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RESUMEN 

En trabajos anteriores, este autor ha procurado formalizar matemáticamente y proponer las leyes 

relativas a la Teoría Cuántica de Campos Relativistas o Curvos, cuya finalidad, es reconciliar la 

relatividad general y la mecánica cuántica. Para abonar aún más a la consecución del objetivo antes 

referido, es indispensable acudir a la química cuántica, y muy concretamente a las métricas de Born-

Oppenheimer y Hartree-Fock, en la medida en que, la primera desarrolla un escenario relativista a escala 

atómica y molecular en tanto que la segunda explica perfectamente las trayectorias orbitales 

moleculares, las cuales, en términos generales, son conceptos de muchísima utilidad para la TCCR toda 

vez que coadyuvan, por extrapolación, a configurar desde la química cuántica, el modelo de deformación 

del espacio – tiempo cuántico, por acción gravitacional de las partículas subatómicas estrella u oscuras, 

o por interacción de éstas, con los campos supergravitónico o gravitónico, según sea el caso, esto es, por 

interacción con el gravitón o el gravitino o supergravitón, según corresponda. 
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Born-Oppenheimer and Hartree-Fock Approximations Applied to 

Relativistic Quantum Fields. Volume II 

 

ABSTRACT 

In previous works, this author has tried to mathematically formalize and propose the laws related to the 

Quantum Theory of Relativistic or Curved Fields, whose purpose is to reconcile general relativity and 

quantum mechanics. To further contribute to the achievement of the aforementioned objective, it is 

essential to resort to quantum chemistry, and very specifically to the Born-Oppenheimer and Hartree-

Fock metrics, insofar as the former develops a relativistic scenario at the atomic and molecular scale 

while the latter perfectly explains the molecular orbital trajectories, which,  in general terms, they are 

very useful concepts for TCCR since they contribute, by extrapolation, to configure from quantum 

chemistry, the model of deformation of quantum space-time, by gravitational action of star or dark 

subatomic particles, or by interaction of these, with supergravitonic or gravitonic fields, as the case may 

be.  that is, by interaction with the graviton or the gravitino or supergraviton, as appropriate. 
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INTRODUCCIÓN 

En sentido estricto, la aproximación de Born-Oppenheimer, propone un factor que viene a ser 

determinante para la TCCR, y es, la incidencia del núcleo respecto del electrón, esto es, que el primero, 

al ser más denso que el segundo, es decir, que al tener mayor masa, repercute en el movimiento y por 

ende, en la velocidad del electrón, razón por la cual, el núcleo se acopla al electrón y viceversa, 

comportándose el núcleo, de forma estática en tanto que el electrón, actúa como una nube de carga, 

leyendo la posición estática del núcleo en el campo. Es en este contexto, a propósito del diferencial de 

masas, que la TCCR cobra mayor rigor matemático en razón a la interacción de la partícula estrella u 

oscura con las partículas orbitales o repercutidas.  

Ahora bien, la aproximación de Hartree-Fock, también resulta vinculante a la TCCR, en la medida en 

que, en química cuántica, determina los orbitales moleculares, premisa superior que a escala subatómica, 

aplica, a propósito de la existencia de campos cuánticos curvos o deformados por la gravedad, en los 

que, los orbitales de las partículas subatómicas se ven metamorfoseados, para lo cual, extrapolaremos 

las ecuaciones multideterminantales de Slater.  

Entiéndase que las partículas oscuras o estrella, muestran estados fundamentales pues accionan 

gravedad, en tanto que, las partículas orbitales o repercutidas, muestran estados excitados por influjo 

gravitacional, a propósito de las bases formales de la TCCR propuestas por este autor en trabajos previos. 

La gravedad y supergravedad a escala cuántica son en sí, interacciones normales o extremas, según sea 

el caso, entre uno y varios cuerpos subatómicos a razón de sus centros de masa – energía. 

RESULTADOS Y DISCUSIÓN 

Aproximación de Born-Oppenheimer para campos cuánticos relativistas o curvos. Modelo 

Matemático. 

𝐻̂ =∑  

𝑁

𝐼=1

 
𝐏̂𝐼
2

2𝑀𝐼
+ 𝑉̂(𝐑),  

𝑍 = Tr[e−𝛽𝐻̂] = lim
𝑛→∞

 
1

(2𝜋ℏ)𝑓
∫  𝑑𝑓𝐑∫  𝑑𝑓𝐏e−𝛽𝑛𝐻𝑛(𝐑,𝐏)  
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𝐻𝑛(𝐑, 𝐏) =∑  

𝑁

𝐼=1

 ∑  

𝑛

𝑗=1

  [
𝑃𝐼,𝑗
2

2𝑀𝐼
+
1

2
𝑀𝐼𝜔𝑛

2(𝑅𝐼,𝑗 − 𝑅𝐼,𝑗−1)
2
]

 +∑  

𝑛

𝑗=1

 𝑉(𝑅1,𝑗, … , 𝑅𝑁,𝑗)

 

𝑖ℏ𝑐̇𝛼(𝑡) = [
1

𝑛
∑  

𝑛

𝑗=1

 𝑉𝛼(𝐑𝑗)] 𝑐𝛼 − 𝑖ℏ∑  

𝛽

[
1

𝑛
∑  

𝑛

𝑗=1

  𝐑̇𝑗 ⋅ 𝐝𝛼𝛽(𝐑𝑗)] 𝑐𝛽(𝑡) 

 

𝐝𝛼𝛽(𝐑𝑗) = ⟨𝛼; 𝐑𝑗|∇𝐑𝑗|𝛽; 𝐑𝑗⟩ 

𝐑 =
1

𝑛
∑  

𝑛

𝑗=1

 𝐑𝑗 𝐏 =
1

𝑛
∑  

𝑛

𝑗=1

 𝐏𝑗  

𝑖ℏ𝑐̇𝛼(𝑡) = 𝑉𝛼(𝐑)𝑐𝛼(𝑡) − 𝑖ℏ∑  

𝛽

  𝐑̇ ⋅ 𝐝𝛼𝛽(𝐑)𝑐𝛽(𝑡)  

𝐝𝛼𝛽(𝐑) = ⟨𝛼;𝐑|∇𝐑|𝛽; 𝐑⟩ 

𝑇̂n = −∑  

𝐼

ℏ2

2𝑀𝐼
∇𝐑𝐼
2  

𝑉̃𝛼(𝐑) = 𝑉𝛼(𝐑) + 𝑉DBOC
(𝛼)

(𝐑)  

𝑉DBOC
(𝛼)

(𝐑) =∑  

𝑁

𝐼=1

 
ℏ2

2𝑀𝐼
∑ 

𝑛

𝑗=1

 ∑  

𝛽≠𝛼

  |𝐝𝐼,𝑗
(𝛼𝛽)

(𝐑𝑗)|
2
.  

𝐅𝐼,𝑗 = −∇𝑉̃𝛼(𝐑𝑗) = −∇𝑉𝛼(𝐑𝑗) − ∇𝑉DBOC
(𝛼)

(𝐑𝑗) = 𝐅𝐼,𝑗
(0)
+ Δ𝐅𝐼,𝑗,  

Δ𝐅𝐼,𝑗 = ∑  

𝛼≠𝛽

 
1

𝑀𝐼
𝐝𝐼,𝑗
(𝛼𝛽)

(𝐑𝑗) ⋅ ∇𝐝𝐼,𝑗
(𝛼𝛽)

(𝐑𝑗).  

𝐝𝐼,𝑗
(𝛼𝛽)

=
⟨𝜓𝑗,𝛼|∇𝑅𝑙,𝑗𝐻(𝐑𝑗)|𝜓𝑗,𝛽⟩

𝑉𝛽(𝐑𝑗) − 𝑉𝛼(𝐑𝑗)
.  

∇𝐝𝐼,𝑗
(𝛼𝛽)

=
𝐝𝐼,𝑗
(𝛼𝛽)

(𝐑𝑗 + 𝛿) − 𝐝𝐼,𝑗
(𝛼𝛽)

(𝐑𝑗 − 𝛿)

2𝛿
.  

𝜌(𝐑, 𝐏) =∏ 

𝑁

𝐼=1

 ∏  

𝑛

𝑗=1

 exp [−𝛽𝑛 (
𝑃𝐼,𝑗
2

2𝑀𝐼
+
1

2
𝑀𝐼𝜔𝐼

2𝑅𝐼,𝑗
2 )] ,  

𝜌RP(𝐑̃, 𝐏̃) =∏  

𝑁

𝐼=1

 ∏  

𝑛

𝑘=1

 exp [−𝛽𝑛 (
𝑃̃𝐼,𝑘
2

2𝑀𝐼
+
1

2
𝑀𝐼𝜔𝐼,𝑘

2 𝑅̃𝐼,𝑘
2 )] ,  
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𝑃𝛼 = ⟨∑  

𝑖

 | 𝑈𝛼𝑖|

2

𝛿𝑖,𝜆 +∑ 

𝑖<𝑗

 2Re[𝑈𝛼𝑖, 𝜌𝑖𝑗 , 𝑈𝛼𝑗
∗ ]⟩ ,  

 

  

d𝑠2 = −𝑁2(𝑇)d𝑇2 + 𝑎2(𝑇)𝛿𝑖𝑗⏟    
ℎ𝑖𝑗(𝑇)

d𝑥𝑖 d𝑥𝑗
 

𝒮EH =
1

2𝜅
∫  √−𝑔𝑅 d4𝑥  

𝒮fluid = ∫  d
4𝑥√−𝑔𝑃(𝜇)  

𝜇2 = −𝑔𝛼𝛽𝜕𝛼𝜙𝜕𝛽𝜙 

𝜇 = (𝜌 + 𝑃)/𝑛 

𝑃 = 𝐾𝜇1+1/𝑤 

d𝑃 = 𝜇d𝑛 

ℋfluid = 𝛾
𝑁

(√ℎ)𝑤
𝑝𝜙
1+𝑤

 

√ℎ = 𝑎3, 𝑝𝜙 = (1 +
1

𝑤
)√ℎ𝐾𝑁−1/𝑤𝜙̇1/𝑤 

𝛾 =
𝑤𝑤

𝐾𝑤(1 + 𝑤)1+𝑤
 

𝑁 = −𝑎3𝑤 

 1𝑁/(√ℎ)𝑤 = −1 

(𝜙, 𝑝𝜙) → (𝜏, 𝑝𝜏) 

𝑝𝜏 = −𝛾𝑝𝜙
1+𝑤  and  𝜏 = −

𝜙

𝛾(1 + 𝑤)𝑝𝜙
𝑤  

ℋgrav = −
𝜅𝑁

12𝒱0𝑎
𝑝𝑎
2  

𝑝𝑎 = −6𝒱0𝑎𝑎̇/(𝑁𝜅) 

𝑎̇ ≡  d𝑎/d𝜏 

𝒱0 = ∫  √ℎ d3𝑥 

ℋT = ℋgrav +ℋfluid =
𝜅𝑎3𝑤−1

12𝒱0
𝑝𝑎
2 + 𝑝𝜏  
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𝑞 = √
12𝒱0
𝜅

2𝑎
3
2
(1−𝑤)

3(1 − 𝑤)

𝑝 = √
𝜅

12𝒱0
𝑎
1
2
(3𝑤−1)𝑝𝑎 ∝ 𝑎

3
2
(1+𝑤)𝐻

 

𝐻 ≡ 𝑎̇/(𝑁𝑎) 

ℋgrav = 𝑝
2.  

|𝑞, 𝑝⟩𝜓0 = exp (i
𝑝

2𝑞
𝑋̂2) 𝑒−

1
2
iln 𝑞(𝑋̂𝑃̂+𝑃̂𝑋̂)

⏟                  
𝑈̂(𝑞,𝑝)

|𝜓0⟩  

𝐴̂𝑓(𝜓0) = 𝒩𝜓0∫  
ℝ×ℝ+

  |𝑞, 𝑝⟩𝜓0𝑓(𝑞, 𝑝)𝜓0⟨𝑞, 𝑝|d𝑞 d𝑝  

𝐴̂1(𝜓0) = 𝟙 

|𝜓0⟩𝐴̂𝑞(𝜓0) = 𝑋̂ (with 𝑋̂𝜓 = 𝑥𝜓 ) and 𝐴̂𝑝(𝜓0) = 𝑃̂ (with 𝑝 → 𝑃̂𝜓 = −i𝜕𝑥𝜓 ) 

[𝐴̂𝑞(𝜓0), 𝐴̂𝑝(𝜓0)] = [𝑋̂, 𝑃̂] = |𝜓0⟩ 

ℋ̂grav = 𝐴̂𝑝2(𝜓0) = ℋ̂𝜈 

ℋ̂grav = 𝐴̂𝑝2 = ℋ̂𝜈 ≡ 𝑃̂
2 + (𝜈2 −

1

4
) 𝑋̂−2,  

ℋSC = ℋSC(𝑞, 𝑝) = ⟨𝑞, 𝑝|ℋ̂grav |𝑞, 𝑝⟩ ∝ 𝑝
2 +

𝜉𝜈
2

𝑞2
 

𝑞𝜏 = 𝑞B√1+ 𝜔
2(𝜏 − 𝜏B)

2

𝑝𝜏 =
1

2
𝑞̇(𝜏) =

𝑞B𝜔
2(𝜏 − 𝜏B)

2√1 + 𝜔2(𝜏 − 𝜏B)
2

 

𝐸 = 𝑝𝜏
2 + 𝜉𝜈

2/𝑞𝜏
2 

𝑞B = 𝜉𝜈/√𝐸 

𝜔 = 2𝐸/𝜉𝜈 

(𝑝𝜏 →𝑝̂𝜏𝜓 = −i𝜕𝜏𝜓)ℋT = ℋfluid +ℋgrav ≃ 0 

i𝜕𝜏𝜓(𝑥, 𝜏) = (−𝜕𝑥
2 +

𝜈2 −
1
4

𝑥2
)

⏟          
ℋ̂𝜈

𝜓(𝑥, 𝜏)
 

𝜓(𝑥, 𝜏) = 𝑒−i𝜙𝜏⟨𝑥 ∣ 𝑞𝜏, 𝑝𝜏⟩𝑛 

𝑒−i𝜙(𝜏) = (
𝜉𝜈 − i𝑝𝜏𝑞𝜏
𝜉𝜈 + i𝑝𝜏𝑞𝜏

)
𝛽𝑛/(4𝜉𝜈)
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|𝑞𝜏, 𝑝𝜏⟩𝑛 = exp (i
𝑝𝜏
2𝑞𝜏

𝑥̂2) 𝑒−
1
2
iln 𝑞𝜏(𝑥̂𝑝̂+𝑝̂𝑥̂)|Φ𝑛⟩  

|Φ𝑛⟩, 𝑛 ∈ ℕ 

ℋ̂aux = ℋ̂𝜈 + 𝜉𝜈
2𝑋̂2 

⟨𝑥 ∣ 𝑞𝜏, 𝑝𝜏⟩𝑛 =
1

√𝑞𝜏
exp (i

𝑝𝜏
2𝑞𝜏

𝑥2)Φ𝑛 (
𝑥

𝑞𝜏
). 

𝛽𝑛 = 2𝜉𝜈(2𝑛 + 𝜈 + 1) 

Φ𝑛(𝑥) = ⟨𝑥 ∣ Φ𝑛⟩ 

Φ𝑛(𝑥) = √
2𝑛!

Γ(𝑛 + 𝜈 + 1)
𝜉
𝜈+1
2 𝑥𝜈+

1
2𝐿𝑛
(𝜈)
(𝜉𝜈𝑥

2)𝑒−
1
2
𝜉𝜈𝑥

2
 

 𝑛⟨𝑞𝜏, 𝑝𝜏|𝑋̂|𝑞𝜏, 𝑝𝜏⟩𝑛 = 𝑞𝜏 

 

𝜉𝜈 → 𝜉𝜈,𝑛 = {
𝑛!

Γ(𝑛 + 𝜈 + 1)
∫  
∞

0

 𝑦𝜈+
1
2 [𝐿𝑛

(𝜈)
(𝑦)]

2
𝑒−𝑦 d𝑦}

2

 

 𝑛⟨𝑞𝜏, 𝑝𝜏|𝑃̂|𝑞𝜏, 𝑝𝜏⟩𝑛 = 𝑝𝜏 

𝜉𝜈,𝑛 =
Γ2 (𝜈 +

3
2)

Γ2(𝜈 + 𝑛 + 1)
(𝜈2𝑛 +⋯)  

𝜉𝜈 = Γ
2 (𝜈 +

3

2
) /Γ2(𝜈 + 1) 

|𝑞𝜏, 𝑝𝜏⟩𝑛 ≡ |𝐸, 𝜏B⟩𝑛 

|ΨU⟩ = |ΨB⟩ ⊗ |ΨP⟩ 

|ΨB⟩ = 𝒩(𝜏)∑  

𝑛∈ℕ

 ∫   d𝐸 ∫   d𝜏B𝑊𝑛(𝐸, 𝜏B)|𝐸, 𝜏B⟩𝑛  

𝑊𝑛(𝐸, 𝜏B) = 𝛿𝑛,𝑛0𝛿(𝐸 − 𝐸0)𝛿(𝜏B − 𝜏0) 

𝒩(𝜏)𝑊𝑛(𝐸, 𝜏B) → 𝒩𝑁(𝜏)∑  

𝑁

𝑎=1

 𝔴𝑎𝛿𝑛,𝑛𝑎𝛿(𝐸 − 𝐸𝑎)𝛿(𝜏B − 𝜏B,𝑎)  

𝒩𝑁(𝜏) = ( ∑  

𝑁

𝑎,𝑏=1

 𝔴𝑎
⋆𝔴𝑏𝑛𝑎⟨𝐸𝑎 , 𝜏B,𝑎 ∣ 𝐸𝑏 , 𝜏B,𝑏⟩𝑛𝑏

)

−1/2

 

⟨ΨB ∣ ΨB⟩ = 1 

 𝑛𝑎⟨𝐸𝑎 , 𝜏B,𝑎 ∣ 𝐸𝑎 , 𝜏B,𝑎⟩𝑛𝑎
= 1 

 𝑛𝑎⟨𝐸𝑎, 𝜏B,𝑎 ∣ 𝐸𝑏 , 𝜏B,𝑏⟩𝑛𝑏
≠ 0 
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𝑎 ≡ {𝑛𝑎, 𝐸𝑎 , 𝜏B,𝑎}|𝐸𝑎 , 𝜏B,𝑎⟩𝑛𝑎
→ |𝑎⟩ 

𝜓𝑎(𝑥) = ⟨𝑥 ∣ 𝑎⟩ = ⟨𝑥 ∣ 𝐸𝑎 , 𝜏B,𝑎⟩𝑛𝑎
 

𝜓𝑎(𝑥) = √
2𝑛𝑎!

Γ(𝜈 + 𝑛𝑎 + 1)
(
𝜉𝜈,𝑛𝑎 − i𝑞𝑎𝑝𝑎

𝜉𝜈,𝑛𝑎 + i𝑞𝑎𝑝𝑎
)

1
2
(2𝑛𝑎+𝜈+1)

𝜉𝜈,𝑛𝑎

𝜈+1
2
𝑥𝜈+1/2

𝑞𝑎
𝜈+1

𝐿𝑛𝑎
𝜈 (𝜉𝜈,𝑛𝑎

𝑥2

𝑞𝑎
2
) exp (−

1

2
(𝜉𝜈,𝑛𝑎 − i𝑞𝑎𝑝𝑎)

𝑥2

𝑞𝑎
2
)  

𝑞B → 𝑞B,𝑎 = 𝜉𝜈,𝑛𝑎/√𝐸𝑎 , 𝜔 → 𝜔𝑎 = 2𝐸𝑎/𝜉𝜈,𝑛𝑎 

⟨𝑎 ∣ 𝑏⟩ =  𝑛𝑎⟨𝐸𝑎, 𝜏B,𝑎 ∣ 𝐸𝑏 , 𝜏B,𝑏⟩𝑛𝑏
= ∫  

∞

0

   𝑛𝑎⟨𝐸𝑎 , 𝜏B,𝑎 ∣ 𝑥⟩⟨𝑥 ∣ 𝐸𝑏 , 𝜏B,𝑏⟩𝑛𝑏
 d𝑥 = ∫  

∞

0

 𝜓𝑎
⋆(𝑥)𝜓𝑏(𝑥)d𝑥  

⟨𝑎 ∣ 𝑏⟩ = 2√
𝑛𝑎!

Γ(𝜈 + 𝑛𝑎 + 1)

𝑛𝑏!

Γ(𝜈 + 𝑛𝑏 + 1)
(
𝜉𝜈,𝑛𝑎 + i𝑞𝑎𝑝𝑎

𝜉𝜈,𝑛𝑎 − i𝑞𝑎𝑝𝑎
)

1
2
(2𝑛𝑎+𝜈+1)

(
𝜉𝜈,𝑛𝑏 − i𝑞𝑏𝑝𝑏

𝜉𝜈,𝑛𝑏 + i𝑞𝑏𝑝𝑏
)

1
2
(2𝑛𝑏+𝜈+1)

(
√𝜉𝜈,𝑛𝑎𝜉𝜈,𝑛𝑏
𝑞𝑎𝑞𝑏

)

𝜈+1

𝐼𝑎𝑏  

𝐼𝑎𝑏 ≡ ∫  
∞

0

 𝐿𝑛𝑎
𝜈 (𝜉𝜈,𝑛𝑎

𝑥2

𝑞𝑎
2)𝐿𝑛𝑏

𝜈 (𝜉𝜈,𝑛𝑏
𝑥2

𝑞𝑏
2)𝑒

−𝑧𝑎𝑏𝑥
2
𝑥2𝜈+1 d𝑥  

𝑧𝑎𝑏 ≡
1

2
[
𝜉𝜈,𝑛𝑎
𝑞𝑎
2 +

𝜉𝜈,𝑛𝑏
𝑞𝑏
2 + i (

𝑝𝑎
𝑞𝑎
−
𝑝𝑏
𝑞𝑏
)]  

𝐼𝑎𝑏 =
1

2
∑  

𝑛𝑎

ℓ=0

  ∑  

𝑛𝑏

𝑚=0

 
(𝜈 + ℓ + 1)𝑛𝑎−ℓ
(𝑛𝑎 − ℓ)! ℓ!

(𝜈 + 𝑚 + 1)𝑛𝑏−𝑚
(𝑛𝑏 −𝑚)!𝑚!

 × (
𝜉𝜈,𝑛𝑎
𝑞𝑎
2 )

ℓ

(
𝜉𝜈,𝑛𝑏
𝑞𝑏
2 )

𝑚
Γ(𝜈 + ℓ +𝑚 + 1)

𝑧𝑎𝑏
𝜈+ℓ+𝑚+1

 

(𝛼)𝑛 = 𝛼(𝛼 + 1)⋯ (𝛼 + 𝑛 − 1) 

⟨𝑎 ∣ 𝑏⟩ =21+𝜈 [(
𝑞𝑎
𝑞𝑏
+
𝑞𝑏
𝑞𝑎
)
2

+
i

𝜉𝜈
(𝑝𝑎𝑞𝑏 − 𝑝𝑏𝑞𝑎)]

−(1+𝜈)

 × (
𝜉𝜈 + i𝑞𝑎𝑝𝑎
𝜉𝜈 − i𝑞𝑎𝑝𝑎

)

1
2
(1+𝜈)

(
𝜉𝜈 − i𝑞𝑏𝑝𝑏
𝜉𝜈 + i𝑞𝑏𝑝𝑏

)

1
2
(1+𝜈)

 

𝜉𝜈 ≡ 𝜉𝜈,0 

𝜉𝜈 = Γ
2 (𝜈 +

3

2
) /Γ2(𝜈 + 1) 

⟨𝑎 ∣ 𝑏⟩ = (
2√𝑟𝑎𝑏

1 + 𝑟𝑎𝑏 + i𝑟𝑎𝑏𝜔𝑎Δ𝜏
)

1+𝜈

 

𝑟𝑎𝑏 ≡ 𝐸𝑎/𝐸𝑏 , Δ𝜏 = 𝜏B,𝑎 − 𝜏B,𝑏 

ℜe⟨𝑎 ∣ 𝑏⟩ = 4𝑟𝑎𝑏
(1 + 𝑟𝑎𝑏)

2 − 𝑟𝑎𝑏
2 𝜔𝑎

2Δ𝜏2

[(1 + 𝑟𝑎𝑏)
2 + 𝑟𝑎𝑏

2 𝜔𝑎
2Δ𝜏2]2

,  

ℑm⟨𝑎 ∣ 𝑏⟩ = −
8𝑟𝑎𝑏

2 (1 + 𝑟𝑎𝑏)𝜔𝑎Δ𝜏

[(1 + 𝑟𝑎𝑏)
2 + 𝑟𝑎𝑏

2 𝜔𝑎
2Δ𝜏2]2

,  
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|ΨB⟩ = 𝒩2(|0⟩ + 𝜌𝑒
−i𝛿|1⟩),  

𝒩2 = [1 + 𝜌
2 + 2𝜌(cos 𝛿ℜe⟨0 ∣ 1⟩ + sin 𝛿ℑm⟨0 ∣ 1⟩)]−1/2  

|ΨB(𝑥, 𝜏)|
2 

𝜕

𝜕𝜏
|ΨB(𝑥, 𝜏)|

2 +
𝜕

𝜕𝑥
[2|ΨB(𝑥, 𝜏)|

2
𝜕𝑆(𝑥, 𝜏)

𝜕𝑥
] = 0  

d𝑥

 d𝜏
= 2𝜕𝑥𝑆 =

ΨB
⋆𝜕𝑥ΨB −ΨB𝜕ΨB

⋆

i|ΨB|
2

= −i𝜕𝑥ln 
ΨB
ΨB
⋆ ,  

𝑞̂Ψ(𝑥) = 𝑥Ψ(𝑥) 

𝑥(𝜏) = √
12𝒱0
𝜅

2𝑎
3
2
(1−𝑤)

3(1 − 𝑤)
≡ 𝜆𝑎

3
2
(1−𝑤)  

𝑥̈ = −2𝜕𝑥[𝑉(𝑥) + 𝑄(𝑥, 𝑡)],  

𝐻̂ = −𝜕𝑥
2 + 𝑉(𝑥) 

𝑄(𝑥, 𝜏) ≡ −
1

|ΨB|

𝜕2|ΨB|

𝜕𝑥2
 

𝐻𝑐𝑙 = 𝑝
2 + 𝑉(𝑞) 

𝑆𝑎 = −𝜙𝑎 + 𝑝𝑎𝑥
2/(2𝑞𝑎) = −𝜙𝑎 +

𝜔𝑎
2𝑥2(𝜏 − 𝜏B,𝑎)

2 [1 + 𝜔𝑎
2(𝜏 − 𝜏B,𝑎)

2
]

 

𝑥(𝜏) = 𝑥(0)√1 + 𝜔𝑎
2(𝜏 − 𝜏B,𝑎)

2
≡ 𝑥0

𝑞𝑎(𝜏)

𝑞B
 

𝑄(𝑥, 𝜏) =
2𝜉𝜈(𝜈 + 1)

𝑞2
−
𝜉𝜈
2𝑥2

𝑞4
−
𝜈2 −

1
4

𝑥2
 

𝑥̈ = −2
𝜕

𝜕𝑥
[
𝜈2 −

1
4

𝑥2
+ 𝑄(𝑥, 𝜏)] =

4𝜉𝜈
2

𝑞(𝜏)4
𝑥  

𝐻 = 𝑎−1 d𝑎/d𝑡 = 𝑎̇/(𝑁𝑎) 

 d𝜏 = d𝑡𝐻 =
2

3(1 − 𝑤)

𝑥̇

𝑁𝑥
 

𝐻2 =
𝜅

3
𝜌 =

4

9(1 − 𝑤)2
𝑥̇2

𝑁2𝑥2
∝
(𝜕𝑥𝑆)

2

𝑎3(1+𝑤)
∝
(𝜕𝑎𝑆)

2

𝑎4
 

𝑆(𝑎) ∼ 𝑎
3
2
(1−𝑤)

 

𝐻̇ = −
1

2
𝜅𝑁(𝜌 + 𝑃) = −

3

2
(1 + 𝑤)𝑁𝐻2 
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𝐻̇ =
2

3(1 − 𝑤)

𝑥̈

𝑁𝑥
−
3

2
(1 + 𝑤)𝑁𝐻2  

𝑅(𝜏) = 4 (
𝑥

𝜆
)
−

4
1−𝑤

[
𝑥̈

(1 − 𝑤)𝑥
+
(1 − 3𝑤)𝑥̇2

3(𝑤 − 1)2𝑥2
]  

𝑅B =
4𝜔2

1 − 𝑤
(
𝑥0
𝜆
)
−

4
1−𝑤

∝ 𝜔2(1 − 𝑤)
−
3𝑤+1
(1−𝑤)𝑥0

−
4𝑤
1−𝑤  

𝑥̃ = √𝐸0𝑥, 𝑞̃ = √𝐸0𝑞,  and  𝜏̃ = 𝐸0𝜏,  

Ψ̃B(𝑥̃) = 𝐸0
−1/4

ΨB(𝑥) 

∫  |Ψ̃B(𝑥̃)|
2
 d𝑥̃ = ∫  |ΨB(𝑥)|

2 d𝑥 = 1 

𝜕𝑆

𝜕𝜏
+ (

𝜕𝑆

𝜕𝑥
)
2

+𝑄 +
𝜈2 −

1
4

𝑥2
= 0  
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|𝜓𝑎(𝑥, 𝜏)| ∝ exp (−
𝜉𝑥2

2𝑞𝑎
2) 

𝑞𝑎(𝜏) → 𝑞B𝜔𝑎𝜏 = 2√𝐸𝑎𝜏 

𝑥 ∝ 𝑎
3
2
(1−𝑤)

 

𝑁 ∝ 𝑎3𝑤 

𝑎 ∝
𝑡→∞

𝑡2/[3(1+𝑤)] − (𝑥2/𝜏2) + 𝑥̇2 

𝑥̇(𝜏)||𝜏|→∞ = ±𝑝0𝑥(𝜏ini ) 
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𝑥(𝜏ini ) = 𝑞0(𝜏ini ) 
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d𝑠2 = 𝑎2(𝜂){−d𝜂2 + [𝛿𝑖𝑗 + ℎ𝑖𝑗(𝒙, 𝜂)]}d𝑥
𝑖 d𝑥𝑗,  

( 𝜕𝑖ℎ𝑖𝑗 = 0 ) ( 𝛿𝑖𝑗ℎ𝑖𝑗 = 0 ) 

𝐻(2) =∑ 

𝒌

  [𝐻𝒌,+
(2)
+𝐻𝒌,×

(2)
] ,    

𝐻𝒌,𝜆
(2)
= 𝜋𝒌

(𝜆)
𝜋−𝒌
(𝜆)
+ (𝑘2 −

𝑎′′

𝑎
)𝜇𝒌

(𝜆)
𝜇−𝒌
(𝜆)
,
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ℎ𝑖𝑗(𝒙, 𝜂) =∑  

𝜆

𝜇(𝜆)(𝒙, 𝜂)𝜀𝑖𝑗(𝜆)/𝑎(𝜂)𝜀𝑖𝑗(+)𝜀𝑖𝑗(×)𝜇𝒌
(𝜆)

 

𝜋𝑘
(𝜆)
𝑎′ = d𝑎/d𝜂 

𝜇𝒌(𝜂)𝑘 = √𝒌
2 

𝜇𝒌
′′ + [𝑘2 − 𝑉eff(𝜂)]𝜇𝒌 = 0  

𝑉eff(𝜂) ≡
𝑎′′

𝑎
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𝑉eff (𝜂) ≃
𝜂∼0

𝑞0
′′/𝑞0 

𝑉eff (𝜂) ≃
𝜂∼Δ𝜂

𝑞1
′′/𝑞1 

𝑉eff (𝜂) = 𝑎
′′/𝑎𝑞0

′′/𝑞0𝑞1
′′/𝑞1 

𝑝 = √𝜅/(12𝒱0)𝑎𝑝𝑎 

𝑞 = √12𝒱0/𝜅log (𝑎) 

∀𝛼 ∈ ℕ, 𝑝2 = 𝑥𝛼𝑝𝑥−2𝛼𝑝𝑥𝛼 

𝜌𝜎(𝐫) =∑  

𝑖

 𝑓𝑖
𝜎|𝜓𝑖

𝜎(𝐫)|2.  

∫  𝑑𝐫|𝜓𝑖
𝜎(𝐫)|2 = 1,∀𝑖  

𝑈BO(𝐑) = min
𝜌𝜎,𝑓𝜎

  {𝐹KS[𝜌
𝜎] +∑  

𝜎

 ∫  𝑑𝐫𝑉ext
𝜎 (𝐑, 𝐫)𝜌𝜎(𝐫) ∣ ∑  

𝑖,𝜎

 𝑓𝑖
𝜎 = 𝑁𝑒} + 𝑉(𝐑).  

𝐑 = {𝐑𝐼}. 𝑉ext 
𝜎 (𝐑, 𝐫) 

𝐿BO(𝐑, 𝐑̇) =
1

2
∑  

𝐼

 𝑚𝐼|𝐑̇𝐼|
2
− 𝑈BO(𝐑),  

𝑚𝐼𝐑̈𝐼 = −∇𝐼𝑈BO(𝐑).  
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𝑈ΔSCF(𝐑) = min
𝜌𝜎
  {𝐹KS[𝜌

𝜎] +∑  

𝜎

 ∫  𝑑𝐫𝑉ext
𝜎 𝜌𝜎(𝐫) ∣ 𝐟𝜎 ∈ Ω𝜎} + 𝑉(𝐑),  

𝑂 = (𝐶old)
†
𝑆𝐶new.  

𝑝𝑗 =∑  

𝑖

(𝑂𝑖𝑗
2 )
1
2 

𝐿ΔSCF(𝐑, 𝐑̇) =
1

2
∑  

𝐼

 𝑚𝐼|𝐑̇𝐼|
2
− 𝑈ΔSCF(𝐑),  

𝑚𝐼𝐑̈𝐼 = −∇𝐼𝑈ΔSCF(𝐑).  

ℱKS[𝜌
𝜎, 𝑛𝜎] = 𝐹KS[𝑛

𝜎] +∑  

𝜎

 ∫  𝑑𝐫(𝜌𝜎(𝐫) − 𝑛𝜎(𝐫))
𝛿𝐹𝐾𝑆[{𝜌

𝛼, 𝜌𝛽}]

𝛿𝜌𝜎(𝐫)
|

𝜌𝜎=𝑛𝜎

 

𝒰ΔSCF(𝐑, 𝑛
𝜎) = min

𝜌𝜎
  {ℱKS[𝜌

𝜎, 𝑛𝜎] +∑  

𝜎

 ∫  𝑑𝐫𝑉𝑒𝑥𝑡
𝜎 (𝐑, 𝐫)𝜌𝜎(𝐫) ∣ 𝐟𝜎 ∈ Ω𝜎} + 𝑉(𝐑)  

ℒΔSCF(𝐑, 𝐑̇, 𝑛
𝜎 , 𝑛̇𝜎) =

1

2
∑  

𝐼

 𝑚𝐼|𝐑̇𝐼|
2
−𝒰ΔSCF(𝐑, 𝑛

𝜎) +
1

2
𝜇∑  

𝜎

 ∫  𝑑𝐫(𝑛̇𝜎(𝐫))2

 −
1

2
𝜇𝜔2∑  

𝜎,𝜎′

 ∬  𝑑𝐫𝑑𝐫′(𝜌min
𝜎 [𝑛](𝐫) − 𝑛𝜎(𝐫))𝑇𝜎𝜎

′
(𝐫, 𝐫′) (𝜌min

𝜎′ [𝑛](𝐫′) − 𝑛𝜎
′
(𝐫′)) .

 

𝑇𝜎𝜎
′
=∑ 

𝜎′′

 ∫  𝑑𝐫′′𝐾𝜎
′′𝜎(𝐫′′, 𝐫)𝐾𝜎

′′𝜎′(𝐫′′𝐫′)  

𝐽𝜎𝜎
′
(𝐫, 𝐫′) =

𝛿(𝜌min
𝜎 [𝑛](𝐫) − 𝑛𝜎(𝐫))

𝛿𝑛𝜎
′(𝐫′)

 

|𝑞min,𝐽
𝜎′ [𝑛] − 𝑛𝐽

𝜎′| ∝ 𝜔−2 

𝑚𝐼𝐑̈𝐼 = −∇𝐼𝒰ΔSCF(𝐑, 𝑛
𝜎)|𝑛𝜎

𝑛̈𝜎(𝐫) = −𝜔2∑ 

𝜎′

 ∫  𝑑𝐫𝐾𝜎𝜎
′
(𝐫, 𝐫′) (𝜌min

𝜎′ [𝑛](𝐫) − 𝑛𝜎
′
(𝐫))  

𝑈BO
DFTB(𝐑) = min

𝐷𝜎,𝑓𝜎
  {∑  

𝜎

 Tr[𝐻𝜎
(0)(𝐷𝜎 − 𝐷0

𝜎)] +
1

2
∑  

𝐼,𝐽

 𝑞𝐼𝛾𝐼𝐽𝑞𝐽 +
1

2
∑  

𝐼

 𝑀𝐼(𝑞𝐼
𝛼 − 𝑞𝐼

𝛽
)
2
|  ∑  

𝑖,𝜎

 𝑓𝑖
𝜎 = 𝑁𝑒} + 𝑉ref(𝐑)  

𝑞𝐼 =∑ 

𝜎

 Tr[(𝐷𝜎 − 𝐷0
𝜎)𝑆𝐼].  

𝑆𝐼
′ = {𝑆𝑖𝑗}𝑖∈𝐼,𝑗∈𝐽, 𝑆𝐼 =

1

2
(𝑆𝐼
′ + 𝑆𝐼

′𝑇)  

𝛾𝐼𝐽 = {
|𝑅𝐼 − 𝑅𝐽|

−1
|𝑅𝐼 − 𝑅𝐽| → ∞

𝑈𝐼𝐽 |𝑅𝐼 − 𝑅𝐽| → 0
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𝐻𝜎 = 𝐻
(0) +

1

2
(𝑉𝐶𝑆 + 𝑆𝑉𝐶) +

1

2
(𝑊𝜎𝑆 + 𝑆𝑊𝜎)  

𝐻𝜎
⊥ = 𝑍𝑇𝐻𝜎𝑍  

𝑍𝑇𝑆𝑍 = 𝐼  

𝐻𝜎
⊥𝑐𝑖
𝜎 = 𝜖𝑖

𝜎𝑐𝑖
𝜎  

𝐷𝜎 = 𝑍(∑ 

𝑖

 𝑓𝑖
𝜎𝑐𝑖
𝜎𝑐𝑖
𝜎𝑇)𝑍𝑇  

𝑉𝑖∈𝐼,𝑗∈𝐽
𝐶 = 𝑣𝐼

𝐶𝛿𝐼𝐽, where 𝑣𝐼𝐶 =∑ 

𝐽

 𝛾𝐼𝐽𝑞𝐽  

𝑊𝑖∈𝐼,𝑗∈𝐽
𝛼 = 𝑤𝐼

𝛼𝛿𝐼𝐽, where 𝑤𝐼𝛼 = 𝑀𝐼 (𝑞𝐼𝛼 − 𝑞𝐼
𝛽
)  

𝑊𝑖∈𝐼,𝑗∈𝐽
𝛽

= 𝑤𝐼
𝛽
𝛿𝐼𝐽 where 𝑤𝐼

𝛽
= −𝑀𝐼 (𝑞𝐼

𝛼 − 𝑞𝐼
𝛽
)  

𝒰ΔSCF
DFTB(𝐑, 𝑛𝜎) = min

𝐷𝜎
  {∑  

𝜎

 Tr [𝐻𝜎
(0)(𝐷𝜎 − 𝐷0

𝜎)] +
1

2
∑  

𝐼,𝐽

  (2𝑞𝐼 − 𝑛𝐼)𝛾𝐼𝐽𝑛𝐽

 +
1

2
(2 (𝑞𝐼

𝛼 − 𝑞𝐼
𝛽
) − (𝑛𝐼

𝛼 − 𝑛𝐼
𝛽
))𝑀𝐼 (𝑛𝐼

𝛼 − 𝑛𝐼
𝛽
)| 𝐟𝜎 ∈ Ω𝜎} + 𝑉ref(𝐑)

 

ℒΔSCF
DFTB(𝐑, 𝐑̇, 𝑛𝜎, 𝑛̇𝜎)=

1

2
∑  

𝐼

 𝑚𝐼|𝐑̇𝐼|
2
−𝒰ΔSCF

DFTB(𝐑, 𝑛𝜎) +
1

2
𝜇∑  

𝐼,𝜎

  |𝑛̇𝐼
𝜎|2  

 −
1

2
𝜇𝜔2 ∑  

𝐼,𝐽,𝜎,𝜎′

  (𝑞min,𝐼
𝜎 [𝑛] − 𝑛𝐼

𝜎)𝑇𝐼𝐽
𝜎𝜎′ (𝑞min,𝐽

𝜎′ [𝑛] − 𝑛𝐽
𝜎′)

 

𝐽𝐼𝐽
𝜎𝜎′ =

𝜕

𝜕𝑛𝐽
𝜎′
(𝑞min,𝐼
𝜎 [𝑛] − 𝑛𝐼

𝜎)  

|𝑞min,𝐽
𝜎′ [𝑛] − 𝑛𝐽

𝜎′| ∝ 𝜔−2,
[79]

2]
 

𝑚𝐼𝐑̈𝐼 = −∇𝐼𝒰ΔSCF
DFTB(𝐑, 𝑛𝜎)|

𝑛𝜎
,

𝑛̈𝐼
𝜎 = −𝜔2∑ 

𝐽,𝜎′

 𝐾𝐼𝐽
𝜎𝜎′ (𝑞min,𝐽

𝜎′ [𝑛] − 𝑛𝐽
𝜎′) ,  

𝑛𝐼
𝜎(𝑡 + 𝛿𝑡) = 2𝑛𝐼

𝜎(𝑡) − 𝑛𝐼
𝜎(𝑡 − 𝛿𝑡) + 𝛿𝑡2𝑛̈𝐼

𝜎(𝑡) + 𝛼 ∑  

𝐾max

𝑘=0

 𝐶𝑘𝑛𝐼
𝜎(𝑡 − 𝑘𝛿𝑡)  

𝜅 = 𝛿𝑡2𝜔2 

𝐧̈ = −𝜔2𝐊(𝐪[𝐧] − 𝐧).  

𝐧 = [{𝑛𝛼}𝑖=1
𝑁 , {𝑛𝛽}

𝑖=1

𝑁
] 

𝐧̈ = −𝜔2(𝐊0𝐉)
−1𝐊0(𝐪[𝐧] − 𝐧).  
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𝐟𝐯𝑖(𝐧) ≡
𝑑𝐟(𝐧 + 𝜆𝐯𝑖)

𝑑𝜆
|
𝜆=0

=
𝑑𝐪[𝐧 + 𝜆𝐯𝑖]

𝑑𝜆
|
𝜆=0

− 𝐯𝑖 = 𝐉𝐯𝑖.  

𝐉 =∑  

𝑁

𝑘,𝑙

  𝐟𝐯𝑘(𝐧)𝐿𝑘𝑙𝐯𝑙
𝑇  

𝐟𝐯𝑖(𝐧) = 𝐊0𝐟𝐯𝑖(𝐧),  

𝐟(𝐧) = 𝐊0𝐟(𝐧),  

𝐊0𝐉 =∑  

𝑁

𝑘,𝑙

  𝐟𝐯𝑘𝐿𝑘𝑙𝐯𝑙
𝑇  

(𝐊0𝐉)
−1 =∑  

𝑁

𝑘,𝑙

 𝐯𝑘𝑀𝑘𝑙𝐟𝐯𝑙
𝑇  

(𝐊0𝐉)
−1 ≈∑  

𝑚

𝑘,𝑙

 𝐯𝑘𝑀𝑘𝑙𝐟𝐯
𝑇 ,𝑚 < 𝑁  

{𝐯𝑘} ∈ span
⊥{𝐟(𝐧), (𝐊0𝐉)𝐟(𝐧), (𝐊0𝐉)

2𝐟(𝐧),… }.  

𝐧̈ ≈ −𝜔2 ∑  

𝑚<𝑁

𝑘,𝑙

 𝐯𝑘𝑀𝑘𝑙𝐟𝐯𝑙
𝑇𝐊0(𝐪[𝐧] − 𝐧),  

𝐫𝑚 = 𝐊0(𝐪[𝐧] − 𝐧) − (∑  

𝑚

𝑘,𝑙

  𝐟𝑘𝑀𝑘𝑙𝐟𝐯𝑙
𝑇)𝐊0(𝐪[𝐧] − 𝐧)  

𝑟̃𝑚 =
‖𝐊0(𝐪[𝐧] − 𝐧) − (∑  𝑚

𝑘,𝑙   𝐟𝑘𝑀𝑘𝑙𝐟𝐯𝑙
𝑇 )𝐊0(𝐪[𝐧] − 𝐧)‖

‖𝐊0(𝐪[𝐧] − 𝐧)‖
 

𝐧new = 𝐧old − 𝐊(𝐪[𝐧old ] − 𝐧old ) ≈ 𝐧old − ∑  

𝑚<𝑁

𝑘,𝑙

 𝐯𝑘𝑀𝑘𝑙𝐟𝐯𝑙
𝑇𝐊0(𝐪[𝐧old ] − 𝐧old )  

|𝜑𝑘𝑗|
2
𝑑𝜇 ⇀ 𝜈  when 𝑗 → +∞ 

𝒟 = ker𝜂 

∀𝑋, 𝑌 ∈ Γ(𝒟), 𝑔(𝑋, 𝜙𝑌) = 𝑑𝜂(𝑋, 𝑌) 

0 ≤ 𝛿0 ≤ 𝛿1 ≤ ⋯ ≤ 𝛿𝑘 ≤ ⋯ → +∞ 

−Δ𝑠𝑅𝜑𝑘 = 𝛿𝑘𝜑𝑘  and  ‖𝜑𝑘‖𝐿2(𝑀,𝜈) = 1 

(𝜑𝑘)𝑘∈ℕ −Δ𝑠𝑅 (𝛿𝑘)𝑘∈ℕ(𝑘𝑗)𝑗∈ℕ 

∫  
𝑀

𝑎(𝑥) |𝜑𝑘𝑗(𝑥)|
2
𝑑𝜈(𝑥) ⟶

𝑗→+∞
∫  
𝑀

𝑎(𝑥)𝑑𝜈(𝑥), 
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𝐺𝑥𝑀 = Exp(𝔤𝑥𝑀) 

𝐺𝑀:= {(𝑥, 𝜋): 𝑥 ∈ 𝑀, 𝜋 ∈ 𝐺𝑥𝑀̂}, 

𝜎 = {𝜎(𝑥, 𝜋):ℋ𝜋
∞ → ℋ𝜋

∞: (𝑥, 𝜋) ∈ 𝐺𝑀}, 

𝑆𝑚(𝐺̂𝑀),𝑚 ∈ ℝ ∪ −∞ 

Ψℏ
𝑚(𝑀),𝑚 ∈ ℝ ∪−∞ 

−ℏ2Δ𝑠𝑅 ∈ Ψℏ
2(𝑀), 

𝐻 ∈ 𝑆2(𝐺̂𝑀) 

[−ℏ2ΔsR, Opℏ(Π𝑛)] ∈ ℏΨℏ
1(𝑀)  and  Opℏ(Π𝑛) ∘ Opℏ(Π𝑛) = Opℏ(Π𝑛) + ℏΨℏ

−1(𝑀) 

ℏ2(2𝑛 + 𝑑)|𝑅| + 𝒪(ℏ2) 

Π̂𝑛
ℏ𝐴Π̂𝑛

ℏ𝐴 ∈ Ψℏ
−∞(𝑀) 

Ψℏ
−∞(𝑀) − ℏ2Δ𝑠𝑅 

𝜂 ∧ (𝑑𝜂)𝑑 ≠ 0 

( 2𝑑 + 1 )-form 𝜂 ∧ (𝑑𝜂)𝑑 

∀𝑥 ∈ 𝑀,𝒟𝑥:= {𝑉 ∈ 𝑇𝑥𝑀: 𝜂(𝑉) = 0}. 

𝜂(𝑅) = 1  and  𝑑𝜂(𝑅,⋅) = 0. 

𝜂 = 𝑑𝑟 −
1

2
∑  

𝑑

𝑖=1

(𝑦𝑖𝑑𝑥𝑖 − 𝑥𝑖𝑑𝑦𝑖) 

𝑅 = 𝜕𝑟 

Σ2𝑑+2(𝑀2𝑑+1, 𝜂)Σ ⊂ 𝑇∗𝑀𝒟⊥ ∖ 𝑜 

𝒟 = ker𝜂 

Σ = {(𝑥, 𝜆𝜂𝑥) ∈ 𝑇
∗𝑀: 𝑥 ∈ 𝑀, 𝜆 ∈ ℝ ∖ {0}} 

Σ = ⋃  

𝜆∈ℝ∖{0}

Σ𝜆 

Σ𝜆 = {(𝑥, 𝜆𝜂𝑥) ∈ 𝑇
∗𝑀: 𝑥 ∈ 𝑀} 

(𝑥, 𝜆𝜂𝑥) ∈ Σ ↦ 𝜆 ∈ ℝ 

𝑗: (𝑥, 𝜆) ∈ 𝑀 × ℝ ∖ {0} ↦ (𝑥, 𝜆𝜂𝑥) ∈ Σ 

𝜔∣Σ = 𝑗
∗(𝜔) = −(𝑑𝜆 ∧ 𝜂 + 𝜆𝑑𝜂) 

𝜔∣Σ
𝑑+1 = (−1)𝑑+1𝜆𝑑𝑑𝜆 ∧ 𝜂 ∧ (𝑑𝜂)𝑑  

𝑋̃1, … , 𝑋̃𝑑 , 𝑌̃1, … , 𝑌̃𝑑 , 𝑅 
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[𝑋̃𝑖, 𝑌̃𝑗] = 𝛿𝑖,𝑗𝑅  and  [𝑋̃𝑖, 𝑋̃𝑗] = [𝑌̃𝑖, 𝑌̃𝑗] = 0  

𝔳 = span(𝑋̃1, … , 𝑋̃𝑑 , 𝑌̃1, … , 𝑌̃𝑑)  and  𝔯 = span(𝑅) 

𝔭 = span(𝑋̃1, … , 𝑋̃𝑑) 

𝔮 = span(𝑌̃1, … , 𝑌̃𝑑) 

𝔥𝑑 = 𝔳⊕ 𝔯  

𝑋̃𝑖 = 𝜕𝑥𝑖 −
𝑦𝑖
2
𝜕𝑟, 𝑌̃𝑖 = 𝜕𝑦𝑖 +

𝑥𝑖
2
𝜕𝑟  and  𝑅 = 𝜕𝑟  

Expℍ𝑑: 𝔥
𝑑 → ℍ𝑑 

ℎ1 = Exp(𝑉1 + 𝑅1) 

ℎ2 = Exp(𝑉2 + 𝑅2) 

ℎ1 ∗ ℎ2 = Expℍ𝑑(𝑉 + 𝑅),  with 𝑉 = 𝑣1 + 𝑣2 ∈ 𝔳 and 𝑅 = 𝑟1 + 𝑟2 +
1

2
[𝑣1, 𝑣2] ∈ 𝔯 

ℎ−1 = Expℍ𝑑(−𝑉 − 𝑅) 

𝒫(𝑀, 𝕊1) ≅ 𝐻2(𝑀, 𝐙), 

∀𝑝 ∈ 𝑃, 𝑇𝑝𝑃 = 𝐻𝑝⊕𝑉𝑝,  where 𝑉 = kerpr∗, 

Φ = pr∗Ω 

𝜙2 = −𝐼 + 𝜂 ⊗𝑅  and  𝜂(𝑅) = 1. 

𝜙(𝑅) = 0  and  𝜂 ∘ 𝜙 = 0. 

∀𝑥 ∈ 𝑀, ∀𝑋, 𝑌 ∈ 𝑇𝑥𝑀,𝑔(𝜙𝑋, 𝜙𝑌) = 𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌).  

𝜂(𝑋) = 𝑔(𝑋, 𝑅) 

𝑌1 = 𝜙(𝑋1) 

𝕏 = (𝑋1, … , 𝑋𝑑 , 𝑌1, … , 𝑌𝑑 , 𝑅) 

(
0 −𝐼𝑑 0
𝐼𝑑 0 0
0 0 0

) 

𝑂(2𝑑) × 1 ∩ 𝑆𝑝(2𝑑) × 1 = 𝑈(𝑑) × 1 

∀𝑥 ∈ 𝑀, ∀𝑋, 𝑌 ∈ 𝑇𝑥𝑀,𝑔(𝑋, 𝜙𝑌) = 𝑑𝜂(𝑋, 𝑌). 

∀𝑥 ∈ 𝑀, ∀𝑋, 𝑌 ∈ 𝑇𝑥𝑀,𝑔(𝑋, 𝜙𝑌) = 𝑑𝜂(𝑋, 𝑌),  

𝜂(𝑋) = 𝑔(𝑋, 𝑅), 

𝜙2 = −𝐼 + 𝜂 ⊗ 𝑅  and  𝑑𝜂(𝑋, 𝑌) = 𝑔(𝑋, 𝜙𝑌).  
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𝑑vol𝑔 =
(−1)𝑑

2𝑑𝑑!
𝜂 ∧ (𝑑𝜂)𝑑 

𝑇𝜎(𝑇
∗𝑀) = 𝑇𝜎Σ⊕ orth𝜔(𝑇𝜎Σ),  

𝑁Σ = {(𝜎,𝑤): 𝜎 ∈ Σ,𝑤 ∈ 𝑁𝜎Σ} ⊂ 𝑇(𝑇
∗𝑀), 

𝑁𝜎Σ = orth𝜔(𝑇𝜎Σ) 

𝑇Σ𝑈 = ⋂  

1≤𝑖≤𝑑

 ker𝑑ℎ𝑋𝑖 ∩ ker𝑑ℎ𝑌𝑖 = {𝑤 ∈ 𝑇(𝑇𝑈
∗𝑀):∀𝑖 ∈ {1,… , 𝑑}, 𝑑ℎ𝑋𝑖 ⋅ 𝑤 = 𝑑ℎ𝑌𝑖 ⋅ 𝑤 = 0}

= {𝑤 ∈ 𝑇(𝑇𝑈
∗𝑀):∀𝑖 ∈ {1,… , 𝑑},𝜔(ℎ⃗ 𝑋𝑖 , 𝑤) = 𝜔(ℎ⃗

 
𝑌𝑖 , 𝑤) = 0}

 

𝑁𝜎Σ = span(ℎ⃗ 𝑋1(𝜎), … , ℎ⃗
 
𝑋𝑑(𝜎), ℎ⃗

 
𝑌1(𝜎), … , ℎ⃗

 
𝑌𝑑(𝜎)) 

Σ, 𝑑𝜋(ℎ⃗ 𝑋𝑖) = 𝑋𝑖 ∘ 𝜋 

𝑑𝜋(ℎ⃗ 𝑌𝑖) = 𝑌𝑖 ∘ 𝜋 

𝑑𝜋𝜎(𝑁𝜎Σ) = 𝒟𝜋(𝜎) 

Ξ𝜎:= (𝑑𝜋𝜎)∣𝑁𝜎Σ
𝒟𝜋(𝜎): 𝑁𝜎Σ → 𝒟𝜋(𝜎)  

𝜔𝜎
𝑁Σ = (𝜔𝜎)∣𝑁𝜎Σ 

𝜔𝜎
𝑁Σ (ℎ⃗ 𝑋𝑖(𝜎), ℎ⃗

 
𝑌𝑗(𝜎)) = 𝜔𝜎 (ℎ⃗

 
𝑋𝑖(𝜎), ℎ⃗

 
𝑌𝑗(𝜎)) = {ℎ𝑋𝑖 , ℎ𝑌𝑗} (𝜎) = 𝛿𝑖,𝑗ℎ𝑅(𝜎) = 𝜆(𝜎) 

𝜔𝜎
𝑁Σ (ℎ⃗ 𝑋𝑖(𝜎), ℎ⃗

 
𝑋𝑗(𝜎)) = 𝜔𝜎

𝑁Σ (ℎ⃗ 𝑌𝑖(𝜎), ℎ⃗
 
𝑌𝑗(𝜎)) 

𝜔𝑁Σ = 𝜆Ξ∗(−𝑑𝜂∣𝒟) 

𝜈 =
1

vol(𝑀)
|vol| − ΔsR 

∀𝜓 ∈ 𝐶∞(𝑀), 𝑄(𝜓) = ∫  
𝑀

‖𝑑𝜓‖𝑔𝒟∗
2 𝑑𝜈 

𝑔𝒟
∗Dom(−Δ𝑠𝑅) ⊂ 𝐿

2(𝑀, 𝜈) 

𝐶∞(𝑀)(𝑉1, … , 𝑉2𝑑)𝒟 

∇𝑠𝑅𝜓 =∑  

2𝑑

𝑖=1

(𝑉𝑖𝜓)𝑉𝑖 

𝑄(𝜓) = ∫  
𝑀

‖∇𝑠𝑅𝜓‖𝑔𝒟
2 𝑑𝜈 

Δ𝑠𝑅 = −∑ 

2𝑑

𝑖=1

𝑉𝑖
∗𝑉𝑖 =∑ 

2𝑑

𝑖=1

(𝑉𝑖
2 + div𝜈(𝑉𝑖)𝑉𝑖) 

div𝜈(𝑋)ℒ𝑋𝜈 = div𝜈(𝑋)𝜈 
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Δℍ𝑑 =∑ 

𝑑

𝑖=1

(𝑋̃𝑖
2 + 𝑌̃𝑖

2) 

𝑇0,1𝑀 ⊂ 𝑇𝑀⊗ℂ 

dimℂ𝑇
0,1𝑀 = 𝑑 

 
𝑇1,0𝑀 ∩ 𝑇0,1𝑀 = ∅ 

𝑇1,0𝑀 = 𝑇0,1𝑀 

𝒟⊗ℂ = 𝑇1,0𝑀⊕𝑇0,1𝑀 

𝜙:𝒟 → 𝒟𝜙2 = − Id 

𝑇0,1𝑀 = {𝑋 − 𝑖𝜙𝑋:𝑋 ∈ Γ(𝒟)} 

𝐿𝜂(𝑋, 𝑌):= −𝑑𝜂(𝑋, 𝜙𝑌), 𝑋, 𝑌 ∈ Γ(𝒟) 

∀𝑓 ∈ 𝐶∞(𝑀), 𝜕‾𝑏𝑓 = (𝑑𝑓)∣𝑇0,1𝑀 ∈ Γ(𝑇
0,1𝑀∗) 

◻𝑏= 𝜕‾𝑏
∗𝜕‾𝑏 

◻𝑏= −
1

4
(Δ𝑏 − 𝑖𝑑𝑅) +  𝑔 = pr∗𝐺 + 𝜂 ⊗ 𝜂 

Ω(𝑋, 𝑌) = 𝐺(𝑋, 𝐽𝑌) 

𝜙2 = −𝐼 + 𝜂 ⊗ 𝑅. 

𝑑𝜂(𝑋, 𝑌) = 𝑔(𝑋, 𝜙(𝑌)) 

𝐵 = 𝑏vol𝑔 

𝑑𝜂 = pr∗𝐵 

𝜂 = 𝑑𝜃 + 𝐴 

(𝑑𝜂𝑔)∣𝒟
= 𝑑vol𝑔𝒟  on 𝒟 

𝜂𝑔 = 𝑏
−1𝜂 

𝑅 = 𝑏𝜕𝜃 − 𝑏⃗  

(𝑔𝑖,𝑗(𝑥1, 𝑥2))
1≤𝑖,𝑗≤2

 

Δ𝑠𝑅 =
1

√|𝑔|
∑  

𝑖,𝑗

  (𝜕𝑖 − 𝐴𝜕𝜃)[√|𝑔|𝑔
𝑖,𝑗(𝜕𝑗 − 𝐴𝜕𝜃)]  

|𝑔| = det(𝑔𝑖,𝑗)(𝑔
𝑖,𝑗)

1≤𝑖,𝑗≤2
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𝐿2(𝑀):=⨁ 

𝑚∈𝐙

𝐿𝑚
2 (𝑋) 

𝐿𝑚
2 (𝑋),𝑚 ∈ 𝐙 − Δ𝑠𝑅 

𝐶𝑚
∞(𝑋) ⊂ 𝐿𝑚

2 (𝑋),𝑚 ∈ 𝐙 

Δ𝑚 =
1

√|𝑔|
∑  

𝑖,𝑗

(𝜕𝑖 −𝑚𝐴)[√|𝑔|𝑔
𝑖,𝑗(𝜕𝑗 −𝑚𝐴)] 

gr(𝑇𝑥𝑀) = 𝒟𝑥⊕𝑇𝑥𝑀/𝒟𝑥 

[𝑋𝑥 , 𝑌𝑥]𝔤𝑥𝑀: = [𝑋, 𝑌](𝑥) mod𝒟𝑥 

𝔤𝑥𝑀 = (gr(𝑇𝑥𝑀), [⋅,⋅]𝔤𝑥𝑀) 

𝕏 = (𝑉1, … , 𝑉2𝑑+1)𝑈 ⊂ 𝑀(𝑉1, … , 𝑉2𝑑)𝒟∣𝑈 

⟨𝕏⟩:= (⟨𝑉1⟩,… , ⟨𝑉2𝑑+1⟩)𝔤∣𝑈𝑀 

𝔤𝑀 = 𝔳𝑀⊕ 𝔯𝑀 

∀𝑡 > 0, 𝛿𝑡(𝑉𝑥 + 𝑅𝑥) = 𝑡𝑉𝑥 + 𝑡
2𝑅𝑥 ,  where 𝑉𝑥 ∈ 𝔳𝑥𝑀,𝑅𝑥 ∈ 𝔯𝑥𝑀 

Exp𝐺𝑥𝑀: 𝔤𝑥𝑀 → 𝐺𝑥𝑀 

𝐺𝑀 = ⋃  

𝑥∈𝑀

𝐺𝑥𝑀 

𝕏 = (𝑋1, … , 𝑋𝑑 , 𝑌1, … , 𝑌𝑑 , 𝑅), 

 

∀𝑖, 𝑗 ∈ {1,… , 𝑑}, 𝑑𝜂(𝑋𝑖, 𝑌𝑗) = −𝛿𝑖,𝑗  and  𝑑𝜂(𝑋𝑖, 𝑋𝑗) = 𝑑𝜂(𝑌𝑖 , 𝑌𝑗) = 0 

𝑑𝜂(𝑋, 𝑌) = −𝜂([𝑋, 𝑌]), 

∀𝑖, 𝑗 ∈ {1,… , 𝑑}, [𝑋𝑖 , 𝑌𝑗] = 𝛿𝑖,𝑗𝑅 mod𝒟  and  [𝑋𝑖, 𝑋𝑗], [𝑌𝑖, 𝑌𝑗] ∈ 𝒟 

∀𝑖 ∈ {1,… , 𝑑}, ⟨𝑋𝑖⟩𝑥 = 𝑋𝑖,𝑥   and  ⟨𝑌𝑖⟩𝑥 = 𝑌𝑖,𝑥 

⟨𝑅⟩𝑥 = 𝑅𝑥  mod𝒟𝑥 

∀𝑥 ∈ 𝑈, [⟨𝑋𝑖⟩𝑥 , ⟨𝑌𝑗⟩𝑥]𝔤𝑥𝑀
= 𝛿𝑖,𝑗⟨𝑅⟩𝑥   and  [⟨𝑋𝑖⟩𝑥 , ⟨𝑋𝑗⟩𝑥]𝔤𝑥𝑀

= [⟨𝑌𝑖⟩𝑥 , ⟨𝑌𝑗⟩𝑥]𝔤𝑥𝑀
= 0. 

𝜑𝑈
𝒙 : 𝑈 × 𝔥𝑑 ⟶ 𝔤𝑀∣𝑈, 

𝜑𝑈
𝕏(𝑥, 𝑣) = (𝑥,∑  

𝑑

𝑖=1

  (𝑣𝑖⟨𝑋𝑖⟩𝑥 + 𝑣𝑑+𝑖⟨𝑌𝑖⟩𝑥) + 𝑣2𝑑+1⟨𝑅⟩𝑥), 

∀𝑣 ∈ 𝔥𝑑 , Exp𝑥
⋊(𝑣):= Exp𝐺𝑥𝑀(𝜑𝑈

⋊(𝑥, 𝑣)), 

Exp𝑥: 𝑈 × 𝔥𝑑 → 𝐺∣𝑈𝑀 
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∀(𝑥, 𝑣) ∈ 𝑈 × 𝔥𝑑 , Exp⋊(𝑥, 𝑣): = Exp𝑥
⋊(𝑣). 

𝜑𝑈1
𝕏1 𝜑𝑈2

𝕏2𝜙-frames (𝑈1, 𝕏1) (𝑈2, 𝕏2) 

𝑈1 ∩ 𝑈2(𝐴(𝑥))𝑥∈𝑈1∩𝑈2𝑈(𝑑) × 1 

∀𝑥 ∈ 𝑈1 ∩ 𝑈2, 𝕏1(𝑥) = 𝐴(𝑥)𝕏2(𝑥)  

⟨𝕏1⟩⟨𝕏2⟩𝔤𝑀∣𝑈1∩𝑈2 

∀(𝑥, 𝑣) ∈ (𝑈1 ∩ 𝑈2, 𝔥
𝑑), 𝜑𝑈1

𝕏1,−1 ∘ 𝜑𝑈2
𝕏2(𝑥, 𝑣) = (𝑥, 𝐴(𝑥)𝑣) 

𝜇𝐺𝑀 = {𝜇𝑥}𝑥∈𝑀 

𝑥 ∈ 𝑀 ↦ ∫  
𝑀

𝑓(𝑥, ℎ)𝑑𝜇𝑥(ℎ) 

𝑓 ∈ 𝐶𝑐
∞(𝐺𝑀) 

{Leb
𝔥𝑑
𝕏 }

𝑥∈𝑈
⟨𝕏⟩𝑥𝔤∣𝑈𝑀Exp𝐺𝑥𝑀 , 𝑥 ∈ 𝑀{𝜇𝑥}𝑥∈𝑀 

𝒱 =⨁ 

1≤𝑗≤𝑝

𝒱𝑗(𝒱𝑖)1≤𝑗≤𝑝 

𝛿𝑟(𝑣) = 𝑟
𝑗𝑣, 𝑣 ∈ 𝒱𝑗 

𝑄:=∑ 

𝑝

𝑗=1

𝑗dim(𝒱𝑗) 

𝑓(𝛿𝑟𝑣) = 𝑟
𝑚𝑓(𝑣) 

𝑇: 𝒮(𝒱) → 𝒮′(𝒱)(𝛿𝑡)𝑡>0𝑓 ∈ 𝒮(𝒱) 

𝑇(𝑓 ∘ 𝛿𝑟) = 𝑟
𝑚(𝑇𝑓) ∘ 𝛿𝑟 

 
| ⋅ |: 𝒱 → ℝ 

| − 𝑣| = |𝑣|, |𝑣| = 0 ⟺ 𝑣 = 0,  and  |𝛿𝑟𝑣| = 𝑟|𝑣|. 

𝔥𝑑 = 𝔳⊕ 𝔯 

|(𝑥, 𝑦, 𝑧)| = ((𝑥2 + 𝑦2)2 + 𝑧2)1/4 

∃𝐶 > 0, ∀ℎ1, ℎ2 ∈ ℍ, |ℎ1 ∗ ℎ2| ≤ 𝐶(|ℎ1| + |ℎ2|). 

𝒱1 = ⨁  

1≤𝑗≤𝑝1

𝒱1,𝑗 

𝒱2 = ⨁  

1≤𝑗≤𝑝2

𝒱2,𝑗 

(𝛿1,𝑟)𝑟>0 (𝛿2,𝑟)𝑟>0(𝑉1, … , 𝑉dim(𝒱1))(𝑊1, … ,𝑊dim(𝒱2))𝒱𝑖,𝑗, 𝑖 ∈ {1,2},1 ≤ 𝑗 ≤ 𝑝𝑖 
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lim
𝜀→0
 𝛿2,𝜀−1𝑟(𝛿1,𝜀𝑣) = 0 

𝑅:ℝ+ × 𝒱1 → 𝒱2 

𝛿2,𝜀−1 (𝑟(𝛿1,𝜀𝑣)) = 𝜀𝑅(𝜀, 𝑣) 

𝛾̇(𝑡) = 𝑋(𝛾(𝑡))  and  𝛾(0) = 𝑥 

exp𝑥  (𝑋): = 𝛾(1) 

𝕏 = (𝑉1, … , 𝑉2𝑑+1)𝑥 ∈ 𝑈𝑣 ∈ ℝ
2𝑑+1 

exp𝑥
𝕏 (𝑣) = exp𝑥  (∑  

2𝑑+1

𝑖=1

 𝑣𝑖𝑉𝑖), 

ℝ2𝑑+1(𝑋1, … , 𝑋𝑑 , 𝑌1, … , 𝑌𝑑 , 𝑅) 

𝑈𝕏 × 𝔥𝑑 

exp𝕏: 𝑈𝕏 ⟶ 𝑈 × 𝑈

(𝑥, 𝑣) ⟼ exp𝑥
𝕏 (𝑣)

 

ln𝕏:= (exp𝕏)
−1
  and  ln𝑥𝕏: = (exp𝑥𝕏)

−1
.  

𝑡 ∈ (0,1), (𝑥, 𝑡𝑣) 

{𝑥} × {0} × {0} in 𝑈 × 𝔥𝑑 × 𝔥𝑑 

ln𝑥
𝕏 (expexp𝑥⋊ (𝑤)

𝕏  (𝑣)) = 𝑤 ∗𝔥𝑑 𝑣 + 𝑟(𝑥;𝑤, 𝑣), 

ℐ:ℋ𝜋1 → ℋ𝜋2  

𝜋1 = ℐ
−1 ∘ 𝜋2 ∘ ℐ 

[𝜋1] = [𝜋2] 

𝐺:= {[𝜋]: 𝜋: 𝐺 → ℒ(ℋ𝜋)𝒢}. 

𝜆 ∈ 𝔯∗ ∖ {0} 

ℋ𝜋𝜆 = 𝐿
2(𝔭) 

𝜋𝜆(ℎ)𝑓(𝜉) = exp (𝑖𝜆𝑟 +
𝑖

2
|𝜆|𝑥 ⋅ 𝑦 + 𝑖√|𝜆|𝜉 ⋅ 𝑦) 𝑓(𝜉 + √|𝜆|𝑥)  

𝔯∗ ∖ {0} with ℝ ∖ {0} 

 

𝜋𝜆, 𝜆 ∈ 𝔯∗ ∖ {0}Exp→(ℝ𝑅)ℋ𝜋𝜆Expℌ(𝑟𝑅), 𝑟 ∈ ℝ 

𝑒𝑖𝜆𝑟𝐼ℋ𝜋 

𝔳 ∼ 𝔭⊕ 𝑖𝔮. 
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∫ 
𝔳

|𝐹(𝑧)|2𝑒−|𝜆||𝑧|
2
𝑑𝑧 < ∞ 

𝜋ℱ
𝜆(ℎ)𝐹(𝑤) = exp (𝑖𝜆𝑟 −

𝜆

4
|𝑧|2 −

𝜆

2
𝑤𝑧‾) 𝐹(𝑤 + 𝑧), ℎ = (𝑧, 𝑟) ∈ ℍ𝑑 .  

[𝜋𝜆] = [𝜋ℱ
𝜆], 𝜆 ∈ ℝ∗. 

𝜋0,𝛾(ℎ) = 𝑒𝑖𝛾(𝑉),  where ℎ = Expℍ(𝑉 + 𝑟𝑅), with 𝑉 ∈ 𝔳, 𝑟 ∈ ℝ. 

ℍ̂ = {[𝜋𝜆]: 𝜆 ∈ 𝔯∗ ∖ {0}} ⊔ {[𝜋0,𝛾]: 𝛾 ∈ 𝔳∗}. 

ℍ̂∞ = {[𝜋
𝜆]: 𝜆 ∈ 𝔯∗ ∖ {0}}, 

𝑑𝜇ℍ̂(𝜋
𝜆) = (2𝜋)−(3𝑑+1)|𝜆|𝑑𝑑𝜆, 𝜆 ∈ ℝ∗. 

𝜋(𝑋) =
𝑑

𝑑𝑡
𝜋(Exp𝐺(𝑡𝑋))∣𝑡=0, 𝑋 ∈ 𝔤 

𝑔 ∈ 𝐺 ↦ 𝜋(𝑔)𝑓 ∈ ℋ𝜋 

𝜋𝜆(𝑋𝑖) = √|𝜆|𝜕𝜉𝑖 , 𝜋
𝜆(𝑌𝑖) = 𝑖√|𝜆|𝜉𝑖   and  𝜋𝜆(𝑅) = 𝑖𝜆 

ℋ
𝜋𝜆
∞𝒮(ℝ𝜉) 

Δℍ𝑑 =∑ 

𝑑

𝑖=1

(𝑋𝑖
2 + 𝑌𝑖

2)𝔘(𝔥𝑑) 

𝜋𝜆(−Δℍ𝑑) = |𝜆|∑  

𝑑

𝑖=1

(−𝜕𝜉𝑖
2 + 𝜉𝑖

2). 

ℱ𝐺(𝜅)(𝜋) = 𝜅̂(𝜋) = 𝜋(𝜅) = ∫  
𝐺

𝜅(𝑥)𝜋(𝑥)∗𝑑𝑥 ∈ ℒ(ℋ𝜋) 

ℐ ∘ 𝜋1 = 𝜋2 ∘ ℐ 

ℐ ∘ ℱ𝐺(𝜅)(𝜋1) = ℱ𝐺(𝜅)(𝜋2) ∘ ℐ 

ℱ𝐺(𝜅) = {𝜅̂(𝜋) ∈ ℒ(ℋ𝜋): 𝜋 ∈ 𝐺} 

ℱ𝐺(𝜅1) ∘ ℱ𝐺(𝜅2) = ℱ𝐺(𝜅2 ⋆𝐺 𝜅1),  where 𝜅2 ⋆𝐺 𝜅1(𝑥) = ∫  
𝐺

𝜅2(𝑦)𝜅1(𝑦
−1𝑥)𝑑𝑦 

∀𝜅 ∈ 𝒮(𝐺), ∀𝑥 ∈ 𝐺, 𝜅(𝑥) = ∫  
𝐺

 Trℋ𝜋(𝜋(𝑥)𝜅̂(𝜋))𝑑𝜇𝐺(𝜋)  

∀𝜅 ∈ 𝐿1(𝐺) ∩ 𝐿2(𝐺),∫  
𝐺

  |𝜅(𝑥)|2𝑑𝑥 = ∫  
𝐺

 ‖𝜅̂(𝜋)‖𝐻𝑆(ℋ𝜋)
2 𝑑𝜇𝐺(𝜋)  

‖ ⋅ ‖𝐻𝑆(ℋ𝜋)ℋ𝜋𝐿
2(𝐺̂) 

𝜎 = {𝜎(𝜋) ∈ ℒ(ℋ𝜋): ‖𝜎(𝜋)‖𝐻𝑆(ℋ𝜋) < ∞, 𝜋 ∈ 𝐺} 
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‖𝜎‖𝐿2(𝐺̂)
2 := ∫  

𝐺

‖𝜎(𝜋)‖𝐻𝑆(ℋ𝜋)
2 𝑑𝜇𝐺(𝜋) 

ℱ𝐺: 𝐿
2(𝐺) → 𝐿2(𝐺̂) 

𝜎 = {𝜎(𝜋) ∈ ℒ(ℋ𝜋): 𝜋 ∈ 𝐺} 

‖𝜎‖𝐿∞(𝐺̂):= sup
𝜋∈𝐺

 ‖𝜎‖ℒ(ℋ𝜋) 

ℱ𝐺(𝐿
1(𝐺)) ⊂ 𝐿∞(𝐺̂) 

ℒ(𝐿2(𝐺))𝐺 

𝑇 ∈ ℒ(𝐿2(𝐺))𝐺𝑇̂ ∈ 𝐿∞(𝐺̂) 

∀𝑓 ∈ 𝐿2(𝐺), ℱ𝐺(𝑇𝑓) = 𝑇̂𝑓 

‖𝑇‖ℒ(𝐿2(𝐺)) = ‖𝑇̂‖𝐿∞(𝐺̂) 

 
𝑇 ∈ ℒ(𝐿2(𝐺))𝐺  

𝜅 ∈ 𝒮′(𝐺)𝑇𝑓 = 𝑓 ⋆𝐺 𝜅𝑓 ∈ 𝒮(𝐺) 

ℱ𝐺(𝜅): = 𝑇̂ 

𝒦(𝐺):= {𝜅 ∈ 𝒮′(𝐺): (𝑓 ↦ 𝑓 ⋆𝐺 𝜅) ∈ ℒ(𝐿
2(𝐺))} 

ℱ𝐺:𝒦(𝐺) → 𝐿∞(𝐺̂)𝐿𝑠
2(ℍ𝑑) 

𝒦𝑎,𝑏(ℍ
𝑑):= {𝜅 ∈ 𝒮′(ℍ𝑑): (𝑓 ↦ 𝑓 ⋆ 𝜅) ∈ ℒ (𝐿𝑎

2 (ℍ𝑑), 𝐿𝑏
2(ℍ𝑑))} 

𝒦𝑎,𝑏(ℍ
𝑑)ℒ (𝐿𝑎

2 (ℍ𝑑), 𝐿𝑏
2(ℍ𝑑)) 

𝐿𝑎,𝑏
∞ (ℍ̂𝑑)𝜎 = {𝜎(𝜋):ℋ𝜋

∞ → ℋ𝜋
∞: 𝜋 ∈ 𝕄̂} 

(1 − 𝜋(Δ𝐻𝑑))
𝑏/2
𝜎 (1 − 𝜋(Δ𝐻𝑑))

−𝑎/2
 

𝐿∞(ℍ̂𝑑)𝐿𝑎,𝑏
∞ (ℍ̂𝑑) 

‖𝜎‖𝐿𝑎,𝑏
∞ (ℍ̂𝑑) = ‖(1 − 𝜋(Δℍ𝑑))

𝑏/2
𝜎 (1 − 𝜋(Δℍ𝑑))

−𝑎/2
‖
𝐿∞(ℍ̂𝑑)

 

𝒦𝑎,𝑏(ℍ
𝑑)𝐿𝑎,𝑏

∞ (ℍ̂𝑑)ℱℍ𝑑 : 𝒦𝑎,𝑏(ℍ
𝑑) → 𝐿𝑎,𝑏

∞ (ℍ̂𝑑)𝜅 ∈ 𝒦𝑎,𝑏(ℍ
𝑑) 

‖𝜅‖𝒦𝑎,𝑏(ℍ𝑑) = ‖ℱℌ(𝜅)‖𝐿𝑎,𝑏
∞ (ℍ̂𝑑)

 

𝜎 = {𝜎(𝜋) : ℋ𝜋
+∞ → ℋ𝜋

−∞: 𝜋 ∈ ℍ̂𝑑}ℍ̂𝑑ℋ𝜋
+∞ℋ𝜋

−∞ 

𝑞 ∈ 𝐶∞(ℍ𝑑) 

ℍ̂𝑑 Δ𝑞−  𝐿𝑎,𝑏
∞ (ℝ̂𝑑)𝑞ℱ

ℍ𝑑
−1(𝜎)𝐿𝑐,𝑑

∞ (ℍ̂𝑑) ∈ ℝ 
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Δ𝑞𝜎 = ℱℍ𝑑(𝑞ℱℍ𝑑
−1(𝜎)) 

Δ𝑥, Δ𝑦Δ𝑧𝛼 ∈ ℕ
2𝑑+1𝑥1

𝛼1⋯𝑥𝑑
𝛼𝑑𝑦1

𝛼𝑑+1⋯𝑦𝑑
𝛼2𝑑𝑧𝛼2𝑑+1 

𝑆𝑚(ℍ̂𝑑)𝛼 ∈ ℕ2𝑑+1 

Δ𝛼𝜎 ∈ 𝐿0,−𝑚+[𝛼]
∞ (ℍ̂𝑑) 

[𝛼] =∑  

2𝑑

𝑖=1

𝛼𝑖 + 2𝛼2𝑑+1𝑆
𝑚(ℍ̂𝑑) 

‖𝜎‖𝑆𝑚(ℍ̂𝑑),𝑁:= max
[𝛼]≤𝑁

 ‖Δ𝛼𝜎‖𝐿0,−𝑚+[𝛼]
∞ (ℍ̂𝑑) = max

[𝛼]≤𝑁
 ‖(1 − 𝜋(Δℍ𝑑))

𝑚−[𝛼]
2

Δ𝛼𝜎‖

𝐿∞(ℍ̂𝑑)

. 

𝑆−∞(ℍ̂𝑑) = ⋂  

𝑚∈ℝ

𝑆𝑚(ℍ̂𝑑). 

𝒮(ℍ)𝑆−∞(ℍ̂)( 𝑀2𝑑+1, 𝜂, 𝑔 ) 

𝐺̂𝑀 = ⋃  

𝑥∈𝑀

  (𝑥, 𝐺𝑥𝑀̂) ∼Kir  

∀(𝑥1, ℓ1), (𝑥2, ℓ2) ∈ 𝔤
∗𝑀, (𝑥1, ℓ1) ∼𝐾𝑖𝑟 (𝑥2, ℓ2) ⟺ 𝑥1 = 𝑥2 and ℓ1 ∈ Ad∗(𝐺𝑥2𝑀)(ℓ2), 

Ad∗(𝐺𝑥2𝑀)(ℓ) for ℓ ∈ 𝔤𝑥
∗𝑀 

𝐺𝑀:= 𝔤∗𝑀/∼𝐾𝑖𝑟. 

𝑝: 𝔤∗𝑀 → 𝑀 

𝑝̂: 𝐺𝑀 → 𝑀. 

𝜆 ∈ 𝔯𝑥
∗𝑀 ∖ 𝑜 

𝔭𝑥
⋊ = span(⟨𝑋1⟩𝑥, … , ⟨𝑋𝑑⟩𝑥) ⊂ 𝔤𝑥𝑀, 

ℋ𝜋𝑥
𝜆 = 𝐿2(𝔭𝑥

𝝌
) 

∀𝑓 ∈ ℋ𝜋𝑥
𝜆 , 𝜋𝑥

𝜆(ℎ)𝑓(𝜉) = exp (𝑖𝜆𝑧 +
𝑖

2
|𝜆|𝑥 ⋅ 𝑦 + 𝑖√|𝜆|𝜉 ⋅ 𝑦) 𝑓(𝜉 + √|𝜆|𝑥),  

ℎ = Exp𝐺𝑥𝑀(𝑥 ⋅ ⟨𝑋⟩𝑥 + 𝑦 ⋅ ⟨𝑌⟩𝑥 + 𝑧⟨𝑅⟩𝑥),  with 𝑥, 𝑦 ∈ ℝ𝑑, 𝑧 ∈ ℝ. 

𝜋𝑥
0,𝛾
(ℎ) = 𝑒𝑖𝛾(⟨𝑉⟩𝑥) 

ℎ = Exp𝐺𝑥𝑀(⟨𝑉⟩𝑥 + 𝑧⟨𝑅⟩𝑥), with ⟨𝑉⟩𝑥 ∈ 𝔳𝑥𝑀, 𝑧 ∈ ℝ 

𝜑̂𝑈
𝕏: 𝑈 × ℍ̂ → 𝐺𝑀∣𝑈 

𝑥 ∈ 𝑈𝜋 ∈ ℍ̂ [𝜋] = [𝜋𝜆]𝜆 ∈ 𝔯∗ ∖ {0}𝔯∗𝔯𝑥
∗𝑀⟨𝑅⟩𝑥 

𝜑̂𝑈
𝕏(𝑥, 𝜋𝜆) = (𝑥, 𝜋𝑥

𝜆) 
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[𝜋] = [𝜋0,𝛾] 

𝛾 ∈ 𝔳∗(⟨𝑋1⟩𝑥, … , ⟨𝑋𝑑⟩𝑥 , ⟨𝑌1⟩𝑥, … , ⟨𝑌𝑑⟩𝑥) 

𝜑̂𝑈
𝕏(𝑥, 𝜋0,𝛾) = (𝑥, 𝜋𝑥

0,𝛾
)𝜑̂𝑈

𝑋𝐺̂𝑀ℍ̂𝑑 

 

𝜑̂1,2
× : = 𝜑̂𝑈1

𝕏1,−1 ∘ 𝜑̂𝑈2
𝕏2: (𝑈1 ∩ 𝑈2) × ℍ̂ → (𝑈1 ∩ 𝑈2) × ℍ̂ 

𝜑̂1,2
𝕏 (𝑥, 𝜋) = (𝑥, 𝜋̃) 

𝜋̃(Expℍ(𝑟⟨𝑅⟩𝑥)) = 𝑒
𝑖𝜆𝑟𝐼ℋ𝜋̃

 

𝐺∞𝑀:= {(𝑥, [𝜋]): [𝜋] ∈ 𝐺∞,𝑥𝑀} 

(𝑥, 𝜆𝜂𝑥) ∈ Σ ↦ (𝑥, [𝜋𝑥
𝜆]) ∈ 𝐺∞𝑀  

{𝜇̂𝐺̂𝑥𝑀}𝑥∈𝑀
𝐺̂𝑥𝑀𝑥 ∈ 𝑀𝑥 ↦ ∫  

𝐺̂𝑥𝑀

𝑓(𝑥, 𝜋)𝑑𝜇̂𝐺𝑥𝑀(𝜋)𝑓 ∈ 𝐶𝑐(𝐺̂𝑀) 

𝑓 ∈ 𝐶𝑐(𝐺̂𝑀)𝑀 × 𝔸̂
𝑑 

𝜑̂𝑈
×𝑑𝜈(𝑥) ⊗ 𝑑𝜇̂

Ĝ̂𝑑
(𝜋) 

𝑀 × ℍ̂𝑑 

𝜑̂1,2
𝑋 (𝑥,⋅)ℍ̂∞

𝑑 𝜇̂Ĥ𝑑𝜇̂𝐺̂𝑀𝐺̂𝑀 

𝜇𝐺𝑀𝜅 ∈ 𝒮(𝐺𝑥𝑀) 

∫  
𝐺𝑥𝑀

  |𝜅(𝑣)|2𝑑𝜇𝐺𝑥𝑀(𝑣) = ∫  
𝐺̂𝑥𝑀

 ‖𝜅̂(𝜋)‖𝐻𝑆(ℋ𝜋)
2 𝑑𝜇̂𝐺𝑥𝑀(𝜋)  

𝑑𝜇̂𝐺𝑀(𝑥, 𝜋
𝜆) =

1

(2𝜋)3𝑑+1
𝑑𝜈(𝑥)⊗ |𝜆|𝑑𝑑𝜆 

𝐺∞𝑀Σ𝔳𝑥𝑀 = 𝔭𝑥
⋊⊕𝔮𝑥

⋊ 

𝔭𝑥
𝝌
⊕ 𝑖𝔮𝑥

𝝌
= ℂ𝑑 

ℱ𝜆(𝔳𝑥𝑀)𝐹: 𝔳𝑥𝑀 → ℂ 

∫  
𝔳𝑥𝑀

|𝐹(𝑧)|2𝑒−
|𝜆|
2
|𝑧|2𝑑𝑧 < +∞. 

𝐹 ∈ ℱ𝜆(𝔳𝑥𝑀) 

𝜋𝑥,ℱ
𝜆 (𝑔)𝐹(𝑤) = exp (𝑖𝜆𝑟 −

𝜆

4
|𝑧|2 −

𝜆

2
𝑤𝑧‾)𝐹(𝑤 + 𝑧), 𝑤 ∈ 𝔳𝑥𝑀 = 𝔭𝑥𝑀⊕ 𝑖𝔮𝑥𝑀, 

𝑔 = Exp𝐺𝑥𝑀(𝑥 ⋅ ⟨𝑋⟩𝑥 + 𝑦 ⋅ ⟨𝑌⟩𝑥 + 𝑟⟨𝑅⟩𝑥),  with 𝑥, 𝑦 ∈ ℝ𝑑 , 𝑟 ∈ ℝ. 

𝔳𝑥𝑀 = 𝔭𝑥
⋊⊕𝔮𝑥

⋊ 
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𝜎 = (𝑥, 𝜆𝜂𝑥) ∈ Σ ∼ 𝐺̂∞𝑀Ξ𝜎𝜙
𝑁Σ𝑔𝑁Σ 

𝜙𝜎
𝑁Σ = sgn(𝜆(𝜎))Ξ∗(𝜙𝑥) 

𝑔𝜎
𝑁Σ = 𝜆(𝜎)Ξ∗(𝑔𝑥)  

ℎ𝜎
𝑁Σ(𝑉,𝑊):= 𝑔𝜎

𝑁Σ(𝑉,𝑊) + 𝑖𝜔𝜎
𝑁Σ(𝑉,𝑊)𝜔𝜎

𝑁Σ𝑔𝑁Σℎ𝑁Σ 

𝑉 = 𝑥 ⋅ ⟨𝑋⟩𝑥 + 𝑦 ⋅ ⟨𝑌⟩𝑥 

𝜆(𝜎)|𝑧|2 = ℎ𝜎
𝑁Σ(𝑉, 𝑉)  and  𝜆(𝜎)𝑤𝑧‾ = ℎ𝜎𝑁Σ(𝑊, 𝑉), 

𝑊 = 𝑝 ⋅ ⟨𝑋⟩𝑥 + 𝑞 ⋅ ⟨𝑌⟩𝑥 

 

ℱ(𝑁𝜎Σ): = {𝐹:𝑁𝜎Σ → ℂ:𝐹 is 𝜙𝜎𝑁Σ-holomorphic 

 and ∫  
𝑁𝜎Σ

  |𝐹(𝑊)|2𝑒−
1
2|
𝑔𝜎
𝑁Σ(𝑊,𝑊)|𝑑Leb𝜎

𝑁Σ(𝑊) < +∞}
 

𝜋𝜎,ℱ(𝑔)𝐹(𝑊) = exp (𝑖𝜆(𝜎)𝑟 −
1

2
ℎ𝜎
𝑁Σ (𝑊 +

1

2
𝑉, 𝑉))𝐹(𝑊 + 𝑉)  

𝑔 = Exp𝐺𝑥𝑀(𝑉 + 𝑟⟨𝑅⟩)𝑉 ∈ 𝔳𝑥𝑀𝑟 ∈ ℝℱ(𝑁Σ) 

ℱ(𝑁Σ):=⋃  

𝜎∈Σ

ℱ(𝑁𝜎Σ), 

ℱ(𝑁Σ) ∼ ∫  
⊕

𝐺∞𝑀

 ℋ𝜋𝑥𝑑𝜇𝐺𝑀(𝑥, 𝜋𝑥)  

𝐿𝑎,𝑏
∞ (𝐺̂𝑥𝑀), 𝑥 ∈ 𝑀, for 𝑎, 𝑏 ∈ ℝ 

‖ ⋅ ‖𝐿𝑎,𝑏
∞ (𝐺̂𝑥𝑀)

 

𝜎 = {𝜎ℎ}ℎ>0 on 𝐺𝑀 

𝜎(𝑥,⋅) = {𝜎(𝑥, 𝜋):ℋ𝜋
∞ → ℋ𝜋

∞: 𝜋 ∈ 𝐺𝑥𝑀} 

𝑥 ∈ 𝑀, 𝜎(𝑥,⋅) ∈ 𝐿𝑎,𝑏
∞ (𝐺̂𝑥𝑀) for 𝑎, 𝑏 ∈ ℝ 

 

𝜅𝜎,𝑥 = ℱ𝐺𝑥𝑀,𝜇𝑥
−1 (𝜎(𝑥,⋅)), 

𝜅𝜎,𝑥 ∈ 𝒮
′(𝐺𝑥𝑀) 

𝜇̂𝐺̂𝑥𝑀 ( 𝕏,𝑈 )Exp𝐺𝑥𝑀𝜅𝜎,𝑥
⋊  𝔥𝑑 

𝜅𝜎,𝑥
⋊ (𝑣):= 𝜅𝜎,𝑥(Exp𝑥

⋊(𝑣)) ∈ 𝒮′(𝔥𝑑).  

∀𝑥 ∈ 𝑈, 𝜎⋊(𝑥,⋅): = ℱℍ𝑑(𝜅𝜎,𝑥
⋊ ).  

𝑆𝑚(𝐺̂𝑀)𝜎 = {𝜎ℏ}ℏ>0 
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𝑥 ∈ 𝑈 ↦ 𝜎𝕏(𝑥,⋅) ∈ 𝑆𝑚(ℍ̂) 

𝒞 ⊂ 𝑈𝛽 ∈ ℕ2𝑑+1 

∀𝑁 ∈ ℕ, sup
𝑥∈𝒞

 ‖𝐷
𝑋̂
𝛽
𝜎ℏ
⋊(𝑥,⋅)‖

𝑆𝑚(ℍ̂),𝑁
< +∞  

𝐷
𝑋̂
𝛽
= 𝑋1

𝛽1⋯𝑋𝑑
𝛽𝑑𝑌1

𝛽𝑑+1⋯𝑌𝑑
𝛽2𝑑𝑅𝛽2𝑑+1 

𝑚1 ≤ 𝑚2⟹ 𝑆𝑚1(𝐺̂𝑀) ⊂ 𝑆𝑚2(𝐺̂𝑀) 

𝑆−∞(𝐺̂𝑀):= ⋂  

𝑚∈ℝ

𝑆𝑚(𝐺̂𝑀) 

𝜎 = {𝜎ℏ}ℏ>0 

𝑟𝑁 = 𝑟ℏ
𝑁  ℏ>0 𝑆𝑚−𝑁(𝐺̂𝑀) 

𝜎ℏ = ∑  

𝑁−1

𝑖=0

ℏ𝑖𝜎𝑖 + ℏ
𝑁𝑟ℏ

𝑁End(ℱ(𝑁Σ)) 

𝜎 ∈ 𝑆0(𝐺̂𝑀), 

𝐺∞𝑀 ∼ Σ, 

ℱ(𝑁𝜎Σ), 𝜎 ∈ Σ, 

𝑆0(𝐺̂𝑀)𝑆0(ℝ̂) 𝜎 ∈ Σ 

( 𝑀, 𝜂 )𝐺∞𝑀 

 
𝜒 ∈ 𝐶∞(𝑀 ×𝑀)exp𝕏 (𝑈𝕏) ⊂ 𝑈 × 𝑈 

𝜒𝑥(𝑦): = 𝜒(𝑥, 𝑦) 

𝜎 ∈ 𝑆𝑚(𝐺̂𝑀) 

𝜅𝜎𝒮
′(𝐺𝑀)Opℏ

X,𝜒
(𝜎)𝑓 ∈ 𝐶∞(𝑀) 

∀𝑥 ∈ 𝑈, Opℏ
×,𝜒
(𝜎)𝑓(𝑥): = ∫  

𝑤∈𝐺𝑥𝑀

 𝜅𝜎,𝑥
ℏ (𝑤)(𝜒𝑥𝑓)(exp𝑥

× (−Ln𝑥
×(𝑤)))𝑑𝜇𝑥(𝑤)  

𝜅𝜎,𝑥
ℏ ∈ 𝒮′(𝐺𝑥𝑀) 

𝜅𝜎,𝑥
ℏ (𝑤):= ℏ−𝑄𝜅𝜎,𝑥(𝛿ℏ−1𝑤) 

Opℏ
𝕏,𝜒
(𝜎)𝑓(𝑥) = ℏ−𝑄∫  

𝑣∈ℝ𝑛
𝜅𝜎,𝑥
𝕏,ℏ(𝑣)(𝜒𝑥𝑓)(exp𝑥

𝕏 (−𝑣))𝑑𝑣 

𝜅𝜎,𝑥
𝕏,ℏ(𝑣):= ℏ−𝑄𝜅𝜎,𝑥

𝕏 (𝛿ℏ−1𝑣) 

𝑦 = exp𝑥
⋊ (−𝑣) 

𝑣 ↦ exp𝑥
𝕏 (−𝑣) 
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Opℏ
𝕏,𝜒
(𝜎)𝑓(𝑥) = ℏ−𝑄∫  

𝑀

 𝜅𝜎,𝑥
⋊ (−𝛿ℏ

−1ln𝑥
𝕏 𝑦)(𝜒𝑥𝑓)(𝑦)jac𝑦(ln𝑥

𝕏)𝑑vol(𝑦)  

jac𝑦(ln𝑥
𝕏)
𝑑ln𝑥

×

𝑑𝑦
(exp𝑥

𝕏 (−𝑣))
∗
𝑑𝑣Opℏ

𝕏,𝜒
(𝜎) 

(𝑥, 𝑦) ↦ ℏ−𝑄𝜅𝜎,𝑥
⋊ (−ℏ−1ln𝑥

⋊ (𝑦))𝜒𝑥(𝑦)jac𝑦(ln𝑥
⋊) =:𝐾ℏ

⋊(𝑥, 𝑦).  

𝛾:= exp𝑥0
𝕏̃ : 𝑉 ⊂ ℍ𝑑 → 𝑈, 

𝑣 ∈ ℍ𝑑 ∼ ℝ2𝑑+1 

exp𝑥
𝕏̃ (𝑣) = 𝛾(𝑣 ∗ℍ𝑑 𝛾

−1(𝑥)) 

(𝑥, 𝑣) ∈ 𝑈 × ℍ𝑑{𝜇𝑥}𝑥∈𝑀 

∀𝑥 ∈ 𝑈, 𝑑𝜇𝑥(𝑣) = 𝑐(𝑥)𝑑𝑣 

𝜅𝜎,𝑥 = ℱ𝐺𝑥𝑀,𝜇𝑥
−1 (𝜎(𝑥,⋅)){𝜇̃𝑥}𝑥∈𝑈 

∀𝑣 ∈ ℝ2𝑑+1, 𝜅𝜎,𝑥
𝕏̃ (𝑣) = 𝑐(𝑥)−1ℱ𝐺𝑥𝑀,𝜇̃𝑥

−1 (𝜎(𝑥,⋅))(Exp𝑥
𝕏̃(𝑣))  

∀𝑥 ∈ 𝑉, (𝛾−1 ∘ Opℏ
𝕏,𝜒
(𝜎) ∘ 𝛾)𝑓(𝑥) = ∫  

ℍ𝑑
 𝜅𝜎,𝑥
×̃,ℏ(𝑣)(𝜒𝑥𝑓)(𝑣

−1 ∗ℍ𝑑 𝑥)𝑐(𝑥)𝑑𝑣

 = ∫  
ℍ̂𝑑
 Trℋ𝜋(𝜎

𝕏̃(𝑥, ℏ ⋅ 𝜋)ℱℍ𝑑(𝜒𝑥𝑓)(𝜋))𝑑𝜇̂𝔸̂𝑑(𝜋)
 

𝜎𝕏̃ OpН 𝑑,ℏ 

𝛾−1 ∘ Opℏ
𝕏,𝜒
(𝜎) ∘ 𝛾 = Opℍ𝑑,ℏ(𝜎

𝕏̃).  

𝑃 = {𝑃ℏ}ℏ>0: 𝐶
∞(𝑀) → 𝐶∞(𝑀) 

𝜓1, 𝜓2 ∈ 𝐶
∞(𝑀)supp(𝜓1) ∩ supp(𝜓2) = ∅ 

‖𝜓1𝑃ℏ𝜓2‖𝐻−𝑁(𝑀)→𝐻𝑁(𝑀) = 𝒪(ℏ
∞) 

𝜓 ∈ 𝐶𝑐
∞(𝑈) 

𝜎 ∈ 𝑆𝑚(𝐺̂𝑀)𝐺̂∣𝑈𝑀 

𝜓𝑃ℏ(𝜓𝑓) = Opℏ
𝕏,𝜒
(𝜎)𝑓, 𝑓 ∈ 𝐶∞(𝑀) 

Ψℏ
∞(𝑀):= ⋃  

𝑚∈ℝ∪{−∞}

Ψℏ
𝑚(𝑀) 

Ψℏ
𝑚(𝑀) ⊂ Ψℏ

𝑚′
(𝑀) 

𝑃1 ∈ Ψℏ
𝑚1(𝑀)𝑃2 ∈ Ψℏ

𝑚2(𝑀)𝑃1 ∘ 𝑃2 is in Ψℏ
𝑚1+𝑚2(𝑀) 

ℒ(𝐻𝑠(𝑀), 𝐻𝑠−𝑚(𝑀)) for any 𝑠 ∈ ℝ 

𝒜 = (𝕏𝛼 , 𝑈𝛼 , 𝜒𝛼 , 𝜓𝛼)𝛼∈𝐴 
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(𝜓𝛼)𝛼∈𝐴∑ 

𝛼

𝜓𝛼
2 = (𝑥, 𝑦) ∈ 𝑀 ×𝑀 ↦ 𝜓𝛼(𝑥)𝜓𝛼(𝑦){𝜒𝛼(𝑥, 𝑦) = 1} 

𝒜 = (𝕏𝛼 , 𝑈𝛼 , 𝜒𝛼 , 𝜓𝛼)𝛼∈𝐴 

𝜎 ∈ 𝑆𝑚(𝐺̂𝑀)𝑚 ∈ ℝ ∪ {−∞}𝑓 ∈ 𝐶∞(𝑀) 

∀𝑥 ∈ 𝑀,Opℏ
𝒜(𝜎)𝑓(𝑥):= ∑  

𝛼∈𝐴

Opℏ
𝝌𝛼,𝜒𝛼(𝜓𝛼𝜎)(𝜓𝛼𝑓)(𝑥) 

𝑃 = {𝑃ℏ}ℏ>0: 𝐶
∞(𝑀) → 𝐶∞(𝑀) 

𝑚 ∈ ℝ ∪ {−∞} 

𝜎 = {𝜎ℏ}ℏ>0 ∈ 𝑆
𝑚(𝐺̂𝑀) 

𝑅ℏ: 𝐶
∞(𝑀) → 𝐶∞(𝑀) 

𝐴ℏ = Opℏ
𝒜(𝜎) + 𝑅ℏ 

princℏ: Ψℏ
𝑚(𝑀) → 𝑆𝑚(𝐺̂𝑀)/ℏ𝑆𝑚−1(𝐺̂𝑀), 

𝜎 ∈ 𝑆𝑚(𝐺̂𝑀) 

princℏ(Opℏ(𝜎)) = [𝜎] ∈ 𝑆
𝑚(𝐺̂𝑀)/ℏ𝑆𝑚−1(𝐺̂𝑀) 

𝑃1 ∈ Ψℏ
𝑚1(𝑀) and 𝑃2 ∈ Ψℏ

𝑚2(𝑀) 

princℏ(𝑃1 ∘ 𝑃2) = princℏ(𝑃1) ∘ princℏ(𝑃2)  and  princℏ(𝑃1∗) = princℏ(𝑃1)∗. 

𝑃 = {𝑃ℏ}ℏ>0 ∈ Ψℏ
𝑚(𝑀)Ψℏ

∞(𝑀) 

 
𝑓 ∈ 𝐶𝑐

∞(ℝ) 

𝑄𝑓,𝑁(ℏ) ∈ Ψℏ
−∞(𝑀)𝑅𝑓,𝑁(ℏ)𝐿

2(𝑀) 

𝑓(−ℏ2Δ𝑠𝑅) = 𝑄𝑓,𝑁(ℏ) + 𝑅𝑓,𝑁(ℏ),  with 𝑅𝑓,𝑁(ℏ) = 𝒪𝐿2(𝑀)→𝐿2(𝑀)(ℏ
𝑁+1) 

𝑄𝑓,𝑁(ℏ) 

princℏ(𝑄𝑓,𝑁(ℏ)) = 𝑓(𝐻)princℏ(−ℏ
2Δ𝑠𝑅)𝐺̂∞𝑀 

 
𝜎 = {𝜎ℏ}ℏ>0 

𝑆−∞(𝐺̂𝑀) 

𝐾 ⊂ 𝐺∞𝑀 

supp(𝜒) ∩ 𝐾 = ∅  implies  𝜒𝜎ℏ ∈ ℏ∞𝑆−∞(𝐺̂𝑀) 

𝜒 ∈ 𝐶𝑐
∞(𝐺̂∞𝑀) 

 ess supp∞(𝜎) ⊂ 𝐺∞𝑀 
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𝑃 = {𝑃ℏ}ℏ>0 ∈ Ψℏ
−∞(𝑀) 

𝑃ℏ = Opℏ(𝜎ℏ) + 𝑅ℏ 

𝜎 = {𝜎ℏ}ℏ>0 ∈ 𝑆
−∞(𝐺̂𝑀) 

WF∞
′ (𝑃):=  ess supp(𝜎)  

𝐺∞𝑀 ∼ Σ 

𝑃1, 𝑃2 ∈ Ψℏ
−∞(𝑀) 

WF∞
′ (𝑃1 + 𝑃2) ⊂ WF∞

′ (𝑃1) ∪ WF∞
′ (𝑃2),WF∞

′ (𝑃1 ∘ 𝑃2) ⊂ WF∞
′ (𝑃1) ∩ WF∞

′ (𝑃2), 

WF∞
′ (𝑃1

∗) = WF∞
′ (𝑃1) 

𝐾 ⊂ 𝐺∞𝑀 

Ψℏ
−∞(𝑀) 

𝐾 ∩WF∞
′ (𝑃1 − 𝑃2) = ∅( 𝑀2𝑑+1, 𝜂, 𝑔 )−ℏ2ΔsR 

𝕏 = (𝑋1, … , 𝑋𝑑 , 𝑌1, … , 𝑌𝑑 , 𝑅) 

−ℏ2ΔsR =∑ 

𝑑

𝑖=1

(ℏ2𝑋𝑖
∗𝑋𝑖 + ℏ

2𝑌𝑖
∗𝑌𝑖) 

(ℏ𝑋𝑖, ℏ𝑌𝑖)𝑖=1,…,𝑑Ψℏ
1(𝑀)Ψℏ

2(𝑀)𝐺𝑀∣𝑈 

princℏ
2(−ℏ2ΔsR)(𝑥, 𝜋) = −∑ 

𝑑

𝑖=1

(𝜋(⟨𝑋𝑖⟩𝑥)
2 + 𝜋(⟨𝑌𝑖⟩𝑥)

2). 

𝜑̂𝑈
𝕏𝐺∞𝑀(𝑥, [𝜋𝑥

𝜆]) ∈ 𝐺∞𝑀 

𝐻(𝑥, [𝜋𝑥
𝜆]) = |𝜆|∑  

𝑑

𝑖=1

 (−𝜕𝜉𝑖
2 + 𝜉𝑖

2).  

𝜉 ∈ ⟨𝔭⟩𝑥 ℝ𝑑 

𝐻(𝜆)(𝑒𝑛)𝑛∈ℕ𝐿
2(ℝ) 𝜉 ∈ ℝ 

−𝑒𝑛
′′(𝜉) + 𝜉2𝑒𝑛(𝜉) = (2𝑛 + 1)𝑒𝑛(𝜉). 

𝛼 ∈ ℕ𝑑 

𝑒𝛼(𝜉): =∏ 

𝑑

𝑖=1

𝑒𝛼𝑖(𝜉𝑖), 𝜉 = (𝜉1, … , 𝜉𝑑) ∈ ℝ
𝑑 

|𝜆|(2|𝛼| + 𝑑) 

𝐻(𝜆)𝑒𝛼 = |𝜆|(2|𝛼| + 𝑑)𝑒𝛼 , 𝛼 ∈ ℕ
𝑑(𝑒𝛼)𝛼∈ℕ𝑑  

𝐿2(ℝ𝑑)𝐻(𝜆){|𝜆|(2𝑛 + 𝑑)}𝑛∈ℕ(𝑒𝛼)𝛼∈ℕ𝑑 
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mult(|𝜆|(2𝑛 + 𝑑)) = (
𝑛 + 𝑑 − 1

𝑛
) .  

𝑒𝛼 , 𝛼 ∈ ℕ
𝑑 

|𝛼| = 𝑛 

Π𝑛(𝑥, [𝜋𝑥
𝜆])𝐻(𝑥, [𝜋𝑥

𝜆]) 

|𝜆|(2𝑛 + 𝑑)(𝑥, [𝜋𝑥
𝜆]) ∈ 𝐺∞𝑀𝑆̇

0(𝐺̂𝑀) 

𝜌 ∈ 𝐶𝑐
∞(𝐺̂∞𝑀, [0,1])Π𝑛

𝜌
 

∀(𝑥, [𝜋𝑥
𝜆]) ∈ 𝐺∞𝑀,Π𝑛

𝜌
(𝑥, [𝜋𝑥

𝜆]):= 𝜌(𝑥, 𝜆)Π𝑛(𝑥, [𝜋𝑥
𝜆])  

𝜌 ∈ 𝐶𝑐
∞(𝐺̂∞𝑀, [0,1])𝑆

−∞(𝐺̂𝑀)Opℏ(Π𝑛
𝜌
) 

[−ℏ2ΔsR, Opℏ(Π𝑛
𝜌
)] 

[𝐻, 𝜌Π𝑛] = 0 

[−ℏ2ΔsR, Opℏ(Π𝑛
𝜌
)] ∈ ℏΨℏ

−∞(𝑀) 

Opℏ(Π𝑛
𝜌
) ∘ Opℏ(Π𝑛

𝜌
) = Opℏ (Π𝑛

𝜌2
) + ℏΨℏ

−∞(𝑀) 

Opℏ(Π𝑛
𝜌
){𝜌 = 1} ⊂ 𝐺∞𝑀𝒪(ℏ) − ℏ

2ΔsRΠ𝑛
𝜌
𝒪(ℏ) 

Π̂𝑛
𝜌,ℏ

 Ψℏ
−∞(𝑀){𝜌 = 1} 

[−ℏ2ΔsR, Π̂𝑛
𝜌,ℏ
] = 0  and  Π̂𝑛

𝜌,ℏ
= (Π̂𝑛

𝜌,ℏ
)
∗
= Π̂𝑛

𝜌,ℏ
∘ Π̂𝑛

𝜌,ℏ
(Π̂𝑛

𝜌,𝑘
)
𝑘∈ℕ

 

Π̂𝑛
𝜌,0
= Opℏ(Π̂𝑛

𝜌
)  and  Π̂𝑛

𝜌,𝑘
∈ Ψℏ

−∞(𝑀), 𝑘 ≥ 1, 

Π̂𝑛
𝜌,[𝑘]

∘ Π̂𝑛
𝜌,[𝑘]

− Π̂𝑛
𝜌,[𝑘]

= ℏ𝑘+1𝑅𝑘+1  microlocally on  {𝜌 = 1}

[−ℏ2ΔsR, Π̂𝑛
𝜌,[𝑘]

] = ℏ𝑘+1𝑇𝑘+1
 

Ψℏ
−∞(𝑀) 

Π̂𝑛
𝜌,[𝑘]

= Π̂𝑛
𝜌,0
+ ℏΠ̂𝑛

𝜌,1
+⋯+ ℏ𝑘Π̂𝑛

𝜌,𝑘
Π̂𝑛
𝜌,ℏ

 

Π̂𝑛
𝜌,0
, Π̂𝑛
𝜌,1
, … , Π̂𝑛

𝜌,𝑘
Π𝑛
𝜌,𝑘+1

∈ 𝑆−∞(𝐺̂𝑀) 

Π𝑛
𝜌
Π𝑛
𝜌,𝑘+1

− Π𝑛
𝜌,𝑘+1

Π𝑛
𝜌,⊥
+ 𝑅𝑘+1,0 = 0  and  [𝐻, Π𝑛

𝜌,𝑘+1
] + 𝑇𝑘+1,0 = 0  

princℏ(𝑅𝑘+1)princℏ(𝑇𝑘+1)𝑅𝑘+1,0𝑇𝑘+1,0Π𝑛
𝜌,⊥
= Id − Π𝑛

𝜌
 

Π𝑛
𝜌,𝑘+1

 on {𝜌 = 1} 

Π𝑛
𝜌
Π𝑛
𝜌,𝑘+1

Π𝑛
𝜌
= −Π𝑛

𝜌
𝑅𝑘+1,0Π𝑛

𝜌
  and  Π𝑛

𝜌,⊥
Π𝑛
𝜌,𝑘+1

Π𝑛
𝜌,⊥
= Π𝑛

𝜌,⊥
𝑅𝑘+1,0Π𝑛

𝜌,⊥  

[Π𝑛
𝜌
, 𝑅𝑘+1,0] = Π𝑛

𝜌,𝑘+1   
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[𝐻, Π𝑛
𝜌
Π𝑘+1Π𝑛

𝜌,⊥
] = −Π𝑛

𝜌
𝑇𝑘+1,0Π𝑛

𝜌,⊥
  and  [𝐻, Π𝑛

𝜌,⊥
Π𝑘+1Π𝑛

𝜌
] = −Π𝑛

𝜌,⊥
𝑇𝑘+1,0Π𝑛

𝜌
.  

Π𝑛
𝜌
[𝐻, 𝑅𝑘+1,0]Π𝑛

𝜌
= Π𝑛

𝜌
𝑇𝑘+1,0Π𝑛

𝜌
  and  Π𝑛

𝜌,⊥
[𝐻, 𝑅𝑘+1,0]Π𝑛

𝜌,⊥
= −Π𝑛

𝜌,⊥
𝑇𝑘+1,0Π𝑛

𝜌,⊥
.  

𝑌 = −Π𝑛
𝜌
𝑇𝑘+1,0Π𝑛

𝜌,⊥
 

𝑋 = Π𝑛
𝜌
Π𝑘+1Π𝑛

𝜌,⊥
 

(𝐻Π𝑛
𝜌
)𝑋 − 𝑋(𝐻Π𝑛

𝜌,⊥
) = 𝑌. 

(𝑥, 𝜆) ∈ 𝐺∞𝑀 

𝑋 = −
1

2𝜋𝑖
∫ 
𝛾

(𝐻Π𝑛
𝜌
− 𝑧)

−1
𝑌(𝐻Π𝑛

𝜌,⊥
− 𝑧)

−1
𝑑𝑧 

Π𝑛
𝜌
Π𝑛
𝜌,⊥
(𝑥, 𝜆) ∈ supp(𝜌)𝑆−∞(𝐺̂𝑀)Π𝑛

𝜌,𝑘+1
 

Π̂𝑛
𝜌,𝑘
= Opℏ(Π𝑛

𝜌,𝑘
) ∈ Ψℏ

−∞(𝑀). 

Π̂𝑛
𝜌,[𝑘]

𝑅𝑘+1 (1 − Π̂𝑛
𝜌,[𝑘]

) = ℏ−𝑘−1Π̂𝑛
𝜌,[𝑘]

(Π̂𝑛
𝜌,[𝑘]

∘ Π̂𝑛
𝜌,[𝑘]

− Π̂𝑛
𝜌,[𝑘]

) (1 − Π̂𝑛
𝜌,[𝑘]

)

 = −ℏ−𝑘−1 (Π̂𝑛
𝜌,[𝑘]

∘ Π̂𝑛
𝜌,[𝑘]

− Π̂𝑛
𝜌,[𝑘]

)
2
= −ℏ𝑘+1𝑅𝑘+1

2
 

Π𝑛
𝜌
𝑅𝑘+1,0(1 − Π𝑛

𝜌
) = (1 − Π𝑛

𝜌
)𝑅𝑘+1,0Π𝑛

𝜌
 

Π̂𝑛
𝜌,[𝑘]

𝑇𝑘+1Π̂𝑛
𝜌,[𝑘]

 = ℏ−𝑘−1Π̂𝑛
𝜌,[𝑘]

[−ℏ2Δ𝑠𝑅 , Π̂𝑛
𝜌,[𝑘]

] Π̂𝑛
𝜌,[𝑘]

 = ℏ−𝑘−1Π̂𝑛
𝜌,[𝑘]

(Π̂𝑛
𝜌,[𝑘](−ℏΔ𝑠𝑅) (Π̂𝑛

𝜌,[𝑘]
)
2
− (Π̂𝑛

𝜌,[𝑘]
)
2
(−ℏ2Δ𝑠𝑅)Π̂𝑛

𝜌,[𝑘]
) Π̂𝑛

𝜌,[𝑘]

 = Π̂𝑛
𝜌,[𝑘]

(−ℏ2Δ𝑠𝑅)𝑅𝑘+1 − 𝑅𝑘+1(−ℏ
2Δ𝑠𝑅)Π̂𝑛

𝜌,[𝑘]

 

Π𝑛
𝜌
𝐻𝑅𝑘+1,0 − 𝑅𝑘+1,0𝐻Π𝑛

𝜌
= Π𝑛

𝜌
𝑇𝑘+1,0Π𝑛

𝜌
 

Π𝑛
𝜌
[𝐻, 𝑅𝑘+1,0]Π𝑛

𝜌
= Π𝑛

𝜌
𝑇𝑘+1,0Π𝑛

𝜌
 

[Π𝑛
𝜌
, 𝑅𝑘+1,0] = Π̂𝑛

𝜌,ℏ
∈ Ψℎ

−∞(𝑀) 

Π̂𝑛
𝜌,ℏ
∼∑  

𝑘≥0

ℏ𝑘Π̂𝑛
𝜌,𝑘

 

Π𝑛
𝜌,𝑘+1

Π̂𝑛
𝜌,[𝑘]

Π̂𝑛
𝜌
{𝜌 = 1} 

(Π̂𝑛
𝜌,ℏ
)
∗
= Π̂𝑛

𝜌,ℏ  

{𝜌 = 1} (Π̂𝑛
𝜌,ℏ
)
∗
Π𝑛
𝜌
− ℏ2Δ𝑠𝑅 

[−ℏ2Δ𝑠𝑅 , (Π̂𝑛
𝜌,ℏ
)
∗
] = 0  microlocally on {𝜌 = 1} 

Π̂𝑛
𝜌,ℏ
, 𝑛 ≥ 0 

Π̂𝑛
𝜌,ℏ
∘ Π̂𝑚

𝜌,ℏ
= 0  microlocally on {𝜌 = 1}. 
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𝑓 ∈ 𝐶𝑐
∞(ℝ) 

[𝑓(−ℏ2Δ𝑠𝑅), Π̂𝑛
𝜌,ℏ
] = 0  microlocally on {𝜌 = 1} 

𝜌 ∈ 𝐶𝑐
∞(𝐺∞𝑀, [0,1])Ψℏ

−∞(𝑀) 

𝒯𝑛
𝜌
(𝑀)Ψℏ

−∞(𝑀) 

𝒯𝑛
𝜌
(𝑀):= {Π̂𝑛

𝜌,ℏ
∘ 𝐴 ∘ Π̂𝑛

𝜌,ℏ
: 𝐴 ∈ Ψℏ

∞(𝑀)}. 

𝐵 ∈ Ψℏ
−∞(𝑀)𝒯𝑛

𝜌
(𝑀){𝜌 = 1}𝐺̂∞𝑀 ∼ Σℒ𝑛(𝑁Σ)Π𝑛ℱ(𝑁Σ) 

ℒ𝑛(𝑁Σ) = Π𝑛ℱ(𝑁Σ)𝒯𝑛
𝜌
(𝑀)Π̂𝑛

𝜌,ℏ
𝐴Π̂𝑛

𝜌,ℏ
End(ℒ𝑛(𝑁Σ)) 

Θ𝑛 ∈ 𝒯𝑛
𝜌
(𝑀){𝜌 = 1} 

−ℏ2Δ𝑠𝑅Π̂𝑛
𝜌,ℏ
= Π̂𝑛

𝜌,ℏ((2𝑛 + 𝑑)ℏ2|𝑅|)Π̂𝑛
𝜌,ℏ
+ ℏ2Θ𝑛. 

𝜃𝑛 ∈ 𝐶
∞ (𝐺∞𝑀,End(ℒ𝑛(𝑁Σ)))Θ𝑛𝒯𝑛

𝜌
(𝑀) 

Π̂𝑛
𝜌,ℏ(−ℏ2Δ𝑠𝑅 − (2𝑛 + 𝑑)ℏ

2|𝑅|)Π̂𝑛
𝜌,ℏ
∈ ℏ2Ψℏ

−∞(𝑀) microlocally on {𝜌 = 1}  

Π𝑛
𝜌
ℏΨℏ

−∞(𝑀) 

𝕏̃ = (𝑋̃1, … , 𝑋̃𝑑 , 𝑌̃1, … , 𝑌̃𝑑 , 𝑅)Opℍ𝑑,ℏℍ
𝑑 

−ℏ2Δ𝑠𝑅 = Opℍ𝑑,ℏ(𝐻̃0 + ℏ𝐻̃1)  and  ℏ2|𝑅| = Opℍ𝑑,ℏ(𝜆) 

𝑆2(ℍ𝑑 × ℍ̂𝑑) and 𝑆1(ℍ𝑑 × ℍ̂𝑑) 

Π̂𝑛
𝜌,ℏ
= Opℍ𝑑,ℏ(Π̃𝑛

0 + ℏΠ̃𝑛
1 + ℏ2Π̃𝑛

≥2) 

Π̃𝑛
0 , Π̃𝑛

1  and Π̃𝑛
≥2 

𝐻̃0Π̃𝑛
0 = (2𝑛 + 𝑑)Π̃𝑛

0  

(𝑔̃𝑖,𝑗(𝑥))1≤𝑖,𝑗≤2𝑑, 𝑥 ∈ ℍ
𝑑 

𝑔𝒟(𝑥)(𝑉̃1, … , 𝑉̃𝑑) = (𝑋̃1, … , 𝑋̃𝑑 , 𝑌̃1, … , 𝑌̃𝑑)𝐻̃0 

𝐻̃0(𝑥, 𝜋̃
𝜆) = ∑  

1≤𝑖,𝑗≤2𝑑

𝑔̃𝑖,𝑗(𝑥)𝜋̃
𝜆(𝑉̃𝑖)𝜋̃

𝜆(𝑉̃𝑗) 

ℋ
𝜋̃𝜆
−∞ = 𝐿2(𝔭̃𝑥) 

𝑔𝒟(𝑥)𝒟𝑥 ∼ 𝔳̃𝑥 

(𝑑𝜂)∣𝒟,𝑥𝔳̃𝑥 = 𝔭̃𝑥⊕ 𝔮̃𝑥 

(𝜉, 𝜁) ∈ ℝ2𝑑𝑔𝒟(𝑥) 
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|𝜆|∑  

𝑑

𝑖=1

(𝜉𝑖
2 + 𝜁𝑖

2). 

𝐿2(𝔭̃𝑥)𝐻̃0(𝑥, 𝜋̃
𝜆) 

(−ℏ2Δ𝑠𝑅 − (2𝑛 + 𝑑)ℏ
2|𝑅|)Π̂𝑛

𝜌,ℏ
= ℏOℍ𝑑,ℏ(𝑇1) + ℏ

2Ψℏ
−∞(ℍ𝑑) 

𝑇1 = (𝐻̃0 − (2𝑛 + 𝑑)|𝜆|)Π̃𝑛
1 + 𝐻̃1Π̃𝑛

0 + Δ𝑣̃(𝐻̃0 − (2𝑛 + 𝑑)𝜆) ⋅ 𝑉̃Π̃𝑛
0 

Π̂𝑛
𝜌,ℏ
{𝜌 = 1} 

Π̃𝑛
0𝑇1Π̃𝑛

0 = 0  on {𝜌 = 1} 

Π̃𝑛
0Opℍ𝑑,ℎ𝕏̃ 

[𝐻̃0, Π̃𝑛
1] + [𝐻̃1, Π̃𝑛

0] + Δ𝑣̃𝐻̃0 ⋅ 𝑉̃Π̃𝑛
0 − Δ𝑣̃Π̃𝑛

0 ⋅ 𝑉̃𝐻̃0 = 0. 

Π̃𝑛
0𝑇1Π̃𝑛

0 = Π̃𝑛
0𝐻̃1Π̃𝑛

0 + Π̃𝑛
0(Δ𝑣̃Π̃𝑛

0 ⋅ 𝑉̃𝐻̃0)Π̃𝑛
0 

Π̃𝑛
0𝐻̃1Π̃𝑛

0 = 𝔊 

𝑉̃𝐻̃0(𝑥, 𝜋̃
𝜆) = ∑  

1≤𝑖,𝑗≤2𝑑

𝑉̃𝑔̃𝑖,𝑗(𝑥)𝜋̃
𝜆(𝑉̃𝑖)𝜋̃

𝜆(𝑉̃𝑗) 

Π̃𝑛
0(Δ𝑣̃Π̃𝑛

0 ⋅ 𝑉̃𝐻̃0)Π̃𝑛
0 = −ℏ2Δ𝑠𝑅 

ℏ2|𝑅| + ℏ2Θ𝑛 

ℒ𝑛(𝑁Σ)(𝜎(𝑡), 𝑣(𝑡))𝜎(𝑡) ∈ Σ 𝜆 ∈ Γ(Σ)𝑣(𝑡) ∈ ℒ𝑛(𝑁𝜎(𝑡)Σ) 

𝑑

𝑑𝑡
𝑣(𝑡) = 𝑖𝜃𝑛(𝜎(𝑡))𝑣(𝑡)Φ𝑡

𝑛 

(Φ𝑡
𝑛)∗𝐶∞(Σ, ℒ𝑛(𝑁Σ))ℒ𝑛(𝑁Σ)Ad(Φ𝑡

𝑛)End(ℒ𝑛(𝑁Σ))𝐶
∞(Σ, End(ℒ𝑛(𝑁Σ)))Ad(Φ𝑡

𝑛)∗ 

𝜎 ∈ 𝐶∞(Σ, End(ℒ𝑛(𝑁Σ))) 

𝑑

𝑑𝑡
Ad(Φ𝑡

𝑛)∗𝜎 = 𝜆 𝜎 + 𝑖[𝜃𝑛, 𝜎]  

𝐴 ∈ 𝒯𝑛
𝜌
(𝑀) 

𝛼 ∈ 𝐶∞(𝐺̂∞𝑀,ℒ𝑛(𝑁Σ)) 

(𝐴̃(𝑡))0≤𝑡≤𝑇(𝛼̃𝑡)0≤𝑡≤𝑇 

∀0 ≤ 𝑡 ≤ 𝑇, 𝛼̃𝑡 = Ad(Φ𝑡
𝑛)∗𝛼 

𝑒𝑖𝑡Δ𝑠𝑅𝐴𝑒−𝑖𝑡Δ𝑠𝑅 = 𝐴̃(𝑡) + 𝒪(ℏ)  uniformly for 0 ≤ 𝑡 ≤ 𝑇. 

𝜕𝑡𝛼̃𝑡 = 𝜆 𝛼̃𝑡 + 𝑖[𝜃𝑛, 𝛼̃𝑡] 
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𝑖

ℏ2
[−ℏ2Δ𝑠𝑅 , 𝐴̃(𝑡)] =

𝑖

ℏ2
[−ℏ2𝑖𝑅 + ℏ2Θ𝑛, 𝐴̃(𝑡)] 

𝜆 𝛼̃𝑡 + 𝑖[𝜃𝑛𝛼̃𝑡] 

𝜕𝑡𝐴̃(𝑡) =
𝑖

ℏ2
[−ℏ2Δ𝑠𝑅 , 𝐴̃(𝑡)] + 𝐸(𝑡), 𝐸(𝑡) ∈ ℏΨℏ

−∞(𝑀) 

𝜕𝑡(𝑒
−𝑖𝑡Δ𝑠𝑅𝐴̃(𝑡)𝑒𝑖𝑡Δ𝑠𝑅) = 𝑒−𝑖𝑡Δ𝑠𝑅 (𝜕𝑡𝐴̃(𝑡) −

𝑖

ℏ2
[−ℏ2Δ𝑠𝑅 , 𝐴̃(𝑡)]) 𝑒

𝑖𝑡Δ𝑠𝑅

 = 𝑒−𝑖𝑡Δ𝑠𝑅𝐸(𝑡)𝑒𝑖𝑡Δ𝑠𝑅 = 𝒪𝐿2(𝑀)→𝐿2(𝑀)(ℏ)
 

Ψℏ
−∞(𝑀)( −Δ𝑠𝑅 , Dom(−Δ𝑠𝑅)) 

0 ≤ 𝛿0 ≤ 𝛿1 ≤ ⋯ ≤ 𝛿𝑘 ≤ ⋯ → +∞(𝜑𝑘)𝑘∈ℕ 

−Δ𝑠𝑅𝜑𝑘 = 𝛿𝑘𝜑𝑘  and  ‖𝜑𝑘‖𝐿2(𝑀) = 1 

∀𝑘 ∈ ℕ,−ℏ2Δ𝑠𝑅𝜑𝑘 = 𝛿𝑘(ℏ)𝜑𝑘   where 𝛿𝑘(ℏ) = ℏ2𝛿𝑘 

𝐵 ∈ Ψℏ
−∞(𝑀) 

ℏ𝑄 ∑  

𝑎≤𝛿𝑘(ℏ)≤𝑏

⟨𝐵𝜑𝑘 , 𝜑𝑘⟩ ⟶
ℏ→0

vol(𝑀)∫  
𝐺𝑀

Tr(𝟏[𝑎,𝑏](𝐻)(𝑥, 𝜋)𝛽(𝑥, 𝜋))𝑑𝜇𝐺𝑀(𝑥, 𝜋) 

𝛽 ∈ 𝑆−∞(𝐺̂𝑀) 

𝐵 = Π̂𝑛
𝜌,ℏ

 

2
vol(𝑀)

(𝑑 + 1)(2𝜋)3𝑑+1
(𝑛+𝑑−1

𝑛
)

(2𝑛 + 𝑑)𝑑+1
− Δ𝑠𝑅 

𝐵 ∈ Ψℏ
−∞(𝑀)𝐿2(𝑀) 

𝛽 ∈ 𝑆−∞(𝐺̂𝑀) 

Tr(𝐵) = vol(𝑀)∫  
𝐺𝑀

Trℋ𝜋(𝛽(𝑥, 𝜋))𝑑𝜇̂𝐺𝑀(𝑥, 𝜋) + 𝒪(ℏ) 

𝐵 = ∑  

𝛼∈𝐴

 Opℏ
x𝛼,𝜒𝛼(𝜓𝛼𝛽ℏ)𝜓𝛼 + 𝑅ℏ  

𝑆−∞(𝐺̂𝑀)𝛽ℏ = 𝛽 + ℏ𝑆
−∞(𝐺̂𝑀)𝒜 = (𝕏𝛼 , 𝑈𝛼 , 𝜒𝛼 , 𝜓𝛼)𝑅ℏ: 𝐶

∞(𝑀) → 𝐶∞(𝑀) 

𝜎 ∈ 𝑆−∞(𝐺̂𝑀) 

Opℏ
𝜒𝛼,𝜒𝛼(𝜓𝛼𝜎)𝜓𝛼 

𝐾ℏ
⋊𝛼(𝑥, 𝑦) = ℏ−𝑄𝜅𝜎,𝑥

⋊𝛼(−ℏ−1ln𝑥
⋊ (𝑦))𝜒𝑥(𝑦)jac𝑦(ln𝑥

⋊)𝜓𝛼(𝑥)𝜓𝛼(𝑦), 

𝜅𝜎
⋊𝛼𝑀 ×𝑀Opℏ

⋊𝛼,𝜒𝛼(𝜓𝛼𝜎)𝜓𝛼𝒪(ℏ
∞) 

Opℏ
𝛼̂𝛼,𝜒𝛼(𝜓𝛼𝜎)𝜓𝛼𝐾ℏ

𝛼̂𝛼 
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Tr(Opℏ
𝝌𝛼,𝜒𝛼(𝜓𝛼𝜎)𝜓𝛼) = ∫  

𝑀

 𝐾ℏ
⋊𝛼(𝑥, 𝑥)𝑑vol(𝑥)

 = ℏ−𝑄∫  
𝑀

 𝜅𝜎,𝑥
𝒙𝛼 (0)𝜓𝛼(𝑥)

2𝑑vol(𝑥)

 = ℏ−𝑄∫  
𝑀

 ∫  
𝐺̂𝑥𝑀

 Trℋ𝜋(𝜎(𝑥, 𝜋))𝜓𝛼(𝑥)
2𝑑𝜇̂𝐺̂𝑥𝑀(𝜋)𝑑𝜈(𝑥)

 

Tr(𝐵) = ℏ−𝑄∑  

𝛼∈𝐴

 ∫  
𝑀

 ∫  
𝐺𝑥𝑀

 Trℋ𝜋(𝛽(𝑥, 𝜋))𝜓𝛼(𝑥)
2𝑑𝜇̂𝐺̂𝑥𝑀(𝜋)𝑑𝜈(𝑥) + 𝒪(ℏ)

 = ℏ−𝑄∫  
𝐺̂𝑀

 Trℋ𝜋(𝛽(𝑥, 𝜋))𝑑𝜇̂𝐺𝑀(𝑥, 𝜋) + 𝒪(ℏ)

 

𝑓𝟏[𝑎,𝑏] = 𝑓  and  𝑓‾𝟏[𝑎,𝑏] = 𝟏[𝑎,𝑏], 

supp(𝑓𝜀) ⊂ [𝑎 + 𝜀, 𝑏 − 𝜀]supp(𝑓𝜀) ⊂ [𝑎 − 𝜀, 𝑏 + 𝜀] − ℏ
2Δ𝑠𝑅[𝑎, 𝑏] 

∑  

𝑎≤𝛿𝑘(ℏ)≤𝑏

⟨𝐵𝜑𝑘 , 𝜑𝑘⟩ = Tr(𝐵Π[𝑎,𝑏]) = Tr (𝑓𝜀(−ℏ
2Δ𝑠𝑅)𝐵) + Tr((𝑓𝜀 (1 − 𝑓𝜀)) (−ℏ

2Δ𝑠𝑅)𝐵Π[𝑎,𝑏]). 

Tr (∣ 𝑓𝜀 (1 − 𝑓𝜀)) (−ℏ
2Δ𝑠𝑅) ∣) ≤ (𝑐1(𝜀) + 𝑐2(ℏ, 𝜀))ℏ

−𝑄 

lim
𝜀→0
 𝑐1(𝜀) = 𝜀𝑓𝜀 𝑓𝜀 lim

ℏ→0
 𝑐2(ℏ, 𝜀) 

ℏ𝑄Tr(𝐵Π[𝑎,𝑏]) = ℏ
𝑄Tr (𝑓𝜀(−ℏ

2Δ𝑠𝑅)𝐵) + 𝒪 (‖𝐵Π[𝑎,𝑏]‖ℒ(𝐿2(𝑀))
(𝑐1(𝜀) + 𝑐2(ℏ, 𝜀))

 = ∫  
𝐺𝑀

 Trℋ𝜋 (𝑓𝜀(𝐻)(𝑥, 𝜋)𝛽(𝑥, 𝜋)) 𝑑𝜇̂𝐺𝑀(𝑥, 𝜋) + 𝒪𝜀(ℏ) + 𝒪(𝑐1(𝜀) + 𝑐2(ℏ, 𝜀))
 

lim sup
ℏ→0

 ℏ𝑄Tr(𝐵Π[𝑎,𝑏]) = ∫  
𝐺𝑀

 Trℋ𝜋(𝑓𝜀(𝐻)(𝑥, 𝜋)𝛽(𝑥, 𝜋)) 𝑑𝜇̂𝐺𝑀(𝑥, 𝜋) + 𝒪(𝑐1(𝜀)) 

(𝛿𝑘)𝑘∈ℕ −Δ𝑠𝑅 

1

𝑁(𝛿)
∑  

𝑘,𝛿𝑘≤𝛿

  |⟨𝑎(⋅)𝜑𝑘 , 𝜑𝑘⟩ − ∫  
𝑀

 𝑎(𝑥)𝑑𝜈(𝑥)|

2

⟶
𝛿→+∞

− Δ𝑠𝑅: for 𝑛 ∈ ℕ
∗  

ℏ𝑛 =
1

√𝛿𝑛
 

𝑁ℏ𝑛 = Card({𝑘 ∈ ℕ: 𝛿𝑘(ℏ𝑛) ∈ [0,1]}), 

𝑁ℏ𝑛 = 𝑁(𝛿𝑛)𝐿
2(𝑀) 

Varℏ𝑛(𝐵) =
1

𝑁ℏ𝑛
∑  

0≤𝛿𝑘(ℏ𝑛)≤1

|⟨𝐵𝜑𝑘 , 𝜑𝑘⟩|
2. 

𝐴 = (𝑎(⋅) − 𝑚𝑎)𝑓(−ℏ𝑛
2Δ𝑠𝑅) ∈ ℒ(𝐿

2(𝑀)), 
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𝑚𝑎:= ∫  
𝑀

𝑎(𝑥)𝑑𝜈(𝑥) 

lim sup
ℏ𝑛→0

 Varℏ𝑛(𝐴) = Ψℏ
−∞(𝑀) 

(𝑎(⋅) − 𝑚𝑎)𝑓(𝐻)Ψℏ
−∞(𝑀) 

|⟨𝐶𝐵𝜑𝑘 , 𝜑𝑘⟩|
2 ≤ ‖𝐶𝐵𝜑𝑘‖𝐿2(𝑀)

2 ≤ ‖𝐶‖ℒ(𝐿2(𝑀))
2 ⟨𝐵∗𝐵𝜑𝑘 , 𝜑𝑘⟩. 

lim sup
ℏ𝑛→0

 Varℏ𝑛(𝐶𝐵)  ≤ ‖𝐶‖ℒ(𝐿2(𝑀))
2 lim sup

ℏ𝑛→0
 
1

𝑁ℏ𝑛
∑  

0≤𝛿𝑘(ℏ𝑛)≤1

  ⟨𝐵∗𝐵𝜑𝑘 , 𝜑𝑘⟩

 ≲ ‖𝐶‖ℒ(𝐿2(𝑀))
2 ∫  

𝐺𝑀

 Trℋ𝜋(𝛽(𝑥, 𝜋)
∗𝛽(𝑥, 𝜋)𝟏[0,1](𝐻)(𝑥, 𝜋))𝑑𝜇̂𝐺̂𝑀(𝑥, 𝜋)

 

𝜌𝑚 ∈ 𝐶𝑐
∞(𝐺∞𝑀) 

𝜌𝑚(𝑥, 𝜆) = 1 if 𝜆 is in [(2𝑚 + 𝑑)−1, 1] 

Π̂𝑗
𝜌𝑚,ℏ, 𝑗 = 1,… ,𝑚 − 1 

Π̂<𝑚
ℏ𝑛 = ∑  

𝑚−1

𝑗=1

Π̂𝑗
𝜌𝑚,ℏ𝑛 ∈ Ψℏ

−∞(𝑀) 

Π<𝑚
𝜌𝑚 := 𝜌𝑚 ∑  

𝑚−1

𝑗=0

Π𝑗 

lim sup
ℏ𝑛→0

 Varℏ𝑛(𝐴) ≤ 2lim sup
ℏ𝑛→0

 Varℏ𝑛(𝐵1) + 2lim sup
ℏ𝑛→0

 Varℏ𝑛(𝐵2), 

𝐵1 = Π̂<𝑚
ℏ𝑛 𝐴Π̂<𝑚

ℏ𝑛 , 

𝐵2 = Π̂<𝑚
ℏ𝑛 𝐴(Id − Π̂<𝑚

ℏ𝑛 ) + (Id − Π̂<𝑚
ℏ𝑛 )𝐴Π̂<𝑚

ℏ𝑛 + (Id − Π̂<𝑚
ℏ𝑛 )𝐴 (Id − Π̂<𝑚

ℏ𝑛 ). 

𝐵2 = (Id − Π̂<𝑚
ℏ𝑛 )𝐴 (Id − Π̂<𝑚

ℏ𝑛 ) + 𝒪𝐿2(𝑀)→𝐿2(𝑀)(ℏ). 

lim sup
ℏ𝑛→0

 Varℏ𝑛(𝐵2) ≤ ‖𝐴‖ℒ(𝐿2(𝑀))
2 ∫  

𝐺𝑀

 Trℋ𝜋 ((1 − Π<𝑚
𝜌𝑚 )

2
𝟏[0,1](𝐻)) 𝑑𝜇̂𝐺𝑀  

𝜆 ∈ [(2𝑚 + 𝑑)−1, 1] 

Trℋ
𝜋𝜆
((1 − Π<𝑚

𝜌𝑚 (𝑥, 𝜆))
2
𝟏[0,1](𝐻(𝜆)) = 0 

𝜌𝑚(𝑥, 𝜆) = 𝐻(𝜆)Π<𝑚 = ∑  

𝑚−1

𝑗=0

Π𝑗{𝜆 ≤ (2𝑚 + 𝑑)
−1} 

Trℋ
𝜋𝜆
(𝟏[0,1](𝐻(𝜆))) ≤ 𝐶𝑑|𝜆|

−𝑑
 

𝐶𝑑‖𝐴‖ℒ(𝐿2(𝑀))
2 ∫  

𝑀×ℝ∗
𝟏[0,(2𝑚+𝑑)−1](|𝜆|)𝑑𝜆𝑑𝜈(𝑥) = 2𝐶𝑑‖𝐴‖ℒ(𝐿2(𝑀))

2 (2𝑚 + 𝑑)−1 



pág. 12489 

𝐵1 = ∑  

𝑚−1

𝑗=0

Π̂𝑗
𝜌𝑚,ℏ𝑛𝐴Π̂𝑗

𝜌𝑚,ℏ𝑛 + 𝒪𝐿2(𝑀)→𝐿2(𝑀)(ℏ) 

Π̂𝑗
𝜌𝑚,ℏ𝑛𝐴Π̂𝑗

𝜌𝑚,ℏ𝑛𝐵1
𝑗
 𝒯𝑗
𝜌𝑚(𝑀)𝛽𝑗 ∈ 𝐶

∞(𝐺̂∞𝑀,End(ℒ𝑚(𝑁Σ)) 

ℒ𝑗(𝑁Σ)𝑎(⋅) − 𝑚𝑎 

𝛽𝑗(𝑥, 𝜆) = 𝑓𝑗(𝜆)(𝑎(𝑥) − 𝑚𝑎)  

𝑓𝑗 ∈ 𝐶𝑐
∞(ℝ∗) 

⟨𝐵1
𝑗
𝜑𝑘 , 𝜑𝑘⟩ = ⟨𝐵1

𝑗
𝑒−𝑖𝑡𝛿𝑘𝜑𝑘 , 𝑒

−𝑖𝑡𝛿𝑘𝜑𝑘⟩ = ⟨𝐵1
𝑗
𝑒−𝑖𝑡Δ𝑠𝑅𝜑𝑘 , 𝑒

−𝑖𝑡Δ𝑠𝑅𝜑𝑘⟩ 

𝐵1
𝑗
(𝑡) = 𝑒𝑖𝑡Δ𝑠𝑅𝐵1

𝑗
𝑒−𝑖𝑡Δ𝑠𝑅 

⟨𝐵1
𝑗
𝜑𝑘 , 𝜑𝑘⟩ = ⟨⟨𝐵1

𝑗
⟩
𝑇
𝜑𝑘 , 𝜑𝑘⟩, 

⟨𝐵1
𝑗
⟩
𝑇
=
1

𝑇
∫  
𝑇

0

𝐵1
𝑗
(𝑡)𝑑𝑡 

⟨𝐵1
𝑗
⟩
𝑇
= ⟨𝐵̃1

𝑗
⟩
𝑇
+ 𝒪𝐿2(𝑀)→𝐿2(𝑀)(ℏ), 

𝐵̃1
𝑗
(𝑡) 𝒯𝑚

𝜌
(𝑀)𝛽̃𝑗(𝑡) 

𝛽̃𝑗(𝑡) = Ad(Φ𝑡
𝑗
)
∗
𝛽𝑗 

⟨𝐵̃1
𝑗
⟩
𝑇
=
1

𝑇
∫  
𝑇

0

𝐵̃1
𝑗
(𝑡)𝑑𝑡 

Ad(Φ𝑡
𝑗
)
∗
𝛽̃𝑗(𝑡) 

𝛽̃𝑗(𝑡) = 𝛽𝑗(Φ𝑡
𝑗
)ℒ𝑗(𝑁Σ) 

⟨𝛽̃𝑗⟩
𝑇
=
1

𝑇
∫  
𝑇

0

𝛽̃𝑗(𝑡)𝑑𝑡 

𝜌̃𝑚 ∈ 𝐶𝑐
∞(𝐺̂∞𝑀)supp(𝜌̃𝑚) ⊂ {𝜌𝑚 = 1} 

𝜌̃𝑚(𝑥, 𝜆) = 1 if 𝜆 is in [(2𝑚 − 1 + 𝑑)−1, 1] 
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lim sup
ℏ𝑛→0

 Varℏ𝑛(𝐵1
𝑗
) = lim sup

ℏ𝑛→0
 Varℏ𝑛 (⟨𝐵1

𝑗
⟩
𝑇
)

= lim sup
ℏ𝑛→0

 Varℏ𝑛 (Op(𝜌̃𝑚)⟨𝐵̃1
𝑗
⟩
𝑇
) + lim sup

ℏ𝑛→0
 Varℏ𝑛 ((Id − Opℏ𝑛(𝜌̃𝑚)) ⟨𝐵1

𝑗
⟩
𝑇
)

≤ ∫  
𝐺𝑀

  |𝜌̃𝑚|
2Trℋ (⟨𝛽̃𝑗⟩𝑇

∗
⟨𝛽̃𝑗⟩𝑇𝟏[0,1](𝐻)) 𝑑𝜇̂𝐺̂𝑀

 + ‖⟨𝐵1
𝑗
⟩
𝑇
‖
ℒ(𝐿2(𝑀))

∫  
𝐺𝑀

  (1 − 𝜌̃𝑚)
2Trℋ𝜋(𝟏[0,1](𝐻))𝑑𝜇̂𝐺̂𝑀

≤ ∫  
𝐺𝑀

  |⟨𝛽̃𝑗⟩𝑇|
2
Trℋ𝜋(Π𝑚

𝜌
𝟏[0,1](𝐻))𝑑𝜇̂𝐺𝑀

 +‖𝐵1
𝑗
‖
ℒ(𝐿2(𝑀))

∫  
𝐺𝑀

  (1 − 𝜌̃𝑚)
2Trℋ𝜋(𝟏[0,1](𝐻))𝑑𝜇̂𝐺̂𝑀

 

𝐶𝑑∫  
ℝ∗
(∫  
𝑀

  |⟨𝑎⟩𝑇
𝜆(𝑥) − 𝑚𝑎|

2
𝑑𝜈(𝑥)) |𝑓𝑗(𝜆)|

2
𝑑𝜆 

⟨𝑎⟩𝑇
𝜆 : =

1

𝑇
∫  
𝑇

0

𝑎 (Φ𝑡
sgn(𝜆)

) 𝑑𝑡 

∫  
𝑀

|⟨𝑎⟩𝑇
𝜆(𝑥) − 𝑚𝑎|

2
𝑑𝜈(𝑥) ⟶

𝑇→+∞
0 

lim sup
ℏ𝑛→0

 Varℏ𝑛(𝐵1
𝑗
) = +lim sup

ℏ𝑛→0
 Varℏ𝑛(𝐵1) 

𝑓 ∈ 𝐶𝑐
∞(ℝ)𝑓(−ℏ2Δ𝑠𝑅)𝐿

2(𝑀) 

𝒜̃ = (𝕏̃𝛼, 𝑈𝛼 , 𝜒𝛼 , 𝜓𝛼)𝛼∈𝐴𝕏̃𝛼, 𝛼 ∈ 𝐴exp𝑥𝛼
𝑥̃𝛼𝑉𝛼 ⊂ ℍ

𝑑𝑈𝛼𝛾𝛼𝐾𝛼 ⊂ 𝑈𝛼supp(𝜓𝛼) ⊂ Int(𝐾𝛼) 

𝜓‾𝛼 , 𝜓‾𝛼 ∈ 𝐶𝑐
∞(𝑀)Int(𝐾𝛼)𝜓‾𝛼 ≡ supp(𝜓𝛼) and 𝜓‾𝛼 ≡ supp(𝜓

‾
𝛼) 

𝑉𝛼 ⊂ ℍ
𝑑𝛾𝛼 

𝑇𝛼(ℏ), ℏ > 𝜌𝛼 ∈ 𝐶𝑐
∞(ℍ𝑑)𝜌𝛼 ≡ 𝛾𝛼

−1(𝐾𝛼) ⊂ 𝑉𝛼 

𝑇𝛼(ℏ):= 𝜌𝛼(𝛾𝛼
−1)∗(−ℏ2Δ𝑠𝑅)𝛾𝛼

∗ + (1 − 𝜌𝛼)(−ℏ
2Δℍ𝑑)Δℍ𝑑ℍ

𝑑  

𝜏𝛼 ∈ 𝑆
2(ℍ𝑑 × ℍ̂𝑑)ℏ 

𝑇𝛼(ℏ) = Opℍ𝑑,ℏ(𝜏𝛼) + ℏΨℏ
1(ℂ𝑑) 

−ℏ2Δ𝑠𝑅𝜑 = 𝑇𝛼(ℏ)(𝜑 ∘ 𝛾𝛼) ∘ 𝛾𝛼
−1  

𝜑 ∈ 𝐶𝑐
∞(𝑀)supp(𝜑) ⊂ 𝐾𝛼 − ℏ

2Δ𝑠𝑅 − 𝑧ℒ(𝐿
2(𝑀))𝑧 ∈ ℂ ∖ ℝ 

𝑓(−ℏ2Δ𝑠𝑅) =
1

𝑖𝜋
∫ 
ℂ

𝜕‾𝑧𝑓(𝑧)(−ℏ
2Δ𝑠𝑅 − 𝑧)

−1𝑑𝑧 

𝑓: ℂ → ℂ(−ℏ2Δ𝑠𝑅 − 𝑧)
−1 𝑇𝛼(ℏ)(𝑇𝛼(ℏ) − 𝑧)

−1 

(𝑇𝛼(ℏ) − 𝑧)
−1: 𝐶𝑐

∞(ℍ𝑑) → 𝐶∞(ℂ𝑑) 
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𝑃(ℏ, 𝑧): 𝐶∞(𝑀) → 𝐶∞(𝑀) 

𝑃(ℏ, 𝑧): = ∑  

𝛼∈𝐴

(𝛾𝛼
−1)∗(𝜓𝛼

2 ∘ (𝑇𝛼(ℏ) − 𝑧)
−1) ∘ 𝜓‾𝛼 

𝑃(ℏ, 𝑧) ∘ (−ℏ2Δ𝑠𝑅 − 𝑧) = ∑  

𝛼∈𝐴

  (𝛾𝛼
−1)∗(𝜓𝛼

2 ∘ (𝑇𝛼(ℏ) − 𝑧)
−1) ∘ 𝜓‾𝛼 ∘ (−ℏ

2Δ𝑠𝑅 − 𝑧) ∘ 𝜓‾𝛼

= ∑  

𝛼∈𝐴

  [(𝛾𝛼
−1)∗(𝜓𝛼

2 ∘ (𝑇𝛼(ℏ) − 𝑧)
−1) ∘ (𝛾𝛼

−1)∗(−ℏ2Δ𝑠𝑅 − 𝑧) ∘ 𝜓‾𝛼

−(𝛾𝛼
−1)∗(𝜓𝛼

2 ∘ (𝑇𝛼(ℏ) − 𝑧)
−1) ∘ (1 − 𝜓‾𝛼) ∘ (−ℏ

2Δ𝑠𝑅 − 𝑧) ∘ 𝜓‾𝛼]

=1 −∑  

𝛼∈𝐴

  ℛ̃𝛼(ℏ, 𝑧),

 

ℛ̃𝛼(ℏ, 𝑧): = (𝛾𝛼
−1)∗(𝜓𝛼

2 ∘ (𝑇𝛼(ℏ) − 𝑧)
−1) ∘ (1 − 𝜓‾𝛼) ∘ (−ℏ

2Δ𝑠𝑅 − 𝑧) ∘ 𝜓‾𝛼 . 

(−ℏ2Δ𝑠𝑅 − 𝑧)
−1 = 𝑃(ℏ, 𝑧) +∑  

𝛼∈𝐴

 ℛ𝛼(ℏ, 𝑧),  

ℛ𝛼(ℏ, 𝑧): = ℛ̃𝛼(ℏ, 𝑧) ∘ (−ℏ
2Δ𝑠𝑅 − 𝑧)

−1. 

𝑓(−ℏ2Δ𝑠𝑅) =
1

𝑖𝜋
∫ 
ℂ

 𝜕‾𝑧𝑓(𝑧) (∑  

𝛼∈𝐴

  (𝛾𝛼
−1)∗(𝜓𝛼

2 ∘ (𝑇𝛼(ℏ) − 𝑧)
−1) ∘ 𝜓‾𝛼 + ℛ𝛼(ℏ, 𝑧)) 𝑑𝑧

 = ∑  

𝛼∈𝐴

  [(𝛾𝛼
−1)∗ (𝜓𝛼

2 ∘
1

𝑖𝜋
∫ 
ℂ

 𝜕‾𝑧𝑓(𝑧)(𝑇𝛼(ℏ) − 𝑧)
−1𝑑𝑧) ∘ 𝜓‾𝛼 +ℛ𝛼(ℏ)]

 = ∑  

𝛼∈𝐴

  [(𝛾𝛼
−1)∗(𝜓𝛼

2 ∘ 𝑓(𝑇𝛼(ℏ)) ∘ 𝜓‾𝛼 +ℛ𝛼(ℏ)],

 

ℛ𝛼(ℏ):=
1

𝑖𝜋
∫ 
ℂ

𝜕‾𝑧𝑓(𝑧)ℛ𝛼(ℏ, 𝑧)𝑑𝑧 

𝑓(𝑇𝛼(ℏ))𝛼 ∈ 𝐴 

𝑓(𝑇𝛼(ℏ)) = Oℍ𝑑,ℏ(𝜎𝛼) + ℜ𝛼(ℏ), 

𝜎𝛼𝑆
−∞(𝕄𝑑 × 𝕄̂𝑑)ℏ𝑓(𝜏𝛼)ℜ𝛼(ℏ) 

ℛ𝛼(ℏ)𝒪(ℏ
∞)𝐿2(𝑀) 

ℛ𝛼(ℏ)𝜓1, 𝜓2 ∈ 𝐶𝑐
∞(ℍ𝑑) 

‖𝜓1 ∘ (𝑇𝛼(ℏ) − 𝑧)
−1 ∘ 𝜓2‖ℒ(𝐿2(ℍ𝑑)) ≤ 𝐶𝑁ℏ

𝑁|Im𝑧|−𝑁−1. 

‖[𝑇𝛼(ℏ),𝜓] ∘ (𝑇𝛼(ℏ) − 𝑧)
−1‖

ℒ(𝐿2(ℍ𝑑))
= 𝒪(ℏ|Im𝑧|) 

𝜓 ∈ 𝐶𝑐
∞(ℍ𝑑) 

‖(𝛾𝛼
−1)∗(𝜓𝛼

2 ∘ (𝑇𝛼(ℏ) − 𝑧)
−1) ∘ (1 − 𝜓‾𝛼)‖ℒ(𝐿2(𝑀)) ≤ 𝐶𝑁ℏ

𝑁|Im𝑧|−𝑁−1 
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‖(−ℏ2Δ𝑠𝑟 − 𝑧) ∘ 𝜓‾𝛼 ∘ (−ℏ
2Δ𝑠𝑅 − 𝑧)

−1‖
ℒ(𝐿2(𝑀))

 = ‖[−ℏ2Δ𝑠𝑅 , 𝜓‾𝛼] ∘ (−ℏ
2Δ𝑠𝑅 − 𝑧)

−1 + 𝜓‾𝛼‖ℒ(𝐿2(𝑀))
≤ 𝐶ℏ|Im𝑧|−1 + 1

 

‖ℛ̃𝛼(ℏ, 𝑧)‖ℒ(𝐿2(𝑀)) ≤ 𝐶𝑁
′ ℏ𝑁|Im𝑧|−𝑁−1 

𝑓 ∈ 𝐶𝑐
∞(ℝ) 

∃𝐶𝑁 > 0, ∀𝑧 ∈ supp(𝑓̃), |𝜕‾𝑧𝑓(𝑧)| ≤ 𝐶𝑁|Im𝑧|
𝑁 

‖ℛ𝛼(ℏ)‖ℒ(𝐿2(𝑀)) = 𝒪𝐿2(𝑀)→𝐿2(𝑀)(ℏ
∞) 

𝐻̂ = 𝑇̂𝑒 + 𝑈̂ + 𝑇̂𝑁 = 𝐻̂0 + 𝑇̂𝑁  

𝐻̂0 = 𝑇̂𝑒 + 𝑈̂ 

𝜅4 = 𝑚/𝑀0 

𝑇̂𝑁 = 𝜅
4𝐻̂1 

𝐻̂ = 𝐻̂0 + 𝜅
4𝐻̂1  

𝐻̂ = ∑  

𝐴

𝑔=1

 
𝑃̂𝑔
2

2𝑀𝑔
+∑ 

𝑁

𝑖=1

 
𝑝̂𝑖
2

2𝑚
+

𝑒2

8𝜋𝜀0
∑  

𝐴

𝑔,ℎ=1
𝑔≠ℎ

 
𝑍𝑔𝑍ℎ

|𝑅̂𝑔 − 𝑅̂ℎ|
+

𝑒2

8𝜋𝜀0
∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

|𝑟̂𝑖 − 𝑟̂𝑗|
−

𝑒2

4𝜋𝜀0
∑  

𝐴

𝑔=1

 ∑  

𝑁

𝑖=1

 
𝑍𝑔

|𝑟̂𝑖 − 𝑅̂𝑔|
,  

𝐻̂0 =∑ 

𝑁

𝑖=1

 
𝑝̂𝑖
2

2𝑚
+

𝑒2

8𝜋𝜀0
∑  

𝐴

𝑔,ℎ=1
𝑔≠ℎ

 
𝑍𝑔𝑍ℎ

|𝑅̂𝑔 − 𝑅̂ℎ|
+

𝑒2

8𝜋𝜀0
∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

|𝑟̂𝑖 − 𝑟̂𝑗|
−

𝑒2

4𝜋𝜀0
∑  

𝐴

𝑔=1

 ∑  

𝑁

𝑖=1

 
𝑍𝑔

|𝑟̂𝑖 − 𝑅̂𝑔|
,  

𝐻̂0(𝑟̂𝑖, 𝑅̂𝑔)Ψ𝑛(𝑟𝑖, 𝑅𝑔) = 𝐸𝑛Ψ𝑛(𝑟𝑖, 𝑅𝑔)  

𝐻̂𝑐𝑛 =∑ 

𝑁

𝑖=1

 
𝑝̂𝑖
2

2𝑚
+

𝑒2

8𝜋𝜀0
∑  

𝑁

𝑖,𝑗=1
𝑖≠𝑗

 
1

|𝑟̂𝑖 − 𝑟̂𝑗|
−

𝑒2

4𝜋𝜀0
∑  

𝐴

𝑔=1

 ∑  

𝑁

𝑖=1

 
𝑍𝑔

|𝑟̂𝑖 − 𝑅𝑔|
 

𝐻̂𝑐𝑛(𝑟̂𝑖; 𝑅𝑔)Ψ𝑛
𝑐𝑛(𝑟𝑖; 𝑅𝑔) = 𝐸𝑛

𝑐𝑛(𝑅𝑔)Ψ𝑛
𝑐𝑛(𝑟𝑖; 𝑅𝑔)  

  

𝐸0
(𝑒𝑐)
(𝑅, 𝑥𝜆) = ⟨Ψ0

(𝑒𝑐)
(𝑅, 𝑥𝜆)| 𝐻̂𝑒𝑐 |Ψ0

(𝑒𝑐)
(𝑅, 𝑥𝜆)⟩ ,  

|Ψ0
(𝑒𝑐)
(𝑅, 𝑥𝜆)⟩ 

𝐻̂𝑒𝑐 =∑ 

𝑝𝑞

 ℎ𝜆
𝑝𝑞
𝐸̂𝑝𝑞 +

1

2
∑  

𝑝𝑞𝑟𝑠

  𝑔̃𝑝𝑞𝑟𝑠𝑒̂𝑝𝑞𝑟𝑠 + 𝑉̃𝑛𝑐  
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𝐸̂𝑝𝑞  = ∑  

𝜎

  𝑎̂𝑝𝜎
† 𝑎̂𝑞𝜎

𝑒̂𝑝𝑞𝑟𝑠  = 𝐸̂𝑝𝑞𝐸̂𝑟𝑠 − 𝛿𝑞𝑟𝐸̂𝑝𝑠

 

ℎ𝜆
𝑝𝑞
 = ℎ𝑝𝑞 +

𝑔0
2

2
𝑂𝜆
𝑝𝑞
− 𝑔0𝜔𝑐𝑑𝜆

𝑝𝑞
𝑥𝜆 + 𝑔0

2𝑑𝜆
𝑝𝑞
𝑑̂𝜆
(𝑛)

𝑔̃𝑝𝑞𝑟𝑠  = (𝑝𝑞 ∣ 𝑟𝑠) + 𝑔0
2𝑑𝜆

𝑝𝑞
𝑑𝜆
𝑟𝑠

 

𝑑𝜆
𝑝𝑞
= −𝑒⟨𝜒𝑝|𝑟𝑖𝜆|𝜒𝑞⟩  

𝑂𝜆
𝑝𝑞
= 𝑒2⟨𝜒𝑝|𝑟𝑖𝜆

2 |𝜒𝑞⟩  

𝑑̂𝜆
(𝑛)
𝑔0 =

1

√𝜖0𝑉𝑐
 

𝑉̃𝑛𝑐 = 𝑉𝑛𝑛 +
𝜔𝑐
2

2
𝑥𝜆
2 − 𝑔0𝜔𝑐𝑑̂𝜆

(𝑛)
𝑥𝜆 +

𝑔0
2

2
𝑑̂𝜆
(𝑛)
𝑑̂𝜆
(𝑛)  

𝐸0
(𝑒𝑐)
(𝑅, 𝑥𝜆) = 𝒱0

(𝑒𝑐)
(𝑅) +

1

2
𝐶𝑇𝐻0

(𝑒𝑐)
𝐶  

𝒱0
(𝑒𝑐)
(𝑅) = 𝐸0

(𝑒𝑐)
(𝑅, 𝑥𝜆

0)  

𝜕

𝜕𝑥𝜆
𝐸0
(𝑒𝑐)
|
𝑥𝜆
0
= 0 ⇔ ⟨Ψ0

(𝑒𝑐)
| 𝐸̂⊥ |Ψ0

(𝑒𝑐)
⟩ = 0  

𝑥𝜆
0 =

𝑔0
𝜔𝑐
⟨Ψ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒𝑛)
|Ψ0

(𝑒𝑐)
⟩  

𝑑̂𝜆
(𝑒𝑛)

= 𝑑̂𝜆
(𝑒)
+ 𝑑̂𝜆

(𝑛)
 

𝒱0
(𝑒𝑐)
(𝑅) = ⟨Ψ0

(𝑒𝑐)
| ℋ̂𝑒 ∣Ψ0

(𝑒𝑐)
⟩

 −
𝑔0
2

2
⟨Ψ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Ψ0

(𝑒𝑐)
⟩
2

(14)

 

ℋ̂𝑒 =∑ 

𝑝𝑞

  ℎ̃𝜆
𝑝𝑞
𝐸̂𝑝𝑞 +

1

2
∑  

𝑝𝑞𝑟𝑠

  𝑔̃𝑝𝑞𝑟𝑠𝑒̂𝑝𝑞𝑟𝑠 + 𝑉𝑛𝑛  

ℎ̃𝜆
𝑝𝑞
= ℎ𝑝𝑞 +

𝑔0
2

2
𝑂𝜆
𝑝𝑞  

𝒱0
(𝑒𝑐)

= ⟨Ψ0
(𝑒𝑐)
| ℋ̂𝑒

Ψ0 |Ψ0
(𝑒𝑐)
⟩  

ℋ̂𝑒
Ψ0 = ℋ̂𝑒 −

𝑔0
2

2
⟨Ψ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Ψ0

(𝑒𝑐)
⟩ 𝑑̂𝜆

(𝑒)  

|Ψ0
(𝑒𝑐)
⟩ ≈ 𝑒−𝜅̂ |Φ0

(𝑒𝑐)
⟩ = |Φ0

(𝑒𝑐)
(𝜅)⟩ ,  
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𝒱rhf
(𝑒𝑐)
(𝜅) = ⟨Φ0

(𝑒𝑐)
(𝜅)| ℋ̂𝑒 |Φ0

(𝑒𝑐)
(𝜅)⟩

 −
𝑔0
2

2
⟨Φ0

(𝑒𝑐)
(𝜅)| 𝑑̂𝜆

(𝑒)
|Φ0

(𝑒𝑐)
(𝜅)⟩

2  

𝜅̂ = ∑  

𝑝>𝑞

 𝜅𝑝𝑞(𝐸̂𝑝𝑞 − 𝐸̂𝑞𝑝) = ∑  

𝑝>𝑞

 𝜅𝑝𝑞𝐸̂𝑝𝑞
−

 

𝒱𝑝𝑞
(1)
= ⟨Φ0

(𝑒𝑐)
| [𝐸̂𝑝𝑞

− , ℋ̂𝑒
Φ0] |Φ0

(𝑒𝑐)
⟩ = 0,  

ℋ̂𝑒
Φ0 = ℋ̂𝑒 −

𝑔0
2

2
⟨Φ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Φ0

(𝑒𝑐)
⟩ 𝑑̂𝜆

(𝑒)  

𝑓𝜆
(𝑒)
=∑ 

𝑝𝑞

  (ℎ̃𝜆
𝑝𝑞
+ 𝑣̃𝜆

𝑝𝑞
)𝐸̂𝑝𝑞  

𝑣̃𝜆
𝑝𝑞
=∑ 

𝑖

 (2𝑔𝑝𝑞𝑖𝑖 − 𝑔𝑝𝑖𝑖𝑞 − 𝑔0
2𝑑𝜆

𝑝𝑖
𝑑𝜆
𝑖𝑞
)  

𝒱rhf
(𝑒𝑐)

= 𝐸rhf
(𝑒𝑐)

+ 𝑔0
2(∑ 

𝑖

 𝑂𝜆
𝑖𝑖 −∑ 

𝑖𝑗

 𝑑𝜆
𝑖𝑗
𝑑𝜆
𝑗𝑖
)  

|Ψ0
(𝑒𝑐)
⟩  ≈ |ΨCC

(𝑒𝑐)
⟩ = 𝑒𝑇̂ |Φ0

(𝑒𝑐)
⟩

⟨Ψ0
(𝑒𝑐)
| ≈ ⟨ΨΛ

(𝑒𝑐)
|  = ⟨Φ0

(𝑒𝑐)
| (1 + Λ̂)𝑒−𝑇̂

 

ℒcc
(𝑒𝑐)

= ⟨ΨΛ
(𝑒𝑐)
| ℋ̂𝑒 |ΨCC

(𝑒𝑐)
⟩ −

𝑔0
2

2
⟨ΨΛ

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|ΨCC

(𝑒𝑐)
⟩
2

 

𝑇̂ = 𝑇̂1 + 𝑇̂2 , Λ̂ = Λ̂1 + Λ̂2,  

𝑇̂1 =∑ 

𝑎𝑖

  𝑡𝑖
𝑎𝐸̂𝑎𝑖 , 𝑇̂2 =

1

4
∑  

𝑎𝑖𝑏𝑗

  𝑡𝑖𝑗
𝑎𝑏𝐸̂𝑎𝑖𝐸̂𝑏𝑗

Λ̂1 =∑ 

𝑎𝑖

 𝜆𝑎
𝑖 𝐸̂𝑎𝑖

†  , Λ̂2 =
1

4
∑  

𝑎𝑖𝑏𝑗

 𝜆𝑎𝑏
𝑖𝑗
𝐸̂𝑎𝑖
† 𝐸̂𝑏𝑗

†
 

{𝑂̂} = 𝑂̂ − ⟨Φ0
(𝑒𝑐)
| 𝑂̂ |Φ0

(𝑒𝑐)
⟩ ,  

ℒcc
(𝑒𝑐)

= 𝒱rhf
(𝑒𝑐)

+ ⟨ΨΛ
(𝑒𝑐)
| {ℋ̂𝑒

crp
} |ΨCC

(𝑒𝑐)
⟩

 −
𝑔0
2

2
⟨ΨΛ

(𝑒𝑐)
| {𝑑̂𝜆

(𝑒)
} |ΨCC

(𝑒𝑐)
⟩
2  

{ℋ̂𝑒
crp 
} = {𝑓𝜆

(𝑒)
} + {𝑊̂𝑒𝑒}  

{𝑊̂𝑒𝑒} =
1

4
∑  

𝑝𝑞𝑟𝑠

 𝑤‾𝑟𝑠
𝑝𝑞
{𝑒̂𝑝𝑞𝑟𝑠}  
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ℒcc
(𝑒𝑐)

= 𝒱rhf
(𝑒𝑐)

+ ⟨ΨΛ
(𝑒𝑐)
| {ℋ̂𝑒

Λ} |ΨCC
(𝑒𝑐)
⟩

 +
𝑔0
2

2
⟨ΨΛ

(𝑒𝑐)
| {𝑑̂𝜆

(𝑒)
} |ΨCC

(𝑒𝑐)
⟩
2  

{ℋ̂𝑒
Λ} = {ℋ̂𝑒

crp 
} − 𝑔0

2 ⟨ΨΛ
(𝑒𝑐)
| {𝑑̂𝜆

(𝑒)
} |ΨCC

(𝑒𝑐)
⟩ {𝑑̂𝜆

(𝑒)
}  

𝜕ℒcc
(𝑒𝑐)

𝜕𝜆𝜈
= 0 ,

𝜕ℒcc
(𝑒𝑐)

𝜕𝑡𝜈
= 0  

⟨Φ𝜈|𝑒
−𝑇̂{ℋ̂𝑒

Λ}𝑒𝑇̂|Φ0⟩  = 0,

⟨Φ0|(1 + Λ̂)[𝑒
−𝑇̂{ℋ̂𝑒

Λ}𝑒𝑇̂ , 𝜏̂𝜈]|Φ0⟩  = 0,
 

|Φ𝜈⟩ = 𝜏̂𝜈|Φ0⟩{ℋ̂𝑒
Λ} 

{ℋ̂𝑒
Λ} = {𝑓𝜆

Λ} + {𝑊̂𝑒𝑒}  

{𝑓𝜆
𝜆} = {𝑓𝜆

(𝑒)
} − 𝑔0

2∑ 

𝑟𝑠

 𝑑𝜆
𝑟𝑠𝛾𝑟𝑠

Λ∑ 

𝑝𝑞

 𝑑𝜆
𝑝𝑞
{𝐸̂𝑝𝑞}  

𝛾𝑟𝑠
Λ = ⟨Φ0|(1 + Λ̂)𝑒

−𝑇̂{𝐸̂𝑟𝑠}𝑒
𝑇̂|Φ0⟩,  

𝛾𝑖𝑗
Λ= −∑ 

𝑐

 𝜆𝑐
𝑗
𝑡𝑖
𝑐 −

1

2
∑  

𝑘𝑐𝑑

 𝜆𝑐𝑑
𝑗𝑘
𝑡𝑖𝑘
𝑐𝑑  

𝛾𝑎𝑏
Λ =∑ 

𝑘

 𝜆𝑏
𝑘𝑡𝑘
𝑎 +

1

2
∑  

𝑘𝑙𝑐

 𝜆𝑏𝑐
𝑘𝑙 𝑡𝑘𝑙

𝑎𝑐  

𝛾𝑖𝑎
Λ= 𝜆𝑎

𝑖  

𝛾𝑎𝑖
Λ  = 𝑡𝑖

𝑎 +∑ 

𝑗𝑏

 𝜆𝑏
𝑗
(𝑡𝑗𝑖
𝑏𝑎 − 𝑡𝑖

𝑏𝑡𝑗
𝑎) −

1

2
∑  

𝑗𝑘𝑐𝑏

 𝜆𝑐𝑏
𝑘𝑗
(𝑡𝑘𝑖
𝑐𝑏𝑡𝑗

𝑎 − 𝑡𝑘𝑗
𝑐𝑎𝑡𝑖

𝑏)

 

ℒcc
(𝑒𝑐)

= 𝒱cc
(𝑒𝑐)

+∑ 

𝜈

 𝜆𝜈⟨Φ𝜈|𝑒
−𝑇̂{ℋ̂𝑒

Λ}𝑒𝑇̂|Φ0⟩  

𝒱cc
(𝑒𝑐)

= 𝒱rhf
(𝑒𝑐)

+ Δ𝒱cc
(𝑒𝑐)  

Δ𝒱cc
(𝑒𝑐)

= Δ𝒱cc
ℋ + Δ𝒱cc

𝑑 + Δ𝒱cc
Λ  

Δ𝒱cc
ℋ = ⟨Φ0|𝑒

−𝑇̂{ℋ̂𝑒
crp
}𝑒𝑇̂|Φ0⟩

Δ𝒱cc
𝑑 = −

𝑔0
2

2
⟨Φ0|𝑒

−𝑇̂ {𝑑̂𝜆
(𝑒)
} 𝑒𝑇̂|Φ0⟩

2

Δ𝒱cc
Λ =

𝑔0
2

2
∑  

𝑝𝑞

 𝑑𝜆
𝑝𝑞
𝛾̃𝑝𝑞
Λ ∑ 

𝑟𝑠

 𝑑𝜆
𝑟𝑠𝛾̃𝑟𝑠

Λ
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Δ𝒱ccsd
ℋ  = ∑  

𝑎𝑖𝑏𝑗

  (𝑡𝑖
𝑎𝑡𝑗
𝑏 + 𝑡𝑖𝑗

𝑎𝑏)𝐿𝑖𝑎𝑗𝑏

 +2𝑔0
2∑  

𝑎𝑖𝑏𝑗

  (𝑡𝑖
𝑎𝑡𝑗
𝑏 + 𝑡𝑖𝑗

𝑎𝑏)𝑑𝜆
𝑎𝑖𝑑𝜆

𝑏𝑗

 −𝑔0
2∑  

𝑎𝑖𝑏𝑗

 (𝑡𝑖
𝑎𝑡𝑗
𝑏 + 𝑡𝑖𝑗

𝑎𝑏)𝑑𝜆
𝑏𝑖𝑑𝜆

𝑎𝑗

 

𝐿𝑖𝑎𝑗𝑏 = 2𝑔𝑖𝑎𝑗𝑏 − 𝑔𝑖𝑏𝑗𝑎 

Δ𝒱ccsd
𝑑 = −2𝑔0

2∑ 

𝑎𝑖

 𝑑𝜆
𝑎𝑖𝑡𝑖

𝑎∑ 

𝑏𝑗

 𝑑𝜆
𝑏𝑗
𝑡𝑗
𝑏
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Λ-Linearised CRP-CC Lagrangian Amplitude Equations 𝑡𝜈 Δ𝒱cc
(𝑒𝑐)

 

ℒcc
mf

= 𝒱rhf
(𝑒𝑐)

+ ⟨Φ0|(1

+ Λ̂)𝑒−𝑇̂{ℋ̂𝑒
crp
}𝑒𝑇̂|Φ0⟩ 

𝑅̃𝜈
mf = ⟨Φ𝜈|𝑒

−𝑇̂{ℋ̂𝑒
crp
}𝑒𝑇̂|Φ0⟩ = 0 × × 

ℒcc
Λ0 = ℒcc

mf −
𝑔0
2

2
⟨Φ0| {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩

2 𝑅̃𝜈
Λ0 = 𝑅̃𝜈

mf = 0 × ✓ 

ℒcc
Λ

= ℒcc
Λ0

− 𝑔0
2⟨Φ0|Λ̂ {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩⟨Φ0| {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩ 

𝑅̃𝜈
Λ

= 𝑅̃𝜈
Λ0

− 𝑔0
2⟨Φ𝜈| {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩⟨Φ0| {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩

= 0 

✓ ✓ 

  

ℒ
Λ2
(𝑒𝑐)

 =
𝑔0
2

2
⟨Φ0| {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩

2

 +𝑔0
2⟨Φ0|Λ̂ {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩⟨Φ0| {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩

 +
𝑔0
2

2
⟨Φ0|Λ̂ {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0⟩

2

 

{𝑑̂𝜆
(𝑒)
}
𝑇
= 𝑒−𝑇̂ {𝑑̂𝜆

(𝑒)
} 𝑒𝑇̂  

ℒ
Λ2
(𝑒𝑐)
Δ𝒱cc

(𝑒𝑐)
ℒ
Λ2
(𝑒𝑐)
ℒcc
mf𝑅̃𝜈

mf{ℋ̂𝑒
crp 
} 

Δ𝒱ccsd
mf = Δ𝒱ccsd

ℋ  

Δ𝒱ccsd
Λ0 = Δ𝒱ccsd

ℋ + Δ𝒱ccsd
𝑑  

ℒcc
Λ0ℒ

Λ2
(𝑒𝑐)
ℒcc
Λ  

Δ𝒱ccsd
Λ = Δ𝒱ccsd

Λ0  
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𝐸̃𝐴𝐵 = 𝐸̃𝐴 + 𝐸̃𝐵 + Δ𝐸̃𝐴𝐵  

𝐸̃𝑋 = 𝐸𝑋 + Δ̃𝑋 , 𝑋 = 𝐴, 𝐵  
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Δ𝐸̃𝐴𝐵 = Δ𝐸𝐴𝐵 + Δ̃𝐴𝐵  

𝐸0
(𝑒𝑐)

= ⟨Ψ0
(𝑒𝑐)
| 𝐻̂𝑒 +

𝜔𝑐
2

2
(𝑥𝜆 −

𝑔0
𝜔𝑐
𝑑̂𝜆
(𝑒𝑛)

)
2

|Ψ0
(𝑒𝑐)
⟩ ,  

𝑑̂𝜆
(𝑒𝑛)

= 𝑑̂𝜆
(𝑒)
+ 𝑑̂𝜆

(𝑛)
 

𝑥𝜆
0 −

𝑔0
𝜔𝑐
𝑑̂𝜆
(𝑒𝑛)

 =
𝑔0
𝜔𝑐
⟨Ψ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒𝑛)
|Ψ0

(𝑒𝑐)
⟩ −

𝑔0
𝜔𝑐
𝑑̂𝜆
(𝑒𝑛)

 =
𝑔0
𝜔𝑐
⟨Ψ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Ψ0

(𝑒𝑐)
⟩ −

𝑔0
𝜔𝑐
𝑑̂𝜆
(𝑒)

 

𝒱0
(𝑒𝑐)

 = ⟨Ψ0
(𝑒𝑐)
|ℋ𝑒 |Ψ0

(𝑒𝑐)
⟩

 −𝑔0
2 ⟨Ψ0

(𝑒𝑐)
| (⟨Ψ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Ψ0

(𝑒𝑐)
⟩ 𝑑̂𝜆

(𝑒)
) |Ψ0

(𝑒𝑐)
⟩

 +
𝑔0
2

2
⟨Ψ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Ψ0

(𝑒𝑐)
⟩
2

 

ℋ𝑒 = 𝐻̂𝑒 +
𝑔0
2

2
𝑂̂𝜆
(𝑒)
+
𝑔0
2

2
𝑈̂𝜆
(𝑒𝑒)  

𝑂̂𝜆
(𝑒)
= 𝑒2∑ 

𝑖

  𝑟𝑖𝜆
2

𝑈̂𝜆
(𝑒)
= 𝑒2∑ 

𝑖≠𝑗

  𝑟𝑖𝜆𝑟𝑗𝜆
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𝑑̂𝜆
(𝑒)
+ Δ𝜆 = −𝑒∑  

𝑖

  (𝑟𝑖𝜆 + Δ𝜆) = 𝑑̂𝜆
(𝑒)
+𝑁𝑒Δ𝜆

(𝑒)
 

Δ𝜆
(𝑒)
= −𝑒Δ𝜆 

𝒱0
(𝑒𝑐)

= ⟨Ψ0
(𝑒𝑐)
| 𝐻̂𝑒 |Ψ0

(𝑒𝑐)
⟩ + Δ𝒱0

(𝑒𝑐)
 

Δ𝒱0
(𝑒𝑐)

= ⟨𝑂̂𝜆
(𝑒)
⟩ + ⟨𝑈̂𝜆

(𝑒𝑒)
⟩ − ⟨𝑑̂𝜆

(𝑒)
⟩
2

 

⟨… ⟩ = ⟨Ψ0
(𝑒𝑐)
| … |Ψ0

(𝑒𝑐)
⟩ Δ𝜆 

⟨𝑂̂𝜆
(𝑒)
⟩ → ⟨𝑂̂𝜆

(𝑒)
⟩ + 2 ⟨𝑑̂𝜆

(𝑒)
⟩ Δ𝜆

(𝑒)
+𝑁𝑒 (Δ𝜆

(𝑒)
)
2

⟨𝑈̂𝜆
(𝑒𝑒)
⟩ → ⟨𝑈̂𝜆

(𝑒𝑒)
⟩ + 2(𝑁𝑒 − 1) ⟨𝑑̂𝜆

(𝑒)
⟩ Δ𝜆

(𝑒)

+𝑁𝑒(𝑁𝑒 − 1) (Δ𝜆
(𝑒)
)
2

⟨𝑑̂𝜆
(𝑒)
⟩
2

→ ⟨𝑑̂𝜆
(𝑒)
⟩
2

+ 2𝑁𝑒 ⟨𝑑̂𝜆
(𝑒)
⟩ Δ𝜆

(𝑒)
+𝑁𝑒

2 (Δ𝜆
(𝑒)
)
2
,

 

Δ𝜆
(𝑒)
(Δ𝜆
(𝑒)
)
2
Δ𝒱0

(𝑒𝑐)
𝒱0
(𝑒𝑐)

 

𝒱rhf
(𝑒𝑐)
(𝜅) = 𝒱rhf

(𝑒𝑐)
(0) + 𝜅T𝒱rhf

(1)
+ 𝒪(𝜅2)  

𝒱𝑝𝑞
(1)
=
𝜕𝒱rhf

(𝑒𝑐)
(𝜅)

𝜕𝜅𝑝𝑞
|

𝜅=0

 

⟨Φ0
(𝑒𝑐)
| 𝑒𝜅̂ℋ̂𝑒𝑒

−𝜅̂ |Φ0
(𝑒𝑐)
⟩  = ⟨Φ0

(𝑒𝑐)
| ℋ̂𝑒 |Φ0

(𝑒𝑐)
⟩

 + ⟨Φ0
(𝑒𝑐)
| [𝜅̂, ℋ̂𝑒] |Φ0

(𝑒𝑐)
⟩

 +𝒪(𝜅̂2)

 

⟨Φ0
(𝑒𝑐)
| 𝑒𝜅̂𝑑̂𝜆

(𝑒)
𝑒−𝜅̂ |Φ0

(𝑒𝑐)
⟩
2

= ⟨Φ0
(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Φ0

(𝑒𝑐)
⟩
2

+2 ⟨Φ0
(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Φ0

(𝑒𝑐)
⟩ ⟨Φ0

(𝑒𝑐)
| [𝜅̂, 𝑑̂𝜆

(𝑒)
] |Φ0

(𝑒𝑐)
⟩

+𝒪(𝜅̂2)

 

𝒱rhf
(𝑒𝑐)

= ⟨Φ0
(𝑒𝑐)
| ℋ̂𝑒 |Φ0

(𝑒𝑐)
⟩ −

𝑔0
2

2
⟨Φ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Φ0

(𝑒𝑐)
⟩
2

= 𝐸rhf
(𝑒𝑐)

+
𝑔0
2

2
∑  

𝑝𝑞

 𝑂𝜆
𝑝𝑞
𝐷𝑝𝑞

 −
𝑔0
2

4
∑  

𝑝𝑞𝑟𝑠

 𝑑𝜆
𝑝𝑠
𝑑𝜆
𝑟𝑞
𝐷𝑝𝑞𝐷𝑟𝑠
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𝒱rhf
(1)
= ⟨Φ0

(𝑒𝑐)
| [𝜅̂, ℋ̂𝑒] |Φ0

(𝑒𝑐)
⟩

 −𝑔0
2 ⟨Φ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Φ0

(𝑒𝑐)
⟩ ⟨Φ0

(𝑒𝑐)
| [𝜅̂, 𝑑̂𝜆

(𝑒)
] |Φ0

(𝑒𝑐)
⟩

= ⟨Φ0
(𝑒𝑐)
| [𝜅̂, ℋ̂𝑒 − 𝑔0

2 ⟨𝑑̂𝜆
(𝑒)
⟩
0
𝑑̂𝜆
(𝑒)
] |Φ0

(𝑒𝑐)
⟩ ,

= ⟨Φ0
(𝑒𝑐)
| [𝜅̂, ℋ̂𝑒

Φ0] |Φ0
(𝑒𝑐)
⟩ ,

 

⟨𝑑̂𝜆
(𝑒)
⟩
0
 = ⟨Φ0

(𝑒𝑐)
| 𝑑̂𝜆

(𝑒)
|Φ0

(𝑒𝑐)
⟩

ℋ̂𝑒
Φ0  = ℋ̂𝑒 − 𝑔0

2 ⟨𝑑̂𝜆
(𝑒)
⟩
0
𝑑̂𝜆
(𝑒)

 

𝒱rhf
(1)
= ∑  

𝑝>𝑞

 𝜅𝑝𝑞𝒱𝑝𝑞
(1)

 

ℋ̂𝑒 = ⟨ℋ̂𝑒⟩0 + {ℋ̂𝑒}

𝑑̂𝜆
(𝑒)
= ⟨𝑑̂𝜆

(𝑒)
⟩
0
+ {𝑑̂𝜆

(𝑒)
}

 

⟨… ⟩0 = ⟨Φ0
(𝑒𝑐)
| … |Φ0

(𝑒𝑐)
⟩ 

ℒcc
(𝑒𝑐)

 = ⟨ℋ̂𝑒⟩0 −
𝑔0
2

2
⟨𝑑̂𝜆
(𝑒)
⟩
0

2

 + ⟨ΨΛ
(𝑒𝑐)
| {ℋ̂𝑒} |ΨCC

(𝑒𝑐)
⟩

 −𝑔0
2 ⟨ΨΛ

(𝑒𝑐)
| {𝑑̂𝜆

(𝑒)
} |ΨCC

(𝑒𝑐)
⟩ ⟨𝑑̂𝜆

(𝑒)
⟩
0

 −
𝑔0
2

2
⟨ΨΛ

(𝑒𝑐)
| {𝑑̂𝜆

(𝑒)
} |ΨCC

(𝑒𝑐)
⟩
2

 

𝒱rhf
(𝑒𝑐)

= ⟨ℋ̂𝑒⟩0 −
𝑔0
2

2
⟨𝑑̂𝜆
(𝑒)
⟩
0

2

 

ℋ̂𝑒
crp 

= {ℋ̂𝑒} − 𝑔0
2 ⟨𝑑̂𝜆

(𝑒)
⟩
0
{𝑑̂𝜆
(𝑒)
} .  

{ℋ̂𝑒} =∑  

𝑝𝑞

 ℎ𝜆
𝑝𝑞
{𝐸̂𝑝𝑞} +∑  

𝑝𝑞𝑖

 𝑤‾𝑞𝑖
𝑝𝑖
{𝐸̂𝑝𝑞}  

 +
1

4
∑  

𝑝𝑞𝑟𝑠

 𝑤‾𝑟𝑠
𝑝𝑞
{𝑒̂𝑝𝑞𝑟𝑠}

 

𝑤‾𝑞𝑖
𝑝𝑖
= (𝑝𝑖 ∣ 𝑞𝑖) − (𝑝𝑖 ∣ 𝑖𝑞) + 𝑔0

2(𝑑𝜆
𝑝𝑞
𝑑𝜆
𝑖𝑖 − 𝑑𝜆

𝑝𝑖
𝑑𝜆
𝑖𝑞
)  

−
𝑔0
2

2
⟨𝑑̂𝜆
(𝑒)
⟩
0
{𝑑̂𝜆
(𝑒)
} = −𝑔0

2∑ 

𝑝𝑞𝑖

 𝑑𝜆
𝑝𝑞
𝑑𝜆
𝑖𝑖{𝐸̂𝑝𝑞}  
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⟨ΨΛ
(𝑒𝑐)
| {ℋ̂𝑒

Λ} |ΨCC
(𝑒𝑐)
⟩ = ⟨Φ0

(𝑒𝑐)
| 𝑒−𝑇̂{ℋ̂𝑒

Λ}𝑒𝑇̂ |Φ0
(𝑒𝑐)
⟩

+∑  

𝜈

 𝜆𝜈 ⟨Φ𝜈
(𝑒𝑐)
| 𝑒−𝑇̂{ℋ̂𝑒

Λ}𝑒𝑇̂ |Φ0
(𝑒𝑐)
⟩

 

⟨Φ0
(𝑒𝑐)
| 𝑒−𝑇̂{ℋ̂𝑒

Λ}𝑒𝑇̂ |Φ0
(𝑒𝑐)
⟩

= ⟨Φ0
(𝑒𝑐)
| 𝑒−𝑇̂{ℋ̂𝑒

𝑐𝑟𝑝
}𝑒𝑇̂ |Φ0

(𝑒𝑐)
⟩

 −𝑔0
2 ⟨Φ0

(𝑒𝑐)
| 𝑒−𝑇̂ {𝑑̂𝜆

(𝑒)
} 𝑒𝑇̂ |Φ0

(𝑒𝑐)
⟩
2

 −𝑔0
2 ⟨Φ0

(𝑒𝑐)
| Λ̂ {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0

(𝑒𝑐)
⟩ ⟨Φ0

(𝑒𝑐)
| {𝑑̂𝜆

(𝑒)
}
𝑇
|Φ0

(𝑒𝑐)
⟩ ,

 

ℒcc
(𝑒𝑐)

 = 𝒱rhf
(𝑒𝑐)

+ ⟨Φ0
(𝑒𝑐)
| 𝑒−𝑇̂{ℋ̂𝑒

crp
}𝑒𝑇̂ |Φ0

(𝑒𝑐)
⟩

 −
𝑔0
2

2
⟨Φ0

(𝑒𝑐)
| 𝑒−𝑇̂ {𝑑̂𝜆

(𝑒)
} 𝑒𝑇̂ |Φ0

(𝑒𝑐)
⟩
2

 +
𝑔0
2

2
⟨Φ0|Λ̂𝑒

−𝑇̂ {𝑑̂𝜆
(𝑒)
} 𝑒𝑇̂|Φ0⟩

2

 +∑  

𝜈

 𝜆𝜈 ⟨Φ𝜈
(𝑒𝑐)
| 𝑒−𝑇̂{ℋ̂𝑒

Λ}𝑒𝑇̂ |Φ0
(𝑒𝑐)
⟩

 

𝒱cc
(𝑒𝑐)

 = 𝒱rhf
(𝑒𝑐)

+ ⟨Φ0
(𝑒𝑐)
| 𝑒−𝑇̂{ℋ̂𝑒

crp
}𝑒𝑇̂ |Φ0

(𝑒𝑐)
⟩

 −
𝑔0
2

2
⟨Φ0

(𝑒𝑐)
| 𝑒−𝑇̂ {𝑑̂𝜆

(𝑒)
} 𝑒𝑇̂ |Φ0

(𝑒𝑐)
⟩
2

 +
𝑔0
2

2
⟨Φ0|Λ̂𝑒

−𝑇̂ {𝑑̂𝜆
(𝑒)
} 𝑒𝑇̂|Φ0⟩

2

 

Δ̃𝑥(𝜆) = Δ𝑥(𝜆) − 𝐸ccsd
(𝑒)

 , 𝑥 = 𝑎, 𝑝  

𝐸𝑛(𝜀) = −𝛼
2 + |𝜎𝑛|𝛼

2𝜀2/3 + 𝑂(𝜀) 

[−
𝛼2

4 + 𝜀2
, +∞) 

𝐿b/f
2 (ℝ3):= {Ψ ∈ 𝐿2(ℝ3):Ψ(𝑥1, 𝑥2, 𝑥3) = (+)b/fΨ(𝑥2, 𝑥1, 𝑥3)}, 

𝐻2+1
b/f
: = −

ℏ2

2𝑀
𝜕𝑥1
2 −

ℏ2

2𝑀
𝜕𝑥2
2 −

ℏ2

2𝑚
𝜕𝑥3
2 + 𝛽𝛿(𝑥3 − 𝑥1) + 𝛽𝛿(𝑥3 − 𝑥2). 

Π1: = {(𝑥1, 𝑥2, 𝑥3) ∈ ℝ
3: 𝑥3 = 𝑥1}  and  Π2: = {(𝑥1, 𝑥2, 𝑥3) ∈ ℝ3 ∣ 𝑥3 = 𝑥2}. 

𝑥𝑐𝑚 =
𝑀(𝑥1 + 𝑥2) + 𝑚𝑥3

𝑀𝑡𝑜𝑡
, 𝑥 = 𝑥1 − 𝑥2, 𝑦 = 𝑥3 −

𝑥1 + 𝑥2
2

𝑀𝑡𝑜𝑡 = 2𝑀 +𝑚, 𝜇 =
2𝑀𝑚

𝑀𝑡𝑜𝑡

 

𝐻2+1
b/f
Ψ(𝑥𝑐𝑚, 𝑥, 𝑦) = (+)b/fΨ(𝑥𝑐𝑚, −𝑥, 𝑦) 

𝐻2+1
b/f

= −
1

2𝑀𝑡𝑜𝑡
𝜕𝑥𝑐𝑚
2 −

1

𝑀
𝜕𝑥
2 −

1

2𝜇
𝜕𝑦
2 + 𝛽𝛿(𝑦 − 𝑥/2) + 𝛽𝛿(𝑦 + 𝑥/2) 
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𝐿b/f
2 (ℝ2):= {𝜓 ∈ 𝐿2(ℝ2):𝜓(𝑥, 𝑦) = (+)b/f𝜓(−𝑥, 𝑦)} 

Π1 = {(𝑥, 𝑦) ∈ ℝ
2: 𝑦 = 𝑥/2}  and  Π2 = {(𝑥, 𝑦) ∈ ℝ2: 𝑦 = −𝑥/2}.  

𝐻𝜀
b/f
= −𝜀2𝜕𝑥

2 − 𝜕𝑦
2 + 𝛼𝛿(𝑦 − 𝑥/2) + 𝛼𝛿(𝑦 + 𝑥/2) 

𝜀2 =
2𝜇

𝑀
 

𝐿b/f
2 (ℝ2)𝐻𝜀

b/f
 

𝐻𝜀
b/f
= 2𝜇 (𝐻2+1

b/f
− 𝐾𝑐𝑚) 

𝐾𝑐𝑚 = −
1

2𝑀tot 
𝜕𝑥𝑐𝑚
2 𝛼 = 2𝜇𝛽 

𝜎 (𝐻𝜀
b/f
) ⊆ [−𝛼2, +∞), 𝜎𝑒𝑠𝑠 (𝐻𝜀

b/f
) = [−

𝛼2

4 + 𝜀2
, +∞)  

−𝛼2 < 𝐸𝜀,0
b/f
< 𝐸𝜀,1

b/f
< ⋯ < 𝐸𝜀,𝑛

b/f
< −

𝛼2

4 + 𝜀2

𝐸𝜀,𝑘
b/f
= −𝛼2 + 𝑠𝑘

b/f
𝛼2𝜀2/3 +𝑂(𝜀)

 

𝑠𝑘
b = |𝜎2𝑘|, 𝑠𝑘

f = |𝜎2𝑘+1|, 

⋯ < 𝜎2𝑘+1 < 𝜎2𝑘 < 𝜎2𝑘−1 < ⋯ < 𝜎2 < 𝜎1 < 𝜎0 < 0 

Ai′(𝜎2𝑘) = 0, Ai(𝜎2𝑘+1) = 0 

(−
𝜀2

2
𝜕𝑥𝜓 + 𝜕𝑦𝜓) (𝑥, (𝑥/2)

+) − (−
𝜀2

2
𝜕𝑥𝜓 + 𝜕𝑦𝜓)(𝑥, (𝑥/2)

−) = 𝛼𝜓(𝑥, 𝑥/2) for a.e. 𝑥 ∈ ℝ,  

ℬ𝜀
b/f
: 𝐻1(ℝ2) ∩ 𝐿b/f

2 (ℝ2) → ℝ

ℬ𝜀
b/f
(𝜓) = ∫  

ℝ2
 𝜀2|𝜕𝑥𝜓(𝑥, 𝑦)|

2 + |𝜕𝑦𝜓(𝑥, 𝑦)|
2
𝐝𝐱 + 2𝛼∫  

ℝ

  |𝜓(𝑠, 𝑠/2)|2𝑑𝑠
 

𝜎𝑒𝑠𝑠 (𝐻𝜀
b/f
) = {

𝜎 (𝐻𝜀
b/f
) = [0,+∞) 𝛼 ≥ 0

[−
𝛼2

4 + 𝜀2
, +∞) 𝛼 < 0

 

𝑏𝑥: 𝐻
1(ℝ) → ℝ

𝑏𝑥(𝑢) = ∫  
ℝ

  |𝑢′(𝑦)|2𝑑𝑦 + 𝛼|𝑢(𝑥/2)|2 + 𝛼|𝑢(−𝑥/2)|2
 

𝑢′((𝑥/2)+) − 𝑢′((𝑥/2)−) = 𝛼𝑢(𝑥/2)  and  𝑢′((−𝑥/2)+) − 𝑢′((−𝑥/2)−) = 𝛼𝑢(−𝑥/2). 

ℬ𝜀
b/f
(𝜙) = ∫  

ℝ2
𝜀2|𝜕𝑥𝜙(𝑥, 𝑦)|

2𝐝𝐱 +∫  
ℝ

𝑏𝑥(𝜙𝑥)𝑑𝑥 

𝛼 < 0, 𝜎 (𝐻𝜀
b/f
) ⊂ [−𝛼2, +∞) 

𝜓𝐵𝑂(𝑥, 𝑦) ≡ 𝜓𝑥
𝐵𝑂(𝑦) 
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𝒫: 𝐿2(ℝ2) → 𝐿2(ℝ2),𝒫𝜙(𝑥, 𝑦):= 𝜓𝐵𝑂(𝑥, 𝑦)𝑓𝜙(𝑥), 

𝑓𝜙(𝑥):= ∫  
ℝ

𝜓𝐵𝑂(𝑥, 𝑦)𝜙(𝑥, 𝑦)𝑑𝑦 = ∫  
ℝ

⟨𝜓𝑥
𝐵𝑂 , 𝜙𝑥⟩𝐿2(ℝ,𝑑𝑦)𝑑𝑥 

𝒫⊥: = 1 − 𝒫𝐿b
2(ℝ2)𝐿f

2(ℝ2) 
 

𝐷 (ℬ̂𝜀
b/f
) := 𝐻b/f

1 (ℝ2) ℬ̂𝜀
b/f
(𝜙): = ℬ̂𝜀

b/f
(𝒫𝜙) + ℬ̂𝜀

b/f(𝒫⊥𝜙)𝐻̂𝜀
b/f
𝐻𝜀
b/f

 

d𝜀 ≡ d𝜀(𝜇): = dist (𝜇, 𝜎 (𝐻𝜀
b/f
)) ,  and  d̂𝜀 ≡ d̂𝜀(𝜇): = dist (𝜇, 𝜎 (𝐻̂𝜀

b/f
)), 

{
 

 

𝜇 ∈ [−𝛼2, +∞) ∩ 𝜌 (𝐻̂𝜀
b/f
) :

4𝜀𝛿

√ d̂𝜀(𝜇)

√1 +
𝜇 + 𝛼2

 d̂𝜀(𝜇)
<
1

2

}
 

 

⊆ {𝜇 ∈ 𝜌 (𝐻𝜀
b/f
) : d𝜀(𝜇) ≥

d̂𝜀(𝜇)

32
} 

𝜇 ∈ 𝜌 (𝐻𝜀
b/f
) ∩ 𝜌 (𝐻̂𝜀

b/f
) , 𝜇 > −𝛼2 

‖(𝐻𝜀
b/f
− 𝜇)

−1
− (𝐻̂𝜀

b/f
− 𝜇)

−1
‖
ℬ(𝐿2(ℝ2))

≤ 2𝜀𝛿 (
1

 d̂𝜀
√
1

 d𝜀
(1 +

𝜇 + 𝛼2

 d𝜀
) +

1

 d𝜀
√
1

 d̂𝜀
(1 +

𝜇 + 𝛼2

 d̂𝜀
)) 

𝐻̂𝜀
b/f
= 𝐻̂𝜀,𝒫

b/f
⊕ 𝐻̂𝜀,𝒫⊥

b/f
, 𝜎 (𝐻̂𝜀

b/f
) = 𝜎 (𝐻̂𝜀,𝒫

b/f
) ∪ 𝜎 (𝐻̂𝜀,𝒫⊥

b/f
), 

𝐻̂𝜀,𝒫
b/f
: 𝐷 (𝐻̂𝜀,𝒫

b/f
) ⊂ ran (𝒫 ∣ 𝐿b/f

2 (ℝ2)) → ran (𝒫 ∣ 𝐿b/f
2 (ℝ2))

𝐻̂
𝜀,𝒫⊥
b/f

: 𝐷 (𝐻̂
𝜀,𝒫⊥
b/f

) ⊂ ran (𝒫⊥ ∣ 𝐿b/f
2 (ℝ2)) → ran (𝒫⊥ ∣ 𝐿b/f

2 (ℝ2))
 

𝜎 (𝐻̂𝜀,𝒫
b/f
) ⊆ [−𝛼2, +∞), 𝜎 (𝐻̂

𝜀,𝒫⊥
b/f

) ⊆ [−𝛼2/4,+∞) 

𝐷(𝐻𝜀
eff𝑏/𝑓) = 𝐻2(ℝ) ∩ 𝐿b/f

2 (ℝ) 𝐻𝜀
eff𝑏/𝑓 = −𝜀2

𝑑2

𝑑𝑥2
− 𝜆0 + 𝜀

2𝑅 

𝜀2𝑅(𝑥): = 𝜀2∫  
ℝ

|𝜕𝑥𝜓
𝐵𝑂(𝑥, 𝑦)|2𝑑𝑦 

ran (𝒫 ∣ 𝐷 (𝐻𝜀
b/f
)) ⊈ 𝐷 (𝐻𝜀

b/f
) 𝐻̂𝜀,𝒫

b/f
𝒫𝐻𝜀

b/f
𝒫 

−𝛼2 < 𝐸𝜀,0
effb/f

< 𝐸𝜀,1
eff b/f

< ⋯ < 𝐸𝜀,𝑛
effb/f

< −
𝛼2

4 + 𝜀2

𝐸𝜀,𝑘
effb/f

= −𝛼2 + 𝑠b/f𝛼2𝜀2/3 +𝑂(𝜀)

 

 −𝐱 = (𝑥, 𝑦) ∈ ℝ2.

 −𝐤 = (𝑘, 𝑝) ∈ ℝ2.
 

𝜓̂(𝐤):=
1

2𝜋
∫  
ℝ2
𝑒−𝑖𝐤⋅𝐱𝜓(𝐱)𝐝𝐱 
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𝜉̂(𝑝): =
1

√2𝜋
∫  
ℝ

𝑒−𝑖𝑝𝑦𝜉(𝑦)𝑑𝑦 

𝐻𝜈(ℝ𝑛), 𝜈 ∈ ℝ 

 𝜈; 𝐻♮
𝜈(ℝ2):= 𝐻𝜈(ℝ2) ∩ 𝐿♮

2(ℝ2), 𝜈 − ⟨⋅,⋅⟩∓𝜈,±𝜈  

𝐻±𝜈(ℝ𝑛) − 𝐻∓𝜈(ℝ𝑛)𝐿2(ℝ𝑛) 

𝜎𝑎𝑐(𝐿), 𝜎𝑠𝑐(𝐿), 𝜎𝑒𝑠𝑠(𝐿), 𝜎𝑝(𝐿), 𝜎𝑑(𝐿) 

𝒬(𝜓) = 𝒬(𝜓,𝜓) 

𝐶0
∞(ℝ𝑛)ℝ𝑛ℂ𝜆+:= max{0, 𝜆} 

𝐷(𝐻𝜀
0):= 𝐻2(ℝ2),𝐻𝜀

0:= −𝜀2𝜕𝑥
2 − 𝜕𝑦

2 

Π = Π1 ∪ Π2 

𝐿♮
2(ℝ2):= {𝜓 ∈ 𝐿2(ℝ2): 𝜓(𝑥, 𝑦) = (+)♮𝜓(−𝑥, 𝑦)}, 

𝐻♮
1(ℝ2) = 𝐻1(ℝ2) ∩ 𝐿♮

2(ℝ2) 

ℬ𝜀
♮(𝜑, 𝜓): = ∫  

ℝ2
𝜀2𝜕𝑥𝜑‾(𝑥, 𝑦)𝜕𝑥𝜓(𝑥, 𝑦) + 𝜕𝑦𝜑‾(𝑥, 𝑦)𝜕𝑦𝜓(𝑥, 𝑦)𝐝𝐱 + 2𝛼∫  

ℝ

𝜑‾(𝑠, 𝑠/2)𝜓(𝑠, 𝑠/2)𝑑𝑠 

(𝜏1𝜙)(𝑠): = 𝜙(𝑠, 𝑠/2), (𝜏2𝜙)(𝑠):= 𝜙(−𝑠, 𝑠/2), 𝑠 ∈ ℝ. 

𝜏1: 𝐻
𝜈(ℝ2) → 𝐻𝜈−1/2(ℝ), 𝜏2: 𝐻

𝜈(ℝ2) → 𝐻𝜈−1/2(ℝ) 

𝐶0
∞(ℝ) ⊂ ran(𝜏𝑗)𝐶0

∞(ℝ2 ∖ Π𝑗) ⊂ ker(𝜏𝑗) 

𝐿2(ℝ2), 𝑗 = 1,2 

𝒯:𝐻𝜈(ℝ2) → 𝐻𝜈−
1
2(ℝ)⊕ 𝐻𝜈−

1
2(ℝ), 𝒯𝜙:= 𝜏1𝜙⊕ 𝜏2𝜙, 𝜈 > 1/2. 

𝐶0
∞(ℝ ∖ {0}) × 𝐶0

∞(ℝ ∖ {0}) ⊂ ran(𝒯) 

𝐿2(ℝ)⊕ 𝐿2(ℝ) 

𝐶0
∞(ℝ2 ∖ Π) ⊂ ker(𝒯)𝐿2(ℝ2) 

ran(𝒯) ⊆ {𝜉1⊕ 𝜉2 ∈ 𝐻
𝜈−1/2(ℝ)⊕ 𝐻𝜈−1/2(ℝ): 𝜉1(0) = 𝜉2(0)} ⫋ 𝐻

𝜈−1/2(ℝ)⊕𝐻𝜈−1/2(ℝ) 

𝑅𝜀
0(𝑧):= (𝐻𝜀

0 − 𝑧)−1 

𝑅𝜀
0(𝑧): 𝐻𝜈(ℝ2) → 𝐻𝜈+2(ℝ2), 𝜈 ≥ 0 

𝑅𝜀
0(𝑧): 𝐻𝜈(ℝ2) → 𝐻𝜈+2(ℝ2), 𝜈 < 0 

𝔾̆𝜀(𝑧):𝐻
𝜈(ℝ2) → 𝐻𝜈+3/2(ℝ)⊕𝐻𝜈+3/2(ℝ), 𝔾̆𝜀(𝑧):= 𝒯𝑅𝜀

0(𝑧), 𝜈 > −3/2 

𝔾̆𝜀(𝑧)𝜓 = 𝐺̆1,𝜀(𝑧)𝜓⊕ 𝐺̆2,𝜀(𝑧)𝜓; 𝐺̆𝑗,𝜀(𝑧): 𝐻
𝜈(ℝ2) → 𝐻𝜈+3/2(ℝ), 𝐺̆𝑗,𝜀(𝑧) = 𝜏𝑗𝑅𝜀

0(𝑧), 𝑗 = 1,2. 

ran(𝐺̆𝑗,𝜀(𝑧)) = 𝐻
𝜈+3/2(ℝ) 

ran(𝔾̆𝜀(𝑧)) ⫋ 𝐻
𝜈+3/2(ℝ)⊕ 𝐻𝜈+3/2(ℝ) 
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𝔾𝜀(𝑧): = 𝔾̆𝜀(𝑧‾)
∗: 𝐻𝜈(ℝ)⊕𝐻𝜈(ℝ) → 𝐻𝜈+3/2(ℝ2), 𝜈 < 0 

𝐻−𝜈(ℝ𝑑) − 𝐻𝜈(ℝ𝑑)𝐿2(ℝ𝑑) 

𝔾𝜀(𝑧)(𝜉1⊕𝜉2) = 𝐺1,𝜀(𝑧)𝜉1 + 𝐺2,𝜀(𝑧)𝜉2;  𝐺𝑗,𝜀(𝑧): 𝐻
𝜈(ℝ) → 𝐻𝜈+3/2(ℝ2), 𝐺𝑗,𝜀(𝑧) = 𝐺̆𝑗,𝜀(𝑧‾)

∗ 

𝐺𝑗,𝜀(𝑧) ∈ ℬ(𝐿
2(ℝ),𝐻𝜈(ℝ2)),𝔾𝜀(𝑧) ∈ ℬ(𝐿

2(ℝ)⊕ 𝐿2(ℝ),𝐻𝜈(ℝ2)) 

ran(𝐺𝑗,𝜀(𝑧) ∣ 𝐿
2(ℝ)) ⊆ 𝐻3/2−(ℝ2), ran(𝔾𝜀(𝑧) ∣ 𝐿

2(ℝ)⊕ 𝐿2(ℝ)) ⊆ 𝐻3/2−(ℝ2)  

𝐻3/2−(ℝ2):=∩𝜈<3/2 𝐻
𝜈(ℝ2) 

ran(𝔾𝜀(𝑧) ∣ 𝐿
2(ℝ)⊕ 𝐿2(ℝ)) ∩ 𝐷(𝐻𝜀

0) = {0}  

𝑄 ∈ (𝐿2(ℝ) ∖ {0})⊕ (𝐿2(ℝ) ∖ {0}) 

𝜙 ∈ 𝐿2(ℝ2) ∖ {0} 

𝑅𝜀
0(𝑧)𝜙 = 𝔾𝜀(𝑧)𝑄 

𝜓 ∈ 𝐿2(ℝ2) 

⟨𝜙, 𝑅𝜀
0(𝑧‾)𝜓⟩𝐿2(ℝ2) = ⟨𝑄, 𝒯𝑅𝜀

0(𝑧‾)𝜓⟩𝐿2(ℝ)⊕𝐿2(ℝ). 

𝑅𝜀
0(𝐱, 𝐱′; 𝑧) =

1

(2𝜋)2
∫  
ℝ2
 
𝑒𝑖𝐤(𝐱−𝐱

′)

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤

𝐺̆1,𝜀(𝑠, 𝐱
′; 𝑧) =

1

(2𝜋)2
∫  
ℝ2
 
𝑒
𝑖(𝑘+

𝑝
2
)𝑠
𝑒−𝑖𝐤𝐱

′

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤; 𝐺̆2,𝜀(𝑠, 𝐱

′; 𝑧) =
1

(2𝜋)2
∫  
ℝ2
 
𝑒
𝑖(−𝑘+

𝑝
2
)𝑠
𝑒−𝑖𝐤𝐱

′

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤

𝐺1,𝜀(𝐱, 𝑠
′; 𝑧) =

1

(2𝜋)2
∫  
ℝ2
 
𝑒𝑖𝐤𝐱𝑒

−𝑖(𝑘+
𝑝
2
)𝑠′

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤; 𝐺2,𝜀(𝐱, 𝑠

′; 𝑧) =
1

(2𝜋)2
∫  
ℝ2
 
𝑒𝑖𝐤𝐱𝑒

−𝑖(−𝑘+
𝑝
2
)𝑠′

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤

 

𝑀ℓ𝑗,𝜀(𝑧):𝐻
𝜈(ℝ) → 𝐻𝜈+1(ℝ),𝑀ℓ𝑗,𝜀(𝑧):= 𝜏ℓ𝐺𝑗,𝜀(𝑧) ℓ, 𝑗 = 1,2;  𝜈 > −1 

𝕄𝜀(𝑧):𝐻
𝜈(ℝ)⊕ 𝐻𝜈(ℝ) → 𝐻𝜈+1(ℝ)⊕𝐻𝜈+1(ℝ),𝕄𝜀(𝑧): = 𝒯𝔾𝜀(𝑧), 𝜈 > −1 

𝑀ℓ𝑗,𝜀(𝑧) ∈ ℬ(𝐿
2(ℝ)) and 𝕄𝜀(𝑧) ∈ ℬ(𝐿

2(ℝ)⊕ 𝐿2(ℝ)) 

𝕄𝜀(𝑧) = [
𝑀11,𝜀(𝑧) 𝑀12,𝜀(𝑧)

𝑀21,𝜀(𝑧) 𝑀22,𝜀(𝑧)
] 

𝔾̆𝜀(𝑧) − 𝔾̆𝜀(𝑤) = (𝑧 − 𝑤)𝔾̆𝜀(𝑧)𝑅𝜀
0(𝑤) = (𝑧 − 𝑤)𝔾̆𝜀(𝑤)𝑅𝜀

0(𝑧)

𝔾𝜀(𝑧) − 𝔾𝜀(𝑤) = (𝑧 − 𝑤)𝑅𝜀
0(𝑤)𝔾𝜀(𝑧) = (𝑧 − 𝑤)𝑅𝜀

0(𝑧)𝔾𝜀(𝑤)

𝕄𝜀(𝑧) −𝕄𝜀(𝑤) = (𝑧 − 𝑤)𝔾̆𝜀(𝑤)𝔾𝜀(𝑧) = (𝑧 − 𝑤)𝔾̆𝜀(𝑧)𝔾𝜀(𝑤)

 

𝑅𝜀
0(𝑧) − 𝑅𝜀

0(𝑤) = (𝑧 − 𝑤)𝑅𝜀
0(𝑧)𝑅𝜀

0(𝑤) = (𝑧 − 𝑤)𝑅𝜀
0(𝑤)𝑅𝜀

0(𝑧)  

𝔾𝜀(𝑧), 𝔾̆𝜀(𝑧)𝕄𝜀(𝑧)𝑀ℓ𝑗,𝜀(𝑧) 



pág. 12507 

𝑀11,𝜀(𝑠, 𝑠
′; 𝑧) =

1

(2𝜋)2
∫  
ℝ2
 
𝑒
𝑖(𝑘+

𝑝
2
)(𝑠−𝑠′)

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤; 𝑀12,𝜀(𝑠, 𝑠

′; 𝑧) =
1

(2𝜋)2
∫  
ℝ2
 
𝑒
𝑖(𝑘+

𝑝
2
)𝑠
𝑒
−𝑖(−𝑘+

𝑝
2
)𝑠′

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤

𝑀21,𝜀(𝑠, 𝑠
′; 𝑧) =

1

(2𝜋)2
∫  
ℝ2
 
𝑒
𝑖(−𝑘+

𝑝
2
)𝑠
𝑒
−𝑖(𝑘+

𝑝
2
)𝑠′

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤; 𝑀22,𝜀(𝑠, 𝑠

′; 𝑧) =
1

(2𝜋)2
∫  
ℝ2
 
𝑒
𝑖(−𝑘+

𝑝
2
)(𝑠−𝑠′)

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤

 

𝑀11,𝜀(𝑠, 𝑠
′; 𝑧) = 𝑀22,𝜀(𝑠, 𝑠

′; 𝑧) and 𝑀12,𝜀(𝑠, 𝑠
′; 𝑧) = 𝑀21,𝜀(𝑠, 𝑠

′; 𝑧) 

𝑀𝑑,𝜀(𝑠, 𝑠
′; 𝑧):= 𝑀11,𝜀(𝑠, 𝑠

′; 𝑧) = 𝑀22,𝜀(𝑠, 𝑠
′; 𝑧) =

1

(2𝜋)2
∫  
ℝ2
 
𝑒
𝑖(𝑘+

𝑝
2
)(𝑠−𝑠′)

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤

𝑀𝑜𝑑,𝜀(𝑠, 𝑠
′; 𝑧):= 𝑀12,𝜀(𝑠, 𝑠

′; 𝑧) = 𝑀21,𝜀(𝑠, 𝑠
′; 𝑧) =

1

(2𝜋)2
∫  
ℝ2
 
𝑒
𝑖(𝑘+

𝑝
2
)𝑠
𝑒
−𝑖(−𝑘+

𝑝
2
)𝑠′

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤

 

𝕄𝜀(𝑧) = [
𝑀𝑑,𝜀(𝑧) 𝑀𝑜𝑑,𝜀(𝑧)

𝑀𝑜𝑑,𝜀(𝑧) 𝑀𝑑,𝜀(𝑧)
] 

⟨𝜉,𝑀𝑑,𝜀(𝑧)𝜉⟩ =
1

2𝜋
∫  
ℝ2
 
|𝜉̂(𝑘 + 𝑝/2)|2

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤 = ⟨𝑀𝑑,𝜀(𝑧‾)𝜉, 𝜉⟩

⟨𝜂,𝑀𝑜𝑑,𝜀(𝑧)𝜉⟩ =
1

2𝜋
∫  
ℝ2
 
𝜂̂(𝑘 + 𝑝/2)𝜉̂(−𝑘 + 𝑝/2)

𝜀2𝑘2 + 𝑝2 − 𝑧
𝐝𝐤 = ⟨𝑀𝑜𝑑,𝜀(𝑧‾)𝜂, 𝜉⟩

 

Ξ, Ξ̃ ∈ 𝐿2(ℝ)⊕ 𝐿2(ℝ) 

⟨Ξ̃,𝕄𝜀(𝑧)Ξ⟩𝐿2(ℝ2)⊕𝐿2(ℝ) = ⟨𝜉̃1,𝑀𝑑,𝜀(𝑧)𝜉1⟩ + ⟨𝜉̃2, 𝑀𝑑,𝜀(𝑧)𝜉2⟩ + ⟨𝜉̃2,𝑀𝑜𝑑,𝜀(𝑧)𝜉1⟩ + ⟨𝜉̃1,𝑀𝑜𝑑,𝜀(𝑧)𝜉2⟩  

𝕄𝜀(𝑧) = 𝕄𝜀(𝑧‾)
∗ 𝑧 ∈ ℂ ∖ [0,+∞)  

𝕄𝜀(𝑧) = 𝒯(𝒯𝑅𝜀
0(𝑧‾))

∗
= 𝒯𝑅𝜀

0(𝑧)𝒯∗ 

1

𝛼
+𝕄𝜀(𝑧): 𝐿

2(ℝ)⊕ 𝐿2(ℝ) → 𝐿2(ℝ)⊕ 𝐿2(ℝ), 𝛼 ∈ ℝ ∖ {0}, 𝑧 ∈ ℂ ∖ [0,+∞) 

1

𝛼
+𝕄𝜀(−𝜆) 

𝑇:𝐷(𝑇) ⊂ ℋ → ℋ 

|⟨𝑢, 𝑇𝑢⟩ℋ| ≥ 𝑐‖𝑢‖ℋ
2  ∀𝑢 ∈ 𝐷(𝑇)  

‖𝑇𝑢‖ℋ ≥ 𝑐‖𝑢‖ℋ  ∀𝑢 ∈ 𝐷(𝑇).  

ran(𝑇) = ℋ 

{𝑢𝑛} ∈ 𝐷(𝑇) 

‖𝑇𝑢𝑛 − 𝑣‖ℋ → 0 

1

𝛼
+𝕄𝜀(−𝜆) 

|⟨Ξ, (
1

𝛼
+𝕄𝜀(−𝜆)) Ξ⟩| ≥ 𝑐𝜆‖Ξ‖

2 ∀Ξ ∈ 𝐿2(ℝ2)⊕ 𝐿2(ℝ), 
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⟨𝜉,𝑀𝑑,𝜀(−𝜆)𝜉⟩ = ∫  
ℝ

  |𝜉̂(𝜈)|2∫  
ℝ

 
1

𝜋

1

𝜀2𝑘2 + 4(𝜈 − 𝑘)2 + 𝜆
𝑑𝑘𝑑𝜈 = ∫  

ℝ

 
|𝜉̂(𝜈)|2

√4𝜀2𝜈2 + (4 + 𝜀2)𝜆
𝑑𝜈

⟨𝜂,𝑀𝑜𝑑,𝜀(−𝜆)𝜉⟩ =
2

𝜋
∫  
ℝ

 ∫  
ℝ

 
𝜂̂(𝜈)𝜉̂(𝜈′)

(4 + 𝜀2)(𝜈2 + 𝜈′2) + 2(4 − 𝜀2)𝜈𝜈′ + 4𝜆
𝑑𝜈𝑑𝜈′

 

𝑀̂𝑑,𝜀(𝜈;−𝜆) =
1

√4𝜀2𝜈2 + (4 + 𝜀2)𝜆
 

𝑀̂𝑜𝑑,𝜀(𝜈, 𝜈
′;−𝜆) =

2

𝜋

1

(4 + 𝜀2)(𝜈2 + 𝜈′2) + 2(4 − 𝜀2)𝜈𝜈′ + 4𝜆
 

‖𝑀𝑑,𝜀(−𝜆)‖ℬ(𝐿2(ℝ)) ≤
1

√(4 + 𝜀2)𝜆
 

𝑀𝑜𝑑,𝜀(−𝜆)(4 + 𝜀
2)(𝜈2 + 𝜈′2) + 2(4 − 𝜀2)𝜈𝜈′ ≥ 2min(𝜀2, 4)(𝜈2 + 𝜈′2) 

∫  
ℝ2
|𝑀̂𝑜𝑑,𝜀(𝜈, 𝜈

′; −𝜆)|
2
𝑑𝜈𝑑𝜈′ ≤

4

𝜋2
(∫  
ℝ

 
1

2min(𝜀2, 4)𝜈2 + 4𝜆
𝑑𝜈)

2

=
1

2min(𝜀2, 4)𝜆
 

‖𝑀𝑜𝑑,𝜀(−𝜆)‖ℬ(𝐿2(ℝ)) ≤ ‖𝑀𝑜𝑑,𝜀(−𝜆)‖𝐻𝑆 ≤
√

1

2min(𝜀2, 4)𝜆
 

|(Ξ,𝕄𝜀(−𝜆)Ξ)𝐿2(ℝ2)⊕𝐿2(ℝ)| ≤ 𝐶𝜀‖Ξ‖
2/√𝜆 

|⟨Ξ, (
1

𝛼
+𝕄𝜀(−𝜆)) Ξ⟩| ≥ (

1

|𝛼|
−
𝐶𝜀

√𝜆
)‖Ξ‖2 ≥ 𝑐𝜆‖Ξ‖

2 

𝐷(𝐻̃𝜀):={𝜙 ∈ 𝐻
3/2−(ℝ2): 𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙 ∈ 𝐻

2(ℝ2)}

(𝐻̃𝜀 − 𝑧)𝜙:= (𝐻𝜀
0 − 𝑧)(𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙)

 

𝐻𝜀
0 ∣ ker(𝒯)1 + 𝛼𝕄𝜀(𝑧): 𝐿

2(ℝ)⊕ 𝐿2(ℝ) → 𝐿2(ℝ)⊕ 𝐿2(ℝ)𝑧 ∈ 𝜌(𝐻̃𝜀) ∩ ℂ ∖ [0,+∞)𝐻̃𝜀 

𝑅̃𝜀(𝑧) = 𝑅𝜀
0(𝑧) − 𝛼𝔾𝜀(𝑧)(1 + 𝛼𝕄𝜀(𝑧))

−1𝔾̆𝜀(𝑧) 𝑧 ∈ 𝜌(𝐻̃𝜀) ∩ ℂ ∖ [0,+∞) 

𝑅̃𝜀(−𝜆): 𝐿
2(ℝ2) → 𝐿2(ℝ2) 𝜆 > 𝜆𝛼,𝜀

𝑅̃𝜀(−𝜆):= 𝑅𝜀
0(−𝜆) − 𝔾𝜀(−𝜆) (

1

𝛼
+𝕄𝜀(−𝜆))

−1

𝔾̆𝜀(−𝜆)
 

𝐻̃𝜀 ≥ −𝜆𝛼,𝜀 of 𝐻𝜀
0 ∣ ker(𝒯) 

𝐷̃:= {𝜙 ∈ 𝐿2(ℝ2):𝜙 = 𝜙−𝜆 −𝔾𝜀(−𝜆) (
1

𝛼
+𝕄𝜀(−𝜆))

−1

𝒯𝜙−𝜆, 𝜙−𝜆 ∈ 𝐷(𝐻𝜀
0)}

𝐻̃𝜀: 𝐷̃ ⊆ 𝐿
2(ℝ2) → 𝐿2(ℝ2), (𝐻̃𝜀 + 𝜆)𝜙:= (𝐻𝜀

0 + 𝜆)𝜙−𝜆

 

𝑅̃𝜀(−𝜆) − 𝑅̃𝜀(−𝜇) = (𝜇 − 𝜆)𝑅̃𝜀(−𝜆)𝑅̃𝜀(−𝜇) 𝜆, 𝜇 > 𝜆𝛼,𝜀  

𝑅̃𝜀(−𝜆)𝜓 = 0 

𝑅𝜀
0(−𝜆)𝜓 = 𝔾𝜀(−𝜆)𝑄 
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𝑄 = (
1

𝛼
+𝕄𝜀(−𝜆))

−1

𝔾̆𝜀(−𝜆)𝜓 

𝑅̃𝜀(−𝜆)𝐷̃:= ran(𝑅̃𝜀(−𝜆)) 

𝐻̃𝜀 = 𝑅̃𝜀(−𝜆)
−1 − 𝜆 

𝑅̃𝜀(−𝜆)
∗ = 𝑅̃𝜀(−𝜆) 

𝜙 ∈ 𝐷(𝐻𝜀
0) ∩ ker(𝒯) 

𝜙 = 𝜙−𝜆𝐻̃𝜀𝜙 = 𝐻0,𝜀𝜙 

𝑧 ∈ 𝜌(𝐻̃𝜀) ∩ ℂ ∖ [0,+∞) 

𝐷̃ = {𝜙 ∈ 𝐿2(ℝ2): 𝜙 =𝜙𝑧 −𝔾𝜀(𝑧) (
1

𝛼
+𝕄𝜀(𝑧))

−1

𝒯𝜙𝑧, 𝜙𝑧 ∈ 𝐷(𝐻𝜀
0)}

(𝐻̃𝜀 − 𝑧)𝜙 = (𝐻𝜀
0 − 𝑧)𝜙𝑧

 

𝐻̃𝜀𝐷̃ ⊆ 𝐻
3/2−(ℝ2)𝔾𝜀(𝑧) 

𝐷̃ = 𝐷(𝐻̃𝜀) 

ran(𝔾𝜀(𝑧) − 𝔾𝜀(𝑤)) ⊆ 𝐷(𝐻𝜀
0) = 𝐻2(ℝ2) 

𝐷̃ = 𝐷(𝐻̃𝜀) 

𝜌(𝐻̃𝜀) ∩ ℂ ∖ [0,+∞) 

𝒯𝜙 = 𝒯𝜙𝑧 − 𝛼𝕄𝜀(𝑧)(1 + 𝛼𝕄𝜀(𝑧))
−1𝒯𝜙𝑧 

𝒯𝜙 = (1 + 𝛼𝕄𝜀(𝑧))
−1𝒯𝜙𝑧 

𝜙𝑧 = 𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙 

𝐷̃ ⊆ 𝐷(𝐻̃𝜀)𝜙 ∈ 𝐷(𝐻̃𝜀)𝜙𝑧 ∈ 𝐻
2(ℝ2) 

𝜙𝑧: = 𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙 

𝒯𝜙 + 𝛼𝕄𝜀(𝑧)𝒯𝜙 = 𝒯𝜙𝑧 

𝒯𝜙 = (1 + 𝛼𝕄𝜀(𝑧))
−1𝒯𝜙𝑧 

𝜙 = 𝜙𝑧 − 𝛼𝔾𝜀(𝑧)(1 + 𝛼𝕄𝜀(𝑧))
−1𝒯𝜙𝑧 

𝐷(𝐻̃𝜀) ⊆ 𝐷̃ 

𝐷̃ = 𝐷(𝐻̃𝜀) 

(𝐻̃𝜀 − 𝑧)𝜙 = (𝐻𝜀
0 − 𝑧)(𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙), 𝑧 ∈ 𝜌(𝐻̃𝜀) ∩ ℂ ∖ [0,+∞)  

𝑤 ∈ 𝜌(𝐻̃𝜀) ∩ ℂ ∖ [0,+∞) 
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(𝐻̃𝜀 − 𝑧)𝜙 = (𝐻̃𝜀 −𝑤)𝜙 + (𝑤 − 𝑧)𝜙 = (𝐻𝜀
0 −𝑤)(𝜙 + 𝛼𝔾𝜀(𝑤)𝒯𝜙) + (𝑤 − 𝑧)𝜙

=(𝐻𝜀
0 −𝑤)(𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙) + 𝛼(𝐻𝜀

0 −𝑤)(𝔾𝜀(𝑤) − 𝔾𝜀(𝑧))𝒯𝜙 + (𝑤 − 𝑧)𝜙

=(𝐻𝜀
0 −𝑤)(𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙) + (𝑤 − 𝑧)𝛼𝔾𝜀(𝑧)𝒯𝜙 + (𝑤 − 𝑧)𝜙

=(𝐻𝜀
0 − 𝑧)(𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙)

 

𝒯∗: 𝐻−𝜈+1/2(ℝ)⊕𝐻−𝜈+1/2(ℝ) → 𝐻−𝜈(ℝ2), 𝜈 > 1/2 

𝜉1⊕𝜉2 ∈ 𝐿
2(ℝ)⊕ 𝐿2(ℝ) 

𝒯∗𝜉1⊕ 𝜉2 ∈ 𝒮
′(ℝ2)𝑓 ∈ 𝒮(ℝ2) 

(𝒯∗𝜉1⊕ 𝜉2)𝑓 = ∫  
ℝ

𝜉1(𝑠)𝑓(𝑠, 𝑠/2)𝑑𝑠 + ∫  
ℝ

𝜉2(𝑠)𝑓(−𝑠, 𝑠/2)𝑑𝑠 

𝔾𝜀(𝑧) = 𝑅𝜀
0(𝑧)𝒯∗ 

(−𝜀2𝜕𝑥
2 − 𝜕𝑦

2 − 𝑧)𝔾𝜀(𝑧)𝜉1⊕𝜉2 = 𝒯
∗𝜉1⊕𝜉2  

𝜙 ∈ 𝐷(𝐻̃𝜀) 

𝐻̃𝜀𝜙 = (−𝜀
2𝜕𝑥
2 − 𝜕𝑦

2)𝜙 + 𝛼𝒯∗𝒯𝜙  

𝜙 ∈ ker(𝒯)𝐿2(ℝ2) 

supp(𝒯∗𝜉1⊕ 𝜉2) = Π 

𝐻̃𝜀𝜙(𝐱) = (−𝜀
2𝜕𝑥
2 − 𝜕𝑦

2)𝜙(𝐱)  for a.e. 𝐱 in ℝ2 ∖ Π. 

ℬ̃𝜀: 𝐻
1(ℝ2) × 𝐻1(ℝ2) ⊆ 𝐿2(ℝ2) × 𝐿2(ℝ2) → ℂ 

ℬ̃𝜀(𝜑, 𝜙):= 𝜀
2⟨𝜕𝑥𝜑, 𝜕𝑥𝜙⟩ + ⟨𝜕𝑦𝜑, 𝜕𝑦𝜙⟩ + 𝛼(⟨𝜏1𝜑, 𝜏1𝜙⟩ + ⟨𝜏2𝜑, 𝜏2𝜙⟩). 

ℬ̃𝜀(𝜑, 𝜙) = ⟨𝜑, 𝐻̃𝜀𝜙⟩ ∀𝜑 ∈ 𝐻
1(ℝ2), ∀𝜙 ∈ 𝐷(𝐻̃𝜀) 

ℬ𝜀
0(𝜑, 𝜙) = ⟨𝜑,𝐻𝜀

0𝜙⟩ ∀𝜑 ∈ 𝐻1(ℝ2), ∀𝜙 ∈ 𝐻2(ℝ2) 

ℬ𝜀
0(𝜑, 𝜙) = ⟨(−𝜀2𝜕𝑥

2 − 𝜕𝑦
2)𝜑, 𝜙⟩

−1,+1
= ⟨𝜑, (−𝜀2𝜕𝑥

2 − 𝜕𝑦
2)𝜙⟩

+1,−1
 ∀𝜓, 𝜙 ∈ 𝐻1(ℝ2) 

𝐻±𝜈(ℝ2) − 𝐻∓𝜈(ℝ2)𝐿2(ℝ2)⟨⋅,⋅⟩∓𝜈,±𝜈 

𝜙𝑧: = 𝜙 + 𝛼𝔾𝜀(𝑧)𝒯𝜙 

𝔾𝜀(𝑧)𝒯𝜙𝐻
3/2−(ℝ2) ⊂ 𝐻1(ℝ2) 

⟨𝜑, 𝐻̃𝜀𝜙⟩ = ⟨𝜑, (𝐻̃𝜀 − 𝑧)𝜙⟩ + 𝑧⟨𝜑, 𝜙⟩ = (𝜑, (𝐻𝜀
0 − 𝑧)𝜙𝑧⟩ + 𝑧⟨𝜑, 𝜙⟩

 = (ℬ𝜀
0 − 𝑧)(𝜑, 𝜙𝑧) + 𝑧⟨𝜑, 𝜙⟩ = ℬ𝜀

0(𝜑, 𝜙) + 𝛼(ℬ𝜀
0 − 𝑧)(𝜑,𝔾𝜀(𝑧)𝒯𝜙)

 = ℬ𝜀
0(𝜑, 𝜙) + 𝛼⟨𝜑, (−𝜀2𝜕𝑥

2 − 𝜕𝑦
2 − 𝑧)𝔾𝜀(𝑧)𝒯𝜙⟩+1,−1

 = ℬ𝜀
0(𝜑, 𝜙) + 𝛼⟨𝜑, 𝒯∗𝒯𝜙⟩+1,−1 = ℬ𝜀

0(𝜑, 𝜙) + 𝛼(⟨𝜏1𝜑, 𝜏1𝜙⟩ + ⟨𝜏2𝜑, 𝜏2𝜙⟩)

 = ℬ̃𝜀(𝜑, 𝜙)

 

𝜀2𝜕𝑥
2 + 𝜕𝑦

2 + 𝑧 

𝐷(𝐻̃𝜀) = {𝜙 ∈ 𝐻
3/2−(ℝ2): 𝜙 = 𝜙1 + 𝜙2, 𝜙𝑗 ∈ 𝐻

2(ℝ2 ∖ Π𝑗), [𝜏𝑗,𝜀
′ ]𝜙𝑗 = 𝛼𝜏𝑗𝜙, 𝑗 = 1,2} 
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[𝜏𝑗,𝜀
′ ]𝜙𝑗𝜀

2𝜕𝑥
2 + 𝜕𝑦

2 

𝐻̃𝜀,𝛼 onto 𝐿♮
2(ℝ2) 

𝑅𝜀
0(𝑧): 𝐿♮

2(ℝ2) → 𝐻♮
2(ℝ2) ∀𝑧 ∈ ℂ ∖ [0,+∞).  

𝑆:𝐻𝜈(ℝ2) → 𝐻𝜈(ℝ2), 𝜈 ≥ 0, (𝑆𝜓)(𝑥, 𝑦): = 𝜓(−𝑥, 𝑦),  

1(+)♮𝑆

2
: 𝐿2(ℝ2) → 𝐿2(ℝ2), ran (

1(+)♮𝑆

2
) = 𝐿♮

2(ℝ2).  

𝑆𝜓 = (+)♮𝜓 ∀𝜓 ∈ 𝐿♮
2(ℝ2). 

𝜏1𝑆 = 𝜏2,𝜏2𝑆 = 𝜏1
𝐺̆2,𝜀(𝑧) = 𝐺̆1,𝜀(𝑧)𝑆,𝐺2,𝜀(𝑧) = 𝑆𝐺1,𝜀(𝑧)

 

𝜏1𝜓 = (+)♮𝜏2𝜓 ∀𝜓 ∈ 𝐻♮
2(ℝ2), 

𝜏 ≡ 𝜏1 

𝐺̆𝜀(𝑧): 𝐿♮
2(ℝ2) → 𝐿2(ℝ), 𝐺̆𝜀(𝑧): = 𝜏𝑅𝜀

0(𝑧) ≡ 𝐺̆1,𝜀(𝑧) ∣ 𝐿♮
2(ℝ2),

𝐺𝜀(𝑧): 𝐿
2(ℝ) → 𝐿♮

2(ℝ2), 𝐺𝜀(𝑧): = 𝐺̆𝜀(𝑧‾)
∗ ≡

1(+)♮𝑆

2
𝐺1,𝜀(𝑧),

𝑀𝜀(𝑧): 𝐿
2(ℝ) → 𝐿2(ℝ),𝑀𝜀(𝑧):= 𝜏𝐺𝜀(𝑧).

 

𝑀𝜀(𝑧) = 𝜏1
1(+)♮𝑆

2
𝐺1,𝜀(𝑧) =

1

2
(𝜏1𝐺1,𝜀(𝑧)(+)♮𝜏1𝑆𝐺1,𝜀(𝑧)) =

1

2
(𝜏1𝐺1,𝜀(𝑧)(+)♮𝜏1𝐺2,𝜀(𝑧))

 =
1

2
(𝑀𝑑,𝜀(𝑧)(+)♮𝑀𝑜𝑑,𝜀(𝑧))

 

𝔾̆𝜀(𝑧)𝜓 = 𝐺̆𝜀(𝑧)𝜓 ⊕ ((+)♮𝐺̆𝜀(𝑧)𝜓), ∀𝜓 ∈ 𝐿♮
2(ℝ2)

𝔾𝜀(𝑧)𝜉 ⊕ ((+)♮𝜉) = 𝐺1,𝜀(𝑧)𝜉(+)♮𝐺2,𝜀(𝑧)𝜉 = (1(+)♮𝑆)𝐺1,𝜀(𝑧)𝜉 = 2𝐺𝜀(𝑧)𝜉

𝕄𝜀(𝑧)𝜉 ⊕ ((+)♮𝜉) = 2(𝑀𝜀(𝑧)𝜉 ⊕ ((+)♮𝑀𝜀(𝑧)𝜉))

(1 + 𝛼𝕄𝜀(𝑧))
−1𝜉 ⊕ ((+)♮𝜉) = (1 + 2𝛼𝑀𝜀(𝑧))

−1𝜉 ⊕ ((+)♮(1 + 2𝛼𝑀𝜀(𝑧))
−1𝜉).

 

𝜓 ∈ 𝐿♮
2(ℝ2)𝑧 ∈ 𝜌(𝐻̃𝜀) ∩ ℂ ∖ [0,+∞) 

𝑅̃𝜀(𝑧)𝜓= 𝑅𝜀
0(𝑧)𝜓 − 𝛼𝔾𝜀(𝑧)(1 + 𝛼𝕄𝜀(𝑧))

−1𝔾̆𝜀(𝑧)𝜓  

 = 𝑅𝜀
0(𝑧)𝜓 − 2𝛼𝐺𝜀(𝑧)(1 + 2𝛼𝑀𝜀(𝑧))

−1𝐺̆𝜀(𝑧)𝜓.
 

𝑅𝜀
♮(𝑧):= 𝑅̃𝜀(𝑧) ∣ 𝐿♮

2(ℝ2) 

(𝑅𝜀
♮(𝑧))

∗
= 𝑅𝜀

♮(𝑧‾) 

𝑅𝜀
♮(𝑧)𝐻̂𝜀

♮ in 𝐿♮
2(ℝ2)𝐻̃𝜀 onto 𝐿♮

2(ℝ2) 

𝐻̂𝜀
♮ =

1(+)♮𝑆

2
𝐻̃𝜀
1(+)♮𝑆

2
≡ 𝐻̃𝜀|  𝐷(𝐻̃𝜀) ∩ 𝐿♮

2(ℝ2). 

𝑧 ∈ ℂ ∖ [0,+∞) ∩ 𝜌(𝐻̂𝜀
♮) 

𝐷(𝐻𝜀
♮): = {𝜓 ∈ 𝐻♮

3/2−(ℝ2):𝜓 + 2𝛼𝐺𝜀(𝑧)𝜏𝜓 ∈ 𝐻♮
2(ℝ2)} ,

(𝐻𝜀
♮ − 𝑧)𝜓:= (𝐻𝜀

0 − 𝑧)(𝜓 + 2𝛼𝐺𝜀(𝑧)𝜏𝜓)
 



pág. 12512 

𝐻𝜀
0 ∣ ker (𝜏 ∣ 𝐻♮

2(ℝ2)) 

 
1 + 2𝛼𝑀𝜀(𝑧): 𝐿

2(ℝ) → 𝐿2(ℝ) 

𝑧 ∈ 𝜌(𝐻𝜀
♮) ∩ ℂ ∖ [0,+∞) 

𝑅𝜀
♮(𝑧) = 𝑅𝜀

0(𝑧) − 2𝛼𝐺𝜀(𝑧)(1 + 2𝛼𝑀𝜀(𝑧))
−1𝐺̆𝜀(𝑧) 𝑧 ∈ 𝜌(𝐻𝜀

♮) ∩ ℂ ∖ [0,+∞)  

𝜏∗: 𝐻−𝜈+1/2(ℝ) → 𝐻−𝜈(ℝ2), 𝜈 > 1/2 

𝜉 ∈ 𝐿2(ℝ) 

𝜏∗𝜉 ∈ 𝒮′(ℝ2) 

𝑓 ∈ 𝒮(ℝ2) 

(𝜏∗𝜉)𝑓 = ∫  
ℝ

𝜉(𝑠)𝑓(𝑠, 𝑠/2)𝑑𝑠 

𝐺𝜀(𝑧) = 𝑅𝜀
0(𝑧)𝜏∗ 

(−𝜀2𝜕𝑥
2 − 𝜕𝑦

2 − 𝑧)𝐺𝜀(𝑧)𝜉 = 𝜏
∗𝜉 

𝒯∗𝜉 ⊕ 𝜉 = 2𝜏∗𝜉 

𝐻𝜀
♮𝜓 = (−𝜀2𝜕𝑥

2 − 𝜕𝑦
2)𝜓 + 2𝛼𝜏∗𝜏𝜓. 

ℬ𝜀
♮ : 𝐻♮

1(ℝ2) × 𝐻♮
1(ℝ2) ⊆ 𝐿♮

2(ℝ2) × 𝐿♮
2(ℝ2) → ℂ  

ℬ𝜀
♮(𝜑, 𝜓): = 𝜀2⟨𝜕𝑥𝜑, 𝜕𝑥𝜓⟩ + ⟨𝜕𝑦𝜑, 𝜕𝑦𝜓⟩ + 2𝛼⟨𝜏𝜓, 𝜏𝜙⟩.  

ℬ𝜀
♮(𝜓, 𝜙) = ⟨𝜓,𝐻𝜀

♮𝜙⟩ ∀𝜓 ∈ 𝐻♮
1(ℝ2), ∀𝜙 ∈ 𝐷(𝐻𝜀

♮). 

𝐷(𝐻𝜀
♮)𝜉 ∈ 𝐿2(ℝ) 

𝐻𝜀
♮𝐺̆𝜀(𝑧) = 𝜏𝑅𝜀

0(𝑧), 𝐺𝜀(𝑧) = (𝜏𝑅𝜀
0(𝑧‾))∗𝑀𝜀(𝑧) = 𝜏𝐺𝜀(𝑧) 

𝐺̆𝜀(𝑧) − 𝐺̆𝜀(𝑤) = (𝑧 − 𝑤)𝐺̆𝜀(𝑧)𝑅𝜀
0(𝑤) = (𝑧 − 𝑤)𝐺̆𝜀(𝑤)𝑅𝜀

0(𝑧)

𝐺𝜀(𝑧) − 𝐺𝜀(𝑤) = (𝑧 − 𝑤)𝑅𝜀
0(𝑤)𝐺𝜀(𝑧) = (𝑧 − 𝑤)𝑅𝜀

0(𝑧)𝐺𝜀(𝑤)

𝑀𝜀(𝑧) − 𝑀𝜀(𝑤) = (𝑧 − 𝑤)𝐺̆𝜀(𝑤)𝐺𝜀(𝑧) = (𝑧 − 𝑤)𝐺̆𝜀(𝑧)𝐺𝜀(𝑤)

 

𝑤, 𝑧 ∈ ℂ ∖ [0,+∞) and 𝜓 ∈ 𝐷(𝐻𝜀
♮) 

𝜓𝑧: = 𝜓 + 2𝛼𝐺𝜀(𝑧)𝜏𝜓 

(𝐻𝜀
♮ −𝑤)𝜓 = (𝐻𝜀

0 −𝑤)𝜓𝑧 − (𝑧 − 𝑤)2𝛼𝐺𝜀(𝑧)𝜏𝜓. 

𝑤 ∈ ℂ ∖ [0,+∞), 𝑧 ∈ 𝜌(𝐻𝜀
♮) ∩ ℂ ∖ [0,+∞) and 𝜉 ∈ 𝐿2(ℝ) 

𝜙𝑤,𝜉: = 𝑅𝜀
♮(𝑧)𝐺𝜀(𝑤)𝜉 

(𝐻𝜀
♮ −𝑤)𝜙𝑤,𝜉 = 𝐺𝜀(𝑧)(1 + 2𝛼𝑀𝜀(𝑧))

−1(1 + 2𝛼𝑀𝜀(𝑤))𝜉. 
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(𝐻𝜀
♮ −𝑤)𝜓 = (𝐻𝜀

0 − 𝑧)(𝜓 + 2𝛼𝐺𝜀(𝑧)𝜏𝜓) + (𝑧 − 𝑤)𝜓

 = (𝐻𝜀
0 − 𝑧)𝜓𝑧 + (𝑧 − 𝑤)(𝜓𝑧 − 2𝛼𝐺𝜀(𝑧)𝜏𝜓)

 = (𝐻𝜀
0 −𝑤)𝜓𝑧 − (𝑧 − 𝑤)2𝛼𝐺𝜀(𝑧)𝜏𝜓

 

(𝐻𝜀
♮ −𝑤)𝜙𝑤,𝜉 = (𝐻𝜀

♮ − 𝑧)𝜙𝑤,𝜉 + (𝑧 − 𝑤)𝜙𝑤,𝜉 = 𝐺𝜀(𝑤)𝜉 + (𝑧 − 𝑤)𝜙𝑤,𝜉

=𝐺𝜀(𝑤)𝜉 + (𝑧 − 𝑤)𝑅𝜀
0(𝑧)𝐺𝜀(𝑤)𝜉 − (𝑧 − 𝑤)2𝛼𝐺𝜀(𝑧)(1 + 2𝛼𝑀𝜀(𝑧))

−1𝐺̆𝜀(𝑧)𝐺𝜀(𝑤)𝜉

=𝐺𝜀(𝑧)𝜉 − 𝐺𝜀(𝑧)(1 + 2𝛼𝑀𝜀(𝑧))
−1(1 + 2𝛼𝑀𝜀(𝑧) − 1 − 2𝛼𝑀𝜀(𝑤))𝜉

=𝐺𝜀(𝑧)(1 + 2𝛼𝑀𝜀(𝑧))
−1(1 + 2𝛼𝑀𝜀(𝑤))𝜉

 

(i) −𝜆 ∈ 𝜎𝑝(𝐻𝜀
♮) if and only if 0 ∈ 𝜎𝑝(1 + 2𝛼𝑀𝜀(−𝜆)); 

(ii) −𝜆 ∈ 𝜎ess (𝐻𝜀
♮) if and only if 0 ∈ 𝜎ess (1 + 2𝛼𝑀𝜀(−𝜆)). 

−𝜆 ∈ 𝜌(𝐻𝜀
0) 

 

𝜓 ∈ 𝐷(𝐻𝜀
♮) 

0 = (𝐻𝜀
♮ + 𝜆)𝜓 = (𝐻𝜀

0 + 𝜆)(𝜓 + 2𝛼𝐺𝜀(𝑧)𝜏𝜓) − (𝑧 + 𝜆)2𝛼𝐺𝜀(𝑧)𝜏𝜓, ∀𝑧 ∈ ℂ ∖ [0,+∞) 

𝜓 + 2𝛼𝐺𝜀(−𝜆)𝜏𝜓 = 2𝛼(𝐺𝜀(−𝜆) − 𝐺𝜀(𝑧))𝜏𝜓 − 2𝛼(𝑧 + 𝜆)𝑅𝜀
0(−𝜆)𝐺𝜀(𝑧)𝜏𝜓 

(1 + 2𝛼𝑀𝜀(−𝜆))𝜏𝜓 = 2𝛼(𝑀𝜀(−𝜆) − 𝑀𝜀(𝑧))𝜏𝜓 − 2𝛼(𝑧 + 𝜆)𝐺̆𝜀(−𝜆)𝐺𝜀(𝑧)𝜏𝜓 = 0. 

𝜉 ∈ 𝐿2(ℝ)(1 + 2𝛼𝑀𝜀(−𝜆))𝜉 = 0 

𝜙−𝜆,𝜉 = 𝑅𝜀
♮(𝑧)𝐺𝜀(−𝜆)𝜉, 𝑧 ∈ 𝜌(𝐻𝜀

♮) ∩ ℂ ∖ [0,+∞) 

𝜓𝑛 ∈ 𝐷(𝐻𝜀
♮), ‖𝜓𝑛‖ = 1,𝜓𝑛 ⇀ 0, and ‖(𝐻𝜀

♮ + 𝜆)𝜓𝑛‖ → 0 

𝐺̆𝜀(−𝜆)(𝐻𝜀
♮ + 𝜆)𝜓𝑛 = 𝜏𝑅𝜀

0(−𝜆)((𝐻𝜀
0 + 𝜆)(𝜓𝑛 + 2𝛼𝐺𝜀(𝑧)𝜏𝜓𝑛) + (𝑧 + 𝜆)2𝛼𝐺𝜀(𝑧)𝜏𝜓𝑛)

=𝜏(𝜓𝑛 + 2𝛼𝐺𝜀(𝑧)𝜏𝜓𝑛) + (𝑧 + 𝜆)2𝛼𝐺̆𝜀(−𝜆)𝐺𝜀(𝑧)𝜏𝜓𝑛
=(1 + 2𝛼𝑀𝜀(−𝜆))𝜏𝜓𝑛 − 2𝛼(𝑀𝜀(−𝜆) − 𝑀𝜀(𝑧))𝜏𝜓𝑛 + 2𝛼(𝑧 + 𝜆)𝐺̆𝜀(−𝜆)𝐺𝜀(𝑧)𝜏𝜓𝑛
=(1 + 2𝛼𝑀𝜀(−𝜆))𝜏𝜓𝑛

 

(1 + 2𝛼𝑀𝜀(−𝜆))𝜏𝜓𝑛 → 0 

𝜏𝜓𝑛 ⇀ 0 

𝜓𝑛,𝑧: = 𝜓𝑛 + 2𝛼𝐺𝜀(𝑧)𝜏𝜓𝑛 ∈ 𝐻♮
2(ℝ2) 

𝑓 ∈ 𝐻−2(ℝ2)𝑧 ∈ ℂ ∖ [0,+∞) 

⟨(𝐻𝜀
♮ + 𝜆)𝜓𝑛, 𝑅𝜀

0(𝑧‾)𝑓⟩ = ⟨(𝐻𝜀
0 − 𝑧)𝜓𝑛,𝑧, 𝑅𝜀

0(𝑧‾)𝑓⟩ + (𝜆 − 𝑧)⟨𝜓𝑛 , 𝑅𝜀
0(𝑧‾)𝑓⟩

 = ⟨𝜓𝑛,𝑧, 𝑓⟩+2,−2 + (𝜆 − 𝑧)⟨𝜓𝑛, 𝑅𝜀
0(𝑧‾)𝑓⟩

 

𝜓𝑛,𝑧 ⇀ 𝐻2(ℝ2) 

𝜏 ∈ ℬ(𝐻2(ℝ2)𝐿2(ℝ)) 

𝜏𝜓𝑛 = (1 + 2𝛼𝑀𝜀(𝑧))
−1𝜏𝜓𝑛,𝑧 

𝜏𝜓𝑛 ⇀ 0 in 𝐿2(ℝ) 
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‖(𝐻𝜀
0 + 𝜆)𝜓𝑛,𝑧‖ → ‖𝜓𝑛‖ = ‖𝜓𝑛,𝑧‖ → 𝜓𝑛,𝑧/‖𝜓𝑛,𝑧‖ − 𝜆 ∈ 𝜎𝑒𝑠𝑠(𝐻𝜀

0) 

{𝜉𝑛}, ‖𝜉𝑛‖ = 1, 𝜉𝑛 ⇀ 0 

‖(1 + 2𝛼𝑀𝜀(−𝜆))𝜉𝑛‖ → 0 

{𝜙𝑛}, 𝜙𝑛: = 𝑅𝜀
♮(𝑧)𝐺𝜀(−𝜆)𝜉𝑛 , 𝑧 ∈ 𝜌(𝐻𝜀

♮) ∩ ℂ ∖ [0,+∞) 

‖(𝐻𝜀
♮ + 𝜆)𝜙𝑛‖ → 0 

𝑅𝜀
0(𝑧) = 𝑅𝜀

♮(𝑧) + 2𝛼𝐺𝜀(𝑧)𝜏𝑅𝜀
0(𝑧) 

𝜙𝑛 + 2𝛼𝐺𝜀(𝑧)𝜏𝜙𝑛 = 𝑅𝜀
0(𝑧)𝐺𝜀(−𝜆)𝜉𝑛 

(𝐻𝜀
♮ + 𝜆)𝜙𝑛 = (𝐻𝜀

0 − 𝑧)(𝜙𝑛 + 2𝛼𝐺𝜀(𝑧)𝜏𝜙𝑛) + (𝑧 + 𝜆)𝜙𝑛 = 𝐺𝜀(−𝜆)𝜉𝑛 + (𝑧 + 𝜆)𝜙𝑛, 

𝐺𝜀(−𝜆)𝜉𝑛 → 1 + 2𝛼𝑀𝜀(𝑧) 

‖(1 + 2𝛼𝑀𝜀(𝑧))𝜉𝑛‖ ≥ 𝑐𝑧‖𝜉𝑛‖ = 𝑐𝑧 

0 < ‖(1 + 2𝛼𝑀𝜀(𝑧))𝜉𝑛‖ ≤ ‖(1 + 2𝛼𝑀𝜀(−𝜆))𝜉𝑛‖ + 2|𝛼|‖(𝑀𝜀(𝑧) −𝑀𝜀(−𝜆))𝜉𝑛‖

 = ‖(1 + 2𝛼𝑀𝜀(−𝜆))𝜉𝑛‖ + 2|𝛼||𝑧 + 𝜆|‖𝐺̆𝜀(𝑧)𝐺𝜀(−𝜆)𝜉𝑛‖
 

𝛼 ∈ ℝ, [0, +∞) ⊆ 𝜎ess (𝐻𝜀
♮) 

𝜒𝑛(𝐱):=
√2

𝑛
𝜒 (
𝐱 − 𝐱𝑛
𝑛

) , 𝐱𝑛 = (3𝑛, 0) 

𝜓𝑛(𝐱):= 𝑒
−𝑖𝐤⋅𝐱𝜒𝑛(𝐱) 𝐤 = (𝜀

−1√𝜆/2,√𝜆/2) 

𝜓𝑛
♮ : =

1(+)♮𝑆

2
𝜓𝑛, 

1(+)♮𝑆

2
‖𝜓𝑛

♮‖ = 1 

𝜓𝑛
♮ ∈ 𝐷(𝐻𝜀

♮) ∩ 𝐷(𝐻𝜀
0)𝐻𝜀

♮𝜓𝑛
♮ = 𝐻𝜀

0𝜓𝑛
♮  

∇𝜀𝜙 = (𝜀𝜕𝑥𝜙, 𝜕𝑦𝜙) 

‖(𝐻𝜀
♮ − 𝜆)𝜓𝑛

♮‖ = ‖(𝐻𝜀
0 − 𝜆)𝜓𝑛

♮‖

 ≤ ‖(𝐻𝜀
0 − 𝜆)𝜓𝑛‖ = ‖2(∇𝜀𝜒𝑛) ⋅ (∇𝜀𝑒

−𝑖𝐤⋅𝐱) + (𝐻𝜀
0𝜒𝑛)𝑒

−𝑖𝐤⋅𝐱‖

 ≤ 2√𝜆‖∇𝜀𝜒𝑛‖ + ‖𝐻𝜀
0𝜒𝑛‖

 ≤ 𝑐𝜀 (
√𝜆

𝑛
+
1

𝑛2
)

 

𝜒 ∈ 𝐶0
∞(ℝ2) 

lim
𝑛→∞

 ‖(𝐻𝜀
♮ − 𝜆)𝜓𝑛

♮‖ = 0. 

𝜙 ∈ 𝐿t
2(ℝ2) 
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|⟨𝜙, 𝜓𝑛
♮ ⟩|

2
= |⟨𝜙, 𝜓𝑛⟩|

2 ≤
2

𝑛2
Area(𝐷𝑛)∫  

ℝ2
|𝜙(𝐱)𝜒 (

𝐱 − 𝐱𝑛
𝑛

)|
2

𝐝𝐱 → 0. 

[0, +∞) ⊆ 𝜎𝑒𝑠𝑠(𝐻𝜀
♮) for any 𝛼 ∈ ℝ 

 

𝜎(𝐻𝜀
♮) ⊆ [0,+∞) ⊆ 𝜎𝑒𝑠𝑠(𝐻𝜀

♮) ⊆ 𝜎(𝐻𝜀
♮)𝑀𝑜𝑑,𝜀(−𝜆) 

𝜎𝑒𝑠𝑠(1 + 2𝛼𝑀𝜀(−𝜆)) = 𝜎𝑒𝑠𝑠 (1 + 𝛼(𝑀𝑑,𝜀(−𝜆)(+)♮𝑀𝑜𝑑,𝜀(−𝜆))) = 𝜎𝑒𝑠𝑠(1 + 𝛼𝑀𝑑,𝜀(−𝜆)). 

𝑓𝜆,𝜀(𝑠) = 1 +
𝛼

√4𝜀2𝑠2 + (4 + 𝜀2)𝜆
 

𝜎𝑒𝑠𝑠(1 + 2𝛼𝑀𝜀(−𝜆)) = 𝜎𝑒𝑠𝑠(𝑀̂𝜆,𝜀) = 𝜎(𝑀̂𝜆,𝜀) = range(𝑓𝜆,𝜀) = [1 −
|𝛼|

√(4 + 𝜀2)𝜆
, 1] 

𝜆 > 0,−𝜆 ∈ 𝜎𝑒𝑠𝑠(𝐻𝜀
♮) 

0 ∈ [1 −
|𝛼|

√(4+𝜀2)𝜆
, 1] 𝜎𝑒𝑠𝑠(𝐻𝜀

♮) = [−
𝛼2

4+𝜀2
, 0) ∪ [0,+∞) 

𝐷(ℎ𝑥):= {𝑢 ∈ 𝐻
2(ℝ ∖ {±𝑥/2}) ∩ 𝐻1(ℝ): [𝑢′](±𝑥/2) = 𝛼𝑢(±𝑥/2)}

ℎ𝑥𝑢(𝑦) = −𝑢
′′(𝑦)  for a.e. 𝑦 ∈ ℝ ∖ {±𝑥/2}

 

𝑏𝑥: 𝐻
1(ℝ) × 𝐻1(ℝ) ⊂ 𝐿2(ℝ) × 𝐿2(ℝ) → ℂ

𝑏𝑥(𝑢, 𝑣):= ⟨𝑢
′, 𝑣′⟩ + 𝛼𝑢‾(𝑥/2)𝑣(𝑥/2) + 𝛼𝑢‾(−𝑥/2)𝑣(−𝑥/2).

 

𝑟0(𝑦 − 𝑦′; 𝑧) = 𝑖
𝑒𝑖√𝑧|𝑦−𝑦

′|

2√𝑧
 𝑧 ∈ ℂ ∖ [0,+∞), Im√𝑧 > 0 

𝐠̆𝑥(𝑧): 𝐿
2(ℝ) → ℂ2, 𝐠̆𝑥(𝑧)𝑢:= ((𝑟

0(𝑧)𝑢)(𝑥/2), (𝑟0(𝑧)𝑢)(−𝑥/2));

𝐠𝑥(𝑧): ℂ
2 → 𝐿2(ℝ), 𝐠𝑥(𝑧): = 𝐠̆𝑥(𝑧‾)

∗

(𝐠𝑥(𝑧)(𝜁1, 𝜁2))(𝑦) = 𝑟
0(𝑦 − 𝑥/2; 𝑧)𝜁1 + 𝑟

0(𝑦 + 𝑥/2; 𝑧)𝜁2

 

𝐦𝑥(𝑧): ℂ
2 → ℂ2 𝐦𝑥(𝑧):=

𝑖

2√𝑧
[ 1 𝑒𝑖√𝑧|𝑥|

𝑒𝑖√𝑧|𝑥| 1
] 

(ℎ𝑥 − 𝑧)
−1 = 𝑟0(𝑧) − 𝛼𝐠𝑥(𝑧)(1 + 𝛼𝐦𝑥(𝑧))

−1𝐠̆𝑥(𝑧) 

(𝛼 + 2√𝜆)2 = 𝛼2𝑒−2√𝜆|𝑥|  

(i) 𝜎𝑎𝑐(ℎ𝑥) = 𝜎𝑒𝑠𝑠(ℎ𝑥) = [0,+∞); 
(ii) 𝜎𝑠𝑐(ℎ𝑥) = ∅; 
(iii) 

𝜎𝑝(ℎ𝑥) = 𝜎𝑑(ℎ𝑥) = {

∅ 𝛼 ≥ 0
{−𝜆0(𝑥)} 𝛼 < 0, |𝑥| ≤ 2/|𝛼|
{−𝜆0(𝑥), −𝜆1(𝑥)} 𝛼 < 0, |𝑥| > 2/|𝛼|

 

𝑊(𝑥)𝑒𝑊(𝑥) = 𝑥 
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𝜆0:ℝ → (0,+∞), 𝜆0(𝑥) = (
𝑊(

|𝛼||𝑥|
2

𝑒−
|𝛼||𝑥|
2 )

|𝑥|
+
|𝛼|

2
)

2

𝜆1:ℝ ∖ [−2/|𝛼|,2/|𝛼|] → (0,+∞), 𝜆1(𝑥) = (
𝑊(−

|𝛼||𝑥|
2 𝑒−

|𝛼||𝑥|
2 )

|𝑥|
+
|𝛼|

2
)

2 

(i) 𝛼2/4 < 𝜆0(𝑥) ≤ 𝛼
2, 0 < 𝜆1(𝑥) < 𝛼

2/4; 
(iii) 𝜆0(0) = 𝛼

2, lim
𝑥→(±2/|𝛼|)±

 𝜆1(𝑥) = 0, lim
𝑥→±∞

 𝜆0(𝑥) = lim
𝑥→±∞

 𝜆1(𝑥) = 𝛼
2/4; 

(iv) 𝜆0 ∈ 𝐶
∞(ℝ ∖ {0}), 𝜆1 ∈ 𝐶

∞(ℝ ∖ [−2/|𝛼|,2/|𝛼|]). 

ℎ𝑥𝑢0 = ℝ ∖ {±
𝑥

2
} − 𝑢0

′′ = (−∞,
𝑥

2
] and [

𝑥

2
, +∞) 

min
𝑥∈ℝ

 − 𝜆0(𝑥) = −𝜆0(0) = −𝛼
2, 

lim
|𝑥|→+∞

 − 𝜆1(𝑥) = −𝛼
2/4. 

𝜓𝑥
𝐵𝑂(𝑦):= 𝑁(𝑥) (𝑒−√𝜆0(𝑥)|𝑥/2−𝑦| + 𝑒−√𝜆0(𝑥)|𝑥/2+𝑦|) ,  

𝑁(𝑥): = (
√𝜆0(𝑥)

2 (1 + 𝑒−√𝜆0(𝑥)|𝑥|(1 + √𝜆0(𝑥)|𝑥|))
)

1/2

.  

𝑃𝑥𝜙:= ⟨𝜓𝑥
𝐵𝑂 , 𝜙⟩𝜓𝑥

𝐵𝑂  

𝜙𝑥(𝑦):= 𝜙(𝑥, 𝑦) 

𝑥 ↦ ‖𝜙𝑥‖𝐿2(ℝ) 

‖𝜙‖𝐿2(ℝ2)
2 = ∫  

ℝ

‖𝜙𝑥‖𝐿2(ℝ)
2 𝑑𝑥 

𝜙 ∈ 𝐻1(ℝ2) 

𝑥 ↦ ‖𝜙𝑥‖𝐻1(ℝ) 

‖𝜙‖𝐻1(ℝ2)
2 = ∫  

ℝ2
|𝜕𝑥𝜙(𝑥, 𝑦)|

2𝐝𝐱 + ∫  
ℝ

‖𝜙𝑥‖𝐻1(ℝ)
2 𝑑𝑥 

(𝜑, 𝜓) ∈ 𝐻♮
1(ℝ2) × 𝐻♮

1(ℝ2) 

ℬ𝜀
♮(𝜑, 𝜓) = ∫  

ℝ2
 𝜀2𝜕𝑥𝜑‾(𝑥, 𝑦)𝜕𝑥𝜓(𝑥, 𝑦)𝐝𝐱 + ∫  

ℝ

 𝑏𝑥(𝜑𝑥 , 𝜓𝑥)𝑑𝑥  

−𝛼2𝐻𝜀
♮𝑞𝑥(𝑢, 𝑣):= 𝑏𝑥(𝑢, 𝑣) + 𝛼

2ℎ𝑥 + 𝛼
2𝒬𝜀

♮𝐷(𝒬𝜀
♮) = 𝐻♮

1(ℝ2) 

𝒬𝜀
♮(𝜑, 𝜓): = ℬ𝜀

♮(𝜑, 𝜓) + 𝛼2(𝜑, 𝜓)𝐿2(ℝ2) = ∫  
ℝ2
  𝜀2𝜕𝑥𝜑‾(𝑥, 𝑦)𝜕𝑥𝜓(𝑥, 𝑦)𝐝𝐱 + ∫  

ℝ

 𝑞𝑥(𝜑𝑥, 𝜓𝑥)𝑑𝑥 (4.2) 

ℒ𝜀
♮ : = 𝐻𝜀

♮ + 𝛼2. 
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𝒫: 𝐿2(ℝ2) → 𝐿2(ℝ2) (𝒫𝜙)𝑥: = 𝑃𝑥𝜙𝑥 

𝒫⊥: = 1 − 𝒫. 

𝜓𝐵𝑂(𝑥, 𝑦) ≡ 𝜓𝑥
𝐵𝑂(𝑦) 

𝒫: 𝐿2(ℝ2) → 𝐿2(ℝ2),𝒫𝜙(𝑥, 𝑦):= 𝜓𝐵𝑂(𝑥, 𝑦)𝑓𝜙(𝑥) 

𝑓𝜙(𝑥):= ∫  
ℝ

𝜓𝐵𝑂(𝑥, 𝑦)𝜙(𝑥, 𝑦)𝑑𝑦 = ∫  
ℝ

⟨𝜓𝑥
𝐵𝑂 , 𝜙𝑥⟩𝑑𝑥 

‖𝑓𝜙‖𝐿2(ℝ)
2

≤ ∫  
ℝ

(∫  
ℝ

  |𝜓𝐵𝑂(𝑥, 𝑦)||𝜙(𝑥, 𝑦)|𝑑𝑦)

2

𝑑𝑥 ≤ ∫  
ℝ

‖𝜓𝑥
𝐵𝑂‖

𝐿2(ℝ)
2 ‖𝜙𝑥‖𝐿2(ℝ)

2 𝑑𝑥 = ‖𝜙‖𝐿2(ℝ2)
2  

𝜙 ∈ 𝐿b
2(ℝ2)𝜙 ∈ 𝐿f

2(ℝ2) 

𝐿♮
2(ℝ2)𝐻1(ℝ2)[𝜕𝑥, 𝒫]: 𝐻

1(ℝ2) ⊂ 𝐿2(ℝ2) → 𝐿2(ℝ2)𝐿2(ℝ2) 

‖[𝜕𝑥, 𝒫]‖ℬ(𝐿2(ℝ2)) ≤ 𝛿 

𝛿:= 2 (sup
𝑥∈ℝ

 ∫  |𝜕𝑥𝜓
𝐵𝑂(𝑥, 𝑦)|2𝑑𝑦)

1/2

 

𝜕𝑦𝜓
𝐵𝑂(𝑥, 𝑦) = 𝑁√𝜆0 (sgn(𝑥/2 − 𝑦)𝑒

−√𝜆0|𝑥/2−𝑦| − sgn(𝑥/2 + 𝑦)𝑒−√𝜆0|𝑥/2+𝑦|) 

∫  
ℝ

  |𝜕𝑦𝜓
𝐵𝑂(𝑥, 𝑦)|

2
𝑑𝑦 = 2𝑁2√𝜆0 (1 + 𝑒

−√𝜆0|𝑥| − √𝜆0|𝑥|𝑒
−√𝜆0|𝑥|)

 = 𝜆0
1 + 𝑒−√𝜆0|𝑥|

1 + √𝜆0|𝑥|𝑒
−√𝜆0|𝑥|

 ≤ 𝜆0 ≤ 𝛼
2

 

∫  
ℝ2
  |𝜕𝑦𝒫𝜙(𝑥, 𝑦)|

2
𝐝𝐱 = ∫  

ℝ2
  |𝜕𝑦𝜓

𝐵𝑂(𝑥, 𝑦)|
2
|𝑓𝜙(𝑥)|

2
𝑑𝑥𝑑𝑦

 ≤ (sup
𝑥∈ℝ

 ∫  
ℝ

  |𝜕𝑦𝜓
𝐵𝑂(𝑥, 𝑦)|

2
𝑑𝑦)‖𝑓𝜙‖𝐿2(ℝ)

2

 ≤ 𝛼2‖𝜙‖𝐿2(ℝ2)
2

 

𝑓𝜙(𝑥):= ∫  
ℝ

(𝜕𝑥𝜓
𝐵𝑂(𝑥, 𝑦))𝜙(𝑥, 𝑦)𝑑𝑦 

‖𝑓𝜙‖ ≤
𝛿

2
‖𝜙‖ 

𝜕𝑥𝒫𝜙 = (𝜕𝑥𝜓
𝐵𝑂)𝑓𝜙 + 𝜓

𝐵𝑂𝑓𝜙 + 𝜓
𝐵𝑂𝑓𝜕𝑥𝜙 

‖𝜕𝑥𝒫𝜙‖ ≤ ‖(𝜕𝑥𝜓
𝐵𝑂)𝑓𝜙‖𝐿2(ℝ2)

+ ‖𝜓𝐵𝑂𝑓𝜙‖ + ‖𝜓
𝐵𝑂𝑓𝜕𝑥𝜙‖

 ≤
𝛿

2
‖𝑓𝜙‖ + ‖𝑓𝜙‖ + ‖𝜕𝑥𝜙‖ ≤ (1 + 𝛿)‖𝜙‖𝐻1(ℝ2)

 

[𝜕𝑥 , 𝒫]𝜙 = (𝜕𝑥𝜓
𝐵𝑂)𝑓𝜙 + 𝜓

𝐵𝑂𝑓𝜙 
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‖[𝜕𝑥, 𝒫]𝜙‖𝐿2(ℝ2) ≤ 𝛿‖𝜙‖𝐿2(ℝ2)𝜕𝑥𝜓
𝐵𝑂 

𝜕𝑥𝜓
𝐵𝑂(𝑥, 𝑦) =

𝑁′

𝑁
𝜓𝐵𝑂

⏟    
𝜑1
𝐵𝑂

−
𝑁𝜆0

′

2√𝜆0
(|𝑥/2 − 𝑦|𝑒−√𝜆0|𝑥/2−𝑦| + |𝑥/2 + 𝑦|𝑒−√𝜆0|𝑥/2+𝑦|)

⏟                                    
𝜑2
𝐵𝑂

 −
𝑁√𝜆0
2

(sgn(𝑥/2 − 𝑦)𝑒−√𝜆0|𝑥/2−𝑦| + sgn(𝑥/2 + 𝑦)𝑒−√𝜆0|𝑥/2+𝑦|)
⏟                                        

𝜑3
𝐵𝑂

 

‖𝜑1
𝐵𝑂‖

2
= (

𝑁′

𝑁
)

2

 

𝑁′

𝑁
=
(√𝜆0)

′

2√𝜆0
+

(√𝜆0)
′

√𝜆0
(𝜆0𝑥

2 +
𝜆0
3/2

(√𝜆0)
′ 𝑥)

2 (√𝜆0|𝑥| + 𝑒
√𝜆0|𝑥| + 1)

 

𝜆0(𝑥) =
𝛼2

4
𝜈2(|𝛼|𝑥/2) 𝑥 ≥ 0 

𝜈(𝑥) =
𝑊(𝑥𝑒−𝑥)

𝑥
+ 1 

|
(√𝜆0)

′

2√𝜆0
| =

|𝛼|

4
|
𝜈′(𝑎𝑥/2)

𝜈(𝑎𝑥/2)
| 

𝑊(𝑥)𝑒𝑊(𝑥) = 𝑥, 𝑥 ≥ 0 

𝜈(𝑥) = 𝑒−𝑥𝜈(𝑥) + 1 

𝜈′(𝑥)

𝜈(𝑥)
= −

1

𝑒𝑥𝜈(𝑥) + 𝑥
 

|𝜈′(𝑥)/𝜈(𝑥)| ≤
1

𝑒𝑥 + 𝑥
≤ 1 

|
(√𝜆0)

′

2√𝜆0
| ≤

|𝛼|

4
 

√𝜆0 ≤ |𝛼| 

|

|

(√𝜆0)
′

√𝜆0
(𝜆0𝑥

2 +
𝜆0
3/2

(√𝜆0)
′ 𝑥)

2 (√𝜆0|𝑥| + 𝑒
√𝜆0|𝑥| + 1) |

|
≤

|𝛼|
2 𝜆0𝑥

2 + |𝛼|√𝜆0|𝑥|

2 (√𝜆0|𝑥| + 𝑒
√𝜆0|𝑥| + 1)

≤
|𝛼|

4
 

1
2 𝑠

2 + 𝑠

2(𝑠 + 𝑒𝑠 + 1)
≤
1

4
, 𝑠 ≥ 0 
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|
𝑁′

𝑁
| ≤

|𝛼|

2
  and  ‖𝜑1𝐵𝑂‖𝐿2(ℝ,𝑑𝑦)

2
= (

𝑁′

𝑁
)

2

≤
𝛼2

4
 

‖𝜑2
𝐵𝑂‖

2
 =

(𝑁𝜆0
′ )2

4(𝜆0)
5/2
(1 +

(√𝜆0|𝑥|)
3

3
𝑒−√𝜆0|𝑥| + (1 + √𝜆0|𝑥|)𝑒

−√𝜆0|𝑥|)

 =
(𝜆0
′ )2

2(𝜆0)
2

1 +
(√𝜆0|𝑥|)

3

3
𝑒−√𝜆0|𝑥| + (1 +√𝜆0|𝑥|)𝑒

−√𝜆0|𝑥|

1 + 𝑒−√𝜆0|𝑥| +√𝜆0|𝑥|𝑒
−√𝜆0|𝑥|

≤
(𝜆0
′ )2

(𝜆0)
2
≤ 𝛼2

 

|𝜆0
′ /𝜆0| ≤ |𝛼|‖𝜑3

𝐵𝑂‖ 

‖𝜑3
𝐵𝑂‖

2
 =
𝑁2√𝜆0
2

(1 − 𝑒−√𝜆0|𝑥| +√𝜆0|𝑥|𝑒
−√𝜆0|𝑥|)

 =
𝜆0
4

1 − 𝑒−√𝜆0|𝑥| +√𝜆0|𝑥|𝑒
−√𝜆0|𝑥|

1 + 𝑒−√𝜆0|𝑥| +√𝜆0|𝑥|𝑒
−√𝜆0|𝑥|

≤
𝜆0
4
≤
𝛼2

4

 

‖𝜕𝑥𝜓
𝐵𝑂‖ ≤∑  

3

𝑗=1

‖𝜑𝑗
𝐵𝑂‖ ≤ 2|𝛼|𝛿 ≤ 4|𝛼| 

 

𝐻♮
1(ℝ2)𝐿♮

2(ℝ2) 

𝐷(𝒬̂𝜀
♮) = 𝐻♮

1(ℝ2) 𝒬̂𝜀
♮(𝜙, 𝜓):= 𝒬𝜀

♮(𝒫𝜙,𝒫𝜓) + 𝒬𝜀
♮(𝒫⊥𝜙,𝒫⊥𝜓). 

𝜙,𝜓 ∈ 𝐻♮
1(ℝ2) 

|𝒬𝜀
♮(𝜙, 𝜓) − 𝒬̂𝜀

♮(𝜙, 𝜓)| ≤ 2𝜀𝛿 (√𝒬𝜀
♮(𝜙)‖𝜓‖ + ‖𝜙‖√𝒬̂𝜀

♮(𝜓)) 𝒬̂𝜀
♮  

𝒬𝜀
♮(𝜙, 𝜓) − 𝒬̂𝜀

♮(𝜙, 𝜓) = 𝒬𝜀
♮(𝒫𝜙,𝒫⊥𝜓) + 𝒬𝜀

♮(𝒫⊥𝜙,𝒫𝜓) 

𝑆𝜀𝜙:= −𝑖𝜀𝜕𝑥𝑞𝑥(𝒫𝑥𝑢,𝒫𝑥
⊥𝑢) = 𝑞𝑥(𝒫𝑥

⊥𝑢,𝒫𝑥𝑢) = 0 

𝒬𝜀
♮(𝜙, 𝜓) − 𝒬̂𝜀

♮(𝜙, 𝜓) =⟨𝑆𝜀𝒫𝜙, 𝑆𝜀𝒫
⊥𝜓⟩ + ⟨𝑆𝜀𝒫

⊥𝜙, 𝑆𝜀𝒫𝜓⟩

=⟨𝑆𝜀𝒫𝜙, 𝑆𝜀(1 − 𝒫)𝜓⟩ + ⟨𝑆𝜀(1 − 𝒫)𝜙, 𝑆𝜀𝒫𝜓⟩

=⟨𝑆𝜀𝒫𝜙, 𝑆𝜀𝜓⟩ + ⟨𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓⟩ − 2⟨𝑆𝜀𝒫𝜙, 𝑆𝜀𝒫𝜓⟩

=⟨[𝑆𝜀 , 𝒫]𝜙, 𝑆𝜀𝜓⟩ + ⟨𝒫𝑆𝜀𝜙, 𝑆𝜀𝜓⟩

 +⟨𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓⟩ − 2⟨[𝑆𝜀 , 𝒫]𝜙, 𝑆𝜀𝒫𝜓⟩ − 2⟨𝒫𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓⟩

 

−2⟨𝒫𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓⟩ = −2⟨𝑆𝜀𝜙,𝒫𝑆𝜀𝒫𝜓⟩

 = −2⟨𝑆𝜀𝜙, [𝒫, 𝑆𝜀]𝒫𝜓⟩ − 2⟨𝑆𝜀𝜙, 𝑆𝜀𝒫
2𝜓⟩

 = 2⟨𝑆𝜀𝜙, [𝑆𝜀 , 𝒫]𝒫𝜓⟩ − 2⟨𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓⟩

 

 

⟨𝒫𝑆𝜀𝜙, 𝑆𝜀𝜓⟩ = ⟨𝑆𝜀𝜙,𝒫𝑆𝜀𝜓⟩ = −⟨𝑆𝜀𝜙, [𝑆𝜀 , 𝒫]𝜓⟩ + ⟨𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓⟩ 
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𝒬𝜀
♮(𝜙, 𝜓) − 𝒬̂𝜀

♮(𝜙, 𝜓) =⟨[𝑆𝜀 , 𝒫]𝜙, 𝑆𝜀𝜓⟩ + (−⟨𝑆𝜀𝜙, [𝑆𝜀 , 𝒫]𝜓⟩ + ⟨𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓⟩)

 +⟨𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓) − 2⟨[𝑆𝜀 , 𝒫]𝜙, 𝑆𝜀𝒫𝜓⟩ + (2⟨𝑆𝜀𝜙, [𝑆𝜀 , 𝒫]𝒫𝜓⟩ − 2⟨𝑆𝜀𝜙, 𝑆𝜀𝒫𝜓⟩)

=⟨[𝑆𝜀 , 𝒫]𝜙, 𝑆𝜀𝜓⟩ − ⟨𝑆𝜀𝜙, [𝑆𝜀 , 𝒫]𝜓⟩ − 2⟨[𝑆𝜀, 𝒫]𝜙, 𝑆𝜀𝒫𝜓⟩ + 2⟨𝑆𝜀𝜙, [𝑆𝜀 , 𝒫]𝒫𝜓⟩

=⟨[𝑆𝜀 , 𝒫]𝜙, 𝑆𝜀𝒫
⊥𝜓⟩ − ⟨𝑆𝜀𝜙, [𝑆𝜀 , 𝒫]𝒫

⊥𝜓⟩ − ⟨[𝑆𝜀 , 𝒫]𝜙, 𝑆𝜀𝒫𝜓⟩ + ⟨𝑆𝜀𝜙, [𝑆𝜀 , 𝒫]𝒫𝜓⟩

 

|𝒬𝜀
♮(𝜙, 𝜓) − 𝒬̂𝜀

♮(𝜙, 𝜓)|

≤𝜀𝛿(‖𝜀𝜕𝑥𝜙‖(‖𝒫𝜓‖ + ‖𝒫
⊥𝜓‖) + ‖𝜙‖(‖𝜀𝜕𝑥𝒫𝜓‖ + ‖𝜀𝜕𝑥𝒫

⊥𝜓‖)).
 

𝑎 + 𝑏 ≤ 2√𝑎2 + 𝑏2 

|𝒬𝜀
♮(𝜙, 𝜓) − 𝒬̂𝜀

♮(𝜙, 𝜓)|

≤2𝜀𝛿 (‖𝜀𝜕𝑥𝜙‖√‖𝒫𝜓‖
2 + ‖𝒫⊥𝜓‖2 + ‖𝜙‖√‖𝜀𝜕𝑥𝒫𝜓‖

2 + ‖𝜀𝜕𝑥𝒫
⊥𝜓‖2)

≤2𝜀𝛿 (√𝒬𝜀
♮(𝜙)‖𝜓‖ + ‖𝜙‖√𝒬̂𝜀

♮(𝜓))

 

𝒬̂𝜀
♮  ℒ𝜀

♮̂  in 𝐿♮
2(ℝ2) 

 

ℒ𝜀
♮̂ = ℒ̂𝜀,𝒫

♮ ⊕ ℒ̂𝜀,𝒫⊥
♮ , 𝜎 (ℒ𝜀

♮̂) = 𝜎 (ℒ𝜀,𝒫
♮̂ ) ∪ 𝜎 (ℒ𝜀,𝒫⊥

♮̂ ), 

ℒ̂𝜀,𝒫
♮ : 𝐷(ℒ̂𝜀,𝒫

♮ ) ⊂ ran (𝒫 ∣ 𝐿♮
2(ℝ2)) → ran (𝒫 ∣ 𝐿♮

2(ℝ2)) ,

ℒ̂𝜀,𝒫⊥
♮ : 𝐷(ℒ̂𝜀,𝒫⊥

♮ ) ⊂ ran (𝒫⊥ ∣ 𝐿♮
2(ℝ2)) → ran (𝒫⊥ ∣ 𝐿♮

2(ℝ2)) ;
 

⟨𝜓, ℒ̂𝜀,𝒫
♮ 𝜓⟩ = 𝒬𝜀

♮(𝒫𝜓,𝒫𝜓) ≥ 0, ∀𝜓 ∈ 𝐷(ℒ̂𝜀,𝒫
♮ ),

⟨𝜓, ℒ̂𝜀,𝒫⊥
♮ 𝜓⟩ = 𝒬𝜀

♮(𝒫⊥𝜓,𝒫⊥𝜓) ≥ inf
𝑥∈ℝ
 (−𝜆1(𝑥)) + 𝛼

2 =
3

4
𝛼2, ∀𝜓 ∈ 𝐷 (ℒ𝜀,𝒫

♮̂ ) .
 

𝜆 ∈ ℝ,𝜙 ∈ 𝐷(ℒ𝜀
♮) 𝜓 ∈ 𝐷 (ℒ𝜀

♮̂) 

|⟨𝜙, (ℒ𝜀
♮̂ − 𝜆)𝜓⟩ − ⟨(ℒ𝜀

♮ − 𝜆)𝜙,𝜓⟩|

≤2𝜀𝛿 (‖𝜓‖√(‖(ℒ𝜀
♮ − 𝜆)𝜙‖ + 𝜆+‖𝜙‖)‖𝜙‖ + ‖𝜙‖√(‖(ℒ𝜀

♮̂ − 𝜆)𝜓‖ + 𝜆+‖𝜓‖) ‖𝜓‖) .
 

𝜙 ∈ 𝐷(ℒ𝜀
♮) 

𝒬𝜀
♮(𝜙) = ⟨𝜙, (ℒ𝜀

♮ − 𝜆)𝜙⟩ + 𝜆‖𝜙‖2. 

𝒬𝜀
♮(𝜙) ≤ (‖(ℒ𝜀

♮ − 𝜆)𝜙‖ + 𝜆+‖𝜙‖)‖𝜙‖. 

𝜓 ∈ 𝐷 (ℒ𝜀
♮̂) 

𝒬̂𝜀
♮(𝜓) ≤ (‖(ℒ𝜀

♮̂ − 𝜆)𝜓‖ + 𝜆+‖𝜓‖) ‖𝜓‖. 

𝜙 ∈ 𝐷(ℒ𝜀
♮) and 𝜓 ∈ 𝐷 (ℒ𝜀

♮̂) 

⟨𝜙, (ℒ𝜀
♮̂ − 𝜆)𝜓⟩ − ⟨ℒ𝜀

♮ − 𝜆)𝜙,𝜓⟩ = ⟨𝜙, ℒ̂𝜀
♮𝜓⟩ − ⟨ℒ𝜀

♮𝜙,𝜓⟩ = 𝒬̂𝜀
♮(𝜙, 𝜓) − 𝒬𝜀

♮(𝜙, 𝜓). 
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|⟨𝜙, (ℒ𝜀
♮̂ − 𝜆)𝜓⟩ − ⟨(ℒ𝜀

♮ − 𝜆)𝜙,𝜓⟩|

≤2𝜀𝛿 (‖𝜓‖√(‖(ℒ𝜀
♮ − 𝜆)𝜙‖ + 𝜆+‖𝜙‖)‖𝜙‖ + ‖𝜙‖√(‖(ℒ𝜀

♮̂ − 𝜆)𝜓‖ + 𝜆+‖𝜓‖) ‖𝜓‖) .
 

𝑑𝜀 ≡ 𝑑𝜀(𝜆):= dist (𝜆, 𝜎(ℒ𝜀
♮)) ,  and  𝑑̂𝜀 ≡ 𝑑̂𝜀(𝜆):= dist (𝜆, 𝜎(ℒ̂𝜀♮)) 

{
 

 

𝜆 ∈ [0,+∞) ∩ 𝜌 (ℒ𝜀
♮̂) :

4𝜀𝛿

√𝑑̂𝜀(𝜆)

√1 +
𝜆

𝑑̂𝜀(𝜆)
<
1

2

}
 

 

⊆ {𝜆 ∈ 𝜌(ℒ𝜀
♮): 𝑑𝜀(𝜆) ≥

𝑑̂𝜀(𝜆)

32
}. 

𝜆 ∈ 𝜌(ℒ𝜀
♮) ∩ 𝜌 (ℒ𝜀

♮̂) 

‖(ℒ𝜀
♮ − 𝜆)

−1
− (ℒ𝜀

♮̂ − 𝜆)
−1
‖
ℬ(𝐿2(ℝ2))

≤ 2𝜀𝛿 (
1

𝑑̂𝜀
√
1

𝑑𝜀
(1 +

𝜆+
𝑑𝜀
) +

1

𝑑𝜀
√
1

𝑑̂𝜀
(1 +

𝜆+

𝑑̂𝜀
)). 

𝜓 = (ℒ𝜀
⋆̂ − 𝜆)

−1
𝜙 

 ∣ ‖𝜙‖2 − ⟨(ℒ𝜀
♮ − 𝜆)𝜙, (ℒ𝜀

♮̂ − 𝜆)
−1
𝜙⟩

 ≤ 2𝜀𝛿 (‖(ℒ𝜀
♮̂ − 𝜆)

−1
𝜙‖√(‖(ℒ𝜀

♮ − 𝜆)𝜙‖ + 𝜆+‖𝜙‖)‖𝜙‖

 +‖𝜙‖√(‖𝜙‖ + 𝜆+ ‖(ℒ𝜀
♮̂ − 𝜆)

−1
𝜙‖)‖(ℒ𝜀

♮̂ − 𝜆)
−1
𝜙‖)

 ≤ 2𝜀𝛿‖𝜙‖(
1

𝑑𝜀̂
√(‖(ℒ𝜀

♮ − 𝜆)𝜙‖ + 𝜆+‖𝜙‖)‖𝜙‖ + ‖𝜙‖√
1

𝑑𝜀̂
(1 +

𝜆+

𝑑𝜀̂
))

 ≤ 2𝜀𝛿‖𝜙‖(
1

𝑑𝜀̂
√‖(ℒ𝜀

♮ − 𝜆)𝜙‖‖𝜙‖ +
‖𝜙‖

𝑑̂𝜀
√𝜆+ + ‖𝜙‖√

1

𝑑̂𝜀
(1 +

𝜆+

𝑑̂𝜀
))

 ≤ 2𝜀𝛿‖𝜙‖(
1

𝑑̂𝜀
√‖(ℒ𝜀

♮ − 𝜆)𝜙‖‖𝜙‖ + 2‖𝜙‖√
1

𝑑̂𝜀
(1 +

𝜆+

𝑑̂𝜀
))

 

‖𝜙‖2 ≤ |⟨(ℒ𝜀
♮ − 𝜆)𝜙, (ℒ𝜀

♮̂ − 𝜆)
−1
𝜙⟩| + 2𝜀𝛿‖𝜙‖(

1

𝑑̂𝜀
√‖(ℒ𝜀

♮ − 𝜆)𝜙‖‖𝜙‖ + 2‖𝜙‖√
1

𝑑̂𝜀
(1 +

𝜆+

𝑑̂𝜀
)). 

‖𝜙‖ ≤
1

𝑑̂𝜀
‖(ℒ𝜀

♮ − 𝜆)𝜙‖ + 2𝜀𝛿 (
1

𝑑̂𝜀
√‖(ℒ𝜀

♮ − 𝜆)𝜙‖‖𝜙‖ + 2‖𝜙‖√
1

𝑑̂𝜀
(1 +

𝜆+

𝑑̂𝜀
)) 

𝑠:= √
‖(ℒ𝜀

♮ − 𝜆)𝜙‖

𝑑̂𝜀‖𝜙‖
, 
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(

 𝑠 +
𝜀𝛿

√𝑑̂𝜀)

 

2

−
𝜀2𝛿2

𝑑̂𝜀
≥ 1 −

4𝜀𝛿

√𝑑̂𝜀

√1 +
𝜆+

𝑑̂𝜀
 

4𝜀𝛿

√𝑑̂𝜀

√1 +
𝜆+

𝑑̂𝜀
<
1

2
 

𝑠 ≥ −
𝜀𝛿

√𝑑̂𝜀

+√
𝜀2𝛿2

𝑑̂𝜀
+
1

2
≥
1

4

1

√1 +
𝜀2𝛿2

𝑑̂𝜀

 

‖(ℒ𝜀
♮ − 𝜆)𝜙‖ ≥

𝑑𝜀̂
16

1

1 +
𝜀2𝛿2

𝑑̂𝜀

‖𝜙‖ ≥
𝑑̂𝜀
32
‖𝜙‖ > 0 

𝜆 ∈ 𝜌(ℒ𝜀
♮) 

(−∞, 0) ⊂ 𝜌(ℒ𝜀
♮) 

𝜒̃, 𝜒 ∈ 𝐿♮
2(ℝ2) 

𝜙 = (ℒ𝜀
♮ − 𝜆)

−1
𝜒̃  and  𝜓 = (ℒ𝜀♮̂ − 𝜆)

−1
𝜒 

|⟨𝜒̃, ((ℒ𝜀
♮ − 𝜆)

−1
− (ℒ𝜀

♮̂ − 𝜆)
−1
)𝜒⟩|

≤ 2𝜀𝛿(‖(ℒ̂𝜀
♮ − 𝜆)

−1
𝜒‖√(‖𝜒̃‖ + 𝜆+ ‖(ℒ𝜀

♮ − 𝜆)
−1
𝜒̃‖)‖(ℒ𝜀

♮ − 𝜆)
−1
𝜒̃‖

 +‖(ℒ𝜀
♮ − 𝜆)

−1
𝜒̃‖√(‖𝜒‖ + 𝜆+ ‖(ℒ̂𝜀

♮ − 𝜆)
−1
𝜒‖)‖(ℒ̂𝜀

♮ − 𝜆)
−1
𝜒‖)

≤ 2𝜀𝛿(
1

𝑑̂𝜀
√
1

𝑑𝜀
(1 +

𝜆+
𝑑𝜀
) +

1

𝑑𝜀
√
1

𝑑̂𝜀
(1 +

𝜆+

𝑑̂𝜀
))‖𝜒‖‖𝜒̃‖.

 

𝜒̃ = ((ℒ𝜀
♮ − 𝜆)

−1
− (ℒ𝜀

♮̂ − 𝜆)
−1
)𝜒 

‖((ℒ𝜀
♮ − 𝜆)

−1
− (ℒ𝜀

♮̂ − 𝜆)
−1
)𝜒‖ ≤ 2𝜀𝛿 (

1

𝑑̂𝜀
√
1

𝑑𝜀
(1 +

𝜆+
𝑑𝜀
) +

1

𝑑𝜀
√
1

𝑑̂𝜀
(1 +

𝜆+

𝑑̂𝜀
))‖𝜒‖. 

𝒬𝜀
♮(𝒫𝜑,𝒫𝜓) 

𝒬𝜀
♮(𝒫𝜑,𝒫𝜓) = ∫  

ℝ2
𝜀2𝜕𝑥 (𝜓

𝐵𝑂𝑓𝜑)𝜕𝑥(𝜓
𝐵𝑂𝑓𝜓)𝐝𝐱 + ∫  

ℝ

𝑞𝑥(𝜓𝑥
𝐵𝑂 , 𝜓𝑥

𝐵𝑂)𝑓𝜑𝑓𝜓𝑑𝑥 

∫  
ℝ2
𝜕𝑥 (𝜓

𝐵𝑂𝑓𝜑)𝜕𝑥(𝜓
𝐵𝑂𝑓𝜓)𝐝𝐱 = ∫  

ℝ

𝑓𝜑
′𝑓𝜓
′𝑑𝑥 + ∫  

ℝ

(∫  
ℝ

  |𝜕𝑥𝜓
𝐵𝑂|2𝑑𝑦)𝑓𝜑𝑓𝜓𝑑𝑥 
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∫  
ℝ

𝜓𝐵𝑂𝜕𝑥𝜓
𝐵𝑂𝑑𝑦 = ‖𝜓𝑥

𝐵𝑂‖ = 1 

𝑞𝑥(𝜓𝑥
𝐵𝑂 , 𝜓𝑥

𝐵𝑂) = −𝜆0(𝑥) + 𝛼
2 

𝒬𝜀
♮(𝒫𝜑,𝒫𝜓) = ∫  

ℝ

(𝜀2𝑓𝜑
′𝑓𝜓
′ + (𝑉 + 𝜀2𝑅)𝑓𝜑𝑓𝜓)𝑑𝑥 

𝑉(𝑥): = −𝜆0(𝑥) + 𝛼
2 = −(

𝑊(
|𝛼||𝑥|
2 𝑒

−|𝛼||𝑥|
2 )

|𝑥|
+
|𝛼|

2
)

2

+ 𝛼2 

𝑅(𝑥):= ∫  
ℝ

|𝜕𝑥𝜓
𝐵𝑂(𝑥, 𝑦)|2𝑑𝑦 

𝐿♮
2(ℝ):= {𝑓 ∈ 𝐿2(ℝ): 𝑓(𝑥) = (+)♮𝑓(−𝑥)},𝐻♮

1(ℝ):= 𝐻1(ℝ) ∩ 𝐿♮
2(ℝ) 

𝑈𝐵𝑂: ran (𝒫 ∣ 𝐿♮
2(ℝ2)) → 𝐿♮

2(ℝ), 𝑈𝐵𝑂(𝜓
𝐵𝑂𝑓𝜙):= 𝑓𝜙. 

‖𝜓𝑥
𝐵𝑂‖ = 1 

⟨𝜓𝐵𝑂𝑓𝜙, 𝜓
𝐵𝑂𝑓𝜓⟩ = ∫  

ℝ

⟨𝜓𝑥
𝐵𝑂 , 𝜓𝑥

𝐵𝑂⟩𝑓‾𝜙(𝑥)𝑓𝜓(𝑥)𝑑𝑥 = ⟨𝑓𝜙, 𝑓𝜓⟩, 

𝑈𝐵𝑂
−1𝑓 = 𝜓𝐵𝑂𝑓 

ran (𝒫 ∣ 𝐿♮
2(ℝ2)) ≃ 𝐿♮

2(ℝ). 

𝒬𝜀
♮(𝒫 × 𝒫)𝐿♮

2(ℝ) 

𝐷 (Q𝜀
eff ♮) : = 𝐻♮

1(ℝ) × 𝐻♮
1(ℝ), Q𝜀

eff ♮(𝑓, 𝑔):= ∫  
ℝ

𝜀2𝑓′𝑔′ + (𝑉 + 𝜀2𝑅)f𝑔𝑑𝑥. 

𝑉 + 𝜀2𝑅𝐿♮
2(ℝ) 

𝐷(ℒ𝜀
eff ) = 𝐻♮

2(ℝ):= 𝐻2(ℝ) ∩ 𝐿♮
2(ℝ) ℒ𝜀

eff = −𝜀2
𝑑2

𝑑𝑥2
+ 𝑉 + 𝜀2𝑅. 

ℒ𝜀
eff♮ − 𝜀2𝑅 = −𝜀2

𝑑2

𝑑𝑥2
+ 𝑉 

(i) 0 ≤ 𝑉(𝑥) <
3

4
𝛼2 

(ii) 𝑉(0) = lim
𝑥→±∞

 𝑉(𝑥) =
3

4
𝛼2 

 

(𝑊(𝑦𝑒−𝑦) + 𝑦)2 − 4𝑦2 = −8𝑦3 + 𝑂(𝑦4), 𝑦 ≪ 1, 

𝑉(𝑥) = |𝛼|3|𝑥| + 𝑂(𝑥2), |𝑥| ≪ 1  

Λ:= 𝜀−1 

LΛ
♮ : = Λ2ℒ1/Λ

eff♮ − 𝑅 ≡ −
𝑑2

𝑑𝑥2
+ Λ2𝑉  
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𝜎𝑒𝑠𝑠( LΛ
♮ ) ⊆ 𝜎𝑒𝑠𝑠( LΛ) = 𝜎𝑒𝑠𝑠 (−

𝑑2

𝑑𝑥2
+
3

4
𝛼2Λ2) = [

3

4
𝛼2Λ2, +∞) 

0 < ℓΛ,0
♮ < ℓΛ,1

♮ < ⋯ < ℓΛ,𝑛
♮ < ⋯. 

ℓΛ,𝑛
♮ = 𝑒𝑛

♮Λ4/3 + 𝑂(Λ), 𝑒𝑛
b: = 𝑒2𝑛, 𝑒𝑛

f := 𝑒2𝑛+1, 

𝐷( K̇1) = 𝐶0
∞(ℝ), K̇1:= −

𝑑2

𝑑𝑥2
+ |𝛼|3|𝑥|. 

𝜎2𝑛 = 𝜎‾𝑛+1 and 𝜎2𝑛+1 = 𝜎‾𝑛+1 

 
𝜙𝑘 ∈ 𝐿

2(ℝ) 

K1𝜙𝑘 = 𝑒𝑘𝜙𝑘, 𝑘 = 0,1,2,… 

𝜙2𝑛(𝑥) = 𝐶2𝑛Ai(|𝛼||𝑥| + 𝜎2𝑘), 𝑛 = 0,1,2,… ,

𝜙2𝑛+1(𝑥) = 𝐶2𝑛+1sgn(𝑥)Ai(|𝛼||𝑥| + 𝜎2𝑛+1), 𝑛 = 0,1,2,… ,
 

⋯ < 𝜎2𝑛+1 < 𝜎2𝑛 < ⋯ < 𝜎1 < 𝜎0 < 0 

Ai′(𝜎2𝑛) = 0 

Ai(𝜎2𝑛+1) = 0 

0 < 𝑒0 < 𝑒1 < 𝑒2 < ⋯ < 𝑒𝑘 < ⋯ 

𝑒𝑘 = |𝜎𝑘|𝛼
2 

𝐿2(ℝ) = 𝐿b
2(ℝ)⊕ 𝐿f

2(ℝ) 

K1 = K1 b⊕  K1f 

{𝑒𝑛
b, 𝜙𝑛

b}:= {𝑒2𝑛, 𝜙2𝑛}{𝑒𝑛
f , 𝜙𝑛

f }:= {𝑒2𝑛+1, 𝜙2𝑛+1} 

Ai(𝑥) =
1

2√𝜋𝑥1/4
𝑒−

2
3
𝑥3/2 (1 + 𝑂(𝑥−3/2))  

−(
3𝜋

8
(4𝑛 + 3) +

3

2
arctan 

5

18𝜋(4𝑛 + 3)
)
2/3

≤ 𝜎2𝑛+1 ≤ −(
3𝜋

8
(4𝑛 + 3))

2/3

 

𝜎2𝑛+1 < 𝜎2𝑛 < 𝜎2(𝑛−1)+1 

−(
3𝜋

8
(4𝑛 + 3) +

3

2
arctan 

5

18𝜋(4𝑛 + 3)
)
2/3

≤ 𝜎2𝑛 ≤ −(
3𝜋

8
(4𝑛 − 1))

2/3

 

LΛ
1♮: = Λ4/3𝑈ΛK

1♮𝑈Λ
−1  

𝑈Λ 𝐿♮
2(ℝ)(𝑈Λ𝑓)(𝑥):= Λ

1/3𝑓(Λ2/3𝑥) 

𝜓 ∈ 𝐶0
∞(ℝ) ∩ 𝐿♮

2(ℝ) 

LΛ
1♮𝜓(𝑥) = −𝜓′′(𝑥) + Λ2|𝛼|3|𝑥|𝜓(𝑥) 
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Λ−4/3 LΛ
1♮{Λ4/3𝑒𝑛

♮ , 𝑈Λ𝜙𝑛
♮ } 

𝑗 ∈ 𝐶0
∞(ℝ) ∩ 𝐿2(ℝ) 

J1(𝑥): = 𝑗(Λ
1/2𝑥)  

J0(𝑥):= √1 − J1
2(𝑥) (J0

2 + J1
2 = 1) 

|𝑥| ≤ 2/Λ1/2 J1( LΛ
♮ − LΛ

1♮)J1 = J1(Λ
2(𝑉 − |𝛼|3|𝑥|))J1 

‖J1( LΛ
♮ − LΛ

1♮)J1‖ = ‖J1(Λ
2(𝑉 − |𝛼|3|𝑥|))J1‖ ≤ 𝐶‖ J1(Λ

2𝑥2)J1‖ = 𝑂(Λ)ℓΛ,𝑛
♮  

ℓΛ,𝑛
♮ ≥ Λ4/3𝑒𝑛

♮ + 𝑂(Λ) Λ ≫ 1.  

LΛ
♮ ≥ 𝑒𝑛

♮Λ4/3 + F1
♮ + 𝑂(Λ),  

F1
♮ : = J1( LΛ

1♮ − 𝑒𝑛Λ
4/3)PΛ

1♮ J1. 

(𝜓, LΛ
♮ 𝜓) ≥ 𝑒𝑛

♮Λ4/3‖𝜓‖2 + (𝜓, F1
♮𝜓) + 𝑂(Λ)𝜓 ∈ 𝐷( LΛ

♮ ) 

ℓΛ,𝑛
♮ ≥ ⟨𝜓, LΛ

♮ 𝜓⟩ ≥ 𝑒𝑛
♮Λ4/3 +𝑂(Λ) 

LΛ
♮ =∑ 

1

𝑖=0

 Ji LΛ
♮ Ji −∑ 

1

𝑖=0

( Ji
′)2. 

LΛ
♮ = J0 LΛ

♮ J0 + J1 LΛ
1♮ J1 + J1( LΛ

♮ − LΛ
1♮)J1 −∑ 

1

𝑖=0

  ( Ji
′)2.  

‖∑  

1

𝑖=0

  ( Ji
′)2‖ = 𝑂(Λ)  

LΛ
1♮ = LΛ

1♮PΛ
1♮ + LΛ

1♮(I − PΛ
1♮) = F♮ + 𝑒𝑛

♮Λ4/3PΛ
1♮ + LΛ

1♮(I − PΛ
1♮) ≥ F♮ + 𝑒𝑛

♮Λ4/3, 

F♮: = (LΛ
1♮ − 𝑒𝑛

♮Λ4/3)PΛ
1♮. 

J1 LΛ
1♮ J1 ≥ F1

♮ + 𝑒𝑛
♮Λ4/3 J1 

2.  

⟨𝜓, J1 LΛ
1♮ J1𝜓⟩𝜓 ∈ 𝐷( LΛ

♮ ) 

𝜓 ∈ 𝐷( LΛ
♮ )J1𝜓 ∈ 𝐷( LΛ

1♮) 

𝑉(𝑥) ≥ 𝑉(1/Λ1/2) ≥
𝑐

Λ1/2
 supp(J0) −

𝑑2

𝑑𝑥2
 

J0 LΛ
♮ J0 ≥ 𝑐Λ

3/2( J0)
2 ≥ 𝑒𝑛

♮Λ4/3( J0)
2,  

ℓΛ,𝑛
♮ ≤ Λ4/3𝑒𝑛

♮ + 𝑂(Λ).  

LΛ
1♮(𝑈Λ𝜙𝑛

♮ ) = Λ4/3𝑒𝑛
♮ (𝑈Λ𝜙𝑛

♮ ). 

𝜓𝑛
♮ : = J1𝑈Λ𝜙𝑛

♮  
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⟨𝜓𝑛
♮ , 𝜓𝑚

♮ ⟩ = 𝛿𝑚𝑛 + 𝑂 (𝑒
−𝑐Λ1/4) ,  

J1 LΛ
1♮ J1 =

1

2
( J1
2 LΛ

1♮ + LΛ
1♮ J1

2) + (J1
′ )2 

⟨𝜓𝑛
♮ , LΛ

1♮𝜓𝑚
♮ ⟩  = Λ4/3 (

𝑒𝑛
♮ + 𝑒𝑚

♮

2
) ⟨𝜓𝑛

♮ , 𝜓𝑚
♮ ⟩ + (𝑈Λ𝜙𝑛

♮ , (𝐽1
′)2𝑈Λ𝜙𝑚

♮ )

 = Λ4/3𝑒𝑛
♮𝛿𝑛𝑚 + 𝑂(Λ)

 

⟨𝜓𝑛
♮ , LΛ

♮ 𝜓𝑚
♮ ⟩ = ⟨𝜓𝑛

♮ , LΛ
1♮𝜓𝑚

♮ ⟩ + 𝑂(Λ) = Λ4/3𝑒𝑛
♮𝛿𝑚𝑛 + 𝑂(Λ){𝜓𝑖

♮}
𝑖=0

𝑛
 

⟨𝜓̃𝑛
♮ , LΛ

1♮𝜓̃𝑚
♮ ⟩ = Λ4/3𝑒𝑛

♮𝛿𝑛𝑚 + 𝑂(Λ){𝜓̃𝑖
♮}
𝑖=1

𝑛
 

ℓΛ,𝑛
♮ ≤ Λ4/3𝑒𝑛

♮ + 𝑂(Λ) 

𝜎ess (LΛ
♮ ) ⊆ [

3

4
𝛼2Λ2, +∞) 

ℰ𝜀,𝑛eff♮ = 𝑠𝑛
♮𝛼2𝜀2/3 + 𝑂(𝜀),  

 

L̃Λ
♮ : = Λ2ℒ1/Λ

eff ♮ = LΛ
♮ + 𝑅. 

ℒ𝜀
eff = 𝜀2 L̃1/𝜀

♮  

ℰ𝜀,𝑛−1
𝑒𝑓𝑓

< 𝜇𝜀,𝑛
♮ < ℰ𝜀,𝑛

efft 𝑑̂𝜀(𝜇𝜀,𝑛
♮ ) > 𝑐𝑛𝜀

2/3 

𝜇𝜀,𝑛
♮ := ℰ𝜀,𝑛eff

♮ − 𝑐𝑛𝜀
2/3 

(𝜇𝜀,𝑛
♮ − ℰ𝜀,𝑛 eff ♮)

−1
(𝜇𝜀,𝑛

♮ − ℒ𝜀
♮̂)
−1

 

(𝜇𝜀,𝑛
♮ − ℰ𝜀,𝑛

eff )
−1
= min
𝜓∈𝐿♮

2(ℝ2),‖𝜓‖=1
  ⟨𝜓, (𝜇𝜀,𝑛

♮ − ℒ̂𝜀
♮)
−1
𝜓⟩. 

𝜇𝜀,𝑛
♮ ∈ 𝜌(ℒ𝜀

♮)𝑑𝜀(𝜇𝜀,𝑛
♮ ) > 𝑐𝑛

′ 𝜀2/3ℰ𝜀,𝑛
♮  

(𝜇𝜀,𝑛
♮ − ℰ𝜀,𝑛

♮ )
−1
= inf
𝜓∈𝐿♮

2(ℝ2),‖𝜓‖=1
  ⟨𝜓, (𝜇𝜀,𝑛

♮ − ℒ𝜀
♮)
−1
𝜓⟩. 

ℰ𝜀,𝑛
♮ = inf𝜎𝑒𝑠𝑠(ℒ𝜀

♮)inf𝜎ess (ℒ𝜀
♮) =

3 + 𝜀2

4 + 𝜀2
𝛼2 

|(ℰ𝜀,𝑛
♮ − 𝜇𝜀,𝑛

♮ )
−1
− (ℰ𝜀,𝑛

eff♮ − 𝜇𝜀,𝑛
♮ )

−1
| ≤ 𝑐𝑛

′′. 

|ℰ𝜀,𝑛
♮ − ℰ𝜀,𝑛eff| ≤ 𝑐𝑛

′′|ℰ𝜀,𝑛
♮ − 𝜇𝜀,𝑛

♮ ||ℰ𝜀,𝑛effb − 𝜇𝜀,𝑛
♮ | ≤ 𝑐𝑛

′′𝑐𝑛𝜀
2/3|ℰ𝜀,𝑛

♮ − ℰ𝜀,𝑛effb + 𝑐𝑛𝜀
2/3|

 ≤ 𝑐𝑛
′′𝑐𝑛𝜀

2/3|ℰ𝜀,𝑛
♮ − ℰ𝜀,𝑛eff| + 𝑐𝑛

′′𝑐𝑛
2𝜀4/3

 

ℰ𝜀,𝑛
♮ = ℰ𝜀,𝑛

eff♮ + 𝑂(𝜀4/3) = 𝑠𝑛
♮𝛼2𝜀2/3 + 𝑂(𝜀). 

ℰ𝜀,𝑛
♮ < inf𝜎𝑒𝑠𝑠(ℒ𝜀

♮) 
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ℰ𝜀,𝑘
efft − 𝑐̃𝑘𝜀

4/3 ≤ ℰ𝜀,𝑘
♮ ≤ ℰ𝜀,𝑘

eff♮ + 𝑐̃𝑘𝜀
4/3 𝑘 = 0,… , 𝑛

ℰ𝜀,𝑘−1
eff♮ + 𝑐̃𝑘−1𝜀

4/3 ≤ ℰ𝜀,𝑘
eff♮ − 𝑐̃𝑘𝜀

4/3 𝑘 = 1,… , 𝑛
 

𝜎𝑑(𝐻𝜀
♮) = 𝜎𝑑(ℒ𝜀

♮) − 𝛼2 

𝐇̂tot(𝐐̃
Nc) = 𝐇̂QM(𝐐̃

Nc) + 𝑇𝑁c(𝐏
Nc) +𝑊𝑁c(𝐐̃

Nc),  

𝐇̂QM(𝐐̃
Nc) = 𝑇̂N +𝒲N

MM(𝐐̃Nc) + 𝐇̂BO(𝐐̃
Nc , 𝐑NN),  

𝐇̂BO(𝐐̃
Nc , 𝐑NN) =𝑇̂e + 𝑊̂ee + 𝑊̂Ne(𝐑

NN) + 𝑊̂NN(𝐑
NN)

 +𝒲e
MM(𝐐̃Nc)

 

𝒲N
MM =∑ 

Nc

𝑖=1

 ∑  

NN

𝑗=1

 𝑤N
MM(𝐑𝑗, 𝐐̃𝑖),

𝒲e
MM =∑ 

Nc

𝑖=1

 ∑  

Ne

𝑗=1

 𝑤e
MM(𝐫𝑗, 𝐐̃𝑖),

 

𝒫̂eq
Nc(𝐐̃Nc , 𝐏Nc) =

𝑒
−𝛽(𝐇̂QM(𝐐̃

Nc)+𝑊𝑁c(𝐐̃
Nc))e−𝛽𝑇𝑁c(𝐏

Nc)

𝒵Nc
,  

𝒵Nc =∬ TrQM [𝑒
−𝛽𝐇̂QM(𝐐̃

Nc)] e−𝛽(𝑊𝑁c(𝐐̃
Nc)+𝑇𝑁c)𝑑𝐏Nc𝑑𝐐̃Nc  

𝒫̂eq
GC(𝐐̃Nc , 𝐏Nc) =

𝑒−𝛽(𝐇̂QM(𝐐̃
Nc)+𝑊𝑁c(𝐐̃

Nc)−𝜇Nc)e−𝛽𝑇𝑁c(𝐏
Nc)

Ξ
,  

Ξ = ∑  

∞

Nc=0

 
1

 Nc!
𝒵Nc𝑒

𝛽𝜇Nc

 ≡ TrGC[𝒫̂eq
GC(𝐐̃Nc , 𝐏Nc)],

 

Ω = −
1

𝛽
log (Ξ).  

𝒫̂eq
GC(𝐐̃Nc , 𝐏Nc) = 𝑝eq

GC(𝐐̃Nc , 𝐏Nc)𝝆̂eq(𝐐̃
Nc),  

𝑝eq
GC(𝐐̃Nc , 𝐏Nc) = 𝒵QM(𝐐̃

Nc)
e−𝛽(𝑊𝑁c(𝐐̃

Nc)+𝑇𝑁c(𝐏
Nc) − 𝜇Nc)

Ξ
,  

𝝆̂eq(𝐐̃
Nc) =

e−𝛽𝐇̂QM(𝐐̃
Nc)

𝒵QM(𝐐̃
Nc)

 and  

𝒵QM(𝐐̃
Nc) = TrQM {e

−𝛽𝐇̂QM(𝐐̃
Nc)} .  

𝝆̂eq(𝐐̃
Nc) =∑ 

𝛼,𝑛

 
𝑒−𝛽ℰ𝑛

𝛼(𝐐̃Nc)

𝒵QM(𝐐̃Nc)
|Φ𝑛

𝛼(𝐐̃Nc)⟩⟨Φ𝑛
𝛼(𝐐̃Nc)|.  

𝝆̂eq(𝐐̃
Nc) = 𝝆̂N

0 (𝐐̃Nc)𝝆̂el
0 (𝐐̃Nc , 𝐑NN),  
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𝝆̂el
0 (𝐐̃Nc , 𝐑NN) = |Ψ0(𝐐̃Nc , 𝐑NN)⟩⟨Ψ0(𝐐̃Nc , 𝐑NN)|  

𝝆̂N
0 (𝐐̃Nc) =

 ∑  

𝑛

 
𝑒−𝛽ℰ𝑛

0(𝐐̃Nc)

𝒵𝐐𝐌(𝐐̃
Nc)

|𝜒N
0,𝑛(𝐑NN; 𝐐̃Nc)⟩⟨𝜒N

0,𝑛(𝐑NN; 𝐐̃Nc)|,
 

𝒵QM(𝐐̃
Nc) =∑  

𝑛

  𝑒−𝛽ℰ𝑛
0(𝐐̃Nc)

 

𝒫̂GC(𝐐̃Nc , 𝐏Nc) = 𝑝GC(𝐐̃Nc , 𝐏Nc)𝝆̂QM(𝐐̃
Nc).  

𝜔[𝒫̂GC] = 𝒰int[𝒫̂
GC] −

1

𝛽
𝒮int[𝒫̂

GC]  

𝒰int[𝒫̂
Nc] = TrGC{𝑝

GC𝝆̂QM[𝐇̂QM +𝑊𝑁c + 𝑇𝑁c − 𝜇Nc]} 

𝒮int[𝒫̂
GC] = −TrGC{𝑝

GC𝝆̂QMlog (𝑝
GC𝝆̂QM)}  

Ω = min
𝒫̂GC

 𝜔[𝒫̂GC], 𝒫̂eq
GC = argmin𝜔[𝒫̂GC]  

𝒫̂MF
GC(𝐐̃Nc , 𝐏Nc) = 𝑝GC(𝐐̃Nc , 𝐏Nc)𝝆̂N𝝆̂el(𝐑

NN).  

ΩMF = min
𝒫̂MF
GC
 𝜔[𝒫̂MF

GC], Ω ≤ ΩMF.  

ΩMF = min
𝝆̂N
  (𝒰N[𝝆̂N] −

1

𝛽
𝒮QM[𝝆̂N]) ,  

𝒮QM[𝝆̂N] = −Tr{𝝆̂Nlog (𝝆̂N)},  

𝒰N[𝝆̂N] = Tr{𝝆̂N[𝑇̂N + 𝒲̂NN
tot(𝐑NN)]}.  

𝒲̂NN
tot (𝐑NN) = 𝑊̂NN(𝐑

NN) +𝒲N
eff (𝐑NN),  

𝒲N
eff(𝐑NN) = min

𝝆̂el,𝑝
GC
 (𝑓el[𝝆̂el] + 𝑓MM[𝑝

GC] + 𝑓QM
MM[𝝆̂el, 𝑝

GC]

+𝑉el
N[𝝆̂el; 𝐑

NN] + 𝑉MM
N [𝑝GC; 𝐑NN])

 

𝑓el[𝝆̂el] = TrQM{𝝆̂el(𝑇̂e + 𝑊̂ee)},  

𝑓MM
GC [𝑝GC] =

 ∑  

∞

Nc=0

 ∬  (𝑊𝑁c + 𝑇𝑁c − 𝜇Nc +
1

𝛽
log (𝑝GC))𝑑𝐐̃Nc𝑑𝐏Nc .

 

𝐸QM
MM[𝝆̂el, 𝑝

GC] =

 ∑  

∞

Nc=0

 ∬  𝑝GC(𝐐̃Nc , 𝐏Nc)TrQM[𝝆̂el(𝐐̃
Nc)𝒲e

MM]𝑑𝐐̃Nc𝑑𝐏Nc
 

𝑉el
N[𝝆̂el; 𝐑

NN] = TrQM[𝝆̂el𝑊̂Ne(𝐑
NN)],  
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𝑉MM
N [𝑝GC; 𝐑NN , 𝐏Nc)] =

 ∑  

∞

Nc=0

 ∬  𝑝GC(𝐐̃Nc , 𝐏Nc)𝒲N
MM(𝐐̃Nc , 𝐑NN)𝑑𝐐̃Nc𝑑𝐏Nc .

 

𝒲N
eff (𝐑NN) = min

𝜌,𝑛
 𝑤N

eff [𝜌, 𝑛, 𝐑NN],  

𝑤N
eff[𝜌, 𝑛, 𝐑NN] = ℱel[𝜌] + (𝑣Ne(𝐑

NN) ∣ 𝜌) + ℱMM[𝑛]

 +(𝑣N
MM(𝐑NN) ∣ 𝑛) + (𝑛|𝑣e

MM|𝜌).
 

(𝑣N
MM(𝐑NN) ∣ 𝑛) = ∫  𝑑𝐐̃𝑣N

MM(𝐐̃; 𝐑NN)𝑛(𝐐̃),  

𝑣N
MM(𝐐̃;𝐑NN) =∑  

NN

𝑖=1

𝑤N
MM(𝐑𝑖, 𝐐̃)(𝑛|𝑣e

MM|𝜌) 

(𝑛|𝑣e
MM|𝜌) = ∫  𝑑𝐫𝑑𝐐̃𝜌(𝐫)𝑣el

MM(𝐫, 𝐐̃)𝑛(𝐐̃)  

Ω = 𝒲̂NN
tot(𝐑eq

NN) +∑  

𝑘

 (
𝜔𝑘
2
+
1

𝛽
log (1 − 𝑒−𝛽𝜔𝑘)) .  

ℱMM[𝑛] = ℱid[𝑛] + ℱexc[𝑛]  

ℱexc[𝑛] = −
1

2𝛽
∬ Δ𝑛(𝒓)𝑐(|𝒓 − 𝒓′|, 𝛀, 𝛀′; 𝑛0)

Δ𝑛(𝒓′)𝑑𝒓𝑑𝒓′𝑑𝛀𝑑𝛀′ + ℱB[𝑛]

 

(𝑛|𝑣e
MM|𝜌) = −∫  𝑑𝐫1𝑑𝐫2𝑛𝑐(𝐫1)

1

|𝐫1 − 𝐫2|
𝜌(𝐫2)  

𝑛𝑐(𝒓) = ∬ 𝑛(𝒓′, 𝛀)𝛾(𝒓 − 𝒓′, 𝛀)𝑑𝐫′𝑑𝛀  

(𝑣N
MM(𝐑NN) ∣ 𝑛) = (𝑤C

MM(𝐑NN) ∣ 𝑛𝑐) + (𝑤LJ
MM(𝐑NN) ∣ 𝑛),  

(𝑤C
MM(𝐑NN) ∣ 𝑛𝑐) = ∫  𝑑𝐫𝑛𝑐(𝐫)∑  

𝐴

 
𝑍𝐴

|𝐑𝐴 − 𝐫|

(𝑤LJ
MM(𝐑NN) ∣ 𝑛) = ∫  𝑑𝐐̃𝑛(𝐐̃)∑  

𝐴

 𝒲̂𝐴
LJ
(𝐑𝐴, 𝐐̃)

 

𝑣ext
QM(𝐫) = ∫  𝑑𝐫′𝑛𝑐(𝐫

′)
1

|𝐫′ − 𝐫|

𝑣ext
MM(𝐫) =∑  

𝐴

 
𝑍𝐴

|𝐑𝐴 − 𝐫|
− ∫  𝑑𝐫′𝜌(𝐫′)

1

|𝐫′ − 𝐫|

 

(𝑛|𝑣e
MM|𝜌) = −∫  𝑑𝐫𝑣ext

QM(𝐫)𝜌(𝐫)  

(𝑤C
MM(𝐑NN) ∣ 𝑛𝑐) + (𝑛|𝑣e

MM|𝜌) = ∫  𝑑𝐫𝑣ext
MM(𝐫)𝑛𝑐(𝐫)  
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QR + 2e− + 2H+⟶H2QR.  

QR + H2Q⟶ H2QR + Q  

EQR/H2QR
∘ = −

ΔrG
∘

2𝐹
+ EQ/H2Q

∘ ,  

𝒲̂NN
tot(𝐑NN) ≈ 𝒲̂NN

tot(𝐑eq) +
1

2
𝛿
𝐑N N

† 𝐡𝛿𝐑N N,  

∇𝐑NN𝒲̂NN
tot(𝐑NN)|

𝐑NN=𝐑eq
= 0,  

𝛿𝐑NN = 𝐑
NN − 𝐑eq  

𝐡𝑖𝑗 =
𝜕2𝒲̂NN

tot(𝐑NN)

𝜕𝐑𝑖𝜕𝐑𝑗
|
𝐑N N=𝐑eq

 

𝒰N[𝝆̂N]  = 𝒲̂NN
tot(𝐑eq) +∑  

𝑁𝜈

𝑘=1

 TrQM{𝝆̂Nℎ̂𝜔𝑘}

ℎ̂𝜔𝑘  = −
1

2𝜇𝑘

𝜕

𝜕𝑞𝑘
2 +

1

2
𝜇𝑘(𝜔𝑘)

2𝑞𝑘
2

 

𝜔𝑘 = √
𝜆𝑘
𝜇𝑘
,  

𝒵𝐐̃Nc = 𝑒
−𝛽𝒲̂NN

tot(𝐑eq)∏ 

𝑁𝜈

𝑘=1

 𝒵vib
𝑘 ,  

𝒵vib
𝑘 =

𝑒−
𝛽𝜔𝑘
2

1 − 𝑒−𝛽𝜔𝑘
 

Ω = −
1

𝛽
log (𝒵𝐐̃Nc),  

(𝜌opt(𝐑
NN), 𝑛opt(𝐑

NN)) = argmin
𝜌,𝑛

𝑤N
eff[𝜌, 𝑛, 𝐑NN].  

∇𝐑N N𝒲N
eff(𝐑NN)= ∇𝐑N Nmin𝜌,𝑛

 𝑤N
eff[𝜌, 𝑛, 𝐑NN]  

 = ∇𝐑N N𝑤N
eff[𝜌opt(𝐑

NN), 𝑛opt(𝐑
NN), 𝐑NN].

 

( 𝜌opt (𝐑
NN), 𝑛opt (𝐑

NN)) ( 𝜌opt (𝐑
NN), 𝑛opt (𝐑

NN)) 

∇𝐑NN𝒲N
eff(𝐑NN)= (∇𝐑NN𝑣Ne(𝐑

NN) ∣ 𝜌opt(𝐑
NN))  

 + (∇𝐑NN𝑣N
MM(𝐑NN) ∣ 𝑛opt(𝐑

NN)) .
 

(∇𝐑NN𝑣Ne(𝐑
NN) ∣ 𝜌opt (𝐑

NN)) 
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(∇𝐑NN𝑣N
MM(𝐑NN) ∣ 𝑛opt(𝐑

NN)) =

 ∫  𝑑𝐐̃𝑛opt(𝐐̃)∇𝐑NN𝑣N
MM(𝐐̃, 𝐑NN)

 

𝜕2𝒲N
eff(𝐑NN)

𝜕𝐑𝑖𝜕𝐑𝑗
= 𝐡Ne(𝐑𝑖, 𝐑𝑗) + 𝐡N

MM(𝐑𝑖, 𝐑𝑗) + 𝐡e
MM(𝐑𝑖, 𝐑𝑗),  

𝐡Ne(𝐑𝑖, 𝐑𝑗) = (
𝜕2𝑣Ne(𝐑

NN)

𝜕𝐑𝑖𝜕𝐑𝑗
| 𝜌opt) + (∇𝐑𝑖𝑣Ne(𝐑

NN) ∣ ∇𝐑𝑗𝜌opt) ,  

𝐡N
MM(𝐑𝑖 , 𝐑𝑗) = (

𝜕2𝑣N
MM(𝐑NN)

𝜕𝐑𝑖𝜕𝐑𝑗
| 𝑛opt) + (∇𝐑𝑖𝑣N

MM(𝐑NN) ∣ ∇𝐑𝑗𝑛opt) ,  

𝐡e
MM(𝐑𝑖, 𝐑𝑗) = (∇𝐑𝑖𝑛opt|𝑣e

MM|∇𝐑𝑗𝜌opt) .  

∇𝐑NN
𝛿

𝛿𝜌(𝐫)
𝑤N
eff[𝜌opt, 𝑛opt, 𝐑

NN]= ⟨𝜒̂el ⋅ ∇𝐑NN𝜌opt⟩𝐫
 

 +⟨𝜒̂el
MM ⋅ ∇𝐑NN𝑛opt⟩𝐫

∇𝐑NN
𝛿

𝛿𝑛(𝐐̃)
𝑤N
eff[𝜌opt, 𝑛opt, 𝐑

NN] = ⟨𝜒̂MM ⋅ ∇𝐑NN𝑛opt⟩𝐫

 + ⟨𝜒̂MM
el ⋅ ∇𝐑NN𝜌opt⟩

𝐫

 

⟨𝑓 ⋅ 𝑔⟩𝐫 = ∫  𝑑𝐫
′𝑓(𝐫, 𝐫′)𝑔(𝐫′)  

𝜒el(𝐫, 𝐫′)−1  = −
𝛿2

𝛿𝜌(𝐫)𝛿𝜌(𝐫′)
𝑤N
eff[𝜌, 𝑛, 𝐑NN]

𝜒MM(𝐐̃, 𝐐̃′)
−1
 = −

𝛿2

𝛿𝑛(𝐐̃)𝛿𝑛(𝐐̃′)
𝑤N
eff[𝜌, 𝑛, 𝐑NN]

𝜒el
MM(𝐐̃, 𝐫)−1  = −

𝛿2

𝛿𝑛(𝐐̃)𝛿𝜌(𝐫)
𝑤N
eff[𝜌, 𝑛, 𝐑NN]

𝜒MM
el (𝐫, 𝐐̃)−1  = −

𝛿2

𝛿𝜌(𝐫)𝛿𝑛(𝐐̃)
𝑤N
eff[𝜌, 𝑛, 𝐑NN]

 

𝜕2𝒲N
eff(𝐑NN)

𝜕𝐑𝑖𝜕𝐑𝑗
≈ 𝐡Ne(𝐑𝑖, 𝐑𝑗).  

⟨Φ𝐼|𝒑̂𝑒|Φ𝐼⟩ = −𝑖ℏ
𝑷 ⋅ 𝒅̂

𝑴
 

|Ψ𝐼⟩ = |Φ𝐼⟩ − 𝑖ℏ∑𝐽≠𝐼  
⟨Φ𝐽|∑𝐴  

𝑷𝐴 ⋅ 𝒅̂𝐴
𝐴

𝑀𝐴
|Φ𝐼⟩

𝐸𝐼 − 𝐸𝐽
|Φ𝐽⟩ 

 

⟨Φ𝐼|𝒅̂
𝐴|Φ𝐽⟩ ≡ 𝒅𝐼𝐽

𝐴  
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⟨Ψ𝐼|𝒑̂𝑒|Ψ𝐼⟩ =

2ℏIm∑ 

𝐽≠𝐼

  ⟨Φ𝐼|𝒑̂𝑒|Φ𝐽⟩
⟨Φ𝐽| ∑  𝐴  

𝑃𝐴 ⋅ 𝒅̂𝐴
𝐴

𝑀𝐴
|Φ𝐼⟩

𝐸𝐼 − 𝐸𝐽

 

[𝐻̂𝑒 , 𝒓̂𝑒] = −𝑖ℏ
𝒑̂𝑒
𝑚𝑒
,  

(𝐸𝐼 − 𝐸𝐽)⟨Φ𝐼|𝒓̂𝑒|Φ𝐽⟩ = −𝑖ℏ
1

𝑚𝑒
⟨Φ𝐼|𝒑̂𝑒|Φ𝐽⟩.  

⟨Ψ𝐼|𝒑̂𝑒|Ψ𝐼⟩

= 2𝑚𝑒Re∑  

𝐽

  ⟨Φ𝐼|𝒓̂𝑒|Φ𝐽⟩⟨Φ𝐽|∑  

𝐴

 
𝑷𝐴 ⋅ 𝒅̂𝐴

𝑀𝐴
|  Φ(𝐼‾))

 = 2𝑚𝑒Re⟨Φ𝐼|𝒓̂𝑒∑ 

𝐴

 
𝑷𝐴 ⋅ 𝒅̂𝐴

𝑀𝐴
|Φ𝐼⟩

 = 2𝑚𝑒Re⟨Φ𝐼|𝒓̂𝑒 |
𝑑

𝑑𝑡
Φ𝐼⟩

 = 𝑚𝑒
𝑑

𝑑𝑡
⟨Φ𝐼|𝒓̂𝑒|Φ𝐼⟩

 

𝐻̂ =
1

2𝑀𝐻
𝑷̂𝐻
2 +

1

2𝑚𝑒
𝒑̂𝑒
2 −

𝑒2

|𝑹𝐻 − 𝒓𝐸|
 

𝐻̂com =
1

2𝑀𝐻 +𝑚𝑒
𝑷̂com 
2 +

1

2𝜇
𝒑̂𝜇
2 −

𝑒2

|𝒓̂|
 

𝐸𝑛 =
𝑃2

2𝑀
−
𝑚𝑒𝑒

4

8𝜖0
2ℎ2

1

𝑛2
 

𝐸𝑛
com =

𝑃2

2(𝑀 +𝑚e)
−
𝜇𝑒4

8𝜖0
2ℎ2

1

𝑛2
 

𝜇 = (𝑀−1 +𝑚𝑒
−1)−1 

|Ψel⟩ ≈
1

√2
(|𝜎𝜎‾⟩ + |𝜎∗𝜎‾∗⟩) 

𝐻̂el(𝑈̂𝐻̂el𝑈̂
† = 𝑉̂ad) 

𝐻̂ad = 𝑈̂
†𝐻̂𝑈̂ =

(𝑷̂ − 𝑖ℏ𝒅̂)2

2𝑀
+ 𝑉̂ad(𝑹̂)  

𝒅𝐼𝐽 = ⟨Φ𝐼|
𝜕

𝜕𝑹
|Φ𝐽⟩ 

𝐻̂BO =
𝑷̂2

2𝑀
+ 𝑉̂ad(𝑹̂)  

𝐻̂Shenvi (𝑹,𝑷) = ∑  

𝐴,𝐼𝐽𝐾

 
1

2𝑀𝐴
(𝑷𝐴𝛿𝐼𝐽 − 𝒅𝐼𝐽

𝐴 ) ⋅ (𝑷𝐴𝛿𝐽𝐾 − 𝒅𝐽𝐾
𝐴 )|Φ𝐼⟩⟨Φ𝐾| +∑  

𝐼

 𝐸𝐼({𝑹})|Φ𝐼⟩⟨Φ𝐼|.  
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𝒅𝐼𝐽
𝐴 =

⟨Φ𝐼|∇𝐴𝐻̂|Φ𝐽⟩

𝐸𝐽 − 𝐸𝐼
 

𝐻̂PS(𝑹, 𝑷) =

 ∑  

𝐴

 
1

2𝑀𝐴
(𝑷𝐴 − 𝑖ℏ𝚪̂𝐴(𝑹))

2
+ 𝐻̂𝑒𝑙(𝑹)

 

𝚪̂ = 𝚪̂′ + 𝚪̂′′ 

𝚪̂𝐴
′  =

−𝑖

2ℏ
(𝜃𝐴(𝒙̂)𝒑̂ + 𝒑̂𝜃𝐴(𝒙̂))

𝚪̂𝐴
′′  = ∑  

𝐵

  𝜁𝐴𝐵(𝑹𝐴 − 𝑹𝐵
0 ) × (𝑲𝐵

−1𝑱̂𝐵)

𝑱̂𝐵  =
−𝑖

2ℏ
((𝒙̂ − 𝑹𝐵) × (𝜃𝐵(𝒙̂)𝒑̂) + (𝜃𝐵(𝒙̂)𝒑̂) × (𝒙̂ − 𝑹𝐵) + 2𝜃𝐵(𝒙̂)𝒔̂)

𝑹𝐵
0  =

∑  𝐴   𝜁𝐴𝐵𝑹𝐵
∑  𝐴  𝜁𝐴𝐵

𝑲𝐵  =∑  

𝐴

  𝜁𝐴𝐵(𝑹𝐴𝑹𝐴
𝑇 − 𝑹𝐵

0𝑹𝐵
0𝑇 − (𝑹𝐴𝑹𝐴

𝑇 − 𝑹𝐵
0𝑇𝑹𝐵

0 )ℐ3)

 

𝐻̂ = (
𝐻11 𝐻12
𝐻21 𝐻22

)  

𝐻̂  = 𝐸0(𝑥, 𝑦)𝕀 + (
𝒈𝑧 𝒉𝑥
𝒉𝑥 −𝒈𝑧

)

𝐸±  = 𝐸0(𝑥, 𝑦) ± √(𝒈𝑥)
2 + (𝒉𝑧)2

 

𝐻̂  = 𝐸0(𝑥, 𝑦, 𝑧)𝕀 + (
𝒈𝑧 𝒉𝑥 − 𝑖𝒇𝑦

𝒉𝑥 + 𝑖𝒇𝑦 −𝒈𝑧
)

𝐸±  = 𝐸0(𝑥, 𝑦, 𝑧) ± √(𝒈𝑧)
2 + (𝒉𝑥)2 + (𝒇𝑦)2(2
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𝐉 = 𝐋el + 𝐋nuc + 𝐒 

𝐻(𝑘) = Ω𝜎𝑥
(𝑘)
+ Δ𝑛(𝑘) +𝜔 ∑  

𝑗=𝑥,𝑦,𝑧

  (𝑎𝑗
(𝑘)
)
†
𝑎𝑗
(𝑘)
.  

𝜎𝑥 = | ↓⟩⟨↑ | + | ↑⟩⟨↓ | 

𝑛 = | ↑⟩⟨↑ | 

𝛿𝑟𝑗
(𝑘)
= 𝑥0 (𝑎𝑗

(𝑘)
+ (𝑎𝑗

(𝑘)
)
†
) /√2 

𝐻 =∑  

𝑁

𝑘=1

 𝐻(𝑘) +∑  

𝑁

𝑘=1

 ∑  

𝑘−1

𝑙=1

 𝑉(𝑟(𝑘,𝑙))𝑛(𝑘)𝑛(𝑙),  
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𝒓(𝑘) = 𝒓0
(𝑘)
+ 𝛿𝒓(𝑘) 

𝛿𝑟𝑗
(𝑘)
= 𝑥0 (𝑎𝑗

(𝑘)
+ (𝑎𝑗

(𝑘)
)
†
) /√2 

𝑉(𝑟(𝑘,𝑙)) ≈𝑉 (𝑟0
(𝑘,𝑙)

) + 𝑮(𝑘,𝑙)𝛿𝒓(𝑘,𝑙)

 +
1

2
(𝛿𝒓(𝑘,𝑙))

T
(𝐻a

(𝑘,𝑙)
+𝐻b

(𝑘,𝑙)
) 𝛿𝒓(𝑘,𝑙)

 

𝛿𝒓(𝑘,𝑙) = 𝛿𝒓(𝑘) − 𝛿𝒓(𝑙) 

𝑮(𝑘,𝑙) = 𝑉′ (𝑟0
(𝑘,𝑙)

)
(𝒓0
(𝑘,𝑙)

)
T

𝑟0
(𝑘,𝑙)

𝐻a
(𝑘,𝑙)

= 𝑉′′ (𝑟0
(𝑘,𝑙)

)
𝒓0
(𝑘,𝑙)

𝑟0
(𝑘,𝑙)

⊗
(𝒓0
(𝑘,𝑙)

)
T

𝑟0
(𝑘,𝑙)

𝐻b
(𝑘,𝑙)

=
𝑉′ (𝑟0

(𝑘,𝑙)
)

𝑟0
(𝑘,𝑙)

[13 −
𝒓0
(𝑘,𝑙)

𝑟0
(𝑘,𝑙)

⊗
(𝒓0
(𝑘,𝑙)

)
T

𝑟0
(𝑘,𝑙)

]

 

𝒓0
(𝑘,𝑙)

= 𝒓0
(𝑘)
− 𝒓0

(𝑙)
 

𝑟0
(𝑘,𝑙)

= ‖𝒓0
(𝑘,𝑙)

‖ 

Δ = −𝑉(𝑑) 

|Δ| ≫ |Ω|{| ↓↓⟩}{| ↓↑⟩, | ↑↓⟩, | ↑↑⟩} 

| ↓↑⟩ ⟷
Ω
| ↑↑⟩ ⇆

Ω
| ↑↓⟩ 

|+⟩ = (| ↓↑⟩ + | ↑↓⟩)/√2{|+⟩, | ↑↑⟩} 

𝑏 = (𝑎(1) − 𝑎(2))/√2 

𝐻2 = [
𝜔𝑏†𝑏 √2Ω

√2Ω 𝜔𝑏†𝑏 + √2𝜅(𝑏 + 𝑏†) + 𝜉(𝑏 + 𝑏†)
2] .  

𝐻mol = Ω∑ 

𝑠𝑠′

 𝐴𝑠𝑠′|𝑠⟩⟨𝑠
′| +∑  

𝑠

 ℎ𝑠|𝑠⟩⟨𝑠|  
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ℎ𝑠= 𝜔𝒃𝑠
†𝒃𝑠 + √2𝜅 (𝑏𝑠

‖
+ (𝑏𝑠

‖
)
†
) + 𝜉 (𝑏𝑠

‖
+ (𝑏𝑠

‖
)
†
)
2

 

 +
𝜈𝜅

√2
(𝑏𝑠
⊥,1 + (𝑏𝑠

⊥,1)
†
)
2

+
𝜈𝜅

√2
(𝑏𝑠
⊥,2 + (𝑏𝑠

⊥,2)
†
)
2  

𝑏BT = (𝑏 + 𝑤𝑏
†)/√1 − 𝑤2 

𝑤 = 1 + 𝜙 −
𝜙

|𝜙|
√(1 + 𝜙)2 − 1,𝜙 =

𝜔

2𝜉
.  

𝐸GS,2 = min{𝜔𝜀2, 0} 

𝜀2 = −
2𝜅2

𝜔2
1

1 − 𝜉‾
+
1

2
√1 − 𝜉‾ −

1

2
, 𝜉‾ =

𝜉

𝜉c
.  

 

𝜀4 = −
2𝜅2

𝜔2
1

1 − 𝜉‾
+
1

2
√1 − 𝜉‾ + √1 − 𝜅‾ −

3

2
, 𝜅‾ =

𝜅

𝜅c
. (12) 

𝜅c = −𝜔/(2√2𝜈) | ↑↑↓↓⟩ ⊗ |GS⟩ 
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𝑊(𝛼) =
2

𝜋
exp (−𝑤‾+𝛼R

2 −𝑤‾−𝛼I
2), 𝑤‾± = 2

1 ± 𝑤

1 ∓ 𝑤
𝑏|↑↑↓↓⟩
⊥,1  

{| ↓↓↑⟩, | ↓↑↓⟩, | ↓↑↑⟩, | ↑↓↓⟩, | ↑↓↑⟩, | ↑↑↓⟩} 

𝐸BO(0; 𝒒) =
𝜔

2𝑥0
2 𝒒

2 +
2𝜅

𝑥0
𝑞‖ +

2𝜉

𝑥0
2 𝑞‖

2 +
√2𝜈𝜅

𝑥0
2 𝑞⊥

2 ,  

𝑞‖ = (𝑞1 − 𝑞2)/√2 and 𝑞⊥ = (𝑞3 + 𝑞4)/√2 

𝐸GS,3 − 𝐸GS,3
BO =

𝜔

2
[√1 − 𝜉‾ + √1 − 𝜅‾ − 2]  
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𝑅 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1

√6
0 −

1

2√3
−

1

2√6
−

1

2√3

1

√6
−

1

2√2
−

1

2√3
0

1

2
0 0

−
1

3√2
−

1

2√6
−
1

6
−
√2

3

1

6

1

6√2

1

√6
−
1

3
−

1

2√3
0

1

2
0

−
1

6

1

2√3
−
√2

3

1

6
−

1

3√2
−
1

6

1

2√3
−

1

3√2

1

√6
0 0

1

2

−
1

√6
0 −

1

2√3
−

1

2√6

1

2√3
−
1

√6
−

1

2√2

1

2√3
0

1

2
0 0

−
1

3√2
−

1

2√6

1

6

√2

3

1

6

1

6√2
−
1

√6
−
1

3

1

2√3
0

1

2
0

−
1

6

1

2√3

√2

3
−
1

6
−

1

3√2
−
1

6
−

1

2√3
−

1

3√2
−
1

√6
0 0

1

2

0 0 0
√6

4
0 0

1

2√2
0 −

1

2

1

2
0 0

√2

3
−

1

2√6
0 0 −

1

3
−

5

6√2
0

1

6
0 0

1

2
0

−
1

6
−
1

√3
0 0 −

1

3√2

1

3
0

√2

3
0 0 0

1

2

0 0
1

√3
−

1

2√6
0 0

1

2√2
0

1

2

1

2
0 0

0
√6

4
0 0 0

1

2√2
0

1

2
0 0

1

2
0

1

2
0 0 0

1

√2
0 0 0 0 0 0

1

2]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

,  

𝒂 = (𝑎𝑥
(1)
, 𝑎𝑦
(1)
, 𝑎𝑧
(1)
, … , 𝑎𝑥

(4)
, 𝑎𝑦
(4)
, 𝑎𝑧
(4)
)
T

 

𝐾 = [

𝐾(2,1) + 𝐾(3,1) + 𝐾(4,1) −𝐾(2,1) −𝐾(3,1) −𝐾(4,1)

−𝐾(2,1) 𝐾(2,1) + 𝐾(3,2) + 𝐾(4,2) −𝐾(3,2) −𝐾(4,2)

−𝐾(3,1) −𝐾(3,2) 𝐾(3,1) + 𝐾(3,2) + 𝐾(4,3) −𝐾(4,3)

−𝐾(4,1) −𝐾(4,2) −𝐾(4,3) 𝐾(4,1) + 𝐾(4,2) + 𝐾(4,3)

] 

𝐾(𝑘,𝑙) = 𝐻a
(𝑘,𝑙)

+𝐻b
(𝑘,𝑙)

 

𝑈(𝒓(1), 𝒓(2), 𝒓(3), 𝒓(4)) = 𝑉(𝑟(2,1)) + 𝑉(𝑟(3,1)) + 𝑉(𝑟(3,2)) + 𝑉(𝑟(4,1)) + 𝑉(𝑟(4,2)) + 𝑉(𝑟(4,3)),  

𝒓(𝑘,𝑙) = ‖𝒓(𝑘) − 𝒓(𝑙)‖ 

ℎ|↑↑↓↓⟩  = 𝜔𝒂
†𝒂 +

𝑥0

√2
[−𝑮(2,1), 𝑮(2,1), 𝟎T, 𝟎T] (𝒂 + (𝒂†)

T
) +

𝑥0
2

4
(𝒂† + 𝒂T)𝐿(2,1) (𝒂 + (𝒂†)

T
)

 = 𝜔𝒃†𝒃 +
𝑥0

√2
[−𝑮(2,1), 𝑮(2,1), 𝟎T, 𝟎T]𝑅 (𝒃 + (𝒃†)

T
) +

𝑥0
2

4
(𝒃† + 𝒃T)𝑅T𝐿(2,1)𝑅 (𝒃 + (𝒃†)

T
) .

 

𝐿(2,1) =

[
 
 
 
𝐾(2,1) −𝐾(2,1) 03 03
−𝐾(2,1) 𝐾(2,1) 03 03
03 03 03 03
03 03 03 03]
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[𝐿(𝑘,𝑙), 𝐿(𝑘
′,𝑙′)]𝑅|↑↑↓↓⟩

T (𝑅T𝐿(2,1)𝑅)𝑅|↑↑↓↓⟩ 

𝒃|↑↑↓↓⟩ = 𝑅∣↑↑↓↓
T 𝒃 

ℎ|↑↑↓↓⟩ = | ↑↓↓⟩ 

𝑏|↑↑↓↓⟩
‖

=
1

√2
(𝑎𝑥

(1)
− 𝑎𝑥

(2)
) , 𝑏|↑↑↓↓⟩

⊥,1 =
1

√2
(𝑎𝑦

(1)
− 𝑎𝑦

(2)
) , 𝑏|↑↑↓↓⟩

⊥,2 =
1

√2
(𝑎𝑧

(1)
− 𝑎𝑧

(2)
)  

ℎ = 𝜔𝑏†𝑏 + 𝜆(𝑏† + 𝑏) + 𝛾(𝑏† + 𝑏)
2

 

𝑏BT = 𝑢𝑏 + 𝑣𝑏
† 

𝑏 = 𝑢∗𝑏BT
† − 𝑣𝑏BT 

ℎ = ((𝜔 + 2𝛾)(|𝑢|2 + |𝑣|2) − 2𝛾(𝑢𝑣∗ + 𝑢∗𝑣))𝑏BT
† 𝑏BT + 𝜆((𝑢 − 𝑣)𝑏BT

† + (𝑢∗ − 𝑣∗)𝑏BT)

 +(𝑓(𝑢, 𝑣)𝑏BT
†2 + 𝑓∗(𝑢, 𝑣)𝑏BT

2 ) + (𝜔 + 2𝛾)|𝑣|2 + 𝛾(1 − 𝑢𝑣∗ − 𝑢∗𝑣).
 

𝑓(𝑢, 𝑣) = 𝛾(𝑢2 + 𝑣2) − (𝜔 + 2𝛾)𝑢𝑣 

𝛾𝑤2 − (𝜔 + 2𝛾)𝑤 + 𝛾 = 0  

𝑤 = {
1 + 𝜙 ± √(1 + 𝜙)2 − 1, (1 + 𝜙)2 > 1

1 + 𝜙 ± i√1 − (1 + 𝜙)2, (1 + 𝜙)2 ≤ 1
,𝜙 =

𝜔

2𝛾
.  

𝑢 =
1

√1 −𝑤2
, 𝑣 =

𝑤

√1 − 𝑤2
 

𝑤 = 1 + 𝜙 −
𝜙

|𝜙|
√(1 + 𝜙)2 − 1,𝜙 =

𝜔

2𝛾
 

𝐻 = 𝜔𝑏†𝑏 + √2𝜅(𝑏 + 𝑏†) + 𝜉(𝑏 + 𝑏†)
2

 

𝐻 = 𝜔√1 − 𝜉‾𝑏BT
† 𝑏BT +

√2𝜅

(1 − 𝜉‾)1/4
(𝑏BT + 𝑏BT

† ) +
𝜔

2
√1 − 𝜉‾ −

𝜔

2
, 𝜉‾ =

𝜉

𝜉c
.  

𝐷(𝑏BT, 𝜇) = exp (𝜇𝑏BT
† − 𝜇∗𝑏BT), 𝜇 = −

√2𝜅

𝜔

1

(1 − 𝜉‾)3/4
 

𝐷†(𝑏BT, 𝜇)𝐻𝐷(𝑏BT, 𝜇) = 𝜔√1 − 𝜉‾𝑏BT
† 𝑏BT −

2𝜅2

𝜔

1

1 − 𝜉‾
+
𝜔

2
√1 − 𝜉‾ −

𝜔

2
 

𝜌gs = |gs⟩⟨gs| 

𝑐 = 𝑏|↑↑↓↓⟩
⊥,1  

𝐻 = 𝜔𝑐†𝑐 +
𝜈𝜅

√2
(𝑐 + 𝑐†)

2
 

𝑐BT = (𝑐 + 𝑤𝑐
†)/√1 −𝑤2 
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𝐻 = 𝜔√1 − 𝜅‾𝑐BT
† 𝑐BT +

𝜔

2
√1 − 𝜅‾ −

𝜔

2
, 𝜅‾ =

𝜅

𝜅c
.  

|gs⟩ = |vac⟩𝑐BT  

𝑐BT = 𝑆
†(𝑐, 𝜎)𝑐𝑆(𝑐, 𝜎), 𝑆(𝑐, 𝜎) = exp (

𝜎∗

2
𝑐2 −

𝜎

2
(𝑐†)

2
)  

0 = 𝑆†(𝑐, 𝜎)𝑐|vac⟩𝑐 = 𝑆
†(𝑐, 𝜎)𝑆(𝑐, 𝜎)𝑐BT𝑆

†(𝑐, 𝜎)|vac⟩𝑐 = 𝑐BT𝑆
†(𝑐, 𝜎)|vac⟩𝑐 .  

|vac⟩𝑐BT = 𝑆
†(𝑐, 𝜎)|vac⟩𝑐 

𝐷(𝑐, 𝛽) = exp (𝛽𝑐† − 𝛽∗𝑐)  

𝑓(𝛽) = tr(𝜌gs𝐷(𝑐, 𝛽)) = exp (−
1

2

|𝛽 + 𝑤𝛽∗|

1 − 𝑤2
)  

𝑊(𝛼) =
1

𝜋2
∫ 
ℂ

 d𝛽𝑓(𝛽)e𝛽
∗𝛼−𝛼∗𝛽  

ℎ|↑↑↓↓⟩ = 𝜔𝒃|↑↑↓↓⟩
† 𝒃|↑↑↓↓⟩ +√2𝜅 (𝑏|↑↑↓↓⟩

‖
+ (𝑏|↑↑↓↓⟩

‖
)
†
) +𝜉 (𝑏|↑↑↓↓⟩

‖
+ (𝑏|↑↑↓↓⟩

‖
)
†
)
2

 +
𝜈𝜅

√2
(𝑏|↑↑↓↓⟩
⊥,1 + (𝑏|↑↑↓↓⟩

⊥,1 )
†
)
2

+
𝜈𝜅

√2
(𝑏|↑↑↓↓⟩

⊥,2 + (𝑏|↑↑↓↓⟩
⊥,2 )

†
)
2

.

 

𝑏|↑↑↓↓⟩
⊥,𝑗

⟨GS| (𝑏𝑠
⊥,𝑗
+ (𝑏𝑠

⊥,𝑗
)
†
) |GS⟩𝑏|↑↑↓↓⟩

‖
 

𝛿

𝑥0
=
1

√2
⟨gs|𝑏|↑↑↓↓⟩

‖
+ (𝑏|↑↑↓↓⟩

‖
)
†
|gs⟩,  

𝐻 = 𝜔𝑐†𝑐 + √2𝜅(𝑐 + 𝑐†) + 𝜉(𝑐 + 𝑐†)
2
, 𝑐 ≡ 𝑏|↑↑↓↓⟩

†  

𝐷†(𝑐BT, 𝜇)𝐻𝐷(𝑐BT, 𝜇) = 𝜔√1 − 𝜉‾𝑐BT
† 𝑐BT −

2𝜅2

𝜔

1

1 − 𝜉‾
+
𝜔

2
√1 − 𝜉‾ −

𝜔

2
 

|gs⟩ = 𝐷(𝑐BT, 𝜇)𝑆
†(𝑐, 𝜎)|vac⟩𝑐 = 𝐷(𝑆

†(𝑐, 𝜎)𝑐𝑆(𝑐, 𝜎), 𝜇)𝑆†(𝑐, 𝜎)|vac⟩𝑐 = 𝑆
†(𝑐, 𝜎)𝐷(𝑐, 𝜇)|vac⟩𝑐  

𝛿

𝑥0
=
1

√2
⟨vac|𝑐𝐷

†(𝑐, 𝜇)𝑆(𝑐, 𝜎)(𝑐 + 𝑐†)𝑆†(𝑐, 𝜎)𝐷(𝑐, 𝜇) ∣ vac⟩
𝑐
=
1

√2
⟨𝜇|𝑐𝑆(𝑐, 𝜎)(𝑐 + 𝑐

†)𝑆†(𝑐, 𝜎) ∣ 𝜇⟩
𝑐
 

𝑆†(𝜎, 𝑏) = 𝑆(−𝜎, 𝑏) 

𝛿

𝑥0
=
1

√2
⟨gs|(𝑐 + 𝑐†)|gs⟩ =

1

√2
√
1 −𝑤

1 +𝑤
⟨𝜇|𝑐(𝑐 + 𝑐

†) ∣ 𝜇⟩
𝑐
=
1

√2
√
1 − 𝑤

1 + 𝑤
(𝜇 + 𝜇∗)  

𝛿

𝑥0
= −

2𝜅

𝜔

1

1 − 𝜉‾
 



pág. 12542 

𝑅 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
1

2
−
1

2

1

2√3
−

1

2√3

1

√3
0

−
1

2√3
−

1

2√3
−
1

2
−
1

2
0

1

√3

−
1

2

1

2

1

2√3
−

1

2√3

1

√3
0

−
1

2√3
−

1

2√3

1

2

1

2
0

1

√3

0 0 −
1

√3

1

√3

1

√3
0

1

√3

1

√3
0 0 0

1

√3]
 
 
 
 
 
 
 
 
 
 
 
 
 

.  

𝐾 = [
𝐾(2,1) + 𝐾(3,1) −𝐾(2,1) −𝐾(3,1)

−𝐾(2,1) 𝐾(2,1) + 𝐾(3,2) −𝐾(3,2)

−𝐾(3,1) −𝐾(3,2) 𝐾(3,1) + 𝐾(3,2)
]  

𝒂 = (𝑎𝑥
(1)
, 𝑎𝑦
(1)
, 𝑎𝑥
(2)
, 𝑎𝑦
(2)
, 𝑎𝑥
(3)
, 𝑎𝑦
(3)
)
T

 

| ↑↓↓⟩ ⊗ |vac⟩𝒃, | ↓↑↓⟩ ⊗ |vac⟩𝒃, | ↓↓↑⟩ ⊗ |vac⟩𝒃.  

| ↑↑↓⟩ ⊗ |𝑔𝑠⟩↑↑↓, | ↓↑↑⟩ ⊗ |𝑔𝑠⟩↓↑↑, | ↑↓↑⟩ ⊗ |𝑔𝑠⟩↑↓↑,  

ℎ|↑↑↓⟩ = 𝜔𝒃
†𝒃 + √2𝜅 (𝑏|↑↑↓⟩

‖
+ (𝑏|↑↑↓⟩

‖
)
†
) + 𝜉 (𝑏|↑↑↓⟩

‖
+ (𝑏|↑↑↓⟩

‖
)
†
)
2

+
𝜈𝜅

√2
(𝑏|↑↑↓⟩

⊥ + (𝑏|↑↑↓⟩
⊥ )

†
)
2

,  

𝑏|↑↑↓⟩
‖

=
1

√2
(𝑏1 − 𝑏2) =

1

√2
(𝑎𝑥
(1)
− 𝑎𝑥

(2)
) , 𝑏|↑↑↓⟩

⊥ =
1

√2
(𝑏3 + 𝑏4) = −

1

√2
(𝑎𝑦

(1)
− 𝑎𝑦

(2)
) .  

𝜀3 = −
2𝜅2

𝜔2
1

1 − 𝜉‾
+
1

2
√1 − 𝜉‾ +

1

2
√1 − 𝜅‾ − 1  

(𝜔 + 2𝛾)|𝑣|2 + 𝛾(1 − 𝑢𝑣∗ − 𝑢∗𝑣)  

𝑞𝑖 = 𝑥0(𝑏𝑖 + 𝑏𝑖
†)/√2, 𝑖 = 1,2,3,4 

𝐻3 =Ω∑  

𝑠𝑠′

 𝐵𝑠𝑠′|𝑠⟩⟨𝑠
′| +

𝜔

2
[
𝒒2

𝑥0
2 + 𝑥0

2𝒑2]

+| ↑↑↓⟩⟨↑↑↓ | [
√2𝜅

𝑥0
(𝑞1 − 𝑞2) +

𝜉

𝑥0
2
(𝑞1 − 𝑞2)

2 +
𝜈𝜅

√2𝑥0
2
(𝑞3 + 𝑞4)

2]  

 +| ↓↑↑⟩⟨↓↑↑ | [
√2𝜅

𝑥0
(𝑞1 +

1

2
𝑞2 −

√3

2
𝑞3) +

𝜉

𝑥0
2 (𝑞1 +

1

2
𝑞2 −

√3

2
𝑞3)

2

+
𝜈𝜅

√2𝑥0
2
(
√3

2
𝑞2 +

1

2
𝑞3 − 𝑞4)

2

]

 +| ↑↓↑⟩⟨↑↓ | [
√2𝜅

𝑥0
(𝑞1 +

1

2
𝑞2 +

√3

2
𝑞3) +

𝜉

𝑥0
2 (𝑞1 +

1

2
𝑞2 +

√3

2
𝑞3)

2

+
𝜈𝜅

√2𝑥0
2
(−

√3

2
𝑞2 +

1

2
𝑞3 − 𝑞4)

2

] .

 

𝐸GS,3
BO = −

2𝜅2

𝜔

1

1 − 𝜉‾
 

𝐸BO(Ω; 𝑞1, 𝑞2, 𝑞3 = 0, 𝑞4 = 0) 
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𝐻 =∑ 

𝑁

𝑖=1

 𝑚𝑖 + 𝐸 +𝐻𝑠𝑠  

𝐻𝑠𝑠 =∑ 

𝑖<𝑗

 2𝜅𝑖𝑗(𝑠𝑖 ⋅ 𝑠𝑗)  

𝐻𝑡 = 𝐻ℎ +𝐻𝑙  

𝐻ℎ = ∑  

heavy 

 
𝑝𝑄
2

2𝑚𝑄
+ 𝑉(𝒙𝑨, 𝒙𝑩)  

𝐻𝑙 = ∑  

light 

 
𝑝𝑞
2

2𝑚𝑞
+ 𝑉(𝒙𝑨, 𝒙𝑩; 𝒙𝟏, 𝒙𝟐)  

Ψ = 𝜓(𝒙𝑨, 𝒙𝑩)𝑓(𝒙𝑨, 𝒙𝑩; 𝒙𝟏, 𝒙𝟐),  

𝜓 = 𝜓(𝒙𝑨, 𝒙𝑩) 

𝑓 = 𝑓(𝒙𝑨, 𝒙𝑩; 𝒙𝟏, 𝒙𝟐) 

( ∑  

heavy 

 
𝑝𝑄
2

2𝑚𝑄
+ 𝑉BO(𝒙𝑨, 𝒙𝑩))𝜓 = 𝐸𝜓,  

𝑉BO(𝒙𝑨, 𝒙𝑩) = 𝐸𝑙(𝒙𝑨, 𝒙𝑩) + 𝑉(𝒙𝑨, 𝒙𝑩).  

𝐸𝑙 = 𝐸𝑙(𝒙𝑨, 𝒙𝑩) 

𝐻𝑙𝑓 = 𝐸𝑙𝑓  

𝑉(𝒙𝑨, 𝒙𝑩) = 𝜆𝑄1𝑄2
𝛼𝑠
𝑟𝐴𝐵

+ 𝑉conf  

𝑉conf = 𝑘 × (𝑟𝐴𝐵 − 𝑅0) × 𝜃(𝑟𝐴𝐵 − 𝑅0)  
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𝑟𝐴𝐵 = |𝒓𝑨𝑩| = |𝒙𝑩 − 𝒙𝑨| 

𝜇1 = |(𝑄1𝑄2)0
3(𝑞)1

2

3⟩ ,

𝜇2 = |(𝑄1𝑄2)1
3(𝑞)1

2

3⟩ .

 

𝜈1 = |(𝑄1𝑄2)1
3(𝑞)1

2

3⟩ .  

(|(𝑄1𝑄2)(𝑞‾3𝑞‾4)⟩)(|(𝑄1𝑞‾3)(𝑄2𝑞‾4)⟩|(𝑄1𝑞‾4)(𝑄2𝑞‾3)⟩) 

3⊗ 3 → 3⊕ 6 and 3⊗ 3 → 3⊕ 6 

|(𝑄1𝑄2)
3(𝑞‾3𝑞‾4)

3⟩ |(𝑄1𝑄2)
6(𝑞‾3𝑞‾4)

6⟩ 

|(𝑄1𝑄2)
3(𝑞‾3𝑞‾4)

3⟩ 

𝛼1 = |(𝑄1𝑄2)0
3(𝑞‾3𝑞‾4)0

3⟩ 𝛿12
𝑆 𝛿34

𝑆

𝛼2 = |(𝑄1𝑄2)1
3(𝑞‾3𝑞‾4)1

3⟩ 𝛿12
𝐴 𝛿34

𝐴
 

𝛽1 = |(𝑄1𝑄2)0
3(𝑞‾3𝑞‾4)1

3⟩ 𝛿12
𝑆 𝛿34

𝐴

𝛽2 = |(𝑄1𝑄2)1
3(𝑞‾3𝑞‾4)0

3⟩ 𝛿12
𝐴 𝛿34

𝑆

𝛽3 = |(𝑄1𝑄2)1
3(𝑞‾3𝑞‾4)1

3⟩ 𝛿12
𝐴 𝛿34

𝐴

 

𝛾1 = |(𝑄1𝑄2)1
3(𝑞‾3𝑞‾4)1

3⟩ 𝛿12
𝐴 𝛿34

𝐴  

|(𝑄1𝑄2)
6(𝑞‾3𝑞‾4)

6⟩ 

𝛼3 = |(𝑄1𝑄2)0
6(𝑞‾3𝑞‾4)0

6⟩ 𝛿12
𝐴 𝛿34

𝐴 ,

𝛼4 = |(𝑄1𝑄2)1
6(𝑞‾3𝑞‾4)1

6⟩ 𝛿12
𝑆 𝛿34

𝑆 .
 

𝛽4 = |(𝑄1𝑄2)0
6(𝑞‾3𝑞‾4)1

6⟩ 𝛿12
𝐴 𝛿34

𝑆 ,

𝛽5 = |(𝑄1𝑄2)1
6(𝑞‾3𝑞‾4)0

6⟩ 𝛿12
𝑆 𝛿34

𝐴 ,

𝛽6 = |(𝑄1𝑄2)1
6(𝑞‾3𝑞‾4)1

6⟩ 𝛿12
𝑆 𝛿34

𝑆 .

 

𝛾2 = |(𝑄1𝑄2)1
6(𝑞‾3𝑞‾4)1

6⟩ 𝛿12
𝑆 𝛿34

𝑆 .  

𝛼𝑠(𝜇) =
𝛼0

ln (
𝜇2 + 𝜇0

2

Λ0
2 )

,
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𝑉𝑡 = 𝑉(𝒙𝑨, 𝒙𝑩) + 𝑉(𝒙𝑨, 𝒙𝑩; 𝒙),  

𝑉(𝒙𝑨, 𝒙𝑩) = −
2

3

𝛼𝑠
𝑟𝐴𝐵

+ 𝑉conf,  

𝑉(𝒙𝑨, 𝒙𝑩; 𝒙) = −
2

3

𝛼𝑠
′

𝑟𝐴
−
2

3

𝛼𝑠
′

𝑟𝐵
.  

𝐻𝑙 = −
1

2𝑚𝑞
∇2 −

2

3

𝛼𝑠
′

𝑟𝐴
−
2

3

𝛼𝑠
′

𝑟𝐵
.  

𝑅(𝑟) =
𝐴
3
2

√𝜋
𝑒−𝐴𝑟,  

𝑓 =
𝑅(𝑟𝐴) + 𝑅(𝑟𝐵)

√2(1 + 𝒥)
,  

𝒥 = ∫  𝑅(𝑟𝐴)𝑅(𝑟𝐵)𝑑𝜏  

𝐸𝑙 =
⟨𝑅(𝑟𝐴), 𝐻𝑙𝑅(𝑟𝐴)⟩ + ⟨𝑅(𝑟𝐵),𝐻𝑙𝑅(𝑟𝐴)⟩

1 + 𝒥
,  

⟨𝑅(𝑟𝐵),𝐻𝑙𝑅(𝑟𝐴)⟩  = (
𝐴

𝑚𝑞
−
4

3
𝛼𝑠
′) ℐ −

𝐴2

2𝑚𝑞
𝒥

⟨𝑅(𝑟𝐴), 𝐻𝑙𝑅(𝑟𝐴)⟩  =
𝐴2

2𝑚𝑞
−
2𝐴

3
𝛼𝑠
′ −

2

3
𝛼𝑠
′𝒦

 

ℐ = ∫  
𝑅(𝑟𝐴)𝑅(𝑟𝐵)

𝑟𝐴
𝑑𝜏 = ∫  

𝑅(𝑟𝐴)𝑅(𝑟𝐵)

𝑟𝐵
𝑑𝜏

𝒦 = ∫  
𝑅2(𝑟𝐴)

𝑟𝐵
𝑑𝜏 = ∫  

𝑅2(𝑟𝐵)

𝑟𝐴
𝑑𝜏

 

𝑉BO(𝑟𝐴𝐵) = −
2

3

𝛼𝑠
𝑟𝐴𝐵

+ 𝑉conf + 𝐸𝑙 .  

𝑀(Ξ𝑐𝑐
++)1

2
+
= 2𝑚𝑐 +𝑚𝑛 + 𝐸 +

1

2
(𝜅𝑐𝑐)

3 − 2(𝜅𝑛𝑐)
3.  

𝐸 = 19.7MeV,𝑅0 = 4.12GeV
−1.  

 

|(𝑄1𝑄2)
3(𝑞‾3𝑞‾4)

3⟩𝑄1𝑄2𝑞‾3𝑞‾4(𝑄1𝑄2)
3(𝑞‾3𝑞‾4)

33⊗ 3 → 1 

𝑉𝑡 = 𝑉(𝒙𝑨, 𝒙𝑩) + 𝑉(𝒙𝑨, 𝒙𝑩; 𝒙𝟏, 𝒙𝟐),  

𝑉(𝒙𝑨, 𝒙𝑩) = −
2

3

𝛼𝑠
𝑟𝐴𝐵

+ 𝑉conf  
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𝑉(𝒙𝑨, 𝒙𝑩; 𝒙𝟏, 𝒙𝟐) =−
2

3

𝛼𝑠
′′

𝑟12
−
1

3

𝛼𝑠
′

𝑟𝐴1
−
1

3

𝛼𝑠
′

𝑟𝐴2
 

 −
1

3

𝛼𝑠
′

𝑟𝐵1
−
1

3

𝛼𝑠
′

𝑟𝐵2

 

𝐻𝑞‾3 = −
1

2𝑚𝑞‾3
∇2 −

1

3

𝛼𝑠
′

𝑟𝐴1
−
1

3

𝛼𝑠
′

𝑟𝐵1
 

𝑓𝑞‾3 =
𝑅(𝑟𝐴1) + 𝑅(𝑟𝐵1)

√2(1 + 𝒥)
.  

𝐸𝑞‾3 =
⟨𝑅(𝑟𝐴1),𝐻𝑞‾3𝑅(𝑟𝐴1)⟩ + ⟨𝑅(𝑟𝐵1),𝐻𝑞‾3𝑅(𝑟𝐴1)⟩

1 + 𝒥
,  

⟨𝑅(𝑟𝐵1),𝐻𝑞‾3𝑅(𝑟𝐴1)⟩  = (
𝐴

𝑚𝑞‾3
−
2

3
𝛼𝑠
′) ℐ −

𝐴2

2𝑚𝑞‾3
𝒥,

⟨𝑅(𝑟𝐴1), 𝐻𝑞‾3𝑅(𝑟𝐴1)⟩  =
𝐴2

2𝑚𝑞‾3
−
𝐴

3
𝛼𝑠
′ −

1

3
𝛼𝑠
′𝒦.

 

𝐻pert = −
2

3

𝛼𝑠
′′

𝑟12
.  

𝑓 =
𝑓(3,4)

√𝒩
=
𝑓𝑞‾3𝑓𝑞‾4

√𝒩
,  

𝒩 = ∫  
∞

−∞

  |𝑓(3,4)|2𝑑𝜏  

Δ𝐸 = ⟨𝑓|𝐻pert |𝑓⟩.  

|(𝑄1𝑄2)
3(𝑞‾3𝑞‾4)

3⟩ 

𝑉BO(𝑟𝐴𝐵) = −
2

3

𝛼𝑠
𝑟𝐴𝐵

+ 𝑉conf + 𝐸𝑙 ,  

𝐸𝑙 = 𝐸𝑞‾3 + 𝐸𝑞‾4 + Δ𝐸.  

|(𝑄1𝑄2)
6(𝑞‾3𝑞‾4)

6⟩ 

(𝑞‾3𝑞‾4)
6 6⊗ 6 → 1 

|(𝑄1𝑄2)
3(𝑞‾3𝑞‾4)

3⟩ 

⟨𝐻𝑠𝑠⟩ =
1

2
(𝜅𝑐𝑐)

3 −
3

2
(𝜅𝑛𝑛)

3 = −150.8MeV.  

⟨𝐻𝑠𝑠⟩ =
3

4
(𝜅𝑐𝑐)

3 −
1

4
(𝜅𝑛𝑛)

3 = −20.2MeV.  

𝐸 = 75.6MeV,𝑅0 = 2.95GeV
−1.  
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𝐸 = −54.9MeV,𝑅0 = 5.25GeV
−1  

|(𝑐𝑐)0
6(𝑢‾𝑑‾)1

6⟩ 

𝐻𝑚𝑜𝑙 = −∑ 

𝑁

𝑗=1

 
1

2
Δ𝑥𝑗 −∑ 

𝑀

𝑗=1

 
1

2𝑚𝑗
Δ𝑦𝑗 + 𝑉𝑒(𝑥) + 𝑉𝑒𝑛(𝑥, 𝑦) + 𝑉𝑛(𝑦),  

𝑥 = (𝑥1, … , 𝑥𝑁) ∈ ℝ
3𝑁 

𝑦 = (𝑦1, … , 𝑦𝑀) ∈ ℝ
3𝑀 

𝐿p.sym 
2 (ℝ3(𝑁+𝑀))𝐿2(ℝ3(𝑁+𝑀)) 

𝐻𝑏𝑜(𝑦) = −∑ 

𝑁

𝑗=1

 
1

2
Δ𝑥𝑗 + 𝑉𝑒(⋅) + 𝑉𝑒𝑛(⋅, 𝑦) + 𝑉𝑛(𝑦),  on 𝐿𝑥2 = 𝐿sym 

2 (ℝ3𝑁),  

𝐾 = −∑  

𝑀

𝑗=1

 
1

2𝑚𝑗
Δ𝑦𝑗 + 𝐸(𝑦),  on 𝐿𝑦2 = 𝐿2(ℝ3𝑀).  

{
𝑖𝜕𝑠Ψ = 𝐻𝑚𝑜𝑙Ψ,

Ψ|𝑠=0 = Ψ0,
 

Ψ0 ∈ 𝐿sym 
2 (ℝ3(𝑁+𝑀)) 

{
𝑖𝜕𝑠𝜓 = 𝐾𝜓,

𝜓|𝑠=0 = 𝜓0 ∈ 𝐿𝑦
2 .
  in 𝐿𝑦2 ,  

𝜅2: =
𝑚𝑒

min
𝑗
 𝑚𝑗

=
1

min
𝑗
 𝑚𝑗
,  

{
𝑖𝜅𝜕𝑡Ψ = 𝐻𝑚𝑜𝑙Ψ,  in 𝐿𝑥,𝑦2

Ψ|𝑡=0 = Ψ0 ∈ 𝐿𝑥,𝑦
2  

ℋ = 𝐿2(ℝ𝑚,ℋ𝑒𝑙) 

Ψ = ∫  
⊕

ℝ𝑚
 Ψ(𝑦)𝑑𝑦  

⟨Ψ,Φ⟩ = ∫  
ℝ𝑚
  ⟨Ψ(𝑦),Φ(𝑦)⟩ℋ𝑒𝑙

𝑑𝑦,Ψ,Φ ∈ ℋ  

ℋ = ∫  
⊕

ℝ𝑚
 ℋ𝑒𝑙𝑑𝑦  

(𝐴Ψ)(𝑦) = 𝐴(𝑦)Ψ(𝑦), 𝑦 ∈ ℝ𝑚, Ψ ∈ ℋ  

𝐴 = ∫  
⊕

ℝ𝑚
 𝐴(𝑦)𝑑𝑦  
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𝐻𝜅 = −𝜅
2Δ𝑦 +𝐻𝑏𝑜,  with 𝐻𝑏𝑜 = ∫  

⊕

ℝ𝑚
 𝐻(𝑦)𝑑𝑦  

{
𝑖𝜅𝜕𝑡Ψ = 𝐻𝜅Ψ,  in ℋ,
Ψ|𝑡=0 = Ψ0 ∈ ℋ.

 

𝑡 ↦ Ψ(𝑡) = ∫  
⊕

ℝ𝑚
Ψ(𝑦, 𝑡)𝑑𝑦 

𝑓(𝑦, 𝑡): = ⟨𝜓∘(𝑦),Ψ(𝑦, 𝑡)⟩ℋ𝑒𝑙
.  

{
𝑖𝜅𝜕𝑡𝑓 = ℎeff

𝜅 𝑓

𝑓|𝑡=0 = 𝑓0 ∈ 𝐿𝑦
2  

𝑓 ∈ 𝐶(ℝ, 𝐿2(ℝ𝑚)) 

𝑈𝑡 = 𝑒
−𝑖𝐻𝜅𝑡/𝜅  

𝑇 = −𝜅2Δ𝑦,  in ℝ𝑚  

(𝜓∘𝑓)(𝑦) = 𝜓∘(𝑦)𝑓(𝑦) and ⟨𝑡⟩ = (1 + |𝑡|2)1/2 

𝐹:𝐻𝜅,𝑦
𝑠 ℋ𝑒𝑙 → 𝐻𝜅,𝑦

𝑠′ ℋ𝑒𝑙 is 𝑂ℒ
𝑠,𝑠′
(𝑎) 

‖𝐹𝜙‖𝐻𝑘,𝑦
𝑠 ℋ𝑒𝑙 ≤ 𝐶‖𝜙‖𝐻𝑘,𝑦

𝑠′ ℋ𝑒𝑙
, ∀𝜙 ∈ 𝐻𝑘,𝑦

𝑠 ℋ𝑒𝑙 .  

𝑈𝑡𝜓∘𝑓 = 𝜓∘(𝑒
−𝑖ℎeff𝑡/𝜅𝑓) + 𝑂ℒ2,0(𝜅⟨𝑡⟩

3)  

ℎeff = 𝑇 + 𝐸 + 𝜅
2𝑣  

𝑣(𝑦): =
1

2
‖∇𝑦𝜓∘‖ℋ𝑒𝑙

2
.  

𝑂ℒ2,0(𝜅⟨𝑡⟩
3)Ψ(𝑡) = 𝜓∘𝑓(𝑡) 

𝑖𝜅𝜕𝑡𝑓 = ℎeff𝑓,  𝑓|𝑡=0 = 𝑓0  

𝑅‾ = 𝑃‾((𝐻bo − 𝐸)|Ran𝑃‾)
−1𝑃‾,  

𝑃 = ∫  
⊕

ℝ𝑚
𝑃(𝑦)𝑑𝑦 

𝐻‾ = 𝑃‾𝐻𝜅𝑃‾,  

𝑈‾𝑡 = 𝑒
−𝑖𝐻‾ 𝑡/𝜅 , 𝑡 ∈ ℝ.  

𝑄𝑃: 𝐶(𝐼, 𝐿𝑦
2 ) → 𝐶(𝐼,ℋ) 

(𝑄𝑃𝑓)(𝑡):= 𝜓∘𝑓(𝑡) −
𝑖

𝜅
∫  
𝑡

0

 𝑈‾𝑡−𝑠𝑃‾𝐻𝜅𝑃𝜓∘𝑓(𝑠)𝑑𝑠, 𝑡 ∈ 𝐼  

𝑓(𝑡)(𝑦) = 𝑓(𝑦, 𝑡) 
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Ψ(𝑡)(𝑦) = Ψ(𝑦, 𝑡) ∈ ℋ𝑒𝑙 

Ψ0 = 𝜓∘𝑓0 

ℋ = 𝐿2(ℝ𝑚,ℋ𝑒𝑙) 

𝑓(𝑡): = ⟨𝜓∘, Ψ(𝑡)⟩ℋ𝑒𝑙
 

𝑖𝜅𝜕𝑓 = ℎeff
𝜅 𝑓, 𝑓(0) = 𝑓0  

ℎeff
𝜅 = 𝑇 + 𝐸 + 𝜅2𝑣 + 𝑤𝜅 ,  

𝑓 ∈ 𝐶(ℝ, 𝐿2(ℝ𝑚)) 

𝑤𝜅[𝑓](𝑡) = −
𝑖

𝜅
∫  
𝑡

0

  ⟨𝜓∘, 𝑃𝑇𝑃‾𝑈‾𝑡−𝑠𝑃‾𝑇𝑃𝜓∘𝑓(𝑠)⟩ℋ𝑒𝑙
𝑑𝑠  

𝑄𝑃𝑓(0) = 𝜓∘𝑓0 

 
𝑓0 ∈ 𝐻𝜅,𝑦

𝑠+2𝑛 

𝐵𝜏
𝑠+2𝑛+2:= 𝐿∞(0, 𝜏; 𝐻𝜅,𝑦

𝑠+2𝑛+2) 

𝑤𝜅[𝑓](𝑡) = ∑  

𝑛−1

𝑗=1

  (−𝑖𝜅)𝑗+1(𝑤𝑗𝑓(𝑡) − 𝑤̃𝑗(𝑡)𝑓0) + (−𝑖𝜅)
𝑛+1𝑤𝑛

𝜅[𝑓](𝑡),  

‖𝑤𝑗𝑢‖𝐻𝜅,𝑦𝑠
≲ ‖𝑢‖

𝐻𝜅,𝑦
𝑠+𝑗+1 , ∀𝑢 ∈ 𝐻𝜅,𝑦

𝑠+𝑗+1
 

‖𝑤̃𝑗(𝑡)𝑢‖𝐻𝜅,𝑦𝑠
≲ 𝑒𝐶𝜏‖𝑢‖

𝐻𝜅,𝑦
𝑠+2𝑗 , ∀𝑢 ∈ 𝐻𝜅,𝑦

𝑠+2𝑗
, 0 ≤ 𝑡 ≤ 𝜏  

‖𝑤𝑛
𝜅[𝑓](𝑡)‖𝐻𝜅,𝑦𝑠 ≲ 𝑒𝐶𝜏 (‖𝑓‖𝐵𝜏𝑠+2𝑛+2 + ‖𝑓0‖𝐻𝜅,𝑦𝑠+2𝑛) , 0 ≤ 𝑡 ≤ 𝜏  

Ψ(𝑡) = 𝑄𝑃𝑓(𝑡) + 𝑂ℒ7,0(𝜅
2𝑒𝐶𝑡)  

ℋ = 𝐿2(ℝ𝑚,ℋ𝑒𝑙) 

Ψ(0) = 𝜓∘𝑓0 

𝑓0 ∈ 𝐻𝜅,𝑦
7  

𝜅0 = 𝜅0 (𝛿,𝑚, ‖∇𝑦𝑗𝐻𝑏𝑜‖ ,… , ‖∇𝑦𝑘𝜓∘‖,… ) 

‖Ψ(𝑡) − 𝑄𝑃𝑓(𝑡)‖ ⩽ 𝜅
2𝐶𝑒𝐶𝜏‖𝑓0‖𝐻𝜅,𝑦7 , 0 ⩽ 𝑡 ≤ 𝜏  

𝑖𝜅𝜕𝑡𝑓̃ = ℎeff
(2)
𝑓̃, ℎeff

(2)
:= 𝑇 + 𝐸 + 𝜅2𝑣 − 𝜅2𝑤1,  

𝑓|
𝑡=0

= 𝑓0 

𝑤1 = −
1

𝜅2
⟨𝜓∘, 𝑃𝑇𝑃‾𝑅‾𝑃‾𝑇𝑃𝜓∘⟩ℋ𝑒𝑙

, 𝑤1 = 𝑂ℒ𝑠+2,𝑠(1)  
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𝐷𝑦: = −𝑖𝜅𝜕𝑦, 𝐷
𝛼 =∏ 

𝑚

𝑗=1

 𝐷𝑦𝑗
𝛼𝑗

 

𝜕𝑦
𝛼 = 𝜕𝑦1

𝛼1 …𝜕𝑦𝑚
𝛼𝑚 

𝛼 = (𝛼1, … , 𝛼𝑚) ∈ ℕ
𝑚 

|𝛼| =∑  

𝑚

𝑗=1

𝛼𝑗 

𝐿𝑦
2 ≡ 𝐿2(ℝ𝑚) 

𝐻𝜅,𝑦
𝑠 = {𝜙 ∈ 𝐿2(ℝ𝑚): ‖𝜙‖𝐻𝑦

𝑠,𝜅
2 = ∑  

|𝛼|=𝑠

 ‖𝐷𝑦
𝛼𝜙‖

𝐿𝑦
2

2
+ ‖𝜙‖𝐿𝑦2

2 < ∞}  

⟨𝜙, (𝐻(𝑦) + 𝛾)𝜙⟩ ≥ 𝛾‖𝜙‖2, 𝜙 ∈ ℋ  

‖𝜕𝑦
𝛼𝐻(𝑦)‖

ℒ(ℋ𝑒𝑙)
⩽ 𝐶(𝛼), ∀𝛼 with 1 ⩽ |𝛼| ⩽ 𝑘𝐴 and 𝑦 ∈ ℝ𝑚  

𝒟(𝐻𝜅) = 𝐻𝑦
2,𝜅⊗ℋ𝑒𝑙 ∩ 𝐿𝑦

2 ⊗𝒟∘  

𝐻(𝑦)𝜓∘(𝑦) = 𝐸(𝑦)𝜓∘(𝑦), ‖𝜓∘(𝑦)‖ℋ𝑒𝑙
= 1, ∀𝑦 ∈ ℝ𝑚  

(𝑃Ψ)(𝑦) = 𝜓∘(𝑦)⟨𝜓∘(𝑦),Ψ(𝑦)⟩ℋ𝑒𝑙
.  

ℋ = 𝐿2(ℝ𝑚,ℋel ) 

𝜓∘⊗𝐿𝑦
2  

inf
𝑦∈ℝ𝑚

 {|𝜉 − 𝐸(𝑦)|; 𝜉 ∈ 𝜎(𝐻(𝑦)) ∖ {𝐸(𝑦)}} ⩾ 𝛿 > 0  

𝐿2(ℝ3(𝑀+𝑁))𝐿2(ℝ3𝑀,ℋ𝑒𝑙)ℋ𝑒𝑙 = 𝐿
2(ℝ3𝑁) 

𝐻𝑚𝑜𝑙 = 𝑇 + 𝐻bo,  with  𝐻𝑏𝑜 = ∫  
⊕

ℝ3𝑀
 𝐻(𝑦)𝑑𝑦  

ℋ𝑒𝑙 = 𝐿𝑥
2 ≡ 𝐿2(ℝ3𝑁)𝐿𝑦

2  

𝐻(𝑦) = −∑  

𝑁

𝑗=1

 
1

2
Δ𝑥𝑗 + 𝑉𝑒(𝑥) + 𝑉𝑒𝑛(𝑥, 𝑦) + 𝑉𝑛(𝑦)

𝑇 = −∑  

𝑀

𝑗=1

 
1

2𝑚𝑗
Δ𝑦𝑗 = −𝜅

2∑ 

𝑀

𝑗=1

 
1

2𝑚𝑗
′ Δ𝑦𝑗 ,𝑚𝑗

′ = 𝜅2𝑚𝑗 =
𝑚𝑗

min
𝑘
 𝑚𝑘

 

(𝑦, 𝑦̃) = 2∑  

𝑀

𝑗=1

 𝑚𝑗
′𝑦𝑗 ⋅ 𝑦̃𝑗  

𝑇 = −𝜅2Δ𝑦,  



pág. 12551 

𝑉𝑒(𝑥) = ∑  

𝑁−1

𝑖=1

  ∑  

𝑁

𝑗=𝑖+1

 
𝑒2

|𝑥𝑖 − 𝑥𝑗|
.  

𝜌 ∈ 𝐶𝑐
∞(ℝ3), 𝜌 ⩾ 0 

𝑉𝑛(𝑦) = ∑  

𝑀−1

𝑖=1

  ∑  

𝑀

𝑗=𝑖+1

 ∫  
ℝ6
 
𝑒2𝑍𝑖𝑍𝑗𝜌(𝑧 − 𝑦𝑖)𝜌(𝑧

′ − 𝑦𝑗)

|𝑧 − 𝑧′|
𝑑𝑧𝑑𝑧′  

𝑉𝑒𝑛(𝑥, 𝑦) = −∑  

𝑀

𝑖=1

 ∑  

𝑁

𝑗=1

 ∫  
ℝ3
 
𝑒2𝑍𝑖𝜌(𝑧 − 𝑦𝑖)

|𝑧 − 𝑥𝑗|
𝑑𝑧.  

𝑥 ↦ 𝑉𝑒𝑛(𝑥,⋅) 

𝑉𝑒𝑛(𝑥,⋅) ∈ 𝐿𝑦
∞ 

𝑥 ∈ ℝ3𝑁 

 
𝑚 = 3𝑀 and ℋ𝑒𝑙 = 𝐿

2(ℝ3𝑁) 

ℎeff = 𝑇 + 𝐸 + 𝜅
2𝑣 

𝑣(𝑦):=
1

2
‖∇𝑦𝜓∘‖ℋ𝑒𝑙

2
 

Ψ0 = 𝜓∘𝑓0 

Ψ = Ψ(𝑡)𝐿2(ℝ3(𝑁+𝑀))Ψ(0) = Ψ0 

𝑓(𝑡):= ⟨𝜓∘, Ψ(𝑡)⟩𝐿𝑥2  

𝑓0 ∈ 𝐻𝜅,𝑦
𝑠+2𝑛𝐵𝜏

𝑠+2𝑛+2 

𝑓0 ∈ 𝐻𝜅,𝑦
𝑠+7 

𝑎𝜅0 = 𝜅0 (𝛿,𝑀, ‖∇𝑦𝑗𝑉‖ ,… , ‖∇𝑦𝑘𝜓∘‖,… ) > 0 

𝜕𝑦
𝛼𝐻(𝑦) = 𝜕𝑦

𝛼(𝑉𝑛(𝑦) + 𝑉𝑒𝑛(𝑥, 𝑦))  

𝑅‾ = 𝑃‾{(𝐻bo − 𝐸)|Ran𝑃‾}
−1𝑃‾  

𝐿𝑦
2 = 𝐿2(ℝ𝑚) and ℋ = 𝐿2(ℝ𝑚,ℋ𝑒𝑙) = 𝐿𝑦

2ℋ𝑒𝑙 

𝐻𝜅,𝑦
𝑠 ℋ𝑒𝑙 = 𝐻𝜅,𝑦

𝑠 (ℝ𝑚) ⊗ℋ𝑒𝑙 = 𝐻𝜅,𝑦
𝑠 (ℝ𝑚,ℋ𝑒𝑙),  

ℒ𝑟,𝑠 = ℒ(𝐻𝑦
𝑟,𝜅ℋ𝑒𝑙 , 𝐻𝜅,𝑦

𝑠 ℋ𝑒𝑙) 

 

𝐵𝑇
𝑠 = 𝐿∞(0, 𝑇;𝐻𝜅,𝑦

𝑠 ) 

‖𝑔‖𝐵𝑇
𝑠 = sup

𝑡∈[0,𝑇]
 ‖𝑔(𝑡)‖𝐻𝜅,𝑦𝑠 .  
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𝑈𝑡𝑃 = 𝑈𝑡
𝑃𝑃 + 𝑂ℒ2,0(𝜅⟨𝑡⟩

3)  

𝑈𝑡
𝑃 = 𝑒−𝑖𝐻

𝑃𝑡/𝜅 and 𝐻𝑃 = 𝑃𝐻𝑃, so 𝐻𝑃(𝜙𝑓) = 𝜙(ℎeff𝑓) 

𝑈𝑡𝐽 = 𝐽𝑈̃𝑡 + 𝑂ℒ2,0(𝜅⟨𝑡⟩
3)  

𝐽: 𝜓∘⊗𝑓 ↦ 𝜓∘𝑓 and 𝑈̃𝑡 = 𝑒−𝑖𝐻̃𝑡/𝜅 with 𝐻̃(𝜓 ∘⊗ 𝑓) = 𝜓∘⊗ℎeff𝑓, i.e., 𝐻̃ = 1⊗ ℎeff 

𝑣 = ‖∇𝑦𝜓∘‖ℋ𝑒𝑙

2
−
𝑖

𝜅
∑  

𝑚

𝑗=1

  (𝑎𝑗𝐷𝑦𝑗 + 𝐷𝑦𝑗𝑎𝑗) ,  

𝑎𝑗: = ⟨𝜓∘, ∇𝑦𝑗𝜓∘⟩
ℋ𝑒𝑙

 

Re⟨𝜓∘, ∇𝑦𝜓∘⟩ℋ𝑒𝑙
=
1

2
∇𝑦‖𝜓∘‖ℋ𝑒𝑙

2 = 0  

𝑅‾ = 𝑃‾{(𝐻bo − 𝐸)|Ran𝑃‾}
−1𝑃‾ 

𝑒𝐴𝑡 = 𝜕𝑡(𝑒
𝐴𝑡(𝐴 − 𝐵)−1𝑒−𝐵𝑡)𝑒𝐵𝑡 − 𝑒𝐴𝑡𝑆  

𝑆 = (𝐴 − 𝐵)−1[𝐴, 𝐵](𝐴 − 𝐵)−1  

𝑒𝐷𝑡 = 𝜕𝑡(𝐷
−1𝑒𝐷𝑡) 

𝜕𝑡(𝑒
𝐴𝑡(𝐴 − 𝐵)−1𝑒−𝐵𝑡)= 𝑒𝐴𝑡𝐴(𝐴 − 𝐵)−1𝑒−𝐵𝑡 − 𝑒𝐴𝑡(𝐴 − 𝐵)−1𝐵𝑒−𝐵𝑡 

 = 𝑒𝐴𝑡𝑒−𝐵𝑡 + 𝑒𝐴𝑡[𝐴, (𝐴 − 𝐵)−1]𝑒−𝐵𝑡
 

𝑆 = [(𝐴 − 𝐵)−1, 𝐴] 

1 = (𝐴 − 𝐵)(𝐴 − 𝐵)−1 and 1 = (𝐴 − 𝐵)−1(𝐴 − 𝐵) 

[(𝐴 − 𝐵)−1, 𝐴]= (𝐴 − 𝐵)−1[𝐴, 𝐴 − 𝐵](𝐴 − 𝐵)−1  

 = −(𝐴 − 𝐵)−1[𝐴, 𝐵](𝐴 − 𝐵)−1 =:−𝑆
 

∫  
𝑡

0

 𝐺𝑠𝑒
𝐴𝑠𝐹𝑠𝑑𝑠 =𝐺𝑠𝑒

𝐴𝑠𝑅𝐹𝑠|𝑠=0
𝑠=𝑡 +∫  

𝑡

0

 𝐺𝑠𝑒
𝐴𝑠𝑆𝐹𝑠𝑑𝑠

 −∫  
𝑡

0

  (𝐺𝑠
′𝑒𝐴𝑠𝑅𝐹𝑠 + 𝐺𝑠𝑒

𝐴𝑠𝑅[𝐵𝐹𝑠 + 𝐹𝑠
′])𝑑𝑠

 

𝐺(𝑠)𝑒𝐴𝑠𝐹(𝑠) = 𝐺(𝑠)
𝑑

𝑑𝑠
[𝑒𝐴𝑠𝑅𝑒−𝐵𝑠]𝑒𝐵𝑠𝐹(𝑠) + 𝐺(𝑠)𝑒𝐴𝑠𝑆𝐹(𝑠).  

𝑒−𝐵𝑠
𝑑

𝑑𝑠
[𝑒𝐵𝑠𝐹𝑠] = 𝑒

−𝐵𝑠[𝐵𝑒𝐵𝑠𝐹𝑠 + 𝑒
𝐵𝑠𝐹𝑠

′] = 𝐵𝐹𝑠 + 𝐹𝑠
′  

𝑒−𝐴𝑡 = 𝑒−𝐵𝑡𝜕𝑡(𝑒
𝐵𝑡(𝐴 − 𝐵)−1𝑒−𝐴𝑡) + 𝑆𝑒−𝐴𝑡  

∫  
𝑡

0

 𝐹𝑠𝑒
−𝐴𝑠𝐺𝑠𝑑𝑠 =𝐹𝑠𝑅𝑒

−𝐴𝑠𝐺𝑠|𝑠=0
𝑠=𝑡 −∫  

𝑡

0

 𝐹𝑠𝑆𝑒
−𝐴𝑠𝐺𝑠𝑑𝑠

 −∫  
𝑡

0

  ([𝐹𝑠
′ − 𝐹𝑠𝐵]𝑅𝑒

−𝐴𝑠𝐺𝑠 + 𝐹𝑠𝑅𝑒
−𝐴𝑠𝐺𝑠

′)𝑑𝑠
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𝐷(𝑡):= (𝑈𝑡 − 𝑈𝑡
𝑃)𝑃, 𝑡 ≥ 0  

𝑃 = ∫  
⊕

ℝ𝑚
 𝑃(𝑦)𝑑𝑦, with 𝑃(𝑦) = |𝜓∘(𝑦)⟩⟨𝜓∘(𝑦)|  

𝑃Ψ = ∫ 𝜓∘

⊕

(𝑦)⟨𝜓∘(𝑦),Ψ(𝑦)⟩ℋ𝑒𝑙
𝑑𝑦 

𝑒𝐴𝑠 = 𝑒𝑖𝐻‾ 𝑠/𝜅 =:𝑈‾−𝑠, 𝐻‾ = 𝑃‾𝐻𝜅𝑃‾  

𝑒𝐵𝑠 = 𝑒𝑖𝐾‾𝑠/𝜅 =:𝑉‾−𝑠, 𝐾‾ = 𝑃‾𝐾𝑃‾, 𝐾 = 𝐸 + 𝑇.  

(𝐴 − 𝐵)−1 = −𝑖𝜅𝑃‾(𝐻‾𝑏𝑜 − 𝐸‾)
−1𝑃‾ =:−𝑖𝜅𝑅‾  

𝐸(𝑦) ∈ 𝜌(𝐻(𝑦)|Ran𝑃‾), ∀𝑦 ∈ ℝ
𝑚,  

𝐸(⋅) ∈ 𝐶𝑏
𝑘𝐴(ℝ𝑚), 𝑃(⋅) ∈ 𝐶𝑏

𝑘𝐴(ℝ𝑚, ℒ(ℋ𝑒𝑙)).  

‖𝑅‾‖ℒ(Ran𝑃‾) ⩽
1

𝛿
, 𝑅‾ = 𝑂ℒ𝑠,𝑠(1)  

𝑅‾ = ∫  
⊕

ℝ𝑚
 𝑅‾(𝑦)𝑑𝑦  

𝑅‾(⋅) ∈ 𝐶𝑏
𝑘𝐴(ℝ𝑚, ℒ(ℋ𝑒𝑙)) 

𝑃𝐾𝑃𝜓∘𝑔 = 𝜓∘(𝐾 + 𝜅
2𝑣)𝑔  

𝑡 ↦ Ψ(𝑡) ∈ ℋ 

𝐻𝑃Ψ = 𝜓∘ℎeff𝑓  

ℎeff = 𝑇 + 𝐸 + 𝜅
2𝑣 

𝑈𝑡
𝑃Ψ = 𝜓∘𝑒

−𝑖ℎeff𝑡/𝜅𝑓  

𝑓 = ⟨𝜓∘, Ψ⟩ℋ𝑒𝑙
 and ℎeff = 𝑇 + 𝐸 + 𝜅

2𝑣 

𝑃(𝜓∘𝑔) = 𝜓∘𝑔 

[𝑇, 𝜓∘]𝑔 = 𝑇(𝜓∘𝑔) − 𝜓∘𝑇𝑔 

𝐾𝑃𝜓∘𝑔 = 𝐾𝜓∘𝑔 = 𝜓∘(𝐸 + 𝑇)𝑔 + [𝑇, 𝜓∘]𝑔.  

𝑃𝐾𝑃𝜓∘𝑔 = 𝑃𝜓∘(𝐸 + 𝑇)𝑔 + 𝑃[𝑇, 𝜓∘]𝑔 = 𝑃𝜓∘𝐾𝑔 + 𝑃[𝑇, 𝜓∘]𝑔 = 𝜓∘𝐾𝑔 + ⟨𝜓∘, [𝑇, 𝜓∘]⟩ℋ𝑒𝑙
𝑔,  

[𝑇, 𝜓∘]𝑔 = −𝜅
2(Δ𝑦𝜓∘)𝑔 − 2𝑖𝜅(∇𝑦𝜓∘)𝐷𝑦𝑔  

⟨𝜓∘, [𝑇, 𝜓∘]⟩ℋ𝑒𝑙
𝑔= −𝜅2⟨𝜓∘, Δ𝑦𝜓∘⟩ℋ𝑒𝑙

𝑔 − 2𝑖𝜅⟨𝜓∘, ∇𝑦𝜓𝑦⟩ℋ𝑒𝑙
𝐷𝑦𝑔  

= ⟨𝜓∘, ∇𝑦(∇𝑦𝜓∘)⟩ℋ𝑒𝑙
− 2𝑖𝜅⟨𝜓∘, ∇𝑦𝜓𝑦⟩ℋ𝑒𝑙

𝐷𝑦𝑔  

= ∇𝑦⟨𝜓∘, ∇𝑦𝜓∘⟩ℋ𝑒𝑙
− ⟨∇𝑦𝜓∘, ∇𝑦𝜓∘⟩ℋ𝑒𝑙

− 2𝑖𝜅⟨𝜓∘, ∇𝑦𝜓𝑦⟩ℋ𝑒𝑙
𝐷𝑦𝑔 

 = −𝜅2(∇𝑦𝑎) + 𝜅
2‖∇𝑦𝜓∘‖ℋ𝑒𝑙

2
− 2𝑖𝜅𝑎𝐷𝑦𝑔
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𝑦 ↦ 𝑎(𝑦):= ⟨𝜓𝑦, ∇𝑦𝜓𝑦⟩ℋ𝑒𝑙
 

Δ𝑦𝜓∘ = ∇𝑦 ⋅ (∇𝑦𝜓∘)‖𝜓∘‖ℋ𝑒𝑙

2 = 1 

𝑎 = ⟨𝜓∘, ∇𝑦𝜓∘⟩ℋ𝑒𝑙
=
1

2
∇𝑦‖𝜓∘‖ℋ𝑒𝑙

2 = 0  

⟨𝜓∘, [𝑇, 𝜓∘]⟩ℋ𝑒𝑙
𝑔 = 𝜅2‖∇𝑦𝜓∘‖ℋ𝑒𝑙

2
𝑔  

𝑃𝐾𝑃𝜓∘𝑔 = 𝜓∘𝐾𝑔 + 𝜅
2‖∇𝑦𝜓∘‖ℋ𝑒𝑙

2
𝑔  

𝑡 ↦ Ψ(𝑡) ∈ ℋ 

𝑃Ψ = 𝜓∘𝑓 

𝐻𝑃Ψ = 𝑃𝐻𝑃Ψ = 𝑃(𝐾 − 𝐸 + 𝐻𝑏𝑜)𝜓∘𝑓 = 𝜓∘(𝐾 + 𝜅
2𝑣)𝑓 + 𝑃(−𝐸 + 𝐻𝑏𝑜)𝜓∘𝑓  

𝑃𝐻𝑏𝑜𝜓∘𝑓 = 𝑃𝐻𝑏𝑜𝜓∘𝑓 = 𝑃(𝐻𝑏𝑜𝜓∘)𝑓 = 𝑃𝐸𝜓∘𝑓  

𝑃(−𝐸 + 𝐻𝑏𝑜)𝜓∘𝑓 = 𝑒
−𝑖ℎeff 𝑡/𝜅 

Ψ(𝑡) = 𝑈𝑡
𝑃𝜓0𝑓0 

𝑖𝜅𝜕𝑡Ψ(𝑡) = 𝐻
𝑃Ψ(𝑡) = 𝜓∘ℎeff𝑓(𝑡)  

𝑓(𝑡): = ⟨𝜓∘, Ψ(𝑡)⟩ℋ𝑒𝑙
 

𝑖𝜅𝜕𝑡𝑓(𝑡) = ⟨𝜓∘, 𝐻
𝑃Ψ(𝑡)⟩ = ℎeff𝑓(𝑡)  

(𝑈𝑡 −𝑈𝑡
𝑃)𝑃 = 𝑈𝑡𝑋𝑡  

𝑋𝑡: = −∫  
𝑡

0

 𝑌𝑠𝑈‾−𝑠𝑋𝑈𝑠
𝑃𝑑𝑠,  with  𝑌𝑠: = 𝟏 + ∫  

𝑠

0

 𝑈−𝑎𝑋
∗𝑈‾𝑎𝑑𝑎  

𝑋𝑡 = 𝑖𝜅𝑈−𝑠𝑅‾𝑋𝑈𝑠
𝑃|0
𝑡 − 𝑖𝜅∫  

𝑡

0

 𝑈−𝑠𝑋
∗𝑅‾𝑋𝑃𝑈𝑠

𝑃𝑑𝑠 − 𝑖𝜅∫  
𝑡

0

 𝑈−𝑠𝑋2𝑈𝑠
𝑃𝑑𝑠  

𝑋2 =
𝑖

𝜅
𝑆𝑋 +

𝑖

𝜅
𝑅‾(𝐾‾𝑋 − 𝑋𝐾𝑃), 𝑆 = 𝑅‾[𝐻𝑏𝑜 − 𝐸, 𝑇]𝑅‾  

(𝑈𝑡 − 𝑈𝑡
𝑃)𝑃 = −𝑈𝑡(𝑈−𝑡𝑈𝑡

𝑃 − 1)𝑃= −𝑈𝑡∫  
𝑡

0

 
𝑑

𝑑𝑠
(𝑈−𝑠𝑈𝑠

𝑃)𝑃𝑑𝑠  

 = −
𝑖

𝜅
∫  
𝑡

0

 𝑈𝑡−𝑠(𝐻 − 𝑃𝐻𝑃)𝑃𝑈𝑠
𝑃𝑑𝑠

 

𝑈𝑠
𝑃𝑃 = 𝑃𝑈𝑠

𝑃 

𝐻𝜅 = 𝐻bo + 𝑇[𝐻bo, 𝑃] 

(𝐻𝜅 −𝐻
𝑃)𝑃 = 𝑃‾𝐻𝜅𝑃 = 𝑃‾𝑇𝑃  

𝑋𝑡 = −∫  
𝑡

0

 𝑈−𝑠𝑋𝑈𝑠
𝑃𝑑𝑠, 𝑋: =

𝑖

𝜅
𝑃‾𝑇𝑃  
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𝑈−𝑠𝑃‾ = 𝑈‾−𝑠𝑃‾ +
𝑖

𝜅
∫  
𝑠

0

 𝑈−𝑠+𝑟𝑃𝐻𝑃‾𝑈‾−𝑟𝑑𝑟  

−
𝑖

𝜅
𝑃𝐻𝑃‾ = −

𝑖

𝜅
𝑃𝑇𝑃‾ = 𝑋∗ 

𝑈−𝑠𝑃‾ = 𝑌𝑠𝑈‾−𝑠𝑃‾, 𝑌𝑠 = 𝟏 +∫  
𝑠

0

 𝑈−𝑎𝑋
∗𝑈‾𝑎𝑑𝑎  

𝐺𝑠 = 𝑌𝑠, 𝐴 =
𝑖

𝜅
𝐻‾ , 𝐵 =

𝑖

𝜅
𝐾‾  

𝑋𝑡 =𝑖𝜅𝑌𝑠𝑈‾−𝑠𝑅‾𝑋𝑈𝑠
𝑃|0
𝑡 −∫  

𝑡

0

 𝑌𝑠𝑈‾−𝑠𝑆𝑋𝑃𝑈𝑠
𝑃𝑑𝑠

 −𝑖𝜅∫  
𝑡

0

  [(𝜕𝑠𝑌𝑠)𝑈‾−𝑠𝑅‾𝑋𝑈𝑠
𝑃 + 𝑌𝑠𝑈‾−𝑠𝑅‾ (

𝑖

𝜅
𝐾‾𝑋𝑈𝑠

𝑃 + 𝜕𝑠(𝑋𝑈𝑠
𝑃))] 𝑑𝑠

 

𝐻𝑃 = 𝐾𝑃 ≡ 𝑃𝐾𝑃 

𝑖

𝜅
𝐾‾𝑋𝑈𝑠

𝑃 + 𝜕𝑠(𝑋𝑈𝑠
𝑃) =

𝑖

𝜅
(𝐾‾𝑋 − 𝑋𝐾𝑃)𝑈𝑠

𝑃  

𝑌𝑠𝑈‾−𝑠𝑃‾ = 𝑈−𝑠𝑃‾ 

(𝜕𝑠𝑌𝑠)𝑈‾−𝑠𝑃‾ = 𝑈−𝑠𝑋
∗ 

𝑋 =
𝑖

𝜅
𝑃‾𝑇𝑃 

𝑋∗ = −
𝑖

𝜅
𝑃𝑇𝑃‾  

𝑆 = 𝑅‾((𝐻𝑏𝑜 − 𝐸)𝑃‾𝐾 − 𝐾𝑃‾(𝐻𝑏𝑜 − 𝐸))𝑅‾= 𝑅‾((𝐻𝑏𝑜 − 𝐸)𝐾 − 𝐾(𝐻𝑏𝑜 − 𝐸))𝑅‾ 

 = 𝑅‾[𝐻𝑏𝑜 − 𝐸,𝐾]𝑅‾
 

[𝐻𝑏𝑜 − 𝐸,𝐾] = [𝐻𝑏𝑜 − 𝐸, 𝑇] ◻ 

𝑆 = 𝑂ℒ𝑠+1,𝑠(𝜅), 𝑋2 = 𝑂ℒ2,0(1)  

𝑋𝑡 = 𝑂ℒ2,0(𝜅⟨𝑡⟩
3).  

[𝐻𝑏𝑜, 𝑇][𝐸, 𝑇] 𝑂ℒ𝑠+1,𝑠(𝜅) 

𝑆 = 𝑅‾([𝐻𝑏𝑜, 𝑇] − [𝐸, 𝑇])𝑅‾  

𝑅‾ = 𝑂ℒ𝑠,𝑠(1),  

𝑋 =
𝑖

𝜅
𝑃‾[𝑇, 𝑃]𝑃 and 𝑋∗ =

𝑖

𝜅
𝑃[𝑇, 𝑃]𝑃‾  

𝑈𝑡 = 𝑂ℒ𝑠,𝑠(⟨𝑡⟩
𝑠), 𝑈𝑡

𝑃 = 𝑂ℒ𝑠,𝑠(⟨𝑡⟩
𝑠),  

𝑂ℒ2,0(𝜅⟨𝑡⟩
3)𝑋∘ =

𝑖

𝜅
[𝑇, 𝑃]𝑋 = 𝑃‾𝑋∘𝑃 
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𝑋2 =
𝑖

𝜅
𝑆𝑃‾𝑋∘𝑃 +

𝑖

𝜅
𝑅‾[𝑋∘, [𝐾, 𝑃] − 𝐾]𝑃𝑈𝑠

𝑃 = 𝑂ℒ2,0(1),  

𝑋𝑡 = 𝑂ℒ2,0(𝜅⟨𝑡⟩
3) ◻ 

 

𝑈𝑡(𝜓∘𝑓) − 𝜓∘𝑒
𝑖ℎeff𝑡/𝑘𝑓 = (𝑈𝑡 − 𝑈𝑡

𝑃)𝑃Ψ. 

(𝑈𝑡 −𝑈𝑡
𝑃)𝑃Ψ = 𝑈𝑡𝑋𝑡Ψ, 

Ψ ∈ 𝐻𝜅,𝑦
2 ℋ𝑒𝑙 

‖𝑋𝑡Ψ‖𝐻𝜅,𝑦2 ℋ𝑒𝑙 ≤ 𝐶𝜅⟨𝑡⟩
3‖Ψ‖𝐿𝜅,𝑦2 ℋ𝑒𝑙 .  

‖𝑈𝑡(𝜓∘𝑓) − 𝜓∘𝑒
𝑖ℎeff𝑡/𝑘𝑓‖

𝐻𝜅,𝑦
2 ℋ𝑒𝑙 = ‖𝑈𝑡𝑋𝑡Ψ‖𝐻𝜅,𝑦2 ℋ𝑒𝑙 ≲ ‖𝑋𝑡Ψ‖𝐻𝜅,𝑦2 ℋ𝑒𝑙 ≲ 𝐶𝜅⟨𝑡⟩

3‖Ψ‖𝐿𝜅,𝑦2 ℋ𝑒𝑙. 

𝑋𝑡 = 𝑂ℒ2,0(𝜅⟨𝑡⟩
3) 

𝜙(𝑡): = 𝑃Ψ(𝑡) and 𝜙‾(𝑡):= 𝑃‾Ψ(𝑡) 

{
𝑖𝜅𝜕𝑡𝜙 = 𝐻

𝑃𝜙 + 𝑃𝑇𝜙‾,
𝜙(0) = 𝑃Ψ0

 
𝑖𝜅𝜕𝑡𝜙‾ = 𝐻‾𝜙‾ + 𝑃‾𝑇𝜙, 𝜙‾(0) = 𝑃‾Ψ0.

 

𝑖𝜅𝜕𝑡𝜙 = 𝑃𝐻𝜅Ψ.  

𝑃𝐻𝜅𝜓 = 𝑃𝐻𝜅(𝜙 + 𝜙‾) = 𝑃𝐻𝜅𝜙 + 𝑃(𝑇 + 𝐻𝑏𝑜)𝜙‾= (𝑃𝐻𝜅𝑃)𝑃𝜙 + 𝑃𝑇𝜙‾ + 𝑃𝐻𝑏𝑜𝑃‾𝜓 

 = 𝐻𝑃𝜙 + 𝑃𝑇𝜙‾
 

𝑖𝜅𝜕𝑡𝜙 = 𝐻
𝑃𝜙 + 𝑃𝑇𝜙‾  

𝑃𝐻𝑏𝑜𝑃‾ = 0 = 𝑃‾𝐻𝑏𝑜𝑃 

𝑃𝐻𝑃‾ = 𝑃𝑇𝑃‾  and 𝑃‾𝐻𝑃 = 𝑃‾𝑇𝑃 

𝜙(𝑦, 𝑡) = 𝜓∘(𝑦)𝑓(𝑦, 𝑡)  

𝜙‾(0) = 𝑃‾Ψ(0) = 𝑃‾(𝜓0𝑓0) = 0 

𝑖𝜅𝜕𝑡𝜙‾ = 𝐻‾𝜙‾ + 𝑃‾𝑇𝜙, 𝜙(0) = 0.  

𝑈‾𝑡 = 𝜖
−𝑖𝐻‾ 𝑡/𝜅 , 𝑡 ∈ ℝ 

𝜙‾(𝑡) = −
𝑖

𝜅
∫  
𝑡

0

 𝑈‾𝑡−𝑠𝑃‾𝑇𝜙(𝑠)𝑑𝑠  

𝑖𝜅𝜕𝑡𝜙 = 𝐻
𝑃𝜙 +𝒦𝜙,  

(𝒦𝜙)(𝑡) = −
𝑖

𝜅
𝑃𝑇𝑃‾ ∫  

𝑡

0

 𝑈‾𝑡−𝑠𝑃‾𝑇𝑃𝜙(𝑠)𝑑𝑠  

(𝒦𝜙)(𝑥, 𝑦, 𝑡) = 𝜓∘(𝑥, 𝑦)𝑤
𝜅[𝑓](𝑦, 𝑡)  
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(𝒦𝜙)(𝑦, 𝑡)= −
𝑖

𝜅
𝜓∘(𝑦) ⟨𝜓∘(𝑦), 𝑃𝑇𝑃‾ ∫  

𝑡

0

 𝑈‾𝑡−𝑠𝑃‾𝑇𝑃𝜓∘(𝑦)𝑓(𝑠)𝑑𝑠⟩

ℋ𝑒𝑙

 

 = 𝜓∘(𝑦) (−
𝑖

𝜅
∫  
𝑡

0

  ⟨𝜓∘(𝑦), 𝑃𝑇𝑃‾𝑈‾𝑡−𝑠𝑃‾𝑇𝑃𝜓∘(𝑦)⟩ℋ𝑒𝑙
𝑓(𝑠)𝑑𝑠)

 

Ψ|𝑡=0 = 𝜓∘(𝑥, 𝑦)𝑓0(𝑦) 

𝑖𝜅𝜕𝑡Ψ = 𝜓∘(𝑖𝜅𝜕𝑡𝑓) + 𝐻‾Ψ1 + 𝑃‾𝑇𝜓∘𝑓 = 𝜓∘(𝐸 + 𝑇 + 𝜅
2𝑣)𝑓 + 𝜓∘𝑤

𝜅[𝑓] + 𝐻‾Ψ1 + 𝑃‾𝑇𝜓∘𝑓  

Ψ1:= −
𝑖

𝜅
∫  
𝑡

0

𝑈‾𝑡−𝑠𝑃‾𝑇𝜓∘𝑓𝑑𝑠 

𝑃Ψ = 𝜓∘𝑓 

𝜓∘(𝐸 + 𝑇 + 𝜅
2𝑣)𝑓 = 𝐻𝑃Ψ.  

𝜓∘𝑤
𝜅[𝑓] = 𝑃𝑇Ψ1 = 𝑃𝐻𝑃‾Ψ.  

𝑃‾𝐻𝑃 = 𝑃‾𝑇𝑃𝜓∘𝑓 = 𝑃Ψ 

𝑃‾𝑇𝜓∘𝑓 = 𝑃‾𝐻𝑃Ψ  

(𝑃𝐻𝑃 + 𝑃𝐻𝑃‾ + 𝑃‾𝐻𝑃‾ + 𝑃‾𝐻𝑃)Ψ = 𝐻Ψ 

Ψ0(𝑥, 𝑦) = 𝜓∘(𝑥, 𝑦)𝑓0(𝑦) 

𝑋 =
𝑖

𝜅
𝑃‾𝑇𝑃 

𝑋∗ = −
𝑖

𝜅
𝑃𝑇𝑃‾  

𝑤𝜅[𝑓](𝑡) = −𝑖𝜅⟨𝜓𝑜, 𝑋
∗(𝐴𝑡𝑓)(𝑡)⟩ℋ𝑒𝑙  

(𝐴𝑡𝑓)(𝑡) = ∫  
𝑡

0

 𝑈‾𝑡−𝑟𝑋𝜓∘𝑓(𝑟)𝑑𝑟  

(𝐴𝑡
𝑌𝑓)(𝑡) = ∫  

𝑡

0

 𝑈‾𝑡−𝑟𝑌𝜓∘𝑓(𝑟)𝑑𝑟  

(𝐴𝑡
𝑌𝑓)(𝑡) = −𝑖𝜅[𝑅‾𝑌𝜓∘𝑓(𝑡) − 𝑈‾𝑡𝑅‾𝑌𝜓∘𝑓0] − 𝑖𝜅(𝐴𝑡

𝑅‾𝑌𝑋∗𝐴(⋅)
𝑋 𝑓)(𝑡) + 𝑖𝜅 (𝐴𝑡

𝑊[𝑌]
𝑓) (𝑡),  

𝑊[𝑌] =
𝑖

𝜅
𝑆𝑌 +

𝑖

𝜅
𝑅‾(𝐾‾𝑌 − 𝑌𝐾𝑃)𝑃,  

𝑊[⋅]𝑋 =
𝑖

𝜅
𝑃‾𝑇𝑃 

{
𝑋1 =

𝑖

𝜅
𝑃‾𝑇𝑃

𝑋𝑗 =
𝑖

𝜅
𝑆𝑋𝑗−1 +

𝑖

𝜅
𝑅‾(𝐾𝑃‾𝑋𝑗−1 − 𝑋𝑗−1𝑃𝐾)𝑃, 𝑗 ⩾ 2

 

𝐺𝑠 = 1, 𝐴 =
𝑖

𝜅
𝐻‾ , 𝐵 =

𝑖

𝜅
𝐾‾ , and 𝐹𝑠 = 𝑌𝜓∘𝑓(𝑠) 
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(𝐴𝑡
𝑌𝑓)(𝑡) = 𝑈‾𝑡−𝑟𝑅‾𝑌𝜓∘𝑓(𝑟)|𝑟=0

𝑟=𝑡 +∫  
𝑡

0

 𝑈‾𝑡−𝑟𝑆𝑌𝜓∘𝑓(𝑟)𝑑𝑟 − ∫  
𝑡

0

 𝑈‾𝑡−𝑟𝑅‾𝐶𝑟𝑑𝑟  

𝑆 = 𝑅‾[𝐻‾𝑏𝑜 − 𝐸‾, 𝐾‾ ]𝑅‾  and 𝑅‾ = 𝑃‾(𝐻‾𝑏𝑜 − 𝐸‾)
−1𝑃‾ 

𝐶𝑟: =
𝑖

𝜅
𝐾‾𝑌𝜓∘𝑓(𝑟) +

𝜕

𝜕𝑟
(𝑌𝜓∘𝑓(𝑟))  

−𝑖𝜅𝐶𝑟 = 𝐾‾𝑌𝜓∘𝑓(𝑟) − 𝑌𝜓∘(𝑖𝜅𝜕𝑟𝑓(𝑟)) = 𝐾‾𝑌𝜓∘𝑓(𝑟) − 𝑌𝜓∘(𝐾 + 𝜅
2𝑣)𝑓(𝑟) − 𝑌𝜓∘𝑤

𝜅[𝑓](𝑟).  

𝜓∘𝑤
𝜅[𝑓](𝑟) = −𝑖𝜅𝑋∗(𝐴𝑟

𝑋𝑓)(𝑟)  

−𝑖𝜅𝐶𝑟 = (𝐾‾𝑌 − 𝑌𝐾
𝑃)𝜓∘𝑓(𝑟) − 𝑖𝜅𝑌𝑋

∗(𝐴𝑟
𝑋𝑓)(𝑟)  

(𝐴𝑡
𝑋𝑓)(𝑡) = −𝑖𝜅[𝑅‾𝑋𝜓∘𝑓(𝑡) − 𝑈‾𝑡𝑅‾𝑋𝜓∘𝑓0] − 𝑖𝜅(𝐴𝑡

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑋 𝑓)(𝑡) + 𝑖𝜅(𝐴𝑡

𝑋2𝑓)(𝑡)  

𝑤𝜅[𝑓](𝑡) = (−𝑖𝜅)2(𝑤1𝑓(𝑡) − 𝑤̃1(𝑡)𝑓0) + (−𝑖𝜅)
3𝑤2

𝜅[𝑓](𝑡)  

𝑤1𝑓(𝑡) = ⟨𝜓∘, 𝑋
∗𝑅‾𝑋𝜓∘𝑓(𝑡)⟩ℋ𝑒𝑙

𝑤̃1(𝑡)𝑓0 = ⟨𝜓∘, 𝑋
∗𝑈‾𝑡𝑅‾𝑋𝜓∘𝑓0⟩ℋ𝑒𝑙

𝑤2
𝜅[𝑓](𝑡) = (𝑤2𝑓(𝑡) − 𝑤̃2(𝑡)𝑓0) + ∫  

𝑡

0

  ⟨𝜓∘, 𝑋
∗𝑈‾𝑡−𝑟(𝑋3 + 𝑅‾𝑋𝑋

∗𝑅‾𝑋)𝜓∘𝑓(𝑟)⟩ℋ𝑒𝑙
𝑑𝑟

 +∫  
𝑡

0

 ∫  
𝑟

0

  ⟨𝜓∘, 𝑋
∗𝑈‾𝑡−𝑟𝑅‾𝑋2𝑋

∗𝑈‾𝑟−𝑠𝑋𝜓∘𝑓(𝑠)⟩ℋ𝑒𝑙
𝑑𝑠𝑑𝑟

 +∫  
𝑡

0

 ∫  
𝑟

0

  ⟨𝜓∘, 𝑋
∗𝑈‾𝑡−𝑟𝑅‾𝑋𝑋

∗𝑈‾𝑟−𝑠𝑋2𝜓∘𝑓(𝑠)⟩ℋ𝑒𝑙
𝑑𝑠𝑑𝑟

 +∫  
𝑡

0

 ∫  
𝑟

0

 ∫  
𝑠

0

  ⟨𝜓∘, 𝑋
∗𝑈‾𝑡−𝑟𝑅‾𝑋𝑋

∗𝑈‾𝑟−𝑠𝑅‾𝑋𝑋
∗𝑈‾𝑠−𝑞𝑋𝜓∘𝑓(𝑞)⟩ℋ𝑒𝑙

𝑑𝑞𝑑𝑠𝑑𝑟

 

𝑤2𝑓(𝑡)  = ⟨𝜓∘, 𝑋
∗𝑅‾𝑋2𝜓∘𝑓(𝑡)⟩ℋ𝑒𝑙

𝑤̃2(𝑡)𝑓0  = ⟨𝜓∘, 𝑋
∗𝑈‾𝑡𝑅‾𝑋2𝜓∘𝑓0⟩ℋ𝑒𝑙

−∫  
𝑡

0

  ⟨𝜓∘, 𝑋
∗𝑈‾𝑡−𝑟𝑅‾𝑋𝑋

∗𝑈‾𝑟𝑅‾𝑋𝜓∘𝑓0⟩ℋ𝑒𝑙
𝑑𝑟

 

𝑋 =
𝑖

𝜅
𝑃‾[𝑇, 𝑃]𝑃, 𝑋∗ =

𝑖

𝜅
𝑃[𝑇, 𝑃]𝑃‾  

𝑋2 = −
1

𝜅2
𝑆𝑃‾[𝑇, 𝑃]𝑃 −

1

𝜅2
𝑅‾[[𝑇, 𝑃], [𝑇, 𝑃] − 𝐾]𝑃,

𝑋3 = −
𝑖

𝜅3
𝑆2𝑃‾[𝑇, 𝑃]𝑃 −

𝑖

𝜅3
𝑅‾[𝑆, [𝑇, 𝑃] − 𝐾][𝑇, 𝑃]𝑃 −

𝑖

𝜅3
𝑅‾𝑆[[𝑇, 𝑃], [𝑇, 𝑃] − 𝐾]𝑃

 −
𝑖

𝜅3
𝑆𝑅‾[[𝑇, 𝑃], [𝑇, 𝑃] − 𝐾]𝑃 −

𝑖

𝜅3
𝑅‾[𝑅‾, [𝑇, 𝑃] − 𝐾][[𝑇, 𝑃], [𝑇, 𝑃] − 𝐾]𝑃

 −
𝑖

𝜅3
𝑅‾2[[[𝑇, 𝑃], [𝑇, 𝑃] − 𝐾], [𝑇, 𝑃] − 𝐾].

 

(𝐴𝑡
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑋 𝑓)(𝑡)𝐴(⋅)
𝑋 𝑓 

(𝐴𝑡
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑋 𝑓)(𝑡) =(−𝑖𝜅)(𝐴𝑡
𝑅‾𝑋𝑋∗𝑅‾𝑋𝑓)(𝑡) − (−𝑖𝜅)(𝐴𝑡

𝑅‾𝑋𝑋∗𝑈‾(⋅))(𝑡)𝑅‾𝑋𝜓∘𝑓0  

 −(−𝑖𝜅) (𝐴𝑡
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑋2𝑓) (𝑡) + (−𝑖𝜅)(𝐴𝑡
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑋 𝑓)(𝑡).

 

(𝐴𝑡
𝑋2𝑓)(𝑡) 
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(𝐴𝑡
𝑋2𝑓)(𝑡) =−(−𝑖𝜅)(𝑅‾𝑋2𝜓∘𝑓(𝑡) − 𝑈‾𝑡𝑅‾𝑋2𝜓∘𝑓0) + (−𝑖𝜅) (𝐴𝑡

𝑅‾𝑋2𝑋
∗

𝐴(⋅)
𝑋 𝑓) (𝑡) 

 −(−𝑖𝜅)(𝐴𝑡
𝑋3𝑓)(𝑡)

 

(𝐴𝑡
𝑋𝑓)(𝑡) =−𝑖𝜅(𝑅‾𝑋𝜓∘𝑓(𝑡) − 𝑈‾𝑡𝑅‾𝑋𝜓∘𝑓0) − (−𝑖𝜅)

2(𝑅‾𝑋2𝜓∘𝑓(𝑡) − 𝑈‾𝑡𝑅‾𝑋2𝜓∘𝑓0) 

−(−𝑖𝜅)2(𝐴𝑡
𝑅‾𝑋𝑋∗𝑈‾(⋅))(𝑡)𝑅‾𝑋𝜓∘𝑓0 + (−𝑖𝜅)

2 (𝐴𝑡
𝑋3+𝑅‾𝑋𝑋

∗𝑅‾𝑋
𝑓) (𝑡)  

+(−𝑖𝜅)2 (𝐴𝑡
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑋2𝑓) (𝑡) + (−𝑖𝜅)2 (𝐴𝑡
𝑅‾𝑋2𝑋

∗

𝐴(⋅)
𝑋 𝑓) (𝑡)  

 +(−𝑖𝜅)2(𝐴𝑡
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑋 𝑓)(𝑡).

 

𝑤𝜅[𝑓](𝑡) = (−𝑖𝜅)2(𝑤1𝑓(𝑡) − 𝑤̃1(𝑡)𝑓0) + (−𝑖𝜅)
3𝑤2

𝜅[𝑓](𝑡),  

𝑤1𝑓(𝑡) = ⟨𝜓∘, 𝑋
∗𝑅‾𝑋𝜓∘𝑓(𝑡)⟩ℋ𝑒𝑙

,

𝑤̃1(𝑡)𝑓0 = ⟨𝜓∘, 𝑋
∗𝑈‾𝑡𝑅‾𝑋𝜓∘𝑓0⟩ℋ𝑒𝑙

,

𝑤2
𝜅[𝑓](𝑡) =  −(⟨𝜓∘, 𝑋

∗𝑅‾𝑋2𝜓∘𝑓(𝑡)⟩ℋ𝑒𝑙
− ⟨𝜓∘, 𝑋

∗𝑈‾𝑡𝑅‾𝑋2𝜓∘𝑓0⟩ℋ𝑒𝑙
)

 −⟨𝜓∘, 𝑋
∗(𝐴𝑡

𝑅‾𝑋𝑋∗𝑈‾(⋅))(𝑡)𝑅‾𝑋𝜓∘𝑓0⟩ℋ𝑒𝑙

 + ⟨𝜓∘, 𝑋
∗ (𝐴𝑡

𝑋3+𝑅‾𝑋𝑋
∗𝑅‾𝑋
𝑓) (𝑡)⟩

ℋ𝑒𝑙

+ ⟨𝜓∘, 𝑋
∗ (𝐴𝑡

𝑅‾𝑋2𝑋
∗

𝐴(⋅)
𝑋 𝑓) (𝑡)⟩

ℋ𝑒𝑙

 + ⟨𝜓∘, 𝑋
∗ (𝐴𝑡

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑋2𝑓) (𝑡)⟩

ℋ𝑒𝑙

+ ⟨𝜓∘, 𝑋
∗(𝐴𝑡

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑋 𝑓)(𝑡)⟩
ℋ𝑒𝑙
.

 

(𝐴𝑡
𝑋𝑓)(𝑡) =∑  

𝑛

𝑗=1

 − (−𝑖𝜅)𝑗[𝐿𝑗𝜓∘𝑓(𝑡) − 𝐿̃𝑗(𝑡)𝜓∘𝑓0] + (−𝑖𝜅)
𝑛ℛ𝑛[𝑓](𝑡),  

ℛ𝑛[𝑓](𝑡) = (𝐴𝑡
𝑌𝑛𝑓)(𝑡) +∑  

𝑛

𝑗=2

∑  

𝑁(𝑛,𝑗)

𝑙=1

(𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−2

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,1

𝑓) (𝑡) 

+(𝐴𝑡
𝑅‾𝑋𝑋∗ (∏ 

𝑛−1

1

 𝐴(⋅)
𝑅‾𝑋𝑋∗)𝐴(⋅)

𝑋 𝑓) (𝑡),  

𝑁(𝑛 + 1, 𝑗) = 𝑁(𝑛, 𝑗 − 1) + 𝑁(𝑛, 𝑗) + 𝑁(𝑛, 𝑗 + 1)  

𝐿𝑛+1 = 𝑅‾𝑌𝑛, 𝑛 ⩾ 0  

𝑌𝑛 = −𝑊(𝑌𝑛−1) + ∑  

𝑁(𝑛−1,2)

𝑙=1

 𝑌𝑛,2
𝑙,2𝑅‾𝑌𝑛,2

𝑙,1, 𝑌1: = 𝑋  

𝑊(𝑌𝑛−1) =
𝑖

𝜅
𝑆𝑌𝑛−1 +

𝑖

𝜅
𝑅‾(𝐾‾𝑌𝑛−1 − 𝑌𝑛−1𝐾

𝑃) 

𝐿̃𝑛+1(𝑡) =𝑈‾𝑡𝑅‾𝑌𝑛 −∑ 

𝑛

𝑗=2

  ∑  

𝑁(𝑛,𝑗)

𝑙=1

 (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−2

…𝑈‾(⋅)) (𝑡)𝑌𝑛,𝑗
𝑙,1

 − (𝐴𝑡
𝑅‾𝑋𝑋∗ (∏ 

𝑛−1

1

 𝐴(⋅)
𝑅‾𝑋𝑋∗)𝑈‾(⋅))(𝑡)𝑅‾𝑋

 

(𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,1

𝑓) (𝑡),  
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𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,1

𝑓 = 𝑌𝑛,𝑗
𝑙,1 

(𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,1

𝑓) (𝑡) =(−𝑖𝜅) (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2𝑅‾𝑌𝑛,𝑗

𝑙,1

𝑓) (𝑡)  

−(−𝑖𝜅) (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝑈‾(⋅)) (𝑡)𝑅‾𝑌𝑛,𝑗
𝑙,1𝜓∘𝑓0 

−(−𝑖𝜅) (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝐴
(⋅)

𝑊(𝑌𝑛,𝑗
𝑙,1)
𝑓)(𝑡)  

 +(−𝑖𝜅) (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝐴
(⋅)

𝑅‾𝑌𝑛,𝑗
𝑙,1𝑋∗

𝐴(⋅)
𝑋 𝑓) (𝑡).

 

𝑤𝜅[𝑓](𝑡) = ∑  

𝑛−1

𝑗=1

 − (−𝑖𝜅)𝑗+1(𝑤𝑗𝑓(𝑡) − 𝑤̃𝑗(𝑡)𝑓0) + (−𝑖𝜅)
𝑛+1𝑤𝑛

𝜅[𝑓](𝑡)  

𝑤𝑗𝑓(𝑡)  = ⟨𝜓∘, 𝑋
∗𝐿𝑗𝜓∘𝑓(𝑡)⟩ℋ𝑒𝑙

,

𝑤̃𝑗(𝑡)𝑓0  = ⟨𝜓∘, 𝑋
∗𝐿̃𝑗(𝑡)𝜓∘𝑓0⟩ℋ𝑒𝑙

,

𝑤𝑛
𝜅[𝑓](𝑡)  = −(𝑤𝑛𝑓(𝑡) − 𝑤̃𝑛(𝑡)𝑓0) + ⟨𝜓∘, 𝑋

∗ℛ𝑛[𝑓](𝑡)⟩ℋ𝑒𝑙
.

 

𝑋𝑗 = 𝑂ℒ𝑠+𝑗,𝑠(1)  

(𝜕𝑦
𝛼1𝐻𝑏𝑜), (𝜕𝑦

𝛼2𝑃), (𝜕𝑦
𝛼3𝐸), and 𝑅‾,  

𝐴 = ∑  

0⩽|𝛼|⩽𝑘

 𝑐𝛼𝐵𝛼𝐷
𝛼 = 𝑂ℒ𝑠+𝑘,𝑠(1),  

𝐶1𝐶2 = ∑  

|𝛼|⩽𝑘,|𝛽|⩽𝑙

 𝐵𝛼𝐷
𝛼𝐵𝛽𝐷

𝛽 = ∑  

|𝛼|⩽𝑘,|𝛽|⩽𝑙

 𝐵𝛼𝐵𝛽𝐷
𝛼+𝛽 + ∑  

|𝛼|⩽𝑘,|𝛽|⩽𝑙

 𝐵𝛼[𝐷
𝛼, 𝐵𝛽]𝐷

𝛽
 

[𝐷𝛼 , 𝐵𝛽] ∈ 𝒞
|𝛼|−1  

𝐵 = 𝑂ℒ𝑠,𝑠(1),
𝑖

𝜅
[𝐵, [𝑇, 𝑃] − 𝑇] ∈ 𝒞1 

𝑖

𝜅
[𝐵, [𝑇, 𝑃] − 𝑇] = 𝑂ℒ𝑠+1,𝑠(1)  

[𝑇, 𝑃] − 𝑇 = −𝜅2(Δ𝑦𝑃) − 2𝑖𝜅(∇𝑦𝑃)𝐷 − 𝐷
2.  

𝑋∘ =
𝑖

𝜅
[𝑇, 𝑃] ∈ 𝒞1 and 𝑋∘ = 𝑂ℒ𝑠+1,𝑠(1) for 𝑠 ⩽ 𝑘𝐴 − 1  

𝑋𝑛+1 =
𝑖

𝜅
𝑆𝑋𝑛 +

𝑖

𝜅
𝑅‾(𝐾𝑃‾𝑋𝑛 − 𝑋𝑛𝑃𝐾)𝑃  

𝑋𝑛+1 =
𝑖

𝜅
𝑆𝑋𝑛

∘𝑃 +
𝑖

𝜅
𝑅‾(𝐾𝑃‾𝑋𝑛

∘ − 𝑋𝑛
∘𝑃𝐾)𝑃  

𝑋𝑛+1 =
𝑖

𝜅
𝑆𝑋𝑛

∘𝑃 +
𝑖

𝜅
𝑅‾[𝑋𝑛

∘ , [𝐾, 𝑃] − 𝐾]𝑃  
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𝑋𝑛+1 =
𝑖

𝜅
𝑆𝑋𝑛

∘𝑃 +
𝑖

𝜅
𝑅‾[𝑋𝑛

∘ , [𝑇, 𝑃] − 𝑇]𝑃 −
𝑖

𝜅
𝑅‾[𝑋𝑛

∘ , 𝐸]𝑃  

𝑋𝑛+1
∘ =

𝑖

𝜅
𝑆𝑋𝑛

∘ +
𝑖

𝜅
𝑅‾[𝑋𝑛

∘ , [𝑇, 𝑃] − 𝑇] −
𝑖

𝜅
𝑅‾[𝑋𝑛

∘ , 𝐸]  

[𝑋𝑛
∘ , [𝑇, 𝑃] − 𝑇]= ∑  

0⩽|𝛼|⩽𝑛

  [𝐵𝛼𝐷
𝛼, [𝑇, 𝑃] − 𝑇]  

 = ∑  

0⩽|𝛼|⩽𝑛

  [𝐵𝛼 , [𝑇, 𝑃] − 𝑇]𝐷
𝛼 + 𝐵𝛼[𝐷

𝛼 , [𝑇, 𝑃] − 𝑇]
 

[𝐷𝛼, [𝑇, 𝑃] − 𝑇] = [𝐷𝛼 , [𝑇, 𝑃]] ∈ 𝒞 |𝛼|  

[𝑋𝑗
∘, [𝑇, 𝑃] − 𝑇] ∈ 𝒞 |𝛼|+1  

𝑋𝑛
∘ = ∑  

0⩽|𝛼|⩽𝑛

 𝐵𝛼𝐷
𝛼

 

[𝑋𝑛
∘ , 𝐸] = ∑  

0⩽|𝛼|⩽𝑛

 𝐵𝛼[𝐷
𝛼, 𝐸]  

𝐿𝑛 = 𝑂ℒ𝑠+𝑛,𝑠(1), 𝐿̃𝑛(𝑡) = 𝑂ℒ𝑠+2𝑛−1,𝑠(𝑒
𝐶𝑡)  

‖ℛ𝑛[𝑓](𝑡)‖𝐻𝜅,𝑦𝑠 ≲ 𝑒𝐶𝜏‖𝑓‖𝐵𝜏𝑠+2𝑛+1  

𝑅‾ = 𝑂ℒ𝑠,𝑠(1), 𝑋 = 𝑂ℒ𝑠+1,𝑠  

𝑈‾𝑡 = 𝑂ℒ𝑠,𝑠(𝑒
𝐶𝑡) 

𝐿1 = 𝑅‾𝑋 = 𝑂ℒ𝑠+1,𝑠(1), 𝐿1(𝑡) = 𝑈
‾
𝑡𝑅‾𝑋 = 𝑂ℒ𝑠+1,𝑠(𝑒

𝐶𝑡)  

𝑋2 = 𝑂ℒ𝑠+2,𝑠(1) and 𝑋∗ = 𝑂ℒ𝑠+1,𝑠(1) 

‖(𝐴𝑡
𝑌𝑓)(𝑡)‖𝐻𝜅,𝑦𝑠 ⩽ ∫  

𝑡

0

 𝑒𝐶(𝑡−𝑠)‖𝑌𝜓∘𝑓(𝑟)‖𝐻𝜅,𝑦𝑠 𝑑𝑟 ⩽ 𝑒
𝐶𝜏‖𝑓‖

𝐵𝜏
𝑠+𝑗  

ℛ1[𝑓](𝑡) = −𝑖𝜅(𝐴𝑡
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑋 𝑓)(𝑡) + 𝑖𝜅(𝐴𝑡
𝑋2𝑓)(𝑡),  

𝐿2 = 𝑅‾𝑋2 = 𝑂ℒ𝑠+2,𝑠(1)  

‖(𝐴𝑡
𝑅‾𝑋𝑋∗𝑈‾(⋅))(𝑡)𝑢‖𝐻𝜅,𝑦𝑠

⩽ ∫  
𝑡

0

  𝑒𝐶(𝑡−𝑟)‖𝑅‾𝑋𝑋∗𝑈‾𝑟𝑢‖𝐻𝜅,𝑦𝑠 𝑑𝑟 ≲ 𝑒
𝐶𝑡‖𝑢‖𝐻𝜅,𝑦𝑠+2  

𝐿̃2(𝑡) = 𝑈‾𝑡𝑅‾𝑋2 − (𝐴𝑡
𝑅‾𝑋𝑋∗𝑈‾(⋅))(𝑡)𝑅‾𝑋 = 𝑂ℒ𝑠+3,𝑠(𝑒

𝐶𝑡)  

ℛ2[𝑓](𝑡) =(𝐴𝑡
𝑋3+𝑅‾𝑋𝑋

∗𝑅‾𝑋
𝑓) (𝑡) + (𝐴𝑡

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑋2𝑓) (𝑡) + (𝐴𝑡

𝑅‾𝑋2𝑋
∗

𝐴(⋅)
𝑋 𝑓) (𝑡)

 +(𝐴𝑡
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑋 𝑓)(𝑡)

 

𝑋3 = 𝑂ℒ𝑠+3,𝑠 (𝐴𝑡
𝑌1 …𝐴(⋅)

𝑌𝑛𝑢) (𝑡) 
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1, (𝐴𝑡
𝑋3+𝑅‾𝑋𝑋

∗𝑅‾𝑋
𝑓) (𝑡)2, (𝐴𝑡

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑋2𝑓) (𝑡) + (𝐴𝑡

𝑅‾𝑋2𝑋
∗

𝐴(⋅)
𝑋 𝑓) (𝑡)3, (𝐴𝑡

𝑅‾𝑋𝑋∗𝐴(⋅)
𝑅‾𝑋𝑋∗𝐴(⋅)

𝑋 𝑓)(𝑡) 

∑  

𝑁(𝑛,𝑗)

𝑙=1

 (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,1

𝑓) (𝑡) = 𝑂ℒ𝑠+𝑛+𝑗+1(𝑒
𝐶𝑡).  

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,1

𝑓 = 𝑌𝑛,𝑗
𝑙,1 

∑  

𝑁(𝑛,𝑗)

𝑙=1

 (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,1

𝑓) (𝑡)  

 = (−𝑖𝜅) ∑  

𝑁(𝑛,𝑗)

𝑙=1

 (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2𝑅‾𝑌𝑛,𝑗

𝑙,1

𝑓) (𝑡)

 

 −(−𝑖𝜅) ∑  

𝑁(𝑛,𝑗)

𝑙=1

 (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝑈‾(⋅)) (𝑡)𝑅‾𝑌𝑛,𝑗
𝑙,1𝜓∘𝑓0

 −(−𝑖𝜅) ∑  

𝑁(𝑛,𝑗)

𝑙=1

 (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝐴
(⋅)

𝑊(𝑌𝑛,𝑗
𝑙,1)
𝑓) (𝑡)

 +(−𝑖𝜅) ∑  

𝑁(𝑛,𝑗)

𝑙=1

 (𝐴𝑡
𝑌𝑛,𝑗
𝑙,𝑗

𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,𝑗−1

…𝐴
(⋅)

𝑌𝑛,𝑗
𝑙,2

𝐴
(⋅)

𝑅‾𝑌𝑛,𝑗
𝑙,1𝑋∗

𝐴(⋅)
𝑋 𝑓) (𝑡).

 

(𝐴𝑡
𝑅‾𝑋𝑋∗ (∏ 

𝑛−2

1

 𝐴(⋅)
𝑅‾𝑋𝑋∗)𝑈‾(⋅))(𝑡)𝑅‾𝑋 = 𝑂ℒ𝑠+2𝑛−1(𝑒

𝐶𝑡)  

‖(𝐴𝑡
𝑅‾𝑋𝑋∗ (∏ 

𝑛−1

1

 𝐴(⋅)
𝑅‾𝑋𝑋∗)𝐴(⋅)

𝑋 𝑓) (𝑡)‖

𝐻𝜅,𝑦
𝑠

≲ 𝑒𝐶𝑡‖𝑓‖𝐵𝑡𝑠+2𝑛+1  

‖𝑤𝑛𝑓(𝑡)‖𝐻𝜅,𝑦𝑠 ≲ ‖𝑓(𝑡)‖𝐻𝜅,𝑦𝑠+𝑛+1, ‖𝑤̃𝑛(𝑡)𝑓0‖𝐻𝜅,𝑦𝑠 ≲ 𝑒𝐶𝑡‖𝑓0‖𝐻𝜅,𝑦𝑠+2𝑛  

‖𝑤𝑛
𝜅[𝑓](𝑡)‖𝐻𝜅,𝑦𝑠 ≲ 𝑒𝐶𝜏 (‖𝑓0‖𝐻𝜅,𝑦𝑠+2𝑛 + ‖𝑓‖𝐵𝜏𝑠+2𝑛+2)  

‖𝑤𝑛𝑓(𝑡)‖𝐻𝜅,𝑦𝑠 ≲ ‖𝑋∗𝐿𝑛𝜓∘𝑓‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙  

𝑋∗ =
𝑖

𝜅
𝑃[𝑇, 𝑃]𝑃‾ = 𝑂ℒ𝑠+1,𝑠  

‖𝑤𝑛
𝜅[𝑓](𝑡)‖𝐻𝜅,𝑦𝑠 ≲ ‖𝑓(𝑡)‖𝐻𝜅,𝑦𝑠+𝑛+1 + 𝑒

𝐶𝜏 (‖𝑓0‖𝐻𝜅,𝑦𝑠+2𝑛 + ‖𝑓‖𝐵𝜏𝑠+2𝑛+2)  

‖𝑓(𝑡)‖𝐻𝜅,𝑦𝑠+𝑛+1 ⩽ ‖𝑓‖𝐵𝑡𝑠+𝑛+1 ≲ ‖𝑓‖𝐵𝑡𝑠+2𝑛+2 

Ψ(𝑡) − (𝑄𝑃𝑓)(𝑡) 

Ψ(0) = 𝜓∘𝑓0 

Ψ(𝑡) = (𝑄𝑃𝑓)(𝑡) = 𝜓∘𝑓(𝑡) + ∫  
𝑡

0

 𝑈‾𝑡−𝑠𝑋
∗𝜓∘𝑓(𝑠)𝑑𝑠  
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𝑋∗ = −
𝑖

𝜅
𝑃‾𝐻𝜅𝑃 

Ψ(𝑡) − (𝑄𝑃𝑓)(𝑡) = 𝜓∘(𝑓(𝑡) − 𝑓(𝑡)) + ∫  
𝑡

0

 𝑈‾𝑡−𝑠𝑋
∗𝜓∘(𝑓(𝑠) − 𝑓(𝑠))𝑑𝑠  

𝜓∘(𝑓(𝑡) − 𝑓(𝑡)) = 𝑂ℒ𝑠+6,𝑠(𝜅
2𝑒𝐶𝜏) 

𝐴 =
𝑖

𝜅
𝐻‾ , 𝐵 =

𝑖

𝜅
𝐾‾  

𝑒𝐴𝑠 = 𝑒𝑖𝐻‾ 𝑠/𝜅 =:𝑈‾𝑠, 𝐻‾ = 𝑃‾𝐻𝜅𝑃‾, 𝑒
𝐵𝑠 = 𝑒𝑖𝐾‾𝑠/𝜅 =:𝑉‾𝑠, 𝐾‾ = 𝑃‾𝐾𝑃‾,  

(𝐴 − 𝐵)−1 = −𝑖𝜅𝑃‾(𝐻‾𝑏𝑜 − 𝐸‾)
−1𝑃‾ =:−𝑖𝜅𝑅‾.  

0 < 𝜅 < √
2

𝐶̃√𝑚(𝑚 + 1)
, 𝐶̃ = 𝐶̃ (𝛿, ‖∇𝑦𝑗𝐻𝑏𝑜‖ ,…)  

‖𝑤1𝑢‖ ⩽ 𝐶̃‖𝑢‖𝐻𝑦
2,𝜅 

𝐻𝜅
(2)
: Ran𝑃 → Ran𝑃 

𝐻𝜅
(2)(𝜓∘𝑓) = 𝜓∘ (ℎeff

(2)
𝑓) 

𝑈𝑡
(2)
= 𝑒−𝑖𝐻𝜅

(2)
𝑡/𝜅  

𝑈𝑡
(2)
Ψ = 𝜓∘𝑒

−𝑖ℎeff
(2)
𝑡/𝜅𝑔  

𝑔 = ⟨𝜓o, Ψ⟩ℋel
 

‖𝑢‖𝐻𝑦
2,𝜅 ⩽

√𝑚(𝑚 + 1)

2
‖𝑇𝑢‖ + ‖𝑢‖.  

‖𝑤1𝑢‖ ⩽ 𝐶̃‖𝑢‖𝐻𝑦
2,𝜅 

‖𝑤1𝑢‖ ⩽ 𝐶̃
√𝑚(𝑚 + 1)

2
‖𝑇𝑢‖ + 𝐶̃‖𝑢‖,  

𝒟(𝑇) = 𝐻𝑦
2,𝜅 

‖∇𝑦𝑗𝑃‖ ⩽
1

𝛿
‖∇𝑦𝑗𝐻𝑏𝑜‖  

𝜓∘(𝑓(𝑡) − 𝑓(𝑡)) 

𝑋∗ = −
𝑖

𝜅
𝑃𝑇𝑃‾  

𝜓∘(𝑓(𝑡) − 𝑓(𝑡)) = 𝑈𝑡
(2)
𝑍𝑡𝑅‾𝑋𝜓∘𝑓0 − 𝜅

2∫  
𝑡

0

 𝑈𝑡−𝑟
(2)
𝜓∘𝑤2

𝜅[𝑓](𝑟)𝑑𝑟  
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𝑍𝑡 = −𝑖𝜅∫  
𝑡

0

 𝑈−𝑟
(2)
𝑋∗𝑈‾𝑟𝑑𝑟  

𝑍𝑡 = −𝜅
2𝑈−𝑟

(2)
𝑅‾𝑋𝑈‾𝑟|

𝑟=0

𝑟=𝑡
− 𝜅2∫  

𝑡

0

 𝑈−𝑟
(2)
𝑋(2)𝑈‾𝑟𝑑𝑟  

𝑋(2) = (𝑋2)
∗ − 𝑖𝜅𝜓∘𝑤1⟨𝜓∘, 𝑋

∗(⋅)⟩ℋel
⋅  

ℎeff𝑓(𝑡) = ℎeff
(2)
𝑓(𝑡) + 𝜅2𝑤̃1(𝑡)𝑓0 + 𝑖𝜅

3𝑤2
𝜅[𝑓](𝑡)  

𝜓∘(𝑓(𝑡) − 𝑓(𝑡)) = −𝑖𝜅∫  
𝑡

0

 𝑈𝑡−𝑟
(2)
𝜓∘𝑤̃1(𝑟)𝑓0𝑑𝑟 − 𝜅

2∫  
𝑡

0

 𝑈𝑡−𝑟
(2)
𝜓∘𝑤2

𝜅[𝑓](𝑟)𝑑𝑟  

𝑈𝑡−𝑟
(2)
𝜓∘𝑤̃1(𝑟)𝑓0 = 𝑈𝑡−𝑟

(2)
𝑋∗𝑈‾𝑡𝑅‾𝑋𝜓∘𝑓0  

 

𝐹𝑟 = 𝑈𝑡−𝑟
(2)
𝑋∗ and 𝐺𝑟 = 1 

𝐹𝑟
′ =

𝑖

𝜅
𝑈𝑡−𝑟
(2)
𝐻𝜅
(2)
𝑋∗ 

𝑍𝑡 = −𝜅
2𝑈𝑡−𝑟

(2)
𝑋∗𝑅‾𝑈‾𝑟|

𝑟=0

𝑟=𝑡
+ 𝑖𝜅∫  

𝑡

0

 𝑈𝑡−𝑟
(2)
𝑋∗𝑆𝑈‾𝑟𝑑𝑟 − 𝑖𝜅∫  

𝑡

0

 𝑈𝑡−𝑟
(2)
(𝐻𝜅

(2)
𝑋∗ − 𝑋∗𝐾‾)𝑅‾𝑈‾𝑈‾𝑟𝑑𝑟  

𝑋(2) = −
𝑖

𝜅
𝑋∗𝑆 −

𝑖

𝜅
(𝐻𝜅

(2)
𝑋∗ − 𝑋∗𝐾‾)𝑅‾  

𝑔 ∈ 𝐿𝑦
2 , 𝐻𝜅

(2)
𝜓∘𝑔 = 𝐾

𝑃𝜓∘𝑔 − 𝜅
2𝜓∘𝑤1𝑔 

𝑍𝑡 = 𝑂ℒ𝑠+2,𝑠(𝜅
2𝑒𝐶𝑡)  

‖𝑓‖𝐵𝜏𝑠 ⩽ 𝐶⟨𝜏⟩
𝑠‖𝑓0‖𝐻𝜅,𝑦𝑠  

𝜓∘𝑤1⟨𝜓∘, 𝑋
∗(⋅)⟩ℋ𝑒𝑙

= 𝑂ℒ𝑠+2,𝑠 

𝑋(2) = 𝑂ℒ𝑠+2,𝑠(1)  

𝑈‾𝑡 = 𝑂ℒ𝑠,𝑠(𝑒
𝐶𝑡) 

𝑋 = 𝑂ℒ𝑠+1,𝑠(1) and 𝑅‾ = 𝑂ℒ𝑠,𝑠(1) 

𝜓∘𝑓(𝑡) = 𝑃(𝑄𝑃𝑓)(𝑡) 

𝑖𝜅𝜕𝑡𝑄𝑃𝑓(𝑡) = 𝐻𝜅𝑄𝑃𝑓(𝑡) 

(𝑄𝑃𝑓)(0) = 𝜓∘𝑓0 

𝜓∘𝑓(𝑡) = 𝑃(𝑄𝑃𝑓)(𝑡) = 𝑃𝑈𝑡𝜓∘𝑓0  

𝑃 = 𝑂ℒ𝑠,𝑠 

‖𝑓(𝑡)‖𝐵𝜏𝑠 = sup
0⩽𝑡⩽𝜏

 ‖𝜓∘𝑓(𝑡)‖ℋ𝑒𝑙𝐻𝜅,𝑦
𝑠 ≲ sup

0⩽𝑡⩽𝜏
 ‖𝑈𝑡𝜓∘𝑓0‖ℋ𝑒𝑙𝐻𝜅,𝑦

𝑠  
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𝑈𝑡 = 𝑂ℒ𝑠,𝑠(⟨𝑡⟩
𝑠) 

Ψ(𝑡) − (𝑄𝑃𝑓)(𝑡) = 𝜓∘(𝑓(𝑡) − 𝑓(𝑡)) + ∫  
𝑡

0

 𝑈‾𝑡−𝑠𝑋
∗𝜓∘(𝑓(𝑠) − 𝑓(𝑠))𝑑𝑠  

𝜓∘(𝑓(𝑡) − 𝑓(𝑡)) = 𝑈𝑡
(2)
𝑍𝑡𝑅‾𝑋𝜓∘𝑓0 − 𝜅

2∫  
𝑡

0

 𝑈𝑡−𝑟
(2)
𝜓∘𝑤2

𝜅[𝑓](𝑟)𝑑𝑟  

𝑈𝑡
(2)
= 𝑂ℒ𝑠,𝑠(⟨𝑡⟩

𝑠) 

‖𝑤2
𝜅[𝑓](𝑡)‖ ≲ 𝑒𝐶𝜏‖𝑓0‖𝐻𝜅,𝑦𝑠+6 , 0 ≤ 𝑡 ≤ 𝜏  

‖𝜓∘(𝑓(𝑡) − 𝑓(𝑡))‖𝐻𝜅,𝑦𝑠
≲ 𝜅2⟨𝑡⟩𝑠‖𝑓0‖𝐻𝜅,𝑦𝑠+3 + 𝜅

2𝑒𝐶𝜏‖𝑓0‖𝐻𝜅,𝑦𝑠+6 ≲ 𝜅
2𝑒𝐶𝜏‖𝑓0‖𝐻𝜅,𝑦𝑠+6 , 0 ⩽ 𝑡 ⩽ 𝜏  

Ran 𝑃 ⊂ ℋ = 𝐿2(ℝ𝑚,ℋ𝑒𝑙) 

Ran𝑃 = {𝑔(𝑦)𝜓∘(𝑦): ∀𝑔(𝑦) ∈ 𝐿
2(ℝ𝑚)}  

𝜓∘ = ∫  
⊕

ℝ𝑚
𝜓∘(𝑦)𝑑𝑦 

𝑃(𝑦) =
1

2𝜋𝑖
∮   Γ(𝑦̃)𝑅(𝑧, 𝑦)𝑑𝑧, ∀𝑦 ∈ 𝑈(𝑦̃)  

inf
𝑦∈𝑈(𝑦̃)

 dist(Γ(𝑦̃), 𝜎(𝐻(𝑦))) ⩾
𝛿

4
 

sup
𝑦
 ‖𝜕𝑦

𝛼𝜓∘(𝑦)‖ℋ𝑒𝑙
⩽ 𝐶  for all multi-index |𝛼| ⩽ 𝑘𝐴  

𝑃(𝑦), 𝑦, 𝑦̃ ∈ ℝ𝑚 

𝑃(𝑦̃)𝜓∘(𝑦̃) = 𝜓∘(𝑦̃) 

𝑃(⋅) ∈ 𝐶𝑏
𝑘(ℝ𝑚, ℒ(ℋ𝑒𝑙)) 

𝜈(𝑦) = ⟨𝜓∘(𝑦̃), 𝑃(𝑦)𝜓∘(𝑦̃)⟩ℋ𝑒𝑙
, 𝜇(𝑦) = ⟨𝐻(𝑦)𝜓∘(𝑦̃), 𝑃(𝑦)𝜓∘(𝑦̃)⟩ℋ𝑒𝑙  

inf
𝑦∈ℝ𝑚

 𝜈(𝑦) > 0 

𝐸(𝑦) = 𝜈(𝑦)−1𝜇(𝑦), 𝜓∘(𝑦) = 𝜈(𝑦)
−
1
2𝑃(𝑦)𝜓∘(𝑦̃)  

𝜕𝑦
𝛼𝐻𝑏𝑜 = ∫  

⊕

ℝ𝑚
 𝜕𝑦
𝛼𝐻(𝑦)𝑑𝑦  

𝐸(𝑦), 𝐻‾bo − 𝐸‾  

𝐻‾bo = ∫  
⊕

ℝ𝑚
 𝐻‾ (𝑦)𝑑𝑦 ⩾ ∫  

⊕

ℝ𝑚
 𝐸1(𝑦)𝑃‾(𝑦)𝑑𝑦  

𝐸1(𝑦): = inf(𝜎(𝐻(𝑦)) ∖ {𝐸(𝑦)}) 
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Ψ:= ∫  
⊕

ℝ𝑚
Ψ(𝑦)𝑑𝑦 

⟨Ψ, (𝐻‾bo − 𝐸‾)Ψ⟩ ⩾ ∫  
⊕

ℝ𝑚
  ⟨Ψ(𝑦), (𝐻‾ (𝑦) − 𝐸‾(𝑦))Ψ(𝑦)⟩𝑑𝑦⩾ ∫  

⊕

ℝ𝑚
  ⟨Ψ(𝑦), (𝐸1(𝑦) − 𝐸(𝑦))Ψ(𝑦)⟩𝑑𝑦 

 ⩾ ∫  
⊕

ℝ𝑚
 𝛿‖Ψ(𝑦)‖ℋ𝑒𝑙

2 𝑑𝑦

 

∫  
⊕

ℝ𝑚
‖Ψ(𝑦)‖ℋ𝑒𝑙

2 𝑑𝑦 = ‖Ψ‖2 

⟨Ψ, (𝐻‾bo − 𝐸‾)Ψ⟩ ⩾ 𝛿‖Ψ‖
2  

‖(𝐻‾bo − 𝐸‾)
−1‖ ⩽

1

dist(0, 𝜎(𝐻‾bo − 𝐸‾))
 

𝑅‾(𝑦) = 𝑃‾(𝑦)(𝐻‾ (𝑦) − 𝐸‾(𝑦))−1𝑃‾(𝑦)  

𝑅‾(⋅) ∈ 𝐶𝑏
𝑘(ℝ𝑚, ℒ(ℋ𝑒𝑙)) 

𝑃‾(𝑦) = 𝟏 − 𝑃(𝑦) 

𝑃‾(⋅) ∈ 𝐶𝑏
𝑘(ℝ𝑚, ℒ(ℋ𝑒𝑙)) 

𝜕𝑦
𝛼𝑃‾(𝑦) = −𝜕𝑦

𝛼𝑃(𝑦) 

𝐻‾(𝑦) = 𝑃‾(𝑦)𝐻(𝑦)𝑃‾(𝑦) = 𝐻(𝑦)𝑃‾(𝑦) 

𝜕𝑦
𝛼𝐻‾(𝑦) = 𝜕𝑦

𝛼(𝐻(𝑦)𝑃‾(𝑦)) = − ∑  

0⩽𝛽⩽𝛼

  (
𝛼

𝛽
)(𝜕𝑦

𝛽
𝐻(𝑦)) (𝜕𝑦

𝛼−𝛽
𝑃(𝑦))  

𝛽 ⩽ 𝛼 if 𝛽𝑗 ⩽ 𝛼𝑗 for all 𝑗 = 1,… ,𝑚 and (𝛼
𝛽
) : = (𝛼1

𝛽1
)…(𝛼𝑚

𝛽𝑚
) 

𝐻(𝑦)𝜕𝑦
𝛼𝑃(𝑦) 

inf
𝑦∈𝑈(𝑦̃)

 dist(Γ(𝑦̃), 𝜎(𝐻(𝑦))) ⩾
𝛿

4
 

𝐻(𝑦)𝜕𝑦
𝛼𝑃(𝑦) =

1

2𝜋𝑖
∮   Γ(𝑦̃)𝐻(𝑦)𝜕𝑦

𝛼𝑅(𝑧, 𝑦)𝑑𝑧  

𝐻(𝑦)𝑅(𝑧, 𝑦) = 1 + 𝑧𝑅(𝑧, 𝑦) 

𝐻(⋅)𝜕𝑦
𝛼𝑃(⋅) ∈ 𝐶𝑏

𝑘−|𝛼|
(ℝ𝑚, ℒ(ℋ𝑒𝑙)) 

𝜕𝑦
𝛼𝐻‾𝑏𝑜(⋅) ∈ 𝐶𝑏

𝑘−|𝛼|
(ℝ𝑚, ℒ(ℋ𝑒𝑙)).  

𝑅‾(⋅) ∈ 𝐶𝑏
𝑘(ℝ𝑚, ℒ(ℋ𝑒𝑙)) 

𝐷𝑠𝑅‾(𝑦) = [𝐷𝑠, 𝑅‾(𝑦)] + 𝑅‾(𝑦)𝐷𝑠  

𝑅‾(⋅) ∈ 𝐶𝑏
𝑘(ℝ𝑚, ℒ(Ran𝑃‾)) 
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𝐷𝑦𝑗: = −𝑖𝜅𝜕𝑦𝑗 , 𝐷
𝛼 =∏ 

𝑚

𝑗=1

 𝐷𝑦𝑗
𝛼𝑗

 

‖−𝜅2Δ𝑦𝜙‖ ⩽ ‖𝐻𝜅𝜙‖ + 𝐶‖𝜙‖,𝜙 ∈ 𝒟(𝐻𝜅)  

2Re⟨−𝜅2Δ𝑦𝜙, 𝐻̃𝑏𝑜𝜙⟩ 

𝐻̃𝑏𝑜 = 𝐻𝑏𝑜 + 𝛾 

−𝜅2Δ𝑦 = (𝑖𝜅∇𝑦)
2
 

⟨−𝜅2Δ𝑦𝜙, 𝐻̃𝑏𝑜𝜙⟩ = ⟨𝑖𝜅∇𝑦𝜙, 𝐻̃𝑏𝑜(𝑖𝜅∇𝑦𝜙)⟩ + ⟨𝑖𝜅∇𝑦𝜙, (𝑖𝜅∇𝑦𝐻𝑏𝑜)𝜙⟩ ⩾ ⟨𝑖𝜅∇𝑦𝜙, 𝑖𝜅(∇𝑦𝐻𝑏𝑜)𝜙⟩  

2Re⟨−𝜅2Δ𝑦𝜙, 𝐻̃𝑏𝑜𝜙⟩ ⩾ 2Re⟨𝑖𝜅∇𝑦𝜙, 𝑖𝜅(∇𝑦𝐻𝑏𝑜)𝜙⟩.  

⟨𝜙, 𝑖𝜅(∇𝑦𝐻𝑏𝑜)𝜓⟩ = ⟨𝜙, 𝑖𝜅∇𝑦(𝐻𝑏𝑜𝜓) − 𝐻𝑏𝑜(𝑖𝜅∇𝑦𝜓)⟩= ⟨𝐻𝑏𝑜(𝑖𝜅∇𝑦𝜙) − 𝑖𝜅∇𝑦(𝐻𝑏𝑜𝜙),𝜓⟩𝑑𝑦 

 = ⟨−𝑖𝜅(∇𝑦𝐻𝑏𝑜)𝜙, 𝜓⟩
 

⟨𝑖𝜅∇𝑦𝜙, 𝑖𝜅(∇𝑦𝐻𝑏𝑜)𝜙⟩ = ⟨𝑖𝜅(∇𝑦𝐻𝑏𝑜)𝜙, 𝑖𝜅∇𝑦𝜙⟩= ⟨(−𝜅
2Δ𝑦𝐻𝑏𝑜)𝜙, 𝜙⟩ + ⟨𝑖𝜅(∇𝑦𝐻𝑏𝑜)(𝑖𝜅∇𝑦𝜙), 𝜙⟩ 

 = ⟨(−𝜅2Δ𝑦𝐻𝑏𝑜)𝜙, 𝜙⟩ − ⟨𝑖𝜅∇𝑦𝜙, 𝑖𝜅(∇𝑦𝐻𝑏𝑜)𝜙⟩
 

2Re⟨𝑖𝜅∇𝑦𝜙, 𝑖𝜅(∇𝑦𝐻𝑏𝑜)𝜙⟩ = 2Re⟨(−𝜅
2Δ𝑦𝐻𝑏𝑜)𝜙, 𝜙⟩.  

2Re⟨−𝜅2Δ𝑦𝜙, 𝐻̃𝑏𝑜𝜙⟩ ⩾ −𝐶𝜅
2‖𝜙‖2  

2Re⟨−𝜅2Δ𝑦𝜙, 𝐻̃𝑏𝑜𝜙⟩ + 𝐶‖𝜙‖
2 ⩾ 0.  

‖−𝜅2Δ𝑦𝜙‖
2
⩽ ‖−𝜅2Δ𝑦𝜙‖

2
+ ‖𝐻̃𝑏𝑜𝜙‖

2
+ 2Re⟨−𝜅2Δ𝑦𝜙, 𝐻̃𝑏𝑜𝜙⟩ + 𝐶‖𝜙‖

2 

= ‖(−𝜅2Δ𝑦 + 𝐻̃𝑏𝑜)𝜙‖
2
+ 𝐶‖𝜙‖2  

 ⩽ (‖(−𝜅2Δ𝑦 +𝐻𝑏𝑜)𝜙‖ + (√𝐶 + |𝛾|)‖𝜙‖)
2

 

𝐻𝑃 = 𝑃𝐻𝜅𝑃,𝐻‾ = 𝑃‾𝐻𝜅𝑃‾  

𝒟(𝐻𝑃) = 𝐻𝑦
2,𝜅⊗𝜓∘ and 𝒟(𝑃‾) = 𝑃‾𝒟(𝐻𝜅) 

𝐻diag : = 𝐻
𝑃 +𝐻‾  

ℋ = 𝐿2(ℝ𝑚,ℋ𝑒𝑙) 

𝒟(𝐻diag ) = 𝒟(𝐻𝜅) 

𝐻𝑑𝑖𝑎𝑔 = 𝐻 − Λ, where Λ = 𝑃𝐻𝜅𝑃‾ + 𝑃‾𝐻𝜅𝑃  

𝐻𝜅 = −𝜅
2Δ𝑦 +𝐻𝑏𝑜 and 𝑃𝐻𝑏𝑜𝑃‾ = 𝐻𝑏𝑜𝑃𝑃‾ = 0 

𝑃𝐻𝜅𝑃‾ = −𝜅
2𝑃Δ𝑦𝑃‾ =∑  

𝑚

𝑗=1

 𝑃𝐷𝑦𝑗
2 𝑃‾  

𝑃𝐷𝑦𝑗
2 𝑃‾ = 𝑃 [𝐷𝑦𝑗

2 , 𝑃‾] 



pág. 12568 

𝑃 [𝐷𝑦𝑗
2 , 𝑃‾] = 𝑃 (𝐷𝑦𝑗 (𝐷𝑦𝑗𝑃

‾) + (𝐷𝑦𝑗𝑃
‾)𝐷𝑦𝑗) = 𝑃 (𝐷𝑦𝑗

2 𝑃‾) + 2𝑃 (𝐷𝑦𝑗𝑃
‾)𝐷𝑦𝑗  

‖𝑃‾𝐻𝜅𝑃𝜙‖
2 ⩽ 𝐶1∑ 

𝑚

1

 ‖−𝑖𝜅𝜕𝑦𝑗𝜙‖
2
+ 𝐶2‖𝜙‖

2  

−𝜅2Δ𝑦𝑃𝐻𝜅𝑃‾ − 𝜅
2Δ𝑦𝑃‾𝐻𝜅𝑃 = (𝑃𝐻𝜅𝑃‾)

∗ 

Λ = 𝑃‾𝐻𝜅𝑃 + 𝑃𝐻𝜅𝑃‾ 

𝒟(𝐻𝑃) = 𝐻𝑦
2,𝜅⊗𝜓∘ 

𝑢± ∈ 𝒟(𝐻‾ ) and 𝑣± ∈ 𝒟(𝐻
𝑃) 

(𝐻‾ ± 𝑖)𝑢± = 𝑓, (𝐻
𝑃 ± 𝑖)𝑣± = 𝑔.  

(𝐻diag + 𝑖)𝑤 = ℎ  

𝐻diag = 𝐻‾ + 𝐻
𝑃 

𝐻𝑃𝑢 + 𝑖𝑢 = 𝑃ℎ,𝐻‾𝑣 + 𝑖𝑣 = 𝑃‾ℎ  

𝑓 ∈ Ran𝑃‾  and 𝑔 ∈ Ran𝑃 

⟨𝑓, [𝐴, 𝑇]𝑔⟩ = ⟨𝐴∗𝑓, 𝑇𝑔⟩ − ⟨𝑇∗𝑓, 𝐴𝑔⟩,  

𝐴 = ∫  
⊕

ℝ𝑚
𝐴(𝑦)𝑑𝑦 

𝐹 = ∫  
⊕

ℝ𝑚
𝐹(𝑦)𝑑𝑦 

[𝐴, 𝐹] = ∫  
⊕

ℝ𝑚
  [𝐴(𝑦), 𝐹(𝑦)]𝑑𝑦  

𝐹(𝑦) = 𝑓(𝑦)𝑓: ℝ𝑚 → ℂ 

[𝐴, 𝐹] = 0  

[𝐷𝑦𝑗 , 𝐴] = ∫  
⊕

ℝ𝑚
  (𝐷𝑦𝑗𝐴(𝑦)) 𝑑𝑦 ∀𝑗  

𝐹(𝑦) ∈ 𝐶𝑏
𝑘(ℝ𝑚, ℒ𝑠1,𝑠2) 

[𝐷𝑦𝑖
𝑘 , 𝐹(𝑦)] = ∑  

𝑘−1

𝑗=0

  (
𝑘

𝑘 − 𝑗
) (−𝑖𝜅)𝑘−𝑗(𝜕𝑦𝑖

𝑘−𝑗
𝐹(𝑦))𝐷𝑦𝑖

𝑗
 

𝛼 = (𝛼1, … , 𝛼𝑚) with |𝛼| ⩽ 𝑘 

[𝐷𝛼, 𝐹(𝑦)] = ∑  
0⩽𝛽⩽𝛼
𝛽≠𝛼

  (
𝛼

𝛼 − 𝛽
) (−𝑖𝜅)|𝛼−𝛽| (𝜕𝑦

𝛼−𝛽
𝐹(𝑦))𝐷𝑦

𝛽
,
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𝛽 ⩽ 𝛼 if 𝛽𝑗 ⩽ 𝛼𝑗 for all 𝑗 = 1,… ,𝑚 and (𝛼
𝛽
) : = (𝛼1

𝛽1
)…(𝛼𝑚

𝛽𝑚
) 

 

𝐹 = ∫  
⊕

ℝ𝑚
𝐹(𝑦)𝑑𝑦 

[𝐷𝛼, 𝐹] = ∑  

0⩽𝛽⩽𝛼
𝛽≠𝛼

  (
𝛼

𝛼 − 𝛽
) (−𝑖𝜅)|𝛼−𝛽| (𝜕𝑦

𝛼−𝛽
𝐹)𝐷𝑦

𝛽
,

 

𝜕𝑦
𝛼−𝛽

𝐹 = ∫  
⊕

ℝ𝑚
(𝜕𝑦

𝛼−𝛽
𝐹(𝑦)) 𝑑𝑦 

𝑃‾(𝐾𝑃‾𝑋∘ − 𝑋∘𝑃𝐾)𝑃 = 𝑃‾[𝑋∘, [𝐾, 𝑃] − 𝐾]𝑃  

𝑃‾(𝐾𝑃‾𝑋∘ − 𝑋∘𝑃𝐾)𝑃 = 𝑃‾(𝐾𝑋∘ + [𝐾, 𝑃‾]𝑋∘ − 𝑋∘𝐾 − 𝑋∘[𝑃, 𝐾])𝑃.  

𝐾𝑋∘ − 𝑋∘𝐾 = −[𝑋∘, 𝐾] 

[𝐾, 𝑃‾] = −[𝐾, 𝑃] and −[𝑃, 𝐾] = [𝐾, 𝑃] 

[𝐾, 𝑃‾]𝑋∘ − 𝑋∘[𝑃, 𝐾] = [𝑋∘, [𝐾, 𝑃]] 

1 ⩽ |𝛼| = 𝑠 ⩽ 𝑘 

[𝑖𝐻𝜅 , 𝐷
𝛼]  = 𝑂ℒ𝑠−1,0(𝜅)

[𝑖𝐻‾ , 𝐷𝛼]  = 𝑂ℒ𝑠,0(𝜅)
 

[𝑖𝐻𝜅 , 𝐷
𝛼] = −[𝐷𝛼, 𝑖𝐻𝜅] 

⟨𝑓, [𝑖𝐻𝜅 , 𝐷
𝛼]𝑔⟩:= ⟨𝐷𝛼𝑓, 𝑖𝐻𝜅𝑔⟩ − ⟨𝑖𝐻𝜅𝑓, 𝐷

𝛼𝑔⟩  

𝑓, 𝑔 ∈ 𝒟(𝐻𝜅) ∩ 𝐻𝜅,𝑦
𝑠 ℋ𝑒𝑙 

[𝑖𝐻‾ , 𝐷𝛼] = −[𝐷𝛼 , 𝑖𝐻‾ ] 

⟨𝑓, [𝑖𝐻‾ , 𝐷𝛼]𝑔⟩:= ⟨𝐷𝛼𝑓, 𝑖𝐻‾𝑔⟩ − ⟨𝑖𝐻‾𝑓, 𝐷𝛼𝑔⟩  

𝑓, 𝑔 ∈ 𝒟(𝐻‾ ) ∩ 𝑃‾𝐻𝜅,𝑦
𝑠 ℋ𝑒𝑙 

𝑓, 𝑔 ∈ 𝐻𝜅,𝑦
𝑠 ℋ𝑒𝑙 ∩𝒟(𝐻𝜅) = 𝐻𝜅,𝑦

𝑠+2ℋ𝑒𝑙 ∩ 𝐿𝑦
2𝒟,

⟨𝐷𝛼𝑓, 𝑖𝐻𝜅𝑔⟩ − ⟨𝑖𝐻𝜅𝑓, 𝐷
𝛼𝑔⟩ = ⟨𝑓, [𝐷𝛼 , 𝑖𝐻𝜅]𝑔⟩.

 

𝐻𝜅 = 𝑇 + 𝐻𝑏𝑜 

𝑇 = −𝜅2Δ𝑦 

𝛼, [𝐷𝛼, 𝑇] = [𝐷𝛼, −𝜅2Δ𝑦] = 0 

[𝐷𝛼, 𝐻𝜅] = [𝐷
𝛼, 𝐻𝑏𝑜]  

[𝐷𝛼, 𝐻𝑏𝑜] = ∑  
0⩽𝛽⩽𝛼
𝛽≠𝛼

  (
𝛼

𝛼 − 𝛽
) (−𝑖𝜅)|𝛼−𝛽| (𝜕𝑦

𝛼−𝛽
𝐻𝑏𝑜)𝐷𝑦

𝛽
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𝜕𝑦
𝛼−𝛽

𝐻𝑏𝑜 = ∫  
⊕

ℝ𝑚
(𝜕𝑦

𝛼−𝛽
𝐻(𝑦)) 𝑑𝑦 

(𝜕𝑦
𝛼−𝛽

𝐻(𝑦)) = 𝑂 

[𝐷𝛼, 𝐻𝜅] = ∑  

|𝛼|−1

𝑗=0

 𝑂ℒ𝑗,0(𝜅
|𝛼|−𝑗) = 𝑂ℒ|𝛼|−1,0(𝜅)  

‖𝜙‖
𝐻𝑦
𝑗,𝜅
ℋ𝑒𝑙

≲ ‖𝜙‖𝐻𝑦
𝑛,𝜅ℋ𝑒𝑙

 

𝑓, 𝑔 ∈ 𝑃‾𝐻𝜅,𝑦
𝑠 ℋ𝑒𝑙 ∩ 𝒟(𝐻‾ ) = 𝑃‾𝐻𝑦

𝑠+2,𝜅ℋ𝑒𝑙 ∩ 𝐿𝑦
2𝒟𝑒𝑙 

⟨𝐷𝛼𝑓, 𝑖𝐻‾𝑔⟩ − ⟨𝑖𝐻‾𝑓, 𝐷𝛼𝑔⟩ = ⟨𝑓, [𝐷𝛼, 𝑖𝐻‾ ]𝑔⟩.  

[𝐷𝛼, 𝑖𝐻‾ ] = [𝐷𝛼, 𝑖𝐻‾𝑏𝑜] + [𝐷
𝛼, 𝑖𝑇‾]  

𝐻‾𝑏𝑜 = 𝑃‾𝐻𝑏𝑜𝑃‾ = 𝐻𝑏𝑜𝑃‾ = 𝑃‾𝐻𝑏𝑜 

[𝐷𝛼 , 𝑖𝐻‾𝑏𝑜] = 𝑃‾𝐷
𝛼𝑃‾𝐻𝑏𝑜𝑃‾ − 𝑃‾𝐻𝑏𝑜𝑃‾𝐷

𝛼𝑃‾ = 𝑖𝑃‾(𝐷𝛼𝐻𝑏𝑜 −𝐻𝑏𝑜𝐷
𝛼)𝑃‾ = 𝑖𝑃‾[𝐷𝛼, 𝐻𝑏𝑜]𝑃‾  

[𝐷𝛼, 𝑖𝐻‾𝑏𝑜] = 𝑂ℒ|𝛼|−1,0(𝜅)  

𝑇 =∑  

𝑚

𝑗=1

𝐷𝑦𝑗
2  

[𝐷𝛼 , 𝑖𝑇‾] = 𝑖∑  

𝑚

𝑗=1

  [𝐷𝛼 , 𝐷𝑦𝑗
2 ]  

[𝐷𝛼, 𝐷𝑦𝑗
2 ] 

[𝐷𝛼, 𝑖𝑇‾] = 𝑖∑  

𝑚

𝑗=1

 𝑃‾ [[𝐷𝛼, 𝑃], [𝐷𝑦𝑗
2 , 𝑃]] 𝑃‾  

[𝐷𝛼, 𝑃] = ∑  

0⩽𝛽⩽𝛼
𝛽≠𝛼

(
𝛼

𝛼 − 𝛽
) (−𝑖𝜅)|𝛼−𝛽| (𝜕𝑦

𝛼−𝛽
𝑃)𝐷𝑦

𝛽
 

[𝐷𝑦𝑗
2 , 𝑃] = −𝜅2 (𝜕𝑦𝑗

2 𝑃) − 2𝑖𝜅 (𝜕𝑦𝑗𝑃)𝐷𝑦𝑗 

𝜕𝑦
𝛾
𝑃 = 𝑂 

|𝛾| ⩽ 𝑘[𝐷𝛼, 𝑖𝑇‾] 

[𝐷𝛼, 𝑖𝑇‾] = ∑  
0⩽𝛽⩽𝛼,𝛽≠𝛼
𝑗=1,…,𝑚

 𝑂(𝜅3)𝑃‾ [(𝜕𝑦
𝛼−𝛽

𝑃)𝐷𝑦
𝛽
, (𝜕𝑦𝑗

2 𝑃)] 𝑃‾ + 𝑂(𝜅2)𝑃‾ [(𝜕𝑦
𝛼−𝛽

𝑃)𝐷𝑦
𝛽
, (𝜕𝑦𝑗𝑃)𝐷𝑦𝑗] 𝑃

‾
 

[(𝜕𝑦
𝛼−𝛽

𝑃) , (𝜕𝑦𝑗𝑃)] ≠ |𝛽| = |𝛼| − 1 
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[𝐷𝛼, 𝑖𝑇‾] = 𝑂ℒ|𝛼|,0(𝜅
2)  

[𝐷𝛼, 𝑖𝐻‾ ] = 𝑂ℒ|𝛼|−1,0(𝜅) + 𝑂ℒ|𝛼|,0(𝜅
2)  

[𝐷𝛼 , 𝐷𝑦𝑗
2 ] = 𝑃‾ (𝐷𝛼𝑃‾𝐷𝑦𝑗

2 − 𝐷𝑦𝑗
2 𝑃‾𝐷𝛼)𝑃‾  

[𝐷𝛼 , 𝐷𝑦𝑗
2 ] = 𝑃‾ ([𝐷𝛼, 𝐷𝑦𝑗

2 ] − 𝐷𝛼𝑃𝐷𝑦𝑗
2 + 𝐷𝑦𝑗

2 𝑃𝐷𝛼)𝑃‾  

[𝐷𝛼 , 𝐷𝑦𝑗
2 ] = 𝑃‾ (𝐷𝑦𝑗

2 𝑃𝐷𝛼 − 𝐷𝛼𝑃𝐷𝑦𝑗
2 )𝑃‾  

𝑃‾𝐷𝑦𝑗
2 𝑃 = 𝑃‾ [𝐷𝑦𝑗

2 , 𝑃] and 𝑃𝐷𝛼𝑃‾ = [𝑃, 𝐷𝛼]𝑃‾ = −[𝐷𝛼, 𝑃]𝑃‾  

𝑃‾𝐷𝑦𝑗
2 𝑃𝐷𝛼𝑃‾ = −𝑃‾ [𝐷𝑦𝑗

2 , 𝑃] [𝐷𝛼 , 𝑃]𝑃‾  

−𝑃‾𝐷𝛼𝑃𝐷𝑦𝑗
2 𝑃‾ = 𝑃‾[𝐷𝛼 , 𝑃] [𝐷𝑦𝑗

2 , 𝑃] 𝑃‾  

[𝐷𝛼, 𝐷𝑦𝑗
2 ] = 𝑃‾ (− [𝐷𝑦𝑗

2 , 𝑃] [𝐷𝛼, 𝑃] + [𝐷𝛼, 𝑃] [𝐷𝑦𝑗
2 , 𝑃]) = 𝑃‾ [[𝐷𝛼, 𝑃], [𝐷𝑦𝑗

2 , 𝑃]] 𝑃‾  

[𝐷𝛼 , 𝑅‾] = 𝑂ℒ𝑠+|𝛼|−1,𝑠(𝜅) 

 
[𝐻𝑏𝑜, [𝑇, 𝑃]] = 𝑂ℒ𝑠+1,𝑠(𝜅) 

 
[𝐷𝛼, [𝑇, 𝑃]] = 𝑂ℒ𝑠+|𝛼|,𝑠(𝜅

2) 

‖[𝐷𝛼, 𝐻𝑏𝑜]𝜙‖𝐻𝜅,𝑦𝑠
2 ℋ𝑒𝑙 = ‖[𝐷

𝛼, 𝐻𝑏𝑜]𝜙‖
2 + ∑  

|𝛽|=𝑠

 ‖𝐷𝛽[𝐷𝛼, 𝐻𝑏𝑜]𝜙‖
2

 

[𝐷𝛼, 𝐻𝑏𝑜] = ∑  
0⩽𝛾⩽𝛼
𝛾≠𝛼

  (
𝛼

𝛼 − 𝛾
) (−𝑖𝜅)|𝛼−𝛾|∫  

⊕

ℝ𝑚
  (𝜕𝑦

𝛼−𝛾
𝐻(𝑦))𝑑𝑦𝐷𝑦

𝛾
= 𝑂ℒ|𝛼|−1,0(𝜅)  

𝐷𝛽[𝐷𝛼, 𝐻𝑏𝑜] = [𝐷
𝛽, [𝐷𝛼 , 𝐻𝑏𝑜]] + [𝐷

𝛼, 𝐻𝑏𝑜]𝐷
𝛽  

𝐷𝛽[𝐷𝛼, 𝐻𝑏𝑜] = [𝐷
𝛽 , [𝐷𝛼, 𝐻𝑏𝑜]] + 𝑂ℒ𝑠+|𝛼|−1,0(𝜅)  

[𝐷𝛽 , [𝐷𝛼, 𝐻𝑏𝑜]] = ∑  
0⩽𝛾⩽𝛼
𝛾≠𝛼

  (
𝛼

𝛼 − 𝛾
) (−𝑖𝜅)|𝛼−𝛾|[𝐷𝛽, (𝜕𝑦

𝛼−𝛾
𝐻𝑏𝑜)]𝐷

𝛾

 

[𝐷𝛽 , (𝜕𝑦
𝛼−𝛾

𝐻𝑏𝑜)] 

[𝐷𝛽 , (𝜕𝑦
𝛼−𝛾

𝐻𝑏𝑜)] = ∑  

0⩽𝜎⩽𝛽
𝜎≠𝛽

  (
𝛽

𝛽 − 𝜎
) (−𝑖𝜅)|𝛽−𝜎| (𝜕𝑦

𝛼+𝛽−𝛾−𝜎
𝐻𝑏𝑜)𝐷

𝜎
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[𝐷𝛽 , [𝐷𝛼, 𝐻𝑏𝑜]]= ∑  
0⩽𝛾⩽𝛼
𝛾≠𝛼

  ∑  

0⩽𝜎⩽𝛽
𝜎≠𝛽

 (
𝛼

𝛼 − 𝛾
) (

𝛽

𝛽 − 𝜎
) (−𝑖𝜅)|𝛼−𝛾|+|𝛽−𝜎| (𝜕𝑦

𝛼+𝛽−𝛾−𝜎
𝐻𝑏𝑜)𝐷

𝛾+𝜎 

 = 𝑂ℒ𝑠+|𝛼|−2,0(𝜅
2)

 

‖𝑓‖
𝐻𝑦
𝑠+|𝛼|−2,𝜅 ≲ ‖𝑓‖

𝐻𝑦
𝑠+|𝛼|−1,𝜅 

𝐷𝑠[𝐻𝑏𝑜, 𝑇] = 𝑂ℒ𝑠+|𝛼|−2,0(𝜅
2) + 𝑂ℒ𝑠+|𝛼|−1,0(𝜅) = 𝑂ℒ𝑠+|𝛼|−1,0(𝜅)  

‖[𝐻𝑏𝑜, 𝑇]𝜙‖𝐻𝜅,𝑦𝑠
2 ≲ 𝜅2‖𝜙‖

𝐻𝑦
|𝛼|−1,𝜅

2 + 𝜅2‖𝜙‖
𝐻𝑦
𝑠+|𝛼|−1,𝜅

2 ≲ 𝜅2‖𝜙‖
𝐻𝑦
𝑠+|𝛼|−1,𝜅

2
 

[𝐷𝛼 , 𝑅‾] = 𝐷𝛼𝑅‾ − 𝑅‾𝐷𝛼 = [𝐷𝛼, 𝑅‾] + 𝑃𝐷𝛼𝑅‾ − 𝑅‾𝐷𝛼𝑃  

𝐷𝛼:= 𝑃‾𝐷𝛼𝑃‾ 

𝑃𝐷𝛼𝑃‾ = [𝑃, 𝐷𝛼]𝑃‾ = 𝑂ℒ𝑠+|𝛼|−1,𝑠(𝜅) 

𝑅‾ = 𝑂ℒ𝑠,𝑠(𝜅) 

𝑃𝐷𝛼𝑅‾ = 𝑂ℒ𝑠+|𝛼|−1,𝑠(𝜅) = 𝑅
‾𝐷𝛼𝑃  

𝑃‾(𝐻𝑏𝑜 − 𝐸)𝑅‾ = 𝑃‾ = 𝑅‾(𝐻𝑏𝑜 − 𝐸)𝑃‾  

[𝐷𝛼 , 𝑅‾] = 𝑅‾[𝐻‾𝑏𝑜 − 𝐸‾,𝐷
𝛼]𝑅‾  

𝑅‾𝑃‾ = 𝑅‾ = 𝑃‾𝑅‾  

[𝐻𝑏𝑜 − 𝐸, 𝑃‾] = 0 

[𝐷𝛼, 𝑅‾] = 𝑅‾((𝐻𝑏𝑜 − 𝐸)𝑃‾𝐷
𝛼 − 𝐷𝛼𝑃‾(𝐻𝑏𝑜 − 𝐸))𝑅‾= 𝑅‾((𝐻𝑏𝑜 − 𝐸)𝐷

𝛼 −𝐷𝛼(𝐻𝑏𝑜 − 𝐸))𝑅‾ 

 = 𝑅‾([𝐻𝑏𝑜 − 𝐸,𝐷
𝛼])𝑅‾

 

[𝐻𝑏𝑜, 𝐷
𝛼][𝐸, 𝐷𝛼]𝑂ℒ𝑠+|𝛼|−1,𝑠(𝜅) 

[𝐷𝛼 , 𝑅‾] = 𝑂ℒ𝑠+|𝛼|−1,𝑠(𝜅)  

[𝐷𝛼, 𝑅‾]𝑂ℒ𝑠+|𝛼|−1,𝑠(𝜅) 

[𝑇, 𝑃] = [𝐷2, 𝑃] = −𝑖𝜅𝐷(∇𝑦𝑃) − 𝑖𝜅(∇𝑦𝑃)𝐷  

[[𝑇, 𝑃], 𝐻𝑏𝑜] = −𝑖𝜅[𝐷(∇𝑦𝑃),𝐻𝑏𝑜] − 𝑖𝜅[(∇𝑦𝑃)𝐷,𝐻𝑏𝑜]  

[𝐷(∇𝑦𝑃),𝐻𝑏𝑜] = [𝐷,𝐻𝑏𝑜](∇𝑦𝑃) + 𝐷[(∇𝑦𝑃),𝐻𝑏𝑜]  

[(∇𝑦𝑃),𝐻𝑏𝑜] ≠ 0 

[(∇𝑦𝑃),𝐻𝑏𝑜]= (∇𝑦𝑃)𝐻𝑏𝑜 −𝐻𝑏𝑜(∇𝑦𝑃)  

 = ∇𝑦(𝑃𝐻𝑏𝑜) − 𝑃(∇𝑦𝐻𝑏𝑜) − ∇𝑦(𝐻𝑏𝑜𝑃) + (∇𝑦𝐻𝑏𝑜)𝑃
 

𝐻𝑏𝑜𝑃 = 𝑃𝐻𝑏𝑜, then ∇𝑦(𝑃𝐻𝑏𝑜) − ∇𝑦(𝐻𝑏𝑜𝑃) = 0 
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[(∇𝑦𝑃),𝐻𝑏𝑜] = [(∇𝑦𝐻𝑏𝑜), 𝑃]  

[[𝑇, 𝑃], 𝐻𝑏𝑜]𝑂ℒ𝑠+1,𝑠(𝜅) 

[𝐷𝛼 , [𝑇, 𝑃]] = −𝑖𝜅𝐷[𝐷𝛼 , (∇𝑦𝑃)] − 𝑖𝜅[𝐷
𝛼, (∇𝑦𝑃)]𝐷  

[𝐷𝛼, (∇𝑦𝑃)] = 𝑂ℒ𝑠+|𝛼|−1,𝑠(𝜅) 

[𝐷𝛼, [𝑇, 𝑃]] = 𝑂ℒ𝑠+|𝛼|,𝑠(𝜅
2) 

𝑆𝑃‾[𝑇, 𝑃]𝑃 + 𝑅‾[[𝑇, 𝑃], [𝐾, 𝑃] − 𝐾]𝑃 = 𝑂ℒ𝑠+2,𝑠(𝜅
2)  

𝑃‾[𝑇, 𝑃]𝑃 = 𝑂ℒ𝑠+1,𝑠(𝜅)  

𝑆 = 𝑂ℒ𝑠+1,𝑠(𝜅) 

𝑆𝑃‾[𝑇, 𝑃]𝑃 = 𝑂ℒ𝑠+2,𝑠(𝜅
2)  

𝑅‾[[𝑇, 𝑃], [𝐾, 𝑃] − 𝐾]𝑃 

𝑅‾ = 𝑂ℒ𝑠,𝑠 

[[𝑇, 𝑃], [𝐾, 𝑃] − 𝐾] = [[𝑇, 𝑃], [𝑇, 𝑃] − 𝑇 − 𝐸] = −[[𝑇, 𝑃], 𝑇] − [[𝑇, 𝑃], 𝐸]  

[[𝑇, 𝑃], 𝑇] = 𝑂ℒ𝑠+2,𝑠(𝜅
2) 

[[𝑇, 𝑃], 𝐸] = 𝑂ℒ𝑠+2,𝑠(𝜅
2) 

[𝑇, 𝑃] = [𝐷2, 𝑃] = [𝐷, 𝑃]𝐷 + 𝐷[𝐷, 𝑃]  

[𝐷, 𝑃] = 𝑂(𝜅) 

[𝐸, [𝐷, 𝑃]] = −𝑖𝜅[𝐸, (∇𝑦𝑃)] = 𝑖𝜅[𝑃, (∇𝑦𝐸)] = ∇𝑦𝐸(∇𝑦𝐸)(𝑦) 

[𝐸, [𝑇, 𝑃]]= [𝐸, [𝐷, 𝑃]]𝐷 + [𝐷, 𝑃][𝐸, 𝐷] + [𝐸, 𝐷][𝐷, 𝑃] + 𝐷[𝐸, [𝐷, 𝑃]] 

 = [𝐷, 𝑃][𝐸, 𝐷] + [𝐸, 𝐷][𝐷, 𝑃]
 

[𝐸, 𝐷] = 𝑖𝜅(∇𝑦𝐸) = 𝑂(𝜅) 

[𝐸, [𝑇, 𝑃]] = 𝑂(𝜅2)  

𝑅‾[[𝑇, 𝑃], [𝐾, 𝑃] − 𝐾]𝑃𝑂ℒ𝑠+2,𝑠(𝜅
2) 

𝑈𝑡 = 𝑒
−𝑖𝐻𝑡/𝜅 , 𝑈‾𝑡 = 𝑒

−𝑖𝐻‾ 𝑡/𝜅 , 𝑈𝑡
𝑃 = 𝑒−𝑖𝑃𝐻𝜅𝑃𝑡/𝜅 .  

ℋ = 𝐿𝑦
2ℋ𝑒𝑙Ran𝑃‾ 

‖𝑈𝑡𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙 ⩽ 𝐶⟨𝑡⟩
𝑠‖𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙 .  

‖𝑈‾𝑡𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙 ⩽ 𝐶𝑠𝑒
𝐶𝑠|𝑡|‖𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙.  
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𝐻𝜅,𝐶  =
𝑖

𝜅
𝐻𝜅 − 𝐶,𝒟(𝐻𝜅,𝐶) = 𝒟(𝐻𝜅)

𝐻𝐶‾  =
𝑖

𝜅
𝐻‾ − 𝐶‾, 𝒟(𝐻𝐶‾) = 𝒟(𝐻‾ )

 

Re ⟨(
𝑖

𝜅
𝐻𝜅 − 𝐶)𝜙,𝜙⟩

𝐻𝜅
𝑠 ,ℋ𝑒𝑙

⩽ 0 and Re ⟨(
𝑖

𝜅
𝐻‾ − 𝐶‾)𝜙, 𝜙⟩

𝐻𝜅,𝑦
𝑠
ℋ𝑒𝑙 ⩽ 0, ∀𝜙 ∈ 𝐻𝜅,𝑦

𝑠 ℋ𝑒𝑙 .  

𝐷𝑦
𝛼 (
𝑖

𝜅
𝐻𝜅) = [𝐷𝑦

𝛼 ,
𝑖

𝜅
𝐻𝜅] +

𝑖

𝜅
𝐻𝜅𝐷𝑦

𝛼 

⟨
𝑖

𝜅
𝐻𝜅𝜙,𝜙⟩

𝐻𝜅
𝑠 ,𝑦
ℋ𝑒𝑙= ∑  

|𝛼|=𝑠

  ⟨𝐷𝑦
𝛼 (
𝑖

𝜅
𝐻𝜅)𝜙, 𝐷𝑦

𝛼𝜙⟩ + ⟨
𝑖

𝜅
𝐻𝜅𝜙,𝜙⟩  

 = ∑  

|𝛼|=𝑠

  ⟨[𝐷𝑦
𝛼,
𝑖

𝜅
𝐻𝜅]𝜙, 𝐷𝑦

𝛼𝜙⟩ + ⟨(
𝑖

𝜅
𝐻𝜅)𝐷𝑦

𝛼𝜙,𝐷𝑦
𝛼𝜙⟩ + ⟨

𝑖

𝜅
𝐻𝜅𝜙,𝜙⟩

 

Re ⟨
𝑖

𝜅
𝐻𝜅𝜙,𝜙⟩

𝐻𝜅
𝑠 ,𝑦
ℋ𝑒𝑙 = ∑  

|𝛼|=𝑠

 Re ⟨[𝐷𝑦
𝛼 ,
𝑖

𝜅
𝐻𝜅]𝜙, 𝐷𝑦

𝛼𝜙⟩ .  

[𝐷𝑦
𝛼,
𝑖

𝜅
𝐻𝜅] = 𝑂ℒ𝑠−1,0 

Re ⟨
𝑖

𝜅
𝐻𝜅𝜙,𝜙⟩

𝐻𝜅,𝑦
𝑠
ℋ𝑒𝑙 ⩽ 𝐶‖𝜙‖𝐻𝜅,𝑦𝑠

2 ℋ𝑒𝑙 ,  

𝐻𝜅,𝐶 =
𝑖

𝜅
𝐻𝜅 − 𝐶0- 𝐻𝜅,𝑦

𝑠 ℋ𝑒𝑙𝑈𝑡|𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙 

‖𝑈𝑡𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙 ≲ 𝑒
𝐶𝑡‖𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙 .  

𝑡 ↦ 𝐷(𝑡):= 𝑈−𝑡𝐷
𝛼𝑈𝑡 

𝑈−𝑡𝐷
𝛼𝑈𝑡𝜙 = 𝐷

𝛼𝜙 + 𝑈−𝑡[𝐷
𝛼 , 𝑈𝑡]𝜙 = 𝐷

𝛼𝜙 +∫  
𝑡

0

 𝑈−𝑠 [
𝑖

𝜅
𝐻𝜅 , 𝐷

𝛼]𝑈𝑠𝜙𝑑𝑠.  

𝐷𝑦𝑗𝑈𝑡 = 𝑈𝑡𝐷𝑦𝑗 + [𝐷𝑦𝑗 , 𝑈𝑡] 

‖𝑈𝑡𝜙‖𝐻𝑦
1,𝜅ℋ𝑒𝑙

⩽∑  

𝑚

𝑗=1

 ‖𝐷𝑦𝑗𝑈𝑡𝜙‖+ ‖𝑈𝑡𝜙‖  

 ⩽∑  

𝑚

𝑗=1

 ‖𝐷𝑦𝑗𝜙‖+ ‖[𝐷𝑦𝑗 , 𝑈𝑡]𝜙‖ + ‖𝜙‖ ≲ ‖𝜙‖𝐻𝑦
1,𝜅ℋ𝑒𝑙

+∑  

𝑚

𝑗=1

 ‖[𝐷𝑦𝑗 , 𝑈𝑡]𝜙‖
2

 

[𝐷𝑦𝑗 , 𝑈𝑡] = ∫  
𝑡

0

 𝑈𝑡−𝑟 [𝐷𝑦𝑗 ,
−𝑖

𝜅
𝐻]𝑈𝑟𝑑𝑟 = 𝑂(|𝑡|)  

‖𝑈𝑡𝜙‖𝐻𝑦
𝑛+1,𝜅ℋ𝑒𝑙

⩽ ∑  

|𝛼|=𝑛+1

 ‖𝐷𝑦
𝛼𝑈𝑡𝜙‖ + ‖𝑈𝑡𝜙‖  

 ⩽ ∑  

|𝛼|=𝑛+1

 ‖𝐷𝑦
𝛼𝜙‖ + ‖[𝐷𝑦

𝛼, 𝑈𝑡]𝜙‖ + ‖𝜙‖ ≲ ‖𝜙‖𝐻𝑦
𝑛+1,𝜅ℋ𝑒𝑙

+ ∑  

|𝛼|=𝑛+1

 ‖[𝐷𝑦
𝛼, 𝑈𝑡]𝜙‖.
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[𝐷𝛼, 𝑈𝑡] = ∫  
𝑡

0

 𝑈𝑡−𝑟 [𝐷
𝛼 ,
−𝑖

𝜅
𝐻]𝑈𝑟𝑑𝑟 = ∫  

𝑡

0

 𝑈𝑡−𝑟𝑂ℒ𝑛,0(1)𝑈𝑟𝑑𝑟  

𝑂ℒ𝑛,0(1)𝑈𝑟 = 𝑂ℒ𝑛,0((1 + |𝑟|)
𝑛) 

[𝐷𝛼 , 𝑈𝑡] = 𝑂ℒ𝑛,0((1 + |𝑡|)
𝑛+1)  

‖𝜙‖𝐻𝑦
𝑛,𝜅ℋ𝑒𝑙

≲ ‖𝜙‖𝐻𝑦
𝑛+1,𝜅ℋ𝑒𝑙

 

Re ⟨
𝑖

𝜅
𝐻‾𝜙, 𝜙⟩

𝐻𝜅,𝑦
𝑠
ℋ𝑒𝑙 = ∑  

|𝛼|=𝑠

 Re ⟨𝐷𝑦
𝛼 (
𝑖

𝜅
𝐻‾)𝜙, 𝐷𝑦

𝛼𝜙⟩ ,  

Re ⟨
𝑖

𝜅
𝐻‾𝜙, 𝜙⟩ = 0 

⟨𝐷𝑦
𝛼 (
𝑖

𝜅
𝐻‾)𝜙, 𝐷𝑦

𝛼𝜙⟩ = ⟨𝐷𝑦
𝛼(𝑃 + 𝑃‾) (

𝑖

𝜅
𝐻‾)𝜙, 𝐷𝑦

𝛼(𝑃 + 𝑃‾)𝜙⟩ = ⟨𝐷𝑦
𝛼𝑃‾ (

𝑖

𝜅
𝐻‾)𝜙, 𝐷𝑦

𝛼𝑃‾𝜙⟩  

𝐷𝑦
𝛼 (
𝑖

𝜅
𝐻‾) = [𝐷𝑦

𝛼, (
𝑖

𝜅
𝐻‾)] + (

𝑖

𝜅
𝐻‾)𝐷𝑦

𝛼  

Re ⟨(
𝑖

𝜅
𝐻‾)𝐷𝑦

𝛼𝜙,𝐷𝑦
𝛼𝜙⟩ = 0 

Re ⟨𝐷𝑦
𝛼 (
𝑖

𝜅
𝐻‾)𝜙, 𝐷𝑦

𝛼𝜙⟩ = Re ⟨𝐷𝑦
𝛼 (
𝑖

𝜅
𝐻‾)𝜙, 𝐷𝑦

𝛼𝜙⟩ + Re ⟨𝑃𝐷𝑦
𝛼𝑃‾ (

𝑖

𝜅
𝐻‾)𝜙, 𝑃𝐷𝑦

𝛼𝑃‾𝜙⟩  

Re ⟨
𝑖

𝜅
𝐻‾𝜙, 𝜙⟩

𝐻𝜅,𝑦
𝑠
ℋ𝑒𝑙 = ∑  

|𝛼|=𝑠

 Re(𝐼1
𝛼 + 𝐼2

𝛼),  

𝐼1
𝛼: = ⟨𝐷𝑦

𝛼 (
𝑖

𝜅
𝐻‾)𝜙, 𝐷𝑦

𝛼𝜙⟩ , 𝐼2
𝛼:= ⟨𝑃𝐷𝑦

𝛼𝑃‾ (
𝑖

𝜅
𝐻‾)𝜙, 𝑃𝐷𝑦

𝛼𝑃‾𝜙⟩ .  

[𝐷𝑦
𝛼,
𝑖

𝜅
𝐻‾ ]𝑂ℒ𝑠,0 

‖𝜙‖𝐻𝑦
𝑠−1,𝜅ℋ𝑒𝑙

≲ ‖𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙 

Re𝐼1
𝛼 = Re ⟨[𝐷𝑦

𝛼, (
𝑖

𝜅
𝐻‾)]𝜙, 𝐷𝑦

𝛼𝜙⟩ ⩽ 𝐶‖𝜙‖𝐻𝑦
𝑠−1,𝜅ℋ𝑒𝑙

‖𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙
⩽ 𝐶‖𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙

2 .  

𝐻‾ = 𝐻‾𝑏𝑜 + 𝑇‾  

𝑇 = −𝜅2Δ𝑦 

𝐷𝑦
𝛼𝐻𝑏𝑜 = [𝐷𝑦

𝛼, 𝐻𝑏𝑜] + 𝐻𝑏𝑜𝐷𝑦
𝛼 

𝑃𝐷𝑦
𝛼𝑃‾ (

𝑖

𝜅
𝐻‾) =

𝑖

𝜅
𝑃𝐷𝑦

𝛼𝑃‾𝐻𝑏𝑜𝑃‾ +
𝑖

𝜅
𝑃𝐷𝑦

𝛼𝑃‾𝑇𝑃‾ =
𝑖

𝜅
𝑃[𝐷𝑦

𝛼 , 𝐻𝑏𝑜]𝑃‾ +
𝑖

𝜅
𝑃𝐻𝑏𝑜𝐷𝑦

𝛼𝑃‾ + 𝑃𝐷𝑦
𝛼𝑃‾𝑇𝑃‾,  

𝑃𝐷𝑦
𝛼𝑃‾𝐻𝑏𝑜𝑃‾ = 𝑃𝐷𝑦

𝛼𝐻𝑏𝑜𝑃‾ = 𝑃[𝐷𝑦
𝛼, 𝐻𝑏𝑜]𝑃‾ + 𝐻𝑏𝑜𝑃𝐷𝑦

𝛼𝑃‾  

𝑃𝐷𝑦
𝛼𝑃‾ (

𝑖

𝜅
𝐻‾) =

𝑖

𝜅
𝐻𝑏𝑜𝑃𝐷𝑦

𝛼𝑃‾ +
𝑖

𝜅
𝑃[𝐷𝑦

𝛼, 𝐻𝑏𝑜]𝑃‾ +
𝑖

𝜅
𝑃𝐷𝑦

𝛼𝑃‾𝑇𝑃‾.  
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Re𝐼2
𝛼 = Re ⟨

𝑖

𝜅
𝑃[𝐷𝑦

𝛼, 𝐻𝑏𝑜]𝑃‾𝜙, 𝑃𝐷𝑦
𝛼𝑃‾𝜙⟩ + Re ⟨

𝑖

𝜅
𝑃𝐷𝑦

𝛼𝑃‾𝑇𝑃‾𝜙, 𝑃𝐷𝑦
𝛼𝑃‾𝜙⟩ ,  

Re ⟨
𝑖

𝜅
𝐻𝑏𝑜𝑃𝐷𝑦

𝛼𝑃‾𝜙, 𝑃𝐷𝑦
𝛼𝑃‾𝜙⟩ = 0 

𝑃[𝐷𝑦
𝛼, 𝐻𝑏𝑜]𝑃‾ = ∑  

0⩽𝛽⩽𝛼
𝛽≠𝛼

 (
𝛼

𝛼 − 𝛽
) (−𝑖𝜅)|𝛼−𝛽|𝑃 (𝜕𝑦

𝛼−𝛽
𝐻𝑏𝑜)𝐷𝑦

𝛽
𝑃‾ = 𝑂ℒ𝑠−1,0(𝜅)  

𝑃𝐷𝑦
𝛼𝑃‾ = [𝑃, 𝐷𝑦

𝛼]𝑃‾ = − ∑  

0⩽𝛽⩽𝛼
𝛽≠𝛼

 (
𝛼

𝛼 − 𝛽
) (−𝑖𝜅)|𝛼−𝛽| (𝜕𝑦

𝛼−𝛽
𝑃)𝐷𝑦

𝛽
𝑃‾ = 𝑂ℒ𝑠−1,0(𝜅)  

Re ⟨
𝑖

𝜅
𝑃[𝐷𝑦

𝛼 , 𝐻𝑏𝑜]𝑃‾𝜙, 𝑃𝐷𝑦
𝛼𝑃‾𝜙⟩ ⩽ 𝐶𝜅‖𝜙‖

𝐻𝑦
𝑠−1,𝜅ℋ𝑒𝑙

2 ⩽ 𝐶𝜅‖𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙

2 ,  

Re ⟨
𝑖

𝜅
𝑃𝐷𝑦

𝛼𝑃‾𝑇𝑃‾𝜙, 𝑃𝐷𝑦
𝛼𝑃‾𝜙⟩ ⩽ 𝐶𝜅‖𝜙‖𝐻𝜅𝑠 ,ℋ𝑒𝑙

2 ,  

Re𝐼2
𝛼 = Re ⟨𝑃𝐷𝑦

𝛼𝑃‾ (
𝑖

𝜅
𝐻‾)𝜙, 𝑃𝐷𝑦

𝛼𝑃‾𝜙⟩ ⩽ 𝐶𝜅‖𝜙‖𝐻𝜅,𝑦𝑠
2 ℋ𝑒𝑙 ,  

Re ⟨
𝑖

𝜅
𝐻‾𝜙, 𝜙⟩

𝐻𝜅,𝑦
𝑠
ℋ𝑒𝑙 ⩽ 𝐶‾‖𝜙‖𝐻𝜅,𝑦𝑠

2 ℋ𝑒𝑙,  

𝑖

𝜅
𝐻‾ − 𝐶‾𝑈‾𝑡|𝑃‾𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙

 

ℎeff = 𝑇 + 𝐸 + 𝜅
2𝑣 

𝑈𝑡
𝑃Ψ(𝑥, 𝑦) = 𝜓∘(𝑥, 𝑦)𝑒

−𝑖ℎeff𝑡/𝜅𝑓(𝑦),  

𝑓(𝑦) = ⟨𝜓∘(𝑥, 𝑦),Ψ(𝑥, 𝑦)⟩ℋ𝑒𝑙
 

ℎeff = 𝑇 + 𝐸 + 𝜅
2𝑣 

Ψ ∈ 𝐻𝜅,𝑦
𝑠 ℋ𝑒𝑙𝑓 ∈ 𝐻𝜅,𝑦

𝑠  

‖𝑈𝑡
𝑃𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙

⩽ 𝐶⟨𝑡⟩𝑠‖𝜙‖𝐻𝜅,𝑦𝑠 ℋ𝑒𝑙  

‖𝑒−𝑖ℎeff𝑡/𝜅𝜙‖
𝐻𝜅,𝑦
𝑠 ≲ ⟨𝑡⟩𝑠‖𝜙‖𝐻𝜅,𝑦𝑠  

𝜙̃𝐴 = 𝑀𝐴 
𝐵𝜉𝐵, 𝜙̃𝐴 = (𝑀−1)𝐴 𝐵𝜙

𝐵

𝜒‾̃𝐴′ = 𝑀
∗ 𝐴′  

𝐵′𝜒‾𝐵′ , 𝜒‾̃𝐴
′
= (𝑀−1)∗ 𝐵′𝜒‾

𝐵′
 

𝜎0 = (
−1 0
0 −1

) , 𝜎1 = (
0 1
1 0

) , 𝜎2 = (
0 −𝑖
𝑖 0

) , 𝜎3 = (
1 0
0 −1

) .  

(
0 1
−1 0

)  

𝜎‾𝑎𝐴
′𝐴 = 𝜖𝐴

′𝐵′𝜖𝐴𝐵𝜎𝐵𝐵′
𝑎  
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(𝜎𝑎𝜎‾𝑏 + 𝜎𝑏𝜎‾𝑎)
𝐴

𝐵
= −2𝜂𝑎𝑏𝛿𝐴

𝐵

(𝜎‾𝑎𝜎𝑏 + 𝜎‾𝑏𝜎𝑎)
𝐵′
𝐴′

= −2𝜂𝑎𝑏𝛿𝐵′
𝐴′

 

𝛾𝑎 = (
0 𝜎𝑎

𝜎‾𝑎 0
)  

Φ = (
𝜙𝐴
𝜒‾𝐴

′)  

𝛾c
0 = (

−1 0
0 1

) , 𝛾c
𝑗
= ( 0 𝜎𝑗

−𝜎𝑗 0
)  

Γ𝑊 = 𝑋Γc𝑋
−1, 𝑋 =

1

√2
(
1 −1
1 1

)  

𝐼ferm =−
𝑖

2
∫  𝑑4𝑥𝑒(𝜙‾𝐴

′
𝑒
𝐴𝐴′
𝜇
𝐷𝜇𝜙

𝐴 + 𝜒‾𝐴
′
𝑒
𝐴𝐴′
𝜇
𝐷𝜇𝜒

𝐴) +  H.c.  

 −
𝑚

√2
∫  𝑑4𝑥𝑒(𝜒𝐴𝜙

𝐴 + 𝜙‾𝐴
′
𝜒‾𝐴′)

 

𝑒
𝐴𝐴′
𝜇
𝐷𝜇𝜙

𝐴  = 𝑖
𝑚

√2
𝜒‾𝐴′

𝑒
𝐴𝐴′
𝜇
𝐷𝜇𝜒

𝐴  = 𝑖
𝑚

√2
𝜙‾𝐴′

𝑒
𝐴𝐴′
𝜇
𝐷𝜇𝜙‾

𝐴′  = −𝑖
𝑚

√2
𝜒𝐴

𝑒
𝐴𝐴′
𝜇
𝐷𝜇𝜒‾

𝐴′  = −𝑖
𝑚

√2
𝜙𝐴

 

𝑑𝑠2 = −𝑁0(𝑥
0)(𝑑𝑥0)2 + 𝑎2(𝑥0)𝑑Ω3

2  

𝑑Ω3
2 = 𝑑𝜒2 + sin2 𝜒(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑉 = (
ℓ𝑜
2
)
3

𝑎3 ≡ ℓ3𝑎3  

𝑛𝐴𝐴′𝑒
𝐵𝐴′𝑗(3)𝐷𝑗  and  𝑛𝐴𝐴′𝑒

𝐴𝐵′𝑗(3)𝐷𝑗, 

 −𝑖𝑛𝐴𝐴′𝑒
𝐵𝐴′𝑗(3)𝐷𝑗𝜌𝐵

𝑛𝑞
(𝐱) = +𝜆𝑛𝜌𝐴

𝑛𝑞
(𝐱)

 −𝑖𝑛𝐴𝐴′𝑒
𝐵𝐴′𝑗(3)𝐷𝑗𝜎‾𝐵

𝑛𝑞
(𝐱) = −𝜆𝑛𝜎‾𝐴

𝑛𝑞
(𝐱)

 

 −𝑖𝑛𝐴𝐴′𝑒
𝐴𝐵′𝑗(3)𝐷𝑗𝜌‾𝐵′

𝑛𝑞
(𝐱) = −𝜆𝑛𝜌‾𝐴′

𝑛𝑞
(𝐱)

 −𝑖𝑛𝐴𝐴′𝑒
𝐴𝐵′𝑗(3)𝐷𝑗𝜎𝐵′

𝑞𝑞
(𝐱) = +𝜆𝑛𝜎𝐴′

𝑛𝑞
(𝐱)

 

 ∫  𝑑𝜇𝜌𝐴
𝑛𝑝
𝑛𝐴𝐴

′
𝜎
𝐴′
𝑚𝑞
= 0

 ∫  𝑑𝜇𝜌‾
𝐴′
𝑛𝑝
𝑛𝐴𝐴

′
𝜎‾𝐴
𝑚𝑞
= 0

 ∫  𝑑𝜇𝜌𝐴
𝑛𝑝
𝑛𝐴𝐴

′
𝜌‾
𝐴′
𝑚𝑞
= 𝛿𝑛𝑚𝛿𝑝𝑞

 ∫  𝑑𝜇𝜎‾𝐴
𝑛𝑝
𝑛𝐴𝐴

′
𝜎
𝐴′
𝑚𝑞
= 𝛿𝑛𝑚𝛿𝑝𝑞
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𝑑𝜇 = sin2 𝜒sin 𝜃𝑑𝜒𝑑𝜃𝑑𝜙 

𝜙𝐴(𝑥)  =
𝑎−

3
2

2𝜋
∑  

𝑛𝑝𝑞

 𝛼𝑛
𝑝𝑞
(𝑚𝑛𝑝(𝑥

0)𝜌𝐴
𝑛𝑞
(𝐱) + 𝑟‾𝑛𝑝(𝑥

0)𝜎‾𝐴
𝑛𝑞
(𝐱)),

𝜙‾𝐴′(𝑥)  =
𝑎−

3
2

2𝜋
∑  

𝑛𝑝𝑞

 𝛼𝑛
𝑝𝑞
(𝑚‾ 𝑛𝑝(𝑥

0)𝜌‾
𝐴′
𝑛𝑞
(𝐱) + 𝑟𝑛𝑝(𝑥

0)𝜎
𝐴′
𝑛𝑞
(𝐱)),

𝜒𝐴(𝑥)  =
𝑎−

3
2

2𝜋
∑  

𝑛𝑝𝑞

 𝛽𝑛
𝑝𝑞
(𝑠𝑛𝑝(𝑥

0)𝜌𝐴
𝑛𝑞
(𝐱) + 𝑡‾𝑛𝑝(𝑥

0)𝜎‾𝐴
𝑛𝑞
(𝐱)),

𝜒‾𝐴′(𝑥)  =
𝑎−

3
2

2𝜋
∑  

𝑛𝑝𝑞

 𝛽𝑛
𝑝𝑞
(𝑠‾𝑛𝑝(𝑥

0)𝜌‾
𝐴′
𝑛𝑞
(𝐱) + 𝑡𝑛𝑝(𝑥

0)𝜎
𝐴′
𝑛𝑞
(𝐱)).

 

𝛼𝑛
𝑝𝑞
= (

1 1
1 −1

)   and  𝛽𝑛
𝑝𝑞
= (

1 −1
−1 −1

)  

𝐼ferm =∑ 

𝑛𝑝

 ∫  𝑑𝑡𝑁0 [
𝑖

2𝑁0
(𝑚‾ 𝑛𝑝𝑚̇𝑛𝑝 +𝑚𝑛𝑝𝑚‾̇ 𝑛𝑝 + 𝑠‾𝑛𝑝𝑠̇𝑛𝑝 + 𝑠𝑛𝑝𝑠‾̇𝑛𝑝

+𝑡‾𝑛𝑝𝑡̇𝑛𝑝 + 𝑡𝑛𝑝𝑡‾̇𝑛𝑝 + 𝑟‾𝑛𝑝𝑟̇𝑛𝑝 + 𝑟𝑛𝑝𝑟‾̇𝑛𝑝)

+𝜆𝑛𝑎
−1(𝑚‾ 𝑛𝑝𝑚𝑛𝑝 + 𝑠‾𝑛𝑝𝑠𝑛𝑝 + 𝑡‾𝑛𝑝𝑡𝑛𝑝 + 𝑟‾𝑛𝑝𝑟𝑛𝑝) 

−𝑚(𝑟𝑛𝑝𝑡𝑛𝑝 + 𝑡‾𝑛𝑝𝑟‾𝑛𝑝 + 𝑠𝑛𝑝𝑚𝑛𝑝 +𝑚‾ 𝑛𝑝𝑠‾𝑛𝑝)]

 

𝐼𝑛𝑝 = ∫  𝑑𝑡𝑁0 (
𝑖

2𝑁0
(𝑥‾𝑥̇ + 𝑥𝑥‾̇ + 𝑦‾𝑦̇ + 𝑦𝑦‾̇) +

𝜆𝑛
𝑎
(𝑥‾𝑥 + 𝑦‾𝑦) − 𝑚(𝑦𝑥 + 𝑥‾𝑦‾))  

𝐼ferm=∑ 

𝑛𝑝

  [𝐼𝑛𝑝(𝑚𝑛𝑝,𝑚‾ 𝑛𝑝, 𝑠𝑛𝑝, 𝑠‾𝑛𝑝) + 𝐼𝑛𝑝(𝑟𝑛𝑝, 𝑟‾𝑛𝑝, 𝑡𝑛𝑝, 𝑡‾𝑛𝑝)] 

 =:∑  

𝑛𝑝

  𝐼𝑛𝑝(𝑥, 𝑦, 𝑥‾, 𝑦‾)
 

𝑖
𝑥̇

𝑁0
+ 𝜈𝑥 −𝑚𝑦‾ = 0

𝑖
𝑥‾̇

𝑁0
− 𝜈𝑥‾ + 𝑚𝑦 = 0

𝑖
𝑦̇

𝑁0
+ 𝜈𝑦 +𝑚𝑥‾ = 0

𝑖
𝑦‾̇

𝑁0
− 𝜈𝑦‾ − 𝑚𝑥 = 0

 

𝜈(𝑥0) = 𝑎−1(𝑥0) (𝑛 +
3

2
) ≡ 𝜆𝑛𝑎

−1(𝑥0)  

1

𝑁0

𝑑

𝑑𝑡
(
𝑥̇

𝑁0
) + (

𝜈̇

𝑖𝑁0
+ 𝜈2 +𝑚2) 𝑥 = 0  

1

𝑁0

𝑑

𝑑𝑡
(
𝑥‾̇

𝑁0
) + (−

𝜈̇

𝑖𝑁0
+ 𝜈2 +𝑚2) 𝑥‾ = 0  

𝐻𝑛𝑝(𝑥, 𝑥‾, 𝑦, 𝑦‾) = 𝑁0[𝜈(𝑥𝑥‾ + 𝑦𝑦‾) + 𝑚(𝑦𝑥 + 𝑥‾𝑦‾)]  
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[𝑥, 𝑥‾]∗ = −𝑖  and  [𝑦, 𝑦‾]∗ = −𝑖  

𝐻ferm=∑ 

𝑛𝑝

  [𝐻𝑛𝑝(𝑚𝑛𝑝,𝑚‾ 𝑛𝑝, 𝑠𝑛𝑝, 𝑠‾𝑛𝑝) + 𝐻𝑛𝑝(𝑟𝑛𝑝, 𝑟‾𝑛𝑝, 𝑡𝑛𝑝, 𝑡‾𝑛𝑝)] 

 =:∑  

𝑛𝑝

 𝐻𝑛𝑝(𝑥, 𝑥‾, 𝑦, 𝑦‾)
 

𝐻geo +𝐻ferm ≈ 0  

𝐻geo = 𝐻grav +𝐻𝑇 

{𝑥̂, 𝑥‾̂} = 1  and  {𝑦̂, 𝑦‾̂} = 1  

𝑥‾ → 𝑥‾̂ = 𝜕/𝜕𝑥  and  𝑦‾ → 𝑦‾̂ = 𝜕/𝜕𝑦  

𝜓(𝑥, 𝑦) ≡ 𝜓(𝑚, 𝑠, 𝑟, 𝑡) 

𝑖ℏ𝜕𝑥0𝜓(𝑥
0; 𝑥, 𝑦) =∑  

𝑛𝑝

  𝐻̂𝑛𝑝(𝑥, 𝑦)𝜓(𝑥
0; 𝑥, 𝑦)  

𝐻̂𝑛𝑝 = 𝑁0[𝜈(𝑥𝑥‾̂ + 𝑦𝑦‾̂) + 𝑚(𝑦𝑥̂ + 𝑥‾𝑦‾̂)]  

𝑁𝜏 = 𝑁(𝜏) = 𝑎
3 

𝐻̂𝑛𝑝
(𝜏)
= 𝜆𝑛𝑎

2(𝑥𝑥‾̂ + 𝑦𝑦‾̂) +𝑚𝑎3(𝑦𝑥̂ + 𝑥‾𝑦‾̂)  

 = 𝜆𝑛ℓ
−2𝑉2/3(𝑥𝑥‾̂ + 𝑦𝑦‾̂) + 𝑚ℓ−3𝑉(𝑦𝑥̂ + 𝑥‾𝑦‾̂)

 

𝜓(𝑥, 𝑝) =∏ 

𝑛𝑝

 𝜓𝑛𝑝(𝑚𝑛𝑝, 𝑠𝑛𝑝, 𝑟𝑛𝑝, 𝑡𝑛𝑝)  

⟨𝜓1, 𝜓2⟩ = ∫  𝜓1(𝑥, 𝑦)𝜓2(𝑥, 𝑦)𝑒
−𝑥𝑥‾−𝑦𝑦‾𝑑𝑥𝑑𝑥‾𝑑𝑦𝑑𝑦‾  

∫  𝑑𝑥 = 0,∫  𝑥𝑑𝑥 = 1,∫  𝑑𝑥‾ = 0,∫  𝑥‾𝑑𝑥‾ = 1  

𝐻̂𝑛𝑝
(𝜏)
𝜓𝑛𝑝 = 𝐸𝑛𝑝𝜓𝑛𝑝  

ℋferm =⨂ 

𝑛𝑝

 ℋ𝑛𝑝  

𝑥𝑥‾ →
1

2
(𝑥

𝜕

𝜕𝑥
−
𝜕

𝜕𝑥
𝑥)  

𝐻̂𝑛𝑝
(𝜏)
= 𝜆𝑛ℓ

−2𝑉
2
3(𝑥𝑥‾̂ + 𝑦𝑦‾̂) +𝑚ℓ−3𝑉(𝑦𝑥̂ + 𝑥‾𝑦‾̂)  

 = 𝜆𝑛ℓ
−2𝑉

2
3 (−1 + 𝑥

𝜕

𝜕𝑥
+ 𝑦

𝜕

𝜕𝑦
) +𝑚ℓ−3𝑉 (𝑦𝑥 +

𝜕2

𝜕𝑥𝜕𝑦
)

 

[
𝜆𝑛
ℓ2
𝑉2/3 (−1 + 𝑥

𝜕

𝜕𝑥
+ 𝑦

𝜕

𝜕𝑦
) +

𝑚

ℓ3
𝑉 (𝑦𝑥 +

𝜕2

𝜕𝑥𝜕𝑦
)]𝜓𝑛𝑝(𝑥, 𝑦) = 𝐸𝑛𝑝𝜓𝑛𝑝(𝑥, 𝑦)  
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𝐸𝑛𝑝
(0)
= −𝑤𝑛: 𝜓𝑛𝑝

(0)
= N𝑛

(0)
(1 +

𝑚ℓ−3𝑉

𝜆𝑛ℓ
−2𝑉2/3 +𝑤𝑛

𝑥𝑦)

𝐸𝑛𝑝
(1)
= 0: 𝜓𝑛𝑝

(1)
= N𝑛

(1)
𝑥

𝐸𝑛𝑝
(2)
= 0: 𝜓𝑛𝑝

(2)
= N𝑛

(2)
𝑦

𝐸𝑛𝑝
(3)
= +𝑤𝑛: 𝜓𝑛𝑝

(3)
= N𝑛

(3)
(1 +

𝑚ℓ−3𝑉

𝜆𝑛ℓ
−2𝑉2/3 −𝑤𝑛

𝑥𝑦)

 

𝑤𝑛 = √
𝜆𝑛
2

ℓ4
𝑉
4
3 +

𝑚2

ℓ6
𝑉2  

N𝑛
(0)
= (

𝜆𝑛ℓ
−2𝑉2/3 +𝑤𝑛
2𝑤𝑛

)

1
2

,  N𝑛
(1)
= N𝑛

(2)
= 1,  N𝑛

(3)
= (

𝜆𝑛ℓ
−2𝑉2/3 −𝑤𝑛
2𝑤𝑛

)

1
2

 

𝜓𝑛𝑝(𝑥, 𝑦) =∑  

3

𝐼=0

 𝑎𝐼𝜓𝑛𝑝
(𝐼)
(𝑥, 𝑦)  

𝐻̂𝑛𝑝
(𝜏)
= 𝜆𝑛ℓ

−2𝑉
2
3(𝑥𝑥‾̂ + 𝑦𝑦‾̂)  

𝑁0𝐻geo = 𝑁0(𝐻𝑇 +𝐻grav ) ≈ 0  

𝐻grav = −
3

8𝜋𝐺

√𝑝

𝛾2
[(𝑐 −

ℓ𝑜
𝑎𝑜
)
2

−
𝛾2ℓ𝑜

2

𝑎𝑜
2 ]  

|𝑝| = 𝑎2ℓ𝑜
2/4 = 𝑎2ℓ2 

𝑞𝑖𝑗 =  
𝑜𝑞𝑖𝑗|𝑝|ℓ𝑜

−2 

{𝑐, 𝑝} =
8𝜋𝐺𝛾

3
 

𝑉 = ℓ3𝑎3 = |𝑝|3/2  

𝐻𝑇 =
𝑃𝑇
2

2𝑉
 

◻ 𝑇 = (𝑃𝑇/ℓ
3)𝜏 

𝐻geo
(𝜏)
: = 𝑁𝜏𝐻geo=

𝑃𝑇
2

2ℓ3
−

3

8𝜋𝐺

1

𝛾2ℓ3
𝑉2/3 [(𝑐 −

ℓ𝑜
2

2

𝑎𝑜
)
2

−
𝛾2ℓ𝑜

2

4

4

𝑎𝑜
2] 𝑉

2/3 

 =:
𝑃𝑇
2

2ℓ3
+𝐻grav

(𝜏)
≈ 0

 

𝐻̂geo
(𝜏)
Ψ𝑜(𝑣, 𝑇) = (

𝑃̂𝑇
2

2ℓ3
+ 𝐻̂grav

(𝜏)
)Ψ𝑜(𝑣, 𝑇) ≈ 0  

𝐻̂grav 
(𝜏)

=
1

16𝜋𝐺ℓ3
𝑉̂
1
2𝑒𝑖𝑓ℓ𝑜sin (𝜇‾𝑐)𝐴̂sin (𝜇‾𝑐)𝑒−𝑖𝑓ℓ𝑜𝑉̂

1
2

 −
1

16𝜋𝐺ℓ3
𝑉̂
1
2 (sin2 (

𝜇‾ℓ𝑜
2
) −

𝜇‾2ℓ𝑜
2

4
−

ℓ𝑜
2

9|𝐾2𝑣|2/3
) 𝐴̂𝑉̂

1
2
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𝜇‾ = √Δ|𝑝|−1/2 

Δ ≡ (2√3𝜋𝛾)ℓPl
2  

𝑉̂ = |𝑝̂|3/2 

𝑉̂|𝑣⟩ = (
8𝜋𝛾

6
)
3/2 |𝑣|

𝐾
ℓPl
3 |𝑣⟩  

𝐾 = 2√2/(3√3√3) 

𝐴̂Ψ𝑜(𝑣)=
24𝑖sgn(𝜇)

8𝜋𝛾3𝜇‾3ℓPl
2 [sin (

𝜇‾𝑐

2
) 𝑉̂cos (

𝜇‾𝑐

2
) − cos (

𝜇‾𝑐

2
) 𝑉̂sin (

𝜇‾𝑐

2
)]Ψ𝑜(𝑣) 

 = −
27𝐾

4
√
8𝜋

6

ℓPl
𝛾3/2

|𝑣|||𝑣 − 1| − |𝑣 + 1||Ψ𝑜(𝑣)

 

𝑃̂𝑇 = −𝑖ℏ(𝜕/𝜕𝑇) 

𝐻̂geo
(𝜏)
Ψ𝑜(𝑣, 𝑇) = −

ℏ2

2ℓ3
(𝜕𝑇

2 −
2ℓ3

ℏ2
𝐻̂grav
(𝜏)

)Ψ𝑜(𝑣, 𝑇) = 0  

𝜕𝑇
2Ψ𝑜(𝑣, 𝑇) = −ΘΨ𝑜(𝑣, 𝑇)  

Ψ𝑜(𝑣) ∈ ℋkin 
grav 

 

ΘΨ𝑜(𝑣)= −
2ℓ3

ℏ2
𝐻̂grav 
(𝜏)

Ψ𝑜(𝑣) 

 =: (Θ0 + Θ1)Ψ𝑜(𝑣)

 

Θ0Ψ𝑜(𝑣) =
3𝜋𝐺

4
[(𝑣 + 2)√𝑣(𝑣 + 4)Ψ𝑜(𝑣 + 4) − 2𝑣Ψ𝑜(𝑣)

+(𝑣 − 2)√𝑣(𝑣 − 4)Ψ𝑜(𝑣 − 4)]

Θ1Ψ𝑜(𝑣) =
3𝜋𝐺

2
[(sin2 (

𝜇‾ℓ𝑜
2
) −

𝜇‾2ℓ𝑜
2

4
)𝑣2 −

ℓ𝑜
2

9
(
𝑣

𝐾
)
4/3

]Ψ𝑜(𝑣).

 

ℋkin 
𝑜 = 𝐿2(ℝ, 𝑑𝜇Bohr )⊗ 𝐿2(ℝ, 𝑑𝑇) 

𝐿2(ℝ, 𝑑𝜇Bohr ) 

−𝑖ℏ𝜕𝑇Ψ𝑜(𝑣, 𝑇) = ℏ√ΘΨ𝑜(𝑣, 𝑇) =: 𝐻̂𝑜Ψ𝑜(𝑣, 𝑇)  

⟨Ψ𝑜 ∣ Ψ𝑜
′ ⟩𝜀 = ∑  

𝑣∈ℒ𝜀

 Ψ𝑜(𝑣, 𝑇0)Ψ𝑜
′(𝑣, 𝑇0)  

ℒ𝜀 = ℒ|𝜀| ∪ ℒ−|𝜀| 

𝐻tot = 𝐻geo
(𝜏)
+𝐻ferm

(𝜏)
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𝐻̂totΨ = [𝐻̂geo
(𝜏)
⊗𝕀 +∑  

𝑛𝑝

  𝐻̂𝑛𝑝
(𝜏)
(𝑥, 𝑦)]Ψ  

𝐻̂𝑛𝑝
(𝜏)
= [𝜆𝑛ℓ

−2𝑉̂2/3⊗ (𝑥𝑥‾̂ + 𝑦𝑦‾̂) + 𝑚ℓ−3𝑉̂ ⊗ (𝑦𝑥̂ + 𝑥‾𝑦‾̂)]  

𝐻̂totΨ = [−
ℏ2

2ℓ3
(𝜕𝑇
2 + Θ)⊗ 𝕀 +∑  

𝑛𝑝

  𝐻̂𝑛𝑝
(𝜏)
(𝑥, 𝑦)]Ψ  

Ψ:=∑ 

𝑛𝑝

 Ψ𝑛𝑝(𝑇, 𝑣,𝑚𝑛𝑝, 𝑠𝑛𝑝, 𝑟𝑛𝑝, 𝑡𝑛𝑝)  

= Ψ𝑜(𝑇, 𝑣) ⊗∏ 

𝑛𝑝

 𝜓𝑛𝑝(𝑇,𝑚𝑛𝑝, 𝑠𝑛𝑝)⊗𝜓𝑛𝑝(𝑇, 𝑟𝑛𝑝, 𝑡𝑛𝑝) 

 =:Ψ𝑜(𝑇, 𝑣) ⊗∏ 

𝑛𝑝

 𝜓𝑛𝑝(𝑇, 𝑥, 𝑦)

 

Ψ𝑛𝑝 = Ψ𝑜⊗𝜓𝑛𝑝 

−ℏ2𝜕𝑇
2Ψ𝑛𝑝 = [𝐻̂𝑜

2 − 2ℓ3𝐻̂𝑛𝑝
(𝜏)
]Ψ𝑛𝑝  

−𝑖ℏ𝜕𝑇Ψ𝑛𝑝 = [𝐻̂𝑜
2 − 2ℓ3𝐻̂𝑛𝑝

(𝜏)
]

1
2Ψ𝑛𝑝

 

−𝑖ℏ𝜕𝑇Ψ𝑛𝑝≈ [𝐻̂𝑜 − ℓ
3𝐻̂𝑜

−
1
2𝐻̂𝑛𝑝

(𝜏)
𝐻̂𝑜
−
1
2]Ψ𝑛𝑝 

 =: (𝐻̂𝑜 − 𝐻̂𝑛𝑝
(𝑇)
)Ψ𝑛𝑝

 

ℋphys ≡ ℋkin 
𝑜 ⊗ℋ𝑛𝑝 

⟨Ψ𝑛𝑝, Ψ𝑛𝑝
′ ⟩

𝜀
= ∑  

𝜀∈ℒ𝜀

 ∫  𝑑𝑥𝑑𝑥‾𝑑𝑦𝑑𝑦‾𝑒−𝑥𝑥‾−𝑦𝑦‾

 × Ψ𝑛𝑝(𝑇0, 𝑣; 𝑥, 𝑦)Ψ𝑛𝑝
′ (𝑇0, 𝑣; 𝑥, 𝑦)

 

Ψint
(𝑛𝑝)

(𝑣, 𝑥, 𝑦, 𝑇) = 𝑒−(𝑖𝐻̂𝑜/ℏ)(𝑇−𝑇0)Ψ𝑛𝑝(𝑣, 𝑥, 𝑦, 𝑇)  

Ψ𝑜(𝑣, 𝑇) = 𝑒
(𝑖𝐻̂𝑜/ℏ)(𝑇−𝑇0)Ψ𝑜(𝑣, 𝑇0)  

Ψint
(𝑛𝑝)

(𝑣, 𝑥, 𝑦, 𝑇) = Ψ𝑜(𝑣, 𝑇0) ⊗ 𝜓𝑛𝑝(𝑥, 𝑦, 𝑇)  

𝑖ℏ𝜕𝑇𝜓𝑛𝑝= ⟨𝐻̂𝑛𝑝
(𝑇)
⟩
𝑜
𝜓𝑛𝑝  

= [𝜆𝑛ℓ
−2 ⟨𝐻̂𝑜

−
1
2𝑉̂

2
3𝐻̂𝑜

−
1
2⟩

𝑜

(𝑥𝑥‾̂ + 𝑦𝑦‾̂) +𝑚ℓ−3 ⟨𝐻̂𝑜
−
1
2𝑉̂𝐻̂𝑜

−
1
2⟩

𝑜

(𝑦𝑥̂ + 𝑥‾𝑦‾̂)]𝜓𝑛𝑝 

 =: [𝜆𝑛⟨𝛼̂⟩𝑜(𝑥𝑥‾̂ + 𝑦𝑦‾̂) +𝑚⟨𝛽̂⟩𝑜(𝑦𝑥̂ + 𝑥‾𝑦‾̂)]𝜓𝑛𝑝

 

𝛼̂(𝑇):= ℓ−2𝐻̂𝑜
−
1
2𝑉̂2/3(𝑇)𝐻̂𝑜

−
1
2  and  𝛽̂(𝑇): = ℓ−3𝐻̂𝑜

−
1
2𝑉̂(𝑇)𝐻̂𝑜

−
1
2  
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𝑉̂(𝑇) = 𝑒−(𝑖𝐻̂𝑜/ℏ)(𝑇−𝑇0)𝑉̂(𝑇0)𝑒
(𝑖𝐻̂𝑜/ℏ)(𝑇−𝑇0)  

𝑔‾𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 = −𝑁‾𝑇

2(𝑇)𝑑𝑇2 + 𝑎‾2(𝑇)𝑑Ω3
2  

𝑖ℏ𝜕𝑇𝜓𝑛𝑝 = 𝑁‾𝑇[𝜆𝑛𝑎‾
−1(𝑥𝑥‾̂ + 𝑦𝑦‾̂) + 𝑚(𝑦𝑥̂ + 𝑥‾𝑦‾̂)]𝜓𝑛𝑝  

𝜆𝑛𝑁‾𝑇𝑎‾
−1  = 𝜆𝑛ℓ

−2 ⟨𝐻̂𝑜
−
1
2𝑉̂2/3𝐻̂𝑜

−
1
2⟩

𝑜

𝑚𝑁‾𝑇  = 𝑚ℓ
−3 ⟨𝐻̂𝑜

−
1
2𝑉̂𝐻̂𝑜

−
1
2⟩

𝑜

 

𝑁‾𝑇(𝑇)  = ℓ
−3 ⟨𝐻̂𝑜

−
1
2𝑉̂(𝑇)𝐻̂𝑜

−
1
2⟩

𝑜

𝑎‾(𝑇)  = ℓ−1

⟨𝐻̂𝑜
−
1
2𝑉̂(𝑇)𝐻̂𝑜

−
1
2⟩

𝑜

⟨𝐻̂𝑜
−
1
2𝑉̂2/3(𝑇)𝐻̂𝑜

−
1
2⟩

𝑜

 

𝑁‾𝑇
𝑎‾
= ℓ−2 ⟨𝐻̂𝑜

−
1
2𝑉̂2/3(𝑇)𝐻̂𝑜

−
1
2⟩

𝑜

 

𝑔𝜇𝜈 → Ω2(𝑥𝜎)𝑔𝜇𝜈 

𝑑𝑇‾ ≡
𝑁‾𝑇
𝑎‾
𝑑𝑇 = ℓ−2 ⟨𝐻̂𝑜

−
1
2𝑉̂2/3(𝑇)𝐻̂𝑜

−
1
2⟩

𝑜

𝑑𝑇  

𝑔‾𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 = 𝑎‾2(𝑇)[−𝑑𝑇‾ 2 + 𝑑Ω3

2]  

𝑔‾𝜇𝜈
′ 𝑑𝑥𝜇𝑑𝑥𝜈 = −𝑑𝑇‾ 2 + 𝑑Ω3

2  

𝜓𝑛𝑝
(𝐼)
(𝐸𝑛

(0)
= −𝑤𝑛; 𝜓𝑛𝑝

(0)
) (𝜓𝑛𝑝

(1,2)
) (𝐸𝑛

(3)
= +𝑤𝑛; 𝜓𝑛𝑝

(3)
) (𝜓𝑛𝑝

(0)
→ 𝜓𝑛𝑝

(3)
) 

Ψ̃𝑛𝑝(𝑇, 𝑣; 𝑥, 𝑦) = Ψ̃𝑛𝑝
𝑜 (𝑇, 𝑣) ⊗ 𝜓𝑛𝑝(𝑇, 𝑥, 𝑦)  

𝐻̂totΨ̃𝑛𝑝
𝑜 = [𝐻̂geo

(𝜏)
+ ⟨𝐻̂𝑛𝑝

(𝑇)
(𝑣)⟩

𝜓
] Ψ̃𝑛𝑝

𝑜  

 = [−
ℏ2

2ℓ3
(𝜕𝑇
2 + Θ) + ⟨𝐻̂𝑛𝑝

(𝑇)
(𝑣)⟩

𝜓
] Ψ̃𝑛𝑝

𝑜

 

𝐸̂𝑛(𝑣) = ⟨𝐻̂𝑛𝑝
(𝑇)
(𝑣)⟩

𝜓
= ±√

𝜆𝑛
2

ℓ4
𝑉̂
4
3 +

𝑚2

ℓ6
𝑉̂2  

−𝜕𝑇
2Ψ̃𝑛

𝑜= [Θ −
2ℓ3

ℏ2
𝐸̂𝑛] Ψ̃𝑛

𝑜  

 =: (Θ + Θ𝑛)Ψ̃𝑛
𝑜 = Θ̃𝑛Ψ̃𝑛

𝑜
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Θ𝑛 = −
2ℓ3

ℏ2
𝐸̂𝑛  

Θ = −(2ℓ3/ℏ2)𝐻̂grav 
(𝜏)

 

−𝑖ℏ𝜕𝑇Ψ̃𝑛
𝑜 = [𝐻̂𝑜

2 − 2ℓ3𝐸̂𝑛]
1
2Ψ̃𝑛

𝑜  

−𝑖ℏ𝜕𝑇Ψ̃𝑛
𝑜(𝑇, 𝑣) ≈ [𝐻̂𝑜 − 𝐸̂𝑛

(𝑇)
] Ψ̃𝑛

𝑜(𝑇, 𝑣)  

𝐸̂𝑛
(𝑇)
(𝑣)∶= ℓ3𝐻̂𝑜

−
1
2𝐸̂𝑛(𝑣)𝐻̂𝑜

−
1
2

 = ±(𝜆𝑛
2ℓ2𝐻̂𝑜

−1𝑉̂
4
3𝐻̂𝑜

−1 +𝑚2𝐻̂𝑜
−1𝑉̂2𝐻̂𝑜

−1)
1/2  

𝜆𝑛ℓ𝐻̂𝑜
−1/2

𝑉̂
2
3𝐻̂𝑜

−1/2
𝑚𝐻̂𝑜

−1/2
𝑉̂𝐻̂𝑜

−1/2
 

Θ𝑛 = (2ℓ
3/ℏ2)|𝐸̂𝑛| > 0 

Θ𝑛 = −(2ℓ
3/ℏ2)|𝐸̂𝑛| < 0 

Θ𝑛 − (4ℓ
3/ℏ2)|𝐸̂𝑛| + (4ℓ

3/ℏ2)|𝐸̂𝑛| 

Θ𝑒𝑘(𝑣) = 𝜔𝑘
2𝑒𝑘(𝑣),  with  ⟨𝑒𝑘 ∣ 𝑒𝑘′⟩ = 𝛿𝑘,𝑘′ .  

Ψ𝑜(𝑣, 𝑇) =∑  

𝑘

  𝑐𝑘
𝑜𝑒𝑘(𝑣)𝑒

𝑖𝜔𝑘𝑇
 

[Θ + Θ𝑛]𝑒𝑘
(𝑛)
(𝑣) = (𝜔𝑘

(𝑛)
)
2
𝑒𝑘
(𝑛)
(𝑣),  with  ⟨𝑒𝑘

(𝑛)
∣ 𝑒
𝑘′
(𝑛)
⟩ = 𝛿𝑘,𝑘′  

𝑈eff (𝑣) = 𝑈𝑜(𝑣) + Θ𝑛(𝑣) 

𝑈eff (𝑣b) = 𝜔𝑘
2[𝑈eff (𝑣) < 𝜔𝑘

2][𝑈eff (𝑣) > 𝜔𝑘
2] 

𝜌𝑇 − |𝜌𝑛| = 𝜌cr 

𝑈eff = 𝑈𝑜(𝑣) − |Θ𝑛(𝑣)| < 𝑈𝑜(𝑣) 

ΔΘ𝑛 = −(4ℓ
3/ℏ2)|𝐸̂𝑛| 

ΔΘ𝑛 = +(4ℓ
3/ℏ2)|𝐸̂𝑛| 

Θ𝑛(𝑣) ∼ ±𝜆𝑛ℓ
−2𝑉̂2/3  

Θ𝑛(𝑣) ∼ ±𝑚ℓ
−3𝑉̂  

|𝑒𝑘
(𝑛)
⟩ = 𝑁𝑘 [|𝑒𝑘⟩ + |𝛿𝑒𝑘

(𝑛)
⟩]  

Ψ̃𝑛
𝑜(𝑣, 𝑇) =∑  

𝑘

  𝑐𝑘
(𝑛)
𝑒𝑘
(𝑛)
(𝑣)𝑒𝑖𝜔𝑘𝑇  
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Ψ̃𝑛
𝑜(𝑣, 𝑇)=∑  

𝑘

  𝑐𝑘𝑒𝑘(𝑣)𝑒
𝑖𝜔𝑘𝑇 +∑ 

𝑘

  𝑐𝑘𝛿𝑒𝑘
(𝑛)
(𝑣)𝑒𝑖𝜔𝑘𝑇 

 =:Ψ𝑜(𝑣, 𝑇) + 𝛿Ψ𝑛(𝑣, 𝑇)

 

𝑐𝑘 = 𝑐𝑘
(𝑛)
= 𝑐𝑘

𝑜 

Ψ̃𝑛𝑝 = Ψ̃𝑛
𝑜⊗𝜓𝑛𝑝 

−𝑖ℏ𝜕𝑇Ψ̃𝑛𝑝 = (𝐻̂𝑜 − 𝐻̂𝑛𝑝
(𝑇)
) Ψ̃𝑛𝑝  

𝑖ℏ𝜕𝑇𝜓𝑛𝑝 = [𝜆𝑛ℓ
−2 ⟨𝐻̂𝑜

−
1
2𝑉̂

2
3𝐻̂𝑜

−
1
2⟩ (𝑥𝑥‾̂ + 𝑦𝑦‾̂) + 𝑚ℓ−3 ⟨𝐻̂𝑜

−
1
2𝑉̂𝐻̂𝑜

−
1
2⟩ (𝑦𝑥̂ + 𝑥‾𝑦‾̂)]𝜓𝑛𝑝  

Ψ̃𝑛
𝑜 = Ψ𝑜 + 𝛿Ψ𝑛 

⟨𝑂̂⟩ = ⟨𝑂̂⟩𝑜 + ⟨𝑂̂⟩𝑛  

⟨𝑂̂⟩𝑛:= ⟨Ψ𝑜|𝑂̂|𝛿Ψ𝑛⟩ + ⟨𝛿Ψ𝑛|𝑂̂|Ψ𝑜⟩ + ⟨𝛿Ψ𝑛|𝑂̂|𝛿Ψ𝑛⟩  

𝛿Ψ𝑛(𝑣, 𝑇) =∑ 

𝑘

  𝑐𝑘𝛿𝑒𝑘
(𝑛)
(𝑣)𝑒𝑖𝜔𝑘𝑇  

𝑖ℏ𝜕𝑇𝜓𝑛𝑝 = [𝜆𝑛(⟨𝛼̂⟩𝑜 + ⟨𝛼̂⟩𝑛)(𝑥𝑥‾̂ + 𝑦𝑦‾̂) + 𝑚(⟨𝛽̂⟩𝑜 + ⟨𝛽̂⟩𝑛)(𝑦𝑥̂ + 𝑥𝑦‾̂)]𝜓𝑛𝑝  

𝑔̃𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈 = −𝑁̃𝑇

2(𝑇)𝑑𝑇2 + 𝑎̃2(𝑇)𝑑Ω3
2  

𝜆𝑛𝑁̃𝑇𝑎̃
−1  = 𝜆𝑛⟨𝛼̂(𝑇)⟩𝑜 (1 + 𝛿𝑛

(1)
)

𝑚𝑁̃𝑇  = 𝑚⟨𝛽̂(𝑇)⟩𝑜 (1 + 𝛿𝑛
(2)
)

 

𝛿𝑛
(1)
(𝑇) ≡

⟨𝛼̂(𝑇)⟩𝑛
⟨𝛼̂(𝑇)⟩𝑜

  and  𝛿𝑛
(2)
(𝑇) ≡

⟨𝛽̂(𝑇)⟩𝑛

⟨𝛽̂(𝑇)⟩𝑜
 

𝑁̃𝑇(𝑇)  = 𝑁‾𝑇(𝑇)𝐹𝑛(𝑇)
𝑎̃(𝑇)  = 𝑎‾(𝑇)𝐺𝑛(𝑇)

 

𝐹𝑛  ≡ [(1 + 𝛿𝑛
(1)
) (1 + 𝛿𝑛

(2)
)
3
]

1
4

𝐺𝑛  ≡ (
1 + 𝛿𝑛

(2)

1 + 𝛿𝑛
(1)
)

1
4

 

𝑁̃𝑇
𝑎̃
= ⟨𝛼̂(𝑇)⟩𝑜 (1 + 𝛿𝑛

(1)
)  

𝑔̃𝜇𝜈𝑑𝑥
𝜇𝑑𝑥𝜈= 𝑎̃2(𝑇)[−𝑑𝑇̃2 + 𝑑Ω3

2] 

 =: 𝑎̃2(𝑇)𝑔̃𝜇𝜈
′ 𝑑𝑥𝜇𝑑𝑥𝜈

 

𝑑𝑇̃ ≡
𝑁̃𝑇
𝑎̃
𝑑𝑇 = (1 + 𝛿𝑛

(1)
)𝑑𝑇‾  
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𝜖𝐤
(𝑠)
(𝑣) = (𝑠 +

1

2
)ℏ𝑘𝑉̂−1/3  

𝜌𝑛(𝑇) = ⟨: 𝑉
−1(𝑇)𝐸𝑛

(𝑇)

: ⟩  

𝜌𝑛 ≈ 2𝜆𝑛ℓ ⟨𝐻̂𝑜
−1/2

𝑉̂−1/3(𝑇)𝐻̂𝑜
−1/2

⟩ ∼ ⟨𝑉̂−1/3⟩
𝑜
⟨𝐻̂𝑜

−1⟩
𝑜

 

𝐻̂𝑜Ψ𝑜 = 𝑃𝑇
2Ψ𝑜 

⟨𝐻̂𝑜
−1⟩

𝑜
= 𝑃𝑇

−2 =  const.  

𝜌𝑛 = 𝑚⟨𝐻̂𝑜
−1⟩

𝑜
≈  const.  

𝑃𝑇 = 𝑉b√2𝜌crit  

𝑃𝑇 ≈ 10
8ℓPl
3 √0.82𝜌Pl ∼ 9 × 10

7  

⟨𝐻̂𝑜
−1⟩

𝑜
∼ 10−15  

⟨𝐻̂𝑜
−1⟩

𝑜
∼ 10−19  

Λeff = 8𝜋𝐺𝜌𝑛 = 8𝜋𝐺𝑚⟨𝐻̂𝑜
−1⟩

𝑜
 

Λeff ∼ 6 × 10
−33  

𝜓𝑛𝑝(𝑥, 𝑦) = 𝑐0 + 𝑐1𝑥 + 𝑐2𝑦 + 𝑐3𝑥𝑦  

𝜆𝑛ℓ
−2𝑉

2
3(−𝑐0 + 𝑐3𝑥𝑦) + 𝑚ℓ

−3𝑉(𝑐3 − 𝑐0𝑥𝑦) = 𝐸𝑛𝑝(𝑐0 + 𝑐1𝑥 + 𝑐2𝑦 + 𝑐3𝑥𝑦)  

(𝜆𝑛ℓ
−2𝑉

2
3 + 𝐸𝑛𝑝) 𝑐0 = 𝑚ℓ

−3𝑉𝑐3  

(𝜆𝑛ℓ
−2𝑉

2
3 − 𝐸𝑛𝑝) 𝑐3 = 𝑚ℓ

−3𝑉𝑐0  

𝐸𝑛𝑝𝑐1 = 0 ⇒  𝑐1 = 0  or  𝐸𝑛𝑝 = 0  

𝐸𝑛𝑝𝑐2 = 0 ⇒  𝑐2 = 0  or  𝐸𝑛𝑝 = 0  

(
𝜆𝑛ℓ

−2𝑉
2
3 + 𝐸𝑛𝑝 −𝑚ℓ−3𝑉

−𝑚ℓ−3𝑉 𝜆𝑛ℓ
−2𝑉

2
3 − 𝐸𝑛𝑝

)(
𝑐0
𝑐3
) = 0  

𝐸𝑛𝑝
(±)

= ±√𝜆𝑛
2ℓ−4𝑉

4
3 +𝑚2ℓ−6𝑉2 ≡ ±𝑤𝑛

 

𝑐0 =
𝑚ℓ−3𝑉

𝜆𝑛ℓ
−2𝑉

2
3 + 𝐸𝑛𝑝

𝑐3,  with  𝐸𝑛𝑝
(±)
= ±𝑤𝑛  
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𝐸𝑛𝑝 = +𝑤𝑛: 𝑐3 =
𝑚ℓ−3𝑉

𝜆𝑛ℓ
−2𝑉

2
3 −𝑤𝑛

𝑐0

𝐸𝑛𝑝 = −𝑤𝑛: 𝑐3 =
𝑚ℓ−3𝑉

𝜆𝑛ℓ
−2𝑉

2
3 +𝑤𝑛

𝑐0

 

𝜓𝑛𝑝
(±)
= 𝑐0 (1 +

𝑚ℓ−3𝑉

𝜆𝑛ℓ
−2𝑉

2
3 ∓𝑤𝑛

𝑥𝑦)  

𝐸𝑛𝑝 = 0: 𝜓𝑛𝑝 = 𝑐1𝑥  or  𝜓𝑛𝑝 = 𝑐2𝑦  

Θ0Ψ𝑜(𝑣) = −
1

8𝜋𝐺ℏ2
[𝑉̂
1
2𝑒𝑖𝑓ℓ𝑜sin (𝜇‾𝑐)𝐴̂sin (𝜇‾𝑐)𝑒−𝑖𝑓ℓ𝑜𝑉̂

1
2]Ψ𝑜(𝑣)

Θ1Ψ𝑜(𝑣) =
1

8𝜋𝐺ℏ2
𝑉̂
1
2 [sin2 (

𝜇‾ℓ𝑜
2
) −

𝜇‾2ℓ𝑜
2

4
−

ℓ𝑜
2

9|𝐾2𝑣|2/3
] 𝐴̂𝑉̂

1
2Ψ𝑜(𝑣)

 

sin (𝜇‾𝑐)Ψ𝑜(𝑣)=
1

2𝑖
(𝑒𝑖𝜇‾ 𝑐 − 𝑒−𝑖𝜇‾ 𝑐)Ψ𝑜(𝑣)  

=
1

2𝑖
[Ψ𝑜(𝑣 + 2) − Ψ𝑜(𝑣 − 2)] 

cos (𝜇‾𝑐)Ψ𝑜(𝑣)=
1

2
(𝑒𝑖𝜇‾ 𝑐 + 𝑒−𝑖𝜇‾ 𝑐)Ψ𝑜(𝑣)  

 =
1

2
[Ψ𝑜(𝑣 + 2) + Ψ𝑜(𝑣 − 2)]

 

𝐴̂Ψ𝑜(𝑣) = 𝐶𝐴(𝑣)Ψ𝑜(𝑣)  

𝐶𝐴(𝑣) ≡
27𝐾

4
√
8𝜋

6

ℓPl
𝛾3/2

|𝑣|||𝑣 + 1| − |𝑣 − 1||  

Ψ1(𝑣) ≡ 𝑉̂
1
2Ψ𝑜(𝑣) = √𝐶𝑉(𝑣)Ψ𝑜(𝑣)  

𝐶𝑉(𝑣) ≡ (
8𝜋𝛾

6
)

3
2 ℓPl

3

𝐾
|𝑣|  

Ψ2(𝑣)≡ sin (𝜇‾𝑐)𝑒
−𝑖𝑓ℓ𝑜Ψ1(𝑣)  

 =
1

2𝑖
√𝐶𝑉(𝑣)𝑒

−𝑖𝑓ℓ𝑜[Ψ𝑜(𝑣 + 2) − Ψ𝑜(𝑣 − 2)]
 

𝐴̂Ψ2(𝑣)=
1

2𝑖
√𝐶𝑉(𝑣)𝑒

−𝑖𝑓ℓ𝑜𝐴̂[Ψ𝑜(𝑣 + 2) − Ψ𝑜(𝑣 − 2)]  

 =
1

2𝑖
√𝐶𝑉(𝑣)𝑒

−𝑖𝑓ℓ𝑜[𝐶𝐴(𝑣 + 2)Ψ𝑜(𝑣 + 2) − 𝐶𝐴(𝑣 − 2)Ψ𝑜(𝑣 − 2)].

 

Ψ3 ≡ 𝑒
𝑖𝑓ℓ𝑜sin (𝜇‾𝑐)𝐴̂Ψ2(𝑣)

= −
1

4
√𝐶𝑉(𝑣)[𝐶𝐴(𝑣 + 2)(Ψ𝑜(𝑣 + 4) − Ψ𝑜(𝑣))

−𝐶𝐴(𝑣 − 2)(Ψ𝑜(𝑣) − Ψ𝑜(𝑣 − 4))]
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Θ0Ψ𝑜(𝑣) =−
1

8𝜋𝐺ℏ2
𝑉̂
1
2Ψ3(𝑣)  

=
1

32𝜋𝐺ℏ2
√𝐶𝑉(𝑣)𝑉̂

1
2[𝐶𝐴(𝑣 + 2)(Ψ𝑜(𝑣 + 4) − Ψ𝑜(𝑣))

 −𝐶𝐴(𝑣 − 2)(Ψ𝑜(𝑣) − Ψ𝑜(𝑣 − 4))]

=
1

32𝜋𝐺ℏ2
√𝐶𝑉(𝑣)[𝐶𝐴(𝑣 + 2)(√𝐶𝑉(𝑣 + 4)Ψ𝑜(𝑣 + 4) − √𝐶𝑉(𝑣)Ψ𝑜(𝑣))

 −𝐶𝐴(𝑣 − 2)(√𝐶𝑉(𝑣)Ψ𝑜(𝑣) − √𝐶𝑉(𝑣 − 4)Ψ𝑜(𝑣 − 4))]

=
3𝜋𝐺

8
[𝐶+(𝑣)Ψ𝑜(𝑣 + 4) + 𝐶

0(𝑣)Ψ𝑜(𝑣)) + 𝐶
−(𝑣)Ψ𝑜(𝑣 − 4)]

 

𝐶+(𝑣)= |𝑣 + 2|||𝑣 + 3| − |𝑣 + 1||√|𝑣||𝑣 + 4|  

𝐶0(𝑣)= −(|𝑣 + 2|||𝑣 + 3| − |𝑣 + 1|| + |𝑣 − 2|||𝑣 − 1| − |𝑣 − 3||)|𝑣|, 

𝐶−(𝑣) = |𝑣 − 2|||𝑣 − 1| − |𝑣 − 3||√|𝑣||𝑣 − 4|.

 

Ψ4(𝑣)≡ 𝐴̂𝑉̂
1
2Ψ𝑜(𝑣) = 𝐴̂Ψ1  

 = √𝐶𝑉(𝑣)𝐶𝐴(𝑣)Ψ𝑜(𝑣)
 

Ψ5(𝑣)≡ (sin
2 (
𝜇‾ℓ𝑜
2
) −

𝜇‾2ℓ𝑜
2

4
−

ℓ𝑜
2

9|𝐾2𝑣|2/3
)Ψ4(𝑣)  

 = √𝐶𝑉(𝑣)𝐶𝐴(𝑣) (sin
2 (
𝜇‾ℓ𝑜
2
) −

𝜇‾2ℓ𝑜
2

4
−

ℓ𝑜
2

9|𝐾2𝑣|2/3
)Ψ𝑜(𝑣)

 

Θ1Ψ𝑜(𝑣)=
1

8𝜋𝐺ℏ2
𝑉̂
1
2Ψ5(𝑣)  

 =
3𝜋𝐺

2
|𝑣|2||𝑣 + 1| − |𝑣 − 1|| (sin2 (

𝜇‾ℓ𝑜
2
) −

𝜇‾2ℓ𝑜
2

4
−

ℓ𝑜
2

9|𝐾2𝑣|2/3
)Ψ𝑜(𝑣).

 

𝐻 = −∑  

2𝑁

𝑎=1

 
1

2𝑚𝑎
∇𝐱𝑎
2 +

1

2
∑  

𝐧∈ℤ3

  ∑  

2𝑁

𝑎,𝑏=1

 
𝑞𝑎𝑞𝑏

|𝐱𝑎 − 𝐱𝑏 + 𝐧𝐿|
,  

Ψ(𝐗) = Φ(𝐑)det[𝜙𝑎(𝐫𝑖 ∣ 𝐗)]𝑒
−𝑈(𝐗)  

Φ(𝐑) =∏ 

𝐼

𝜑 (|𝐑𝐼 − 𝐑𝐼
(0)
|) 

𝜙𝐤
𝜎(𝐫𝑖) = ∑  

𝐧∈ℤ3

 ∑  

𝑁

𝐼=1

  𝑒𝑖𝐤⋅(𝐑𝐼+𝐧𝐿)𝜒(𝐫𝑖
𝜎 − 𝐑𝐼 − 𝐧𝐿),  

𝐫𝑖 → 𝐫𝑖 +𝑊𝐲𝑖
(𝑏)  

𝑈(𝐱) → 𝑈(𝐱) +∑  

𝑖<𝑗

  [𝑤MLP(𝐘𝑖𝑗
(𝑏)
)]  

Ψ(𝐫1 + 𝐿𝐞𝛼 , … , 𝐫𝑁, 𝐑) = 𝑒
𝑖𝜃𝛼Ψ(𝐫1, … , 𝐫𝑁, 𝐑),  

𝜽 ≡ (𝜃𝑥, 𝜃𝑦, 𝜃𝑧) = 𝟎 

𝐤 = (2𝜋𝐦+ 𝜽)/𝐿 



pág. 12589 

𝐸global (𝜶) = ∫  𝑑𝐑𝒫(𝐑)
⟨Ψ𝜶(𝐑)|𝐻𝐑|Ψ𝜶(𝐑)⟩

⟨Ψ𝜶(𝐑) ∣ Ψ𝜶(𝐑)⟩
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𝑎0
𝑝
≡ 𝑎0𝑚𝑒/𝑚𝑝 

𝑎𝑝/𝑎0
𝑝
≃ 1836𝑟𝑠 

𝐸global (𝜶) =
1

𝑀
∑  

𝑀

𝐼=1

 
⟨Ψ𝜶(𝐑𝐼)|𝐻𝐑𝐼|Ψ𝜶(𝐑𝐼)⟩

⟨Ψ𝜶(𝐑𝐼) ∣ Ψ𝜶(𝐑𝐼)⟩
 

𝒮𝜹𝜽 = −𝜂𝐅,  

ℱ𝑘 = ∫  𝑑𝐑𝒫(𝐑)𝐹𝑘(𝐑) 

𝐹𝑘(𝐑) = −2Re{⟨𝐻𝐑𝑂𝑘
†(𝐑)⟩ − ⟨𝐻𝐑⟩⟨𝑂𝑘

†(𝐑)},  

𝑃𝜶(𝐫 ∣ 𝐑) = |⟨Ψ𝜶(𝐑) ∣ 𝐫⟩|
2/⟨Ψ𝜶(𝐑) ∣ Ψ𝜶(𝐑)⟩ 

𝑂𝑘(𝐑) = 𝜕ln Ψ𝜶(𝐫, 𝐑)/𝜕𝛼𝑘 

𝒮𝑘𝑙 = ∫  𝑑𝐑𝒫(𝐑)𝑆𝑘𝑙(𝐑) 

𝑆𝑘𝑙(𝐑) = Re{⟨𝑂𝑘
†(𝐑)𝑂𝑙(𝐑)⟩ − ⟨𝑂𝑘

†(𝐑)⟩⟨𝑂𝑙(𝐑)⟩}.  

𝐈𝑖𝑗  = [sin (2𝜋𝐫𝑖𝑗/𝐿), cos (2𝜋𝐫𝑖𝑗/𝐿), |sin (𝜋𝐫𝑖𝑗/𝐿)|, 𝑠𝑖𝑠𝑗] ∈ ℝ
2𝑑+2

𝐈𝑖𝐼  = [sin (2𝜋𝐫𝑖𝐼/𝐿), cos (2𝜋𝐫𝑖𝐼/𝐿), |sin (𝜋𝐫𝑖𝐼/𝐿)|] ∈ ℝ
2𝑑+1
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𝐫𝑖𝑗 = 𝐫𝑖 − 𝐫𝑗, 𝐫𝑖𝐼 = 𝐫𝑖 − 𝐑𝐼 

𝐡𝑖
(0)
, 𝐇𝑖𝑗

(0)
, 𝐇𝑖𝐼

(0)
 ⊳ ℎ 

𝐲𝑖
(0)
= 𝐡𝑖

(0)
  ⊳ ℎ 

𝐘𝑖𝑗
(0)
= [𝐈𝑖𝑗, 𝐇𝑖𝑗

(0)
] , 𝐘𝑖𝐼

(0)
= [𝐈𝑖𝐼 , 𝐇𝑖𝐼

(0)
]    Δ2𝑑 + 2 + ℎ, 2𝑑 + 1 + ℎ 

𝑄𝑒𝑝
(ℓ)
, 𝐾𝑒𝑝

(ℓ)
 

𝐐𝑖𝐼
(ℓ)
= 𝑄𝑒𝑝

(ℓ)
𝐘𝑖𝐼
(ℓ)
, 𝐊𝑖𝐼

(ℓ)
= 𝐾𝑒𝑝

(ℓ)
𝐘𝑖𝐼
(ℓ)

 

⊳ dim(𝐘𝑖𝐼
(ℓ)
) × 𝑎 

𝐖𝑖𝐼
(ℓ)
= MLP𝑒𝑝,1

(ℓ)
(𝐐(ℓ)𝐊(ℓ)/√𝑎)

𝑖𝐼
 

𝐌𝑖𝐼
(ℓ)
= 𝐖𝑖𝐼

(ℓ)
⊙MLP𝑒𝑝,2

(ℓ)
(𝐘𝑖𝐼

(ℓ)
) 

𝐇𝑖𝐼
(ℓ+1)

= MLP𝑒𝑝,3
(ℓ)

([𝐘𝑖𝐼
(ℓ)
,𝐌𝑖𝐼

(ℓ)
]) 

𝐘𝑖𝐼
(ℓ+1)

= [𝐈𝑖𝐼 , 𝐇𝑖𝐼
(ℓ+1)

] 

 

𝑄𝑒𝑒
(ℓ)
, 𝐾𝑒𝑒

(ℓ)
 

𝐐𝑖𝑗
(ℓ)
= 𝑄𝑒𝑒

(ℓ)
𝐘𝑖𝑗
(ℓ)
, 𝐊𝑖𝑗

(ℓ)
= 𝐾𝑒𝑒

(ℓ)
𝐘𝑖𝑗
(ℓ)

 

⊳ dim(𝐘𝑖𝑗
(ℓ)
) × 𝑎 

𝐖𝑖𝑗
(ℓ)
= MLP𝑒𝑒,1

(ℓ)
(𝐐(ℓ)𝐊(ℓ)/√𝑎)

𝑖𝑗
 

𝐌𝑖𝑗
(ℓ)
= 𝐖𝑖𝑗

(ℓ)
⊙MLP𝑒𝑒,2

(ℓ)
(𝐘𝑖𝑗

(ℓ)
) 

𝐂𝑖
(ℓ)
= ∑𝐼  MLP𝑒𝑒,3 (𝐘𝑖𝐼

(ℓ+1)
) 

𝐂𝑖𝑗
(ℓ)
= ∑𝐼  MLP𝑒𝑒,4 (𝐘𝑖𝐼

(ℓ+1)
)⊙MLP𝑒𝑒,5 (𝐘𝑗𝐼

(ℓ+1)
) 

𝐡𝑖
(ℓ+1)

= MLP𝑒𝑒,6
(ℓ)
([𝐡𝑖

(ℓ)
, ∑𝑗  𝐌𝑖𝑗

(ℓ)
, 𝐂𝑖
(ℓ)
]) 

𝐇𝑖𝑗
(ℓ+1)

= MLP𝑒𝑒,7
(ℓ)
([𝐘𝑖𝑗

(ℓ)
,𝐌𝑖𝑗

(ℓ)
, 𝐂𝑖𝑗
(ℓ)
]) 

𝐲𝑖
(ℓ+1)

= 𝐡𝑖
(ℓ+1)

 

𝐘𝑖𝑗
(ℓ+1)

= [𝐈𝑖𝑗, 𝐇𝑖𝑗
(ℓ+1)

] 

 

𝐲𝑖
(𝑏)
, 𝐘𝑖𝑗
(𝑏)
, 𝐘𝑖𝐼
(𝑏)

 

 

ℋ̂ =
𝑝̂2

2𝑚
+ 𝐕(𝑥), 𝐕(𝑥) = (

𝑉0(𝑥) Δ
Δ 𝑉1(𝑥)

) ,  

𝒫̂P
BO = Θ(𝑥̂),  

𝒫̂P
GR = |1⟩⟨1| = Θ(|1⟩⟨1| − |0⟩⟨0|) = Θ(−𝜎̂𝑧).  
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𝒫̂P(𝛼)= Θ(𝑥̂ − 𝑥𝛼𝜎̂𝑧)  

= Θ(𝑥̂ − 𝑥𝛼)|0⟩⟨0| + Θ(𝑥̂ + 𝑥𝛼)|1⟩⟨1| 

= 𝒫̂n
0(𝛼)𝒫̂e

0 + 𝒫̂n
1(𝛼)𝒫̂e

1  

 = 𝒫̂P
0(𝛼) + 𝒫̂P

1(𝛼)

 

𝒫̂n
𝜙
(𝛼)  = Θ(𝑥̂ − (−1)𝜙𝑥𝛼)

𝒫̂e
𝜙
 = |𝜙⟩⟨𝜙|

 

ℱ̂(𝛼) =
i

ℏ
[ℋ̂, 𝒫̂P(𝛼)].  

ℱ̂(𝛼) = ℱ̂n(𝛼) + ℱ̂e(𝛼),  

ℱ̂n(𝛼) = ℱ̂n
0(𝛼)𝒫̂e

0 + ℱ̂n
1(𝛼)𝒫̂e

1

ℱ̂e(𝛼) = ℱ̂e
0𝒫̂n

0(𝛼) + ℱ̂e
1𝒫̂n

1(𝛼)
 

ℱ̂n
𝜙
(𝛼)  =

1

2𝑚
[𝑝̂𝛿(𝑥̂ − (−1)𝜙𝑥𝛼) + 𝛿(𝑥̂ − (−1)

𝜙𝑥𝛼)𝑝̂]

ℱ̂e
𝜙
 =
iΔ

ℏ
[|𝜙⟩⟨𝜙‾| − |𝜙‾⟩⟨𝜙|]

 

𝑘𝑍R = ∫  
∞

−∞

 d𝑡𝐶(𝑡; 𝛼),  

𝐶(𝑡; 𝛼) =
1

2
Tr[ℱ̂(𝛼)e−ℋ̂(𝜏−i𝑡)/ℏℱ̂(𝛼)e−ℋ̂(𝛽ℏ−𝜏+i𝑡)/ℏ].  

𝑐(𝑡; 𝛼) = Tr[ℱ̂(𝛼)e−ℋ̂(𝜏−i𝑡)/2ℏ𝒫̂R(𝛼)e
−ℋ̂(𝜏−i𝑡)/2ℏ

× ℱ̂(𝛼)e−ℋ̂(𝛽ℏ−𝜏+i𝑡)/2ℏ𝒫̂P(𝛼)e
−ℋ̂(𝛽ℏ−𝜏+i𝑡)/2ℏ].

 

𝑐(𝑡; 𝛼) = 𝑐nn(𝑡; 𝛼) + 𝑐ne(𝑡; 𝛼) + 𝑐en(𝑡; 𝛼) + 𝑐ee(𝑡; 𝛼).  

𝑐𝛾′𝛾′′(𝑡; 𝛼)= Tr[ℱ̂𝛾′e
−ℋ̂(𝜏−i𝑡)/2ℏ𝒫̂Re

−ℋ̂(𝜏−i𝑡)/2ℏ  

× ℱ̂𝛾′′e
−ℋ̂(𝛽ℏ−𝜏+i𝑡)/2ℏ𝒫̂Pe

−ℋ̂(𝛽ℏ−𝜏+i𝑡)/2ℏ],
 

𝑍 = Tr[e−𝛽ℋ̂].  

𝑍 = lim
𝑁→∞

 Λ−𝑁∫   d𝐱e−𝑆(𝐱)/ℏ  

Λ = √2𝜋𝛽𝑁ℏ
2/𝑚 

𝑆(𝐱) = 𝑆free (𝐱) − ℏln (Tr[𝐌0𝐌1…𝐌𝑁−1])  

𝑆free (𝐱) =∑ 

𝑁

𝑖=1

 
𝑚

2𝛽𝑁ℏ
|𝑥𝑖 − 𝑥𝑖−1|

2  

𝐌𝑖 = e
−𝛽𝑁𝐕(𝑥𝑖)  

𝑍 ∼ Λ−𝑁√
(2𝜋ℏ)𝑁

det𝑁∇
2𝑆
e−𝑆(𝐱̃)/ℏ  
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𝑃𝛿(𝑥𝛼) = Tr[e
−𝜏ℋ̂/ℏ𝛿(𝑥̂ − 𝑥𝛼)e

−(𝛽ℏ−𝜏)ℋ̂/ℏ].  

𝑃𝛿(𝑥𝛼) = Λ
−𝑁∫   d𝐱e−𝑆(𝐱)/ℏ𝛿(𝑥𝑁𝜏 − 𝑥𝛼)  

𝑃𝛿(𝑥𝛼) ∼ Λ
−𝑁√

(2𝜋ℏ)𝑁−1

det𝑁−1∇
2𝑆
e−𝑆(𝐱̃)/ℏ  

𝑆(𝐱) =𝑆free (𝐱) − ℏln (Tr [𝐌0
1/2
ℱ̂e
𝜙′
𝐌0
1/2
𝐌1⋯

𝐌𝑁𝜏/2
1/2

𝒫̂e
𝜅′𝐌𝑁𝜏/2

1/2
⋯𝐌𝑁𝜏

1/2
ℱ̂e
𝜙′′
𝐌𝑁𝜏

1/2
⋯

𝐌(𝑁𝜏+𝑁)/2
1/2

𝒫̂e
𝜅′′𝐌(𝑁𝜏+𝑁)/2

1/2
⋯𝐌𝑁−1])

 

𝐌𝑖
1/2

= e−𝛽𝑁𝐕(𝑥𝑖)/2 
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𝑐𝛾′𝛾′′(𝑡) = ∑  

𝜙′𝜙′′𝜅′𝜅′′

  𝑐
𝛾′𝛾′′
𝜙′𝜙′′𝜅′𝜅′′

(𝑡),  

𝑐ee(𝑡) = ∑  

𝜙′𝜅′𝜅′′

  𝑐ee
𝜙′𝜅′𝜅′′

(𝑡).  
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𝑐nn
𝜙′𝜙′′𝜅′𝜅′′

(𝑡) = Tr [ℱ̂n
𝜙′
𝒫̂e
𝜙′
𝐾̂′𝒫̂R

𝜅′𝐾̂′ℱ̂n
𝜙′′
𝒫̂e
𝜙′′
𝐾̂′′𝒫̂P

𝜅′′𝐾̂′′] ,  

𝐾̂′ = e−ℋ̂(𝜏−i𝑡)/2ℏ 

𝐾̂′′ = e−ℋ̂(𝛽ℏ−𝜏+i𝑡)/2ℏ 

 

ℱ̂e
0 = −ℱ̂e

1 

ℱ̂e = ℱ̂e
0𝒫̂n

0 + ℱ̂e
1𝒫̂n

1 = ℱ̂e
1(𝒫̂n

1 − 𝒫̂n
0) 

𝑐ne
𝜙′𝜙′′𝜅′𝜅′′

(𝑡) = (−1)𝜙
′′ iΔ

ℏ
Tr [ℱ̂n

𝜙′
𝒫̂e
𝜙′
𝐾̂′𝒫̂R

𝜅′𝐾̂′

× |𝜙‾ ′′⟩⟨𝜙′′|(𝒫̂n
1 − 𝒫̂n

0)𝐾̂′′𝒫̂P
𝜅′′𝐾̂′′]

 

𝑐ee
𝜙′𝜅′𝜅′′

(𝑡) =
Δ2

ℏ2
Tr[|𝜙‾ ′⟩⟨𝜙′|(𝒫̂n

1 − 𝒫̂n
0)𝐾̂′𝒫̂R

𝜅′𝐾̂′

× (|𝜙′⟩⟨𝜙‾ ′| − |𝜙‾ ′⟩⟨𝜙′|)(𝒫̂n
1 − 𝒫̂n

0)𝐾̂′′𝒫̂P
𝜅′′𝐾̂′′]

 

𝑘𝑍R ∼∑ 

𝜒

 √2𝜋ℏ(−
d2𝑆𝜒

d𝜏2
)

−1/2

𝑐𝜒(0)  

 

𝑉0(𝑥) = {
1

2
𝑚𝜔2(𝑥 + 𝑥0)

2  for 𝑥 > −𝑥0

0  otherwise 

𝑉1(𝑥) = {
1

2
𝑚𝜔2(𝑥 − 𝑥0)

2  for 𝑥 < 𝑥0
0  otherwise 
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𝑃Θ(𝑥𝛼)= Tr[e
−𝜏ℋ̂/ℏΘ(𝑥̂ − 𝑥𝛼)e

−(𝛽ℏ−𝜏)ℋ̂/ℏ] 

 = Λ−𝑁∫   d𝐱e−𝑆(𝐱)/ℏΘ(𝑥𝑁𝜏 − 𝑥𝛼)
 

𝑃Θ(𝑥𝛼) ∼ Λ
−𝑁√

(2𝜋ℏ)𝑁−1

det𝑁−1∇
2𝑆
e−𝑆(𝐱̃)/ℏ

 × ∫  d𝑥𝑁𝜏Θ(𝑥𝑁𝜏 − 𝑥𝛼)exp (−
(𝑥𝑁𝜏 − 𝑥̃𝑁𝜏)

2

2𝜎2
)

 

𝑥𝑁𝜏𝜎
2 = ℏ(

d2𝑆

 d𝑥𝑁𝜏
2 |

𝑥𝑁𝜏=𝑥̃𝑁𝜏

)

−1

 

∫  
𝐿𝐵

𝐿𝐴

  d𝑥e
−
(𝑥−𝜇)2

2𝜎2  

 =
√2𝜋𝜎2

2
(erf (

𝐿𝐵 − 𝜇

√2𝜎2
) − erf (

𝐿𝐴 − 𝜇

√2𝜎2
))

 

𝑔 =
𝜕𝑆(𝑥𝑁𝜏 , 𝐱

′)

𝜕𝑥𝑁𝜏
|
𝑥̃𝑁𝜏 ,𝐱̃

′

 

𝐇 =

(

 
 

𝜕2𝑆(𝑥𝑁𝜏 , 𝐱
′)

𝜕𝑥𝑁𝜏
2

𝜕2𝑆(𝑥𝑁𝜏 , 𝐱
′)

𝜕𝑥𝑁𝜏𝜕𝐱
′

𝜕2𝑆(𝑥𝑁𝜏 , 𝐱
′)

𝜕𝐱′𝜕𝑥𝑁𝜏

𝜕2𝑆(𝑥𝑁𝜏 , 𝐱
′)

𝜕𝐱′𝜕𝐱′ )

 
 

|
|

𝑥̃𝑁𝜏 ,𝐱̃
′

 

𝑆(𝑥𝑁𝜏 , 𝐱
′) ∼ 𝑆̃ + 𝑔Δ𝑥𝑁𝜏 +

1

2
(
Δ𝑥𝑁𝜏
Δ𝐱′

)
𝑇

𝐇(
Δ𝑥𝑁𝜏
Δ𝐱′

)  

Δ𝑥𝑁𝜏 = 𝑥𝑁𝜏 − 𝑥̃𝑁𝜏 

Δ𝐱′ = 𝐱′ − 𝐱̃′ 

𝑃Θ(𝑥𝛼) ∼ ∫  
∞

𝑥𝛼

 d𝑥𝑁𝜏∫  
∞

−∞

 d𝐱′e−𝑆̃/ℏ−𝑔Δ𝑥𝑁𝜏/ℏ

× e−
1
2ℏ(

Δ𝑥𝑁𝜏𝐻11Δ𝑥𝑁𝜏+Δ𝐱
′𝐇22Δ𝐱

′+Δ𝑥𝑁𝜏𝐇12Δ𝐱
′+Δ𝐱′𝐇21Δ𝑥𝑁𝜏) 

= √
(2𝜋ℏ)𝑁−1

det𝑁−1𝐇22
e−𝑆̃/ℏ  

 × ∫  
∞

𝑥𝛼

 d𝑥𝑁𝜏e
−
1
ℏ
𝑔Δ𝑥𝑁𝜏−

1
2ℏ
Δ𝑥𝑁𝜏(𝐻11−𝐇12𝐇22

−1𝐇21)Δ𝑥𝑁𝜏

 

𝑃Θ,Θ(𝑥𝛼, 𝑥𝛼) =

 Λ−𝑁∫   d𝐱e−𝑆(𝐱)/ℏΘ(𝑥0 − 𝑥𝛼)Θ(𝑥𝑁𝜏 − 𝑥𝛼)
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𝑝0 =
𝜕𝑆

𝜕𝑥0
|
𝑥̃

= 𝑚
𝑥̃0 − 𝑥̃1
𝛽𝑁ℏ

,  

𝑐nn
1,1,0,0(𝑡) = Tr[ℱ̂n

1𝒫̂e
1𝐾̂′𝒫̂R

0𝐾̂′ℱ̂n
1𝒫̂e

1𝐾̂′′𝒫̂P
0𝐾̂′′].  

𝑐nn
1,1,0,0(𝑡) =

1

4𝑚2
(Tr[𝛿(𝑥̂ + 𝑥𝛼)𝑝̂𝒫̂e

1𝐾̂′𝒫̂R
0𝐾̂′𝑝̂𝛿(𝑥̂ + 𝑥𝛼)𝒫̂e

1𝐾̂′′𝒫̂P
0𝐾̂′′]

 
+Tr[𝛿(𝑥̂ + 𝑥𝛼)𝑝̂𝒫̂e

1𝐾̂′𝒫̂R
0𝐾̂′𝛿(𝑥̂ + 𝑥𝛼)𝑝̂𝒫̂e

1𝐾̂′′𝒫̂P
0𝐾̂′′]  

+Tr[𝑝̂𝛿(𝑥̂ + 𝑥𝛼)𝒫̂e
1𝐾̂′𝒫̂R

0𝐾̂′𝑝̂𝛿(𝑥̂ + 𝑥𝛼)𝒫̂e
1𝐾̂′′𝒫̂P

0𝐾̂′′]  

+Tr[𝑝̂𝛿(𝑥̂ + 𝑥𝛼)𝒫̂e
1𝐾̂′𝒫̂R

0𝐾̂′𝛿(𝑥̂ + 𝑥𝛼)𝑝̂𝒫̂e
1𝐾̂′′𝒫̂P

0𝐾̂′′])

 

Tr[𝛿(𝑥̂ + 𝑥𝛼)𝑝̂𝒫̂e
1𝐾̂′𝒫̂R

0𝐾̂′𝑝̂𝛿(𝑥̂ + 𝑥𝛼)𝒫̂e
1𝐾̂′′𝒫̂P

0𝐾̂′′]

 ∼ ℏ2
 d

 d𝑥0

 d

 d𝑥𝑁𝜏
𝐼1𝐼2

 

𝐱′ = {𝑥1, … 𝑥𝑁𝜏/2−1, 𝑥𝑁𝜏/2+1, … 𝑥𝑁𝜏−1, 𝑥𝑁𝜏+1, … 𝑥(𝑁𝜏+𝑁)/2−1, 𝑥(𝑁𝜏+𝑁)/2+1, … , 𝑥𝑁−1} 

𝐼1 = ∫  
𝑥𝛼

−∞

 d𝑥𝑁𝜏/2∫  
∞

𝑥𝛼

 d𝑥(𝑁+𝑁𝜏)/2e
−𝑔Δ𝑥(𝑁+𝑁𝜏)/2/ℏe−

1
2ℏ
Δ𝑥𝑁𝜏/2

2 (𝐻11−𝐇12𝐇22
−1𝐇21),  

𝑔 =
𝜕𝑆

𝜕𝑥(𝑁+𝑁𝜏)/2
|
𝑥̃

𝐻11 =
𝜕2𝑆

𝜕𝑥𝑁𝜏/2
2 𝐇12 =

𝜕2𝑆

𝜕𝑥𝑁𝜏/2𝜕𝐱
′
𝐇21 =

𝜕2𝑆

𝜕𝐱′𝜕𝑥𝑁𝜏/2
. 𝐇22 

𝐼2 = e
−𝑆(𝐱̃)/ℏ∫  

∞

−∞

 d𝐱′e−
1
2ℏ
Δ𝐱′𝐇22Δ𝐱

′

 

ℏ2
 d

 d𝑥0

 d

 d𝑥𝑁𝜏
𝐼1𝐼2 ∼

 d𝑆

 d𝑥0

 d𝑆

 d𝑥𝑁𝜏
𝐼1𝐼2 − ℏ

d𝑆

 d𝑥0

 d𝐼1
 d𝑥𝑁𝜏

𝐼2 − ℏ
d𝑆

 d𝑥𝑁𝜏

d𝐼1
 d𝑥0

𝐼2 − ℏ
d2𝑆

 d𝑥0 d𝑥𝑁𝜏
𝐼1𝐼2 + ℏ

2
 d2𝐼1

 d𝑥0 d𝑥𝑁𝜏
𝐼2  

ℏ
d𝐼1
 d𝑥0

∼ −(
d𝑔

 d𝑥0
)∫  

𝑥𝛼

−∞

 d𝑥𝑁𝜏/2∫  
∞

𝑥𝛼

 d𝑥(𝑁+𝑁𝜏)/2Δ𝑥(𝑁+𝑁𝜏)/2
e−𝑔Δ𝑥(𝑁+𝑁𝜏)/2/ℏ−

1
2ℏ
Δ𝑥𝑁𝜏/2

2 (𝐻11−𝐇12𝐇22
−1𝐇21).  

ℏ2
 d2𝐼1

 d𝑥0 d𝑥𝑁𝜏
∼ (

d𝑔

 d𝑥0
) (

d𝑔

 d𝑥𝑁𝜏
)∫  

𝑥𝛼

−∞

 d𝑥𝑁𝜏/2∫  
∞

𝑥𝛼

 d𝑥(𝑁+𝑁𝜏)/2Δ𝑥(𝑁+𝑁𝜏)/2
2 e−𝑔Δ𝑥(𝑁+𝑁𝜏)/2/ℏ−

1
2ℏ
Δ𝑥𝑁𝜏/2

2 (𝐻11−𝐇12𝐇22
−1𝐇21),  

d2𝑔

 d𝑥0 d𝑥𝑁𝜏
 

d

 d𝑥0

𝜕𝑆

𝜕𝑥(𝑁+𝑁𝜏)/2
=

𝜕2𝑆

𝜕𝑥0𝜕𝑥(𝑁+𝑁𝜏)/2
+

𝜕2𝑆

𝜕𝑥0𝜕𝐱
′

d𝐱′

d𝑥0
.  

d𝐱′

d𝑥0
 

𝜕2𝑆

𝜕𝐱′2
 d𝐱′

d𝑥0
= −

𝜕2𝑆

𝜕𝑥0𝜕𝐱
′
.  

𝐻𝑆𝑅 = −𝑎0
𝑔𝛼2

2𝑚𝑒
∑ 

𝐴

 ∑  

𝑖

 
𝑍𝐴

|𝒓̂𝑖 − 𝑹𝐴|
3 ((𝒓̂𝑖 − 𝑹𝐴) × (

1

𝑀𝐴
𝑷𝐴)) ⋅ 𝒔̂𝑖  
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𝐻SO
(1)
 = 𝑎0

𝑔𝛼2

4𝑚𝑒
2∑ 

𝐴

 ∑  

𝑖

 
𝑍𝐴

|𝒓̂𝑖 − 𝑹𝐴|
3 ((𝒓̂𝑖 −𝑹𝐴) × 𝒑̂𝑖) ⋅ 𝒔̂𝑖

𝐻SO
(2)
 = −𝑎0

𝑔𝛼2

4𝑚𝑒
2∑ 

𝑖𝑗

 
1

|𝒓̂𝑖 − 𝒓̂𝑗|
3 ((𝒓̂𝑖 − 𝒓̂𝑗) × 𝒑̂𝑖) ⋅ 𝑠̂𝑖

 

𝐻SOO
(2)

= 𝑎0
𝑔𝛼2

2𝑚𝑒
2∑ 

𝑖𝑗

 
1

|𝒓̂𝑖 − 𝒓̂𝑗|
3 ((𝒓̂𝑖 − 𝒓̂𝑗) × 𝒑̂𝑗) ⋅ 𝒔̂𝑖  

𝐻SR = 𝜔 ⋅ 𝒋 = 𝜔 ⋅ (𝒍̂ + 𝒔̂)  

𝜔 =
|𝑷|

𝑀|𝑹|
 

𝐻̂Shenvi (𝑹,𝑷) = ∑  

𝐴,𝑖𝑗𝑘

 
1

2𝑀𝐴
(𝑷𝐴𝛿𝑖𝑗 − 𝒅𝑖𝑗

𝐴 ) ⋅ (𝑷𝐴𝛿𝑗𝑘 − 𝒅𝑗𝑘
𝐴 )|Φ𝑖⟩⟨Φ𝑘| +∑  

𝑖

 𝐸𝑖({𝑹})|Φ𝑖⟩⟨Φ𝑖|.  

𝐻̂𝑒𝑙|Φ𝑖⟩ = 𝐸𝑖|Φ𝑖⟩ 

𝒅𝑖𝑗
𝐴 = ⟨Φ𝑖|

𝜕

𝜕𝑹𝑎
|Φ𝑗⟩ 

−𝑖ℏ∑  

𝐴

 𝒅𝑗𝑘
𝐴 + ⟨Φ𝑗|𝒑̂|Φ𝑘⟩  = 0,

∑  

𝐴

 𝛁𝐴𝒅𝑗𝑘
𝐵  = 0

−𝑖ℏ∑  

𝐴

 𝑹𝐴 × 𝒅𝑗𝑘
𝐴 + ⟨Φ𝑗|𝒍̂|Φ𝑘⟩  = 0,

−∑  

𝐴

  (𝑹𝐴 × 𝛁𝐴𝒅𝑗𝑘
𝐵𝛽
)
𝛼
 = ∑  

𝛾

  𝜖𝛼𝛽𝛾𝒅𝑗𝑘
𝐵𝛾
,

 

[𝐻̂𝑒𝑙, 𝒑̂ − 𝑖ℏ∑  

𝐴

 𝛁𝐴] = 0 

[𝐻̂𝑒𝑙 , 𝒍̂ − 𝑖ℏ∑  

𝐴

 𝑹𝐴 × 𝛁𝐴] = 0 

𝐻̂PS(𝑹,𝑷) =∑  

𝐴

 
1

2𝑀𝐴
(𝑷𝐴 − 𝑖ℏ𝚪̂𝐴({𝑹}))

2
+ 𝐻̂𝑒𝑙({𝑹}).  

If the 𝚪̂ operator satisfies the analogues of Eqs. 7-10, 
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−𝑖ℏ∑  

𝐴

  𝚪̂𝐴 + 𝒑̂  = 0,

[−𝑖ℏ∑  

𝐵

 
𝜕

𝜕𝑹𝐵
+ 𝒑̂, 𝚪̂𝐴]  = 0,

−𝑖ℏ∑  

𝐴

 𝑹𝐴 × 𝚪̂𝐴 + 𝒍̂  = 0,

[−𝑖ℏ∑  

𝐵

  (𝑹𝐵 ×
𝜕

𝜕𝑹𝐵
)
𝛾

+ 𝒍̂𝛾 , 𝚪̂𝐴𝛿]  = 𝑖ℏ∑  

𝛼

 𝜖𝛼𝛾𝛿𝚪̂𝐴𝛼 ,

 

𝒑̂ ≡∑  

𝑖

𝒑̂𝑖 

𝒍̂𝛾𝚪̂𝐴𝛿 =∑ 

𝑖

𝒍𝛾(𝒓̂𝑖)𝚪𝐴𝛿(𝒓̂𝑖) 

𝚪̂ = 𝚪̂′ + 𝚪̂′′ 

𝚪̂𝐴
′  =

−𝑖

2ℏ
(𝜃𝐴(𝒓̂)𝒑̂ + 𝒑̂𝜃𝐴(𝒓̂))

𝚪̂𝐴
′′  = ∑  

𝐵

  𝜁𝐴𝐵(𝑹𝐴 − 𝑹𝐵
0 ) × (𝑲𝐵

−1𝑱̂𝐵)

𝑱̂𝐵  = 𝑱̂𝐵
(𝑙)
=
−𝑖

2ℏ
((𝒓̂ − 𝑹𝐵) × (𝜃𝐵(𝒓̂)𝒑̂) + (𝜃𝐵(𝒓̂)𝒑̂) × (𝒓̂ − 𝑹𝐵))

𝑹𝐵
0  =

∑  𝐴   𝜁𝐴𝐵𝑹𝐵
∑  𝐴  𝜁𝐴𝐵

𝑲𝐵  = ∑  

𝐴

 𝜁𝐴𝐵(𝑹𝐴𝑹𝐴
𝑇 −𝑹𝐵

0𝑹𝐵
0𝑇 − (𝑹𝐴𝑹𝐴

𝑇 −𝑹𝐵
0𝑇𝑹𝐵

0 )ℐ3),

 

𝜃𝐴(𝒓̂) =
𝑍𝐴𝑒

−(𝒓̂−𝑹𝐴)
2/𝜎2

∑  𝐵  𝑍𝐵𝑒
−(𝒓̂−𝑹𝐵)

2/𝜎2
 

𝜁𝐴𝐵 = 𝑀𝐴𝑒
−(𝑹𝐴−𝑹𝐵)

2/8𝜎2 

∑ 

𝐴

 
1

2𝑀𝐴
(𝑷𝐴 − 𝑖ℏ𝚪̂𝐴({𝑹}))

2
 = ∑  

𝐴

 
|𝑷𝐴|

2

2𝑀𝑡𝑜𝑡
−

1

𝑀𝑡𝑜𝑡
∑ 

𝐴

 𝑷𝐴 ⋅ 𝒑̂ +
|𝒑̂|2

2𝑀𝑡𝑜𝑡

 −∑  

𝐴

 
1

𝑀𝐴
((𝑹𝐴 − 𝑹CM) × 𝑷𝐴) ⋅ 𝑲CM

−1 ⋅ (𝒍̂CM)

 +
1

2
𝒍̂CM ⋅ 𝑲CM

−1 ⋅ 𝒍̂CM

 

−𝑖ℏ∑  

𝐴

 𝑹𝐴 × 𝚪̂𝐴 + 𝒍̂ + 𝒔̂  = 0

[−𝑖ℏ∑  

𝐵

 (𝑹𝐵 ×
𝜕

𝜕𝑹𝐵
)
𝛾

+ 𝒍̂𝛾 + 𝒔̂𝛾 , 𝚪̂𝐴𝛿]  = 𝑖ℏ∑  

𝛼

  𝜖𝛼𝛾𝛿𝚪̂𝐴𝛼
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𝑱̂𝐵  =
−𝑖

2ℏ
((𝒓̂ − 𝑹𝐵) × (𝜃𝐵(𝒓̂)𝒑̂) + (𝜃𝐵(𝒓̂)𝒑̂) × (𝒓̂ − 𝑹𝐵) + 2𝜃𝐵(𝒓̂)𝒔̂)

 ≡ 𝑱̂𝐵
(𝑙)
+ 𝑱̂𝐵

(𝑠)

𝑱̂𝐵
(𝑠)
 = −

𝑖

ℏ
𝜃𝐵(𝒓̂)𝒔̂

 

𝚪̂𝐴
′′(𝑠)

≡∑ 

𝐵

 𝜁𝐴𝐵(𝑹𝐴 − 𝑹𝐵
0 ) × (𝑲𝐵

−1𝑱̂𝐵
(𝑠)
)  

−𝑖ℏ𝑷 ⋅ 𝚪̂𝐴
′′(𝑠)

/𝑀 

𝐻̂PS𝜓 = 𝐸𝑃𝑆𝜓  

𝐸𝑃𝑆 = ⟨𝜓|𝐻̂PS|𝜓⟩  

𝜕𝐸𝑃𝑆
𝜕𝑹

= 0

𝜕𝐸𝑃𝑆
𝜕𝑷

= 0

 

𝐻 = 𝑷2/2𝑀 + 𝑉 

𝑹̇ =
𝜕𝐸𝑃𝑆
𝜕𝑷

 

∑ 

𝐴

 
𝜕𝐸PS
𝜕𝑷𝐴

=∑ 

𝐴

 
𝑷𝐴
𝑀𝐴

−
𝑖ℏ⟨𝚪̂𝐴⟩

𝑀𝐴
 

𝑷𝐴
min = 𝑖ℏ⟨𝚪̂𝐴⟩,  

⟨𝒑̂⟩  = 𝑖ℏ∑  

𝐴

  ⟨𝚪̂𝐴⟩ =∑  

𝐴

 𝑷𝐴
min

⟨𝒍̂ + 𝒔̂⟩  = 𝑖ℏ∑  

𝐴

  ⟨𝑹𝐴 × 𝚪̂𝐴⟩ =∑  

𝐴

 𝑹𝐴
min × 𝑷𝐴

min
 

𝑷/𝑀 = 𝒗⟨𝜙𝐴|𝜃̂𝐴|𝜙𝐵⟩𝐋𝐶𝑀𝐊𝐶𝑀
−1 𝒗 

∑ 

𝐴

1

𝑀𝐴
((𝑹𝐴 − 𝑹CM) × 𝑷𝐴) ⋅ 𝑲CM

−1 ⋅ (𝒍̂CM) → 𝐋𝐶𝑀 ⋅ 𝐾CM
−1 ⋅ (𝒍̂CM + 𝐬̂) 

|𝜙𝐴𝜒𝐴⟩|𝜙𝐵𝜒𝐵⟩⟨𝜙𝐴𝜒𝐴|𝑷 ⋅ 𝚪̂"|𝜙𝐵𝜒𝐵⟩ ∝
𝑣

𝑅
⟨𝜙𝐴 ∣ 𝜙𝐵⟩⟨𝜒𝐴|𝒔̂𝑧|𝜒𝐵⟩ 

⟨𝑚𝑠 = −1|𝐻̂PS|𝑚𝑠 = +1⟩ 

𝚪̂∑  

𝐴

𝑖ℏ⟨𝑹𝐴 × 𝚪̂𝐴⟩𝑧 = ⟨𝒔̂𝑧⟩ 

∑ 

𝐴

  ⟨𝑹𝑨 × 𝚪̂𝐴⟩𝑧(𝛽, 𝑃) = tanh (𝐶𝛽
2
𝑃

𝑀
)  
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𝐸= 𝐸1 + 𝐸2  

𝐸1 =
1

2
𝑚(𝑟1 − 𝑅1)

2(𝜔𝑠 −𝜔𝑓)
2
+
1

2
𝑚𝑟1

2𝜔𝑓
2 +

1

2
𝑀1𝑅1

2𝜔𝑓
2

𝐸2 =
1

2
𝑚(𝑟2 − 𝑅2)

2(𝜔𝑠 −𝜔𝑓)
2
+
1

2
𝑚𝑟2

2𝜔𝑓
2 +

1

2
𝑀2𝑅2

2𝜔𝑓
2

 

𝐸1 =
1

2
(𝑚(𝑟1 − 𝑅1)

2𝜔𝑠
2 − 2𝑚(𝑟1 − 𝑅1)

2𝜔𝑠 ⋅ 𝜔𝑓 +𝑚(𝑟1 − 𝑅1)𝜔𝑓
2 +𝑚𝑟1

2𝜔𝑓
2 +𝑀𝑅1

2𝜔𝑓
2)  

⟨𝒔̂⟩ = lim
𝑟1→𝑅1

 𝐼𝜔𝑠 = 𝑚(𝑟1 − 𝑅1)
2𝜔𝑠 

1

2
𝑚(𝑟1 − 𝑅1)

2𝜔𝑠
2 

𝐸1 =
1

2
(−2ℏ⟨𝒔̂⟩𝜔𝑓 +𝑀𝑅1

2𝜔𝑓
2 +𝑚𝑅1

2𝜔𝑓
2)  

𝜔𝑓,min =
ℏ⟨𝒔̂⟩

2(𝑚 +𝑀)𝑅1
2  

𝑃min
𝑀

= 𝜔𝑓,min𝑅 =
ℏ⟨𝒔̂⟩

2(𝑚 +𝑀)𝑅
 

𝐻̂𝐵𝐻
′ ∝

ℏ2𝒅 ⋅ 𝑷

𝑀
 

𝛽𝑣𝑖𝑏  =
𝑍𝛼2

(𝑚𝑒/𝑀)
3/4

𝛽𝑟𝑜𝑡  =
𝑍𝛼2

(𝑚𝑒/𝑀)

 

𝛽𝑣𝑖𝑏  =
23/4𝑍7/4𝛼2

(𝑚𝑒/𝑀𝐻)
3/4

= 0.025𝑍7/4

𝛽𝑟𝑜𝑡  =
2𝑍2𝛼2

(𝑚𝑒/𝑀𝐻)
= 0.20𝑍2

 

𝐻̂CBO = 𝐻̂𝑒𝑙 +∑  

𝑁𝑀

𝑐=1

 
𝜔𝑐
2

2
(𝑞̂𝑐 −

𝑑̂𝑐
𝜔𝑐
)

2

 

𝑑̂𝑐 = 𝝀𝑐 ⋅ 𝝁̂ = 𝝀𝑐 ⋅ (𝝁̂𝑒𝑙 + 𝝁𝑛𝑢𝑐)  with  𝝀𝑐 = 𝒆𝑐𝜆𝑐 = 𝒆𝑐√
4𝜋

𝒱𝑐
 

𝝀𝑐 = 𝒆𝑐
𝜆0

√𝑁𝑚𝑜𝑙
 

|Ψ(𝜿)⟩ = 𝑒𝜅̂|Ψ0⟩  

𝜅̂ =∑  

𝑜𝑐𝑐

𝑎

 ∑  

𝑣𝑖𝑟𝑡

𝑟

  (𝜅𝑎𝑟𝑎̂𝑎
†𝑎̂𝑟 − 𝜅𝑎𝑟𝑎̂𝑟

†𝑎̂𝑎)  

𝐸CBO(𝜿) = ⟨Ψ(𝜿)|𝐻̂CBO|Ψ(𝜿)⟩  
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⟨𝝁̂⟩CBO = ⟨Ψ(𝜿)|𝝁̂𝑒𝑙|Ψ(𝜿)⟩ + 𝝁𝑛𝑢𝑐 = −∑ 

𝑜𝑐𝑐

𝑎

  ⟨𝑎|𝒓̂|𝑎⟩ + ∑  

𝑁𝑛𝑢𝑐

𝐴

 𝑍𝐴𝑹𝐴  

⟨𝛼𝑖𝑗⟩ =
𝜕⟨𝜇̂𝑖⟩

𝜕𝐹𝑗
=

𝜕2𝐸

𝜕𝐹𝑖𝜕𝐹𝑗
 

𝐻̂CBO
𝑭 = 𝐻̂𝑒𝑙 +∑  

𝑁𝑀

𝑐=1

 
𝜔𝑐
2

2
(𝑞̂𝑐 −

𝑑̂𝑐
𝜔𝑐
)

2

− (𝝁̂ + 𝝁𝑛𝑢𝑐)𝑭  

𝐸CBO
𝑭 (𝜿) = ⟨Φ(𝜿)|𝐻̂CBO

ext |Φ(𝜿)⟩  

⟨𝝁̂⟩CBO
𝑭 = ⟨Φ(𝜿)|𝝁̂|Φ(𝜿)⟩⟨𝜶⟩⟩CBO

num  

⟨𝛼𝑖𝑗⟩CBO
num

≈
⟨𝜇̂𝑖⟩CBO

Fj − ⟨𝜇̂𝑖⟩CBO
−Fj

2𝐹𝑗
 

 

⟨𝛼𝑖𝑗⟩CBO
pphf

= −[
𝜕2𝐸CBO

0

𝜕𝐹𝑖𝜕𝐹𝑗
+∑ 

𝑜𝑐𝑐

𝑎

 ∑  

𝑣𝑖𝑟𝑡

𝑟

 
𝜕2𝐸CBO

0

𝜕𝐹𝑖𝜕𝜅𝑎𝑟
|

𝜅=0

𝜕𝜅𝑎𝑟
𝜕𝐹𝑗

] ⟨𝜶⟩CBO
cphf

 

𝐸CBO
0 = ⟨Ψ(𝜿)|𝐻̂cbo

ext |Ψ(𝜿)⟩ 

𝜕2𝐸CBO
0

𝜕𝐹𝑖𝜕𝜅𝑎𝑟
|
𝜿=0

= 2
⟨Ψ𝑎

𝑟|𝐻̂CBO
ext |Ψ(𝜿)⟩

𝜕𝐹𝑖
= −2⟨𝑟|𝜇̂𝑖|𝑎⟩.  

∑ 

𝑜𝑐𝑐

𝑏

 ∑  

𝑣𝑖𝑟𝑡

𝑠

  (𝐴𝑎𝑟,𝑏𝑠 + 𝐵𝑎𝑟,𝑏𝑠)
𝜕𝜅𝑎𝑟
𝜕𝐹𝑗

= ⟨𝑟|𝜇̂𝑗|𝑎⟩.  

𝐴𝑎𝑟,𝑏𝑠 = (𝜖𝑟 − 𝜖𝑎)𝛿𝑟𝑠𝛿𝑎𝑏 + ⟨𝑟𝑏 ∣ 𝑎𝑠⟩ − ⟨𝑟𝑏 ∣ 𝑠𝑎⟩

 +∑  

𝑁𝑀

𝑐

  ⟨𝑟|𝑑̂𝑐|𝑎⟩⟨𝑏|𝑑̂𝑐|𝑠⟩ − ⟨𝑟|𝑑̂𝑐|𝑠⟩⟨𝑏|𝑑̂𝑐|𝑎⟩
 

𝐵𝑎𝑟,𝑏𝑠 = ⟨𝑟𝑠 ∣ 𝑎𝑏⟩ − ⟨𝑟𝑠 ∣ 𝑏𝑎⟩

 +∑  

𝑁𝑀

𝑐

  ⟨𝑟|𝑑̂𝑐|𝑠⟩⟨𝑎|𝑑̂𝑐|𝑏⟩ − ⟨𝑟|𝑑̂𝑐|𝑏⟩⟨𝑠|𝑑̂𝑐|𝑎⟩.
 

⟨𝛼𝑖𝑗⟩CBO
cphf

= 2𝝁𝑖
𝑇(𝑨 + 𝑩)−1𝝁𝑗,  

𝜇𝑖,𝑎𝑟 = ⟨𝑟|𝜇̂𝑖|𝑎⟩( 𝑨 + 𝑩 )(𝐴𝑎𝑟,𝑏𝑠 + 𝐵𝑎𝑟,𝑏𝑠)⟨𝜶⟩CBO
cphf

 

∇𝑘𝜶𝑖𝑗 = ∑  

𝑁𝐴+𝑁𝑀

𝑛=1

  (∇𝑖𝑗⟨𝜶⟩CBO)𝑛 ⋅
𝑸𝑛
𝑘

√𝑀𝑛
 

𝛼‾𝑘 = (∇𝑘𝜶𝑥𝑥 + ∇𝑘𝜶𝑦𝑦 + ∇𝑘𝜶𝑧𝑧)/3  



pág. 12604 

𝛾𝑘
2 =(∇𝑘𝜶𝑥𝑥 − ∇𝑘𝜶𝑦𝑦)

2
/2 + (∇𝑘𝜶𝑦𝑦 − ∇𝑘𝜶𝑧𝑧)

2
/2 + (∇𝑘𝜶𝑧𝑧 − ∇𝑘𝜶𝑥𝑥)

2/2

 +3 ((∇𝑘𝜶𝑥𝑦)
2
+ (∇𝑘𝜶𝑦𝑧)

2
+ (∇𝑘𝜶𝑥𝑧)

2)
 

𝑆𝑘 = 45𝛼‾𝑘
2 + 7𝛾𝑘

2  

Δ|𝜇(𝑁𝑚𝑜𝑙 , 𝜆0)|  =
|𝜇𝑁𝑚𝑜𝑙(𝜆𝑐)|

𝑁𝑚𝑜𝑙
− |𝜇1(𝜆0)|

Δ𝛼‾(𝑁𝑚𝑜𝑙 , 𝜆0)  =
𝛼‾𝑁𝑚𝑜𝑙(𝜆𝑐)

𝑁𝑚𝑜𝑙
− 𝛼‾1(𝜆0)

 

ℋ =∑ 

𝐿

𝑖=1

  ( −𝐽 ⋅ ĉ𝑖
†ĉ𝑖+1 − 𝐽

′ ⋅ d̂𝑖
†d̂𝑖+1

+𝑉 ⋅ ĉ𝑖
†ĉ𝑖n̂𝑖) +  h.c. 

 

ĉ𝑖
†(ĉ𝑖)d̂𝑖

†(d̂𝑖)n̂𝑖 = d̂𝑖
†d̂𝑖 

𝑑 = ∑  

𝐿

𝑚=0

(
2𝐿

𝑚
) . 𝐿 

|Ψ⟩= |Ψeq ⟩ + 𝑦 ⋅ |Ψneq ⟩  

 = (𝑒−𝛽ℋ + 𝑦 ⋅ 𝑒−
𝛽ℋ
2 𝒜𝑖𝑒

−
𝛽ℋ
2 ) |Ψr⟩.

 

 

𝒜1 = n̂𝑝 

𝑝 =
𝐿

2
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𝒜2 = n̂𝑝−1 + n̂𝑝+1 

𝐷(𝑡)Σ(𝑡) = √⟨r̂2(𝑡)⟩ − ⟨r̂(𝑡)⟩2 

𝐷(𝑡) =
d

 d𝑡
Σ(𝑡)   

Σ(𝑡) = √∑  

𝐿

𝑖=1

  𝑖2 ⋅ 𝑛𝑖(𝑡) − (∑ 

𝐿

𝑖=1

 𝑖 ⋅ 𝑛𝑖(𝑡))

2  

𝑛𝑖(𝑡) ∼ ⟨n̂𝑖(𝑡)⟩ − 𝑛bg  

∑ 

𝑖

𝑛𝑖(𝑡) =  𝑛bg 

𝒞𝑚 =∑ 

𝐿

𝑖=1

  (1 − n̂𝑖−1)(1 − n̂𝑖+𝑚)∏  

𝑚−1

𝑗=0

  n̂𝑖+𝑗  

𝑐𝑚(𝑡) = Tr(𝜌H(𝑡) ⋅ 𝒞𝑚)  

𝜌H(𝑡) = TrL(|Ψ(𝑡)⟩⟨Ψ(𝑡)|) 

𝑐𝑛,𝑚(𝑡) =
𝑐𝑛(𝑡) − 𝑐𝑛(0)

𝑐𝑚(𝑡) − 𝑐𝑚(0)
, 𝜌𝑛,𝑚 =

cov𝑡(𝑐𝑛(𝑡), 𝑐𝑚(𝑡))

𝜎𝑡(𝑐𝑛(𝑡)) ⋅ 𝜎𝑡(𝑐𝑚(𝑡))
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ℋ ′|𝜙𝑛[𝜒𝑚]⟩ ⊗ |𝜒𝑚⟩ = 𝜀𝑛[𝜒𝑚]|𝜙𝑛[𝜒𝑚]⟩ ⊗ |𝜒𝑚⟩.  

|𝜒𝑚⟩|𝜙𝑛[𝜒𝑚]⟩ 

𝜀0[𝜒𝑚]𝐸gain  

𝐸gain = 𝜀0[𝜒free ] − 𝜀0[𝜒pair ] {
> 0 : stable 
≤ 0 : unstable 

 

|𝜒free ⟩|𝜒pair ⟩ 
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{𝑝1+𝛾𝑡 , 𝑝1+𝛾𝑡 , 1 − 2𝑝1+𝛾𝑡}: 𝑥𝑡+1 = 𝑥𝑡 + {−1,+1,0} 

 
{𝑝𝑐 , 1 −𝑝𝑐}: 𝛾𝑡+1 = 𝛾𝑡 + 𝛾𝑖 ⋅ {1,0} 

𝛾𝑖 if 𝛾𝑡+1 < 𝛾𝑚 
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𝑐̃𝑚(𝑡)𝑦 → ∞𝑐𝑚(𝑡)𝑐̃𝑚(𝑡)∑  

𝑚

𝑐̃𝑚(𝑡) = 1∀𝑡 

𝜕𝜇𝜙(𝑥) = lim
𝑎→0

 (𝜙(𝑥𝜇 + 𝑎) − 𝜙(𝑥𝜇))/𝑎 

𝛿/𝛿𝑋𝜇(𝜉) 

{𝑋𝜇(𝜉)}𝜇=0
𝐷−1 : 𝑆𝑝 → Σ𝐷 

𝜉 = {𝜉𝑖}
𝑖=1

𝑝
 

ℎ𝑖𝑗(𝜉): =
𝜕𝑋𝜇(𝜉)

𝜕𝜉𝑖
𝜕𝑋𝜈(𝜉)

𝜕𝜉𝑗
𝑔𝜇𝜈(𝑋(𝜉)), ℎ(𝜉):= det(ℎ𝑖𝑗) ≥ 0  

Vol[𝐶𝑝] = ∫  
𝑆𝑝
 𝑑𝑝𝜉√ℎ(𝜉) = ∫  

𝐶𝑝

 𝐸𝑝  

𝐸𝑝 =
1

𝑝!√ℎ(𝜉)
{𝑋𝜇1 ,⋯ , 𝑋𝜇𝑝}𝑑𝑋𝜇1 ∧ ⋯∧ 𝑑𝑋𝜈𝑝

{𝑋𝜇1 ,⋯ , 𝑋𝜇𝑝} = 𝜖𝑖1⋯𝑖𝑝
𝜕𝑋𝜇1(𝜉)

𝜕𝜉𝑖1
⋯
𝜕𝑋𝜇𝑝(𝜉)

𝜕𝜉𝑖𝑝

 

{𝑋𝜇1 ,⋯ , 𝑋𝜇𝑝} {𝑋𝜇1 , ⋯ , 𝑋𝜇𝑝} = 𝑝! ℎ(𝜉)  

{𝑋𝜇 , 𝑋𝜇2 , ⋯ , 𝑋𝜇𝑝} {𝑋𝜈 , 𝑋𝜇2 , ⋯ , 𝑋𝜇𝑝} = (𝑝 − 1)! ℎ(𝜉)
𝜕𝑋𝜇(𝜉)

𝜕𝜉𝑖
𝜕𝑋𝜈(𝜉)

𝜕𝜉𝑗
ℎ𝑖𝑗(𝜉)  

 

𝜙[𝐶𝑝] = 𝜙[{𝑋
𝜇(𝜉)}] 

𝜙[{𝑋′𝜇(𝜉)}] = 𝜙[{𝑋𝜇(𝜉)}]  (spacetime diffeomorphism) 
𝜙[{𝑋𝜇(𝜉′)}] = 𝜙[{𝑋𝜇(𝜉)}]  (reparametrization) 

 

𝜙[𝐶𝑝] = 𝜙 ({∫  
𝐶𝑝

 𝐴𝑝
(𝑎)
}

𝑎

)  
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𝛿𝐶𝑝 = {𝛿𝑋
𝜇(𝜉)}𝜇=0

𝐷−1 

𝛿𝜙[𝐶𝑝] = ∫  
𝑆𝑝
 𝑑𝑝𝜉𝛿𝑋𝜇(𝜉)

𝛿𝜙[𝐶𝑝]

𝛿𝑋𝜇(𝜉)
.  

 

𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝑖)
:=
𝜙[𝐶𝑝 + 𝑃

𝜇1⋯𝜇𝑝+1(𝑖)] − 𝜙[𝐶𝑝]

𝑎𝑝+1
 

 

𝛿𝜙[𝐶𝑝]  =
1

(𝑝 + 1)!
∫  
𝛿𝐷𝑝+1

 𝑑𝑋𝜇1 ∧ ⋯∧ 𝑑𝑋𝜇𝑝+1
𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)

 =
1

(𝑝 + 1)!
𝜎𝜇1⋯𝜇𝑝+1[𝛿𝐶𝑝(𝜉)]

𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
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𝜎𝜇1⋯𝜇𝑝+1[𝐶𝑝] = ∫  
𝐷𝑝+1

 𝑑𝑋𝜇1 ∧⋯∧ 𝑑𝑋𝜇𝑝+1 =
1

(𝑝 + 1)!
∫  
𝐶𝑝

 𝑋[𝜇1(𝜉)𝑑𝑋𝜇2 ∧ ⋯∧ 𝑑𝑋𝜇𝑝+1]  

𝐴[𝜇1𝜇2⋯𝜇𝑝]: = ∑  

𝜎∈𝑆𝑝

 sgn(𝜎)𝐴𝜎(𝜇1)𝜎(𝜇2)⋯𝜎(𝜇𝑝)  

𝛿/𝛿𝑋𝜇(𝜉) and 𝛿/𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉) 

𝛿

𝛿𝑋𝜇(𝜉)
=
1

𝑝!
{𝑋𝜈1 ,⋯ , 𝑋𝜈𝑝}

𝛿

𝛿𝜎𝜇𝜈1⋯𝜈𝑝(𝜉)
 

𝛿/𝛿𝑋𝜇(𝜉) 

𝑌𝜇(𝜉):= 𝑋𝜇(𝜉) − 𝑥CM
𝜇
,  

𝑥CM
𝜇
: =

1

Vol[𝐶𝑝]
∫  
𝑆𝑝
 𝑑𝑝𝜉√ℎ(𝜉)𝑋𝜇(𝜉)  

𝜙[𝐶𝑝]𝑥CM
𝜇
→ 𝑥CM

𝜇
+ 𝛿𝑥CM

𝜇
 

𝛿

𝛿𝑋𝜇(𝜉)
=

𝜕

𝜕𝑥CM
𝜇 +

1

𝑝!
{𝑋𝜈1 ,⋯ , 𝑋𝜈𝑝}

𝛿

𝛿𝜎𝜇𝜈1⋯𝜈𝑝(𝜉)
+ ⋯  

𝛿

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
(∫  
𝐶𝑝

 𝐴𝑝) = 𝐹𝜇1⋯𝜇𝑝+1(𝑋(𝜉))  

𝐹𝑝+1(𝑋) =
1

(𝑝 + 1)!
𝐹𝜇1⋯𝜇𝑝+1(𝑋)𝑑𝑋

𝜇1 ∧ ⋯∧ 𝑑𝑋𝜇𝑝+1: = 𝑑𝐴𝑝(𝑋)  

𝛿Vol[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
= (𝑑𝐸𝑝(𝜉))𝜇1⋯𝜇𝑝+1

 

𝛿

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
= (𝑑𝐸𝑝(𝜉))𝜇1⋯𝜇𝑝+1

𝜕

𝜕Vol[𝐶𝑝]
 

 ∫  
𝑆𝑝
 
𝑑𝑝𝜉

√ℎ(𝜉)

𝛿𝜙∗[𝐶𝑝]

𝛿𝑋𝜇(𝜉)

𝛿𝜙[𝐶𝑝]

𝛿𝑋𝜇(𝜉)
,∫  
𝑆𝑝
 𝑑𝑝𝜉√−ℎ(𝜉)

𝛿𝜙∗[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)

𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)

 ∫  
𝑆𝑝
 
𝑑𝑝𝜉

√ℎ(𝜉)
{𝑋𝜈1 ,⋯ , 𝑋𝜈𝑝}{𝑋𝜆1 ,⋯ , 𝑋𝜆𝑝}

𝛿𝜙∗[𝐶𝑝]

𝛿𝜎𝜇𝜈1⋯𝜈𝑝(𝜉)

𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇 
𝜆1⋯𝜆𝑝(𝜉)

 

𝑆[𝜙] = −𝒩∫  [𝑑𝐶𝑝] [
1

Vol[𝐶𝑝]
2

𝜕𝜙∗[𝐶𝑝]

𝜕𝑥CM
𝜇

𝜕𝜙[𝐶𝑝]

𝜕𝑥CM𝜇
+

1

Vol[𝐶𝑝]
∫  
𝑆𝑝
 𝑑𝑝𝜉√−ℎ(𝜉)

𝛿𝜙∗[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)

𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
 

+𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝])]

 

𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝]) 

‖𝛿𝑋‖2:= ∫  
𝑆𝑝
 𝑑𝑝𝜉√−ℎ(𝜉)𝛿𝑋𝜇(𝜉)𝛿𝑋𝜇(𝜉)  

∫  
Σ𝐷

  ⋆ 1 ∈ ∫  [𝑑𝐶𝑝]  
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∫  [𝑑𝐶𝑝] = ∫  
Σ𝐷

  ⋆ 1∫  [𝑑𝑌]  

𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝]) 

𝜙∗[𝐶𝑝]𝜙[𝐶𝑝] 

𝜙[𝐶𝑝]  →  𝑒
𝑖 ∫  
𝐶𝑝
 Λ𝑝
𝜙[𝐶𝑝], 𝑑Λ𝑝 = 0,  

𝜙[𝐶𝑝] → 𝑒𝑖𝜃𝜙[𝐶𝑝] 

𝜙[𝐶𝑝]  →  𝑒
𝑖 ∫  
𝐶𝑝
 Λ𝑝
𝜙[𝐶𝑝], 𝑑Λ𝑝 ≠ 0,  

𝛿𝑆= −𝒩∫  [𝑑𝐶𝑝]
𝑖

Vol[𝐶𝑝](𝑝 + 1)!
∫  
𝑆𝑝
 𝑑𝑝𝜉√ℎ(𝜉) (

𝛿𝜙∗[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
𝜙[𝐶𝑝] − 𝜙

∗[𝐶𝑝]
𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
) (𝑑Λ𝑝)𝜇1⋯𝜇𝑝+1

 

 = −∫  
Σ𝐷

 𝑑Λ𝑝 ∧⋆ 𝐽𝑝+1

 

𝐽𝑝+1(𝑋) = 𝒩∫  [𝑑𝐶𝑝]
𝑖

Vol[𝐶𝑝](𝑝 + 1)!
∫  
𝑆𝑝
 𝑑𝑝𝜉√ℎ(𝜉) (

𝛿𝜙∗[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
𝜙[𝐶𝑝] − 𝜙

∗[𝐶𝑝]
𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
)

×
𝛿(𝐷)(𝑋 − 𝑋(𝜉))

√−𝑔(𝑋(𝜉))
𝑑𝑋𝜇1 ∧⋯∧ 𝑑𝑋𝜇𝑝+1

 

𝑑 ⋆ 𝐽𝑝+1(𝑥CM) = 0,  

𝜙[𝐶𝑝] → 𝑒𝑖𝜃(𝑥CM)𝜙[𝐶𝑝] 

𝐽1(𝑥CM) = 𝒩∫  [𝑑𝑌]
𝑖

Vol[𝐶𝑝]
2 (
𝜕𝜙∗[𝐶𝑝]

𝜕𝑥CM
𝜇 𝜙[𝐶𝑝] − 𝜙

∗[𝐶𝑝]
𝜕𝜙[𝐶𝑝]

𝜕𝑥CM
𝜇 )𝑑𝑥CM

𝜇
 

𝑖 (𝜕𝜇𝜙
∗(𝑥CM)𝜙(𝑥CM) − 𝜙

∗(𝑥CM)𝜕𝜇𝜙(𝑥CM)) 𝑑𝑥CM
𝜇

 

𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝])𝑔𝜙[𝐶𝑝]

𝑁
+ h.c. 

𝜙[𝐶𝑝]  → 𝑒
𝑖
𝑁∫

 
𝐶𝑝
 Λ𝑝
𝜙[𝐶𝑝]  with  𝑑Λ𝑝 = 0,∫  

𝐶𝑝

 Λ𝑝 ∈ 2𝜋ℤ

𝜙[𝐶𝑝]  → 𝑒
2𝜋𝑖
𝑁
𝑛𝜙[𝐶𝑝], 𝑛 ∈ ℤ

 

1

(𝑝 + 1)!
∫  
𝑆𝑝
 𝑑𝑝𝜉

𝛿

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)

√ℎ(𝜉)

Vol[𝐶𝑝]

𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
−
𝛿𝑉(𝜙[𝐶𝑝], 𝜙

∗[𝐶𝑝])

𝛿𝜙∗[𝐶𝑝]
= 0  

𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝) 

Vol[𝐶𝑝] → ∞ 

𝜙[𝐶𝑝] =
1

√2
𝑓(Vol[𝑀𝑝+1])  
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Vol[𝑀𝑝+1] = ∫  
𝑀𝑝+1

 𝐸𝑝 =
1

(𝑝 + 1)!
∫  
𝑀𝑝+1

  (𝐸𝑝+1)𝜇1⋯𝜇𝑝+1
𝑑𝑋𝜇1 ∧ ⋯∧ 𝑑𝑋𝜇𝑝+1  

𝑓′′(𝑧) − 𝑞(𝑧)𝑓′(𝑧) −
𝛿𝑉(𝑓)

𝛿𝑓(𝑧)
= 0, 𝑧 = Vol[𝑀𝑝+1]  

𝑞(𝑧) =
1

(𝑝 + 1)!
∫  
𝑆𝑝
 𝑑𝑝𝜉

𝛿

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
(
√ℎ(𝜉)

Vol[𝐶𝑝]
𝐸𝜇1⋯𝜇𝑝+1(𝜉))  

𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝]) 

𝑓′′(𝑧) − 𝑇𝑝
2𝑓(𝑧) ≈ 0  

𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝]) ≈ 𝑇𝑝

2𝜙[𝐶𝑝]𝜙
∗[𝐶𝑝] 

𝜙[𝐶𝑝] ≈
1

√2
exp (−𝑇𝑝 × Vol[𝑀𝑝+1])  for 𝑧 → ∞  

⟨𝜙[𝐶𝑝]⟩ = 𝑣/√2 ≠ 0 

𝜙[𝐶𝑝] =
𝑣

√2
exp (𝑖𝜑(𝑥CM) + 𝑖 ∫  

𝐶𝑝

 𝐴𝑝)  

𝜑(𝑥CM) ∼ 𝜑(𝑥CM) + 2𝜋 

𝜑 → 𝜑 + 𝜃, 𝜃 ∈ ℝ
𝐴𝑝  → 𝐴𝑝 + Λ𝑝, 𝑑Λ𝑝 = 0

 

𝑆eff[𝜑, 𝐴𝑝] = −
𝑣2

2
∫  
Σ𝐷

  [𝑑𝜑 ∧⋆ 𝑑𝜑 + 𝐹𝑝+1 ∧⋆ 𝐹𝑝+1]  

𝑑𝑑𝜑 = 0, 𝑑𝐹𝑝+1 = 0  

𝑄𝐷−2 =
1

2𝜋
∫  
𝐶1

 𝑑𝜑 ∈ ℤ, 𝑄𝐷−𝑝−2 =
1

2𝜋
∫  
𝐶𝑝+1

 𝐹𝑝+1  ∈ ℤ  

𝑆eff =
𝑁

2𝜋
∫  
Σ𝐷

 𝐻𝐷−1 ∧ 𝑑𝜑 +
𝑁

2𝜋
∫  
Σ𝐷

 𝐵𝐷−𝑝−1 ∧ 𝑑𝐴𝑝  

𝐻𝐷−1  → 𝐻𝐷−1 +
1

𝑁
Λ𝐷−1, 𝑑Λ𝐷−1 = 0,∫  

𝐶𝐷−1

 Λ𝐷−1 ∈ 2𝜋ℤ

𝐵𝐷−𝑝−1  → 𝐵𝐷−𝑝−1 +
1

𝑁
Λ𝐷−𝑝−1, 𝑑Λ𝐷−𝑝−1 = 0,∫  

𝐶𝐷−𝑝−1

 Λ𝐷−𝑝−1 ∈ 2𝜋ℤ
 

𝑈0(𝐶𝐷−1)  = exp (𝑖 ∫  
𝐶𝐷−1

 𝐻𝐷−1) , 𝑈𝑝(𝐶𝐷−𝑝−1) = exp (𝑖 ∫  
𝐶𝐷−𝑝−1

 𝐵𝐷−𝑝−1) ,

𝑈𝐷−1(𝑃, 𝑃
′)  = exp (𝑖(𝜑(𝑃) − 𝜑(𝑃′))) , 𝑈𝐷−𝑝−1(𝐶𝑝) = exp (𝑖 ∫  

𝐶𝑝

 𝐴𝑝) ,
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Σ𝐷−1 = ℝ
𝐷−1 

⟨𝑈0(𝐶𝐷−1)⟩ = ⟨𝑈𝑝(𝐶𝐷−𝑝−1)⟩ = ⟨𝑈𝐷−𝑝−1(𝐶𝑝)⟩ = 1 

Σ𝐷−1 = 𝑆
𝑝 × 𝑆𝐷−𝑝−1 

𝐶𝐷−𝑝−1 = 𝑆
𝐷−𝑝−1 

𝑈𝑝(𝑆
𝐷−𝑝−1) and 𝑈𝐷−𝑝−1(𝑆

𝑝) 

𝑈𝑝(𝑆
𝐷−𝑝−1)𝑈𝐷−𝑝−1(𝑆

𝑝)𝑈𝑝
−1(𝑆𝐷−𝑝−1) = 𝑒𝑖

2𝜋
𝑁 𝑈𝐷−𝑝−1(𝑆

𝑝)  

𝑈𝑝(𝑆
𝐷−𝑝−1)|Ω⟩ = 𝑒𝑖𝜃|Ω⟩, 𝜃 ∈ ℝ,  

|Ω′⟩: = 𝑈𝐷−𝑝−1(𝑆
𝑝)|Ω⟩ 

𝑈𝑝(𝑆
𝐷−𝑝−1)|Ω′⟩ = 𝑒𝑖𝜃+𝑖

2𝜋
𝑁 |Ω′⟩  

∫  [𝑑𝐶𝑝
(1)
]∫  [𝑑𝐶𝑝

(2)
]∫  [𝑑𝐶𝑝

(3)
] 𝛿 (𝐶𝑝

(1)
+ 𝐶𝑝

(2)
+ 𝐶𝑝

(3)
)𝜙 [𝐶𝑝

(1)
]𝜙 [𝐶𝑝

(2)
]𝜙 [𝐶𝑝

(3)
] +  h.c.  

𝛿 (𝐶𝑝
(1)
+ 𝐶𝑝

(2)
+ 𝐶𝑝

(3)
) 𝐶𝑝

(1)
= −𝐶𝑝

(2)
− 𝐶𝑝

(3)
 

 

𝑖𝜆∫  [𝑑𝐶𝑝]
1

Vol[𝐶𝑝]
∫  
𝑆𝑝
 𝑑𝑝𝜉√ℎ(𝜉)𝐷𝑝+1𝜙[𝐶𝑝] ∧ ⋯∧ 𝐷𝑝+1𝜙[𝐶𝑝] +  h.c.  

𝐷𝑝+1𝜙[𝐶𝑝]:=
1

(𝑝 + 1)!

𝛿𝜙[𝐶𝑝]

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
𝑑𝑋𝜇1 ∧⋯∧ 𝑑𝑋𝜇𝑝+1  

𝜆∫  
Σ𝐷

 sin (𝑀𝜑)𝐹𝑝+1 ∧⋯∧ 𝐹𝑝+1  
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𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝]) 

𝑆eff ≈
𝑁

2𝜋
∫  
Σ𝐷

 𝐻𝐷−1 ∧ 𝑑𝜑 +
𝑁

2𝜋
∫  
Σ𝐷

 𝐵𝐷−𝑝−1 ∧ 𝑑𝐴𝑝 + 𝜆∫  
Σ𝐷

 sin (𝑀𝜑)𝐹𝑝+1 ∧ ⋯∧ 𝐹𝑝+1  

𝑁(−1)𝐷

2𝜋
𝑑𝐻𝐷−1 + 𝜆𝑀cos (𝑀𝜑)𝐹𝑝+1 ∧ ⋯∧ 𝐹𝑝+1 = 0 

ℤ𝑞𝑝-form symmetry: 
𝑁(−1)𝐷−𝑝−1

2𝜋
𝑑𝐵𝐷−𝑝−1 + 𝜆𝑑sin (𝑀𝜑) ∧ 𝐹𝑝+1 ∧⋯∧ 𝐹𝑝+1 = 0 

ℤ𝑁(𝐷 − 𝑝 − 1)-form symmetry: 𝑑𝐴𝑝 = 0 

ℤ𝑁(𝐷 − 1)-form symmetry: 𝑑𝜑 = 0 
 

𝑑 ⋆ 𝐽𝑛+1 = 0 

𝑄𝑛: = ∫  
𝐶𝐷−𝑛−1

⋆ 𝐽𝑛+1 

𝑆gauged =−𝒩∫  [𝑑𝐶𝑝] [
1

Vol[𝐶𝑝]
2 (𝐷CM𝜙[𝐶𝑝])

∗
∧⋆ 𝐷CM𝜙[𝐶𝑝]  

+
1

Vol[𝐶𝑝]
∫  
𝑆𝑝
 𝑑𝑝𝜉√−ℎ(𝜉)(𝐷𝜎𝜙[𝐶𝑝])

∗
∧⋆ 𝐷𝜎𝜙[𝐶𝑝] + 𝑉(𝜙[𝐶𝑝]𝜙

∗[𝐶𝑝])]

 −
1

2𝑔2
∫  
Σ𝐷

 𝐹2 ∧⋆ 𝐹2 −
1

2𝑔̃2
∫  
Σ𝐷

 𝐹𝑝+2 ∧⋆ 𝐹𝑝+2

 

𝐷CM𝜙[𝐶𝑝]  = (𝑑 − 𝑖𝑞0𝐴1(𝑥CM))𝜙[𝐶𝑝]

𝐷𝜎𝜙[𝐶𝑝]  =
1

(𝑝 + 1)!
(

𝛿

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
− 𝑖𝑞𝑝𝐴𝜇1⋯𝜇𝑝+1(𝑋(𝜉)))𝜙[𝐶𝑝]𝑑𝑋

𝜇1 ∧⋯∧ 𝑑𝑋𝜇𝑝+1

𝐹2 = 𝑑𝐴1, 𝐹𝑝+2 = 𝑑𝐴𝑝+1

 

𝜙[𝐶𝑝] → 𝑒𝑖𝑞0Λ(𝑥CM)𝜙[𝐶𝑝], 𝐴1(𝑥CM) → 𝐴1(𝑥CM) + 𝑑Λ(𝑥CM)

𝜙[𝐶𝑝] → 𝑒
𝑖𝑞𝑝 ∫  

𝐶𝑝
 Λ𝑝
𝜙[𝐶𝑝], 𝐴𝑝+1(𝑋) → 𝐴𝑝+1(𝑋) + 𝑑Λ𝑝(𝑋)

 

Λ(𝑥CM)(Λ𝑝(𝑋)) 

1

𝑔2
𝑑 ⋆ 𝐹2 = 𝑞0 ⋆ 𝐽1,

(−1)𝑝

𝑔̃2
𝑑 ⋆ 𝐹𝑝+2 = 𝑞𝑝 ⋆ 𝐽𝑝+1  

𝑑 ⋆ 𝐽1 = 0, 𝑑 ⋆ 𝐽𝑝+1 = 0 

𝑄0 = ∫  
Σ𝐷−1

  ⋆ 𝐽1 =
1

𝑔2𝑞0
∫  
𝐶𝐷−2

  ⋆ 𝐹2 ∈ ℤ,

𝑄𝑝 = ∫  
Σ𝐷−𝑝−1

  ⋆ 𝐽𝑝+1 =
1

𝑔̃2𝑞𝑝
∫  
𝐶𝐷−𝑝−2

  ⋆ 𝐹𝑝+2 ∈ ℤ,
 

Σ𝐷−1(Σ𝐷−𝑝−1)(𝐷 − 1)((𝐷 − 𝑝 − 1)) 

𝜕Σ𝐷−1 = 𝐶𝐷−2(𝜕Σ𝐷−𝑝−1 = 𝐶𝐷−𝑝−2) 
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𝐴1  →  𝐴1 +
1

𝑞0
Λ1, 𝑑Λ1 = 0,∫  

𝐶1

 Λ1 ∈ 2𝜋ℤ

𝐴𝑝+1  →  𝐴𝑝+1 +
1

𝑞𝑝
Λ𝑝+1, 𝑑Λ𝑝+1 = 0,∫  

𝐶𝑝+1

 Λ𝑝+1 ∈ 2𝜋ℤ
 

𝑑𝐹2 = 0, 𝑑𝐹𝑝+2 = 0  

⟨𝜙[𝐶𝑝]⟩ ∼ exp (−𝑇𝑝Vol[𝑀𝑝+1]) 

⟨𝜙[𝐶𝑝]⟩ = 𝑣/√2 ≠ 0 

𝐽1(𝑥) ∝ 𝑣
2𝑑𝜑(𝑥), 𝐽𝑝+1(𝑥) ∝ 𝑣

2𝑑𝐴𝑝(𝑥)  

𝑑𝐽1 = 𝑑𝐽𝑝+1 = 0 

ℤ𝑞0(𝐷 − 2) - and ℤ𝑞𝑝(𝐷 − 𝑝 − 2) 

𝑆eff =
𝑞0
2𝜋
∫  
Σ𝐷

 𝐵𝐷−2 ∧ 𝑑𝐴1 +
𝑞𝑝
2𝜋
∫  
Σ𝐷

 𝐵𝐷−𝑝−2 ∧ 𝑑𝐴𝑝+1  

𝐵𝐷−2(𝑋)(𝐵𝐷−𝑝−2(𝑋))𝜑(𝑋)(𝐴𝑝(𝑋)) 

𝑉(𝜙[𝐶𝑝], 𝜙
∗[𝐶𝑝]) = 𝑇𝑝

2𝜙∗[𝐶𝑝]𝜙[𝐶𝑝]  

𝐺[𝐶𝑝, 𝐶𝑝
′ ] = ⟨𝑇{𝜙[𝐶𝑝]𝜙

†[𝐶𝑝
′ ]}⟩:=

1

𝑍
∫  𝒟𝜙∗𝒟𝜙𝜙[𝐶𝑝]𝜙

∗[𝐶𝑝
′ ]𝑒𝑖𝑆[𝜙]  

= −
𝑖

2
⟨𝐶𝑝|(𝐻̂ − 𝑖𝜀/2)

−1|𝐶𝑝
′ ⟩ =

1

2
∫  
∞

0

 𝑑𝐴⟨𝐶𝑝|𝑒
−𝑖(𝐻̂−𝑖

𝜀
2
)𝐴
|𝐶𝑝
′ ⟩  

𝐻̂ =
1

2
[−

1

Vol[𝐶𝑝]
2

𝜕2

𝜕𝑥CM
𝜇
𝜕𝑥CM𝜇

−∫  
𝑆𝑝
 𝑑𝑝𝜉

𝛿

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)

√ℎ(𝜉)

Vol[𝐶𝑝]

𝛿

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
+ 𝑇𝑝

2]  

⟨𝑥CM ∣ 𝑘CM⟩ =
1

(2𝜋)𝐷/2
𝑒𝑖𝑘CM⋅𝑥CM  

exp (𝑖 ∫  
𝐶𝑝

 𝐾𝑝) := exp (
𝑖

(𝑝 + 1)!
∫  
𝐶𝑝

 𝐾𝜇1⋯𝜇𝑝+1(𝜉)𝑌
[𝜇1(𝜉)𝑑𝑌𝜇2 ∧⋯∧ 𝑑𝑌𝜇𝑝+1])  

−𝑖
𝛿

𝛿𝜎𝜇1⋯𝜇𝑝+1(𝜉)
exp (𝑖 ∫  

𝐶𝑝

 𝐾𝑝)= (𝑑𝐾𝑝)𝜇1⋯𝜇𝑝+1
(𝜉)exp (𝑖 ∫  

𝐶𝑝

 𝐾𝑝) 

 = 𝐾𝜇1⋯𝜇𝑝+1(𝜉)exp (𝑖 ∫  
𝐶𝑝

 𝐾𝑝)

 

(𝐾𝑝
Vol)

𝜇1⋯𝜇𝑝+1
: = −(𝑑𝐸𝑝(𝜉))𝜇1⋯𝜇𝑝+1

× 𝑘Vol, 𝑘Vol ∈ ℝ  

𝑒
𝑖 ∫  
𝐶𝑝
 𝐾𝑝
Vol

= 𝑒𝑖𝑘VolVol[𝐶𝑝]  

𝐾𝑝 ⋅ 𝑑𝐸𝑝: =
1

(𝑝 + 1)!
𝐾𝜇1⋯𝜇𝑝+1(𝑑𝐸𝑝)

𝜇1⋯𝜇𝑝+1
= 0  
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1 = ∫  
𝑑𝐷𝑘CM
(2𝜋)𝐷

∫  
𝑑𝑘Vol
2𝜋

∫  [𝑑𝐾𝑝](|𝑘CM⟩ ⊗ |𝑘Vol⟩ ⊗ |𝐾𝑝⟩)(⟨𝐾𝑝| ⊗ ⟨𝑘Vol| ⊗ ⟨𝑘CM|)  

[𝑑𝐾𝑝] [𝑑𝐶𝑝]|𝑘CM⟩ ⊗ |𝑘Vol ⟩ ⊗ |𝐾𝑝⟩ 

{𝑋𝜇(𝜉)}ℎ(𝜉)Vol[𝐶𝑝] 

⟨𝐶𝑝|𝑒
−𝑖(𝐻̂−𝑖𝜀)𝐴|𝐶𝑝

′ ⟩ = ∫  
𝑡=𝐴,𝐶𝑝

𝑡=0,𝐶𝑝
′
 𝒟𝑋∫  𝒟𝑘CM∫  𝒟𝑘Vol∫  𝒟𝐾𝑒

𝑖𝑆𝑝  

𝑆𝑝 = ∫  
𝐴

0

 𝑑𝑡(𝑘CM𝜇(𝑡)𝑥̇CM
𝜇
(𝑡) + 𝑘Vol(𝑡)Vol˙ [𝐶𝑝(𝑡)] − (𝐻(𝑡) − 𝑖𝜀)) + ∫  

𝑀𝑝+1

 𝐾𝑝+1  

𝐻(𝑡)  =
1

2
(

𝑘2

Vol[𝐶𝑝(𝑡)]
2 + 𝐷[𝐶𝑝(𝑡)]𝑘Vol(𝑡)

2 + 𝐾𝑝(𝑡)
2 + 𝑇𝑝

2)

𝐷[𝐶𝑝(𝑡)]  =
1

Vol[𝐶𝑝(𝑡)]
∫  
𝑆𝑝
 𝑑𝑝𝜉√ℎ(𝑡, 𝜉)(𝑑𝐸𝑝) ⋅ (𝑑𝐸𝑝)

𝐾𝑝(𝑡)
2  =

1

Vol[𝐶𝑝(𝑡)]
∫  
𝑆𝑝
 𝑑𝑝𝜉√ℎ(𝑡, 𝜉)𝐾𝑝 ⋅ 𝐾𝑝

∫  
𝑀𝑝+1

 𝐾𝑝+1  =
1

(𝑝 + 1)!
∫  
𝑀𝑝+1

 𝐾𝜇1⋯𝜇𝑝+1(𝑡, 𝜉)𝑑𝑌
𝜇1 ∧⋯∧ 𝑑𝑌𝜇𝑝+1

 

𝜕𝑀𝑝+1 = 𝐶𝑝 − 𝐶𝑝
′ {𝑥CM

𝜇
(𝑡)} 

𝑘̇CM𝜇(𝑡) = 0 ∴ 𝑘CM𝜇(𝑡) = 𝑘𝜇 =  constant  

⟨𝐶𝑝|𝑒
−𝑖(𝐻̂−𝑖𝜀)𝐴|𝐶𝑝

′ ⟩ = ∫  
𝑑𝐷𝑘

(2𝜋)𝐷
𝑒𝑖𝑘⋅(𝑥CM−𝑥CM

′ )∫  
𝑡=𝐴,{𝑌(𝜉)}

𝑡=0,{𝑌′(𝜉)}

 𝒟𝑌∫  𝒟𝑘Vol∫  𝒟𝐾𝑒
𝑖 ∫  
𝑀𝑝+1

 𝐾𝑝+1−𝑖 ∫  
𝐴

0
 𝑑𝑡(𝐻(𝑡)−𝑖𝜀)

 

𝐶𝑝 = ({𝑥CM
𝜇
}, {𝑌𝜇(𝜉)}), 𝐶𝑝

′ = ({𝑥CM
′𝜇
}, {𝑌′𝜇(𝜉)})  
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Vol[𝐶𝑝] = 𝑉𝑝  ↔  𝑀𝑝[𝐶𝑝]:= 𝑇𝑝Vol[𝐶𝑝] = 𝑇𝑝𝑉𝑝 = 𝑀𝑝Vol˙ [𝐶𝑝(𝑡)]  

⟨𝐶𝑝|𝑒
−𝑖(𝐻̂−𝑖𝜀)𝐴|𝐶𝑝

′ ⟩|
CM
= ∫  

𝑑𝐷𝑘CM
(2𝜋)𝐷

𝑒
𝑖𝑘CM⋅(𝑥CM−𝑥CM

′ )−𝑖
𝐴𝑇𝑝

2

2 (
𝑘CM
2

𝑀𝑝
2 −𝑖𝜀)  

∫  
𝑀𝑝+1

 𝐾𝑝+1 =
1

(𝑝 + 1)!
∫  
𝑀𝑝+1

[𝑑 (𝐾𝜇1⋯𝜇𝑝+1(𝑡, 𝜉)𝑌
𝜇1) ∧ ⋯∧ 𝑑𝑌𝜇𝑝+1   

− (𝑑𝐾𝜇1⋯𝜇𝑝+1(𝑡, 𝜉)) 𝑌
[𝜇1𝑑𝑌𝜇2  ∧ ⋯∧ 𝑑𝑌𝜇𝑝+1]]

= ∫  
𝐶𝑝

 𝐾𝑝(𝐴) − ∫  
𝐶𝑝
′
 𝐾𝑝(0) −

1

(𝑝 + 1)!
∫  
𝑀𝑝+1

  (𝑑𝐾𝜇1⋯𝜇𝑝+1(𝑡, 𝜉)) 𝑌
[𝜇1𝑑𝑌𝜇2 ∧ ⋯∧ 𝑑𝑌𝜇𝑝+1]

 

𝑑𝐾𝜇1⋯𝜇𝑝+1(𝑡, 𝜉) = 0 ∴ 𝐾𝜇1⋯𝜇𝑝+1(𝑡, 𝜉) = 𝑘𝜇1⋯𝜇𝑝+1 =  constant  

𝐾𝑝(𝑡)
2 = 𝑘 ⋅ 𝑘:=

1

(𝑝 + 1)!
𝑘𝜇1⋯𝜇𝑝+1𝑘

𝜇1⋯𝜇𝑝+1  

⟨𝐶𝑝|𝑒
−𝑖𝐻̂𝐴|𝐶𝑝

′ ⟩|
BO

≈ ∫  
𝑑𝐷𝑘CM
(2𝜋)𝐷

∫  
𝑑𝐷

′
𝑘

(2𝜋)𝐷
′ exp (𝑖𝑘CM ⋅ (𝑥CM − 𝑥CM

′ ) + 𝑖𝑘 ⋅ (𝜎[𝐶𝑝] − 𝜎[𝐶𝑝
′ ]) − 𝑖

𝐴𝑇𝑝
2

2
(
𝑘CM
2

𝑀𝑝
2 +

𝑘 ⋅ 𝑘

𝑇𝑝
2 + 1 − 𝑖𝜀)) ,

 

𝑘 ⋅ 𝜎[𝐶𝑝]: =
1

(𝑝 + 1)!
𝑘𝜇1⋯𝜇𝑝+1𝜎

𝜇1⋯𝜇𝑝+1[𝐶𝑝]  
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𝑇𝑝 → ∞  with  𝑀𝑝 =  fixed  ( Point-particle limit )  

⟨𝐶𝑝|𝑒
−𝑖𝐻̂𝐴|𝐶𝑝

′ ⟩|
BO
≈ 𝛿(𝐷

′)(𝜎[𝐶𝑝] − 𝜎[𝐶𝑝
′ ])∫  

𝑑𝐷𝑘CM
(2𝜋)𝐷

𝑒
𝑖𝑘CM⋅(𝑥CM−𝑥CM

′ )−𝑖
𝐴𝑇𝑝

2

2 (
𝑘CM
2

𝑀𝑝
2 +1−𝑖𝜀)  

𝑉𝑝 → ∞  with  𝑇𝑝 =  fixed  ( Large-brane limit )  

⟨𝐶𝑝|𝑒
−𝑖𝐻̂𝐴|𝐶𝑝

′ ⟩|
BO
≈ 𝛿(𝐷)(𝑥CM − 𝑥CM

′ )∫  
𝑑𝐷

′
𝑘

(2𝜋)𝐷
′ 𝑒
𝑖𝑘⋅(𝜎[𝐶𝑝]−𝜎[𝐶𝑝

′ ])−𝑖
𝐴
2(
𝑘⋅𝑘+𝑇𝑝

2−𝑖𝜀)  

𝑆eff = ∫  
𝐴

0

 𝑑𝑡 [𝑘Vol(𝑡)Vol˙ [𝐶𝑝(𝑡)] −
1

2
(

𝑘2

𝑀𝑝(𝑡)
2
+ 𝐷[𝐶𝑝(𝑡)]𝑘Vol(𝑡)

2)] ,𝑀𝑝(𝑡) = 𝑇𝑝Vol[𝐶𝑝(𝑡)]  

𝑘2/𝑀𝑝(𝑡)
2Vol[𝐶𝑝] = 𝑉𝑝 

𝜏Vol ∼ 𝑇𝑝 (|𝐷[𝑉𝑝]
(𝑘2/𝑀𝑝

2)
′′

𝑘2/𝑀𝑝
2 |)

−
1
2

∼ 𝑇𝑝√
𝑉𝑝
2

𝐷[𝑉𝑝]
∼ 𝑇𝑝𝑉𝑝

𝑝+1
𝑝  

𝐷[𝑉𝑝] ∼ 𝑉𝑝
−2/𝑝

 

𝜏CM ∼ 𝜏AE ∼ 𝐴𝑇𝑝
2  

𝑠:=
𝐴𝑇𝑝

𝑉𝑝
≪ 𝐿𝑝: = 𝑉𝑝

1
𝑝
,  

𝑛𝜒(𝐶𝑝, 𝐶𝑝
′ ; 𝐴),  

𝑁𝜒(𝐶𝑝
′ ; 𝐴):=∑  

𝐶𝑝

 𝑛𝜒(𝐶𝑝, 𝐶𝑝
′ ; 𝐴),  

𝑃𝜒(𝐶𝑝, 𝐶𝑝
′ ; 𝐴):=

𝑛𝜒(𝐶𝑝, 𝐶𝑝
′ ; 𝐴)

𝑁𝜒(𝐶𝑝
′ ; 𝐴)

,  

⟨𝑋2⟩𝐴: = ∑  

𝐶𝑝

 𝑃𝜒(𝐶𝑝, 0; 𝐴) (𝑥CM
𝜇
𝑥CM𝜇 + (𝜎[𝐶𝑝] ⋅ 𝜎[𝐶𝑝])

1
𝑝+1) ,  

⟨𝑋2⟩𝐴 ∼ 𝐴
2
𝐷H  ↔  𝐴 ∼ (√⟨𝑋2⟩𝐴)

𝐷H
 

 

𝑃𝜒(𝐶𝑝, 𝐶𝑝
′ ; 𝐴) = ⟨𝐶𝑝|𝑒

−𝐻̂𝐴|𝐶𝑝
′ ⟩,  

⟨𝑋2⟩𝐴 ∝ {
𝐴  (Point-particle limit) 

𝐴
1
𝑝+1  (Large-brane limit) 

 

𝐷H ≈ {
2  (Point-particle limit) 
2(𝑝 + 1)  (Large-brane limit) 
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𝛿𝐹[𝜙]

𝛿𝜙(𝑋)
= lim
𝜀→0

 
𝐹[𝜙(𝑌) + 𝜀𝛿(𝑑)(𝑌 − 𝑋)] − 𝐹[𝜙]

𝜀
 

𝛿𝑐𝐹[𝜙]

𝛿𝜙(𝑋)
= lim
𝜀→0

 
𝐹 [𝜙(𝑌) + 𝜀𝛿𝑐

(𝑑)
(𝑌 − 𝑋)] − 𝐹[𝜙]

𝜀
 

𝛿𝑐
(𝑑)
(𝑌 − 𝑋):=

1

√−𝑔(𝑋)
𝛿(𝑑)(𝑌 − 𝑋)  

𝛿𝑐𝜙(𝑋)

𝛿𝜙(𝑌)
= 𝛿𝑐

(𝑑)
(𝑋 − 𝑌)  

𝛿𝑐𝐹[𝜙]

𝛿𝜙(𝑋)
= ∫  𝑑𝑑𝑌

𝛿𝑐𝜙(𝑌)

𝛿𝜙(𝑋)

𝛿𝑐𝐹[𝜙]

𝛿𝑐𝜙(𝑌)
=

1

√−𝑔(𝑋)

𝛿𝐹[𝜙]

𝛿𝜙(𝑋)
 

𝐹[𝜙 + 𝛿𝜙]  = ∑  

∞

𝑛=0

 
1

𝑛!
(∏ 

𝑛

𝑖=1

 ∫  𝑑𝑑𝑋𝑖√−𝑔(𝑋)𝛿𝜙(𝑋𝑖))
𝛿𝑐
𝑛𝐹[𝜙]

𝛿𝜙(𝑋1)⋯𝛿𝜙(𝑋𝑛)

 = ∑  

∞

𝑛=0

 
1

𝑛!
(∏ 

𝑛

𝑖=1

 ∫  𝑑𝑑𝑋𝑖𝛿𝜙(𝑋𝑖))
𝛿𝑛𝐹[𝜙]

𝛿𝜙(𝑋1)⋯𝛿𝜙(𝑋𝑛)

 

√ℎ(𝜉)𝛿/𝛿𝑋𝜇(𝜉) 

𝑁

8𝜋2
∫  
Σ4

𝜑𝐹2 ∧ 𝐹2 

∑ 

𝐶𝑝

 𝑃𝜒(𝐶𝑝, 0; 𝐴)
1

Vol[𝐶𝑝]
∫  
𝑆𝑝
 𝑑𝑝𝜉√ℎ(𝜉)𝑋𝜇(𝜉)𝑋𝜇(𝜉)  

⟨𝑋𝜇(𝜉)𝑋𝜈(𝜉′)⟩ 

 

𝑒+𝑒− → 𝐾+𝐷𝑠
−𝐷∗0 

𝐾+𝐷𝑠
∗−𝐷0 

𝐵+ → 𝐽/𝜓𝜙𝐾+ 

ℋ=∑ 

4

𝑖=1

 (
𝑝𝑖
2

2𝑚𝑖
) + 𝑉(𝒙𝐴,𝐵) 

 +𝑉𝐼(𝒙𝐴,𝐵, 𝒙1,2) + 𝑉conf

 

∑ 

4

𝑖=1

(
𝑝𝑖
2

2𝑚𝑖
)𝑉(𝒙𝐴,𝐵)𝑉𝐼(𝒙𝐴,𝐵, 𝒙1,2) 

𝐻 =∑ 

4

𝑖=1

 𝑚𝑖 + 𝐸 +𝐻𝑠𝑠  
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𝐻𝑠𝑠 =∑ 

𝑖<𝑗

 2𝜅𝑖𝑗(𝑠𝑖 ⋅ 𝑠𝑗),  

[(∑  

light 

 
𝑝𝑖
2

2𝑚
)+ 𝑉𝐼(𝒙𝐴,𝐵 , 𝒙1,2)] 𝑓 = ℰ(𝒙𝐴,𝐵)𝑓,  

𝑓 = 𝑓(𝒙𝐴,𝐵, 𝒙1,2) 

Ψ = 𝜓(𝒙𝐴,𝐵)𝑓(𝒙𝐴,𝐵, 𝒙1,2),  

∇𝑖
2Ψ ≈ (𝑓∇𝑖

2𝜓 + 𝜓∇𝑖
2𝑓).  

( ∑  

heavy 

 
𝑝𝑖
2

2𝑀
+ 𝑉BO(𝒙𝐴,𝐵))𝜓 = 𝐸𝜓,  

𝑉BO(𝒙𝐴,𝐵) = 𝑉(𝒙𝐴,𝐵) + ℰ(𝒙𝐴,𝐵) + 𝑉conf .  

𝑉(𝑟) = 𝜆𝑞1𝑞2(𝑹)
𝛼𝑠
𝑟
,  

𝜆𝑞1𝑞2(𝑹) =
1

2
[𝐶(𝑹) − 𝐶(𝑞1) − 𝐶(𝑞2)],  

𝐶(3) = 4/3, 𝐶(6) = 10/3, 𝐶(1) = 0, 𝐶(8) = 3, 𝐶(𝑞‾) = 𝐶(𝑞), and 𝐶(𝑹) = 𝐶(𝑹) 

𝑉𝑄‾𝑞(𝑟) = −
4

3

𝛼𝑠
𝑟
+ 𝜎𝑟 + 𝑉0  

𝑉𝑄𝑞(𝑟) = −
1

3

𝛼𝑠
𝑟
+
1

4
𝜎𝑟 + 𝑉0  

𝑅(𝑟) =
𝐴3/2

√4𝜋
𝑒−𝐴𝑟  

𝑓 = 𝜁(𝝆)𝜉(𝜼) = 𝑅(|𝒙1 − 𝒙𝐴|)𝑅(|𝒙2 − 𝒙𝐵|)  

𝐸𝑄𝑞↔𝑄‾𝑞‾ = 2⟨𝐻⟩min.  

𝐻𝑝 =−
7

6
𝛼𝑠 (

1

|𝒙1 − 𝒙𝐵|
+

1

|𝒙2 − 𝒙𝐴|
) 

 +
1

6
𝛼𝑠

1

|𝒙1 − 𝒙2|

 

Δ𝐸 = ⟨𝑓|𝐻𝑝|𝑓⟩,  

Δ𝐸 = −
7

6
𝛼𝑠2𝐼1(𝑟𝐴𝐵) +

1

6
𝛼𝑠𝐼2(𝑟𝐴𝐵)  

𝑟𝐴𝐵 = |𝒙𝐵 − 𝒙𝐴| 
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𝐼1(𝑟𝐴𝐵) = ∫  d
3𝜌|𝜓(𝜌)|2

1

|𝝆 − 𝒓𝐴𝐵|

𝐼2(𝑟𝐴𝐵) = ∫  d
3𝜌 d3𝜂|𝜓(𝜌)|2|𝜙(𝜂)|2

1

|𝝆 − 𝜼|

 

ℰ(𝒙𝐴,𝐵) = 𝐸𝑄𝑞↔𝑄‾𝑞‾ + Δ𝐸  

𝑉conf = 𝜎 × (𝑟 − 𝑅0) × 𝜃(𝑟 − 𝑅0)  

𝑉BO(𝑟𝐴𝐵)=
1

6
𝛼𝑆

1

𝑟𝐴𝐵
+ 𝐸𝑄𝑞↔𝑄‾𝑞‾ + Δ𝐸  

 +𝜎 × (𝑟𝐴𝐵 − 𝑅0) × 𝜃(𝑟𝐴𝐵 − 𝑅0).

 

|(𝑄𝑄‾)(𝑞𝑞‾)⟩|(𝑄𝑞‾)(𝑞𝑄‾)⟩ 

|(𝑄𝑞)(𝑄‾𝑞‾)⟩ 

|0+(+)⟩
1
 = |0𝑄𝑞 , 0𝑄‾𝑞‾ ; 𝐽 = 0⟩,

|0+(+)⟩
2
 = |1𝑄𝑞 , 1𝑄‾𝑞‾ ; 𝐽 = 0⟩.

 

|𝐴⟩= |0𝑄𝑞 , 1𝑄‾𝑞‾ ; 𝐽 = 1⟩  

|𝐵⟩ = |1𝑄𝑞 , 0𝑄‾𝑞‾ ; 𝐽 = 1⟩

|𝐶⟩ = |1𝑄𝑞 , 1𝑄‾𝑞‾ ; 𝐽 = 1⟩

 

|1+(+)⟩=
1

√2
(|𝐴⟩ + |𝐵⟩)  

|1+(−)⟩
1
 =

1

√2
(|𝐴⟩ − |𝐵⟩)

|1+(−)⟩
2
 = |𝐶⟩

 

|2+(+)⟩ = |1𝑄𝑞 , 1𝑄‾𝑞‾ ; 𝐽 = 2⟩  

𝑀(𝑇) = 2(𝑚𝑐 +𝑚𝑞) + 𝐸 + 𝐻𝑠𝑠,  

𝑖𝜕𝜂|𝛼B⟩ = 𝐻̂
(0)|𝛼B⟩, 

𝜂 ↦ |𝛼B(𝜂)⟩, 

∫  d𝛼|𝛼⟩⟨𝛼| = 𝟙 

⟨𝛼B(𝜂)|𝒪̂|𝛼B(𝜂)⟩ 

⟨𝛼B|𝒪̂
2|𝛼B⟩ 

⟨𝛼B |𝒪̂
2|𝛼B ⟩ = ∫  d𝛼⟨𝛼B |𝒪̂|𝛼⟩⟨𝛼|𝒪̂|𝛼B ⟩.  

(⟨𝛼B|𝒪̂|𝛼B⟩)
2
 

⟨𝛼B|𝒪̂
2|𝛼B⟩ = 𝜆(⟨𝛼B|𝒪̂|𝛼B⟩)

2
,  
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𝐻(𝑞, 𝑝, 𝑣, 𝜋) = 𝐻(0)(𝑞, 𝑝) + ∑  

𝒌max

𝒌=𝒌min

 𝐻𝒌
(2)(𝑞, 𝑝, 𝑣𝒌, 𝜋𝒌)  

𝐻𝒌
(2)
= |𝜋𝒌|

2 + [𝒌2 − 𝑉B(𝑞, 𝑝)]|𝑣𝒌|
2 

|𝑣𝒌|
2 = 𝑣𝒌𝑣𝒌

∗ = 𝑣𝒌𝑣−𝒌 

𝒌 ∈ [𝒌min , 𝒌max ]
2 

𝐻(0)(𝑞, 𝑝) ↦ 𝐻(0)(𝑞, 𝑝) − 𝑉B(𝑞, 𝑝) ∑  

𝒌max

𝒌=𝒌min

  |𝑣𝒌|
2  

𝑉B(𝑞, 𝑝)∑  

𝑘

|𝑣𝒌|
2 ≪ 1 

𝐻(2)(𝑞𝜂 , 𝑝𝜂 , 𝑣𝑘 , 𝜋𝑘) 

ℋ = ℋB⊗ℋP 

𝑖𝜕𝜂|𝜓P(𝜂)⟩ = 𝐻̃
(2)|𝜓P(𝜂)⟩  

𝐻̃(2) = ⟨𝛼B(𝜂)|𝐻̂
(2)|𝛼B(𝜂)⟩,  

|𝛼B(𝜂)⟩ ⊗ |𝜓P(𝜂)⟩ 

𝐻̂ = 𝐻̂(0) + 𝐻̂(2),  

𝑖𝜕𝜂|Φ(𝜂)⟩ = 𝐻̂|Φ(𝜂)⟩  

|Φ(𝜂0)⟩ = |𝛼B(𝜂0)⟩ ⊗ |𝜓P(𝜂0)⟩ 

|Φ(0)⟩ = |𝛼B(0)⟩ ⊗ |𝜓P(0)⟩ 

|𝜓P(𝜂)⟩ =
 def 1

𝑍𝜂
⟨𝛼B(𝜂) ∣ Φ(𝜂)⟩⟩

ℋP

,  

𝜓P(𝑣𝑘, 𝜂) =
 def 1

𝑍𝜂
∫  d𝛼⟨𝛼B(𝜂) ∣ 𝛼⟩Φ(𝛼, 𝑣𝑘 , 𝜂)  

|Φ(𝜂)⟩ = |Φ(BO)(𝜂)⟩ = |𝛼B(𝜂)⟩ ⊗ |𝜓P
(BO)

(𝜂)⟩ 

⟨𝛼B(𝜂) ∣ Φ
(BO)(𝜂)⟩⟩

ℋP

= |𝜓P
(BO)

(𝜂)⟩ 

|Φ(𝜂0)⟩ = |𝛼B(𝜂0)⟩ ⊗ |𝜓P(𝜂0)⟩ 

|𝛼B(𝜂)⟩ ⊗ |𝜓P(𝜂)⟩ 

Π̂𝛼B :ℋ ↦ ℋPℋ = ℋB⊗ℋP 
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Π̂𝛼B =
 def 

∑ 

𝑛P

  |𝑛P⟩(⟨𝛼B| ⊗ ⟨𝑛P|),  

|𝜓P⟩ = Π̂𝛼B|Φ⟩ 

|Φ⟩ ∈ ℋB⊗ℋp 

Π̂𝛼B
† :ℋP ↦ ℋ 

Π̂𝛼B
† =∑ 

𝑛P

  (|𝛼B⟩ ⊗ |𝑛P⟩)⟨𝑛P|,  

Π̂𝛼BΠ̂𝛼B
†  

Π̂𝛼B
† Π̂𝛼B = (|𝛼B⟩⟨𝛼B|) ⊗ 𝕀ℋP ,

Π̂𝛼BΠ̂𝛼B
† = 𝕀ℋP .

 

Π̂
𝛼B
′
† 𝑋̂PΠ̂𝛼B  = (|𝛼B

′ ⟩⟨𝛼B|) ⊗ 𝑋̂P

Π̂𝛼B(𝑊̂B⊗ 𝑋̂P)Π̂𝛼B′
†  = ⟨𝛼B|𝑊̂B|𝛼B

′ ⟩𝑋̂P
 

∑ 

𝑛B

  Π̂𝑛B
† Π̂𝑛B = (∑ 

𝑛B

  |𝑛B⟩⟨𝑛B|)⊗ 𝕀ℋP = 𝕀ℋB ⊗ 𝕀ℋP = 𝕀ℋ .  

𝑃(𝛼B) = ⟨Φ|Π̂𝛼B
† Π̂𝛼B|Φ⟩ = ⟨Φ|(|𝛼B⟩⟨𝛼B|) ⊗ 𝕀ℋP|Φ⟩ 

∑ 

𝑛B

 𝑃(𝑛B) = ⟨Φ ∣ Φ⟩ = 1  

|𝜓P⟩ =
1

√𝑃(𝛼B)
Π̂𝛼B|Φ⟩, 

|Φ′⟩ = |𝛼B⟩ ⊗ |𝜓P⟩ =
1

√𝑃(𝛼B)
Π̂𝛼B
† Π̂𝛼B|Φ⟩. 

𝐻̃𝛼,𝛽
(2)

=
 def 

Π̂𝛼𝐻̂
(2)Π̂𝛽

† ≡ ⟨𝛼|𝐻̂(2)|𝛽⟩,  

𝐻̃𝛼
(2)

=
 def 

𝐻̃𝛼,𝛼
(2)

 

𝑖𝜕𝜂|𝛼B(𝜂)⟩ = 𝐻̂
(0)|𝛼B(𝜂)⟩,  

|𝛼B(𝜂)⟩ = 𝑒
−𝑖𝐻̂(0)(𝜂−𝜂0)|𝛼B(𝜂0)⟩.  

|𝜓P
(Bo)

(𝜂)⟩ 

𝑖𝜕𝜂 |𝜓P
(BO)

(𝜂)⟩ = 𝐻̃𝛼B(𝜂)
(2)

|𝜓P
(BO)

(𝜂)⟩ ,  
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|𝜓P
(so)
(𝜂)⟩ = 𝑇 {exp [−𝑖 ∫  

𝜂

𝜂0

  𝐻̃𝛼B(𝜏)
(2)

d𝜏]} |𝜓P
(so)
(𝜂0)⟩ ,  

|Φ(BO)(𝜂)⟩ 

|Φ(BO)(𝜂)⟩ = |𝛼B(𝜂)⟩ ⊗ |𝜓P
(BO)

(𝜂)⟩ 

𝐻̃𝛼B(𝜏)
(2)

 = Π̂𝛼B(0)𝑒
𝑖𝐻̂(0)𝜏𝐻̂(2)𝑒−𝑖𝐻̂

(0)𝜏Π̂𝛼B(0)
†

 = Π̂𝛼B(0)𝐻̂I
(2)
(𝜏)Π̂𝛼B(0)

†
 

𝐻̂I
(2)
(𝜂) = 𝑒𝑖𝐻̂

(0)𝜂𝐻̂(2)𝑒−𝑖𝐻̂
(0)𝜂 

|Φ(BO)(𝜂)⟩ 

|Φ(BO)(𝜂)⟩ = 𝑈̂(BO)(𝜂, 𝜂0)|Φ
(BO)(𝜂0)⟩,  

𝑈̂(BO)(𝜂, 𝜂0) = 𝑇 (exp {−𝑖∫  
𝜂

𝜂0

  [𝐻̂(0) + 𝐻̃𝛼B(𝜏)
(2)

] d𝜏}) ,  

𝐻̂(0)𝐻̃𝛼B(𝜏)
(2)

|Φ(BO)(𝜂)⟩𝑈̂(BO)(𝜂, 𝜂0)|𝛼P(𝜂)⟩|Φ
(BO)(𝜂)⟩ 

𝑖𝜕𝜂|Φ
(BO)(𝜂)⟩ = [𝐻̂(0) + 𝐻̃𝛼B(𝜂)

(2)
] |Φ(BO)(𝜂)⟩𝐻̂𝛼B(𝜂)

(2)
 

𝑖𝜕𝜂|Φ(𝜂)⟩ = [𝐻̂
(0) + 𝐻̂(2)]|Φ(𝜂)⟩,  

|Φ(𝜂)⟩ = 𝑈̂tot (𝜂, 𝜂0)|Φ(𝜂0)⟩,  

𝑈̂tot(𝜂, 𝜂0) = 𝑒
−𝑖[𝐻̂(0)+𝐻̂(2)](𝜂−𝜂0),  

𝑈̂tot (𝜂, 𝜂0) = 𝑒
−𝑖𝐻̂(0)𝜂𝑆̂(𝜂, 𝜂0)𝑒

𝑖𝐻̂(0)𝜂0  

𝑆̂(𝜂, 𝜂0) = 𝑇 {exp [−𝑖∫  
𝜂

𝜂0

  𝐻̂I
(2)
(𝜏)d𝜏]}, 

𝐻̂I
(2)
(𝜏) = 𝑒𝑖𝐻̂

(0)𝜏𝐻̂(2)𝑒−𝑖𝐻̂
(0)𝜏 

|Φ(𝜂0)⟩ = |𝛼B(𝜂0)⟩ ⊗ |𝜓P(𝜂0)⟩ 

|𝛼B(𝜂0)⟩|Φ
(BO)(𝜂)⟩|Φ(𝜂0)⟩ = |𝛼B(𝜂0)⟩⊗ |𝜓P(𝜂0)⟩ 

|Φ(𝜂0)⟩ = [𝑈̂
(BO)(𝜂, 𝜂0)]

†
|Φ(BO)(𝜂)⟩.  

|Φ(𝜂)⟩ = 𝑉̂(𝜂, 𝜂0)|Φ
(BO)(𝜂)⟩,  

𝑉̂(𝜂, 𝜂0) = 𝑈̂tot(𝜂, 𝜂0)[𝑈̂
(BO)(𝜂, 𝜂0)]

†
.  

𝑉̂(𝜂0, 𝜂0) = 𝟙 and |Φ(𝜂0)⟩ = |Φ
(BO)(𝜂0)⟩ = |𝛼B(𝜂0)⟩⊗ |𝜓P(𝜂0)⟩ 

𝑉̂(𝜂, 𝜂0) = 𝑒
−𝑖𝐻̂(0)𝜂𝑇 [𝑒

−𝑖 ∫  
𝜂

𝜂0
 𝐻̂1
(2)
(𝜏)d𝜏

] 𝑒𝑖𝐻̂
(0)𝜂0𝑒𝑖𝐻̂

(0)(𝜂−𝜂0)𝑇 [𝑒
𝑖 ∫  
𝜂

𝜂0
 𝐻̃𝛼B(𝜏)
(2)

d𝜏
]  
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𝑉̂(𝜂, 𝜂0) = 𝑒
−𝑖𝐻̂(0)𝜂𝑇 [𝑒

−𝑖 ∫  
𝜂

𝜂0
 𝐻̂1
(2)
(𝜏)d𝜏

] 𝑇 [𝑒
𝑖 ∫  
𝜂

𝜂0
 𝐻̃𝛼B(𝜏)
(2)

d𝜏
] 𝑒𝑖𝐻̂

(0)𝜂𝐻̃𝛼B(𝜏)
(2)  

𝐻̃𝛼(𝜏),𝛽(𝜏)
(2)

𝐻̃𝛼(𝜏)
(2)

 

𝑉̂(𝜂, 𝜂0) ≃ 𝑒
−𝑖𝐻̂(0)𝜂(𝕀 + 𝐶̂1 + 𝐶̂2

′ + 𝐶̂2
′′)𝑒𝑖𝐻̂

(0)𝜂  

𝐶̂1  = −𝑖 ∫  
𝜂

𝜂0

  [𝐻̂I
(2)
(𝜏) − 𝐻̃𝛼B(𝜏)

(2)
] d𝜏

𝐶̂2
′  = ∫  

𝜂

𝜂0

 d𝜏1∫  
𝜂

𝜂0

 d𝜏2𝐻̂I
(2)
(𝜏1)𝐻̃𝛼B(𝜏2)

(2)

𝐶̂2
′′  = −

1

2
∫  
𝜂

𝜂0

 d𝜏1∫  
𝜂

𝜂0

 d𝜏2𝑇 [𝐻̂I
(2)
(𝜏1)𝐻̂I

(2)
(𝜏2) + 𝐻̃𝛼B(𝜏1)

(2)
𝐻̃𝛼B(𝜏2)
(2)

]

 

𝐶̂2 = 𝐶̂2
′ + 𝐶̂2

′′ = −
1

2
∫  
𝜂

𝜂0

 d𝜏1∫  
𝜂

𝜂0

 d𝜏2𝑇 {[𝐻̂I
(2)(𝜏1) − 𝐻̃𝛼B(𝜏1)

(2)
] [𝐻̂I

(2)(𝜏2) − 𝐻̃𝛼B(𝜏2)
(2)

]}  

|𝜓P
(BBO)

(𝜂)⟩ |𝜓P
(BBO)

(𝜂)⟩ =
 def 

Π̂𝛼B(𝜂)|Φ(𝜂)⟩ = Π̂𝛼B(𝜂)𝑉̂(𝜂, 𝜂0)|Φ
(BO)(𝜂)⟩ 

 
 

|𝜓P
(BBO)

(𝜂)⟩ = Π̂𝛼B(𝜂)𝑉̂(𝜂, 𝜂0)Π̂𝛼B(𝜂)
† |𝜓P

(BO)
(𝜂)⟩  

|𝜓P
(BO)

(𝜂)⟩ |𝜓P
(BBO)

(𝜂)⟩ 

Π̂𝛼B(𝜂)𝑉̂(𝜂, 𝜂0)Π̂𝛼B(𝜂)
† ≡ ⟨𝛼B(𝜂)|𝑉̂(𝜂, 𝜂0)|𝛼B(𝜂)⟩  

|𝜓P
(BBO)

(𝜂)⟩ ≃ [𝟙 + Π̂𝛼B(0)(𝐶̂1 + 𝐶̂2)Π̂𝛼B(0)
† ] |𝜓P

(BO)
(𝜂)⟩ ,  

Π̂𝛼BΠ̂𝛼B
† = 𝟙ℋP , |𝛼B(𝜂)⟩ = 𝑒

−𝑖𝐻̂(0)𝜂|𝛼B(0)⟩ and Π̂𝛼B(𝜂) = Π̂𝛼B(0)𝑒
𝑖𝐻̂(0)𝜂 

Π̂𝛼B(0)𝐶̂1Π̂𝛼B(0)
†  

Π̂𝛼B(0)𝐻̃𝛼B(𝜏)
(2)

Π̂𝛼B(0)
† = 𝐻̃𝛼B(𝜏)

(2)
 

Π̂𝛼B(0)𝐻̂I
(2)
(𝜏)Π̂𝛼B(0)

† = Π̂𝛼B(𝜏)𝐻̂
(2)Π̂𝛼B(𝜏)

† = 𝐻̃𝛼B(𝜏)
(2)

 

𝐻̂(2) =∑ 

𝒌

𝐻̂𝒌
(2)

 

𝐻̃𝛼B(𝜂)
(2)

=∑ 

𝒌

  {𝜋̂𝒌𝜋̂−𝒌 + [𝑘
2 − 𝑉B(𝜂)]𝑣̂𝒌𝑣̂−𝒌}  

𝐻̂I
(2)
(𝜂) =∑  

𝒌

  {𝜋̂𝒌𝜋̂−𝒌 + [𝑘
2 − 𝑉̂B

(I)
(𝜂)] 𝑣̂𝒌𝑣̂−𝒌}  

𝑉B(𝜂) = ⟨𝛼B(𝜂)|𝑉̂B|𝛼B(𝜂)⟩  
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𝑉̂B
(I)
(𝜂) = 𝑒𝑖𝐻̂

(0)𝜂𝑉̂B𝑒
−𝑖𝐻̂(0)𝜂  

𝐶̂2 = −
1

2
(∑  

𝒌

  𝑣̂𝒌𝑣̂−𝒌)

2

∫  
𝜂

𝜂0

 d𝜏1∫  
𝜂

𝜂0

 d𝜏2𝑇 {[𝑉̂B
(I)
(𝜏1) − 𝑉B(𝜏1)] [𝑉̂B

(I)
(𝜏2) − 𝑉B(𝜏2)]}  

𝐶̂2 = −
1

2
(∑  

𝒌

  𝑣̂𝒌𝑣̂−𝒌)

2

∫  
𝜂

𝜂0

 d𝜏1∫  
𝜂

𝜂0

 d𝜏2 {𝑇 [𝑉̂B
(I)
(𝜏1)𝑉̂B

(I)
(𝜏2)] − 𝑉B(𝜏1)𝑉B(𝜏2)} .  

𝐶̂2 = −(∑  

𝒌

  𝑣̂𝒌𝑣̂−𝒌)

2

{[∫  
𝜂

𝜂0

 d𝜏1∫  
𝜏1

𝜂0

  d𝜏2𝑉̂B
(I)(𝜏1)𝑉̂B

(I)(𝜏2)] −
1

2
[∫  

𝜂

𝜂0

 𝑉B(𝜏)d𝜏]

2

}  

(∑  

𝒌

  𝑣̂𝒌𝑣̂−𝒌)

2

𝐾𝜂,𝜂0 = −Π̂𝛼B(0)𝐶̂2Π̂𝛼B(0)
†  

𝐾𝜂,𝜂0 = ∫  
𝜂

𝜂0

 d𝜏1∫  
𝜏1

𝜂0

  d𝜏2⟨𝛼B(0)|𝑉̂B
(I)(𝜏1)𝑉̂B

(I)(𝜏2)|𝛼B(0)⟩ −
1

2
[∫  

𝜂

𝜂0

 𝑉B(𝜏1)𝑑𝜏1]

2

 

|𝜓P
(BBO)

(𝜂)⟩ ≃ [𝟙 − 𝐾𝜂,𝜂0 (∑ 

𝒌

  𝑣̂𝒌𝑣̂−𝒌)

2

] |𝜓P
(BO)

(𝜂)⟩  

⟨𝜓P
(BBO)

(𝜂) ∣ 𝜓P
(BBO)

(𝜂)⟩ ≃ 1 

|ℜe𝐾𝜂,𝜂0| ⟨(∑  

𝒌

  𝑣̂𝒌𝑣̂−𝒌)

2

⟩

𝜂

(sO)

≪ 1,  

⟩𝜂
(BO)

:= |𝜓P
(BO)

(𝜂)⟩ 

⟨(∑  

𝒌

  𝑣̂𝒌𝑣̂−𝒌)

2

⟩

𝜂

(BO)

= [⟨∑  

𝒌

  𝑣̂𝒌𝑣̂−𝒌⟩

𝜂

(BO)

]

2

 +2∑  

𝒌

  [⟨𝑣̂𝒌𝑣̂−𝒌⟩𝜂
(BO)

]
2
.

 

⟨𝑣̂𝒌𝑣̂𝓵⟩𝜂 = 𝛿𝒌+𝓵𝑓(𝜂)𝑃𝜂(𝑘) 

𝑃𝜂(𝑘) → 𝑃(𝑘) ∝ 𝑘𝑛s−4 

𝛿𝒗+𝒘 → (2𝜋)3𝛿(3)(𝒗 + 𝒘) 

∑ 

𝒗

→
1

(2𝜋)3
∫   d3𝒗 
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𝑆R = ⟨∑  

𝒑

  𝑣̂𝒑𝑣̂−𝒑⟩

𝜂

(BO)

,  

⟨𝑣̂𝒌𝑣̂𝓵⟩𝜂
(BBO)

=
⟨𝜓P

(BBO)
(𝜂)| 𝑣̂𝒌𝑣̂𝓵 |𝜓P

(BBO)
(𝜂)⟩

⟨𝜓P
(BBO)

(𝜂) ∣ 𝜓P
(BBO)

(𝜂)⟩
,  

⟨𝜓P
(BBO)

(𝜂)| 𝑣̂𝒌𝑣̂𝓵 |𝜓P
(BBO)

(𝜂)⟩ ≃ ⟨𝑣̂𝒌𝑣̂𝓵⟩𝜂
(BO)

− 2ℜe(𝐾𝜂,𝜂0) ⟨𝑣̂𝒌𝑣̂𝓵(∑ 

𝒑

  𝑣̂𝒑𝑣̂−𝒑)

2

⟩

𝜂

(BO)

 

⟨𝜓P
(BBO)

(𝜂) ∣ 𝜓P
(BBO)

(𝜂)⟩ ≃ 1 − 2ℜe(𝐾𝜂,𝜂0) ⟨(∑  

𝒑

  𝑣̂𝒑𝑣̂−𝒑)

2

⟩

𝜂

(во)

 

⟨𝑣̂𝒌𝑣̂𝓵⟩𝜂
(B⿱二)

≃ ⟨𝑣̂𝒌𝑣̂𝓵⟩𝜂
(BO)

− 2ℜe(𝐾𝜂,𝜂0)

[
 
 
 

⟨𝑣̂𝒌𝑣̂𝓵(∑ 

𝒑

  𝑣̂𝒑𝑣̂−𝒑)

2

⟩

𝜂

(BO)

− ⟨𝑣̂𝒌𝑣̂𝓵⟩𝜂
(BO)

⟨(∑  

𝒑

  𝑣̂𝒑𝑣̂−𝒑)

2

⟩

𝜂

(BO)

]
 
 
 

 

4∑  

𝒑,𝒒

  [⟨𝑣̂𝒌𝑣̂𝒒⟩𝜂
(BO)

⟨𝑣̂𝓵𝑣̂−𝒒⟩𝜂
(BO)

⟨𝑣̂𝒑𝑣̂−𝒑⟩𝜂
(BO)

+ 2⟨𝑣̂𝒌𝑣̂𝒑⟩𝜂
(BO)

⟨𝑣̂𝓵𝑣̂−𝒒⟩𝜂
(BO)

⟨𝑣̂−𝒑𝑣̂𝒒⟩𝜂
(BO)

]  

𝑃𝜂
(вво )

(𝑘) = 𝑃𝜂
(во )

(𝑘) [1 − 8ℜe(𝐾𝜂,𝜂0)𝑆R𝑃𝜂
(во )

(𝑘)] ,  

⟨𝑣̂𝒌𝑣̂𝓵𝑣̂𝒎⟩𝜂
(BBO)

=
⟨𝜓P

(BBO)
(𝜂)| 𝑣̂𝒌𝑣̂𝓵𝑣̂𝒎 |𝜓P

(BBO)
(𝜂)⟩

⟨𝜓P
(BBO)

(𝜂) ∣ 𝜓P
(BBO)

(𝜂)⟩
 

⟨𝑣̂𝒌𝑣̂𝓵𝑣̂𝒎𝑣̂𝒏⟩𝜂
(BBO)

=
⟨𝜓P

(BBO)
(𝜂)| 𝑣̂𝒌𝑣̂𝓵𝑣̂𝒎𝑣̂𝒏 |𝜓P

(BBO)
(𝜂)⟩

⟨𝜓P
(BBO)

(𝜂) ∣ 𝜓P
(BBO)

(𝜂)⟩
 

⟨𝑣̂𝒌𝑣̂𝓵𝑣̂𝒎𝑣̂𝒏⟩𝜂
(BBO)

≃ ⟨𝑣̂𝒌𝑣̂𝓵𝑣̂𝒎𝑣̂𝒏⟩𝜂
(BO)

+ 𝑇(𝒌, 𝓵,𝒎, 𝒏),  

𝑇(𝒌, 𝓵,𝒎, 𝒏) = −2ℜe(𝐾𝜂,𝜂0)

[
 
 
 

⟨𝑣̂𝒌𝑣̂𝓵𝑣̂𝒎𝑣̂𝒏(∑ 

𝒑

  𝑣̂𝒑𝑣̂−𝒑)

2

⟩

𝜂

(BO)

− ⟨𝑣̂𝒌𝑣̂𝓵𝑣̂𝒎𝑣̂𝒏⟩𝜂
(BO)

⟨(∑  

𝒑

  𝑣̂𝒑𝑣̂−𝒑)

2

⟩

𝜂

(BO)

]
 
 
 

, 

𝑇 ∼ 𝑇9𝑆R
2 + 𝑇24𝑆R + 𝑇72 

⟨𝑣̂𝒌𝑣̂𝓵⟩𝜂
(BO)

∝ 𝛿𝒌+𝓵 

𝑇(𝒌, 𝓵,𝒎, 𝒏) =−4ℜe(𝐾𝜂,𝜂O)𝑆R𝛿𝒌+𝓵+𝒎+𝒏 {⟨𝑣̂𝒌𝑣̂−𝒌⟩𝜂
(BO)

[⟨𝑣̂𝒎𝑣̂−𝒎⟩𝜂
(BO)

]
2
(𝛿𝒌+𝓵 + 𝛿𝒌+𝒏)  

+⟨𝑣̂𝓵𝑣̂−𝓵⟩𝜂
(BO)

[⟨𝑣̂𝒌𝑣̂−𝒌⟩𝜂
(BO)

]
2
(𝛿𝓵+𝒎 + 𝛿𝓵+𝒏) + ⟨𝑣̂𝒏𝑣̂−𝒏⟩𝜂

(BO)
[⟨𝑣̂𝓵𝑣̂−𝓵⟩𝜂

(BO)
]
2
(𝛿𝒏+𝒎 + 𝛿𝒏+𝒌)} .
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𝑔NL
BBO = −4ℜe(𝐾𝜂,𝜂0)𝑆R 

𝑡(𝒌, 𝓵,𝒎, 𝒏):= 𝑇(𝒌, 𝓵,𝒎, 𝒏)/𝑔NL
BBO 

𝑡(𝒌,−𝒌,𝒎,−𝒎) = 𝛿𝒌+𝓵+𝒎+𝒏𝛿𝒌+𝓵 {⟨𝑣̂𝒌𝑣̂−𝒌⟩𝜂
(BO)

[⟨𝑣̂𝒎𝑣̂−𝒎⟩𝜂
(BO)

]
2
+ ⟨𝑣̂𝒎𝑣̂−𝒎⟩𝜂

(BO)
[⟨𝑣̂𝒌𝑣̂−𝒌⟩𝜂

(BO)
]
2
}  

𝛿𝒌+𝓵𝑡
local (𝒌, 𝓵,𝒎, 𝒏) 

𝑡local(𝒌, 𝓵,𝒎, 𝒏) = 𝛿𝒌+𝓵+𝒎+𝒏 [⟨𝑣̂𝒌𝑣̂−𝒌⟩𝜂
(BO)

⟨𝑣̂𝓵𝑣̂−𝓵⟩𝜂
(BO)

⟨𝑣̂𝒎𝑣̂−𝒎⟩𝜂
(BO)

+ 3 perms ] 

𝑡(𝒌,−𝒌, 𝓵, −𝓵) ∝
1

𝑘4−𝑛𝑠
(
1

ℓ4−𝑛𝑠
)
2

+
1

ℓ4−𝑛𝑠
(
1

𝑘4−𝑛𝑠
)
2

∝ [𝑃(𝑘)]3 [(
𝑘

ℓ
)
2(4−𝑛𝑠)

+ (
𝑘

ℓ
)
4−𝑛𝑠

]  

|𝜓P
(вво )

(𝜂)⟩ = Π̂𝛼B(𝜂)𝑉̂(𝜂, 𝜂0)|Φ
(во )(𝜂)⟩ 

𝑣̂𝑘
(BBO)

= 𝑉̂(𝜂, 𝜂0)
†Π̂𝛼B(𝜂)

† 𝑣̂𝑘Π̂𝛼B(𝜂)𝑉̂(𝜂, 𝜂0)  

𝑣̂𝑘
(Bво)

= [𝑣̂𝑘 − 2ℜe(𝐾𝜂,𝜂0)(∑  

𝒑

  𝑣̂𝒑𝑣̂−𝒑)

2

𝑣̂𝑘] ,  

𝑣̂(BBO)(𝑥) = 𝑣̂(𝑥) − 2ℜe(𝐾𝜂,𝜂0) [∫  𝑣̂
2(𝑦)d3𝑦]

2

𝑣̂(𝑥),  

|𝛼B⟩ = |𝑞, 𝑝⟩ 

|𝛼B(𝜂)⟩ = |𝑞𝜂 , 𝑝𝜂⟩ 

 

𝐻̂ = 𝐻̂𝐵 + 𝐻̂𝐼 + 𝐻̂𝐵𝐼 

𝐻̂𝐵=∑ 

𝑁𝐵

𝑗=1

  [−
ℏ2

2𝑚𝐵
(
𝜕

𝜕𝑥𝑗
𝐵)

2

+
1

2
𝑚𝐵𝜔𝐵

2(𝑥𝑗
𝐵)
2
]  

𝐻̂𝐼=∑ 

𝑁𝐼

𝑗=1

  [−
ℏ2

2𝑚𝐼
(
𝜕

𝜕𝑥𝑗
𝐼)

2

+
1

2
𝑚𝐼𝜔𝐼

2(𝑥𝑗
𝐼 − 𝑥𝑠)

2
] 

𝐻̂𝐵𝐼 = ∑  

𝑁𝐵

𝑘=1

 ∑  

𝑁𝐼

𝑗=1

 𝑔𝛿(𝑥𝑘
𝐵 − 𝑥𝑗

𝐼)
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ℓ𝐵 = √
ℏ

𝑚𝐵𝜔𝐵
,  

ℓ𝐼 = √
𝑚𝐵𝜔𝐵
𝑚𝐼𝜔𝐼

ℓ𝐵  

𝜎𝐵 ≈ ℓ𝐵√𝑁𝐵 +
1

2
 

ℓ𝐼 ≈ √𝑁𝐵ℓ𝐵  

|Ψ(𝑡)⟩ = ∑  

𝐷

𝑘=1

 √𝜆𝑘(𝑡)|Ψ̃𝑘
𝐵(𝑡)⟩|Ψ̃𝑘

𝐼(𝑡)⟩  

Ψ(𝑥1
𝐵, … , 𝑥𝑁𝐵

𝐵 , 𝑥𝐼; 𝑡) =

 ∑  

𝑀

𝑗=1

 Ψ𝑗,𝐼(𝑥𝐼; 𝑡)Ψ𝑗,𝐵(𝑥1
𝐵, … , 𝑥𝑁𝐵

𝐵 ; 𝑥𝐼)⏟            

≡⟨𝑥1
𝐵,…,𝑥𝑁𝐵

𝐵 ∣Ψ𝑗,𝐵(𝑥𝐼)⟩

.  

|Ψ𝑗,𝐵(𝑥𝐼)⟩Ψ𝑗,𝐼(𝑥𝐼; 𝑡)∑  

𝑀

𝑗=1

∫   d𝑥𝐼|Ψ𝑗,𝐼(𝑥𝐼; 𝑡)|
2
= 1 

⟨𝛿Ψ|𝐻̂ − 𝑖ℏ
𝜕

𝜕𝑡
|Ψ⟩ = 0 

𝑖ℏ
 d

 d𝑡
Ψ𝑘,𝐼(𝑥𝐼 , 𝑡) =−

ℏ2

2𝑚𝐼
∑  

𝑀

𝑗,𝑙=1

 (𝛿𝑘𝑗
 d

 d𝑥𝐼
− 𝑖𝐴𝑘𝑗(𝑥𝐼)) 

× (𝛿𝑗𝑙
 d

 d𝑥𝐼
− 𝑖𝐴𝑗𝑙(𝑥𝐼))Ψ𝑙,𝐼(𝑥𝐼)  

+∑  

𝑀

𝑙=1

  (𝛿𝑘𝑙𝜀𝑘(𝑥𝐼) + 𝛿𝑘𝑙
1

2
𝑚𝐵𝜔𝐼

2𝑥𝐼
2  

+𝑉𝑘𝑙
ren(𝑥𝐼))Ψ𝑙,𝐼(𝑥𝐼 , 𝑡)

 

|Ψ𝑘,𝐵(𝑥𝐼)⟩ 

𝐻̂𝐵 + 𝐻̂𝐵𝐼 

⟨Ψ𝑘,𝐵(𝑥𝐼)|𝐻̂𝐵 + 𝐻̂𝐵𝐼|Ψ𝑙,𝐵(𝑥𝐼)⟩ = 𝛿𝑘𝑙𝜀𝑘(𝑥𝐼),  

𝐴𝑘𝑗(𝑥𝐼) = 𝑖 ⟨Ψ𝑘,𝐵(𝑥𝐼) | 
𝜕Ψ𝑗,𝐵

𝜕𝑥𝐼
(𝑥𝐼)⟩ 

𝑉𝑘𝑙
ren(𝑥𝐼) =

ℏ2

2𝑚𝐼
⟨
 dΨ𝑘,𝐵

 d𝑥𝐼
(𝑥𝐼)| 1 − 𝒫̂𝑀 |

 dΨ𝑙,𝐵
 d𝑥𝐼

(𝑥𝐼)⟩  
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𝒫̂𝑀 =∑ 

𝑀

𝑗=1

  |Ψ𝑗,𝐵(𝑥𝐼)⟩⟨Ψ𝑗,𝐵(𝑥𝐼)|  

 

(𝜌𝐵
(1)
(𝑥; 𝑡)) (𝜌𝐼

(1)
(𝑥; 𝑡)) 

𝜌𝜎
(1)
(𝑥; 𝑡) = ⟨Ψ(𝑡)|Ψ̂𝜎

†(𝑥)Ψ̂𝜎(𝑥)|Ψ(𝑡)⟩|Ψ(𝑡)⟩Ψ̂𝜎
†(𝑥)Ψ̂(𝑥) 
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𝑛𝑗(𝑡) ≡ ⟨Ψ(𝑡)|𝒫̂𝑗|Ψ(𝑡)⟩ = ∫  d𝑥𝐼|Ψ𝑗,𝐼(𝑥𝐼; 𝑡)|
2
.  

 

𝜌𝐼
(1)(𝑥𝐼; 𝑡) =∑  

𝑀

𝑗=1

 𝜌𝐼,𝑗
(1)(𝑥𝐼; 𝑡) =∑  

𝑀

𝑗=1

  |Ψ𝑗,𝐼(𝑥𝐼; 𝑡)|
2
.  
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2𝜓𝑗
(𝑚)
(𝑥) + 𝐸𝑗

(𝑚)
 

𝐻̂PEC
𝑗

= −
ℏ2

2𝑚𝐼
(
𝜕

𝜕𝑥𝐼
)
2

+
1

2
𝑚𝐵𝜔𝐼

2𝑥𝐼
2 + 𝜀𝑗(𝑥𝐼).  

𝐻̂PEC
𝑗
𝜙𝑗,𝑚(𝑥) = 𝐸𝑗,𝑚𝜙𝑗,𝑚(𝑥),  

 

𝑛𝑗
(𝑚)

= |∫  d𝑥𝐼Ψ𝑗,𝐼
∗ (𝑥𝐼)𝜙𝑚,𝑗(𝑥𝐼)|

2

,  
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⟨𝑥𝐵(𝑡)⟩ = ∫  d𝑥𝑥𝜌𝐵
(1)
(𝑥, 𝑡)/∫  d𝑥𝜌𝐵

(1)
(𝑥, 𝑡) 
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𝑍 = √|⟨𝜓𝑔=0 ∣ 𝜓𝑔≠0⟩|
2
∝ 𝑁−𝛼 
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|Ψ(𝑡)⟩ = ∑  

𝐷

𝑗𝐵,𝑗𝐼=1

 𝐴𝑗𝐵,𝑗𝐼(𝑡)|Ψ𝑗𝐵
𝐵 (𝑡)⟩|Ψ𝑗𝐼

𝐼 (𝑡)⟩  

|Ψ𝑗
𝜎(𝑡)⟩(𝜎 = 𝐵, 𝐼)𝐴𝑗𝐵,𝑗𝐼(𝑡) 

|Ψ(𝑡)⟩ = ∑  

𝐷

𝑘=1

 √𝜆𝑘(𝑡)|Ψ̃𝑘
𝐵(𝑡)⟩|Ψ̃𝑘

𝐼(𝑡)⟩  

𝜌𝜎
(𝑁𝜎)(𝑡)|Ψ̃𝑘

𝜎(𝑡)⟩ 

𝜌𝜎
(𝑁𝜎)(𝑥1, … , 𝑥𝑁𝜎 , 𝑥1

′ , … , 𝑥𝑁𝜎
′ , 𝑡) = ∫  ∏ 

𝑁𝜎‾

𝑗=1

 d𝑥𝑗
𝜎‾

×Ψ∗(𝑥1
𝜎 = 𝑥1

′ , … , 𝑥𝑁𝜎
𝜎 = 𝑥𝑁𝜎

′ , 𝑥1
𝜎‾ , … , 𝑥𝑁𝜎‾

𝜎‾ , 𝑡) 

 × Ψ(𝑥1
𝜎 = 𝑥1, … , 𝑥𝑁𝜎

𝜎 = 𝑥𝑁𝜎 , 𝑥1
𝜎‾ , … , 𝑥𝑁𝜎‾

𝜎‾ , 𝑡)

 

𝜌𝜎
(𝑁𝜎)(𝑥1, … , 𝑥𝑁𝜎 , 𝑥1

′ , … , 𝑥𝑁𝜎
′ , 𝑡) = ⟨𝑥1, … , 𝑥𝑁𝜎|𝜌̂𝜎

(𝑁𝜎)(𝑡)|𝑥1
′ , … , 𝑥𝑁𝜎

′ ⟩ 

𝜌̂𝜎
(𝑁𝜎)(𝑡) = ∑  

𝐷

𝑗𝜎 ,𝑗𝜎
′=1

𝑗𝜎=1

  [𝜌̂𝜎
(𝑁𝜎)(𝑡)]

𝑗𝜎,𝑗𝜎
′
|Ψ𝑗𝜎

𝜎(𝑡)⟩ ⟨Ψ𝑗𝜎′
𝜎(𝑡)|

 

𝐴𝑗𝜎 ,𝑗𝜎‾
∗ (𝑡)𝐴𝑗𝜎‾ , 𝑗𝜎

′ (𝑡) ≡ [𝜌̂𝜎
(𝑁𝜎)(𝑡)]

𝑗𝜎,𝑗𝜎
′
 

[𝜌̂𝜎
(𝑁𝜎)(𝑡)]

𝑗𝜎,𝑗𝜎
′
 for 𝑗𝜎 , 𝑗𝜎

′ = 1,⋯ ,𝐷 yields 𝜆𝑘(𝑡) and |Ψ̃𝑘
𝜎(𝑡)⟩ 

|Ψ𝑗
𝜎(𝑡)⟩ =∑  

𝑛⃗ 

 𝐵𝑗,𝑛⃗ 
𝜎 (𝑡)|𝑛⃗ (𝑡)⟩𝜎  

𝐵𝑗,𝑛⃗ 
𝜎 (𝑡)|𝑛⃗ (𝑡)⟩𝜎 

|𝜙𝑗
𝜎(𝑡)⟩ = ∑  

ℳ

𝑘=1

 𝐶𝑗𝑘
𝜎 (𝑡)|𝑘⟩  

⟨𝛿Ψ(𝑡)|𝑖ℏ
𝜕

𝜕𝑡
− 𝐻|Ψ(𝑡)⟩ = 0  

𝐴𝑗𝐵 ,𝑗𝐼(𝑡)𝐵𝑗,𝑛⃗ 
𝜎 (𝑡)𝐶𝑗,𝑘

𝜎 (𝑡) 

|Ψ(𝑡)⟩ = ∫  d𝑥𝐼Ψ𝑗,𝐼(𝑥𝐼; 𝑡)Ψ̂𝐼
†(𝑥𝐼)|0𝐼⟩ ⊗ |Ψ𝑗,𝐵(𝑥𝐼)⟩  

Ψ𝑗,𝐼(𝑥𝐼; 𝑡)|Ψ𝑗,𝐵(𝑥𝐼)⟩𝐻̂𝐵 + 𝐻̂𝐵𝐼Ψ̂𝐼
†(𝑥𝐼){Ψ̂𝐼(𝑥1), Ψ̂𝐼

†(𝑥2)} = 𝛿(𝑥1 − 𝑥2)Ψ̂𝐼(𝑥𝐼) 

𝜌𝐼
(1)(𝑥1, 𝑥2; 𝑡) = ⟨Ψ(𝑡)|Ψ̂𝐼

†(𝑥1)Ψ̂𝐼(𝑥2)|Ψ(𝑡)⟩  
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𝜌𝐼
(1)
(𝑥1, 𝑥2; 𝑡) = ∑  

𝑀

𝑗,𝑘=1

 Ψ𝑗,𝐼
∗ (𝑥1; 𝑡)Ψ𝑘,𝐼(𝑥2; 𝑡)

 × ⟨Ψ𝑗,𝐵(𝑥1) ∣ Ψ𝑘,𝐵(𝑥2)⟩.

 

⟨Ψ𝑗,𝐵(𝑥1) ∣ Ψ𝑘,𝐵(𝑥2)⟩ 

𝜌𝐼
(1)
(𝑥𝐼; 𝑡) = 𝜌

(1)(𝑥𝐼 , 𝑥𝐼; 𝑡) 

𝜌𝐼
(1)
(𝑥𝐼; 𝑡) =∑  

𝑀

𝑗=1

  |Ψ𝑗,𝐼(𝑥𝐼; 𝑡)|
2

⏟        

≡𝜌
𝐼,𝑗
(1)
(𝑥𝐼;𝑡)

 

𝜌𝑗,𝐼
(1)(𝑥𝐼; 𝑡)⟨Ψ𝑗,𝐵(𝑥𝐼) ∣ Ψ𝑘,𝐵(𝑥𝐼)⟩ = 𝛿𝑗,𝑘 

𝒫̂𝑗 = ∫  d𝑥𝐼|Ψ𝑗(𝑥𝐼)⟩⟨Ψ𝑗(𝑥𝐼)|  

|Ψ𝑗(𝑥𝐼)⟩ = Ψ̂𝐼
†(𝑥𝐼)|0𝐼⟩ ⊗ |Ψ𝑗,𝐵(𝑥𝐼)⟩.  

|Ψ𝑗(𝑥𝐼)⟩𝒫̂𝑗𝒫̂𝑘 = 𝛿𝑗,𝑘𝒫̂𝑗∑ 

𝑀

𝑗=1

𝒫̂𝑗 = 𝐼𝑀 

⟨Ψ𝑗(𝑥1) ∣ Ψ𝑘(𝑥2)⟩ = 𝛿𝑗,𝑘𝛿(𝑥1 −𝑥2) 

⟨Ψ𝑗,𝐵(𝑥𝐼) ∣ Ψ𝑘,𝐵(𝑥𝐼)⟩ = 𝛿𝑗,𝑘 

⟨Ψ(𝑡)|𝒫̂𝑗|Ψ(𝑡)⟩= ∫  d𝑥𝐼|Ψ𝑗,𝐼(𝑥𝐼; 𝑡)|
2
 

 = ∫  d𝑥𝐼𝜌𝐼,𝑗
(1)(𝑥𝐼; 𝑡)

 

⟨Ψ𝑗,𝐵(𝑥𝐼) ∣ Ψ𝑘,𝐵(𝑥𝐼)⟩ = 𝛿𝑗,𝑘 

𝒫̂𝑚,𝑗 = |Ψ𝑚,𝑗⟩⟨Ψ𝑚,𝑗|.  

|Ψ𝑚,𝑗⟩ = ∫  d𝑥𝐼𝜙𝑚,𝑗(𝑥𝐼)Ψ̂𝐼
†(𝑥𝐼)|0𝐼⟩ ⊗ |Ψ𝑗,𝐵(𝑥𝐼)⟩  

𝒫̂𝑚,𝑗
2 = 𝒫̂𝑚,𝑗∫  d𝑥𝐼|𝜙𝑚,𝑗(𝑥𝐼)|

2
= 1 

⟨Ψ(𝑡)|𝒫̂𝑚,𝑗|Ψ(𝑡)⟩ = |∫  d𝑥𝐼Ψ𝐼,𝑗
∗ (𝑥𝐼; 𝑡)𝜙𝑚,𝑗(𝑥𝐼)|

2

 

⟨Ψ𝑗,𝐵(𝑥𝐼) ∣ Ψ𝑘,𝐵(𝑥𝐼)⟩ = 𝛿𝑗,𝑘 

𝐻̂(𝑡) =∑  

𝑛

𝑖=1

  (−
1

2𝜇𝑖
∇𝐫𝑖
2 +

𝑞0𝑞𝑖
𝑟𝑖
) +∑  

𝑛

𝑖<𝑗

 (
𝑞𝑖𝑞𝑗

𝑟𝑖𝑗
+
1

𝑀1
∇𝐫𝑖
′ ∇𝐫𝑗) − ℱ(𝑡)∑  

𝑛

𝑖=1

 𝑞𝑖𝑥𝑖  

𝑞𝑖 = 𝑄𝑖+1(𝑖 = 0,… , 𝑛), 𝜇𝑖 = 𝑀1𝑀𝑖+1/(𝑀1 +𝑀𝑖+1) 
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(𝑖 = 1,… ,𝑁), 𝑟𝑖𝑗 = |𝐫𝑖 − 𝐫𝑗| = |𝐑𝑖+1 − 𝐑𝑗+1|, 𝑟𝑖 = |𝐫𝑖| 

𝐻̂(𝑡) = −
1

2𝜇
(
𝜕2

𝜕𝑥2
+
𝜕2

𝜕𝑦2
) + 𝑉(𝑥, 𝑦) − 𝑞𝑥ℱ(𝑡)  

𝑉(𝑥, 𝑦) = −(𝑥2 + 𝑦2 + 1/2)−1/2 

𝑉(𝑥, 𝑦) = 𝐷𝑒 [1 − exp (−𝛼((𝑥
2 + 𝑦2)1/2 − 𝑟𝑒))]

2
 

ℱ(𝑡) = ℰ0sin
2 (𝜋

𝑡 − 𝑡0
𝑡1 − 𝑡0

) cos (𝜔(𝑡 − 𝑡‾)), 𝑡‾ =
𝑡0 + 𝑡1
2

 

𝜙(𝐫; 𝐱) = exp [−(𝑎 + i𝑏)‖𝐫 − 𝐪‖2 + i𝐩 ⋅ (𝐫 − 𝐪)]  

𝜙(−𝑏) − 𝜙(+𝑏)

2i
= exp {−𝑎(𝑥2 + 𝑦2)sin [𝑏(𝑥2 + 𝑦2)]} = exp (−𝑎𝑟2)sin (𝑏𝑟2)  

Ψ(𝐂, 𝐱) =∑  

𝑖

 𝜙𝑖(𝐱𝑖)𝑐𝑖 ≡ 𝜙(𝐱)𝐂  

iΨ𝑛+1 − iΨ𝑛 −
1

2
(𝐻̂ (𝑡 +

1

2
Δ𝑡)Ψ𝑛+1 + 𝐻̂ (𝑡 +

1

2
Δ𝑡)Ψ𝑛)Δ𝑡 = 0  

‖𝐴Ψ(𝐱𝑛+1, 𝐂𝑛+1) − 𝐴†Ψ(𝐱𝑛, 𝐂𝑛)‖ < 𝜖  

𝐴 = 𝐼 +
iΔ𝑡

2
𝐻̂(𝑡 + Δ𝑡/2) 

𝐂𝑛+1 = 𝐒𝐴
−1𝜙†𝐴†Ψ𝑛  

(𝑆𝐴)𝑖𝑗 = ⟨𝜙𝑖|𝐴
†𝐴|𝜙𝑗⟩.  

𝑃𝐴 = (𝐴𝜙)𝐒𝐴
−1(𝐴𝜙)† =∑ 

𝑖𝑗

 𝐴|𝜙𝑖⟩(𝑆𝐴
−1)𝑖𝑗⟨𝜙𝑗|𝐴

†
 

𝐹(𝐱𝑛+1) ≡ ‖(𝑃𝐴(𝐱
𝑛+1) − 𝐼)𝐴Ψ𝑛‖ < 𝜖  

‖𝐻̂0Ψ(𝐱
0, 𝐂0) − 𝐸0Ψ(𝐱

0, 𝐂0)‖ = min!  

𝜙(𝑎′ =
∑  𝑖  𝑐𝑖𝑎𝑖
∑  𝑖   𝑐𝑖

, 𝑏′ =
∑  𝑖   𝑐𝑖𝑏𝑖
∑  𝑖   𝑐𝑖

, 𝑝𝑥 =
∑  𝑖   𝑐𝑖𝑝𝑥,𝑖
∑  𝑖  𝑐𝑖

, 𝑝𝑦 =
∑  𝑖  𝑐𝑖𝑝𝑦,𝑖
∑  𝑖   𝑐𝑖

, 𝑞𝑥 =
∑  𝑖   𝑐𝑖𝑞𝑥,𝑖
∑  𝑖   𝑐𝑖

, 𝑞𝑦 =
∑  𝑖   𝑐𝑖𝑞𝑦,𝑖
∑  𝑖  𝑐𝑖

) .  

𝜙(𝑎′ =
∑  𝑖  𝑐𝑖𝑎𝑖
∑  𝑖   𝑐𝑖

, 𝑏′ =
∑  𝑖,𝑏𝑖>0   𝑐𝑖𝑏𝑖
∑  𝑖,𝑏𝑖>0   𝑐𝑖

, 𝑝𝑥 =
∑  𝑖   𝑐𝑖𝑝𝑥,𝑖
∑  𝑖   𝑐𝑖

, 𝑝𝑦 =
∑  𝑖   𝑐𝑖𝑝𝑦,𝑖
∑  𝑖  𝑐𝑖

, 𝑞𝑥 =
∑  𝑖   𝑐𝑖𝑞𝑥,𝑖
∑  𝑖   𝑐𝑖

, 𝑞𝑦 =
∑  𝑖   𝑐𝑖𝑞𝑦,𝑖
∑  𝑖   𝑐𝑖

) ,

𝜙 (𝑎′ =
∑  𝑖  𝑐𝑖𝑎𝑖
∑  𝑖   𝑐𝑖

, 𝑏′ =
∑  𝑖,𝑏𝑖<0   𝑐𝑖𝑏𝑖
∑  𝑖,𝑏𝑖<0   𝑐𝑖

, 𝑝𝑥 =
∑  𝑖   𝑐𝑖𝑝𝑥,𝑖
∑  𝑖   𝑐𝑖

, 𝑝𝑦 =
∑  𝑖   𝑐𝑖𝑝𝑦,𝑖
∑  𝑖  𝑐𝑖

, 𝑞𝑥 =
∑  𝑖   𝑐𝑖𝑞𝑥,𝑖
∑  𝑖   𝑐𝑖

, 𝑞𝑦 =
∑  𝑖   𝑐𝑖𝑞𝑦,𝑖
∑  𝑖   𝑐𝑖

) .
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𝐻 = 𝑇𝑒 + 𝑇𝑛 + 𝑉𝑒𝑒 + 𝑉𝑒𝑛 + 𝑉𝑛𝑛  

𝐻Ψ(𝐫,𝐑) = 𝐸Ψ(𝐫, 𝐑)  
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𝐻𝐵𝑂Φ𝐑(𝐫)  = ℰ𝐵𝑂(𝐑)Φ𝐑(𝐫)
𝐻𝑛𝜒(𝐑)  = 𝐸𝜒(𝐑)

 

𝐻 = 𝑇𝑐𝑚 +𝐻
′  

∫  𝑑𝐫|Φ𝐑(𝐫)|
2 = 1 

𝜒𝑠(𝑞𝑠) = (𝜔𝑠/𝜋)
1/4exp [−𝜔𝑠𝑞𝑠

2] 

𝐻̂𝐵𝑂 = 𝑇̂𝑒 + 𝑉̂𝑒𝑒 + 𝑉̂𝑒𝑛 + 𝑉𝑛𝑛  

𝑇̂𝑒= −
1

2𝑚𝑒
∫  𝑑𝐲𝜓̂†(𝐲)∇𝐲

2𝜓̂(𝐲)  

𝑉̂𝑒𝑛= ∫  𝑑𝐲∫  𝑑𝐲
′𝑣(𝐲, 𝐲′)𝑛𝑛(𝐲

′)𝜓̂†(𝐲)𝜓̂(𝐲)  

𝑉̂𝑒𝑒=
1

2
∫  𝑑𝐲∫  𝑑𝐲′𝑣(𝐲, 𝐲′)𝜓̂†(𝐲)𝜓̂†(𝐲′)𝜓̂(𝐲′)𝜓̂(𝐲) 

𝑉𝑛𝑛 =
1

2
∑  

𝑁𝑛

𝑘,𝑘′=1

 
𝑍𝑘𝑍𝑘′𝜍

|𝐑𝑘 − 𝐑𝑘′|

 

𝑛𝑛(𝐲) = −∑  𝑘 𝑍𝑘𝛿(𝐲 − 𝐑𝑘), 𝑣(𝐲, 𝐲
′) = 𝜍/|𝐲 − 𝐲′| and 𝜍 = 𝑒2/(4𝜋𝜖0) 

[𝜓̂(𝐲), 𝜓̂†(𝐲′)]
+
= 𝛿(𝐲 − 𝐲′)  

𝐺𝐑
𝐵𝑂(𝐲𝑡, 𝐲′𝑡′) ≡

1

𝑖

Tr [𝑒−𝛽𝐻̂𝐵𝑂
𝑀
𝒯{𝜓̂(𝐲𝑡)𝜓̂†(𝐲′𝑡′)}]

Φ𝐑

Tr[𝑒−𝛽𝐻̂𝐵𝑂
𝑀
]
Φ𝐑

 

𝜓̂(𝐲𝑡) ≡ 𝑈̂𝐵𝑂
† (𝑡)𝜓̂(𝐲)𝑈̂𝐵𝑂(𝑡) 

𝑈̂𝐵𝑂(𝑡)𝛽 = 𝑘𝐵
−1𝑇−1 

𝐻̂𝐵𝑂
𝑀 ≡ 𝐻̂𝐵𝑂 − 𝜇𝑒𝑁̂𝑒 

Tr[𝑜̂]Φ𝐑 =∑ 

𝑚

⟨Φ𝐑
(𝑚)
| 𝑜̂ |Φ𝐑

(𝑚)
⟩ 

𝐷𝛼𝑛‾
𝐵𝑂(𝑘𝑛‾𝑡𝑛‾) ≡

1

𝑖𝑛−1

Tr[𝑒−𝛽𝐻̂𝑛𝒯{𝑅̂𝛼𝑛‾ (𝑘𝑛‾𝑡𝑛‾)}]𝜒

Tr[𝑒−𝛽𝐻̂𝑛]
𝜒

 

𝛼𝑛‾ ≡ 𝛼1⋯𝛼𝑛, 𝑘𝑛‾𝑡𝑛‾ ≡ 𝑘1𝑡1, … , 𝑘𝑛𝑡𝑛 

𝑅̂𝛼𝑛‾ (𝑘𝑛‾𝑡𝑛‾) ≡ 𝑅̂𝛼1(𝑘1𝑡1)⋯ 𝑅̂𝛼𝑛(𝑘𝑛𝑡𝑛) 

𝑅̂𝛼(𝑘𝑡) = 𝑈̂𝑛
†(𝑡)𝑅̂𝛼(𝑘)𝑈̂𝑛(𝑡) 

[𝑅̂𝛼(𝑘𝑡), 𝑃̂𝛽(𝑘
′𝑡)]

−
= 𝑖𝛿𝛼𝛽𝛿𝑘𝑘′  

𝐫𝑖
′ = ℛ(𝜽)(𝐫𝑖 −𝐑𝑐𝑚𝑛), 𝐑𝑘

′ = 𝐑𝑘 − 𝐑𝑐𝑚𝑛, 𝐑𝑁𝑛
′ = 𝐑𝑐𝑚  
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𝐑𝑐𝑚𝑛 =
1

𝑀𝑛𝑢𝑐
∑ 

𝑘

𝑀𝑘𝐑𝑘 

𝑀𝑛𝑢𝑐 ≡∑  

𝑘

𝑀𝑘𝐑𝑐𝑚 

𝐺(𝐲𝑡, 𝐲′𝑡′)≡
1

𝑖

Tr[𝑒−𝛽𝐻̂
′𝑀
𝒯{𝜓̂(𝐲𝑡)𝜓̂†(𝐲′𝑡′)}]

Ψ′

Tr[𝑒−𝛽𝐻̂
′𝑀
]
Ψ′

 

𝐷𝛼𝑛‾ (𝑘𝑛‾𝑡𝑛‾) ≡
1

𝑖𝑛−1

Tr[𝑒−𝛽𝐻̂
′𝑀
𝒯{𝑅̂𝛼𝑛‾ (𝑘𝑛‾𝑡𝑛‾)}]Ψ′

Tr[𝑒−𝛽𝐻̂
′𝑀
]
Ψ′

 

𝛿(𝑡 − 𝑡′)𝛿(𝐲 − 𝐲′)= [𝑖
𝜕

𝜕𝑡
+
∇𝐲
2

2𝑚𝑒
− 𝑉𝑡𝑜𝑡(𝐲𝑡)] 𝐺(𝐲𝑡, 𝐲

′𝑡′) − ∫  𝑑𝐲′′∫  𝑑𝑡′′Σ(𝐲𝑡, 𝐲′′𝑡′′)𝐺(𝐲′′𝑡′′, 𝐲′𝑡′) 

𝑀𝑘
𝜕2

𝜕𝑡2
𝐷𝛼𝛽(𝑘𝑡, 𝑘

′𝑡′) = − ∑  

𝑘′′,𝛼′

 ∫  𝑑𝑡′′Π𝛼𝛼′(𝑘𝑡, 𝑘
′′𝑡′′)𝐷𝛼′𝛽(𝑘

′′𝑡′′, 𝑘′𝑡′) − 𝛿𝛼𝛽𝛿𝑘𝑘′𝛿(𝑡 − 𝑡
′)

 

Ψ(𝐫, 𝐑) = Φ𝐑(𝐫)𝜒(𝐑)  

𝐻𝑛𝜒(𝐑) = 𝐸𝜒(𝐑),𝐻𝑒Φ𝐑(𝐫) = 𝜖(𝐑)Φ𝐑(𝐫)  

𝐻𝑛 =∑  

𝑘

 
1

2𝑀𝑘
[−𝑖∇𝐑𝑘 + 𝐀𝑘(𝐑)]

2
+ 𝜖(𝐑),𝐻𝑒 = 𝐻𝐵𝑂(𝐫, 𝐑) + 𝑈𝑒𝑛(𝐑)  

𝜖(𝐑) = ∫  𝑑𝐫Φ𝐑
∗ (𝐫)𝐻𝑒Φ𝐑(𝐫) 

𝐀𝑘(𝐑) = −𝑖∫  𝑑𝐫Φ𝐑
∗ (𝐫)∇𝐑𝑘Φ𝐑(𝐫) 

𝑈𝑒𝑛(𝐑) =∑  

𝑘

 
1

2𝑀𝑘
[(−𝑖∇𝐑𝑘 − 𝐀𝑘)

2
+ 2(𝐃𝑘 + 𝐀𝑘) ⋅ (−𝑖∇𝐑𝑘 −𝐀𝑘)]  

𝐃𝑘(𝐑) = −𝑖𝜒
−1(𝐑)∇𝐑𝑘𝜒(𝐑) 

∫  𝑑𝐑|𝜒(𝐑)|2 = ∫  𝑑𝐫|Φ𝐑(𝐫)|
2 = 1 

𝐿 =∑  

𝑁𝑠

𝑠=1

 ∫  𝑑𝐲𝜓𝑠
†(𝐲)𝐷̃𝑠(𝐲)𝜓𝑠(𝐲) −

1

2
∑  

𝑁𝑠

𝑠=1

 ∫  𝑑𝐲∫  𝑑𝐲′𝑣𝑠𝑠(𝐲, 𝐲
′)𝜓𝑠

†(𝐲)𝜓𝑠
†(𝐲′)𝜓𝑠(𝐲

′𝑡)𝜓𝑠(𝐲) 

 −
1

2
∑  

𝑁𝑠

𝑠,𝑠′=1

 

∫  𝑑𝐲∫  𝑑𝐲′𝑣𝑠𝑠′(𝐲, 𝐲
′)𝑛𝑠(𝐲)𝑛𝑠′(𝐲

′)

 

𝑛𝑠(𝐲) ≡ 𝜓𝑠
†(𝐲)𝜓𝑠(𝐲), 𝐷̃𝑠(𝐲𝑡) ≡ 𝑖

𝜕

𝜕𝑡
+

1

2𝑚𝑠
∇𝑠
2 

𝑣𝑠𝑠′(𝐲, 𝐲
′) ≡ 𝑍𝑠𝑍𝑠′𝜒𝑠𝑠′𝑣(𝐲, 𝐲

′) 

𝜓𝑠(𝐲), 𝜓𝑠
†(𝐲) 
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[𝜓̂𝑠(𝐲𝑡), 𝜓̂𝑠
†(𝐲′𝑡)]

±
= 𝛿(𝐲 − 𝐲′)  

𝐺𝑠(𝐲𝑡, 𝐲
′𝑡′) ≡

1

𝑖

Tr[𝑒−𝛽𝐻̂
𝑀
𝒯{𝜓̂𝑠(𝐲𝑡)𝜓̂𝑠

†(𝐲′𝑡′)}]
Ψ

Tr[𝑒−𝛽𝐻̂
𝑀
]
Ψ

 

𝛿(1 − 2)= [𝑖ℏ
𝜕

𝜕𝑡1
+
ℏ2

2𝑚𝑠
∇𝑠
2 − 𝑉𝑡𝑜𝑡(1, 𝑠)] 𝐺𝑠 −∫  𝑑ℜΣ𝑠𝐺𝑠

Σ𝑠= 𝑖ℏ∫  𝑑ℌ∫  𝑑5𝑊𝑠𝐺𝑠Γ𝑠  

Γ𝑠= 𝛿(1 − 2)𝛿(1 − 3) + ∫  𝑑δ∫  𝑑ζ∫  𝑑ξ∫  𝑑λ
𝛿Σ𝑠
𝛿𝐺𝑠

 𝐺𝑠𝐺𝑠Γ𝑠

𝑊𝑠= 𝑍𝑠
2𝑣 + 𝑍𝑠

2∫  𝑑 △∫  𝑑𝑣∑  

𝑠′

 𝑃𝑠′𝑊𝑠′  

𝑃𝑠 = −𝑖ℏ∫  𝑑 ⊪ ∫  𝑑 ≎ 𝐺𝑠𝐺𝑠Γ𝑠

 

1 = 𝐲𝑡, 𝛿(1 − 2) = 𝛿(𝑡 − 𝑡′)𝛿(𝐲 − 𝐲′) 

𝑚𝜒𝑐1(3872) −𝑚𝐷0 −𝑚𝐷∗0 = −0.05 ± 0.09MeV  

𝐻 = 𝐾heavy +𝐻light =
𝐩2

2𝜇heavy 
+𝐻light  

 

|𝜓⟩ =∑  

𝑖

 ∫  𝑑𝐫𝜓̃𝑖(𝐫)|𝐫⟩|𝜉𝑖(𝐫)⟩  

 

∑ 

𝑖

 (−
ℏ2

2𝜇𝑖
[∇ + 𝜏(𝐫)]𝑗𝑖

2 + [𝑉𝑗(𝐫) − 𝐸]𝛿𝑗𝑖) 𝜓̃𝑖(𝐫) = 0  

𝜏𝑗𝑖(𝐫) ≡ ⟨𝜉𝑗(𝐫) ∣ ∇𝜉𝑖(𝐫)⟩  

𝜏𝑗𝑖(𝐫) = ⟨𝜉𝑗(𝐫) ∣ ∇𝜉𝑖(𝐫)⟩ ≃ 0.  

|𝜓⟩ =∑  

𝑖

 ∫  𝑑𝐫′𝜓̃𝑖(𝐫
′, 𝐫0)|𝐫

′⟩|𝜉𝑖(𝐫0)⟩  

∑ 

𝑖

  [−
ℏ2

2𝜇𝑖
𝛿𝑖𝑗∇

2 + 𝑉𝑗𝑖(𝐫, 𝐫𝟎) − 𝐸𝛿𝑗𝑖] 𝜓̃𝑖(𝐫, 𝐫𝟎) = 0  

𝑉𝑗𝑖(𝐫, 𝐫𝟎) ≡ ⟨𝜉𝑗(𝐫0)|𝐻light |𝜉𝑖(𝐫0)⟩.  

V =

(

  
 

𝑉𝛿𝛿‾ (𝐫) 𝑉mix 
(1)
(𝐫) ⋯ 𝑉mix 

(𝑁)
(𝐫)

𝑉mix 
(1)
(𝐫) 𝑉𝑀1𝑀‾2

(1)
(𝐫)

⋮ ⋱

𝑉mix 
(𝑁)
(𝐫) 𝑉𝑀1𝑀‾2

(𝑁)
(𝐫))

  
 
,  

𝑉𝑀1𝑀‾2
(𝑖)

(𝐫) → 𝑇𝑀1𝑀‾2 ≡ 𝑀1 +𝑀2  

𝑉𝑀1𝑀‾2
(𝑖)

(𝐫) = {
𝑇𝑀1𝑀‾2 − 𝑉0, 𝑟 ≤ 𝑟𝑐
𝑇𝑀1𝑀‾2 , 𝑟 > 𝑟𝑐
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𝑉𝑀1𝑀‾2
(𝑖)

(𝐫) = {
𝑇𝑀1𝑀‾2 +

1

2
𝑘𝑀𝑀‾ (𝑟

2 − 𝑟𝑐
2), 𝑟 ≤ 𝑟𝑐

𝑇𝑀1𝑀‾2 , 𝑟 > 𝑟𝑐

 

𝑉𝛿𝛿‾ (𝑟) = −
𝛼

𝑟
+ 𝜎𝑟 + 𝑉‾0 +𝑚𝛿 +𝑚𝛿‾  

|𝑉mix
(𝑖)
(𝑟)| =

Δ

2
exp {−

1

2

[𝑉𝛿𝛿‾ (𝑟) − 𝑇𝑀1
(𝑖)
𝑀‾2]

2

(𝜎𝜌)2
}  

𝑉𝑀1𝑀‾2
(𝑖)

(𝐫 = 0) ≡ −𝑉0 = −
1

2
𝑘𝑀𝑀‾ 𝑟𝑐

2 

𝑉𝑀1𝑀‾2
(𝑖)

(𝐫 = 0) ≳ −20MeV 

𝑘 ≡ 2𝑉0/𝑟𝑐
2(𝑚𝛿(𝛿‾ ), 𝑉0, 𝑟𝑐)(𝑚𝛿(𝛿‾ ), 𝑘, 𝑟𝑐) 

𝑚𝛿=(𝑐𝑞) = 𝑎𝑘
2 + 𝑏𝑘 + 𝑐  

𝑎 = 𝐴𝑒𝐵𝑟𝑐 ,  

𝑓𝛿𝛿‾ = 𝛼𝑘
2 + 𝛽𝑘 + 𝛾,  

𝑘crit
SHO = 0.177 ⋅ 𝑟𝑐

−3.743,  

𝑘crit 
square 

/𝑘crit 
SHO ≃ 0.58 

𝑘crit 
square 

= 0.096 ⋅ 𝑟𝑐
−3.576.  

𝑘crit
SHO = 0.335 ⋅ 𝑟𝑐

−3.312,  

𝑘crit 
square 

= 0.179 ⋅ 𝑟𝑐
−3.149.  

𝑅 ≃ (2𝜇𝐸)−1/2.  

𝑘crit 
SHO = 9.72 ⋅ 10−6𝑟𝑐

−0.286,  

𝑞𝑞 =
1

√2
(𝑢𝑑 − 𝑑𝑢) 

𝑞𝑞 = (𝑢𝑢, 𝑑𝑑,
𝑢𝑑 + 𝑑𝑢

√2
) 

𝑞𝑞 =
1

√2
(𝑢𝑑 − 𝑑𝑢), {𝐼 = 0, 𝑗𝑙 = 0, 𝑗𝑏 = 1 and 𝐽 = 1} 

⟹ 𝐼(𝐽𝑃) = {0(1+)} 

𝑞𝑞 = (𝑢𝑢, 𝑑𝑑,
𝑢𝑑+𝑑𝑢

√2
) , {𝐼 = 1, 𝑗𝑙 = 1, 𝑗𝑏 = 1 and 𝐽 = 0,1,2} 

⟹ 𝐼(𝐽𝑃) = {1(0+), 1(1+), 1(2+)} 

1 = (−1)𝐼+𝑗𝑏+𝑗𝑙+1  
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ℒLO =−𝑖Tr[𝐻‾𝑎𝑣𝜇𝐷𝑏𝑎
𝜇
𝐻𝑏] + 𝑔𝜋Tr[𝐻‾𝑎𝐻𝑏𝛾𝑣𝛾5]𝑢𝑏𝑎

𝑣  

 +
𝜆

𝑚𝑄
Tr[𝐻‾𝑎𝜎𝜇𝑣𝐻𝑎𝜎

𝜇𝑣]
 

𝐻 =
1 + 𝜓

2
[𝑌 + 𝑖𝑃𝛾5], 𝐻‾ = 𝛾

0𝐻†𝛾0 

𝑣𝜇 = (1, 0⃗ ) + 𝑂(𝑝 /𝑀) 

𝐷𝜇 = 𝜕𝜇 + Γ𝜇 , Γ𝜇 =
1

2
(𝑢†𝜕𝜇𝑢 + 𝑢𝜕𝜇𝑢

†)  

𝑈 = exp (√2𝑖𝜙/𝐹), 𝑢2 = 𝑈 

𝜙 =

(

 
 
 
 

1

√2
𝜋0 +

1

√6
𝜂 𝜋+ 𝐾+

𝜋− −
1

√2
𝜋0 +

1

√6
𝜂 𝐾0

𝐾− 𝐾‾ 0 −
2

√6
𝜂
)

 
 
 
 

.  

ℒ𝐻𝜋 = −
𝑔𝜋
2
⟨𝐻𝑎

†𝐻𝑏𝜎 ⋅ 𝒖𝑎𝑏⟩  

𝒖 = −√2𝛁𝜙/𝐹𝜋 

𝑉𝜋(𝑞) = (𝐼1 ⋅ 𝐼2)
𝑔𝜋
2

𝐹𝜋
2

(𝑞 ⋅ 𝜖2)(𝑞 ⋅ 𝜖4
∗)

𝑞2 −𝑚𝜋
2

 

𝑉𝜋(𝑟) = (𝐼1 ⋅ 𝐼2)
𝑔𝜋
2

3𝐹𝜋
2 (𝑚𝜋

2
𝑒−𝑚𝜋𝑟

4𝜋𝑟
− 𝛿(𝑟)) ,  

 

ℳ(𝑠, 𝑡) =
1

𝜋
∫  
∞

4𝑚𝜋
2
 𝑑𝑧
Imℳ(𝑧, 𝑡)

𝑧 − 𝑠 − 𝑖𝜖
 

Γout = 1 + 𝑇𝜋𝜋𝐺 

discΓout = 2𝑖𝜎𝑇
∗Γout  
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𝜎 =
√1 − 4𝑚𝜋

2/𝑠

16𝜋
 

ℳ𝜋𝜋 = 𝐺Γout𝑎
2  

Imℳ𝜋𝜋 = 2𝑖𝜎𝑎
2|Γout |

2  

Γout = Ω
𝐿=0(𝑠) = exp [

𝑠

𝜋
∫  
∞

4𝑚𝜋
2
 𝑑𝑧

𝛿0(𝑧)

𝑧(𝑧 − 𝑠 − 𝑖𝜖)
]  

(𝑎0)2 =∑ 

𝛼,𝛽

 𝑎(+)2𝛿𝛼𝛽𝛿𝛼𝛽 = 3𝑇
(+)2

 

𝑇𝛼𝛽 = 𝑇
(+)𝛿𝛼𝛽 − 𝑇

(−)
1

2
[𝜏𝛼 , 𝜏𝛽]  

𝑇(+) =
1

3
(𝑇

1
2 + 2𝑇

3
2) 

𝑇(−) =
1

3
(−𝑇

1
2 + 𝑇

3
2) 

Imℳ𝜋𝜋
𝐼=0 = −

3

2
𝑖𝜋(𝑎(+))

2√1−
4𝑚𝜋

2

𝑠
|Ω0(𝑠)|2Θ(𝑠 − 4𝑚𝜋

2)  

𝑉(𝑠, 𝑡, 𝑢) =
1

𝐹𝜋
2 [
𝐶LO
4
(𝑠 − 𝑢) − 4𝐶0ℎ0 + 2𝐶1ℎ1 − 2𝐶24𝐻24(𝑠, 𝑡, 𝑢) + 2𝐶35𝐻35(𝑠, 𝑡, 𝑢)]  

𝑉thr
𝐻𝜋 =

𝑚𝜋
2

𝑓𝜋
2 [𝐶LO

𝑀𝐻
𝑚𝜋

− 4ℎ0 − 2ℎ1 − 4(ℎ2 + ℎ4𝑀𝐻
2) + 2(ℎ3 + 2ℎ5𝑀𝐻

2)] .  

ℎ0,1,24,35
𝑄 = ℎ0,1,24,35

𝑐
𝑀𝐻
𝑀𝐷

.  
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𝑉thr
𝐻𝜋,𝐼 =

𝑚𝜋
2𝑀𝐻
𝑓𝜋
2

[
𝐶LO
𝐼

𝑚𝜋
−
2

𝑀𝐷
(2ℎ0

𝑐 + ℎ1
𝑐 + 2ℎ24

𝑐 − ℎ35
𝑐 )]  

𝐺thr
Λ =

1

16𝜋2(𝑀𝐻 +𝑚𝜋)
[𝑀𝐻log (

𝑀𝐻
2

(√𝑀𝐻
2 + Λ2 + Λ2)

2)+𝑚𝜋log (
𝑚𝜋
2

(√𝑚𝜋
2 + Λ2 + Λ2)

2)] 

𝑎0
𝐼 = −

𝑀𝐻𝑇thr,NR
𝐼

4𝜋(𝑀𝐻 +𝑚𝜋)
  with  𝑇thr

𝐼 =
𝑉thr
𝐻𝜋,𝐼

[1 − 𝑉thr
𝐻𝜋,𝐼𝐺thr

Λ ]
 

𝑇thr,Rel
𝐼 = 2𝑀𝐻𝑇thr,NR

𝐼  

𝑉𝜎(𝑞
2) =

2

𝜋
∫  
∞

2𝑚𝜋

 𝑑𝜇𝜇
Imℳ(𝑠, 𝜇2)

𝜇2 + 𝑞2
 

𝑉𝜎(𝑟) =
1

2𝜋2𝑟
∫  
∞

2𝑚𝜋

 𝑑𝜇𝜇𝑒−𝜇𝑟Imℳ(𝑠, 𝜇2)  

𝑉𝜎(𝑟) = −
3

4𝜋𝑟
(𝑎(+))

2
∫  
∞

2𝑚𝜋

 𝑑𝜇√𝜇2 − 4𝑚𝜋
2𝑒−𝜇𝑟|Ω0(𝜇2)|2  
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𝐽𝑠⃗⃗ =
𝐽𝑞⃗⃗  ⃗

𝑇
 

𝜎𝑠 = ∇⃗⃗ ⋅ 𝐽𝑠⃗⃗  

𝜎𝑠 = 𝐽𝑞⃗⃗  ⃗ ⋅ ∇⃗⃗ 
1

𝑇
+ Σ𝛼𝐽𝛼𝑋𝛼 ⋅ 𝑠  

𝜎𝑠 =
1

𝑇2
𝐽𝑞⃗⃗  ⃗ ⋅ ∇⃗⃗ 𝑇  

𝜂 = 𝐽𝑞⊥/𝐽𝑞 

𝐭𝐚𝐧Θ𝐻 =
∇𝑦𝑇

∇𝑥𝑇
 

tan Θ𝐻 =
𝜂

√1 − 𝜂2
(𝛾𝑖 =

𝑉𝜕𝜔𝑖
𝜔𝑖𝜕𝑉

)  

𝐴 = Re[𝑒𝑖(𝑞1⃗⃗ ⃗⃗  ⋅𝑟 −𝜔1𝑡)]  

𝐴 = Re[𝑒𝑖[𝑞1⃗⃗ ⃗⃗  ⋅𝑟 −𝜔1𝑡+𝐶cos (𝑞2⃗⃗ ⃗⃗  ⋅𝑟 −𝜔2𝑡)]]  

𝐴 = Re [𝑒[𝑖(𝑞1⃗⃗ ⃗⃗  ⋅𝑟 −𝜔1𝑡)[1 + 𝑖𝐶cos (𝑞2⃗⃗⃗⃗ ⋅ 𝑟 − 𝜔2𝑡) + ⋯ ]]  

𝐴 ≃ Re[𝑒𝑖(𝑞1⃗⃗ ⃗⃗  ⋅𝑟 −𝜔1𝑡)

+
1

2
𝐶𝑖𝑒𝑖[(𝑞1⃗⃗ ⃗⃗  +𝑞2⃗⃗ ⃗⃗  )⋅𝑟 −(𝜔1+𝜔2)𝑡]  

+
1

2
𝐶𝑖𝑒𝑖[(𝑞1⃗⃗ ⃗⃗  −𝑞2⃗⃗ ⃗⃗  )⋅𝑟 −(𝜔1−𝜔2)𝑡]]

 

𝐴 ≃ cos (𝑞1⃗⃗⃗⃗ ⋅ 𝑟 − 𝜔1𝑡) −
1

2
𝐶[sin [(𝑞1⃗⃗⃗⃗ + 𝑞2⃗⃗⃗⃗ ) ⋅ 𝑟 − (𝜔1 +𝜔2)𝑡] −

 sin [(𝑞1⃗⃗⃗⃗ − 𝑞2⃗⃗⃗⃗ ) ⋅ 𝑟 − (𝜔1 −𝜔2)𝑡]]

 

𝑞3⃗⃗⃗⃗ = 𝑞1⃗⃗⃗⃗ + 𝑞2⃗⃗⃗⃗ ; 𝜔3 = 𝜔1 +𝜔2  
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𝑞3⃗⃗⃗⃗ = 𝑞1⃗⃗⃗⃗ − 𝑞2⃗⃗⃗⃗ ; 𝜔3 = 𝜔1 −𝜔2  

 

|Ψ(𝑅)⟩ ≈ |𝜒(𝑅)⟩𝜓(𝑅)  

𝑷̂ = −𝒊ℏ∇𝑅 

Π̂𝜓(𝑅) = ⟨𝜒(𝑅)|𝑃̂|Ψ(𝑅)⟩  

⟨𝜒(𝑅)|(−𝑖ℏ∇𝑅)|Ψ(𝑅)⟩ = −𝑖ℏ[∇𝑅Ψ(𝑅) + ⟨𝜒(𝑅) ∣ ∇𝑅𝜒(𝑅)⟩]  
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𝐀(𝐫) =
𝟏

𝟐
𝐁 × 𝐫 

exp {[+𝑖 [𝑘⃗ −
𝑒

2ℏ
(𝐵⃗ ×∑  

𝑙

  𝑟𝑙⃗⃗ )] ⋅ 𝑅𝑆⃗⃗⃗⃗ ]}  

∑ 

𝑙

𝑟𝑙 ⋅ 𝑅𝑆ℓ𝐵
2 = √

ℏ

𝑒𝐵
 

𝛿𝜙𝐵 ≈ 𝑞𝑒
𝜆𝑝ℎ𝛿𝑢𝑚

ℓ𝐵
2  

𝐻 =
1

2𝑀
∑  

𝑙

 𝑃𝑙𝑃𝑙 +
1

2
𝑘∑  

𝑙

  (𝜂𝑙𝜂𝑙 − 𝜂𝑙𝜂𝑙+1 − 𝜂𝑙𝜂𝑙−1)  

𝐻 =
1

2
∑  

𝑞

  [
1

𝑀
Π𝑞Π𝑞

⋆ + 2𝑘(1 − cos 𝑞)𝜉𝑞𝜉𝑞
⋆]  

𝜉𝑞 =
1

√𝑁
∑  

𝑙

𝜂𝑙𝑠
𝑖𝑞𝑙  

Π𝑞 =
1

√𝑁
∑ 

𝑙

𝑃𝑙𝑠
−𝑖𝑞𝑙 

|𝒏𝒒⟩ ≡ |𝒏𝒒+𝟐𝒏𝝅⟩ 
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⟨𝒙 ∣ 𝒏𝑞⟩ = 𝑒
−𝑖(𝑞𝑥−𝜔𝑡) 

(𝜙(𝑥) =
𝑥𝛿𝑢

ℓ𝐵
2 ) ⟨𝑥 ∣ 𝑛𝑞⟩ = 𝑒

−𝑖[(𝑞𝑥−𝜔𝑡)+𝜙(𝑥)] 

𝑖⟨𝑛𝑞 ∣ ∇𝑛𝑞⟩ =
𝛿𝑢

ℓ𝐵
2  

𝛿𝜙𝐵 = 𝜆
𝛿𝑢

ℓ𝐵
2

 

∝
𝛿𝑢𝑚𝜆𝑝ℎ

ℓ𝐵
2 𝛾𝑖 =

𝑑ln 𝜔𝑖
𝑑ln 𝑉

 

𝜌0𝐸(𝜂) = 𝜌0𝐸(0) +
1

2!
∑  

6

𝑖,𝑗=1

 𝐶𝑖𝑗𝜂𝑖𝜂𝑗 +
1

3!
∑  

6

𝑖,𝑗,𝑘=1

 𝐶𝑖𝑗𝑘𝜂𝑖𝜂𝑗𝜂𝑘  

|
𝜂crest − 𝜂trough 

𝜂‾
| ≃

1

3
|
𝐶𝑖𝑗𝑘

𝐶𝑖𝑗
|  

𝟏

𝟑

𝑪𝑖𝑗𝑘

≈
− 𝒒𝒆 ≈ 𝟏 

1

3

𝐶𝑖𝑗𝑘

≈
− (

𝑑3𝑉

𝑑𝑟3
) 

𝐴 = 𝑒𝑖[𝑞1⃗⃗ ⃗⃗  ⋅𝑟 −𝜔1𝑡+𝐶cos (𝑞2⃗⃗ ⃗⃗  ⋅𝑟 −𝜔2𝑡+𝛿𝜙𝐵)]  

𝐴 ≃ 𝑒𝑖(𝑞1⃗⃗ ⃗⃗  ⋅𝑟 −𝜔1𝑡)

+
1

2
𝐶𝑖𝑒𝑖[(𝑞1⃗⃗ ⃗⃗  +𝑞2⃗⃗ ⃗⃗  )⋅𝑟 −(𝜔1+𝜔2)𝑡+𝛿𝜙𝐵]  

 +
1

2
𝐶𝑖𝑒𝑖[(𝑞1⃗⃗ ⃗⃗  −𝑞2⃗⃗ ⃗⃗  )⋅𝑟 −(𝜔1−𝜔2)𝑡]−𝛿𝜙𝐵]
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𝒗𝒑𝒉 = 𝝎/𝒒 =
2𝜋

𝜆𝑝ℎ
 

𝜆𝑝ℎ(𝑇max) ≈
ℎ𝑣𝑝ℎ
𝑘𝐵𝑇max

 

𝑴𝜹𝒖𝒎
2 𝝎𝒑𝒉

2 = 𝒌𝑩𝑻𝐦𝐚𝐱 

ℏ𝜔𝑝ℎ(𝑇max) = 𝒌𝐵𝑻max 

𝛿𝑢𝑚(𝑇max) ≈
ℏ

√𝑀𝑘𝐵𝑇max
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cos 2𝜑̂ =
1

2
∑  

𝑛

|𝑛⟩⟨𝑛 + 2| +  h.c.  

⟨𝑒|𝑛̂|𝑔⟩ = ⟨𝑒|𝑒𝑖𝜑̂|𝑔⟩ ≠ 0 

𝑈 = 𝐸𝐽1cos 𝜑̂ + 𝐸𝐽2cos 2𝜑̂. If |𝐸𝐽1| ≪ |𝐸𝐽2| 

⟨𝑒|𝜑̂|𝑔⟩⟨𝑒|𝑛̂|𝑔⟩ = −𝑖⟨𝑒|
𝜕

𝜕𝜑̂
|𝑔⟩ 

𝜑e/2 = +𝜋/2 

(𝜑e − 1)/2 = −𝜋/2 
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𝜑e,𝑓 = 𝜑e,𝑘 = 𝜋 

𝐻 = +4𝐸𝐶(𝑛̂ − 𝑛𝑔)
2
+ 4𝐸𝐶,𝑓𝑛̂𝑓

2 +
𝐸𝐿
2
𝜑̂𝑓
2 + 𝐸𝐽cos 𝜑̂𝑓

 +𝐸𝐽2,𝑘cos 2(𝜑̂ − 𝜑̂𝑓) − 𝐸𝐽1,𝑘cos (𝜑̂ − 𝜑̂𝑓)
 

𝐻fast(𝜑) = +4𝐸𝐶,𝑓𝑛̂𝑓
2 +

𝐸𝐿
2
𝜑̂𝑓
2 + 𝐸𝐽cos 𝜑̂𝑓

 +𝐸𝐽2,𝑘cos 2(𝜑 − 𝜑̂𝑓) + 𝐸𝐽1,𝑘cos (𝜑 − 𝜑̂𝑓)
 

𝜖𝑔, fast (𝜑)𝐻fast (𝜑) 

𝜖𝑔, fast (𝜑) = 𝑈BO(𝜑) 

𝐻slow = 4𝐸𝐶(𝑛̂ − 𝑛𝑔)
2
+ 𝑈BO(𝜑̂) 

−𝐸𝐽1,𝑘cos (𝜑̂ − 𝜑̂𝑓) 

𝜖𝑔, fast (𝜑 = 0)𝜖𝑔, fast (𝜑 = 𝜋)𝜖𝑔, fast (𝜑 = 𝜋/2) 
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𝑈BO(𝜑) = 𝜖𝑔, fast (𝜑) 

𝐻fast (𝜑 = 0)𝐻fast (𝜑 = 𝜋) 

𝜔𝑞 = 𝜖fast (𝜑 = 𝜋) − 𝜖fast (𝜑 = 0) 

𝐻fast (𝜑 = 0, 𝜋) = +4𝐸𝐶,𝑓𝑛̂𝑓
2 +

𝐸𝐿
2
𝜑̂𝑓
2

 −𝐸𝐽cos (𝜑e,𝑓 − 𝜑̂𝑓)

 +𝐸𝐽2,𝑘cos 2𝜑̂𝑓 ∓ 𝐸𝑘,Φ(𝜋 − 𝜑e,𝑘)sin 𝜑̂𝑓

 

𝐻fast (𝜑 = 0)𝐻fast (𝜑 = 𝜋)𝐻fast (𝜑 = 0)𝐻fast (𝜑 = 𝜋)𝜑e,𝑘−𝜔𝑞𝜑e,𝑓𝜑e,𝑘 = 𝜋 

𝐻fast (𝜑 = 0) = 𝐻fast (𝜑 = 𝜋)𝜔𝑞 = 𝜖fast (𝜑 = 𝜋) − 𝜖fast (𝜑 = 0) = 0 

𝜑e,𝑓𝜑e,𝑘𝜑e,𝑓 = 𝜋𝜑 = 𝜑̂𝑓 → −𝜑̂𝑓𝐻fast (𝜑 = 𝜋) 

𝐻fast (𝜑 = 0) = 𝐻fast (𝜑 = 𝜋) 

𝜑e,𝑓 = 𝜑e,𝑘 = 𝜋 

𝑒−ℏ𝜔/𝑘𝐵𝑇𝐶𝑖 ∼ 𝜖𝐿
𝐸𝐽
𝐶𝐽
=
Φ0
2𝜋

𝑗𝑐
𝐶𝑠

 

 

Δ𝐸𝐽𝑘/𝐸𝐽𝑘 = 𝐶𝐽𝑘 , 𝐶𝐽𝑓
𝐸𝐽

𝐶𝐽
=
Φ0
2𝜋

𝑗𝑐
𝐶𝑠
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⟨𝑒|𝑛̂|𝑖⟩⟨𝑖|𝑛̂|𝑔⟩ 

𝜔𝑒𝑔|𝑒⟩⟨𝑒| + Δ|𝑖⟩⟨𝑖| +
Ω𝑖𝑔

2
|𝑖⟩⟨𝑔| +

Ω𝑖𝑒
2
|𝑖⟩⟨𝑒| + ℎ. 𝑐. 

𝛿eff 

2
𝜎𝑧 +

Ωeff 

2
𝜎𝑥 

Ωeff = −
Ω𝑖𝑔Ω𝑖𝑒

2Δ
 

𝛿eff = 𝜔𝑔𝑒 +
Ω𝑖𝑔
2

4Δ
−
Ω𝑖𝑒
2

4Δ
 

𝑈𝑐  = −𝐸𝐽𝑐cos (𝜑e,𝑐 − (𝜑̂1 − 𝜑̂2)) − 𝐸𝐽𝑐cos (𝜑̂1 − 𝜑̂2)

 ≈ −𝐸𝐽𝑐(1 + cos 𝜑e,𝑐)cos 𝜑̂1cos 𝜑̂2

 ≈ −𝐸𝐽𝑐(1 + cos 𝜑e,𝑐)𝜎𝑧1𝜎𝑧2
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𝜒𝑖 = 𝑔𝑟
2∑ 

𝑗≠𝑖

|𝑛𝑖𝑗|
2 2𝜔𝑖𝑗

𝜔𝑖𝑗
2 −𝜔𝑟

2 

𝜔𝑖𝑗 = 𝜖𝑖 − 𝜖𝑗 

𝑛𝑖𝑗 = ⟨𝑗|𝑛̂|𝑖⟩ 

𝜒logical = (𝜒𝑒 − 𝜒𝑔)/2 ∼ 𝜅 

𝜑e,𝑘 = 𝜑e,𝑓 = 𝜋 

𝜒𝑒 ≈ 𝜒𝑔 → 𝜒logical ≈ 0 

𝜑e,𝑘 , 𝜑e,𝑓 ≠ 𝜋 

𝜑e,𝑘 , 𝜑e,𝑓 = 𝜋 

|𝑔⟩ → |𝑓⟩ 

𝜒erasure = (𝜒𝑓 − 𝜒𝑔)/2 ≈ (𝜒ℎ − 𝜒𝑔)/2 ≈ (𝜒𝑓 − 𝜒𝑒)/2 ≈ (𝜒ℎ − 𝜒𝑒)/2 

𝜑e,𝑘 = 𝜑e,𝑓 = 𝜋 

𝜔𝑟 + 𝜒𝑓 ≈ 𝜔𝑟 + 𝜒ℎ 

Γmsmt 
erasure ≈

1

2
𝑛‾erasure 𝜅 
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Γmsmt 
logical 

𝜒erasure ≫ 𝜅 

𝑝err ≈
Γmsm 

logical 

Γmsmt 
resmur ≈

𝜅2𝜒logical 
2

32𝜒erasure 
4  

Γ𝜙
th ≈ 4𝑛‾th 𝜒logical 

2 /𝜅 

Δ𝐸𝐽𝑘/𝐸𝐽𝑘 

𝑝err ∝ 𝜒logical 
2  

𝐸𝐽1cos 𝜑 + 𝐸𝐽2cos 𝜑 

 

𝜙𝐿𝑓 = +𝜑𝑓 + 𝛿𝜑e,𝑓
𝜑𝐽𝑓  = −𝜑̂𝑓 +𝜑e,𝑓
𝜙1𝑘 = +𝜑Σ𝑘 + 𝜑Δ𝑘
𝜙2𝑘 = +𝜑Σ𝑘 − 𝜑Δ𝑘 − 𝛿𝜑e,𝑘
𝜑1𝑘 = +𝜑 − 𝜑̂𝑓 − 𝜑Σ𝑘 − 𝜑Δ𝑘 + 𝜑e,𝑓
𝜑2𝑘 = −𝜑 + 𝜑̂𝑓 − 𝜑Σ𝑘 + 𝜑Δ𝑘 − 𝜑e,𝑓 − 𝜑e,𝑘

 

𝜑e,𝑖 → 𝜑e,𝑖 + 𝛿𝜑e,𝑖 

𝜑⃗ 𝐵
𝑇 = 𝜙𝐿𝑓 , 𝜑𝐽𝑓 , 𝜙1𝑘, 𝜙2𝑘 , 𝜑1𝑘, 𝜑2𝑘 , 𝜑 

𝜑⃗ 𝐷
𝑇 = (𝜑, 𝜑̂𝑓 , 𝜑Σ𝑘 , 𝜑Δ𝑘) 

ℳ⃗⃗⃡ 𝜑⃗ 𝐵 = ℳ⃗⃗⃡ 𝜑⃗ 𝐷 

𝑈 = +
𝐸𝐿𝑓

2
𝜙𝐿𝑓
2 +

𝐸𝐿𝑘
2
𝜙1𝑘
2 +

𝐸𝐿𝑘
2
𝜙2𝑘
2

 −𝐸𝐽𝑓cos 𝜑𝐽𝑓 − 𝐸𝐽𝑘cos 𝜑1𝑘 − 𝐸𝐽𝑘cos 𝜑2𝑘
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𝑇 = +
1

2

Φ0
2

(2𝜋)2
(𝐶sh𝜑̇

2 + 𝐶𝐽𝑓𝜑̇𝐽𝑓
2 + 𝐶𝐽𝑘𝜑̇1𝑘

2 + 𝐶𝐽𝑘𝜑̇2𝑘
2 )

 +
Φ0
2𝜋
𝐶𝑔𝑉𝑔𝜑̇

= +
1

2

Φ0
2

(2𝜋)2
𝜑̇𝐷
𝑇𝐶↔𝜑⃗ 𝐷 +

Φ0
2𝜋
𝐶𝑔𝑉𝑔𝜑̇

 

ℏ𝑛𝑖 =
𝜕𝐿

𝜕𝜑̇𝑖
 

𝐻 = ℏ∑  

𝑖

𝑛𝑖𝜑̇𝑖 − 𝐿 

2𝑒𝑛⃗ 𝐷 =
Φ0
2𝜋
ℳ⃗⃗⃡ 𝜑⃗ 𝐷 

Γ1 = Γ𝑔→𝑒 + Γ𝑒→𝑔 

Γ𝑔,↑ =∑  

𝑓>𝑒

Γ𝑔→𝑓Γ𝑒,↑ =∑  

𝑓>𝑒

Γ𝑒→𝑓 

Γ𝑖→𝑓 =
1

ℏ2
|⟨𝑓|𝒪|𝑖⟩ |2𝑆ℰℰ[𝜔𝑖𝑓] 

𝜔𝑖𝑓 = (𝜖𝑖 − 𝜖𝑓)/ℏ 

𝑉⃗ 𝐵 = 2𝑒ℳ⃗⃗⃡ 𝒞𝑛⃗ 𝐷 

𝑆𝑞𝑞[𝜔] =
2ℏ𝐶

𝑄
Θ(𝜔) 

Θ(𝜔) → Θ(−𝜔)𝑛BE(𝜔) + Θ(+𝜔)𝑛BE(𝜔)𝑒
ℏ𝜔/𝑘𝐵𝑇 where 𝑛BE(𝜔) =

1

𝑒ℏ|𝜔|/𝑘𝐵𝑇−1
 

𝒪̂ =
𝑑𝐻

𝑑𝛿Φ𝑖
 

𝑆ΦΦ
+ [𝜔] =

𝐴Φ
𝜔
√𝐴Φ 

𝑆+[𝜔] = (𝑆[+𝜔] + 𝑆[−𝜔]) ⋄
𝑆[𝜔]

𝑆[−𝜔]
= 𝑒ℏ𝜔/𝑘𝐵𝑇 

𝑆ΦΦ[𝜔] =
𝐴Φ
|𝜔|

2

1 + 𝑒−ℏ𝜔/𝑘𝐵𝑇
 

Γqp,𝑖→𝑓 =+
16𝐸𝐽
ℎ

|⟨𝑓|cos 
𝜑̂𝐵
2
| 𝑖⟩ |2𝑆qp,𝑐[𝜔𝑓𝑖]

+
16𝐸𝐽
ℎ

|⟨𝑓|sin 
𝜑̂𝐵
2
| 𝑖⟩ |2𝑆qp,𝑠[𝜔𝑓𝑖]

 

Γqp,𝑖→𝑓 =
4𝐸𝐿
ℎ
|⟨𝑓|𝜑̂𝐵|𝑖⟩ |2𝑆qp,+[𝜔𝑓𝑖] 
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sin 
𝜑̂𝐵
2
, cos 

𝜑̂𝐵
2

 

|
𝑑𝜔𝑞

𝑑ℰ
| |
𝑑2𝜔𝑞

𝑑ℰ
| 𝑆ℰℰ[𝜔] =

𝐴ℰ
𝜔

 

Γ𝜙,ℰ ≈ √𝐴ℰ |
𝑑𝜔𝑞
𝑑ℰ

| 

Γ𝜙,ℰ ≈ 𝐴ℰ |
𝑑2𝜔𝑞
𝑑ℰ2

| 

𝜑e,𝑘 = 𝜑e,𝑓 = 𝜋√𝐴Φ 

√𝐴Φ ≈ 1𝜇Φ0 

√𝐴Φ = 1𝜇Φ0 

𝜔𝑞(𝑛𝑔) = 𝜔𝑔𝑒,0 + 𝛿𝜔𝑔𝑒,0cos 2𝜋𝑛𝑔 

𝑑𝜔𝑞
𝑑𝑛𝑔

= 2𝜋𝛿𝜔𝑔𝑒,0sin 2𝜋𝑛𝑔 

√𝐴𝐸𝐽 ∝ 𝐸𝐽√𝐴𝐸𝐽/𝐸𝐽 = 5 × 10
−7 

Γ𝜙 =
√𝐴𝐸𝐽

𝐸𝐽
𝜔𝑞/2 →  √𝐴𝐸𝐽/𝐸𝐽 = 1.2 × 10

−8 

Γ𝜙
sn =

𝑛‾th𝜅𝜒
2

𝜅2/4 + 𝜒2
 

𝜖ps =
4√2

𝜋
ℏ𝜔p√

1

𝑧
𝑒−4/𝜋𝑧 

ℏ𝜔p = √8𝐸𝐽, array 𝐸𝐶, array  

𝑧 = √8𝐸𝐶, array /𝐸𝐽, array /(2𝜋) 

Γ𝜙,AC = 𝜋√𝑁array 𝜖ps|ℱ𝑔𝑒| 

𝐹𝑔𝑒
𝑎 =⟨𝑒 ∣ 𝑒, 𝜑̂𝑓 → 𝜑̂𝑓 − 2𝜋⟩ − ⟨𝑔 ∣ 𝑔, 𝜑̂𝑓 → 𝜑̂𝑓 − 2𝜋⟩

𝐹𝑔𝑒
𝑏 = +⟨𝑒 ∣ 𝑒, 𝜑̂Σ𝑘 → 𝜑̂Σ𝑘 − 𝜋, 𝜑̂Δ𝑘 → 𝜑̂Δ𝑘 + 𝜋⟩

 −⟨𝑔 ∣ 𝑔, 𝜑̂Σ𝑘 → 𝜑̂Σ𝑘 − 𝜋, 𝜑̂Δ𝑘 → 𝜑̂Δ𝑘 + 𝜋⟩

 

𝜑̂𝐷 → 𝜑̂𝐷 + 𝜃 
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𝐸(𝐪) = 𝝌T𝐪 +
1

2
𝐪T𝐂𝐪  

∑ 

𝑖

𝑞𝑖 = 𝑄tot  

[
𝐂 𝟏
𝟏𝐓 0

] [
𝐪
𝜇] = [

−𝝌
𝑄tot

]  

𝐸(𝐪, 𝐯) = 𝝌T𝐪 + (𝐪 − 𝐪0)
T𝐯 +

1

2
𝐪T𝐂𝐪 +

1

2
𝐯𝑇𝐗𝐯  

𝑈BO(𝐑) = 𝑉S(𝐑) + stat𝐪,𝐯 {𝐸(𝐪, 𝐯) ∣ ∑  

𝑖

 𝑣𝑖 = 𝑉tot,∑  

𝑖

 𝑞𝑖 = 𝑄tot} .  

𝑀𝑖𝐑̈𝑖 = −∇𝑖𝑈BO(𝐑),  

[

𝐂 𝐈 𝟏 𝟎
𝐈 𝐗 𝟎 𝟏
𝟏T 𝟎 0 0
𝟎 𝟏T 0 0

] [

𝐪
𝐯
𝜇
𝜆

] = [

−𝝌
𝐪0
𝑄tot
𝑉tot

] .  

𝐶𝑖𝑗 = 𝛿𝑖𝑗𝜂𝑖 + (1 − 𝛿𝑖𝑗)Γ𝑖𝑗 

Γ𝑖𝑗 = (𝑟𝑖𝑗
3 + 𝛾𝑖𝑗

−3)
−
1

3 with 𝑟𝑖𝑗 = |𝐫𝑖 − 𝐫𝑗| 

𝑋𝑖𝑗 = Λ(
𝑟𝑖𝑗

𝜎𝑖𝑗
)

3

(1 −
𝑟𝑖𝑗

𝜎𝑖𝑗
)

6

 

ℰ(𝐪, 𝐯, 𝐧, 𝐮) = 𝝌T𝐪 − 𝐪0
T𝐯 +

1

2
[𝐪T𝐯T] [

𝐂S 𝐈
𝐈 𝐗S

] [
𝐪
𝐯
] +

1

2
(2[𝐪T𝐯T] − [𝐧T𝐮T]) [

𝐂L 𝟎
𝟎 𝑿L

] [
𝐧
𝐮
]  

𝒰BO(𝐑, 𝐧, 𝐮) = 𝑉S(𝐑) + stat𝐪,𝐯 {ℰ(𝐪, 𝐯, 𝐧, 𝐮) ∣ ∑  

𝑖

 𝑞𝑖 = 𝑄tot,∑  

𝑖

 𝑣𝑖 = 𝑉tot} .  

[

𝐂S 𝐈 𝟏 𝟎
𝐈 𝐗S 𝟎 𝟏

𝟏T 𝟎 0 0
𝟎 𝟏T 0 0

] [

𝐪(𝐧, 𝐮)
𝐯(𝐧, 𝐮)
𝜇
𝜆

] = [

−𝜒 − 𝐂L𝐧
𝐪0 − 𝐗L𝐮
𝑄tot 
𝑉tot 

]  

ℒ(𝐑, 𝐑̇, 𝐧, 𝐧̇, 𝐮, 𝐮̇) =
1

2
∑  

𝑖

 𝑀𝑖|𝐑̇𝑖|
2
−𝒰BO(𝐑, 𝐧, 𝐮) +

1

2
𝑚∑  

𝑖

  (𝑛̇𝑖
2 + 𝑢̇𝑖

2)

−
1

2
𝑚𝜔2([𝐪T(𝐧, 𝐮)𝐯T(𝐧, 𝐮)] − [𝐧T𝐮T])𝐓 [

𝐪(𝐧, 𝐮) − 𝐧
𝐯(𝐧, 𝐮) − 𝐮

] .

 

𝐽𝑖𝑗 =
𝜕𝑓𝑖(𝐱)

𝜕𝑥𝑗
≡
𝜕(𝑐𝑖[𝐱] − 𝑥𝑖)

𝜕𝑥𝑗
 

𝑀𝑖𝐑̈𝑖 = −
𝜕𝒰BO(𝐑, 𝐧, 𝐮)

𝜕𝐑𝑖
|
𝐧,𝐮

,  
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[
𝐧̈
𝐮̈
] = −𝜔2𝐊[

𝐪(𝐧, 𝐮) − 𝐧
𝐯(𝐧, 𝐮) − 𝐮

] .  

ℋ̂ = 𝑇̂𝑛(𝐑) + 𝑊̂𝑛𝑛(𝐑) + 𝑇̂𝑒(𝐫) + 𝑊̂𝑒𝑒(𝐫) + 𝑊̂𝑒𝑛(𝐑, 𝐫),  

ℋ̂Ψ(𝐫,𝐑) = 𝐸Ψ(𝐫, 𝐑),  

Ψ𝑎𝑑(𝐫, 𝐑) = 𝜙𝛼
𝐵𝑂(𝐫 ∣ 𝐑)𝜒𝛼𝜆(𝐑).  

𝐻̂𝐵𝑂(𝐫, 𝐑)𝜙𝛼
𝐵𝑂(𝐫 ∣ 𝐑) = 𝜀𝛼(𝐑)𝜙𝛼

𝐵𝑂(𝐫 ∣ 𝐑)  

𝐻̂𝐵𝑂(𝐫, 𝐑) = 𝑊̂𝑛𝑛(𝐑) + 𝑇̂𝑒(𝐫) + 𝑊̂𝑒𝑒(𝐫) + 𝑊̂𝑒𝑛(𝐑, 𝐫)  

(𝑇̂𝑛(𝐑) + 𝜀𝛼(𝐑))𝜒𝛼𝜆(𝐑) = Ω𝛼𝜆𝜒𝛼𝜆(𝐑),  

𝑇̂𝑛(𝐑) = −𝜇 ⋅∑  

𝜅

 
1

2𝑀𝜅
∇𝑅𝜅
2

 

𝜇 =
𝑚

𝑀
 

 𝑒2 = ℏ = 𝑚 = 1 

[𝜇∑  

𝜅

 
(−𝑖∇𝑅𝜅 + 𝐴𝜅[𝜙𝛼

𝐵𝑂](𝐑))
2

2𝑀𝜅
+𝜀𝛼(𝐑) + 𝜀

𝑔𝑒𝑜[𝜙𝛼
𝐵𝑂](𝐑)]

 × 𝜒̃𝛼𝜆(𝐑) = Ω̃𝛼𝜆𝜒̃𝛼𝜆(𝐑)

 

𝐴𝜅[𝜙𝛼](𝐑) = ⟨𝜙𝛼| − 𝑖∇𝑅𝜅|𝜙𝛼⟩  

𝜀𝑔𝑒𝑜[𝜙𝛼](𝐑) =

 𝜇∑  

𝜅

 
1

2𝑀𝜅
[⟨∇𝑅𝜅𝜙𝛼 ∣ ∇𝑅𝜅𝜙𝛼⟩ − 𝐴𝜅[𝜙𝛼](𝐑)

2]  

𝜙𝛼 = 𝜙𝛼
𝐵𝑂 

Ψ(𝐫,𝐑) = 𝜙(𝐫 ∣ 𝐑)𝜒(𝐑).  

∫  |𝜙(𝐫 ∣ 𝐑)|2𝑑𝑟 = 1 

𝐸 =⟨Ψ|ℋ̂|Ψ⟩  

=∫  𝜒∗(𝐑)𝜇∑  

𝜅

 
1

2𝑀𝜅
(−𝑖∇𝑅𝜅 + 𝐴𝜅[𝜙](𝐑))

2
𝜒(𝐑) 

 +∫  |𝜒(𝐑)|2(𝜀𝐵𝑂[𝜙](𝐑) + 𝜀𝑔𝑒𝑜[𝜙](𝐑))

 

𝜀𝐵𝑂[𝜙](𝐑) = ∫  𝑑𝑟𝜙∗(𝐫 ∣ 𝐑)𝐻̂𝐵𝑂(𝐫, 𝐑)𝜙(𝐫 ∣ 𝐑)  

[𝜇∑  

𝜅

 
1

2𝑀𝜅
(−𝑖∇𝑅𝜅 + 𝐴𝜅[𝜙](𝐑))

2
+ 𝜀𝐵𝑂[𝜙](𝐑)

+𝜀𝑔𝑒𝑜[𝜙](𝐑)]𝜒(𝐑) = 𝐸𝜒(𝐑)
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[𝜇∑  

𝐪𝜆

 
𝑃̂−𝐪𝜆𝑃̂𝐪𝜆

2
+ 𝜀(𝑈)] 𝜒(𝑈) = Ω𝜒(𝑈)  

[
𝑝̂2

2𝑚
+ 𝑣̂𝑒𝑛(𝐫, 𝑈) + 𝑣̂ℎ𝑥𝑐(𝐫, 𝑈) + 𝑣̂𝑔𝑒𝑜(𝐫, 𝑈)] 𝜓𝑛𝐤𝑈(𝐫)

= 𝜖𝑛𝐤𝑈𝜓𝑛𝐤𝑈(𝐫)

 

Ω = 𝐸 − 𝜀(𝐑𝟎) 

𝜀(𝑈) = 𝜀𝐵𝑂(𝑈) + 𝜀𝑔𝑒𝑜(𝑈)  

⟨𝜓𝑚,𝐤+𝐪|𝑣̂𝑔𝑒𝑜|𝜓𝑛𝐤⟩ = ⟨𝜓𝑚,𝐤+𝐪 | 
𝛿𝜀𝑔𝑒𝑜

𝛿𝜓𝑛𝐤
∗ ⟩

 −
1

|𝜒|2
∑ 

𝐪𝜆

  ⟨𝜓𝑚,𝐤+𝐪 | 
𝜕

𝜕𝑈𝐪𝜆
∗ [|𝜒|

2
𝛿𝜀𝑔𝑒𝑜

𝛿(𝜕𝜓𝑛𝐤
∗ /𝜕𝑈𝐪𝜆

∗ )
]⟩ .

 

ℋ̂ = ℋ̂𝑠
(0)
+ ℋ̂′ 

ℋ̂𝑠
(0)
=
𝑝̂2

2𝑚
+ 𝑣̂𝑒𝑛

(0)
(𝐫) + 𝑣̂ℎ𝑥𝑐

(0)
(𝐫) ≡

𝑝̂2

2𝑚
+ 𝑣̂𝑠

(0)
(𝐫).  

𝑣̂en 
(0)
(𝐫) = 𝑣̂en (𝑟, 𝑈)|𝑈=0 

𝑣̂ℎ𝑥𝑐
(0)
(𝐫) = 𝑣̂ℎ𝑥𝑐(𝑟, 𝑈)|𝑈=0 

ℋ̂′ = 𝑣̂𝑠
′ + 𝑣̂𝑔𝑒𝑜  

𝑣̂𝑠
′ = 𝑣̂𝑠

(1)
+ 𝑣̂𝑠

(2)
 

𝑣̂𝑔𝑒𝑜 = 𝑣̂𝑔𝑒𝑜
(1)
+ 𝑣̂𝑔𝑒𝑜

(2)
 

⟨𝜓2
(0)
| 𝑣̂𝑠

(1)
|𝜓1
(0)
⟩ ≡∑  

𝜆

 𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)
𝑈𝐪𝜆

𝐿𝐪𝜆
,  

𝐿𝐪𝜆 = √
ℏ

2𝑀𝜔𝐪𝜆
𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪) 

⟨𝜓2
(0)
| 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩=∑  

𝜆

 ℏ𝜔𝐪𝜆𝑈𝐪𝜆 ⟨𝜓2 | 
𝜕𝜓1

(1)

𝜕𝑈𝐪𝜆
⟩  

 = ∑  

𝜆

 𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)
𝑈𝐪𝜆

𝐿𝐪𝜆

ℏ𝜔𝐪𝜆

𝜖1
(0)
− 𝜖2

(0)
± ℏ𝜔𝐪𝜆

,

 

|𝜓1
(1)
⟩  = ∑  

2≠1

 
⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩

𝜖1
(0)
− 𝜖2

(0)
|𝜓2
(0)
⟩

 =∑  

𝜆

 ∑  

2≠1

 
𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)

𝜖1
(0)
− 𝜖2

(0)
± ℏ𝜔𝐪𝜆

𝑈𝐪𝜆

𝐿𝐪𝜆
|𝜓2
(0)
⟩ .
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𝑛𝑈(𝐫) =∑  

𝑛𝐤

𝑓𝑛𝐤𝑈|𝜓𝑛𝐤𝑈|
2 

𝑛(1)(𝐫) =  

2𝑅𝑒∑  

𝜆

  ∑  

1,2≠1

 
𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)

𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆

𝑈𝐪𝜆

𝐿𝐪𝜆
𝜓1
(0)∗
(𝐫)𝜓2

(0)
(𝐫)

 

𝜖1
(2)
= ∑  

2≠1

 
|⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
| 𝜓1

(0)
⟩ |2

𝜖1
(0)
− 𝜖2

(0)

 + ⟨𝜓1
(0)
| 𝑣̂𝑠

(2)
+ 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩

 

𝑉1,1
(2)
≡ ⟨𝜓1

(0)
| 𝑣̂𝑠

(2)
|𝜓1
(0)
⟩ =∑  

𝐪𝜆

 𝑔𝑛1,𝑛1;𝜆,𝜆
(2)

(𝐤1, 𝐪, 𝐪)
|𝑈𝐪𝜆|

2

𝐿𝐪𝜆
2 ,  

𝑔𝑛1,𝑛1;𝜆,𝜆
(2) (𝐤1, 𝐪, 𝐪) 

𝑊1,1
(2)
≡ ⟨𝜓1

(0)
| 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩

= ∑  

unocc 

2

 ∑  

𝜆𝜆′

 
𝑔𝑛2,𝑛1,𝜆′
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)ℏ𝜔𝐪𝜆

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆′) (𝜖1

(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

 

× (𝛿𝜆𝜆′ −
𝑈𝐪𝜆′

𝐿𝐪𝜆′

𝑈𝐪𝜆

𝐿𝐪𝜆
)  

 − ∑  

unocc 

2

 ∑  

𝜆𝜆′

 
𝑔𝑛2,𝑛1,𝜆′
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)ℏ𝜔𝐪𝜆

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆′) (𝜖1

(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

𝑈𝐪𝜆′

𝐿𝐪𝜆′

𝑈𝐪𝜆

𝐿𝐪𝜆
,

 

𝜖1
(2)
=∑  

2≠1

 ∑  

𝜆𝜆′

  [
|𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)|

2

𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆

|𝑈𝐪𝜆|
2

𝐿𝐪𝜆
2

 

+
𝑔𝑛2,𝑛1,𝜆′
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)ℏ𝜔𝐪𝜆

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆′) (𝜖1

(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

 

× (𝛿𝜆𝜆′ −
𝑈𝐪𝜆′

𝐿𝐪𝜆′

𝑈𝐪𝜆

𝐿𝐪𝜆
)] +∑  

𝐪𝜆

 𝑔𝑛1,𝑛1;𝜆,𝜆
(2) (𝐤1, 𝐪, 𝐪)

|𝑈𝐪𝜆|
2

𝐿𝐪𝜆
2 .

 

𝜖‾1
(2)
=∑  

2≠1

 ∑  

𝜆

 
|𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)|

2

𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆

+∑ 

𝐪𝜆

 𝑔𝑛1,𝑛1;𝜆,𝜆
(2) (𝐤1, 𝐪, 𝐪).  

|𝑈𝐪𝜆|
2
/𝐿𝐪𝜆
2  

𝑉2,1
(2)
≡ ⟨𝜓2

(0)
| 𝑣̂𝑠

(2)
|𝜓1
(0)
⟩  

 = ∑  

𝐪𝜆𝜆′

 𝑔
𝑛2,𝑛1,𝜆,𝜆

′
(2) (𝐤1, 𝐪, 𝐪

′)
𝑈𝐪𝜆

𝐿𝐪𝜆

𝑈𝐪′𝜆′

𝐿𝐪′𝜆′
,(30)
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𝑊2,1
(2)
≡ ⟨𝜓2

(0)
| 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩ =∑  

𝐪𝜆

 ℏ𝜔𝐪𝜆𝑈𝐪𝜆 ⟨𝜓2
(0)
| 
𝜕𝜓1

(2)

𝜕𝑈𝐪𝜆
⟩

 −𝛿𝐤𝟐,𝐤𝟏∑ 

𝐪𝜆

 ℏ𝜔𝐪𝜆𝐿𝐪𝜆𝐿𝐪𝜆 ⟨𝜓2
(0)
| 
𝜕2𝜓1

(2)

𝜕𝑈𝐪𝜆𝜕𝑈𝐪𝜆
⟩

 

⟨𝜓2
(0)
∣ 𝜓1

(2)
⟩ 𝑉2,1

(2)
𝑊2,1
(2)

 

𝑊2,1
(2)
=∑ 

𝐪𝜆

 ℏ𝜔𝐪𝜆𝑈𝐪𝜆
1

𝜖1
(0)
− 𝜖2

(0)

𝜕 (𝑉2,1
(2)
+𝑊2,1

(2)
)

𝜕𝑈𝐪𝜆

 

 −𝛿𝐤2𝐤1∑ 

𝐪𝜆

 ℏ𝜔𝐪𝜆𝐿𝐪𝜆𝐿𝐪𝜆
1

𝜖1
(0)
− 𝜖2

(0)

𝜕2 (𝑉2,1
(2)
+𝑊2,1

(2)
)

𝜕𝑈𝐪𝜆𝜕𝑈𝐪𝜆

 

𝑊𝑛2𝐤2,𝑛1𝐤1
(2)

= ∑  

𝐪𝜆𝜆′

 
ℏ𝜔𝐪𝜆

𝜖𝑛1𝐤1
(0)

− 𝜖𝑛2𝐤2
(0)

(
𝑈𝐪𝜆

𝐿𝐪𝜆

𝑈𝐪′𝜆′

𝐿𝐪′𝜆′
− 𝛿𝐤2𝐤1𝛿𝜆𝜆′)

 

× [𝑔
𝑛2,𝑛1,𝜆,𝜆

′
(2)

(𝐤𝟏, 𝐪, 𝐪
′) + 𝑔

𝑛2,𝑛1,𝜆
′,𝜆

(2)
(𝐤𝟏, 𝐪

′, 𝐪)]  

 +∑  

𝐪𝜆

 
ℏ𝜔𝐪𝜆

𝜖𝑛1𝐤𝟏
(0)

− 𝜖𝑛2𝐤𝟐
(0)

𝑈𝐪𝜆
𝜕𝑊𝑛2𝐤𝟐,𝑛1𝐤1

(2)

𝜕𝑈𝐪𝜆

 −𝛿𝐤𝟐𝐤𝟏∑ 

𝐪𝜆

 
ℏ𝜔𝐪𝜆

𝜖𝑛1𝐤𝟏
(0)

− 𝜖𝑛2𝐤𝟐
(0)

𝐿𝐪𝜆𝐿𝐪𝜆
𝜕2𝑊𝑛2𝐤2,𝑛1𝐤𝟏

(2)

𝜕𝑈𝐪𝜆𝜕𝑈𝐪𝜆

 

𝑊𝑛2𝐤𝟐,𝑛1𝐤𝟏
(2)

= ∑  

𝐪𝜆𝜆′

 
1

2
(𝑔

𝑛2,𝑛1,𝜆,𝜆
′

(2) (𝐤𝟏, 𝐪, 𝐪
′) + 𝑔

𝑛2,𝑛1,𝜆
′,𝜆

(2) (𝐤𝟏, 𝐪
′, 𝐪))

×
ℏ𝜔𝐪𝜆 + ℏ𝜔𝐪′,𝜆′

𝜖𝑛1𝐤𝟏
(0)

− 𝜖𝑛2𝐤𝟐
(0)

− ℏ𝜔𝐪𝜆 − ℏ𝜔𝐪′𝜆′
 

 

 × (
𝑈𝐪𝜆

𝐿𝐪𝜆

𝑈𝐪′𝜆′

𝐿𝐪′𝜆′
− 𝛿𝐤1𝐤2𝛿𝜆𝜆′)

 

|𝜓1,‖
(2)
⟩ =−

1

2
∑  

occ 

3≠1

  ∑  

unocc 

2≠1

 
⟨𝜓3

(0)
| (𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
) |𝜓2

(0)
⟩

(𝜖3
(0)
− 𝜖2

(0)
)

 

×
⟨𝜓2

(0)
| (𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
) |𝜓1

(0)
⟩

(𝜖1
(0)
− 𝜖2

(0)
)

|𝜓3
(0)
⟩  

− ∑  

unocc 

3≠1

 
⟨𝜓3

(0)
| 𝑣̂𝑠

(2)
+ 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩

(𝜖3
(0)
− 𝜖1

(0)
)

|𝜓3
(0)
⟩  

 −
1

2
∑  

unocc 

2≠1

 
|⟨𝜓2

(0)
| (𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
)| 𝜓1

(0)
⟩ |2

(𝜖2
(0)
− 𝜖1

(0)
)
2 |𝜓1

(0)
⟩ .
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|𝜓1,𝑑
(2)
⟩ = |𝜓1,‖

(2)
⟩ +∑  

𝑜𝑐𝑐

3

 𝒰13
(1)∗

|𝜓3,‖
(1)
⟩ +∑  

𝑜𝑐𝑐

3

 𝒰13
(2)∗

|𝜓3
(0)
⟩ ,  

𝜀𝑔𝑒𝑜 =
ℏ2

2𝑀
∑ 

𝐪𝜆

 ∑  

𝑜𝑐𝑐

1

  ⟨
𝜕𝜓1
𝜕𝑈𝐪𝜆

| (1 − 𝑃𝑣) |
𝜕𝜓1
𝜕𝑈𝐪𝜆

⟩ ,  

(1 − 𝑃𝑣) = 𝑃𝑐 = ∑  

𝑢𝑛𝑜𝑐𝑐

3

|𝜓3⟩⟨𝜓3| 

⟨𝜓2|𝑣̂𝑔𝑒𝑜|𝜓1⟩ =

 −
ℏ2

2𝑀
∑  

𝐪𝜆

 ∑  

𝑜𝑐𝑐

3

  ⟨𝜓2 | 
𝜕𝜓3
𝜕𝑈𝐪𝜆

⟩ ⟨
𝜕𝜓3
𝜕𝑈𝐪𝜆

|  𝜓1⟩

 −
ℏ2

2𝑀
∑  

𝐪𝜆

 ∑  

𝑜𝑐𝑐

1

 
𝜕ln |𝜒|2

𝜕𝑈𝐪𝜆
∗ ⟨𝜓2|(1 − 𝑃𝑣) |

𝜕𝜓1
𝜕𝑈𝐪𝜆

⟩

 −
ℏ2

2𝑀
∑  

𝐪𝜆

 ∑  

𝑜𝑐𝑐

1

  ⟨𝜓2|(1 − 𝑃𝑣) |
𝜕2𝜓1

𝜕𝑈𝐪𝜆
∗ 𝜕𝑈𝐪𝜆

⟩

 +
ℏ2

2𝑀
∑  

𝐪𝜆

  ⟨
𝜕𝜓2
𝜕𝑈𝐪𝜆

| 
𝜕𝜓1
𝜕𝑈𝐪𝜆

⟩

 +
ℏ2

2𝑀
∑  

𝐪𝜆

 ∑  

𝑜𝑐𝑐

3

  ⟨𝜓2 | 
𝜕𝜓3
𝜕𝑈𝐪𝜆

∗ ⟩ ⟨𝜓3 | 
𝜕𝜓1
𝜕𝑈𝐪𝜆

⟩

 

⟨𝜓2|𝑣̂𝑔𝑒𝑜|𝜓1⟩
(2) =

⟨𝜓2
(0)
| 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩ + ⟨𝜓2

(0)
| 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(1)
⟩ + ⟨𝜓2

(1)
| 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩ .

 

⟨𝜓2
(0)
∣ 𝜓1

(𝑖)
⟩+ ⟨𝜓2

(𝑖)
∣ 𝜓1

(0)
⟩ =  

{
−∑  

𝑖−1

𝑗=1

  ⟨𝜓2
(𝑗)
∣ 𝜓1

(𝑖−𝑗)
⟩ 𝑖 > 1

0 𝑖 = 1,

 

⟨𝜓2
(0)
∣ 𝜓1

(𝑖)
⟩ − ⟨𝜓2

(𝑖)
∣ 𝜓1

(0)
⟩ = 0.  

⟨𝜓1|𝑣̂geo |𝜓1⟩ 

(𝑖) = −
ℏ2

2𝑀
∑  

𝐪𝜆

 ∑  

𝑜𝑐𝑐

3

  ⟨
𝜕𝜓1
𝜕𝑈𝐪𝜆

|  𝜓3⟩ ⟨𝜓3 | 
𝜕𝜓1
𝜕𝑈𝐪𝜆

⟩ .  

⟨𝜓3 | 
𝜕𝜓1
𝜕𝑈𝐪𝜆

⟩ = ⟨𝜓3
(0)
| 
𝜕𝜓1

(0)

𝜕𝑈𝐪𝜆
⟩ + ⟨𝜓3

(0)
| 
𝜕𝜓1

(1)

𝜕𝑈𝐪𝜆
⟩ + 𝒪(𝑈2).  

⟨
𝜕𝜓2
𝜕𝑈𝐪𝜆

|  𝜓3⟩ 𝒪(𝑈
2) 



pág. 12666 

⟨𝜓1|𝑣̂𝑔𝑒𝑜|𝜓1⟩
(2) =

ℏ2

2𝑀
∑  

𝐪𝜆

  ⟨
𝜕𝜓1

(1)

𝜕𝑈𝐪𝜆
| 
𝜕𝜓1

(1)

𝜕𝑈𝐪𝜆
⟩

 =∑  

𝜆

  ∑  

𝑢𝑛𝑜𝑐𝑐

2

 
𝑔𝑛2,𝑛1,𝜆
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)ℏ𝜔𝐪𝜆

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

2 .

 

2 ≡ 𝑛2, 𝐤𝟐 = 𝑛2, 𝐤𝟏 + 𝐪 

𝑊11
(2)
≡ ⟨𝜓1

(0)
| 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩ 

 

𝑊11
(2)
= ⟨𝜓1|𝑣̂𝑔𝑒𝑜|𝜓1⟩

(2) − ⟨𝜓1
(0)
| 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(1)
⟩ − ⟨𝜓1

(1)
| 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1

(0)
⟩

=∑  

𝜆

  ∑  

𝑢𝑛𝑜𝑐𝑐

2

 
𝑔𝑛2,𝑛1,𝜆
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)ℏ𝜔𝐪𝜆

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

2  

−∑  

𝜆𝜆′

  ∑  

𝑢𝑛𝑜𝑐𝑐

2

 
𝑔𝑛2,𝑛1,𝜆′
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)(ℏ𝜔𝐪𝜆′ + ℏ𝜔𝐪𝜆)

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆′) (𝜖1

(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

 

 ×
𝑈𝐪𝜆′

𝐿𝐪𝜆′

𝑈𝐪𝜆

𝐿𝐪𝜆

 

𝑔𝑛2,𝑛1,𝜆′
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆′) (𝜖1

(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

𝑈𝑞‾𝜆′

𝐿𝐪𝜆′

𝑈𝐪𝜆

𝐿𝐪𝜆
 

−
ℏ2

2𝑀
∑  

𝐪𝜆

 
𝜕ln |𝜒|2

𝜕𝑈𝐪𝜆
∗ ⟨𝜓2

(0)
| 
𝜕𝜓1
𝜕𝑈𝐪𝜆

⟩ 

 =
ℏ2

2𝑀
∑  

𝐪𝜆

 
𝑈𝐪𝜆

𝐿𝐪𝜆
2

𝜕 ⟨𝜓2
(0)
∣ 𝜓1

(2)
⟩

𝜕𝑈𝐪𝜆

 = ∑  

𝐪𝜆

 ℏ𝜔𝐪𝜆𝑈𝐪𝜆

𝜕 ⟨𝜓2
(0)
∣ 𝜓1

(2)
⟩

𝜕𝑈𝐪𝜆
.

 

−
ℏ2

2𝑀
∑ 

𝐪𝜆

  ∑  

𝑢𝑛𝑜𝑐𝑐

𝑛2

 𝛿𝐤2,𝐤1

𝜕2 ⟨𝜓2
(0)
∣ 𝜓1

(2)
⟩

𝜕𝑈𝐪𝜆
∗ 𝜕𝑈𝐪𝜆

.  

⟨𝜓2|𝑣̂geo |𝜓1⟩
(2) 

⟨𝜓2
(0)
| 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(1)
⟩ = ⟨𝜓2

(1)
| 𝑣̂geo 

(1)
|𝜓1
(0)
⟩ = 0 

⟨𝜓𝑛2𝐤2
(0)

∣ 𝜓𝑛1𝐤1
(2)

⟩ 

𝑃𝑐 (ℎ𝑠
(0)
− 𝜖𝑛𝐤

(0)
)𝑃𝑐 |𝜓𝑛𝐤

(2)
⟩ =

 −𝑃𝑐 (𝑣̂𝑠
(2)
+ 𝑣̂𝑔𝑒𝑜

(2)
) |𝜓𝑛𝐤

(0)
⟩ − 𝑃𝑐 (𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
) |𝜓𝑛𝐤

(1)
⟩ .
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⟨𝜓𝑛2𝐤2
(0)

∣ 𝜓𝑛1𝐤1
(2)

⟩ =
𝑉𝑛2𝐤2,𝑛1𝐤1
(2)

+𝑊𝑛2𝐤2,𝑛1𝐤1
(2)

𝜖𝑛1𝐤1
(0)

− 𝜖𝑛2𝐤2
(0)

 

𝑉𝑛2𝐤2,𝑛1𝐤1
(2)

𝑊𝑛2𝐤2,𝑛1𝐤1
(2)

 

𝜕𝑉𝑛2𝐤2,𝑛1𝐤1
(2)

𝜕𝑈𝐪𝜆
=∑ 

𝜆′

  [𝑔
𝑛2,𝑛1,𝜆,𝜆

′
(2)

(𝐤𝟐, 𝐪, 𝐪
′)
𝑈𝐪′𝜆′

𝐿𝐪′𝜆′

1

𝐿𝐪𝜆

+𝑔
𝑛2,𝑛1,𝜆

′,𝜆

(2) (𝐤𝟏, 𝐪
′, 𝐪)

𝑈𝐪′𝜆′

𝐿𝐪′𝜆′

1

𝐿𝐪𝜆
]

 

𝑈𝐪𝜆 = 𝑈𝐪𝜆
∗ = 𝑈−𝐪𝜆 

𝜕2𝑉𝑛2𝐤2,𝑛1𝐤1
(2)

𝜕𝑈𝐪𝜆𝜕𝑈𝐪𝜆
= 𝛿𝐤1,𝐤2

1

𝐿−𝐪𝜆

1

𝐿𝐪𝜆

 × (𝑔𝑛2,𝑛1,𝜆,𝜆
(2)

(𝐤𝟏, 𝐪, 𝐪) + 𝑔𝑛2,𝑛1,𝜆,𝜆
(2)

(𝐤𝟏, 𝐪, 𝐪))

 

𝜖‖,2,1
(1)

= ⟨𝜓2
(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩  

𝜖‖,2,1
(2)

= ⟨𝜓2
(0)
| 𝑣̂𝑠

(2)
+ 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩  

+ ⟨𝜓2
(1)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩ + ⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(1)
⟩ 

 + ⟨𝜓2
(1)
| ℋ̂𝑠

(0)
|𝜓1
(1)
⟩ −

1

2
⟨𝜓2

(1)
∣ 𝜓1

(1)
⟩ (𝜖2

(0)
+ 𝜖1

(0)
)

 

𝜖𝑑,1
(2)
= 𝜖‖,1,1

(2)
−∑  

𝑜𝑐𝑐

3

 
|𝜖‖,3,1
(1)

|
2

𝜖3
(0)
− 𝜖1

(0)
 

𝜖𝑑,1
(2)
= ∑  

𝑜𝑐𝑐

2≠1

 
|⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
| 𝜓1

(0)
⟩|
2

𝜖1
(0)
− 𝜖2

(0)

 + ⟨𝜓1
(0)
| 𝑣̂𝑠

(2)
+ 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩

 + ⟨𝜓1
(1)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩

 + ⟨𝜓1
(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(1)
⟩

 + ⟨𝜓1
(1)
| ℋ̂𝑠

(0)
|𝜓1
(1)
⟩

 −
1

2
⟨𝜓1

(1)
∣ 𝜓1

(1)
⟩ (𝜖1

(0)
+ 𝜖1

(0)
)

 

(𝑐) + (𝑑) + (𝑒) + (𝑓) = ∑  

𝑢𝑛𝑜𝑐𝑐

2≠1

|⟨𝜓1
(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
| 𝜓2

(0)
⟩ |2

𝜖1
(0)
− 𝜖2

(0)
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𝜖𝑑,1
(2)
= ∑2≠1  ∑𝜆𝜆′  

𝑔𝑛2,𝑛1,𝜆′
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪) (𝜖1

(0)
− 𝜖2

(0)
)

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆′) (𝜖1

(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

𝑈𝐪𝜆′

𝐿𝐪𝜆′

𝑈𝐪𝜆

𝐿𝐪𝜆

+ ∑𝐪𝜆  𝑔𝑛1,𝑛1,𝜆,𝜆
(2) (𝐤1, 𝐪, 𝐪)

|𝑈𝐪𝜆|
2

𝐿𝐪𝜆
2

+ ∑2≠1  ∑𝜆𝜆′  
𝑔𝑛2,𝑛1,𝜆′
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)ℏ𝜔𝐪𝜆

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆′) (𝜖1

(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

× (𝛿𝜆𝜆′ −
𝑈𝐪𝜆′

𝐿𝐪𝜆′

𝑈𝐪𝜆

𝐿𝐪𝜆
)

−∑  

2≠1

 ∑  

𝜆𝜆′

 
𝑔𝑛2,𝑛1,𝜆′
∗ (𝐤𝟏, 𝐪)𝑔𝑛2,𝑛1,𝜆(𝐤𝟏, 𝐪)ℏ𝜔𝐪𝜆

(𝜖1
(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆′) (𝜖1

(0)
− 𝜖2

(0)
− ℏ𝜔𝐪𝜆)

𝑈𝐪𝜆′

𝐿𝐪𝜆′

𝑈𝐪𝜆

𝐿𝐪𝜆
 

𝒰13
(1)∗

= {

0 1 = 3

−
𝜖‖‖,31
(1)

𝜖3
(0)
− 𝜖1

(0)
1 ≠ 3

𝒰13
(2)∗

=

{
 
 
 

 
 
 −

1

2
∑  

𝑜𝑐𝑐

2≠3

  |𝒰23
(1)
|
2

1 = 3

−
1

𝜖3
(0)
− 𝜖1

(0)
[(∑  

𝑜𝑐𝑐

2

 𝒰12
(1)∗
𝜖‖,32
(1)
)

+𝜖‖,31
(2)

− 𝜖𝑑,1
(1)
𝒰13
(1)∗
] 1 ≠ 3

 

∑ 

𝑜𝑐𝑐

3

 𝒰13
(1)∗

|𝜓3,‖
(1)
⟩ =∑  

𝑜𝑐𝑐

3≠1

  [−
𝜖‖,31
(1)

𝜖3
(0)
− 𝜖1

(0)
] |𝜓3,‖

(1)
⟩  

=−∑  

𝑜𝑐𝑐

3≠1

  ∑  

𝑢𝑛𝑜𝑐𝑐

2

 
⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓3
(0)
⟩

(𝜖3
(0)
− 𝜖1

(0)
)

 

 ×
⟨𝜓3

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩

(𝜖3
(0)
− 𝜖2

(0)
)

|𝜓2
(0)
⟩

 

𝒰11
(2)∗

|𝜓1
(0)
⟩ = [−

1

2
∑  

𝑜𝑐𝑐

4≠1

  |𝒰41
(1)
|
2
] |𝜓1

(0)
⟩

 = −
1

2
∑  

𝑜𝑐𝑐

4≠1

  |
⟨𝜓1

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓4
(0)
⟩

𝜖4
(0)
− 𝜖1

(0)
|

2

|𝜓1
(0)
⟩ .

 

∑ 

𝑜𝑐𝑐

3≠1

 𝒰13
(2)∗

|𝜓3
(0)
⟩ =  

 ∑  

𝑜𝑐𝑐

3≠1

 −
(∑  𝑜𝑐𝑐

4  𝒰14
(1)∗
𝜖‖,34
(1)
) + 𝜖‖,31

(2)
− 𝜖𝑑,1

(1)
𝒰13
(1)∗

𝜖3
(0)
− 𝜖1

(0)
|𝜓3
(0)
⟩
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∑ 

𝑜𝑐𝑐

4

 𝒰14
(1)∗
𝜖‖,34
(1)

=  

 ∑  

𝑜𝑐𝑐

4

 
⟨𝜓4

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩ ⟨𝜓3

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓4

(0)
⟩

(𝜖4
(0)
− 𝜖1

(0)
)

−
1

2
∑  

occ 

3≠1

∑  

unocc 

2

(𝑉21
(1)
+𝑊21

(1)
) (𝑉32

(1)
+ 𝑉32

(1)
)

(𝜖2
(0)
− 𝜖1

(0)
) (𝜖3

(0)
− 𝜖2

(0)
)
|𝜓3
(0)
⟩

 

𝜖‖,3,1
(2)

= ⟨𝜓3
(0)
| 𝑣̂𝑠

(2)
+ 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1

(0)
⟩

 +
1

2
∑  

unocc 

2

  ⟨𝜓3
(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓2
(0)
⟩ ⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1

(0)
⟩

 × (
1

(𝜖3
(0)
− 𝜖2

(0)
)
+

1

(𝜖1
(0)
− 𝜖2

(0)
)
)

 

−∑  

𝑜𝑐𝑐

3≠1

  ∑  

unocc 

2

 
(𝑉31

(1)
+𝑊31

(1)
) (𝑉32

(1)
+𝑊32

(1)
)

(𝜖3
(0)
− 𝜖1

(0)
) (𝜖3

(0)
− 𝜖2

(0)
)
|𝜓2
(0)
⟩ 

+∑  

𝑜𝑐𝑐

3≠1

 ∑  

𝑜𝑐𝑐

2≠1

 
(𝑉21

(1)
+𝑊21

(1)
) (𝑉32

(1)
+𝑊32

(1)
)

(𝜖2
(0)
− 𝜖1

(0)
) (𝜖3

(0)
− 𝜖1

(0)
)
|𝜓3
(0)
⟩  

 −
1

2
∑  

𝑜𝑐𝑐

3≠1

  ∑  

unocc 

2

 
(𝑉21

(1)
+𝑊21

(1)
) (𝑉32

(1)
+𝑊32

(1)
)

𝜖3
(0)
− 𝜖1

(0)

 × (
1

(𝜖3
(0)
− 𝜖2

(0)
)
+

1

(𝜖1
(0)
− 𝜖2

(0)
)
) |𝜓3

(0)
⟩

 

∑ 

𝑜𝑐𝑐

3≠1

 𝒰13
(2)∗

|𝜓3
(0)
⟩

= ∑  

𝑜𝑐𝑐

3≠1

 ∑  

𝑜𝑐𝑐

2

 
⟨𝜓3

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓2
(0)
⟩ ⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1

(0)
⟩

(𝜖3
(0)
− 𝜖1

(0)
) (𝜖2

(0)
− 𝜖1

(0)
)

| 𝜓3
(0)
(𝑉21

(1)

+𝑊21
(1)
) ⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1

(0)
⟩ −∑  

𝑜𝑐𝑐

3≠1

 
⟨𝜓3

(0)
| 𝑣̂𝑠

(2)
+ 𝑣̂𝑔𝑒𝑜

(2)
|𝜓1
(0)
⟩

𝜖3
(0)
− 𝜖1

(0)
|𝜓3
(0)
⟩

−
1

2
∑  

𝑜𝑐𝑐

3≠1

  ∑  

𝑢𝑛𝑜𝑐𝑐

2

 

⟨𝜓3
(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓2
(0)
⟩ ⟨𝜓2

(0)
| 𝑣̂𝑠

(1)
+ 𝑣̂𝑔𝑒𝑜

(1)
|𝜓1
(0)
⟩

 

𝜖3
(0)
− 𝜖1

(0)

× (
1

(𝜖3
(0)
− 𝜖2

(0)
)
+

1

(𝜖1
(0)
− 𝜖2

(0)
)
) |𝜓3

(0)
⟩ 

𝑉𝑋(𝑟) = −
𝛼𝑋
𝑟
𝑒−(𝑟/𝑑𝑋)

2
 , 𝑋 = 5, 𝑗  

((
2𝑚𝐵 0
0 2𝑚𝐵∗

) −
∇2

2𝜇𝑏𝑏
+𝐻int,𝑆=0) 𝜑⃗ 𝐿=1,𝑆=0(𝑟) = 𝐸𝜑⃗ 𝐿=1,𝑆=0(𝑟)  
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∇2=
𝑑2

𝑑𝑟2
+
2

𝑟

𝑑

𝑑𝑟
−
𝐿(𝐿 + 1)

𝑟2
|
𝐿=1

=
𝑑2

𝑑𝑟2
+
2

𝑟

𝑑

𝑑𝑟
−
2

𝑟2
 

𝐻int,𝑆=0 =
1

4
(
𝑉5(𝑟) + 3𝑉𝑗(𝑟) √3(𝑉5(𝑟) − 𝑉𝑗(𝑟))

√3(𝑉5(𝑟) − 𝑉𝑗(𝑟)) 3𝑉5(𝑟) + 𝑉𝑗(𝑟)
)  

𝜑⃗ 𝐿=1,𝑆=0 ≡ (𝐵𝐵,
1

√3
𝐵⃗ ∗𝐵⃗ ∗)

𝑇

= (𝐵𝐵,
1

√3
(𝐵𝑥

∗𝐵𝑥
∗ + 𝐵𝑦

∗𝐵𝑦
∗ + 𝐵𝑧

∗𝐵𝑧
∗))

𝑇

.  

𝐻0 = 𝑀𝐵⊗ 𝟙4×4 + 𝟙4×4⊗𝑀𝐷 +
𝑝 2

2𝜇𝑏𝑐
 

𝑀𝐵 = diag(𝑚𝐵,𝑚𝐵∗ , 𝑚𝐵∗ ,𝑚𝐵∗) 

𝑀𝐷 = diag(𝑚𝐷 ,𝑚𝐷∗ ,𝑚𝐷∗ ,𝑚𝐷∗) 

𝜇𝑏𝑐 = 𝑚𝑏𝑚𝑐/(𝑚𝑏 +𝑚𝑐) 

Ψ⃗⃗⃗ ≡ (𝐵𝐷, 𝐵𝐷𝑥
∗, 𝐵𝐷𝑦

∗ , 𝐵𝐷𝑧
∗, 𝐵𝑥

∗𝐷,𝐵𝑥
∗𝐷𝑥

∗, 𝐵𝑥
∗𝐷𝑦

∗ , 𝐵𝑥
∗𝐷𝑧

∗, 𝐵𝑦
∗𝐷,𝐵𝑦

∗𝐷𝑥
∗, 𝐵𝑦

∗𝐷𝑦
∗ , 𝐵𝑦

∗𝐷𝑧
∗

𝐵𝑧
∗𝐷,𝐵𝑧

∗𝐷𝑥
∗, 𝐵𝑧

∗𝐷𝑦
∗ , 𝐵𝑧

∗𝐷𝑧
∗)
𝑇  

𝐻int = 𝑇𝑉diag𝑇
−1 , 𝑉diag = diag(𝑉5(𝑟), … , 𝑉5(𝑟)⏟          

4×

, 𝑉𝑗(𝑟), … , 𝑉𝑗(𝑟)⏟        
12×

).
 

𝐻Ψ⃗⃗⃗ (𝑟 ) = (𝐻0 +𝐻int)Ψ⃗⃗⃗ (𝑟 ) = 𝐸Ψ⃗⃗⃗ (𝑟 )  

((
𝑚𝐵 +𝑚𝐷 0

0 𝑚𝐵∗ +𝑚𝐷∗
) −

1

2𝜇𝑏𝑐

𝑑2

𝑑𝑟2
+𝐻int,𝑆=0) 𝜑⃗ 𝐿=0,𝑆=0(𝑟) = 𝐸𝜑⃗ 𝐿=0,𝑆=0(𝑟)  

𝜑⃗ 𝐿=0,𝑆=0 ≡ (𝐵𝐷,
1

√3
𝐵⃗ ∗𝐷⃗⃗ ∗)

𝑇

= (𝐵𝐷,
1

√3
(𝐵𝑥

∗𝐷𝑥
∗ + 𝐵𝑦

∗𝐷𝑦
∗ + 𝐵𝑧

∗𝐷𝑧
∗))

𝑇

 

((
𝑚𝐵∗ +𝑚𝐷 0 0

0 𝑚𝐵 +𝑚𝐷∗ 0
0 0 𝑚𝐵∗ +𝑚𝐷∗

) −
1

2𝜇𝑏𝑐

𝑑2

𝑑𝑟2
+𝐻int,𝑆=1)𝜑⃗ 𝐿=0,𝑆=1,𝑆𝑧(𝑟) = 𝐸𝜑⃗ 𝐿=0,𝑆=1,𝑆𝑧(𝑟)  

𝐻int,𝑆=1 =
1

4
(

𝑉5(𝑟) + 3𝑉𝑗(𝑟) 𝑉𝑗(𝑟) − 𝑉5(𝑟) √2(𝑉5(𝑟) − 𝑉𝑗(𝑟))

𝑉𝑗(𝑟) − 𝑉5(𝑟) 𝑉5(𝑟) + 3𝑉𝑗(𝑟) √2(𝑉𝑗(𝑟) − 𝑉5(𝑟))

√2(𝑉5(𝑟) − 𝑉𝑗(𝑟)) √2(𝑉𝑗(𝑟) − 𝑉5(𝑟)) 2(𝑉5(𝑟) + 𝑉𝑗(𝑟))

) .  

𝜑⃗ 𝐿=0,𝑆=1,𝑆𝑧 ≡ (𝐵𝑆𝑧
∗ 𝐷, 𝐵𝐷𝑆𝑧

∗ , 𝑇1,𝑆𝑧(𝐵⃗
 ∗, 𝐷⃗⃗ ∗))

𝑇
 

𝜑⃗ 𝐿=1,𝑆=0(𝑟) = (
𝐴𝐵𝐵𝑗1(𝑘𝐵𝐵𝑟) + 𝜒𝐵𝐵(𝑟)/𝑟

𝐴𝐵∗𝐵∗𝑗1(𝑘𝐵∗𝐵∗𝑟) + 𝜒𝐵∗𝐵∗(𝑟)/𝑟
) ,  

𝑘𝐵𝐵 = √2𝜇(𝐸 − 2𝑚𝐵) 

𝑘𝐵∗𝐵∗ = √2𝜇(𝐸 − 2𝑚𝐵∗) 
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𝜒𝐵𝐵(𝑟)/𝑟 and 𝜒𝐵∗𝐵∗(𝑟)/𝑟 

𝜑⃗ 𝐿=1,𝑆=0(𝑟) 

((
2𝑚𝐵 0
0 2𝑚𝐵∗

) −
1

2𝜇𝑏𝑏
(
𝑑2

𝑑𝑟2
−
2

𝑟2
) + 𝐻int,𝑆=0 − 𝐸)(

𝜒𝐵𝐵(𝑟)

𝜒𝐵∗𝐵∗(𝑟)
) = −𝐻int,𝑆=0 (

𝐴𝐵𝐵𝑟𝑗1(𝑘𝐵𝐵𝑟𝑟)

𝐴𝐵∗𝐵∗𝑟𝑗1(𝑘𝐵∗𝐵∗𝑟)
)  

𝜒𝛼(𝑟) ∝ 𝑟
𝐿+1|𝐿=1 = 𝑟

2 

𝜒𝛼(𝑟) ∝ irt𝐵𝐵;𝛼ℎ1
(1)
(𝑘𝛼𝑟) for 𝑟 → ∞ and (𝐴𝐵𝐵, 𝐴𝐵∗𝐵∗) = (1,0)

𝜒𝛼(𝑟) ∝ irt𝐵∗𝐵∗;𝛼ℎ1
(1)
(𝑘𝛼𝑟) for 𝑟 → ∞ and (𝐴𝐵𝐵, 𝐴𝐵∗𝐵∗) = (0,1),

 

T = (
𝑡𝐵𝐵;𝐵𝐵 𝑡𝐵𝐵;𝐵∗𝐵∗

𝑡𝐵∗𝐵∗;𝐵𝐵 𝑡𝐵∗𝐵∗;𝐵∗𝐵∗
)  

𝑚𝐷∗ −𝑚𝐷 =
𝑚𝑏
𝑚𝑐

(𝑚𝐵∗ −𝑚𝐵),  

 

𝒓𝑐𝑞‾ = 𝒓𝑐‾𝑞‾ + 𝒓𝑐𝑐‾ and 𝒓𝑐‾𝑞 = 𝒓𝑐𝑞 − 𝒓𝑐𝑐‾ 

Ψ𝑇(𝒓𝑐𝑞 , 𝒓𝑐‾𝑞‾ , 𝒓𝑐𝑐‾) = Ψ𝑐𝑐‾(𝒓𝑐𝑐‾)Ψ𝑞𝑞‾(𝒓𝑐𝑞 , 𝒓𝑐‾𝑞‾ , 𝒓𝑐𝑐‾)  

𝐻𝑞𝑞‾Ψ𝑞𝑞‾(𝒓𝑐𝑞 , 𝒓𝑐‾𝑞‾ , 𝒓𝑐𝑐‾) = Δ𝐸(𝑟𝑐𝑐‾)Ψ𝑞𝑞‾(𝒓𝑐𝑞 , 𝒓𝑐‾𝑞‾ , 𝒓𝑐𝑐‾)  

(𝐻𝑐𝑐‾ + Δ𝐸(𝑟𝑐𝑐‾))Ψ𝑐𝑐‾(𝒓𝑐𝑐‾) = 𝐸Ψ𝑐𝑐‾(𝒓𝑐𝑐‾)  

𝑚𝑞 = 308MeV,𝑚𝑐 = 1317MeV, 𝛼𝑠(2𝑀𝑐) = 0.331, 𝑘 = 0.176GeV
2  

𝑉(𝑟𝑐𝑐‾) = −
4

3
𝛼𝑠

1

𝑟𝑐𝑐‾
+ 𝑘𝑟𝑐𝑐‾  

𝑇 = |(𝑐𝑐‾)𝟖(𝑞𝑞‾)𝟖⟩𝟏  
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𝑇𝐷 = √
2

3
|(𝑐𝑞)𝟑(𝑐‾𝑞‾)𝟑⟩ − √

1

3
|(𝑐𝑞)𝟔(𝑐‾𝑞‾)𝟔⟩

 

𝑇𝑀 = √
8

9
|(𝑐𝑞‾)𝟏(𝑐‾𝑞)𝟏⟩ − √

1

9
|(𝑐𝑞‾)𝟖(𝑐‾𝑞)𝟖⟩  

(𝑇𝑖𝑚
𝑎 𝛿𝑗𝑛 + 𝛿𝑖𝑚𝑇𝑗𝑛

𝑎 )(𝑇𝑚𝐼
𝑎 𝛿𝑛𝐽 + 𝛿𝑚𝐼𝑇𝑛𝐽

𝑎 )  = (𝑇𝑎𝑇𝑎)𝑖𝐼𝛿𝑗𝐽 + 𝛿𝑖𝐼(𝑇
𝑎𝑇𝑎)𝑗𝐽 + 2𝑇𝑖𝐼

𝑎𝑇𝑗𝐽
𝑎

 = 𝐶(𝑅1)𝛿𝑖𝐼𝛿𝑗𝐽 + 𝐶(𝑅2)𝛿𝑖𝐼𝛿𝑗𝐽 + 2𝑇𝑖𝐼
𝑎𝑇𝑗𝐽

𝑎  

⨁ 

𝑘

 𝐶(𝑆𝑘)𝐼𝐷(𝑆𝑘)  

𝑅1⊗𝑅2 = 𝑆1⊕𝑆2⊕𝑆3…  

𝑇𝑖𝐼
𝑎𝑇𝑗𝐽

𝑎 = 𝜆(𝑆)𝛿𝑖𝐼𝛿𝑗𝐽 

𝜆(𝑆) =
1

2
(𝐶(𝑆) − 𝐶(𝑅1) − 𝐶(𝑅2))  

𝜆𝑐𝑞 = 𝜆𝑐‾𝑞‾ =
2

3
(
1

2
(
4

3
−
8

3
)) +

1

3
(
1

2
(
10

3
−
8

3
)) = −

1

3
 

𝜆𝑐𝑐‾ = 𝜆𝑞𝑞‾ = +
1

6
 

𝜆𝑐𝑞‾ = 𝜆𝑐‾𝑞 = −
7

6
 

𝑉𝐷(𝜻) = −
1

3
𝛼𝑠
1

𝜁
+ 𝑘𝜁  

𝑉𝑀(𝜻) = −
7

6
𝛼𝑠
1

𝜁
+ 𝑘𝜁  

𝜓𝒞(𝜻) = √
𝒞3

𝜋
𝑒−𝒞𝜁   where  𝒞 = 𝐷,𝑀  

𝐸𝒞 = ⟨𝜓𝒞(𝜻)| −
∇2

2𝑚𝑐𝑞
+ 𝑉𝒞(𝜻)|𝜓𝒞(𝜻)⟩ =

𝒞2

2𝑚𝑐𝑞
+ 𝜆𝒞𝛼𝑠𝒞 +

3𝑘

2𝒞
 𝒞 = 𝐷,𝑀  

𝐷 = 0.413GeV ⟨𝐸𝐷⟩min = 0.935GeV  

𝑀 = 0.439GeV ⟨𝐸𝑀⟩min = 0.818GeV.  

Ψ𝑞𝑞‾(𝒓𝑐𝑞 , 𝒓𝑐‾𝑞‾ , 𝒓𝑐𝑐‾) = 𝑎1(𝑟𝑐𝑐‾)𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) + 𝑎2(𝑟𝑐𝑐‾)𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞);  

Ψ𝑞𝑞‾(𝒓𝑐𝑞 , 𝒓𝑐‾𝑞‾ , 𝒓𝑐𝑐‾) = 𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) 𝟑, 𝟑 + 𝟔, 𝟔  

Ψ𝑞𝑞‾(𝒓𝑐𝑞 , 𝒓𝑐‾𝑞‾ , 𝒓𝑐𝑐‾) = 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞) 𝟏, 𝟏 + 𝟖, 𝟖  
𝒓𝑐𝑞‾ = 𝒓𝑐‾𝑞‾ + 𝒓𝑐𝑐‾, 𝒓𝑐‾𝑞 = 𝒓𝑐𝑞 − 𝒓𝑐𝑐‾  
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𝐻𝑞𝑞‾ = −
∇𝒓𝑐𝑞
2

2𝑚𝑐𝑞
−
∇𝒓𝑞‾𝑞‾
2

2𝑚𝑐𝑞
+ 𝑉coul + 𝑉conf + 𝑉spin  

𝑑

𝑑𝑎𝑖
⟨Ψ𝑞𝑞‾ |𝐻𝑞𝑞‾ |Ψ𝑞𝑞‾⟩ = 0  

(
𝐻𝐷 − Δ𝐸(𝑟𝑐𝑐‾) 𝐻𝐷𝑀 − 𝑆𝐷𝑀

2 (𝑟𝑐𝑐‾)Δ𝐸(𝑟𝑐𝑐‾)

𝐻𝐷𝑀 − 𝑆𝐷𝑀
2 (𝑟𝑐𝑐‾)Δ𝐸(𝑟𝑐𝑐‾) 𝐻𝑀 − Δ𝐸(𝑟𝑐𝑐‾)

) (
𝑎1
𝑎2
) = 0  

𝑆𝐷𝑀(𝑟𝑐𝑐‾) = ∫  
𝒓𝑐𝑞

 𝜓𝐷(𝒓𝑐𝑞)𝜓𝑀(𝒓𝑐𝑞 − 𝒓𝑐𝑐‾) = ∫  
𝒓𝑐‾𝑞‾

 𝜓𝐷(𝒓𝑐‾𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞‾ − 𝒓𝑐𝑐‾)  

Ψ𝑞𝑞‾ =∑  

𝑁

𝑖=1

 𝑎𝑖Φ𝑖  

∑ 

𝑖

|𝑎𝑖|
2 = 1 

∑ 

𝑁

𝑗=1

  (⟨Φ𝑖|𝐻𝑞𝑞‾ |Φ𝑗⟩ − Δ𝐸(𝑟𝑐𝑐‾)⟨Φ𝑖 ∣ Φ𝑗⟩)𝑎𝑗 = 0  

⟨Φ𝑖 ∣ Φ𝑗⟩ = 𝛿𝑖𝑗 

𝐻𝐷 = ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝐻𝑞𝑞‾ |𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩

𝐻𝑀 = ⟨𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)|𝐻𝑞𝑞‾ |𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩

𝐻𝐷𝑀 = ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝐻𝑞𝑞‾ |𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩

 

Δ𝐸±(𝑟𝑐𝑐‾) =
1

2(1 − 𝑆𝐷𝑀
4 )

(𝐻𝐷 +𝐻𝑀 − 2𝑆𝐷𝑀
2 𝐻𝐷𝑀

±√(𝐻𝐷 +𝐻𝑀 − 2𝑆𝐷𝑀
2 𝐻𝐷𝑀)

2 − 4(1 − 𝑆𝐷𝑀
4 )(𝐻𝐷𝐻𝑀 − 𝐻𝐷𝑀

2 ))

 

𝐼0
𝐷𝑀(𝑅) = ∫  

𝒓𝑐𝑞

 𝜓𝐷(𝒓𝑐𝑞) (−∇𝒓𝑐𝑞
2 )𝜓𝑀(𝒓𝑐𝑞 − 𝒓𝑐𝑐‾) = ∫  

𝒓𝑐‾𝑞‾

 𝜓𝐷(𝒓𝑐‾𝑞‾) (−∇𝒓𝑐‾𝑞‾
2 )𝜓𝑀(𝒓𝑐‾𝑞‾ + 𝒓𝑐𝑐‾)  

𝐼0
𝐷  = lim

𝑀→𝐷
  lim
𝑟𝑐𝑐‾→0

 𝐼0
𝐷𝑀(𝑟𝑐𝑐‾) = 𝐷

2

𝐼0
𝑀  = lim

𝐷→𝑀
  lim
𝑟𝑐𝑐‾→0

 𝐼0
𝐷𝑀(𝑟𝑐𝑐‾) = 𝑀

2  

𝑉coul = −
1

3
𝛼𝑠

1

𝑟𝑐𝑞
−
1

3
𝛼𝑠

1

𝑟𝑐‾𝑞‾
−
7

6

1

𝑟𝑐𝑞‾
−
7

6
𝛼𝑠

1

𝑟𝑐‾𝑞
+
1

6
𝛼𝑠

1

|𝒓𝑐𝑞 − 𝒓𝑐‾𝑞‾ − 𝒓𝑐𝑐‾|
 

⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝐾 + 𝑉
coul|𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩

 =
1

𝑚𝑐𝑞
𝐼0
𝐷 + 𝛼𝑠 (−2

1

3
𝐼1
𝐷(0) − 2

7

6
𝐼1
𝐷(𝑟𝑐𝑐‾) +

1

6
𝐼4
𝐷(𝑟𝑐𝑐‾))
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⟨𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)|𝐾 + 𝑉
coul|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩

 =
1

𝑚𝑐𝑞
𝐼0
𝑀 + 𝛼𝑠 (−2

7

6
𝐼1
𝑀(0) − 2

1

3
𝐼2
𝑀(𝑟𝑐𝑐‾) +

1

6
𝐼4
𝑀(𝑟𝑐𝑐‾))

⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝐾 + 𝑉
coul|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩ =

 = 𝑆𝐷𝑀(𝑟𝑐𝑐‾) (
1

𝑚𝑐𝑞
𝐼0
𝐷𝑀(𝑟𝑐𝑐‾) − 2

1

3
𝛼𝑠𝐼2

𝐷𝑀(𝑟𝑐𝑐‾) − 2
7

6
𝛼𝑠𝐼2

𝑀𝐷(𝑟𝑐𝑐‾)) +
1

6
𝛼𝑠𝐼6

𝐷𝑀(𝑟𝑐𝑐‾)

 

⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝑉
conf |𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩ 

𝐽2
𝐷 = ∫  

𝒓𝑐𝑞

 𝜓𝐷
2(𝒓𝑐𝑞)𝑟𝑐𝑞 = ∫  

𝒓𝑐‾𝑞‾

 𝜓𝐷
2(𝒓𝑐‾𝑞‾)𝑟𝑐‾𝑞‾  

⟨𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)|𝑉
conf |𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩ 

𝐽2
𝑀 = ∫  

𝒓𝑐𝑞

 𝜓𝑀
2 (𝒓𝑐𝑞 − 𝒓𝑐𝑐‾)|𝒓𝑐𝑞 − 𝒓𝑐𝑐‾| = ∫  

𝒓𝑐‾𝑞‾

 𝜓𝑀
2 (𝒓𝑐‾𝑞‾ + 𝒓𝑐𝑐‾)|𝒓𝑐‾𝑞‾ + 𝒓𝑐𝑐‾|  

𝐽2
𝑀𝐷(𝑟𝑐𝑐‾) = ∫  

𝒓𝑐𝑞

 𝜓𝐷(𝒓𝑐𝑞)𝜓𝑀(𝒓𝑐𝑞 − 𝒓𝑐𝑐‾)|𝒓𝑐𝑞 − 𝒓𝑐𝑐‾| = ∫  
𝒓𝑐‾𝑞‾

 𝜓𝐷(𝒓𝑐𝑞)𝜓𝑀(𝒓𝑐‾𝑞‾ + 𝒓𝑐𝑐‾)|𝒓𝑐‾𝑞‾ + 𝒓𝑐𝑐‾|  

⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝑉
conf|𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩= 2𝑘𝐽2

𝐷  

⟨𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)|𝑉
conf|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩ = 2𝑘𝐽2

𝑀

⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝑉
conf|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩ = 2𝑘𝑆𝐷𝑀(𝑟𝑐𝑐‾)𝐽2

𝑀𝐷(𝑟𝑐𝑐‾)

 

𝑉spin = ∑  

pairs

 −
𝜆𝑖𝑗

𝑚𝑖𝑚𝑗

8𝜋

3
𝛼𝑠𝛿

(3)(𝒓𝑖 − 𝒓𝑗)𝑺𝑖 ⋅ 𝑺𝑗 = ∑  

pairs

 𝒦𝑖𝑗(𝐑𝑖𝑗
𝐜 )𝑺𝑖 ⋅ 𝑺𝑗  

|(𝑐𝑐‾)0
𝟖(𝑞𝑞‾)0

𝟖⟩
0
|(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖⟩
0
 

|(𝑐𝑐‾)0
𝟖(𝑞𝑞‾)1

𝟖⟩
1
, |(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)0
𝟖⟩
1
 

|(𝑐𝑐‾)1
𝟖(𝑞𝑞‾)1

𝟖⟩
1
|(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖⟩
2
 

𝑉spin, ±(0++) = ∑  

pairs 

   0⟨(𝑐𝑐‾)1
𝟖(𝑞𝑞‾)1

𝟖|𝒦𝑖𝑗(𝐑𝑖𝑗
𝐜 )𝑺𝑖 ⋅ 𝑺𝑗|(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖⟩
0

=
1

16
(±2√49𝒦𝑐‾𝑞

2 (𝟏) − 28𝒦𝑐‾𝑞(𝟏)(𝒦𝑐𝑞(𝟑) +𝒦𝑞𝑞‾(𝟖)) + 16(𝒦𝑐𝑞
2 (𝟑) −𝒦𝑐𝑞(𝟑)𝒦𝑞𝑞‾(𝟖) +𝒦𝑞𝑞‾

2 (𝟖)) 

 −7𝒦𝑐‾𝑞(𝟏) − 4(𝒦𝑐𝑞(𝟑) +𝒦𝑞𝑞‾(𝟖)))

𝑉spin (1++) = −
7

16
𝒦𝑐‾𝑞(𝟏) −

1

4
𝒦𝑐𝑞(𝟑) +

1

4
𝒦𝑞𝑞‾(𝟖)

𝑉spin, ±(1+−) = ±
1

9
√(
63

16
𝒦𝑐‾𝑞(𝟏) −

9

4
𝒦𝑐𝑞(𝟑))

2

+
81

4
𝒦𝑞𝑞‾
2 (𝟖) −

1

4
𝒦𝑞𝑞‾(𝟖)

𝑉spin (2++) =
7

16
𝒦𝑐‾𝑞(𝟏) +

1

4
(𝒦𝑐𝑞(𝟑) +𝒦𝑞𝑞‾(𝟖))
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𝐾𝑖𝑗(𝐷; 𝐑𝑖𝑗
𝐜 )= ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝒦𝑖𝑗(𝐑𝑖𝑗

𝐜 )|𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩  

𝐾𝑖𝑗(𝑀; 𝐑𝑖𝑗
𝐜 ) = ⟨𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)|𝒦𝑖𝑗(𝐑𝑖𝑗

𝐜 )|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩

𝐾𝑖𝑗(𝐷,𝑀; 𝐑𝑖𝑗
𝐜 ) = ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝒦𝑖𝑗(𝐑𝑖𝑗

𝐜 )|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩

 

𝐾𝑐𝑞‾(𝐷, 𝟏) = ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝒦𝑐𝑞‾(𝟏)|𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩

∝ ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝛿(𝒓𝑐𝑞)|𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩ = 𝜓𝐷
2 (0) 

 

𝐾𝑖𝑗(𝐷; 𝐑𝑖𝑗
𝐜 ), 𝐾𝑖𝑗(𝑀; 𝐑𝑖𝑗

𝐜 ) 

𝐾𝑖𝑗(𝐷,𝑀; 𝐑𝑖𝑗
𝐜 ) 

𝑉
𝐷,1++
spin

= ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝑉
spin(1++)|𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩  

= −
7

16
𝐾𝑐𝑞‾(𝐷; 𝟏) −

1

4
𝐾𝑐𝑞(𝐷; 𝟑) +

1

4
𝐾𝑞𝑞‾(𝐷; 𝟖)  

𝑉
𝑀,1++
spin

 = ⟨𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)|𝑉
spin(1++)|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩

 = −
7

16
𝐾𝑐𝑞‾(𝑀; 𝟏) −

1

4
𝐾𝑐𝑞(𝑀; 𝟑) +

1

4
𝐾𝑞𝑞‾(𝑀; 𝟖)

𝑉
𝐷𝑀,1++
spin

 = ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝑉
spin(1++)|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩

 = −
7

16
𝐾𝑐𝑞‾(𝐷,𝑀; 𝟏) −

1

4
𝐾𝑐𝑞(𝐷,𝑀; 𝟑) +

1

4
𝐾𝑞𝑞‾(𝐷,𝑀; 𝟖)

 

𝐻𝐷,1++ =2𝐸𝐷 − 2
7

6
𝛼𝑠𝐼2

𝐷(𝑟𝑐𝑐‾) +
1

6
𝛼𝑠𝐼4

𝐷(𝑟𝑐𝑐‾) + 𝑉𝐷,1++
spin (𝑟𝑐𝑐‾)

𝐻𝑀,1++ =2𝐸𝑀 − 2
1

3
𝛼𝑠𝐼2

𝑀(𝑟𝑐𝑐‾) +
1

6
𝛼𝑠𝐼4

𝐷(𝑟𝑐𝑐‾) + 𝑉𝑀,1++
spin (𝑟𝑐𝑐‾)

𝐻𝐷𝑀,1++ =𝑆𝐷𝑀(𝑟𝑐𝑐‾) (
1

𝑚𝑐𝑞
𝐼0
𝐷𝑀(𝑟𝑐𝑐‾) − 2

1

3
𝛼𝑠𝐼2

𝐷𝑀(𝑟𝑐𝑐‾) − 2
7

6
𝛼𝑠𝐼2

𝑀𝐷(𝑟𝑐𝑐‾) + 2𝑘𝐽2
𝑀𝐷(𝑟𝑐𝑐‾))

 +
1

6
𝛼𝑠𝐼6

𝐷𝑀(𝑟𝑐𝑐‾) + 𝑉𝐷𝑀,1++
spin (𝑟𝑐𝑐‾)

 

 

Ψ𝑞𝑞‾,1  =
𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) + 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

√2(1 + 𝑆𝐷𝑀
2 (𝑟𝑐𝑐‾))

Ψ𝑞𝑞‾,2  =
𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) − 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

√2(1 − 𝑆𝐷𝑀
2 (𝑟𝑐𝑐‾))

 

Ψ𝑞𝑞‾ =
1

√𝑐1
2(𝑟𝑐𝑐‾) + 𝑐2

2(𝑟𝑐𝑐‾)
(𝑐1(𝑟𝑐𝑐‾)Ψ𝑞𝑞‾,1 + 𝑐2(𝑟𝑐𝑐‾)Ψ𝑞𝑞‾,2)  

(
𝜖11(𝑟𝑐𝑐‾) − Δ𝐸

±(𝑟𝑐𝑐‾) −𝜖12(𝑟𝑐𝑐‾)

−𝜖12(𝑟𝑐𝑐‾) 𝜖22(𝑟𝑐𝑐‾) − Δ𝐸
±(𝑟𝑐𝑐‾)

) (
𝑐1
±

𝑐2
±) = 0  
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𝜖11(𝑟𝑐𝑐‾)  =
𝐻𝑀(𝑟𝑐𝑐‾) + 𝐻𝐷(𝑟𝑐𝑐‾) + 2𝐻𝐷𝑀(𝑟𝑐𝑐‾)

2 + 2[𝑆𝐷𝑀
2 (𝑟𝑐𝑐‾)]

𝜖22(𝑟𝑐𝑐‾)  =
𝐻𝑀(𝑟𝑐𝑐‾) + 𝐻𝐷(𝑟𝑐𝑐‾) − 2𝐻𝐷𝑀(𝑟𝑐𝑐‾)

2 − 2[𝑆𝐷𝑀
2 (𝑟𝑐𝑐‾)]

𝜖12(𝑟𝑐𝑐‾)  =
𝐻𝐷(𝑟𝑐𝑐‾) − 𝐻𝑀(𝑟𝑐𝑐‾)

2√1 − 𝑆𝐷𝑀
4 (𝑟𝑐𝑐‾)

 

𝑉−,1++
BO (𝑟𝑐𝑐‾) → 𝑉−,1++

BO (𝑟𝑐𝑐‾) 

𝑐1
±(𝑟𝑐𝑐‾)/𝑐2

±(𝑟𝑐𝑐‾)Δ𝐸
±(𝑟𝑐𝑐‾) 

𝑐±(𝑟𝑐𝑐‾) =
𝑐1
±(𝑟𝑐𝑐‾)

𝑐2
±(𝑟𝑐𝑐‾)

=
𝜖22 − 𝜖11
2𝜖12

±√1 + (
𝜖22 − 𝜖11
2𝜖12

)
2

 

Ψ𝑞𝑞‾
± =

1

√1 + (𝑐±)2
(𝑐±(𝑟𝑐𝑐‾)Ψ𝑞𝑞‾,1 +Ψ𝑞𝑞‾,2)  

−
𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) + 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

√2(1 + 𝑆𝐷𝑀(+∞)
2)

+
𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) − 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

√2(1 − 𝑆𝐷𝑀(+∞)
2)

 

 ∝ 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

 

𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) + 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

√2(1 + 𝑆𝐷𝑀(+∞)
2)

+
𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) − 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

√2(1 − 𝑆𝐷𝑀(+∞)
2)

 ∝ 𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)

 

𝑉−,1++
BO (𝑟𝑐𝑐‾) =

1

6
𝛼𝑠

1

𝑟𝑐𝑐‾
+ Δ𝐸1++

− (𝑟𝑐𝑐‾)

𝑉+,1++
BO (𝑟𝑐𝑐‾) =

1

6
𝛼𝑠

1

𝑟𝑐𝑐‾
+ Δ𝐸1++

+ (𝑟𝑐𝑐‾) + 𝑘𝑟𝑐𝑐‾

 

𝑉
𝐷,1+−
spin,±

= ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝑉
spin,±(1+−)|𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)⟩  

= ±
1

9
√(
63

16
𝐾𝑐‾𝑞(𝐷; 𝟏) −

9

4
𝐾𝑐𝑞(𝐷; 𝟑))

2

+
81

4
𝐾𝑞𝑞‾
2 (𝐷; 𝟖) −

1

4
𝐾𝑞𝑞‾(𝐷; 𝟖)  

𝑉
𝑀,1+−
spin,±

= ⟨𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)|𝑉
spin,±(1+−)|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩  

 = ±
1

9
√(
63

16
𝐾𝑐‾𝑞(𝑀; 𝟏) −

9

4
𝐾𝑐𝑞(𝑀; 𝟑))

2

+
81

4
𝐾𝑞𝑞‾
2 (𝑀; 𝟖) −

1

4
𝐾𝑞𝑞‾(𝑀; 𝟖)

𝑉
𝐷𝑀,1+−
spin,±

 = ⟨𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)|𝑉
spin,±(1+−)|𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)⟩

 = ±
1

9
√(
63

16
𝐾𝑐‾𝑞(𝐷,𝑀; 𝟏) −

9

4
𝐾𝑐𝑞(𝐷,𝑀; 𝟑))

2

+
81

4
𝐾𝑞𝑞‾
2 (𝐷,𝑀; 𝟖) −

1

4
𝐾𝑞𝑞‾(𝐷,𝑀; 𝟖)

 

𝑉−,1+−
BO,±(𝑟𝑐𝑐‾) =

1

6
𝛼𝑠

1

𝑟𝑐𝑐‾
+ Δ𝐸1+−

−,±(𝑟𝑐𝑐‾)

𝑉+,1+−
BO,±(𝑟𝑐𝑐‾) =

1

6
𝛼𝑠

1

𝑟𝑐𝑐‾
+ Δ𝐸1+−

+,±(𝑟𝑐𝑐‾) + 𝑘𝑟𝑐𝑐‾
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𝑉−,0++
BO,± (𝑟𝑐𝑐‾) =

1

6
𝛼𝑠

1

𝑟𝑐𝑐‾
+ Δ𝐸0++

−,±(𝑟𝑐𝑐‾)

𝑉+,0++
BO,± (𝑟𝑐𝑐‾) =

1

6
𝛼𝑠

1

𝑟𝑐𝑐‾
+ Δ𝐸0++

+,±(𝑟𝑐𝑐‾) + 𝑘𝑟𝑐𝑐‾

 

𝑉−,2++
BO (𝑟𝑐𝑐‾) =

1

6
𝛼𝑠

1

𝑟𝑐𝑐‾
+ Δ𝐸2++

− (𝑟𝑐𝑐‾)

𝑉+,2++
BO (𝑟𝑐𝑐‾) =

1

6
𝛼𝑠

1

𝑟𝑐𝑐‾
+ Δ𝐸2++

+ (𝑟𝑐𝑐‾) + 𝑘𝑟𝑐𝑐‾

 

 

ℛ =
Br(𝑋 → 𝜓′𝛾)

Br(𝑋 → 𝜓𝛾)
 

𝐴(𝑋 → 𝜓(′)𝛾) = ℱ∫  
𝒓𝑐𝑐‾ ,𝒓𝑐𝑞

  𝑒
−𝑖𝒌⋅(

𝒓𝑐𝑐‾
2
−𝒓𝑐𝑞)𝜓(|𝒓𝑐𝑐‾|)Ψ𝑐𝑐‾𝑞𝑞‾(𝒓𝑐𝑐‾, 𝒓𝑐𝑞)  

Ψ𝑐𝑐‾𝑞𝑞‾(𝒓𝑐𝑐‾, 𝒓𝑐𝑞) = Ψ𝑐𝑐‾(|𝒓𝑐𝑐‾|)Ψ𝑞𝑞‾(|𝒓𝑐𝑞|, |𝒓𝑐𝑞 − 𝒓𝑐𝑐‾|) 

|𝒌| =
𝑀𝑋
2 −𝑀

𝜓(′)
2

2𝑀𝑋
.  
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ℛ = Φ𝒫 |
𝐴(𝑋 → 𝜓′𝛾)

𝐴(𝑋 → 𝜓𝛾)
|

2

≈ 0.25 |
𝐴(𝑋 → 𝜓′𝛾)

𝐴(𝑋 → 𝜓𝛾)
|

2

 

Ψ𝑞𝑞‾(𝒓𝑐𝑞 , 𝒓𝑐‾𝑞‾ , 𝒓𝑐𝑐‾) = 𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾)  

Ψ𝑞𝑞‾,1++
− =

1

√1 + (𝑐1++
− )

2

(

 𝑐1++
− (𝑟𝑐𝑐‾)

𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) + 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

√2(1 + 𝑆𝐷𝑀
2 (𝑟𝑐𝑐‾))

+
𝜓𝐷(𝒓𝑐𝑞)𝜓𝐷(𝒓𝑐‾𝑞‾) − 𝜓𝑀(𝒓𝑐𝑞‾)𝜓𝑀(𝒓𝑐‾𝑞)

√2(1 − 𝑆𝐷𝑀
2 (𝑟𝑐𝑐‾)) )

 

 

𝜓𝒞(𝜻) = √
𝒞3

𝜋
𝑒−𝒞𝑟  

𝑆𝐴𝐵(𝑅)= ∫ 
𝝃

 𝜓𝐴(𝝃)𝜓𝐵(𝝃 − 𝑹) = ∫ 
𝜼

 𝜓𝐴(𝜼)𝜓𝐵(𝜼 + 𝑹) =  

 =
8√𝐴3𝐵3

𝑅(𝐴2 −𝐵2)2
(𝑅(𝐵𝑒−𝐴𝑅 + 𝐴𝑒−𝐵𝑅) +

4𝐴𝐵

𝐴2 − 𝐵2
(𝑒−𝐴𝑅 − 𝑒−𝐵𝑅))

 

𝐼0
𝐴𝐵(𝑅) = ∫ 

𝝃

 𝜓𝐴(𝝃)(−∇𝝃
2)𝜓𝐵(𝝃 − 𝑹) = ∫ 

𝜼

 𝜓𝐴(𝜼)(−∇𝜼
2)𝜓𝐵(𝜼 + 𝑹) =

 =
8(𝐴𝐵)

5
2

(𝐴2 −𝐵2)3
(𝑒−𝐵𝑅 (

2𝐴2 + 2𝐵2

𝑅
− 𝐴2𝐵 + 𝐵3) − 𝑒−𝐴𝑅 (

2𝐴2 + 2𝐵2

𝑅
− 𝐴𝐵2 + 𝐴3))

 

𝐼0
𝐴 = ∫ 

𝝃

 𝜓𝐴(𝝃)(−∇𝝃
2)𝜓𝐴(𝝃) = ∫ 

𝜼

 𝜓𝐴(𝜼)(−∇𝜼
2)𝜓𝐴(𝜼) = lim

𝐵→𝐴
  lim
𝑅→0

 𝐼0
𝐴𝐵(𝑅) = 𝐴2  

𝐼0
𝐵 = ∫ 

𝝃

 𝜓𝐵(𝝃 − 𝑹)(−∇𝝃
2)𝜓𝐵(𝝃 − 𝑹) = ∫ 

𝜼

 𝜓𝐵(𝜼 + 𝑹)(−∇𝜼
2)𝜓𝐵(𝜼 + 𝑹) = 𝐵

2
 

𝐼1
𝐴(𝑅) = ∫ 

𝝃

 𝜓𝐴
2(𝝃)

1

|𝝃 − 𝑹|
= ∫ 

𝜼

 𝜓𝐴
2(𝜼)

1

|𝜼 + 𝑹|
=
1

𝑅
− 𝐴𝑒−2𝐴𝑅 (1 +

1

𝐴𝑅
)

𝐼4
𝐴(𝑅) = ∫  

𝝃,𝜼

 𝜓𝐴
2(𝝃)𝜓𝐴

2(𝜼)
1

|𝝃 − 𝑹 − 𝜼|
= 𝐴(

1

𝐴𝑅
− 𝑒−2𝐴𝑅 (

1

𝐴𝑅
+
11

8
+
3

4
𝐴𝑅 +

1

6
𝐴2𝑅2))

 

𝐼1
𝐵(𝑅)  = ∫ 

𝝃

 𝜓𝐵
2(𝝃 − 𝑹)

1

𝜉
= ∫  

𝝃′
 𝜓𝐵
2(𝝃′)

1

|𝝃′ + 𝑹|
= ∫ 

𝝃

 𝜓𝐵
2(𝝃)

1

|𝝃 − 𝑹|

𝐼4
𝐵(𝑅)  = ∫  

𝝃,𝜼

 𝜓𝐵
2(𝝃 − 𝑹)𝜓𝐵

2(𝜼 + 𝑹)
1

|𝝃 − 𝑹 − 𝜼|
= ∫  

𝝃′,𝜼′
 𝜓𝐵
2(𝝃′)𝜓𝐵

2(𝜼′)
1

|𝝃′ − 𝑹 − 𝜼′|

 

𝐼1
𝐵(𝑅)  = ∫ 

𝝃

 𝜓𝐵
2(𝝃 − 𝑹)

1

𝜉
= ∫ 

𝝃

 𝜓𝐵
2(𝝃)

1

|𝝃 + 𝑹|
= ∫  

𝝃′
 𝜓𝐵
2(𝝃′)

1

|𝝃′ − 𝑹|

𝐼4
𝐵(𝑅)  = ∫  

𝝃,𝜼

 𝜓𝐵
2(𝝃 − 𝑹)𝜓𝐵

2(𝜼 + 𝑹)
1

|𝝃 − 𝑹 − 𝜼|
= ∫  

𝝃′,𝜼′
 𝜓𝐵
2(𝝃′)𝜓𝐵

2(𝜼′)
1

|𝝃′ − 𝑹 − 𝜼′|
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𝐼2
𝐴𝐵(𝑅)= ∫ 

𝝃

 𝜓𝐴(𝝃)𝜓𝐵(𝝃 − 𝑹)
1

|𝝃|
= ∫ 

𝜼

 𝜓𝐴(𝜼)𝜓𝐵(𝜼 + 𝑹)
1

|𝜼|
 

 = 4
√𝐴3𝐵3

𝑅
(

𝑅

𝐴2 − 𝐵2
𝑒−𝐵𝑅 +

2𝐵

(𝐴2 − 𝐵2)2
(𝑒−𝐴𝑅 − 𝑒−𝐵𝑅))

 

𝐼6
𝐴𝐵(𝑅) = ∫  

𝝃,𝜼

 𝜓𝐴(𝝃)𝜓𝐴(𝜼)
1

|𝝃 − 𝜼 − 𝑹|
𝜓𝐵(𝝃 − 𝑹)𝜓𝐵(𝜼 + 𝑹)  

𝐽2
𝐵𝐴(𝑅) =∫ 

𝝃

 𝜓𝐴(𝝃)𝜓𝐵(𝝃 − 𝑹)|𝝃 − 𝑹| = ∫ 
𝜼

 𝜓𝐴(𝜼)𝜓𝐵(𝜼 + 𝑹)|𝜼 + 𝑹| 

=
8(𝐴𝐵)3/2

(𝐴2 − 𝐵2)4𝑅
(𝐴𝑒−𝐵𝑅 (

4𝐴2 + 20𝐵2

𝑅
− 8𝐴2𝐵 + 8𝐵3 + 𝑅(𝐴2 − 𝐵2)2)

−𝑒−𝐴𝑅 (
4𝐴3 − 20𝐴𝐵2

𝑅
+ 𝐴4 + 2𝐴2𝐵2 − 3𝐵4))

 

𝐽2
𝐴 = ∫ 

𝝃

 𝜓𝐴
2(𝝃)𝜉 = ∫ 

𝜼

 𝜓𝐴
2(𝜼)𝜂 = lim

𝐵→𝐴
  lim
𝑅→0

 𝐽2
𝐵𝐴(𝑅) =

2

3𝐴
 

𝐽2
𝐵 = ∫ 

𝝃

 𝜓𝐵
2(𝝃 − 𝑹)|𝝃 − 𝑹| = ∫ 

𝜼

 𝜓𝐵
2(𝜼)|𝜼 + 𝑹|  

𝐽2
𝐵 = ∫ 

𝝃

 𝜓𝐵
2(𝝃 − 𝑹)|𝝃 − 𝑹| = ∫  

𝝃′
 𝜓𝐵
2(𝝃′)𝜉′ = lim

𝐴→𝐵
  lim
𝑅→0

 𝐽2
𝐴𝐵(𝑅) =

2

3𝐵
 

𝑉spin = 2𝜅𝑐𝑞
𝐑𝐜𝐒𝑐 ⋅ 𝐒𝑞 + 2𝜅𝑐‾𝑞‾

𝐑𝐜𝐒𝑐‾ ⋅ 𝐒𝑞‾ + 2𝜅𝑞𝑞‾
𝐑𝐜𝐒𝑞 ⋅ 𝐒𝑞‾ + 2𝜅𝑐‾𝑞

𝐑𝐜𝐒𝑐‾ ⋅ 𝐒𝑞 + 2𝜅𝑐𝑞‾
𝐑𝐜𝐒𝑐 ⋅ 𝐒𝑞‾  

𝐒𝑖 ⋅ 𝐒𝑗𝐒𝑖𝑗
𝑡𝑜𝑡 

𝜅𝑄𝑞
𝐑𝐜 = 𝜅𝑄‾𝑞‾

𝐑
𝐜

 

𝜅𝑖𝑗
𝐑𝐜 ↦

1

2
𝒦𝑖𝑗(𝐑

𝐜) 

|(𝑐𝑐‾)𝟖(𝑞𝑞‾)𝟖⟩  = √
2

3
|(𝑐𝑞)𝟑(𝑐‾𝑞‾)𝟑⟩ − √

1

3
|(𝑐𝑞)𝟔(𝑐‾𝑞‾)𝟔⟩

|(𝑐𝑐‾)𝟖(𝑞𝑞‾)𝟖⟩  = √
8

9
|(𝑐𝑞‾)𝟏(𝑐‾𝑞)𝟏⟩ − √

1

9
|(𝑐𝑞‾)𝟖(𝑐‾𝑞)𝟖⟩

 

|(𝑐𝑐‾)0(𝑞𝑞‾)1⟩, |(𝑐𝑐‾)1(𝑞𝑞‾)0⟩, |(𝑐𝑐‾)1(𝑞𝑞‾)1⟩1  

𝐶(𝑞𝑞‾)0 = +(𝑞𝑞‾)0, 𝐶(𝑞𝑞‾)1 = −(𝑞𝑞‾)1  

|(𝑐𝑐‾)0(𝑞𝑞‾)1⟩|(𝑐𝑐‾)1(𝑞𝑞‾)0⟩|(𝑐𝑐‾)1(𝑞𝑞‾)1⟩1 

|(𝑐𝑐‾)0(𝑞𝑞‾)1⟩ = 𝐴|(𝑐𝑞)1(𝑐‾𝑞‾)0⟩ + 𝐵|(𝑐𝑞)0(𝑐‾𝑞‾)1⟩ + 𝐶|(𝑐𝑞)1(𝑐‾𝑞‾)1⟩1  
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⟨𝑆1𝑆2(𝑆12)𝑆3𝑆4(𝑆34)𝑆 ∣ 𝑆1𝑆3(𝑆13)𝑆2𝑆4(𝑆24)𝑆⟩ =

√(2𝑆12 + 1)(2𝑆13 + 1)(2𝑆24 + 1)(2𝑆34 + 1) {

𝑆1 𝑆2 𝑆12
𝑆3 𝑆4 𝑆34
𝑆13 𝑆24 𝑆

}

⟨𝑆1𝑆2(𝑆12)𝑆3𝑆4(𝑆34)𝑆 ∣ 𝑆1𝑆4(𝑆14)𝑆2𝑆3(𝑆23)𝑆⟩ =

 (−1)𝑆3+𝑆4−𝑆34√(2𝑆12 + 1)(2𝑆13 + 1)√(2𝑆14 + 1)(2𝑆23 + 1) {

𝑆1 𝑆2 𝑆12
𝑆3 𝑆4 𝑆34
𝑆14 𝑆23 𝑆

}

 

{
 
 

 
 
1

2

1

2
0

1

2

1

2
1

1 0 1}
 
 

 
 

= −
1

6
 

{
 
 

 
 
1

2

1

2
0

1

2

1

2
1

0 1 1}
 
 

 
 

=
1

6
 

{
 
 

 
 
1

2

1

2
0

1

2

1

2
1

1 1 1}
 
 

 
 

=
1

3√6
 

|(𝑐𝑐‾)0(𝑞𝑞‾)1⟩ = −
1

2
|(𝑐𝑞)1(𝑐‾𝑞‾)0⟩ +

1

2
|(𝑐𝑞)0(𝑐‾𝑞‾)1⟩ +

1

√2
|(𝑐𝑞)1(𝑐‾𝑞‾)1⟩1  

|(𝑐𝑐‾)1(𝑞𝑞‾)0⟩ =
1

2
|(𝑐𝑞)1(𝑐‾𝑞‾)0⟩ −

1

2
|(𝑐𝑞)0(𝑐‾𝑞‾)1⟩ +

1

√2
|(𝑐𝑞)1(𝑐‾𝑞‾)1⟩1

|(𝑐𝑐‾)1(𝑞𝑞‾)1⟩1 =
1

√2
|(𝑐𝑞)0(𝑐‾𝑞‾)1⟩ +

1

√2
|(𝑐𝑞)1(𝑐‾𝑞‾)0⟩

 

𝐵𝑆 = {|(𝑐𝑐‾)0
𝟖(𝑞𝑞‾)1

𝟖⟩
1
, |(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)0
𝟖⟩
1
, |(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖⟩
1
}  

|(𝑐𝑐‾)1
𝟖(𝑞𝑞‾)1

𝟖⟩
1
=
1

√3
|(𝑐𝑞)0

𝟑(𝑐‾𝑞‾)1
𝟑⟩ −

1

√6
|(𝑐𝑞)0

𝟔(𝑐‾𝑞‾)1
𝟔⟩ +

1

√3
|(𝑐𝑞)1

𝟑(𝑐‾𝑞‾)0
𝟑⟩ −

1

√6
|(𝑐𝑞)1

𝟔(𝑐‾𝑞‾)0
𝟔⟩  

𝐵𝑆
′ = {

1

√2
(|(𝑐𝑐‾)0

𝟖(𝑞𝑞‾)1
𝟖⟩ − |(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)0
𝟖⟩),

1

√2
(|(𝑐𝑐‾)0

𝟖(𝑞𝑞‾)1
𝟖⟩ + |(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)0
𝟖⟩), |(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖⟩
1
}  

𝑉𝑞𝑞‾
spin(1++) =  1⟨(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖|𝑉𝑞𝑞‾

spin
|(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖⟩
1
= −

2

3
𝜅𝑐𝑞
𝟑 −

1

3
𝜅𝑐𝑞
𝟔 +

1

2
𝜅𝑞𝑞‾
𝟖 −

8

9
𝜅𝑐‾𝑞
𝟏 −

1

9
𝜅𝑐‾𝑞
𝟖  

(𝜅𝑖𝑗)
𝐑𝐜

↦ 𝒦𝑖𝑗(𝐑
𝐜)/2 

(
⟨−|𝑉𝑞𝑞‾

spin
|−⟩ ⟨−|𝑉𝑞𝑞‾

spin
|+⟩

⟨−|𝑉𝑞𝑞‾
spin

|+⟩ ⟨+|𝑉𝑞𝑞‾
spin

|+⟩
)  

 |−⟩ =
1

√2
(|(𝑐𝑐‾)0

𝟖(𝑞𝑞‾)1
𝟖⟩ − |(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)0
𝟖⟩)

 |+⟩ =
1

√2
(|(𝑐𝑐‾)0

𝟖(𝑞𝑞‾)1
𝟖⟩ + |(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)0
𝟖⟩)

 

𝑉𝑞𝑞‾
spin,±(1+−) = ±

1

9
√[6𝜅𝑐𝑞

𝟑 + 3𝜅𝑐𝑞
𝟔 − 8𝜅𝑐‾𝑞

𝟏 − 𝜅𝑐‾𝑞
𝟖 ]

2
+ [9𝜅𝑞𝑞‾

𝟖 ]
2
−
1

2
𝜅𝑞𝑞‾
𝟖  

|(𝑐𝑐‾)0(𝑞𝑞‾)0⟩0  

|(𝑐𝑐‾)1(𝑞𝑞‾)1⟩0  
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|(𝑐𝑐‾)0(𝑞𝑞‾)0⟩0  =
1

2
|(𝑐𝑞)0(𝑐‾𝑞‾)0⟩0 +

√3

2
|(𝑐𝑞)1(𝑐‾𝑞‾)1⟩0 = −

1

2
|(𝑐‾𝑞)0(𝑐𝑞‾)0⟩0 −

√3

2
|(𝑐‾𝑞)1(𝑐𝑞‾)1⟩0

|(𝑐𝑐‾)1(𝑞𝑞‾)1⟩0  =
√3

2
|(𝑐𝑞)0(𝑐‾𝑞‾)0⟩0 −

1

2
|(𝑐𝑞)1(𝑐‾𝑞‾)1⟩0 = +

√3

2
|(𝑐‾𝑞)0(𝑐𝑞‾)0⟩0 −

1

2
|(𝑐‾𝑞)1(𝑐𝑞‾)1⟩0

 

|0⟩  = |(𝑐𝑐‾)0
𝟖(𝑞𝑞‾)0

𝟖⟩

|1⟩  = |(𝑐𝑐‾)1
𝟖(𝑞𝑞‾)1

𝟖⟩
0

 

(
⟨0|𝑉𝑞𝑞‾

spin
|0⟩ ⟨0|𝑉𝑞𝑞‾

spin
|1⟩

⟨1|𝑉𝑞𝑞‾
spin

|0⟩ ⟨1|𝑉𝑞𝑞‾
spin

|1⟩
)  

⟨0|𝑉𝑞𝑞‾
spin

|0⟩  = −
3

2
𝜅𝑞𝑞‾
𝟖

⟨1|𝑉𝑞𝑞‾
spin

|1⟩  = −
4

3
𝜅𝑐𝑞
𝟑 −

2

3
𝜅𝑐𝑞
𝟔 +

1

2
𝜅𝑞𝑞‾
𝟖 −

2

9
𝜅𝑐‾𝑞
𝟖 −

16

9
𝜅𝑐‾𝑞
𝟏

⟨0|𝑉𝑞𝑞‾
spin

|1⟩  = −
2

√3
𝜅𝑐𝑞
𝟑 −

1

√3
𝜅𝑐𝑞
𝟔 +

√3

9
𝜅𝑐‾𝑞
𝟖 +

8√3

9
𝜅𝑐‾𝑞
𝟏

 

|(𝑐𝑐‾)1
𝟖(𝑞𝑞‾)1

𝟖⟩
2

 

2𝜅𝑖𝑗
𝐑𝐜𝑺𝑖 ⋅ 𝑺𝑗 =

1

2
𝜅𝑖𝑗
𝐑𝐜  ∀𝑖, 𝑗  

𝑉𝑞𝑞‾
spin(2++) =  2⟨(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖|𝑉𝑞𝑞‾

spin
|(𝑐𝑐‾)1

𝟖(𝑞𝑞‾)1
𝟖⟩
2
=
2

3
𝜅𝑐𝑞
𝟑 +

1

3
𝜅𝑐𝑞
𝟔 +

1

9
𝜅𝑐‾𝑞
𝟖 +

8

9
𝜅𝑐‾𝑞
𝟏 +

1

2
𝜅𝑞𝑞‾
𝟖  

𝑆𝐴𝐵(𝑅)= ∫ 
𝝃

 𝜓𝐴(𝝃)𝜓𝐵(𝝃 − 𝑹) = ∫ 
𝜼

 𝜓𝐴(𝜼)𝜓𝐵(𝜼 + 𝑹) =  

 =
8√𝐴3𝐵3

𝑅(𝐴2 −𝐵2)2
(𝑅(𝐵𝑒−𝐴𝑅 + 𝐴𝑒−𝐵𝑅) +

4𝐴𝐵

𝐴2 − 𝐵2
(𝑒−𝐴𝑅 − 𝑒−𝐵𝑅))

 

𝐿𝐴(𝑅)= ∫ 
𝝃

 𝜓𝐴(𝝃)𝜓𝐴(𝝃 − 𝑹) = ∫ 
𝜼

 𝜓𝐴(𝜼)𝜓𝐴(𝜼 + 𝑹) = lim
𝐵→𝐴

 𝑆𝐴𝐵(𝑅) = 

 = 𝑒−𝐴𝑅 (1 + 𝐴𝑅 +
1

3
𝐴2𝑅2)

 

⟨𝜓𝐴(𝝃)𝜓𝐴(𝜼)|𝛿(𝝃 − 𝑹)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = ⟨𝜓𝐴(𝝃)𝜓𝐴(𝜼)|𝛿(𝜼 + 𝑹)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = 𝜓𝐴
2(𝑹)  

⟨𝜓𝐴(𝝃)𝜓𝐴(𝜼)|𝛿(𝝃)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = ⟨𝜓𝐴(𝝃)𝜓𝐴(𝜼)|𝛿(𝜼)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = 𝜓𝐴
2(0)

⟨𝜓𝐴(𝝃)𝜓𝐴(𝜼)|𝛿(𝝃 − 𝜼 − 𝑹)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = ∫ 
𝝃

 𝜓𝐴
2(𝝃)𝜓𝐴

2(𝝃 − 𝑹) =
𝐴3

8𝜋
𝐿2𝐴(𝑅)

⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝝃 − 𝑹)|𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)⟩ = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝜼 + 𝑹)|𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)⟩ = 𝜓𝐵
2(0)

 

⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝝃)|𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)⟩ = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝜼)|𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)⟩ = 𝜓𝐵
2(𝑹)

⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝝃 − 𝜼 − 𝑹)|𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)⟩ = ∫ 
𝝃

 𝜓𝐵
2(𝝃)𝜓𝐵

2(𝝃 − 𝑹) =
𝐵3

8𝜋
𝐿2𝐵(𝑅)
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⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝝃 − 𝑹)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩= ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝜼 + 𝑹)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ 

 = 𝑆𝐴𝐵(𝑅)𝜓𝐵(0)𝜓𝐴(𝑹)

⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝝃)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝜼)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩

 = 𝑆𝐴𝐵(𝑅)𝜓𝐵(𝑹)𝜓𝐴(0)

⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝛿(𝝃 − 𝜼 − 𝑹)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = ∫ 
𝝃

 𝜓𝐵(𝝃 − 𝑹)𝜓𝐵(𝝃)𝜓𝐴(𝝃)𝜓𝐴(𝝃 − 𝑹)

 =
𝐴3𝐵3

𝜋(𝐴 + 𝐵)3
𝐿𝐴+𝐵(𝑅)

 

𝒦𝑖𝑗(𝐑𝑖𝑗
𝑐 ) = −

𝜆𝑖𝑗

𝑚𝑖𝑚𝑗

8𝜋

3
𝛼𝑠𝛿

(3)(𝒓𝑖 − 𝒓𝑗) 𝜆𝑞𝑞‾(𝟖) = +
1

6
 𝜆𝑐𝑞(𝟑) = −

2

3
 𝜆𝑐𝑞‾(𝟏) = −

4

3
 

𝐾𝑐𝑞‾(𝐴; 𝟏) = ⟨𝜓𝐴(𝝃)𝜓𝐴(𝜼)|𝒦𝑐𝑞‾(𝟏)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ =
4

3𝑀𝑐𝑚𝑞
𝛼𝑠
8𝜋

3
𝜓𝐴
2(𝑹)

𝐾𝑐𝑞(𝐴; 𝟑) = ⟨𝜓𝐴(𝝃)𝜓𝐴(𝜼)|𝒦𝑐𝑞(𝟑)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ =
2

3𝑀𝑐𝑚𝑞
𝛼𝑠
8𝜋

3
𝜓𝐴
2(0)

𝐾𝑞𝑞‾(𝐴; 𝟖) = ⟨𝜓𝐴(𝝃)𝜓𝐴(𝜼)|𝒦𝑞𝑞‾(𝟖)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = −
1

6𝑚𝑞
2 𝛼𝑠

8𝜋

3

𝐴3

8𝜋
𝐿2𝐴(𝑅)

𝐾𝑐𝑞‾(𝐵; 𝟏) = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝒦𝑐𝑞‾(𝟏)|𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)⟩ =
4

3𝑀𝑐𝑚𝑞
𝛼𝑠
8𝜋

3
𝜓𝐵
2(0)

𝐾𝑐𝑞(𝐵; 𝟑) = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝒦𝑐𝑞(𝟑)|𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)⟩ =
2

3𝑀𝑐𝑚𝑞
𝛼𝑠
8𝜋

3
𝜓𝐵
2(𝑹)

𝐾𝑞𝑞‾(𝐵; 𝟖) = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝒦𝑞𝑞‾(𝟖)|𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)⟩ = −
1

6𝑚𝑞
2 𝛼𝑠

8𝜋

3

𝐵3

8𝜋
𝐿2𝐵(𝑅)

𝐾𝑐𝑞‾(𝐴, 𝐵; 𝟏) = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝒦𝑐𝑞‾(𝟏)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ =
4

3𝑀𝑐𝑚𝑞
𝛼𝑠
8𝜋

3
𝑆𝐴𝐵(𝑅)𝜓𝐵(0)𝜓𝐴(𝑹)

𝐾𝑐𝑞(𝐴, 𝐵; 𝟑) = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝒦𝑐𝑞(𝟑)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ =
2

3𝑀𝑐𝑚𝑞
𝛼𝑠
8𝜋

3
𝑆𝐴𝐵(𝑅)𝜓𝐵(𝑹)𝜓𝐴(0)

𝐾𝑞𝑞‾(𝐴, 𝐵; 𝟖) = ⟨𝜓𝐵(𝝃
′)𝜓𝐵(𝜼

′)|𝒦𝑞𝑞‾(𝟖)|𝜓𝐴(𝝃)𝜓𝐴(𝜼)⟩ = −
1

6𝑚𝑞
2 𝛼𝑠

8𝜋

3

𝐴3𝐵3

𝜋(𝐴 + 𝐵)3
𝐿𝐴+𝐵(𝑅)

 

𝐴(𝑋 → 𝜓(′)𝛾) = ℱ∫  
𝒓𝑐𝑐‾ ,𝒓𝑐𝑞

cos [𝑘 (cos 𝜂 (
𝑅

2
− 𝜉cos 𝜃)

− 𝜉sin 𝜃sin 𝜂cos 𝜙)]𝜓𝑐(𝑟𝑐𝑐‾)Ψ𝑐𝑐‾𝑞𝑞‾(𝒓𝑐𝑐‾, 𝒓𝑐𝑞) 

𝒓𝑐𝑞 = (𝜉sin 𝜃cos 𝜙, 𝜉sin 𝜃sin 𝜙, 𝜉cos 𝜃), 𝒓𝑐𝑐‾ = (0,0, 𝑅)𝒌 = (𝑘sin 𝜂, 0, 𝑘cos 𝜂) 

𝜕𝑡𝑢 +∑  

𝑑

𝑘=1

 𝐴𝑘(𝑥)𝜕𝑥𝑘𝑢 =
𝑖𝐸(𝑡, 𝑥)

𝜀
𝐷𝑢 + 𝐶𝑢

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ Ω ⊂ ℝ
𝑑

 

𝑑𝒖

𝑑𝑡
= 𝐴𝒖 + 𝒃, 𝒖(0) = 𝒖0  

𝑑𝒖̃

𝑑𝑡
= 𝐴̃𝒖̃, 𝒖̃ = [

𝒖
𝒓
] , 𝐴̃ = [𝐴

𝐼

𝑇
𝟎 𝟎

] , 𝒖̃(0) = [
𝒖0
𝑇𝒃
]  
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𝐴̃ = 𝐻1 + 𝑖𝐻2, 𝐻1 =
𝐴̃ + 𝐴̃†

2
,𝐻2 =

𝐴̃ − 𝐴̃†

2𝑖
 

𝑑𝒗

𝑑𝑡
= −𝐻1𝜕𝑝𝒗 + 𝑖𝐻2𝒗, 𝒗(0) = 𝜉(𝑝)𝒖̃(0)  

𝜉(𝑝) = 𝑒−|𝑝| 

𝜉(𝑝) = {
(−3 + 3𝑒−1)𝑝3 + (−5 + 4𝑒−1)𝑝2 − 𝑝 + 1, 𝑝 ∈ (−1,0)

𝑒−|𝑝|,  otherwise 
 

𝑝𝑗 = 𝐿 + 𝑗Δ𝑝, 𝑗 = 0,1,⋯ ,𝑀 

𝜙𝑙(𝑥) = 𝑒
𝑖𝜇𝑙(𝑥−𝐿), 𝜇𝑙 =

2𝜋(𝑙 − 𝑁)

𝑅 − 𝐿
, 𝑙 ∈ [𝑀]. 

Φ𝑝 = (𝜙𝑗𝑙)𝑀×𝑀 = (𝜙𝑙(𝑝𝑗))𝑀×𝑀
, 𝐷𝑝 = diag{𝜇0,⋯ , 𝜇𝑀−1} 

𝑖
𝑑𝒘

𝑑𝑡
= (𝐻1⊗𝑃𝑝 −𝐻2⊗ 𝐼𝑀𝑝)𝒘 

𝒘 =∑ 

𝑗,𝑘

𝑣𝑗(𝑡, 𝑝𝑘)|𝑗⟩|𝑘⟩ 

𝑃𝑝 = Φ𝑝𝐷𝑝(Φ𝑝)
−1
= 𝑃𝑝

† 

𝒘̃ = (𝐼𝑀𝑥 ⊗(Φ𝑝)
−1
)𝒘 

𝑖
𝑑𝒘̃

𝑑𝑡
= (𝐻1⊗𝐷𝑝 − 𝐻2⊗ 𝐼𝑀𝑝) 𝒘̃ =:𝐻𝒘̃  

𝑠(𝐻) = 𝒪(𝑠(𝐴̃)), ‖𝐻‖max ≤ ‖𝐻1‖max/Δ𝑝 + ‖𝐻2‖max,  

𝒪 (𝑠𝑇‖𝐻‖max +
log (1/𝜖)

log log (1/𝜖)
) 

𝒪(𝑚𝐻 + 𝑛polylog(𝑛)) 

𝑒𝐿+2𝜆max
+ (𝐻1)𝑇+𝑅𝑝 ≤ 𝜖, 𝑒𝐿+𝜆max

− (𝐻1)𝑇+𝜆max
+ (𝐻1)𝑇+𝑅𝑝 ≤ 𝜖  

𝜆max
+ (𝐻1):= max { sup

0<𝑡<𝑇
 {|𝜆|: 𝜆 ∈ 𝜆(𝐻1(𝑡)), 𝜆 > 0}, 0} ,

𝜆max
− (𝐻1):= max { sup

0<𝑡<𝑇
 {|𝜆|: 𝜆 ∈ 𝜆(𝐻1(𝑡)), 𝜆 < 0}, 0} .

 

𝒖̃ = 𝑒𝑝𝑘𝒗(𝑝𝑘), or 𝒖̃ = 𝑒𝑝𝑘∫  
∞

𝑝𝑘

𝒗𝑑𝑝 

𝑝𝑘 ≥ 𝑝⋆ = 𝜆max 
+ (𝐻1)𝑇 

 
𝒗(0) = 𝜉(𝑝)𝒖̃(0), where 𝜉(𝑝) ∈ 𝐻𝑟(ℝ) satisfies 𝜉(𝑝) = 𝑒−𝑝 for 𝑝 ≥ 0 

‖𝒖̃ℎ(𝑇) − 𝒖̃(𝑇)‖𝐿2(Ω𝑝) ≲ Δ𝑝
𝑟𝑒𝑝𝑘‖𝒖̃(𝑇)‖ + 𝜖‖𝒖̃0‖, 
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Ω𝑝 = (𝑝𝑘 , 𝑝𝑘 + 𝑅𝑝), 𝑅𝑝 ≥ 1 

𝑒𝑝
𝑅 = 𝒪(1) 

𝜆1(𝐻1) ≤ 𝜆2(𝐻1) ≤ ⋯ ≤ 𝜆𝑛(𝐻1), 

𝑝𝑘 ≥ 𝜆𝑛(𝐻1)𝑇 

𝑑𝒖̃𝜆

𝑑𝑡
= (𝐻1 − 𝜆0𝐼2𝑛 + 𝑖𝐻2)𝒖̃

𝜆, 𝒖̃𝜆(0) = 𝒖̃(0)  

𝒗𝜆 = 𝜉(𝑝)𝒖̃𝜆 

𝒖̃𝜆 = 𝑒𝑝𝑘𝒗𝜆(𝑝𝑘), or 𝒖̃𝜆 = 𝑒𝑝𝑘∫  
∞

𝑝𝑘

 𝒗𝜆𝑑𝑝  

𝑝𝑘 ≥ 𝑝⋆ = max{(𝜆𝑛(𝐻1) − 𝜆0)𝑇, 0}𝒖̃(𝑇)𝑒
𝜆0𝑇𝒖̃𝜆(𝑇) 

𝑝⋆𝐻1 − 𝜆0𝐼2𝑛
𝜆1(𝐻1) + 𝜆𝑛(𝐻1)

2
 

‖𝒖̃(0)/𝒖̃(𝑇)‖ 

Δ𝑝𝑟𝑒𝜆𝑛(𝐻1)𝑇 > 𝜖𝛿𝑇  

Δ𝑝𝑟𝑒𝜆𝑛(𝐻1)𝑇 ≤ 𝜖𝛿𝑇  

Δ𝑝𝑟 < 𝜖𝛿𝑇  

𝜆𝑏:= max {𝜆𝑛(𝐻1), log (
Δ𝑝𝑟

𝜖𝛿𝑇
) /𝑇} 

 

𝑒−𝑖𝐻𝑇|𝜓̃(0)⟩ =
𝒘̃(0)

‖𝒘̃(0)‖
|𝜓̃(𝑇)⟩ 

𝐼𝑀𝑥 ⊗ |𝑝𝑘⟩⟨𝑝𝑘||𝜓(𝑇)⟩ 

|𝜓𝑘(𝑇)⟩ ≈
1

𝒩
(∑ 

𝑗

 𝑣𝑗(𝑇, 𝑝𝑘)|𝑗⟩)⊗ |𝑘⟩,𝒩 = (∑ 

𝑗

  |𝑣𝑗(𝑇, 𝑝𝑘)|
2
)

1/2

 

𝑃𝑟(𝑇, 𝑝𝑘) =
‖𝒗(𝑇, 𝑝𝑘)‖

2

∑  𝑙  ‖𝒗(𝑇, 𝑝𝑙)‖
2
 

𝑃𝑟(𝑇, 𝑝 ≥ 𝑝⋆) =
1

2

‖𝑒−𝑝⋆𝒖̃(𝑇)‖2

‖𝒖̃(0)‖2
+𝒪(Δ𝑝) 

𝜕𝒛

𝜕𝑡
= −

𝜕𝒛

𝜕𝑠
− 𝑖𝐻(𝑠)𝒛, 𝒛(0, 𝑠) = 𝛿(𝑠)𝒘̃(0) 

𝑖
𝑑𝒛̃

𝑑𝑡
= (𝐷𝑠⊗ 𝐼 + 𝐼𝑀𝑠⊗𝐻)𝒛̃, 𝒛̃(0) = (Φ𝑠

−1⊗ 𝐼)(𝜹𝑠⊗ 𝒘̃(0)) 

𝐼 = 𝐼2𝑛⊗ 𝐼𝑀𝑝 , 𝜹𝑠 =∑ 

𝑗

𝜁𝜔(𝑠𝑗)|𝑗⟩ 
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𝜁𝜔(𝑥) =
1

𝜔
𝜁 (
𝑥

𝜔
)𝜁(𝑥) = 1 − |𝑥|𝜁(𝑥) = 1/2(1 + cos (𝜋𝑥)) 

𝑒𝐿+𝜆max
− (𝐻1)𝑇 ≈ 𝑒𝐿+𝜆max

+ (𝐻1)𝑇 ≈ 0, 

Δ𝑝 = 𝒪(𝜇max) 

‖𝒖ℎ(𝑇) − 𝒖(𝑇)‖ ≤
𝜖

2
‖𝒖(𝑇)‖,  

Δ𝑝 = 𝒪(𝜇max) 

𝒪̃ (
‖𝒖(0)‖ + 𝑇‖𝒃‖𝑠max

‖𝒖(𝑇)‖
(𝛼𝐻𝑇𝜇max + log 

𝜇max(‖𝒖(0)‖ + 𝑇‖𝒃‖𝑠max)

𝜖‖𝒖(𝑇)‖
)) 

𝒪 (
‖𝒖(0)‖ + 𝑇‖𝒃‖𝑠max

‖𝒖(𝑇)‖
) 

‖𝒃‖𝑠max
2 =∑ 

𝑖

( sup
𝑡∈[0,𝑇]

 |𝑏𝑖(𝑡)|)

2

 

𝒪̃ (
‖𝒖(0)‖ + 𝑇‖𝒃‖𝑠max

‖𝒖(𝑇)‖
𝛼𝐻𝑇log (1/𝜖)) 

𝒪 (
‖𝒖(0)‖ + 𝑇‖𝒃‖𝑠max

‖𝒖(𝑇)‖
) 

[𝜉(𝑝0),⋯ , 𝜉 (𝑝𝑀𝑝−1)]
⊤
⊗𝒖0 

𝜕𝑡𝑢 + 𝑐(𝑥)𝜕𝑥𝑢 + 𝜆𝑢 =
𝑖𝑎(𝑥)

𝜀
𝑢, 𝑢(0, 𝑥) = 𝑢0(𝑥),  

𝑢(𝑡, 𝑥) ∈ ℂ, 𝑥 ∈ Ω𝑥 , 𝑡 ≥ 0 

𝑎(𝑥) ≥ 𝑎0 > 0, ∀𝑥 ∈ Ω𝑥 

𝑢0(𝑥) = 𝑓0(𝑥, 𝛽(𝑥)/𝜀) ≡ 𝑓0(𝑥, 𝜏)  with  𝜏 =
𝛽(𝑥)

𝜀
 

𝑢0(𝑥) =∑  

𝑘∈ℤ

 𝑓𝑘(𝑥)𝑒
𝑖𝑘𝛽(𝑥)/𝜀 ≡∑  

𝑘∈ℤ

 𝑢𝑘(0, 𝑥)  

𝜕𝑡𝑢𝑘 + 𝑐(𝑥)𝜕𝑥𝑢𝑘 + 𝜆𝑢𝑘 =
𝑖𝑎(𝑥)

𝜀
𝑢𝑘 , 𝑢𝑘(0, 𝑥) = 𝑓𝑘(𝑥)𝑒

𝑖𝑘𝛽(𝑥)/𝜀  

𝑢(𝑡, 𝑥) =∑  

𝑘

𝑢𝑘(𝑡, 𝑥) 

𝑢𝑘(𝑡, 𝑥) = 𝛼𝑘(𝑡, 𝑥)𝑒
𝑖𝑆𝑘(𝑡,𝑥)/𝜀  

𝜕𝑡𝛼𝑘 + 𝑐(𝑥)𝜕𝑥𝛼𝑘 + 𝜆𝛼𝑘 +
𝑖

𝜀
[𝜕𝑡𝑆𝑘 + 𝑐(𝑥)𝜕𝑥𝑆𝑘]𝛼𝑘 =

𝑖𝑎(𝑥)

𝜀
𝛼𝑘 
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𝜕𝑡𝛼𝑘 + 𝑐(𝑥)𝜕𝑥𝛼𝑘 + 𝜆𝛼𝑘 = 0, 𝛼𝑘(0, 𝑥) = 𝑓𝑘(𝑥)
𝜕𝑡𝑆𝑘 + 𝑐(𝑥)𝜕𝑥𝑆𝑘 = 𝑎(𝑥), 𝑆𝑘(0, 𝑥) = 𝑘𝛽(𝑥)

 

𝑑

𝑑𝑡
𝜶𝑘 + 𝑖𝑐𝑃𝑥𝜶𝑘 + 𝜆𝜶𝑘 = 𝟎  

𝜶𝑘(𝑡) =∑  

𝑗

𝛼𝑘(𝑡, 𝑥𝑗)|𝑗⟩ 

𝑑

𝑑𝑡
𝒄𝑘 + 𝑖𝑐𝐷𝑥𝒄𝑘 + 𝜆𝒄𝑘 = 𝟎 

𝑑

𝑑𝑡
𝒄𝑘 = −𝑖(𝑐𝐷𝑥 + Im(𝜆)𝐼𝑀𝑥)) 𝒄𝑘 − Re(𝜆)𝐼𝑀𝑥𝒄𝑘 

𝒄̃𝑘(𝑡) = 𝑒
Re(𝜆)𝑡𝒄𝑘(𝑡) 

𝑖
𝑑

𝑑𝑡
𝒄̃𝑘 = (𝑐𝐷𝑥 + Im(𝜆)𝐼𝑀𝑥)) 𝒄̃𝑘 , 𝒄̃𝑘(0) = (Φ𝑥)

−1𝜶𝑘(0) 

𝑑

𝑑𝑡
𝑺𝑘 + 𝑖𝑐𝑃𝑥𝑺𝑘 = 𝒂  

𝑺𝑘(𝑡) =∑  

𝑗

𝑆𝑘(𝑡, 𝑥𝑗)|𝑗⟩ 

𝒂 =∑ 

𝑗

𝑎(𝑥𝑗)|𝑗⟩ 

𝒅𝑘 = (Φ𝑥)
−1𝑺𝑘(𝑡) and 𝒂̃ = (Φ𝑥)

−1𝒂 

𝑑

𝑑𝑡
𝒅𝑘 + 𝑖𝑐𝐷𝑥𝒅𝑘 = 𝒂̃ 

𝒅̃𝑘 = 𝑐𝐷𝑥𝒅𝑘 + 𝑖𝒂̃ 

𝑖
𝑑

𝑑𝑡
𝒅̃𝑘 = 𝑐𝐷𝑥𝒅̃𝑘, 𝒅̃𝑘(0) = 𝑐𝐷𝑥(Φ𝑥)

−1𝑺𝑘(0) + 𝑖(Φ𝑥)
−1𝒂. 

⟨𝑗|
𝑑

𝑑𝑡
𝒅𝑘 = ⟨𝑗|𝒂̃⟨𝑗|𝒅𝑘 

𝑑

𝑑𝑡
𝑥 = 𝑖𝐻𝑥 + 𝜆𝐼𝑛𝑥,

𝑑

𝑑𝑡
𝑦 = 𝑖𝐻𝑦 + 𝐹. 

𝑥̃ = 𝑒−Re(𝜆)𝑡𝑥 

𝑁Gates = 𝒪(𝑚𝑥log (𝑚𝑥)) 

𝑑

𝑑𝑡
𝜶𝑘 + 𝑖𝐶(𝑥)𝑃𝑥𝜶𝑘 + 𝜆𝜶𝑘 = 𝟎

𝑑

𝑑𝑡
𝑺𝑘 + 𝑖𝐶(𝑥)𝑃𝑥𝑺𝑘 = 𝒂
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𝐶(𝑥) = diag[𝑐(𝑥0), 𝑐(𝑥1),⋯ , 𝑐(𝑥𝑀𝑥−1)] 

𝑖
𝑑

𝑑𝑡
𝒄𝑘 = (𝐻1⊗𝐷𝑝 − 𝐻2⊗ 𝐼𝑀𝑝) 𝒄𝑘: = 𝐻𝛼𝒄𝑘  

𝒄𝑘(0) = (𝐼𝑀𝑥⊗ (Φ𝑝)
−1
)∑  

𝑗,𝑘

𝜉(𝑝𝑘)𝛼𝑘(0, 𝑥𝑗)|𝑗⟩|𝑘⟩ 

𝐻1 = −Re(𝜆)𝐼𝑀𝑥 − 𝑖
𝐶(𝑥)𝑃𝑥 − 𝑃𝑥𝐶(𝑥)

2

𝐻2 = −Im(𝜆)𝐼𝑀𝑥 −
𝐶(𝑥)𝑃𝑥 + 𝑃𝑥𝐶(𝑥)

2

 

𝑖
𝑑

𝑑𝑡
𝒅𝑘 = (𝐻1⊗𝐷𝑝 − 𝐻2⊗ 𝐼𝑀𝑝)𝒅𝑘:= 𝐻𝑆𝒅𝑘  

𝒅𝑘(0) = (𝐼𝑀𝑥 ⊗(Φ𝑝)
−1
)∑  

𝑗,𝑘

𝜉(𝑝𝑘)𝑆𝑘(0, 𝑥𝑗)|𝑗⟩|𝑘⟩ 

𝐻1 =
1

2
[
𝑖(𝑃𝑥𝐶(𝑥) − 𝐶(𝑥)𝑃𝑥) 𝐴

𝐴 𝟎
]

𝐻2 =
1

2𝑖
[
−𝑖(𝐶(𝑥)𝑃𝑥 + 𝑃𝑥𝐶(𝑥)) 𝐴

−𝐴 𝟎
] , 𝐴 = diag{𝒂}

 

 

𝒪̃ (
𝑇(|𝜆| + 𝑀𝑥‖𝑐(𝑥)‖ℓ∞)‖𝜶𝑘(0)‖

‖𝜶𝑘(𝑇)‖
log (1/𝜖)) 

𝒪̃ (
‖𝑺𝑘(0)‖ + 𝑇‖𝒂‖smax

‖𝑺𝑘(𝑇)‖
(‖𝑎(𝑥)‖ℓ∞ +𝑀𝑥‖𝑐(𝑥)‖ℓ∞)𝑇log (1/𝜖)) 

𝑑𝛼𝑘
𝑗
(𝑡)

𝑑𝑡
+ 𝑐(𝑥𝑗)

𝛼𝑘
𝑗
− 𝛼𝑘

𝑗−1

Δ𝑥
+ 𝜆𝛼𝑘

𝑗
= 0, 𝛼𝑘

𝑗
(0) = 𝑓𝑘(𝑥𝑗),

𝑑𝑆𝑘
𝑗
(𝑡)

𝑑𝑡
+ 𝑐(𝑥𝑗)

𝑆𝑘
𝑗
− 𝑆𝑘

𝑗−1

Δ𝑥
= 𝑎(𝑥𝑗), 𝑆𝑘

𝑗
(0) = 𝑘𝛽(𝑥𝑗),

 

𝑆+: = ∑  

𝑀𝑥−1

𝑗=1

|𝑗⟩⟨𝑗 − 1| =∑  

𝑚𝑥

𝑗=1

𝐼2𝑚𝑥−𝑗⊗𝜎10⊗𝜎01
⊗(𝑗−1)

, 𝑆− = (𝑆+)† 

𝜶𝑘(𝑡) =∑  

𝑗

𝛼𝑘
𝑗
(𝑡)|𝑗⟩, 𝑺𝑘 =∑ 

𝑗

𝑆𝑘
𝑗
|𝑗⟩ 

𝐷𝑥
− =

1

Δ𝑥
(𝐼𝑀𝑥 − 𝑆

+ − 𝜎01
⊗𝑚𝑥) , 𝐷𝑥

+ = −(𝐷𝑥
−)† 
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𝑑𝜶𝑘
𝑑𝑡

 = 𝑀1𝜶𝑘

𝑑𝑺𝑘
𝑑𝑡

 = 𝑀2𝑺𝑘 + 𝐹𝑘

 

𝑀1 = −𝐶(𝑥)𝐷𝑥
− − 𝜆𝐼𝑀𝑥 ,𝑀2 = −𝐶(𝑥)𝐷𝑥

− 

𝐹𝑘 =∑  

𝑗

𝑎(𝑥𝑗)|𝑗⟩ 

𝐻1 = −Re(𝜆)𝐼𝑀𝑥 +
𝐷𝑥
+𝐶(𝑥) − 𝐶(𝑥)𝐷𝑥

−

2

𝐻2 = −Im(𝜆)𝐼𝑀𝑥 −
𝐷𝑥
+𝐶(𝑥) + 𝐶(𝑥)𝐷𝑥

−

2𝑖

 

𝐻1 =
1

2
[
𝐷𝑥
+𝐶(𝑥) − 𝐶(𝑥)𝐷𝑥

− 𝐴
𝐴 𝟎

]

𝐻2 =
1

2𝑖
[
−𝐷𝑥

+𝐶(𝑥) − 𝐶(𝑥)𝐷𝑥
− 𝐴

−𝐴 𝟎
] , 𝐴 = diag{𝐹𝑘}

 

𝑢0(𝑥) = 1 +
1

2
cos (2𝑥) + 𝑖 (1 +

1

2
sin (2𝑥)) , 𝑥 ∈ [−

𝜋

2
,
𝜋

2
] .  

𝑢(𝑡, 𝑥) = exp (−(1 − 𝑖/𝜀)𝑡)𝑢0(𝑥 − 𝑡) 

𝑢0(𝑥) = 𝑒
𝑖
𝑥
𝜀 (1 +

1

2
cos (2𝑥) + 𝑖 (1 +

1

2
sin (2𝑥))) , 𝑥 ∈ [−

𝜋

2
,
𝜋

2
]. 

 

‖𝛼𝑘
𝑑(𝑇, 𝑥) − 𝛼𝑘(𝑇, 𝑥)‖∞ 

ℭ({𝑝𝑗: ‖𝛼𝑘
𝑑(𝑇, 𝑥, 𝑝𝑗) − 𝛼𝑘(𝑇, 𝑥)‖∞ ≤ Δ𝑝}) 

[
𝜆1(𝐻1) + 𝜆𝑛(𝐻1)

2
, 𝜆𝑛(𝐻1)] 

𝜕𝑡𝑢 + 𝐴(𝑥)𝜕𝑥𝑢 =
𝑖𝐸(𝑡, 𝑥)

𝜀
𝐷𝑢 + 𝐶𝑢, 𝑢(0, 𝑥) = 𝑢0(𝑥).  

𝐴(𝑥) = [
𝑎1(𝑥) 0
0 𝑎2(𝑥)

] , 𝐷 = [
0 0
0 −1

] , 𝐶 = [
𝐶11 𝐶12
𝐶21 𝐶22

]. 

𝑈(𝑡, 𝑥, 𝑆(𝑡, 𝑥)/𝜀) = 𝑢(𝑡, 𝑥) 

𝜕𝑡𝑈1 + 𝑎1𝜕𝑥𝑈1 +
1

𝜀
[𝜕𝑡𝑆 + 𝑎1𝜕𝑥𝑆]𝜕𝜏𝑈1 = 𝐶11𝑈1 + 𝐶12𝑈2

𝜕𝑡𝑈2 + 𝑎2𝜕𝑥𝑈2 +
1

𝜀
[𝜕𝑡𝑆 + 𝑎2𝜕𝑥𝑆]𝜕𝜏𝑈2 = −

𝑖𝐸

𝜀
𝑈2 + 𝐶21𝑈1 + 𝐶22𝑈2

 

𝜕𝑡𝑆 + 𝑎2𝜕𝑥𝑆 = 𝐸, 𝑆(0, 𝑥) = 0  
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𝜕𝑡𝑈1 + 𝑎1𝜕𝑥𝑈1 +
1

𝜀
[(𝑎1 − 𝑎2)𝜕𝑥𝑆 + 𝐸]𝜕𝜏𝑈1 = 𝐶11𝑈1 + 𝐶12𝑈2

𝜕𝑡𝑈2 + 𝑎2𝜕𝑥𝑈2 = −
𝐸

𝜀
[𝜕𝜏𝑈2 + 𝑖𝑈2] + 𝐶21𝑈1 + 𝐶22𝑈2

 

‖𝛼𝑘
𝑑(𝑇, 𝑥, 𝑝𝑘) − 𝛼𝑘(𝑇, 𝑥)‖∞ 

𝑝𝑘 ∈ {𝑝𝑗: ‖𝛼𝑘
𝑑(𝑇, 𝑥, 𝑝𝑗) − 𝛼𝑘(𝑇, 𝑥)‖∞ ≤ Δ𝑝} 

𝑝𝑘 ∈ {𝑝𝑗: ‖𝛼𝑘
𝑑(𝑇, 𝑥, 𝑝𝑗) − 𝛼𝑘(𝑇, 𝑥)‖∞ ≤ Δ𝑝

2} 

𝑝𝑘 ∈ {𝑝𝑗: ‖𝛼𝑘
𝑑(𝑇, 𝑥, 𝑝𝑗) −𝛼𝑘(𝑇, 𝑥)‖ ∞ ≤ Δ𝑝‖𝛼𝑘(𝑇, 𝑥)‖∞} 

𝜕𝑡𝑈1 + 𝑎1𝜕𝑥𝑈1 − 𝐶11𝑈1 − 𝐶12𝑒
−𝑖𝜏𝑉2 = −

1

𝜀
[(𝑎1 − 𝑎2)𝜕𝑥𝑆 + 𝐸]𝜕𝜏𝑈1,

𝜕𝑡𝑉2 + 𝑎2𝜕𝑥𝑉2 − 𝐶21𝑒
𝑖𝜏𝑈1 − 𝐶22𝑉2 = −

𝐸

𝜀
𝜕𝜏𝑉2.

 

𝑈1(0, 𝑥, 𝜏) = 𝑓1
𝑖𝑛 +

𝑖𝜀𝐸𝐶12
𝐸2 − 𝜀2𝐶12𝐶21

(𝑒−𝑖𝜏 − 1)𝑓2
𝑖𝑛

𝑈2(0, 𝑥, 𝜏) =
𝑖𝜀𝐸𝐶21

𝐸2 − 𝜀2𝐶12𝐶21
(𝑒−𝑖𝜏 − 1)𝑓1

𝑖𝑛 + 𝑒−𝑖𝜏𝑓2
𝑖𝑛

 

𝑢0(𝑥) = 𝑈(0, 𝑥, 0) = (𝑓1
𝑖𝑛(𝑥), 𝑓2

𝑖𝑛(𝑥))
⊤

 

({𝑝𝑗: ‖𝛼𝑘
𝑑(𝑇, 𝑥, 𝑝𝑗) − 𝛼𝑘(𝑇, 𝑥)‖∞ ≤ 𝑡𝑜𝑙}) 

Δ𝑝‖𝛼𝑘(𝑇, 𝑥)‖∞ 

𝜕𝑡𝒖 + 𝑖(𝐴1𝑃𝑥)⊗ 𝐼𝑀𝜏𝒖 − 𝐶11𝒖− 𝐶12𝑇1𝒗 =
1

𝜀
diag{(𝐴1 − 𝐴2)𝑃𝑥𝑺 − 𝑖𝑬} ⊗ 𝑃𝜏𝒖,

𝜕𝑡𝒗 + 𝑖(𝐴2𝑃𝑥) ⊗ 𝐼𝑀𝜏𝒗 − 𝐶21𝑇2𝒖 − 𝐶22𝒗 = −
𝑖

𝜀
diag{𝑬}⊗ 𝑃𝜏𝒗,

𝜕𝑡𝑺 + 𝑖𝐴2𝑃𝑥𝑺 = 𝑬,

 

𝒖 =∑  

𝑗,𝑘

𝑈1(𝑡, 𝑥𝑗, 𝜏𝑘)|𝑗⟩|𝑘⟩, 𝒗 =∑  

𝑗,𝑘

𝑉2(𝑡, 𝑥𝑗, 𝜏𝑘)|𝑗⟩|𝑘⟩ 

𝑺 =∑  

𝑗

𝑆(𝑡, 𝑥𝑗)|𝑗⟩ 

𝐴1 = diag{∑  

𝑗

 𝑎1(𝑥𝑗)|𝑗⟩} , 𝐴2 = diag {∑  

𝑗

 𝑎2(𝑥𝑗)|𝑗⟩} , 𝑬 =∑  

𝑗

 𝐸(𝑥𝑗)|𝑗⟩

𝑇1 = 𝐼𝑀𝑥 ⊗diag {∑  

𝑘

  𝑒−𝑖𝜏𝑘|𝑘⟩} , 𝑇2 = 𝐼𝑀𝑥 ⊗diag {∑  

𝑘

  𝑒𝑖𝜏𝑘|𝑘⟩} = 𝑇1
†

 

𝑀 = 𝜎00⊗(−𝑖(𝐴1𝑃𝑥)⊗ 𝐼𝑀𝜏 + 𝐶11𝐼𝑀𝑥 ⊗ 𝐼𝑀𝜏 +
1

𝜀
diag{(𝐴1 − 𝐴2)𝑃𝑥𝑺 − 𝑖𝑬} ⊗ 𝑃𝜏)

 +𝜎11⊗(−𝑖(𝐴2𝑃𝑥)⊗ 𝐼𝑀𝜏 + 𝐶22𝐼𝑀𝑥⊗ 𝐼𝑀𝜏 −
𝑖

𝜀
diag{𝑬}⊗ 𝑃𝜏)

 +𝐶12𝜎01⊗𝑇1 + 𝐶21𝜎10⊗𝑇2
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𝐻1 = 𝜎00⊗(Re(𝐶11)𝐼𝑀𝑥 ⊗ 𝐼𝑀𝜏 −
𝑖𝐴1𝑃𝑥 − 𝑖𝑃𝑥𝐴1

2
⊗ 𝐼𝑀𝜏)

 +𝜎11⊗(Re(𝐶22)𝐼𝑀𝑥⊗ 𝐼𝑀𝜏 −
𝑖𝐴2𝑃𝑥 − 𝑖𝑃𝑥𝐴2

2
⊗ 𝐼𝑀𝜏)

 +
𝐶12 + 𝐶21

2
𝜎01⊗𝑇1 +

𝐶12 + 𝐶21
2

𝜎10⊗𝑇2

 

𝐻2 = 𝜎00⊗(Im(𝐶11)𝐼𝑀𝑥 ⊗ 𝐼𝑀𝜏 −
𝐴1𝑃𝑥 + 𝑃𝑥𝐴1

2
⊗ 𝐼𝑀𝜏 −

1

𝜀
diag{𝑖(𝐴1 − 𝐴2)𝑃𝑥𝑺 + 𝑬}⊗ 𝑃𝜏)

 +𝜎11⊗(Im(𝐶22)𝐼𝑀𝑥 ⊗ 𝐼𝑀𝜏 −
𝐴2𝑃𝑥 + 𝑃𝑥𝐴2

2
⊗ 𝐼𝑀𝜏 −

1

𝜀
diag{𝑬}⊗ 𝑃𝜏)

 +𝑖
𝐶21 − 𝐶12

2
𝜎01⊗𝑇1 + 𝑖

𝐶12 − 𝐶21
2

𝜎10⊗𝑇2

 

𝜆(𝐻1) =
Re(𝐶11 + 𝐶22) + √(Re(𝐶11 − 𝐶22))

2
+ |𝐶12 + 𝐶21|

2

2
 

𝑀 = 𝑖𝐻2Re(𝐶11) = Re(𝐶22) = 𝐶12 + 𝐶21 

𝑈𝑗,𝑘(𝑡) ≈ 𝑈1(𝑡, 𝑥𝑗, 𝜏𝑘)𝑉𝑗,𝑘 ≈ 𝑉2(𝑡, 𝑥𝑗, 𝜏𝑘) 

𝑑𝑈𝑗,𝑘

𝑑𝑡
+ 𝑎1(𝑥𝑗)

𝑈𝑗,𝑘 − 𝑈𝑗−1,𝑘

Δ𝑥
− 𝐶11𝑈𝑗,𝑘 − 𝐶12𝑒

−𝑖𝜏𝑘𝑉𝑗,𝑘

 = −
1

𝜀
(𝐸𝑗 + (𝑎1(𝑥𝑗) − 𝑎2(𝑥𝑗)) 𝜕𝑥𝑆(𝑥𝑗))

𝑈𝑗,𝑘 − 𝑈𝑗,𝑘−1

Δ𝜏
𝑑𝑉𝑗,𝑘

𝑑𝑡
+ 𝑎2(𝑥𝑗)

𝑉𝑗,𝑘 − 𝑉𝑗−1,𝑘

Δ𝑥
− 𝐶21𝑒

𝑖𝜏𝑘𝑈𝑗,𝑘 − 𝐶22𝑉𝑗,𝑘

 = −
1

𝜀
𝐸𝑗
𝑉𝑗,𝑘 − 𝑉𝑗,𝑘−1

Δ𝜏

 

𝐸𝑗 = 𝐸(𝑡, 𝑥𝑗) 

𝒖(𝑡) =∑  

𝑗,𝑘

𝑈𝑗,𝑘(𝑡)|𝑗⟩|𝑘⟩, 𝒗(𝑡) =∑  

𝑗,𝑘

𝑉𝑗,𝑘(𝑡)|𝑗⟩|𝑘⟩ 

𝑀 = 𝜎00⊗(−(𝐴1𝐷𝑥
−) ⊗ 𝐼𝑀𝜏 + 𝐶11𝐼𝑀𝑥 ⊗ 𝐼𝑀𝜏 −

1

𝜀
diag{𝑬 + (𝐴1 − 𝐴2)𝜕𝑥𝑺}⊗𝐷𝜏

−)

 +𝜎11⊗(−(𝐴2𝐷𝑥
−)⊗ 𝐼𝑀𝜏 + 𝐶22𝐼𝑀𝑥⊗ 𝐼𝑀𝜏 −

1

𝜀
diag{𝑬}⊗𝐷𝜏

−)

 +𝐶12𝜎01⊗𝑇1 + 𝐶21𝜎10⊗𝑇2

 

𝐻1 = 𝜎00⊗((
𝐷𝑥
+𝐴1 − 𝐴1𝐷𝑥

−

2
)⊗ 𝐼𝑀𝜏 + 𝐶11𝐼𝑀𝑥 ⊗ 𝐼𝑀𝜏 +

1

𝜀
diag{𝑬 + (𝐴1 − 𝐴2)𝜕𝑥𝑺}⊗

𝐷𝜏
+ − 𝐷𝜏

−

2
)

 +𝜎11⊗((
𝐷𝑥
+𝐴2 − 𝐴2𝐷𝑥

−

2
)⊗ 𝐼𝑀𝜏 + 𝐶22𝐼𝑀𝑥 ⊗ 𝐼𝑀𝜏 +

1

𝜀
diag{𝑬}⊗

𝐷𝜏
+ − 𝐷𝜏

−

2
)

 +
𝐶12 + 𝐶21

2
𝜎01⊗𝑇1 +

𝐶12 + 𝐶21
2

𝜎10⊗𝑇2
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𝐻2 = 𝑖𝜎00⊗((
𝐷𝑥
+𝐴1 + 𝐴1𝐷𝑥

−

2
)⊗ 𝐼𝑀𝜏 +

1

𝜀
diag{𝑬 + (𝐴1 − 𝐴2)𝜕𝑥𝑺}⊗

𝐷𝜏
+ + 𝐷𝜏

−

2
)

 +𝑖𝜎11⊗((
𝐷𝑥
+𝐴2 + 𝐴2𝐷𝑥

−

2
)⊗ 𝐼𝑀𝜏 +

1

𝜀
diag{𝑬}⊗

𝐷𝜏
+ +𝐷𝜏

−

2
)

 +𝑖
𝐶21 − 𝐶12

2
𝜎01⊗𝑇1 + 𝑖

𝐶12 − 𝐶21
2

𝜎10⊗𝑇2

 

𝑎1(𝑥) = 1, 𝑎2(𝑥) = 4, 𝐸(𝑡, 𝑥) = 1.5 + cos (𝑥) 

𝐶 = [
0 1
−1 0

] 

𝑢(0, 𝑥) = (1 +
1

2
cos (𝑥) + 𝑖sin (𝑥),1 +

1

2
cos (𝑥) + 𝑖sin (𝑥)) , 𝑥 ∈ [0,2𝜋] 

𝐶 =
1

2
[
1 + 𝑖 1 + 𝑖
−1 + 𝑖 1 − 𝑖

] 

Δ𝑥 =
2𝜋

24
 

𝜕𝑡𝑓
+ + 𝑣 ⋅ ∇𝑥𝑓

+ − ∇𝑥(𝑈 + 𝐸) ⋅ ∇𝑣𝑓
+ = 𝑏𝑖𝑓𝑖 + 𝑏𝑖𝑓𝑖

𝜕𝑡𝑓
− + 𝑣 ⋅ ∇𝑥𝑓

− − ∇𝑥(𝑈 − 𝐸) ⋅ ∇𝑣𝑓
− = −𝑏𝑖𝑓𝑖 − 𝑏𝑖𝑓𝑖

𝜕𝑡𝑓
𝑖 + 𝑣 ⋅ ∇𝑥𝑓

𝑖 − ∇𝑥𝑈 ⋅ ∇𝑣𝑓
𝑖 = −𝑖

2𝐸

𝜀
𝑓𝑖 + 𝑏𝑖(𝑓− − 𝑓+) + (𝑏+ − 𝑏−)𝑓𝑖

 

(𝑓+(𝑡, 𝑥, 𝑣), 𝑓−(𝑡, 𝑥, 𝑣), 𝑓𝑖(𝑡, 𝑥, 𝑣)) ∈ ℝ × ℝ× ℂ, (𝑡, 𝑥, 𝑣) ∈ ℝ+ × ℝ
𝑑 × ℝ𝑑 

(𝑓+(0, 𝑥, 𝑣), 𝑓−(0, 𝑥, 𝑣), 𝑓𝑖(0, 𝑥, 𝑣)) = (𝑓𝑖𝑛
+(𝑥, 𝑣), 𝑓𝑖𝑛

−(𝑥, 𝑣), 𝑓𝑖𝑛
𝑖 (𝑥, 𝑣)). 

 

𝜕𝑡𝒇 + 𝒗 ⋅ ∇𝑥𝒇 − ∇𝑥𝐴 ⋅ ∇𝑣𝒇 = 𝐶𝒇,  

𝒇 = (𝑓+, 𝑓−, Re(𝑓𝑖), Im(𝑓𝑖))
⊤
, 𝒗 = (𝑣, 𝑣, 𝑣, 𝑣)⊤, 𝐴 = diag(𝑈 + 𝐸, 𝑈 − 𝐸, 𝑈, 𝑈)

𝐶 =

[
 
 
 
 0 0 𝑏𝑖 + 𝑏𝑖 −𝑖𝑏𝑖 + 𝑖𝑏𝑖

0 0 −𝑏𝑖 − 𝑏𝑖 𝑖𝑏𝑖 − 𝑖𝑏𝑖

−𝑏𝑖 𝑏𝑖 𝑏+ − 𝑏− 2𝐸/𝜀

0 0 −2𝐸/𝜀 𝑏+ − 𝑏− ]
 
 
 
  

𝜕𝑡𝒇 + 𝒗 ⋅ ∇𝑥𝒇 = 0 

𝜕𝑡𝒇 − ∇𝑥𝐴 ⋅ ∇𝑣𝒇 = 0 

𝜕𝑡𝒇 = 𝐶𝒇 

𝜕𝑡𝑆 + 𝑣 ⋅ ∇𝑥𝑆 − ∇𝑥𝑈 ⋅ ∇𝑣𝑆 = 2𝐸, 𝑆(0, 𝑥, 𝑣) = 0,  

𝑓±(𝑡, 𝑥, 𝑣) = 𝐹±(𝑡, 𝑥, 𝑣, 𝜏), 𝑓𝑖(𝑡, 𝑥, 𝑣) = 𝑒−𝑖𝜏(𝐺 + 𝑖𝐻)(𝑡, 𝑥, 𝑣, 𝜏) 

𝐺 = Re(𝑒𝑖𝜏𝑓𝑖), 𝐻 = Im(𝑒𝑖𝜏𝑓𝑖) 
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𝜕𝑡𝐹
+ + 𝑣 ⋅ ∇𝑥𝐹

+ − ∇𝑥(𝑈 + 𝐸) ⋅ ∇𝑣𝐹
+ = −

ℰ+

𝜀
𝜕𝜏𝐹

+ + 2𝑏𝑖𝐺cos 𝜏 + 2𝑏𝑖𝐻sin 𝜏

𝜕𝑡𝐹
− + 𝑣 ⋅ ∇𝑥𝐹

− − ∇𝑥(𝑈 − 𝐸) ⋅ ∇𝑣𝐹
− = −

ℰ−

𝜀
𝜕𝜏𝐹

− − 2𝑏𝑖𝐺cos 𝜏 − 2𝑏𝑖𝐻sin 𝜏

𝜕𝑡𝐺 + 𝑣 ⋅ ∇𝑥𝐺 − ∇𝑥𝑈 ⋅ ∇𝑣𝐺 = −
2𝐸

𝜀
𝜕𝜏𝐺 + 𝑏

𝑖(𝐹− − 𝐹+)cos 𝜏

𝜕𝑡𝐻 + 𝑣 ⋅ ∇𝑥𝐻 − ∇𝑥𝑈 ⋅ ∇𝑣𝐻 = −
2𝐸

𝜀
𝜕𝜏𝐻 + 𝑏

𝑖(𝐹− − 𝐹+)sin 𝜏

 

ℰ± = 2𝐸 ∓ ∇𝑥𝐸 ⋅ ∇𝑣𝑆 

𝐹+(0, 𝑥, 𝑣, 𝜏) = 𝑓𝑖𝑛
+ − 𝑖

𝜀

2𝐸
(𝑏𝑖𝑓𝑖𝑛

𝑖 (1 − 𝑒−𝑖𝜏) − 𝑏𝑖𝑓𝑖𝑛
𝑖 (1 − 𝑒𝑖𝜏))

𝐹−(0, 𝑥, 𝑣, 𝜏) = 𝑓𝑖𝑛
− + 𝑖

𝜀

2𝐸
(𝑏𝑖𝑓𝑖𝑛

𝑖 (1 − 𝑒−𝑖𝜏) − 𝑏𝑖𝑓𝑖𝑛
𝑖 (1 − 𝑒𝑖𝜏))

𝐺(0, 𝑥, 𝑣, 𝜏) = Re(𝑓𝑖𝑛
𝑖 ) −

𝜀

2𝐸
𝑏𝑖(𝑓𝑖𝑛

+ − 𝑓𝑖𝑛
−)sin 𝜏

𝐻(0, 𝑥, 𝑣, 𝜏) = Im(𝑓𝑖𝑛
𝑖 ) +

𝜀

2𝐸
𝑏𝑖(𝑓𝑖𝑛

+ − 𝑓𝑖𝑛
−)(cos 𝜏 − 1)

 

𝜕𝑡𝒈+ 𝑣𝜕𝑥𝒈 + 𝐴𝜕𝑣𝒈 + 𝐵𝜕𝜏𝒈 = 𝐶𝒈  

𝐴 = 𝜕𝑥diag(−𝑈 − 𝐸,−𝑈 + 𝐸,−𝑈,−𝑈), 𝐵 = diag(
ℰ+

𝜀
,
ℰ−

𝜀
,
2𝐸

𝜀
,
2𝐸

𝜀
) ,

𝐶 = [

0 0 2𝑏𝑖cos 𝜏 2𝑏𝑖sin 𝜏
0 0 −2𝑏𝑖cos 𝜏 −2𝑏𝑖sin 𝜏

−𝑏𝑖cos 𝜏 𝑏𝑖cos 𝜏 0 0
−𝑏𝑖sin 𝜏 𝑏𝑖sin 𝜏 0 0

] .

 

𝑑

𝑑𝑡
𝒈̃ = (−𝑖 (𝑃𝑥⊗ 𝐼4⊗diag{∑  

𝑗

 𝑣𝑗|𝑗⟩} ⊗ 𝐼𝑀𝜏 +∑ 

𝑖

  |𝑖⟩⟨𝑖| ⊗ 𝐴(𝑥𝑖) ⊗ 𝑃𝑣⊗ 𝐼𝑀𝜏

+∑ 

𝑖,𝑗

  |𝑖⟩⟨𝑖| ⊗ 𝐵(𝑡, 𝑥𝑖 , 𝑣𝑗) ⊗ 𝐼𝑀𝑣 ⊗𝑃𝜏) +∑  

𝑖,𝑗,𝑘

  |𝑖⟩⟨𝑖| ⊗ |𝑗⟩⟨𝑗| ⊗ |𝑘⟩⟨𝑘| ⊗ 𝐶(𝑥𝑖 , 𝑣𝑗, 𝜏𝑘)) 𝒈̃

 

𝒈̃ = ∑  

𝑖,𝑗,𝑘

𝒈(𝑡, 𝑥𝑖, 𝑣𝑗, 𝜏𝑘)|𝑖⟩|𝑗⟩|𝑘⟩ 

𝐻1 =∑  

𝑖,𝑗,𝑘

|𝑖⟩⟨𝑖| ⊗ |𝑗⟩⟨𝑗| ⊗ |𝑘⟩⟨𝑘| ⊗
𝐶(𝑥𝑖 , 𝑣𝑗, 𝜏𝑘) + 𝐶

𝑇(𝑥𝑖 , 𝑣𝑗, 𝜏𝑘)

2
 

𝐻2 = −(𝑃𝑥⊗ 𝐼4⊗diag{∑  

𝑗

 𝑣𝑗|𝑗⟩}⊗ 𝐼𝑀𝜏 +∑ 

𝑖

  |𝑖⟩⟨𝑖| ⊗ 𝐴(𝑥𝑖) ⊗ 𝑃𝜏⊗ 𝐼𝑀𝜏

+∑ 

𝑖

  |𝑖⟩⟨𝑖| ⊗ 𝐵(𝑥𝑖) ⊗ 𝐼𝑀𝑣 ⊗𝑃𝜏)

 −𝑖∑  

𝑖,𝑗,𝑘

  |𝑖⟩⟨𝑖| ⊗ |𝑗⟩⟨𝑗| ⊗ |𝑘⟩⟨𝑘| ⊗
𝐶(𝑥𝑖, 𝑣𝑗 , 𝜏𝑘) − 𝐶

𝑇(𝑥𝑖 , 𝑣𝑗, 𝜏𝑘)

2
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𝜆𝑛(𝐻1) =
‖𝑏𝑖‖

∞

√2
 

𝑓+(0, 𝑥, 𝑣) = 𝑓−(0, 𝑥, 𝑣) = (1 +
1

2
cos (𝑥))

𝑒−𝑣
2/2

√2𝜋

𝑓𝑖(0, 𝑥, 𝑣) = 𝑓−(0, 𝑥, 𝑣) = ((1 +
1

2
sin (𝑥)) + 𝑖 (1 +

1

2
cos (𝑥)))

𝑒−𝑣
2/2

√2𝜋

 

𝑈(𝑥) = 0, 𝐸(𝑥) = 1 − cos (𝑥/2) + 𝜀, 𝑏𝑖(𝑥, 𝑣) = −
1

2
sin (𝑣 + 1), 𝑏± = 0 

𝑀𝜏 = 2
𝑘 ,𝑀𝑣 = 2

𝑙 ,𝑀𝑥 = 2
𝑚,𝑀𝑝 = 2

𝑛 

𝜌±,𝑖(𝑇, 𝑥, 𝑣) = ∫  
2𝜋

−2𝜋

𝑓±,𝑖(𝑇, 𝑥, 𝑣)𝑑𝑝 

𝜆0 =
√2

4
 

𝜕𝑡𝑢 +∑  

𝑑

𝑘=1

𝐴𝑘(𝑥)𝜕𝑥𝑘𝑢 =
𝑖𝐸(𝑡, 𝑥)

𝜀
𝐷𝑢 + 𝐶𝑢 

 

|Ψ𝑃⟩𝐸 = 𝒫exp {𝑖 ∫  
𝐸

𝐸0

 𝑑𝑝−𝒢(𝑝−)} |Ψ𝑃⟩𝐸0  

𝒢(𝑝−) ≡ ∫ 
𝑝

 𝛿 (𝑝− −
𝒑2

2𝑝+
)𝐺(𝑝+, 𝒑2);  

𝐺(𝑝+, 𝒑) = 𝑔∫  
𝑘−<𝑝−;(𝑘−𝑝)−<𝑝−

 𝐴𝑖
𝑎(𝑘+, 𝒌)

2𝑝+(𝑘+ − 𝑝+)

𝑘+

 × {[𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙]

𝒑𝑗

𝒑2
𝐴𝑙
†(𝑝+, 𝒑)𝑇𝑎𝐴𝑘

†(𝑘+ − 𝑝+, 𝒌 − 𝒑)

− [𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙]

𝒑𝑗

𝒑2
𝐴𝑙
†(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝑇𝑎𝐴𝑘

†(𝑝+, 𝒑)} +  h.c. 

 

⟨0|𝐴(𝑝)𝐴†(𝑝)|0⟩ =
(2𝜋)3

2𝑝+
 

𝐺(𝑝+, 𝒑) = 𝐴𝑖
†(𝑝+, 𝒑)𝐶𝑖(𝑝

+, 𝒑) + 𝐴𝑖(𝑝
+, 𝒑)𝐶𝑖

†(𝑝+, 𝒑)  

𝐶𝑖
𝑎(𝑝+, 𝒑) =𝑔∫  

𝑝−>𝑘−,𝑝−>(𝑘−𝑝)−
 
2𝑝+(𝑘+ − 𝑝+)

𝑘+

 × {[𝛿𝑘𝑙𝛿𝑗𝑖 (
2𝑘+

𝑝+
− 1) + 𝜖𝑙𝑘𝜖𝑗𝑖] + [𝛿𝑘𝑖𝛿𝑗𝑙 (

2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑖𝑘𝜖𝑗𝑙]}

 ×
𝒑𝑗

𝒑2
𝐴𝑙
†(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝑇𝑎𝐴𝑘(𝑘

+, 𝒌)
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𝐹𝑙𝑘
𝑖 (𝑘, 𝑝)=

2𝑝+(𝑘+ − 𝑝+)

𝑘+
{[𝛿𝑘𝑙𝛿𝑗𝑖 (

2𝑘+

𝑝+
− 1) + 𝜖𝑙𝑘𝜖𝑗𝑖] + [𝛿𝑘𝑖𝛿𝑗𝑙 (

2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑖𝑘𝜖𝑗𝑙]}

𝒑𝑗

𝒑2
 

 =
4𝑝+(𝑘+ − 𝑝+)

𝑘+
{𝛿𝑘𝑙𝛿𝑗𝑖

𝑘+

𝑝+
+ 𝛿𝑘𝑖𝛿𝑗𝑙

𝑘+

𝑘+ − 𝑝+
− 𝛿𝑘𝑗𝛿𝑖𝑙}

𝒑𝑗

𝒑2

 

𝐶𝑖
𝑎(𝑝+, 𝒑)  = 𝑔∫  

𝑘−<𝑝−; (𝑘−𝑝)−<𝑝−
 𝐹𝑙𝑘
𝑖 (𝑘, 𝑝)𝐴𝑙

†(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝑇𝑎𝐴𝑘(𝑘
+, 𝒌)

𝐶𝑖
𝑎†(𝑝+, 𝒑)  = 𝑔∫  

𝑘−<𝑝−; (𝑘+𝑝)−<𝑝−
 𝐹𝑘𝑙
𝑖 (𝑘 + 𝑝, 𝑝)𝐴𝑙

†(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝑇𝑎𝐴𝑘(𝑘
+, 𝒌)

 

𝑆 = 1 −
1

2(𝑁𝑐
2 − 1)

∫ 
𝑞

  ⟨Ψ𝑇|𝛾𝑗
†𝑏(𝑞)𝛾𝑗

𝑏(𝑞)|Ψ𝑇⟩𝑂(𝑞)  

⟨Ψ𝑇|𝛾𝑗
†𝑏(𝑞)𝛾𝑗

𝑏(𝑞)|Ψ𝑇⟩ 

𝑂(𝑞) = ⟨Ψ𝑃|𝒞𝑖
𝑎(𝑞−, 𝒒)𝒞𝑖

𝑎†(𝑞−, 𝒒)|Ψ𝑃⟩𝐸

𝒞𝑖
𝑎†(𝑞−, 𝒒) = 𝑔∫  

𝑘:𝑘−<𝑞−
 𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝐴𝑙

†(𝑘+, 𝒌 + 𝒒)𝑇𝑎𝐴𝑘(𝑘
+, 𝒌)

 

𝑓𝑗𝑘
𝑖 (𝑘, 𝑞) = 2𝑘+

𝒒𝑖

𝒒2
𝛿𝑗𝑘 + 4𝑘+𝜖𝑖𝑙

𝒒𝑙

𝒒2
𝜖𝑗𝑘

1

2𝑞−𝑘+

𝒒2
− 1

 

𝑂(𝑞) = 𝑂1(𝑞) + 𝑂2(𝑞)  

𝑂1(𝑞)  = 𝑔
2𝑁𝑐∫  

𝑘:𝑘−<𝑞−
 
1

2𝑘+
𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝑓𝑙𝑚

𝑖 (𝑘, 𝑞)⟨Ψ𝑃|𝐴𝑘
𝑎†(𝑘+, 𝒌)𝐴𝑚

𝑎 (𝑘+, 𝒌)|Ψ𝑃⟩𝐸

𝑂2(𝑞)  = 𝑔
2∫  
{𝑘,𝑙:(𝑘−𝑞)−<𝑞−;𝑘−<𝑞−;(𝑙−𝑞)−<𝑞−;𝑙−<𝑞−}

 𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝑓𝑛𝑚

𝑖 (𝑙, 𝑞)

 × ⟨Ψ𝑃|: 𝐴𝑙
†(𝑘+, 𝒌 − 𝒒)𝑇𝑎𝐴𝑘(𝑘

+, 𝒌)𝐴𝑚
† (𝑙+, 𝒍 + 𝒒)𝑇𝑎𝐴𝑛(𝑙

+, 𝒍): |Ψ𝑃⟩𝐸

 

𝑂1(𝑞) =
𝑔2𝑁𝑐
2

∫  
𝑘−<𝑞−

 
𝑑𝑘+

2𝜋

𝑑2𝒌

(2𝜋)2
1

(2𝑘+)2
𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝑓𝑙𝑘

𝑖 (𝑘, 𝑞)𝒯(𝑘)  

[𝑓𝑇𝑖(𝑘, 𝑞)𝑓𝑖(𝑘, 𝑞)]
𝑠𝑡
=
(2𝑘+)2

𝒒2

[
 
 
 

1 +
4

(
2𝑞−𝑘+

𝒒2
− 1)

2

]
 
 
 

𝛿𝑠𝑡  

𝑇̂(𝑘) ≡ 𝑎𝑖
†𝑎(𝑘)𝑎𝑖

𝑎(𝑘);  𝒯(𝑘) ≡ ⟨Ψ𝑃|𝑇̂(𝑘)|Ψ𝑃⟩𝐸  

[𝑓𝑇𝑖(𝑘, 𝑞)𝑓𝑖(𝑘, 𝑞)]
𝑠𝑡
≈
(2𝑘+)2

𝒒2
1

𝜖
𝛿(𝑘+ − 𝑞‾+)𝛿𝑠𝑡  

𝜖 = Δ𝑞−/𝒒2 

𝑂‾1(𝑞) =
𝑔2𝑁𝑐
4𝜋

1

𝒒2
∫  
𝒌2<𝒒2=2𝑘+𝐸

 
𝑑2𝒌

(2𝜋)2
𝒯 (𝒌, 𝑘+ =

𝒒2

2𝑞−
)  

𝑘− =
𝒌2

2𝑘+
< 𝐸 
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⟨𝑂̂⟩𝐸 = ⟨Ψ𝑃|𝑂̂|Ψ𝑃⟩𝐸  

𝐸 < 𝑝− < 𝐸𝑒Δ 

𝛿⟨𝑂̂⟩ ≡ ⟨𝑂̂⟩𝐸𝑒Δ − ⟨𝑂̂⟩𝐸  

|Ψ𝑃⟩𝐸 = |0⟩𝐹⊗ |Ψ𝑃⟩𝐸 

𝜕⟨𝑂̂⟩

𝜕𝜂
= lim
Δ→0

 
𝛿⟨𝑂̂⟩

Δ
;  𝜂 ≡ ln 𝐸/𝐸0  

𝛿⟨𝑂̂⟩ = ⟨𝑂̂⟩𝐸𝑒Δ  

 

𝛿⟨𝑂̂⟩= ∫  
𝐸<𝑝−<𝐸𝑒Δ

 
𝑑3𝑝

(2𝜋)3
1

2𝑝+
⟨𝐶†(𝑝)𝑂̂𝐶(𝑝) −

1

2
𝐶†(𝑝)𝐶(𝑝)𝑂̂ −

1

2
𝑂̂𝐶†(𝑝)𝐶(𝑝)⟩

𝐸
 

 =
1

2
∫  
𝐸<𝑝−<𝐸𝑒Δ

 
𝑑3𝑝

(2𝜋)3
1

2𝑝+
⟨{𝐶†(𝑝)[𝑂̂, 𝐶(𝑝)] +  h.c. }⟩

𝐸

 

∫  
𝑑𝑝+𝑑2𝒑

(2𝜋)3
𝑓(𝑝)  = ∫  

𝑑𝑝+

2𝜋

1

4𝜋
∫  𝑑𝑝2𝑓(𝑝) = Δ

1

4𝜋
∫  
𝑑𝑝+

2𝜋
2𝑝+𝐸𝑓(𝒑2 = 2𝑝+𝐸, 𝑝+)

 = Δ
1

2𝜋
∫  

𝑑2𝒑

(2𝜋)2
𝒑2

2𝐸
𝑓 (𝒑2, 𝑝+ =

𝒑2

2𝐸
)

 

𝛿𝒯(𝑘) ≡ ⟨𝑇̂⟩𝐸𝑒Δ − ⟨𝑇̂⟩𝐸;  𝛿𝒯(𝑘) = 𝛿𝒯
𝐿(𝑘) + 𝛿𝒯𝑁𝐿(𝑘)  

𝛿𝒯𝐿(𝑘) =
𝑔2𝑁𝑐
2

∫  
𝑘−,(𝑘±𝑝)−<𝐸;𝐸<𝑝−<𝐸𝑒Δ

 ∫  
𝑑3𝑝

(2𝜋)3
1

2𝑝+
[

1

4𝑘+(𝑘+ + 𝑝+)
𝐹𝑠𝑡
𝑙 (𝑘 + 𝑝, 𝑝)𝐹𝑠𝑡

𝑙 (𝑘 + 𝑝, 𝑝)𝒯(𝑘 + 𝑝)

−
1

4𝑘+(𝑘+ − 𝑝+)
𝐹𝑠𝑡
𝑙 (𝑘, 𝑝)𝐹𝑠𝑡

𝑙 (𝑘, 𝑝)𝒯(𝑘)]

 

𝛿𝒯𝑁𝐿(𝑘) =
𝑔2

2
∫  

𝑑3𝑝

(2𝜋)3
∫  

𝑑3𝑙

(2𝜋)3
1

2𝑝+

 × [𝐹𝑙𝑘
𝑖 (𝑙, 𝑝)𝐹𝑛𝑚

𝑖 (𝑘 + 𝑝, 𝑝)⟨Ψ𝑃|: 𝐴𝑙
†(𝑙+ − 𝑝+, 𝒍 − 𝒑)𝑇𝑎𝐴𝑘(𝑙

+, 𝒍)𝐴𝑚
† (𝑘+ + 𝑝+, 𝒌 + 𝒑)𝑇𝑎𝐴𝑛(𝑘

+, 𝒌): |Ψ𝑃⟩𝐸

−𝐹𝑙𝑘
𝑖 (𝑙, 𝑝)𝐹𝑛𝑚

𝑖 (𝑘, 𝑝)⟨Ψ𝑃|: 𝐴𝑙
†(𝑙+ − 𝑝+, 𝒍 − 𝒑)𝑇𝑎𝐴𝑘(𝑙

+, 𝒍)𝐴𝑚
† (𝑘+, 𝒌)𝑇𝑎𝐴𝑛(𝑘

+ − 𝑝+, 𝒌 − 𝒑): |Ψ𝑃⟩𝐸] + ℎ. 𝑐.

 

𝐹𝑙𝑛
𝑖 (𝑘, 𝑝)𝐹𝑙𝑛

𝑖 (𝑘, 𝑝) = 32(𝑘+)2𝜁(1 − 𝜁) [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]

1

𝒑2
;  𝜁 ≡

𝑝+

𝑘+
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∫  
𝑑3𝑝

(2𝜋)3
1

2𝑝+
1

4𝑘+(𝑘+ − 𝑝+)
𝐹𝑠𝑡
𝑙 (𝑘, 𝑝)𝐹𝑠𝑡

𝑙 (𝑘, 𝑝)𝒯(𝒌, 𝑥) =
Δ

2𝜋2
∫  
1/2

0

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]𝒯(𝒌, 𝑥) 

∫  
𝑑3𝑝

(2𝜋)3
1

2𝑝+
1

4𝑘+(𝑘+ + 𝑝+)
𝐹𝑠𝑡
𝑙 (𝑘 + 𝑝, 𝑝)𝐹𝑠𝑡

𝑙 (𝑘 + 𝑝, 𝑝)𝒯(𝒌 + 𝒑, 𝑘+ + 𝑝+)

 =
Δ

2𝜋2
∫  𝑑𝒏∫  

1/2

0

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]

1

1 − 𝜁
𝒯 (𝒌𝜁 ,

𝑥

1 − 𝜁
)

 

𝜁 ≡
𝑝+

𝑘+ + 𝑝+
 

𝒌𝜁 ≡ 𝒌 + 𝒏 [2𝐸𝑘
+

𝜁

1 − 𝜁
]
1/2

 

𝜕

𝜕𝜂
𝒯(𝒌, 𝑥) = −

𝑔2𝑁𝑐
4𝜋2

∫  
1/2

0

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)] [𝒯(𝒌, 𝑥) −

1

1 − 𝜁
∫  𝑑𝒏𝒯 (𝒌𝜁 ,

𝑥

1 − 𝜁
)]  

𝒌2 ≫ 2𝑘+𝐸
𝜁

1 − 𝜁
 

𝜁 <
𝑘−/𝐸

1 + 𝑘−/𝐸
≈
𝑘−

𝐸
 

𝜕

𝜕𝜂
𝒯(𝒌, 𝑥) = −

𝑔2𝑁𝑐
4𝜋2

∫  
1/2

𝑘−

𝐸

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]𝒯(𝒌, 𝑥) + ⋯  

ln (
𝒌2

𝒑2
) − ln (

𝑝+

𝑘+
) 

𝜕𝑇(𝑘+, 𝒌2; 𝜇2; 𝜉)

𝜕ln 𝜇2
= −

𝛼𝑠
2𝜋
𝑁𝑐∫  

1−𝜉/𝑘+

𝜉/𝑘+
 𝑑𝜁 [

1 − 𝜁

𝜁
+

𝜁

1 − 𝜁
+ 𝜁(1 − 𝜁)] 𝑇(𝑘+, 𝒌2; 𝜇2; 𝜉)

𝜕𝑇(𝑘+, 𝒌2; 𝜇2; 𝜉)

𝜕ln 
1
𝜉

= −
𝛼𝑠
2𝜋
2𝑁𝑐∫  

𝜇2

𝒌2
 
𝑑𝑝2

𝑝2
𝑇(𝑘+, 𝒌2; 𝜇2; 𝜉)

 

𝒯(𝒌, 𝑘+; 𝐸) = 𝑇(𝑘+, 𝒌; 𝜇2(𝐸); 𝜉(𝐸))  

ln 
𝜇2(𝐸)

𝒌2
=
1

√2
𝑎ln 

𝐸

𝑘−
;  ln 

𝑘+

𝜉(𝐸)
=
1

√2

1

𝑎
ln 

𝐸

𝑘−
 

𝜕

𝜕ln 𝐸
𝒯(𝒌, 𝑘+; 𝐸) = [

𝜕ln 𝜇2

𝜕ln 𝐸

𝜕

𝜕ln 𝜇2
+
𝜕ln 1/𝜉

𝜕ln 𝐸

𝜕

𝜕ln 1/𝜉
] 𝑇(𝒌, 𝑘+; 𝜇2(𝐸), 𝜉(𝐸))  

ln 
𝜇2

𝒌2
= 2ln 

𝑘+

𝜉
 

ln 
𝜇2(𝐸)

𝒌2
=
1

√2
𝑎ln 

𝐸

𝑘−
;  ln 

𝑘+

𝜉(𝐸)
−
11

12
=
1

√2

1

𝑎
[ln 

𝐸

𝑘−
−
11

12
]  
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⟨Ψ𝑃|: 𝐴𝑙
†𝑏(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝑇𝑏𝑐

𝑎 𝐴𝑘
𝑐 (𝑘+, 𝒌)𝐴𝑚

†𝑑(𝑙+ + 𝑝+, 𝒍 + 𝒑)𝑇𝑑𝑒
𝑎 𝐴𝑛

𝑒 (𝑙+, 𝒍): |Ψ𝑃⟩𝐸

 =
1

4𝑉(𝑁𝑐
2 − 1)2

𝛿3(𝑘 − 𝑙 − 𝑝)𝛿𝑘𝑚𝛿𝑙𝑛𝛿𝑐𝑑𝛿𝑏𝑒𝑇𝑏𝑐
𝑎 𝑇𝑑𝑒

𝑎

 × ⟨Ψ𝑃|: [𝐴
†(𝑙+, 𝒍)𝐴(𝑙+, 𝒍)][𝐴†(𝑙+ + 𝑝+, 𝒍 + 𝒑)𝐴(𝑙+ + 𝑝+, 𝒍 + 𝒑)]: |Ψ𝑃⟩𝐸

 =
𝑁𝑐

4𝑉(𝑁𝑐
2 − 1)

𝛿3(𝑘 − 𝑙 − 𝑝)𝛿𝑘𝑚𝛿𝑙𝑛⟨Ψ𝑃|: [𝐴
†(𝑙+, 𝒍)𝐴(𝑙+, 𝒍)][𝐴†(𝑙+ + 𝑝+, 𝒍 + 𝒑)𝐴(𝑙+ + 𝑝+, 𝒍 + 𝒑)]: |Ψ𝑃⟩𝐸

 

(|Ψ𝑃⟩ = |𝑘1, 𝑘2, … 𝑘𝑛⟩) 

|Φ⟩ = ∫  
𝒒,𝒔

 Φ(𝒒, 𝒔)|𝒒, 𝒔⟩  

⟨Φ|𝐴†(𝒌 − 𝒑)𝐴†(𝒍 + 𝒑)𝐴(𝒍)𝐴(𝒌)|Φ⟩ = Φ∗(𝒌 − 𝒑, 𝒍 + 𝒑)Φ(𝒌, 𝒍)  

Φ(𝒌, 𝒍)  = ∫  
𝒙2<𝑅2,𝒚2<𝑅2

  𝑒𝑖𝒌⋅𝒙+𝑖𝒍⋅𝒚𝜒1(𝒙 + 𝒚)𝜒2(𝒙 − 𝒚)

 ≈ ∫  
|𝒙+𝒚|<𝑅

  𝑒
𝑖
2
(𝒌+𝒍)⋅(𝒙+𝒚)𝜒1(𝒙 + 𝒚)∫  

|𝒙−𝒚|<𝑅

 𝑒
𝑖
2
(𝒌−𝒍)⋅(𝒙−𝒚)𝜒2(𝒙 − 𝒚)

 ≈ 𝜒‾1(𝒌 + 𝒍)𝑒
𝑖|𝒌−𝒍|𝑅𝜓(𝒌 − 𝒍)

 

Φ∗(𝒌 − 𝒑, 𝒍 + 𝒑)Φ(𝒌, 𝒍) ∝ 𝑒𝑖𝑅(|𝒌−𝒍|−|𝒌−𝒍+2𝒑|)  

|𝒌| ∼ |𝒍| ∼ |𝒑| ≫
1

𝑅
 

⟨Ψ𝑃|: 𝐴𝑙
†𝑏(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝑇𝑏𝑐

𝑎 𝐴𝑘
𝑐 (𝑘+, 𝒌)𝐴𝑚

†𝑑(𝑙+ + 𝑝+, 𝒍 + 𝒑)𝑇𝑑𝑒
𝑎 𝐴𝑛

𝑒 (𝑙+, 𝒍): |Ψ𝑃⟩𝐸

 =
𝑁𝑐

4𝑆⊥(𝑁𝑐
2 − 1)

√𝑙+(𝑙+ + 𝑝+)𝛿3(𝑘 − 𝑙 − 𝑝)𝛿𝑘𝑚𝛿𝑙𝑛

 × ⟨Ψ𝑃|: [𝐴
†(𝑙+, 𝒍)𝐴(𝑙+, 𝒍)][𝐴†(𝑙+ + 𝑝+, 𝒍 + 𝒑)𝐴(𝑙+ + 𝑝+, 𝒍 + 𝒑)]: |Ψ𝑃⟩𝐸

 

𝛿𝒯𝑁𝐿(𝑘) =
𝑔2𝑁𝑐
(2𝜋)3

1

4𝑆⊥(𝑁𝑐
2 − 1)

∫  
𝑑3𝑝

(2𝜋)3
1

2𝑝+
1

2𝑘+

 × [
√𝑘+(𝑘+ + 𝑝+)

2(𝑘 + 𝑝)+
𝐹𝑙𝑘
𝑖 (𝑘 + 𝑝, 𝑝)𝐹𝑙𝑘

𝑖 (𝑘 + 𝑝, 𝑝)𝒯2(𝑘, 𝑘 + 𝑝) −
√𝑘+(𝑘+ − 𝑝+)

2(𝑘 − 𝑝)+
𝐹𝑙𝑘
𝑖 (𝑘, 𝑝)𝐹𝑙𝑘

𝑖 (𝑘, 𝑝)𝒯2(𝑘, 𝑘 − 𝑝)]

 

𝒯2(𝑘, 𝑞) ≡ ⟨Ψ𝑃|: [𝑎
†(𝑘+, 𝒌)𝑎(𝑘+, 𝒌)][𝑎†(𝑞+, 𝒒)𝑎(𝑞+, 𝒒)]: |Ψ𝑃⟩𝐸  

𝒯2(𝑘, 𝑞) ≈ 𝒯(𝑘)𝒯(𝑞)  

𝜕

𝜕𝜂
𝒯(𝒌, 𝑥)= −

𝑔2𝑁𝑐
4𝜋2

∫  
1/2

0

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]  

× [𝒯(𝒌, 𝑥) {1 +
𝑥√1 − 𝜁

16𝜋2𝑆⊥(𝑁𝑐
2 − 1)

∫  𝑑𝒏𝒯(𝒌𝜁′ , (1 − 𝜁)𝑥)}  

−
1

1 − 𝜁
∫  𝑑𝒏𝒯 (𝒌𝜁 ,

𝑥

1 − 𝜁
){1 +

𝑥

16𝜋2𝑆⊥(𝑁𝑐
2 − 1)√1 − 𝜁

𝒯(𝒌, 𝑥)}]
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𝒌𝜁 = 𝒌 + 𝒏[2𝑘
+𝐸

𝜁

1 − 𝜁
]
1/2

= 𝒌 + 𝒏 [𝒌2
𝐸

𝑘−
𝜁

1 − 𝜁
]
1/2

𝒌𝜁′ = 𝒌 + 𝒏[2𝑘
+𝐸𝜁]1/2 = 𝒌 + 𝒏 [𝒌2

𝐸

𝑘−
𝜁]
1/2

 

𝒯(𝒒, 𝑞+) ∝
1

𝒒2
1

𝑞+
𝜁 >

𝑘−

𝐸
 

 (1 − 𝜁)1/2𝒯(𝒌𝜁′ , (1 − 𝜁)𝑥) −
1

(1 − 𝜁)3/2
𝒯 (𝒌𝜁 ,

𝑥

1 − 𝜁
)

 ≈
1

(1 − 𝜁)1/2
𝒯 (𝒏 [𝒌2

𝐸

𝑘−
𝜁]
1/2

, 𝑥) − (1 − 𝜁)1/2𝒯 (𝒏 [𝒌2
𝐸

𝑘−
𝜁]
1/2

, 𝑥) ≈ 𝜁𝒯 (𝒏 [𝒌2
𝐸

𝑘−
𝜁]
1/2

, 𝑥)

 

−
𝑔2𝑁𝑐
4𝜋2

∫  
1/2

0

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]𝒯(𝒌, 𝑥)  

×
𝑥

16𝜋2𝑆⊥(𝑁𝑐
2 − 1)

∫  𝑑𝒏 {(1 − 𝜁)1/2𝒯(𝒌𝜁′ , (1 − 𝜁)𝑥) −
1

(1 − 𝜁)3/2
∫  𝒯 (𝒌𝜁 ,

𝑥

1 − 𝜁
)} 

= −
𝑔2𝑁𝑐
4𝜋2

𝑥

16𝜋2𝑆⊥(𝑁𝑐
2 − 1)

𝒯(𝒌, 𝑥)∫  
1/2

𝒌−/𝐸

 𝑑𝜁 ∫  𝑑𝒏𝒯 (𝒏 [𝒌2
𝐸

𝑘−
𝜁]
1/2

, 𝑥)  

 = −
𝑔2𝑁𝑐
4𝜋2

𝑥

4𝜋𝑆⊥(𝑁𝑐
2 − 1)

1

𝒌2
𝑘−

𝐸
𝒯(𝒌, 𝑥)∫  

𝒑2=𝑘+𝐸

𝒑2=𝒌2
 
𝑑2𝒑

(2𝜋)2
𝒯(𝒑, 𝑥)

 

𝜕

𝜕𝜂
𝒯(𝒌, 𝑥)= −

𝑔2𝑁𝑐
4𝜋2

[∫  
1/2

𝑘−/𝐸

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]  

+
𝑥

4𝜋𝑆⊥(𝑁𝑐
2 − 1)

1

𝒌2
𝑘−

𝐸
∫  
𝒑2=𝑘+𝐸

𝒑2=𝒌2
 
𝑑2𝒑

(2𝜋)2
𝒯(𝒑, 𝑥)]𝒯(𝒌, 𝑥)

 

𝜕

𝜕𝜂
[𝑥𝒯(𝒌, 𝑥)] = −

𝑔2𝑁𝑐
4𝜋2

[ ∫  
1/2

𝒌2/𝑄2
 𝑑𝜁 [

𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]

+
1

4𝜋(𝑁𝑐
2 − 1)

1

𝑄2𝑆⊥
∫  
𝒑2=𝑄2

𝒑2=𝒌2
 
𝑑2𝒑

(2𝜋)2
[𝑥𝒯(𝒑, 𝑥)]] [𝑥𝒯(𝒌, 𝑥)]

 

𝛿⟨𝑂̂⟩ = ∫  
𝑝,𝑝‾:𝑝−=𝑝‾−=𝐸

  ⟨Ψ𝑃|𝐶𝑖
†𝑎(𝑝)⟨0|𝐴𝑖

𝑎(𝑝)𝑂̂𝐴𝑗
†𝑏(𝑝‾)|0⟩𝐹𝐶𝑗

𝑏(𝑝‾)|Ψ𝑃⟩𝐸  

𝛿𝒯(𝒌, 𝑘+; 𝑘− = 𝐸) =
1

2𝑘+
⟨Ψ𝑃|𝐶𝑖

†𝑎(𝑘)𝐶𝑖
𝑎(𝑘)|Ψ𝑃⟩𝐸  

𝛿𝒯(𝒌, 𝑘+; 𝑘− = 𝐸) =
𝑔2𝑁𝑐
4𝜋3

1

𝒌2
∫  𝑑2𝒒∫  

min(
𝒌2

𝒒2
,

𝒌2

𝒌2+(𝒒−𝒌)2
)

𝑥

 𝑑𝜁
1

𝜁
[
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]

 × 𝒯 (𝒒,
𝑘+

𝜁
) [1 +

1

16𝜋2𝑆⊥(𝑁𝑐
2 − 1)

𝑘+(1 − 𝜁)1/2

𝜁
𝒯 (𝒒 − 𝒌, 𝑘+

1 − 𝜁

𝜁
)]
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𝛿[𝑥𝒯(𝒌, 𝑥; 𝑘− = 𝐸)] =
𝑔2𝑁𝑐
4𝜋3

1

𝒌2
∫  𝑑2𝒒∫  

min(
𝒌2

𝒒2
,

𝒌2

𝒌2+(𝒒−𝒌)2
)

𝑥

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]

 × [
𝑥

𝜁
𝒯 (𝒒,

𝑥

𝜁
)] [1 +

1

16𝜋2𝑆⊥(𝑁𝑐
2 − 1)

1

(1 − 𝜁)1/2
[𝑥
1 − 𝜁

𝜁
𝒯 (𝒒 − 𝒌, 𝑥

1 − 𝜁

𝜁
)]]

 

𝒒2 = (𝒒 − 𝒌)2 ≫ 𝒌2 

𝜁 < 𝒌2/𝒒2 

𝛿[𝑥𝒯(𝒌, 𝑥; 𝑘− = 𝐸)] = 𝛿[𝑥𝒯(𝒌, 𝑥; 𝑘− = 𝐸)]𝐷𝐺𝐿𝐴𝑃 + 𝛿[𝑥𝒯(𝒌, 𝑥; 𝑘− = 𝐸)]𝐵𝐹𝐾𝐿  

𝛿[𝑥𝒯(𝒌, 𝑥; 𝑘− = 𝐸)]𝐷𝐺𝐿𝐴𝑃 =
𝑔2𝑁𝑐
4𝜋3

1

𝒌2
∫  
1/2

𝑥

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]

 × ∫ 𝑑2
𝒒2<𝒌2

𝑑2𝒒 [
𝑥

𝜁
𝒯 (𝒒,

𝑥

𝜁
)] [1 +

1

16𝜋2𝑆⊥(𝑁𝑐
2 − 1)

1

(1 − 𝜁)1/2
[𝑥
1 − 𝜁

𝜁
𝒯 (𝒌, 𝑥

1 − 𝜁

𝜁
)]]

 

𝛿[𝑥𝒯(𝒌, 𝑥; 𝑘− = 𝐸)]𝐵𝐹𝐾𝐿 =
𝑔2𝑁𝑐
4𝜋3

1

𝒌2
∫  
1

𝑥

 𝑑𝜁
1

𝜁
∫  
𝒒2=

𝒌2

𝜁

𝒒2=𝒌2
 𝑑2𝒒 [

𝑥

𝜁
𝒯 (𝒒,

𝑥

𝜁
)]  

ln 1/𝑥ln 
𝒌2

Λ𝑄𝐶𝐷
2  

ln 𝑘−/𝐸0 − Δ/2ln 𝑘
−/𝐸0 + Δ/2 

𝜕

𝜕𝜂
[𝑥𝒯real 

DGLAP (𝒌, 𝑥)] =
𝑔2𝑁𝑐
4𝜋3

1

𝒌2
∫  
1/2

𝑥

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]

× ∫ 𝑑2
𝒒2<𝒌2

𝑑2𝒒 [
𝑥

𝜁
𝒯 (𝒒,

𝑥

𝜁
)] [1 +

1

16𝜋2𝑆⊥(𝑁𝑐
2 − 1)

1

(1 − 𝜁)1/2
[𝑥
1 − 𝜁

𝜁
𝒯 (𝒌, 𝑥

1 − 𝜁

𝜁
)]] 𝛿 (𝜂 − ln 

𝑘−

𝐸0
)

𝜕

𝜕𝜂
[𝑥𝒯real 

BFKL (𝒌, 𝑥)] =
𝑔2𝑁𝑐
4𝜋3

1

𝒌2
∫  
1

𝑥

 𝑑𝜁
1

𝜁
∫  
𝒒2=

𝒌2

𝜁

𝒒2=𝒌2
 𝑑2𝒒 [

𝑥

𝜁
𝒯 (𝒒,

𝑥

𝜁
)] 𝛿 (𝜂 − ln 

𝑘−

𝐸0
)

 

𝐺(𝑥, 𝐸) ≡ ∫  𝑑2𝒌𝒯(𝒌, 𝑘+; 𝐸) = ∫  
2𝑘+𝐸

0

 𝑑2𝒌𝒯(𝒌, 𝑘+; 𝐸)  

𝑄2 = 2𝑘+𝐸 = 2𝑥𝑠, 𝑥 = 𝑘+/𝑃+  

𝜕

𝜕ln 𝐸
𝐺(𝑥, 𝐸) = (2𝑘+𝐸)𝜋𝒯(𝒌2 = 2𝑘+𝐸, 𝑘+; 𝐸) + ∫  

2𝑘+𝐸

0

 𝑑2𝒌
𝜕

𝜕ln 𝐸
𝒯(𝒌, 𝑘+; 𝐸)  

𝑔2𝑁𝑐
2

∫  
𝑑3𝑝

(2𝜋)3
1

2𝑝+
1

4𝑘+(𝑘+ + 𝑝+)
𝐹𝑠𝑡
𝑙 (𝑘 + 𝑝, 𝑝)𝐹𝑠𝑡

𝑙 (𝑘 + 𝑝, 𝑝)𝒯(𝒌 + 𝒑, 𝑘+ + 𝑝+)

 =
𝑔2𝑁𝑐
2

Δ

𝜋

1

𝐸𝑘+
∫  

𝑑2𝒑

(2𝜋)2
𝜁‾ [

𝜁‾

1 − 𝜁‾
+
1 − 𝜁‾

𝜁‾
+ 𝜁‾(1 − 𝜁‾)]𝒯 (𝒌 + 𝒑,

𝑥

𝜁‾
)

 

𝜁‾ ≡
𝑘+

𝑘+ + 𝑝+
=

1

1 +
𝑝2

2𝐸𝑘+
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𝑔2𝑁𝑐
2

∫  𝑑2𝒌
Δ

𝜋

1

𝐸𝑘+
∫  

𝑑2𝒑

(2𝜋)2
𝜁‾ [

𝜁‾

1 − 𝜁‾
+
1 − 𝜁‾

𝜁‾
+ 𝜁‾(1 − 𝜁‾)]𝒯 (𝒌 + 𝒑,

𝑥

𝜁‾
)

 =
𝑔2𝑁𝑐
2

Δ

2𝜋2
∫  𝑑𝜁 [

𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]∫  

Ω

 𝑑2𝒒
1

𝜁
𝒯 (𝒒,

𝑥

𝜁
)

 

𝑞− < 𝐸; (𝑞 − 𝑝)− < 𝐸  

𝒒2 <
2𝐸𝑘+

𝜁
;   or  𝜁 <

2Ek+

q2
 

𝒒2 + 𝒑2 − 2|𝒑||𝒒|cos 𝜙 < 2𝐸𝑘+;  
𝒒2

2𝐸𝑘+
− 2√

𝒒2

2𝐸𝑘+
√
1 − 𝜁

𝜁
cos 𝜙 <

2𝜁 − 1

𝜁
 

𝑞2 ≪ 2𝐸𝑘+
1 − 𝜁

𝜁
 

1

2
< 𝜁 < 1  

log 𝑄2/Λ𝑄𝐶𝐷
2  

1

2
+ 𝛽− (cos 𝜙,

𝒒2

2𝐸𝑘+
) < 𝜁 < 1 + 𝛽+ (cos 𝜙,

𝒒2

2𝐸𝑘+
)  

ln (2𝐸𝑘+/Λ𝑄𝐶𝐷
2 ) 

𝒒2

2𝐸𝑘+
<
1

𝜁
− 2√

1 − 𝜁

𝜁
 

𝒒2

2𝐸𝑘+
>
1

𝜁
+ 2√

1 − 𝜁

𝜁
 

ln 
𝑄2

Λ𝑄𝐶𝐷
2  

cos 𝜙 >
1

2
√
𝒒2

2𝐸𝑘+
 

𝒒2 = 4𝐸𝑘+ −
𝜋

4
< 𝜙 <

𝜋

4
 

𝑔2𝑁𝑐
2

∫  𝑑2𝒌
Δ

𝜋

1

𝐸𝑘+
∫  

𝑑2𝒑

(2𝜋)2
𝜁‾2
1

𝜁‾
[
𝜁‾

1 − 𝜁‾
+
1 − 𝜁‾

𝜁‾
+ 𝜁‾(1 − 𝜁‾)]𝒯 (𝒌 + 𝒑,

𝑥

𝜁‾
)

 ≈
𝑔2𝑁𝑐
2

Δ

2𝜋2
∫  
1

1/2

 𝑑𝜁
1

𝜁
[
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]∫  

2𝐸𝑘+/𝜁

0

 𝑑2𝒒𝒯 (𝒒,
𝑥

𝜁
)

 

𝜕

𝜕ln 𝑄2
[𝑥𝐺(𝑥, 𝐸)]gain =

𝑔2𝑁𝑐
4𝜋2

∫  
1

1/2

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]∫  

𝑄2/𝜁

0

 𝑑2𝒒 [
𝑥

𝜁
𝒯 (𝒒,

𝑥

𝜁
)]  
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−
𝑔2𝑁𝑐
2

∫  
𝑑3𝑝

(2𝜋)3
1

8𝑝+𝑘+(𝑘+ − 𝑝+)
𝐹𝑠𝑡
𝑙 (𝑘, 𝑝)𝐹𝑠𝑡

𝑙 (𝑘, 𝑝)𝒯(𝑘) 

 = −Δ
𝑔2𝑁𝑐
8𝜋2

∫  
1

0

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]𝒯(𝒌, 𝑥)

 

𝜕

𝜕ln 𝑄2
[𝑥𝐺(𝑥, 𝐸)]𝑙𝑜𝑠𝑠 = −

𝑔2𝑁𝑐
8𝜋2

∫  
1

0

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]∫  

𝑄2

0

 𝑑2𝒌[𝑥𝒯(𝒌, 𝑥)]  

𝑞− < 𝐸; (𝑞 − 𝑘)− < 𝐸  

𝒒2 < 2𝐸𝑘+/𝜁  

𝒒2

2𝐸𝑘+
− 2√

𝒒2

2𝐸𝑘+
cos 𝜙 <

1 − 2𝜁

𝜁
 

𝜁 <
1

2
 

𝒒2

2𝐸𝑘+
<
1

𝜁
− 2√

1 − 𝜁

𝜁
 

𝒒2

2𝐸𝑘+
>
1

𝜁
+ 2√

1 − 𝜁

𝜁
 

𝑄2𝜋𝒯(𝒌2 = 𝑄2, 𝑘+, 𝐸) =
𝑔2𝑁𝑐
4𝜋2

∫  
1/2

𝑥

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)]∫

𝑑2𝒒

(2𝜋)2

𝑄2/𝜁
𝑑2𝒒

(2𝜋)2
1

𝜁
𝒯 (𝒒,

𝑘+

𝜁
)  

𝑃𝑔𝑔(𝜁) = [
𝜁

1 − 𝜁
]
+

+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)  

𝜕

𝜕ln 𝑄2
[𝑥𝐺(𝑥, 𝑄2)] =

𝛼𝑠
2𝜋
∫  
1

𝑥

 𝑑𝜁𝑃𝑔𝑔(𝜁) [
𝑥

𝜁
𝐺 (
𝑥

𝜁
,
𝑄2

𝜁
)]  

𝜕

𝜕ln 𝑄2
𝐺(𝑥, 𝑄2) = 𝑄2𝜋𝑇(𝒌2 = 𝑄2, 𝑥; 𝑄2, 𝜉) + ∫ 

𝑘

 
𝜕

𝜕𝑄2
𝑇(𝒌2, 𝑥; 𝑄2, 𝜉)  

(
𝑘+

𝜁
, 𝒒2) → (𝑘+, 𝑄2) + (

𝑘+

𝜁
, 𝒒2) with 𝑄2 ≪ 𝒒2 ≪

𝑄2

𝜁
 

∫  
𝑄2

𝒌2
 𝑑2𝒑𝒯(𝒑, 𝑥)𝒯(𝒌, 𝑥) =

1

𝜋

𝜕

𝜕𝒌2
[∫  

𝑄2

0

 𝑑2𝒑𝒯(𝒑, 𝑥)∫  
𝒌2

0

 𝑑2𝒒𝒯(𝒒, 𝑥) −
1

2
[∫  

𝒌2

0

 𝑑2𝒒𝒯(𝒒, 𝑥)]

2

]  

∫ 𝑑2
𝑄2

𝑑2𝒌∫  
𝑄2

𝒌2
 𝑑2𝒑𝒯(𝒑, 𝑥)𝒯(𝒌, 𝑥) =

1

2
[∫  

𝑄2

0

 𝑑2𝒑𝒯(𝒑, 𝑥)]

2

=
1

2
𝐺2(𝑄2, 𝑥)  

𝜕

𝜕ln 𝑄2
[𝑥𝐺(𝑄2, 𝑥)]𝑣𝑖𝑟𝑡

𝑁𝐿 = −
𝛼𝑠𝑁𝑐
4𝜋

1

(2𝜋)3
1

𝑁𝑐
2 − 1

1

𝑄2𝑆⊥
[𝑥𝐺(𝑄2, 𝑥)]2  
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1

(1 − 𝜁)1/2
𝑥
1 − 𝜁

𝜁
𝒯 (𝒌, 𝑥

1 − 𝜁

𝜁
) ≈ √2𝑥𝒯(𝒌, 𝑥)  

𝛼𝑠𝑁𝑐
𝜋2

√2

16𝜋2
1

𝑄2𝑆⊥(𝑁𝑐
2 − 1)

∫  
1/2

𝑥

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)] [

𝑥

𝜁
𝐺 (𝑄2,

𝑥

𝜁
)] [𝑥𝒯(𝒌, 𝑥)]  

𝜕

𝜕𝐸
[𝑥𝐺(𝑄2, 𝑥)]𝑟𝑒𝑎𝑙

𝑁𝐿 =
𝛼𝑠
2𝑁𝑐
𝜋3

√2

16𝜋2
1

𝑄2𝑆⊥(𝑁𝑐
2 − 1)

∫  
1/2

𝑥

 𝑑𝜁 [
𝜁

1 − 𝜁
+
1 − 𝜁

𝜁
+ 𝜁(1 − 𝜁)] [

𝑥

𝜁
𝐺 (𝑄2,

𝑥

𝜁
)] 

 × ∫  
1/2

𝑥

 𝑑𝜉 [
𝜉

1 − 𝜉
+
1 − 𝜉

𝜉
+ 𝜉(1 − 𝜉)] [

𝑥

𝜉
𝐺 (
𝑄2

𝜉
,
𝑥

𝜉
)]

 

ln 
𝑄2

𝒌2
=
1

2
ln 
𝑘+

𝜉
 

1

𝑁𝑐
2 − 1

1

𝑄2𝑆⊥
𝑆⊥ ∼

1

Λ𝑄𝐶𝐷
2  

𝒌2 >
Λ𝑄𝐶𝐷
2

𝛼𝑠
 

Λ𝑄𝐶𝐷 < |𝒌| <
Λ𝑄𝐶𝐷
𝑔

 

∫ 
𝑘

≡ ∫  
𝑑2𝒌𝑑𝑘+

(2𝜋)3
 

𝒯(𝒌, 𝑘+) ≡ 𝑃+𝒯(𝒌, 𝑥) 

|Ψ𝑖𝑛⟩ = |Ψ𝑃⟩ ⊗ |Ψ𝑇⟩  

𝑆̂ = lim
𝜏→∞

 𝒯exp {𝑖 ∫  
𝜏

0

 𝑑𝑥+𝐻𝑃𝑇
𝐼 (𝑥+)}  

𝑈(0, 𝜏) = 𝒯exp {𝑖 ∫  
𝜏

0

 𝑑𝑥+𝐻𝑆𝐹
𝐼 (𝑥+)}  

Ω = lim
𝜏→∞

 𝑈(0, 𝜏)  

|Ψ𝑃⟩ = Ω|0⟩𝐹⊗ |𝜓0⟩𝑆  

ℒ𝑌𝑀 = −
1

4
𝐹𝑎
𝜇𝜈
𝐹𝜇𝜈
𝑎 =

1

2
(𝐹+−)2 + 𝐹+𝑖𝐹−𝑖 −

1

4
𝐹𝑖𝑗𝐹𝑖𝑗  

𝐹+− = 𝜕+𝐴− − 𝐷−𝐴+; 𝐹+𝑖 = 𝜕+𝐴𝑖 − 𝐷𝑖𝐴+

𝐹−𝑖 = 𝜕−𝐴𝑖 − 𝐷𝑖𝐴−; 𝐹𝑖𝑗 = 𝜕𝑖𝐴𝑗 − 𝐷𝑗𝐴𝑖
 

𝐷𝑎𝑏𝐴𝑏 = 𝜕𝐴𝑎 − 𝑔𝑓𝑎𝑏𝑐𝐴𝑏𝐴𝑐 

𝐷−𝐹+− + 𝐷𝑖𝐹−𝑖 = 𝐷−𝜕+𝐴− + 𝐷𝑖[𝜕−𝐴𝑖 − 𝐷𝑖𝐴−] = 𝜕−𝜕+𝐴− − 𝜕2𝐴− + 𝜕𝑖𝜕−𝐴𝑖 + 𝑂(𝑔) = 0  

Π𝑖
𝑎(𝑥) = 𝜕+𝐴𝑖

𝑎(𝑥)  
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𝐻 =
1

2
∫  
𝑥−,𝒙

  [Π𝑎(𝑥−, 𝒙)Π𝑎(𝑥−, 𝒙) + 𝐵(𝑥−, 𝒙)𝐵(𝑥−, 𝒙)]  

Π𝑎(𝑥−, 𝒙)  ≡ 𝐹𝑎
+−(𝑥−, 𝒙) =

1

𝜕+
𝐷𝑖
𝑎𝑏𝜕+𝐴𝑖

𝑏 = 𝜕𝑖𝐴𝑖
𝑎 − 𝑔

1

𝜕+
𝑓𝑎𝑏𝑐𝐴𝑖

𝑏𝜕+𝐴𝑖
𝑐

𝐵𝑎(𝑥−, 𝒙)  = 𝜖𝑖𝑗 [𝜕𝑖𝐴𝑗
𝑎 −

𝑔

2
𝑓𝑎𝑏𝑐𝐴𝑖

𝑏𝐴𝑗
𝑐]

 

𝐴𝑎
𝑖 (𝑥−, 𝒙) = ∫  

𝑑3𝑘

(2𝜋)3
[𝐴𝑎
𝑖 (𝑘+, 𝒌)𝑒−𝑖𝑘⋅𝑥 + 𝐴𝑎

†𝑖(𝑘+, 𝒌)𝑒𝑖𝑘⋅𝑥]  

𝑘 ⋅ 𝑥 ≡ 𝑘+𝑥− − 𝒌 ⋅ 𝒙Π𝑎 

Π𝑎(𝑝+, 𝒑)= −𝑖𝒑𝑖𝐴𝑖
𝑎(𝑝+, 𝒑) + 𝑔𝑓𝑎𝑏𝑐∫  

𝑘+>0

 𝐴𝑖
𝑏(𝑝+ + 𝑘+, 𝒑 + 𝒌)

2𝑘+ + 𝑝+

𝑝+
𝐴𝑖
𝑐†(𝑘+, 𝒌) 

 +𝑔𝑓𝑎𝑏𝑐∫  
𝑝+>𝑘+>0

 𝐴𝑖
𝑏(𝑘+, 𝒌)

𝑘+

𝑝+
𝐴𝑖
𝑐(𝑝+ − 𝑘+, 𝒑 − 𝒌)

 

∫ 
𝑘

≡ ∫  
𝑑3𝑘

(2𝜋)3
 

𝐴𝑖
𝑎(𝑘) ≡

1

√2𝑘+
𝑎̂𝑖
𝑎(𝑘); 𝐴𝑖

𝑎†(𝑘) ≡
1

√2𝑘+
𝑎̂𝑖
𝑎†(𝑘) 

[𝐴𝑖
𝑎(𝑝), 𝐴𝑗

𝑏†(𝑞)] = (2𝜋)3𝛿𝑖𝑗
𝑎𝑏 1

2𝑝+
𝛿3(𝑝 − 𝑞)  

Π𝑎(−𝑝+, −𝒑) = Π𝑎†(𝑝+, 𝒑)  

𝐵𝑎(𝑝+, 𝒑) =𝜖𝑖𝑗 [−𝑖𝒑𝑖𝐴𝑗
𝑎(𝑝+, 𝒑) − 𝑔𝑓𝑎𝑏𝑐∫  

𝑘+
 𝐴𝑖
𝑏(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑗

𝑐†(𝑘+, 𝒌)

−
𝑔

2
𝑓𝑎𝑏𝑐∫  

𝑝+>𝑘+>0

 𝐴𝑖
𝑏(𝑝+ − 𝑘+, 𝒑 − 𝒌)𝐴𝑗

𝑐(𝑘+, 𝒌)]

𝐵𝑎(−𝑝+, −𝒑) =𝜖𝑖𝑗 [𝑖𝒑𝑖𝐴𝑗
𝑎†(𝑝+, 𝒑) − 𝑔𝑓𝑎𝑏𝑐∫  

𝑘+
 𝐴𝑖
𝑏†(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑗

𝑐(𝑘+, 𝒌)

−
𝑔

2
𝑓𝑎𝑏𝑐∫  

𝑝+>𝑘+>0

 𝐴𝑖
𝑏†(𝑝+ − 𝑘+, 𝒑 − 𝒌)𝐴𝑗

𝑐†(𝑘+, 𝒌)]

 

𝐻 =
1

2
∫ 
𝑝

  [Π𝑎(𝑝+, 𝒑)Π†𝑎(𝑝+, 𝒑) + 𝐵𝑎(𝑝+, 𝒑)𝐵†𝑎(𝑝+, 𝒑)]  

𝐴𝑖
𝑎(𝑘) = 𝐴𝑆𝑖

𝑎 (𝑘)𝜃 (𝐸 −
𝒌2

2𝑘+
) + 𝐴𝐹𝑖

𝑎 (𝑘)𝜃 (
𝒌2

2𝑘+
− 𝐸)  

Ω𝐵𝐹𝐾𝐿: 𝑝
− > 𝑘−; 𝑝+ ≪ 𝑘+; 𝒑2 ∼ 𝒌2;  Ω𝐷𝐺𝐿𝐴𝑃: 𝑝

− > 𝑘−; 𝑝+ ∼ 𝑘+; 𝒑2 ≫ 𝒌2  

ℋ(𝑝) =
1

2
[Π𝐹
𝑎(𝑝+, 𝒑)Π𝐹

†𝑎(𝑝+, 𝒑) + 𝐵𝐹
𝑎(𝑝+, 𝒑)𝐵𝐹

†𝑎(𝑝+, 𝒑)]  
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𝜌𝑎(𝑝+, 𝒑) =−𝑖𝑓𝑎𝑏𝑐∫  
𝑘∈Ω𝐵𝐹𝐾𝐿

  (2𝑘+ + 𝑝+)𝐴𝑆𝑗
𝑏†(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌)  

−𝑖𝑓𝑎𝑏𝑐∫  
𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

  (2𝑘+ + 𝑝+)𝐴𝑆𝑗
𝑏†(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌) 

 ≈ −2𝑖𝑓𝑎𝑏𝑐∫  
𝑘∈Ω𝐵𝐹𝐾𝐿

 𝑘+𝐴𝑆𝑗
𝑏†(𝑘+, 𝒌 + 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌)

 

𝑏𝑎(𝑝+, 𝒑) =  −𝑔𝜖𝑖𝑗𝑓
𝑎𝑏𝑐∫  

𝑘∈Ω𝐵𝐹𝐾𝐿

 𝐴𝑆𝑖
𝑏†(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌)

 −𝑔𝜖𝑖𝑗𝑓
𝑎𝑏𝑐∫  

𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

 𝐴𝑆𝑖
𝑏†(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌)
 

𝑔𝑓𝑎𝑏𝑐∫  
𝑘+>0

 𝐴𝑖
𝑏(𝑝+ + 𝑘+, 𝒑 + 𝒌)

2𝑘+ + 𝑝+

𝑝+
𝐴𝑖
𝑐†(𝑘+, 𝒌) →

𝑔𝑓𝑎𝑏𝑐 [∫  
𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

 𝐴𝑆𝑖
𝑏 (𝑘+, 𝒌)

2𝑘+ − 𝑝+

𝑝+
𝐴𝐹𝑖
𝑐†(𝑘+ − 𝑝+, 𝒌 − 𝒑) + 𝐴𝐹𝑖

𝑏 (𝑝+ + 𝑘+, 𝒑 + 𝒌)
2𝑘+ + 𝑝+

𝑝+
𝐴𝑆𝑖
𝑐†(𝑘+, 𝒌)]

 +𝑔𝑓𝑎𝑏𝑐∫  
𝑝+≫𝑘+

 𝐴𝐹𝑖
𝑏 (𝑝+ + 𝑘+, 𝒑 + 𝒌)

2𝑘+ + 𝑝+

𝑝+
𝐴𝑆𝑖
𝑐†(𝑘+, 𝒌)

 

𝑓𝑎𝑏𝑐∫  
𝑝+>𝑘+>0

 𝐴𝑖
𝑏(𝑘+, 𝒌)

𝑘+

𝑝+
𝐴𝑖
𝑐(𝑝+ − 𝑘+, 𝒑 − 𝒌) → 𝑓𝑎𝑏𝑐∫  

𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

 𝐴𝑆𝑖
𝑏 (𝑘+, 𝒌)

2𝑘+ − 𝑝+

𝑝+
𝐴𝐹𝑖
𝑐 (𝑝+ − 𝑘+, 𝒑 − 𝒌)

+𝑓𝑎𝑏𝑐∫  
𝑝+≫𝑘+

 𝐴𝑆𝑖
𝑏 (𝑘+, 𝒌)

2𝑘+ − 𝑝+

𝑝+
𝐴𝐹𝑖
𝑐 (𝑝+ − 𝑘+, 𝒑 − 𝒌)

 

Π𝐹
𝑎(𝑝) = −𝑖𝒑𝑖𝐴𝐹𝑖

𝑎 (𝑝+, 𝒑) − 2𝑔𝑓𝑎𝑏𝑐∫  
𝑘∈Ω𝐵𝐹𝐾𝐿

 
𝑘+

𝑝+
𝐴𝑆𝑗
𝑏†(𝑝+, 𝒌 − 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌)

 +𝑔𝑓𝑎𝑏𝑐 {∫  
𝑝+≫𝑘+;𝒌2∼𝒑2

  [𝐴𝐹𝑖
𝑏 (𝑝+, 𝒑 + 𝒌)𝛼𝑖

𝑐†(𝑘+, 𝒌) + 𝐴𝐹𝑖
𝑏 (𝑝+, 𝒑 + 𝒌)𝛼𝑖

𝑐(𝑘+, −𝒌)]

 + [∫  
𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

 𝐴𝑆𝑖
𝑏 (𝑘+, 𝒌)

2𝑘+ − 𝑝+

𝑝+
𝐴𝐹𝑖
𝑐†(𝑘+ − 𝑝+, 𝒌 − 𝒑) + 𝐴𝐹𝑖

𝑏 (𝑝+ + 𝑘+, 𝒑 + 𝒌)
2𝑘+ + 𝑝+

𝑝+
𝐴𝑆𝑖
𝑐†(𝑘+, 𝒌)]

 +∫  
𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

 𝐴𝑆𝑖
𝑏 (𝑘+, 𝒌)

2𝑘+ − 𝑝+

𝑝+
𝐴𝐹𝑖
𝑐 (𝑝+ − 𝑘+, 𝒑 − 𝒌)}

 

 𝜖𝑖𝑗𝑔𝑓
𝑎𝑏𝑐∫  

𝑘+
 𝐴𝑖
𝑏(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑗

𝑐†(𝑘+, 𝒌) →

 𝜖𝑖𝑗𝑔𝑓
𝑎𝑏𝑐∫  

𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

  [𝐴𝐹𝑖
𝑏 (𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑆𝑗

𝑐†(𝑘+, 𝒌) + 𝐴𝐹𝑖
𝑏†(𝑘+ − 𝑝+, −𝒌 − 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, −𝒌)]

 +𝜖𝑖𝑗𝑔𝑓
𝑎𝑏𝑐∫  

𝑝+≫𝑘+
 𝐴𝐹𝑖
𝑏 (𝑘+ + 𝑝+, 𝒌 + 𝒑)𝛼𝑗

𝑐†(𝑘+, 𝒌)

𝑔

2
𝜖𝑖𝑗𝑓

𝑎𝑏𝑐∫  
𝑏

𝑖

  (𝑝+ − 𝑘+, 𝒑 − 𝒌)𝐴𝑗
𝑐(𝑘+, 𝒌) →

𝑔𝜖𝑖𝑗𝑓
𝑎𝑏𝑐∫  

𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

 𝐴𝐹𝑖
𝑏 (𝑝+ − 𝑘+, 𝒑 − 𝒌)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌) + 𝑔𝜖𝑖𝑗𝑓
𝑎𝑏𝑐∫  

𝑝+≫𝑘+
 𝐴𝐹𝑖
𝑏 (𝑝+ − 𝑘+, 𝒑 − 𝒌)𝛼𝑗

𝑐(𝑘+, 𝒌)
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𝐵𝐹
𝑎(𝑝)= −𝜖𝑖𝑗 {𝑖𝒑𝑖𝐴𝐹𝑗

𝑎 (𝑝+, 𝒑) + 𝑔𝑓𝑎𝑏𝑐∫  
𝑝+≫𝑘+;𝒌2∼𝒑2

  [𝐴𝐹𝑖
𝑏 (𝑝+, 𝒌 + 𝒑)𝛼𝑗

𝑐†(𝑘+, 𝒌)  

+𝐴𝐹𝑖
𝑏 (𝑝+, 𝒑 − 𝒌)𝛼𝑗

𝑐(𝑘+, 𝒌)] + 𝑔𝑓𝑎𝑏𝑐∫  
𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

  [𝐴𝐹𝑖
𝑏 (𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑆𝑗

𝑐†(𝑘+, 𝒌)

+𝐴𝐹𝑖
𝑏†(𝑘+ − 𝑝+, −𝒌 − 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, −𝒌) + 𝐴𝐹𝑖
𝑏 (𝑝+ − 𝑘+, 𝒑 − 𝒌)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌)]}

 

𝑃𝑖
𝑎𝑏 ≡ 𝒑𝑖𝛿

𝑎𝑏 + 𝑖𝑔𝑓𝑎𝑏𝑐∫  
𝑘+≪𝑝+;𝑘−≪𝑝−

  [𝛼𝑖
†𝑐(𝑘+, 𝒌) + 𝛼𝑖

𝑐(𝑘+, −𝒌)] ≈ 𝒑𝑖𝛿
𝑎𝑏 + 𝑖𝑔𝑓𝑎𝑏𝑐𝛼𝑖

𝑐
 

Π𝐹
𝑎(𝑝) =−𝑖𝑃𝑖

𝑎𝑏𝐴𝐹𝑖
𝑏 (𝑝+, 𝒑) + 2𝑔𝑓𝑎𝑏𝑐∫  

𝑘∈Ω𝐵𝐹𝐾𝐿

𝑘+

𝑝+
𝐴𝑆𝑗
𝑏†(𝑘+ + 𝑝+, 𝒌 − 𝒑)𝐴𝑆𝑗

𝑐 (𝑘+, 𝒌)   

+𝑔𝑓𝑎𝑏𝑐∫  
𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

  [𝐴𝑆𝑖
𝑏 (𝑘+, 𝒌)

2𝑘+ − 𝑝+

𝑝+
[𝐴𝐹𝑖
𝑐†(𝑘+ − 𝑝+, 𝒌 − 𝒑) + 𝐴𝐹𝑖

𝑐 (𝑝+ − 𝑘+, 𝒑 − 𝒌)]

−𝐴𝑆𝑖
𝑏†(𝑘+, 𝒌)

2𝑘+ + 𝑝+

𝑝+
𝐴𝐹𝑖
𝑐 (𝑝+ + 𝑘+, 𝒑 + 𝒌)] ;

𝐵𝐹
𝑎(𝑝) = −𝑖𝜖𝑖𝑗𝑃𝑖

𝑎𝑏𝐴𝐹𝑗
𝑏 (𝑝) − 𝜖𝑖𝑗𝑔𝑓

𝑎𝑏𝑐∫  
𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

  {𝐴𝐹𝑖
𝑏 (𝑘+ + 𝑝+, 𝒌 + 𝒑)𝐴𝑆𝑗

𝑐†(𝑘+, 𝒌)

+[𝐴𝐹𝑖
𝑏†(𝑘+ − 𝑝+, −𝒌 − 𝒑) + 𝐴𝐹𝑖

𝑏 (𝑝+ − 𝑘+, 𝒑 − 𝒌)]𝐴𝑆𝑗
𝑐 (𝑘+, −𝒌)}

 

ℋ0(𝑝) =
1

2
𝐴𝐹𝑖
𝑎 (𝑝+, 𝒑) [𝑷2𝛿𝑖𝑗 + [𝑷𝑖, 𝑷𝑗]]

𝑎𝑏
𝐴𝐹𝑗
𝑏 (𝑝+, 𝒑)  

ℋ𝐼
𝐵𝐹𝐾𝐿(𝑝) = 𝑔

1

𝑝+
[𝐴𝐹𝑖
†𝑎(𝑝)𝑷𝑖

𝑎𝑏𝜌𝑏(𝑝+, −𝒑) + 𝐴𝐹𝑖
𝑎 (𝑝)𝑷𝑖

𝑎𝑏𝜌𝑏(𝑝+, 𝒑)]  

ℋ𝐼
𝐷𝐺𝐿𝐴𝑃= −𝑖𝑔∫  

𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

 𝐴𝑆𝑖
𝑎 (𝑘+, 𝒌)𝑓𝑎𝑏𝑐 [𝛿𝑘𝑖𝛿𝑗𝑙 (

2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙]𝑷𝑗

𝑏𝑑𝐴𝐹𝑙
†𝑑(𝑝+, 𝒑)𝐴𝐹𝑘

†𝑐 (𝑘+ − 𝑝+, 𝒌 − 𝒑) 

 + h.c. 

 

ℋ𝐼
1 = −𝑖𝑔∫  

𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

 𝐴𝑆𝑖
𝑎 (𝑘+, 𝒌)𝑓𝑎𝑏𝑐 [𝛿𝑘𝑖𝛿𝑗𝑙 (

2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙] 𝑷𝑗

𝑏𝑑𝐴𝐹𝑙
†𝑑(𝑝+, 𝒑)𝐴𝐹𝑘

𝑐 (𝑝+ − 𝑘+, 𝒑 − 𝒌) + ℎ. 𝑐.  

ℋ𝐼
2 = −𝑖𝑔∫  

𝑘∈Ω𝐷𝐺𝐿𝐴𝑃

𝐴𝑆𝑖
†𝑎(𝑘+, 𝒌)𝑓𝑎𝑏𝑐 [𝛿𝑘𝑖𝛿𝑗𝑙 (−

2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙] 𝑷𝑗

𝑏𝑑𝐴𝐹𝑙
†𝑑(𝑝+, 𝒑)𝐴𝐹𝑘

𝑐 (𝑝+ + 𝑘+, 𝒑 + 𝒌) + ℎ. 𝑐 

Δℋ(𝑝) = −𝑖𝑔𝑓𝑎𝑏𝑐𝐴𝐹𝑗
†𝑏(𝑝)𝐴𝐹𝑗

𝑐 (𝑝)∫  
𝑘+≪𝑝+;𝑘−≪𝑝−

 
𝒌𝑖
𝑘+
[𝛼𝑖
𝑎(𝑘+, 𝒌) − 𝛼𝑖

†𝑎(𝑘+, −𝒌)]  

𝐻0 = ∫ 
𝑝

 ℋ0(𝑝);  ℋ0(𝑝) =
1

2
𝐴𝑖
𝑎(𝑝+, 𝒑) [𝑷2𝛿𝑖𝑗 + [𝑷𝑖, 𝑷𝑗]]

𝑎𝑏
𝐴𝑗
𝑏(𝑝+, 𝒑)  

𝐻𝐼 = ∫ 
𝑝

 ℋ𝐼(𝑝);ℋ𝐼(𝑝) = −𝑖𝑔∫  
max(𝑘−,(𝑘−𝑝)−)<𝑝−

𝐴𝑖
𝑎(𝑘+, 𝒌)𝑓𝑎𝑏𝑐  

 × {[𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙]𝑷𝑗

𝑏𝑑𝐴𝑙
†𝑑(𝑝+, 𝒑)𝐴𝑘

†𝑐(𝑘+ − 𝑝+, 𝒌 − 𝒑)

+ [𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙] (𝑲 − 𝑷)𝑗

𝑏𝑑𝐴𝑙
†𝑑(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝐴𝑘

†𝑐(𝑝+, 𝒑)} + ℎ. 𝑐.
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ℋ𝐼(𝑝)≈ −𝑖𝑔∫  
max(𝑘−,(𝑘−𝑝)−)<𝑝−

 𝐴𝑖
𝑎(𝑘+, 𝒌)𝑓𝑎𝑏𝑐  

× {[𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙] 𝒑𝑗𝐴𝑙

†𝑏(𝑝+, 𝒑)𝐴𝑘
†𝑐(𝑘+ − 𝑝+, 𝒌 − 𝒑)  

− [𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙] 𝒑𝑗𝐴𝑙

†𝑏(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝐴𝑘
†𝑐(𝑝+, 𝒑)} +  h.c. 

 

Ω𝑝 = 1 + 𝑖𝐺(𝑝
+, 𝒑) ≈ 𝑒𝑖𝐺(𝑝

+,𝒑);  𝐺(𝑝+, 𝒑) = ℋ𝐼(𝑝)𝐷  

𝐷−1 ≡ 𝑘− − 𝑝− − (𝑘 − 𝑝)− =
𝒌2

2𝑘+
−
𝒑2

2𝑝+
−

(𝒌 − 𝒑)2

2(𝑘+ − 𝑝+)
≈ −

𝒑2𝑘+

2𝑝+(𝑘+ − 𝑝+)
 

𝐺(𝑝+, 𝒑)= 𝑔∫  
𝑘−<𝑝−;(𝑘−𝑝)−<𝑝−

 𝐴𝑖
𝑎(𝑘+, 𝒌)

2𝑝+(𝑘+ − 𝑝+)

𝑘+
 

 × {[𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙]

𝒑𝑗

𝒑2
𝐴𝑙
†(𝑝+, 𝒑)𝑇𝑎𝐴𝑘

†(𝑘+ − 𝑝+, 𝒌 − 𝒑)

− [𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙]

𝒑𝑗

𝒑2
𝐴𝑙
†(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝑇𝑎𝐴𝑘

†(𝑝+, 𝒑)} +  h.c. 

 

𝐺(𝑝+, 𝒑) = 𝐴𝑖
†(𝑝+, 𝒑)𝐶𝑖(𝑝

+, 𝒑) + 𝐴𝑖(𝑝
+, 𝒑)𝐶𝑖

†(𝑝+, 𝒑)  

𝐶𝑖
𝑎(𝑝+, 𝒑) =𝑔∫  

𝑝−>𝑘−,𝑝−>(𝑘−𝑝)−
 
2𝑝+(𝑘+ − 𝑝+)

𝑘+

 × {[𝛿𝑘𝑙𝛿𝑗𝑖 (
2𝑘+

𝑝+
− 1) + 𝜖𝑙𝑘𝜖𝑗𝑖] + [𝛿𝑘𝑖𝛿𝑗𝑙 (

2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑖𝑘𝜖𝑗𝑙]}

 ×
𝒑𝑗

𝒑2
𝐴𝑙
†(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝑇𝑎𝐴𝑘(𝑘

+, 𝒌)

 

𝐹𝑙𝑘
𝑖 (𝑘, 𝑝)=

2𝑝+(𝑘+ − 𝑝+)

𝑘+
{[𝛿𝑘𝑙𝛿𝑗𝑖 (

2𝑘+

𝑝+
− 1) + 𝜖𝑙𝑘𝜖𝑗𝑖] + [𝛿𝑘𝑖𝛿𝑗𝑙 (

2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑖𝑘𝜖𝑗𝑙]}

𝒑𝑗

𝒑2

 =
4𝑝+(𝑘+ − 𝑝+)

𝑘+
{𝛿𝑘𝑙𝛿𝑗𝑖

𝑘+

𝑝+
+ 𝛿𝑘𝑖𝛿𝑗𝑙

𝑘+

𝑘+ − 𝑝+
− 𝛿𝑘𝑗𝛿𝑖𝑙}

𝒑𝑗

𝒑2

 

𝜖𝑖𝑗𝜖𝑘𝑙 = 𝛿𝑖𝑘𝛿𝑗𝑙 − 𝛿𝑖𝑙𝛿𝑗𝑘 

𝐶𝑖
𝑎(𝑝+, 𝒑) = 𝑔∫  

𝑘−<𝑝−; (𝑘−𝑝)−<𝑝−
 𝐹𝑙𝑘
𝑖 (𝑘, 𝑝)𝐴𝑙

†(𝑘+ − 𝑝+, 𝒌 − 𝒑)𝑇𝑎𝐴𝑘(𝑘
+, 𝒌)

𝐶𝑖
𝑎†(𝑝+, 𝒑) = 𝑔∫  

𝑘−<𝑝−; (𝑘+𝑝)−<𝑝−
 𝐹𝑘𝑙
𝑖 (𝑘 + 𝑝, 𝑝)𝐴𝑙

†(𝑘+ + 𝑝+, 𝒌 + 𝒑)𝑇𝑎𝐴𝑘(𝑘
+, 𝒌)

 

|Ψ𝑃⟩𝐸 = 𝒫exp {𝑖 ∫  
𝐸

𝐸0

 𝑑𝑝−𝒢(𝑝−)} |Ψ𝑃⟩𝐸0  

𝒢(𝑝−) ≡ ∫ 
𝑝

 𝛿 (𝑝− −
𝒑2

2𝑝+
)𝐺(𝑝+, 𝒑2)  

𝜆 = 𝛿 = √
𝑘−

𝑝−
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𝑘+

𝑝+
=
𝑝2

𝒌2
 

𝑘+ > 𝑝+√
𝑝−

𝑘−
[𝒑2 < 𝒌2√

𝑝−

𝑘−
] 

𝒑2 > 𝒌2√
𝑝−

𝑘−
 [ or 𝑘+ < 𝑝+√

𝑝−

𝑘−
] 

𝐻𝐼 = 𝐻𝐼
𝐵𝐹𝐾𝐿 +𝐻𝐼

𝐷𝐺𝐿𝐴𝑃  

𝐻𝐼
𝐵𝐹𝐾𝐿 = 𝑔∫ 

𝑝

 
1

𝑝+
[𝐴𝑖
†𝑎(𝑝)𝒑𝑖𝜌

𝑎(𝑝+, −𝒑) + 𝐴𝑖
𝑎(𝑝)𝒑𝑖𝜌

∗𝑎(𝑝+, −𝒑)]  

𝜌𝑎(𝑝+, 𝒑) = −2𝑖𝑓𝑎𝑏𝑐∫  
𝑘+>√

𝑝−

𝑘−
𝑝+,max(𝑘−,(𝑘+𝑝)−)<𝑝−

 𝑘+𝐴𝑗
𝑏†(𝑘+, 𝒌 + 𝒑)𝐴𝑗

𝑐(𝑘+, 𝒌),  

𝐻𝐼
𝐷𝐺𝐿𝐴𝑃= −𝑖𝑔∫  

𝒑2>√
𝑝−

𝑘−
𝒌2;𝑝+<𝑘+/2;𝑘−<𝑝−

𝐴𝑖
𝑎(𝑘+, 𝒌)𝑓𝑎𝑏𝑐   

× {[𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙]𝒑𝑗𝐴𝑙

†𝑏(𝑝+, 𝒑)𝐴𝑘
†𝑐(𝑘+ − 𝑝+, −𝒑)  

− [𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙] 𝒑𝑗𝐴𝑙

†𝑏(𝑘+ − 𝑝+, −𝒑)𝐴𝑘
†𝑐(𝑝+, 𝒑)} +  h.c. 

 

|Ψ𝑃⟩𝐸 = 𝒫exp {𝑖 ∫  
𝐸

𝐸0

 𝑑𝑝−[𝒢𝐵𝐹𝐾𝐿(𝑝−) + 𝒢𝐷𝐺𝐿𝐴𝑃(𝑝−)]} |Ψ𝑃⟩𝐸0  

𝒢𝐵𝐹𝐾𝐿(𝑝−)≡ ∫ 
𝑝

 𝛿 (𝑝− −
𝒑2

2𝑝+
)𝐺𝐵𝐹𝐾𝐿(𝑝+, 𝒑)  

𝒢𝐷𝐺𝐿𝐴𝑃(𝑝−) ≡ ∫ 
𝑝

 𝛿 (𝑝− −
𝒑2

2𝑝+
)𝐺𝐷𝐺𝐿𝐴𝑃(𝑝+, 𝒑)

 

𝐺𝐵𝐹𝐾𝐿(𝑝+, 𝒑) = 2𝑔 [𝐴𝑖
†𝑎(𝑝)

𝒑𝑖
𝒑2
𝜌𝑎(𝑝+, −𝒑) + 𝐴𝑖

𝑎(𝑝)
𝒑𝑖
𝒑2
𝜌†𝑎(𝑝+, −𝒑)]  

𝐺𝐷𝐺𝐿𝐴𝑃(𝑝+, 𝒑)  = −𝑖𝑔∫  
𝑝2>√

𝑝−

𝑘−
𝑘2;𝑝+<𝑘+/2;𝑘−<𝑝−

 𝑓𝑎𝑏𝑐𝐴𝑖
𝑎(𝑘+, 𝒌)

2𝑝+(𝑘+ − 𝑝+)

𝑘+

 × {[𝛿𝑘𝑖𝛿𝑗𝑙 (
2𝑘+

𝑝+
− 1) + 𝜖𝑘𝑖𝜖𝑗𝑙]

𝒑𝑗

𝒑2
𝐴𝑙
†𝑏(𝑝+, 𝒑)𝐴𝑘

†𝑐(𝑘+ − 𝑝+, −𝒑)

+ [𝛿𝑙𝑖𝛿𝑗𝑘 (
2𝑘+

𝑘+ − 𝑝+
− 1) + 𝜖𝑙𝑖𝜖𝑗𝑘]

𝒑𝑗

𝒑2
𝐴𝑙
†𝑏(𝑝+, 𝒑)𝐴𝑘

†𝑐(𝑘+ − 𝑝+, −𝒑)} +  h.c. 

 

𝑆 = ⟨Ψ𝑖𝑛|𝑆̂|Ψ𝑖𝑛⟩ = ⟨Ψ𝑃|⟨Ψ𝑇|𝑆̂|Ψ𝑇⟩|Ψ𝑃⟩  

𝑆̂𝑃 = ⟨Ψ𝑇|𝑆̂|Ψ𝑇⟩  

𝐹̃𝑎
+𝑖= 𝜕+𝐴̃𝑎

𝑖  

𝐹̃𝑎
−𝑖= (𝜕−𝐴̃𝑎

𝑖 − 𝜕𝑖𝐴̃𝑎
− − 𝑔𝑓𝑎𝑏𝑐𝐴̃𝑏

−𝐴̃𝑐
𝑖 ) − 𝑔𝑓𝑎𝑏𝑐𝐴̃𝑏

−𝛾𝑐
𝑖 − 𝑔𝑓𝑎𝑏𝑐𝛾𝑏

−𝐴̃𝑐
𝑖  

𝐹̃𝑎
𝑖𝑗
 = 𝜕𝑖𝐴̃𝑎

𝑗
− 𝜕𝑗𝐴̃𝑎

𝑖 − 𝑔𝑓𝑎𝑏𝑐𝐴̃𝑏
𝑖 𝛾𝑐

𝑗
− 𝑔𝑓𝑎𝑏𝑐𝛾𝑏

𝑖 𝐴̃𝑐
𝑗
− 𝑔𝑓𝑎𝑏𝑐𝐴̃𝑏

𝑖 𝐴̃𝑐
𝑗
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ℒ𝑌𝑀 =
1

2
(𝜕+𝐴̃𝑎

−)
2
+ 𝜕+𝐴̃𝑎

𝑖 (𝜕−𝐴̃𝑎
𝑖 − 𝜕𝑖𝐴̃𝑎

− − 𝑔𝑓𝑎𝑏𝑐𝐴̃𝑏
−𝐴̃𝑐

𝑖 ) −
1

4
(𝜕𝑖𝐴̃𝑎

𝑗
− 𝜕𝑗𝐴̃𝑎

𝑖 − 𝑔𝑓𝑎𝑏𝑐𝐴̃𝑏
𝑖 𝐴̃𝑐

𝑗
)
2

 −𝜕+𝐴̃𝑎
𝑖 (𝑔𝑓𝑎𝑏𝑐𝐴̃𝑏

−𝛾𝑐
𝑖 + 𝑔𝑓𝑎𝑏𝑐𝛾𝑏

−𝐴̃𝑐
𝑖 ) + 𝑔𝑓𝑎𝑏𝑐𝛾𝑏

𝑖 𝐴̃𝑐
𝑗
(𝜕𝑖𝐴̃𝑎

𝑗
− 𝜕𝑗𝐴̃𝑎

𝑖 − 𝑔𝑓𝑎𝑑𝑒𝐴̃𝑑
𝑖 𝐴̃𝑒

𝑗
) +

1

2
𝑔𝑓𝑎𝑏𝑐𝐴̃𝑏

𝑖 𝐴̃𝑐
𝑗
(𝜕𝑖𝛾𝑎

𝑗
− 𝜕𝑗𝛾𝑎

𝑖)

 

−(𝜕+)2𝐴̃𝑎
− + 𝜕𝑖𝜕+𝐴̃𝑎

𝑖 − 𝑔𝑓𝑎𝑏𝑐(𝐴̃𝑏
𝑖 + 𝛾𝑏

𝑖 )𝜕+𝐴̃𝑐
𝑖 = 0  

𝛾𝑎
− =

𝜕𝑖
𝜕2
𝜕−𝛾𝑎

𝑖 + 𝑂(𝑔)  

𝐻𝑃𝑇= 𝑔𝑓
𝑎𝑏𝑐∫  𝑑3𝑥 {𝜕+𝐴̃𝑎

𝑖 (𝐴̃𝑏
−𝛾𝑐

𝑖 + 𝛾𝑏
−𝐴̃𝑐

𝑖 ) − 𝛾𝑏
𝑖 𝐴̃𝑐
𝑗
(𝜕𝑖𝐴̃𝑎

𝑗
− 𝜕𝑗𝐴̃𝑎

𝑖 ) −
1

2
𝐴̃𝑏
𝑖 𝐴̃𝑐

𝑗
(𝜕𝑖𝛾𝑎

𝑗
− 𝜕𝑗𝛾𝑎

𝑖)}  

= 𝑔𝑓𝑎𝑏𝑐∫  𝑑3𝑥 {−𝛾𝑎
𝑖 𝐴̃𝑏
𝑖 𝜕𝑗𝐴̃𝑐

𝑗
− 𝜕𝑖𝛾𝑎

𝑗
𝐴̃𝑏
𝑖 𝐴̃𝑐

𝑗
− 𝛾𝑏

𝑖 𝐴̃𝑐
𝑗
(𝜕𝑖𝐴̃𝑎

𝑗
− 𝜕𝑗𝐴̃𝑎

𝑖 ) + [𝜕−
𝜕𝑖

𝜕2
𝛾𝑎
𝑖] 𝐴̃𝑏

𝑗
𝜕+𝐴̃𝑐

𝑗
} 

 = 𝑔𝑓𝑎𝑏𝑐∫  𝑑3𝑥 {[𝜕−
𝜕𝑖

𝜕2
𝛾𝑎
𝑖] 𝐴̃𝑏

𝑗
𝜕+𝐴̃𝑐

𝑗
− 𝛾𝑎

𝑖 𝐴̃𝑏
𝑗
𝜕𝑖𝐴̃𝑐

𝑗
+ 2[𝜕𝑗𝛾𝑎

𝑖 ]𝐴̃𝑏
𝑖 𝐴̃𝑐

𝑗
}

 

1

2
(𝜕+𝐴̃𝑎

−)
2
− 𝜕𝑖𝐴̃𝑎

𝑖 𝜕+𝐴̃𝑎
− = −

1

2
(𝜕𝑖𝐴̃𝑎

𝑖 )
2

 

𝛾𝑎
𝑖(𝑥+, 𝒙) = ∫  

𝑑𝑞−𝑑2𝑞

(2𝜋)3
[𝛾𝑎
𝑖(𝑞−, 𝒒)𝑒−𝑖𝑞⋅𝑥 + 𝛾𝑎

∗𝑖(𝑞−, 𝒒)𝑒𝑖𝑞⋅𝑥]  

𝐻𝑃𝑇(𝑥
+)= 𝑖𝑔𝑓𝑎𝑏𝑐∫  

𝑑3𝑘

(2𝜋)3
𝑑𝑞−

2𝜋

𝑑2𝒒

(2𝜋)2
𝑒−𝑖𝐷

−1𝑥+𝛾𝑎
𝑖(𝑞)𝐴̃𝑏

†𝑗
(𝑘 + 𝑞)𝐴̃𝑐

𝑘(𝑘) 

 × [𝛿𝑗𝑘 (
2𝑘+𝑞−

𝒒2
𝒒𝑖 − (2𝒌𝑖 + 𝒒𝑖)) + 2𝜖𝑖𝑙𝒒𝑙𝜖𝑗𝑘] + ℎ. 𝑐

 

𝐷 =
1

𝑞− +
𝒌2

2𝑘+
−
(𝒌 + 𝒒)2

2𝑘+
 

𝐷 ≈
2𝑘+

2𝑞−𝑘+ − 𝒒2
 

𝑆̂𝑃 = ⟨Ψ𝑇|exp {𝑖 ∫ 
𝑞

  𝐺̃(𝑞)} |Ψ𝑇⟩  

𝐺̃(𝑞) = 𝑔𝑓𝑎𝑏𝑐∫  
𝑘:𝑘−<𝑞−

 𝛾𝑖
𝑎(𝑞)𝑓𝑗𝑘

𝑖 (𝑘, 𝑞)𝐴̃𝑏
†𝑗(𝑘+, 𝒌 + 𝒒)𝐴̃𝑐

𝑘(𝑘+, 𝒌) + ℎ. 𝑐.  

𝑓𝑗𝑘
𝑖 (𝑘, 𝑞) = 2𝑘+

𝒒𝑖

𝒒2
𝛿𝑗𝑘 + 4𝑘+𝜖𝑖𝑙

𝒒𝑙

𝒒2
𝜖𝑗𝑘

1

2𝑞−𝑘+

𝒒2
− 1

 

𝑆 = 1 −
1

2(𝑁𝑐
2 − 1)

∫ 
𝑞

  ⟨Ψ𝑇|𝛾𝑗
†𝑏(𝑞)𝛾𝑗

𝑏(𝑞)|Ψ𝑇⟩𝑂(𝑞)  

⟨Ψ𝑇|𝛾𝑗
†𝑏(𝑞)𝛾𝑗

𝑏(𝑞)|Ψ𝑇⟩ 
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𝑂(𝑞) = ⟨Ψ𝑃|𝒞𝑖
𝑎(𝑞−, 𝒒)𝒞𝑖

𝑎†(𝑞−, 𝒒)|Ψ𝑃⟩𝐸

𝒞𝑖
𝑎†(𝑞−, 𝒒) = 𝑔∫  

𝑘:𝑘−<𝑞−
 𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝐴𝑙

†(𝑘+, 𝒌 + 𝒒)𝑇𝑎𝐴𝑘(𝑘
+, 𝒌)

 

⟨Ψ𝑇|𝛾𝑗
†𝑏(𝑞)𝛾𝑗

𝑏(𝑞)|Ψ𝑇⟩ 

𝑞− ≫
𝑞2

2𝑘+
 

𝑓𝑙𝑘
𝑖 (𝑘, 𝑞) → 2𝑘+

𝒒𝑖
𝒒2
𝛿𝑘𝑙;  𝒞𝑖

𝑎†(𝑞−, 𝑞) →
𝒒𝑖
𝒒2
𝜌𝑎(𝑞‾+, 𝒒); 𝑞‾+ ≡

𝒒2

2𝑞−
 

𝑓𝑗𝑘
𝑖 (𝑘, 𝑞) → 4𝑘+𝜖𝑖𝑙

𝒒𝑙

𝒒2
𝜖𝑗𝑘

1

𝑘+

𝑞‾+
− 1

= 4𝑘+
𝒒𝑘𝛿𝑖𝑗 − 𝒒𝑗𝛿𝑖𝑘

2𝑞−𝑘+ − 𝒒2
.  

𝑂(𝑞) = 𝑂1(𝑞) + 𝑂2(𝑞)  

𝑂1(𝑞)  = 𝑔
2𝑁𝑐∫  

𝑘:𝑘−<𝑞−
 
1

2𝑘+
𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝑓𝑙𝑚

𝑖 (𝑘, 𝑞)⟨Ψ𝑃|𝐴𝑘
𝑎†(𝑘+, 𝒌)𝐴𝑚

𝑎 (𝑘+, 𝒌)|Ψ𝑃⟩𝐸

𝑂2(𝑞)  = 𝑔
2∫  
{𝑘,𝑙:(𝑘−𝑞)−<𝑞−;𝑘−<𝑞−;(𝑙−𝑞)−<𝑞−;𝑙−<𝑞−}

 𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝑓𝑛𝑚

𝑖 (𝑙, 𝑞)

 × ⟨Ψ𝑃|: 𝐴𝑙
†(𝑘+, 𝒌 − 𝒒)𝑇𝑎𝐴𝑘(𝑘

+, 𝒌)𝐴𝑚
† (𝑙+, 𝒍 + 𝒒)𝑇𝑎𝐴𝑛(𝑙

+, 𝒍): |Ψ𝑃⟩𝐸

 

𝑂1(𝑞)=
𝑔2𝑁𝑐
2

∫  
𝑘:𝑘−<𝑞−

 
1

2𝑘+
𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝑓𝑙𝑘

𝑖 (𝑘, 𝑞)⟨Ψ𝑃|𝐴𝑚
𝑎†(𝑘+, 𝒌)𝐴𝑚

𝑎 (𝑘+, 𝒌)|Ψ𝑃⟩𝐸 

 =
𝑔2𝑁𝑐
2

∫  
𝑘:𝑘−<𝑞−

 
1

(2𝑘+)2
𝑓𝑙𝑘
𝑖 (𝑘, 𝑞)𝑓𝑙𝑘

𝑖 (𝑘, 𝑞)𝑇(𝑘)

 

[𝑓𝑇𝑖(𝑘, 𝑞)𝑓𝑖(𝑘, 𝑞)]
𝑠𝑡
=
(2𝑘+)2

𝒒2

[
 
 
 

1 +
4

(
𝑘+

𝑞‾+
− 1)

2

]
 
 
 

𝛿𝑠𝑡  

𝑇̂(𝑘) ≡ 𝑎𝑖
†𝑎(𝑘)𝑎𝑖

𝑎(𝑘);  𝑇(𝑘) ≡ ⟨Ψ𝑃|𝑇̂(𝑘)|Ψ𝑃⟩𝐸  

[𝑓𝑇𝑖(𝑘, 𝑞)𝑓𝑖(𝑘, 𝑞)]
𝑠𝑡
→
(2𝑘+)2

𝒒2
 

[𝑓𝑇𝑖(𝑘, 𝑞)𝑓𝑖(𝑘, 𝑞)]
𝑠𝑡
≈
(2𝑘+)2

𝒒2
1

𝜖
𝛿(𝑘+ − 𝑞‾+)𝛿𝑠𝑡 .  

𝑂‾1(𝑞) =
𝑔2𝑁𝑐
4𝜋

1

𝑞2
∫  
𝒌:𝒌2<𝒒2=2𝑘+𝑞−

 𝑇(𝑘+ = 𝑞‾, 𝒌)  

𝐺(𝑥, 𝑄2) = ∫  
𝒌:𝒌2<𝑄2

 𝑇(𝑘+, 𝒌)  

Λ+𝑒
−Δ < 𝑘+ < Λ+  

𝐸𝑒Δ > 𝑘− > 𝐸  
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1

√2𝑘+
⟨𝒌, 𝑏, 𝑖 ∣ Ψ𝑁𝐿𝑂⟩ = 𝐹𝑖

1𝜌𝑏(−𝑘) + ∫ 
𝑝

  [𝑖𝐹𝑖
2𝑓𝑎𝑏𝑐{𝜌𝑐(𝑝 − 𝑘), 𝜌𝑎(−𝑝)}+ + 𝐹𝑖

3𝜌𝑏(−𝑘)𝜌𝑎(𝑝)𝜌𝑎(−𝑝)] 

𝐹𝑖
2(𝑘, 𝑝) =

1

2(2𝜋)3/2
𝑔3

(2𝜋)3
∑  

7

𝑛=3

 𝜓𝑖
𝑛(𝑘, 𝑝)  

 

𝜓𝑖
3 =

𝑘+ + 𝑝+

(𝑘+ − 𝑝+)2
1

𝑝+
𝒑𝑖
𝒌2𝒑2

𝜓𝑖
4 =−

𝑘+ − 𝑝+

(𝑘+ + 𝑝+)2
𝑘+

𝑝+
𝒑𝑖

𝒌2[𝑘+𝒑2 + 𝑝+𝒌2]
 

𝜓𝑖
5 =𝜃(𝑝+ − 𝑘+)

1

𝒌2𝒑2
𝑘+

𝑝+
1

[𝑘+(𝒌 − 𝒑)2 + (𝑝+ − 𝑘+)𝒌2]
×

{[−
𝑘+ + 𝑝+

(𝑘+ − 𝑝+)2
(𝒌 − 𝒑)2 +

1

𝑘+ − 𝑝+
(𝒌2 − 𝒑2) − 2

1

𝑝+
𝒑2] 𝒑𝑖 + 2 [

𝒑2

𝑝+
−
𝒑(𝒌 − 𝒑)

𝑘+
] 𝒌𝑖}

𝜓𝑖
6 =𝜃(𝑘+ − 𝑝+)

1

𝒌2𝒑2
1

[𝑝+(𝒌 − 𝒑)2 + (𝑘+ − 𝑝+)𝒑2]
×

{[−
𝑘+ + 𝑝+

(𝑘+ − 𝑝+)2
(𝒌 − 𝒑)2 +

1

𝑘+ − 𝑝+
(𝒌2 − 𝒑2) − 2

1

𝑝+
𝒑2] 𝒑𝑖 + 2 [

𝒑2

𝑝+
−
𝒑(𝒌 − 𝒑)

𝑘+
] 𝒌𝑖}

𝜓𝑖
7 =2

1

𝒌2
1

𝑝+
1

𝑘+𝒑2 + 𝑝+𝒌2
𝒌𝑖

 

 

𝜓‾𝑖
𝑛 ≡ ∫  

𝑘+,𝑝+
 𝜓𝑖
𝑛;  𝑛 = 3…7  

𝜓‾𝑖
5 +𝜓‾𝑖

3 + 𝜓‾𝑖
4 + 𝜓‾𝑖

6= −(2𝐵+ − 𝐴+)
(𝒌 − 𝒑)𝑖
(𝒌 − 𝒑)2

+ [𝐵+ − 𝐴+ − 𝐶+] 
𝒑 ⋅ 𝒌𝒌𝑖 − 𝒌

2𝒑𝑖
𝒌2(𝒌 − 𝒑)2

 +[𝐵+ + 𝐴+ − 𝐶+]
𝒑 ⋅ (𝒌 − 𝒑)

(𝒌 − 𝒑)2
𝒌𝑖
𝒌2
;  𝜓‾𝑖

7 = 2𝐵+
𝒌𝑖
𝒌2

 

𝐴+= ∫  
𝑝+,𝑘+

 
1

𝑘+ + 𝑝+
1

𝑘+𝒑2 + 𝑝+𝒌2
 

=
1

𝒑2
(Δ −

1

2
ln 
𝒑2

𝒌2
) ln 

𝒑2

𝒌2
𝜃 [Δ − ln 

𝒑2

𝒌2
] +

1

2

1

𝒑2
Δ2𝜃 [ln 

𝒑2

𝒌2
− Δ]  

𝐵+ = ∫  
𝑝+,𝑘+

 
1

𝑝+
1

𝑘+𝒑2 + 𝑝+𝒌2

 =
1

𝒑2
{[
1

2
Δ2 + Δln 

𝒑2

𝒌2
−
1

2
ln2 

𝒑2

𝒌2
] 𝜃 [Δ − ln 

𝒑2

𝒌2
] + Δ2𝜃 [ln 

𝒑2

𝒌2
− Δ]}

𝐶+ = ∫  
𝑝+,𝑘+

 𝜃(𝑘+ − 𝑝+)
1

𝑝+
1

[𝑝+(𝒌 − 𝒑)2 + (𝑘+ − 𝑝+)𝒑2]

 =
1

2𝒑2
Δ2
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𝐵+ − 𝐴+ − 𝐶+  = 0

𝐵+ + 𝐴+ − 𝐶+  = 2 [Δln 
𝒑2

𝒌2
−
1

2
ln2 

𝒑2

𝒌2
] 𝜃 [Δ − ln 

𝒑2

𝒌2
] + Δ2𝜃 [ln 

𝒑2

𝒌2
− Δ]

2𝐵+ − 𝐴+  =
1

𝒑2
[Δ2 + Δln 

𝒑2

𝒌2
−
1

2
ln2 

𝒑2

𝒌2
] 𝜃 [Δ − ln 

𝒑2

𝒌2
] +

3

2

1

𝒑2
Δ2𝜃 [ln 

𝑝2

𝑘2
− Δ]

 

Δ ≫ ln 
𝒑2

𝒌2
ln2 

𝒑2

𝒌2
 

[𝜓‾𝑖
5 + 𝜓‾𝑖

3 + 𝜓‾𝑖
4 + 𝜓‾𝑖

6] = [
1

𝒑2
Δ2 +

1

𝒑2
Δln 

𝒑2

𝒌2
]
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

+
2

𝒑2
Δln 

𝒑2

𝒌2
𝒑 ⋅ (𝒌 − 𝒑)

(𝒌 − 𝒑)2
𝒌𝑖
𝒌2

 

[𝜓‾𝑖
5 + 𝜓‾𝑖

3 + 𝜓‾𝑖
4 + 𝜓‾𝑖

6] ≃
1

𝒑2
[Δ2 + Δln 

𝒑2

𝒌2
]
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

 

𝐴−≡ ∫  
𝑝+,𝑘+

 
1

𝑘− + 𝑝−
1

𝑘−𝒑2 + 𝑝−𝒌2
 

𝐵−≡ ∫  
𝑝+,𝑘+

 
1

𝒑2
1

𝑘−
1

𝑘− + 𝑝−
 

𝐶− ≡ ∫  
𝑝+,𝑘+

 𝜃 (𝑝− − 𝑘−
𝒑2

𝒌2
)
1

𝒑2
1

𝑝−
1

𝑘−

 

𝐴−=
1

𝒑2 − 𝒌2
[Δln 

𝒑2

𝒌2
−
1

2
ln2 

𝒑2

𝒌2
] 𝜃 (Δ − ln 

𝒑2

𝒌2
) +

1

2𝒑2
Δ2𝜃 (ln 

𝒑2

𝒌2
− Δ) 

𝐵−=
1

2𝒑2
Δ2  

𝐶− =
1

2𝒑2
[Δ − ln 

𝒑2

𝒌2
]

2

𝜃 (Δ − ln 
𝒑2

𝒌2
)

 

𝐵− − 𝐴− − 𝐶− = 0

2𝐵− − 𝐴− =
1

2𝒑2
Δ2 +

1

2𝒑2
[Δ − ln 

𝒑2

𝒌2
]

2

𝜃 (Δ − ln 
𝒑2

𝒌2
)

𝐵− + 𝐴− − 𝐶− =
2

𝒑2
[Δln 

𝒑2

𝒌2
−
1

2
ln2 

𝒑2

𝒌2
] 𝜃 (Δ − ln 

𝒑2

𝒌2
) +

1

𝒑2
Δ2𝜃 (ln 

𝒑2

𝒌2
− Δ)

 

[𝜓‾𝑖
5 +𝜓‾𝑖

3 + 𝜓‾𝑖
4 + 𝜓‾𝑖

6]  = [
1

2𝒑2
Δ2 +

1

2𝒑2
[Δ − ln 

𝒑2

𝒌2
]

2

𝜃 (Δ − ln 
𝒑2

𝒌2
)]
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

 + {
2

𝒑2
[Δln 

𝒑2

𝒌2
−
1

2
ln2 

𝒑2

𝒌2
] 𝜃 (Δ − ln 

𝒑2

𝒌2
) +

1

𝒑2
Δ2𝜃 (ln 

𝒑2

𝒌2
− Δ)}

𝒑 ⋅ (𝒌 − 𝒑)

(𝒌 − 𝒑)2
𝒌𝑖
𝒌2

 ≈
1

𝒑2
Δ2
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

−
1

𝒑2
Δln 

𝒑2

𝒌2
[
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

−
2𝒑 ⋅ (𝒌 − 𝒑)

(𝒌 − 𝒑)2
𝒌𝑖
𝒌2
]

 ≃
1

𝒑2
[Δ2 − Δln 

𝒑2

𝒌2
]
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

 

ln 
𝒑2

𝒌2
Δ < ln 

𝒑2

𝒌2
𝒑(𝒌 − 𝒑)

𝒑2(𝒌 − 𝒑)2
 

⟨𝜌(𝑝)𝜌(−𝑝)⟩ ∼ 𝜇2𝒑2/(𝒑2 +𝑄𝑠
2) 
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Δ = ln 
𝐸

𝐸0
 

𝜌𝑎(𝑝+, 𝒑)= 𝜌𝑎(𝑝) + 𝛿𝜌𝑎(𝑝);  

𝜌𝑎(𝑝)= −2𝑖𝑓𝑎𝑏𝑐∫  
𝑞−<𝐸0

 𝑞+𝐴𝑗
𝑏†(𝑞+, 𝒒 + 𝒑)𝐴𝑗

𝑐(𝑞+, 𝒒)  

𝛿𝜌𝑎(𝑝) = −2𝑖𝑓𝑎𝑏𝑐∫  
𝐸0<𝑞

−<𝑝−
 𝑞+𝐴𝑗

𝑏†(𝑞+, 𝒒 + 𝒑)𝐴𝑗
𝑐(𝑞+, 𝒒)

 

|Ψ3⟩ ≡ |Ψ𝑃⟩𝐸|𝜌𝜌𝜌 = 8𝑔
3∫  

𝑝−<𝑞−<𝑚−
  [𝜌𝑐(−𝑚)

𝒎𝑘

𝒎2
𝐴𝑘
†𝑐(𝑚+,𝒎)𝜌∗𝑏(−𝑞)

𝒒𝑗

𝒒2
𝐴𝑗
𝑏(𝑞+, 𝒒)𝜌𝑎(−𝑝)

𝒑𝑖
𝒑2
𝐴𝑖
†𝑎(𝑝+, 𝒑)

+𝜌∗𝑐(−𝑚)
𝒎𝑘

𝒎2
𝐴𝑘
𝑐 (𝑚+,𝒎)𝜌𝑏(−𝑞)

𝒒𝑗

𝒒2
𝐴𝑗
†𝑏(𝑞+, 𝒒)𝜌𝑎(−𝑝)

𝒑𝑖
𝒑2
𝐴𝑖
†𝑎(𝑝+, 𝒑)] |0⟩𝐹

= 8𝑔3∫  
𝑝−<𝑞−

  [
1

2𝑝+
𝒒𝑖
𝒒2𝒑2

𝜌𝑎(−𝑞)𝜌∗𝑏(−𝑝)𝜌𝑏(−𝑝)𝐴𝑖
†𝑎(𝑞+, 𝒒) +

1

2𝑞+
𝒑𝑖
𝒒2𝒑2

𝜌𝑎(−𝑝)𝜌∗𝑏(−𝑞)𝜌𝑏(−𝑞)𝐴𝑖
†𝑎(𝑝+, 𝑝)] |0⟩𝐹  

 = 8𝑔3∫  
𝑝,𝑞

 
1

2𝑝+
𝒒𝑖
𝒒2𝒑2

𝜌𝑎(−𝑞)𝜌∗𝑏(−𝑝)𝜌𝑏(−𝑝)𝐴𝑖
†𝑎(𝑞+, 𝒒)|0⟩𝐹

 

1

√2𝑘+
⟨𝒌 ∣ Ψ3⟩ =

4𝑔3

(2𝜋)3/2[2𝑘+]
∫  
𝐸

𝐸0

 
𝑑𝑝−

2𝜋
∫  

𝑑2𝒑

(2𝜋)2
1

𝑝+
𝒌𝑖
𝒌2𝒑2

𝜌𝑎(−𝑘)𝜌∗𝑏(−𝑝)𝜌𝑏(−𝑝)  

𝐺𝐵𝐹𝐾𝐿(𝑝+, 𝒑2) = 2𝑔[𝐴𝑖
†𝑎(𝑝)𝑃𝑗[𝑄

−1]𝑖𝑗
𝑎𝑏𝜌𝑏(𝑝+, −𝒑) + 𝐴𝑖

𝑎(𝑝)𝑃𝑗[𝑄
−1]𝑖𝑗

𝑎𝑏𝜌†𝑏(𝑝+, −𝒑)]  

𝑄𝑖𝑗
𝑎𝑏 ≡ (𝑷2𝛿𝑖𝑗 + [𝑷𝑖, 𝑷𝑗])

𝑎𝑏
‖ 

[𝑄−1]𝑖𝑗
𝑎𝑏 =

1

𝒑2
(𝛿𝑎𝑏𝛿𝑖𝑗 − 2𝑖𝑔𝑓

𝑎𝑏𝑐
𝒑𝑘𝛼𝑘

𝑐

𝒑2
𝛿𝑖𝑗 + 𝑖𝑔𝑓

𝑎𝑏𝑐
𝒑𝑖𝛼𝑗

𝑐

𝒑2
+ 𝑖𝑔𝑓𝑎𝑏𝑐

𝒑𝑗𝛼𝑖
𝑐

𝒑2
)

𝑷𝑗[𝑄
−1]𝑖𝑗

𝑎𝑏 =
1

𝒑2
(𝛿𝑎𝑏𝒑𝑖 − 𝑖𝑔𝑓

𝑎𝑏𝑐
𝒑𝑖𝒑𝑘𝛼𝑘

𝑐

𝒑2
+ 2𝑖𝑔𝑓𝑎𝑏𝑐𝛼𝑖

𝑐) =
1

𝒑2
(𝛿𝑎𝑏𝒑𝑖 + 𝑖𝑔𝑓

𝑎𝑏𝑐 [
𝒑𝑖𝒑𝑘
𝒑2

− 2(
𝒑𝑖𝒑𝑘
𝒑2

− 𝛿𝑖𝑘)] 𝛼𝑘
𝑐)

 

|Ψ𝑃⟩  = 𝒫exp {2∫  
𝑝:𝐸0<𝑝

−<𝐸

 
𝒑𝑖
𝒑2
[𝐴𝑖
†𝑎(𝑝)𝜌𝑏(𝑝+, −𝒑) + 𝐴𝑖

𝑎(𝑝)𝜌†𝑏(𝑝+, −𝒑)]

× [𝑔𝛿𝑎𝑏 + 𝑖𝑔2𝑓𝑎𝑏𝑐
𝒑𝑗

𝒑2
∫  
𝑘:𝑘+≪𝑝+;𝑘−≪𝑝−

  [𝛼𝑗
†𝑐(−𝑘) + 𝛼𝑗

𝑐(𝑘)]]} |0⟩𝐹

 

|Ψ𝑒𝑖𝑘⟩= 8𝑔
3∫  

𝐸0<𝑝
−<𝑞−<𝑚−<𝐸

  {
𝒎𝑘

𝒎2

𝒒𝑗

𝒒2
𝒑𝑖
𝒑2
[𝛿𝜌𝑐(−𝑚)𝜌∗𝑏(−𝑞)𝜌𝑎(−𝑝) + 𝜌𝑐(−𝑚)𝛿𝜌∗𝑏(−𝑞)𝜌𝑎(−𝑝)]  

 × 𝐴𝑘
†𝑐(𝑚+,𝒎)𝐴𝑗

𝑏(𝑞+, 𝒒)𝐴𝑖
†𝑎(𝑝+, 𝒑)

+
𝒎𝑘

𝒎2

𝒒𝑗

𝒒2
𝒑𝑖
𝒑2
[𝛿𝜌∗𝑐(−𝑚)𝜌𝑏(−𝑞)𝜌𝑎(−𝑝) + 𝜌∗𝑐(−𝑚)𝛿𝜌𝑏(−𝑞)𝜌𝑎(−𝑝)]𝐴𝑘

𝑐 (𝑚+,𝒎)𝐴𝑗
†𝑏(𝑞+, 𝒒)𝐴𝑖

†𝑎(𝑝+, 𝒑)} |0⟩𝐹

 

|Ψ𝑒𝑖𝑘⟩ = 8𝑔
3∫  
𝑝−<𝑞−

 
1

2𝑞+
1

𝒒2
𝒑𝑖
𝒑2
[𝛿𝜌∗𝑏(−𝑞)𝜌𝑏(−𝑞)𝜌𝑎(−𝑝) + 𝜌∗𝑏(−𝑞)𝛿𝜌𝑏(−𝑞)𝜌𝑎(−𝑝)]𝐴𝑖

†𝑎(𝑝+, 𝒑)|0⟩𝐹 

|Ψ𝑒𝑖𝑘⟩ = −𝑖4𝑔
3∫  
𝑝−<𝑞−;𝑝+<𝑞+

 
1

𝑞+
1

𝒒2
(𝒑 − 𝒒)𝑖
(𝒑 − 𝒒)2

𝑓𝑎𝑏𝑐𝜌𝑎(−𝑝 + 𝑞)𝜌𝑏(−𝑞)𝐴𝑖
†𝑐(𝑝+, 𝒑)|0⟩𝐹  
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𝜓𝑒𝑖𝑘
𝑎 (𝑘) ≡

1

√2𝑘+
⟨𝒌 ∣ Ψ𝑒𝑖𝑘⟩  = 𝑖

4𝑔3

(2𝜋)3/2[2𝑘+]
∫  
𝑘−<𝑝−;𝑘+>𝑝+

 
1

𝑝+
1

𝒑2
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(−𝑘 + 𝑝)𝜌𝑐(−𝑝)

 = 𝑖
4𝑔3

(2𝜋)3/2[2𝑘+]
[∫  
𝑘−<𝑝−

 − ∫  
𝑘−<𝑝−;𝑝+>𝑘+

 ]
1

𝑝+
1

𝒑2
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(−𝑘 + 𝑝)𝜌𝑐(−𝑝)

 

|Ψ𝑠𝑜𝑓𝑡⟩ = 𝑖8𝑔
3∫  
𝑝−>𝑞−>𝑘−;𝑞+>𝑘+

 
𝒑𝑖𝒒𝑗(𝒒 + 𝒌)𝑙

𝒑2𝒒2(𝒒 + 𝒌)2
𝑓𝑎𝑏𝑐𝜌∗𝑑(−𝑝)𝜌𝑏(−𝑞 − 𝑘)𝐴𝑖

𝑑(𝑝)𝛼𝑙
†𝑐(𝑘)𝐴𝑗

†𝑎(𝑞)|0⟩𝐹

−𝑖8𝑔3∫  
𝑝−>𝑞−;𝑝−>𝑘−;𝑝+>𝑘+

 
(𝒑 + 𝒌)𝑗𝒑𝑖𝒒𝑙

(𝒑 + 𝒌)2𝒑2𝒒2
𝑓𝑎𝑏𝑐𝜌∗𝑏(−𝑝 − 𝑘)𝜌𝑑(−𝑞)𝛼𝑗

†𝑐(𝑘+, −𝒌)𝐴𝑖
𝑎(𝑝+, 𝒑)𝐴𝑙

†𝑑(𝑞+, 𝒒)|0⟩𝐹 

 = 𝑖4𝑔3∫  
𝑝−>𝑘−;𝑝+>𝑘+

 
1

𝑝+
(𝒑 + 𝒌)𝑖
𝒑2(𝒑 + 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑎(𝑝)𝜌𝑏(−𝑝 − 𝑘)𝛼𝑖
†𝑐(𝑘)|0⟩𝐹

 

𝜓soft 
𝑎 (𝑘)≡

1

√2𝑘+
⟨𝒌 ∣ Ψsoft ⟩  

=
𝑖4𝑔3

(2𝜋)3/2[2𝑘+]
∫  
𝑝−>𝑘−;𝑝+>𝑘+

 
1

𝑝+
(𝒑 + 𝒌)𝑖
𝒑2(𝒑 + 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(𝑝)𝜌𝑐(−𝑝 − 𝑘)  

 =
𝑖4𝑔3

(2𝜋)3/2[2𝑘+]
∫  
𝑝−>𝑘−;𝑝+>𝑘+

 
1

𝑝+
(𝒑 − 𝒌)𝑖
𝒑2(𝒑 − 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(𝑝 − 𝑘)𝜌𝑐(−𝑝)

 

𝜓𝑒𝑖𝑘
𝑎 (𝑘) + 𝜓𝑠𝑜𝑓𝑡

𝑎 (𝑘) = 𝑖
4𝑔3

(2𝜋)3/2[2𝑘+]
[2∫  

𝑘−<𝑝−;𝑝+

 − ∫  
𝑘−<𝑝−;𝑝+>𝑘+

 ]
1

𝑝+
1

𝒑2
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(𝑝 − 𝑘)𝜌𝑐(−𝑝) 

𝜓𝑒𝑖𝑘
𝑎 (𝑘) + 𝜓𝑠𝑜𝑓𝑡

𝑎 (𝑘) = 𝑖
4𝑔3

(2𝜋)3/2[2𝑘+]
∫  

𝑑2𝒑

(2𝜋)2
[2ln 

𝐸

𝑘−
− ln 

𝒑2

𝒌2
]
1

𝒑2
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(𝑝 − 𝑘)𝜌𝑐(−𝑝) 

∫  
𝑑𝑘+

2𝜋
[𝜓𝑒𝑖𝑘

𝑎 (𝑘) + 𝜓𝑠𝑜𝑓𝑡
𝑎 (𝑘)] =

𝑖2𝑔3

(2𝜋)5/2
∫  
𝑑𝑘+

𝑘+
∫  

𝑑2𝒑

(2𝜋)2
[2ln 

𝐸

𝑘−
− ln 

𝒑2

𝒌2
]
1

𝒑2
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(𝑝 − 𝑘)𝜌𝑐(−𝑝) 

 =
𝑖2𝑔3

(2𝜋)5/2
∫  
𝐸𝑒Δ

𝐸

 
𝑑𝑘−

𝑘−
∫  

𝑑2𝒑

(2𝜋)2
[2ln 

𝐸

𝑘−
− ln 

𝒑2

𝒌2
]
1

𝒑2
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(𝑝 − 𝑘)𝜌𝑐(−𝑝)

 =
𝑖2𝑔3

(2𝜋)5/2
∫  

𝑑2𝒑

(2𝜋)2
[Δ2 − Δln 

𝒑2

𝒌2
]
1

𝒑2
(𝒑 − 𝒌)𝑖
(𝒑 − 𝒌)2

𝑓𝑎𝑏𝑐𝜌𝑏(𝑝 − 𝑘)𝜌𝑐(−𝑝)

 

𝜓𝑖
3𝑢 = 𝜃(𝑝+ − 𝑘+)𝜓𝑖

3; 𝜓𝑖
3𝑑 = 𝜃(𝑘+ − 𝑝+)𝜓𝑖

3  

𝜓𝑖
4 = −

𝑘+ − 𝑝+

(𝑘+ + 𝑝+)2
𝑘+

𝑝+
𝒑𝑖

𝒌2[𝑘+𝑝2 + 𝑝+𝒌2]

𝜓𝑖
5 + 𝜓𝑖

3𝑢 = 𝜃(𝑝+ − 𝑘+)
1

𝒌2𝒑2
𝑘+

𝑝+
1

[𝑘+(𝒌 − 𝒑)2 + (𝑝+ − 𝑘+)𝒌2]
×

{[−
𝑝+𝒌2 + 𝑘+𝒑2

𝑘+(𝑘+ − 𝑝+)
− 2

1

𝑝+
𝒑2] 𝒑𝑖 + 2 [

𝒑2

𝑝+
−
𝒑 ⋅ (𝒌 − 𝒑)

𝑘+
] 𝒌𝑖}

𝜓𝑖
6 +𝜓𝑖

3𝑑 = 𝜃(𝑘+ − 𝑝+)
1

𝒌2𝒑2
1

[𝑝+(𝒌 − 𝒑)2 + (𝑘+ − 𝑝+)𝒑2]
×

{[
𝑘+𝒑2 + 𝑝+𝒌2

𝑝+(𝑘+ − 𝑝+)
− 2

1

𝑝+
𝒑2]𝒑𝑖 + 2 [

𝒑2

𝑝+
−
𝒑 ⋅ (𝒌 − 𝒑)

𝑘+
] 𝒌𝑖}
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𝜓𝑖
5 =

1

𝒌2(𝒑 − 𝒌)2
1

𝑝+ + 𝑘+
1

𝑝+
𝑘+𝒑2

[𝑘+𝒑2 + 𝑝+𝒌2]
×

{2 [−
𝑘+

𝑝+
−
𝒑 ⋅ 𝒌

𝒑2
−
(𝒌 − 𝒑)2

𝒑2
𝑝+

𝑘+ + 𝑝+
] 𝒑𝑖 + 2 [

𝑘+

𝑝+
+
𝒑 ⋅ (𝒌 − 𝒑)

𝒑2
𝑝+

𝑘+
+
𝒑 ⋅ 𝒌

𝑝2
] 𝒌𝑖}

𝜓𝑖
3𝑢 = −

2𝑘+ + 𝑝+

(𝑝+)2
1

𝑝+ + 𝑘+
1

𝒌2(𝒑 − 𝒌)2
(𝒌𝑖 − 𝒑𝑖)

 

𝜓𝑖
5=

2𝑘+ + 𝑝+

(𝑝+)2(𝑝+ + 𝑘+)

1

𝒌2
𝑘+𝑝2

𝑘+𝒑2 + 𝑝+𝒌2
(𝒌 − 𝒑)𝑖
(𝒌 − 𝒑)2

+
𝑘+ − 𝑝+

(𝑘+ + 𝑝+)2𝑝+
1

𝒌2
𝑘+𝒑2

(𝑘+𝒑2 + 𝑝+𝒌2)

𝒑𝑖
𝒑2

 

 +
1

(𝑝+ + 𝑘+)𝑝+
𝑘+

𝑘+𝒑2 + 𝑝+𝒌2
[
(𝒌 − 𝒑)𝑖
(𝒌 − 𝒑)2

−
𝒌𝑖
𝒌2
] + 2

1

(𝑝+ + 𝑘+)(𝑘+𝒑2 + 𝑝+𝒌2)

𝒑 ⋅ (𝒌 − 𝒑)

(𝒌 − 𝒑)2
𝒌𝑖
𝒌2

𝜓𝑖
3𝑢 = −

2𝑘+ + 𝑝+

(𝑝+)2(𝑝+ + 𝑘+)

1

𝒌2
(𝒌 − 𝒑)𝑖
(𝒌 − 𝒑)2

𝜓𝑖
4 = −

𝑘+ − 𝑝+

(𝑘+ + 𝑝+)2𝑝+
1

𝒌2
𝑘+𝒑2

(𝑘+𝒑2 + 𝑝+𝒌2)

𝒑𝑖
𝒑2

 

𝜓𝑖
5  = −𝜓𝑖

3𝑢 − 𝜓𝑖
4 − (

2

𝑝+
−

1

𝑝+ + 𝑘+
)

1

𝑘+𝒑2 + 𝑝+𝒌2
(𝒌 − 𝒑)𝑖
(𝒌 − 𝒑)2

 + (
1

𝑝+
−

1

𝑝+ + 𝑘+
)

1

𝑘+𝒑2 + 𝑝+𝒌2
[
(𝒌 − 𝒑)𝑖
(𝒌 − 𝒑)2

−
𝒌𝑖
𝒌2
] +

2

𝑝+ + 𝑘+
1

𝑘+𝒑2 + 𝑝+𝒌2
𝒑 ⋅ (𝒌 − 𝒑)

(𝒌 − 𝒑)2
𝒌𝑖
𝒌2

 = −𝜓𝑖
3𝑢 −𝜓𝑖

4

 −
1

𝑝+
1

𝑘+𝒑2 + 𝑝+𝒌2
(𝒌 − 𝒑)𝑖
(𝒌 − 𝒑)2

− (
1

𝑝+
−

1

𝑝+ + 𝑘+
)

1

𝑘+𝒑2 + 𝑝+𝒌2
𝒌𝑖
𝒌2
+

2

𝑝+ + 𝑘+
1

𝑘+𝒑2 + 𝑝+𝒌2
𝒑 ⋅ (𝒌 − 𝒑)

(𝒌 − 𝒑2)

𝒌𝑖
𝒌2

 

𝜓𝑖
6 +𝜓𝑖

3𝑑 = 𝜃(𝑘+ − 𝑝+)
1

𝒌2𝒑2
1

[𝑝+(𝒌 − 𝒑)2 + (𝑘+ − 𝑝+)𝒑2]
{[
𝒑2 + 𝒌2

𝑘+ − 𝑝+
−
1

𝑝+
𝒑2] 𝒑𝑖 + 2 [

𝒑2

𝑝+
−
𝒑 ⋅ (𝒌 − 𝒑)

𝑘+
] 𝒌𝑖} 

𝜓𝑖
6 +𝜓𝑖

3𝑑 = 𝜃(𝑘+ − 𝑝+)
1

𝒌2(𝒑 − 𝒌)2
1

[𝑝+(𝒌 − 𝒑)2 + (𝑘+ − 𝑝+)𝒑2]
[(𝒌2𝒑𝑖 − 𝒑 ⋅ 𝒌𝒌𝑖)

1

𝑝+
+ 𝒑 ⋅ (𝒑 − 𝒌)𝒌𝑖 [

1

𝑝+
−
2

𝑘+
]] 

(𝒌 − 𝒑)𝑖
(𝒌 − 𝒑)2

−
𝒌𝑖
𝒌2
= −

𝒌2𝒑𝑖 − 𝒑 ⋅ 𝒌𝒌𝑖
𝒌2(𝒌 − 𝒑)2

+
𝒑 ⋅ (𝒌 − 𝒑)

(𝒌 − 𝒑)2
𝒌𝑖
𝒌2

 

𝑔

2𝑝+
𝑷𝑖
𝑎𝑏𝜌𝑏(−𝑝)+

1

2
[𝑷2𝛿𝑖𝑗 + [𝑷𝑖, 𝑷𝑗]]

𝑎𝑏
𝐴𝑗
𝑏(𝑝)  

 +𝑖𝑔𝑝+𝑓𝑎𝑏𝑐∫  
𝑘+≪𝑝+;𝑘−≪𝑝−

 
𝒌𝑗

𝑘+
[𝛼𝑗
𝑏(𝑘+, 𝒌) − 𝛼𝑗

†𝑏(𝑘+, −𝒌)]𝐴𝑖
𝑐(𝑝) = 0

 

𝐴𝑖
𝑎(𝑝+, 𝒑)  = −𝑔

1

𝑝+
𝒑𝑖
𝒑2
𝜌𝑎(−𝑝) − 𝑖𝑔2

1

𝑝+
1

𝒑2
𝑓𝑎𝑏𝑐∫  

𝑘+≪𝑝+;𝑘−≪𝑝−
  [𝛼𝑖

†𝑐(𝑘+, 𝒌) + 𝛼𝑖
𝑐(𝑘+, −𝒌)]𝜌𝑏(−𝑝)

 −2𝑖𝑔2
𝒑𝑖
𝒑4

1

𝑝+
𝑓𝑎𝑏𝑐∫  

𝑘+≪𝑝+;𝑘−≪𝑝−
  [𝒑𝑗 −

𝑝+

𝑘+
𝒌𝑗] [𝛼𝑗

†𝑏(𝑘+, 𝒌) + 𝛼𝑗
𝑏(𝑘+, 𝒌)]𝜌𝑐(−𝑝) = −𝑔

1

𝑝+
𝒑𝑖
𝒑2
𝜌𝑎(−𝑝)

 +𝑖𝑔2
1

𝒑2
1

𝑝+
𝑓𝑎𝑏𝑐∫  

𝑘+≪𝑝+;𝑘−≪𝑝−
  {[𝛿𝑖𝑗 −

2𝒑𝑖𝒑𝑗

𝒑2
] +

2𝑝+

𝑘+
𝒑𝑖𝒌𝑗

𝒑2
} [𝛼𝑗

†𝑏(𝑘+, 𝒌) + 𝛼𝑗
𝑏(𝑘+, 𝒌)]𝜌𝑐(−𝑝)

 

𝐴𝑖
𝑎(𝑝+, 𝒑) = −𝑔

1

𝑝+
𝒑𝑖
𝒑2
𝜌𝑎(−𝒑) + 𝑖𝑔2

1

𝒑2
[𝛿𝑖𝑗 −

2𝒑𝑖𝒑𝑗

𝒑2
]
1

𝑝+
𝑓𝑎𝑏𝑐∫  

𝑘+≪𝑝+;𝑘−≪𝑝−
  [𝛼𝑗

†𝑏(𝑘+, 𝒌) + 𝛼𝑗
𝑏(𝑘+, 𝒌)]𝜌𝑐(−𝒑) 

ℎ = 𝑝−𝐴𝑖
𝑎†𝐴𝑖

𝑎 + 𝜌𝑎(𝑝)𝐴𝑎−(𝑝) + 𝑘−𝛼𝑖
𝑎†𝛼𝑖

𝑎 + 𝜌𝑎(𝑘)𝛼𝑎−(𝑘)  



pág. 12715 

𝑈 = 𝒫𝑒𝑖 ∫  
∞

0
 𝑑𝑡[𝜌𝑎(𝑝)𝐴𝑎−(𝑡,𝑝)+𝜌𝑎(𝑘)𝛼𝑎−(𝑡,𝑘)]𝐼  

𝑈= 1 + 𝑖∫  
∞

0

 𝑑𝑡[𝜌𝑎(𝑝)𝐴𝑎−(𝑝)𝑒−𝑖𝑝
−𝑡 + 𝜌𝑎(𝑘)𝛼𝑎−(𝑘)𝑒−𝑖𝑘

−𝑡]  = 1 + [
1

𝑝−
𝜌𝑎(𝑝)𝐴𝑎−(𝑝) +

1

𝑘−
𝜌𝑎(𝑘)𝛼𝑎−(𝑘)]

 = 1 + 𝑖 [
𝒑𝑖
𝒑2
𝜌𝑎(𝑝)𝐴𝑖

𝑎(𝑝) +
𝒌𝑖
𝒌2
𝜌𝑎(𝑘)𝛼𝑖

𝑎(𝑘)] ≈ 𝑒
𝑖[
𝒑𝑖
𝒑2
𝜌𝑎(𝑝)𝐴𝑖

𝑎(𝑝)+
𝒌𝑖
𝒌2
𝜌𝑎(𝑘)𝛼𝑖

𝑎(𝑘)]
 

 𝑈2 = −∫  
∞

0

 𝑑𝑡1[𝜌
𝑎(𝑝)𝐴𝑎−(𝑝)𝑒−𝑖𝑝

−𝑡1 + 𝜌𝑎(𝑘)𝛼𝑎−(𝑘)𝑒−𝑖𝑘
−𝑡1]∫  

𝑡1

0

 𝑑𝑡2[𝜌
𝑎(𝑝)𝐴𝑎−(𝑝)𝑒−𝑖𝑝

−𝑡2 + 𝜌𝑎(𝑘)𝛼𝑎−(𝑘)𝑒−𝑖𝑘
−𝑡2]

 ≈ −∫  
∞

0

 𝑑𝑡1∫  
𝑡1

0

 𝑑𝑡2[𝜌
𝑎(𝑝)𝐴𝑎−(𝑝)𝑒−𝑖𝑝

−𝑡1𝜌𝑏(𝑘)𝛼𝑏−(𝑘)𝑒−𝑖𝑘
−𝑡2 + 𝜌𝑎(𝑘)𝛼𝑎−(𝑘)𝑒−𝑖𝑘

−𝑡1𝜌𝑏(𝑝)𝐴𝑏−(𝑝)𝑒−𝑖𝑝
−𝑡2]

 = −
1

2
∫  
∞

0

 𝑑𝑡1∫  
∞

0

 𝑑𝑡2[𝜌
𝑎(𝑝)𝐴𝑎−(𝑝)𝜌𝑏(𝑘)𝛼𝑏−(𝑘)𝑒−𝑖𝑝

−𝑡1−𝑖𝑘
−𝑡2 + 𝜌𝑎(𝑘)𝛼𝑎−(𝑘)𝜌𝑏(𝑝)𝐴𝑏−(𝑝)𝑒−𝑖𝑘

−𝑡1−𝑖𝑝
−𝑡2]

 +
1

2
∫  
∞

0

 𝑑𝑡1∫  
∞

𝑡1

 𝑑𝑡2([𝜌
𝑎(𝑝)𝐴𝑎−(𝑝), 𝜌𝑏(𝑘)𝛼𝑏−(𝑘)]𝑒−𝑖𝑝

−𝑡1−𝑖𝑘
−𝑡2 + [𝜌𝑎(𝑘)𝛼𝑎−(𝑘), 𝜌𝑏(𝑝)𝐴𝑏−(𝑝)]𝑒−𝑖𝑘

−𝑡1−𝑖𝑝
−𝑡2)

 

𝛿𝑈2=
1

2
𝑖𝑓𝑎𝑏𝑐𝜌𝑐(𝑝)𝐴𝑏−(𝑝)𝛼𝑐−(𝑘)∫  

∞

0

 𝑑𝑡1∫  
∞

𝑡1

 𝑑𝑡2{𝑒
−𝑖𝑝−𝑡1𝑒−𝑖𝑘

−𝑡2 − 𝑒−𝑖𝑘
−𝑡1𝑒−𝑖𝑝

−𝑡2}  

 =
1

2
𝑖𝑓𝑎𝑏𝑐𝜌𝑐(𝑝)𝐴𝑏−(𝑝)𝛼𝑐−(𝑘) [

1

𝑝−𝑘−
−

1

𝑝−𝑝−
] =

1

2
𝑖𝑓𝑎𝑏𝑐𝜌𝑐(𝑝)

𝒑𝑖𝒌𝑗

𝒑2𝒌2
[1 −

𝒌2

𝒑2
𝑝+

𝑘+
] 𝐴𝑖

𝑏(𝑝)𝛼𝑗
𝑐(𝑘)

 

𝑈 = exp {𝑖 [
𝒑𝑖
𝒑2
𝜌𝑎(𝑝)𝐴𝑖

𝑎(𝑝) +
𝒌𝑖
𝒌2
𝜌𝑎(𝑘)𝛼𝑖

𝑎(𝑘)] +
1

2
𝑖𝑓𝑎𝑏𝑐𝜌𝑐(𝑝)

𝒑𝑖𝒌𝑗

𝒑2𝒌2
[1 −

𝒌2

𝒑2
𝑝+

𝑘+
] 𝐴𝑖

𝑏(𝑝)𝛼𝑗
𝑐(𝑘)}  

𝑑

𝑑𝑡
𝜌𝑎(𝑝) = −𝑖𝑓𝑎𝑏𝑐𝛼−𝑏(𝑘)𝜌𝑐(𝑝)  

𝜌𝑎(𝑝, 𝑡) = [𝒫exp {−𝑖∫  
𝑡

0

 𝑑𝜏𝑇𝛼−(𝜏)}]

𝑎𝑏

𝜌𝑏(𝑝)  

𝜌𝑎(𝑝, 𝑡) ≈ [exp {−𝑖𝑇𝛼−𝑡}]𝑎𝑏𝜌𝑏(𝑝)  

𝑈(𝐴)= 1 − 𝑖∫  
∞

0

 𝑑𝑡𝜌𝑎(𝑝, 𝑡)𝐴𝑎−(𝑝, 𝑡) = 1 + 𝑖𝜌𝑎(𝑝)∫  
∞

0

 𝑑𝑡[𝑒−𝑖(−𝑇𝛼
−+𝑝−)𝑡]

𝑎𝑏
𝐴−𝑏 

 = 1 + 𝜌𝑎(𝑝) [
1

𝑝− − 𝑇𝛼−
]
𝑎𝑏

𝐴−𝑏 ≈ exp {𝑖
𝑝𝑖
𝑝+
𝜌𝑎(𝑝) [

1

𝑝− − 𝑇𝛼−
]
𝑎𝑏

𝐴𝑖
𝑏(𝑝)}

 

𝑃− ≡
𝑷2

2𝑝+
 

𝐴𝑖
𝑎(𝑝, 𝑡) = [𝑒−𝑖(𝑃

−+𝑇𝛼−)𝑡]
𝑎𝑏
𝐴𝑖
𝑏(𝑝)  

𝑈(𝐴)= 1 − 𝑖∫  
∞

0

 𝑑𝑡𝜌𝑎(𝑝, 𝑡)𝐴𝑎−(𝑝, 𝑡) = 1 + 𝑖𝜌𝑎(𝑝)∫  
∞

0

 𝑑𝑡[𝑒𝑖𝑇𝑎
−𝑡𝑒−𝑖(𝑃

−+𝑇𝛼−)𝑡]
𝑎𝑏
𝐴−𝑏(𝑝) 

 = 1 + 𝑖𝜌𝑎(𝑝) [
𝑷𝑖
𝑷2
]
𝑎𝑏
𝐴𝑖
𝑏(𝑝) ≈ 𝑒

𝑖𝜌𝑎(𝑝)[
𝑷𝑖
𝑷2
]
𝑎𝑏
𝐴𝑖
𝑏(𝑝)

 

|𝑘, 𝑖⟩ =
𝑎𝑖†(𝑘+, 𝒌)

(2𝜋)3/2
|0⟩ 
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𝐻̂PF = 𝑇̂N + 𝐻̂e +∑ 

2𝑁c

𝜆,𝑘

  [
𝑝𝜆𝑘
2

2
+
𝜔𝑘
2

2
(𝑞𝜆𝑘 +√

2

ℏ𝜔𝑘
𝜂𝑘𝐞̂𝜆 ⋅ 𝝁̂)

2

]  

𝐻̂e = 𝑇̂e + 𝑉̂ee + 𝑉̂eN + 𝑉̂NN 

𝜇̂ = −∑  

𝑁e

𝑖=1

𝑟̂𝑖 +∑ 

𝑁N

𝑗=1

𝑍𝑗𝑅̂𝑗 

𝜂𝑘 = √ℏ/2𝜔𝑘𝜀0𝒱 = 𝜂/√𝑘 

𝐻̂PF = 𝑇̂N + 𝑇̂c + 𝐻̂CBO 

𝐻̂CBO = 𝐻̂e +∑ 

2𝑁c

𝜆,𝑘

 
𝜔𝑘
2

2
(𝑞𝜆𝑘 +√

2

ℏ𝜔𝑘
𝜂𝑘𝐞̂𝜆 ⋅ 𝝁̂)

2

,  

𝐻̂CBO|𝜈⟩ = 𝑉CBO,𝜈(𝐑, 𝐪)|𝜈⟩.  

𝐻̂e|𝑛⟩ = 𝑉BO,𝑛(𝐑)|𝑛⟩.  

𝑞𝜆𝑘 = −√2/ℏ𝜔𝑘𝜂𝑘𝐞̂𝜆 ⋅ 𝝁̂ = 0 

𝐻𝑛𝑛 =𝑉BO,𝑛(𝐑) +∑ 

2𝑁c

𝜆,𝑘

  [
𝜔𝑘
2

2
𝑞𝜆𝑘
2

+√2/ℏ𝜔𝑘
3/2
𝜂𝑘𝑞𝜆𝑘⟨𝑛|𝜇̂𝜆|𝑛⟩ +

𝜔𝑘
ℏ
𝜂𝑘
2⟨𝑛|𝜇̂𝜆

2|𝑛⟩]

𝐻𝑚𝑛 =∑ 

2𝑁c

𝜆,𝑘

  [√2/ℏ𝜔𝑘
3/2
𝜂𝑘𝑞𝜆𝑘⟨𝑚|𝜇̂𝜆|𝑛⟩  

+
𝜔𝑘
ℏ
𝜂𝑘
2⟨𝑚|𝜇̂𝜆

2|𝑛⟩]  for 𝑚 ≠ 𝑛

 

𝐻̂(0) =∑  

𝑛

 𝐻𝑛𝑛|𝑛⟩⟨𝑛|  

Δ𝑉̂ = 𝐻̂CBO − 𝐻̂
(0) 

Δ𝑉̂ = ∑  

𝑚≠𝑛

 𝐻𝑚𝑛|𝑚⟩⟨𝑛|  

𝐸0
(2)
= ∑  

𝑛≠0

 
|⟨0|Δ𝑉̂|𝑛⟩|

2

𝐸0 − 𝐸𝑛
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𝐸0
(2)
= 𝜂2𝑞2

2𝜔c
3

ℏ
∑  

𝑛≠0

 
⟨0|𝜇̂|𝑛⟩2

𝑉BO,0 − 𝑉BO,𝑛
 

+𝜂3𝑞√
8𝜔c

5

ℏ3
∑ 

𝑛≠0

 
⟨0|𝜇̂2|𝑛⟩⟨0|𝜇̂|𝑛⟩

𝑉BO,0 − 𝑉BO,𝑛
 

+𝜂4
𝜔c
2

ℏ2
∑  

𝑛≠0

 
⟨0|𝜇̂2|𝑛⟩2

𝑉BO,0 − 𝑉BO,𝑛
 

−𝜂3𝑞3√
8𝜔c

9

ℏ3
∑  

𝑛≠0

 
(⟨0|𝜇̂|0⟩ − ⟨𝑛|𝜇̂|𝑛⟩)⟨0|𝜇̂|𝑛⟩2

(𝑉BO,0 − 𝑉BO,𝑛)
2  

 +𝑂(𝜂4)

 

⟨0|𝜇̂2|0⟩=∑  

𝑛

  ⟨0|𝜇̂|𝑛⟩⟨𝑛|𝜇̂|0⟩  

 = ⟨0|𝜇̂|0⟩2 +∑  

𝑛≠0

  ⟨0|𝜇̂|𝑛⟩⟨𝑛|𝜇̂|0⟩
 

𝑞min = −√2/ℏ𝜂𝜔c
−1/2

⟨0|𝜇̂|0⟩  

𝜇̂ =∑  

𝑖

𝜇̂𝑖 

𝑉cCBO(𝐑, 𝑞min) =∑  

𝑁

𝑖=1

  [𝑉BO,0(𝐑𝑖) +
𝜂2𝜔

ℏ
(⟨0|𝜇̂𝑖

2|0⟩ − ⟨0|𝜇̂𝑖|0⟩
2)] ,  

𝜂𝑁 = 𝜂1/√𝑁,  

𝐶PT = −
2𝜔c

3𝜂2

ℏ
𝑁𝛼1  

𝛼1 = −2∑  

𝑛≠0

⟨0|𝜇̂|𝑛⟩2/ (𝑉0(𝐑eq) − 𝑉BO,𝑛(𝐑eq)) 

𝜔c
′2= 𝐶 + 𝐶PT  

= 𝜔c
2 (1 −

2𝜔c𝜂
2

ℏ
𝑁𝛼1) 

 = 𝜔c
2 (1 −

𝑁𝛼1
𝜀0𝒱

)

 = 𝜔c
2/𝑛2  (

𝑁𝛼1
𝜀0𝒱

≪ 1)

 

𝜇̂2  = (∑  

𝑁e

𝑖=1

  𝑟̂𝑖)

2

− 2∑  

𝑁e

𝑖=1

  𝑟̂𝑖∑ 

𝑁N

𝑗=1

 𝑍𝑗𝑅̂𝑗 + (∑ 

𝑁N

𝑗=1

 𝑍𝑗𝑅̂𝑗)

2

 = (∑  

𝑁e

𝑖=1

  𝑟̂𝑖)

2

+ 2𝜇̂e𝜇N + 𝜇N
2
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(∑ 

𝑁e

𝑖=1

  𝑟̂𝑖)

2

=∑ 

𝑖

  𝑟̂𝑖
2 +∑ 

𝑖≠𝑗

  𝑟̂𝑖𝑟̂𝑗  

⟨0|∑  

𝑖≠𝑗

  𝑟̂𝑖𝑟̂𝑗|0⟩ = ∑  

occupied 

𝑛≠𝑚

 [4⟨𝜙𝑛|𝑟̂|𝜙𝑛⟩⟨𝜙𝑚|𝑟̂|𝜙𝑚⟩

−2⟨𝜙𝑛|𝑟̂|𝜙𝑚⟩⟨𝜙𝑚|𝑟̂|𝜙𝑛⟩]

 

⟨0|𝜇̂|Ψ𝑚
𝑛 ⟩= ⟨𝜙𝑚|𝑟̂|𝜙𝑛⟩  

⟨0|∑  

𝑖

  𝑟̂𝑖
2|Ψ𝑚

𝑛 ⟩= ⟨𝜙𝑚|𝑟̂
2|𝜙𝑛⟩  

⟨0|∑  

𝑖≠𝑗

  𝑟̂𝑖𝑟̂𝑗|Ψ𝑚
𝑛 ⟩ = 2∑  

𝑝

  [4⟨𝜙𝑚|𝑟̂|𝜙𝑛⟩⟨𝜙𝑝|𝑟̂|𝜙𝑝⟩

−2⟨𝜙𝑚|𝑟̂|𝜙𝑝⟩⟨𝜙𝑝|𝑟̂|𝜙𝑛⟩].

 

(𝝁̂ ⊗ 𝝁̂) = (

𝜇̂𝑥𝜇̂𝑥 𝜇̂𝑥𝜇̂𝑦 𝜇̂𝑥𝜇̂𝑧
𝜇̂𝑦𝜇̂𝑥 𝜇̂𝑦𝜇̂𝑦 𝜇̂𝑦𝜇̂𝑧
𝜇̂𝑧𝜇̂𝑥 𝜇̂𝑧𝜇̂𝑦 𝜇̂𝑧𝜇̂𝑧

) .  

𝐴𝑖𝑗≡
𝜕2𝑉BO,0
𝜕𝑅𝑖𝜕𝑅𝑗

+√2/ℏ𝜔c
3/2
𝑞𝜂

𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
⟨0|𝜇̂1|0⟩  

+
𝜔c
ℏ
𝜂2 [

𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
⟨0|𝜇̂1

2|0⟩ + ∑  

𝑚≠1

  ⟨0|𝜇̂𝑚|0⟩
𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
⟨0|𝜇̂1|0⟩]  

=
𝜕2𝑉BO,0
𝜕𝑅𝑖𝜕𝑅𝑗

+
𝜔c
ℏ
𝜂2 [

𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
⟨0|𝜇̂1

2|0⟩−(𝑁 + 1)⟨0|𝜇̂1|0⟩
𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
⟨0|𝜇̂1|0⟩] 

𝐺𝑖𝑗  ≡
𝜔c
ℏ
𝜂2

𝜕

𝜕𝑅𝑖
⟨0|𝜇̂1|0⟩

𝜕

𝜕𝑅𝑗
⟨0|𝜇̂1|0⟩

𝐵𝑖 ≡
𝜕2𝑉cCBO
𝜕𝑞𝜕𝑅𝑖

= √2/ℏ𝜔c
3/2
𝜂
𝜕

𝜕𝑅𝑖
⟨0|𝜇̂1|0⟩

𝐶 ≡
𝜕2𝑉cCBO
𝜕𝑞2

= 𝜔c
2.

 

𝐇 =

(

 
 

𝐀 𝐆 𝐆 ⋯ 𝐁
𝐆 𝐀 𝐆 ⋯ 𝐁
𝐆 𝐆 𝐀 ⋯ 𝐁
⋮ ⋮ ⋮ ⋱ ⋮
𝐁T 𝐁T 𝐁T ⋯ 𝐶)

 
 

 

𝜔m
′2 = 𝜔m

2 +
𝜔c
ℏ𝑀HF

𝜂2 [
𝜕2

𝜕𝑅2
⟨0|𝜇̂2|0⟩ − 2⟨0|𝜇̂1|0⟩

𝜕2

𝜕𝑅2
⟨0|𝜇̂1|0⟩] ,  

((
𝜕⟨𝜇̂⟩

𝜕𝐑
,
𝜕⟨𝜇̂⟩

𝜕𝐑
,
𝜕⟨𝜇̂⟩

𝜕𝐑
,… ,0)

T

⋅ 𝐯)

2
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𝐸0
(2),𝜂2

 =
2𝜔c

2𝜂2

ℏ
𝑞2∑  

𝑛≠0

 
⟨0|𝜇̂|𝑛⟩2

𝑉0(𝐑) − 𝑉𝑛(𝐑)

 ≡ −
𝜔c
2𝜂2

ℏ
𝑞2𝛼1(𝐑)

 

𝐴𝑖𝑗
PT= −

𝜂2𝜔c
3

ℏ
𝑞2

𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
𝛼1(𝐑)  

= −𝜂4
𝜔c
2

ℏ2
𝑁2⟨0|𝜇̂1|0⟩

2
𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
𝛼1(𝐑) 

𝐵𝑖
PT = −

2𝜂2𝜔c
3

ℏ
𝑞
𝜕

𝜕𝑅𝑖
𝛼1(𝐑)

 = 𝜂3√
8𝜔c

5

ℏ3
𝑁⟨0|𝜇̂1|0⟩

𝜕

𝜕𝑅𝑖
𝛼1(𝐑)

𝐶PT = −
2𝜂2𝜔c

3

ℏ
𝛼𝑁(𝐑)

 = −𝜂2
2𝜔c

3

ℏ
𝑁𝛼1(𝐑).

 

𝐴𝑖𝑗
⟨𝜇̂⟩2
≡
𝜕2𝑉BO,0
𝜕𝑅𝑖𝜕𝑅𝑗

+√2/ℏ𝜔c
3/2
𝑞𝜂

𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
⟨0|𝜇̂1|0⟩  

+2
𝜔c
ℏ
𝜂2 [

𝜕⟨0|𝜇̂1|0⟩

𝜕𝑅𝑖

𝜕⟨0|𝜇̂1|0⟩

𝜕𝑅𝑗
+𝑁⟨0|𝜇̂1|0⟩

𝜕2

𝜕𝑅𝑖𝜕𝑅𝑗
⟨0|𝜇̂1|0⟩] 

 =
𝜕2𝑉BO,0
𝜕𝑅𝑖𝜕𝑅𝑗

+ 2
𝜔c
ℏ
𝜂2
𝜕⟨0|𝜇̂1|0⟩

𝜕𝑅𝑖

𝜕⟨0|𝜇̂1|0⟩

𝜕𝑅𝑗

 

𝐇 = (
𝐀 + (𝑁 − 1)𝐆 √𝑁𝐁

√𝑁𝐁T 𝐶
) ,  

𝐸0
(2)
=∑  

𝑛≠0

 
(∑  𝜆,𝑘   [√2/ℏ𝜔c

3/2
𝜂𝑘𝑞𝜆,𝑘𝐞̂𝜆 ⋅ ⟨0|𝝁̂|𝑛⟩ +

𝜔c
ℏ
𝜂2⟨0|(𝐞̂𝜆 ⋅ 𝝁̂)

2|𝑛⟩])
2

𝑉0(𝐑) − 𝑉𝑛(𝐑) + 𝜂 ∑  𝜆,𝑘   [√2/ℏ𝜔𝑐
3/2
𝑘𝑞𝜆,𝑘𝐞̂𝜆 ⋅ (⟨0|𝝁̂|0⟩ − ⟨𝑛|𝝁̂|𝑛⟩)] + 𝑂(𝜂

2)
 

=∑  

𝑛≠0

 𝜂2
2𝜔c

3

ℏ

(∑  𝜆,𝑘  𝑘𝑞𝜆,𝑘𝐞̂𝜆 ⋅ ⟨0|𝝁̂|𝑛⟩)
2

𝑉0(𝐑) − 𝑉𝑛(𝐑)
 

+𝜂32√
2𝜔𝑐

5

ℏ3
[∑  𝜆,𝑘   ⟨0|(𝐞̂𝜆 ⋅ 𝝁̂)

2|𝑛⟩][∑  𝜆′,𝑘′  𝑘
′𝑞𝜆′,𝑘′𝐞̂𝜆′ ⋅ ⟨0|𝝁̂|𝑛⟩]

𝑉0(𝐑) − 𝑉𝑛(𝐑)
 

+𝜂4
𝜔c
2

ℏ2
(∑  𝜆,𝑘   ⟨0|(𝐞̂𝜆 ⋅ 𝝁̂)

2|𝑛⟩)
2

𝑉0(𝐑) − 𝑉𝑛(𝐑)
 

−𝜂3√
8𝜔c

9

ℏ3
[∑  

𝜆,𝑘

 𝑘𝑞𝜆,𝑘𝐞̂𝜆 ⋅ (⟨0|𝝁̂|0⟩ − ⟨𝑛|𝝁̂|𝑛⟩)] (∑  

𝜆′,𝑘′

 𝑘′𝑞𝜆′,𝑘′𝐞̂𝜆′ ⋅ ⟨0|𝝁̂|𝑛⟩)

2

 

 +𝑂(𝜂4)

 

𝑉̂dipole =
1

2
∑  

𝛼

  (𝜔𝛼𝑞̂𝛼 − 𝜆𝛼 ⋅ 𝜇̂)
2.  
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𝐻̂𝑒(𝑅, 𝑞)|𝜓(𝑅, 𝑞)⟩ = 𝑈(𝑅, 𝑞)|𝜓(𝑅, 𝑞)⟩

(𝑇̂nuc + 𝑇̂pht +𝑈‾(𝑅, 𝑞))|Φ
nuc,pht⟩ = 𝐸|Φnuc,pht⟩

 

(𝜆𝛼 ⋅ 𝜇̂)
2 ≈
MF
2(𝜆𝛼 ⋅ ⟨𝜇̂⟩)(𝜆𝛼 ⋅ 𝜇̂) − (𝜆𝛼 ⋅ ⟨𝜇̂⟩)

2.  

𝐻̂𝑒
MF(𝜓; 𝑅, 𝑞) = 𝑇̂𝑒 + 𝑉̂Coulomb (𝑅)

 +∑  

𝛼

 
1

2
(𝜔𝛼𝑞𝛼)

2 − (𝜔𝛼𝑞𝛼 − 𝜆𝛼 ⋅ 𝜇(𝜓, 𝑅))(𝜆𝛼 ⋅ 𝜇̂)

 −
1

2
(𝜆𝛼 ⋅ 𝜇(𝜓, 𝑅))

2

 

𝜖(𝜓; 𝑅) ≈ ⟨𝑇̂𝑒 + 𝑉̂Coulomb (𝑅)⟩𝜓  

𝜖‾(𝑅) = 𝜖(𝜓‾; 𝑅) = min
𝜓
 𝜖(𝜓; 𝑅).  

𝑈(𝜓;𝑅, 𝑞) = 𝜖(𝜓; 𝑅) +
1

2
∑  

𝛼

  (𝜔𝛼𝑞𝛼 − 𝜆𝛼 ⋅ 𝜇(𝜓, 𝑅))
2

 

𝑈‾(𝑅, 𝑞) = 𝑈(𝜓‾𝑈; 𝑅, 𝑞) = min
𝜓
 𝑈(𝜓; 𝑅, 𝑞).  

ℰ𝛼 = 𝜔𝛼𝑞𝛼 − 𝜆𝛼 ⋅ 𝜇‾𝑈(𝑅, 𝑞)  

ℱ(𝜓;𝑅, ℰ) = 𝜖(𝜓; 𝑅) − 𝔼(ℰ) ⋅ 𝜇(𝜓, 𝑅𝐼)  

ℱ(𝑅, ℰ) = ℱ(𝜓‾ℱ; 𝑅, 𝑞) = min
𝜓
 ℱ(𝜓; 𝑅, ℰ)  

𝔉:= 𝑈 −∑  

𝛼

 𝒟𝛼ℰ𝛼  

ℰ𝛼: =
𝜕𝑈

𝜕𝒟𝛼
  (14)  𝒟𝛼: = −

𝜕𝔉

𝜕ℰ𝛼
 

𝔉(𝜓, 𝑅, ℰ) = 𝜖‾(𝜓, 𝑅) −∑  

𝛼

 ℰ𝛼𝜆𝛼 ⋅ 𝜇‾ℱ(𝜓, 𝑅) −
1

2
∑  

𝛼

 ℰ𝛼
2.  

𝑑𝑈 =
𝜕𝑈

𝜕𝜓
𝑑𝜓 +

𝜕𝑈

𝜕𝑅
𝑑𝑅 + ℰ𝑑𝒟  

𝑑𝔉 =
𝜕𝔉

𝜕𝜓
𝑑𝜓 +

𝜕𝔉

𝜕𝑅
𝑑𝑅 − 𝒟𝑑ℰ  

𝔉:= 𝑈 −∑  

𝛼

𝒟𝛼ℰ𝛼 

𝑑𝔉 = 𝑑𝑈 − ℰ𝑑𝒟 − 𝒟𝑑ℰ  

𝑑𝔉 =
𝜕𝑈

𝜕𝜓
𝑑𝜓 +

𝜕𝑈

𝜕𝑅
𝑑𝑅 − 𝒟𝑑ℰ  

𝑑𝔉

𝑑𝜓
|
𝑅ℰ

=
𝑑𝑈

𝑑𝜓
|
𝑅𝒟

𝜕𝑈

𝜕𝜓
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𝐹𝐼 = −
𝑑𝑈‾

𝑑𝑅𝐼
|
𝒟

= −
𝑑ℱ

𝑑𝑅𝐼
|
ℰ

 

𝐹𝛼 = −
𝑑𝑈‾

𝑑𝑞𝛼
|
𝑅

= −𝜔𝛼
𝑑𝑈‾

𝑑𝒟𝛼
|
𝑅

= −𝜔𝛼ℰ𝛼  

ℰ𝛼(𝑅, 𝑞) = 𝜔𝛼𝑞𝛼 − 𝜆𝛼 ⋅ 𝜇‾ℱ (𝑅,∑  

𝛽

 𝜆𝛽ℰ𝛽(𝑅, 𝑞))  

𝜇‾ = 𝜇‾0 +∑  

𝐼

 𝑍𝐼
∗Δ𝑅𝐼 + 𝜒𝔼  

𝑍𝐼𝑖 =
𝑑𝜇‾𝑖
𝑑𝑅𝐼

𝜒𝑖𝑗 =
𝑑𝜇‾𝑖
𝑑𝔼𝑗

 

ℰ𝛼 = 𝜔𝛼Δ𝑞𝛼 − 𝜆𝛼 ⋅∑  

𝐼

 𝑍𝐼
∗Δ𝑅𝐼 − 𝜆𝛼

𝑇𝜒∑  

𝛽

 𝜆𝛽ℰ𝛽  

Δ𝑞𝛼 = 𝑞𝛼 −
𝜆𝛼 ⋅ 𝜇‾0
𝜔𝛼

 

ℰ𝛼 =∑ 

𝛽

  [(𝕀 + 𝕏)−1]𝛼𝛽 (𝜔𝛽Δ𝑞𝛽 − 𝜆𝛽 ⋅∑  

𝐼

 𝑍𝐼
∗Δ𝑅𝐼)  

𝕏𝛼𝛽 = 𝜆𝛼
𝑇𝜒𝜆𝛽 

𝔼 =∑  

𝛼

𝜆𝛼ℰ𝛼 

𝑈‾(𝑅, ℰ) = 𝜖(𝜓‾ℱ ; 𝑅) +
1

2
∑  

𝛼

 ℰ𝛼
2

 

𝑑ℱ/𝑑ℰ𝛼 = 𝜕ℱ/𝜕ℰ𝛼 

𝑑𝜖(𝜓‾ℱ; 𝑅)

𝑑ℰ𝛼
=∑ 

𝛽

 ℰ𝛽𝜆𝛽 (𝜒𝜆𝛼 +
𝑑𝜒

𝑑ℰ𝛼
∑ 

𝛾

 ℰ𝛾𝜆𝛾)  

𝐶𝐼𝐽 =
𝜕2𝑈‾

𝜕𝑅𝐼𝜕𝑅𝐽
 

𝑈‾  = 𝑈‾(𝑅0, 𝑞0) +
1

2
𝐶𝐼𝐽Δ𝑅𝐼Δ𝑅𝐽

 +
1

2
(𝛿𝛼𝛽 + 𝜆𝛽𝜒𝜆𝛼)ℰ𝛼ℰ𝛽

 

𝑈‾ = 𝑈‾(𝑅0, 𝑞0) +
1

2
Δ𝑅𝐼𝐶𝐼𝐽Δ𝑅𝐽 +

1

2
[𝜔𝛼Δ𝑞𝛼 − 𝜆𝛼𝑍𝐼Δ𝑅𝐼][(𝕀 + 𝕏)

−1]𝛼𝛾[𝜔𝛾Δ𝑞𝛾 − 𝜆𝛾𝑍𝐽Δ𝑅𝐽]  
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𝜇‾ = 𝜇‾0 + 𝜒 [∑  

𝛼

 𝜆𝛼(𝜔𝛼𝑞𝛼 − 𝜆𝛼 ⋅ 𝜇)] +∑  

𝑖

 𝐙𝑖
∗Δ𝑅𝑖  

𝜇‾ = 𝜇‾0 + Δ𝜇‾ 

Δ𝜇‾ +∑ 

𝛼

  (𝜒𝜆𝛼)𝜆𝛼 ⋅ Δ𝜇‾ = 𝜒∑  

𝛼

 𝜆𝛼𝜔𝛼Δ𝑞𝛼 +∑ 

𝑖

 𝐙𝑖
∗Δ𝑅𝑖  

Λ = 1 +∑  

𝛼

𝜒𝜆𝛼𝜆𝛼
𝑇  

Δ𝜇‾ = Λ−1 (𝜒∑  

𝛼

 𝜆𝛼𝜔𝛼Δ𝑞𝛼 +∑ 

𝑖

 𝐙𝑖
∗Δ𝑅𝑖)  

[−
ℏ2

2𝑀
∑  

𝑖

 ∇𝑖
2 −

ℏ2

2𝑚
∇2 − 𝜆𝛿(𝑥 − 𝑥1) − 𝜆𝛿(𝑥 − 𝑥2)]]Ψ(𝑥; 𝑥1, 𝑥2) = 𝐸Ψ(𝑥; 𝑥1, 𝑥2)  

Ψ(𝑥; 𝑥1, 𝑥2) = 𝜙(𝑥 ∣ 𝑥1, 𝑥2)𝜓(𝑥1, 𝑥2)  

[−
ℏ2

2𝑀
∑  

𝑖

 ∇𝑖
2𝜓(𝑥1, 𝑥2)]𝜙(𝑥 ∣ 𝑥1, 𝑥2) + [−

ℏ2

2𝑀
∑  

𝑖

 ∇𝑖
2𝜙(𝑥 ∣ 𝑥1, 𝑥2)]𝜓(𝑥1, 𝑥2)

−
ℏ2

2𝑀
∑  

𝑖

 
𝜕𝜙

𝜕𝑥𝑖

𝜕𝜓

𝜕𝑥𝑖
+ [(−

ℏ2

2𝑚
∇𝑥
2 − 𝜆𝛿(𝑥 − 𝑥1) − 𝜆𝛿(𝑥 − 𝑥2))𝜙(𝑥 ∣ 𝑥1, 𝑥2)]𝜓(𝑥1, 𝑥2)

= 𝐸𝜙(𝑥 ∣ 𝑥1, 𝑥2)𝜓(𝑥1, 𝑥2)

 

−
ℏ2

2𝑚
∇𝑥
2𝜙(𝑥 ∣ 𝑥1, 𝑥2) − 𝜆[𝛿(𝑥 − 𝑥1) + 𝛿(𝑥 − 𝑥2)]𝜙(𝑥 ∣ 𝑥1, 𝑥2) = 𝐸(𝑥1, 𝑥2)𝜙(𝑥 ∣ 𝑥1, 𝑥2).  

[−
ℏ2

2𝑀
∑ 

𝑖

 ∇𝑖
2 + 𝐸(𝑥1, 𝑥2)]𝜓(𝑥1, 𝑥2)𝜙(𝑥 ∣ 𝑥1, 𝑥2) + [−

ℏ2

2𝑀
∑  

𝑖

 ∇𝑖
2𝜙(𝑥 ∣ 𝑥1, 𝑥2)]𝜓(𝑥1, 𝑥2)

 −
ℏ2

2𝑀
∑  

𝑖

 
𝜕𝜙

𝜕𝑥𝑖

𝜕𝜓

𝜕𝑥𝑖
= 𝐸𝜙(𝑥 ∣ 𝑥1, 𝑥2)𝜓(𝑥1, 𝑥2)

 

[−
ℏ2

2𝑀
∑  

𝑖

 ∇𝑖
2 + 𝐸(𝑥1, 𝑥2)]𝜓(𝑥1, 𝑥2) = 𝐸𝜓(𝑥1, 𝑥2)  

𝜙(𝑥 ∣ 𝑥1, 𝑥2) =∑  

2

𝑖=1

 ∫  
∞

0

 
𝑑𝑡

ℏ
𝐾𝑡(𝑥, 𝑥𝑖)𝑒

−
𝜈2

ℏ
𝑡  

−
ℏ2

2𝑚
∇2𝐾𝑡(𝑥, 𝑦) + ℏ

𝜕𝐾𝑡(𝑥, 𝑦)

𝜕𝑡
= 0  

𝐾𝑡(𝑥, 𝑦) = 𝐾𝑡(𝑦, 𝑥),  and  lim
𝑡→0+

 𝐾𝑡(𝑥, 𝑦) = 𝛿(𝑥 − 𝑦)  

𝐾𝑡(𝑥, 𝑦) = √
2𝑚

4𝜋ℏ𝑡
𝑒
−
2𝑚
4ℏ𝑡

|𝑥−𝑦|2  
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1

𝜆
−
1

ℏ
∫  
∞

0

 𝑑𝑡𝐾𝑡(𝑥2, 𝑥2)𝑒
−
𝜈2

ℏ
𝑡
=
1

ℏ
∫  
∞

0

 𝑑𝑡𝐾𝑡(𝑥1, 𝑥2)𝑒
−
𝜈2𝑡
ℏ  

∫  
∞

0

 
𝑑𝑡

ℏ
(−

ℏ2

2𝑚
)
𝜕2

𝜕𝑥2
𝐾𝑡(𝑥, 𝑥𝑖)𝑒

−
𝜈2

ℏ
𝑡
 = −∫  

∞

0

 
𝑑𝑡

ℏ
ℏ
𝜕

𝜕𝑡
𝐾𝑡(𝑥, 𝑥𝑖)𝑒

−
𝜈2

ℏ
𝑡

 = −∫  
∞

0

 𝑑𝑡 (
𝜕

𝜕𝑡
(𝐾𝑡(𝑥, 𝑥𝑖)𝑒

−
𝜈2

ℏ
𝑡
) − 𝐾𝑡(𝑥, 𝑥𝑖)𝑒

−
𝜈2

ℏ
𝑡
)

 = 𝛿(𝑥 − 𝑥𝑖) − (−𝜈
2)∫  

∞

0

 
𝑑𝑡

ℏ
𝐾𝑡(𝑥, 𝑥𝑖)𝑒

−
𝜈2

ℏ
𝑡

 

1

2𝜆
=
1

ℏ
∫  
∞

0

 𝑑𝑡𝐾𝑡(𝑥1, 𝑥1)𝑒
−
𝜈0
2

ℏ
𝑡
= √

𝑚

2ℏ2𝜈0
2  

𝜈0
2 =

2𝑚𝜆2

ℏ2
 

1

𝜆
− √

𝑚

2𝜋ℏ
∫  
∞

0

 
𝑑𝑡

ℏ

𝑒−
𝜈2−Δ𝐸
ℏ

𝑡

√𝑡
= √

𝑚

2𝜋ℏ
∫  
∞

0

 
𝑑𝑡

ℏ

𝑒−
(𝜈2−Δ𝐸1)

ℏ
𝑡−
𝑚𝑧2

2ℏ𝑡

√𝑡
 

 = √
𝑚

2ℏ2(𝜈0
2 − Δ𝐸)

𝑒
|𝑧|
ℏ
√2𝑚(𝜈0

2−Δ𝐸)

 

1

𝜆
−√

𝑚

2ℏ2(𝜈0
2 − Δ𝐸)

= √
𝑚

2ℏ2(𝜈0
2 − Δ𝐸)

𝑒
−
𝜈0|𝑧|√2𝑚

ℏ  

Δ𝐸 = 𝜆3|𝑧| (
2𝑚

ℏ2
)
2

 

−
ℏ2

2𝜇

𝜕2

𝜕𝑧2
𝜓 + |𝑧|𝜆3 (

2𝑚

ℏ2
)
2

𝜓 = 𝛿𝐸𝜓  

𝛽3= (2𝜇) (
2𝑚

ℏ3
)
2

𝜆3,   𝛽 = (
𝜇

𝑚
)
1/3 𝜈0

2

𝜆
    

𝑢 = |𝑧| − (
ℏ2

2𝑚
)

2
𝛿𝐸

𝜆3
    𝜎 = 𝛽𝑢

 

𝜓±(𝑧) = 𝐶 (
sgn(𝑧)

1
)𝐴𝑖 ((2𝜇)

1
3
(2𝑚)

2
3

ℏ2
𝜆 (|𝑧| − (

ℏ2

2𝑚
)

2
𝛿𝐸

𝜆3
))  

𝛿𝐸𝑛 = (−𝜎𝑛)
2𝑚𝜆2

ℏ2
(
𝑚

𝜇
)
1/3

= (−𝜎𝑛)𝜈0
2 (
𝑚

𝜇
)
1/3

 

2𝐶𝑛
2∫  

∞

𝜎𝑛

 𝑑𝜎|𝐴𝑖(𝜎)|2 = 1  

1

2𝐶𝑛
2 = (

𝜕𝐴𝑖(𝜎)

𝜕𝜎
)
2

|
𝜎=𝜎𝑛

− 𝜎𝑛𝐴𝑖(𝜎𝑛)
2.  
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1

2𝐶𝑛
2 = −𝜎𝑛𝐴𝑖(𝜎𝑛)

2  

1

2𝐶𝑛
2 = (

𝜕𝐴𝑖(𝜎)

𝜕𝜎
)
2

|
𝜎=𝜎𝑛

 

𝜓𝑛(𝑧) = 𝐶𝑛 (
𝜇

𝑚
)
1/6 𝜈0
𝜆1/2

(
sgn(𝑧)

1
)𝐴𝑖 ((2𝜇)

1
3
(2𝑚)

2
3

ℏ2
𝜆 (|𝑧| − (

ℏ2

2𝑚
)

2
𝛿𝐸𝑛
𝜆3
))  

(
𝜇

𝑚
)
1/6 𝜈0
𝜆1/2

= (2𝜇)1/6
(2𝑚)1/3𝜆1/2

ℏ
 

(2𝐶𝑛
2)∫  

∞

𝜎𝑛

 𝑑𝜎 (
𝜎ℏ2

(2𝜇)
1
3(2𝑚)

2
3𝜆
+ (

ℏ2

2𝑚
)

2
𝛿𝐸

𝜆3
) |𝐴𝑖(𝜎)|2 = −

2

3

𝜎𝑛
𝜆

ℏ2

(2𝜇)
1
3(2𝑚)

2
3

 = [−
2

3
𝜎𝑛]

𝜆

𝜈0
2 (
𝑚

𝜇
)
1/3

 

< 𝑧2 >= 2𝐶𝑛
2∫  

∞

𝜎𝑛

 𝑑𝜎|𝐴𝑖(𝜎)|2(
𝜎ℏ2

(2𝜇)
1
3(2𝑚)

2
3
𝜆
+ (

ℏ2

2𝑚
)

2
𝛿𝐸

𝜆3
)

2

 

ℏ4

(2𝜇)
2
3(2𝑚)

4
3𝜆2

(2𝐶𝑛
2)∫  

∞

𝜎𝑛

 𝑑𝜎𝜎2|𝐴𝑖(𝜎)|2 =
1

5

𝜎𝑛
2

𝜆2
ℏ4

(2𝜇)
2
3(2𝑚)

4
3

(1 −
1

𝜎𝑛 
3
)  

< 𝑧2 >=
8

15

𝜎𝑛
2

𝜆2
ℏ4

(2𝜇)
2
3(2𝑚)

4
3

−
1

5

ℏ4

(2𝜇)
2
3(2𝑚)

4
3𝜆2𝜎𝑛

= 𝐴𝑛 (
𝑚

𝜇
)
2/3

(
𝜆

𝜈0
2)

2

 

𝐻 = ∫  𝑑𝑥𝜙†(𝑥) [−
∇2

2𝑚
]𝜙(𝑥) + ∫  𝑑𝑥𝜓†(𝑥) [−

∇2

2𝑀
]𝜓(𝑥) − 𝜆∫  𝑑𝑥𝜙†(𝑥)𝜓†(𝑥)𝜙(𝑥)𝜓(𝑥)  

𝜒(𝑥)𝜒†(𝑦) = 𝛿(𝑥 − 𝑦)Π0,

𝜒(𝑥)𝜒(𝑦) = 0 = 𝜒†(𝑥)𝜒†(𝑦),
 

Π1 = ∫  𝑑𝑥𝜒
†(𝑥)𝜒(𝑥), Π0 = 1 − Π1  

ℱ𝑀⊗ℱ𝑚   

ℱ𝑀⊗ℱ𝑚⊕ℱ𝑀⊗ℱ𝑚⊗𝐿2(𝐑) 

𝐻̂ − 𝐸Π0 = (

(𝐻0 − 𝐸)Π0 ∫  𝑑𝑥𝜓†(𝑥)𝜙†(𝑥)𝜒(𝑥)

∫  𝑑𝑦𝜓(𝑦)𝜙(𝑦)𝜒†(𝑦)
1

𝜆
Π1

) ≡ (𝑎 𝑏†

𝑏 𝑑
)  

(𝐻̂ − 𝐸Π0)
−1
≡ (

𝛼 𝛽†

𝛽 𝛿
)  



pág. 12725 

𝛼 = (𝑎 − 𝑏†𝑑−1𝑏)
−1
= (𝐻 − 𝐸)−1 = 𝑎−1 + 𝑎−1𝑏†Φ−1𝑏𝑎−1 

Φ ≡ 𝑑 − 𝑏𝑎−1𝑏†  

Φ =
1

𝜆
Π1 −∫  𝑑𝑥𝜙(𝑥)𝜓(𝑥)𝜒

†(𝑥)
1

𝐻0 − 𝐸
∫  𝑑𝑦𝜓†(𝑦)𝜙†(𝑦)𝜒(𝑦) 

[𝑑𝑝] =
𝑑𝑝

2𝜋
 

Φ =
1

𝜆
Π1 −∫  [𝑑𝑝𝑑𝑞]𝜒

†(𝑝 + 𝑞)
1

𝐻0 + 𝜈0
2 − 𝛿′𝐸 + 𝑝2/2𝑀 + 𝑞2/2𝑚

𝜒(𝑝 + 𝑞)

 −∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝 + 𝑞)𝜓†(𝑟)
1

𝐻0 + 𝜈0
2 − 𝛿′𝐸 + 𝑝2/2𝑀 + 𝑟2/2𝑀 + 𝑞2/2𝑚

𝜓(𝑝)𝜒(𝑟 + 𝑞)

 

∫  [𝑑𝑃𝑑𝜂]𝜒†(𝑃)
1

𝐻0 + 𝜈0
2 − 𝛿′𝐸 + 𝑃2/2(𝑀 +𝑚) + 𝜂2/2𝜇

𝜒(𝑃)  

1

2ℏ
√
2𝑚𝑀

𝑚 +𝑀
∫  [𝑑𝑃]𝜒†(𝑃)

1

√𝐻0 + 𝜈0
2 − 𝛿′𝐸 + 𝑃2/2(𝑀 +𝑚)

𝜒(𝑃)  

Φ(𝐸) ∣ 𝜔 >= 0  

Φ =
1

𝜆
Π1 −

√2𝑚

2ℏ𝜈0
∫  [𝑑𝑃]𝜒†(𝑃)

[
 
 
 
 

1 −
1

2

(𝐻0 − 𝛿
′𝐸 +

𝑃2

2𝑀)

𝜈0
2 +

3

8

(𝐻0 − 𝛿
′𝐸 +

𝑃2

2𝑀)
2

𝜈0
4 +⋯

]
 
 
 
 

𝜒(𝑃)

−∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝 + 𝑞)𝜓†(𝑟)

[
 
 
 
 

1

(𝜈0
2 +

𝑞2

2𝑚
)
−
(
𝑝2

2𝑀
+
𝑟2

2𝑀
− 𝛿′𝐸)

(𝜈0
2 +

𝑞2

2𝑚)
2 +

(
𝑝2

2𝑀
+
𝑟2

2𝑀
− 𝛿′𝐸)

2

(𝜈0
2 +

𝑞2

2𝑚)
3 +⋯

]
 
 
 
 

× 𝜓(𝑝)𝜒(𝑞 + 𝑟)

 

|𝜔 >= ∫  [𝑑𝜉𝑑𝑄]𝑓(𝜉)𝑒−𝑖𝑄𝑋/ℏ𝜒† (
𝑄

2
+ 𝜉)𝜓† (

𝑄

2
− 𝜉)|Ω >,  

(
1

𝜆
−
1

2

√2𝑚

ℏ𝜈0
)Π1 |𝜔 > +

1

4

√2𝑚

ℏ𝜈3
∫  [𝑑𝑃]𝜒†(𝑃) (𝐻0 − 𝛿

′𝐸 +
𝑃2

2𝑀
)𝜒(𝑃)| 𝜔 >

= (
1

𝜆
−
1

2

√2𝑚

ℏ𝜈0
)Π1 | 𝜔 > +

1

4

√2𝑚

ℏ𝜈3
∫  [𝑑𝑄𝑑𝜉]𝑓(𝜉)𝑒−𝑖

𝑄𝑋
ℏ (

1

2

𝑄2

2𝑀
+ 2

𝜉2

2𝑀
− 𝛿′𝐸)

× 𝜒† (
𝑄

2
+ 𝜉)𝜓† (

𝑄

2
− 𝜉)|  Ω >

 

(
1

𝜆
−
1

2

√2𝑚

ℏ𝜈0
)𝑓(𝑧) +

1

4

√2𝑚

ℏ𝜈3
[
1

2

𝑄2

2𝑀
−
ℏ2

2𝜇
∇𝑧
2 − 𝛿′𝐸]𝑓(𝑧).  
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∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝 + 𝑞)𝜓†(𝑟)
1

𝜈0
2 +

𝑞2

2𝑚

𝜓(𝑝)𝜒(𝑞 + 𝑟)|  𝜔 >

= ∫  [𝑑𝑞𝑑𝑄𝑑𝜉]𝑓(𝜉)𝑒−𝑖𝑄𝑋/ℏ
1

𝜈0
2 +

𝑞2

2𝑚

𝜒† (
𝑄

2
− 𝜉 + 𝑞)𝜓† (

𝑄

2
+ 𝜉 − 𝑞)|  Ω >

 

∫  [𝑑𝑞𝑑𝑄𝑑𝜉]𝑓(𝑞 − 𝜉)𝑒−𝑖𝑄𝑋/ℏ
1

𝜈0
2 +

𝑞2

2𝑚

𝜒† (
𝑄

2
+ 𝜉)𝜓† (

𝑄

2
− 𝜉)|  Ω >  

∫  [𝑑𝑞𝑑𝑄𝑑𝜉]𝑓(𝑞 − 𝜉)𝑒−𝑖𝑄𝑋/ℏ
1

𝜈0
2 +

𝑞2

2𝑚

𝜒† (
𝑄

2
+ 𝜉)𝜓† (

𝑄

2
− 𝜉) |Ω >↦

1

2

√2𝑚

ℏ𝜈0
𝑒
−√
2𝑚
ℏ 𝜈0| 𝑧|  𝑓(𝑧).  

(
1

𝜆
−
1

2

√2𝑚

ℏ𝜈0
)𝑓(𝑧) +

1

4

√2𝑚

ℏ𝜈0
3 [
1

2

𝑄2

2𝑀
−
ℏ2

2𝜇
∇𝑧
2 − 𝛿′𝐸]𝑓(𝑧) −

1

2

√2𝑚

ℏ𝜈0
𝑒−

√2𝑚
ℏ
𝜈0|𝑧|𝑓(𝑧).  

∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝 + 𝑞)𝜓†(𝑟)
(
𝑝2

2𝑀
+
𝑟2

2𝑀
− 𝛿′𝐸)

(𝜈0
2 +

𝑞2

2𝑚
)
2 𝜓(𝑝)𝜒(𝑞 + 𝑟)||  𝜔 >

 = ∫  [𝑑𝑞𝑑𝑄𝑑𝜉]𝑓(𝜉)𝑒−𝑖𝑄𝑋/ℏ

(

  
 
(
𝑄
2
− 𝜉)

2

2𝑀
+
(
𝑄
2
+ 𝜉 − 𝑞)

2

2𝑀
− 𝛿′𝐸

(𝜈0
2 +

𝑞2

2𝑚
)
2

)

  
 
𝜒† (

𝑄

2
− 𝜉 + 𝑞)𝜓† (

𝑄

2
+ 𝜉 − 𝑞)

|

|
 Ω >

 = ∫  [𝑑𝑞𝑑𝑄𝑑𝜉]𝑓(𝜉 − 𝑞)𝑒−𝑖𝑄𝑋/ℏ

(

  
 
(
𝑄
2
+ 𝜉 − 𝑞)

2

2𝑀
+
(
𝑄
2
− 𝜉)

2

2𝑀
− 𝛿′𝐸

(𝜈0
2 +

𝑞2

2𝑚
)
2

)

  
 
𝜒† (

𝑄

2
+ 𝜉)𝜓† (

𝑄

2
− 𝜉)

|

|
 Ω >

 

(
𝑄
2 + 𝜉 − 𝑞)

2

2𝑀
=
(
𝑄
2 + 𝜉)

2

2𝑀
−
2𝑚

2𝑀

2𝑞 (
𝑄
2 + 𝜉)

2𝑚
+ (

2𝑚

2𝑀
)
𝑞2

2𝑚⏟                  
(∗)

,  

↦ −
2𝑚

𝑀
(
1

4

(
𝑄
2 − 𝑖ℏ

𝜕
𝜕𝑧
)

2𝑚

ℏ

𝑖

𝜕

𝜕𝑧
+
1

8

ℏ2

2𝑚

𝜕2

𝜕𝑧2
)
√2𝑚

ℏ𝜈0
3 𝑒

−√
2𝑚
ℏ
𝜈0|𝑧| [1 +

√2𝑚

ℏ
𝜈0|𝑧|] 𝑓(𝑧) (∗) 

𝜈0
2

8
(
√2𝑚

ℏ𝜈0
3 ) [

𝑖𝑄

√2𝑚𝜈0
(𝑂 (

𝑚

𝜇
)

4
3
+ 𝑂 (

𝑚

𝜇
)

5
3
+⋯)+ (𝑂 (

𝑚

𝜇
) + 𝑂 (

𝑚

𝜇
)

4
3
+ 𝑂 (

𝑚

𝜇
)

5
3
+⋯)]. 

∫  [𝑑𝑞𝑑𝑄𝑑𝜉]𝑓(𝜉 −𝑞) 𝑒−𝑖𝑄𝑋/ℏ

(

  
 
(
𝑄
2 + 𝜉)

2

2𝑀 +
(
𝑄
2 − 𝜉)

2

2𝑀 − 𝛿′𝐸

(𝜈0
2 +

𝑞2

2𝑚)
2

)

  
 
𝜒† (

𝑄

2
+ 𝜉)𝜓† (

𝑄

2
− 𝜉)

|

|
 Ω >↦

 ↦
1

4

√2𝑚

ℏ𝜈0
3 [
1

2

𝑄2

2𝑀
−
ℏ2

2𝜇
∇𝑧
2 − 𝛿′𝐸]𝑒−

√2𝑚
ℏ 𝜈0|𝑧| [1 +

√2𝑚

ℏ
𝜈0|𝑧|] 𝑓(𝑧)
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∫  [𝑑𝑞𝑑𝑄𝑑𝜉]𝑓(𝜉)𝑒−𝑖𝑄𝑋/ℏ

(

  
 
(
𝑄
2 − 𝜉)

2

2𝑀
+
(
𝑄
2 + 𝜉 − 𝑞)

2

2𝑀
− 𝛿′𝐸

(𝜈0
2 +

𝑞2

2𝑚
)
2

)

  
 
𝜒† (

𝑄

2
− 𝜉 + 𝑞)𝜓† (

𝑄

2
+ 𝜉 − 𝑞)

|

|
 Ω >

= ∫  [𝑑𝑞𝑑𝑄𝑑𝜉]𝑓(𝜉 − 𝑞)𝑒−𝑖𝑄𝑋/ℏ

(

  
 
(
𝑄
2 + 𝜉 − 𝑞)

2

2𝑀
+
(
𝑄
2 − 𝜉 + 𝑞)

2

2𝑀
− 𝛿′𝐸

(𝜈0
2 +

𝑞2

2𝑚
)
2

)

  
 
𝜒† (

𝑄

2
+ 𝜉)𝜓† (

𝑄

2
− 𝜉)

|

|
 Ω >.

 

(−
ℏ2

2𝜇
∇𝑧
2)𝑉(𝑧) + 𝑉(𝑧) (−

ℏ2

2𝜇
∇𝑧
2)  

(
1

𝜆
−
1

2

√2𝑚

ℏ𝜈0
)𝑓(𝑧) +

1

4

√2𝑚

ℏ𝜈0
3 [
1

2

𝑄2

2𝑀
−
ℏ2

2𝜇
∇𝑧
2 − 𝛿′𝐸]𝑓(𝑧) −

1

2

√2𝑚

ℏ𝜈0
𝑒
−√
2𝑚
ℏ
𝜈0|𝑧|𝑓(𝑧)

 +
1

8

√2𝑚

ℏ𝜈0
3 [[

1

2

𝑄2

2𝑀
−
ℏ2

2𝜇
∇𝑧
2 − 𝛿′𝐸] , 𝑒

−√
2𝑚
ℏ
𝜈0|𝑧| [1 +

√2𝑚

ℏ
𝜈0|𝑧|]]

+

𝑓(𝑧) = 0

 

(
1

𝜆
−
√2𝑚

ℏ𝜈0
)𝑓(𝑧) +

1

2

√2𝑚

ℏ𝜈0
3 [
1

2

𝑄2

2𝑀
−
ℏ2

2𝜇
∇𝑧
2 − 𝛿′𝐸] 𝑓(𝑧) +

1

2

2𝑚

ℏ2
|𝑧|𝑓(𝑧) = 0  

𝜈0
2 =

2𝑚𝜆2

ℏ2
 

(−
ℏ2

2𝜇
∇𝑧
2 − [𝛿′𝐸 −

1

2

𝑄2

2𝑀
]) 𝑓(𝑧) +

√2𝑚

ℏ
𝜈0
3|𝑧|𝑓(𝑧) = 0 

𝛿𝐸 = 𝛿′𝐸 −
1

2

𝑄2

2𝑀
 

(−
ℏ2

2𝜇
∇𝑧
2 − 𝛿𝐸)𝑓(𝑧) + (

2𝑚

ℏ2
)
2

𝜆3|𝑧|𝑓(𝑧) = 0 

1

8

√2𝑚

ℏ𝜈0
3
(2𝐶𝑛

2)∫  
∞

𝜎𝑛

 𝑑𝜎𝐴𝑖(𝜎) (−
ℏ2

2𝜇
∇𝑧
2𝑒−

√2𝑚
ℏ
𝜈0|𝑧| [

√2𝑚

ℏ
𝜈0|𝑧| + 1])𝐴𝑖(𝜎)

 = −
√2𝑚

8ℏ𝜈0
3

ℏ2

2𝜇
(2𝐶𝑛

2)∫  
∞

𝜎𝑛

 𝑑𝜎𝐴𝑖(𝜎)(∇𝑧
2 [−

1

2

2𝑚

ℏ2
𝜈0
2𝑧2 +

1

3

(2𝑚)
3
2

ℏ3
𝜈0
3|𝑧|3 −

1

8

(2𝑚)2

ℏ4
𝜈0
4𝑧4 +⋯])𝐴𝑖(𝜎)

 = −
√2𝑚

8ℏ𝜈0
3

ℏ2

2𝜇
(2𝐶𝑛

2)∫  
∞

𝜎𝑛

 𝑑𝜎𝐴𝑖(𝜎)(−
2𝑚

ℏ2
𝜈0
2 + 2

(2𝑚)
3
2

ℏ3
𝜈0
3|𝑧| −

3

2

(2𝑚)2

ℏ4
𝜈0
4𝑧2)𝐴𝑖(𝜎)

 =
√2𝑚

ℏ𝜈0
3 [𝑂 (𝜈0

2 (
𝑚

𝜇
)) + 𝑂 (𝜈0

2 (
𝑚

𝜇
)

4
3
) + 𝑂(𝜈0

2 (
𝑚

𝜇
)

5
3
) +⋯]
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Φ =
1

𝜆
Π1 −

√2𝑚

ℏ𝜈0
∫  [𝑑𝑃]𝜒†(𝑃)

[
 
 
 
 

1 −
1

2

(𝐻0 − 𝛿1𝐸 − 𝛿2𝐸 +
𝑃2

2𝑀)

𝜈0
2 +

3

8

(𝐻0 − 𝛿1𝐸 +
𝑃2

2𝑀)
2

𝜈0
4 +⋯

]
 
 
 
 

𝜒(𝑃)

−∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝 + 𝑞)𝜓†(𝑟)

[
 
 
 
 

1

𝜈0
2 +

𝑞2

2𝑚

−
(
𝑝2

2𝑀
+
𝑟2

2𝑀
− 𝛿1𝐸 − 𝛿2𝐸)

(𝜈0
2 +

𝑞2

2𝑚)
2 +

(
𝑝2

2𝑀
+
𝑟2

2𝑀
− 𝛿1𝐸)

2

(𝜈0
2 +

𝑞2

2𝑚)
3 +. .

]
 
 
 
 

× 𝜓(𝑝)𝜒(𝑞 + 𝑟)

 

Φ(𝐸)|𝜔 >= 𝜔(𝐸)|𝜔 > 

𝜔(𝜈0 + 𝛿1𝐸 + 𝛿2𝐸) + 𝛿2𝜔(𝜈0 + 𝛿1𝐸) = 0 

⟨𝜔1|𝛿2Φ|𝜔1⟩+<𝜔1 |
𝜕Φ

𝜕𝐸
|𝜔1 > 𝛿2𝐸 = −

1

4

√2𝑚

ℏ𝜈0
3 𝛿2𝐸 −

1

4

(2𝑚)
3
2

ℏ3
𝜈0 < 𝑧

2 >

 −
3

16

√2𝑚

ℏ𝜈0
5 ∫  [𝑑𝑃] < 𝜔1 |𝜒

†(𝑃) (𝐻0 − 𝛿1𝐸 +
𝑃2

2𝑀
)

2

𝜒(𝑃)|𝜔1 >

 −∫  [𝑑𝑝𝑑𝑞𝑑𝑟] < 𝜔1 ||𝜒
†(𝑝 + 𝑞)𝜓†(𝑟)

(𝛿2𝐸)

(𝜈0
2 +

𝑞2

2𝑚
)
2𝜓(𝑝)𝜒(𝑞 + 𝑟)||𝜔1 >

 −∫  [𝑑𝑝𝑑𝑞𝑑𝑟] < 𝜔1 ||𝜒
†(𝑝 + 𝑞)𝜓†(𝑟)

(
𝑝2

2𝑀
+
𝑟2

2𝑀
− 𝛿1𝐸)

2

(𝜈0
2 +

𝑞2

2𝑚)
3 𝜓(𝑝)𝜒(𝑞 + 𝑟)||𝜔1 >

 

(∗) = −
3

16

√2𝑚

ℏ𝜈0
5 ∫  [𝑑𝑃] < 𝜔1 |𝜒

†(𝑃) (𝐻0 − 𝛿1𝐸 +
𝑃2

2𝑀
)

2

𝜒(𝑃)|𝜔1 >

 = −
3

16

√2𝑚

ℏ𝜈0
5
(2𝐶𝑛

2)∫  
∞

𝜎𝑛

 𝑑𝜎𝐴𝑖(𝜎) (
ℏ4

(2𝜇)2
∇𝑧
4 + 2𝛿1𝐸

ℏ2

2𝜇
∇𝑧
2 + 𝛿1𝐸

2)𝐴𝑖(𝜎)

 

𝜎ℏ2

(2𝑚)
2
3(2𝜇)

1
3𝜆

+
𝛿1𝐸

𝜆3
(
ℏ2

2𝑚
)

2

= 𝑧  

−𝜎𝑛 = (2𝜇)
1
3

ℏ2

(2𝑚)
4
3𝜆2

𝛿1𝐸
(𝑛)

 

(∗) = −𝑎𝑛 (
𝑚

𝜇
)

2
3 1

𝜆
= −𝑎𝑛

√2𝑚

ℏ𝜈0
(
𝑚

𝜇
)

2
3  

−
1

4

(2𝑚)
3
2

ℏ3
𝜈0 < 𝑧

2 >= −𝑏𝑛 (
𝑚

𝜇
)

2
3 1

𝜆
= −𝑏𝑛

√2𝑚

ℏ𝜈0
(
𝑚

𝜇
)

2
3  

(∗∗) = −∫  [𝑑𝑝𝑑𝑞𝑑𝑟] < 𝜔1 ||𝜒
†(𝑝 + 𝑞)𝜓†(𝑟)

𝛿2𝐸

(𝜈0
2 +

𝑞2

2𝑚)
2𝜓(𝑝)𝜒(𝑞 + 𝑟)||𝜔1 >  
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(∗∗) = −
1

4

√2𝑚

ℏ𝜈0
3 𝛿2𝐸  

(∗∗∗) = −∫  [𝑑𝑝𝑑𝑞𝑑𝑟] < 𝜔1 ||𝜒
†(𝑝 + 𝑞)𝜓†(𝑟)

(
𝑝2

2𝑀
+
𝑟2

2𝑀
− 𝛿1𝐸)

2

(𝜈0
2 +

𝑞2

2𝑚
)
3 𝜓(𝑝)𝜒(𝑞 + 𝑟)||𝜔1 >  

(
−ℏ2

2𝜇
∇𝑧
2)

2

𝑉(𝑧) +
−ℏ2

2𝜇
∇𝑧
2𝑉(𝑧)

−ℏ2

2𝜇
∇𝑧
2 + 𝑉(𝑧) (

−ℏ2

2𝜇
∇𝑧
2)

2

 

(∗∗∗) = −𝑑𝑛
√2𝑚

ℏ𝜈0
(
𝑚

𝜇
)

2
3
 

𝛿2𝐸
(𝑛) = −𝛼𝑛𝜈0

2 (
𝑚

𝜇
)

2
3
 

𝐻 =
1

2
∫  𝑑𝑥: 𝜋2 + 𝜙(−∇2 +𝑚2)𝜙:+∫  𝑑𝑥Ψ†(𝑥) (−

∇2

2𝑀
)Ψ(𝑥)

− 𝜆∫  𝜙(−)(𝑥)Ψ†(𝑥)Ψ(𝑥)𝜙(+)(𝑥)𝑑𝑥 

𝜙(𝑥, 𝑡) = ∫  
[𝑑𝑘]

√2𝜔(𝑘)
(𝑎†(𝑘)𝑒−𝑖𝑘𝑥+𝑖𝜔(𝑘)𝑡 + 𝑎(𝑘)𝑒𝑖𝑘𝑥−𝑖𝜔(𝑘)𝑡)  

[𝑎(𝑘), 𝑎†(𝑝)] = 𝛿[𝑘 − 𝑝]  and  𝜔(𝑘) = √𝑘2 +𝑚2.  

𝜙(+)(𝑥, 𝑡) = ∫  
[𝑑𝑘]

√2𝜔(𝑘)
𝑎(𝑘)𝑒𝑖𝑘𝑥−𝑖𝜔(𝑘)𝑡  

𝐻(0) = ∫  [𝑑𝑘]√𝑘2 +𝑚2𝑎†(𝑘)𝑎(𝑘) − 𝜆 ∑  

𝑖=1,2

 𝜙(−)(𝑥𝑖)𝜙
(+)(𝑥𝑖)  

Φ(𝜇(|𝑧|)) =

{
 
 

 
 
1

𝜆
−
1

2
∫  
∞

−∞

  [𝑑𝑝]
1

(√𝑝2 +𝑚2)(√𝑝2 +𝑚2 − 𝜇(|𝑧|))
 if 𝑖 = 𝑗

−
1

2
∫  
∞

−∞

  [𝑑𝑝]
𝑒𝑖𝑝𝑧

√𝑝2 +𝑚2(√𝑝2 +𝑚2 − 𝜇(|𝑧|))
 if 𝑖 ≠ 𝑗

 

1

𝜆
− ∫  

∞

−∞

 
[𝑑𝑝]

2

1

√𝑝2 +𝑚2(√𝑝2 +𝑚2 − 𝜇(|𝑧|))
= ∫  

∞

−∞

 
[𝑑𝑝]

2

𝑒𝑖𝑝𝑧

√𝑝2 +𝑚2(√𝑝2 +𝑚2 − 𝜇(|𝑧|))
 

1

𝜆
−∫  

∞

−∞

 
[𝑑𝑝]

2

1

(√𝑝2 +𝑚2)(√𝑝2 +𝑚2 − 𝜇0)
= ∫  

∞

−∞

 
[𝑑𝑝]

2

1

(√𝑝2 +𝑚2)(√𝑝2 +𝑚2 − 𝜇0)
 

∫  
∞

−∞

  [𝑑𝑝]
1

(√𝑝2 +𝑚2)(√𝑝2 +𝑚2 − 𝜇0)
= ∫  

1

0

 𝑑𝑢∫  
∞

−∞

  [𝑑𝑝]
1

(√𝑝2 +𝑚2 − 𝜇0𝑢)
2  
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1

(√𝑝2 +𝑚2 − 𝜇0𝑢)
2 = ∫  

∞

0

 𝑑𝑡𝑡𝑒
−𝑡(√𝑝2+𝑚2−𝜇0𝑢)

 

𝑒−𝑡√𝑝
2+𝑚2

=
1

2√𝜋
∫  
∞

0

 𝑑𝑠
𝑡

𝑠
3
2

𝑒−𝑠(𝑝
2+𝑚2)−

𝑡2

4𝑠  

∫  
∞

−∞

  [𝑑𝑝]
1

√𝑝2 +𝑚2(√𝑝2 +𝑚2 − 𝜇0)
=

1

2√𝜋
∫  
1

0

 𝑑𝑢 ∫  
∞

0

 𝑑𝑡𝑡2𝑒𝑢𝑡𝜇0∫  
∞

0

 𝑑𝑠
1

𝑠
3
2

𝑒−𝑚
2𝑠−

𝑡2

4𝑠∫  
∞

−∞

  [𝑑𝑝]𝑒−𝑠𝑝
2

 

∫  
∞

−∞

  [𝑑𝑝]
1

√𝑝2 +𝑚2(√𝑝2 +𝑚2 − 𝜇0)
=
1

4𝜋
∫  
1

0

 𝑑𝑢∫  
∞

0

 𝑑𝑡𝑡2𝑒𝑢𝑡𝜇0∫  
∞

0

 𝑑𝑠
1

𝑠2
𝑒−𝑠𝑚

2−
𝑡2

4𝑠  

𝐾𝜈(𝑤) =
1

2
(
𝑤

2
)
𝜈

∫  
∞

0

 𝑑𝑠
𝑒−𝑠−

𝑤2

4𝑠

𝑠𝜈+1
 

∫  
∞

−∞

  [𝑑𝑝]
1

√𝑝2 +𝑚2(√𝑝2 +𝑚2 − 𝜇0)
=
𝑚

𝜋
∫  
1

0

 𝑑𝑢 ∫  
∞

0

 𝑑𝑡𝑡𝑒𝑢𝑡𝜇0𝐾1(𝑚𝑡) =
𝑚

𝜋𝜇0
∫  
∞

0

 𝑑𝑡(𝑒𝜇0𝑡 − 1)𝐾1(𝑚𝑡) 

𝐾1(𝑚𝑡) = −
1

𝑚

𝜕𝐾0(𝑚𝑡)

𝜕𝑡
 

∫  
∞

0

 𝑑𝑡𝐾1(𝑚𝑡)(𝑒
𝜇0𝑡 − 1) =

1

𝑚
(1 − 𝑒𝜇0𝑡)𝐾0(𝑚𝑡)|

0

∞

+
𝜇0
𝑚
∫  
∞

0

 𝑑𝑡𝑒𝜇0𝑡𝐾0(𝑚𝑡)  

(𝑒𝜇0𝑡 − 1)𝐾0(𝑚𝑡)|0
∞ = 0  

∫  
∞

0

 𝑑𝑡𝑒𝜇0𝑡𝐾0(𝑚𝑡) =
arccos (−

𝜇0
𝑚)

√𝑚2 − 𝜇0
2

 

∫  
∞

−∞

  [𝑑𝑝]
1

√𝑝2 +𝑚2(√𝑝2 +𝑚2 − 𝜇0)
=
1

𝜋

arccos (−
𝜇0
𝑚)

√𝑚2 − 𝜇0
2

 

1

𝜆
=
1

𝜋

arccos (−
𝜇0
𝑚)

√𝑚2 − 𝜇0
2

 

[−
1

2𝑀
∑  

𝑖

 ∇𝑖
2 + 𝜇(|𝑥1 − 𝑥2|)] 𝜓(𝑥1, 𝑥2) = 𝐸𝜓(𝑥1, 𝑥2)  

1

𝜆
− ∫  

∞

−∞

 
[𝑑𝑝]

2

1

√𝑝2 +𝑚2 (√𝑝2 +𝑚2 − (𝜇0 + 𝛿𝜇))
= ∫  

∞

−∞

 
[𝑑𝑝]

2

𝑒𝑖𝑝𝑧

√𝑝2 +𝑚2 (√𝑝2 +𝑚2 − (𝜇0 + 𝛿𝜇(|𝑧|)))
 

1

𝜆
−
1

2𝜋

arccos (−
(𝜇0 + 𝛿𝜇)

𝑚 )

√𝑚2 − (𝜇0 + 𝛿𝜇)
2
= ∫  

∞

−∞

 
[𝑑𝑝]

2

𝑒𝑖𝑝𝑧

√𝑝2 +𝑚2 (√𝑝2 +𝑚2 − (𝜇0 + 𝛿𝜇))
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∫  
∞

−∞

  [𝑑𝑝]
𝑒𝑖𝑝𝑧

√𝑝2 +𝑚2 (√𝑝2 +𝑚2 − (𝜇0 + 𝛿𝜇))
 =

1

4𝜋
∫  
1

0

 𝑑𝑢∫  
∞

0

 𝑑𝑡𝑡2𝑒𝑢𝑡(𝜇0+𝛿𝜇)∫  
∞

0

 𝑑𝑠
𝑒−𝑚

2𝑠−
(𝑡2+𝑧2)
4𝑠

𝑠2

 =
𝑚

(𝜇0 + 𝛿𝜇)𝜋
∫  
∞

0

 𝑑𝑡𝑡
(𝑒𝑡(𝜇0+𝛿𝜇) − 1)𝐾1(𝑚√𝑡

2 + 𝑧2)

√𝑡2 + 𝑧2

 

𝑡𝐾1(𝑚√𝑡
2 + 𝑧2)

√𝑡2 + 𝑧2
= −

1

𝑚

𝜕𝐾0(𝑚√𝑡
2 + 𝑧2)

𝜕𝑡
 

∫  
∞

−∞

  [𝑑𝑝]
𝑒𝑖𝑝𝑧

√𝑝2 +𝑚2 (√𝑝2 +𝑚2 − (𝜇0 + 𝛿𝜇))
=
1

𝜋
∫  
∞

0

 𝑑𝑡𝑒𝑡(𝜇0+𝛿𝜇)𝐾0 (𝑚√𝑡
2 + 𝑧2)  

1

𝜆
−
1

2𝜋

arccos (−
(𝜇0 + 𝛿𝜇)

𝑚 )

√𝑚2 − (𝜇0 + 𝛿𝜇)
2
=
1

2𝜋
∫  
∞

0

 𝑑𝑡𝑒𝑡(𝜇0+𝛿𝜇)𝐾0 (𝑚√𝑡
2 + 𝑧2)  

1

𝜆
−
1

2𝜋

arccos (−
𝜇0
𝑚)

√𝑚2 − 𝜇0
2

−
𝛿𝜇

2𝜋
(𝜇0

arccos (−
𝜇0
𝑚)

(𝑚2 − 𝜇0
2)
3
2

+
1

𝑚2 − 𝜇0
2) =

1

2𝜋
∫  
∞

0

 𝑑𝑡𝑒𝑡(𝜇0+𝛿𝜇)𝐾0 (𝑚√𝑡
2 + 𝑧2) 

1

𝜆
−
1

𝜋

arccos (−
𝜇0
𝑚)

√𝑚2 − 𝜇0
2

−
𝛿𝜇

𝑚2 − 𝜇0
2 (
𝜇0
2𝜆
+
1

2𝜋
) =

1

2𝜋
∫  
∞

0

 𝑑𝑡 [𝑒𝑡(𝜇0+𝛿𝜇)𝐾0 (𝑚√𝑡
2 + 𝑧2) − 𝑒𝑡𝜇0𝐾0(𝑚𝑡)]  

𝛿𝜇∫  
∞

0

 𝑑𝑡𝑡𝑒𝑡𝜇0𝐾0 (𝑚√𝑡
2 + 𝑧2) → 𝛿𝜇∫  

∞

0

 𝑑𝑡𝑡𝑒𝑡𝜇0𝐾0(𝑚𝑡) = 𝛿𝜇
𝜕

𝜕𝜇0
∫  
∞

0

 𝑑𝑡𝑒𝑡𝜇0𝐾0(𝑚𝑡)  

𝛿𝜇
𝜕

𝜕𝜇0
∫  
∞

0

 𝑑𝑡𝑒𝑡𝜇0𝐾0(𝑚𝑡) = 𝛿𝜇 [𝜇0
arccos (−

𝜇0
𝑚
)

(𝑚2 − 𝜇0
2)
3
2

+
1

𝑚2 − 𝜇0
2]  

1

𝜆
−
1

𝜋

arccos (−
𝜇0
𝑚)

√𝑚2 − 𝜇0
2

−
𝛿𝜇

𝑚2 − 𝜇0
2 (
𝜇0
𝜆
+
1

𝜋
) =

1

2𝜋
∫  
∞

0

 𝑑𝑡𝑒𝑡𝜇0 [𝐾0 (𝑚√𝑡
2 + 𝑧2) − 𝐾0(𝑚𝑡)]  

−
𝛿𝜇

𝑚2 − 𝜇0
2 (
𝜇0
𝜆
+
1

𝜋
) = −

1

4
|𝑧|  

𝛿𝜇(𝑧) =
|𝑧|

4

(𝑚2 − 𝜇0
2)𝜆

(𝜇0 +
1
𝜋 𝜆)

 

[−
1

𝑀

𝜕2

𝜕𝑧2
+
|𝑧|

4

(𝑚2 − 𝜇0
2)𝜆

(𝜇0 +
1
𝜋 𝜆)

]𝜓(𝑧) = (𝐸 −
𝑄2

4𝑀
)𝜓(𝑧) = 𝛿𝐸𝜓(𝑧)  

Φ =
1

𝜆
Π1 −∫  [𝑑𝑝𝑑𝑞]𝜒

†(𝑝 + 𝑞)
1

2√𝑞2 +𝑚2 [√𝑞2 +𝑚2 +𝐻0 +
𝑝2

2𝑀 −
(𝜇0 + 𝛿

′𝐸)]
𝜒(𝑝 + 𝑞)

 −∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝)Ψ†(𝑟 − 𝑞)
1

2√𝑞2 +𝑚2 [
𝑟2

2𝑀 +
𝑝2

2𝑀 + √𝑞
2 +𝑚2 − (𝜇0 + 𝛿

′𝐸)]
Ψ(𝑝 − 𝑞)𝜒(𝑟),
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∫  [𝑑𝑝𝑑𝑞]𝜒†(𝑝 + 𝑞)
1

√𝑞2 +𝑚2 [√𝑞2 +𝑚2 +𝐻0 +
𝑝2

2𝑀
− (𝜇0 + 𝛿

′𝐸)]
𝜒(𝑝 + 𝑞) =

1

2√𝜋
∫  [𝑑𝑝𝑑𝑞]𝜒†(𝑝 + 𝑞)∫  

1

0

 𝑑𝑢∫  
∞

0

 𝑑𝑡𝑡2𝑒
−𝑢𝑡(𝐻0+

𝑝2

2𝑀
−(𝜇0+𝛿

′𝐸))
∫  
∞

0

 𝑑𝑠
𝑒−𝑠(𝑚

2+𝑞2)−
𝑡2

4𝑠

𝑠
3
2

𝜒(𝑝 + 𝑞)

 

𝑡𝑢𝑝2

2𝑀
+ 𝑠𝑞2 = 𝐴(𝑝 + 𝑞)2 +𝐵(𝑝 − 𝛼𝑞)2.  

𝛼 =
2𝑀𝑠

𝑡𝑢
, 𝐴 =

𝑠𝑡𝑢

2𝑀
(

1
𝑡𝑢
2𝑀 + 𝑠

)   and  𝐵 = (
𝑡𝑢

2𝑀
)
2

(
1

𝑡𝑢
2𝑀 + 𝑠

) .  

[𝑑𝑝𝑑𝑞] = (
𝑡𝑢

2𝑀
)(

1
𝑡𝑢
2𝑀 + 𝑠

) [𝑑𝑅𝑑𝑄].  

∫  [𝑑𝑝𝑑𝑞]𝜒†(𝑝 + 𝑞)
1

√𝑞2 +𝑚2 [√𝑞2 +𝑚2 +𝐻0 +
𝑝2

2𝑀 −
(𝜇0 + 𝛿

′𝐸)]
𝜒(𝑝 + 𝑞)

=
1

2√𝜋
∫  [𝑑𝑅]𝜒†(𝑅)𝑒−𝐴𝑅

2
∫  
1

0

 𝑑𝑢 ∫  
∞

0

 𝑑𝑡𝑡2𝑒−𝑢𝑡[𝐻0−(𝜇0+𝛿
′𝐸)]

 × ∫  
∞

0

 𝑑𝑠
𝑒−𝑠𝑚

2−
𝑡2

4𝑠

𝑠
3
2

∫  [𝑑𝑄] (
𝑡𝑢

2𝑀
)
𝑒−𝐵𝑄

2

(
𝑡𝑢
2𝑀 + 𝑠)

𝜒(𝑅)

 

1

4𝜋
∫  [𝑑𝑅]𝜒†(𝑅)𝑒−𝐴𝑅

2
∫  
1

0

 𝑑𝑢∫  
∞

0

 𝑑𝑡𝑡2𝑒
−𝑢𝑡(𝐻0−(𝜇0+𝛿

′𝐸))
∫  
∞

0

 𝑑𝑠
𝑒−𝑠𝑚

2−
𝑡2

4𝑠

𝑠
3
2√
𝑡𝑢
2𝑀

+ 𝑠

𝜒(𝑅)  

1

4𝜋
∫  [𝑑𝑅]𝜒†(𝑅)∫  

1

0

 𝑑𝑢∫  
∞

0

 𝑑𝑡𝑡2𝑒
−𝑢𝑡(𝐻0+

𝑅2

2𝑀
−(𝜇0+𝛿

′𝐸))
∫  
∞

0

 𝑑𝑠
𝑒−𝑠𝑚

2−
𝑡2

4𝑠

𝑠2
𝜒(𝑅)

= −
𝑚

𝜋
∫  [𝑑𝑅]𝜒†(𝑅)∫  

∞

0

 𝑑𝑡

(𝑒
−𝑡(𝐻0+

𝑅2

2𝑀
−(𝜇0+𝛿

′𝐸))
− 1)

(𝐻0 +
𝑅2

2𝑀 −
(𝜇0 + 𝛿

′𝐸))

𝐾1(𝑚𝑡)𝜒(𝑅)  

 =
1

𝜋
∫  [𝑑𝑅]𝜒†(𝑅)

arccos (
𝐻0 +

𝑅2

2𝑀 − 𝛿
′𝐸 − 𝜇0

𝑚 )

√𝑚2 − (𝐻0 +
𝑅2

2𝑀 − 𝛿
′𝐸 − 𝜇0)

𝜒(𝑅)

 

𝐴 = (
𝑠𝑡𝑢

2𝑀
)(

1
𝑡𝑢
2𝑀 + 𝑠

) →
𝑡𝑢

2𝑀
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Φ =
1

𝜆
Π1 −

1

2𝜋
∫  [𝑑𝑅]𝜒†(𝑅)

arccos (

𝑅2

2𝑀
+𝐻0 − 𝜇0 − 𝛿

′𝐸

𝑚 )

√𝑚2 − (
𝑅2

2𝑀
+ 𝐻0 − 𝜇0 − 𝛿

′𝐸)
2

𝜒(𝑅)

 −∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝)Ψ†(𝑟 − 𝑞)
1

2√𝑞2 +𝑚2 (√𝑞2 +𝑚2 − 𝜇0 +
𝑟2

2𝑀
+
𝑝2

2𝑀
− 𝛿′𝐸)

Ψ(𝑝 − 𝑞)𝜒(𝑟)

 

arccos (

𝑅2

2𝑀
+ 𝐻0 − 𝜇0 − 𝛿𝜇

𝑚 )

√𝑚2 − (
𝑅2

2𝑀
+ 𝐻0 − 𝜇0 − 𝛿

′𝐸)
2

 = (arccos (−
𝜇0
𝑚
)−

𝐻0 +
𝑅2

2𝑀
− 𝛿′𝐸

√𝑚2 − 𝜇0
2

)

 ×
1

√𝑚2 − 𝜇0
2
(1− 𝜇0

(𝐻0 +
𝑅2

2𝑀 − 𝛿
′𝐸)

𝑚2 − 𝜇0
2 )+⋯

 

∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝)Ψ†(𝑟 − 𝑞)
1

2√𝑞2 +𝑚2 (√𝑞2 +𝑚2 − 𝜇0 +
𝑟2

2𝑀 +
𝑝2

2𝑀 − 𝛿
′𝐸)

Ψ(𝑝 − 𝑞)𝜒(𝑟) 

= ∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝)Ψ†(𝑟 − 𝑞)
1

2√𝑞2 +𝑚2(√𝑞2 +𝑚2 − 𝜇0)
Ψ(𝑝 − 𝑞)𝜒(𝑟)  

 −∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝)Ψ†(𝑟 − 𝑞)
(
𝑟2

2𝑀 +
𝑝2

2𝑀 − 𝛿
′𝐸)

2√𝑞2 +𝑚2(√𝑞2 +𝑚2 − 𝜇0)
2Ψ(𝑝 − 𝑞)𝜒(𝑟) + ⋯

 

Φ = [
1

𝜆
−
1

2𝜋

arccos (−
𝜇0
𝑚)

√𝑚2 − 𝜇0
2
] Π1

 +
1

2𝜋
(𝜇0

arccos (−
𝜇0
𝑚)

(𝑚2 − 𝜇0
2)
3
2

+
1

𝑚2 − 𝜇0
2)∫  [𝑑𝑅]𝜒

†(𝑅) (𝐻0 +
𝑅2

2𝑀
− 𝛿′𝐸)𝜒(𝑅)

 −
1

2
∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝)Ψ†(𝑟 − 𝑞)

1

√𝑞2 +𝑚2(√𝑞2 +𝑚2 − 𝜇0)
Ψ(𝑝 − 𝑞)𝜒(𝑟)

 +
1

2
∫  [𝑑𝑝𝑑𝑞𝑑𝑟]𝜒†(𝑝)Ψ†(𝑟 − 𝑞)

(
𝑟2

2𝑀 +
𝑝2

2𝑀 − 𝛿
′𝐸)

√𝑞2 +𝑚2(√𝑞2 +𝑚2 − 𝜇0)
2Ψ(𝑝 − 𝑞)𝜒(𝑟) + ⋯

 

|𝜔 >= ∫  [𝑑𝑄𝑑𝜉]𝑒−𝑖𝑄𝑋𝑓(𝜉)𝜒†(𝑄/2 + 𝜉)Ψ†(𝑄/2 − 𝜉)| Ω > 

Φ(𝜇0 + 𝛿
′𝐸) ∣ 𝜔 >= 0  
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1

√𝑞2 +𝑚2(√𝑞2 +𝑚2 − 𝜇0)
2  

∫  
∞

−∞

  [𝑑𝑝]
𝑒𝑖𝑝𝑧

√𝑝2 +𝑚2(√𝑝2 +𝑚2 − 𝜇0)
2 =

1

4𝜋
∫  
1

0

 𝑢𝑑𝑢∫  
∞

0

 𝑑𝑡𝑡3𝑒𝑢𝑡𝜇0∫  
∞

0

 𝑑𝑠
𝑒−𝑚

2𝑠−
(𝑡2+𝑧2)
4𝑠

𝑠2

 =
𝑚

𝜋𝜇0
∫  
1

0

 𝑢𝑑𝑢∫  
∞

0

 𝑑𝑡𝑡3
𝑒𝑢𝑡𝜇0𝐾1(𝑚√𝑡

2 + 𝑧2)

√𝑡2 + 𝑧2

 =
𝑚

𝜋𝜇0

𝜕

𝜕𝜇0
∫  
1

0

 𝑑𝑢∫  
∞

0

 𝑑𝑡𝑡2
𝑒𝑢𝑡𝜇0𝐾1(𝑚√𝑡

2 + 𝑧2)

√𝑡2 + 𝑧2

 =
1

𝜋

𝜕

𝜕𝜇0
∫  
∞

0

 𝑑𝑡𝑒𝜇0𝑡𝐾0 (𝑚√𝑡
2 + 𝑧2)

 

(
1

𝜆
−
1

2𝜋

arccos (−
𝜇0
𝑚
)

√𝑚2 − 𝜇0
2
)𝑓(𝑧) +

1

2𝜋
(𝜇0

arccos (−
𝜇0
𝑚
)

(𝑚2 − 𝜇0
2)
3
2

+
1

𝑚2 − 𝜇0
2)(−

∇𝑧
2

𝑀
+
1

2

𝑄2

2𝑀
− 𝛿′𝐸)𝑓(𝑧)

 −
1

2𝜋
(∫  

∞

0

 𝑑𝑡𝑒𝜇0𝑡𝐾0 (𝑚√𝑡
2 + 𝑧2))𝑓(𝑧)

 +
1

2
[−
∇𝑧
2

𝑀
+
1

2

𝑄2

2𝑀
− 𝛿′𝐸,

1

2𝜋

𝜕

𝜕𝜇0
∫  
∞

0

 𝑑𝑡𝑒𝜇0𝑡𝐾0 (𝑚√𝑡
2 + 𝑧2)]

+

𝑓(𝑧) = 0

 

(
1

𝜆
−
1

𝜋

arccos (−
𝜇0
𝑚
)

√𝑚2 − 𝜇0
2
)𝑓(𝑧)

 +
1

𝜋
(𝜇0

arccos (−
𝜇0
𝑚)

(𝑚2 − 𝜇0
2)
3
2

+
1

𝑚2 − 𝜇0
2)(−

∇𝑧
2

𝑀
− 𝛿𝐸)𝑓(𝑧) +

1

4
|𝑧|𝑓(𝑧) = 0

 

(−
∇𝑧
2

𝑀
+
1

2

𝑄2

2𝑀
− 𝛿𝐸)𝑓(𝑧) +

1

4

(𝑚2 − 𝜇0
2)

(𝜇0 +
1
𝜋 𝜆)

𝜆|𝑧|𝑓(𝑧) = 0 

𝜙(𝑥 ∣ 𝑥1, 𝑥2) =
𝑁

ℏ
[∫  

∞

0

 𝑑𝑡𝐾𝑡(𝑥, 𝑥1)𝑒
−
𝜈2

ℏ
𝑡 +∫  

∞

0

 𝑑𝑡𝐾𝑡(𝑥, 𝑥2)𝑒
−
𝜈2

ℏ
𝑡]  

∫  
∞

−∞

𝑑𝑥|𝜙(𝑥 ∣ 𝑥1, 𝑥2)|
2 = 1 

∫  𝑑𝑥𝐾𝑡1(𝑥, 𝑥1)𝐾𝑡2(𝑥, 𝑥2) = 𝐾𝑡1+𝑡2(𝑥1, 𝑥2)  

1 = 2
𝑁2

ℏ2
[∫  𝑑𝑡1𝑑𝑡2𝐾𝑡1+𝑡2(𝑥1, 𝑥1)𝑒

−
𝜈2

ℏ
(𝑡1+𝑡2) +∫  𝑑𝑡1𝑑𝑡2𝐾𝑡1+𝑡2(𝑥1, 𝑥2)𝑒

−
𝜈2

ℏ
(𝑡1+𝑡2)]  

𝑡 = 𝑡1 + 𝑡2,  and  𝑠 = 𝑡1 − 𝑡2  

1 =
𝑁2

ℏ2
[∫  

∞

0

 𝑑𝑡𝑡[𝐾𝑡(𝑥1, 𝑥1) + 𝐾𝑡(𝑥2, 𝑥2)]𝑒
−
𝜈2

ℏ
𝑡
+ 2∫  

∞

0

 𝑑𝑡𝑡𝐾𝑡(𝑥1, 𝑥2)𝑒
−
𝜈2

ℏ
𝑡
] 
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1 =
𝑁2

2

√2𝑚

ℏ𝜈3
[1 + [1 +

√2𝑚

ℏ
𝜈|𝑥1 − 𝑥2|] 𝑒

−√
2𝑚
ℏ
𝜈|𝑥1−𝑥2|] 

𝜙(𝑥 ∣ 𝑥1, 𝑥2) =
√𝜈

√2

(2𝑚)
1
4

√ℏ

1

√[1 + [1 +
√2𝑚
ℏ

𝜈|𝑥1 − 𝑥2|] 𝑒
−√
2𝑚
ℏ
𝜈|𝑥1−𝑥2|]

[𝑒−
√2𝑚
ℏ
𝜈|𝑥−𝑥1| + 𝑒−

√2𝑚
ℏ
𝜈|𝑥−𝑥2|]

 

𝑋 =
𝑥1 + 𝑥2
2

  and  𝑧 = 𝑥1 − 𝑥2  

𝜙(𝑥, 𝑧) =
1

√2

(2𝑚)
1
4

√ℏ
√𝜈

1

√[1 + [1 +
√2𝑚
ℏ

𝜈|𝑧|] 𝑒
−√
2𝑚
ℏ
𝜈|𝑧|
]

[𝑒
−√
2𝑚
ℏ
𝜈|𝑥−

𝑧
2
|
+ 𝑒

−√
2𝑚
ℏ
𝜈|𝑥+

𝑧
2
|
] .

 

1

𝜆
= √

𝑚

2ℏ2𝜈2(𝑧)
(𝑒−√2𝑚𝜈(𝑧)/ℏ + 1) .  

𝜙(𝑧; 𝑥) = 𝐴(𝑧)(𝜖+(𝑥, 𝑧) + 𝜖−(𝑥, 𝑧))  

𝜖+ = 𝑒
−√
2𝑚
ℏ
𝜈|𝑥+

𝑧
2
|
  and  𝜖− = 𝑒

−√
2𝑚
ℏ
𝜈|𝑥−

𝑧
2
|
 

𝜈2(𝑧) = 𝜈0
2 + 𝛿𝐸1(𝑧) 

𝜈0 =
√2𝑚

ℏ
𝜆  and  𝛿𝐸1 = −|𝑧|𝜆3 (

2𝑚

ℏ2
)
2

. 

(
𝜕2

𝜕𝑥1
2 +

𝜕2

𝜕𝑥2
2)𝜙(𝑥, 𝑧)𝜓(𝑧) = 𝜓(𝑧) (

𝜕2

𝜕𝑥1
2 +

𝜕2

𝜕𝑥2
2)𝜙(𝑥, 𝑧) + 𝜙(𝑥, 𝑧) (

𝜕2

𝜕𝑥1
2 +

𝜕2

𝜕𝑥2
2)𝜓(𝑧)

 +2
𝜕𝜓

𝜕𝑥1

𝜕𝜙

𝜕𝑥1
+ 2

𝜕𝜓

𝜕𝑥2

𝜕𝜙

𝜕𝑥2

 

𝜓(𝑧) (
𝜕2

𝜕𝑥1
2 +

𝜕2

𝜕𝑥2
2)𝜙(𝑥, 𝑧) + 2

𝜕𝜓

𝜕𝑥1

𝜕𝜙

𝜕𝑥1
+ 2

𝜕𝜓

𝜕𝑥2

𝜕𝜙

𝜕𝑥2
 

𝜕

𝜕𝑥1
=
1

2

𝜕

𝜕𝑋
+
𝜕

𝜕𝑧
  and  

𝜕

𝜕𝑥2
=
1

2

𝜕

𝜕𝑋
−
𝜕

𝜕𝑧
, 

2𝜓(𝑧)
𝜕2

𝜕𝑧2
𝜙(𝑥, 𝑧)  and  4

𝜕𝜓

𝜕𝑧

𝜕𝜙

𝜕𝑧
.  

𝜕𝜖+
𝜕𝑧

=
1

2

𝜕𝜖+
𝜕𝑥

−
√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
|𝑥 +

𝑧

2
| 𝜖+

𝜕𝜖−
𝜕𝑧

= −
1

2

𝜕𝜖−
𝜕𝑥

−
√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
|𝑥 −

𝑧

2
| 𝜖−

 

4
𝜕𝜙

𝜕𝑧

𝜕𝜓

𝜕𝑧
= 4

𝜕𝜓

𝜕𝑧
[
𝜕𝐴

𝜕𝑧
(𝜖+ + 𝜖−) + 𝐴(

1

2
[
𝜕𝜖+

𝜕𝑥
−
𝜕𝜖−

𝜕𝑥
] −

√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
(|𝑥 −

𝑧

2
| 𝜖− + |𝑥 +

𝑧

2
| 𝜖+))]. 
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−
4ℏ2

2𝜇
∫  𝑑𝑥𝑑𝑧𝜙𝜓

𝜕𝜙

𝜕𝑧

𝜕𝜓

𝜕𝑧
= −

ℏ2

𝜇
[∫  𝑑𝑧𝜓

𝜕𝜓

𝜕𝑧
∫  𝑑𝑥 [2

𝜕𝐴

𝜕𝑧
(𝜖+ + 𝜖−) + 𝐴 (

𝜕𝜖+
𝜕𝑥

−
𝜕𝜖−
𝜕𝑥
)]𝐴(𝜖+ + 𝜖−)

−
√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
(|𝑥 −

𝑧

2
| 𝜖− + |𝑥 +

𝑧

2
| 𝜖+)𝐴

2(𝜖− + 𝜖+)]

= −
ℏ2

2𝜇
∫  𝑑𝑧𝜓

𝜕𝜓

𝜕𝑧
∫  𝑑𝑥 [4𝐴

𝜕𝐴

𝜕𝑧
(𝜖+ + 𝜖−)

2 + 2𝐴2 (𝜖+
𝜕𝜖+
𝜕𝑥

− 𝜖−
𝜕𝜖−
𝜕𝑥
)

 +2𝐴2𝜖+𝜖− (
1

𝜖+

𝜕𝜖+
𝜕𝑥

−
1

𝜖−

𝜕𝜖−
𝜕𝑥
)

−2𝐴2
√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
(|𝑥 −

𝑧

2
| 𝜖− + |𝑥 +

𝑧

2
| 𝜖+) (𝜖− + 𝜖+)] .

 

𝜕𝜈

𝜕𝑧
≈ −

1

2
sgn(𝑧) (

2𝑚

ℏ2
)
3/2

𝜆2  

(1) = −
ℏ2

2𝜇
4∫  𝑑𝑧𝜓

𝜕𝜓

𝜕𝑧

𝜕

𝜕𝑧
ln 𝐴  

(3) = −2
ℏ2

2𝜇
∫  𝑑𝑥𝑑𝑧𝜓

𝜕𝜓

𝜕𝑧
𝐴2𝜖+𝜖−

𝜕

𝜕𝑥
ln (

𝜖+
𝜖−
) 

𝜕

𝜕𝑧
ln 𝐴 ≈

𝜕

𝜕𝑧
ln √𝜈 ≈ −

1

4
𝜆
2𝑚

ℏ2
sgn(𝑧) 

|
ℏ2

2𝜇
𝜈0

√2𝑚

ℏ
∫  𝑑𝑧sgn(𝑧)𝜓

𝜕𝜓

𝜕𝑧
| ≤ 𝜈0√

𝑚

𝜇
|∫  𝑑𝑧|

ℏ

√2𝜇

𝜕𝜓

𝜕𝑧
|
2

|

1

2

|∫  𝑑𝑧|sgn(𝑧)𝜓|

2

|

1

2

≤ 𝜈0
2 (

𝑚

𝜇
)

2

3
, 

 

2 |
ℏ2

2𝜇

√2𝑚

ℏ
𝜈0∫  𝑑𝑧𝜓

𝜕𝜓

𝜕𝑧
𝐴2∫  

|𝑧|
2

−
|𝑧|
2

 𝑑𝑥𝑒
−√
2𝑚
ℏ
𝜈(|𝑥+

𝑧
2
|+|𝑥−

𝑧
2
|) 𝜕

𝜕𝑥
(|𝑥 +

𝑧

2
| − |𝑥 −

𝑧

2
|)|

≤16
2𝑚

ℏ√2𝜇
𝜈0
2 |∫  𝑑𝑧|

ℏ

√2𝜇

𝜕𝜓

𝜕𝑧
|

2

|

1
2

|∫  𝑑𝑧𝑧2| 𝜓|

2

||

1
2

≈
2𝑚

ℏ√2𝜇
𝜈0
3 (
𝑚

𝜇
)

1
6
√< 𝑧2 >≈ 𝐶

𝑚

𝜇
𝜈0
2

 

∫  𝑑𝑥𝜖−𝜖+ |𝑥 −
𝑧

2
| .  

2∫  𝑑𝑥𝑒−
√2𝑚
ℏ
𝜈|𝑥|(|𝑥| + |𝑧|)  

 (4) ≤ 8
ℏ2

𝜇

√2𝑚

ℏ
∫  𝑑𝑧𝐴2 |

𝜕𝜈

𝜕𝑧

𝜕𝜓

𝜕𝑧
|𝜓∫  𝑑𝑥𝑒

−√
2𝑚
ℏ
𝜈|𝑥|(|𝑥| + |𝑧|)  

(4′) ≤ 8
ℏ

√𝜇
(
√2𝑚

ℏ
)

5

𝜈0 (
√2𝑚

ℏ
𝜈0)

−2

𝜆2 [∫  𝑑𝑧(sgn(𝑧)𝜓)2]
1/2

[
ℏ2

2𝜇
∫  𝑑𝑧 |

𝜕𝜓

𝜕𝑧
|

2

]

1/2
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(4′) ≤ 𝐶4 (
𝑚

𝜇
)
2/3

𝜈0
2  

 

Λ =
ℏ2

𝜇
∫  𝑑𝑥𝑑𝑧𝜓2𝐴(𝜖+ + 𝜖−) [

𝜕2𝐴

𝜕𝑧2
(𝜖+ + 𝜖−) + 4

𝜕𝐴

𝜕𝑧
(
𝜕𝜖+
𝜕𝑥

−
𝜕𝜖−
𝜕𝑥
) + 4𝐴(

𝜕2𝜖+
𝜕𝑥2

+
𝜕2𝜖−
𝜕𝑥2

)] 

ϕ =
ℏ2

𝜇
∫  𝑑𝑥𝑑𝑧𝜓2𝐴(𝜖+ + 𝜖−)

√2𝑚

ℏ

𝜕𝐴

𝜕𝑧

𝜕𝜈

𝜕𝑧
[𝜖+ |𝑥 +

𝑧

2
| + 𝜖− |𝑥 −

𝑧

2
|]  

φ =
ℏ2

𝜇
∫  𝑑𝑥𝑑𝑧𝜓2𝐴2 [(

𝜕𝜖+
𝜕𝑥

−
𝜕𝜖−
𝜕𝑥
)−
√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
(𝜖+ |𝑥 +

𝑧

2
| + 𝜖− |𝑥 −

𝑧

2
|)]

 ×
√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
[𝜖+ |𝑥 +

𝑧

2
| + 𝜖− |𝑥 −

𝑧

2
|] .

 

∫  𝑑𝑥𝑑𝑧𝐴2(𝜖+ + 𝜖−)𝜓
𝜕𝜓

𝜕𝑧

√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
[𝜖+ |𝑥 +

𝑧

2
| + 𝜖− |𝑥 −

𝑧

2
|]  

(1𝑎) = −2
ℏ2

2𝜇
∫  𝑑𝑧|𝜓|2

1

𝐴

𝜕2

𝜕𝑧2
𝐴

(1𝑏) = −4
ℏ2

2𝜇
∫  𝑑𝑥𝑑𝑧|𝜓|2 (

𝜕

𝜕𝑧
𝐴2) (𝜖+𝜖−

𝜕

𝜕𝑥
ln (

𝜖+
𝜖−
) +

1

2

𝜕

𝜕𝑥
(𝜖+
2 + 𝜖−

2))

(1𝑐) = −8
ℏ2

2𝜇
∫  𝑑𝑥𝑑𝑧|𝜓|2𝐴2 (

𝜕2𝜖+
𝜕𝑥2

+
𝜕2𝜖−
𝜕𝑥2

) (𝜖+ + 𝜖−)

 

1

𝐴

𝜕2

𝜕𝑧2
𝐴 =

𝜕2

𝜕𝑧2
ln 𝐴 + (

𝜕

𝜕𝑧
ln 𝐴)

2

 

−2
ℏ2

2𝜇
∫  𝑑𝑧|𝜓|2

𝜕2

𝜕𝑧2
ln 𝐴 = 4

ℏ2

2𝜇
∫  𝑑𝑧𝜓

𝜕𝜓

𝜕𝑧

𝜕ln 𝐴

𝜕𝑧
 

≤ √
𝑚

𝜇
𝜈0 |∫  𝑑𝑧|

ℏ

√2𝜇

𝜕𝜓

𝜕𝑧
|

2

|

1
2

|∫  𝑑𝑧|𝜓|
|

2

|

|

1
2

≈ (
𝑚

𝜇
)

2
3
𝜈0
2 

−2
ℏ2

2𝜇
∫  𝑑𝑧|𝜓|2 (

𝜕

𝜕𝑧
ln 𝐴)

2

≈
𝑚

𝜇
𝜈0
2 

4
ℏ2

2𝜇
|∫  𝑑𝑧|𝜓|

2

(
𝜕

𝜕𝑧
𝐴2)∫  

|𝑧|/2

−|𝑧|/2

 𝑑𝑥𝜖+𝜖−
𝜕

𝜕𝑥
ln (

𝜖+
𝜖−
)|  ≤ 8

ℏ2

2𝜇

(2𝑚)
3
2

ℏ3
𝜈0
3 [∫  𝑑𝑧|𝑧||𝜓|2] 

⟨|𝑧 ⟩= 𝐶
𝜆

𝜈0
2 (
𝑚

𝜇
)
1/3

 

≤ 8
ℏ2

2𝜇

(2𝑚)
3
2

ℏ3
𝐶
𝜆

𝜈0
2 (
𝑚

𝜇
)
1/3

𝜈0
3 ≈ (

𝑚

𝜇
)

4
3
𝜈0
2 



pág. 12738 

∫  𝑑𝑥 (𝜖+
𝜕𝜖+
𝜕𝑥

+ 𝜖−
𝜕𝜖−
𝜕𝑥
) =

1

2
∫  𝑑𝑥

𝜕

𝜕𝑥
(𝜖+
2 + 𝜖−

2)  

(1𝑐) = −8
ℏ2

2𝜇
∫  𝑑𝑥𝑑𝑧|𝜓|2𝐴2 (

𝜕2𝜖+
𝜕𝑥2

+
𝜕2𝜖−
𝜕𝑥2

) (𝜖+ + 𝜖−) ≈ 𝐶8
𝑚

𝜇
𝜈0
2 

∫  𝑑𝑥𝜖±𝜖± |𝑥 ±
𝑧

2
|  

𝐴
𝜕𝐴

𝜕𝑧

1

2

𝜕𝐴2

𝜕𝑧

√2𝑚

ℏ

𝜕𝜈

𝜕𝑧
 

𝜕𝜈

𝜕𝑧
≈ −

1

2
sgn(𝑧) (

√2𝑚

ℏ
)

3

𝜆2 

|(2)| ≤ 𝐶9
′
ℏ2

𝜇
∫  𝑑𝑧𝜓2 (

√2𝑚

ℏ
)

2

[(
√2𝑚

ℏ
)

3

𝜆2]

2

(
√2𝑚

ℏ
𝜈)

−2

≤ 𝐶9
𝑚

𝜇
𝜈0
2  

∫  𝑑𝑥𝑑𝑧𝜓2𝐴2(𝜖+ − 𝜖−)
√2𝑚

ℏ

𝜕𝜈

𝜕𝑧

𝜕

𝜕𝑥
(𝜖+ |𝑥 +

𝑧

2
| + 𝜖− |𝑥 −

𝑧

2
|)  

|(3𝑎)| ≤ 𝐶10
′
ℏ2

𝜇
∫  𝑑𝑧 (

√2𝑚

ℏ
)

2

𝜈 |
𝜕𝜈

𝜕𝑧
| (
√2𝑚

ℏ
𝜈)∫  𝑑𝑥𝑒

−√
2𝑚
ℏ
𝜈|𝑥|
|𝑥| ≤ 𝐶10

𝑚

𝜇
𝜈0
2.  

∫  𝑑𝑥𝜖±𝜖± |𝑥 ±
𝑧

2
|
2

 

∫  𝑑𝑥𝑒−
√2𝑚
ℏ [|𝑥|2 + 2|𝑥||𝑧| + |𝑧|2]  

|(3𝑏)| ≤ 𝐶11
′
ℏ2

𝜇
∫  𝑑𝑧𝜓2 (

√2𝑚

ℏ
𝜈)(

√2𝑚

ℏ
)

2

|
𝜕𝜈

𝜕𝑧
|
2

(
√2𝑚

ℏ
𝜈)

−3

≤ 𝐶11
𝑚

𝜇
𝜈0
2  

∫  
∞

0

 𝑑𝑡𝑒𝑡𝜇0𝐾0 (𝑚√𝑡
2 + 𝑧2) =

1

2
∑  

∞

𝑘=0

 
𝜇0
𝑘

𝑘!
∫  
∞

0

 𝑑𝑡𝑡𝑘∫  
∞

0

 
𝑑𝑢

𝑢
𝑒−𝑢(𝑡

2+𝑧2)−
𝑚2

4𝑢  

∫  
∞

0

 𝑑𝑡𝑒𝑡𝜇0𝐾0 (𝑚√𝑡
2 + 𝑧2) =

1

2
∑  

∞

𝑘=0

 
𝜇0
𝑘

𝑘!
∫  
∞

0

 𝑑𝑡𝑡𝑘𝑒−𝑢𝑡
2
∫  
∞

0

 
𝑑𝑢

𝑢
𝑒−𝑢𝑧

2−
𝑚2

4𝑢

 =
1

2
∑  

∞

𝑘=0

 
𝜇0
𝑘

𝑘!
∫  
∞

0

 𝑑𝑡𝑡𝑘𝑒−𝑡
2
∫  
∞

0

 
𝑑𝑢

𝑢
𝑘+1
2
+1
𝑒−𝑢𝑧

2−
𝑚2

4𝑢

 =
1

4
∑  

∞

𝑘=0

 Γ (
𝑘 + 1

2
)
𝜇0
𝑘

𝑘!
|𝑧|𝑘+1∫  

∞

0

 
𝑑𝑢

𝑢
𝑘+1
2
+1
𝑒−𝑢−

𝑚2𝑧2

4𝑢

 

∫  
∞

0

𝑑𝑡𝑒𝑡𝜇0𝐾0 (𝑚√𝑡
2 + 𝑧2) =

1

2
∑  

∞

𝑘=0

Γ (
𝑘 + 1

2
)
𝜇0
𝑘

𝑘!
2
𝑘+1
2 (

|𝑧|

𝑚
)

𝑘+1
2
𝐾𝑘+1

2
(𝑚|𝑧|) 

Γ(𝑥)Γ (𝑥 +
1

2
) = 21−2𝑥√𝜋Γ(2𝑧),  
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(∗) = ∫  
∞

0

𝑑𝑡𝑒𝑡𝜇0𝐾0 (𝑚√𝑡
2 + 𝑧2) = √𝜋∑  

∞

𝑘=0

𝜇0
𝑘

2
𝑘+1
2 Γ(

𝑘
2
+ 1)

(
|𝑧|

𝑚
)

𝑘+1
2
𝐾𝑘+1

2
(𝑚|𝑧|) 

(∗) = √𝜋∑  

∞

𝑛=0

𝜇0
2𝑛

2𝑛+
1
2Γ(𝑛 + 1)

(
|𝑧|

𝑚
)
𝑛+
1
2
𝐾
𝑛+
1
2
(𝑚|𝑧|) + √𝜋∑  

∞

𝑛=1

𝜇0
2𝑛−1

2𝑛Γ (𝑛 +
1
2
)
(
|𝑧|

𝑚
)
𝑛

𝐾𝑛(𝑚|𝑧|). 

𝐾
𝑛+
1
2
(𝑥) = √

𝜋

2𝑥
𝑒−𝑥∑ 

𝑛

𝑘=0

 
Γ(𝑛 + 𝑘 + 1)

𝑘! Γ(𝑛 − 𝑘 + 1)(2𝑥)𝑘

𝐾𝑛(𝑥) =
1

2
∑  

𝑛−1

𝑘=0

  (−1)𝑘
(𝑛 − 𝑘 − 1)!

𝑘! (
𝑥
2)
𝑛−2𝑘

 +(−1)𝑛+1∑  

∞

𝑘=0

 
(
𝑥
2
)
𝑛+2𝑘

𝑘! (𝑛 + 𝑘)!
[ln (

𝑥

2
) −

1

2
𝜓(𝑘 + 1) −

1

2
𝜓(𝑘 + 𝑛 + 1)] .

 

Σ1 = √𝜋∑  

∞

𝑛=0

 
𝜇0
2𝑛

2𝑛+
1
2Γ(𝑛 + 1)

(
|𝑧|

𝑚
)
𝑛+
1
2
𝐾
𝑛+
1
2
(𝑚|𝑧|)

 = 𝜋∑  

∞

𝑛=0

 ∑  

𝑛

𝑘=0

 
𝜇0
2𝑛

2𝑛+𝑘+1𝑘!

Γ(𝑛 + 𝑘 + 1)

Γ(𝑛 + 1)Γ(𝑛 − 𝑘 + 1)

|𝑧|𝑛−𝑘

𝑚𝑛+𝑘+1
𝑒−𝑚|𝑧|

 = 𝜋∑  

∞

𝑛=0

 ∑  

𝑛

𝑘=0

 
𝜇0
2𝑛

2𝑛+𝑘+1𝑘!

Γ(𝑛 + 𝑘 + 1)

Γ(𝑛 + 1)Γ(𝑛 − 𝑘 + 1)

|𝑧|𝑛−𝑘

𝑚𝑛+𝑘+1
(1 −𝑚|𝑧| +

1

2
𝑚2𝑧2 +⋯)

 

𝜋∑  

∞

𝑛=0

𝜇0
2𝑛

22𝑛+1(Γ(𝑛 + 1))2
Γ(2𝑛 + 1)

𝑚2𝑛+1
(1 −𝑚|𝑧| +

1

2
𝑚2𝑧2 +⋯) 

𝐶1 = 𝜋∑  

∞

𝑛=0

 
𝜇0
2𝑛

22𝑛+1(Γ(𝑛 + 1))2
Γ(2𝑛 + 1)

𝑚2𝑛+1

𝐶2|𝑧| = −𝜋∑  

∞

𝑛=0

  (
𝜇0
𝑚
)
2𝑛 Γ(2𝑛 + 1)

22𝑛+1(Γ(𝑛 + 1))2
|𝑧|.

 

= 𝜋∑  

∞

𝑛=1

(
𝜇0
𝑚
)
2𝑛 Γ(2𝑛)

22𝑛Γ(𝑛)Γ(𝑛 + 1)
|𝑧|. 

𝜋∑  

∞

𝑛=0

𝜇0
2𝑛

22𝑛+1(Γ(𝑛 + 1))2
Γ(2𝑛 + 1)

𝑚2𝑛+1
−
𝜋

2
|𝑧|. 

Σ2 = √𝜋∑  

∞

𝑛=1

 
𝜇0
2𝑛−1

2𝑛Γ (𝑛 +
1
2)
(
|𝑧|

𝑚
)
𝑛

𝐾𝑛(𝑚|𝑧|) = √𝜋
1

2
∑  

∞

𝑛=1

 ∑  

𝑛−1

𝑘=0

  (−1)𝑘
𝜇0
2𝑛−1

22𝑘Γ (𝑛 +
1
2)

(𝑛 − 𝑘 − 1)!

𝑘!

|𝑧|2𝑘

𝑚2𝑛−2𝑘

 +√𝜋∑  

∞

𝑛=1

 ∑  

∞

𝑘=0

  (−1)𝑛+1
𝜇0
2𝑛−1

22𝑘+2𝑛Γ(𝑛 +
1
2)

𝑚2𝑘|𝑧|2𝑛+2𝑘

𝑘! (𝑘 + 𝑛)!
[ln (

𝑚|𝑧|

2
) −

1

2
𝜓(𝑘 + 1) −

1

2
𝜓(𝑘 + 𝑛 + 1)] .
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√𝜋
1

2
∑  

∞

𝑛=1

∑  

𝑛−1

𝑘=0

(−1)𝑘
𝜇0
2𝑛−1

22𝑘Γ(𝑛 +
1
2
)

(𝑛 − 𝑘 − 1)!

𝑘!

|𝑧|2𝑘

𝑚2𝑛−2𝑘
→ √𝜋

1

2
∑  

∞

𝑛=1

𝜇0
2𝑛−1

Γ (𝑛 +
1
2
)

Γ(𝑛)

𝑚2𝑛
 

𝜋∑  

∞

𝑛=0

 
𝜇0
2𝑛

22𝑛+1(Γ(𝑛 + 1))2
Γ(2𝑛 + 1)

𝑚2𝑛+1
+
√𝜋

2
∑  

∞

𝑛=1

 
𝜇0
2𝑛−1

Γ (𝑛 +
1
2)

Γ(𝑛)

𝑚2𝑛

=
√𝜋

2
∑  

∞

𝑛=0

 
𝜇0
2𝑛

𝑚2𝑛+1

Γ (𝑛 +
1
2
)

Γ(𝑛 + 1)
+
√𝜋

2
∑  

∞

𝑛=0

 
𝜇0
2𝑛+1

𝑚2𝑛+2

Γ(𝑛 + 1)

Γ (𝑛 +
3
2)

=
1

𝑚

√𝜋

2
∑  

∞

𝑛=0

 (
𝜇0
𝑚
)
2𝑛

(
Γ(𝑛 +

1
2
)

Γ(𝑛 + 1)
+
𝜇0
𝑚

Γ(𝑛 + 1)

Γ (𝑛 +
3
2
)
) =

arccos (−
𝜇0
𝑚
)

√𝑚2 − 𝜇0
2

,

 

1

𝜋
∫  
∞

0

 𝑑𝑡𝑒𝑡𝜇0 [𝐾0 (𝑚√𝑡
2 + 𝑧2) − 𝐾0(𝑚𝑡)] = −

1

2
|𝑧| + 𝑂(𝑧2)  

1

4𝜋𝑚
∫  [𝑑𝑅]𝜒†(𝑅)exp [−

𝑠𝑡𝑢

2
(
𝑚

𝑀
)

1

𝑡𝑢
𝑚
2𝑀 + 𝑠

(
𝑅2

𝑚2)]

 × ∫  
1

0

 𝑑𝑢 ∫  
∞

0

 𝑑𝑡𝑡2𝑒−𝑢𝑡[𝐻0−(𝜇0+𝛿
′𝐸)]/𝑚∫  

∞

0

 𝑑𝑠
𝑒−𝑠−

𝑡2

4𝑠

𝑠
3
2√𝑡𝑢

𝑚
2𝑀

+ 𝑠

𝜒(𝑅)

 

exp [−
𝑠𝑡𝑢

2
(
𝑚

𝑀
)

1

𝑡𝑢
𝑚
2𝑀 + 𝑠

(
𝑅2

𝑚2)] = exp [−𝑠
𝑡𝑢

𝑠
(
𝑚

2𝑀
)

1
𝑡𝑢
𝑠
𝑚
2𝑀 + 1

(
𝑅2

𝑚2)]  

1

4𝜋𝑚
∫  [𝑑𝑅]𝜒†(𝑅)𝜒(𝑅)∫  

1

0

𝑑𝑢∫  
(𝑚/𝑀)2

0

𝑑𝑠∫  
𝑠1/2

0

𝑡2𝑑𝑡
𝑒−𝑠−

𝑡2

4𝑠

𝑠
3
2√𝑡𝑢

𝑚
2𝑀 + 𝑠

 

∫  
1

0

𝑑𝑢∫  
𝑚/𝑀

0

𝑡2𝑑𝑡 [∫  
(𝑚/𝑀)2

0

 𝑑𝑠
𝑒−

𝑡2

2𝑠

𝑠3
]

1/2

[∫  
(𝑚/𝑀)2

0

 
𝑑𝑠

𝑡𝑢
𝑚
2𝑀 + 𝑠

]

1/2
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∫  
1

0

 𝑑𝑢 ∫  
𝑚/𝑀

0

  𝑡2𝑑𝑡 [∫  
(𝑚/𝑀)2

0

 𝑑𝑠
𝑒−

𝑡2

2𝑠

𝑠3
]

1/2

[∫  
(𝑚/𝑀)2

0

 
𝑑𝑠

𝑡𝑢
𝑚
2𝑀

+ 𝑠
]

1/2

 

= ∫  
1

0

 𝑑𝑢∫  
𝑚/𝑀

0

  𝑡2𝑑𝑡 [
1

𝑡4
∫  
(𝑚/𝑀)2/𝑡2

0

 𝑑𝑠
𝑒−

1
2𝑠

𝑠3
]

1/2

[ln (
𝑡𝑢
𝑚
2𝑀

+ (𝑚/𝑀)2

𝑡𝑢
𝑚
2𝑀

)]

1/2

 

≤ ∫  
1

0

 𝑑𝑢 ∫  
𝑚/𝑀

0

 𝑑𝑡 [∫  
∞

0

 𝑑𝑠
𝑒−

1
2𝑠

𝑠3
]

1/2

[ln (
𝑡𝑢
𝑀
2𝑚

+ 1

𝑡𝑢
𝑀
2𝑚

)]

1/2

 

=
𝑚

𝑀
[∫  

∞

0

 𝑑𝑠
𝑒−

1
2𝑠

𝑠3
]

1/2

∫  
1

0

 𝑑𝑢∫  
1

0

 𝑑𝑣ln1/2 (
𝑢𝑣/2 + 1

𝑢𝑣/2
)  

 ≤ 𝐶
𝑚

𝑀

 

𝐻 = 𝐻𝑠(𝑋 ) + 𝐻𝑓(𝑋 , 𝑌⃗ ),  

𝜕

𝜕𝑡
𝜌 = −

𝑖

ℏ
[𝐻, 𝜌] + ℒ𝜌,  

ℒ𝜌 =
1

2
∑  

𝑘

  (2𝐿𝑘𝜌𝐿𝑘
† − 𝜌𝐿𝑘

†𝐿𝑘 − 𝐿𝑘
†𝐿𝑘𝜌),  

𝜌(𝑡0 + 𝑑𝑡) = (1 −∑  

𝑘

 𝑑𝑝𝑘) |𝜙0⟩⟨𝜙0| +∑  

𝑘

 𝑑𝑝𝑘|𝜙𝑘⟩⟨𝜙𝑘|,  

𝑑𝑝𝑘 = ⟨𝜙(𝑡0)|𝐿𝑘
†𝐿𝑘|𝜙(𝑡0)⟩𝑑𝑡 

|𝜙0⟩=
(1 − 𝑖𝐻eff𝑑𝑡/ℏ)|𝜙(𝑡0)⟩

√1 − ∑  𝑘  𝑑𝑝𝑘
 

|𝜙𝑘⟩ =
𝐿𝑘|𝜙(𝑡0)⟩

‖𝐿𝑘|𝜙(𝑡0)⟩‖

 

𝐻eff = 𝐻 −
𝑖

2
ℏ∑  

𝑘

𝐿𝑘
†𝐿𝑘 

𝑖ℏ
𝑑

𝑑𝑡
|Ψ(𝑡)⟩ = 𝐻eff|Ψ(𝑡)⟩.  

𝐻eff = 𝐻𝑠(𝑋 ) + 𝐻𝑓
′(𝑋 , 𝑌⃗ ) 

𝐻𝑓
′(𝑋 , 𝑌⃗ ) = 𝐻𝑓(𝑋 , 𝑌⃗ ) −

𝑖

2
∑  

𝑘

𝐿𝑘
†𝐿𝑘 

|𝜓𝑛
𝑅(𝑋 )⟩⟨𝜓𝑛

𝐿(𝑋 )|𝐸𝑛(𝑋 ) 

⟨𝜓𝑚
𝐿 ∣ 𝜓𝑛

𝑅⟩ = 𝛿𝑚𝑛 

⟨𝜓𝑛
𝑅 ∣ 𝜓𝑛

𝑅⟩ = 1 
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|Φ⟩ = ∑  

𝑁

𝑛=1

 𝑐𝑛|𝜑𝑛(𝑋 )⟩|𝜓𝑛
𝑅(𝑋 , 𝑌⃗ )⟩,  

∑ 

𝑚

⟨𝜓𝑛
𝐿|𝐻𝑠(𝑋 )|𝜓𝑚

𝑅 ⟩|𝜑𝑚(𝑋 )⟩ + 𝐸𝑛(𝑋 )|𝜑𝑛(𝑋 )⟩ = 𝐸|𝜑𝑛(𝑋 )⟩ 

𝐻𝑛,𝑚(𝑋 ) = ⟨𝜓𝑛
𝐿|𝐻𝑠(𝑋 )|𝜓𝑚

𝑅 ⟩ 

(ℋ0 +ℋ𝒫)𝜑 = 𝐸𝜑,  

ℋ0 =

[
 
 
 
 𝐻1 + 𝐸1(𝑋

 ) 0 ⋯ 0

0 𝐻2 + 𝐸2(𝑋 ) ⋯ 0
⋮ ⋮ ⋱ ⋮

0 0 ⋯ 𝐻𝑁 + 𝐸𝑁(𝑋 )]
 
 
 
 

,

ℋ𝒫 =

[
 
 
 
0 𝐻1,2 ⋯ 𝐻1,𝑁
𝐻2,1 0 ⋯ 𝑁2,𝑁
⋮ ⋮ ⋱ ⋮

𝐻𝑁,1 𝐻𝑁,2 ⋯ 0 ]
 
 
 
, 𝜑 = [

|𝜑1⟩

|𝜑2⟩
⋮

|𝜑𝑛⟩

] .

 

𝜑̃1,𝑘
𝑅[0]

=

[
 
 
 
 |𝜑1,𝑘

𝑅[0]
⟩

0
⋮
0 ]

 
 
 
 

, 𝜑̃2,𝑘
𝑅[0]

=

[
 
 
 
 

0

|𝜑2,𝑘
𝑅[0]
⟩

⋮
0 ]

 
 
 
 

,

⋯ , 𝜑̃𝑁,𝑘
𝑅[0]

=

[
 
 
 
 

0
0
⋮

|𝜑𝑁,𝑘
𝑅[0]
⟩]
 
 
 
 

,

 

ℋ𝑛 |𝜑𝑛,𝑘
𝑅[0]
⟩ = 𝐸𝑛,𝑘

[0]
|𝜑𝑛,𝑘
𝑅[0]

⟩ ,  

ℋ𝑛 = (𝐻𝑛(𝑋 ) + 𝐸𝑛(𝑋 )) 

|
⟨𝜑
𝑛′,𝑘′
𝐿[0]

|𝐻𝑛′,𝑛 |𝜑𝑛,𝑘
𝑅[0]
⟩

𝐸
𝑛′,𝑘′
[0]

− 𝐸𝑛,𝑘
[0]

| ≪ 1, for all 𝑘′, 𝑛′ ≠ 𝑘, 𝑛,  

𝐻eff = 𝐻𝑠
′(𝑋 ) + 𝐻𝑓(𝑋 , 𝑌⃗ ) 

𝐻𝑠
′(𝑋 ) = 𝐻𝑠(𝑋 ) −

𝑖

2
∑  

𝑘

𝑋𝑘
†𝑋𝑘 

𝐻𝑛,𝑚(𝑋 ) = ⟨𝜓𝑛| (𝐻𝑠(𝑋 ) −
𝑖

2
∑  

𝑘

 𝑋𝑘
†𝑋𝑘) |𝜓𝑚⟩ 

⟨𝜓𝑛| −
𝑖

2
∑  

𝑘

𝑋𝑘
†𝑋𝑘|𝜓𝑛⟩ 
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|Φ⟩ =∑  

𝑛,𝑘

𝑐𝑛,𝑘 |𝜑𝑛,𝑘
[0]
⟩ |𝜓𝑛

(𝑅)
⟩ 

𝐻 = ℏ𝜔𝑎†𝑎 − ℏ𝜒𝑎†𝑎𝑥 +
𝑝2

2𝑚
+
1

2
𝑚Ω2𝑥2,  

𝐻eff = ℏ(𝜔 −
𝑖

2
𝛾) 𝑎†𝑎 − ℏ𝑔𝑎†𝑎(𝑏 + 𝑏†) + ℏΩ(𝑏†𝑏 +

1

2
)  

𝑏 = √
𝑚Ω

2ℏ
(𝑥 +

𝑖𝑝

𝑚Ω
) and 𝑔 = 𝜒√

ℏ

2𝑚Ω
 

𝐻eff = 𝐻𝑠 +𝐻𝑓 

𝐻𝑠 = ℏΩ(𝑏
†𝑏 +

1

2
) 

𝐻𝑓 = ℏ(𝜔 −
1

2
𝑖𝛾) 𝑎†𝑎 − ℏ𝑔𝑎†𝑎(𝑏 + 𝑏†) 

|𝜓𝑛𝑎
𝑅 ⟩ = |𝑛𝑎⟩ 

⟨𝜓𝑛𝑎
𝐿 | = ⟨𝑛𝑎| 

𝐸𝑛𝑎 = ℏ(𝜔 − 𝑖𝛾)𝑛𝑎 − ℏ𝑔𝑛𝑎(𝑏 + 𝑏
†) 

ℋ𝑛𝑎 = ℏΩ(𝑏
†𝑏 +

1

2
) − ℏ𝑔𝑛𝑎(𝑏 + 𝑏

†) + ℏ (𝜔 −
1

2
𝑖𝛾) 𝑛𝑎 .  

|𝜑𝑛𝑎,𝑛𝑏
𝑅 ⟩ = 𝐷(𝛼(𝑛𝑎))|𝑛𝑏⟩

𝐸𝑛𝑎,𝑛𝑏 = ℏΩ(𝑛𝑏 +
1

2
) + ℏ(𝜔 −

1

2
𝑖𝛾) 𝑛𝑎 −

ℏ𝑔2

Ω
𝑛𝑎
2

 

𝐷(𝛼) = 𝑒𝐴
†𝛼−𝐴𝛼∗ 

𝛼(𝑛𝑎) =
𝑛𝑎𝑔

Ω
|𝑛𝑏⟩ 

|Φ(0)⟩ =
1

2
(|0⟩ + |1⟩)(|0⟩ + |1⟩) 

𝜌(𝑡) =
1

𝑁
∑  

𝑁

𝑖

|𝜓𝑖(𝑡)⟩⟨𝜓𝑖(𝑡)| 

𝐹(𝜌1, 𝜌2) = Tr√√𝜌1𝜌2√𝜌1 

𝐻eff = ℏ𝜔𝑎
†𝑎 − ℏ𝑔𝑎†𝑎(𝑏 + 𝑏†) + ℏΩ(𝑏†𝑏 +

1

2
) −

1

2
𝑖ℏ𝜅𝑏† ∉ 

𝐻eff = 𝐻𝑠 +𝐻𝑓 

𝐻𝑠 = ℏΩ(𝑏
†𝑏 +

1

2
) −

1

2
𝑖ℏ𝜅𝑏†𝑏 
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𝐻𝑓 = ℏ𝜔𝑎
†𝑎 − ℏ𝑔𝑎†𝑎(𝑏 + 𝑏†) 

|𝜓⟩ = |𝑛𝑎⟩ 

𝐸𝑛𝑎 = ℏ𝜔𝑛𝑎 − ℏ𝑔𝑛𝑎(𝑏 + 𝑏
†) 

ℋ𝑛𝑎 = ℏΩ0 (𝑏
†𝑏 +

1

2
) − ℏ𝑔𝑛𝑎(𝑏 + 𝑏

†) + ℏ𝜔𝑛𝑎 +
1

2
𝑖ℏ𝜅 

ℏΩ0 = ℏΩ −
1

2
𝑖ℏ𝜅 

𝛼0 =
𝑛𝑎𝑔

Ω0
 

𝐵⃗ = 𝐵⃗ (𝑧) = 𝐵 (sin 𝜃cos 
2𝜋𝑧

𝐿
, sin 𝜃sin 

2𝜋𝑧

𝐿
, cos 𝜃)  

𝐻 = 𝐻(𝑧) =
𝑝 2

2𝑀
+ 𝜇𝐵⃗ ⋅ 𝜎 = 𝐻𝐾 +𝐻𝑆,  

𝜎 = (𝜎𝑥 , 𝜎𝑦, 𝜎𝑧)𝐿2 = √𝜅𝜎
− 

𝐻eff= 𝜇𝐵⃗ ⋅ 𝜎 −
1

2
𝑖ℏ𝜅𝜎+𝜎−  

 = 𝜇𝐵 (cos 𝜃 −
1

2
𝑖𝑔 sin 𝜃𝑒−2𝜋𝑧𝑖/𝐿

sin 𝜃𝑒2𝜋𝑧𝑖/𝐿 −cos 𝜃

)
 

|𝜓+
𝑅⟩ =

1

𝑁
(cos 

𝛼

2
|1⟩ + sin 

𝛼

2
𝑒2𝜋𝑧𝑖/𝐿|0⟩)

|𝜓−
𝑅⟩ =

1

𝑁
(sin 

𝛼

2
|1⟩ − cos 

𝛼

2
𝑒2𝜋𝑧𝑖/𝐿|0⟩)

 

⟨𝜓+
𝐿 | = 𝑁 (cos 

𝛼

2
⟨1| + sin 

𝛼

2
𝑒−2𝜋𝑧𝑖/𝐿⟨0|)

⟨𝜓−
𝐿 | = 𝑁 (sin 

𝛼

2
⟨1| − cos 

𝛼

2
𝑒−2𝜋𝑧𝑖/𝐿⟨0|) ,

 

𝐸± = −
1

2
𝑖𝑔 ±

1

2
√16 − 𝑔2 − 8𝑖𝑔cos 𝜃 

tan 𝛼 =
4sin 𝜃

4cos 𝜃 − 𝑖𝑔
 

𝑁 = √|cos 
𝛼

2
|
2

+ |sin 
𝛼

2
|
2

. 

|sin 
𝛼

2
|
2

+ |cos 
𝛼

2
|
2

= 1 

ℋ𝑛= −
ℏ2

2𝑀
(∇ − 𝑖𝐴 𝑛)

2
+ 𝐸𝑛 

𝐴 𝑛 = 𝑖⟨𝜓𝑛
𝐿|∇|𝜓𝑛

𝑅⟩, 𝑛 = +,−
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Γ(𝑔) = max{|
⟨𝜑
𝑛′,𝑘′
𝐿[0]

| 𝑂𝑛′,𝑛 |𝜑𝑛,𝑘
𝑅[0]

⟩

𝐸
𝑛′,𝑘′
[0]

− 𝐸𝑛,𝑘
[0]

|} ,  

𝑂𝑛′,𝑛 = −
ℏ

2𝑀
(2⟨𝜓𝑛′

𝐿 |∇|𝜓𝑛
𝑅⟩∇ + ⟨𝜓𝑛′

𝐿 |∇2|𝜓𝑛
𝑅⟩) 

𝐻𝑛,𝑚 = ⟨𝜓𝑛|𝐻𝑠|𝜓𝑚⟩ −
1

2
𝑖∑  

𝑘

⟨𝜓𝑛|𝑋𝑘
†𝑋𝑘|𝜓𝑚⟩ 

3(𝐷 − 2)/(3 − 𝐷)(𝐷 − 1) = 𝑏ℎ𝑜
2 /𝑟2𝐷

2 ,  

𝑹𝑖 = 𝐱𝑗 − 𝐱𝑘   and  𝒓𝑖 = 𝐱𝑖 −
𝑚𝑗𝐱𝑗 +𝑚𝑘𝐱𝑘

𝑚𝑗 +𝑚𝑘
 

Ψ(𝐱1, 𝐱2, 𝐱3) ≡ Ψ(𝑹, 𝒓) =∑  

3

𝑖=1

 𝜓(𝑖)(𝑹𝑖, 𝒓𝑖)  

[
1

2𝜂𝑖
∇𝑹𝑖
2 +

1

2𝜇𝑖
∇𝒓𝑖
2 − 𝐸3]𝜓

(𝑖)(𝑹𝑖, 𝒓𝑖) = 0  

𝜂𝑖 = 𝑚𝑗𝑚𝑘/(𝑚𝑗 +𝑚𝑘) 

𝜇𝑖 = 𝑚𝑖(𝑚𝑗 +𝑚𝑘)/(𝑚𝑖 +𝑚𝑗 +𝑚𝑘) 

[
𝜕

𝜕𝑅𝑖
𝑅
𝑖

𝐷−1
2 Ψ(𝑹𝑖, 𝒓𝑖)]

𝑅𝑖→0

=
3 − 𝐷

2
[
Ψ(𝑹𝑖, 𝒓𝑖)

𝑅
𝑖

3−𝐷
2

]

𝑅𝑖→0

 

𝑹𝑖
′ = √𝜂𝑖𝑹𝑖  

𝒓𝑖
′ = √𝜇𝑖𝒓𝑖 

𝑹𝑗
′= −𝑹𝑘

′ cos 𝜃𝑖 + 𝒓𝑘
′ sin 𝜃𝑖,  

𝒓𝑗
′  = −𝑹𝑘

′ sin 𝜃𝑖 − 𝒓𝑘
′ cos 𝜃𝑖,

 

tan 𝜃𝑖 = [𝑚𝑖𝑀/(𝑚𝑗𝑚𝑘)]
1/2

 

𝑀 = 𝑚1 +𝑚2 +𝑚3 

 

𝐹(𝑖)(𝑅𝑖
′, 𝑟𝑖

′) = (𝑅𝑖
′𝑟𝑖
′)(𝐷−1)/2𝜓(𝑖)(𝑅𝑖

′, 𝑟𝑖
′) 

𝐹(𝑖)(𝜌, 𝛼𝑖) = 𝒞
(𝑖)𝜒(𝜌)𝐺(𝑖)(𝛼𝑖)  

𝜌2 = 𝑅𝑖
′2 + 𝑟𝑖

′2, 𝛼𝑖 = arctan (𝑅𝑖
′/𝑟𝑖

′) 
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[−
𝜕2

𝜕𝜌2
+
𝑠𝑛
2 − 1/4

𝜌2
+ 2𝜅0

2] 𝜒(𝜌) = 0

[−
𝜕2

𝜕𝛼𝑖
2 − 𝑠𝑛

2 +
(𝐷 − 1)(𝐷 − 3)

sin2 2𝛼𝑖
] 𝐺(𝑖)(𝛼𝑖) = 0

 

𝐺(𝑖)(𝑧) = (1 − 𝑧2)1/4𝑔(𝑖)(𝑧) 

𝐺(𝑖)(𝛼𝑖)= √sin 2𝛼𝑖 [𝑃𝑠𝑛/2−1/2
𝐷/2−1 (cos 2𝛼𝑖)  

−
2

𝜋
tan [𝜋(𝑠𝑛 − 1)/2]𝑄𝑠𝑛/2−1/2

𝐷/2−1 (cos 2𝛼𝑖)]
 

𝜓(𝑖)(𝑅𝑖
′, 𝑟𝑖

′)= 𝒞(𝑖)
𝐾𝑠𝑛 (√2𝜅0√𝑅𝑖

′2 + 𝑟𝑖
′2)

(𝑅𝑖
′2 + 𝑟𝑖

′2)
𝐷/2−1/2

 

×
√sin [2arctan (𝑅𝑖

′/𝑟𝑖
′)]

{cos [arctan (𝑅𝑖
′/𝑟𝑖

′)]sin [arctan (𝑅𝑖
′/𝑟𝑖

′)]}
𝐷/2−1/2

 

× [𝑃𝑠𝑛/2−1/2
𝐷/2−1 {cos [2arctan (𝑅𝑖

′/𝑟𝑖
′)]}  

−
2

𝜋
tan [𝜋(𝑠𝑛 − 1)/2]𝑄𝑠𝑛/2−1/2

𝐷/2−1 {cos [2arctan (𝑅𝑖
′/𝑟𝑖

′)]}]

 

𝒞(𝑖)

2
[(cot 𝛼𝑖)

𝐷−1
2 (sin 2𝛼𝑖

𝜕

𝜕𝛼𝑖
+ 𝐷 − 3)𝐺(𝑖)(𝛼𝑖)]

𝛼𝑖→0

 

+(𝐷 − 2) [
𝒞(𝑗)𝐺(𝑗)(𝜃𝑘)

(sin 𝜃𝑘cos 𝜃𝑘)
𝐷−1
2

+
𝒞(𝑘)𝐺(𝑘)(𝜃𝑗)

(sin 𝜃𝑗cos 𝜃𝑗)
𝐷−1
2

] = 0  

𝐻 = −
ℏ2

2𝜂𝐵
∇𝑅
2 + 𝑉𝐵(|𝐑|) + (−

ℏ2

2𝜇𝐵
∇𝑟
2 +∑ 

2

𝑗=1

 𝑉𝐴 (|𝐫 + (−1)
𝑗
𝜂𝐵
𝑚𝐴

𝐑|))  

Ψ(𝐫, 𝐑) = 𝜙(𝐑)𝜓𝑅(𝐫)  

[−
ℏ2

2𝜇𝐵
∇𝑟
2 +∑ 

2

𝑗=1

 𝑉𝐴 (|𝐫 + (−1)
𝑗
𝐑

2
|)]𝜓𝑅(𝐫) = 𝜖(𝑅)𝜓𝑅(𝐫)  

[−
ℏ2

2𝜂𝐵
∇𝑅
2 + 𝜖(𝑅)] 𝜙(𝐑) = 𝐸3𝜙(𝐑)  

[−
𝑑2

𝑑𝑅2
+
(𝐷 − 3 + 2𝐿)(𝐷 − 1 + 2𝐿)

4𝑅2
−
𝑚𝐴
ℏ2
|𝜖(𝑅)|] 𝜒(𝑅) = −

𝑚𝐴
ℏ2
𝐸3𝜒(𝑅)  

−lim
𝑅→0

 |𝜖(𝑅)| = −
ℏ2

2𝜇𝐵

(𝑁 − 2)𝑔(𝐷)

𝑅2
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𝑔(𝐷) =

[
 
 
 

−
𝜋csc (𝐷𝜋/2)

2
𝐷
2Γ(𝐷/2)𝐾𝐷−2

2
(√𝑔(𝐷))

]
 
 
 

4
2−𝐷

 

[−
𝑑2

𝑑𝑅2
+
𝑠𝑛
2 − 1/4

𝑅2
] 𝜒(𝑅) =

𝑚𝐴
ℏ2
𝐸3𝜒(𝑅),  

𝑠𝑛
2 = −

𝑚𝐴𝑔(𝐷)

2𝜇𝐵
+
(𝐷 − 2 + 2𝐿)2

4
 

(𝑁 − 2)
𝑚𝐴
2𝜇𝐵

𝑔(𝐷) >
(𝐷 − 2 + 2𝐿)2

4
.  

𝜒(𝑅) = √𝑅𝐾𝑖𝑠0(𝜅0𝑅).  

𝜓𝑅(𝑟)= −
𝑅2−𝐷

(2𝜋)
𝐷
2

2𝜇𝐵
ℏ2

𝑔(𝐷)
𝐷−2
4  

× {(
𝑟2

𝑅2
+
1

4
+
𝑟

𝑅
cos (𝜃𝑟𝑅))

2−𝐷
4

𝐾𝐷−2
2
(√𝑔(𝐷) [

𝑟2

𝑅2
+
1

4
+
𝑟

𝑅
cos (𝜃𝑟𝑅)]) 

+(
𝑟2

𝑅2
+
1

4
−
𝑟

𝑅
cos (𝜃𝑟𝑅))

2−𝐷
4

𝐾𝐷−2
2
(√𝑔(𝐷) [

𝑟2

𝑅2
+
1

4
−
𝑟

𝑅
cos (𝜃𝑟𝑅)])}

 

Ψ(𝑟, 𝑅)= −
𝑅(6−3𝐷)/2

(2𝜋)
𝐷
2

2𝜇𝐵
ℏ2

𝑔(𝐷)
𝐷−2
4 𝐾𝑖𝑠0(𝜅0𝑅)  

× {(
𝑟2

𝑅2
+
1

4
+
𝑟

𝑅
cos (𝜃𝑟𝑅))

2−𝐷
4

𝐾𝐷−2
2
(√𝑔(𝐷) [

𝑟2

𝑅2
+
1

4
+
𝑟

𝑅
cos (𝜃𝑟𝑅)]) 

+(
𝑟2

𝑅2
+
1

4
−
𝑟

𝑅
cos (𝜃𝑟𝑅))

2−𝐷
4

𝐾𝐷−2
2
(√𝑔(𝐷) [

𝑟2

𝑅2
+
1

4
−
𝑟

𝑅
cos (𝜃𝑟𝑅)])}

 

𝜅0
(𝑛)
𝑅𝑐 = 2𝑒

−𝛾exp (−
𝑛𝜋

𝑠0
) [1 + 𝒪(𝑠)]  

𝐸3
(𝑛)

𝐸3
(𝑛+1)

= exp (
2𝜋

𝑠0
)  𝑛 → 0,1,2,⋯ .  

CONCLUSIONES. 

Resulta evidente que las métricas desarrolladas en este trabajo, abonan a la comprensión de las premisas 

nucleares de la Teoría Cuántica de Campos Relativistas o Curvos, en la medida en que:  
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Suponemos un campo cuántico indeterminado en el que, interactúan partículas subatómicas aglutinadas 

según su naturaleza, con distintos centros de masa y energía y con trayectorias multideterminantales. 

En condiciones gravitacionales, extremas o no, una partícula proyectil, sea oscura o estrella, según las 

definiciones recogidas por la TCCR, deforma el espacio – tiempo cuántico, curvándolo o en su defecto, 

generando un agujero negro cuántico. Las métricas recogidas en este trabajo, permiten explicar 

matemáticamente, los aspectos tensoriales del campo curvado, así como y en forma principal, el orbital 

de la partícula oscura o estrella, a propósito de la gravedad que la interfiere. Diseñamos mapas 

hipotéticos con la finalidad de trazar la trayectoria de la partícula deformante y, en consecuencia, de las 

partículas orbitales, lo que permite anticipar escenarios de colapso o aniquilación por colapso. En este 

punto es importante precisar, que el propulsor de la partícula deformante es en sí, su masa y energía, 

aunque no converjan al momento del colapso o de la aniquilación. Las condiciones de extrema gravedad 

o gravedad en condiciones no perturbativas, vuelven a la partícula deformante, un centro de gravedad 

en sí mismo, desplazándose por el campo, deformando su entorno e incidiendo en el comportamiento 

de las partículas vecinas en las relaciones de interacción. En la TCCR, usamos, no solamente tensores 

para explicar la curvatura, sino operadores, propagadores, osciladores e inyectores relativos no 

solamente a la partícula deformante sino a las partículas vecinas u orbitales las cuales se ven repercutidas 

por la gravedad generada por la partícula principal. El escenario de gravedad a escala cuántica, no se 

produce necesariamente por excitación de los estados cuánticos de una partícula específica, sino del 

momento mismo de su estado fundamental, provocado por la masa o la energía, que son extremadamente 

densas, sin embargo, cualquier partícula excitada, es capaz de generar condiciones gravitacionales, 

cuando se aniquila o colapsa. El momento angular y el spin de la partícula gravitacional y las partículas 

orbitales, es incierto, al igual que su conducta vectorial, sin embargo, este trabajo contribuye a precisar 

matemáticamente el instante exacto de la deformación del mapa cuántico, para cuyos efectos, hemos 

dise;ado planos divergentes de curvatura además de establecer modelos matriciales y superoperadores 

para describir, la acción gravitacional de la particula oscura o estrella en un momento espec’ifico en el 

plano cuántico. El trabajo aquí desarrolla, cuantiza estas dinámicas, calculando incluso, qubits de 

información que permitan registrar la gravedad intersecando el plano cuántico en el que se despliega. 
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