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RESUMEN 

En trabajos anteriores, este autor ha procurado formalizar matemáticamente y proponer las leyes 

relativas a la Teoría Cuántica de Campos Relativistas o Curvos, cuya finalidad, es reconciliar la 

relatividad general y la mecánica cuántica. Para abonar aún más a la consecución del objetivo antes 

referido, es indispensable acudir a la química cuántica, y muy concretamente a las métricas de Born-

Oppenheimer y Hartree-Fock, en la medida en que, la primera desarrolla un escenario relativista a escala 

atómica y molecular en tanto que la segunda explica perfectamente las trayectorias orbitales 

moleculares, las cuales, en términos generales, son conceptos de muchísima utilidad para la TCCR toda 

vez que coadyuvan, por extrapolación, a configurar desde la química cuántica, el modelo de deformación 

del espacio – tiempo cuántico, por acción gravitacional de las partículas subatómicas estrella u oscuras, 

o por interacción de éstas, con los campos supergravitónico o gravitónico, según sea el caso, esto es, por 

interacción con el gravitón o el gravitino o supergravitón, según corresponda. 
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Born-Oppenheimer and Hartree-Fock Approximations Applied to 

Relativistic Quantum Fields. Volume I 

 

ABSTRACT 

In previous works, this author has tried to mathematically formalize and propose the laws related to the 

Quantum Theory of Relativistic or Curved Fields, whose purpose is to reconcile general relativity and 

quantum mechanics. To further contribute to the achievement of the aforementioned objective, it is 

essential to resort to quantum chemistry, and very specifically to the Born-Oppenheimer and Hartree-

Fock metrics, insofar as the former develops a relativistic scenario at the atomic and molecular scale 

while the latter perfectly explains the molecular orbital trajectories, which,  in general terms, they are 

very useful concepts for TCCR since they contribute, by extrapolation, to configure from quantum 

chemistry, the model of deformation of quantum space-time, by gravitational action of star or dark 

subatomic particles, or by interaction of these, with supergravitonic or gravitonic fields, as the case may 

be.  that is, by interaction with the graviton or the gravitino or supergraviton, as appropriate.   
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INTRODUCCIÓN 

En sentido estricto, la aproximación de Born-Oppenheimer, propone un factor que viene a ser 

determinante para la TCCR, y es, la incidencia del núcleo respecto del electrón, esto es, que el primero, 

al ser más denso que el segundo, es decir, que al tener mayor masa, repercute en el movimiento y por 

ende, en la velocidad del electrón, razón por la cual, el núcleo se acopla al electrón y viceversa, 

comportándose el núcleo, de forma estática en tanto que el electrón, actúa como una nube de carga, 

leyendo la posición estática del núcleo en el campo. Es en este contexto, a propósito del diferencial de 

masas, que la TCCR cobra mayor rigor matemático en razón a la interacción de la partícula estrella u 

oscura con las partículas orbitales o repercutidas.  

Ahora bien, la aproximación de Hartree-Fock, también resulta vinculante a la TCCR, en la medida en 

que, en química cuántica, determina los orbitales moleculares, premisa superior que a escala subatómica, 

aplica, a propósito de la existencia de campos cuánticos curvos o deformados por la gravedad, en los 

que, los orbitales de las partículas subatómicas se ven metamorfoseados, para lo cual, extrapolaremos 

las ecuaciones multideterminantales de Slater. 

Entiéndase que las partículas oscuras o estrella, muestran estados fundamentales pues accionan 

gravedad, en tanto que, las partículas orbitales o repercutidas, muestran estados excitados por influjo 

gravitacional, a propósito de las bases formales de la TCCR propuestas por este autor en trabajos previos. 

La gravedad y supergravedad a escala cuántica son en sí, interacciones normales o extremas, según sea 

el caso, entre uno y varios cuerpos subatómicos a razón de sus centros de masa – energía. 

RESULTADOS Y DISCUSIÓN. 

Aproximación de Born-Oppenheimer para campos cuánticos relativistas o curvos. Modelo 

Matemático. 

 

𝐻el = 𝑇el + 𝑉nuc−el + 𝑉el−el + 𝑉NN  

𝐻el(𝐑)Ψ𝑖
el(𝐫;𝐑) = 𝐸𝑖

elΨ𝑖
el(𝐫; 𝐑)  

𝑖𝜕𝑡Ψ
el(𝐫;𝐑) = 𝐻elΨel(𝐫; 𝐑)  

(𝑇nuc + 𝐸𝑖
el)Φ𝑖,𝛼

nuc(𝐑) = 𝐸𝑖,𝛼
totΦ𝑖,𝛼

nuc(𝐑)  

𝑖𝜕𝑡Φ
nuc(𝐑) = (𝑇nuc + 𝐸𝑖

el)Φnuc(𝐑)  
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𝜆 = √
2𝜋

𝑚𝑘𝑇
 

𝐻 =∑ 

𝑖

 (−
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2
∇𝑖
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𝑖>𝑗
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𝑟𝑖𝑗
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𝜒(𝐫) = (𝑥 − 𝐴𝑥)
𝑖(𝑦 − 𝐴𝑦)

𝑗
(𝑧 − 𝐴𝑧)

𝑘𝑒−𝛼(𝐫−𝐀)
2

 

𝜒𝐆(𝐫) =
1

√𝑉
𝑒−𝑖𝐆⋅𝐫  

𝐻 =∑ 

𝑖𝑗

  𝑡𝑖𝑗𝑎𝑖
†𝑎𝑗 +

1

2
∑  

𝑖𝑗𝑘𝑙

 𝑣𝑖𝑗𝑘𝑙𝑎𝑖
†𝑎𝑗
†𝑎𝑙𝑎𝑘  

|Φ⟩ = ∏  

𝑁

𝑚=1

  𝑐𝑚
† |0⟩  

𝑐𝑚
† =∑  

𝑖

 𝐶𝑚𝑖𝑎𝑖
†

 

𝐅(𝐂)𝐂 = 𝐂𝜀  

𝛾𝑖𝑗 = ⟨Φ|𝑎𝑖
†𝑎𝑗|Φ⟩ 

𝜌(𝐫) =∑  

𝑖𝑗

𝛾𝑖𝑗𝜙𝑖(𝐫)𝜙𝑗(𝐫); 𝐸 ≡ 𝐸[𝜌] 

𝐸[𝜌] = 𝑇𝑠[𝜌] + 𝑉𝑛𝑒[𝜌] + 𝐽[𝜌] + 𝐸𝑥𝑐[𝜌]  

|Ψ⟩ =∑  

𝐼

 𝑐𝐼|Φ𝐼⟩  

𝐸 =
⟨Φ0|𝐻𝒯𝑒

−∫  
𝛽

0
 𝑑𝜏𝑉𝐼(𝜏)|Φ0⟩

⟨Φ0|𝒯𝑒
−∫  

𝛽

0
 𝑑𝜏𝑉𝐼(𝜏)|Φ0⟩

= ⟨Φ0|𝐻𝒯𝑒
−∫  

𝛽

0
 𝑑𝜏𝑉𝐼(𝜏)|Φ0⟩𝑐  

|ΦHF⟩ = 𝑒
∑  𝑝𝑞  𝐴𝑝𝑞𝑐𝑝

†𝑐𝑞|Φ0⟩  

|Ψ⟩ = 𝑒𝑇|Φ0⟩ = 𝑒
Σ𝑝𝑞𝐴𝑝𝑞𝑐𝑝

†𝑐𝑞+Σ𝑝𝑞𝑟𝑠𝐴𝑝𝑞𝑟𝑠𝑐𝑝
†𝑐𝑞
†𝑐𝑟𝑐𝑠+⋯|Φ0⟩  

 

𝑇 =∑ 

𝑖𝑎

  𝑡𝑖𝑎𝑐𝑎
†𝑐𝑖 +∑  

𝑖𝑗𝑎𝑏

  𝑡𝑖𝑗𝑎𝑏𝑐𝑎
†𝑐𝑏
†𝑐𝑖𝑐𝑗 +⋯  

|Ψ⟩ =∑  

{𝑛}

 Ψ𝑛1…𝑛𝐾|𝑛1𝑛2…𝑛𝐾⟩  

Ψ𝑛1…𝑛𝐾 =∑ 

{𝑖}

 𝐴𝑖1
𝑛1𝐴𝑖1𝑖2

𝑛2 …𝐴𝑖𝐾
𝑛𝐾

 



pág. 12131 

𝐸 = ⟨Ψ|𝐻|Ψ⟩ =∑  

𝑛𝑛′

  |Ψ(𝑛)|2⟨𝑛|𝐻|𝑛′⟩
Ψ(𝑛′)

Ψ(𝑛)  

𝑒−𝛽𝐻|Φ0⟩ = 𝑒
−𝜀𝐻𝑒−𝜀𝐻…𝑒−𝜀𝐻|Φ0⟩ = ∑  

𝜇1…𝜇𝑇

  (𝑝𝜇1𝑂𝜇1)(𝑝𝜇2𝑂𝜇2)… (𝑝𝜇𝑇𝑂𝜇𝑇)|Φ0⟩  

|Ψ⟩ =∑  

𝜇⃗⃗ 

 𝑤𝜇|Φ𝜇⃗⃗ ⟩  

𝐶 = 𝑅state prep × 𝐶refinement  

𝐸 = min
𝜃
 ⟨0|𝑈†(𝜃)𝐻𝑈(𝜃)|0⟩  

𝐶 = 𝑅init × 𝐶refinement  

𝐶 = 𝑅state prep × 𝐶phase estimation  

𝐶 ∼ poly(1/𝑆) × poly(𝐿) × poly(1/𝜀)  

𝑆 = ⟨Φ ∣ Ψ0⟩ 

|0⟩ = (
1

0
) , |1⟩ = (

0

1
)  

|𝜑⟩ = 𝛼|0⟩ + 𝛽|1⟩ = (
𝛼

𝛽
) ,

𝛼, 𝛽 ∈ ℂ,

|𝛼|2 + |𝛽|2 = 1.

 

1

√2
(|00⟩ + |01⟩) = |0⟩ ⊗

1

√2
(|0⟩ + |1⟩)  

1

√2
(|00⟩ + |11⟩)  

|0⟩ = |0⟩⊗𝑛 = |0⟩ ⊗ |0⟩ ⊗⋯⊗ |0⟩ 

𝑋 = (
0 1
1 0

) , 𝑌 = (
0 −𝑖
𝑖 0

) , 𝑍 = (
1 0
0 −1

) ,  

𝑅𝑥(𝜃) = 𝑒
(
−𝑖𝜃𝑋
2
)
, 𝑅𝑦(𝜃) = 𝑒

(
−𝑖𝜃𝑌
2
)
, 𝑅𝑧(𝜃) = 𝑒

(
−𝑖𝜃𝑍
2
)  

Had =
1

√2
(
1 1
1 −1

) , T = (
1 0
0 𝑒𝑖𝜋/4

)  

 

|0⟩⟨0|𝐶⊗ 𝐼𝑇+∣ 1⟩⟨1|𝐶⊗𝑋𝑇 ,  



pág. 12132 

(

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

)  

 

|𝜑⟩ =∏ 

𝑘

 𝑈𝑘
𝑖𝑘,𝑗𝑘(𝜃 𝑘)|0⟩  

1

√2
(|00⟩ + |11⟩) = CNOT0,1Had0|00⟩  

𝑂‾ = ⟨𝜑|𝑂|𝜑⟩  

𝐻𝑠 =∑ 

𝑗

 ℎ𝑗  

𝑒−𝑖𝐻𝑠𝛿𝑡 = 𝑒−𝑖∑  𝑗  ℎ𝑗𝛿𝑡 ≈∏ 

𝑗

  𝑒−𝑖ℎ𝑗𝛿𝑡 + 𝒪(𝛿𝑡2)  

 

𝐻 =∑ 

⟨𝑖,𝑗⟩

𝐽𝑖𝑗𝑍𝑖𝑍𝑗 +∑ 

𝑖

𝐵𝑖𝑋𝑖 

𝑈𝑖𝑗 = CNOT
𝑖,𝑗𝑅𝑧

𝑗
(2𝐽𝑖𝑗)CNOT

𝑖,𝑗𝑅𝑥
𝑖 (2𝐵𝑖) 
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𝐻 =−∑ 

𝑖

 
ℏ2

2𝑚𝑒
∇𝑖
2 −∑ 

𝐼

 
ℏ2

2𝑀𝐼
∇𝐼
2 −∑ 

𝑖,𝐼

 
𝑒2

4𝜋𝜖0

𝑍𝐼
|𝐫𝑖 − 𝐑𝐼|
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1

2
∑  

𝑖≠𝑗

 
𝑒2

4𝜋𝜖0

1

|𝐫𝑖 − 𝐫𝑗|
+
1

2
∑  

𝐼≠𝐽

 
𝑒2

4𝜋𝜖0

𝑍𝐼𝑍𝐽

|𝐑𝐼 − 𝐑𝐽|

 

𝐻 =−∑ 

𝑖

 
∇𝑖
2

2
−∑ 

𝐼

 
∇𝐼
2

2𝑀𝐼
′ −∑ 

𝑖,𝐼

 
𝑍𝐼

|𝐫𝑖 − 𝐑𝐼|
 

 +
1

2
∑  

𝑖≠𝑗

 
1

|𝐫𝑖 − 𝐫𝑗|
+
1

2
∑  

𝐼≠𝐽

 
𝑍𝐼𝑍𝐽

|𝐑𝐼 − 𝐑𝐽|
.

 

𝐻𝑒 = −∑ 

𝑖

 
∇𝑖
2

2
−∑  

𝑖,𝐼

 
𝑍𝐼

|𝐫𝑖 − 𝐑𝐼|
+
1

2
∑  

𝑖≠𝑗

 
1

|𝐫𝑖 − 𝐫𝑗|
.  

 Rate ∝ 𝑒−Δ𝐸/𝑘𝐵𝑇  

|Ψ⟩ = ∫  
𝐱1,…,𝐱𝐍

 𝜓(𝐱1, … , 𝐱𝐍)𝒜(|𝐱1, … , 𝐱𝐍⟩)d𝐱1, … , d𝐱𝐍  

|Ψ⟩ = ∑  

𝐱1,…,𝐱𝐍

 𝜓(𝐱1, … , 𝐱𝐍)𝒜(|𝐱1, … , 𝐱𝐍⟩)  

𝜓(𝐱𝟎…𝐱𝐍−𝟏) =

1

√𝑁! |

|

𝜙0(𝐱𝟎) 𝜙1(𝐱𝟎) … 𝜙𝑀−1(𝐱𝟎)

𝜙0(𝐱𝟏) 𝜙1(𝐱𝟏) … 𝜙𝑀−1(𝐱𝟏)
⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

𝜙0(𝐱𝐍−𝟏) 𝜙1(𝐱𝐍−𝟏) … 𝜙𝑀−1(𝐱𝐍−𝟏)

|

|  

𝜓(𝐱𝟎, 𝐱𝟏) =
1

√2
|
𝐴↑(𝐱𝟎) 𝐴↓(𝐱𝟎)

𝐴↑(𝐱𝟏) 𝐴↓(𝐱𝟏)
| =

1

√2
(𝐴↑(𝐱𝟎)𝐴↓(𝐱𝟏) − 𝐴↓(𝐱𝟎)𝐴↑(𝐱𝟏)).

 

𝜓(𝐱𝟎…𝐱𝐍−𝟏) = |𝑓𝑀−1, … , 𝑓𝑝, … , 𝑓0⟩ = |𝑓⟩  

{𝑎𝑝, 𝑎𝑞
†} = 𝑎𝑝𝑎𝑞

† + 𝑎𝑞
†𝑎𝑝 = 𝛿𝑝𝑞

{𝑎𝑝, 𝑎𝑞} = {𝑎𝑝
† , 𝑎𝑞

†} = 0
 

𝑎𝑝|𝑓𝑀−1, 𝑓𝑀−2, … , 𝑓0⟩

=𝛿𝑓𝑝,1(−1)
∑  
𝑝−1
𝑖=0  𝑓𝑖|𝑓𝑀−1, 𝑓𝑀−2, … , 𝑓𝑝⊕1,… , 𝑓0⟩,

𝑎𝑝
†|𝑓𝑀−1, 𝑓𝑀−2, … , 𝑓0⟩

=𝛿𝑓𝑝,0(−1)
∑  
𝑝−1
𝑖=0  𝑓𝑖|𝑓𝑀−1, 𝑓𝑀−2, … , 𝑓𝑝⊕1,… , 𝑓0⟩,

 

𝑛̂𝑖= 𝑎𝑖
†𝑎𝑖  

𝑛̂𝑖|𝑓𝑀−1, … , 𝑓𝑖, … , 𝑓0⟩ = 𝑓𝑖|𝑓𝑀−1, … , 𝑓𝑖, … , 𝑓0⟩
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𝐻 =∑ 

𝑝,𝑞

 ℎ𝑝𝑞𝑎𝑝
†𝑎𝑞 +

1

2
∑  

𝑝,𝑞,𝑟,𝑠

 ℎ𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠  

ℎ𝑝𝑞= ∫  d𝐱𝜙𝑝
∗(𝐱) (−

∇2

2
−∑  

𝐼

 
𝑍𝐼

|𝐫 − 𝐑𝐼|
)𝜙𝑞(𝐱), 

ℎ𝑝𝑞𝑟𝑠 = ∫  d𝐱1 d𝐱2
𝜙𝑝
∗(𝐱1)𝜙𝑞

∗(𝐱2)𝜙𝑟(𝐱2)𝜙𝑠(𝐱1)

|𝐫1 − 𝐫2|

 

𝐻 = −𝑡 ∑  

⟨𝑖,𝑗⟩,𝜎

  (𝑎𝑖,𝜎
† 𝑎𝑗,𝜎 + 𝑎𝑗,𝜎

† 𝑎𝑖,𝜎) + 𝑈∑  

𝑖

 𝑛𝑖,↑𝑛𝑖,↓  

|Ψ⟩ =∑  

𝑓

 𝛼𝑓|𝑓⟩,  

𝑓=∑  

𝑖,𝑗

  (ℎ𝑖𝑗 + 𝑉𝑖𝑗)𝑎𝑖
†𝑎𝑗  

𝑉𝑖𝑗 = ∑  

𝑘∈𝑜𝑐𝑐

 (ℎ𝑖𝑘𝑘𝑗 − ℎ𝑖𝑘𝑗𝑘)
 

|ΨFCI⟩ =(𝐼 +∑  

𝑖,𝛼

 𝐶𝑖𝛼𝑎𝑖
†𝑎𝛼 + ∑  

𝑖>𝑗,𝛼>𝛽

 𝐶𝑖𝑗𝛼𝛽𝑎𝑖
†𝑎𝑗
†𝑎𝛼𝑎𝛽 +⋯) |ΨHF⟩

 

|ΨCC⟩ =∏  

𝑖,𝛼

 (𝐼 + 𝐶𝑖𝛼𝑎𝑖
†𝑎𝛼) ×  

 ∏  

𝑖>𝑗,𝛼>𝛽

  (𝐼 + 𝐶𝑖𝑗𝛼𝛽𝑎𝑖
†𝑎𝑗
†𝑎𝛼𝑎𝛽) × … |ΨHF⟩.

 

|ΨCC⟩ = 𝑒
𝑇|ΨHF⟩,  

𝑇1 = ∑  

𝑖∈𝑣𝑖𝑟𝑡,𝛼∈𝑜𝑐𝑐

  𝑡𝑖𝛼𝑎𝑖
†𝑎𝛼 ,

𝑇2 = ∑  

𝑖,𝑗∈𝑣𝑖𝑟𝑡,𝛼,𝛽∈𝑜𝑐𝑐

  𝑡𝑖𝑗𝛼𝛽𝑎𝑖
†𝑎𝑗
†𝑎𝛼𝑎𝛽 ,

 … ,

 

𝑅𝑛
STO(𝑟) ∝ (𝜁𝑟)𝑛−1𝑒−𝜁𝑟  

𝑅𝑛𝑙
GTO(𝑟) ∝ (√𝛼𝑛𝑙𝑟)

𝑙
𝑒−𝛼𝑛𝑙𝑟

2
 

𝜙𝜈 = √
1

𝑉
exp (

2𝜋𝑖𝜈𝑟

𝐿
) ,  

⟨Ψ|𝑂|Ψ⟩ =∑  

𝑖,𝑗

 𝑂𝑖𝑗𝜌𝑖𝑗
1 + ∑  

𝑖,𝑗,𝑘,𝑙

 𝑉𝑖𝑗𝑘𝑙𝜌𝑖𝑗𝑘𝑙
2 ,

𝜌𝑖𝑗
1 = ⟨Ψ|𝑎𝑖

†𝑎𝑗|Ψ⟩, 𝜌𝑖𝑗𝑘𝑙
2 = ⟨Ψ|𝑎𝑖

†𝑎𝑘
†𝑎𝑙𝑎𝑗|Ψ⟩,
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|Ψ⟩ = ∑  

𝐱𝟏,…,𝐱𝐍

 𝜓(𝐱𝟏, … , 𝐱𝐍)𝒜(|𝐱𝟏, … , 𝐱𝐍⟩),  

|𝐱𝐢⟩ = |𝐫𝐢⟩|𝜎𝑖⟩ 

|𝐫𝐢⟩ = |𝑥𝑖⟩|𝑦𝑖⟩|𝑧𝑖⟩, ∀𝑖 ∈ {1,2,… ,𝑁}, 𝑥𝑖, 𝑦𝑖 , 𝑧𝑖 ∈ {0,1,… , 𝑃 − 1} 

|𝜑⟩=
1

√6
|00⟩ +

1

√3
|01⟩ +

1

√3
|10⟩ +

1

√6
|11⟩ 

 =
1

√6
|𝟎⟩ +

1

√3
|𝟏⟩ +

1

√3
|𝟐⟩ +

1

√6
|𝟑⟩

 

|𝜙⟩ =
1

√3
|𝟎⟩ +

1

√6
|𝟏⟩ +

1

√6
|𝟐⟩ +

1

√3
|𝟑⟩.  

|Φ⟩ =
1

√2
(|𝜑⟩1|𝜙⟩2 − |𝜙⟩1|𝜑⟩2)

=
1

6√2
(|𝟏⟩1|𝟎⟩2 − |𝟎⟩1|𝟏⟩2 + |𝟏⟩1|𝟑⟩2 − |𝟑⟩1|𝟏⟩2

+|𝟐⟩1|𝟎⟩2 − |𝟎⟩1|𝟐⟩2 + |𝟐⟩1|𝟑⟩2 − |𝟑⟩1|𝟐⟩2)

 

|Ψ⟩ = ∑  

𝑃−1

𝑖=0

 ∑  

𝑃−1

𝑗=0

 𝜓𝑖𝑗(|𝐢⟩1|𝐣⟩2 − |𝐣⟩1|𝐢⟩2),  

|ΨHF⟩ =
1

√2
(|𝟎⟩1|𝟏⟩2 − |𝟏⟩1|𝟎⟩2)  

|Ψ⟩=
𝛼

√2
(|𝟎⟩1|𝟏⟩2 − |𝟏⟩1|𝟎⟩2)  

+
𝛽

√2
(|𝟐⟩1|𝟑⟩2 − |𝟑⟩1|𝟐⟩2)  

 +
𝛾

√2
(|𝟎⟩1|𝟑⟩2 − |𝟑⟩1|𝟎⟩2)

 +
𝛿

√2
(|𝟏⟩1|𝟐⟩2 − |𝟐⟩1|𝟏⟩2)

 

𝐻=∑ 

𝑁

𝑖=1

  ∑  

𝑀−1

𝛼,𝛽=0

 ℎ𝛼𝛽|𝜙𝛽⟩𝑖
⟨𝜙𝛼|𝑖  

 +
1

2
∑  

𝑁

𝑖≠𝑗

  ∑  

𝑀−1

𝛼,𝛽,𝛾,𝛿

 ℎ𝛼𝛽𝛾𝛿|𝜙𝛼⟩𝑖|𝜙𝛽⟩𝑗
⟨𝜙𝛾|𝑗⟨𝜙𝛿|𝑖

 

ℎ𝛼𝛽 = ∫  d𝐱𝜙𝛽
∗ (𝐱) (−

∇2

2
−∑  

𝐼

 
𝑍𝐼

|𝐫 − 𝐑𝐼|
)𝜙𝛼(𝐱),

ℎ𝛼𝛽𝛾𝛿 = ∫  d𝐱1 d𝐱2
𝜙𝛼
∗(𝐱1)𝜙𝛽

∗ (𝐱2)𝜙𝛾(𝐱2)𝜙𝛿(𝐱1)

|𝐫1 − 𝐫2|
.

 

𝜙𝛼 = {|𝐴↑⟩, |𝐴↓⟩, |𝐵↑⟩, |𝐵↓⟩} 
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ℎ𝐴↑𝐵↑|𝐵↑⟩𝑒1⟨𝐴↑|𝑒1  =

ℎ𝐴↑𝐵↑|10⟩𝑒1⟨00|𝑒1  =

ℎ𝐴↑𝐵↑(|1⟩𝑞3⟨0|𝑞3)⊗ (|0⟩𝑞2⟨0|𝑞2)  =

ℎ𝐴↑𝐵↑ (
1

2
(𝑋𝑞3 − 𝑖𝑌𝑞3))⊗ (

1

2
(𝐼𝑞2 − 𝑍𝑞2)) =

ℎ𝐴↑𝐵↑
4
(𝑋𝑞3𝐼𝑞2 − 𝑖𝑌𝑞3𝐼𝑞2 − 𝑋𝑞3𝑍𝑞2 + 𝑖𝑌𝑞3𝑍𝑞2),

 

|𝑓𝑀−1, 𝑓𝑀−2, … , 𝑓0⟩→ |𝑞𝑀−1, 𝑞𝑀−2, … , 𝑞0⟩ 

𝑞𝑝 = 𝑓𝑝 ∈ {0,1}.
 

𝑎𝑝 = 𝑄𝑝⊗𝑍𝑝−1⊗⋯⊗𝑍0,

𝑎𝑝
† = 𝑄𝑝

†⊗𝑍𝑝−1⊗⋯⊗𝑍0,
 

𝑄 = |0⟩⟨1| =
1

2
(𝑋 + 𝑖𝑌) and 𝑄† = |1⟩⟨0| =

1

2
(𝑋 − 𝑖𝑌)(𝔊)∑  

𝑝−1
𝑖=0  𝑓𝑖.  

𝐻 =∑ 

𝑗

 ℎ𝑗𝑃𝑗 =∑ 

𝑗

 ℎ𝑗∏ 

𝑖

 𝜎𝑖
𝑗

 

|ΨHF⟩ = |0011⟩  

|Ψ⟩ = 𝛼|0011⟩ + 𝛽|1100⟩ + 𝛾|1001⟩ + 𝛿|0110⟩.  

 

 

|𝑓𝑀−1, 𝑓𝑀−2, … , 𝑓0⟩ → |𝑞𝑀−1, 𝑞𝑀−2, … , 𝑞0⟩

𝑞𝑝 = [∑  

𝑝

𝑖=0

 𝑓𝑖] (mod2).
 

∣ 𝑓𝑀−1, 𝑓𝑀−2, … , 𝑓0→ |𝑞𝑀−1, 𝑞𝑀−2, … , 𝑞0⟩  

𝑞𝑝 = [∑  

𝑝

𝑞=0

 𝛽𝑝𝑞𝑓𝑞] (mod2)
 

𝛽1 = [1]

𝛽2𝑥+1 = (
𝛽2𝑥 𝟎
𝐀 𝛽2𝑥

) ,
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𝛽4 = (

1 0 0 0
1 1 0 0
0 0 1 0
1 1 1 1

) .  

 

1

√2𝜔
∑ 

𝑖

 ∑  

𝑥

  |𝑥⟩𝑐𝑖|𝐸𝑖⟩ →
1

√2𝜔
∑ 

𝑖

 ∑  

𝑥

 𝑒−2𝜋𝑖𝐸𝑖𝑥𝑐𝑖|𝑥⟩|𝐸𝑖⟩.  

1

√2𝜔
∑ 

𝑖

 ∑  

𝑥

  𝑒−2𝜋𝑖𝐸𝑖𝑥𝑐𝑖|𝑥⟩|𝐸𝑖⟩ →
QFT−1 

∑ 

𝑖

  𝑐𝑖|bin(𝐸𝑖)⟩|𝐸𝑖⟩.  

𝜔 = 𝑛 + ⌈log2 (2 +
1

2𝑝
)⌉  

𝑇 ≈ 𝒪 (
𝑀4

min
s
 Δ(𝑡)

)  

Δ(𝑡) = 𝐸1(𝑡) − 𝐸0(𝑡) 

𝑒−𝑖𝐻𝑡 = (∏ 

𝑖

  𝑒−𝑖ℎ𝑖𝑡/𝑆)

𝑆

+ 𝒪(𝑡2/𝑆)  
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⟨Ψ(𝜃 )|𝐻|Ψ(𝜃 )⟩ ≥ 𝐸0,  

|Ψref ⟩ = 𝑈prep |0⟩.  

𝑈(𝜃 ) = 𝑈𝑁(𝜃𝑁)…𝑈𝑘(𝜃𝑘)…𝑈1(𝜃1) 

|Ψ(𝜃 )⟩ = 𝑈(𝜃 )|Ψref⟩  

𝐻 =∑ 

𝑗

 ℎ𝑗𝑃𝑗 =∑ 

𝑗

 ℎ𝑗∏ 

𝑖

 𝜎𝑖
𝑗
,  

𝐸(𝜃 𝑘) =∑ 

𝑁

𝑗

 ℎ𝑗⟨Ψ(𝜃 𝑘)|∏  

𝑖

 𝜎𝑖
𝑗
|Ψ(𝜃 𝑘)⟩.  

𝑈(𝜃 ) = 𝑒𝑇−𝑇
†

 

𝑇 =∑  

𝑖

𝑇𝑖 
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𝑇1= ∑  

𝑖∈𝑣𝑖𝑟𝑡,𝛼∈𝑜𝑐𝑐

  𝑡𝑖𝛼𝑎𝑖
†𝑎𝛼  

𝑇2 = ∑  

𝑖,𝑗∈𝑣𝑖𝑟𝑡,𝛼,𝛽∈𝑜𝑐𝑐

  𝑡𝑖𝑗𝛼𝛽𝑎𝑖
†𝑎𝑗
†𝑎𝛼𝑎𝛽

 …

 

𝑈 =∏ 

𝑆

𝑠

 ∏  

𝑖

 exp (𝜃𝑖
𝑠𝑃𝑖)  

𝑁𝑚 =
(∑  𝑖   |ℎ𝑖|)

2

𝜖2
 

 

|Ψ⟩ = 𝑅𝑥(𝜃)|0⟩ 

𝐸(𝜃) = ⟨Ψ(𝜃)|𝐻|Ψ(𝜃)⟩ = ⟨0|𝑅𝑥
†(𝜃)𝑌𝑅𝑥(𝜃)|0⟩ 

𝜕𝐸

𝜕𝜃
=
𝑖

2
(⟨0|𝑋𝑅𝑥

†(𝜃)𝑌𝑅𝑥(𝜃)|0⟩ −⟨0|𝑅𝑥
†(𝜃)𝑌𝑅𝑥(𝜃)𝑋|0⟩ ) 

𝐻QSE𝐶 = 𝑆QSE𝐶𝐸  

𝐻𝑖𝑗,𝑘𝑙
QSE

= ⟨𝐸0|𝑎𝑖𝑎𝑗
†𝐻𝑎𝑘

†𝑎𝑙|𝐸0⟩  

𝑆𝑖𝑗,𝑘𝑙
QSE

= ⟨𝐸0|𝑎𝑖𝑎𝑗
†𝑎𝑘
†𝑎𝑙|𝐸0⟩.  

𝐻𝛼𝛽𝛾𝛿,𝜖𝜁𝜂𝜃
𝑖𝑗𝑘𝑙

= ⟨𝐸0|𝑎𝛼𝑎𝛽
†𝑎𝛾𝑎𝛿

†(𝑎𝑖
†𝑎𝑗
†𝑎𝑘𝑎𝑙)𝑎𝜖

†𝑎𝜁𝑎𝜂
†𝑎𝜃|𝐸0⟩ 

𝐻′ = 𝐻 + 𝛼|𝐸0⟩⟨𝐸0|,  

𝒞(𝜃 ) =∑  

𝑘

𝑗=0

  ⟨𝜙𝑗|𝑈
†(𝜃 )𝐻𝑈(𝜃 )|𝜙𝑗⟩  

𝜌0 = 𝒰𝐺 ∘ ⋯ ∘ 𝒰2 ∘ 𝒰1(|0⟩⟨0|),  

𝜌,𝒰(𝜌) = 𝑈𝜌𝑈† 

𝑂‾0 = Tr[𝜌0𝑂]  

𝜌 =∏ 

𝑖

 𝒩𝑖 ∘ 𝒰𝑖(|0⟩⟨0|),  
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𝑂‾0
est =

𝜆𝑂‾(𝜖0) − 𝑂‾(𝜆𝜖0)

𝜆 − 1
 

 

𝜌 = 𝒟(𝜌0) = (1 −
3

4
𝑝)𝜌0 +

𝑝

4
(𝑋𝜌0𝑋 + 𝑌𝜌0𝑌 + 𝑍𝜌0𝑍) 

𝜌0 = 𝒟
−1(𝜌) = 𝛾[𝑝1𝜌 − 𝑝2(𝑋𝜌𝑋 + 𝑌𝜌𝑌 + 𝑍𝜌𝑍)],  

𝛾 = (𝑝 + 2)/(2 − 2𝑝) ≥ 1, 𝑝1 = (4 − 𝑝)/(2𝑝 + 4) 

𝑝2 = 𝑝/(2𝑝 + 4) 
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𝑂‾0= Tr[𝑂𝒟
−1(𝜌)]  

= 𝛾[𝑝1⟨𝑂⟩𝜌 − 𝑝2(⟨𝑂⟩𝑋𝜌𝑋 + ⟨𝑂⟩𝑌𝜌𝑌 + ⟨𝑂⟩𝑍𝜌𝑍)]  

 = 𝛾[𝑝1⟨𝑂⟩𝜌 − 𝑝2(⟨𝑋𝑂𝑋⟩𝜌 + ⟨𝑌𝑂𝑌⟩𝜌 + ⟨𝑍𝑂𝑍⟩𝜌)],

 

⟨𝑂⟩𝜌 = Tr[𝑂𝜌] 

𝐻𝑖𝑗
QSE

= ⟨𝐸̃0|𝑃𝑖𝐻𝑃𝑗|𝐸̃0⟩.  

𝑆𝑖𝑗
QSE

= ⟨𝐸̃0|𝑃𝑖𝑃𝑗|𝐸̃0⟩  

𝐻QSE𝐶 = 𝑆QSE𝐶𝐸,  

𝐻H2 = −∑ 

𝑖

 
∇𝑖
2

2
−∑  

𝑖,𝐼

 
𝑍𝐼

|𝐫𝑖 −𝐑𝐼|
+
1

2
∑  

𝑖≠𝑗

 
1

|𝐫𝑖 − 𝐫𝑗|
.  

𝐻 =∑ 

𝑝,𝑞

 ℎ𝑝𝑞𝑎𝑝
†𝑎𝑞 +

1

2
∑  

𝑝,𝑞,𝑟,𝑠

 ℎ𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠,  

ℎ𝑝𝑞= ∫  d𝐱𝜙𝑝
∗(𝐱) (−

∇2

2
−∑  

𝐼

 
𝑍𝐼

|𝐫 − 𝐑𝐼|
)𝜙𝑞(𝐱), 

ℎ𝑝𝑞𝑟𝑠 = ∫  d𝐱1 d𝐱2
𝜙𝑝
∗(𝐱1)𝜙𝑞

∗(𝐱2)𝜙𝑟(𝐱2)𝜙𝑠(𝐱1)

|𝐱1 − 𝐱2|

 

|1𝑠𝐴↑⟩, |1𝑠𝐴↓⟩, |1𝑠𝐵↑⟩, |1𝑠𝐵↓⟩,  

|𝜎𝑔↑⟩=
1

√𝑁𝑔
(|1𝑠𝐴↑⟩ + |1𝑠𝐵↑⟩),  

|𝜎𝑔↓⟩ =
1

√𝑁𝑔
(|1𝑠𝐴↓⟩ + |1𝑠𝐵↓⟩),

|𝜎𝑢↑⟩ =
1

√𝑁𝑢
(|1𝑠𝐴↑⟩ − |1𝑠𝐵↑⟩),

|𝜎𝑢↓⟩ =
1

√𝑁𝑢
(|1𝑠𝐴↓⟩ − |1𝑠𝐵↓⟩),

 

𝑁𝑔 = 2(1 + ⟨1𝑠𝐴 ∣ 1𝑠𝐵⟩), 𝑁𝑢 = 2(1 − ⟨1𝑠𝐴 ∣ 1𝑠𝐵⟩) 

|𝜓⟩ = |𝑓𝜎𝑢↓ , 𝑓𝜎𝑢↑ , 𝑓𝜎𝑔↓ , 𝑓𝜎𝑔↑⟩ ,  

𝐻= ℎ0𝐼 + ℎ1𝑍0 + ℎ2𝑍1 + ℎ3𝑍2 + ℎ4𝑍3  

+ℎ5𝑍0𝑍1 + ℎ6𝑍0𝑍2 + ℎ7𝑍1𝑍2 + ℎ8𝑍0𝑍3 + ℎ9𝑍1𝑍3 

+ℎ10𝑍2𝑍3 + ℎ11𝑌0𝑌1𝑋2𝑋3 + ℎ12𝑋0𝑌1𝑌2𝑋3  

 +ℎ13𝑌0𝑋1𝑋2𝑌3 + ℎ14𝑋0𝑋1𝑌2𝑌3

 

|ΨHF
H2⟩ = |0011⟩.  

ΨHF
H2(𝐫𝟏, 𝐫𝟐) =

1

√2
(𝜎𝑔↑(𝐫𝟏)𝜎𝑔↓(𝐫𝟐) − 𝜎𝑔↑(𝐫𝟐)𝜎𝑔↓(𝐫𝟏)) ,  

|ΨH2⟩ = 𝛼|0011⟩ + 𝛽|1100⟩ + 𝛾|1001⟩ + 𝛿|0110⟩,  
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|Ψ𝑔
H2⟩ = 0.9939|0011⟩ − 0.1106|1100⟩.  

𝑈= 𝑒
(𝑇1−𝑇1

†)+(𝑇2−𝑇2
†)

 

𝑇1 = ∑  

𝑖∈𝑣𝑖𝑟𝑡,𝛼∈𝑜𝑐𝑐

  𝑡𝑖𝛼𝑎𝑖
†𝑎𝛼

𝑇2 = ∑  

𝑖,𝑗∈𝑣𝑖𝑟𝑡,𝛼,𝛽∈𝑜𝑐𝑐

  𝑡𝑖𝑗𝛼𝛽𝑎𝑖
†𝑎𝑗
†𝑎𝛼𝑎𝛽

 

𝑈 = 𝑒
𝑡02(𝑎2

†𝑎0−𝑎0
†𝑎2)+𝑡13(𝑎3

†𝑎1−𝑎1
†𝑎3)+𝑡0123(𝑎3

†𝑎2
†𝑎1𝑎0−𝑎0

†𝑎1
†𝑎2𝑎3).  

𝑈 =𝑒
𝑡02(𝑎2

†𝑎0−𝑎0
†𝑎2) × 𝑒

𝑡13(𝑎3
†𝑎1−𝑎1

†𝑎3)

 × 𝑒
𝑡0123(𝑎3

†𝑎2
†𝑎1𝑎0−𝑎0

†𝑎1
†𝑎2𝑎3)

 

(𝑎2
†𝑎0 − 𝑎0

†𝑎2) =
𝑖

2
(𝑋2𝑍1𝑌0 − 𝑌2𝑍1𝑋0)

(𝑎3
†𝑎1 − 𝑎1

†𝑎3) =
𝑖

2
(𝑋3𝑍2𝑌1 − 𝑌3𝑍2𝑋1)

(𝑎3
†𝑎2
†𝑎1𝑎0 − 𝑎0

†𝑎1
†𝑎2𝑎3) =

𝑖

8
(𝑋3𝑌2𝑋1𝑋0 + 𝑌3𝑋2𝑋1𝑋0 + 𝑌3𝑌2𝑌1𝑋0 + 𝑌3𝑌2𝑋1𝑌0  

 −𝑋3𝑋2𝑌1𝑋0 − 𝑋3𝑋2𝑋1𝑌0 − 𝑌3𝑋2𝑌1𝑌0 − 𝑋3𝑌2𝑌1𝑌0)

 

𝑒
𝑡02(𝑎2

†𝑎0−𝑎0
†𝑎2) = 𝑒

𝑖𝑡02
2
𝑋2𝑍1𝑌0 × 𝑒

−𝑖𝑡02
2
𝑌2𝑍1𝑋0 .  

𝑈 = 𝑒−𝑖𝜃𝑋3𝑋2𝑋1𝑌0  

𝑈|0011⟩ = (cos (𝜃)𝐼 − 𝑖sin (𝜃)𝑋3𝑋2𝑋1𝑌0)|0011⟩

 = cos (𝜃)|0011⟩ − sin (𝜃)|1100⟩
 

 

(

 
 
 
 
 

1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
1 1 1 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 0 1 0
1 1 1 1 1 1 1 1)

 
 
 
 
 

.  
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(

 
 
 

𝟏. 𝟗𝟗𝟗𝟗 −𝟎. 𝟎𝟎𝟎𝟓 𝟎. 𝟎𝟎𝟎𝟔 0.0000 0.0000 −𝟎. 𝟎𝟎𝟏𝟎
−𝟎. 𝟎𝟎𝟎𝟓 𝟏. 𝟗𝟓𝟗𝟖 𝟎. 𝟎𝟔𝟔𝟖 0.0000 0.0000 𝟎. 𝟎𝟎𝟖𝟒
𝟎. 𝟎𝟎𝟎𝟔 𝟎. 𝟎𝟔𝟔𝟖 𝟎. 𝟎𝟎𝟗𝟕 0.0000 0.0000 −𝟎. 𝟎𝟏𝟑𝟖
0.0000 0.0000 0.0000 𝟎. 𝟎𝟎𝟏𝟕 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 𝟎. 𝟎𝟎𝟏𝟕 0.0000
−𝟎. 𝟎𝟎𝟏𝟎 𝟎. 𝟎𝟎𝟖𝟒 −𝟎. 𝟎𝟏𝟑𝟖 0.0000 0.0000 𝟎. 𝟎𝟐𝟕𝟑 )

 
 
 

 

(

  
 

𝟏. 𝟗𝟗𝟗𝟗𝟐 0.00000 0.00000 0.00000 0.00000 0.00000
0.00000 𝟏. 𝟗𝟔𝟐𝟎𝟔 0.00000 0.00000 0.00000 0.00000
0.00000 0.00000 𝟎. 𝟎𝟑𝟒𝟓𝟒 0.00000 0.00000 0.00000
0.00000 0.00000 0.00000 𝟎. 𝟎𝟎𝟎𝟎𝟓 0.00000 0.00000
0.00000 0.00000 0.00000 0.00000 𝟎. 𝟎𝟎𝟏𝟕𝟏 0.00000
0.00000 0.00000 0.00000 0.00000 0.00000 𝟎. 𝟎𝟎𝟏𝟕𝟏)

  
 
. 

|Ψ⟩ =∑  

2𝑛

𝑖=1

  𝑐𝑖|𝑏𝑖⟩  

∑ 

𝐿

𝑖=1

 ‖𝑐𝑖‖
2 ≥ 𝛼𝐿   and  ‖𝑐𝑖‖2 ≥ 𝛽𝐿  ∀𝑖 ≤ 𝐿  

|𝜓𝑘⟩ = e
−i𝑘𝐻𝑡|𝜓0⟩,  
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𝐇𝑣 = 𝐸̃𝐒𝑣.  

𝐇𝑖𝑗 = ⟨𝜓𝑖|𝐻|𝜓𝑗⟩, 𝐒𝑖𝑗 = ⟨𝜓𝑖 ∣ 𝜓𝑗⟩ 

|𝜙⟩ =∑  

𝑘

𝑣𝑘|𝜓𝑘⟩ ∈ 𝒦𝑑 

𝑈𝑘(𝑡) = e
−i𝑘𝐻𝑡⟨𝜓𝑖|𝐻|𝜓𝑗⟩ 

|Ψ𝑘⟩ = (∏ 

𝑘

𝑗=1

  e−i𝐻𝑡) |Ψinit ⟩ = e
−i𝐻𝑘𝑡|Ψinit ⟩,  

𝐻 =∑  

𝒩

𝑖=1

 𝑐𝑖ℎ𝑖  

𝑉𝒌 =∏ 

𝑁

𝑗=1

  e
−iℎ𝑘𝑗𝑡𝜆/𝑁  

ℰqDRIFT[𝜌] =∑  

𝒌

 𝑝𝒌𝑉𝒌𝜌𝑉𝒌
†

 

𝑝𝒌 = 𝜆
−𝑁∏ 

𝑁

𝑖=1

𝑐𝑘𝑖 

𝒰𝑡[⋅] = e
i𝐻𝑡(⋅)e−i𝐻𝑡 

{|𝜓𝑘⟩} 𝑁𝑟1 − 𝑝fail (𝐿, 𝑁𝑟 , 𝛿)𝑝fail (𝐿, 𝑁𝑟 , 𝛿) > 𝐿 

𝐸̃ − 𝐸0 ≤ 𝜉  

𝜉 =
𝜒

|𝛾0
′|2
+
6||𝐻||

|𝛾0
′|2
(
2𝜒

Δ′
+ 𝜁 + 8(1 +

𝜋Δ′

4||𝐻||
)

−2𝑑+1

)  

𝜒 ≤ 2𝜖𝑄‖𝐻‖,

𝜁 ≤ 2𝑑(𝜖𝑅 + 𝜖𝑄),

|𝛾0
′ |2  ≥ |𝛾0|

2 − 2𝜖𝑅 − 2𝜖𝑄,

 

𝜖𝑄 = 𝑑(𝑑 − 1)𝑡𝜆 (
𝑡(𝑑 − 1)𝜆

𝑁
+√

11ln (2𝑛+1/𝛿)

𝑁𝑁𝑟
)  

|𝛾0|
2|𝜓0⟩ Δ

′ = Δ − 𝜒/|𝛾0
′ |2 

Δ = 𝐸1 − 𝐸0 

𝑡 = 𝜋/(𝐸2𝑛−1 − 𝐸0) 

𝐻 =∑ 

𝑖

𝑐𝑖ℎ𝑖 
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𝜆 =∑ 

𝑖

|𝑐𝑖| 

|𝜙0⟩ is ( 𝛼𝐿
(0)
, 𝛽𝐿
(0)

 )-concentrated 

⟨𝜙̃|𝐻|𝜙̃⟩ − ⟨𝜙0|𝐻|𝜙0⟩ ≤ √8‖𝐻‖(1 − √𝛼𝐿
(0)
)

1/2

 

𝑝𝑓𝑎𝑖𝑙 ≤ 𝐿((1 − 𝛿)(1 − 𝑝)
𝑆 + 𝛿)𝑁𝑟  

𝑝 = (
|𝛾0|√𝛽𝐿
𝑑

− 𝜖)

2

,  

𝜖 =
𝑡2𝜆2

𝑁
+ 𝑡𝜆√

11ln (2𝑛+1/𝛿)

𝑁
 

𝛽𝐿 = 𝛽𝐿
(0)
− 2√2√1 −√1 − 𝜉/Δ  

Δ = 𝐸1 − 𝐸0 

𝑡 = 𝜋/(𝐸2𝑛−1 − 𝐸0) 

 

‖|𝜓⟩ − |𝜙0⟩‖
2 ≤ 𝜉̃ = 𝑂 (

𝜉

Δ𝐸1
) .  

|𝜙0⟩ ( 𝛼𝐿
(0)
, 𝛽𝐿
(0)

 |𝜓⟩ is ( 𝛼𝐿 , 𝛽𝐿 )-sparse 

𝛼𝐿 = 𝛼𝐿
(0)
− 2√𝜉̃  and  𝛽𝐿 = 𝛽𝐿

(0)
− 2√𝜉̃.  
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|𝜓𝑘⟩ =∑  

𝑁

𝑗=1

√𝑝𝑘(𝑏𝑗)|𝑏𝑗⟩ 

|𝑝𝑘(𝑏𝑖)| ≥
|𝛾0|

2𝛽𝐿
𝑑2

.  

1 − 𝛿, |√𝑝(𝑏𝑖) − √𝑝̃𝐤(𝑏𝑖)| ≤ 𝜖 

〈|√𝑝(𝑏𝑖)√𝑝
𝑘(𝑏𝑖)|〉 〈|√𝑝̃𝐤(𝑏𝑖)√𝑝(𝑏𝑖)|〉 

𝐤 = (𝑘1, … , 𝑘𝑁) 

1 − 𝛿, |√𝑝̃𝐤(𝑏𝑖)| ≥
|𝛾0|√𝛽𝐿
𝑑

− 𝜖 

1 − 𝑝̃𝐤(𝑏𝑖) ≤ 1 − (
|𝛾0|√𝛽𝐿
𝑑

− 𝜖)

2

=: 1 − 𝑝  

𝑝fail (𝑏𝑖) ≤ ((1 − 𝛿)(1 − 𝑝)
𝑆 + 𝛿)𝑁𝑟 .  

|𝜙̃⟩ = (1/𝐶)∑  

𝐿−1

𝑗=0

𝑎𝑗|𝑏𝑗⟩ 

 

𝐶 = √∑  

𝐿−1

𝑗=0

  |𝑎𝑗|
2
 

𝐻ele= ∑  

𝑁MO

𝑝𝑞

  ∑  

𝜎∈{𝛼,𝛽}

 ℎ𝑝𝑞𝑎𝑝𝜎
† 𝑎𝑞𝜎  

 +
1

2
∑  

𝑁MO

𝑝𝑞𝑟𝑠

  ∑  

𝜎,𝜎′∈{𝛼,𝛽}

  (𝑝𝑞 ∣ 𝑟𝑠)𝑎𝑝𝜎
† 𝑎

𝑟𝜎′
† 𝑎𝑠𝜎′𝑎𝑞𝜎
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𝑈𝑗: = ei𝑗𝐻𝑡 ∷ |𝜓𝑗⟩: = 𝑈𝑗|𝜓0⟩ 

 

𝑉𝐤
𝑗
: 𝐤 = (𝑘1, … , 𝑘𝑁)∎|𝜓̃𝐤

𝑗
⟩: = 𝑉𝐤

𝑗|𝜓0⟩ 

 

𝑉𝑗: =
1

𝑁𝑟
∑  

𝑁𝑟

𝑚=1

𝑉𝐤𝑚
𝑗
: |𝜓̃𝑗⟩: = 𝑉𝑗|𝜓0⟩ 

 

𝔼[𝑉𝑗]: =∑  

𝐤

𝑝𝐤
𝑗
𝑉𝐤
𝑗
: 𝔼[|𝜓̃𝑗⟩]: = 𝔼[𝑉𝑗]|𝜓0⟩ 
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|𝜓𝑘⟩ = e
−i𝑘𝐻𝑡|𝜓0⟩  

𝐸̃ − 𝐸0 ≤ 𝜉  

𝜉 =
𝜒

|𝛾0
′|2
+
6‖𝐻‖

|𝛾0
′|2
(
2𝜒

Δ′
+ 𝜁 + 8(1 +

𝜋Δ′

4‖𝐻‖
)

−2𝑑+1

)  

𝜒 ≤ 2𝜖𝑄‖𝐻‖

𝜁 ≤ 2𝑑(𝜖𝑅 + 𝜖𝑄)

|𝛾0
′ |2  ≥ |𝛾0|

2 − 2𝜖𝑅 − 2𝜖𝑄

 

𝜖𝑄 = 𝑑(𝑑 − 1)𝑡𝜆 (
2𝑡𝜆

𝑁
+ √

11ln (2𝑛+1/𝛿)

𝑁𝑁𝑟
)  

Δ′ = Δ − 𝜒/|𝛾0
′ |2 

Δ = 𝐸1 − 𝐸0 

𝑡 = 𝜋/(𝐸2𝑛−1 − 𝐸0) 

𝐕 = [e
−i
(𝑑−1)
2

𝐻𝑡|𝜓0⟩, e
−i
(𝑑−3)
2

𝐻𝑡|𝜓0⟩,… , e
i
𝑑−1
2
𝐻𝑡|𝜓0⟩]  

(𝐇, 𝐒) = (𝐕†𝐻𝐕, 𝐕†𝐕)  

𝐇𝑖𝑗  = ⟨𝜓0|𝑈
𝑖𝐻𝑈𝑗|𝜓0⟩ = ⟨𝜓0|𝑈

𝑗−𝑖𝐻|𝜓0⟩

𝐒𝑖𝑗  = ⟨𝜓0|𝑈
𝑗−𝑖|𝜓0⟩

 

𝑈𝑖𝐻 −
(𝑑 − 1)

2
≤ 𝑖, 𝑗 ≤

𝑑 − 1

2
 

𝐇𝑖𝑗
′  = ∑  

𝐤

 𝑝𝐤
𝑗−𝑖⟨𝜓0|𝑉𝐤

𝑗−𝑖
𝐻|𝜓0⟩ = ⟨𝜓0|𝔼[𝑉

𝑗−𝑖]𝐻|𝜓0⟩

𝐒𝑖𝑗
′  = ∑  

𝐤

 𝑝𝐤
𝑗−𝑖⟨𝜓0|𝑉𝐤

𝑗−𝑖|𝜓0⟩ = ⟨𝜓0|𝔼[𝑉
𝑗−𝑖]|𝜓0⟩

 

‖𝐇 − 𝐇′‖  and  ‖𝐒 − 𝐒′‖.  

‖𝐒 − 𝐒′‖  ≤ 𝑑‖𝐒 − 𝐒′‖max = 𝑑max
𝑖,𝑗
 |𝐒𝑖𝑗 − 𝐒𝑖𝑗

′ |

 ≤ 𝑑max
𝑖,𝑗
 ‖𝑈𝑗−𝑖 − 𝔼[𝑉𝑗−𝑖]‖

 

‖𝐒 − 𝐒′‖ ≤ 𝑑 max
−
(𝑑−1)
2

≤𝑖,𝑗≤
𝑑−1
2

 
((𝑗 − 𝑖)𝑡)2𝜆2

𝑁
= 𝑑

(𝑑 − 1)2𝑡2𝜆2

𝑁  

‖𝑉𝑗−𝑖 − 𝔼[𝑉𝑗−𝑖]‖ < 𝑡(𝑗 − 𝑖)𝜆√
11ln (2𝑛+1/𝛿)

𝑁𝑁𝑟
.  
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‖𝐒 − 𝐒′′‖ ≤ 𝑑(𝑑 − 1)𝑡𝜆 (
𝑡(𝑑 − 1)𝜆

𝑁
+ √

11ln (2𝑛+1/𝛿)

𝑁𝑁𝑟
) =: 𝜖𝑄  

‖𝐇 − 𝐇′‖ ∣ ⟨𝜓0|(𝑈
𝑗 − 𝔼[𝑉𝑗]𝐻|𝜓0⟩ ∣≤ ‖𝑈

𝑗 − 𝔼[𝑉𝑗]‖ ⋅ ‖𝐻‖ 

‖𝐇 − 𝐇′′‖ ≤ 𝜖𝑄‖𝐻‖  

𝜒 ∶= ‖𝐇 − 𝐇′‖ + ‖𝐒 − 𝐒′‖ ⋅ ‖𝐻‖ ≤ 2𝜖𝑄‖𝐻‖,

𝜁 ∶= 2𝑑(𝜖𝑅 + ‖𝐒 − 𝐒
′‖) ≤ 2𝑑(𝜖𝑅 + 𝜖𝑄),

|𝛾0
′ |2 ∶= |𝛾0|

2 − 2𝜖𝑅 − 2‖𝐒 − 𝐒
′‖ ≥ |𝛾0|

2 − 2𝜖𝑅 − 2𝜖𝑄 ,

 

|𝛾0|
2 ≥ 2‖𝐒 − 𝐒′‖ 

‖|𝜓⟩ − |𝜙0⟩‖
2 ≤ 𝜉̃ = 𝑂 (

𝜉

Δ𝐸1
)  

|𝜙0⟩ ( 𝛼𝐿
(0)
, 𝛽𝐿
(0)

 )|𝜓⟩ ( 𝛼𝐿 , 𝛽𝐿 )-sparse 

𝛼𝐿 = 𝛼𝐿
(0)
− 2√𝜉̃  and  𝛽𝐿 = 𝛽𝐿

(0)
− 2√𝜉̃  

|𝜓𝑘⟩ =∑  

𝑁

𝑗=1

√𝑝𝑘(𝑏𝑗)|𝑏𝑗⟩ 

|𝑝𝑘(𝑏𝑖)| ≥
|𝛾0|

2𝛽𝐿
𝑑2

 

𝑉𝐤
𝑘 → 𝑉𝐤, 𝑉

𝑘 → 𝑉  and  𝑝𝐤
𝑘 → 𝑝𝐤  

1 − 𝛿, |√𝑝(𝑏𝑖) − √𝑝̃𝐤(𝑏𝑖)| ≤ 𝜖 

𝜖 =
𝑡2𝜆2

𝑁
+ 𝑡𝜆√

11ln (2𝑛+1/𝛿)

𝑁
 

√𝑝̃𝐤(𝑏𝑖)√𝑝(𝑏𝑖) |√𝑝(𝑏𝑖) − √𝑝̃𝐤(𝑏𝑖)| 

|√𝑝(𝑏𝑖) − √𝑝̃𝐤(𝑏𝑖)| ≤ ‖|𝜓⟩ − |𝜓̃𝐤⟩‖ ≤ ‖𝑈 − 𝑉𝐤‖  

‖𝑈 − 𝑉𝐤‖ ≤ ‖𝑈 − 𝔼[𝑉]‖ + ‖𝔼[𝑉] − 𝑉𝐤‖  

‖𝑈 − 𝔼[𝑉]‖ ≤
𝑡2𝜆2

𝑁
 

‖𝑉𝐤 − 𝔼[𝑉]‖ < 𝑡𝜆√
11ln (2𝑛+1/𝛿)

𝑁
 

|√𝑝(𝑏𝑖) − √𝑝̃𝐤(𝑏𝑖)| 1 − 𝛿 
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|√𝑝(𝑏𝑖) − √𝑝̃𝐤(𝑏𝑖)| ≤
𝑡2𝜆2

𝑁
+ 𝑡𝜆√

11ln (2𝑛+1/𝛿)

𝑁
 

1 − 𝛿, |√𝑝̃𝐤(𝑏𝑖)| ≥
|𝛾0|√𝛽𝐿
𝑑

− 𝜖 

1 − 𝑝̃𝐤(𝑏𝑖) ≤ 1 − (
|𝛾0|√𝛽𝐿
𝑑

− 𝜖)

2

=: 1 − 𝑝  

1

𝑁𝑟𝑆
∑  

𝑁𝑟

𝑙=1

 ∑  

𝑆

𝑠=1

  [𝑉𝐤𝑙𝜌𝑉𝐤𝑙
† ] =

1

𝑁𝑟
∑ 

𝑁𝑟

𝑙=1

  [𝑉𝐤𝑙𝜌𝑉𝐤𝑙
† ] = ℰ(𝑡;𝑁,𝑁𝑟)  

ℙ[𝑋(𝑏𝑖) = 1] =∑  

𝐤

 𝑝𝐤𝑝̃𝐤(𝑏𝑖)  

𝑝fail (𝑏𝑖):= ℙ[𝑋(𝑏𝑖) = 0] = (∑  

𝐤

 𝑝𝐤(1 − 𝑝̃𝐤(𝑏𝑖))
𝑆
)

𝑁𝑟

 

∑ 

𝐤

𝑝𝐤 = 1 

𝑝fail (𝑏𝑖) ≤ ((1 − 𝛿)(1 − 𝑝)
𝑆 + 𝛿)𝑁𝑟  

|𝜙̃⟩ = (1/𝐶)∑  

𝐿−1

𝑗=0

𝑎𝑗|𝑏𝑗⟩ 

𝐶 = √∑  

𝐿−1

𝑗=0

  |𝑎𝑗|
2
 

⟨𝜙̃|𝐻|𝜙̃⟩ − ⟨𝜙0|𝐻|𝜙0⟩ ≤ √8‖𝐻‖(1 − √𝛼𝐿
(0)
)

1/2
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|𝜓Slater ⟩ = |𝑛1, 𝑛2, … , 𝑛𝑁⟩ or |𝑛1, 𝑛2, … , 𝑛2𝑁⟩.  

|𝜓CISD⟩ = |HF⟩ +∑  

𝑖

  𝑐𝑖|𝑆𝑖⟩ +∑  

𝑖

 𝑑𝑖|𝐷𝑖⟩,  

|𝜓CCSD⟩ = 𝑒
𝑇̂1+𝑇̂2|HF⟩,  

 |𝜓CASCI⟩ = ∑  

𝑛𝑙,𝑛𝑙+1,…𝑛𝐿

  𝑐𝑛𝑙,𝑛𝑙+1,…,𝑛𝐿|2,… 2, 𝑛𝑙 , 𝑛𝑙+1, … , 𝑛𝐿 , 0, … ,0⟩
 

|𝜓SCI⟩ = ∑  

𝑛1,𝑛2,…𝑛𝑁

  𝑐𝑛1,𝑛2,…,𝑛𝑁|𝑛1, 𝑛2, … , 𝑛𝑁⟩,  

|𝜓MPS⟩ = ∑  
𝛼1,…,𝛼𝑁−1
𝑛1,…,𝑛𝑁

 𝐴1;𝛼1
𝑛1 𝐴2;𝛼1𝛼2

𝑛2 …𝐴𝑁;𝛼𝑁−1
𝑛𝑁 |𝑛1, 𝑛2, … , 𝑛𝑁⟩

𝑛𝑖 ∈ {0, 𝛼, 𝛽, 2}, 𝛼𝑖 ≤ 𝜒

 

|𝜓⟩ =∑  

𝐷

𝑖=1

 𝛼𝑖|𝜈𝑖⟩,  

|𝜈𝑖⟩ = |𝑛𝑖,1𝑛𝑖,2⋯𝑛𝑖,2𝑁⟩ 

𝑏𝑖: = (𝑢1 ⋅ 𝜈̃𝑖 , … , 𝑢2log 𝐷−1 ⋅ 𝜈̃𝑖) 

(
𝑢1
𝑇

⋮
𝑢2log 𝐷−1
𝑇

)(𝜈̃1 ⋯ 𝜈̃𝐷) = (𝑏1 ⋯ 𝑏𝐷),  

∑ 

𝐷

𝑖=1

 𝛼𝑖|0⟩|𝑖⟩|0⟩,  

𝑂|0⟩|𝑖⟩|0⟩ = |𝜈𝑖⟩|𝑖⟩|0⟩.  

∑ 

𝐷

𝑖=1

 𝛼𝑖|𝜈𝑖⟩|𝑖⟩|0⟩.  

 ∑  

𝐷

𝑖=1

 𝛼𝑖|𝜈𝑖⟩|𝑖⟩(|𝑢1 ⋅ 𝜈̃𝑖⟩|0⟩)

=  ∑  

𝐷

𝑖=1

 𝛼𝑖|𝜈𝑖⟩|𝑖⟩(|𝑏𝑖,1⟩|0⟩)
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∑ 

𝐷

𝑖=1

 𝛼𝑖|𝜈𝑖⟩|𝑖⟩|𝑏𝑖⟩,  

∑ 

𝐷

𝑖=1

 𝛼𝑖|𝜈𝑖⟩|0⟩|𝑏𝑖⟩.  

∑ 

𝐷

𝑖=1

 𝛼𝑖|𝜈𝑖⟩|0⟩|0⟩,  

 
 (2log 𝐷 − 2)𝐷 + 2log 𝐷+1 + 𝐷 < (2log 𝐷 + 3)𝐷 = 𝑂(𝐷log 𝐷)

 

 

 



pág. 12154 

 

4log 𝐷 − 3 + log 𝐷 = 5log 𝐷 − 3 = 𝑂(log 𝐷).  

min(2√32𝑁𝐷,𝐷) + (7log 𝐷 + 2√32log 𝐷)√𝐷 
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∑  

𝛼𝑗,𝑛𝑗

 𝐴
𝑗;𝛼𝑗−1𝛼𝑗

𝑛𝑗 (𝐴
𝑗;𝛼𝑗−1

′ 𝛼𝑗

𝑛𝑗 )
∗

= 𝛿𝛼𝑗−1𝛼𝑗−1
′ ,  
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𝜒𝑗−1[8𝜒𝑗𝑑 + (𝑏 + 1)log (𝜒𝑗𝑑)]  

𝑃(𝐸) =∑  

𝑛

  |⟨𝐸𝑛 ∣ 𝜓⟩|
2𝑓𝜂(𝐸𝑛 − 𝐸),  

∑ 

𝑛

  |⟨𝐸𝑛 ∣ 𝜓⟩|
2
1

22𝑘
(

sin2 (𝜋2𝑘𝐸𝑛)

sin2 (𝜋[𝐸𝑛 − 𝑥𝑚/2
𝑘])
) .  

1

22𝑘
(

sin2 (𝜋2𝑘𝐸𝑛)

sin2 (𝜋[𝐸𝑛 − 𝑥𝑚/2
𝑘])
) 

 

⟨𝜓|𝐻𝑛|𝜓⟩:= ⟨𝐸𝑛⟩ 

  



pág. 12157 

 

order Gram-Charlier coefficient 

3 −
1

3!
𝜇3 

4 
1

4!
[𝜇4 − 3] 

5 
1

5!
[−𝜇5 + 10𝜇3] 

6 
1

6!
[𝜇6 − 15𝜇4 + 30] 

7 
1

7!
[−𝜇7 + 21𝜇5 − 105𝜇3] 

8 
1

8!
[𝜇8 − 28𝜇6 + 210𝜇4 − 315] 

 

𝑃̃(𝐸) =
exp (−𝐸2/2)

√2𝜋
[1 +∑  

∞

𝑛=3

  (−1)𝑛𝑐𝑛𝐻𝑒𝑛(𝐸)] ,  

𝐻𝑒𝑛(𝐸) = (−1)
𝑛exp (𝐸2/2)

𝑑𝑛

𝑑𝐸𝑛
exp (−𝐸2/2)  

𝑐𝑛 =
(−1)𝑛

𝑛!
∫  𝑑𝐸𝑃(𝐸)𝐻𝑒𝑛(𝐸)  

𝜇𝑛 = ∫  𝑑𝐸𝑃(𝐸)𝐸
𝑛 = ⟨𝐸𝑛⟩  

𝑃̃(𝐸)=
exp (−𝑥2/2)

√2𝜋
[1 +

𝜅3
6
𝐻𝑒3(𝐸)  

+(
𝜅4
24
𝐻𝑒4(𝐸) +

𝜅3
2

72
𝐻𝑒6(𝐸)) +⋯]

 

𝑃(𝐸, 𝜂) = −Im𝐺(𝐸, 𝜂) 

𝐺(𝐸, 𝜂) =
1

𝜋
⟨𝜓|

1

𝐻 − 𝐸 + 𝑖𝜂
|𝜓⟩  

𝑃(𝐸, 𝜂) = −
1

𝜋
∑  

𝑛

  |⟨𝐸𝑛 ∣ 𝜓⟩|
2Im(

1

𝐸𝑛 − 𝐸 + 𝑖𝜂
) ,  

Im
1

𝐸𝑛 − 𝐸 + 𝑖𝜂
=

−𝜂

(𝐸𝑛 − 𝐸)
2 + 𝜂2

 

 |𝜑⟩ =
1

𝜋

1

(𝐻 − 𝐸 + 𝑖𝜂)
|𝜓⟩,

⇒ 𝜋(𝐻 − 𝐸 + 𝑖𝜂)|𝜑⟩ = |𝜓⟩.
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[(𝐻 − 𝐸)2 + 𝜂2]|𝑌⟩ = −
𝜂

𝜋
|𝜓⟩.  

Im𝐺 = ⟨𝜓 ∣ 𝑌⟩ 

⟨𝑌|[(𝐻 − 𝐸)2 + 𝜂2]|𝑌⟩ +
𝜂

𝜋
⟨𝑌 ∣ 𝜓⟩.  

𝑓(𝐸) =
1

22𝑘
sin2 (𝜋2𝑘𝐸)

sin2 (𝜋𝐸)
 

|𝜓0⟩= 0.86|2,2,2,0,0,0⟩  

 −0.36(|𝛽, 2, 𝛼, 𝛼, 0, 𝛽⟩ + |𝛼, 2, 𝛽, 𝛽, 0, 𝛼⟩)
 

𝑃̃(𝑥𝑚) = ∫  𝑑𝐸𝑃(𝐸)
1

22𝑘
(

sin2 (𝜋2𝑘𝐸)

sin2 (𝜋[𝐸 − 𝑥𝑚/2
𝑘])
)  

𝑃(𝐸𝑜) = 𝑃̃(𝑥𝑚)/2
−𝑘 

𝐸min,𝐾 = min(𝐸
(1), … , 𝐸(𝐾)) 

𝐶min,𝑁(𝐸) = 1 − (1 − 𝑝<(𝐸))
𝐾 .  

𝑝<(𝐸) = ∫  
𝐸

−∞

 𝑑𝐸′𝑃(𝐸′)  

𝑃𝐾(𝐸) = 𝐾𝑃(𝐸)(1 − 𝑝<(𝐸))
𝐾−1  

∫  𝑑𝐸𝑃𝐾(𝐸)𝐸 

 

|𝜓⟩ =∑  

𝑛

𝑐𝑛|𝐸𝑛⟩ 

𝑃(𝑛) = |𝑐𝑛|
2
1

22𝑘
(

sin2 (𝜋2𝑘𝐸𝑛)

sin2 (𝜋[𝐸𝑛 − 𝑥𝑚/2
𝑘])
) .  

∼ |2𝑘𝐸 − 𝑥𝑚|
−2

 

𝑓(𝐻) = 𝑃(cos (𝐻/2)) 

𝑈 = 𝑒−𝑖𝐻 

𝑂(Γ−1log 𝜖−1) 
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|𝜓⟩ =∑  

𝑛

𝑐𝑛|𝐸𝑛⟩ 

𝑝leak = ∑  

𝑛≠0

  ∑  

𝑥𝑗<𝑥upper 

 
1

22𝑘
(

sin2 (𝜋𝛿𝑛)

sin2 (
𝜋
2𝑘
[𝑥𝑛 + 𝛿𝑛 − 𝑥𝑗])

) ,  

𝑥upper = ⌈2
𝑘(𝐸0 − 𝜖)⌉, 2

𝑘𝐸𝑛 = 𝑥𝑛 + 𝛿𝑛 

𝑂 (max [2−2𝑘 , (𝑥𝑛 − 𝑥upper )
−2
])  

𝑝leak (𝐸𝑛) =
sin2 (𝜋𝛿𝑛)

𝜋2
1

𝑥𝑛 − 𝑥upper + 𝛿𝑛
.  

𝑝leak =
1

𝜋22𝑘
∫  
𝐸0+𝜖

 𝑑𝐸𝑃(𝐸)
sin2 (𝜋2𝑘𝐸)

𝐸 −
𝑥upper 

2𝑘
 

1

2𝜋22𝑘
1

𝐸𝑝 − 𝐸0
 

2𝑘 = 𝑂 ([𝑝0(𝐸𝑝 − 𝐸0)]
−1
) 

2𝑘 = 𝑂 (max([𝑝0(𝐸𝑝 − 𝐸0)]
−1
, 𝜖−1)) .  
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𝑐(𝑛1, … , 𝑛𝑁) = ∑  

𝛼1…𝛼𝑁−1

𝐴1;𝛼1
𝑛1 …𝐴𝑁;𝛼𝑁−1

𝑛𝑁  

𝑐𝛼𝑝
(𝑝)
(𝑛1, … , 𝑛𝑝) = ∑  

𝛼1…𝛼𝑝−1

𝐴1;𝛼1
𝑛1 …𝐴𝑝;𝛼𝑝−1𝛼𝑝

𝑛𝑝
 

∑ 

𝛼𝑝

|𝑐𝛼𝑝
(𝑝)
(𝑛1, … , 𝑛𝑝)|

2
|𝑛1, … , 𝑛𝑎𝑝 , … ⟩ 

𝑈:𝔽2
𝑟 → 𝔽2

2log 𝐷−1
 

𝑈(𝜈𝑖) ≠ 𝑈(𝜈𝑗) ↔ 𝜈𝑖 − 𝜈𝑗 ∉ ker𝑈, ∀𝑖 ≠ 𝑗 

𝜈𝑖 − 𝜈𝑗 ∉ ker𝑈, ∀𝑖 ≠ 𝑗, 𝜈𝑖 ∉ ker𝑈, ∀𝑖, unless 𝜈𝑖 = 𝟎.  

log 𝐷 − 1 < log (𝐷) ⟹ dim𝔽2
log 𝐷−1

= 2log 𝐷−1 < 𝐷 

log 𝐷 ≤ 𝑟 ≤ 2log 𝐷 − 1 

𝑟 ≤ 2log 𝐷 − 1 

𝑟 = 2log 𝐷 − 1 + 𝑡 

dimIm𝑈 + dimker𝑈 = dim𝔽2
𝑟 = 𝑟 = 2log 𝐷 − 1 + 𝑡 

𝑤1, … , 𝑤𝑡 ∈ 𝒱𝑟: = span⟨𝜈1, … , 𝜈𝑟⟩ 

2log 𝐷 − 1, so dimIm𝑈 = 2log 𝐷 − 1 ⟹ dimker𝑈 = 𝑡 

∀𝑖:𝑤𝑖 ∈ ker𝑈 

dimker𝑈 = dim𝒲 

ker𝑈 = 𝒲 

𝜈𝑖 − 𝜈𝑗 = 𝜈𝑖 + 𝜈𝑗 
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𝑡 = 1 ⟹ 𝑟 = 2log 𝐷 

{𝜈𝑖, 𝜈𝑖 − 𝜈𝑗}𝑖,𝑗
 

𝐷 + (
𝐷

2
) = (𝐷2 + 𝐷)/2 ≤ 22log 𝐷−1 + 2log 𝐷−1 < |𝔽2

𝑟| = 2𝑟 = 22log 𝐷 

𝑤 ∈ 𝔽2
𝑟 − {𝜈𝑖, 𝜈𝑖 − 𝜈𝑗}𝑖,𝑗 

(𝐷2 + 𝐷)/2 + 1 

𝜈1, … , 𝜈2log 𝐷−1+𝑡 

𝑤1, … , 𝑤𝑟−1 ∈ 𝒱𝑟−1 = span⟨𝜈1, … , 𝜈𝑟−1⟩ 

𝒱𝑟−1 ⊂ 𝒱𝑟 = span⟨𝜈1, … , 𝜈𝑟⟩ 

ℳ:= {𝜈𝑖 ∣ 𝜈𝑖 ∈ 𝒱𝑟−1} 

𝒩:= {𝜈𝑖 ∣ 𝜈𝑖 ∈ 𝒱𝑟 − 𝒱𝑟−1} 

|ℳ| + 1 + |𝒩| = 𝐷 

𝜈𝑖 = 𝑚𝑖
′ + 𝜈𝑟 ∈ 𝒩 

𝑙 ≠ 𝟎,𝑚𝑖
′ + 𝑙 ≠ 𝟎

𝑙 ≠ 𝑚𝑗, 𝑚𝑖
′ + 𝑙 ≠ 𝑚𝑗

 

𝑙 ∉ {𝟎,𝑚𝑖
′,𝑚𝑗, 𝑚𝑗 +𝑚𝑖

′} 

1 + |𝒩| + |ℳ| + |ℳ| ⋅ |𝒩| 

1 + |𝒩| + |ℳ| = 𝐷 ≤ 𝐷 + (𝐷 − 1 − |𝒩|)|𝒩| ≤ 𝐷 + 𝐷2/4 ≤ 2log 𝐷 + 22log 𝐷−2 < 2𝑟−1 =
22log 𝐷−𝑡−2 as 𝑡 > 1 

𝑟 − 1 = 2log 𝐷 − 1 + 𝑡 − 1 

𝒲 = span⟨𝑤1, … , 𝑤𝑡−1⟩ ⊂ 𝒱𝑟−1 

𝜈𝑖, 𝜈𝑖 + 𝜈𝑗 ∉ 𝒲 

({𝜈𝑟} ∪𝒩) ⊂ 𝒱𝑟 − 𝒱𝑟−1⟹ ({𝜈𝑟} ∪𝒩) ∩ 𝒱𝑟−1 = ∅ while 𝒲 ⊂ 𝒱𝑟−1 

𝜈𝑖 + 𝜈𝑗 ∉ 𝒲({𝜈𝑟} ∪𝒩) 

𝜈𝑖 ∈ ({𝜈𝑟} ∪𝒩)𝜈𝑗 = 𝑚𝑗 ∈ ℳ. If 𝜈𝑖 = 𝜈𝑟 +𝑚𝑗 ∉ 𝒲𝜈𝑖 ∈ 𝒩𝑚𝑖
′ + 𝜈𝑟 +𝑚𝑗 ∉ 𝒲 

𝒲 ⊂ 𝒱𝑟−1 

𝜈𝑖, 𝜈𝑗 ∈ ({𝜈𝑟} ∪𝒩) 

𝜈𝑟 +𝑚𝑗
′ + 𝜈𝑟 = 𝑚𝑗

′ ∉ 𝒲 

𝑚𝑖
′ + 𝜈𝑟 +𝑚𝑗

′ + 𝜈𝑟 = 𝑚𝑖
′ +𝑚𝑗

′ ∉ 𝒲 

𝑙 + 𝑚𝑗
′ + 𝑙 = 𝑚𝑗

′ ∉ 𝒲 

𝑙 + 𝑚𝑖
′ + 𝑙 +𝑚𝑗

′ = 𝑚𝑖
′ +𝑚𝑗

′ ∉ 𝒲 
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𝑤𝑡 = 𝜈𝑟 + 𝑙 

𝒲′ = 𝒲⊕𝑤𝑡 ⊂ 𝒱𝑟 = 𝒱𝑟−1⊕𝜈𝑟 

𝜈𝑖 ∉ 𝒲
′ −𝒲 or 𝜈𝑖 − 𝜈𝑗 ∉ 𝒲

′ −𝒲 

𝜈𝑖 ∈ 𝒲
′ −𝒲 or 𝜈𝑖 − 𝜈𝑗 ∈ 𝒲

′ −𝒲 

𝜈𝑖 ∈ 𝒲
′ −𝒲, 𝜈𝑖 = 𝑤𝑡 +𝑤 = 𝜈𝑟 + 𝑙 + 𝑤 

𝜈𝑖 − 𝑙 = 𝜈𝑟 +𝑤 

𝜈𝑖 ∈ 𝒱𝑟 −𝒱𝑟−1 

𝜈𝑖 ∈ ({𝜈𝑟} ∪ 𝑁) 

𝜈𝑖 = 𝑚𝑖
′ + 𝜈𝑟 ∈ 𝑁 

𝑚𝑖
′ + 𝑙 = 𝑤 ∈ 𝒲 

𝜈𝑖 − 𝜈𝑗 = 𝜈𝑟 + 𝑙 + 𝑤 

𝜈𝑖 = 𝜈𝑟 or 𝜈𝑖 = 𝑚𝑖
′ + 𝜈𝑟 

𝑙 − 𝜈𝑗 = 𝑤 ∈ 𝒲 or 𝑚𝑖
′ + 𝑙 − 𝜈𝑗 = 𝑤 ∈ 𝒲 

𝑂(𝐷2/2 + 𝐷) 

𝑂(𝑡𝐷2) 𝑡 ≤ min(2𝑁, 𝐷) − 2log 𝐷 + 1 

𝑂(𝐷2(min(2𝑁,𝐷) − 2log 𝐷 + 1)) 

𝑂(𝐿/𝜆 + 𝜆𝑐) 

𝜆 = √𝐿/𝑐 (𝑂(√𝐿𝑐)) 

2𝐷/𝜆 + 8(2𝑁)𝜆 with 𝜆 = √2𝐷/16𝑁⊠ 2√32𝑁𝐷 

∑ 

𝐷

𝑖=1

 𝛼𝑖|𝑖⟩|𝜈𝑖⟩𝑣|𝑏𝑖⟩𝑏  

𝑂|𝑏𝑖⟩𝑏|0⟩
⊗log 𝐷 = |𝑏𝑖⟩𝑏|𝑖⟩ 

2log 𝐷 − 1 

𝑂 (√𝐷2 ⋅ log 𝐷) = 𝑂(𝐷√log 𝐷) 

𝐷 ∼ 2log 𝐷 

𝜆 = ⌈√𝐷⌉ 

𝑏𝑙1 < ⋯ < 𝑏𝑙𝐷 

|𝑏𝑗⟩|0⟩
⊗⌈log 𝐷/2⌉ → |𝑏𝑗⟩|𝑓(𝑗)⟩  

𝑏𝑙𝜆(𝑓(𝑗)−1) < 𝑏𝑗 < 𝑏𝑙𝜆𝑓(𝑗)  

𝜆𝑓(𝑗) > 𝐷 
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𝑖𝜆𝑓(𝑗) = 𝐷(2log 𝐷 − 1 + 2log 𝐷 − 1 )⌈
𝐷

𝜆
⌉ 𝑏𝑗 > 𝑏𝑞𝜆⌈log 𝐷/2⌉ + 1 

𝑞 ∈ {1,… , ⌈
𝐷

𝜆
⌉} ⌈log 𝐷/2⌉ ⋅ ⌈

𝐷

𝜆
⌉ 

 (4log 𝐷 − 2 + ⌈log 𝐷/2⌉) ⌈
𝐷

𝜆
⌉ ∼

9log 𝐷√𝐷

2
 

∑ 

𝐷

𝑖=1

 𝛼𝑖|𝑖⟩|𝜈𝑖⟩𝑣|𝑏𝑖⟩𝑏|𝑓(𝑖)⟩  

2log 𝐷/2 |𝑏𝑙𝜆(𝑓(𝑗)−1)+1, … , 𝑏𝑙𝜆𝑓(𝑗)⟩ 

∑ 

𝐷

𝑖=1

 𝛼𝑖|𝑖⟩|𝜈𝑖⟩𝑣|𝑏𝑖⟩𝑏|𝑓(𝑖)⟩ |𝑏𝑙𝜆(𝑓(𝑖)−1)+1, … , 𝑏𝑙𝜆𝑓(𝑖)⟩  

(2log 𝐷 − 1)𝜆 ∼ (2log 𝐷 − 1)√𝐷 

∑ 

𝐷

𝑖=1

 𝛼𝑖|𝑖⟩|𝜈𝑖⟩𝑣|𝑏𝑖⟩𝑏|𝑓(𝑖)⟩ ⊗  

 |𝑏𝑙𝜆(𝑓(𝑖)−1)+1⊕𝑏𝑖, … , 𝑏𝑙𝜆𝑓(𝑖)⊕𝑏𝑖⟩

 

(2log 𝐷 + ⌈log 𝐷/2⌉ − 1)𝜆 ∼
5log 𝐷√𝐷

2
 

∑ 

𝐷

𝑖=1

 𝛼𝑖|𝑖⟩|𝜈𝑖⟩𝑣|𝑏𝑖⟩𝑏|𝑓(𝑖)⟩ ⊗  

 |𝑏𝑙𝜆(𝑓(𝑖)−1)+1⊕𝑏𝑖, … , 𝑏𝑙𝜆𝑓(𝑖) ⊕𝑏𝑖⟩ |𝑔(𝑖)⟩

 

|𝑓(𝑖), 𝑔(𝑖)⟩ has 2 ⌈
log 𝐷

2
⌉ ∼ log 𝐷 

𝑂|𝑓(𝑖), 𝑔(𝑖)⟩|0⟩⊗log 𝐷 = |𝑓(𝑖), 𝑔(𝑖)⟩|𝑖⟩  

2√16log (𝐷)2log 𝐷 < 2√32log (𝐷)𝐷 < √32log (𝐷)𝐷 

(2log 𝐷 − 1)√𝐷 

min(2√32𝑁𝐷,𝐷) +
9log 𝐷√𝐷

2
+
5log 𝐷√𝐷

2
+ 2log 𝐷/2 + 2√32log (𝐷)𝐷

∼ min(2√32𝑁𝐷,𝐷) + (7log 𝐷 + 2√32log 𝐷)√𝐷 

∑  
⌈log 𝐷⌉−2
𝑖=1 (2𝑖 − 1)(2𝑖 − 1) + (2⌈log 𝐷⌉ − 1)(𝐷 − 2⌈log 𝐷⌉−1) 

∑  
⌈log 𝐷⌉−2
𝑖=1 (2𝑖 − 1)(2𝑖 − 1) +(2⌈log 𝐷⌉ − 1)(𝐷 − 2⌈log 𝐷⌉−1) + (log (𝐷𝜋/𝜖) − 3)𝐷 

𝐺[𝑗] = ∑  

𝛼𝑗−1

  (|𝑢𝛼𝑗−1⟩ ⟨𝛼𝑗−1, 0|) + ⋯  
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|𝑢𝛼𝑗−1⟩ = ∑  

𝛼𝑗,𝑛𝑗

 𝐴
𝑗;𝛼𝑗−1𝛼𝑗

𝑛𝑗
|𝛼𝑗, 𝑛𝑗⟩.  

|0⟩⟨1| ⊗ 𝐺[𝑗] + |1⟩⟨0| ⊗ 𝐺[𝑗]† = ∏  

𝜒𝑗−1

𝛼𝑗−1=1

 (1 − 2𝑃𝛼𝑗−1)  

𝑃𝛼𝑗−1 = |𝑤𝛼𝑗−1⟩ ⟨𝑤𝛼𝑗−1|  

|𝑤𝛼𝑗−1⟩= |1⟩ ⊗ |𝛼𝑗−1, 0⟩ − |0⟩ ⊗ |𝑢𝛼𝑗−1⟩ 

 = 𝑊𝛼𝑗−1|0⟩ ⊗ |0,0⟩
 

|𝑤𝛼𝑗−1⟩ |0⟩ ⊗ |0,0⟩ 

1 − 2𝑃𝛼𝑗−1 = 𝑊𝛼𝑗−1[1 − 2|0,0,0⟩⟨0,0,0|]𝑊𝛼𝑗−1
†

 

|𝑢𝛼𝑗−1⟩ = 𝑉𝛼𝑗−1|0,0⟩  

𝑊𝛼𝑗−1 = (𝐶
‾𝑉𝛼𝑗−1) (𝐶𝛼𝑗−1) ((𝑍𝐻)⊗ 𝕀)  

1

√2
[|0,0,0⟩ − |1, 𝛼𝑗, 0⟩] 

[1 − 2|0⟩⊗𝜈⟨0|⊗𝜈] 

|𝑢𝛼𝑗−1⟩ = 𝑉𝛼𝑗−1|0,0⟩  

|𝑢𝛼𝑗−1⟩ = ∑  

𝛼𝑗,𝑛𝑗

 𝐴
𝑗;𝛼𝑗−1𝛼𝑗

𝑛𝑗 |𝛼𝑗, 𝑛𝑗⟩  

2−𝑏/2 ∑  

2𝑏−1

𝑘=0

𝑒−2𝜋𝑖𝑘/2
𝑏
|𝑘⟩ 

𝑏 = log (1/𝛿𝑟) 

2𝜈+2 + 𝜈𝑏  

𝜒𝑗−1[8𝜒𝑗𝑑 + 𝑏log (𝜒𝑗𝑑) + log (𝜒𝑗𝑑)]  

2
2𝜈+2

𝜆
+ 4 ⋅ 2𝜆𝜈𝑏 + 𝜈𝑏  

𝜆 = 𝑂(√2𝜈) 

𝜒𝑗−1 [8
𝜒𝑗𝑑

𝜆
+ 8𝜆𝑏log (𝜒𝑗𝑑) + 𝑏log (𝜒𝑗𝑑) + log (𝜒𝑗𝑑)]  
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𝑠 Edgeworth term 

1 ( 𝜅3/6 ) He3(𝑥) 

2 (𝜅4/24)He4(𝑥) + (𝜅3
2/72)He6(𝑥) 

3 (𝜅5/120)𝐻𝑒5(𝑥) + (𝜅4𝜅3/144)𝐻𝑒7(𝑥) + (𝜅3
3/1296)𝐻𝑒9(𝑥) 

4 
(𝜅6/720)𝐻𝑒6(𝑥) + (𝜅5𝜅3/720 + 𝜅4

2/1152)𝐻𝑒8(𝑥) + (𝜅4𝜅3
2/1728)𝐻𝑒10(𝑥)

+ (𝜅3
4/31104)𝐻𝑒12(𝑥) 

5 
(𝜅7/5040)𝐻𝑒7(𝑥) + (𝜅6𝜅3/4320 + 𝜅5𝜅4/2880)𝐻𝑒9(𝑥)

+ (𝜅5𝜅3
2/8640 + 𝜅4

2𝜅3/6912)𝐻𝑒11(𝑥) + (𝜅4𝜅3
2/31104)𝐻𝑒13(𝑥) 

 

𝑝𝐸(𝑥) =
𝑒−𝑥

2/2

√2𝜋
[1 +

∑ 

∞

𝑠=1

  ∑  
{𝑘𝑚}

 𝐻𝑒𝑠+2𝑟(𝑥)∏  

𝑠

𝑚=1

 
1

𝑘𝑚!
(
𝜅𝑚+2
(𝑚 + 2)!

)
𝑘𝑚
]

 

𝑘1 + 2𝑘2 +⋯+ 𝑠𝑘𝑠 = 𝑠,  

𝑟 =∑ 𝑘𝑚 

𝑝̂(𝑥) =
1

𝑀ℎ
∑  

𝑀

𝑖=1

 𝐾 (
𝑥 − 𝑋𝑖
ℎ
) ,  

MISE = 𝔼(∫  𝑑𝑥(𝑝̂(𝑥) − 𝑝(𝑥))2)  

 

𝑓(𝐻) = 𝑃(cos (𝐻/2))‖𝑃(cos (𝐻/2))|𝜓⟩‖𝑈 = 𝑒−𝑖𝐻⨀𝜑0, 𝜑1, … , 𝜑𝑑/2  

𝜉𝑘,𝜇(𝑥) =
1

2
[erf(−𝑘(𝑥 − 𝜇)) + erf(𝑘(𝑥 + 𝜇))],  

𝑝erf,𝑘,𝑛 =
2𝑘𝑒−𝑘

2/2

√𝜋
(𝐼0(𝑘

2/2)  

+ ∑  

(𝑛−1)/2

𝑗=1

  (−1)𝑗𝐼𝑗(𝑘
2/2) [

𝑇2𝑗+1(𝑥)

2𝑗 + 1
−
𝑇2𝑗−1(𝑥)

2𝑗 − 1
]) ,

 

|𝜓⟩ =∑  

𝐸

𝜑𝐸|𝐸⟩ 
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∑ 

𝐸

 𝜑𝐸𝑃(cos (𝐸/2))|𝐸⟩|0⟩  

𝜇 =
cos (𝐸𝑢/2)+cos (𝐸𝑙/2)

2
 and 

1

𝑘
= 𝜁

cos (𝐸𝑢/2)−cos (𝐸𝑙/2)

2
 

 

𝐴(𝐸) =
1

√2𝜋𝜎𝐸
𝑒
−
(𝐸−𝐸‾)2

2𝜎𝐸
2
,  

𝑝leak (𝐸𝑛) = ∑  

𝑥𝑗<𝑥upper 

 
1

22𝑘
(

sin2 (𝜋𝛿𝑛)

sin2 (
𝜋
2𝑘
[𝑥𝑛 + 𝛿𝑛 − 𝑥𝑗])

) ,  

𝐼(𝑥0)=
sin2 (𝜋𝛿𝑛)

22𝑘
∫  
𝑥0

−2𝑘−1
 

𝑑𝑥

sin2 (
𝜋
2𝑘
(𝑥𝑛 + 𝛿𝑛 − 𝑥))

 

 =
sin2 (𝜋𝛿𝑛)

22𝑘
[
2𝑘

𝜋
cot (

𝜋

2𝑘
(𝑥𝑛 + 𝛿𝑛 − 𝑥))|

−2𝑘−1

𝑥0

]

 

𝐼(𝑥upper − 1) ≤ 𝑝leak (𝐸𝑛) ≤ 𝐼(𝑥upper ).  

𝑂 (max [2−2𝑘, (𝑥𝑛 − 𝑥upper )
−2
]) 

𝐼(𝑥upper ) − 𝐼(𝑥upper − 1) 
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𝐻̂𝑒 = ∑  

𝑁

𝑝,𝑞=1

 ℎ𝑝𝑞𝑎̂𝑝
†𝑎̂𝑞 + ∑  

𝑁

𝑝,𝑞,𝑟,𝑠=1

 𝑔𝑝𝑞𝑟𝑠𝑎̂𝑝
†𝑎̂𝑞𝑎̂𝑟

†𝑎̂𝑠  

|𝜓⟩ = 𝑐0|0⟩ + 𝑐1|1⟩,  

𝑐0, 𝑐1 ∈ ℂ, |𝑐0|
2 + |𝑐1|

2 = 1 

𝑧̂|𝑧⟩ = (−1)𝑧|𝑧⟩, 𝑧 ∈ 𝔽2 

|𝑧 ⟩: = |𝑧1𝑧2…𝑧𝑁⟩, 𝑧𝑖 ∈ 𝔽2.  

|𝜓⟩ = ∑  

𝑧 ∈𝔽2
𝑁

  𝑐𝑧 |𝑧 ⟩,  

∑  

𝑧 ∈𝔽2
𝑁

|𝑐𝑧 |
2 = 1 

𝑧̂𝑘|𝑧 ⟩ = (−1)
𝑧𝑘|𝑧 ⟩ 

𝐻̂ising  = 𝑑0 +∑  

𝑁

𝑘=1

 𝑑𝑘𝑧̂𝑘 +∑ 

𝑁

𝑘>𝑙

 𝑑𝑘𝑙𝑧̂𝑘𝑧̂𝑙 +⋯

 = 𝑝(𝑧̂1, … , 𝑧̂𝑁)

 

𝐻̂ising = ∑  

𝑧 ∈𝔽2
𝑁

 𝐸𝑧 |𝑧 ⟩⟨𝑧 |  

𝐸𝑧  = 𝑝((−1)
𝑧1 , … , (−1)𝑧𝑁).

 

𝐻‾ising = ∑  

𝑧 ∈𝔽2
𝑁

 
𝑀𝑧 
𝑀
𝐸𝑧 .  
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𝐻̂ =∑  

𝛼

𝐻̂𝛼𝑝𝛼(𝑧̂1, … , 𝑧̂𝑁)⟨𝜓|𝐻̂|𝜓⟩ 

𝐻̂ = 𝑈̂†𝑝(𝑧̂1, … , 𝑧̂𝑁)𝑈̂,  

PVM≡ {𝑈̂|𝑧 ⟩⟨𝑧 |𝑈̂†} 

⟨𝜓|𝐻̂|𝜓⟩ = ⟨𝑈̂𝜓|𝑝(𝑧̂1, … , 𝑧̂𝑁)|𝑈̂𝜓⟩,  

𝐻̂ =∑  

𝛼

  𝐻̂𝛼 ,  

⟨𝜓|𝐻̂|𝜓⟩ =∑  

𝛼

  ⟨𝜓|𝐻̂𝛼|𝜓⟩.  

𝐻‾=∑  

𝛼

 𝐻‾𝛼  

𝐻‾𝛼 =
1

𝑀𝛼
∑ 

𝑀𝛼

𝑖=1

 𝐻𝛼,𝑖

 

⟨𝜓|𝐻̂𝛼|𝜓⟩, 𝐻‾𝛼 

𝐻̂ising = 𝑝(𝑧̂1, … , 𝑧̂𝑁) 

𝐻̂fc = 𝑝(𝐶̂1, … , 𝐶̂𝐾) 
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𝑈̂𝑐𝐻̂fc𝑈̂𝑐
† = 𝑝(𝑧̂1, … , 𝑧̂𝐾) 

𝑃̂ =⊗𝑖=1
𝑁 𝜎̂𝑖, 𝑄̂ =⊗𝑖=1

𝑁 𝜏̂𝑖[𝜎̂𝑖, 𝜏̂𝑖] = 𝑖 

 

𝐸̂𝑝𝑞 = 𝑎̂𝑝
†𝑎̂𝑞  

𝑛̂𝑝 = 𝐸̂𝑝𝑝 (1 − 𝑧̂𝑝)/2 
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𝐸̂𝑝𝑞 + 𝐸̂𝑞𝑝, 𝐸̂𝑝𝑞𝐸̂𝑟𝑠 + 𝐸̂𝑠𝑟𝐸̂𝑞𝑝 

𝐻̂1𝑒 =∑  

𝑁

𝑝≥𝑞

 ℎ𝑝𝑞𝐸̂𝑝𝑞  

𝑈̂𝐻̂1𝑒𝑈̂
†  = ∑  

𝑁

𝑝=1

 𝜖𝑝𝑛̂𝑝

𝑈̂  = exp (∑  

𝑁

𝑝>𝑞

 𝜃𝑝𝑞(𝐸̂𝑝𝑞 − 𝐸̂𝑞𝑝)) ,

 

𝜃𝑝𝑞 = [log (𝑢)]𝑝𝑞 

𝐻̂1𝑒 = ∑  

𝑁

𝑝=1

𝜖𝑝𝐶̂𝑝 

𝐶̂𝑝 = 𝑈̂
†𝑛̂𝑝𝑈̂ 

𝐺̂𝑝𝑞(𝜙𝑝𝑞) = exp (𝜙𝑝𝑞(𝐸̂𝑝𝑞 − 𝐸̂𝑞𝑝))  

𝑈̂ =∏ 

𝑁

𝑝>𝑞

  𝐺̂𝑝𝑞(𝜙𝑝𝑞)  

𝐻̂2𝑒 =∑  

𝑁

𝑝≥𝑞

 𝜆𝑝𝑞𝐶̂𝑝𝐶̂𝑞, 𝐶̂𝑝 = 𝑈̂
†𝑛̂𝑝𝑈̂  

𝑈̂𝐻̂2𝑒𝑈̂
† =∑  

𝑝≥𝑞

𝜆𝑝𝑞𝑛̂𝑝𝑛̂𝑞 

𝑓 (𝜆𝑝𝑞
(𝛼)
, 𝑈̂(𝛼)) = ‖𝐻̂𝑒 −∑  

𝛼

 𝑈𝛼
† (∑  

𝑝≥𝑞

 𝜆𝑝𝑞
(𝛼)
𝑛̂𝑝𝑛̂𝑞)𝑈̂𝛼‖  

𝜆𝑝𝑞
(𝛼)
= 𝜖𝑝

(𝛼)
𝜖𝑞
(𝛼)
(∑  

𝑁

𝑝=1

  𝜖𝑝
(𝛼)
𝐶̂𝑝)

2

 

{𝑋̂𝑖}𝑖=1
𝑑
{𝑐𝑖𝑗
(𝑘)
} 

[𝑋̂𝑖, 𝑋̂𝑗] = i∑  

𝑘

 𝑐𝑖𝑗
(𝑘)
𝑋̂𝑘{𝐶̂𝑘}𝑘=1

𝑟

 

𝐻̂ =∑  

𝑑

𝑖=1

  𝑐𝑖𝑋̂𝑖 =∑  

𝑟

𝑘=1

  𝜖𝑘𝑈̂
†𝐶̂𝑘𝑈̂  
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𝐻̂ = 𝑐0 +∑ 

𝑑

𝑖=1

  𝑐𝑖𝑋̂𝑖 +∑ 

𝑑

𝑖≥𝑗

  𝑐𝑖𝑗𝑋̂𝑖𝑋̂𝑗 +⋯  

ℰ𝒜 = 𝔽⊕𝒜⊕𝒜
2⊕𝒜3⊕⋯  

{𝐸̂𝑝𝑞 + 𝐸̂𝑞𝑝} ∪ {i(𝐸̂𝑝𝑞 −𝐸̂𝑞𝑝)} 

{i(𝐸̂𝑝𝑞 − 𝐸̂𝑞𝑝)}{𝑛̂𝑝}{𝑈̂
†𝑛̂𝑝𝑈̂} 

𝐻̂QMF = 𝑝(𝑆̂1, … , 𝑆̂𝑁) 

𝑆̂𝑘 = 𝛼𝑘𝑥̂𝑘 + 𝛽𝑘𝑦̂𝑘 + 𝛾𝑘𝑧̂𝑘 + 𝛿𝑘1̂𝑘  

𝑆̂𝑘 = 𝑒
−i𝜃𝑘𝜂̂𝑘(𝜖𝑘𝑧̂𝑘 + 𝛿𝑘1̂𝑘)𝑒

i𝜃𝑘𝜂̂𝑘  

𝜂̂𝑘 = 𝜏𝑥
(𝑘)
𝑥̂𝑘 + 𝜏𝑦

(𝑘)
𝑦̂𝑘 + 𝜏𝑧

(𝑘)
𝑧̂𝑘 

𝜖𝑘 = √𝛼𝑘
2 + 𝛽𝑘

2 + 𝛾𝑘
2 

sum ⊕𝑘=1
𝑁 𝑢{𝑥̂𝑘, 𝑦̂𝑘 , 𝑧̂𝑘 , 1̂𝑘} 

𝛾̂2𝑝= 𝑎̂𝑝
† + 𝑎̂𝑝  

𝛾̂2𝑝+1 = i(𝑎̂𝑝
† − 𝑎̂𝑝),

 

𝐻̂ = 2i ∑  

2𝑁

𝑖𝑗=1

  ℎ̃𝑖𝑗𝛾̂𝑖𝛾̂𝑗 + ∑  

2𝑁

𝑖𝑗𝑘𝑙=1

  𝑔̃𝑖𝑗𝑘𝑙𝛾̂𝑖𝛾̂𝑗𝛾̂𝑘𝛾̂𝑙  

𝐻̂1𝑚 = 2i∑  

2𝑁

𝑖>𝑗

 ℎ𝑖𝑗𝛾̂𝑖𝛾̂𝑗  

{𝛾̂𝑖, 𝛾̂𝑗} = 2𝛿𝑖𝑗  

{𝐴̂, 𝐵̂} = 𝐴̂𝐵̂ + 𝐵̂𝐴̂ 

{𝛾̂𝑖}𝑖=1
2𝑁 ∪ {i𝛾̂𝑖𝛾̂𝑗}𝑖>𝑗

2𝑁
 

{i𝛾̂2𝑘−1𝛾̂2𝑘}𝑘=1
𝑁  

𝑈̂𝑔 = exp (−∑  

𝑁

𝑖>𝑗

 𝜃𝑖𝑗𝛾̂𝑖𝛾̂𝑗)  

𝑈̂𝑔𝐻̂1𝑚𝑈̂𝑔
† = 2i∑  

𝑁

𝑘=1

  𝜖𝑘𝛾̂2𝑘−1𝛾̂2𝑘  

i𝛾̂2𝑘−1𝛾̂2𝑘 = 1 − 2𝑛̂𝑘 
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{𝐴̂𝑖}𝑖=1
𝐾
𝐻̂ac =∑ 

𝐾

𝑖=1

𝑐𝑖𝐴̂𝑖{𝐴𝑖}𝑖=1
𝐾  

𝐻̂twc-ac =∑ 

𝑖

𝐻̂ac 
(𝑖)

 

𝐻̂𝑘− local  = ∑  

𝑟

 𝑊̂𝑟

𝑊̂𝑟  = 𝐴𝑟,1
(𝑆𝑟,1)⊗𝐴𝑟,2

(𝑆𝑟,2)⊗⋯,

 

𝐴̂𝑟,𝑖
(𝑆𝑟,𝑖)|𝑆𝑟,𝑖| ≤ 𝑘 

[𝑊̂𝑟, 𝑊̂𝑠] = 0 

𝐻̂𝑠𝑜 =∑ 

𝐾

𝑖=1

 𝑐𝑖𝐴̂𝑖 + i∑  

𝐾

𝑗>𝑘

 𝑑𝑗𝑘𝐴̂𝑗𝐴̂𝑘  

𝐻̂twc-so =∑ 

𝐿

𝑖=1

𝐻̂𝑠𝑜
(𝑖)

 

⊕𝑖=1
𝐿 𝑠𝑜(𝐾𝑖 + 1) 

[𝐶̂𝑘 , 𝐶̂𝑙] = [𝐶̂𝑘, 𝑋̂𝑎] = 0 

𝐻̂ = ∑  

𝑑

𝑎=1

  𝑐̂𝑎𝑋̂𝑎  

𝑐̂𝑎 = 𝑝𝑎(𝐶̂1, … , 𝐶̂𝐾)  

𝐻̂𝒫̂𝑣⃗ = 𝐻̂𝑣⃗ 𝒫̂𝑣⃗  

𝐻̂𝑣⃗  = ∑  

𝑑

𝑎=1

 𝑝𝑎(𝑣1, … , 𝑣𝐾)𝑋̂𝑎
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𝐻̂ = 𝑈̂† [ ∑  

𝑝𝑞∈𝑆1

 (∑  

𝑘∈𝑆2

 ℎ𝑝𝑞
(𝑘)
𝑛̂𝑘)𝐸̂𝑝𝑞 + ∑  

𝑘𝑙∈𝑆2

 𝜆𝑘𝑙𝑛̂𝑘𝑛̂𝑙] 𝑈̂  

𝑂̂1
(𝑘1)𝑣1 ∈ {−1,1} 

𝐻̂(𝑣1) = 𝐻̂𝒫̂1(𝑣1) 

𝑂̂1
(𝑘1) = 𝑣1∫𝑂̂2

(𝑘2)(𝑣2)𝑣2 

𝐻̂(𝑣1, 𝑣2) = 𝐻̂𝒫̂1(𝑣1)𝒫̂2(𝑣2) 

⟨𝜓|𝑂̂|𝜓⟩ = Tr[𝜌̂𝑂̂] 

ℳ(𝜌̂) = ∑  

𝑧 ∈𝔽2
𝑁

  |𝑧 ⟩⟨𝑧 |𝜌̂|𝑧 ⟩⟨𝑧 |  

𝑧 = (𝑧1, … , 𝑧𝑁) 

𝜌̂ = ℳ−1(ℳ(𝜌̂)) 

ℳ𝒢(𝜌̂)  = 𝔼𝒰∈𝒢[𝒰
† ∘ℳ ∘ 𝒰(𝜌̂)]

 = 𝔼𝒰∈𝒢 [∑  

𝑧 

 𝒰†(|𝑧 ⟩⟨𝑧 |)⟨𝑧 |𝒰(𝜌̂)|𝑧 ⟩]
 

𝒰(𝜌) = 𝑈̂𝜌̂𝑈̂† 

Tr(𝐻̂𝜌̂)= Tr[𝐻̂ ⋅ ℳ𝒢
−1 ∘ℳ𝒢(𝜌̂)]  

= 𝔼𝒰∈𝒢 [∑  

𝑧 

 Tr(𝐻̂ ⋅ ℳ𝒢
−1 ∘ 𝒰†(|𝑧 ⟩⟨𝑧 |)) 

 × ⟨𝑧 |𝒰(𝜌̂)|𝑧 ⟩]

 

Tr(𝐻̂ ⋅ℳ𝒢
−1 ∘ 𝒰†(|𝑧 ⟩⟨𝑧 |))⟨𝑧 |𝒰(𝜌̂)|𝑧 ⟩ 
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𝐻‾  =
1

𝑀
∑ 

𝑀

𝑖=1

 𝐻‾ (𝑖)

𝐻‾ (𝑖)  = ∑  

𝑃

 𝛼𝑃𝑓(𝐵̂
(𝑖), 𝑃̂)𝜇(𝐵̂(𝑖), supp(𝑃̂))

 

𝑃̂ =⊗𝑖=1
𝑁 𝜎̂𝑖, 𝑓(𝐵̂

(𝑖), 𝑃̂) 

 

 

𝑓(𝐵̂, 𝑃̂)  =∏  

𝐾

𝑗=1

 𝑓𝑗(𝐵̂𝑗, 𝜎̂𝑗)

𝑓𝑗(𝐵̂𝑗, 𝜎̂𝑗)  = {

1  if 𝜎̂𝑗 = 1̂

3  if 𝐵̂𝑗 = 𝜎̂𝑗 ≠ 1̂
0  otherwise. 
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𝐻‾ =∑  

𝑃

 ∑  

𝑀

𝑖=1

 𝛼𝑃
𝑓(𝐵̂(𝑖), 𝑃̂)

𝑀
𝜇(𝐵̂(𝑖), supp(𝑃̂)).  

𝜇(𝐵̂(𝑖), supp(𝑃̂)) 

𝑀/𝑓(𝐵̂(𝑖), 𝑃̂) 

 

𝑂̂ =∑  

𝑗

 𝛼𝑗𝑈̂𝑗 , 𝑈̂𝑗𝑈̂𝑗
† = 1̂  

⟨𝜓|𝑂̂|𝜓⟩ =∑  

𝑗

 𝛼𝑗⟨𝜓|𝑈̂𝑗|𝜓⟩,  

𝑟̂𝑝 = 1 − 2𝑛̂𝑝  

𝐻̂2𝑒 = ∑  

𝑀

𝜇𝜈=1

  𝜉𝜇𝜈𝑈̂𝜇
†(𝑛̂1↓ + 𝑛̂1↑)𝑈̂𝜇𝑈̂𝜈

†(𝑛̂1↓ + 𝑛̂1↑)𝑈̂𝜈,  

𝐻̂ =∑  

𝑘

𝑐𝑘𝑃̂𝑘 

{𝑃̂𝑘}𝑘=1
4𝑁

{𝑃̂𝑘⊗ 𝑃̂𝑘}𝑘=1
4𝑁

⟨Ψ|𝑃̂𝑘⊗ 𝑃̂𝑘|Ψ⟩ 

|Ψ⟩ = |𝜓⟩ ⊗ |𝜓⟩ 

⟨Ψ|𝑃̂𝑘⊗ 𝑃̂𝑘|Ψ⟩ =⟩|⟨𝜓|𝑃̂𝑘|𝜓|
2

 

∑ 

𝑘

𝑐𝑘|⟨𝑃̂𝑘⟩| 

∑ 

𝑚

𝑀̂𝑚
† 𝑀̂𝑚 = 1̂ 

Pr(𝑚) = ⟨𝜓|𝑀̂𝑚
† 𝑀̂𝑚|𝜓⟩ 

Π̂𝑚 = 𝑀̂𝑚
† 𝑀̂𝑚 

{Π̂𝑚}⟨𝜓|Π̂𝑚|𝜓⟩ ≥ |𝜓⟩ 

∑ 

𝑚

Π̂𝑚 = 1̂ 
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𝐻̂ =∑  

𝛼

𝐻̂𝛼 

𝐻̂𝛼 = ∑  

𝑧 ∈𝔽2
𝑁

  𝑒𝑧 ,𝛼𝑈̂𝛼|𝑧 ⟩⟨𝑧 |𝑈̂𝛼
†

 

𝒫𝛼 = {𝑈̂𝛼|𝑧 ⟩⟨𝑧 |𝑈̂𝛼
†} 

𝐻̂ =∑  

𝛼

  ∑  

𝑧 ∈𝔽2
𝑁

  (
𝑒𝑧 ,𝛼
𝑤𝛼
)𝑤𝛼𝑈̂𝛼|𝑧 ⟩⟨𝑧 |𝑈̂𝛼

†

 

⋃ 

𝑈̂∈𝒢

{1/|𝒢|𝑈̂|𝑧 ⟩⟨𝑧 |𝑈̂†}{Π̂𝑚} 

𝐻̂ =∑  

𝑚

 𝜔𝑚Π̂𝑚  

Pr(𝑚) = ⟨Π̂𝑚⟩ 

⟨𝐻̂⟩ =∑  

𝑚

𝜔𝑚⟨Π̂𝑚⟩ 

𝐻‾ =
1

𝑆
∑  

𝑆

𝑠=1

 𝜔𝑚𝑠  

{Π̂𝑚}𝑚=1
4𝑁

{𝑈̂|𝑚⟩⟨𝑚|𝑈̂†} 

⟨𝜓|Π̂𝑚|𝜓⟩ = ⟨𝜓|⟨𝜙0|𝑈̂|𝑚⟩⟨𝑚|𝑈̂
†|𝜓⟩|𝜙0⟩,  

{Π̂𝑖𝛼 , 𝑖, 𝛼 ∈ {0,1}} 

PVM {𝑈̂|𝑖𝛼⟩⟨𝑖𝛼|𝑈̂†} 

𝑈̂ = ∑  

𝑖𝑗𝛼𝛽

 𝑢𝑗𝛽
𝑖𝛼|𝑖𝛼⟩⟨𝑗𝛽|.  

Π̂𝑖𝛼 = |𝜋𝑖𝛼⟩⟨𝜋𝑖𝛼| 

|𝜋𝑖𝛼⟩ =∑  

𝑗

 (𝑢𝑗0
𝑖𝛼)

∗
|𝑗⟩.  

⋃ 

𝜇

{𝑃̂0
(𝜇)
, 𝑃̂1
(𝜇)
} {𝑃̂0

(𝜇)
, 𝑃̂1
(𝜇)
} 

ℳ𝑘 = {Π̂𝑚𝑘
(𝑘)
: 1 ≤ 𝑚𝑘 ≤ 4} 

Π̂𝐦 = Π̂𝑚1
(1)
⊗⋯⊗ Π̂𝑚𝑁

(𝑁)
.  

𝑃̂𝑘 =⊗𝑖 𝜎̂𝑖
(𝑘)
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𝜔𝐦 =∑ 

𝑘

𝑐𝑘𝑑𝑘,𝐦 

𝐻 =∑ 

𝛼

𝐻̂𝛼 

⟨𝐻̂𝛼⟩ = ⟨𝜓|𝐻̂𝛼|𝜓⟩ 

Var(𝐻̂𝛼) = ⟨𝜓|𝐻̂𝛼
2|𝜓⟩ − ⟨𝜓|𝐻̂𝛼|𝜓⟩

2 

Var(𝐻̂𝛼)/𝑀𝛼 

⟨𝜓|𝐻̂|𝜓⟩ =∑  

𝛼

𝜇𝛼 

Var[𝐻‾ ] =∑  

𝛼

 Var[𝐻‾𝛼] =∑  

𝛼

 
Var(𝐻̂𝛼)

𝑀𝛼
.  

Pr(|𝐻‾𝛼 − ⟨𝐻̂𝛼⟩| ≥ 𝑘Var
1/2[𝐻‾𝛼]) ≤

1

𝑘2
 

Pr(|𝐻‾𝛼 − ⟨𝐻̂𝛼⟩| ≥ 𝑡) ≤ 2𝑒
−2𝑀𝛼𝑡

2/(Δ𝐸𝛼)
2

 

Δ𝐸𝛼 = 𝐸max 
(𝛼)

− 𝐸min 
(𝛼)

, and 𝐸min / max 
(𝛼)

 

Pr(|𝐻‾𝛼 − ⟨𝐻̂𝛼⟩| ≥ 𝑘Var
1/2[𝐻‾𝛼])

≤2exp [−
𝑘2Var(𝐻̂𝛼)

2Var(𝐻̂𝛼)max
] ,

 

Var(𝐻̂𝛼)max 
= (Δ𝐸𝛼)

2/4 

Pr(|𝐻‾𝛼 − 𝜇𝛼| ≥ 𝑘Var
1/2[𝐻‾𝛼]) ≤

√2

𝑘𝜋
𝑒−𝑘

2/2 

𝑂(𝑒−𝑘
2/2/𝑘) 

𝐻̂ =∑  

𝛼

𝐻̂𝛼Var(𝐻̂𝛼) 

𝑀 =∑ 

𝛼

𝑀𝛼 

Var(𝐻̂𝛼) (∑  

𝛼

 √Var(𝐻̂𝛼))

2

 

Var(𝐻̂𝛼)
1/2
≤
(𝐸max
(𝛼)
− 𝐸min

(𝛼)
)

2
≤∑  

𝑛

  |𝑐𝑛
(𝛼)
|  
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𝐻̂ = 𝐻̂1 + 𝐻̂2
𝐻̂1 = 𝑃̂1 + 𝑎𝑃̂2, 𝐻̂2 = (1 − 𝑎)𝑃̂2 + 𝑃̂3

 

𝑎 ∈ ℝ, [𝑃̂1, 𝑃̂2] = [𝑃̂2, 𝑃̂3] = 0, but [𝑃̂1, 𝑃̂3] ≠ 0 

Var[𝐻‾ ]=
Var(𝐻̂1)

𝑀1
+
Var(𝐻2)

𝑀2
 

= [Var(𝑃̂1) + 𝑎
2Var(𝑃̂2) + 2𝑎Cov1,2]/𝑀1 

+[Var(𝑃̂3) + (1 − 𝑎)
2Var(𝑃̂2)  

+2(1 − 𝑎)Cov2,3]/𝑀2

 

Var(𝑃̂𝑖) = 1 − ⟨𝜓|𝑃̂𝑖|𝜓⟩
2 

Cov𝑖,𝑗 = ⟨𝜓|𝑃̂𝑖𝑃̂𝑗|𝜓⟩ − ⟨𝜓|𝑃̂𝑖|𝜓⟩⟨𝜓|𝑃̂𝑗|𝜓⟩ 

𝐻̂ =∑  

𝑖

𝑤𝑖𝑃̂𝑖 

𝐻̂  =∑  

𝛼

  𝐻̂𝛼

𝐻̂𝛼  = ∑  

𝑖

 𝑤𝑖,𝛼𝑃̂𝑖

 

∑  𝛼 𝑤𝑖,𝛼 = 𝑤𝑖∀𝑖 and 𝑤𝑖,𝛼 = 0 for all 𝑃̂𝑖 

Var[𝐻‾ ]=∑  

𝛼

 
1

𝑀𝛼
(∑  

𝑖

 𝑤𝑖,𝛼
2 Var(𝑃̂𝑖) 

+∑  

𝑖𝑗

 2𝑤𝑖,𝛼𝑤𝑗,𝛼Cov𝑖,𝑗)

 

𝑀 = ∑  𝛼 𝑀𝛼 and 𝑤𝑖 = ∑  𝛼 𝑤𝑖,𝛼∀𝑖 

𝑤𝑖,1 = 𝑀1𝑤/(𝑀1 +𝑀2) and 𝑤𝑖,2 = 𝑀2𝑤/(𝑀1 +𝑀2) 

𝑈̂𝛼
†𝑛̂𝑝𝑈̂𝛼 = 𝐶̂𝑝

(𝛼)
= [𝐶̂𝑝

(𝛼)
]
2
.  

[𝐻̂2𝑒
(𝛼)
]
′
 = 𝐻̂2𝑒

(𝛼)
−∑ 

𝑝

  𝜖𝑝
(𝛼)
𝐶̂𝑝
(𝛼)

 = ∑  

𝛼,𝛽

  (𝜆𝑝𝑞
(𝛼)
− 𝜖𝑝

(𝛼)
𝛿𝑝𝑞) 𝐶̂𝑝

(𝛼)
𝐶̂𝑞
(𝛼)

 

𝜖𝑝
(𝛼)
∈ ℝ [𝐻̂2𝑒

(𝛼)
]
′
 

𝐻̂1𝑒 =∑ 

𝑝

𝜆𝑝𝑈̂0
†𝑛̂𝑝𝑈̂0 
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𝐻̂1𝑒 +∑ 

𝛼

 ∑  

𝑝

  𝜖𝑝
(𝛼)
𝐶̂𝑝
(𝛼)
= 𝑈̂0

′ [∑  

𝑝

 𝜆𝑝
′ 𝑛̂𝑝] 𝑈̂0

′†.  

𝑂̂ =∑  

𝑃

𝛼𝑃𝑃̂ 

‖𝑂̂‖𝑠ℎ
2 = max

𝜇
 𝔼𝐵̂𝔼𝜇(𝐵̂) [∑  

𝑃,𝑄

 𝛼𝑃𝛼𝑄𝑓(𝐵̂, 𝑃̂)𝑓(𝐵̂, 𝑄̂)

⋅ 𝜇(𝐵̂, supp(𝑃̂))𝜇(𝐵̂, supp(𝑄̂))]

 

‖𝑃̂‖𝑠ℎ = 3
𝑙, 𝑙 = |supp(𝑃̂)| 

 

‖𝑂̂‖𝑠ℎ = 4
𝑙‖𝑂̂‖∞ 

𝐻‾ =∑ 

𝑃

 𝛼𝑃∑ 

𝑀

𝑖=1

 
𝑓(𝐵̂(𝑖), 𝑃̂, 𝛽)

𝑀
𝜇(𝐵̂(𝑖), supp(𝑃̂))  

𝑓(𝐵̂, 𝑃̂, 𝛽)  =∏  

𝐾

𝑗=1

 𝑓𝑗(𝐵̂𝑗, 𝜎̂𝑗, 𝛽𝑗)

𝑓𝑗(𝐵̂𝑗, 𝜎̂𝑗)  = {

1  if 𝜎̂𝑗 = 1̂

𝛽𝑗(𝐵̂𝑗)
−1

 if 𝐵̂𝑗 = 𝜎̂𝑗 ≠ 1̂
0  otherwise 

 

𝑃̂ =⊗𝑗=1
𝑁 𝜎̂𝑗 

𝐻̂ =∑  

𝑗

 𝛼𝑗𝑈̂𝑗  

𝜆 =∑ 

𝑗

  |𝛼𝑗|  

Δ𝐸 = 𝐸max − 𝐸min {𝑆̂𝑘 = 𝑠𝑘}𝑘=1
𝐾

 

𝑁̂𝑒 =∑  

𝑝

𝑛̂𝑝 

𝐾̂(𝜉 ) = (𝜉0 +∑ 

𝑝𝑞

  𝜉𝑝𝑞𝐸̂𝑝𝑞)(𝑁̂𝑒 −𝑁𝑒)  

𝑀𝜌(𝜖) =
1

𝜖2
∑ 

𝛼

 
Tr(𝐻̂𝛼

2𝜌̂) − Tr(𝐻̂𝛼𝜌̂)
2

𝑚𝛼
 

𝜌̂ =
1

𝑁𝑠
∑  

𝑁𝑠

𝑘=1

  |𝐶𝑘⟩⟨𝐶𝑘|  
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𝐷𝑞1⋯𝑞𝑘
𝑝1…𝑝𝑘 = Tr(𝑎̂𝑝1

† ⋯𝑎̂𝑝𝑘
† 𝑎̂𝑞𝑘⋯𝑎̂𝑞1𝜌̂)  

𝑂 [(
𝑁

𝑘
)𝑘3/2log 𝑁/𝜖2] 

𝑂[𝑁𝑘log 𝑁/𝜖2] 

𝑆𝑝𝑞= Tr(𝑎̂𝑝
†𝑎̂𝑞
†𝑎̂𝑞𝑎̂𝑝𝑈̂𝜌̂𝑈̂

†)  

 =∑  

𝑖𝑗𝑘𝑙

 𝑢𝑝𝑖𝑢𝑞𝑗𝑢𝑞𝑙𝑢𝑝𝑘𝐷𝑖𝑗
𝑘𝑙  

|𝜓(𝜃 )⟩ =∏ 

𝑗

  𝑒
i𝜃𝑗𝐺̂𝑘𝑗|𝜓0⟩ = 𝑈̂(𝜃 )|𝜓0⟩.  

𝐸(𝜃 ) = ⟨𝜓|𝑈̂†(𝜃 )𝐻̂𝑈̂(𝜃 )|𝜓⟩.  

𝜕𝐸

𝜕𝜃
=∑  

𝑁𝑡

𝑙=1

  𝑐𝑙⟨𝜓|𝑈2
†𝑒i(𝜃+𝑠𝑙)𝐺̂𝑈̂1

†𝐻̂𝑈̂1𝑒
−i(𝜃+𝑠𝑙)𝐺̂𝑈̂2|𝜓⟩  

𝜕

𝜕𝜃
⟨𝜓|𝑒−i𝜃𝐺̂𝑘𝐻̂𝑒i𝜃𝐺̂𝑘|𝜓⟩|

𝜃=0
= i⟨𝜓|[𝐺̂𝑘 , 𝐻̂]|𝜓⟩.  

𝑯𝑐 = 𝑺𝐸𝑐  

𝑯𝜇𝜈= ⟨𝜙𝜇|𝐻̂|𝜙𝜈⟩, 

𝑺𝜇𝜈  = ⟨𝜙𝜇 ∣ 𝜙𝜈⟩
 

∑ 

𝜇

𝑐𝜇|𝜙𝜇⟩ 

|𝜙𝜇⟩ = 𝑂̂𝜇|𝜓0⟩ 

𝑂̂𝜇 ∈ {𝐸̂𝑝𝑞} 

𝑯𝜇𝜈= ⟨𝜓0|𝑂̂𝜇
†𝐻̂𝑂̂𝜈|𝜓0⟩ 

𝑺𝜇𝜈 = ⟨𝜓0|𝑂̂𝜇
†𝑂̂𝜈|𝜓0⟩

 

𝐴̂𝑛 ∈ {𝑂̂𝜇
†𝐻̂𝑂̂𝜈} ∪ {𝑂̂𝜇

†𝑂̂𝜈} 

𝐴̂𝑛 =∑ 

𝛼

  𝑈̂𝛼
†𝑝𝑛
(𝛼)(𝑧̂1, … , 𝑧̂𝑁)𝑈̂𝛼.  

|𝜙𝜇⟩ = 𝑈̂𝜇|𝜓0⟩ 
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Re⟨𝜓|𝐻̂𝑘|𝜓⟩(𝜙 = 0) 

Im⟨𝜓|𝐻̂𝑘|𝜓⟩(𝜙 = 𝜋/2) 

𝑅𝑧(𝜙) = 𝑒
−i𝜙𝑧̂/2 

𝐻̂ =∑  

𝑘

  𝑐𝑘𝑉̂𝑘.  

𝑯𝜇𝜈  = ∑  

𝑘

  𝑐𝑘⟨𝜓0|𝑈̂𝜇
†𝑉̂𝑘𝑈̂𝜈|𝜓0⟩

𝑺𝜇𝜈  = ⟨𝜓0|𝑈̂𝜇
†𝑈̂𝜈|𝜓0⟩

 

𝑁̂𝑒 =∑  

𝑝

𝑛̂𝑝 

𝐻̃ = (𝑥̂ + i𝑦̂)⊗ 𝐻̂  

𝐻̂ =∑  

𝑘

  𝐻̂𝑘 =∑ 

𝑘

  𝑊̂𝑘
†𝐷̂𝑘𝑊̂𝑘,  

|𝜑𝜇𝜈⟩ =
1

√2
(|0⟩𝑈̂𝜇|𝜓0⟩ + |1⟩𝑈̂𝜈|𝜓0⟩)  

𝑯𝜇𝜈  = ∑  

𝑘

  ⟨𝜑𝜇𝜈|(𝑥̂ + i𝑦̂) ⊗ 𝐻̂𝑘|𝜑𝜇𝜈⟩

𝑺𝜇𝜈  = ⟨𝜑𝜇𝜈|(𝑥̂ + i𝑦̂) ⊗ 1̂|𝜑𝜇𝜈⟩

 

{𝑥̂ ⊗ 𝐻̂𝑘}{i𝑦̂ ⊗ 𝐻̂𝑘}𝐻̃ 

𝐺̂𝑝𝑞(𝜙𝑝𝑞)( 𝑞 = 𝑝 ± 1 )𝑖(𝑥̂𝑝𝑦̂𝑞 − 𝑦̂𝑝𝑥̂𝑞)/2 

𝑈(1) = {exp (𝑖𝜃𝑁̂𝑒) ∣ 𝜃 ∈ [0,2𝜋)} 

𝑝̂ = (−1)𝑁̂𝑒 

𝑝̂2 = 1̂ 

𝒫̂𝜌̂′𝒫̂/Tr(𝜌̂′𝒫̂) 

⟨𝐻̂⟩SV =
Tr(𝜌̂′𝒫̂𝐻̂)

Tr(𝜌̂′𝒫̂)
.  

𝐻̂ =∑  

𝛼

𝐻̂𝛼 
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𝐻‾𝛼,𝒫 =
∑  
𝑀𝛼
𝑘=1  𝐻𝛼

(𝑘)
𝒫(𝑘)

∑  
𝑀𝛼
𝑘=1  𝒫

(𝑘)
 

 

𝐻‾𝛼,𝒫 =
1

𝑁1
∑  

𝑘:𝒫(𝑘)=1

 𝐻𝛼
(𝑘)
,  

∏ 

𝑁

𝑖=1

𝑧̂𝑖{𝑈̂𝛼}𝑁̂𝑒 →∑ 

𝑁

𝑖=1

(1 − 𝑧̂𝑖)/2 
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⟨𝜓|𝐻̂𝛼|𝜓⟩𝐻̂𝛼 = 𝑈̂𝛼
†𝑝(𝑧̂1, … , 𝑧̂𝑁)𝑈̂𝛼 

{|𝜙𝑖⟩}|𝑈̂𝛼𝜓⟩{⟨𝜙𝑖|𝑝(𝑧̂1, … , 𝑧̂𝑁)|𝜙𝑖⟩} 

ℎ̂ =∑  

𝑖𝑗

ℎ𝑖𝑗𝑎̂𝑖
†𝑎̂𝑗 + 𝜇𝑖𝑗𝑎̂𝑖

†𝑎̂𝑗
† − 𝜇𝑖𝑗

∗ 𝑎̂𝑖𝑎̂𝑗{ℎ𝑖𝑗, 𝜇𝑖𝑗} 

𝒱′ = Λ ∘ 𝒱 

𝒱′(𝜌̂) → 𝔼𝒰∈𝒢[𝒰
† ∘ Λ ∘ 𝒰 ∘ 𝒱(𝜌̂)] = Λ𝒢 ∘ 𝒱(𝜌̂)  

Λ𝒢(𝜌̂) =∑  

𝜆

  𝑐𝜆𝒫𝒢
𝜆(𝜌̂).  

𝒱′ = Λ(1) ∘ 𝒱(1) ∘ Λ(2) ∘ 𝒱(2) ∘ ⋯ 

𝒱′ ≡ Λeff ∘ 𝒱
(1) ∘ 𝒱(2) ∘ ⋯  

ℳ′ =ℳ ∘ Λeff  

𝐻̂ as Tr (𝐻̂ ⋅ [ℳ𝒢
′]
−1
∘ 𝒰†(|𝑧 ⟩⟨𝑧 |)) 

|𝑞0⟩|Φ⟩ = |𝑞0⟩∑  

𝑛

  𝑐𝑛|Ψ𝑛⟩,  

𝐻̂|Ψ𝑛⟩ = 𝐸𝑛|Ψ𝑛⟩ 

𝑈̂ = exp [𝑖𝑡𝑝̂ ⊗ 𝐻̂] 
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exp [𝑖Δ𝑝̂]|𝑞0⟩ = |𝑞0 + Δ⟩ 

𝑈̂|𝑞0⟩|Φ⟩ =∑  

𝑛

  𝑐𝑛|𝑞0 + 𝑡𝐸𝑛⟩|Ψ𝑛⟩,  

⟨𝑞0 + 𝑡𝐸𝑚 ∣ 𝑞0 + 𝑡𝐸𝑛⟩ = 𝛿𝑛𝑚|𝑞0 + 𝑡𝐸𝑛⟩|Ψ𝑛⟩ |𝑐𝑛|
2 

𝑒𝑖Δ𝑝̂𝑓(𝑥)  = 𝑈̂𝐹𝑇
† [𝑈̂𝐹𝑇𝑒

𝑖Δ𝑝̂𝑈̂𝐹𝑇
† ]𝑈̂𝐹𝑇𝑓(𝑥)

𝑈̂𝐹𝑇𝑒
𝑖Δ𝑝̂𝑈̂𝐹𝑇

†  = 𝑒2𝜋𝑖𝑦Δ

𝑈̂𝐹𝑇𝑓(𝑥)  = ∫  𝑑𝑥𝑒
2𝜋𝑖𝑦𝑥𝑓(𝑥) = 𝐹(𝑦)

 

|Ψ⟩ = 𝑎|𝜙⟩ + √1 − 𝑎2|𝜙⊥⟩,  

𝑊̂ = −𝑅̂Ψ𝑅̂𝜙, 𝑅̂Ψ = 1 − 2|Ψ⟩⟨Ψ| 

𝑅̂𝜙 = 1 − 2|𝜙⟩⟨𝜙|{|𝜙⟩, |𝜙
⊥⟩} 

𝐖 = (
⟨𝜙|𝑊|𝜙⟩ ⟨𝜙|𝑊|𝜙⊥⟩

⟨𝜙⊥|𝑊|𝜙⟩ ⟨𝜙⊥|𝑊|𝜙⊥⟩
)

 = (
cos (𝜃) −sin (𝜃)
sin (𝜃) cos (𝜃)

)

 

|Ψ⟩ = sin (𝜃/2)|𝜙⟩ + cos (𝜃/2)|𝜙⊥⟩  

𝑎 = sin (𝜃/2) 

𝑊̂𝑘|Ψ⟩ = sin [𝜃(2𝑘 + 1)/2]|𝜙⟩ + cos [𝜃(2𝑘 + 1)/2]|𝜙⊥⟩ 

𝑃̂  = 𝒫̂+ − 𝒫̂−

𝒫̂±  = ∑  

𝑖

  |𝑖±⟩⟨𝑖±|
 

|Ψ⟩ = sin (𝜃/2)|Ψ−⟩ + cos (𝜃/2)|Ψ+⟩,  

|Ψ±⟩ = 𝒫̂|Ψ⟩/‖𝒫̂|Ψ⟩‖ 

𝜃, ⟨Ψ|𝑃̂|Ψ⟩ = cos2 (𝜃/2) − sin2 (𝜃/2) = cos (𝜃) 

{|Ψ±⟩}or {|Ψ⟩, 𝑃̂|Ψ⟩}{|Ψ±⟩}𝑊̂  

|Ψ⊥⟩ =
1

√1 − |⟨𝑈̂⟩|2
[𝑈̂|Ψ⟩ − ⟨𝑈̂⟩|Ψ⟩]

 

𝐖 =

(

 
2|𝑈‾|2 − 1 2𝑈‾√1 − |𝑈‾|2

−2𝑈‾ ∗√1− |𝑈‾|2 2|𝑈‾|2 − 1
)

  

𝑈‾ = ⟨Ψ|𝑈̂|Ψ⟩ 

𝑒±𝑖𝜃cos (𝜃) = 2|𝑈‾|2 − 1 
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𝑈̂1 = 𝑐 − 𝑈̂ 

𝑈̂2 = 𝑒
𝑖𝑧̂𝑎𝜋/4𝑈̂1 

|⟨Ψ,+ 𝑎|𝑈̂1|Ψ,+ 𝑎⟩ ∣ = |1 + 𝑈‾|/2

|⟨Ψ,+ 𝑎|𝑈̂2|Ψ,+ 𝑎⟩ ∣ = |1 − 𝑖𝑈‾|/2
 

𝑈̂𝐿 = (
𝑂̂/𝑐 𝑈̂01
𝑈̂10 𝑈̂11,

)  

𝑅Ψ = 1 − 2|Ψ, 0⟩⟨Ψ, 0| 

𝑅𝑈Ψ = 1 − 2𝑈̂𝐿|Ψ, 0⟩⟨Ψ, 0|𝑈̂𝐿
† 

Pr(𝑑 ∣ 𝑘, 𝜙) =
1

2
[1 + 𝑑cos (𝑘𝜃 + 𝜙)]  

𝑃‾ = ⟨Ψ|𝑃̂|Ψ⟩ 

𝑊̂ = 𝑅̂Ψ𝑃̂ 

𝑅̂Ψ = 1 − 2|Ψ⟩⟨Ψ| 

|𝑘⟩ = 𝑊̂𝑘|Ψ⟩ 

⟨𝑘|𝑃̂|𝑘⟩ = 𝑇2𝑘+1(𝑃‾)  

|𝑘 = 1⟩  = (𝑃̂ − 2𝑃‾)|Ψ⟩

⟨𝑘 = 1|𝑃̂|𝑘 = 1⟩  = 4𝑃‾3 − 3𝑃‾

 = 𝑇3(𝑃‾)
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𝑇2𝑘+1(𝑃‾) = ⟨Ψ|(𝑊̂
𝑘)
†
𝑃̂𝑊̂𝑘|Ψ⟩ 

𝑊̂ = 𝑅̂Ψ𝑃̂ 

𝑑𝑖
(𝑘)
∈ {−1,1} 

Pr (𝑑𝑖
(𝑘)
∣ 𝜃, 𝑘) 

Var(𝑥) = Var(𝑦)[𝑑𝑓−1(𝑦)/𝑑𝑦]2 

Var𝑘(𝑃‾) =
Var0(𝑃‾)

(2𝑘 + 1)2
 

Var0(𝑃‾) = 1 − 𝑃‾
2 

𝐼𝐹 =∑ 

𝑑

 
1

Pr(𝑑 ∣ 𝑃‾)
(
𝜕

𝜕𝑃‾
Pr(𝑑 ∣ 𝑃‾))

2

,  

Pr(𝑑 ∣ 𝜃, 𝑘) =
1

2
(1 + 𝑑cos [(2𝑘 + 1)𝜃]).  

|𝜎 ⟩⟩ = |𝜎̂1⊗⋯⊗ 𝜎̂𝑁⟩⟩, 𝜎̂𝑖 ∈ {𝜎̂0, 𝜎̂𝑥, 𝜎̂𝑦, 𝜎̂𝑧} 

𝜎̂0 = 1̂/√2, 𝜎̂𝑥 = 𝑥̂/√2, 𝜎̂𝑦 = 𝑦̂/√2, 𝜎̂𝑧 = 𝑧̂/√2 

⟨⟨𝜎 𝑎 ∣ 𝜎 𝑏⟩⟩ = Tr(𝜎 𝑎
†𝜎 𝑏) 

[|𝜌̂⟩⟩]𝑎 = ⟨⟨𝜎 𝑎 ∣ 𝜌̂⟩⟩ = Tr(𝜎 𝑎
†𝜌̂)  

[M]𝑎𝑏 = ⟨⟨𝜎 𝑎 ∣ ℳ(𝜎 𝑏)⟩⟩ = Tr (𝜎 𝑎
†ℳ(𝜎 𝑏)) .  

Γ𝜇⃗⃗ =∏ 

𝑘

𝑖=1

𝛾̂𝜇𝑖  

M = diag[1,0,0,1]⊗𝑁 

𝒟(𝜌̂) = (1 − 𝑝)𝜌̂ + 𝑝𝜎̂0
⊗𝑁 

𝒟−1(𝜌̂) = (1 − 2𝑝)−1[(1 − 𝑝)𝜌̂ − 𝑝𝜎̂0
⊗𝑁] 
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|0⟩⟨0| = (1̂ + 𝑧̂)/√2 and |1⟩⟨1| = (1̂ − 𝑧̂)/√2 

M = (|𝜎̂0⟩⟩⟨⟨𝜎̂0|+∣ 𝜎̂𝑧⟩⟩ ⟨⟨𝜎̂𝑧|)
⊗𝑁

 

𝔼𝑈∈𝒢[U
†MU]|𝜌̂⟩⟩ = M𝒢|𝜌̂⟩⟩  

M𝒢 =∑ 

𝜆

 
Tr(M𝒢Π𝒢

𝜆)

𝑑𝜆
Π𝒢
𝜆  

ℋ𝜆, Π𝒢
𝜆Π𝒢
𝜆′ = 𝛿𝜆𝜆′Π𝒢

𝜆 

𝑑𝜆 = Tr(Π𝒢
𝜆) 

 
ℋ𝜆. M𝒢 

Tr(M𝒢Π𝒢
𝜆) ≠ 0, ∀𝜆  

M𝒢
−1 =∑ 

𝜆

 
𝑑𝜆

Tr(M𝒢Π𝒢
𝜆)
Π𝒢
𝜆

 

Tr(𝑂̂𝜌̂)  ≡ ⟨⟨𝑂̂† ∣ 𝜌̂⟩⟩

= 𝔼𝒰∈𝒢 [⟨⟨𝑂̂
†|M𝒢

−1U†MU ∣ 𝜌̂⟩⟩]

 ≡ 𝔼𝒰∈𝒢 [ ∑  

𝑧 ∈{1,−1}𝑁

 Tr(𝑂̂ ⋅ ℳ𝒢
−1 ∘ 𝒰†(|𝑧 ⟩⟨𝑧 |))

 × ⟨𝑧 |𝒰(𝜌̂)|𝑧 ⟩]

 

Tr(𝑂̂ ⋅ ℳ𝒢
−1 ∘ 𝒰†(|𝑧 ⟩⟨𝑧 |))⟨𝑧 |𝑈̂𝜌̂𝑈̂†|𝑧 ⟩ 

Tr(𝑂̂ ⋅ ℳ𝒢
−1 ∘ 𝒰†(|𝑧 ⟩⟨𝑧 |)) 

M𝐶𝑙(𝑁) =
1

|Cl(𝑁)|
∑  

𝑈∈𝐶𝑙(𝑁)

 U†MU  

ℋ:= span{|𝜎 0⟩⟩} 

ℋ(1) = ℋ𝑑2 ∖ ℋ
(0) 

Π0 = |𝜎 0⟩⟩⟨⟨𝜎 0|, Π1 = I − Π0  

𝑐0 =
Tr(MΠ0)

𝑑0
= 1

𝑐1 =
Tr(MΠ1)

𝑑1
=
𝑑 − 1

𝑑2 − 1
=

1

𝑑 + 1

 

MCl(𝑁)
−1 = Π0 + (𝑑 + 1)Π1 = (𝑑 + 1)I − 𝑑Π0  
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MCl(𝑁)
−1 𝔼𝒰[U

†MU]|𝜌̂⟩⟩ =(𝑑 + 1)𝔼𝒰[U
†MU]|𝜌̂⟩⟩

−𝑑𝔼𝒰[Π0U
†MU]|𝜌̂⟩⟩

 

Π0U
†MU|𝜌̂⟩⟩= |𝜎 0⟩⟩ ⟨⟨𝜎 0|U

†MU ∣ 𝜌̂⟩⟩

 ≡
1

𝑑
1̂⊗𝑁Tr(1̂⊗𝑁 ⋅ 𝒰† ∘ 𝑀 ∘ 𝒰(𝜌̂))

 =
1

𝑑
1̂⊗𝑁

 

𝜌̂ = (𝑑 + 1)𝔼𝒰 [ ∑  

𝑧 ∈{1,−1}𝑁

 𝒰†(|𝑧 ⟩⟨𝑧 |)⟨𝑧 |𝒰(𝜌̂)|𝑧 ⟩] − 1̂⊗𝑁.  

𝑝 = 𝑑/(𝑑 + 1) 

|Cl(𝑁)| = 2𝑁
2+2𝑁∏ 

𝑁

𝑗=1

 (4𝑗 − 1)  

Cl(1)⊗ Cl(1) 

ℋ(0)⊗ℋ(0),ℋ(0)⊗ℋ(1),ℋ(1)⊗ℋ(0) 

ℋ(1)⊗ℋ(1) 

ℋ(1)⊗ℋ(1) 

ℎ⃗ = (ℎ1, … , ℎ𝑁) ∈ {0,1}
𝑁 

ℋ(ℎ⃗⃗ ) =⊗𝑖=1
𝑁 ℋ(ℎ𝑖) 

ℋ(0) = span{|𝜎̂0⟩⟩} 

ℋ(1) = ℋ22 ∖ℋ
(0) 

Π(ℎ⃗⃗
 ) =⊗𝑖=1

𝑁 Π(ℎ𝑖)Cl(1)⊗𝑁 

MCl(1)⊗𝑁
−1 =⨂ 

𝑁

𝑗=1

 (Π(0) + 3Π(1)) = ∑  

ℎ⃗⃗ ∈{0,1}𝑁

 3|ℎ⃗⃗
 |Π(ℎ⃗⃗

 )  

𝜌̂ = 𝔼𝒰 [ ∑  

𝑧 ∈{1,−1}𝑁

 ⨂ 

𝑁

𝑗=1

  (3𝒰𝑗
†(|𝑧𝑗⟩⟨𝑧𝑗|) − 1̂)⟨𝑧 |𝒰(𝜌̂)|𝑧 ⟩]  

𝒰 =⨂ 

𝑁

𝑗=1

𝒰𝑗 

𝒰𝑖 ∈ Cl(1) and |𝑧 ⟩ = |𝑧1𝑧2…𝑧𝑁⟩ 

𝑃̂ =⊗𝑗=1
𝑁 𝜎̂𝑗 
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Tr(𝜌̂𝑃̂) = 𝔼𝒰[∑  

𝑧

 ∏  

𝑁

𝑖=1

  (3⟨𝑧𝑗|𝒰𝑗(𝜎̂𝑗)|𝑧𝑗⟩ 

−Tr(𝜎̂𝑗)) ⟨𝑧|𝒰(𝜌̂)|𝑧⟩]

 

(3⟨𝑧𝑗|𝒰𝑗(𝜎̂𝑗)|𝑧𝑗⟩ − Tr(𝜎̂𝑗)) 𝑓𝑗(𝐵̂𝑗, 𝜎̂𝑗) 

𝑈̂(𝑒𝐴) = exp (−
1

4
∑  

2𝑁−1

𝜇,𝜈=0

 𝐴𝜇𝜈𝛾̂𝜇𝛾̂𝜈) ,  

𝑈̂(𝑒𝐴)†(𝛾̂𝜇) = ∑  

2𝑁−1

𝜈=0

  (𝑒𝐴)𝜇𝜈𝛾̂𝜈  

ℋ(𝑘) = span({Γ𝜇⃗⃗ : |𝜇 | = 𝑘}), 𝑘 = 1,… ,2𝑁.  

𝑈(𝑒𝐴) ∈ FGU(𝑁) ∩ Cl(𝑁):= cFGU(𝑁), 𝑒𝐴 

ℋ(even ) =⨁ 

𝑁

𝑘=0

ℋ(2𝑘) 

McFGU =∑  

𝑁

𝑘=0

 𝜆2𝑘Π2𝑘 , 𝜆2𝑘 = (
𝑁

𝑘
) / (

2𝑁

2𝑘
)  

|𝜓(𝜃 )⟩⟨𝜓(𝜃 )|𝐻|𝜓(𝜃 )⟩ 

𝐻(𝑠) = (1 − 𝑠)𝐻0 + 𝑠𝐻1, 𝑠 ∈ [0,1] 

𝐻̂𝑚𝑜𝑙(𝑟 )𝜓(𝑟 , 𝑡) = 𝐸𝜓(𝑟 , 𝑡)  

𝐻̂𝑚𝑜𝑙 = −∑  

𝑖

 
∇
𝑅⃗ 𝑖

2

2𝑀𝑖
−∑ 

𝑖

 
∇𝑟 𝑖
2

2
−∑ 

𝑖,𝑗

 
𝑍𝑖

|𝑅⃗ 𝑖 − 𝑟 𝑗|
+ ∑  

𝑖,𝑗>𝑖

 
𝑍𝑖𝑍𝑗

|𝑅⃗ 𝑖 − 𝑅⃗ 𝑗|
+ ∑  

𝑖,𝑗>𝑖

 
1

|𝑟 𝑖 − 𝑟 𝑗|
,  

𝐻̂mol = 𝐻̂nucl (𝑅⃗ ) + 𝐻̂elec (𝑅⃗ , 𝑟 ).  

𝜓(𝑅⃗ , 𝑟 ) = 𝜙nucl (𝑅⃗ )𝜒elec (𝑅⃗ , 𝑟 ),  

𝐻̂elec 𝜒elec (𝑅⃗ , 𝑟 ) = 𝐸elec (𝑅⃗ )𝜒elec (𝑅⃗ , 𝑟 )  

𝐻̂elec = −∑ 

𝑖

 
∇𝑟 𝑖
2

2
−∑ 

𝑖,𝑗

 
𝑍𝑖

|𝑅⃗ 𝑖 − 𝑟 𝑗|
+ ∑  

𝑖,𝑗>𝑖

 
1

|𝑟 𝑖 − 𝑟 𝑗|
.  

(𝐻̂𝑛𝑢𝑐𝑙 + 𝐸elec (𝑅⃗ ))𝜙nucl (𝑅⃗ ) = 𝐸𝜙nucl (𝑅⃗ ),  

𝐸𝑇 =
∫  d𝑟 3𝑁Ψ𝑇(𝑟 )𝐻(𝑟 )Ψ𝑇

∗(𝑟 )

∫  d𝑟 3𝑁Ψ𝑇(𝑟 )Ψ𝑇
∗(𝑟 )

 

|ΨMPS⟩ =∑  

{𝛼}

 𝐀𝛼1𝐀𝛼2⋯⋯𝐀𝛼𝑛|𝛼1𝛼2⋯𝛼𝑛⟩  
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𝑖
𝜕

𝜕𝑡
Ψ(𝑟 , 𝑡) = 𝐻Ψ(𝑟 , 𝑡)  

Ψ(𝑟 , 𝑡) = exp (−𝑖𝐻𝑡)Ψ(𝑟 , 0)  

Ψ(𝑟 , 𝑡) =∑  

𝑗

 𝑐𝑗exp (−𝑖𝐸𝑗𝑡)𝜓𝑗(𝑟 )  

|𝜓⟩ = ∑  

𝑖1,𝑖2,⋯,𝑖𝑛∈{0,1}

 𝑎𝑖1𝑖2⋯𝑖𝑛|𝑖1⟩ ⊗ |𝑖2⟩ ⊗⋯⊗ |𝑖𝑛⟩.  

∑ 

𝑖

𝜓𝑖|𝑖⟩ 

𝐻2𝑞 =∑ 

𝑝,𝑞

 ℎ𝑝𝑞𝑎𝑝
†𝑎𝑞 + ∑  

𝑝,𝑞,𝑟,𝑠

 ℎ𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠  

{𝑎𝑖, 𝑎𝑗
†} = 𝑎𝑖𝑎𝑗

† + 𝑎𝑗
†𝑎𝑖 = 𝛿𝑖𝑗  and {𝑎𝑖, 𝑎𝑗} = {𝑎𝑖

†, 𝑎𝑗
†} = 0 

𝑋 = (
0 1
1 0

) , 𝑌 = (
0 −𝑖
𝑖 0

) , 𝑍 = (
1 0
0 −1

) 

𝐻𝑘−𝑙𝑜𝑐𝑎𝑙 =∑ 

𝑖

  𝑐𝑖𝜎𝑖,1𝜎𝑖,2⋯𝜎𝑖,𝑘  

|𝜓𝑗⟩|0⟩ ↦ |𝜓𝑗⟩|𝜑̃𝑗⟩,  

|𝜙⟩ =∑  

𝑗

𝛽𝑗|𝜓𝑗⟩ 

∑ 

𝑗

𝛽𝑗|𝜓𝑗⟩|𝜑̃𝑗⟩ 

|𝜓(𝑡)⟩ = 𝑒−𝑖𝐻𝑡|𝜓0⟩ 

𝑞 ′ = 𝑈𝐷𝑢𝑠𝑞 + 𝑑  

𝑎′† = 𝑈̂𝐷𝑜𝑘
† 𝑎†𝑈̂𝐷𝑜𝑘 ,

𝑈̂𝐷𝑜𝑘 = 𝑆̂Ω′
† 𝑅̂𝑈𝑆̂Ω𝐷̂𝛿

 

𝐹𝐶𝑃(𝜔) =∑  

𝐦

  |⟨𝐦|𝑈𝐷𝑜𝑘|0⟩ |2𝛿 (𝜔vib −∑ 

𝑁

𝑘

 𝜔𝑘
′𝑚𝑘)  

perm(𝑀) = ∑  

𝜎∈𝑆𝑛

 ∏  

𝑛

𝑖=1

 𝑚𝑖,𝜎(𝑖)  

𝑈(𝑡) = 𝑒−𝑖𝐻𝑡 

𝐻 =∑ 

ℓ

𝑗=1

 𝐻𝑗𝑒
−𝑖𝐻𝑗Δ𝑡  
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𝑈(𝑡) ≈ (𝑒−𝑖𝐻1𝑡/𝑛…𝑒−𝑖𝐻ℓ𝑡/𝑛)
𝑛
𝑂(ℓ𝜏2/𝜖)𝜏 = ‖𝐻‖𝑡 

𝑂𝑙𝑜𝑐|𝑘, 𝑟, 𝑧⟩  = |𝑘, 𝑟, 𝑧 ⊕ 𝑙⟩

𝑂𝑣𝑎𝑙|𝑙, 𝑟, 𝑧⟩  = |𝑙, 𝑟, 𝑧 ⊕𝐻𝑙,𝑟⟩
 

𝐻 =∑  

𝐿−1

𝑗=0

𝛼𝑗𝑉𝑗 

select(𝑉)|𝑗⟩|𝜓⟩ = |𝑗⟩𝑉𝑗|𝜓⟩  

|𝐺⟩, 𝐻 = ⟨𝐺|𝑈signal |𝐺⟩ 

𝑂(poly(𝑁, 𝑑)(𝜏2/𝜖))𝑒(𝐴+𝐵)Δ𝑡 ≈ 𝑒𝐴Δ𝑡/2𝑒𝐵Δ𝑡𝑒𝐴Δ𝑡/2 

𝜏max = 𝑡‖𝐻‖max  

𝐻 =∑  

𝑗

𝛼𝑗𝑈𝑗 

𝑒−𝑖𝐻Δ𝑡 ≈∑  

𝐾

𝑘=0

 
(−𝑖Δ𝑡)

𝑘!
(∑  

𝑗

 𝛼𝑗𝑈𝑗)

𝑘

 

𝑂(𝑑2𝜏
log (𝑑2𝜏max/𝜖)

log log (𝑑2𝜏max/𝜖)
) 

𝑂 (𝑇
𝐿(𝑛 + log 𝐿)log (𝑇/𝜖)

log log (𝑇/𝜖)
) 

𝑇 =∑  

𝐿−1

𝑗=0

𝛼𝑗 

𝑂 (𝑑𝜏max +
log (1/𝜖)

log log (1/𝜖)
) 

𝑊 =∑ 

𝜆

𝑒𝑖𝜃𝜆|𝑢𝜆⟩⟨𝑢𝜆| 

𝑊 → 𝑉ideal =∑  

𝜆

  𝑒𝑖ℎ(𝜃𝜆)|𝑢𝜆⟩⟨𝑢𝜆|  

ℎ(𝜃) = −𝜏sin (𝜃) 
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1

√2𝑇
∑ 

𝑥

|𝑥⟩(𝑒−𝑖𝜆𝑚𝑡)
2𝑘

 

(|0⟩ + |1⟩)|𝜓𝑚⟩ → (|0⟩ + 𝑒
−2𝑘𝑖𝜆𝑚𝑡|1⟩) |𝜓𝑚⟩.  

|𝑥1𝑥2…𝑥𝑇⟩𝜆𝑚𝑡/2𝜋 ≈ 0. 𝑥1𝑥2…𝑥𝑇 

(𝑇 − ⌈log (2 +
1

2𝜖
)⌉) 

∑ 

𝑚

𝑎𝑚|𝜓⟩ 

∑ 

𝑚

𝑎𝑚|𝜆̃𝑚𝑡/2𝜋⟩|𝜓𝑚⟩|𝑎𝑚|
2 

 

QFT|𝑗⟩ =
1

√𝑁
∑  

𝑁−1

𝑘=0

 𝑒2𝜋𝑖𝑗𝑘/𝑁|𝑘⟩.  

𝑗 = 𝑗12
𝑛−1 + 𝑗22

𝑛−2 +⋯+ 𝑗𝑛2
0 =: 𝑗1𝑗2…𝑗𝑛 

QFT|𝑗1, 𝑗2, … , 𝑗𝑛⟩ =
(|0⟩ + 𝑒2𝜋𝑖0.𝑗𝑛|1⟩)(|0⟩ + 𝑒2𝜋𝑖0.𝑗𝑛−1𝑗𝑛|1⟩)… (|0⟩ + 𝑒2𝜋𝑖0.𝑗1𝑗2…𝑗𝑛|1⟩)

2𝑛/2
 

𝑂(𝑁3/𝜖 + 𝑁2log 1/𝜖) 
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𝑅𝑖 ∈ {𝐼, 𝑅𝑋(−𝜋/2), 𝑅𝑌(𝜋/2)} 

𝑈(𝜃 )|Ψ0⟩ = |Ψ(𝜃 )⟩ 

|Ψ𝐶𝐶⟩ = 𝑒
𝑇|Φ0⟩  

𝑇 =∑  

𝜂

𝑖=1

 𝑇𝑖

𝑇1  = ∑  
𝑖∈ occ 
𝑎∈ virt 

  𝑡𝑎
𝑖 𝑎𝑎
†𝑎𝑖

𝑇2  = ∑  
𝑖>𝑗∈ occ 
𝑎>𝑏∈ virt 

  𝑡𝑎𝑏
𝑖𝑗
𝑎𝑎
†𝑎𝑏
†𝑎𝑖𝑎𝑗

 …

 

𝑒−𝑇𝐻𝑒𝑇|Φ0⟩ = 𝐸CC|Φ0⟩  

|Ψ𝑈𝐶𝐶⟩ = 𝑒
𝑇−𝑇†|Φ0⟩𝑒

−(𝑇−𝑇†)𝐻𝑒𝑇−𝑇
†

 

𝑂(𝑁2𝜂2) < 𝑂(𝑁4) 

𝑓 ∈ 𝑂(log (𝑁)) 

𝐻 =∑ 

𝑖

ℎ𝑖𝑂𝑖 
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𝐻 =∑  

𝑗

𝐻𝑗 

|Ψ(𝜃)⟩ = (∏ 

𝑆

𝑏=1

  [𝑈𝐻𝑗(𝜃𝑗
𝑏)…𝑈𝐻1(𝜃1

𝑏)]) |Ψ0⟩,  

𝑈𝐻𝑘(𝜃𝑘
𝑏) = exp (𝜃𝑘

𝑏𝐻𝑗), 𝜃[𝜃1
1,⋯ , 𝜃𝑘

𝑏 ,⋯ , 𝜃𝑗
𝑆]𝑈𝐻𝑘(𝜃𝑘

𝑏) 

𝐻(𝑡) = 𝐴(𝑡)𝐻0 + 𝐵(𝑡)𝐻1 

Δ𝑡 =
𝑡

𝑆
 

𝐻𝑖 =∑ 

𝑗

ℎ𝑗
𝑖𝑂𝑗 

𝐻 = −𝑡 ∑  

⟨𝑖,𝑗⟩,𝜎

 𝑎𝑖,𝜎
† 𝑎𝑗,𝜎 + 𝑈∑  

𝑖

 𝑎𝑖,↑
† 𝑎𝑖,↑𝑎𝑖,↓

† 𝑎𝑖,↓  

𝐻 = ℎℎ + ℎ𝑣 + ℎ𝑈 

|Ψ(𝜃)⟩ =∏ 

𝑆

𝑏=1

  [𝑈𝑈
† (−

𝜎𝑈
𝑏

2
)𝑈ℎ(𝜃ℎ

𝑏)𝑈𝑣(𝜃𝑣
𝑏)𝑈𝑈 (

𝜃𝑈
𝑏

2
)] |Ψ0⟩,  

𝐻diag  = ∑  

𝑝

 ∑  

𝑝

 𝜖𝑝𝑎𝑝
†𝑎𝑝 +∑ 

𝑝,𝑞

 ℎ𝑝𝑞𝑞𝑝𝑎𝑝
†𝑎𝑝𝑎𝑞

†𝑎𝑞

𝐻hop  = ∑  

𝑝,𝑞

 ℎ𝑝𝑞𝑎𝑝
†𝑎𝑞 + ∑  

𝑝,𝑞,𝑟

 ℎ𝑝𝑟𝑟𝑞𝑎𝑝
†𝑎𝑞𝑎𝑟

†𝑎𝑟

𝐻𝑒𝑥  = ∑  

𝑝,𝑞,𝑟,𝑠

 ℎ𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑠𝑎𝑟

 

|Ψ(𝜃)⟩ =∏ 

𝑆

𝑏=1

  [𝑈𝑒𝑥
† (−

𝜎𝑒𝑥
𝑏

2
)𝑈ℎ𝑜𝑝

† (−
𝜃ℎ𝑜𝑝
𝑏

2
)𝑈𝑑𝑖𝑎𝑔(𝜃𝑑𝑖𝑎𝑔

𝑏 )𝑈ℎ𝑜𝑝 (
𝜃ℎ𝑜𝑝
𝑏

2
)𝑈𝑒𝑥 (

𝜃𝑒𝑥
𝑏

2
)] |Ψ0⟩,  

𝐻=
1

2𝑁
∑  

𝜈,𝑝′,𝑞′,𝜎

 𝑘𝜈
2cos [𝑘𝜈 ⋅ 𝑟𝑞′−𝑝′]𝑎𝑝′,𝜎

† 𝑎𝑞′,𝜎 −
4𝜋

Ω
∑  

𝑝′,𝜎
𝑗,𝑣≠0

 
𝜁𝑗cos [𝑘𝜈 ⋅ (𝑅𝑗 − 𝑟𝑝′]

𝑘𝜈
2 𝑛𝑝′,𝜎 

+
2𝜋

Ω
∑  

(𝑝′,𝑞′)≠(𝑞′,𝜎′)
𝜈≠0

 
cos [𝑘𝜈 ⋅ 𝑟𝑝′−𝑞′]

𝑘𝜈
2 𝑛𝑝′,𝜎𝑛𝑞′,𝜎′  

 = ∑  

𝑝𝑞

 𝑇𝑝𝑞𝑎𝑝
†𝑎𝑞 +∑ 

𝑝

 𝑈𝑝𝑛𝑝 +∑  

𝑝≠𝑞

 𝑉𝑝𝑞𝑛𝑝𝑛𝑞
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𝐻 =∑ 

𝑝

 (
𝑇𝑝𝑞 + 𝑈𝑝
2

+∑  

𝑞

 
𝑉𝑝𝑞
2
)𝑍𝑝 +∑  

𝑝≠𝑞

 𝑉𝑝𝑞𝑍𝑝𝑍𝑞 +

 ∑  

𝑝≠𝑞

 
𝑇𝑝𝑞
2
(𝑋𝑝𝑍𝑝+1…𝑍𝑞−1𝑋𝑞 + 𝑌𝑝𝑍𝑝+1…𝑍𝑞−1𝑌𝑞)

 

𝑓𝑆𝑊𝐴𝑃
𝑝,𝑞

= 1 + 𝑎𝑝
†𝑎𝑞 + 𝑎𝑞

†𝑎𝑝 − 𝑎𝑝
†𝑎𝑞 − 𝑎𝑞

†𝑎𝑝.  

𝐹(𝑝, 𝑞) =exp (−𝑖𝑉𝑝𝑞𝑛𝑝𝑛𝑞𝑡)exp (−𝑖𝑇𝑝𝑞(𝑎𝑝
†𝑎𝑞 + 𝑎𝑞

†𝑎𝑝)𝑡)𝑓swap 
𝑝,𝑞

≡ exp (−
𝑖

4
𝑉𝑝𝑞(1 − 𝑍𝑝 − 𝑍𝑞 − 𝑍𝑝𝑍𝑞)𝑡) exp (−

𝑖

2
𝑇𝑝𝑞(𝑋𝑝𝑋𝑞 + 𝑌𝑝𝑌𝑞)𝑡) 

 ×
1

2
(𝑋𝑝𝑋𝑞 + 𝑌𝑝𝑌𝑞 + 𝑍𝑝 + 𝑍𝑞)

 ≡

[
 
 
 
 
1 0 0 0
0 −𝑖sin (𝑇𝑝𝑞𝑡) cos (𝑇𝑝𝑞𝑡) 0

0 cos (𝑇𝑝𝑞𝑡) −𝑖sin (𝑇𝑝𝑞𝑡) 0

0 0 0 −𝑒−𝑖𝑉𝑝𝑞𝑡]
 
 
 
 

 

Γ𝑘𝑙 =
𝑖

2
tr(𝜌[𝛾𝑘 , 𝛾𝑙])  

𝛾𝑗 = 𝑎𝑗
† + 𝑎𝑗 

𝛾𝑗
† = −𝑖(𝑎𝑗

† − 𝑎𝑗) 

𝑖𝑝tr (𝜌𝛾𝑗1 …𝛾𝑗2𝑝) = Pf (Γ|𝑗1…,𝑗2𝑝)  

1 ≤ 𝑗1 < ⋯ < 𝑗2𝑝 ≤ 2𝑁, Γ|𝑗1…𝑗2𝑝  

Pf(Γ)  =
1

2𝑁𝑁!
∑  

𝑠∈𝑆2𝑁

 sgn(𝑠)∏  

𝑁

𝑗=1

 Γ𝑠(2𝑗−1),𝑠(2𝑗)

 = √det(Γ)

 

𝐻 =∑ 

𝑝𝑞

ℎ𝑝𝑞𝛾𝑝𝛾𝑞 

|𝜓⟩ =∏ 

2𝑁

𝑘=1

(𝑢𝑘 + 𝑣𝑘𝑎𝑘
†𝑎𝑘
†)|0⟩ 

|𝑣𝑘|
2 + |𝑢𝑘|

2 = 1 

|𝜓𝑠⟩ = 𝒰𝑐1
†⋯𝑐𝑁

† |𝑣𝑎𝑐⟩  

𝜙𝑝 =∑ 

𝑞

 𝜓𝑞𝑢𝑝𝑞; 𝑎𝑝
† =∑  

𝑞

  𝑐𝑞𝑢𝑝𝑞
∗ ;  𝑎𝑝

† =∑ 

𝑞

 𝑐𝑞
†𝑢𝑝𝑞 ,  
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𝒰 = exp (∑  

𝑝𝑞

 𝑢𝑝𝑞(𝑎𝑝
†𝑎𝑞 − 𝑎𝑝𝑎𝑞

†)) .  

𝐻 = ∑  

𝑁

𝑗,𝑘=1

 Σ𝑗𝑘𝑐𝑗
†𝑐𝑘 +

1

2
∑  

𝑁

𝑗,𝑘=1

  (Δ𝑗𝑘𝑐𝑗
†𝑐𝑘
† +  h.c. ),  

Σ = Σ† 

Δ = −Δ† 

𝐻 =∑ 

𝑗

  𝜖𝑗𝑏𝑗
†𝑏𝑗 + 𝐶  

[𝐛
†

𝐛
] = 𝑊 [𝐜

†

𝐜
] .  

|Φ0⟩ = 𝐶∏  

𝑀

𝑘=1

 𝑏𝑘|vac⟩  

𝑈MG
(𝑘)
= ∏  

𝑖∈odd

 𝐺𝑖,𝑖+1
(𝑘)

∏  

𝑖∈even

 𝐺𝑖,𝑖+1
(𝑘)

 

𝑈MG
NN =∏ 

⌈
𝑀
2
⌉

𝑘=1

 𝑈MG
(𝑘)  

𝑊 = 𝑈MG
NN∏ 

𝑀

𝑖=1

 𝑅𝑖
𝑍  

𝑈VarMG
(𝑘,𝑙)

(Θ(𝑘,𝑙)) = ∏  

𝑖∈odd

 𝐾𝑖,𝑖+1
(𝑘,𝑙)

(Θ𝑖,𝑖+1
(𝑘,𝑙)

) × ∏  

𝑖∈even

 𝐾𝑖,𝑖+1
(𝑘,𝑙)

(Θ𝑖,𝑖+1
(𝑘,𝑙)

) .  

𝑈VarMG
NN(𝑙)

(Θ(𝑙)) =∏ 

⌈
𝑁
2
⌉

𝑘=1

 𝑈VarMG
(𝑘,𝑙)

(Θ(𝑘,𝑙))  

𝑈VarMG(Θ) =∏ 

𝐿

𝑙=1

 𝑈VarMG
NN(𝑙)

(Θ(𝑙))∏  

𝑀

𝑖=1

 𝑅𝑖
𝑍(𝜃𝑖

𝑍),  

𝑅𝑖
𝑍(𝜃𝑖

𝑍) = 𝑒𝑖𝜃𝑖
𝑍𝜎𝑧
𝑖

 

|Ψ(Θ)⟩ = 𝑈Bog
† 𝑈VarMG(Θ)∏  

𝑁

𝑖=1

 𝑋𝑖|0⟩
⊗𝑀,  

|Ψ(𝜃)⟩ = 𝑈(𝐿)(𝜃𝐿)…𝑈(1)(𝜃1)𝑈(0)(𝜃0)|Ψ0⟩  

𝜃 = [𝜃0, … , 𝜃𝐿−1, 𝜃𝐿], 𝑈(𝑘) 
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𝑈(𝑘)(𝜃𝑘) = (∏ 

𝑁

𝑖

 𝑅𝑖
𝑍(𝜃𝑖,1

𝑘 )𝑅𝑖
𝑍(𝜃𝑖,2

𝑘 )𝑅𝑖
𝑍(𝜃𝑖,3

𝑘 ))𝐸𝑒𝑛𝑡,  

 

𝐸(𝜃 ) = ⟨Ψ(𝜃 )|𝐻|Ψ(𝜃 )⟩ 

𝐻 = ∑  

𝑖1𝛼1

 ℎ𝛼1
𝑖1 𝜎𝛼1

𝑖1 + ∑  

𝑖1𝛼1𝑖2𝛼2

 ℎ𝛼1𝛼2
𝑖1𝑖2 𝜎𝛼1𝛼2

𝑖1𝑖2 +⋯ ,  

⟨𝐻⟩ = ∑  

𝑖1𝛼1

 ℎ𝛼1
𝑖1 ⟨𝜎𝛼1

𝑖1 ⟩ + ∑  

𝑖1𝛼1𝑖2𝛼2

 ℎ𝛼1𝛼2
𝑖1𝑖2 ⟨𝜎𝛼1𝛼2

𝑖1𝑖2 ⟩ + ⋯ ,  

𝐻 =∑ 

𝑀

𝑖

ℎ𝑖𝑂𝑖 

Cov(⟨𝑂𝑖⟩, ⟨𝑂𝑗⟩) = 0∀𝑖 ≠ 𝑗 
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𝜖2 =∑ 

𝑀

𝑖

  |ℎ𝑖|
2
Var(⟨𝑂𝑖⟩)

𝜖𝑖
2

 

𝜖𝑖
2 =

𝜖2

𝑀
 

Var(𝑂𝑖) = 1 − ⟨𝑂𝑖⟩
2 = 𝜎𝑖 

𝑚 =
1

𝜖2
∑ 

𝑀

𝑖

  |ℎ𝑖|
2𝜎𝑖 ≤

1

𝜖2
∑ 

𝑀

𝑖

  |ℎ𝑖|
2,  

𝑚 = (
1

𝜖
∑  

𝑀

𝑖

  |ℎ𝑖|𝜎𝑖)

2

≤ (
1

𝜖
∑  

𝑀

𝑖

  |ℎ𝑖|)

2

 

𝑂(
𝑁14/3

𝜖2Ω2/3
(1 +

1

𝑁4/3Ω2/3
))  

𝑚 ∈ 𝑂(
⟨𝑉2⟩ + ⟨𝑇2⟩

𝜖2
) ⊆ 𝑂 (

𝜂10/3𝑁2/3

𝜖2
+
𝜂2/3𝑁4/3

𝜖2
)  

𝛿𝑘 =∑  

𝑘

𝑖=1

|ℎ𝑖| 

(1 − 𝐶)2𝜖2 
1

(1−𝐶2)𝜖2
(∑  𝑀
𝑖=𝑘∗+1   |ℎ𝑖|𝜎𝑖)

2
⟨𝑎𝑖1
† 𝑎𝑗1 …𝑎𝑖𝑝

† 𝑎𝑗𝑝⟩,  

𝐻̂ = 𝐻 +∑  

𝐾

𝑘=1

 𝛽𝑘𝐶𝑘 =∑  

𝑀

𝑖=1

 (ℎ𝑖 +∑ 

𝐾

𝑘

 𝛽𝑘𝑐𝑘,𝑖)𝑂𝑖,  

min
𝛽
 (∑  

𝑀

𝑖=1

  |ℎ𝑖 +∑ 

𝐾

𝑘

 𝛽𝑘𝑐𝑘,𝑖|)   or  min
𝛽
 (∑  

𝑀

𝑖=1

  |ℎ𝑖 +∑ 

𝐾

𝑘

 𝛽𝑘𝑐𝑘,𝑖| Var(𝑂𝑖)) ,  

𝐻(𝑠) = (1 − 𝑠)𝐻0 + 𝑠𝐻𝑃  

𝐻𝜆 = (𝐻 − 𝜆𝐼)
2 

𝐿 = 𝐻 +∑  

𝑖

 𝜆𝑖(𝑆𝑖 − 𝑠𝑖𝐼)
2

 

ℱ𝑜𝑏𝑗(𝒫, 𝐸) = 𝐸 − 𝑇 ⋅ Tr[𝜌𝐶
2]  

⟨𝐸1⟩ =∑  

𝑝𝑞

 𝑜𝑝𝑞⟨𝑎𝑝
†𝑎𝑞⟩

⟨𝐸2⟩ = ∑  

𝑝𝑞𝑟𝑠

 𝑜𝑝𝑞𝑟𝑠⟨𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠⟩

 

(𝑈(𝜃1⃗⃗⃗⃗ )|𝜓0⟩, 𝑈(𝜃2⃗⃗⃗⃗ )|𝜓0⟩, … )(|𝜓(𝑡1)⟩, |𝜓(𝑡2)⟩, … ) 
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∫  
𝑡𝑓

𝑡𝑖

𝑑𝑡⟨𝜓(𝜃 (𝑡))| (𝑖
𝑑

𝑑𝑡
− 𝐻) |𝜓(𝜃 (𝑡))⟩ 

𝜃 𝑖+1 = 𝑀
−1𝑉⃗ (𝑡𝑖+1 − 𝑡𝑖) + 𝜃 𝑖  

𝑒−𝑖(−𝑖𝜏)𝐻 = 𝑒−𝜏𝐻 

𝜌(𝑇) = 𝑒−𝐻/𝑇/tr(𝑒−𝐻/𝑇) 

𝜏 = 1/(2𝑇)𝑒−𝜏𝐻 ⋅
𝕀

𝑑
⋅ 𝑒−𝜏𝐻 ∝ 𝑒−𝐻/𝑇 

|𝜓gs⟩⟨𝜓gs| = lim
𝑇→0
 𝑒−𝐻/𝑇/tr(𝑒−𝐻/𝑇) 

𝐻elec  = 𝜇1𝕀 + 𝜇2𝑍1 + 𝜇3𝑍2 + 𝜇4𝑍3 + 𝜇5𝑍1𝑍2
 +𝜇6𝑍1𝑍3 + 𝜇7𝑍2𝑍4 + 𝜇8𝑋1𝑍2𝑋3 + 𝜇9𝑌1𝑍2𝑌3
 +𝜇10𝑍1𝑍2𝑍3 + 𝜇11𝑍1𝑍3𝑍4 + 𝜇12𝑍2𝑍3𝑍4

 +𝜇13𝑋1𝑍2𝑋3𝑍4 + 𝜇14𝑌1𝑍2𝑌3𝑍4 + 𝜇15𝑍1𝑍2𝑍3𝑍4

 

 

Φ(𝑟 ) = 𝑅𝑛𝑙(𝑟)𝑌𝑙,𝑚(𝜃, 𝜙)  

𝑅𝑛
𝑆𝑇𝑂(𝑟) = 𝑁𝑟𝑛−1𝑒−𝜁𝑟  

𝑅𝑛
𝐺𝑇𝑂(𝑟) = 𝑁𝑟𝑛−1𝑒−𝜁𝑟

2
 

𝜙𝜈(𝑟) = √
1

𝑉
exp (

2𝜋𝜈𝑟

𝐿
)  

Sinc(𝑥) =
sin (𝜋𝑥)

𝜋𝑥
 

𝑎𝑗
† ↔ (𝜎𝑧)1⊗…⊗ (𝜎𝑧)𝑗−1⊗ (𝜎

+)𝑗⊗ 𝕀,  

𝜎𝑧 = [
1 0
0 −1

] and 𝜎+ = [
0 1
0 0

] 
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(𝑎𝐾
†)
𝑖𝑁
…(𝑎1

†)
𝑖1
|𝑣𝑎𝑐⟩ 

|𝑖1⟩ ⊗ |𝑖2⟩ ⊗ …⊗ |𝑖𝑁⟩ 

𝑎𝑗
† ↔ 𝕀⊗ (𝜎𝑧)𝑗−1⊗ (𝜎

+)𝑗⊗ (𝜎𝑥)𝑗+1⊗…⊗ (𝜎𝑥)𝑁  

|𝑖1⟩ ⊗ … |𝑖𝑁⟩ → |𝑖1⟩ ⊗ |𝑖1⊕ 𝑖2⟩ ⊗ … |𝑖1⊕…⊕ 𝑖𝑁⟩,  

|𝑖1⟩ ⊗… |𝑖𝑁⟩ → |𝑏1⟩ ⊗…⊗ |𝑏𝑁⟩,  

𝑏𝑘 =∑ 

𝑘

𝑙=1

[𝜷𝑟]𝑘𝑙𝑖𝑙mod2 

𝜷1  = 1,

𝜷𝑟+1  =

[
 
 
 
 

1 … 1
𝜷𝑟 0 … 0

⋮ ⋮
0 … 0

𝟎 𝜷𝑟 ]
 
 
 
 

.
 

𝜷3 =

[
 
 
 
 
 
 
 
1 1 1 1 1 1 1 1
0 1 0 0 0 0 0 0
0 0 1 1 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 1 1 1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1]

 
 
 
 
 
 
 

 

𝐻elec = −∑ 

𝑖

 
∇𝐫𝑖
2

2
−∑  

𝑖,𝑗

 
𝑍𝑖

|𝐑𝑖 − 𝐫𝑗|
+ ∑  

𝑖,𝑗>𝑖

 
𝑍𝑖𝑍𝑗

|𝐑𝑖 − 𝐑𝑗|
+ ∑  

𝑖,𝑗>𝑖

 
1

|𝐫𝑖 − 𝐫𝑗|
,  

𝐻 =∑ 

𝑝𝑞

 ℎ𝑝𝑞𝑎𝑝
†𝑎𝑞 +

1

2
∑  

𝑝𝑞𝑟𝑠

 ℎ𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠,  

ℎ𝑝𝑞 = ∫  𝑑𝑥𝜙𝑝
∗(𝑥) (

∇𝑟
2

2
−∑  

𝑖

 
𝑍𝑖

|𝐑𝑖 − 𝐫|
)𝜙𝑞(𝑥)  

ℎ𝑝𝑞𝑟𝑠 = ∫  𝑑𝑥1𝑑𝑥2
𝜙𝑝
∗(𝑥1)𝜙𝑞

∗(𝑥2)𝜙𝑠(𝑥1)𝜙𝑟(𝑥2)

|𝐫1 − 𝐫2|
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𝐻elec  = 𝜇0𝕀 + 𝜇1𝑍1 + 𝜇2𝑍2 + 𝜇3𝑍3 + 𝜇4𝑍1𝑍2
 +𝜇5𝑍1𝑍3 + 𝜇6𝑍2𝑍4 + 𝜇7𝑋1𝑍2𝑋3 + 𝜇8𝑌1𝑍2𝑌3
 +𝜇9𝑍1𝑍2𝑍3 + 𝜇10𝑍1𝑍3𝑍4 + 𝜇11𝑍2𝑍3𝑍4

 +𝜇12𝑋1𝑍2𝑋3𝑍4 + 𝜇13𝑌1𝑍2𝑌3𝑍4 + 𝜇14𝑍1𝑍2𝑍3𝑍4

 

𝑋1 = 𝜎𝑥⊗ 𝕀⊗ 𝕀⊗ 𝕀 

𝐻̃elec = 𝜈0𝕀 + 𝜈1𝑍1 + 𝜈2𝑍2 + 𝜈3𝑍1𝑍2 + 𝜈4𝑋1𝑋2 + 𝜈5𝑌1𝑌2  

|+⟩ = (|0⟩ + |1⟩)/√2 

𝑍(|0⟩ + |1⟩)/√2 = (|0⟩ − |1⟩)/√2 = |−⟩ 
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|𝜓(𝜃 )⟩ = 𝑈(𝜃 )|𝜙0⟩ 

⟨𝜓(𝜃 )|𝐻|𝜓(𝜃 )⟩ 

⟨𝐻⟩ =∑  

𝑖

 ℎ𝑖⟨𝑂𝑖⟩,  

⟨𝐻⟩ = 𝜈0𝕀 + 𝜈1⟨𝑍1⟩ + 𝜈2⟨𝑍2⟩ + 𝜈3⟨𝑍1𝑍2⟩ + 𝜈4⟨𝑋1𝑋2⟩ + 𝜈5⟨𝑌1𝑌2⟩.  
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𝐱 ∈ ℝ3 × {↑, ↓}𝐫 ∈ ℝ3𝜎 ∈ {↑, ↓} 

Ψ: (ℝ3 × {↑, ↓})𝑁 → ℂ 

𝒙 ≜ 𝐱1, … , 𝐱𝑁 

∫ 𝑑𝒙|Ψ|2(𝒙) = |Ψ|2 

𝐻̂Ψ(𝒙) = 𝐸Ψ(𝒙) 

𝐻̂ =−
1

2
∑  

𝑖

 ∇𝑖
2 +∑ 

𝑖>𝑗

 
1

|𝐫𝑖 − 𝐫𝑗|
−∑  

𝑖𝐼

 
𝑍𝐼

|𝐫𝑖 − 𝐑𝐼|
 

 +∑  

𝐼>𝐽

 
𝑍𝐼𝑍𝐽

|𝐑𝐼 − 𝐑𝐽|

 

∇𝑖
2=∑ 

3

𝑗=1

𝜕2

𝜕𝑟𝑖𝑗
2  

Ψ𝜃: (ℝ
3 × {↑, ↓})𝑁 → ℝ 

ℒ𝜃=
⟨Ψ𝜃𝐻̂Ψ𝜃⟩

⟨Ψ𝜃
2⟩

=
∫  𝑑𝒙Ψ𝜃(𝒙)𝐻̂Ψ𝜃(𝒙)

∫  𝑑𝒙Ψ𝜃
2(𝒙)

 

 = 𝔼𝒙∼Ψ𝜃
2 [Ψ𝜃

−1(𝒙)𝐻̂Ψ𝜃(𝒙)] = 𝔼𝒙∼Ψ𝜃
2 [𝐸𝐿(𝒙)]

 

𝐸𝐿(𝒙) = Ψ
−1(𝒙)𝐻̂Ψ(𝒙) 

Ψ(𝒙) = det[𝚽(𝒙)] 

Ψ𝜃(𝒙) = exp (𝒥𝜃(𝒙)) ∑  

𝑁det

𝑘=1

 det[𝚽𝜃
𝑘(𝒙)]  

𝒥𝜃: (ℝ
3 × {↑, ↓})𝑁 → ℝ 

𝚽𝜃
𝑘: (ℝ3 × {↑, ↓})𝒩 → ℝ𝑁×𝑁  

|𝐫𝑖 − 𝐑𝐼|, 𝐼 = 1,… ,𝑁nuc log (1 + |𝐫𝐢 − 𝐑𝐈|)/|𝐫𝐢 − 𝐑𝐈| 
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𝐟𝑖
ℓ+1 =𝐡𝑖

ℓ +𝐖𝑜
ℓconcatℎ[

SELFATTN𝑖(𝐡1
ℓ , … , 𝐡𝑁

ℓ ;𝐖𝑞
ℓℎ,𝐖𝑘

ℓℎ,𝐖𝑣
ℓℎ)]

𝐡𝑖
ℓ+1 =𝐟𝑖

ℓ+1 + tanh (𝐖ℓ+1𝐟𝑖
ℓ+1 + 𝐛ℓ+1)

 

SelfAttn𝑖(𝐡1, … , 𝐡𝑁;𝐖𝑞,𝐖𝑘,𝐖𝑣) =

1

√𝑑
∑  

𝑗

 𝜎𝑗(𝐪1
𝑇𝐤𝑖, … , 𝐪𝑁

𝑇𝐤𝑖)𝐯𝑗

𝐤𝑖 = 𝐖𝑘𝐡𝑖, 𝐪𝑖 = 𝐖𝑞𝐡𝑖, 𝐯𝑖 = 𝐖𝑣𝐡𝑖

𝜎𝑖(𝑥1, … , 𝑥𝑁) =
exp (𝑥𝑖)

∑  𝑗  exp (𝑥𝑗)

 

Φ𝑖𝑗
𝑘 = Ω𝑖𝑗

𝑘𝐰𝑖
𝑘𝑇𝐡𝑗

𝐿 

Ω𝑖𝑗
𝑘 =∑ 

𝐼

𝜋𝑖𝐼
𝑘exp (−𝜎𝑖𝐼

𝑘|𝐫𝑗 −𝐑𝐼|) 

lim
|𝐫|→∞

 Ψ𝜃(𝐫) = 0 

𝒥𝜃(𝒙) =  ∑  

𝑖<𝑗;𝜎𝑖=𝜎𝑗

 −
1

4

𝛼par
2

𝛼par + |𝐫𝑖 − 𝐫𝑗|

 + ∑  

𝑖,𝑗;𝜎𝑖≠𝜎𝑗

 −
1

2

𝛼anti
2

𝛼anti + |𝐫𝑖 − 𝐫𝑗|

 

𝐸𝐿(𝒙) =−
1

2
∑  

𝑁

𝑖=1

 ∑  

3

𝑗=1

  [
𝜕2log |Ψ(𝒙)|

𝜕𝑟𝑖𝑗
2 + (

𝜕log |Ψ(𝒙)|

𝜕𝑟𝑖𝑗
)

2

]+𝑉(𝒙) 

 

 

∇𝔼𝒙∼Ψ2[𝐸𝐿(𝒙)] = 2𝔼𝒙∼Ψ2[(𝐸𝐿(𝒙) − 𝔼𝒙′∼Ψ2[𝐸𝐿(𝒙
′)])

∇log |Ψ(𝒙)|]
 

𝐸𝐿(𝒙) = Ψ
−1(𝒙)𝐻̂Ψ(𝒙) 

𝐸𝐿(𝒙) − 𝔼𝒙′∼Ψ2[𝐸𝐿(𝒙
′)] 

MADmean (𝐸𝐿) =
1

𝑁
∑ 

𝑖

|𝐸𝐿(𝒙𝑖) − ⟨𝐸𝐿⟩mean |⟨𝐸𝐿⟩median  

MADmedian (𝐸𝐿) =
1

𝑁
∑  

𝑖

|𝐸𝐿(𝒙𝑖) − ⟨𝐸𝐿⟩median | 

𝔼𝒙′∼Ψ2[𝐸𝐿(𝒙
′)]⟨𝐸𝐿⟩mean [⟨𝑥⟩mean / median − 𝜎, ⟨𝑥⟩mean / median + 𝜎] 

𝐸̂𝐿(𝒙) =clipmean (𝐸𝐿(𝒙); 𝜌MADmean (𝐸𝐿))

⟨(𝐸̂𝐿(𝒙) − ⟨𝐸𝐿⟩mean )∇log|Ψ(𝒙)⟩ mean 
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𝐸̂𝐿(𝒙) =clipmedian (𝐸𝐿(𝒙); 𝜌MADmedian (𝐸𝐿))

⟨(𝐸̂𝐿(𝒙) − ⟨𝐸̂𝐿⟩mean 
)∇log|Ψ(𝒙)⟩ mean 

 

det[𝚽(𝒙)]= |
𝚽↑(𝒙↑) 𝟎

𝟎 𝚽↓(𝒙↓)
|  

 = det[𝚽↑(𝒙↑)]det[𝚽↓(𝒙↓)]
 

𝑁 × 𝑁, 𝑁 = 𝑁↑ +𝑁↓ 

det[𝚽(𝒙)] = |𝚽↑(𝒙↑) 𝚽↓(𝒙↓)|  

lim
𝐿→∞

 𝐸(𝐿) ∝ 𝐿 

𝐸‾ = 𝐸/𝐿 

poly(1/𝑆)[poly(𝐿)poly(1/𝜖) + 𝐶]  

Δmin ≥ 1/poly(𝐿) 

Δmin ∼ |⟨Υ0 ∣ Ψ0⟩| 
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𝑇ASP 
est ∼ max

𝑠
 𝜏(𝑠) 

𝜏(𝑠) = |⟨Υ0(𝑠)|𝑑𝐻(𝑠)/𝑑𝑠|Υ1(𝑠)⟩ ∣/Δ
2(𝑠) 

1/ (min
𝑠
 Δ(𝑠)) ∼ poly(1/|⟨Υ0 ∣ Ψ0⟩|) 

𝑇ASP ∼ poly(1/|⟨Υ0 ∣ Ψ0⟩|) 
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𝐻(𝑠(𝑡)) = (1 − 𝑠(𝑡))𝐻init + 𝑠(𝑡)𝐻final  

|⟨Φ ∣ Ψ0⟩| → 1, where Φ ≡ Υ 
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𝑇ASP ≫ max
𝑠,𝑖
 |⟨Υ𝑖(𝑠)|𝑑𝐻/𝑑𝑠|Υ0(𝑠)⟩ ∣/(𝐸𝑖(𝑠) − 𝐸0(𝑠))

2 

𝑇ASP > 𝐾 (max
𝑠
 ‖𝑑𝐻/𝑑𝑠‖)Δ−2log (Δ−1)12 

𝐼 = 1 − |⟨Ψ0(𝐷) ∣ Ψ0(8000)⟩|
2 and 𝜖 = 𝐸(𝐷) − 𝐸(8000) 

 

 

(1/ (min
𝑠
 Δ(𝑠))) 

Δ𝑡 = 0.01𝐸ℎ
−1 

|Υ(𝑠(𝑡 + Δ𝑡))⟩ = 𝑒−𝑖𝐻(𝑠(𝑡+Δ𝑡/2))Δ𝑡|Υ(𝑠(𝑡))⟩  

𝑇ASP /𝑇ASP 
est ≈ 2 
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|⟨Υ(𝑠) ∣ Ψ0⟩|
2𝑒−𝑖𝐻𝑡 

|⟨Φ ∣ Ψ0⟩|
2 = 𝑝0 > 1/2 

𝑇 =
𝜋

𝜖(1 − 𝑝𝑠/𝑝0)
 

𝑝boosted = ∑  

𝑛trial 

𝑚=(𝑛trial +1)/2

  (
𝑛trial 

𝑚
)𝑝𝑠

𝑚(1 − 𝑝𝑠)
𝑛trial −𝑚  

𝑛trial 𝑇 =
𝜋𝑛trial 

𝜖(1 − 𝑝𝑠/𝑝0)
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𝐷 
Discarded 
weight 

Energy / 𝐸ℎ D 
Discarded 
weight 

Energy / 𝐸ℎ 

2 Fe (II)-2Fe(III) 4Fe(III) 

1000 3.73 × 10−4 -8432.789966 1000 3.03 × 10−4 -8432.606085 

2000 2.01 × 10−4 -8432.798444 2000 1.78 × 10−4 -8432.615484 

3000 1.34 × 10−4 -8432.801780 3000 1.29 × 10−4 -8432.619229 

4000 9.76 × 10−5 -8432.803590 4000 1.01 × 10−4 -8432.621279 

5000 7.43 × 10−5 -8432.804722 5000 8.18 × 10−5 -8432.622578 

6000 5.84 × 10−5 -8432.805500 6000 6.70 × 10−5 -8432.623476 

7000 4.65 × 10−5 -8432.806069 7000 5.44 × 10−5 -8432.624094 

8000 3.50 × 10−5 -8432.806502 ∞  -8432.6287(9) 
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∞  -8432.8084(4)    

 Psyn    PN  

1000 5.08 × 10−4 -17833.977588 1000 4.17 × 10−4 -17492.190311 

1500 4.41 × 10−4 
-
17833.989684 

1500 3.40 × 10−4 -17492.200594 

2000 3.88 × 10−4 -17833.996979 2000 2.89 × 10−4 -17492.206725 

2500 3.50 × 10−4 -17834.001975 2500 2.51 × 10−4 -17492.210894 

3000 3.21 × 10−4 
-
17834.005658 

3000 2.23 × 10−4 -17492.213953 

3500 2.95 × 10−4 
-
17834.008503 

3500 2.00 × 10−4 -17492.216294 

4000 2.74 × 10−4 -17834.010764 4000 1.82 × 10−4 -17492.218146 

4500 2.53 × 10−4 -17834.012610 4500 1.63 × 10−4 -17492.219644 

5000 2.27 × 10−4 -17834.014051 5000 1.36 × 10−4 -17492.220847 

∞  -17834.049(7) ∞  -17492.239(4) 

pox FeMo-co 

500 4.06 × 10−4 
-
17489.880043 

2000 4.53 × 10−4 -22140.21120 

1000 2.60 × 10−4 -17489.895112 3000 3.77 × 10−4 -22140.24039 

1500 1.94 × 10−4 
-
17489.901003 

4000 3.19 × 10−4 -22140.25652 

2000 1.57 × 10−4 
-
17489.904229 

4500 3.02 × 10−4 -22140.26141 

2500 1.34 × 10−4 
-
17489.906285 

5000 2.86 × 10−4 -22140.26562 

3000 1.17 × 10−4 -17489.907715 5500 2.69 × 10−4 -22140.26995 

3500 1.03 × 10−4 -17489.908781 6000 2.60 × 10−4 -22140.27335 

4000 8.70 × 10−5 
-
17489.909590 

6500 2.55 × 10−4 -22140.27633 

∞  -17489.919(2) 7000 2.47 × 10−4 -22140.27881 

  ∞  -22140.36(2) 
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log (1/𝜖‾) ∼ (log 𝑇)2 

𝑂(𝐷3𝐿3) + 𝑂(𝐷2𝐿4) 

(|⟨Φ𝐷 ∣ Ψ0⟩|)(|⟨ΦCSF ∣ Ψ0⟩|) 

𝑆(𝐷) = 𝑐/𝐷 + 𝑆(∞) 

𝐷 Overlap ( 𝑆 ) D Overlap ( 𝑆 ) 

CSF DET CSF DET 

2 Fe (II)-2Fe(III) 4Fe(III) 

2000 1.66 × 10−2 3.54 × 10−3 2000 7.12 × 10−2 2.15 × 10−2 

3000 1.61 × 10−2 3.44 × 10−3 3000 6.89 × 10−2 2.08 × 10−2 

4000 1.58 × 10−2 4.99 × 10−3 4000 6.75 × 10−2 2.03 × 10−2 

5000 1.56 × 10−2 4.93 × 10−3 5000 6.65 × 10−2 2.01 × 10−2 

6000 1.54 × 10−2 4.88 × 10−3 6000 6.59 × 10−2 1.99 × 10−2 

7000 1.53 × 10−2 4.84 × 10−3 7000 6.54 × 10−2 1.97 × 10−2 

∞ 1.47 × 10−2 4.65 × 10−3 ∞ 6.34 × 10−2 1.90 × 10−2 

Psyn  PN 

1000 4.51 × 10−3 1.97 × 10−3 1000 2.44 × 10−2 1.10 × 10−2 

1500 4.32 × 10−3 2.05 × 10−3 1500 2.05 × 10−2 1.03 × 10−2 

2000 4.09 × 10−3 2.04 × 10−3 2000 1.80 × 10−2 9.73 × 10−3 

2500 3.93 × 10−3 2.02 × 10−3 2500 1.62 × 10−2 9.22 × 10−3 

3000 3.80 × 10−3 2.00 × 10−3 3000 1.49 × 10−2 8.81 × 10−3 

3500 3.69 × 10−3 1.99 × 10−3 3500 1.39 × 10−2 8.48 × 10−3 

4000 3.59 × 10−3 1.98 × 10−3 4000 1.32 × 10−2 8.24 × 10−3 

4500 3.51 × 10−3 1.97 × 10−3 4500 1.27 × 10−2 8.07 × 10−3 

5000 3.45 × 10−3 1.96 × 10−3 5000 1.23 × 10−2 7.95 × 10−3 
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∞ 3.15 × 10−3 1.92 × 10−3 ∞ 8.63 × 10−3 6.83 × 10−3 

Pox FeMo-co 

500 5.66 × 10−3 1.94 × 10−3 6000 3.68 × 10−4  

1000 5.33 × 10−3 1.78 × 10−3 7000  9.88 × 10−5 

1500 5.33 × 10−3 1.70 × 10−3    

2000 5.08 × 10−3 1.65 × 10−3    

2500 5.00 × 10−3 1.61 × 10−3    

3000 4.94 × 10−3 1.57 × 10−3    

3500 4.90 × 10−3 1.55 × 10−3    

4000 4.86 × 10−3 1.53 × 10−3    

∞ 4.72 × 10−3 1.44 × 10−3    

 

 

( 𝐸DMRG − 𝐸FCI )( ⟨ΦDMRG |(𝐻 − 𝐸DMRG )
2|ΦDMRG ⟩ )( 1 − |⟨ΦDMRG ∣ ΨFCI ⟩|

2 ) 

𝐻 =∑ 

𝑝𝑞

 ℎ𝑝𝑞
C 𝐸̂𝑝𝑞 +

1

2
∑  

𝑝𝑞𝑟𝑠

  (𝑝𝑞 ∣ 𝑟𝑠)(𝐸̂𝑝𝑞𝐸̂𝑟𝑠 − 𝛿𝑞𝑟𝐸̂𝑝𝑠) + 𝐾C  

𝐸̂𝑝𝑞  = 𝑎̂𝑝𝛼
† 𝑎̂𝑞𝛼 + 𝑎̂𝑝𝛽

† 𝑎̂𝑞𝛽,

ℎ𝑝𝑞
C  = ℎ𝑝𝑞 +∑ 

𝐼

  (2(𝑝𝑞 ∣ 𝐼𝐼) − (𝑝𝐼 ∣ 𝐼𝑞)),

𝐾C  = 2∑  

𝐼

 ℎ𝐼𝐼 +∑ 

𝐼𝐽

  (2(𝐼𝐼 ∣ 𝐽𝐽) − (𝐼𝐽 ∣ 𝐽𝐼)),

 

𝐻Fock =∑ 

𝑝

  (𝜖𝑝 + 𝛿(𝑛𝑝)) 𝐸̂𝑝𝑝 + 𝐾C,Fock  

𝐾C, Fock = 2∑  

𝐼

𝜖𝐼(𝑛𝑝) 

𝛿(𝑛𝑝 = 2) = 0 and 𝛿(𝑛𝑝 = 0) = 0.5 (Hartree) 
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𝐻Dyall =∑  

𝑖𝑗

 𝑓𝑖𝑗𝐸̂𝑖𝑗 +∑ 

𝑎𝑏

 𝑓𝑎𝑏𝐸̂𝑎𝑏  

 +∑  

𝑢𝑣

 ℎ𝑢𝑣
eff 𝐸̂𝑢𝑣 +

1

2
∑  

𝑢𝑣𝑤𝑥

  (𝑢𝑣 ∣ 𝑤𝑥)(𝐸̂𝑢𝑣𝐸̂𝑤𝑥 − 𝛿𝑣𝑤𝐸̂𝑢𝑥) + 𝐾C,Dyall 

 

ℎ𝑝𝑞
eff  = ℎ𝑝𝑞

C +∑ 

𝑖

  (2(𝑝𝑞 ∣ 𝑖𝑖) − (𝑝𝑖 ∣ 𝑖𝑞)),

𝑓𝑝𝑞  = ℎ𝑝𝑞
eff +∑ 

𝑢𝑣

 𝐷𝑢𝑣((𝑝𝑞 ∣ 𝑢𝑣) − 0.5(𝑝𝑢 ∣ 𝑣𝑞)),

𝐾C,Dyall  = 𝐾C + 2∑  

𝑖

 ℎ𝑖𝑖
C +∑ 

𝑖𝑗

  (2(𝑖𝑖 ∣ 𝑗𝑗) − (𝑖𝑗 ∣ 𝑗𝑖)) − 2∑  

𝑖

 𝑓𝑖𝑖.

 

|Ψ0⟩ = exp (𝑇̂)|Φ0⟩  

Δ𝐸CC(C𝑚H2𝑚+2) = 𝑚𝐸CC(C) + (2𝑚 + 2)𝐸HF(H) − 𝐸CC(C𝑚H𝑚+2),  

𝐸CC = 𝐸DLPNO−CCSD( T)−F12(fc)/cc−pVTZ−F12 + (𝐸DLPNO−CCSD( T)(ae)/cc−pCVTZ − 𝐸DLPNO−CCSD( T)(fc)/cc−pCVTZ)  

Δ𝑓𝐻CC
⊖ (C𝑚H2𝑚+2; 298.15 K) =Δ𝐸CC(C𝑚H2𝑚+2) − Δ𝐸ZPE(C𝑚H2𝑚+2)

+𝑚(Δ𝑓𝐻exp
⊖ (C; 0 K) + Δ𝐻exp

⊖ (C(cr); 0 K → 298.15 K))  

+(2𝑚 + 2) (Δ𝑓𝐻exp
⊖ (H; 0 K) + Δ𝐻exp

⊖ (H2; 0 K → 298.15 K)) 

 +Δ𝐻B3LYP/pc−2
⊖ (C𝑚H2𝑚+2; 0 K → 298.15 K),

 

Δ𝐻B3LYP/pc−2
⊖ (C𝑚H2𝑚+2; 0 K → 298.15 K) 
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𝐷 
4 × 4, half-

filling 
4 × 4,1/8 

doped 
4 × 8,1/8 

doped 
4 × 16,1/8 doped 

 SU 
DMR
G 

SU 
DMR
G 

SU 
DMR
G 

SU 
DMR
G 

VMC 

3   
-
0.525
6 

-
0.539
3 

-
0.554
3 

-
0.572
7 

-
0.570
4 

-
0.592
2 

 

4 
-
0.405
4 

-
0.407
3 

-
0.557
6 

-
0.584
7 

-
0.586
5 

-
0.60
95 

-
0.596
2 

-
0.618
2 

-
0.6182(
2) 

5 
-
0.410
5 

-
0.414
6 

-
0.569
4 

-
0.601
3 

-
0.598
6 

-
0.623
3 

-
0.60
91 

-
0.641
4 

 

6 
-
0.415
4 

-
0.418
9 

-
0.583
8 

-
0.608
9 

-
0.617
1 

-
0.637
0 

-
0.631
3 

-
0.652
6 

-
0.6526(
1) 
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7 
-
0.417
7 

-
0.423
0 

       

8 
-
0.418
0 

-
0.423
8 

-
0.597
9 

-
0.618
1 

-
0.628
5 

-
0.653
2 

-
0.641
5 

-
0.662
4 

-
0.6626(
2) 

1
0 

-
0.420
8 

-
0.424
6 

-
0.605
6 

-
0.622
0 

    
-
0.6688(
1) 

1
2 

        
-
0.6727(
1) 

1
4 

        
-
0.6760(
1) 

 

 

𝐷 
Discarded 
weight 

Energy per site 𝐷 
Discarded 
weight 

Energy per site 

4 × 4 at half-filling 4 × 4 at 1/8 doped 

500 3.59 × 10−6 -0.42551504 500 7.30 × 10−5 -0.63241788 

1000 2.61 × 10−7 -0.42552519 1000 5.40 × 10−6 -0.63260460 

1500 5.80 × 10−8 -0.42552583 1500 1.01 × 10−6 -0.63261660 

2000 1.50 × 10−8 -0.42552589 2000 2.50 × 10−7 -0.63261805 

2500 4.12 × 10−9 -0.42552590 2500 7.55 × 10−8 -0.63261830 

∞  
-
0.42552596(1) 

∞  -0.6326190(1) 

4 × 8 at 1/8 doped 4 × 16 at 1/8 doped 

500 3.66 × 10−4 -0.66601570 6000 2.27 × 10−5 -0.68515566 

1000 1.87 × 10−4 -0.66842805 7000 1.87 × 10−5 -0.68522094 

1500 1.13 × 10−4 -0.66918879 8000 1.62 × 10−5 -0.68526802 

2000 7.59 × 10−5 -0.66952323 9000 1.41 × 10−5 -0.68530352 

2500 5.38 × 10−5 -0.66969776 ∞  -0.68555(5) 

∞  -0.67047(15)    
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𝜏 ≡
𝑡Bell pairs 

𝑡intra −𝐶𝑁𝑂𝑇
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|Ψ𝐿𝐴𝑆⟩ =∏ 

𝐾

  |Ψ𝐾⟩ ⊗ |Φ𝐷⟩  

|Ψ𝐿𝐴𝑆−𝑈𝑆𝐶𝐶(𝐭)⟩ = 𝑈̂𝑈𝑆𝐶𝐶(𝐭)|Ψ𝑄𝐿𝐴𝑆⟩  

𝑈̂𝑈𝑆𝐶𝐶(𝐭) = exp [𝑡𝑖𝑗(𝑎𝑖
†𝑎𝑗 −  h.c. ) +

𝑡𝑖𝑗𝑘𝑚(𝑎𝑖
†𝑎𝑗
†𝑎𝑘𝑎𝑚 −  h.c. )]

 

𝐭 = [𝑡𝑖𝑗 , 𝑡𝑖𝑗𝑘𝑚] 

|
𝜕𝐸𝑈𝑆𝐶𝐶
2𝜕𝑡𝛽

|
𝑡𝛽=0

≥ 𝜖  

𝑈̂𝑑𝑈𝑆𝐶𝐶 = ∏  

𝑖𝑗

 𝑀𝑖𝑗
† exp [𝑡𝑖𝑗∏ 

𝑘

 𝜎𝑘
𝑧]𝑀𝑖𝑗 +

 ∏  

𝑖𝑗

 𝑀𝑖𝑗𝑘𝑚
† exp [𝑡𝑖𝑗𝑘𝑚∏ 

𝑘

 𝜎𝑘
𝑧]𝑀𝑖𝑗𝑘𝑚

 

𝑈̂𝑈𝑆𝐶𝐶 = ∏ 

𝑖𝑗

 exp (𝑡𝑖𝑗𝑎𝑖
†𝑎𝑗 − ℎ. 𝑐. ) +

 ∏  

𝑖𝑗𝑘𝑚

 exp (𝑡𝑖𝑗𝑘𝑚𝑎𝑖
†𝑎𝑗
†𝑎𝑘𝑎𝑚 − ℎ. 𝑐. ) + 𝑂(𝑡

2)
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𝑎𝑖  = (∏ 

𝑖−1

𝑗=1

 𝜎𝑗
𝑧)𝑄𝑖

+𝑎𝑖
†  = (∏ 

𝑖−1

𝑗=1

 𝜎𝑗
𝑧)𝑄𝑖

−

𝑄+  =
1

2
(𝜎𝑥 − 𝑖𝜎𝑦)𝑄−  =

1

2
(𝜎𝑥 + 𝑖𝜎𝑦)

 

exp [𝑡𝑖𝑗𝑎𝑖
†𝑎𝑗 − ℎ. 𝑐. ]

 = exp [𝑡𝑖𝑗 (𝑄𝑖
− ∏  

𝐿

𝑘=𝑖+1

 𝜎𝑘
𝑧)(𝑄𝑗

+ ∏  

𝐿

𝑘=𝑗+1

 𝜎𝑘
𝑧)− ℎ. 𝑐. ]

 = exp [𝑡𝑖𝑗𝑄𝑖
−( ∏  

𝑗−1

𝑘=𝑖+1

 𝜎𝑘
𝑧)(𝜎𝑗

𝑧𝑄𝑗
+) − ℎ. 𝑐. ]

 = exp [𝑖𝑡𝑖𝑗/2 [𝜎𝑖
𝑥 ( ∏  

𝑗−1

𝑘=𝑖+1

 𝜎𝑘
𝑧)𝜎𝑗

𝑦
− 𝜎𝑖

𝑦
( ∏  

𝑗−1

𝑘=𝑖+1

 𝜎𝑘
𝑧)𝜎𝑗

𝑥]]

 = 𝐻𝑖(𝐻𝑆
†)
𝑗

†
exp [𝑖𝑡𝑖𝑗/2∏  

𝑗

𝑘=𝑖

 𝜎𝑧]𝐻𝑖(𝐻𝑆
†)
𝑗

 × (𝐻𝑆†)
𝑖

†
𝐻𝑗exp [−𝑖𝑡𝑖𝑗/2∏  

𝑗

𝑘=𝑖

 𝜎𝑧] (𝐻𝑆†)
𝑖
𝐻𝑗

 

exp (𝑈†𝑀𝑈) = 𝑈†exp (𝑀)𝑈 
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𝑡intra
ladder  =

𝑑array ⋅ 𝑑 + 𝐿move ⋅ 𝑁𝐿
row

𝑣avg
+ 𝑡intra

bare ⋅ 𝑁𝐿
𝑟𝑜𝑤

 ≈
𝐿move ⋅ 𝑁𝐿

𝑟 row 

𝑣avg

 

𝐿move = 𝑑 ⋅ 𝑑array = 5 ⋅ 5𝜇𝑚 

 

𝑡intra ≈
𝑡intra 

ladder 

𝑁𝐿
row = 25𝜇  

𝑀𝑖𝑗
† exp [𝑡𝑖𝑗∏ 

𝑘

 𝜎𝑘
𝑧]𝑀𝑖𝑗 
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(

1 0 0 0
0 𝑎 𝑐 0
0 𝑏 𝑑 0
0 0 0 1

)  

𝑈 = (
𝑎 𝑐
𝑏 𝑑

) 

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 𝑎 𝑐 0
0 0 0 0 0 𝑏 𝑑 0
0 0 0 0 0 0 0 1)

 
 
 
 
 

 

𝜎† = (𝑋 + 𝑖𝑌)/2 

𝜎 = (𝑋 − 𝑖𝑌)/2 

𝑁 =∑ 

𝑖

 𝜎𝑖
†𝜎𝑖  

𝑁|𝑥⟩ = 𝑤(𝑥)|𝑥⟩ 

[𝑈, 𝑁] = 0  

 

𝐺(𝜃) = (

1 0 0 0
0 cos (𝜃) −sin (𝜃) 0
0 sin (𝜃) cos (𝜃) 0
0 0 0 1

)  

𝐺 = (

1 0 0 0
0 𝑎 𝑐 0
0 𝑏 𝑑 0
0 0 0 1

) ,  

|𝑎|2 + |𝑐|2 = |𝑏|2 + |𝑑|2 = 1 

𝐺(2)|0011⟩ = 𝑎|0011⟩ + 𝑏|1100⟩,

𝐺(2)|1100⟩ = 𝑑|1100⟩ + 𝑐|0011⟩,
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|𝟏ℓ𝟎ℓ⟩: = |1⟩
⊗ℓ|0⟩⊗ℓ|𝟎ℓ𝟏ℓ⟩:= |0⟩

⊗ℓ|1⟩⊗ℓ 

𝐺(ℓ)|𝟎ℓ𝟏ℓ⟩  = 𝑎|𝟎ℓ𝟏ℓ⟩ + 𝑏|𝟏ℓ𝟎ℓ⟩

𝐺(ℓ)|𝟏ℓ𝟎ℓ⟩  = 𝑑|𝟏ℓ𝟎ℓ⟩ + 𝑐|𝟎ℓ𝟏ℓ⟩
 

𝐶𝐺 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 𝑎 𝑐 0
0 0 0 0 0 𝑏 𝑑 0
0 0 0 0 0 0 0 1)

 
 
 
 
 

.  

𝐹 =

(

 
 
 
 
 

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1)

 
 
 
 
 

.  
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exp [−𝑖𝜃(𝑎𝑖
†𝑎𝑗 − 𝑎𝑗

†𝑎𝑖)]𝑎𝑖
† → 𝜎𝑖

+∏ 

𝑗<𝑖

𝑍𝑗 

𝜎± = ( 𝑋 ± 𝑖𝑌 ) 
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𝑈|𝑥⟩ = 𝑎|𝑥⟩ + 𝑏|𝑦⟩,
𝑈|𝑦⟩ = 𝑑|𝑦⟩ + 𝑐|𝑥⟩,

 

𝐺(ℓ)|𝑧⟩|𝑥⟩ = 𝑎|𝑧⟩|𝑥⟩ + 𝑏|𝑧⟩|𝑦⟩,  

𝐶(𝑚)𝐺(ℓ)|𝑥′⟩ = 𝑎|𝑥′⟩ + 𝑏|𝑦′⟩,

𝐶(𝑚)𝐺(ℓ)|𝑦′⟩ = 𝑑|𝑦′⟩ + 𝑐|𝑥′⟩,
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SWAP = (

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

) ,  

 

|𝜓⟩ =∑  

𝑥

𝑐𝑥|𝑥⟩ 

|𝑥1⟩ = |011⟩, |𝑥2⟩ = |101⟩, |𝑥3⟩ = |110⟩ 
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|𝜓⟩ =∑  

𝑑

𝑖=1

  𝑐𝑖|𝑥𝑖⟩  

|𝑥1⟩ → 𝛼1|𝑥1⟩ + 𝑐2|𝑥2⟩  

𝛼1 = √1 − |𝑐2|
2 

𝛼1|𝑥1⟩ + 𝑐2|𝑥2⟩ → 𝛼1𝛼2|𝑥1⟩ + 𝑐2|𝑥2⟩ + 𝛼1𝑐3
′ |𝑥3⟩  
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𝑐3
′ = 𝑐3/𝛼1 

𝛼2 = √1 − |𝑐3
′ |2 

|𝜓⟩ = 𝛼|𝑥1⟩ +∑  

𝑑

𝑖=2

  𝑐𝑖|𝑥𝑖⟩,  

𝛼 =∏ 

𝑑−1

𝑖=1

𝛼𝑖 

|𝛼|2 = |𝑐1|
2 

 

𝛼 = 𝑐1 = |𝑐1|𝑒
𝑖𝜃 

𝛼𝑑−1 = |𝛼𝑑−1|𝑒
𝑖𝜃 

𝑈 = (
𝑎 𝑐
𝑏 𝑑

) 

𝑑 = −√1 − |𝑐|2

𝑏∗ =
𝑐√1 − |𝑐|2

𝑎

 

𝑐1|110000⟩ + 𝑐2|001100⟩ + 𝑐3|000011⟩ + 𝑐4|100100⟩,  
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𝑈(𝜃) = 𝟙⊕ 𝑈̃(𝜃) is 𝐻 = 𝟎⊕ 𝐻̃ 

𝐻 =
1

2
(𝐻+ +𝐻−),

𝐻±  = (±𝟙)⊕ 𝐻̃.
 

𝑈(𝜃) = 𝑒𝑖𝜃𝐺+/2𝑒𝑖𝜃𝐺−/2,  
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𝑈±(𝜃) = 𝑒
𝑖𝜃𝐺± .  

𝐻±
2  = 𝟙

[𝐻+, 𝐻−]  = 0.
 

𝜕𝐶(𝜃)

𝜕𝜃
=
𝐶(𝜃 + 𝑠) − 𝐶(𝜃 − 𝑠)

2sin (𝑠)
,  

𝐶(𝜃) = ⟨𝜓|𝑈†(𝜃)𝐾𝑈(𝜃)|𝜓⟩ 

𝑈(𝜃) = 𝑈+(𝜃/2)𝑈−(𝜃/2) 

𝐺(𝜃) = 𝐺+(𝜃/2)𝐺−(𝜃/2) 

𝐺±(𝜃) = (

𝑒±𝑖𝜃 0 0 0
0 cos 𝜃 −sin 𝜃 0
0 sin 𝜃 cos 𝜃 0
0 0 0 𝑒±𝑖𝜃

) ,  
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𝐻𝐹 =∑ 

𝑝𝑞

 ℎ𝑝𝑞𝑓𝑝
†𝑓𝑞 +

1

2
∑  

𝑝𝑞𝑟𝑠

 ℎ𝑝𝑞𝑟𝑠𝑓𝑝
†𝑓𝑞
†𝑓𝑟𝑓𝑠  
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𝑈𝐹(𝛽 ) = exp (−𝑖∑  

𝑝𝑞

 𝛽𝑝𝑞𝑓𝑝
†𝑓𝑞) 

|𝐻𝐹⟩ = 𝑈𝐹(𝛽 ℎ𝑓)|𝜙0⟩, 𝛽 ℎ𝑓 = argmin𝛽⃗⃗ ⟨𝜙0|𝑈𝐹
†(𝛽 )𝐻𝐹𝑈𝐹(𝛽 )|𝜙0⟩ 

(1 + 𝑇)|Φref ⟩𝑒
𝑇|Φref ⟩ 

𝑇 = 𝑇1 + 𝑇2 =∑ 

𝑝𝑞

𝛽𝑝𝑞𝑓𝑝
†𝑓𝑞 + ∑  

𝑝𝑞𝑟𝑠

𝛽𝑝𝑞𝑟𝑠𝑓𝑝
†𝑓𝑞
†𝑓𝑟𝑓𝑠 

𝑈𝐵(𝛼 ) = exp (−𝑖∑  

𝑝𝑞

 𝛼𝑝𝑞𝑏𝑝
†𝑏𝑞) 

|𝑆⟩ = |𝑠1𝑠2…𝑠𝑀⟩ 

|𝑇⟩ = |𝑡1𝑡2…𝑡𝑀⟩ 

⟨𝑇|𝑈𝐵(𝛼 )|𝑆⟩=
Per(𝑈𝐵,𝑆𝑇(𝛼 ))

√Π𝑝𝑠𝑝! Π𝑝𝑡𝑝!
 

⟨𝑇|𝑈𝐹(𝛽 )|𝑆⟩ = Det(𝑈𝐹,𝑆𝑇(𝛽 ))

 

𝑈𝐵,𝑆𝑇(𝛼 )(𝑈𝐹,𝑆𝑇(𝛽 )) 

𝑒𝑖𝛼(𝑒𝑖𝛽)𝑈𝐵(𝛼 )(𝑈𝐹(𝛽 )) 

|Φ𝐵𝑆−𝐶⟩ = 𝑉𝐶(𝛽 )|Φ(𝛼 )⟩ = 𝑉𝐶(𝛽 )𝑈𝐵(𝛼 )|Φ𝑟𝑒𝑓⟩  

𝑉𝐻𝐹(𝛽 ) = 𝑈𝐵(𝛽 ) 

𝑉CISD (𝛽 ) = 1 + 𝑇1 + 𝑇2 
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𝐻𝑇
𝐹(𝛽 ) = 𝑉𝐶

†(𝛽 )𝐻𝐹𝑉𝐶(𝛽 ) 

⟨Φ(𝛼 )|𝐻𝑇
𝐽𝑊
(𝛽 )|Φ(𝛼 )⟩|Φ𝐵𝑆−𝐶⟩ 

𝐸(𝛼 , 𝛽 ) =
⟨Φ(𝛼 )|𝐻𝑇

𝐽𝑊(𝛽 )|Φ(𝛼 )⟩

⟨Φ(𝛼 )|𝑉𝐶
†(𝛽 )𝑉𝐶(𝛽 )|Φ(𝛼 )⟩

 

𝐻𝑇
𝐽𝑊(𝛽 )𝑉𝐶(𝛽 ) (

𝑀

𝑁
)𝑉𝐻𝐹(𝛽 )𝐸(𝛼 , 𝛽 )⟨Φ(𝛼 )|𝐻𝑇

𝐽𝑊(𝛽 )|Φ(𝛼 )⟩

/⟨Φ(𝛼 )|𝑄|Φ(𝛼 )⟩ (
𝑀 + 𝑁 − 1

𝑁
)(
𝑀

𝑁
) |Φ(𝛼 )⟩⟨Φ(𝛼 )|𝑄|Φ(𝛼 )⟩ 

𝐻𝑖 = 𝑍1𝑍2𝜎+,3𝜎−,4 

Tr(𝐻𝑖𝜌) =∑ 

𝑗𝑘

 𝑞𝑗𝑘⟨𝑗|𝑍1|𝑗⟩⟨𝑘|𝑍2|𝑘⟩∫  
𝜋

0

 
𝑑𝜙3𝑑𝜙4
𝜋2

 ∫  
∞

−∞

 𝑑𝑥3𝑑𝑥4𝑝𝑗𝑘(𝜙3, 𝜙4, 𝑥3, 𝑥4)𝐾(𝜙3, 𝜙4, 𝑥3, 𝑥4, 𝜎+,3𝜎−,4)

 

𝑞𝑗𝑘𝑝𝑗𝑘(𝜙3, 𝜙4, 𝑥3, 𝑥4) = ⟨𝑗𝑘|⟨𝑥𝜙3𝑥𝜙4|𝜌|𝑗𝑘⟩|𝑥𝜙3𝑥𝜙4⟩ 

𝑋𝑝,𝜙𝑝 = (𝑎𝑝
†𝑒𝑖𝜙𝑝 + 𝑎𝑝𝑒

−𝑖𝜙𝑝)/2 
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𝐾(𝜙1, … , 𝜙𝑀, 𝑥1, … , 𝑥𝑀 , 𝛽 ) 

{2.07317𝑘, 𝜖−2, 𝑚𝐻 ,𝑚𝑉 , 𝜒
−2} 

𝐻𝑇
𝐽𝑊
(𝛽 ),𝑚𝑉𝑉𝐶

†(𝛽 )𝑉𝐶(𝛽 ) 

𝑛3
𝑛1

𝑛2
𝑛3
⟨𝐻𝑖⟩raw  

⟨Φ(𝛼 )|𝐻𝑇
𝐽𝑊
(𝛽 )|Φ(𝛼 )⟩ =  

 ∑  

𝑖𝑗

 𝐻𝑇
𝐽𝑊(𝛽 )𝑖𝑗Per(𝑈𝐵,0𝑖(𝛼 ))Per(𝑈𝐵,0𝑗(𝛼 ))

 

|Φ𝑟𝑒𝑓⟩𝒪(𝑀
3)⟨Φ(𝛼 )|𝑄|Φ(𝛼 )⟩𝐸(𝛼 , 𝛽 ) 

𝐸(𝛼 , 𝛽 )𝒪(⟨𝑄⟩−2)𝐸(𝛼 , 𝛽 ) 

 

|Φ(𝛼 )⟩ − 𝜆⟨𝑄⟩ 

𝑟(𝑀,𝑁) = (
𝑀

𝑁
)/ (

𝑀 + 𝑁 − 1

𝑁
) 
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𝐻 = ∫  
𝑑2𝛼

𝜋
Tr[𝐻𝐷†(𝛼)]𝐷(𝛼) = ∫  

𝜋

0

 
𝑑𝜙

𝜋
∫  
∞

−∞

 𝑑𝑟
|𝑟|

4
Tr(𝐻𝑒𝑖𝑟𝑋𝜙)𝑒−𝑖𝑟𝑋𝜙  

𝐷(𝛼) = 𝑒(𝛼𝑏
†−𝛼∗𝑏) 

𝛼 = −𝑖𝑟𝑒𝑖𝜙/2 

𝑋𝜙 = (𝑏
†𝑒𝑖𝜙 + 𝑏𝑒−𝑖𝜙)/2 

⟨𝐻⟩= Tr(𝐻𝜌)  

= Tr (∫  
𝑑2𝛼

𝜋
Tr(𝐻𝐷†(𝛼))𝐷(𝛼)𝜌)  

= ∫  
𝜋

0

 
𝑑𝜙

𝜋
∫  
∞

−∞

 𝑑𝑟
|𝑟|

4
Tr(𝐻𝑒𝑖𝑟𝑋𝜙)Tr(𝜌𝑒−𝑖𝑟𝑋𝜙)  

= ∫  
𝜋

0

 
𝑑𝜙

𝜋
∫  
∞

−∞

 𝑑𝑥 ∫  
∞

−∞

 𝑑𝑟
|𝑟|

4
Tr(𝐻𝑒𝑖𝑟𝑋𝜙)𝑝(𝜙, 𝑥)𝑒−𝑖𝑟𝑥 

= ∫  
𝜋

0

 
𝑑𝜙

𝜋
∫  
∞

−∞

 𝑑𝑥𝑝(𝜙, 𝑥)∫  
∞

−∞

 𝑑𝑟
|𝑟|

4
Tr (𝐻𝑒𝑖𝑟(𝑋𝜙−𝑥))  

 = ∫  
𝜋

0

 
𝑑𝜙

𝜋
∫  
∞

−∞

 𝑑𝑥𝑝(𝜙, 𝑥)𝐾(𝜙, 𝑥, 𝐻)

 

𝑝(𝜙, 𝑥) = ⟨𝑥𝜙|𝜌|𝑥𝜙⟩ 

⟨𝑋𝜙|𝜌|𝑋𝜙⟩𝐾(𝜙, 𝑥, 𝐻) 

𝐾(𝜙, 𝑥, 𝐻) = ∫  
∞

−∞

 𝑑𝑟
|𝑟|

4
Tr (𝐻𝑒𝑖𝑟(𝑋𝜙−𝑥))  

𝐻 = |𝑛 + 𝜆⟩⟨𝑛| 

𝐾(𝜙, 𝑥, |𝑛 + 𝜆⟩⟨𝑛|)= 2𝑒−𝑖𝜆𝜙√
𝑛!

(𝑛 + 𝜆)!
𝑒−𝑥

2
∑ 

𝑛

𝜈=0

 
(−1)𝜈

𝜈!
(
𝑛 + 𝜆

𝑛 − 𝜈
)  

 × (2𝜈 + 𝜆 + 1)! Re[(−𝑖)𝜆𝒟−(2𝜈+𝜆+2)(−2𝑖𝑥)]

 

⟨𝐻⟩ = ∫  
𝜋

0

 
𝑑𝜙1𝑑𝜙2…𝑑𝜙𝑀

𝜋𝑀
∫  
∞

−∞

 𝑑𝑥1𝑑𝑥2…𝑑𝑥𝑀  

 𝑝(𝜙1, 𝜙2, … , 𝜙𝑀 , 𝑥1, 𝑥2, … , 𝑥𝑀)𝐾(𝜙1, 𝜙2, … , 𝜙𝑀, 𝑥1, 𝑥2, … , 𝑥𝑀 , 𝐻)

 

𝐾(𝜙1, 𝜙2, … , 𝜙𝑀 , 𝑥1, 𝑥2, … , 𝑥𝑀 , 𝐻) =

 ∫  
∞

−∞

 𝑑𝑟1𝑑𝑟2…𝑑𝑟𝑀Π𝑚=1
𝑀

|𝑟𝑚|

4
Tr (𝐻𝑒𝑖𝑟𝑚(𝑋𝜙𝑚−𝑥𝑚))

(𝑏 − 𝑎)2

4

 

𝐸(𝛼 , 𝛽 ) =
⟨Φ(𝛼 )|𝐻𝑇

𝐽𝑊(𝛽 )|Φ(𝛼 )⟩

⟨Φ(𝛼 )|𝑉𝐶
†(𝛽 )𝑉𝐶(𝛽 )|Φ(𝛼 )⟩

 

𝐸 [
𝑋‾

𝑌‾
]  ≈

𝐸[𝑋]

𝐸[𝑌]
+
𝐸[𝑋]

𝐸[𝑌]3
Var[𝑌‾]

Var [
𝑋‾

𝑌‾
]  ≈

𝐸[𝑋]2Var[𝑌‾] + 𝐸[𝑌]2Var[𝑋‾]

𝐸[𝑌]4
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⟨𝐻𝑇
𝐽𝑊
⟩⟨Φ(𝛼 )|𝐻𝑇

𝐽𝑊
(𝛽 )|Φ(𝛼 )⟩ 

⟨𝑉𝐶
†𝑉𝐶⟩⟨Φref |𝑉𝐶

†(𝛽 )𝑉𝐶(𝛽 )|Φref ⟩ 

𝐻𝑇
𝐽𝑊
(𝛽 ) =∑  

𝑚𝐻

𝑖=1

ℎ𝑖𝐻𝑖 

Var [⟨𝐻𝑇
𝐽𝑊
⟩] ≤∑  

𝑚𝐻

𝑖=1

 
2.073174𝑘ℎ𝑚𝐻ℎ𝑖

2

𝑁𝐻
 

𝑉𝐶
†𝑉𝐶 =∑ 

𝑚𝑉

𝑖=1

𝑔𝑖𝑉𝑖 

Var [⟨𝑉𝐶
†𝑉𝐶⟩] ≤∑  

𝑚𝑉

𝑖=1

 
2.073174𝑘𝑣𝑚𝑉𝑔𝑖

2

𝑁𝑉
 

⟨Φ(𝛼 )|𝑄|Φ(𝛼 )⟩⟨𝑄⟩ ≥ 𝜒⟨𝐻𝑇
𝐽𝑊⟩

𝑟
= ⟨𝐻𝑇

𝐽𝑊⟩/⟨𝑄⟩ 

⟨𝑉𝐶
†𝑉𝐶⟩𝑟 = ⟨𝑉𝐶

†𝑉𝐶⟩/⟨𝑄⟩𝐸(𝛼 , 𝛽 ) 

Bias[𝐸(𝛼 , 𝛽 )]2≤ (
⟨𝐻𝑇
𝐽𝑊⟩

⟨𝑉𝐶
†𝑉𝐶⟩

−
⟨𝐻𝑇
𝐽𝑊⟩

⟨𝑉𝐶
†𝑉𝐶⟩

)

2

≈ (
⟨𝐻𝑇
𝐽𝑊⟩

⟨𝑉𝐶
†𝑉𝐶⟩

3 Var [⟨𝑉𝐶
†𝑉𝐶⟩])

2

 

= (
𝐸(𝛼 , 𝛽 )

⟨𝑉𝐶
†𝑉𝐶⟩

2∑ 

𝑚𝑉

𝑖=1

 
2.073174𝑘𝑣𝑚𝑉𝑔𝑖

2

𝑁𝑉
)

2

 

= (
𝐸(𝛼 , 𝛽 )

𝜒2⟨𝑉𝐶
†𝑉𝐶⟩𝑟

2

2.073174𝑘𝑣𝑚𝑉
𝑁𝑉

∑ 

𝑚𝑉

𝑖=1

 𝑔𝑖
2)

2

 

 ≤
2.073174𝑘𝑣𝑚𝑉

2(∑  
𝑚𝑉
𝑖=1  𝑔𝑖

2)
2
‖𝐻𝑇

𝐽𝑊
‖
2

2

𝜒4𝑁𝑉
2

 

Var[𝐸(𝛼 , 𝛽 )]≤
⟨𝐻𝑇
𝐽𝑊
⟩
2
Var [⟨𝑉𝐶

†𝑉𝐶⟩] + ⟨𝑉𝐶
†𝑉𝐶⟩

2
Var [⟨𝐻𝑇

𝐽𝑊
⟩

⟨𝑉𝐶
†𝑉𝐶⟩

4  

=
𝐸(𝛼 , 𝛽 )2∑  

𝑚𝑉
𝑖=1  

2.073174𝑘𝑣𝑚𝑉𝑔𝑖
2

𝑁𝑉
+ ∑  

𝑚𝐻
𝑖=1  

2.073174𝑘ℎ𝑚𝐻ℎ𝑖
2

𝑁𝐻

⟨𝑉𝐶
†𝑉𝐶⟩

2  

=
𝐸(𝛼 , 𝛽 )2

2.073174𝑘𝑣𝑚𝑉
𝑁𝑉

∑  
𝑚𝑉
𝑖=1  𝑔𝑖

2 +
2.073174𝑘ℎ𝑚𝐻

𝑁𝐻
∑  
𝑚𝐻
𝑖=1  ℎ𝑖

2

⟨𝑉𝐶
†𝑉𝐶⟩

2  

 ≤
2.073174𝑘𝑣𝑚𝑉(∑  

𝑚𝑉
𝑖=1  𝑔𝑖

2)‖𝐻𝑇
𝐽𝑊
‖
2

2

𝜒2𝑁𝑉
+
2.073174𝑘ℎ𝑚𝐻 ∑  

𝑚𝐻
𝑖=1  ℎ𝑖

2

𝜒2𝑁𝐻
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|𝜓⟩ =∑  

𝑁

𝑖=0

  𝑐𝑖|𝜓𝑁−𝑖⟩|𝑖⟩𝑒  

t |𝜓𝑁⟩ = 𝑑𝐹|𝜓𝑁,𝐹⟩ +⋯ where |𝜓𝑁,𝐹⟩ 

⟨𝜓𝑁,𝐹|𝐻𝑖|𝜓𝑁,𝐹⟩  

⟨𝜙𝑁−𝑘,𝑇|𝐻𝑖|𝜙𝑁−𝑘,𝑇⟩ where |𝜙𝑁−𝑘,𝑇⟩ 

|𝜙𝑁−𝑘⟩ = 𝛼|𝜙𝑁−𝑘,𝑇⟩ + 𝛽|𝜙𝑁−𝑘,𝑊⟩ 

|𝜙𝑁−𝑘,𝑊⟩⟨𝐻𝑖⟩𝑟𝑎𝑤 = ⟨𝜙𝑁−𝑘|𝐻𝑖|𝜙𝑁−𝑘⟩ = |𝛼|
2⟨𝜙𝑁−𝑘,𝑇|𝐻𝑖|𝜙𝑁−𝑘,𝑇⟩1/|𝛼|

2 

|𝜙𝑁−𝑘,𝑇⟩|𝜓𝑁,𝐹⟩|𝜓𝑁,𝐹⟩ = 𝛾|𝜙𝑁−𝑘,𝑇⟩ +∑  

𝑖

𝜅𝑖|𝜙𝑖≠𝑁−𝑘,𝑇⟩ 

⟨𝜓𝑁,𝐹|𝐻𝑖|𝜓𝑁,𝐹⟩ =
|𝛾|2

|𝛼|2
⟨𝜙𝑁−𝑘|𝐻𝑖|𝜙𝑁−𝑘⟩  

|𝛾2| =
𝑛3

𝑛1
 and |𝛼|2 =

𝑛3

𝑛2
 

⟨𝜓𝑁,𝐹|𝐻𝑖|𝜓𝑁,𝐹⟩ ≈
𝑛3
𝑛1

𝑛2
𝑛3
⟨𝐻𝑖⟩𝑟𝑎𝑤  

𝑟(𝑀,𝑁) = (
𝑀

𝑁
)/ (

𝑀 + 𝑁 − 1

𝑁
) 

𝑀 = 𝜂𝑁2, 𝑟(𝑀, 𝑁)𝑒1/𝜂 

𝑟(𝑀, 𝑁) =
𝑀

𝑀 +𝑁 − 1

𝑀 − 1

𝑀 +𝑁 − 2
…
𝑀 −𝑁 + 1

𝑀
 

𝑟(𝑀,𝑁) > (
𝑀 − 𝑁 + 1

𝑀
)
𝑁

 

(
𝑀 − 𝑁 + 1

𝑀
)
𝑁

=
1

(
𝜂𝑁2

𝜂𝑁2 −𝑁 + 1
)
𝑁 =

1

(1 +
𝑁 − 1

𝜂𝑁2 −𝑁 + 1
)
𝑁  
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lim
𝑁→∞

 
1

(1 +
𝑁 − 1

𝜂𝑁2 −𝑁 + 1
)
𝑁 = lim𝑁→∞

 (
1

(1 +
1
𝜂𝑁)

𝜂𝑁)

1
𝜂

= 𝑒
1
𝜂  

𝐻 = −
1

2𝑚12
𝛁𝐫1
2 −

1

2𝑚13
𝛁𝐫2
2 −

1

𝑚1
𝛁𝐫1 ⋅ 𝛁𝐫2 +

𝑍1𝑍2
𝑟1
+
𝑍1𝑍3
𝑟2
+
𝑍2𝑍3
𝑅
,  

𝑚𝑖𝑗 = 𝑚𝑖𝑚𝑗/(𝑚𝑖 +𝑚𝑗), 𝐫1 = 𝐑2 − 𝐑1, 𝐫2 = 𝐑3 − 𝐑1and 𝐑 = 𝐑3 − 𝐑2 

𝐋 = 𝐥1 + 𝐥2, 𝐥𝑖 = −𝑖𝐫𝑖 × ∇𝐫𝑖 . 

𝜓𝐿𝑀
Π = ∑  

𝑙1+𝑙2=𝐿Π

  𝑟1
𝑙1𝑟2
𝑙2{𝑌𝑙1(𝐫̂1) ⊗ 𝑌𝑙2(𝐫̂2)}𝐿𝑀

𝐹𝑙1𝑙2
𝐿Π (𝑟1, 𝑟2, 𝑅).  

𝐿(𝐿 + 1),𝑀(−1)𝑙1+𝑙2 

𝐿Π = 𝐿Π = (−1)
𝐿 

𝐿Π = 𝐿 + 1Π = −(−1)
𝐿 

Π = (−1)𝐿 

𝐹00
01(𝑟1, 𝑟2, 𝑅) ≡ 𝐹(𝑟1, 𝑟2, 𝑅) 

𝐹(𝑟1, 𝑟2, 𝑅) =∑  

𝑁

𝑖=1

  [𝐶𝑖Re(𝑒
−𝛼𝑖𝑟1−𝛽𝑖𝑟2−𝛾𝑖𝑅) + 𝐷𝑖Im(𝑒

−𝛼𝑖𝑟1−𝛽𝑖𝑟2−𝛾𝑖𝑅)],  
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|Ψ⟩ =∏ 

𝑙

𝑒𝜃𝑙𝑇̂𝑙|𝜓0⟩ 

{𝑉𝑗}𝑛
= {𝑍𝑛{𝑉𝑘}𝑛−1, 𝑖𝑌𝑛, 𝑖𝑌𝑛−1}  

𝑋 ≡ 𝜎𝑥, 𝑌 ≡ 𝜎𝑦, 𝑍 ≡ 𝜎𝑧 

𝑈̂(𝜃 ) = ∏  

2𝑛−2

𝑙=1

 𝑒𝑖𝜃𝑙𝑃̂𝑙  

|Ψ(𝜃 )⟩ = [∏  

𝑘

𝑚=1

 (∏  

2𝑛−2

𝑙=1

 𝑒𝑖𝜃𝑙𝑃̂𝑙)] |𝜓0⟩  

𝐹(𝑟1, 𝑟2, 𝑅) =∑  

𝑁

𝑖=1

 𝑐𝑖𝜙𝑖(𝑟1, 𝑟2, 𝑅)  

𝜙𝑖(𝑟1, 𝑟2, 𝑅) = [Re or Im](𝑒−𝛼𝑖𝑟1−𝛽𝑖𝑟2−𝛾𝑖𝑅) ± (𝑟1 ↔ 𝑟2)  

𝐇𝐜 = 𝐸𝐎𝐜  

𝐻𝑖𝑗 = ⟨𝜙𝑖|𝐻|𝜙𝑗⟩ 

𝑂𝑖𝑗 = ⟨𝜙𝑖 ∣ 𝜙𝑗⟩ 

𝐻 = ∑  

𝑁

𝑖,𝑗=1

 𝐻𝑖𝑗|𝜙𝑖⟩⟨𝜙𝑗|  

|𝜙1⟩⟨𝜙2| = |00…00⟩⟨10…00| = (|0⟩⟨1|) ⊗ (|0⟩⟨0|) ⊗…⊗ (|0⟩⟨0|) 

|0⟩⟨0| =
1

2
(𝐼 + 𝑍), |0⟩⟨1| =

1

2
(𝑋 + 𝑖𝑌), |1⟩⟨0| =

1

2
(𝑋 − 𝑖𝑌), |1⟩⟨1| =

1

2
(𝐼 − 𝑍) 

𝑔𝑗 = |⟨𝜓(𝜽)|[𝐻̂, 𝐴̂𝑗]|𝜓(𝜽)⟩ ∣ 

𝑔 = ‖𝑔 ‖ = √∑ 

𝑗

  |𝑔𝑗|
2

 

𝐷𝑖𝑗 = ⟨𝜙𝑖
′|𝛿(𝐫𝑎)|𝜙𝑗

′⟩, 𝑎 = 1,2  

⟨𝜙|𝛿(𝐫𝑎)|𝜙⟩ = ∑  

𝑁

𝑖,𝑗=1

  𝑐𝑖
′𝑐𝑗
′𝐷𝑖𝑗 = 2∑  

𝑖>𝑗

  𝑐𝑖
′𝑐𝑗
′𝐷𝑖𝑗 +∑ 

𝑖

  𝑐𝑖
′2𝐷𝑖𝑖.  

𝐴𝑥 = 𝑎𝐵𝑥  

𝐴′𝑥′ = 𝑎𝑥′ 

𝑈𝑇𝐵𝑈 = 𝐼  

𝑈 = Δ𝐷  
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𝑈𝑇𝐴𝑈𝑈𝑇𝑥 = 𝑎𝑈𝑇𝐵𝑈𝑈𝑇𝑥.  

𝐴′𝑥′ = 𝑎𝑥′  

𝐴′ = 𝑈𝑇𝐴𝑈, and 𝑥′ = 𝑈𝑇𝑥 

𝐻̂ = ℎ𝑞
𝑝
𝑎̂𝑝
†𝑎̂𝑞 +

1

4
ℎ𝑞𝑠
𝑝𝑟
𝑎̂𝑝
†𝑎̂𝑟
†𝑎̂𝑠𝑎̂𝑞  

|LAS⟩ =⋀ 

𝐾

  |Ψ𝐾⟩ ∧ |Φ⟩  

𝐸LAS = ⟨LAS|𝐻̂|LAS⟩,  

|LAS⟩ → 𝑈̂orb ∏ 

𝐾

  𝑈̂CI,𝐾|LAS⟩  

𝑈̂orb  = exp {𝑥𝑙
𝑘(𝑎̂𝑘

†𝑎̂𝑙 − 𝑎̂𝑙
†𝑎̂𝑘)},

𝑈̂CI,𝐾  = exp {𝑥𝑘⃗ (|𝑘⃗
 ⟩⟨Ψ𝐾| − |Ψ𝐾⟩⟨𝑘⃗ |)},

 

𝑈̂UCC ≡ exp {𝑇̂UCC}

𝑇̂UCC ≡ 𝑥𝑙
𝑘(𝑎̂𝑘

†𝑎̂𝑙 −  h.c. ) +
1

4
𝑥𝑙𝑛
𝑘𝑚(𝑎̂𝑘

†𝑎̂𝑚
† 𝑎̂𝑛𝑎̂𝑙 −  h.c. ) + ⋯

 

𝐻̂eff =∑ 

𝑛𝑓

𝐾

 (ℎ̃𝑘2
𝑘1𝑎̂𝑘1

† 𝑎̂𝑘2 +
1

4
ℎ𝑘2𝑘4
𝑘1𝑘3𝑎̂𝑘1

† 𝑎̂𝑘3
† 𝑎̂𝑘4𝑎̂𝑘2) ,

 

ℎ̃𝑘2
𝑘1 = ℎ𝑘2

𝑘1 + ℎ𝑘2𝑖
𝑘1𝑖 +∑  

𝐿≠𝐾

 ℎ𝑘2𝑙2
𝑘1𝑙1𝛾𝑙2

𝑙1 ,  

𝛾𝑙2
𝑙1 ≡ ⟨LAS|𝑎̂𝑙1

† 𝑎̂𝑙2|LAS⟩ = ⟨Ψ𝐿|𝑎̂𝑙1
† 𝑎̂𝑙2|Ψ𝐿⟩.  

|QLAS(𝒙)⟩ →∏ 

𝜁

  𝑈̂UCCSD,𝜁(𝒙)|QLAS⟩  

𝐸 = min
𝒙
 ⟨QLAS(𝒙)|𝐻̂|QLAS(𝒙)⟩  
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𝑈|𝑣𝑘⟩ = 𝑒
−𝑖𝐻̂𝜏|𝑣𝑘⟩ = 𝑒

𝑖2𝜋𝜙|𝑣𝑘⟩,  

𝐸 = −2𝜋𝜙/𝜏 

𝑈 = 𝑒−𝑖𝐻̂𝜏 

𝐸 = min
𝜃
 ⟨𝜓(𝜃)|𝐻̂|𝜓(𝜃)⟩  

|𝜓UCCSD⟩ = 𝑈̂UCCSD|HF⟩ = exp {𝑇̂UCCSD}|HF⟩,  

𝜕𝐸LAS
𝜕𝑥𝑘⃗ 

= ⟨Φ|⋀  

𝐿≠𝐾

  ⟨Ψ𝐿| ∧ ⟨𝑘⃗ |𝐻̂ − 𝐸LAS|Ψ𝐾⟩ ⋀  

𝑀≠𝐾

  |Ψ𝑀⟩ ∧ |Φ⟩,  

𝐻̂𝐾|Ψ𝐾⟩ = 𝐸LAS|Ψ𝐾⟩  

𝐻̂𝐾≡ ⟨Φ|⋀  

𝐿≠𝐾

  ⟨Ψ𝐿|𝐻̂ ⋀  

𝑀≠𝐾

  |Ψ𝑀⟩ ∧ |Φ⟩  

 = ℎ̃𝑘2
𝑘1𝑎̂𝑘1

† 𝑎̂𝑘2 +
1

4
ℎ𝑘2𝑘4
𝑘1𝑘3𝑎̂𝑘1

† 𝑎̂𝑘3
† 𝑎̂𝑘4𝑎̂𝑘2

 

(𝐻̂𝐴 + 𝐻̂𝐵)|Ψ𝐴⟩ ∧ |Ψ𝐵⟩ = (𝐸𝐴 + 𝐸𝐵)|Ψ𝐴⟩ ∧ |Ψ𝐵⟩.  
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𝐻̂eff =∑  

𝐾

  𝐻̂𝐾 ,  

𝐻̂eff ⋀ 

𝐾

  |Ψ𝐾⟩ = 𝑛𝑓 × 𝐸LAS ⋀ 

𝐾

  |Ψ𝐾⟩.  

|QLAS ⟩ ≡ ⋀  𝐾 |Ψ𝐾⟩ 

𝑎̃𝑗
† = 𝑍⊗𝑗−1⊗

𝑋 − 𝑖𝑌

2
⊗ 𝐼⊗𝑁−1,  

𝑍⊗4 = 𝑍⊗𝑍⊗ 𝑍⊗𝑍 

𝑎̃𝑗
†𝑎̃𝑘 = 𝐼

⊗𝑘−1⊗
𝑍(𝑋 − 𝑖𝑌)

2
⊗ 𝑍⊗𝑗−𝑘−1⊗

𝑋 − 𝑖𝑌

2
⊗ 𝐼⊗𝑁−𝑗  

 

ℋ𝑛 = ℋ
⊗𝑛 

|𝐳⟩ =⨂ 

𝑛−1

ℓ=0

  |𝑧ℓ⟩ = |𝑧𝑛−1…𝑧0⟩ = |𝑧⟩ , 𝐳 ∈ {0,1}
𝑛 , 𝑧 = ∑  

𝑛−1

ℓ=0

  𝑧ℓ2
ℓ ∈ {0…2𝑛 − 1}  

𝜎̂𝐦 = 𝜎̂𝑚𝑛−1⊗⋯⊗ 𝜎̂𝑚0  , 𝜎̂𝑚 ∈ {𝟙, 𝑋, 𝑌, 𝑍}  

𝑅̂𝜎̂𝐦(𝜃) = 𝑒
−
𝑖𝜃
2
𝜎̂𝐦 = 𝑉̂†𝑒−

𝑖𝜃
2
𝑍⊗⋯⊗𝑍𝑉̂ , 𝑉̂ =⨂ 

𝑛−1

ℓ=0

  𝐴̂𝑚ℓ  , 𝐴̂𝑚
† 𝜎̂𝑚𝐴̂𝑚 = 𝑍  

𝜎̂𝐦 = 𝑉̂
†(𝑍 ⊗⋯⊗𝑍)𝑉̂ =∑  

𝐳

 𝑓(𝐳)𝑉̂†|𝐳⟩⟨𝐳|𝑉̂ , 𝑓(𝐳) =∏ 

𝑛−1

ℓ=0

  (−1)𝑧ℓ  
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𝑅𝑥(𝜃) = exp (−𝑖𝜃𝑋/2) 

𝑋 = 𝑅𝑥(𝜋/2) 

 

𝑆 = 𝑅𝑧(𝜋/2) 

𝑇 = 𝑅𝑧(𝜋/4) 

𝐻 = exp (−𝑖𝜋/2(𝑋 + 𝑍)) 

 

𝐵 =∑ 

𝑘

𝑏𝑘|𝜑𝑘⟩⟨𝜑𝑘| 

𝐺𝑧𝑤 = ⟨𝑧|𝐺̂|𝑤⟩ = ⟨𝑧𝑛−1…𝑧0|𝐺̂|𝑤𝑛−1…𝑤0⟩ 
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⊗ℓ=0
3 𝜎𝑚ℓ𝐴𝑋 = 𝐻,𝐴𝑌 = 𝐻𝑆 and 𝐴𝑍 = 𝐼 

𝐻̂Ψ = [∑  

𝑁𝑛

𝑎<𝑏

 
𝑍𝑎𝑍𝑏

|𝐑𝑎 − 𝐑𝑏|
]Ψ −

1

2
∑  

𝑁

𝑖=1

 
𝜕2Ψ

𝜕𝐫𝑖
2 − [∑  

𝑁

𝑖=1

 ∑  

𝑁𝑛

𝑎=1

 
𝑍𝑎

|𝐫𝑖 −𝐑𝑎|
]Ψ + [∑  

𝑁

𝑖<𝑗

 
1

|𝐫𝑖 − 𝐫𝑗|
]Ψ{𝜑𝑝}𝑝=1

𝑀
 

|Ψ⟩ = ∑  

𝑀

𝑖1<⋯<𝑖𝑁

 𝜓𝑖1…𝑖𝑁|𝑖1… 𝑖𝑁⟩  

𝐻̂ = ∑  

𝑁𝑛

𝑎<𝑏

 
𝑍𝑎𝑍𝑏

|𝐑𝑎 −𝐑𝑏|
+∑  

𝑝𝑟

 ℎ𝑝𝑟𝑎̂𝑝
†𝑎̂𝑟 + ∑  

𝑝𝑟𝑞𝑠

 
(𝑝𝑟 ∣ 𝑞𝑠)

2
𝑎̂𝑝
†𝑎̂𝑞
†𝑎̂𝑠𝑎̂𝑟  

 

𝐷0→𝑓 ∝ (𝐸𝑓 − 𝐸0) ∑  

𝛼=𝑥,𝑦,𝑧

|⟨Ψ𝑓|𝜇̂𝛼||Ψ0⟩
2

 

𝑆𝜇𝛼,𝜇𝛽(𝜔) =∑  

𝑙

  ⟨Ψ0|𝜇̂𝛼|Ψ𝑙⟩𝛿(ℏ𝜔 − (𝐸𝑙 − 𝐸0))⟨Ψ𝑙|𝜇̂𝛽|Ψ0⟩  

𝐷0→𝑓 =∑ 

𝛼

𝑆𝜇𝛼,𝜇𝛼(𝐸𝑓 − 𝐸0) 

𝐶𝜇𝛼,𝜇𝛽(𝑡) = ⟨Ψ0|𝜇̂𝛼𝑒
𝑡
𝑖ℏ(
𝐻̂−𝐸0)𝜇̂𝛽|Ψ0⟩ =∑  

𝑓

  ⟨Ψ0|𝜇̂𝛼|Ψ𝑓⟩𝑒
𝑡
𝑖ℏ(
𝐸𝑓−𝐸0)⟨Ψ𝑓|𝜇̂𝛽|Ψ0⟩  

𝑉̂(𝑡) =∑  

𝑘

𝑓𝑘(𝑡)𝑂̂𝑘
† 

𝑂𝑗(𝑡) = ⟨Ψ(𝑡)|𝑂̂𝑗,𝑆(𝑡)|Ψ(𝑡)⟩ , |Ψ(𝑡)⟩ = 𝑈̂(𝑡)|Ψ0⟩ , 𝑈̂(𝑡) = ∑  

∞

𝑛=0

 ∫  
𝑡

0

 
𝑑𝑡1
𝑖ℏ
…∫  

𝑡𝑛−1

0

 
𝑑𝑡𝑛
𝑖ℏ
𝑉̂𝑆(𝑡1)… 𝑉̂𝑆(𝑡𝑛)  
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𝑉̂𝑆(𝑡) = 𝑒
−
𝑡𝐻̂𝑆
𝑖ℏ 𝑉̂𝑒

𝑡𝐻̂𝑆
𝑖ℏ  

𝑂𝑗(𝑡) = 𝑂𝑗(0) + ∫  
𝑡

0

 
𝑑𝑡′

𝑖ℏ
∑  

𝑘

 𝑓𝑘(𝑡)𝛼𝑗𝑘(𝑡 − 𝑡
′) , 𝛼𝑗𝑘(𝑡) = ⟨Ψ0|[𝑂̂𝑗,𝑆(𝑡), 𝑂̂𝑘

†]|Ψ0⟩  

𝐻̂𝑛𝑢𝑐 = −
1

2
∑  

𝑁𝑛

𝑎=1

 
1

𝑀𝑎

𝜕2

𝜕𝐑𝑎
2 + 𝑉(𝐑1…𝐑𝑁𝑛)  

𝐻̂𝑛𝑢𝑐 =
1

2
∑  

𝛼𝛽

  (𝐽𝛼 − 𝜋̂𝛼)𝜇𝛼𝛽(𝐽𝛽 − 𝜋̂𝛽) −
1

2
∑  

𝑘

 
𝜕2

𝜕𝑄𝑘
2 −
1

8
∑  

𝛼

 𝜇𝛼𝛼 + 𝑉(𝐐) , 𝑉(𝐐) =
𝜅

2
𝐐2  

𝐹̂: ℱ− → ℋ
⊗𝑀, |Ψ⟩ ↦ 𝐹̂|Ψ⟩ ≡ |Ψ′⟩  

(𝑎̂𝑀−1
† )

𝑥𝑀−1
…(𝑎̂0

†)
𝑥0
|∅⟩ ↦ |𝐱⟩,  

𝑎̂𝑘
† ↦

𝑋𝑘 − 𝑖𝑌𝑘
2

⊗ 𝑍𝑘−1⊗⋯⊗𝑍0 ≡ 𝑆+,𝑘𝑍0
𝑘−1 , 𝑎̂𝑘 ↦

𝑋𝑘 + 𝑖𝑌𝑘
2

𝑍0
𝑘−1 ≡ 𝑆−,𝑘𝑍0

𝑘−1  

𝑝𝑘 =∑  

𝑘−1

𝑗=0

𝑥𝑗mod2 

(𝑎̂𝑀−1
† )

𝑥𝑀−1
…(𝑎̂0

†)
𝑥0
|∅⟩ ↦ |𝐩⟩ , 𝑎̂𝑘

† ↦ 𝑋𝑀−1⊗⋯⊗𝑋𝑘+1⊗
𝑋𝑘 − 𝑖𝑌𝑘
2

≡ 𝑋𝑘+1
𝑀−1⊗𝑆+,𝑘  

|𝑝3, 𝑝2, 𝑝1, 𝑝0⟩ with 𝑝𝑘 = 𝑥0 +⋯+ 𝑥𝑘 

 
 

(𝑎̂𝑀−1
† )

𝑥𝑀−1
…(𝑎̂0

†)
𝑥0
↦ |𝐛⟩, 𝑏𝑘 = ∑  

𝑀−1

𝑗=0

 𝐴𝑘𝑗𝑥𝑗mod2,  
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(−1)𝑁↑+𝑁↓ , (−1)𝑁↑ 

𝑥1 + 𝑥3 = 𝑝0 + 𝑝1 + 𝑝2 + 𝑝3mod2 

𝐻̂ =∑  

𝑗

𝑐𝑗𝑃𝑗 

𝜏𝑖 = 𝑈
†𝑍𝑖𝑈 

𝑍𝑖𝑈|Ψ⟩ = 𝑠𝑖𝑈|Ψ⟩, i.e. 𝑈|Ψ⟩ = |Φ𝐬⟩ ⊗ |𝐬⟩ 

𝐻̂𝐬 = Tr1…𝑘[(𝟙⊗ |𝐬⟩⟨𝐬|)𝑈
†𝐻𝑈] 

𝑙 = ∑  

𝑛𝑞−1

𝑖=0

𝑥𝑖2
𝑖 

𝐱𝑙 = (𝑥0…𝑥𝑛𝑞−1) 
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‖𝑈̂ − 𝑒−𝑖𝑡𝐻̂‖ < 𝜀  

𝐻̂ =∑  

𝐿

ℓ=1

ℎ̂ℓ 

𝑈̂(𝑡) = 𝑒−𝑖𝑡𝐻̂ = ∏  

𝑛𝑇−1

𝑖=0

  𝑈̂(Δ𝑡) , Δ𝑡 =
𝑡

𝑛𝑇
 

𝑈̂(Δ𝑡) =∏ 

ℓ

  𝑒−𝑖Δ𝑡ℎ̂ℓ + 𝒪(Δ𝑡2) , 𝑈̂𝑝(Δ𝑡) ≡∏ 

ℓ

  𝑒−𝑖Δ𝑡ℎ̂ℓ .  

‖𝑈̂(𝑡) − 𝑈̂𝑝(Δ𝑡)
𝑛𝑇‖ = 𝛾𝑝𝑛𝑇Δ𝑡

2 + 𝒪(𝑡3/𝑛𝑇
2) , 𝛾𝑝 =

1

2
∑  

ℓ<ℓ′

 ‖[ℎ̂ℓ, ℎ̂ℓ′]‖  

𝑛𝑇 = 𝒪(𝛾𝑝𝑡
2/𝜀) 

𝑈̂2𝑘+2(Δ𝑡)= 𝑈̂2𝑘
2 (𝑎2𝑘Δ𝑡)𝑈̂2𝑘((1 − 4𝑎2𝑘)Δ𝑡)𝑈̂2𝑘

2 (𝑎2𝑘Δ𝑡)  

𝑈̂2(Δ𝑡) = [∏ 

1

ℓ=𝐿

  𝑒−𝑖
Δ𝑡
2
ℎ̂ℓ] [∏  

𝐿

ℓ=1

  𝑒−𝑖
Δ𝑡
2
ℎ̂ℓ] , 𝑎2𝑘 =

1

4 − 4
1

2𝑘+1

 

𝑈̂2𝑘(Δ𝑡) = 𝑒
−𝑖Δ𝑡𝐻̂ + 𝒪(Δ𝑡2𝑘+1) 

𝑛𝑇 = 𝑡
1+
1
2𝑘𝜀−

1
2𝑘𝑒−𝑖Δ𝑡ℎ̂ℓ 

𝐻̂ =∑  

𝐿

ℓ=1

𝑐ℓ𝑃̂ℓ 

(𝑝𝑟 ∣ 𝑞𝑠) = ∑  

𝑁𝛾

𝛾=1

𝐿𝑝𝑟
𝛾
𝐿𝑞𝑠
𝛾

 

𝐻̂ = 𝐸0 + 𝑉̂0
† [∑  

𝑝

  𝑡𝑝𝑛̂𝑝] 𝑉̂0 +∑ 

𝛾

  𝑉̂𝛾
† [∑  

𝑝𝑞

 𝑣𝑝𝑞
𝛾
𝑛̂𝑝𝑛̂𝑞] 𝑉̂𝛾  , 𝑉̂𝛾 = 𝑒

∑  𝑝𝑞  𝐴𝑝𝑞
𝛾
𝑎̂𝑝
†𝑎̂𝑞  

𝑒−𝑖Δ𝑡𝐻̂ ≃∏ 

𝛾

  [𝑉̂𝛾
†(∏ 

𝑝𝑞

  𝑒−𝑖Δ𝑡𝑣𝑝𝑞
𝛾
𝑛̂𝑝𝑛̂𝑞)𝑉̂𝛾]∏  

𝑝

  𝑒−𝑖Δ𝑡𝑛̂𝑝  

𝑅𝑧(𝜑) = exp (−𝑖𝜑/2𝑍) and 𝑅𝑧𝑧(𝜑) = exp (−𝑖𝜑/2𝑍 ⊗ 𝑍) 

𝒪(𝑁𝛾𝑀
2) = 𝒪(𝑀3) 

𝐻̂ =∑  

𝜆

𝜆|𝜆⟩⟨𝜆| 

𝜁 ≥ ‖𝐻̂‖ 

𝑊̂ = 𝑖𝑆̂(2𝑇̂𝑇̂† − 𝟙)  
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𝑇̂:ℋ → ℋ𝑒 

𝑆̂:ℋ𝑒 → ℋ𝑒 

𝑇̂†𝑆̂𝑇̂ = 𝐻̂  

𝒮𝜆 = span{𝑇̂|𝜆⟩, 𝑆̂𝑇̂|𝜆⟩}  

𝑊̂|𝜇±(𝜆)⟩ = 𝜇±(𝜆)|𝜇±(𝜆)⟩ , 𝜇±(𝜆) = ±𝑒
±𝑖arcsin (𝜆) , |𝜇±(𝜆)⟩ =

𝟙 + 𝑖𝜇±(𝜆)𝑆̂

√2(1 − 𝜆2)
𝑇̂|𝜆⟩  

|Ψ⟩ ↦
𝑋̂|Ψ⟩

‖𝑋̂Ψ‖
≡ |Ψ𝑋⟩ , 𝑋̂ = ∑  

𝐿−1

ℓ=0

 𝛼ℓ𝑈̂ℓ  

𝑊̂𝑝|0⟩ = ∑  

𝐿−1

ℓ=0

 √
𝛼ℓ
𝛼
|ℓ⟩ , 𝛼 =∑  

𝐿−1

ℓ=0

 𝛼ℓ  

𝑊̂𝑠 =∑  

𝐿−1

ℓ=0

  𝑈̂ℓ⊗ |ℓ⟩⟨ℓ|  

𝑝 = ‖𝑋̂𝜓‖2/𝛼2 

𝑛𝐴 = ⌈log2 (𝐿)⌉ 

𝐿 = poly(𝑛) 

2𝑛𝐴 = poly(𝑛) 

𝑐ℓ = poly (𝑛) 

1 − (1 − 𝑝)𝑘 = 2−𝒪(𝑘) 

𝑊̂LCU = 𝑊̂𝑝
†𝑊̂𝑠𝑊̂𝑝 

𝑅̂ = 𝟙⊗ (𝟙 − 2|0⟩⟨0|) 

𝑈̂|0⟩|Ψ⟩ = √𝑝𝑘
𝑋̂|Ψ⟩

‖𝑋̂Ψ‖
⊗ |0⟩⊗𝑛𝐴 +√1 − 𝑝𝑘|Φ

⊥⟩ , 𝑝𝑘 = sin
2 ((2𝑘 + 1)𝜃) , 𝜃 = arcsin √𝑝,  
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𝐻̂ = ∑  

𝐿−1

ℓ=0

𝛼ℓ𝑈̂ℓ 

𝐶 =∑  

ℓ

𝛼ℓ = 1 

𝐻̂ → 𝐶−1𝐻̂ and 𝑡 → 𝐶𝑡 

Δ𝑡 = 𝑡/𝑟𝑒−𝑖Δ𝑡𝐻̂ 

𝑒−𝑖Δ𝑡𝐻̂ ≃ 𝑉̂𝐾(Δ𝑡) = ∑  

𝐾

𝑚=0

 
(−𝑖Δ𝑡)𝑚

𝑚!
𝐻̂𝑚 = ∑  

𝐾

𝑚=0

  ∑  

𝐿−1

ℓ0…ℓ𝑚=0

 
(−𝑖Δ𝑡)𝑚

𝑚!
𝛼ℓ0 …𝛼ℓ𝑚𝑈̂ℓ0 … 𝑈̂ℓ𝑚 .  

∑ 

𝑚

√Δ𝑡𝑚/𝑚! |0⟩𝐾−𝑚|1⟩𝑚 

∑ 

ℓ

√𝛼ℓ|ℓ⟩ 

𝒪(𝐾𝐿)|𝜓⟩|ℓ𝑘⟩… |ℓ1⟩|𝑘⟩ to (−𝑖)𝑘𝑈̂ℓ1 …𝑈̂ℓ𝑘|𝜓⟩|ℓ𝑘⟩… |ℓ1⟩|𝑘⟩ 

𝒪(𝐿(𝑛 + log2 𝐿)𝐾)𝑒
−𝑖Δ𝑡𝐻̂𝜀/𝐾 
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𝐾 = 𝒪(
log (

𝑡
𝜀
)

log log (
𝑡
𝜀
)
)  

 

𝐾 = 3𝑛𝐴 = log2 (𝐿) 

∑ 

𝑚

√Δ𝑡𝑚/𝑚! |0⟩𝐾−𝑚|1⟩𝑚 

c𝐹̂𝑝|0⟩|𝑘⟩ = 𝑉
𝑘|0⟩|𝑘⟩ 

𝑉|0⟩ =∑  

ℓ

√𝛼ℓ|ℓ⟩ 

c𝐹̂𝑠|𝜓⟩|ℓ⟩|𝑘⟩ = (−𝑖𝑈̂ℓ)
𝑘
|𝜓⟩|ℓ⟩|𝑘⟩ 

⟨𝜙|⟨𝑔|𝑈̂|𝜓⟩|𝑔⟩ = ⟨𝜙|𝐻̂|𝜓⟩  for some |𝑔⟩ ∈ ℋ′ and any |𝜙⟩, |𝜓⟩ ∈ ℋ.  

𝐻̂, 𝐻̂|𝜆⟩ = 𝜆|𝜆⟩ 

𝑊̂Q|𝑔𝜆⟩ = 𝜆|𝑔𝜆⟩ − √1 − 𝜆
2|𝑔𝜆

⊥⟩ , 𝑊̂Q|𝑔𝜆
⊥⟩ = 𝜆|𝑔𝜆

⊥⟩ + √1 − 𝜆2|𝑔𝜆⟩  

|𝑔𝜆⟩ = |𝜆⟩|𝑔⟩|𝑔𝜆
⊥⟩ 

𝑊̂Q =⨁ 

𝜆

  𝑒−𝑖𝜃𝜆𝑌𝜆  , 𝜃𝜆 = arccos (𝜆)𝑒
−𝑖𝑡𝐻̂ 𝑉̂𝜑⃗⃗  

𝑉̂𝜑⃗⃗ = ∏  

𝐾

𝑚=0

  𝑈̂𝜑2𝑚+2+𝜋
† 𝑈̂𝜑2𝑚+1  , 𝑈̂𝜙 = [𝟙⊗ 𝑅𝑧(−𝜑)Had]c(𝑖𝑊Q)[𝟙⊗ Had𝑅𝑧(𝜑)]  

𝑉̂𝜑⃗⃗ =∑ 

𝜆,±

  |𝜆±⟩⟨𝜆±| ⊗ 𝑢(𝜑⃗ , 𝜃𝜆,±)  

𝐾 = 𝒪(𝑡 + log 𝜀−1) 

⟨𝜒|⟨𝑔|⟨+|𝑉̂𝜙⃗⃗⃗ |𝜓⟩|𝑔⟩|+⟩ ≃ ⟨𝜒|𝑒
−𝑖𝑡𝐻̂|𝜓⟩  
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Ψ(𝑡) → Ψ𝐼(𝑡) = 𝑒
𝑡
𝑖ℏ
𝑇̂
Ψ𝑡  

𝑉̂𝐼(𝑡) = 𝑒
𝑡
𝑖ℏ𝑇̂𝑉̂𝑒

−
𝑡
𝑖ℏ
𝑇̂

 

 

 

𝑈𝑘
′ = 𝑈𝜑𝑘+𝜋

†  

𝑑𝜇𝜈(𝑡) = ⟨Ψ0|𝑑̂𝜇(𝑡)𝑑̂𝜈|Ψ0⟩ 

𝑑̂𝜇 =∑  

𝑗

𝑐𝑗𝜇𝑃̂𝑗 

 

⟨Ψ0|𝑈̂
†(𝑡)𝐴̂𝑈̂(𝑡)𝐵̂|Ψ0⟩ 

𝐴̂, 𝐵̂, 𝑆− =
𝑋+𝑖𝑌

2
 

𝑢 = 𝑒𝑖2𝜋𝜃, 0 < 𝜃 < 1 

𝐻̂′ = 2𝜋(𝐻̂ − 𝐸1)/(𝐸2 − 𝐸1)𝑒
−𝑖𝜆𝐻̂ 
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|Ψ⟩ = ∑  

2𝑡−1

𝑧=0

 (∑  

2𝑡−1

𝑘=0

 
𝑒
2𝜋𝑖𝑧(2𝑡𝜃−𝑘)

2𝑡

2𝑡
) |𝑧⟩ ⊗ |𝑢⟩ = ∑  

2𝑡−1

𝑧=0

 Δ(𝑧, 𝜃)|𝑧⟩ ⊗ |𝑢⟩  

|Ψ⟩ = |𝑘0⟩ ⊗ |𝜓⟩ 

𝑘0 = 2
𝑡𝜃 

𝑝(𝑧) = |Δ(𝑧, 𝜃)|2 

2𝑡𝜃, 𝑝(𝑘0) ≥ 4/𝜋
2 ≃ 0.4[247]. 𝑝(𝑘0) 

𝑡 = 𝒪(log 𝜀−1) 

𝐻̂0 = 𝐹̂ + ⟨ΨHF|𝐻̂ − 𝐹̂|ΨHF⟩ 

𝐻̂(𝑠),0 ≤ 𝑠 ≤ 1 

𝐻̂(𝑠 = 0) = 𝐻̂0 and 𝐻̂(𝑠 = 1) = 𝐻̂ 

𝐻̂(𝑠) = 𝐻̂0 + 𝑠𝐻̂1 

𝑖
𝑑

𝑑𝑡
|Ψ𝑡⟩ = 𝐻̂(𝑡/𝑇)|Ψ𝑡⟩ , 0 ≤ 𝑡 ≤ 𝑇 , |Ψ0⟩ = |Φ0(0)⟩  

lim
𝑇→∞

 |Ψ(𝑇)⟩ = |Φ0(1)⟩  

𝜀−1𝐹(𝛾(𝑠), 𝑓1(𝑠), 𝑓2(𝑠)) 

𝛾(𝑠)𝐻̂(𝑠)𝑓𝑘(𝑠) = ‖
𝑑𝑘𝐻̂

𝑑𝑠𝑘
‖(𝑠) 

𝐻̂|Φ𝜇⟩ = 𝐸𝜇|Φ𝜇⟩ 

|Ψ(𝜃)⟩ = 𝑈̂(𝜃)|Ψ0⟩ , 𝑈̂(𝜃) = 𝑢̂𝑛𝑔−1 (𝜃𝑛𝑔−1)… 𝑢̂0(𝜃0)  
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𝐸(𝜃) = ⟨Ψ(𝜃)|𝐻̂|Ψ(𝜃)⟩ 

𝐸(𝜃) ∼ 𝜇 ± 𝜎 

𝜃𝑛+1 = 𝜃𝑛 − 𝑎𝑛𝑔(𝜃𝑛) 
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(𝑈1, 𝑈2) = {(𝐴𝑌, 𝐴𝑋), (𝐴𝑋 , 𝐴𝑌)} 

(𝑉1, 𝑉2, 𝑉3, 𝑉4) =
(𝐴𝑋 , 𝐴𝑋, 𝐴𝑌, 𝐴𝑋), (𝐴𝑌, 𝐴𝑋 , 𝐴𝑌, 𝐴𝑌), (𝐴𝑋, 𝐴𝑌, 𝐴𝑌, 𝐴𝑌), (𝐴𝑋, 𝐴𝑋 , 𝐴𝑋 , 𝐴𝑌), (𝐴𝑌, 𝐴𝑋, 𝐴𝑋 , 𝐴𝑋), 

(𝐴𝑋 , 𝐴𝑌, 𝐴𝑋, 𝐴𝑋), (𝐴𝑌, 𝐴𝑌, 𝐴𝑌, 𝐴𝑋), (𝐴𝑌, 𝐴𝑌, 𝐴𝑋 , 𝐴𝑌)} 

|Ψ⟩ = 𝑒𝑇̂−𝑇̂
†
|Ψ0⟩ , 𝑇̂ =∑  

𝑘

𝑙=1

  𝑇̂𝑙  , 𝑇̂𝑙 = ∑  

𝑎0…𝑎𝑙−1

  ∑  

𝑖0…𝑖𝑙−1

  𝑡𝑖0…𝑖𝑙−1
𝑎0…𝑎𝑙−1𝑎̂𝑎0

† … 𝑎̂𝑎𝑙−1
† 𝑎̂𝑖𝑙−1 … 𝑎̂𝑖0 ,  

𝑒𝑇̂−𝑇̂
†
≃∏ 

𝜇

 𝑒
𝜃𝜇(𝑡̂𝜇−𝑡̂𝜇

†)
 

𝑒𝑇̂−𝑇̂
†
≃∏ 

𝑖𝑎

 𝑒
𝜃𝑖
𝑎(𝑎̂𝑎

†𝑎̂𝑖−𝑎̂𝑖
†
𝑎̂𝑎)∏ 

𝑖𝑗𝑎𝑏

 𝑒
𝜃𝑖𝑗
𝑎𝑏(𝑎̂𝑎

†𝑎̂𝑏
†𝑎̂𝑗𝑎̂𝑖−𝑎̂𝑖

†
𝑎̂𝑗
†
𝑎̂𝑏𝑎̂𝑎)

 

 

|Ψ𝜃⟩ = exp (𝜃𝑛𝐴̂𝑖𝑛)…exp (𝜃1𝐴̂𝑖1)|Ψ0⟩ 

𝑔𝑖 = ⟨Ψ𝜃|[𝐻̂, 𝐴̂𝑖]|Ψ𝜃⟩ 

|Δ⟩ =
𝑑

𝑑𝑡
|Ψ𝜃𝑡⟩ + 𝑖𝐻̂|Ψ𝜃𝑡⟩ =∑  

𝑘

 
𝑑𝜃𝑘
𝑑𝑡
|Ψ𝜃𝑡
𝑘 ⟩ + 𝑖𝐻̂|Ψ𝜃𝑡⟩ , |Ψ𝜃𝑡

𝑘 ⟩ =
𝜕

𝜕𝜃𝑘
|Ψ𝜃𝑡⟩,  
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𝑏𝑟 =∑ 

𝑘

 𝐴𝑟𝑘
𝑑𝜃𝑘
𝑑𝑡
 , 𝐴𝑟𝑘 = Re(⟨Ψ𝜃𝑡

𝑟 ∣ Ψ𝜃𝑡
𝑘 ⟩) , 𝑏𝑟 = Im(⟨Ψ𝜃𝑡

𝑟 |𝐻̂|Ψ𝜃𝑡⟩){|𝐯𝑎⟩}𝑎=0
𝑑−1,  

𝑆𝑎𝑏 = ⟨𝐯𝑎 ∣ 𝐯𝑏⟩ , 𝐻𝑎𝑏 = ⟨𝐯𝑎|𝐻̂|𝐯𝑏⟩  

𝐻𝐜𝜇 = 𝐸𝜇𝑆𝐜𝜇 

|𝜓𝜇⟩ =∑  

𝑎

𝑐𝑎𝜇|𝐯𝑎⟩ 

|𝐯𝑎⟩ = 𝑉̂𝑎|Ψ0⟩ , 𝑎 = 0…𝑑 − 1  

 

𝐵𝑎𝑏 = ⟨𝐯𝑎|𝐵̂|𝐯𝑏⟩ 

|𝜓𝜇⟩ = ∑  𝑎 𝑐𝑎𝜇𝐸̂𝑎|Ψ0⟩, where {𝐸̂𝑎}𝑎 

𝑃𝑘= {𝜎̂𝐦 = 𝜎̂𝑚𝑛−1⊗⋯⊗ 𝜎̂𝑚0 , 𝜎𝑚𝑖 ≠ 𝟙 for at most 𝑘 indices } 

𝐹𝑘 = {𝑎̂𝑖0
† … 𝑎̂𝑖𝑙−1

† 𝑎̂𝑗𝑙−1 … 𝑎̂𝑗0 , 𝑙 ≤ 𝑘}.
 

Δ𝐸𝜇 =
⟨Ψ0|[𝑂̂𝜇 , 𝐻̂, 𝑂̂𝜇

†]|Ψ0⟩

⟨Ψ0|[𝑂̂𝜇 , 𝑂̂𝜇
†]|Ψ0⟩

,  

2[𝑂̂𝜇 , 𝐻̂, 𝑂̂𝜇
†] = [[𝑂̂𝜇 , 𝐻̂], 𝑂̂𝜇

†] + [𝑂̂𝜇 , [𝐻̂, 𝑂̂𝜇
†]] 

𝐻̂𝑂̂𝜇
†|Ψ0⟩ = [𝐻̂, 𝑂̂𝜇

†]|Ψ0⟩ + 𝐸0𝑂̂𝜇
†|Ψ0⟩ 

[𝐻̂, 𝑂̂𝜇
†]|Ψ0⟩ = (𝐸𝜇 − 𝐸0)𝑂̂𝜇

†|Ψ0⟩ = Δ𝐸𝜇𝑂̂𝜇
†|Ψ0⟩ 

|𝐯𝑘⟩ =
𝑒−𝑘Δ𝜏𝐻̂|Ψ0⟩

‖𝑒−𝑘Δ𝜏𝐻̂|Ψ0⟩‖
 , 𝑘 = 0…𝑑 − 1,  

𝑒−Δ𝜏ℎ̂𝑚|Ψ⟩ ∝ 𝑒𝑖𝐴̂𝑚|Ψ⟩ 

𝐴̂𝑚 =∑  

𝑖

𝑥𝑖𝑚𝑃̂𝑖𝑚 



pág. 12276 

 

 

 

𝑖ℏ
𝑑𝜌hw
𝑑𝑡

= [𝐻̂hw(𝑡) + 𝐻̂c(𝑡), 𝜌hw] + ℒi(𝑡, 𝜌hw)  

ℒa(𝜌) = 𝛾a𝒱𝑆−(𝜌) , ℒp(𝜌) = 𝛾p𝒱𝑍(𝜌) , ℒd(𝜌) = 𝛾d∑ 

𝑚

 𝒱𝜎𝑚(𝜌)  

𝒱𝐴(𝜌) = 𝐴𝜌𝐴
† − 𝐴†𝐴𝜌 − 𝜌𝐴†𝐴 

Λ0, 𝚫0 = argminΛ,𝚫∑ 

𝑘

‖𝐩exp (𝑘) − Λ𝐩ideal (𝑘) − 𝚫‖ 

𝐩ideal ≃ Λ0
−1[𝐩exp − 𝚫0] 
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𝐻̂hw(𝑡) =∑  

𝛼

𝐽𝛼(𝑡)𝑃̂𝛼 

𝐵(𝜀) = 𝑏0 +∑  

𝑛

𝑘=1

 𝑏𝑘𝜀
𝑘 + 𝒪(𝜀𝑛+1)  

𝐽𝛼(𝑡) → 𝑐𝑖
−1𝐽𝛼(𝑐𝑖

−1𝑡) 

𝐵𝑖(𝜀) = 𝐵(𝑐𝑖𝜀) = 𝑏0 +∑ 

𝑘

𝑏𝑘(𝑐𝑖𝜀)
𝑘 

|Ψ⟩ = 𝑈̂†∑ 

𝐬

𝑐𝐬|Φ𝐬⟩ ⊗ |𝐬⟩ 

 

 

[𝑎𝑗, 𝑎𝑘]+ = 0 [𝑎𝑗
†, 𝑎𝑘

†]
+
= 0 [𝑎𝑗, 𝑎𝑘

†]
+
= 𝛿𝑗𝑘  

[𝑎, 𝑏]+ ≡ 𝑎𝑏 + 𝑏𝑎 
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𝐻 = ℎ𝑛𝑢𝑐 +∑ 

𝑝𝑞

 ℎ𝑝𝑞𝑎𝑝
†𝑎𝑞 +

1

2
∑  

𝑝𝑞𝑟𝑠

 ℎ𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠  

ℎ𝑝𝑞 = ∫  𝑑𝜎𝜑𝑝
∗(𝜎) (−

∇𝑟 
2

2
−∑  

𝑖

 
𝑍𝑖

|𝑅⃗ 𝑖 − 𝑟 |
)𝜑𝑞(𝜎)

ℎ𝑝𝑞𝑟𝑠 = ∫  𝑑𝜎1𝑑𝜎2
𝜑𝑝
∗(𝜎1)𝜑𝑞

∗(𝜎2)𝜑𝑠(𝜎1)𝜑𝑟(𝜎2)

|𝑟 1 − 𝑟 2|

ℎ𝑛𝑢𝑐 =
1

2
∑  

𝑖≠𝑗

 
𝑍𝑖𝑍𝑗

|𝑅⃗ 𝑖 − 𝑅⃗ 𝑗|

 

 rate ∝
𝑒−𝛽Δ𝐺

‡

𝛽
,  

𝑇 =∑  

𝜂

𝑖=1

 𝑇𝑖

𝑇1  = ∑  
𝑖∈ occ 
𝑎∈ virt 

  𝑡𝑎
𝑖 𝑎𝑎
†𝑎𝑖

𝑇2  = ∑  
𝑖>𝑗∈ occ 
𝑎>𝑏∈ virt 

  𝑡𝑎𝑏
𝑖𝑗
𝑎𝑎
†𝑎𝑏
†𝑎𝑖𝑎𝑗

 …

 

|FCI⟩  = (1 + 𝑇)|HF⟩

𝐸FCI  = min
𝑡 
 
⟨FCI|𝐻|FCI⟩

⟨FCI ∣ FCI⟩

 

𝑂(𝜂𝑘(𝑁 − 𝜂)𝑘+2) 

|Ψ⟩ = 𝑒𝑇|HF⟩  

|CCSD⟩ = 𝑒𝑇1+𝑇2|HF⟩.  

𝑒−𝑇𝐻𝑒𝑇|HF⟩ = 𝐸CC|HF⟩  

⟨HF|𝑒−𝑇𝐻𝑒𝑇|HF⟩ = 𝐸

⟨𝜇|𝑒−𝑇𝐻𝑒𝑇|HF⟩ = 0
 

𝑒−𝑇𝐻𝑒𝑇 =𝐻 + [𝐻, 𝑇] +
1

2
[[𝐻, 𝑇], 𝑇]

 +
1

3!
[[[𝐻, 𝑇]𝑇], 𝑇] +

1

4!
[[[[𝐻, 𝑇]𝑇], 𝑇], 𝑇]

 

|Ψ⟩ = 𝑒𝑇−𝑇
†
|HF⟩.  

𝐸 = min
𝑡 
 ⟨HF|𝑒−(𝑇−𝑇

†)𝐻𝑒𝑇−𝑇
†
|HF⟩  
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𝑒𝑇
†−𝑇𝐻𝑒𝑇−𝑇

†
=𝐻 + [𝐻, 𝑇] + [𝑇†, 𝐻] +

1

2
([[𝐻, 𝑇], 𝑇]

+ [𝑇†, [𝑇†, 𝐻]] + [𝐻, [𝑇, 𝑇†]]) + ⋯
 

|Φ0⟩𝑈(𝑡 )𝑡 
(0)⟨𝐻⟩ =∑  

𝑖

⟨𝐻𝑖⟩𝑡 
(𝑛+1) 

𝑈(𝑡 ) = 𝑒
∑  𝑗  𝑡𝑗(𝜏𝑗−𝜏𝑗

†
)  

𝑈(𝑡 ) ≈ 𝑈Trot (𝑡 ) = (∏ 

𝑗

  𝑒
𝑡𝑗
𝜌
(𝜏𝑗−𝜏𝑗

†
)
)

𝜌

 

𝑈1(𝑡 )|Φ0⟩ =∏ 

𝑗

  𝑒
𝑡𝑗(𝜏𝑗−𝜏𝑗

†
)|Φ0⟩  

(𝜏𝑗 − 𝜏𝑗
†) = 𝑖 ∑  

22𝑙 −1

𝑘

 𝑃𝑘
𝑗  
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𝑈1(𝑡 ) =∏  

𝑗

 exp (𝑖𝑡𝑗 ∑  

22𝑙𝑘−1

𝑘

 𝑃𝑗
𝑘)  

𝑈1(𝑡 ) =∏  

𝑗

  ∏  

22𝑙𝑘−1

𝑘

 exp (𝑖𝑡𝑗𝑃𝑘
𝑗
)‖𝑡𝑗(𝜏𝑗 − 𝜏𝑗

†)‖  

𝑇 ≈ 𝑇1 + 𝑇2  

(
𝑁 − 𝜂

2
) (
𝜂

2
) + (

𝑁 − 𝜂

1
) (
𝜂

1
) < 𝑂(𝑁2𝜂2) 

𝑈MS(𝜃, 𝜙) = exp (−𝑖
𝜃

2
∑  

𝑗<𝑘

 𝜎𝑗
𝜙
𝜎𝑘
𝜙
) ,  

𝜎𝑗
𝜙
= cos (𝜙)𝜎𝑗

𝑥 + sin (𝜙)𝜎𝑗
𝑦

 

 

𝜎3
𝑧𝜎2
𝑦
𝜎1
𝑧𝜎0
𝑥𝐻𝑅𝑥 (−

𝜋

2
) 

|Φ0⟩ = 𝑎𝜂
†𝑎𝜂−1
† …𝑎1

†|⟩  

|0⟩⊗𝑁−𝜂⊗ |1⟩⊗𝜂 

𝐸 = ⟨Φ0|𝑒
−(𝑇−𝑇†)𝐻𝑒𝑇−𝑇

†
|Φ0⟩ 

𝐸 =∑  

𝑀

𝑖

 ℎ𝑖⟨𝑂𝑖⟩  

𝜖𝑖
2 =

|ℎ𝑖|
2Var[⟨𝑂𝑖⟩]

𝑚𝑖
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Var[⟨𝑂𝑖⟩]𝜖𝑖
2 =

|ℎ𝑖|

∑  𝑀𝑗   |ℎ𝑗|
𝜖2 

𝑚 =
∑  𝑀𝑗   |ℎ𝑗| ∑  𝑀𝑖   |ℎ𝑖|Var[⟨𝑂𝑖⟩]

𝜖2
≤
(∑  𝑀𝑗   |ℎ𝑗|)

2

𝜖2
 

𝑡𝑖
𝑎 = 0; 𝑡𝑖𝑗

𝑎𝑏 =
ℎ𝑖𝑗𝑏𝑎 − ℎ𝑖𝑗𝑎𝑏

𝜖𝑖 + 𝜖𝑗 − 𝜖𝑎 − 𝜖𝑏
 

𝑈(𝑡 ) =∏ 

𝑁𝑃

𝑗

 ∏  

𝑁𝑆
𝑗

𝑘

 exp (𝑖𝑐𝑘
𝑗
𝑡𝑗𝑃𝑘

𝑗
)  

 

Ψ(𝑡 ) =  ⟨Φ0|𝑉𝑘
𝑗†
(𝑡 )𝑂𝑖𝑈(𝑡 )|Φ0⟩

𝜕𝐸(𝑡 )

𝜕𝑡𝑗
𝑅𝑥 (

𝜋

2
)𝑈(𝑡 )|Φ0⟩ 

𝐸(𝑡 ) = ⟨Ψ(𝑡 )|𝐻|Ψ(𝑡 )⟩ 

𝜕𝐸(𝑡 )

𝜕𝑡𝑗
= ⟨Φ0|𝑈

†(𝑡 )𝐻
𝜕𝑈(𝑡 )

𝜕𝑡𝑗
|Φ0⟩ + ⟨Φ0|

𝜕𝑈(𝑡 )†

𝜕𝑡𝑗
𝐻𝑈(𝑡 )|Φ0⟩

 = 𝑖∑  

𝑁𝑆
𝑗

𝑘

  ⟨Φ0|𝑈
†(𝑡 )𝐻𝑉𝑘

𝑗
(𝑡 )|Φ0⟩ − ⟨Φ0|𝑉𝑘

𝑗†
(𝑡 )𝐻𝑈(𝑡 )|Φ0⟩

 = 2∑  

𝑁𝑆
𝑗

𝑘

  𝑐𝑘
𝑗
Im(⟨Φ0|𝑉𝑘

𝑗†
(𝑡 )𝐻𝑈(𝑡 )|Φ0⟩)

 

𝑉𝑘
𝑗
(𝑡 )exp (𝑖𝑡𝑗𝑃𝑘−1

𝑗
)exp (𝑖𝑡𝑗𝑃𝑘

𝑗
) 

𝑉𝑘
𝑗
(𝑡 ) =exp (𝑖𝑡𝑗𝑃1

1)⋯exp (𝑖𝑡𝑗𝑃𝑘−1
𝑗
)𝑃𝑘
𝑗
exp (𝑖𝑡𝑗𝑃𝑘

𝑗
)

exp (𝑖𝑡𝑗𝑃𝑘+1
𝑗
)⋯exp (𝑖𝑡𝑁𝑃𝑃𝑁𝑆

𝑁𝑃

𝑁𝑃 )
𝜕𝐸(𝑡 )

𝜕𝑡𝑗

 

𝜕𝐸(𝑡 )

𝜕𝑡𝑗
= 2∑  

𝑀

𝑖

 ℎ𝑖

(

 
 
∑ 

𝑁𝑆
𝑗

𝑘

  𝑐𝑘
𝑗
Im(⟨Φ0|𝑉𝑘

𝑗†
(𝑡 )𝑂𝑖𝑈(𝑡 )|Φ0⟩)

)

 
 

 

⟨Φ0|𝑉𝑘
𝑗†
𝐻𝑖𝑈(𝑡 )|Φ0⟩exp (𝑖𝑡𝑗𝑃𝑘

𝑗
) 

|0⟩ ⊗ (𝑈|Φ0⟩ + 𝑂𝑖𝑉𝑘
𝑗
(𝑡 )|Φ0⟩) + |1⟩ ⊗ (𝑈|Φ0⟩ − 𝑂𝑖𝑉𝑘

𝑗
(𝑡 )|Φ0⟩)

2
⟨Φ0|𝑉𝑘

𝑗†
(𝑡 )𝑂𝑖𝑈(𝑡 )|Φ0⟩ 
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Var [
𝜕𝐸(𝑡 )

𝜕𝑡𝑗
] = 4∑  

𝑀

𝑖

  |ℎ𝑖|
2∑ 

𝑁𝑆
𝑗

𝑘

  |𝑐𝑘
𝑗
|
2
Var [⟨𝜎𝑦⟩

𝑂𝑖,𝑃𝑘
𝑗]  

⟨𝜎𝑦⟩
𝑂𝑖,𝑃𝑘

𝑗 = ⟨0⊗Φ0|𝐶
𝑂𝑖,𝑃𝑘

𝑗
† (𝜎𝑦⊗ 𝐼)𝐶

𝑂𝑖,𝑃𝑘
𝑗|0⊗Φ0⟩  

𝑚̃𝑗,𝑘
𝑖 =

|𝑐𝑘
𝑗
|
2
Var [⟨𝜎𝑦⟩

𝑂𝑖,𝑃𝑘
𝑗]

(𝜖𝑗,𝑘
𝑖 )

2
 

|𝑐𝑗,𝑘
𝑖 | = |𝑐𝑗| 

∑ 

𝑁𝑆
𝑗

𝑘

|𝑐𝑗,𝑘
𝑖 | = 1 

(𝜖𝑗,𝑘
𝑖 )

2
= |𝑐𝑗|(𝜖𝑗

𝑖)
2
 

(𝜖𝑗
𝑖)
2
=
|ℎ𝑖|𝜖𝑗

2

∑  𝑀𝑙   |ℎ𝑙|
 

𝑚̃𝑗 = (4∑ 

𝑀

𝑙

  |ℎ𝑙|)
∑  𝑀𝑖  ∑  

𝑁𝑆
𝑗

𝑘   |ℎ𝑖||𝑐𝑘
𝑗
|Var [⟨𝜎𝑦⟩

𝑂𝑖,𝑃𝑘
𝑗]

𝜖𝑗
2

 

𝑚̃𝑗 ≤ 4
(∑  𝑀𝑖   |ℎ𝑖|)

2

𝜖𝑗
2

 

𝜕𝐸(𝑡 )

𝜕𝑡𝑗
≈
𝐸(𝑡1, . . , 𝑡𝑗 + 𝛿, . . , 𝑡𝑁𝑃) − 𝐸(𝑡1, . . , 𝑡𝑗 − 𝛿, . . , 𝑡𝑁𝑃)

2𝛿
 

𝜖𝑗 =
2𝛿𝜖𝑗

√2
 

𝑚̃𝑗 ≤ 4(
(∑  𝑀𝑖   |ℎ𝑖|)

2

(2𝛿)2𝜖𝑗
2 )  

𝜖𝑗
2 =

𝜖2

𝑁𝑃
 

𝑚̃ ≤ 𝐶𝑁𝑃 (
(∑  𝑀𝑖   |ℎ𝑖|)

2

𝜖2
) ,  

𝐶 =
4

(2𝛿)2
 

𝑇𝐴 =∑  

𝜂𝐴

𝑖

 𝑇𝑖  
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|Φ0⟩ = |Φ0
𝐴⟩ ⊗ |Φ0

𝐼 ⟩, where |Φ0
𝐼 ⟩ and |Φ0

𝐴⟩ 

𝐸 = ⟨Φ0
𝐴|𝑒−(𝑇

𝐴−𝑇𝐴†)𝐻̃𝐴𝑒𝑇
𝐴−𝑇𝐴†|Φ0

𝐴⟩  

𝐻̃𝐴 = ⟨Φ0
𝐼 |𝐻|Φ0

𝐼 ⟩  

 

(1 − |⟨ΨVQE ∣ ΨFCI ⟩|
2
) 

NPE = max(𝐸UCCSD − 𝐸FCI) − min(𝐸UCCSD − 𝐸FCI)  

 

 

1 − |⟨ΨUCCSD ∣ ΨFCI ⟩| {𝑡𝑖𝑗
𝑎𝑏(MP2)

} |𝑡𝑖𝑗
𝑎𝑏(MP2)

| < 𝑑 
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𝑈̃(𝑝 ) = 𝑈(𝑝 + Δ𝑝 ) 
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𝑡𝑖
𝑎(𝑎𝑎

†𝑎𝑖 − ℎ. 𝑐. ) ≡
𝑖𝑡𝑖
𝑎

2
⨂  

𝑎−1

𝑘=𝑖+1

 𝜎𝑘
𝑧(𝜎𝑖

𝑦
𝜎𝑎
𝑥 − 𝜎𝑖

𝑥𝜎𝑎
𝑦
)

𝑡𝑖𝑗
𝑎𝑏(𝑎𝑏

†𝑎𝑎
†𝑎𝑗𝑎𝑖 − ℎ. 𝑐. ) ≡

𝑖𝑡𝑖𝑗
𝑎𝑏

8
⨂ 

𝑗−1

𝑘=𝑖+1

 𝜎𝑘
𝑧⨂ 

𝑏−1

𝑙=𝑎+1

 𝜎𝑙
𝑧

(𝜎𝑖
𝑥𝜎𝑗
𝑥𝜎𝑎
𝑦
𝜎𝑏
𝑥 + 𝜎𝑖

𝑦
𝜎𝑗
𝑥𝜎𝑎
𝑦
𝜎𝑏
𝑦

+𝜎𝑖
𝑥𝜎𝑗
𝑦
𝜎𝑎
𝑦
𝜎𝑏
𝑦
+ 𝜎𝑖

𝑥𝜎𝑗
𝑥𝜎𝑎
𝑥𝜎𝑏
𝑦

−𝜎𝑖
𝑦
𝜎𝑗
𝑥𝜎𝑎
𝑥𝜎𝑏
𝑥 − 𝜎𝑖

𝑥𝜎𝑗
𝑦
𝜎𝑎
𝑥𝜎𝑏
𝑥

−𝜎𝑖
𝑦
𝜎𝑗
𝑦
𝜎𝑎
𝑦
𝜎𝑏
𝑥 − 𝜎𝑖

𝑦
𝜎𝑗
𝑦
𝜎𝑎
𝑥𝜎𝑏
𝑦
)

 

2𝑛, 𝑃𝐴 =⨂ 

2𝑛

𝑖=1

𝜎𝑖
𝑎𝑖  

𝑃𝐵 =⨂ 

2𝑛

𝑖=1

𝜎𝑖
𝑏𝑖  

[𝑃𝐴, 𝑃𝐵] =⨂ 

2𝑛

𝑖=1

  (𝜎𝑖
𝑎𝑖𝜎𝑖

𝑏𝑖) −⨂ 

2𝑛

𝑖=1

 (𝜎𝑖
𝑏𝑖𝜎𝑖

𝑎𝑖)  

𝜎𝑖
𝑎𝑖𝜎𝑖

𝑏𝑖 = {

1  if  𝑎𝑖 = 𝑏𝑖
𝑖𝜎𝑧  if  𝑎𝑖 = 𝑥 𝑏𝑖 = 𝑦
−𝑖𝜎𝑧  if  𝑎𝑖 = 𝑦 𝑏𝑖 = 𝑥

 

[𝑃𝐴, 𝑃𝐵] = [(−𝑖)
𝑛𝑦
𝐴−𝑐𝑦(𝑖)𝑛𝑥

𝐴−𝑐𝑥 − (−𝑖)𝑛𝑦
𝐵−𝑐𝑦(𝑖)𝑛𝑥

𝐵−𝑐𝑥] 𝑃,
 

[𝑃𝐴, 𝑃𝐵] = (−1)
𝑛𝑦
𝐴−𝑐𝑦 (1 − (−1)𝑛𝑦

𝐵−𝑛𝑦
𝐴
) 𝑖2𝑛−𝑐𝑥−𝑐𝑦𝑃  
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ℋ =∑ 

𝑗𝑘

 ℎ𝑗𝑘𝑎𝑗
†𝑎𝑘 + ∑  

𝑗𝑘𝑙𝑚

 𝑔𝑗𝑘𝑙𝑚𝑎𝑗
†𝑎𝑘
†𝑎𝑙𝑎𝑚,  

𝐸QCM ≡ 𝑐1 −
𝑐2
2

𝑐3
2 − 𝑐2𝑐4

(√3𝑐3
2 − 2𝑐2𝑐4 − 𝑐3)

𝑐𝑝 = ⟨ℋ
𝑝⟩ −∑  

𝑝−2

𝑗=0

 (
𝑝 − 1

𝑗
) 𝑐𝑗+1⟨ℋ

𝑝−1−𝑗⟩
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⟨Ψ𝑃|𝑎𝑗
†𝑎𝑘
†…𝑎𝑘′𝑎𝑗′|Ψ𝑃⟩ = |

⟨𝑎𝑗
†𝑎𝑗′⟩ ⟨𝑎𝑗

†𝑎𝑘′⟩ ⋯

⟨𝑎𝑘
†𝑎𝑗′⟩ ⟨𝑎𝑘

†𝑎𝑘′⟩ ⋯

⋮ ⋮ ⋱

| .  

𝑅𝑗+1 = 3𝑅𝑗
2 − 2𝑅𝑗

3,  

{𝜙1(𝒙), … , 𝜙𝑀(𝒙)} 

𝐻elec = ∑  

𝑀

𝑝,𝑞=1

 ℎ𝑝𝑞𝑎𝑝
†𝑎𝑞 +

1

2
∑  

𝑀

𝑝,𝑞,𝑟,𝑠=1

 𝑔𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠  

{𝑎𝑝
† , 𝑎𝑞} = 𝛿𝑝𝑞 

ℎ𝑝𝑞  = ∫  𝜙𝑝
∗(𝒙) (−

∇2

2
−∑  

𝐴

 
𝑍𝐴
𝑟𝐴
)𝜙𝑞(𝒙)𝑑𝒙

𝑔𝑝𝑞𝑟𝑠  = ∬ 
𝜙𝑝
∗(𝒙1)𝜙𝑞

∗(𝒙2)𝜙𝑟(𝒙2)𝜙𝑠(𝒙1)

𝑟12
𝑑𝒙1𝑑𝒙2

 

𝑎̂𝑗 ↦
1

2
(𝜎𝑗
𝑥 + 𝑖𝜎𝑗

𝑦
)𝜎1
𝑧⋯𝜎𝑗−1

𝑧  

𝐻elec =∑ 

𝑖

 𝛾𝑖𝑃𝑖  

𝑃𝑖 = ⨂  𝑀
𝑗=1 𝜎𝑖,𝑗 for 𝜎𝑖,𝑗 ∈ {𝐼, 𝜎

𝑥 , 𝜎𝑦, 𝜎𝑧} 
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⟨𝜓𝑔|𝐻elec |𝜓𝑔⟩ = 𝐸𝑔  

min
𝜽
 ⟨𝜓(𝜽)|𝐻elec |𝜓(𝜽)⟩ ≥ 𝐸𝑔 ,  

⟨𝜓(𝜽∗)|𝐻elec |𝜓(𝜽
∗)⟩ 

𝐻Ising =∑ 

𝑀

𝑖=1

 ℎ𝑖𝜎𝑖
𝑧 + ∑  

𝑀

𝑗>𝑖=1

  𝐽𝑖𝑗𝜎𝑖
𝑧𝜎𝑗
𝑧  

𝜈 = 𝑀(𝑀 + 1)/2 + 1 

𝐻(𝜽) =∑  

𝑀

𝑖=1

 𝜃𝑖𝜎𝑖
𝑧 + ∑  

𝑀

𝑗>𝑖=1

 𝜃𝑖𝑗𝜎𝑖
𝑧𝜎𝑗
𝑧 + 𝜃0𝐼,  

𝜽 = {𝜃0, 𝜽𝑖, 𝜽𝑖𝑗} ∈ ℝ
𝜈 

𝐻(𝑡, 𝜽) = −
𝐴(𝑡)

2
(∑  

𝑀

𝑖=1

 𝜎𝑖
𝑥) +

𝐵(𝑡)

2
𝐻(𝜽)  

|𝜓(0)⟩ =⨂ 

𝑀

𝑖=1

|+⟩,  where  |+⟩ =
|0⟩ + |1⟩

√2
 

 

𝜌(𝑡𝑓 , 𝜽) = Φ(𝑡𝑓 , 𝜽)[𝜌(0)]  

𝜌(0) = |𝜓(0)⟩⟨𝜓(0)| 
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Φ(𝑡𝑓 , 𝜽) = 𝒯exp [∫  
𝑡𝑓

0

 ℒ(𝑡, 𝜽)𝑑𝑡]  

ℒ(𝑡, 𝜽) = −𝑖[𝐻(𝑡, 𝜽),⋅] + 𝒟(𝑡, 𝜽),  
 

𝑡 = 𝑡𝑓 → ∞ 

ℒ(𝑡𝑓 , 𝜽)𝜌SS(𝑡𝑓 , 𝜽) = 0 

𝜌SS(𝑡𝑓 , 𝜽) =
𝑒−𝛽𝐻(𝜽)

Tr(𝑒−𝛽𝐻(𝜽))
 

|𝜓(𝜽)⟩𝜌(𝑡𝑓 , 𝜽) 

𝜌(𝑡𝑓 , 𝜽){𝐴𝑚}𝐴𝑚
† 𝐴𝑚∑ 

𝑚

𝐴𝑚
† 𝐴𝑚 = 𝐼 

𝑝(𝑚) = Tr (𝐴𝑚
† 𝐴𝑚𝜌(𝑡𝑓 , 𝜽)) .  

|𝜓(𝜽)⟩± =∑ 

𝑚

  𝜀𝑚√𝑝(𝑚)|𝑚⟩, where 𝜀𝑚 = ±1  

𝑝(𝑚) = ⟨𝑚|𝜌(𝑡𝑓 , 𝜽)|𝑚⟩,  

𝜌(𝑡𝑓 , 𝜽) =
𝑒−𝛽𝐻(𝜽)

Tr(𝑒−𝛽𝐻(𝜽))
, 

𝑝(𝑚) =
𝑒−𝛽𝐸𝑚(𝜽)

∑  𝑚  𝑒
−𝛽𝐸𝑚(𝜽)

,  

𝐻(𝜽) =∑  

𝑚

 𝐸𝑚(𝜽)|𝑚⟩⟨𝑚|,  

min
𝜽,±
 ± ⟨𝜓(𝜽)|𝐻elec |𝜓(𝜽)⟩±  

s.t. 𝜽 ∈ ℝ𝜈, 𝜈 = 𝑀(𝑀 + 1)/2 + 1
 

𝒟1 = {−1,1}
⊗𝜈,

𝒟2 = {−1,0,1}
⊗𝜈 .

 

|𝜓(𝜽)⟩± =∑ 

𝑚

 𝜀𝑚√
∑  𝑆
𝑠=1   [𝑚

𝑠 = 𝑚]

𝑆
|𝑚⟩, 𝜀𝑚 = ±1.  

 ±⟨𝜓(𝜽)|𝐻elec |𝜓(𝜽)⟩± 

⟨𝜓(𝜽∗)|𝐻elec |𝜓(𝜽
∗)⟩ 
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𝐻𝑘 = 𝐻 +∑  

𝑘−1

𝑖=0

 𝛼𝑖|𝑒𝑖⟩⟨𝑒𝑖|  

 

𝜈 = 𝑀(𝑀 + 1)/2 + 1 

𝚯:= (𝜽1, 𝜽2, … , 𝜽𝛼).  

𝐻(𝜽𝑘) =∑  

𝑀

𝑖=1

 𝜃𝑖
𝑘𝜎𝑖
𝑧 + ∑  

𝑀

𝑗>𝑖=1

 𝜃𝑖𝑗
𝑘𝜎𝑖

𝑧𝜎𝑗
𝑧 + 𝜃0

𝑘𝐼,  

|𝜓(𝚯)⟩± =∑ 

𝑚

  𝜀𝑚√∑  

𝛼

𝑘=1

 
𝑝𝑘(𝑚)

𝛼
|𝑚⟩, 𝜀𝑚 = ±1.  

𝜽∗ = {𝜃1
∗ = 0, 𝜃2

∗ = 0, 𝜃3
∗ = 1, 𝜃4

∗ = 0, 𝜃12
∗ = 1, 𝜃13

∗ = −1, 𝜃14
∗ = 1, 𝜃23

∗ = 1, 𝜃24
∗ = −1, 𝜃34

∗ = 1, 𝜃0
∗

= 1} 

|𝜓𝑔⟩H2
= 𝛼|0101⟩ + 𝛽|1010⟩,  

|𝜓(𝜽)⟩± =∑ 

𝑚

 𝜀𝑚√𝑝(𝑚)|𝑚⟩, where 𝜀𝑚 = ±1.  

|𝜓(𝜽)⟩± =∑ 

𝑚

 𝜀𝑚√
∑  𝑆
𝑠=1   [𝑚

𝑠 = 𝑚]

𝑆
|𝑚⟩, 𝜀𝑚 = ±1.  

±⟨𝜓(𝜽)|𝐻elec |𝜓(𝜽)⟩±=∑ 

′

𝑚,𝑛

  |⟨𝑚 ∣ 𝜓(𝜽)⟩|2|⟨𝑛 ∣ 𝜓(𝜽)⟩|2
⟨𝑚|𝐻elec |𝑛⟩

⟨𝑚 ∣ 𝜓(𝜽)⟩⟨𝜓(𝜽) ∣ 𝑛⟩
 

 =∑  

′

𝑚,𝑛

  𝜀𝑚𝜀𝑛√𝑝(𝑚)√𝑝(𝑛)⟨𝑚|𝐻elec |𝑛⟩
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𝐻elec =∑ 

𝑖

 𝛾𝑖𝑃𝑖  

⟨𝑚|𝐻elec|𝑛⟩ =∑  

𝑖

 𝛾𝑖⟨𝑚|𝑃𝑖|𝑛⟩  

𝑝(𝑚) = ⟨𝑚|𝜌(𝑡𝑓 , 𝜽)|𝑚⟩  

±⟨𝜓(𝜽)|𝐻elec |𝜓(𝜽)⟩± =∑ 

′

𝑚,𝑛

 𝜀𝑚𝜀𝑛√⟨𝑚|𝜌(𝑡𝑓 , 𝜽)|𝑚⟩√⟨𝑛|𝜌(𝑡𝑓 , 𝜽)|𝑛⟩⟨𝑚|𝐻elec |𝑛⟩,  

ℋ =∑ 

𝑁𝑣

𝑗=1

 𝑎𝑗𝑥𝑗 +∑  

𝑁ℎ

𝑖=1

 𝑏𝑖ℎ𝑖 +∑ 

𝑖,𝑗

 𝑊𝑖𝑗ℎ𝑖𝑥𝑗,  

𝒵 =∑  

𝐱

 𝑝(𝐱),  

𝑝(𝐱)=∑  

𝐡

  𝑒ℋ  

 = 𝑒
∑  
𝑁𝑣
𝑗=1  𝑎𝑗𝑥𝑗 ×∏ 

𝑁ℎ

𝑖=1

 2cosh (𝑏𝑖 +∑ 

𝑁𝑣

𝑗=1

 𝑊𝑖𝑗𝑥𝑗) .

 

𝑝(𝐱) = tanh (∑  

𝑁𝑣

𝑗=1

 𝑎𝑗𝑥𝑗) ×∏ 

𝑁ℎ

𝑖=1

 2cosh (𝑏𝑖 +∑ 

𝑁𝑣

𝑗=1

 𝑊𝑖𝑗𝑥𝑗) .  

 

𝐻̂𝑒 =∑ 

𝑝,𝑞

 ℎ𝑞
𝑝
𝑎𝑝
†𝑎𝑞 +

1

2
∑  
𝑝,𝑞
𝑟,𝑠

 𝑔𝑟𝑠
𝑝𝑞
𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠  

𝐻̂ =∑  

𝑖

  𝑐𝑖∏ 

𝑁

𝑗=1

 𝜎
𝑗

𝑣𝑖,𝑗
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𝐸(𝜃) =
⟨Ψ𝜃|𝐻̂|Ψ𝜃⟩

⟨Ψ𝜃 ∣ Ψ𝜃⟩
=
∑  𝐱  𝐸loc(𝐱)|Ψ𝜃(𝐱)|

2

∑  𝐲   |Ψ𝜃(𝐲)|
2

 

𝐸loc(𝐱) =∑  

𝐱′

 
Ψ𝜃(𝐱

′)

Ψ𝜃(𝐱)
𝐻𝐱′𝐱  

𝐻𝐱′𝐱 = ⟨𝐱
′|𝐻̂|𝐱⟩ 

𝐸̃(𝜃) = ⟨𝐸loc⟩,  

|Ψ𝜃(𝐱)|
2⊗ 𝐸̃(𝜃) 

𝜃𝑘+1 = 𝜃𝑘 − 𝛼𝑆−1𝐹,  

𝑆𝑖𝑗(𝑘) = ⟨𝑂𝑖
∗𝑂𝑗⟩ − ⟨𝑂𝑖

∗⟩⟨𝑂𝑗⟩,  

𝐹𝑖(𝑘) = ⟨𝐸loc𝑂𝑖
∗⟩ − ⟨𝐸loc⟩⟨𝑂𝑖

∗⟩  

𝑂𝑖(𝐱) =
1

Ψ𝜃(𝐱)

𝜕Ψ𝜃(𝐱)

𝜕𝜃𝑖
.  

 

𝐻 =∑ 

𝑝𝑞

  𝑡𝑝𝑞𝑐𝑝
†𝑐𝑞 +

1

2
∑  

𝑝𝑞𝑟𝑠

 𝑉𝑝𝑞𝑟𝑠𝑐𝑝
†𝑐𝑞
†𝑐𝑟𝑐𝑠  

⟨𝜓 ∣ 𝜓0⟩ > 1/2 

|𝜓HF⟩ =∏  

𝑁𝑒

𝑖=1

𝑐𝑖
†|0⟩ 

⟨𝜓HF ∣ 𝜓0⟩ 

|𝜓⟩ =∑  

𝑖

𝑐𝑖|𝜙𝑖⟩|0⟩ 

∑ 

𝑖

𝑐𝑖|𝜙𝑖⟩|𝐸𝑖⟩ 

|𝜓(𝑡)⟩ = exp (−𝑖𝐻𝑡)|𝜓(0)⟩ 

Δ𝑡 = 𝑡/𝑀 

exp (−𝑖𝑡∑  

𝑘

 ℎ𝑘) = 𝑈(Δ𝑡)
𝑀 + 𝒪(Δ𝑡)

  

 

𝑈(Δ𝑡) =∏ 

𝑘

 exp (−𝑖Δ𝑡ℎ𝑘) 

𝑈𝑘(Δ𝑡) = exp (−𝑖Δ𝑡ℎ𝑘)𝒪(Δ𝑡
2) 

𝐻eff = ln 𝑈(Δ𝑡)/(−𝑖Δ𝑡) 
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𝐻 =∑  

𝑚

𝑖=1

𝐻𝑖 

𝒪(𝑑2/3((log log 𝑑)𝑡‖𝐻‖)4/3) 

𝑑 = 𝑁4 

𝒪 (𝑁8/3((log log 𝑁4)‖𝐻‖)
4/3
)𝒪(𝑑Λmax 𝑡)Λmax  

ℎ𝑝𝑝𝑐𝑝
†𝑐𝑝, ℎ𝑝𝑞𝑐𝑝

†𝑐𝑞 , ℎ𝑝𝑞𝑞𝑝𝑐𝑝
†𝑐𝑞
†𝑐𝑞𝑐𝑝, ℎ𝑝𝑞𝑞𝑟𝑐𝑝

†𝑐𝑞
†𝑐𝑞𝑐𝑟 and ℎ𝑝𝑞𝑟𝑠𝑐𝑝

†𝑐𝑞
†𝑐𝑟𝑐𝑠 

𝑝(ℎ𝑝𝑝)  = 𝑢[−10,0](ℎ𝑝𝑝)

𝑝(ℎ𝑝𝑞)  = 𝑢[−1,1](ℎ𝑝𝑞)

𝑝(ℎ𝑝𝑞𝑞𝑝)  = 𝑢[−0.5,0.5](ℎ𝑝𝑞𝑞𝑝)

𝑝(ℎ𝑝𝑞𝑞𝑟)  =
1

2 ⋅ 0.2
𝑒−|ℎ𝑝𝑞𝑞𝑟|/0.2

𝑝(ℎ𝑝𝑞𝑟𝑠)  =
1

2 ⋅ 0.1
𝑒−|ℎ𝑝𝑞𝑟𝑠|/0.1

 

𝑁𝑒 = 𝑁/2 

𝑁𝑒 = 𝑁/3𝜖(Δ𝑡) 

𝑁Trotter = (
𝜖(Δ𝑡)

Δ𝑡
2𝜖𝑡
)

1/2

 

𝜖(Δ𝑡) ∼ Δ𝑡
2 
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𝐻 =∑ 

𝑚

𝑖=1

𝐻𝑖exp (−𝑖𝐻Δ𝑡) 

𝑈𝑇𝑆 ≡ exp (−𝑖𝐻1Δ𝑡/2)…exp (−𝑖𝐻𝑚Δ𝑡/2)

 × exp (−𝑖𝐻𝑚Δ𝑡/2)…exp (−𝑖𝐻1Δ𝑡/2)
 

𝑈 = exp (−𝑖𝐻Δ𝑡)(𝑚ΛΔ𝑡)
3‖𝐻𝑖‖𝑡(𝑚Λ)

3Δ𝑡
2Δ𝑡 ≪ 𝑚

−3/2 

𝐾 = 𝒪(𝑁3) 

‖𝑈 − 𝑈𝑇𝑆‖ ≤ 𝒪(𝑚𝐾2Λ3Δ𝑡
3)  

𝒪(𝑚3Λ3Δ𝑡
3), 𝑚 = 𝒪(𝑁4), 𝐾 = 𝒪(𝑁3)𝒪(𝑁5) 𝒪(𝑚𝑘Δ3𝑡3)  

𝒪(𝑚𝐾2Δ𝑡
3)⊛ 𝒪(𝑚𝐾2Δ𝑡

3) 

[𝐻𝑖𝑎 , 𝐻𝑖𝑏]𝒪(𝑚
𝑞−2𝐾2(ΛΔ𝑡)

𝑞)𝒪(𝑚𝐾2Λ3Δ𝑡
3)𝑚ΛΔ𝑡 

Δ𝑡 = 1 

𝐻(𝑥) = 𝐵 + (1 − 𝑥)𝐴 

‖exp (−𝑖
𝐴

2
) exp (−𝑖𝐵)exp (−𝑖

𝐴

2
) − exp (−𝑖𝐻(0))‖

=‖∫  
1

0

 𝜕𝑥 (exp (−𝑖𝑥
𝐴

2
) exp (−𝑖𝐻(𝑥))exp (−𝑖𝑥

𝐴

2
))d𝑥‖

 

𝐴(𝑡, 𝑥) = exp (𝑖𝐻(𝑥)𝑡)𝐴exp (−𝑖𝐻(𝑥)𝑡) 

‖𝜕𝑥 (exp (−𝑖𝑥
𝐴

2
) exp (−𝑖𝐻(𝑥))exp (−𝑖𝑥

𝐴

2
))‖

= ‖exp (−𝑖𝑥
𝐴

2
) exp (−𝑖𝐻(𝑥)) (−𝑖

𝐴

2
− 𝑖
𝐴(1, 𝑥)

2

+𝑖∫  
1

0

 𝐴(𝑡, 𝑥)d𝑡) exp (−𝑖𝑥
𝐴

2
)‖

=‖−
𝐴(0, 𝑥)

2
−
𝐴(1, 𝑥)

2
+ ∫  

1

0

 𝐴(𝑡, 𝑥)d𝑡‖

 

𝐴(𝑡, 𝑥) = 𝐴(0, 𝑥) + 𝑡𝐴′(0, 𝑥) + ∫  
𝑡

0

(𝑡 − 𝑠)𝐴′′(𝑠, 𝑥)d𝑠 

‖𝜕𝑥 (exp (−𝑖𝑥
𝐴

2
) exp (−𝑖𝐻(𝑥))exp (−𝑖𝑥

𝐴

2
))‖

≤‖∫  
1

0

  ((1 − 𝑠) − (1 − 𝑠)2/2)𝐴′′(𝑡, 𝑠)d𝑠‖

≤ ∫  
1

0

 ‖𝐴′′(𝑡, 𝑠)‖d𝑠

 

‖𝐴′′(𝑡, 𝑠)‖ = ‖[[𝐴, 𝐻(𝑥)], 𝐻(𝑥)]‖ ≤ ‖[[𝐴, 𝐵], 𝐴] + [[𝐴, 𝐵], 𝐵]‖ 
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‖exp (−𝑖
𝐴

2
) exp (−𝑖𝐵)exp (−𝑖

𝐴

2
) − exp (−𝑖(𝐴 + 𝐵))‖

≤ ‖[[𝐴, 𝐵], 𝐴]‖ + ‖[[𝐴, 𝐵], 𝐵]‖.
 

𝑈 − 𝑈𝑇𝑆 

𝑈𝑗 = exp (−𝑖 ∑  

𝑗≤𝑘≤𝑚

 𝐻𝑘) 

𝑈𝑗
𝑇𝑆 =exp (−𝑖𝐻𝑗

Δ𝑡
2
)…exp (−𝑖𝐻𝑚

Δ𝑡
2
)

 × exp (−𝑖𝐻𝑚
Δ𝑡
2
)…exp (−𝑖𝐻𝑗

Δ𝑡
2
)

 

‖𝑈𝑗−1 − 𝑈𝑗−1
𝑇𝑆 ‖

≤ ‖𝑈𝑗−1 − exp (𝑖𝐻𝑗−1
Δ𝑡
2
)𝑈𝑗exp (−𝑖𝐻𝑗−1

Δ𝑡
2
)‖

 +‖exp (𝑖𝐻𝑗−1
Δ𝑡
2
)𝑈𝑗exp (−𝑖𝐻𝑗−1

Δ𝑡
2
) − 𝑈𝑗−1

𝑇𝑆 ‖

= ‖𝑈𝑗−1 − exp (𝑖𝐻𝑗−1
Δ𝑡
2
)𝑈𝑗exp (−𝑖𝐻𝑗−1

Δ𝑡
2
)‖

 +‖𝑈𝑗 − 𝑈𝑗
𝑇𝑆‖.

 

𝐴 = 𝐻𝑗−1Δ𝑡 

𝐵 = ∑  

𝑗≤𝑘≤𝑚

𝐻𝑘Δ𝑡 

‖𝑈𝑗−1 −𝑈𝑗−1
𝑇𝑆 ‖ ≤  const. × Λ3Δ𝑡3𝐾2 + ‖𝑈𝑗 −𝑈𝑗

𝑇𝑆‖  

‖𝑈 − 𝑈𝑇𝑆‖ = ‖𝑈1 −𝑈1
𝑇𝑆‖ 

Δ𝑡
(𝑘)
⋅ ‖ℎ𝑘‖ 

𝑈 = (∏ 𝑈𝑘)
𝑇/Δ𝑡

,  

𝐻 =∑  

𝑖

𝐻𝑖 

‖𝐻𝑖‖ ≤ Λ𝑎 

𝑈 = exp (−𝑖𝐻𝑡) 

exp (−𝑖𝜃𝐻𝑖) 

𝜖 ≤∑  

𝑎

 𝑂 (
𝑆𝑎
3 + 𝑇𝑎−1𝑆𝑎

2 + 𝑇𝑎−1
2 𝑆𝑎

(2𝑘−𝑎)2
)  

𝑆𝑎 = 𝑁𝑎Λ𝑎𝑡  



pág. 12297 

𝑇𝑎 =∑  

𝑏≤𝑎

 𝑆𝑏  

𝐾𝑎 = ∑  

𝑖∈𝐵𝑎

𝐻𝑖 

𝑂 (𝑆𝑎
3/(2𝑘−𝑎)

2
) exp (−𝑖𝐾𝑎𝑡)exp (−𝑖𝐾𝑎

𝑡

2𝑘−𝑎
) 2𝑘−𝑎(2𝑘−1)

2
(2𝑘−𝑎)

2
 

𝐽𝑎 =∑  

𝑏≤𝑎

  ∑  

𝑖∈𝐵𝑏

 𝐻𝑖  

𝑈𝑎 = exp (−𝑖𝐽𝑎
𝑡

2𝑘−𝑎
)  

𝜖𝑎 = ‖𝑉𝑎 − 𝑈𝑎‖  

𝑊𝑎 =∏  

𝑖∈𝐵1

 exp (−𝑖
1

2
𝐻𝑖

𝑡

2𝑘−𝑎
)  

𝑊𝑎
′ = 𝑊𝑎

𝑇 

𝑉1 = 𝑊1𝑊1
′  

𝜖1 ≤ 𝑂 (
𝑆1
2𝑘−1

)
3

 

𝑉𝑎+1 = 𝑊𝑎+1𝑉𝑎
2𝑊𝑎+1

′  

‖𝑉𝑎+1 −𝑊𝑎+1𝑈𝑎
2𝑊𝑎+1

′ ‖ ≤ 2𝜖𝑎  

‖𝑈𝑎+1 −𝑊𝑎+1𝑈𝑎
2𝑊𝑎+1

′ ‖

≤ 𝑂 (
𝑆𝑎+1
3 + ‖𝐽𝑎‖𝑆𝑎+1

2 + ‖𝐽𝑎‖
2𝑆𝑎+1

(2𝑘−𝑎−1)3
)

 

𝜖𝑎+1 ≤ 2𝜖𝑎 + 𝑂(
𝑆𝑎+1
3 + 𝑇𝑎𝑆𝑎+1

2 + 𝑇𝑎
2𝑆𝑎+1

(2𝑘−𝑎−1)3
) ,  

‖𝐽𝑎‖ ≤ 𝑇𝑎 
 

𝜖𝑎 ≤∑  

𝑏≤𝑎

 2𝑎−𝑏𝑂(
𝑆𝑏
3 + 𝑇𝑏−1𝑆𝑏

2 + 𝑇𝑏−1
2 𝑆𝑏

(2𝑘−𝑏−1)3
)  

𝜖𝑘 ≤∑ 

𝑎

 𝑂 (
𝑆𝑎
3 + 𝑇𝑎−1𝑆𝑎

2 + 𝑇𝑎−1
2 𝑆𝑎

(2𝑘−𝑎)2
)  

𝐇 =
1

√2
[
1 1
1 −1

]  𝐘 =
1

√2
[
1 𝑖
𝑖 1

]  

𝐻𝑝𝑞𝑞𝑟𝑉𝑝𝑞𝑟𝑠
1

2
∑  

𝑝𝑞𝑟𝑠

𝑉𝑝𝑞𝑟𝑠𝑐𝑝
†𝑐𝑞
†𝑐𝑟𝑐𝑠𝑂(𝑁

3) 
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𝑃̂∑  

𝑝

 ∑  

𝑞

 𝑊𝑝𝑞𝑐𝑝
†𝑐𝑝𝑐𝑞

†𝑐𝑞𝑃̂ +  single body terms  
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Sequential 
Circuit 

Global 
𝐑𝑧 

𝐇, 𝐘, 𝐘† CNOT 𝐂𝐑𝑧 BSM Total 

𝐻𝑝𝑝 

𝐻𝑝𝑞 

𝐻𝑝𝑞𝑞𝑝 

𝐻𝑝𝑞𝑞𝑟, 𝑝

< 𝑞 < 𝑟 
𝐻𝑝𝑞𝑞𝑟, 𝑞 <

𝑝 or 𝑟 < 𝑞 
𝐻𝑝𝑞𝑟𝑠 

1 

8 
8 
8 
8.8 

 1 

 

1 

2(𝑞
− 𝑝) 

4 12 + 2(𝑞 − 𝑝) 

2 3 1 + 5 

4(𝑟
− 𝑝) 

4 12 + 4(𝑟 − 𝑝) 

4(𝑟
− 𝑝
+ 1) 

4 16 + 4(𝑟 − 𝑝) 
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8 ⋅ 2(𝑞
− 𝑝
+ 𝑠
− 𝑟
+ 1) 

8
⋅ 1 

8 ⋅ 9 + 8 ⋅ 2(𝑞 − 𝑝 + 𝑠 − 𝑟
+ 1) 

Parallel 
Circuit 

Global 
𝐑𝑧 

𝐇, 𝐘, 𝐘† CNOT 𝐂𝐑𝑧 BSM Total 

𝐻𝑝𝑝 

1 

  1  1 

𝐻𝑝𝑞 8 2 4 4 18 

𝐻𝑝𝑞𝑞𝑝  2 3  1 + 5 

𝐻𝑝𝑞𝑞𝑟 4 8 4 4 24 

𝐻pqrs  8 ⋅ 2 8 ⋅ 2 
8
⋅ 1 

8 ⋅ 2 8 ⋅ 7 

 

1

2
∑  

𝑝𝑞𝑟𝑠

 𝑉𝑝𝑞𝑟𝑠𝑐𝑝
†𝑐𝑟𝑐𝑞

†𝑐𝑠 +  single body terms.  

∑ 

𝑎

 𝜆𝑎𝑂(𝑎)𝑂(𝑎) +  single body terms  

𝑂(𝑎) =∑  

𝑝,𝑞

 𝐴(𝑝, 𝑞, 𝑎)𝑐𝑝
†𝑐𝑞  

𝑘 = 𝑂(𝑁2) 

1

√𝑘
(

𝑈(1)
𝑈(1)
…
𝑈(𝑘)

)  

𝑊𝑝𝑞 = √𝑘𝜆(𝑎)Λ(𝑎)𝑏𝑏Λ(𝑎)𝑑𝑑 

𝛼𝑘 = |⟨𝜑 ∣ 𝑘⟩|
2 

𝜎𝐸𝑘 = 𝑂((𝜏𝑀)
−1)𝑒−𝑖𝐻𝜏 

𝑂(poly(𝜂)polylog(𝑁, 1/𝜖))𝑂( polylog(1/𝛿))𝑂̃(𝜂2)𝑂̃(𝜂3) 

𝑂(𝜂log𝑐  𝜂log 𝑁) 

𝑂(log𝑐  𝜂log log 𝑁) 

𝑂(𝜂2log 𝑁) 

|𝜑⟩𝑂( polylog (1/𝜖)) 

|𝑟1⋯𝑟𝜂⟩ ↦ ∑  

𝜎∈𝑆𝜂

  (−1)𝜋(𝜎)|𝜎(𝑟1,⋯ , 𝑟𝜂)⟩  
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𝑟𝑝 < 𝑟𝑝+1|𝑟1⋯𝑟𝜂⟩ 

𝑂(𝜂2log 𝑁)𝑂(𝜂log 𝜂log 𝑁)𝑂(log 𝜂log log 𝑁) 

𝑓(𝜂) ≥ 𝜂2𝑂̃(𝜂2)𝑂̃(𝜂) 

𝑂(𝜂log2 𝜂) 𝑂(log2 𝜂)𝑂(𝜂log 𝜂)𝑂(𝜂log 𝜂)𝑂(𝜂log 𝜂) 

𝑂(log 𝜂log log 𝑁)𝑂(𝜂log 𝜂log 𝑁)𝑂(𝜂log 𝜂)𝑂(log 𝜂)𝑂(log 𝑁)𝑂(log log 𝑁)𝑂(log log 𝜂)𝑂(𝜂log 𝜂log 𝑁) 

𝑂(log 𝜂log log 𝑁) 

𝑂(𝜂log 𝜂)𝑂(𝜂)𝑂(𝜂log 𝜂)𝑂(log log 𝜂) 

𝑂(𝜂log 𝜂)𝑂(log 𝜂) 

𝑂̃(𝜂)𝑂̃(𝜂3) 

log2 (𝜂!) = 𝑂(𝜂log 𝜂) 

𝑂(log 𝜂)𝑂(𝜂log 𝜂)𝑂(𝜂log 𝑁) 

𝑂(log2 𝜂log log 𝑁)𝑂(𝜂log 𝜂log 𝑁)𝑂(𝜂log 𝜂)𝑂̃(𝜂2) 

𝑂(𝜂log 𝜂log 𝑁)𝑂(log 𝜂log log 𝑁) 

𝛼𝑘 = |⟨𝜑 ∣ 𝑘⟩|
2 

𝐸0 ≤ 𝐸̃0 < 𝐸1 

1/𝜖𝐸1 − 𝐸̃01/(𝐸1 − 𝐸̃0)𝐸1 − 𝐸̃0 

1/[𝛼0(𝐸1 − 𝐸0)] 

𝑂 (
1

𝛼0(𝐸1 − 𝐸̃0)
+
1

𝜖𝑓
)  

𝑂 (1/(𝛼0𝜖𝑓)) 𝛼0(𝐸1 − 𝐸̃0) > 𝜖𝑓 

𝐸̃1 − 𝐸̃01/√𝛼01/𝛼0 

𝐸∗ = min
𝑘>0
 𝐸𝑘 subject to |⟨𝜑 ∣ 𝑘⟩|2 > 0 

𝐸0 ≤ 𝐸̃0 < 𝐸
∗ ± 𝑒±𝑖arcsin (𝐸𝑘/𝜆) 

(|0⟩⟨0|𝑎⊗ 𝟙𝑠)𝑉(|0⟩⟨0|𝑎⊗ 𝟙𝑠) = |0⟩⟨0|𝑎⊗𝐻/𝜆  

𝐻 = ∑  

𝑑−1

𝑗=0

 𝑎𝑗𝑈𝑗 𝑎𝑗 > 0  

𝑈 = (𝐴†⊗𝟙)SELECT − U(𝐴⊗ 𝟙)  

𝐴|0⟩ = ∑  

𝑑−1

𝑗=0

 √𝑎𝑗/𝜆|𝑗⟩  
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𝜆 = ∑  

𝑑−1

𝑗=0

𝑎𝑗 

 SELECT-U = ∑  

𝑑−1

𝑗=0

  |𝑗⟩⟨𝑗| ⊗ 𝑈𝑗  

𝑉 = |+⟩⟨−|⊗ 𝑈 + |−⟩⟨+|⊗ 𝑈†  

|±⟩ =
1

√2
(|0⟩ ± |1⟩) 

𝑊 = 𝑖(2|0⟩⟨0|𝑎⊗𝟙𝑠 − 𝟙)𝑉  

𝑊|0⟩𝑎|𝑘⟩𝑠  = 𝑖
𝐸𝑘
𝜆
|0⟩𝑎|𝑘⟩𝑠 + 𝑖√1 − |

𝐸𝑘
𝜆
|
2

|0𝑘⊥⟩𝑎𝑠

𝑊|0𝑘⊥⟩𝑎𝑠  = 𝑖
𝐸𝑘
𝜆
|0𝑘⊥⟩𝑎𝑠 − 𝑖√1 − |

𝐸𝑘
𝜆
|
2

|0⟩𝑎|𝑘⟩𝑠

 

|0𝑘⊥⟩𝑎𝑠|0⟩𝑎|𝑘⟩𝑠|0𝑘
⊥⟩𝑎𝑠 

𝑊| ± 𝑘⟩𝑎𝑠  = ∓𝑒
∓𝑖arcsin (𝐸𝑘/𝜆)| ± 𝑘⟩𝑎𝑠

| ± 𝑘⟩𝑎𝑠  =
1

√2
(|0⟩𝑎|𝑘⟩𝑠 ± |0𝑘

⊥⟩𝑎𝑠)
 

(2|0⟩⟨0|𝑎⊗𝟙𝑠 − 𝟙) 

arcsin (𝐸𝑘/𝜆)𝜋 − arcsin (𝐸𝑘/𝜆)𝐸𝑘/𝜆 ≥ ‖𝐻‖|𝐸𝑘/𝜆| ≤ 1𝑒
𝑖𝑓(𝐻)  

𝑓(⋅):ℝ → (−𝜋, 𝜋)  

𝜎𝐸𝑘 = |(
𝑑𝑓

𝑑𝑥
|
𝑥=𝐸𝑘

)|

−1

𝜎𝑓(𝐸𝑘)  

𝜎𝐸𝑘 = 𝜎phase √𝜆
2 − 𝐸𝑘

2 ≤ 𝜆𝜎phase  

{𝐵′[1], … , 𝐵′[𝑖 − 1]} 

𝑂̃(𝜂3)𝑂̃(𝜂2) 

1

𝑓(𝜂)𝜂/2
∑  

𝑓(𝜂)−1

ℓ0,…,ℓ𝜂−1=0

  |ℓ0, … , ℓ𝜂−1⟩  

span{|ℓ0, … , ℓ𝜂−1⟩ ∣ ∀𝑖 ≠ 𝑗: ℓ𝑖 ≠ ℓ𝑗}  

1

𝑓(𝜂)𝜂/2
∑  

0≤ℓ0<⋯<ℓ𝜂−1<𝑓(𝜂)

  ∑  

𝜎∈𝑆𝜂

  |𝜎(ℓ0, … , ℓ𝜂−1)⟩.  
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𝜂!

𝑓(𝜂)𝜂
(
𝑓(𝜂)

𝜂
)  

1 − 𝐶(𝑓(𝜂), 𝜂) 

Pr( repetition ) = 𝐶(𝑓(𝜂), 𝜂) ≤
𝜂(𝜂 − 1)

2𝑓(𝜂)
 

∑  

0≤ℓ0<⋯<ℓ𝜂−1<𝑓(𝜂)

  ∑  

𝜎∈𝑆𝜂

  |𝜎(ℓ0, … , ℓ𝜂−1)⟩seed 
|𝜄⟩record .  

𝜎𝑇 ∘ ⋯ ∘ 𝜎1 ∘ 𝜎(ℓ0, … , ℓ𝜂−1) = (ℓ0, … , ℓ𝜂−1)  

𝜎𝑇 ∘ ⋯ ∘ 𝜎1 ∘ 𝜎 = 𝜄.  

∑  

0≤ℓ0<⋯<ℓ𝜂−1<𝑓(𝜂)

  |ℓ0, … , ℓ𝜂−1⟩seed 
∑  

𝜎∈𝑆𝜂

  |𝜎1, … , 𝜎𝑇⟩record .  
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( 𝐴𝑗+1[𝑖], 𝐵𝑗+1[𝑖] ) = Compare2 ( 𝐴𝑗[2𝑖], 𝐵𝑗[2𝑖], 𝐴𝑗[2𝑖 + 1], 𝐵𝑗[2𝑖 + 1] ) 
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1

√𝑘 + 1
∑ℓ=0
𝑘  |ℓ⟩ 
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arcsin (√
ℓ

ℓ + 1
) |0⟩⊗𝜂 

 

∣  null ⟩ = |0⟩⊗𝜂  

|ℓ⟩ = 𝑋ℓ|null⟩,  

|𝑊𝑘⟩: =
1

√𝑘 + 1
∑  

𝑘

ℓ=0

  |ℓ⟩  

1

√3
(|001⟩ + |010⟩ + |100⟩) 

|ℓ⟩ = (∏  

ℓ

ℓ′=0

 𝑋ℓ′) |null⟩  

𝑅ℓ:=
1

√ℓ + 1
( 1 −√ℓ

√ℓ 1
) .  
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SELSWAP𝑘:= ∑  

𝜂−1

𝑐=0

  |𝑐⟩⟨𝑐|choice ⊗SWAP(𝑐, 𝑘)target  
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|0⟩⊗𝜂⌈log 𝜂⌉[ℓ′](ℓ′ ≠ ℓ)𝜂(𝜂 − 1) 

𝑂(log 𝜂)𝑂(log2 𝜂) 

𝑂(𝜂(𝜂 − 1)[log 𝑁 + log 𝜂]) 

 

𝑂(𝜂2log 𝑁)𝑂(𝜂2[log log 𝑁 + log 𝜂]) 

 

𝑒−𝛽Δ𝐴/𝛽 
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𝐶(𝜽), |𝜓𝜽⟩ = 𝐶(𝜽)|𝜓0⟩ 

𝐸𝑍(𝜽) =
1

𝑁tot 
∑ 

𝑁𝑢

𝑗=1

 𝑁𝑗⟨𝑧𝑗|𝐻|𝑧𝑗⟩,  

|𝑧𝑗⟩𝑁tot =∑ 

𝑁𝑢

𝑗=1

𝑁𝑗 

 

𝐻el. =∑ 

𝑖𝑗,𝜎

  𝑡𝑖𝑗
𝜎𝑐𝑖𝜎
† 𝑐𝑗𝜎 + ∑  

𝑖𝑗𝑘𝑙,𝜎𝜎′

  𝑡𝑖𝑗𝑘𝑙
𝜎𝜎′𝑐𝑖𝜎

† 𝑐
𝑗𝜎′
† 𝑐𝑘𝜎𝑐𝑙𝜎′ ,  

𝑆2 = ∑  

𝑁/2

𝑖,𝑗=1

  𝑐𝑖,↑𝑐𝑗,↑
† 𝑐𝑖,↓

† 𝑐𝑗,↓ +
𝑛↑ − 𝑛↓
2

+
(𝑛↑ − 𝑛↓)

2

4
.  
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𝐻 = 𝐻el. +𝑀(𝑠0
2 − 𝑆2)2,  

∑ 

𝑁/2

𝑖=1

  ⟨𝜓HF|𝑍𝑖,𝜎|𝜓HF⟩ =∑  

𝑁/2

𝑖=1

  ⟨𝑧m|𝑍𝑖,𝜎|𝑧m⟩,  

𝐻
𝑆𝑁
(𝑘) = 𝑃

𝑆𝑁
(𝑘)𝐻𝑃

𝑆𝑁
(𝑘)  

𝑃
𝑆𝑁
(𝑘) = ∑  

𝑧𝑖
𝑘∈𝑆𝑁

(𝑘)

|𝑧𝑖
𝑘⟩⟨𝑧𝑖

𝑘|{|𝜓GS
𝑘 ⟩} 

⟨𝑛𝑖,𝜎⟩ =
1

𝐾
∑  

𝐾

𝑘=1

⟨𝜓GS
𝑘 |𝑛𝑖,𝜎|𝜓GS

𝑘 ⟩. 

|0⟩ = |42 S1/2,𝑚𝐽 = −1/2⟩ and |1⟩ = |32D5/2,𝑚𝐽 = −1/2⟩ 
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Δ𝐻 = √⟨𝐻2⟩ − ⟨𝐻⟩2 

𝐺(2𝜃) = [

1
cos 𝜃 sin 𝜃
−sin 𝜃 cos 𝜃

1

]𝑍⊗𝑁⟨𝑛𝑖,𝜎⟩  

𝑝(|𝑥𝑖,𝜎 − 𝑛𝑖,𝜎|) 

𝑝(𝑦) = {
𝛿
𝑦

ℎ
, 𝑦 ≤ ℎ

𝛿 + (1 − 𝛿)
𝑦 − ℎ

1 − ℎ
, 𝑦 > ℎ
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𝑅(𝜃, 𝜙) = exp (−𝑖
𝜃

2
(𝑋cos 𝜙 + 𝑌sin 𝜙)) 

𝑅𝑋𝑋(−𝜋/2) 

𝐸𝑗(𝜆) = ∑  

∞

𝑘=0

 𝜆𝑘𝐸𝑗
(𝑘)

 

𝑅0 = Π0(𝐸0𝟙 − 𝐻)
−1Π0 = ∑  

𝐷−1

𝑖=1

 
|Φ𝑖⟩⟨Φ𝑖|

𝐸0 − 𝐸𝑖

 with Π0 = (𝟙 − |Φ0⟩⟨Φ0|).

 

𝐸(1) = ⟨𝑉⟩ ≡ ⟨Φ0|𝑉|Φ0⟩

𝐸(2) = ⟨𝑉𝑅0𝑉⟩

𝐸(3) = ⟨𝑉𝑅0𝑉𝑅0𝑉⟩ − ⟨𝑉⟩⟨𝑉𝑅0
2𝑉⟩

 

𝐸̃0 = ⟨Φ̃0|𝐻|Φ̃0⟩ 

𝑃 = |Φ̃0⟩⟨Φ̃0|, 𝑄 = 𝟙 − 𝑃 

𝐻 = 𝐻′ + 𝑉′  with 
𝐻′ = 𝑃𝐻𝑃 + 𝑄𝐻𝑄  and  𝑉′ = 𝑃𝐻𝑄 + 𝑄𝐻𝑃. 

|Φ̃0⟩𝐻
′ ⋈ 𝑉′ + 𝑉 

𝜎𝑖 = 𝜎𝑖,1⊗𝜎𝑖,2⊗⋯⊗𝜎𝑖,𝑑 

𝑉 =∑  

𝐿𝑉

𝑖=1

 𝑣𝑖𝜎𝑖, 𝐻 =∑  

𝐿𝐻

𝑖=1

 ℎ𝑖𝜎𝑖, 𝑣𝑖, ℎ𝑖 ∈ ℝ  
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𝐸(1) =∑  

𝐿𝑉

𝑖=1

𝑣𝑖⟨𝜎𝑖⟩ 

𝐸(2) = ⟨𝑉𝑅0𝑉⟩ 

⟨𝑉𝑅0𝑉⟩(𝐸0𝟙 − 𝐻)
−1⟨𝜎𝑖𝑈(𝑡)𝜎𝑗⟩ 

𝑅 = 𝐸𝐷−1 − 𝐸0 

Δ = 𝐸1 − 𝐸0 

𝑅0 = ∑  𝐷−1
𝑖=1   |Φ𝑖⟩⟨Φ𝑖|

1

𝐸0−𝐸
|
𝐸=𝐸𝑖

𝑔Δ,𝑅(𝐸) −
1

𝐸
 [Δ, 𝑅]   

𝑅0 = ∑  

𝐷−1

𝑖=0

 𝑔Δ,𝑅(𝐸𝑖 − 𝐸0)|Φ𝑖⟩⟨Φ𝑖|,  

𝑔Δ,𝑅(𝐸): [0, 𝑅 + Δ] → ℝ 

𝑔Δ,𝑅(𝐸)( 𝑅 + Δ ) 

 ∑  

𝑛∈ℤ

 𝛽Δ,𝑅,𝑛𝑒
−𝑖𝐸𝑡𝑛   with  𝑡𝑛:=

2𝜋𝑛

𝑅 + Δ

 and  𝛽Δ,𝑅,𝑛: =
1

𝑅 + Δ
∫  
𝑅+Δ

0

 𝑔Δ,𝑅(𝐸)𝑒
𝑖𝐸𝑡𝑛𝑑𝐸

 

𝑅0 =∑  

𝑛∈ℤ

 ∑  

𝐷−1

𝑖=0

 𝛽Δ,𝑅,𝑛𝑒
−𝑖(𝐸𝑖−𝐸0)𝑡𝑛|Φ𝑖⟩⟨Φ𝑖|  

𝐻,𝑈(𝑡) = 𝑒−𝑖𝐻𝑡 

𝑅0 =∑  

𝑛∈ℤ

 𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡𝑛𝑈(𝑡𝑛)  

𝐸(2)= ⟨𝑉𝑅0𝑉⟩  

 = ∑  

𝑛∈ℤ

 𝛽Δ,𝑅,𝑛𝑒
−𝑖𝐸0𝑡𝑛⟨𝑉𝑈(𝑡𝑛)𝑉⟩

 

𝑅0,𝑁 ∶= ∑  

|𝑛|≤𝑁

 𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡𝑛𝑈(𝑡𝑛)

𝐸𝑁
(2)
∶= ⟨𝑉𝑅0,𝑁𝑉⟩

 = ∑  

|𝑛|≤𝑁

 𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡𝑛⟨𝑉𝑈(𝑡𝑛)𝑉⟩

 

𝑒𝑖𝐸0𝑡⟨𝑉𝑈(𝑡)𝑉⟩ = ⟨𝑒𝑖𝐻𝑡𝑉𝑒−𝑖𝐻𝑡𝑉⟩ = ⟨𝑉(𝑡)𝑉⟩ 

𝐸𝑁
(2)
= ∑  

|𝑛|≤𝑁

 𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡𝑛 ∑  

𝐿𝑉

𝑖,𝑗=1

 𝑣𝑖𝑣𝑗⟨𝜎𝑖𝑈(𝑡𝑛)𝜎𝑗⟩  
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|𝛽Δ,𝑅,𝑛| ≤
61𝑅

Δ2
exp (−√

|𝑛|Δ

256𝑅
) 

|𝐸(2) − 𝐸𝑁
(2)
| ≤
𝜖

2

 if  𝑁 ≥ [
2132𝑅

Δ
ln2 (

5.3 ⋅ 104𝑅‖𝑣‖1
2

Δ3𝜖
)] ,

 

‖𝑣‖1 =∑ 

𝐿𝑉

𝑖=1

|𝑣𝑖| 

𝑉𝑈 =∑ 

𝐿

𝑖=1

𝑢𝑖𝑈𝑖⟨Φ0|𝑉𝑈|Φ0⟩ 

ℙ[|𝑋 − ⟨Φ0|𝑉𝑈|Φ0⟩ ∣< 𝜖] ≥ 1 − 𝛼 

𝒪(𝜖−1‖𝑢‖2/3ln 
𝐿

𝛼
√ln 

1

𝛼
) 

𝒪(𝜖−1|𝑢𝑖|
2/3‖𝑢‖2/3

1/3
ln 
𝐿

𝛼
√ln 

1

𝛼
) 

‖𝑢‖2/3 = (∑  

𝐿

𝑖=1

  |𝑢𝑖|
2/3)

3/2

 

𝒪̃ (
‖ℎ‖1

3/2
‖𝑣‖2/3

2

Δ7/2𝜖
)  

𝒪̃ (
‖ℎ‖1

3/2
‖𝑣‖2/3

2

Δ5/2𝜖
)  

‖𝑣‖2/3 = (∑  

𝐿𝑉

𝑖=1

  |𝑣𝑖|
2/3)

3/2

 

𝐾, ℐ = {𝜙1, … , 𝜙𝐾} 

ℋ1(ℐ)Λ
𝑁𝑒𝑙(ℋ1(ℐ)) 

𝐻𝑒𝑙 = ∑  

𝑝,𝑞∈ℐ

 ℎ𝑝𝑞𝑎𝑝
†𝑎𝑞 +

1

2
∑  

𝑝,𝑞,𝑟,𝑠∈ℐ

 𝑔𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠  
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ℎ𝑝𝑞= ∫  𝜙𝑝(𝐱)(−
∇2

2
− ∑  

𝑁𝑛𝑢𝑐

𝐼=1

 
𝑍𝐼

|𝐑𝐼 − 𝐱|
)𝜙𝑞(𝐱)𝑑𝐱 

𝑔𝑝𝑞𝑟𝑠 = ∬ 
𝜙𝑝(𝐱1)𝜙𝑞(𝐱2)𝜙𝑟(𝐱2)𝜙𝑠(𝐱1)

|𝐱1 − 𝐱2|
𝑑𝐱1𝑑𝐱2

 

𝐹 =∑ 

𝑝∈ℐ

𝜖𝑝𝑎𝑝
†𝑎𝑝 (

𝐾

𝑁𝑒𝑙
) 

ℐ = ℐcore ∪ ℐact ∪ ℐvirt  

𝑁𝑒𝑙
𝑎𝑐𝑡 = 𝑁𝑒𝑙 − |ℐcore | 

Λ𝑁𝑒𝑙
𝑎𝑐𝑡
(ℋ1(ℐ𝑎𝑐𝑡)) 

𝐻𝐶𝐴𝑆 = ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

ℎ𝑎𝑏
′ 𝑎𝑎

†𝑎𝑏 +
1

2
∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

𝑔𝑎𝑏𝑐𝑑𝑎𝑎
†𝑎𝑏
†𝑎𝑐𝑎𝑑 

|Φ0
𝐶𝐴𝑆⟩𝐸0

𝐶𝐴𝑆Λ𝑁𝑒𝑙
𝑎𝑐𝑡
(ℋ1(ℐ𝑎𝑐𝑡)) (

𝑁𝑒𝑙
𝑎𝑐𝑡

𝑘
) 

Λ𝑁𝑒𝑙
𝑎𝑐𝑡
(ℋ1(ℐ𝑎𝑐𝑡 ∪ ℐ𝑣𝑖𝑟𝑡)) 
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𝐻el 
′ = ∑  

𝑝,𝑞∈ℐact ∪ℐvirt 

 ℎpq 
′ 𝑎𝑝

†𝑎𝑞 +
1

2
∑  

𝑝,𝑞,𝑟,𝑠∈ℐact ∪ℐvirt 

 𝑔pqrs 𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠 + 𝐸core .  

𝐻 = 𝐻𝐶𝐴𝑆 + 𝐹𝑣𝑖𝑟𝑡 + 𝐸core 

𝐹𝑣𝑖𝑟𝑡 = ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  𝜖𝑣𝑎𝑣
†𝑎𝑣  

𝐻𝐶𝐴𝑆|Φ0
𝐶𝐴𝑆⟩|Φ0⟩ = |Φ0

𝐶𝐴𝑆⟩ ∧ |0…0⟩ 

𝑉 = 𝐻𝑒𝑙
′ −𝐻 

𝑉 = ∑  
𝑝,𝑞∈ℐ𝑎𝑐𝑡∪ℐ𝑣𝑖𝑟𝑡
{𝑝,𝑞}⊄ℐ𝑎𝑐𝑡

ℎ𝑝𝑞
′ 𝑎𝑝

†𝑎𝑞 +
1

2
∑  

𝑝,𝑞,𝑟,𝑠∈ℐ𝑣𝑖𝑟𝑡∪ℐ𝑎𝑐𝑡
{𝑝,𝑞,𝑟,𝑠}⊄ℐ𝑎𝑐𝑡

𝑔𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠 − 𝐹𝑣𝑖𝑟𝑡 

𝒪(𝐾4)𝐸MRPT(1)𝐸MRPT(2)𝒪(𝐾8)‖𝑣‖2/3
2  

𝑉 = 𝐻𝑒𝑙
′ −𝐻‖𝑣diff ‖2/3

2 ‖𝑣‖2/3
2  
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𝑎𝑣|Φ0⟩ = 0 if 𝑎𝑣 

⟨𝑎𝑝
†𝑎𝑞⟩⟨𝑎𝑝

†𝑎𝑞
†𝑎𝑟𝑎𝑠⟩ 

𝐸MRPT(1) = ⟨𝑉⟩ = 0  

𝐸𝑁
MRPT(2)

= ∑  

|𝑛|≤𝑁

𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡⟨𝑉𝑈(𝑡𝑛)𝑉⟩ 

⟨𝑉𝑈(𝑡𝑛)𝑉⟩ = ∑  

𝑣,𝑎,𝑤,𝑏

 ℎ𝑣𝑎
′ ℎ𝑤𝑏

′ ⟨𝑎𝑏
†𝑎𝑤𝑈(𝑡𝑛)𝑎𝑣

†𝑎𝑎⟩

+
1

2
∑  

𝑣,𝑎,𝑝,𝑞,𝑏,𝑐

 ℎ𝑣𝑎
′ 𝑔𝑝𝑞𝑏𝑐⟨𝑎𝑐

†𝑎𝑏
†𝑎𝑞𝑎𝑝𝑈(𝑡𝑛)𝑎𝑣

†𝑎𝑎⟩  

 +
1

2
∑  

𝑝,𝑞,𝑎,𝑏,𝑣,𝑐

 𝑔𝑝𝑞𝑎𝑏ℎ𝑣𝑐
′ ⟨𝑎𝑐

†𝑎𝑣𝑈(𝑡𝑛)𝑎𝑝
†𝑎𝑞
†𝑎𝑎𝑎𝑏⟩

 +
1

4
∑  

𝑝,𝑞,𝑎,𝑏,𝑟,𝑠,𝑐,𝑑

 𝑔𝑝𝑞𝑎𝑏𝑔𝑟𝑠𝑐𝑑⟨𝑎𝑑
†𝑎𝑐
†𝑎𝑠𝑎𝑟𝑈(𝑡𝑛)𝑎𝑝

†𝑎𝑞
†𝑎𝑎𝑎𝑏⟩

 =: 𝑇1(𝑡𝑛) + 𝑇2(𝑡𝑛) + 𝑇3(𝑡𝑛) + 𝑇4(𝑡𝑛)

 

𝑣,𝑤 ∈ ℐvirt , 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℐ𝑎𝑐𝑡
𝑝, 𝑞, 𝑟, 𝑠 ∈ ℐ𝑎𝑐𝑡 ∪ ℐvirt , {𝑝, 𝑞}, {𝑟, 𝑠} ⊄ ℐ𝑎𝑐𝑡.

 

𝑛𝑣 = 𝑎𝑣
†𝑎𝑣 

[𝐻, 𝑛𝑣] = [𝜖𝑣𝑛𝑣, 𝑛𝑣] = 0 

⟨𝑎𝑏
†𝑎𝑤𝑈(𝑡𝑛)𝑎𝑣

†𝑎𝑎⟩ 

𝑇1(𝑡𝑛) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏∈ℐ𝑎𝑐𝑡

ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ ⟨𝑎𝑏
†𝑎𝑣𝑈(𝑡𝑛)𝑎𝑣

†𝑎𝑎⟩ 

𝑎𝑝
†(𝑡) ≡ 𝑒𝑖𝐻𝑡𝑎𝑝

†𝑒−𝑖𝐻𝑡 

𝑎𝑝(𝑡) ≡ 𝑒
𝑖𝐻𝑡𝑎𝑝𝑒

−𝑖𝐻𝑡 

𝑎𝑣(𝑡) = 𝑎𝑣𝑒
−𝑖𝜖𝑣𝑡 

𝑎𝑣
†(𝑡) = 𝑎𝑣

†𝑒𝑖𝜖𝑣𝑡 

𝑇1(𝑡𝑛) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ ⟨𝑎𝑏
†𝑒−𝑖𝐻𝑡𝑛𝑒𝑖𝐻𝑡𝑛𝑎𝑣𝑒

−𝑖𝐻𝑡𝑛𝑎𝑣
†𝑎𝑎⟩

 = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ 𝑒−𝑖𝜖𝑣𝑡𝑛⟨𝑎𝑏
†𝑒−𝑖𝐻𝑡𝑛𝑎𝑣𝑎𝑣

†𝑎𝑎⟩

 = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ 𝑒−𝑖(𝜖𝑣+𝐸𝑐𝑜𝑟𝑒)𝑡𝑛⟨𝑎𝑏
†𝑒−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝑎𝑎⟩

 

𝑎𝑣|Φ0⟩ = 𝑒
−𝑖𝐻𝑡𝑛𝑒−𝑖(𝐻𝐶𝐴𝑆+𝐸core )𝑡𝑛 
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𝑇1(𝑡𝑛) = ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

 𝑣𝑎,𝑏(𝑡𝑛)⟨𝑎𝑏
†𝑒−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝑎𝑎⟩

𝑇2(𝑡𝑛) = ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑣𝑎𝑏𝑐,𝑑(𝑡𝑛)⟨𝑎𝑑
†𝑒−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝑎𝑎

†𝑎𝑏𝑎𝑐⟩

𝑇3(𝑡𝑛) = ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑣𝑏𝑐𝑑,𝑎(𝑡𝑛)⟨𝑎𝑑
†𝑎𝑐
†𝑎𝑏𝑒

−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝑎𝑎⟩

𝑇4(𝑡𝑛) = ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑣𝑎𝑏,𝑐𝑑(𝑡𝑛)⟨𝑎𝑑
†𝑎𝑐
†𝑒−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝑎𝑎𝑎𝑏⟩

 + ∑  

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 𝑣𝑎𝑏𝑐,𝑑𝑒𝑓(𝑡𝑛)⟨𝑎𝑓
†𝑎𝑒
†𝑎𝑑𝑒

−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝑎𝑎
†𝑎𝑏𝑎𝑐⟩

 

𝑣𝑎,𝑏(𝑡)= ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

 ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ 𝑒−𝑖(𝜖𝑣+𝐸core )𝑡  

𝑣𝑎𝑏𝑐,𝑑(𝑡)= ∑  

𝑣∈ℐvirt 

 ℎ𝑣𝑑
′ 𝑔𝑣𝑎𝑏𝑐𝑒

−𝑖(𝜖𝑣+𝐸core )𝑡  

𝑣𝑎𝑏,𝑐𝑑(𝑡) =
1

2
∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

 𝑔𝑣𝑤𝑎𝑏𝑔𝑣𝑤𝑐𝑑𝑒
−𝑖(𝜖𝑣+𝜖𝑤+𝐸core )𝑡

𝑣𝑎𝑏𝑐,𝑑𝑒𝑓(𝑡) = ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

 𝑔𝑣𝑎𝑏𝑐𝑔𝑣𝑑𝑒𝑓𝑒
−𝑖(𝜖𝑣+𝐸core )𝑡

 

𝐸𝑁
MRPT(2)

= ∑  

|𝑛|≤𝑁

 𝛽Δ,𝑅,𝑛 ∑  

𝐿MRPT(2)

𝑖=1

 𝑣𝑛𝑖
MRPT(2)

 × ⟨𝜎𝑖,1𝑒
−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝜎𝑖,2⟩

 

‖𝑣MRPT(2)𝛽‖
2/3
= ( ∑  

𝐿MRPT(2)

|𝑛|≤𝑁

 ∑  

𝑖=1

  |𝛽Δ,𝑅,𝑛𝑣𝑛𝑖
MRPT(2)

|
2/3
)

3/2
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(∑ 

𝑖

  |𝑣𝑛𝑖
MRPT(2)

|
2/3
)

3/2

 ≤ (22/3 ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ( ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  |ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ |)

2/3

 +27/3 ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ( ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  |ℎ𝑣𝑎
′ 𝑔𝑣𝑏𝑐𝑑|)

2/3

 +22/3 ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ( ∑  

𝑣𝑤∈ℐ𝑣𝑖𝑟𝑡

  |𝑔𝑣𝑤𝑎𝑏𝑔𝑣𝑤𝑐𝑑|)

2/3

+4 ∑  

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 ( ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  |𝑔𝑣𝑎𝑏𝑐𝑔𝑣𝑑𝑒𝑓|)

2/3

)

3/2

 ≡ ‖𝑣MRPT(2)‖
2/3
.

 

‖𝑣MRPT(2)𝛽‖
2/3
≤ ‖𝑣MRPT(2)‖

2/3
‖𝛽Δ,𝑅‖2/3 

‖𝑣MRPT(2)‖
2/3
‖𝑣‖2/3

2 𝐿MRPT(2)𝐿𝑉
2  

𝑅𝐶𝐴𝑆 + 𝑒
−𝑖𝐻𝐶𝐴𝑆𝑡𝑒𝑖(𝐸0−𝐸core )𝑡 = 𝑒𝑖𝐸0

𝐶𝐴𝑆
𝑡 

𝑅𝐶𝐴𝑆 + 2 max
𝑣∈ℐ𝑣𝑖𝑟𝑡

 𝜖𝑣 

𝑅𝐶𝐴𝑆 ≤ 2‖ℎ
𝐶𝐴𝑆‖1‖ℎ‖1 

𝒪̃ (
‖ℎ𝐶𝐴𝑆‖1

3/2
‖𝑣MRPT(2)‖

2/3

Δ7/2𝜖
), 

𝒪̃ (
‖ℎ𝐶𝐴𝑆‖1

3/2
‖𝑣MRPT(2)‖

2/3

Δ5/2𝜖
)‖ℎ𝐶𝐴𝑆‖1‖𝑣

MRPT(2)‖
2/3
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𝑘rate ∝ exp {−Δ𝐺𝑇𝑆/(𝑘𝐵𝑇)} 

Δ𝐸𝑇𝑆 = 𝐸𝑇𝑆 − 𝐸H2OO 

𝑘rate ∝ exp {−Δ𝐸𝑇𝑆/(𝑘𝐵𝑇)} 

‖𝑣MRPT2‖
2/3
‖𝑣diff‖2/3

2  

𝐾 − 𝑘 = 122‖𝑣MRPT2‖
2/3
‖𝑣diff ‖2/3

2 ‖𝑣MRPT2‖
2/3
‖𝑣diff‖2/3

2  

‖𝑣diff ‖2/3
2 ‖𝑣MRPT2 ‖

2/3
 

‖𝑣MRPT2 ‖
2/3
‖𝑣diff ‖2/3

2  

‖𝑣MRPT2‖
2/3
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‖𝑣diff ‖2/3
2 ‖𝑣MRPT2 ‖

2/3
𝛼(𝐾 − 𝑘)𝛽 

 

‖𝑣diff ‖2/3
2 ‖𝑣MRPT2‖

2/3
𝑘/𝐾 = 𝑐𝑜𝑛𝑠𝑡 
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‖𝑣MRPT(2)‖
1
‖𝛽Δ,𝑅‖1 

𝐸𝑖𝑛𝑡 = 𝐸𝐴𝐵 − 𝐸𝐴 − 𝐸𝐵  

Λ𝑁(ℋ1)ℋ1,𝐴ℋ1,𝐵 

ℋ𝐴𝐵 = ℋ𝐴⊗ℋ𝐵 = Λ
𝑁𝐴(ℋ1,𝐴)⊗ Λ

𝑁𝐵(ℋ1,𝐵) 

𝑎𝜇𝑎𝜇
†ℋ𝐴𝑏𝜈, 𝑏𝜈

†ℋ𝐵 

ℐ𝐴 = {𝜙1
𝐴, … , 𝜙𝐾𝐴

𝐴 } and ℐ𝐵 = {𝜙1
𝐵, … , 𝜙𝐾𝐵

𝐵 } 

|Φ0
𝐴⟩ and |Φ0

𝐵⟩ 

𝐻|Φ0⟩= (𝐻𝐴⊗𝟙 + 𝟙⊗𝐻𝐵)|Φ0
𝐴⟩ ⊗ |Φ0

𝐵⟩ 

 = (𝐸𝐴 + 𝐸𝐵)|Φ0⟩𝐸𝑆𝑅𝑆
(𝑘)  

𝒫1 = −∑ 

𝑖𝑗𝑘𝑙

 𝑆𝑖𝑙𝑆𝑘𝑗𝑎𝑖
†𝑎𝑗𝑏𝑘

†𝑏𝑙

 where  𝑆𝑖𝑙 = ∫  𝜙𝑖
𝐴(𝐱)𝜙𝑙

𝐵(𝐱)𝑑𝐱

 

𝜙𝑖
𝐴(𝐱) and 𝜙𝑙

𝐵(𝐱) 

𝐸𝑆𝑅𝑆
(1)
(𝑆2)= ⟨𝑉⟩ + ⟨(⟨𝑉⟩ − 𝑉)𝒫1⟩  

=: 𝐸pol 
(1)
+ 𝐸exch 

(1)
 

𝐸𝑆𝑅𝑆
(2) (𝑆2)= ⟨𝑉𝑅0𝑉⟩ + ⟨(⟨𝑉⟩ − 𝑉)(⟨𝒫1⟩ − 𝒫1)𝑅0𝑉⟩ 

 =:𝐸pol 
(2)
+ 𝐸exch 

(2)
,

 

𝑉 =𝑉𝑒𝑙𝐴−𝑒𝑙𝐵 + 𝑉𝑒𝑙𝐴−𝑛𝑢𝑐𝐵 + 𝑉𝑛𝑢𝑐𝐴−𝑒𝑙𝐵 − 𝑉0

= ∑  

𝑝𝑞𝑟𝑠

 𝑔𝑝𝑞𝑟𝑠
𝐴𝐵 𝑎𝑝

†𝑎𝑠𝑏𝑞
†𝑏𝑟 +∑ 

𝑗𝑘

 ℎ𝑗𝑘
𝐵 𝑎𝑘

†𝑎𝑗

 +∑  

𝑙𝑚

 ℎ𝑙𝑚
𝐴 𝑏𝑚

† 𝑏𝑙 − 𝑉0

 

𝑔𝑝𝑞𝑟𝑠
𝐴𝐵  = ∬  

𝜙𝑝
𝐴(𝐱1)𝜙𝑞

𝐵(𝐱2)𝜙𝑟
𝐵(𝐱2)𝜙𝑠

𝐴(𝐱1)

|𝐱1 − 𝐱2|
𝑑𝐱1𝑑𝐱2

ℎ𝑗𝑘
𝐵  = − ∑  

𝑁𝑛𝑢𝑐
𝐵

𝑖=1

  ⟨𝜙𝑗|
𝑍𝑖

|𝐫 − 𝐑𝐵𝑖|
|𝜙𝑘⟩

ℎ𝑙𝑚
𝐴  = − ∑  

𝑁𝑛𝑢𝑐
𝐴

𝑖=1

  ⟨𝜙𝑙|
𝑍𝑖

|𝐫 − 𝐑𝐴𝑖|
|𝜙𝑚⟩

𝑉0 = ∑  

𝑁𝑛𝑢𝑐
𝐴 ,𝑁𝑛𝑢𝑐

𝐵

𝑖,𝑗=1

 
𝑍𝐴𝑖𝑍𝐵𝑗

|𝐑𝐴𝑖 − 𝐑𝐵𝑗|

 

⟨𝑉𝑒𝑙𝐴−𝑛𝑢𝑐𝐵𝒫1𝑅0𝑉𝑒𝑙𝐴−𝑒𝑙𝐵⟩ 
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⟨𝑉𝑒𝑙𝐴−𝑛𝑢𝑐𝐵𝒫1𝑅0𝑉𝑒𝑙𝐴−𝑒𝑙𝐵⟩

 = ∑  
𝑖𝑗𝑘𝑙
𝑚𝑛
𝑝𝑞𝑟𝑠

 𝑆𝑖𝑙𝑆𝑘𝑗ℎ𝑚𝑛
𝐵 𝑔𝑝𝑞𝑟𝑠

𝐴𝐵 ⟨𝑎𝑛
†𝑎𝑚𝑎𝑖

†𝑎𝑗𝑏𝑘
†𝑏𝑙𝑅0𝑎𝑝

†𝑎𝑠𝑏𝑞
†𝑏𝑟⟩

 = ∑  
𝑛∈ℤ

 injkl 
𝑝𝑞𝑟𝑠

 𝑆𝑖𝑙𝑆𝑘𝑗ℎ𝑚𝑛
𝐵 𝑔𝑝𝑞𝑟𝑠

𝐴𝐵 𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡𝑛

 × ⟨𝑎𝑛
†𝑎𝑚𝑎𝑖

†𝑎𝑗𝑏𝑘
†𝑏𝑙𝑒

−𝑖𝐻𝑡𝑛𝑎𝑝
†𝑎𝑠𝑏𝑞

†𝑏𝑟⟩

 = ∑  

𝑛∈ℤ

 ∑  
𝑖𝑗𝑘𝑙
𝑚𝑛

 𝑆𝑖𝑙𝑆𝑘𝑗ℎ𝑚𝑛
𝐵 𝑔𝑝𝑞𝑟𝑠

𝐴𝐵 𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡𝑛

 × ⟨𝑎𝑛
†𝑎𝑚𝑎𝑖

†𝑎𝑗𝑒
−𝑖𝐻𝐴𝑡𝑛𝑎𝑝

†𝑎𝑠⟩𝐴
⟨𝑏𝑘
†𝑏𝑙𝑒

−𝑖𝐻𝐵𝑡𝑛𝑏𝑞
†𝑏𝑟⟩𝐵

 

⟨… ⟩𝑋 = ⟨Φ0
𝑋|… |Φ0

𝑋⟩ 

⟨𝑉elA-nuc 𝐵𝒫1𝑅0𝑉elA-elB ⟩|Φ0
𝐴⟩, |Φ0

𝐵⟩ 

𝑔Δ,𝑅
′ (𝐸) = −

𝟙
[
Δ
4
,𝑅+Δ

3
4
]

𝐸
, 

[𝑎, 𝑏] ⊂ ℝ𝑔Δ,𝑅(𝐸)ℎΔ,𝑅 

 

𝜂(𝐸) = {
𝑐𝜂𝑒

−(1−𝐸)−1𝑒−(1+𝐸)
−1
, |𝐸| < 1

0,  else 
 

∫  
1

−1

 𝜂(𝐸)𝑑𝐸 = 1  

𝑑𝑛

𝑑𝐸𝑛
𝜂 at 𝐸 = 1 and 𝐸 = −1 
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𝜂Δ(𝐸) =
4

Δ
𝜂 (
4𝐸

Δ
) 

[−
Δ

4
,
Δ

4
] 

ℎΔ,𝑅(𝐸) = (𝟙[3
4
Δ,𝑅+

Δ
4
]
∗ 𝜂Δ) (𝐸)  

𝐸 =
Δ

2
 and 𝐸 = 𝑅 +

Δ

2
 

𝑔Δ,𝑅(𝐸) = (𝑔Δ,𝑅
′ ⋅ ℎΔ,𝑅)(𝐸).  

𝛽Δ,𝑅,𝑛 =
1

𝑅 + Δ
∫  
𝑅+Δ

0

 𝑔Δ,𝑅(𝐸)𝑒
−𝑖𝐸𝑡𝑛𝑑𝐸

𝑡𝑛 =
2𝜋𝑛

𝑅 + Δ
, 𝑛 ∈ ℤ

 

|𝛽Δ,𝑅,𝑛| ≤
61𝑅

Δ2
2
−(
|𝑛|Δ
256𝑅

)
1/2

 

𝑔Δ,𝑅̂(𝑡) of 𝑔Δ,𝑅(𝐸) 

𝛽Δ,𝑅,𝑛 =
1

𝑅 + Δ
𝑔Δ,𝑅̂(𝑡𝑛)

 where  𝑔Δ,𝑅̂(𝑡) = ∫  
𝑅+Δ

0

 𝑔Δ,𝑅(𝐸)𝑒
−𝑖𝐸𝑡𝑑𝐸

 

𝐷ℓ𝑔Δ,𝑅
̂ (𝑡) = (−𝑖𝑡)ℓ𝑔Δ,𝑅̂(𝑡) 

|𝛽Δ,𝑅,𝑛| =
1

𝑅 + Δ
|𝑔Δ,𝑅̂(𝑡𝑛)| =

1

𝑅 + Δ

|𝐷ℓ𝑔Δ,𝑅
̂ (𝑡𝑛)|

|𝑡𝑛|
ℓ

. 

[
Δ

2
, 𝑅 +

Δ

2
] 

|𝐷ℓ𝑔Δ,𝑅
̂ (𝑡)| ≤ ∫  

𝑅+
Δ
2

Δ
2

|𝐷ℓ𝑔Δ,𝑅(𝐸)|𝑑𝐸 = 𝑅‖𝐷
ℓ𝑔Δ,𝑅‖∞ 

|𝛽Δ,𝑅,𝑛| ≤
𝑅

𝑅 + Δ

‖𝐷ℓ𝑔Δ,𝑅‖∞
|𝑡𝑛|

ℓ
≤
‖𝐷ℓ𝑔Δ,𝑅‖∞
|𝑡𝑛|

ℓ
 

‖𝐷ℓ𝑔Δ,𝑅‖∞ = sup
𝐸∈[
Δ
2
,𝑅+
Δ
2
]

 |𝐷ℓ(𝑔Δ,𝑅
′ ⋅ ℎΔ,𝑅)(𝐸)|

 = sup
𝐸∈[
Δ
2
,𝑅+
Δ
2
]

  |∑  

ℓ

ℓ′=0

  (
ℓ

ℓ′
) (𝐷ℓ−ℓ

′
𝑔Δ,𝑅
′ (𝐸))(𝐷ℓ

′
ℎΔ,𝑅(𝐸))|

 ≤ sup
𝐸∈[
Δ
2
,𝑅+
Δ
2
]

  ∑  

ℓ

ℓ′=0

 (
ℓ

ℓ′
) |𝐷ℓ−ℓ

′
𝑔Δ,𝑅
′ (𝐸)||𝐷ℓ

′
ℎΔ,𝑅(𝐸)|
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|𝐷ℓ
′
ℎΔ,𝑅(𝐸)|= |𝐷

ℓ′ (𝟙
[
3
4
Δ,𝑅+

Δ
4
]
∗ 𝜂Δ) (𝐸)|  

= |(𝟙
[
3
4
Δ,𝑅+

Δ
4
]
∗ 𝐷ℓ

′
𝜂Δ)(𝐸)|  

= |∫  
𝑅+
Δ
4

3
4
Δ

 𝐷ℓ
′
𝜂Δ(𝐸 − 𝐸

′)𝑑𝐸′| 

 ≤ 𝑅‖𝐷ℓ
′
𝜂Δ‖∞

 

‖𝐷ℓ
′
𝜂‖
∞
≤ 𝑐𝜂(16)

ℓ′ℓ′2ℓ
′
 

𝜂(𝐸) and 𝜂Δ(𝐸) 

𝐷ℓ
′
𝜂Δ(𝐸) = (

4

Δ
)
ℓ′+1

𝐷ℓ
′
𝜂 (
4𝐸

Δ
) 

|𝐷ℓ
′
ℎΔ,𝑅(𝐸)| ≤

4𝑐𝜂𝑅

Δ
(
64

Δ
)
ℓ′

ℓ′2ℓ
′
.  

[
Δ

2
, 𝑅 +

Δ

2
]𝑔Δ,𝑅
′ (𝐸) −

1

𝐸
 

sup
𝐸∈[
Δ
2
,𝑅+
Δ
2
]

 |𝐷ℓ−ℓ
′
𝑔Δ,𝑅
′ (𝐸)| 

 = sup
𝐸∈[
Δ
2
,𝑅+
Δ
2
]

  |𝐷ℓ−ℓ
′ 1

𝐸
|

 = (ℓ − ℓ′)! (
2

Δ
)
ℓ−ℓ′+1

 

‖𝐷ℓ𝑔Δ,𝑅‖∞

 ≤
4𝑐𝜂𝑅

Δ
∑  

ℓ

ℓ′=0

  (
ℓ

ℓ′
) (ℓ − ℓ′)! (

2

Δ
)
ℓ−ℓ′+1

(
64

Δ
)
ℓ′

ℓ′2ℓ
′

 =
8𝑐𝜂𝑅2

ℓℓ!

Δℓ+2
∑  

ℓ

ℓ′=0

  (32)ℓ
′ ℓ′2ℓ

′

ℓ′!

 ≤
8𝑐𝜂𝑅2

ℓ

Δℓ+2
(ℓ + 1)(32ℓ2)ℓ

 ≤
8𝑐𝜂𝑅

Δ2
(
128ℓ2

Δ
)

ℓ

 

|𝛽Δ,𝑅,𝑛|≤
8𝑐𝜂𝑅

Δ2
(
128ℓ2

Δ|𝑡𝑛|
)

ℓ

 

 ≤
8𝑐𝜂𝑅

Δ2
(
64𝑅ℓ2

Δ|𝑛|
)

ℓ
 

(
|𝑛|Δ

256𝑅
)
1/2

≤ ℓ ≤ (
|𝑛|Δ

128𝑅
)
1/2
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|𝛽Δ,𝑅,𝑛| ≤
8𝑐𝜂𝑅

Δ2
2−ℓ 

|𝛽Δ,𝑅,𝑛| ≤
8𝑐𝜂𝑅

Δ2
2
−(
|𝑛|Δ
256𝑅

)
1/2

 

(
|𝑛|Δ

128𝑅
)
1/2

 and (
|𝑛|Δ

256𝑅
)
1/2

 

(
|𝑛|Δ

128𝑅
)
1/2

− (
|𝑛|Δ

256𝑅
)
1/2

≥ 1  

|𝑛| ≥
256𝑅

(√2 − 1)2Δ
 

|𝑛| ≤
256𝜋

(√2 − 1)2Δ
 

|𝛽Δ,𝑅,𝑛| ≤ ‖𝑔Δ,𝑅‖∞ =
4

Δ
 

|𝑛| ≤
256𝑅

(√2 − 1)2Δ
 

|𝛽Δ,𝑅,𝑛| ≤
4𝑅

Δ2

 ≤
4𝑐𝜂𝑅

Δ2
2
−

1

√2−1

 ≤
4𝑐𝜂𝑅

Δ2
2
−(
|𝑛|Δ
256𝑅

)
1/2

 

|𝐸(2) − 𝐸𝑁
(2)
| 𝑔Δ,𝑅 

𝑁̃ = 𝑁̃(𝑅, Δ, 𝜖, ‖𝑣‖1) |𝐸
(2) − 𝐸𝑁

(2)
| 

|𝐸(2) − 𝐸𝑁
(2)
| ≤
𝜖

2
  if  𝑁 ≥ 𝑁̃ 

𝑁̃ ≤ ⌈
2132𝑅

Δ
ln2 (

5.3 ⋅ 104𝑅2‖𝑣‖1
2

Δ3𝜖
)⌉ 

|𝐸(2) − 𝐸𝑁
(2)
| = |⟨𝑉𝑅0𝑉⟩ − ⟨𝑉𝑅0,𝑁𝑉⟩| 

|𝐸(2) − 𝐸𝑁
(2)
| ≤ ∑  

|𝑛|>𝑁

  |𝛽Δ,𝑅,𝑛||⟨𝑉𝑈(𝑡𝑛)𝑉⟩|

 ≤ ∑  

|𝑛|>𝑁

  |𝛽Δ,𝑅,𝑛|‖𝑉|Φ0⟩‖ 2‖𝑈(𝑡𝑛)𝑉|Φ0⟩‖2

 = ‖𝑉|Φ0⟩‖2
2 ∑  

|𝑛|>𝑁

  |𝛽Δ,𝑅,𝑛|

 = ⟨𝑉2⟩ ∑  

|𝑛|>𝑁

  |𝛽Δ,𝑅,𝑛|
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⟨𝑉2⟩ = ∑  

𝐿𝑉

𝑖,𝑗=1

𝑣𝑖𝑣𝑗⟨𝜎𝑖𝜎𝑗⟩ ≤ ‖𝑣‖1
2 

|𝐸(2) − 𝐸𝑁
(2)
| ≤ ‖𝑣‖1

2 ∑  

|𝑛|>𝑁

|𝛽Δ,𝑅,𝑛| 

𝑀Δ,𝑅 =
61𝑅

Δ2
 and 𝑞Δ,𝑅 = ln (2) (

Δ

256𝑅
)

1

2
 

|𝛽Δ,𝑅,𝑛| ≤ 𝑀Δ,𝑅𝑒
−𝑞Δ,𝑅|𝑛|

1/2
 

∑  

|𝑛|>𝑁

  |𝛽Δ,𝑅,𝑛| ≤ 𝑀Δ,𝑅 ∑  

|𝑛|>𝑁

  𝑒−𝑞Δ,𝑅|𝑛|
1
2

 ≤ 2𝑀Δ,𝑅∫  
∞

𝑁

  𝑒−𝑞Δ,𝑅𝑥
1
2𝑑𝑥

 =
4𝑀Δ,𝑅

𝑞Δ,𝑅
2 ∫  

∞

𝑞Δ,𝑅𝑁
1
2

 𝑦𝑒−𝑦𝑑𝑦

 =
4𝑀Δ,𝑅

𝑞Δ,𝑅
2 (𝑞Δ,𝑅𝑁

1
2 + 1)𝑒−𝑞Δ,𝑅𝑁

1
2

 ≤
8𝑀Δ,𝑅

𝑞Δ,𝑅
2 𝑒−

𝑞Δ,𝑅
2
𝑁
1
2

 

|𝐸(2) − 𝐸𝑁
(2)
| ≤
8𝑀Δ,𝑅‖𝑣‖1

2

𝑞Δ,𝑅
2 𝑒−

𝑞Δ,𝑅
2
𝑁
1
2

 

𝑁̃ ≡ [
4

𝑞Δ,𝑅
2 ln2 (

16𝑀Δ,𝑅‖𝑣‖1
2

𝑞Δ,𝑅
2 𝜖

)] 

|𝐸(2) − 𝐸𝑁
(2)
| ≤
𝜖

2
 

𝑁̃ ≤ ⌈
2132𝑅

Δ
ln2 (

5.3 × 104𝑅2‖𝑣‖1
2

Δ3𝜖
)⌉ 

𝑋 = ⟨Φ0|𝑈|Φ0⟩ 

ℙ[|𝑋′ − 𝑋| < 𝜖] ≥ 1 − 𝛼 

𝑈𝜓|0⟩ = |𝜓⟩ = √𝑎|𝜓
′⟩ + √1 − 𝑎|𝜓′⊥⟩

 with  ⟨𝜓′⊥ ∣ 𝜓′⟩ = 0
 

𝑎 = |⟨𝜓′ ∣ 𝜓⟩|2 

𝜃𝑎 ∈ [0,
𝜋

2
] sin2 (𝜃𝑎) = 𝑎 

𝑄 = −𝑆𝜓𝑆𝜓′ 

𝑆𝜓 = 𝟙 − 2|𝜓⟩⟨𝜓|

𝑆𝜓′ = 𝟙 − 2|𝜓
′⟩⟨𝜓′|
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𝑆𝜓 = 𝑈𝜓𝑍0𝑈𝜓
†   where  𝑍0 = 𝟙 − 2|0⟩⟨0|  

𝑄𝑘|𝜓⟩ 

ℙ[|𝜓′⟩] = |⟨𝜓′|𝑄𝑘|𝜓⟩ |2 = sin2 ((2𝑘 + 1)𝜃𝑎).  

𝑈𝜓,𝑓𝑙𝑎𝑔|0⟩|0⟩𝑓𝑙𝑎𝑔 = √𝑎|𝜓
′⟩|0⟩𝑓𝑙𝑎𝑔 + √𝑎 − 1|𝜓

′⊥⟩|1⟩𝑓𝑙𝑎𝑔 

|𝜓′⟩|𝜓′⊥⟩𝑎 ∈ [0,1] 

ℙ[𝑎 ∉ [𝑎𝑙 , 𝑎𝑢]] ≤ 𝛼, where 𝑎𝑢 − 𝑎𝑙 < 2𝜖 

|𝑎 − 𝑎̂| < 𝜖1 − 𝛼𝒪 (
1

𝜖
ln 
1

𝛼
)𝑈𝜓,𝑓𝑙𝑎𝑔 

𝑈𝜓′|0⟩ = |𝜓
′⟩ 

𝑎 = |⟨𝜓′|𝑉|𝜓′⟩ |2 

|𝑎 − 𝑎̂| < 𝜖 

𝑈𝜓 = 𝑉𝑈𝜓′ 

𝑈𝜓|0⟩ = |𝜓⟩ 

𝑎 = |⟨𝜓′ ∣ 𝜓⟩|2 

𝑄𝑘𝑈𝜓, flag |0⟩|0⟩flag  

ℙ[|0⟩flag ] = sin
2 ((2𝑘 + 1)𝜃𝑎). 

𝑈𝜓′𝑈𝜓′
† 𝑄𝑘𝑈𝜓|0⟩ 

ℙ[|0⟩] = |⟨0|𝑈
𝜓′
† 𝑄𝑘𝑈𝜓| 0⟩ |2 = sin2 ((2𝑘 + 1)𝜃𝑎). 

𝑎̂  = |⟨𝜓′|𝑉|𝜓′⟩ |2 = |⟨𝜓′ ∣ 𝜓⟩|2 

|𝑎̂ − 𝑎| < 𝜖 

𝑄 = −𝑆𝜓𝑆𝜓′ = −𝑈𝜓𝑍0𝑈𝜓
†𝑈𝜓′𝑍0𝑈𝜓′

†
 

𝑈𝜓
†𝑄𝑘𝑈𝜓|0⟩ 

𝑈𝜓, 2𝑘 + 1 

𝑈𝜓 = 𝑉𝑈𝜓′ 

𝑋 = 𝑟𝑒𝑖𝜃 = 𝑟cos (𝜃) + 𝑖𝑟sin (𝜃), 𝑟 ∈ ℝ≥0, 𝜃 ∈ [0,2𝜋) 
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𝑥0 = |⟨Φ0|𝑈|Φ0⟩ |2 = 𝑟2

𝑥1 = |⟨Φ0|⟨+|𝑐𝑈|Φ0⟩|+⟩|
2 =

1

2
|1 + 𝑟𝑒𝑖𝜃|

2

𝑥2 = |⟨Φ0|⟨+|𝑐𝑈 (𝟙⊗ 𝑒
𝑖𝑍
𝜋
4)|Φ0⟩ |+⟩|

2 =
1

2
|1 − 𝑖𝑟𝑒𝑖𝜃|

2

 

𝑐𝑈 = 𝟙⊗ |0⟩⟨0| + 𝑈⊗ |1⟩⟨1| 

𝑟 = √𝑥0

cos 𝜃 =
4𝑥1 − 1 − 𝑥0

2√𝑥0

sin 𝜃 = −
4𝑥2 − 1 − 𝑥0

2√𝑥0

 

𝑥0: 𝑉 = 𝑈 𝑈𝜓′ = 𝑈0
𝑥1: 𝑉 = 𝑐𝑈 𝑈𝜓′ = 𝑈0⊗H

𝑥2: 𝑉 = 𝑐𝑈 (𝟙⊗ 𝑒
𝑖𝑍
𝜋
4) 𝑈𝜓′ = 𝑈0⊗H

 

|𝑥𝑖
′ − 𝑥𝑖| < 𝜖𝑖 

𝑋′ = 𝑟′𝑒𝑖𝜃
′
 

|𝑋′ − 𝑋| = |𝑟′𝑒𝑖𝜃
′
− 𝑟𝑒𝑖𝜃|

 ≤ |𝑟′cos 𝜃′ − 𝑟cos 𝜃| + |𝑟′sin 𝜃′ − 𝑟sin 𝜃|

 ≤ |𝑥0
′ − 𝑥0| + 2|𝑥1

′ − 𝑥1| + 2|𝑥2
′ − 𝑥2|

 ≤ 𝜖0 + 2𝜖1 + 2𝜖2

 

𝜖0 = 𝜖1 = 𝜖2 = 𝜖/5 

|𝑋′ − 𝑋| ≤ 𝜖 

ℙ[|𝑥𝑖
′ − 𝑥𝑖| < 𝜖𝑖∀𝑖 ∈ {0,1,2}]

 ≥ (1 − 𝛼0)(1 − 𝛼1)(1 − 𝛼2)

 ≥ 1 − (𝛼0 + 𝛼1 + 𝛼2)

 

𝛼0 = 𝛼1 = 𝛼2 = 𝛼/3 

ℙ[|𝑋′ − 𝑋| ≤ 𝜖] = ℙ[|𝑥𝑖
′ − 𝑥𝑖| < 𝜖𝑖∀𝑖 ∈ {0,1,2}]

 ≥ 1 − 𝛼
 

𝑉𝑈 =∑ 

𝐿

𝑖=1

𝑢𝑖𝑈𝑖 

𝑋 = ⟨Φ0|𝑉𝑈|Φ0⟩ 

ℙ[|𝑋′ − 𝑋| < 𝜖] ≥ 1 − 𝛼 

 𝒪 (𝜖−1‖𝑢‖2/3ln 
𝐿

𝛼
√ln 

1

𝛼
)𝒪 (𝜖−1|𝑢𝑖|

2/3‖𝑢‖2/3
1/3
ln 

𝐿

𝛼
√ln 

1

𝛼
)‖𝑢‖2/3 = (∑  𝐿

𝑖=1   |𝑢𝑖|
2/3)

3/2
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∑ 

𝐿

𝑖=1

𝑢𝑖𝑋𝑖
′ = 𝑋′. 

𝑋𝑖 = ⟨Φ0|𝑈𝑖|Φ0⟩ 

ℙ[|𝑋𝑖
′ − 𝑋𝑖| < 𝜖𝑖] ≥ 1 − 𝛼

′ 

( 𝑋𝑖 − 𝜖𝑖, 𝑋𝑖 + 𝜖𝑖 )ℙ[|𝑋𝑖
′ − 𝑋𝑖| < 𝜖𝑖, ∀1 ≤ 𝑖 ≤ 𝐿] = (1 − 𝛼

′)𝐿 ≥ 1 − 𝐿𝛼′ 

 
(1 + 𝑥)𝑟 ≥ 1 + 𝑥𝑟 for 𝑥 ≥ −1 

𝛼′ =
𝛼

2𝐿
1 −

𝛼

2
𝑢𝑖(𝑋𝑖

′ − 𝑋𝑖)|𝑋𝑖
′ − 𝑋𝑖| ≤ 𝜖𝑖|𝑋

′ − 𝑋| 

ℙ[|𝑋′ − 𝑋| ≥ 𝜖 AND |𝑋𝑖
′ − 𝑋𝑖| ≤ 𝜖𝑖∀𝑖]

=ℙ(|∑  

𝐿

𝑖=1

 𝑢𝑖(𝑋𝑖
′ − 𝑋𝑖) ≥ 𝜖|  AND |𝑋𝑖

′ − 𝑋𝑖| ≤ 𝜖𝑖∀𝑖)

≤ℙ(∑  

𝐿

𝑖=1

  |𝑢𝑖||𝑋𝑖
′ − 𝑋𝑖| ≥ 𝜖 AND |𝑋𝑖

′ − 𝑋𝑖| ≤ 𝜖𝑖∀𝑖)

≤exp {−
𝜖2

2∑  𝑖   |𝑢𝑖|
2𝜖𝑖
2} ≤

𝛼

2

 

|𝑢𝑖||𝑋𝑖
′ − 𝑋𝑖| 

|𝑋𝑖
′ − 𝑋𝑖| > 𝜖𝑖 

ℙ[|𝑋′ − 𝑋| ≥ 𝜖] ≤ ℙ[|𝑋′ − 𝑋| ≥ 𝜖 AND |𝑋𝑖
′ − 𝑋𝑖| ≤ 𝜖𝑖∀𝑖]

 +ℙ[|𝑋𝑖
′ − 𝑋𝑖| > 𝜖𝑖 for some 𝑖]

 ≤ 𝛼,

 

𝜖2 ≥ 2ln (
2

𝛼
)∑  

𝐿

𝑖=1

|𝑢𝑖|
2𝜖𝑖
2 

ℒ =∑  

𝐿

𝑖=1

𝑐

𝜖𝑖
+ 𝜆(2ln (

2

𝛼
)∑  

𝐿

𝑖=1

  |𝑢𝑖|
2𝜖𝑖
2 − 𝜖2) 

𝜕ℒ

𝜕𝜖𝑖
=
𝜕ℒ

𝜕𝜆
 

𝜖𝑖 =
𝜖

√2ln (2/𝛼)|𝑢𝑖|
2/3‖𝑢‖2/3

1/3
, 

‖𝑢‖2/3 = (∑ 

𝑗

  |𝑢𝑗|
2/3
)

3/2
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𝒪(𝜖−1|𝑢𝑖|
2/3‖𝑢‖2/3

1/3
ln 
𝐿

𝛼
√ln 

1

𝛼
) 

𝒪(𝜖−1‖𝑢‖2/3ln 
𝐿

𝛼
√ln 

1

𝛼
) 

|𝐸(2) − 𝐸𝑁
(2)
|𝐻 =∑  

𝐿𝐻

𝑖=1

ℎ𝑖𝜎𝑖 

𝑉 =∑  

𝐿𝑉

𝑖=1

𝑣𝑖𝜎𝑖 

|Φ0⟩𝐸
(2) = ⟨Φ0|𝑉𝑅0𝑉|Φ0⟩ 

𝒪 (
‖𝑣‖2/3

2 ‖ℎ‖1
3/2

Δ5/2𝜖
ln3 (

‖ℎ‖1
2‖𝑣‖1

2

Δ3𝜖
)

 × ln (
𝐿𝑉
2 ‖ℎ‖1
𝛼Δ

ln2 (
‖ℎ‖1

2‖𝑣‖1
2

Δ3𝜖
))√ln 

1

𝛼
)

 

𝒪 (
‖𝑣‖2/3

2 ‖ℎ‖1
3/2

Δ7/2𝜖
ln5 (

‖ℎ‖1
2‖𝑣‖1

2

Δ3𝜖
)

 × ln (
𝐿𝑉
2 ‖ℎ‖1
𝛼Δ

ln2 (
‖ℎ‖1

2‖𝑣‖1
2

Δ3𝜖
))√ln 

1

𝛼
)

 

|𝐸(2) − 𝐸𝑁
(2)
| 𝑋𝑁
(2)
𝐸𝑁
(2)

 

𝐸(2) =∑  

𝑛∈ℤ

 𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡𝑛 ∑  

𝐿𝑉

𝑖,𝑗=1

 𝑣𝑖𝑣𝑗⟨𝜎𝑖𝑈(𝑡𝑛)𝜎𝑗⟩

𝑋𝑁
(2)
= ∑  

|𝑛|≤𝑁

 𝛽Δ,𝑅,𝑛𝑒
𝑖𝐸0𝑡𝑛 ∑  

𝐿𝑉

𝑖,𝑗=1

 𝑣𝑖𝑣𝑗𝑋𝑛𝑖𝑗

 

⟨𝜎𝑖𝑈(𝑡𝑛)𝜎𝑗⟩ 

|𝐸(2) − 𝐸𝑁
(2)
| ≤
𝜖

2
  if  𝑁 ≥ 𝑁̃ 

𝑁̃ ≤ 𝒪 (
𝑅

Δ
ln2 (

𝑅2‖𝑣‖1
2

Δ3𝜖
))  
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|𝑋
𝑁̃

(2)
− 𝐸

𝑁̃

(2)
| ≤ ∑  

|𝑛|≤𝑁̃

  ∑  

𝐿𝑉

𝑖,𝑗=1

  |𝛽Δ,𝑅,𝑛𝑣𝑖𝑣𝑗|

 × |𝑋𝑛𝑖𝑗 − ⟨𝜎𝑖𝑈(𝑡𝑛)𝜎𝑗⟩|

 

|𝐸(2) − 𝑋
𝑁̃

(2)
| ≤ |𝐸(2) − 𝐸

𝑁̃

(2)
| + |𝐸

𝑁̃

(2)
− 𝑋

𝑁̃

(2)
| ≤ 𝜖 

‖𝑣2𝛽Δ,𝑅‖2/3 ≡( ∑  

|𝑛|≤𝑁̃

  ∑  

𝐿𝑉

𝑖,𝑗=1

  |𝛽Δ,𝑅,𝑛𝑣𝑖𝑣𝑗|
2/3
)

3/2

 = ‖𝑣‖2/3
2 ( ∑  

|𝑛|≤𝑁̃

  |𝛽Δ,𝑅,𝑛|
2/3
)

3/2

 = 𝒪 (
‖𝑣‖2/3

2 𝑅3/2

Δ5/2
ln3 (

𝑅2‖𝑣‖1
2

Δ3𝜖
))

 

𝒪(
‖𝑣2𝛽Δ,𝑅‖2/3

𝜖
ln (

𝐿𝑉
2 𝑁̃

𝛼
)√ln 

1

𝛼
)

 = 𝒪 (
‖𝑣‖2/3

2 𝑅3/2

Δ5/2𝜖
ln3 (

𝑅2‖𝑣‖1
2

Δ3𝜖
)

 × ln (
𝐿𝑉
2𝑅

𝛼Δ
ln2 (

𝑅2‖𝑣‖1
2

Δ3𝜖
))√ln 

1

𝛼
)

 

𝑡𝑁̃ =
2𝜋𝑁̃

𝑅 + Δ
 

𝒪(
𝑁̃‖𝑣2𝛽Δ,𝑅‖2/3

𝑅𝜖
ln (

𝐿𝑉
2 𝑁̃

𝛼
)√ln 

1

𝛼
)

 = 𝒪 (
‖𝑣‖2/3

2 𝑅3/2

Δ7/2𝜖
ln5 (

𝑅2‖𝑣‖1
2

Δ3𝜖
)

 × ln (
𝐿𝑉
2𝑅

𝛼Δ
ln2 (

𝑅2‖𝑣‖1
2

Δ3𝜖
))√ln 

1

𝛼
)

 

𝑅 = 𝐸𝐷−1 − 𝐸0 

𝑅≤ 2 max
𝑖=0,…,𝐷−1

 |𝐸𝑖|  

= 2 sup
‖|𝜓⟩‖=1

 ‖𝐻|𝜓⟩‖2  

 ≤ 2 sup
‖|𝜓⟩‖=1

 ∑  

𝐿𝐻

𝑖=1

  |ℎ𝑖|‖𝜎𝑖|𝜓⟩‖2

 ≤ 2‖ℎ‖1
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𝑇1(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ ⟨𝑎𝑏
†𝑎𝑣𝑈(𝑡)𝑎𝑣

†𝑎𝑎⟩

𝑇2(𝑡) =
1

2
∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑑
′ 𝑔𝑣𝑎𝑏𝑐⟨𝑎𝑑

†𝑎𝑣𝑈(𝑡)𝑎𝑣
†𝑎𝑎
†𝑎𝑏𝑎𝑐⟩

 +
1

2
∑  
𝑣∈ℐvirt 

𝑎,𝑏,𝑐,𝑑∈ℐact 

 ℎvac 
′ 𝑔avbc ⏟  

𝑔vac 

⟨𝑎𝑑
†𝑎𝑣𝑈(𝑡) 𝑎𝑎

†𝑎𝑣
†𝑎𝑏𝑎𝑐⏟      

𝑎𝑣
†𝑎𝑎
†𝑎𝑐𝑎𝑏

⟩

𝑇3(𝑡) =
1

2
∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ 𝑔𝑣𝑏𝑐𝑑⟨𝑎𝑑

†𝑎𝑐
†𝑎𝑏𝑎𝑣𝑈(𝑡)𝑎𝑣

†𝑎𝑎⟩

 +
1

2
∑  
𝑣∈ℐvirt 

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ 𝑔𝑏𝑣𝑐𝑑⏟  

𝑔𝑣𝑏𝑑𝑐

⟨𝑎𝑑
†𝑎𝑐
†𝑎𝑣𝑎𝑏⏟      

𝑎𝑐
†𝑎𝑑
†𝑎𝑏𝑎𝑣

𝑈(𝑡)𝑎𝑣
†𝑎𝑎⟩

𝑇4(𝑡) =
1

4
∑  
𝑣∈ℐvirt 

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑎𝑏𝑐𝑔𝑣𝑑𝑒𝑓⟨𝑎𝑓
†𝑎𝑒
†𝑎𝑑𝑎𝑣𝑈(𝑡)𝑎𝑣

†𝑎𝑎
†𝑎𝑏𝑎𝑐⟩

 +
1

4
∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑎𝑏𝑐 𝑔𝑑𝑣𝑒𝑓⏟  
𝑔𝑣𝑑𝑓𝑒

⟨𝑎𝑓
†𝑎𝑒
†𝑎𝑣𝑎𝑑⏟      

𝑎𝑒
†𝑎𝑓
†𝑎𝑑𝑎𝑣

𝑈(𝑡)𝑎𝑣
†𝑎𝑎
†𝑎𝑏𝑎𝑐⟩

 +
1

4
∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑑𝑒𝑓 𝑔𝑎𝑣𝑏𝑐⏟  
𝑔𝑣𝑎𝑐𝑏

⟨𝑎𝑓
†𝑎𝑒
†𝑎𝑑𝑎𝑣𝑈(𝑡) 𝑎𝑎

†𝑎𝑣
†𝑎𝑏𝑎𝑐⏟      

𝑎𝑣
†𝑎𝑎
†𝑎𝑐𝑎𝑏

⟩

 +
1

4
∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 𝑔𝑎𝑣𝑏𝑐⏞  
𝑔𝑣𝑎𝑐𝑏

𝑔𝑑𝑣𝑒𝑓⏟  
𝑔𝑣𝑑𝑓𝑒

⟨𝑎𝑓
†𝑎𝑒
†𝑎𝑣𝑎𝑑⏟      

𝑎𝑒
†𝑎𝑓
†𝑎𝑑𝑎𝑣

𝑈(𝑡) 𝑎𝑎
†𝑎𝑣
†𝑎𝑏𝑎𝑐⏟      

𝑎𝑣
†𝑎𝑎
†𝑎𝑐𝑎𝑏

⟩

 +
1

4
∑  

𝑣,𝑤∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑤𝑎𝑏𝑔𝑣𝑤𝑐𝑑⟨𝑎𝑑
†𝑎𝑐
†𝑎𝑤𝑎𝑣𝑈(𝑡)𝑎𝑣

†𝑎𝑤
† 𝑎𝑎𝑎𝑏⟩

 +
1

4
∑  

𝑣,𝑤∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑤𝑎𝑏 𝑔𝑤𝑣𝑐𝑑⏟  
𝑔𝑣𝑤𝑑𝑐

⟨𝑎𝑑
†𝑎𝑐
†𝑎𝑣𝑎𝑤⏟      

𝑎𝑐
†𝑎𝑑
†𝑎𝑤𝑎𝑣

𝑈(𝑡)𝑎𝑣
†𝑎𝑤
† 𝑎𝑎𝑎𝑏⟩
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𝑇1(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ ⟨𝑎𝑏
†𝑎𝑣𝑈(𝑡)𝑎𝑣

†𝑎𝑎⟩

𝑇2(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑑
′ 𝑔𝑣𝑎𝑏𝑐⟨𝑎𝑑

†𝑎𝑣𝑈(𝑡)𝑎𝑣
†𝑎𝑎
†𝑎𝑏𝑎𝑐⟩

𝑇3(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ 𝑔𝑣𝑏𝑐𝑑⟨𝑎𝑑

†𝑎𝑐
†𝑎𝑏𝑎𝑣𝑈(𝑡)𝑎𝑣

†𝑎𝑎⟩

𝑇4(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑎𝑏𝑐𝑔𝑣𝑑𝑒𝑓⟨𝑎𝑓
†𝑎𝑒
†𝑎𝑑𝑎𝑣𝑈(𝑡)𝑎𝑣

†𝑎𝑎
†𝑎𝑏𝑎𝑐⟩

 +
1

2
∑  

𝑣,𝑤∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑤𝑎𝑏𝑔𝑣𝑤𝑐𝑑⟨𝑎𝑑
†𝑎𝑐
†𝑎𝑤𝑎𝑣𝑈(𝑡)𝑎𝑣

†𝑎𝑤
† 𝑎𝑎𝑎𝑏⟩.

 

𝑎𝑣(𝑡) ≡ 𝑒
𝑖𝐻𝑡𝑎𝑣𝑒

−𝑖𝐻𝑡 = 𝑎𝑣𝑒
−𝑖𝜖𝑣𝑡 

𝑇1(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ 𝑒−𝑖(𝐸𝑐𝑜𝑟𝑒+𝜖𝑣)𝑡⟨𝑎𝑏
†𝑒−𝑖𝐻𝐶𝐴𝑆𝑡𝑎𝑎⟩

𝑇2(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑎𝑏𝑐ℎ𝑣𝑑
′ 𝑒−𝑖(𝐸𝑐𝑜𝑟𝑒+𝜖𝑣)𝑡⟨𝑎𝑑

†𝑒−𝑖𝐻𝐶𝐴𝑆𝑡𝑎𝑎
†𝑎𝑏𝑎𝑐⟩

𝑇3(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ℎ𝑣𝑎
′ 𝑔𝑣𝑏𝑐𝑑𝑒

−𝑖(𝐸𝑐𝑜𝑟𝑒+𝜖𝑣)𝑡⟨𝑎𝑑
†𝑎𝑐
†𝑎𝑏𝑒

−𝑖𝐻𝐶𝐴𝑆𝑡𝑎𝑎⟩

𝑇4(𝑡) = ∑  
𝑣∈ℐ𝑣𝑖𝑟𝑡

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑎𝑏𝑐𝑔𝑣𝑑𝑒𝑓𝑒
−𝑖(𝐸𝑐𝑜𝑟𝑒+𝜖𝑣)𝑡⟨𝑎𝑓

†𝑎𝑒
†𝑎𝑑𝑒

−𝑖𝐻𝐶𝐴𝑆𝑡𝑎𝑎
†𝑎𝑏𝑎𝑐⟩

 +
1

2
∑  

𝑣,𝑤∈ℐ𝑣𝑖𝑟𝑡
𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑔𝑣𝑤𝑎𝑏𝑔𝑣𝑤𝑐𝑑𝑒
−𝑖(𝐸𝑐𝑜𝑟𝑒+𝜖𝑣+𝜖𝑤)𝑡

 × ⟨𝑎𝑑
†𝑎𝑐
†𝑒−𝑖𝐻𝐶𝐴𝑆𝑡𝑎𝑎𝑎𝑏⟩.

 

𝑣𝑎,𝑏(𝑡) = ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

 ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ 𝑒−𝑖(𝜖𝑣+𝐸core )𝑡

𝑣𝑎𝑏𝑐,𝑑(𝑡) = ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

 ℎ𝑣𝑑
′ 𝑔𝑣𝑎𝑏𝑐𝑒

−𝑖(𝜖𝑣+𝐸core )𝑡

𝑣𝑎𝑏𝑐,𝑑𝑒𝑓(𝑡) = ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

 𝑔𝑣𝑎𝑏𝑐𝑔𝑣𝑑𝑒𝑓𝑒
−𝑖(𝜖𝑣+𝐸core )𝑡

𝑣𝑎𝑏,𝑐𝑑(𝑡) =
1

2
∑  

𝑣,𝑤∈ℐ𝑣𝑖𝑟𝑡

 𝑔𝑣𝑤𝑎𝑏𝑔𝑣𝑤𝑐𝑑𝑒
−𝑖(𝜖𝑣+𝜖𝑤+𝐸core )𝑡,

 

‖ℎ‖1‖𝑣‖2/3𝑉 = 𝐻𝑒𝑙
′ −𝐻 
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𝐻 = ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ℎ𝑎𝑏
′ 𝑎𝑎

†𝑎𝑏 +
1

2
∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 𝑔𝑎𝑏𝑐𝑑𝑎𝑎
†𝑎𝑏
†𝑎𝑐𝑎𝑑

 + ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  𝜖𝑣𝑎𝑣
†𝑎𝑣 + 𝐸core 

 ⟶

 ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ∑  

4

𝑖=1

 
ℎ𝑎𝑏
′

4
𝜎𝑎𝑏𝑖 + ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ∑  

16

𝑖=1

 
𝑔𝑎𝑏𝑐𝑑
32

𝜎𝑎𝑏𝑐𝑑𝑖

 + ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

 ∑  

4

𝑖=1

 
𝜖𝑣
4
𝜎𝑣𝑖 + 𝐸core 

 

‖ℎ‖1 ≤ ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

|ℎ𝑎𝑏
′ | +

1

2
∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

|𝑔𝑎𝑏𝑐𝑑| + ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

|𝜖𝑣| + |𝐸core |. 

𝑉 = ∑  
𝑝,𝑞∈ℐ𝑎𝑐𝑡∪ℐ𝑣𝑖𝑟𝑡
{𝑝,𝑞}⊄ℐ𝑎𝑐𝑡

 ℎ𝑝𝑞
′ 𝑎𝑝

†𝑎𝑞 +
1

2
∑  

𝑝,𝑞,𝑟,𝑠∈ℐ𝑣𝑖𝑟𝑡∪ℐ𝑎𝑐𝑡
{𝑝,𝑞,𝑟,𝑠}⊄ℐ𝑎𝑐𝑡

 𝑔𝑝𝑞𝑟𝑠𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠 − 𝐹𝑣𝑖𝑟𝑡

 ⟶

 ∑  
𝑝,𝑞∈ℐ𝑎𝑐𝑡∪ℐ𝑣𝑖𝑟𝑡
{𝑝,𝑞}⊄ℐ𝑎𝑐𝑡

 ∑  

4

𝑖=1

 
ℎ𝑝𝑞
′

4
𝜎𝑝𝑞𝑖 − ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

 ∑  

4

𝑖=1

 
𝜖𝑣
4
𝜎𝑣𝑖

 + ∑  
𝑝,𝑞,𝑟,𝑠∈ℐ𝑣𝑖𝑟𝑡∪ℐ𝑎𝑐𝑡
{𝑝,𝑞,𝑟,𝑠}⊄ℐ𝑎𝑐𝑡

 ∑  

16

𝑖=1

 
𝑔𝑝𝑞𝑟𝑠

32
𝜎𝑝𝑞𝑟𝑠𝑖

 

‖𝑣‖2/3 ≤ 2

(

 
 

∑  
𝑝,𝑞∈ℐ𝑎𝑐𝑡∪ℐ𝑣𝑖𝑟𝑡
{𝑝,𝑞}⊄ℐ𝑎𝑐𝑡

  |ℎ𝑝𝑞
′ |

2/3
+ ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  |𝜖𝑣|
2/3

+ ∑  
𝑝,𝑞,𝑟,𝑠∈ℐ𝑣𝑖𝑟𝑡∪ℐ𝑎𝑐𝑡
{𝑝,𝑞,𝑟,𝑠}⊄ℐ𝑎𝑐𝑡

  |𝑔𝑝𝑞𝑟𝑠|
2/3

)

 
 

3/2  

‖ℎ𝐶𝐴𝑆‖1‖𝑣
MRPT(2)‖

2/3
‖ℎ‖1 

‖ℎ𝐶𝐴𝑆‖1 ≤ ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

|ℎ𝑎𝑏
′ | +

1

2
∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

|𝑔𝑎𝑏𝑐𝑑|. 

‖𝑣MRPT(2)‖
2/3
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⟨𝑉𝑈(𝑡𝑛)𝑉⟩ = 𝑇1(𝑡𝑛) + 𝑇2(𝑡𝑛) + 𝑇3(𝑡𝑛) + 𝑇4(𝑡𝑛)

1

4
∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ∑  

2

𝑖𝑗=1

 𝑣𝑎,𝑏(𝑡𝑛)⟨𝜎𝑏𝑗𝑒
−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝜎𝑎𝑖⟩

+
1

16
∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ∑  

8

𝑖=1

 ∑  

2

𝑗=1

 𝑣𝑎𝑏𝑐,𝑑(𝑡𝑛)⟨𝜎𝑑𝑗𝑒
−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝜎𝑎𝑏𝑐𝑖⟩

+
1

16
∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ∑  

2

𝑖=1

 ∑  

8

𝑗=1

 𝑣𝑏𝑐𝑑,𝑎(𝑡𝑛)⟨𝜎𝑏𝑐𝑑𝑗𝑒
−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝜎𝑎𝑖⟩

+
1

32
∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ∑  

4

𝑖𝑗=1

 𝑣𝑎𝑏,𝑐𝑑(𝑡𝑛)⟨𝜎𝑐𝑑𝑗𝑒
−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝜎𝑎𝑏𝑖⟩

+
1

64
∑  

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 ∑  

8

𝑖𝑗=1

 𝑣𝑎𝑏𝑐,𝑑𝑒𝑓(𝑡𝑛)⟨𝜎𝑑𝑒𝑓𝑗𝑒
−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝜎𝑎𝑏𝑐𝑖⟩,

 

∑  

𝐿MRPT(2)

𝑖=1

𝑣𝑛𝑖
MRPT(2)

⟨𝜎𝑖,1𝑒
−𝑖𝐻𝐶𝐴𝑆𝑡𝑛𝜎𝑖,2⟩ 

(∑  

𝑖

  |𝑣𝑛𝑖
MRPT(2)

|
2/3
)

3/2

 ≤ (22/3 ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

  |𝑣𝑎,𝑏(𝑡𝑛)|
2/3
+ 27/3 ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

  |𝑣𝑎𝑏𝑐,𝑑(𝑡𝑛)|
2/3

+22/3 ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

  |𝑣𝑎𝑏,𝑐𝑑(𝑡𝑛)|
2/3
+ 4 ∑  

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

  |𝑣𝑎𝑏𝑐,𝑑𝑒𝑓(𝑡𝑛)|
2/3
)

3/2

 ≤ (22/3 ∑  

𝑎,𝑏∈ℐ𝑎𝑐𝑡

 ( ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  |ℎ𝑣𝑎
′ ℎ𝑣𝑏

′ |)

2/3

 +27/3 ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ( ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  |ℎ𝑣𝑎
′ 𝑔𝑣𝑏𝑐𝑑|)

2/3

 +22/3 ∑  

𝑎,𝑏,𝑐,𝑑∈ℐ𝑎𝑐𝑡

 ( ∑  

𝑣𝑤∈ℐ𝑣𝑖𝑟𝑡

  |𝑔𝑣𝑤𝑎𝑏𝑔𝑣𝑤𝑐𝑑|)

2/3

+4 ∑  

𝑎,𝑏,𝑐,𝑑,𝑒,𝑓∈ℐ𝑎𝑐𝑡

 ( ∑  

𝑣∈ℐ𝑣𝑖𝑟𝑡

  |𝑔𝑣𝑎𝑏𝑐𝑔𝑣𝑑𝑒𝑓|)

2/3

)

3/2

 ≡ ‖𝑣MRPT(2)‖
2/3
⋅

 

𝐻(𝜎 ̂, 𝑥̂, 𝑞̂) =
𝑞̂2

2𝑀
+ 𝑉(𝑥̂) + 𝐻int(𝜎 ̂, 𝑥̂)  
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𝐻int(𝑥̂, 𝜎 ̂) = −𝜇ℬ⃗⃗ (𝑥̂) ⋅ 𝜎 ̂.  

Ω(𝑥, 𝑝) = ∫  
∞

−∞

 d𝜉⟨𝑥 − 𝜉/2|Ω̂|𝑥 + 𝜉/2⟩𝑒𝑖
𝑝𝜉
ℏ  

𝑓(𝑥̂) ↔ 𝑓(𝑥) 

𝑔(𝑞̂) ↔ 𝑔(𝑝) 

( 𝑥̂𝑞̂ + 𝑞̂𝑥̂)/2 ↔ 𝑥𝑝 

𝐇̂(𝑥, 𝑝) = (𝑝2/(2𝑀) + 𝑉(𝑥))𝐈̂ + 𝐇̂int (𝑥) = (𝑝
2/(2𝑀) +𝑉(𝑥))𝐈̂ − 𝜇ℬ⃗⃗ (𝑥) ⋅ 𝜎 ̂ 

𝐇̂(𝑥, 𝑝)|𝜓𝑛
BO(𝑥)⟩ 

|𝜓𝑛
BO(𝑥)⟩𝐔BO(𝑥)𝐇̂int(𝑥)ℬ⃗⃗ (𝑥) 

ℋ𝑛
BO(𝑥, 𝑝) = ⟨𝜓𝑛

BO(𝑥)|𝐇̂(𝑥, 𝑝)|𝜓𝑛
BO(𝑥)⟩.  

𝑥̇ = 𝜕𝑝ℋ𝑛
BO, 𝑝̇ = −𝜕𝑥ℋ𝑛

BO 

ℋ±
BO(𝑥, 𝑝) = 𝑝2/2𝑀 + 𝑉(𝑥) ± 𝜇ℬ(𝑥) 

𝑉𝑛
BO(𝑥) ≡ ⟨𝜓𝑛

BO(𝑥)|𝐇̂int (𝑥)|𝜓𝑛
BO(𝑥)⟩ 

𝑈̂BO ≡ 𝑈BO(𝑥̂)𝑈̂BO
† 𝑂̂𝑈̂BO 



pág. 12338 

𝐱̂ → 𝐱̂M ≡ 𝑥𝐈̂, 𝐪̂ → 𝐪̂M ≡ 𝑝𝐈̂ − 𝐀̂𝑥(𝑥),  

𝐀̂𝑥(𝑥) = 𝑖ℏ(𝜕𝑥𝐔̂BO)𝐔̂BO
† ℬ⃗⃗ (𝑥) 

𝐀̂𝑥(𝑥) = −
ℏ

2
𝜃′(𝑥)𝜎̂𝑥|𝜓𝑛

BO(𝑥)⟩  

𝑝 ± ℏ𝜃′(𝑥)/2 

𝐇̂M(𝑥, 𝑝) =
(𝑝 − 𝐀̂𝑥(𝑥))

2

2𝑀
+ 𝑉(𝑥) + 𝐇̂int(𝑥),

 = 𝐇̂(𝑥, 𝑝) −
𝑝𝐀̂𝑥(𝑥)

𝑀
+
𝐀̂𝑥
2 (𝑥)

2𝑀
.

 

⟨𝜓𝑛
BO(𝑥)|𝐇̂M(𝑥, 𝑝)|𝜓𝑛

BO(𝑥)⟩ 

𝐇̂M(𝑥, 𝑝)|𝜓𝑛
MBO(𝑥, 𝑝)⟩ = ℋ𝑛

MBO(𝑥, 𝑝)|𝜓𝑛
MBO(𝑥, 𝑝)⟩.  

 

ℋ𝑛
MBO(𝑥, 𝑝) = ⟨𝜓𝑛

MBO(𝑥, 𝑝)|𝐇̂M(𝑥, 𝑝)|𝜓𝑛
MBO(𝑥, 𝑝)⟩.  

Ω̂ = Ω(𝑥̂, 𝑝̂, 𝑡) 

𝑑𝑥

𝑑𝑡
 =
𝜕ℋ𝑛

MBO(𝑥, 𝑝)

𝜕𝑝
= ⟨𝜓𝑛

MBO|𝜕𝑝𝐇̂
M|𝜓𝑛

MBO⟩

𝑑𝑝

𝑑𝑡
 = −

𝜕ℋ𝑛
MBO(𝑥, 𝑝)

𝜕𝑥
= −⟨𝜓𝑛

MBO|𝜕𝑥𝐇̂
M|𝜓𝑛

MBO⟩.

 

(𝑥𝑛(𝑡), 𝑝𝑛(𝑡)) 

Ω𝑛
M(𝑥, 𝑝) ≡ ⟨𝜓𝑛

MBO(𝑥, 𝑝)|𝛀̂M(𝑥, 𝑝)|𝜓𝑛
MBO(𝑥, 𝑝)⟩ 
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𝑥 = 𝑥𝑛(𝑡) 

𝑝 = 𝑝𝑛(𝑡) 

⟨𝐪̂M(𝑡)⟩ = 𝑝0(𝑡) − 𝐴𝑥(𝑡) 

𝐴𝑥(𝑡) ≡ ⟨𝜓0(𝑡)|𝐀̂𝑥(𝑥0(𝑡))|𝜓0(𝑡)⟩ 

|𝜓0(𝑡)⟩ ≡ |𝜓0
MBO(𝑥0(𝑡), 𝑝0(𝑡))⟩ 

⟨(𝐪̂M)
2
(𝑡)⟩ = [𝑝0(𝑡) − 𝐴(𝑡)]

2 + 𝑔𝑥𝑥(𝑡) 

𝑔𝑥𝑥(𝑡) = ⟨𝜓0(𝑡)|𝐀̂𝑥
2 (𝑥0(𝑡))|𝜓0(𝑡)⟩ − 𝐴𝑥

2(𝑡) 

Ω𝑛
M(𝑡){𝑥, 𝑝} ≡ {𝑥𝑛(0), 𝑝𝑛(0)}𝑊𝑛

M(𝑥, 𝑝) 

⟨Ω̂(𝑡)⟩ ≈ ∫  
d𝑥 d𝑝

2𝜋ℏ
𝑊𝑛
M(𝑥, 𝑝)Ω𝑛

M(𝑡)  

Ω𝑛
M(𝑡) = Ω𝑛

M(𝑥𝑛(𝑡), 𝑝𝑛(𝑡))𝛀̂
M(𝑥, 𝑝)𝛀̂𝑚𝑛

M (𝑥, 𝑝)𝐇̂M(𝑥, 𝑝)𝛀̂𝑚𝑛
M ℋ𝑚𝑛

MBO 

ℋ𝑚𝑛
MBO(𝑥, 𝑝) ≡

ℋ𝑚
MBO(𝑥, 𝑝) +ℋ𝑛

MBO(𝑥, 𝑝)

2
 

𝑥̇ = 𝜕𝑝ℋ𝑚𝑛
MBO 

𝑝̇ = −𝜕𝑥ℋ𝑚𝑛
MBO 

𝛀̂𝑚𝑛
M (𝑡) = e𝑖Φ𝑚𝑛(𝑡)𝛀̂𝑚𝑛

M (𝑥𝑚𝑛(𝑡), 𝑝𝑚𝑛(𝑡)),  

Φ𝑚𝑛(𝑡) =
1

ℏ
∫  
𝑡

0

  d𝜏[ℋ𝑚
MBO(𝑥𝑚𝑛(𝜏), 𝑝𝑚𝑛(𝜏))

−ℋ𝑛
MBO(𝑥𝑚𝑛(𝜏), 𝑝𝑚𝑛(𝜏))]

 

ℋ𝑛𝑛
MBO = ℋ𝑛

MBO 

⟨Ω̂(𝑡)⟩ ≈ ∫  
d𝑥 d𝑝

2𝜋ℏ
Tr{𝐖̂M(𝑥, 𝑝)𝛀̂M(𝑡)}  

ℬ⃗⃗ (𝑥) = ℬ(𝑥)(cos 𝜃(𝑥)𝑧̂ + sin 𝜃(𝑥)𝑦̂) 

𝐇̂M =
𝑝2

2𝑀
+
ℏ2(𝜃′(𝑥))2

8𝑀
− 𝜇ℬ⃗⃗ (𝑥) ⋅ 𝜎 ̂ +

ℏ

2𝑀
𝑝𝜃′(𝑥)𝜎̂⊥,  

𝜎̂⊥ ≡ 𝜎̂𝑥 

ℬeff(𝑥, 𝑝) = √ℬ(𝑥)
2 +
ℏ2𝑝2(𝜃′(𝑥))2

4𝑀2𝜇2
 

𝜙(𝑥, 𝑝) = tan−1 (
ℏ𝜃′(𝑥)𝑝

2𝑀𝜇ℬ(𝑥)
)  

ℬ(𝑥) = ℬ 
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𝜃(𝑥) = 𝜃0(1 + erf(𝑥/𝑑)) 

|𝜓−
MBO⟩ = cos (𝜙/2)|𝜓−

BO⟩ − sin (𝜙/2)|𝜓+
BO⟩ 

ℋ∓
MBO(𝑥, 𝑝) =

𝑝2

2𝑀
+
ℏ2(𝜃′(𝑥))2

2𝑀
∓ 𝜇ℬeff(𝑥, 𝑝).  

ℋ−
MBO(𝑥, 𝑝)|tan (𝜙(𝑥, 𝑝))| ≪ ℬeff (𝑥, 𝑝) 

𝑀 → 𝑀 + 𝜅(𝑥), with 𝜅(𝑥) =
(ℏ𝜃′(𝑥))

2

4𝜇ℬ(𝑥)
 

𝑀𝑥̇ = 𝑀⟨𝜕𝑝𝐇̂
M⟩ = 𝑝 − ⟨𝐀̂𝑥(𝑥)⟩ = ⟨𝐪̂

M⟩ 

𝐴(𝑥, 𝑝) ≡ ⟨𝐀̂𝑥⟩ 

𝑝̇ = −⟨𝜕𝑥𝐇̂
M⟩ 

𝑥̇± = ⟨𝜕𝑝𝐇̂
M⟩
±
|
𝑝=𝑝0

=
𝑝0
𝑀
±
ℏ𝜃′

2𝑀
sin 𝜙(𝑝0) 

𝐪̂𝑚𝑛
M (𝑡) ℏ𝜔 = ΔℋMBO(𝑝0) = ℋ+

MBO(𝑝0) −ℋ−
MBO(𝑝0) 
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𝐻̂ =
𝑝̂2

2𝑀
−∑  

𝑁

𝑖=1

 𝜇ℬ⃗⃗ (𝑥̂) ⋅ 𝜎 ̂𝑖.  

𝐀̂𝑥(𝑥) = −ℏ𝜃
′(𝑥)𝐒̂𝑥 

𝐒̂𝑥 =∑  

𝑁

𝑖=1

𝜎̂𝑥
𝑖/2 

𝐇̂M =
𝑝2

2𝑀
− 2𝜇ℬ⃗⃗ (𝑥) ⋅ 𝐒 ̂ +

𝑝ℏ𝜃′(𝑥)

𝑀
𝐒̂⊥ +

(ℏ𝜃′(𝑥))2

2𝑀
𝐒̂⊥
2 ,  

𝜙 = tan−1 (ℏ𝜃′𝑝/2𝑀𝜇ℬ) and ℏ𝜃′/𝑝 

𝒮𝑟 = −Tr(𝜌𝑟log2 𝜌𝑟) 

ℏ𝜃′/𝑝 > 2 
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𝜙 → 𝜋/2 

𝑆𝑥 =
1

√2
(| ↓↓⟩ − | ↑↑⟩) 
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𝜒 ≡
𝑁(ℏ𝜃′)2

4𝑚𝜇ℬ
 

Δ𝐒̂𝑥

Δ𝐒̂𝑦
=

1

√1 + 𝜒
,  

Δ𝐒̂𝑖 = √⟨𝐒̂𝑖
2⟩ − ⟨𝐒̂𝑖⟩

2
 

Δ𝐒̂𝑥Δ𝐒̂𝑦 = 𝑁/4 

Δ𝐒̂𝑥/𝑁 ∼ 1/𝑁 

𝜉 = (𝜉1, … , 𝜉𝑁) 

𝜂 = (𝜂1, … , 𝜂𝑁) 

𝐻(𝜉 , 𝜂 , 𝑥, 𝑞) =
𝑞2

2𝑀
+ 𝑉(𝑥) + 𝐻int(𝜉 , 𝜂 , 𝑥)  

𝑉(𝑥) = 𝑘𝑥2/2 

𝐻int(𝜉 , 𝜂 , 𝑥) =
|𝜂 |2

2𝑚
+ 𝑈0∑ 

𝑁

𝑖=1

 (Θ(−𝜉𝑖) + Θ(𝜉𝑖 − 𝑥)),  

|𝜂 |2

2𝑚
= 𝐸0

fast  

𝑥∗ = √2𝐸0
fast /𝑘 

𝐇int (𝑥) ≡ 𝐻int (𝜉 , 𝜂 , 𝑥) 

𝝆(𝑥) = 𝛿(𝐸fast (𝑥) − 𝐇int (𝑥)) 
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𝑆(𝑥, 𝐸fast)= ln Ω(𝑥, 𝐸fast)  

Ω(𝑥, 𝐸fast) = ∫  d𝜉  d𝜂 𝛿(𝐸fast −𝐇int(𝑥))
 

𝑆 = 𝑁/2ln (𝑥2𝐸fast (𝑥)) + const 

ℋBO(𝑥, 𝑝) =
𝑝2

2𝑀
+
1

2
𝑘𝑥2 + 𝐸0

fast (
𝑥0
𝑥
)
2

,  

𝑉BO(𝑥) = 𝐸0
fast(𝑥0/𝑥)

2 

ℏ2𝜋2𝑛2/(2𝑚𝑥2) 

𝜉 ′(𝑥) =
𝜉 

𝑥
, 𝜂 ′(𝑥) = 𝑥𝜂  

𝐪 = 𝑝 − 𝐀𝑥(𝑥) = 𝑝 −∑  

𝑁

𝑖=1

 𝐴𝑥
(𝑖)(𝜉𝑖, 𝜂𝑖, 𝑥)  

d𝜉𝑖
′/d𝑥 = {𝐴𝑥

(𝑖)(𝜉𝑖
′, 𝜂𝑖
′, 𝑥), 𝜉𝑖

′} 

d𝜂𝑖
′/d𝑥 = {𝐴𝑥

(𝑖)(𝜉𝑖
′, 𝜂𝑖
′, 𝑥), 𝜂𝑖

′} 

𝐀𝑥(𝑥) = 𝜉 ⋅ 𝜂 /𝑥 = 𝜉 
′(𝑥) ⋅ 𝜂 ′(𝑥)/𝑥 

𝐪 = 𝑝 − 𝐀𝑥(𝑥) 

𝐇M(𝑥, 𝑝)  =
(𝑝 − 𝐀𝑥(𝑥))

2

2𝑀
+
1

2
𝑘𝑥2

 +
|𝜂 |2

2𝑚
+ 𝑈0∑ 

𝑁

𝑖=1

  (Θ(−𝜉𝑖) + Θ(𝜉𝑖 − 𝑥)),

 

ℋMBO(𝑥, 𝑝) =
𝑝2

2(𝑀 + 𝜅)
+
1

2
𝑘𝑥2 + 𝐸0

fast (
𝑥0
𝑥
)
2
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𝜎𝐪
2(𝑥, 𝑝) = ⟨𝜓𝑛

MBO|𝐀̂𝑥
2 |𝜓𝑛

MBO⟩
𝑐
≡ 𝑔𝑛

M(𝑥, 𝑝)  

𝑔𝑛
M ≡ ⟨𝐀̂𝑥

2 ⟩ − ⟨𝐀̂𝑥⟩
2
 

⟨𝐪⟩ = 𝑝/ (1 +
𝜅

𝑀
) 

𝐪± = ⟨𝐪⟩ ± 𝜎𝐪 

𝜎𝐪
2 =

𝐸fast 

𝑁

2𝜅

1 + 𝜅/𝑀
 

𝐾 ≡
⟨𝐪2⟩

2𝑀
=
⟨𝐪⟩2

2𝑀
+
𝑔𝑛
M(𝑥, 𝑝)

2𝑀
.  

𝑝 = 𝑞 − ℏ𝜃′(𝑥)𝑆𝑥 

⟨𝐪⟩ = 𝑝 −
ℏ𝜃′

2
sin 𝜙 

Ω̂ = Ω(𝑥̂, 𝑞̂) 

⟨Ω̂(𝑡)⟩ = Tr {𝜌̂𝑒
𝑖
ℏ
𝑡𝐻̂Ω̂𝑒−

𝑖
ℏ
𝑡𝐻̂
}  
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𝑒−𝑖𝐻̂𝑡/ℏ = lim
𝑁→∞

 (1 −
𝑖Δ𝑡

ℏ
𝐻̂)

𝑁

 

Δ𝑡 = 𝑡/𝑁 

ℍ = ℍ𝐶⊗ℍ𝑄 

𝐼 =∑  

𝑚

 ∫   d𝑥|𝑥,𝑚⟩⟨𝑥,𝑚|  

⟨𝑥,𝑚|𝐻̂|𝑦, 𝑛⟩ = ∫  
∞

−∞

 
d𝑝

2𝜋ℏ
𝑒
𝑖
ℏ
𝑝(𝑥−𝑦)𝐇̂𝑚𝑛 (

𝑥 + 𝑦

2
, 𝑝)  

𝐇̂𝑚𝑛(𝑥, 𝑝) = ∫  
∞

−∞

 d𝜉𝑒
𝑖
ℏ
𝑝𝜉
⟨𝑥 −

𝜉

2
,𝑚| 𝐻̂ |𝑥 +

𝜉

2
, 𝑛⟩ .  

⟨𝑥𝑁
𝑏 ,𝑚𝑁|𝑒

−
𝑖
ℏ
𝑡𝐻̂
|𝑥0
𝑏 ,𝑚0⟩ = ∫  𝐷[𝑥

𝑏(𝜏)]𝐷[𝑝𝑏(𝜏)]  

𝑒
𝑖
ℏ
∫0
𝑡
 𝑝𝑏(𝜏)𝑥̇𝑏(𝜏)d𝜏

[𝒯𝑡exp {−
𝑖

ℏ
∫0
𝑡
  d𝜏𝐇̂(𝑥𝑏(𝜏), 𝑝𝑏(𝜏))}]

𝑚𝑁𝑚0

 

 

⟨𝑥0
𝑓
,𝑚0|𝑒

𝑖
ℏ
𝑡𝐻̂
|𝑥𝑁
𝑓
,𝑚𝑁⟩ = ∫  𝐷[𝑥

𝑓(𝜏)]𝐷[𝑝𝑓(𝜏)]  

𝑒−
𝑖
ℏ
∫0
𝑡
 𝑝𝑓(𝜏)𝑥̇𝑓(𝜏)d𝜏

[𝒯𝑡exp {−
𝑖

ℏ
∫0
𝑡
  d𝜏𝐇̂(𝑥𝑓(𝜏), 𝑝𝑓(𝜏))}]

𝑚0𝑚𝑁

†

 

𝑥 =
𝑥𝑓 + 𝑥𝑏

2
 𝑝 =

𝑝𝑓 + 𝑝𝑏

2
 𝛿𝑥 = 𝑥𝑓 − 𝑥𝑏 𝛿𝑝 = 𝑝𝑓 − 𝑝𝑏 

⟨Ω̂(𝑡)⟩ = ∫  𝐷[𝑥]𝐷[𝑝]𝐷[𝛿𝑥]𝐷[𝛿𝑝]𝑒
𝑖
ℏ∫

 
𝑡

0
  d𝜏(𝛿𝑥(𝜏)𝑝̇(𝜏)−𝛿𝑝(𝜏)𝑥̇(𝜏)) 

Tr {𝐖̂(𝑥(0), 𝑝(0)) [𝒯𝑡𝑒
−
𝑖
ℏ∫

 
𝑡

0
  d𝜏𝐇̂(𝑥(𝜏)+

𝛿𝑥(𝜏)
2
,𝑝(𝜏)+

𝛿𝑝(𝜏)
2
)
]

†

𝛀̂(𝑥(𝑡), 𝑝(𝑡)) [𝒯𝑡𝑒
−
𝑖
ℏ∫

 
𝑡

0
  d𝜏𝐇̂(𝑥(𝜏)−

𝛿𝑥(𝜏)
2
,𝑝(𝜏)−

𝛿𝑝(𝜏)
2
)
]}

 

𝑂̂𝑈
′ ≡ 𝑈̂†𝑂̂𝑈̂  

𝑈̂ = 𝑒−
𝑖
ℏ
𝐺̂

 

𝐎̂𝑈
′ (𝑥, 𝑝) = 𝒰̂†(𝑥, 𝑝) ⋆ 𝐎̂(𝑥, 𝑝) ⋆ 𝒰̂(𝑥, 𝑝)  

(𝑓 ⋆ 𝑔)(𝑥, 𝑝) = 𝑓(𝑥, 𝑝)𝑒
𝑖ℏ
2
Λ𝑔(𝑥, 𝑝)  

Λ = (𝜕←𝑥𝜕 𝑝 − 𝜕←𝑝𝜕 𝑥)  
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𝛿𝐊̂(𝑥, 𝑝) = (1 +
𝑖Δ𝑡

ℏ
𝐇̂(𝑥, 𝑝)) 

𝑥‾𝑖 = (𝑥𝑖 + 𝑥𝑖−1)/2 

𝐎̂𝑈(𝑥, 𝑝) = 𝐔̂(𝑥, 𝑝)𝐎̂𝑈
′ (𝑥, 𝑝)𝐔̂†(𝑥, 𝑝),  

𝐔̂(𝑥, 𝑝) ≡ 𝑒
−
𝑖
ℏ
𝐆̂(𝑥,𝑝)

 

𝐇̂ → 𝐇̂𝑈
′ , 𝛀̂ → 𝛀̂𝑈

′  

𝒰̂† ⋆ 𝒰̂ = 𝐈̂ 

𝐔̂†𝐔̂ = 𝐈̂ 

𝑈̂ ≡ 𝑈BO(𝑥̂) 

𝐇̂(𝑥, 𝑝)𝐇̂𝑈BO(𝑥, 𝑝) ≡ 𝐇̂
M(𝑥, 𝑝) 

𝐇̂𝑈
′ = 𝒰̂BO

† ⋆ 𝐇̂ ⋆ 𝒰̂BO ≈ 𝐔̂BO
† 𝐇̂𝐔̂BO.  

𝐎̂𝑈BO(𝑥, 𝑝) → 𝐎̂(𝑥, 𝑝) 

𝐇̂𝑈
′ = 𝒰̂MBO

† ⋆ 𝐇̂𝑈BO
′ ⋆ 𝒰̂MBO ≈ 𝐔̂MBO

† 𝐇̂𝑈BO
′ 𝐔̂MBO.  

⟨Ω̂(𝑡)⟩ =∑  

𝑚,𝑛

 ∫𝐷[𝑥(𝜏)]𝐷[𝑝(𝜏)]𝐷[𝛿𝑥(𝜏)]𝐷[𝛿𝑝(𝜏)] 

𝑒

𝑖
ℏ ∫
  d𝜏(𝑝̇𝛿𝑥−𝑥̇𝛿𝑝+ℋ𝑚

MBO(𝑥+
𝛿𝑥
2
,𝑝+
𝛿𝑝
2
)−ℋ𝑛

MBO(𝑥−
𝛿𝑥
2
,𝑝−
𝛿𝑝
2
))

𝐖̂𝑛𝑚
M (𝑥(0), 𝑝(0))Ω̂𝑚𝑛

M (𝑥(𝑡), 𝑝(𝑡))

 

𝑥̇ =
𝜕ℋ𝑚𝑛

MBO

𝜕𝑝
, 𝑝̇ = −

𝜕ℋ𝑚𝑛
MBO

𝜕𝑥
.  

ℋ𝑚𝑛
MBO(𝑥, 𝑝) ≡

ℋ𝑚
MBO(𝑥, 𝑝) +ℋ𝑛

MBO(𝑥, 𝑝)

2
.  

Φ𝑚𝑛(𝑡) =
1

ℏ
∫  
𝑡

0

  d𝜏[ℋ𝑚
MBO(𝑥𝑚𝑛(𝜏), 𝑝𝑚𝑛(𝜏))

−ℋ𝑛
MBO(𝑥𝑚𝑛(𝜏), 𝑝𝑚𝑛(𝜏))]

 

𝛀𝑚𝑛
M (𝑡) = e𝑖Φ𝑚𝑛(𝑡)𝛀𝑚𝑛

M (𝑥𝑚𝑛(𝑡), 𝑝𝑚𝑛(𝑡)).  

⟨Ω̂(𝑡)⟩ ≈ ∫  
d𝑥 d𝑝

2𝜋ℏ
Tr{𝐖̂M(𝑥, 𝑝)𝛀̂M(𝑡)},  
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𝑈̂(𝜆) ≡ 𝑒−
𝑖
ℏ
𝜆𝐺̂  

𝒰̂(𝑥, 𝑝; 𝜆) ≡ 𝒰̂(𝜆) 

𝐔̂(𝑥, 𝑝; 𝜆) ≡ 𝐔̂(𝜆) ≡ 𝑒−
𝑖
ℏ
𝜆𝐆̂(𝑥,𝑝)

 

𝒰̂(𝜆) ≠ 𝐔̂(𝜆) 

𝒰̂†(𝜆) ⋆ 𝒰̂(𝜆) = 𝐈̂ 

𝐔̂†(𝜆)𝐔̂(𝜆) = 𝐈̂ 

𝑈̂(𝜆 = 1) ≡ 𝑈̂, 𝒰̂(𝜆 = 1) ≡ 𝒰̂ 

𝐔̂(𝜆 = 1) ≡ 𝐔̂ 

𝐐̂′(𝜆) ≡ 𝐔̂†(𝜆)𝐐̂𝐔̂(𝜆).  

𝐐̂′(𝜆 = 1) ≡ 𝐐̂′ 

ℍ𝑄⊗ℍ𝐶𝑈̂(𝜆) 

𝑂̂𝑈
′ (𝜆) ≡ 𝑈̂†(𝜆)𝑂̂𝑈̂(𝜆).  

𝐎̂𝑈
′ (𝜆) = 𝒰̂†(𝜆) ⋆ 𝐎̂ ⋆ 𝒰̂(𝜆) ≡ 𝐔̂†(𝜆)𝐎̂𝑈(𝜆)𝐔̂(𝜆)  

𝐎̂𝑈(𝑥, 𝑝; 𝜆) = 𝐔̂(𝑥, 𝑝; 𝜆)𝐎̂𝑈
′ (𝑥, 𝑝; 𝜆)𝐔̂†(𝑥, 𝑝; 𝜆) 

𝑈̂ = 𝑈̂BO 

𝐎̂𝑈BO ≡ 𝐎̂
M 

𝐀̂𝑥(𝜆)≡ (𝑖ℏ𝜕𝑥𝐔̂BO(𝜆))𝐔̂BO
† (𝜆)  

𝐁̂𝑥
′ (𝜆)≡ (𝑖ℏ𝜕𝑥𝐔̂MBO(𝜆))𝐔̂MBO

† (𝜆)  

𝐁̂𝑝
′ (𝜆) ≡ (𝑖ℏ𝜕𝑝𝐔̂MBO(𝜆))𝐔̂MBO

† (𝜆)

 

𝐀̂𝑥(𝑥; 𝜆 = 1) ≡ 𝐀̂𝑥(𝑥) 

𝐁̂𝑥,𝑝
′ (𝑥, 𝑝; 𝜆 = 1) ≡ 𝐁̂𝑥,𝑝

′ (𝑥, 𝑝) 

𝐁̂𝑥,𝑝 = 𝐔̂BO𝐁̂𝑥,𝑝
′ 𝐔̂BO

†  

[𝐅̂𝑥
′ , 𝐇̂𝑈BO

′ ] = 0, 𝐅̂𝑥
′ = 𝜕𝑥𝐇̂𝑈BO

′ +
𝑖

ℏ
[𝐁̂𝑥
′ , 𝐇̂𝑈BO

′ ]

[𝐅̂𝑝
′ , 𝐇̂𝑈BO

′ ] = 0, 𝐅̂𝑝
′ = 𝜕𝑝𝐇̂𝑈BO

′ +
𝑖

ℏ
[𝐁̂𝑝
′ , 𝐇̂𝑈BO

′ ]

 

𝜕𝑥𝐇̂𝑈BO
′ = 𝐔̂BO

† (𝜕𝑥𝐇̂𝑈BO +
𝑖

ℏ
[𝐀̂𝑥, 𝐇̂𝑈BO]) 𝐔̂BO  
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𝐅̂𝑥 = 𝜕𝑥𝐇̂𝑈BO +
𝑖

ℏ
[𝐀̂𝑥 + 𝐁̂𝑥 , 𝐇̂𝑈BO],

𝐅̂𝑝 = 𝜕𝑝𝐇̂𝑈BO +
𝑖

ℏ
[𝐁̂𝑝, 𝐇̂𝑈BO].

 

Ω̂ Operator in ℍ𝑄⊗ℍ𝐶. 

Ω̂ Partial Weyl symbol in ℍ𝑄 

𝑈̂ Unitary transformation 𝑈̂(𝜆) ≡ 𝑒−
𝑖

ℏ
𝜆𝐺̂

 

𝐆̂ Generating function 

𝒰̂ Weyl symbol of 𝑈̂(𝜆) 

𝐔̂ 𝐔̂(𝑥, 𝑝; 𝜆) ≡ 𝑒−
𝑖
ℏ
𝜆𝐆̂(𝑥,𝑝)

 

𝐀̂𝑥 BO AGP 𝐀̂𝑥 ≡ (𝑖ℏ𝜕𝑥𝐔̂BO(𝜆))𝐔̂BO
† (𝜆) 

𝐁̂𝑥,𝑝
′  MBO AGPs 𝐁̂𝑥,𝑝

′ (𝜆) ≡ (𝑖ℏ𝜕𝑥,𝑝𝐔̂MBO(𝜆))𝐔̂MBO
† (𝜆) 

𝐅̂𝑥,𝑝 Generalized forces 

 

𝑂̂𝑈
′ (𝜆) = 𝑈̂†(𝜆)𝑂̂𝑈̂(𝜆) = 𝑒

𝑖
ℏ
𝜆𝐺̂
𝑂̂𝑒

−
𝑖
ℏ
𝜆𝐺̂
.  

𝐎̂𝑈
′ (𝜆 = 1) ≡ 𝐎̂𝑈

′  

𝐎̂𝑈
′ (𝜆 = 0) = 𝐎̂ 

d𝐎̂𝑈
′ (𝜆)

d𝜆
=
𝑖

ℏ
(𝐆̂ ⋆ 𝐎̂𝑈

′ (𝜆) − 𝐎̂𝑈
′ (𝜆) ⋆ 𝐆̂).  

d𝐎̂𝑈
′ (𝜆)

d𝜆
=
1

𝑖ℏ
[𝐎̂𝑈
′ (𝜆), 𝐆̂] + {𝐎̂𝑈

′ (𝜆), 𝐆̂}
SPB
+ 𝒪(ℏ),  

{𝐀̂, 𝐁̂}SPB ≡
1

2
(
𝜕𝐀̂

𝜕𝑥

𝜕𝐁̂

𝜕𝑝
+
𝜕𝐁̂

𝜕𝑝

𝜕𝐀̂

𝜕𝑥
−
𝜕𝐀̂

𝜕𝑝

𝜕𝐁̂

𝜕𝑥
−
𝜕𝐁̂

𝜕𝑥

𝜕𝐀̂

𝜕𝑝
) .  

𝐎̂𝑈
′ (𝜆)  = 𝑒

𝑖
ℏ
𝜆𝐆̂(𝐎̂ +

∫  
𝜆

0

 d𝜆′𝑒−
𝑖
ℏ
𝜆′𝐆̂ ({𝐎̂𝑈

′ (𝜆′), 𝐆̂}
SPB
) 𝑒

𝑖
ℏ
𝜆′𝐆̂
)𝑒

−
𝑖
ℏ
𝜆𝐆̂

 

(𝐎̂𝑈
′ )
(0)
(𝜆) = 𝑒

𝑖
ℏ
𝜆𝐆̂𝐎̂𝑒−

𝑖
ℏ
𝜆𝐆̂

 

(𝐎̂𝑈
′ )
(1)
(𝜆)(𝐎̂𝑈

′ )
(𝑛)
(𝜆) 

(𝐎̂𝑈
′ )
(𝑛)
(𝜆) = 𝑒

𝑖
ℏ
𝜆𝐆̂(𝐎̂ +

 ∫  
𝜆

0

 d𝜆′𝑒
−
𝑖
ℏ
𝜆′𝐆̂
({(𝐎̂𝑈

′ )
(𝑛−1)

(𝜆′), 𝐆̂}
SPB
) 𝑒

𝑖
ℏ
𝜆′𝐆̂
)𝑒

−
𝑖
ℏ
𝜆𝐆̂
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𝐎̂𝑈
′ (𝜆) = 𝑒

𝑖
ℏ
𝜆𝐆̂
(𝒯𝜆exp {∫  

𝜆

0

 d𝜆′ℒ(𝜆′, 𝐆̂)} 𝐎̂) 𝑒
−
𝑖
ℏ
𝜆𝐆̂  

ℒ(𝜆, 𝐆̂)𝐎̂  = 𝑒
−
𝑖
ℏ
𝜆𝐆̂
({𝑒

𝑖
ℏ
𝜆𝐆̂
𝐎̂𝑒

−
𝑖
ℏ
𝜆𝐆̂
, 𝐆̂}

SPB
) 𝑒

𝑖
ℏ
𝜆𝐆̂

 ≡ 𝑒
−
𝑖
ℏ
𝜆𝐆̂
({𝐎̂′(𝜆), 𝐆̂}

SPB
) 𝑒

𝑖
ℏ
𝜆𝐆̂

 

𝐎̂𝑈
′ (𝜆 = 0) = 𝐎̂ 

𝐔̂(𝑥, 𝑝; 𝜆 = 1) ≡ 𝐔̂(𝑥, 𝑝) 

𝐎̂𝑈
′ (𝑥, 𝑝) = 𝐔̂†(𝑥, 𝑝)𝐎̂𝑈(𝑥, 𝑝)𝐔̂(𝑥, 𝑝),  

𝐎̂𝑈 ≡ 𝒯𝜆exp {∫  
1

0

  d𝜆ℒ(𝜆, 𝐆̂)} 𝐎̂.  

𝑈̂ = 𝑈BO(𝑥̂) ≡ 𝑒
−
𝑖
ℏ
𝐺̂BO  

𝐎̂𝑈BO
′ = 𝒰̂BO

† ⋆ 𝐎̂ ⋆ 𝒰̂BO = 𝐔̂BO
† 𝐎̂𝑈BO𝐔̂BO.  

𝐎̂𝑈BO ≡ 𝐎̂
M 

𝒰̂BO
† ⋆ 𝐱̂ ⋆ 𝒰̂BO = 𝐔̂BO

† 𝐱̂𝐔̂BO = 𝐱̂, resulting in 𝐱̂M = 𝐱̂ 

(𝐪̂M)
′
= 𝐔̂BO

† (1 +
𝑖ℏ

2
Λ) 𝐪̂ (1 +

𝑖ℏ

2
Λ) 𝐔̂BO, 

 = 𝐪̂ + (𝑖ℏ𝜕𝑥𝐔̂BO
† )𝐔̂BO,

 

(𝜕𝑥𝐔̂BO
† )𝐔̂BO = −𝐔̂BO

† (𝜕𝑥𝐔̂BO) and 𝐪̂′ = 𝐪̂ 

𝐪̂M = 𝐔̂BO(𝐪̂
M)
′
𝐔̂BO
† = 𝐪̂ − (𝑖ℏ𝜕𝑥𝐔̂BO)𝐔̂BO

† = 𝐪̂ − 𝐀̂𝑥 

(𝐪̂2)𝑈BO
′ = 𝐪̂𝑈BO

′ ⋆ 𝐪̂𝑈BO
′ = (𝐪̂𝑈BO

′ )
2
 

𝐪̂𝑈BO
′ Λ𝐪̂𝑈BO

′ = 0 

(𝐪̂2)M = (𝐪̂M)
2
= (𝐪̂ − 𝐀̂𝑥)

2
 

ℒ(𝜆, 𝐆̂BO)𝐱̂ = 0 

ℒ(𝜆1, 𝐆̂BO)𝐪̂= 𝑒
−
𝑖
ℏ
𝜆1𝐆̂BO ({𝑝𝐈̂, 𝐆̂BO}SPB) 𝑒

𝑖
ℏ
𝜆1𝐆̂BO 

 = −𝑒−
𝑖
ℏ
𝜆1𝐆̂BO𝜕𝑥𝐆̂BO𝑒

𝑖
ℏ
𝜆1𝐆̂BO

 

ℒ(𝜆2, 𝐆̂BO)ℒ(𝜆1, 𝐆̂BO)𝐪̂ = 0 

𝐪̂M = 𝐪̂ − ∫  
1

0

  d𝜆1𝑒
−
𝑖
ℏ
𝜆1𝐆̂BO𝜕𝑥𝐆̂BO𝑒

𝑖
ℏ
𝜆1𝐆̂BO = 𝐪̂ − 𝐀̂𝑥 ,  

𝜕𝜆𝐀̂𝑥(𝜆) = 𝑒
−
𝑖
ℏ
𝜆𝐆̂BO𝜕𝑥𝐆̂BO𝑒

𝑖
ℏ
𝜆𝐆̂BO .  
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(𝐪̂2)M = 𝐪̂2 − 2𝑝∫  
1

0

  d𝜆1
𝜕

𝜕𝜆1
(𝐀̂𝑥(𝜆1)) +

 
1

2
∫  
1

0

 ∫  
1

0

  d𝜆2 d𝜆1 [
𝜕

𝜕𝜆1
(𝐀̂𝑥(𝜆1)) ,

𝜕

𝜕𝜆2
(𝐀̂𝑥(𝜆2))]

+

 

(𝐪̂2)M = 𝐪̂2 − 2𝑝𝐀̂𝑥 + 𝐀̂𝑥
2 = (𝐪̂ − 𝐀̂𝑥)

2
 

𝐱̂(0)(𝜆) = 𝑥𝐈̂ 

{𝐱̂(0), 𝐆̂BO}SPB = 0 

𝐱̂M = 𝐔̂BO𝐱̂
(0)(𝜆 = 1)𝐔̂BO

† = 𝑥𝐈̂ 

𝐪̂(0)(𝜆) = 𝑝𝐈̂ 

𝐪̂(1)(𝜆) = 𝑒
𝑖
ℏ
𝜆𝐆̂BO(𝑝𝐈̂ − 𝐀̂𝑥(𝜆))𝑒

−
𝑖
ℏ
𝜆𝐆̂BO  

{𝐪̂(0), 𝐆̂BO}SPB = −𝜕𝑥𝐆̂BO 

{𝐪̂(1)(𝜆), 𝐆̂BO}SPB = −𝜕𝑥𝐆̂BO 

𝐪̂(2)(𝜆) = 𝐪̂(1)(𝜆) 

𝐪̂M = 𝐔̂BO𝐪̂
(1)(𝜆 = 1)𝐔̂BO

† = 𝑝𝐈̂ − 𝐀̂𝑥(𝜆 = 1) 

(𝐪̂2)M:(𝐪̂2)(0)(𝜆) = 𝑝2𝐈̂ 

{(𝐪̂2)(0), 𝐆̂BO}SPB = −2𝑝𝜕𝑥𝐆̂BO 

 

(𝐪̂2)(1)(𝜆) = 𝑒
𝑖
ℏ
𝜆𝐆̂BO(𝑝2𝐈̂ − 2𝑝𝐀̂𝑥(𝜆))𝑒

−
𝑖
ℏ
𝜆𝐆̂BO 

{(𝐪̂2)(1), 𝐆̂BO}SPB = −2𝑝𝜕𝑥𝐆̂BO + [𝑒
𝑖
ℏ
𝜆𝐆̂BO𝐀̂𝑥(𝜆)𝑒

−
𝑖
ℏ
𝜆𝐆̂BO , 𝜕𝑥𝐆̂BO]

+
 

(𝐪̂2)(2)(𝜆) = 𝑒
𝑖
ℏ
𝜆𝐆̂BO (𝑝2𝐈̂ − 2𝑝𝐀̂𝑥(𝜆) + ∫  

𝜆

0

 d𝜆′ [𝐀̂𝑥(𝜆
′),
𝜕

𝜕𝜆′
(𝐀̂𝑥(𝜆

′))]
+
)𝑒

−
𝑖
ℏ
𝜆𝐆̂BO

= 𝑒
𝑖
ℏ
𝜆𝐆̂BO(𝑝2𝐈̂ − 2𝑝𝐀̂𝑥(𝜆) + 𝐀̂𝑥

2 (𝜆))𝑒
−
𝑖
ℏ
𝜆𝐆̂BO

 

 

𝜕𝜆𝐀̂𝑥
2 (𝜆) = [𝐀̂𝑥(𝜆), 𝜕𝜆𝐀̂𝑥(𝜆)]+ 

 

𝐪̂(3) = 𝐪̂(2) 

(𝐪̂2)M = 𝐔̂BO((𝐪̂
2)(2)(𝜆 = 1))𝐔̂BO

† = (𝑝𝐈̂ − 𝐀̂𝑥)
2
 

𝑈̂ = 𝑈̂BO𝑈̂MBO = 𝑒
−
𝑖
ℏ
𝐺̂BO𝑒−

𝑖
ℏ
𝐺̂MBO  

𝐔̂MBO
† (𝐔̂BO

† 𝐇̂𝑈BO𝐔̂BO)𝐔̂MBO ≡ 𝐔̂MBO
† 𝐇̂𝑈BO

′ 𝐔̂MBO 

𝐎̂𝑈
′ = 𝒰̂MBO

† ⋆ 𝐎̂𝑈BO
′ ⋆ 𝒰̂MBO ≈ 𝐔̂MBO

† 𝐎̂𝑈BO
′ 𝐔̂MBO.  
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𝐎̂𝑈
′ = 𝒰̂MBO

† ⋆ 𝐎̂𝑈BO
′ ⋆ 𝒰̂MBO ≈ 𝐔̂MBO

† 𝐎̂𝑈BO
′ 𝐔̂MBO  

 +𝐔̂MBO
† (∫  

1

0

  d𝜆ℒ(𝜆, 𝐆̂MBO)𝐎̂𝑈BO
′ ) 𝐔̂MBO + 𝒪(ℒ

2)
 

𝐆̂ ≡ 𝐆̂MBO  

 ∫  
1

0

  d𝜆ℒ(𝜆, 𝐆̂)𝐎̂𝑈BO
′ =

1

2
∫  
1

0

  d𝜆𝑒
−
𝑖
ℏ
𝜆𝐆̂
[𝜕𝑥 (𝑒

𝑖
ℏ
𝜆𝐆̂
𝐎̂𝑈BO
′ 𝑒

−
𝑖
ℏ
𝜆𝐆̂
) , 𝜕𝑝𝐆̂]

+
𝑒
𝑖
ℏ
𝜆𝐆̂

  −(𝑥 ↔ 𝑝)

 

∫  
1

0

  d𝜆ℒ (𝜆, 𝐆̂)𝐎̂𝑈BO
′ =

1

2
∫  
1

0

  d𝜆[𝜕𝑥𝐎̂𝑈BO
′ +

𝑖

ℏ
[𝐁̂𝑥
′ (𝜆), 𝐎̂𝑈BO

′ ], 𝜕𝜆𝐁̂𝑝
′ (𝜆)]

+
− (𝑥 ↔ 𝑝)

 

∫  
1

0

  d𝜆ℒ(𝜆, 𝐆̂)𝐎̂𝑈BO
′ ≈

1

2
[𝜕𝑥𝐎̂𝑈BO

′ , 𝐁̂𝑝
′ ]
+
− (𝑥 ↔ 𝑝),  

𝐁̂𝑥
′ ≡ 𝐁̂𝑥

′ (𝜆 = 1) 

𝐁̂𝑝
′ ≡ 𝐁̂𝑝

′ (𝜆 = 1) 

 
 

𝐇̂SA ≈ 𝐇̂M +
1

2
[𝜕𝑥𝐇̂

M +
𝑖

ℏ
[𝐀̂𝑥 , 𝐇̂

M], 𝐁̂𝑝]
+
−
1

2
[𝜕𝑝𝐇̂

M, 𝐁̂𝑥]+,
 

𝐪̂SA ≈ 𝑝𝐈̂ − 𝐀̂𝑥 − 𝐁̂𝑥 −
1

2
[𝜕𝑥𝐀̂𝑥, 𝐁̂𝑝]+

𝐱̂SA ≈ 𝑥𝐈̂ + 𝐁̂𝑝

 

ℬ⃗⃗ (𝑥) = ℬ(𝑥)(cos 𝜃(𝑥)𝑧̂ + sin 𝜃(𝑥)𝑦̂) 

𝐆̂BO(𝑥) = −
ℏ𝜃(𝑥)

2
𝜎̂𝑥, 𝐆̂MBO(𝑥, 𝑝) = −

ℏ𝜙(𝑥, 𝑝)

2
𝜎̂𝑦,  

𝜙(𝑥, 𝑝) = tan−1 (
ℏ𝜃′(𝑥)𝑝

2𝑀𝜇ℬ(𝑥)
)  

ℋ±
MBO =

𝑝2

2𝑀
+
(ℏ𝜃′(𝑥))2

8𝑀
±√(𝜇ℬ(𝑥))2 + (

ℏ𝜃′(𝑥)𝑝

2𝑀
)
2

 

𝜃(𝑥) = 𝜃0(1 + erf(𝑥/𝑑))  

𝜃′(𝑥) = 2𝜃0/(√𝜋𝑑)exp [−𝑥
2/𝑑2] 
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𝜁 =
ℏ2𝜃0

2

𝜋𝑀𝜇ℬ𝑑2
 

ℰmin =

{
 

 𝜇ℬ (
𝜁

2
− 1) , 𝜁 < 1

−
𝜇ℬ

2𝜁
, 𝜁 > 1

 

 

|Ψ(𝑡 = 0)⟩ ∝ ∫  d𝑥𝑒−(𝑥−𝑥0)
2/4𝜎𝑥

2
𝑒
𝑖
ℏ
𝑝0𝑥|𝑥⟩ ⊗ |𝜓−

BO(𝑥)⟩.  

𝑥̇ = ⟨𝜕𝑝𝐇̂
M⟩ 

𝑝̇ = −⟨𝜕𝑥𝐇̂
M⟩ 

⟨𝜕𝑝𝐇̂
M⟩
BO
=
𝑝

𝑀
 

⟨𝜕𝑝𝐇̂
M⟩
MBO

=
𝑝

𝑀
−
ℏ𝜃′(𝑥)

2𝑀
sin 𝜙(𝑥, 𝑝) 

𝐖̂M(𝑥, 𝑝) = 𝑊(𝑥, 𝑝)(
cos2 (

𝜙(𝑥, 𝑝)

2
)

sin 𝜙(𝑥, 𝑝)

2
sin 𝜙(𝑥, 𝑝)

2
sin2 (

𝜙(𝑥, 𝑝)

2
)

) ,  
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𝑊(𝑥, 𝑝) = 2exp (−
(𝑥 − 𝑥0)

2

2𝜎𝑥
2 −

2𝜎𝑥
2(𝑝 − 𝑝0)

2

ℏ2
) 

𝑃trapped ≈ ∫  
d𝑥 d𝑝

2𝜋ℏ
𝑊(𝑥, 𝑝)cos2 (

𝜙(𝑥, 𝑝)

2
) .  

𝑥 ∈ (−𝑑/2, 𝑑/2), with 𝑃trapped = ∫  
𝑑/2

−𝑑/2
 d𝑥|Ψ(𝑥)|2 

 

𝑥 ∈ (−𝑑/2, 𝑑/2) 

d⟨𝑥̂⟩/d𝑡𝜕𝑝𝐇̂
M 

𝑝0 = (1/√2𝜋)ℏ𝜃0/𝑑 

𝜎𝑥 = 𝑑/4 

𝑥0 = 𝑝0 = 0 and 𝜎𝑥 = 𝑑/10 

ℋ𝑚𝑛
MBO =

ℋ𝑚
MBO +ℋ𝑛

MBO

2
,  
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𝑥̇−−(𝜏)≡ 𝑥̇−(𝜏) =
𝑝

𝑀
−
ℏ𝜃′

2𝑀
sin 𝜙(𝑝), 

𝑝̇−−(𝜏)≡ 𝑝̇−(𝜏) = 0,  

𝑥̇++(𝜏)≡ 𝑥̇+(𝜏) =
𝑝

𝑀
+
ℏ𝜃′

2𝑀
sin 𝜙(𝑝), 

𝑝̇++(𝜏) ≡ 𝑝̇+(𝜏) = 0,

 

𝑥̇−+(𝜏) = 𝑥̇+−(𝜏) =
𝑝

𝑀
, 𝑝̇−+(𝜏) = 𝑝̇+−(𝜏) = 0.  

Φ+−(𝑡) =
2𝑡

ℏ
√(𝜇ℬ)2 + (

ℏ𝜃′𝑝

2𝑀
)
2

≡
𝑡Δℋ(𝑝)

ℏ
,  

Φ−+(𝑡) = −Φ+−(𝑡) 

Δℋ(𝑝) = ℋ+
MBO(𝑝) −ℋ−

MBO(𝑝) 

𝐪̂M = 𝑝𝐈̂ − 𝐀̂𝑥 

𝐪̂M(𝑡) = (
𝑝 −

ℏ𝜃′

2
sin 𝜙(𝑝) 𝑒

−
𝑖𝑡Δℋ(𝑝)
ℏ

ℏ𝜃′

2
cos 𝜙(𝑝)

𝑒
𝑖𝑡Δℋ(𝑝)
ℏ

ℏ𝜃′

2
cos 𝜙(𝑝) 𝑝 +

ℏ𝜃′

2
sin 𝜙(𝑝)

). 

 ⟨𝑞̂(𝑡)⟩ ≈ 𝑝0 +

ℏ𝜃′

4
∫  

 d𝑥 d𝑝

2𝜋ℏ
𝑊(𝑥, 𝑝)sin (2𝜙(𝑝)) (cos (

𝑡

ℏ
Δℋ(𝑝)) − 1)

 

lim
𝑡→∞
 ⟨𝑞̂(𝑡)⟩ ≈ 𝑝0 −

ℏ𝜃′

4
sin (2𝜙(𝑝0)) ∼ cos (𝑡Δℋ/ℏ)⟨sin (2𝜙(𝑝))⟩ ≈ sin (2𝜙(𝑝0)) 

𝐁̂𝑥
′  = (𝑖ℏ𝜕𝑥𝐔̂MBO)𝐔̂MBO

† = −
ℏ𝜕𝑥𝜙(𝑥, 𝑝)

2
𝜎̂𝑦,

𝐁̂𝑝
′  = (𝑖ℏ𝜕𝑝𝐔̂MBO)𝐔̂MBO

† = −
ℏ𝜕𝑝𝜙(𝑥, 𝑝)

2
𝜎̂𝑦.

 

ℬ(𝑥) = ℬ 

𝜃′(𝑥) = 𝜃′ 

𝐇̂SA, 𝐱̂SA 

𝜕𝑥𝐀̂𝑥 = 𝐁̂𝑥 = 0 

𝐇̂SA = 𝐇̂M, 𝐪̂SA = 𝐪̂M, 𝐱̂SA = 𝐱̂M + 𝐁̂𝑝 = 𝑥𝐈̂ + 𝐁̂𝑝.  

𝐇̂SA = 𝐇̂M 

𝐱̂SA(𝑡) =

(

 
 
𝑥 + (

𝑝

𝑀
−
ℏ𝜃′

2𝑀
sin 𝜙) 𝑡 𝑖𝑒−

𝑖𝑡Δℋ
ℏ
ℏ𝜙′

2

−𝑖𝑒
𝑖𝑡Δℋ
ℏ
ℏ𝜙′

2
𝑥 + (

𝑝

𝑀
+
ℏ𝜃′

2𝑀
sin 𝜙) 𝑡

)
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𝐪̂SA(𝑡) = (
𝑝 −

ℏ𝜃′

2
sin 𝜙 𝑒

−
𝑖𝑡Δℋ
ℏ
ℏ𝜃′

2
cos 𝜙

𝑒
𝑖𝑡Δℋ
ℏ
ℏ𝜃′

2
cos 𝜙 𝑝 +

ℏ𝜃′

2
sin 𝜙

) .  

d𝑥̂(𝑡)

d𝑡
=
𝑞̂(𝑡)

𝑀
. 

d𝐱̂SA/d𝑡 = 𝐪̂SA/𝑀 

ℬ(𝑥) = ℬ 

𝜃(𝑥) = 𝜃0(1 + erf(𝑥/𝑑)) 

𝑝0 = ℏ𝜃0/(√2𝜋𝑑)𝜎𝑥 = 𝑑/4 

 

𝐻̂ = 𝑞̂2/2𝑀 − 𝜇ℬ⃗⃗ (𝑥̂) ⋅ 𝑆 ̂/𝑆 

𝑥̇ =
𝜕𝐻

𝜕𝑞
, 𝑞̇ = −

𝜕𝐻

𝜕𝑥
, ℏ𝑆 ̇ = −𝑆 ×

𝜕𝐻

𝜕𝑆 
,  

𝐻(𝑥, 𝑞, 𝑆 ) = 𝑞2/2𝑀 − 𝜇ℬ⃗⃗ (𝑥) ⋅ (𝑆 /𝑆) 

|𝑆 | = √𝑆(𝑆 + 1) 

𝑝 = 𝑞 − ℏ𝑆𝑥𝜃
′(𝑥), 𝑆 ′(𝑥) = 𝑅(𝜃(𝑥))𝑆  

𝐻𝑆→∞
M (𝑥, 𝑝, 𝑆 ′) =

(𝑝 + ℏ𝑆𝑥
′𝜃′(𝑥))2

2𝑀
− 𝜇ℬ(𝑥)

𝑆𝑧
′

𝑆
 

𝐻𝑆=1/2
M (𝑥, 𝑝, 𝑆 ′) =

𝑝2

2𝑀
+
(ℏ𝜃′(𝑥))2

8𝑀
− 𝜇ℬ(𝑥)

𝑆𝑧
′

𝑆
+
ℏ𝑆𝑥
′𝜃′(𝑥)𝑝

𝑀
 

(𝑥(0), 𝑝(0)) = (𝑥0, 𝑝0) 

𝑆 (0) = (
1

2
,
1

2
,
1

2
) 
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{𝑆 (0)} = (±
1

2
,±
1

2
,
1

2
) 

𝑊(𝑥, 𝑝) = 2exp (−
(𝑥 − 𝑥0)

2

2𝜎𝑥
2 −

2𝜎𝑥
2(𝑝 − 𝑝0)

2

ℏ2
)𝐻𝑆=1/2
M 𝐻𝑆→∞

M  

𝜁 =
(ℏ𝜃0

′)2

4𝑀𝜇ℬ0
≪ 1 

ℬ(𝑥)  =
ℬ0
2
(1 + erf (

𝑥𝐵
0 − 𝑥

𝑑ℬ
))

𝜃′(𝑥)  =
𝜃0
′

2
(1 + erf (

𝑥 − 𝑥𝜃′
0

𝑑𝜃′
))

 

𝑉(𝑥) = √(2𝜇ℬ(𝑥))2 + (
(ℏ𝜃′(𝑥))2

4𝑀
)

2

−
(ℏ𝜃′(𝑥))2

4𝑀
,  

 

𝐀̂𝑥(𝑥) = −ℏ𝜃
′(𝑥)𝐒̂𝑥 

𝐒̂𝑥 =∑  

𝑁

𝑖=1

𝜎̂𝑥
𝑖/2 

(𝐇̂M)
′
=
𝑝2

2𝑀
− 2𝜇ℬ𝐒̂𝑧 +

𝑝ℏ𝜃′

𝑀
𝐒̂𝑥 +

(ℏ𝜃′)2

2𝑀
𝐒̂𝑥
2.  

𝐒̂𝑧 =∑  

𝑁

𝑖=1

𝜎̂𝑧
𝑖/2 

|𝑝| ≪ 𝑁|ℏ𝜃′| 

(𝐇̂M)
′
≅
𝑝2

2𝑀
− 2𝜇ℬ (𝐒̂𝑧 −

𝜒

𝑁
𝐒̂𝑥
2)  

𝜒 = 𝑁(ℏ𝜃′)2/4𝑀𝜇ℬ 
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𝐒̂+ ≅ √𝑁𝑎, 𝐒̂− ≅ √𝑁𝑎
†, 𝐒̂𝑧 =

𝑁

2
− 𝑎†𝑎.  

(𝐇̂M)
′
≅
𝑝2

2𝑀
− 𝜇ℬ𝑁 + 2𝜇ℬ (𝑎†𝑎 +

𝜒

4
(𝑎 + 𝑎†)

2
)  

𝐔̂MBO = exp 
𝑟

2
(𝑎2 − 𝑎†2), 𝑟 =

1

4
ln (1 + 𝜒),  

𝐔̂MBO
† (𝐇̂M)

′
𝐔̂MBO =

𝑝2

2𝑀
− 𝜇ℬ𝑁 + 2𝜇ℬ√1 + 𝜒𝑎†𝑎 + 𝜇ℬ(√1 + 𝜒 − 1).

 

|𝜓0
MBO⟩ = 𝐔̂MBO |0⟩ 

Δ𝐒̂𝑥
2 =

𝑁

4
⟨𝜓0
MBO|(𝑎 + 𝑎†)

2
|𝜓0
MBO⟩ =

𝑁

4

1

√1 + 𝜒
 

Δ𝐒̂𝑦
2 = −

𝑁

4
⟨𝜓0
MBO|(𝑎 − 𝑎†)

2
|𝜓0
MBO⟩ =

𝑁

4
√1 + 𝜒 

 

Δ𝐒̂𝑦 =
√𝑁

2
(1 + 𝜒)1/4 

Δ𝐒̂𝑦 ∼ 𝑁/2 = 𝑆 

𝑉(𝑥) = 𝑘𝑥2/2 

𝝆(𝑥, 𝑝) = 𝛿(𝐸(𝑥, 𝑝) − 𝐇(𝑥, 𝑝)) 

𝑆(𝑥, 𝑝, 𝐸) = ln Ω(𝑥, 𝑝, 𝐸)

Ω(𝑥, 𝑝, 𝐸) = ∫  d𝜉  d𝜂 𝛿(𝐸 − 𝐇(𝑥, 𝑝))
 

𝑆(𝑥, 𝐸) =
𝑁

2
ln [2𝜋𝑚𝐸fast 𝑥2] − ln [(𝑁/2)!],  

𝐸fast ≡ 𝐸 −
𝑝2

2𝑀
−
1

2
𝑘𝑥2  

𝑥2𝐸fast (𝑥) =  const.  

ℋBO(𝑥, 𝑝)=
1

Ω(𝑥, 𝑝, 𝐸)
∫  d𝜉  d𝜂 𝛿(𝐸(𝑥, 𝑝) − 𝐇(𝑥, 𝑝))𝐇(𝑥, 𝑝), 

 =
𝑝2

2𝑚
+
1

2
𝑘𝑥2 + 𝐸0

fast (
𝑥0
2

𝑥2
) ,

 

𝝆𝛽(𝑥, 𝑝) =
1

𝑍𝛽(𝑥, 𝑝)
𝑒−𝛽(𝑥,𝑝)𝐇(𝑥,𝑝) 

𝑆𝛽(𝑥, 𝑝, 𝛽) = 𝛽𝐸𝛽(𝑥, 𝑝) + ln 𝑍𝛽(𝑥, 𝑝)  

𝑆𝛽(𝑥, 𝑝, 𝛽) = 𝑁ln (𝑥√
2𝜋𝑚

𝛽
)+

𝑁

2
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𝑥2

𝛽(𝑥, 𝑞)
= const  

ℋBO(𝑥, 𝑝)=
1

𝑍𝛽(𝑥, 𝑝)
∫  d𝜉  d𝜂 𝑒−𝛽(𝑥,𝑝)𝐇(𝑥,𝑝)𝐇(𝑥, 𝑝), 

 =
𝑝2

2𝑚
+
1

2
𝑘𝑥2 +

𝑁

2𝛽0
(
𝑥0
2

𝑥2
) .

 

𝐸0
fast = 𝑁/(2𝛽0) 

𝐪 = 𝑝 − 𝐀𝑥(𝑥) 

𝜌M(𝑥, 𝑝) =
1

𝑍𝛽
M(𝑥, 𝑝)

𝑒−𝛽
M(𝑥,𝑝)𝐇M(𝑥,𝑝) 

𝐇M(𝑥, 𝑝) =
(𝑝 − 𝐀𝑥(𝑥))

2

2𝑀
+
1

2
𝑘𝑥2 +

|𝜂 |2

2𝑚

+𝑈0∑ 

𝑁

𝑖=1

 (Θ(−𝜉𝑖) + Θ(𝜉𝑖 − 𝑥)), 𝐀𝑥(𝑥) =
𝜉 ⋅ 𝜂 

𝑥

 

𝐇M(𝑥, 𝑝) =
𝑝2

2𝑀
+
1

2
𝑘𝑥2 +

𝜂 𝑇 ⋅ 𝜇̂−1(𝜉 ) ⋅ 𝜂 

2
+ 𝑏⃗ (𝜉 )𝑇 ⋅ 𝜂  

𝜇̂−1(𝜉 ) =
1

𝑚
1̂ +

𝜉 ⋅ 𝜉 𝑇

𝑀𝑥2
 

𝑏⃗ (𝜉 ) = −
𝑝

𝑀

𝜉 

𝑥
 

𝜇̂−1(𝜉 )1/𝑚 + |𝜉 |2/(𝑥2𝑀) 

𝑍𝛽
M(𝑥, 𝑝)  = ∫  d𝜉  d𝜂 𝑒−𝛽

M𝐇M(𝑥,𝑝)

 = 𝑥𝑁 (
2𝜋𝑚

𝛽M
)
𝑁/2

𝑒−
𝛽M𝑘𝑥2

2 ∫  
1

0

  d𝜉 
𝑒
−
𝛽M𝑝2

2𝑀
1

1+
𝑚
𝑀
|𝜉⃗ |2

√1+
𝑚
𝑀
|𝜉 |2

 

∫  
1

0

  d𝜉 𝑓(|𝜉 |2) = ∫  
∞

−∞

 d𝑢𝑓(𝑢𝑁)𝑃(𝑢)  

𝑃(𝑢) = ∫  
1

0

  d𝜉 𝛿(𝑢 − |𝜉 |2/𝑁), 𝑓(𝑢𝑁) =
𝑒
−
𝛽M𝑝2

2𝑀
1

1+
𝑚𝑁
𝑀
𝑢

√1+
𝑚𝑁
𝑀 𝑢

 

lim
𝑁→∞

 𝑃(𝑢) = 𝛿(𝑢 − 1/3),  
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lim
𝑁→∞

 ∫  
1

0

  d𝜉 𝑓(|𝜉 |2)  = ∫  
∞

−∞

 d𝑢𝑓(𝑢𝑁)𝛿(𝑢 − 1/3)

 = 𝑓(𝑁/3)

 

𝑍𝛽
M(𝑥, 𝑝) =

𝑁→∞
𝑥𝑁 (

2𝜋𝑚

𝛽M
)
𝑁/2 𝑒

−𝛽M(
𝑝2

2(𝑀+𝜅)
+
𝑘𝑥2

2
)

√1 + 𝜅
𝑀

 

𝜅 =
𝑚𝑁

3
 

𝐸𝛽
M(𝑥, 𝑝) = ∫  d𝜉  d𝜂 

𝑒−𝛽
M𝐇M(𝑥, 𝑝)

𝑍𝛽
M(𝑥, 𝑝)

𝐇M(𝑥, 𝑝)

=
𝑝2

2𝑀

∫d𝜉 𝑒
−
𝛽M𝑝2

2𝑀
1

1 +
𝑚
𝑀
|𝜉 |2

(1 +
𝑚
𝑀 |𝜉
 |2)

−3/2

∫ d𝜉 𝑒
−
𝛽M𝑝2

2𝑀
1

1+
𝑚
𝑀
|𝜉⃗ |2 (1 +

𝑚
𝑀
|𝜉 |2)

−1/2
 

+
1

2
𝑘𝑥2 +

𝑁

2𝛽M
 

 =
𝑁→∞ 𝑝2

2(𝑀 + 𝜅)
+
1

2
𝑘𝑥2 +

𝑁

2𝛽M

 

𝑆𝛽
M(𝑥, 𝑝) = 𝑁ln (𝑥√

2𝜋𝑚

𝛽M(𝑥, 𝑝)
) +

𝑁

2
−
1

2
ln (1 +

𝜅

𝑀
) .  

𝛽0
M =

𝛽0

(1 +
𝜅
𝑀
)

1
𝑁

 

𝛽0
M ≈ 𝛽0(1 − 𝑚/(3𝑀)) 

𝛽0
M ≈ 𝛽0(1 − ln (𝜅/𝑀)/𝑁) 

𝐸0
fast  = ∫  d𝜉  d𝜂 

𝑒−𝛽0
M𝐇M(𝑥, 0)

𝑍𝛽
M(𝑥, 0)

|𝜂 |2

2𝑚

 =
𝑁→∞ 𝑁

2𝛽0
M
(1 −

1

𝑁

𝜅

𝑀 + 𝜅
)

 

𝛽0
M = 𝛽0 (1 −

1

𝑁

𝜅

𝑀 + 𝜅
) .  

ℋMBO(𝑥, 𝑝) =
𝑝2

2(𝑀 + 𝜅)
+
1

2
𝑘𝑥2 +

𝑁

2𝛽0
M (
𝑥0
2

𝑥2
)

 ≈
𝑝2

2(𝑀 + 𝜅)
+
1

2
𝑘𝑥2 +

𝑁

2𝛽0
(
𝑥0
2

𝑥2
)(1 +

1

𝑁

𝜅

𝜅 +𝑀
)

 

𝐇𝑖
M =

𝜂𝑖
2

2𝑚
−
𝑝𝜂𝑖
𝑀

𝜉𝑖
𝑥
+ 𝑈0(Θ(−𝜉𝑖) + Θ(𝜉𝑖 − 𝑥)),  

𝝆𝑖 = 𝑒
−𝛽M𝐇𝑖

M/𝑍𝑖
M 
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𝜅/𝑀 ≡ 𝑁𝑚/(3𝑀) = 2/15 

𝑥(𝑡 = 0) = 1.75𝑥∗(𝛽0) = 1.75√𝑁/(𝑘𝛽0) 

𝑥∗ = √1.75𝑥∗(𝛽0) 

⟨𝜂𝑖⟩ = 𝑝
𝑚

𝑀

𝜉𝑖
𝑥
.  

⟨𝐪⟩  = ⟨𝑝 −
𝜉 ⋅ 𝜂 

𝑥
⟩ = 𝑝 −

1

𝑍𝛽
M∫   d𝜉

  d𝜂 
𝜉 ⋅ 𝜂 

𝑥
𝑒−𝛽

M𝐇M

 = 𝑝 (1 −∫  d𝜉 

𝑚
𝑀 |𝜉
 |2

1 +
𝑚
𝑀 |𝜉
 |2
) =
𝑁→∞ 𝑝

1 +
𝜅
𝑀

 

𝑝 = 𝑞 + 𝜉 ⋅ 𝜂 /𝑥 

𝜅/𝑀 = 𝑚𝑁/3𝑀 = 5/12 

 

𝑥(𝑡 = 0) = 1.25𝑥∗(𝛽0) = 1.25√𝑁/(𝑘𝛽0)𝑝BO
max 

𝜎𝐪
2 = ⟨𝐪2⟩ − ⟨𝐪⟩2 = ⟨𝐀𝑥

2 ⟩ − ⟨𝐀𝑥⟩
2 =
𝑁→∞ 𝜅𝑀

𝜅 +𝑀

1

𝛽M
 

𝑆(𝑥, 𝑞) = ln Ω(𝑥, 𝑞), 𝑆M(𝑥, 𝑝) = ln ΩM(𝑥, 𝑝),  
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Ω(𝑥, 𝑞, 𝐸)  = ∫  d𝜉  d𝜂 𝛿(𝐸 − 𝐻(𝜉 , 𝜂 , 𝑥, 𝑞)),

 =
𝑁→∞ (2𝜋𝑚𝑥2)

𝑁
2

(𝑁/2)!
(𝐸 −

𝑞2

2𝑀
−
1

2
𝑘𝑥2)

𝑁
2

 

ΩM(𝑥, 𝑝, 𝐸) = ∫  
d𝜉  d𝜂 

𝛿
(𝐸 − 𝐻M(𝜉 , 𝜂 ; 𝑥, 𝑝)),

 =
𝑁→∞ (2𝜋𝑚𝑥2)

𝑁
2

(𝑁/2)!√1 +
𝜅
𝑀

(𝐸 −
𝑝2

2(𝑀 + 𝜅)
−
1

2
𝑘𝑥2)

𝑁
2  

𝐻(𝜉, 𝜂, 𝑥, 𝑝) =
𝑞2

2𝑀
+
𝜂2

2𝑚
+
1

2
𝑘𝑥2 + 𝑈0(Θ(−𝜉) + Θ(𝜉 − 𝑥)).  

𝒮(𝑥, 𝑝, 𝐸) = ∫  d𝜉 d𝜂Θ(𝐸 − 𝐇(𝑥, 𝑝))  

𝒮(𝑥, 𝑝, 𝐸)  = ∫  d𝜉 d𝜂Θ(𝐸 − 𝐇(𝑥, 𝑝))

 = 2𝑥√2𝑚𝐸fast 

 

𝐸fast = 𝐸 −
𝑝2

2𝑀
−
1

2
𝑘𝑥2 

𝑥2𝐸fast (𝑥) =const 

𝐸𝑛
fast(𝑥) =

𝜋2𝑛2

2𝑚𝑥2
 

𝑥2𝐸fast (𝑥) = const 

𝒮M(𝑥, 𝑝, 𝐸) = ∫  d𝜉 d𝜂Θ(𝐸 − 𝐇M(𝑥, 𝑝))  

𝜂(𝜉) =
𝑝
𝑚𝜉
𝑀𝑥

1 +
𝑚𝜉2

𝑀𝑥2

± √
2𝑚

1 +
𝑚𝜉2

𝑀𝑥2

(𝐸 −
𝑝2

2𝑀 (1 +
𝑚𝜉2

𝑀𝑥2
)
−
1

2
𝑘𝑥2) ,⟨

𝑝𝜉𝜂(𝜉)

𝑀𝑥
⟩ ≈

𝑝2

𝑀
∫  
𝑥

0

  d𝜉
𝑚𝜉2

𝑀𝑥2
=
𝑝2

𝑀

𝑚

3𝑀

≈
𝑝
𝑚𝜉
𝑀𝑥

1 +
𝑚𝜉2

𝑀𝑥2

± √
2𝑚𝐸

1 +
𝑚𝜉2

𝑀𝑥2

 ⟨
𝜉2𝜂2(𝜉)

2𝑀𝑥2
⟩ ≈

𝑚

𝑀
𝐸∫  

𝑥

0

  d𝜉
𝜉2

𝑥2
= 𝐸

𝑚

3𝑀

 
 
 

 

𝜂(𝜉) ≈ 𝑝
𝑚𝜉

𝑀𝑥
± √2𝑚𝐸 (1 −

𝑚𝜉2

2𝑀𝑥2
) + 𝒪 (

𝑚2

𝑀2
)  
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𝒮M(𝑥, 𝑝, 𝐸) ≈ 2√2𝑚𝐸 ∫  
𝑥

0

 (1 −
𝑚

2𝑀

𝜉2

𝑥2
)

 = 2𝑥√2𝐸𝑚 (1 −
𝑚

6𝑀
)

 

ℋMBO  =
𝑝2

2𝑀
(1 −

𝑚

6𝑀
) +

1

2
𝑘𝑥2 + 𝐸0 (

𝑥0
𝑥
)
2

 ≈
𝑝2

2 (𝑀 +
𝑚
3
)
+
1

2
𝑘𝑥2 + 𝐸0 (

𝑥0
𝑥
)
2  

𝑝 = |𝒑| ∼ 𝑚𝑣 

𝐸 ∼ 𝑚𝑣2 

𝐿pNRQED =−
1

4
∫  𝑑3𝑥𝐹𝜇𝜈(𝑥)𝐹

𝜇𝜈(𝑥) + ∫  𝑑3𝑥{𝜓†(𝑡, 𝒙)[𝑖𝜕𝑡 − ℎ𝑒(𝑡, 𝒙)]𝜓(𝑡, 𝒙) + 𝑁
†(𝑡, 𝒙)[𝑖𝜕𝑡 − ℎ𝑍𝑒(𝑡, 𝒙)]𝑁(𝑡, 𝒙)} 

 −∫  𝑑3𝑥𝑑3𝑦[𝜓†(𝑡, 𝒙)𝜓(𝑡, 𝒙)𝑉𝑍𝑒(𝒙 − 𝒚,𝝈) + 𝑁
†(𝑡, 𝒙)𝑁(𝑡, 𝒙)𝑉𝑍𝑍(𝒙 − 𝒚)]𝑁

†(𝑡, 𝒚)𝑁(𝑡, 𝒚)

 

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 

ℎ𝑒(𝑡, 𝒙) = 𝑒𝐴0(𝑡, 𝒙) −
𝑫−𝑒
2 (𝑡, 𝒙)

2𝑚
−
𝑫−𝑒
4 (𝑡, 𝒙)

8𝑚3

ℎ𝑍𝑒(𝑡, 𝒙) = −𝑍𝑒𝐴0(𝑡, 𝒙) −
𝑫𝑍𝑒
2 (𝑡, 𝒙)

2𝑀

 

𝑖𝑫𝑞(𝑡, 𝒙) = 𝑖∇𝑥 − 𝑞𝑨(𝑡, 𝒙)  

𝑉𝑍𝑒(𝒙, 𝜎) = 𝑉𝑍𝑒
LO(𝒙) + 𝑉𝑍𝑒

NLO(𝒙, 𝜎𝑒)  

𝑉𝑍𝑒
LO(𝒙) = −

𝑍𝛼

|𝒙|
 

𝑉𝑍𝑒
NLO(𝒙, 𝜎𝑒) = 𝑉𝑍𝑒

ct(𝒙) + 𝑉𝑍𝑒
SO(𝒙, 𝜎𝑒),  

𝑉𝑍𝑒
ct(𝒙)  = −

𝑍𝛼

𝑚2
(−
𝑐𝐷
8
+ 4𝑑2) 4𝜋𝛿(𝒙),

𝑉𝑍𝑒
SO(𝒙, 𝜎𝑒)  = −𝑖𝑐𝑆

𝑍𝛼

4𝑚2
𝝈𝑒 ⋅ (

𝒙

|𝒙|3
× ∇𝑥) ,

 

𝑐𝐷 = 1 +
𝛼

𝜋
(
8

3
log 

𝑚

𝜇
) , 𝑐𝑆 = 1 +

𝛼

𝜋
, 𝑑2 =

𝛼

60𝜋
.  

𝑉𝑍𝑍(𝒙) =
𝑍2𝛼

|𝒙|
 

|𝜑(𝑡)⟩ =∫  𝑑3𝑥𝑑3𝑦1𝑑
3𝑦2𝜑(𝑡, 𝒙, 𝒚1, 𝒚2)  

 × 𝜓†(𝑡, 𝒙)𝑁†(𝑡, 𝒚1)𝑁
†(𝑡, 𝒚2)|US⟩

 

𝐿PNRQED =−
1

4
∫  𝑑3𝑥𝐹𝜇𝜈(𝑥)𝐹

𝜇𝜈(𝑥) + ∫  𝑑3𝑥𝑑3𝑦1𝑑
3𝑦2𝜑

†(𝑡, 𝒙, 𝒚1, 𝒚2)[𝑖𝜕𝑡 − ℎ𝑒(𝑡, 𝒙) − ℎ𝑍𝑒(𝑡, 𝒚1) − ℎ𝑍𝑒(𝑡, 𝒚2) 

−𝑉𝑍𝑒(𝒙 − 𝒚1, 𝝈) − 𝑉𝑍𝑒(𝒙 − 𝒚2, 𝝈) − 𝑉𝑍𝑍(𝒚1 − 𝒚2)]𝜑(𝑡, 𝒙, 𝒚1, 𝒚2)
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𝑹 =
𝑚𝒙 +𝑀(𝒚1 + 𝒚2)

𝑚 + 2𝑀
.  

𝑧 = 𝑥 −
𝑦1 + 𝑦2
2

,  

𝒓 = 𝒚1 − 𝒚2  

𝜑(𝒙, 𝒚1, 𝒚2, 𝑡) =𝑈−𝑒(𝒙, 𝑹, 𝑡)𝑈+𝑍𝑒(𝒚1, 𝑹, 𝑡)𝑈+𝑍𝑒(𝒚2, 𝑹, 𝑡)

 × 𝑆(𝑡, 𝒙, 𝒚1, 𝒚2, 𝑡),
 

𝑈𝑞(𝒙, 𝑹, 𝑡) = 𝑒
𝑖𝑞 ∫  

𝑹

𝒙
 𝑑𝒙′⋅𝑨(𝒙′,𝑡)  

𝐴0(𝑡, 𝑹) → 𝐴0(𝑡, 𝑹) − 𝜕𝑡𝜃(𝑡, 𝑹) 

𝑨(𝑡, 𝑹) → 𝑨(𝑡, 𝑹) + ∇𝑅𝜃(𝑡, 𝑹) 

𝑆(𝑡, 𝑹, 𝒓, 𝑧) → 𝑒−𝑖𝑒tot𝜃(𝑡,𝑹)𝑆(𝑡, 𝑹, 𝒓, 𝒛)  

𝑒tot = −𝑒(1 − 2𝑍),  

𝐿pNRQED =−
1

4
∫  𝑑3𝑥𝐹𝜇𝜈(𝑥)𝐹

𝜇𝜈(𝑥) + ∫  𝑑3𝑅𝑑3𝑟𝑑3𝑧𝑆†(𝑡, 𝑹, 𝒓, 𝒛) [𝑖𝜕𝑡 +
∇𝑅
2

2𝑀tot
+ 𝑒tot𝐴0(𝑡, 𝑹) + 𝑒eff𝒛 ⋅ 𝑬(𝑡, 𝑹) 

−ℎ0(𝒓, 𝒛) +
∇𝑟
2

𝑀
− 𝑉𝑍𝑍

LO(𝒓) +
∇𝑧
2

4𝑀
+
∇𝑧
4

8𝑚3
− 𝑉𝑍𝑒

NLO(𝒛 + 𝒓/2, 𝝈) − 𝑉𝑍𝑒
NLO(𝒛 − 𝒓/2, 𝝈)] 𝑆(𝑡, 𝑹, 𝒓, 𝒛)

 

ℎ0(𝒓, 𝒛) = −
∇𝑧
2

2𝑚
+ 𝑉𝑍𝑒

LO(𝒛 + 𝒓/2) + 𝑉𝑍𝑒
LO(𝒛 − 𝒓/2),  

𝑀tot = 𝑚 + 2𝑀,  

𝑬(𝑡, 𝑹) = −𝜕𝑡𝑨(𝑡, 𝑹) − ∇𝑅𝐴0(𝑡, 𝑹) 

𝑒eff = 2𝑒
𝑀 + 𝑍𝑚

𝑚 + 2𝑀
= 𝑒 + 𝒪(𝛼2).  

∇𝑟∼ (𝑀/𝑚)
1/4𝑚𝛼 ∼ 𝑚𝛼5/8 

−∇𝑟
2/𝑀 ∼ 𝑚𝛼2√𝑚/𝑀 ∼ 𝑚𝛼11/4 

ℎ0(𝒓, 𝒛) + 𝑉𝑍𝑍
LO(𝒓)𝒪(𝑚𝛼2) 

−∇𝑟
2/𝑀𝒪(𝑚𝛼11/4) 

𝑉𝑍𝑍
LO(𝒓)ℎ0(𝒓, 𝒛) 

∇𝑧
2/4𝑀 

𝒪(𝑚𝛼7/2)∇𝑧
4/8𝑚3 + 𝑉𝑍𝑒

NLO 

𝒪(𝑚𝛼4)𝒪(𝑚𝛼5) 

ℎ0(𝒓, 𝒛) + ∇𝑟
2/𝑀 + 𝑉𝑍𝑍

LO(𝒓) + ⋯ 

𝑆(𝑡, 𝒓, 𝒛) =∑  

𝜅

 Ψ𝜅(𝑡, 𝒓)𝜙𝜅(𝒓; 𝒛)  
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𝜙𝜅(𝒓; 𝒛) = ⟨𝒛 ∣ 𝒓, 𝜅⟩ 

ℎ0(𝒓, 𝒛)𝜙𝜅(𝒓; 𝒛) = 𝑉𝜅
light 
(𝒓)𝜙𝜅(𝒓; 𝒛)  

∫  𝑑3𝑧𝜙𝜅
∗(𝒓; 𝒛)𝜙𝜅′(𝒓; 𝒛) = 𝛿𝜅𝜅′  

𝜅 =  1Σ𝑔
+ 

𝐿BOEFT =−
1

4
∫  𝑑3𝑥𝐹𝜇𝜈(𝑥)𝐹

𝜇𝜈(𝑥)  

 +∫  𝑑3𝑟∑  

𝜅𝜅′

 Ψ𝜅
†(𝑡, 𝒓) {[𝑖𝜕𝑡 + 𝑒tot𝐴0(𝑡, 𝟎) − 𝐻𝜅

(0)
(𝒓) − 𝛿𝐸𝜅(𝒓)] 𝛿𝜅𝜅′ − 𝐶𝜅𝜅′

nad(𝒓)}Ψ𝜅′(𝑡, 𝒓)
 

𝐻𝜅
(0)
(𝒓) = −

∇𝑟
2

𝑀
+ 𝑉𝑍𝑍

LO(𝒓) + 𝑉𝜅
light
(𝒓)  

𝛿𝐸𝜅(𝒓) = 𝛿
rec𝐸𝜅(𝒓) + 𝛿

rec,2𝐸𝜅(𝒓) + 𝛿
NLO𝐸𝜅(𝒓) + 𝛿

US𝐸𝜅(𝒓)  

𝐻𝜅
(0)
𝑚𝛼2√𝑚/𝑀 ∼ 𝑚𝛼11/4 

𝛿rec𝐸𝜅(𝒓) = ∫  𝑑
3𝑧𝜙𝜅

∗(𝒓; 𝒛) (−
∇𝑧
2

4𝑀
)𝜙𝜅(𝒓; 𝒛) = ⟨𝒓, 𝜅|(−∇𝑧

2)/(4𝑀)|𝒓, 𝜅⟩  

𝑚𝛼2𝑚/𝑀 ∼ 𝑚𝛼7/2 

𝛿rec,2𝐸𝜅(𝒓) = ∑  

𝜅‾≠𝜅

 
|⟨𝒓, 𝜅|(−∇𝑧

2)/(4𝑀)|𝒓, 𝜅‾⟩ |2

𝑉𝜅
light 
(𝒓) − 𝑉𝜅‾

light 
(𝒓)

 

𝑚𝛼2(𝑚/𝑀)2 ∼ 𝑚𝛼5 

𝛿NLO𝐸𝜅(𝒓) = ∫  𝑑
3𝑧𝜙𝜅

∗(𝒓; 𝒛) [𝑉𝑍𝑒
NLO(𝒛 + 𝒓/2, 𝜎) + 𝑉𝑍𝑒

NLO(𝒛 − 𝒓/2, 𝜎) −
∇𝑧
4

8𝑚3
]𝜙𝜅(𝒓; 𝒛)  

𝛿US𝐸𝜅(𝒓) =−
𝑒2

6𝜋2
{−
𝑍𝑒2

2𝑚2
[log (

𝜇

𝑚
) +

5

6
− log (2)] 𝜌𝜅(𝒓)  

+∑  

𝜅‾≠𝜅

  |⟨𝒓, 𝜅|𝒗𝑧|𝒓, 𝜅‾⟩ |2 (𝑉𝜅
light 
(𝒓) − 𝑉𝜅‾

light 
(𝒓)) log (

𝑚

|𝑉𝜅
light 
(𝒓) − 𝑉𝜅‾

light 
(𝒓)|

)} ,

 

𝒗𝑧 = −𝑖∇𝑧/𝑚, ⟨𝒓, 𝜅|𝒗𝑧|𝒓, 𝜅‾⟩ 

⟨𝒓, 𝜅|𝒗𝑧|𝒓, 𝜅‾⟩ = ∫  𝑑
3𝑧𝜙𝜅

⋆(𝒓; 𝒛)𝒗𝑧𝜙𝜅‾ (𝒓; 𝒛)  

𝜌𝜅(𝒓) = |𝜙𝜅(𝒓; 𝒛 = 𝒓/2)|
2 + |𝜙𝜅(𝒓; 𝒛 = −𝒓/2)|

2.  

𝐶𝜅𝜅′
nad(𝒓)= ∫  𝑑3𝑧𝜙𝜅

∗(𝒓; 𝒛)[−∇𝑟
2/𝑀,𝜙𝜅′(𝒓; 𝒛)]  

 = ∫  𝑑3𝑧𝜙𝜅
∗(𝒓; 𝒛) (−

∇𝑟
2

𝑀
𝜙𝜅′(𝒓; 𝒛)) +

2

𝑀
∫  𝑑3𝑧𝜙𝜅

∗(𝒓; 𝒛)(−𝑖∇𝑟𝜙𝜅′(𝒓; 𝒛))(−𝑖∇𝑟)
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−∇𝑟
2/𝑀 ≪ 𝑚𝛼2 

𝑉(𝒓) = 𝑉𝑍𝑍
LO(𝒓) + 𝑉0

light 
(𝒓) 

𝑉(𝒓) ≈
1

2
𝐾0(𝒓 − 𝒓0)

2,  where  𝐾0 = ∇𝑟0
2 𝑉(𝒓0).  

𝐸0 = 3√
𝐾0
2𝑀

 

∇𝑟0𝑉(𝒓0) = ∇𝑟0 (
𝛼𝑍2

𝑟0
+ 𝑉0

light (𝒓0)) = 0.  

𝑟0 ∼
1

𝑚𝛼
 

𝐾0 = ∇𝑟0
2 𝑉(𝒓0) ∼ 𝑚

3𝛼4  

𝐸0 ∼ (
𝑚3𝛼4

𝑀
)

1/2

= 𝑚𝛼2√
𝑚

𝑀
 

𝑚𝛼2√𝑚/𝑀 
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2⟨Ψ0|
∇𝑟
2

𝑀
|Ψ0⟩ = 𝐸0  

∇𝑟
2

𝑀
∼ 𝑚𝛼2√

𝑚

𝑀
 

√𝑚/𝑀 ∼ 𝛼3/4 ≈ 0.025 

∇𝑟 ∼ 𝑚𝛼 (
𝑀

𝑚
)
1/4

𝑤 ∼ 𝛼 (
𝑚

𝑀
)
3/4

 

∇𝑟= (𝜕𝑟, 𝜕𝜃/𝑟, 𝜕𝜙/(𝑟sin 𝜃)) 

𝑟 ∼ 𝑟0 ∼ 1/(𝑚𝛼) 

−2/(𝑀𝑟)𝜕/𝜕𝑟 ∼ 𝑚𝛼2(𝑚/𝑀)3/4 

𝑳2/(𝑀𝑟2)𝑚𝛼2(𝑚/𝑀) 

∇𝑧∼ 1/𝑧 ∼ 𝑚𝛼 
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𝒪(𝑚𝛼2(𝑚/𝑀)3/4) 

𝒪(𝑚𝛼2(𝑚/𝑀)) 

𝑖𝜕𝑡Ψ𝜅(𝑡, 𝒓) = 𝐻𝜅
(0)
(𝒓)Ψ𝜅(𝑡, 𝒓)  

𝑖𝜕𝑡Ψ𝜅(𝑡, 𝒓) = [𝐻𝜅
(0)
(𝒓) + 𝐶𝜅𝜅

nad(𝒓)]Ψ𝜅(𝑡, 𝒓)  

Ψ𝜅𝑛
(0)
(𝒓) = ⟨𝒓 ∣ 𝜅𝑛⟩(0) 

𝐸𝜅𝑛 = 𝐸𝜅𝑛
(0)
+ 𝐸𝜅𝑛

(1)
+ 𝐸𝜅𝑛

(2)
+⋯  

𝐸𝜅𝑛
(1)
=  (0)⟨𝜅𝑛|𝐶𝜅𝜅

nad|𝜅𝑛⟩(0),  

 (0)⟨𝜅𝑛|𝑂|𝜅‾𝑛‾⟩(0) = ∫  𝑑3𝑟Ψ𝜅𝑛
(0)⋆
(𝒓)𝑂(𝒓)Ψ𝜅‾𝑛‾

(0)
(𝒓)  

𝑚𝛼2(𝑚/𝑀)3/4 ∼ 𝑚𝛼25/8 

𝑚𝛼2(𝑚/𝑀)3/2 ∼ 𝑚𝛼17/4 
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𝐸𝜅𝑛
mix = ∑  

𝜅‾≠𝑘,𝑛‾

 
|(0)⟨𝜅𝑛|𝐶𝜅𝜅‾

nad|𝜅‾𝑛‾⟩(0)|
2

𝐸𝜅𝑛 − 𝐸𝜅‾𝑛‾
.  

(𝑚/𝑀)1/4 ∼ 𝛼3/8 

𝑚𝛼2(𝑚/𝑀) ∼ 𝑚𝛼7/2 

𝑚𝛼2(𝑚/𝑀)2 ∼ 𝑚𝛼5 

𝑀𝑤2 ≪ ΛQCD 

𝑀𝑤 ≫ ΛQCD ≫ 𝑀𝑤
2 

 

𝐿pNRQCD = ∫  𝑑
3𝑅{−

1

4
𝐺𝜇𝜈
𝑎 𝐺𝜇𝜈𝑎 +∑ 

𝑛𝑓

𝑖=1

 𝑞‾𝑖𝑖p̸𝑞

+∫  𝑑3𝑟(Tr[𝑆†(𝑖𝜕0 − ℎ𝑠)𝑆 + 𝑂
†(𝑖𝐷0 − ℎ𝑜)𝑂]

+𝑔Tr[𝑂†𝒓 ⋅ 𝑬𝑆 + 𝑆†𝒓 ⋅ 𝑬𝑂]

+
𝑔

2
Tr[𝑂†𝒓 ⋅ 𝑬𝑂 + 𝑂†𝑂𝒓 ⋅ 𝑬])}

 

𝐺𝜇𝜈𝑎 = 𝐺‾𝜇𝜈𝑎(𝑹, 𝑡), 𝑞𝑖 = 𝑞𝑖(𝑹, 𝑡) 𝑖𝐷0𝑂 = 𝑖𝜕0𝑂 − 𝑔[𝐴0(𝑹, 𝑡), 𝑂] 

ℎ𝑠 = −
∇𝑟
2

𝑀
+ 𝑉𝑠(𝑟),

ℎ𝑜 = −
∇𝑟
2

𝑀
+ 𝑉𝑜(𝑟),
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𝑉𝑠(𝑟) = −4𝛼s/(3𝑟) + ⋯ 

𝑉𝑜(𝑟) = 𝛼s/(6𝑟) + ⋯ 

ℎ0(𝑹) =
1

2
(𝑬𝑎𝑬𝑎 +𝑩𝑎𝑩𝑎) −∑  

𝑛𝑓

𝑓=1

 𝑞‾𝑓𝑖𝑫 ⋅ 𝜸𝑞𝑓  

ℎ0(𝑹)𝐺𝜅
𝑖𝑎(𝑹)|US⟩ = Λ𝜅𝐺𝜅

𝑖𝑎(𝑹)|US⟩,  

𝜅 = {𝐽𝑃𝐶 , 𝑓}  

|𝜅⟩ = 𝑂𝑎†(𝒓, 𝑹)𝐺𝜅
𝑖𝑎(𝑹)|US⟩,  

∫  𝑑3𝑟𝑑3𝑅∑  

𝑖𝜅

  |𝜅⟩Ψ𝜅
𝑖 (𝑡, 𝒓, 𝑹)  

𝐿BOEFT =∫  𝑑
3𝑅𝑑3𝑟∑  

𝜅

 Ψ𝜅
𝑖†(𝑡, 𝒓, 𝑹)[(𝑖𝜕𝑡 − ℎ𝑜 − Λ𝜅)𝛿

𝑖𝑗 

−∑  

𝜆

 𝑃𝜅𝜆
𝑖 𝑏𝜅𝜆𝑟

2𝑃𝜅𝜆
𝑗†
+⋯]Ψ𝜅

𝑗
(𝑡, 𝒓, 𝑹)

 

𝑃10
𝑙  = 𝑟̂𝑙

𝑃1±1
𝑙  = (𝜃̂𝑙 ± 𝑖𝜙̂𝑙)/√2

 

𝑟̂ = (sin (𝜃)cos (𝜙), sin (𝜃)sin (𝜙), cos (𝜃))𝑇 ,

𝜃̂ = (cos (𝜃)cos (𝜙), cos (𝜃)sin (𝜙), −sin (𝜃))𝑇 ,

𝜙̂ = (−sin (𝜙), cos (𝜙),0)𝑇
 

𝑃𝜅𝜆
𝑖 𝑏𝜅𝜆𝑟

2𝑃𝜅𝜆
𝑗†

 

𝑏𝜅𝜆 = 𝑏𝜅−𝜆 = 𝑏𝜅Λ 

 

𝑉𝜅𝜆 = 𝑉𝑜(𝑟) + Λ𝜅 + 𝑏𝜅𝜆𝑟
2 

Ψ𝜅𝜆 = 𝑃𝜅𝜆
𝑖†Ψ𝜅

𝑖  

Ψ𝜅
𝑖 =∑  

𝜆

 𝑃𝜅𝜆
𝑖 Ψ𝜅𝜆  

𝐿BOEFT = ∫  𝑑
3𝑅𝑑3𝑟 ∑  

𝜅𝜆𝜆′

 Ψ𝑘𝜆
† (𝑡, 𝒓, 𝑹){[𝑖𝜕𝑡 − 𝑉𝑜(𝑟) − Λ𝜅

 −𝑏𝜅𝜆𝑟
2 +⋯]𝛿𝜆𝜆′ + 𝑃𝜅𝜆

𝑖† ∇𝑟
2

𝑀
𝑃𝜅𝜆′
𝑖 }Ψ𝜅𝜆′(𝑡, 𝒓, 𝑹)

 

𝑃𝜅𝜆
𝑖† ∇𝑟

2

𝑀
𝑃𝜅𝜆′
𝑖 =

∇𝑟
2

𝑀
+ 𝐶𝜅𝜆𝜆′

nad  

𝐶𝜅𝜆𝜆′
nad = 𝑃𝜅𝜆

𝑖† [
∇𝑟
2

𝑀
,𝑃𝜅𝜆′
𝑖 ]  
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𝐶𝜅𝜆𝜆′
nad 𝑃𝜅𝜆′

𝑖 [𝑳2/(𝑀𝑟2), 𝑃𝜅𝜆′
𝑖 ]𝑀𝑤2 

𝑖𝜕𝑡Ψ𝜅𝜆(𝑡, 𝒓, 𝑹) =[(−
∇𝑟
2

𝑀
+𝑉𝑜(𝑟) + Λ𝜅 + 𝑏𝜅𝜆𝑟

2)𝛿𝜆𝜆′

−∑ 

𝜆′

 𝐶𝜅𝜆𝜆′
nad ]Ψ𝜅𝜆′(𝑡, 𝒓, 𝑹)

 

𝑀𝑁 = 2𝑀 + ℰ𝑁  

𝑚𝛼2√𝑚/𝑀 

𝑚/𝑀 ∼ 𝛼3/2𝒪(𝑚𝛼5) 

 

𝐿Ψ−𝐴 =∫  𝑑
3𝑟∑  

𝜅𝜅′

 Ψ𝜅
†(𝑡, 𝒓)[𝑒tot𝐴0(𝑡, 𝟎)𝛿𝜅𝜅′  

+𝑒𝑬(𝑡, 𝟎) ⋅ ⟨𝒓, 𝜅|𝒛|𝒓, 𝜅′⟩]Ψ𝜅′(𝑡, 𝒓),

 

𝑒eff = 𝑒 + 𝒪(𝛼
2) 

𝑒eff ⟨𝒓, 𝜅|𝒛|𝒓, 𝜅
′⟩ 

⟨𝒓, 𝜅|𝒛|𝒓, 𝜅′⟩ = ∫  𝑑3𝑧𝜙𝜅
∗(𝒓; 𝒛)𝒛𝜙𝜅(𝒓; 𝒛)  

𝑖Π𝜅(𝑡, 𝒓, 𝑡
′, 𝒓′)= ⟨US|𝑇[Ψ𝜅(𝑡, 𝒓)Ψ𝜅

†(𝑡′, 𝒓′)]|US⟩  

 = ∫  
+∞

−∞

 
𝑑𝐸

2𝜋
𝑒−𝑖𝐸(𝑡−𝑡

′)𝑖Π𝜅(𝐸, 𝒓, 𝒓
′)

 

𝑖Π𝜅(𝐸, 𝒓, 𝒓
′) =𝑖Π𝜅

(0)(𝐸, 𝒓, 𝒓′)

 +∫  𝑑3𝑟‾𝑖Π𝜅
(0)
(𝐸, 𝒓, 𝒓) [−𝑒2∑ 

𝜅‾

  ⟨𝒓, 𝜅|𝑧𝑖|𝒓, 𝜅‾⟩𝐼𝑖𝑗(𝐸 − 𝐻𝜅‾
(0)
(𝒓))⟨𝒓, 𝜅‾|𝑧𝑖|𝒓, 𝜅⟩] 𝑖Π𝜅

(0)(𝐸, 𝒓, 𝒓′)
 

Π𝜅
(0)(𝐸, 𝒓, 𝒓′)𝐻𝜅

(0)
(𝒓) 

Π𝜅
(0)(𝐸, 𝒓, 𝒓′) = Π𝜅

(0)
(𝐸, 𝒓)𝛿3(𝒓 − 𝒓′),  

Π𝜅
(0)
(𝐸, 𝒓) =

1

𝐸 − 𝐻𝜅
(0)
(𝒓) + 𝑖𝜂

 

𝐼𝑖𝑗(𝐸) = ∫  
𝑑4𝑘

(2𝜋)4
𝑖

𝑘2
𝒌2 (𝛿𝑖𝑗 −

𝑘𝑖𝑘𝑗

𝒌2
)

𝑖

𝐸 − 𝑘0 + 𝑖𝜂
 

(Π𝜅(𝐸, 𝒓, 𝒓
′) = Π𝜅(𝐸, 𝒓)𝛿

3(𝒓 − 𝒓′)) 

𝑖Π𝜅(𝐸, 𝒓) = 𝑖Π𝜅
(0)
(𝐸, 𝒓)

 +𝑖Π𝜅
(0)
(𝐸, 𝒓)[−𝑖Σ𝜅(𝐸, 𝒓)]𝑖Π𝜅

(0)
(𝐸, 𝒓)
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Σ𝜅(𝐸, 𝒓) =−𝑖𝑒
2∑ 

𝜅‾

  ⟨𝒓, 𝜅|𝑧𝑖|𝒓, 𝜅‾⟩  

 × 𝐼𝑖𝑗 (𝐸 − 𝐻𝜅‾
(0)
(𝒓)) ⟨𝒓, 𝜅|𝑧𝑗|𝒓, 𝜅‾⟩.

 

Σ𝜅 (𝐻𝜅
(0)
(𝒓), 𝒓) = −𝑖𝑒2∑ 

𝜅‾

  ⟨𝒓, 𝜅|𝑧𝑖|𝒓, 𝜅‾⟩

 × 𝐼𝑖𝑗 (𝑉𝜅
light 
(𝒓) − 𝑉𝜅‾

light 
(𝒓)) ⟨𝒓, 𝜅|𝑧𝑗|𝒓, 𝜅‾⟩.

 

𝐼𝑖𝑗(𝐸) = −𝑖𝐸3
𝛿𝑖𝑗

6𝜋2
[
1

𝜖
+
1

2
log (4𝜋) −

𝛾𝐸
2

+log (
𝜇

−𝐸 − 𝑖𝜂
) +

5

6
− log (2)] .

 

Σ𝜅
div (𝐻𝜅

(0)
(𝒓), 𝒓) = −𝑒2

𝛿𝑖𝑗

6𝜋2
1

𝜖
∑  

𝜅‾

  ⟨𝒓, 𝜅|𝑧𝑖|𝒓, 𝜅‾⟩ (𝑉𝜅
light
(𝒓) − 𝑉𝜅‾

light
(𝒓))

3
⟨𝒓, 𝜅‾|𝑧𝑗|𝒓, 𝜅⟩

 = −𝑒2
𝛿𝑖𝑗

6𝜋2
1

𝜖
∑  

𝜅‾

  (𝑉𝜅
light
(𝒓) − 𝑉𝜅‾

light
(𝒓)) ⟨𝒓, 𝜅|𝑧𝑖 (𝑉𝜅

light
(𝒓) − ℎ0(𝒓; 𝒛)) |𝒓, 𝜅‾⟩⟨𝒓, 𝜅‾| (𝑉𝜅

light
(𝒓) − ℎ0(𝒓; 𝒛)) 𝑧

𝑗|𝒓, 𝜅⟩.

 

⟨𝒓, 𝜅|𝑧𝑖 (𝑉𝜅
light 
(𝒓) − ℎ0(𝒓; 𝒛)) |𝒓, 𝜅‾⟩  

 = ⟨𝒓, 𝜅|[ℎ0(𝒓, 𝒛), 𝑧
𝑖]|𝒓, 𝜅‾⟩ = −𝑖⟨𝒓, 𝜅|𝑣𝑧

𝑖|𝒓, 𝜅‾⟩
 

𝑣𝑧
𝑖 = −𝑖∇𝑧

𝑖 /𝑚 

Σ𝜅
div (𝐻𝜅

(0)
(𝒓), 𝒓) 

Σ𝜅
div (𝐻𝜅

(0)
(𝒓), 𝒓) = −𝑒2

𝛿𝑖𝑗

6𝜋2
1

𝜖
∑  

𝜅‾

  ⟨𝒓, 𝜅|𝑣𝑧
𝑖|𝒓, 𝜅‾⟩

× (𝑉𝜅
light
(𝒓) − 𝑉𝜅‾

light
(𝒓)) ⟨𝒓, 𝜅‾|𝑣𝑧

𝑗
|𝒓, 𝜅⟩  

 = −𝑒2
1

6𝜋2
1

𝜖

1

2
⟨𝒓, 𝜅| [𝑣𝑧

𝑖, [𝑣𝑧
𝑖, ℎ0(𝒓, 𝒛)]] |𝒓, 𝜅⟩

 

𝑉𝑍𝑒
𝐿𝑂(𝒛 ± 𝒓/2)ℎ0(𝒓, 𝒛) 

[𝑣𝑧
𝑖, [𝑣𝑧

𝑖, ℎ0]] = −
1

𝑚2
[∇𝑧
𝑖 , [∇𝑧

𝑖 , ℎ0]]

 = −
𝑍𝑒2

𝑚2
[𝛿3(𝒛 − 𝒓/2) + 𝛿3(𝒛 + 𝒓/2)]

 

1/𝜖 + 1/2log (4𝜋) − 𝛾𝐸/2𝐼
𝑖𝑗(𝐸) 

Σ𝜅 (𝐻𝜅
(0)
(𝒓), 𝒓) =

−
𝑒2

6𝜋2
{−
𝑍𝑒2

2𝑚2
[log (

𝜇

𝑚
) +
5

6
− log (2)] 𝜌𝜅(𝒓) 

+∑  

𝜅‾

  |⟨𝒓, 𝜅|𝒗𝑧|𝒓, 𝜅‾⟩|

2

(𝑉𝜅
light 
(𝒓) − 𝑉𝜅‾

light 
(𝒓))

 × log (
𝑚

−𝑉𝜅
light 
(𝒓) + 𝑉𝜅‾

light 
(𝒓) − 𝑖𝜂

)}
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𝜌𝜅(𝒓) = |𝜙𝜅(𝒓; 𝒛 = 𝒓/2)|
2 + |𝜙𝜅(𝒓; 𝒛 = −𝒓/2)|

2.  

𝑉𝜅‾
light 
(𝒓) = 𝑉𝜅

light 
(𝒓) 

𝑉𝜅
light 
(𝒓) > 𝑉𝜅‾

light 
(𝒓) 

Σ𝜅 (𝐻𝜅
(0)
(𝒓), 𝒓) 

𝛿𝐸𝜅
US(𝒓) =−

𝑒2

6𝜋2
{−
𝑍𝑒2

2𝑚2
[log (

𝜇

𝑚
) +

5

6
− log (2)] 𝜌𝜅(𝒓) 

+∑  

𝜅‾

  |⟨𝒓, 𝜅|𝒗𝑧|𝒓, 𝜅‾⟩|

2

(𝑉𝜅
light 
(𝒓) − 𝑉𝜅‾

light 
(𝒓))

× log (
𝑚

|𝑉𝜅
light 
(𝒓) − 𝑉𝜅‾

light 
(𝒓)|

)}

 

Ψ(𝑹, 𝑞, 𝑡) = 𝜓(𝑞, 𝑡)⏟    
nuclear 

Φ(𝑹, 𝑞, 𝑡)⏟      
electronic 

, 

𝑟(𝑞, 𝑡):=
∇𝑞|𝜓(𝑞, 𝑡)|

|𝜓(𝑞, 𝑡)|
 

𝐻̂ = −
1

2𝑀
∇𝑞
2 + 𝐻̂𝐵𝑂 + 𝑉̂𝑒𝑥𝑡(𝑹, 𝑞, 𝑡),  

𝐻̂𝐵𝑂:= −
1

2
∇𝑹
2 −

1

√𝑥2 + 𝑦2 + (𝑧 + 𝑞/2)2
−

1

√𝑥2 + 𝑦2 + (𝑧 − 𝑞/2)2
+
1

𝑞
.  

𝑬(𝑡) = (0,0, 𝜀𝑒−𝛼(𝑡−𝑡0)
2
sin (𝜔𝑡)),  

𝑉̂𝑒𝑥𝑡(𝑹, 𝑞, 𝑡) = 𝑬(𝑡) ⋅ 𝑹 = 𝜀𝑧𝑒−𝛼(𝑡−𝑡0)
2
sin (𝜔𝑡).  

Ψ(𝑹, 𝑞, 𝑡) = 𝜓(𝑞, 𝑡)Φ(𝑹, 𝑞, 𝑡)  

⟨Φ ∣ Φ⟩𝑹 = 1 for all 𝑞 and 𝑡  

𝐾̂𝑞𝜓 + 𝑉𝑑(𝑞, 𝑡)𝜓 = 𝚤
𝜕𝜓

𝜕𝑡

𝐻̂𝐵𝑂Φ+ (𝐷̂(2) + 𝐷̂(1))Φ+ 𝑉̂𝑒𝑥𝑡Φ− 𝑉𝑑(𝑞, 𝑡)Φ = 𝚤
𝜕Φ

𝜕𝑡

 

𝑉𝑑(𝑞, 𝑡): = 𝑉𝑟(𝑞, 𝑡) + 𝚤𝑉𝑖(𝑞, 𝑡)  

𝐷̂(1) ∶= −
∇𝑞𝜓

𝜓

∇𝑞
𝑀

𝐷̂(2) ∶= −
∇𝑞
2

2𝑀

 

𝑟𝜓(𝑞, 𝑡) : = ℜ(𝜓
−1∇𝑞𝜓) =

∇𝑞|𝜓|

|𝜓|

𝑝𝜓(𝑞, 𝑡) : = ℑ(𝜓
−1∇𝑞𝜓) = ∇𝑞(arg 𝜓)
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𝑟Φ(𝑹, 𝑞, 𝑡) : = ℜ(Φ
−1∇𝑞Φ) =

∇𝑞|Φ|

|Φ|

𝑝Φ(𝑹, 𝑞, 𝑡) : = ℑ(Φ
−1∇𝑞Φ) = ∇𝑞(arg Φ)

 

𝑝Φ: = ⟨Φ|𝑝Φ|Φ⟩𝑹,  

𝑉𝑖(𝑞, 𝑡) = −
1

𝑀
(2𝑟𝜓 + ∇𝑞)𝑝Φ  

∇𝑞𝑉𝑟(𝑞, 𝑡) = ⟨Φ|∇𝑞(𝐻̂𝐵𝑂 + 𝑉̂
𝑒𝑥𝑡)|Φ⟩𝑹 + (4𝑟𝜓 + 2∇𝑞)⟨Φ|𝐷̂

(2)|Φ⟩𝑹  

𝑉𝑖 = ℑ(⟨Φ|𝐻̂𝑒𝑙|Φ⟩𝑹)  

𝐻̂𝑒𝑙 = 𝐻̂𝐵𝑂 + 𝐷̂
(1) + 𝐷̂(2) + 𝑉̂𝑒𝑥𝑡  

𝑉𝑟 = ℜ(⟨Φ|𝐻̂𝑒𝑙|Φ⟩𝑹)  

𝜓(𝑞, 𝑡): = |𝜓(𝑞, 𝑡)|𝑒𝚤𝑠(𝑞,𝑡)  

𝑝(𝑞, 𝑡) = ∇𝑞𝑠(𝑞, 𝑡) 

𝑝𝑡 = 𝑝(𝑞, 𝑡)|𝑞=𝑞𝑡  

𝑑𝑞𝑡
𝑑𝑡
=
𝑝𝑡
𝑀

 

𝑑

𝑑𝑡
:=
𝜕

𝜕𝑡
+
𝑝𝑡
𝑀
∇𝑞  

𝑑𝑝𝑡
𝑑𝑡
 = −∇𝑞(𝑉 + 𝑈)|𝑞=𝑞𝑡

𝑑𝑠𝑡
𝑑𝑡
 =
𝑝𝑡
2

2𝑀
− (𝑉 + 𝑈)|𝑞=𝑞𝑡

𝑑𝜌𝑡
𝑑𝑡
 = −

𝜌𝑡
𝑀
(∇𝑞𝑝)|

𝑞=𝑞𝑡

 

𝜌𝑡 = |𝜓(𝑞𝑡)|
2 

𝑈(𝑞, 𝑡):= −
ℏ2

2𝑀

∇𝑞
2|𝜓|

|𝜓|
.  

𝑤𝑡: = 𝑤(𝑞𝑡) = |𝜓(𝑞𝑡)|
2𝑑𝑞𝑡 ,  

𝑤𝑡 = 𝑤0 = 𝑤, 

⟨𝑂̂⟩𝑡 = ∫  𝑂(𝑞)|𝜓(𝑞, 𝑡)|
2𝑑𝑞 ≈ ∑  

𝑁𝑡𝑟𝑎𝑗

𝑖=1

 𝑂 (𝑞𝑡
(𝑖)
)𝑤(𝑖)  

Φ(𝐑, 𝑞, 𝑡): = ∑  

𝑁𝑏𝑎𝑠

𝜇=1

 𝐶𝜇(𝑞, 𝑡)𝜙𝜇(𝑹, 𝑞).  

𝑝𝑡:= 𝑝𝜓 + 𝑝Φ,  
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𝑑𝑝𝜓

𝑑𝑡
= −∇𝑞(𝑉𝑟 + 𝑈)|𝑞=𝑞𝑡

+
𝑝𝜙

𝑀
∇𝑞𝑝𝜓.  

𝑈(𝑞, 𝑡):= −
𝑟𝜓
2 + ∇𝑞𝑟𝜓

2𝑀
 

𝑑𝑪(𝑞, 𝑡)

𝑑𝑡
= −𝚤𝐒−1𝐇𝐷𝑪 +

𝑝𝑡
𝑀
∇𝑞𝑪  

𝐇𝐷 = 𝐇
𝐵𝑂 + 𝐕𝑒𝑥𝑡 −

∇𝑞𝜓

𝜓

1

𝑀
(𝐃(1) + 𝐒∇𝑞) −

1

2𝑀
(𝐃(2) + 𝐒∇𝑞

2 + 2𝐃(1)∇𝑞) − 𝐒𝑉𝑑  

𝑆𝜇𝜈  = ⟨𝜙𝜇 ∣ 𝜙𝜆⟩𝑹,

𝐻𝜇𝜈
𝐵𝑂  = ⟨𝜙𝜇 ∣ 𝐻̂

𝐵𝑂𝜙𝜆⟩𝑹
,

𝑉𝜇𝜈
𝑒𝑥𝑡  = ⟨𝜙𝜇 ∣ 𝑉̂

𝑒𝑥𝑡𝜙𝜆⟩𝑹
,

𝐷𝜇𝜈
(1)
 = ⟨𝜙𝜇 ∣ ∇𝑞𝜙𝜆⟩𝑹

,

𝐷𝜇𝜈
(2)
 = ⟨𝜙𝜇 ∣ ∇𝑞

2𝜙𝜆⟩𝑹
.

 

𝒇 = (𝑓1(𝑞), 𝑓2(𝑞), … , 𝑓𝑁(𝑞)) 

𝐹̃(𝑞) = ∑  

𝑁

𝑘=1

 𝑏𝑘𝑓𝑘(𝑞) = 𝒇 ⋅ 𝒃  

𝐼 = ⟨𝜓(𝑞)|(𝐹(𝑞) − 𝐹̃(𝑞))2|𝜓(𝑞)⟩ ≈ ∑  

𝑁traj 

𝑖

  (𝐹 (𝑞𝑡
(𝑖)
) − 𝐹̃ (𝑞𝑡

(𝑖)
))
2

𝑤(𝑖)  

Ω𝑏 = 𝑑  

Ω𝑘𝑘′  = ∑  

𝑁traj 

𝑖

 𝑓𝑘 (𝑞𝑡
(𝑖)
) 𝑓𝑘′ (𝑞𝑡

(𝑖)
)𝑤(𝑖)

𝑑𝑘  = ∑  

𝑁traj 

𝑖

 𝐹 (𝑞𝑡
(𝑖)
) 𝑓𝑘 (𝑞𝑡

(𝑖)
)𝑤(𝑖)

 

𝑉𝑑 (Eq. (9)) is 𝒇𝑉𝑑 = {1, 𝑒−11𝑞/20, 𝑒−11𝑞/10, 1/𝑞} 

 𝒢 = ∑  

𝑁traj 

𝑖=1

((𝑞𝑡
(𝑖)
)
2
+ (𝑝𝑡

(𝑖)
)
2
+ ∑  

𝑁bas 

𝜇=1

  |𝐶𝑖𝜇|
2
). 

𝜓−1∇𝑞𝜓 = 𝑟𝜓 + 𝚤𝑝𝜓 

𝑝Φ: = −𝚤⟨Φ∇𝑞Φ⟩, 

𝑑𝑘 = −
1

2
⟨𝜓|∇𝑞𝑓𝑘|𝜓⟩𝑞 = −

1

2
∑  

𝑁𝑡𝑟𝑎𝑗

𝑖

 𝑤(𝑖)∇𝑞𝑓𝑘|

𝑞=𝑞𝑡
(𝑖)
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𝜓(𝑞, 0) = (
𝛼𝑐𝑜ℎ
𝜋
)
1/4

exp (−
𝛼𝑐𝑜ℎ
2
(𝑞 − ⟨𝑞⟩0)

2)  

𝑉𝐸𝑟𝑓 = ⟨Φ|𝐻̂𝐵𝑂 + 𝑉̂𝑒𝑥𝑡|Φ⟩𝑹, 

𝐹(𝑞):= 𝐴𝑒−𝛼𝑞 + 𝐹atomic  if 𝑞 > 𝑞𝑐𝑢𝑡,  

𝐸(𝑞):= 𝑎𝑞2 + 𝐸0  

𝐶(𝑞): = 𝑎𝑞2 + 𝑏𝑞 + 𝐶0(𝑞)  

𝑔𝜆: =
1

2
𝜙𝜆
(1)
+
1

2
𝜙𝜆
(2)
,

𝑢𝜆: =
1

√2𝜎𝑞
𝜙𝜆
(1)
−

1

√2𝜎𝑞
𝜙𝜆
(2)
,

 

⟨𝜙𝜆
(1)
∣ 𝜙𝜆

(2)
⟩
𝑹
= 1 − 𝑠𝜆𝑞

2  

𝐻 =
𝐩2

2𝑀
+ 𝑈0(𝐱)𝑐̂𝐻

† 𝑐̂𝐻 + 𝑈𝑎(𝐱)(1 − 𝑐̂𝐻
† 𝑐̂𝐻) +∑  

𝑛

  𝜖𝑛𝑐̂𝑛
†𝑐̂𝑛 +∑ 

𝑛

 𝑔(𝐱)(𝑉𝑛𝑐̂𝑛
†𝑐̂𝐻 + 𝑉𝑛

∗𝑐̂𝐻
† 𝑐̂𝑛),  

Γ(𝜖) = 2𝜋∑  

𝑛

  |𝑉𝑛|
2𝛿(𝜖 − 𝜖𝑛)  

𝐻𝑒(𝐱) = 𝑈𝑎(𝐱) + [𝑈0(𝐱) − 𝑈𝑎(𝐱)]𝑐̂𝐻
† 𝑐̂𝐻 +∑  

𝑛

  𝜖𝑛𝑐̂𝑛
†𝑐̂𝑛 +∑ 

𝑛

  (𝑉𝑛(𝐱)𝑐̂𝑛
†𝑐̂𝐻 + 𝑉𝑛

∗(𝐱)𝑐̂𝐻
† 𝑐̂𝑛)  

𝑉𝑛(𝐱) = 𝑔(𝐱)𝑉𝑛 

Γ(𝜖, 𝐱) = 𝑔2(𝐱)Γ(𝜖)  

𝐺𝑟(𝜖, 𝐱) = [𝜖 − 𝜖𝐻 − Σ
𝑟(𝜖, 𝐱)]−1

Σ𝑟(𝜖, 𝐱) = ∫  
𝑑𝜖′

2𝜋

Γ(𝜖′, 𝐱)

𝜖 − 𝜖′ + 𝑖0+
 

𝜖𝐻 = 𝑈0(𝐱) − 𝑈𝑎(𝐱)Σ
𝑟(𝜖, 𝐱) 

⟨𝑛𝐻⟩(𝐱) = ⟨𝑐̂𝐻
† 𝑐̂𝐻⟩  

⟨𝐻int⟩(𝐱) = ⟨∑  

𝑛

  (𝑉𝑛(𝐱)𝑐̂𝑛
†𝑐̂𝐻 + 𝑉𝑛

∗(𝐱)𝑐̂𝐻
† 𝑐̂𝑛)⟩  

⟨𝑛𝐻⟩(𝐱)= −
1

𝜋
∫  
∞

−∞

 𝑑𝜖𝑓(𝜖)Im[𝐺𝑟(𝜖, 𝐱)]  

⟨𝐻int⟩(𝐱) = −
2

𝜋
∫  
∞

−∞

 𝑑𝜖𝑓(𝜖)Im[𝐺𝑟(𝜖, 𝐱)Σ𝑟(𝜖, 𝐱)]

 

𝑓(𝜖) = [1 + 𝑒𝛽(𝜖−𝜇)]
−1

 

𝛽 = 1/𝑘𝐵𝑇 

𝒢(𝐱) = −𝑘𝐵𝑇ln Ξ(𝐱), Ξ(𝐱) = Tr𝑒
−𝛽(𝐻𝑒(𝐱)−𝜇𝑁̂)  
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𝒢(𝐱) = 𝑈𝑎(𝐱) − 𝑈𝑎(𝐱ref) + ∫  
𝐱

𝐱ref

𝑑𝐱′ {
𝜕[𝑈0(𝐱

′) − 𝑈𝑎(𝐱
′)]

𝜕𝐱′
⟨𝑛𝐻⟩(𝐱

′) +
1

𝑔(𝐱′)

𝜕𝑔(𝐱′)

𝜕𝐱′
⟨𝐻int⟩(𝐱

′)} 

𝐸adia (𝐱) ≡ 𝒢(𝐱)|𝑇=0  

𝐶𝜎(𝑡) = ∫  
+∞

−∞

 
𝑑𝜖

2𝜋
𝑒𝜎𝑖𝜖𝑡Γ(𝜖)𝑓𝜎(𝜖) ≃ ∑  

𝐾

𝑘=1

 𝑑𝑘
𝜎𝑒−𝜈𝑘

𝜎𝑡  

𝑓𝜎(𝜖) = [1 + 𝑒𝜎𝛽(𝜖−𝜇)]
−1

 

𝜌̂𝐉 ∈ ℱ𝑒⊗ℱ𝑒
∗⊗ℋ𝑥⊗ℋ𝑥

∗⊗ℱeff  

𝜕

𝜕𝑡
𝜌̂𝐉(𝑡) = −𝑖[𝐻mol, 𝜌̂𝐉] − 𝛾𝐉𝜌̂𝐉 − 𝑖 ∑  

Ω

𝑚=1

  (−1)Ω−𝑚𝒞𝑗𝑚𝜌̂𝐉𝑚− − 𝑖 ∑  

𝑗Ω+1

 𝒜𝑗‾Ω+1𝜌̂𝐉+ ,  

𝛾𝐉 = ∑  
(𝑘,𝜎)∈𝐉

𝜈𝑘
𝜎 . 𝐉+ 

𝐻mol =
𝐩2

2𝑀
+ 𝑈0(𝐱)𝑐̂𝐻

† 𝑐̂𝐻 +𝑈𝑎(𝐱)(1 − 𝑐̂𝐻
† 𝑐̂𝐻)  

𝒞𝑗𝜌̂𝐉 = 𝑔(𝐱)𝑑𝑗 𝑐̂𝑗𝜌̂𝐉 − (−1)
Ω𝑑𝑗
∗𝜌̂𝐉𝑐̂𝑗𝑔(𝐱)

𝒜𝑗𝜌̂𝐉 = 𝑔(𝐱)𝑐̂𝑗𝜌̂𝐉 + (−1)
Ω𝜌̂𝐉𝑐̂𝑗𝑔(𝐱)

 

𝜌̂𝐉 ≈ ∑  

𝑟1

𝛼1=1

 ⋯ ∑  

𝑟𝑑−1

𝛼𝑑−1=1

 𝐴1(𝑛1, 𝛼1)𝐴2(𝛼1, 𝑛2, 𝛼2)⋯𝐴𝑑(𝛼𝑑−1, 𝑛𝑑)  

Γ(𝜖) =
𝜂𝛾2

(𝜖 − 𝜖0)
2 + 𝛾2

[1 −
1

1 + 𝑒(𝜖−𝐸𝐵/2)/𝛿
1

1 + 𝑒−(𝜖+𝐸𝐵/2)/𝛿
]  

𝑈0(𝑥) = 𝐴0(𝑒
2𝐶0(𝑥−𝑥0) − 2𝑒𝐶0(𝑥−𝑥0))

𝑈𝑎(𝑥) = 𝐴1(𝑒
2𝐶1(𝑥−𝑥1) − 2𝑒𝐶1(𝑥−𝑥1)) + 𝐵1 +

1

(𝑥 − 𝐷1)
4

 

𝑔(𝑥) =
2

1 + 𝑒−𝑐𝑔(𝑥−𝑥𝑔)
,  

𝜌𝑖𝑖(𝑘) =
1

2𝜋
∫  𝑑𝑥∫  𝑑𝑥′𝑒−𝑖𝑘(𝑥−𝑥

′)𝜌𝑖𝑖(𝑥, 𝑥
′)  

𝜌𝑖𝑖(𝑥, 𝑥
′) ≡ ⟨𝑖|⟨𝑥|𝜌̂|𝑥′⟩|𝑖⟩.  

𝑃𝑖(𝐸) = 𝜌𝑖𝑖(𝑘)
𝑑𝑘

𝑑𝐸
=
𝜌𝑖𝑖(𝑘)

ℏ
√
𝑀

2𝐸
 

𝐸 → 0,√1/𝐸 

𝜌̂pj = 𝒫𝜌̂𝒫  
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𝒫 = 𝐼 − ∑  

𝐸𝑖<0

  |𝜓𝑖⟩⟨𝜓𝑖|  

 

𝑖𝜕𝑡𝜓𝑡(𝑥)  = 𝜀
−2 (−Δ + 2Re∫  

ℝ3
 
𝑒−𝑖𝑘𝑥

√|𝑘|
𝜑𝑡(𝑘)d𝑘)𝜓𝑡(𝑥)

𝑖𝜕𝑡𝜑𝑡(𝑘)  = |𝑘|𝜑𝑡(𝑘) + ∫  
ℝ3
 
𝑒−𝑖𝑘𝑥

√|𝑘|
|𝜓𝑡(𝑥)|

2 d𝑥

 

𝑖𝜕𝑡𝜑𝑡(𝑘) = |𝑘|𝜑𝑡(𝑘) + ∫  
ℝ3
 
𝑒−𝑖𝑘𝑥

√|𝑘|
|𝜓𝜑𝑡(𝑥)|

2
 d𝑥  

ℋ = 𝐿2(ℝ𝑥
3)⊗ ℱ  

ℱ:= Γsym (𝐿
2(ℝ𝑘

3)) 

[𝑎𝑘 , 𝑎ℓ
∗] = 𝛿(𝑘 − ℓ) and [𝑎𝑘 , 𝑎ℓ] = [𝑎𝑘

∗ , 𝑎ℓ
∗] = 0 

𝑝2: = −Δ,𝐻𝑓: = ∫  
ℝ3
 𝜔(𝑘)𝑎𝑘

∗𝑎𝑘𝑑𝑘,𝜔(𝑘): = |𝑘|  

𝑝2 + 𝜀∫  
ℝ3
 (𝐆(𝑥, 𝑘)𝑎𝑘

∗ + 𝐆(𝑥, 𝑘)𝑎𝑘)d𝑘 + 𝜀
2𝐻𝑓  

𝐿2(ℝ𝑥
3) ⊗ ℱ 

𝐆(𝑥, 𝑘):= 𝑒−𝑖𝑘𝑥𝜔(𝑘)−1/2  

𝜔−1𝐺 ∉ 𝐿2(ℝ𝑘
3) 

𝐆Λ(𝑥, 𝑘): = 𝐆(𝑥, 𝑘)𝟏|𝑘|⩽Λ  

𝑝2 + 𝜀∫  
ℝ3
  (𝐆Λ(𝑥, 𝑘)𝑎𝑘

∗ + 𝐆Λ(𝑥, 𝑘)𝑎𝑘)d𝑘 + 𝜀
2𝐻𝑓  

𝑄(𝐻Λ
𝜀) = 𝑄(𝑝2 +𝐻𝑓) for all Λ ∈ (0,∞). 

exp (−𝑖𝑡𝐻Λ
𝜀)exp (−𝑖𝑡4𝜋𝜀2ln Λ) ⟶

Λ→∞
exp (−𝑖𝑡𝐻𝜀)  
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𝜀−1𝜑 ∈ 𝐿2(ℝ𝑘
3) 

ℰ(𝜓, 𝜑) = ∫  d𝑥|∇𝜓(𝑥)|2 +∫  d𝑘𝜔(𝑘)|𝜑(𝑘)|2 +∬ d𝑘 d𝑥|𝜓(𝑥)|2
2Re(𝑒−𝑖𝑘𝑥𝜑(𝑘))

√𝜔(𝑘)
 

(𝜓𝑡 , 𝜑𝑡) ∈ 𝐿
2(ℝ𝑥

3) × 𝐿2(ℝ𝑘
3) 

{
𝑖𝜕𝑡𝜓𝑡  = ℎ𝜑𝑡𝜓𝑡

𝑖𝜀−2𝜕𝑡𝜑𝑡  = 𝜔𝜑𝑡 + 𝜎(𝜓𝑡)
 

ℎ𝜑𝑡 = 𝑝
2 + 𝑉𝜑𝑡   with  𝑉𝜑𝑡(𝑥) = 2Re⟨𝜑𝑡, 𝐆(𝑥,⋅)⟩  

𝜎(𝜓𝑡)(𝑘) = ⟨𝜓𝑡 , 𝐆(⋅, 𝑘)𝜓𝑡⟩  

𝑖𝜕𝑡𝜑𝑡 = 𝜔𝜑𝑡 + 𝜎(𝜓𝜑𝑡)  

𝐻𝑟(ℝ𝑥
3) := {𝜓 ∈ 𝐿2(ℝ𝑥

3): ‖(1 − Δ)𝑟/2𝜓‖
𝐿2
< ∞} , 𝑟 ∈ ℝ,

𝔥𝑠 : = {𝜑 ∈ 𝐿2(ℝ𝑘
3): ‖𝜔𝑠𝜑‖𝐿2 < ∞}, 𝑠 ∈ ℝ.

 

𝑒(𝜑):= inf𝜎(ℎ𝜑) < 0  

Δ(𝜑) = inf{|𝑒(𝜑) − 𝜆|: 𝜆 ∈ 𝜎(ℎ𝜑) ∖ {𝑒(𝜑)}},  

𝜑𝑡 = 𝑒
−𝑖𝜔𝑡𝜑0 − 𝑖 ∫  

𝑡

0

  𝑒−𝑖𝜔(𝑡−𝑠)𝜎(𝜓𝜑𝑠)d𝑠  

𝜑 ∈ 𝐶 ((−𝑇−, 𝑇+); 𝔥1/2) ∩ 𝐶
1 ((−𝑇−, 𝑇+); 𝔥−1/2) .  

inf
𝑡∈𝐽
 △ (𝜑𝑡) > 0  

𝜑0 ∈ 𝔥0 ∩ 𝔥1/2 

𝜑 ∈ 𝐶((−𝑇−, 𝑇+); 𝔥0) 

 
lim inf
𝑡→𝑇+

 △ (𝜑𝑡) = 0 

△ (𝜑𝑡)𝜑𝑡 ↦ 𝜓𝜑𝑡 

ℰfield (𝑢):= 𝑒(𝑢) + ‖𝑢‖𝔥1/2
2 .  

ℳ:= {𝑇𝑦𝜑∗: 𝑦 ∈ ℝ
3}, (𝑇𝑦𝑢)(𝑘):= 𝑒

−𝑖𝑘𝑦𝑢(𝑘),  

dist𝔥1/2(𝑢,ℳ):= inf
𝑦∈ℝ3

 ‖𝑢 − 𝑇𝑦𝜑∗‖𝔥1/2
.  

dist𝔥1/2(𝜑0,ℳ) ⩽ 𝜂 

inf
𝑡∈ℝ
 △ (𝜑𝑡) > 0.  
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exp (𝑖𝜀−2∫  
𝑡

0

 𝑒(𝜑𝜀−2𝑠
𝜀 )d𝑠)𝜓𝜀−2𝑡

𝜀 ⟶
𝜀→0

𝜓𝜑𝑡   and  𝜑𝜀−2𝑡
𝜀 ⟶

𝜀→0
𝜑𝑡  

𝑒(𝜑𝑠
𝜀):= inf𝜎(ℎ𝜑𝑠𝜀) 

𝑅𝜑𝑡: = 𝑄𝜑𝑡 (ℎ𝜑𝑡 − 𝑒(𝜑𝑡))
−1
𝑄𝜑𝑡 , 𝑄𝜑𝑡 = 1 − 𝑃𝜑𝑡 , 𝑃𝜑𝑡 = |𝜓𝜑𝑡⟩⟨𝜓𝜑𝑡|,  

ℍΛ(𝑡) = 𝐻𝑓 −∬ d𝑘 dℓ⟨𝜓𝜑𝑡 , 𝐆Λ(⋅, 𝑘)𝑅𝜑𝑡𝐆Λ(⋅, ℓ), 𝜓𝜑𝑡⟩(𝑎𝑘
∗ + 𝑎−𝑘)(𝑎ℓ

∗ + 𝑎−ℓ)  

𝐻𝑓 = dΓ(𝜔)𝐿
2(ℝ𝑥

3) 

𝜑0 ∈ 𝔥1/2 with 𝑒(𝜑0) < 0 

Ψ ∈ 𝐷 (𝐻𝑓
1/2
) 

Ψ ∈ 𝐶([−𝑇, 𝑇], ℱ) ∩ 𝐿∞ ([−𝑇, 𝑇], 𝐷 (𝐻𝑓
1/2
)) 

{
𝑖𝜕𝑡Ψ(𝑡)  = ℍΛ(𝑡)Ψ(𝑡)

Ψ(0)  = Ψ
 

𝐷 ((1 + 𝐻𝑓)
−1/2

) 

𝕌(𝑡):= 𝑠 − lim
Λ→∞

 𝕌Λ(𝑡)exp (−𝑖𝑡4𝜋ln Λ)  

Ψ𝜀(𝜑0) = 𝜓𝜑0⊗𝑊(𝜀
−1𝜑0)Ω  

𝜓𝜑0 ⩾ ℎ𝜑0 = 𝑝
2 + 𝑉𝜑0Ω = (1, 𝟎) 

𝑊(𝑓):= exp (𝑎∗(𝑓) − 𝑎(𝑓))  

ℎ𝜑0 = 𝑝
2 + 𝑉𝜑0 

𝜑0 ∈ 𝔥0 ∩ 𝔥1/2 with 𝑒(𝜑0) < 0 

ℎ𝜑𝑡 = 𝑝
2 + 𝑉𝜑𝑡 

𝜇(𝑡) = ∫  
𝑡

0

  (Im⟨𝜑𝑠, 𝜕𝑠𝜑𝑠⟩ + ‖𝜔
1/2𝜑𝑠‖𝐿2

2
+ 𝑒(𝜑𝑠)) d𝑠  

‖exp (−𝑖𝜀−2𝑡𝐻𝜀 + 𝑖𝜀−2𝜇(𝑡))(𝜓𝜑0⊗𝑊(𝜀
−1𝜑0)Ω) − 𝜓𝜑𝑡⊗𝑊(𝜀

−1𝜑𝑡)𝕌(𝑡)Ω‖ ⩽ 𝐶𝜀
1
10ln 

1

𝜀
 

𝛾particle 
𝜀 (𝑡):= Trℱ(𝑒

−𝑖𝜀−2𝑡𝐻𝜀|Ψ𝜀(𝜑0)⟩⟨Ψ
𝜀(𝜑0)|𝑒

𝑖𝜀−2𝑡𝐻𝜀)  

𝜑0 ∈ 𝔥0 ∩ 𝔥1/2 

ℎ𝜑𝑡 = 𝑝
2 + 𝑉𝜑𝑡 

Tr𝐿2|𝛾particle 
𝜀 (𝑡) −|𝜓𝜑𝑡⟩⟨𝜓𝜑𝑡| | ⩽ 𝐶𝜀

1
10ln 

1

𝜀
 



pág. 12382 

𝑈𝐾
𝜀 : = exp (𝜀∫  d𝑘(𝐁𝐾(𝑥, 𝑘)𝑎𝑘

∗ −𝑩𝐾(𝑥, 𝑘)𝑎𝑘)d𝑘)  

𝑩𝐾(𝑥, 𝑘):=
𝐆(𝑥, 𝑘)

𝑘2
𝟏|𝑘|⩾𝐾  

Ψ𝐾
𝜀(𝜑0):= 𝑊(𝜀

−1𝜑0)(𝑈𝐾
𝜀)∗(𝜓𝜑0⊗Ω).  

Ψ𝐾
𝜀(𝜑0) 

‖Ψ𝐾
𝜀(𝜑0) − Ψ

𝜀(𝜑0)‖ ⩽ 𝐶𝜀𝐾
−1  

‖(𝑈𝐾
𝜀 − 𝟏)Ψ‖ ⩽ 𝐶𝜀‖𝐵𝐾‖𝐿2‖(𝑁 + 1)

1/2Ψ‖,  

Ψ ∈ 𝐷(𝑁1/2) 

‖𝐵𝐾‖𝐿2 ⩽ 𝐶𝐾
−1 

𝑁:= ∫  
ℝ3
 𝑎𝑘
∗𝑎𝑘 d𝑘  

𝛾field 
𝜀 (𝑡)(𝑘, ℓ):= 𝜀2⟨𝑒−𝑖𝜀

−2𝑡𝐻𝜀Ψ𝐾
𝜀(𝜑0), 𝑎𝑘

∗𝑎ℓ𝑒
−𝑖𝜀−2𝑡𝐻𝜀Ψ𝐾

𝜀(𝜑0)⟩  

lim
𝜀→0
 Tr𝐿2(𝛾field 

𝜀 (0)) = ‖𝜑0‖𝐿2
2

 

𝜑0 ∈ 𝔥0 ∩ 𝔥1/2with 𝑒(𝜑0) < 0 

‖𝑁1/2𝑊(𝜀−1𝜑𝑡)
∗𝑒−𝑖𝜀

−2𝑡𝐻𝜀Ψ𝐾
𝜀(𝜑0)‖

2
 ⩽ 𝐶𝜀−29/15ln 

1

𝜀

Tr𝐿2|𝛾field 
𝜀 (𝑡) −|𝜑𝑡⟩⟨𝜑𝑡| ∣ ⩽ 𝐶𝜀

1/15ln 
1

𝜀

 

𝑒−𝑖𝜀
−2𝑡𝐻𝜀Ψ𝐾

𝜀(𝜑0)𝑊(𝜀
−1𝜑𝑡)Ω𝒪(𝜀

−2)|𝜑𝑡⟩⟨𝜑𝑡| 

𝑡 = 𝒪(𝜀−2) 

𝑡 = 𝒪(𝛼2) 

ℍΛ(𝑡) = ℍ𝒟,𝐾,Λ(𝑡) − 4𝜋ln Λℍ𝒟,𝐾,Λ(𝑡)  

(𝑎∗(𝐟)Ψ)(𝑥): = (∫  
ℝ3
 𝐟(𝑥, 𝑘)𝑎𝑘

∗𝑑𝑘)Ψ(𝑥), (𝑎(𝐟)Ψ)(𝑥):= (∫  
ℝ3
  𝐟(𝑥, 𝑘)𝑎𝑘𝑑𝑘)Ψ(𝑥)  

𝐟:ℝ𝑥
3 ×ℝ𝑘

3 → ℂ 

𝜔−1/2𝐟(𝑥,⋅) ∈ 𝐿2(ℝ𝑘
3) 

𝐟(𝑥, 𝑘) = 𝑒−𝑖𝑘𝑥𝑓(𝑘) 

𝑓:ℝ𝑘
3 → ℂ 

𝜙(𝐟): = 𝑎∗(𝐟) + 𝑎(𝐟)  
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𝑮𝐾(𝑥, 𝑘) = 𝑒
−𝑖𝑘𝑥𝐺𝐾(𝑘)  with 𝐺𝐾(𝑘) = 𝜔(𝑘)

−1/2𝟏|𝑘|⩽𝐾

𝑩𝐾(𝑥, 𝑘) = 𝑒
−𝑖𝑘𝑥𝐵𝐾(𝑘)  with 𝐵𝐾(𝑘) =

𝐺(𝑘)

|𝑘|2
𝟏|𝑘|⩾𝐾

 

𝑩𝐾,Λ(𝑥, 𝑘): = 𝑒
−𝑖𝑘𝑥𝐵𝐾,Λ(𝑘), 𝐵𝐾,Λ(𝑘): = 𝐵𝐾(𝑘)𝟏|𝑘|⩽Λ  

𝑁𝐾: = ∫  𝟏|𝑘|⩾𝐾𝑎𝑘
∗𝑎𝑘 d𝑘,𝐻𝑓,𝐾: = ∫  𝟏|𝑘|⩾𝐾𝜔(𝑘)𝑎𝑘

∗𝑎𝑘 d𝑘  

⟨𝐴⟩:= (1 + 𝐴∗𝐴)1/2,  

𝑋 ≲ 𝑌  

𝑝:= −𝑖∇𝑥 , 𝜔(𝑘):= |𝑘|,  

𝐻𝑟 ∶= {𝜓 ∈ 𝐿2(ℝ𝑥
3): ‖(1 + 𝑝2)𝑟/2𝜓‖

𝐿2
< ∞} , 𝑟 ∈ ℝ,

𝔥𝑠 ∶= {𝜑 ∈ 𝐿
2(ℝ𝑘

3): ‖𝜔𝑠𝜑‖𝐿2 < ∞}, 𝑠 ∈ ℝ.
 

𝑓(𝑘):= ∫  
ℝ3
  𝑒−𝑖𝑘𝑥𝑓(𝑥)d𝑥, 𝑓(𝑥) = (2𝜋)−3∫  

ℝ3
  𝑒𝑖𝑘𝑥𝑓(𝑘)d𝑘  

𝐟(𝑥, 𝑘) = 𝑒−𝑖𝑘𝑥𝑓(𝑘) with 𝑓:ℝ3 → ℝ 

supp(𝑓) ⊆ {|𝑘| ⩾ 𝐾} for 𝐾 ⩾ 0 

‖𝑎(𝐟)Ψ‖  ⩽ ‖𝑓‖𝐿2 ‖𝑁𝐾

1
2Ψ‖ , ‖𝑎(𝐟)Ψ‖  ⩽ ‖𝜔

−
1
2𝑓‖

𝐿2
‖𝐻
𝑓,𝐾

1
2 Ψ‖

‖𝑎∗(𝐟)Ψ‖  ⩽ ‖𝑓‖𝐿2 ‖⟨𝑁𝐾

1
2⟩Ψ‖ , ‖𝑎∗(𝐟)Ψ‖  ⩽ max {‖𝑓‖𝐿2 , ‖𝜔

−
1
2𝑓‖

𝐿2
} ‖⟨𝐻𝑓,𝐾

1
2 ⟩Ψ‖

 

Ψ ∈ 𝐿2(ℝ𝑥
3) ⊗ ℱ 

𝐠(𝑥, 𝑘) = 𝑒−𝑖𝑘𝑥𝑔(𝑘) with 𝑔:ℝ3 → ℝ 

 
supp(𝑔) ⊆ {|𝑘| ⩾ Λ} for Λ ⩾ 𝐾 

‖𝑎(𝐟)𝑎(𝐠)Ψ‖ ⩽ ‖𝜔
−
1
4𝑓‖

𝐿2
‖𝜔

−
1
4𝑔‖

𝐿2
‖⟨𝑁𝐾

1
2⟩𝐻𝑓,𝐾

1
2 Ψ‖ .  

𝐟(𝑥, 𝑘) = 𝑒−𝑖𝑘𝑥𝑓(𝑘) with 𝑓:ℝ3 → ℝ 

‖𝑎(𝐟)Ψ‖2 ⩽ 𝒞𝑠,𝑟(𝑓)‖⟨|𝑝|
𝑟⟩dΓ(𝜔𝑠)

1
2Ψ‖2  with  𝒞𝑠,𝑟(𝑓) = sup

ℎ∈ℝ3
 ∫   d𝑘

|𝑓(𝑘)|2

𝜔(𝑘)𝑠(1 + |ℎ − 𝑘|2𝑟)
 

Ψ ∈ 𝐿2(ℝ𝑥
3) ⊗ ℱ 

dΓ(𝜔𝑠) = ∫  𝜔(𝑘)𝑠𝑎𝑘
∗𝑎𝑘𝑑𝑘 

𝒞𝑠,𝑟(𝑓) ⩽ ∫  d𝑘
|𝑓(𝑘)|2

|𝑘|𝑠(1 + |𝑘|2𝑟)
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𝑓𝑠 = 𝜔
−
𝑠
2𝑓 

‖𝑎(𝐟)Ψ‖2 = ∫  d𝑘 dℓ ⟨𝑒𝑖𝑘𝑥𝑓𝑠(𝑘)𝜔
𝑠
2(𝑘)𝑎𝑘Ψ,

⟨|𝑝 − 𝑘|𝑟⟩

⟨|𝑝 − ℓ|𝑟⟩
⟨|𝑝 − ℓ|𝑟⟩𝑒𝑖ℓ𝑥𝑓𝑠(ℓ)𝜔

𝑠
2(ℓ)𝑎ℓΨ⟩

⩽ ∫  d𝑘 dℓ‖
1

⟨|𝑝 − 𝑘|𝑟⟩
𝑓𝑠(𝑘)⟨|𝑝 − ℓ|

𝑟⟩ 𝑒𝑖ℓ𝑥𝜔
𝑠
2(ℓ)𝑎ℓΨ‖

2  

= ∫  dℓ𝜔𝑠(ℓ)⟨⟨|𝑝 − ℓ|𝑟⟩𝑒𝑖ℓ𝑥𝑎ℓΨ,∫  𝑑𝑘
|𝑓𝑠(𝑘)|

2

⟨|𝑝 − 𝑘|𝑟⟩2
⟨|𝑝 − ℓ|𝑟⟩𝑒𝑖ℓ𝑥𝑎ℓΨ⟩

 ⩽ ‖∫  d𝑘
|𝑓𝑠(𝑘)|

2

⟨|𝑝 − 𝑘|𝑟⟩2
‖‖⟨|𝑝|𝑟⟩dΓ(𝜔𝑠)

1
2Ψ‖2

 

⟨|𝑝 − ℓ|𝑟⟩𝑒𝑖ℓ𝑥 = 𝑒𝑖ℓ𝑥⟨|𝑝|
𝑟
⟩𝜓 ∈ 𝐿2(ℝ3) 

‖∫  d𝑘
|𝑓𝑠(𝑘)|

2

⟨|𝑝 − 𝑘|𝑟⟩2
𝜓‖ = [∫  d𝑝 |∫   d𝑘

|𝑓𝑠(𝑘)|
2

⟨|𝑝 − 𝑘|𝑟⟩2
𝜓̂(𝑝)|

2

]

1
2

⩽ sup
𝑝∈ℝ3

 ∫   d𝑘
|𝑓𝑠(𝑘)|

2

1 + |𝑝 − 𝑘|2𝑟
.  

‖𝜔−𝑠𝐺𝐾‖𝐿2  ≲ 𝐾
1−𝑠

‖𝟏|𝑘|⩾2|𝑘|
−1𝐺𝐾‖𝐿2

 ≲ √ln 𝐾

‖𝜔𝑠−1𝑘𝐵𝐾‖𝐿2  ≲ 𝐾
𝑠−1

 

𝒞0,1(𝐺𝐾)  ≲ ln 𝐾, 𝒞0,𝑟(𝑘𝐵𝐾)  ≲ 𝐾
−3𝑟/2

𝒞1,1(𝐺𝐾)  ≲ 1, 𝒞1,1(𝜔𝑘𝐵𝐾)  ≲ 𝐾
−3/4

𝒞𝑠,1(𝜔𝐺𝐾)  ≲ 𝐾
2−𝑠, 𝒞0,2(𝜔𝑘𝐵𝐾)  ≲ 𝐾

−1

 

𝒞0,𝑟(𝑘𝐵𝐾)= sup
ℎ∈ℝ3

 ∫  
𝟏(|𝑘| ⩾ 𝐾)

|𝑘|3(1 + |𝑘 − ℎ|2𝑟)
d𝑘  

 ⩽ 𝐾−
3
2
𝑟 sup
ℎ∈ℝ3

 ∫  
𝟏(|𝑘| ⩾ 𝐾)

|𝑘|3−
3
2
𝑟(1 + |𝑘 − ℎ|2𝑟)

d𝑘 ≲ 𝐾−
3
2
𝑟

 

Ψ ∈ 𝐿2(ℝ𝑥
3) ⊗ ℱ 

‖𝑎(𝐆𝐾)Ψ‖  ≲ min{(ln 𝐾)
1
2 ‖⟨𝑝⟩𝑁

1
2Ψ‖ , ‖⟨𝑝⟩𝐻𝑓

1
2Ψ‖ , 𝐾

1
2 ‖𝐻

𝑓

1
2Ψ‖} ,

‖𝑎(𝜔𝐆𝐾)Ψ‖  ≲ min{𝐾 ‖⟨𝑝⟩𝑁
1
2Ψ‖ ,𝐾

1
2 ‖⟨𝑝⟩𝐻

𝑓

1
2Ψ‖} ,

‖𝑎(𝑘𝐁𝐾)Ψ‖  ≲ min {𝐾
−
3
4 ‖⟨𝑝⟩𝑁

1
2Ψ‖ ,𝐾−

1
2 ‖𝐻

𝑓

1
2Ψ‖} ,

‖𝑎(𝜔𝑘𝐁𝐾)Ψ‖  ≲ min{𝐾
−
3
8 ‖⟨𝑝⟩𝐻

𝑓

1
2Ψ‖ ,𝐾−

1
2 ‖⟨𝑝2⟩𝑁

1
2Ψ‖} .

 

∣ ⟨Ψ, 𝑎(𝑘𝐁𝐾)𝑎(𝑘𝐁Λ)Φ⟩  ≲ (𝐾Λ)
−
1
4 ‖⟨𝐻𝑓

1
2⟩Ψ‖‖⟨𝐻𝑓

1
2⟩Φ‖

‖𝑎(𝑘𝐁𝐾)𝑎(𝑘𝐁Λ)Ψ‖  ≲ (𝐾Λ)
−
3
8‖⟨𝑝⟩𝑁Ψ‖
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|⟨Ψ, 𝑎(𝑘𝐁𝐾)𝑎(𝑘𝐁Λ)Φ⟩| = |⟨Ψ, 𝑎(𝑘𝐁𝐾)𝑎(𝑘𝐁Λ) ⟨𝑁𝐾

1
2⟩ ⟨𝑁𝐾

1
2⟩

−1

Φ⟩|

 = |⟨(𝑁𝐾 + 3)
1
2Ψ,𝑎(𝑘𝐁𝐾)𝑎(𝑘𝐁Λ) ⟨𝑁𝐾

1
2⟩

−1

Φ⟩|

 

≲ ‖⟨𝑁𝐾

1
2⟩Ψ‖‖𝑎(𝑘𝐁𝐾)𝑎(𝑘𝐁Λ) ⟨𝑁𝐾

1
2⟩

−1

Φ‖  

≲ ‖𝜔
−
1
4𝑘𝐵𝐾‖

𝐿2
‖𝜔

−
1
4𝑘𝐵Λ‖

𝐿2
‖⟨𝑁𝐾

1
2⟩Ψ‖‖𝐻𝑓,𝐾

1
2 Φ‖ 

 ≲ (𝐾Λ)−
1
4 ‖⟨𝐻𝑓

1
2⟩Φ‖‖𝐻𝑓

1
2Ψ‖

 

‖𝑎(𝑘𝐁𝐾)𝑎(𝑘𝐁Λ)Ψ‖
2 ⩽ 𝒞

0,
1
2

(𝑘𝐵𝐾) ‖⟨|𝑝|
1
2⟩ 𝑎(𝑘𝐁Λ)𝑁

1
2Ψ‖2  

‖⟨|𝑝|
1
2⟩ 𝑎(𝑘𝐁Λ)𝑁

1
2Ψ‖2⩽ 2‖𝑎 (⟨|𝑘|

1
2⟩ 𝑘𝐵Λ)𝑁

1
2Ψ‖ 2 + 2‖𝑎(𝑘𝐁Λ)⟨|𝑝|

1
2
⟩𝑁

1
2Ψ‖2

 ⩽ 2𝒞0,1 (|𝑘|
3
2𝐵Λ)‖⟨𝑝⟩𝑁Ψ‖

2 + 2𝒞
0,
1
2

(𝑘𝐵Λ) ‖⟨|𝑝|
1
2⟩
2

𝑁Ψ‖2.

 

⟨|𝑝|1/2⟩
2
≲ ⟨𝑝⟩ 

𝒞0,1(|𝑘|
3/2𝐵Λ) = 𝒞1,1(𝜔𝑘𝐵Λ) 

𝜔(𝑘) = |𝑘| 

𝐴𝐾 ∶= 𝜙(𝐆𝐾) + 2𝑎
∗(𝑘𝐁𝐾) ⋅ 𝑝 + 2𝑝 ⋅ 𝑎(𝑘𝐁𝐾)

𝐷𝐾 ∶= 2𝑎
∗(𝑘𝐁𝐾)𝑎(𝑘𝐁𝐾) + 𝑎

∗(𝑘𝐁𝐾)
2 + 𝑎(𝑘𝐁𝐾)

2 + 4𝜋ln 𝐾
 

|⟨Ψ, 𝐴𝐾𝑅𝐴𝐾Ψ⟩|  ≲ 𝐾
2(‖⟨𝑝⟩𝑅⟨𝑝⟩‖ + ‖𝑅‖)‖⟨𝐻𝑓

1
2⟩ ⟨𝑝⟩Ψ‖

2

,

|⟨Ψ, [𝑁, 𝐴𝐾]𝑅𝐴𝐾Ψ⟩|  ≲ 𝐾
2(‖⟨𝑝⟩𝑅⟨𝑝⟩‖ + ‖𝑅‖)‖⟨𝐻𝑓

1
2⟩ ⟨𝑝⟩Ψ‖

2

,

|⟨Ψ, 𝐷𝐾Ψ⟩|  ≲ 𝐾
−
1
2 ‖⟨𝐻𝑓

1
2⟩Ψ‖

2

+ ln 𝐾‖Ψ‖2,

|⟨Ψ, [𝑁, 𝐷𝐾]Ψ⟩|  ≲ 𝐾
−
1
2 ‖⟨𝐻𝑓

1
2⟩Ψ‖

2

.
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|⟨Ψ, 𝐴𝐾𝑅𝐴𝐾Ψ⟩|  ≲ ln 𝐾(‖⟨𝑝⟩𝑅⟨𝑝⟩‖ + ‖𝑅‖) ‖⟨𝑁
1
2⟩ ⟨𝑝⟩Ψ‖

2

,

|⟨Ψ, [𝑁, 𝐴𝐾]𝑅𝐴𝐾Ψ⟩|  ≲ ln 𝐾(‖⟨𝑝⟩𝑅⟨𝑝⟩‖ + ‖𝑅‖) ‖⟨𝑁
1
2⟩ ⟨𝑝⟩Ψ‖

2

,

|⟨Ψ, 𝐷𝐾Ψ⟩|  ≲ ln 𝐾 ‖⟨𝑁
1
2⟩ ⟨𝑝⟩Ψ‖

2

,

|⟨Ψ, [𝑁, 𝐷𝐾]Ψ⟩|  ≲ 𝐾
−
1
2 ‖⟨𝑁

1
2⟩ ⟨𝑝⟩Ψ‖

2

.

 

|⟨Ψ,𝜙(𝐆𝐾)𝑅𝜙(𝐆𝐾)Ψ⟩| ≲ 𝐾
2‖𝑅‖‖⟨𝐻𝑓

1
2⟩Ψ‖

2

,  

|⟨Ψ, (𝑎∗(𝑘𝐁𝐾) ⋅ 𝑝)𝑅(𝑝 ⋅ 𝑎(𝑘𝐁𝐾))Ψ⟩| ≲ 𝐾
−1‖⟨𝑝⟩𝑅⟨𝑝⟩‖ ‖⟨𝐻𝑓

1
2⟩Ψ‖

2

.  

⟨Ψ, (𝑝 ⋅ 𝑎(𝑘𝐁𝐾))𝑅(𝑎
∗(𝑘𝐁𝐾) ⋅ 𝑝)Ψ⟩= |⟨(𝑁𝐾 + 2)

1
2Ψ, (𝑝 ⋅ 𝑎(𝑘𝐁𝐾)) ⟨𝑁𝐾

1
2⟩

−1

𝑅(𝑎∗(𝑘𝐁𝐾) ⋅ 𝑝)Ψ⟩| 

≲ ‖𝑝 ⟨𝑁𝐾

1
2⟩Ψ‖‖𝑎(𝑘𝐁𝐾) ⟨𝑁𝐾

1
2⟩

−1

𝑅(𝑎∗(𝑘𝐁𝐾) ⋅ 𝑝)Ψ‖  

≲ 𝒞0,1(𝑘𝐵𝐾)
1
2 ‖𝑝 ⟨𝑁𝐾

1
2⟩Ψ‖‖𝑅𝑎∗(𝑘𝐁𝐾) ⋅ 𝑝Ψ‖  

 ≲ 𝐾−
1
2 ‖𝑅

1
2‖‖⟨𝑝⟩ ⟨𝑁𝐾

1
2⟩Ψ‖‖𝑅

1
2𝑎∗(𝑘𝐁𝐾) ⋅ 𝑝Ψ‖

 

⟨Ψ, (𝑝 ⋅ 𝑎(𝑘𝐁𝐾))𝑅(𝑎
∗(𝑘𝐁𝐾) ⋅ 𝑝)Ψ⟩ ≦ 𝐾

−1‖𝑅‖‖⟨𝑝⟩ ⟨𝐻𝑓

1
2⟩Ψ‖

2

.  

|⟨Ψ, 𝑎∗(𝐆𝐾)𝑅𝑎(𝐆𝐾)Ψ⟩| ≲ 𝒞0,1(𝐺𝐾)‖𝑅‖‖⟨𝑝⟩ ⟨𝑁
1
2⟩Ψ‖

2

≦ ln 𝐾‖𝑅‖‖⟨𝑝⟩ ⟨𝑁
1
2⟩Ψ‖

2

 

|⟨Ψ, 𝑎(𝐆𝐾)𝑅𝑎
∗(𝐆𝐾)Ψ⟩| = |⟨(𝑁 + 2)

1
2Ψ, 𝑎(𝐆𝐾) ⟨𝑁

1
2⟩
−1

𝑅 ⟨𝑁
1
2⟩
−1

𝑎∗(𝐆𝐾)(𝑁 + 2)
1
2Ψ⟩|

 ≲ ‖𝑎(𝐆𝐾) ⟨𝑁
1
2⟩
−1

𝑅
1
2‖

2

‖⟨𝑁
1
2⟩
−1

Ψ‖

2
 

≲ ln 𝐾 ‖⟨𝑝⟩𝑅
1
2‖
2

‖⟨𝑁
1
2⟩Ψ‖

2
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‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−1(𝐴𝐾 − 𝜙(𝐆𝐾))⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−𝑚−1

‖  ≲ 𝐾−
3
4

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−1𝐴𝐾⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−𝑚−1

‖  ≲ (ln 𝐾)
1
2

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−2[𝐻𝑓, 𝐴𝐾]⟨𝑝⟩
−2 ⟨𝑁

1
2⟩
−𝑚−1

‖  ≲ 𝐾

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−1(𝐷𝐾 − 4𝜋ln 𝐾)⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−𝑚−2

‖  ≲ 𝐾−
3
4

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−1𝐷𝐾⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−𝑚−2

‖  ≲ ln 𝐾

 

𝐿2(ℝ𝑥
3) ⊗ ℱ 

 

𝐴𝐾 − 𝜙(𝐆𝐾) = 2𝑝 ⋅ 𝑎(𝑘𝐁𝐾) + 2𝑎
∗(𝑘𝐁𝐾) ⋅ 𝑝 ⟨𝑁

1
2⟩
𝑚

 

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−1(𝑝 ⋅ 𝑎(𝑘𝐁𝐾))⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−𝑚−1

‖  ≲ ‖𝑎(𝑘𝐁𝐾)⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−1

‖ ≲ 𝐾−3/4

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−𝑚−1(𝑎∗(𝑘𝐁𝐾) ⋅ 𝑝)⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−1

‖  ≲ ‖⟨𝑁
1
2⟩
−1

⟨𝑝⟩−1(𝑎∗(𝑘𝐁𝐾) ⋅ 𝑝)⟨𝑝⟩
−1‖

 ≲ ‖𝑎(𝑘𝐁𝐾)⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−1

‖

 ≲ 𝐾−3/4

 

[𝐻𝑓 , 𝐴𝐾] = 𝑎
∗(𝜔𝐆𝐾) − 𝑎(𝜔𝐆𝐾) + 2𝑎

∗(𝜔𝑘𝐁𝐾) ⋅ 𝑝 − 2𝑝 ⋅ 𝑎(𝜔𝑘𝐁𝐾)  

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−2𝑎(𝜔𝐆𝐾)⟨𝑝⟩
−2 ⟨𝑁

1
2⟩
−𝑚−1

‖  ≲ 𝐾

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−2(𝑝 ⋅ 𝑎(𝜔𝑘𝐁𝐾))⟨𝑝⟩
−2 ⟨𝑁

1
2⟩
−𝑚−2

‖  ≦ ‖𝑎(𝜔𝑘𝐁𝐾)⟨𝑝⟩
−2 ⟨𝑁

1
2⟩
−1

‖ ≲ 𝐾−
1
2

 

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−1𝑎∗(𝑘𝐁𝐾)𝑎(𝑘𝐁𝐾)⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−𝑚−2

‖= ‖⟨𝑁
1
2⟩
−1

⟨𝑝⟩−1𝑎∗(𝑘𝐁𝐾)𝑎(𝑘𝐁𝐾)⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−1

‖ 

≲ ‖𝑎(𝑘𝐁𝐾)⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−1

‖

2

 

 ≲ 𝐾−3/2

‖⟨𝑁
1
2⟩
𝑚

⟨𝑝⟩−1𝑎(𝑘𝐁𝐾)
2⟨𝑝⟩−1 ⟨𝑁

1
2⟩
−𝑚−2

‖ ≲ ‖𝑎(𝑘𝐁𝐾)
2⟨𝑝⟩−1 ⟨𝑁

1
2⟩
−2

‖ ≲ 𝐾−
3
4

 

‖𝑉𝜑𝜓‖𝐿2
 ⩽ 𝐶‖𝜑‖𝔥1/2‖𝜓‖𝐻1∀𝜑 ∈ 𝔥1/2,

‖𝑉𝜑𝜓‖𝐿2
 ⩽ 𝐶‖𝜑‖𝔥−𝑠‖𝜓‖𝐻2∀𝜑 ∈ 𝔥−𝑠, 𝜓 ∈ 𝐻

1,

|⟨𝜓, 𝑉𝜑𝜓⟩|  ⩽ 𝐶‖𝜑‖𝔥−1/2‖𝜓‖𝐻1
2 ∀𝜑 ∈ 𝔥−1/2, 𝜓 ∈ 𝐻

1,

|⟨𝜓, 𝑉𝜑𝜓⟩|  ⩽ 𝐶‖𝜑‖𝔥1/2(𝛿
−1‖𝜓‖𝐿2

2 + 𝛿‖𝜓‖𝐻1
2 )∀𝜑 ∈ 𝔥1/2, 𝜓 ∈ 𝐻

1,
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‖𝜓‖𝐻1
2 ⩽ 𝐶 (1 + ‖𝜑‖𝔥1/2

2 )‖𝜓‖𝐿2
2 + 𝐶⟨𝜓, (𝑝2 + 𝑉𝜑)𝜓⟩.  

‖∫  d𝑘𝜔(𝑘)−1/2𝑒𝑖𝑘𝑥𝜑(𝑘)𝜓‖
2

= ∫  d𝑘 dℓ𝜔−
1
2(𝑘)𝜑(𝑘)𝜔−

1
2(ℓ)𝜑(ℓ)⟨𝑒𝑖𝑘𝑥𝜓, 𝑒𝑖ℓ𝑥𝜓⟩  

⩽ ‖∫  d𝑘
1

𝜔𝑠+1(𝑘)⟨|𝑝 − 𝑘|𝑟⟩2
‖‖𝜔𝑠/2𝜑‖

2

2
‖⟨|𝑝|𝑟⟩𝜓‖2 

 ⩽ 𝒞𝑠,𝑟(𝜔
−1/2)‖𝜑‖𝔥𝑠/2

2 ‖𝜓‖𝐻𝑟
2

 

𝒞1,1(𝜔
−1/2) ≲ 1 

𝒞−𝑠,2(𝜔
−1/2) ≲ 1 for 𝑠 ∈ [0,

3

4
] 

|⟨𝜓, 𝑉𝜑𝜓⟩| ⩽ 2∫   d𝑘𝜔
−1/2(𝑘)|𝜑(𝑘)|||𝜓|2̂(𝑘)| ⩽ 𝐶‖𝜑‖𝔥−1/2‖𝜓‖𝐿4

2  

‖𝜓‖𝐿4 ≲ ‖𝜓‖𝐻1 

𝜑 = 𝜑𝐾 + 𝜑>𝐾 with 𝜑𝐾(𝑘):= 𝟏|𝑘|⩽𝐾𝜑(𝑘) 

|⟨𝜓, 𝑉𝜑𝐾𝜓⟩|  ⩽ ‖𝜓‖𝐿2
2 ∫  

|𝑘|⩽𝐾

  d𝑘𝜔(𝑘)−1/2|𝜑(𝑘)| ⩽ 𝐶𝐾‖𝜑‖𝔥1/2‖𝜓‖𝐿2
2

|⟨𝜓, (𝑉𝜑 − 𝑉𝜑𝐾)𝜓⟩|  ⩽ 2𝐾
−1∫  

|𝑘|⩾𝐾

  d𝑘𝜔(𝑘)1/2|𝜑(𝑘)|||𝜓|2̂(𝑘)| ⩽ 2𝐾−1‖𝜑‖𝔥1/2‖𝜓‖𝐿4
2

 

|⟨𝜓, 𝑉𝜑𝜓⟩| ⩽ 𝐶(𝐾‖𝜓‖𝐿2
2 + 𝐾−1‖𝜓‖𝐻1

2 )‖𝜑‖𝔥1/2  

‖𝜎(𝜓)‖𝔥𝑠 ⩽ 𝐶‖𝜓‖𝐻1
2  

‖𝜎(𝜓) − 𝜎(𝜙)‖𝔥−𝑠  ⩽ 𝐶(‖𝜓‖𝐻1 + ‖𝜙‖𝐻1)‖𝜓 − 𝜙‖𝐿2 , 𝑠 ∈ [0,1/2]

‖𝜎(𝜓) − 𝜎(𝜙)‖𝔥1/2  ⩽ 𝐶(‖𝜓‖𝐻1 + ‖𝜙‖𝐻1)‖𝜓 − 𝜙‖𝐻1
 

𝜎(𝜓)(𝑘) = 𝜔(𝑘)−1/2|𝜓|2̂(𝑘) 

‖𝜎(𝜓)‖𝔥𝑠
2 = ∫  

|𝑘|⩽1

 
|𝜓|2̂(𝑘)|

2

|𝑘|1+2𝑠
 d𝑘 + ∫  

|𝑘|>1

 
|𝜓|2̂(𝑘)|

2

|𝑘|1+2𝑠
 d𝑘 =: 𝐼1 + 𝐼2  

𝐼1 ⩽ ‖𝜓‖𝐿2
4 ∫  

|𝑘|⩽1
|𝑘|−1−2𝑠 d𝑘 ≲ 1 for 𝑠 ∈ [−

1

2
,
1

2
] 

𝐼2 ⩽ ∫  
ℝ3
  ||𝜓|2̂(𝑘)|

2
 d𝑘 = ‖𝜓‖𝐿4

4 ≲ ‖𝜓‖𝐻1
4

 

𝜌:= |𝜓|2 − |𝜙|2 
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‖𝜎(𝜓) − 𝜎(𝜙)‖𝔥−𝑠
2 = ∫  

|𝜌̂(𝑘)|2

|𝑘|1+2𝑠
 d𝑘 = 𝑐𝑠∬ 

𝜌(𝑥)𝜌(𝑦)

|𝑥 − 𝑦|2−2𝑠
 d𝑥 d𝑦  

𝑑 = 3, 𝜆 = 2 − 2𝑠, 𝑠 ∈ [0,
1

2
] 

𝑝 = 𝑞 = 𝑝𝑠: =
3

2 + 𝑠
∈ [
6

5
,
3

2
]  

‖𝜎(𝜓) − 𝜎(𝜙)‖𝔥−𝑠
2 ⩽ 𝐶𝑠‖𝜌‖𝐿𝑝𝑠

2  

𝜌 = |𝜓|2 − |𝜙|2 = (𝜓 − 𝜙)𝜓‾ + (𝜓 − 𝜙)𝜙  

𝑞𝑠
1

𝑝𝑠
=
1

2
+
1

𝑞𝑠
𝑞𝑠 =

6

1 + 2𝑠
∈ 𝐻1 ↪ 𝐿𝑞𝑠 

‖𝜌‖𝐿𝑝𝑠 ⩽ ‖𝜓 − 𝜙‖𝐿2(‖𝜓‖𝐿𝑞𝑠 + ‖𝜙‖𝐿𝑞𝑠) ⩽ 𝐶‖𝜓 − 𝜙‖𝐿2(‖𝜓‖𝐻1 + ‖𝜙‖𝐻1)  

‖𝜎(𝜓) − 𝜎(𝜙)‖𝔥1/2 = ‖|𝜓|
2 − |𝜙|2‖𝐿2  

‖|𝜓|2 − |𝜙|2‖𝐿2 ⩽ ‖𝜓 − 𝜙‖𝐿6(‖𝜓‖𝐿3 + ‖𝜙‖𝐿3)  

𝐻1(ℝ3) ↪ 𝐿6(ℝ3) 

‖𝜓 − 𝜙‖𝐿6 ⩽ 𝐶‖∇(𝜓 − 𝜙)‖𝐿2 ⩽ 𝐶‖𝜓 − 𝜙‖𝐻1  

‖𝜓‖𝐿3 ⩽ 𝐶‖𝜓‖𝐻1
1/2

 

‖𝜎(𝜓) − 𝜎(𝜙)‖𝔥1/2 = ‖|𝜓|
2 − |𝜙|2‖𝐿2 ⩽ 𝐶‖𝜓 − 𝜙‖𝐻1(‖𝜓‖𝐻1 + ‖𝜙‖𝐻1).  

𝐻𝜀 = (𝑈𝐾
𝜀)∗𝐻𝒟,𝐾

𝜀 𝑈𝐾
𝜀  

𝐻𝒟,𝐾
𝜀 = 𝑝2 + 𝜀(𝜙(𝐆𝐾) + 2𝑎

∗(𝑘𝐁𝐾) ⋅ 𝑝 + 2𝑝 ⋅ 𝑎(𝑘𝐁𝐾))

+𝜀2(𝐻𝑓 + 2𝑎
∗(𝑘𝐁𝐾)𝑎(𝑘𝐁𝐾) + 𝑎

∗(𝑘𝐁𝐾)𝑎
∗(𝑘𝐁𝐾) + 𝑎(𝑘𝐁𝐾)𝑎(𝑘𝐁𝐾) + 4𝜋ln 𝐾) 

 −𝜀3𝜙(𝜔𝐁𝐾) + 𝜀
4 ‖𝜔

1
2𝐵𝐾‖

𝐿2

2
 

𝑄(𝐻𝒟,𝐾
𝜀 ) = 𝑄(𝑝2 +𝐻𝑓) 

 ± (𝐻𝒟,𝐾
𝜀 − (𝑝2 + 𝜀2𝐻𝑓)) ⩽

1

2
(𝑝2 + 𝜀2𝐻𝑓) + 𝐶𝐾

 ±(𝐻𝒟,𝐾
𝜀 − (𝑝2 + 𝜀2𝐻𝑓)) ⩽

1

2
(𝑝2 + 𝜀2𝐻𝑓) + 𝐶𝜀

2(ln 𝐾)(𝑁 + 1)

 

|⟨Ψ, 𝜀𝑎(𝑮𝐾)Ψ⟩| ⩽ 𝐶𝐾
1/2‖Ψ‖‖𝜀𝐻𝑓

1/2
Ψ‖ .  

|⟨Ψ, 𝜀𝑎(𝑮𝐾)Ψ⟩| = |⟨⟨𝑁
1/2⟩Ψ, 𝜀𝑎(𝑮𝐾)𝑁

−1/2Ψ⟩| ⩽ 𝐶𝜀(ln 𝐾)1/2‖⟨𝑁1/2⟩Ψ‖‖⟨𝑝⟩Ψ‖.  

ℋ𝒟,𝐾,𝜑
𝜀 := 𝑒−𝑖𝑔𝐾,𝜑(𝑥)𝑊(𝜀−1𝜑)∗𝐻𝒟,𝐾

𝜀 𝑊(𝜀−1𝜑)𝑒𝑖𝑔𝐾,𝜑(𝑥)  

𝑔𝐾,𝜑(𝑥) = 2Im⟨𝜑, 𝐁(⋅, 𝑘)⟩𝑒
−𝑖𝑔𝐾,𝜑(𝑥) 
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𝑊(𝜀−1𝜑)∗𝐻𝒟,𝐾
𝜀 𝑊(𝜀−1𝜑) = 𝔥0 + 𝜀𝔥1 + 𝜀

2𝔥2 − 𝜀
3𝜙(𝜔𝐁𝐾) + 𝜀

4 ‖𝜔
1
2𝐵𝐾‖

𝐿2

2

 

𝔥0 = 𝑝
2 + 2Re⟨𝜑, 𝐆𝐾⟩ + 2⟨𝜑, 𝑘𝐁𝐾⟩ ⋅ 𝑝 + 2𝑝 ⋅ ⟨𝑘𝐁𝐾 , 𝜑⟩ + 4|Re⟨𝜑, 𝑘𝐁𝐾⟩|

2 + ‖𝜔
1
2𝜑‖

𝐿2

2

,

𝔥1 = 𝜙(𝐆𝐾 +𝜔𝜑) + 2𝑎
∗(𝑘𝐁𝐾) ⋅ 𝑝 + 2𝑝 ⋅ 𝑎(𝑘𝐁𝐾) + 4Re⟨𝜑, 𝑘𝐁𝐾⟩ ⋅ 𝜙(𝑘𝐁𝐾),

𝔥2 = 𝐻𝑓 + 2𝑎
∗(𝑘𝐁𝐾)𝑎(𝑘𝐁𝐾) + 𝑎

∗(𝑘𝐁𝐾)
2 + 𝑎(𝑘𝐁𝐾)

2 + 4𝜋ln 𝐾 − 2Re⟨𝐁𝐾 , 𝜔𝜑⟩.

 

ℋ𝒟,𝐾,𝜑
𝜀 =ℎ𝜑 + ‖𝜔

1
2𝜑‖

𝐿2

2

+ 𝜀(𝐴𝐾 + 𝜙(𝜔𝜑)) + 𝜀
2(𝐻𝑓 + 𝐷𝐾 − 2Re⟨𝜔𝜑, 𝐁𝐾⟩)

 −𝜀3𝜙(𝜔𝐁𝐾) + 𝜀
4 ‖𝜔

1
2𝐵𝐾‖

𝐿2

2  

𝑒−𝑖𝑔𝐾,𝜑(𝑥)𝑝𝑒𝑖𝑔𝐾,𝜑(𝑥) = 𝑝 − 2Re⟨𝜑, 𝑘𝐁𝐾⟩,  

𝑒−𝑖𝑔𝐾,𝜑(𝑥)𝔥0𝑒
𝑖𝑔𝐾,𝜑(𝑥) =(𝑝 − 2Re⟨𝜑, 𝑘𝐁𝐾⟩)

2 + 2Re⟨𝜑, 𝐆𝐾⟩ + 2⟨𝜑, 𝑘𝐁𝐾⟩ ⋅ (𝑝 − 2Re⟨𝜑, 𝑘𝐁𝐾⟩)

+(𝑝 − 2Re⟨𝜑, 𝑘𝐁𝐾⟩) ⋅ ⟨𝑘𝐁𝐾 , 𝜑⟩ + 4|Re⟨𝜑, 𝑘𝐁𝐾⟩|
2 + ‖𝜔

1
2𝜑‖

𝐿2

2

 

=𝑝2 + 2Re⟨𝜑, 𝐆𝐾⟩ + 2Im⟨𝜑, 𝑘𝐁𝐾⟩ ⋅ 𝑝 + 2𝑝 ⋅ Im⟨𝑘𝐁𝐾 , 𝜑⟩ + ‖𝜔
1
2𝑢‖

𝐿2

2

=𝑝2 + 2Re⟨𝜑, 𝐆𝐾⟩ + 2Re⟨𝜑, 𝑘
2𝐁𝐾⟩ + ‖𝜔

1
2𝜑‖

𝐿2

2

 

𝑝 ⋅ Im⟨𝜑, 𝑘𝐁𝐾⟩ = −Im⟨𝑘𝐁𝐾 , 𝜑⟩ ⋅ 𝑝 + Re⟨𝜑, 𝑘
2𝐁𝐾⟩ 

𝑒−𝑖𝑔𝐾,𝜑(𝑥)𝔥1𝑒
𝑖𝑔𝐾,𝜑(𝑥)

=𝜙(𝐆𝐾 +𝜔𝜑) + 2𝑎
∗(𝑘𝐁𝐾) ⋅ (𝑝 − 2Re⟨𝜑, 𝑘𝐁𝐾⟩) + 2(𝑝 − 2Re⟨𝜑, 𝑘𝐁𝐾⟩) ⋅ 𝑎(𝑘𝐁𝐾)

+4Re⟨𝜑, 𝑘𝐁𝐾⟩ ⋅ 𝜙(𝑘𝐁𝐾)  

=𝜙(𝐆𝐾 +𝜔𝜑) + 2𝑎
∗(𝑘𝐁𝐾) ⋅ 𝑝 + 2𝑝 ⋅ 𝑎(𝑘𝐁𝐾)

 

𝑒(𝜑) = inf𝜎(ℎ𝜑) 

△ (𝜑) = inf{|𝑒(𝜑) − 𝜆|: 𝜆 ∈ 𝜎(ℎ𝜑) ∖ {𝑒(𝜑)}} 

𝜑 ∈ 𝐶([−𝑇, 𝑇]; 𝔥1/2) 

𝜑𝑡 = 𝑒
−𝑖𝜔𝑡𝜑0 − 𝑖 ∫  

𝑡

0

  𝑒−𝑖𝜔(𝑡−𝑠)𝜎(𝜓𝜑𝑠)d𝑠  

𝜎(𝜓𝜑𝑠) = 𝜔
−1/2|𝜓𝜑𝑠|

2̂
 

𝐵𝑟(𝜑):= {𝑢 ∈ 𝔥1/2: ‖𝑢 − 𝜑‖𝔥1/2 ⩽ 𝑟} .  

△ (𝑢) ⩾
1

2
△ (𝜑) > 0  

|𝑒(𝜑) − 𝑒(𝑢)| + |𝜆1(𝜑) − 𝜆1(𝑢)| ⩽ 𝐶𝑟 

𝜑𝜉 ∈ 𝔥1/2 and all 𝜓 ∈ 𝐻1 with ‖𝜓‖𝐿2 = 1 

|⟨𝜓, (ℎ𝜑 − ℎ𝜉)𝜓⟩| ⩽ 𝐶‖𝜑 − 𝜉‖𝔥1/2‖𝜓‖𝐻1
2
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𝑒(𝑢) = inf𝜎(ℎ𝑢) 

𝑒(𝑢) ⩽ ⟨𝜓𝜑, ℎ𝑢𝜓𝜑⟩ ⩽ 𝑒(𝜑) + 𝐶‖𝜑 − 𝑢‖𝔥1/2‖𝜓𝜑‖𝐻1
2
⩽ 𝑒(𝜑) + 𝐶𝑟  

|𝑒(𝜑) − 𝑒(𝑢)| ⩽ 𝐶𝑟  

‖𝜓𝑢‖𝐻1
2 ⩽ 𝐶 (1 + ‖𝑢‖𝔥1/2

2 + 𝑒(𝑢)) ⩽ 𝐶 (1 + ‖𝜑‖𝔥1/2
2 ) ⩽ 𝐶  

𝜆1(𝑢):= inf(𝜎(ℎ𝑢) ∖ {𝑒(𝑢)}) 

𝜆1(𝑢) = sup
codim(𝑉)=1

  inf
𝜓∈𝑉
 {⟨𝜓, ℎ𝑢𝜓⟩: ‖𝜓‖𝐿2 = 1}  

𝑉 = {𝜓𝜑}
⊥

 

𝜆1(𝑢) ⩾ inf
𝜓∈𝐻1,‖𝜓‖=1
𝜓⊥𝜓𝜑

 ⟨𝜓, ℎ𝑢𝜓⟩ ⩾ inf
𝜓∈𝐻1,‖𝜓‖=1
𝜓⊥𝜓𝜑

 (⟨𝜓, ℎ𝜑𝜓⟩ − 𝐶𝑟‖𝜓‖𝐻1
2 )

 

‖𝜑‖𝔥1/2 ⩽ 𝐶 

‖𝜓‖𝐻1
2 ⩽ 𝐶(1 + ⟨𝜓, ℎ𝜑𝜓⟩) 

𝜆1(𝑢) ⩾ (1 − 𝐶𝑟) inf
𝜓∈𝐻1,‖𝜓‖=1
𝜓⊥𝜓𝜑

 ⟨𝜓, ℎ𝜑𝜓⟩ − 𝐶𝑟 = (1 − 𝐶𝑟)𝜆1(𝜑) − 𝐶𝑟
 

△ (𝑢) = 𝜆1(𝑢) − 𝑒(𝑢) 

Δ(𝑢) ⩾ Δ(𝜑) − 𝐶𝑟.  

Δ(𝑢) ⩾
1

2
Δ(𝜑) > 0 for all 𝑢 ∈ 𝐵𝑟(𝜑) with 0 < 𝑟 ⩽ 𝑟0 

𝜆1(𝜑) ⩾ (1 − 𝐶𝑟)𝜆1(𝑢) − 𝐶𝑟  

|𝜆1(𝑢) − 𝜆1(𝜑)| ⩽ 𝐶𝑟 

‖𝜓𝑢 − 𝜓𝜉‖𝐻1
⩽

𝐶

△ (𝜑)1/2
(‖𝜓𝑢‖𝐻1 + ‖𝜓𝜉‖𝐻1

)‖𝑢 − 𝜉‖𝔥1/2  

‖𝜓𝑢 − 𝜓𝜉‖𝐿2
⩽

𝐶

△ (𝜑)1/2
(‖𝜓𝑢‖𝐻2 + ‖𝜓𝜉‖𝐻2

)‖𝑢 − 𝜉‖𝔥−1/2  

for all 𝑢, 𝜉 ∈ 𝐵𝑟(𝜑) ∩ 𝔥−1/2 with 0 < 𝑟 ⩽ 𝑟0 

𝜓𝑢 −𝜓𝜉 ∈ 𝐻
1 and 𝑢 − 𝜉 ∈ 𝔥1/2 

‖𝜓𝑢 − 𝜓𝜉‖𝐻1
2
⩽ 𝐶 ((1 + ‖𝑢 − 𝜉‖𝔥1/2

2 ) ‖𝜓𝑢 − 𝜓𝜉‖𝐿2
2
+ ⟨𝜓𝑢 −𝜓𝜉 , ℎ𝑢−𝜉(𝜓𝑢 − 𝜓𝜉)⟩) .  

‖𝜓𝑢 − 𝜓𝜉‖𝐿2
2
⩽ 2‖𝑄𝑢𝜓𝜉‖𝐿2

2
 

𝑄𝑢 = 𝟏 − |𝜓𝑢⟩⟨𝜓𝑢| 

‖𝑄𝑢𝜓𝜉‖𝐿2
2
⩽

1

△ (𝑢)
⟨𝜓𝜉 , (ℎ𝑢 − 𝑒(𝑢))𝜓𝜉⟩ ⩽

2

△ (𝜑)
⟨𝜓𝜉 , (ℎ𝑢 − 𝑒(𝑢))𝜓𝜉⟩  
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⟨𝜓𝜉 , (ℎ𝑢 − 𝑒(𝑢))𝜓𝜉⟩ =⟨𝜓𝜉 − 𝜓𝑢, ℎ𝑢𝜓𝜉⟩ − ⟨𝜓𝜉 −𝜓𝑢, 𝜓𝜉⟩⟨𝜓𝑢, ℎ𝑢𝜓𝑢⟩

=𝑒(𝜉)⟨𝜓𝜉 −𝜓𝑢, 𝜓𝜉⟩ + ⟨𝜓𝜉 − 𝜓𝑢, 𝑉𝑢−𝜉𝜓𝜉⟩

 −⟨𝜓𝜉 − 𝜓𝑢, 𝜓𝜉⟩(⟨𝜓𝑢, ℎ𝜉𝜓𝑢⟩ + ⟨𝜓𝑢, 𝑉𝑢−𝜉𝜓𝑢⟩),

 

ℎ𝑢 = ℎ𝜉 + 𝑉𝑢−𝜉 

𝑒(𝜉) ⩽ ⟨𝜓𝑢, ℎ𝜉𝜓𝑢⟩ 

⟨𝜓𝜉 −𝜓𝑢 , 𝜓𝜉⟩ ⩾ 0 

⟨𝜓𝜉 , (ℎ𝑢 − 𝑒(𝑢))𝜓𝜉⟩⩽ ‖𝜓𝜉 − 𝜓𝑢‖𝐿2
(‖𝑉𝑢−𝜉𝜓𝜉‖𝐿2

+ ‖𝑉𝑢−𝜉𝜓𝑢‖𝐿2
)  

⩽ 𝐶‖𝜓𝜉 −𝜓𝑢‖𝐿2
(‖𝜓𝜉‖𝐻1

+ ‖𝜓𝑢‖𝐻1)‖𝑢 − 𝜉‖𝔥1/2  

 ⩽
1

10
‖𝜓𝜉 − 𝜓𝑢‖𝐿2

2
+ 𝐶 (‖𝜓𝑢‖𝐻1 + ‖𝜓𝜉‖𝐻1

)
2
‖𝑢 − 𝜉‖𝔥1/2

2 ,

 

‖𝜓𝑢 − 𝜓𝜉‖𝐿2
2
⩽ 𝐶 △ (𝜑)−1 (‖𝜓𝑢‖𝐻1 + ‖𝜓𝜉‖𝐻1

)
2
‖𝑢 − 𝜉‖𝔥1/2

2 .  

ℎ𝑢−𝜉 = ℎ𝑢 − 𝑉𝜉 

⟨𝜓𝑢 − 𝜓𝜉 , ℎ𝑢−𝜉(𝜓𝑢 − 𝜓𝜉)⟩= ⟨𝜓𝑢 − 𝜓𝜉 , ℎ𝑢𝜓𝑢 − 𝜓𝜉⟩ − ⟨𝜓𝑢 − 𝜓𝜉 , 𝑉𝜉(𝜓𝑢 − 𝜓𝜉)⟩ 

 ⩽ ⟨𝜓𝜉 , (ℎ𝑢 − 𝑒(𝑢))𝜓𝜉⟩ − ⟨𝜓𝑢 − 𝜓𝜉 , 𝑉𝜉(𝜓𝑢 − 𝜓𝜉)⟩
 

(ℎ𝑢 − 𝑒(𝑢))𝜓𝑢 = ‖𝜉‖𝔥1/2 ⩽ 𝐶 

|⟨𝜓𝑢 − 𝜓𝜉 , 𝑉𝜉(𝜓𝑢 − 𝜓𝜉)⟩| ⩽ 𝐶‖𝜓𝑢 − 𝜓𝜉‖𝐿2‖
𝜓𝑢 −𝜓𝜉‖𝐻1  

‖𝜓𝑢 − 𝜓𝜉‖𝐿2
⩽ 𝐶 △ (𝜑)−1 (‖𝑉𝑢−𝜉𝜓𝜉‖𝐿2

+ ‖𝑉𝑢−𝜉𝜓𝑢‖𝐿2
)  

△ (𝜑0) > Δ(𝑢) > 𝑢 ∈ 𝐵𝑟(𝜑0)𝑢 ∈ 𝐵𝑟(𝜑0)𝜓𝑢 ⩾ ℎ𝑢 

‖𝜓𝑢‖𝐻1 ⩽ 𝐶 (1 + ‖𝑢‖𝔥1/2) ⩽ 𝜆‖𝜑0‖𝔥1/2  

𝑋𝑇: = 𝐶([−𝑇, 𝑇]; 𝐵𝑟(𝜑0)) 

(𝒯𝑢)(𝑡): = 𝑒−𝑖𝑡𝜔𝜑0 − 𝑖∫  
𝑡

0

 𝑒𝑖(𝑠−𝑡)𝜔𝜎(𝜓𝑢𝑠)d𝑠, |𝑡| ⩽ 𝑇  

‖𝒯𝑢(𝑡) − 𝜑0‖𝔥1/2 ⩽ ‖(𝑒
−𝑖𝑡𝜔 − 1)𝜑0‖𝔥1/2

+ 𝑇 sup
|𝑠|⩽𝑇

 ‖𝜎(𝜓𝑢𝑠)‖𝔥1/2
 

lim
𝑡→0
 ‖(𝑒−𝑖𝑡𝜔 − 1)𝜑0‖𝔥1/2

= 0 

‖𝜎(𝜓𝑢𝑠)‖𝔥1/2
⩽ 𝐶‖𝜓𝑢𝑠‖𝐻1

2
⩽ 𝐶𝜆2  

𝒯(𝑋𝑇) ⊆ 𝑋𝑇 

‖𝒯𝑢(𝑡) − 𝒯𝜉(𝑡)‖𝔥1/2 ⩽ ∫  
|𝑡|

0

 ‖𝜎(𝜓𝑢𝑠) − 𝜎(𝜓𝜉𝑠)‖𝔥1/2
 d𝑠⩽ 𝐶|𝑡|𝜆 sup

|𝑠|⩽𝑇
 ‖𝜓𝑢𝑠 − 𝜓𝜉𝑠‖𝐻1

 

 ⩽ 𝐶𝐷|𝑡|𝜆2 sup
|𝑠|⩽𝑇

 ‖𝑢𝑠 − 𝜉𝑠‖𝔥1/2
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‖𝒯𝑢 − 𝒯𝜉‖𝑋𝑇 ⩽ 𝑇𝐶𝐷𝜆
2‖𝑢 − 𝜉‖𝑋𝑇  

△ (𝜑𝑡) ⩾△ (𝜑0)/2 

𝜉 ∈ 𝐶([−𝑇, 𝑇]; 𝔥1/2) 

𝜉0 = 𝜑0𝑒(𝜉𝑡) < ‖𝜓𝜉𝑠‖𝐻1
2
⩽ 𝐶 (1 + ‖𝜉𝑠‖𝔥1/2

2 ) 

‖𝜉𝑡 −𝜑0‖𝔥1/2 ⩽ ‖(𝑒
−𝑖𝑡𝜔 − 1)𝜑0‖𝔥1/2

+ 𝐶𝑇 sup
|𝑠|⩽𝑇

 𝐶 (1 + ‖𝜉𝑠‖𝔥1/2
2 )  

𝑡 ↦ ‖𝜉𝑡‖𝔥1/2 

𝜉 ∈ 𝐶([−𝑇, 𝑇]; 𝐵𝑟(𝜑0)) 

𝜉 = 𝜑 on [−𝑇, 𝑇] 

 

𝑔(𝑡): = 𝜎(𝜓𝜑𝑡) 

𝑡 ↦ 𝑔(𝑡)𝔥−1/2𝑣(𝑡): = 𝑒
𝑖𝜔𝑡𝜑𝑡 

𝑣(𝑡) = 𝜑0 − 𝑖∫  
𝑡

0

 𝑒𝑖𝜔𝑠𝑔(𝑠)d𝑠  

𝑔 ∈ 𝐶([−𝑇, 𝑇]; 𝔥−1/2) 

𝜕𝑡𝑣(𝑡) = −𝑖𝑒
𝑖𝜔𝑡𝑔(𝑡)𝔥−1/2 

𝜑𝑡 = 𝑒
−𝑖𝜔𝑡𝑣(𝑡) ∈ 𝐶1([−𝑇, 𝑇]; 𝔥−1/2) 

‖𝜑𝑡‖𝐿2 ⩽ ‖𝜑0‖𝐿2 +∫  
|𝑡|

0

 ‖𝜎(𝜓𝜑𝑠)‖𝐿2
 d𝑠  

sup
|𝑠|⩽𝑇

 ‖𝜎(𝜓𝜑𝑠)‖𝐿2
⩽ 𝐶 sup

|𝑡|⩽𝑇
 ‖𝜑𝑡‖𝐿2 ⩽ 𝐶(𝑇)𝑡, 𝑡0 ∈ [−𝑇, 𝑇] 

‖𝜑𝑡 − 𝜑𝑡0‖𝐿2
⩽ ‖(𝑒−𝑖𝜔(𝑡−𝑡0) − 1)𝜑𝑡0‖𝐿2

+∫  
𝑡

𝑡0

 ‖𝜎(𝜓𝜑𝑠)‖𝐿2
 d𝑠  

𝜑 ∈ 𝐶([−𝑇, 𝑇]; 𝐿2) 

𝑑

𝑑𝑡
ℰfield (𝜑𝑡) = ⟨𝜓𝜑𝑡 , 𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡⟩ + 2Re⟨𝜑̇𝑡, 𝜔𝜑𝑡⟩ = 0  

𝜑̇𝑡 = −𝑖 (𝜔𝜑𝑡 + 𝜎(𝜓𝜑𝑡)) 

2Re⟨𝜑̇𝑡, 𝜔𝜑𝑡⟩ = −2Im⟨𝜎(𝜓𝜑𝑡),𝜔𝜑𝑡⟩ = −⟨𝜓𝜑𝑡 , 𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡⟩ 

(1 − 𝛼)‖𝜑𝑡‖𝔥1/2
2 ⩽ ℰfield (𝜑0) + 𝐶0, ∀𝑡 ∈ 𝐼,  

sup
𝑡∈𝐼
 ‖𝜑𝑡‖𝔥1/2 < ∞ 
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𝐽 ⊂ 𝐼inf
𝑡∈𝐽
 △ (𝜑𝑡) > 𝑢 ↦ 𝜓𝑢{𝜑𝑡: 𝑡 ∈ 𝐽}𝑢 ↦ 𝜎(𝜓𝑢)𝔥1/2 

lim inf
𝑡↑𝑇+

 △ (𝜑𝑡) = 0  resp.  lim inf
𝑡↓−𝑇−

 △ (𝜑𝑡) = 0  

𝑅𝜑𝑡 = 𝑄𝜑𝑡 (ℎ𝜑𝑡 − 𝑒(𝜑𝑡))
−1
𝑄𝜑𝑡 ,  

‖𝑅𝜑𝑡‖ + ‖⟨𝑝⟩𝑅𝜑𝑡
1/2
‖+ ‖⟨𝑝2⟩𝑅𝜑𝑡‖ + ‖𝜓𝜑𝑡‖𝐻2

⩽ 𝐶.  

𝑡 ↦ 𝜓𝜑𝑡 is in 𝐶((−𝑇, 𝑇);𝐻1) ∩ 𝐶1((−𝑇, 𝑇); 𝐿2) 

𝜕𝑡𝜓𝜑𝑡 = 𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡  

‖𝜓̇𝜑𝑡‖𝐿2
+ ‖𝜎̇(𝜓𝜑𝑡)‖𝐿2

+ ‖𝑅̇𝜑𝑡‖ + ‖⟨𝑝⟩𝑅̇𝜑𝑡⟨𝑝⟩‖ ⩽ 𝐶  

𝐿2(ℝ3)𝑓(𝑡):= 𝜕𝑡𝑓(𝑡) 

 

‖𝑅𝜑𝑡‖ ≲ 1 

inf
|𝑡|⩽𝑇

 △ (𝜑𝑡) > 0 

𝑝2 = ℎ𝜑𝑡 − 𝑉𝜑𝑡 and ℎ𝜑𝑡𝑅𝜑𝑡 = 𝑄𝜑𝑡 + 𝑒(𝜑𝑡)𝑅𝜑𝑡 

𝑅𝜑𝑡
1/2
⟨𝑝⟩2𝑅𝜑𝑡

1/2
= 𝑅𝜑𝑡

1/2(1 + 𝑝2)𝑅𝜑𝑡
1/2
= 𝑅𝜑𝑡(1 + 𝑒(𝜑𝑡)) + 𝑄𝜑𝑡 − 𝑅𝜑𝑡

1/2
𝑉𝜑𝑡𝑅𝜑𝑡

1/2
,  

‖⟨𝑝⟩𝑅𝜑𝑡
1/2
‖
2
≲ 1 + ‖𝑅𝜑𝑡

1/2
‖‖⟨𝑝⟩𝑅𝜑𝑡

1/2
‖  

|𝑒(𝜑𝑡)| ≲ 1 

⟨𝑝2⟩𝑅𝜑𝑡 = 𝑅𝜑𝑡(1 + 𝑒(𝜑𝑡)) + 𝑄𝜑𝑡 − 𝑉𝜑𝑡𝑅𝜑𝑡 

‖⟨𝑝2⟩𝑅𝜑𝑡‖ ≲ 1 + ‖𝑉𝜑𝑡𝑅𝜑𝑡‖ ≲ 1 + ‖⟨𝑝⟩𝑅𝜑𝑡‖ ≲ 1  

‖𝜓𝜑𝑡‖𝐻2
2
⩽ 1 + ‖𝑝2𝜓𝜑𝑡‖𝐿2

2
⩽ 1 + |𝑒(𝜑𝑡)| + ‖𝑉𝜑𝑡𝜓𝜑𝑡‖𝐿2

2
⩽ 1 + ‖𝜓𝜑𝑡‖𝐻1

2
 

‖𝜓𝜑𝑡‖𝐻1
≲ 1 

⟨𝜓𝜑𝑡 , 𝜕𝑡𝜓𝜑𝑡⟩ = 2Re⟨𝜓𝜑𝑡 , 𝜕𝑡𝜓𝜑𝑡⟩ = 𝜕𝑡‖𝜓𝜑𝑡‖
2
= 0 

(ℎ𝜑𝑡 − 𝑒(𝜑𝑡))𝜓𝜑𝑡 = 0 

(𝜕𝑡ℎ𝜑𝑡)𝜓𝜑𝑡 + (ℎ𝜑𝑡 − 𝑒(𝜑𝑡)) 𝜕𝑡𝜓𝜑𝑡 − 𝑒̇(𝜑𝑡)𝜓𝜑𝑡 = 0  

𝑒̇(𝜑𝑡) = ⟨𝜓𝜑𝑡 , (𝜕𝑡ℎ𝜑𝑡)𝜓𝜑𝑡⟩  

𝑄𝜑𝑡 (ℎ𝜑𝑡 − 𝑒(𝜑𝑡))𝑄𝜑𝑡𝜕𝑡𝜓𝜑𝑡 = −𝑄𝜑𝑡(𝜕𝑡ℎ𝜑𝑡)𝜓𝜑𝑡 .  

𝜕𝑡𝜓𝜑𝑡 = −𝑅𝜑𝑡(𝜕𝑡ℎ𝜑𝑡)𝜓𝜑𝑡  
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ℎ𝜑 = 𝑝
2 + 𝑉𝜑 

𝜕𝑡ℎ𝜑𝑡 = 𝑉𝜕𝑡𝜑𝑡 

𝜕𝑡𝜑𝑡 = −𝑖𝜔𝜑𝑡 − 𝑖𝜎(𝜓𝜑𝑡) 

𝜕𝑡ℎ𝜑𝑡 = −𝑉𝑖𝜔𝜑𝑡 − 𝑉𝑖𝜎(𝜓𝜑𝑡)
 

𝜎(𝜓𝜑𝑡)(𝑘) = 𝜎(𝜓𝜑𝑡)(−𝑘)𝑉𝑖𝜎(𝜓𝜑𝑡)
= 𝜕𝑡𝜓𝜑𝑡 = 𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡‖𝜓̇𝜑𝑡‖𝐿2

 

𝜎̇(𝜓𝜑𝑡)(𝑘) = ⟨𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡 , 𝐆(⋅, 𝑘)𝜓𝜑𝑡⟩ + ⟨𝜓𝜑𝑡 , 𝐆(⋅, 𝑘)𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡⟩.  

|⟨𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡 , 𝐆(⋅, 𝑘)𝜓𝜑𝑡⟩| ≲ ‖𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡‖𝐻1
‖𝜓𝜑𝑡‖𝐻1

≲ 1  

𝑄̇𝜑𝑡 = −𝑃̇𝜑𝑡 = 𝑃𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝑅𝜑𝑡 − 𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝑃𝜑𝑡 

𝑃𝜑𝑡 = |𝜓𝜑𝑡⟩⟨𝜓𝜑𝑡| 

𝑅̇𝜑𝑡 = 𝑃𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝑅𝜑𝑡
2 − 𝑅𝜑𝑡

2 𝑉𝑖𝜔𝜑𝑡𝑃𝜑𝑡 − 𝑅𝜑𝑡 (ℎ̇𝜑𝑡 − 𝑒̇(𝜑𝑡))𝑅𝜑𝑡 .  

‖𝑅̇𝜑𝑡‖ + ‖⟨𝑝⟩𝑅̇𝜑𝑡⟨𝑝⟩‖ ⩽ 𝐶 

⟨𝑝⟩−1 (ℎ̇𝜑𝑡 − 𝑒̇(𝜑𝑡)) ⟨𝑝⟩
−1 = ⟨𝑝⟩−1(𝑉𝑖𝜔𝜑𝑡 − ⟨𝜓𝜑𝑡 , 𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡⟩)⟨𝑝⟩

−1 ≲ 1  

ℍΛ(𝑡) = 𝐻𝑓 − ⟨𝜓𝜑𝑡𝜙(𝐆Λ)𝑅𝜑𝑡𝜙(𝐆Λ)𝜓𝜑𝑡⟩  

ℍΛ(𝑡)ℍ𝒟,𝐾,Λ(𝑡) − 4𝜋ln Λ 

𝐁𝐾,Λ(𝑥, 𝑘) = 𝐁𝐾(𝑥, 𝑘)𝟏|𝑘|⩽Λ =
𝑒−𝑖𝑘𝑥

|𝑘|3/2
𝟏𝐾⩽|𝑘|⩽Λ  

ℍ𝒟,𝐾,Λ(𝑡)  = 𝐻𝑓 + ⟨𝜓𝜑𝑡 , (𝐷𝐾,Λ + 2Re⟨𝜎(𝜓𝜑𝑡), 𝐁𝐾,Λ⟩ − 𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ)𝜓𝜑𝑡⟩𝐿2

𝐴𝐾,Λ  = 𝜙(𝐆𝐾) + 2𝑝 ⋅ 𝑎(𝑘𝐁𝐾,Λ) + 2𝑎
∗(𝐤𝐵𝐾,Λ) ⋅ 𝑝

𝐷𝐾,Λ  = 2𝑎
∗(𝑘𝐁𝐾,Λ)𝑎(𝑘𝐁𝐾,Λ) + 𝑎

∗(𝑘𝐁𝐾,Λ)
2
+ 𝑎(𝑘𝐁𝐾,Λ)

2
+ 4𝜋ln 𝐾

 

𝐴𝐾,∞ = 𝐴𝐾 and 𝐷𝐾,∞ = 𝐷𝐾 

±ℍΛ(𝑡) ⩽ 𝐶Λ
2𝐻𝑓 + 𝐶 for all 1 < Λ < ∞

±ℍ𝒟,𝐾,Λ(𝑡) ⩽ 𝐶𝐾
2𝐻𝑓 + 𝐶ln 𝐾 for all 2 ⩽ 𝐾 < Λ ⩽ ∞

 

ℍ𝒟,𝐾,Λ(𝑡) = ℍΛ(𝑡) + 4𝜋ln Λ  for all  2 ⩽ 𝐾 < Λ < ∞  

|⟨Ψ, (ℍ𝒟,𝐾,∞(𝑡) − ℍ𝒟,𝐾,Λ(𝑡))Φ⟩| ⩽
𝐶𝐾1/2

Λ1/4
(⟨Ψ,𝐻𝑓Ψ⟩ + ⟨Φ,𝐻𝑓Φ⟩ + 1)  

ℍ𝒟,𝐾(𝑡): = ℍ𝒟,𝐾,∞(𝑡) 

‖𝑅𝜑𝑡‖ ≲ 1 

‖⟨𝑝⟩𝑃𝜑𝑡‖ ≲ 1 
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  ℎ:= ℎ𝜑𝑡𝑒:= 𝑒(𝜑𝑡), 𝑅:= 𝑅𝜑𝑡(ℎ − 𝑒)𝑅 = 𝑄 = 1 − 𝑃 = |𝜓⟩⟨𝜓| 

𝜙−(𝑓):= 𝑎∗(𝑓) − 𝑎(𝑓) 

2𝑎∗(𝑘𝐁)𝑎(𝑘𝐁) + 𝑎∗(𝑘𝐁)𝑎∗(𝑘𝐁) + 𝑎(𝑘𝐁)𝑎(𝑘𝐁) = 𝜙(𝑘𝐁)2 − ‖𝑘𝐁‖𝐿2
2 𝜙(𝑘𝐁) = −[𝑝, 𝜙−(𝐁)] 

[[𝑝2, 𝜙−(𝐁)], 𝜙−(𝐁)] = 2([𝑝, 𝜙−(𝐁)])2 − 𝑝[𝜙(𝑘𝐁), 𝜙−(𝐁)] − [𝜙(𝑘𝐁), 𝜙−(𝐁)]𝑝 

[𝜙(𝑘𝐁), 𝜙−(𝐁)] = 2Re⟨𝐁, 𝑘𝐁⟩ = 0 

[𝑝, 𝜙−(𝐁)] = 𝜙(𝑘𝐁) 

𝜙(𝑘𝐁)2 =
1

2
[[ℎ − 𝑒, 𝜙−(𝐁)], 𝜙−(𝐁)]  

𝜓 ∈ 𝐿2(ℝ𝑥
3) 

⟨𝜓, 𝜙(𝑘𝐁)2𝜓⟩ = −⟨𝜓, 𝜙−(𝐁)(ℎ − 𝑒)𝜙−(𝐁)𝜓⟩.  

2𝑝 ⋅ 𝑎(𝑘𝐁) + 2𝑎∗(𝑘𝐁) ⋅ 𝑝 = −[ℎ − 𝑒, 𝜙−(𝐁)] − 𝜙(𝑘2𝐁)  

𝐆𝐾 − 𝑘
2𝐁 = 𝐆𝐾 − 𝑘

2𝐁𝐾,Λ = 𝐆Λ and 𝑃(ℎ − 𝑒) = 0 

𝑃𝐴𝐾,Λ𝑄 = 𝑃𝜙(𝐆Λ)𝑄 + 𝑃𝜙
−(𝐁)(ℎ − 𝑒)𝑄

𝑄𝐴𝐾,Λ𝑃 = 𝑄𝜙(𝐆Λ)𝑃 − 𝑄(ℎ − 𝑒)𝜙
−(𝐁)𝑃

 

𝑅 = 𝑄(ℎ − 𝑒)−1𝑄 

⟨𝜓, 𝐴𝐾,Λ𝑅𝐴𝐾,Λ𝜓⟩ =⟨𝜓, 𝜙(𝐆Λ)𝑅𝜙(𝐆Λ)𝜓⟩ + ⟨𝜓, 𝜙
−(𝐁)𝑄𝜙(𝐆Λ)𝜓⟩

 −⟨𝜓, 𝜙(𝐆Λ)𝑄𝜙
−(𝐁)𝜓⟩ − ⟨𝜓, 𝜙−(𝐁)(ℎ − 𝑒)𝜙−(𝐁)𝜓⟩.

 

⟨𝜓, 𝜙−(𝐁)𝑄𝜙(𝐆Λ)𝜓⟩ − ⟨𝜓, 𝜙(𝐆Λ)𝑄𝜙
−(𝐁)𝜓⟩

= ⟨𝜓, [𝜙−(𝐁), 𝜙(𝐆Λ)]𝜓⟩ − ⟨𝜓, 𝜙
−(𝐁)𝑃𝜙(𝐆Λ)𝜓⟩ + ⟨𝜓, 𝜙(𝐆Λ)𝑃𝜙

−(𝐁)𝜓⟩ 

= −2Re⟨𝐁,𝐆Λ⟩ + 2Re⟨⟨𝜓, 𝐆Λ𝜓⟩, ⟨𝜓, 𝐁𝜓⟩⟩  

 = −2Re⟨𝐁,𝐆⟩ + 2Re⟨𝜎(𝜓), ⟨𝜓, 𝐁𝜓⟩⟩

 

ℍ𝒟,𝐾,Λ(𝑡) = ℍΛ(𝑡) + 4𝜋ln 𝐾 − ‖𝑘𝐁‖𝐿2
2 + 2Re⟨𝐁,𝐆⟩ = ℍΛ(𝑡) + 4𝜋ln Λ,  

⟨𝐁, 2𝐆 − 𝑘2𝐁⟩ = ⟨𝐁, 𝐆⟩ = ⟨𝐁𝐾,Λ, 𝐆⟩ = 4𝜋ln Λ − 4𝜋ln 𝐾 

𝐁𝐾 − 𝐁𝐾,Λ = 𝐁Λ 

ℍ𝒟,𝐾,∞(𝑡) − ℍ𝒟,𝐾,Λ(𝑡) = ⟨𝜓𝜑𝑡 , (𝐷𝐾 − 𝐷𝐾,Λ + 2Re⟨𝜎(𝜓𝜑𝑡), 𝐁Λ⟩)𝜓𝜑𝑡⟩  

+(⟨𝜓𝜑𝑡 , (𝐴𝐾,Λ − 𝐴𝐾)𝑅𝜑𝑡𝐴𝐾𝜓𝜑𝑡⟩ +  H.c. ),  

𝐴𝐾 − 𝐴𝐾,Λ = 2𝑎
∗(𝑘𝐁Λ) ⋅ 𝑝 + 2𝑝 ⋅ 𝑎(𝑘𝐁Λ) 

⟨𝜓𝜑𝑡 , 𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ𝜓𝜑𝑡⟩ ⩽ 𝐶𝐾
2(𝐻𝑓 + 1)  
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1

4
⟨𝜓𝜑𝑡 , (𝐴𝐾 − 𝐴𝐾,Λ)𝑅𝜑𝑡(𝐴𝐾 − 𝐴𝐾,Λ)𝜓𝜑𝑡⟩

⩽ ⟨𝜓𝜑𝑡 , (𝑎
∗(𝑘𝐁Λ) ⋅ 𝑝)𝑅𝜑𝑡(𝑝 ⋅ 𝑎(𝑘𝐁Λ))𝜓𝜑𝑡⟩ + ⟨𝜓𝜑𝑡 , (𝑝 ⋅ 𝑎(𝑘𝐁Λ))𝑅𝜑𝑡(𝑎

∗(𝑘𝐁Λ) ⋅ 𝑝)𝜓𝜑𝑡⟩ 

 ⩽ 𝐶Λ−1(𝐻𝑓 + 1)

 

Ψ,Φ ∈ 𝐷 (𝐻𝑓
1/2
) 

|⟨Ψ, (6.18 b)Φ⟩| ≲ 𝐶𝐾Λ−
1
2(⟨Ψ, TΨ⟩ + ⟨Φ, TΦ⟩ + 1)  

𝐁𝐾 − 𝐁𝐾,Λ = 𝐁Λ 

𝐷𝐾 −𝐷𝐾,Λ = 2𝑎
∗(𝑘𝐁𝐾)𝑎(𝑘𝐁Λ) + 2𝑎

∗(𝑘𝐁Λ)𝑎(𝑘𝐁𝐾,Λ)

 +(𝑎∗(𝑘𝐁𝐾)𝑎
∗(𝑘𝐁Λ) + 𝑎

∗(𝑘𝐁Λ)𝑎
∗(𝑘𝐁𝐾,Λ) +  H.c. )

 

Ψ,Φ ∈ 𝐷 (𝐻𝑓
1/2
) 

|⟨Ψ, (𝐷𝐾 −𝐷𝐾,Λ)Φ⟩| ≲ 𝐶(𝐾Λ)
−
1
4(⟨Ψ,𝐻𝑓Ψ⟩ + ⟨Φ,𝐻𝑓Φ⟩ + 1)  

‖𝜎(𝜓𝜑𝑡)‖𝐿2
≲ ‖𝐵Λ‖𝐿2 ≲ Λ

−1 

ℍ𝒟,𝐾,Λ(𝑡)𝜑0 ∈ 𝔥1/2𝑒(𝜑0) < 𝑇, 𝐶, 𝐾0 > 

2

3
𝐻𝑓 − 𝐶ln 𝐾(𝑁 + 1)  ⩽ ℍ𝒟,𝐾,Λ(𝑡) ⩽

3

2
𝐻𝑓 + 𝐶ln 𝐾

±𝜕𝑡ℍ𝒟,𝐾,Λ(𝑡)  ⩽ 𝐶𝐾
2(𝐻𝑓 + 1)

±𝑖[ℍ𝒟,𝐾,Λ(𝑡), 𝑁]  ⩽ 𝐶𝐾
2(𝐻𝑓 + 1)

 

|𝑡| ⩽ 𝑇𝐾0 ⩽ 𝐾 < Λ ⩽ ∞− 𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ ± 𝐷𝐾 ⩽
1

4
𝐻𝑓 + 𝐶ln 𝐾 

|2Re⟨𝜎(𝜓𝜑𝑡), 𝐵𝐾,Λ⟩| ≲ ‖𝐵𝐾‖𝐿2 ≲ 𝐾
−1 

𝐷𝐾,Λ + 2Re⟨𝜎(𝜓𝜑𝑡), 𝐁𝐾,Λ⟩ − 𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ ≳ ln 𝐾(𝑁 + 1) 

𝜕𝑡ℍ𝒟,𝐾,Λ(𝑡) =2Re⟨𝜓̇𝜑𝑡 , (𝐷𝐾,Λ + 2Re⟨𝜎(𝜓𝜑𝑡), 𝐁𝐾,Λ⟩ − 𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ)𝜓𝜑𝑡⟩

 +⟨𝜓𝜑𝑡 , (2Re⟨𝜎̇(𝜓𝜑𝑡), 𝐁𝐾,Λ⟩ − 𝐴𝐾,Λ𝑅̇𝜑𝑡𝐴𝐾,Λ)𝜓𝜑𝑡⟩
 

⟨Ψ, ⟨𝜑̇𝜓𝑡 , 𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ𝜓𝜑𝑡⟩Ψ⟩ = ⟨𝜓̇𝜑𝑡⊗Φ, (𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ)𝜓𝜑𝑡⊗Φ⟩  

2 ∣ ⟨𝜓̇𝜑𝑡⊗Φ, (𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ)𝜓𝜑𝑡⊗Φ⟩

⩽ |⟨𝜓̇𝜑𝑡⊗Φ, (𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ)𝜓̇𝜑𝑡⊗Φ⟩| + |⟨𝜓𝜑𝑡⊗Φ, (𝐴𝐾,Λ𝑅𝜑𝑡𝐴𝐾,Λ)𝜓𝜑𝑡⊗Φ⟩| 

⩽ 𝐶𝐾2(‖⟨𝑝⟩𝑅𝜑𝑡⟨𝑝⟩‖ + ‖𝑅𝜑𝑡‖) (‖⟨𝑝⟩𝜓̇𝜑𝑡‖𝐿2
2
+ ‖⟨𝑝⟩𝜓𝜑𝑡‖𝐿2

2
)‖⟨𝐻𝑓

1/2
⟩Φ‖

2

 

 ⩽ 𝐶𝐾2 ‖⟨𝐻𝑓

1
2⟩Φ‖

2

 

‖⟨𝑝⟩𝜓̇𝜑𝑡‖𝐿2
= ‖⟨𝑝⟩𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡‖𝐿2

⩽ 𝐶 

‖𝐹−1/2𝐷𝐾𝐹
−1/2‖ ≲ 1 
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𝐹 = 𝐾−1/2(1 + 𝐻𝑓) + ln 𝐾 

|⟨Ψ, 𝐷𝐾Φ⟩| ≲ ⟨Ψ, 𝐹Ψ⟩ + ⟨Φ, 𝐹Φ⟩ for all Ψ,Φ ∈ 𝐷 (𝐻𝑓
1/2
) 

⟨Ψ, [ℍ𝒟,Λ,𝐾(𝑡), 𝑁]Ψ⟩ =⟨𝜓𝜑𝑡⊗Ψ, [𝐷𝐾,Λ, 𝑁]𝜓𝜑𝑡⊗Ψ⟩

 −2Re⟨𝜓𝜑𝑡⊗Ψ, [𝐴𝐾,Λ, 𝑁]𝑅𝜑𝑡𝐴𝐾,Λ𝜓𝜑𝑡⊗Ψ⟩
 

𝕌𝐾,Λ(𝑡) ℍ𝒟,𝐾,Λ(𝑡)𝕌𝐾,Λ(𝑡) →
Λ→∞ 

𝕌𝐾,∞(𝑡)𝑒(𝜑0) < ℍ𝒟,𝐾,Λ(𝑡)  

𝐾0 ⩽ 𝐾 < Λ ⩽ ∞ and Ψ ∈ 𝐷 (𝐻𝑓
1/2
) ⊂ ℱ 

Ψ ∈ 𝐶([−𝑇, 𝑇], ℱ) ∩ 𝐿∞ ([−𝑇, 𝑇], 𝐷 (𝐻𝑓
1/2
)) 

{
𝑖𝜕𝑡Ψ(𝑡)  = ℍ𝒟,𝐾,Λ(𝑡)Ψ(𝑡)

Ψ(0)  = Ψ
 

𝐷 ((1 + 𝐻𝑓)
−1/2

)Ψ ↦ Ψ(𝑡)𝕌𝐾,Λ(𝑡) 

⟨𝕌𝐾,Λ(𝑡)Ψ,𝐻𝑓𝕌𝐾,Λ(𝑡)Ψ⟩ ⩽ 𝐶𝐾⟨Ψ, (𝐻𝑓 + 1)Ψ⟩  

Λ ∈ (𝐾,∞], |𝑡| ⩽ 𝑇 

𝑠 − lim
Λ→∞

 𝕌𝐾,Λ(𝑡) = 𝕌𝐾,∞(𝑡)  

𝐾 ⩾ 𝐾0, |𝑡| ⩽ 𝑇𝑡 ↦ 𝕌𝐾,∞(𝑡)𝕌Λ(𝑡) 

𝕌Λ(𝑡) = 𝕌𝐾,Λ(𝑡)exp (𝑖𝑡4𝜋ln Λ).  

𝕌Λ(𝑡)exp (−𝑖𝑡4𝜋ln Λ) →
Λ→∞ 

𝕌𝐾,∞(𝑡) =:𝕌(𝑡) 

Ψ ∈ 𝐷 (𝐻𝑓
1/2
) 

‖(𝕌𝐾,Λ(𝑡) − 𝕌𝐾,∞(𝑡))Ψ‖
2
= 2Re∫  

𝑡

0

⟨𝕌𝐾,Λ(𝑠)Ψ, (ℍ𝒟,𝐾,Λ(𝑠) − ℍ𝒟,𝐾,∞(𝑠))𝕌𝐾,∞(𝑠)Ψ⟩d𝑠 

⩽
𝐶𝐾𝐾

1
2

Λ1/4
∫  
𝑡

0

  (⟨𝕌𝐾,Λ(𝑠)Ψ,𝐻𝑓𝕌𝐾,Λ(𝑠)Ψ⟩ + ⟨𝕌𝐾,∞(𝑠)Ψ,𝐻𝑓𝕌𝐾,∞(𝑠)Ψ⟩ + 1)d𝑠 

 ⩽ 𝐶𝐾|𝑡|𝐾
1
2Λ−

1
4

 

𝐷 (𝐻𝑓
1/2
) ⊆ ℱ 

𝕌𝐾,Λ(𝑡) →
Λ→∞ 

𝕌𝐾,∞(𝑡) 

𝕌(𝑡)∗(𝑁 + 1)𝑚𝕌(𝑡) ⩽ 𝐶𝑚(𝑁 + 1)
𝑚  

𝕌(𝑡) = 𝕌𝐾,∞(𝑡) 

𝑖𝜕𝑡 ‖(𝑁 + 1)
1
2𝕌(𝑡)Ψ‖

2

⩽ |⟨𝕌(𝑡)Ψ, [ℍ𝒟,𝐾,∞(𝑡), 𝑁]𝕌(𝑡)Ψ⟩| ⩽ 𝐶 ‖(𝑁 + 1)
1
2𝕌(𝑡)Ψ‖

2

,  
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𝛿(𝑡): = 𝑒𝑖𝜀
−2𝜇(𝑡)𝑊(𝜀−1𝜑𝑡)

∗𝑒−𝑖𝑡𝜀
−2𝐻𝜀𝑊(𝜀−1𝜑0)𝜓𝜑0⊗Ω−𝜓𝜑𝑡⊗𝕌(𝑡)Ω  

𝑒−𝑖𝑡𝜀
−2𝐻𝜀𝕌(𝑡)(𝜑𝑡 , 𝜓𝜑𝑡)𝜑0 ∈ 𝔥1/2𝑒(𝜑0) 

𝜇(𝑡) = ∫  
𝑡

0

  (Im⟨𝜑𝑠, 𝜕𝑠𝜑𝑠⟩ + ‖𝜔
1/2𝜑𝑠‖𝐿2

2
+ 𝑒(𝜑𝑠)) d𝑠  

𝑖𝜕𝑡𝕌(𝑡)Ω = ℍ𝒟,𝐾,∞(𝑡)𝕌(𝑡)Ω, 𝑖𝜕𝑡𝜑𝑡 = 𝜔𝜑𝑡 + 𝜎(𝜓𝜑𝑡), 𝜕𝑡𝜓𝜑𝑡 = 𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡𝜓𝜑𝑡  

ℍ𝒟,𝐾,∞(𝑡) (ℎ𝜑𝑡 − 𝑒(𝜑𝑡))𝜓𝜑𝑡 

𝛿(𝑡):= 𝜉𝐾(𝑡) − 𝜓𝜑𝑡⊗𝕌(𝑡)Ω  

𝜉𝐾(𝑡):= 𝑒
𝑖𝜀−2𝜇(𝑡)𝑈𝐾

𝜀𝑊(𝜀−1𝜑𝑡)
∗𝑒−𝑖𝑡𝜀

−2𝐻𝜀𝑊(𝜀−1𝜑0)(𝑈𝐾
𝜀)∗𝜓𝜑0⊗Ω  

𝑈𝐾
𝜀 = exp (𝜀𝑎∗(𝑩𝐾) − 𝜀𝑎(𝑩𝐾)),𝑩𝐾(𝑥, 𝑘) =

𝑮(𝑥, 𝑘)

𝑘2
𝟏{|𝑘|⩾𝐾}  

‖(𝑈𝐾
𝜀 − 𝟏)Ψ‖ ≲ 𝜀‖𝐵𝐾‖𝐿2‖(𝑁 + 1)

1/2Ψ‖  for all  Ψ ∈ 𝐷(𝑁1/2),  

‖𝐵𝐾‖𝐿2 ≲ 𝐾
−1 

‖(𝑈𝐾
𝜀)∗𝛿(𝑡) − 𝛿(𝑡)‖ ⩽ ‖((𝑈𝐾

𝜀)∗ − 𝟏)𝜓𝜑0⊗Ω‖ + ‖((𝑈𝐾
𝜀)∗ − 𝟏)𝜓𝜑𝑡⊗𝕌(𝑡)Ω‖ ≲ 𝜀𝐾

−1  

‖𝛿(𝑡)‖ ≲ ‖𝛿(𝑡)‖ + 𝜀𝐾−1 

𝐾 = 𝜀−4/5𝛿(𝑡) 

𝑈𝐾
𝜀𝑊(𝜀−1𝜑𝑡)

∗ = 𝑊(𝜀−1𝜑𝑡)
∗𝑈𝐾
𝜀𝑒−𝑖𝑔𝐾,𝜑𝑡(𝑥) 

𝑔𝐾,𝜑𝑡(𝑥) = 2Im⟨𝜑𝑡, 𝑩𝐾(𝑥,⋅)⟩, 

𝑈𝐾
𝜀𝐻𝜀(𝑈𝐾

𝜀)∗ = 𝐻𝒟,𝐾
𝜀  

𝜉𝐾(𝑡) = 𝑒
𝑖𝜀−2𝜇(𝑡)𝑒−𝑖𝑔𝐾,𝜑𝑡(𝑥)𝑊(𝜀−1𝜑𝑡)

∗𝑒−𝑖𝑡𝜀
−2𝐻𝒟,𝐾

𝜀
𝑊(𝜀−1𝜑0)𝑒

𝑖𝑔𝐾,𝜑0(𝑥)𝜓𝜑0⊗Ω  

‖(𝑝2 + 𝜀2𝐻𝑓)
1/2
𝜉𝐾(𝑡)‖ ⩽ 𝐶𝐾

1
2  

‖(𝑝2 + 𝜀2𝐻𝑓)
1/2
𝜉𝐾(𝑡)‖

= ‖(𝑝2 + 𝜀2𝐻𝑓)
1/2
𝑒−𝑖𝑔𝐾,𝜑𝑡(𝑥)𝑊(𝜀−1𝜑𝑡)

∗𝑒−𝑖𝑡𝜀
−2𝐻𝒟,𝐾𝑊(𝜀−1𝜑0)𝑒

𝑖𝑔𝐾,𝜑0(𝑥)𝜓𝜑0⊗Ω‖ 

 ≲ ‖(𝑝2 + 𝜀2𝐻𝑓 + 1)
1/2
𝑒−𝑖𝑡𝜀

−2𝐻𝒟,𝐾
𝜀 𝑊(𝜀−1𝜑0)𝑒

𝑖𝑔𝐾,𝜑0
(𝑥)
𝜓𝜑0⊗Ω‖

 

𝑒𝑖𝑔𝐾,𝜑𝑡(𝑥)𝑝2𝑒−𝑖𝑔𝐾,𝜑𝑡(𝑥)= 𝑝2 + 𝑝 ⋅ (∇𝑔𝐾,𝜑𝑡)(𝑥) + (∇𝑔𝐾,𝜑𝑡)(𝑥) ⋅ 𝑝 + |(∇𝑔𝐾,𝜑𝑡)(𝑥)|
2
 

⩽ 2𝑝2 + 2|(∇𝑔𝐾,𝜑𝑡)(𝑥)|
2

 

𝑊(𝜀−1𝜑𝑡)𝜀
2𝐻𝑓𝑊(𝜀

−1𝜑𝑡)
∗ = 𝜀2𝐻𝑓 + 𝜀𝜙(𝜔𝜑𝑡) + ‖𝜑𝑡‖𝔥1/2

2 ⩽ 2𝜀2𝐻𝑓 + 2‖𝜑𝑡‖𝔥1/2
2

 

‖𝜑𝑡‖𝔥1/2
2 ≲ 1 

|(∇𝑔𝐾,𝜑𝑡)(𝑥)| = 2|⟨𝜑𝑡 , 𝑘𝐁(𝑥,⋅)⟩| ⩽ ‖𝜑𝑡‖𝔥1/2‖𝜔
1/2𝐵𝐾‖𝐿2 ≲ 1  
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‖(𝑝2 + 𝜀2𝐻𝑓)
1/2
𝜉𝐾(𝑡)‖≲ ‖(𝐻𝒟,𝐾

𝜀 + 𝐾)
1/2
𝑊(𝜀−1𝜑0)𝑒

𝑖𝑔𝐾,𝜑0(𝑥)𝜓𝜑0⊗Ω‖  

≲ ‖(𝑝2 + 𝜀2𝐻𝑓 + 𝐾)𝑊(𝜀
−1𝜑0)𝑒

𝑖𝑔𝐾,𝜑0(𝑥)𝜓𝜑0⊗Ω‖ 

≲ ‖(𝑝2 + 𝜀2𝐻𝑓 + 𝐾)
1/2
𝜓𝜑0⊗Ω‖  

 ≲ 𝐾
1
2

 

𝑖𝜕𝑡𝑊(𝜀
−1𝜑𝑡)

∗ = (−𝜀−1𝜙(𝑖𝜑̇𝑡) + 𝜀
−2Im⟨𝜑𝑡, 𝜑̇𝑡⟩)𝑊(𝜀

−1𝜑𝑡)
∗  

𝜇̇(𝑡) = Im⟨𝜑𝑡, 𝜑̇𝑡⟩ + ‖𝜔
1/2𝜑𝑡‖𝐿2

2
+ 𝑒(𝜑𝑡) 

ℒ𝒟,𝐾
𝜀 (𝑡)𝑖𝜕𝑡𝜉𝐾(𝑡) = ℒ𝒟,𝐾

𝜀 (𝑡)𝜉𝐾(𝑡) 

𝑖𝜑̇𝑡 = 𝜔𝜑𝑡 + 𝜎(𝜓𝜑𝑡) 

ℒ𝒟,𝐾
𝜀 (𝑡) =𝑒−𝑖𝑔𝐾,𝜑𝑡(𝑥)𝑊(𝜀−1𝜑𝑡)

∗𝜀−2𝐻𝒟,𝐾
𝜀 𝑊(𝜀−1𝜑𝑡)𝑒

𝑖𝑔𝐾,𝜑𝑡(𝑥)

−𝜀−2 (‖𝜔1/2𝜑𝑡‖𝐿2
2
− 𝑒(𝜑𝑡)) − 𝜀

−1𝜙 (𝜔𝜑𝑡 + 𝜎(𝜓𝜑𝑡)) + 2Re⟨𝐁𝐾 , 𝜔𝜑𝑡 + 𝜎(𝜓𝜑𝑡)⟩ 

=𝜀−2 (ℎ𝜑𝑡 − 𝑒(𝜑𝑡)) + 𝜀
−1 (𝐴𝐾 −𝜙 (𝜎(𝜓𝜑𝑡)))

 +(𝐻𝑓 + 𝐷𝐾 + 2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑡)⟩) − 𝜀𝜙(𝜔𝐁𝐾) + 𝜀
2‖𝜔1/2𝐵𝐾‖𝐿2

2

 

𝐴𝐾 = 𝜙(𝐆𝐾) + 2𝑎
∗(𝑘𝐁𝐾) ⋅ 𝑝 + 2𝑝 ⋅ 𝑎(𝑘𝐁𝐾)

𝐷𝐾 = 2𝑎
∗(𝑘𝐁𝐾)𝑎(𝑘𝐁𝐾) + 𝑎

∗(𝑘𝐁𝐾)
2 + 𝑎(𝑘𝐁𝐾)

2 + 4𝜋ln 𝐾
 

𝛿(𝑡) = 𝜉𝐾(𝑡) − 𝜁(𝑡) 

𝜁(𝑡) = 𝜓𝜑𝑡⊗𝕌(𝑡)Ω 

𝜕𝑡𝜉𝐾(𝑡) = −𝑖ℒ𝒟,𝐾
𝜀 (𝑡)𝜉𝐾(𝑡), 𝜕𝑡𝜁(𝑡) = (−𝑖ℍ𝒟,𝐾,∞(𝑡) + 𝑅𝜑𝑡𝑉𝑖𝜔𝜑𝑡)𝜁(𝑡)  

‖𝜉𝐾(𝑡)‖ = ‖𝜁(𝑡)‖ = 1 

1

2

𝑑

𝑑𝑡
‖𝛿(𝑡)‖2= −

𝑑

𝑑𝑡
Re⟨𝜉𝐾(𝑠), 𝜁(𝑠)⟩  

 = Im⟨𝜉𝐾(𝑠), (ℒ𝒟,𝐾
𝜀 (𝑠) − ℍ𝒟,𝐾,∞(𝑠) − 𝑖𝑅𝜑𝑠𝑉𝑖𝜔𝜑𝑠)𝜁(𝑠)⟩

 

‖𝛿(𝑡)‖2= 2Im∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), (ℒ𝒟,𝐾
𝜀 (𝑠) − ℍ𝒟,𝐾,∞(𝑠) − 𝑖𝑅𝜑𝑠𝑉𝑖𝜔𝜑𝑠)𝜁(𝑠)⟩ 

 = 2Im(ℳ(1) +ℳ(2) +ℛ(3) +ℛ(4) +ℛ(5))

 

ℳ(1)  = ∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), 𝜀
−1 (𝐴𝐾 − 𝜙 (𝜎𝜓𝜑𝑠)) 𝜁(𝑠)⟩

ℳ(2)  = ∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑃𝜑𝑠𝐴𝐾𝑅𝜑𝑠𝐴𝐾𝜁(𝑠)⟩

ℛ(3)  = ∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠(𝐷𝐾 + 2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩)𝜁(𝑠)⟩

ℛ(4)  = ∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), (−𝑖𝑅𝜑𝑠𝑉𝑖𝜔𝜑𝑠)𝜁(𝑠)⟩

ℛ(5)  = ∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), (−𝜀𝜙(𝜔𝐁𝐾) + 𝜀
2‖𝜔1/2𝐵𝐾‖𝐿2

2
) 𝜁(𝑠)⟩
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𝑃𝜑𝑠 = |𝜓𝜑𝑠⟩⟨𝜓𝜑𝑠| and 𝑄𝜑𝑠 = 𝟏 − 𝑃𝜑𝑠 

ℍ𝒟,𝐾,∞(𝑠)𝜁(𝑠) = 𝑃𝜑𝑠(𝐻𝑓 + 𝐷𝐾 + 2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩ − 𝐴𝐾𝑅𝜑𝑠𝐴𝐾)𝜁(𝑠)  

ℛ(3) = ℛ(3.1) +ℛ(3.2) 

|ℛφ| ≲ ∫  
𝑡

0

  d𝑠|⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩𝜁(𝑠)⟩| ≲ ‖𝐵𝐾‖𝐿2∫  
𝑡

0

  d𝑠‖𝜎(𝜓𝜑𝑠)‖𝐿2
≲ 𝐾−1  

‖𝐵𝐾‖𝐿2 ≲ 𝐾
−1 and ‖𝜎(𝜓𝜑𝑠)‖𝐿2

≲ 1 

𝑄𝜑𝑠𝐷𝐾𝜁(𝑠) = 𝑄𝜑𝑠(𝐷𝐾 − 4𝜋ln 𝐾)𝜁(𝑠) 

𝑄𝜑𝑠𝜁(𝑠) = 0 

|ℛϱ|⩽ ∫  
𝑡

0

  d𝑠|⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠(𝐷𝐾 − 4𝜋ln 𝐾)𝜁(𝑠)⟩|  

≲ ∫  
𝑡

0

  d𝑠‖⟨𝑝⟩𝜉𝐾(𝑠)‖ ‖⟨𝑝⟩
−1(𝐷𝐾 − 4𝜋ln 𝐾)⟨𝑝⟩

−1 ⟨𝑁
1
2⟩
−2

‖‖⟨𝑝⟩ ⟨𝑁
1
2⟩
2

𝜁(𝑠)‖ 

 ≲ 𝐾−1/4

 

‖⟨𝑝⟩ ⟨𝑁
1
2⟩
2

𝜁(𝑠)‖ ≲ ‖𝜓𝜑𝑠‖𝐻1
‖⟨𝑁

1
2⟩
2

𝕌(𝑠)Ω‖ ≲ 1  

|ℛ(3)| ≲ 𝐾−1/4  

|ℛς|≲ 𝜀 ∫  
𝑡

0

  d𝑠‖⟨𝑝⟩𝜉𝐾(𝑠)‖⟨𝑝⟩
−1𝜙(𝜔𝐁𝐾) ⟨𝑁

1
2⟩
−1

⟨𝑝⟩−1‖‖⟨𝑝⟩ ⟨𝑁
1
2⟩ 𝜁(𝑠)‖ 

 ≲ 𝜀𝐾−3/4
 

‖𝜔1/2𝐵𝐾‖𝐿2
2
⩽ 𝐶𝐾−1 

|ℛ(5.2)| ≲ 𝜀2𝐾−1 

𝑄𝜑𝑠𝜉𝐾(𝑠) =𝑅𝜑𝑠 (ℎ𝜑𝑠 − 𝑒(𝜑𝑠)) 𝜉𝐾(𝑠)

=𝑅𝜑𝑠 (𝜀
2(𝑖𝜕𝑠 − ℒ𝒟,𝐾

𝜀 (𝑠)) + ℎ𝜑𝑠 − 𝑒(𝜑𝑠)) 𝜉𝐾(𝑠)

=𝑅𝜑𝑠 (−𝜀 (𝐴𝐾 − 𝜙 (𝜎𝜓𝜑𝑠)) + 𝜀
2(𝑖𝜕𝑠 −𝐻𝑓 − 𝐷𝐾 − 2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩)

 +𝜀3𝜙(𝜔𝐁𝐾) − 𝜀
4‖𝜔1/2𝐵𝐾‖𝐿2

2
) 𝜉𝐾(𝑠)

 

(𝑖𝜕𝑠 − ℒ𝒟,𝐾
𝜀 (𝑠))𝜉𝐾(𝑠) = 0 

 

𝑄𝜑𝑠𝜉𝐾(𝑠)Ran(𝑄𝜑𝑠) ⊂ 𝐿
2⊗ℱ 

𝜀2(𝑖𝜕𝑠 − ℒ𝒟,𝐾
𝜀 (𝑠)) + (ℎ𝜑𝑠 − 𝑒(𝜑𝑠)) 

ℳ(1) = ∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), 𝜀
−1 (𝐴𝐾 − 𝜙 (𝜎𝜓𝜑𝑠)) 𝜁(𝑠)⟩ = ∫  

𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝜀
−1𝑄𝜑𝑠𝐴𝐾𝜁(𝑠)⟩  
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𝑃𝜑𝑠 +𝑄𝜑𝑠 , 𝑄𝜑𝑠𝜙(𝜎(𝜓𝜑𝑠)) 𝜁(𝑠) = 𝜙 (𝜎(𝜓𝜑𝑠))𝑄𝜑𝑠𝜁(𝑠) 

𝑃𝜑𝑠 (𝐴𝐾 − 𝜙 (𝜎(𝜓𝜑𝑠)))𝑃𝜑𝑠 = 0  

𝑃𝜑𝑠(𝑎
∗(𝐺𝐾) + 2𝑎

∗(𝑘𝐁𝐾) ⋅ 𝑝)𝑃𝜑𝑠= 𝑃𝜑𝑠⊗∫  d𝑘⟨𝜓𝜑𝑠 , (𝐆𝐾(⋅, 𝑘) + 2𝑘𝐁𝐾(⋅, 𝑘) ⋅ 𝑝)𝜓𝜑𝑠⟩𝑎𝑘
∗  

 = 𝑃𝜑𝑠⊗𝑎
∗ (𝜎(𝜓𝜑𝑠))

 

⟨𝜓𝜑𝑠 , 𝐆𝐾𝜓𝜑𝑠⟩ = 𝜎(𝜓𝜑𝑠)𝟏|𝑘|⩽𝐾 

2⟨𝜓𝜑𝑠 , (𝑘𝐁𝐾 ⋅ 𝑝)𝜓𝜑𝑠⟩ = ⟨𝜓𝜑𝑠 , 𝐺𝜓𝜑𝑠⟩𝟏|𝑘|⩾𝐾 = 𝜎(𝜓𝜑𝑠)𝟏|𝑘|⩾𝐾(𝑝 ⋅ 𝑘𝐁𝐾) = 𝐆𝟏|𝑘|⩾𝐾 

ℳ(ϑ) =ℳ(ζ) +ℛ(ε) +ℛ(ϵ) +ℛ(γ)  

ℳ(ξ) = −∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), (𝐴𝐾 − 𝜙(𝜎(𝜓𝜑𝑠)))𝑅𝜑𝑠𝐴𝐾𝜁(𝑠)⟩

ℛ(𝔗) = 𝜀 ∫  
𝑡

0

  d𝑠⟨(𝑖𝜕𝑠 −𝐻𝑓)𝜉𝐾(𝑠), 𝑅𝜑𝑠𝐴𝐾𝜁(𝑠)⟩

ℛ(ℑ) = −𝜀∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝐷𝐾𝑅𝜑𝑠𝐴𝐾𝜁(𝑠)⟩

ℛ(ℵℶℷℸ) = ∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), (−2𝜀Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩ + 𝜀
2𝜙(𝜔𝐁𝐾) − 𝜀

3 ‖𝜔
1
2𝐵𝐾‖

𝐿2

2

)𝑅𝜑𝑠𝐴𝐾𝜁(𝑠)⟩

 

𝟏 = 𝑃𝜑𝑠 + 𝑄𝜑𝑠 

𝑃𝜑𝑠𝜙(𝜎(𝜓𝜑𝑠))𝑅𝜑𝑠 = 0 

ℳ(ϰ) = −ℳ(ℓ) +ℛ(ℌ)  

ℛ(℘) = −∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠 (𝐴𝐾 − 𝜙 (𝜎(𝜓𝜑𝑠)))𝑅𝜑𝑠𝐴𝐾𝜁(𝑠)⟩  

𝟏 = ⟨𝑝⟩⟨𝑝⟩−1 and 𝟏 = ⟨𝑁
1

2⟩
−1

⟨𝑁
1

2⟩
1

 

|ℛ(ℊ)| ⩽ 𝜀 ∫  
𝑡

0

  d𝑠(‖⟨𝑝⟩𝜉𝐾(𝑠)‖ | ⟨𝑝⟩
−1𝐷𝐾⟨𝑝⟩

−1 ⟨𝑁
1
2⟩
−2

‖‖⟨𝑝⟩𝑅𝜑𝑠⟨𝑝⟩ ‖

× ‖⟨𝑁
1
2⟩
2

⟨𝑝⟩−1𝐴𝐾⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−3

‖‖⟨𝑁
1
2⟩
3

⟨𝑝⟩𝜁(𝑠)‖)

 

‖⟨𝑝⟩𝜉𝐾(𝑠)‖ ≲ 𝐾
1
2 

‖⟨𝑁
1
2⟩
3

⟨𝑝⟩𝜁(𝑠)‖ ≲ 1 

‖⟨𝑝⟩𝑅𝜑𝑠⟨𝑝⟩‖ ≲ 1 

|ℛ(ℏ)| ≲ 𝜀𝐾
1
2(ln 𝐾)

3
2  
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‖⟨𝑝⟩𝑅𝜑𝑠⟨𝑝⟩‖ ≲ 1 

|ℛ(ℜ)| ≲ (ln 𝐾)
1
2 (𝜀𝐾−1 + 𝜀2𝐾−

1
2)  

ℛ(ℳ)  = ⟨𝑖𝜉𝐾(𝑠), 𝜀𝑅𝜑𝑠𝐴𝐾𝜁(𝑠)⟩|𝑠=0
𝑠=𝑡

ℛ(⊗)  = −𝜀∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑅𝜑𝑠[𝐻𝑓, 𝐴𝐾]𝜁(𝑠)⟩

ℛ(△)  = 𝜀 ∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑅𝜑𝑠𝐴𝐾𝑃𝜑𝑠(𝐴𝐾𝑅𝜑𝑠𝐴𝐾 − 𝐷𝐾 − 2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩)𝜁(𝑠)⟩

ℛ(⋆)  = 𝑖𝜀 ∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), (𝑅̇𝜑𝑠𝐴𝐾 − 𝑖𝑅𝜑𝑠𝐴𝐾𝑅𝜑𝑠𝑉𝑖𝜔𝜑𝑠)𝜁(𝑠)⟩

 

‖⟨𝑝⟩−1𝑉𝑖𝜔𝜑𝑠⟨𝑝⟩
−1‖ ≲ ‖𝜑𝑠‖𝔥1/2‖𝜓𝜑𝑠‖𝐻1

2
≲ 1 

|ℛ(⊠)| + |ℛ(†)| + |ℛ(‡)| ≲ 𝜀(ln 𝐾)
3
2  

|ℛ(⊙)|⩽ 𝜀 ∫  
𝑡

0

  d𝑠‖𝑅𝜑𝑠⟨𝑝
2⟩‖‖⟨𝑝⟩−2[𝐻𝑓 , 𝐴𝐾]⟨𝑝⟩

−2 ⟨𝑁
1
2⟩
−1

‖‖⟨𝑝2⟩ ⟨𝑁
1
2⟩
2

𝜁(𝑠)‖ 

 ≲ 𝜀𝐾

 

‖𝑅𝜑𝑠⟨𝑝
2⟩‖ + ‖𝜓𝜑𝑠‖𝐻2

≲ 1 

|ℛ(1.2)| ≲ 𝜀𝐾  

𝜑𝑠 = 𝜑𝑠,𝐿 + 𝜑𝑠,>𝐿 

𝜑𝑠,𝐿: = 𝟏|𝑘|⩽𝐿𝜑𝑠 

𝑉𝑖𝜔𝜑𝑠 = 𝑉𝑖𝜔𝜑𝑠,𝐿 + 𝑉𝑖𝜔𝜑𝑠,>𝐿 

|∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), (−𝑖𝑅𝜑𝑠𝑉𝑖𝜔𝜑𝑠,>𝐿)𝜁(𝑠)⟩|

 ⩽ ∫  
𝑡

0

  d𝑠‖𝑅𝜑𝑠‖‖𝑉𝑖𝜔𝜑𝑠,>𝐿⟨𝑝⟩
−2‖‖⟨𝑝⟩2𝜁(𝑠)‖ ≲ 𝐿−1/4

 

‖𝑉𝑖𝜔𝜑𝑠,>𝐿⟨𝑝⟩
−2‖ ≲ ‖𝜔𝜑𝑠,>𝐿‖𝔥−3/4

≲ 𝐿−1/4‖𝜑𝑠‖𝔥1/2 ≲ 𝐿
−1/4

 

ℛ(⋀) = −𝑖𝜀 ∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), (−𝐴𝐾 + 𝜙 (𝜎(𝜓𝜑𝑠)))𝑅𝜑𝑠
2 𝑉𝑖𝜔𝜑𝑠,𝐿𝜁(𝑠)⟩

ℛ(⋁) = −𝑖𝜀2∫  
𝑡

0

  d𝑠⟨(𝑖𝜕𝑠 − 𝐻𝑓)𝜉𝐾(𝑠), 𝑅𝜑𝑠
2 𝑉𝑖𝜔𝜑𝑠,𝐿𝜁(𝑠)⟩

ℛ(∆) = 𝑖𝜀2∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), (𝐷𝐾 + 2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩)𝑅𝜑𝑠
2 𝑉𝑖𝜔𝜑𝑠,𝐿𝜁(𝑠)⟩

ℛ(∇) = 𝑖∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), (−𝜀
3𝜙(𝜔𝐁𝐾) + 𝜀

4 ‖𝜔
1
2𝐵𝐾‖

2

2

)𝑅𝜑𝑠
2 𝑉𝑖𝜔𝜑𝑠,𝐿𝜁(𝑠)⟩ .

 

|ℛ(∎)| + |ℛ(∎)| + |ℛ(∎)| ≲ 𝜀ln 𝐾.  
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‖⟨𝑝⟩−1𝑉𝑖𝜔𝜑𝑠,𝐿⟨𝑝⟩
−1‖ ≲ ‖𝜑𝑠‖𝔥1/2 ≲ 1 

ℛ(⊥)= 𝜀2⟨𝜉𝐾(𝑠), 𝑅𝜑𝑠
2 𝑉𝑖𝜔𝜑𝑠,𝐾𝜁(𝑠)⟩|𝑠=0

𝑠=𝑡
 

ℛ(∤)= −𝑖𝜀2∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑅𝜑𝑠
2 𝑉𝑖𝜔𝜑𝑠,𝐿𝑃𝜑𝑠(𝐴𝐾𝑅𝜑𝑠𝐴𝐾 −𝐷𝐾 − 2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩)𝜁(𝑠)⟩ 

ℛ(⋕)= 𝑖𝜀2∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), (2𝑅𝜑𝑠𝑅̇𝜑𝑠𝑉𝑖𝜔𝜑𝑠,𝐿 + 𝑅𝜑𝑠
2 𝑉̇𝑖𝜔𝜑𝑠,𝐿)𝜁(𝑠)⟩  

ℛ(∥) = 𝑖𝜀2∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), (𝑅𝜑𝑠
2 𝑉𝑖𝜔𝜑𝑠,𝐿𝑅𝜑𝑠𝑉𝑖𝜔𝜑𝑠)𝜁(𝑠)⟩

 

𝑉̇𝑖𝜔𝜑𝑠,𝐿 = 𝑉𝑖𝜔𝜑̇𝑠,𝐿 = 𝑉𝜔2𝜑𝑠,𝐿 + 𝑉𝜔𝜎𝐿 

𝜎𝐿:= 𝟏|𝑘|⩽𝐿𝜎(𝜓𝜑𝑠) 

𝜔𝜎(𝜓𝜑𝑠) = 𝜔
1/2|𝜓𝜑𝑠|

2̂
 

‖⟨𝑝⟩−1𝑉𝜔𝜎𝐿⟨𝑝⟩
−1‖ ≲ ‖𝜔𝜎(𝜓𝜑𝑠)‖𝔥−1/2

= ‖𝜓𝜑𝑠‖𝐿4
2
≲ 1.  

|𝜀2∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑅𝜑𝑠
2 𝑉̇𝑖𝜔𝜑𝑠,𝐿𝜁(𝑠)⟩|≲ 𝜀

2 sup
|𝑠|⩽𝑇

 (‖𝑉𝜔2𝜑𝑠,𝐿⟨𝑝⟩
−2‖+ ‖⟨𝑝⟩−1𝑉𝜔𝜎𝐿⟨𝑝⟩

−1‖) 

 ≲ 𝜀2 sup
|𝑠|⩽𝑇

 (‖𝜔2𝜑𝑠,𝐿‖𝔥−3/4 + 1) ≲ 𝜀
2𝐿3/2

 

|ℛ(4)| ≲ 𝜀ln 𝐾 + 𝜀2/7.  

𝐴𝐾 = 𝜙(𝐆𝐾) + (𝐴𝐾 −𝜙(𝐆𝐾)) 

ℛ(Λ) = −∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠𝜙(𝐆𝐾 − 𝜎(𝜓𝜑𝑠))𝑅𝜑𝑠𝜙(𝐆𝐾)𝜁(𝑠)⟩

ℛ(Ξ) = ∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠𝜙(𝐆𝐾 − 𝜎(𝜓𝜑𝑠))𝑅𝜑𝑠(𝐴𝐾 − 𝜙(𝐆𝐾))𝜁(𝑠)⟩

ℛ(Π) = −∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠(𝐴𝐾 − 𝜙(𝐆𝐾))𝑅𝜑𝑠𝐴𝐾𝜁(𝑠)⟩

 

|ℛ(κ)|≲ (ln 𝐾)
1
2∫  

𝑡

0

  d𝑠‖⟨𝑝⟩𝜉𝐾(𝑠)‖‖⟨𝑝⟩
−1𝜙(𝐆𝐾 − 𝜎(𝜓𝜑𝑠)) ⟨𝑝⟩

−1 ⟨𝑁
1
2⟩
−1

‖‖⟨𝑝⟩𝑅𝜑𝑠⟨𝑝⟩‖ 

× ‖⟨𝑁
1
2⟩ ⟨𝑝⟩−1(𝐴𝐾 − 𝜙(𝐆𝐾))⟨𝑝⟩

−1 ⟨𝑁
1
2⟩
−2

‖‖⟨𝑁
1
2⟩
2

⟨𝑝⟩𝜁(𝑠)‖  

 ≲ (ln 𝐾)
1
2𝐾−

1
4

 

|ℛ(ω)| ≲ (ln 𝐾)
1
2𝐾−

1
4 

𝜙 (𝜔𝜎(𝜓𝜑𝑠)) [𝐻𝑓 , 𝜙 (𝜎(𝜓𝜑𝑠))] 

‖𝜎(𝜓)𝟏|𝑘|⩾𝐿‖𝐿2
 ≲ 𝐿−1‖𝜓‖𝐻2

‖𝜔𝜎(𝜓)𝟏|𝑘|⩽𝐿‖𝐿2
 ≲ (ln 𝐿)

1
2‖𝜓‖𝐻2
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𝑒−𝑖𝑘𝑥 = |𝑘|−4 [(𝑘 ⋅ 𝑝), [(𝑘 ⋅ 𝑝), 𝑒−𝑖𝑘𝑥]] 

‖𝜎(𝜓)𝟏|𝑘|⩾𝐿‖𝐿2
2
= ∫  

|𝑘|⩾𝐿

  d𝑘𝜔−1(𝑘)|⟨𝜓, 𝑒−𝑖𝑘(⋅)𝜓⟩|
2
≲ ‖𝜓‖𝐻2∫  

|𝑘|⩾𝐿

 
 d𝑘

|𝑘|5
 

‖𝜔𝜎(𝜓)𝟏|𝑘|⩽𝐿‖𝐿2
≲ 1 + ‖𝜔𝜎(𝜓)𝟏2⩽|𝑘|⩽𝐾‖𝐿2

 

‖𝜔𝜎(𝜓)𝟏2⩽|𝑘|⩽𝐿‖𝐿2
2
= ∫  

2⩽|𝑘|⩽𝐾

  d𝑘𝜔(𝑘)|⟨𝜓, 𝑒−𝑖𝑘(⋅)𝜓⟩|
2
≲ ‖𝜓‖𝐻2∫  

2⩽|𝑘|⩽𝐿

 
 d𝑘

|𝑘|3
 

𝜎𝐾: = 𝜎(𝜓𝜑𝑠)𝟏|𝑘|⩽𝐾 

𝜎𝐾:= 𝜎(𝜓𝜑𝑠)𝟏|𝑘|>𝐾 

ℛ(ρ)  = −∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠𝜙(𝐆𝐾 − 𝜎𝐾)𝑅𝜑𝑠𝜙(𝐆𝐾)𝜁(𝑠)⟩

ℛ(λ)  = ∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑄𝜑𝑠𝜙(𝜎>𝐾)𝑅𝜑𝑠𝜙(𝐆𝐾)𝜁(𝑠)⟩

 

|ℛ(Θ)| ≲∫  
𝑡

0

  d𝑠(‖𝜎>𝐾‖𝐿2‖𝑅𝜑𝑠⟨𝑝⟩‖  

× ‖⟨𝑝⟩−1𝜙(𝐆𝐾)⟨𝑝⟩
−1 ⟨𝑁

1
2⟩
−1

‖‖⟨𝑝⟩ ⟨𝑁
1
2⟩ 𝜁(𝑠)‖)

≲𝐾−1(ln 𝐾)1/2

 

𝐿𝐾: = 𝜙(𝐆𝐾 − 𝜎𝐾)𝑅𝜑𝑠𝜙(𝐆𝐾) 

ℛ(σ) = ∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), 𝜀 (𝐴𝐾 − 𝜙(𝜎𝜓𝑠))𝑅𝜑𝑠𝐿𝐾𝜁(𝑠)⟩

ℛ(ℴ) = −𝜀2∫  
𝑡

0

  d𝑠⟨(𝑖𝜕𝑠 −𝐻𝑓)𝜉𝐾(𝑠), 𝑅𝜑𝑠𝐿𝐾𝜁(𝑠)⟩

ℛ(ℵ) = ∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝜀
2(𝐷𝐾 + 2𝜀

2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩)𝑅𝜑𝑠𝐿𝐾𝜁(𝑠)⟩

ℛ(ℶ) = ∫  
𝑡

0

  d𝑠 ⟨𝜉𝐾(𝑠), (−𝜀
3𝜙(𝜔𝐁𝐾) + 𝜀

4‖𝜔1/2𝐵𝐾‖𝐿2
2
)𝑅𝜑𝑠𝐿𝐾𝜁(𝑠)⟩

 

|ℛ(℩)| + |ℛ(ı)| + |ℛ(℧)| ≲ 𝜀(ln 𝐾)
3
2 + 𝜀2(ln 𝐾)2  

ℛ(⨅)  = −𝑖𝜀2⟨𝜉𝐾(𝑠), 𝑅𝜑𝑠𝐿𝐾𝜁(𝑠)⟩|0
𝑡

ℛ(⨆)  = −𝜀2∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑅𝜑𝑠[𝐻𝑓, 𝐿𝐾]𝜁(𝑠)⟩

ℛ(⋇)  = 𝜀2∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), 𝑅𝜑𝑠𝐿𝐾𝑃𝜑𝑠(𝐴𝐾𝑅𝜑𝑠𝐴𝐾 − 𝐷𝐾 − 2Re⟨𝐁𝐾 , 𝜎(𝜓𝜑𝑠)⟩)𝜁(𝑠)⟩

ℛ(⋔)  = −𝑖𝜀2∫  
𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), (𝑅̇𝜑𝑠𝐿𝐾 + 𝑅𝜑𝑠𝐿̇𝐾)𝜁(𝑠)⟩

 

[𝐻𝑓 , 𝐿𝐾] = 𝜙
−(𝜔𝐆𝐾 −𝜔𝜎𝐾)𝑅𝜑𝑠𝜙(𝐆𝐾) + 𝜙(𝐆𝐾 − 𝜎𝐾)𝑅𝜑𝑠𝜙

−(𝜔𝐆𝐾)  
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𝜙−(𝐅) = 𝑎∗(𝐅) − 𝑎(𝐅) 

‖⟨𝑝⟩−1 ⟨𝑁
1
2⟩
𝑚

𝜙−(𝐆𝐾 − 𝜎𝐾) ⟨𝑁
1
2⟩
−𝑚−1

⟨𝑝⟩−1‖  ≲ (ln 𝐾)
1
2 + 1,

‖⟨𝑝⟩−1 ⟨𝑁
1
2⟩
𝑚

𝜙−(𝜔𝐆𝐾 −𝜔𝜎𝐾) ⟨𝑁
1
2⟩
−𝑚−1

⟨𝑝⟩−1‖ ≲ 𝐾 + ln 𝐾.

 

|ℛ(6)| ⩽ 𝜀2𝐾ln 𝐾  

|ℛ(⨃)| ≲ 𝜀2𝐾ln 𝐾 + (ln 𝐾)
1
2𝐾−1/4  

‖𝛿(𝑡)‖2 ≲ (ln 𝐾)1/2𝐾−1/4 + 𝜀𝐾 + 𝜀2𝐾ln 𝐾 + 𝜀2/7  

Ψ𝑡
𝜀 = 𝑒−𝑖𝑡𝜀

−2𝐻𝜀+𝑖𝜀−2𝜇(𝑡))Ψ0 

Ψ0 = 𝜓𝜑0⊗𝑊(𝜀
−1𝜑0)Ω 

Φ𝑡 = 𝜓𝜑𝑡⊗𝑊(𝜀
−1𝜑𝑡)𝕌(𝑡)Ω 

𝛾particle 
𝜀 (𝑡) = Trℱ|Ψ𝑡

𝜀⟩⟨Ψ𝑡
𝜀| and |𝜓𝜑𝑡⟩⟨𝜓𝜑𝑡| = Trℱ|Φ𝑡⟩⟨Φ𝑡| 

𝛾particle 
𝜀 (𝑡) − |𝜓𝜑𝑡⟩⟨𝜓𝜑𝑡| =Trℱ|Ψ𝑡

𝜀⟩⟨Ψ𝑡
𝜀| − Trℱ|Φ𝑡⟩⟨Φ𝑡|

 = Trℱ|Ψ𝑡
𝜀⟩⟨Ψ𝑡

𝜀 −Φ𝑡| + Trℱ|Ψ𝑡
𝜀 −Φ𝑡⟩⟨Φ𝑡|

 

Tr𝐿2|𝛾el
𝜀 (𝑡) −|𝜓𝑡⟩⟨𝜓𝑡| | ⩽ 2‖Ψ𝑡

𝜀 −Φ𝑡‖ ⩽ 𝐶𝜀
1/10ln 

1

𝜀
 

𝑁⩽𝐿 = ∫  
|𝑘|⩽𝐿

𝑎𝑘
∗𝑎𝑘 d𝑘, 0 ⩽ 𝐿 ⩽ 𝐾 

‖𝐻𝑓
1/2
𝜉𝐾(𝑡)‖

2
⩽ 𝐶𝜀−2ln 𝐾  

‖𝜀𝐻𝑓
1/2
𝜉𝐾(𝑡)‖ ⩽ ‖(𝜀

2𝐻𝑓 + 1)
1/2
𝑒−𝑖𝑡𝜀

−2𝐻𝒟,𝐾
𝜀 𝑊(𝜀−1𝜑0)𝑒

𝑖𝑔𝐾,𝜑0
(𝑥)
𝜓𝜑0⊗Ω‖ .  

𝐻𝒟,𝐾
𝜀 = 𝑈𝐾

𝜀(𝑈𝐿
𝜀)∗𝐻𝒟,𝐿

𝜀 𝑈𝐿
𝜀(𝑈𝐾

𝜀)∗  

𝑈𝐿
𝜀(𝑈𝐾

𝜀 )∗𝜀2𝐻𝑓𝑈𝐾
𝜀(𝑈𝐿

𝜀)∗ ≲ 𝜀2𝐻𝑓 + 𝜀
4(𝐾−1/2 + 𝐿−1/2) ≲ 𝜀2𝐻𝑓 + 1,  

‖𝜔−1/2𝐵𝐾‖𝐿2 ≲ 𝐾
−1/2 

‖𝜀𝐻𝑓
1/2
𝜉𝐾(𝑡)‖ ≲ ‖(𝜀

2𝐻𝑓 + 1)
1/2
𝑒−𝑖𝑡𝜀

−2𝐻𝒟,𝐿
𝜀
𝑈𝐿
𝜀(𝑈𝐾

𝜀)∗𝑊(𝜀−1𝜑0)𝑒
𝑖𝑔𝐾,𝜑0(𝑥)𝜓𝜑0⊗Ω‖  

𝜀2𝐻𝑓 ≲ 𝐻𝒟,𝐿
𝜀 + 𝐿 

‖𝜀𝐻𝑓
1/2
𝜉𝐾(𝑡)‖ ≲ ‖(𝐻𝒟,𝐿

𝜀 + 𝐿)
1/2
𝑈𝐿
𝜀(𝑈𝐾

𝜀)∗𝑊(𝜀−1𝜑0)𝑒
𝑖𝑔𝐾,𝜑0(𝑥)𝜓𝜑0⊗Ω‖  

𝐻𝒟,𝐾
𝜀 ≲ 𝑝2 + 𝜀2𝐻𝑓 + ln 𝐾(𝑁 + 1)  

‖𝜀𝐻𝑓
1/2
𝜉𝐾(𝑡)‖ ≲ ‖(𝑝

2 + 𝜀−2𝐻𝑓 + 𝜀
2ln 𝐾(𝑁 + 1) + 𝐿)

1/2
𝑊(𝜀−1𝜑0)𝑒

𝑖𝑔𝐾,𝜑0(𝑥)𝜓𝜑0⊗Ω‖  
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‖𝜀𝐻𝑓
1/2
𝜉𝐾(𝑡)‖ ≲ 𝐿

1/2 + (ln 𝐾)1/2  

‖𝑁⩽𝐿𝜉𝐾(𝑡)‖ ⩽ 𝐶𝜀
−2𝐿2  

𝑓(𝑡):= 𝜀4‖𝑁⩽𝐿𝜉𝐾(𝑡)‖
2
+ 𝜀2𝐿2 ‖𝑁⩽𝐿

1/2
𝜉𝐾(𝑡)‖

2
 

𝜉𝐾(0) = 𝜓𝜑0⊗Ω 

𝑖𝜕𝑡𝜉𝐾(𝑡) = ℒ𝒟,𝐾
𝜀 (𝑡)𝜉𝐾(𝑡) 

ℒ𝒟,𝐾
𝜀 (𝑡)  = 𝑖𝜀4∫  

𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), [ℒ𝒟,𝐾
𝜀 (𝑠), 𝑁⩽𝐿

2 ]𝜉𝐾(𝑠)⟩

𝜀−1𝜙(𝐆𝐾) = 𝑖𝜀
2𝐿2∫  

𝑡

0

  d𝑠⟨𝜉𝐾(𝑠), [ℒ𝒟,𝐾
𝜀 (𝑠), 𝑁⩽𝐿]𝜉𝐾(𝑠)⟩

 

{|𝑘| ⩾ 𝐾} ⊂ {|𝑘| ⩾ 𝐿} 

[ℒ𝒟,𝐾
𝜀 (𝑡), 𝑁⩽𝐿] = 𝜀

−1𝜙−(𝐆𝐿)  

[ℒ𝒟,𝐾
𝜀 (𝑡), 𝑁⩽𝐿

2 ] = 𝜀−1(𝑁⩽𝐿𝜙
−(𝐆𝐿) + 𝜙

−(𝐆𝐿)𝑁⩽𝐿)  

𝜙−(𝐆𝐿) = 𝑎
∗(𝐆𝐿) − 𝑎(𝐆𝐿) 

‖𝜙(𝐆𝐿)𝜉𝐾(𝑠)‖ ≲ 𝐿 ‖(𝑁⩽𝐿 + 1)
1/2
𝜉𝐾(𝑠)‖ 

|(I)| ≲ 𝜀3𝐿∫  
𝑡

0

  d𝑠‖𝑁⩽𝐿𝜉𝐾(𝑠)‖‖(𝑁⩽𝐿 + 1)
1/2
𝜉𝐾(𝑠)‖ ≲ ∫  

𝑡

0

 𝑓(𝑠)d𝑠 + 𝜀2  

‖𝑎(𝐆𝐿)𝜉𝐾(𝑠)‖ ≲ 𝐿 ‖𝑁⩽𝐿
1/2
𝜉𝐾(𝑠)‖ 

|(II)| ≲ 𝜀𝐿3∫  
𝑡

0

  d𝑠 ‖𝑁⩽𝐿
1/2
𝜉𝐾(𝑠)‖ ⩽ ∫  

𝑡

0

 𝑓(𝑠)d𝑠 + 𝐿4  

𝑓(𝑡) ≲ ∫  
𝑡

0

 𝑓(𝑠)d𝑠 + 𝐿4  

𝑔(𝑡): = ‖𝑁1/2𝑊(𝜀−1𝜑𝑡)
∗𝑒−𝑖𝜀

−2𝑡𝐻𝜀Ψ𝐾
𝜀(𝜑0)‖

2
 

Ψ𝐾
𝜀(𝜑0) = 𝑊(𝜀

−1𝜑0)(𝑈𝐾
𝜀)∗𝜓𝜑0⊗Ω 

𝑈𝐾
𝜀𝑁(𝑈𝐾

𝜀)∗ ≲ 𝑁 + 𝜀2‖𝐵𝐾‖𝐿2
2  

𝑔(𝑡) ≲ ‖𝑁1/2𝑈𝐾
𝜀𝑊(𝜀−1𝜑𝑡)

∗𝑒−𝑖𝜀
−2𝑡𝐻𝜀Ψ𝐾

𝜀(𝜑0)‖
2
+ 𝜀2𝐾−1  

𝑈𝐾
𝜀𝑊(𝜀−1𝜑𝑡)

∗𝑒−𝑖𝑡𝜀
−2𝐻𝜀Ψ𝐾

𝜀(𝜑0) = 𝑒
−𝑖𝜀−2𝜇(𝑡)𝜉𝐾(𝑡) 

𝑁 = 𝑁⩽𝐿 +𝑁𝐿 with 𝑁𝐿 = ∫  
|𝑘|>𝐿

𝑎𝑘
∗𝑎𝑘 d𝑘 

⟨𝜉𝐾(𝑡), 𝑁𝐿𝜉𝐾(𝑡)⟩ ⩽ 𝐿
−1⟨𝜉𝐾(𝑡), 𝐻𝑓𝜉𝐾(𝑡)⟩ ⩽ 𝜀

−2(ln 𝐾)𝐿−1  

𝑔(𝑡) ≲ ⟨𝜉𝐾(𝑡), 𝑁⩽𝐿𝜉𝐾(𝑡)⟩ + 𝜀
−2(ln 𝐾)𝐿−1 + 𝜀2𝐾−1  
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𝜁(𝑡) = 𝜓𝜑𝑡⊗𝕌(𝑡)Ω, with ‖𝑁𝜁(𝑡)‖ ≲ 1 

⟨𝜉𝐾(𝑡), 𝑁⩽𝐿𝜉𝐾(𝑡)⟩= ⟨𝜉𝐾(𝑡) − 𝜁(𝑡), 𝑁⩽𝐿𝜉𝐾(𝑡)⟩ + ⟨𝜁(𝑡), 𝑁⩽𝐿𝜉𝐾(𝑡)⟩ 

⩽ ‖𝜉𝐾(𝑡) − 𝜁(𝑡)‖‖𝑁⩽𝐿𝜉𝐾(𝑡)‖ + ‖𝑁⩽𝐿𝜁(𝑡)‖  

 ≲ 𝜀−2𝐿2‖𝜉𝐾(𝑡) − 𝜁(𝑡)‖ + 1

 

‖𝛿(𝑡)‖ = ‖𝜉𝐾(𝑡) − 𝜁(𝑡)‖ ⩽ 𝜀
1/10ln 

1

𝜀
 

⟨𝜉𝐾(𝑡), 𝑁⩽𝐿𝜉𝐾(𝑡)⟩ ≲ 𝜀
−19/10 (ln 

1

𝜀
) 𝐿2 + 1  

⟨𝜉𝐾(𝑡), 𝑁𝜉𝐾(𝑡)⟩ ≲ 𝜀
−19/10 (ln 

1

𝜀
) 𝐿2 + 1 + 𝜀−2 (ln 

1

𝜀
) 𝐿−1 + 𝜀1/5  

𝑈𝐾,Λ
𝜀 : = exp (𝜀𝑎∗(𝑩𝐾,Λ) − 𝜀𝑎(𝑩𝐾,Λ)) , 𝑩𝐾,Λ(𝑥, 𝑘):= 𝑩𝐾(𝑥, 𝑘)𝟏{|𝑘|⩽Λ}.  

𝑈𝐾,Λ
𝜀 𝑝2(𝑈𝐾,Λ

𝜀 )
∗
= 𝑝2 + 𝜀 (2𝑎∗(𝑘𝑩𝐾,Λ) ⋅ 𝑝 + 2𝑝 ⋅ 𝑎(𝑘𝑩𝐾,Λ) − 𝜙(𝑘

2𝑩𝐾,Λ))

+𝜀2 (2𝑎∗(𝑘𝑩𝐾,Λ)𝑎(𝑘𝑩𝐾,Λ) + 𝑎(𝑘𝑩𝐾,Λ)
2
+ 𝑎∗(𝑘𝑩𝐾,Λ)

2
+ ‖𝑘𝐵𝐾,Λ‖𝐿2

2
) ,

𝑈𝐾,Λ
𝜀 (𝜀2𝐻𝑓)(𝑈𝐾,Λ

𝜀 )
∗
= 𝜀2𝐻𝑓 − 𝜀

3𝜙(𝜔𝑩𝐾,Λ) + 𝜀
4‖𝜔1/2𝐵𝐾,Λ‖𝐿2

2
,

 

𝑈𝐾,Λ
𝜀 (𝜀𝜙(𝑮Λ))(𝑈𝐾,Λ

𝜀 )
∗
= 𝜀𝜙(𝑮Λ) − 2𝜀

2Re⟨𝑮Λ, 𝑩𝐾,Λ⟩.  

𝜀2‖𝑘𝐵𝐾,Λ‖𝐿2
2
− 2𝜀2Re⟨𝑮Λ, 𝑩𝐾,Λ⟩ = 4𝜋𝜀

2(ln 𝐾 − ln Λ),  

𝜙(𝑮Λ) − 𝜙(𝑘
2𝑩𝐾,Λ) = 𝜙(𝑮𝐾).  

𝐻𝒟,𝐾,Λ
𝜀 : =𝑈𝐾,Λ

𝜀 (𝐻Λ
𝜀 + 4𝜋𝜀2ln Λ)(𝑈𝐾,Λ

𝜀 )
∗

=𝑝2 + 𝜀 (𝜙(𝑮𝐾) + 2𝑎
∗(𝑘𝑩𝐾,Λ) ⋅ 𝑝 + 2𝑝 ⋅ 𝑎(𝑘𝑩𝐾,Λ))

+𝜀2 (𝐻𝑓 + 2𝑎
∗(𝑘𝑩𝐾,Λ)𝑎(𝑘𝑩𝐾,Λ) + 𝑎(𝑘𝑩𝐾,Λ)

2
+ 𝑎∗(𝑘𝑩𝐾,Λ)

2
+ 4𝜋ln 𝐾) 

 −𝜀3𝜙(𝜔𝑩𝐾,Λ) + 𝜀
4‖𝜔1/2𝐵𝐾,Λ‖𝐿2

2
.

 

±(𝐻𝒟,𝐾,Λ
𝜀 − 𝑝2 − 𝜀2𝐻𝑓) ⩽ 𝛿(𝑝

2 + 𝜀2𝐻𝑓) + 𝐶𝛿𝐾  

𝑄(𝑝2 +𝐻𝑓)Λ2 ⩾ Λ1 ⩾ Λ0 and 𝐾 ⩾ 𝐾0 

±(𝐻𝒟,𝐾,Λ2
𝜀 −𝐻𝒟,𝐾,Λ1

𝜀 ) ⩽ 𝐶Λ1
−1/4

(𝑝2 + 𝜀2𝐻𝑓).  

𝐻𝒟,𝐾
𝜀 : = 𝐻𝒟,𝐾,∞

𝜀 𝑄(𝑝2 +𝐻𝑓) 

𝑠 − lim
Λ→∞

 𝑒−𝑖𝑡𝐻𝒟,𝐾,Λ
𝜀

= 𝑒−𝑖𝑡𝐻𝒟,𝐾
𝜀
 (∀𝑡 ∈ ℝ)  

𝑈𝐾,Λ
𝜀 →

 

Λ→∞ 
𝑈𝐾,∞
𝜀  

𝐻𝜀:= (𝑈𝐾,∞
𝜀 )

∗
𝐻𝒟,𝐾
𝜀 𝑈𝐾,∞

𝜀  

𝑠 − lim
Λ→∞

 𝑒−𝑖𝑡𝐻Λ
𝜀
𝑒−𝑖𝑡4𝜋𝜀

2ln Λ = 𝑒−𝑖𝑡𝐻
𝜀
 (𝑡 ∈ ℝ)  
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ℰfield (𝑢):= 𝑒(𝑢) + ‖𝑢‖𝔥1/2
2 ,  

𝐸∗ = ℰfield (𝜑∗) 

𝜑∗ = −𝜔
−1𝜎(𝜓∗) 

ℰP(𝜓) = ⟨𝜓, 𝑝
2𝜓⟩ − ‖𝜔−1/2𝜎(𝜓)‖

𝐿2
2
.  

ℳ:= {𝑇𝑦𝜑∗: 𝑦 ∈ ℝ
3}, (𝑇𝑦𝑢)(𝑘): = 𝑒

−𝑖𝑘⋅𝑦𝑢(𝑘).  

ℰfield (𝑢) − 𝐸∗ ⩾ 𝑐dist𝔥1/2(𝑢,ℳ)
2 ∀𝑢 ∈ 𝔥1/2.  

ℰfield (𝑢) ⩽ ℰP(𝜓) + ‖𝜔
1/2𝑢 + 𝜔−1/2𝜎(𝜓)‖

𝐿2
2
.  

𝜓 = 𝑇𝑦𝜓∗ 

𝜑∗ = −𝜔
−1𝜎(𝜓∗) 

ℰfield (𝑢) − 𝐸∗ ⩽ ‖𝑢 − 𝑇𝑦𝜑∗‖𝔥1/2

2
,  

ℰfield (𝑢) − 𝐸∗ ⩽ dist𝔥1/2(𝑢,ℳ)
2.  

ℰfield (𝜑𝑡) = ℰfield (𝜑0)  for all  𝑡 ∈ (−𝑇−, 𝑇+)  

dist𝔥1/2(𝜑𝑡 ,ℳ)
2⩽ 𝑐−1(ℰfield (𝜑𝑡) − 𝐸∗)  

= 𝑐−1(ℰfield (𝜑0) − 𝐸∗)  

 ⩽ 𝑐−1dist𝔥1/2(𝜑0,ℳ)
2

 

dist𝔥1/2(𝜑0,ℳ) ⩽ 𝜂 

‖𝜑𝑡 − 𝜑∗‖𝔥1/2 ⩽ 𝑐
−1𝜂  

△ (𝜑𝑡) ⩾
1

2
△ (𝜑∗) > 0 ∀𝑡 ∈ (−𝑇−, 𝑇+)  

lim inf
𝑡→𝑇+

 △ (𝜑𝑡) > 0 

(𝜓0, 𝜑0) ∈ 𝐻
𝑠 × 𝔥𝑠−1/2 

‖𝜓𝑡‖𝐿2 = ‖𝜓0‖𝐿2 

ℰ(𝜓𝑡, 𝜑𝑡) = ℰ(𝜓0, 𝜑0) 

(𝜓0, 𝜑0) ∈ 𝐻
1 × 𝔥1/2 

sup
𝑡∈ℝ
  (‖𝜓𝑡‖𝐻1 + ‖𝜑𝑡‖𝔥1/2) < ∞  

𝐻1 × 𝔥1/2 = 𝒪(𝜀
−2) 

𝜑0 ∈ 𝔥0 ∩ 𝔥1/2 

𝑒(𝜑0) < 0 
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𝜓𝜑𝑡 ⩾ 0 

( 𝜓𝑡
𝜀 , 𝜑𝑡

𝜀 )( 𝜓𝜑0 , 𝜑0 ) 

‖exp (𝑖𝜀−2∫  
𝑡

0

 𝑒(𝜑𝜀−2𝑠
𝜀 )d𝑠)𝜓𝜀−2𝑡

𝜀 − 𝜓𝜑𝑡‖
𝐿2
+ ‖𝜑𝜀−2𝑡

𝜀 − 𝜑𝑡‖𝐿2 ⩽ 𝐶𝜀
2/7 

𝑒(𝜑𝑠
𝜀) = inf𝜎(ℎ𝜑𝑠

𝜀 ) 

 
𝑢𝑡
𝜀: = 𝜓𝜀−2𝑡

𝜀  and 𝑤𝑡
𝜀: = 𝜑𝜀−2𝑡

𝜀  

𝑖𝜕𝑡𝑢𝑡
𝜀 = 𝜀−2ℎ𝑤𝑡𝜀𝑢𝑡

𝜀 , 𝑖𝜕𝑡𝑤𝑡
𝜀 = 𝜔𝑤𝑡

𝜀 + 𝜎(𝑢𝑡
𝜀)  

‖𝑤𝑡
𝜀 − 𝜑0‖𝔥1/2 ⩽ ‖(𝑒

−𝑖𝜔𝑡 − 1)𝜑0‖𝔥1/2
+∫  

|𝑡|

0

 ‖𝜎(𝑢𝑠
𝜀)‖𝔥1/2  d𝑠  

sup
𝜀>0
 sup
𝑡∈ℝ
 ‖𝑢𝑡
𝜀‖𝐻1 ⩽ 𝐶 ) 

inf
𝜀>0
  inf
|𝑡|⩽𝑇

 △ (𝑤𝑡
𝜀) > |𝑡| ⩽ 𝑇 

𝑒(𝑤𝑡
𝜀) <  ℎ𝑤𝑡𝜀𝜓𝑤𝑡𝜀 

‖𝑒𝑖𝜀
−2 ∫  

𝑡

0
 𝑒(𝑤𝑠

𝜀)d𝑠𝑢𝑡
𝜀 − 𝜓𝑤𝑡𝜀‖𝐿2

⩽ 𝐶𝜀2/7, |𝑡| ⩽ 𝑇  

‖𝑤𝑡
𝜀 − 𝜑𝑡‖𝔥1/2 ⩽ 𝐶𝑇 

‖𝜓𝑤𝑡
𝜀 − 𝜓𝜑𝑡‖𝐻1

⩽ 𝐶‖𝑤𝑡
𝜀 − 𝜑𝑡‖𝔥1/2  

‖𝑒𝑖𝜀
−2 ∫  

𝑡

0
 𝑒(𝑤𝑠

𝜀)d𝑠𝑢𝑡
𝜀 − 𝜓𝜑𝑡‖𝐿2

⩽ 𝐶𝜀 + 𝐶‖𝑤𝑡
𝜀 − 𝜑𝑡‖𝐿2  

‖𝑤𝑡
𝜀 − 𝜑𝑡‖𝐿2 ⩽ ∫  

|𝑡|

0

‖𝜎(𝑢𝑠
𝜀) − 𝜎(𝜓𝜑𝑠)‖𝐿2

 d𝑠 

⩽ 𝐶∫  
|𝑡|

0

 ‖𝑒𝑖𝜀
−2 ∫  

𝑠

0
 𝑒(𝑤𝑟

𝜀)d𝑟𝑢𝑠 − 𝜓𝜑𝑠‖𝐿2
 d𝑠 

 ⩽ 𝐶𝜀2/7 + 𝐶∫  
|𝑡|

0

 ‖𝑤𝑠
𝜀 − 𝜑𝑠‖𝐿2  d𝑠

 

‖𝑤𝑡
𝜀 − 𝜑𝑡‖𝐿2 ⩽ 𝐶𝜀

2/7 

△ (𝑤𝑡
𝜀) > 0 

‖𝑅𝑤𝑡𝜀‖ + ‖⟨𝑝⟩𝑅𝑤𝑡𝜀
1/2
‖+ ‖⟨𝑝2⟩𝑅𝑤𝑡𝜀‖ + ‖𝜓𝑤𝑡𝜀‖𝐻2

⩽ 𝐶,

‖𝜓̇𝑤𝑡𝜀‖𝐿2
+ ‖𝜎̇(𝜓𝑤𝑡𝜀)‖𝐿2

+ ‖𝑅̇𝑤𝑡𝜀‖ + ‖⟨𝑝⟩𝑅̇𝑤𝑡𝜀⟨𝑝⟩‖ ⩽ 𝐶,
 

𝑅𝑤𝑡𝜀 = 𝑄𝑤𝑡𝜀 (ℎ𝑤𝑡𝜀 − 𝑒(𝑤𝑡
𝜀))

−1
𝑄𝑤𝑡𝜀 

𝑄𝑤𝑡𝜀 = 𝟏 − |𝜓𝑤𝑡𝜀⟩⟨𝜓𝑤𝑡𝜀| 
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𝜕𝑡𝜓𝑤𝑡𝜀 = 𝑅𝑤𝑡𝜀𝑉𝑖𝜔𝑤𝑡𝜀𝜓𝑤𝑡𝜀  

𝑢̃𝑡
𝜀: = 𝑒𝑖 ∫  

𝑡

0
 𝑒(𝑤𝑠

𝜀)d𝑠𝑢𝑡
𝜀 

‖𝑢̃𝑡
𝜀 − 𝜓𝑤𝑡𝜀‖𝐿2

2
= 2Im∫  

𝑡

0

  ⟨𝑢̃𝑠
𝜀 , (𝜀−2 (ℎ𝑤𝑠𝜀 − 𝑒(𝑤𝑠

𝜀)) − 𝑖𝑅𝑤𝑠𝑉𝑖𝜔𝑤𝑠𝜀)𝜓𝑤𝑠𝜀⟩ d𝑠 

 = −2Im∫  
𝑡

0

  ⟨𝑢̃𝑠
𝜀 , 𝑅𝑤𝑠𝜀𝑉𝑖𝜔𝑤𝑠𝜀𝜓𝑤𝑠𝜀⟩d𝑠

 

ℎ𝑤𝑠𝜀𝜓𝑤𝑠𝜀 = 𝑒(𝑤𝑠
𝜀)𝜓𝑤𝑠𝜀  

𝑤𝑠
𝜀 = 𝑤𝑠,𝐿

𝜀 +𝑤𝑠,>𝐿
𝜀  

𝑤𝑠,𝐿
𝜀 := 𝑤𝑠

𝜀𝟏|𝑘|⩽𝐿 

|∫  
𝑡

0

  ⟨𝑢̃𝑠
𝜀 , 𝑅𝑤𝑠𝜀𝑉𝑖𝜔𝑤𝑠,>𝐿

𝜀 𝜓𝑤𝑠𝜀⟩ d𝑠| ≲ 𝐿
−1/4  

𝑄𝑤𝑠𝜀𝑢̃𝑠
𝜀 = 𝑅𝑤𝑠𝜀 (ℎ𝑤𝑠𝜀 − 𝑒(𝑤𝑠

𝜀)) 𝑢̃𝑠
𝜀 = 𝑖𝜀2𝑅𝑤𝑠𝜀𝜕𝑠𝑢̃𝑠

𝜀  

𝑖𝜕𝑡𝑢̃𝑡
𝜀 = (ℎ𝑤𝑡𝜀 − 𝑒(𝑤𝑡

𝜀)) 𝑢̃𝑡
𝜀 

 

‖𝑢̃𝑡
𝜀 − 𝜓𝑤𝑡𝜀‖𝐿2

2
= −2Im∫  

𝑡

0

⟨𝑖𝜕𝑠𝑢̃𝑠
𝜀 , 𝑅𝑤𝑠𝜀

2 𝑉𝑖𝜔𝑤𝑠,𝐿
𝜀 𝜓𝑤𝑠𝜀⟩ d𝑠 

=2𝜀2Im ⟨𝑢̃𝑠, 𝑅𝑤𝑠𝜀
2 𝑉𝑖𝜔𝑤𝑠,𝐿

𝜀 𝜓𝑤𝑠𝜀⟩|
0

𝑡

 +2𝜀2Im∫  
𝑡

0

  ⟨𝑢̃𝑠
𝜀 , (2𝑅̇𝑤𝑠𝜀𝑅𝑤𝑠𝜀 + 𝑉̇𝑖𝜔𝑤𝑠,𝐿

𝜀 + 𝑅𝑤𝑠𝜀
2 𝑉𝑖𝜔𝑤𝑠,𝐿

𝜀 𝑅𝑤𝑠𝜀𝑉𝑖𝜔𝑤𝑠,𝐿
𝜀 )𝜓𝑤𝑠𝜀⟩ d𝑠

 

‖𝑢̃𝑡
𝜀 − 𝜓𝑤𝑡𝜀‖𝐿2

2
≲ 𝐿−1/4 + 𝜀2𝐿3/2 ≲ 𝜀2/7  

CONCLUSIONES. 

Resulta evidente que las métricas desarrolladas en este trabajo, abonan a la comprensión de las premisas 

nucleares de la Teoría Cuántica de Campos Relativistas o Curvos, en la medida en que:  

Suponemos un campo cuántico indeterminado en el que, interactúan partículas subatómicas aglutinadas 

según su naturaleza, con distintos centros de masa y energía y con trayectorias multideterminantales. 

En condiciones gravitacionales, extremas o no, una partícula proyectil, sea oscura o estrella, según las 

definiciones recogidas por la TCCR, deforma el espacio – tiempo cuántico, curvándolo o en su defecto, 

generando un agujero negro cuántico. Las métricas recogidas en este trabajo, permiten explicar 

matemáticamente, los aspectos tensoriales del campo curvado, así como y en forma principal, el orbital 

de la partícula oscura o estrella, a propósito de la gravedad que la interfiere. Diseñamos mapas 



pág. 12412 

hipotéticos con la finalidad de trazar la trayectoria de la partícula deformante y, en consecuencia, de las 

partículas orbitales, lo que permite anticipar escenarios de colapso o aniquilación por colapso. En este 

punto es importante precisar, que el propulsor de la partícula deformante es en sí, su masa y energía, 

aunque no converjan al momento del colapso o de la aniquilación. Las condiciones de extrema gravedad 

o gravedad en condiciones no perturbativas, vuelven a la partícula deformante, un centro de gravedad 

en sí mismo, desplazándose por el campo, deformando su entorno e incidiendo en el comportamiento 

de las partículas vecinas en las relaciones de interacción. En la TCCR, usamos, no solamente tensores 

para explicar la curvatura, sino operadores, propagadores, osciladores e inyectores relativos no 

solamente a la partícula deformante sino a las partículas vecinas u orbitales las cuales se ven repercutidas 

por la gravedad generada por la partícula principal. El escenario de gravedad a escala cuántica, no se 

produce necesariamente por excitación de los estados cuánticos de una partícula específica, sino del 

momento mismo de su estado fundamental, provocado por la masa o la energía, que son extremadamente 

densas, sin embargo, cualquier partícula excitada, es capaz de generar condiciones gravitacionales, 

cuando se aniquila o colapsa. El momento angular y el spin de la partícula gravitacional y las partículas 

orbitales, es incierto, al igual que su conducta vectorial, sin embargo, este trabajo contribuye a precisar 

matemáticamente el instante exacto de la deformación del mapa cuántico, para cuyos efectos, hemos 

dise;ado planos divergentes de curvatura además de establecer modelos matriciales y superoperadores 

para describir, la acción gravitacional de la particula oscura o estrella en un momento espec’ifico en el 

plano cuántico. El trabajo aquí desarrolla, cuantiza estas dinámicas, calculando incluso, qubits de 

información que permitan registrar la gravedad intersecando el plano cuántico en el que se despliega. 
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