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RESUMEN

En trabajos anteriores, este autor ha procurado formalizar matematicamente y proponer las leyes
relativas a la Teoria Cuantica de Campos Relativistas o Curvos, cuya finalidad, es reconciliar la
relatividad general y la mecénica cuantica. Para abonar atin mas a la consecucion del objetivo antes
referido, es indispensable acudir a la quimica cudntica, y muy concretamente a las métricas de Born-
Oppenheimer y Hartree-Fock, en la medida en que, la primera desarrolla un escenario relativista a escala
atdbmica y molecular en tanto que la segunda explica perfectamente las trayectorias orbitales
moleculares, las cuales, en términos generales, son conceptos de muchisima utilidad para la TCCR toda
vez que coadyuvan, por extrapolacion, a configurar desde la quimica cuantica, el modelo de deformacion
del espacio — tiempo cuantico, por accion gravitacional de las particulas subatomicas estrella u oscuras,
o0 por interaccion de éstas, con los campos supergravitonico o gravitonico, segin sea el caso, esto es, por

interaccion con el graviton o el gravitino o supergraviton, segiin corresponda.
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ABSTRACT

In previous works, this author has tried to mathematically formalize and propose the laws related to the
Quantum Theory of Relativistic or Curved Fields, whose purpose is to reconcile general relativity and
quantum mechanics. To further contribute to the achievement of the aforementioned objective, it is
essential to resort to quantum chemistry, and very specifically to the Born-Oppenheimer and Hartree-
Fock metrics, insofar as the former develops a relativistic scenario at the atomic and molecular scale
while the latter perfectly explains the molecular orbital trajectories, which, in general terms, they are
very useful concepts for TCCR since they contribute, by extrapolation, to configure from quantum
chemistry, the model of deformation of quantum space-time, by gravitational action of star or dark
subatomic particles, or by interaction of these, with supergravitonic or gravitonic fields, as the case may

be. that is, by interaction with the graviton or the gravitino or supergraviton, as appropriate.
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INTRODUCCION

En sentido estricto, la aproximacion de Born-Oppenheimer, propone un factor que viene a ser
determinante para la TCCR, y es, la incidencia del nucleo respecto del electron, esto es, que el primero,
al ser mas denso que el segundo, es decir, que al tener mayor masa, repercute en el movimiento y por
ende, en la velocidad del electron, razon por la cual, el nicleo se acopla al electron y viceversa,
comportandose el nucleo, de forma estatica en tanto que el electron, actuia como una nube de carga,
leyendo la posicion estatica del niicleo en el campo. Es en este contexto, a propdsito del diferencial de
masas, que la TCCR cobra mayor rigor matematico en razon a la interaccion de la particula estrella u
oscura con las particulas orbitales o repercutidas.

Ahora bien, la aproximacién de Hartree-Fock, también resulta vinculante a la TCCR, en la medida en
que, en quimica cuantica, determina los orbitales moleculares, premisa superior que a escala subatomica,
aplica, a proposito de la existencia de campos cudnticos curvos o deformados por la gravedad, en los
que, los orbitales de las particulas subatomicas se ven metamorfoseados, para lo cual, extrapolaremos
las ecuaciones multideterminantales de Slater.

Entiéndase que las particulas oscuras o estrella, muestran estados fundamentales pues accionan
gravedad, en tanto que, las particulas orbitales o repercutidas, muestran estados excitados por influjo
gravitacional, a propdsito de las bases formales de la TCCR propuestas por este autor en trabajos previos.
La gravedad y supergravedad a escala cudntica son en si, interacciones normales o extremas, segun sea
el caso, entre uno y varios cuerpos subatomicos a razon de sus centros de masa — energia.
RESULTADOS Y DISCUSION

Aproximacién de Born-Oppenheimer para campos cudnticos relativistas o curves. Modelo

Matematico.
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Vx € M,VX,Y € T,M, g(X,pY) = dn(X,Y),

nX) =9g&R),

¢?=—-1+nQ®R and dn(X,Y) = g(X, pY).




(-D)?
dVOlg = Zd_d'n N (dn)d

T,(T*M) = T, X @ orth,, (T, %),
NZ ={(o,w):0 €Z,w € N,Z} c T(T*M),
N,X = orth,, (T,X)
TZy = n kerdhy, N kerdhy, = {W ET(TyM):Vi € {1,...,d},dhy,-w =dhy,-w = 0}
e = {W € T(TyM): Vi € {1, ...,d},w(l_{xi,w) = (J)(Hyi, w) = 0}
NyZ = span(ﬁx1 (o), ---'Exd (o), Eyl (o), ..., ﬁyd(a))
3, dn(ﬁxi) =X;om
dﬂ:(ﬁyi) =Y, om
dng(NyZ) = Do)
Egi = (A9 N = Drge)
wy* = (wa)uv,,z
)% (Rx,(0), hy,(0)) = w0, (Rx,(0), hy,(0)) = {hx, hy,} (0) = 8 jhr(0) = A(0)
% (Ry,(0), Ry (0)) = @l (Ry, (0), By, ()

W = AE*(=dnp)

I|—-A

v € Co0, Q) = | vz av

grDom(—Agg) © L2(M,v)

C°°(M)(V1, . VZd)D
2d
Vol = Y V)V
i=1
o) = f 1V sgplI2, dv
M

2d 2d
Asr = —Z ViV = Z (V2 + div, (V)V;)
i=1 i=1

div, (X)Lyv = divy (X)v




d
Aya = Z (X7 +72)
i=1

TOIMcTM ® C

dimcTo*M =d

TYOMNTOM = ¢
TYOM = TOIM
DRC=TYMPT''M
¢:D - Dp? =-1d
TOIM = {X — i¢pX: X € [(D)}
L,(X,Y):= —dn(X,$Y),X,Y € [(D)
Vf € C®(M),dpf = (df)ro1y € T(T*'M")
O,= 0,0

1
O,= _Z(Ab —idR)+ g=pr'¢G+n®n

QX,Y)=G(X,JY)
> =-1+nQR.

dn(X,Y) = g(X,¢(Y))

B = bvol,
dn =pr*B
n=do+A

(dng),, = dvolg, onD
ng=b""n
R = bag - B

(gi,j (x4, xz))

1<i,j<2

1 .
Mg =—= (@, — 409)[/1g1g" (0; — A

lgl = det(gi.j)(gi'j)lsi,jsz




= o

meZ
[2,(X),m€Z— Ay

CR(X)c L%2,(X),m€EZ
1 o
Am=—E 0; — mA)[Tglg™ (9, — mA

gr(TyM) = D, @ T, M /Dy
[Xx, Yelg,m: = [X, Y](x) modD,
8xM = (gr(TeM), [ ]g,m)
X =V, e, Voqse DU € M(Vy, ..., V30)Dyy
(X): = (V1) ., (Vaqr1)guM
gM = oM @ tM
vt > 0,6,(V, + R,) = tV, + t*R,, whereV, € v,M,R, € 1, M

EXpGxM: gxM d GxM

GM = U G .M

X =Xy, ., Xg, Yy, o, Yo, R),

Vij €{1,..,d}dn(XyY;) = —8;; and dn(X;, X;) = dn (¥, Y;) = 0
dn(X,Y) = —n([X,Y]),
vi,j €{1,..,d},[X;,Y;] = 6;;R modD and [X;, X;],[V;, Y]] €D
Vie{l, .., d}(Xi)y = Xir and (Vi) =VYiy

(R), = R, modD,,

Vx €U, [(Xi>x'<)§')x]g e 8, j{R)x and [(Xi)x' (Xj>x]g v [(Yi)x'(yj)x] =0.

x x x

95U xp? — gMy,

d
Py (x,v) = X'E WilXi)x + Va+i{Y)x) + V2a4+1(R)x |,
i=1

vv € 9% Expy (v): = Expg,m (07 (x, ),

Exp*:U X b¢ > GyM




V(x,v) € U X %, Exp™(x, v): = Exp? (v).
oy oy’ p-frames (Uy, X,) (U, X;)
Uy N Uz (A(X)) xeu,nu, U(d) X 1
Vx € Uy NU,, X;(x) = A(x)X;,(x)
(X1)<X2>9MIU10UZ
Xy,-1

V(x,v) € (U N Uy H%), " o (pffzz (x,v) = (x, A(X)v)

Hem = {ﬂx}xEM
xe Mo [ e hdie®)
M
f € c2GM)

{Lebfa} _ (X)xaMExpo % € Mlkdxem

5,(v) =riv,ve V;
p
Q:= Z jdim(V;)
=1
f(&v) =r™f(v)
T:S(V) = ' W) (8)esof €S(V)

T(fed,) =r"(Tf)o 6,

|- V>R
| —v|=|v|,|lv|=0 v =0, and |§,v| = r|v].
M=0Dr

|(x,y,2)| = ((x? + y?)? + z2)1/*

3C > 0,Yhy, hy € H, |hy * hy| < C(1hy| + |Ro)).




}gif,r(‘)52,e-1r(51,sv) =0
RiR, X V; >V,
P (T(51,SV)) = eR(g,v)
y(t) = X(y(t)) and y(0) = x
expy (X):=vy(1)

X =V, ..., Vog41)x € Uv € R?4+1

2d+1

exp¥ (v) = expe | ) vV )
i=1

[RZd'I’l(Xl, ""Xd' Yl' ey Yd' R)
Ux X h¢

expX:Ux — U XU
(x,v) — expy (v)

InX: = (EXpX)_l and In: = (exp%)_l.
t € (0,1),(x,tv)
{x} x {0} X {0}in U x p¢ x p¢
In¥ (EXP§Xp§ w) (v)) =W*a v+ r(x;w,v),
J:Hy, = Hey,
m=J"lom,oJ
[m1] = [ ]
G:={[n]:m: G - L(H)G}.
A e\ {0}

Hoa= L%(p)
W) = exp (i + 5120y + T - y) 6 + T

r* \ {0} with R \ {0}

nt, 1 € t* \ {0}Exp_ (RR)H 1Expg(TR),T € R

ilr
e I Hy

v ~pDiq.




f |F(2)|2e M1z gz < oo
D

yl : Ao A d
nz(h)F(w) = exp (Mr ~1 |z|* — sz) F(w+2),h=(z,r) € H"
[n’l] = [n%],l € R".

% (h) = ™), where h = Expy(V + rR), withV € v,r € R.
H={[r*]:2 € "\ {0}} U {[z*"]:¥ € v*}.

He, = {[n?*]:2 € v\ {0}},
dug(n?) = (2m)~ G4+ |219dA, 1 € R".

d
n(X) = a”(EXPG(tX))lho'X €g
gEGrm(g)f €Hy
n* (X)) = \/1210g, T (¥) = 1,/I21§; and ©*(R) = iA

H2S(Re)

d
Bya =y (X7 +¥2)u(p)
i=1

d
T (~Bya) = 1A ) (<03 +¢7),
i=1

Fe()(m) = k(m) = m(x) = fG k()m(x) dx € L(Hy)

Jomy =m0
JoFg(r)(my) = F(r)(my) o T

Fe(x) = {R(m) € L(Hy):m € G}

Fe (1) o Fgicz) = Fg (ke *¢ k1), where K, *g Ky (x) = f koM (v~ 1x)dy
G

Vi € S(G),Vx € G, k(x) = L Try, (m(x)k(m))dpg ()

vk € 16 N 1P@), | IkGPdx = | IR s,y dits ()
G G

I - asere Hr L (G)

o ={o(m) € LI llo(M)lns@ey < 7 € G}




o2 gy = fG lo (O, i ()
Fs:L2(6) - L2(6)

o ={o(n) € L(Hy,): 7 € G}
ol )i = supliollzeey
Fe(L1(6)) € L™(G)
LAAG)®
T € LUL2(G))CT € L™ (&)

Vf € 2(G), Fo(Tf) = Tf

||T||L(L2(G)) = ||T||L°°(6)

T € L(L*(G))¢
K € S'(G)Tf = f *¢ kf € S(G)
Fe(o):=T
K(G):= (i € §'(6): (f = f *¢ 1) € LULA(G))}
Fe: K (G) » L (G)LA(H®)
Kap(H9): = {ic € S'(HY): (f o f » 1) € £ (L2 (W), 13 (1))}
3o (M) L (12 (1Y), 13 (H) )

Ly, (Ao = {o(n): K2 > Hy:w € M}

(1 - n(AHd))b/Z o (1 - n(AHa))

12 (A1, ()

-a/2

—-a/2

oz ey = || (1= 7(80)) " o (1 = w(80))

L2(@%)
Ko p(H)LE, (A Fpya : Ko p(HY) - Le, (A € Ky p (HY)
liellse, 15y = [1F5 Ol oo, 0
o ={o(n) : HF® > Hy":m € HUHIHS 2 H 7™

q € C*(HY)

HY A,- L;’;b(lﬁd)q?ﬁ,} (o)L (HY) e R




Ago = Tﬂd(qTﬁé (0))
Ay, AyA,a € N24F1xT ... Xyt y 2 g %2de
S™(HY)a € N2a+1
A% € Ly _pmy(a] (1)

2d
[a] = Z a; + 2ayq4,S™(HY)

i=1

m—[a]

(1-n(age)) * 2%

= r= a = =
lollsm@ayn: = maxlla®olle | @e) = max

L (@)

s7o(me) = [] sm(@?).

meR

S(H)S~*(H)( M, 9)

oM = ) (x.GM) ~i

XEM
V(xq,€1), (x2,€2) € g"M, (x1,€1) ~kir (x2,€2) © x; = x,and ¢, € Ad*(zeM)({)z),
Ad*(Gy,M)(®) for £ € gyM
GM:= g"M [~
pig’M > M
p:GM - M.
A€M\ o
px = span({X1)y, -, (Xadx) € g M,
Hpp = L2(p)

Vf € H o, nf(W)f (§) = exp (Mz + % Alx -y + i [1A]€ - y)f(f +/121x),
h = Expg y(x - (X)x + ¥ - (Y)x + 2(R),), withx,y € R%, z € R,
oY (h) = e (V)x)

h = Expg u((V)x + 2z(R),), with (V), € 0,M,z € R

PN UXxH - GMy

x€€Un eH[n] = [nl])l € "\ {0}t tx M(R),

o(x,mt) = (x,7})




] = 7]
Y € D*(<X1)xr (s (Xd)xJ <Y1)x' H <Yd)x)

¥, 07y = (x, ") GMA?

A AXq,—1 A X = =
(pfz:z(puf °¢U22:(U10U2)XH—>(U10U2)XH

Pr2(x,m) = (x,70)
t(Expr(r(R)y)) = e Iy,
GoM: = {(x, [7]): [1] € Goox M}

(x,An,) EL (x, [nfg]) € G oM

(Ao Gxtx € Mx = | fGm)dfig,u(mf € Co(GM)

f eC.(GMM x A¢
Ppdv(x) ® dfg,(m)
M x H4
%, (0 )AL AgalenGM

temk € S(GxM)

[ )P = | 1RG0 st g (0
G, M

x GxM
~ A\ 1 d
d#@M(X’,T[ ) = de(x) ® |/1| da

GooMXIo, M = p @ g
pt @ iqt =
FAo,M)F:0,M - C

2
f |F(2)|?e” 2" dz < +oo.
oM

X

F € FA (o, M)
i ; Ao Ao :
Ty r(g)F (W) = exp (Mr ~1 |z — EWZ) Fw+2z),w€o,M=pMDiq,M,

g = Expgm(x - (X)x +y - (Y)x +7(R),), withx,y € R%,7 € R.

o, M =p;cq @q;cq




o= (x,Any) €T ~ GooME pNEgNE
$g’* = sgn(A(0))E* (¢x)
9o~ = A0)E"(gx)
RYE(WV, W):= g2V, W) + iwYE(V, W) gNERNE
V=x-(X)x+y (V)
A(0)|z[2 = h¥E(V, V) and A(0)wZ = hNEW, V),

W=p-X)x+q (Y

F(N,Z): = {F:N,Z > C:F is ¢pY*-holomorphic
1
and | [FW)[2e 297 Wl gLep¥s ) < +oo}

Ng=

1 1
o7 (9)F(W) = exp (i/l(cr)r — SR (W +5V, V)) F(W +V)

g = Expg m(V + 1r(R))V € v,Mr € RF(NZ)

F(NX):= U F(N,X),

OEX

F(NZ) ~ Aea Hre,dtom (1)
GooM
Lyy(GeM),x € M, fora,b € R
Il @om
0 = {Op}nso ON GM

o(x) ={o(, ) Hy > Hy:m € G M}

x € M,o(x,”) € Ly, (GyM) fora,b € R

Ko = Fapnu, (0(X,),
Kox €8'(GcM)
ﬁCxM (XU )EXPGXMKE;,x I)d
Kowx (V): = Ko (Exp () € S'(b?).

Vx € U,07(x,): = Fra(K}5).

S™(GM)o = {on}ns0




x €U oX(x,) € ST(H)
C c UB € N2d+1

VN €N, sup ”Dﬁ 2 (x, )”S"‘(H-H)N +o0

5 — Xﬁl ngylﬁdﬂ YdBZdRﬁde
m; <m, = S™(GM) c S™2(GM)

S~®(GM): = ﬂ S™(@EGM)

meR
o = {on}n>0

N =1 pso SN (GM)
oy = z hio; + ANV End(F (NE))

o € SO(GM),
GooM ~ 2,

F(N,%),0 €3,
SO(CM)SO(I:R) CEX
(M,n)GM
X € C®(M x MexpX (Ux) cU XU
X ()= x(x,y)

o € S™(GM)

KsS' (GM)Op,* (0)f € C*=(M)

Vx € U, 09 @F @i = [ k) Otef)(expF (-Lng (w))dne (w)

WEG,M
Kl €8 (G:M)

Kg,x w):= h= K (6p-1w)

0P (0)f (x) = h0 f

vER

N Kax(v)()(xf)(expx ( U))dv

Kax(v) =h" Qkax(5h'1v)

y = expy (—v)

v - expy (=)




Op, ¥ (0)f (x) = h™° fM Ko (=87 1% ¥) Gt ) ()jacy (Ing) dvol (v)

X
X

dln
d

- (expl (<)) dv0p, *(0)

jacy,(In¥)

(x,y) » h™%kG (=h~1ny (M))xx(W)jac, (In7) =: Ky (x, ).
yi= exp%o:V c H% - U,
v € HY ~ R24+1
exp} (v) = y(v#a y 7' ()
(x,v) € U x HHy}xem
Vx € U,du,(v) = c(x)dv
Kox = Faomue (000Dt xer

Vv € R+ X (v) = C(x)_lf'E;M,gx(U(x:'))(EXP§(U))

vx eV, (7 OpK(@) e @) = | h)GP)(v e x)eCoddy
= || oo (0o - 0 e G ()i )

0% Opya

Y=o 0py*(0) oy = Opya, (o).

P = {(Pudisoi C=(M) = C=(M)
Y1, € C¥(M)supp(y1) Nsupp(yPz) = @

1 Prtbaly—v apy oty = OCR)

¥ eCeW)
o € S™M(GM)GyM
YPA(YS) = Op,*(0)f, f € C=(M)

veoni= | ) wron

MmERU{—0}
Wi (M) < W (M)
P, € W (M)P, € W, (M)Py o P, is in W, 72 (M)

L(HS(M),H*"™(M)) for any s € R

A= (Xa; Ua;Xa'lpa)aEA




Wedaca ) W3 = (5.7) € M XM = o (a0 He(6y) = 1)

A= (Xa; Ua;Xarlpa)aEA

o € S™(GM)m € RU {—oo}f € C®(M)

Vx € M, 0pfi(o)f (x): = Z OpX™ e (1Y 0) (e f) (X)

a€A
P = {Pp}pso: C* (M) = C*(M)
m € RU {—oo}
0 = {on}n>0 € ST(GM)
Ry: C*® (M) - C*(M)
An = Op'(0) + Ry,
princy: W' (M) - S™(GM)/hS™ Y(GM),
o € S™(GM)
princ, (0ps(0)) = [0] € S™(GM)/hS™ 1 (GM)
P, € ¥ (M) and P, € W;"*(M)
princ, (P; o P,) = princ,(P;) o princ,(P,) and princ(P;) = princ,(Py)".

P = {Pp}ps0 € Wi (M)W (M)

f e R)
Qrn(R) € Wy ™ (MR y (R)L* (M)
f(=h*Asp) = Qpn (1) + Rey (R), with Ry () = 0124y 12y (B
QM)

princy (Qp,n (1)) = £ (H)princy(—h?Agg) GooM

o = {on}n>0
S™®(GM)
K € Gu,M
supp(x) N K = @ implies yo;, € h°S~°(GM)

x € C2(GooM)

€SS SUPPe(0) € GouM




P = {Pn}ps0 € ¥ © (M)
Py, = Opy(0) + Ry,
0 = {0p}n>0 € ST (GM)
WEF{ (P): = esssupp(o)
GooM ~ X
Py, P, € W (M)
WFg (P + P;) €@ WF (P) UWFG, (Py), WF, (Py 0 P) © WFg (Py) N WFg (P2),
WF¢, (P) = WF,(Py)
K c G,M
Wy (M)
K NWFL (P, — P,) = @( M?%*1,n, g )—h?Agg
X=Xy, ., X, Y, e, Yo, R)
da
R = ) (X[ X; + B2V
i=1

(hX;, 1Y) =1, aPh (M)PE(M)GMyy

d
princf(—h2Aa)C6m) = = > ((Xid)? + m((¥))?).
i=1

PECuM(x,[12]) € G

H(x [n2]) = 1) Z (-0 +¢€7).

¢ € (p)x R
H) (en)nenl*(R) § € R
—e7/ (§) + &% (§) = (2n + Den(§).
a € N@

d
ea(®:= | | a6 = Gu 8 € R

i=1
1A(2]a| + d)

H(Dey = |A|(2|a| + d)eq, a € N (ey) ,ena

L2(RY)HD{IA](2n + d)}nen(ee) gene




mult(]A|2n + d)) = (n * Z B 1) .
eq, o € N¢
la] =n
My, (x, [ ])H (x, [72])
1A1(2n + d)(x, [2]) € GMS°(GM)
p € C2(GoM, [0,1])11,

(i, [12]) € G, 18 e [e2]): = p e, DL (3, [2])
p € C2(GwM,[0,1])S™(GM)0p,(T17)
[—A%Asr, Opy(117)]

[H,pll,] =0
[-1*Asr, Ops(117)] € R, > (M)

Opy (I17) © Opa(I17) = Op, (Hﬁz) + R (M)
Opn(Mp){p = 1} € GouMO(h) — R2ARTILO(R)
fif" wi=(nfp = 1)
|[~h2g, 12%] = 0 and fi5" = (12") = A" o EM (12"

f12° = op,(f12) and 2% € Wy (M), k = 1,

APt o et _ gtk — pktip, o microlocally on {p = 1}

[_thsR' ﬁz.[k]] = RRIT,
Py (M)
AP = [P0 4 pfIPY 4 .. RETIP*fIPM
AP0, art, . 1P Nl ! e s=°(Gm)
MATE ™ — 08 8" + Ryyqo = 0 and [H, 154 + Ty 0 = 0
princy (Ry41)Princs (Tt 1) Rics1,0Tier 1,015+ = 1d — I15
iy on {p = 13

prpk+lop _ p p plpk+iogpl _ opl pL
MoNe* L = —MPRy, 1 oMo and MATIE* ' MA* = MO Ry 4y 011

[anRk+1,O] = Hﬁ'k”




[H ATy TR | = =T8Ty oMy and [H, TR Mg [0 ] = =15 Ty 015,
M7 [H, Ries1,0]TMf = M5 Tie1,0M1 and T4 [H, Riyr o] TR~ = =115 Tyq,0T15"
Y = —I1) Tesq,0l10"

X = Hﬁ“kﬂnﬁll
(HOO)X — x(Ho+) =v.

(x,2) € CoM

1 -1 -1
- p_ pL
X=—os fy (H, —z) "Y(HO," —z) dz

ML (x, A) € supp(p)S ™= (GMIL* ™
15" = 0py (M) € W= (M).
ﬁﬁ'[k]Rkﬂ (1 _ ﬁﬁ'[k]) _ h—k—lﬁz'[k] (ﬁﬁ'[k] o ﬁﬁ'[k] _ ﬁﬁ'[k]) (1 _ flﬁ‘[k])
= _pk-1 (ﬁﬁ'[k] o ﬁﬁ'[k] _ ﬁﬁ,[k])z = —RK*+1R2,
HfLRk+1,O(1 - Hﬁ) = (1 - HZ)Rkﬂ,oﬂﬁ
ﬁﬁ'[k]Tkﬂﬁﬁ'[k] - h—k—1ﬁz,[k] [_thsR’ﬁz.[k]] ﬁz.[k]
= pok-1fip I (ﬁz,[k](_h Ag) (ﬁg,[k])z _ (ﬁg.[k])z (=h? AsR)fIZ’["]> e
= A7 (A2 AR Ris1 = Riess (—R2AgR)I1R)
M5 HRy 41,0 — Riex1,0HMy, = Tp Ty o1
HZ[H: Rk+1,o]nﬁ = HZTk+1,0HZ

~nh —o
[117, Ryy1,0] = T2 € W (M)

AP kypk
e ~Z i

k=0

ne taptnt (p = 13
(fie") = ngt
(0 =13 (f1P") 11f - h2agg
[—hZAsR, (ﬁﬁ’h)*] = 0 microlocally on {p = 1}

~ph
I, ,n=0

1P 12" = 0 microlocally on {p = 1}.




fECSR)
[f(—thsR), f[ﬁ'h] = 0 microlocally on {p = 1}
p € C2(GeoM, [0,1]) W5 (M)
T (M)W= (M)
TP (M): = {M15" 0 40 15" 4 € Wi ()},

B € Wy (M)T,L (M){p = 1}GooM ~ ZL,(NE)I,,F(NE)
L, (NZ) = I, F(ND)TP (M2 AP End (£,,(NX))
0, € T/ (M){p = 1}

—h2AR NP = 1P ((2n + d)RZ|RDIP™ + K20,
6y, € C* (GooM, End(L, (NE))) 0,7, (M)

NP (—h2Ag — (2n + d)R2|RDTP™ € h2W; (M) microlocally on {p = 1}
- AW, (M)

X = (%, .., X0, V1, ., Va, R) Opyga , HE
—h2Asp = Opya ,(Ho + hH,;) and A?|R| = Opya ,(A)
S?(H* x H?) and S*(H* x H?)

17" = Opya, (19 + AL + A2(13%)

119,11} and 132
HyM1% = (2n + d)I18
(gi'j(x))lsi,szd‘x € H
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h2|R| + h%0,

L, (NZ)(0(1),v()a(t) € Z 1€ TE)(L) € Ly(NynE)

d
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—h?Aspp = To(W)(@ © Vo) © Vg *
@ € CP(M)supp(p) ©€ K, — h?Agg — zL(L?(M))z € C\ R
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[
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Avclé =75 dpqypq Z dl yrs
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L3 e(R3): = {W € L2(R®): W(xy, X2, 3) = (H)p/e¥ (x2, X1, %3)},

hZ hZ hZ
b/f
Hyly: = —mafl - mafz - %633 + B8(x3 — x1) + BS(x3 — x3).

My:= {(x, x5, %3) € R3:3 = x1} and : = {(xy, x5, x3) € R3 | x3 = x,}.

M(x; + x5) + mx; X1 + Xy
X = X =X1 — X9,V = X3 —
cm M,y 1 2,y 3 2
2Mm
Mtot=2M+m,H=
Mot

b/f
HY W (%, 9) = ()% Ctems =%, )

1 1 1
=~ 02— — 02— 02+ BS(y —x/2) + BE(y +x/2)
2My, Fom T M

H
2p




L5 s(R?): = {1 € LP(R*):(x,y) = (H)p/ep (—x, )}
M, ={(x,y) € R%:y =x/2} and 11, = {(x,y) € R?:y = —x/2}.

B = ~e232 35 + by~ /2) + a8y + /2

2u

2 &

€T M
b/f
L%/f(Rz)He/

H;)/f =2u (H;)-l/-fl - Kcm)

0%, @ = 21P

Kem =

2Mo

o () & ot 29 s (12) = [ g )

—a? < E;{,f <E

A

b/f b/f
1 << Eg'n < ——4+€2
b/f _

Egp = —a®+ s,l:/fazsz/?’ +0(¢)
Sltc) = |02k|,31fc = |o2k+1l,
L Oy L O < O < <0, <01 <0p<0
Ai'(o2,) = 0,Ai(02x4+1) = 0
g? g?
(—76,61,0 + ay¢> (x,(x/2)*) — (—?6,6111 + 6y¢> (x,(x/2)7) = ayp(x,x/2) for a.e. x € R,
BYE HY(R?) n 12 +(R?) > R
¢ tH(R?) N Ly r(R) -

B () = f £210,p(x, )12 + |0, (x,y)| dx + 2a f [ (s,s/2)|2ds
R2 R

o [0 (HY) = [0,40) a20

Oess (/") = [_ o +w>

, a<0
4+ g2

b:HY(R) - R
by () = fR ' ) 2dy + alue/2)[? + alu(=x/2)]?

w'((x/2)") —u'((x/2)7) = au(x/2) and u'((—x/2)") —u'((=x/2)7) = au(-x/2).

B (¢) = f €210, (x, y)2ddx + f be(b)dx
R2 R

a< O,J(Hf/f) C [—a?,+o)

PP (x,y) = 92° ()




P:L*(R?) = L*(R?), Po(x,y): = B2 (x, y) f5 (x),
fai= [ W00y = | E Bz g ary
R R
Pl.=1—- P2 (]R{Z)L (]R{Z)
D (BY"):= HY(R?) BY(¢): = BY'(P) + BY (P B 1!

d, = d.(u): = dist (u,a(HE/f», and d, = d,(u): = dist (u,a (ﬁf/f)),

( : )
de
i ) FJ e fg wen (-0 = %)

LED b/f)np( b/f) 4> —a?
b/t \1_ (gb/sf_ 7!
|| (HS “) (H£ “) 'B(LZ (]RZ))
N YA YT
il NI d, d, |3, q,

A= B2 @ B2 o (1) = o (REL) o (121,

2R (ﬁb/ f) C ran (73 | L2 /f(RZ)) > ran (? | 13 ¢(R? ))

ﬁ:é,fl:D (Hb/f ) C ran (?l | L /f(Rz)) - ran (g:l | L /f(]RZ))

o (AV) € [, o000 (VL) < [t 4, 420
2

D(HE™b/f) = H*(R) N L§ ¢(R) HE"b/f = —¢ 57 — Ao+ &%R

£2R(x): = &2 f 10,70 (x, y)|2dy
R

ran (? ) ( b/f)) D ( b/f) apHY/ P

effb/f eff b/f L« Eeffb/f

—a? <E <E

Esegcfb/f a,z +Sb/fa'2€2/3 + 0(5)

T4+ g2

—x = (x,y) € R2.
—k = (k,p) € R%.

A 1 ,
PK):=—[ e ®XYPx)dx
R2




Ep):= ~PYE(y)dy

1
7he
HY(R™),v € R
v; HY (R®): = HY(R?) N LF(R?),v — (", )1v.4+v
HEY(R™) — HFY (R™)L2(R™)
0qc(L), 05c(L), Oess(L), 0, (L), 04 (L)

QW) =2, ¥)
Cy° (RM)R™CA,: = max{0, 1}
D(H?):= H*(R?),H?: = —£%0} — 0

M=, ull,
L(R2):= () € L2(RD): Y (5 y) = (Hab(-x,0)),
H{ (R?) = H'(R?) n L3 (R?)
B )= | | €000 )2 () + 000622, b Y+ 2a | (s, 5/200(s,5/2)ds

(T19)(s): = @(s,5/2), (12)(5): = p(=s,5/2),s ER.
7,: HY(R?) » HV"Y2(R), 7,: HY(R?) - HY"1/2(R)
C5°(R) ¢ ran(t;)C°(R?\ I;) < ker(z;)
L*(R?),j = 1,2
T:HY(R?) - H"_%(]R{) @ H”_%(]R{),ﬂp: =1, D 10,v > 1/2.
Co"(R\ {0}) x C°(R\ {0}) < ran(7T)
L*(R) ® L*(R)
€ (R?\ 1) < ker(T)L*(R?)
ran(T) € {& @ &, € HV/2(R) @ HV"V/2(R):6,(0) = §,(0)} &€ HY™V*(R) @ H'™/*(R)
R2(2):= (H? —2)™*
R%(2): H'(R?) » HY*2(R?),v = 0
R%(z): H'(R?) » HY*2(R?),v < 0
Ge(2): HY(R?) » HY*3/2(R) @ HY*3/2(R), G (2): = TR (2),v > =3/2
Ge(2)Y = G1e(2)Y B G2 (2DY; Gje(2): HY(R?) > HVH/2(R), Gje(2) = R (2),) = 1.2.

ran(G;.(2z)) = H'*3/%(R)

ran(G.(z)) & HY**/2(R) @ H"*3/%(R)




Ge(2):= Ge(2)": H'(R) @ H'(R) » H'**/2(R»),v < 0
H™V(RY) — HY(R?)L?(R)

Ge(2)(§1 D &2) = G1(2)61 + G2(2)825 Gje(2): HY(R) > H' 32 (R?), Gj e (2) = Gj(2)
G; «(z) € B(L*(R), H'(R?)), G.(2) € B(L*(R) @ L*(R), H"(R?))
ran(G;¢(z) | L*(R)) € H3/?7(R?),ran(G,(z) | L*(R) @ L*(R)) € H3/?(R?)
H327(R*): =Ny<32 HY (R?)
ran(G(z) | L*(R) @ L*(R)) n D(HY) = {0}

Q € (L2(R) \ {0}) & (L*(R) \ {0}
¢ € L?(R*) \ {0}

RE(2)p = G(2)Q
Y € L(R?)

(o, Rg(z_)lP)LZ(RZ) =(Q, TR2(DV) 12 my@12(w)-

1 e ik(x—x')
RA(x,x';2) = f dk
R

(2m)? Jgz €2k? +p? — z
5 i - 1 J, ei(k+g)se—ikx' dk G, (5,53 7) = 1 f ei(‘k%)se—ikx: .
1,e $,X,Z) = (27_[)2 - 82k2 + pz — 5 y U2 $,X,Z) = (21.[)2 RZ Szkz + pz -7
L ety 1 et
’ _ k I, — k
G1e(x,5";2) )2 fRZ kI pZ = Zd ; Goe(X,5';2) (21)2 fRZ e2k2 +p? —z d

M{j‘s(Z):Hv(R) - Hv+1(R), ng'g(Z): = T{sz’g(Z) »f,] = 1,2; v>-—1
M, (2): H'(R) @ H"(R) » H"*1(R) @ H"*1(R), M, (2): = TG, (2),v > —1
Myje(2) € B(L*(R)) and M, (2) € B(L*(R) © L*(R))

My16(2) Mipe(2)
M () = Mj1e(2) Maye(2)

Ge(z) - Gs(w) =(z— W)GE(Z)Rg(W) =(z- W)GE(W)RS(Z)
Ge(2) — Ge(w) = (z — W)RS(W)GE(Z) =(z- W)Rg(Z)Gs(W)
M, (z) — M (w) = (z — W)@E(W)GE(Z) =(z— W)GE(Z)GS(W)

R2(2) = RZ(W) = (z = W)RZ ()R (W) = (z — w)RZ(W)R? (2)

(Ge (Z): @e (Z) Me (Z)Mt’j,s (Z)




Mll,e(S»S,;Z) =

1 ei(k+g)(s—s’) 1 ei(k+§)se—i(—k+g)s'

(2m)? JRZ e2k? + p? — zdk; Mize(s,s'52) = (2m)? ,[]Rz e?k? +p?—z dk
1 ei(—k+g)se—i(k+g)s’ 1 ei(—k+g)(s—s’)

Mare(s,5%32) = (2m)? JRZ e?k?+p?—2z dk; Mz c(s,5'52) = (2m)? JRZ e?k?+p?—2z

Mll,e(S'S,;Z) = Mzz,s(S'S'iZ) and M12,s(5'5'iz) = M21,s(5'5'iz)

dk

1 ei(k+g)(s—s’)
Md,e(S»S’iZ): = M11,s(5'5'iz) = Mzz,s(S'S';Z) = j
R

dk
(2m)? Jpe €%k? +p?2 — 2z

1 ei(k+g)se—i(—k+g)s’
Moae(s,s's 2): = Myyo(5,5'3 2) = My o(s, 8" 2) = ]
RZ

k
(2m)? e?k?+p?—z d

Md,s(z) Mod,e(z)
Me@ = | Mogo(2) Mgo()

1[G pP i
(€ Mac) = 5 | e ;= (Mau(2)6.9)
1

A (k 2)é(—k 2
(1. Mo @6) = 5 | TR P dke = (M )

5,2 € L>(R) @ L*(R)
(B Me(DE) 2 g2y my = (61 Mae @) + (82 Ma,e(D62) + (82, Moa,e ()61) + (61, Mou e (2)¢2)
M, (2) = M¢(2)" z € C\ [0, +00)
M,(z) = T(TRA(2)) = TR(2)T*

EJ’ M, (2): L*(R) @ L?>(R) = L?(R) @ L*(R),a € R\ {0},z € C\ [0, +)

%+ M, (=)
T:D(TYcH - H
[(w, Tu)s| = cllullf; vu € D(T)
ITullzc = cllullz Yu € D(T).
ran(T) = I
{un} € D(T)

ITup = vllsc =0

1
—+ M.(—4
—+ M (1)

<5, (% + ME(—A)) 3>

> qlIE]1? vE € L2(R?) @ L*(R),




1 _ )2
(6 Mae(=2)¢) = f 'E(V)'Zf T TS L el RN v v Ry
AWEW") ’
(T' Mod e( /1)8; j J (4 + <‘_:2)(1/2 + V'Z) + 2(4 — SZ)VV' + 41 dvdv
My (v;=2) = !
dei B \/4821/2 +(4+¢£2)2
Mo, v';—1) = 2 .
0a eV Vi —4) = T(4+e)(v2 +v'2) + 2(4 — e2)wv' + 41
1
Ma.e Do) = T

Mg e (D) (4 + eD)(V? +v'?) + 2(4 — e®)vv' = 2min(e?,4) (v +v'?)

2
, 2 4 1 1

n_ < =

IRZ |Moae(v,v'; =) dvdv' < 2 <f]R 2min(e2, 4)v2 + 44 dv> 2min(e2, 4)1

, 1
”M"d'g(_;{)”'B(LZ(IR{)) < ||Mod,£(_/1)||HS < m

|E M (D)) | < CeIEI/NT

(e (G + 1) )| > (= 2 et = e

D(H,):={¢ € H3*"(R®): ¢ + aG.(2)T¢ € H*(R?)}
(Ae — 2)¢:= (H — 2)(§ + aG ()T )
H? | ker(T)1 + aM,(2): L*(R) @ L*(R) - L*(R) ® L*(R)z € p(H;) N C\ [0, +0)H,
Re(2) = R2(2) — aG.(2)(1 + aM(2)) G, (z) z € p(H:) N C\ [0, +0)
Re(—A): L2(R?) » L2(R*) A > A ¢

-1
Ra(-2): = R = Go(-) (S + M=) Gu-2)

H, = —24, of HY | ker(T)

-1
- {qb € LR 9 = s~ Co(-D) (S + M(-D) To_rpos€ D(HS)}
H.:D € I?(R?) - L*(R?), (H: + )¢p: = (H2 + Dp_;

i\;e (_/1) - Re(_ﬂ) = (.u - A)ﬁe(_a)ﬁe(_ﬂ) /L” > Aa,e
R(=Myp =0
RI(=Dy = G.(-D)Q




0= (Eem-n) G-iw
Re(=1)D: = ran(R.(—1))
A, = R(-)"1=2
Re(-)" = Re(-2)
b € D(HD) 0 ker(T)
b= 9-alled = Hoo

zE€ P(He) N C\ [0, +o0)

D= 16 € FR):§ =0, ~ 6.0 2+ M) T, € )
(He - 2)p = (H? - 2)¢,
H.D € H3?>~(RH)G,(2)
D =D(H,)
ran(Ge(z) — G.(w)) € D(HQ) = H?(R?)
D =D(H,)
p(H:) N C\ [0, +)
T =T, — aM (2)(1 + aM(2))"'T ¢,
T = (1+aM.(2))"'T¢,

b = b+ aGe (DT
DcD(H,)$ € D(H,)p, € H*(R?)
¢si= ¢ + aGe(DTP
T+ aM ()T¢ = T,

T = (1+aM,(2))"'T¢,
¢ = b, — aGe(2)(1 + aM(2) 1T ¢,
D(H,) <D

5 = b(A,)

(He - Z)¢ = (Hg - Z)(¢ + (X(GS(Z)Td)),Z € p(ﬁs) NncC \ [0, +°°)

w € p(H;) N C\ [0, +)




(He—2)¢ = (He —w)$ + (w — 2)¢p = (H? = w)( + aG(W)T¢) + (W — 2)¢
=(H? = w)($ + aG:(2)TP) + a(He — w)(Ge(W) — Ge(2))Tp + (W — 2)¢
=(H? = w)(¢ + aG:(2)TP) + (W — 2)aGe(2)TP + (W — 2)¢
=(H? = 2)(¢ + aGe(2)T$)

T*HV*/2(R) @ HV*/2(R) -» H™V(R?),v > 1/2
& D& €LX(R) © L*(R)

T @& € S'RDSf € SR
6 ® &)f = j £ (5)f (5,5/2)ds + j £(5)f (=s,5/2)ds
R R

Ge(2) = R2(2)T™
(-£%0 -0}~ 2)G. (D6 D& =T°6 D&
¢ € D(H,)
Hep = (—€%02 — 02)p + aT*T
¢ € ker(7)L*(R?)
supp(T7¢, @ &) =11
H.p(x) = (—£%02 — 02)p(x) for a.e.xin R? \ IL.
B HY(R?) x H1(R?) € L2(R?) x L?(R?) > C
Be(@, $):= £%(0x9, 0x) + (0,9, 0, d) + a((T10, T1$) + (7200, T,0)).
B.(¢,¢) = (9. He¢) Yo € H'(R?), V¢ € D(H)
B2 (. ¢) = (¢, H{p) Vo € H'(R?), V¢ € H*(R?)
B2 (¢, 9) = ((=£?0¢ = 07)p. d)_, ,, = (0. (—€%07 = 97)9),, _, Vb, ¢ € H'(R?)
HE(R?) = H™ (R®)L* (R*) () )3y, 4v
¢z:=¢ +aG(2)T¢
G (2)TPH?/*~(R?) c H'(R?)

(@, H.0) = (0. (H, — 2)9) + z(0, §) = (@, (H? — 2)¢;) + z(, D)
= (B — 2)(¢, ;) + (0, $) = B (9, $) + a (B — 2)(9, G:(2)T )
=B, ) + alp, (—e20% - 03 — 2)6.()TP),, |
= B(0,P) + @, T*TP)s1,-1 = BY(p, P) + a((T10, T1$) + (120, T2$))
= §£(¢' ®)

€202+ 05 +z

D(H,) ={¢p € H¥*"(R?): ¢ = ¢ + ¢2,¢; € HZ(R*\ II)), [1] .| ¢p; = az;,j = 1,2}




[7).]9;¢%0% + 05
A, , onto LZ(R?)
RO(2): L2(R?) - HZ(R?) Vz € C \ [0, +0).
S:HY(R?) » HY(R?),v 2 0, (SY)(x,y): = P(—x,y),

1(+)sS 1(+)sS
2 2

:L2(R?) > LZ(RZ),ran( ) = LZ(R?).

SY = (e VY € LF(R?).
T1S=1,1,5=19
sz,e(z) = él,e(z)S'Gz,e(z) = 5G1,¢(2)
T = ()T VY € HY (R?),
T=T1
Ge(2): Lf(R?) = L*(R), G¢(2): = TR2(2) = G1(2) | LF(R?),
(2 L2(R) — LE(R®), (2 = G@)" =~ G, (2)
M, (2): L>(R) = L2(R), M. (2): = 1G(2).

+
Mg (2) =14 u )h ——G1.(2) =5 (T1G1s(z)(+)hT1SG1e(Z))— (T1G1s(z)(+)hT1G25(Z))

. (Md,g(z)(ﬂt1 0a.e(2))
2

Ge(2)Y = Ge(2)Y B ((+uGe(2)Y), Vi € LE(R?)
Ge(2)§ @ ((1)68) = G1,e(2)E(H)1G2,6(2)¢ = (1(+)sS)G1,£(2)§ = 2G¢(2)§
M (2)§ © ((+):8) = 2(Me(2)§ ® ((+):Mc(2)9))
(1+aM(2)) 7 @ (H):d) = (L + 2aM(2)) 7§ @ ()1 + 2aM.(2)) 7).

Y € Li(R)z € p(H,)NC\ [0,+)

ﬁs(z)ll’: Rg(z)lp —aG.(2)(1 + aMs(z))_l(é's(Z)lp
= R2(2)Y — 2aG,(2)(1 + 2aM.(2)) " G (2).

Ri(2):= Re(2) | L§(R?)
(Ri(2) = Ri@)
Ri(z)H} in L}(R?)H, onto L(R?)

, _10D:S - 1008
€ 2 £ 2

)

=H,

D(H.) n L{(R?).

z € C\ [0,+) N p(H{)

D(HY): = {¢ € H/*"(R2):¢ + 2aG,(2)r € th(]Rz)},
(Hi — z):= (H — 2)(Y + 2aG.(2)TY)




H? | ker (r | H? (Rz))

1+ 2aM,(2): LA(R) - L2(R)
z€ p(HY) N C\ [0,+)
Ri(z) = R2(2) — 2aG.(2)(1 + 2aM.(2)) G.(z) z € p(H:) N C\ [0, +)
T HV*Y2(R) - H™V(R?),v > 1/2
§ € L*(R)
T*¢ € §'(R?)
feS®Y
@O = | £@F(s5/2ds
Ge(2) = R (2)7"
(—£202 — 02 — 2)G.(2)§ = T*¢
TEB&=217¢
Hiyp = (—€%0% — 02)Y + 2at* 1.

Bi: Hi (R*) x Hi (R?) € Li(R?) x L{(R*) > C
Bi(,1): = %0, 0x) + (0,0, 0y ) + 2a(tyh, Th).
Bi(, ) = (W, Hip) ¥ € H (R?),¥¢p € D(H,).
D(H{)¢ € L*(R)

HiG:(2) = TRY(2), G<(2) = (TR2(2))"M,(2) = TG (2)

Ge(2) = Ge(W) = (2 = W)Ge(2)RZ(W) = (z — W)G(W)R2(2)
Ge(2) — Ge(w) = (z —W)RZ(W)G,(2) = (z — W)RZ(2)G: (W)
Mg (2) —M(w) = (z — W)GE(W)GE(Z) =(z- W)GE(Z)GE(W)

w,z€C\ [0,+)and ¢ € D(Hg)
Y=Y + 2a6G.(2)TyY
(HE—w)p = (H? — w)p, — (z — w)2aGe(2)T.

w € C\ [0,+),z € p(H) N C\ [0,+) and £ € L?(R)

Pwg: = RE2)Ge(W)§

(HE = w)dye = Ge(2)(1 + 2aM (2))"* (1 + 2aM (W))E.




(Hi =w)y = (H — 2)( + 2aG,(2)TY) + (z — W)Y
= (Hg =Y, + (2 —w)WY, — 2aG(2)Ty)
= (HY = w), — (z — w)2aGe(2) Ty

(Hg - W)¢w,§ = (Hg - Z)wa,f +(Z=wW)pwe = GW) + (2 — WPy e
=Ge(W)¢ + (z = W)R2(2)G: (W) — (z — W)2aG,(2)(1 + 2aM.(2)) " G¢(2) G (W)E
=G.(2)¢ — G.(2)(1 + 2aM.(2)) (1 + 2aM (z) — 1 — 2aM_(w))E
=G, (2)(1 + 2aM,(2))"1(1 + 2aM,(w))&

(1) —2 € 0,(H{) if and only if 0 € 0,(1 + 2aM.(—2));
(i) =2 € Oess (HE) if and only if 0 € gegs (1 + 2aM(—2)).

—A € p(HY)

Y € D(H{)
0=(Hi+ )Y =H+ D@ + 2aG.(2)1y) — (z + 1)2aG.(2)T,Vz € C\ [0, +0)
Y+ 206, (D)1 = 2a(G. (1) — Go(2))TY — 2a(z + DR (=) G, (2)T
(1 + 2aM (=)t = 2a(Mg(—A) — Me(2))T — 2a(2z + 1) Ge (=) Ge(2) T = 0.
§€L*(R)(1+2aM. (—1)E=0
¢-1s = RUDG(-)§,2 € p(HL) N C\ [0, +0)
¥n € D(HE), 1Ynll = 1,9, = 0, and ||(He + A)pn| - 0

Ge(=M)(HE + A)ipn = TR(=D)((H? + D) (b + 2aG(2)Thy) + (2 + 1)2aG(2)Thn)
=1(Yn + 2aG(2)TYy) + (2 + A)zaée(_A)Gs(z)ﬂpn
=(1 + ZaMg(—/l))Tll)n - Za(Me(_/l) - Ms(z))ﬂ:bn + Za(z + A)Gve(_l)as(z)npn
=1+ 2aM (1) tY,

1+ 2aM. (=), = 0
W, =0
Ynzi = Yo + 206G ()T, € H (R?)
feH?(R*)zeC\0,+»)

((HE+ D), RADf) = ((H? — 2P0 2, RA@Df) + (A — 2)(n, RA(DS)
= (d’n,z'f)_‘_z,_z + A - 2)(Yn, Rg(Z_)f)

Y,z = H?(R?)

7 € B(H2(R?)L2(R))

), = (1 + ZaMe(Z))_l‘[wn,z

P, = 0in L?(R)




[CH2 + Dzl = 1onll = [Wnzll = Yo/ [Wonc]| = 2 € Goss(HO)
&gl =16, -0
(1 + 2aM, (=)l - 0
{¢n}, i = RE(Z)Ge(—D)én, 2 € p(HE) 0 C\ [0, +00)
|(Hz + ) nl| - 0
RY(2) = Rg(z) + 2aG,(2)TR?(2)
bn + 2aGe(2)Thy = R2(2)Ge (D
(He+ D)y = (H? = 2)(n + 2aGo(2)Tn) + (2 + Dby = G (—D&p + (2 + Dy,
G (V)& = 1+ 2aM.(2)

(X +2aM.(2))Enll = c;l1Enll = ¢,

0 <[I(X + 2aM(2))énll < 1(X + 2aM (=))&ull + 2|all|(M(2) = Me(=D)Exl
=11 + 2aM(-D)énll + 2lal|z + 4[| Ge(2)Ge (=) |

a € R, [0, +0) € g (H)

\/Z — 4n
0@ = = (1) %0 = (31,0)
Yp(x): = e_ik'XXn(x) k= (5_1\//1/_2, \/m)
1 S
1/#“11 - (';)h l/Jn,
1(4+)sS _
S s = 1

Y € D(H}) N D(HDHA,, = HA,
Ve = (Sax¢r ay¢)

1CHe = 2)n]| = [| CHe = 2¢im |
< ICH = Dull = [|20Vex) - (Vee ™) + (Hxw)e ™|
< 2VAVeitall + I1H

Vi o1
s\t
X € €& (R?)

lim ||(H: — )| = 0.

n—-oo

¢ € LE(R?)




(60" = gl = parea@,) [ oo (*=25)] ax o

X — Xp,
n

[0, +0) C 0,5(HZ) for any « € R

o(H) € [0,+0) S 0,55(H) S 0(HE)Mpg e (—2)

Oess(1 + 2aMg(—A)) = Opss (1 + a(Md,s(_/1)(+)hMod,£(_A))) = Gess(l + aMd,a(_/l))-

fre(s) =1+

J4e2s? + (4 + e2)A

|a]

Oess(1+ 2aM (—1)) = O'ess(M/Ls) = O'(M/Le) = range(fl,e) = [1 - \/ﬁ; 1
2> 0,-2 € 0y (HY)

a

2
“,0) U [0, +0)

la|
0€e [1 _ —T:em’ 1] Oess(HY) = [— -

D(hy):= {u € H*(R\ {£x/2}) N H'(R): [w'](£x/2) = au(+x/2)}
hyu(y) = —u"(y) fora.e.y € R\ {£x/2}

by: HY(R) x HY(R) c L?>(R) X L3(R) - C
b,(u,v):= U, v") + au(x/2)v(x/2) + au(—x/2)v(—x/2).

eiVzly-y'|
r'(y—y'z) =i z € C\ [0,400),ImVz > 0
2Vz

B:(2): L*(R) = €, g (2)u: = ((r°(2)w) (x/2), (r*(2)w) (—x/2));
8x(2): C* - L*(R), 8 (2): = §2(2)"
(82D (C1,¢D) ) =1 — x/2,2)G, +1°(y + x/2;2)¢;

Elx]
m, (2): C2 - C2 m,(2): = ' ”]

;'[ 1

2V/z LeivVzix| 1

(he —2)7F =1°(2) — ag(2)(1 + am,(2)) '8, (2)
(a + 2V1)? = q2e~ 2Vl

(1) 04c(hy) = Opss(hy) = [0, +0);
(i) o5c(hy) = @;

(iii)
0] a=0
op(hy) = aq(hy) = {{—Ao(x)} a<0,|x| <2/|al
{=20(x), =41 (x)} a<0,|x|>2/|a|

W(x)eW® = x




_lallx|
Ag:R - (0,4+00),4 (|a|2|x|e : >+—|0[I
. =

_lallx]|
) W(_|a|2|x|e ) ) al
A1:R\ [-2/al,2/]al] = (0,+), 4 (x) = o +=

(1) a?/4 < Ap(x) < a?,0 < 4 (x) < a?/4;

see _ 2 . - . _— . _— 2 .
(iii) 0(0) = &%, élzrﬂal)i/h(x) =0, lim 2,(x) = lim 4,(x) = a®/4;

(iv) 2o € CZ(R\ {0}, 4, € C®(R\ [=2/lal,2/]a|].

=B (55} = (< 2 ana )
min — Ao(x) = —2,(0) = —a?,
XER

lim —A;(x) = —a?/4.

|x]| =400

WEO (y): = N(x) (e—\//lo(x)|x/2—J’| + e—\/ﬂo(x)|x/2+3’|),

1/2
Voo = Neiey
x): = .
2 (1 + eVARGIR (1 + ,/Ao(x)|x|))

Pep:= (Y%, d)pi°
(V)= d(x,y)

x = ”¢x”L2(]R)

191y = | Nl
b € H'(R?)

X e ”¢x”1—11(R)
191y = | 10xbCe )Pt [ 1l ey
(¢, %) € Hi (R?) x H{ (R?)
Bio) = | #0000 X + | belpepddx
R2 R
—a?Hiq,(w,v): = by(u,v) + a®h, + a?QiD(Q1) = Hy (R?)

Qi (@, ¥):= Bi(p, ¥) + & (@, P) 2 (m2) = fRZ 20,9 (x, y)0x (x, y)dx + fR A (@, hr)dx  (4.2)

Li:=H! + a?.




P:L*(R?) = L*(R?) (P)y: = Peopy
PLi=1-7P.
PO (x,y) =P )

P:L*(R?) = L*(R?), Po(x,y): = P52 (x, y) f (x)

f(x):= fR PO (x, y) b (x, y)dy = fR WP, ¢, )dx

2
ol 2y < ]R ( fR 50 Ge I Cx, y)|dy> dx < jR IO 112 gy b1 gy i = NP1

¢ € Li(R*)¢ € L§(R?)
L2(R?)H(R?)[d,, P]: HX(R?) c L2(R?) - L(R?)L*(R?)
“[ax'g)]”B(Lz(Rz)) <6

1/2

§:=2 (su]g f 10,50 (x, y)IZdy)

X€

0y PP (x,y) = NyZo (sgn(x/2 — y)eVRol/2-9 — sgn(x/2 + y)ehol/2+31)

[ 1oyw20 Gy = 2027 (1 + e olx] = glale o)
R

1+ e‘m|x|
1+ Zglxle™V o x|

Slosaz

| JaPocenfax=| 1oyl Ifcol dxdy
2 2
< (sup [ ooy )l

< “2”‘1’”52(11&2)

fo): = fR (@50 (6, 9)) (x, y)dy

. 1)
7l < S el
0, PP = (05 fy + Y i + Y51
”ax:P¢” < ”(axlpBO)fd)”LZ(]RZ) + ”lpBquS” + ||¢Bofax¢||

o) -
< Wfoll + 17l + 10201l < (1 + O pllsn)

[0, P1p = (09PN f + PO S




105, Pl 2(r2) < BlIDl 2 r2) 990"

0% (x,¥) =NW,¢BO - ZIV\/—);’i(Ix/Z — yle™VAal/2=Y1 4 |x/2 + y|e-mlx/2+y|)
o 0 @5°
— N\é’TO (sgn(x/Z — y)e_w/l_olx/z—yl +sgn(x/2 + y)e—JA_o|x/2+y|)
@50
N\’
oI = (%)
3/2
| SOV
N _ (Vo ) Ve (r)

N ok 2 (\Zolxl + eVholx| + 1)

aZ
Ao(x) = Tv2(|a|x/2) x>0

V) = W(xe™) 1
(J_ ) v'(ax/2)
v(ax/Z)

Wx)eW®™ =x,x>0
v(x) =e™M +1

v'(x) 1
v(x) T exv(®) 4 x

<1

V') /vl <

T e+ x

@

_4

Vo < la

Y (. ) .
o\ (J—) T+l _ja|
2(\//1_0IXI+6‘/_IXI+1) 2(VZolxl + eVolx) +1) 4

S —
2s+es+1) 4=




2 NA\Z g2
<-— and ||<PfO||L2(1R,dy) - <W> =%

1N\2 3
oI = 3o (1 b W) iy 14 mxoemxl>

3
e 1+ . oo 4 (14 fe)e Vo
= < <
2(2)? 1+ e~Volxl 4 \//1—0|x|e‘«/ﬂ_0|x| T (02T “

2

126/201 < lal|93°]|

2
loZe|* = NT‘/'T"@ — e~VAoll 1[5 ]x|e ol )

o1 —emVRoll 4 75 x| ol
4 1+ e‘%lxl + \//Tolxle_mpd

AO az
<—<—
4 4

3
109201 < ) [lof°] < 2116 < 4l
j=1
H (R?)LF(R?)
D(Q:) = Hy (R?) 0:(¢,¥): = Qi(Ph, PY) + QL (P, Pip).
b9 € HL(RY)

|94(p,¥) — 0i(d, )| < 266 <4/QE(¢)II¢II + il Qi(l/))) 0:

Q:(d,¥) — Qi) = Qe (P, ) + QL(P b, PY)
Setp: = —ie0,qy (Peu, Piw) = g (Pu, Peu) = 0

QL) — QL(d, Y) =(S: P, S PHp) + (S, P, S, P)
=(SeP P, Se(1 — PY) +(Se(1 — P)p, S P)
=<S£?¢: S£¢> + (Se(p' 55?1/)) - 2<Ss~7)¢' 55?1/))
=<[S£::P]¢: Ss¢') + <?Se¢r Sslp)
+(Sed, SePY) — 2([S¢, P, S PY) — 2{PScp, S PP)

—2(PSe, SePp) = —2(Ssp, PSPp)

= _2<S£¢' [:Pr SE]?lp) - 2<S£¢' SE:PZIP)
= 2(S£¢' [SE'?]?¢> - 2<S£¢' SE:PIP)

(PSe, Sep) = (S, PSP) = —(Sed, [Se, Pl) + (Seh, ScPY)




Q: (¢, ¥) — Qi (¢, 1) =([Se, P1b, St} + (—(Sc, [Se, PIY) + (S, SPY))
H(Seh, SePY) — 2([Se, P, SeP) + (2Seh, [Se, PIPY) — 2(Seh, SePY))
=([Se, P16, Se) — (S, [Se, P1p) — 2([Se, P, SeP) + 2(Se @, [Se, P1PY)
=([Se, P19, SeP1p) = (Se, [Se, PIP 1) — ([Se, P, SePY) + (Sed, [Se, PIP)

|0L(¢, ) — 0i(, ¥)|
<e8(IledepllIPYI + 1PLPID + 1 p 1 Uled PPl + e PLll)).

a+b < 2a?+ b2

|02, ¥) — 02(9, )]
<2¢5 (lle0,p IVIPYIZ + IPTPIP + 11 0 PYIZ + 69, P17

SZs5< /Qi(d))lll/)ll + Il Qi(l/}))

Q: L; in L§(R?)

Li=1 @ L0 (ZZ\E) =g (L/i;) Uo (IZE;L),

£ip:D(LLp)  ran (P | 12(R?)) - ran (P | L(R?)),
£l p:D(LEp,) c ran (P L2(R?)) - ran (P | L2(R?));

(W, LEpw) = QL(PY, PY) = 0,v € D(LEp),
(b £1p10) = OLPY,PHY) 2 inf (~1y(0) +a® = S v € D (£3,).

AEIR{,qbeD(LE)lpeD(ZE)

(¢, (22 2)) - (2t - D))
s2s6<||w||J(II(£2 = )|l + A, llBIDlN + ||¢||J(||(ZE =2) | + 2111 ||w||).

¢ € D(L})

Qi) = (¢, (£ — 1)) + AllI1.
Qi(#) < (|(£E = )l + A lid DA
v e (L)

0:w) < (|| (22 = A)w]| + Actwn) e

¢ € D(£t) and y € D (L)

(6 (£E=2) ) — (£2 = )b w) = (9, L3) — (LLp, ) = 03(6,9) — OL(d. ).




(@, (25 - 2)w) = (22 - D, w)
<2e5 (||¢||J(||(L2 — )|l + 2

(I (22 = 2)w] + 241w1) ||¢||).

d; = do(2):= dist (2,0(£)), and d, = d.(2): = dist (1, 0(L}))

€0, +0) np (L2): i) <l AEp(L)d(/l) 5()}
’_d(/l)’ d()l) <2

AEp(L)np(
- — 1 ,1 1 ’1
| _ 1_(L2—A) LZ(RZ) (d_ d_ 1+ d_ d_ 1+ >
v=(L-2)"¢

gl = (et - ). (22 -2) " o)
(2-2)" o] Jalez = Dol + 210l

4m¢ufown+l+ GO || CERN )

1 1 Ay
< 25|l dzj(ll(ﬁé = )o|l + A llp)lBl + Nl /d:(l +d:>>

1 1 Ay
< 2¢5]|¢ |l dzg\/ll( ‘- ”i”JZ + il di<1 +&—£)>

1 1 1,
< 2&8|¢ a_\/ 1(2& = Dol + 211l dT(l +a—>>

SZeS(

917 < [{(25 = 206, (22— 1) g)| + 2251181 (dijll(ﬁi ~ Dol + 216 di<1 +f1—)>

Lt - L hieee - L2
ol =7 (28 — 2)p]| + 2e8 (as\/ﬂ(ﬁg Nsllill + 2l 2 <1 + d,g))

_ [icz=2si
dellpll




~ ;
h_
(22 - 2)o]| = 16 —zgz ol = liell >0
T4,

A€ (L)
(—,0) c p(Lg)

T x € Li(R?)

p=(ci-1)'gandy=(I-2) x

(7 ((e2-27" - (ZE - /1)_1)x>|
-1)"7|)

5285(
Flei-2) x|| J Il + 2, || (22 - 2) " 2]))

<268 — |~ 1+ + 1+
< i d M-

_ ((Lg—/l)_l—(z\g—ﬂ)_ )X

||((Lh A7 - (LE-2) )X||<255 ! l(1+’1—+)+l 22 i
o\t )tz \ '

QL(Pop, PY)

(ci-2)"7||

(L —2) X||)

0o, P0) = | 570, (WPOF, ) (W™, )ax + | a2, WO, ydx

.2 (07F,) ax(wor, Jax = | Fifpax+ | ( J. |ax¢30|2dy> Fofyilx




f YOO pPOdy = B0l = 1
R
G (PEO,YEO) = —25(x) + a?

Qi (P, PY) = fR (2Faf + OV + 2R fy ) dx

2

|a||x] =lalix]
W(——e 2
V(x):=—2o(x) + a? = —< ( 2 >+m> + a?

|x| 2

RG:= [ 10.0%0Gey) Py
Z(R): = {f € P(R): f(x) = (+)ef (=)}, HE(R): = H'(R) n 1(R)
Ugo:ran (P | LA(R?)) = LE(R), Ugo (W50 £4): = fy.
hp2ol =1
(6 £, 0P fy) = | WO EOIp Gy () = (fp o)
Upof = wE0f
ran (P | LZ(R?)) = L3(R).
QL(P x P)LA(R)
D (Q"): = H(R) x H (R), Q¢ (£, 9): = fR e7f'g’ + (V + e?R)fgdx.

V + £2RLE(R)
2

d
D(LET) = HE(R): = HX(R) N LE(R) Lg" = —e?—— +V + £°R.

d2
Lgfﬁ - EZR = _SZW +V

()0 < V() <-a?
() V(0) = lim V(x) = ~a?

W(ye ™) +y)* —4y? = -8y* + 0(y*),y « 1,
V(x) = |a|®|x| + 0(x?), |x] < 1

Ai=g71

2

d
ff —
Li:= AL —R = —W+A2V




d? 3 3
aess( Lli\) c aess( LA) = Opgss (_ W + Za2A2> = [Z a2A2’ +°°)

0 < bho<thy < <Elh,<-

1‘)5\,11 = eﬁLA4/3 + O(A),e}{: = 92n»erfli = €n+1s

2

; . d
DCKY) = €5 (R), Kt = ——— + |al3|x].

O2n = On+1 aNd Ozp41 = Opiq

¢x € L*(R)
K¢y = exdr, k =0,1,2, ...

Pon(x) = CrAi(|a||x| + g3,),n =0,1,2, ...,
G2n+1(X) = Conyrsgn(0)Ai(|al|x| + o2n41),n = 0,12, ...,

<Ot <O < <03 <0p <0
Ai'(02) = 0
Ai(o2p41) =0
O0<egy<e << -<ep<--
ex = |oyla?
L2(R) = Lj(R) @ Lf (R)
K! = Kb @ KIf

{ertl)r ¢7tl)} = {32nr ¢2n}{ert;' ¢1§} = {32n+1r ¢2n+1}

Ai() = o=z \/Elx1/4 e 5 (1 + 0(x‘3/2))
31 3 5 2/% 31 2/3
- (? (4n+3) + Earctan m) S Opi1 S — (? (4n + 3))
O2n+1 < O2n < O2(n-1)+1
31 3 5 213 31 2/
- (? (4n+3)+ Earctan m) <oy S — (? (4n — 1))

Liy:= A*3U KV UL
Up L3 (R)(Upf) (x): = AV3F(A?3x)

¥ € C5°(R) N Li(R)

LAY(x) = —9" (x) + A?|al®|x|p(x)




A LA e}, Upgsi)
j € CP(R) N L2(R)

J1(0): = j(AY2x)

Jo(x): = /1 —J@0+1i=1

x| < 2/0Y% J; (Ly = Ly)Js = J1(02(V = |alP|xD))y
(L = LNl = (A2 = [alPlxD)i || < Cll i (2x2)) )l = 0(A)€)
00 = AY3e + 0(A) A > 1.
LY = el A*3 + Fi + 0(N),
Fi:=], (LY — e, AY3)PL ],
(. Ly) = enA*3|19)|? + (, Fiy) + 0(A)y € D( L)

Lhn 2 (0, L) = efAY3 +0(0)
1 1
L= Jilhli— ) D2
i=0 i=0
1
Ly = Jo Lo+ Ly + 1 (L — L)L = D (D2
i=0

i (J?
i=0

Ly = LiPA" + LY (1 - Py") = F* + ef A*3PY" + L (1 - PY") = F" + ef A%/5,

=0

F':= (LY — epA*/3)PA%
Ji LY ] = Fi +efAY3 ], 2.
()1 LY 1)y € D( L))
Y € D( L)),y € D(LY)

c d?
V(x) = V(1/AY?) > 117z supp(o) — 7

Jo LhJo = cA3/2(Jp)% = e AY3(J)?,

Lhn < AY3e) + 0().

LY (Unon) = A*eq(Uadhn)-

'al’rtIl:: ]1UA¢1hq




(lpn' 1pm) =8mn+0 (e_CA1/4) ,

LY ), = —(J1 Ly + LY J2) + (12
n + m
(ll)n; L 1pm) = A4/3 (e ‘ )(¢nv¢m) + (UAd)nv Ul)ZUA¢m)
= A*3e} 8pm + 0(A)
(15, L) = (Wi LRWh) + O(A) = A*e}8nn + O{WEY_,

~pyn
(llln, L} lpm) A4/3erhl‘$nm + 0(/\){1/)?]1.:1
i, < A3el +0(h)

Oess (L)) S E a’h?, +00>

Eenefft = sha?e?3 + 0(e),

ff b
Dh:= AL = Ly + R,
Left = 2T,

gsj;lf 1 < #en gef&d (ﬂsn) > Cpé€ 2/3

e i = Egpeff — ¢, e2/3
P -1 —\—1
(ﬂg,n - ge,n eff ) (ﬂi,n - Lg)

i eff b A1
Uen — E¢ min <l/), Ugn — L 1p>.
( en eLf( 2 |[pll=1 ( en s)

Men € p(L2)de(nen) > cre?Pel,

(#in — €50)™" (. (uin = £)"w).

inf
tpELZ(RZ) llwll=1

3+ ¢?
Ein = infoess(L2)infoess (£2) = 77— @

(5 — ben) ™ = (58 =) [ < e

Ein — Eeneff] < ¢/ [EL, — pin||Ecneffb — i, | < o cne®/3|EL, — Ecneffb + ¢, e2/3
< ¢l cne?3|EL, — Epeff] + ¢l c2et/3

Ein = ESM + 0(e3) = spa?e?3 + 0(e).

Ein < info,ss(LY)




gt — g et < gl <P+ Pk =0,.,1n
EMM 4 1P <M — etk =1,..,n
oq(HE) = 04(LE) — a?

Hioe(Qe) = Houm(QMe) + Ty (PNe) + Wiy (@),
Aom(QVe) = Ty + WA™M(QNe) + Ao (QNe, RNY),
Hpo(QVe, RNN) =T, + Wee + Wye (RNN) + Wiy (RNN)

+WMM(QNe)

N. Ny

WM =" wiM(R;,Q),

i=1 j=1
N¢ Ne

=D D, wi(5,Q),

=1 j=1

e—ﬁ(ﬁQM(QNC)’rWNc (QNC))e_ﬁTNC(PNC)
2N ’

C

2@t p) =

Zn, = [ Trom e an(@ I e F Q) Tl gpNeaghe

e~ B(lqm(QN)+Wn (Qe)-uNc) =BT, (PN)

:PGC(QNC PN ) — = ,

eﬁHNc

N!
Nc=0

= TrGC[?eGqC(QNc, PNy,

Q——ll =
=73 og (£).

PEE(Qe PNe) = (@ PNe)peg (@),

) e PON@ T (PY) )
pés (QYe, PNe) = Zou(QMe) =

e—BHqm(Q"¢)
—~N and
Zou(QYe)

Zom(QVe) = Trou {e—ﬁﬂQm(QNc)}_

f)eq(QNC) =

-BEX(Q Nc
(@)= 3, G IR0 @)

Peq(QYe) = PR(QNe)Pei(QNe, RMY),




U ) = [90(Q RN R
pn(QY) =

R O
Z mlm (RM; QYe)) (™ (RNY; @QNe)),
Zom(QYe) = Z e—BERQY)
jiGC(QNc' ch) — pGC(QNC’PNC)ﬁQM(QNC).
o[P%) = U [P55] - 51,7

Uint[PNe] = Troc{p®hou[Hom + Wi, + Ty, — uNc]}
Sint[stc] = —Tch{pGCf)QMlog (chﬁQM)}

Q= rjglégw[ﬁcc],ﬁe%c = argminw[PC¢]

PEE(QY,PNe) = pO(Q, PN (R,

Qmr = m&?‘“[ﬁl\(}lg]rﬂ < Q.
?MF

1
Qvr = min (UN[pN] ——Som [f’N]),
PN ﬂ
Sqmlpn] = —Tr{pylog (pn)},
Un[pn] = Tr{pn[Tn + WER (RN}
WK (RV) = Wiy (RNY) + Wi (RNY),
WRI(R™) = min (falerl + fum[p°C] + f3it'[per ]
+Va [Pet; RNNT + Vi [p9C; RNN])
fel [i)el] = TrQM{ﬁel(Te + V%e)}r
ftm[p©¢] =
Z ﬂ (W,\,c + Ty, — uN: + llog (pGC)> dQNedPNe,
Ne=0 B
Egll\ll\[d[f)elrp(}c] =

[ vee(@e pryrqulpa (@ A agtedrN:

Ne=0

VA [Pei; RNN] = Trom[peiWne (RNV)],




VI\I/\[IM[PGC:RNN,PNC)] =
Z Jf pGe(QNe, PNc) WM (QNe, RNN)d@NedpNe,
Nc=0

wgtt (RW) = mlnw ff[p,n, RNN],

wgl[p, n, R\N] = F [p] + (vNe(RNN) | p) + Fumln]
+(VMM(RMN) | n) + (n[vMM]p).

(MR 1) = [ dQu™(@RIn(@),
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iKO¢f = hegef, fli=o = fo
R = P((Hpo — E)Irans)*P,
®
P= f P(y)dy
]Rm
H = ISHKP;

U, = e Ht/x ¢ € R.
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h&e =T + E + k%v + w¥,
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HgyHe = Hiy (R™) @ Hyy = Hi o, (R™, Hey),

Lr,s = L(H;’K}[eerli,y}[el)

B; = L°(0,T; Hy,)
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= (¥, Vy (Vyw°)>}fel = 2i(yo, Y,y )}fesz g
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0
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ixd,¢ = PH, .
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U, =e At/ t e R

t

_ i _ _
B = —~ f U,_sPT(s)ds

iKat¢ - HP¢ + g("¢l

; t
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wEIFI(®) = — (o, X" RX2Wf (O)ar,, — (Yo, XU RX2W0 fo)s,,)
~(o, X (AT Uy ) (ORXYLfo),,

<¢ X*( JXs+RXX RXf) (t)> . n (lllo.X* (AfXZX*AE{)f) (t)> N

+<l/)°,X (ARXX AXzf) (t)> (1/) X* (ARXX ARXX AX f)(t))
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+ 5 aslg™ (ree) + V;ﬁ;nlw (Tee)

W (reg)¥o(reg) + Yu(reg)¥m(rey)

Wog1 =
Ftr oo
s , = l:bD (rcq)tl’D (Tc‘q) - lpM (rcq)lpM(rEq)
qq,
20-53u0)
1
Wog = (c1(re)Wyga + 2(re)Paq2)

\/Clz (rcc') + C22 (ch’)

+

<€11(7'cc‘) — AE*(re0) —€12(7ce) ) <C1_> -0

—€12(7ce) €22(1ce) — AE * (ree)

1 7
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Hy (ree) + Hp(ree) + 2Hpy (1ee)
2+ 2[Shy (ree)]
Hy(ree) + Hp(ree) — 2Hpy (1ee)
2 = 2[Shu(ree)]
Hp(ree) — Hy(ree)

€12(Tce) =
2y1 =S ()

BO BO
V_,1++ (T'Cg) - V_'1++ (rc€)

f (red) [ex (re) AEE (1)

+ 2
ci (ree) €2—€ €y — €
ctrg) = 1+( cc) _ 622 11i\/1+( 22 11)

c;(ree) 2612 261,

€11(rce) =

€22(1ce) =

+ _ 1

S e
l/’D (rcq)‘/’D (rcq) +Yu (rcq)l/’M (rcq) Yp (rcq)l/’D (rcq) Yum (ch)l/JM (rcq)

(C i(rcf)tpqé.l + lpqé.z)
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o Yy (Teq)om (Teq)
Yp (rcq)‘pD (rcq) + Yy (rcq)ll’M (rcq) Yp (rcq)‘»bD (rcq) Yu (ch)ll)M (rcq)
V2(1 + Spy (+)?) V2(1 = Spy (+0)?)
& Pp (1eq) ¥ (req)

BO _1 o1 -
V_’1++ (TCE) = 6 243 ’ + AE1++ (ch)

cCc

BO 1 1
V+'1++ (ch‘) 6 s — + AEX 1++ (T‘CC) + ks

cc

;pll+n_+ (Yo (rcq)‘/)D (rcq) | sPInE(1+7) |‘/JD (ch)l/JD (rcq»

2

1 (/63 9 81 , 1
= ig ( Ksq(D; 1) — cq(D 3)) +_K qq(D;8) = qq(D 8
Sl[)11}f1-+— (¢M(rCQ)¢M (rcq)|VSpm (T )|¢M(ch)1/’M (rcq))

1 [/63 9 2 1
=i§ ( Keq(M; 1) — cq(M 3)) +TK g(M;8) — qq(M 8)

V;}I\J;’Iii = <¢D (qu)l»bD (r&i) | VsPinE(1+7) W’M (rcq)d’M (rc‘q))

1 (/63 9 281 1
=t (EKC—q(D,M; 1) = 2 Ko (D, M; 3)) + = K2o(D,M;8) = 3 Koqg(D, M;8)

1 1 -
VB§)++ (ree) = e + AElJ;i—r )

C_

1 1
fg++ (rcc) - 6 —Us T'_ + AE 1+ (rcc) + krcc

cc




1
BO + -t
0++ (rcc) : + AE0++ (rcE)

1
_'1_300:; (ree) = + AE + (rcc) + kree
VB, (ree) —1 i+AE' (rec)
—2Ft Tee) = 6“5 " 2++ (Tee

BO 1 1 +
V+ o+t (rcc_) =—-a;,—+ AE2++ (rcf) + kT'Cg
’ 6 Tee
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_BrX -~ y'y)
Br(X - y)

. TCE_
A(X - ll)(')}’) = Tf e_lk.(T rcq)w(lrcfl)qjcéqq(rc& rcq)

Tcol'cq
lpcc'qq(rcrf' rcq) = lpr:c'(lrcc'l)lpq - rcc‘D
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R=CI)1P‘

~ 0.25‘

AX = 9y) A(X = Yy)

Woq(reg TegTee) = Wp(reg)¥n(req)

- _ 1 - Yp (ch)lllD (rc‘q) + Yy (ch)lpm (r€q)
qaat+t = | Cp++(7cc)
’1 + (C1_++)2 \/2(1 + SIZJM(TCCT))

+ ll)D (rcq)lpD (réq) - l/)M (rcq)‘/)M (rC_CI)\
J2(1 — Sy (ree)

C3
Ye® = j;e-ff

Sup(R)= f Pa@Ws(E — R) = f PaPs@ +R) =
n

BVAE® R(Be ™R + Ae™BR) + 145 (e™4R — 7 BR)
R(AZ BZ)Z AZ _ BZ

145 (R) = f Pa@(=V2)pp(E — R) = f YA (=V2)Ps(n + R) =

8(4B)2 2A% + 2B? 24% + 2B?
= —(AZ(_ 3)2)3 (e-BR < — —AB+ B3) —e R ( —— —AB* + A3>

1§ = f Pa@®)(=V2)Pu () = f Pa()(~V3)a(m) = lim lim [47 (R) = 42

18 = f V(6 — R(—V2)pu(E — R) = f Vs (n -+ R)(~V2)ps(n + R) = B

1 1
1) = [ W3 gy = [ WA g = e 2AR(1+AR)
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If(R)=J ¢A(f)¢A(U)m (ﬁ_ _ZAR(A— —+ AR+ A2R2)>
) = | vie-R; —f%(f)lf,”l [rid=—r

) = | vhE - R+ R) = [, wh@whan

T T —R—|

h(R)—f%(f Rz = fwg(af v fwg(f)lf, 7
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) = | WhE - BB R = | e




AB -

77 (R)= JIPA(f)lPB(f R) H L¢A(")¢B("+R) i
VA3B3 R 2B

=4 B <A2 —32 e BR 4 @5 (e 4R — e‘BR)>

AB 1
Ig=(R) =J; Ya(§)pa(m) |E_n_R|1/)B(E_R)1/)B(n+R)
M
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n

8(AB)3/? _pr [(4A% + 20B?
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443 — 20AB>
—e 4R <T + A* + 24%B% — 3B4>>

— 8A4°B + 8B + R(A* - BZ)Z)

2
J4 = f PIEOE = f VA0 = lim limJ2A(R) = =

—AR-0 34

JE = Lwé(f—R)IE—RI - f Y3aIn + R
n

2

pspin — ZKRCS S + ZchS S + ZquS S + ZKCqS S + ZKCqS S

tot
—C

R¢ _ _R
Kaq = Koq

C

Kij =5 ?Cu(Rc)

21 = 1 _
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8 1
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(5152(512)5354(534)5 | 5153 (513)5254(524)5) =

Sl SZ 512
V(2S15 + 1)(2513 + 1) (2534 + 1)(2S54 + 1){53 S 534}
513 SZ4 S
(5152(512)5354(534)5 | 5154(514)5253 (523)5) =
Sl SZ 512
(_1)S3+S4_S34\/(2512 +1)(2S13 + 1)\/(2514 +1)(2S,3 + 1){53 Sy 534}
514 SZ3 S
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FE B R WY S O
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1(c0)o(a®)1) = =5 1(ca)1(€q)o) + 5 1(ca)o (€)1} + NG 1(c@)1(q)1h
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1 1
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=7 (|cOd@D?) - |cO2@D8))
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1 V3 1 V3
[(c8)o(@@)o)o = 2 [(cq)o(Cq)o)o + > [(cq)1(€q)1)o = ) [(€q)o(cq)o)o — > [(€q)1(cq)1)o

V3 1 V3 1
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1) =[cOd@dn?),

OV P10y (O[v P 1)
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: 3
(OIV;P™[0) = =8

27aq
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n
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4
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q
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Keq (43) = Wa©PatDIKeq a0} = 37— SVHO)
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q
4
Keg (B 1) = o (W (1 eq D G0l (1)) = 5o ats 2 3(0)
Mcmy
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1
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Kqq(A,B;8) = (YY) Keg@)Ya(§)a(m) = —

A(X - ypVy) = Tf cos [k (cos n (g— &cos 0)

Tceleq
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d
ou + Z A (%) 0y, u =
k=1
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Avdt A=A

A=H1+iH2,H1=T,H2= T
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§(p) = e
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; icECy, ;
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1(0,x,7) 1 E2 _e2C.Co £2C12C21( )fz

iSEC21
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CONCLUSIONES.

Resulta evidente que las métricas desarrolladas en este trabajo, abonan a la comprension de las premisas

nucleares de la Teoria Cuantica de Campos Relativistas o Curvos, en la medida en que:




Suponemos un campo cuantico indeterminado en el que, interactuan particulas subatomicas aglutinadas
segun su naturaleza, con distintos centros de masa y energia y con trayectorias multideterminantales.

En condiciones gravitacionales, extremas o no, una particula proyectil, sea oscura o estrella, segin las
definiciones recogidas por la TCCR, deforma el espacio — tiempo cuéantico, curvandolo o en su defecto,
generando un agujero negro cuantico. Las meétricas recogidas en este trabajo, permiten explicar
matematicamente, los aspectos tensoriales del campo curvado, asi como y en forma principal, el orbital
de la particula oscura o estrella, a propdsito de la gravedad que la interfiere. Disefiamos mapas
hipotéticos con la finalidad de trazar la trayectoria de la particula deformante y, en consecuencia, de las
particulas orbitales, lo que permite anticipar escenarios de colapso o aniquilacion por colapso. En este
punto es importante precisar, que el propulsor de la particula deformante es en si, su masa y energia,
aunque no converjan al momento del colapso o de la aniquilacion. Las condiciones de extrema gravedad
o gravedad en condiciones no perturbativas, vuelven a la particula deformante, un centro de gravedad
en si mismo, desplazandose por el campo, deformando su entorno e incidiendo en el comportamiento
de las particulas vecinas en las relaciones de interaccion. En la TCCR, usamos, no solamente tensores
para explicar la curvatura, sino operadores, propagadores, osciladores e inyectores relativos no
solamente a la particula deformante sino a las particulas vecinas u orbitales las cuales se ven repercutidas
por la gravedad generada por la particula principal. El escenario de gravedad a escala cuantica, no se
produce necesariamente por excitacion de los estados cuanticos de una particula especifica, sino del
momento mismo de su estado fundamental, provocado por la masa o la energia, que son extremadamente
densas, sin embargo, cualquier particula excitada, es capaz de generar condiciones gravitacionales,
cuando se aniquila o colapsa. El momento angular y el spin de la particula gravitacional y las particulas
orbitales, es incierto, al igual que su conducta vectorial, sin embargo, este trabajo contribuye a precisar
matematicamente el instante exacto de la deformacion del mapa cuantico, para cuyos efectos, hemos
dise;ado planos divergentes de curvatura ademas de establecer modelos matriciales y superoperadores
para describir, la accion gravitacional de la particula oscura o estrella en un momento espec’ifico en el
plano cuéntico. El trabajo aqui desarrolla, cuantiza estas dinamicas, calculando incluso, qubits de

informacion que permitan registrar la gravedad intersecando el plano cuantico en el que se despliega.
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