −

𝑏

𝑟
) [𝜙′′ + 𝜙′2 −

(𝑟𝑏′ − 𝑏)𝜙′

2𝑟(𝑟 − 𝑏)
−

𝑟𝑏′ − 𝑏

2𝑟2(𝑟 − 𝑏)
+
𝜙′

𝑟
] = 𝑝̃𝑡  
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𝜌̃ =
2(𝑟 − 𝑏)

(2𝑟 − 𝑏)𝑓𝑄
[𝜌 −

1

8𝜋𝑟2
(1 −

𝑏

𝑟
)(
𝑏𝑟𝑓QQ𝑄

′

𝑟 − 𝑏
+ 𝑏𝑓𝑄 (

𝑟𝜙′ + 1

𝑟 − 𝑏
−

2𝑟 − 𝑏

2(𝑟 − 𝑏)2
) +

𝑓𝑟3

2(𝑟 − 𝑏)
) +

𝑓𝑇(𝑃 + 𝜌)

8𝜋
] 

𝑝𝑟̃ =
2𝑏

𝑓𝑟3
[𝑝𝑟 +

1

16𝜋𝑟2
(1 −

𝑏

𝑟
)(𝑓𝑄(

𝑏 (
𝑟𝑏′ − 𝑏
𝑟 − 𝑏

+ 2𝑟𝜙′ + 2)

𝑟 − 𝑏
− 4𝑟𝜙′)+

2𝑏𝑟𝑓QQ𝑄
′

𝑟 − 𝑏
) +

𝑓𝑟3(𝑟 − 𝑏)𝜙′

8𝜋𝑏𝑟2

−
𝑓𝑇(𝑃 − 𝑝𝑟)

8𝜋
]

 

𝑝̃𝑡 =
1

𝑓𝑄 (
𝑟

𝑟 − 𝑏
+𝑟𝜙′)

[𝑝𝑡 +
1

32𝜋𝑟
(1 −

𝑏

𝑟
)(𝑓𝑄 (

4(2𝑏 − 𝑟)𝜙′

𝑟 − 𝑏
− 4𝑟(𝜙′)2 − 4𝑟𝜙′′) +

2𝑓𝑟2

𝑟 − 𝑏
− 4𝑟𝑓QQ𝑄

′𝜙′)

+
1

8𝜋
(1 −

𝑏

𝑟
)(𝜙′′ + 𝜙′2 −

(𝑟𝑏′ − 𝑏)𝜙′

2𝑟(𝑟 − 𝑏)
+
𝜙′

𝑟
)𝑓𝑄 (

𝑟

𝑟 − 𝑏
+ 𝑟𝜙′) −

𝑓𝑇(𝑃 − 𝑝𝑡)

8𝜋
]

 

8𝜋𝜌=
(𝑟 − 𝑏)

2𝑟3
[𝑓𝑄 (

(2𝑟 − 𝑏)(𝑟𝑏′ − 𝑏)

(𝑟 − 𝑏)2
+
𝑏(2𝑟𝜙′ + 2)

𝑟 − 𝑏
) +

2𝑏𝑟𝑓QQ𝑄
′

𝑟 − 𝑏
+
𝑓𝑟3

𝑟 − 𝑏
−
2𝑟3𝑓𝑇(𝑃 + 𝜌)

(𝑟 − 𝑏)
]  

8𝜋𝑝𝑟  = −
(𝑟 − 𝑏)

2𝑟3
[𝑓𝑄 (

𝑏

𝑟 − 𝑏
(
𝑟𝑏′ − 𝑏

𝑟 − 𝑏
+ 2𝑟𝜙′ + 2) − 4𝑟𝜙′) +

2𝑏𝑟𝑓QQ𝑄
′

𝑟 − 𝑏
+
𝑓𝑟3

𝑟 − 𝑏
−
2𝑟3𝑓𝑇(𝑃 − 𝑝𝑟)

(𝑟 − 𝑏)
]

 

 

8𝜋𝑝𝑡 = −
(𝑟 − 𝑏)

4𝑟2
[𝑓𝑄 (

(𝑟𝑏′ − 𝑏) (
2𝑟
𝑟 − 𝑏

+ 2𝑟𝜙′)

𝑟(𝑟 − 𝑏)
+
4(2𝑏 − 𝑟)𝜙′

𝑟 − 𝑏
− 4𝑟(𝜙′)2 − 4𝑟𝜙′′)− 4𝑟𝑓QQ𝑄

′𝜙′ +
2𝑓𝑟2

𝑟 − 𝑏

−
4𝑟2𝑓𝑇(𝑃 − 𝑝𝑡)

(𝑟 − 𝑏)
]

 

𝜌 = −
𝑓𝑄𝑓𝑇(−𝑟𝑏

′(2𝑟(𝑟 − 𝑏)𝜙′ + 𝑏 + 2𝑟) + 3𝑏2 + 4𝑟(𝑏 − 𝑟)(𝜙′(𝑟(𝑏 − 𝑟)𝜙′ + 3𝑏 − 2𝑟) + 𝑟(𝑏 − 𝑟)𝜙′′))

48𝜋𝑟3(𝑟 − 𝑏)(𝑓𝑇 + 8𝜋)

−
24𝜋𝑓𝑄(𝑟(𝑏 − 2𝑟)𝑏

′ + 𝑏(2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏))

48𝜋𝑟3(𝑟 − 𝑏)(𝑓𝑇 + 8𝜋)

−
𝑟(𝑏 − 𝑟) (𝑓𝑇(2𝑓QQ𝑄

′(2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏) + 3𝑓𝑟2) + 24𝜋(2𝑏𝑓QQ𝑄
′ + 𝑓𝑟2))

48𝜋𝑟3(𝑟 − 𝑏)(𝑓𝑇 + 8𝜋)
,

𝑝𝑟 =
𝑓𝑄𝑓𝑇(𝑟𝑏

′(2𝑟(𝑟 − 𝑏)𝜙′ + 𝑏 + 2𝑟) − 3𝑏2 − 4𝑟(𝑏 − 𝑟)(𝜙′(𝑟(𝑏 − 𝑟)𝜙′ + 3𝑏 − 2𝑟) + 𝑟(𝑏 − 𝑟)𝜙′′))

48𝜋𝑟3(𝑏 − 𝑟)(𝑓𝑇 + 8𝜋)

+
24𝜋𝑓𝑄(𝑏𝑟𝑏

′ − (3𝑏 − 2𝑟)(2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏))

48𝜋𝑟3(𝑏 − 𝑟)(𝑓𝑇 + 8𝜋)

−
𝑟(𝑏 − 𝑟) (𝑓𝑇(2𝑓QQ𝑄

′(2𝑟(𝑏 − 𝑟)𝜙′ + 𝑏) + 3𝑓𝑟2) + 24𝜋(2𝑏𝑓QQ𝑄
′ + 𝑓𝑟2))

48𝜋𝑟3(𝑏 − 𝑟)(𝑓𝑇 + 8𝜋)
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𝑝𝑡 = −
𝑓𝑄𝑓𝑇(−𝑟𝑏

′(2𝑟(𝑟 − 𝑏)𝜙′ + 𝑏 + 2𝑟) + 3𝑏2 + 4𝑟(𝑏 − 𝑟)(𝜙′(𝑟(𝑏 − 𝑟)𝜙′ + 3𝑏 − 2𝑟) + 𝑟(𝑏 − 𝑟)𝜙′′))

48𝜋𝑟3(𝑏 − 𝑟)(𝑓𝑇 + 8𝜋)

−
24𝜋𝑟𝑓𝑄(𝑟(𝑏

′((𝑏 − 𝑟)𝜙′ − 1) + 2(𝑏 − 𝑟)2((𝜙′)2 + 𝜙′′) + (2𝑟 − 5𝑏)𝜙′) + 𝑏(3𝑏𝜙′ + 1))

48𝜋𝑟3(𝑏 − 𝑟)(𝑓𝑇 + 8𝜋)

 −
𝑟(𝑏 − 𝑟)(𝑓𝑇(2𝑏𝑓QQ𝑄

′ + 3𝑓𝑟2) + 4𝑟(𝑏 − 𝑟)𝑓QQ(𝑓𝑇 + 12𝜋)𝑄
′𝜙′ + 24𝜋𝑓𝑟2)

48𝜋𝑟3(𝑏 − 𝑟)(𝑓𝑇 + 8𝜋)

 

𝑓𝑄[𝑓𝑇(𝑟(𝑏 + 2𝑟)𝑏
′ − 3𝑏2) + 24𝜋(𝑏𝑟𝑏′ − 𝑏(3𝑏 − 2𝑟))] − 𝑟(𝑏 − 𝑟)[𝑓𝑇(2𝑏𝑓QQ𝑄

′ + 3𝑓𝑟2)

+24𝜋(2𝑏𝑓QQ𝑄
′ + 𝑓𝑟2)] = 𝜔[𝑓𝑄(𝑓𝑇(3𝑏

2 − 𝑟(𝑏 + 2𝑟)𝑏′) + 24𝜋(𝑟(𝑏 − 2𝑟)𝑏′ + 𝑏2))

+𝑟(𝑏 − 𝑟) (𝑓𝑇(2𝑏𝑓QQ𝑄
′ + 3𝑓𝑟2) + 24𝜋(2𝑏𝑓QQ𝑄

′ + 𝑓𝑟2))] .

 

𝑓(𝑄, 𝑇) = 𝛼𝑄 + 𝛽𝑇  

𝜌 =
𝛼(12𝜋 − 𝛽)𝑏′

3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟2
,

𝑝𝑟 = −
𝛼(2𝛽𝑟𝑏′ − 3𝛽𝑏 + 12𝜋𝑏)

3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟3
,

 

𝑝𝑡 = −
𝛼((𝛽 + 12𝜋)𝑟𝑏′ + 3𝑏(𝛽 − 4𝜋))

6(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟3
.  

𝑏(𝑟) = 𝑐1𝑟
𝜆2 ,  

𝜆2 = −
3(𝛽 − 4𝜋)

𝛽(𝜔 − 2) − 12𝜋𝜔
 

 

 

 

 

Parameters 

𝜔 𝛽 

(−∞,−1) (−∞,
12𝜋𝜔

𝜔 − 2
) ∪ (12𝜋,∞) 

(−1,2) (
12𝜋𝜔

𝜔 − 2
, 12𝜋) 

2 (−∞, 12𝜋) 
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(2,∞) (−∞, 12𝜋) ∪ (
12𝜋𝜔

𝜔 − 2
,∞) 

 

𝜌 =
𝛼(𝛽 − 12𝜋)𝑟𝜆2−3

Λ

𝑝𝑟  =
𝛼(𝛽 − 12𝜋)𝜔𝑟𝜆2−3

Λ

 

𝑝𝑡 =
𝛼(12𝜋(𝜔 + 1) − 𝛽(𝜔 − 3))𝑟𝜆2−3

2Λ
,  

Λ = (𝛽 + 8𝜋)(12𝜋𝜔 − 𝛽(𝜔 − 2)) 

𝑝𝑡 = 𝑛𝑝𝑟 .  

𝑓𝑄[(𝑛 − 1)𝑓𝑇(3𝑏
2 − 𝑟(𝑏 + 2𝑟)𝑏′) + 24𝜋(𝑟𝑏′(𝑟 − 𝑏𝑛) + 𝑏(3𝑏𝑛 − 2𝑛𝑟 − 𝑟))] +

𝑟(𝑏 − 𝑟)[2𝑏𝑓QQ𝑄
′((𝑛 − 1)𝑓𝑇 + 24𝜋𝑛) + 3𝑓(𝑛 − 1)𝑟

2(𝑓𝑇 + 8𝜋)] = 0.
 

𝑓(𝑄, 𝑇) = 𝑄 + 𝜆1𝑄
2 + 𝜂1𝑇 

𝑏(𝑟) = 𝑐2𝑟
𝜂2 ,  

𝜂2 =
3(4𝜋 − 𝛽)(2𝑛 + 1)

𝛽 − 4𝛽𝑛 + 12𝜋
, 

 

𝜌 =
𝛼(12𝜋 − 𝛽)(2𝑛 + 1)𝑟𝑘

Λ1
,

𝑝𝑟 = −
3𝛼(𝛽 + 4𝜋)𝑐𝑟𝑘

Λ1
,

 

𝑝𝑡 = −
3𝛼(𝛽 + 4𝜋)𝑐𝑛𝑟𝑘

Λ1
,  
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Λ1 = (𝛽 + 8𝜋)(𝛽 − 4𝛽𝑛 + 12𝜋) 

𝑘 = −
6(𝛽 + 4𝜋)(𝑛 − 1)

𝛽(4𝑛 − 1) − 12𝜋
 

𝜛′

2
(𝜌 + 𝑝𝑟) +

𝑑𝑝𝑟
𝑑𝑟

+
2

𝑟
(𝑝𝑟 − 𝑝𝑡) = 0,  

𝐹ℎ = −
𝑑𝑝𝑟
𝑑𝑟

, 𝐹𝑔 = −
𝜛′

2
(𝜌 + 𝑝𝑟), 𝐹𝑎 =

2

𝑟
(𝑝𝑡 − 𝑝𝑟).  

𝐹ℎ = −
(𝛽 − 12𝜋)𝜔 (

3(𝛽 − 4𝜋)
12𝜋𝜔 − 𝛽(𝜔 − 2)

− 3) 𝑟
3(𝛽−4𝜋)

12𝜋𝜔−𝛽(𝜔−2)
−4

(𝛽 + 8𝜋)(12𝜋𝜔 − 𝛽(𝜔 − 2))

 

𝐹𝑎 =
3𝛼(𝛽(−𝜔) + 𝛽 + 4𝜋(3𝜔 + 1))𝑟

3(𝛽−4𝜋)
12𝜋𝜔−𝛽(𝜔−2)

−4

(𝛽 + 8𝜋)(12𝜋𝜔 − 𝛽(𝜔 − 2))
.  

𝐹ℎ = −
18𝛼(𝛽 + 4𝜋)2(𝑛 − 1)𝑟

−
6(𝛽+4𝜋)(𝑛−1)
𝛽(4𝑛−1)−12𝜋

−1

(𝛽 + 8𝜋)(𝛽 − 4𝛽𝑛 + 12𝜋)(𝛽(4𝑛 − 1) − 12𝜋)
 

𝐹𝑎 = −
6𝛼(𝛽 + 4𝜋)(𝑛 − 1)𝑟

−
6(𝛽+4𝜋)(𝑛−1)
𝛽(4𝑛−1)−12𝜋

−1

(𝛽 + 8𝜋)(𝛽 − 4𝛽𝑛 + 12𝜋)
.  

 

𝜌̃ =
2(𝑟 − 𝑏)

(2𝑟 − 𝑏)𝑓𝑄
(𝜌 −

(𝑟 − 𝑏)

8𝜋𝑟2
(
𝑏𝑟𝑓QQ𝑄

′

𝑟 − 𝑏
+
𝑏𝑓𝑄
𝑟 − 𝑏

−
𝑏(2𝑟 − 𝑏)𝑓𝑄
2(𝑟 − 𝑏)2

+
𝑓𝑟3

2(𝑟 − 𝑏)
) +

𝑓𝑇(𝑃 + 𝜌)

8𝜋
) ,

𝑝̃𝑟 =
2𝑏

𝑓𝑟3

(

 
 
𝑝𝑟 −

𝑓𝑇(𝑃 − 𝑝𝑟)

8𝜋
+
(𝑟 − 𝑏)

16𝜋𝑟3
(
𝑏𝑓𝑄 (

𝑟𝑏′ − 𝑏
𝑟 − 𝑏

+ 2)

𝑟 − 𝑏
+
2𝑏𝑟𝑓QQ𝑄

′

𝑟 − 𝑏
)

)

 
 
,

 

𝑝̃𝑡 =
(𝑟 − 𝑏)

𝑟𝑓𝑄
(𝑝𝑡 −

𝑓𝑇(𝑃 − 𝑝𝑡)

8𝜋
+
𝑓𝑟 (1 −

𝑏
𝑟)

16𝜋(𝑟 − 𝑏)
)  

𝐵 =
𝛼(−𝛽𝑟𝜔𝑏′ + 2𝛽𝑟𝑏′ + 12𝜋𝑟𝜔𝑏′ − 3𝛽𝑏 + 12𝜋𝑏)

12(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟3𝜔
,  

𝑏(𝑟) = 𝑟0𝛾 (1 −
𝑟0
𝑟
) + 𝑟0,  

𝐵 =
𝑟0𝛼(12𝜋(𝑟0𝛾(𝜔 − 1) + (𝛾 + 1)𝑟) − 𝛽(𝑟0𝛾(𝜔 − 5) + 3(𝛾 + 1)𝑟))

12(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟4𝜔
,  
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𝜌 =
𝑟0
2𝛼(12𝜋 − 𝛽)𝛾

3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟4
,  

𝑝𝑟 =
𝑟0𝛼(−5𝑟0𝛽𝛾 − 12𝜋(−𝑟0𝛾 + 𝛾𝑟 + 𝑟) + 3𝛽(𝛾 + 1)𝑟)

3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟4
,  

𝑝𝑡 =
𝑟0𝛼(2𝑟0𝛽𝛾 + 12𝜋(−2𝑟0𝛾 + 𝛾𝑟 + 𝑟) − 3𝛽(𝛾 + 1)𝑟)

6(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟4
 

𝑏(𝑟) = 𝑟0 (
𝑟

𝑟0
)
𝛾1
,  

𝑏(𝑟) = 𝑟0√
𝑟

𝑟0
.  

𝐵 =
𝛼(12𝜋(𝜔 + 2) − 𝛽(𝜔 + 4))

24(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟2𝜔√
𝑟
𝑟0

,
 

𝜌 =
12𝜋 − 𝛽

6(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟2√
𝑟
𝑟0

𝑝𝑟  = −
2(6𝜋 − 𝛽)

3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟2√
𝑟
𝑟0

 

𝑝𝑡 =
12𝜋 − 7𝛽

12(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟2√
𝑟
𝑟0

 

𝐹ℎ =
𝑟0(4𝑟0𝛾 − 3(𝛾 + 1)𝑟)

8𝜋𝑟5
 

𝐹𝑎 =
𝑟0(3(𝛾 + 1)𝑟 − 4𝑟0𝛾)

8𝜋𝑟5
.  

𝐹ℎ = −
5

16𝜋𝑟3√
𝑟
𝑟0

 

𝐹𝑎 =
5

16𝜋𝑟3√
𝑟
𝑟0

,
 

𝛼(12𝜋 − 𝛽)𝑏′(𝑟)

3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟2
=

𝑀𝑒−
𝑟2

4Θ

8𝜋3/2Θ3/2
 

𝑏(𝑟) = 𝑐1 +𝒦1 (2√𝜋Θ
3/2erf (

𝑟

2√Θ
) − 2Θ𝑟𝑒−

𝑟2

4Θ)  
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𝒦1 =
3(−𝛽2 − 4𝜋𝛽 + 32𝜋2)𝑀

8𝜋3/2𝛼(12𝜋 − 𝛽)Θ3/2
 

erf(Θ) =
2

√𝜋
∫  
Θ

0

𝑒−𝑡
2
𝑑𝑡 

𝑐1 = 𝑟0 −𝒦1 (2√𝜋Θ
3/2erf (

𝑟0

2√Θ
) − 2Θ𝑟0𝑒

−
𝑟0
2

4Θ)  

𝑏(𝑟) = 𝑟0 + 2Θ𝒦1 [𝑒
−
𝑟2+𝑟0

2

4Θ (𝑒
𝑟2

4Θ (√𝜋√Θ𝑒
𝑟0
2

4Θ (erf (
𝑟

2√Θ
) − erf (

𝑟0

2√Θ
)) + 𝑟0) − 𝑟𝑒

𝑟0
2

4Θ)] .  

𝑝𝑟 =
𝑒−

𝑟2+𝑟0
2

4Θ

𝒦2(𝛽 + 8𝜋)
[(𝛽 + 8𝜋)𝑀𝑒

𝑟0
2

4Θ(3√𝜋(4𝜋 − 𝛽)Θ3/2𝑒
𝑟2

4Θ𝒦3 − 𝛽𝑟
3 − 3(𝛽 − 4𝜋)Θ𝑟) + Θ𝑟0𝑒

𝑟2

4Θ

× (−3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑀 − 4𝜋3/2𝛼(12𝜋 − 𝛽)√Θ𝑒
𝑟0
2

4Θ)]

 

 

𝑝𝑡 =
1

4𝒦2
[−6√𝜋(4𝜋 − 𝛽)Θ3/2𝑀𝒦3 +𝑀𝑒

−
𝑟2

4Θ(6(𝛽 − 4𝜋)Θ𝑟 − (𝛽 + 12𝜋)𝑟3) + 6(4𝜋 − 𝛽)

× Θ𝑀𝑟0𝑒
−
𝑟0
2

4Θ +
8𝜋3/2𝛼(12𝜋 − 𝛽)Θ3/2𝑟0

𝛽 + 8𝜋
] ,

 

𝒦2 = 4𝜋
3/2(12𝜋 − 𝛽)Θ3/2𝑟3 

𝒦3 = (erf (
𝑟0

2√Θ
) − erf (

𝑟

2√Θ
)) 

𝜌 + 𝑝𝑟 =
𝑒−

𝑟2+𝑟0
2

4Θ

2𝒦2(𝛽 + 8𝜋)
[3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑀𝑒

𝑟0
2

4Θ (2√𝜋Θ3/2𝑒
𝑟2

4Θ𝒦3 + 𝑟
3 + 2Θ𝑟) − 2Θ𝑟0𝑒

𝑟2

4Θ

× (3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑀 + 4𝜋3/2𝛼(12𝜋 − 𝛽)√Θ𝑒
𝑟0
2

4Θ)]

 

𝜌 + 𝑝𝑡 =
1

16𝜋3/2Θ3/2𝑟3
[
3(4𝜋 − 𝛽)𝑀𝑒−

𝑟2

4Θ

12𝜋 − 𝛽
(−2√𝜋Θ3/2𝑒

𝑟2

4Θ
𝒦3+𝑟3−2Θ𝑟) + 2Θ𝑟0

× (
4𝜋3/2𝛼√Θ

𝛽 + 8𝜋
+
3(4𝜋 − 𝛽)𝑀𝑒−

𝑟0
2

4Θ

12𝜋 − 𝛽
)]

 

𝜌 + 𝑝𝑟|𝑟=𝑟0 =
3(4𝜋 − 𝛽)𝑀𝑒−

𝑟0
2

4Θ

8𝜋3/2(12𝜋 − 𝛽)Θ3/2
−

𝛼

(𝛽 + 8𝜋)𝑟0
2
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𝜌 + 𝑝𝑡|𝑟=𝑟0 =
3(4𝜋 − 𝛽)𝑀𝑒−

𝑟0
2

4Θ

16𝜋3/2(12𝜋 − 𝛽)Θ3/2
+

𝛼

2(𝛽 + 8𝜋)𝑟0
2

 

𝜌 + 𝑝𝑟 + 2𝑝𝑡 = −
𝛽𝑀𝑒−

𝑟2

4Θ

𝜋3/2(24𝜋 − 2𝛽)Θ3/2
 

𝛼(12𝜋 − 𝛽)𝑏′(𝑟)

3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟2
=

√Θ𝑀

𝜋2(Θ + 𝑟2)2
.  

𝑏(𝑟) =
ℳ1

(Θ + 𝑟2)
((Θ + 𝑟2)tan−1 (

𝑟

√Θ
) − √Θ𝑟) + 𝑐2,  

ℳ1 =
3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑀

2𝜋2𝛼(12𝜋 − 𝛽)
 

𝑐2 = 𝑟0 −
ℳ1

(Θ + 𝑟0
2)
((Θ + 𝑟0

2)tan−1 (
𝑟0

√Θ
) − √Θ𝑟0) .  

𝑏(𝑟) = 𝑟0 +
ℳ1

(Θ + 𝑟2)(Θ + 𝑟0
2)
((Θ + 𝑟2)(Θ + 𝑟0

2)ℳ2 +√Θ(𝑟 − 𝑟0)(𝑟𝑟0 − Θ)) ,  

ℳ2 = (tan
−1 (

𝑟

√Θ
) − tan−1 (

𝑟0

√Θ
)) 

𝑝𝑟 =
1

2𝑟3
[

𝑀

𝜋2(12𝜋 − 𝛽)(Θ + 𝑟2)2
(√Θ𝑟(12𝜋(Θ + 𝑟2) − 𝛽(3Θ + 7𝑟2)) − 3(4𝜋 − 𝛽)(Θ + 𝑟2)2ℳ2)

+𝑟0 (
3(𝛽 − 4𝜋)√Θ𝑀

𝜋2(12𝜋 − 𝛽)(Θ + 𝑟0
2)
−

2𝛼

𝛽 + 8𝜋
)]

 

𝑝𝑡 = −
1

ℳ3
[(Θ + 𝑟2) (3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑀(Θ + 𝑟0

2) (√Θ𝑟 − (Θ + 𝑟2)tan−1 (
𝑟

√Θ
)) − 3

× (4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑀(Θ + 𝑟2)(√Θ𝑟0 − (Θ + 𝑟0
2)tan−1 (

𝑟0

√Θ
)) − 2𝜋2𝛼(12𝜋 − 𝛽)

× 𝑟0(Θ + 𝑟
2)(Θ + 𝑟0

2)) + 2(𝛽 + 8𝜋)(𝛽 + 12𝜋)√Θ𝑀𝑟3(Θ + 𝑟0
2)] ,

 

ℳ3 = 4𝜋
2(12𝜋 − 𝛽)(𝛽 + 8𝜋)𝑟3(Θ + 𝑟2)2(Θ + 𝑟0

2) 

𝜌 + 𝑝𝑟|𝑟=𝑟0 =
3(4𝜋 − 𝛽)√Θ𝑀

𝜋2(12𝜋 − 𝛽)(Θ + 𝑟0
2)2

−
𝛼

(𝛽 + 8𝜋)𝑟0
2

 

𝜌 + 𝑝𝑡|𝑟=𝑟0 =
1

2
(

3(4𝜋 − 𝛽)√Θ𝑀

𝜋2(12𝜋 − 𝛽)(Θ + 𝑟0
2)2

+
𝛼

(𝛽 + 8𝜋)𝑟0
2) .  

 

𝑓(𝑄, 𝑇) = 𝑄 + 𝜆1𝑄
2 + 𝜂1𝑇,  
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𝜌 =
1

𝒩
(𝑟𝑏′(𝑏𝜆1𝑟𝑏

′(−11𝑏𝜂1 + 72𝜋𝑏 + 8𝜂1𝑟 − 96𝜋𝑟) + 2𝑏
2

𝜆1(15𝑏(𝜂1 − 8𝜋) + 16(12𝜋 − 𝜂1)𝑟) + 4(12𝜋 − 𝜂1)𝑟
3(𝑏 − 𝑟)2)

 +𝑏3𝜆1(3𝑏(88𝜋 − 9𝜂1) + 32(𝜂1 − 12𝜋)𝑟))

𝑝𝑟 =
1

𝒩
(𝑟𝑏′(𝑏𝜆1𝑟𝑏

′(−13𝑏𝜂1 + 24𝜋𝑏 + 16𝜂1𝑟) + 2𝑏
2𝜆1(3𝑏

 (3𝜂1 + 8𝜋) − 8(𝜂1 + 12𝜋)𝑟) − 8𝜂1𝑟
3(𝑏 − 𝑟)2) + 𝑏3𝜆1(3𝑏

 (𝜂1 − 56𝜋) + 8(36𝜋 − 𝜂1)𝑟) − 12𝑏(4𝜋 − 𝜂1)𝑟
3(𝑏 − 𝑟)2)

 

𝑝𝑡 =
1

𝒩
(𝑟𝑏′(𝑏𝜆1𝑟𝑏

′(4(𝜂1 + 12𝜋)𝑟 − 𝑏(𝜂1 + 24𝜋)) + 2𝑏
2

𝜆1(9𝑏𝜂1 + 24𝜋𝑏 − 20𝜂1𝑟 − 48𝜋𝑟) − 2(𝜂1 + 12𝜋)𝑟
3

(𝑏 − 𝑟)2) + 𝑏3𝜆1(−3𝑏(11𝜂1 + 8𝜋) + 52𝜂1𝑟 + 48𝜋𝑟)

 +6𝑏(4𝜋 − 𝜂1)𝑟
3(𝑏 − 𝑟)2)

 

𝒩 = 12(4𝜋 − 𝜂1)(𝜂1 + 8𝜋)𝑟
6(𝑏 − 𝑟)2 

1

𝒩
(𝑟𝑏′(𝑏𝜆1𝑟𝑏

′(−11𝑏𝜂1 + 72𝜋𝑏 + 8𝜂1𝑟 − 96𝜋𝑟) + 2𝑏
2

𝜆1(15𝑏(𝜂1 − 8𝜋) + 16(12𝜋 − 𝜂1)𝑟) + 4(12𝜋 − 𝜂1)𝑟
3(𝑏 − 𝑟)2)

+𝑏3𝜆1(3𝑏(88𝜋 − 9𝜂1) + 32(𝜂1 − 12𝜋)𝑟)) =
𝑀𝑒−

𝑟2

4Θ

8𝜋3/2Θ3/2

 

1

𝒩
(𝑟𝑏′(𝑏𝜆1𝑟𝑏

′(−11𝑏𝜂1 + 72𝜋𝑏 + 8𝜂1𝑟 − 96𝜋𝑟) + 2𝑏
2

 

𝜆1(15𝑏(𝜂1 − 8𝜋) + 16(12𝜋 − 𝜂1)𝑟) + 4(12𝜋 − 𝜂1)𝑟
3(𝑏 − 𝑟)2)

+𝑏3𝜆1(3𝑏(88𝜋 − 9𝜂1) + 32(𝜂1 − 12𝜋)𝑟)) =
√Θ𝑀

𝜋2(Θ + 𝑟2)2

 

𝑑𝑠2 = 𝐴(𝑥)𝑑𝑡2 − 𝐵(𝑥)𝑑𝑟2 − 𝐶(𝑥)(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

𝑒2𝜙(𝑟) = (
𝑟

𝑏0
)
𝑚

, 𝑏0 

𝐴(𝑥) = (
𝑟

𝑏0
)
𝑚

;  𝐵(𝑥) = (1 −
𝑏(𝑟)

𝑟
)
−1

;  𝐶(𝑥) = 𝑟2.  

𝛼(𝑥‾) = 𝛼𝑒 + 𝐼(𝑥‾),  

𝛼𝑒 = −2ln (
2𝑎

3
− 1) − 0.8056  

𝐼(𝑥‾) = 2∫  
∞

𝑥‾

 
√𝐵(𝑥)

√𝐶(𝑥)√
𝐶(𝑥)𝐴(𝑥‾)
𝐶(𝑥‾)𝐴(𝑥)

− 1

𝑑𝑥
 

𝐼(𝑥‾) = ∫  
𝑎

𝑥‾

 𝑅(𝑥)𝑑𝑥  
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𝒩1 =
3(4𝜋 − 𝛽)(𝛽 + 8𝜋)𝑀

4ℳ𝜋2𝛼(12𝜋 − 𝛽)
 

𝐼(𝑥‾) = ∫  

𝑎
𝑥‾

1

 
2

√𝐻(𝑦)
𝑑𝑦  

𝐻(𝑦) =

[
 
 
 
 

1 −
1

𝑥‾𝑦

{
 
 

 
 𝒩1 ((Θ + (2ℳ)2(𝑥‾𝑦)2)tan−1 (

2ℳ

√Θ
𝑥‾𝑦) − 2ℳ√Θ𝑥‾𝑦)

(Θ + (2ℳ)2(𝑥‾𝑦)2)
−

𝒩1 ((Θ + (2ℳ)2(𝑥‾𝑦0)
2)tan−1 (

2ℳ

√Θ
𝑥‾𝑦0) − 2ℳ√Θ𝑥‾𝑦0)

(Θ + (2ℳ)2(𝑥‾𝑦0)
2)

+ 𝑥‾𝑦0

}
 
 

 
 

]
 
 
 
 

(𝑦4−𝑚 − 𝑦2).

 

𝑔(𝑦) = 1 −
1

𝑥‾𝑦

{
 
 

 
 𝒩1 ((Θ + (2ℳ)2(𝑥‾𝑦)2)tan−1 (

2ℳ

√Θ
𝑥‾𝑦) − 2ℳ√Θ𝑥‾𝑦)

(Θ + (2ℳ)2(𝑥‾𝑦)2)
−

𝒩1 ((Θ + (2ℳ)2(𝑥‾𝑦0)
2)tan−1 (

2ℳ

√Θ
𝑥‾𝑦0) − 2ℳ√Θ𝑥‾𝑦0)

(Θ + (2ℳ)2(𝑥‾𝑦0)
2)

+ 𝑥‾𝑦0

}
 
 

 
 

 

𝑓(𝑦) = (𝑦4−𝑚 − 𝑦2)  

𝐻(𝑦) = (2 −𝑚)𝑔(1)(𝑦 − 1) + [
1

2
(5 −𝑚)(2 −𝑚)𝑔(1) + (2 −𝑚)𝑔′(1)] (𝑦 − 1)2
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𝑔(𝑦) = 1 −
1

𝑥‾𝑦

{
 
 

 
 𝒩1 ((Θ + (2ℳ)2(𝑥‾𝑦)2)tan−1 (

2ℳ

√Θ
𝑥‾𝑦) − 2ℳ√Θ𝑥‾𝑦)

(Θ + (2ℳ)2(𝑥‾𝑦)2)
−

𝒩1 ((Θ + (2ℳ)2(𝑥‾)2)tan−1 (
2ℳ

√Θ
𝑥‾) − 2ℳ√Θ𝑥‾)

(Θ + (2ℳ)2(𝑥‾)2)
+ 𝑥‾

}
 
 

 
 

.

 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 + ℎ(𝑟)𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2sin2 𝜃𝑑𝜙2  

ℛ𝜇𝜈 −
1

2
𝑔𝜇𝜈ℛ = 8𝜋𝐺𝒯𝜇𝜈 

𝒯𝜈
𝜇
= diag(−𝜌, 𝑃𝑟 , 𝑃𝑡 , 𝑃𝑡)  

ℎ(𝑟) = (1 −
2𝐺𝑀(𝑟)

𝑟
)
−1

,  

𝑀(𝑟) = ∫  
𝑟

0

 4𝜋𝑟̃2𝜌(𝑟̃)𝑑𝑟̃  

−𝑃𝑟
′ =

𝐺(𝜌 + 𝑃𝑟)(𝑀 + 4𝜋𝑟
3𝑃𝑟)

𝑟(𝑟 − 2𝑀)
+
2(𝑃𝑟 − 𝑃𝑡)

𝑟
,  

𝑃𝑟  = 𝜔𝜌 + 𝜔‾
𝜌𝑛

𝜌0
𝑛−1

𝑃𝑡  = 𝜔1𝜌 + 𝜔2
𝜌𝑚

𝜌0
𝑚−1

 

𝑃𝑟 = −𝜌, 𝑃𝑡 = 𝜔1𝜌 + 𝜔2
𝜌𝑚

𝜌0
𝑚−1  

𝜌(𝑟) =
𝜌0

[𝑐1(𝜌0𝑟
2(𝜔1+1))𝑚−1 −

𝜔2
𝜔1 + 1

]

1
𝑚−1

,
 

𝜌(𝑟 → 0) ∼
𝜌0

(
−𝜔2
𝜔1 + 1

)

1
𝑚−1

,
 

𝜌(𝑟 → ∞) ∼
1

𝑐1

1
𝑚−1𝑟2(𝜔1+1)

 

𝑃𝑡 = 0,→  𝑟 = (
𝜌0
−𝑚+1

𝜔1𝑐1
)

1
2(𝜔1+1)(𝑚−1)

.  
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𝑃𝑡 = 2𝜌 −
3𝜌

3
2

√𝜌0
> 0,→

{
 
 

 
 0 < 𝜌 <

4

9
𝜌0,

(
1

2𝑐1√𝜌0
)

1
3

< 𝑟 < ∞.

 

0 ≤ 𝑟 ≤ (
1

2𝑐1√𝜌0
)

1
3

 

1

9
𝜌0 < 𝜌 <

4

9
𝜌0 

𝜌 > 𝑃𝑡 

𝜌 =
16

81
𝜌0 

𝑟 = (
5

4
𝑐1√𝜌0)

1
3
 

𝑃𝑡,max =
32

243
𝜌0 

4

81
𝜌0 < 𝜌 <

16

81
𝜌0 

0 ≤ 𝑣𝑠 = √𝑑𝑃/𝑑𝜌 ≤ 1 

1

9
𝜌0 < 𝜌 <

16

81
𝜌0 

(2/𝑐1√𝜌0)
1
3 ≤ 𝑟 ≤ (5/4𝑐1√𝜌0)

1
3 

𝑋 = (𝜋𝜌0𝑀
2)
1
3𝑟/𝑀 

𝑓(𝑟) = 1 −
8𝜋√𝜌0

3𝑐1𝑟
+

8𝜋√𝜌0

3𝑐1𝑟(1 + 𝑐1√𝜌0𝑟
3)
.  

𝑓(𝑟) ∼ 1 −
8𝜋√𝜌0

3𝑐1𝑟
+

8𝜋

3𝑐1
2𝑟4

+ 𝒪(𝑟−7)  

𝑀 = 4𝜋∫  
∞

0

 𝑟2𝜌(𝑟)𝑑𝑟 =
4𝜋√𝜌0

3𝑐1
 

𝑅 ∼ (
𝑀

𝜌0
)

1
3
∼ (

4𝜋

3𝑐1√𝜌0
)

1
3

.  
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𝑟0 =
𝒜
1
3

18𝑐1
+
128𝜋2𝜌0

9𝑐1𝒜
1
3

+
8𝜋√𝜌0

9𝑐1

𝑟± = −
𝒜
1
3

36𝑐1
−
64𝜋2𝜌0

9𝑐1𝒜
1
3

+
8𝜋√𝜌0

9𝑐1

 ±
𝑖√3

2
(
𝒜
1
3

18𝑐1
−
128𝜋2𝜌0

9𝑐1𝒜
1
3

)

 

𝒜 = 4096𝜋3𝜌0

3
2 −

2916𝑐1
2

√𝑐1
+ 108𝑐1√

729𝑐1
2

𝜌0
− 2048𝜋3.  

𝑐1, ext  = 9.333𝜌0

𝑀ext  =
0.44881

√𝜌0
, →  𝑟ext = (

2

𝑐1√𝜌0
)

1
3

=
0.5984134

√𝜌0
.

 

𝑓(𝑟) ∼ 1 −
8𝜋𝜌0
3

𝑟2 + 𝒪(𝑟5).  

 lim
𝑟→0
 ℛ = 32𝜋𝜌0 = 4Λ𝑒𝑓𝑓,

 lim
𝑟→0
 𝒦 = lim

𝑟→0
 ℛ𝑎𝑏𝑐𝑑ℛ

𝑎𝑏𝑐𝑑 =
512𝜋2𝜌0

2

3
=
8

3
Λ𝑒𝑓𝑓
2 .

 

𝑟 = (
−1

𝑐1√𝜌0
)

1
3

 

𝑟𝑠𝑒𝑐 = (
1

2𝑐1√𝜌0
)

1
3

 

ℛ = 0 →  𝑟𝑅 = (
2

𝑐1√𝜌0
)

1
3

 

𝜆1 = −
8𝜋𝜌0(1 + 𝑐1

2𝜌0𝑟
6 − 7𝑐1√𝜌0𝑟

3)

3(1 + 𝑐1√𝜌0𝑟
3)
3

𝜆4 =
8𝜋𝜌0

3(1 + 𝑐1𝑟
3√𝜌0)

𝜆2 = 𝜆3 = −𝜆5 = −𝜆6 =
4𝜋𝜌0(−2 + 𝑐1𝑟

3√𝜌0)

3(1 + 𝑐1𝑟
3√𝜌0)

2

 

𝑟±/𝑀, 𝑟ext /𝑀, 𝑟rep /𝑀, 𝑟𝑝ℎ/𝑀 

𝑟rep = (
8 + 3√6

2𝑐1√𝜌0
)

1
3
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𝑟dom = (
7 + 3√5

2𝑐1√𝜌0
)

1
3

 

ℱ = 𝑀 −
𝒮

𝜏
=
𝑟+
4
+
√9𝑐1

2𝑟+
4 + 96𝜋

12𝑐1𝑟+
−
𝜋𝑟+

2

𝜏
,  

𝜙 = (
𝜕ℱ

𝜕𝑟+
, −cot (𝜃)csc (𝜃))  

𝜏 = −
8𝜋𝑟+

3𝑐1√9𝑐1
2𝑟+
4 + 96𝜋

32𝜋 − 𝑐1𝑟+
2√9𝑐1

2𝑟+
4 + 96𝜋 − 3𝑐1

2𝑟+
4

 

𝑛 = (𝑛𝑟, 𝑛𝜃) = (𝜙𝑟 +/|𝜙|, 𝜙𝜃/|𝜙|) 

𝑟+
𝑟0
= 𝑎cos (𝑠) + 𝑟𝑐 , 𝜃 = 𝑏sin (𝑠) +

𝜋

2
 

Ω(𝑠) = ∮ 𝜖𝑎𝑏𝑛
𝑎𝑛𝑏𝜕𝑠𝑛

𝑏𝑑𝑠

𝐶

 

𝑓(𝑟) = 1 −
2𝑀𝑟2

𝑟3 + 2𝑀𝐿2
 

𝑃𝑡 = 3𝜌 −
4𝜌

3
2

√𝜌0
> 0 →

{
 
 

 
 0 < 𝜌 <

9

16
𝜌0

(
1

3𝑐1√𝜌0
)

1
4

< 𝑟 < ∞

 

𝜌 = 𝜌0/4 

𝑟 = (1/𝑐1√𝜌0)
1
4 

𝑃𝑡,max = 𝜌0/4 

𝜌 > 9𝜌0/16 or 0 < 𝑟 < (1/(3𝑐1√𝜌0))

1

4
 

(1/𝑐1√𝜌0)
1/4

≤ 𝑟 ≤ (2/(𝑐1√𝜌0))
1/4

 

𝑋 = (𝜋𝜌0𝑀
2)
1
3𝑟/𝑀 
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𝑓(𝑟) = 1 −
2𝜋𝜌0𝑟

2

1 + 𝑐1√𝜌0𝑟
4
+
𝜋√2𝜌0

2𝑐1ℰ
1
4𝑟
[
 
 
 
 

ln (
𝑟2 + √2ℰ

1
4𝑟 + √ℰ

𝑟2 − √2ℰ
1
4𝑟 + √ℰ

)

1
2

− arctan (
√2𝑟

ℰ1/4 − ℰ−1/4𝑟2
)

]
 
 
 
 

,  

ℰ = (𝑐1√𝜌0)
−1

 

𝑓(𝑟) ∼ 1 −
𝜋2√2𝜌0

5
8

2𝑐1

3
4𝑟

+ 𝒪(𝑟−3),  

𝑋 = (𝜋2𝜌0𝑀
2)
1
3𝑟/𝑀 

𝑀 = 4𝜋∫  
∞

0

  𝑟2𝜌(𝑟)𝑑𝑟 =
√2𝜋2𝜌0

5
8

4𝑐1

3
4

 

𝑅 ∼ (
𝑀

𝜌0
)

1
3
= (

√2𝜋2

4𝑐1

3
4𝜌0

3
8

)

1
3

.  

𝑓(𝑟) ∼ 1 −
8𝜋𝜌0
3

𝑟2 + 𝒪(𝑟3).  

lim
𝑟→0
 ℛ = 32𝜋𝜌0 = 4Λ𝑒𝑓𝑓  

 lim
𝑟→0
 𝒦 =

512𝜋2𝜌0
2

3
=
8

3
Λ𝑒𝑓𝑓
2

 

Φ =
𝑅(𝑟)

𝑟
𝑒𝑖𝜔𝑡𝑌(𝜃, 𝜙),  
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𝑑2𝑅

𝑑𝑟∗
2
+ [𝜔2 − 𝑓 (

𝑙(𝑙 + 1)

𝑟2
+
𝑓′

𝑟
)]𝑅 = 0  

 

 

𝑑𝑠2 = 𝜂𝑎𝑏𝑒
𝑎 ∧ 𝑒𝑏  

𝜂𝑎𝑏 = diag(−1,1,1,1) 

𝑒𝑎 = 𝑒𝑏
𝑎𝑑𝑥𝜇 

𝑑𝑒𝑎 +𝜔𝑏
𝑎 ∧ 𝑒𝑏 = 0

Ω𝑏
𝑎 = 𝑑𝜔𝑏

𝑎 +𝜔𝑐
𝑎 ∧ 𝜔𝑏

𝑐 =
1

2
𝑅𝑏𝑐𝑑
𝑎 𝑒𝑐 ∧ 𝑒𝑑

 

𝜆1 =
2ℎ𝑓𝑓′′ + 𝑓𝑓′ℎ′ − ℎ𝑓′2

4𝑓2
,

𝜆2 = 𝜆3 = −
ℎ′

2𝑟
, 𝜆4 =

1 − ℎ

𝑟2
,

𝜆5 = 𝜆6 =
ℎ𝑓′

2𝑓𝑟
.

 

𝜕𝜆𝑖
𝜕𝑟

= 0.  

Δ𝐴̂Δ𝐵̂ ≥
1

2𝑖
⟨[𝐴̂, 𝐵̂]⟩  

Δ𝐴̂ = √⟨𝐴̂2⟩ − (⟨𝐴̂⟩)2 

Δ𝑥̂Δ𝑝̂ ≥
ℏ

2
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Δ𝑥 ∼
 ∎ 

Δ𝑝
 

Δ𝑥 ∼
ℏ

Δ𝑝
+ 𝐺Δ𝑝 

[𝑥, 𝑝] = 𝑖ℏ(1 + 𝜆𝑝2) 

Δ𝑝𝑚 ∼ √ℏ/𝐺 

Δ𝑥𝑚 ∼ √ℏ𝐺 

𝑓(𝑇, 𝒯) = 𝛼𝑇 + 𝛽𝒯 

𝑓(𝑇, 𝒯) = 𝜂𝑇2 + 𝜒𝒯 

𝐸(𝑎) = −
ℏ𝑐𝜋2𝑆

720𝑎3
 

𝜌𝑐 =
𝐸

𝑎𝑆
= −

ℏ𝑐𝜋2

720𝑎4
 

𝑝𝑐 =
𝐹𝑐
𝑆
= −

1

𝑆

𝑑𝐸

𝑑𝑎
= −3

ℏ𝑐𝜋2

720𝑎4
 

Δ𝑥Δ𝑝 ≥
ℏ

2
[1 + 𝜆(Δ𝑝)2]  

[𝑥̂, 𝑝̂] = 𝑖ℏ(1 + 𝜆𝑝̂2) 

(Δ𝑥)|𝜓𝑥𝑀𝐿⟩ = Δ𝑥0 

⟨𝜓𝑥
𝑀𝐿|𝑥̂|𝜓𝑥

𝑀𝐿⟩ = 𝑥 

[𝑥̂𝑖, 𝑝̂𝑗] = 𝑖ℏ[𝑓(𝑝̂
2)𝛿𝑖𝑗 + 𝑔(𝑝̂

2)𝑝̂𝑖𝑝̂𝑗] 𝑖, 𝑗 = 1,2, … , 𝑛  

⟨𝑝 ∣ 𝜓𝒓
𝑀𝐿⟩ =

1

(2𝜋ℏ)3/2
Ω(𝑝)exp {−

𝑖

ℏ
[𝜿(𝑝) ⋅ 𝒓 − ℏ𝜔(𝑝)𝑡]}  

𝑝 = |𝒑̂|, 𝜔(𝑝) 

[𝑥̂ − ⟨𝑥̂⟩ +
⟨[𝑥̂, 𝑝̂]⟩

2(Δ𝑝)2
(𝑝̂ − ⟨𝑝̂⟩)] |𝜓⟩ = 0  

𝑓(𝑝̂2) =
𝜆𝑝̂2

√1 + 2𝜆𝑝̂2 − 1
, 𝑔(𝑝̂2) = 𝜆  
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𝜅𝑖(𝑝) = (
√1 + 2𝜆𝑝2 − 1

𝜆𝑝2
)𝑝𝑖 , 𝜔(𝑝) =

𝑝𝑐

ℏ
(
√1 + 2𝜆𝑝2 − 1

𝜆𝑝2
)

Ω(𝑝) = (
√1 + 2𝜆𝑝2 − 1

𝜆𝑝2
)

𝛼/2  

𝛼 = 1 + √1 + 𝑛/2 

∫  
𝑑𝑛𝑝

√1 + 2𝜆𝑝2
(
√1 + 2𝜆𝑝2 − 1

𝜆𝑝2
)

𝑛+𝛼

|𝒑⟩⟨𝒑| = 𝟏  

𝜅𝑖(𝑝) = (
√1 + 2𝜆𝑝2 − 1

𝜆𝑝2
)𝑝𝑖 , 𝜔(𝑝) =

𝑝𝑐

ℏ
(
√1 + 2𝜆𝑝2 − 1

𝜆𝑝2
)

Ω(𝑝) = [Γ (
3

2
)(
2√2

𝜋√𝜆
)

1/2

] (
1

𝑝

𝜆𝑝2

√1 + 2𝜆𝑝2 − 1
)

1/2

𝑱1
2
[
𝜋√𝜆

√2
(
√1 + 2𝜆𝑝2 − 1

𝜆𝑝2
)𝑝]

=
√2

𝜋

√𝜆𝑝2

√1 + 2𝜆𝑝2 − 1
sin (

√2𝜋(√1 + 2𝜆𝑝2 − 1)

2√𝜆𝑝2
)

 

∫  
𝑑𝑛𝑝

√1 + 2𝜆𝑝2
(
√1 + 2𝜆𝑝2 − 1

𝜆𝑝2
)

𝑛

|𝒑⟩⟨𝒑| = 𝟏  

𝑓(𝑝2) = 1 + 𝜆𝑝2, 𝑔(𝑝2) = 0  

𝜅𝑖(𝑝) =
1

𝑝√𝜆
arctan (𝑝√𝜆)𝑝𝑖, 𝜔(𝑝) =

𝑐

ℏ√𝜆
arctan (𝑝√𝜆), Ω(𝑝) = 1,  

∫  
𝑑3𝑝

1 + 𝜆𝑝2
|𝒑⟩⟨𝒑| = 𝟏  

𝐸𝑖(𝑎) = −
ℏ𝑐𝜋2

720

𝑆

𝑎3
[1 + Λ𝑖 (

ℏ2𝜆

𝑎2
)] ,  

Λ1 = 𝜋
2 (
28 + 3√10

14
) (𝔎𝔐𝔑), Λ2 = 4𝜋

2 (
3 + 𝜋2

21
) (𝔇𝔊𝔖), Λ3 =

2𝜋2

3
 (∎). 

𝐹(𝑎) = −
𝑑𝐸

𝑑𝑎
= −

3ℏ𝑐𝜋2

720

𝑆

𝑎4
[1 +

5

3
Λ𝑖 (

ℏ2𝜆

𝑎2
)]  

𝑃(𝑎) =
𝐹

𝑆
= −

3ℏ𝑐𝜋2

720

1

𝑎4
[1 +

5

3
Λ𝑖 (

ℏ2𝜆

𝑎2
)]  

𝜌(𝑎) = −
ℏ𝑐𝜋2

720𝑎4
[1 +

5

3
Λ𝑖 (

ℏ2𝜆

𝑎2
)] .  

𝑑𝑠2 = −𝑒𝜈(𝑟)𝑑𝑡2 + 𝑒𝜆(𝑟)𝑑𝑟2 + 𝑟2𝑑Ω2  
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𝑑Ω2 = 𝑑𝜃2 + sin2 (𝜃)𝑑Φ2, 𝜈(𝑟) 

𝑒𝜆(𝑟) = (1 −
𝑏(𝑟)

𝑟
)
−1

, 𝑏(𝑟) 

𝑟 = 𝑟0 ⟹ 𝑏(𝑟0) = 𝑟0 

𝑏(𝑟) − 𝑟𝑏′(𝑟)

𝑏2(𝑟)
> 0 

𝑏(𝑟)

𝑟
→ ∞ as 𝑟 → ∞ 

𝑆 = ∫  𝑒 [
1

2𝑘2
𝑓(𝑇, 𝒯) + ℒ𝑚] 𝑑

4𝑥  

𝑒 = det(𝑒𝜈
𝜇
) = √−𝑔𝑔∎̂ 

𝑇𝜆 𝜇𝜈 = 𝑒𝑎  
𝜆(𝜕𝜇𝑒𝜈

𝑎 − 𝜕𝜈𝑒
𝑎 𝜇),

𝐾𝜇𝜈  𝜆 =
1

2
(𝑇𝜆 

𝜇𝜈 + 𝑇𝜈𝜇 𝜆 − 𝑇
𝜇𝜈  𝜆),

𝑆𝜆 
𝜇𝜈 =

1

2
(𝐾𝜇𝜈  𝜆 + 𝛿

𝜇 𝜆𝑇
𝛾𝜈 𝛾 − 𝛿

𝜈 𝜆𝑇
𝛾𝜇 𝛾).

 

𝑇 = 𝑇𝜆 𝜇𝜈𝑆𝜆 
𝜇𝜈 .  

𝒯
e−m

𝜇𝜈 = −
2

√−𝑔

𝛿(√−𝑔ℒ𝑚)

𝛿𝑔𝜇𝜈
.  

𝒯̂𝛼
e−m 𝛽 = (𝜌 + 𝑝𝑡)𝑢𝛼𝑢

𝛽 + 𝑝𝑡𝛿𝛼
𝛽
+ (𝑝𝑟 − 𝑝𝑡)𝑣𝛼𝑣

𝛽 ,  

𝑢𝜇 = 𝑒
𝜈
2𝛿𝜇

0 

𝑣𝜇 = 𝑒
𝜆
2𝛿𝜇
1 

𝒯
𝒯
𝜇 
𝜈 = [−𝜌, 𝑝𝑟 , 𝑝𝑡 , 𝑝𝑡] 

[𝑒−1𝜕𝜖 (𝑒𝑒𝑎
𝛼𝑆𝛼

𝜓𝜖
) + 𝑒𝑎

𝛼𝑇𝜌𝛼
𝜖 𝑆𝜖

𝜌𝜓
] 𝑓𝑇 + 𝑒𝑎

𝛼𝑆𝛼
𝜓𝜖(𝑓𝑇𝑇𝜕𝜖𝑇 + 𝑓𝑇𝒯𝜕𝜖𝒯) +

𝑒𝑎
𝜓
𝑓

4
− (

𝑒𝑎
𝛼𝒯𝛼

𝜓
+ 𝑝𝑡𝑒𝑎

𝜓

2
)𝑓𝒯 =

𝑒𝑎
𝛼𝒯

 e 

𝛼 
𝜓

4
 

𝑒𝛾
𝜂
= diag (𝑒

𝜈
2, 𝑒

𝜆
2, 𝑟, 𝑟sin 𝜃) ,  

𝑒 = det(𝑒𝜂 𝛾) = 𝑒
𝜈+𝜆
2 𝑟2sin 𝜃 

𝑓(𝑇, 𝒯) = 𝛼𝑇 + 𝛽𝒯.  

𝑇 = −
2𝑒−𝜆

𝑟
(𝜈′ +

1

𝑟
)  
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𝜌 = −
𝑒−𝜆

4(𝛽 − 1)(𝛽 + 2)𝑟2
[2𝛼𝛽 − 4𝛼 + 𝛼𝛽𝑟2𝜆′𝜈′ − 2𝛼𝛽𝑟2𝜈′′ − 𝛼𝛽𝑟2(𝜈′)2 − 𝛼𝛽𝑟𝜆′ − 2𝛼𝛽𝑒𝜆 − 3𝛼𝛽𝑟𝜈′ + 4𝛼𝑟𝜆′ + 4𝛼𝑒𝜆]

𝑝𝑟 =
𝑒−𝜆

4(𝛽 − 1)(𝛽 + 2)𝑟2
[2𝛼𝛽 − 4𝛼 + 𝛼𝛽𝑟2𝜆′𝜈′ − 2𝛼𝛽𝑟2𝜈′′ − 𝛼𝛽𝑟2(𝜈′)2 + 3𝛼𝛽𝑟𝜆′ − 2𝛼𝛽𝑒𝜆 + 𝛼𝛽𝑟𝜈′ + 4𝛼𝑒𝜆 − 4𝛼𝑟𝜈′]

𝑝𝑡 =
𝑒−𝜆

4(𝛽 − 1)(𝛽 + 2)𝑟2
[−2𝛼𝛽 + 𝛼𝑟2𝜆′𝜈′ − 2𝛼𝑟2𝜈′′ − 𝛼𝑟2(𝜈′)2 + 𝛼𝛽𝑟𝜆′ + 2𝛼𝛽𝑒𝜆 − 𝛼𝛽𝑟𝜈′ + 2𝛼𝑟𝜆′ − 2𝛼𝑟𝜈′]

 

𝜆(𝑟) = −ln (1 −
𝑏(𝑟)

𝑟
) 

𝜌(𝑟) =
𝛼(𝛽 − 4)𝑟𝑏′(𝑟) + 𝛼𝛽𝑏(𝑟)

4(𝛽 − 1)(𝛽 + 2)𝑟3
,

𝑝𝑟(𝑟) =
3𝛼𝛽𝑟𝑏′(𝑟) + 𝛼(4 − 5𝛽)𝑏(𝑟)

4(𝛽 − 1)(𝛽 + 2)𝑟3
,

𝑝𝑡(𝑟) =
𝛼(𝛽 + 2)𝑟𝑏′(𝑟) + 𝛼(𝛽 − 2)𝑏(𝑟)

4(𝛽 − 1)(𝛽 + 2)𝑟3
.

 

𝑏(𝑟) =
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

−
𝜋2(𝛽 − 1)(𝛽 + 2)

180𝛼
{
 

 1

4
[
1

𝑟
−
𝑟0

4
𝛽−4

𝑟
𝛽
𝛽−4

] +
5

3
⋅

Λ𝑖𝜆

12 − 2𝛽
[
 
 
 1

𝑟3
−
𝑟0

12−2𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]
 
 
 

}
 

 
 

𝛾 = −
𝜋2(𝛽 − 1)(𝛽 + 2)

180𝛼
, 𝜎𝑖 =

5

3
⋅

Λ𝑖𝜆

12 − 2𝛽
 

𝑏(𝑟) =
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

+
𝛾

4
[
1

𝑟
−
𝑟0

4
𝛽−4

𝑟
𝛽
𝛽−4

] + 𝛾𝜎𝑖

[
 
 
 1

𝑟3
−
𝑟0

12−2𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]
 
 
 

 

𝑏𝑛(𝑟) =
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

−
𝜋2(𝛽 − 1)(𝛽 + 2)

180𝛼
{
 

 
∑ 

𝑛

𝑗=0

 
𝐷𝑖
(𝑗)
𝜆𝑗

4(2𝑗 + 1) − 2𝑗𝛽
[
 
 
 1

𝑟2𝑗+1
−
𝑟0

4(2𝑗+1)−2𝑗𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]
 
 
 

}
 

 
 

𝜌 = −
𝜋2

720𝑟4
[1 + 𝐷𝑖

(1)
(
√𝜆

𝑟
)

2

+ 𝐷𝑖
(2)
(
√𝜆

𝑟
)

4

+⋯]  

𝐷𝑖
(0)
= 1,𝐷𝑖

(1)
= 5Λ𝑖/3 

lim
𝑟→∞

 
𝑏(𝑟)

𝑟
=
 △ 
0 

2𝛽 − 4

𝛽 − 4
> 0 

𝛼 ∈ ℝ − {0}

𝛽 ∈ (−∞,2) ∪ (4,∞) − {6}
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𝜌 + 𝑝𝑟 =
𝛼

(𝛽 + 2)𝑟3
(−(

2𝛽 − 4

𝛽 − 4
)
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝛾

{
 

 1

4
[−
2

𝑟
+ (

2𝛽 − 4

𝛽 − 4
)
𝑟0

4
𝛽−4

𝑟
𝛽
𝛽−4

] + 𝜎𝑖

[
 
 
 
−
4

𝑟3
+ (

2𝛽 − 4

𝛽 − 4
)
𝑟0

12−2𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]
 
 
 

}
 

 
)

𝜌 + 𝑝𝑡 =
𝛼

2(𝛽 + 2)𝑟3
(−(

4

𝛽 − 4
)
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝛾

{
 

 1

𝛽 − 4

𝑟0

4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝜎𝑖

[
 
 
 
−
2

𝑟3
+ (

4

𝛽 − 4
)
𝑟0

12−2𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]
 
 
 

}
 

 
)

 

𝜌 + 𝑝𝑟|𝑟=𝑟0  = −
1

540(𝛽 − 4)(𝛽 + 2)
[1080𝛼(𝛽 − 2)𝑟0

−2 + 3𝜋2(𝛽 − 1)(𝛽 + 2)𝑟0
−4 (1 +

5𝜆Λ𝑖

3𝑟0
2 )] ,

𝜌 + 𝑝𝑡|𝑟=𝑟0  = −
1

1080(𝛽 − 4)(𝛽 + 2)
[2160𝛼𝑟0

−2 + 3𝜋2(𝛽 − 1)(𝛽 + 2)𝑟0
−4 (1 +

5𝜆Λ𝑖

3𝑟0
2 )] ,

 

𝜌(𝑟) + 𝑝𝑟(𝑟) < 𝑓(𝑟), 𝑓(𝑟) > 0,  

Δ = Δ𝑝 = 𝑝𝑡 − 𝑝𝑟 =
𝛼(3𝑏(𝑟) − 𝑟𝑏′(𝑟))

2(𝛽 + 2)𝑟3

𝜔𝑟 =
𝑝𝑟
𝜌
,𝜔𝑡 =

𝑝𝑡
𝜌

 

Δ =
𝛼

2(𝛽 + 2)𝑟3

(

 
 
(
4𝛽 − 12

𝛽 − 4
)
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝛾

{
 

 1

𝑟
+ (

𝛽 − 3

𝛽 − 4
)
𝑟0

4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝜎𝑖

[
 
 
 6

𝑟3
+ (

4𝛽 − 12

𝛽 − 4
)
𝑟0

12−2𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]
 
 
 

}
 

 

)

 
 
, 

𝜔𝑟(𝑟0) =
4320𝛼(𝛽 − 2)𝑟0

4 + 9𝜋2𝛽(𝛽 + 2)𝑟0
2 + 15𝜋2𝛽(𝛽 + 2)𝜆Λ𝑖

𝜋2(𝛽 − 4)(𝛽 + 2)(3𝑟0
2 + 5𝜆Λ𝑖)

𝜔𝑡(𝑟0) =
4320𝛼𝑟0

4 + 3𝜋2(𝛽 + 2)2𝑟0
2 + 5𝜋2(𝛽 + 2)2𝜆Λ𝑖

𝜋2(𝛽 − 4)(𝛽 + 2)(3𝑟0
2 + 5𝜆Λ𝑖)

 

𝑒𝜈
𝜇
=

(

  
 

𝑒
𝜈
2 0 0 0

0 𝑒
𝜆
2sin 𝜃cos Φ 𝑟cos 𝜃cos Φ −𝑟sin 𝜃sin Φ

0 𝑒
𝜆
2sin 𝜃sin Φ 𝑟cos 𝜃sin Φ 𝑟sin 𝜃cos Φ

0 𝑒
𝜆
2cos 𝜃 −𝑟sin 𝜃 0 )

  
 

 

𝑇(𝑟) = −
2𝑒−𝜆 (𝑒

𝜆
2 − 1) (𝑒

𝜆
2 − 𝑟𝜈′ − 1)

𝑟2
.

 

𝜌 = −
𝑒−

𝜆
2 (𝑒−

𝜆
2 − 1) (𝑓𝑇𝑇𝑇

′ + 𝑓𝑇𝒯𝒯
′)

𝑟
−
𝑓𝑇
2
(−

𝑒−𝜆(1 − 𝑟𝜆′)

𝑟2
−
1

𝑟2
+
𝑇

2
) +

𝑓

4
+
𝑓𝒯
2
(𝜌 + 𝑝𝑡),

𝑝𝑟 = (
𝑒−𝜆(𝑟𝜈′ + 1)

𝑟2
−
1

𝑟2
+
𝑇

2
)
𝑓𝑇
2
−
𝑓

4
−
𝑓𝒯
2
(𝑝𝑡 − 𝑝𝑟),

𝑝𝑡 =
𝑒−𝜆

2
(−

𝑒
𝜆
2

𝑟
+
𝜈′

2
+
1

𝑟
) (𝑓𝑇𝑇𝑇

′ + 𝑓𝑇𝒯𝒯
′) + [𝑒−𝜆 ((

𝜈′

4
+
1

2𝑟
) (𝜈′ − 𝜆′) +

𝜈′′

2
) +

𝑇

2
]
𝑓𝑇
2
−
𝑓

4
.
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𝑓(𝑇, 𝒯) = 𝜂𝑇𝑛 + 𝜒𝒯 + 𝜙,  

𝜂 = 𝑛 = 1, 𝜒 = 𝜙 = 0 

𝑓(𝑇, 𝒯) = 𝜂𝑇2 + 𝜒𝒯.  

𝜌 = −ℒ1 [(3𝜒 − 4)𝑟
2𝜆′(𝑟) + 2 (−3𝜒 + (6𝜒 − 8𝜒𝑟 + 10𝑟 − 8)𝑒

𝜆(𝑟)
2 + (−3𝜒 + 2𝜒𝑟 − 3𝑟 + 4)𝑒𝜆(𝑟) + 9𝜒𝑟 − 11𝑟 + 4)]

𝑝𝑟 = −ℒ1 [𝜒𝑟
2𝜆′(𝑟) − 2𝜒 (𝑒

𝜆(𝑟)
2 − 1)

2

+ 2𝑟 (5𝜒 + (2 − 4𝜒)𝑒
𝜆(𝑟)
2 + 𝑒𝜆(𝑟) − 3)]

𝑝𝑡 = ℒ1 [(5𝜒 − 6)𝑟
2𝜆′(𝑟) + 2 (𝜒 + 2(𝑟 − 𝜒)𝑒

𝜆(𝑟)
2 + (𝜒 − 2𝜒𝑟 + 𝑟)𝑒𝜆(𝑟) + (𝜒 − 3)𝑟)]

 

ℒ1 =
𝜂𝑒−2𝜆(𝑟) (𝑒

𝜆(𝑟)
2 − 1)

2

(𝜒 − 2)(𝜒 − 1)𝑟5
 

 

◻ 𝜉 =
1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝜉) = 0  

𝜉(𝑡, 𝑟, 𝜃, 𝜙) =
1

𝑟
∑  

𝑙,𝑚

 𝜓𝑙(𝑡, 𝑟)𝑌𝑙𝑚(𝜃, 𝜙),  

𝜓𝑙(𝑡, 𝑟) = 𝜓̂𝑙(𝑟)𝑒
−𝑖𝜔𝑡 

(
𝑑2

𝑑𝑥2
+𝜔2 − 𝑉𝑙(𝑟)) 𝜓̂𝑙(𝑥) = 0  

𝑑𝑥 = ±
𝑑𝑟

𝑒
𝜈(𝑟)
2 √1−

𝑏(𝑟)
𝑟

 

𝑉𝑙(𝑟) = 𝑒
𝜈 [
𝑙(𝑙 + 1)

𝑟2
−
𝑏′𝑟 − 𝑏

2𝑟3
+
𝜈′

2𝑟
(1 −

𝑏

𝑟
)]  

(√−𝑔𝑔𝜇𝜌𝑔𝜈𝜎𝐹𝜌𝜎),𝜈
= 0  

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 

𝐴𝜇(𝑡, 𝑟, 𝜃, 𝜙) = ∫  𝑑𝜔∑  

𝑙,𝑚

 

[
 
 
 
 

𝑎𝑙𝑚(𝑟)𝑒
−𝑖𝜔𝑡

(

 
 

0
0

1

sin 𝜃
𝜕𝜙𝑌𝑙𝑚(𝜃, 𝜙)

−sin 𝜃𝜕𝜃𝑌𝑙𝑚 )

 
 

odd 

+ 𝑒−𝑖𝜔𝑡

(

 

𝑓𝑙𝑚(𝑟)𝑌𝑙𝑚
𝑢𝑙𝑚(𝑟)𝑌𝑙𝑚
𝑘𝑙𝑚(𝑟)𝜕𝜃𝑌𝑙𝑚
𝑘𝑙𝑚(𝑟)𝜕𝜙𝑌𝑙𝑚)

 

even ]
 
 
 
 

. 

𝑑2𝜓𝑙𝑚
(1)

𝑑𝑥2
+ (𝜔2 − 𝑒𝜈

𝑙(𝑙 + 1)

𝑟2
)𝜓𝑙𝑚

(1)
= 0  
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𝑉𝑙
(1)
(𝑟) = 𝑒𝜈

𝑙(𝑙 + 1)

𝑟2
, 𝜓𝑙𝑚

(1)
(𝑟) = {

𝑟2

𝑙(𝑙 + 1)
𝑒−

𝜈(𝑟)
2 √1−

𝑏(𝑟)

𝑟
(−𝑖𝜔𝑢𝑙𝑚 −

𝑑𝑓𝑙𝑚
𝑑𝑟

)  even 

𝑎𝑙𝑚  odd 

 

𝑑𝑠2 = −𝑒2𝜈1𝑑𝑡2 + 𝑒2𝜓(𝑑𝜙 − 𝑞1𝑑𝑡 − 𝑞2𝑑𝑟 − 𝑞3𝑑𝜃)
2 + 𝑒2𝜇1𝑑𝑟2 + 𝑒2𝜇2𝑑𝜃2  

𝑒2𝜈1 = 𝑒2𝜈, 𝑒−2𝜇1 = 1 −
𝑏

𝑟
=
Ξ

𝑟2
, Ξ = 𝑟2 − 𝑏𝑟, 𝑒𝜈2 = 𝑟, 𝑒𝜓 = 𝑟sin 𝜃, 𝑞1 = 𝑞2 = 𝑞3 = 0  

𝑒𝜈

√Ξ

1

𝑟3sin3 𝜃

𝜕𝑄

𝜕𝜃
 = −𝑖𝜔𝑞1,2 −𝜔

2𝑞2

𝑒𝜈√Ξ

𝑟3sin3 𝜃

𝜕𝑄

𝜕𝑟
 = +𝑖𝜔𝑞1,3 +𝜔

2𝑞3

 

𝑄(𝑟, 𝜃) = 𝑄(𝑟)𝐶𝑙+2
−3/2

(𝜃) 

[
𝑑

𝑑𝜃
sin2𝑚 𝜃

𝑑

𝑑𝜃
+ 𝑛(𝑛 + 2𝑚)sin2𝑚 𝜃] 𝐶𝑛

𝑚(𝜃) = 0  

(
𝑑2

𝑑𝑥2
+𝜔2 − 𝑉(−))𝑍 = 0  

𝑉(−)(𝑟) = 𝑒𝜈 [
𝑙(𝑙 + 1)

𝑟2
+
𝑏′𝑟 − 5𝑏

2𝑟3
−
𝜈′

2𝑟
(1 −

𝑏

𝑟
)]  

𝑉(𝑟) = 𝑒𝜈
𝑙(𝑙 + 1)

𝑟2
+ 𝑒𝜈(1 − 𝑠) [

𝜈′

2𝑟
(1 −

𝑏

𝑟
) +

(1 + 2𝑠)𝑏 − 𝑏′𝑟

2𝑟3
]  

[𝛾𝑎𝑒𝑎
𝜇
(𝜕𝜇 + Γ𝜇) + 𝑚]Υ = 0  

Γ𝜇 =
1

8
[𝛾𝑎 , 𝛾𝑏]𝑒𝑎

𝜈𝑒𝑏𝜈;𝜇 

𝜕𝑥
2Υ𝑙(𝑥) + 𝜔

2Υ𝑙(𝑥) = 𝑉𝑑±(𝑟)Υ𝑙(𝑥)  

𝑉𝑑±(𝑟) =
𝑘

𝑟

(

 
𝑘𝑒𝜈

𝑟
∓
𝑒𝜈√1−

𝑏
𝑟

𝑟
± 𝑒

𝜈
2√1−

𝑏

𝑟

𝑑𝑒
𝜈
2

𝑑𝑟

)

  

Υ+ = 𝐴(𝑊 +
𝑑

𝑑𝑥
)Υ−,𝑊 = √𝑒𝜈/2√1 −

𝑏

𝑟
 

𝑑2Ψ

𝑑𝑥2
+ 𝑄(𝜔, 𝑥)Ψ = 0  

𝑄(𝜔, 𝑥) = 𝜔2 − 𝑉(𝑥) 
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𝜔2 = [𝑉0 + (−2𝑉0
′′)1/2Λ̃] − 𝑖 (𝑛 +

1

2
) (−2𝑉0

′′)1/2(1 + Ω̃)  

Λ̃(𝑛) =
1

(−2𝑉0
′′)1/2

{
1

8
[
𝑉0
(4)

𝑉0
′′ ] (

1

4
+ 𝛼2) −

1

288
[
𝑉0
′′′

𝑉0
′′ ]

2

(7 + 60𝛼2)}

Ω̃(𝑛) =
1

(−2𝑉0
′′)
{
5

6912
[
𝑉0
′′′

𝑉0
′′ ]

4

(77 + 188𝛼2) −
1

384
[
𝑉0
′′′2𝑉0

(4)

𝑉0
′′3 ] (51 + 100𝛼2) +

1

2304
[
𝑉0
(4)

𝑉0
′′ ]

2

(67 + 68𝛼2)

+
1

288
[
𝑉0
′′′𝑉0

(5)

𝑉0
′′2 ] (19 + 28𝛼2) −

1

288
[
𝑉0
(6)

𝑉0
′′ ] (5 + 4𝛼

2)}

 

𝛼 = 𝑛 +
1

2
, 𝑛 = {

0,1,2,… , Re(𝜔) > 0
−1,−2,−3,… , Re(𝜔) < 0

 

Ψ(𝑥) ∼ 𝑒±𝑖𝜔𝑥 , 𝑥 → ±∞  

𝑀active = ∫  
𝑅

𝑟0

4𝜋𝜌𝑟2𝑑𝑟 

𝑀active =
𝜋3

180
[(
1

𝑅
−
1

𝑟0
) +

5

9
Λ𝑖𝜆 (

1

𝑅3
−
1

𝑟0
3)] .  

𝐸𝑔 = 𝑀𝑐
2 − 𝐸𝑀 ,  

𝑀𝑐2 =
1

2
∫  
𝑟

𝑟0

 𝜌𝑟2𝑑𝑟 +
𝑟0
2
, 𝐸𝑀 =

1

2
∫  
𝑟

𝑟0

 √𝑔𝑟𝑟𝜌𝑟
2𝑑𝑟  

𝐸𝑔 =
1

2
∫  
𝑟

𝑟0

  (1 − √𝑔𝑟𝑟)𝜌𝑟
2𝑑𝑟 +

𝑟0
2
,  

𝑔𝑟𝑟 = (1 −
𝑏(𝑟)

𝑟
)
−1

 

𝐼𝑉 = ∮[𝜌(𝑟) + 𝑝𝑟(𝑟)]𝑑𝑉 = 2∫  
∞

𝑟0

  [𝜌(𝑟) + 𝑝𝑟(𝑟)]𝑑𝑉

⟹ 𝐼𝑉 = 8𝜋∫  
∞

𝑟0

  [𝜌(𝑟) + 𝑝𝑟(𝑟)]𝑟
2𝑑𝑟

 

𝐼𝑉 = 8𝜋∫  
𝑟1

𝑟0

  [𝜌(𝑟) + 𝑝𝑟(𝑟)]𝑟
2𝑑𝑟  

𝐼𝑉(𝑟1; 𝑟0) =
8𝜋𝛼

𝛽 + 2
[
 
 
 𝛾

2
(
1

𝑟1
−
1

𝑟0
) +

4𝜎𝑖𝛾

3
(
1

𝑟1
3 −

1

𝑟0
3) +ℳ(

1

𝑟1

𝛽
𝛽−4

−
1

𝑟0

𝛽
𝛽−4

)

]
 
 
 
.  

𝛾 = −
𝜋2(𝛽 − 1)(𝛽 + 2)

180𝛼
, 𝜎𝑖 =

5

3

𝜆Λ𝑖
(12 − 2𝛽)

,ℳ =
2𝛽 − 4

𝛽
(𝑟0

2𝛽−4
𝛽−4

−
𝛾

4
𝑟0

4
𝛽−4

− 𝜎𝑖𝛾𝑟0

12−2𝛽
𝛽−4

) 
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−
𝑑𝑝𝑟
𝑑𝑟

−
𝜈′

2
(𝜌 + 𝑝𝑟) +

2

𝑟
Δ −

2𝛽

𝛽 + 2
(
1

4

𝑑𝜌

𝑑𝑟
−
1

4

𝑑𝑝𝑟
𝑑𝑟

−
𝑑𝑝𝑡
𝑑𝑟
) = 0  

ℱℎ + ℱ𝑔 + ℱ𝑎 + ℱ𝑒 = 0  

ℱℎ = −
𝑑𝑝𝑟
𝑑𝑟

, ℱ𝑔 = −
𝜈′

2
(𝜌 + 𝑝𝑟), ℱ𝑎 =

2

𝑟
(𝑝𝑡 − 𝑝𝑟), ℱ𝑒 = −

2𝛽

𝛽 + 2
[
1

4

𝑑𝜌

𝑑𝑟
−
1

4

𝑑𝑝𝑟
𝑑𝑟

−
𝑑𝑝𝑡
𝑑𝑟
]  

ℱℎ = −
𝛼

(𝛽 − 1)(𝛽 + 2)𝑟4
(
8(𝛽 − 1)(𝛽 − 2)(𝛽 − 3)

(𝛽 − 4)2
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝛾 {
2𝛽 − 1

𝑟
−
2(𝛽 − 1)(𝛽 − 2)(𝛽 − 3)

(𝛽 − 4)2
𝑟0

4
𝛽−4

𝑟
𝛽
𝛽−4

+𝜎𝑖 [
21𝛽 − 6

𝑟3
−
8(𝛽 − 1)(𝛽 − 2)(𝛽 − 3)

(𝛽 − 4)2
𝑟0

12−2𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]})

ℱ𝑎 =
𝛼

(𝛽 + 2)𝑟4

(

 
 
(
4𝛽 − 12

𝛽 − 4
)
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝛾 {
1

𝑟
+ (

𝛽 − 3

𝛽 − 4
)
𝑟0

4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝜎𝑖 [
6

𝑟3
+ (

4𝛽 − 12

𝛽 − 4
)
𝑟0

12−2𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]}

)

 
 

ℱ𝑒 =
𝛼𝛽

(𝛽 − 1)(𝛽 + 2)𝑟4
(
4(𝛽 − 1)(𝛽 − 3)

(𝛽 − 4)2
𝑟0

2𝛽−4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝛾 {
1

𝑟
−
(𝛽 − 1)(𝛽 − 3)

(𝛽 − 4)2
𝑟0

4
𝛽−4

𝑟
𝛽
𝛽−4

+ 𝜎𝑖 [
15

𝑟3
−
4(𝛽 − 1)(𝛽 − 3)

(𝛽 − 4)2
𝑟0

12−2𝛽
𝛽−4

𝑟
𝛽
𝛽−4

]})

 

𝑑𝑠2 = −𝑒𝜈(𝑟)𝑑𝑡2 + 𝑒𝜆(𝑟)𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2sin2 𝜃𝑑𝜙2  

{𝑡 ∈ ℝ, 𝑟 ∈ [𝑟0,∞), 𝜃 ∈ (0, 𝜋), 𝜙 ∈ [0,2𝜋)} 

𝑒𝜆(𝑟) = (1 − 𝑏(𝑟)/𝑟)−1 

𝑏(𝑟)

𝑟
< 1∀𝑟 > 𝑟0; 𝑏(𝑟0)= 𝑟0  

𝑏 − 𝑏′𝑟

𝑏2
|
𝑟0

> 0 → 𝑏′(𝑟0)< 1,  

lim
𝑟→∞

 
𝑏(𝑟)

𝑟
 = 0  

 

𝒮 =
1

16𝜋
∫  𝑓(𝑅, ℒ𝑚, 𝑇)√−𝑔𝑑

4𝑥 + ∫  ℒ𝑚√−𝑔𝑑
4𝑥  

Γ𝛽𝛾
𝛼 =

1

2
𝑔𝛼𝜆 (

𝜕𝑔𝛾𝜆

𝜕𝑥𝛽
+
𝜕𝑔𝜆𝛽

𝜕𝑥𝛾
−
𝜕𝑔𝛽𝛾

𝜕𝑥𝜆
) .  

𝑅𝜇𝜈 = 𝜕𝜆Γ𝜇𝜈
𝜆 − 𝜕𝜈Γ𝜆𝜇

𝜆 + Γ𝜇𝜈
𝜎 Γ𝜎𝜆

𝜆 − Γ𝜈𝜎
𝜆 Γ𝜇𝜆

𝜎 ,  

𝑅 = 𝑔𝜇𝑣𝑅𝜇𝑣 ,  

𝑓𝑅𝑅𝜇𝑣 −
1

2
[𝑓 − (𝑓ℒ𝑚 + 2𝑓𝑇)ℒ𝑚]𝑔𝜇𝑣 + (𝑔𝜇𝑣 ◻−∇𝜇∇𝑣)𝑓𝑅

= [8𝜋 +
1

2
(𝑓ℒ𝑚 + 2𝑓𝑇)] 𝑇𝜇𝑣 + 𝑓𝑇𝜏𝜇𝑣
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𝑓𝑅 =
𝜕𝑓(𝑅, ℒ𝑚, 𝑇)

𝜕𝑅
, 𝑓ℒ𝑚 =

𝜕𝑓(𝑅, ℒ𝑚, 𝑇)

𝜕ℒ𝑚
, 𝑓𝑇 =

𝜕𝑓(𝑅, ℒ𝑚, 𝑇)

𝜕𝑇
 

𝜏𝜇𝜈 = 2𝑔
𝛼𝛽

𝜕2ℒ𝑚

𝜕𝑔𝜇𝜈𝜕𝑔𝛼𝛽
 

𝑇𝜇𝜈 =
−2

√−𝑔

𝛿(√−𝑔ℒ𝑚)

𝛿𝑔𝜇𝜈
.  

𝑇𝜇 𝑣 = diag(−𝜌, 𝑝𝑟 , 𝑝𝑡 , 𝑝𝑡),  

𝑇𝜇𝜈 = (𝜌 + 𝑝𝑡)𝑢𝜇𝑢𝜈 + 𝑝𝑡𝛿𝜇𝜈 + (𝑝𝑟 − 𝑝𝑡)𝑣𝜇𝑣𝜈,  

(1 −
𝑏

𝑟
) [{Φ′′ +Φ′2 −

(𝑟𝑏′ − 𝑏)

2𝑟(𝑟 − 𝑏)
Φ′ +

2Φ′

𝑟
}𝑓𝑅

−{Φ′ −
(𝑟𝑏′ − 𝑏)

2𝑟(𝑟 − 𝑏)
+
2

𝑟
}𝑓𝑅

′ − 𝑓𝑅
′′] +

1

2
(𝑓 − 𝑓ℒ𝑚ℒ𝑚)

=
1

2
𝜌(16𝜋 + 𝑓ℒ𝑚 + 2𝑓𝑇) + 𝑓𝑇ℒ𝑚

 

(1 −
𝑏

𝑟
) [{−(Φ′′ +Φ′2) +

(𝑟𝑏′ − 𝑏)

2𝑟(𝑟 − 𝑏)
(Φ′ +

2

𝑟
)}𝑓𝑅

+{Φ′ −
(𝑟𝑏′ − 𝑏)

2𝑟(𝑟 − 𝑏)
+
2

𝑟
} 𝑓𝑅

′] −
1

2
(𝑓 − 𝑓ℒ𝑚ℒ𝑚)

=
1

2
𝑝𝑟(16𝜋 + 𝑓ℒ𝑚 + 2𝑓𝑇) − 𝑓𝑇ℒ𝑚

 

(1 −
𝑏

𝑟
) [{−

Φ′

𝑟
+
(𝑟𝑏′ + 𝑏)

2𝑟2(𝑟 − 𝑏)
}𝑓𝑅 + {Φ

′ +
2

𝑟

−
(𝑟𝑏′ − 𝑏)

2𝑟(𝑟 − 𝑏)
}𝑓𝑅

′ + 𝑓𝑅
′′] −

1

2
(𝑓 − ℒ𝑚𝑓ℒ𝑚)

=
1

2
𝑝𝑡(16𝜋 + 𝑓ℒ𝑚 + 2𝑓𝑇) − 𝑓𝑇ℒ𝑚

 

𝑓(𝑅, ℒ𝑚, 𝑇) = 𝑅 + 𝛼ℒ𝑚 + 𝛽𝑇,  

𝑅 =
2𝑏′

𝑟2
− 2{Φ′′ +Φ′2 +

Φ′

𝑟
} (1 −

𝑏

𝑟
)

 +
Φ′

𝑟2
(𝑟𝑏′ + 𝑏 − 2𝑟)

 

𝑏′

𝑟2
= 𝜌 (𝜆 −

𝛽

2
) −

𝛽

2
(𝑝𝑟 + 2𝑝𝑡),  

−
𝑏

𝑟3
= 𝑝𝑟 (𝜆 +

𝛽

2
) +

𝛽

2
(2𝑝𝑡 + 𝜌)

1

2𝑟2
(
𝑏

𝑟
− 𝑏′) = 𝑝𝑡(𝜆 + 𝛽) +

𝛽

2
(𝑝𝑟 + 𝜌)
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𝜆 = 8𝜋 +
𝛼

2
+ 𝛽 

𝜌 =
𝑏′

𝜆𝑟2

𝑝𝑟 = −
𝑏

𝜆𝑟3

𝑝𝑡 =
𝑏 − 𝑏′𝑟

2𝜆𝑟3

 

[𝑥𝜇 , 𝑥𝜈] = 𝑖Θ𝜇𝜈  

𝜌(𝑟) =
𝑀𝑒−

𝑟2

4Θ

(4𝜋Θ)3/2
 

√Θ ∼ ℓ𝑝 

𝜌(𝑟) =
√Θ𝑀

𝜋2(Θ + 𝑟2)2
 

𝑍(𝑟) = ±∫  
∞

𝑟0

 (
𝑟

𝑏(𝑟)
− 1)

−
1
2

 d𝑟  

𝑏′(𝑟)

𝜆𝑟2
=

𝑀𝑒−
𝑟2

4Θ

(4𝜋Θ)3/2
 

𝑏(𝑟) = 𝑟0 +
𝜆𝑀

4𝜋
(erf (

𝑟

2√Θ
) −

𝑟𝑒−
𝑟2

4Θ

√𝜋Θ
+𝒦𝐺) 

𝒦𝐺 =
𝑟0𝑒

−
𝑟0
2

4Θ

√𝜋Θ
− erf (

𝑟0

2√Θ
) 

erf(𝑥) =
2

√𝜋
∫  
𝑥

0

 𝑒−𝑡
2
𝑑𝑡  
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𝑏′(𝑟) =
𝜆𝑀𝑟2𝑒−

𝑟2

4Θ

(4𝜋Θ)3/2
.  

𝜆𝑀

(4𝜋Θ)3/2
𝑟0
2𝑒−

𝑟0
2

4Θ < 1,  

𝛽 +
𝛼

2
<
(4𝜋Θ)3/2

𝑀𝑟0
2 𝑒

𝑟0
2

4Θ − 8𝜋.  

𝑏′(𝑟)

𝜆𝑟2
=

√Θ𝑀

𝜋2(Θ + 𝑟2)2
.  

𝑏(𝑟) = 𝑟0 +
𝜆𝑀

2𝜋2
(tan−1 (

𝑟

√Θ
) −

√Θ𝑟

Θ + 𝑟2
+𝒦𝐿) ,  

𝒦𝐿 =
√Θ𝑟0

Θ + 𝑟0
2 − tan

−1 (
𝑟0

√Θ
) 

𝑏′(𝑟) =
𝜆√Θ𝑀𝑟2

𝜋2(Θ + 𝑟2)2
.  

𝛽 +
𝛼

2
<
𝜋2(Θ + 𝑟0

2)2

√Θ𝑀𝑟0
2

− 8𝜋, 

𝜌 + 𝑝𝑟 ≥ 0, 𝜌 + 𝑝𝑡 ≥ 0 

𝜌 ≥ 0, 𝜌 + 𝑝𝑟 ≥ 0, 𝜌 + 𝑝𝑡 ≥ 0 

𝜌 ≥ 0, 𝜌 − |𝑝𝑟| ≥ 0, 𝜌 − |𝑝𝑡| ≥ 0 

𝜌 + 𝑝𝑟 + 2𝑝𝑡 ≥ 0, 𝜌 + 𝑝𝑟 ≥ 0, 𝜌 + 𝑝𝑡 ≥ 0  

𝑏′(𝑟0)

𝜆𝑟0
2 −

1

𝜆𝑟0
2 ≥ 0

𝑏′(𝑟0)

2𝜆𝑟0
2 +

1

2𝜆𝑟0
2 ≥ 0

 

𝛽 + 𝛼/2 < −8𝜋.  

𝜌≥ −
1

𝜆𝑟0
2  

⟷  𝜆 < −
1

𝜌𝑟0
2 .

 

𝜌 + 𝑝𝑟 + 2𝑝𝑡 = 0  
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𝜌 − |𝑝𝑟||𝑟=𝑟0
=
𝑏′(𝑟0)

𝜆𝑟0
2 − |

1

𝜆𝑟0
2|

𝜌 − |𝑝𝑡||𝑟=𝑟0
=
𝑏′(𝑟0)

𝜆𝑟0
2 − |

1

2𝜆𝑟0
2 −

𝑏′(𝑟0)

2𝜆𝑟0
2 | .

 

𝑏′(𝑟0)

𝜆𝑟0
2 +

1

𝜆𝑟0
2 ≥ 0  

1

2𝜆𝑟0
2 −

𝑏′(𝑟0)

2𝜆𝑟0
2 < 0 

𝜌 − |𝑝𝑡||𝑟=𝑟0
=
𝑏′(𝑟0)

2𝜆𝑟0
2 +

1

2𝜆𝑟0
2  

𝑝𝑟 =
𝑀

4𝜋𝑟3
(
𝑟𝑒−

𝑟2

4Θ

√𝜋Θ
− erf (

𝑟

2√Θ
) − 𝒦̃𝐺) ,  

𝑝𝑡 =
𝑀

8𝜋𝑟3
(erf (

𝑟

2√Θ
) −

𝑟(𝑟2 + 2Θ)

2√𝜋Θ3
𝑒−

𝑟2

4Θ + 𝒦̃𝐺) ,  

𝒦̃𝐺 = 𝒦𝐺 +
4𝜋𝑟0
𝜆𝑀

 

𝜌 + 𝑝𝑟|𝑟=𝑟0 =
𝑀𝑒−

𝑟0
2

4Θ

(4𝜋Θ)3/2
−
1

𝜆𝑟0
2 ≥
!
0

𝜌 + 𝑝𝑡|𝑟=𝑟0 =
𝑀𝑒−

𝑟0
2

4Θ

2(4𝜋Θ)3/2
+

1

2𝜆𝑟0
2 ≥
!
0

 

𝛽 +
𝛼

2
< −

(4𝜋Θ)3/2

𝑀𝑟0
2 𝑒

𝑟0
2

4Θ − 8𝜋  

𝑝𝑟 =
𝑀

2𝜋2𝑟3
(
√Θ𝑟

Θ + 𝑟2
− tan−1 (

𝑟

√Θ
) − 𝒦̃𝐿)

𝑝𝑡 =
𝑀

4𝜋2𝑟3
(tan−1 (

𝑟

√Θ
) −

√Θ𝑟(Θ + 3𝑟2)

(Θ + 𝑟2)2
+ 𝒦̃𝐿)

 

𝒦̃𝐿 = 𝒦𝐿 +
2𝜋2𝑟0
𝜆𝑀

 

𝜌 + 𝑝𝑟|𝑟=𝑟0 =
√Θ𝑀

𝜋2(Θ + 𝑟0
2)2

−
1

𝜆𝑟0
2 ≥
!
0

𝜌 + 𝑝𝑡|𝑟=𝑟0 =
√Θ𝑀

2𝜋2(Θ + 𝑟0
2)2

+
1

2𝜆𝑟0
2 ≥
!
0

 

𝛽 +
𝛼

2
< −

𝜋2(Θ + 𝑟0
2)2

√Θ𝑀𝑟0
2

− 8𝜋 
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𝛾(𝑠) = (𝑡(𝑠), 𝑟(𝑠), 𝜃(𝑠), 𝜙(𝑠)) 

𝛾̇ = 𝜕𝛾/𝜕𝑠 

ℒ = −𝑒−2Φ
𝑡̇2

2
+

1

1 − 𝑏/𝑟

𝑟̇2

2
+ 𝑟2

𝜃̇2

2
+ 𝑟2sin2 𝜃

𝜙̇2

2
= 0  

𝐸:= 𝜕ℒ/𝜕𝑡̇ = 𝑒−2Φ𝑡̇ 

𝐿:= 𝜕ℒ/𝜕𝜙̇ = 𝑟2𝜙̇ 

𝐸2 =
𝑒2Φ

1 − 𝑏/𝑟
𝑟̇2 + 𝑉𝑒𝑓𝑓(𝑟)  

𝑉𝑒𝑓𝑓(𝑟):= 𝑒
2Φ𝐿2/𝑟2 

d𝑉eff /d𝑟 ≠ 0 

𝑙(𝑟) = ±∫  
𝑟

𝑟0

 (1 −
𝑏(𝑟′)

𝑟′
)

−
1
2

 d𝑟′  

𝜶(𝑟𝑡𝑝) = −𝜋 + 2∫  
∞

𝑟𝑡𝑝

 
𝑒Φ (1 −

𝑏(𝑟)
𝑟 )

−
1
2

√𝑟
2

𝑢2
− 𝑒2Φ

 d𝑟  

𝑢 = 𝑟𝑡𝑝𝑒
−Φ,  

𝑣′

2
(𝜌 + 𝑝𝑟) +

𝑑𝑝𝑟
𝑑𝑟

+
2

𝑟
(𝑝𝑟 − 𝑝𝑡) = 0  

𝐹ℎ = −
𝑑𝑝𝑟
𝑑𝑟

, 𝐹𝑔 = −
𝑣′

2
(𝜌 + 𝑝𝑟), 𝐹𝑎 =

2

𝑟
(𝑝𝑡 − 𝑝𝑟)  

𝐹ℎ + 𝐹𝑎 = 0  

∇𝜇𝑇𝜇𝜈 = −
1

𝜆
[(
𝛼

2
+ 𝛽)∇𝜈𝜌 +

1

2
(𝛽∇𝜈𝑇 −

𝛼

2
∇𝜈𝜌)] .  

𝐹𝑚 =
𝛽

2𝜆
(𝜌′ + 𝑝𝑟

′ + 2𝑝𝑡
′)  

𝐹ℎ = (1 +
6Θ

𝑟2
)
𝑀𝑒−

𝑟2

4Θ

𝑟(4𝜋Θ)3/2
−
3𝑀

4𝜋𝑟4
(𝒦̃𝐺 + erf (

𝑟

2√Θ
)) 

𝐹𝑎 =
𝑀

4𝜋𝑟4
(3erf (

𝑟

2√Θ
) −

𝑟(𝑟2 + 6Θ)

2√𝜋Θ3
𝑒−

𝑟2

4Θ + 3𝒦̃𝐺)  
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𝐹ℎ = (3 +
2𝑟2

Θ + 𝑟2
)

𝑀√Θ

2𝜋2𝑟3(Θ + 𝑟2)

−
3𝑀

2𝜋2𝑟4
(𝒦̃𝐿 + tan

−1 (
𝑟

√Θ
))

𝐹𝑎 =
𝑀

2𝜋2𝑟4
(3tan−1 (

𝑟

√Θ
) −

√Θ𝑟(3Θ + 5𝑟2)

(Θ + 𝑟2)2
+ 3𝒦̃𝐿)

 

𝛽 +
𝛼

2
<
(4𝜋Θ)3/2

𝑀𝑟0
2 𝑒

𝑟0
2

4Θ − 8𝜋  

𝛽 +
𝛼

2
<
𝜋2(Θ + 𝑟0

2)2

√Θ𝑀𝑟0
2

− 8𝜋  

𝛽 + 𝛼/2 ≥ −8𝜋,  

𝛽 + 𝛼/2 + 8𝜋 < −
1

𝜌𝑟0
2  

𝑆𝑁𝑀𝐸𝑌𝑀 = ∫  𝑑
4𝑥√−𝑔 {

𝑅

8𝜋𝐺𝑐−4
+ 𝐹𝑖𝑘

(𝑎)
𝐹𝑖𝑘(𝑎) +

1

2
ℛ𝑖𝑘𝑚𝑛𝐹𝑖𝑘

(𝑎)
𝐹𝑚𝑛
(𝑎)
}  

ℛ𝑖𝑘𝑚𝑛 ≡
𝑞1
2
𝑅(𝑔𝑖𝑚𝑔𝑘𝑛 − 𝑔𝑖𝑛𝑔𝑘𝑚)

+
𝑞2
2
(𝑅𝑖𝑚𝑔𝑘𝑛 − 𝑅𝑖𝑛𝑔𝑘𝑚 + 𝑅𝑘𝑛𝑔𝑖𝑚 − 𝑅𝑘𝑚𝑔𝑖𝑛) + 𝑞3𝑅

𝑖𝑘𝑚𝑛
 

𝑑𝑠2 = 𝐹(𝑟)𝑑𝑡2 − 𝑑𝑟2𝐹(𝑟)−1 − 𝑟2𝑑Ω2  

1 − 𝐹(𝑟)

𝑟2
−
𝐹′(𝑟)

𝑟
=
8𝜋𝐺𝑐−4𝜈2

𝑟4

 × [
1

2
− 𝑞1

𝐹′(𝑟)

𝑟
+ (13𝑞1 + 4𝑞2 + 𝑞3)

𝐹(𝑟)

𝑟2
−
𝑞1 + 𝑞2 + 𝑞3

𝑟2
]

1 − 𝐹(𝑟)

𝑟2
−
𝐹′(𝑟)

𝑟
=
8𝜋𝐺𝑐−4𝜈2

𝑟4

 × [
1

2
− 𝑞1

𝐹′(𝑟)

𝑟
− (7𝑞1 + 4𝑞2 + 𝑞3)

𝐹(𝑟)

𝑟2
−
𝑞1 + 𝑞2 + 𝑞3

𝑟2
]

𝐹′(𝑟)

𝑟
+
𝐹′′(𝑟)

2
=
8𝜋𝐺𝑐−4𝜈2

𝑟4

 × [
1

2
− 𝑞1

𝐹′′(𝑟)

2
− (7𝑞1 + 4𝑞2 + 𝑞3) (

𝐹′(𝑟)

𝑟
−
2𝐹(𝑟)

𝑟2
) + 2

(𝑞1 + 𝑞2 + 𝑞3)

𝑟2
]

 

𝑞1 ≡ −𝑞, 𝑞2 = 4𝑞, 𝑞3 = −6𝑞  

𝑑

𝑑𝑟
[𝑟(𝐹(𝑟) − 1) (1 +

2𝐺𝑄2𝑞

𝑟4
)] = −

𝐺𝑄2

𝑟2
 

𝐹(𝑟) = 1 +
𝑟4

𝑟4 + 2𝑞𝐺𝑄2
(−

2𝐺𝑀

𝑟
+
𝐺𝑄2

𝑟2
) ,  
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𝐸2𝑓(𝜖)2 − 𝑝2𝑔2(𝜖) = 𝑚2  

𝑑𝑠2 = −
𝐹(𝑟)

𝑓2(𝜖)
𝑑𝑡2 +

𝑑𝑟2

𝐹(𝑟)𝑔2(𝜖)
+

𝑟2

𝑔2(𝜖)
𝑑Ω2  

𝑡̃ =
𝑡

𝑓(𝜖)
, 𝑟̃ =

𝑟

𝑔(𝜖)
, 𝑑𝑡̃ =

𝑑𝑡

𝑓(𝜖)
, 𝑑𝑟̃ =

𝑑𝑟

𝑔(𝜖)
, 𝐺̃ =

𝐺

𝑔(𝜖)
 

𝐺̃ =
𝐺

𝑔(𝜖)
 

𝑓(𝜖) = 𝑔(𝜖) =
1

1 + 𝜆𝜖
 

𝐹(𝑟̃) = 1 +
𝑟̃4

𝑟̃4 + 2𝑞𝐺̃𝑄2
(−

2𝐺̃𝑀

𝑟̃
+
𝐺̃𝑄2

𝑟̃2
) ,  

𝐹(𝑟, 𝜖) = 1 +
𝑟4

𝑟4 + 2𝑞𝑄2𝐺𝑔3(𝜖)
(−

2𝐺𝑀

𝑟
+
𝐺𝑄2𝑔(𝜖)

𝑟2
) ,  

𝑄̃2 = 𝑄2𝑔(𝜖), 𝑞̃ = 𝑞𝑔(𝜖)2  

𝑇𝐻 =
1

2𝜋
lim
𝑟→𝑟𝐻

 √
−𝑔𝑡𝑡𝑔𝑟𝑟

4
(
𝜕𝑔𝑡𝑡
𝜕𝑟
)
2

 

𝑇𝐻 =
1

4𝜋
√(
𝜕𝐹(𝑟, 𝜖)

𝜕𝑟
)
2

|

𝑟=𝑟𝐻

 

𝑀 =
𝑟𝐻
4 + 2𝑄𝑚

2 𝑞𝑔(𝜖)3 + 𝑟𝐻
2𝑄𝑚

2 𝑔(𝜖)

2𝑟𝐻
3

 

𝑇𝐻 =
−6𝑞𝑄2 + (𝑟𝐻 + 𝜆)

2[−𝑄2 + 𝑟𝐻(𝑟𝐻 + 𝜆)]

4𝜋𝑟𝐻[2𝑞𝑄
2 + 𝑟𝐻(𝑟𝐻 + 𝜆)

3]
 

𝑀 =
𝑟𝐻
2
{1 +

𝑄2[2𝑞 + (𝜆 + 𝑟𝐻)
2]

𝑟𝐻(𝜆 + 𝑟𝐻)
3 } ,  

𝑆 = 𝑆0 −
2𝜋𝑞𝑄2

𝑟𝐻
2 + 𝜆𝜋𝑄log (

𝑟𝐻 − 𝑄

𝑟𝐻 + 𝑄
) ,  

𝐶 =
𝑑𝑀

𝑑𝑇
=
𝑑𝑀/𝑑𝑟𝐻
𝑑𝑇𝐻/𝑑𝑟𝐻

.  

𝐶 = −2𝜋𝑟𝐻
2 

𝑇quantum hole = (𝑓(𝜖)/𝑔(𝜖))𝑇gravity  

𝐺̃(𝜖) = 𝐺/𝑔(𝜖) 
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2𝐺̃(𝜖)𝑀

𝑟̃(𝜖)
=
2𝐺𝑀

𝑟
,  

1

√−𝑔
𝜕𝜇(√−𝑔𝑔

𝜇𝜈𝜕𝜈𝜑) = 0  

𝑑2𝜑

𝑑𝑟∗
2
+ [𝜔2 + 𝑉𝑒𝑓𝑓(𝑟(𝑟∗))]𝜑 = 0  

𝑑𝑟∗/𝑑𝑟 = 𝐹(𝑟)
−1 

𝑉𝑒𝑓𝑓(𝑟) = 𝑔(𝜖)
2
ℓ(ℓ + 1)𝐹(𝑟)

𝑟2
+ 𝑔(𝜖)2

𝐹(𝑟)𝐹′(𝑟)

𝑟
.  

Γℓ
𝜔 = sech2 (∫  

∞

𝑟𝐻

 
𝑉𝑒𝑓𝑓

2𝜔
𝑑𝑟∗) ,  

𝑑2𝑁

𝑑𝑡𝑑𝜔
=
1

2𝜋

Γ0
𝜔

[exp (𝜔/𝑇) − 1]
,  

𝑇𝜇𝜈 = (𝜌 + 𝑝⊥)𝑡𝜇𝑡𝜈 + 𝑝⊥𝑔𝜇𝜈 − (𝑝⊥ − 𝑝𝑟)𝑥𝜇𝑥𝜈 ,  

𝑡𝜇𝑡
𝜇 = 1, 𝑥𝜇𝑥

𝜇 = −1 

𝑥𝜇𝑡𝜇 = 𝜌 

𝜌𝑒𝑓𝑓 = −𝑝𝑟
𝑒𝑓𝑓

=
2𝑄2𝑔(𝜖)

𝑟4
[
1

2
+
𝑞𝑔2(𝜖)𝐹′(𝑟)

𝑟
−
3𝑞𝑔2(𝜖)𝐹(𝑟)

𝑟2
+
3𝑞𝑔2(𝜖)

𝑟2
] ;

𝑝𝜃
𝑒𝑓𝑓

= 𝑝𝜙
𝑒𝑓𝑓

=
2𝑄2𝑔(𝜖)

𝑟4
[
1

2
+
1

2
𝑞𝑔2(𝜖)𝐹′′(𝑟) − 3𝑞𝑔2(𝜖) (

𝐹′(𝑟)

𝑟
−
2𝐹(𝑟)

𝑟2
) −

6𝑞𝑔2(𝜖)

𝑟2
] ,

 

𝑇𝜇𝜈
𝑒𝑓𝑓
𝑙𝜇𝑙𝜈 ≥ 0 → 𝜌𝑒𝑓𝑓 + 𝑝𝑖

𝑒𝑓𝑓
≥ 0  

𝜌𝑒𝑓𝑓 + 𝑝𝑟
𝑒𝑓𝑓

 

𝜌𝑒𝑓𝑓 + 𝑝𝜃
𝑒𝑓𝑓

 

𝜌𝑒𝑓𝑓 + 𝑝𝑖
𝑒𝑓𝑓

≥ 0 

𝑇𝜇𝜈
𝑒𝑓𝑓
𝑡𝜇𝑡𝜈 ≥ 0 → 𝜌𝑒𝑓𝑓 + 𝑝𝑖

𝑒𝑓𝑓
≥ 0 and 𝜌𝑒𝑓𝑓 ≥ 0  

𝜌𝑒𝑓𝑓 ≥ 0 and 𝜌𝑒𝑓𝑓 − |𝑝𝑖
𝑒𝑓𝑓
| ≥ 0  

𝜌𝑒𝑓𝑓 + 𝑝𝑖
𝑒𝑓𝑓

≥ 0 and 𝜌𝑒𝑓𝑓 + 𝑝𝑟
𝑒𝑓𝑓

+ 𝑝𝜃
𝑒𝑓𝑓

+ 𝑝𝜙
𝑒𝑓𝑓

≥ 0.  

𝜌𝑒𝑓𝑓 − |𝑝𝑖
𝑒𝑓𝑓
| ≥ 0 
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𝑅= −
𝑔(𝜖)2(−2 + 2𝐹(𝑟) + 4𝑟𝐹′(𝑟) + 𝑟2𝐹′′(𝑟))

𝑟2
 

 = −
8𝑔(𝜖)3𝑞𝑄2[6𝑔(𝜖)4𝑞𝑄4 − 20𝑔(𝜖)3𝑀𝑞𝑄2𝑟 − 5𝑔(𝜖)𝑄2𝑟4 + 6𝑀𝑟5]

[2𝑔(𝜖)3𝑞𝑄2 + 𝑟𝐻
4]3

 

𝑅 = −
6(𝜆 + 𝑟𝐻)

2

𝑞𝑟𝐻
2 .  

𝐾 = 𝑔(𝜖)4 [
4(𝐹(𝑟) − 1)2

𝑟4
+
4𝐹′(𝑟)2

𝑟2
+ 𝐹′′(𝑟)2] .  

𝜌𝑒𝑓𝑓 + 𝑝𝑟
𝑒𝑓𝑓

+ 𝑝𝜃
𝑒𝑓𝑓

+ 𝑝𝜙
𝑒𝑓𝑓

 

𝐾 ≈
20

9𝑞2
+ 𝑟 [

1

9𝑞2
−

8

𝑞2𝑟𝐻
−
8𝑟𝐻
𝑞2𝑄2

−
8𝜆

𝑞2𝑄2
−

24

𝑞𝑟𝐻(𝑟𝐻 + 𝜆)
2] .  

 

𝑅𝑠ℎ ≈ 𝑅𝑜sin 𝛼𝑠ℎ ,  

sin 𝛼𝑠ℎ =
𝛾(𝑟𝑝ℎ)

𝛾(𝑅𝑜)
,  

𝛾(𝑟) = √−
𝑔𝑡𝑡

𝑔𝜙𝜙
.  

𝑑𝛾2(𝑟)

𝑑𝑟
= 0  at  𝑟 = 𝑟𝑝ℎ.  

𝐼 =
1

16𝜋
∫  
ℳ

 𝑑𝑛𝑥√−𝑔(𝑅 − 2Λ + 𝐿(𝐹))  
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𝐿(𝐹) =

{
 
 
 
 

 
 
 
 
4𝛽2 [1 − √1 +

𝐹2

2𝛽2
] ,

4𝛽2 [𝑒
−
𝐹2

4𝛽2 − 1] ,

−8𝛽2ln [1 +
𝐹2

8𝛽2
] ,

 

𝐹2 = 𝛾𝑎𝑏𝐹𝜇𝜈
(𝑎)
𝐹(𝑏)𝜇𝜈 , 𝛾𝑎𝑏 ≡ −

Γ𝑎𝑏
|detΓ𝑎𝑏|

1/𝑁  

𝐹𝜇𝜈
(𝑎)
= 𝜕𝜇𝐴𝜈

(𝑎)
− 𝜕𝜈𝐴𝜇

(𝑎)
+
1

𝑒
𝐶𝑏𝑐
𝑎 𝐴𝜇

(𝑏)
𝐴𝜈
(𝑐)
,  

𝐿(𝐹) = 𝜁1𝛽
2ℒ(𝑌) 

ℒ(𝑌) = {
1 − √1 + 𝑌,

𝑒−𝑌 − 1,
ln (1 + 𝑌),

 

𝜁1 = +4,+4,−8 

𝑌 =
𝐹2

2𝛽2
,
𝐹2

4𝛽2
,
𝐹2

8𝛽2
 

𝑅𝜇𝜈 =
2Λ

𝑛 − 2
𝑔𝜇𝜈 + 𝜁2𝛾𝑎𝑏𝜕𝑌ℒ(𝑌)𝐹𝜇

(𝑎)𝜆
𝐹𝜈𝜆
(𝑏)
+
𝜁3𝛽

2

𝑛 − 2
[2𝑌𝜕𝑌ℒ(𝑌) − ℒ(𝑌)]𝑔𝜇𝜈

∇𝜈(𝜕𝑌ℒ(𝑌)𝐹
(𝑎)𝜇𝜈) =

1

𝑒
𝜕𝑌ℒ(𝑌)𝐶𝑏𝑐

𝑎 𝐴𝜈
(𝑏)
𝐹(𝑐)𝜈𝜇

 

𝜁2 = −4,−2,+2 

𝜁3 = +4,+4,−8 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑑Ω𝑘

2  

𝑑Ω𝑘
2 = 𝑑𝜃2 + 𝑘−1sin2 (√𝑘𝜃)(𝑑𝜙1

2 +∑  

𝑛−3

𝑖=2

 Π𝑗=1
𝑖−1sin2 𝜙𝑗𝑑𝜙𝑖

2)  

𝜃 ∈ [0,
𝜋

2
] 

𝑥1 =
𝑟

√𝑘
sin (√𝑘𝜃)Π𝑗=1

𝑛−3sin 𝜙𝑗,

𝑥𝑖 =
𝑟

√𝑘
sin (√𝑘𝜃)cos 𝜙𝑛−𝑖−1Π𝑗=1

𝑛−𝑖−2sin (𝜙𝑗), 𝑖 = 2,… , 𝑛 − 2

𝑥𝑛−1 = 𝑟cos (√𝑘𝜃),
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𝐴(𝑎)=
𝑒

𝑟2
(𝑥𝑎𝑑𝑥𝑛−1 − 𝑥𝑛−1𝑑𝑥𝑎) for 𝑎 = 1,… , 𝑛 − 2  

𝐴(𝑏) =
𝑒

𝑟2
(𝑥𝑖𝑑𝑥𝑗 − 𝑥𝑗𝑑𝑥𝑖) for 𝑖 = 1,… , 𝑛 − 3, 𝑗 = 2,… , 𝑛 − 2, and 𝑖 < 𝑗

 

𝛾𝑎𝑏 = 𝜖𝑎𝛿𝑎𝑏 ,  

𝜖𝑎 = 1 , for 𝑎 = 1,… ,
(𝑛 − 1)(𝑛 − 2)

2
,  

𝜖𝑎 = {
−1 1 ≤ 𝑎 ≤ 𝑛 − 2

1 𝑛 − 1 ≤ 𝑎 ≤
(𝑛 − 1)(𝑛 − 2)

2
.

 

𝑓(𝑟) =𝑘 −
𝑚

𝑟𝑛−3
−

2Λ𝑟2

(𝑛 − 1)(𝑛 − 2)

+

{
  
 

  
 

4𝛽2𝑟2

(𝑛 − 1)(𝑛 − 2)
[1 −

𝑛 − 1

𝑟𝑛−1
∫  𝑟𝑛−2√1+

𝜂

2
𝑑𝑟] ,

−
4𝛽2𝑟2

(𝑛 − 1)(𝑛 − 2)
[1 −

𝑛 − 1

𝑟𝑛−1
∫  𝑟𝑛−2exp (−

𝜂

4
)𝑑𝑟] ,

−
8𝛽2

(𝑛 − 2)𝑟𝑛−3
∫  𝑟𝑛−2ln [1 +

𝜂

8
] 𝑑𝑟,

 

𝜂 =
(𝑛 − 2)(𝑛 − 3)𝑒2

𝛽2𝑟4
 

𝑓(𝑟) =𝑘 −
𝑚

𝑟𝑛−3
−

2Λ𝑟2

(𝑛 − 1)(𝑛 − 2)

+

{
  
 

  
 

4𝛽2𝑟2

(𝑛 − 1)(𝑛 − 2)
[1 −  2𝐹1 ([

−1

2
,
1 − 𝑛

4
] , [
5 − 𝑛

4
] , −

𝜂

2
)] ,

−
4𝛽2𝑟2

(𝑛 − 1)(𝑛 − 2)
[1 −  2𝐹1 ([

1 − 𝑛

4
] , [
5 − 𝑛

4
] , −

𝜂

4
)] ,

−
8𝛽2𝑟2

(𝑛 − 1)(𝑛 − 2)
ln [1 +

𝜂

8
] −

4(𝑛 − 3)𝑒2

(𝑛 − 1)(𝑛 − 5)𝑟2
 2𝐹1 ([1,

5 − 𝑛

4
] , [
9 − 𝑛

4
] , −

𝜂

8
) ,

 

𝑓(𝑟) = 𝑘 −
𝑚

𝑟𝑛−3
−

2Λ𝑟2

(𝑛 − 1)(𝑛 − 2)
+

{
 
 

 
 −

(𝑛 − 3)𝑒2

(𝑛 − 5)𝑟2
+ 𝒪 (

1

𝛽2
) , 𝑛 ≠ 5

−
2𝑒2ln (𝑟/𝑟0)

𝑟2
+ 𝒪 (

1

𝛽2
) , 𝑛 = 5

 

𝑓(𝑟) = 1 −
𝑚

𝑟2
−
Λ𝑟2

6
+
𝛽2𝑟2

3
[1 − √1 +

𝜂

2
] −

𝑒2

𝑟2
ln [r2 (1 + √1 +

𝜂

2
)] −

4𝛽2C5
3r2

,  

𝐶5 = −
3𝑒2

8𝛽2
(1 + 2ln (2))  

𝑓(𝑟) = 1 −
𝑚 − 𝐴5
𝑟2

−
2√3

3
𝛽𝑒 + 𝒪(𝑟), 𝐴5 =

1

2
𝑒2 (1 + ln (

4𝛽2

3𝑒2
))   
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𝑓(𝑟) = 1 −
2√3

3
𝛽𝑒  

(
4

𝑙2
+
4𝛽2

3
)𝑟𝑒𝑥

3 + (2 +
4𝛽

3
√𝛽2𝑟𝑒𝑥

2 + 3𝑒2)𝑟𝑒𝑥  

𝑓(𝑟) = 1 −
𝑚 − 𝐴6
𝑟3

−
√6

3
𝛽𝑒 + 𝒪(𝑟), 𝐴6 = −

12

5
√

6

𝜋2𝛽2
4

𝑒5/2Γ (
3

4
)
2

 

𝑓(𝑟) = 1 −
𝑚 − 𝐴5
𝑟2

+ 𝒪(𝑟), 𝐴5 =
1

2
𝑒2 (1 − 𝛾 + ln (

2𝛽2

3𝑒2
))  

𝑓(𝑟) = 1 −
𝑚 − 𝐴5
𝑟2

+ 𝒪(𝑟), 𝐴5 =
1

2
𝑒2 (1 + ln (

4𝛽2

3𝑒2
))  

𝑓(𝑟) = 𝑘 −
𝑚

𝑟𝑛−3
+

4𝛽2𝐶𝑛
(𝑛 − 2)𝑟𝑛−3

−
2√2(𝑛 − 2)(𝑛 − 3)

(𝑛 − 2)(𝑛 − 3)
𝛽𝑒 + 𝒪(𝑟),  

𝑓(𝑟) = 𝑘 −
𝑚

𝑟𝑛−3
+

4𝛽2𝐶𝑛
(𝑛 − 2)𝑟𝑛−3

+ 𝒪(𝑟),  

𝑓(𝑟) = 𝑘 −
𝑚

𝑟𝑛−3
−

8𝛽2𝐶𝑛
(𝑛 − 2)𝑟𝑛−3

+ 𝒪(𝑟),  

𝑇+ =
𝜅

2𝜋
=
𝑓′(𝑟+)

4𝜋
=
𝑘(𝑛 − 3)

4𝜋𝑟+
−

Λ

2𝜋(𝑛 − 2)
𝑟+

+

{
 
 
 
 

 
 
 
 
+

𝛽2𝑟+
𝜋(𝑛 − 2)

(1 − √1 +
(𝑛 − 2)(𝑛 − 3)𝑒2

2𝛽2𝑟+
4 ) ,

−
𝛽2𝑟+

𝜋(𝑛 − 2)
[1 − exp (−

(𝑛 − 2)(𝑛 − 3)𝑒2

4𝛽2𝑟+
4 )] ,

−
2𝛽2𝑟+
𝜋(𝑛 − 2)

ln (1 +
(𝑛 − 2)(𝑛 − 3)𝑒2

8𝛽2𝑟+
4 ) ,

 

𝑆 =
𝐴

4
=
𝑟+
𝑛−2

4
𝜔𝑛−2,  

𝑑𝑠2 = 𝜆𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 = −𝑉(𝑟)𝑑𝑡2 +

𝑑𝑟2

𝑉(𝑟)
+ 𝑟2𝑑Ω𝑛−2

2 ,  

𝑉0(𝑟) =

{
 

 𝑘 −
2Λ

(𝑛 − 1)(𝑛 − 2)
𝑟2, 𝑛 ≠ 5

𝑘 −
Λ

6
𝑟2 −

2𝑒2ln (𝑟/𝑟0)

𝑟2
𝑛 = 5.

 

𝑀 =
1

8𝜋
∫ 
Σ

 𝑑𝑛−2√𝜎{(𝐾𝑎𝑏 − 𝐾𝜆𝑎𝑏) − (𝐾𝑎𝑏
0 − 𝐾0𝜆𝑎𝑏

0 )}𝑛𝑎𝜉𝑏 ,  
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𝑀 =
(𝑛 − 2)𝜔𝑛−2

16𝜋
𝑚  

𝑄 =
1

4𝜋
∫  𝑑𝑛−2𝑥√Tr (𝐹𝜇𝜈

(𝑎)
𝐹(𝑎)𝜇𝜈) =

√(𝑛 − 2)(𝑛 − 3)𝜔𝑛−2
4𝜋

𝑒.  

𝑑𝑀 = 𝑇𝑑𝑆 + Φ𝑑𝑄  

𝑇 = (
𝜕𝑀

𝜕𝑆
)
𝑄

 

Φ = (
𝜕𝑀

𝜕𝑄
)
𝑆

 

Φ = (
𝜕𝑀

𝜕𝑄
)
𝑆

=

{
 
 
 
 

 
 
 
 −

2𝜋𝑄(𝑛 − 2)(𝑛 − 3)𝑟+
𝑛−5

(𝑛 − 5)
 2𝐹1 ([

1

2
,
5 − 𝑛

4
] , [
9 − 𝑛

4
] , −8𝜉+) ,

−
2𝜋𝑄(𝑛 − 2)(𝑛 − 3)𝑟+

𝑛−5

(𝑛 − 5)
 2𝐹1 ([

5 − 𝑛

4
] , [
9 − 𝑛

4
] , −4𝜉+) ,

−
2𝜋𝑄(𝑛 − 2)(𝑛 − 3)𝑟+

𝑛−5

(𝑛 − 1)(1 + 2𝜉+)
−
8𝜋𝑄(𝑛 − 2)(𝑛 − 3)𝑟+

𝑛−5

(𝑛 − 1)(𝑛 − 5)
 2𝐹1 ([1,

5 − 𝑛

4
] , [
9 − 𝑛

4
] , −2𝜉+) +

16𝜋𝑄𝜉+(𝑛 − 2)(𝑛 − 3)𝑟+
𝑛−5

(𝑛 − 1)(𝑛 − 9)
 2𝐹1 ([2,

9 − 𝑛

4
] , [
13 − 𝑛

4
] , −2𝜉+) .

 

𝜉+ =
(𝑛 − 2)(𝑛 − 3)𝜋2𝑄2

𝛽2𝑟+
4  

𝐶𝑄 = 𝑇+ (
𝜕𝑆

𝜕𝑇+
)
𝑄

= 𝑇+ (
𝜕2𝑀

𝜕𝑆2
)
𝑄

−1

 

𝐻 =

[
 
 
 
 
 (
𝜕2𝑀

𝜕𝑆2
)
𝑄

(
𝜕2𝑀

𝜕𝑆𝜕𝑄
)

(
𝜕2𝑀

𝜕𝑄𝜕𝑆
)

2

(
𝜕2𝑀

𝜕𝑄2
)
𝑆]
 
 
 
 
 

 

(
𝜕2𝑀

𝜕𝑆2
)
𝑄

> 0 

(
𝜕2𝑀

𝜕𝑄2
)
𝑆

> 0 

𝑑𝑀 = 𝑇𝑑𝑆 + Φ𝑑𝑄 + 𝑉𝑑𝑃 + 𝐵𝑑𝛽  

𝑃 = −
Λ

8𝜋
.  

𝑣 =
4𝑟+
𝑛 − 2
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𝑉 =
𝜔𝑛−2
𝑛 − 1

𝑟+
𝑛−1,  

 

𝐵 =
𝜕𝑀

𝜕𝛽

 =

{
  
 

  
 
𝑒2(𝑛 − 2)(𝑛 − 3)𝑟𝑛−5

8𝜋𝛽(𝑛 − 5)
 2𝐹1 ([

1

2
,
5 − 𝑛

4
] , [
9 − 𝑛

4
] , −

𝜂+
2
) −

𝛽𝑟𝑛−1

2𝜋(𝑛 − 1)
( 2𝐹1 ([−

1

2
,
1 − 𝑛

4
] , [
5 − 𝑛

4
] , −

𝜂+
2
) − 1) ,

𝑒2(𝑛 − 2)(𝑛 − 3)𝑟𝑛−5

8𝜋𝛽(𝑛 − 5)
 2𝐹1 ([

5 − 𝑛

4
] , [
9 − 𝑛

4
] , −

𝜂+
4
) +

𝛽𝑟𝑛−1

2𝜋(𝑛 − 1)
( 2𝐹1 ([

1 − 𝑛

4
] , [
5 − 𝑛

4
] , −

𝜂+
4
) − 1) ,

(𝑛 − 2)(𝑛 − 3)𝑒2𝑟𝑛−5

8𝜋𝛽(𝑛 − 1)
(1 +

𝜂+
8
)
−1

−
𝛽𝑟𝑛−1

𝜋(𝑛 − 1)
ln (1 +

𝜂+
8
) −

𝜂+(𝑛 − 2)(𝑛 − 3)𝑒
2𝑟𝑛−5

16𝜋(𝑛 − 1)(𝑛 − 9)𝛽
 2𝐹1 ([2,

9 − 𝑛

4
] , [
13 − 𝑛

4
] , −

𝜂+
8
) .

 

𝑀 =
1

𝑛 − 3
[Φ𝑄 − 𝛽𝐵 − 2𝑃𝑉 + (𝑛 − 2)𝑇𝑆],  for 𝑛 ≠ 4𝑧 + 1.  

𝜕𝑃

𝜕𝑣
= 0,

𝜕2𝑃

𝜕𝑣2
= 0  

𝑃 =
𝑇

𝑣
− 𝑘

𝑛 − 3

𝜋(𝑛 − 2)𝑣2
−
𝛽2

4𝜋
(1 − √1 +

128(𝑛 − 3)𝑒2

(𝑛 − 2)3𝛽2𝑣4
) .  

𝑥3 + 𝑝𝑥 + 𝑞 = 0  

𝑥 = [𝑣𝑐
4 +

128(𝑛 − 3)𝑒2

(𝑛 − 2)3𝛽2
]

−
1
2

, 𝑝 = −
3(𝑛 − 2)3𝛽2

256(𝑛 − 3)𝑒2
, 𝑞 =

(𝑛 − 2)5𝛽2

8192(𝑛 − 3)𝑒4
 

|𝑥| ≤
(𝑛 − 2)√2(𝑛 − 2)(𝑛 − 3)𝛽

16(𝑛 − 3)𝑒
 

𝛽 ≥ 𝛽0 =
√(𝑛 − 2)(𝑛 − 3)

4𝑒
 

𝑥𝑘′ = 2√
−𝑝

3
cos (

1

3
arccos (

3𝑞

2𝑝
√
3

𝜋
) −

2𝜋𝑘′

3
) , 𝑘′ = 0,1,2  

𝛽0 =
√(𝑛 − 2)(𝑛 − 3)

4𝑒
≤ 𝛽 ≤ 𝛽2  

𝛽2 =
√2(𝑛 − 2)(𝑛 − 3)

4𝑒
 

𝛽 ≥ 𝛽1 =
√(𝑛 − 2)(𝑛 − 3)(6 + 4√3)

12𝑒
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𝑣𝑐 = [
1

𝑥2
−
128(𝑛 − 3)𝑒2

(𝑛 − 2)3𝛽2
]

1
4

, 𝑥 = {
𝑥1, 𝛽 ≥ 𝛽0 

𝑥0, 𝛽 ∈ (𝛽0, 𝛽2)
 

𝑣𝑐 =
4√6𝑒

𝑛 − 2
−
7√6(𝑛 − 3)

216𝑒𝛽2
+ 𝒪 (

1

𝛽3
) ,

𝑇𝑐 =
√6(𝑛 − 3)

18𝜋𝑒
+
√6(𝑛 − 2)(𝑛 − 3)2

5184𝑒3𝜋𝛽2
+ 𝒪 (

1

𝛽3
) ,

𝑃𝑐 =
(𝑛 − 2)(𝑛 − 3)

192𝜋𝑒2
+
7(𝑛 − 2)2(𝑛 − 3)2

165888𝜋𝑒4𝛽2
+ 𝒪 (

1

𝛽3
) ,

𝜌𝑐 =
𝑃𝑐𝑉𝑐
𝑇𝑐

=
3

8
−
(𝑛 − 2)(𝑛 − 3)

768𝑒2𝛽2
+ 𝒪 (

1

𝛽3
) .

 

𝜌𝑐 =
𝑃𝑐𝑣𝑐
𝑇𝑐

 

𝑃 =
𝑇

𝑣
− 𝑘

(𝑛 − 3)

𝜋(𝑛 − 2)𝑣2
+
𝛽2

4𝜋
[1 − exp (−

64(𝑛 − 3)𝑒2

(𝑛 − 2)3𝛽2𝑣4
)] ,   

𝑃 =
𝑇

𝑣
− 𝑘

(𝑛 − 3)

𝜋(𝑛 − 2)𝑣2
+
𝛽2

2𝜋
ln (1 +

32(𝑛 − 3)𝑒2

(𝑛 − 2)3𝛽2𝑣4
) ,  

𝛽0 =
√3

2𝑒
≈
0.86

𝑒
, 𝛽1 =

√6(3 + 2√3)

6𝑒
≈
1.03

𝑒
 

𝛽2 =
√6

2𝑒
≈
1.22

𝑒
 

𝑇𝑐,𝑌𝑀 = √6/9𝜋𝑒, 𝑣𝑐,𝑌𝑀 = 4√6𝑒/3, 𝑃𝑐 = 1/32𝜋𝑒
2 

 

𝑆(𝑇, 𝑉) =
1

4
𝜔𝑛−2

1
𝑛−1(𝑉(𝑛 − 1))

𝑛−2
𝑛−1  

𝐶𝑉 = 𝑇 (
𝜕𝑆

𝜕𝑇
)
𝑉
= 0 ⇒ 𝛼 = 0.  

𝑝 =
𝑃

𝑃𝑐
 , 𝜈 =

𝑣

𝑣𝑐
 , 𝜏 =

𝑇

𝑇𝑐
,  

𝑝 =
𝜏

𝜈𝜌𝑐
+ ℎ(𝜈),  

𝜌𝑐 =
𝑃𝑐𝑣𝑐
𝑇𝑐
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ℎ(𝜈) =−𝑘
𝑛 − 3

𝜋𝑃𝑐(𝑛 − 2)𝜈
2𝑣𝑐
2  

+
1

𝑃𝑐
×

{
 
 
 
 

 
 
 
 
−
𝛽2

4𝜋
(1 − √1 +

128(𝑛 − 3)𝑒2

(𝑛 − 2)3𝛽2𝜈4𝑣𝑐
4) ,

𝛽2

4𝜋
[1 − exp (−

64(𝑛 − 3)𝑒2

(𝑛 − 2)3𝛽2𝜈4𝑣𝑐
4)] ,

𝛽2

2𝜋
ln (1 +

32(𝑛 − 3)𝑒2

(𝑛 − 2)3𝛽2𝜈4𝑣𝑐
4) .

 

𝜈 = (1 + 𝜔)1/𝑧 

𝑝 = 1 + 𝐴𝑡 − 𝐵𝑡𝑤 − 𝐶𝑤3 + 𝒪(𝑡𝑤2, 𝑤4),  

𝐵 =
1

𝑧𝜌𝑐
, 𝐶 =

1

𝑧3
(
1

𝜌𝑐
−
ℎ(3)|

𝜈=1

6
) 

𝑑𝑃 = −𝑃𝑐(𝐵𝑡 + 3𝐶𝑤
2)𝑑𝑤  

𝑝 = 1 + 𝐴𝑡 − 𝐵𝑡𝜔𝑙 − 𝐶𝜔𝑙
3 = 1 + 𝐴𝑡 − 𝐵𝑡𝜔𝑠 − 𝐶𝜔𝑠

3

0 = ∫  
𝜔𝑠

𝜔𝑙

 𝜔𝑑𝑃
 

𝑤𝑠 = −𝜔𝑙 = √−
𝐵𝑡

𝐶
.  

𝜂 = 𝑉𝑐(𝜔𝑙 −𝜔𝑠) = 2𝑉𝑐𝜔𝑙 ∝ √−𝑡 

𝛽′ =
1

2
.  

𝜅𝑇 = −
1

𝑉

𝜕𝑉

𝜕𝑃
|
𝑇
∝ −

𝑉𝑐
𝐵𝑃𝑐

1

𝑡
 

𝐹̂ ≡
1

4
𝐹2 

ℒ(𝐹̂) ≡ −𝐿(𝐹̂)/4 

ℋ ≡ 2ℒ𝐹̂𝐹̂ − ℒ 

ℒ𝐹̂ ≡
𝜕ℒ

𝜕𝐹̂
 

𝑃 ≡ ℒ𝐹̂
2𝐹̂ 

ℋ𝑃 ≡
𝜕ℋ

𝜕𝑃
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ℋ𝑃 =

{
 
 
 

 
 
 
√1 +

2𝐹̂

𝛽2
,

𝑒
𝐹̂
𝛽2 ,

1 +
𝐹̂

2𝛽2
.

 

𝐹̂ =
𝑒2

2𝑟4
 

𝑥 = √−2𝑄2𝑃 

ℋ𝑥𝑥 =
𝜕2ℋ

𝜕𝑥2
 

ℋ𝑥𝑥 = −
1

𝑄2
×

{
 
 
 
 

 
 
 
 
(1 +

2𝐹̂

𝛽2
)

3
2

,

𝑒
𝐹̂
𝛽2 (1 −

2𝐹̂

𝛽2
)

−1

,

(1 +
𝐹̂

2𝛽2
)

2

(1 −
𝐹̂

2𝛽2
)

−1

.

 

𝛽2 < 𝑒2/𝑟4 and 𝛽2 < 𝑒2/4𝑟4 

𝐶23
1 = 𝐶31

2 = 𝐶12
3 = −1, 𝛾𝑎𝑏 = diag(1,1,1)  

𝐴𝜇
(𝑖)
= 𝐴𝜃

(𝑖)
𝑑𝜃 + 𝐴𝜙

(𝑖)
𝑑𝜙, 𝑖 = 1,2,3  

[
 
 
 𝐴𝜇
(1)

𝐴𝜇
(2)

𝐴𝜇
(3)
]
 
 
 

= 𝑒 [
−cos 𝜙 sin 𝜃cos 𝜃sin 𝜙
−sin 𝜙 −sin 𝜃cos 𝜃cos 𝜙

0 sin2 𝜃

] [
𝑑𝜃

𝑑𝜙
]  

𝐶23
1 = 𝐶31

2 = −𝐶12
3 = 1, 𝛾𝑎𝑏 = diag(−1,−1,1),  

[
 
 
 𝐴𝜇
(1)

𝐴𝜇
(2)

𝐴𝜇
(3)
]
 
 
 

= 𝑒 [
−cos 𝜙 sinh 𝜃cosh 𝜃sin 𝜙
−sin 𝜙 −sinh 𝜃cosh 𝜃cos 𝜙

0 sinh2 𝜃

] [
𝑑𝜃

𝑑𝜙
]  

𝐶24
1 = 𝐶35

1 = 𝐶41
2 = 𝐶36

2 = 𝐶51
3 = 𝐶62

3 = 1,  

𝐶56
4 = −𝐶21

4 = 𝐶64
5 = −𝐶31

5 = 𝐶45
6 = −𝐶32

6 = 1, 

𝛾𝑎𝑏 = diag(1,1,1,1,1,1),

 

𝐴𝜇
(𝑖)
= 𝐴𝜃

(𝑖)
𝑑𝜃 + 𝐴𝜙

(𝑖)
𝑑𝜙 + 𝐴𝜓

(𝑖)
𝑑𝜓, 𝑖 = 1,2,3,4,5,6  
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[
 
 
 
 
 
 
 
 𝐴𝜇
(1)

𝐴𝜇
(2)

𝐴𝜇
(3)

𝐴𝜇
(4)

𝐴𝜇
(5)

𝐴𝜇
(6)
]
 
 
 
 
 
 
 
 

= 𝑒

[
 
 
 
 
 
 
−sin 𝜙cos 𝜓 −sin 𝜃cos 𝜃cos 𝜙cos 𝜓 sin 𝜃cos 𝜃sin 𝜙sin 𝜓
−sin 𝜙sin 𝜓 −sin 𝜃cos 𝜃cos 𝜙sin 𝜓 −sin 𝜃cos 𝜃sin 𝜙cos 𝜓
−cos 𝜙 sin 𝜃cos 𝜃sin 𝜙 0

0 0 −sin2 𝜃sin2 𝜙

0 sin2 𝜃cos 𝜓 −sin2 𝜃sin 𝜙cos 𝜙sin 𝜓

0 sin2 𝜃sin 𝜓 sin2 𝜃sin 𝜙cos 𝜙cos 𝜓 ]
 
 
 
 
 
 

[
𝑑𝜃
𝑑𝜙
𝑑𝜓
]  

𝐶24
1 = 𝐶35

1 = 𝐶41
2 = 𝐶36

2 = 𝐶51
3 = 𝐶62

3 = 1 

𝐶56
4 = 𝐶21

4 = 𝐶64
5 = 𝐶31

5 = 𝐶45
6 = 𝐶32

6 = 1 

𝛾𝑎𝑏 = diag(−1,−1,−1,1,1,1),

 

[
 
 
 
 
 
 
 
 𝐴𝜇
(1)

𝐴𝜇
(2)

𝐴𝜇
(3)

𝐴𝜇
(4)

𝐴𝜇
(5)

𝐴𝜇
(6)
]
 
 
 
 
 
 
 
 

= 𝑒

[
 
 
 
 
 
 
−sin 𝜙cos 𝜓 −sinh 𝜃cosh 𝜃cos 𝜙cos 𝜓 sinh 𝜃cosh 𝜃sin 𝜙sin 𝜓
−sin 𝜙sin 𝜓 −sinh 𝜃cosh 𝜃cos 𝜙sin 𝜓 −sinh 𝜃cosh 𝜃sin 𝜙cos 𝜓
−cos 𝜙 sinh 𝜃cosh 𝜃sin 𝜙 0

0 0 sinh2 𝜃sin2 𝜙

0 −sinh2 𝜃cos 𝜓 sinh2 𝜃sin 𝜙cos 𝜙sin 𝜓

0 −sinh2 𝜃sin 𝜓 −sinh2 𝜃sin 𝜙cos 𝜙cos 𝜓]
 
 
 
 
 
 

[
𝑑𝜃
𝑑𝜙
𝑑𝜓
]  

𝑓(𝑟) =𝑘 −
𝑚

𝑟2
−
Λ𝑟2

6

+

{
  
 

  
 
𝛽2𝑟2

3
[1 − √1 +

𝜂

2
] −

𝑒2

𝑟2
(ln [

𝑟2

2
(1 + √1 +

𝜂

2
)] −

1

2
) ,

−
𝛽2𝑟2

3
[1 − exp (−

𝜂

4
)] −

𝑒2

2𝑟2
[𝐸𝑖 (1,

𝜂

4
) − 1 + ln (

3𝑒2

2𝛽2
) + 𝛾] ,

𝑒2

2𝑟2
[1 − 4ln (𝑟)] −

2𝛽2𝑟2

3
(1 +

𝜂

8
) ln (1 +

𝜂

8
) ,

 

𝐸𝑖(𝑎, 𝑧) = 𝑧
𝑎−1Γ(1 − 𝑎, 𝑧) 

𝑓(𝑟) = 𝑘 −
𝑚

𝑟6
−
Λ𝑟2

28

+

{
 
 
 
 

 
 
 
 𝛽2𝑟2

14
[1 − √1 +

21𝜂

6
] −

3𝑒2

4𝑟2
√1 +

21𝜂

6
+
21𝜂𝑒2

8𝑟2
(ln [

𝑟2

2
(1 + √1 +

21𝜂

6
)] +

1

4
) ,

−
𝛽2𝑟2

14
[1 − (1 −

7𝜂

8
) exp (−

7𝜂

8
)] +

21𝜂𝑒2

16𝑟2
[𝐸𝑖 (1,

7𝜂

4
) −

3

2
+ ln (

21𝑒2

2𝛽2
) + 𝛾] ,

−
21𝜂𝑒2

64𝑟2
(1 − 8ln (𝑟)) −

3𝑒2

4𝑟2
−
𝛽2𝑟2

7
[1 − (

49𝜂2

64
)] ln (1 +

7𝜂

8
) .

 

log 𝑍 ≈ −
4𝑁2

𝜋2
𝛽3  

𝑆(𝑞) = log 𝑍(𝛽) + 𝑞𝛽 → 𝜋 [
𝑞3

27𝑁2
]

1
2
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log 𝑍 ≈ −
4𝑁2𝛽3

𝜋2 + 𝛾2
 

𝑆(𝑞, 𝑗) = 𝜋√
𝑞3

27𝑁2
− 𝑗2 

𝜌(𝜃) =
1

𝜋2
(𝜋 − |𝜃|)  for − 𝜋 < 𝜃 < 𝜋, 𝜌(𝜃) = 𝜌(𝜃 + 2𝜋).  

𝑍(Δ𝐼 , 𝜔𝑖) = Tr [(−1)
𝐹𝑒−∑  3

𝐼=1  𝑅𝐼Δ𝐼−∑  2
𝑖=1  𝐽𝑖𝜔𝑖]  

Δ1 + Δ2 + Δ3 −𝜔1 −𝜔2 = 0 

[𝑅𝐼 , 𝑄] = +
1

2
𝑄, [𝐽𝑖, 𝑄] = −

1

2
𝑄 

𝑟{𝑄, 𝑄†} ∼ 𝑟𝐸 − (𝑅1 + 𝑅2 + 𝑅3 + 𝐽1 + 𝐽2) ≥ 0  

𝑒−Δ1 = 𝑒−Δ2 = 𝑒−Δ3 ≡ 𝑥2 

𝑒−𝜔1 = 𝑒−𝜔2 ≡ 𝑥3 

𝑍(𝑥) = Tr [(−1)𝐹𝑥
6(
𝑅1+𝑅2+𝑅3

3
+
𝐽1+𝐽2
2

)
] ≡ Tr[(−1)𝐹𝑥6(𝑅+𝐽+)]  

𝑅 ≡
𝑅1 + 𝑅2 + 𝑅3

3
, 𝐽+ ≡

𝐽1 + 𝐽2
2

. 𝑞 ≡ 6(𝑅 + 𝐽+) 

𝑒−Δ𝐼 ≡ 𝑥2 and 𝑒−𝜔1 = 𝑥3𝑦, 𝑒−𝜔2 = 𝑥3𝑦−1 

𝑍(𝑥, 𝑦) = Tr[(−1)𝐹𝑥6(𝑅+𝐽+)𝑦2𝐽−]  

𝐽− ≡
𝐽1 − 𝐽2
2

 

𝑍(Δ𝐼 , 𝜔𝑖)=
1

𝑁!
∏  

𝑁

𝑎=1

 ∫  
2𝜋

0

 
𝑑𝛼𝑎
2𝜋

⋅∏  

𝑎<𝑏

  (2sin 
𝛼𝑎𝑏
2
)
2

⋅ exp [ ∑  

𝑁

𝑎,𝑏=1

 ∑  

∞

𝑛=1

 
𝑎𝑛(Δ𝐼 , 𝜔𝑖)

𝑛
𝑒𝑖𝑛𝛼𝑎𝑏] 

𝑎𝑛 ≡ 1 −
∏  3
𝐼=1  (1 − 𝑒

−𝑛Δ𝐼)

(1 − 𝑒−𝑛𝜔1)(1 − 𝑒−𝑛𝜔2)

 

𝑍(Δ𝐼 , 𝜔𝑖) =
1

𝑁!
∏ 

𝑁

𝑎=1

 ∫  
2𝜋

0

 
𝑑𝛼𝑎
2𝜋

exp [𝑁∑  

∞

𝑛=1

 
𝑎𝑛
𝑛
] exp [−∑  

𝑎<𝑏

 𝑉(𝛼𝑎 − 𝛼𝑏)]  

𝑉(𝜃) ≡ −log [4sin2 
𝜃

2
] −∑  

∞

𝑛=1

 
𝑎𝑛
𝑛
(𝑒𝑖𝑛𝜃 + 𝑒−𝑖𝑛𝜃)  

𝑍(𝑥) = ∑  

∞

𝑞=0

 Ω𝑞𝑥
𝑞  
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Ω𝑞 = ∮
𝑑𝑥

2𝜋𝑖𝑥
𝑥−𝑞𝑍(𝑥)  

Ω𝑞 ∼ 𝑒
𝑆(𝑞)+⋯ + 𝑒𝑆(𝑞)+⋯ ∼ 𝑒Re[𝑆(𝑞)]+⋯cos [Im[𝑆(𝑞)] + ⋯]  

𝑍(𝑥) ←∑  

𝑞

  𝑒Re(𝑆(𝑞))𝑒±𝑖Im(𝑆(𝑞))−𝜇𝑞  

±
𝑑

𝑑𝑞
Im(𝑆(𝑞)) = Im(𝜇)  

𝑑𝑆(𝑞)

𝑑𝑞
= 𝜇 or 

𝑑𝑆(𝑞)

𝑑𝑞
= 𝜇 

∑  

𝑏(≠𝑎)

 𝑉′(𝛼𝑎 − 𝛼𝑏) = 0  

𝜌(𝛼𝑎) ≡
1

𝑁

Δ𝑎

Δ𝛼𝑎
 

Δ𝛼𝑎 ≡ 𝛼𝑎+Δ𝑎 − 𝛼𝑎 

∫  
𝜃0

−𝜃0

 𝑑𝜃𝜌(𝜃)𝑉′(𝛼 − 𝜃) = 0  

−∑ 

𝑎

 𝑉′(𝛼 − 𝛼𝑎) = ∫  
𝜃0

−𝜃0

 cot (
𝛼 − 𝜃

2
)𝜌(𝜃)𝑑𝜃 − 2∑  

∞

𝑛=1

 𝑎𝑛𝜌𝑛sin (𝑛𝛼) = 0  

𝜌𝑛 ≡ ∫  
𝜃0

−𝜃0

 𝑑𝜃𝜌(𝜃)cos (𝑛𝜃) , 𝑛 = 1,2,⋯  

∫  
𝜃0

−𝜃0

 𝑑𝜃𝜌(𝜃)sin (𝑛𝜃) = 0  

𝜌(𝜃) →
 real  1

2𝜋
+
1

𝜋
∑  

∞

𝑛=1

 𝜌𝑛cos (𝑛𝜃)  

𝑠 ≡
𝑎

𝑁
−
1

2
 

−
1

2
< 𝑠 <

1

2
, 𝛼𝑎 

𝑠 ∈ (−
1

2
,
1

2
) 

𝜌(𝛼𝑎) =
1

𝑁

𝑑𝑎

𝑑𝛼𝑎
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𝑠(𝛼) = ∫  𝜌(𝛼)𝑑𝛼 +  ℵ  

∫  
𝜃0

−𝜃0

𝑑𝜃𝜌(𝜃) = 1 

𝜌(𝜃) =
1

𝜋
√sin2 

𝜃0
2
− sin2 

𝜃

2
∑  

∞

𝑛=1

 𝑄𝑛cos [(𝑛 −
1

2
)𝜃]  

𝑄𝑛 ≡ 2∑  

∞

𝑙=0

 𝑎𝑛+𝑙𝜌𝑛+𝑙𝑃𝑙(cos 𝜃0)  

∑ 

∞

𝑙=0

 𝑃𝑙(𝑥)𝑧
𝑙 = (1 − 2𝑥𝑧 + 𝑧2)−

1
2  

𝑄1 = 𝑄0 + 2  

𝑅𝜌 = 𝜌  , 𝐴 ⋅ 𝜌 = 1  

𝑅𝑚𝑙= 𝑎𝑙∑  

𝑙

𝑘=1

  [𝐵𝑚+𝑘−
1
2(𝑠2) + 𝐵

|𝑚−𝑘+
1
2
|(𝑠2)] 𝑃𝑙−𝑘(1 − 2𝑠

2) 

𝐴𝑚 = 𝑎𝑚[𝑃𝑚−1(1 − 2𝑠
2) − 𝑃𝑚(1 − 2𝑠

2)]

 

𝑠2 ≡ sin2 
𝜃0
2

 

𝐵𝑛−
1
2(𝑠2)=

1

𝜋
∫  
𝜃0

−𝜃0

 𝑑𝜃√𝑠2 − sin2 
𝜃

2
cos [(𝑛 −

1

2
)𝜃] 

∑  

∞

𝑛=0

 𝐵𝑛+
1
2(𝑥)𝑧𝑛 =

√(1 − 𝑧)2 + 4𝑧𝑥 + 𝑧 − 1

2𝑧

 

det(𝑅 − 𝟏) = 0  

𝜌 = 𝑀−1𝑒 1  

𝑀 = (
𝑀𝑝×𝑝 𝟎𝑝×∞
𝐿∞×𝑝 𝟏∞×∞

)  

𝜌 = (
𝑀𝑝×𝑝
−1 𝟎𝑝×∞

−𝐿∞×𝑝𝑀𝑝×𝑝
−1 𝟏∞×∞

)𝑒 1  

log 𝑍 =
𝑁2

2
∫  
𝜃0

−𝜃0

 𝑑𝜃1𝑑𝜃2log (4sin
2 
𝜃1 − 𝜃2
2

)𝜌(𝜃1)𝜌(𝜃2) + 𝑁
2∑  

𝑝

𝑛=1

 
𝑎𝑛
𝑛
|𝜌𝑛|

2  
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𝜇 = ∫  
𝜃0

−𝜃0

 𝑑𝜃𝜌(𝜃)log [4sin2 
𝛼 − 𝜃

2
] +∑  

𝑝

𝑛=1

 
2𝑎𝑛
𝑛
𝜌𝑛cos (𝑛𝛼)  

𝑁2

2
∫  
𝜃0

−𝜃0

𝑑𝛼𝜌(𝛼) 

log 𝑍 =
𝑁2𝜇

2
 

 

𝑠(𝜃) ≈ 𝑠(𝜃∗) + 𝑠
′(𝜃∗)(𝜃 − 𝜃∗) +

1

2
𝑠′′(𝜃∗)(𝜃 − 𝜃∗)

2 +⋯ ,  

Im[𝑠(𝜃∗(𝑥))] = 0.  

 

𝑠(𝜃) =
1

𝜋
arcsin [

sin 
𝜃
2

𝑡
1
2

] +
1

𝜋𝑡
sin 

𝜃

2
√𝑡 − sin2 

𝜃

2
.  

𝑠(𝜃) =
1

𝜋
arcsin [

sin 
𝜃
2

𝑡
1
2

] +
1

𝜋
sin 

𝜃

2
√𝑡 − sin2 

𝜃

2
[
1

𝑡
− 𝑎2(2 − 8𝑡 + 14𝑡

2 − 7𝑡3) + 2𝑎2(1 − 𝑡)
2cos 𝜃] 

𝑠(0) = 0, 𝑠(±𝜃0) = ±
1

2
 

𝜃∗ = 𝜋, 𝜃1, −𝜃1 ,  where  cos 𝜃1 ≡ 1 −
𝑄1
𝑄2
= −

1

2𝑎2𝑡(1 − 𝑡)
2
+
4 − 10𝑡 + 12𝑡2 − 5𝑡3

2(1 − 𝑡)2
.  
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𝑠(𝜃1) =
1

𝜋
arcsin [

√𝑎2
−1 − 2𝑡 + 6𝑡2 − 10𝑡3 + 5𝑡4

2𝑡(1 − 𝑡)
]

 +
1 + 𝑡

2𝜋𝑡
√−1 + 2𝑎2(2𝑡 − 4𝑡

2 + 6𝑡3 − 3𝑡4) − 𝑎2
2(4𝑡2 − 16𝑡3 + 36𝑡4 − 44𝑡5 + 36𝑡6 − 20𝑡7 + 5𝑡8)

 

𝑆eff =
𝑁2

2
∫  𝑑𝜃1𝑑𝜃2𝑉(𝜃1 − 𝜃2)𝜌(𝜃1)𝜌(𝜃2)  

𝜌(𝜃) = 𝜌(𝜃 + 2𝜋) 

∫  
2𝜋

0

𝑑𝜃𝜌(𝜃) = 1 

𝜌𝑛, 𝜌(𝜃) =
1

2𝜋
+
1

2𝜋
∑  

𝑛≠0

𝜌𝑛𝑒
𝑖𝑛𝜃 

𝜌−𝑛 = 𝜌𝑛 

𝑆eff = 𝑁
2∑  

∞

𝑛=1

 
1 − 𝑎𝑛
𝑛

|𝜌𝑛|
2  

1

𝑁
Trfund [𝑃exp (𝑖 ∮𝑑𝜏𝐴𝜏)]  

1

𝑁
∑  

𝑁

𝑎=1

  𝑒𝑖𝛼𝑎 = 𝜌1  

𝑍 ∼ ∫  ∏  

∞

𝑛=2

 𝑑𝜌𝑛𝑑𝜌−𝑛exp [𝑁
2∑  

∞

𝑛=2

 
𝑎𝑛(𝑥) − 1

𝑛
|𝜌𝑛|

2]∫  
𝑓+(𝜌𝑛)

𝑓−(𝜌𝑛)

 𝑑𝜌1exp [𝑁
2(𝑎1(𝑥) − 1)𝜌1

2]  

𝑓−(𝜌𝑛) ≤ 𝜌1 ≤ 𝑓+(𝜌𝑛) 

𝑓+(𝜌𝑛 = 0) =
1

2
, 𝑓−(𝜌𝑛 = 0) = −

1

2
 

∫  
𝑓+(𝜌𝑛)

𝑓−(𝜌𝑛)

 𝑑𝜌1exp [𝑁
2(𝑎1(𝑥) − 1)𝜌1

2]  

∼ exp [𝑁2(𝑎1(𝑥) − 1)(max|𝑓±|)
2
]  

𝑡 ≡ sin2 
𝜃0
2

 

𝑅 = 𝑎1(2𝑡 − 𝑡
2), 𝐴 = 2𝑎1𝑡  

𝑡 ≡ 𝑠2 = sin2 
𝜃0
2
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𝑡2 − 2𝑡 +
1

𝑎1
= 0 → 𝑡 (= sin2 

𝜃0
2
) = 𝑡± ≡ 1 ∓ √1 −

1

𝑎1
.  

 

𝜌(𝜃) =
cos 

𝜃
2

𝜋𝑡
√𝑡 − sin2 

𝜃

2
.  

𝑠(𝜃) = ∫  𝑑𝜃𝜌(𝜃) 

log 𝑍± =
𝑁2𝜇±
2

=
𝑁2

2
[−1 + log 𝑡± +

1

𝑡±
]  

𝑎1 = 1 −
(1 − 𝑥2)3

(1 − 𝑥3)2
 

log 𝑍BH =
𝑁2

2

Δ3

𝜔2
 , 𝑥 = 𝑒−

𝜔
3
+
2𝜋𝑖
3 = −𝑒−

Δ
2 .  

𝑥 = |𝑥|𝑒𝑖𝜙 

log 𝑍+(𝑥) − 𝑞log 𝑥  

𝜌1 (
2𝜋

3
< 𝜙 < 𝜋) 

|𝑥| = 1, 𝜙 = 𝜋 at 𝑞 = 0 

|𝑥| = 1, 𝜙 =
2𝜋

3
 at 𝑞 = ∞ 

(𝑡 − 1)2 ≈ −2𝛽3 , log 𝑍 ≈ −
𝑁2

2
𝛽3  

𝑅 = (
𝑎1(2𝑡 − 𝑡

2) 4𝑎2𝑡(1 − 𝑡)
2

2𝑎1𝑡(1 − 𝑡)
2 𝑎2𝑡(4 − 14𝑡 + 20𝑡

2 − 9𝑡3)
) , 𝐴 = (2𝑎1𝑡, 2𝑎2(2𝑡 − 3𝑡

2))  
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1 − 2(𝑎1 + 2𝑎2)𝑡 + (𝑎1 + 14𝑎2)𝑡
2 − 20𝑎2𝑡

3 + 3𝑎2(3 + 2𝑎1)𝑡
4 − 6𝑎1𝑎2𝑡

5 + 𝑎1𝑎2𝑡
6 = 0  

𝜌1 =
1 − 4𝑎2𝑡 + 14𝑎2𝑡

2 − 20𝑎2𝑡
3 + 9𝑎2𝑡

4

2𝑎1𝑡(1 − 4𝑎2𝑡
3 + 3𝑎2𝑡

4)
, 𝜌2 =

(1 − 𝑡)2

1 − 4𝑎2𝑡
3 + 3𝑎2𝑡

4
 

𝑄1 = 2𝑎1𝜌1 + 2𝑎2𝜌2(1 − 2𝑡
2), 𝑄2 = 2𝑎2𝜌2  

log 𝑍 =
𝑁2

2
[(𝑡𝑄1 + (𝑡 − 𝑡

2)𝑄2)log 𝑡 − (𝑡𝑄1 + (𝑡 +
𝑡2

2
)𝑄2) + 2𝑎1𝜌1 + 𝑎2𝜌2]  

−(𝑎1 + 2𝑎2) + (𝑎1 + 14𝑎2)𝑡 − 30𝑎2𝑡
2 + 6(3 + 2𝑎1)𝑡

3 − 15𝑎1𝑎2𝑡
4 + 3𝑎1𝑎2𝑡

5 = 0.  

𝑡 ≈ .2727 + .1198𝑖 ∶  𝑥 ≈ .8503exp [.3793𝜋𝑖] ≡ 𝑥1
𝑡 ≈ .0016 + .2655𝑖 ∶  𝑥 ≈ .8003exp [.7256𝜋𝑖] ≡ 𝑥2.

 

0.6 < |𝑥| < 1 and 
2𝜋

3
< 𝜙 < 𝜋 ) 

Re(log 𝑍𝑎) = |𝑥𝑎|(𝜙) 

min(|𝑥1|(𝜙), |𝑥2|(𝜙)) 

𝑆𝑎(𝑞; 𝑥) = log 𝑍𝑎(𝑥) − 𝑞log 𝑥 at 𝑞 ≡ 3(2𝑅 + 𝐽1 + 𝐽2) > 0 

|𝑥| = 1,𝜙 = 𝜋 

(𝑡 − 1)2 ≈ −2𝛽3 , log 𝑍1 ≈ −
𝑁2

2
𝛽3.  

|𝑥| = 1, 𝜙 =
2𝜋

3
 

|𝑥| = 1,𝜙 =
𝜋

2
 

𝑅= (

𝑎1(2𝑡 − 𝑡
2) 4𝑎2𝑡(1 − 𝑡)

2 3𝑎3𝑡(1 − 𝑡)
2(2 − 5𝑡)

2𝑎1𝑡(1 − 𝑡)
2 𝑎2𝑡(4 − 14𝑡 + 20𝑡

2 − 9𝑡3) 6𝑎3𝑡(1 − 𝑡)
2(1 − 4𝑡 + 6𝑡2)

𝑎1𝑡(1 − 𝑡)
2(2 − 5𝑡) 4𝑎2𝑡(1 − 𝑡)

2(1 − 4𝑡 + 6𝑡2) 𝑎3𝑡(6 − 51𝑡 + 200𝑡
2 − 366𝑡3 + 312𝑡4 − 100𝑡5)

) 

𝐴  = (2𝑎1𝑡, 2𝑎2(2𝑡 − 3𝑡
2), 2𝑎3𝑡(3 − 12𝑡 + 10𝑡

2))

 

0 = 1 − 2(𝑎1 + 2𝑎2 + 3𝑎3)𝑡 + (𝑎1 + 14𝑎2 + 51𝑎3)𝑡
2 − 20(𝑎2 + 10𝑎3)𝑡

3

 +(9𝑎2 + 6𝑎1𝑎2 + 366𝑎3 + 64𝑎1𝑎3 + 50𝑎2𝑎3)𝑡
4 − (6𝑎1𝑎2 + 312𝑎3 + 224𝑎1𝑎3 + 250𝑎2𝑎3)𝑡

5

 +(𝑎1𝑎2 + 100𝑎3 + 288𝑎1𝑎3 + 535𝑎2𝑎3)𝑡
6 − 𝑎3(152𝑎1 + 640𝑎2)𝑡

7 + 𝑎3(25𝑎1 + 470𝑎2)𝑡
8

 −20𝑎2𝑎3(10 + 𝑎1)𝑡
9 + 𝑎2𝑎3(36 + 30𝑎1)𝑡

10 − 12𝑎1𝑎2𝑎3𝑡
11 + 𝑎1𝑎2𝑎3𝑡

12.

 

log 𝑍 =
𝑁2

2
[{𝑡𝑄1 + (𝑡 − 𝑡

2)(𝑄2 + (1 − 2𝑡)𝑄3)}log 𝑡 − 𝑡 (𝑄1 + (1 +
𝑡

2
)𝑄2 + (1 +

3

2
𝑡 −

5

3
𝑡2)𝑄3)

+2𝑎1𝜌1 + 𝑎2𝜌2 +
2

3
𝑎3𝜌3]

 

(𝑡 − 1)2 ≈ −𝛽3, log 𝑍 ≈ −
9𝑁2

20
𝛽3  
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(𝑡 − 1)4 ∝ 𝛽3 

|𝑥| → 1−𝑝2 + 𝑝 

det(𝑅 − 1) = 𝑒
2𝜋𝑖
3 𝑒−𝛽 

𝑡 = sin2 
𝜃0
2

 

det(𝑅 − 𝟏) ∼ 𝑡(2𝑙+𝑚)
2
(1 − 𝑡)𝑙

2+𝑙 ×  [(2𝑙 + 1)(2𝑙 + 𝑚)] .  

(2𝑙 + 𝑚)2𝑡(2𝑙+𝑚)
2
= 0 

𝑡 ∼ 𝛽2

𝑡3 ∼ 𝛽2

 ∴
2(2𝑙 +𝑚) − 𝑡2(2𝑙+𝑚)−3 ∼ 𝛽2

2(2𝑙 + 𝑚) − 𝑡2(2𝑙+𝑚)−1 ∼ 𝛽2.

 

𝑎𝑛(𝑥) = 1 −
(1 − 𝑥2𝑛)3

(1 − 𝑥3𝑛)2
= 1 −

(1 − 𝑒
4𝜋𝑖𝑛
3 𝑒−2𝑛𝛽)

3

(1 − 𝑒−3𝑛𝛽)2
∼ {

(1 − 𝑒
4𝜋𝑖𝑛
3 )

3

9𝑛2𝛽2
 if 𝑛 ∉ 3ℤ

1  if 𝑛 ∈ 3ℤ

.  

𝑉′(𝜃) = −cot 
𝜃

2
+ 2∑  

𝑝

𝑛=1

 𝑎𝑛(𝑥)sin (𝑛𝜃)  

0 = ∑  

𝑏(≠𝑎)

 𝑉′(𝛼𝑎𝑏) = ∑  

𝑏(≠𝑎)

  [−cos 
𝛼𝑎𝑏
2
+ 2∑  

𝑝

𝑛=1

 𝑎𝑛(𝑥)sin (𝑛𝛼𝑎𝑏)] ∼ ∑  

𝑏(≠𝑎)

  [−
2

𝛼𝑎𝑏
+
#𝑝𝛼𝑎𝑏
𝛽2

]  

|𝑥| = 1, 𝜙 =
2𝜋

3
𝜙 >

2𝜋

3
 

|𝑥| → 1, 𝜙 →
2𝜋

3
𝜙 <

2𝜋

3
 

det(𝑅 − 𝟏) ∼ (𝑡 − 1)𝑝
2+𝑝 
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(𝑡 − 1)2 ∼ 𝛽3, 𝜙 < 𝜋, 𝜙 > 𝜋, 𝜙 → 2𝜋 − 𝜙 

(𝑡 − 1)2𝑝 ∼ 𝛽1(𝑡 − 1)2 ∼ 𝛽3𝑝 = 3, 𝑔2(𝑡 − 1)
2 ∼ 𝛽3 

𝑃𝑙(1 − 2𝑡) = (−1)
𝑙∑  

𝑙

𝑛=0

 
(𝑙 + 𝑛)!

(𝑛!)2(𝑙 − 𝑛)!
𝑢𝑛 , 𝐵𝑙+

1
2(𝑡) = 𝛿𝑙,0 + (−1)

𝑙∑  

𝑙

𝑛=0

 
(𝑙 + 𝑛)!

(𝑛 + 1)! 𝑛! (𝑙 − 𝑛)!
𝑢𝑛+1. 

𝑟𝑚𝑙(𝑢)  ≡ ∑  

𝑙

𝑘=1

  [𝐵𝑚+𝑘−
1
2 + 𝐵

|𝑚−𝑘+
1
2
|
] 𝑃𝑙−𝑘

 = 𝛿𝑚,𝑙 − (−1)
𝑙+𝑚𝑚𝑙2 [𝑢2 +

𝑚2 + 𝑙2 − 2

3
𝑢3 +

11 − 8(𝑚2 + 𝑙2) + 𝑚4 + 𝑙4 + 3𝑚2𝑙2

24
𝑢4 +𝒪(𝑢5)]

 

0 = 𝑅𝑚𝑙𝜌𝑙 − 𝜌𝑚 = [𝑟𝑚𝑙(𝑢) − 𝑎𝑚
−1𝛿𝑚𝑙](𝑎𝑙𝜌𝑙)

 = 𝑚 [
1 − 𝑎𝑚

−1

𝑚3
𝛿𝑚,𝑙 − (−1)

𝑙+𝑚 (𝑢2 +
𝑚2 + 𝑙2 − 2

3
𝑢3 +

11 − 8(𝑚2 + 𝑙2) + 𝑚4 + 𝑙4 + 3𝑚2𝑙2

24
𝑢4 + 𝒪(𝑢5))] 𝑙2𝑎𝑙𝜌𝑙

 

𝑎𝑚
−1 − 1 ≈ 2𝑚3𝛽3 

𝑎𝑚
−1 − 1 ≈

8𝑚𝛽

9
 

(−1)𝑙𝑙2𝑎𝑙𝜌𝑙 ≡ ( 𝑣odd , 𝑣even  ) 

0 ≈ 2𝛽3(𝑣odd)𝑚 + 𝑢
2𝑛𝑚(𝑛 ⋅ 𝑣) + 𝑢

3(𝑀1 ⋅ 𝑣)𝑚 + 𝑢
4(𝑀2 ⋅ 𝑣)𝑚 + 𝒪(𝑢

5)

0 ≈
8𝛽

9𝑚2
(𝑣even)𝑚 + 𝑢

2𝑛𝑚(𝑛 ⋅ 𝑣) + 𝑢
3(𝑀1 ⋅ 𝑣)𝑚 + 𝑢

4(𝑀2 ⋅ 𝑣)𝑚 +𝒪(𝑢
5)

 

𝑛𝑚 = 1, (𝑀1)𝑚𝑙 =
𝑚2 + 𝑙2 − 2

3
, (𝑀2)𝑚𝑙 =

11 − 8(𝑚2 + 𝑙2) + 𝑚4 + 𝑙4 + 3𝑚2𝑙2

24
.  
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𝑉(𝛼) = −log [4sin2 
𝛼

2
] − 2∑  

𝑝

𝑛=1

 
𝑎𝑛(𝑥)

𝑛
cos (𝑛𝛼)  

𝑎𝑛(−𝑒
−𝛽) =

{
 
 

 
 1 −

2sinh3 (𝑛𝛽)

sinh2 
3𝑛𝛽
2

 for even 𝑛

1 −
2sinh3 (𝑛𝛽)

cosh2 
3𝑛𝛽
2

 for odd 𝑛

 

𝛽 = ±
2𝜋𝑖

3𝑛
 

𝛽 = ±
𝜋𝑖

3 ⌊
𝑝
2⌋

 

𝑓(𝑝, 𝛽) =∑  

𝑎,𝑏

 𝑓𝑎,𝑏 (
1

𝑝
)
𝑎

(𝑝𝛽)𝑏  

0 ≈ 2𝛽3(𝑣odd )𝑚 + 𝑢
2𝑛𝑚(𝑛 ⋅ 𝑣odd ), 0 ≈

8𝛽

9𝑚2
(𝑣even )𝑚 + 𝑢

2𝑛𝑚(𝑛 ⋅ 𝑣odd )  

𝑣odd = 𝑣0𝛽
0 +⋯ , 𝑣even = 𝑤0𝛽

2 +⋯  

𝑢 ≈ 𝑢0𝛽
3
2, 𝑤0 

2𝑣0 + 𝑢0
2𝑛(𝑛 ⋅ 𝑣0) = 0  

𝑢0
2 = −

2

⌈
𝑝
2⌉

 

𝑣𝑚 = (−1)
𝑚𝑚2𝑎𝑚𝜌𝑚 ≈ (−1)

𝑚𝑚2𝜌𝑚 

2∑  

⌈
𝑝
2
⌉

𝑙=1

 𝜌2𝑙−1 ≈ 1
 

𝜌2𝑛−1 =

1
2(2𝑛 − 1)2

∑  
[
𝑝
2
]

𝑙=1  
1

(2𝑙 − 1)2

 

𝜌2𝑛−1 =

1
2(2𝑛 − 1)2

∑  ∞
𝑙=1  

1
(2𝑙 − 1)2

=
4

𝜋2
1

(2𝑛 − 1)2
 

𝑡 = sin2 
𝜃0
2
→ 1 
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𝜌(𝜃) =
1

2𝜋
+
1

𝜋
∑  

∞

𝑛=1

 𝜌𝑛cos (𝑛𝜃) =
1

2𝜋
[1 +

8

𝜋2
∑  

∞

𝑛=1

 
cos (2𝑛 − 1)𝜃

(2𝑛 − 1)2
] =

1

𝜋2
(𝜋 − |𝜃|)  

𝜌(𝜃)Bethe →
𝛽→0 

{

1

𝜋
 for |𝜃| <

𝜋

2

0  for 
𝜋

2
< |𝜃| < 𝜋

 

𝑍 = 𝑍∞ at 𝑝 → ∞ 

log 𝑍 = −
𝑁2

2
∫  
𝜃0

−𝜃0

 𝑑𝜃1𝑑𝜃2𝑉(𝜃1 − 𝜃2)𝜌(𝜃1)𝜌(𝜃2)

 = 𝑁2∑  

∞

𝑛=1

 
1

𝑛
∫  
𝜃0

−𝜃0

 𝑑𝜃1𝑑𝜃2[𝑎𝑛 − 1]𝑒
𝑖𝑛(𝜃1−𝜃2)𝜌(𝜃1)𝜌(𝜃2) = 𝑁

2∑  

∞

𝑛=1

 
𝑎𝑛 − 1

𝑛
(𝜌𝑛)

2

 

𝜌odd ∼ 𝒪(𝛽
0) and 𝜌even ∼ 𝒪(𝛽

2) 

𝑎𝑛(𝛽) − 1 ≈ {
−2𝑛3𝛽3  for odd 𝑛

−
8𝑛𝛽

9
 for even 𝑛

 

log 𝑍 ≈ −2𝑁2𝛽3∑  

∞

𝑛=1

  (2𝑛 − 1)2 ⋅ (
4

𝜋2
1

(2𝑛 − 1)2
)
2

= −
4𝑁2𝛽3

𝜋2
 

log 𝑍 ∼
𝑁2

2

(2𝛽)3

(−𝜋𝑖 + 3𝛽)2
 

log 𝑍 ≈ −
4𝑁2𝛽3

𝜋2
 

𝑞 = 6(𝑅 + 𝐽+) ≪ 𝑁2 

−
4𝑁2

𝜋2
𝛽3 + 𝛽𝑞 →

 extremize  
𝑆(𝑞) = 𝜋√

𝑞3

27𝑁2
= 𝜋√

8(𝑅 + 𝐽+)
3

𝑁2
,  

𝑆 = 𝜋√
8(𝑅1 + 𝐽+)(𝑅2 + 𝐽+)(𝑅3 + 𝐽+)

𝑁2
 

𝐽+
𝑁2

∼ (
𝑅

𝑁2
)
2

≪
𝑅

𝑁2
 

𝑆 ≈ 𝜋√
8𝑅1𝑅2𝑅3
𝑁2

.  

𝑆 = 2𝜋√𝑝𝑄1𝑄2(𝑅1𝑅2𝑅3)
3
2𝑞
3
2 
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𝑢 ≈ 𝑢0𝛽
3
4 

𝑣odd ∼ 𝒪(𝛽
0) and 𝑣even ∼ 𝒪(𝛽

2) 

𝑣odd = 𝑣0 + 𝑣1𝛽
3
4 + 𝑣2𝛽

3
2 +⋯ , 𝑢 = 𝛽

3
4 (𝑢0 + 𝑢1𝛽

3
4 + 𝑢2𝛽

3
2 +⋯)  

2𝛽3𝑣0 + 𝑢0
2𝛽

3
2𝑛(𝑛 ⋅ (𝑣0 + 𝛽

3
4𝑣1 + 𝛽

3
2𝑣2)) + 2𝑢0𝑢1𝛽

9
4𝑛 (𝑛 ⋅ (𝑣0 + 𝛽

3
4𝑣1)) + (2𝑢0𝑢2 + 𝑢1

2)𝛽3𝑛(𝑛 ⋅ 𝑣0)

+ 𝑢0
3𝛽

9
4𝑀1 ⋅ (𝑣0 + 𝛽

3
4𝑣1) + 3𝑢0

2𝑢1𝛽
3𝑀1 ⋅ 𝑣0 + 𝑢0

4𝑀2 ⋅ 𝑣0 

𝑛 ⋅ 𝑣0 = 𝒪 (𝛽
9
4)  

𝑛(𝑛 ⋅ 𝑣1) + 𝑢0𝑀1 ⋅ 𝑣0 = 0  

𝑣1 = 𝑣1‖ + 𝑣1⊥ 

𝑣1‖ = 𝑐1𝑛 

0 = 𝐷𝑐1𝑛 +
𝑢0
3
𝑛 ∑  

𝑙∈ odd 

  𝑙2 ⋅ (𝑣0)𝑙 → 𝑐1 = −
𝑢0
3𝐷

∑  

𝑙∈ odd 

  𝑙2(𝑣0)𝑙  

𝐷 ≡ ⌈
𝑝

2
⌉ 

0 =2(𝑣0)𝑚 + 𝑢0
2𝑛𝑚(𝑛 ⋅ 𝑣2) + 2𝑢0𝑢1𝑛𝑚(𝑛 ⋅ 𝑣1) + 𝑢0

3(𝑀1 ⋅ 𝑣1)𝑚 + 3𝑢0
2𝑢1𝑀1 ⋅ 𝑣0 + 𝑢0

4(𝑀2 ⋅ 𝑣0)𝑚

=[2(𝑣0)𝑚 +
𝐷𝑢0

3𝑐1
3

𝑚2 +
𝑢0
4

8
𝑚2 ∑  

𝑙∈ odd 

  𝑙2(𝑣0)𝑙]

 +𝑛𝑚 [𝑢0
2(𝑛 ⋅ 𝑣2) − 𝑢0𝑢1(𝑛 ⋅ 𝑣1) +

𝑢0
3

3
∑  

𝑙∈ odd 

  (𝑙2(𝑣1⊥)𝑙 + 𝑐1(𝑙
2 − 2) +

𝑢0
8
(𝑙4 − 8𝑙2)(𝑣0)𝑙)] .

 

0 = 2(𝑣0)𝑚 +
𝑢0
4

72
∑  

𝑙∈ odd 

 𝑞𝑚𝑙
2(𝑣0)𝑙  

𝑞𝑚 ≡ 𝑚
2 −

1

𝐷
∑  

𝑙∈ odd 

  𝑙2 = 𝑚2 −
4𝐷2 − 1

3
 

ℳ𝑚𝑙(𝑣0)𝑙 ≡ ∑  

𝑙∈ odd 

 (𝑚2 −
4𝐷2 − 1

3
) 𝑙2(𝑣0)𝑙 = −

144

𝑢0
4
(𝑣0)𝑚  

(𝑣0)𝑚 ∝ 𝑞𝑚 = 𝑚
2 −

4𝐷2 − 1

3
,  

−
144

𝑢0
4 = ∑  

𝑙∈ odd 

  𝑙2 (𝑙2 −
4𝐷2 − 1

3
) =

16

45
𝐷(𝐷2 − 1)(4𝐷2 − 1).  
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(𝑣odd )𝑚 ≈ (𝑣0)𝑚 = (−1)
𝑚𝑚2𝑎𝑚𝜌𝑚 ≈ −𝑚

2𝜌𝑚 

𝜌𝑚 ≈ −
𝑣𝑚
𝑚2

∝ 1 −
4𝐷2 − 1

3𝑚2
.  

𝜌2𝑚−1 =
1 −

4 [
𝑝
2]
2
− 1

3(2𝑚 − 1)2

2∑  
[
𝑝
2
]

𝑙=1  (1 −
4 [
𝑝
2]
2
− 1

3(2𝑙 − 1)2
)

 

𝜌2𝑚−1 =
1 −

4𝐷2 − 1
3(2𝑚 − 1)2

2𝐷 −
𝜋2(4𝐷2 − 1)

12

→
𝐷→∞ 4

𝜋2(2𝑚 − 1)2
 

∑  

𝑙∈ odd 

  𝑙2𝑘(𝑣0)𝑙 = 0  for  𝑘 = 0,1,⋯ , 𝑛 − 2  

ℳ ⋅ 𝑣0 = 𝑢0
−2𝑛𝑣0 

(ℳ)𝑚𝑙 ∝ (𝑚
2(𝑛−1) + 𝑎𝑛−2𝑚

2(𝑛−2) +⋯𝑎1𝑚
2 + 𝑎0)𝑙

2(𝑛−1)  

∑  

𝑚∈ odd 

 𝑚2𝑘(𝑚2(𝑛−1) + 𝑎𝑛−2𝑚
2(𝑛−2) +⋯𝑎1𝑚

2 + 𝑎0) = 0  for  𝑘 = 0,1,⋯ , 𝑛 − 2.  

(𝑣0)𝑚 ∝ 𝑚
2(𝑛−1) + 𝑎𝑛−2𝑚

2(𝑛−2) +⋯𝑎1𝑚
2 + 𝑎0.  

𝑎0 ∝ 𝐷
2(𝑛−1), 𝑎1 ∝ 𝐷

2(𝑛−2),⋯, 𝑎𝑛−2 ∝ 𝐷
2 

𝜌2𝑚−1 →
𝐷→∞ 4

𝜋2(2𝑚 − 1)2
 

log 𝑍 ≈ −
4𝑁2𝛽3

𝜋2
 

𝑍(𝛽, Ω𝑖) = Tr[𝑒
−𝛽(𝐻−∑  𝑖  Ω𝑖𝐽𝑖)],  

𝑍(𝛽, 𝛾) = Tr [(−1)𝐹(−𝑒−3𝛽)
(2𝑅+𝐽1+𝐽2)

𝑒−𝛾(𝐽1−𝐽2)]  

𝑥 = −𝑒−𝛽, 𝑦 = 𝑒−𝛾 

log 𝑍 =
𝑁2

2

Δ3

𝜔1𝜔2
= −

𝑁2

2

8𝛽3

(𝜋 + 3𝑖𝛽)2 + 𝛾2
 

𝜔1 = −𝜋𝑖 + 3𝛽 + 𝛾,𝜔2 = −𝜋𝑖 + 3𝛽 − 𝛾 

Δ = 2𝛽 
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log 𝑍 → −
4𝑁2𝛽3

𝜋2 + 𝛾2
 

𝑞 ≡ 3(2𝑅 + 𝐽1 + 𝐽2), 𝑗 ≡ 𝐽1 − 𝐽2 

𝑆(𝛽, 𝛾; 𝑞, 𝑗) = log 𝑍 + 𝛽𝑞 + 𝛾𝑗 → 𝑞 =
12𝑁2𝛽2

𝜋2 + 𝛾2
, 𝑗 = −

8𝑁2𝛽3𝛾

(𝜋2 + 𝛾2)2
 

𝛽 =
𝜋𝑞2

6𝑁2√
𝑞3

27𝑁2
− 𝑗2

, 𝛾 = −
𝜋𝑗

√ 𝑞3

27𝑁2
− 𝑗2

,
 

𝑆(𝑞, 𝑗) = 𝜋√
𝑞3

27𝑁2
− 𝑗2  

𝑗2 →
𝑞3

27𝑁2
 

𝑞4

𝑁4
≪

𝑞3

27𝑁2
− 𝑗2 ≪

𝑞3

27𝑁2
 

(𝜕𝑧1)
𝑛
𝒪̂⨂𝑒𝑛(|𝛾|−3𝛽) 

𝑛 >
𝜇

|𝛾|
≫ 1  

𝐹(𝑞, 𝑗) ≡ (
𝑆

𝜋𝑁2
)
2

=
1

27
(
𝑞

𝑁2
)
3

− (
𝑗

𝑁2
)
2

≡
𝑞̂3

27
− 𝑗2.  

𝑞̂ =
𝑞

𝑁2
, 𝑗 =

𝑗

𝑁2
 

𝑅𝐼 + 𝑅𝐽 ≥ 0, 𝑅𝐼 + 𝐽𝑖 ≥ 0, 𝐽1 + 𝐽2 ≥ 0 

Δ𝑅 ≥ 0, Δ𝐽1 + Δ𝐽2 ≥ 0, Δ𝑅 + Δ𝐽𝑖 ≥ 0  

𝑞′ = 𝑞 − 3(2Δ𝑅 + Δ𝐽1 + Δ𝐽2), 𝑗
′ = 𝑗 − (Δ𝐽1 − Δ𝐽2).  

Δ𝐹 ≡ 𝐹(𝑞′, 𝑗′) − 𝐹(𝑞, 𝑗) ≈ 2𝑗(Δ𝐽1 − Δ𝐽2) −
𝑞̂2

3
(2Δ𝑅 + Δ𝐽1 + Δ𝐽2)  

𝑗 <
𝑞̂
3
2

3√3
 

𝑗 >
𝑞̂2

6
 

𝑞̂2

6
< 𝑗 <

𝑞̂
3
2

3√3
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Δ𝐹 < −4𝑗[Δ𝑅 + Δ𝐽2] ≤ 0  

𝑞̂2

6
= 𝑗(1 − 𝜖) 

Δ𝐹 = 2𝑗[𝜖Δ𝐽1 − (2 − 2𝜖)Δ𝑅 − (2 − 𝜖)Δ𝐽2]  

Δ𝐽1 >
2

𝜖
(Δ𝑅 + Δ𝐽2) 

𝑞̂2

6
< 𝑗 <

𝑞̂
3
2

3√3
 

𝑗 <
𝑞̂2

6
 

𝛾 ≡ 𝑖𝜉𝑒𝑖𝑛𝜉 

𝑡 = sin2 
𝜃0
2
𝑡 = 1 + 𝑢𝛽

3
2 +⋯ 

𝑅𝑚𝑙 − 𝛿𝑚𝑙 = (−1)
𝑚+𝑙+1𝑚𝑙2 [−

8(−𝑒𝑖𝜉)
𝑚

(1 − (−𝑒𝑖𝜉)𝑚)2
𝛿𝑚𝑙 + 𝑢0

2] 𝛽3 + 𝒪 (𝛽
9
2)  

 

𝑢0
2 = −

8

∑  
𝑝
𝑚=1   (2 − (−𝑒

𝑖𝜉)𝑚 − (−𝑒−𝑖𝜉)𝑚)
 

0 =∑  

𝑝

𝑙=1

  (−1)𝑙𝑙2 (𝑢0
2 − 8

(−𝑒𝑖𝜉)
𝑚

(1 − (−𝑒𝑖𝜉)𝑚)2
𝛿𝑚𝑙)𝜌𝑙  

(−1)𝑙

𝑙2

(1 − (−𝑒𝑖𝜉)
𝑙
)
2

(−𝑒𝑖𝜉)𝑙
 

𝜌𝑛 = −
(−1)𝑛

2

2 − (−𝑒𝑖𝜉)
𝑛
− (−𝑒−𝑖𝜉)

𝑛

𝑛2

∑  
𝑝
𝑚=1  

2 − (−𝑒𝑖𝜉)𝑚 − (−𝑒−𝑖𝜉)𝑚

𝑚2

+ 𝒪 (𝛽
3
2)  

𝜌𝑛 = −
(−1)𝑛

2

2 − (−𝑒𝑖𝜉)
𝑛
− (−𝑒−𝑖𝜉)

𝑛

𝑛2

𝜋2

3 − Li2
(−𝑒𝑖𝜉) − Li2(−e

−i𝜉)
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Li2(𝑥) ≡ ∑  

∞

𝑛=1

 
𝑥𝑛

𝑛2
 

Li2(−𝑒
𝑖𝜉) + Li2(−𝑒

−𝑖𝜉) = −
(2𝜋𝑖)2

2!
𝐵2 (

𝜉 + 𝜋

2𝜋
) =

𝜉2

2
−
𝜋2

6
 

𝐵2(𝑥) ≡ 𝑥
2 − 𝑥 +

1

6
 

𝜌𝑛 =
(−1)𝑛−1

𝜋2 − 𝜉2
⋅
2 − (−𝑒𝑖𝜉)

𝑛
− (−𝑒−𝑖𝜉)

𝑛

𝑛2
 

𝜌(𝜃)  =
1

2𝜋
(1 + 2∑  

∞

𝑛=1

 𝜌𝑛cos (𝑛𝜃))

 =
1

2𝜋
[1 +

1

𝜋2 − 𝜉2
∑ 

±

  (Li2(𝑒
𝑖(𝜉±𝜃)) + Li2(𝑒

−𝑖(𝜉±𝜃)) − 2Li2(−𝑒
±𝑖𝜃))]

 

∑ 

±

Li2(−𝑒
±𝑖𝜃) 

Li2(𝑒
𝑖𝑥) + Li2(𝑒

−𝑖𝑥) = 2𝜋2𝐵2 (
𝑥

2𝜋
− 𝑛)  

2𝜋𝑛 < 𝑥 < 2𝜋(𝑛 + 1), 𝑛 ∈ ℤ 

Li2(𝑒
𝑖𝑥) + Li2(𝑒

−𝑖𝑥) = {
2𝜋2 [(

𝑥

2𝜋
)
2

−
𝑥

2𝜋
+
1

6
]  for 0 < 𝑥 < 2𝜋

2𝜋2 [(
𝑥

2𝜋
)
2

+
𝑥

2𝜋
+
1

6
]  for − 2𝜋 < 𝑥 < 0

 

|𝑥| =
𝑥2

2𝜋
+
𝜋

3
−
Li2(𝑒

𝑖𝑥) + Li2(𝑒
−𝑖𝑥)

𝜋
 

−2𝜋 < 𝑥 < 2𝜋 

𝜌(𝜃) =
1

𝜋2 − 𝜉2
(𝜋 −

|𝜃 + 𝜉| + |𝜃 − 𝜉|

2
)  

log 𝑍 = 𝑁2∑  

∞

𝑛=1

 
𝑎𝑛 − 1

𝑛
𝜌𝑛
2  

𝑎𝑛(𝛽, 𝛾) − 1 = −
(1 − 𝑒−2𝑛𝛽)

3

(1 − (−1)𝑛𝑒−𝑛(3𝛽+𝑖𝜉))(1 − (−1)𝑛𝑒−𝑛(3𝛽−𝑖𝜉))
→ −

8𝑛3𝛽3

2 − (−𝑒𝑖𝜉)𝑛 − (−𝑒−𝑖𝜉)𝑛
 

log 𝑍 = −
4𝑁2𝛽3

𝜋2 − 𝜉2
 

log 𝑍 = −
4𝑁2𝛽3

𝜋2 + 𝛾2
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𝜌(𝜃) =
1

𝜋2 − 𝜉2
[𝜋 −

sgn(Re(𝜃 + 𝜉))(𝜃 + 𝜉) + sgn(Re(𝜃 − 𝜉))(𝜃 − 𝜉)

2
]  

−𝜋 < Re(𝜃) < 𝜋 and −𝜋 < Re(𝜉) < 𝜋 

Re(𝜃) = ±Re(𝜉) 

𝜃 = ±𝜉 

𝑠(𝜃) = ∫  𝑑𝜃𝜌(𝜃) 

𝑠(𝜃) =

{
  
 

  
 𝑠1(𝜃) ≡

(𝜃 + 𝜋)2

2(𝜋2 − 𝜉2)
−
1

2
 for − 𝜋 < Re(𝜃) < −Re(𝜉)

𝑠2(𝜃) ≡
𝜃

𝜋 + 𝜉
 for − Re(𝜉) < Re(𝜃) < Re(𝜉)

𝑠3(𝜃) ≡ −
(𝜃 − 𝜋)2

2(𝜋2 − 𝜉2)
+
1

2
 for Re(𝜉) < Re(𝜃) < 𝜋

 

𝑠(±𝜋) = ±
1

2
, 𝑠(0) = 0 

log 𝑍 = −
4𝑁2𝛽1𝛽2𝛽3
𝜋2 + 𝛾2

 

𝑆 = 𝜋√
8(𝑅1 + 𝐽+)(𝑅2 + 𝐽+)(𝑅3 + 𝐽+)

𝑁2
− (𝐽1 − 𝐽2)

2 

𝑗 ≈
𝑞
3
2

3√3𝑁
 

𝑗 =
𝑞2

6𝑁2
 

𝑥𝐼
2 ≡ 𝑒−Δ𝐼 , 𝑥1𝑥2𝑥2𝑒

𝛾 = 𝑒−𝜔1 

𝑥1𝑥2𝑥3𝑒
−𝛾 = 𝑒−𝜔2 

𝑎𝑛 = 1 −
∏  3
𝐼=1   (1 − 𝑒

−𝑛Δ𝐼)

(1 − 𝑒−𝑛𝜔1)(1 − 𝑒−𝑛𝜔2)
= 1 −

∏  3
𝐼=1  1 − 𝑥𝐼

2𝑛

(1 − 𝑥1
𝑛𝑥2

𝑛𝑥3
𝑛𝑒𝑛𝛾)(1 − 𝑥1

𝑛𝑥2
𝑛𝑥3

𝑛𝑒−𝑛𝛾)
 

𝑥𝐼 = −𝑒
−𝛽𝐼 

𝑎𝑛 = 1 +
8𝑛3(−1)𝑛𝑒𝑛𝛾

((−1)𝑛+1 + 𝑒𝑛𝛾)2
𝛽1𝛽2𝛽3 + 𝒪(𝛽

5)  

(𝑅 − 1)𝜌 = 0, 𝐴 ⋅ 𝜌 = 1  
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𝑅𝑚𝑙 = 𝑎𝑙∑  

𝑙

𝑘=1

  (𝐵𝑚+𝑘−
1
2(𝑡) + 𝐵

|𝑚−𝑘+
1
2
|
(𝑡)) 𝑃𝑙−𝑘(1 − 2𝑡), 𝐴𝑚 = 𝑎𝑚(𝑃𝑚−1(1 − 2𝑡) − 𝑃𝑚(1 − 2𝑡)). 

𝑡 = 1 + 𝑡1(𝛽1𝛽2𝛽2)
1
2 + 𝑡2𝛽1𝛽2𝛽3 + 𝒪 (𝛽

7
2) 

𝑃𝑙(1 − 2𝑡) = (−1)
𝑙 [1 + 𝑙(𝑙 + 1) (𝑡1(𝛽1𝛽2𝛽3)

1
2 + 𝑡2𝛽1𝛽2𝛽3) +

𝑙(𝑙2 − 1)(𝑙 + 2)

4
𝑡1
2𝛽1𝛽2𝛽3] + 𝒪 (𝛽

7
2) , 

𝐵𝑙+
1
2(𝑡) = 𝛿𝑙,0 + (−1)

𝑙 [𝑡1(𝛽1𝛽2𝛽3)
1
2 + 𝑡2𝛽1𝛽2𝛽3 +

𝑙(𝑙 + 1)

2
𝑡1
2𝛽1𝛽2𝛽3] + 𝒪 (𝛽

7
2)  

𝑡 = 1 + 𝑡1(𝛽1𝛽2𝛽3)
1
2 + 𝑡2𝛽1𝛽2𝛽3 + 𝒪 (𝛽

7
2) 

𝑡 = 1 + 𝑡1𝛽
3
2 + 𝑡2𝛽

3 + 𝑡3𝛽
7
2 + 𝑡4𝛽

4 + 𝑡5𝛽
9
2 

𝑎𝑛 = 1 + 𝑎𝑛
(1)
𝛽1𝛽2𝛽3 +⋯ 

𝑅𝑚𝑙 ∼ 𝒪 (𝛽
9
2) 

(𝛽1𝛽2𝛽3)
1
2𝛽1𝛽2𝛽3 

𝑅𝑚𝑙 − 𝛿𝑚𝑙 = (−1)
𝑚+𝑙+1𝑚𝑙2 [

−8(−𝑒𝛾)𝑚

(1 − (−𝑒𝛾)𝑚)2
𝛿𝑚𝑙 + 𝑡1

2] 𝛽1𝛽2𝛽3 + 𝒪 (𝛽
9
2)  

det(𝑅 − 1) =#(∏ 

𝑝

𝑛=1

 
−8(−𝑒𝛾)𝑛

(1 − (−𝑒𝛾)𝑛)2
)(1 −

𝑡1
2

8
∑  

𝑝

𝑚=1

 
(1 − (−𝑒𝛾)𝑚)2

(−𝑒𝛾)𝑚
)(𝛽1𝛽2𝛽3)

𝑝 +  

=#(∏ 

𝑝

𝑛=1

 
−8(−𝑒𝛾)𝑛

(1 − (−𝑒𝛾)𝑛)2
)(1 +

𝑡1
2

8
∑  

𝑝

𝑚=1

  (2 − (−𝑒𝛾)𝑚 − (−𝑒𝛾)−𝑚))(𝛽1𝛽2𝛽3)
𝑝

 + ∂𝛽 ∖ 𝜕𝔊

 

𝑡1
2 = −(

∑  
𝑝
𝑚=1   (2 − (−𝑒

𝛾)𝑚 − (−𝑒𝛾)−𝑚

8
)

−1

 

𝜌𝑛 = −
(−1)𝑛

2

2 − (−𝑒𝛾)𝑛 − (−𝑒𝛾)−𝑛

𝑛2

∑  
𝑝
𝑙=1  

2 − (−𝑒𝛾)𝑙 − (−𝑒𝛾)𝑙)
𝑙2

+ 𝒪 (𝛽
3
2) , 𝑛 = 1,⋯ , 𝑝  

𝜌(𝜃) =
1

2𝜋
(1 + 2∑  

∞

𝑛=1

 𝜌𝑛cos 𝑛𝜃) =
1

2𝜋
(1 −

∑  ∞
𝑛=1  

2 − (−𝑒𝛾)𝑛 − (−𝑒𝛾)−𝑛

𝑛2
(−1)𝑛cos 𝑛𝜃

∑  ∞
𝑛=1  

2 − (−𝑒𝛾)𝑛 − (−𝑒𝛾)𝑛)
𝑛2

)  
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log 𝑍

𝑁2
= −∑  

∞

𝑛=1

 
1 − 𝑎𝑛
𝑛

𝜌𝑛
2 = −

2𝛽1𝛽2𝛽3

∑  ∞
𝑛=1  

2 − (−𝑒𝛾)𝑛 − (−𝑒𝛾)−𝑛

𝑛2

= −
4𝛽1𝛽2𝛽3
𝜋2 + 𝛾2  

𝑆(𝛽𝐼 , 𝛾; 𝑞𝐼 , 𝑗) ≡ −
4𝑁2𝛽1𝛽2𝛽3
𝜋2 + 𝛾2

+∑ 

3

𝐼=1

 𝛽𝐼𝑞𝐼 + 𝛾𝑗  

𝛽𝐼 =
𝜋

2𝑁2
𝑞1𝑞2𝑞3
𝑞𝐼

1

√
𝑞1𝑞2𝑞3
4𝑁2

− 𝑗2
, 𝛾 = −

𝜋𝑗

√
𝑞1𝑞2𝑞3
𝑁2

− 𝑗2
 

𝑆(𝑞𝐼 , 𝑗) = 𝜋√
𝑞1𝑞2𝑞3
𝑁2

− 𝑗2  

𝑍= ∫  ∏ 

𝑁

𝑎=1

 𝑑𝑧𝑎exp [−∑  

𝑁

𝑎=1

 log 𝑧𝑎 +∑  

𝑎≠𝑏

 log (1 −
𝑧𝑏
𝑧𝑎
) +∑  

∞

𝑛=1

 
𝑎𝑛
𝑛
∑  

𝑁

𝑎,𝑏=1

  𝑧𝑎
𝑛𝑧𝑏
−𝑛] 

 = ∫  ∏ 

𝑁

𝑎=1

 𝑑𝑧𝑎𝑒
−𝑁2[

1
𝑁
∑  𝑁
𝑎=1  log 𝑧𝑎−

1
2𝑁2

∑  𝑎≠𝑏  log (𝑧𝑎−𝑧𝑏)
2−

1
𝑁2
∑  ∞
𝑛=1  

𝑎𝑛
𝑛
∑  𝑁
𝑎,𝑏=1  𝑧𝑎

𝑛𝑧𝑏
−𝑛]

 

0 = log 𝑧 − ∫ 
𝛾

 𝑑𝑧′log (𝑧 − 𝑧′)2𝜌(𝑧′) −∑  

∞

𝑛=1

 
𝑎𝑛
𝑛
∫ 
𝛾

 𝑑𝑧′(𝑧𝑛𝑧′−𝑛 + 𝑧−𝑛𝑧′𝑛)𝜌(𝑧′)

 = log 𝑧 − ∫ 
𝛾

 𝑑𝑧′log (𝑧 − 𝑧′)2𝜌(𝑧′) −∑  

∞

𝑛=1

 
𝑎𝑛
𝑛
(𝑧𝑛𝜌−𝑛 + 𝑧

−𝑛𝜌𝑛)

 

log (𝑧 − 𝑧′)2 = log (𝑧+ − 𝑧
′) + log (𝑧− − 𝑧

′), 𝑧, 𝑧′ ∈ 𝛾  

𝜌𝑛 ≡ ∫ 
𝛾

𝑑𝑧𝑧𝑛𝜌(𝑧), 𝑛 ∈ ℤ 

𝑊(𝑧) = log 𝑧 −∑  

∞

𝑛=1

 
𝑎𝑛
𝑛
(𝑧𝑛𝜌−𝑛 + 𝑧

−𝑛𝜌𝑛)  

𝜌𝑛 = ∫ 
𝛾

𝑑𝑧𝑧𝑛𝜌(𝑧) 

𝑊(𝑧) = log 𝑧 −∑  

𝑝

𝑛=1

 
𝜆𝑛
𝑛
(𝑧𝑛 + 𝑧−𝑛)  

𝜆𝑛 = 𝑎𝑛𝜌𝑛 

𝜌𝑛 = ∫ 
𝛾

𝑑𝑧𝑧𝑛𝜌(𝑧) = ∫ 
𝛾

𝑑𝑧
𝑧𝑛 + 𝑧−𝑛

2
𝜌(𝑧) 
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−
log 𝑍

𝑁2
= ∫ 

𝛾

 𝑑𝑧𝜌(𝑧)log 𝑧 −
1

2
∫  
𝛾×2

 𝑑𝑧𝑑𝑧′log (𝑧 − 𝑧′)2𝜌(𝑧)𝜌(𝑧′) −∑  

𝑝

𝑛=1

 
𝑎𝑛
𝑛
∫  
𝛾×2

 𝑑𝑧𝑑𝑧′𝑧𝑛𝑧′−𝑛𝜌(𝑧)𝜌(𝑧′) 

= ∫  
𝛾×2

 𝑑𝑧𝑑𝑧′∑  

∞

𝑛=1

 
1

𝑛
(
𝑧′

𝑧
)

𝑛

𝜌(𝑧)𝜌(𝑧′) −∑  

𝑝

𝑛=1

 
𝑎𝑛
𝑛
∫  
𝛾×2

 𝑑𝑧𝑑𝑧′𝑧𝑛𝑧′−𝑛𝜌(𝑧)𝜌(𝑧′)  

 = ∑  

∞

𝑛=1

 
1

𝑛
𝜌𝑛𝜌−𝑛 −∑  

𝑝

𝑛=1

 
𝑎𝑛
𝑛
𝜌𝑛𝜌−𝑛

 

log (𝑧 − 𝑧′)2 in |𝑧| > |𝑧′| 

𝑍 =∏ 

𝑁

𝑎=1

 ∫ 
Γ

 𝑑𝑧𝑎∏ 

𝑖<𝑗

  (𝑧𝑎 − 𝑧𝑏)
2exp (−𝑁𝑊(𝑧𝑎))  

𝑍 =∏ 

𝑁

𝑎=1

 ∫ 
Γ

 𝑑𝑧𝑎𝑒
−𝑁2𝑆𝑁  

𝑆𝑁 ≡
1

𝑁
∑  

𝑎

 𝑊(𝑧𝑎) −
1

2𝑁2
∑  

𝑎≠𝑏

 log (𝑧𝑎 − 𝑧𝑏)
2

 

𝑁𝑊′(𝑧𝑎) +∑  

𝑏≠𝑎

 
2

𝑧𝑏 − 𝑧𝑎
= 0, 𝑎 = 1,⋯ ,𝑁  

𝜌(𝑠) =
1

𝑁
∑  

𝑁

𝑎=1

 𝛿(𝑠 − 𝑠𝑎), 𝑠 ∈ [0,1]  

𝜔(𝑧) =
1

𝑁
∑ 

𝑎

 
1

𝑧 − 𝑧𝑎
 

𝜔(𝑧+) − 𝜔(𝑧−) = −
2𝜋𝑖

𝑁
∑  

𝑁

𝑎=1

 𝛿(𝑠 − 𝑠𝑎) = −2𝜋𝑖𝜌(𝑠), 𝑓(𝑠) = 𝑧 ∈ 𝛾  

1

𝑁
𝜔′(𝑧) + 𝜔(𝑧)2 −𝑊′(𝑧)𝜔(𝑧) =

1

𝑁
∑  

𝑎

 
𝑊′(𝑧) −𝑊′(𝑧𝑎)

𝑧 − 𝑧𝑎
 

1

𝑁
∑  

𝑁

𝑎=1

 𝛿(𝑠 − 𝑠𝑎) ⟶ 𝜌(𝑠)𝑑𝑠 = 𝜌(𝑧)𝑑𝑧,∫ 
𝛾

 𝜌(𝑧)𝑑𝑧  

𝑆[𝜌] = ∫ 
𝛾

 𝑊(𝑧)𝜌(𝑧)𝑑𝑧 −
1

2
∫  
𝛾×2

 𝑑𝑧𝑑𝑧′log (𝑧 − 𝑧′)2𝜌(𝑧)𝜌(𝑧′)  

𝜔(𝑧) = ∫ 
𝛾

 𝑃
𝜌(𝑧′)𝑑𝑧′

𝑧 − 𝑧′
 

𝜔(𝑧+) = 𝜔(𝑧) − 𝜋𝑖𝜌(𝑧)

𝜔(𝑧−) = 𝜔(𝑧) + 𝜋𝑖𝜌(𝑧)
 𝑧 ∈ 𝛾 
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𝜔(𝑧+) − 𝜔(𝑧−) = −2𝜋𝑖𝜌(𝑧), 𝑧 ∈ 𝛾  

𝜔(𝑧)2 −𝑊′(𝑧)𝜔(𝑧) = −∫ 
𝛾

 
𝑊′(𝑧) −𝑊′(𝑧′)

𝑧 − 𝑧′
𝜌(𝑧′)𝑑𝑧′ ≡ −𝑃(𝑧)  

𝜔(𝑧) =
1

2
(𝑊′(𝑧) ± √𝑊′(𝑧)2 − 4𝑃(𝑧)) .  

𝜌(𝑧) =
1

2𝜋
√4𝑃(𝑧) −𝑊′(𝑧)2, 𝑧 ∈ 𝛾  

𝑦(𝑧) ≡ 𝑊′(𝑧) − 2𝜔(𝑧)  

𝜌(𝑧) = ±
𝑦(𝑧±)

2𝜋𝑖
, 𝑧 ∈ 𝛾  

𝑦(𝑧)2 = (𝑊′(𝑧))2 − 4∫ 
𝛾

 
𝑊′(𝑧) −𝑊′(𝑧′)

𝑧 − 𝑧′
𝜌(𝑧′)𝑑𝑧′  

𝐺(𝑧) ≡ ∫  
𝑧

𝑎

 𝑦(𝑧′)𝑑𝑧′  

0 = Re𝐺(𝑧)  

Re𝐺(𝑧+ + 𝑖𝑑𝑧) = Re𝐺(𝑧) − Im(𝐺
′(𝑧+)𝑑𝑧) = −Im(𝑦(𝑧+)𝑑𝑧)

Re𝐺(𝑧− − 𝑖𝑑𝑧) = Re𝐺(𝑧) + Im(𝐺
′(𝑧−)𝑑𝑧) = Im(𝑦(𝑧−)𝑑𝑧)

 

𝜌(𝑧) = ±
𝑦(𝑧±)

2𝜋𝑖
 

Re𝐺(𝑧+ + 𝑖𝑑𝑧) = Re𝐺(𝑧− − 𝑖𝑑𝑧) = −2𝜋Re(𝜌(𝑧)𝑑𝑧) < 0  

𝑊(𝑧) = log 𝑧 −∑  

𝑝

𝑛=1

 
𝜆𝑛
𝑛
(𝑧𝑛 + 𝑧−𝑛)  

∫ 
𝛾

 
𝑊′(𝑧) −𝑊′(𝑧′)

𝑧 − 𝑧′
𝜌(𝑧′)𝑑𝑧= ∫ 

𝛾

  [−
1

𝑧𝑧′
+∑  

𝑝

𝑛=1

  𝜆𝑛 (− ∑  

𝑖+𝑗=𝑛−2

 𝑧𝑖𝑧′𝑗 − 𝑧−𝑛−1𝑧′−𝑛−1 ∑  

𝑖+𝑗=𝑛

 𝑧𝑖𝑧′𝑗)]𝜌(𝑧′)𝑑𝑧′ 

 ≡ − ∑  

𝑝−2

𝑖=−𝑝−1

 
𝑐𝑖
4
𝑧𝑖

 

𝑦(𝑧)2 = (𝑊′(𝑧))2 + ∑  

𝑝−2

𝑖=−𝑝−1

  𝑐𝑖𝑧
𝑖  

𝜔(𝑧) =
1

𝑧
+∑  

𝑝−1

𝑛=1

 
1

𝑧𝑛+1
∫ 
𝛾

  𝑧′𝑛𝜌(𝑧′)𝑑𝑧′ +𝒪(𝑧−𝑝−1)  
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𝑦(𝑧) = −
1

𝑧
−∑  

𝑝

𝑛=1

 𝜆𝑛𝑧
𝑛−1 +∑  

𝑝−1

𝑛=1

 𝜆𝑛𝑧
−𝑛−1 − 2∑  

𝑝−1

𝑛=1

 𝜌𝑛𝑧
−𝑛−1 + 𝒪(𝑧−𝑝−1)  

𝜌𝑛 ≡ ∫ 
𝛾

𝑧𝑛𝜌(𝑧)𝑑𝑧 

𝑐𝑖 = 4𝜆𝑖+2 + 4 ∑  

𝑝−𝑖−2

𝑗=1

 𝜌𝑗𝜆𝑖+𝑗+2, 𝑖 = −1,⋯ , 𝑝 − 2  

𝑐−𝑖−3 = 4 ∑  

𝑝−𝑖−1

𝑗=1

 𝜆𝑖+1+𝑗𝜌−𝑗, 𝑖 = −1,⋯ , 𝑝 − 2  

𝑦(𝑧)2 = (
1

𝑧
−∑  

𝑝

𝑖=1

 𝜆𝑖(𝑧
𝑖−1 − 𝑧−𝑖−1))

2

+ 4∑ 

𝑝

𝑖=1

 𝜆𝑖𝑧
𝑖−2 + 4∑  

𝑝−1

𝑖=1

 ∑  

𝑝−𝑖

𝑗=1

 𝜆𝑖+𝑗(𝑧
𝑖−2𝜌𝑗 + 𝑧

−𝑖−2𝜌−𝑗) + 4𝑧
−2∑ 

𝑝

𝑗=1

 𝜆𝑗𝜌−𝑗 

𝑦(𝑧)2 = 𝜆𝑝
2
∏  
2𝑝
𝑖=1   (𝑧 − 𝑎𝑖

−)(𝑧 − 𝑎𝑖
+)

𝑧2𝑝+2
 

𝑦(𝑧)2 = 𝜆𝑝
2
(𝑧 − 𝑎)(𝑧 − 𝑎−1)(𝑧 + 1)2∏  

𝑝−1
𝑖=1   (𝑧 − 𝑑𝑖)

2(𝑧 − 𝑑𝑖
−1)

2

𝑧2𝑝+2
 

(𝑧 + 1)∏  

𝑝−1

𝑖=1

  (𝑧 − 𝑑𝑖)(𝑧 − 𝑑𝑖
−1) ≡ 𝑧𝑝−

1
2(𝑧𝑝−

1
2 + 𝑧−𝑝+

1
2 +∑  

𝑝−1

𝑖=1

 
𝑄𝑖
2𝜆𝑝

(𝑧𝑖−
1
2 + 𝑧−𝑖+

1
2))  

𝐴 ≡
𝑎 + 𝑎−1

2
 

𝑧−
1
2√𝑧2 + 1 − 2𝐴𝑧∑  

𝑝

𝑖=1

 
𝑄𝑖
2
(𝑧𝑖−

1
2 + 𝑧−𝑖+

1
2)

 = √(1 +∑  

𝑝

𝑖=1

 𝜆𝑖(𝑧
𝑖 + 𝑧−𝑖))

2

+ 4∑  

𝑝−1

𝑖=1

 ∑  

𝑝−𝑖

𝑗=1

 𝜆𝑖+𝑗𝜌𝑗(𝑧
𝑖 + 𝑧−𝑖) + 4∑  

𝑝

𝑗=1

 𝜆𝑗𝜌𝑗

 

(1 + 𝑧2 − 2𝐴𝑧)−
1
2 =∑ 

∞

𝑙=0

𝑃𝑙(𝐴)𝑧
𝑙 
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∑ 

𝑝

𝑖=1

 
𝑄𝑖
2
(𝑧𝑖−

1
2 + 𝑧−𝑖+

1
2)  

 =∑  

∞

𝑙=0

  𝑧𝑙+
1
2𝑃𝑙(𝐴)√(1 +∑  

𝑝

𝑖=1

 𝜆𝑖(𝑧
𝑖 + 𝑧−𝑖))

2

+ 4∑  

𝑝−1

𝑖=1

 ∑  

𝑝−𝑖

𝑗=1

 𝜆𝑖+𝑗𝜌𝑗(𝑧
𝑖 + 𝑧−𝑖) + 4∑  

𝑝

𝑗=1

 𝜆𝑗𝜌𝑗

 

𝑛 = −𝑝 +
1

2
,−𝑝 +

3

2
,⋯ ,

1

2
 

𝑧−𝑝√(𝑧𝑝∑ 

𝑝

𝑖=1

 𝜆𝑖𝑧
−𝑖)

2

+ 2𝜆𝑝𝑧
𝑝 + 𝒪(𝑧𝑝+1) =∑  

𝑝

𝑖=1

 𝜆𝑖𝑧
−𝑖 + 1 + 𝒪(𝑧)  

∑ 

𝑝

𝑖=1

 ∑  

𝑖

𝑙=0

 𝜆𝑖𝑃𝑙(𝐴)𝑧
𝑙−𝑖+

1
2 + 𝑧

1
2 + 𝒪(𝑧) =∑  

𝑝

𝑖=1

 ∑  

𝑝−𝑖

𝑙=0

 𝜆𝑙+𝑖𝑃𝑙(𝐴)𝑧
−𝑖+

1
2 + 𝑧

1
2 + 𝒪(𝑧)  

𝑄𝑖 = 2∑  

𝑝−𝑖

𝑙=0

 𝜆𝑙+𝑖𝑃𝑙(𝐴), 𝑖 = 1,⋯𝑝  

𝑧−𝑖+
1
2, 𝑖 = 1,⋯𝑝 

𝑄1 = 2∑  

𝑝

𝑖=1

  𝜆𝑖𝑃𝑖(𝐴) + 2  

𝜌(𝜃) =
1

𝜋
√sin2 

𝜃0
2
− sin2 

𝜃

2
∑  

𝑝

𝑛=1

 𝑄𝑛cos (𝑛 −
1

2
)𝜃, 𝑧 = 𝑒𝑖𝜃

= 𝑒𝑖𝜃0
 

𝜆𝑛 = 𝑎𝑛𝜌𝑛 

𝜌𝑛 = ∫ 
𝛾

𝑑𝑧𝑧𝑛𝜌(𝑧) 

𝜌𝑛 = ∫ 
𝛾

𝑑𝑧𝑧𝑛𝜌(𝑧) 

(𝑅 − 1)𝜌 = 0, 𝐴 ⋅ 𝜌 = 1  
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𝑑𝑠2  = −𝑓2(𝑑𝑡 + 𝜔𝜓𝑑𝜓 + 𝜔𝜙𝑑𝜙)
2
+ 𝑓−1ℎ𝑚𝑛𝑑𝑥

𝑚𝑑𝑥𝑛

ℎ𝑚𝑛𝑑𝑥
𝑚𝑑𝑥𝑛  = 𝑟2 [

𝑑𝑟2

Δ𝑟
+
𝑑𝜃2

Δ𝜃
] +ℳ𝑖𝑗𝑑𝜙

𝑖𝑑𝜙𝑗,  where 𝑖, 𝑗 = 1,2, 𝜙𝑖 = (𝜙1, 𝜙2) = (𝜓, 𝜙)

ℳ = 𝑟2

(

 
 

𝑐𝜃
2

Ξ𝑏
2 (Ξ𝑏 + 𝑐𝜃

2(𝜌2𝑔2 + 2(1 + 𝑏𝑔)(𝑎 + 𝑏)𝑔))
𝑠𝜃
2𝑐𝜃
2

Ξ𝑎Ξ𝑏
(𝜌2𝑔2 + 2(𝑎 + 𝑏)𝑔 + (𝑎 + 𝑏)2𝑔2)

𝑠𝜃
2𝑐𝜃
2

Ξ𝑎Ξ𝑏
(𝜌2𝑔2 + 2(𝑎 + 𝑏)𝑔 + (𝑎 + 𝑏)2𝑔2)

𝑠𝜃
2

Ξ𝑎
2 (Ξ𝑎 + 𝑠𝜃

2(𝜌2𝑔2 + 2(1 + 𝑎𝑔)(𝑎 + 𝑏)𝑔))
)

 
 

Δ𝑟  = 𝑟
2(𝑔2𝑟2 + (1 + 𝑎𝑔 + 𝑏𝑔)2), Δ𝜃 = 1 − 𝑎

2𝑔2cos2 𝜃 − 𝑏2𝑔2sin2 𝜃

Ξ𝑎  = 1 − 𝑎
2𝑔2, Ξ𝑏 = 1 − 𝑏

2𝑔2, 𝜌2 = 𝑟2 + 𝑎2cos2 𝜃 + 𝑏2sin2 𝜃

 

𝑓−1  = 1 +
√Ξ𝑎Ξ𝑏(1 + 𝑔

2𝜇) − Ξ𝑎cos
2 𝜃 − Ξ𝑏sin

2 𝜃

𝑔2𝑟2

𝜔𝜓  = −
𝑔cos2 𝜃

𝑟2Ξ𝑏
[𝜌4 + (2𝑟𝑚

2 + 𝑏2)𝜌2 +
1

2
(𝛽2 − 𝑎

2𝑏2 + 𝑔−2(𝑎2 − 𝑏2))]

𝜔𝜙  = −
𝑔sin2 𝜃

𝑟2Ξ𝑎
[𝜌4 + (2𝑟𝑚

2 + 𝑎2)𝜌2 +
1

2
(𝛽2 − 𝑎

2𝑏2 + 𝑔−2(𝑏2 − 𝑎2))]

 

𝑟𝑚
2 =

𝑎 + 𝑏

𝑔
+ 𝑎𝑏, 𝜇 =

1

3√Ξ𝑎Ξ𝑏
[2𝑟𝑚

2 + 3𝑔−2(1 − √Ξ𝑎Ξ𝑏)]

𝛽2 = 3Ξ𝑎Ξ𝑏𝜇
2 −

6√Ξ𝑎Ξ𝑏(1 − √Ξ𝑎Ξ𝑏)

𝑔2
𝜇 +

3(1 − √Ξ𝑎Ξ𝑏)
2

𝑔4

 

(𝑐𝜃, 𝑠𝜃) ≡ (cos 𝜃, sin 𝜃) 

𝑈(1)𝑅 ⊂ 𝑈(1)
3 ⊂ 𝑆𝑂(6) 

𝐴 = (𝑓 − 1)𝑑𝑡 + 𝑓(𝜔𝜓𝑑𝜓 + 𝜔𝜙𝑑𝜙) + 𝑈𝜓𝑑𝜓 + 𝑈𝜙𝑑𝜙  

𝑈𝜓  =
𝑔cos2 𝜃

Ξ𝑏
[𝜌2 + 2𝑟𝑚

2 + 𝑏2 −√Ξ𝑎Ξ𝑏𝜇 + 𝑔
−2(1 − √Ξ𝑎Ξ𝑏)]

𝑈𝜙  =
𝑔sin2 𝜃

Ξ𝑎
[𝜌2 + 2𝑟𝑚

2 + 𝑎2 −√Ξ𝑎Ξ𝑏𝜇 + 𝑔
−2(1 − √Ξ𝑎Ξ𝑏)]

 

𝑡 = 𝑡̃, 𝜓 = 𝜓̃ − 𝑔𝑡̃, 𝜙 = 𝜙̃ − 𝑔𝑡̃ 

𝐸 → 𝐸̃ = 𝐸 + 𝑔(𝐽1 + 𝐽2) 

𝜙1 = 𝜓,𝜙2 = 𝜙 

𝐸̃ = 𝑔(𝑅1 + 𝑅2 + 𝑅3 + 𝐽1 + 𝐽2) 

𝑅1 + 𝑅2 + 𝑅3 ≡ 𝑈(1)𝑅 

𝐽1 ≡ 𝐽𝜓, 𝐽2 ≡ 𝐽𝜙 
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𝑅 =
𝜋

4𝐺𝑔
[𝜇 +

𝜇2𝑔2

2
]

𝐽1  =
𝜋

4𝐺
[
3𝑔𝜇2

2
+ 𝑔3𝜇3 + 𝑔−3(√

Ξ𝑎
Ξ𝑏
− 1)(1 + 𝑔2𝜇)3]

𝐽2  =
𝜋

4𝐺
[
3𝑔𝜇2

2
+ 𝑔3𝜇3 + 𝑔−3(√

Ξ𝑏
Ξ𝑎
− 1)(1 + 𝑔2𝜇)3]

𝑆 =
𝜋2

2𝐺
√(1 + 3𝑔2𝜇)𝜇3 −

9𝑔2𝜇4

4
−
(√Ξ𝑎 −√Ξ𝑏)

2

𝑔6√Ξ𝑎Ξ𝑏
(1 + 𝑔2𝜇)3

 

AdS5 × 𝑆
5, 𝑁2 =

𝜋

2𝑔3𝐺
 

𝑆 = 2𝜋√3𝑅2 −
𝑁2

2
(𝐽1 + 𝐽2) = 2𝜋√

𝑅3 +
𝑁2

2
𝐽1𝐽2

𝑁2

2 + 3𝑅

 

−𝑔−1 < 𝑎, 𝑏 < 𝑔−1 

𝑔−2(1 + 𝑎𝑔 + 𝑏𝑔)2

1 − 𝑎2𝑔2
=
𝑔−1(𝑎̃ + 𝑏̃ + 𝑎̃𝑏̃𝑔) + 𝑔−2(1 + 𝑎̃𝑔 + 𝑏̃𝑔)2

1 − 𝑎̃2𝑔2

𝑔−2(1 + 𝑎𝑔 + 𝑏𝑔)2

1 − 𝑏2𝑔2
=
𝑔−1(𝑎̃ + 𝑏̃ + 𝑎̃𝑏̃𝑔) + 𝑔−2(1 + 𝑎̃𝑔 + 𝑏̃𝑔)2

1 − 𝑏̃2𝑔2

 

𝑎̃ =
13𝑎2 + 8𝑎𝑏 − 5𝑏2 + (12𝑎3 + 20𝑎2𝑏 + 8𝑎𝑏2)𝑔 + (12𝑎3𝑏 + 13𝑎2𝑏2)𝑔2

12𝑎 + 12𝑏 + (13𝑎2 + 20𝑎𝑏 + 13𝑏2)𝑔 + (8𝑎2𝑏 + 8𝑎𝑏2)𝑔2 − 5𝑎2𝑏2𝑔3

𝑏̃ =
−5𝑎2 + 8𝑎𝑏 + 13𝑏2 + (8𝑎2𝑏 + 20𝑎𝑏2 + 12𝑏3)𝑔 + (13𝑎2𝑏2 + 12𝑎𝑏3)𝑔2

12𝑎 + 12𝑏 + (13𝑎2 + 20𝑎𝑏 + 13𝑏2)𝑔 + (8𝑎2𝑏 + 8𝑎𝑏2)𝑔2 − 5𝑎2𝑏2𝑔3
.

 

𝑎̃ + 𝑏̃ + 𝑎̃𝑏̃𝑔 > 0 

(𝑎̂, 𝑏̂)

≡ (𝑎𝑔, 𝑏𝑔)

⊠
(𝑎̂ + 𝑏̂ + 𝑎̂𝑏̂)2 (32𝑎̂3(1 + 𝑏̂) + 𝑏̂(32 + 61𝑏̂ + 32𝑏̂2) + 𝑎̂2(61 + 118𝑏̂ + 61𝑏̂2) + 2𝑎̂(16 + 59𝑏̂ + 59𝑏̂2 + 16𝑏̂3))

(𝑏̂(12 + 13𝑏̂) + 𝑎̂2(13 + 8𝑏̂ − 5𝑏̂2) + 4𝑎̂(3 + 5𝑏̂ + 2𝑏̂2))
2  

𝑎̃(𝑎) =

{
 

 
𝑎(4 + 5𝑎)

6 + 4𝑎 − 𝑎2
𝑎 = 𝑏

𝑎2

6 − 5𝑎2
 𝑎 = −𝑏

 

𝑑𝑠2  = −𝑓2(𝑑𝑡 + 𝜔)2 + 𝑓−1[𝑑𝑟2 + 𝑟2(𝑑𝜃2 + cos2 𝜃𝑑𝜓2 + sin2 𝜃𝑑𝜙2)]

𝐴 = (𝑓 − 1)𝑑𝑡 + 𝑓𝜔, 𝑓−1 = 1 +
𝑎−
2 + 8𝑎+
12𝑟2

, 𝜔 = −
𝑎+𝑎−
2𝑟2

(cos2 𝜃𝑑𝜓 − sin2 𝜃𝑑𝜙)
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𝑑𝑠2 = −𝛼2(𝑥)𝑑𝑡2 + 𝑎2(𝑥)𝑑𝑥2 + 𝑟2(𝑥)𝑑Ω2  

𝑑Ω2 ≡ 𝑑𝜃2 + sin2 𝜃𝑑𝜙2 

ℒYM = −
1

4𝑔2
𝐹𝜇𝜈
𝑎 𝐹𝑎

𝜇𝜈
 

𝐹𝜇𝜈
𝑎 = ∇𝜇𝐴𝜈

𝑎 − ∇𝜈𝐴𝜇
𝑎 + 𝜖𝑎𝑏𝑐𝐴𝜇

𝑏𝐴𝜈
𝑐  

𝐴𝜇 ≡ 𝑇
𝑎𝐴𝜇

𝑎 , 𝐹𝜇𝜈 ≡ 𝑇
𝑎𝐹𝜇𝜈

𝑎
 

𝐴𝜇→ 𝐴𝜇
′ = 𝑈𝐴𝜇𝑈

−1 − 𝑖(∇𝜇𝑈)𝑈
−1 

𝐹𝜇𝜈 → 𝐹𝜇𝜈
′ = 𝑈𝐹𝜇𝜈𝑈

−1  

𝑈 = 𝑒−𝑖Λ 

Λ = Λ𝑎𝑇𝑎 

𝐴𝑡 = 𝑇
3𝑢

𝐴𝑥 = 𝑇
3𝑣

𝐴𝜃 = 𝑇
1𝑤1 + 𝑇

2𝑤2
𝐴𝜙 = (−𝑇

1𝑤1 + 𝑇
2𝑤2 + 𝑇

3cot 𝜃)sin 𝜃

 

𝐹𝑡𝑥 = −𝑇
3𝜕𝑥𝑢

𝐹𝑡𝜃 = −𝑇
1𝑢𝑤1 + 𝑇

2𝑢𝑤2
𝐹𝑡𝜙 = −(𝑇

1𝑢𝑤2 + 𝑇
2𝑢𝑤1)sin 𝜃

𝐹𝑥𝜃 = 𝑇
1(𝜕𝑥𝑤2 − 𝑣𝑤1) + 𝑇

2(𝜕𝑥𝑤1 + 𝑣𝑤2)

𝐹𝑥𝜙 = −[𝑇
1(𝜕𝑥𝑤1 + 𝑣𝑤2) − 𝑇

2(𝜕𝑥𝑤2 − 𝑣𝑤1)]sin 𝜃

𝐹𝜃𝜙 = −𝑇
3(1 − 𝑤1

2 −𝑤2
2)sin 𝜃

 

𝑔2ℒYM =
(𝜕𝑥𝑢)

2

2𝛼2𝑎2
−
(1 − 𝑤1

2 −𝑤2
2)2

2𝑟4
+
𝑢2(𝑤1

2 +𝑤2
2)

𝛼2𝑟2

 −
(𝜕𝑥𝑤2 − 𝑣𝑤1)

2 + (𝜕𝑥𝑤1 + 𝑣𝑤2)
2

𝑎2𝑟2

 

𝑣 → 𝑣′ = 𝑣 − 𝜕𝑥𝜆, 𝑤 → 𝑤′ = 𝑤𝑒−𝑖𝜆  

ℒYM = −
(𝜕𝑥𝑤)

2

𝑔2𝑎2𝑟2
−
(1 − 𝑤2)2

2𝑔2𝑟4
 

ℒ = √−det(𝑔𝜇𝜈)ℒYM 

det(𝑔𝜇𝜈) = 𝛼
2𝑎2𝑟4sin2 𝜃 

0 = 𝜕𝑥 (
𝛼

𝑎
𝜕𝑥𝑤) +

𝛼𝑎

𝑟2
𝑤(1 − 𝑤2)  

𝑇𝜇𝜈 =
1

𝑔2
𝑔𝜎𝜆𝐹𝜇𝜎

𝑎 𝐹𝜈𝜆
𝑎 + 𝑔𝜇𝜈ℒYM  
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𝑇𝑡
𝑡= −

(1 − 𝑤2)2

2𝑔2𝑟4
−
(𝜕𝑥𝑤)

2

𝑔2𝑎2𝑟2
 

𝑇𝑥
𝑥 = −

(1 − 𝑤2)2

2𝑔2𝑟4
+
(𝜕𝑥𝑤)

2

𝑔2𝑎2𝑟2

𝑇𝜃
𝜃 = +

(1 − 𝑤2)2

2𝑔2𝑟4

 

𝑇𝜙 𝜙 = 𝑇
𝜃 𝜃 

𝑑𝑠2 = −𝜎2(𝑟)𝑁(𝑟)𝑑𝑡2 +
1

𝑁(𝑟)
𝑑𝑟2 + 𝑟2𝑑Ω2  

𝑁(𝑟) = 1 −
2𝑚(𝑟)

𝑟
 

𝜕𝑟𝜎 = 4𝜋
𝑟𝜎

𝑁
(𝑇𝑟
𝑟 − 𝑇𝑡

𝑡)

𝜕𝑟𝑚 = −4𝜋𝑟
2𝑇𝑡

𝑡
 

𝑥 → 𝑟, 𝛼 → 𝜎√𝑁, 𝑎 →
1

√𝑁
.  

𝜕𝑟
2𝑤 = −[4𝜋𝑟(𝑇𝑟

𝑟 + 𝑇𝑡
𝑡) +

2𝑚

𝑟2
]
𝜕𝑟𝑤

𝑁
−
𝑤(1 − 𝑤2)

𝑁𝑟2
 

𝑇𝑡
𝑡= −

(1 − 𝑤2)2

2𝑔2𝑟4
−
𝑁(𝜕𝑟𝑤)

2

𝑔2𝑟2
 

𝑇𝑟
𝑟 = −

(1 − 𝑤2)2

2𝑔2𝑟4
+
𝑁(𝜕𝑟𝑤)

2

𝑔2𝑟2

𝑇𝜃
𝜃 = +

(1 − 𝑤2)2

2𝑔2𝑟4
.

 

𝑟‾ ≡ 𝑔𝑟,𝑚‾ ≡ 𝑔𝑚  

𝑁(𝑟‾ℎ) = 0  

𝜎= 𝜎ℎ + 𝜎1(𝑟‾ − 𝑟‾ℎ) + ⋯  

𝑤 = 𝑤ℎ +𝑤1(𝑟‾ − 𝑟‾ℎ) + ⋯

𝑁 = 𝑁1(𝑟‾ − 𝑟‾ℎ) + ⋯

 

𝜎1= 𝜎ℎ
8𝜋𝑤1

2

𝑟‾ℎ
 

𝑤1 =
𝑟‾ℎ𝑤ℎ(𝑤ℎ

2 − 1)

𝑟‾ℎ
2 − 4𝜋(𝑤ℎ

2 − 1)2

𝑁1 =
1

𝑟‾ℎ
[1 −

4𝜋(𝑤ℎ
2 − 1)

2

𝑟‾ℎ
2 ]

 

𝑚‾ =
𝑟‾ℎ
2
+
1

2
(1 − 𝑁1𝑟‾ℎ)(𝑟‾ − 𝑟‾ℎ) + ⋯  
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𝑀‾ = 𝑚‾ (𝑟‾ → ∞),  

𝑀𝑛=∞ =
𝑟‾ℎ
2
+
2𝜋

𝑟‾ℎ
.  

𝑀‾𝑛=∞ = √4𝜋.  

𝜅‾ =
1

2
𝜎ℎ𝑁1,  

𝐺𝜇𝜈 = 8𝜋(𝑇𝜇𝜈 + ⟨𝑇̂𝜇𝜈⟩),  

𝑑𝑠2 = 𝑒2𝜈(𝑥)(−𝑑𝑡2 + 𝑑𝑥2) + 𝑟2(𝑥)𝑑Ω2  

𝐺𝑡𝑡=
1

𝑟2
(2𝑟𝑟′𝜈′ − 𝑟′2 − 2𝑟𝑟′′ + 𝑒2𝜈) 

𝐺𝑥𝑥 =
1

𝑟2
(2𝑟𝑟′𝜈′ + 𝑟′2 − 𝑒2𝜈)

𝐺𝜃𝜃  = 𝑟𝑒
−2𝜈(𝑟′′ + 𝑟𝜈′′)

 

𝐺𝜙𝜙 = 𝐺𝜃𝜃sin
2 𝜃 

𝑑𝑠2 = 𝑔𝑎𝑏𝑑𝑥
𝑎𝑑𝑥𝑏 

⟨𝑇̂𝑎𝑏⟩
(ηD)

=
𝑅(ηD)

48𝜋
𝑔𝑎𝑏 +

1

48𝜋
(𝒜𝑎𝑏 −

1

2
𝑔𝑎𝑏𝒜𝑐

𝑐)  

𝒜𝑎𝑏 =
4

|𝜉|
∇𝑎∇𝑏|𝜉|, |𝜉| = √−𝜉𝑎𝜉

𝑎  

⟨𝑇̂𝑎𝑏⟩ = 𝐹(𝑟)⟨𝑇̂𝑎𝑏⟩
(2D)

 

∇𝜇⟨𝑇̂
𝜇 𝜈⟩ = 0 

𝑑𝑠2 = 𝑒2𝜈(−𝑑𝑡2 + 𝑑𝑥2) 

⟨𝑇̂𝑡𝑡⟩ = −
𝐹

24𝜋
(𝜈′2 − 2𝜈′′)

⟨𝑇̂𝑥𝑥⟩ = −
𝐹

24𝜋
𝜈′2

⟨𝑇̂𝜃𝜃⟩ = −
1

24𝜋
𝑟2𝑒−2𝜈𝜈′2 (𝐹 +

𝑟𝐹′

2𝑟′
)

 

⟨𝑇̂𝜙𝜙⟩ = ⟨𝑇̂𝜃𝜃⟩sin
2 𝜃 

𝐹 =
1

4𝜋𝑟2
 

𝐹 + 𝑟𝐹′/2𝑟′= ⟨𝑇̂𝜃𝜃⟩ 

𝛼 → 𝑒𝜈 , 𝑎 → 𝑒𝜈  
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𝑤′′ = −
𝑒2𝜈

𝑟2
𝑤(1 − 𝑤2)  

𝑇𝑡
𝑡= −

(1 − 𝑤2)2

2𝑔2𝑟4
−

𝑤′2

𝑔2𝑟2𝑒2𝜈
 

𝑇𝑟
𝑟 = −

(1 − 𝑤2)2

2𝑔2𝑟4
+

𝑤′2

𝑔2𝑟2𝑒2𝜈

𝑇𝜃
𝜃 = +

(1 − 𝑤2)2

2𝑔2𝑟4

 

𝑟′′ − 2𝑟′𝜈′ = 4𝜋𝑟𝑒2𝜈(𝑇𝑡
𝑡 − 𝑇𝑟

𝑟) +
𝐹𝑟

3
(𝜈′2 − 𝜈′′).  

𝑟′′ + 𝑟𝜈′′ = 8𝜋𝑟𝑒2𝜈𝑇𝜃
𝜃 −

1

3
𝑟𝜈′2 (𝐹 +

𝑟𝐹′

2𝑟′
) .  

𝜈′′ (1 −
𝐹

3
) = −4𝜋𝑒2𝜈(𝑇𝑡

𝑡 − 𝑇𝑟
𝑟 − 2𝑇𝜃

𝜃)

 −
2𝑟′𝜈′

𝑟
− 𝜈′2 [

𝐹

3
+
1

3
(𝐹 +

𝑟𝐹′

2𝑟′
)]

𝑟′′ (1 −
𝐹

3
) =4𝜋𝑟𝑒2𝜈 (𝑇𝑡

𝑡 − 𝑇𝑟
𝑟 −

2𝐹

3
𝑇𝜃
𝜃)

 +2𝑟′𝜈′ +
𝐹𝑟

3
𝜈′2 [1 +

1

3
(𝐹 +

𝑟𝐹′

2𝑟′
)]

 

2𝑟𝑟′𝜈′ + 𝑟′2 − 𝑒2𝜈 = 8𝜋𝑟2𝑒2𝜈𝑇𝑟
𝑟 −

𝐹

3
𝑟2𝜈′2,  

𝜈′ = −
3𝑟′

𝐹𝑟
[1 ± √1 +

𝐹

3𝑟′2
(8𝜋𝑟2𝑒2𝜈𝑇𝑟

𝑟 − 𝑟′2 + 𝑒2𝜈)] .  

𝜈̇ = 𝜕𝑟𝜈 and 𝑤̇ = 𝜕𝑟𝑤. 𝑥 

𝜈′ = 𝑟′𝜈̇, 𝜈′′ = 𝑟′′𝜈̇ + 𝑟′2𝜈̈,  

𝑟′′ (1 −
𝐹

3
) = 4𝜋𝑟𝑒2𝜈 (𝑇𝑡

𝑡 − 𝑇𝑟
𝑟 −

2𝐹

3
𝑇𝜃
𝜃) + 2𝑟′2𝜈̇

+
𝐹𝑟

3
𝑟′2𝜈̇2 [1 +

1

3
(𝐹 +

𝑟𝐹′

2𝑟′
)]

 

0 =𝜈̈ (1 −
𝐹

3
) + 𝜈̇3𝑟

𝐹

3
(1 +

2𝐹 + 𝑟𝐹′/𝑟′

6
)

 +𝜈̇2 (2 +
𝐹

3
+
2𝐹 + 𝑟𝐹′/𝑟′

6
) +

2𝜈̇

𝑟

 +4𝜋
𝑒2𝜈

𝑟′2
[(1 + 𝑟𝜈̇)(𝑇𝑡

𝑡 − 𝑇𝑟
𝑟) − 2 (1 +

𝐹

3
𝑟𝜈̇) 𝑇𝜃

𝜃]

 

2𝑟𝑟′2𝜈̇ + 𝑟′2 − 𝑒2𝜈 = 8𝜋𝑟2𝑒2𝜈𝑇𝑟
𝑟 −

𝐹

3
𝑟2𝑟′2𝜈̇2  
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𝑇𝑡
𝑡= −

(1 − 𝑤2)2

2𝑔2𝑟4
−

𝑟′2𝑤̇2

𝑔2𝑟2𝑒2𝜈
 

𝑇𝑟
𝑟 = −

(1 − 𝑤2)2

2𝑔2𝑟4
+

𝑟′2𝑤̇2

𝑔2𝑟2𝑒2𝜈

 

𝑟′2 = 𝑒2𝜈[1 − 4𝜋
(1 − 𝑤2)2

𝑔2𝑟2
]

 × (1 + 2𝑟𝜈̇ +
𝐹

3
𝑟2𝜈̇2 −

8𝜋𝑤̇2

𝑔2
)

−1  

𝑤̈ = −
1

𝑟′2
[𝑟′′𝑤̇ +

𝑒2𝜈

𝑟2
𝑤(1 − 𝑤2)]  

𝑑𝑠2 = −𝑒2𝜈(𝑟)𝑑𝑡2 +
𝑒2𝜈(𝑟)

𝑏2(𝑟)
𝑑𝑟2 + 𝑟2𝑑Ω2  

𝑔𝑟𝑟 =
𝑒2𝜈

𝑟′2
 

𝜈 = 𝜈0 +
𝜈1
𝑟
+
𝜈2
𝑟2
+⋯ ,𝑤 = 𝑤0 +

𝑤1
𝑟
+
𝑤2
𝑟2
+⋯ .  

𝜈= −
𝑀

𝑟
−
𝑀2

𝑟2
+ 𝑂(𝑟−3)  

𝑤 = ±(1 −
𝑤1
𝑟
+
3𝑤1

2 − 6𝑀𝑤1
4𝑟2

) + 𝑂(𝑟−3)

 

𝑥 = ∫  
𝑑𝑟

𝜎(𝑟)𝑁(𝑟)
 

𝜈 =
1

2
ln (𝜎2𝑁)  

𝜕𝑥𝑤 = 𝜎𝑁𝜕𝑟𝑤  

𝜕𝑥𝜈 = 𝜎𝑁𝜕𝑟𝜈, 𝜕𝑥𝑟 = 𝜎𝑁  

𝜕𝑟𝜈 = 4𝜋
𝑟

𝑁
𝑇𝑟
𝑟 +

𝑚

𝑟2𝑁
 

𝐿 = ∫  𝑑𝑥𝑒𝜈(𝑥)  
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𝑇𝑡𝑡 + 𝑇𝑥𝑥 + ⟨𝑇̂𝑡𝑡⟩ + ⟨𝑇̂𝑥𝑥⟩ < 0  

2𝑤′2

𝑔2𝑟2
−

𝐹

12𝜋
(𝜈′2 − 𝜈′′) < 0  

𝜈̈ (1 −
𝐹

3
) ≃ 4𝜋𝑟𝑒2𝜈

𝜈̇

𝑟′2
[
2𝑤′2

𝑔2𝑟2𝑒2𝜈
+
2𝐹

3

(1 − 𝑤2)2

2𝑔2𝑟4
]

−
𝐹𝑟

3
𝜈̇3 [1 +

1

3
(𝐹 +

𝑟𝐹′

2𝑟′
)] ,

 

𝑤̇ = (𝜕𝑟/𝜕𝑤)−1 

𝑒2𝜈

𝑟′2
≃
𝐹

3
𝑟2𝜈̇2 {1 + 8𝜋 [

𝑤′2

𝑔2𝑒2𝜈
−
(1 − 𝑤2)2

2𝑔2𝑟2
]}

−1

 

𝑑𝜈̇

𝜈̇3
≃ −𝑑𝑟

𝐹𝑟/3

1 − 𝐹/3
[1 +

1

3
(𝐹 +

𝑟𝐹′

2𝑟′
) −𝑊]  
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𝑊 ≡ 4𝜋𝑟2 [
2𝑤′2

𝑔2𝑟2𝑒2𝜈
+
𝐹

3

(1 − 𝑤2)2

𝑔2𝑟4
]

 × {1 + 8𝜋 [
𝑤′2

𝑔2𝑒2𝜈
−
(1 − 𝑤2)2

2𝑔2𝑟2
]}

−1  

𝑑𝜈̇

𝜈̇3
≃ −𝑑𝑟

𝐹𝑟/3

1 − 𝐹/3
[1 +

1

3
(𝐹 +

𝑟𝐹′

2𝑟′
)]  

𝜈 ≃ √
2(12𝜋𝑟𝑡ℎ

2 − 1)

𝑟𝑡ℎ
√𝑟 − 𝑟𝑡ℎ + 𝜈𝑡ℎ  

𝑔𝑟𝑟≃
𝐹

3
𝑟2𝜈̇2(1 + 𝑄)−1  

𝑄 ≡ 8𝜋 [
𝑤′2

𝑔2𝑒2𝜈
−
(1 − 𝑤2)2

2𝑔2𝑟2
]

 

𝜈′ ≃ 12𝜋√
2

3

𝑤′

𝑔
,  

𝜈 ≃ 12𝜋√
2

3

𝑤

𝑔
+ 𝐶  

𝑆 = ∫  [
𝑅

16𝜋𝐺
−

1

2𝑒2
Tr(𝐹𝜇𝜈𝐹

𝜇𝜈)]√−𝑔𝑑𝑥4  

𝐹𝜇𝜈  = ∇𝜇𝐴𝜈 − ∇𝜈𝐴𝜇 + 𝑖[𝐴𝜇 , 𝐴𝜈]

𝐴𝜇  =
1

2
𝜏𝑎𝐴𝜇

𝑎
 

𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅 =

𝜅

𝑒2
Tr (𝐹𝜇𝛼𝐹𝜈

𝛼 −
1

4
𝑔𝜇𝜈𝐹𝛼𝛽𝐹

𝛼𝛽) ,

∇𝜇𝐹
𝜇𝜈 + 𝑖[𝐴𝜇 , 𝐹

𝜇𝜈]  = 0.
 

𝑑𝑠2 = −(1 −
2𝑚(𝑟)

𝑟
)𝜎(𝑟)𝑑𝑡2 +

𝑑𝑟2

1 −
2𝑚(𝑟)
𝑟

+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

𝐴𝜇𝑑𝑥
𝜇 =

1 − 𝑤(𝑟)

2
(𝜏𝜑𝑑𝜃 − 𝜏𝜃sin 𝜃𝑑𝜑)  

𝑚′  =
𝜅

2
(1 −

2𝑚

𝑟
)𝑤′2 + 𝜅

(𝑤2 − 1)2

4𝑟2

𝜎′  =
2𝜅𝜎

𝑟
𝑤′2

𝑤′′  =
𝑤′

2𝑟3 (1 −
2𝑚
𝑟
)
(𝜅(𝑤2 − 1)2 − 4𝑟𝑚) +

𝑤(𝑤2 − 1)

𝑟2 (1 −
2𝑚
𝑟
)
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𝑚(𝑟)  = 𝜅𝑊‾2
2𝑟3 +

4

5
𝜅𝑊‾2

3𝑟5 +𝒪(𝑟7)

𝜎(𝑟)  = 𝜎0 − 2𝜅𝑊‾2
2𝑟2 +𝒪(𝑟4)

𝑤(𝑟)  = 1 +𝑊‾2𝑟
2 +

1

10
𝑊‾2
2(3 + 4𝜅𝑊‾2)𝑟

4 + 𝒪(𝑟4)

 

𝑚(𝑟)  = 𝑚ℎ +
𝜅

4𝑟ℎ
2 (1 −𝑊ℎ

2)
2
(𝑟 − 𝑟ℎ) + 𝒪((𝑟 − 𝑟ℎ)

2)

𝜎(𝑟)  = 𝜎ℎ − 𝜅
𝑊̃1
2

𝑟ℎ
(𝑟 − 𝑟ℎ) + 𝒪((𝑟 − 𝑟ℎ)

2)

𝑤(𝑟)  = 𝑊ℎ + 𝑊̃1(𝑟 − 𝑟ℎ) + 𝒪((𝑟 − 𝑟ℎ)
2)

 

𝑊̃1 =
2𝑟ℎ𝑊ℎ(1 −𝑊ℎ

2)

𝜅(1 −𝑊ℎ
2)2 − 2𝑟ℎ

2
 

𝑚(𝑟)  = 𝑀 −
𝜅𝑤1

2

2𝑟3
∓
𝜅𝑤1

2(4𝑤1 ± 5𝑀)

4𝑟4
+ 𝒪 (

1

𝑟5
) ,

𝜎(𝑟)  = 1 −
𝜅𝑤1

2

2𝑟4
∓
6𝜅𝑤1(𝑤1 ± 2𝑀)

5𝑟5
+ 𝒪 (

1

𝑟6
) ,

𝑤(𝑟)  = ±1 +
𝑤1
𝑟
±
3𝑤1(𝑤1 ± 2𝑀)

4𝑟2
+ 𝒪 (

1

𝑟3
) ,
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𝑚𝑒(𝑟) =
1

𝑒
𝑚1(𝑒𝑟),  

𝑚1(∞) ≃ 𝑀Pl 

 

𝑆E = ∫  
ℳ

  [−
𝑅

16𝜋
+
1

2
Tr(𝐹𝜇𝜈𝐹

𝜇𝜈)]√+𝑔𝑑𝑥4 −
1

8𝜋
∫  
𝜕ℳ

  (𝐾 − 𝐾0)√+ℎ𝑑
3𝑥  

∫  [−
𝑅

16𝜋
]√+𝑔𝑑𝑥4= 4𝜋𝛽∫  

∞

𝑟ℎ

 𝑑𝑟√𝜎 (−
2

𝜅
𝑚′) +

𝛽

4
((2𝑚 − 2𝑟𝑚′)√𝜎 + (𝑟 − 2𝑚)𝑟

𝜎′

√𝜎
)|

𝑟ℎ

∞

 

 = 4𝜋𝛽∫  
∞

𝑟ℎ

 𝑑𝑟√𝜎 (−
2

𝜅
𝑚′) +

𝛽

2
(𝑀 −𝑚ℎ)

 

𝜎 → 1, 𝜎′ = 𝑂(𝑟−5) 

𝑚′ = 𝑂(𝑟−4) 
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∫  [
1

2
Tr(𝐹𝜇𝜈𝐹

𝜇𝜈)]√+𝑔𝑑𝑥4= 4𝜋𝛽∫  
∞

𝑟ℎ

 𝑑𝑟√𝜎 (
(1 − 𝑤2)2

2𝑟2
+ (1 −

2𝑚

𝑟
)𝑤′2) 

 = 4𝜋𝛽∫  
∞

𝑟ℎ

 𝑑𝑟√𝜎 (
2

𝜅
𝑚′)

 

−
1

8𝜋
∫  
𝜕ℳ

  (𝐾 − 𝐾0)√+ℎ𝑑
3𝑥 = 𝛽

𝑀

2
 

𝑆E = 𝛽𝑀 −
𝛽

2
𝑚ℎ  

𝛽 = 1/𝑇 = 8𝜋𝑚ℎ 

𝑆 = 4𝜋𝑚ℎ
2 

𝑇𝑆E = 𝑀 − 𝑇𝑆 

𝑚ℎ = 𝑀 −𝜔 

𝐵 ≡ 𝑆𝐸(𝑀 − 𝜔) − 𝑆𝐸(𝑀) =
Δ𝒜

4
= 4𝜋(𝑀2 − (𝑀 − 𝜔)2) ≃ 8𝜋𝑀𝜔 = 𝛽𝜔  

𝜔𝑘 = 𝑀 −𝑚ℎ,𝑘 

Γ ≃ 𝐴𝑒−𝐵  

∼ 𝑉𝑘
−1 = 𝑟𝑘

−3 

𝑉𝑘 ∝ 𝑒
𝐶𝑘 

Γbh→particle ≃ 𝑒
−𝛽𝜔  

Γ𝑘 ≃ 𝑒
−𝛽𝑀𝑘+4𝜋𝑀

2
= 𝑒−4𝜋𝑀𝑘

2
,  

𝑆1(𝑆) = 𝑆0 − 𝑆  

𝑆2(𝑆) = 0  

𝑆 = 𝑝1𝑆1 + 𝑝2𝑆2 = 𝑝1(𝑆0 − 𝑆)  

𝑝1(𝑡) = 1 − 𝑝2(𝑡) → 0 

𝛾𝑎𝑏 ≡ −
Γ𝑎𝑏

|detΓ𝑎𝑏|
1/𝑁

 and Γab ≡ Cad
c Cbc

d  

𝐼bulk =
1

16𝜋
∫  𝑑𝑛+1𝑥√−𝑔 {−2Λ + ℒ1 + 𝜇̂2ℒ2 + 𝜇̂3ℒ3 + 𝜇̂4ℒ4 − 𝛾𝑎𝑏𝐹𝜇𝜈

(𝑎)
𝐹(𝑏)𝜇𝜈}  
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ℒ2 = 𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐𝑑 − 4𝑅𝑎𝑏𝑅

𝑎𝑏 + 𝑅2

ℒ3 = 𝑅𝑎  
𝑐  𝑏 

𝑑𝑅𝑐  
𝑒 𝑑  

𝑓𝑅𝑒 
𝑎 𝑓 

𝑏 +
1

8(2𝑛 − 1)(𝑛 − 3)
(𝑏1𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑏𝑐𝑑𝑅 + 𝑏2𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐  𝑒𝑅

𝑑𝑒

+𝑏3𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑐𝑅𝑏𝑑 + 𝑏4𝑅𝑎  

𝑏𝑅𝑏 
𝑐𝑅𝑐  

𝑎 + 𝑏5𝑅𝑎 
𝑏𝑅𝑏 

𝑎𝑅 + 𝑏6𝑅
3)

ℒ4 = 𝑐1𝑅𝑎𝑏𝑐𝑑𝑅
𝑐𝑑𝑒𝑓𝑅ℎ𝑔 𝑒𝑓𝑅ℎ𝑔 

𝑎𝑏 + 𝑐2𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐𝑑𝑅𝑒𝑓 

𝑒𝑓 + 𝑐3𝑅𝑅𝑎𝑏𝑅
𝑎𝑐𝑅𝑐  

𝑏 + 𝑐4(𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐𝑑)

2

+𝑐5𝑅𝑎𝑏𝑅
𝑎𝑐𝑅𝑐𝑑𝑅

𝑑𝑏 + 𝑐6𝑅𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑐𝑅𝑑𝑏 + 𝑐7𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑐𝑅𝑏𝑒𝑅𝑑 𝑒 + 𝑐8𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑐𝑒𝑓𝑅𝑏 𝑒𝑅

𝑑  𝑓

+𝑐9𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑐𝑅𝑒𝑓𝑅

𝑏𝑒𝑑𝑓 + 𝑐10𝑅
4 + 𝑐11𝑅

2𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐𝑑 + 𝑐12𝑅

2𝑅𝑎𝑏𝑅
𝑎𝑏

+𝑐13𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑒𝑓𝑅𝑒𝑓 

𝑐  𝑔𝑅
𝑑𝑔 + 𝑐14𝑅𝑎𝑏𝑐𝑑𝑅

𝑎𝑒𝑐𝑓𝑅𝑔𝑒ℎ𝑓𝑅
𝑔𝑏ℎ𝑑

 

𝐹𝜇𝜈
(𝑎)
= 𝜕𝜇𝐴𝜈

(𝑎)
− 𝜕𝜈𝐴𝜇

(𝑎)
+
1

𝑒
𝐶𝑏𝑐
𝑎 𝐴𝜇

(𝑏)
𝐴𝜈
(𝑐)  

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑓(𝑟)
+ 𝑟2[𝑑𝜃2 + 𝑘−1sin2 (√𝑘𝜃)𝑑Ω𝑘,𝑛−2

2 ]  

𝑥1=
𝑟

√𝑘
sin (√𝑘𝜃)Π𝑗=1

𝑛−2sin 𝜙𝑗,  

𝑥𝑙=
𝑟

√𝑘
sin (√𝑘𝜃)cos 𝜙𝑛−𝑙Π𝑗=1

𝑛−𝑙−1sin (𝜙𝑗), 𝑙 = 2,… , 𝑛 − 1 

𝑥𝑛 = 𝑟cos (√𝑘𝜃),

 

𝐴(𝑎)=
𝑒

𝑟2
(𝑥𝑙𝑑𝑥𝑛 − 𝑥𝑛𝑑𝑥𝑙) for 𝑎 = 𝑙 = 1,… , 𝑛 − 1  

𝐴(𝑏) =
𝑒

𝑟2
(𝑥𝑙𝑑𝑥𝑗 − 𝑥𝑗𝑑𝑥𝑙) for 𝑏 = 𝑛,… , 𝑛(𝑛 − 1)/2, 𝑙 = 1,… , 𝑛 − 2, 𝑗 = 2,… , 𝑛 − 1, and 𝑙 < 𝑗.

 

𝜇2≡ (𝑛 − 2)(𝑛 − 3)𝜇̂2  

𝜇3≡
(𝑛 − 2)(𝑛 − 5)(3𝑛2 − 9𝑛 + 4)

8(2𝑛 − 1)
𝜇̂3  

𝜇4 ≡ 𝑛(𝑛 − 1)(𝑛 − 3)(𝑛 − 7)(𝑛 − 2)
2(𝑛5 − 15𝑛4 + 72𝑛3 − 156𝑛2 + 150𝑛 − 42)𝜇̂4

 

𝜇4Ψ
4 + 𝜇3Ψ

3 + 𝜇2Ψ
2 +Ψ+ 𝜁 = 0  

Ψ(𝑟) = [𝑘 − 𝑓(𝑟)]/𝑟2 

𝜁 =

{
 
 

 
 −

2Λ

𝑛(𝑛 − 1)
−
𝑚

𝑟𝑛
−
(𝑛 − 2)𝑒2

(𝑛 − 4)𝑟4
, 𝑛 > 4

−
Λ

6
−
𝑚

𝑟4
−
2𝑒2

𝑟4
ln (

𝑟

𝑟0
) . 𝑛 = 4

 

𝑓(𝑟) = 𝑘 − 𝑟2 ×

{
  
 

  
 

−
𝜇3
4𝜇4

+
−𝑊 +√−(3𝐴 + 2𝑦 −

2𝐵
𝑊)

2
, 𝜇4 > 0

−
𝜇3
4𝜇4

+
𝑊 −√−(3𝐴 + 2𝑦 +

2𝐵
𝑊)

2
, 𝜇4 < 0
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𝑊 = √𝐴 + 2𝑦, 𝐴 = −
3𝜇3

2

8𝜇4
2 +

𝜇2
𝜇4
 , 𝑦 = {

−
5

6
𝐴 + 𝑈 −

𝑃

3𝑈
, 𝑈 ≠ 0

−
5

6
𝐴 + 𝑈 − √𝐻

3
, 𝑈 = 0

𝑈 = (−
𝐻

2
± √

𝐻2

4
+
𝑃3

27
)

1
3

, 𝐻 = −
𝐴3

108
+
𝐴𝐶

3
−
𝐵2

8
, 𝑃 = −

𝐴2

12
− 𝐶

 

𝐵 =
𝜇3
3

8𝜇4
3 −

𝜇2𝜇3

2𝜇4
2 +

1

𝜇4
 , 𝐶 = −

3𝜇3
4

256𝜇4
4 +

𝜇2𝜇3
2

16𝜇4
3 −

𝜇3

4𝜇4
2 +

𝜁

𝜇4
.  

𝑓(𝑟) =𝑘 −
𝑟2

2

[
 
 
 
 
 

∓
√
2(

1

16𝜇4
2 + √Δ)

1
3

+
2𝜉

3𝜇4 (
1

16𝜇4
2 +√Δ)

1
3

±

(

 
 
−2(

1

16𝜇4
2 + √Δ)

1
3

−
2𝜉

3𝜇4 (
1

16𝜇4
2 +√Δ)

1
3

±
2

𝜇4

(

 
 
2(

1

16𝜇4
2 +√Δ)

1
3

+
2𝜉

3𝜇4 (
1

16𝜇4
2 + √Δ)

1
3

)

 
 

−
1
2

)

 
 
 

1
2

]
 
 
 
 
 
  

Δ =
1

256𝜇4
4 −

𝜁3

27𝜇4
3  

𝑓(𝑟) = 𝑘 + 𝜁𝑟2 + 𝜇4𝜁
4𝑟2 + 4𝜇4

2𝜁7𝑟2 + 𝒪((𝜇4)
8/3)  

𝑓(𝑟) = 𝑘 − (
𝑚

𝜇4
)

1
4
𝑟
8−𝑛
4 −

(𝑛 − 2)𝑒2

4(𝑛 − 4)𝑚
× (

𝑚

𝜇4
)

1
4
𝑟
3𝑛−8
4 + 𝒪(𝑟)  

𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐𝑑 ∝ √

𝑚

𝜇4
𝑟−
𝑛
2  

𝑀 =
(𝑛 − 1)

16𝜋
𝑚,  

 

𝑚(𝑟+) =

{
 
 

 
 𝜇4𝑘

4

𝑟+
8−𝑛 +

𝜇3𝑘
3

𝑟+
6−𝑛 +

𝜇2𝑘
2

𝑟+
4−𝑛 +

𝑘

𝑟+
2−𝑛 −

2Λ

𝑛(𝑛 − 1)
𝑟+
𝑛 −

(𝑛 − 2)𝑒2

(𝑛 − 4)𝑟+
4−𝑛 , 𝑛 > 4,

𝜇4𝑘
4

𝑟+
4 +

𝜇3𝑘
3

𝑟+
2 + 𝜇2𝑘

2 + 𝑘𝑟+
2 −

Λ

6
𝑟+
4 − 2𝑒2ln (𝑟+), 𝑛 = 4.

 

𝑄 =
1

4𝜋√(𝑛 − 1)(𝑛 − 2)
∫  𝑑𝑛−1𝑟√Tr (𝐹𝜇𝜈

(𝑎)
𝐹𝜇𝜈
(𝑎)
) =

𝑒

4𝜋
.  
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𝑇+ =
|𝑓′(𝑟+)|

4𝜋
=

|(𝑛 − 8)𝜇4𝑘
4 + (𝑛 − 6)𝜇3𝑘

3𝑟+
2 + (𝑛 − 4)𝜇2𝑘

2𝑟+
4 + 𝑘(𝑛 − 2)𝑟+

6 −
2Λ𝑟+

8

𝑛 − 1 − (𝑛 − 2)𝑒
2𝑟+
4|

4𝜋𝑟+|(4𝜇4𝑘3 + 3𝑘2𝜇3𝑟+
2 + 2𝑘𝜇2𝑟+

4 + 𝑟+
6)|

 

𝑆 =
𝑟+
𝑛−1

4
+
(𝑛 − 1)𝑘𝜇2
2(𝑛 − 3)

𝑟+
𝑛−3 +

3(𝑛 − 1)𝑘2𝜇3
4(𝑛 − 5)

𝑟+
𝑛−5 +

(𝑛 − 1)𝑘3𝜇4
(𝑛 − 7)

𝑟+
𝑛−7.  

𝑑𝑀 = 𝑇𝑑𝑆 + 𝑈𝑑𝑄,  

𝑇 = (
𝜕𝑀

𝜕𝑆
)
𝑄

 

𝑈 = (
𝜕𝑀

𝜕𝑄
)
𝑆

 

𝑈+ = {
−
2𝜋𝑄(𝑛 − 1)(𝑛 − 2)

(𝑛 − 4)
𝑟+
𝑛−4, 𝑛 > 4

−4𝜋𝑄(𝑛 − 1)ln (𝑟+) 𝑛 = 4.

 

𝐶𝑒 = 𝑇 (
𝜕𝑆

𝜕𝑇
)
𝑄
= 𝑇 (

𝜕2𝑀

𝜕𝑆2
)
𝑄

−1

,  

det𝐻 = (
𝜕2𝑀

𝜕𝑆2
)(
𝜕2𝑀

𝜕𝑄2
) − (

𝜕2𝑀

𝜕𝑆𝜕𝑄
)

2

,  

(
𝜕2𝑀

𝜕𝑄2
) = {

−
2𝜋(𝑛 − 1)(𝑛 − 2)

(𝑛 − 4)
𝑟+
𝑛−4, 𝑛 > 4,

−4𝜋(𝑛 − 1)ln (𝑟+) 𝑛 = 4,

 

𝑃 = −
Λ

8𝜋
 

𝑉 =
𝑟+
𝑛

𝑛
 

𝑣 =
4𝑟+
𝑛 − 1

 

𝑑𝑀 = 𝑇𝑑𝑆 + 𝑈𝑑𝑄 + 𝑉𝑑𝑃 + Ψ2𝑑𝜇̂2 +Ψ3𝑑𝜇̂3 +Ψ4𝑑𝜇̂4,  

Ψ2 =
𝜕𝑀

𝜕𝜇̂2
=
𝑘2(𝑛 − 1)

16𝜋
𝑟+
𝑛−4 −

𝑘(𝑛 − 1)

2(𝑛 − 3)
𝑟+
𝑛−3𝑇+,

Ψ3 =
𝜕𝑀

𝜕𝜇̂3
=
𝑘3(𝑛 − 1)

16𝜋
𝑟+
𝑛−6 −

3𝑘2(𝑛 − 1)

4(𝑛 − 5)
𝑟+
𝑛−5𝑇+,

Ψ4 =
𝜕𝑀

𝜕𝜇̂4
=
𝑘4(𝑛 − 1)

16𝜋
𝑟+
𝑛−8 −

𝑘3(𝑛 − 1)

(𝑛 − 7)
𝑟+
𝑛−7𝑇+.
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𝑃 =
𝑇

𝑣
−

𝑘(𝑛 − 2)

(𝑛 − 1)𝜋𝑣2
+
16(𝑛 − 2)𝑒2

(𝑛 − 1)3𝜋𝑣4
+

32𝑘𝜇2
(𝑛 − 1)2𝑣3

(𝑇 −
𝑘(𝑛 − 4)

2𝜋(𝑛 − 1)𝑣
) +

768𝑘2𝜇3
(𝑛 − 1)4𝑣5

(𝑇 −
𝑘(𝑛 − 6)

3𝜋(𝑛 − 1)𝑣
)

 +
16384𝑘3𝜇4
(𝑛 − 1)6𝑣7

(𝑇 −
𝑘(𝑛 − 8)

4𝜋(𝑛 − 1)𝑣
)

 

𝜕𝑃

𝜕𝑣
= 0,

𝜕2𝑃

𝜕𝑣2
= 0  

𝐶𝑉 = 𝑇 (
𝜕𝑆

𝜕𝑇
)
𝑉
= 0 ⇒ 𝛼 = 0  

𝑝 =
𝑃

𝑃𝐶
 , 𝜈 =

𝑣

𝑣𝐶
 , 𝜏 =

𝑇

𝑇𝐶
,  

𝑝 = 1 +
𝑡

𝜌𝐶
−
1

𝑧𝜌𝐶
𝑡𝑤 − 𝐴𝑤3 + 𝒪(𝑡𝑤2, 𝑤4),  

𝐴 =
1

𝑧3
(
1

𝜌𝑐
−
ℎ(3)|

𝜈=1

6
) , 𝜌𝐶 =

𝑃𝐶𝑣𝐶
𝑇𝐶

ℎ(𝜈) =
1

𝑃𝐶
[−

𝑘(𝑛 − 2)

(𝑛 − 1)𝜋𝜈2𝑣𝐶
2 +

16(𝑛 − 2)𝑒2

(𝑛 − 1)3𝜋𝜈4𝑣𝐶
4 +

32𝑘𝜇2

(𝑛 − 1)2𝜈3𝑣𝐶
3 (𝜏𝑇𝐶 −

𝑘(𝑛 − 4)

2𝜋(𝑛 − 1)𝜈𝑣𝐶
)

+
768𝑘2𝜇3

(𝑛 − 1)4𝜈5𝑣𝐶
5 (𝜏𝑇𝐶 −

𝑘(𝑛 − 6)

3𝜋(𝑛 − 1)𝜈𝑣𝐶
) +

16384𝑘3𝜇4

(𝑛 − 1)6𝜈7𝑣𝐶
7 (𝜏𝑇𝐶 −

𝑘(𝑛 − 8)

4𝜋(𝑛 − 1)𝜈𝑣𝐶
)] .

 

𝑝= 1 +
𝑡

𝜌𝐶
−
1

𝑧𝜌𝐶
𝑡𝑤𝑙 − 𝐴𝑤𝑙

3 = 1 +
𝑡

𝜌𝐶
−
1

𝑧𝜌𝐶
𝑡𝑤𝑠 − 𝐴𝑤𝑠

3 

0 = ∫  
𝜔𝑠

𝜔𝑙

 𝜔𝑑𝑃
 

𝑤𝑠 = −𝜔𝑙 = √−
𝑡

𝑧𝜌𝐶𝐴
,  

𝜂 = 𝑣𝐶(𝜔𝑙 −𝜔𝑠) = 2𝑣𝐶𝜔𝑙 ∝ √−𝑡 ⇒ 𝛽 =
1

2
 

𝜅𝑇 = −
1

𝑉

𝜕𝑉

𝜕𝑃
|
𝑇
∝
𝜌𝐶
𝑃𝐶

1

𝑡
⇒ 𝛾 = 1  

𝑝 − 1 = −𝐶𝑤3 ⇒ 𝛿 = 3  

𝐼bulk =
1

16𝜋
∫  𝑑𝑛+1𝑥√−𝑔 {−2Λ + 𝜇̂4ℒ4 − 𝛾𝑎𝑏𝐹𝜇𝜈

(𝑎)
𝐹(𝑏)𝜇𝜈}  

𝜇4Ψ
4 + 𝜁 = 0  
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𝑓𝑃𝑌(𝑟) = 𝑘 ∓
𝑟
3
2

𝜇4
×

{
  
 

  
 
[𝜇4
3 (

2Λ𝑟2

𝑛(𝑛 − 1)
+
(𝑛 − 2)𝑒2

(𝑛 − 4)𝑟2
+

𝑚

𝑟𝑛−2
)]

1
4

, 𝑛 > 4

[𝜇4
3 (
Λ𝑟2

6
+
2𝑒2ln (

𝑟
𝑟0
)

𝑟2
+
𝑚

𝑟2
)]

1
4

, 𝑛 = 4

 

𝑓𝑃𝑌(𝑟) = 𝑘 ∓ (
2Λ

𝜇4𝑛(𝑛 − 1)
)

1
4
𝑟2  

𝑅𝑎𝑏𝑐𝑑𝑅
𝑎𝑏𝑐𝑑 ∝ √

𝑚

𝜇4
𝑟−
𝑛
2  

𝑚(𝑟+) =

{
 
 

 
 −

2Λ

𝑛(𝑛 − 1)
𝑟+
𝑛 −

(𝑛 − 2)𝑒2

(𝑛 − 4)𝑟+
4−𝑛 +

𝜇4𝑘
4

𝑟+
8−𝑛 , 𝑛 > 4

−
Λ

6
𝑟+
4 − 2𝑒2ln (𝑟+) +

𝜇4𝑘
4

𝑟+
4 , 𝑛 = 4

 

𝑇+ =
|𝑓′(𝑟+)|

4𝜋
= |
𝑘(𝑛 − 8)

16𝜋𝑟+
−

Λ𝑟+
7

8𝜋(𝑛 − 1)𝜇4𝑘
3
−
(𝑛 − 2)𝑒2𝑟+

3

16𝜋𝜇4𝑘
3
|  

𝑆 =
(𝑛 − 1)𝜇4𝑘

3

(𝑛 − 7)
𝑟+
𝑛−7  

𝑈+ =

{
 
 

 
 −

Λ𝑟+
𝑛

2𝑛
−
(𝑛 − 1)(𝑛 − 2)𝑒2

4(𝑛 − 4)𝑟+
4−𝑛 +

(𝑛 − 1)𝜇4𝑘
4

4𝑟+
8−𝑛 , 𝑛 > 4

−
Λ𝑟+

4

8
−
3

2
𝑒2ln (𝑟+) +

3𝜇4𝑘
4

4𝑟+
4 𝑛 = 4

 

𝐶𝑄 = −
16𝜋𝜇4

2𝑘6(𝑛 − 1)2𝑟+
𝑛−6

14Λ𝑟+
8 + 3(𝑛 − 1)(𝑛 − 2)𝑒2𝑟+

4 + (𝑛 − 1)(𝑛 − 8)𝜇4𝑘
4
𝑇+.  

𝑏1 = 3(3𝑛 − 5)

𝑏2 = −24(𝑛 − 1)

𝑏3 = 24(𝑛 + 1)

𝑏4 = 48(𝑛 − 1)

𝑏5 = −12(3𝑛 − 1)

𝑏6 = 3(𝑛 + 1)
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𝑐1 = −(𝑛 − 1)(𝑛
7 − 3𝑛6 − 29𝑛5 + 170𝑛4 − 349𝑛3 + 348𝑛2 − 180𝑛 + 36)

𝑐2 = −4(𝑛 − 3)(2𝑛
6 − 20𝑛5 + 65𝑛4 − 81𝑛3 + 13𝑛2 + 45𝑛 − 18)

𝑐3 = −64(𝑛 − 1)(3𝑛
2 − 8𝑛 + 3)(𝑛2 − 3𝑛 + 3)

𝑐4 = −(𝑛
8 − 6𝑛7 + 12𝑛6 − 22𝑛5 + 114𝑛4 − 345𝑛3 + 468𝑛2 − 270𝑛 + 54)

𝑐5 = 16(𝑛 − 1)(10𝑛
4 − 51𝑛3 + 93𝑛2 − 72𝑛 + 18)

𝑐6 = −32(𝑛 − 1)
2(𝑛 − 3)2(3𝑛2 − 8𝑛 + 3)

𝑐7 = 64(𝑛 − 2)(𝑛 − 1)
2(4𝑛3 − 18𝑛2 + 27𝑛 − 9)

𝑐8 = −96(𝑛 − 1)(𝑛 − 2)(2𝑛
4 − 7𝑛3 + 4𝑛2 + 6𝑛 − 3)

𝑐9 = 16(𝑛 − 1)
3(2𝑛4 − 26𝑛3 + 93𝑛2 − 117𝑛 + 36)

𝑐10 = 𝑛
5 − 31𝑛4 + 168𝑛3 − 360𝑛2 + 330𝑛 − 90

𝑐11 = 2(6𝑛
6 − 67𝑛5 + 311𝑛4 − 742𝑛3 + 936𝑛2 − 576𝑛 + 126)

𝑐12 = 8(7𝑛
5 − 47𝑛4 + 121𝑛3 − 141𝑛2 + 63𝑛 − 9)

𝑐13 = 16𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3)(3𝑛
2 − 8𝑛 + 3)

𝑐14 = 8(𝑛 − 1)(𝑛
7 − 4𝑛6 − 15𝑛5 + 122𝑛4 − 287𝑛3 + 297𝑛2 − 126𝑛 + 18)

 

𝐶23
1 = 𝐶31

2 = 𝐶12
3 = −1, 𝛾𝑎𝑏 = diag(1,1,1)  

𝐴𝜇
(1)
= 𝑒(−cos 𝜙𝑑𝜃 + sin 𝜃cos 𝜃sin 𝜙𝑑𝜙) 

𝐴𝜇
(2)
= −𝑒(sin 𝜙𝑑𝜃 + sin 𝜃cos 𝜃cos 𝜙𝑑𝜙) 

𝐴𝜇
(3)
 = 𝑒sin2 𝜃𝑑𝜙

 

𝐶23
1 = 𝐶31

2 = −𝐶12
3 = 1, 𝛾𝑎𝑏 = diag(−1,−1,1) 

𝐴𝜇
(1)
= 𝑒(−cos 𝜙𝑑𝜃 + sinh 𝜃cosh 𝜃sin 𝜙𝑑𝜙) 

𝐴𝜇
(2)
= −𝑒(sin 𝜙𝑑𝜃 + sinh 𝜃cosh 𝜃cos 𝜙𝑑𝜙) 

𝐴𝜇
(3)
 = 𝑒sinh2 𝜃𝑑𝜙

 

𝐶24
1 = 𝐶35

1 = 𝐶41
2 = 𝐶36

2 = 𝐶51
3 = 𝐶62

3 = 1  

𝐶56
4 = −𝐶21

4 = 𝐶64
5 = −𝐶31

5 = 𝐶45
6 = −𝐶32

6 = 1 

𝛾𝑎𝑏 = diag(1,1,1,1,1,1)

 

𝐴𝜇
(1)
= −𝑒(sin 𝜙cos 𝜓𝑑𝜃 + sin 𝜃cos 𝜃(cos 𝜙cos 𝜓𝑑𝜙 − sin 𝜙sin 𝜓𝑑𝜓)) 

𝐴𝜇
(2)
= −𝑒(sin 𝜙sin 𝜓𝑑𝜃 + sin 𝜃cos 𝜃(cos 𝜙sin 𝜓𝑑𝜙 + sin 𝜙cos 𝜓𝑑𝜓))  

𝐴𝜇
(3)
= −𝑒(cos 𝜙𝑑𝜃 − sin 𝜃cos 𝜃sin 𝜙𝑑𝜙)  

𝐴𝜇
(4)
= −𝑒sin2 𝜃sin2 𝜙𝑑𝜓  

𝐴𝜇
(5)
 = 𝑒sin2 𝜃(cos 𝜓𝑑𝜙 − sin 𝜙cos 𝜙sin 𝜓𝑑𝜓)

𝐴𝜇
(6)
 = 𝑒sin2 𝜃(sin 𝜓𝑑𝜙 + sin 𝜙cos 𝜙cos 𝜓𝑑𝜓)
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𝐶24
1 = 𝐶35

1 = 𝐶41
2 = 𝐶36

2 = 𝐶51
3 = 𝐶62

3 = 1

𝐶56
4 = 𝐶21

4 = 𝐶64
5 = 𝐶31

5 = 𝐶45
6 = 𝐶32

6 = 1

𝛾𝑎𝑏 = diag(−1,−1,−1,1,1,1)

𝐴𝜇
(1)
= −𝑒(sin 𝜙cos 𝜓𝑑𝜃 + sinh 𝜃cosh 𝜃(cos 𝜙cos 𝜓𝑑𝜙 − sin 𝜙sin 𝜓𝑑𝜓))

𝐴𝜇
(2)
= −𝑒(sin 𝜙sin 𝜓𝑑𝜃 + sinh 𝜃cosh 𝜃(cos 𝜙sin 𝜓𝑑𝜙 + sin 𝜙cos 𝜓𝑑𝜓))

𝐴𝜇
(3)
= −𝑒(cos 𝜙𝑑𝜃 − sinh 𝜃cosh 𝜃sin 𝜙𝑑𝜙)

𝐴𝜇
(4)
= 𝑒sinh2 𝜃sin2 𝜙𝑑𝜓

𝐴𝜇
(5)
= −𝑒sinh2 𝜃(cos 𝜓𝑑𝜙 − sin 𝜙cos 𝜙sin 𝜓𝑑𝜓)

𝐴𝜇
(6)
= −𝑒sinh2 𝜃(sin 𝜓𝑑𝜙 + sin 𝜙cos 𝜙cos 𝜓𝑑𝜓)

 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 + 𝑓(𝑟)−1𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

𝑓(𝑟) = 1 −
2𝑀

𝑟
+
𝑄2

𝑟2
+
𝑄𝑌𝑀
𝑟4𝑝−1

 

𝑄𝑌𝑀 ≡
2𝑝 − 1

4𝑝 − 3
𝑞𝑌𝑀
2𝑝

 

𝑔𝑟𝑟 = 0,  

𝑓(𝑟) = 1 −
2𝑀

𝑟
+
𝑄2

𝑟2
+
𝑄𝑌𝑀
𝑟4𝑝−1

= 0.  

sin 𝜃 = 1,
𝑑𝜃

𝑑𝜏
= 0.  

2ℒ = 𝑔𝑖𝑗
𝑑𝑥𝑖

𝑑𝜏

𝑑𝑥𝑗

𝑑𝜏
,  

ℒ =
1

2
[−𝑓(𝑟)𝑡̇2 +

1

𝑓(𝑟)
𝑟̇2 + 𝑟2𝜃̇2 + (𝑟2sin2 𝜃)𝜑̇2] .  

𝑝𝑡=
𝜕ℒ

𝜕𝑡̇
= −𝑓(𝑟)𝑡̇  

𝑝𝑟= −
𝜕ℒ

𝜕𝑟̇
= −

1

𝑓(𝑟)
𝑟̇  

𝑝𝜃 = −
𝜕ℒ

𝜕𝜃̇
= −𝑟2𝜃̇

𝑝𝜑 = −
𝜕ℒ

𝜕𝜑̇
= −𝑟2sin2 𝜃𝜑̇

 

𝐸 = −𝑔00
𝑑𝑡

𝑑𝜏
= 𝑓(𝑟)

𝑑𝑡

𝑑𝜏

𝐿 = 𝑔33
𝑑𝜑

𝑑𝜏
= 𝑟2

𝑑𝜑

𝑑𝜏

 

2ℒ = −
𝐸2

𝑓(𝑟)
+

1

𝑓(𝑟)
𝑟̇2 +

𝐿2

𝑟2
.  
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1

𝑓(𝑟)
(
𝑑𝑟

𝑑𝜏
)
2

=
𝐸2

𝑓(𝑟)
−
𝐿2

𝑟2
.  

(
𝑑𝑟

𝑑𝜑
)
2

=
1

𝑏2
𝑟4 − 𝑓(𝑟)𝑟2 ≡ 𝑉(𝑟)  

𝑉(𝑟)|𝑟=𝑟𝑝ℎ = 0,

𝑑𝑉(𝑟)

𝑑𝑟
|
𝑟=𝑟𝑝ℎ

= 0.
 

𝑑

𝑑𝑟

𝑓(𝑟)

𝑟2
|
𝑟=𝑟𝑝ℎ

= 0.  

𝑏𝑝ℎ =
𝑟𝑝ℎ

√𝑓(𝑟𝑝ℎ)
 

𝑉eff(𝑟) ≡ 𝑓(𝑟)
1

𝑟2
.  

𝑉eff(𝑟𝑝ℎ) =
1

𝑏𝑝ℎ
2 .  

 

(
𝑑𝑢

𝑑𝜑
)
2

=
1

𝑏2
− 𝑓 (

1

𝑢
)𝑢2  

𝑛 =
𝜑

2𝜋
.  

𝜑 = ∫  
𝑢ℎ

0

 
1

√ 1
𝑏2
− 𝑓 (

1
𝑢) 𝑢

2

𝑑𝑢
 

𝜑 = 2∫  
𝑢max

0

 
1

√ 1
𝑏2
− 𝑓 (

1
𝑢)𝑢

2

𝑑𝑢
 

𝑛(𝑏) =
2𝑚 − 1

4
,𝑚 = 1,2,3,⋯  
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𝑟quantum hole =
4𝑀4 − 3𝑀2𝑄2(1 + 𝑄𝑌𝑀) + 𝑀

4
3𝑢
1
3 (2𝑀

4
3 + 𝑢

1
3)

𝑀
5
3(1 + 𝑄𝑌𝑀)𝑢

1
3

 

𝐼0(𝑟, 𝜈0) = 𝑔
3𝐼𝑒(𝑟, 𝜈𝑒)  

𝑔 =
𝜈0
𝜈𝑒
= √𝑓(𝑟) 

𝐼𝑜𝑏𝑠(𝑟) = ∫  𝐼0(𝑟, 𝜈0)𝑑𝜈0 = ∫  𝑔
4𝐼𝑒(𝑟, 𝜈𝑒)𝑑𝜈𝑒 = 𝑓(𝑟)

2𝐼𝑒𝑚(𝑟)  

𝐼𝑒𝑚(𝑟) = ∫  𝐼𝑒(𝑟, 𝜈𝑒)𝑑𝜈𝑒 
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𝐼𝑜𝑏𝑠(𝑏) =∑ 

𝑚

 𝑓(𝑟)2𝐼𝑒𝑚(𝑟)|

𝑟=𝑟𝑚(𝑏)

 

𝜑 =
2𝑚 − 1

2
𝜋
𝑑𝑟𝑚
𝑑𝑏

 

𝑟1(𝑏) =
1

𝑢 (
𝜋
2
, 𝑏)

, 𝑏 ∈ (𝑏1
−, +∞)

𝑟2(𝑏) =
1

𝑢 (
3𝜋
2
, 𝑏)

, 𝑏 ∈ (𝑏2
−, 𝑏2

+)

𝑟3(𝑏) =
1

𝑢 (
5𝜋
2
, 𝑏)

, 𝑏 ∈ (𝑏3
−, 𝑏3

+)

 

𝐼𝑒𝑚1(𝑟) = {
𝐼0 [

1

𝑟 − (𝑟𝑖𝑠𝑐𝑜 − 1)
]
2

, 𝑟 > 𝑟𝑞𝑢𝑎𝑛𝑡𝑢𝑚 ℎ𝑜𝑙𝑒

0, 𝑟 ≤ 𝑟𝑞𝑢𝑎𝑛𝑡𝑢𝑚 ℎ𝑜𝑙𝑒

 

𝐼𝑒𝑚2(𝑟) = {
𝐼0 [

1

𝑟 − (𝑟𝑝ℎ − 1)
]

3

, 𝑟 > 𝑟𝑝ℎ

0, 𝑟 ≤ 𝑟𝑝ℎ

 

𝐼𝑒𝑚3(𝑟) = {
𝐼0

𝜋
2 − arctan 𝜃

[𝑟 − (𝑟𝑖𝑠𝑐𝑜 − 1)]

𝜋
2
− arctan 𝜃[𝑟ℎ − (𝑟𝑖𝑠𝑐𝑜 − 1)]

, 𝑟 > 𝑟ℎ

0, 𝑟 ≤ 𝑟ℎ
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 : 𝐴𝛼𝛽̇ , 𝜆𝛼 = Ψ4𝛼, 𝜆‾𝛼̇ = Ψ‾ 𝛼̇
4

: 𝜙𝑚 = Φ4𝑚, 𝜙‾
𝑚 = Φ‾ 4𝑚, 𝜓𝑚𝛼 = −𝑖Ψ𝑚𝛼, 𝜓‾𝛼̇

𝑚 = 𝑖Ψ‾ 𝛼̇
𝑚

 

𝑆𝑖
𝛼 = (𝑄𝛼

𝑖 )
†
, 𝑆‾𝑖𝛼̇ = (𝑄‾𝑖𝛼̇)

† 

{𝑄𝛼
𝑖 , 𝑆𝑗

𝛽
} =

1

2
𝐻𝛿𝑗

𝑖𝛿𝛼
𝛽
+ 𝑅𝑗

𝑖𝛿𝛼
𝛽
+ 𝐽𝛼  

𝛽𝛿𝑗
𝑖  

2{𝑄, 𝑄†} = 𝐻 − (𝑅1 + 𝑅2 + 𝑅3 + 𝐽1 + 𝐽2).  

𝜙‾𝑚, 𝜓𝑚+, 𝑓++, 𝜆‾𝛼̇  

𝑔YM
2 , 𝐻(𝑔YM) = ∑  

∞

𝐿=0

𝑔YM
2𝐿 𝐻(𝐿) 

{𝑄(𝑔YM), 𝑄
†(𝑔YM)} = 𝐻(𝑔YM) −∑  

𝐼

 𝑅𝐼 −∑ 

𝑖

  𝐽𝑖 =∑  

∞

𝐿=1

 𝑔YM
2𝐿 𝐻(𝐿)  
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𝑄𝜙‾𝑚 = 0,𝑄𝜆‾𝛼̇ = 0,𝑄𝜓𝑚+ = −
𝑖

2
𝜖𝑚𝑛𝑝[𝜙‾

𝑛, 𝜙‾𝑝], 𝑄𝑓 = −𝑖[𝜙‾𝑚, 𝜓𝑚+], [𝑄, 𝐷+𝛼̇] = −𝑖[𝜆𝛼̇ , },  

𝑍(Δ𝐼 , 𝜔𝑖) = Tr[(−1)
𝐹𝑒−Δ1𝑅1−Δ2𝑅2−Δ3𝑅3−𝜔1𝐽!−𝜔2𝐽2]  

Δ1 + Δ2 + Δ3 = 𝜔1 +𝜔2(mod4𝜋𝑖) 

𝜙‾𝑚, 𝜓𝑚+, 𝑓++,  

(𝜙‾𝑚, 𝜓𝑚+, 𝑓++) → (𝜙𝑚, 𝜓𝑚, 𝑓)  

𝑍(Δ𝐼) = TrBMN [(−1)
𝐹𝑒−∑  3

𝐼=1  Δ𝐼(𝑅𝐼+𝐽)]  

𝑍(Δ𝐼) =
1

𝑁!
∫  
2𝜋

0

 
𝑑𝑁𝛼

(2𝜋)𝑁
∏  𝑎≠𝑏  (1 − 𝑒

𝑖𝛼𝑎𝑏)∏  𝑁
𝑎,𝑏=1  ∏  𝐼<𝐽  (1 − 𝑒

−Δ𝐼−Δ𝐽𝑒𝑖𝛼𝑎𝑏)

∏  𝑁
𝑎,𝑏=1   [(1 − 𝑒

−(Δ1+Δ2+Δ3)𝑒𝑖𝛼𝑎𝑏)∏  3
𝐼=1   (1 − 𝑒

−Δ𝐼𝑒𝑖𝛼𝑎𝑏)]

 ×
(1 − 𝑒−(Δ1+Δ2+Δ3))∏  3

𝐼=1   (1 − 𝑒
−Δ𝐼)

∏  𝐼<𝐽   (1 − 𝑒
−Δ𝐼−Δ𝐽)

 

(𝑒−Δ1 , 𝑒−Δ2 , 𝑒−Δ3) = 𝑡2(𝑥, 𝑦−1, 𝑥−1𝑦) 

𝑆(𝑗, 𝑁) = 𝑁2𝑓 (
𝑗

𝑁2
)  

𝜌(𝛼) =
3

4𝜋3
(𝜋2 − 𝛼2)  

log 𝑍 = −
3𝑁2

2𝜋2
Δ1Δ2Δ3  

𝑆BMN(𝑞𝐼; Δ𝐼) = log 𝑍 +∑  

𝐼

 𝑞𝐼Δ𝐼  

𝑆BMN(𝑞𝐼) = 2𝜋√
2𝑞1𝑞2𝑞3
3𝑁2

 

∼ 𝑁2√𝜖1𝜖2𝜖3 ∝ 𝑁
2 

𝑆(𝑞𝐼) = 2𝜋√
2𝑞1𝑞2𝑞3
𝑁2

 

𝑍(𝑡) = ∑  𝑗 Ω𝑗𝑡
𝑗 for large 𝑗 = 2(𝑞1 + 𝑞2 + 𝑞3) 

𝑆BMN(𝑗, 2) ∼ 3log 𝑗, 𝑆BMN(𝑗, 3) ∼ 2log 𝑗, 𝑆BMN(𝑗, 4) ∼ 8log 𝑗  

𝑆 ∝ (𝑁2 − 1)
1
3𝑗
2
3  

𝑆 ∝ 𝑗
𝑛
𝑛+1𝑗

0
0+1log 𝑗 
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𝑢𝑖1𝑖2⋯𝑖𝑛 = tr(𝜙‾ (𝑖1𝜙‾ 𝑖2⋯𝜙‾ 𝑖𝑛))  

(𝑢𝑛)
𝑖1⋯𝑖𝑛  = tr(𝜙(𝑖1⋯𝜙𝑖𝑛))

(𝑣𝑛)
𝑖1⋯𝑖𝑛−1  𝑗  = tr(𝜙

(𝑖1⋯𝜙𝑖𝑛−1)𝜓𝑗) −  'trace' 

(𝑤𝑛)
𝑖1⋯𝑖𝑛−1 = tr(𝜙(𝑖1⋯𝑖𝑛−1)𝑓 +

1

2
𝜖𝑗𝑘(𝑖𝑝 ∑ 

𝑛−1

𝑝=1

 𝜙𝑖1⋯𝜙𝑖𝑝−1𝜓𝑗𝜙
𝑖𝑝+1⋯𝜙𝑖𝑛−1)𝜓𝑘) .

 

𝑅𝑖𝑗 ≡ 𝜖𝑖𝑘𝑚𝜖𝑗𝑙𝑛(𝑢2)
𝑘𝑙(𝑢2)

𝑚𝑛 = 𝑄[−𝑖𝜖𝑎1𝑎2(𝑖tr(𝜓𝑗)𝜙
𝑎1𝜙𝑎2)]  

tr(𝑋2)tr(𝑌2) − [tr(𝑋𝑌)]2 ∼ 0, tr(𝑋𝑌)tr(𝑋𝑍) − tr(𝑋2)tr(𝑌𝑍) ∼ 0,  

∑ 

𝑎

 𝑓𝑎({𝑢𝑛, 𝑣𝑛, 𝑤𝑛})𝑅𝑎({𝑢𝑛, 𝑣𝑛, 𝑤𝑛})  

𝑢𝑖𝑘𝑅𝑗𝑘(𝑢2) −
1

3
𝛿𝑗
𝑖𝑢𝑘𝑙𝑅𝑘𝑙(𝑢2) = 0  

𝑢1𝑖𝑅2𝑖 = 𝑢
11[𝑢23𝑢13 − 𝑢12𝑢33] + 𝑢12[𝑢33𝑢11 − (𝑢13)2] + 𝑢13[𝑢12𝑢13 − 𝑢11𝑢23] = 0.  

𝐺𝑖(𝑔𝑖 , 𝜆𝐼) ≡ 𝑔𝑖 − 𝑔𝑖(𝜆𝐼) = 0  

∑ 

𝑖

 𝑞𝑖(𝑔𝑖, 𝜆𝐼)𝐺𝑖(𝑔𝑖 , 𝜆𝐼),  

𝑝(𝑔𝑖 , 𝜆𝐼) =∑  

𝑎

 𝑞𝑎(𝑔𝑖, 𝜆𝐼)𝐺𝑎(𝑔𝑖, 𝜆𝐼) + 𝑟(𝑔𝑖, 𝜆𝐼),  

𝑍grav 

𝑆𝑈(2)
=
1 + 3𝑡4 − 8𝑡6 − 6𝑡10 + 10𝑡12 + 9𝑡14 − 9𝑡16 + 16𝑡18 − 18𝑡20 − 3𝑡22 + 𝑡24 − 3𝑡26 + 9𝑡28 − 2𝑡30 + 3𝑡32 − 3𝑡34

(1 − 𝑡4)3(1 − 𝑡8)3
. 

𝑓 = (

𝑓1 0 0
0 𝑓2 0
0 0 −𝑓1 − 𝑓2

)  

𝑓 = (

𝑓1 0 0 0
0 𝑓2 0 0
0 0 𝑓3 − 𝑓1 0
0 0 0 −𝑓2 − 𝑓3

)  

𝑓 = diag(𝑓1, 𝑓2, 𝑓3, −𝑓1 − 𝑓2 − 𝑓3) 

𝑍 − 𝑍grav = 𝑍core(Δ𝐼) ⋅∏  

3

𝐼=1

 
1

1 − 𝑒−Δ𝐼𝑒−Δ1−Δ2−Δ3
⋅∏  

𝐼<𝐽

  (1 − 𝑒−Δ𝐼−Δ𝐽)  

𝑍core (Δ𝐼) ≡ 𝑓(𝑡, 𝑥, 𝑦) 

𝑒−Δ1 = 𝑡2𝑥, 𝑒−Δ2 = 𝑡2𝑦−1, 𝑒−Δ3 = 𝑡2𝑥−1𝑦 
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𝑓(𝑡, 𝑥, 𝑦) =∑  

54

𝑗=0

 ∑  

𝐑𝑗

  (−1)𝐹(𝐑𝑗)𝜒𝐑𝑗(𝑥, 𝑦)𝑡
𝑗 + 𝒪(𝑡56)  

∏𝐼<𝐽  (1 − 𝑒
−Δ1−Δ2) 

[𝑛, 0]𝑗⊗ [2,0]10 = [𝑛 + 2,0]𝑗+10⊕ [𝑛, 1]𝑗+10⊕ [𝑛 − 2,2]𝑗+10  

𝑝 = 𝑛𝜙 − 𝑙 − 2𝑚𝜙 − 3𝑏𝜙 +𝑚𝜓
𝑞 = 𝑛𝜓 − 𝑙 − 2𝑚𝜓 − 3𝑏𝜓 +𝑚𝜙

 

(𝑅, 𝐽) = (
1

3
, 0) , (

1

6
,
1

2
) 

𝑅 =
𝑛𝜙

3
+
𝑛𝜓

6
=
𝑝

3
+
𝑞

6
+
𝑙

2
+
𝑚𝜙

2
+ 𝑏𝜙 +

𝑏𝜓

2

𝐽 =
𝑛𝜓

2
+ 𝑛𝑓 =

𝑞

2
+ 𝑛𝑓 +

𝑙

2
+𝑚𝜓 +

3𝑏𝜓

2
−
𝑚𝜙

2
𝑗 = 6(𝑅 + 𝐽) = 2𝑝 + 4𝑞 + 6𝑛𝑓 + 6𝑙 + 6𝑚𝜓 + 6𝑏𝜙 + 12𝑏𝜓

 

4 = 𝑛𝑓 + 𝑙 +𝑚𝜓 + 𝑏𝜙 + 2𝑏𝜓,

𝐽 = 𝑛𝑓 +
𝑙

2
+𝑚𝜓 +

3𝑏𝜓

2
−
𝑚𝜙

2
,

𝑅 =
𝑛

3
+ 1 +

𝑙

2
+
𝑚𝜙

2
+ 𝑏𝜙 +

𝑏𝜓

2
≥
𝑛

3
+ 1.

 

𝑙 = 𝑚𝜙 = 𝑏𝜙 = 𝑏𝜓 = 0 

𝐽 =
𝑗

6
− 𝑅 = 5 +

𝑛

3
− 𝑅 ≤ 4  

𝑛𝜓 = 𝑙 + 2𝑚𝜓 + 3𝑏𝜓 −𝑚𝜙 

𝑍 − 𝑍grav= 𝑍core(Δ𝐼) ⋅∏  

3

𝐼=1

 
1

1 − 𝑒−Δ𝐼𝑒−Δ1−Δ2−Δ3
⋅∏  

𝐼<𝐽

  (1 − 𝑒−Δ𝐼−Δ𝐽) 

𝑍core ≝ −∑  

∞

𝑛=0

  𝑡24+12𝑛

 

𝑍 − 𝑍grav = [−𝜒[2,0](𝑥, 𝑦)𝑡
28 − 𝜒[3,0](𝑥, 𝑦)𝑡

30 + 𝒪(𝑡32)] ⋅∏  

𝐼<𝐽

 (1 − 𝑒−Δ𝐼−Δ𝐽)  

𝑂0 ≡ 𝜖
𝑎𝑏𝑐(𝑣2)𝑎

𝑚(𝑣2)𝑏
𝑛tr(𝜓(𝑐𝜓𝑚𝜓𝑛))  

𝑄tr(𝜓(𝑐𝜓𝑚𝜓𝑛)) ∝ 𝜖𝑎𝑏(𝑐(𝑣2)𝑚
𝑎 (𝑣2)𝑛)

𝑏 ≡ 𝑅(𝑣2)𝑐𝑚𝑛  

𝑄𝑂0 ∝ 𝜖
𝑎𝑏𝑐(𝑣2)𝑎

𝑚(𝑣2)
𝑛 𝑏𝑅(𝑣2)𝑐𝑚𝑛 = 0  

𝜖𝑎𝑏𝑐(𝑣2)
𝑚 𝑎(𝑣2)

𝑛 𝑏𝑅(𝑣2)𝑐𝑚𝑛 
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𝑅 ≡
𝑅1 + 𝑅2 + 𝑅3

3
 

(𝑅, 𝐽) = (
𝑛

2
,
8 − 𝑛

2
) 

𝑢𝑖𝑗≡ tr(𝜙(𝑖𝜙𝑗)), 𝑢𝑖𝑗𝑘 ≡ tr(𝜙(𝑖𝜙𝑗𝜙𝑘))  

𝑣𝑗
𝑖≡ tr(𝜙𝑖𝜓𝑗) −

1

3
𝛿𝑗
𝑖tr(𝜙𝑎𝜓𝑎), 𝑣

𝑖𝑗 𝑘 ≡ tr(𝜙
(𝑖𝜙𝑗)𝜓𝑘) −

1

4
𝛿𝑘
𝑖 tr(𝜙(𝑗𝜙𝑎)𝜓𝑎) −

1

4
𝛿𝑘
𝑗
tr(𝜙(𝑖𝜙𝑎)𝜓𝑎) 

𝑤𝑖 ≡ tr (𝑓𝜙𝑖 +
1

2
𝜖𝑖𝑎1𝑎2𝜓𝑎1𝜓𝑎2) , 𝑤

𝑖𝑗 ≡ tr(𝑓𝜙(𝑖𝜙𝑗) + 𝜖𝑎1𝑎2(𝑖𝜙𝑗)𝜓𝑎1𝜓𝑎2)

 

𝑂(2,1) ≡ 65𝑢𝑖𝑗(𝑟20
(2,1)

)
𝑖𝑗
− 39𝑤𝑖𝑗(𝑟14

(1,1)
)
𝑖𝑗
+ 5𝑤𝑖(𝑟16

(1,1)
)
𝑖
+ 312𝑣𝑖

𝑗𝑘
(𝑟16
(1,2)

)
𝑗𝑘

𝑖
+ 26𝑣𝑖

𝑗
(𝑟18
(1,2)

)
𝑗

𝑖
+ 6𝑤𝑖(𝑟16

(0,3)
)
𝑖
 

𝑅
𝑗

(𝑛𝑓,𝑛𝜓−1) ≡ 𝑖𝑄𝑟
𝑗

(𝑛𝑓,𝑛𝜓)
 

𝑂1
(1,2)

≡−3𝑣(𝑗  𝑖𝑤
𝑘)(𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 3𝑢(𝑖𝑗𝑤𝑘)(𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑗𝑤𝑎2(𝑟12
(0,2)

)
𝑗

𝑖
 

𝑂2
(1,2)

≡−9𝑢𝑎(𝑖𝑣𝑗) 𝑎(𝑟14
(1,1)

)
𝑖𝑗
+ 10𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗)(𝑟14
(1,1)

)
𝑘

𝑖𝑗
+ 30𝑣(𝑗  𝑖𝑤

𝑘)(𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 60𝑢(𝑗𝑘𝑣𝑙) 𝑖(𝑟14

(0,3)
)
𝑗𝑘𝑙

𝑖
, 

𝑂3
(1,2)

≡−3𝑢𝑎(𝑖𝑣𝑗) 𝑎(𝑟14
(1,1)

)
𝑖𝑗
+ 6𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗)(𝑟14
(1,1)

)
𝑘

𝑖𝑗
+ 4𝑢𝑖𝑗𝑘(𝑟18

(1,2)
)
𝑖𝑗𝑘
+ 14𝑣(𝑗  𝑖𝑤

𝑘)(𝑟10
(0,1)

)
𝑗𝑘

𝑖
 

−6𝑤𝑖𝑗(𝑟14
(0,2)

)
𝑖𝑗
− 12𝜖𝑎1𝑎2(𝑖𝑣𝑗  𝑎1𝑣

𝑘) 𝑎2(𝑟12
(0,2)

)
𝑖𝑗𝑘
− 4𝑣𝑗  𝑎 𝑣

𝑎  𝑖(𝑟12
(0,2)

)
𝑗

𝑖

𝑂4
(1,2)

≡−3𝑢𝑎(𝑖𝑣𝑗) 𝑎(𝑟14
(1,1)

)
𝑖𝑗
+ 14𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗)(𝑟14
(1,1)

)
𝑘

𝑖𝑗
+ 8𝑣𝑗𝑘  𝑖(𝑟16

(1,1)
)
𝑗𝑘

𝑖
+ 42𝑣(𝑗  𝑖𝑤

𝑘)(𝑟10
(0,1)

)
𝑗𝑘

𝑖
 

 +12𝑢(𝑖𝑗𝑤𝑘)(𝑟12
(0,2)

)
𝑖𝑗𝑘
− 24𝑤𝑖𝑗(𝑟14

(0,2)
)
𝑖𝑗
− 36𝜖𝑎1𝑎2(𝑖𝑣𝑗  𝑎1𝑣

𝑘) 𝑎2(𝑟12
(0,2)

)
𝑖𝑗𝑘
− 8𝑣𝑗𝑘  𝑖(𝑟16

(0,3)
)
𝑗𝑘

𝑖

 

𝑂1
(1,1)

≡ 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑗𝑤𝑘)𝑎2(𝑟10

(0,1)
)
𝑗𝑘

𝑖
 

𝑂2
(1,1)

≡ 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑗𝑘𝑤𝑎2(𝑟10

(0,1)
)
𝑗𝑘

𝑖
 

𝑂3
(1,1)

 ≡ 𝜖𝑎1𝑎2𝑖𝜖𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑘(𝑟14

(1,1)
)
𝑘

𝑖𝑗
+ 5𝑣𝑎 𝑖𝑣

𝑗𝑘  𝑎(𝑟10
(0,1)

)
𝑗𝑘

𝑖
− 2𝑣(𝑗 𝑎𝑣

𝑘)𝑎  𝑖(𝑟10
(0,1)

)
𝑗𝑘

𝑖

𝑂1
(0,3)

= −𝜖𝑖𝑎1𝑎2(4𝑢
𝑎1𝑏𝑣𝑗𝑎2  𝑏 + 3𝑢

𝑗𝑎1𝑏𝑣𝑎2  𝑏)(𝑟12
(0,2)

)
𝑗

𝑖
=
1

2
𝑖𝑄 ((𝑟12

(0,2)
)
𝑗

𝑖
(𝑟12
(0,2)

)
𝑖

𝑗
)  

𝑂2
(0,3)

 = −𝜖𝑎1𝑎2(𝑖(𝑢
𝑎1(𝑘𝑣𝑙)𝑎2  𝑗) + 𝑢

𝑘𝑙𝑎1𝑣𝑎2  𝑗))(𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
=
1

2
𝑖𝑄 ((𝑟12

(0,2)
)
𝑖𝑗

𝑘𝑙
(𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
)

𝑂3
(0,3)

 ≡ −𝑢𝑎(𝑖𝑣𝑗𝑘) 𝑎(𝑟12
(0,2)

)
𝑖𝑗𝑘

𝑂4
(0,3)

≡ −𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑣𝑎2  𝑏(𝑟14

(0,2)
)
𝑖

 

𝑂5
(0,3)

≡ 6𝑣𝑎  𝑖𝑣
𝑗𝑘  𝑎(𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 6𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎(𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑏𝑗𝑣𝑎2  𝑏(𝑟12
(0,2)

)
𝑗

𝑖
 

𝑂6
(0,3)

≡ 24𝑣(𝑗  𝑎𝑣
𝑘)𝑎 𝑖(𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 6𝑢𝑎(𝑖𝑣𝑗) 𝑎(𝑟14

(0,2)
)
𝑖𝑗
− 𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗)(𝑟14
(0,2)

)
𝑘

𝑖𝑗
 

𝑂7
(0,3)

≡ 𝑣𝑎  𝑖𝑣
𝑗𝑘  𝑎(𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 10𝑣(𝑗 𝑎𝑣

𝑘)𝑎  𝑖(𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 6𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎(𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 10𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑙𝑣𝑎2  𝑗)(𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
, 

𝑂8
(0,3)

≡ 5𝑣𝑎  𝑖𝑣
𝑗𝑘  𝑎(𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 2𝑣(𝑗 𝑎𝑣

𝑘)𝑎  𝑖(𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 9𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎(𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 6𝜖𝑎1𝑎2𝑖𝑢

𝑎1(𝑗𝑢𝑘𝑙)𝑎2(𝑟14
(0,3)

)
𝑗𝑘𝑙

𝑖
,  

𝑂9
(0,3)

≡ 6𝑣𝑎  𝑖𝑣
𝑗𝑘  𝑎(𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 12𝑣(𝑗  𝑎𝑣

𝑘)𝑎 𝑖(𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 18𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎(𝑟12

(0,2)
)
𝑖𝑗𝑘
− 𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑣𝑎2  𝑗)(𝑟14
(0,2)

)
𝑘

𝑖𝑗
,  

𝑂10
(0,3)

 ≡ 38𝑣𝑎  𝑖𝑣
𝑗𝑘  𝑎(𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 4𝑣(𝑗  𝑎𝑣

𝑘)𝑎 𝑖(𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 24𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎(𝑟12

(0,2)
)
𝑖𝑗𝑘
+ 5𝑢(𝑗𝑘𝑣𝑙) 𝑖(𝑟14

(0,2)
)
𝑗𝑘𝑙

𝑖
.
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𝑂 ≡  −6𝑂6
(0,3)

= 288𝑣𝑗 𝑎𝑣
𝑘𝑎 𝑖𝜖𝑐1𝑐2(𝑗tr(𝜙

𝑐1𝜙𝑐2𝜙𝑖𝜓𝑘)) − 72𝑣
𝑎 𝑏𝑣

𝑏𝑘 𝑎𝜖𝑐1𝑐2(𝑘tr(𝜙
𝑐1𝜙𝑐2𝜙𝑑𝜓𝑑))

 +36𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑘𝑣𝑎2 𝑗[2tr(𝜙

(𝑖𝜙𝑐𝜙𝑗)𝜓(𝑐𝜓𝑘)) + 2tr(𝜙
(𝑖∣𝜙𝑐𝜙(𝑗)𝜓(𝑐𝜓𝑘))

 +9tr(𝜙(𝑖𝜙𝑗𝜓(𝑐𝜙
𝑐)𝜓𝑘)) − 6tr(𝜙

(𝑖𝜙𝑗)𝜓(𝑐𝜙
𝑐𝜓𝑘))]

 −9𝜖𝑎1𝑎2𝑗𝑢
𝑎1𝑏𝑣𝑎2 𝑏[2tr(𝜙

(𝑗𝜙𝑐𝜙𝑑)𝜓(𝑐𝜓𝑑)) + 2tr(𝜙
(𝑗∣𝜙𝑐𝜙∣𝑑)𝜓(𝑐𝜓𝑑))

 +9tr(𝜙(𝑗𝜙𝑑𝜓(𝑐𝜙
𝑐)𝜓𝑑)) − 6tr(𝜙

(𝑗𝜙𝑑)𝜓(𝑐𝜙
𝑐𝜓𝑑))]

 −20𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2𝑏3[2tr(𝜓(𝑖𝜓𝑗)𝜙
𝑏1𝜙𝑏2𝜙𝑏3) + tr(𝜓(𝑖𝜙

𝑏1𝜓𝑗)𝜙
𝑏2𝜙𝑏3)]

 −36𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2(𝑖[tr(𝜓𝑗)𝜓𝑐𝜙
𝑏1𝜙𝑏2𝜙𝑐) + tr(𝜓𝑗)𝜓𝑐𝜙

𝑏1𝜙𝑐𝜙𝑏2) + tr(𝜓𝑗)𝜓𝑐𝜙
𝑐𝜙𝑏1𝜙𝑏2)]

 −36𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2([tr(𝜓𝑗)𝜙
𝑏1𝜓𝑐𝜙

𝑏2𝜙𝑐) + tr(𝜓𝑗)𝜙
𝑏1𝜓𝑐𝜙

𝑐𝜙𝑏2) + tr(𝜓𝑗𝜙
𝑐𝜓𝑐𝜙

𝑏1𝜙𝑏2)]

−36𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2( [tr(𝜓𝑗)𝜙
𝑏1𝜙𝑏2𝜓𝑐𝜙

𝑐) + tr(𝜓𝑗)
𝑏1
𝜙𝑐𝜓𝑐𝜙

𝑏2) + tr(𝜓𝑗𝜙
𝑐𝜙𝑏1𝜓𝑐𝜙

𝑏2)]

 −36𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2([tr(𝜓𝑗)𝜙
𝑏1𝜙𝑏2𝜙𝑐𝜓𝑐) + tr(𝜓𝑗𝜙

𝑏1𝜙𝑐𝜙𝑏2𝜓𝑐) + tr(𝜓𝑗𝜙
𝑐𝜙𝑏1𝜙𝑏2𝜓𝑐)]

 +12𝑢𝑎𝑖𝑣𝑗 𝑎𝜖𝑏1𝑏2(𝑖[5tr(𝜓𝑗)𝜙
𝑏1𝜙𝑏2)tr(𝜓𝑐𝜙

𝑐) + 2tr(𝜓𝑗)𝜙
(𝑏1𝜙𝑐))tr(𝜓𝑐𝜙

𝑏2) − 2tr(𝜓𝑗𝜙
𝑏2)tr(𝜓𝑐𝜙

(𝑏1𝜙𝑐))]

 

𝑂1
(0,2)

≡ −𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 2𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑏𝑢𝑎2(𝑗𝑣𝑘) 𝑏 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
 

𝑂2
(0,2)

 ≡ −6𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏(𝑗𝑣𝑘)𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 𝜖𝑎1𝑎2𝑖𝑢

𝑎1(𝑘𝑣𝑙)𝑎2  𝑗) (𝑟12
(0,1)

)
𝑘𝑙

𝑖𝑗

𝑂3
(0,2)

≡ −𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
− 𝜖𝑎1𝑎2(𝑖𝑢

𝑎1𝑘𝑙𝑣𝑎2  𝑗) (𝑟12
(0,1)

)
𝑘𝑙

𝑖𝑗
 

𝑂4
(0,2)

≡ −𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑘𝑙 (𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
 

𝑂5
(0,2)

≡ −4𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1))
𝑗𝑘

𝑖
− 24𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑏(𝑗𝑣𝑘)𝑎2  𝑏 (𝑟10
(0,1))

𝑗𝑘

𝑖
− 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑘 (𝑟14
(0,2))

𝑘

𝑖𝑗
,

𝑂6
(0,2)

 ≡ −𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2  𝑏 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 12𝜖𝑎1𝑎2𝑖𝑢

𝑎1𝑏(𝑗𝑣𝑘)𝑎2  𝑏 (𝑟10
(0,1)

)
𝑗𝑘

𝑖
+ 3𝜖𝑎1𝑎2𝑖𝑢

𝑎1(𝑗𝑢𝑘𝑙)𝑎2 (𝑟14
(0,2)

)
𝑗𝑘𝑙

𝑖
.

 

𝑂(0,1) ≡36𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑎3𝑗𝑘 (𝑟10

(0,1)
)
𝑗𝑘

𝑖
+ 5𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑏3𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑎3𝑏3𝑟12
(0,1)

 −6𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑘𝑙 (𝑟12

(0,1)
)
𝑘𝑙

𝑖𝑗
 

tr(𝜙1𝜙1𝜓1𝜙
1𝜓1𝜓1𝜙

1𝜓1) + tr(𝜙
2𝜙2𝜓2𝜙

2𝜓2𝜓2𝜙
2𝜓2) + tr(𝜙

3𝜙3𝜓3𝜙
3𝜓3𝜓3𝜙

3𝜓3)

tr(𝜙1𝜙1𝜙2𝜓2)tr(𝜓1𝜓2)tr(𝜙
2𝜓1) + tr(𝜙

2𝜙2𝜙3𝜓3)tr(𝜓2𝜓3)tr(𝜙
3𝜓2) + tr(𝜙

3𝜙3𝜙1𝜓1)tr(𝜓3𝜓1)tr(𝜙
1𝜓3)

+tr(𝜙3𝜙3𝜙2𝜓2)tr(𝜓3𝜓2)tr(𝜙
2𝜓3) + tr(𝜙

1𝜙1𝜙3𝜓3)tr(𝜓1𝜓3)tr(𝜙
3𝜓1) + tr(𝜙

2𝜙2𝜙1𝜓1)tr(𝜓2𝜓1)tr(𝜙
1𝜓2) 

tr(𝜙2𝜙2𝜓1𝜓2𝜙
3)tr(𝑓𝜙1𝜙1) + tr(𝜙3𝜙3𝜓2𝜓3𝜙

1)tr(𝑓𝜙2𝜙2) + tr(𝜙1𝜙1𝜓3𝜓1𝜙
2)tr(𝑓𝜙3𝜙3)

 −tr(𝜙3𝜙3𝜓1𝜓3𝜙
2)tr(𝑓𝜙1𝜙1) − tr(𝜙1𝜙1𝜓2𝜓1𝜙

3)tr(𝑓𝜙2𝜙2) − tr(𝜙2𝜙2𝜓3𝜓2𝜙
1)tr(𝑓𝜙3𝜙3)

 

𝑓 = (

𝑓1 𝑓2 𝑓3
𝑓4 𝑓5 𝑓6
𝑓7 𝑓8 −𝑓1 − 𝑓5

)  

𝑢𝑖𝑗≡ tr(𝜙(𝑖𝜙𝑗)), 𝑢𝑖𝑗𝑘 ≡ tr(𝜙(𝑖𝜙𝑗𝜙𝑘))  

𝑣𝑖 𝑗≡ tr(𝜙
𝑖𝜓𝑗) −

1

3
𝛿𝑖tr(𝜙𝑎𝜓𝑎), 𝑣

𝑖𝑗 𝑘 ≡ tr(𝜙
(𝑖𝜙𝑗)𝜓𝑘) −

1

4
𝛿𝑘
𝑖 tr(𝜙(𝑗𝜙𝑎)𝜓𝑎) −

1

4
𝛿𝑘
𝑗
tr(𝜙(𝑖𝜙𝑎)𝜓𝑎) 

𝑤𝑖 ≡ tr (𝑓𝜙𝑖 +
1

2
𝜖𝑖𝑎1𝑎2𝜓𝑎1𝜓𝑎2) , 𝑤

𝑖𝑗 ≡ tr(𝑓𝜙(𝑖𝜙𝑗) + 𝜖𝑎1𝑎2(𝑖𝜙𝑗)𝜓𝑎1𝜓𝑎2)
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𝑄𝜙𝑚 = 0,𝑄𝜓𝑚 = −
𝑖

2
𝜖𝑚𝑛𝑝[𝜙

𝑛, 𝜙𝑝], 𝑄𝑓 = −𝑖[𝜙𝑚, 𝜓𝑚]  

[𝑛, 0]: 𝑂𝑖1𝑖2𝑖3⋯𝑖𝑛 → 𝑂𝑖1𝑖2𝑖3⋯𝑖𝑛 , [0, 𝑛]: 𝑂𝑖1𝑖2𝑖3⋯𝑖𝑛 → 𝑂𝑖1𝑖2𝑖3⋯𝑖𝑛

[1,1]:𝑂𝑗
𝑖 → 𝑂𝑗

𝑖 −
1

3
𝛿𝑗
𝑖𝑂𝑎
𝑎

[2,1]:𝑂𝑘
𝑖𝑗
→ 𝑂𝑘

𝑖𝑗
−
1

2
𝛿𝑘
(𝑖
𝑂𝑎
𝑗)𝑎
, [1,2]:𝑂𝑗𝑘

𝑖 → 𝑂𝑗𝑘
𝑖 −

1

2
𝛿(𝑗
𝑖 𝑂𝑘)𝑎

𝑎

[3,1]:𝑂𝑙
𝑖𝑗𝑘
→ 𝑂𝑙

𝑖𝑗𝑘
−
3

5
𝛿𝑙
(𝑖
𝑂𝑎
𝑗𝑘)𝑎

, [1,3]:𝑂𝑗𝑘𝑙
𝑖 → 𝑂𝑗𝑘𝑙

𝑖 −
3

5
𝛿(𝑗
𝑖 𝑂𝑘𝑙)𝑎

𝑎

[2,2]:𝑂𝑘𝑙
𝑖𝑗
→ 𝑂𝑘𝑙

𝑖𝑗
−
4

5
𝛿(𝑘
(𝑖
𝑂𝑙)𝑎
𝑗)𝑎
+
1

10
𝛿(𝑘
(𝑖
𝛿𝑙)
𝑗)
𝑂𝑎1𝑎2
𝑎1𝑎2

 

𝑡10[1,2](𝑢2𝑢3): (𝑅10
(0,0)

)
𝑗𝑘

𝑖
= 𝜖𝑎1𝑎2(𝑗𝜖𝑘)𝑏1𝑏2𝑢

𝑎1𝑏1𝑢𝑖𝑎2𝑏2 

𝑡12[0,0](𝑢2𝑢2𝑢2): 𝑅12
(0,0)

= 𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑏3𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑎3𝑏3 

𝑡12[2,2](𝑢2𝑢2𝑢2, 𝑢3𝑢3): (𝑅12
(0,0)

)
𝑘𝑙

𝑖𝑗
= 𝜖𝑎1𝑎2(𝑘𝜖𝑙)𝑏1𝑏2(𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑖𝑗 + 6𝑢𝑎1𝑏1(𝑖𝑢𝑗)𝑎2𝑏2) 

𝑡12[0,3](𝑢2𝑣3): (𝑅12
(0,1)

)
𝑖𝑗𝑘
= 𝜖(𝑖∣𝑎1𝑎2𝜖|𝑗|𝑏1𝑏2𝑢

𝑎1𝑏1𝑣𝑎2𝑏2  ∣𝑘)

𝑡12[1,1](𝑢2𝑣3, 𝑢3𝑣2): (𝑅12
(0,1)

)
𝑗

𝑖
= 𝜖𝑗𝑎1𝑎2(4𝑢

𝑎1𝑏𝑣𝑖𝑎2  𝑏 + 3𝑢
𝑖𝑎1𝑏𝑣𝑎2  𝑏)

𝑡12[2,2](𝑢2𝑣3, 𝑢3𝑣2): (𝑅12
(0,1)

)
𝑘𝑙

𝑖𝑗
= 𝜖𝑎1𝑎2(𝑘(𝑢

𝑎1(𝑖𝑣𝑗)𝑎2  𝑙) + 𝑢
𝑖𝑗𝑎1𝑣𝑎2  𝑙))

𝑡14[1,0](𝑢2𝑢2𝑣2): (𝑅14
(0,1)

)
𝑖
= 𝜖𝑎1𝑎2𝑎3𝑢

𝑖𝑎1𝑢𝑏𝑎2𝑣𝑎3  𝑏

𝑡14[0,2](𝑢2𝑢2𝑣2, 𝑢3𝑣3): (𝑅14
(0,1)

)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖∣(𝜖𝑏1𝑏2𝑏3𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑣𝑏3  ∣𝑗) − 2𝜖∣𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑐𝑣𝑎2𝑏2  𝑐)

𝑡14[2,1](𝑢2𝑢2𝑣2, 𝑢3𝑣3): (𝑅14
(0,1)

)
𝑘

𝑖𝑗
= 𝜖𝑘𝑎1𝑎2(3𝑢

(𝑎1𝑏𝑢𝑖𝑗)𝑣𝑎2  𝑏 + 4𝑢
𝑎1𝑏𝑢𝑎2(𝑖𝑣𝑗) 𝑏 + 24𝑢

𝑎1𝑏(𝑖𝑣𝑗)𝑎2  𝑏)

𝑡14[1,3](𝑢2𝑢2𝑣2, 𝑢3𝑣3): (𝑅14
(0,1)

)
𝑗𝑘𝑙

𝑖
= 𝜖(𝑗∣𝑎1𝑎2𝜖|𝑘|𝑏1𝑏2(𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑣𝑖  ∣𝑙) + 6𝑢
𝑖𝑎1𝑏1𝑣𝑎2𝑏2  ∣𝑙))

𝑡14[3,2](𝑢2𝑢2𝑣2, 𝑢3𝑣3): (𝑅14
(0,1)

)
𝑙𝑚

𝑖𝑗𝑘
= 𝜖𝑎1𝑎2(𝑙(𝑢

(𝑎1𝑖𝑢𝑗𝑘)𝑣𝑎2  𝑚) + 6𝑢
𝑎1(𝑖𝑗𝑣𝑘)𝑎2  𝑚))

𝑡14[1,3](𝑣2𝑣3): (𝑅14
(0,2)

)
𝑗𝑘𝑙

𝑖
= 𝜖𝑎1𝑎2(𝑗𝑣

𝑎1  𝑘𝑣
𝑖𝑎2  𝑙)

𝑡16[0,1](𝑢2𝑣2𝑣2, 𝑣3𝑣3): (𝑅16
(0,2)

)
𝑖
= 𝜖𝑖𝑎1𝑎2(12𝑢

𝑏𝑐𝑣𝑎1  𝑏𝑣
𝑎2  𝑐 + 13𝑢

𝑎1𝑏𝑣𝑎2  𝑐𝑣
𝑐  𝑏 + 12𝑣

𝑎1𝑏 𝑐𝑣
𝑎2𝑐  𝑏)

𝑡16[1,2](𝑢2𝑣2𝑣2, 𝑣3𝑣3): (𝑅16
(0,2)

)
𝑗𝑘

𝑖
= 𝜖𝑎1𝑎2(𝑗(3𝑢

𝑖𝑏𝑣𝑎1  𝑘)𝑣
𝑎2  𝑏 − 7𝑢

𝑖𝑎1𝑣𝑏  𝑘)𝑣
𝑎2  𝑏 + 6𝑢

𝑎1𝑏𝑣𝑖  𝑘)𝑣
𝑎2  𝑏 + 24𝑣

𝑎1𝑏 𝑘)𝑣
𝑖𝑎2  𝑏)

𝑡16[2,3](𝑢2𝑣2𝑣2, 𝑣3𝑣3): (𝑅16
(0,2)

)
𝑘𝑙𝑚

𝑖𝑗
= 𝜖𝑎1𝑎2(𝑘(𝑢

𝑎1(𝑖 𝑗𝑣𝑗) 𝑙𝑣
𝑎2  𝑚) + 3𝑣

𝑎1(𝑖 𝑙𝑣
𝑗)𝑎2  𝑚))

𝑡18[0,0](𝑢3𝑣2𝑣2): 𝑅18
(0,2)

= 𝜖𝑎1𝑎2𝑎3𝑢
𝑎1𝑏𝑐𝑣𝑎2  𝑏𝑣

𝑎3  𝑐

𝑡20[1,0](𝑣2𝑣2𝑣3): (𝑅20
(0,3)

)
𝑖
= 2𝑣𝑎  𝑐𝑣

𝑏  𝑎𝑣
𝑖𝑐  𝑏 − 3𝑣

𝑖  𝑎𝑣
𝑐  𝑏𝑣

𝑎𝑏  𝑐

𝑡22[2,0](𝑢2𝑣2𝑣2𝑣2): (𝑅22
(0,3)

)
𝑖𝑗
= 𝑢𝑖𝑗𝑣𝑎  𝑏𝑣

𝑏  𝑐𝑣
𝑐  𝑎 − 3𝑢

𝑎(𝑖𝑣𝑗) 𝑏𝑣
𝑏  𝑐𝑣

𝑐  𝑎 + 3𝑢
𝑎𝑏𝑣(𝑖  𝑎𝑣

𝑗) 𝑐𝑣
𝑐  𝑏

𝑡24[0,0](𝑢2𝑣2𝑣2𝑣3): 𝑅24
(0,3)

= 𝜖𝑎1𝑎2𝑎3𝑢
𝑎1𝑏𝑣𝑎2  𝑏𝑣

𝑎3𝑐  𝑑𝑣
𝑑  𝑐

𝑡26[1,0](𝑣2𝑣2𝑣2𝑣3): (𝑅26
(0,4)

)
𝑖
= 𝑣𝑖  𝑎𝑣

𝑎  𝑏𝑣
𝑑  𝑐𝑣

𝑏𝑐  𝑑

𝑡30[0,0](𝑣2𝑣2𝑣2𝑣2𝑣2): 𝑅30
(0,5)

= 𝑣𝑎  𝑏𝑣
𝑏 𝑐𝑣

𝑐  𝑑𝑣
𝑑  𝑒𝑣

𝑒  𝑎

𝑡30[3,0](𝑣2𝑣2𝑣2𝑣2𝑣2): (𝑅30
(0,5)

)
𝑖𝑗𝑘
= 𝜖𝑎1𝑎2(𝑖𝑣𝑗  𝑎1𝑣

𝑘) 𝑎2𝑣
𝑏  𝑐𝑣

𝑐  𝑑𝑣
𝑑  𝑏
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𝑡14[0,2](𝑣2𝑣3, 𝑢2𝑤3): (𝑅14
(1,0)

)
𝑖𝑗
= 𝜖𝑎1𝑎2(𝑖(8𝑣

𝑎1𝑏 𝑗)𝑣
𝑎2  𝑏 + 5𝜖𝑗)𝑏1𝑏2𝑢

𝑎1𝑏1𝑤𝑎2𝑏2)

𝑡14[2,1](𝑣2𝑣3, 𝑢2𝑤3, 𝑢3𝑤2): (𝑅14
(1,0)

)
𝑘

𝑖𝑗
= 2𝑣(𝑖  𝑎𝑣

𝑗)𝑎  𝑘 − 5𝑣
𝑎  𝑘𝑣

𝑖𝑗  𝑎 + 3𝜖𝑘𝑎1𝑎2𝑢
𝑎1(𝑖𝑤𝑗)𝑎2 + 3𝜖𝑘𝑎1𝑎2𝑢

𝑖𝑗𝑎1𝑤𝑎2

𝑡16[0,1](𝑣3𝑣3, 𝑢2𝑣2𝑣2, 𝑢2𝑢2𝑤2): 

 (𝑅16
(1,0)

)
𝑖
= 𝜖𝑖𝑎1𝑎2(48𝑣

𝑎1𝑏1 𝑏2𝑣
𝑎2𝑏2  𝑏1 + 9𝑢

𝑏1𝑏2𝑣𝑎1  𝑏1𝑣
𝑎2  𝑏2 − 13𝜖𝑏1𝑏2𝑏3𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑤𝑏3)

𝑡16[1,2](𝑣3𝑣3, 𝑢2𝑣2𝑣2, 𝑢3𝑤3, 𝑢2𝑢2𝑤2):

 (𝑅16
(1,0)

)
𝑖
 𝑗𝑘 = 𝜖𝑎1𝑎2(𝑗∣(24𝑣

𝑖𝑎1  𝑏𝑣
𝑏𝑎2  ∣𝑘) + 2𝑢

𝑖𝑎1𝑣𝑎2  𝑏𝑣
𝑏  ∣𝑘) − 6𝑢

𝑎1𝑏𝑣𝑎2  𝑏𝑣
𝑖  ∣𝑘)

 +6𝜖∣𝑘)𝑏1𝑏2𝑢
𝑖𝑎1𝑏1𝑤𝑎2𝑏2 + 𝜖∣𝑘)𝑏1𝑏2𝑢

𝑎1𝑏1𝑢𝑎2𝑏2𝑤𝑖)

𝑡16[3,1](𝑣3𝑣3, 𝑢2𝑣2𝑣2, 𝑢3𝑤3, 𝑢2𝑢2𝑤2):

 (𝑅16
(1,0)

)
𝑖𝑗𝑘
= 24𝑣(𝑖𝑗  𝑎𝑣

𝑘)𝑎 𝑙 + 7𝑢
(𝑖𝑗𝑣𝑘) 𝑎𝑣

𝑎  𝑙 − 6𝑢
𝑎(𝑖𝑣𝑗  𝑎𝑣

𝑘) 𝑙 + 18𝜖𝑙𝑎1𝑎2𝑢
𝑎1(𝑖𝑗𝑤𝑘)𝑎2 + 3𝜖𝑙𝑎1𝑎2𝑢

(𝑖𝑗𝑢𝑘)𝑎1𝑤𝑎2

 

𝑡16[1,2](𝑣2𝑤3, 𝑣3𝑤2): (𝑅16
(1,1)

)
𝑗𝑘

𝑖
= 𝜖𝑎1𝑎2(𝑗(𝑣

𝑎1  𝑘)𝑤
𝑎2𝑖 + 𝑣𝑎1𝑖  𝑘)𝑤

𝑎2)

𝑡18[0,0](𝑣2𝑣2𝑣2, 𝑢2𝑣2𝑤2): 𝑅18
(1,1)

= 𝑣𝑎1  𝑎2𝑣
𝑎2  𝑎3𝑣

𝑎3  𝑎1 − 3𝜖𝑎1𝑎2𝑎3𝑢
𝑎1𝑏𝑣𝑎2  𝑏𝑤

𝑎3

𝑡18[1,1](𝑣2𝑣2𝑣2, 𝑣3𝑤3, 𝑢2𝑣2𝑤2):

 (𝑅18
(1,1)

)
𝑗

𝑖
= 9𝑣𝑖  𝑎1𝑣

𝑎1  𝑎2𝑣
𝑎2  𝑗 − 24𝜖𝑗𝑎1𝑎2𝑣

𝑖𝑎1  𝑏𝑤
𝑏𝑎2

 −13𝜖𝑗𝑎1𝑎2𝑢
𝑖𝑎1𝑣𝑎2  𝑏𝑤

𝑏 − 16𝜖𝑗𝑎1𝑎2𝑢
𝑖𝑏𝑣𝑎1  𝑏𝑤

𝑎2 + 5𝜖𝑗𝑎1𝑎2𝑢
𝑎1𝑏𝑣𝑖  𝑏𝑤

𝑎2

𝑡18[0,3](𝑣2𝑣2𝑣2, 𝑣3𝑤3, 𝑢2𝑣2𝑤2):

 (𝑅18
(1,1)

)
𝑖𝑗𝑘
= 𝜖𝑎1𝑎2(𝑖)(3𝑣

𝑎1  |𝑗|𝑣
𝑎2  𝑏𝑣

𝑏  ∣𝑘) − 3𝜖𝑏1𝑏2∣𝑗𝑣
𝑎1𝑏1 𝑘)𝑤

𝑎2𝑏2 − 𝜖𝑏1𝑏2∣𝑗𝑢
𝑎1𝑏1𝑣𝑎2  𝑘)𝑤

𝑏2)

𝑡18[2,2](𝑣2𝑣2𝑣2, 𝑣3𝑤3, 𝑢2𝑣2𝑤2): (𝑅18
(1,1)

)
𝑖𝑗

𝑘𝑙
= 2𝑣(𝑖 𝑎𝑣

𝑗) (𝑘𝑣
𝑎  𝑙) − 6𝜖𝑎1𝑎2(𝑘𝑣

𝑎1(𝑖  𝑙)𝑤
𝑗)𝑎2 − 𝜖𝑎1𝑎2(𝑘𝑢

𝑖𝑗𝑣𝑎1  𝑙)𝑤
𝑎2

𝑡20[0,2](𝑣2𝑣2𝑤2, 𝑢2𝑤2𝑤2, 𝑤3𝑤3): (𝑅20
(2,0)

)
𝑖𝑗
= 2𝜖𝑎1𝑎2(𝑖)𝑣

𝑎1  𝑏𝑣
𝑏  ∣𝑗)𝑤

𝑎2 − 3𝜖𝑎1𝑎2𝑎3𝑣
𝑎1  𝑖𝑣

𝑎2  𝑗𝑤
𝑎3

 +𝜖𝑖𝑎1𝑎2𝜖𝑗𝑏1𝑏2𝑢
𝑎1𝑏1𝑤𝑎2𝑤𝑏2 + 3𝜖𝑖𝑎1𝑎2𝜖𝑗𝑏1𝑏2𝑤

𝑎1𝑏1𝑤𝑎2𝑏2

 

𝑖𝑄𝑟
𝑗

(𝑛𝑓,𝑛𝜓) = 𝑅
𝑗

(𝑛𝑓,𝑛𝜓−1)
 

(𝑟10
(0,1)

)
𝑗𝑘

𝑖
= −2𝜖𝑎1𝑎2(𝑗tr(𝜙

𝑎1𝜙𝑎2𝜙𝑖𝜓𝑘))

𝑟12
(0,1)

= 𝜖𝑎1𝑎2𝑎3[6tr(𝜓𝑏𝜙
𝑎1)tr(𝜙𝑏𝜙𝑎2𝜙𝑎3) − tr(𝜓𝑏𝜙

𝑎1𝜙𝑎2)tr(𝜙𝑏𝜙𝑎3)]

 −3𝜖𝑎1𝑎2𝑎3[tr(𝜓𝑏𝜙
𝑏𝜙𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓𝑏𝜙

𝑎1𝜙𝑏𝜙𝑎2𝜙𝑎3) + tr(𝜓𝑏𝜙
𝑎1𝜙𝑎2𝜙𝑏𝜙𝑎3) + tr(𝜓𝑏𝜙

𝑎1𝜙𝑎2𝜙𝑎3𝜙𝑏)]

(𝑟12
(0,1)

)
𝑘𝑙

𝑖𝑗
= −2𝜖𝑎1𝑎2(𝑘[tr(𝜓𝑙)𝜙

(𝑖𝜙𝑗)𝜙𝑎1𝜙𝑎2) + 7tr(𝜓𝑙)𝜙
(𝑖∣𝜙𝑎1𝜙∣𝑗)𝜙𝑎2)]
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(𝑟12
(0,2)

)
𝑖𝑗𝑘
=
1

2
𝜖𝑎1𝑎2(𝑖tr(𝜙

𝑎1𝜓𝑗𝜙
𝑎2𝜓𝑘)),

(𝑟12
(0,2)

)
𝑗

𝑖
= 6tr(𝜙(𝑖𝜙𝑎)𝜓(𝑎𝜓𝑗)) − 5tr(𝜙

[𝑖𝜓𝑎𝜙
𝑎]𝜓𝑗),

(𝑟12
(0,2)

)
𝑘𝑙

𝑖𝑗
= tr(𝜙(𝑖𝜙𝑗)𝜓(𝑘𝜓𝑙)), 

(𝑟14
(0,2)

)
𝑖
= 3tr(𝜙𝑖𝜓𝑎1𝜙

𝑎1𝜙𝑎2𝜓𝑎2) + 2tr(𝜙
𝑖𝜙𝑎1)tr(𝜙𝑎2𝜓(𝑎1𝜓𝑎2))

 −6tr(𝜙𝑖𝜓𝑎1)tr(𝜙
[𝑎1𝜙𝑎2]𝜓𝑎2) − tr(𝜙

𝑖𝜓𝑎1𝜓𝑎2)tr(𝜙
𝑎1𝜙𝑎2),

(𝑟14
(0,2)

)
𝑖𝑗
=
5

9
𝜖𝑎1𝑎2𝑎3[2tr(𝜓(𝑖𝜓𝑗)𝜙

𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓(𝑖𝜙
𝑎1𝜓𝑗)𝜙

𝑎2𝜙𝑎3)]

 +𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜓𝑎3𝜙
𝑎1𝜙𝑎2𝜙𝑎3) + tr(𝜓𝑗𝜓𝑎3𝜙

𝑎1𝜙𝑎3𝜙𝑎2) + tr(𝜓𝑗𝜓𝑎3𝜙
𝑎3𝜙𝑎1𝜙𝑎2)]

 +𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜙
𝑎1𝜓𝑎3𝜙

𝑎2𝜙𝑎3) + tr(𝜓𝑗)𝜙
𝑎1𝜓𝑎3𝜙

𝑎3𝜙𝑎2) + tr(𝜓𝑗)𝜙
𝑎3𝜓𝑎3𝜙

𝑎1𝜙𝑎2)]

+𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)
𝑎1
𝜙𝑎2𝜓𝑎3𝜙

𝑎3) + tr(𝜓𝑗𝜙
𝑎1𝜙𝑎3𝜓𝑎3𝜙

𝑎2) + tr(𝜓𝑗𝜙
𝑎3𝜙𝑎1𝜓𝑎3𝜙

𝑎2)]

 +𝜖𝑎1𝑎2(𝑖[tr(𝜓𝑗)𝜙
𝑎1𝜙𝑎2𝜙𝑎3𝜓𝑎3) + tr(𝜓𝑗𝜙

𝑎1𝜙𝑎3𝜙𝑎2𝜓𝑎3) + tr(𝜓𝑗)𝜙
𝑎3𝜙𝑎1𝜙𝑎2𝜓𝑎3)]

 −
1

3
𝜖𝑎1𝑎2(𝑖[5tr(𝜓𝑗)𝜙

𝑎1𝜙𝑎2)tr(𝜓𝑎3𝜙
𝑎3) + 2tr(𝜓𝑗𝜙

(𝑎1𝜙𝑎3))tr(𝜓𝑎3𝜙
𝑎2) − 2tr(𝜓𝑗𝜙

𝑎2)tr(𝜓𝑎3𝜙
(𝑎1𝜙𝑎3))],

(𝑟14
(0,2)

)
𝑘

𝑖𝑗
= 12tr(𝜙(𝑖𝜙𝑎𝜙𝑗)𝜓(𝑎𝜓𝑘)) + 12tr(𝜙

(𝑖∣𝜙𝑎𝜙𝑗)𝜓(𝑎𝜓𝑘)) + 54tr(𝜙
(𝑖𝜙𝑗𝜓(𝑎𝜙

𝑎)𝜓𝑘)) − 36tr(𝜙
(𝑖𝜙𝑗)𝜓(𝑎𝜙

𝑎𝜓𝑘)),

(𝑟14
(0,2)

)
𝑗𝑘𝑙

𝑖
= 2𝜖𝑎1𝑎2(𝑗[tr(𝜙

𝑖𝜙𝑎1𝜙𝑎2𝜓𝑘𝜓𝑙)) + 3tr(𝜙
𝑖𝜙𝑎1𝜓𝑘𝜙

𝑎2𝜓𝑙)) − 2tr(𝜙
𝑖𝜓𝑘𝜙

𝑎1𝜙𝑎2𝜓𝑙))],

(𝑟14
(0,3)

)
𝑗𝑘𝑙

𝑖
= −

1

2
tr(𝜙𝑖𝜓(𝑗𝜓𝑘𝜓𝑙)),

(𝑟16
(0,3)

)
𝑖
=
39

4
tr(𝜓𝑖{𝜓𝑏1𝜓𝑏2 , 𝜙

𝑏1𝜙𝑏2}) + 2tr(𝜓𝑖𝜓𝑏1𝜙
𝑏1𝜓𝑏2𝜙

𝑏2) −
61

4
tr(𝜓𝑖𝜓𝑏1𝜙

𝑏2𝜓𝑏2𝜙
𝑏1) +

97

4
tr(𝜓𝑖𝜙

𝑏1𝜓𝑏1𝜓𝑏2𝜙
𝑏2)

 −
41

4
tr(𝜓𝑖𝜙

𝑏2𝜓𝑏1𝜓𝑏2𝜙
𝑏1) − 5tr(𝜓𝑖𝜓𝑏1𝜙

𝑏1𝜙𝑏2𝜓𝑏2) −
25

2
tr(𝜓𝑖𝜓𝑏1𝜙

𝑏2𝜙𝑏1𝜓𝑏2) + 2tr(𝜓𝑖𝜙
𝑏1𝜓𝑏1𝜙

𝑏2𝜓𝑏2)

 −
61

4
tr(𝜓𝑖𝜙

𝑏2𝜓𝑏1𝜙
𝑏1𝜓𝑏2) −

11

4
tr(𝜙𝑏1𝜙𝑏2)tr(𝜓𝑖𝜓𝑏1𝜓𝑏2) −

27

2
tr(𝜓𝑏1𝜓𝑏2)tr(𝜓𝑖𝜙

𝑏1𝜙𝑏2)

 +
29

4
tr(𝜙𝑏2𝜓𝑏2)tr(𝜓𝑖[𝜓𝑏1 , 𝜙

𝑏1]),

(𝑟16
(0,3)

)
𝑗𝑘

𝑖
= 2tr(𝜓(𝑗𝜓𝑘)𝜓𝑏𝜙

𝑏𝜙𝑖) − 4tr(𝜓(𝑗𝜓𝑘)𝜓𝑏𝜙
𝑖𝜙𝑏) − tr(𝜓(𝑗∣𝜓𝑏𝜓∣𝑘){𝜙

𝑏 , 𝜙𝑖}) − 4tr(𝜓(𝑗𝜓𝑘)𝜙
(𝑏𝜓𝑏𝜙

𝑖))

 +7tr(𝜓(𝑗∣{𝜓𝑏, 𝜙
𝑏}𝜓∣𝑘)𝜙

𝑖) − 11tr(𝜓(𝑗∣{𝜓𝑏 , 𝜙
𝑖}𝜓∣𝑘)𝜙

𝑏) − 4tr(𝜓(𝑗𝜓𝑘)𝜙
𝑏𝜙𝑖𝜓𝑏) + 2tr(𝜓(𝑗𝜓𝑘)𝜙

𝑖𝜙𝑏𝜓𝑏)

 +3tr(𝜓(𝑗∣𝜓𝑏)tr(𝜓∣𝑘)[𝜙
𝑏 , 𝜙𝑖]) + 6tr(𝜓(𝑗𝜙

[𝑏)tr({𝜓𝑘), 𝜓𝑏}𝜙
𝑖]).

 

(𝑟14
(1,1)

)
𝑖𝑗
= 5𝜖𝑎1𝑎2(𝑖tr(𝑓𝜙

𝑎1𝜓𝑗)𝜙
𝑎2) + tr(𝜙𝑎{𝜓𝑎 , 𝜓(𝑖𝜓𝑗)}) − 4tr(𝜙

𝑎𝜓(𝑖𝜓𝑎𝜓∣𝑗))

(𝑟14
(1,1)

)
𝑘

𝑖𝑗
= 3tr(𝑓𝜙(𝑖𝜙𝑗)𝜓𝑘) − 3tr(𝑓𝜓𝑘𝜙

(𝑖𝜙𝑗)) + 𝜖𝑎1𝑎2(𝑖tr(𝜙
𝑗)𝜓𝑘𝜓𝑎1𝜓𝑎2) − 𝜖

𝑎1𝑎2(𝑖tr(𝜙
𝑗)𝜓𝑎1𝜓𝑎2𝜓𝑘)

(𝑟16
(1,1)

)
𝑖
= 13𝜖𝑎1𝑎2𝑎3tr(𝑓𝜓𝑖)tr(𝜙

𝑎1𝜙𝑎2𝜙𝑎3) +
10

3
𝜖𝑎1𝑎2𝑎3tr(𝑓𝜙

𝑎1)tr(𝜓𝑖𝜙
𝑎2𝜙𝑎3) +

10

3
𝜖𝑎1𝑎2𝑎3tr(𝑓𝜙

𝑎1𝜙𝑎2)tr(𝜓𝑖𝜙
𝑎3)

 +46𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑏)tr(𝜓𝑏𝜙

𝑎1𝜙𝑎2) − 7𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1)tr(𝜓𝑏𝜙

𝑎2𝜙𝑏) − 7𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑏𝜙𝑎1)tr(𝜓𝑏𝜙

𝑎2)

 +6𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1𝜙𝑎2)tr(𝜓𝑏𝜙

𝑏) −
115

3
𝜖𝑎1𝑎2𝑎3tr(𝑓𝜓𝑖𝜙

𝑎1𝜙𝑎2𝜙𝑎3) −
95

3
𝜖𝑎1𝑎2𝑎3tr(𝑓𝜙

𝑎1𝜓𝑖𝜙
𝑎2𝜙𝑎3)

 +5𝜖𝑎1𝑎2𝑎3tr(𝑓𝜙
𝑎1𝜙𝑎2𝜓𝑖𝜙

𝑎3) + 36𝜖𝑖𝑎1𝑎2tr(𝑓𝜓𝑏𝜙
𝑎1𝜙𝑎2𝜙𝑏) − 43𝜖𝑖𝑎1𝑎2tr(𝑓𝜓𝑏𝜙

𝑎1𝜙𝑏𝜙𝑎2)

 +39𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1𝜓𝑏𝜙

𝑎2𝜙𝑏) − 68𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1𝜙𝑎2𝜓𝑏𝜙

𝑏) + 39𝜖𝑖𝑎1𝑎2tr(𝑓𝜙
𝑎1𝜙𝑏𝜓𝑏𝜙

𝑎2)
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 +13tr(𝜓𝑖{𝜓𝑏1𝜓𝑏2 , 𝜙
𝑏1𝜙𝑏2}) − 31tr(𝜓𝑖{𝜓𝑏1𝜓𝑏2 , 𝜙

𝑏2𝜙𝑏1}) + 14tr(𝜓𝑖𝜓𝑏1𝜙
𝑏1𝜓𝑏2𝜙

𝑏2)

 −22tr(𝜓𝑖𝜓𝑏1𝜙
𝑏2𝜙𝑏1𝜓𝑏2) + 14tr(𝜓𝑖𝜙

𝑏1𝜓𝑏1𝜙
𝑏2𝜓𝑏2),

(𝑟16
(1,1)

)
𝑗𝑘

𝑖
= 𝜖𝑎1𝑎2(𝑗[−4tr(𝑓𝜙

𝑖)tr(𝜓𝑘)𝜙
𝑎1𝜙𝑎2) − tr(𝜙𝑖𝜙𝑎2)tr(𝑓[𝜓𝑘), 𝜙

𝑎1])]

+𝜖𝑎1𝑎2(𝑗[3tr(𝑓𝜙
𝑎1{𝜓𝑘), 𝜙

𝑖}𝜙𝑎2) + 5tr(𝑓{𝜓𝑘), 𝜙
𝑎1𝜙𝑖𝜙𝑎2}) − 4tr(𝑓𝜓𝑘)𝜙

𝑖𝜙𝑎1𝜙𝑎2) − 4tr(𝑓𝜙𝑎1𝜙𝑎2𝜙𝑖𝜓𝑘))]

 +2tr(𝜓(𝑗𝜓𝑘)𝜓𝑏[𝜙
𝑏, 𝜙𝑖]) − 3tr(𝜓(𝑗∣𝜓𝑏𝜓∣𝑘){𝜙

𝑏, 𝜙𝑖}) + 6tr(𝜓(𝑗∣{𝜓𝑏, 𝜙
𝑏}𝜓∣𝑘)𝜙

𝑖) − 9tr(𝜓(𝑗∣{𝜓𝑏, 𝜙
𝑖}𝜓∣𝑘)𝜙

𝑏)

 −2tr(𝜓(𝑗𝜓𝑘)[𝜙
𝑏, 𝜙𝑖]𝜓𝑏) + tr(𝜓(𝑗∣𝜓𝑏)tr(𝜓∣𝑘)[𝜙

𝑏 , 𝜙𝑖]) + tr(𝜓(𝑗∣𝜙
𝑏)tr({𝜓∣𝑘), 𝜓𝑏}𝜙

𝑖),

(𝑟16
(1,2)

)
𝑗𝑘

𝑖
= −

1

2
tr(𝑓𝜙𝑖𝜓(𝑗𝜓𝑘)) −

1

2
tr(𝑓𝜓(𝑗𝜙

𝑖𝜓𝑘)) −
1

2
tr(𝑓𝜓(𝑗𝜓𝑘)𝜙

𝑖) −
1

4
𝜖𝑖𝑎1𝑎2tr(𝜓𝑎1𝜓𝑎2𝜓(𝑗𝜓𝑘)),

(𝑟18
(1,2)

)
𝑗

𝑖
= −4tr(𝑓𝜙𝑖𝜙𝑎)tr(𝜓𝑗𝜓𝑎) − 5tr(𝑓𝜙

𝑎𝜙𝑖)tr(𝜓𝑗𝜓𝑎)

 −
53

2
tr(𝑓𝜙𝑖𝜓𝑗)tr(𝜙

𝑎𝜓𝑎) + 7tr(𝑓𝜙
𝑖𝜓𝑎)tr(𝜙

𝑎𝜓𝑗) +
15

2
tr(𝑓𝜙𝑎𝜓𝑗)tr(𝜙

𝑖𝜓𝑎) + 12tr(𝑓𝜙
𝑎𝜓𝑎)tr(𝜙

𝑖𝜓𝑗)

 +2tr(𝑓𝜓𝑗𝜙
𝑖)tr(𝜙𝑎𝜓𝑎) − 13tr(𝑓𝜓𝑎𝜙

𝑖)tr(𝜙𝑎𝜓𝑗) + 4tr(𝑓𝜓𝑗𝜙
𝑎)tr(𝜙𝑖𝜓𝑎)

 +6tr(𝑓𝜓𝑗𝜓𝑎)tr(𝜙
𝑖𝜙𝑎) +

13

2
tr(𝑓𝜓𝑎𝜓𝑗)tr(𝜙

𝑖𝜙𝑎)

 −4tr(𝑓𝜙𝑖)tr(𝜙𝑎𝜓𝑗𝜓𝑎) + 14tr(𝑓𝜙
𝑖)tr(𝜙𝑎𝜓𝑎𝜓𝑗) − 8tr(𝑓𝜙

𝑎)tr(𝜙𝑖𝜓𝑗𝜓𝑎) − 8tr(𝑓𝜙
𝑎)tr(𝜙𝑖𝜓𝑎𝜓𝑗)

 −4tr(𝑓𝜓𝑗)tr(𝜓𝑎𝜙
𝑖𝜙𝑎) − 9tr(𝑓𝜓𝑎)tr(𝜓𝑗𝜙

𝑖𝜙𝑎) + 6tr(𝑓𝜓𝑎)tr(𝜓𝑗𝜙
𝑎𝜙𝑖)

 +3tr(𝑓𝜙𝑖𝜙𝑎𝜓𝑗𝜓𝑎) −
31

2
tr(𝑓𝜙𝑖𝜙𝑎𝜓𝑎𝜓𝑗) + 3tr(𝑓𝜙

𝑎𝜙𝑖𝜓𝑗𝜓𝑎) +
5

2
tr(𝑓𝜙𝑎𝜙𝑖𝜓𝑎𝜓𝑗)

 +12tr(𝑓𝜙𝑖𝜓𝑗𝜙
𝑎𝜓𝑎) −

13

2
tr(𝑓𝜙𝑖𝜓𝑎𝜙

𝑎𝜓𝑗) − 6tr(𝑓𝜙
𝑎𝜓𝑗𝜙

𝑖𝜓𝑎) −
13

2
tr(𝑓𝜙𝑎𝜓𝑎𝜙

𝑖𝜓𝑗)

 +18tr(𝑓𝜙𝑖𝜓𝑗𝜓𝑎𝜙
𝑎)

 −12tr(𝑓𝜓𝑗𝜙
𝑖𝜙𝑎𝜓𝑎) +

17

2
tr(𝑓𝜓𝑎𝜙

𝑖𝜙𝑎𝜓𝑗) −
43

2
tr(𝑓𝜓𝑎𝜙

𝑎𝜙𝑖𝜓𝑗)

 +
1

3
𝜖𝑎1𝑎2𝑎3tr(𝜙𝑖𝜓𝑗)tr(𝜓𝑎1𝜓𝑎2𝜓𝑎3) − 2𝜖

𝑎1𝑎2𝑖tr(𝜙𝑏𝜓𝑎1)tr(𝜓𝑏𝜓𝑗𝜓𝑎2)

 −10𝜖𝑎1𝑎2𝑎3tr(𝜙𝑖𝜓𝑗𝜓𝑎1𝜓𝑎2𝜓𝑎3) + 8𝜖
𝑎1𝑎2𝑎3tr(𝜙𝑖𝜓𝑎1𝜓𝑗𝜓𝑎2𝜓𝑎3) − 2𝜖

𝑎1𝑎2𝑎3tr(𝜙𝑖𝜓𝑎1𝜓𝑎2𝜓𝑗𝜓𝑎3),

(𝑟18
(1,2)

)
𝑖𝑗𝑘

= −𝜖𝑎1𝑎2(𝑖 [tr(𝑓𝜙
𝑎1)tr(𝜙𝑎2𝜓𝑗𝜓𝑘)) −

3

2
tr(𝑓𝜓𝑗)tr(𝜓𝑘)𝜙

𝑎1𝜙𝑎2) + 3tr(𝑓𝜙𝑎1𝜓𝑗𝜙
𝑎2𝜓𝑘) − 3tr(𝑓𝜓𝑗𝜙

𝑎1𝜓𝑘𝜙
𝑎2)]

 −
1

2
tr(𝜙𝑎𝜓𝑎)tr(𝜓(𝑖𝜓𝑗𝜓𝑘)) +

3

2
tr(𝜙𝑎𝜓(𝑖∣)tr(𝜓𝑎𝜓∣𝑗𝜓𝑘)) +

1

2
tr(𝜙𝑎𝜓(𝑖𝜓𝑗∣)tr(𝜓𝑎𝜓∣𝑘))

 +
3

2
tr(𝜙𝑎𝜓(𝑖∣𝜓𝑎𝜓∣𝑗𝜓𝑘)) −

3

2
tr(𝜙𝑎𝜓(𝑖𝜓𝑗∣𝜓𝑎𝜓∣𝑘)),

(𝑟20
(2,1)

)
𝑖𝑗

= −𝜖𝑎1𝑎2(𝑖 [tr(𝑓𝑓)tr(𝜙
𝑎1𝜙𝑎2𝜓𝑗)) +

1

2
tr(𝑓𝜓𝑗)) tr(𝑓𝜙

𝑎1𝜙𝑎2) + 2tr(𝑓𝜙𝑎1)tr(𝑓[𝜙𝑎2 , 𝜓𝑗)])]

+𝜖𝑎1𝑎2(𝑖 [4tr(𝑓𝑓𝜙
𝑎1𝜙𝑎2𝜓𝑗) − tr(𝑓𝜙

𝑎1𝜙𝑎2𝑓𝜓𝑗))]

 +2tr(𝑓𝜙𝑎𝜓(𝑖)tr(𝜓𝑗𝜓𝑎) − 4tr(𝑓𝜓(𝑖𝜙
𝑎)tr(𝜓𝑗)𝜓𝑎)

 −
1

2
tr(𝑓𝜓(𝑖)(𝜙

𝑎𝜓𝑗)𝜓𝑎) −
5

2
tr(𝑓𝜓(𝑖∣)(𝜙

𝑎𝜓𝑎𝜓∣𝑗)) + 2tr(𝑓𝜓𝑎)(𝜙
𝑎𝜓(𝑖𝜓𝑗))
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 −4tr(𝑓𝜓(𝑖∣𝜓𝑎)(𝜙
𝑎𝜓∣𝑗))

 +2tr(𝑓𝜙𝑎𝜓(𝑖[𝜓𝑗), 𝜓𝑎]) + 4tr(𝑓𝜙
𝑎𝜓𝑎𝜓(𝑖𝜓𝑗))

 +4tr(𝑓𝜓(𝑖𝜙
𝑎𝜓𝑗)𝜓𝑎) − 3tr(𝑓𝜓(𝑖∣𝜙

𝑎𝜓𝑎𝜓∣𝑗)) − 2tr(𝑓𝜓𝑎𝜙
𝑎𝜓(𝑖𝜓𝑗))

 −tr(𝑓𝜓(𝑖∣𝜓𝑎𝜙
𝑎𝜓∣𝑗)) + 4tr(𝑓𝜓𝑎𝜓(𝑖𝜙

𝑎𝜓𝑗))

 +
2

5
𝜖𝑎1𝑎2𝑎3[2tr(𝜓𝑎1𝜓𝑎2)tr(𝜓𝑎3𝜓(𝑖𝜓𝑗)) − 3tr(𝜓(𝑖∣𝜓𝑎1𝜓∣𝑗)𝜓𝑎2𝜓𝑎3)].

 

𝑠1
(2,0)

= 𝑢𝑖𝑗 (𝑅20
(2,0)

)
𝑖𝑗
, 𝑠2

(2,0)
= 𝑤𝑖𝑗 (𝑅14

(1,0)
)
𝑖𝑗
, 𝑠3

(2,0)
= 𝑤𝑖 (𝑅16

(1,0)
)
𝑖

𝑠1
(1,2)

= 𝑣𝑗𝑘  𝑖 (𝑅16
(1,1)

)
𝑗𝑘

𝑖
, 𝑠2

(1,2)
= 𝑣𝑗 𝑖 (𝑅18

(1,1)
)
𝑗

𝑖
, 𝑠3

(1,2)
= 𝑤𝑖 (𝑅16

(0,2)
)
𝑖

 

𝑖𝑄𝑂(2,1) ≡ 65𝑠1
(2,0)

− 39𝑠2
(2,0)

+ 5𝑠3
(2,0)

− 312𝑠1
(1,2)

− 26𝑠2
(1,2)

+ 6𝑠3
(1,2)

= 0.  

𝑠1
(1,1)

= 𝑢𝑎(𝑖𝑣𝑗) 𝑎 (𝑅14
(1,0)

)
𝑖𝑗
, 𝑠2
(1,1)

= 𝜖𝑎1𝑎2(𝑖𝑢
𝑎1𝑘𝑣𝑎2  𝑗) (𝑅14

(1,0)
)
𝑘

𝑖𝑗
, 𝑠3
(1,1)

= 𝑣𝑗𝑘  𝑖 (𝑅16
(1,0)

)
𝑗𝑘

𝑖
,

𝑠4
(1,1)

= 𝑢𝑖𝑗𝑘 (𝑅18
(1,1)

)
𝑖𝑗𝑘
, 𝑠5
(1,1)

= 𝑣(𝑗 𝑖𝑤
𝑘) (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 𝑠6
(1,1)

= 𝑢(𝑖𝑗𝑤𝑘) (𝑅12
(0,1)

)
𝑖𝑗𝑘
,

𝑠7
(1,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑗𝑤𝑎2 (𝑅12

(0,1)
)
𝑗

𝑖
, 𝑠8
(1,1)

= 𝑤𝑖𝑗 (𝑅14
(0,1)

)
𝑖𝑗
,

𝑠1
(0,3)

= 𝜖𝑎1𝑎2(𝑖𝑣𝑗 𝑎1𝑣
𝑘) 𝑎2 (𝑅12

(0,1)
)
𝑖𝑗𝑘
, 𝑠2
(0,3)

= 𝑣𝑗 𝑎𝑣
𝑎 𝑖 (𝑅12

(0,1)
)
𝑗

𝑖
,

𝑠3
(0,3)

= 𝑢(𝑗𝑘𝑣𝑘) 𝑖 (𝑅14
(0,2)

)
𝑗𝑘𝑙

𝑖
, 𝑠4
(0,3)

= 𝑣𝑗𝑘 𝑖 (𝑅16
(0,2)

)
𝑗𝑘

𝑖
.

 

𝑖𝑄𝑂1
(1,2)

≡ 3𝑠5
(1,1)

− 3𝑠6
(1,1)

+ 𝑠7
(1,1)

= 0

𝑖𝑄𝑂2
(1,2)

≡ 9𝑠1
(1,1)

− 10𝑠2
(1,1)

− 30𝑠5
(1,1)

− 60𝑠3
(0,3)

= 0

𝑖𝑄𝑂3
(1,2)

≡ 3𝑠1
(1,1)

− 6𝑠2
(1,1)

+ 4𝑠4
(1,1)

− 14𝑠5
(1,1)

− 6𝑠8
(1,1)

− 12𝑠1
(0,3)

− 4𝑠2
(0,3)

= 0

𝑖𝑄𝑂4
(1,2)

≡ 3𝑠1
(1,1)

− 14𝑠2
(1,1)

− 8𝑠3
(1,1)

− 42𝑠5
(1,1)

+ 12𝑠6
(1,1)

− 24𝑠8
(1,1)

− 36𝑠1
(0,3)

+ 8𝑠4
(0,3)

= 0

 

𝑠1
(1,0)

= 𝜖𝑎1𝑎2𝑖𝜖𝑏1𝑏2𝑗𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑘 (𝑅14

(1,0)
)
𝑘

𝑖𝑗
, 𝑠2
(1,0)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑗𝑤𝑘)𝑎2 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠3
(1,0)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑗𝑘𝑤𝑎2 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠1
(0,2)

= 𝑣𝑎 𝑖𝑣
𝑗𝑘 𝑎 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 𝑠2
(0,2)

= 𝑣(𝑗 𝑎𝑣
𝑘)𝑎  𝑖 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 𝑠3
(0,2)

= 𝑢𝑎(𝑖𝑣𝑗𝑘) 𝑎 (𝑅12
(0,1)

)
𝑖𝑗𝑘
,

𝑠4
(0,2)

= 𝑢𝑎(𝑖𝑗𝑣𝑘) 𝑎 (𝑅12
(0,1)

)
𝑖𝑗𝑘
, 𝑠5
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑣𝑎2𝑗 𝑏 (𝑅12

(0,1)
)
𝑗

𝑖
, 𝑠6
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑗𝑣𝑎2  𝑏 (𝑅12

(0,1)
)
𝑗

𝑖
,

𝑠7
(0,2)

= 𝜖𝑎1𝑎2(𝑖𝑢
𝑎1(𝑘𝑣𝑙)𝑎2  𝑗) (𝑅12

(0,1)
)
𝑘𝑙

𝑖𝑗
, 𝑠8
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑘𝑙𝑣𝑎2  𝑗) (𝑅12

(0,1)
)
𝑘𝑙

𝑖𝑗
,

𝑠9
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑗𝑢𝑘𝑙)𝑎2 (𝑅14

(0,2)
)
𝑗𝑘𝑙

𝑖
, 𝑠10
(0,2)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑣𝑎2 𝑏 (𝑅14

(0,1)
)
𝑖
, 𝑠11
(0,2)

= 𝑢𝑎(𝑖𝑣𝑗) 𝑎 (𝑅14
(0,1)

)
𝑖𝑗
,

𝑠12
(0,2)

= 𝜖𝑎1𝑎2(𝑖𝑢
𝑎1𝑘𝑣𝑎2  𝑗) (𝑅14

(0,1)
)
𝑘

𝑖𝑗
,

𝑠13
(0,2)

= 𝑢(𝑗𝑘𝑣𝑙) 𝑖 (𝑅14
(0,1)

)
𝑗𝑘𝑙

𝑖
.
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𝑖𝑄𝑂1
(1,1)

≡ 𝑠2
(1,0)

= 0

𝑖𝑄𝑂2
(1,1)

≡ 𝑠3
(1,0)

= 0

𝑖𝑄𝑂3
(1,1)

≡ 𝑠1
(1,0)

+ 5𝑠1
(0,2)

− 2𝑠2
(0,2)

= 0

𝑖𝑄𝑂1
(0,3)

≡ 4𝑠5
(0,2)

+ 3𝑠6
(0,2)

= (𝑅12
(0,1)

)
𝑗

𝑖
(𝑅12

(0,1)
)
𝑖

𝑗
= 𝑖𝑄 [

1

2
𝑖𝑄 ((𝑟12

(0,2)
)
𝑗

𝑖
(𝑟12
(0,2)

)
𝑖

𝑗
)] = 0

𝑖𝑄𝑂2
(0,3)

≡ 𝑠7
(0,2)

+ 𝑠8
(0,2)

= (𝑅12
(0,1)

)
𝑘𝑙

𝑖𝑗
(𝑅12

(0,1)
)
𝑖𝑗

𝑘𝑙
= 𝑖𝑄 [

1

2
𝑖𝑄 ((𝑟12

(0,2)
)
𝑘𝑙

𝑖𝑗
(𝑟12
(0,2)

)
𝑖𝑗

𝑘𝑙
)] = 0

𝑖𝑄𝑂3
(0,3)

≡ 𝑠3
(0,2)

= 0

𝑖𝑄𝑂4
(0,3)

≡ 𝑠10
(0,2)

= 0

 

𝑖𝑄𝑂5
(0,3)

≡ 6𝑠1
(0,2)

− 6𝑠4
(0,2)

− 𝑠6
(0,2)

= 0  

𝑖𝑄𝑂6
(0,3)

≡ 24𝑠2
(0,2)

− 6𝑠11
(0,2)

+ 𝑠12
(0,2)

= 0  

𝑖𝑄𝑂7
(0,3)

≡ 𝑠1
(0,2)

− 10𝑠2
(0,2)

− 6𝑠4
(0,2)

− 10𝑠8
(0,2)

= 0  

𝑖𝑄𝑂8
(0,3)

≡ 5𝑠1
(0,2)

− 2𝑠2
(0,2)

− 9𝑠4
(0,2)

+ 6𝑠9
(0,2)

= 0  

𝑖𝑄𝑂9
(0,3)

≡ 6𝑠1
(0,2)

+ 12𝑠2
(0,2)

− 18𝑠4
(0,2)

+ 𝑠12
(0,2)

= 0  

𝑖𝑄𝑂10
(0,3)

 ≡ 38𝑠1
(0,2)

+ 4𝑠2
(0,2)

− 24𝑠4
(0,2)

− 5𝑠13
(0,2)

= 0

 

𝑠1
(0,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑗𝑘𝑣𝑎2 𝑏 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 𝑠2
(0,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏𝑢𝑎2(𝑗𝑣𝑘) 𝑏 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
,

𝑠3
(0,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1𝑏(𝑗𝑣𝑘)𝑎2  𝑏 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 𝑠4
(0,1)

= 𝜖𝑎1𝑎2(𝑖𝑢
𝑎1(𝑘𝑣𝑙)𝑎2  𝑗) (𝑅12

(0,0)
)
𝑘𝑙

𝑖𝑗
,

𝑠5
(0,1)

= 𝜖𝑎1𝑎2(𝑖𝑢
𝑎1𝑘𝑙𝑣𝑎2  𝑗) (𝑅12

(0,0)
)
𝑘𝑙

𝑖𝑗
, 𝑠6
(0,1)

= 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑘𝑙 (𝑅12

(0,1)
)
𝑘𝑙

𝑖𝑗
,

𝑠7
(0,1)

= 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑘 (𝑅14

(0,1)
)
𝑘

𝑖𝑗
, 𝑠8
(0,1)

= 𝜖𝑎1𝑎2𝑖𝑢
𝑎1(𝑗𝑢𝑘𝑙)𝑎2 (𝑅14

(0,1)
)
𝑗𝑘𝑙

𝑖
.

 

𝑖𝑄𝑂1
(0,2)

≡ 𝑠1
(0,1)

− 2𝑠2
(0,1)

= 0

𝑖𝑄𝑂2
(0,2)

≡ 6𝑠3
(0,1)

+ 𝑠4
(0,1)

= 0

𝑖𝑄𝑂3
(0,2)

≡ 𝑠1
(0,1)

+ 𝑠5
(0,1)

= 0

𝑖𝑄𝑂4
(0,2)

≡ 𝑠1
(0,1)

+ 𝑠6
(0,1)

= 0

𝑖𝑄𝑂5
(0,2)

≡ 4𝑠1
(0,1)

+ 24𝑠3
(0,1)

− 𝑠7
(0,1)

= 0

𝑖𝑄𝑂6
(0,2)

≡ 𝑠1
(0,1)

− 12𝑠3
(0,1)

+ 3𝑠8
(0,1)

= 0

 

𝑠1
(0,0)

= 𝜖𝑎1𝑎2𝑎3𝜖𝑏1𝑏2𝑖𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑎3𝑗𝑘 (𝑅10

(0,0)
)
𝑗𝑘

𝑖
, 

𝑠2
(0,0)

= 𝑅12
(0,0)

𝑅12
(0,0)

,  

𝑠3
(0,0)

 = 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1𝑢𝑎2𝑏2𝑢𝑘𝑙 (𝑅12

(0,0)
)
𝑘𝑙

𝑖𝑗
,

𝑠4
(0,0)

 = 𝜖𝑎1𝑎2(𝑖𝜖𝑗)𝑏1𝑏2𝑢
𝑎1𝑏1(𝑘𝑢𝑙)𝑎2𝑏2 (𝑅12

(0,0)
)
𝑘𝑙

𝑖𝑗
.

 

𝑖𝑄𝑂(0,1) ≡ 36𝑠1
(0,0)

+ 5𝑠2
(0,0)

− 6𝑠3
(0,0)

= 0  
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𝑝1= 𝜖
𝑎1𝑎2𝑎3𝑣(𝑖 𝑎1𝑣

𝑗 𝑎2𝑣
𝑘) 𝑎3 (𝑅12

(0,1)
)
𝑖𝑗𝑘
, 𝑝2 = 𝑣

𝑗 𝑎𝑣
𝑎 𝑏𝑣

𝑏 𝑖 (𝑅12
(0,1)

)
𝑗

𝑖
, 𝑝3 = 𝑣

(𝑘 𝑎𝑣
𝑙) (𝑖𝑣

𝑎 𝑗) (𝑅12
(0,1)

)
𝑘𝑙

𝑖𝑗
,

𝑝4= 𝑢
(𝑗𝑘𝑣𝑙) 𝑎𝑣

𝑎 𝑖 (𝑅14
(0,2)

)
𝑗𝑘𝑙

𝑖
, 𝑝5 = 𝑢

𝑎(𝑗𝑣𝑘 𝑎𝑣
𝑙) 𝑖 (𝑅14

(0,2)
)
𝑖
 𝑘𝑙 , 𝑝6 = 𝑣

(𝑗𝑘  𝑎𝑣
𝑙)𝑎  𝑖 (𝑅14

(0,2)
)
𝑗𝑘𝑙

𝑖
,  

𝑝7= 𝑣
(𝑘 (𝑖𝑣

𝑙𝑚) 𝑗) (𝑅16
(0,2)

)
𝑘𝑙𝑚

𝑖𝑗
, 𝑝8 = 𝑣

(𝑗 𝑎𝑣
𝑘)𝑎  𝑖 (𝑅16

(0,2)
)
𝑗𝑘

𝑖
, 𝑝9 = 𝑣

𝑎  𝑖𝑣
𝑗𝑘 𝑎 (𝑅16

(0,2)
)
𝑗𝑘

𝑖
,  

𝑝10 = 𝑣
𝑖𝑎  𝑏𝑣

𝑏 𝑎 (𝑅16
(0,2)

)
𝑖
, 𝑝11 = 𝜖𝑖𝑎1𝑎2𝑢

𝑎1𝑏𝑣𝑎2  𝑏 (𝑅20
(0,3)

)
𝑖
.

 

5𝑝1 − 10𝑝2 − 30𝑝4 + 8𝑝11 = 0

15𝑝1 + 6𝑝2 − 40𝑝3 − 30𝑝4 + 90𝑝5 = 0

105𝑝1 − 336𝑝2 + 140𝑝3 − 1050𝑝4 + 10080𝑝6 − 900𝑝7 = 0

15𝑝1 − 138𝑝2 − 160𝑝3 − 570𝑝4 + 864𝑝6 − 48𝑝8 = 0

375𝑝1 + 6𝑝2 + 1760𝑝3 + 150𝑝4 + 4320𝑝6 − 120𝑝9 = 0

55𝑝1 − 266𝑝2 − 160𝑝3 − 1050𝑝4 + 2880𝑝6 + 40𝑝10 = 0

 

𝐷+𝛼̇ ≡ 𝜕+𝛼̇ − 𝑖[𝐴+𝛼̇] 

𝑑𝑠2 = −
𝑟2𝑧

𝐿2𝑧
𝑑𝑡2 +

𝐿2

𝑟2
𝑑𝑟2 + 𝑟2𝑑𝑥 𝑛−1

2 ,  

𝑡 → 𝜆𝑧𝑡 , 𝑥 → 𝜆𝑥  , 𝑟 → 𝜆−1𝑟.  

𝑑𝑠2 = 𝑟−
2𝜃
𝑛−1 (−

𝑟2𝑧

𝐿2𝑧
𝑑𝑡2 +

𝐿2

𝑟2
𝑑𝑟2 + 𝑟2𝑑𝑥 𝑛−1

2 )  

 

𝐹𝑖𝜇𝜈
(𝑎)
= 𝜕𝜇𝐴𝑖𝜈

(𝑎)
− 𝜕𝜈𝐴𝑖𝜇

(𝑎)
+
1

𝑒𝑖
𝐶𝑏𝑐
𝑎 𝐴𝑖𝜇

(𝑏)
𝐴𝑖𝜈
(𝑐)

 

𝑆 =
1

16𝜋
∫  𝑑𝑛+1𝑥√−𝑔(𝑅 − 𝑉(Φ) −

4

𝑛 − 1
𝜕𝜇Φ𝜕

𝜇Φ−∑ 

3

𝑖=1

  𝑒−4𝜉𝑖Φ/(𝑛−1)𝐹𝑖
2)  

𝐹𝑖
2 = 𝛾𝑎𝑏𝐹𝑖𝜇𝜈

(𝑎)
𝐹𝑖
(𝑏)𝜇𝜈

 

𝛾𝑎𝑏 ≡ −
Γ𝑎𝑏

|detΓab|
1/N
 , Γ𝑎𝑏 = 𝐶𝑎𝑑

𝑐 𝐶𝑏𝑐
𝑑  

𝑅𝜇𝜈 =
2

𝑛 − 1
[2𝜕𝜇Φ𝜕𝜈Φ+

𝑉(Φ)

2
𝑔𝜇𝜈] + 2∑  

3

𝑖=1

  𝑒−4𝜉𝑖Φ/(𝑛−1) [𝛾𝑎𝑏𝐹𝑖𝜇
(𝑎)𝜆

𝐹𝑖𝜈𝜆
(𝑏)
−

1

2(𝑛 − 1)
𝐹𝑖
2𝑔𝜇𝜈]

𝐷𝜈 (𝑒
−4𝜉𝑖Φ/(𝑛−1)𝐹𝑖

(𝑎)𝜇𝜈
) =

1

𝑒𝑖
𝑒−4𝜉𝑖Φ/(𝑛−1)𝐶𝑏𝑐

𝑎 𝐴𝑖𝜈
(𝑏)
𝐹𝑖
(𝑐)𝜈𝜇

∇2Φ−
𝑛 − 1

8

𝑑𝑉(Φ)

𝑑Φ
+∑  

3

𝑖=1

 
𝜉𝑖
2
𝑒−4𝜉𝑖Φ/(𝑛−1)𝐹𝑖

2 = 0
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𝑥1=
𝑟

√𝑘
sin (√𝑘𝜃)Π𝑗=1

𝑛−2sin 𝜙𝑗,  

𝑥𝑙=
𝑟

√𝑘
sin (√𝑘𝜃)cos 𝜙𝑛−𝑙Π𝑗=1

𝑛−𝑙−1sin (𝜙𝑗), 𝑙 = 2,… , 𝑛 − 1 

𝑥𝑛 = 𝑟cos (√𝑘𝜃),

 

𝐴𝑖
(𝑎)
=
𝑒𝑖
𝑟2
(𝑥𝑙𝑑𝑥𝑛 − 𝑥𝑛𝑑𝑥𝑙) for 𝑎 = 𝑙 = 1,… , 𝑛 − 1  

𝐴𝑖
(𝑏)
 =
𝑒𝑖
𝑟2
(𝑥𝑙𝑑𝑥𝑗 − 𝑥𝑗𝑑𝑥𝑙) for 𝑏 = 𝑛,… , 𝑛(𝑛 − 1)/2, 𝑙 = 1,… , 𝑛 − 2, 𝑗 = 2,… , 𝑛 − 1, and 𝑙 < 𝑗

 

𝑑𝑠2 = −
𝑟2𝑧

𝐿2𝑧
𝑓(𝑟)𝑑𝑡2 +

𝐿2

𝑟2𝑓(𝑟)
𝑑𝑟2 + 𝑟2[𝑑𝜃2 + 𝑘−1sin2 (√𝑘𝜃)𝑑Ω𝑘,𝑛−2

2 ]  

Φ(𝑟) =
𝑛 − 1

2
√𝑧 − 1ln (

𝑟

𝑠
)  

𝑓(𝑟) = 1 +
𝑘𝐿2(𝑛 − 2)

𝑧(𝑧 + 𝑛 − 3)𝑟2
−

𝑚

𝑟𝑧+𝑛−1
+

{
 
 

 
 (𝑛 − 2)𝐿2𝑒3

2

(𝑧 − 𝑛 + 3)𝑟2𝑧+2
𝑠2(𝑧−1),  for 𝑧 ≠ 𝑛 − 3

−
(𝑛 − 2)𝐿2𝑒3

2

𝑟2𝑧+2
ln (

𝑟

𝑟0
) 𝑠2(𝑧−1),  for 𝑧 = 𝑛 − 3

 

𝜉1= −
2

√𝑧 − 1
, 𝜉2 = −

1

√𝑧 − 1
, 𝜉3 = √𝑧 − 1  

𝑒1
2= −

2(𝑧 − 1)Λ

(𝑛 − 1)(𝑛 − 2)(𝑧 + 1)
𝑠4, 𝑒2

2 = 𝑘
𝑧 − 1

𝑧
𝑠2 

Λ = −
(𝑛 − 1)(𝑧 + 1)(𝑧 + 𝑛 − 1)

4𝐿2

 

Φ(𝑟) = (𝑛 − 1)√𝑧 − 1ln (𝑟/𝑠)/2 

√𝑧 − 1𝑒−4𝜉𝑖Φ/(𝑛−1) 

𝑓(𝑟) = 1 +
𝑘𝐿2

𝑟2
−
𝑚

𝑟𝑛
+

{
 
 

 
 −

(𝑛 − 2)𝐿2𝑒3
2

(𝑛 − 4)𝑟4
,  for 𝑛 ≠ 4

−
(𝑛 − 2)𝐿2𝑒3

2

𝑟4
ln (

𝑟

𝑟0
) ,  for 𝑛 = 4

 

𝑚(𝑟+) = 𝑟+
𝑧+𝑛−1 +

𝐿2(𝑛 − 2)𝑟+
𝑧+𝑛−3

𝑧(𝑧 + 𝑛 − 3)
+ {

(𝑛 − 2)𝐿2𝑒3
2𝑟+
−𝑧+𝑛−3

(𝑧 − 𝑛 + 3)
𝑠2(𝑧−1),  for 𝑧 ≠ 𝑛 − 3

−(𝑛 − 2)𝐿2𝑒3
2𝑟+
−𝑧+𝑛−3ln (𝑟+)𝑠

2(𝑧−1),  for 𝑧 = 𝑛 − 3

 

𝑑𝑠2 = −𝐴(ℛ)𝑑𝑡2 +
𝑑ℛ2

𝐵(ℛ)
+ ℛ2𝑑Ω𝑛−1

2 ,  

𝐴(ℛ) =
𝑟(ℛ)2𝑧

𝐿2𝑧
𝑓(𝑟(ℛ))  and 𝐵(ℛ) =

𝑟(ℛ)2

𝐿2
𝑓(𝑟(ℛ)).  

𝑀𝑇 =
1

8𝜋
∫ 
Σ

 𝑑𝑛−1𝑥√𝜎{(𝐾𝑎𝑏 −𝐾𝛾𝑎𝑏)}𝑛
𝑎𝜉𝑏,  
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𝑓0(𝑟(ℛ)) = 1 +
𝐿2(𝑛 − 2)

𝑧(𝑧 + 𝑛 − 3)[𝑟(ℛ)]2
.  

𝑀0 =
1

8𝜋
∫ 
Σ

 𝑑𝑛−1𝑥√𝜎{(𝐾𝑎𝑏
0 − 𝐾0𝛾𝑎𝑏

0 )}𝑛𝑎𝜉𝑏  

𝑀 = 𝑀𝑇 −𝑀0 =
(𝑛 − 1)𝜔𝑛−1
16𝜋𝐿𝑧+1

𝑚  

𝑇+=
𝜅

2𝜋
=
1

2𝜋
√−

1

2
(∇𝜇𝜒𝜈)(∇𝜈𝜒𝜇)|

𝑟=𝑟+

=
𝑟𝑧+1𝑓′(𝑟)

4𝜋𝐿𝑧+1
|
𝑟=𝑟+

 

 =
(𝑛 − 2)

4𝜋𝑧𝐿𝑧−1
𝑟+
𝑧−2 +

(𝑧 + 𝑛 − 1)

4𝜋𝐿𝑧+1
𝑟+
𝑧 −

(𝑛 − 2)𝑒3
2𝑠2(𝑧−1)

4𝜋𝐿𝑧−1𝑟+
𝑧+2

 

𝑆 =
𝐴

4
=
𝑟+
𝑛−1

4
𝜔𝑛−1  

𝑄 =
1

4𝜋√(𝑛 − 1)(𝑛 − 2)
∫  𝑑𝑛−1𝑥√Tr (𝐹𝜇𝜈

(𝑎)
𝐹𝜇𝜈
(𝑎)
) =

𝜔𝑛−1
4𝜋𝐿1−𝑧

𝑒3  

𝑇 = (
𝜕𝑀

𝜕𝑆
)
𝑄
, 𝑈 = (

𝜕𝑀

𝜕𝑄
)
𝑆

 

𝑑𝑀 = 𝑇𝑑𝑆 + 𝑈𝑑𝑄  

𝑈 = (
𝜕𝑀

𝜕𝑄
)
𝑆

= −
(𝑛 − 1)(𝑛 − 2)𝑠2𝑧−2

2𝑟+
𝑧−𝑛+3𝐿2𝑧−2

𝑒3 × {

1

−𝑧 + 𝑛 − 3
,  for 𝑧 ≠ 𝑛 − 3

ln (𝑟+), for 𝑧 = 𝑛 − 3
 

𝐻 =

[
 
 
 
 
 (
𝜕2𝑀

𝜕𝑆2
)
𝑄

(
𝜕2𝑀

𝜕𝑆𝜕𝑄
)

(
𝜕2𝑀

𝜕𝑄𝜕𝑆
)

2

(
𝜕2𝑀

𝜕𝑄2
)
𝑆]
 
 
 
 
 

 

det𝐻 = −
2(𝑛 − 2)2𝑠2𝑧−2

(−𝑧 + 𝑛 − 3)𝐿4𝑧−2
(
(𝑧 − 2)𝐿2

𝑧𝑟+
4 +

𝑧(𝑧 + 𝑛 − 1)

(𝑛 − 2)𝑟+
2 +

16(2𝑛 − 𝑧 − 4)𝜋2𝑄2𝑠2𝑧−2

𝐿2𝑧−4𝑟+
2𝑧+4 ) ,  for 𝑧 ≠ 𝑛 − 3 

det𝐻 = −
2(𝑛 − 2)2𝑠2𝑧−2ln (𝑟+)

𝐿4𝑧−2
(
(𝑧 − 2)𝐿2

𝑧𝑟+
4 +

𝑧(𝑧 + 𝑛 − 1)

(𝑛 − 2)𝑟+
2 +

16(2𝑛 − 𝑧 − 4)𝜋2𝑄2𝑠2𝑧−2

𝐿2𝑧−4𝑟+
2𝑧+4 )        

−
64(𝑛 − 2)2𝜋2𝑄2𝑠4𝑧−4

𝐿6𝑧−6𝑟+
2𝑧+4         for 𝑧 = 𝑛 − 3   

 

𝑑𝑀 = 𝑇𝑑𝑆 + 𝑉𝑑𝑃 + Ψ𝑑𝑄2,  

Ψ = (
𝜕𝑀

𝜕𝑄2
)
𝑆,𝑃

= −
(𝑛 − 1)(𝑛 − 2)𝜋𝑠2𝑧−2

(−𝑧 + 𝑛 − 3)𝐿3𝑧−3
𝑟+
−𝑧+𝑛−3  
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𝑃 =
𝑛(𝑛 − 1)𝑟+

𝑧−1

16𝜋𝐿𝑧+1
.  

(𝑧 + 𝑛 − 3)𝑀 = (𝑛 − 1)𝑇𝑆 − 2𝑃𝑉 + 2𝑧Ψ𝑄2,  for 𝑧 ≠ 𝑛 − 3  

 

𝑄2 = −
𝐿3𝑧−3𝑇

4𝜋(𝑛 − 2)𝑠2𝑧−2
(
(𝑧 − 𝑛 + 3)𝐿3𝑧−3Ψ

(𝑛 − 1)(𝑛 − 2)𝜋𝑠2𝑧−2
)

𝑧+2
−𝑧+𝑛−3

+
𝐿2𝑧−2

16𝜋2𝑧𝑠2𝑧−2
(
(𝑧 − 𝑛 + 3)𝐿3𝑧−3Ψ

(𝑛 − 1)(𝑛 − 2)𝜋𝑠2𝑧−2
)

2𝑧
−𝑧+𝑛−3

 +
(𝑧 + 𝑛 − 1)𝐿2𝑧−4

16𝜋2(𝑛 − 2)𝑠2𝑧−2
(
(𝑧 − 𝑛 + 3)𝐿3𝑧−3Ψ

(𝑛 − 1)(𝑛 − 2)𝜋𝑠2𝑧−2
)

2(𝑧+1)
−𝑧+𝑛−3

 

𝜕𝑄2

𝜕Ψ
|
𝑇𝐶

= 0 ,  
𝜕2𝑄2

𝜕Ψ2
|
𝑇𝐶

= 0,  

Ψ𝐶 = −
(𝑛 − 1)(𝑛 − 2)𝜋𝑠2𝑧−2

(−𝑧 + 𝑛 − 3)𝐿3𝑧−3
(−

(𝑧 − 2)(𝑛 − 2)𝐿2

𝑧(𝑧 + 1)(𝑧 + 𝑛 − 1)
)

−𝑧+𝑛−3
2

𝑇𝐶 = −
(𝑧 + 1)(𝑧 + 𝑛 − 1)

(𝑧 − 2)(𝑧 + 2)𝜋𝐿𝑧+1
(−

(𝑧 − 2)(𝑛 − 2)𝐿2

𝑧(𝑧 + 1)(𝑧 + 𝑛 − 1)
)

𝑧
2

 

𝐺(𝑄2, 𝑇) =𝑀 − 𝑇𝑆 =
(𝑧 + 2)𝑇

4(−𝑧 + 𝑛 − 3)
𝑟+
𝑛−1

 −
(𝑛 − 1)(𝑛 − 2)

8𝜋(𝑧 + 𝑛 − 3)(−𝑧 + 𝑛 − 3)𝐿𝑧−1
𝑟+
𝑧+𝑛−3 −

(𝑛 − 1)(𝑧 + 1)

8𝜋(−𝑧 + 𝑛 − 3)𝐿𝑧+1
𝑟+
𝑧+𝑛−1, for 𝑧 ≠ 𝑛 − 3

 

𝑑𝑠2 = 𝑟2𝛼 (−
𝑓(𝑟)𝑟2𝑧

𝐿2𝑧
𝑑𝑡2 +

𝐿2𝑑𝑟2

𝑟2𝑓(𝑟)
+ 𝑟2𝑑Ω𝑘

2) ,  

𝑉(𝜙) = 2Λ𝑒𝜆𝜙,  

Φ(𝑟) =
𝑛 − 1

2
√(𝛼 + 1)(𝛼 + 𝑧 − 1)ln (

𝑟

𝑏
)

𝑓(𝑟) = 1 +
𝐿2(𝑛 − 2)

(𝑧 + 2𝛼)(𝑧 + 𝑛 − 3 + (𝑛 − 1)𝛼)𝑟2
−

𝑚

𝑟𝑧+(𝑛−1)(𝛼+1)

+

{
 
 

 
 (𝑛 − 2)𝐿2𝑒3

2

(𝛼 + 1)(𝑧 − 𝑛 + 3 − (𝑛 − 5)𝛼)𝑟2𝑧+2+4𝛼
𝑏2(𝛼+𝑧−1),  for 𝑧 ≠ 𝑛 − 3 + (𝑛 − 5)𝛼

−
(𝑛 − 2)𝐿2𝑒3

2

(𝛼 + 1)𝑟2𝑧+2+4𝛼
ln (

𝑟

𝑟0
) 𝑏2(𝛼+𝑧−1),  for 𝑧 = 𝑛 − 3 + (𝑛 − 5)𝛼
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𝜉1= −
(𝑛 − 1)𝜆√(𝛼 + 1)(𝛼 + 𝑧 − 1) + 8(𝛼 + 1)

4√(𝛼 + 1)(𝛼 + 𝑧 − 1)
, 𝜉2 = −√

𝛼 + 1

𝛼 + 𝑧 − 1
, 𝜉3 = √

𝛼 + 𝑧 − 1

𝛼 + 1
 

𝑒1
2= −

2(𝑧 − 1)Λ

(𝑛 − 1)(𝑛 − 2)(2𝛼 + 𝑧 + 1)
𝑏4(𝛼+1), 𝑒2

2 =
𝛼 + 𝑧 − 1

𝑧 + 2𝛼
𝑏2(𝛼+1)  

Λ= −
(𝑛 − 1)(2𝛼 + 𝑧 + 1)(𝑧 + (𝑛 − 1)(𝛼 + 1)

4𝐿2
𝑏−2𝛼  

𝜆 = −
4𝛼

(𝑛 − 1)√(𝛼 + 1)(𝛼 + 𝑧 − 1)
.

 

Φ(𝑟) =
1

2
√(𝑛 − 𝜃 − 1)[(𝑧 − 1)(𝑛 − 1) − 𝜃]ln (

𝑟

𝑏
) ,

𝑓(𝑟) = 1 +
𝐿2(𝑛 − 1)(𝑛 − 2)

[(𝑛 − 1)𝑧 − 2𝜃](𝑧 + 𝑛 − 3 − 𝜃)𝑟2
−

𝑚

𝑟𝑧+𝑛−𝜃−1

+

{
 
 

 
 

(𝑛 − 1)2(𝑛 − 2)𝐿2𝑒3
2

(𝜃 − 𝑛 + 1)[(𝑛 − 𝑧 − 3)(𝑛 − 1) − (𝑛 − 5)𝜃]𝑟2(𝑧+1)−
4𝜃
𝑛−1

𝑏2(𝑧−1)−
2𝜃
𝑛−1,  for 𝑧 ≠ 𝑛 − 3 −

𝑛 − 5

𝑛 − 1
𝜃

(𝑛 − 1)(𝑛 − 2)𝐿2𝑒3
2

(𝜃 − 𝑛 + 1)𝑟2(𝑧+1)−
4𝜃
𝑛−1

𝑏2(𝑧−1)−
2𝜃
𝑛−1ln (𝑟),  for 𝑧 = 𝑛 − 3 −

𝑛 − 5

𝑛 − 1
𝜃

 

𝑚(𝑟+) =𝑟+
𝑧+𝑛−𝜃−1 +

𝐿2(𝑛 − 1)(𝑛 − 2)

[(𝑛 − 1)𝑧 − 2𝜃](𝑧 + 𝑛 − 3 − 𝜃)
𝑟+
𝑧+𝑛−𝜃−3

 +

{
 
 

 
 (𝑛 − 1)2(𝑛 − 2)𝐿2𝑒3

2

(𝜃 − 𝑛 + 1)[(𝑛 − 𝑧 − 3)(𝑛 − 1) − (𝑛 − 5)𝜃]
𝑟+
𝑛−𝑧−𝜃−3+

4𝜃
𝑛−1𝑏2(𝑧−1)−

2𝜃
𝑛−1,

(𝑛 − 1)(𝑛 − 2)𝐿2𝑒3
2

(𝜃 − 𝑛 + 1)
𝑟+
𝑛−𝑧−𝜃−3+

4𝜃
𝑛−1𝑏2(𝑧−1)−

2𝜃
𝑛−1ln (𝑟+),

for 𝑧 ≠ 𝑛 − 3 −
𝑛 − 5

𝑛 − 1
𝜃

 

𝑀 =
(𝑛 − 1 − 𝜃)

16𝜋𝐿𝑧+1
𝑚  

𝑇+ =
𝑟𝑧+1𝑓′(𝑟)

4𝜋𝐿𝑧+1
|
𝑟=𝑟+

=
(𝑧 + 𝑛 − 𝜃 − 1)𝑟+

𝑧

4𝜋𝐿𝑧+1
+

(𝑛 − 1)(𝑛 − 2)𝑟+
𝑧−2

4𝜋[𝑧(𝑛 − 1) − 2𝜃]𝐿𝑧−1
+
(𝑛 − 1)(𝑛 − 2)𝑒3

2𝑏2(𝑧−1)−
2𝜃
𝑛−1

4𝜋(𝜃 − 𝑛 + 1)𝐿𝑧−1𝑟+
𝑧+2−

4𝜃
𝑛−1

𝑆 =
𝑟+
𝑛−1−𝜃

4

 

𝑄 =
𝜔𝑛−1
4𝜋𝐿1−𝑧

𝑒3  

𝑈 = (
𝜕𝑀

𝜕𝑄
)
𝑆

= −
(𝑛 − 1)(𝑛 − 2)𝑏2𝑧−2−

2𝜃
𝑛−1

2𝑟+
𝑧−𝑛+3+

𝑛−5
𝑛−1

𝜃
𝐿2𝑧−2

𝑒3 × {

𝑛 − 1

(𝑛 − 1)(𝑛 − 𝑧 − 3) − 𝜃(𝑛 − 5)
,  for 𝑧 ≠ 𝑛 − 3

ln (𝑟+), for 𝑧 = 𝑛 − 3
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Det𝐻 = −
2(𝑛 − 1)2(𝑛 − 2)2𝑏2𝑧−2−

2𝜃
𝑛−1𝑟+

4𝜃
𝑛−1

[(𝑛 − 1)(𝑛 − 𝑧 − 3) − 𝜃(𝑛 − 5)](𝑛 − 𝜃 − 1)𝐿4𝑧−2
(
(𝑛 − 1)(𝑧 − 2)𝐿2

[(𝑛 − 1)𝑧 − 2𝜃]𝑟+
4 +

𝑧(𝑧 + 𝑛 − 𝜃 − 1)

(𝑛 − 2)𝑟+
2

+
16[(𝑛 − 1)(2𝑛 − 𝑧 − 4) − 2𝜃(𝑛 − 3)]𝜋2𝑄2𝑏2𝑧−2−

2𝜃
𝑛−1

(𝑛 − 𝜃 − 1)𝐿2𝑧−4𝑟+
2𝑧+4−

4𝜃
𝑛−1

) ,  for 𝑧 ≠ 𝑛 − 3 −
𝑛 − 5

𝑛 − 1
𝜃

Det𝐻 = −
64(𝑛 − 1)2(𝑛 − 2)2𝜋2𝑄2𝑏4𝑧−4−

4𝜃
𝑛−1

(𝑛 − 𝜃 − 1)2𝐿6𝑧−6𝑟+
2𝑧+4−

8𝜃
𝑛−1

−
2(𝑛 − 1)(𝑛 − 2)2𝑏2𝑧−2−

2𝜃
𝑛−1𝑟+

4𝜃
𝑛−1ln (𝑟+)

(𝑛 − 𝜃 − 1)𝐿4𝑧−2
(
(𝑛 − 1)(𝑧 − 2)𝐿2

[𝑧(𝑛 − 1) − 2𝜃]𝑟+
4 +

𝑧(𝑧 + 𝑛 − 𝜃 − 1)

(𝑛 − 2)𝑟+
2 +

16[(𝑛 − 1)(2𝑛 − 𝑧 − 4) − 2𝜃(𝑛 − 3)]𝜋2𝑄2𝑏2𝑧−2−
2𝜃
𝑛−1

(𝑛 − 𝜃 − 1)𝐿2𝑧−4𝑟+
2𝑧+4−

4𝜃
𝑛−1

) ,  for 𝑧 = 𝑛 − 3 −
𝑛 − 5

𝑛 − 1
𝜃.

 

Det(𝐻)𝑧 > 𝑛 − 3 −
𝑛 − 5

𝑛 − 1
𝜃 

Det(𝐻)(𝑛 − 1)(2𝑛 − 𝑧 − 4) − 2𝜃(𝑛 − 3) 

Det(𝐻), 𝑑2𝑀/𝑑𝑆2 

𝑧 = 𝑛 − 3 −
𝑛 − 5

𝑛 − 1
𝜃 

Ψ = (
𝜕𝑀

𝜕𝑄2
)
𝑆,𝑃

= −
(𝑛 − 1)2(𝑛 − 2)𝜋𝑏2𝑧−2−

2𝜃
𝑛−1

(𝑛2 − 𝑛(𝜃 + 𝑧 + 4) + 𝑧 + 5𝜃 + 3)𝐿3𝑧−3
𝑟+
−𝑧+𝑛−3−

𝜃(𝑛−5)
𝑛−1  

𝑃 =
(𝑛 − 𝜃)(𝑛 − 𝜃 − 1)𝑟+

𝑧−1

16𝜋𝐿𝑧+1
 

(𝑧 + 𝑛 − 𝜃 − 3)𝑀 = (𝑛 − 𝜃 − 1)𝑇𝑆 − 2𝑃𝑉 +
2[(𝑛 − 1)𝑧 − 2𝜃]

𝑛 − 1
Ψ𝑄2  for 𝑧 ≠ 𝑛 − 3 −

𝑛 − 5

𝑛 − 1
𝜃 

𝑄2 =−
(𝑛 − 𝜃 − 1)𝐿3𝑧−3𝑇

4𝜋(𝑛 − 1)(𝑛 − 2)𝑏2𝑧−2−
2𝜃
𝑛−1

𝑟+
𝑧+2−

4𝜃
𝑛−1 +

(𝑛 − 𝜃 − 1)𝐿2𝑧−2

16𝜋2((𝑛 − 1)𝑧 − 2𝜃)𝑏2𝑧−2−
2𝜃
𝑛−1

𝑟+
2𝑧−

4𝜃
𝑛−1 

 +
(𝑧 + 𝑛 − 𝜃 − 1)(𝑛 − 𝜃 − 1)𝐿2𝑧−4

16𝜋2(𝑛 − 1)(𝑛 − 2)𝑏2𝑧−2−
2𝜃
𝑛−1

𝑟+
2𝑧+2−

4𝜃
𝑛−1

 

𝐺 = 𝑀 − 𝑇𝑆  

Ψ𝐶 = −
(𝑛 − 1)2(𝑛 − 2)𝜋𝑏2(𝑧−1)−

2𝜃
𝑛−1

[(−𝑧 + 𝑛 − 3)(𝑛 − 1) − 𝜃(𝑛 − 5)]𝐿3𝑧−3
(−

(𝑛 − 1)(𝑛 − 2)(𝑧 − 2)𝐿2

𝑧((𝑧 + 1)(𝑛 − 1) − 2𝜃)(𝑧 + 𝑛 − 𝜃 − 1)
)

−𝑧+𝑛−3
2

−
(𝑛−5)𝜃
2(𝑛−1)

𝑇𝐶 = −
((𝑛 − 1)(𝑧 + 1) − 2𝜃)(𝑧 + 𝑛 − 𝜃 − 1)

(𝑧 − 2)((𝑛 − 1)(𝑧 + 2) − 4𝜃)𝜋𝐿𝑧+1
(−

(𝑛 − 1)(𝑛 − 2)(𝑧 − 2)𝐿2

𝑧((𝑛 − 1)(𝑧 + 1) − 2𝜃)(𝑧 + 𝑛 − 𝜃 − 1)
)

𝑧
2

 

𝑑𝑠2 = −
𝑟2𝑧

𝐿2𝑧
𝑓(𝑟)𝑑𝑡2 +

𝐿2

𝑟2𝑓(𝑟)
𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2 {

sin2 𝜃𝑑𝜙2,  for 𝑘 = 1

sinh2 𝜃𝑑𝜙2,  for 𝑘 = −1
 



pág. 4855 

𝑥1 = 𝑟sin 𝜃cos 𝜙,

𝑥2 = 𝑟sin 𝜃sin 𝜙,

𝑥3 = 𝑟cos 𝜃,

 

𝐴(1)=
𝑒

𝑟2
(𝑥1𝑑𝑥3 − 𝑥3𝑑𝑥1)  

𝐴(2)=
𝑒

𝑟2
(𝑥2𝑑𝑥3 − 𝑥3𝑑𝑥2)  

𝐴(3) =
𝑒

𝑟2
(𝑥1𝑑𝑥2 − 𝑥2𝑑𝑥1)

 

𝐴𝜇
(1)
= 𝑒(−cos 𝜙𝑑𝜃 + sin 𝜃cos 𝜃sin 𝜙𝑑𝜙)  

𝐴𝜇
(2)
 = −𝑒(sin 𝜙𝑑𝜃 + sin 𝜃cos 𝜃cos 𝜙𝑑𝜙)

𝐴𝜇
(3)
 = 𝑒sin2 𝜃𝑑𝜙

 

𝐶23
1 = 𝐶31

2 = 𝐶12
3 = −1 

𝛾𝑎𝑏 = diag(1,1,1) 

𝐴𝜇
(1)
= 𝑒(−cos 𝜙𝑑𝜃 + sinh 𝜃cosh 𝜃sin 𝜙𝑑𝜙) 

𝐴𝜇
(2)
= −𝑒(sin 𝜙𝑑𝜃 + sinh 𝜃cosh 𝜃cos 𝜙𝑑𝜙) 

𝐴𝜇
(3)
 = 𝑒sinh2 𝜃𝑑𝜙

 

𝐶23
1 = 𝐶31

2 = −𝐶12
3 = 1 

𝛾𝑎𝑏 = diag(−1,−1,1) 

𝑑𝑠2 = −
𝑟2𝑧

𝐿2𝑧
𝑓(𝑟)𝑑𝑡2 +

𝐿2

𝑟2𝑓(𝑟)
𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2 {

sin2 𝜃(𝑑𝜙2 + sin2 𝜙𝑑𝜓2),  for 𝑘 = 1

sinh2 𝜃(𝑑𝜙2 + sin2 𝜙𝑑𝜓2),  for 𝑘 = −1
 

𝐴𝜇
(1)
= −𝑒(sin 𝜙cos 𝜓𝑑𝜃 + sin 𝜃cos 𝜃(cos 𝜙cos 𝜓𝑑𝜙 − sin 𝜙sin 𝜓𝑑𝜓)) 

𝐴𝜇
(2)
 = −𝑒(sin 𝜙sin 𝜓𝑑𝜃 + sin 𝜃cos 𝜃(cos 𝜙sin 𝜓𝑑𝜙 + sin 𝜙cos 𝜓𝑑𝜓))

𝐴𝜇
(3)
= −𝑒(cos 𝜙𝑑𝜃 − sin 𝜃cos 𝜃sin 𝜙𝑑𝜙)  

𝐴𝜇
(4)
= −𝑒sin2 𝜃sin2 𝜙𝑑𝜓  

𝐴𝜇
(5)
 = 𝑒sin2 𝜃(cos 𝜓𝑑𝜙 − sin 𝜙cos 𝜙sin 𝜓𝑑𝜓)

𝐴𝜇
(6)
 = 𝑒sin2 𝜃(sin 𝜓𝑑𝜙 + sin 𝜙cos 𝜙cos 𝜓𝑑𝜓)

 

𝐶24
1 = 𝐶35

1 = 𝐶41
2 = 𝐶36

2 = 𝐶51
3 = 𝐶62

3 = 1, 𝐶56
4 = −𝐶21

4 = 𝐶64
5 = −𝐶31

5 = 𝐶45
6 = −𝐶32

6 = 1,  

𝐴𝜇
(1)
= −𝑒(sin 𝜙cos 𝜓𝑑𝜃 + sinh 𝜃cosh 𝜃(cos 𝜙cos 𝜓𝑑𝜙 − sin 𝜙sin 𝜓𝑑𝜓)) 

𝐴𝜇
(2)
= −𝑒(sin 𝜙sin 𝜓𝑑𝜃 + sinh 𝜃cosh 𝜃(cos 𝜙sin 𝜓𝑑𝜙 + sin 𝜙cos 𝜓𝑑𝜓))  

𝐴𝜇
(3)
= −𝑒(cos 𝜙𝑑𝜃 − sinh 𝜃cosh 𝜃sin 𝜙𝑑𝜙)  

𝐴𝜇
(4)
= 𝑒sinh2 𝜃sin2 𝜙𝑑𝜓  

𝐴𝜇
(5)
 = −𝑒sinh2 𝜃(cos 𝜓𝑑𝜙 − sin 𝜙cos 𝜙sin 𝜓𝑑𝜓)

𝐴𝜇
(6)
 = −𝑒sinh2 𝜃(sin 𝜓𝑑𝜙 + sin 𝜙cos 𝜙cos 𝜓𝑑𝜓)
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𝐶24
1 = 𝐶35

1 = 𝐶41
2 = 𝐶36

2 = 𝐶51
3 = 𝐶62

3 = 1, 𝐶56
4 = 𝐶21

4 = 𝐶64
5 = 𝐶31

5 = 𝐶45
6 = 𝐶32

6 = 1 

𝛾𝑎𝑏 = diag(−1,−1,−1,1,1,1) 

𝑆𝐺 =
1

2
∫  √−det(𝑔𝜇𝜈) [𝑅 −

Λ(𝐷 − 2)(𝐷 − 1)

3
+ 𝛼ℒ𝐺𝐵 −ℱ

𝑞] 𝑑𝐷𝑥  

ℒ𝐺𝐵 = 𝑅
2 − 4𝑅𝛾𝜁𝑅

𝛾𝜁 + 𝑅𝛾𝜁𝜋𝜎𝑅
𝛾𝜁𝜋𝜎  

ℱ = ∑  

(𝐷−1)(𝐷−2)
2

𝑎=1

 Tr (𝐹𝜆𝜎
(𝑎)
𝐹𝜆𝜎(𝑎))  

𝐹𝛾𝜁
(𝑎)
= 𝜕𝛾𝐴𝜁

(𝑎)
− 𝜕𝜁𝐴𝛾

(𝑎)
+
1

2𝜎
𝐶(𝑏)(𝑐)
(𝑎)

𝐴𝛾
(𝑏)
𝐴𝜁
(𝑐)
,  

𝑑( ∗𝐅(𝑎)ℱ𝑞−1) +
1

𝜎
𝐶(𝑏)(𝑐)
(𝑎)

ℱ𝑞−1(𝐀(𝑏) ∧ 𝐅(𝑐))  = 0

𝐺𝜇𝜈 +
(𝐷 − 2)(𝐷 − 1)

3
Λ𝑔𝜇𝜈 + 𝛼𝐻𝜇𝜈  = 𝑇𝜇𝜈

 

𝐺𝜇𝜈  = 𝑅𝜇𝜈 −
1

2
𝑔𝜇𝜈𝑅

𝐻𝜇𝜈  = 2(𝑅𝑅𝜇𝜈 − 2𝑅𝜇𝜎𝑅𝜈
𝜎 − 2𝑅𝜎𝛿𝑅𝜇𝜎𝜈𝛿 + 𝑅𝜇

𝜎𝛿𝜆𝑅𝜈𝜎𝛿𝜆) −
1

2
𝑔𝜇𝜈ℒ𝒢ℬ

𝑇𝜈
𝜇
 = 2𝑞ℱ𝑞−1Tr (𝐹𝜈𝛿

(𝑎)
𝐹𝜇𝛿(𝑎)) −

1

2
𝛿𝜈
𝜇
ℱ𝑞

 

𝐀(𝑎) =
𝑄

𝑟2
(𝑥𝑖𝑑𝑥𝑗 − 𝑥𝑗𝑑𝑥𝑖)  

𝑟2 = ∑  

𝐷−1

𝑝=1

𝑥𝑝
2 

2 ≤ 2𝑎 ≤ (𝐷 − 1)(𝐷 − 2) 

1 ≤ 𝑗 ≤ 𝑖 − 1 ≤ 𝐷 − 2 

𝑔𝛾𝜁𝑑𝑥
𝛾𝑑𝑥𝜁 = −𝑓(𝑟)𝑑𝑡2 + 𝑓(𝑟)−1𝑑𝑟2 + 𝑟2(ℎ𝑟𝑠𝑑𝑥

𝑟𝑑𝑥𝑠)  

𝑓(𝑟) = 1 +

𝑟2 [1 ± √1 + 2𝛼 (
4𝑀
𝑟3
−

(2𝑄2)𝑞

(4𝑞 − 3)𝑟4𝑞
)]

2𝛼

 

𝑓(𝑟) = 1 +

𝑟2 [1 ± √1 +
4𝛼
𝑟3
(2𝑀 −

𝑄2

𝑟 )]

2𝛼
.
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𝑓(𝑟) = 1 +
𝑟2

2𝛼
[1 ± √1 +

8𝛼𝑀

𝑟3
]  

𝑓(𝑟) = 1 −
2𝑀

𝑟
+

2𝑞−1𝑄2𝑞

(4𝑞 − 3)𝑟4𝑞−2
,  

[
𝑑

𝑑𝑟
(𝜚(𝑟))]

𝑟=𝑟𝑝ℎ

= 0  

𝜚(𝑟) =
𝑔22
𝑔00

=
𝑟2

𝑓(𝑟)
 

𝑑𝑡 − 𝑑𝑢 =
𝑑𝑟

𝑓(𝑟)
 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑢2 − 2𝑑𝑢𝑑𝑟 + 𝑟2𝑑Ω2
2,  

𝑙𝑎  = 𝛿𝑟
𝑎

𝑛𝑎  = 𝛿𝑢
𝑎 −

𝑓(𝑟)

2
𝛿𝑟
𝑎

𝑚𝑎  =
1

√2𝑟
(𝛿𝜃

𝑎 +
𝑖

sin 𝜃
𝛿𝜙
𝑎)

 

𝑔𝑎𝑏 = −𝑙𝑎𝑛𝑏 − 𝑛𝑎𝑙𝑏 +𝑚𝑎𝑚‾ 𝑏 +𝑚‾ 𝑎𝑚𝑏,  

𝑙𝑎𝑙
𝑎 = 𝑛𝑎𝑛

𝑎 = 𝑚𝑎𝑚
𝑎 = 𝑚‾ 𝑎𝑚‾

𝑎 = 0,

𝑙𝑎𝑚
𝑎 = 𝑙𝑎𝑚‾

𝑎 = 𝑛𝑎𝑚
𝑎 = 𝑛𝑎𝑚‾

𝑎 = 0,

−𝑙𝑎𝑛
𝑎 = −𝑙𝑎𝑛𝑎 = 𝑚𝑎𝑚‾

𝑎 = 𝑚𝑎𝑚‾ 𝑎 = 1.
 

𝑢′ − 𝑢 → −𝑖𝑎cos 𝜃,
𝑟′ − 𝑟 → 𝑖𝑎cos 𝜃.

 

𝑓(𝑟)  → 𝒜(𝑟, 𝜃, 𝑎),

𝑟2  → ℬ(𝑟, 𝜃, 𝑎).
 

𝑙′𝑎  = 𝛿𝑟
𝑎

𝑛′𝑎  = 𝛿𝑢
𝑎 −

𝒜

2
𝛿𝑟
𝑎

𝑚′𝑎  =
1

√2ℬ
(𝑖𝑎sin 𝜃(𝛿𝑢

𝑎 − 𝛿𝑟
𝑎) + 𝛿𝜃

𝑎 + 𝑖csc 𝜃𝛿𝜙
𝑎)

 

𝑑𝑠2 =−𝒜𝑑𝑢2 − 2𝑑𝑢𝑑𝑟 + 2𝑎(𝒜 − 1)sin2 𝜃𝑑𝑢𝑑𝜙 + ℬ𝑑𝜃2 + 2𝑎sin2 𝜃𝑑𝑟𝑑𝜙 

 +(ℬsin2 𝜃 − (𝒜 − 2)𝑎2sin4 𝜃)𝑑𝜙2
 

𝑑𝑡 − 𝑑𝑢 =
𝑎2 + 𝑟2

𝑎2 + 𝑟2𝑓(𝑟)
𝑑𝑟

𝑑𝜙′ − 𝑑𝜙 =
𝑎

𝑎2 + 𝑟2𝑓(𝑟)
𝑑𝑟
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𝒜 =
𝑟2𝑓(𝑟) + 𝑎2cos2 𝜃

ℬ
, ℬ = 𝑎2cos2 𝜃 + 𝑟2  

𝑑𝑠2 =
𝑎2sin2 𝜃 − Δ(𝑟)

𝜌2
𝑑𝑡2 +

𝜌2

Δ(𝑟)
𝑑𝑟2 + 𝜌2𝑑𝜃2 −

Δ(𝑟)𝑎2sin4 𝜃 − (𝑟2 + 𝑎2)2sin2 𝜃

𝜌2
𝑑𝜙2

 −
2𝑎sin2 𝜃(𝑎2 + 𝑟2 − Δ(𝑟))

𝜌2
𝑑𝑡𝑑𝜙

 

Δ(𝑟)  = 𝑎2 + 𝑟2𝑓(𝑟) = 𝑎2 + 𝑟2 +

𝑟4 [1 ± √1 + 2𝛼 (
4𝑀
𝑟3
−

(2𝑄2)𝑞

(4𝑞 − 3)𝑟4𝑞
]

2𝛼
𝜌2  = 𝑟2 + 𝑎2cos2 𝜃

 

ℒ =
1

2
𝑔𝜇𝜈𝑥̇

𝜇𝑥̇𝜈  

𝑝𝜇 = 𝑔𝜇𝜈𝑥̇
𝜈

 

𝐸 ∶= −
𝜕ℒ

𝜕𝑡̇
= −𝑔𝑡𝑡 𝑡̇ − 𝑔𝜙𝑡𝜙̇ = 𝑝𝑡

𝑙 ∶=
𝜕ℒ

𝜕𝜙̇
= 𝑔𝜙𝑡 𝑡̇ + 𝑔𝜙𝜙𝜙̇ = 𝑝𝜙

 

𝑥̇ =
𝜕𝑥

𝜕𝜏
 

2
𝜕𝒮𝒥
𝜕𝜏

+ 𝑔𝜇𝜈
𝜕𝒮𝒥
𝜕𝑥𝜇

𝜕𝒮𝒥
𝜕𝑥𝜈

= 0  

𝒮𝒥 =
1

2
𝑚𝑝𝜏 − 𝐸𝑡 + 𝑙𝜙 +𝒜𝑟(𝑟) +𝒜𝜃(𝜃)  

𝜌4𝑡̇2  = [
𝐸(𝑟2 + 𝑎2)2 − 𝑎𝑙(𝑟2 + 𝑎2)

Δ
+ 𝑎sin2 𝜃(𝑙csc2 𝜃 − 𝑎𝐸)]

2

𝜌4𝑟̇2  = ℛ

𝜌4𝜃̇2  = Θ

𝜌4𝜙̇2  = [
𝑎𝐸(𝑟2 + 𝑎2) − 𝑙𝑎2

Δ
+ (𝑙csc2 𝜃 − 𝑎𝐸)]

2

 

ℛ(𝑟)  = (𝑎𝑙 − (𝑎2 + 𝑟2)𝐸)2 − Δ𝒵 − Δ(𝑎𝐸 − 𝑙)2

Θ(𝜃)  = cot2 𝜃(𝑎2𝐸2sin2 𝜃 − 𝑙2) + 𝒵
 

𝒵 + (𝑎𝐸 − 𝑙)2 

𝑉𝑒𝑓𝑓 = −
ℛ(𝑟)

2𝑟4
 

𝐾𝐸 =
16𝑟2Δ(𝑟)

(Δ′(𝑟))2
, 𝐿𝐸 =

𝑎2 + 𝑟2

𝑎
−
4𝑟Δ(𝑟)

𝑎Δ′(𝑟)
,  
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𝐿𝐸 = 𝑙/𝐸 

𝐾𝐸 = (𝒵 + (𝑙 − 𝑎𝐸)
2)/𝐸2 

𝜉 = 𝑙/𝐸 

𝜂 = 𝒵/𝐸2 

𝜉 =
𝑟2 + 𝑎2

𝑎
−
4𝑟Δ(𝑟)

𝑎Δ′(𝑟)

𝜂 =
𝑟2(8𝑟Δ(𝑟)Δ′(𝑟) − 16Δ(𝑟)(Δ(𝑟) − 𝑎2) − 𝑟2(Δ′(𝑟))2)

𝑎2(Δ′(𝑟))2

 

𝜇 = − lim
𝑟→∞

  [
𝑑𝜙

𝑑𝑟
𝑟2sin 𝜃]

𝜃→𝜃0

𝜆 = lim
𝑟→∞

  [
𝑑𝜃

𝑑𝑟
𝑟2]

𝜃→𝜃0

 

𝜇 = −𝜉csc 𝜃0

𝜆 = ±√𝜂 + 𝑎2cos2 𝜃0 − 𝜉
2cot2 𝜃0

 

𝜇 = −𝜉

𝜆 = ±√𝜂
 

𝑅𝑠ℎ =
(𝜇𝑡 − 𝜇𝑟)

2 + 𝜆𝑡
2

2|𝜇𝑡 − 𝜇𝑟|
 

𝛿𝑠 =
|𝜇‾𝑙 − 𝜇𝑙|

𝑅𝑠ℎ
,  

𝐴 = 2∫  
𝑟+

𝑟−

 (𝛽(𝑟)
𝑑𝛼(𝑟)

𝑑𝑟
)𝑑𝑟

𝐷 =
Δ𝛼

Δ𝛽

 

𝜃𝑑 =
2𝑅𝑎
𝑑
, 𝑅𝑎
2 =

𝐴

𝜋
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𝜎𝑙𝑖𝑚 ≈ 𝜋𝑅𝑠ℎ
2 .  

ℰ𝜔𝑡:=
𝑑2ℰ(𝜔)

𝑑𝜔𝑑𝑡
=
2𝜋2𝜎𝑙𝑖𝑚𝜔

3

𝑒𝜔/𝑇𝐻 − 1
≈
2𝜋3𝑅𝑠ℎ

2 𝜔3

𝑒𝜔/𝑇𝐻 − 1
,  

𝜅 =
Δ′(𝑟)

2(𝑎2 + 𝑟2)
|
𝑟=𝑟+

 

𝜅 =
1

2
𝑓′(𝑟)|

𝑟=𝑟+

.  
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𝑆 =
1

16𝜋
∫  
ℳ

 d𝑛+1𝑥√−𝑔(𝑅 −
4

𝑛 − 1
∇𝜇Φ∇𝜇Φ− 𝑉(Φ) − 𝑒

−4𝛼Φ/(𝑛−1)Tr (𝐹𝜇𝜈
(𝑎)
𝐹(𝑎)𝜇𝜈)) +

1

8𝜋
∫  
𝜕ℳ

 𝑑𝑛𝑥√−ℎ𝐾 

𝐹𝜇𝜈
(𝑎)
= 𝜕𝜇𝐴𝜈

(𝑎)
− 𝜕𝜈𝐴𝜇

(𝑎)
+
1

2𝜅‾
𝐶(𝑏)(𝑐)
(𝑎)

𝐴𝜇
(𝑏)
𝐴𝜈
(𝑐)  

𝑅𝜇𝜈 =
𝑔𝜇𝜈

𝑛 − 1
(𝑉(Φ) − 𝑒−4𝛼Φ/(𝑛−1)Tr (𝐹𝜌𝜎

(𝑎)
𝐹(𝑎)𝜌𝜎)) +

4

𝑛 − 1
𝜕𝜇Φ𝜕𝜈Φ+ 2𝑒

−4𝛼Φ/(𝑛−1)Tr (𝐹𝜇𝜎
(𝑎)
𝐹𝜈
(𝑎)𝜎

)

∇𝜇∇
𝜇Φ =

𝑛 − 1

8

𝜕𝑉

𝜕Φ
−
𝛼

2
𝑒−4𝛼Φ/(𝑛−1)Tr (𝐹𝜌𝜎

(𝑎)
𝐹(𝑎)𝜌𝜎)

∇𝜇(𝑒
−4𝛼Φ/(𝑛−1)𝐹(𝑎)𝜇𝜈) +

1

𝜅‾
𝑒−4𝛼Φ/(𝑛−1)𝐶(𝑏)(𝑐)

(𝑎)
𝐴𝜇
(𝑏)
𝐹(𝑐)𝜇𝜈 = 0

 

𝑑𝑠2 = −𝑊(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑊(𝑟)
+ 𝑟2𝑅2(𝑟)𝑑Ω𝑛−1

2  

𝐀(𝑎) =
𝑞

𝑟2
𝐶(𝑖)(𝑗)
(𝑎)

𝑥𝑖𝑑𝑥𝑗, 𝑟2 =∑ 

𝑛

𝑗=1

 𝑥𝑗
2
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𝑥1 = 𝑟cos 𝜒𝑛−1sin 𝜒𝑛−2…sin 𝜒1, 𝑥2 = 𝑟sin 𝜒𝑛−1sin 𝜒𝑛−2…sin 𝜒1
𝑥3 = 𝑟cos 𝜒𝑛−2sin 𝜒𝑛−3…sin 𝜒1, 𝑥4 = 𝑟sin 𝜒𝑛−2sin 𝜒𝑛−3…cos 𝜒1

∴
𝑥𝑛 = 𝑟cos 𝜒1

 

𝑑Ω𝑛−1
2 = 𝑑𝜒1

2 +∑  

𝑛−1

𝑗=2

 ∏  

𝑗−1

𝑖=1

  sin2 𝜒𝑖𝑑𝜒𝑗
2  

Tr (𝐹𝜌𝜎
(𝑎)
𝐹(𝑎)𝜌𝜎) = (𝑛 − 1)(𝑛 − 2)

𝑞2

𝑟4𝑅4
 

𝑉(Φ) = Λ𝑒𝜆Φ + Λ1𝑒
𝜆1Φ + Λ2𝑒

𝜆2Φ  

𝑅(𝑟) = 𝑒2𝛼Φ/(𝑛−1)  

𝑊(𝑟) = −𝑚𝑟1+(1−𝑛)(1−𝛾) +
(𝑛 − 2)(1 + 𝛼2)2

(1 − 𝛼2)(𝛼2 + 𝑛 − 2)
𝑏−2𝛾𝑟2𝛾 −

Λ(1 + 𝛼2)2

(𝑛 − 1)(𝑛 − 𝛼2)
𝑏2𝛾𝑟2(1−𝛾) +

(𝑛 − 2)𝑞2(1 + 𝛼2)2

(𝛼2 − 1)(𝑛 + 3𝛼2 − 4)
𝑏−6𝛾𝑟6𝛾−2

 

Φ(𝑟) =
𝛼(𝑛 − 1)

2(1 + 𝛼2)
ln (

𝑏

𝑟
) .  

𝜆0 =
4𝛼

(𝑛 − 1)
, 𝜆1 =

4

𝛼(𝑛 − 1)
, 𝜆2 =

4(2 − 𝛼2)

𝛼(𝑛 − 1)

Λ1 =
𝛼2(𝑛 − 1)(𝑛 − 2)

𝑏2(𝛼2 − 1)
, Λ2 = −

𝛼(𝑛 − 1)(𝑛 − 2)

𝛼2 − 1
𝑞2𝑏−4

 

 

𝑊(𝑟) = 1 −
𝑚

𝑟𝑛−2
+

L

𝑛(𝑛 − 1)
𝑟2 −

(𝑛 − 2)𝑞2

(𝑛 − 4)𝑟2
.  

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 = (𝑊′′)2 +

(𝑛 − 1)

(𝑟𝑅)2
[((𝑟𝑅)′)2(𝑊′)2 + (2(𝑟𝑅)′′𝑊 − (𝑟𝑅)′𝑊′)2] +

2(𝑛 − 1)(𝑛 − 2)

(𝑟𝑅)4
(1 − ((𝑟𝑅)′)2𝑊)2. 

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 ≃

(𝑛 − 1)

(1 + 𝛼2)4
((𝑛 + 1)(2 + 𝛼2 − 𝑛)2 + 2(𝑛 − 2) + 4𝛼2(2 − 𝑛 + 2𝛼2))𝑚2𝑟2(1−𝑛)(1−𝛾)−2 

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 ≃

2Ł2

(𝑛 − 1)2(𝑛 − 𝛼2)2
(2(1 − 𝛼2)2 + 𝑛(𝑛 − 1) + 2(𝑛 − 1)(1 + 𝛼2)2)𝑏4𝛾𝑟−4𝛾  

𝜅2 = −
1

2
∇𝑎𝜒𝑏∇

𝑎𝜒𝑏  

𝑇 =
𝜅

2𝜋
=
(1 + 𝛼2)

4𝜋
(
𝑛 − 2

1 − 𝛼2
𝑏−2𝛾𝑟+

2𝛾−1
−

Λ

𝑛 − 1
𝑏2𝛾𝑟+

1−2𝛾
−
𝑛 − 2

1 − 𝛼2
𝑞2𝑏−6𝛾𝑟+

6𝛾−3
)  

𝑆 =
𝜔𝑛−1
4

𝑏𝛾(𝑛−1)𝑟+
(𝑛−1)(1−𝛾)
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𝑑𝑀 = 𝑇𝑑𝑆  

𝑇 = (
𝜕𝑀

𝜕𝑆
)
L,𝑞
,  

𝑀 =
(𝑛 − 1)𝑏(𝑛−1)𝛾𝜔𝑛−1

16𝜋(1 + 𝛼2)
𝑚,  

𝑀 =
(𝑛 − 1)(1 + 𝛼2)𝑏(𝑛−1)𝛾𝜔𝑛−1

16𝜋
(

(𝑛 − 2)𝑏−2𝛾

(1 − 𝛼2)(𝛼2 + 𝑛 − 2)
𝑏−2𝛾 (

4𝑆

𝜔𝑛−1𝑏
(𝑛−1)𝛾

)

𝑛−2−(𝑛−3)𝛾
(𝑛−1)(1−𝛾)

−

Λ

(𝑛 − 1)(𝑛 − 𝛼2)
𝑏2𝛾 (

4𝑆

𝜔𝑛−1𝑏
(𝑛−1)𝛾

)

𝑛−(𝑛+1)𝛾
(𝑛−1)(1−𝛾)

+
(𝑛 − 2)𝑞2

(𝛼2 − 1)(𝑛 + 3𝛼2 − 4)
𝑏−6𝛾 (

4𝑆

𝜔𝑛−1𝑏
(𝑛−1)𝛾

)

(𝑛−1)(1−𝛾)+6𝛾−3
(𝑛−1)(1−𝛾)

)

 

𝐶E,𝑞 = 𝑇 (
𝜕𝑆

𝜕𝑟+
)
E,𝑞

(
𝜕𝑇

𝜕𝑟+
)
E,𝑞

−1

 

𝐶E,𝑞 =
(𝑛 − 1)𝜔𝑛−1

4
𝑏𝛾(𝑛−1)𝑟+

(𝑛−1)(1−𝛾)
(
𝑛 − 2

1 − 𝛼2
𝑏−2𝛾𝑟+

2𝛾−1
−

Λ

𝑛 − 1
𝑏2𝛾𝑟+

1−2𝛾
−
𝑛 − 2

1 − 𝛼2
𝑞2𝑏−6𝛾𝑟+

3(2𝛾−1)
)

× (−(𝑛 − 2)𝑏−2𝛾𝑟+
2𝛾−1

−
Λ(1 − 𝛼2)

𝑛 − 1
𝑏2𝛾𝑟+

1−2𝛾
− 3(𝑛 − 2)𝑞2𝑏−6𝛾𝑟+

2(3𝛾−2)
)

−1  

𝑃 = −
Λ

16𝜋
(
𝑏

𝑟+
)
2𝛾

 

𝑉 = (
𝜕𝐻

𝜕𝑃
)
𝑆
= (

𝜕𝑀

𝜕𝑃
)
𝑆
.  

𝑉 =
𝜔𝑛−1(1 + 𝛼

2)

𝑛 − 𝛼2
𝑏(𝑛−1)𝛾𝑟+

(𝑛−1)(1−𝛾)+1
.  

𝑄 =
1

4𝜋√(𝑛 − 1)(𝑛 − 2)
∫ 
Σ

 𝑑𝑛−1𝜒𝐽(Ω)√Tr (𝐹𝜇𝜈
(𝑎)
𝐹𝜇𝜈
(𝑎)
) =

𝜔𝑛−1
4𝜋

𝑞.  

𝑈 = (
𝜕𝑀

𝜕𝑄
)
𝑆,𝑃

 

𝑑𝑀 = 𝑇𝑑𝑆 + 𝑉𝑑𝑃 + 𝑈𝑑𝑄  

(𝑛 + 𝛼2 − 2)𝑀 = (𝑛 − 1)𝑇𝑆 + 2(𝛼2 − 1)𝑉𝑃 + (1 − 𝛼2)𝑈𝑄.  

(𝑛 − 2)𝑀 = (𝑛 − 1)𝑇𝑆 − 2𝑉𝑃 + 𝑈𝑄.  

𝑃 =
(𝑛 − 1)

4(1 + 𝛼2)

𝑇

𝑟+
−
(𝑛 − 1)(𝑛 − 2)

16𝜋(1 − 𝛼2)
𝑏−2𝛾𝑟+

2(𝛾−1)
(1 − 𝑞2𝑏−4𝛾𝑟+

2(2𝛾−1)
)  

[𝑃] =
ℏ𝑐

𝑙𝑃𝑙
𝑛−1 𝑃, [𝑇] =

ℏ𝑐

𝑘
𝑇  
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𝑃 =
𝑇

𝑣
−
(𝑛 − 2)(1 + 𝛼2)

4𝜋(1 − 𝛼2)
𝜅2𝛾−1𝑏−2𝛾𝑣2(𝛾−1)(1 − 𝑞2𝑏−4𝛾𝜅2(2𝛾−1)𝑣2(2𝛾−1)),  

𝑣 =
4(1 + 𝛼2)

𝑛 − 1
𝑟+  

𝜅 = (𝑛 − 1)/(4(1 + 𝛼2)) 

(
𝜕𝑃

𝜕𝑣
)
𝑇
= 0, (

𝜕2𝑃

𝜕𝑣2
)
𝑇

= 0  

𝑣𝑐 =
4(1 + 𝛼2)

𝑛 − 1
(3(2 − 𝛼2)𝑞2𝑏−4𝛾)

1
2(1−2𝛾)

𝑇𝑐 =
(𝑛 − 1)(𝑛 − 2)

12𝜋(1 − 𝛼2)(1 + 𝛼2)
𝜅2(𝛾−1)𝑏−2𝛾𝑣𝑐

2𝛾−1
 

𝑃𝑐 =
(𝑛 − 1)(𝑛 − 2)(1 − 𝛼2)

16𝜋(1 + 𝛼2)(2 − 𝛼2)
𝜅2(𝛾−1)𝑏−2𝛾𝑣𝑐

2(𝛾−1)  

𝜌𝑐 =
𝑃𝑐𝑣𝑐
𝑇𝑐

=
3(1 − 𝛼2)2

4(2 − 𝛼2)
 

𝑃𝑐𝑣𝑐
𝑇𝑐
|
𝛼=0

=
3

8
 

𝐺(𝑇, 𝑃) =
𝜔𝑛−1(1 + 𝛼

2)𝑏(𝑛−1)𝛾

16𝜋
𝑟+
(𝑛−1)(1−𝛾)

(
𝑛 − 2

𝛼2 + 𝑛 − 2
𝑏−2𝛾𝑟+

2𝛾−1
−

16𝜋(1 − 𝛼2)𝑃

(𝑛 − 1)(𝑛 − 𝛼2)
𝑟+ −

3(𝑛 − 2)

(𝑛 + 3𝛼2 − 4)
𝑞2𝑏−6𝛾𝑟+

3(2𝛾−1)
)

 

𝜅𝑇 = −
1

𝑉
(
𝜕𝑉

𝜕𝑃
)
𝑇
.  

𝜅𝑇 =
𝑛 + 𝛼2

1 + 𝛼2
(𝑃 −

𝑛 − 2

4𝜋
𝜅2𝛾−1𝑏−2𝛾𝑣2(𝛾−1)(1 − 3𝑞2𝑏−4𝛾𝜅2(2𝛾−1)𝑣2(2𝛾−1)))

−1

.  

𝑃0(𝑣2 − 𝑣1) = ∫  
𝑣2

𝑣1

 𝑃 d𝑣,  

𝑃0(𝑣2 − 𝑣1) = 𝑇ln (
𝑣2
𝑣1
) +

1 + 𝛼2

1 − 𝛼2
𝐴(𝑣2

2𝛾−1
− 𝑣1

2𝛾−1
) −

1 + 𝛼2

3(1 − 𝛼2)
𝐵 (𝑣2

3(2𝛾−1)
− 𝑣1

3(2𝛾−1)
) ,  

𝐴 =
(𝑛 − 2)(1 + 𝛼2)

4𝜋(1 − 𝛼2)
𝜅2𝛾−1𝑏−2𝛾, 𝐵 =

(𝑛 − 2)(1 + 𝛼2)

4𝜋(1 − 𝛼2)
𝜅3(2𝛾−1)𝑏−6𝛾𝑞2.  

𝑇 (
1

𝑣2
−
1

𝑣1
) − 𝐴 (𝑣2

2(𝛾−1)
− 𝑣1

2(𝛾−1)
) + 𝐵 (𝑣2

2(3𝛾−2)
− 𝑣1

2(3𝛾−2)
) = 0.  

𝑇 =
𝑥

𝑥 − 1
(𝐴𝑣2

2𝛾−1
(1 − 𝑥2(𝛾−1)) − 𝐵𝑣2

3(2𝛾−1)
(1 − 𝑥2(3𝛾−2))) .  
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𝑣2
2(2𝛾−1)

=
𝐴

𝐵

(
2

1 − 𝛼2
(1 − 𝑥2𝛾−1) −

𝑥
𝑥 − 1

ln 𝑥(1 − 𝑥2(𝛾−1)))

(
2(2 − 𝛼2)
3(1 − 𝛼2)

(1 − 𝑥3(2𝛾−1)) −
𝑥

𝑥 − 1
ln 𝑥(1 − 𝑥2(3𝛾−2)))

.  

𝑃 =
1

𝑥 − 1
(𝐴𝑣2

2(𝛾−1)(1 − 𝑥2𝛾−1) − 𝐵𝑣2
2(3𝛾−2)

(1 − 𝑥3(2𝛾−1))) .  

𝑑𝑃

𝑑𝑇
=

𝐿

𝑇(𝑣2 − 𝑣1)
,  

𝐿 = 𝑣2(1 − 𝑥)𝑇(𝑥)
𝑑𝑃

𝑑𝑥

𝑑𝑥

𝑑𝑇
 

𝑆(𝑇, 𝑉) =
𝜔𝑛−1
4

𝑏(𝑛−1)𝛾 [
(𝑛 − 𝛼2)

𝜔𝑛−1(1 + 𝛼
2)
𝑏−(𝑛−1)𝛾𝑉]

(𝑛−1)(1−𝛾)/((𝑛−1)(1−𝛾)+1)

 

𝑝 =
𝑃

𝑃𝑐
, 𝜏 =

𝑇

𝑇𝑐
, 𝜈 =

𝑣

𝑣𝑐
,  

𝑝 =
4(2 − 𝛼2)

3(1 − 𝛼2)2
𝜏

𝜈
−
(1 + 𝛼2)(2 − 𝛼2)

(1 − 𝛼2)
𝜈2(𝛾−1) (1 −

𝜈2(2𝛾−1)

3(2 − 𝛼2)
)  

𝑝 =
1

𝜌𝑐

𝜏

𝜈
+ ℎ(𝜈)  

𝑝 = 1 + 𝐴𝑡 − 𝐵𝑡𝜔 − 𝐶𝜔3 + 𝒪(𝑡𝜔2, 𝜔4)  

𝐴 =
1

𝜌𝑐
, 𝐵 =

1

𝑧𝜌𝑐
, 𝐶 =

1

𝑧3
(
1

𝜌𝑐
−
1

6
ℎ(3)(1)) ,  

𝑧 = (𝑛 + 𝛼2)/(1 + 𝛼2) 

d𝑃 = −𝑃𝑐(𝐵𝑡 + 3𝐶𝜔
2)d𝜔.  

𝑝 = 1 + 𝐴𝑡 − 𝐵𝑡𝜔𝑙 − 𝐶𝜔𝑙
3 = 1 + 𝐴𝑡 − 𝐵𝑡𝜔𝑠 − 𝐶𝜔𝑠

3  

𝜔𝑠 = −𝜔𝑙 = √−
𝐵𝑡

𝐶
 

𝜂 = 𝑉𝑐(𝜔𝑙 −𝜔𝑠) = 2𝑉𝑐𝜔𝑙 ≃ (−𝑡)
1/2  ⇒  𝛽‾ =

1

2
 

𝜅𝑇 = −
1

𝑉
(
𝜕𝑉

𝜕𝑃
)
𝑇
∼

1

𝑃𝑐𝐵𝑡
,⇒  𝛾‾ = 1  

𝑝 − 1 = −𝐶𝜔3, ⇒  𝛿‾ = 3  

  



pág. 4868 

CONCLUSIONES. 

Los agujeros negros cuánticos se forman en gravedad cuántica o en su defecto en supergravedad 

cuántica, aunque es inevitable en el segundo caso. La singularidad de un agujero negro cuántico, 

es en sí, la masa compacta de la partícula colapsada o colisionada, cuyo punto concéntrico es 

extremadamente denso, capaz de devorar materia y energía, transformándola en materia y energía 

oscuras, es decir, materia y energía inertes atravesadas por gravedad en condiciones perturbativas 

o entrópicas. El agujero cuántico de gusano, es distinto al agujero negro cuántico, es decir, no se 

forma por el colapso o colisión de una partícula oscura o de una partícula blanca, sino por la 

distorsión del espacio – tiempo cuántico, en condiciones de gravedad exógena, esto es, cuando 

cualquiera de las partículas antes referidas, interactúan con el gravitón o su supercompañera, el 

supergravitón o gravitino, formándose así, lo que se conoce también como puente de Einstein – 

Rosen, lo que explicaría la superposición y entrelazamiento cuánticos desde la perspectiva de la 

relatividad general. El radio de un agujero negro cuántico, es infinito en proporción a su disco de 

acreción. El horizonte de eventos de un agujero negro cuántico, inicialmente es débil, más su 

acaparamiento es mayor en tanto la absorción de materia y energía se vuelve más agresiva. El 

agujero negro cuántico, sea en gravedad o supergravedad cuánticas, produce materia y energía 

oscuras, es decir, tejido cuánticamente muerto, sin interacción más que la gravedad en sí misma, 

sin que sea posible la formación de otro fenómeno subatómico que requiera energía o materia. Un 

agujero negro cuántico, no puede crecer más allá del límite del campo en el que se ha formado, 

además que, es capaz de producir radiación bajo parámetros termodinámicos hostiles. Finalmente, 

es preciso señalar que un agujero blanco cuántico, se forma por el colapso o colisión de una 

partícula blanca en sentido estricto, más no por una partícula oscura, aunque puede formarse en 

condiciones de antimateria, lo que causa una supercurvatura y en consecuencia, la formación de 

un agujero blanco cuántico cuya principal característica es, expulsar materia y energía, sin 

capacidad de absorción o atracción, por lo que, todo escapa a su horizonte de eventos. La 

singularidad de un agujero blanco cuántico, es el centro de masa y energía de la partícula 

colapsada o colisionada, cuya densidad es extremadamente ligera, la misma que expulsa paquetes 

de energía de manera infinita al igual que repele materia aunque la produce. Por tanto, la gravedad 
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no interactúa en un agujero blanco cuántico, aunque éstos pueden formarse a partir de la distorsión 

del espacio – tiempo cuántico. El agujero blanco cuántico, es vital para la creación de 

multidimensiones cuánticas y por ende, de hiperespacios paralelos al espacio – tiempo cuántico 

de origen, pues se constituye como un punto de salida de un puente de Einstein – Rosen 

propiamente dicho, arrojando energía y materia, bien sea, por atrapamiento desde el otro extremo 

del puente, por un agujero negro cuántico, aunque el referido puente, no necesariamente se forma 

a partir de un agujero negro cuántico, es decir, que su opuesto puede producir un puente ER de 

manera directa, cuando una partícula blanca o estrella colapsa o colisiona, en cuyo caso, la 

formación de materia y energía y la repulsión de la misma, se origina desde la singularidad del 

agujero blanco cuántico, aunque en condiciones extremas y para estos efectos, el agujero blanco 

cuántico pueda apalancarse de un agujero negro cuántico para efectos de desplegar su 

fenomenología, es decir, se forma de manera ulterior al agujero blanco cuántico. En todos los 

casos, el puente ER, es el ducto de comunicación entre ambos agujeros, pero esta configuración 

no es absoluta, pues un agujero blanco cuántico o su opuesto, pueden formarse a partir de una 

partícula blanca u oscura, según sea el caso, expulsando o en su defecto, absorbiendo masa y 

energía, que no se transporta a través del puente ER, sino que interactúa con la singularidad del 

agujero cuántico de que se trate, sea formando gravedad o reduciéndola a cero. 

ACLARACIONES FINALES: 

Algunas aclaraciones finales a tener en consideración y aplicar, a propósito de la Teoría Cuántica 

de Campos Relativistas o Curvos (TCCR) propuesta por este autor: 

1. En todos los casos, este símbolo † será reemplazado por este símbolo†o por este símbolo †, 

equivaliendo lo mismo. 

Símbolo a ser reemplazado. Símbolos de reemplazo. 

† † 

† 

 

2. En todos los casos, este símbolo ‡, será reemplazado por este símbolo‡o por este símbolo ‡. 
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Símbolo a ser reemplazado. Símbolos de reemplazo. 

‡ ‡ 

‡ 

 

3. En todos los casos, se añadirá y por ende, se calculará la magnitud§que equivale a un campo 

de Yang – Mills y por ende, a la teoría de Yang – Mills en sentido amplio, en relación a la Teoría 

Cuántica de Campos Relativistas propuesta por este autor. 

4. Este símbolo • podrá usarse como exponente u operador, según sea el caso. 

Las aclaraciones antes referidas aplican tanto a este trabajo como a todos los trabajos previos y 

posteriores publicados por este autor, según corresponda. 
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