
 

pág. 13161 

  

APROXIMACIONES DE BORN-OPPENHEIMER Y  

HARTREE-FOCK APLICADAS A CAMPOS 

CUÁNTICOS RELATIVISTAS. VOLUMEN III 
 

BORN-OPPENHEIMER AND HARTREE-FOCK 

APPROXIMATIONS APPLIED TO RELATIVISTIC 

QUANTUM FIELDS. VOLUME III. 
 

Manuel Ignacio Albuja Bustamante  
Investigador Independiente 

 

 



 

pág. 13162 

DOI: https://doi.org/10.37811/cl_rcm.v9i5.20534 

APROXIMACIONES DE BORN-OPPENHEIMER Y  HARTREE-FOCK 

APLICADAS A CAMPOS CUÁNTICOS RELATIVISTAS. VOLUMEN 

III. 
 

Manuel Ignacio Albuja Bustamante1 

ignaciomanuelalbujabustamante@gmail.com 

https://orcid.org/0009-0005-0115-767X 

Investigador Independiente 

 

RESUMEN 

En trabajos anteriores, este autor ha procurado formalizar matemáticamente y proponer las leyes 

relativas a la Teoría Cuántica de Campos Relativistas o Curvos, cuya finalidad, es reconciliar la 

relatividad general y la mecánica cuántica. Para abonar aún más a la consecución del objetivo antes 

referido, es indispensable acudir a la química cuántica, y muy concretamente a las métricas de Born-

Oppenheimer y Hartree-Fock, en la medida en que, la primera desarrolla un escenario relativista a escala 

atómica y molecular en tanto que la segunda explica perfectamente las trayectorias orbitales 

moleculares, las cuales, en términos generales, son conceptos de muchísima utilidad para la TCCR toda 

vez que coadyuvan, por extrapolación, a configurar desde la química cuántica, el modelo de deformación 

del espacio – tiempo cuántico, por acción gravitacional de las partículas subatómicas estrella u oscuras, 

o por interacción de éstas, con los campos supergravitónico o gravitónico, según sea el caso, esto es, por 

interacción con el gravitón o el gravitino o supergravitón, según corresponda. 

 

Palabras Clave: química cuántica, aproximación de Born-Oppenheimer, aproximación de Hartree-

Fock, teoría cuántica de campos relativistas o curvos. 
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BORN-OPPENHEIMER AND HARTREE-FOCK APPROXIMATIONS 

APPLIED TO RELATIVISTIC QUANTUM FIELDS. VOLUME III. 
 

ABSTRACT 

In previous works, this author has tried to mathematically formalize and propose the laws related to the 

Quantum Theory of Relativistic or Curved Fields, whose purpose is to reconcile general relativity and 

quantum mechanics. To further contribute to the achievement of the aforementioned objective, it is 

essential to resort to quantum chemistry, and very specifically to the Born-Oppenheimer and Hartree-

Fock metrics, insofar as the former develops a relativistic scenario at the atomic and molecular scale 

while the latter perfectly explains the molecular orbital trajectories, which,  in general terms, they are 

very useful concepts for TCCR since they contribute, by extrapolation, to configure from quantum 

chemistry, the model of deformation of quantum space-time, by gravitational action of star or dark 

subatomic particles, or by interaction of these, with supergravitonic or gravitonic fields, as the case may 

be.  that is, by interaction with the graviton or the gravitino or supergraviton, as appropriate. 

 

Keywords: quantum chemistry, Born-Oppenheimer approximation, Hartree-Fock approximation, 

quantum theory of relativistic or curved fields. 
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INTRODUCCIÓN. 

En sentido estricto, la aproximación de Born-Oppenheimer, propone un factor que viene a ser 

determinante para la TCCR, y es, la incidencia del núcleo respecto del electrón, esto es, que el primero, 

al ser más denso que el segundo, es decir, que al tener mayor masa, repercute en el movimiento y por 

ende, en la velocidad del electrón, razón por la cual, el núcleo se acopla al electrón y viceversa, 

comportándose el núcleo, de forma estática en tanto que el electrón, actúa como una nube de carga, 

leyendo la posición estática del núcleo en el campo. Es en este contexto, a propósito del diferencial de 

masas, que la TCCR cobra mayor rigor matemático en razón a la interacción de la partícula estrella u 

oscura con las partículas orbitales o repercutidas.  

Ahora bien, la aproximación de Hartree-Fock, también resulta vinculante a la TCCR, en la medida en 

que, en química cuántica, determina los orbitales moleculares, premisa superior que a escala subatómica, 

aplica, a propósito de la existencia de campos cuánticos curvos o deformados por la gravedad, en los 

que, los orbitales de las partículas subatómicas se ven metamorfoseados, para lo cual, extrapolaremos 

las ecuaciones de multideterminantal de Slater.  

Entiéndase que las partículas oscuras o estrella, muestran estados fundamentales pues accionan 

gravedad, en tanto que, las partículas orbitales o repercutidas, muestran estados excitados por influjo 

gravitacional, a propósito de las bases formales de la TCCR propuestas por este autor en trabajos previos. 

La gravedad y supergravedad a escala cuántica son en sí, interacciones normales o extremas, según sea 

el caso, entre uno y varios cuerpos subatómicos a razón de sus centros de masa – energía. 

RESULTADOS Y DISCUSIÓN. 

Aproximación de Hartree-Fock para campos cuánticos relativistas o curvos. Modelo Matemático. 

ℌ(𝑁): = {Ψ ∈ 𝔥⊗𝑁 ∣ ∀𝜋 ∈ 𝑆𝑁:Ψ(𝑥𝜋) = (−1)
𝜋Ψ(𝑥)}  

𝐻𝑁(𝑍, 𝑅):= ∑  

𝑁

𝑛=1

  {−Δ𝑛 −∑  

𝐾

𝑘=1

 
𝑍𝑘

|𝑥⃗𝑛 − 𝑅⃗⃗𝑘|
} + ∑  

1≤𝑚<𝑛≤𝑁

 
1

|𝑥⃗𝑚 − 𝑥⃗𝑛|
.  

𝒮∧𝑁:= 𝒮⊗𝑁 ∩ ℌ(𝑁) 

𝐸gs(𝑁) ≡ 𝐸gs(𝑁, 𝑍, 𝑅):= inf𝜎(𝐻𝑁) 

𝐸gs(𝑁) = inf{⟨Ψ ∣ 𝐻𝑁Ψ⟩ ∣ Ψ ∈ ℌ
(𝑁), ‖Ψ‖ = 1}  

https://es.wikipedia.org/wiki/Hartree-Fock
https://es.wikipedia.org/wiki/Hartree-Fock
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𝑓1 ∧ 𝑓2 ∧ ⋯∧ 𝑓𝑁:=
1

√𝑁!
∑  

𝜋∈𝒮𝑁

  (−1)𝜋𝑓𝜋(1)⊗𝑓𝜋(2)⊗⋯⊗𝑓𝜋(𝑁)  

𝔥 = 𝐿2(ℝ3 × {↑, ↓}),  

𝐸HF(𝑁):= inf {⟨Φ(𝑓) ∣ 𝐻𝑁Φ(𝑓)⟩ ∣ 𝑓1, … , 𝑓𝑁 ∈ 𝔥, ⟨𝑓𝑖 ∣ 𝑓𝑗⟩𝔥
= 𝛿𝑖,𝑗}  

ℰHF(𝑓) ∶= ⟨Φ(𝑓) ∣ 𝐻𝑁Φ(𝑓)⟩

 =∑  

𝑁

𝑖=1

  ⟨𝑓𝑖 ∣ ℎ𝑓𝑖⟩𝔥 +
1

2
∑  

𝑁

𝑖,𝑗=1

  ⟨𝑓𝑖 ∧ 𝑓𝑗 ∣ 𝑉(𝑓𝑖 ∧ 𝑓𝑗)⟩𝔥⊗𝔥
,

 

ℎ:= −Δ −∑  

𝐾

𝑘=1

𝑍𝑘|𝑥⃗ − 𝑅⃗⃗𝑘|
−1

 

ℰHF(𝑓) = 𝑇(𝑓) − 𝑈 (𝜌𝑓) +
1

2
𝐷 (𝜌𝑓) −

1

2
𝑋 (𝛾𝑓)  

𝑇(𝑓):= ∑  

𝜏=↑,↓

 ∑  

𝑁

𝑖=1

 ∫  |∇⃗⃗⃗𝑓𝑖(𝑥⃗, 𝜏)|
2
𝑑3𝑥, 𝑈(𝜌):= ∑  

𝐾

𝑘=1

 ∫  
𝑍𝑘𝜌(𝑥⃗)

|𝑥⃗ − 𝑅⃗⃗𝑘|
𝑑3𝑥,  

𝐷(𝜌):= ∬  
𝜌(𝑥⃗)𝜌(𝑦⃗)𝑑3𝑥𝑑3𝑦

|𝑥⃗ − 𝑦⃗|
, 𝑋(𝛾): = ∬ 

|𝛾(𝑥⃗, 𝑦⃗)|2𝑑3𝑥𝑑3𝑦

|𝑥⃗ − 𝑦⃗|
,  

𝛾𝑓(𝑥⃗, 𝑦⃗): = ∑  

𝜏=↑,↓

∑ 

𝑁

𝑖=1

𝑓𝑖(𝑥⃗, 𝜏)𝑓𝑖(𝑦⃗, 𝜏) 

𝜌𝑓(𝑥⃗):= 𝛾𝑓(𝑥⃗, 𝑥⃗) 

𝐸HF(𝑍) = 𝐸TF(𝑍, 𝑍𝑧, 𝑅(𝑍)) +
𝑍2

4
∑  

𝐾

𝑘=1

  𝑧𝑘
2 + 𝒪(𝑍5/3),  

𝑍2

4
∑  

𝐾

𝑘=1

𝑧𝑘
2 

ℰHF (𝑓
(HF)) ≤ 𝐸HF(𝑁) + 𝜀 

⟨𝑓𝑖 ∣ 𝑓𝑗⟩𝔥 = 𝛿𝑖,𝑗 

𝑐𝑍7/3 ≤ 𝑇 (𝑓(HF)) , 𝑈(𝜌HF), 𝐷(𝜌HF) ≤ 𝐶𝑍
7/3

𝑐𝑍5/3 ≤ 𝑋(𝛾HF) ≤ 𝐶𝑍
5/3

 

⟨𝑓𝑖 ∣ 𝑓𝑗⟩𝔥 = 𝛿𝑖,𝑗 
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𝑓(HF) = (𝑓1
(HF)

, … , 𝑓𝑁
(HF)

) 

ℎHF [𝑓
(HF)] 𝑓𝑖

(HF)
= 𝑒𝑖𝑓𝑖

(HF)
,  

(ℎHF[𝑓]𝑔) [𝑥⃗, 𝜏]: =

 (ℎ𝑔)[𝑥, 𝜏] + (∫  
𝜌𝑓(𝑦⃗)𝑑

3𝑦

|𝑥⃗ − 𝑦⃗|
)𝑔(𝑥⃗, 𝜏) − ∫  

𝛾𝑓(𝑥⃗, 𝑦⃗)𝑔(𝑦⃗, 𝜏)𝑑
3𝑦

|𝑥⃗ − 𝑦⃗|
.

 

ℌ(𝑁): =⋀  

𝑁

 𝔥: = span{𝑓1 ∧⋯∧ 𝑓𝑁 ∣ 𝑓1, … , 𝑓𝑁 ∈ 𝔥} 
‖⋅‖ ⊆ 𝔥⊗𝑁,  

𝔉 ≡ 𝔉[𝔥]:=⨁ 

∞

𝑁=0

 ℌ(𝑁),  

Π𝑘
(𝑁)[𝑓1⊗⋯⊗𝑓𝑁]: = 𝑓𝑘⊗𝑓1⊗⋯⊗𝑓𝑘−1⊗𝑓𝑘+1⊗⋯⊗𝑓𝑁,

Π𝑖,𝑗
(𝑁)[𝑓1⊗⋯⊗𝑓𝑁]: =

 𝑓𝑖⊗𝑓𝑗⊗𝑓1⊗⋯⊗𝑓𝑖−1⊗𝑓𝑖+1⊗⋯⊗𝑓𝑗−1⊗𝑓𝑗+1⊗⋯⊗𝑓𝑁

 

 

ℌ(𝑁)ℎ0:= 𝑉0:= 0, ℎ1:= ℎ, 𝑉1: = 0 

ℎ𝑁 ∶=∑  

𝑁

𝑖=1

 (Π𝑖
(𝑁)
)
∗
(ℎ ⊗ 𝟏⊗(𝑁−1))Π𝑖

(𝑁)

𝑉𝑁 ∶= 2 ∑  

1≤𝑖<𝑗≤𝑁

  (Π𝑖,𝑗
(𝑁)
)
∗
(𝑉 ⊗ 𝟏⊗(𝑁−2))Π𝑖,𝑗

(𝑁)

𝐻𝑁 ∶= ℎ𝑁 +
1

2
𝑉𝑁

 

ℎ = −Δ𝑥 − ∑  𝐾
𝑘=1 𝑍𝑘 ∣ 𝑥⃗ − 𝑅⃗⃗𝑘|

−1
 and 𝑉 = |𝑥⃗ − 𝑦⃗|−1 

𝕙:=⨁ 

∞

𝑁=0

 ℎ𝑁 , 𝕍:=⨁ 

∞

𝑁=0

 𝑉𝑁, ℍ:=⨁ 

∞

𝑁=0

 𝐻𝑁 = 𝕙 +
1

2
𝕍,  

ℍ𝜇: = ℍ − 𝜇ℕ ≥ 𝜇𝑍 − ∑  

1≤𝑘<ℓ≤𝐾

 𝑍𝑘𝑍ℓ|𝑅𝑘 − 𝑅ℓ|
−1

 

ℕ:=⨁ 

∞

𝑁=0

 𝑁 ⋅ 𝟏ℌ(𝑁)  

‖𝑉𝑓‖𝔥 ≤ 𝜀‖ℎ𝑓‖𝔥 + 𝑏𝜀‖𝑓‖𝔥 

𝜓𝑁 ∈ ℌ
(𝑁) 

⟨Ψ ∣ ℍΨ⟩ = Tr𝔉(ℍ|Ψ⟩⟨Ψ|) 
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|Ψ⟩⟨Ψ| ∈ ℬ(𝔉) 

𝔇𝔐:= {𝜌 ∈ ℒ1(𝔉) ∣ 𝜌 ≥ 0, Tr𝔉(𝜌) = 1, 𝜌 is even },  

𝜙 ∈ ℌ(𝑚) and 𝜓 ∈ ℌ(𝑛) 

𝜌 ∈ 𝔇𝔐 

𝜌 =∑  

∞

𝜈=1

𝑟𝜈|Ψ𝜈⟩⟨Ψ𝜈| 

𝔇𝔐(𝑁): = {𝜌 ∈ 𝔇𝔐 ∣ 𝜌ℕ = ℕ𝜌 = 𝑁 ⋅ 𝜌},  

𝔇𝔐 ⊆ ℒ1(𝔉) 

|Ψ⟩⟨Ψ| ∈ 𝔇𝔐 

𝐸gs(𝑁) = inf{Tr𝔉(𝜌ℍ) ∣ 𝜌 ∈ 𝔇𝔐
(𝑁), ⟨ℍ⟩𝜌 < ∞},  

⟨𝐴⟩𝜌: = Tr𝔉(𝜌
1/2𝐴𝜌1/2).  

𝐸gs: = inf
𝑁∈ℤ+

 𝐸gs(𝑁) = inf{Tr𝔉(𝜌ℍ𝜇) ∣ 𝜌 ∈ 𝔇𝔐, ⟨ℍ⟩𝜌 < ∞}  

𝑐∗(𝑓): ℌ(0) → ℌ(1) 

𝑐∗(𝑓)Ω:= 𝑓 

𝑐∗(𝑓): ℌ(𝑁) → ℌ(𝑁+1) 

𝑐∗(𝑓)[𝑓1 ∧ ⋯∧ 𝑓𝑁]:= 𝑓 ∧ 𝑓1 ∧⋯∧ 𝑓𝑁  

𝔉‖𝑐∗(𝑓)‖ℬ(𝔉) = ‖𝑓‖𝔥𝑐
∗(𝑓) ∈ ℬ(𝔉) 

ℌ(𝑁)  = span{𝑐∗(𝑓1)⋯ 𝑐
∗(𝑓𝑁)Ω ∣ 𝑓1, … , 𝑓𝑁 ∈ 𝔥}

‖⋅‖ and 

𝔉 = span{𝑐∗(𝑓1)⋯ 𝑐
∗(𝑓𝑁)Ω ∣ 𝑁 ∈ ℤ0

+, 𝑓1, … , 𝑓𝑁 ∈ 𝔥}
‖⋅‖,

 

𝔉fin [𝔰]: = span{𝑐
∗(𝑓1)⋯ 𝑐

∗(𝑓𝑁)Ω ∣ 𝑁 ∈ ℤ0
+, 𝑓1, … , 𝑓𝑁 ∈ 𝔰} ⊆ 𝔉[𝔥]  

𝑐(𝑓): = [𝑐∗(𝑓)]∗ ∈ ℬ(𝔉) 

𝔥 ∋ 𝑓 ↦ 𝑐(𝑓) ∈ ℬ(𝔉) 

{𝑐∗(𝑓), 𝑐(𝑓)}𝑓∈𝔥 ⊆ ℬ(𝔉) 

{𝑐(𝑓), 𝑐∗(𝑔)} = ⟨𝑓 ∣ 𝑔⟩𝔥 ⋅ 𝟏𝔉  and  𝑐(𝑓)Ω = 0  

{𝑓𝑗}𝑗=1
∞

⊆ 𝔰 ⊆ 𝔥 
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ℕ =∑  

∞

𝑗=1

  𝑐∗(𝑓𝑗)𝑐(𝑓𝑗), 𝕙 = ∑  

∞

𝑗,𝑘=1

  ⟨𝑓𝑗 ∣ ℎ𝑓𝑘⟩𝑐
∗(𝑓𝑗)𝑐(𝑓𝑘)

𝕍 = ∑  

∞

𝑖,𝑗,𝑘,ℓ=1

  ⟨𝑓𝑖⊗𝑓𝑗 ∣ 𝑉(𝑓𝑘⊗𝑓ℓ)⟩𝑐
∗(𝑓𝑖)𝑐

∗(𝑓𝑗)𝑐(𝑓ℓ)𝑐(𝑓𝑘)

 

⟨𝑔 ∣ 𝛾𝜌
(1)
𝑓⟩
𝔥
∶= Tr𝔉[𝜌𝑐

∗(𝑓)𝑐(𝑔)],

⟨𝑔1⊗𝑔2 ∣ 𝛾𝜌
(2)(𝑓1⊗𝑓2)⟩

𝔥⊗𝔥
∶= Tr𝔉[𝜌𝑐

∗(𝑓1)𝑐
∗(𝑓2)𝑐(𝑔2)𝑐(𝑔2)],

 

⟨ℕ2⟩𝜌: = Tr𝔉[𝜌ℕ
2] < ∞ 

𝛾𝜌
(1)
∈ ℒ1(𝔥) and 𝛾𝜌

(2)
∈ ℒ1(𝔥⊗ 𝔥) 

Tr𝔥 [𝛾𝜌
(1)
] = ⟨ℕ⟩𝜌  and  Tr𝔥⊗𝔥 [𝛾𝜌

(2)
] = ⟨ℕ2 − ℕ⟩𝜌.  

0 ≤ 𝛾𝜌
(1)
≤ 𝟏𝔥  and  0 ≤ 𝛾𝜌

(2)
≤ (𝑁 − 1)𝟏𝔥⊗𝔥.  

⟨ℍ⟩𝜌 = ℰ𝑄 (𝛾𝜌
(1)
, 𝛾𝜌
(2)
) := Tr𝔥 [ℎ𝛾𝜌

(1)
] +

1

2
Tr𝔥⊗𝔥 [𝑉𝛾𝜌

(2)
] .  

⟨𝑔 ∣ 𝛾𝜌
(1)
𝑓⟩
𝔥
=

1

𝑁 − 1
∑  

∞

𝑗=1

  ⟨𝑔 ⊗ 𝑓𝑗 ∣ 𝛾𝜌
(2)
(𝑓 ⊗ 𝑓𝑗)⟩

𝔥⊗𝔥
,  

𝜌(𝑓) = |Φ(𝑓)⟩⟨Φ(𝑓)| ∈ 𝔇𝔐(𝑁) 

Φ(𝑓) = 𝑓1 ∧⋯∧ 𝑓𝑁 

𝛾𝜌(𝑓)
(1)

=∑ 

𝑁

𝑖=1

  |𝑓𝑖⟩⟨𝑓𝑖|  

𝛾𝜌(𝑓)
(2)

= ∑  

𝑁

𝑖,𝑗=1

  |𝑓𝑖 ∧ 𝑓𝑗⟩⟨𝑓𝑖 ∧ 𝑓𝑗| = (𝟏 − Ex) (𝛾𝜌(𝑓)
(1)

⊗𝛾𝜌(𝑓)
(1)
) ,  

⟨Φ(𝑓) ∣ 𝐻𝑁Φ(𝑓)⟩  = ℰ𝑄 (𝛾𝜌(𝑓)
(1)
(𝟏 − Ex) (𝛾𝜌(𝑓)

(1)
⊗𝛾𝜌(𝑓)

(1)
))

 = Tr𝔥 [ℎ𝛾𝜌(𝑓)
(1)
] +

1

2
Tr𝔥⊗𝔥 [𝑉(𝟏 − Ex) (𝛾𝜌(𝑓)

(1)
⊗𝛾𝜌(𝑓)

(1)
)]

 

𝐸HF(𝑁) = inf{ℰHF(𝛾) ∣ 𝛾 = 𝛾
∗ ∈ ℒ1(𝔥), Tr(𝛾) = 𝑁, 𝛾 = 𝛾2},  

ℰHF(𝛾) = Tr𝔥[ℎ𝛾] +
1

2
Tr𝔥⊗𝔥[𝑉(𝟏 − Ex)(𝛾 ⊗ 𝛾)].  

𝐸HF(𝑁) = inf{ℰHF(𝛾) ∣ 𝛾 ∈ ℒ
1(𝔥), Tr(𝛾) = 𝑁, 0 ≤ 𝛾 ≤ 𝟏𝔥}.  
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𝛾0 =∑  

𝐽

𝑗=1

 𝜆𝑗|𝑓𝑗⟩⟨𝑓𝑗|  and  ℰHF(𝛾0) =∑  

𝐽

𝑖=1

 𝜆𝑖ℎ𝑖 +
1

2
∑  

𝐽

𝑖,𝑗=1

 𝜆𝑖𝜆𝑗𝑉𝑖,𝑗,  

ℎ𝑖: = ⟨𝑓𝑖 ∣ ℎ𝑓𝑖⟩ 

𝑉𝑖,𝑗: = ⟨𝑓𝑖 ∧ 𝑓𝑗 ∣ 𝑉(𝑓𝑖 ∧ 𝑓𝑗)⟩ > 0 

 

∑ 

𝐽

𝑗=1

𝜆𝑗 = 𝑁 

𝛾𝛿: = (𝜆𝑝 + 𝛿)|𝑓𝑝⟩⟨𝑓𝑝| + (𝜆𝑞 − 𝛿)|𝑓𝑞⟩⟨𝑓𝑞| + ∑  

𝑗∈ℤ+∖{𝑝,𝑞}

 𝜆𝑗|𝑓𝑗⟩⟨𝑓𝑗|.  

min{ℰHF(𝛾𝑟), ℰHF(𝛾−𝑟)} < ℰHF(𝛾0) 

𝛾(𝜏1, … , 𝜏𝐽) =∑  

𝐽

𝑗=1

𝜏𝑗|𝑓𝑗⟩⟨𝑓𝑗| 

∑ 

𝐽

𝑗=1

𝜏𝑗 = 𝑁 

∑  

𝑁

𝑛=1

|𝐺𝑗
(𝑛)
|
2
= 𝜆𝑗 

𝑔𝑛
(𝜃)
: = ∑  

𝐽

𝑗=1

  𝑒2𝜋𝑖𝜃𝑗𝐺𝑗
(𝑛)
𝑓𝑗 ∈ 𝔥,  

Φ(𝑔(𝜃)) = 𝑔1
(𝜃)
∧⋯∧ 𝑔𝑁

(𝜃)
∈ ℌ(𝑁) 

⟨Φ (𝑔(𝜃)) ∣ 𝐻𝑁Φ(𝑔
(𝜃))⟩

 = ∑  

𝑁

𝑛=1

  ⟨𝑔𝑛
(𝜃)
∣ ℎ𝑔𝑛

(𝜃)
⟩
𝔥
+
1

2
∑  

𝑁

𝑚,𝑛=1

  ⟨𝑔𝑚
(𝜃)
∧ 𝑔𝑛

(𝜃)
∣ 𝑉 (𝑔𝑚

(𝜃)
∧ 𝑔𝑛

(𝜃)
)⟩
𝔥⊗𝔥

.
 

𝔼𝜃[𝐹]:= ∫  
1

0

⋯∫  
1

0

𝐹(𝜃)𝑑𝜃1⋯𝑑𝜃𝐽 

𝔼𝜃 [𝑒
2𝜋𝑖(Θ𝑗−Θ𝑘)] = 𝛿𝑗,𝑘 
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𝔼𝜃 [∑  

𝑁

𝑛=1

  ⟨𝑔𝑛
(Θ)
∣ ℎ𝑔𝑛

(Θ)
⟩
𝔥
] = ∑  

𝑁

𝑛=1

  ∑  

𝐽

𝑗,𝑘=1

 𝔼𝜃 [𝑒
2𝜋𝑖(Θ𝑗−Θ𝑘)] 𝐺𝑗

(𝑛)
𝐺𝑘
(𝑛)
⟨𝑓𝑗 ∣ ℎ𝑓𝑘⟩𝔥

=∑ 

𝐽

𝑗=1

 (∑  

𝑁

𝑛=1

  |𝐺𝑗
(𝑛)
|
2
) ⟨𝑓𝑗 ∣ ℎ𝑓𝑗⟩𝔥

=∑ 

𝐽

𝑗=1

 𝜆𝑗ℎ𝑗

 

𝔼𝜃 [𝑒
2𝜋𝑖(Θ𝑖+Θ𝑗−Θ𝑘−Θℓ)] = (𝛿𝑖,𝑘𝛿𝑗,ℓ + 𝛿𝑖,ℓ𝛿𝑗,𝑘) 

𝔼𝜃 [ ∑  

𝑁

𝑚,𝑛=1

  ⟨𝑔𝑚
(Θ)
∧ 𝑔𝑛

(Θ)
∣ 𝑉 (𝑔𝑚

(Θ)
∧ 𝑔𝑛

(Θ)
)⟩
𝔥⊗𝔥

]

 = ∑  

𝑁

𝑚,𝑛=1

  ∑  

𝐽

𝑖,𝑗,𝑘,ℓ=1

 𝔼𝜃 [𝑒
2𝜋𝑖(Θ𝑖+Θ𝑗−Θ𝑘−Θℓ)]

 𝐺𝑖
(𝑚)
𝐺𝑗
(𝑛)
𝐺𝑘
(𝑚)
𝐺ℓ
(𝑛)
⟨𝑓𝑖 ∧ 𝑓𝑗 ∣ 𝑉(𝑓𝑘 ∧ 𝑓ℓ)⟩𝔥⊗𝔥

 = ∑  

𝑁

𝑚,𝑛=1

  ∑  

𝐽

𝑖,𝑗=1

  (|𝐺𝑖
(𝑚)
|
2
|𝐺𝑗
(𝑛)
|
2
− 𝐺𝑗

(𝑚)
𝐺𝑖
(𝑛)
𝐺𝑖
(𝑚)
𝐺𝑗
(𝑛)
)𝑉𝑖,𝑗

 = ∑  

𝐽

𝑖,𝑗=1

 𝜆𝑖𝜆𝑗𝑉𝑖,𝑗 − ∑  

𝐽

𝑖,𝑗=1

  |∑  

𝑁

𝑛=1

 𝐺𝑖
(𝑛)
𝐺𝑗
(𝑛)
|

2

𝑉𝑖,𝑗 ≤ ∑  

𝐽

𝑖,𝑗=1

 𝜆𝑖𝜆𝑗𝑉𝑖,𝑗

 

𝔼𝜃 [⟨Φ (𝑔
(Θ)) ∣ 𝐻𝑁Φ(𝑔

(Θ))⟩] ≤ ℰaux (𝛾0)  

⟨Φ (𝑔(𝜃)) ∣ 𝐻𝑁Φ(𝑔
(𝜃))⟩ ≤ ℰaux (𝛾0) 

𝐸HF(𝑁) ≤ 𝐸aux (𝑁) 

𝛾 ∈ ℒ1(𝔥) that obeys 0 ≤ 𝛾 ≤ 𝟏𝔥,  

(ℎHF[𝛾]𝑔)[𝑥⃗, 𝜏]: =

 (ℎ𝑔)[𝑥⃗, 𝜏] + (∫  
𝜌𝛾(𝑦⃗)𝑑

3𝑦

|𝑥⃗ − 𝑦⃗|
)𝑔(𝑥⃗, 𝜏) − ∫  

𝛾(𝑥⃗, 𝑦⃗)𝑔(𝑦⃗, 𝜏)𝑑3𝑦

|𝑥⃗ − 𝑦⃗|

 

𝜌𝛾(𝑥⃗):= 𝛾(𝑥⃗, 𝑥⃗) 

𝛾(𝑥⃗, 𝑦⃗) = ∑  

𝜏=↑,↓

𝛾(𝑥⃗, 𝜏, 𝑦⃗, 𝜏) 

𝛾𝑓: = ∑  

𝑁

𝑛=1

|𝑓𝑛⟩⟨𝑓𝑛| 

Tr𝔥 [𝛾𝑓] < 𝑁 
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𝜌av ∶= 𝔼𝜃 (|Φ(𝑔
(Θ))⟩ ⟨Φ(𝑔(Θ))|)

 = ∫  
1

0

 ⋯∫  
1

0

  |Φ (𝑔(𝜃))⟩ ⟨Φ(𝑔(𝜃))| 𝑑𝜃1⋯𝑑𝜃𝐽 ∈ 𝔇𝔐
(𝑁)

 

𝛾𝜌av
(2)
≤ (𝟏 − Ex) (𝛾𝜌av

(1)
⊗𝛾𝜌av

(1)
) ,  

𝔉 =⨁ 

∞

𝑁=0

ℌ(𝑁) 

𝜌 =⨁ 

∞

𝑁=0

𝜌𝑁 ∈ 𝔇𝔐 

𝐴∗(𝑓1⊕ j𝑓2):= 𝑐
∗(𝑓1) + 𝑐(𝑓2) ∈ ℬ(𝔉),  

𝐹 = 𝑓1⊕ 𝐣𝑓2 ∈ 𝔥⊕ 𝔥 

𝐴(𝐹) = 𝐴∗( J𝐹)  and  {𝐴(𝐹), 𝐴∗(𝐺)} = ⟨𝐹 ∣ 𝐺⟩𝔥⊕𝔥  

J: 𝔥 ⊕ 𝔥 → 𝔥⊕ 𝔥 

J(𝑓1⊕ j𝑓2):= 𝑓2⊕ j𝑓1 

𝔥⊕ 𝔥 ∋ 𝐹 ↦ 𝐴∗(𝐹) 

𝔥 → 𝔥∗, |𝑓⟩ ↦ ⟨𝑓| 

(j1𝑓)(𝑥): = 𝑓(𝑥) and (j2𝑓)(𝜉):= 𝑓(𝜉) 

Tr𝔉[𝜌𝐴
∗(𝐹1)⋯𝐴

∗(𝐹2𝑘−1)] = 0 

Tr𝔉[𝜌𝐴
∗(𝐹1)⋯𝐴

∗(𝐹2𝑘)] 

𝐹𝑗 = 𝑓𝑗⊕0 

𝐹 ∈ 𝔥⊕ 𝔥 

ℒ
ℕ𝑘
1 (𝔉):= {𝜌 ∈ ℒ1(𝔉) ∣ (ℕ𝑘/2𝜌ℕ𝑘/2) ∈ ℒ1(𝔉)} ⊆ ℒ1(𝔉)  

‖𝜌‖ℕ𝑘: = Tr𝔉 ∣ (ℕ + 𝟏)
𝑘/2𝜌(ℕ + 1)  𝑘/2 ∣ 

𝔇𝔐ℕ𝑘:= 𝔇𝔐∩ ℒ
ℕ𝑘
1 (𝔉) 

(𝑘 − 𝑔𝑅𝐷𝑀)Γ𝜌
(𝑘)
∈ ℬ((𝔥 ⊕ 𝔥)⊗𝑘) 

⟨𝐺1⊗⋯⊗𝐺𝑘 |Γ𝜌
(𝑘)(𝐹1⊗⋯⊗𝐹𝑘)⟩

∶= Tr𝔉[𝜌𝐴
∗(𝐹1)⋯𝐴

∗(𝐹𝑘)𝐴(𝐺𝑘)⋯𝐴(𝐺1)]
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(𝑘 − 𝑅𝐷𝑀)𝛾𝜌
(𝑘)
∈ ℬ(𝔥⊗𝑘) 

⟨𝑔1⊗⋯⊗𝑔𝑘 ∣ 𝛾𝜌
(𝑘)
(𝑓1⊗⋯⊗𝑓𝑘)⟩

∶= ⟨(
𝑔1
0
)⊗⋯⊗ (

𝑔𝑘
0
) | Γ𝜌

(𝑘)
[(
𝑓1
0
)⊗⋯⊗ (

𝑓𝑘
0
)]⟩

 

⟨𝑔 ∣ 𝛼𝜌(j𝑓)⟩: = Tr𝔉[𝜌𝑐(𝑓)𝑐(𝑔)]  

𝛼𝜌
∗ = −j𝛼𝜌j  

Γ𝜌
(1)

 : 𝔥⊕ 𝔥 → 𝔥⊕ 𝔥 

⟨𝐺 ∣ Γ𝜌
(1)
𝐹⟩
𝔥⊕𝔥

= Tr𝔉[𝜌𝐴
∗(𝐹)𝐴(𝐺)]  

Γ𝜌
(1)
= (

𝛾𝜌
(1)

𝛼𝜌

𝛼𝜌
∗ 𝟏 − j𝛾𝜌

(1)
j
) = (

𝛾𝜌
(1)

𝛼𝜌

−j𝛼𝜌j 𝟏 − j𝛾𝜌
(1)
j
)  

⟨𝑔 ∣ 𝛾𝜌
(1)
𝑓⟩ = Tr𝔉[𝜌𝑐

∗(𝑓)𝑐(𝑔)] 

JΓ𝜌
(1)
J = 𝟏 − Γ𝜌

(1)
 

(
𝛾𝜌
(1)
− (𝛾𝜌

(1)
)
2
− 𝛼𝜌𝛼𝜌

∗ 𝛾𝜌
(1)
𝛼𝜌 − 𝛼𝜌j𝛾𝜌

(1)
j

[𝛾𝜌
(1)
𝛼𝜌 − 𝛼𝜌j𝛾𝜌

(1)
j]
∗

j [𝛾𝜌
(1)
− (𝛾𝜌

(1)
)
2
− 𝛼𝜌𝛼𝜌

∗] j
) = Γ𝜌

(1)
− (Γ𝜌

(1)
)
2
≥ 0  

Tr𝔥[𝛼𝜌
∗𝛼𝜌] ≤ Tr𝔥 [𝛾𝜌

(1)
− (𝛾𝜌

(1)
)
2
] 

Γ𝜌
(1)
− (Γ𝜌

(1)
)
2
∈ ℒ1(𝔥⊕ 𝔥) 

Γ𝜌∼
(1)
− (Γ𝜌

(1)
)
2
 

Γ𝜌
(1)
=∑ 

∞

𝑖=1

𝜆̃𝑖|𝐹𝑖⟩⟨𝐹𝑖| 

{𝐹𝑖}𝑖=1
∞ ⊆ 𝔥⊕ 𝔥 

𝐹𝑖 = 𝑓𝑖
′⊕ j𝑓𝑖

′′Γ𝜌
(1)

 

JΓ𝜌
(1)
J = 1 − Γ𝜌

(1)
 

Γ𝜌
(1)
=∑ 

∞

ℓ=1

  {𝜆ℓ|𝐹ℓ⟩⟨𝐹ℓ| + (1 − 𝜆ℓ)|J𝐹ℓ⟩⟨J𝐹ℓ|}  
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𝐹ℓ = 𝑓ℓ
′⊕ j𝑓ℓ

′′ and {𝐹ℓ, J𝐹ℓ}ℓ=1
∞ ⊆ 𝔥⊕ 𝔥 

Γ𝜌
(1)
 = 𝛾𝜌

(1)
⊕(1 − j𝛾𝜌

(1)
j)

 =∑  

∞

ℓ=1

  {𝜆ℓ|𝑓ℓ⊕0⟩⟨𝑓ℓ⊕0| + (1 − 𝜆ℓ)|0⊕ j𝑓ℓ⟩⟨0⊕ j𝑓ℓ|}
 

∑ 

∞

ℓ=1

𝜆ℓ = Tr𝔥 [𝛾𝜌
(1)
] < ∞ 

𝐴(𝑊𝐹) = 𝐴∗( J𝑊𝐹) = 𝐴∗(𝑊 J𝐹) and 

{𝐴(𝑊𝐹), 𝐴∗(𝑊𝐺)} = ⟨𝑊𝐹 ∣ 𝑊𝐺⟩𝔥⊕𝔥 = ⟨𝐹 ∣ 𝐺⟩𝔥⊕𝔥,
 

Bog𝔥⊕𝔥:= {𝑊 ∈ 𝑈(𝔥⊕ 𝔥) ∣ J𝑊 = 𝑊 J}  

Bog𝔥⊕𝔥 = {(
𝑢 j𝑣j
𝑣 j𝑢j

) ∈ 𝑈(𝔥⊕ 𝔥)| Tr𝔥[𝑣
∗𝑣] < ∞} ,  

𝕌𝑊𝐴
∗(𝐹)𝕌𝑊

∗ = 𝐴∗(𝑊𝐹)  

Bog𝔉 ∶=

{𝕌∈ 𝑈(𝔉) ∣ ∃𝑉 ∈ ℬ(𝔥⊕ 𝔥)∀𝐹 ∈ 𝔥⊕ 𝔥:𝕌𝐴∗(𝐹)𝕌∗ = 𝐴∗(𝑉𝐹)}
 

𝑑∗(𝑓):= 𝕌𝑊𝑐
∗(𝑓)𝕌𝑊

∗  

{𝐹ℓ, J𝐹ℓ} ⊆ 𝔥⊕ 𝔥 

𝑊∗Γ𝜌
(1)
𝑊 =∑ 

∞

ℓ=1

  {𝜆ℓ|𝑓ℓ⊕0⟩⟨𝑓ℓ⊕0| + (1 − 𝜆ℓ)|0⊕ j𝑓ℓ⟩⟨0⊕ j𝑓ℓ|}  

Tr𝔉[𝜌𝐴
∗(𝑊𝐹)𝐴(𝑊𝐺)] = Tr𝔉[𝕌𝑊

∗ 𝜌𝕌𝑊𝐴
∗(𝐹)𝐴(𝐺)]  

Γ
𝕌𝑊
∗ 𝜌𝕌𝑊

(1)
 = 𝑊∗Γ𝜌

(1)
𝑊

 =∑  

∞

ℓ=1

  {𝜆ℓ|𝑓ℓ⊕0⟩⟨𝑓ℓ⊕0| + (1 − 𝜆ℓ)|0⊕ j𝑓ℓ⟩⟨0⊕ j𝑓ℓ|}
 

𝛾
𝕌𝑊
∗ 𝜌𝕌𝑊

(1)
=∑ 

∞

ℓ=1

𝜆ℓ|𝑓ℓ⟩⟨𝑓ℓ| 

𝑊 = (
𝑢j𝑣j

𝑣j𝑢j
) ∈ Bog𝔥⊕𝔥 

0 ≤ 𝛾
𝕌𝑊
∗ 𝜌𝕌𝑊

(1)
= 𝑢∗𝛾𝜌

(1)
𝑢 + 𝑣∗ (𝟏 − j𝛾𝜌

(1)
j) 𝑣 + 𝑣∗𝛼𝜌𝑢 + 𝑢

∗𝛼𝜌𝑣 

 ≤ 𝑢∗𝛾𝜌
(1)
𝑢 + 𝑣∗𝑣 + 𝑣∗𝛼𝜌𝑢 + 𝑢

∗𝛼𝜌𝑣,
 

‖𝛾𝕌𝑊∗ 𝜌𝕌𝑊
(1)

‖
ℒ1
≤ ‖𝛾𝜌

(1)
‖
ℒ1
+ ‖𝑣‖ℒ2

2 + 2‖𝑣‖ℒ2‖𝛼𝜌‖ℒ2
< ∞.  
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𝔊(1):= {Γ(1) = (
𝛾(1) 𝛼

𝛼∗ 1 − j𝛾(1)j
) ∈ ℬ(𝔥 ⊕ 𝔥)| Γ(1) = J(1 − Γ(1))J ≥ 0, 𝛾(1) ∈ ℒ1(𝔥)}

 

𝔤(1):= {𝛾(1) ∈ ℒ1(𝔥) ∣ 0 ≤ 𝛾(1) ≤ 1}  

𝑊∗Γ(1)𝑊 = (
𝛾 0
0 𝟏 − j𝛾j

)   and  𝛾 =∑  

∞

ℓ=1

 𝜆ℓ|𝑓ℓ⟩⟨𝑓ℓ|  

𝟙0:= ∑  

𝐿

ℓ=𝐾

 𝜇ℓ𝑛ℓ, 𝑍0: = Tr𝔉[𝑒
−𝕙0], and 𝜌0:= ℙ1𝑍0

−1exp [−𝕙0]  

Ψ𝜈:=∏  

∞

ℓ=1

[𝑐∗(𝑓ℓ)]
𝜈ℓΩ 

𝜈 = (𝜈ℓ)ℓ=1
∞ ∈ {0,1}ℤ

+
 

𝐴(𝜈):= {ℓ ∈ ℤ+ ∣ 𝜈ℓ = 1} ⊆ ℤ
+ 

𝑛𝑘Ψ𝜈 = 𝜈𝑘Ψ𝜈 

𝑍0 = ∑  

𝜈:|𝐴(𝜈)|<∞

  ⟨Ψ𝜈 ∣ 𝑒
−h0Ψ𝜈⟩ =∏ 

𝐿

ℓ=𝐾

  (1 + 𝑒−𝜇ℓ) < ∞,  

∑ 

∞

ℓ=1

𝑒−𝜇ℓ = ∑  

𝐿

ℓ=𝐾

(1 − 𝜆ℓ)
−1𝜆ℓ ≤ (1 − 𝜆𝐾)

−1∑ 

∞

ℓ=1

𝜆ℓ < ∞ 

⟨𝑓ℓ ∣ 𝛾𝜌0
(1)
𝑓𝑘⟩ =

Tr𝔉[𝑒
−h0𝑐∗(𝑓𝑘)𝑐(𝑓ℓ)]

𝑍0
=
𝛿𝑘,ℓ𝑒

−𝜇𝑘

1 + 𝑒−𝜇𝑘
= 𝛿𝑘,ℓ𝜆𝑘  

⟨𝑓ℓ ∣ 𝛾𝜌0
(1)
𝑓𝑘⟩ = 𝛿𝑘,ℓ = 𝛿𝑘,ℓ𝜆𝑘 

𝑊∗Γ(1)𝑊 = Γ𝜌0
(1)

 

Γ(1) = 𝑊Γ𝜌0
(1)
𝑊∗ = Γ

𝕌𝑊𝜌0𝕌𝑊
∗

(1)
 

𝕌𝑊𝜌0𝕌𝑊
∗ ∈ 𝔇𝔐 

𝔇𝔐ℕ → 𝔊(1), 𝜌 ↦ Γ𝜌
(1)

 

𝔇𝔐(𝑁) → {𝛾 ∈ 𝔤(1) ∣ Tr[𝛾] = 𝑁}, 𝜌 ↦ 𝛾𝜌
(1)

 

(Γ(1), Γ(2)) ∈ ℬ(𝔥2) × ℬ(𝔥2⊗𝔥2) 

𝜌 ∈ 𝔇𝔐⟨ℕ2⟩<∞ 
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𝔥2: = 𝔥 ⊕ 𝔥 

𝐸gs = inf{ℰ𝑄(𝛾
(1), 𝛾(2)) ∣ (ℎ𝛾(1))  ∈ ℒ1(𝔥),

(𝛾(1), 𝛾(2))  ∈ ℬ(𝔥) × ℬ(𝔥⊗ 𝔥) ℜ},

𝐸gs(𝑁) = inf{ℰ𝑄(𝛾
(1), 𝛾(2)) ∣ (ℎ𝛾(1))  ∈ ℒ1(𝔥),

(𝛾(1), 𝛾(2))  ∈ ℬ(𝔥) × ℬ(𝔥⊗ 𝔥) 𝔊}.

 

(Γ(1), Γ(2)) ∈ ℬ(𝔥2) × ℬ(𝔥2⊗𝔥2) 

𝐴: ℒ1(𝔥) × ℒ1(𝔥⊗ 𝔥) → 𝐴(𝛾(1), 𝛾(2)) = 𝐵: ℒ1(𝔥) × ℒ1(𝔥⊗ 𝔥) → 𝐵 (𝛾𝜌
(1)
, 𝛾𝜌
(2)
) = 𝜌 ∈ 𝔇𝔐  

𝐸gs  ≥ inf{ℰ𝑄(𝛾
(1), 𝛾(2)) ∣

(ℎ𝛾(1)) ∈ ℒ1(𝔥), 𝐵(𝛾(1), 𝛾(2)) =  true },

𝐸gs(𝑁)  ≥ inf{ℰ𝑄(𝛾
(1), 𝛾(2)) ∣

(ℎ𝛾(1)) ∈ ℒ1(𝔥), Tr[𝛾(1)] = 𝑁, 𝐵(𝛾(1), 𝛾(2)) =  true }.

 

𝐸GPQ(𝑁):= inf{ℰ𝑄(𝛾
(1), 𝛾(2)) ∣ (ℎ𝛾(1)) ∈ ℒ1(𝔥)

Tr[𝛾(1)] = 𝑁, (𝛾(1), 𝛾(2)) fulfills GPQ}
 

𝜌 = 𝜌∗ ∈ ℒ1(𝔉) 

Tr𝔉(|𝜌|
1/2ℕ2|𝜌|1/2) < ∞ 

Tr𝔥⊗𝔥[(𝑃 ⊗ 𝑃)𝛾(2)] ≥ Tr𝔥⊗𝔥[(𝑃 ⊗ 𝑃)(1 − Ex)(𝛾(1)⊗𝛾(1))]

 −Tr𝔥[𝑃𝛾
(1)]min {1,9Tr𝔥 [𝑃 (𝛾

(1) − (𝛾(1))
2
)
1/2
]} ,

 

0 ≤ 𝐸HF(𝑍) − 𝐸gs(𝑁) ≤ 𝐸HF(𝑍) − 𝐸GPQ(𝑁) ≤ 𝑜(𝑍
(5/3))  

𝐸GPQ:T(𝑁):= inf{ℰ𝑄(𝛾
(1), 𝛾(2)) ∣ (ℎ𝛾(1)) ∈ ℒ1(𝔥),

Tr[𝛾(1)] = 𝑁, (𝛾(1), 𝛾(2)) fulfills GPQ and 𝑇1;2}
 

∀𝐹 ∈ 𝔥⊕ 𝔥: 𝕌𝑊𝐴
∗(𝐹)𝕌𝑊

∗ = 𝐴∗(𝑊𝐹),  

Bog𝔥⊕𝔥 ∋ 𝑊 ↦ 𝕌𝑊 ∈ Bog𝔉 

ℚ(𝑇) ∈ ℬ(𝒟(𝑁); 𝔉𝑓) 

𝑇 = 𝑇∗ = (
𝑎 𝑏
𝑏∗ 0

) ∈ ℬ[𝔥 ⊕ 𝔥] 

ℚ(𝑇):= ∑  

∞

𝑖,𝑗=1

  ⟨𝐹𝑖 ∣ 𝑇𝐹𝑗⟩𝐴
∗(𝐹𝑖)𝐴(𝐹𝑗)  

{𝐹𝑖}𝑖=1
∞ ⊆ 𝔥⊕ 𝔥 

[ℚ(𝑇), 𝐴∗(𝐹)] = 𝐴∗(𝑇̂𝐹)  
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𝑒𝑖ℚ(𝑇)𝐴∗(𝐹)𝑒−𝑖ℚ(𝑇) = 𝐴∗(𝑒𝑖𝑇̂𝐹)  

𝑇̂ = −J𝑇̂ J:= (
𝑎 2𝑏
2𝑏∗ −𝑎

) ∈ ℬ[𝔥⊕ 𝔥] 

 

𝐴𝑡
∗(𝐹̃):= 𝑒𝑖𝑡ℚ(𝑇)𝐴∗(𝑒−𝑖𝑡𝑇̂𝐹̃)𝑒−𝑖𝑡ℚ(𝑇) 

𝑒𝑖ℚ(𝑇)𝐴∗(𝑒−𝑖𝑇̂𝐹̃)𝑒−𝑖ℚ(𝑇) = 𝐴1
∗(𝐹̃) = 𝐴0

∗ (𝐹̃) = 𝐴∗(𝐹̃) 

1

2
ℚ(𝑇̂) = ℚ(𝑇) +

1

2
Tr[𝑎] 

[𝑖𝑇̂]J = −𝑖 J𝑇 = J[𝑖𝑇̂] 

exp [𝑖ℚ(𝑇)] = 𝕌exp [−𝑖𝑇̂]  

Bog𝔉 = {exp [𝑖ℚ(𝑇)] | 𝑇 = (
𝑎 𝑏
𝑏∗ 0

) , 𝑎 ∈ ℬ(𝔥), 𝑎 ≥ 0, 𝑏 ∈ ℒ2(𝔥)} ,  

𝜌0 = ℙ1𝑍0
−1exp [−𝕙0] ∈ 𝔇𝔐 

𝟙0 = ∑  

𝐿

ℓ=𝐾

 𝜇ℓ𝑐
∗(𝑓ℓ)𝑐(𝑓ℓ) = ℚ(𝐻0)  

𝐻0:= (
ℎ0 0
0 0

)   and  ℎ0:= ∑  

𝐿

ℓ=𝐾

 𝜇ℓ|𝑓ℓ⟩⟨𝑓ℓ|.  

𝜌𝜀 ∈ 𝔔𝔇𝔐 → 𝜌0𝔇𝔐ℕ 

𝜏ℓ(𝜀):= {

1 − 𝜀/𝐾, ℓ < 𝐾
𝜇ℓ, 𝐾 ≤ ℓ ≤ 𝐿

𝜀𝑒−ℓ
2
, ℓ > 𝐿

 

ℎ𝜀: = ∑  

∞

ℓ=1

𝜏ℓ(𝜀)|𝑓ℓ⟩⟨𝑓ℓ| 

𝑍𝜀: = Tr𝔉(exp [−ℚ(𝐻𝜀)]) 

𝜌𝜀: = 𝑍𝜀
−1exp [−ℚ(𝐻𝜀)] 

𝑇𝜀 = (
𝑎𝜀𝑏𝜀
𝑏𝜀
∗

0

) , 𝑎𝜀 ∈ ℬ(𝔥), 𝑎𝜀 ≥ 0, 𝑏𝜀 ∈ ℒ
2(𝔥), 𝕌𝑊Ψ = lim

𝜀→0
 exp [𝑖ℚ(𝑇𝜀)]Ψ ∈ 𝔉𝔇𝔐ℕ 

𝜌̃𝜀: = exp [𝑖ℚ(𝑇𝜀)]𝜌𝜀exp [−𝑖ℚ(𝑇𝜀)] → 𝜌̃0 𝜀 → 0  

𝜌̃𝜀 = 𝑍
−1exp [−ℚ(𝐻̃𝜀)],  where  𝐻̃𝜀 = 𝑒

−𝑖𝑇̂𝐻𝜀𝑒
𝑖𝑇̂  
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𝔔𝔇𝔐:= {𝑍−1exp [−ℚ(𝐻0)] ∣ 𝐻0 ∈ qh, 𝑍:= exp [−ℚ(𝐻0)] < ∞},  

qh:= {(
𝑎 𝑏
𝑏∗ 0

)|  𝑎 = 𝑎∗ ≥ 0, 𝑒−𝑎 ∈ ℒ1(𝔥), 𝑏 ∈ ℒ2(𝔥)} ,  

𝜌 = |Φ𝑓⟩ ⟨Φ𝑓| 

Φ𝑓 = 𝑓1 ∧ ⋯∧ 𝑓𝑁 

𝑊 = (
𝑃⊥ j𝑃j

𝑃 j𝑃⊥
) 

𝑃 = ∑  

𝑁

𝑛=1

|𝑓𝑛⟩⟨𝑓𝑛| 

𝜌 = |𝕌𝑊Ω⟩⟨𝕌𝑊Ω| 

𝑊 ∈ Bog𝔥⊕𝔥exp [−𝑖ℚ(𝑇)] 

𝑞:𝔇𝔐 → 𝔔𝔇𝔐,𝜌 ↦ 𝑞(𝜌) = 𝜂.  

𝑞(𝜌) = 𝜂 ∈ 𝔔𝔇𝔐 

⟨𝑀⟩:= Tr𝔉[𝜌𝑀] 

𝑀 ∈ ℬ(𝔉) 

⟨𝐴1𝐴2⋯𝐴2𝑘⟩ = ∑  

𝜋∈𝒫2𝑘

  (−1)𝜋⟨𝐴𝜋(1)𝐴𝜋(2)⟩⟨𝐴𝜋(3)𝐴𝜋(4)⟩⋯ ⟨𝐴𝜋(2𝑘−1)𝐴𝜋(2𝑘)⟩,  

⟨𝐴1𝐴2𝐴3𝐴4⟩ = ⟨𝐴1𝐴2⟩⟨𝐴3𝐴4⟩ − ⟨𝐴1𝐴3⟩⟨𝐴2𝐴4⟩ + ⟨𝐴1𝐴4⟩⟨𝐴2𝐴3⟩,  

𝑆[𝜌, 𝑞(𝜌)]:= Tr𝔉{𝜌(log [𝜌] − log [𝑞(𝜌)])} < ∞  

𝑆[𝜌, 𝑞(𝜌)] = inf
𝜂∈𝔔𝔇𝔐

 {𝑆[𝜌, 𝜂]}  

𝑆[𝜌]: = −Tr𝔉{𝜌log [𝜌]}, 𝑆[𝜂] 

−log [𝑞(𝜌)] = ℚ + log (𝑍) 

𝑆[𝜌, 𝜂]  = 𝑆[𝜌] + Tr𝔉{𝜌(−log [𝜂])} = log (𝑍) + 𝑆[𝜌] + Tr𝔉{𝜌ℚ}

 = log (𝑍) + 𝑆[𝜌] + Tr𝔉{𝑞[𝜌]ℚ} = 𝑆[𝜌] − Tr𝔉{𝑞[𝜌]log [𝜂]}
 

𝑆[𝜌, 𝜂] − 𝑆[𝜌, 𝑞(𝜌)] = Tr𝔉{𝑞(𝜌)(log [𝑞(𝜌)] − log [𝜂])} = 𝑆[𝑞(𝜌), 𝜂] ≥ 0,  

𝑆[𝜌]: = −Tr𝔉{𝜌log [𝜌]} of 𝜌 and 𝑞[𝜌] 

𝑆[𝜌] = −Tr𝔉{𝜌log [𝜌]} = 𝑆
(1) [Γ𝜌

(1)
] : = −Tr𝔥⊕𝔥 {Γ𝜌

(1)
log [Γ𝜌

(1)
]} .  

𝜌0 = ℙ1𝑍0
−1exp [−𝕙0] 
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𝐸BHF: = inf{Tr𝔉(𝜌ℍ𝜇) ∣ 𝜌 ∈ 𝔔𝔇𝔐, ⟨ℍ⟩𝜌 < ∞}  

Tr𝔉(𝜌ℍ𝜇) = ℰBHF (Γ𝜌
(1)
) 

Γ𝜌
(1)
= (

𝛾𝜌
(1)

𝛼𝜌

𝛼𝜌
∗ 1 − j𝛾𝜌

(1)
j
) ∈ 𝔊(1) 

ℰBHF (Γ𝜌
(1)
) :=Tr𝔥 [ℎ𝜇𝛾𝜌

(1)
] +

1

2
Tr𝔥⊗𝔥 [𝑉(1 − Ex) (𝛾𝜌

(1)
⊗𝛾𝜌

(1)
)]

 +
1

2
Tr𝔥⊗𝔥[𝑉Ex(𝛼𝜌

∗⊗𝛼𝜌)],

 

𝔔𝔇𝔐 ∋ 𝜌 ↦ Γ𝜌
(1)
∈ 𝔊(1) 

𝐸BHF = inf{ℰBHF(Γ
(1)) ∣ Γ(1) ∈ 𝔊(1)}.  

ΓBHF
(1)

= 𝟏neg (ℎBHF [ΓBHF
(1)
]) ,  

𝟏neg (ℎBHF [ΓBHF 

(1)
]) ℎBHF [ΓBHF

(1)
] 𝟏 (ℎBHF [ΓBHF

(1)
] < 0) ≤ 𝟏neg (ℎBHF [ΓBHF

(1)
]) ≤ 𝟏 (ℎBHF [ΓBHF

(1)
] ≤ 0 

𝟏 − ΓBHF 
(1) = JΓBHF 

(1) JΓBHF 
(1) 𝟏neg (ℎBHF [ΓBHF 

(1)
]) (Γ𝛽

(1))
𝛽∈ℝ+

 

Γ𝛽
(1)
= 𝐹𝛽 (ℎ𝛽 [Γ𝛽

(1)
]) ,  

𝐹𝛽(𝑥) = (1 + 𝑒
𝛽𝑥)

−1
 

−𝒫𝛽(Γ
(1)):= ℰBHF(Γ

(1)) − 𝛽−1𝑆(1)(Γ(1)).  

𝒫𝛽(Γ
(1)) ≤ 𝛽−1log [Tr𝔉{exp [−𝛽ℍ𝜇]}],  

Tr𝔥⊗𝔥[𝑉Ex(𝛼𝜌
∗⊗𝛼𝜌)] = ∫  𝑉(𝑥, 𝑦)|𝛼𝜌(𝑥, 𝑦)|

2
𝑑𝜈(𝑥)𝑑𝜈(𝑦) ≥ 0  

Γ(1) = (
𝛾(1) 𝛼

𝛼∗ 1 − j𝛾(1)j
) ∈ 𝔊(1) 

Γ̃(1): = (
𝟏 0
0 −𝟏

)Γ(1) (
𝟏 0
0 −𝟏

) = (
𝛾(1) −𝛼

−𝛼∗ 𝟏 − j𝛾(1)j
) ∈ 𝔊(1) 

Γ̂(1) =
1

2
(Γ(1) + Γ̃(1)) = (

𝛾(1) 0

0 1 − j𝛾(1)j
) ∈ 𝔊(1) 

ℰBHF(Γ̂
(1))= Tr𝔥[ℎ𝜇𝛾

(1)] +
1

2
Tr𝔥⊗𝔥[𝑉(1 − Ex)(𝛾

(1)⊗𝛾(1))] 

 ≤ ℰBHF(Γ
(1))

 

𝐸BHF = 𝐸HF = inf{ℰHF(𝛾) ∣ 𝛾 ∈ ℒ
1(𝔥),0 ≤ 𝛾 ≤ 𝟏},  
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𝐸HF: = inf
𝑁∈ℤ+

 {𝐸HF(𝑁)} 

Γ(1) = (
𝛾(1) 𝛼

𝛼∗ 1 − j𝛾(1)j
) ∈ 𝔊(1) 

𝔥 = 𝔥̂⊗ ℂ2 with 𝔥̂ = 𝐿2(𝑀, 𝑑𝜈) 

ℎ = ℎ̂ ⊗ 1 and 𝑉 = (−𝑉̂)⊗ (1⊗ 1) 

(𝐣̂ ⊗ 𝐣̂)𝑉̂ = 𝑉̂(𝐣̂ ⊗ 𝐣̂) 

Γ(1) ≡ Γ(1)[𝛾̂]: =

(

  
 

𝛾̂ 0 0 √𝛾̂ − 𝛾̂2

0 𝛾̂ −√𝛾̂ − 𝛾̂2 0

0 −√𝛾̂ − 𝛾̂2 𝟏 − 𝛾̂ 0

√𝛾̂ − 𝛾̂2 0 0 𝟏 − 𝛾̂ )

  
 
,  

ℰ̂aux(𝛾̂):=
1

2
ℰBHF(Γ

(1)[𝛾̂]) = Tr𝒉̂[ℎ̂𝛾̂]

 −
1

2
∬  𝑉̂(𝑥, 𝑦) {𝜌𝛾̂(𝑥)𝜌𝛾̂(𝑦) − |𝛾̂(𝑥, 𝑦)|

2 + |√𝛾̂ − 𝛾̂2(𝑥, 𝑦)|
2
} 𝑑𝜈(𝑥)𝑑𝜈(𝑦)

 

𝛼 = √𝛾̂ − 𝛾̂2⊗(
0 1
−1 0

)  

|Φ (𝑔(𝜃))⟩ ⟨Φ(𝑔(𝜃))| ⟨Φ (𝑔(𝜃)) ∣ ℍΦ(𝑔(Θ))⟩Tr𝔉[𝜌avℍ]𝜌av 

𝐸̂BHF:= inf{⟨Ω ∣ 𝕌
∗ℍ𝜇𝕌Ω⟩ ∣ 𝕌 ∈ Bog𝔉̃}.  

Tr𝔉[𝜌BHFℍ𝜇] = 𝐸BHF 

𝐸BHF = ⟨Ω ∣ 𝕌
∗ℍ𝜇𝕌Ω⟩ 

𝜌BHF ∈ 𝔔𝔇𝔐∩𝔇𝔐ℕ 

Tr𝔉[𝜌BHFℍ𝜇] = 𝐸BHF 

⟨ℕ⟩𝜌BHF 
𝜌BHF = 𝕌̃

∗𝜌0𝕌̃ 

𝜌0 = ℙ1𝑍
−1exp [−ℚ(𝐻0)] 

ℚ(𝐻0) = ∑  

𝐿

ℓ=𝐾

𝜇ℓ𝑐
∗(𝑓ℓ)𝑐(𝑓ℓ) 

ℍ̃:= ℍ𝜇 − 𝐸gs ≥ 0 

𝐸̃BHF: = 𝐸BHF − 𝐸gs ≥ 0 

𝐸̃BHF = Tr𝔉[𝜌BHFℍ̃] = Tr𝔉 [𝜌BHF
1/2

ℍ̃𝜌BHF
1/2

] 



 

pág. 13180 

𝐸̃BHF  = Tr𝔉 [𝜌BHF
1/2

ℍ̃𝜌BHF
1/2

] = ∑  

𝜈:|𝐴(𝜈)|<∞

  ⟨𝜌BHF
1/2

𝕌̃∗Ψ𝜈 ∣ ℍ̃𝜌BHF
1/2

𝕌̃∗Ψ𝜈⟩

 = ∑  

𝜈:|𝐴(𝜈)|<∞

  ⟨𝜌0
1/2
Ψ𝜈 ∣ 𝕌̃

∗ℍ̃𝕌̃𝜌0
1/2
Ψ𝜈⟩ = ∑  

𝜈∈𝒜

  ⟨𝜌0
1/2
Ψ𝜈 ∣ 𝕌̃

∗ℍ̃𝕌̃𝜌0
1/2
Ψ𝜈⟩ ,

 

{Ψ𝜈|𝜈 ∈ {0,1}
ℤ+ , |𝐴(𝜈)| < ∞} ⊆ 𝔉 

𝒜:= {𝜈 ∈ {0,1}ℤ
+
||𝐴(𝜈) ∣< ∞, 𝜌0

1/2
Ψ𝜈 ≠ 0} 

𝜌0
1/2
Ψ𝜈= 𝑐1

∗⋯𝑐𝐾−1
∗ ∏  

ℓ∈𝐴(𝜈)∩{𝐾,…,𝐿}

  (√𝜆ℓ(1 − 𝜆ℓ)
−1𝑐ℓ

∗)Ω 

 = ‖𝜌0
1/2
Ψ𝜈‖ ∏  

ℓ∈𝐴(𝜈)∩{1,…,𝐿}

  𝑐ℓ
∗Ω

 

𝒜:= {𝜈 ∈ {0,1}ℤ
+
||𝐴(𝜈) ∣< ∞, 𝐴(𝜈) ⊆ {1,… , 𝐿}} 

𝐸̃BHF = ∑  

𝜈∈𝒜

 ‖𝜌0
1/2
Ψ𝜈‖

2
⟨𝕌̃Ψ𝜈 ∣ ℍ̃𝕌̃Ψ𝜈⟩  

|𝕌̃Ψ𝜈⟩⟨𝕌̃Ψ𝜈| ∈ 𝔔𝔇𝔐 

⟨𝕌̃Ψ𝜈 ∣ ℍ̃𝕌̃Ψ𝜈⟩ ≥ 𝐸̃BHF  

‖𝜌0
1/2
Ψ𝜈‖

2
> 0 

∑  

𝜈∈𝒜

‖𝜌0
1/2
Ψ𝜈‖

2
= Tr𝔉[𝜌0] 

∀𝜈 ∈ 𝒜: ⟨𝕌̃Ψ𝜈 ∣ ℍ̃𝕌̃Ψ𝜈⟩ = 𝐸̃BHF  

ℍ = 𝕙 +
1

2
𝕍 

ℍ𝜇:⇔ ∀𝑈 ∈ 𝒮: 𝑈(ℍ𝜇 + 𝐸0)
−1
= (ℍ𝜇 + 𝐸0)

−1
𝑈.  

𝐸BHF(𝒮):=  inf{Tr𝔉(𝜌ℍ𝜇) ∣ 𝜌 ∈ 𝔔𝔇𝔐, ⟨ℍ⟩𝜌 < ∞,∀𝑈 ∈ 𝒮: 𝑈𝜌 = 𝜌𝑈}.
 

𝑒𝑁+1: = inf{𝜎(ℎHF[𝛾HF]) ∖ {𝑒1, 𝑒2, … , 𝑒𝑁}} > 𝑒𝑁  

Λ:= (ℝ/𝐿ℤ)3 

𝑈𝑎⃗⃗ = exp [−𝑖𝑎⃗ ⋅ 𝕡⃗⃗⃗] 

𝒯Λ:= {𝑈𝑎⃗⃗ ∣ 𝑎⃗ ∈ Λ} 

𝑒gs: = lim
𝐿→∞

 {𝐿−3𝐸gs} 
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𝑒BHF := lim
𝐿→∞

 {𝐿−3𝐸BHF }𝑒BHF (𝒯Λ):= lim
𝐿→∞

 {𝐿−3𝐸BHF(𝒯Λ)} 

Γ(1)(𝑘, 𝑘′) = 𝛿𝑘,𝑘′ (
𝛾̂(𝑘) ⊗ (

1 0
0 1

) 𝛼̂(𝑘) ⊗ (
0 1
−1 0

)

𝛼̂(𝑘)∗⊗(
0 1
−1 0

) [𝟏 − 𝛾̂(𝑘)] ⊗ (
1 0
0 1

)
) ,  

𝛾̂ ∈ 𝐿1(Λ∗;ℝ0
+) 

Λ∗ =
2𝜋

𝐿
ℤ3 

ℰBCS(Γ
(1)) =  ∑  

𝑘∈Λ∗

  (𝜔(𝑘) − 𝜇)𝛾̂(𝑘) +
1

2
‖𝑉̂‖1‖𝛾̂‖1

2

 −
1

2
∫  
Λ

 𝑉(𝑥)|𝛾(𝑥)|2𝑑3𝑥 +
1

2
∫  
Λ

 𝑉(𝑥)|𝛼(𝑥)|2𝑑3𝑥

 

𝔥 = ℓ2(Λ)⊗ ℂ2 

Λ:= (ℤ/𝐿ℤ)𝑑 

𝑇 = 𝑡 ⊗ 𝟙 

𝑣⃗HF(𝑥): = Trℂ2[𝛾HF(𝑥, 𝑥)𝜎⃗] = (−1)
𝑥Δ𝑒 

𝜎⃗ = (𝜎𝑥, 𝜎𝑦, 𝜎𝑧) ∈ ℂ
2×2 

𝑆𝑧 =∑  

𝑥∈Λ

𝜎𝑧 

𝑣⃗HF(𝑥) = ±𝜂𝑒3 

Λ𝐿: = (ℝ/𝐿ℤ)
3 

ℤ𝐿
3 = (ℤ/𝐿ℤ)3 ⊂ Λ 

ℍ = 𝕙 +
1

2
𝕍 

 

𝐻 = 𝐻0 + 𝑈∑  

𝐱

  (𝑛𝐱,↑ −
1

2
) (𝑛𝐱,↓ −

1

2
) ,

𝐻0 =∑ 

𝐱,𝐲

  ∑  

𝜎=↑,↓

  𝑡𝐱,𝐲𝑐𝐱,𝜎
† 𝑐𝐲,𝜎 − 𝜇∑  

𝐱

  (𝑛𝐱 − 1)
 

𝑛𝐱,𝜎 = 𝑐𝐱,𝜎
† 𝑐𝐱,𝜎  

𝑛𝐱 = 𝑛𝐱,↑ + 𝑛𝐱,↓  
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𝜀0(𝐤) = −2𝑡∑  

𝑛

𝑖=1

 cos (𝑘𝑖)  

𝜀1(𝐤) = −4𝑡
′ ∑  

1≤𝑖<𝑗≤𝑛

 cos (𝑘𝑖)cos (𝑘𝑗),

𝜀2(𝐤) = −4𝑡
′𝛿 ∑  

1≤𝑖<𝑗≤𝑛

 sin (𝑘𝑖)sin (𝑘𝑗)
 

𝐻0 =∑  

𝐤,𝜎

  ([𝜀(𝐤) − 𝜇] [𝑐𝜎
†(𝐤)𝑐𝜎(𝐤) −

1

2
]

+𝜀2(𝐤)𝑐𝜎
†(𝐤)𝑐𝜎(𝐤 + 𝐐))

 

𝜀(𝐤) = 𝜀0(𝐤) + 𝜀1(𝐤) 

𝑐𝜎
†(𝐤)𝑐𝜎(𝐤) −

1

2
 

𝑐𝜎
†(𝐤)𝑐𝜎(𝐤) 

(𝑡, 𝑡′, 𝛿, 𝑈, 𝜇, 𝜈) → (𝑡, −𝑡′, 𝛿, 𝑈, −𝜇,−𝜈)  

𝑠𝐱 = (𝑠𝐱
𝑥 , 𝑠𝐱

𝑦
, 𝑠𝐱
𝑧)  

𝑠𝐱
𝑥 = 𝑐𝐱,↑

† 𝑐𝐱,↓ + 𝑐𝐱,↓
† 𝑐𝐱,↑

𝑠𝐱
𝑦
= −i𝑐𝐱,↑

† 𝑐𝐱,↓ + i𝑐𝐱,↓
† 𝑐𝐱,↑

𝑠𝐱
𝑧 = 𝑛𝐱,↑ − 𝑛𝐱,↓

 

𝑁𝑛(𝜖) = ∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
𝛿(𝜖 − 𝜀0(𝐤))  

𝑑(𝐱)𝑚⃗⃗⃗(𝐱) = (𝑚𝑥(𝐱),𝑚𝑦(𝐱),𝑚𝑧(𝐱)) 

𝑑(𝐱) = ⟨𝑛𝐱 − 1⟩, 𝑚⃗⃗⃗(𝐱) = ⟨𝑠𝐱⟩  

𝐻HF = 𝐻0 +
𝑈

2
∑  

𝐱

  (𝑑(𝐱)(𝑛𝐱 − 1) − 𝑚⃗⃗⃗(𝐱) ⋅ 𝑠𝐱)  

𝜈 =
∑  𝐱   ⟨𝑛𝐱 − 1⟩

∑  𝐱  1
 

∑ 

𝐱

1 = 𝐿𝑛 

𝑑(𝐱)= 𝑑0 + (−1)
𝐱𝑑1  

𝑚⃗⃗⃗(𝐱) = 𝑚0𝑒 + (−1)
𝐱𝑚1𝑒

 

(−1)𝐱 = (−1)𝑥1+⋯+𝑥𝑛  

𝒢 = 𝒢(𝒅, 𝒎⃗⃗⃗⃗; 𝜇) 
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𝜕𝒢

𝜕𝑑(𝐱)
= 0,

𝜕𝒢

𝜕𝑚⃗⃗⃗(𝐱)
= 0⃗⃗  

𝜕

𝜕𝑚⃗⃗⃗
= (

𝜕

𝜕𝑚𝑥
,
𝜕

𝜕𝑚𝑦
,
𝜕

𝜕𝑚𝑧
) 

𝜈 = −
𝜕𝒢

𝜕𝜇
 

ℱ(𝜇) = 𝒢(𝒅∗, 𝒎⃗⃗⃗⃗∗; 𝜇)  

𝒢 =
𝑈

4𝐿𝑛
∑ 

𝐱

  (𝑚⃗⃗⃗(𝐱)2−𝑑(𝐱)2)

 −
1

𝐿𝑛
∑ 

𝐼

 
1

𝛽
ln (2cosh (

𝛽𝐸𝐼
2
))

 

𝐻HF =∑ 

𝐼,𝐽

 ℎ𝐼,𝐽 (𝑐𝐼
†𝑐𝐽 −

1

2
𝛿𝐼,𝐽)  

𝒢(𝒅∗, 𝒎⃗⃗⃗⃗∗; 𝜇) = min
𝒎⃗⃗⃗⃗
 max
𝒅
 𝒢(𝒅, 𝒎⃗⃗⃗⃗; 𝜇)  

Ln𝛽(𝜖) =
1

𝛽
ln (2cosh (

𝛽𝜖

2
)) (𝜖 ∈ ℝ)  

𝒢(𝑑0, 𝑑1,𝑚0, 𝑚1; 𝜇) =
𝑈

4
(𝑚0

2 +𝑚1
2 − 𝑑0

2 − 𝑑1
2)

 −
1

2
∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
∑  

𝑟,𝑟′=±

 Ln𝛽(𝐸𝑟,𝑟′(𝐤))
 

𝐸𝑟,𝑟′(𝐤)= 𝜀1(𝐤) − 𝜇 +
𝑈𝑑0
2
− 𝑟

𝑈𝑚0
2

 

+𝑟′√𝜀0(𝐤)
2 + (𝜀2(𝐤) +

𝑈𝑑1
2
− 𝑟

𝑈𝑚1
2
)
2  

𝑓𝛽(𝜖) = −
1

2
tanh (

𝛽𝜖

2
) =

1

e𝛽𝜖 + 1
−
1

2
 

𝑓𝛽(𝜖) = −
𝜕

𝜕𝜖
Ln𝛽(𝜖)  

1/𝛽 ↓ 0, Ln𝛽(𝜖) →
1

2
|𝜖| and 𝑓𝛽(𝜖) → −

1

2
sgn(𝜖) = 𝜃(−𝜖) −

1

2
 

𝜕𝒢

𝜕𝑑𝑖
= 0,

𝜕𝒢

𝜕𝑚𝑖
= 0 (𝑖 = 0,1),  

𝜈 = −
𝜕𝒢

𝜕𝜇
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𝜇̃ = 𝜇 −
𝑈

2
𝑑0 = 𝜇 −

𝑈

2
𝜈  

 

AF:(𝑑0, 𝑑1,𝑚0, 𝑚1) = (𝑑AF, 0,0,𝑚AF)

F:(𝑑0, 𝑑1,𝑚0, 𝑚1) = (𝑑F, 0,𝑚F, 0)

P:(𝑑0, 𝑑1,𝑚0, 𝑚1) = (𝑑P, 0,0,0)

 

𝑑(𝐱) = 𝑑0, 𝑚⃗⃗⃗(𝐱) = (−1)
𝐱𝑚1𝑒  

𝒢(𝑑0, 𝑚1; 𝜇) =
𝑈

4
(𝑚1

2 − 𝑑0
2)

 −∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
(Ln𝛽(𝐸+(𝐤)) + Ln𝛽(𝐸−(𝐤)))

 

𝐸±(𝐤) =
𝑈

2
𝑑0 − 𝜇 ±√𝜀0(𝐤)

2 + (
𝑈

2
𝑚1)

2
 

𝒢(𝑑0
∗ , 𝑚1

∗; 𝜇) = min
𝑚1

 max
𝑑0
 𝒢(𝑑0,𝑚1; 𝜇).  

𝜕𝒢

𝜕𝑑0
= 0,

𝜕𝒢

𝜕𝑚1
= 0 

𝑑0 = ∫  
𝑑𝑛𝐤

(2𝜋)𝑛
(𝑓𝛽(𝐸+(𝐤)) + 𝑓𝛽(𝐸−(𝐤))) ,

𝑚1 = −
𝑈

2
∫  

𝑑𝑛𝐤

(2𝜋)𝑛
𝑓𝛽(𝐸+(𝐤)) − 𝑓𝛽(𝐸−(𝐤))

√𝜀0(𝐤)
2 + (

𝑈
2
𝑚1)

2
𝑚1,

 

𝑓𝛽(𝜖)∫  ∫  
[−𝜋,𝜋]𝑛

 

𝜈 = ∫  
𝑑𝑛𝐤

(2𝜋)𝑛
(𝑓𝛽(𝐸+(𝐤)) + 𝑓𝛽(𝐸−(𝐤)))  

(𝑑0
∗ ,𝑚1

∗) = (𝑑AF,𝑚AF) 

(𝑑0
∗ , 𝑚1

∗) = (𝑑P, 0) 

 

(𝑑0
(𝑖)
, 𝑚1

(𝑖)
) with 𝑚1

(𝑖)
> 0 

𝒢 (𝑑0
(𝑖)
,𝑚1

(𝑖)
; 𝜇), i.e., 𝒢(𝑑AF,𝑚AF; 𝜇) = min

𝑖
 𝒢 (𝑑0

(𝑖)
, 𝑚1

(𝑖)
; 𝜇) 

ℱAF(𝜇) = 𝒢(𝑑AF,𝑚AF; 𝜇), ℱP(𝜇) = 𝒢(𝑑P, 0; 𝜇),  

𝒢(𝑑0
∗ ,𝑚1

∗; 𝜇) = min(ℱAF(𝜇), ℱP(𝜇));  
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𝜈 = −
𝜕𝒢(𝑑0

∗ ,𝑚1
∗; 𝜇)

𝜕𝜇
.  

𝜈AF
max = −

𝜕ℱAF(𝜇)

𝜕𝜇
|
𝜇=𝜇𝑐

 

𝜈P
min = −

𝜕ℱP(𝜇)

𝜕𝜇
|
𝜇=𝜇𝑐

.  

𝜈AF
max < 𝜈 < 𝜈P

min  

max
𝑑0
 𝒢 = max

𝑑0
 𝒢(𝑑0,𝑚1; 𝜇) 

max
𝑑0
 𝒢 = 𝒢(𝑑0

∗(𝑚1, 𝜇),𝑚1; 𝜇) 

𝜈P
min = −

𝜕ℱP(𝜇)

𝜕𝜇
|
𝜇=𝜇𝑐

> −
𝜕ℱAF(𝜇)

𝜕𝜇
|
𝜇=𝜇𝑐

= 𝜈AF
max. 

𝒢mixed = 𝑤𝒢(𝑑0, 𝑚1; 𝜇) + (1 − 𝑤)𝒢(𝑑̃0, 0; 𝜇)  

𝜈 = 𝑤𝜈AF
max + (1 − 𝑤)𝜈P

min 

𝑤 =
𝜈P
min − 𝜈

𝜈P
min − 𝜈AF

max
 

(𝑑(𝐱), 𝑚⃗⃗⃗(𝐱)) = {
(𝑑0, 𝑚1𝑒(−1)

𝐱) (𝐱/𝐿 ∈ 𝑅𝑤)

(𝑑̃0, 0⃗⃗) (𝐱/𝐿 ∉ 𝑅𝑤)
 

𝜕𝒢mixed 

𝜕𝑤
= 𝒢(𝑑AF,𝑚AF; 𝜇) − 𝒢(𝑑P, 0; 𝜇) = 0 
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max
𝑑0
 𝒢 = 𝒢(𝑑0, 𝑚0; 𝜇) 

ΔF =
𝑈

2
𝑚0 

max
𝑑0
 ℱ(𝑑0,𝑚0; 𝜇) + 0.02𝑛𝜈F

max 

𝑑(𝐱) = 𝑑0, 𝑚⃗⃗⃗(𝐱) = 𝑚0𝑒  
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𝒢(𝑑0, 𝑚0; 𝜇) =
𝑈

4
(𝑚0

2 − 𝑑0
2)

 −∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
(Ln𝛽(𝐸+(𝐤)) + Ln𝛽(𝐸−(𝐤)))

 

𝐸±(𝐤) =
𝑈

2
𝑑0 − 𝜇 + 𝜀0(𝐤) ±

𝑈

2
𝑚0  

𝒢(𝑑0
∗ ,𝑚0

∗ ; 𝜇) = min
𝑚0

 max
𝑑0
 𝒢(𝑑0, 𝑚0; 𝜇)  

ℱF(𝜇) = 𝒢(𝑑F, 𝑚F; 𝜇)  

(𝑑0
(𝑖)
, 𝑚0

(𝑖)
) with 𝑚0

(𝑖)
> 0 for 𝑖 = 1,2, … 

𝒢(𝑑F,𝑚F; 𝜇) = min
𝑖
 𝒢 (𝑑0

(𝑖)
,𝑚0

(𝑖)
; 𝜇) 

min(ℱAF(𝜇), ℱF(𝜇), ℱP(𝜇)), 

𝜈P
min = −

𝜕ℱP(𝜇)

𝜕𝜇
|
𝜇=𝜇𝑐

, 𝜈F
max = −

𝜕ℱF(𝜇)

𝜕𝜇
|
𝜇=𝜇𝑐
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𝜌G =
e−𝛽𝐻

Tr(e−𝛽𝐻)
 

⟨𝑐𝐼
†𝑐𝐽𝑐𝐾

†𝑐𝐿⟩ = ⟨𝑐𝐼
†𝑐𝐾
†𝑐𝐿𝑐𝐽⟩ + 𝛿𝐽,𝐾⟨𝑐𝐼

†𝑐𝐿⟩

 = ⟨𝑐𝐼
†𝑐𝐽⟩⟨𝑐𝐾

†𝑐𝐿⟩ − ⟨𝑐𝐼
†𝑐𝐿⟩⟨𝑐𝐾

†𝑐𝐽⟩ + 𝛿𝐽,𝐾⟨𝑐𝐼
†𝑐𝐿⟩
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Ω(𝜌) = Tr(𝜌𝐻) +
1

𝛽
Tr(𝜌ln (𝜌)),  

Ω(𝜌G) = min
𝜌∈𝒮

 Ω(𝜌),  

Ω(𝜌HF
∗ ) = min

𝜌∈𝒮qf
 Ω(𝜌)  

Ω(𝜌HF,rst
∗ ) = min

𝜌∈𝒮qf,rst
 Ω(𝜌).  

𝜌qf =
e−𝛽𝐻qf

𝑍qf
, 𝑍qf = Tr(e

−𝛽𝐻qf),  

𝐻qf = ∑  

𝐱,𝜎,𝐲,𝜎′

 ℎ𝐱,𝜎;𝐲,𝜎′ (𝑐𝐱,𝜎
† 𝑐𝐲,𝜎′ −

1

2
𝛿𝐱,𝐲𝛿𝜎,𝜎′)  

−
1

2
∑  

𝐱,𝜎

ℎ𝐱,𝜎;𝐱𝜎 = −
1

2
tr(ℎ) 

𝜌HF =
e−𝛽𝐻HF

𝑍HF
, 𝑍HF = Tr(e

−𝛽𝐻HF),  

⟨𝐴⟩ = Tr(𝜌qf𝐴)  

Ω(𝜌qf)= ⟨𝐻 +
1

𝛽
ln (𝜌qf)⟩  

 = ⟨𝐻⟩ − ⟨𝐻qf⟩ −
1

𝛽
ln (𝑍qf).

 

⟨𝑛𝐱,↑𝑛𝐱,↓⟩ = ⟨𝑐𝐱,↑
† 𝑐𝐱,↑⟩⟨𝑐𝐱,↓

† 𝑐𝐱,↓⟩ − ⟨𝑐𝐱,↑
† 𝑐𝐱,↓⟩⟨𝑐𝐱,↓

† 𝑐𝐱,↑⟩

= ⟨𝑛𝐱,↑⟩⟨𝑛𝐱,↓⟩ − ⟨𝑠𝐱
+⟩⟨𝑠𝐱

−⟩ =
1

4
(⟨𝑛𝐱⟩

2 − ⟨𝑠𝐱⟩
2)

 

𝑠𝐱
+: = 𝑐𝐱,↑

† 𝑐𝐱,↓ =
1

2
(𝑠𝐱
𝑥 + i𝑠𝐱

𝑦
), 𝑠𝐱

− = (𝑠𝐱
+)† 

⟨𝑠𝐱⟩(⟨𝑠𝐱
𝑥⟩, ⟨𝑠𝐱

𝑦
⟩, ⟨𝑠𝐱

𝑧⟩) 

⟨𝐻⟩ = ⟨𝐻0⟩ +
𝑈

4
∑  

𝐱

  (⟨𝑛𝐱 − 1⟩
2 − ⟨𝑠𝐱⟩

2).  

1

𝛽
ln (𝑍qf) = tr(Ln𝛽(ℎ))  

tr(Ln𝛽(ℎ)) =∑  

𝐼

 Ln𝛽(𝐸𝐼)  

𝑛𝐱,↑,↓ −
1

2
=
1

2
(𝑛𝐱 − 1 ± 𝑠𝐱

𝑧) 
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(𝑛𝐱,↑ −
1

2
) (𝑛𝐱,↓ −

1

2
) =

1

2
(𝑛𝐱 − 1)

2 −
1

4
 

𝐻 = 𝐻0 + 𝑈∑  

𝐱

  𝜈𝐱,↑𝜈𝐱,↓  

𝜈𝐱,↑,↓ =
1

2
(𝑛𝐱 − 1 ± 𝑒𝐱 ⋅ 𝑠𝐱) 

𝛿𝜈𝐱,𝜎 = 𝜈𝐱,𝜎 − ⟨𝜈𝐱,𝜎⟩ 

𝜈𝐱,↑𝜈𝐱,↓ ≈ ⟨𝜈𝐱,↑⟩𝜈𝐱,↓ + 𝜈𝐱,↑⟨𝜈𝐱,↓⟩ − ⟨𝜈𝐱,↑⟩⟨𝜈𝐱,↓⟩. 

𝐻HF = 𝐻0 + 𝑈∑  

𝐱

 (⟨𝜈𝐱,↑⟩𝜈𝐱,↓ + 𝜈𝐱,↑⟨𝜈𝐱,↓⟩)

 = 𝐻0 +
𝑈

2
∑ 

𝐱

  (⟨𝑛𝐱 − 1⟩(𝑛𝐱 − 1) − ⟨𝑒𝐱 ⋅ 𝑠𝐱⟩𝑒𝐱 ⋅ 𝑠𝐱)
 

 

𝐸pot = 𝑈∑  

𝐱

⟨𝜈𝐱,↑⟩⟨𝜈𝐱,↓⟩ =
𝑈

4
∑  

𝐱

(⟨𝑛𝐱 − 1⟩
2 − ⟨𝑒𝐱 ⋅ 𝑠𝐱⟩

2) 

 

⟨𝐻⟩ = ⟨𝐻HF − 𝐸pot ⟩ 

⟨𝐻HF − 𝐸pot⟩ = ⟨𝐻0⟩ + 𝐸pot, 

⟨𝑒𝐱 ⋅ 𝑠𝐱⟩
2 = ⟨𝑠𝐱⟩

2 

𝐻HF = 𝐻0 +
𝑈

2
∑  

𝐱

(⟨𝑛𝐱 − 1⟩(𝑛𝐱 − 1) − ⟨𝑠𝐱⟩ ⋅ 𝑠𝐱) 

ℎ𝐱,𝜎;𝐲,𝜎′ = (𝑡𝐱,𝐲 − 𝜇𝛿𝐱,𝐲)𝛿𝜎,𝜎′

 +
𝑈

2
𝛿𝐱,𝐲(𝑑(𝐱)𝛿𝜎,𝜎′ − 𝑚⃗⃗⃗(𝐱) ⋅ 𝜎⃗𝜎,𝜎′)

 

𝜎⃗ = (𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧) 

𝑠𝐱 = ∑  

𝜎,𝜎′

𝑐𝐱,𝜎
† 𝜎⃗𝜎,𝜎′𝑐𝐱,𝜎′ 

−
1

2
∑ 

𝐱,𝜎

 ℎ𝐱,𝜎;𝐱,𝜎 =∑ 

𝐱

  (𝜇 − (𝑈/2)𝑑(𝐱)) 

𝜕

𝜕𝑑(𝐱)
𝐻HF = (𝑈/2)(𝑛𝐱 − 1) 
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𝑈

2
⟨𝑛𝐱 − 1⟩ =

Tr (e−𝛽𝐻HF(𝑈/2)(𝑛𝐱 − 1))

Tr(e−𝛽𝐻HF)

= −
1

𝛽

𝜕

𝜕𝑑(𝐱)
ln (Tr(e−𝛽𝐻HF))  

 = −
1

𝛽

𝜕

𝜕𝑑(𝐱)
ln (𝑍HF)

 

𝑈

2
⟨𝑠𝐱⟩ =

1

𝛽

𝜕

𝜕𝑚⃗⃗⃗(𝐱)
ln (𝑍HF) 

𝐺 =
𝑈

4
∑  

𝐱

  (𝑚⃗⃗⃗(𝐱)2 − 𝑑(𝐱)2) −
1

𝛽
ln (𝑍HF)  

𝜕𝐺

𝜕𝑑(𝐱)
= −

𝑈

2
𝑑(𝐱) +

𝑈

2
⟨𝑛𝐱 − 1⟩, 

𝜕𝐺

𝜕𝑚⃗⃗⃗(𝐱)
 =
𝑈

2
𝑚⃗⃗⃗(𝐱) −

𝑈

2
⟨𝑠𝐱⟩,

 

𝜕

𝜕𝑑(𝐱)
𝐺 = 0,

𝜕

𝜕𝑚⃗⃗⃗(𝐱)
𝐺 = 0⃗⃗ 

∑ 

𝐱

⟨𝑛𝐱 − 1⟩ =
1

𝛽

𝜕

𝜕𝜇
ln (𝑍HF) 

∑ 

𝐱

(𝑛𝐱 − 1) = −
𝜕

𝜕𝜇
𝐻HF 

𝜈 = −
1

𝐿𝑛
𝜕𝐺

𝜕𝜇
.  

𝒢 =
1

𝐿𝑛
(
𝑈

4
∑ 

𝐱

  (𝑚⃗⃗⃗(𝐱)2 − 𝑑(𝐱)2) − tr(Ln𝛽(ℎ))  

⟨𝐻⟩ − ⟨𝐻HF⟩ =
𝑈

4
∑  

𝐱

  (⟨𝑛𝐱 − 1⟩
2 − ⟨𝑠𝐱⟩

2)

 −
𝑈

2
∑  

𝐱

  (𝑑(𝐱)⟨𝑛𝐱 − 1⟩ − 𝑚⃗⃗⃗(𝐱) ⋅ ⟨𝑠𝐱⟩)

 

⟨𝐻⟩ − ⟨𝐻HF⟩ =
𝑈

4
∑  

𝐱

(𝑚⃗⃗⃗(𝐱)2 − 𝑑(𝐱)2) + 𝒞 

𝒞 =
𝑈

4
∑ 

𝐱

  ([𝑑(𝐱) − ⟨𝑛𝐱 − 1⟩]
2 − [𝑚⃗⃗⃗(𝐱) − ⟨𝑠𝐱⟩]

2).  

Ω =
𝑈

4
∑  

𝐱

  (𝑚⃗⃗⃗(𝐱) − 𝑑(𝐱)2) − tr(Ln𝛽(ℎ)) + 𝒞  
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Ω(𝒅∗, 𝒎⃗⃗⃗⃗∗; 𝜇) = min
𝒎⃗⃗⃗⃗,𝒅

 Ω(𝒅, 𝒎⃗⃗⃗⃗; 𝜇)  

Ω = 𝐺 + 𝒞, 

𝜕Ω

𝜕𝑑(𝐱)
 = −

𝑈

2
𝑑(𝐱) +

𝑈

2
⟨𝑛𝐱 − 1⟩ +

𝜕𝒞

𝜕𝑑(𝐱)
𝜕Ω

𝜕𝑚⃗⃗⃗(𝐱)
 =
𝑈

2
𝑚⃗⃗⃗(𝐱) −

𝑈

2
⟨𝑠𝐱⟩ +

𝜕𝒞

𝜕𝑚⃗⃗⃗(𝐱)

 

𝜈 = −
1

𝐿𝑛
𝜕Ω

𝜕𝜇
+
1

𝐿𝑛
𝜕𝒞

𝜕𝜇
, 

𝒞 =
1

𝑈
∑  

𝐱

((
𝜕𝐺

𝜕𝑑(𝐱)
)
2

− (
𝜕𝐺

𝜕𝑚⃗⃗⃗(𝐱)
)
2

) 

𝜕𝐺

𝜕𝑑(𝐱)
= 0,

𝜕𝐺

𝜕𝑚⃗⃗⃗(𝐱)
= 0⃗⃗ 

𝜕Ω

𝜕𝑑(𝐱)
 = 0,

𝜕Ω

𝜕𝑚⃗⃗⃗(𝐱)
= 0⃗⃗

𝜈 = −
1

𝐿𝑛
𝜕Ω

𝜕𝜇

 

ℱ = Ω/𝐿𝑛 = 𝐺/𝐿𝑛 = 𝒢 

𝑑(𝐱)= 𝑑0 + (−1)
𝐱𝑑1  

𝑚⃗⃗⃗(𝐱) = 𝑚0𝑒0 + (−1)
𝐱𝑚1𝑒1

 

𝑒0 = (0,0,1) and 𝑒1 = (sin (𝜃),0, cos (𝜃)) 

 

𝑒0 ⋅ 𝜎⃗𝜎,𝜎′ = 𝜎𝛿𝜎,𝜎′ , 𝑒1 ⋅ 𝜎⃗𝜎,𝜎′ = cos (𝜃)𝜎𝛿𝜎,𝜎′ + sin (𝜃)𝛿𝜎,−𝜎′ 

𝜙𝑖 =
𝑈

2
𝑑𝑖 , 𝐵𝑖 = −

𝑈

2
𝑚𝑖 (𝑖 = 0,1),  

𝐻HF = ∑  

𝐤,𝜎

 ([𝜀(𝐤) − 𝜇 + 𝜙0 + 𝐵0𝜎]𝑐𝜎
†(𝐤)𝑐𝜎(𝐤)

 +[𝜀2(𝐤) + 𝜙1 +𝐵1cos (𝜃)𝜎]𝑐𝜎
†(𝐤)𝑐𝜎(𝐤 + 𝐐)

 +𝐵1sin (𝜃)𝑐𝜎
†(𝐤)𝑐−𝜎(𝐤 + 𝐐)) − 𝐸0

 

𝐶(𝐤) = (𝑐↑
†(𝐤), 𝑐↑

†(𝐤 + 𝐐), 𝑐↓
†(𝐤), 𝑐↓

†(𝐤 + 𝐐))
†
, 

𝐻HF = ∑  

𝐤∈Λ𝐿, half 
∗

𝐶(𝐤)†ℎ(𝐤)𝐶(𝐤) − 𝐸0, 
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ℎ(𝐤)

= (

𝜀(𝐤) − 𝜇 + 𝜙0 +𝐵0 𝜀2(𝐤) + 𝜙1 +𝐵1cos (𝜃) 0 𝐵1sin (𝜃)
𝜀2(𝐤) + 𝜙1 + 𝐵1cos (𝜃) 𝜀(𝐤 + 𝐐) − 𝜇 + 𝜙0 + 𝐵0 𝐵1sin (𝜃) 0

0 𝐵1sin (𝜃) 𝜀(𝐤) − 𝜇 + 𝜙0 − 𝐵0 𝜀2(𝐤) + 𝜙1 − 𝐵1cos (𝜃)
𝐵1sin (𝜃) 0 𝜀2(𝐤) + 𝜙1 − 𝐵1cos (𝜃) 𝜀(𝐤 + 𝐐) − 𝜇 + 𝜙0 − 𝐵0

). 

1

𝐿𝑛
∑ 

𝐼

Ln𝛽(𝐸𝐼) =
1

𝐿𝑛
∑  

𝐤∈Λ𝐿, half 
∗

∑  

𝑟,𝑟′=±

Ln𝛽(𝐸𝑟,𝑟′(𝐤)) =
1

2

1

𝐿𝑛
∑ 

𝐤

∑  

𝑟,𝑟′=±

Ln𝛽(𝐸𝑟,𝑟′(𝐤)), 

𝐸𝑟,𝑟′(𝐤) = 𝐸𝑟,𝑟′(𝐤 + 𝐐) 

𝑈

4𝐿𝑛
∑ 

𝐱

(𝑚⃗⃗⃗(𝐱)2 − 𝑑(𝐱)2) =
𝑈

4𝐿𝑛
∑ 

𝐱

(𝑚0
2 +𝑚1

2 + 2𝑚0𝑚1cos (𝜃)(−1)
𝐱 − 𝑑0

2 − 𝑑1
2 − 2𝑑0𝑑1(−1)

𝐱)

=
𝑈

4
(𝑚0

2 +𝑚1
2 − 𝑑0

2 − 𝑑1
2) 

𝒢 =
𝑈

4
(𝑚0

2 +𝑚1
2 − 𝑑0

2 − 𝑑1
2) −

1

2

1

𝐿𝑛
∑ 

𝐤

∑  

𝑟,𝑟′=±

Ln𝛽(𝐸𝑟,𝑟′(𝐤)) 

𝐸𝑟,𝑟′(𝐤) =
𝜀(𝐤) + 𝜀(𝐤 + 𝐐)

2
+ 𝜙0 + 𝑟𝐵0 + 𝑟

′√(
𝜀(𝐤) − 𝜀(𝐤 + 𝐐)

2
)
2

+ (𝜀2(𝐤) + 𝜙1 + 𝑟𝐵1)
2 

𝑑0 =
1

2
∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
∑  

𝑟,𝑟′=±

 𝑓𝛽(𝐸𝑟,𝑟′(𝐤))

𝑚0 =
1

2
∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
∑  

𝑟,𝑟′=±

 𝑟𝑓𝛽(𝐸𝑟,𝑟′(𝐤))

𝑑1 =
1

2
∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
∑  

𝑟,𝑟′=±

  𝑟′𝑓𝛽(𝐸𝑟,𝑟′(𝐤))
𝜀2(𝐤) +

𝑈𝑑1
2
− 𝑟

𝑈𝑚1
2

√𝜀0(𝐤)
2 + (𝜀2(𝐤) +

𝑈𝑑1
2 − 𝑟

𝑈𝑚1
2 )

2

𝑚1 =
1

2
∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
∑  

𝑟,𝑟′=±

 𝑟𝑟′𝑓𝛽(𝐸𝑟,𝑟′(𝐤))
𝜀2(𝐤) +

𝑈𝑑1
2 − 𝑟

𝑈𝑚1
2

√𝜀0(𝐤)
2 + (𝜀2(𝐤) +

𝑈𝑑1
2 − 𝑟

𝑈𝑚1
2 )

2

 

𝜈 =
1

2
∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
∑  

𝑟,𝑟′=±

 𝑓𝛽(𝐸𝑟,𝑟′(𝐤))  

Ω(𝐻; 𝜌) = Tr(𝜌𝐻) +
1

𝛽
Tr(𝜌ln (𝜌)), 

Ω(𝐻; 𝜌HF
∗ ) = min

𝜌qf
 Ω(𝐻; 𝜌qf)  

Tr(𝜌qf𝐻) = ⟨𝐻⟩ 
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Ω(𝐻; 𝜌qf) = ⟨𝐻0⟩ +
𝑈

4
∑  

𝐱

  (⟨𝑛𝐱 − 1⟩
2 − ⟨𝑠𝐱⟩

2)

 +
1

𝛽
Tr (𝜌qfln (𝜌qf))

 

0 = min
𝑑(𝐱)

 (⟨𝑛𝐱 − 1⟩ − 𝑑(𝐱))
2

 = ⟨𝑛𝐱 − 1⟩
2 +min

𝑑(𝐱)
 (𝑑(𝐱)2 − 2𝑑(𝐱)⟨𝑛𝐱 − 1⟩)

 

⟨𝑛𝐱 − 1⟩
2 = max

𝑑(𝐱)
 (−𝑑(𝐱)2 + 2𝑑(𝐱)⟨𝑛𝐱 − 1⟩)  

−⟨𝑠𝐱⟩
2 = min

𝑚⃗⃗⃗⃗(𝐱)
 (𝑚⃗⃗⃗(𝐱)2 − 2𝑚⃗⃗⃗(𝐱) ⋅ ⟨𝑠𝐱⟩)  

Ω(𝐻; 𝜌qf) = min
𝒎⃗⃗⃗⃗
 max
𝒅
 (⟨𝐻0⟩ +

𝑈

4
∑  

𝐱

  (𝑚⃗⃗⃗(𝐱)2

−2𝑚⃗⃗⃗(𝐱) ⋅ ⟨𝑠𝐱⟩ − 𝑑(𝐱)
2+2𝑑(𝐱)⟨𝑛𝐱 − 1⟩)

+
1

𝛽
Tr (𝜌qfln (𝜌qf)))

 

⟨𝐻0⟩ +
𝑈

4
∑  

𝐱

(−2𝑚⃗⃗⃗(𝐱) ⋅ ⟨𝑠𝐱⟩ + 2𝑑(𝐱)⟨𝑛𝐱 − 1⟩) 

⟨𝐻HF⟩ +
1

𝛽
Tr (𝜌qfln (𝜌qf)) = Ω(𝐻HF; 𝜌qf) 

Ω(𝐻; 𝜌qf) = min
𝒎⃗⃗⃗⃗
 max
𝒅
 (
𝑈

4
∑  

𝐱

  (𝑚⃗⃗⃗(𝐱)2−𝑑(𝐱)2)

+Ω(𝐻HF, 𝜌qf))

 

Ω(𝐻; 𝜌HF
∗ ) = min

𝒅
 max
𝒎⃗⃗⃗⃗
  (
𝑈

4
∑  

𝐱

  (𝑚⃗⃗⃗(𝐱)2 − 𝑑(𝐱)2) 

+min
𝜌qf
 Ω(𝐻HF; 𝜌qf))

 

min
𝜌qf
 Ω(𝐻HF; 𝜌qf) = Ω(𝐻HF; 𝜌HF). 

Ω(𝐻HF; 𝜌HF) = Tr(𝜌HF𝐻HF)

 +
1

𝛽
Tr (𝜌HF(−𝛽𝐻HF − ln (𝑍HF))) = −

1

𝛽
ln (𝑍HF)

 

Ω(𝐻; 𝜌HF
∗ ) = min

𝒎⃗⃗⃗⃗
 max
𝒅
 𝐺(𝒅, 𝒎⃗⃗⃗⃗; 𝜇)  

𝐻AF = 𝐻0 +
𝑈

2
∑  

𝐱

  (𝑑0(𝑛𝐱 − 1) − (−1)
𝐱𝑚1𝑒 ⋅ 𝑠𝐱)  
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𝜌AF =
e−𝛽𝐻AF

Tr(e−𝛽𝐻AF)
 

Ω(𝐻; 𝜌AF
∗ ) = min

𝜌AF
 Ω(𝐻; 𝜌AF) 

min
𝑑0,𝑚1𝑒

 Ω(𝐻, 𝜌AF(𝑑0,𝑚1𝑒; 𝜇)) 

∑ 

𝐱

  ⟨𝑛𝐱 − 1⟩
2 = 𝐿𝑛𝑎2 = 𝐿𝑛max

𝑑̃0
 (−𝑑̃0

2 + 2𝑑̃0𝑎)

 = max
𝑑̃0
 (−𝐿𝑛𝑑̃0

2 + 2∑  

𝐱

  𝑑̃0⟨𝑛𝐱 − 1⟩)

 

−∑ 

𝐱

  ⟨𝑠𝐱⟩
2 = −𝐿𝑛𝑏2 = 𝐿𝑛min

𝑚̃1

 (𝑚̃1
2 − 2𝑚̃1𝑏)

 = min
𝑚̃1

 (𝐿𝑛𝑚̃1
2 − 2∑  

𝐱

  (−1)𝐱𝑚̃1𝑒 ⋅ ⟨𝑠𝐱⟩)

 

Ω(𝐻; 𝜌AF) = min
𝑚̃1

 max
𝑑̃0
 (𝐿𝑛

𝑈

4
(𝑚̃1

2 − 𝑑̃0
2)

+⟨𝐻̃AF⟩ +
1

𝛽
Tr(𝜌AFln (𝜌AF)))

= min
𝑚̃1

 max
𝑑̃0
 (𝐿𝑛

𝑈

4
(𝑚̃1

2 − 𝑑̃0
2) + Ω(𝐻̃AF; 𝜌AF))

 

𝐻̃AF = 𝐻AF(𝑑̃0, 𝑚̃1𝑒; 𝜇) 

Ω(𝐻; 𝜌AF
∗ ) = min

𝑚̃1

 max
𝑑̃0
 (𝐿𝑛

𝑈

4
(𝑚̃1

2 − 𝑑̃0
2)

+min
𝜌AF

 Ω(𝐻̃AF; 𝜌AF))

 

𝜌 = 𝜌̃AF = 𝜌AF(𝑑̃0, 𝑚̃1𝑒; 𝜇) 

min
𝜌AF

 Ω(𝐻̃AF; 𝜌AF) = Ω(𝐻̃AF; 𝜌̃AF) = −
1

𝛽
ln (Tr(e−𝛽𝐻̃AF)) 

Ω(𝐻; 𝜌AF
∗ ) = min

𝑚1

 max
𝑑0
 𝐺AF(𝑑0,𝑚1; 𝜇) 

𝐺AF(𝑑0,𝑚1; 𝜇) = 𝐿
𝑛
𝑈

4
(𝑚1

2 − 𝑑0
2) −

1

𝛽
ln (Tr(e−𝛽𝐻AF)) 

lim
𝐿→∞

 𝐿−𝑛𝐺AF(𝑑0,𝑚1; 𝜇) = 𝒢(𝑑0, 𝑚1; 𝜇) 

Ω(𝐻; 𝜌mixed ) = 𝑤Ω(𝐻; 𝜌AF) + (1 − 𝑤)Ω(𝐻; 𝜌AF) + ΔΩ 

{𝑐𝐼 , 𝑐𝐽
†} = 𝛿𝐼,𝐽, {𝑐𝐼 , 𝑐𝐽} = 0  
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|𝑛1, … , 𝑛𝒩⟩:= (𝑐1
†)
𝑛1
⋯(𝑐𝒩

† )
𝑛𝒩
|0⟩ 

𝐻 = 𝐻0 + ∑  

𝐼,𝐽,𝐾,𝐿

 𝑣𝐼,𝐽,𝐾,𝐿𝑐𝐼
†𝑐𝐽𝑐𝐾

†𝑐𝐿  

𝐻0 =∑ 

𝐼,𝐽

  𝑡𝐼,𝐽𝑐𝐼
†𝑐𝐽  

𝑡𝐼,𝐽 = 𝑡𝐽,𝐼 , 𝑣𝐼,𝐽,𝐾,𝐿 = 𝑣𝐿,𝐾,𝐽,𝐼  

𝑘𝑖 ∈ (2𝜋/𝐿)ℤ,−𝜋 ≤ 𝑘𝑖 < 𝜋 (𝑖 = 1,… , 𝑛).  

𝑐𝜎(𝐤) =
1

𝐿𝑛/2
∑ 

𝐱

  𝑐𝐱,𝜎e
−i𝐤⋅𝐱

 

∑ 

𝐱

e−i𝐤⋅𝐱 = 𝐿𝑛𝛿𝐤,𝟎 

𝛿𝐤,𝟎 =∏ 

𝑛

𝑖=1

𝛿𝑘𝑖,0 

𝑐𝐱,𝜎 =
1

𝐿𝑛/2
∑ 

𝐤

  𝑐𝜎(𝐤)e
i𝐤⋅𝐱

 

∑ 

𝐤

∑  

𝐤∈Λ𝐿
∗

 

lim
𝐿→∞

 
1

𝐿𝑛
∑ 

𝐤

 𝑔(𝐤) = ∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
𝑔(𝐤)  

∫  
[−𝜋,𝜋]𝑛

 
𝑑𝑛𝐤

(2𝜋)𝑛
𝑔(𝜀0(𝐤)) = ∫  𝑁𝑛(𝜖)𝑔(𝜖)𝑑𝜖  

𝑐𝐱,𝜎 → (−1)𝐱𝑐𝐱,𝜎
† , 𝑐𝐱,𝜎

† → (−1)𝐱𝑐𝐱,𝜎  

𝑛𝐱,𝜎 −
1

2
→ −(𝑛𝐱,𝜎 −

1

2
) 

𝑐𝐱,𝜎
† 𝑐𝐲,𝜎 → ±𝑐𝐱,𝜎

† 𝑐𝐲,𝜎 
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𝑁1(𝜖) =
𝜃(1 − |𝜖/2𝑡|)

2𝑡𝜋√1 − (𝜖/2𝑡)2
 

𝑁∞(𝜖) =
1

√2𝜋𝑡∗
e−
1
2
(𝜖/𝑡∗)2 .  

Ω(𝛼𝜌1 + (1 − 𝛼)𝜌2) < 𝛼Ω(𝜌1) + (1 − 𝛼)Ω(𝜌2) 

𝛿𝑣Ω(𝜌) =
𝑑

𝑑𝛼
Ω(𝜌 + 𝛼𝑣)|

𝛼=0
 

𝛿𝑣Ω(𝜌) = 𝛿𝑣Tr(𝑓(𝜌)) = Tr(𝑓
′(𝜌)𝑣) 

𝑓(𝑥) = 𝑥ln (𝑥) of 𝑥 ∈ (0,1) 

𝜌 = ∑  𝑘 𝜌𝑘|𝑘⟩⟨𝑘| with ⟨𝑘 ∣ 𝑘′⟩ = 𝛿𝑘,𝑘′ 

𝜌𝑘 = ⟨𝑘|𝜌|𝑘⟩ ≈ 𝜌𝑘 + 𝛼⟨𝑘|𝑣|𝑘⟩ 

Tr(𝑓(𝜌 + 𝛼𝑣) − 𝑓(𝜌)) ≈∑  

𝑘

  [𝑓(𝜌𝑘 + 𝛼⟨𝑘|𝑣|𝑘⟩) − 𝑓(𝜌𝑘)]

≈ ∑  

𝑘

 𝛼𝑓′(𝜌𝑘)⟨𝑘|𝑣|𝑘⟩ = 𝛼∑  

𝑘

  ⟨𝑘|𝑓′(𝜌)𝑣|𝑘⟩ = 𝛼Tr(𝑓′(𝜌)𝑣);
 

𝛿𝑣Ω(𝜌) = Tr([𝐻 + (1/𝛽)(ln (𝜌) + 𝐼)]𝑣) 

𝛿𝑣Ω(𝜌) = 0 

𝐻 + (1/𝛽)(ln (𝜌) + 𝐼) = 𝑐𝐼 
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𝜌 = e𝛽𝑐−1e−𝛽𝐻 

𝜌∗ = e−𝛽𝐻/Tr(e−𝛽𝐻), 

Ω(𝜌∗ + 𝛼(𝜌−𝜌∗)) − Ω(𝜌∗)

 = Ω(𝛼𝜌 + (1 − 𝛼)𝜌∗) − Ω(𝜌∗)

< 𝛼Ω(𝜌) + (1 − 𝛼)Ω(𝜌∗) −Ω(𝜌∗)

 = 𝛼[Ω(𝜌) − Ω(𝜌∗)]

 

𝛿𝑣Ω(𝜌
∗) < Ω(𝜌) − Ω(𝜌∗) 

Ω(𝛼𝜌1 + (1 − 𝛼)𝜌2) ≤ 𝛼Ω(𝜌1) + (1 − 𝛼)Ω(𝜌2) 

Ω(𝜌∗) = min
𝜌∈𝒮𝑐

 Ω(𝜌)  

𝜌 = 𝑤𝜌AF + (1 − 𝑤)𝜌P 

Ω(𝜌) = 𝑤Ω(𝜌AF) + (1 − 𝑤)Ω(𝜌P) 

𝜌 =∑  

𝐾

𝑖=1

 𝛼𝑖𝜌𝑖  

Ω(𝜌) =∑  

𝐾

𝑖=1

 𝛼𝑖Ω(𝜌𝑖)  

𝛼𝐾 = 1 −∑  

𝐾−1

𝑖=1

𝛼𝑖
𝜕Ω

𝜕𝛼𝑖
 

Ω(𝜌𝑖) = Ω(𝜌𝑗) (1 ≤ 𝑖 < 𝑗 ≤ 𝐾).  

ℎ𝐼,𝐽 =∑ 

𝐾

 (𝑈†)
𝐼,𝐾
𝐸𝐾𝑈𝐾,𝐽 , (𝑈

†)
𝐼,𝐾
= 𝑈𝐾,𝐼  

𝑐̃𝐼 =∑ 

𝐽

 𝑈𝐼,𝐽𝑐𝐽  

𝐻qf = ∑  

𝐼,𝐽,𝐾

 𝑈𝐾,𝐼𝐸𝐾𝑈𝐾,𝐽(𝑐𝐼
†𝑐𝐽 −

1

2
𝛿𝐼,𝐽)

 =∑  

𝐾

 𝐸𝐾 (𝑐̃𝐾
† 𝑐̃𝐾 −

1

2
)

 

(𝑐̃1
†)
𝑛1
⋯(𝑐̃𝒩

† )
𝑛𝒩
|0⟩ 
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Tr(e−𝛽𝐻qf) = ∑  

𝑛1=0,1

 ⋯ ∑  

𝑛𝒩=0,1

  ⟨0|(𝑐̃𝒩)
𝑛𝒩⋯(𝑐̃1)

𝑛1

×∏ 

𝐾

  e
−𝛽𝐸𝐾(𝑐𝐾

†𝑐𝐾−
1
2
)
(𝑐̃1
†)
𝑛1
⋯(𝑐̃𝒩

† )
𝑛𝒩
|0⟩

=∏ 

𝐾

  ∑  

𝑛𝐾=0,1

  e
−𝛽𝐸𝐾(𝑛𝐾−

1
2
)

=∏ 

𝐾

  (e𝛽𝐸𝐾/2 + e−𝛽𝐸𝐾/2)

 

1

𝛽
ln 𝑍qf =

1

𝛽
ln ∏  

𝐾

(e𝛽𝐸𝐾/2 + e−𝛽𝐸𝐾/2) =∑  

𝐾

Ln𝛽(𝐸𝐾) 

Tr(e(𝐴+𝛼𝐵)𝐵)

Tr(e(𝐴+𝛼𝐵))
=
𝜕

𝜕𝛼
ln Tr(e(𝐴+𝛼𝐵))  

𝜕

𝜕𝛼
ln Tr(e(𝐴+𝛼𝐵)) =

1

Tr(e(𝐴+𝛼𝐵))

𝜕

𝜕𝛼
Tr(e(𝐴+𝛼𝐵)) 

𝜕

𝜕𝛼
Tr(e(𝐴+𝛼𝐵)) = ∑  

∞

𝑘=0

 
Tr (

𝜕
𝜕𝛼
(𝐴 + 𝛼𝐵)𝑘)

𝑘!

 = ∑  

∞

𝑘=1

 
Tr((𝐴 + 𝛼𝐵)𝑘−1𝐵)

(𝑘 − 1)!

 = Tr(∑  

∞

𝑘=0

 
(𝐴 + 𝛼𝐵)𝑘

𝑘!
𝐵) = Tr(e(𝐴+𝛼𝐵)𝐵)

 

𝛾𝐼,𝐽 = ⟨𝑐𝐽
†𝑐𝐼⟩  

𝛾 =
1

e𝛽ℎ + 1
⇔ ℎ =

1

𝛽
ln (𝛾−1 − 1),  

𝛾𝐼,𝐽 =∑ 

𝐾

(𝑈†)
𝐼,𝐾
𝛾𝐾𝑈𝐾,𝐽 

𝛾𝐾 = 1/(e
𝛽𝐸𝐾 + 1) 

𝐻qf =∑ 

𝐾

𝐸𝐾(𝑐̃𝐾
† 𝑐̃𝐾 − 1/2) 

Tr(e−𝛽𝐻qf) =∏ 

𝐾

∑  

𝑛𝐾=0,1

e
−𝛽𝐸𝐾(𝑛𝐾−

1
2
)
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Tr (e
−𝛽𝐻q𝑐𝐼

†𝑐𝐽)=∑  𝑛1=0,1
 ⋯∑  𝑛𝒩=0,1

 ⟨0|(𝑐𝒩)
𝑛𝒩⋯(𝑐1)

𝑛1

 ×∏  

𝐾

  e
−𝛽𝐸𝐾(𝑐𝐾

†𝑐𝐾−
1
2
)
⋅ 𝑐̃𝐼
†𝑐̃𝐽 ⋅ (𝑐̃1

†)
𝑛1
⋯(𝑐̃𝒩

† )
𝑛𝒩
|0⟩

 = 𝛿𝐼,𝐽∏ 

𝐾≠𝐼

  ∑  

𝑛𝐾=0,1

  e
−𝛽𝐸𝐾(𝑛𝐾−

1
2
)
⋅ ∑  

𝑛𝐼=0,1

 𝑛𝐼e
−𝛽𝐸𝐼(𝑛𝐼−

1
2
)

 = 𝛿𝐼,𝐽Tr(e
−𝛽𝐻HF)

∑  𝑛𝐼=0,1  𝑛𝐼e
−𝛽𝐸𝐼(𝑛𝐼−

1
2
)

∑  𝑛𝐼=0,1   e
−𝛽𝐸𝐼(𝑛𝐼−

1
2
)

 

⟨𝑐̃𝐼
†𝑐̃𝐽⟩ =

Tr(e−𝛽𝐻qf 𝑐̃𝐼
†𝑐̃𝐽)

Tr(e−𝛽𝐻qf)

 = 𝛿𝐼,𝐽
e−𝛽𝐸𝐼/2

e𝛽𝐸𝐼/2 + e−𝛽𝐸𝐼/2
= 𝛿𝐼,𝐽

1

e𝛽𝐸𝐼 + 1

 

𝑐𝐼 =∑ 

𝐽

  (𝑈†)
𝐼,𝐽
𝑐̃𝐽  

𝛾𝐼,𝐽 = ⟨𝑐𝐽
†𝑐𝐼⟩ =∑  

𝐾,𝐿

 𝑈𝐽,𝐾
†
⏟
𝑈𝐾,𝐽

(𝑈†)
𝐼,𝐿

⟨𝑐̃𝐾
† 𝑐̃𝐿⟩⏟  

𝛿𝐾,𝐿/(e
𝛽𝐸𝐾+1)

 =∑  

𝐾

  (𝑈†)
𝐼,𝐾

1

e𝛽𝐸𝐾 + 1
𝑈𝐾,𝐽

 

⟨𝑐̃𝐼
†𝑐̃𝐾
† 𝑐̃𝐿𝑐̃𝐽⟩ =

Tr(e−𝛽𝐻qf 𝑐̃𝐼
†𝑐̃𝐾
† 𝑐̃𝐽𝑐̃𝐿)

Tr(e−𝛽𝐻qf)

 = (𝛿𝐼,𝐽𝛿𝐾,𝐿 − 𝛿𝐼,𝐿𝛿𝐾,𝐽)
1

e𝛽𝐸𝐼 + 1

1

e𝛽𝐸𝐾 + 1
,

 

Tr(𝜌qf𝑐𝐽
†𝑐𝐼) = 𝛾𝐼,𝐽 = Tr(𝜌𝑐𝐽

†𝑐𝐼) 

𝛾 =∑  

𝑘

𝛾𝑘|𝑘⟩⟨𝑘| 

⟨𝑘 ∣ 𝑘′⟩ = 𝛿𝑘,𝑘′ 

𝛾𝑘 = ⟨𝑘|𝛾|𝑘⟩ for 𝑘, 𝑘′ = 1,… ,𝒩 

𝛾(𝜖) = 𝛾 + 𝜖 ∑  

𝑘:𝛾𝑘=0

|𝑘⟩⟨𝑘| 

⟨𝐻qf⟩ =∑  

𝐼,𝐽

ℎ𝐼,𝐽 (𝛾𝐽,𝐼 −
1

2
𝛿𝐼,𝐽) = tr (ℎ (𝛾 −

1

2
)) 

(𝑛↑ −
1

2
) (𝑛↓ −

1

2
) =

1

4
(𝑛 + 𝑒 ⋅ 𝑠 − 1)(𝑛 − 𝑒 ⋅ 𝑠 − 1) 
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𝑛↑,↓ =
1

2
(𝑛 ± 𝑠𝑧) 

(𝑛 + 𝑠𝑧 − 1)(𝑛 − 𝑠𝑧 − 1) = (𝑛 + 𝑒 ⋅ 𝑠 − 1)(𝑛 − 𝑒 ⋅ 𝑠 − 1) 

(𝑒 ⋅ 𝑠)2 = (𝑠𝑧)2  

(𝑠𝑥)2 = (𝑠𝑧)2, (𝑠𝑦)2 = (𝑠𝑧)2

{𝑠𝑥 , 𝑠𝑦} = {𝑠𝑦, 𝑠𝑧} = {𝑠𝑧, 𝑠𝑥} = 0
 

(𝑒 ⋅ 𝑠)2 = (𝑒𝑥𝑠𝑥 + 𝑒𝑦𝑠𝑦 + 𝑒𝑧𝑠𝑧)2 

𝐻HF = 𝐻0 +
𝑈

2
∑  

𝐤

(𝑑̃0(−𝐤)(𝑛̃𝐤 − 𝐿
𝑛/2𝛿𝐤,𝟎) − 𝑚̃⃗⃗⃗(−𝐤) ⋅ 𝑠̃𝐤) 

𝑛̃𝐤 =
1

𝐿𝑛/2
∑ 

𝐱

𝑛𝐱e
−i𝐤⋅𝐱, 𝑑̃(𝐤) =

1

𝐿𝑛/2
∑ 

𝐱

𝑑(𝐱)e−i𝐤⋅𝐱 

𝑈

2
⟨𝑛̃𝐤⟩ = −

1

𝛽

𝜕

𝜕𝑑̃(−𝐤)
ln 𝑍HF (𝐤 ≠ 𝟎)

𝑈

2
⟨𝑠̃𝐤⟩ =

1

𝛽

𝜕

𝜕𝑚̃⃗⃗⃗(−𝐤)
ln 𝑍HF

 

𝑍HF = Tr(e
−𝛽𝐻HF) 

𝑑̃(𝐤) = 𝑑0𝐿
𝑛/2𝛿𝐤,𝟎 

𝑚̃⃗⃗⃗(𝐤) = 𝑚1𝑒𝐿
𝑛/2𝛿𝐤,𝐐.  

⟨𝑛̃𝐤⟩ = 𝛿𝐤,𝟎⟨𝑛̃𝟎⟩, ⟨𝑠̃𝐤⟩ = 𝛿𝐤,𝐐𝑒⟨𝑒 ⋅ 𝑠̃𝐐⟩ 

⟨𝑛𝐱⟩ = 𝑎 and ⟨𝑠𝐱⟩ = (−1)
𝐱𝑒𝑏 

𝑓(𝑥, 𝑦) = sin (𝑥 + 𝑦):min
𝑥∈ℝ

 max
𝑦∈ℝ

 sin (𝑥 + 𝑦) = 1 

max
𝑦∈ℝ

 min
𝑥∈ℝ

 sin (𝑥 + 𝑦) = −1 

min
𝜌qf
 min
𝒎⃗⃗⃗⃗
 max
𝒅
 𝐴(𝒅, 𝒎⃗⃗⃗⃗, 𝜌qf) = min

𝒎⃗⃗⃗⃗
 max
𝒅
 min
𝜌qf
 𝐴(𝒅, 𝒎⃗⃗⃗⃗, 𝜌qf) 

𝐴(𝒅, 𝒎⃗⃗⃗⃗, 𝜌qf)=
𝑈

4
∑  

𝐱

  (𝑚⃗⃗⃗(𝐱)2 − 𝑑(𝐱)2) + Ω(𝐻HF, 𝜌qf) 

=
𝑈

4
∑  

𝐱

  (𝑚⃗⃗⃗(𝐱)2 − 𝑑(𝐱)2)  

+Tr(𝜌qf(𝐻0+
𝑈

2
∑  

𝐱

  (𝑑(𝐱)(𝑛𝐱 − 1) − 𝑚⃗⃗⃗(𝐱) ⋅ 𝑠𝐱)))

 +
1

𝛽
Tr (𝜌qfln (𝜌qf)) ,
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𝐻HF = 𝐻HF(𝒅, 𝒎⃗⃗⃗⃗) 

𝒅 = (𝑑(𝐱)) ∈ ℝ𝐿
𝑛
 

𝒎⃗⃗⃗⃗ = (𝑚⃗⃗⃗(𝐱)) ∈ ℝ3𝐿
𝑛
 

min
𝜌qf
 max
𝒅
 𝐴(𝒅, 𝒎⃗⃗⃗⃗, 𝜌qf) ≥ max

𝒅
 min
𝜌qf
 𝐴(𝒅, 𝒎⃗⃗⃗⃗, 𝜌qf),  

𝒮 =∩{𝑣∈ℂ𝑁:⟨𝑣∣𝑣⟩=1} 𝒮𝑣 

𝜌HF = e
−𝛽𝐻HF/Tr(e−𝛽𝐻HF) ∈ 𝒮qF  

𝜑̃𝑝(𝑟) = ∑  

𝑁

𝑞=1

  [𝑒𝜅]𝑝𝑞𝜑𝑞(𝑟),  

 

|𝜓HF⟩ = |𝜓𝜅⋆⟩ 𝜅
⋆ = argmin𝜅⟨𝜓𝜅|𝐻|𝜓𝜅⟩. (3) 
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⟨𝑎𝑝
†𝑎𝑞
†𝑎𝑟𝑎𝑠⟩ = ⟨𝑎𝑝

†𝑎𝑠⟩⟨𝑎𝑞
†𝑎𝑟⟩ − ⟨𝑎𝑞

†𝑎𝑠⟩⟨𝑎𝑝
†𝑎𝑟⟩.  

⟨𝜓|[[𝐻, 𝐺], 𝐺]|𝜓⟩ 

|𝜓(𝑟1, … , 𝑟𝑛)⟩ = (𝑛!)
−1/2𝐴𝑛(𝜒1(𝑟1)…𝜒𝑛(𝑟𝑛))  

𝜒𝑖(𝑟) =∑  

𝑗

𝑐𝑖
𝑗
𝜙𝑗(𝑟) 

⟨𝛿𝜓|𝐻|𝜓⟩ = 0  

⟨𝑟 ∣ 𝜓⟩ = ⟨𝑟|∏  

𝑛

𝑖=1

 𝑎𝑖
†|0⟩ =

1

√𝑛!
Det [(

𝜒1(𝑟1) ⋯ 𝜒1(𝑟𝑛)
⋮ ⋱ ⋮

𝜒𝑛(𝑟1) ⋯ 𝜒𝑛(𝑟𝑛)
)]  
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⟨𝛿𝜓| = ⟨𝜓|𝑎𝑖
†𝑎𝑎𝜁  

⟨𝜓|𝑎𝑖
†𝑎𝑎𝐻|𝜓⟩ = 0  

[𝑎𝑝
†𝑎𝑞 , 𝑎𝑟

†𝑎𝑠] = 𝛿𝑞,𝑟𝑎𝑝
†𝑎𝑠 − 𝛿𝑝,𝑠𝑎𝑟

†𝑎𝑠  

𝜅 =∑  

𝑝,𝑞

 𝜅𝑝,𝑞𝑎𝑝
†𝑎𝑞  

[𝜅, 𝑎𝑝
†] = 𝑎𝑞

†𝜅𝑝,𝑞 , [𝜅, 𝑎𝑝] = 𝑎𝑞𝜅𝑝,𝑞
∗  

𝑒𝐾𝑎𝑝
†𝑒−𝐾 =∑ 

𝑞

 𝑎𝑞
†𝑢𝑞,𝑝, 𝑒

𝐾𝑎𝑝𝑒
−𝐾 =∑ 

𝑞

 𝑎𝑞𝑢𝑞,𝑝
∗

 

𝑢 = 𝑒𝜅  

|𝜙(𝜅)⟩ = 𝑒𝐾𝑎1
†𝑒−𝐾…𝑒𝐾𝑎𝑛

†𝑒−𝐾|0⟩ = 𝑒𝐾|𝜓⟩.  

𝐸(𝜅) = ⟨𝜙(𝜅)|𝐻|𝜙(𝜅)⟩ = ⟨𝜓|𝑒𝐾𝐻𝑒−𝐾|𝜓⟩.  

 1𝐷𝑖
𝑗
= ⟨𝜙|𝑎𝑗

†𝑎𝑖|𝜙⟩  

 2𝐷𝑖𝑗
𝑝𝑞
 = ⟨𝜙|𝑎𝑝

†𝑎𝑞
†𝑎𝑗𝑎𝑖|𝜙⟩ =  

1𝐷𝑖
𝑝
 1𝐷𝑗

𝑞
−  1𝐷𝑖

𝑞
 1𝐷𝑗

𝑝
.

 

𝐸(𝜅) =∑ 

𝑖𝑗

 ℎ𝑖𝑗⟨𝜙(𝜅)|𝑎𝑖
†𝑎𝑗|𝜙(𝜅)⟩ +∑  

𝑖𝑗𝑘𝑙

 𝑉𝑖𝑗𝑘𝑙⟨𝜙(𝜅)|𝑎𝑖
†𝑎𝑗
†𝑎𝑘𝑎𝑙|𝜙(𝜅)⟩ =∑  

𝑖𝑗

 ℎ𝑖𝑗  
1𝐷𝑗

𝑖 +∑ 

𝑖𝑗𝑘𝑙

 𝑉𝑖𝑗𝑘𝑙 
2𝐷𝑙𝑘

𝑖𝑗
 

ℎ𝑖,𝑗  = ∫  𝑑𝑟𝜒𝑖
∗(𝑟) (−∇2(𝑟) +∑  

𝐴

 
𝑍𝐴

|𝑟 − 𝑅𝐴|
) 𝜒𝑗(𝑟)

𝑉𝑙,𝑘
𝑖,𝑗
 =
1

2
∬  𝑑𝑟1𝑑𝑟2𝜒𝑖

∗(𝑟1)𝜒𝑗
∗(𝑟2)(|𝑟1 − 𝑟2|

−1)𝜒𝑘(𝑟2)𝜒𝑙(𝑟1)

 

 1𝐷̃𝑞
𝑝
= ⟨𝜙|𝑒−𝐾𝑎𝑝

†𝑒𝐾𝑒−𝐾𝑎𝑝𝑒
𝐾|𝜙⟩ = ⟨𝜙|∑  

𝑗

 𝑢𝑝,𝑖𝑎𝑖
†∑ 

𝑞,𝑗

 𝑢𝑞,𝑗
∗ 𝑎𝑗|𝜙⟩ =∑  

𝑖𝑗

 𝑢𝑝,𝑖𝑢𝑞,𝑗
∗ ⟨𝜙|𝑎𝑖

†𝑎𝑗|𝜙⟩.  

𝑈(𝑒𝜅) = 𝑒𝐾 𝐾 =∑  

𝑖,𝑗

 𝜅𝑖,𝑗𝑎𝑖
†𝑎𝑗 𝜅

† = −𝜅  

𝑅(𝑢)𝑝𝑞 = 𝑒
log [𝑢]𝑝𝑞(𝑎𝑝

†𝑎𝑞−𝑎𝑞
†𝑎𝑝)  

𝑈(𝑒𝜅) ⋅ 𝑈(𝑒𝜅
′
) = 𝑈(𝑒𝜅 ⋅ 𝑒𝜅

′
)  

𝑅𝑝𝑞(𝜃)𝑈(𝑢) = 𝑈(𝑟𝑝𝑞(𝜃)𝑢)  
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𝑟(𝜃)𝑝,𝑞 =

(

 
 
 
 

1 … 0 … 0 … 0
⋮ ⋱ ⋮ ⋮ ⋮
0 … cos (𝜃) … −sin (𝜃) … 0

⋮ ⋮ ⋮ ⋮
0 … sin (𝜃) … cos (𝜃) … 0

⋮ ⋮ ⋮ ⋱ ⋮
0 … 0 … 0 … 1)

 
 
 
 

 

∏ 

𝑘

 𝑅𝑘(𝜃𝑘)𝑈(𝑢) =∑  

𝑝

  𝑒−𝑖𝜙𝑝𝑎𝑝
†𝑎𝑝 =∑ 

𝑝

  𝑒−𝑖𝜙𝑝|𝑝⟩⟨𝑝|  

|𝜓(𝜅)⟩ =∏ 

𝜂

𝑖=1

  𝑎̃𝑖
†|vac⟩ =∏ 

𝜂

𝑖=1

  𝑒−𝐾𝑎̃𝑖
†𝑒𝐾|vac⟩ =∏  

𝜂

𝑖=1

 ∑  

𝑝

  [𝑒𝜅]𝑖,𝑝𝑎𝑝
†|vac⟩  

∏ 

𝜂

𝑖=1

 ∑  

𝜂

𝑗=1

 𝑉𝑖,𝑗𝑎̃𝑖
†|vac⟩ = det[𝑉]∏  

𝜂

𝑖=1

  𝑎̃𝑖
†|vac⟩  

 

 

 

⟨𝑎𝑖
†𝑎𝑖⟩ =

𝐼 − ⟨𝑍𝑖⟩

2
= ⟨𝑀𝑖⟩  

(

 
 
 
 
 

⟨𝑎0
†𝑎0⟩ ⟨𝑎0

†𝑎1⟩ ⟨𝑎0
†𝑎2⟩ ⟨𝑎0

†𝑎3⟩ ⟨𝑎0
†𝑎4⟩ ⟨𝑎0

†𝑎5⟩

⟨𝑎1
†𝑎0⟩ ⟨𝑎1

†𝑎1⟩ ⟨𝑎1
†𝑎2⟩ ⟨𝑎1

†𝑎3⟩ ⟨𝑎1
†𝑎4⟩ ⟨𝑎1

†𝑎5⟩

⟨𝑎2
†𝑎0⟩ ⟨𝑎2

†𝑎1⟩ ⟨𝑎2
†𝑎2⟩ ⟨𝑎2

†𝑎3⟩ ⟨𝑎2
†𝑎4⟩ ⟨𝑎2

†𝑎5⟩

⟨𝑎3
†𝑎0⟩ ⟨𝑎3

†𝑎1⟩ ⟨𝑎3
†𝑎2⟩ ⟨𝑎3

†𝑎3⟩ ⟨𝑎3
†𝑎4⟩ ⟨𝑎3

†𝑎5⟩

⟨𝑎4
†𝑎0⟩ ⟨𝑎4

†𝑎1⟩ ⟨𝑎4
†𝑎2⟩ ⟨𝑎4

†𝑎3⟩ ⟨𝑎4
†𝑎4⟩ ⟨𝑎4

†𝑎5⟩

⟨𝑎5
†𝑎0⟩ ⟨𝑎5

†𝑎1⟩ ⟨𝑎5
†𝑎2⟩ ⟨𝑎5

†𝑎3⟩ ⟨𝑎5
†𝑎4⟩ ⟨𝑎5

†𝑎5⟩)

 
 
 
 
 

|0⟩
|0⟩

= |

|
 

𝑥 ⟨𝑎0
†𝑎0⟩

−𝑥 ⟨𝑎1
†𝑎1⟩

−|𝑥| ⟨𝑎2
†𝑎2⟩

−|0⟩ ⟨𝑎3
†𝑎3⟩

 Post-select half filling 
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⟨𝑎𝑖
†𝑎𝑖+1⟩ = ⟨𝑎𝑖+1

† 𝑎𝑖⟩
∗
 

𝑎𝑖
†𝑎𝑖+1 + 𝑎𝑖+1

† 𝑎𝑖2ℜ⟨𝑎𝑖
†𝑎𝑖+1⟩ 

⟨𝑎𝑖
†𝑎𝑖+1 + 𝑎𝑖+1

† 𝑎𝑖⟩ =
1

2
(⟨𝑋𝑖𝑋𝑖+1⟩ + ⟨𝑌𝑖𝑌𝑖+1⟩) = 2ℜ⟨𝑎𝑖

†𝑎𝑖+1⟩  

{ℜ(𝑎1
†𝑎3 + 𝑎3

†𝑎1), ℜ(𝑎3
†𝑎0 + 𝑎0

†𝑎3),ℜ(𝑎0
†𝑎5 + 𝑎5

†𝑎0),ℜ(𝑎5
†𝑎2 + 𝑎2

†𝑎5), ℜ(𝑎2
†𝑎4 + 𝑎4

†𝑎2)}.  

 

FSWAP = 𝑎𝑝
†𝑎𝑞 + 𝑎𝑞

†𝑎𝑝 − 𝑎𝑝
†𝑎𝑝 − 𝑎𝑞

†𝑎𝑞 .  

𝑈𝑀 (

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

)𝑈𝑀
† = (

0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

)  

⟨𝑈𝑚(𝑎𝑎
†𝑎𝑎+1 + 𝑎𝑎+1

† 𝑎𝑎)𝑈𝑚
† ⟩ = ⟨𝑈𝑚

1

2
(𝑋𝑎𝑋𝑎+1 + 𝑌𝑎𝑌𝑎+1)𝑈𝑚

† ⟩ =
1

2
⟨𝑍𝑎 − 𝑍𝑎+1⟩ =

1

2
(𝑀𝑎+1 −𝑀𝑎).  
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Cov [
1

2
(𝑍𝑎 − 𝑍𝑏),

1

2
(𝑍𝑝 − 𝑍𝑞)] =

1

4
(Cov[𝑍𝑎 , 𝑍𝑝] − Cov[𝑍𝑎 , 𝑍𝑞] − Cov[𝑍𝑏 , 𝑍𝑝] + Cov[𝑍𝑏 , 𝑍𝑞])  

Cov[𝑎𝑖
†𝑎𝑗 + 𝑎𝑗

†𝑎𝑖, 𝑎𝑝
†𝑎𝑞 + 𝑎𝑞

†𝑎𝑝]
𝜓
= 𝐷𝑞

𝑖𝛿𝑝
𝑗
− 𝐷𝑞

𝑖𝐷𝑗
𝑝
+ 𝐷𝑝

𝑖 𝛿𝑞
𝑗
− 𝐷𝑝

𝑖𝐷𝑗
𝑞
+ 𝐷𝑞

𝑗
𝛿𝑝
𝑖 − 𝐷𝑞

𝑗
𝐷𝑖
𝑝
+𝐷𝑝

𝑗
𝛿𝑞
𝑖 − 𝐷𝑝

𝑗
𝐷𝑖
𝑞
. 

⟨𝑎𝜎(𝑖)
† 𝑎𝜎(𝑖+1)⟩ 

𝑛(𝜔) =∑ 

𝐿

𝑗=1

  [(1 − 𝜔𝑗)𝑛𝑗 + 𝜔𝑗(𝕀 − 𝑛𝑗)] =∑  

𝐿

𝑗=1

  [𝑛𝑗 −𝜔𝑗𝑛𝑗 +𝜔𝑗𝕀 − 𝜔𝑗𝑛𝑗] =∑  

𝐿

𝑗=1

  [𝑛𝑗 +𝜔𝑗𝕀 − 2𝜔𝑗𝑛𝑗]  

𝒲 = 𝑈(𝕀 − 𝑛𝜔)𝑈†  

Tr[𝑈𝜌𝑝𝑈
†𝑎𝑖
†𝑎𝑗] = [𝐮𝐷𝐮

†]
𝑖,𝑗

 

𝐹𝒲(𝜌𝑝) = 1 −∑  

𝐿

𝑗=1

  ([𝐮†𝐃𝐮]
𝑗,𝑗
+𝜔𝑗 − 2𝜔𝑗[𝐮

†𝐃𝐮]
𝑗,𝑗
)  

|⟨𝜓𝑢 ∣ 𝜓𝑣⟩|
2 = |det(𝑣†𝑢)|

2
 

min
Tr[𝐷]=𝜂,𝐷⪰0,𝐷2=𝐷

 ‖𝐷 − 𝐷̃‖  

𝐷𝑛+1 = 3𝐷𝑛
2 − 2𝐷𝑛

3  

𝑃𝑘 = 1 + Δ  

𝜇𝑘 = 𝔼(Δ
𝑘) 
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𝔼(𝑃𝑘+1) = 𝔼(3𝑃𝑘
2 − 2𝑃𝑘

3) = 1 − 3𝜎2 − 2𝜇3  

𝔼(𝑃𝑘+1
2 ) = 1 − 6𝜎2 − 4𝜇3 + 9𝜇4 + 12𝜇5 + 4𝜇6  

𝕍(𝑃𝑘+1) = 𝔼(𝑃𝑘+1
2 ) − 𝔼(𝑃𝑘+1)

2 = 9(𝜇4 − 𝜎
4) + 12(𝜇5 − 𝜎

2𝜇3) + 4(𝜇6 − 𝜇3
2)  

𝕍(𝑃𝑘+1) ≤ 9𝜎
4(𝛼4 − 1) + 12|𝜎|

5(𝛼5 + 𝛼3) + 4|𝜎|
6𝛼6  

𝕍(𝑃𝑘+1) ≤ 9𝜎
4(𝛼4 − 1) + 4|𝜎|

5(𝛼6 + 3𝛼5 + 3𝛼3)  

9𝜎4(𝛼4 − 1) + 4|𝜎|
5(𝛼6 + 3𝛼5 + 3𝛼3) ≤ 𝜎

2 

𝜎2 ≤
1

9(𝛼4 − 1)
(1 −

𝛽(−𝛽 + √𝛽2 + 36𝛼4 − 36)

18(𝛼4 − 1)
)  

𝛽 = 4(𝛼6 + 3𝛼5 + 3𝛼3) 

 

𝛼2𝑗+1 = 0∀𝑗, 𝛼4 = 3,𝛼6 = 15 

𝕍(𝑃𝑘+1) ≤ 18𝜎
4 + 12𝜎6  

𝜎2 ≤
−3

20
+
√564

120
≈ 0.048  

|𝜆(𝜌) − 𝜆(𝜌 + 𝑠𝐸)| ≤ 𝑠‖𝐸‖  

𝔼((𝜆(𝜌) − 𝜆(𝜌 + 𝐸))2) ≤ 𝔼(∑ 

𝑖,𝑗

  [𝐸2]𝑖,𝑗) ≤ 𝑀𝜎𝑀
2  

𝕍(𝜆(𝜌 + 𝐸)) ≤ 𝑀𝜎𝑀
2  

𝜎𝑀
2 ≤

1

𝑀
(
−3

20
+
√564

120
)  

⟨𝜈(𝑗 − 1) ∣ 𝜆(𝑗)⟩ =
1

𝑅

⟨𝜈(𝑗 − 1)|𝐸|𝜆(𝑗 − 1)⟩

𝜈(𝑗 − 1) − 𝜆(𝑗 − 1)
+ 𝑂(1/𝑅2)  
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∑ 

𝜈≠𝜆

  |⟨𝜈(𝑗 − 1) ∣ 𝜆(𝑗)⟩|2≤∑  

𝜈≠𝜆

 
1

𝑅2
|⟨𝜈(𝑗 − 1)|𝐸|𝜆(𝑗 − 1)⟩ |2

(𝜆(𝑗 − 1) − 𝜈(𝑗 − 1))2
+𝑂(1/𝑅3)  

≤ ∑  

𝜈≠𝜆

 
1

𝛾2(𝑗 − 1)𝑅2
|⟨𝜈(𝑗 − 1)|𝐸|𝜆(𝑗 − 1)⟩|

2

+𝑂(1/𝑅3)

= ∑  

𝜈≠𝜆

 
1

𝛾2(𝑗 − 1)𝑅2
⟨𝜆(𝑗 − 1)|𝐸|𝜈(𝑗 − 1)⟩⟨𝜈(𝑗 − 1)|𝐸|𝜆(𝑗 − 1)⟩|

2

+ 𝑂(1/𝑅3)  

=
1

𝛾2(𝑗 − 1)𝑅2
(⟨𝜆(𝑗 − 1)|𝐸2|𝜆(𝑗 − 1)⟩ − (⟨𝜆(𝑗 − 1)|𝐸|𝜆(𝑗 − 1)⟩)2) + 𝑂(1/𝑅3) 

 ≤
‖𝐸2‖

𝛾2(𝑗 − 1)𝑅2
+ 𝑂(1/𝑅3)

 

|⟨𝜆(𝑗 − 1) ∣ 𝜆(𝑗)⟩ − 1|2 ≤
‖𝐸2‖

𝛾2(𝑗 − 1)𝑅2
+ 𝑂(1/𝑅3)  

||𝜆(𝑗)⟩ − |𝜆(𝑗 − 1)⟩ | ≤
√2‖𝐸2‖

𝛾(𝑗 − 1)𝑅
+ 𝑂(1/𝑅2)  

||𝜆(𝑅)⟩ − |𝜆(0)⟩ |≤∑  

𝑅

𝑗=1

 | |𝜆(𝑗)⟩ − |𝜆(𝑗 − 1)⟩ | ≤∑  

𝑅

𝑗=1

 
√2‖𝐸2‖

𝛾(𝑗 − 1)𝑅
+ 𝑂(1/𝑅)  

lim
𝑅→∞

 ∑  

𝑅

𝑗=1

 
√2‖𝐸2‖

𝛾(𝑗 − 1)𝑅
+ 𝑂(1/𝑅) ≤

√2‖𝐸2‖

𝛾min
=
√2‖𝐸‖

𝛾min
.  

𝛾min ≥ 1 − 2‖𝐸‖  

‖𝜆(𝜌)⟩ − |𝜆(𝜌 + 𝐸)⟩ ∣≤ √2‖𝐸‖(1 + 4‖𝐸‖) ≤ 2√2‖𝐸‖  

𝕍||𝜆(𝜌)⟩ − |𝜆(𝜌 + 𝐸)⟩ ∣≤ 8𝑀𝜎𝑀
2  

𝜎𝑀
2 =

𝜖2

8𝑀
 

𝑁samp ≥
𝜖

2√2𝑀
 

𝕍(‖𝐸‖) ≤ 𝑀𝜎𝑀
2  

𝑃 ≤ 16𝑀𝜎𝑀
2 ∼ 2𝜖2  

√𝑖SWAP ≈

(

 
 
 

1 0 0 0

0
1

√2

𝑖

√2
0

0
𝑖

√2

1

√2
0

0 0 0 𝑒𝑖𝜋/24)

 
 
 

= CPHASE(𝜋/24)√𝑖SWAP  

𝑈1 = diag(1,1,1, 𝑒
−𝑖𝜙)√𝑖SWAP  
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𝑈2 = diag(1, 𝑒
𝑖𝜙/2, 𝑒𝑖𝜙/2, 1)√𝑖SWAP.  

diag(1,1,1, 𝑒−𝑖𝜙) ≈ 𝑒−𝑖𝜙 × (𝐼𝐼 +
𝑖𝜙

4
𝐼𝑍 +

𝑖𝜙

4
𝑍𝐼 −

𝑖𝜙

4
𝑍𝑍) ,  

Err1 ≈ 3(
𝜙

4
)
2

=
3

16
𝜙2.  

diag(1, 𝑒𝑖𝜙/2, 𝑒𝑖𝜙/2, 1) ≈ 𝑒𝑖𝜙/4 (𝐼𝐼 −
𝑖𝜙

4
𝑍𝑍)  

Err2 ≈
1

16
𝜙2.  

Rz(𝜃, 𝛿𝛼) = 𝑒−𝑖𝑍𝜃(1+𝛿𝛼)/2  

𝐺(𝜃, 𝛿𝛼) = 𝑒
𝜃(1+𝛿𝛼)(𝑎𝑖

†
𝑎𝑗−𝑎𝑗

†
𝑎𝑖)  

𝐺(𝜃) = √𝑖SWAP𝑖,𝑗

†

𝑒−𝑖𝜃(1+𝛿𝛼)𝑍𝑖/2𝑒𝑖𝜃(1+𝛿𝛼)𝑍𝑗/2√𝑖SWAP𝑖,𝑗  

𝐺(−𝜃, 𝛿𝛼, 𝑖, 𝑗)𝑎𝑟
†𝐺(𝜃, 𝛿𝛼, 𝑖, 𝑗) = {

𝑎𝑖
†cos (𝜃(1 + 𝛿𝛼)) + 𝑎𝑗

†sin (𝜃(1 + 𝛿𝛼))  if 𝑟 = 𝑖

𝑎𝑗
†cos (𝜃(1 + 𝛿𝛼)) − 𝑎𝑖

†sin (𝜃(1 + 𝛿𝛼))  if 𝑟 = 𝑗

𝑎𝑟
†

 if 𝑟 ≠ 𝑖&𝑟 ≠ 𝑗

𝐺(−𝜃, 𝛿𝛼, 𝑖, 𝑗)𝑎𝑠𝐺(𝜃, 𝛿𝛼, 𝑖, 𝑗) = {

𝑎𝑖cos (𝜃(1 + 𝛿𝛼)) + 𝑎𝑗sin (𝜃(1 + 𝛿𝛼))  if 𝑠 = 𝑖

𝑎𝑗cos (𝜃(1 + 𝛿𝛼)) − 𝑎𝑖sin (𝜃(1 + 𝛿𝛼))  if 𝑠 = 𝑗

𝑎𝑠  if 𝑠 ≠ 𝑖&𝑠 ≠ 𝑗

 

𝜌(𝛿𝛼) =
1

𝜎√2𝜋
𝑒
−
(𝛿𝛼)2

2𝜎2

∫  
∞

−∞

 𝜌(𝛿𝛼, 𝜎)𝐺(−𝜃, 𝛿𝛼, 𝑖, 𝑗)𝑎𝑟
†𝐺(𝜃, 𝛿𝛼, 𝑖, 𝑗)𝑑𝛿𝛼 =

{
 
 

 
 𝑎𝑖

†cos (𝜃)𝑒−
𝜃2𝜎2

2 + 𝑎𝑗
†sin (𝜃)𝑒−

𝜃2𝜎2

2  if 𝑟 = 𝑖

𝑎𝑗
†cos (𝜃)𝑒−

𝜃2𝜎2

2 − 𝑎𝑖
†sin (𝜃)𝑒−

𝜃2𝜎2

2  if 𝑟 = 𝑗

𝑎𝑟
†

 if 𝑟 ≠ 𝑖&𝑟 ≠ 𝑗

∫  
∞

−∞

 𝜌(𝛿𝛼, 𝜎)𝐺(−𝜃, 𝛿𝛼, 𝑖, 𝑗)𝑎𝑠𝐺(𝜃, 𝛿𝛼, 𝑖, 𝑗)𝑑𝛿𝛼 =

{
 
 

 
 𝑎𝑖cos (𝜃)𝑒

−
𝜃2𝜎2

2 + 𝑎𝑗sin (𝜃)𝑒
−
𝜃2𝜎2

2  if 𝑠 = 𝑖

𝑎𝑗cos (𝜃)𝑒
−
𝜃2𝜎2

2 − 𝑎𝑖sin (𝜃)𝑒
−
𝜃2𝜎2

2  if 𝑠 = 𝑗

𝑎𝑠  if 𝑠 ≠ 𝑖&𝑠 ≠ 𝑗

 

 

𝑍 =∑  

𝑖<𝑏

𝑐𝑏,𝑖(𝑎𝑏
†𝑎𝑖 − 𝑎𝑖

†𝑎𝑏) 

𝑑𝐸

𝑑𝑐𝑏,𝑖
= ⟨𝜙0|

𝑑𝑒−𝑍

𝑑𝑐𝑏,𝑖
𝐻𝑒𝑍|𝜙0⟩ + ⟨𝜙0|𝑒

−𝑍𝐻
𝑑𝑒𝑍

𝑑𝑐𝑏,𝑖
|𝜙0⟩  
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𝑑𝐸

𝑑𝑐𝑏,𝑖
= ⟨𝜙0|𝑒

−𝑍[𝐻, ∇𝑓(𝑍)𝑐𝑏,𝑖]𝑒
𝑍|𝜙0⟩  

𝑈(𝑐𝑏,𝑖) = 𝑒
∑  𝑏,𝑖  𝑐𝑏,𝑖𝐸𝑏,𝑖

−
= 𝑒

∑  𝑏,𝑖  𝑐𝑏,𝑖(𝑎𝑏
†𝑎𝑖−𝑎𝑖

†
𝑎𝑏)  

𝑑𝑈(𝐜)

𝑑𝑐𝑏,𝑖
= [∫  

1

0

 𝑑𝑥𝑒𝑥∑  𝑏,𝑖  𝑐𝑏,𝑖𝐸𝑏,𝑖
−
𝐸𝑏,𝑖
− 𝑒−𝑥∑  𝑏,𝑖  𝑐𝑏,𝑖𝐸𝑏,𝑖

−
] 𝑒∑  𝑏,𝑖  𝑐𝑏,𝑖𝐸𝑏,𝑖

−
 

ad(∑  

𝑏′,𝑖′

  𝑐𝑏′,𝑖′𝐸𝑏′,𝑖′
− )

𝑛

(𝐸𝑏,𝑖
− )  

∑  

𝑏′,𝑖′

𝑐𝑏′,𝑖′𝐸𝑏′,𝑖′
−  

𝑖𝐂 = 𝑖∑  

𝑟

 𝜆𝑟𝑎̃𝑟
†𝑎̃𝑟  

𝑎̃𝑝 =∑ 

𝑞

 𝑢𝑝,𝑞
∗ 𝑎𝑞 , 𝑎̃𝑝

† =∑ 

𝑞

 𝑢𝑝,𝑞𝑎𝑞
†

 

𝐘 =∑  

𝑘,𝑙

 𝑌𝑘𝑙𝑎̃𝑘
†𝑎̃𝑙

𝑌𝑘𝑙 = (𝑈
†𝐸𝑏,𝑖

− 𝑈)
𝑘,𝑙

 

ad(∑  

𝑏′,𝑖′

  𝑐𝑏′,𝑖′𝐸𝑏′,𝑖′
− )(𝐸𝑏,𝑖

− )  =∑  

𝑟𝑘𝑙

 𝑖𝜆𝑟𝑌𝑘𝑙[𝑎̃𝑟
†𝑎̃𝑟, 𝑎̃𝑘

†𝑎̃𝑙]

 =∑  

𝑟𝑘𝑙

 𝑖𝜆𝑟𝑌𝑘𝑙(𝑎̃𝑟
†𝑎̃𝑙𝛿𝑘

𝑟 − 𝑎̃𝑘
†𝑎̃𝑟𝛿𝑟

𝑙)

 = 𝑖∑  

𝑘𝑙

  (𝜆𝑘 − 𝜆𝑙)𝑌𝑘𝑙𝑎̃𝑘
†𝑎̃𝑙

 

ad(∑  

𝑏′,𝑖′

 𝑐𝑏′,𝑖′𝐸𝑏′,𝑖′
− )

𝑛

(𝐸𝑏,𝑖
− ) = 𝑖𝑛∑ 

𝑘𝑙

  (𝜆𝑘 − 𝜆𝑙)
𝑛𝑌𝑘𝑙𝑎̃𝑘

†𝑎̃𝑙  

𝑑𝑈(𝐜)

𝑑𝑐𝑏,𝑖
 = [∑  

𝑘𝑙

 𝑌𝑘𝑙
𝑒𝑖(𝜆𝑘−𝜆𝑙) − 1

𝑖(𝜆𝑘 − 𝜆𝑙)
𝑎̃𝑘
†𝑎̃𝑙] 𝑒

∑  𝑏,𝑖  𝑐𝑏,𝑖𝐸𝑏,𝑖
−

 = (∑  

𝑘,𝑙

  [𝑈𝑀𝑈†]
𝑘𝑙
𝑎𝑘
†𝑎𝑙)𝑒

∑  𝑏,𝑖  𝑐𝑏,𝑖𝐸𝑏,𝑖
−

 

𝑀𝑘𝑙 = 𝑌𝑘𝑙
𝑒𝑖(𝜆𝑘−𝜆𝑙) − 1

𝑖(𝜆𝑘 − 𝜆𝑙)
 

𝛿𝐸̃ = 𝛿⟨𝜓̃|𝐻|𝜓̃⟩ = 0  
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𝑈 = 𝑒𝑅 𝑅 = −𝑅†  

𝐸̃ → 𝐸̃′ = 𝐸̃ + ⟨𝜓̃|[𝐻, 𝑅]|𝜓̃⟩ +
1

2
⟨𝜓̃|[[𝐻, 𝑅], 𝑅]|𝜓̃⟩ + ⋯  

⟨𝜓̃|[𝐻, 𝑅]|𝜓̃⟩ = 0 ∀𝑅 = −𝑅†  

𝐴𝑅 = ⟨𝜙|[𝐻, 𝑅]|𝜙⟩ ≠ 0  

𝜓 = 𝑒−𝑓𝑅𝑅𝜙  

𝐸𝑓𝑅 = ⟨𝜙|𝑒
𝑓𝑅𝑅𝐻𝑒−𝑓𝑅𝑅|𝜙⟩ ≈ ⟨𝜙|𝐻 + 𝑓𝑅[𝐻, 𝑅] +

𝑓𝑅
2

2
[[𝐻, 𝑅], 𝑅]|𝜙⟩  

𝑑𝐸𝑓𝑅
𝑑𝑓𝑅

= ⟨𝜙|[𝐻, 𝑅] +
𝑓𝑅
2
[[𝐻, 𝑅], 𝑅]|𝜙⟩ = 0 𝑓𝑅 = −𝐴𝑅/𝐵𝑅,𝑅 𝐵𝑅,𝑅 = ⟨𝜙|[[𝐻, 𝑅], 𝑅]|𝜙⟩  

0 = ⟨𝜙|𝑒𝑓𝑅𝑅[𝐻, 𝑅]𝑒−𝑓𝑅𝑅|𝜙⟩ = ⟨𝜙|[𝐻, 𝑅] + 𝑓𝑅[[𝐻, 𝑅], 𝑅] +
𝑓𝑅
2

2
[[[𝐻, 𝑅], 𝑅], 𝑅] + ⋯ |𝜙⟩  

𝑓𝑅 = −𝐴𝑅/𝐵𝑅,𝑅  

𝑅 =∑  

𝑘

 𝑐𝑘𝑋, 𝑋 ⊂ ℒ  

0 ≈ ⟨𝜙|[𝐻, 𝑋𝑘] +∑  

𝑙

  [[𝐻, 𝑋𝑘], 𝑋𝑙]𝑐𝑙|𝜙⟩  

𝐴𝑝,𝑞 = ⟨𝜓|[𝐻, 𝑎𝑝
†𝑎𝑞]|𝜓⟩ 𝐵𝑝,𝑞;𝑟,𝑠 = ⟨𝜓| [[𝐻, 𝑎𝑝

†𝑎𝑞], 𝑎𝑟
†𝑎𝑠] |𝜓⟩.  

(
0 𝐀
𝐀† 𝐁

) (
1

𝑓𝑝,𝑞
) = 𝜖 (

1

𝑓𝑝,𝑞
)  

𝐀 + (𝐁 − 𝜖)𝑓𝑝,𝑞 = 0  

{

𝑓𝑝,𝑞 max(𝑓𝑝,𝑞) < 𝛾
𝛾

max(𝑓𝑝,𝑞)
𝑓𝑝,𝑞 max(𝑓𝑝,𝑞) ≥ 𝛾

 

|Ψ𝐼⟩ =∑  

𝐴

  𝑐𝐴𝐼|Φ𝐴⟩  

𝜙𝑝
𝐴(𝑥) =∑  

𝜇

 𝜒𝜇(𝑥)𝐶𝜇𝑝
𝐴

 

𝐸𝐼 = ⟨Ψ𝐼|𝐻̂|Ψ𝐼⟩ =∑  

𝐴𝐵

  𝑐𝐴𝐼
∗ ⟨Φ𝐴|𝐻̂|Φ𝐵⟩𝑐𝐵𝐼  

𝐻̂ =∑  

𝜇𝑣

 ℎ𝜇𝑣𝑎̂𝜇
†𝑎̂𝑣 +

1

2
∑  

𝜇𝑣𝜆𝜎

  [𝜇𝜆 ∣ 𝑣𝜎]𝑎̂𝜇
†𝑎̂𝑣
†𝑎̂𝜎𝑎̂𝜆  
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[𝜇𝜆 ∣ 𝑣𝜎] = ∬ 𝑑𝐱1𝐱2𝜒𝜇
∗(𝐱1)𝜒𝜆(𝐱1)𝑟̂12

−1𝜒𝑣
∗(𝐱2)𝜒𝜎(𝐱2)  

𝑠𝐴𝐵 ≡ ⟨Φ𝐴 ∣ Φ𝐵⟩ 

𝑠𝐴𝐵 = |𝐒oo
𝐴𝐵|  

𝐒oo
𝐴𝐵 = 𝐂o

𝐴,†𝐒𝐂o
𝐵  

𝐒𝐴𝐵 = 𝐂𝐴,†𝐒𝐂𝐵 = [
𝐒oo
𝐴𝐵 𝐒ou

𝐴𝐵

𝐒uo
𝐴𝐵 𝐒uu

𝐴𝐵]  

𝛾𝜇𝜈
𝐴𝐵 ≡ ⟨Φ𝐴|𝑎̂𝜇

†𝑎̂𝑣|Φ𝐵⟩ 

𝛾𝐴𝐵 = 𝑠𝐴𝐵𝐂𝑜
𝐵(𝐒oo

𝐴𝐵)−1𝐂𝑜
𝐴,† = 𝑠𝐴𝐵𝐐

𝐴𝐵  

Γ𝜆𝜇𝜎𝑣
𝐴𝐵 = ⟨Φ𝐴|𝑎̂𝜇

†𝑎̂𝑣
†𝑎̂𝜎𝑎̂𝜆|Φ𝐵⟩

= 𝑠𝐴𝐵[𝑄𝜆𝜇
𝐴𝐵𝑄𝜎𝑣

𝐴𝐵 − 𝑄𝜎𝜇
𝐴𝐵𝑄𝜆𝑣

𝐴𝐵] 
 

𝐻𝐴𝐵 ≡ ⟨Φ𝐴|𝐻̂|Φ𝐵⟩ 

𝐻𝐴𝐵 = ⟨𝐡𝛾
𝐴𝐵⟩ +

1

2
⟨𝐕Γ𝐴𝐵⟩ = ⟨𝐡𝛾𝐴𝐵⟩ +

1

2
⟨𝐆𝐴𝐵𝛾𝐴𝐵⟩,  

𝑉𝜇𝜆𝑣𝜎 = [𝜇𝜆 ∣ 𝑣𝜎] 

𝐺𝜇𝑣
𝐴𝐵  = ∑  

𝜆𝜎

  [𝜇𝑣||𝜆𝜎]𝑄𝜎𝜆
𝐴𝐵

[𝜇𝑣| ∣ 𝜆𝜎]  = [𝜇𝑣 ∣ 𝜆𝜎] − [𝜇𝜎 ∣ 𝜆𝑣].

 

ℒ = 𝐸ResHF −∑ 

𝐼𝐽

 𝑁𝐼𝐽[⟨Ψ𝐼 ∣ Ψ𝐽⟩ − 𝛿𝐼𝐽],  

𝑁𝐼𝐽 = 𝛿𝐼𝐽𝐸𝐼𝑤𝐼 

𝐇𝐜 = 𝐬𝐜𝐄  

𝐅𝐴 =∑ 

𝐼

 𝑤𝐼𝐅𝐼
𝐴

𝐅𝐼
𝐴 = 𝐅𝐴𝐴|𝑐𝐴𝐼|

2 +∑  

𝐵≠𝐴

 𝑐𝐴𝐼
∗ [𝐊𝐴𝐵 + (𝐊𝐴𝐵)†]𝑐𝐵𝐼 ,

 

𝐅𝐴𝐵 = 𝐡 + 𝐆𝐴𝐵 

𝐊𝐴𝐵 = 𝑠𝐴𝐵(𝟏 − 𝐒𝐐
𝐴𝐵)𝐅𝐴𝐵𝐐𝐴𝐵𝐒

 +(𝐻𝐴𝐵 − 𝑠𝐴𝐵𝐸𝐼)𝐒𝐐
𝐴𝐵𝐒

 

𝐐𝐴𝐵𝐒𝐐𝐴𝐵 = 𝐐𝐴𝐵  

𝐒oo
𝐴𝐵 = 𝐔𝐴𝐵𝚺𝐴𝐵𝐕𝐴𝐵,†  



 

pág. 13214 

adj(𝐌) ≡ |𝐌|(𝐌)−1  

𝑠𝐴𝐵 = |𝐒oo 
𝐴𝐵| 

𝛾𝐴𝐵 = 𝐂o
𝐵adj(𝐒oo

𝐴𝐵)𝐂o
𝐴,†  

adj(𝐒oo
𝐴𝐵) = 𝜂𝐕𝐴𝐵𝚵𝐔𝐴𝐵,†  

𝜉𝑖 =∏ 

𝑗≠𝑖

 𝜎𝑗  

𝜂 = |𝐔𝐴𝐵(𝐕𝐴𝐵)†| = ±1 

𝛾𝐴𝐵 = 𝜂𝐁o𝚵
𝐴𝐵𝐀o

†  

𝐀o = 𝐂o
𝐴𝐔𝐴𝐵

𝐁o = 𝐂o
𝐵𝐕𝐴𝐵

 

1

2
⟨𝐆𝐴𝐵𝛾𝐴𝐵⟩ = 𝜂

1

2
∑  

𝑖𝑗

  [𝑖𝐴𝑖𝐵‖𝑗𝐴𝑗𝐵]𝜉𝑖𝑗  

𝜉𝑖𝑗 =
1

𝜎𝑖

1

𝜎𝑗
∏ 

𝑚

 𝜎𝑚  

𝜉𝑖𝑗 = {
∏  

𝑚≠𝑖,𝑗

 𝜎𝑚  if 𝑖 ≠ 𝑗

𝜏  if 𝑖 = 𝑗

 

𝐀†𝐊𝐴𝐵𝐀 = 

[
𝐀o
†𝐊𝐴𝐵𝐀o 𝐀o

†𝐊𝐴𝐵𝐀u

𝐀u
†𝐊𝐴𝐵𝐀o 𝐀u

†𝐊𝐴𝐵𝐀u
] = [

𝐊o
𝐴𝐵 𝐊ou

𝐴𝐵

𝐊uo
𝐴𝐵 𝐊uu

𝐴𝐵]
 

𝐀o = 𝐂o
𝐴𝐔𝐴𝐵 

𝐐𝐴𝐵𝐒𝐀u = 𝐁o(𝚺
𝐴𝐵)−1𝐀o

†𝐒𝐀u = 0.  

𝐀o
†(𝟏 − 𝐒𝐐𝐴𝐵)  = 𝐀o

† − 𝚺𝐴𝐵(𝚺𝐴𝐵)−1𝐀o
† = 0

𝐀o
†𝐒𝐐𝐴𝐵𝐒𝐀o  = 𝚺

𝐴𝐵(𝚺𝐴𝐵)−1𝐀o
†𝐒𝐀o = 𝟏

 

𝐊oo
𝐴𝐵 = (𝐻𝐴𝐵 − 𝑠𝐴𝐵𝐸𝐼)𝟏  

𝐊uo
𝐴𝐵 = 𝑠𝐴𝐵𝐀u

† (𝟏 −𝐒𝐐𝐴𝐵)𝐅𝐴𝐵𝐐𝐴𝐵𝐒𝐀o

 +(𝐻𝐴𝐵 − 𝑠𝐴𝐵𝐸𝐼)𝐀u
†𝐒𝐐𝐴𝐵𝐒𝐀o
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𝐾𝑎𝑖
𝐴𝐵= 𝜂(ℎ‾𝑎𝑖

𝐴𝐵 − 𝐸𝐼𝑆‾𝑎𝑖
𝐴𝐵)𝜉𝑖  

 +𝜂∑  

𝑗

  (𝑆‾𝑎𝑖
𝐴𝐵ℎ‾𝑗𝑗

𝐴𝐵 − 𝑆‾𝑎𝑗
𝐴𝐵ℎ‾𝑗𝑖

𝐴𝐵 + [𝑎𝐴𝑖𝐵‖𝑗𝐴𝑗𝐵])𝜉𝑖𝑗

 +𝜂∑  

𝑗𝑘

  (
1

2
𝑆‾𝑎𝑖
𝐴𝐵[𝑗𝐴𝑗𝐵‖𝑘𝐴𝑘𝐵] − 𝑆‾𝑎𝑗

𝐴𝐵[𝑗𝐴𝑖𝐵‖𝑘𝐴𝑘𝐵]) 𝜉𝑖𝑗𝑘

 

ℎ‾𝑝𝑞
𝐴𝐵  = ∑  

𝜇𝑣

 𝐴𝜇𝑝
∗ ℎ𝜇𝑣𝐵𝑣𝑞

𝑆‾𝑝𝑞
𝐴𝐵  = ∑  

𝜇𝑣

 𝐴𝜇𝑝
∗ 𝑆𝜇𝑣𝐵𝑣𝑞

 

𝜉𝑖𝑗𝑘 =
1

𝜎𝑖

1

𝜎𝑗

1

𝜎𝑘
∏ 

𝑚

 𝜎𝑚  

∑ 

𝑗<𝑘

  (𝑆‾𝑎𝑖
𝐴𝐵[𝑗𝐴𝑗𝐵‖𝑘𝐴𝑘𝐵]

 −𝑆‾𝑎𝑗
𝐴𝐵[𝑗𝐴𝑖𝐵‖𝑘𝐴𝑘𝐵] − 𝑆‾𝑎𝑘

𝐴𝐵[𝑘𝐴𝑖𝐵‖𝑗𝐴𝑗𝐵])𝜉𝑖𝑗𝑘

 

𝜉𝑖𝑗𝑘 = {
∏  

𝑚≠𝑖,𝑗,𝑘

 𝜎𝑚  if 𝑖 ≠ 𝑗 ≠ 𝑘

𝜏  otherwise 

 

(𝑝𝑞 ∣ 𝑟𝑠) ≈∑  

𝑃𝑄

  (𝑝𝑞 ∣ 𝑃)(𝑃 ∣ 𝑄)−1(𝑄 ∣ 𝑟𝑠),  
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𝑔𝑒𝑟𝑟(ℎ) = √∑  

𝐴𝑖𝑎

  |𝐹𝑖𝑎
𝐴 −

𝑑𝐸𝑆𝐴

𝑑𝜅𝑎𝑖
𝐴 (ℎ)|

2

,  

 

 

𝐊uo
𝐴𝐵  = 𝐀u

† (𝐊𝟏 + 𝐊𝟐 + 𝐊𝟑 + 𝐊𝟒)𝐀o
𝐊𝟏 = 𝑠𝐴𝐵𝐅

𝐴𝐵𝐐𝐴𝐵𝐒

𝐊𝟐 = −𝑠𝐴𝐵𝐒𝐐
𝐴𝐵𝐅𝐴𝐵𝐐𝐴𝐵𝐒

𝐊𝟑 = 𝐻𝐴𝐵𝐒𝐐
𝐴𝐵𝐒

𝐊𝟒 = −𝑠𝐴𝐵𝐸𝐼𝐒𝐐
𝐴𝐵𝐒

 

(𝑝𝑞 ∣ 𝑟𝑠) ≈ (𝑝𝑞 ∣ 𝑃̃)(𝑃̃ ∣ 𝑟𝑠),  

(𝑝𝑞 ∣ 𝑃̃) = (𝑝𝑞 ∣ 𝑄)(𝐿−1)𝑄𝑃  
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(𝐾𝐴𝐵,𝛼)𝑎𝑖
2𝑒−  = (𝐾1𝛼)𝑎𝑖

2𝑒− + (𝐾2𝛼)𝑎𝑖
2𝑒− + (𝐾3𝛼)𝑎𝑖

2𝑒−

(𝐾1𝛼)𝑎𝑖
2𝑒−  = 𝜂 (𝑎𝐴

𝛼𝑖𝐵
𝛼 ∣ 𝑗𝐴

𝛽
𝑗𝐵
𝛽
) 𝜉𝑖

𝛼𝜉𝑗
𝛽

 +𝜂|Σ𝐴𝐵,𝛽|(𝑎𝐴
𝛼𝑖𝐵
𝛼||𝑗𝐴

𝛼𝑗𝐵
𝛼)𝜉𝑖𝑗

𝛼

(𝐾2𝛼)𝑎𝑖
2𝑒−  = −𝜂𝑆‾𝑎𝑗

𝐴𝐵,𝛼
(𝑗𝐴
𝛼𝑖𝐵
𝛼 ∣ 𝑘𝐴

𝛽
𝑘𝐵
𝛽
) 𝜉𝑖𝑗

𝛼𝜉𝑘
𝛽

 −𝜂|Σ𝐴𝐵,𝛽|𝑆‾𝑎𝑗
𝐴𝐵,𝛼(𝑗𝐴

𝛼𝑖𝐵
𝛼||𝑘𝐴

𝛼𝑘𝐵
𝛼)𝜉𝑖𝑗𝑘

𝛼

(𝐾3𝛼)𝑎𝑖
2𝑒−  = 𝜂𝑆‾𝑎𝑖

𝐴𝐵,𝛼 (𝑗𝐴
𝛼𝑗𝐵
𝛼 ∣ 𝑘𝐴

𝛽
𝑘𝐵
𝛽
) 𝜉𝑖𝑗

𝛼𝜉𝑘
𝛽

 +
1

2
𝜂𝑆‾𝑎𝑖

𝐴𝐵,𝛼 (𝑗𝐴
𝛽
𝑗𝐵
𝛽
||𝑘𝐴

𝛽
𝑘𝐵
𝛽
) 𝜉𝑖

𝛼𝜉𝑗𝑘
𝛽

 +
1

2
𝜂|Σ𝐴𝐵,𝛽|𝑆‾𝑎𝑖

𝐴𝐵,𝛼(𝑗𝐴
𝛼𝑗𝐵
𝛼||𝑘𝐴

𝛼𝑘𝐵
𝛼)𝜉𝑖𝑗𝑘

𝛼

 

(𝐾1𝛼)𝑎𝑖
2𝑒−= 𝜂(𝑎𝐴

𝛼𝑖𝐵
𝛼 ∣ 𝑃̃) (𝑃̃ ∣ 𝑗𝐴

𝛽
𝑗𝐵
𝛽
) 𝜉𝑖

𝛼𝜉𝑗
𝛽

 

 +𝜂|Σ𝐴𝐵,𝛽|(𝑎𝐴
𝛼𝑖𝐵
𝛼 ∣ 𝑃̃)(𝑃̃ ∣ 𝑗𝐴

𝛼𝑗𝐵
𝛼)𝜉𝑖𝑗

𝛼

 −𝜂|Σ𝐴𝐵,𝛽|(𝑎𝐴
𝛼𝑗𝐵
𝛼 ∣ 𝑃̃)(𝑃̃ ∣ 𝑗𝐴

𝛼𝑖𝐵
𝛼)𝜉𝑖𝑗

𝛼

 

𝑇𝑎𝑖𝑃  ← 𝜉𝑖
𝛼(𝑎𝐴

𝛼𝑖𝐵
𝛼 ∣ 𝑃̃)

𝑇𝑃  ← (𝑃̃ ∣ 𝑗𝐴
𝛽
𝑗𝐵
𝛽
) 𝜉𝑗

𝛽

(𝐾1𝛼)𝑎𝑖
2𝑒− += 𝜂𝑇𝑎𝑖𝑃𝑇𝑃 .

 

𝑇𝑃𝑖 ← (𝑃̃ ∣ 𝑗𝐴
𝛼𝑗𝐵
𝛼)𝜉𝑖𝑗

𝛼

(𝐾1𝛼)𝑎𝑖
2𝑒−+= 𝜂(𝑎𝐴

𝛼𝑖𝐵
𝛼 ∣ 𝑃̃)𝑇𝑃𝑖

 

𝑇𝑃𝑗𝑖 ← (𝑃̃ ∣ 𝑗𝐴
𝛼𝑖𝐵
𝛼)𝜉𝑖𝑗

𝛼

(𝐾1𝛼)𝑎𝑖
2𝑒−−= 𝜂(𝑎𝐴

𝛼𝑗𝐵
𝛼 ∣ 𝑃̃)𝑇𝑃𝑗𝑖

 

(𝐾2𝛼)𝑎𝑖
2𝑒−  = −𝜂𝑆‾𝑎𝑗

𝐴𝐵,𝛼(𝑗𝐴
𝛼𝑖𝐵
𝛼 ∣ 𝑃̃) (𝑃̃ ∣ 𝑘𝐴

𝛽
𝑘𝐵
𝛽
) 𝜉𝑖𝑗

𝛼𝜉𝑘
𝛽

 −𝜂|Σ𝐴𝐵,𝛽|𝑆‾𝑎𝑗
𝐴𝐵,𝛼(𝑗𝐴

𝛼𝑖𝐵
𝛼 ∣ 𝑃̃)(𝑃̃ ∣ 𝑘𝐴

𝛼𝑘𝐵
𝛼)𝜉𝑖𝑗𝑘

𝛼

 +𝜂|Σ𝐴𝐵,𝛽|𝑆‾𝑎𝑗
𝐴𝐵,𝛼(𝑗𝐴

𝛼𝑘𝐵
𝛼 ∣ 𝑃̃)(𝑃̃ ∣ 𝑘𝐴

𝛼𝑖𝐵
𝛼)𝜉𝑖𝑗𝑘

𝛼

 

𝑇𝑎𝑗𝑖  ← 𝑆‾𝑎𝑗
𝐴𝐵,𝛼𝜉𝑖𝑗

𝛼

𝑇𝑎𝑖𝑃  ← 𝑇𝑎𝑗𝑖(𝑗𝐴
𝛼𝑖𝐵
𝛼 ∣ 𝑃̃)

𝑇𝑃  ← (𝑃̃ ∣ 𝑘𝐴
𝛽
𝑘𝐵
𝛽
) 𝜉𝑘

𝛽

(𝐾2𝛼)𝑎𝑖
2𝑒− −= 𝜂𝑇𝑎𝑖𝑃𝑇𝑃 .

 

𝑇𝑎𝑗𝑖𝑃 ← 𝑆‾𝑎𝑗
𝐴𝐵,𝛼(𝑗𝐴

𝛼𝑖𝐵
𝛼 ∣ 𝑃̃)

𝑇𝑃𝑖𝑗 ← (𝑃̃ ∣ 𝑘𝐴
𝛼𝑘𝐵

𝛼)𝜉𝑖𝑗𝑘
𝛼

(𝐾2𝛼)𝑎𝑖
2𝑒−−= 𝜂|Σ𝐴𝐵,𝛽|𝑇𝑎𝑗𝑖𝑃𝑇𝑃𝑖𝑗.

 

𝑇𝑎𝑗𝑘𝑃 ← 𝑆‾𝑎𝑗
𝐴𝐵,𝛼(𝑗𝐴

𝛼𝑘𝐵
𝛼 ∣ 𝑃̃)

𝑇𝑃𝑘𝑖𝑗 ← (𝑃̃ ∣ 𝑘𝐴
𝛼𝑖𝐵
𝛼)𝜉𝑖𝑗𝑘

𝛼

(𝐾2𝛼)𝑎𝑖
2𝑒−+= 𝜂|Σ𝐴𝐵,𝛽|𝑇𝑎𝑗𝑘𝑃𝑇𝑃𝑘𝑖𝑗,
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(𝐾3𝛼)𝑎𝑖
2𝑒−  = 𝜂𝑆‾𝑎𝑖

𝐴𝐵,𝛼(𝑗𝐴
𝛼𝑗𝐵
𝛼 ∣ 𝑃̃) (𝑃̃ ∣ 𝑘𝐴

𝛽
𝑘𝐵
𝛽
) 𝜉𝑖𝑗

𝛼𝜉𝑘
𝛽

 +
1

2
𝜂𝑆‾𝑎𝑖

𝐴𝐵,𝛼𝜉𝑖
𝛼 (𝑗𝐴

𝛽
𝑗𝐵
𝛽
∣ 𝑃̃) (𝑃̃ ∣ 𝑘𝐴

𝛽
𝑘𝐵
𝛽
) 𝜉𝑗𝑘

𝛽

 −
1

2
𝜂𝑆‾𝑎𝑖

𝐴𝐵,𝛼𝜉𝑖
𝛼 (𝑗𝐴

𝛽
𝑘𝐵
𝛽
∣ 𝑃̃) (𝑃̃ ∣ 𝑘𝐴

𝛽
𝑗𝐵
𝛽
) 𝜉𝑗𝑘

𝛽

 +
1

2
𝜂|Σ𝐴𝐵,𝛽|𝑆‾𝑎𝑖

𝐴𝐵,𝛼(𝑗𝐴
𝛼𝑗𝐵
𝛼 ∣ 𝑃̃)(𝑃̃ ∣ 𝑘𝐴

𝛼𝑘𝐵
𝛼)𝜉𝑖𝑗𝑘

𝛼

 −
1

2
𝜂|Σ𝐴𝐵,𝛽|𝑆‾𝑎𝑖

𝐴𝐵,𝛼(𝑗𝐴
𝛼𝑘𝐵

𝛼 ∣ 𝑃̃)(𝑃̃ ∣ 𝑘𝐴
𝛼𝑗𝐵
𝛼)𝜉𝑖𝑗𝑘

𝛼

 

𝑇𝑖𝑃  ← 𝜉𝑖𝑗
𝛼(𝑗𝐴

𝛼𝑗𝐵
𝛼 ∣ 𝑃̃)

𝑇𝑃  ← (𝑃̃ ∣ 𝑘𝐴
𝛽
𝑘𝐵
𝛽
) 𝜉𝑘

𝛽

(𝐾3𝛼)𝑎𝑖
2𝑒− += 𝜂𝑆‾𝑎𝑖

𝐴𝐵,𝛼𝑇𝑖𝑃𝑇𝑃 .

 

𝑇𝑗𝑃  ← (𝑗𝐴
𝛼𝑗𝐵
𝛼 ∣ 𝑃̃)

𝑇𝑃𝑘  ← (𝑃̃ ∣ 𝑘𝐴
𝛼𝑘𝐵

𝛼)

𝑇𝑗𝑘  ← 𝑇𝑗𝑃𝑇𝑃𝑘

𝑇 ← 𝑇𝑗𝑘𝜉𝑗𝑘
𝛽

(𝐾3𝛼)𝑎𝑖
2𝑒− +=

1

2
𝜂𝑆‾𝑎𝑖

𝐴𝐵,𝛼𝜉𝑖
𝛼𝑇.

 

𝑇𝑃𝑘𝑗  ← (𝑃̃ ∣ 𝑘𝐴
𝛽
𝑗𝐵
𝛽
) 𝜉𝑗𝑘

𝛽

𝑇 ← (𝑗𝐴
𝛽
𝑘𝐵
𝛽
∣ 𝑃̃) 𝑇𝑃𝑘𝑗

(𝐾3𝛼)𝑎𝑖
2𝑒−−=

1

2
𝜂𝑆‾𝑎𝑖

𝐴𝐵,𝛼𝜉𝑖
𝛼𝑇.

 

𝑇𝑗𝑃  ← (𝑗𝐴
𝛼𝑗𝐵
𝛼 ∣ 𝑃̃)

𝑇𝑃𝑘  ← (𝑃̃ ∣ 𝑘𝐴
𝛼𝑘𝐵

𝛼)

𝑇𝑗𝑘  ← 𝑇𝑗𝑃𝑇𝑃𝑘
𝑇𝑖  ← 𝜉𝑖𝑗𝑘

𝛼 𝑇𝑗𝑘

(𝐾3𝛼)𝑎𝑖
2𝑒− +=

1

2
𝜂|Σ𝐴𝐵,𝛽|𝑆‾𝑎𝑖

𝐴𝐵,𝛼𝑇𝑖.

 

𝑇𝑃𝑖𝑗𝑘 ← (𝑃̃ ∣ 𝑘𝐴
𝛼𝑗𝐵
𝛼)𝜉𝑖𝑗𝑘

𝛼

𝑇𝑖 ← (𝑗𝐴
𝛼𝑘𝐵

𝛼 ∣ 𝑃̃)𝑇𝑃𝑖𝑗𝑘

(𝐾3𝛼)𝑎𝑖
2𝑒−−=

1

2
𝜂|Σ𝐴𝐵,𝛽|𝑆‾𝑎𝑖

𝐴𝐵,𝛼𝑇𝑖.

 

𝜙𝑝
𝐴,𝜔(𝐱𝟏) = 𝑠(𝜔)𝜓𝑝

𝐴,𝜔(𝐫𝟏)  

𝐒𝐴𝐵,𝜔 = 𝐂𝐴,𝜔,†𝐒𝐂𝐵,𝜔  

𝑠𝐴𝐵 = |𝐒oo
𝐴𝐵,𝛼| |𝐒oo

𝐴𝐵,𝛽
| = 𝜂 [∏ 

𝑁𝛼

𝑖

 𝜎𝑖
𝛼] [∏  

𝑁𝛽

𝑗

 𝜎𝑗
𝛽
] ,  

𝜂 = |𝐔𝐴𝐵,𝛼(𝐕𝐴𝐵,𝛼)†| |𝐔𝐴𝐵,𝛽(𝐕𝐴𝐵,𝛽)
†
| = ±1 
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𝛾𝐴𝐵,𝜔 = 𝑠𝐴𝐵𝐐
𝐴𝐵,𝜔  

𝐻𝐴𝐵 = 𝑠𝐴𝐵∑ 

𝜔

  [⟨𝐡𝐐𝐴𝐵,𝜔⟩ +
1

2
⟨𝐆𝐴𝐵,𝜔𝐐𝐴𝐵,𝜔⟩] ,  

𝐺𝜇𝑣
𝐴𝐵,𝜔 =∑ 

𝜆𝜎

  (𝜇𝑣‖𝜆𝜎)𝑄𝜎𝜆
𝐴𝐵,𝜔 +∑ 

𝜆𝜎

  (𝜇𝑣 ∣ 𝜆𝜎)𝑄𝜎𝜆
𝐴𝐵,𝜔′

 

(𝜇𝑣 ∣ 𝜆𝜎) = ∬ 𝑑𝐫1𝐫2𝜒𝜇
∗(𝐫1)𝜒𝑣(𝐫1)𝑟̂12

−1𝜒𝜆
∗(𝐫2)𝜒𝜎(𝐫2)  

𝐊𝐴𝐵,𝜔 = 𝑠𝐴𝐵(𝟏 − 𝐒𝐐
𝐴𝐵,𝜔)𝐅𝐴𝐵,𝜔𝐐𝐴𝐵,𝜔𝐒

 +(𝐻𝐴𝐵 − 𝑠𝐴𝐵𝐸𝐼)

𝐒𝐐𝐴𝐵,𝜔𝐒

 

𝐅𝐴𝐵,𝜔 = 𝐡 + 𝐆𝐴𝐵,𝜔 

Ψ(𝐫1, 𝐫2, … , 𝐫𝑁𝑒) =
1

√𝑁𝑒!
|
|

𝜙1(𝐫1) 𝜙1(𝐫2) ⋯ 𝜙1(𝐫𝑁𝑒)

𝜙2(𝐫1) 𝜙2(𝐫2) ⋯ 𝜙2(𝐫𝑁𝑒)

⋮ ⋮ ⋱ ⋮
𝜙𝑁𝑒(𝐫1) 𝜙𝑁𝑒(𝐫2) ⋯ 𝜙𝑁𝑒(𝐫𝑁𝑒)

|
| ,  

𝐻𝑒= 𝑇𝑒 + 𝑉𝑛𝑒 + 𝑉𝑒𝑒 + 𝑉𝑛𝑛  

𝑇𝑒=∑ 

𝑁𝑒

𝑖=1

 −
1

2
Δ𝑖  

𝑉𝑛𝑒 = ∑  

𝑁𝑛

𝐴=1

 ∑  

𝑁𝑒

𝑖=1

 
−𝑍𝐴

|𝐫𝑖 − 𝐑𝐴|

𝑉𝑒𝑒 = ∑  

𝑁𝑒

𝑖=1

 ∑  

𝑁𝑒

𝑗>𝑖

 
1

|𝐫𝑖 − 𝐫𝑗|
≡∑  

𝑁𝑒

𝑖=1

 ∑  

𝑁𝑒

𝑗>1

 𝑔𝑖𝑗

𝑉𝑛𝑛 = ∑  

𝑁𝑛

𝐴=1

 ∑  

𝑁𝑛

𝐵>𝐴

 
𝑍𝐴𝑍𝐵

|𝐑𝐴 −𝐑𝐵|

 

ℎ = −
1

2
Δ +∑  

𝑁𝑛

𝐴=1

 
−𝑍𝐴

|𝐫 − 𝐑𝐴|
 

𝐽𝑎 = ∫  
𝜙𝑎(𝐫

′)𝜙𝑎(𝐫
′)

|𝐫 − 𝐫′|
𝑑𝐫′

𝐾𝑎|𝜙𝑏⟩ = 𝜙𝑎(𝐫)∫  
𝜙𝑎(𝐫

′)𝜙𝑏(𝐫
′)

|𝐫 − 𝐫′|
𝑑𝐫′

 

𝐸(𝜙1, …𝜙𝑛) = ∑  

𝑁𝑒

𝑎=1

  ⟨𝜙𝑎|ℎ|𝜙𝑎⟩ +
1

2
∑  

𝑁𝑒

𝑎=1,𝑏=1

  ⟨𝜙𝑎|𝐽𝑏|𝜙𝑎⟩ − ⟨𝜙𝑎|𝐾𝑏|𝜙𝑎⟩ + 𝑉𝑛𝑛  

𝐹𝜙𝑎
′ = 𝜖𝑎𝜙𝑎

′ ,  
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𝐹 = ℎ +∑  

𝑁𝑒

𝑏=1

  𝐽𝑏 −𝐾𝑏 .  

𝑇𝑖1⋯𝑖𝑛 ≈ 𝐴𝑟1
𝑖1 ⋅ 𝐴𝑟1𝑟2

𝑖2 ⋅ … ⋅ 𝐴𝑟𝑛−1𝑟𝑛
𝑖𝑛−1 ⋅ 𝐴𝑟𝑛

𝑖𝑛 ≡∏ 

𝑛

𝑎=1

 𝐴𝑎
𝑖𝑎 ,  

∑ 

𝑖

𝑑𝑟𝑖𝑟𝑖+1 

 

𝑇𝑖1𝑗1⋯𝑖𝑛𝑗𝑛 ≈ 𝐴𝑟1
𝑖1𝑗1 ⋅ 𝐴𝑟1𝑟2

𝑖2𝑗2 ⋅ … ⋅ 𝐴𝑟𝑛−1𝑟𝑛
𝑖𝑛−1𝑗𝑛−1 ⋅ 𝐴𝑟𝑛

𝑖𝑛𝑗𝑛 ≡∏ 

𝑛

𝑎=1

 𝐴𝑎
𝑖𝑎𝑗𝑎 ,  

TTM ⋅ TT = ∑  

(𝑗1,…,𝑗𝑛)

  (𝐴1
𝑖1𝑗1 ⋅ 𝐴2

𝑖2𝑗2⋯𝐴𝑛
𝑖𝑛𝑗𝑛) (𝐵1

𝑗1 ⋅ 𝐵2
𝑗2⋯𝐵𝑛

𝑗𝑛) .  

TTM ⋅ TT = 𝐶1
𝑖1 ⋅ 𝐶2

𝑖2⋯𝐶𝑛
𝑖𝑛 ,  

𝐶𝑘
𝑖𝑘 =∑ 

𝑗𝑘

𝐴𝑘
𝑖𝑘𝑗𝑘𝐵𝑘

𝑗𝑘  

𝐶𝑘 = (
𝐴𝑘 0
0 𝐵𝑘

) ,  

TT𝑎 ⋅ TT𝑏 = ∑  
(𝑗1,…,𝑗𝑛)

  (𝐴1
𝑗1 ⋅ 𝐴2

𝑗2⋯𝐴𝑛
𝑗𝑛) (𝐵1

𝑗1 ⋅ 𝐵2
𝑗2⋯𝐵𝑛

𝑗𝑛) ,  

𝑥𝑖(𝑏𝑥𝑖,1, 𝑏𝑥𝑖,2, … , 𝑏𝑥𝑖,𝑝𝑖) =∑  

𝑝𝑖

𝑗=1

 
𝑏𝑥𝑖,𝑗

2𝑗
(𝑥𝑖,max − 𝑥𝑖,min) + 𝑥𝑖,min,  
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(

2 0 3 0
1 2 0 3
0 1 2 0
0 0 1 2

) .  

 

𝑓′′(𝑥𝑛) =
𝑓(𝑥𝑛−1) − 2𝑓(𝑥𝑛) + 𝑓(𝑥𝑛+1)

ℎ2
,  

(

 
 

𝑓′′(𝑥0)

𝑓′′(𝑥1)
⋯
⋯

𝑓′′(𝑥𝑛))

 
 
=

(

 
 

−2 1 0 ⋯ 0
1 −2 1 ⋯ 0
0 1 −2 ⋯ 0
⋯ ⋯ ⋯ ⋯ ⋯
0 0 ⋯ ⋯ −2)

 
 
⋅

(

 
 

𝑓(𝑥0)

𝑓(𝑥1)
⋯
⋯

𝑓(𝑥𝑛))

 
 
.  

TTdisp = 𝐵(𝑑)TT,  

TTdisp =∏ 

𝑛

𝑖

 𝐵𝑥𝑖(𝑑𝑥𝑖)TT.  

∏ 

𝑛

𝑖

𝐵𝑥𝑖(𝑑𝑥𝑖) 

𝑓(𝑥1, 𝑥2, … , 𝑥𝑖,𝑗, … , 𝑥𝑛) =
𝑓(𝑥1, 𝑥2, … , 𝑥𝑖,𝑗−1, … , 𝑥𝑛) + 𝑓(𝑥1, 𝑥2, … , 𝑥𝑖,𝑗+1, … , 𝑥𝑛)

2
.  

TTintpl. =
TT𝐼 +𝐵𝑥𝑖(𝑑𝑥𝑖 = 1)TT𝐼

2
.  



 

pág. 13222 

 

𝐴𝑖𝑗
𝑎𝑎′ = 𝐴𝑖𝑗

𝑎 ⋅ 𝐼𝑎𝑎
′

 

𝐴𝑖𝑗
𝑎𝑎′𝑏 = 𝐴𝑖𝑗

𝑎𝑏 ⋅ 𝐼𝑎𝑎
′
.  

𝐫𝑖 = (

𝑥𝑖
𝑦𝑖
𝑧𝑖
) .  

𝑉𝑛𝑒 = ∑  

𝑁𝑛

𝐴=1

 
−𝑍𝐴

√(𝑥 − 𝑋𝐴)
2 + (𝑦 − 𝑌𝐴)

2 + (𝑧 − 𝑍𝐴)
2
.  

𝑔12 =
1

√(𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2 + (𝑧1 − 𝑧2)
2
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𝐸𝐻𝐹(𝜙1, … , 𝜙𝑎
′ , … , 𝜙𝑁𝑒) > 𝐸𝐻𝐹(𝜙1, … , 𝜙𝑎 , … , 𝜙𝑁𝑒).  

𝜖kin=∑ 

𝑁𝑒

𝑖

  |⟨𝜙𝑖| −
1

2
Δ|𝜙𝑖⟩  QTT − ⟨𝜙𝑖| −

1

2
Δ|𝜙𝑖⟩LCAO| ,

𝜖nuc=∑ 

𝑁𝑒

𝑖

  |⟨𝜙𝑖|∑  

𝑁𝑛

𝑗

 
𝑍𝑛

|𝐫 − 𝐑𝑛|
|𝜙𝑖⟩  QTT − ⟨𝜙𝑖|∑  

𝑁𝑛

𝑗

 
𝑍𝑛

|𝐫 − 𝐑𝑛|
|𝜙𝑖⟩LCAO| ,

𝜖coul=∑ 

𝑁𝑒

𝑖,𝑗

  |⟨𝜙𝑖(1)𝜙𝑖(1)|
1

|𝐫1 − 𝐫2|
| 𝜙𝑗(2)𝜙𝑗(2)⟩  QTT − ⟨𝜙𝑖(1)𝜙𝑖(1)|

1

|𝐫1 − 𝐫2|
|𝜙𝑗(2)𝜙𝑗(2)⟩LCAO| ,

𝜖exch=∑ 

𝑁𝑒

𝑖,𝑗

  |⟨𝜙𝑖(1)𝜙𝑗(1)|
1

|𝐫1 − 𝐫2|
| 𝜙𝑗(2)𝜙𝑖(2)⟩  QTT − ⟨𝜙𝑖(1)𝜙𝑗(1)|

1

|𝐫1 − 𝐫2|
|𝜙𝑗(2)𝜙𝑖(2)⟩LCAO| .

 

 

 

⟨𝜙𝑖(1)𝜙𝑖(1)|𝑔12|𝜙𝑗(2)𝜙𝑗(2)⟩ or ⟨𝜙𝑖(1)𝜙𝑗(1)|𝑔12|𝜙𝑗(2)𝜙𝑖(2)⟩ 
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𝜙𝑖
LCAO(𝐫) =∑  

𝑁𝑒

𝑗

  𝑐𝑖𝑗𝜙𝑗
QTT

(𝐫)  

𝑐𝑖𝑗 = ⟨𝜙𝑖
LCAO(𝐫) ∣ 𝜙𝑗

QTT(𝐫)⟩ 

𝑓(𝑐𝑖𝑗
′ ) = |𝑐𝑖𝑗 − 𝑐𝑖𝑗

′ |
𝐹
+ ‖det(𝑐𝑖𝑗

′ )| − 1|,  

|det(𝑐𝑖𝑗
′ )| = 1 

‖𝜙LCAO − 𝜙QTT‖ ≡ √⟨𝜙𝑖
LCAO(𝐫) − 𝜙𝑗

QTT
(𝐫) ∣ 𝜙𝑖

LCAO(𝐫) − 𝜙𝑗
QTT

(𝐫)⟩  

‖𝜙LCAO − 𝜙QTT‖ = ∑  

2𝑑
𝑝

𝑖,𝑗,𝑘=1

  |𝜙(𝑥𝑖, 𝑦𝑗 , 𝑧𝑘)
LCAO

− 𝜙(𝑥𝑖, 𝑦𝑗 , 𝑧𝑘)
QTT

| .  

 rank dependency on 𝑝𝑑 efficient QTT approximation error source 

𝜙𝑖 const. yes no 

𝜙𝑖𝜙𝑗 const. < 𝑟max (𝜙𝑖) + 𝑟max (𝜙𝑗) yes no 

Δ const. < 20 yes yes 

1

|𝐫|
 const. ≈ 170 yes no 

1

|𝐫1 − 𝐫2|
 const. ≈ 340 yes no 

𝜙𝑖(𝐫1)𝜙𝑗(𝐫1)

|𝐫1 − 𝐫2|
 const. < 𝑟max (𝜙𝑖) + 𝑟max (𝜙𝑗) yes no 

𝜙𝑖(𝐫1)𝜙𝑗(𝐫2)

|𝐫1 − 𝐫2|
 linear with slight slope no yes 

 

(

0 1 0 0
2 0 1 0
0 2 0 1
0 0 2 0

) = (

0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

) + (

0 0 0 0
2 0 0 0
0 2 0 0
0 0 2 0

) .  

𝐼 = (
1 0
0 1

) , 𝑆+ = (
0 1
0 0

) , 𝑆− = (
0 0
1 0

) .  
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|⟨Ψ|𝑂̂|Ψ⟩ − ⟨Φ|𝑂̂|Φ⟩ ∣≤ 2‖𝑂̂‖ ⋅ ‖Φ −Ψ‖.  

‖𝐮 + 𝐯‖ ≤ ‖𝐮‖ + ‖𝐯‖  

|⟨𝐮 ∣ 𝐯⟩| ≤ ‖𝐮‖ ⋅ ‖𝐯‖  

⟨Φ|𝑂̂|Φ⟩ = ⟨Ψ + Δ|𝑂̂|Ψ + Δ⟩.  

|⟨Φ|𝑂̂|Φ⟩ − ⟨Ψ|𝑂̂|Ψ⟩| = |⟨Ψ|𝑂̂|Δ⟩ + ⟨Δ|𝑂̂|Ψ⟩ + ⟨Δ|𝑂̂|Δ⟩ ∣,  

|⟨Φ|𝑂̂|Φ⟩ − ⟨Ψ|𝑂̂|Ψ⟩| ≤ |⟨Ψ|𝑂̂|Δ⟩| + |⟨Δ|𝑂̂|Ψ⟩| + |⟨Δ|𝑂̂|Δ⟩| = 2|⟨Ψ|𝑂̂|Δ⟩| + |⟨Δ|𝑂̂|Δ⟩ ∣.  

|⟨Ψ|𝑂̂|Δ⟩ ∣≤ ‖𝑂̂Δ‖  

 |⟨Δ|𝑂̂|Δ⟩| ≤ ‖Δ‖ ⋅ ‖𝑂̂|Δ⟩‖
 

‖𝑂̂|Δ⟩‖ = ‖𝑂̂‖ ⋅ ‖Δ‖ 

|⟨Ψ|𝑂̂|Ψ⟩ − ⟨Φ|𝑂̂|Φ⟩ ∣≤ ‖𝑂̂‖ ⋅ (2‖Φ −Ψ‖ + ‖Φ−Ψ‖2).  

‖Δ‖ = ‖Φ−Ψ‖ 

|⟨Ψ|𝑂̂|Ψ⟩ − ⟨Φ|𝑂̂|Φ⟩ ∣≤ 2‖𝑂̂‖ ⋅ ‖Φ −Ψ‖.  

⟨𝑂̂⟩ =∑  

𝑁𝑒

𝑖

  ⟨𝜙𝑖(𝐫1)|𝑂̂1(𝐫1)|𝜙𝑖(𝐫1)⟩ +∑  

𝑁𝑒

𝑖𝑗

  ⟨𝜙𝑖(𝐫1)𝜙𝑗(𝐫2)|𝑂̂2(𝐫1, 𝐫2)|𝜙𝑘(𝐫1)𝜙𝑙(𝐫2)⟩ + ⋯ ,  

𝑂̂ =∑  

𝑁

𝑖

𝑂̂𝑖(… 𝐫𝑖) 

⟨Ψ|𝑂̂|Ψ⟩ − ⟨Ψ′|𝑂̂|Ψ′⟩ =∑  

𝑁𝑒

𝑖

  ⟨𝜙𝑖|𝑂̂1|𝜙⟩ − ⟨𝜙𝑖
′|𝑂̂1|𝜙𝑖

′⟩ +  

 ∑  

𝑁𝑒

𝑖𝑗

  ⟨𝜙𝑖𝜙𝑗|𝑂̂2|𝜙𝑘𝜙𝑙⟩ − ⟨𝜙𝑖
′𝜙𝑗
′|𝑂̂2|𝜙𝑘

′𝜙𝑙
′⟩ + ⋯

≤ ∑  

𝑁𝑒

𝑖

 2‖𝑂̂1‖ ⋅ ‖𝜙𝑖 − 𝜙𝑖
′‖ +∑ 

𝑁𝑒

𝑖𝑗

 2‖𝑂̂2‖ ⋅ ‖𝜙𝑖𝜙𝑗 −𝜙𝑖
′𝜙𝑗
′‖ +⋯

 

‖∏ 

𝑁

𝑖

 𝜙𝑖(𝐫𝑖) −∏ 

𝑁

𝑖

 𝜙𝑖
′(𝐫𝑖)‖ ‖𝜙𝑖(𝐫) − 𝜙𝑖

′(𝐫)‖ 

‖∏  

𝑁

𝑖

 𝜙𝑖(𝐫𝑖) −∏ 

𝑁

𝑖

 𝜙𝑖
′(𝐫𝑖)‖ ≤∑  

𝑁

𝑖

 ‖𝜙𝑖(𝐫𝑖) − 𝜙𝑖
′(𝐫𝑖)‖  

∏ 

𝑁

𝑖

 𝜙𝑖(𝐫𝑖) −∏  

𝑁

𝑖

 𝜙𝑖
′(𝐫𝑖) =∑  

𝑁

𝑖

 (∏  

𝑖−1

𝑗

 𝜙𝑗(𝐫𝑖)) (𝜙𝑖(𝐫𝑖) − 𝜙𝑖
′(𝐫𝑖))(∏  

𝑁

𝑗=𝑖+1

 𝜙𝑗
′(𝐫𝑗))  
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‖∏ 

𝑁

𝑖

 𝜙𝑖(𝐫𝑖) −∏ 

𝑁

𝑖

 𝜙𝑖
′(𝐫𝑖)‖ =∑  

𝑁

𝑖

 ‖𝜙𝑖(𝐫𝑖) − 𝜙𝑖
′(𝐫𝑖)‖.  

𝐻[𝜌(𝐫), 𝑃(𝐫, 𝐫′)]𝜙ℓ:= (−
1

2
Δ + 𝑉ext + 𝑉Har[𝜌](𝐫) + 𝑉x[𝑃](𝐫, 𝐫

′))𝜙ℓ = 𝜆ℓ𝜙ℓ, ℓ = 1,⋯ ,𝑁𝑒 ,  

𝑃(𝐫, 𝐫′):=∑  

𝑁𝑒

ℓ=1

𝜙ℓ(𝐫)𝜙ℓ
∗(𝐫′) 

𝑉Har[𝜌](𝐫) = ∫  
𝜌(𝐫′)

|𝐫 − 𝐫′|
𝑑𝐫′  

(𝑉x[𝑃]𝜙ℓ)(𝐫) = −∫  
𝑃(𝐫, 𝐫′)

|𝐫 − 𝐫′|
𝜙ℓ(𝐫

′)𝑑𝐫′  

∬ 
𝜓𝑖(𝐫)𝜓𝑗

∗(𝐫)𝜓𝑚(𝐫
′)𝜓𝑛

∗(𝐫′)

|𝐫 − 𝐫′|
𝑑𝐫𝑑𝐫′, 𝑖, 𝑗, 𝑚, 𝑛 = 1,… ,𝑁  

(−
1

2
Δ + 𝑉ext + 𝑉Har[𝜌

old](𝐫) + 𝑉x[𝑃
old](𝐫, 𝐫′))𝜙ℓ = 𝜆ℓ𝜙ℓ, ℓ = 1,⋯ ,𝑁𝑒 .  

𝐸xc
PBE0 =

1

4
𝐸x
HF +

3

4
𝐸x
PBE + 𝐸c

PBE  

𝑉̃x(𝐫, 𝐫
′) = 𝑉̃x

∗(𝐫′, 𝐫)  

(𝑉̃x𝜙ℓ)(𝐫) = (𝑉x𝜙ℓ)(𝐫)  

𝑤ℓ(𝐫) = (𝑉x𝜙ℓ)(𝐫), ℓ = 1,… ,𝑁𝑒  

𝑉̃x(𝐫, 𝐫
′) = [𝑊(𝐫),Φ(𝐫)]𝐴[𝑊(𝐫′),Φ(𝐫′)]∗  

𝑊 = (𝑤1,⋯ ,𝑤𝑁𝑒),Φ = (𝜙1,⋯ , 𝜙𝑁𝑒), [𝑊,Φ] 

𝑉̃xΦ = [𝑊(𝐫),Φ(𝐫)]𝐴

[
 
 
 
 
 
 (𝑤1

∗(𝐫′), 𝜙1(𝐫
′)) ⋯ (𝑤1

∗(𝐫′), 𝜙𝑁𝑒(𝐫
′))

⋮ ⋮ ⋮

(𝑤𝑁𝑒
∗ (𝐫′), 𝜙1(𝐫

′)) ⋯ (𝑤𝑁𝑒
∗ (𝐫′), 𝜙𝑁𝑒(𝐫

′))

1 ⋯ 0
⋮ ⋮ ⋮
0 ⋯ 1 ]

 
 
 
 
 
 

 

(𝜙𝑖
∗(𝐫′), 𝜙𝑗(𝐫

′)) : = ∫  𝜙𝑖
∗(𝐫′)𝜙𝑗(𝐫

′)𝑑𝐫′ = 𝛿𝑖𝑗  

𝑀 = [

(𝑤1
∗(𝐫′), 𝜙1(𝐫

′)) ⋯ (𝑤1
∗(𝐫′), 𝜙𝑁𝑒(𝐫

′))

⋮ ⋮ ⋮

(𝑤𝑁𝑒
∗ (𝐫′), 𝜙1(𝐫

′)) ⋯ (𝑤𝑁𝑒
∗ (𝐫′), 𝜙𝑁𝑒(𝐫

′))

]  
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[𝑊(𝐫),Φ(𝐫)]𝐴 [
𝑀
𝐼
] = 𝑊(𝐫)  

𝐴 = [
𝐴11 𝐴12
𝐴12
∗ 𝐴22

]  

[𝑊(𝐫),Φ(𝐫)] [
𝐴11 𝐴12
𝐴12
∗ 𝐴22

] [
𝑀
𝐼
] = 𝑊(𝐫)  

𝑊(𝐫)(𝐴11𝑀+ 𝐴12) + Φ(𝐫)(𝐴12
∗ 𝑀+ 𝐴22) = 𝑊(𝐫).  

{
𝐴11𝑀+ 𝐴12 = 𝐼
𝐴12
∗ 𝑀+ 𝐴22 = 0

 

𝐴12 = 𝐼 − 𝐴11𝑀  

𝐴22 = −(𝐼 − 𝐴11𝑀)
∗𝑀 = 𝑀𝐴11𝑀−𝑀  

𝑉̃x(𝐫, 𝐫
′) =𝑊(𝐫)𝐴11𝑊

∗(𝐫′) +𝑊(𝐫)(𝐼 − 𝐴11𝑀)Φ
∗(𝐫′)

 +Φ(𝐫)(𝐼 −𝑀𝐴11)𝑊
∗(𝐫′) + Φ(𝐫)(𝑀𝐴11𝑀−𝑀)Φ

∗(𝐫′),
 

𝑉̃x(𝐫, 𝐫
′) = 𝑊(𝐫)Φ∗(𝐫′) + Φ(𝐫)𝑊∗(𝐫′) − Φ(𝐫)𝑀Φ∗(𝐫′).  

𝑉̃x(𝐫, 𝐫
′) = 𝑊(𝐫)𝑊∗(𝐫′) +𝑊(𝐫)(𝐼 − 𝑀)Φ∗(𝐫′) + Φ(𝐫)(𝐼 − 𝑀)𝑊∗(𝐫′) + Φ(𝐫)(𝑀2 −𝑀)Φ∗(𝐫′)  

𝑉̃x(𝐫, 𝐫
′) = 𝑊(𝐫)𝑀−1𝑊∗(𝐫′)  

𝑀 = 𝑈∗Λ𝑈 

Λ = diag(𝜆1, … , 𝜆𝑁𝑒)Λ
+ 

Λ+ = diag(𝜆1
+, … , 𝜆𝑁𝑒

+ ),  with  𝜆𝑖
+ = {

𝜆𝑖
−1  if 𝜆𝑖 ≠ 0

0  if 𝜆𝑖 = 0
 

𝐴11 = 𝑈
∗Λ+𝑈 

𝑈̃ = (𝐼 − ΛΛ+)𝑈 

𝐼 − 𝐴11𝑀 = 𝐼 −𝑀𝐴11 = 𝑈̃
∗𝑈̃ 

𝑉̃x(𝐫, 𝐫
′) = 𝑊(𝐫)𝑈∗Λ+𝑈𝑊∗(𝐫′) +𝑊(𝐫)𝑈̃∗𝑈̃Φ∗(𝐫′) + Φ(𝐫)𝑈̃∗𝑈̃𝑊∗(𝐫′)  

𝐻kin
(𝜏)
=∑ 

𝒌

 𝜓𝒌,𝜏
† [𝐵𝒌,𝜏

0 𝜂0 +𝑩𝒌,𝜏 ⋅ 𝜼]𝜎0𝜓𝒌,𝜏,  

𝜓𝒌,𝜏
† = (𝑐𝒌,𝐴,𝜏,↑

† , 𝑐𝒌,𝐵,𝜏,↑
† , 𝑐𝒌,𝐴,𝜏,↓

† , 𝑐𝒌,𝐵,𝜏,↓
† )𝑐𝒌,𝜂,𝜏,𝜎

†
 

𝐻interaction = 𝐻intra-valley +𝐻inter-valley  
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𝐻intra-valley  = 𝐽H ∑  

𝐫,𝜏=±

 𝑺𝐫
𝜏 ⋅ 𝑺𝐫

𝜏

𝐻inter-valley  = 𝐽A∑ 

𝒓

 𝑺𝐫
+ ⋅ 𝑺𝐫

−, 

𝑺𝐫
𝜏 = ∑  

𝛼,𝛽=↑,↓

  𝑐𝐫,𝜏,𝛼
† 𝝈𝛼𝛽𝑐𝐫,𝜏,𝛽
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𝐻HF[𝑃, 𝑄] =∑  

𝜏

 𝐻kin
𝜏 +∑  

𝑖;𝛼𝛽

  [𝐻ph[𝑃𝑚𝑛]𝑖𝑐𝑖𝑚
† 𝑐𝑖𝑛  

+𝐻SC[𝑄𝑚𝑛]𝑖𝑐𝑖𝑚𝑐𝑖𝑛 +  h.c. ]

 

 

Order Parameter Density Matrix 

Spin order 𝑐𝜏𝛼
† 𝜎𝛼𝛽

𝜇
𝑐𝜏𝛽 

Valley order 𝑐𝛼𝜎
† 𝜏𝛼𝛽

𝜇
𝑐𝛽𝜎 

Spin-polarized inter-valley coherence 𝑐+𝜎
† 𝑐−𝜎 ± 𝑐−𝜎

† 𝑐+𝜎 

Spin-mixed inter-valley coherence 𝑐+𝜎
† 𝑐−𝜎‾ ± 𝑐−𝜎

† 𝑐+𝜎‾  

Spin-singlet SC (𝜏𝑧 = 0) 𝑐−𝛼(𝑖𝜎𝑦)𝛼𝛽𝑐+𝛽 

Spin-triplet SC 𝑐−𝛼(𝑖𝜎𝑦𝜎𝜇)𝛼𝛽𝑐+𝛽 

 

𝑃CAF
𝜇

≡ 𝑐𝛾𝛼
† 𝜎𝛼𝛽

𝜇
𝜏𝛾𝛾′
𝑧 𝑐𝛾′𝛽 
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𝑏𝒌,𝒒;+
†  ≡ 𝑐𝒌+𝒒,+↑

† 𝑐𝒌,+↓

𝑏𝒌,𝒒;−
†  ≡ 𝑐𝒌+𝒒,−↓

† 𝑐𝒌,−↑
 

  

𝑏𝒌,𝒒;+
† , 𝑏𝒌,𝒒;−det(𝑊Σ

−1 −𝐾BS) = 0.  

𝑊Σ
(0,0)

 = ∑  

𝑘0

 
1

𝑖𝑘0 − 𝐸𝒌
+↑

1

𝑖(𝑘0 − Ω) − 𝐸𝒌−𝒒
+↓

 =
1

𝑖Ω − (𝐸𝒌
+↑ − 𝐸𝒌−𝒒

+↓ )

 

𝑊Σ
(1,1)

 = ∑  

𝑘0

 
1

𝑖𝑘0 + 𝐸−𝒌
−↓

1

𝑖(𝑘0 − Ω) + 𝐸−𝒌+𝒒
−↑

 =
1

−𝑖Ω − (𝐸−𝒌
−↓ − 𝐸−𝒌+𝒒

−↑ )

 

𝐴CAF(𝒌,𝜔) = Im⟨𝑃CAF
† (𝒌,𝜔)𝑃CAF(𝒌,𝜔)⟩|𝜔→𝜔+𝑖0+ 

𝑆𝑈(2)spin ⊗𝑈(1)charge ⊗𝑈(1)valley  

𝑠+
† ≡ 𝑐𝒌𝑒1;+↑

† 𝑏𝒌𝑒2,𝒒;+
†

 

𝑠−
† ≡ 𝑐𝒌𝑒1;+↑

† 𝑏𝒌𝑒2,𝒒;−  
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det(𝑊̃Σ
−1 − 𝐾̃BS) = 0.  

𝑊̃Σ
(0,0)

=∑ 

Ω

 
1

𝑖(Ωtot − Ω) − 𝐸𝒌𝑒1
+↑

1

𝑖Ω − (𝐸𝒌𝑒2
+↑ − 𝐸𝒌𝑒1+𝒌𝑒2−𝒒

+↓ )
 

 =
−1

𝑖Ωtot − (𝐸𝒌𝑒1
+↑ + 𝐸𝒌𝑒2

+↑ − 𝐸𝒌𝑒1+𝒌𝑒2−𝒒
+↓ )

 

𝑊̃Σ
(1,1)

=
1

𝑖Ωtot − (𝐸𝒌𝑒1
+↑ − 𝐸−𝒌𝑒2

−↓ + 𝐸𝒒−𝒌𝑒1−𝒌𝑒2
−↑ )

.  

SU(2)spin 
𝜏=+⊗SU(2)spin 

𝜏=− 

𝜒𝜏(𝒒)  =
1

𝐿2
∑ 

𝐫,𝐫′

  𝑒−𝑖(𝐫−𝐫
′)⋅𝒒⟨𝑺𝜏(𝐫′) ⋅ 𝑺𝜏(𝐫)⟩,

𝜒𝜏(𝒒 = 0)  = 𝑆tot
𝜏 (𝑆tot

𝜏 + 1)/𝐿2
 

|ΨHF 
𝛿𝜈=0⟩𝑆tot 

𝜏 (𝛿𝜈 = 0) = 𝑁/2(𝑁 = 𝐿2 

|ΨHF 
𝛿𝜈=1⟩ ≡ 𝑠+

†|ΨHF 
𝛿𝜈=0⟩𝑆tot 

𝜏=+(𝛿𝜈 = 1) = (𝑁 − 1)/2 or (𝑁 − 3)/2 

Δ𝑆𝜏=+ ≡ 𝑆tot 
𝜏=+(𝛿𝜈 = 0) − 𝑆tot 

𝜏=+(𝛿𝜈 = 1) 

𝑂CAF
𝛼 ≡ 𝜓𝒓

†𝜎𝛼𝜏𝑧𝜓𝒓, 𝛼 = 1,2,3

𝑂SC ≡ 𝑐𝐫+↑
† 𝑐𝐫−↓

† − 𝑐𝐫+↓
† 𝑐𝐫−↑

†  
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Ψ𝒌
† ≡ [𝑑+↑

† (𝒌), 𝑑+↓
† (𝒌), 𝑑−↑(−𝒌), 𝑑−↓(−𝒌)] 

𝑐𝜂𝜏𝛼(𝒌) = 𝑢𝜂𝜏(𝒌)𝑑𝜏𝛼(𝒌)  

𝑵 ≡ (Re[𝑂SC], 𝑂CAF
𝛼 , Im[𝑂SC]) 

𝑁1 = Re[ΔS] =
1

2
Ψ†𝜎𝑦𝜇𝑦Ψ

𝑁2 = 𝑆𝑥𝜏𝑧 =
1

2
Ψ†𝜎𝑥Ψ

𝑁3 = 𝑆𝑦𝜏𝑧 =
1

2
Ψ†𝜎𝑦𝜇𝑧Ψ

𝑁4 = 𝑆𝑧𝜏𝑧 =
1

2
Ψ†𝜎𝑧Ψ

𝑁5 = −Im[ΔS] =
1

2
Ψ†𝜎𝑦𝜇𝑥Ψ.

 

𝑖𝐿𝛼𝛽 ≡ [𝑁𝛼 , 𝑁𝛽]  

𝐿15 = −(𝑛tot − 2)/2 = −𝜇𝑧/2 

𝐿23 = 𝑆𝑧 = 𝜎𝑧𝜇𝑧/2 

𝐿24 = −𝑆𝑦 = −𝜎𝑦/2 

𝐿34 = 𝑆𝑥 = 𝜎𝑥𝜇𝑧/2  

𝐿45 = −Re[ΔT𝑧] = −𝜎𝑥𝜇𝑥/2, 𝐿14 = Im[ΔT𝑧] = 𝜎𝑥𝜇𝑦/2 

𝐿25 = Re[ΔT𝑥] = −𝜎𝑧𝜇𝑥/2, 𝐿12 = Im[ΔT𝑥] = 𝜎𝑧𝜇𝑦/2 

𝐿35 = Re[ΔT𝑦] = 𝜇𝑦/2, 𝐿13 = Im[ΔT𝑦] = 𝜇𝑥/2 

 

𝐻rotor =∑  

𝒌,𝒑,𝒒

 𝐹𝒌,𝒑,𝒒[𝑈0Ψ𝒌+𝒒
† Ψ𝒌Ψ𝒑−𝒒

† Ψ𝒑  

+∑  

𝛼𝛽

 𝑈𝛼𝛽Ψ𝒌+𝒒
† 𝐿𝛼𝛽Ψ𝒌Ψ𝒑−𝒒

† 𝐿𝛼𝛽Ψ𝒑  

+∑  

𝜇

 𝑉𝜇Ψ𝒌+𝒒
† 𝑁𝜇Ψ𝒌Ψ𝒑−𝒒

† 𝑁𝜇Ψ𝒑]

 +
3|𝐽H|

16
∑  

𝛼𝜂;𝒌𝒑

  [|𝑢𝜂+(𝒌)|
2
|𝑢𝜂+(𝒑)|

2
𝑑𝒑;+𝛼
† 𝑑𝒑;+𝛼]

 

𝐹𝒌,𝒑,𝒒 ≡∑ 

𝜂

𝑢𝜂+
∗ (𝒌 + 𝒒)𝑢𝜂+(𝒌)𝑢𝜂+

∗ (𝒑 − 𝒒)𝑢𝜂+(𝒑) 
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𝑈0 = 𝑈15 =
3|𝐽H|

8
, 𝑈23 = 𝑈34 = 𝑈24 =

𝐽A − 3|𝐽H|

8

𝑈25 = 𝑈35 = 𝑈45 = 𝑈12 = 𝑈13 = 𝑈14 =
𝐽A
16

𝑉1 = 𝑉5 = −
3𝐽A
16
, 𝑉2 = 𝑉3 = 𝑉4 = −

𝐽A + 3|𝐽H|

8

 

𝑆WZW = 2𝜋𝑖𝑊[𝑁𝑎] 

𝑊[𝑁𝑎] =
3

8𝜋2
∫ 
𝑢

∫  
𝐫,𝜏

𝜀𝑎𝑏𝑐𝑑𝑒𝑁
𝑎𝜕𝑥𝑁

𝑏𝜕𝑦𝑁
𝑐𝜕𝜏𝑁

𝑑𝜕𝑢𝑁
𝑒 

𝜋4 (
SO(5)

SO(4)
) = 𝒵 

 

|ΨG
Θ⟩ ≡ 𝑒−Θ𝐻|Ψtrial ⟩ 

𝜈 ≡∑  

𝐫

⟨𝑛𝐫⟩/𝐿
2 = 2 

𝑈(1)charge × 𝑈(1)valley × 𝑆𝑈(2)spin  

Δ𝜏 = Θ/𝑁Trotter  

  

𝜉𝑂  ≡
1

2sin (𝜋/𝐿)
√

𝑆𝑂(𝒒 = 𝟎)

𝑆𝑂(𝒒 = (2𝜋/𝐿, 0))
− 1

𝑆𝑂(𝒒)  =
1

𝐿2
∑ 

𝐫,𝐫′

 𝑒−𝑖(𝐫−𝐫
′)⋅𝒒⟨𝑂†(𝐫′)𝑂(𝐫)⟩

 

𝜉𝑂(𝐽H, 𝐿)

𝐿
 = 𝑓𝜉(𝐽O) + 𝐿

−𝜔𝑔𝜉(𝐽O)

𝐽O  = [(𝐽H − 𝐽H
c )/𝐽H

c ]𝐿1/𝜈O
 

𝑆𝑂(𝒒 = 0; 𝐽H, 𝐿) = 𝐿
1−𝜂𝑂ℎ𝑆,𝜉(𝜉𝑂/𝐿)  

ΔT𝑥  = 𝑐𝐫+↑𝑐𝐫−↑ − 𝑐𝐫+↓𝑐𝐫−↓
ΔT𝑦  = −𝑖(𝑐𝐫+↑𝑐𝐫−↑ + 𝑐𝐫+↓𝑐𝐫−↓)

ΔT𝑧  = 𝑐𝐫+↑𝑐𝐫−↓ + 𝑐𝐫+↓𝑐𝐫−↑.
 

𝜒ΔT(𝜏) ≡∑  

𝛼

 
⟨ΨG

Θ|𝑒𝜏𝐻Δ𝑇𝛼
† 𝑒−𝜏𝐻Δ𝑇𝛼|ΨG

Θ⟩

⟨ΨG
Θ ∣ ΨG

Θ⟩
 

𝜉𝑂(ℱ, 𝐿)

𝐿
 = 𝑓𝜉(ℱO) + 𝐿

−𝜔𝑔̃𝜉(ℱO)

ℱO  = [(ℱ − ℱ
𝑐)/ℱ𝑐]𝐿1/𝜈O
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𝑆𝑂(𝒒 = 0;ℱ, 𝐿) = 𝐿
1−𝜂𝑂ℎ̃𝑆,𝜉(𝜉𝑂/𝐿).  

|𝒌𝑒1
+ , 𝒌𝑒2

+ , 𝒌ℎ
+⟩ ≡ 𝑐𝒌𝑒1;+↑

† 𝑐𝒌𝑒2;+↑
† 𝑐𝒌ℎ;+↓|GS⟩ 

𝒒 = 𝒌𝑒1
+ + 𝒌𝑒2

+ − 𝒌ℎ
+ 

𝒌𝑒(ℎ)
𝜏 𝑐𝒌𝑒1;+↑

† 𝑐𝒌𝑒2;+↑
† |𝒌𝑒1

+ , 𝒌𝑒2
+ , 𝒌ℎ

+⟩ 

|𝒌𝑒1
+ , −𝒌𝑒2

− , −𝒌ℎ
−⟩ 

𝒒 = 𝒌𝑒1
+ + 𝒌𝑒2

− − 𝒌ℎ
− 

 

 

 

𝐾̃𝐵𝑆
rep

= 𝐽A∑ 

𝒑−

 𝑢+
∗ (𝒌ℎ

+)𝑢+(𝒌𝑒2
+ )𝑢+

∗ (𝒑− + 𝒌𝑒2
+ − 𝒌ℎ

+)𝑢+(𝒑
−)|𝒌𝑒1

+ , 𝒌𝑒2
+ , 𝒌ℎ

+⟩⟨𝒌𝑒1
+ , −(𝒑− + 𝒌𝑒2

+ − 𝒌ℎ
+),−𝒑−|, 

𝑢−
∗ (−𝒌) = 𝑢+(𝒌) 

𝐾 ≡ [
𝐾𝑛×𝑛
(0,0)

𝐾𝑛×𝑚
(0,1)

𝐾𝑚×𝑛
(1,0)

𝐾𝑚×𝑚
(1,1)

] ;  Λ𝑧 ≡ [
𝕀𝑛×𝑛

−𝕀𝑚×𝑚
] .  

det[ΩΛ𝑧 − 𝐾] = 0.  

⟨𝛼|Λ𝑧|𝛼⟩ = 1 

Ψ𝒌
† ≡ [𝑑+↑

† (𝒌), 𝑑+↓
† (𝒌), 𝑑−↑(−𝒌), 𝑑−↓(−𝒌)] 

𝑑+𝛼
† (𝒌), 𝑑−𝛼(−𝒌) 

𝑢+(𝒌) = [𝑢−(−𝒌)]
∗  

𝐹𝒌,𝒑,𝒒 ≡ 𝑢+
∗ (𝒌 + 𝒒)𝑢+(𝒌)𝑢+

∗ (𝒑 − 𝒒)𝑢+(𝒑). 

𝐻𝐽H;+ = −
3𝐽H
2
𝐹𝒌,𝒑,𝒒 [𝑑𝒌+𝒒;+↑

† 𝑑𝒑−𝒒;+↓
† 𝑑𝒌;+↓𝑑𝒑;+↑]

𝐻𝐽H;− = −
3𝐽H
2
𝐹𝒌,𝒑,𝒒 [𝑑−𝒌;−↑

† 𝑑−𝒑;−↓
† 𝑑−𝒌−𝒒;+↓𝑑−𝒑+𝒒;+↑] .
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𝐻𝐽H =
3|𝐽H|

8
∑  

𝒌𝒑𝒒

 𝐹𝒌,𝒑,𝒒 [Ψ𝒌+𝒒
† Ψ𝒌Ψ𝒑−𝒒

† Ψ𝒑 +Ψ𝒌+𝒒
† 𝐿15Ψ𝒌Ψ𝒑−𝒒

† 𝐿15Ψ𝒑 − ∑  

(𝛼𝛽)=(23),(34),(24)

 Ψ𝒌+𝒒
† 𝐿𝛼𝛽Ψ𝒌Ψ𝒑−𝒒

† 𝐿𝛼𝛽Ψ𝒑

+ ∑  

𝜇=2,3,4

 Ψ𝒌+𝒒
† 𝑁𝜇Ψ𝒌Ψ𝒑−𝒒

† 𝑁𝜇Ψ𝒑] +
3|𝐽H|

16
∑  

𝛼;𝒌𝒑

  [|𝑢+(𝒌)|
2|𝑢+(𝒑)|

2𝑑𝒑;+𝛼
† 𝑑𝒑;+𝛼]

 

𝐻𝐽A=
𝐽A
16
𝐹𝒌,𝒑,𝒒 [ ∑  

(𝛼𝛽)=(25),(35),(45),(12),(13),(14)

 Ψ𝒌+𝒒
† 𝐿𝛼𝛽Ψ𝒌Ψ𝒑−𝒒

† 𝐿𝛼𝛽Ψ𝒑 − 3 ∑  

𝜇=1,5

 Ψ𝒌+𝒒
† 𝑁𝜇Ψ𝒌Ψ𝒑−𝒒

† 𝑁𝜇Ψ𝒑] 

 −
𝐽A
8
𝐹𝒌,𝒑,𝒒 [− ∑  

(𝛼𝛽)=(23),(34),(24)

 Ψ𝒌+𝒒
† 𝐿𝛼𝛽Ψ𝒌Ψ𝒑−𝒒

† 𝐿𝛼𝛽Ψ𝒑 + ∑  

𝜇=2,3,4

 Ψ𝒌+𝒒
† 𝑁𝜇Ψ𝒌Ψ𝒑−𝒒

† 𝑁𝜇Ψ𝒑]

 

ℒ =∑  

𝜏,𝛼

 𝑑𝜏𝛼
† 𝜕𝑑𝜏𝛼

𝜕𝜏
− 𝜆 ∑  

𝒒𝒌;𝑎

 𝑁𝒒
𝑎Λ(𝒌, 𝒒)Ψ𝒌+𝒒

† Γ𝑎Ψ𝒌  

Λ(𝒌, 𝒒) ≡ ⟨𝑢𝒌+𝒒 ∣ 𝑢𝒌⟩ 

Γ1 = 𝜎𝑦𝜇𝑦, Γ2 = 𝜎𝑥 , Γ3 = 𝜎𝑦𝜇𝑧
Γ4 = 𝜎𝑧, Γ5 = 𝜎𝑦𝜇𝑥

 

Ψ𝒌
† ≡ [𝑑+↑

† (𝒌), 𝑑+↓
† (𝒌), 𝑑−↑(−𝒌), 𝑑−↓(−𝒌)] 

⟨𝑢𝒌+𝒒 ∣ 𝑢𝒌⟩ 

𝑆WZW[𝑁
𝑎] = 𝐾∫  

𝜏,𝒓,𝑢

  𝜀𝑎𝑏𝑐𝑑𝑒𝑁
𝑎𝜕𝑥𝑁

𝑏𝜕𝑦𝑁
𝑐𝜕𝜏𝑁

𝑑𝜕𝑢𝑁
𝑒

 

 

 

𝐺𝜔 = (𝑖𝜔 + 𝜆Γ4)
−1,  
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∑ 

𝒌

 Λ𝒌,𝒑1,𝒑2,𝒑3
box =∑ 

𝒌

 tr[𝑃̂𝒌𝑃̂𝒌+𝒑𝟏+𝒑𝟐+𝒑𝟑𝑃̂𝒌+𝒑𝟏+𝒑𝟐𝑃̂𝒌+𝒑𝟏],  

𝑃̂𝒌 ≡ |𝑢𝒌⟩⟨𝑢𝒌| 

Λ(𝒌, 𝒑)  ≃ 1 + 𝑖𝑎𝜇(𝒌)𝑝
𝜇 −

1

2
𝛾𝜇𝜈(𝒌)𝑝

𝜇𝑝𝜈

Λ(𝒌 + 𝒑, 𝒒)  ≃ 1 + 𝑖𝑎𝜇(𝒌)𝑞
𝜇 − 𝑖

𝐹𝜇𝜈(𝒌)

2
𝑝𝜇𝑞𝜈 −

1

2
𝛾𝜇𝜈(𝒌)𝑞

𝜇𝑞𝜈 ,

 

𝑆(4)=
𝜆4

4
𝜋𝑖𝜋𝑗𝜋𝑙𝜋𝑚(𝑝1

𝜇
𝑝2
𝜈 + 𝑝1

𝜇
𝑝3
𝜈 + 𝑝2

𝜇
𝑝3
𝜈)∫  

𝑑2𝒌

(2𝜋)2
𝐹𝜇𝜈(𝒌)

2
∑  

𝑖𝜔

 Tr[𝐺Γ𝑖𝐺Γ𝑗𝐺Γ𝑙𝐺Γ𝑚] 

 =
𝜆4𝐶

16𝜋
𝜀𝜇𝜈(𝑝1

𝜇
𝑝2
𝜈 + 𝑝1

𝜇
𝑝3
𝜈 + 𝑝2

𝜇
𝑝3
𝜈)𝜋𝑖𝜋𝑗𝜋𝑙𝜋𝑚∑ 

𝑖𝜔

 Tr[𝐺Γ𝑖𝐺Γ𝑗𝐺Γ𝑙𝐺Γ𝑚]

 

𝜕Ω3𝑆
(4)= 𝜋𝑖𝜋𝑗𝜋𝑙𝜋𝑚

𝜆4𝐶

16𝜋
𝜀𝜇𝜈𝑝1

𝜇
𝑝2
𝜈Ω3∑ 

𝜔𝑛

 Tr[𝐺𝜔𝑛Γ𝑖𝐺𝜔𝑛+Ω1Γ𝑗𝐺𝜔𝑛+Ω1+Ω2Γ𝑙𝜕Ω3𝐺𝜔𝑛+Ω1+Ω2+Ω3Γ𝑚]|

Ω𝛼=0

 

 =
𝐶

16𝜋
𝜀𝜇𝜈𝑝1

𝜇
𝑝2
𝜈Ω3𝜋𝑖𝜋𝑗𝜋𝑙𝜋𝑚Tr[Γ𝑖Γ𝑗Γ𝑙Γ𝑚Γ4]∑  

𝜔𝑛

 
𝜆5

(𝜔𝑛
2 + 𝜆2)3

 =
3𝐶

64𝜋
𝜀𝜇𝜈𝑝1

𝜇
𝑝2
𝜈Ω3(𝜋𝑖𝜋𝑗𝜋𝑙𝜋𝑚𝜀

𝑖𝑗𝑙𝑚)

 

𝜕Ω2𝑆
(4)  = 𝜋𝑖𝜋𝑗𝜋𝑙𝜋𝑚

𝜆4𝐶

16𝜋
𝜀𝜇𝜈𝑝1

𝜇
𝑝3
𝜈Ω2∑ 

𝜔𝑛

 Tr[𝐺𝜔𝑛Γ𝑖𝐺𝜔𝑛+Ω1Γ𝑗𝜕Ω2𝐺𝜔𝑛+Ω1+Ω2Γ𝑙𝐺𝜔𝑛+Ω1+Ω2+Ω3Γ𝑚]|

Ω𝛼=0

+ 𝜕Ω3𝑆
(4) = 0

 

𝜕Ω1𝑆
(4)  = 𝜋𝑖𝜋𝑗𝜋𝑙𝜋𝑚

𝜆4𝐶

16𝜋
𝜀𝜇𝜈𝑝2

𝜇
𝑝3
𝜈Ω1∑ 

𝜔𝑛

 Tr[𝐺𝜔𝑛Γ𝑖𝜕Ω1𝐺𝜔𝑛+Ω1Γ𝑗𝐺𝜔𝑛+Ω1+Ω2Γ𝑙𝐺𝜔𝑛+Ω1+Ω2+Ω3Γ𝑚]|

Ω𝛼=0

+ 𝜕Ω2𝑆
(4)

 =
3𝐶

64𝜋
𝜀𝜇𝜈𝑝2

𝜇
𝑝3
𝜈Ω1(𝜋𝑖𝜋𝑗𝜋𝑙𝜋𝑚𝜀

𝑖𝑗𝑙𝑚)

 

𝑆WZW[𝜋
𝑎] = 𝑖

3𝐶

16𝜋
𝜀𝑖𝑗𝑙𝑚∫  

𝑥,𝑦,𝜏

 𝜋𝑖𝜕𝑥𝜋𝑗𝜕𝑦𝜋𝑙𝜕𝜏𝜋𝑚  

𝑆WZW = 2𝜋𝑖𝐶𝑊[𝑁𝑎]

𝑊[𝑁𝑎] =
3

8𝜋2
∫  
𝐫,𝜏,𝑢

 𝜀𝑎𝑏𝑐𝑑𝑒𝑁
𝑎𝜕𝑥𝑁

𝑏𝜕𝑦𝑁
𝑐𝜕𝜏𝑁

𝑑𝜕𝑢𝑁
(B.

 

𝜂𝑂(𝐿) ≡
1

log [𝐿/(𝐿 + 2)]
log 

𝑆𝑂(𝐿 + 2)

𝑆𝑂(𝐿)
|
𝐽H=𝐽H

𝑐

− 1.  

1

𝜈𝑂(𝐿)
≡

1

log [(𝐿 + 2)/𝐿]
log 

𝜕𝐽H𝑅𝑂(𝐿 + 2)

𝜕𝐽H𝑅𝑂(𝐿)
|
𝐽H=𝐽H

𝑐

,  

−∑ 

𝑁𝑒

𝑖=1

 Δ𝑖 +∑ 

𝑁𝑒

𝑖=1

 ∑  

𝐼

 
𝑍𝐼

|𝐫𝑖 −𝐑𝐼|
− ∑  

1≤𝑖<𝑗≤𝑁𝑒

 
1

|𝐫𝑖 − 𝐫𝐣|
,  



 

pág. 13237 

∑  

𝑁𝜙

𝑖,𝑗=1

  (𝑇𝑖𝑗 + 𝑈𝑖𝑗)𝑎𝑖
†𝑎𝑗 + ∑  

𝑁𝜙

𝑖,𝑗,𝑘,𝑙=1

 𝑉𝑖𝑗𝑘𝑙𝑎𝑖
†𝑎𝑘
†𝑎𝑗𝑎𝑙 .  

𝑇𝑖𝑗 = −∫  
ℝ3
 𝜙𝑖(𝐫)Δ𝜙𝑗(𝐫)𝑑𝐫, 𝑈𝑖𝑗 =∑  

𝐼

 ∫  
ℝ3
 𝜙𝑖(𝐫)

𝑍𝐼
|𝐫 − 𝐑𝐼|

𝜙𝑗(𝐫)𝑑𝐫  

𝑉𝑖𝑗𝑘𝑙 = ∫  
ℝ3
 ∫  
ℝ3
 𝜙𝑖(𝐫1)𝜙𝑗(𝐫1)

1

|𝐫1 − 𝐫2|
𝜙𝑘(𝐫2)𝜙𝑙(𝐫2)𝑑𝐫1𝑑𝐫2  

(−Δ +∑  

𝐼

 
1

|𝐫 − 𝐑𝐼|
+ 𝑉H[𝜌] + 𝑉X[{𝜓𝑗}])𝜓𝑘 = 𝜀𝑘𝜓𝑘, 𝑘 = 1,… ,𝑁𝑒

𝜌(𝐫) = ∑  

𝑁𝑒

𝑘=1

  |𝜓𝑘(𝐫)|
2

 

𝑉H[𝜌](𝐫, 𝐫
′) = 𝛿(𝐫 − 𝐫′)∫  

ℝ3
 
𝜌(𝐫)

|𝐫 − 𝐫′|
𝑑𝐫′  

𝑉X[{𝜓𝑗}](𝐫, 𝐫
′) = −∑  

𝑁𝑒

𝑘=1

 
𝜓𝑘(𝐫)𝜓𝑘(𝐫

′)

|𝐫 − 𝐫′|
 

𝐸HF =∑ 

𝑁𝑒

𝑖=1

  ⟨𝜓𝑖|𝑇 + 𝑈|𝜓𝑖⟩ +
1

2
⟨𝜓𝑖|𝑉H[𝜌] − 𝑉X[{𝜓𝑗}]|𝜓𝑖⟩ + 𝐸nuc  

𝐸nuc =
1

2
∑ 

𝐼≠𝐽

 
1

|𝐑𝐼 − 𝐑𝐽|
 

(−Δ +∑ 

𝐼

 
𝑍𝐼

|𝐫 − 𝐑𝐼|
+ 𝑉H[𝜌] + 𝑉XC[𝜌])𝜓𝑘 = 𝜀𝑘𝜓𝑘, 𝑘 = 1,… ,𝑁𝑒

𝜌(𝐫) = ∑  

𝑁𝑒

𝑘=1

  |𝜓𝑘(𝐫)|
2,

 

𝐸DFT = −
1

2
∑ 

𝑁𝑒

𝑖=1

  ⟨𝜓𝑖|𝑇|𝜓𝑖⟩ + ∫  
ℝ3
 𝜌(𝐫)[𝑈 + 𝜖XC(𝜌)]𝑑𝐫 +

1

2
∫  
ℝ3
 ∫  
ℝ3
 
𝜌(𝐫)𝜌(𝐫′)

|𝐫 − 𝐫′|
𝑑𝐫′𝑑𝐫 + 𝐸nuc  

𝑉DG = {𝑣ℎ: 𝑣ℎ|𝐾𝑚 ∈ 𝑉𝑚(𝐾𝑚),𝑚 = 1,… ,𝑀}  

𝑓(𝑥0)
−:= lim

𝑥→𝑥0,𝑥∈𝐾𝑚
 𝑓(𝑥), 𝑓(𝑥0)

+: = lim
𝑥→𝑥0,𝑥∈𝐾𝑚′

 𝑓(𝑥)  

[[𝑓]] = 𝑓−𝐧− + 𝑓+𝐧+  

{𝑓}:=
1

2
(𝑓− + 𝑓+)  
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𝑎𝑥 = min
𝐼
 {𝑅𝐼,𝑥} − 𝐵, 𝑏𝑥 = max

𝐼
 {𝑅𝐼,𝑥} + 𝐵,  

𝑆𝑖𝑗 = ∫  
ℝ3
 𝜙𝑖(𝐫)𝜙𝑗(𝐫)𝑑𝐫  

𝑇𝑖𝑗 = ∑  

𝑀

𝑚=1

 ∫  
𝐾𝑚

 ∇𝜙𝑖(𝐫) ⋅ ∇𝜙𝑗(𝐫)𝑑𝐫 +∫ 
Γ

 − [[𝜙𝑖]] ⋅ {∇𝜙𝑗} − {∇𝜙𝑖} ⋅ [[𝜙𝑗]] + 𝜎[[𝜙𝑖]] ⋅ [[𝜙𝑗]] 𝑑𝑠  

𝜎 ≥
𝐶2

𝜖ℎ
, ℎ = min(𝑥𝑘 − 𝑥𝑘−1, 𝑥𝑘+1 − 𝑥𝑘)  

|
𝑑

𝑑𝑥
𝑣±(𝑥𝑗)|

2

≤ 𝐶2 ‖
𝑑

𝑑𝑥
𝑣(𝑥)‖

𝐿2(𝐾±)

2

 

𝐶2: = max {∑  

𝑖

  [
𝑑

𝑑𝑥
𝜙𝑖
−(𝑥𝑘)]

2

,∑  

𝑖

  [
𝑑

𝑑𝑥
𝜙𝑖
+(𝑥𝑘)]

2

} .  

𝐶2 =
(𝑝 + 1)2

ℎ
 

 

𝑓(𝑥, 𝑦, 𝑧) = 𝑓(𝑥)𝑓(𝑦)𝑓(𝑧). 

𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑝𝑥𝑦𝑝𝑦𝑧𝑝𝑧 , 𝑝𝑥 , 𝑝𝑦, 𝑝𝑧 ≤ 𝑝,  

[𝑎𝑥 , 𝑏𝑥] × [𝑎𝑦, 𝑏𝑦] × [𝑎𝑧, 𝑏𝑧] 

𝑔(𝐫) = 𝑥𝑙𝑥𝑦𝑙𝑦𝑧𝑙𝑧exp (−𝛼|𝐫 − 𝐑|2
2), 𝑙𝑥 + 𝑙𝑦 + 𝑙𝑧 ≤ 𝑙,  

 

𝑓(𝐫) = 𝑔(𝐫) ⋅ 𝜒𝑚(𝐫), 𝜒𝑚(𝐫) = {
1, 𝐫 ∈ 𝐾𝑚
0,  otherwise 

 

𝐵𝛼(𝐑) = {𝐫: |𝐫 − 𝐑| ≤ 3/√4𝛼}.  

(Δ +∑ 

𝐼

 
𝑍𝐼

|𝐫 − 𝐑𝐼|
) 𝜓̃𝑘 = 𝜀𝑘𝜓̃𝑘 , 𝑘 = 0,… ,𝑁init − 1  
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[𝑆𝑚]𝑖𝑗 = ∫  
𝐾𝑚

  𝜓̃𝑖|

𝐾𝑚

(𝐫)𝜓̃𝑗|

𝐾𝑚

(𝐫)𝑑(𝐫) 

𝑆𝑚 = 𝑈𝑚Σ𝑚𝑉𝑚
𝑇 

𝑁init = 𝐶𝑁filt𝑁𝑒 ,  

𝑈̃𝑖𝑗 =∑ 

𝐼

 ∫  
ℝ3
 𝜂𝑖(𝐫)

𝑍𝐼
|𝐫 − 𝐑𝐼|

𝜂𝑗(𝐫)𝑑𝐫

𝑉̃𝑖𝑗𝑘𝑙 = ∫  
ℝ3
 ∫  
ℝ3
 𝜂𝑖(𝐫1)𝜂𝑗(𝐫1)

1

|𝐫1 − 𝐫2|
𝜂𝑘(𝐫2)𝜂𝑙(𝐫2)𝑑𝐫1𝑑𝐫2

 

𝜙𝑖 =∑ 

𝑁𝜂

𝑗=1

 𝐶𝑖𝑗𝜂𝑗  

𝑈𝑖𝑗 =∑  

𝑁𝜂

𝑘=1

 ∑  

𝑁𝜂

𝑙=1

 𝐶𝑘𝑖𝑈̃𝑘𝑙𝐶𝑙𝑗

𝑉𝑖𝑗𝑘𝑙 =∑  

𝑁𝜂

𝑘=1

 ∑  

𝑁𝜂

𝑙=1

 𝐶𝑎𝑖𝐶𝑏𝑗𝑉̃𝑎𝑏𝑐𝑑𝐶𝑐𝑘𝐶𝑑𝑙

 

𝐼1 = ∫  
𝐷

 
𝑓(𝐫)

‖𝐫‖
𝑑𝐫  

1

‖𝐫‖
≈ ∑  

𝑁𝐺

𝑘=1

  𝑐𝑘exp (−𝛼𝑘‖𝐫‖
2)  

𝐷 = [𝑎𝑥 , 𝑏𝑥] × [𝑎𝑦, 𝑏𝑦] × [𝑎𝑧, 𝑏𝑧] 

𝐼1 ≈∑  

𝑁𝐺

𝑘=1

  𝑐𝑘 ∏  

𝑤∈{𝑥,𝑦,𝑧}

 ∫  
𝑏𝑤

𝑎𝑤

 exp (−𝛼𝑘𝑤
2)𝑓𝑤(𝑤)𝑑𝑤  

𝐼2 = ∫  
𝐷

 ∫  
𝐷′
 
𝑓(𝐫)𝑔(𝐫′)

‖𝐫 − 𝐫′‖
𝑑𝐫′𝑑𝐫  

𝑓(𝐫) = 𝑓𝑥(𝑥)𝑓𝑦(𝑦)𝑓𝑧(𝑧) and 𝑔(𝐫) = 𝑔𝑥(𝑥)𝑔𝑦(𝑦)𝑔𝑧(𝑧) 

𝐷′ = [𝑎𝑥
′ , 𝑏𝑥

′ ] × [𝑎𝑦
′ , 𝑏𝑦

′ ] × [𝑎𝑧
′ , 𝑏𝑧

′ ] 

𝐼2 ≈∑  

𝑁𝐺

𝑘=1

  𝑐𝑘 ∏  

𝑤∈{𝑥,𝑦,𝑧}

 ∫  
𝑏𝑤

𝑎𝑤

 ∫  
𝑏𝑤
′

𝑎𝑤
′
 exp (−𝛼𝑘(𝑤 − 𝑤

′)2)𝑓𝑤(𝑤)𝑔𝑤(𝑤
′)𝑑𝑤′𝑑𝑤  

𝑔𝛼(𝑥) = exp (−𝛼𝑥
2) ≈ ∑  

𝑁𝐹

𝑘=0

 𝑎𝛼
(𝑘)
cos (

𝑘𝜋𝑥

𝐿𝛼
)  
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𝐼2 ≈∑  

𝑁𝐺

𝑛=1

  𝑐𝑛 ∏  

𝑤∈{𝑥,𝑦,𝑧}

 ∑  

𝑁𝐹

𝑘=0

 𝑎𝛼𝑛
(𝑘)
∫  
𝑏𝑤

𝑎𝑤

 ∫  
𝑏𝑤
′

𝑎𝑤
′
 cos (

𝑘𝜋(𝑤 −𝑤′)

𝐿𝛼𝑛
)𝑓𝑤(𝑤)𝑔𝑤(𝑤

′)𝑑𝑤′𝑑𝑤  

= ∑  

𝑁𝐺

𝑛=1

  𝑐𝑛 ∏  

𝑤∈{𝑥,𝑦,𝑧}

 ∑  

𝑁𝐹

𝑘=0

 𝑎𝛼𝑛
(𝑘)
(∫  

𝑏𝑤

𝑎𝑤

 cos (
𝑘𝜋𝑤

𝐿𝛼𝑛
𝑥) 𝑓𝑤(𝑤)𝑑𝑤 ⋅ ∫  

𝑏𝑤
′

𝑎𝑤
′
 cos (

𝑘𝜋𝑤′

𝐿𝛼𝑛
)𝑔𝑤(𝑤

′)𝑑𝑤′

+∫  
𝑏𝑤

𝑎𝑤

 sin (
𝑘𝜋𝑤

𝐿𝛼𝑛
)𝑓𝑤(𝑤)𝑑𝑤 ⋅ ∫  

𝑏𝑤
′

𝑎𝑤
′
 sin (

𝑘𝜋𝑤′

𝐿𝛼𝑛
)𝑔𝑤(𝑤

′)𝑑𝑤′)

 

{𝜙𝑗}𝑗=1
𝑁𝜙 𝑢(𝐫) =∑  

𝑁𝜙

𝑗=1

𝑢𝑗𝜙𝑗(𝐫) 

𝐽𝑖𝑗  = ∫  
ℝ3
 𝜙𝑖(𝐫)𝜙𝑗(𝐫) ⋅ ∫  

ℝ3
 
𝜌(𝐫′)

|𝐫 − 𝐫′|
𝑑𝐫′𝑑𝐫

 = ∫  
ℝ3
 𝜙𝑖(𝐫)𝜙𝑗(𝐫) ⋅ 𝑣H(𝐫)𝑑𝐫

 

−Δ𝑣H(𝐫) = 4𝜋𝜌(𝐫)  

𝑢(𝐫) =∑  

𝑁𝜙

𝑗=1

𝑢𝑗𝜙𝑗(𝐫) 

∑ 

𝑁𝜙

𝑗=1

  𝐽𝑖𝑗𝑢𝑗 = ∫  
ℝ3
 𝜙𝑖(𝐫) ⋅ 𝑢(𝐫)𝑣H(𝐫)𝑑𝐫  

𝐾𝑖𝑗 = ∫  
ℝ3
 𝜙𝑖(𝐫) ⋅∑  

𝑁𝑒

𝑠=1

 𝜓𝑠(𝐫)∫  
ℝ3
 
𝜙𝑗(𝐫

′)𝜓𝑠(𝐫
′)

|𝐫 − 𝐫′|
𝑑𝐫′𝑑𝐫  

𝑢(𝐫) =∑  

𝑁𝜙

𝑗=1

𝑢𝑗𝜙𝑗(𝐫) 

∑ 

𝑗

 𝐾𝑖𝑗𝑢𝑗  = ∫  
ℝ3
 𝜙𝑖(𝐫) ⋅∑  

𝑁𝑒

𝑠=1

 𝜓𝑠(𝐫)∫  
ℝ3
 
𝑢(𝐫′)𝜓𝑠(𝐫

′)

|𝐫 − 𝐫′|
𝑑𝐫′𝑑𝐫

 = ∫  
ℝ3
 𝜙𝑖(𝐫) ⋅∑  

𝑁𝑒

𝑠=1

 𝜓𝑠(𝐫)𝑣𝑠(𝐫)𝑑𝐫

 

−Δ𝑣𝑠(𝐫) = 4𝜋𝑢(𝐫)𝜓𝑠(𝐫)  

[𝑎̃𝑥 , 𝑏̃𝑥] =⋃  

𝑖

  {𝑥: |𝜂𝑖
𝑥(𝑥)| > 10−9}  
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∑  

(𝑞+1)3

𝑖=1

 𝜌(𝐱𝑖𝑚)𝑃𝑖(𝐫){𝐱𝑖𝑚}𝑖=1
(𝑞+1)3  

{𝐻𝑗}𝑗=1
𝑛ref 
{𝐱̃𝑖𝑗}𝑖=1

(𝑞+1)3

 

𝑄𝑚 = | ∑  

(𝑞+1)3

𝑖=1

 𝜌(𝐱𝑖𝑚)𝑤𝑖 −∑  

𝑛ref 

𝑗=1

  ∑  

(𝑞+1)3

𝑖=1

 𝜌(𝐱̃𝑖𝑗)𝑤̃𝑖| ,  

 

Ω:= ⋃  

𝑀aux 

𝑚=1

𝐽𝑚 

−Δ𝑢 = 4𝜋𝑓  

𝑓(𝐫) =∑  

𝑁𝜙

𝑖=1

𝑓𝑖𝑗𝜙𝑖(𝐫)𝜙𝑗(𝐫) 

−Δ𝑢 = 4𝜋𝑓  in Ω;  𝑢(𝐫) = ∫  
Ω

 
𝑓(𝐫′)

‖𝐫 − 𝐫′‖
𝑑𝐫′, 𝐫 ∈ 𝜕Ω  

𝑇 + 𝑈 − 2𝜀0𝐼  

(𝑇 + 𝑈)𝜓̃𝑘 = 𝜀𝑘𝜓̃𝑘, 𝑘 = 1,… ,𝑁init  

𝑂(𝑀𝑁prim 
2 𝑁init +𝑀𝑁prim 𝑁init 

2 ) 
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𝑔(𝑥) = exp (−𝛼(𝑥 − 𝑥0))  

𝑔(𝑥) ≈ ∑  

𝑁𝐹

𝑘=1

 𝑎𝑘cos (
𝑘𝜋𝑥

𝐿𝛼
) ,  

𝐿𝛼 = √
9

𝛼
log (10)  

𝑎𝑘 =
1

𝐿𝛼
√
𝜋

𝛼
exp (

−𝜋2𝑘2

4𝛼𝐿𝛼
2 )  

𝐼gp = ∫  
𝑏

𝑎

 𝑔(𝑥)𝑝(𝑥)𝑑𝑥  

𝐼gp ≈∑  

𝑁𝐹

𝑘=1

 𝑎𝑘∫  
𝑏

𝑎

 cos (
𝑘𝜋𝑥

𝐿𝛼
) 𝑝(𝑥)𝑑𝑥  

∫  
𝑏

𝑎

 cos (𝛽𝑥)𝑓(𝑥)𝑑𝑥  

∫  
𝑏

𝑎

 cos (𝛽𝑥)𝑔(𝑥)𝑑𝑥 ≈ ∑  

𝑁𝐹

𝑘=1

 𝑎𝑘∫  
𝑏

𝑎

 cos (𝛽𝑥)cos (
𝑘𝜋𝑥

𝐿𝛼
)𝑑𝑥  

∫  cos (𝛽𝑥)cos (𝛾𝑥)𝑑𝑥 =

{
 
 

 
 1

2
[
sin ((𝛽 − 𝛾)𝑥)

𝛽 − 𝛾
+
sin ((𝛽 + 𝛾)𝑥)

𝛽 + 𝛾
] + 𝐶, 𝛽 ≠ 𝛾

𝑥

2
+
sin (2𝛽𝑥)

4𝛽
+ 𝐶, 𝛽 = 𝛾

 

𝑝(𝑥) = ∑  

𝑞

𝑘=0

  𝑐𝑘𝑃𝑘(𝑥),  

𝐼𝑘 = ∫  
1

−1

 cos (𝛽𝑥)𝑃𝑘(𝑥)𝑑𝑥, 𝐽𝑘 = ∫  
1

−1

 sin (𝛽𝑥)𝑃𝑘(𝑥)𝑑𝑥, 𝑘 = 0,… , 𝑞  

𝑃𝑘(𝑥) =
1

2𝑘 + 1

𝑑

𝑑𝑥
[𝑃𝑘+1(𝑥) − 𝑃𝑘−1(𝑥)]  

𝐼𝑘 =
1

2𝑘 + 1
[(𝑃𝑘+1(𝑥) − 𝑃𝑘−1(𝑥))cos (𝛽𝑥)]𝑎

𝑏 −
𝛽

2𝑘 − 1
[𝐽𝑘+1 − 𝐽𝑘−1]

𝐽𝑘 =
1

2𝑘 + 1
[(𝑃𝑘+1(𝑥) − 𝑃𝑘−1(𝑥))sin (𝛽𝑥)]𝑎

𝑏 +
𝛽

2𝑘 − 1
[𝐼𝑘+1 − 𝐼𝑘−1]

 

𝐼0 =
2sin (𝛽)

𝛽
, 𝐼1 = 0, 𝐽0 = 0, 𝐽1 =

2sin (𝛽) − 2𝛽cos (𝛽)

𝛽2
.  
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ℋ =∑ 

𝑖

  (𝑡𝑒𝑖𝐴(𝜏)𝑐𝑖
†𝑐𝑖+1 +  H.c. ) + 𝑉∑  

𝑖

 𝑛𝑖𝑛𝑖+1,  

𝐴(𝜏) =
𝐴𝑝

√2𝜋𝜏𝑝
exp (−

𝜏2

2𝜏𝑝
2) cos (𝜔𝑝𝜏),  

𝑛𝑖𝑛𝑖+1 → 𝑛𝑖⟨𝑛𝑖+1⟩ + 𝑛𝑖+1⟨𝑛𝑖⟩ − ⟨𝑛𝑖⟩⟨𝑛𝑖+1⟩ − ⟨𝑐𝑖
†𝑐𝑖+1⟩𝑐𝑖+1

† 𝑐𝑖 − ⟨𝑐𝑖+1
† 𝑐𝑖⟩𝑐𝑖

†𝑐𝑖+1 + ⟨𝑐𝑖
†𝑐𝑖+1⟩⟨𝑐𝑖+1

† 𝑐𝑖⟩ 

𝜙 =
(−1)𝑖

2
(⟨𝑛𝑖+1⟩ − ⟨𝑛𝑖⟩).  

|𝜓𝑘,𝜈(𝜏 + Δ𝜏)⟩ = exp [−𝑖Δ𝜏ℋ𝑘
HF (𝜏 +

Δ𝜏

2
)] |𝜓𝑘,𝜈(𝜏)⟩,  

ℋ𝑘
HF(𝜏)𝜏, |𝜓𝑘,𝜈(𝜏)⟩|𝜓𝑘,𝜈(𝜏 + Δ𝜏)⟩(Δ𝜏)

3 

ℋsp = 𝛿sp∑ 

𝑖

 𝑛𝑖(−1)
𝑖,  

|Ψ(𝜏 + Δ𝜏)⟩ = exp [−𝑖Δ𝜏ℋtot (𝜏 +
Δ𝜏

2
)] |Ψ(𝜏)⟩,  

𝐴𝑘(𝜀, 𝜏pr) = 𝐴𝑘
<(𝜀, 𝜏pr) + 𝐴𝑘

>(𝜀, 𝜏pr)

𝐴𝑘
<(𝜀, 𝜏pr) = Im∑  

𝛼

 ∫  𝑑𝜏1𝑑𝜏2𝑠(𝜏1 − 𝜏pr)𝑠(𝜏2 − 𝜏pr)

 × 𝑒𝑖𝜀(𝜏1−𝜏2)𝐺𝑘,𝛼𝛼
< (𝜏1, 𝜏2)

𝐴𝑘
>(𝜀, 𝜏pr) =  −Im∑  

𝛼

 ∫  𝑑𝜏1𝑑𝜏2𝑠(𝜏1 − 𝜏pr)𝑠(𝜏2 − 𝜏pr)

 × 𝑒𝑖𝜀(𝜏1−𝜏2)𝐺𝑘,𝛼𝛼
> (𝜏1, 𝜏2)

 

𝐺𝑘,𝛼𝛽
< (𝜏1, 𝜏2)  = 𝑖⟨𝑐𝑘,𝛽

† (𝜏2)𝑐𝑘,𝛼(𝜏1)⟩

𝐺𝑘,𝛼𝛽
> (𝜏1, 𝜏2)  = −𝑖⟨𝑐𝑘,𝛼(𝜏1)𝑐𝑘,𝛽

† (𝜏2)⟩
 

𝑠(𝜏) =
1

√2𝜋𝜎pr
exp (−

𝜏2

2𝜎pr
2 )  

 

𝐴(𝜏) = 𝐴cw𝜃(𝜏)𝑒
−𝛾𝜏sin 𝜔𝜏,  

ℋimp = 𝛿imp𝑛𝑖𝑝 ,  

ΔCO = 𝜇+ − 𝜇− 

𝜇+ = (𝐸0(𝑁, 𝑁𝑒 + 2) − 𝐸0(𝑁, 𝑁𝑒))/2 

𝜇− = (𝐸0(𝑁, 𝑁𝑒) − 𝐸0(𝑁, 𝑁𝑒 − 2))/2 
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𝐻̂ = ∫  𝑑3𝑥∑  

𝑖

  [𝜓̂†(r⃗𝑖)𝐻(r⃗𝑖)𝜓̂(r⃗𝑖) + 𝑈(𝑟𝑖)𝜓̂†(r⃗𝑖)𝜓̂(r⃗𝑖)

+Δ(𝑟)𝜓̂†(r⃗ ↑)𝜓̂†(r⃗ ↓) + Δ∗(𝑟)𝜓̂(r⃗ ↓)𝜓̂(r⃗ ↑)]

 

𝐻(𝑟𝑖) = −(1/2𝑚𝑖)(∇⃗⃗⃗ − (𝑖𝑒𝐴/𝑐))
2 − 𝜇𝑖  

Δ(𝑟) = Δ∗(𝑟) = Δ. 𝑈(𝑟𝑖) 

𝑈(r⃗ ↓) = 𝑉⟨𝜓†(r⃗ ↑)𝜓(r⃗ ↑)⟩ 

𝑈(r⃗ ↑) = 𝑉⟨𝜓†(r⃗ ↓)𝜓(r⃗ ↓)⟩ 

𝑉 = −4𝜋𝑎/𝑚+with 𝑚+ = 2𝑚↑𝑚↓/(𝑚↑ +𝑚↓) 
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𝑈(r⃗ ↓) = 𝑈(r⃗ ↑) ≡ 𝑈𝑠 

𝑈(r⃗ ↓) ≠ 𝑈(r⃗ ↑) 

𝑎𝑘,𝜎
† (𝑎𝑘,𝜎)𝜓𝜎

†(𝑟) =∑  

𝑘⃗⃗

𝑒𝑖𝑘⃗⃗.𝑟𝑎𝑘,𝜎
† (𝜓𝜎(𝑟) =∑  

𝑘⃗⃗

  𝑒𝑖𝑘⃗⃗.𝑟𝑎𝑘,𝜎) 

𝐻 =∑ 

𝑘⃗⃗,𝜎

 (
𝑘2

2𝑚
− 𝜇𝜎 +𝑈𝜎)𝑎𝑘⃗⃗,𝜎

† 𝑎𝑘⃗⃗,𝜎 +∑ 

𝑘⃗⃗

 Δ (𝑎
𝑘⃗⃗,↑

† 𝑎
−𝑘⃗⃗,↓

† + 𝑎−𝑘⃗⃗,↓𝑎𝑘⃗⃗,↑)  

𝜓𝜎(𝑟) =∑  

𝑘⃗⃗

 𝑢𝑘⃗⃗,𝜎(𝑟)𝛾𝑘⃗⃗,𝜎 − 𝑣𝑘⃗⃗,𝜎(𝑟)𝛾𝑘,−𝜎
†

 

𝑢𝑘⃗⃗,𝜎(𝑟) 𝑣𝑘⃗⃗,𝜎(𝑟) 

𝐻 =∑ 

𝑘⃗⃗,𝜎

𝐸𝑘⃗⃗𝛼,𝛽𝛾𝑘⃗⃗,𝜎
† 𝛾𝑘⃗⃗,𝜎 

𝐸𝑘⃗⃗𝛼,𝛽𝜇𝑠 = (
(𝜇↑ + 𝜇↓)/2) − 𝑈𝑠 

ℎ𝑠 = (𝜇↑ − 𝜇↓)/𝐸𝑘⃗⃗𝛼𝛽𝛽  

𝐸𝛼,𝛽 = ∓ℎ𝑠 ±
𝑘2

2𝑚−
+√𝜀𝑝𝛼,𝛽  

2 + Δ2  

𝜀𝑘⃗⃗𝛼 = 𝜀𝑘⃗⃗𝛽 ≡
(𝑘2/2𝑚+ − 𝜇𝑠) 

𝑚− = 2𝑚↑𝑚↓/(𝑚↓ −𝑚↑) 

Δ − √2𝜋𝑇Δ(1 − (𝑇/8Δ))𝑒−Δ/𝑇 

𝑣𝑘⃗⃗ =
1

√2
√1 −

𝑘2/2𝑚+ − 𝜇𝑠
𝐸𝑘⃗⃗𝛼 + ℎ𝑠 − 𝑘

2/2𝑚−
 𝑢𝑘⃗⃗ =

1

√2
√1 +

𝑘2/2𝑚+ − 𝜇𝑠
𝐸𝑘⃗⃗𝛼 + ℎ𝑠 − 𝑘

2/2𝑚−
 

1 =
−𝑉

2
∫  

𝑑3𝑘

(2𝜋)3

(

 
 
 

1

√(
𝑘2

2𝑚+
− 𝜇𝑠)

2

+ Δ2

−
1

𝑘2

2𝑚+
)

 
 
 

 

(𝑘2/2𝑚+𝜇𝑠 → 𝑧, Δ/𝜇𝑠 → 𝑋) 

𝜍 = −[1 + 𝑋2]−1/2 

∫  
∞

0

 
𝑧𝛿𝑑𝑧

√(𝑧 − 1)2 + 𝑋2
=

−𝜋

sin 𝜋𝛿−𝛿
𝜁−𝛿(𝜁)  
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1

𝑚+𝑎
2
= −2𝜇𝑠

𝑃1/2
2 (𝜍)

𝜍
 

𝜁 = −[1 + (Δ/𝜇𝑠)
2]−1/2 

1 = 𝜁2 + 4(Δ𝑚+𝑎
2)2[𝑃1/2(𝜁)]

4
 

𝑘𝐹
3 = 3𝜋2𝑛𝑠 = 3𝜋

2∫  
∞

0

 
𝑑3𝑘

(2𝜋)3
(1 −

𝑘2/2𝑚+ − 𝜇𝑠

√(𝑘2/2𝑚+ − 𝜇𝑠)
2 + Δ2

)

 = −
3

2
√2𝑚+

3/2
𝜇𝑠
3/2
(𝜋(𝜁−2)3/4𝑝3/2(𝜁) + 𝜋(𝜁

−2)1/4𝑝1/2(𝜁))

 

𝑘𝐹𝑎 = (3𝜋/4)
1/3[(𝑃3/2(𝜁)/𝑃1/2(𝜁) − 𝜁)/𝑃1/2

2 (𝜁)]
1/3

 

1 = 𝜁2 + 4(
Δ

𝜇𝑠

((3𝜋/4))[(𝑃3/2(𝜁)/𝑃1/2(𝜁) − 𝜁)/𝑃1/2
2 (𝜁)]

2/3

−(
3
2
)
2/3

21/3(𝜋(𝜁−2)3/4𝑝3/2(𝜁) + 𝜋(𝜁
−2)1/4𝑝1/2(𝜁))

2/3
)

2

[𝑃1/2(𝜁)]
4

 

𝜁 = −[1 + (Δ/𝜇𝑠)
2]−1/2 

𝑈𝑆 = −
𝑉

2
∫  
∞

0

 
𝑑3𝑘

(2𝜋)3
(1 −

𝑘2/2𝑚+ − 𝜇𝑠

√(𝑘2/2𝑚+ − 𝜇𝑠)
2 + Δ2

) = 𝜇𝑠(1 − 𝜁
−1𝑃3/2(𝜁)/𝑃1/2(𝜁))  

𝑉 =
4𝜋𝑎

𝑚+
𝜇↑ = 𝜇𝑠 + 𝑈𝑠 + ℎ𝑠𝜇↓ = 𝜇𝑠 + 𝑈𝑠 − ℎ𝑠 

𝑈↑ =
𝑎

𝑚+
(−

4√2

3𝜋
) (𝑚𝑟𝑚↑(𝜇𝑠 + 𝑈𝑠 − ℎ𝑠 − 𝑈↓))

3/2
, 𝑈↓ =

𝑎

𝑚+
(−

4√2

3𝜋
) (𝑚↑(𝜇𝑠 + 𝑈𝑠 + ℎ𝑠 −𝑈↑))

3/2
 

3√2𝜋𝜁2

64|𝑃1/2(𝜁)|
5 ((𝜁

−2 − 5)𝑃1/2(𝜁) + 4𝜁
−1𝑃3/2(𝜁)) =

𝑚+𝑎
5(𝑚↑)

3/2((𝜇𝑠 + 𝑈𝑠 + ℎ𝑠 − 𝑈↑)
5/2 + (𝑚𝑟)

3/2(𝜇𝑠 + 𝑈𝑠 − ℎ𝑠 − 𝑈↓)
5/2)

 

𝑝𝑛 =
𝑛↑
𝑛 − 𝑛↓

𝑛

𝑛↑
𝑛 + 𝑛↓

𝑛  

𝑛𝛿
𝑛 = ∫  𝑑3𝑘/(2𝜋)3 = ∫  𝑁(𝐸𝑖)𝑑𝐸𝑖 

𝐸↑ = |
𝑘2

2𝑚↑
− 𝜇𝑠 − ℎ𝑠 − 𝑈𝑠 + 𝑈↑| , 𝐸↓ = |

𝑘2

2𝑚↓
− 𝜇𝑠 + ℎ𝑠 − 𝑈𝑠 + 𝑈↓|  

𝑝𝑛 =
(𝜇𝑠 + ℎ𝑠 + 𝑈𝑠 −𝑈↑)

3/2 − (𝑚𝑟)
3/2(𝜇𝑠 − ℎ𝑠 + 𝑈𝑠 − 𝑈↓)

3/2

(𝜇𝑠 + ℎ𝑠 + 𝑈𝑠 −𝑈↑)
3/2 + (𝑚𝑟)

3/2(𝜇𝑠 − ℎ𝑠 + 𝑈𝑠 − 𝑈↓)
3/2

 

𝑝 =
𝑛↑
𝑛 − 𝑛↓

𝑛

𝑛↑
𝑛 + 𝑛↓

𝑛 + 𝑛𝑠
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1 =
−𝑉

2
∫  

𝑑3𝑘

(2𝜋)3

(

 
 
 
1 − 𝑓(𝐸𝛼) − 𝑓(𝐸𝛽)

√(
𝑘2

2𝑚+
− 𝜇𝑠)

2

+ Δ2

−
1

𝑘2

2𝑚+
)

 
 
 

 

𝑛↑
𝑛 = ∫  𝑑3𝑘/(2𝜋)3𝑓(𝐸↑) = ∫  𝑑

3𝑘/(2𝜋)3𝑓 (
𝑘2

2𝑚↑
− 𝜇↑ +𝑈↑)  

𝜇↑ − 𝑈↑ ≡ 𝜇𝑠 + ℎ𝑠 + 𝑈𝑠 − 𝑈↑ 

𝐻1 = ∑  

𝑘⃗⃗,𝑘⃗⃗′,𝜎,𝜎′

 𝐵(𝑘⃗⃗𝜎 ∣ 𝑘⃗⃗′𝜎′)𝑎
𝑘⃗⃗,𝜎

† 𝑎𝑘⃗⃗′,𝜎′  

𝐵(𝑘⃗⃗𝜎 ∣ 𝑘⃗⃗′𝜎′) 𝐵(𝑘⃗⃗𝜎 ∣ 𝑘⃗⃗′𝜎′)𝐴𝑘⃗⃗−𝑘⃗⃗′ 𝐵(𝑘⃗⃗𝜎 ∣ 𝑘⃗⃗
′𝜎′)𝐴𝑘⃗⃗−𝑘⃗⃗′ ⋅ (𝑘⃗⃗ − 𝑘⃗⃗

′) 

𝐵(𝑘⃗⃗𝜎 ∣ 𝑘⃗⃗′𝜎′)𝐵(𝑘⃗⃗𝜎 ∣ 𝑘⃗⃗′𝜎′)𝐵(𝑘⃗⃗𝜎 ∣ 𝑘⃗⃗′𝜎′) = 𝐵 = const 

𝑎
𝑘⃗⃗𝛼

† = 𝑢𝑘⃗⃗𝛾𝑘⃗⃗𝛼
† +∑  

𝛽

 𝜌𝛼𝛽𝑣𝑘⃗⃗𝛾−𝑘⃗⃗𝛽  

𝜌 = [
0 −1
1 0

]  

𝐻1 = ∑  

𝑘⃗⃗,𝑘⃗⃗′,𝜎,𝜎′

 𝐵 (𝑢𝑘⃗⃗𝑢𝑘′⃗⃗⃗⃗⃗𝛾𝑘⃗⃗𝜎
† 𝛾𝑘⃗⃗′𝜎′ + 𝑣𝑘⃗⃗𝑣𝑘⃗⃗′ ∑  

𝛽,𝛽′

 𝜌𝜎𝛽𝜌𝜎′𝛽′𝛾−𝑘⃗⃗𝛽𝛾−𝑘⃗⃗′𝛽′
† +

𝑢𝑘⃗⃗𝑣𝑘′⃗⃗⃗⃗⃗∑ 

𝛽′

 𝜌𝜎′𝛽′𝛾𝑘⃗⃗𝜎
† 𝛾

−𝑘⃗⃗′𝛽′
† + 𝑣𝑘⃗⃗𝑢𝑘′⃗⃗⃗⃗⃗∑ 

𝛽′

 𝜌𝜎𝛽𝛾−𝑘⃗⃗𝛽𝛾𝑘⃗⃗′𝜎′)

 

𝛾
𝑘⃗⃗𝜎

† 𝛾𝑘⃗⃗′𝜎′|𝑘⃗⃗
′𝜎′⟩|𝑘⃗⃗𝜎⟩𝛾−𝑘⃗⃗𝛽𝛾−𝑘⃗⃗′𝛽′

†
 

𝛾
𝑘⃗⃗𝜎

† 𝛾
−𝑘⃗⃗′𝛽′
† (𝛾−𝑘⃗⃗𝛽𝛾𝑘⃗⃗′𝜎′) 

𝑅𝑘⃗⃗→𝑘⃗⃗′ = 2𝜋|⟨𝑘⃗⃗
′𝜎′|𝐻1|𝑘⃗⃗𝜎⟩ |2 {𝑓 (𝐸𝑘⃗⃗𝛼) (1 − 𝑓 (𝐸𝑘⃗⃗𝛼′ )) − 𝑓 (𝐸𝑘⃗⃗𝛼′ ) (1 − 𝑓 (𝐸𝑘⃗⃗𝛼))} 𝛿 (𝐸𝑘⃗⃗𝛼′ − 𝐸𝑘⃗⃗𝛼 −𝜔) 

|𝑘⃗⃗𝜎⟩ ≡ 𝑎
𝑘⃗⃗𝜎

† ∏  

𝑘⃗⃗′≠𝑘

  (𝑢𝑘⃗⃗ + 𝑣𝑘⃗⃗𝑎𝑘⃗⃗′↑
† 𝑎

𝑘⃗⃗′↓

† ) |0⟩  

𝛾
𝑘⃗⃗𝜎

† |𝜓𝐵𝐶𝑆⟩ = |𝑘⃗⃗𝜎⟩  

|𝜓𝐵𝐶𝑆⟩⟨𝑘⃗⃗
′𝜎′|𝐻1|𝑘⃗⃗𝜎⟩ 

⟨𝑘⃗⃗′𝜎′|𝐻1|𝑘⃗⃗𝜎⟩ = 𝐵(𝑢𝑘⃗⃗, 𝑢𝑘⃗⃗ − 𝜂𝑣𝑘⃗⃗ , 𝑣𝑘⃗⃗)  
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𝑑𝐸

𝑑𝑡
= 𝑊 =

1

(2𝜋)6
∑  

2

𝛼=1

  ∑  

2

𝜎′=1

 ∬  𝑑3𝑘𝑑3𝑘′𝑅𝑘⃗⃗→𝑘⃗⃗′𝜔  

∑ 

𝑘⃗⃗

… = (1/2𝜋2)∫  𝑘2𝑑𝑘… = ∫  𝑑𝐸𝑁𝑠(𝐸)… 

𝑊 = 2𝜋𝜔|𝐵|2∫  𝑑𝐸𝑑𝐸′𝑁𝑠(𝐸
′)𝑁𝑠(𝐸)((𝑢(𝐸

′)𝑢(𝐸) − 𝜂𝑣(𝐸′)𝑣(𝐸)))
2
(𝑓(𝐸) − 𝑓(𝐸′))𝛿(𝐸′ − 𝐸 − 𝜔) 

𝑁(𝐸) =∑  

𝑛

𝛿(𝐸 − 𝐸𝑛) 

𝑁𝑠(𝐸) =
4𝜋𝑘(𝐸)

1
𝑚−

+
(
1
𝑚+
) (

𝑘2

2𝑚+
− 𝜇𝑠)

√(
𝑘2

2𝑚+
− 𝜇𝑠)

2

+ Δ2

 

𝑘2(𝐸) =
1

(
1

(2𝑚−)
2 −

1
(2𝑚+)

2)
(− [

𝜇𝑠
2𝑚+

−
𝐸𝛼 + ℎ𝑠
2𝑚−

]

+√[
𝜇𝑠
2𝑚+

−
𝐸𝛼 + ℎ𝑠
2𝑚−

]
2

− (
1

(2𝑚−)
2
−

1

(2𝑚+)
2
) ((𝐸𝛼 + ℎ𝑠)

2 − Δ2 − 𝜇𝑠
2))

 

𝐻̂ = ∑  

𝑖=↑,↓

 ∫  𝑑𝐫Ψ̂𝑖
† [
−∇2

2
+ 𝑉(𝐫) − 𝜇 +

𝑔𝑖𝑖
2
Ψ̂𝑖
†Ψ̂𝑖] Ψ̂𝑖

 +𝑔↑↓∫  𝑑𝐫Ψ̂↑
†Ψ̂↓

†Ψ̂↑Ψ̂↓ − Ω∫  𝑑𝐫(Ψ̂↑
†Ψ̂↓ + Ψ̂↓

†Ψ̂↑ℓ

 

𝜄 (
Ψ̂̇↑

Ψ̂̇↓
)= (

ℎ̂↑ + 𝑔↑↑Ψ̂↑
†Ψ̂↑ 𝑔↑↓Ψ̂↓

†Ψ̂↑

𝑔↑↓Ψ̂↑
†Ψ̂↓ ℎ̂↓ + 𝑔↓↓Ψ̂↓

†Ψ̂↓
)(
Ψ̂↑
Ψ̂↓
) 

 − (
0 Ω
Ω 0

)(
Ψ̂↑
Ψ̂↓
)

 

ℎ̂𝑖 = −∇
2/2 − 𝜇 

Ψ̂𝑖(𝐫, 𝑡) = 𝜙𝑖(𝐫) + 𝛿𝜓̂𝑖(𝐫, 𝑡) 

⟨𝛿𝜓̂𝑖⟩ = ⟨𝛿𝜓̂𝑖
†⟩ = 0 

0 = (
ℎ̂↑ + 𝐿↑ 𝑔↑↓⟨𝛿𝜓̂↓

†𝛿𝜓̂↑⟩ − Ω

𝑔↑↓⟨𝛿𝜓̂↑
†𝛿𝜓̂↓⟩ − Ω ℎ̂↓ + 𝐿↓

) (
𝜙↑
𝜙↓
) ,  

𝐿𝑖 = 𝑔𝑖𝑖(𝑛𝑖 + 𝑛̃𝑖) + 𝑔𝑖𝑖‾𝑛𝑖‾ 

𝑖‾ =↓ (↑) if 𝑖 =↑ (↓), 𝑛̃𝑖 ≡ ⟨𝛿𝜓̂𝑖
†𝛿𝜓̂𝑖⟩ 
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𝑛𝑖 = |𝜙𝑖|
2 + 𝑛̃𝑖 

𝑚̃𝑖 = ⟨𝛿𝜓̂𝑖𝛿𝜓̂𝑖⟩, and ⟨𝛿𝜓̂𝑖𝛿𝜓̂𝑖‾⟩ 

⟨𝛿𝜓̂𝑖
†𝛿𝜓̂𝑖‾⟩∑  

𝑖

𝑛𝑖𝑐 + 𝑛̃𝑖 

𝛿𝜓̂𝑖(𝐫, 𝑡) =∑  

𝑗,𝐤

  [𝑢𝑖,𝐤
𝑗 𝑒

𝜄𝐤.𝐫

√𝑉
𝛼̂𝑗𝑒

−𝜄𝜔𝑗𝑡 + 𝑣𝑖,𝐤
𝑗∗ 𝑒

−𝜄𝐤.𝐫

√𝑉
𝛼̂𝑗
†𝑒𝜄𝜔𝑗𝑡] ,  

𝜔𝑗

(

 
 
 

𝑢↑,𝐤
𝑗

𝑣↑,𝐤
𝑗

𝑢↓,𝐤
𝑗

𝑣↓,𝐤
𝑗
)

 
 
 
= ℒ

(

 
 
 

𝑢↑,𝐤
𝑗

𝑣↑,𝐤
𝑗

𝑢↓,𝐤
𝑗

𝑣↓,𝐤
𝑗
)

 
 
 
,  

ℒ =

(

 
 
 

ℒ↑ 𝑔↑↑𝜙↑
2 𝑔↑↓(𝜙↑𝜙↓

∗ + ⟨𝛿𝜓̂↓
†𝛿𝜓̂↑⟩) − Ω 𝑔↑↓𝜙↑𝜙↓

−𝑔↑↑𝜙↑
∗2 ℒ̂↑ −𝑔↑↓𝜙↑

∗𝜙↓
∗ −𝑔↑↓ (𝜙↑

∗𝜙↓ + ⟨𝛿𝜓̂↓
†𝛿𝜓̂↑⟩

∗
) + Ω

𝑔↑↓(𝜙↓𝜙↑
∗ + ⟨𝛿𝜓̂↑

†𝛿𝜓↓⟩) − Ω 𝑔↑↓𝜙↓𝜙↑ ℒ̂↓ 𝑔↓↓𝜙↓
2

−𝑔↑↓𝜙↓
∗𝜙↑

∗ −𝑔↑↓ (𝜙↓
∗𝜙↑ + ⟨𝛿𝜓̂↑

†𝛿𝜓̂↓⟩
∗
) + Ω −𝑔↓↓𝜙↓

∗2 ℒ̂↓ )

 
 
 
. 

ℒ̂𝑖 =
1

2
(𝑘𝑥
2 + 𝑘𝑦

2 + 𝑘𝑧
2) + 2𝑔𝑖𝑖𝑛𝑖 + 𝑔↑↓𝑛𝑖‾ 

ℒ𝑖 = −ℒ̂𝑖 

𝑛̃𝑖 = (1/𝑉)∑  

′

𝑗,𝐤

{[|𝑢𝑖,𝐤
𝑗
|
2
+ |𝑣𝑖,𝐤

𝑗
|
2
]𝑁0(𝜔𝑗) + |𝑣𝑖,𝐤

𝑗
|
2
} 

⟨𝛿𝜓̂𝑖
†𝛿𝜓̂𝑖‾⟩ = (1/𝑉)∑  

′

𝑗,𝐤

{[𝑢𝑖,𝐤
𝑗∗
𝑢𝑖‾,𝐤
𝑗
+ 𝑣𝑖,𝐤

𝑗
𝑣𝑖‾,𝐤
𝑗∗
]𝑁0(𝜔𝑗) + 𝑣𝑖,𝐤

𝑗
𝑣𝑖‾,𝐤
𝑗∗
} 

𝑁0(𝜔𝑗) ≡ (𝑒
𝛽𝜔𝑗 − 1)

−1
 

𝑛̃𝑖 = (1/𝑉)∑  

′

𝑗,𝐤

|𝑣𝑖,𝐤
𝑗
|
2
 

𝜀 =
1

4
(𝑔 + 𝑔↑↓)𝑛

2 +
1

4
(𝑔 − 𝑔↑↓)𝑠𝑧

2 −Ω√𝑛2 − 𝑠𝑧
2 − 𝜇𝑛  

𝜇 =
𝑛

2
(𝑔 + 𝑔↑↓ −

Ω

√𝑛↑𝑛↓
) .  

𝑠𝑧 (𝑔 − 𝑔↑↓ +
2Ω

√𝑛2 − 𝑠𝑧
2
) = 0.  
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𝑠𝑧 = ±𝑛√1 −
4Ω2

[(𝑔 − 𝑔↑↓)𝑛]
2
, 

Ωcr(𝑇 = 0) = Ωcr(0) = 𝑛(𝑔↑↓ − 𝑔)/2 

𝜔± = √𝐶𝑘 ±√𝐶𝑘
2 −

𝑘2

2
(
𝑘2

2
+ Ω

𝑛↑ + 𝑛↓

√𝑛↑𝑛↓
) [∏ 

𝑖

 (
𝑘2

2
+ 2𝑔𝑛𝑖 + Ω√

𝑛𝑖‾
𝑛𝑖
) − (2𝑔↑↓√𝑛↑𝑛↓ − Ω)

2
] ,  

𝐶𝑘 =
1

2
∑  

𝑖

 (
𝑘2

2
+ Ω√

𝑛𝑖‾
𝑛𝑖
)(

𝑘2

2
+ 2𝑔𝑛𝑖 + Ω√

𝑛𝑖‾
𝑛𝑖
)

 −Ω(2𝑔↑↓√𝑛↑𝑛↓ − Ω).

 

Δ = √2Ω√𝑛2 − 𝑠𝑧
2(𝑔 − 𝑔↑↓) + 4Ω

2
𝑛2

𝑛2 − 𝑠𝑧
2
.  

𝛿𝑛𝑖,𝐤
𝑗
(𝐫) = 2cos (𝐤 ⋅ 𝐫)Re[𝜙𝑖(𝑢𝑖,𝐤

𝑗∗
+ 𝑣𝑖,𝐤

𝑗
)]  

𝛿𝑛𝐤
𝑗
= 𝛿𝑛↑,𝐤

𝑗
+ 𝛿𝑛↓,𝐤

𝑗
 and 𝛿𝑠𝐤

𝑗
= 𝛿𝑛↑,𝐤

𝑗
− 𝛿𝑛↓,𝐤

𝑗
 

𝑆±,𝐤
𝑗
= [(𝛿𝑛𝐤

𝑗
)
2
± (𝛿𝑠𝐤

𝑗
)
2
] 

𝑄𝐤
𝑗
≡ 𝑆−,𝐤

𝑗
/𝑆+,𝐤

𝑗
⋅ 𝑄𝐤

𝑗
= 1(−1) 

 

Ωcr(𝑇) ≈ Ωcr(0)𝑛𝑐(𝑇)/𝑛 

𝑔𝑛, 1/√𝑔𝑛1/𝑔𝑛𝑔𝑛 = 𝑔↑↓/𝑔 

Ωcr(𝑇) ≈ Ωcr(0)𝑛𝑐(𝑇)/𝑛 

𝑘𝐵𝑇𝑐 = 2𝜋[(𝑛/2)/𝜁(3/2)]
2/3 

𝑛𝑐(𝑇)/𝑛 = 1 − (𝑇/𝑇𝑐)
3/2 

𝑎𝑥 = (ℏ/𝑚𝜔𝑥)
1/2 

ℏ𝜔𝑦 = ℏ𝜔𝑧 = ℏ𝜔⊥ ≫ 𝑘𝑇 > ℏ𝜔𝑥 

𝑁𝑎𝑖𝑖𝑎⊥/𝑎𝑥
2 

𝑁𝑎↑↓𝑎⊥/𝑎𝑥
2 

𝑎𝑥 , 𝜔𝑥
−1, ℏ𝜔𝑥 
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𝑔 = 2𝑎𝑖𝑖(𝜔⊥/𝜔𝑥)/𝑎𝑥 

𝑔↑↓ = 2𝑎↑↓(𝜔⊥/𝜔𝑥)/𝑎𝑥 

𝑉(𝑥) = 𝑥2/𝑛↑
TF, 𝑛↓

TF 

𝛿𝜓̂𝑖(𝑥, 𝑡) =∑  

𝑗

  [𝑢𝑖
𝑗
(𝑥)𝛼̂𝑗𝑒

−𝑖𝜔𝑗𝑡 + 𝑣𝑖
𝑗∗
(𝑥)𝛼̂𝑗

†𝑒𝑖𝜔𝑗𝑡]  

Ωcr(0) = (1/2)𝑛(𝑥 = 0)(𝑔↑↓ − 𝑔) 

𝑛(𝑥) = 𝑛↑(𝑥) + 𝑛↓(𝑥) 

𝑛↑,↓
TF(𝑥) = ((𝜇TF + Ω)/(𝑔 + 𝑔↑↓)) (1 − 𝑥

2/𝑅TF
2 )𝜇TF = [(3/8)𝑁(𝑔 + 𝑔↑↓)]

2/3(1/2)1/3 −Ω 

 

𝑅TF
2 = 2(𝜇 + Ω) 

𝑛(±𝑥𝑐) = 2Ω/(𝑔↑↓ − 𝑔) 

𝑥𝑐 = √2𝜇 + 4Ω𝑔/(𝑔 − 𝑔↑↓) 

𝑛↑,↓
TF = (𝜇 − (1/2)𝑥2 + Ω)/(𝑔 + 𝑔↑↓) 

|𝑥| < 𝑥𝑐 , 𝑛↑,↓
TF = 𝑛TF (1 ± (1 − (2Ω/(𝑔↑↓ − 𝑔)𝑛

TF)
2
)
1/2
) 

𝑛TF = (𝜇 − 𝑥2/2)/𝑔 

𝑆±
𝑗
= ∫  𝑑𝑥 [(𝛿𝑛𝑗(𝑥))

2
± (𝛿𝑠𝑗(𝑥))

2
] 

𝛿𝑛𝑗(𝑥) = 𝛿𝑛↑
𝑗
(𝑥) + 𝛿𝑛↓

𝑗
(𝑥), 𝛿𝑠𝑗(𝑥) = 𝛿𝑛↑

𝑗
(𝑥) − 𝛿𝑛↓

𝑗
(𝑥) 

𝛿𝑛𝑖
𝑗
(𝑥) = 2Re[𝜙𝑖(𝑥)(𝑢𝑖

𝑗∗
(𝑥) + 𝑣𝑖

𝑗
(𝑥))] 

𝜔SD
2 = 𝜔𝑥

2 (
𝑔 − 𝑔↑↓
𝑔 + 𝑔↑↓

) [
1 + 8Ω𝑛0(𝑔 + 𝑔↑↓)/5

1 + 𝑓(Ω/(𝑔 − 𝑔↑↓)𝑛0
] 

𝑓(𝛼) = 3𝛼(1 − √1 + 𝛼arccoth√(1 + 𝛼) 

⟨𝑂̂⟩ = ∫  𝑑𝑥Φ†(𝑥, 𝑡)𝑂̂Φ(𝑥, 𝑡) 

Φ(𝑥, 𝑡) = [𝜙↑(𝑥, 𝑡), 𝜙↓(𝑥, 𝑡)]
𝑇 
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𝐸𝐻𝐹 =∫  
ℝ3
 (
1

2
∑  

𝑁

ℓ=1

  |∇𝜙ℓ|
2 −∑  

𝑀

𝑘=1

 
𝑍𝑘

|𝑥 − 𝑅𝑘|
𝜌(𝑥))𝑑𝑥 +

1

2
∫  
ℝ3
 ∫  
ℝ3
 
𝜌(𝑥)𝜌(𝑦)

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦 

 −
1

2
∫  
ℝ3
 ∫  
ℝ3
 
|𝑃(𝑥, 𝑦)|2

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦

 

𝑃(𝑥, 𝑦) =∑ 

𝑁

ℓ=1

𝜙ℓ(𝑥)𝜙ℓ
∗(𝑦) 

𝜌(𝑥) = 𝑃(𝑥, 𝑥) =∑  

𝑁

ℓ=1

|𝜙ℓ(𝑥)|
2 

−
1

2
Δ𝜙ℓ + 𝑉ext𝜙ℓ + 𝑉Har(𝜌)𝜙ℓ + 𝑉x(𝑃)𝜙ℓ = 𝜆ℓ𝜙ℓ, ℓ = 1,⋯ ,𝑁,  

𝑉ext = −∑  

𝑀

𝑘=1

 
𝑍𝑘

|𝑥 − 𝑅𝑘|

𝑉Har(𝜌) = ∫  
ℝ3
 
𝜌(𝑦)

|𝑥 − 𝑦|
𝑑𝑦

𝑉x(𝑃)𝜙ℓ = −∫  
ℝ3
 
𝑃(𝑥, 𝑦)

|𝑥 − 𝑦|
𝜙ℓ(𝑦)𝑑𝑦

 

1

2
(∇𝜙ℓ, ∇𝜓) + (𝑉ext𝜙ℓ, 𝜓) + (𝑉Har(𝜌)𝜙ℓ, 𝜓) + (𝑉x(𝑃)𝜙ℓ, 𝜓) = (𝜆ℓ𝜙ℓ, 𝜓), ∀𝜓 ∈ 𝐻0

1(Ω)  

(𝜙, 𝜓) = ∫  
Ω

𝜙𝜓∗𝑑Ω 

1

2
(∇𝜙ℓ,ℎ, ∇𝜓ℎ) + (𝑉ext𝜙ℓ,ℎ, 𝜓ℎ) + (𝑉Har(𝜌ℎ)𝜙ℓ,ℎ, 𝜓ℎ) + (𝑉x(𝑃ℎ)𝜙ℓ,ℎ, 𝜓ℎ) = (𝜆ℓ,ℎ𝜙ℓ,ℎ, 𝜓ℎ), ∀𝜓ℎ

∈ 𝑉ℎ 

1

2
(∇𝜙ℓ,ℎ

(𝑝+1)
, ∇𝜓ℎ) + (𝑉ext𝜙ℓ,ℎ

(𝑝+1)
, 𝜓ℎ) + (𝑉Har (𝜌ℎ

(𝑝)
)𝜙ℓ,ℎ

(𝑝+1)
, 𝜓ℎ) + (𝑉x (𝑃ℎ

(𝑝)
)𝜙ℓ,ℎ

(𝑝+1)
, 𝜓ℎ)

=(𝜆ℓ,ℎ
(𝑝+1)

𝜙ℓ,ℎ
(𝑝+1)

, 𝜓ℎ) , ∀𝜓ℎ ∈ 𝑉ℎ

 

|𝐸𝑝+1 − 𝐸𝑝|/|𝐸𝑝+1| ≤ TOL 

−Δ𝑉Har(𝜌ℎ) = 4𝜋𝜌ℎ(𝑥)  

(𝑉x(𝑃)𝜓𝑗, 𝜓𝑖) = −(∫  
Ω

 
𝜌(𝑥, 𝑦)

|𝑥 − 𝑦|
𝜓𝑗(𝑦)𝑑𝑦, 𝜓𝑖(𝑥))

= −(∫  
Ω

 
∑  𝑁
ℓ=1  𝜙ℓ(𝑥)𝜙ℓ

∗(𝑦)

|𝑥 − 𝑦|
𝜓𝑗(𝑦)𝑑𝑦, 𝜓𝑖(𝑥))  

 = −∑  

𝑁

ℓ=1

 ∫  
Ω

 (∫  
Ω

 
𝜙ℓ
∗(𝑦)𝜓𝑗(𝑦)

|𝑥 − 𝑦|
𝑑𝑦)𝜙ℓ(𝑥)𝜓𝑖(𝑥)𝑑𝑥
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∫  
Ω

𝜙ℓ
∗(𝑦)𝜓𝑗(𝑦)

|𝑥 − 𝑦|
𝑑𝑦 

1

2
(∇𝜙̃ℓ,ℎ𝑘+1 , ∇𝜓ℎ𝑘+1) + (𝑉ext𝜙̃ℓ,ℎ𝑘+1 , 𝜓ℎ𝑘+1) + (𝑉Har(𝜌ℎ𝑘)𝜙̃ℓ,ℎ𝑘+1 , 𝜓ℎ𝑘+1)

=(𝜆ℓ,ℎ𝑘𝜙ℓ,ℎ𝑘 , 𝜓ℎ𝑘+1) − (𝑉x(𝑃ℎ𝑘)𝜙ℓ,ℎ𝑘 , 𝜓ℎ𝑘+1), ∀𝜓ℎ𝑘+1 ∈ 𝑉ℎ𝑘+1 .
 

𝑉𝐻,ℎ𝑘+1 = 𝑉𝐻 + span{𝜙̃ℓ,ℎ𝑘+1} 

1

2
(∇𝜙ℓ,ℎ𝑘+1 , ∇𝜓𝐻,ℎ𝑘+1) + (𝑉ext𝜙ℓ,ℎ𝑘+1 , 𝜓𝐻,ℎ𝑘+1)

+(𝑉Har(𝜌ℎ𝑘+1)𝜙ℓ,ℎ𝑘+1 , 𝜓𝐻,ℎ𝑘+1) + (𝑉x(𝑃ℎ𝑘+1)𝜙ℓ,ℎ𝑘+1 , 𝜓𝐻,ℎ𝑘+1) 

=(𝜆ℓ,ℎ𝑘+1𝜙ℓ,ℎ𝑘+1 , 𝜓𝐻,ℎ𝑘+1), ∀𝜓ℎ𝑘+1 ∈ 𝑉𝐻,ℎ𝑘+1 .

 

(𝜆ℓ,ℎ𝑘+1 , 𝜙ℓ,ℎ𝑘+1) = HFCorrection(𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘 , 𝑉𝐻 , 𝑉ℎ𝑘+1).  

ℛ𝑇 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
) 

𝒥𝑒 ({𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
) (𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘), ℓ = 1,⋯ ,𝑁 

ℛ𝑇 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
) := (−

1

2
Δ𝜙ℓ,ℎ𝑘 + 𝑉ext𝜙ℓ,ℎ𝑘 + 𝑉Har(𝜌ℎ𝑘)𝜙ℓ,ℎ𝑘 + 𝑉x(𝑃ℎ𝑘)𝜙ℓ,ℎ𝑘−𝜆ℓ,ℎ𝑘𝜙ℓ,ℎ𝑘)ℓ=1

𝑁
,

𝒥𝑒 ({𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
) : = (

1

2
∇𝜙ℓ,ℎ𝑘|

𝑇+
⋅ 𝜈+ +

1

2
∇𝜙ℓ,ℎ𝑘|

𝑇−
⋅ 𝜈−)

ℓ=1

𝑁

,in 𝑇 ∈ 𝒯ℎ𝑘  

 

𝜂ℎ𝑘
2 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1

𝑁
, 𝑇) 

𝜂ℎ𝑘
2 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1

𝑁
, 𝑇) := ℎ𝑇

2 ‖ℛ𝑇 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
)‖

0,𝑇

2
+ ∑  

𝑒∈ℰℎ𝑘 ,𝑒⊂𝜕𝑇

ℎ𝑒 ‖𝒥𝑒 ({𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
)‖

0,𝑒

2
. 

𝜂ℎ𝑘
2 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1

𝑁
, Ω̂) 

𝜂ℎ𝑘
2 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1

𝑁
, Ω̂) = ∑  

𝑇∈𝒯ℎ𝑘 ,𝑇⊂Ω̂

 𝜂ℎ𝑘
2 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1

𝑁
, 𝑇) .

 

∑  

𝑇∈ℳℎ𝑘

𝜂ℎ𝑘
2 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1

𝑁
, 𝑇) ≥ 𝜃𝜂ℎ𝑘

2 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
, Ω). 

1

2
(∇𝜙ℓ,ℎ1 , ∇𝜓ℎ1) + (𝑉ext𝜙ℓ,ℎ1 , 𝜓ℎ1) + (𝑉Har(𝜌ℎ1)𝜙ℓ,ℎ1 , 𝜓ℎ1) + (𝑉x(𝑃ℎ1)𝜙ℓ,ℎ1 , 𝜓ℎ1)

=(𝜆ℓ,ℎ1𝜙ℓ,ℎ1 , 𝜓ℎ1), ℓ = 1,⋯ ,𝑁, ∀𝜓ℎ1 ∈ 𝑉ℎ1 .
 

𝜂ℎ𝑘 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
, 𝑇) 𝑇 ∈ 𝒯ℎ𝑘 

ℳℎ𝑘 ⊂ 𝒯ℎ𝑘 
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(𝜆ℓ,ℎ𝑘+1 , 𝜙ℓ,ℎ𝑘+1) = HFCorrection(𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘 , 𝑉𝐻 , 𝑉ℎ𝑘+1).  

(
𝐴𝐻 𝑏𝐻ℎ
𝑏𝐻ℎ
𝐻 𝛽

) (
𝐶𝐻
𝜃
) = 𝜆ℓ,ℎ (

𝑀𝐻 𝑐𝐻ℎ
𝑐𝐻ℎ
𝐻 𝛾

)(
𝐶𝐻
𝜃
) ,  

dim(𝐴𝐻) = dim(𝑀𝐻) = 𝑁𝐻 × 𝑁𝐻 , dim(𝑏𝐻ℎ) = dim(𝑐𝐻ℎ) = 𝑁𝐻 × 1, dim(𝐶𝐻) = 𝑁𝐻 × 1 

dim(𝛽) = dim(𝛾) = dim(𝜃) = 1 

(𝑀𝐻)𝑖,𝑗 = ∫  
Ω

 𝜓𝑗,𝐻𝜓𝑖,𝐻𝑑𝑥, (𝑐𝐻ℎ)𝑖 = ∫  
Ω

  𝜙̃ℓ,ℎ𝜓𝑖,𝐻𝑑𝑥, 𝛾 = ∫  
Ω

  |𝜙̃ℓ,ℎ|
2
𝑑𝑥  

𝜙ℓ,𝐻ℎ = 𝜃̃ℓ,ℎ + ∑  

𝑁𝐻

𝑚=1

𝑐𝑚,𝐻𝜓𝑚,𝐻𝜙ℓ,𝐻ℎ 

(𝐴𝐻)𝑖,𝑗 =
1

2
∫  
Ω

 ∇𝜓𝑗,𝐻(𝑥)∇𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

 𝑉ext𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

+∫  
Ω

 𝑉Har(𝜌𝐻ℎ)𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

  (𝑉x(𝑃𝐻ℎ)𝜓𝑗,𝐻)𝜓𝑖,𝐻(𝑥)𝑑𝑥 

=
1

2
∫  
Ω

 ∇𝜓𝑗,𝐻(𝑥)∇𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

 𝑉ext𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

+∑  

𝑁

𝑠=1

 ∫  
Ω

 ∫  
Ω

 
𝜙𝑠,𝐻ℎ(𝑦)𝜙𝑠,𝐻ℎ

∗ (𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥  

 +∑  

𝑁

𝑠=1

 ∫  
Ω

 ∫  
Ω

 
𝜙𝑠,𝐻ℎ
∗ (𝑦)𝜓𝑗,𝐻(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙𝑠,𝐻ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

 

(𝐴Kin)𝑖,𝑗  =
1

2
∫  
Ω

 ∇𝜓𝑗,𝐻(𝑥)∇𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

 𝑉ext𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

(𝐴Har, s)𝑖,𝑗  = ∫  
Ω

 ∫  
Ω

 
𝜙𝑠,𝐻ℎ(𝑦)𝜙𝑠,𝐻ℎ

∗ (𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

(𝐴x, s)𝑖,𝑗  = ∫  
Ω

 ∫  
Ω

 
𝜙𝑠,𝐻ℎ
∗ (𝑦)𝜓𝑗,𝐻(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙𝑠,𝐻ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

 

(𝐴Har, s)𝑖,𝑗 + (𝐴x, s)𝑖,𝑗

=∫  
Ω

 ∫  
Ω

 
|𝜙̃𝑠,ℎ(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥  

 +∫  
Ω

 ∫  
Ω

 
𝜙̃𝑠,ℎ
∗ (𝑦)𝜓𝑗,𝐻(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙̃𝑠,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥
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(𝐴Har,ℓ)𝑖,𝑗 + (𝐴x,ℓ)𝑖,𝑗 =∫  
Ω

 ∫  
Ω

 
|𝜃̃ℓ,ℎ(𝑦) + ∑  

𝑁𝐻
𝑚=1   𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥 

+∫  
Ω

  {∫  
Ω

 
(𝜃̃ℓ,ℎ(𝑦) + ∑  

𝑁𝐻
𝑚=1  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑦))

∗
𝜓𝑗,𝐻(𝑦)

|𝑥 − 𝑦|
𝑑𝑦  

(𝜃̃ℓ,ℎ(𝑥) + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑥))𝜓𝑖,𝐻(𝑥)} 𝑑𝑥

 

𝑉̃𝑠,ℓ(𝑥) = ∫  
Ω

 
𝜙̃𝑠,ℎ(𝑦)𝜙̃ℓ,ℎ

∗ (𝑦)

|𝑥 − 𝑦|
𝑑𝑦

𝑉̃𝑠,𝑚(𝑥) = ∫  
Ω

 
𝜙̃𝑠,ℎ(𝑦)𝜓𝑚,𝐻(𝑦)

|𝑥 − 𝑦|
𝑑𝑦

 

𝑉𝑚,𝑛(𝑥) = ∫  
Ω

𝜓𝑚,𝐻(𝑦)𝜓𝑛,𝐻(𝑦)

|𝑥 − 𝑦|
𝑑𝑦 

(𝐴Har, s)𝑖,𝑗 + (𝐴x, s)𝑖,𝑗 = ∫  
Ω

  𝑉̃̃𝑠,𝑠(𝑥)𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

  𝑉̃𝑠,𝑗
∗ (𝑥)𝜙̃𝑠,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

 

(𝐴Har,ℓ)𝑖,𝑗 + (𝐴x,ℓ)𝑖,𝑗 =∫  
Ω

 {(∣ 𝜃̃2𝑉̃̃ℓ,ℓ(𝑥) + 𝜃̃ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑉̃ℓ,𝑚(𝑥) + 𝜃̃

∗ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝑉̃ℓ,𝑚
∗ (𝑥) + ∑  

𝑁𝐻

𝑚,𝑛=1

  𝑐𝑚,𝐻𝑐𝑛,𝐻
∗ 𝑉𝑚,𝑛(𝑥)) 

𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)}𝑑𝑥

 +∫  
Ω

 (𝜃̃∗𝑉̃ℓ,𝑗
∗ (𝑥) + ∑  

𝑁𝐻

𝑚=1

 𝑐𝑚,𝐻
∗ 𝑉𝑗,𝑚(𝑥))(𝜃̃𝜙̃ℓ,ℎ(𝑥) + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑥))𝜓𝑖,𝐻(𝑥)𝑑𝑥

 

𝑉𝑚,𝑛,𝑗,𝑖  = ∫  
Ω

 𝑉𝑚,𝑛(𝑥)𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

𝑉̃ℓ,𝑚,𝑗,𝑖  = ∫  
Ω

  𝑉̃ℓ,𝑚(𝑥)𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

𝑉̃ℓ,𝑗,𝑖  = ∫  
Ω

  𝑉̃ℓ,ℓ(𝑥)𝜓𝑗,𝐻(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

𝑊̃ℓ,𝑗,𝑖  = ∫  
Ω

  𝑉̃ℓ,𝑗(𝑥)𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

𝑊̃∗,ℓ,𝑗,𝑖  = ∫  
Ω

  𝑉̃ℓ,𝑗
∗ (𝑥)𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

 

𝑉̃ℓ,𝑖,𝑗,𝑚 = ∫  
Ω

𝑉𝑗,𝑚(𝑥)𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥 

 

𝑉𝑚,𝑛,𝑗,𝑖𝑉𝑚,𝑛,𝑗,𝑖𝜙̃ℓ,ℎ𝑉̃ℓ,𝑚,𝑗,𝑖𝑉̃̃ℓ,𝑗,𝑖, 𝑊̃ℓ,𝑗,𝑖𝑊̃∗,ℓ,𝑗,𝑖 
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(𝐴Har, s)𝑖,𝑗 + (𝐴x, s)𝑖,𝑗 = 𝑉̃̃𝑠,𝑗,𝑖 + 𝑊̃∗,𝑠,𝑗,𝑖  

(𝐴Har,ℓ)𝑖,𝑗 + (𝐴x,ℓ)𝑖,𝑗 =∣ 𝜃̃
2𝑉̃̃ℓ,𝑗,𝑖 + 𝜃̃ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑉̃ℓ,𝑚,𝑗,𝑖 + 𝜃̃

∗ ∑  

𝑁𝐻

𝑚=1

 𝑐𝑚,𝐻𝑉̃ℓ,𝑚,𝑗,𝑖
∗ + ∑  

𝑁𝐻

𝑚,𝑛=1

  𝑐𝑚,𝐻𝑐𝑛,𝐻
∗ 𝑉𝑚,𝑛,𝑗,𝑖  

 +∣ 𝜃̃2𝑊̃∗,ℓ,𝑗,𝑖 + 𝜃̃
∗ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝑉̃ℓ,𝑗,𝑚,𝑖
∗ + 𝜃̃ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑉̃ℓ,𝑖,𝑗,𝑚 + ∑  

𝑁𝐻

𝑚,𝑛=1

 𝑐𝑚,𝐻
∗ 𝑐𝑛,𝐻𝑉𝑗,𝑚,𝑛,𝑖.

 

(𝑏𝐻ℎ)𝑖 =
1

2
∫  
Ω

∇𝜙̃ℓ,ℎ(𝑥)∇𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

𝑉ext𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥 

+∫  
Ω

 𝑉Har(𝜌𝐻ℎ)𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

  (𝑉x(𝑃𝐻ℎ)𝜙̃ℓ,ℎ)𝜓𝑖,𝐻(𝑥)𝑑𝑥  

=
1

2
∫  
Ω

 ∇𝜙̃ℓ,ℎ(𝑥)∇𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

 𝑉ext𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥
1

2
∫  
Ω

 ∇𝜙̃ℓ,ℎ(𝑥)∇𝜓𝑖,𝐻(𝑥)𝑑𝑥 +∫  
Ω

 𝑉ext𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

+∑  

𝑁

𝑠=1

 ∫  
Ω

 ∫  
Ω

 
|𝜙𝑠,𝐻ℎ(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥  

 +∑  

𝑁

𝑠=1

 ∫  
Ω

 ∫  
Ω

 
𝜙𝑠,𝐻ℎ
∗ (𝑦)𝜙̃ℓ,ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙𝑠,𝐻ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

 

Denote 

(𝑏Kin,ℓ)𝑖  =
1

2
∫  
Ω

 ∇𝜙̃ℓ,ℎ(𝑥)∇𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

 𝑉ext𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

(𝑏Har, s,ℓ)𝑖  = ∫  
Ω

 ∫  
Ω

 
|𝜙𝑠,𝐻ℎ(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

(𝑏x, s,ℓ)𝑖  = ∫  
Ω

 ∫  
Ω

 
𝜙𝑠,𝐻ℎ
∗ (𝑦)𝜙̃ℓ,ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙𝑠,𝐻ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥

 

(𝑏Har, ,ℓ)𝑖 + (𝑏x, s,ℓ)𝑖 =∫  
Ω

 ∫  
Ω

 
|𝜙̃𝑠,ℎ(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  

Ω

  {∫  
Ω

 
𝜙̃𝑠,ℎ
∗ (𝑦)𝜙̃ℓ,ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙̃𝑠,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)} 𝑑𝑥 

= ∫  
Ω

  𝑉̃̃𝑠,𝑠(𝑥)𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥 + ∫  
Ω

  𝑉̃̃ℓ,𝑠(𝑥)𝜙̃𝑠,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥
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(𝑏Har,ℓ,ℓ)𝑖 + (𝑏x,ℓ,ℓ)𝑖

=∫  
Ω

 ∫  
Ω

 
|𝜃̃ℓ,ℎ(𝑦) + ∑  

𝑁𝐻
𝑚=1   𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥  

+∫  
Ω

  {∫  
Ω

 
(𝜃̃ℓ,ℎ(𝑦) + ∑  

𝑁𝐻
𝑚=1  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑦))

∗
𝜙̃ℓ,ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦  

(𝜃̃ℓ,ℎ(𝑥) + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑥))  𝜓𝑖,𝐻(𝑥)}𝑑𝑥

=∫  
Ω

 {(∣ 𝜃̃2𝑉̃̃ℓ,ℓ(𝑥) + 𝜃̃ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑉̃ℓ,𝑚(𝑥) + 𝜃̃

∗ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝑉̃ℓ,𝑚
∗ (𝑥) + ∑  

𝑁𝐻

𝑚,𝑛=1

  𝑐𝑚,𝐻𝑐𝑛,𝐻
∗ 𝑉𝑚,𝑛(𝑥)) 

 𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)}𝑑𝑥

 +∫  
Ω

 (𝜃̃∗𝑉̃̃ℓ,ℓ(𝑥) + ∑  

𝑁𝐻

𝑚=1

 𝑐𝑚,𝐻
∗ 𝑉̃ℓ,𝑚(𝑥))(𝜃̃ℓ,ℎ(𝑥) + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑥))𝜓𝑖,𝐻(𝑥)𝑑𝑥

 

𝑉̃̃𝑠,𝑚,ℓ,𝑖 = ∫  
Ω

  𝑉̃̃𝑠,𝑚(𝑥)𝜙̃ℓ,ℎ(𝑥)𝜓𝑖,𝐻(𝑥)𝑑𝑥  

(𝑏Har, s,ℓ)𝑖 + (𝑏x, s,ℓ)𝑖 = 𝑉̃̃𝑠,𝑠,ℓ,𝑖 + 𝑉̃̃ℓ,𝑠,𝑠,𝑖  

(𝑏Har,ℓ,ℓ)𝑖 + (𝑏x,ℓ,ℓ)𝑖

=∣ 𝜃̃2𝑉̃̃ℓ,ℓ,ℓ,𝑖 + 𝜃̃ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑊̃ℓ,𝑚,𝑖 + 𝜃̃

∗ ∑  

𝑁𝐻

𝑚=1

𝑐𝑚,𝐻𝑊̃∗,ℓ,𝑚,𝑖 + ∑  

𝑁𝐻

𝑚,𝑛=1

 𝑐𝑚,𝐻𝑐𝑛,𝐻
∗ 𝑉̃ℓ,𝑖,𝑚,𝑛  

 +∣ 𝜃̃2𝑉̃̃ℓ,ℓ,ℓ,𝑖 + 𝜃̃
∗ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝑉̃̃ℓ,𝑚,𝑖 + 𝜃̃ ∑  

𝑁𝐻

𝑚=1

 𝑐𝑚,𝐻
∗ 𝑊̃ℓ,𝑚,𝑖 +∑ 

𝑚,𝑛

  𝑐𝑚,𝐻
∗ 𝑐𝑛,𝐻𝑉̃ℓ,𝑚,𝑛,𝑖.

 

𝛽 =
1

2
∫  
Ω

 ∇𝜙̃ℓ,ℎ(𝑥)∇𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥 + ∫  

Ω

 𝑉ext𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥

+∫  
Ω

 𝑉Har(𝜌𝐻ℎ)𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥 + ∫  

Ω

  (𝑉x(𝑃𝐻ℎ)𝜙̃ℓ,ℎ)𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥 

=
1

2
∫  
Ω

 ∇𝜙̃ℓ,ℎ(𝑥)∇𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥 + ∫  

Ω

 𝑉ext𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥

+∑  

𝑁

𝑠=1

 ∫  
Ω

 ∫  
Ω

 
|𝜙𝑠,𝐻ℎ(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ

∗ (𝑥)𝑑𝑥  

 +∑  

𝑁

𝑠=1

 ∫  
Ω

 ∫  
Ω

 
𝜙𝑠,𝐻ℎ
∗ (𝑦)𝜙̃ℓ,ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙𝑠,𝐻ℎ(𝑥)𝜙̃ℓ,ℎ

∗ (𝑥)𝑑𝑥
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𝛽Kin,ℓ  =
1

2
∫  
Ω

 ∇𝜙̃ℓ,ℎ(𝑥)∇𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥 +∫  

Ω

 𝑉ext𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥

𝛽Har, s,ℓ  = ∫  
Ω

 ∫  
Ω

 
|𝜙𝑠,𝐻ℎ(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ

∗ (𝑥)𝑑𝑥

𝛽x, s,ℓ  = ∫  
Ω

 ∫  
Ω

 
𝜙𝑠,𝐻ℎ
∗ (𝑦)𝜙̃ℓ,ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙𝑠,𝐻ℎ(𝑥)𝜙̃ℓ,ℎ

∗ (𝑥)𝑑𝑥

 

𝛽Har, s,ℓ + 𝛽x, s,ℓ

=∫  
Ω

 ∫  
Ω

 
|𝜙̃𝑠,ℎ(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ

∗ (𝑥)𝑑𝑥 +∫  
Ω

 ∫  
Ω

 
𝜙̃𝑠,ℎ
∗ (𝑦)𝜙̃ℓ,ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦𝜙̃𝑠,ℎ(𝑥)𝜙̃ℓ,ℎ

∗ (𝑥)𝑑𝑥 

= ∫  
Ω

  𝑉̃𝑠,𝑠(𝑥)𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥 + ∫  

Ω

  𝑉̃̃ℓ,𝑠(𝑥)𝜙̃𝑠,ℎ(𝑥)𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥

 

𝛽Har,ℓ,ℓ + 𝛽x,ℓ,ℓ

= ∫  
Ω

 ∫  
Ω

 
|𝜃̃ℓ,ℎ(𝑦) + ∑  

𝑁𝐻
𝑚=1  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑦)|

2

|𝑥 − 𝑦|
𝑑𝑦𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ

∗ (𝑥)𝑑𝑥

 +∫  
Ω

  {∫  
Ω

 
(𝜃̃ℓ,ℎ(𝑦) + ∑  

𝑁𝐻
𝑚=1   𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑦))

∗
𝜙̃ℓ,ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦

 (𝜃̃ℓ,ℎ(𝑥) + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑥)) 𝜙̃ℓ,ℎ
∗ (𝑥)} 𝑑𝑥

= ∫  
Ω

 {(|𝜃̃|2𝑉̃̃ℓ,ℓ(𝑥) + 𝜃̃ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑉̃ℓ,𝑚(𝑥) + 𝜃̃

∗ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝑉̃ℓ,𝑚
∗ (𝑥) + ∑  

𝑁𝐻

𝑚,𝑛=1

  𝑐𝑚,𝐻𝑐𝑛,𝐻
∗ 𝑉𝑚,𝑛(𝑥))

 

𝜙̃ℓ,ℎ(𝑥)𝜙̃ℓ,ℎ
∗ (𝑥)}𝑑𝑥

+ ∫  
Ω

 (𝜃̃∗𝑉̃̃ℓ,ℓ(𝑥) + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑉̃ℓ,𝑚(𝑥))(𝜃̃ℓ,ℎ(𝑥) + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝜓𝑚,𝐻(𝑥)) 𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥

 

𝑉̃̃𝑠,𝑚,𝑗,ℓ = ∫  
Ω

  𝑉̃̃𝑠,𝑚(𝑥)𝜙̃𝑗,ℎ(𝑥)𝜙̃ℓ,ℎ
∗ (𝑥)𝑑𝑥  

𝛽Har, s,ℓ + 𝛽x, s,ℓ = 𝑁̃̃
̃
𝑠,𝑠,ℓ,ℓ + 𝑉̃̃

̃
ℓ,𝑠,𝑠,ℓ

 

𝛽Har,ℓ,ℓ + 𝛽x,ℓ,ℓ

=|𝜃̃2|
2
𝑉̃̃ℓ,ℓ,ℓ,ℓ + 𝜃̃

𝑁 ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑉̃̃ℓ,ℓ,ℓ,𝑚 + 𝜃̃

∗ ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻𝑉̃̃ℓ,ℓ,ℓ,𝑚
∗ + ∑  

𝑁𝐻

𝑚,𝑛=1

𝑐𝑚,𝐻𝑐𝑛,𝐻
∗ 𝑉̃̃ℓ,𝑚,𝑛  

 +|𝜃̃2|
𝑇̃̃
 ℓ,ℓ,ℓ,ℓ + 𝜃̃

∗ ∑  

𝑁𝐻

𝑚=1

 𝑐𝑚,𝐻𝑉̃̃ℓ,ℓ,ℓ,𝑚
∗ + 𝜃̃𝑁 ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻
∗ 𝑉̃̃ℓ,ℓ,ℓ,𝑚 + ∑  

𝑁𝐻

𝑚,𝑛=1

  𝑐𝑚,𝐻𝑐𝑛,𝐻
∗ 𝑊̃∗,ℓ,𝑚,𝑛.

 

(𝐕̃ℓ)𝑚,𝑖,𝑗 = 𝑉̃ℓ,𝑚,𝑖,𝑗 

(𝐕̃̃ℓ)
𝑖,𝑗
= 𝑉̃̃ℓ,𝑖,𝑗, (𝐖̃ℓ)𝑖,𝑗 = 𝑊̃ℓ,𝑖,𝑗 , (𝐖̃∗,ℓ)𝑖,𝑗 = 𝑊̃∗,ℓ,𝑖,𝑗 
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(𝐕̃̃ℓ)
𝑖
= 𝑉̃̃ℓ,ℓ,ℓ,𝑖 

𝑉̃̃
̃
ℓ = 𝑉̃̃

̃
ℓ,ℓ,ℓ,ℓ 

𝐕̃̃𝟏ℓ, 𝐕̃̃𝟐ℓ  (𝐕̃̃𝟏ℓ)
𝑠,𝑖
= 𝑉̃̃𝑠,𝑠,ℓ,𝑖, (𝐕̃̃𝟐ℓ)

𝑠,𝑖
= 𝑉̃̃ℓ,𝑠,𝑠,𝑖 

 

𝑉̃
𝑉̃̃
1ℓ𝑉̃
𝑉̃̃
2ℓ (𝐕

𝑉̃̃
1ℓ)

𝑠

= 𝑉̃
𝑉̃̃
𝑠,𝑠,ℓ,ℓ (𝐕

𝑉̃̃
2ℓ)

𝑠

= 𝑉̃
𝑉̃̃
ℓ,𝑠,𝑠,ℓ 

−Δ𝑉̃̃ℓ,𝑠(𝑥) = 4𝜋𝜙̃ℓ,ℎ𝜙̃𝑠,ℎ
∗ , 𝑠 = 1,⋯ ,𝑁

−Δ𝑉̃ℓ,𝑚(𝑥) = 4𝜋𝜙̃ℓ,ℎ𝜓𝑚,𝐻 ,𝑚 = 1,⋯ ,𝑁𝐻
 

−Δ𝑉𝑚,𝑛(𝑥) = 4𝜋𝜓𝑚,𝐻𝜓𝑛,𝐻 , 𝑚, 𝑛 = 1,⋯ ,𝑁𝐻  

𝜙ℓ,𝐻ℎ = 𝜃̃ℓ𝜙̃ℓ,ℎ + ∑  

𝑁𝐻

𝑚=1

𝑐𝑚,𝐻,ℓ𝜓𝑚,𝐻 

∫  
Ω

𝜙ℓ,𝐻ℎ(𝑦)𝜙𝑠,𝐻ℎ(𝑦)

|𝑥 − 𝑦|
𝑑𝑦 

 ∫  
Ω

 
𝜙ℓ,𝐻ℎ(𝑦)𝜙𝑠,𝐻ℎ

∗ (𝑦)

|𝑥 − 𝑦|
𝑑𝑦

= ∫  
Ω

 
(𝜃̃ℓ𝜙̃ℓ,ℎ(𝑦) + ∑  

𝑁𝐻
𝑚=1   𝑐𝑚,𝐻,ℓ𝜓𝑚,𝐻(𝑦))(𝜃̃𝑠

∗𝜙̃𝑠,ℎ
∗ (𝑦) + ∑  

𝑁𝐻
𝑚=1   𝑐𝑚,𝐻,𝑠

∗ 𝜓𝑚,𝐻(𝑦))

|𝑥 − 𝑦|
𝑑𝑦

=𝜃̃ℓ𝜃̃𝑠
∗𝑉̃̃ℓ,𝑠 + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻,ℓ𝜃̃𝑠
∗𝑉̃𝑠,𝑚
∗ + ∑  

𝑁𝐻

𝑚=1

  𝑐𝑚,𝐻,𝑠
∗ 𝜃̃ℓ𝑉̃ℓ,𝑚 + ∑  

𝑁𝐻

𝑚,𝑛=1

  𝑐𝑚,𝐻,ℓ,ℓ
∗ 𝑐𝑛,𝐻,𝑠𝑉𝑚,𝑛

 

𝜂ℎ𝑘 ({𝜆ℓ,ℎ𝑘 , 𝜙ℓ,ℎ𝑘}ℓ=1
𝑁
, 𝑇) 

𝑉𝐻,ℎ𝑘+1 = 𝑉𝐻 + span{𝜙̃ℓ,ℎ𝑘+1} 

𝐴Har,s + 𝐴x,s 

𝐴𝐻 = 𝐴Kin +∑ 

𝑠

(𝐴Har,s + 𝐴x,s) 

 

𝑏Har,s,ℓ + 𝑏x,s,ℓ 

𝑏𝐻ℎ = 𝑏Kin +∑ 

𝑠

(𝑏Har,s,ℓ + 𝑏x,s,ℓ) 
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𝛽Har,s,ℓ + 𝛽x,s,ℓ 

𝛽 = 𝛽Kin +∑ 

𝑠

(𝛽Har,s,ℓ + 𝛽x,s,ℓ) 

 

𝐴𝐻 = 𝐴Kin +∑ 

𝑠

(𝐴Har,s + 𝐴x,s)𝑂(𝑁𝑁𝐻
2 +𝑁𝐻

3) 

 

𝑏𝐻ℎ = 𝑏Kin +∑ 

𝑠

(𝑏Har,s,ℓ + 𝑏x,s,ℓ)𝑂(𝑁𝑁𝐻 +𝑁𝐻
3) 

 

𝛽 = 𝛽Kin +∑ 

𝑠

(𝛽Har,s,ℓ + 𝛽x,s,ℓ)𝑂(𝑁 + 𝑁𝐻
2) 

𝑂 ((𝑁 + 𝑁𝐻)𝑁𝑘 +𝜔(𝑁𝑁𝐻
2 +𝑁𝐻

3 +𝑀𝐻))  

𝐖̃ℓ, 𝐖̃∗,ℓ, 𝐕̃̃𝟏ℓ, 𝐕̃̃𝟐ℓ 

dim(𝐖̃ℓ) = dim(𝐖̃∗,ℓ) = 𝑁𝐻 ×𝑁𝐻 , dim(𝐕̃̃𝟏ℓ) = dim(𝐕̃̃𝟐ℓ) = 𝑁 × 𝑁𝐻 

𝑂(𝑁𝑘 +𝑁𝑁𝐻 +𝑁𝐻
2) 

𝐻̂full = ∑  

𝑁nuc

𝜇=1

 
−ℏ2

2𝑀𝜇
∇𝐑𝜇
2 +

𝑒2

4𝜋𝜖0
∑  

𝑁nuc

𝜇=1

  ∑  

𝑁nuc

𝜈=𝜇+1

 
𝑍𝜇𝑍𝜈

|𝐑𝜇 −𝐑𝜈|

𝑒2

4𝜋𝜖0
∑  

𝑁nuc

𝜇=1

 ∑  

𝑁

𝑖=1

 
𝑍𝜇

|𝐑𝜇 − 𝐫𝑖|
+
−ℏ2

2𝑚𝑒
∑ 

𝑁

𝑖=1

 ∇𝐫𝑖
2 +

𝑒2

4𝜋𝜖0
∑ 

𝑁

𝑖=1

 ∑  

𝑖−1

𝑗=1

 
1

|𝐫𝑖 − 𝐫𝑗|

 

Ψfull (𝐗1, … , 𝐗𝑁nuc 
, 𝐱1, … , 𝐱𝑁)  

𝐗𝜇: = 𝐑𝜇Σ𝜇  and  𝐱𝑖: = 𝐫𝑖𝜎𝑖  

𝐻̂ = −
1

2
∑  

𝑁

𝑖=1

 ∇𝐫𝑖
2 +∑ 

𝑁

𝑖=1

 ∑  

𝑁nuc 

𝜇=1

 
−𝑍𝜇

|𝐑𝜇 − 𝐫𝑖|⏟        
=𝑣(𝐫𝑖)

+

 ∑  

1≤𝑖<𝑗≤𝑁

 
1

|𝐫𝑖 − 𝐫𝑗|⏟    
=𝑤(𝐫𝑖,𝐫𝑗)

+ ∑  

1≤𝜇<𝜈≤𝑁nuc 

 
𝑍𝜇𝑍𝜈

|𝐑𝜇 − 𝐑𝜈|⏟              
=𝐸nuc 

,(1.4)

 

𝑎0 =
4𝜋𝜖0ℏ

2

𝑚𝑒𝑒
2
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Hartree=
𝑚𝑒

ℏ2
(
𝑒2

4𝜋𝜖0
)
2

 

Ψ(𝐱1, … , 𝐱𝑁),  

𝐿2(ℝ3):= {𝑓:ℝ3 → ℂ:∫  d𝐫|𝑓(𝐫)|2 < ∞}  

⟨𝑓 ∣ 𝑔⟩:= ∫  d𝐫𝑓∗(𝐫)𝑔(𝐫)  

𝜓(𝐱) (
𝜓𝛼(𝐫)

𝜓𝛽(𝐫)
) 

 

ℋ:= 𝐿2(ℝ3)⊗ ℤ2 = {𝑓:ℝ
3 × ℤ2 → ℂ:∫  d𝐱|𝑓(𝐱)|2 < ∞} .  

∫  d𝐱:= ∫  d𝐫 ∑  

𝜎∈ℤ2

  = ∫  d𝐫 ∑  

𝜎∈{−1,1}

  = ∫  d𝐫 ∑  

𝜎∈{↑,↓}

   

⟨𝑓 ∣ 𝑔⟩:= ∫  d𝐱𝑓∗(𝐱)𝑔(𝐱) = ∫  d𝐫 ∑  

𝜎∈ℤ2

 𝑓∗(𝐫𝜎)𝑔(𝐫𝜎).  

𝜓(𝐱) =∑ 

∞

𝑖=1

 𝜓𝑖𝜙𝑖(𝐱).  

𝜓𝑖 = ⟨𝜙𝑖 ∣ 𝜓⟩ 

⟨𝜙𝑖 ∣ 𝜙𝑗⟩ = 𝛿𝑖𝑗 

ℋ𝑁:=⨂ 

𝑁

𝑖=1

 ℋ = ℋ⊗⋯⊗ℋ⏟        
𝑁 times 

,  

ℝ3 = ℝ ×ℝ× ℝ out ℝ 

𝑓(𝐱1, … , 𝐱𝑁) = ∑  

𝑖1,…,𝑖𝑁

 𝑓𝑖1…𝑖𝑁 𝜙𝑖1(𝐱1)𝜙𝑖2(𝐱2)⋯𝜙𝑖𝑁(𝐱𝑁)⏟                
=:Φ𝑖1𝑖2…𝑖𝑁(𝐱1,𝐱2,…,𝐱𝑁)

.
 

1 ⋅ 1 ⋅ 1,
𝑥1 ⋅ 1 ⋅ 1, 1 ⋅ 𝑥2 ⋅ 1, 1 ⋅ 1 ⋅ 𝑥3
𝑥1
2 ⋅ 1 ⋅ 1, 𝑥1 ⋅ 𝑥2 ⋅ 1, 𝑥1 ⋅ 1 ⋅ 𝑥3
1 ⋅ 𝑥2

2 ⋅ 1, 1 ⋅ 𝑥2 ⋅ 𝑥3, 1 ⋅ 1 ⋅ 𝑥3
2, etc. 

 

Φ𝑖1𝑖2…𝑖𝑁
± (𝐱1, … , 𝐱𝑁):=

1

√𝑁!
||

𝜙𝑖1(𝐱1) 𝜙𝑖2(𝐱1) … 𝜙𝑖𝑁(𝐱1)

𝜙𝑖1(𝐱2) 𝜙𝑖2(𝐱2) … 𝜙𝑖𝑁(𝐱2)

⋮ ⋮ ⋱ ⋮
𝜙𝑖1(𝐱𝑁) 𝜙𝑖2(𝐱𝑁) … 𝜙𝑖𝑁(𝐱𝑁)

||

±
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Ψ(𝐱1, … , 𝐱𝑁) =∑  

𝐼

 𝑐𝐼Φ𝐼(𝐱1, … , 𝐱𝑁)  

∑ 

𝐽

  (𝐻𝐼𝐽 − 𝐸𝑆𝐼𝐽)𝑐𝐽 = 0  

⟨Φ𝐼|𝑂̂|Φ𝐽⟩.  

𝑂̂0  = 𝑜0 =  constant ,

𝑂̂1  = ∑  

𝑖

  𝑜̂𝑖 =∑  

𝑖

  𝑜̂(𝐱𝑖),

𝑂̂2  = ∑  

𝑖<𝑗

  𝑜̂𝑖𝑗 =
1

2
∑  

𝑖≠𝑗

  𝑜̂(𝐱𝑖 , 𝐱𝑗),

 ⋮

𝑂̂𝑛  = ∑  

𝑖1<⋯<𝑖𝑛

  𝑜̂𝑖1⋯𝑖𝑛 =
1

𝑛!
∑  

𝑖1≠⋯≠𝑖𝑛

  𝑜̂(𝐱𝑖1 , … , 𝐱𝑖𝑛).

 

𝑇̂ = −
1

2
∑  

𝑖

∇𝑖
2 

𝑉̂nuc =∑ 

𝑖

𝑣nuc (𝐫𝑖) 

𝑊̂ =
1

2
∑  

𝑖≠𝑗

𝑤(𝐫𝑖, 𝐫𝑗) 

𝑆̂2: = 𝑺̂ ⋅ 𝑺̂ =∑  

𝑖≠𝑗

  𝑺̂𝑖 ⋅ 𝑺̂𝑗 +∑ 

𝑖

  𝑆̂𝑖
2

 

⟨Φ|𝑂̂0|Ψ⟩  = ⟨Φ|𝑜0|Ψ⟩ = 𝑜0⟨Φ ∣ Ψ⟩,

⟨Φ|𝑂̂1|Ψ⟩  = 𝑁⟨Φ|𝑜̂1|Ψ⟩,

⟨Φ|𝑂̂2|Ψ⟩  =
𝑁(𝑁 − 1)

2
⟨Φ|𝑜̂12|Ψ⟩,

 ⋮

⟨Φ|𝑂̂𝑛|Ψ⟩  = (
𝑁

𝑛
) ⟨Φ|𝑜̂1…𝑛|Ψ⟩.

 

|𝑨|±: = ∑  

℘

  (±)℘∏ 

𝑛

𝑖=1

 𝐴𝑖℘(𝑖)  

℘(1,2,… , 𝑛) = (℘(1),℘(2), … ,℘(𝑛) = (1′, 2′, … , 𝑛′) 
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(±)𝑛𝑐 = (±)℘  
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 ∫  d𝐱1∫   d𝐱2⋯∫   d𝐱𝑁𝜙𝑖1
∗ (𝐱1)𝜙𝑖2

∗ (𝐱2)⋯𝜙𝑖𝑁
∗ (𝐱𝑁)𝜙𝑗1(𝐱1)𝜙𝑗2(𝐱2)⋯𝜙𝑗𝑁(𝐱𝑁) 
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⟨Φ𝐼 ∣ Φ𝐽⟩ = 𝛿𝐼𝐽 .  
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⟨Φ𝐼|𝑂̂1|Φ𝐼⟩ =
𝑁(𝑁 − 1)!

𝑁!
∑  

𝑁

𝑘=1

  ⟨𝜙𝑖𝑘|𝑜̂1|𝜙𝑖𝑘⟩ = ∑  

𝑁

𝑘=1

  ⟨𝜙𝑖𝑘|𝑜̂1|𝜙𝑖𝑘⟩,  
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⟨Φ𝐼|𝑂̂1|Φ𝐽⟩ = (−1)
𝑘−𝑙⟨𝜙𝑖𝑘|𝑜̂1|𝜙𝑗𝑙⟩,  

⟨Φ𝐼|𝑂̂1|Φ𝐽⟩ =

{
 
 

 
 ∑  

𝑁

𝑘=1

  ⟨𝜙𝑖𝑘|𝑜̂1|𝜙𝑖𝑘⟩  if 𝐼 = 𝐽,

(−1)𝑘−𝑙⟨𝜙𝑖𝑘|𝑜̂1|𝜙𝑗𝑙⟩  if only 𝑖𝑘 ≠ 𝑗𝑙 ,

0  otherwise. 

 

⟨𝑖𝑘𝑖𝑙|𝑜̂12|𝑗𝑚𝑗𝑛⟩ ∶= ⟨𝜙𝑖𝑘𝜙𝑖𝑙|𝑜̂12|𝜙𝑗𝑚𝜙𝑗𝑛⟩

∶= ∫  d𝐱1∫   d𝐱2𝜙𝑖𝑘
∗ (𝐱1)𝜙𝑖𝑙

∗ (𝐱1)𝑜̂(𝐱1, 𝐱2)𝜙𝑗𝑚(𝐱1)𝜙𝑗𝑛(𝐱2)
 

⟨𝑘𝑙‖𝑜̂12‖𝑚𝑛⟩:= ⟨𝑘𝑙|𝑜̂12|𝑚𝑛⟩ − ⟨𝑘𝑙|𝑜̂12|𝑛𝑚⟩.  
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2(𝑁 − 2)! (⟨𝑖1𝑖2|𝑜̂12|𝑖1𝑖2⟩ − ⟨𝑖1𝑖2|𝑜̂12|𝑖2𝑖1⟩).  

⟨Φ𝐼|𝑂̂2|Φ𝐼⟩=∑  

𝑟<𝑠

  (⟨𝑖𝑟𝑖𝑠|𝑜̂12|𝑖𝑟𝑖𝑠⟩ − ⟨𝑖𝑟𝑖𝑠|𝑜̂12|𝑖𝑠𝑖𝑟⟩) 

 = ∑  

𝑟<𝑠

  ⟨𝑖𝑟𝑖𝑠‖𝑜̂12‖𝑖𝑟𝑖𝑠⟩
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(−1)𝑘−𝑚2(𝑁 − 2)! (⟨𝑖𝑘𝑖𝑟|𝑜̂12|𝑗𝑚𝑖𝑟⟩ − ⟨𝑖𝑘𝑖𝑟|𝑜̂12|𝑖𝑟𝑗𝑚⟩)  

⟨Φ𝐼|𝑂̂2|Φ𝐽⟩  = (−1)
𝑘−𝑚∑ 

𝑟≠𝑘

  (⟨𝑖𝑘𝑖𝑟|𝑜̂12|𝑗𝑚𝑖𝑟⟩ − ⟨𝑖𝑘𝑖𝑟|𝑜̂12|𝑖𝑟𝑗𝑚⟩)

 = (−1)𝑘−𝑚∑ 

𝑟≠𝑘

  ⟨𝑖𝑘𝑖𝑟‖𝑜̂12‖𝑗𝑚𝑖𝑟⟩
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⟨Φ𝐼|𝑂̂2|Φ𝐽⟩= (−1)
𝑘+𝑙−𝑚−𝑛(⟨𝑖𝑘𝑖𝑙|𝑜̂12|𝑗𝑚𝑗𝑛⟩ − ⟨𝑖𝑘𝑖𝑙|𝑜̂12|𝑗𝑛𝑗𝑚⟩) 

 = (−1)𝑘+𝑙−𝑚−𝑛⟨𝑖𝑘𝑖𝑙‖𝑜̂12‖𝑗𝑚𝑗𝑛⟩
 

⟨Φ𝐼|𝑂̂2|Φ𝐽⟩ =

{
  
 

  
 ∑  

𝑟<𝑠

  ⟨𝑖𝑟𝑖𝑠‖𝑜̂12‖𝑖𝑟𝑖𝑠⟩  if 𝐼 = 𝐽,

(−1)𝑘−𝑚∑ 

𝑟≠𝑘

  ⟨𝑖𝑘𝑖𝑟‖𝑜̂12‖𝑗𝑚𝑖𝑟⟩  if only 𝑖𝑘 ≠ 𝑗𝑚,

(−1)𝑘+𝑙−𝑚−𝑛⟨𝑖𝑘𝑖𝑙‖𝑜̂12‖𝑗𝑚𝑗𝑛⟩  if 𝑖𝑘 ≠ 𝑗𝑚 and 𝑖𝑙 ≠ 𝑗𝑛,
0  otherwise. 

 

⟨𝑖𝑗 ∣ 𝑘𝑙⟩ ∶= ⟨𝑖𝑗|𝑤̂12|𝑘𝑙⟩ = ⟨𝜙𝑖𝜙𝑗|𝑤̂12|𝜙𝑘𝜙𝑙⟩

 = ∫  d𝐱1∫   d𝐱2𝜙𝑖
∗(𝐱1)𝜙𝑗

∗(𝐱2)𝑤(𝐫1, 𝐫2)𝜙𝑘(𝐱1)𝜙𝑙(𝐱2)
 

(𝑖𝑗 ∣ 𝑘𝑙): = ∫  d𝐱1∫   d𝐱2𝜙𝑖
∗(𝐱1)𝜙𝑗(𝐱1)𝑤(𝐫1, 𝐫2)𝜙𝑘

∗(𝐱2)𝜙𝑙(𝐱2)  

⟨𝑖𝑗‖𝑘𝑙⟩ ∶= ⟨𝑖𝑗 ∣ 𝑘𝑙⟩ − ⟨𝑖𝑗 ∣ 𝑙𝑘⟩,
(𝑖𝑗‖𝑘𝑙) ∶= (𝑖𝑗 ∣ 𝑘𝑙) − (𝑖𝑙 ∣ 𝑘𝑗).

 

𝐸HF[{𝜙𝑖}] =∑  

𝑁

𝑖=1

  ⟨𝜙𝑖|ℎ̂|𝜙𝑖⟩ +
1

2
∑  

𝑁

𝑖,𝑗=1

  ⟨𝜙𝑖𝜙𝑗‖𝜙𝑖𝜙𝑗⟩ + 𝐸nuc  

ℎ̂:= −
1

2
∇2 + 𝑣(𝐫) 

 

⟨𝑖𝑗‖𝑘𝑙⟩ = (𝑖𝑘‖𝑗𝑙) 

 

𝜒𝐴(𝐫) = 𝑁𝜁e
−𝜁|𝐫−𝐑𝐴| 𝜒𝐵(𝐫) = 𝑁𝜁e

−𝜁|𝐫−𝐑𝐵|  

𝑁𝜁 = √
𝜁3

𝜋
 

𝑠: = ⟨𝜒𝐴 ∣ 𝜒𝐵⟩ = (1 + 𝜌 +
𝜌2

3
)e−𝜌  

𝜌:= 𝜁𝑅 and 𝑅:= |𝐑𝐴 − 𝐑𝐵| 

𝜒𝐴/𝐵 = 𝑁𝜁e
−
𝜌
2
(𝜉∓𝜂)

 

𝜎𝑔 =
𝜒𝐴 + 𝜒𝐵

√2(1 + 𝑠)
  and  𝜎𝑢 =

𝜒𝐴 − 𝜒𝐵

√2(1 − 𝑠)
.  
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⟨𝜒𝐴|ℎ̂|𝜒𝐴⟩ = ⟨𝜒𝐵|ℎ̂|𝜒𝐵⟩ =
𝜁2

2
− 𝜁 +

𝜁

𝜌
(e−2𝜌(1 + 𝜌) − 1)

⟨𝜒𝐴|ℎ̂|𝜒𝐵⟩ = [
𝜁2

2
(1 + 𝜌 −

𝜌2

3
) − 2𝜁(1 + 𝜌)] e−𝜌

 

(−
1

2
∇2 −

𝜁

𝑟𝐴/𝐵
)𝜒𝐴/𝐵 = −

𝜁2

2
𝜒𝐴/𝐵.  

⟨𝜎𝑔|ℎ̂|𝜎𝑔⟩ =
⟨𝜒𝐴|ℎ̂|𝜒𝐴⟩ + ⟨𝜒𝐴|ℎ̂|𝜒𝐵⟩

1 + 𝑠
.  

(𝜎𝑔𝜎𝑔 ∣ 𝜎𝑔𝜎𝑔) =
1

2(1 + 𝑠)2
[(𝐴𝐴 ∣ 𝐴𝐴) + 4(𝐴𝐴 ∣ 𝐴𝐵) +

(𝐴𝐴 ∣ 𝐵𝐵) + 2(𝐴𝐵 ∣ 𝐴𝐵)]

 

 (𝐴𝐴 ∣ 𝐵𝐵) = 𝜁 [
1

𝜌
− e−2𝜌 (

1

𝜌
+
11

8
+
3𝜌

4
+
𝜌2

6
)]

 (𝐴𝐴 ∣ 𝐴𝐵) =
𝜁e−𝜌

16𝜌
(5 + 2𝜌 + 16𝜌2 − (5 + 2𝜌)e−2𝜌)

 

𝑣𝐴(𝐫
′) = ∫  d𝐫

|𝜒𝐴(𝐫)|
2

|𝐫′ − 𝐫|
 

∫  d𝐫|𝜒𝐵(𝐫)|
2𝑣𝐴(𝐫) 

(𝐴𝐴 ∣ 𝐴𝐴) = lim
𝑅→0

 (𝐴𝐴 ∣ 𝐵𝐵) =
5𝜁

8
 

(𝐴𝐵 ∣ 𝐴𝐵) =
𝜁e−2𝜌

120𝜌
[75𝜌 − 138𝜌2 − 72𝜌3 − 8𝜌4 +

16(𝛾 + ln (𝜌))(9 + 18𝜌 + 15𝜌2 + 6𝜌3 + 𝜌4) −

32(9 − 3𝜌2 + 𝜌4)e2𝜌Ei(−2𝜌) +

16(3 − 3𝜌 + 𝜌2)2e4𝜌Ei(−4𝜌)]

 

𝛾:= −∫  
∞

0

 d𝑧e−𝑧ln (𝑧) = 0.5772156649…  

Ei(−𝑥):= −∫  
∞

𝑥

 d𝑧
e−𝑧

𝑧
 

𝐸RHF [(𝜎𝑔)
2
] = 2⟨𝜎𝑔|ℎ̂|𝜎𝑔⟩ + (𝜎𝑔𝜎𝑔 ∣ 𝜎𝑔𝜎𝑔) +

1

𝑅
 

1

|𝐫1 − 𝐫2|
=
2

𝑅
∑  

∞

𝑙=0

  ∑  

𝑙

𝑚=−𝑙

 𝛼𝑚𝑙P𝑙
|𝑚|(𝜉<)Q𝑙

|𝑚|(𝜉>) ×

P𝑙
|𝑚|(𝜂1)P𝑙

|𝑚|(𝜂2)e
i𝑚(𝜙1−𝜙2)

 

P𝑙
|𝑚|
(𝑥)Q𝑙

|𝑚|
(𝑥) 
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𝛼𝑙𝑚 = (−1)
𝑚(2𝑙 + 1) (

(𝑙 − |𝑚|)!

(𝑙 + |𝑚|)!
)
2

 

𝜉>: = max(𝜉1, 𝜉2) 

𝜉<: = min(𝜉1, 𝜉2) 

min
𝑥,𝑦∈ℝ

  𝑓(𝑥, 𝑦) = (𝑥 − 1)2 + (𝑦 − 2)2

 subjet to (𝑥 − 1)2 = 5𝑦
 

𝐿[{𝜙𝑖, 𝜓𝑖
∗}, 𝝐]  = 𝐸HF[{𝜙𝑖, 𝜓𝑖

∗}] − 𝐸nuc − ∑  

𝑁

𝑟,𝑠=1

  𝜖𝑟𝑠(⟨𝜓𝑖 ∣ 𝜙𝑟⟩ − 𝛿𝑠𝑟)

 = ∑  

𝑁

𝑟=1

  ⟨𝜓𝑟|ℎ̂|𝜙𝑟⟩ +
1

2
∑  

𝑁

𝑟,𝑠=1

  ⟨𝜓𝑟𝜓𝑠‖𝜙𝑟𝜙𝑠⟩ − ∑  

𝑁

𝑟,𝑠=1

  𝜖𝑟𝑠(⟨𝜓𝑠 ∣ 𝜙𝑟⟩ − 𝛿𝑠𝑟)

 

𝜓𝑖 = 𝜙𝑖 and ⟨𝜙𝑖 ∣ 𝜙𝑗⟩ = 𝛿𝑖𝑗  

𝛿𝐿 =∑ 

𝑁

𝑖=1

  ⟨𝛿𝜓𝑖|ℎ̂|𝜙𝑖⟩ +
1

2
∑  

𝑁

𝑖,𝑗=1

  (⟨𝛿𝜓𝑖𝜓𝑗‖𝜙𝑖𝜙𝑗⟩ + ⟨𝜓𝑖𝛿𝜓𝑗‖𝜙𝑖𝜙𝑗⟩) + 

∑  

𝑁

𝑖=1

  ⟨𝜓𝑖|ℎ̂|𝛿𝜙𝑖⟩ +
1

2
∑  

𝑁

𝑖,𝑗=1

  (⟨𝜓𝑖𝜓𝑗‖𝛿𝜙𝑖𝜙𝑗⟩ + ⟨𝜓𝑖𝜓𝑗‖𝜙𝑖𝛿𝜙𝑗⟩) − 

 ∑  

𝑁

𝑖,𝑗=1

 𝜖𝑗𝑖(⟨𝛿𝜓𝑗 ∣ 𝜙𝑖⟩ + ⟨𝜓𝑗 ∣ 𝛿𝜙𝑖⟩)

 

𝛿𝐿 =∑  

𝑁

𝑖=1

 ∫   d𝐱(𝛿𝜙𝑖
∗(𝐱)

𝛿𝐿

𝛿𝜙𝑖
∗(𝐱)

+
𝛿𝐿

𝛿𝜙𝑖(𝐱)
𝛿𝜙𝑖(𝐱)) ,  

𝛿𝐿

𝛿𝜙𝑖
∗(𝐱)

=ℎ̂𝜙𝑖(𝐱) −∑  

𝑁

𝑗=1

 𝜙𝑗(𝐱)𝜖𝑗𝑖 +

 ∑  

𝑁

𝑗=1

 ∫   d𝐱′𝜙𝑗
∗(𝐱′)

𝜙𝑗(𝐱
′)𝜙𝑖(𝐱) − 𝜙𝑗(𝐱)𝜙𝑖(𝐱

′)

|𝐫 − 𝐫′|

𝛿𝐿

𝛿𝜙𝑖(𝐱)
=ℎ̂𝜙𝑖

∗(𝐱) −∑  

𝑁

𝑗=1

 𝜖𝑖𝑗𝜙𝑗
∗(𝐱) +

 ∑  

𝑁

𝑗=1

 ∫   d𝐱′
𝜙𝑖
∗(𝐱)𝜙𝑗

∗(𝐱′) − 𝜙𝑖
∗(𝐱′)𝜙𝑗

∗(𝐱)

|𝐫 − 𝐫′|
𝜙𝑗(𝐱

′)

 

𝛿𝐿/𝛿𝜙𝑖(𝐱) and 𝛿𝐿/𝛿𝜙𝑖
∗(𝐱) 

𝐿[{𝜙𝑖, 𝜓𝑖
∗}, 𝝐] = ℜ𝐸HF[{𝜙𝑖, 𝜓𝑖

∗}] − ∑  

𝑁

𝑟≥𝑠=1

  (𝜖𝑟𝑠⟨𝜓𝑠 ∣ 𝜙𝑟⟩ + 𝜖𝑠𝑟⟨𝜙𝑟 ∣ 𝜓𝑠⟩ − 2𝛿𝑠𝑟)  
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ℜ𝑐𝑖 = 1/‖𝜙𝑖‖ 

𝜌(𝐱) =∑  

𝑁

𝑖=1

  |𝜙(𝐱)|2  →  𝑣H[𝜌](𝐱): = ∫  d𝐱
′
𝜌(𝐱′)

|𝐫 − 𝐫′|
 

𝑣𝐱[{𝜙𝑖}](𝐱, 𝐱
′):= −∑  

𝑁

𝑗=1

 
𝜙𝑗(𝐱)𝜙𝑗

∗(𝐱′)

|𝐫 − 𝐫′|
.  

−∑ 

𝑁

𝑗=1

 ∫   d𝐱′𝜙𝑗
∗(𝐱′)

𝜙𝑗(𝐱)𝜙𝑖(𝐱
′)

|𝐫 − 𝐫′|
= ∫  d𝐱′𝑣𝐱(𝐱, 𝐱

′)𝜙𝑖(𝐱
′) =: (𝑣̂𝐱𝜙𝑖)(𝐱)  

𝑡(𝐱, 𝐱′) =
1

2
∑  

𝑟

 𝛁𝜒𝑟(𝐱) ⋅ 𝛁𝜒𝑟
∗(𝐱′),  

∫  d𝐱′𝑡(𝐱, 𝐱′)𝜓(𝐱′) = −
1

2
∇2𝜓(𝐱)  

𝑣H(𝐱, 𝐱
′) = 𝑣H(𝐱)𝛿(𝐱 − 𝐱

′)  

𝑓[{𝜙𝑖}]: = ℎ̂ + 𝑣̂H[{𝜙𝑖}] + 𝑣̂x[{𝜙𝑖}]  

𝛿𝐿

𝛿𝜙𝑖
∗(𝐱)

 = 𝑓𝜙𝑖(𝐱) −∑  

𝑁

𝑗=1

 𝜙𝑗(𝐱)𝜖𝑗𝑖

𝛿𝐿

𝛿𝜙𝑖(𝐱)
 = 𝑓∗𝜙𝑖

∗(𝐱) −∑  

𝑁

𝑗=1

  𝜖𝑖𝑗𝜙𝑗
∗(𝐱)

 

𝑓𝜙𝑖(𝐱) =∑ 

𝑁

𝑗=1

 𝜙𝑗(𝐱)𝜖𝑗𝑖, 𝑓∗𝜙𝑖
∗(𝐱) =∑  

𝑁

𝑗=1

 𝜖𝑖𝑗𝜙𝑗
∗(𝐱)  

⟨𝜙𝑗|𝑓|𝜙𝑖⟩ = 𝜖𝑗𝑖, ⟨𝜙𝑗|𝑓|𝜙𝑖⟩
∗ = 𝜖𝑖𝑗  

⟨𝜙𝑖 ∣ 𝜙𝑗⟩ = 𝛿𝑖𝑗 

𝜖𝑖𝑗 = ⟨𝜙𝑗|𝑓|𝜙𝑖⟩
∗ = 𝜖𝑗𝑖

∗  

𝑓[{𝜙}]𝜙𝑖(𝐱) = 𝜀𝑖𝜙𝑖(𝐱),  

𝜙𝑖
′(𝐱) =∑  

𝑁

𝑗=1

𝜙𝑗(𝐱)𝑈𝑗𝑖  

𝜙𝑖(𝐱) =∑  

𝑗

 𝜒𝑗(𝐱)𝑆𝑗𝑖
−1/2

 

𝑺 = (
1 𝑠
𝑠 1

)  
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𝑺−1/2 =
1

√1 − 𝑠2
(
cos 𝜃 −sin 𝜃
−sin 𝜃 cos 𝜃

) ,  

𝜙𝑎/𝑏(𝐫) =
1

√1 − 𝑠2
(cos (𝜃)𝜒𝐴/𝐵(𝐫) − sin (𝜃)𝜒𝐵/𝐴(𝐫)).  

⟨𝜙𝑎|ℎ̂|𝜙𝑎⟩  = ⟨𝜙𝑏|ℎ̂|𝜙𝑏⟩ =
⟨𝜒𝐴|ℎ̂|𝜒𝐴⟩ − 𝑠⟨𝜒𝐴|ℎ̂|𝜒𝐵⟩

1 − 𝑠2

⟨𝜙𝑎|ℎ̂|𝜙𝑏⟩  = ⟨𝜙𝑎|ℎ̂|𝜙𝑏⟩ =
⟨𝜒𝐴|ℎ̂|𝜒𝐵⟩ − 𝑠⟨𝜒𝐴|ℎ̂|𝜒𝐴⟩

1 − 𝑠2

 

(𝑎𝑎 ∣ 𝑎𝑎) =
1

(1 − 𝑠2)2
[(1 −

𝑠2

2
) (𝐴𝐴 ∣ 𝐴𝐴) +

𝑠2

2
(𝐴𝐴 ∣ 𝐵𝐵) −

2𝑠(𝐴𝐴 ∣ 𝐴𝐵) + 𝑠2(𝐴𝐵 ∣ 𝐴𝐵)]

(𝑎𝑎 ∣ 𝑏𝑏) =
1

(1 − 𝑠2)2
[(1 −

𝑠2

2
) (𝐴𝐴 ∣ 𝐵𝐵) +

𝑠2

2
(𝐴𝐴 ∣ 𝐴𝐴) −

2𝑠(𝐴𝐴 ∣ 𝐴𝐵) + 𝑠2(𝐴𝐵 ∣ 𝐴𝐵)]

 

(𝑎𝑎 ∣ 𝑎𝑏) =
1

(1 − 𝑠2)2
[(1 + 𝑠2)(𝐴𝐴 ∣ 𝐴𝐵) − 𝑠(𝐴𝐵 ∣ 𝐴𝐵) −

𝑠

2
((𝐴𝐴 ∣ 𝐴𝐴) + (𝐴𝐴 ∣ 𝐵𝐵))]

(𝑎𝑏 ∣ 𝑎𝑏) =
1

(1 − 𝑠2)2
[ (𝐴𝐵 ∣ 𝐴𝐵) − 2𝑠(𝐴𝐴 ∣ 𝐴𝐵) −

𝑠2

2
((𝐴𝐴 ∣ 𝐴𝐴) + (𝐴𝐴 ∣ 𝐵𝐵))]

 

𝐸HF
loc = 2⟨𝜙𝑎|ℎ̂|𝜙𝑎⟩ + (𝜙𝑎𝜙𝑎 ∣ 𝜙𝑏𝜙𝑏) +

1

𝑅
.  

𝜓(𝐫)𝑎/𝑏 = cos (𝛼)𝜙𝑎/𝑏(𝐫) + sin (𝛼)𝜙𝑏/𝑎(𝐫)  

𝐸UHF =2(⟨𝑎|ℎ̂|𝑎⟩ + sin (2𝛼)⟨𝑎|ℎ̂|𝑏⟩) +

 (𝑎𝑎 ∣ 𝑏𝑏) +
sin2 (2𝛼)

2
((𝑎𝑎 ∣ 𝑎𝑎) − (𝑎𝑎 ∣ 𝑏𝑏)) +

1

𝑅

 

𝜌(𝐱, 𝐱′) =∑  

𝑁

𝑖=1

 𝛿(𝐱 − 𝐱′).  

𝜌(𝐱) =∑  

𝑁

𝑖=1

  |𝜙𝑖(𝐱)|
2  

𝜙𝑖(𝐱) = ∑  

𝑚

𝜈=1

 𝜒𝜈(𝐱)𝐶𝜈𝑖  

∑ 

𝑚

𝜈=1

  ⟨𝜒𝜇|𝑓|𝜒𝜈⟩⏟      
=:𝑓𝜇𝜈

𝐶𝜈𝑖 =∑  

𝜈

  ⟨𝜒𝜇 ∣ 𝜒𝜈⟩⏟      
=𝑆𝜇𝜈

𝐶𝜈𝑖𝜀𝑖  
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𝒇𝑪 = 𝑺𝑪diag(𝜺),  

𝒇𝑪 = 𝑪diag(𝜺)  

𝑓𝜇𝜈[𝑪]:= ⟨𝜒𝜇|𝑓[𝑪]|𝜒𝜈⟩ = ⟨𝜒𝜇|ℎ̂ + 𝑣̂H[𝑪] + 𝑣̂x[𝑪]|𝜒𝜈⟩.  

𝜌(𝐱) =∑  

𝑁

𝑖=1

  |𝜙𝑖(𝐱)|
2 =∑ 

𝜇,𝜈

 𝜒𝜇(𝐱)∑  

𝑁

𝑖=1

 𝐶𝜇𝑖𝐶𝑖𝜈
†

⏟      
=:𝛾𝜇𝜈

HF

𝜒𝜈
∗(𝐱)

 

𝑁=∑ 

𝑁

𝑖=1

  ⟨𝜙𝑖 ∣ 𝜙𝑖⟩ =∑  

𝜇,𝜈

 ∑  

𝑁

𝑖=1

 𝐶𝑖𝜈
† ⟨𝜒𝜇 ∣ 𝜒𝜈⟩𝐶𝜇𝑖 

 =∑  

𝜇,𝜈

 𝛾𝜇𝜈
HF𝑆𝜈𝜇 = Tr{𝛾

HF𝑺}

 

Tr{𝛾HF𝑺} =∑  

𝐴

 ∑  

𝜇∈𝐴

  (𝛾HF𝑺)
𝜇𝜇
.  

𝜌𝐴
Mulliken = ∑  

𝜇∈𝐴

  (𝛾HF𝑺)
𝜇𝜇  

𝑄𝐴
Mulliken = 𝑍𝐴 − 𝜌𝐴

Mulliken  

𝑣H(𝐱) = ∫  d𝐱
′
𝜌(𝐱′)

|𝐫 − 𝐫′|
=∑  

𝜇,𝜈

 𝛾𝜇𝜈
HF∫   d𝐱′

𝜒𝜇(𝐱
′)𝜒𝜈

∗(𝐱′)

|𝐫 − 𝐫′|  

⟨𝜒𝜇|𝑣̂H|𝜒𝜈⟩ =∑  

𝑁

𝑖=1

  ⟨𝜒𝜇𝜙𝑖 ∣ 𝜒𝜈𝜙𝑖⟩ =∑  

𝜌𝜎

 𝛾𝜎𝜌
HF⟨𝜒𝜇𝜒𝜌 ∣ 𝜒𝜈𝜒𝜎⟩  

𝛾HF(𝐱, 𝐱′) =∑  

𝑁

𝑖=1

 𝜙𝑖(𝐱)𝜙𝑖
∗(𝐱′) =∑  

𝜇,𝜈

 𝜒𝜇(𝐱)𝛾𝜇𝜈
HF𝜒𝜈

∗(𝐱′)  

𝑣𝐱(𝐱, 𝐱
′) = −

𝛾HF(𝐱, 𝐱′)

|𝐫 − 𝐫′|
= −∑  

𝜇,𝜈

 𝜒𝜇(𝐱)
𝛾𝜇𝜈
HF

|𝐫 − 𝐫′|
𝜒𝜈
∗(𝐱′)  

⟨𝜒𝜇|𝑣̂x|𝜒𝜈⟩ = −∑ 

𝜌,𝜎

 𝛾𝜎𝜌
HF⟨𝜇𝜌 ∣ 𝜎𝜈⟩  

𝛾𝑟𝑠
HF = ⟨𝜙𝑟|𝛾̂

HF|𝜙𝑠⟩ = {
1  if 𝑟 = 𝑠 ≤ 𝑁
0  otherwise 

 

𝛾HF𝑺𝛾HF = 𝛾HF.  

⟨Φ0|𝐻̂|Φ𝑖
𝑎⟩ = 0,  
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𝐻̂(0) =∑ 

𝑁

𝑖=1

 𝑓(𝐱𝑖).  

𝐸HF ≠ ⟨ΦHF|𝐻̂
(0)|ΦHF⟩ 

𝐸HF  = ⟨ΦHF|𝐻̂|ΦHF⟩

 = ⟨ΦHF|𝐻̂
(0)|ΦHF⟩ + ⟨ΦHF|𝐻̂ − 𝐻̂

(0)|ΦHF⟩ = 𝐸
(1)

 

𝐻̂(0)|ΦHF⟩ = 𝐸
(0)|ΦHF⟩  where  𝐸(0) =∑ 

𝑁

𝑖=1

  𝜖𝑖.  

𝐸HF =∑ 

𝑁

𝑖=1

  𝜖𝑖 −
1

2
∑  

𝑁

𝑖,𝑗=1

  ⟨𝑖𝑗‖𝑖𝑗⟩ =
1

2
∑  

𝑁

𝑖=1

  (⟨𝑖|ℎ̂|𝑖⟩ + 𝜖𝑖).  

IP𝑖
HF  = 𝐸HF

𝑁−1 − 𝐸HF
𝑁 ≈ −𝜖𝑖,

EA𝑎
HF  = 𝐸HF

𝑁 − 𝐸HF
𝑁+1 ≈ −𝜖𝑎.

 

𝜙𝑖(𝐱) = {
𝜓(𝑖+1)/2(𝐫)𝛼(𝜎)  for 𝑖 odd 

𝜓𝑖/2(𝐫)𝛽(𝜎)  for 𝑖 even 
 

𝐸RHF = 2∑  

𝑁/2

𝑖=1

  ⟨𝜓𝑖|ℎ̂|𝜓𝑖⟩ + ∑  

𝑁/2

𝑖,𝑗=1

 (2⟨𝜓𝑖𝜓𝑗 ∣ 𝜓𝑖𝜓𝑗⟩ − ⟨𝜓𝑖𝜓𝑗 ∣ 𝜓𝑗𝜓𝑖⟩)  

𝜖𝑖𝜓𝑖(𝐫) = 𝑓𝜓𝑖(𝐫) = (ℎ̂ + 𝑣̂H + 𝑣̂x)𝜓𝑖(𝐫)  

𝑣H(𝐫)  = ∫  d𝐫
′
𝜌(𝐫′)

|𝐫 − 𝐫′|

𝑣x(𝐫, 𝐫
′)  = −

1

2

𝛾HF(𝐫, 𝐫′)

|𝐫 − 𝐫′|

 

𝛾HF(𝐫, 𝐫′)  =∑  

𝜎

 𝛾HF(𝐫𝜎, 𝐫′𝜎) = 2∑  

𝑁/2

𝑖=1

 𝜓𝑖(𝐫)𝜓𝑖
∗(𝐫′)

𝜌(𝐫)  =∑  

𝜎

 𝜌(𝐫𝜎) = 2∑  

𝑁/2

𝑖=1

  |𝜓𝑖(𝐫)|
2 = 𝛾HF(𝐫, 𝐫)

 

𝑆̂2 = 𝑺̂ ⋅ 𝑺̂ =∑  

𝑖,𝑗

 𝑺(𝜎𝑖) ⋅ 𝑺(𝜎𝑗)

 =∑  

𝑖,𝑗

  [𝑆̂𝑥(𝜎𝑖)𝑆̂𝑥(𝜎𝑗) + 𝑆̂𝑦(𝜎𝑖)𝑆̂𝑦(𝜎𝑗) + 𝑆̂𝑧(𝜎𝑖)𝑆̂𝑧(𝜎𝑗)]

 =∑  

𝑖,𝑗

  [
1

2
(𝑆̂+(𝜎𝑖)𝑆̂−(𝜎𝑗) + 𝑆̂−(𝜎𝑖)𝑆̂+(𝜎𝑗)) + 𝑆̂𝑧(𝜎𝑖)𝑆̂𝑧(𝜎𝑗)]

 

|Φ⟩ = |𝜓1𝛼,… , 𝜓𝑁/2𝛼,𝜓𝑁/2+1𝛽,… , 𝜓𝑁𝛽⟩. 
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𝑆̂2 =
1

2
(𝑆̂+𝑆̂− + 𝑆̂−𝑆̂+) + 𝑆̂𝑧

2 

 

ΨHL
1 =

1

2
(𝜒𝐴(𝐫1)𝜒𝐵(𝐫2) + 𝜒𝐴(𝐫2)𝜒𝐵(𝐫1))

(𝛼(𝜎1)𝛽(𝜎2) − 𝛼(𝜎2)𝛽(𝜎1))

ΨHL
3 =

1

2
(𝜒𝐴(𝐫1)𝜒𝐵(𝐫2) − 𝜒𝐴(𝐫2)𝜒𝐵(𝐫1))

(𝛼(𝜎1)𝛽(𝜎2) + 𝛼(𝜎2)𝛽(𝜎1))

 

𝐸𝑢  = ⟨(𝜎𝑢)
2|𝐻̂|(𝜎𝑢)

2⟩ = 2⟨𝜎𝑢|ℎ̂|𝜎𝑢⟩ + (𝜎𝑢𝜎𝑢 ∣ 𝜎𝑢𝜎𝑢)

𝑉 = ⟨(𝜎𝑢)
2|𝐻̂ |(𝜎𝑔)

2
⟩ = (𝜎𝑔𝜎𝑢 ∣ 𝜎𝑔𝜎𝑢)

𝐸𝑔  = 𝐸RHF = 2⟨𝜎𝑔|ℎ̂|𝜎𝑔⟩ + (𝜎𝑔𝜎𝑔 ∣ 𝜎𝑔𝜎𝑔)

 

⟨𝜎𝑢|ℎ̂|𝜎𝑢⟩ =
⟨𝐴|ℎ̂|𝐴⟩ − ⟨𝐴|ℎ̂|𝐵⟩

1 − 𝑠
,

(𝜎𝑢𝜎𝑢 ∣ 𝜎𝑢𝜎𝑢) =
1

2(1 − 𝑠)2
[(𝐴𝐴 ∣ 𝐴𝐴) + (𝐴𝐴 ∣ 𝐵𝐵) −

4(𝐴𝐴 ∣ 𝐴𝐵) − 2(𝐴𝐵 ∣ 𝐴𝐵)],

(𝜎𝑔𝜎𝑢 ∣ 𝜎𝑔𝜎𝑢) =
1

2(1 − 𝑠2)
[(𝐴𝐴 ∣ 𝐴𝐴) + (𝐴𝐴 ∣ 𝐵𝐵)].

 

|Ψ1
CI⟩ = cos (𝛼) |(𝜎𝑔)

2
⟩ + sin (𝛼)|(𝜎𝑢)

2⟩  

∫  d𝐱∫   d𝐱′𝑤(𝐱, 𝐱′)|𝜓(𝐱, 𝐱′)|2 > 0  

ℎ𝑘  = ⟨𝜙𝑘|ℎ̂|𝜙𝑘⟩

𝑊𝑘,𝑙  =
1

2
∫   d𝐱∫   d𝐱′|𝜙𝑘(𝐱)𝜙𝑙(𝐱

′) − 𝜙𝑙(𝐱)𝜙𝑘(𝐱
′)|2𝑤(𝐱, 𝐱′)

 

⟨ΦHF|𝐻̂|ΦHF⟩  = ∑  

𝑁

𝑘=1

 ℎ𝑘 +
1

2
∑  

𝑁

𝑘,𝑙=1

 𝑊𝑘,𝑙

⟨Φ̃|𝐻̂|Φ̃⟩  = ∑  

𝑁−1

𝑘=1

 ℎ𝑘 +
1

2
∑  

𝑁−1

𝑘,𝑙=1

 𝑊𝑘,𝑙 + ℎ𝑁+1 +∑  

𝑁−1

𝑙=1

 𝑊𝑙,𝑁+1

 

𝜖𝑘 = ⟨𝜙𝑘|𝑓̂|𝜙𝑘⟩ = ℎ𝑘 +∑ 

𝑁

𝑙=1

 𝑊𝑙,𝑘 .  

⟨Φ̃|𝐻̂|Φ̃⟩= ⟨ΦHF|𝐻̂|ΦHF⟩ + ℎ𝑁+1 − ℎ𝑁 +∑  

𝑁−1

𝑙=1

  (𝑊𝑙,𝑁+1 −𝑊𝑙,𝑁) 

 = ⟨ΦHF|𝐻̂|ΦHF⟩ + 𝜖𝑁+1 − 𝜖𝑁 −𝑊𝑁,𝑁+1

 ≤ ⟨ΦHF|𝐻̂|ΦHF⟩ −𝑊𝑁,𝑁+1
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⟨𝑣 ∣ 𝑤⟩ =∑  

𝑁

𝑖=1

 𝑣𝑖
∗𝑤𝑖 = 𝒗

†𝒘  

⟨𝑓 ∣ 𝑔⟩ = ∫  d𝐫𝑓∗(𝐫)𝑔(𝐫)  

1̂ =∑  

𝑖,𝑗

  |𝜙𝑖⟩(𝑺
−1)𝑖𝑗⟨𝜙𝑗|,  

𝑆𝑖𝑗: = ⟨𝜙𝑖 ∣ 𝜙𝑗⟩ 

|𝑓⟩ = 1̂|𝑓⟩ =∑  

𝑖,𝑗

  |𝜙𝑖⟩(𝑺
−1)𝑖𝑗⟨𝜙𝑗 ∣ 𝑓⟩,  

∑ 

𝑗

(𝑺−1)𝑖𝑗⟨𝜙𝑗 ∣ 𝑓⟩ 

|𝑓⟩ =∑  

𝑘

  |𝜙𝑘⟩𝑓𝑘  

𝑓𝑖 =∑ 

𝑗

(𝑺−1)𝑖𝑗⟨𝜙𝑗 ∣ 𝑓⟩ 

⟨𝜙𝑖 ∣ 𝜙𝑗⟩ = 𝑆𝑖𝑗 = 𝛿𝑖𝑗 .  

 

 

𝑢𝑖 =∑ 

𝑗

  |𝑣𝑗⟩(𝑺
−1/2)

𝑗𝑖  
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|𝑢𝑖⟩ =∑  

𝑗

  |𝑣𝑗⟩(𝑳
−†)

𝑗𝑖  

𝑳−†:= (𝑳−1)† = (𝑳†)
−1

 

 discrete, |𝜙𝑖⟩  continuous, |𝐫⟩

 completeness ∑ 

𝑖

  |𝜙𝑖⟩⟨𝜙𝑖| = 1̂ ∫   d𝐫|𝐫⟩⟨𝐫| = 1̂

 orthonormality ⟨𝜙𝑖 ∣ 𝜙𝑗⟩ = 𝛿𝑖𝑗 ⟨𝐫 ∣ 𝐫′⟩ = 𝛿(𝐫 − 𝐫′)

 

|𝜙𝑖⟩  = 1̂|𝜙𝑖⟩ = ∫  d𝐱|𝐫⟩⟨𝐫 ∣ 𝜙𝑖⟩ = ∫  d𝐫|𝐫⟩𝜙𝑖(𝐫),

|𝐫⟩  = 1̂|𝐫⟩ =∑  

𝑖

  |𝜙𝑖⟩⟨𝜙𝑖 ∣ 𝐫⟩ =∑  

𝑖

  |𝜙𝑖⟩𝜙𝑖
∗(𝐫).

 

⟨𝜙𝑖|𝑂̂|𝜙𝑗⟩= ∫  d𝐫∫   d𝐫
′⟨𝜙𝑖 ∣ 𝐫⟩⟨𝐫|𝑂̂|𝐫

′⟩⟨𝐫′ ∣ 𝜙𝑗⟩ 

 = ∫  d𝐫∫   d𝐫′𝜙𝑖
∗(𝐫)⟨𝐫|𝑂̂|𝐫′⟩𝜙𝑗(𝐫

′)
 

⟨𝐫|𝑣̂loc|𝐫
′⟩ = 𝑣loc(𝐫, 𝐫

′) = 𝑣loc(𝐫)𝛿(𝐫 − 𝐫
′)  

⟨𝐤|𝑝̂|𝐤′⟩ = 𝐤𝛿(𝐤 − 𝐤′)  and  ⟨𝐤|𝑇̂|𝐤′⟩ =
|𝐤|2

2
𝛿(𝐤 − 𝐤′)  

 ⟨𝐫|𝑝̂|𝐫′⟩ = i𝛁𝐫′𝛿(𝐫 − 𝐫
′) = −i𝛁𝐫𝛿(𝐫 − 𝐫

′)

 ⟨𝐫|𝑇̂|𝐫′⟩ = −
1

2
∇𝐫′
2 𝛿(𝐫 − 𝐫′) =

1

2
∇𝐫 ⋅ ∇𝐫′𝛿(𝐫 − 𝐫

′)
 

𝛿(𝐫 − 𝐫′) =
1

(2𝜋)𝑑
∫   d𝐤ei𝐤⋅(𝐫−𝐫

′)  

𝜓𝑛𝑙𝑚(𝑟, 𝜃, 𝜙) = 𝑁𝑛𝑙e
−𝜌/2𝜌𝑙 L𝑛−𝑙−1

2𝑙+1 (𝜌)Y𝑙
𝑚(𝜃, 𝜙),  

(−
1

2
∇2 +

𝑍

𝑟
)𝜙𝐤(𝐫) =

𝑘2

2
𝜙𝐤(𝐫),  

𝐹𝜂𝑙(𝜌) = 𝑁̃𝜂𝑙𝜌
𝑙+1e∓i𝜌M(𝑙 + 1 ∓ i𝜂, 2𝑙 + 2,±2i𝜌),  

𝜓̃𝜂𝑙𝑚(𝑟, 𝜃, 𝜙) = 𝐹𝜂𝑙(𝜌)𝑌𝑙
𝑚(𝜃, 𝜌).  

1̂ = ∑  

𝑛,𝑙,𝑚

  |𝜓𝑛𝑙𝑚⟩⟨𝜓𝑛𝑙𝑚|

⏟            
discrete part 

+∫  
∞

0

 d𝜂∑  

𝑙,𝑚

  |𝜓̃𝜂𝑙𝑚⟩⟨𝜓̃𝜂𝑙𝑚|

⏟                
continuous part 

.
 

e−𝛼𝑟𝐴
2
e−𝛽𝑟𝐵

2
= e−𝜇𝑅𝐴𝐵

2
e−𝑝𝑟𝑃

2
,  
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𝑝 = 𝛼 + 𝛽,        𝐏 =
𝛼𝐀 + 𝛽𝐁

𝑝

𝜇 =
𝛼𝛽

𝑝
,         𝑅𝐴𝐵 = |𝐀 − 𝐁|

 

1

𝑟𝐶
=
1

√𝜋
∫  
∞

−∞

 d𝑡e−𝑟𝐶
2𝑡2  

𝐹𝑛(𝑥) = ∫  
1

0

  d𝑡𝑡2𝑛e−𝑥𝑡
2

 

𝐸 = 𝑇[𝛾] + 𝑉[𝜌] +𝑊[𝑃].  

∫  d𝐱:=∑  

𝜎

 ∫  d𝐫  

𝑇 =∫  d𝐱1⋯  d𝐱𝑁Ψ
∗(𝐱1, 𝐱2, … , 𝐱𝑁)∑  

𝑁

𝑖=1

 −
1

2
∇𝑖
2Ψ(𝐱1, 𝐱2, … , 𝐱𝑁)  

=−
1

2
∫   d𝐱1⋯  d𝐱𝑁Ψ

∗(𝐱1, 𝐱2, … , 𝐱𝑁)∇𝐫1
2 Ψ(𝐱1, 𝐱2, … , 𝐱𝑁) + ⋯+ 

 −
1

2
∫   d𝐱1⋯  d𝐱𝑁Ψ

∗(𝐱1, 𝐱2, … , 𝐱𝑁)∇𝐫𝑁
2 Ψ(𝐱1, 𝐱2, … , 𝐱𝑁)

=−
𝑁

2
∫   d𝐱1⋯  d𝐱𝑁Ψ

∗(𝐱1, 𝐱2, … , 𝐱𝑁)∇𝐫1
2 Ψ(𝐱1, 𝐱2, … , 𝐱𝑁)  

= −
1

2
∫   d𝐱1[∇𝐫1

2 𝛾(𝐱1, 𝐱1
′ )]

𝐱1
′=𝐱1

 

𝛾(𝐱1, 𝐱1
′ ):= 𝑁∫   d𝐱2⋯  d𝐱𝑁Ψ(𝐱1, 𝐱2, … , 𝐱𝑁) ×

Ψ∗(𝐱1
′ , 𝐱2, … , 𝐱𝑁)

 

𝛾(𝐫, 𝐫′):=∑  

𝜎

 𝛾(𝐫𝜎, 𝐫′𝜎)  

𝑇[𝛾] = −
1

2
∫   d𝐫[∇𝐫

2𝛾(𝐫, 𝐫′)]𝐫′=𝐫 =
1

2
∫   d𝐫[∇𝐫 ⋅ ∇𝐫′𝛾(𝐫, 𝐫

′)]𝐫′=𝐫  

𝜌(𝐱1) ∶= 𝑁∫   d𝐱2⋯𝐱𝑁|Ψ(𝐱1, 𝐱2, … , 𝐱𝑁)|
2

𝑃(𝐱1, 𝐱2) ∶= 𝑁(𝑁 − 1)∫  d𝐱3⋯𝐱𝑁|Ψ(𝐱1, 𝐱2, … , 𝐱𝑁)|
2

 

𝑉[𝜌]  = ∫  d𝐫𝑣(𝐫)𝜌(𝐫)

𝑊[𝑃]  =
1

2
∫   d𝐫1∫   d𝐫2𝑤(|𝐫1 − 𝐫2|)𝑃(𝐫1, 𝐫2)

 

Γ(𝐱1𝐱2, 𝐱2
′ 𝐱1
′ ):= 𝑁(𝑁 − 1)∫  d𝐱3⋯  d𝐱𝑁Ψ(𝐱1, 𝐱2, 𝐱3, … , 𝐱𝑁) ×

Ψ∗(𝐱1
′ , 𝐱2

′ , 𝐱3, … , 𝐱𝑁)
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𝑃(𝐱1, 𝐱2)  = Γ(𝐱1𝐱2, 𝐱2𝐱1)

𝛾(𝐱1, 𝐱1
′ )  =

1

𝑁 − 1
∫   d𝐱2Γ(𝐱1𝐱2, 𝐱2𝐱1

′ )

𝜌(𝐱)  = 𝛾(𝐱, 𝐱) =
1

𝑁 − 1
∫   d𝐱′Γ(𝐱𝐱′, 𝐱′𝐱)

 

inf
Ξ
 𝐸[Ξ] = −∞  

𝐸gs = min
𝑁-representable Γ

 𝐸[Γ].  

𝐸[𝛾] = Tr{𝐿̂Γ̂} = ∫  d𝐱1∫   d𝐱2𝐿̂Γ(𝐱1𝐱2, 𝐱2
′ 𝐱1
′ )]

𝐱1
′=𝐱1;𝐱2

′=𝐱2

 

𝐿̂ =
1

2(𝑁 − 1)
(−

1

2
(∇𝐫1
2 + ∇𝐫2

2 ) + 𝑣(𝐫1) + 𝑣(𝐫2)) +
1

|𝐫1 − 𝐫2|
.  

 

𝑣(𝐫) ⟼
𝐻̂Ψ=𝐸Ψ

Ψ ⟼
∫   d𝐫

𝜌(𝐫).  

(𝑇̂ + 𝑉̂1 + 𝑊̂)Ψ = 𝐸1Ψ

(𝑇̂ + 𝑉̂2 + 𝑊̂)Ψ = 𝐸2Ψ
 

(𝐸1 − 𝐸2)Ψ = (𝑉̂1 − 𝑉̂2)Ψ =∑  

𝑁

𝑖=1

  (𝑣1(𝐫𝑖) − 𝑣2(𝐫𝑖))Ψ  

∑ 

𝑁

𝑖=1

 (𝑣1(𝐫𝑖) − 𝑣2(𝐫𝑖)) = 𝐸1 − 𝐸2 =  constant  

𝐸1 = ⟨Ψ1|𝑇̂ + 𝑉̂1 + 𝑊̂|Ψ1⟩

⟨⟨Ψ2|𝑇̂ + 𝑉̂1 + 𝑊̂ ∣ Ψ2⟩= ⟨Ψ2|𝑇̂ + 𝑉̂2 + 𝑊̂|Ψ2⟩ + ⟨Ψ2|𝑉̂1 − 𝑉̂2|Ψ2⟩ 

 = 𝐸2 +∫  d𝐫𝜌(𝐫)(𝑣1(𝐫) − 𝑣2(𝐫))

 

𝐸2 < 𝐸1 +∫  d𝐫𝜌(𝐫)(𝑣2(𝐫) − 𝑣1(𝐫))  
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𝐸1 + 𝐸2 < 𝐸1 + 𝐸2  

𝑣(𝐫) ⟷
 HK-I 

Ψ ⟷
 HK-II 

𝜌(𝐫),  

𝑂[𝜌] = ⟨Ψ[𝜌]|𝑂̂|Ψ[𝜌]⟩  

𝐸[𝜌] = ⟨Ψ[𝜌]|𝐻̂|Ψ[𝜌]⟩ = 𝐹HK[𝜌] + ∫  d𝐫𝜌(𝐫)𝑣(𝐫)  

𝐹HK[𝜌]:= ⟨Ψ[𝜌]|𝑇̂ + 𝑊̂|Ψ[𝜌]⟩ 

𝑣̂𝜓(𝐱) = (𝑣̂𝜓)(𝐱) = ∫  d𝐱′𝑣(𝐱, 𝐱′)𝜓(𝐱′)  

𝑉̂ =∑  

𝑁

𝑖=1

  𝑣̂(𝐱𝑖, 𝐱𝑖
′)  

⟨Ψ|𝑉̂|Ψ⟩ = ∫  d𝐱∫   d𝐱′𝑣(𝐱′, 𝐱)𝛾(𝐱, 𝐱′)  

 

𝐸gs= min
Ψ
 ⟨Ψ|𝑇̂ + 𝑉̂ + 𝑊̂|Ψ⟩  

 = min
𝜌
  (min
Ψ→𝜌

 ⟨Ψ|𝑇̂ + 𝑊̂|Ψ⟩ + ∫  d𝐫𝜌(𝐫)𝑣(𝐫))
 



 

pág. 13284 

𝐹LL[𝜌]: = min
Ψ→𝜌

 ⟨Ψ|𝑇̂ + 𝑊̂|Ψ⟩  

𝑊H[𝜌]: =
1

2
∫   d𝐫1∫   d𝐫2

𝜌(𝐫1)𝜌(𝐫2)

|𝐫1 − 𝐫2|
 

𝑇TF[𝜌]: = 𝐶TF∫   d𝐫𝜌(𝐫)
5/3, 𝐶TF:=

3

10
(3𝜋2)2/3  

𝐸[𝜌] ≈ 𝐸TF[𝜌]: = 𝑇TF[𝜌] + 𝑉[𝜌] +𝑊H[𝜌].  

𝜓𝐤(𝐫) = Ω
−1/2ei𝐤⋅𝐫 

𝑘𝑖 =
2𝜋𝑛𝑖
𝐿

 𝑖 = 𝑥, 𝑦, 𝑧 𝑛𝑖 = 0,±1,±2,…  

𝜖(𝐤) =
1

2
|𝐤|2 

∑  

𝑛𝑥,𝑛𝑦,𝑛𝑧

  =
Ω

(2𝜋)3
∑  

𝑘𝑥,𝑘𝑦,𝑘𝑧

  →
𝐿→∞ Ω

(2𝜋)3
∫   d𝐤.  

𝑇𝑠[𝜌]: = min
Ψ𝑠→𝜌

 ⟨Ψ𝑠|𝑇̂|Ψ𝑠⟩.  

Ψ𝑠(𝐱1, … , 𝐱𝑁) =
1

√𝑁!
|

𝜙1(𝐱1) 𝜙2(𝐱1) … 𝜙𝑁(𝐱1)

𝜙1(𝐱2) 𝜙2(𝐱2) … 𝜙𝑁(𝐱2)
⋮ ⋮ ⋱ ⋮

𝜙1(𝐱𝑁) 𝜙2(𝐱𝑁) … 𝜙𝑁(𝐱𝑁)

| .  

𝛾𝑠(𝐱, 𝐱
′) =∑  

𝑁

𝑖=1

 𝜙𝑖(𝐱)𝜙𝑖
∗(𝐱′).  

𝑇̃𝑠[{𝜙, 𝜙
∗}] = −

1

2
∫   d𝐱[∇𝐫

2𝛾𝑠(𝐱, 𝐱
′)]𝐱′=𝐱 = −

1

2
∑  

𝑁

𝑖=1

  ⟨𝜙𝑖|∇
2|𝜙𝑖⟩,  

𝐿𝜌[{𝜙, 𝜙
∗}, 𝑣𝑠, 𝝐]: = 𝑇̃𝑠[{𝜙, 𝜙

∗}]−∑  

𝑖𝑗

  𝜖𝑗𝑖(⟨𝜙𝑖 ∣ 𝜙𝑗⟩ − 𝛿𝑖𝑗) +  

 ∫  d𝐫𝑣𝑠(𝐫)(∑  

𝑖,𝜎

  |𝜙𝑖(𝐫𝜎)|
2 − 𝜌(𝐫))

 

0 = 𝛿𝐿𝜌 = ∫  d𝐱∑  

𝑁

𝑖=1

 (𝛿𝜙𝑖
∗(𝐱)

𝛿𝐿𝜌

𝛿𝜙𝑖
∗(𝐱)

+
𝛿𝐿𝜌

𝛿𝜙𝑖(𝐱)
𝛿𝜙𝑖(𝐱))  

0 =
𝛿𝐿𝜌

𝛿𝜙𝑖
∗(𝐱)

= −
1

2
∇2𝜙𝑖(𝐱) −∑  

𝑁

𝑗=1

 𝜙𝑗(𝐱)𝜖𝑗𝑖 + 𝑣𝑠(𝐫)𝜙𝑖(𝐱).  
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(−
1

2
∇2 + 𝑣𝑠(𝐫))𝜙𝑖(𝐱) =∑  

𝑁

𝑗=1

 𝜙𝑗(𝐱)𝜖𝑗𝑖.  

𝑇̃𝑠 =
1

2
∑  

𝑁

𝑖=1

  ⟨∇𝜙𝑖 ∣ ∇𝜙𝑖⟩ = −
1

2
∑  

𝑁

𝑖=1

  ⟨∇2𝜙𝑖 ∣ 𝜙𝑖⟩.  

(−
1

2
∇2 + 𝑣𝑠(𝐫))𝜙𝑖

∗(𝐱) =∑  

𝑁

𝑗=1

 𝜖𝑖𝑗𝜙𝑗
∗(𝐱)  

(−
1

2
∇2 + 𝑣𝑠(𝐫))𝜙𝑘(𝐱) = 𝜀𝑘𝜙𝑘(𝐱)  

𝜙𝑘(𝐱) = 𝜙𝑘(𝐫𝜎) = {
𝜓(𝑘+1)/2(𝐫)𝛼(𝜎)  for 𝑘 odd 

𝜓𝑘/2(𝐫)𝛽(𝜎)  for 𝑘 even. 
 

𝛾𝑠(𝐫, 𝐫
′) = 2∑  

𝑁/2

𝑖=1

 𝜓𝑖(𝐫)𝜓𝑖
∗(𝐫′)  

∫  d𝐫
𝛿𝑊H
𝛿𝜌(𝐫)

𝛿𝜌(𝐫)  

𝑇𝑠[𝜌] = 𝐿𝜌[{𝜙𝑖[𝜌], 𝜙𝑖
∗[𝜌]}, 𝑣𝑠[𝜌], 𝝐[𝜌]]  

𝛿𝑇𝑠
𝛿𝜌(𝐫)

=  ∑  

𝑖

 ∫   d𝐱′ (
𝜕𝐿𝜌

𝜕𝜙𝑖(𝐱
′)
|
𝜌

𝛿𝜙𝑖(𝐱
′)

𝛿𝜌(𝐫)
+

𝜕𝐿𝜌

𝜕𝜙𝑖
∗(𝐱′)

|
𝜌

𝛿𝜙𝑖
∗(𝐱′)

𝛿𝜌(𝐫)
) +

∫  d𝐫′
𝜕𝐿𝜌

𝜕𝑣𝑠(𝐫
′)
|
𝜌

𝛿𝑣𝑠(𝐫
′)

𝛿𝜌(𝐫)
+∑  

𝑖

 
𝜕𝐿𝜌

𝜕𝜖𝑖𝑗
|

𝜌

𝛿𝜖𝑖𝑗

𝛿𝜌(𝐫)
+
𝜕𝐿𝜌

𝜕𝜌(𝐫)
|
𝜌

= −𝑣𝑠[𝜌](𝐫)

 

𝐸[𝜌] = 𝐹[𝜌] + 𝑉[𝜌] = 𝑇𝑠[𝜌] + 𝑉[𝜌] + 𝐹[𝜌] − 𝑇𝑠[𝜌]⏟        
=:𝐸Hxc[𝜌]

,
 

𝐸xc[𝜌]:= 𝐸Hxc[𝜌] −𝑊H[𝜌] = 𝑇[𝜌] − 𝑇𝑠[𝜌]⏟        
=:𝑇𝑐[𝜌]

+𝑊xc[𝜌]  

∫  d𝐫𝛿𝜌(𝐫) = 0  

0 = 𝛿𝐸 = ∫  d𝐫
𝛿𝐸

𝛿𝜌(𝐫)
𝛿𝜌(𝐫)  ⇒  𝑐 =

𝛿𝐸

𝛿𝜌(𝐫)
=

𝛿𝐹

𝛿𝜌(𝐫)
+ 𝑣(𝐫)  

𝑐 =
𝛿𝐸

𝛿𝜌(𝐫)
=

𝛿𝑇𝑠
𝛿𝜌(𝐫)

+ 𝑣(𝐫) +
𝛿𝐸Hxc
𝛿𝜌(𝐫)

 

𝑣𝑠[𝜌](𝐫) = 𝑣(𝐫) + 𝑣H[𝜌](𝐫) + 𝑣xc[𝜌](𝐫),  

𝑣H[𝜌](𝐫):=
𝛿𝑊H
𝛿𝜌(𝐫)

= ∫  d𝐫′
𝜌(𝐫′)

|𝐫 − 𝐫′|
, 𝑣xc[𝜌](𝐫): =

𝛿𝐸xc
𝛿𝜌(𝐫)

.  
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𝑊 =
1

2
∫   d𝐫1∫   d𝐫2

𝑃(𝐫1, 𝐫2)

|𝐫1 − 𝐫2|
.  

𝜌(𝐫 ∣ 𝐫ref):=
𝑃(𝐫, 𝐫ref)

𝜌(𝐫ref)
 

𝑊 =
1

2
∫   d𝐫∫   d𝐫ref

𝜌(𝐫 ∣ 𝐫ref)𝜌(𝐫ref)

|𝐫 − 𝐫ref|
 

𝑊xc:= 𝑊 −𝑊H=
1

2
∫   d𝐫∫   d𝐫ref

𝜌(𝐫 ∣ 𝐫ref)𝜌(𝐫ref) − 𝜌(𝐫)𝜌(𝐫ref)

|𝐫 − 𝐫ref|
 

 =
1

2
∫   d𝐫∫   d𝐫ref𝜌(𝐫ref)

𝜌xc(𝐫 ∣ 𝐫ref)

|𝐫 − 𝐫ref|

 

𝜌xc(𝐫 ∣ 𝐫ref):= 𝜌(𝐫 ∣ 𝐫ref) − 𝜌(𝐫) =
𝑃(𝐫, 𝐫ref)

𝜌(𝐫ref)
− 𝜌(𝐫)  

∫  d𝐫𝜌xc(𝐫 ∣ 𝐫ref) = −1  

𝑃𝑠(𝐫1, 𝐫2) = 𝜌(𝐫1)𝜌(𝐫2) −
1

2
|𝛾𝑠(𝐫1, 𝐫2)|

2.  

𝜌x(𝐫 ∣ 𝐫ref):= −
1

2

|𝛾𝑠(𝐫, 𝐫ref)|
2

𝜌(𝐫ref)
.  

𝜌xc(𝐫 ∣ 𝐫ref) =: 𝜌x(𝐫 ∣ 𝐫ref) + 𝜌c(𝐫 ∣ 𝐫ref).  

∫  d𝐫1∫   d𝐫2𝑃(𝐫1, 𝐫2) = 𝑁(𝑁 − 1).  

𝑃𝑠(𝐱1, 𝐱2) = 𝜌(𝐱1)𝜌(𝐱2) − |𝛾𝑠(𝐱1, 𝐱2)|
2 

𝑃𝑠(𝐫1, 𝐫2) = 𝜌(𝐫1)𝜌(𝐫2) −
1

2
|𝛾𝑠(𝐫1, 𝐫2)|

2 

𝜌x(𝐫 ∣ 𝐫ref) = −𝜌(𝐫)/2 

𝐸𝜆 = ⟨Ψ𝜆|𝐻̂𝜆|Ψ𝜆⟩ = ⟨Ψ𝜆|𝑇̂ + 𝑉̂𝜆 + 𝜆𝑊̂|Ψ𝜆⟩.  

𝜕𝐸𝜆
𝜕𝜆
= ⟨Ψ𝜆|

𝜕𝐻̂𝜆
𝜕𝜆

|Ψ𝜆⟩  (Hellman-Feynman)  

= ⟨Ψ𝜆|
𝜕𝑉̂𝜆
𝜕𝜆
|Ψ𝜆⟩ + ⟨Ψ𝜆|𝑊̂|Ψ𝜆⟩  

 = ∫  d𝐫𝜌(𝐫)
𝜕𝑣𝜆(𝐫)

𝜕𝜆
+
1

2
∫   d𝐫1∫   d𝐫2

𝑃𝜆(𝐫1, 𝐫2)

|𝐫1 − 𝐫2|

 

𝐸1 − 𝐸0= ∫  
1

0

  d𝜆
𝜕𝐸

𝜕𝜆
 

 = ∫  d𝐫𝜌(𝐫)(𝑣1(𝐫) − 𝑣0(𝐫)) +
1

2
∫   d𝐫1∫   d𝐫2

𝑃‾(𝐫1, 𝐫2)

|𝐫1 − 𝐫2|
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𝑃‾(𝐫1, 𝐫2):= ∫  
1

0

  d𝜆𝑃𝜆(𝐫1, 𝐫2)  

𝐸Hxc = 𝑇 − 𝑇𝑠 +𝑊Hxc =
1

2
∫   d𝐫1∫   d𝐫2

𝑃‾(𝐫1, 𝐫2)

|𝐫1 − 𝐫2|
 

 

 

𝐸xc =
1

2
∫   d𝐫1∫   d𝐫2

𝑃‾(𝐫1, 𝐫2) − 𝜌(𝐫1)𝜌(𝐫2)

|𝐫1 − 𝐫2|
.  

𝜌‾xc(𝐫 ∣ 𝐫ref):=
𝑃‾(𝐫, 𝐫ref)

𝜌(𝐫ref)
− 𝜌(𝐫).  

𝜌x(𝐫 ∣ 𝐫ref) = −
1

2
𝜌(𝐫),  

𝐸HF(𝑅H−H → ∞) = 𝐶 −
1

2𝑅H−H
 

𝐶 = lim
𝑅→∞

 𝐸RHF(𝑅) ≈ 2⟨𝐴|ℎ̂|𝐴⟩ +
1

2
(𝐴𝐴 ∣ 𝐴𝐴) = 𝜁2 − 2𝜁 +

5𝜁

16
,  

 

𝜌‾xc
LDA(𝐫 ∣ 𝐫ref):= 𝜌‾xc

HEG(𝜌(𝐫ref), |𝐫 − 𝐫ref|).  

𝛾𝑠
HEG(𝑘𝐹 , 𝑟12) =

𝑘𝐹
3

𝜋2
𝐽(𝑘𝐹𝑟12), 𝐽(𝑦) =

𝑗1(𝑦)

𝑦
=
sin (𝑦) − 𝑦cos (𝑦)

𝑦3
,  

𝑊x
LDA[𝜌] = −𝐶x∫   d𝐫𝜌(𝐫)

4/3, 𝐶x: =
3

4
(
3

𝜋
)
1/3

 

𝑊x
X𝛼[𝜌] =

3

2
𝛼𝑊x

LDA[𝜌]  
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∫  d𝐫𝜌x
LDA(𝐫 ∣ 𝐫ref) = −

2

𝜋
∫  
∞

0

 d𝑥(𝑞(𝑥))2.  

𝛾𝑠
HEG(𝑘𝐹, 𝑟12) =

1

4𝜋3
∫  
Ω𝐹

  d𝐤ei𝐤⋅𝐫12  

∫  
∞

−∞

 d𝑥ei𝑘𝑥 = 2𝜋𝛿(𝑘),  

𝑠:= |∇𝜌|/(2𝑘𝐹𝜌) 

𝜌‾xc
GEA(𝐫 ∣ 𝐫ref):= 𝜌‾xc

HEG(𝜌(𝐫ref), |∇𝜌(𝐫ref)|, |𝐫 − 𝐫ref|),  

𝜏𝑠(𝐱):=
1

2
∑  

𝑁

𝑖=1

  |∇𝜙𝑖(𝐱)|
2.  

𝛼(𝐫) =
𝜏𝑠(𝐫) − 𝜏W(𝐫)

𝜏HEG(𝐫)
,  

𝜏W(𝐫) =
1

8

|𝛁𝜌(𝐫)|2

𝜌(𝐫)
 

𝜏HEG(𝐫) = 𝐶TF𝜌(𝐫)
5/3;  𝐶TF =

3

10
(3𝜋2)2/3  

𝜏𝑠(𝐱) =∑  

𝑁

𝑖=1

  𝜀𝑖|𝜙𝑖(𝐱)|
2 − 𝑣𝑠(𝐫)𝜌(𝐱) +

1

4
∇2𝜌(𝐱).  
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𝐸xc
B3PW91 =𝐸xc

VW5 + 𝑎0(𝐸x
exact − 𝐸x

VWN5) +

𝑎𝑥(𝐸x
B88 − 𝐸x

VWN5) + 𝑎𝑐(𝐸c
PW91 − 𝐸c

VWN5),
 

𝜀НОМО = −𝐼0 = 𝐸0(𝑁) − 𝐸0(𝑁 − 1).  

𝜌(𝑟 → ∞) ∼ e−2√2𝐼0𝑟  

𝜓𝑘(𝑟 → ∞) ∼ e−√−2𝜖𝑘𝑟  

𝐹L[𝜌] = min
Γ̂→𝜌

 Tr{Γ̂(𝑇̂ + 𝑊̂)}  

Γ̂ =∑  

𝐾

𝑤𝐾|Ψ𝐾⟩⟨Ψ𝐾| 

∑ 

𝐾

𝑤𝐾 = 1 

𝜙(𝐫) = √cos2 (𝜃)|𝜎𝑔(𝐫)|
2
+ sin2 (𝜃)|𝜎𝑢(𝐫)|

2  

𝑊SCE[𝜌] = min
Γ̂→𝜌

 Tr{Γ̂𝑊̂}  

𝐹[𝜌] ≥ 𝑇𝑠[𝜌] +𝑊SCE[𝜌]  

𝑁𝑒(𝑥) = ∫  
𝑥

−∞

  d𝑦𝜌(𝑦)  

𝜉:=
𝑟𝐴 + 𝑟𝐵
𝑅

  and  𝜂: =
𝑟𝐵 − 𝑟𝐴
𝑅

,  

𝑥 =
𝑅

2
√(𝜉2 − 1)(1 − 𝜂2)  and  𝑧 =

𝑅

2
𝜉𝜂  



 

pág. 13291 

 

𝐫 = (
𝑥
𝑦
𝑧
) =

𝑅

2
(

√(𝜉2 − 1)(1 − 𝜂2)cos (𝜙)

√(𝜉2 − 1)(1 − 𝜂2)sin (𝜙)

𝜉𝜂

) .  

(𝐞𝜉 𝐞𝜂 𝐞𝜙) = 𝑱 = (
𝜕𝐫

𝜕𝜉

𝜕𝐫

𝜕𝜂

𝜕𝐫

𝜕𝜙
)

 =
𝑅

2

(

 
 
 
 
 𝜉√

1 − 𝜂2

𝜉2 − 1
cos (𝜙) −𝜂√

𝜉2 − 1

1 − 𝜂2
cos (𝜙) −√(𝜉2 − 1)(1 − 𝜂2)sin (𝜙)

𝜉√
1 − 𝜂2

𝜉2 − 1
sin (𝜙) −𝜂√

𝜉2 − 1

1 − 𝜂2
sin (𝜙) √(𝜉2 − 1)(1 − 𝜂2)cos (𝜙)

𝜂 𝜉 0 )

 
 
 
 
 

 

𝜆𝜉  = |𝐞𝜉| =
𝑅

2
√
𝜉2 − 𝜂2

𝜉2 − 1

𝜆𝜂  = |𝐞𝜂| =
𝑅

2
√
𝜉2 − 𝜂2

1 − 𝜂2

𝜆𝜙  = |𝐞𝜙| =
𝑅

2
√(𝜉2 − 1)(1 − 𝜂2)

 

d𝐫 = 𝜆𝜉𝜆𝜂𝜆𝜙d𝜉 d𝜂 d𝜙 =
𝑅3

8
(𝜉2 − 𝜂2)d𝜉 d𝜂 d𝜙  
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∇2=
1

𝜆𝜉𝜆𝜂𝜆𝜙
(
𝜕

𝜕𝜉

𝜆𝜂𝜆𝜙

𝜆𝜉

𝜕

𝜕𝜉
+
𝜕

𝜕𝜂

𝜆𝜉𝜆𝜙

𝜆𝜂

𝜕

𝜕𝜂
+
𝜕

𝜕𝜙

𝜆𝜉𝜆𝜂

𝜆𝜙

𝜕

𝜕𝜙
)

=
4

𝑅2(𝜉2 − 𝜂2)
[
𝜕

𝜕𝜉
(𝜉2 − 1)

𝜕

𝜕𝜉
+
𝜕

𝜕𝜂
(1 − 𝜂2)

𝜕

𝜕𝜂
+

(
1

𝜉2 − 1
+

1

1 − 𝜂2
)
𝜕2

𝜕𝜙2
]

 

𝐹: 𝑋 → 𝐾,  

𝐹𝑖[𝒗] = 𝑣𝑖.  

𝜕𝐹𝑖[𝒗]

𝜕𝑣𝑘
= 𝛿𝑖𝑘 .  

𝐹𝛼[𝒗] =∑  

𝑛

𝑖=1

 𝑣𝑖
𝛼  

𝜕𝐹𝛼[𝒗]

𝜕𝑣𝑘
= 𝛼𝑣𝑘

𝛼−1.  

𝜕𝐹𝛼[𝒗]

𝜕𝑣𝑘
=

𝜕

𝜕𝑣𝑘
∑ 

𝑛

𝑖=1

  (𝐹𝑖[𝒗])
𝛼 =∑ 

𝑛

𝑖=1

 
𝜕

𝜕𝑣𝑘
(𝐹𝑖[𝒗])

𝛼  

 = ∑  

𝑛

𝑖=1

 𝛼(𝐹𝑖[𝒗])
𝛼−1

𝜕𝐹𝑖[𝒗]

𝜕𝑣𝑘
=∑ 

𝑛

𝑖=1

 𝛼𝑣𝑖
𝛼−1𝛿𝑖𝑘 = 𝛼𝑣𝑘

𝛼−1

 

𝐹𝐱[𝑓] = 𝑓(𝐱)  

𝛿𝐹𝐱[𝑓]

𝛿𝑓(𝐱′)
= 𝛿(𝐱 − 𝐱′) = 𝛿(𝐫 − 𝐫′)𝛿𝜎,𝜎′  

𝐹𝛼[𝑓] = ∫  d𝐱(𝑓(𝐱))
𝛼  

𝛿𝐹𝛼[𝑓]

𝛿𝑓(𝐲)
= 𝛼(𝑓(𝐲))𝛼−1  

𝛿𝐹𝛼[𝑓]

𝛿𝑓(𝐲)
=

𝛿

𝛿𝑓(𝐲)
∫  d𝐱(𝐹𝐱[𝑓])

𝛼 = ∫  d𝐱
𝛿

𝛿𝑓(𝐲)
(𝐹𝐱[𝑓])

𝛼 

= ∫  d𝐱𝛼(𝐹𝐱[𝑓])
𝛼−1

𝛿𝐹𝐱[𝑓]

𝛿𝑓(𝐲)
 

 = ∫  d𝐱𝛼(𝑓(𝑥))𝛼−1𝛿(𝐱 − 𝐲) = 𝛼(𝑓(𝐲))𝛼−1
 

𝐷ℎ𝐹[𝑓] = lim
𝜖→0

 
𝐹[𝑓 + 𝜖ℎ] − 𝐹[𝑓]

𝜖
=
d𝐹[𝑓 + 𝜖ℎ]

d𝜖
|
𝜖=0
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𝐷ℎ𝐹𝛼[𝑓]= lim
𝜖→0

 
1

𝜖
∫   d𝐱[(𝑓(𝐱) + 𝜖ℎ(𝐱))𝛼 − (𝑓(𝐱))𝛼] 

= lim
𝜖→0

 ∫   d𝐱𝛼(𝑓(𝐱))𝛼−1ℎ(𝐱) + 𝒪(𝜖)  

 = ∫  d𝐱𝛼(𝑓(𝐱))𝛼−1⏟      

=
𝛿
𝛿
𝐹𝛼

ℎ(𝐱)

 

𝐿[𝑓] = ∫  d𝐱ℒ(𝑓(𝐱), ∇𝑓(𝐱))  

𝐷ℎ𝐿[𝑓]= lim
𝜖→0

 
1

𝜖
∫   d𝐱[ℒ(𝑓(𝐱) + 𝜖ℎ(𝐱), ∇(𝑓(𝐱) + 𝜖ℎ(𝐱))) − ℒ(𝑓(𝐱), ∇𝑓(𝐱))] 

= lim
𝜖→0

 ∫   d𝐱 [
𝜕ℒ

𝜕𝑓
(𝐱)ℎ(𝐱) +

𝜕ℒ

𝜕∇𝑓
(𝐱) ⋅ ∇ℎ(𝐱) + 𝒪(𝜖)]  

 = ∫  d𝐱 [
𝜕ℒ

𝜕𝑓
(𝐱) − ∇ ⋅

𝜕ℒ

𝜕∇𝑓
(𝐱)] ℎ(𝐱)

 

𝜕ℒ

𝜕𝑓
(𝐱)

𝜕ℒ

𝜕∇𝑓
(𝐱) 

𝛿𝐿

𝛿𝑓(𝐱)
=
𝜕ℒ

𝜕𝑓
(𝐱) − ∇ ⋅

𝜕ℒ

𝜕∇𝑓
(𝐱) =

𝜕𝐿

𝜕𝑓(𝐱)
− ∇ ⋅

𝜕𝐿

𝜕∇𝑓(𝐱)
 

min
𝐫∈ℝ𝑁

  𝑓(𝐫)

 subject to ℎ𝑗(𝐫) = 0  for 𝑗 = 1,… , 𝑙,
 

𝑓 = 𝑑𝑂𝐵 + 𝑑𝐵𝐹 .  



 

pág. 13294 
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∇𝑓(𝑷) + 𝜆∇ℎ(𝑷) = 0.  
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𝐿(𝐫, 𝝀) = 𝑓(𝐫) +∑  

𝑙

𝑗=1

 𝜆𝑗ℎ𝑗(𝐫)  
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∇𝑓(𝐫) +∑  

𝑙

𝑗=1

 𝜆𝑗∇ℎ𝑗(𝐫) = 𝟎

ℎ𝑗(𝐫) = 0  for 𝑗 = 1,… , 𝑙

 

min
𝑥,𝑦∈ℝ

 𝑓(𝑥, 𝑦)  = 𝑥2𝑦

 subject to 𝑥2 + 𝑦2  = 3
 

𝐿(𝑥, 𝑦, 𝜆) = 𝑓(𝑥, 𝑦) + 𝜆ℎ(𝑥, 𝑦) = 𝑥2𝑦 + 𝜆(𝑥2 + 𝑦2 − 3).  

𝜕𝐿

𝜕𝑥
= 2𝑥𝑦 + 2𝜆𝑥 = 0,

𝜕𝐿

𝜕𝑦
= 𝑥2 + 2𝜆𝑦 = 0,

𝜕𝐿

𝜕𝜆
= 𝑥2 + 𝑦2 − 3 = 0.

 

𝑥2 − 2𝑦2 = 0 ⇒  𝑥2 = 2𝑦2.  

3𝑦2 = 3 ⇒  𝑦 = ±1.  

ℎ(𝑥, 𝑦) = 𝑦 − (𝛼𝑥 + ℎ),  

∇ℎ(𝑥, 𝑦) = (−𝛼, 1)𝑇  

𝑓(𝑥, 𝑦) = 𝑑𝑂𝐵 + 𝑑𝐵𝐹 = √𝑥
2 + 𝑦2 +√(𝑥 − 𝑐)2 + 𝑦2  

𝜕𝑓

𝜕𝑥
=

2𝑥

2√𝑥2 + 𝑦2
+

2(𝑥 − 𝑐)

2√(𝑥 − 𝑐)2 + 𝑦2
=

𝑥

𝑑𝑂𝐵
+
𝑥 − 𝑐

𝑑𝐵𝐹
,

𝜕𝑓

𝜕𝑦
=

2𝑦

2√𝑥2 + 𝑦2
+

2𝑦

2√(𝑥 − 𝑐)2 + 𝑦2
=

𝑦

𝑑𝑂𝐵
+

𝑦

𝑑𝐵𝐹
.

 

𝜕𝐿

𝜕𝑥
=
𝜕𝑓

𝜕𝑥
+ 𝜆

𝜕𝑔

𝜕𝑥
=

𝑥

𝑑𝑂𝑃
+
𝑥 − 𝑐

𝑑𝑃𝐶
− 𝛼𝜆 = 0,

𝜕𝐿

𝜕𝑦
=
𝜕𝑓

𝜕𝑦
+ 𝜆

𝜕𝑔

𝜕𝑦
=

𝑦

𝑑𝑂𝑃
+
𝑦

𝑑𝑃𝐶
+ 𝜆 = 0,

𝛼𝑥 + ℎ = 𝑦.

 

(
1

𝑑𝑂𝑃
+

1

𝑑𝑃𝐶
) 𝑥 −

𝑐

𝑑𝑃𝐶
+ 𝛼 (

1

𝑑𝑂𝑃
+

1

𝑑𝑃𝐶
) 𝑦 = 0

⇔ (
1

𝑑𝑂𝑃
+
1

𝑑𝑃𝐶
) (𝑥 + 𝛼𝑦) =

𝑐

𝑑𝑃𝐶

⇔ (
𝑑𝑃𝐶
𝑑𝑂𝑃

+ 1) (𝑥 + 𝛼𝑦) = 𝑐

 

⇔
𝑑𝑃𝐶
𝑑𝑂𝑃

=
𝑐

𝑥 + 𝛼𝑦
− 1

⇔ √
(𝑥 − 𝑐)2 + 𝑦2

𝑥2 + 𝑦2
=
𝑐 − 𝑥 − 𝛼𝑦

𝑥 + 𝛼𝑦
.
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(𝑥 − 𝑐)2 + 𝑦2

𝑥2 + 𝑦2
=
(𝑥 + 𝛼𝑦 − 𝑐)2

(𝑥 + 𝛼𝑦)2

⇔ ((𝑥 − 𝑐)2 + 𝑦2)(𝑥 + 𝛼𝑦)2 = (𝑥2 + 𝑦2)(𝑥 + 𝛼𝑦 − 𝑐)2

⇔ (𝑥2 + 𝑦2)(𝑥 + 𝛼𝑦)2 + (𝑐2 − 2𝑐𝑥)(𝑥 + 𝛼𝑦)2

⇔ = (𝑥2 + 𝑦2)(𝑥 + 𝛼𝑦)2 + (𝑥2 + 𝑦2)(𝑐2 − 2𝑐(𝑥 + 𝛼𝑦))

⇔ (𝑐 − 2𝑥)(𝑥 + 𝛼𝑦)2 = (𝑥2 + 𝑦2)(𝑐 − 2(𝑥 + 𝛼𝑦)).

 

 l.h. =(𝑐 − 2𝑥)(𝑥 + 𝛼(𝛼𝑥 + ℎ))2  

=(𝑐 − 2𝑥)((1 + 𝛼2)𝑥 + 𝛼ℎ)
2

 

=(𝑐 − 2𝑥)((1 + 𝛼2)2𝑥2 + 2𝛼ℎ(1 + 𝛼2)𝑥 + 𝛼2ℎ2)  

=−2(1 + 𝛼2)2𝑥3 − 4𝛼ℎ(1 + 𝛼2)𝑥2 + 𝑐(1 + 𝛼2)2𝑥2 −  

2𝛼2ℎ2𝑥 + 2𝛼𝑐ℎ(1 + 𝛼2)𝑥 + 𝛼2𝑐ℎ2,

 r.h. =(𝑥2 + (𝛼𝑥 + ℎ)2)(𝑐 − 2(𝑥 + 𝛼(𝛼𝑥 + ℎ)))

=((1 + 𝛼2)𝑥2 + 2𝛼ℎ𝑥 + ℎ2)(𝑐 − 2𝛼ℎ − 2(1 + 𝛼2)𝑥)

= −2(1 + 𝛼2)2𝑥3 − 4𝛼ℎ(1 + 𝛼2)𝑥2 + (𝑐 − 2𝛼ℎ)(1 + 𝛼2)𝑥2 −

2ℎ2(1 + 𝛼2)𝑥 + 2𝛼ℎ(𝑐 − 2𝛼)𝑥 + ℎ2(𝑐 − 2𝛼ℎ).

 

0 = l.h. −  r.h. 

=[(1 + 𝛼2)(𝑐(1 + 𝛼2) − (𝑐 − 2𝛼ℎ))]𝑥2 + [𝛼2𝑐ℎ2 − ℎ2(𝑐 − 2𝛼ℎ)] +

2[𝑐𝛼ℎ(1 + 𝛼2) − 𝛼2ℎ2 + ℎ2(1 + 𝛼2) − 𝛼ℎ(𝑐 − 2𝛼)]𝑥

=(1 + 𝛼2)(𝑐 + 𝛼2𝑐 − 𝑐 + 2𝛼ℎ)𝑥2 + [𝛼2𝑐ℎ2 − 𝑐ℎ2 + 2𝛼ℎ3]

2(𝛼𝑐ℎ + 𝛼3𝑐ℎ − 𝛼2ℎ2 + ℎ2 + 𝛼2ℎ2 − 𝛼𝑐ℎ + 2𝛼2ℎ)𝑥

 

= 𝛼(1 + 𝛼2)(𝛼𝑐 + 2ℎ)𝑥2 + 2ℎ(𝛼3𝑐 + 2𝛼2ℎ + ℎ)𝑥 + ℎ2(𝛼2𝑐 + 2𝛼ℎ − 𝑐).  

𝐷 =ℎ2(𝛼3𝑐 + 2𝛼2ℎ + ℎ)2 + ℎ2(𝑐 − 𝛼2𝑐 − 2𝛼ℎ)𝛼(1 + 𝛼2)(𝛼𝑐 + 2ℎ)

=ℎ2[(𝛼3𝑐 + 2𝛼2ℎ + ℎ){𝛼3𝑐 + 2𝛼2ℎ + ℎ} +

 (𝛼𝑐 − (𝛼3𝑐 + 2𝛼2ℎ)) ({𝛼3𝑐 + 2𝛼2ℎ + ℎ} + ℎ + 𝛼𝑐)]

=ℎ2[ℎ(𝛼3𝑐 + 2𝛼2ℎ + ℎ) + 𝛼𝑐(𝛼3𝑐 + 2𝛼2ℎ + 2ℎ + 𝛼𝑐) −

(𝛼3𝑐 + 2𝛼2ℎ)(ℎ + 𝛼𝑐)  

=ℎ2(ℎ2 + 2𝛼𝑐ℎ + 𝛼2𝑐2)

=ℎ2(𝛼𝑐 + ℎ)2

 

𝑥 =
−ℎ(𝛼3𝑐 + 2𝛼ℎ + ℎ) + ℎ(𝛼𝑐 + ℎ)

𝛼(1 + 𝛼2)(𝛼𝑐 + 2ℎ)
= ℎ

𝑐 − 2𝛼ℎ − 𝛼2𝑐

(1 + 𝛼2)(𝛼𝑐 + 2ℎ)
.  

𝑦= ℎ (𝛼
𝑐 − 2𝛼ℎ − 𝛼2𝑐

(1 + 𝛼2)(𝛼𝑐 + 2ℎ)
+ 1)  

= ℎ
𝛼𝑐 − 2𝛼2ℎ − 𝛼3𝑐 + 𝛼𝑐 + 2ℎ + 𝛼3𝑐 + 2𝛼2ℎ

(1 + 𝛼2)(𝛼𝑐 + 2ℎ)
 

 =
2ℎ(𝛼𝑐 + ℎ)

(1 + 𝛼2)(𝛼𝑐 + 2ℎ)

 

𝐻1(ℝ3):= {𝑓: ℝ3 → ℂ:∫  d𝐫(|𝑓(𝐫)|2 + |∇𝑓(𝐫)|2) < ∞} 

∫  d𝐬𝐿[𝑓(𝐬), ∇𝑓(𝐬), ∇2𝑓(𝐬),… ] 
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𝛿𝐿𝜌

𝛿𝑓(𝐬)
=

𝜕𝐿

𝜕𝑓(𝐬)
− ∇ ⋅

𝜕𝐿

𝜕∇𝑓(𝐬)
+ ∇2

𝜕𝐿

𝜕∇2𝑓(𝐬)
+⋯ 

𝐻=∑ 

𝑝𝑞

 ℎ𝑝𝑞𝐸𝑝𝑞 +
1

2
∑  

𝑝𝑞𝑟𝑠

 𝑔𝑝𝑞𝑟𝑠𝑒𝑝𝑞𝑟𝑠 + ℎ𝑛𝑢𝑐 

+
1

2
∑  

𝑝𝑞𝑟𝑠

  (𝝀 ⋅ 𝒅)𝑝𝑞(𝝀 ⋅ 𝒅)𝑟𝑠𝐸𝑝𝑞𝐸𝑟𝑠  

−√
𝜔

2
∑  

𝑝𝑞

  (𝝀 ⋅ 𝒅)𝑝𝑞𝐸𝑝𝑞(𝑏
† + 𝑏)  

 +𝜔𝑏†𝑏

 

|GS⟩ = 𝑈𝑋| S⟩⊗ |0⟩.  

𝑈QED−HF  = exp (−𝛾(𝑏 − 𝑏
†))

𝑈SC  = exp (−(∑ 

𝑝

 
𝜂𝑝

𝜔
𝐸̃𝑝𝑝)(𝑏 − 𝑏

†))
 

(𝒅 ⋅ 𝝀) =∑  

𝑝

  (𝒅 ⋅ 𝝀̃)𝑝𝑝𝐸̃𝑝𝑝  

𝛾 = −
𝝀 ⋅ ⟨𝒅⟩QED-HF 

√2𝜔
 

𝑈QED−HF
† 𝐻𝑈QED−HF =∑ 

𝑝𝑞

 ℎ𝑝𝑞𝐸𝑝𝑞 +
1

2
∑  

𝑝𝑞𝑟𝑠

 𝑔𝑝𝑞𝑟𝑠𝑒𝑝𝑞𝑟𝑠 + ℎ𝑛𝑢𝑐  

+
1

2
∑  

𝑝𝑞𝑟𝑠

  (𝝀 ⋅ (𝒅 − ⟨𝒅⟩QED−HF))
𝑝𝑞
(𝝀 ⋅ (𝒅 − ⟨𝒅⟩QED−HF))

𝑟𝑠
𝐸𝑝𝑞𝐸𝑟𝑠 

 −√
𝜔

2
∑  

𝑝𝑞

  (𝝀 ⋅ (𝒅 − ⟨𝒅⟩QED−HF))
𝑝𝑞
𝐸𝑝𝑞(𝑏 + 𝑏

†) + 𝜔𝑏†𝑏,

 

𝐹𝑝𝑞 = 𝐹𝑝𝑞
𝑒 +

1

2
(∑ 

𝑎

 (𝝀 ⋅ 𝒅𝑝𝑎)(𝝀 ⋅ 𝒅𝑎𝑞) −∑  

𝑖

 (𝝀 ⋅ 𝒅𝑝𝑖)(𝝀 ⋅ 𝒅𝑖𝑞)) ,  

𝑈SC
† 𝑎̃𝑝

†𝑈SC = 𝑎̃𝑝
†exp (

𝜂𝑝
𝜔
(𝑏 − 𝑏†))  

𝐻SC = 𝑈SC
† 𝐻𝑈SC=∑ 

𝑝𝑞

  ℎ̃𝑝𝑞𝐸̃𝑝𝑞exp(
1

𝜔
(𝜂𝑝 − 𝜂𝑞)(𝑏 − 𝑏

†))   

+
1

2
∑  

𝑝𝑞𝑟𝑠

  𝑔̃𝑝𝑞𝑟𝑠𝑒̃𝑝𝑞𝑟𝑠exp (
1

𝜔
(𝜂𝑝 + 𝜂𝑟 − 𝜂𝑞 − 𝜂𝑠)(𝑏 − 𝑏

†)) + ℎ𝑛𝑢𝑐  

 +𝜔(𝑏† −∑ 

𝑝

  (
𝜆

√2𝜔
(𝒅 ⋅ 𝝐̃)𝑝𝑝 −

𝜂𝑝
𝜔
) 𝐸̃𝑝𝑝)(𝑏 −∑  

𝑝

  (
𝜆

√2𝜔
(𝒅 ⋅ 𝝐̃)𝑝𝑝 −

𝜂𝑝
𝜔
) 𝐸̃𝑝𝑝) .
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𝐻∞ = 𝜔𝑏
†𝑏 − 𝜆√

𝜔

2
(𝒅 ⋅ 𝝐)(𝑏† + 𝑏) +

𝜆2

2
(𝒅 ⋅ 𝝐)2.  

𝜂𝑝 = √
𝜔

2
(𝒅 ⋅ 𝝀̃)𝑝𝑝 

|R(𝑡)⟩= exp (−𝑖Λ(𝑡))|S, 0⟩  

 = exp (−𝑖𝜿(𝑡))exp (−𝑖(𝛾(𝑡)𝑏† + 𝛾∗(𝑡)𝑏)) |R⟩
 

|R⟩ = |S⟩⊗ |0⟩ 

𝜿(𝑡) =
1

√2
∑  

𝑎𝑖

  (𝜅𝑎𝑖𝐸𝑎𝑖 + 𝜅𝑎𝑖
∗ 𝐸𝑖𝑎)  

𝐻𝑋 = 𝑈𝑋
†𝐻𝑈𝑋 ,  

Λ(𝑡)= Λ(1)(𝑡) + Λ(2)(𝑡) + ⋯  

 = ∫  d𝜔1𝑒
−𝑖𝜔1𝑡Λ𝜔1 +

1

2
∫   d𝜔1 d𝜔2𝑒

−𝑖𝜔1𝑡𝑒−𝑖𝜔2𝑡Λ𝜔1,𝜔2 +⋯
 

Λ𝜔1  =
1

√2
∑  

𝑎𝑖

  (𝜅𝑎𝑖
𝜔1𝐸𝑎𝑖 + [𝜅𝑎𝑖

−𝜔1]
∗
𝐸𝑖𝑎) + (𝛾

𝜔1𝑏† + [𝛾−𝜔1]∗𝑏)

Λ𝜔1,𝜔2  =
1

√2
∑  

𝑎𝑖

  (𝜅𝑎𝑖
𝜔1,𝜔2𝐸𝑎𝑖 + [𝜅𝑎𝑖

−𝜔1,−𝜔2]
∗
𝐸𝑖𝑎) + (𝛾

𝜔1,𝜔2𝑏† + [𝛾−𝜔1,−𝜔2]∗𝑏).

 

⟨𝐴⟩(𝑡)= ⟨𝐴⟩R +∫  d𝜔1𝑒
−𝑖𝜔1𝑡⟨⟨𝐴; 𝑉𝜔1⟩⟩

𝜔1
 

 +
1

2
∫   d𝜔1 d𝜔2𝑒

−𝑖𝜔1𝑡𝑒−𝑖𝜔2𝑡⟨⟨𝐴; 𝑉𝜔1 , 𝑉𝜔2⟩⟩
𝜔1,𝜔2

+⋯

 

[(
𝑨 𝑩
𝑩∗ 𝑨∗

) − 𝜔1 (
𝟏 0
0 −𝟏

)] (
𝑿

𝒀
) = 𝑖 (

𝒈1
𝒈2
) ≡ 𝑖𝒈  

𝑿 = (
𝛾𝜔1

𝜅𝑎𝑖
𝜔1)  𝒀 = (

[𝛾−𝜔1]∗

[𝜅𝑎𝑖
−𝜔1]

∗)  

𝒈1 = (
⟨[𝑏, 𝑉𝑋

𝜔1]⟩
R

1

√2
⟨[𝐸𝑖𝑎 , 𝑉𝑋

𝜔1]⟩
R

) 𝒈2 = (
⟨[𝑏†, 𝑉𝑋

𝜔1]⟩
R

1

√2
⟨[𝐸𝑎𝑖, 𝑉𝑋

𝜔1]⟩
R

) ,  

𝑨 =

(

 
 

⟨[𝑏, [𝐻𝑋, 𝑏
†]]⟩

R

1

√2
⟨[𝑏, [𝐻𝑋, 𝐸𝑎𝑖]]⟩R

1

√2
⟨[𝑏†, [𝐻𝑋, 𝐸𝑖𝑎]]⟩

R

1

2
⟨[𝐸𝑗𝑏 , [𝐻𝑋, 𝐸𝑎𝑖]]⟩

R)

 
 

𝑩 =

(

 
 

⟨[𝑏, [𝐻𝑋, 𝑏]]⟩R
1

√2
⟨[𝑏, [𝐻𝑋, 𝐸𝑖𝑎]]⟩R

1

√2
⟨[𝑏†, [𝐻𝑋, 𝐸𝑎𝑖]]⟩

R

1

2
⟨[𝐸𝑏𝑗, [𝐻𝑋, 𝐸𝑎𝑖]]⟩

R)

 
 
.
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𝜔1⟨⟨𝐴; 𝑉
𝜔1⟩⟩

𝜔1
= ⟨⟨[𝐴, 𝐻]; 𝑉𝜔1⟩⟩

𝜔1
+ ⟨0|[𝐴, 𝑉𝜔1]|0⟩.  

𝑖𝒑𝑖 = [𝒓𝑖 , 𝐻]  

𝜔𝑛⟨0|𝒓𝑖|𝑛⟩ = 𝑖⟨0|𝒑𝑖|𝑛⟩,  

𝑞 =
1

√2𝜔
(𝑏 + 𝑏†) 

𝑝 = 𝑖√
𝜔

2
(𝑏† − 𝑏) 

𝑖𝑝 = [𝑞, 𝐻]  

𝜔𝑛⟨0|𝑞|𝑛⟩ = 𝑖⟨0|𝑝|𝑛⟩  

𝜔1⟨⟨𝑏; 𝑉
𝜔1⟩⟩

𝜔1
 = ⟨⟨−√

𝜔

2
𝒅 ⋅ 𝝀 − 𝜔𝑏; 𝑉𝜔1⟩⟩

𝜔1

+ ⟨0|[𝑏, 𝑉𝜔1]|0⟩

𝜔1 ⟨⟨𝑏
†; 𝑉𝜔1⟩⟩

𝜔1

 = ⟨⟨√
𝜔

2
𝒅 ⋅ 𝝀 + 𝜔𝑏†; 𝑉𝜔1⟩⟩

𝜔1

+ ⟨0|[𝑏†, 𝑉𝜔1]|0⟩

 

𝜔𝑛⟨0|𝑞|𝑛⟩ = 𝑖⟨0|𝑝|𝑛⟩ = ⟨0|𝒅 ⋅ 𝝀|𝑛⟩
𝜔𝑛𝜔

𝜔𝑛
2 −𝜔2

 

𝑈SC
† 𝐸̃𝑝𝑞𝑈SC  = 𝐸̃𝑝𝑞exp (

𝜔𝑝 −𝜔𝑞

𝜔
(𝑏 − 𝑏†))

𝑈SC
† 𝑏𝑈SC  = 𝑏 +∑ 

𝑝

 
𝜂𝑝
𝜔
𝐸̃𝑝𝑝

 

𝜗𝑛 = 𝛾𝑛
2  

  𝑞 =
1

√2𝜔
(𝑏 + 𝑏†)  

⟨𝑛|𝑏†𝑏|𝑛⟩ = √
𝜔

2
(𝑏 − 𝑏†) 

⟨𝑛|𝑝|𝑛⟩ = |⟨R|𝑝|𝑛⟩|2,  

𝑓𝑙 =
2

3
𝜔𝐿𝑃|⟨GS|𝒅|LP⟩|

2

 𝑓𝑣 =
2

3

1

𝜔𝐿𝑃
|⟨GS|𝒑|LP⟩|

2

 

𝑓𝑙 =
2

3
𝜔𝐿𝑃|⟨GS|𝒅|LP⟩|

2
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𝑓𝑣 =
2

3

1

𝜔𝐿𝑃
|⟨GS|𝒑|LP⟩|

2

 

𝑞 =
1

√2𝜔
(𝑏 + 𝑏†) 

𝑖𝑝 = √
𝜔

2
(𝑏 − 𝑏†) 

⟨0|𝒅 ⋅ 𝝀|𝑛⟩ =
𝜔𝑛
2 −𝜔2

𝜔
⟨0|𝑞|𝑛⟩ = 𝑖

𝜔𝑛
2 −𝜔2

𝜔𝑛𝜔
⟨0|𝑝|𝑛⟩,  

𝜔𝑛⟨0|𝑞|𝑛⟩ = 𝑖⟨0|𝑝|𝑛⟩  

𝜔𝑛⟨0|𝒓𝑖|𝑛⟩ = 𝑖⟨0|𝒑𝑖|𝑛⟩  

𝜔1⟨⟨𝐴; 𝑉
𝜔1⟩⟩

𝜔1
= ⟨⟨[𝐴, 𝐻]; 𝑉𝜔1⟩⟩

𝜔1
+ ⟨0|[𝐴, 𝑉𝜔1]|0⟩  

𝑖𝑃 = [𝑄,𝐻]  

⟨⟨𝑃; 𝑉𝜔1⟩⟩
𝜔1
= −𝑖𝜔1⟨⟨𝑄; 𝑉

𝜔1⟩⟩
𝜔1
+ 𝑖⟨0|[𝐴, 𝑉𝜔1]|0⟩.  

⟨⟨𝑃, 𝑉⟩⟩𝜔1+𝑖𝜖=
1

√2
∑ 

𝑎𝑖

 𝜅𝑎𝑖
𝜔1⟨[[𝑄𝑋, 𝐻𝑋], 𝐸𝑎𝑖]⟩𝑅 +

1

√2
∑ 

𝑎𝑖

 𝜅𝑖𝑎
−𝜔1⟨[[𝑄𝑋, 𝐻𝑋], 𝐸𝑖𝑎]⟩𝑅 

 +𝛾𝜔1 ⟨[[𝑄𝑋, 𝐻𝑋], 𝑏
†]⟩

𝑅
+ 𝛾−𝜔1⟨[[𝑄𝑋, 𝐻𝑋], 𝑏]⟩𝑅

 

𝑄𝑋 = 𝑈𝑋
†𝑄𝑈𝑋 

|𝑅⟩ = |HF⟩⊗ |0⟩.  

𝒅𝑋 = 𝑈𝑋
†𝒅𝑈𝑋 = 𝒅 𝑝𝑋 = 𝑈𝑋

†𝑝𝑈𝑋 = 𝑝  

𝑞𝑋 = 𝑈𝑋
†𝑞𝑈𝑋 =

𝑏 + 𝑏†

√2𝜔
+
2

𝜔

1

√2𝜔
∑  

𝑝

 𝜂𝑝𝐸̃𝑝𝑝  

𝑄 =
1

√2
∑  

𝑎𝑖

  (𝑄𝑎𝑖𝐸𝑎𝑖 + 𝑄𝑎𝑖
∗ 𝐸𝑖𝑎) + 𝛿𝑄  

𝛿𝑄 =
1

√2
∑  

𝑎𝑏

 𝑄𝑎𝑏𝐸𝑎𝑏 +
1

√2
∑ 

𝑖𝑗

 𝑄𝑖𝑗𝐸𝑖𝑗  
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⟨⟨𝑃, 𝑉⟩⟩𝜔1+𝑖𝜖 =
1

2
∑  

𝑎𝑖𝑏𝑗

 𝜅𝑎𝑖
𝜔1 ⟨[[𝑄𝑏𝑗𝐸𝑏𝑗 + 𝑄𝑏𝑗

∗ 𝐸𝑗𝑏 , 𝐻𝑋], 𝐸𝑎𝑖]⟩
𝑅
+
1

2
∑  

𝑎𝑖𝑏𝑗

 𝜅𝑖𝑎
−𝜔1 ⟨[[𝑄𝑏𝑗𝐸𝑏𝑗 + 𝑄𝑏𝑗

∗ 𝐸𝑗𝑏 , 𝐻𝑋], 𝐸𝑖𝑎]⟩
𝑅

+
1

√2
∑  

𝑎𝑖

 𝜅𝑎𝑖
𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝐸𝑎𝑖]⟩𝑅 +

1

√2
∑  

𝑎𝑖

 𝜅𝑖𝑎
−𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝐸𝑖𝑎]⟩𝑅

+
1

√2
∑  

𝛼𝑏𝑗

 𝛾𝛼
𝜔1 ⟨[[𝑄𝑏𝑗𝐸𝑏𝑗 + 𝑄𝑏𝑗

∗ 𝐸𝑗𝑏 , 𝐻𝑋], 𝑏𝛼
†]⟩

𝑅
+
1

√2
∑  

𝛼𝑏𝑗

 𝛾𝛼
−𝜔1 ⟨[[𝑄𝑏𝑗𝐸𝑏𝑗 + 𝑄𝑏𝑗

∗ 𝐸𝑗𝑏 , 𝐻𝑋], 𝑏𝛼]⟩
𝑅

+ ∑  

𝛼

 𝛾𝛼
𝜔1 ⟨[[𝛿𝑄,𝐻𝑋], 𝑏𝛼

†]⟩
𝑅
+∑ 

𝛼

 𝛾𝛼
−𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝑏𝛼]⟩𝑅

=(
0 𝑄𝑎𝑖

∗ 0

𝑄𝑎𝑖
) (
𝑨 𝑩
𝑩∗ 𝑨∗

)

(

 
 

𝛾𝜔1

𝜅𝑎𝑖
𝜔1

𝛾−𝜔1

𝜅𝑖𝑎
−𝜔1

)

 
 

 +
1

√2
∑  

𝑎𝑖

 𝜅𝑎𝑖
𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝐸𝑎𝑖]⟩𝑅 +

1

√2
∑ 

𝑎𝑖

 𝜅𝑖𝑎
−𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝐸𝑖𝑎]⟩𝑅

 +∑  

𝛼

 𝛾𝛼
𝜔1 ⟨[[𝛿𝑄,𝐻𝑋], 𝑏𝛼

†]⟩
𝑅
+∑ 

𝛼

 𝛾𝛼
−𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝑏𝛼]⟩𝑅

 

=(0 𝑄𝑎𝑖
∗ 0 𝑄𝑎𝑖) (

𝑨 𝑩
𝑩∗ 𝑨∗

)

(

 
 

𝛾𝜔1

𝜅𝑎𝑖
𝜔1

𝛾−𝜔1

𝜅𝑖𝑎
−𝜔1

)

 
 

 −∑  

𝑎𝑖

 𝜅𝑎𝑖
𝜔1⟨[[𝐸𝑎𝑖, 𝛿𝑄], 𝐻𝑋]⟩𝑅 −∑ 

𝑎𝑖

 𝜅𝑎𝑖
−𝜔1⟨[[𝐻𝑋, 𝐸𝑎𝑖], 𝛿𝑄]⟩𝑅

 −∑  

𝑎𝑖

 𝜅𝑖𝑎
𝜔1⟨[[𝐸𝑖𝑎 , 𝛿𝑄], 𝐻𝑋]⟩𝑅 −∑ 

𝑎𝑖

 𝜅𝑖𝑎
−𝜔1⟨[[𝐻𝑋, 𝐸𝑖𝑎], 𝛿𝑄]⟩𝑅

 −∑  

𝛼

 𝛾𝛼
𝜔1 ⟨[[𝑏𝛼

†, 𝛿𝑄], 𝐻𝑋]⟩
𝑅
−∑ 

𝛼

 𝛾𝛼
−𝜔1⟨[[𝐻𝑋, 𝑏𝛼], 𝛿𝑄]⟩𝑅

 −∑  

𝛼

 𝛾𝛼
𝜔1 ⟨[[𝑏𝛼

†, 𝛿𝑄], 𝐻𝑋]⟩
𝑅
−∑ 

𝛼

 𝛾𝛼
−𝜔1⟨[[𝐻𝑋, 𝑏𝛼], 𝛿𝑄]⟩𝑅
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[𝐸𝑙𝑚, 𝐸𝑎𝑖] = 𝐸𝑙𝑖𝛿𝑎𝑚 − 𝐸𝑎𝑚𝛿𝑖𝑙
[𝐸𝑐𝑑 , 𝐸𝑖𝑎] = 𝐸𝑐𝑎𝛿𝑑𝑖 − 𝐸𝑖𝑑𝛿𝑎𝑐
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= (0 𝑂𝑎𝑖
∗ 0 𝑂𝑎𝑖)

[
 
 
 
 
 
 

𝑖

(

 
 
 
 

⟨[𝑏, 𝑉𝜔1]⟩𝑅
1

√2
⟨[𝐸𝑗𝑎 , 𝑉

𝜔1]⟩
𝑅

⟨[𝑏†, 𝑉𝜔1]⟩
𝑅

1

√2
⟨[𝐸𝑎𝑗, 𝑉

𝜔1]⟩
𝑅)

 
 
 
 

+𝜔1(

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

)

(

 
 

𝛾𝜔1

𝜅𝑎𝑖
𝜔1

𝛾−𝜔1

𝜅𝑖𝑎
−𝜔1

)

 
 

]
 
 
 
 
 
 

 

= 𝑖⟨[𝑂, 𝑉𝜔1]⟩𝑅 +𝜔1(𝑂𝑖𝑎𝜅𝑎𝑖
𝜔1 − 𝑂𝑎𝑖𝜅𝑖𝑎

−𝜔1)  

 = 𝑖⟨[𝑂, 𝑉𝜔1]⟩𝑅 +𝜔1
1

√2
(⟨[𝑂, 𝐸𝑎𝑖]⟩𝑅𝜅𝑎𝑖

𝜔1 + ⟨[𝑂, 𝐸𝑖𝑎]⟩𝑅𝜅𝑖𝑎
−𝜔1)

 

 

𝜔𝑛⟨0|𝒓𝑖|𝑛⟩ = 𝑖⟨0|𝒑𝑖|𝑛⟩.  

𝜔𝑛⟨0|𝑞|𝑛⟩ = 𝑖⟨0|𝑝|𝑛⟩.  

𝑄𝑋 =
1

√2
∑  

𝑎𝑖

  (𝑄𝑎𝑖𝐸𝑎𝑖 + 𝑄𝑎𝑖
∗ 𝐸𝑖𝑎) + 𝛿𝑄 +

𝑏 + 𝑏†

√2𝜔
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⟨⟨𝑃, 𝑉⟩⟩𝜔1+𝑖𝜖 =
1

2
∑  

𝑎𝑖𝑏𝑗

 𝜅𝑎𝑖
𝜔1 ⟨[[𝑄𝑏𝑗𝐸𝑏𝑗 +𝑄𝑏𝑗

∗ 𝐸𝑗𝑏 +
𝑏 + 𝑏†

√𝜔
,𝐻𝑋] , 𝐸𝑎𝑖]⟩

𝑅

+
1

2
∑  

𝑎𝑖𝑏𝑗

 𝜅𝑖𝑎
−𝜔1 ⟨[[𝑄𝑏𝑗𝐸𝑏𝑗 + 𝑄𝑏𝑗

∗ 𝐸𝑗𝑏 +
𝑏 + 𝑏†

√𝜔
,𝐻𝑋] , 𝐸𝑖𝑎]⟩

𝑅

+
1

√2
∑  

𝑎𝑖

 𝜅𝑎𝑖
𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝐸𝑎𝑖]⟩𝑅 +

1

√2
∑  

𝑎𝑖

 𝜅𝑖𝑎
−𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝐸𝑖𝑎]⟩𝑅

+
1

√2
∑  

𝛼𝑏𝑗

 𝛾𝛼
𝜔1 ⟨[[𝑄𝑏𝑗𝐸𝑏𝑗 + 𝑄𝑏𝑗

∗ 𝐸𝑗𝑏 +
𝑏 + 𝑏†

√𝜔
,𝐻𝑋] , 𝑏𝛼

†]⟩

𝑅

+
1

√2
∑  

𝛼𝑏𝑗

 𝛾𝛼
−𝜔1 ⟨[[𝑄𝑏𝑗𝐸𝑏𝑗 + 𝑄𝑏𝑗

∗ 𝐸𝑗𝑏 +
𝑏 + 𝑏†

√𝜔
,𝐻𝑋] , 𝑏𝛼]⟩

𝑅

+ ∑  

𝛼

 𝛾𝛼
𝜔1 ⟨[[𝛿𝑄, 𝐻𝑋], 𝑏𝛼

†]⟩
𝑅
+∑ 

𝛼

 𝛾𝛼
−𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝑏𝛼]⟩𝑅

=(
1

√2𝜔
𝑄𝑎𝑖
∗ 1

√2𝜔
𝑄𝑎𝑖) (

𝑨 𝑩
𝑩∗ 𝑨∗

)

(

 
 

𝛾𝜔1

𝜅𝑎𝑖
𝜔1

𝛾−𝜔1

𝜅𝑖𝑎
−𝜔1

)

 
 

 +
1

√2
∑  

𝑎𝑖

 𝜅𝑎𝑖
𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝐸𝑎𝑖]⟩𝑅 +

1

√2
∑  

𝑎𝑖

 𝜅𝑖𝑎
−𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝐸𝑖𝑎]⟩𝑅

 +∑  

𝛼

 𝛾𝛼
𝜔1 ⟨[[𝛿𝑄,𝐻𝑋], 𝑏𝛼

†]⟩
𝑅
+∑ 

𝛼

 𝛾𝛼
−𝜔1⟨[[𝛿𝑄,𝐻𝑋], 𝑏𝛼]⟩𝑅.
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𝜔𝑛⟨0|𝑞|𝑛⟩ = 𝑖⟨0|𝑝|𝑛⟩  

[𝑏, 𝑏†] = 1  

𝑉𝑝⃗−𝑘⃗⃗ = ∫  𝑑
3𝑟𝑉(𝑟)𝑒−𝑖(𝑝⃗−𝑘⃗⃗)𝑟  
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𝑉𝑝⃗−𝑘⃗⃗ = ∫  𝑑
3𝑟𝑉(𝑟)𝑒−𝑖𝑝𝑟cos 𝜃𝑒𝑖𝑘𝑟cos 𝛾  

𝑒𝑖𝑘𝑟cos 𝛼 =∑ 

∞

𝑙=0

  𝑖𝑙(2𝑙 + 1)𝑃𝑙(cos 𝛼)𝑗𝑙(𝑘𝑟)  

𝑃𝑙′(cos 𝛾) = 𝑃𝑙′(cos 𝜃)𝑃𝑙′(cos 𝜃
′) + 2 ∑  

𝑙′

𝑚=1

 
(𝑙′ −𝑚)!

(𝑙′ +𝑚)!
𝑃𝑙′
𝑚(cos 𝜃)𝑃𝑙′

𝑚(cos 𝜃′)cos [𝑚(𝜑 − 𝜑′)]  

∫  
𝜋

0

 𝑑𝜃sin 𝜃𝑃𝑙(cos 𝜃)𝑃𝑙′(cos 𝜃) =
2

2𝑙 + 1
𝛿𝑙,𝑙′  

𝑉𝑝⃗−𝑘⃗⃗ =∑ 

∞

𝑙=0

 𝑉𝑙(𝑝, 𝑘)𝑃𝑙(cos 𝜃
′)  
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𝑉𝑙(𝑝, 𝑘) = 4𝜋(2𝑙 + 1)∫  
∞

0

 𝑑𝑟𝑟2𝑉(𝑟)𝑗𝑙(𝑝𝑟)𝑗𝑙(𝑘𝑟)  

𝜀𝑝 =
𝑝2

2𝑚
−∫  

𝑑3𝑘

(2𝜋)3
𝑉𝑝⃗−𝑘⃗⃗  

𝜀𝑝 =
𝑝2

2𝑚
−

1

(2𝜋)2
∫  
𝑝𝐹

0

 ∫  
𝜋

0

 𝑑𝑘𝑘2sin 𝜃′𝑑𝜃′∑ 

∞

𝑙=0

 𝑉𝑙(𝑝, 𝑘)𝑃𝑙(cos 𝜃
′)  

∫  
1

−1

 𝑑𝑥𝑥𝑚𝑃𝑛(𝑥) = 0  

𝜀𝑝 =
𝑝2

2𝑚
−

1

2𝜋2
∫  
𝑝𝐹

0

 𝑑𝑘𝑘2𝑉0(𝑝, 𝑘)  

𝜀𝑝 =
𝑝2

2𝑚
−
2

𝜋
∫  
𝑝𝐹

0

 𝑑𝑘𝑘2∫  
∞

0

 𝑑𝑟𝑟2𝑉(𝑟)𝑗0(𝑝𝑟)𝑗0(𝑘𝑟)  

𝑗𝜈(𝑧) = √
𝜋

2𝑧
𝐽
𝜈+
1
2
(𝑧)  

𝜀𝑝 =
𝑝2

2𝑚
−
1

√𝑝
∫  
∞

0

 𝑑𝑟𝑟𝑉(𝑟)𝐽1
2
(𝑝𝑟)∫  

𝑝𝐹

0

 𝑑𝑘𝑘3/2𝐽1
2
(𝑘𝑟)  

𝜀𝑝 =
𝑝2

2𝑚
− 𝑝𝐹√

𝑝𝐹
𝑝
∫  
∞

0

 𝑑𝑟𝑉(𝑟)𝐽1
2
(𝑝𝑟)𝐽3

2

(𝑝𝐹𝑟)  

𝑉(𝑟) =
𝐴

𝑟𝜂
 

𝜀𝑝 =
𝑝2

2𝑚
− 𝐴𝑝𝐹

𝜂
√
1

𝑦
∫  
∞

0

 𝑑𝑧𝑧−𝜂𝐽1
2
(𝑦𝑧)𝐽3

2
(𝑧)  

𝜀𝑝 =
𝑝2

2𝑚
− 𝐴𝑝𝐹

𝜂

{
 
 
 
 
 

 
 
 
 
 Γ (

3 − 𝜂
2 )

2𝜂Γ (
1
2) Γ (1 +

𝜂
2)
𝐹 (
3 − 𝜂

2
,−
𝜂

2
;
3

2
; 𝑦2) ; 𝑦 < 1

Γ(𝜂)Γ (
3 − 𝜂
2 )

2𝜂Γ (
𝜂
2) Γ (1 +

𝜂
2) Γ (

3 + 𝜂
2 )

; 𝑦 = 1

Γ (
3 − 𝜂
2 )

2𝜂𝑦3−𝜂Γ(
5
2) Γ (

𝜂
2)
𝐹 (
3 − 𝜂

2
, 1 −

𝜂

2
;
5

2
;
1

𝑦2
) ; 𝑦 > 1

 

𝐹(𝛼, 𝛽; 𝛾; 𝑧) =
Γ(𝛾)Γ(𝛾 − 𝛼 − 𝛽)

Γ(𝛾 − 𝛼)Γ(𝛾 − 𝛽)
𝐹(𝛼, 𝛽; 𝛼 + 𝛽 − 𝛾 + 1; 1 − 𝑧) +

+(1 − 𝑧)𝛾−𝛼−𝛽
Γ(𝛾)Γ(𝛼 + 𝛽 − 𝛾)

Γ(𝛼)Γ(𝛽)
𝐹(𝛾 − 𝛼, 𝛾 − 𝛽; 𝛾 − 𝛼 − 𝛽 + 1; 1 − 𝑧)
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𝜀𝑝 ≃
𝑝𝐹
2

2𝑚
− 𝐴𝑝𝐹

𝜂
Γ (
3 − 𝜂
2
)

2𝜂Γ (1 +
𝜂
2)
×

× {
Γ(𝜂)

Γ (
𝜂
2) Γ (

3 + 𝜂
2 )

ℱ1 + (1 − 𝑦
2)𝜂

Γ(−𝜂)

Γ (
3 − 𝜂
2 ) Γ (−

𝜂
2)
ℱ2}

 

ℱ1,2 ≃ 1 ∓
𝜂(3 ∓ 𝜂)

4(1 ∓ 𝜂)
(1 − 𝑦2)  

𝜀𝑝 ≃
𝑝𝐹
2

2𝑚
− 𝐴𝑝𝐹

𝜂
Γ (
3 − 𝜂
2 )

2𝜂𝑦3−𝜂Γ(
𝜂
2
)
×

× {
Γ(𝜂)

Γ (1 +
𝜂
2
) Γ (

3 + 𝜂
2
)
ℱ3 + (1 −

1

𝑦2
)
𝜂 Γ(−𝜂)

Γ (
3 − 𝜂
2
)Γ (1 −

𝜂
2
)
ℱ4}

 

ℱ3,4 ≃ 1 +
(2 ∓ 𝜂)(3 ∓ 𝜂)

4(1 ∓ 𝜂)
(1 −

1

𝑦2
)  

𝜀𝑝 =
𝑝2

2𝑚
−
2𝑒2𝑝𝐹
𝜋

{
 
 

 
 𝐹 (1,−

1

2
;
3

2
; 𝑦2) ; 𝑦 < 1

1

2
; 𝑦 = 1

1

3𝑦2
𝐹 (1,

1

2
;
5

2
;
1

𝑦2
) ; 𝑦 > 1

 

𝐹 (1,−
1

2
;
3

2
; 𝑦2) =

1

2
+
1 − 𝑦2

4𝑦
ln (

1 + 𝑦

1 − 𝑦
)  

𝐹 (1,
1

2
;
5

2
; 𝑥2) =

3

2𝑥2
[1 −

1 − 𝑥2

2𝑥
ln (

1 + 𝑥

1 − 𝑥
)]  

𝜀𝑝 =
𝑝2

2𝑚
−
2𝑒2𝑝𝐹
𝜋

[
1

2
+
1 − 𝑦2

4𝑦
ln |

1 + 𝑦

1 − 𝑦
|]  

𝐸𝐻𝐹 = 𝐸𝐻𝐹
(1)
+ 𝐸𝐻𝐹

(2)  

𝐸𝐻𝐹
(1)
=
3

5

𝑝𝐹
2

2𝑚
𝑁  

𝐸𝐻𝐹
(2)
= −

𝐴𝑝𝐹
𝜂+3
Γ (
3 − 𝜂
2 ) 𝐼𝜂

2𝜂+1𝜋2Γ(
3
2) Γ (1 +

𝜂
2)

 

𝐼𝜂 = ∫  
1

0

 𝑑𝑦𝑦2𝐹 (
3 − 𝜂

2
,−
𝜂

2
;
3

2
; 𝑦2)  
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𝐸𝐻𝐹
(2)
= −

𝑒2𝑝𝐹
4

4𝜋3
 

∫  
1

0

 𝑑𝑥𝑥𝛾−1(1 − 𝑥)𝜌−1𝐹(𝛼, 𝛽; 𝛾; 𝑥) =
Γ(𝛾)Γ(𝜌)Γ(𝛾 + 𝜌 − 𝛼 − 𝛽)

Γ(𝛾 + 𝜌 − 𝛼)Γ(𝛾 + 𝜌 − 𝛽)
 

𝐸𝐻𝐹
𝑁

=
3

5

𝑝𝐹
2

2𝑚
− 𝐴 (

𝑝𝐹
2
)
𝜂 12Γ (

3 − 𝜂
2 ) Γ(𝜂)

𝜂(𝜂 + 1)(𝜂 + 3)Γ (
1 + 𝜂
2
) [Γ (

𝜂
2
)]
2  

𝑣𝑝 =
𝑝

𝑚
+
2

3
𝐴𝑝𝐹

𝜂−2
𝜂Γ (

5 − 𝜂
2
)

2𝜂Γ (
3
2
) Γ (1 +

𝜂
2
)
𝑝𝐹 (

5 − 𝜂

2
, 1 −

𝜂

2
;
5

2
;
𝑝2

𝑝𝐹
2)  

𝑣𝑝 =
𝑝

𝑚
+ 2𝐴𝑝𝐹

𝜂−1
Γ (
5 − 𝜂
2
)

2𝜂Γ (
5
2
) Γ (

𝜂
2
)
(
𝑝𝐹
𝑝
)
4−𝜂

× {𝐹 (
3 − 𝜂

2
, 1 −

𝜂

2
;
5

2
;
𝑝𝐹
2

𝑝2
) +

2

5
(1 −

𝜂

2
) (
𝑝𝐹
𝑝
)
2

𝐹 (
5 − 𝜂

2
, 2 −

𝜂

2
;
7

2
;
𝑝𝐹
2

𝑝2
)}

 

𝐹(𝑎, 𝑏; 𝑐; 𝑥) =
𝑐 − 1

𝑎 − 1
𝑥−1[𝐹(𝑎 − 1, 𝑏; 𝑐 − 1; 𝑥) − 𝐹(𝑎 − 1, 𝑏 − 1; 𝑐 − 1; 𝑥)]

𝐹(1, 𝑏; 𝑐; 𝑥) =
𝑐 − 1

𝑏 − 1
(1 − 𝑥)−1 −

𝑐 − 𝑏

𝑏 − 1
(1 − 𝑥)−1𝐹(1, 𝑏 − 1; 𝑐; 𝑥)

 

𝑣𝑝 =
𝑝

𝑚
+
𝑒2

𝜋

1

𝑦
[
1 + 𝑦2

2𝑦
ln |

1 + 𝑦

1 − 𝑦
| − 1]  

𝑁(𝑝) =
𝑝2

𝜋2|𝑣𝑝|
 

𝑣𝑝→𝑝𝐹 ≃
𝑝𝐹
𝑚
+
2

3
𝐴𝑝𝐹

𝜂−1
𝜂Γ (

5 − 𝜂
2 )

2𝜂Γ (
3
2) Γ (1 +

𝜂
2)

× {
Γ(
5
2) Γ(−1 + 𝜂)

Γ (
𝜂
2) Γ (

3 + 𝜂
2 )

𝒬1 + (1 − 𝑦
2)−1+𝜂

Γ (
5
2) Γ(1 − 𝜂)

Γ (
5 − 𝜂
2 )Γ (1 −

𝜂
2)
𝒬2}

 

𝒬1 = 𝐹 (
5 − 𝜂

2
, 1 −

𝜂

2
; 2 − 𝜂; 1 − 𝑦2) ≃ 1 +

5 − 𝜂

4
(1 − 𝑦2)  

𝒬2 = 𝐹 (
𝜂

2
,
3 + 𝜂

2
; 𝜂; 1 − 𝑦2) ≃ 1 +

3 + 𝜂

4
(1 − 𝑦2)  

𝑣𝑝=𝑝𝐹 =
𝑝𝐹
2
[
2

𝑚
+ 𝐴(

𝑝𝐹
2
)
𝜂−2

ℳ(𝜂)]  
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ℳ(𝜂) =
Γ (
5 − 𝜂
2
)Γ(−1 + 𝜂)

[Γ (
𝜂
2)]

2
Γ (
3 + 𝜂
2 )

 

𝑁(𝑝𝐹) =
2𝑝𝐹

𝜋2 [
2
𝑚 + 𝐴 (

𝑝𝐹
2 )

𝜂−2
ℳ(𝜂)]

 

𝑣𝑝→𝑝𝐹 ≃
𝐴Γ(1 − 𝜂)

𝜋
(
𝑝𝐹
2
)
𝜂−1

(1 −
𝑝2

𝑝𝐹
2)

−1+𝜂

sin (
𝜋𝜂

2
)  

𝑁(𝑝 → 𝑝𝐹) ≃
2𝜂−1

𝜋𝐴Γ(1 − 𝜂) |sin (
𝜋𝜂
2
)|
𝑝𝐹
3−𝜂

(1 −
𝑝2

𝑝𝐹
2)

1−𝜂

 

𝑣𝑝→𝑝𝐹 ≃
𝑝𝐹
𝑚
+ 2𝐴𝑝𝐹

𝜂−1
Γ (
5 − 𝜂
2
)

2𝜂Γ (
5
2
) Γ (

𝜂
2
)

× {
Γ (
5
2)Γ(𝜂)

Γ (1 +
𝜂
2
) Γ (

3 + 𝜂
2
)
ℱ3 + (1 −

1

𝑦2
)
𝜂 Γ (

5
2) Γ(−𝜂)

Γ (
3 − 𝜂
2
) Γ (1 −

𝜂
2
)
ℱ4 +

+
2

5
(1 −

𝜂

2
) [

Γ (
7
2
) Γ(−1 + 𝜂)

Γ (1 +
𝜂
2
) Γ (

3 + 𝜂
2
)
𝒮1 + (1 −

1

𝑦2
)
−1+𝜂 Γ (

7
2
) Γ(1 − 𝜂)

Γ (
5 − 𝜂
2 )Γ (2 −

𝜂
2)
𝒮2]}

 

𝒮1 ≃ 1 +
(4 − 𝜂)(5 − 𝜂)

4(2 − 𝜂)
(1 −

1

𝑦2
)  

𝒮2 ≃ 1 +
(2 + 𝜂)(3 + 𝜂)

4𝜂
(1 −

1

𝑦2
)  

𝑁(𝑝 → 𝑝𝐹) ≃
2𝜂−1

𝜋𝐴Γ(1 − 𝜂) |sin (
𝜋𝜂
2 )|

𝑝𝐹
3−𝜂

(1 −
𝑝𝐹
2

𝑝2
)

1−𝜂

 

𝑉𝑝⃗−𝑘⃗⃗ = ∫  𝑑
2𝑟𝑉(𝑟)𝑒−𝑖(𝑝⃗−𝑘⃗⃗)𝑟  

𝑉𝑝⃗−𝑘⃗⃗ = ∫  
∞

0

 𝑑𝑟𝑟𝑉(𝑟)∫  
2𝜋

0

 𝑑𝜃𝑒−𝑖𝑝𝑟cos 𝜃𝑒𝑖𝑘𝑟cos 𝛼  

𝑒𝑖𝑧cos 𝜑 = 𝐽0(𝑧) + 2∑  

∞

𝑛=1

  𝑖𝑛𝐽𝑛(𝑧)cos (𝑛𝜑)  

𝐼 = 2𝜋∑  

∞

𝑙=0

  𝜀𝑙𝐽𝑙(𝑝𝑟)𝐽𝑙(𝑘𝑟)cos (𝑙𝜃
′)  
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𝑉𝑝⃗−𝑘⃗⃗ =∑ 

∞

𝑙=0

 𝑉𝑙(𝑝, 𝑘)cos (𝑙𝜃
′)  

𝑉𝑙(𝑝, 𝑘) = 2𝜋𝜀𝑙∫  
∞

0

 𝑑𝑟𝑟𝑉(𝑟)𝐽𝑙(𝑝𝑟)𝐽𝑙(𝑘𝑟)  

𝜀𝑝 =
𝑝2

2𝑚
−∫  

𝑝𝐹

0

 ∫  
2𝜋

0

 
𝑘𝑑𝑘𝑑𝜃′

(2𝜋)2
∑ 

∞

𝑙=0

 𝑉𝑙(𝑝, 𝑘)cos (𝑙𝜃
′)  

𝜀𝑝 =
𝑝2

2𝑚
−∫  

𝑝𝐹

0

 𝑘𝑑𝑘 ∫  
∞

0

 𝑑𝑟𝑟𝑉(𝑟)𝐽0(𝑝𝑟)𝐽0(𝑘𝑟)  

𝜀𝑝 =
𝑝2

2𝑚
− 𝐴𝑝𝐹

𝜂
∫  
∞

0

 𝑑𝑧𝑧−𝜂𝐽0(𝑦𝑧)𝐽1(𝑧)  

𝜀𝑝 =
𝑝2

2𝑚
− 𝐴𝑝𝐹

𝜂

{
 
 
 
 

 
 
 
 Γ (1 −

𝜂
2
)

2𝜂Γ (1 +
𝜂
2)
𝐹 (1 −

𝜂

2
,−
𝜂

2
; 1; 𝑦2) ; 𝑦 < 1

Γ(𝜂)Γ (1 −
𝜂
2
)

2𝜂Γ (
𝜂
2) [Γ (1 +

𝜂
2)]

2 ; 𝑦 = 1

Γ (1 −
𝜂
2)

2𝜂𝑦2−𝜂Γ(
𝜂
2)
𝐹 (1 −

𝜂

2
, 1 −

𝜂

2
; 2;

1

𝑦2
) ; 𝑦 > 1

 

𝜀𝑝 ≃
𝑝𝐹
2

2𝑚
− 𝐴𝑝𝐹

𝜂
Γ (1 −

𝜂
2
)

2𝜂Γ (1 +
𝜂
2
)

× {
Γ(𝜂)

Γ (
𝜂
2) Γ (1 +

𝜂
2)
𝒢1 + (1 − 𝑦

2)𝜂
Γ(−𝜂)

Γ (1 −
𝜂
2) Γ (−

𝜂
2)
𝒢2}

 

𝒢1,2 ≃ 1 ∓
𝜂(2 ∓ 𝜂)

4(1 ∓ 𝜂)
(1 − 𝑦2)  

𝜀𝑝 ≃
𝑝𝐹
2

2𝑚
− 𝐴𝑝𝐹

𝜂
Γ (1 −

𝜂
2)

2𝜂𝑦2−𝜂Γ(
𝜂
2
)
×

× {
Γ(𝜂)

[Γ (1 +
𝜂
2)]

2 𝒢3 + (1 −
1

𝑦2
)
𝜂 Γ(−𝜂)

[Γ (1 −
𝜂
2)]

2 𝒢4}

 

𝒢3,4 ≃ 1 +
(2 ∓ 𝜂)2

4(1 ∓ 𝜂)
(1 −

1

𝑦2
)  



 

pág. 13314 

𝜀𝑝 =
𝑝2

2𝑚
−
2𝑒2𝑝𝐹
𝜋

{
 
 

 
 
𝜋

2
𝐹 (
1

2
,−
1

2
; 1; 𝑦2) ; 𝑦 < 1

1 ; 𝑦 = 1
𝜋

4𝑦
𝐹 (
1

2
,
1

2
; 2;

1

𝑦2
) ; 𝑦 > 1

 

𝜋

2
𝐹 (
1

2
,−
1

2
; 1; 𝑦2) = 𝐸(𝑦)  

𝐹 (
1

2
,
1

2
; 2;

1

𝑦2
) =

4𝑦2

𝜋
[𝐸 (

1

𝑦
) − (1 −

1

𝑦2
)𝐾 (

1

𝑦
)]  

𝜀𝑝 =
𝑝2

2𝑚
−
2𝑒2𝑝𝐹
𝜋

{
 

 
𝐸(𝑦) ; 𝑦 < 1
1 ; 𝑦 = 1

𝑦 [𝐸 (
1

𝑦
) − (1 −

1

𝑦2
)𝐾 (

1

𝑦
)] ; 𝑦 > 1

 

𝐸𝐻𝐹 = 𝐸𝐻𝐹
(1)
+ 𝐸𝐻𝐹

(2)  

𝐸𝐻𝐹
(1)
=
1

2

𝑝𝐹
2

2𝑚
𝑁  

𝐸𝐻𝐹
(2)
= −

𝐴𝑝𝐹
𝜂+2
Γ(1 −

𝜂
2)𝑌𝜂

2𝜂+1𝜋Γ(1 +
𝜂
2)

 

𝑌𝜂 = ∫  
1

0

 𝑑𝑦𝑦𝐹 (1 −
𝜂

2
,−
𝜂

2
; 1; 𝑦2)  

𝐸𝐻𝐹
(2)
= −

2𝑒2𝑝𝐹
3

3𝜋2
 

𝐸𝐻𝐹
𝑁

=
1

2

𝑝𝐹
2

2𝑚
− 𝐴(

𝑝𝐹
2
)
𝜂 Γ (1 −

𝜂
2) Γ(𝜂)

(1 +
𝜂
2) (

𝜂
2)
2
[Γ (

𝜂
2)]

3  

𝑣𝑝 =
𝑝

𝑚
+ 𝐴𝑝𝐹

𝜂−2
𝜂Γ (2 −

𝜂
2)

2𝜂Γ (1 +
𝜂
2)
𝑝𝐹 (2 −

𝜂

2
, 1 −

𝜂

2
; 2;
𝑝2

𝑝𝐹
2)  

𝑣𝑝 =
𝑝

𝑚
+
𝑒2

2
𝑦𝐹 (

3

2
,
1

2
; 2; 𝑦2)  

𝜋

2
𝐹 (
1

2
,
1

2
; 1; 𝑦2) = 𝐾(𝑦)  

𝑣𝑝 =
𝑝

𝑚
+
2𝑒2

𝜋𝑦
[𝐾(𝑦) − 𝐸(𝑦)]  
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𝑣𝑝 =
𝑝

𝑚
+ 2𝐴𝑝𝐹

𝜂−1
Γ (2 −

𝜂
2
)

2𝜂Γ (
𝜂
2
)
(
𝑝𝐹
𝑝
)
3−𝜂

× 

× {𝐹 (1 −
𝜂

2
, 1 −

𝜂

2
; 2;
𝑝𝐹
2

𝑝2
) +

1

2
(1 −

𝜂

2
) (
𝑝𝐹
𝑝
)
2

𝐹 (2 −
𝜂

2
, 2 −

𝜂

2
; 3;
𝑝𝐹
2

𝑝2
)}  

𝑣𝑝 =
𝑝

𝑚
+
2𝑒2

𝜋
[𝐾 (

1

𝑦
) − 𝐸 (

1

𝑦
)]  

𝑣𝑝→𝑝𝐹 ≃
𝑝𝐹
𝑚
+𝐴𝑝𝐹

𝜂−1
𝜂Γ (2 −

𝜂
2)

2𝜂Γ (1 +
𝜂
2
)

× {
Γ(−1 + 𝜂)

Γ (
𝜂
2) Γ (1 +

𝜂
2)
𝒯1 + (1 − 𝑦

2)−1+𝜂
Γ(1 − 𝜂)

Γ (2 −
𝜂
2) Γ (1 −

𝜂
2)
𝒯2}

 

𝒯1 ≃ 1 +
4 − 𝜂

4
(1 − 𝑦2)  

𝒯2 ≃ 1 +
2 + 𝜂

4
(1 − 𝑦2)  

𝑣𝑝=𝑝𝐹 =
𝑝𝐹
2
{
2

𝑚
+ 𝐴(

𝑝𝐹
2
)
𝜂−2 2

𝜂

Γ (2 −
𝜂
2) Γ(−1 + 𝜂)

[Γ (
𝜂
2
)]
3 }  

𝑣𝑝→𝑝𝐹 ≃
𝐴Γ(1 − 𝜂)

𝜋
(
𝑝𝐹
2
)
𝜂−1

(1 −
𝑝2

𝑝𝐹
2)

−1+𝜂

sin (
𝜋𝜂

2
)  

 

𝑣𝑝→𝑝𝐹 ≃
𝑝𝐹
𝑚
+ 2𝐴𝑝𝐹

𝜂−1
Γ (2 −

𝜂
2)

2𝜂Γ (
𝜂
2)

× {
Γ(𝜂)

[Γ (1 +
𝜂
2)]

2𝒵1 + (1 −
1

𝑦2
)
𝜂 Γ(−𝜂)

[Γ (1 −
𝜂
2)]

2𝒵2

+
1

2
(1 −

𝜂

2
) [
2Γ(−1 + 𝜂)

[Γ (1 +
𝜂
2)]

2ℋ1 + (1 −
1

𝑦2
)
−1+𝜂 2Γ(1 − 𝜂)

[Γ (2 −
𝜂
2)]

2ℋ2]}

 

𝒵1,2 ≃ 1 +
(2 ∓ 𝜂)2

4(1 ∓ 𝜂)
(1 −

1

𝑦2
)  

ℋ1 ≃ 1 +
(4 − 𝜂)2

4(2 − 𝜂)
(1 −

1

𝑦2
)

ℋ2 ≃ 1 +
(2 + 𝜂)2

4𝜂
(1 −

1

𝑦2
)

 

𝑣𝑝→𝑝𝐹 ≃
𝐴Γ(1 − 𝜂)

𝜋
(
𝑝𝐹
2
)
𝜂−1

(1 −
𝑝𝐹
2

𝑝2
)

−1+𝜂

sin (
𝜋𝜂

2
)  
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𝑁(𝑝) =
𝑝

𝜋|𝑣𝑝|
 

𝑁(𝑝𝐹) =
1

𝜋 {
1
𝑚 + 𝐴(

𝑝𝐹
2 )

𝜂−2 Γ (2 −
𝜂
2
) Γ(−1 + 𝜂)

𝜂 [Γ (
𝜂
2
)]
3 }

 

𝑁(𝑝 → 𝑝𝐹) ≃
2𝜂−1

𝐴Γ(1 − 𝜂) |sin (
𝜋𝜂
2
)|
𝑝𝐹
2−𝜂

×

{
 
 

 
 (1 −

𝑝2

𝑝𝐹
2)

1−𝜂

; 𝑝 < 𝑝𝐹

(1 −
𝑝𝐹
2

𝑝2
)

1−𝜂

; 𝑝 > 𝑝𝐹

 

𝐻ferm=∑ 

𝑀

𝑝,𝑞

 ℎ𝑝𝑞(𝐶)𝛼𝑝
†𝛼𝑞 +

1

2
∑  

𝑀

𝑝,𝑞,𝑟,𝑠

 𝑔𝑝𝑞𝑟𝑠(𝐶)𝛼𝑝
†𝛼𝑟

†𝛼𝑠𝛼𝑞 

 = ∑  

𝑀

𝑝,𝑞

 ℎ𝑝𝑞𝛼𝑝
†𝛼𝑞 +

1

2
∑  

𝑀

𝑝,𝑞,𝑟,𝑠

 𝑔𝑝𝑞𝑟𝑠𝛼𝑝
†𝛼𝑟

†𝛼𝑠𝛼𝑞

 

𝑈(𝜅) = 𝑒−𝑘̂(𝜅⃗⃗⃗),  where  𝑘̂ = ∑  

𝑀

𝑝>𝑞

 𝜅𝑝𝑞(𝛼𝑝
†𝛼𝑞 − 𝛼𝑞

†𝛼𝑝)  

𝑘̂† = −𝑘̂ 

𝜅𝑝𝑞 = −𝜅𝑞𝑝
∗
𝑀(𝑀 − 1)

2
 

𝐻ferm ↦ 𝐻ferm (𝜅) = 𝑒−𝑘̂(𝜅⃗⃗⃗)𝐻ferm 𝑒𝑘̂(𝜅⃗⃗⃗)

 = ∑  

𝑀

𝑚𝑛

 ℎ‾𝑚𝑛(𝜅)𝛼𝑚
† 𝛼𝑛 + ∑  

𝑀

𝑚𝑛𝜇𝜈

 
𝑔‾𝑚𝜈𝑛𝜇(𝜅)

2
𝛼𝑚
† 𝛼𝑛

†𝛼𝜇𝛼𝜈
 

𝐻𝐷
ferm (𝜅) =∑  

𝑀

𝑛

 ℎ‾𝑛𝑛(𝜅)𝛼𝑛
†𝛼𝑛 +

1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

  (𝑔‾𝑚𝑚𝑛𝑛(𝜅) − 𝑔‾𝑚𝑛𝑛𝑚(𝜅))𝛼𝑚
† 𝛼𝑚𝛼𝑛

†𝛼𝑛

 

𝐸𝐻𝐹
ferm = min

𝜅⃗⃗⃗
 [⟨𝐻𝐹ferm |𝑒−𝑘̂(𝜅⃗⃗⃗)𝐻ferm 𝑒𝑘̂(𝜅⃗⃗⃗)|𝐻𝐹ferm ⟩] 

 = min
𝜅⃗⃗⃗
 [⟨𝐻𝐹ferm |𝐻𝐷

ferm (𝜅)|𝐻𝐹ferm ⟩]
 

|𝐻𝐹ferm⟩ = ∏  

𝑖∈𝒪𝛼∪𝒪𝛽

 𝛼𝑖
†|𝑣𝑎𝑐⟩  
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𝐻𝐷(𝑅)=∑ 

𝑀

𝑛

 
ℎ‾𝑛𝑛(𝑅)

2
(𝐼 − 𝑍𝑛) +  

∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

 
𝑔‾𝑚𝑚𝑛𝑛(𝑅) − 𝑔‾𝑚𝑛𝑛𝑚(𝑅)

8
(𝐼 − 𝑍𝑛 − 𝑍𝑚 + 𝑍𝑚𝑍𝑛) 

 = ∑  

1+
𝑀(𝑀+1)

2

𝑗=1

  𝑐𝑗(𝑅)𝑃𝑗

 

min{𝑓(𝑥⃗): 𝑥⃗ ∈ {0,1}𝑛}.  

𝑔(𝑥)  = 𝑥⃗𝑇𝑄𝑥⃗ + 𝑏⃗⃗𝑇𝑥⃗ + 𝑐,

 =∑  

𝑖𝑗

 𝑄𝑖𝑗𝑥𝑖𝑥𝑗 +∑ 

𝑖

 𝑏𝑖𝑥𝑖 + 𝑐.(9)  

𝑥𝑖 ⟷
1− 𝑧𝑖
2

,  

𝐸Alg−1
min−eig

= min
𝜅⃗⃗⃗
  [ min
[|𝑏⟩∈𝒮⊂𝒟

 [⟨𝑏|𝐻𝐷(𝜅)|𝑏⟩]]  
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𝐸Alg−2
min−eig

= min
𝐶
  [ min
|𝑏⟩∈𝒮⊂𝒟

 [⟨𝑏|𝐻𝐷(𝐶)|𝑏⟩]] ,  
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𝐻𝐷
ferm(𝐶) =∑  

𝑀

𝑛

 ℎ‾𝑛𝑛(𝐶)𝛼𝑛
†𝛼𝑛 +

1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

  (𝑔‾𝑚𝑚𝑛𝑛(𝐶) − 𝑔‾𝑚𝑛𝑛𝑚(𝐶))𝛼𝑚
† 𝛼𝑚𝛼𝑛

†𝛼𝑛

 

𝐸𝑄𝑈𝑆𝑂
𝑉𝑃 = min

𝑅
  [ min
[|𝑏⟩∈𝒟

 [⟨𝑏|𝐻𝐷(𝑅) + 𝜆𝑉𝑃|𝑏⟩]] .  

𝐸𝑄𝑈𝑆𝑂
𝑉𝑃 =  min

𝑅
 

⏟
 classical 

 algorithm 

[min
|𝑏⟩∈𝒟

 [⟨𝑏|𝐻𝐷(𝑅) + 𝜆𝑉𝑃|𝑏⟩⏟                
 quantum 

 algorithm 

],
 

𝐸𝑄𝐴𝑂𝐴−𝑆𝐶𝐹 = min
𝑅
  [min
𝑔⃗⃗,𝑏⃗⃗
 [⟨𝑔⃗, 𝑏⃗⃗|𝐻𝑐(𝑅)|𝑔⃗, 𝑏⃗⃗⟩]]  

|𝑔⃗, 𝑏⃗⃗⟩=∏ 

1

𝑘=𝑙

  𝑒−𝑖𝑏𝑘𝐻𝑚𝑒−𝑖𝑔𝑘𝐻𝑐(𝑅)|𝑠⟩  

 = 𝑒−𝑖𝑏𝑙𝐻𝑚𝑒−𝑖𝑔𝑙𝐻𝑐(𝑅)…𝑒−𝑖𝑏1𝐻𝑚𝑒−𝑖𝑔1𝐻𝑐(𝑅)|𝑠⟩.

 

|𝑠⟩ = 𝐻⊗𝑛|0⟩ =
1

√2𝑛
∑  

2𝑛−1

𝑘=0

|𝑘⟩ 

max
𝑧
  [∑  

𝑖𝑗

 𝐴𝑖𝑗
𝐼 − 𝑧𝑖𝑧𝑗

2
] ↦ max

𝑥
  [∑  

𝑖𝑗

 𝐴𝑖𝑗(𝑥𝑖⊕𝑥𝑗)]  

𝑥𝑖⊕𝑥𝑗 = {
1,  if 𝐴𝑖𝑗 > 0

0,  if 𝐴𝑖𝑗 < 0
 

[𝑘̂, 𝑎𝑟
†]=∑  

𝑝𝑞

 𝑘𝑝𝑞[𝑎𝑝
†𝑎𝑞 , 𝑎𝑟

†]  

 = ∑  

𝑝𝑞

 𝑘𝑝𝑞(𝑎𝑝
† [𝑎𝑞 , 𝑎𝑟

†]⏟    
=𝛿𝑞𝑟

+ [𝑎𝑝
† , 𝑎𝑟

†]⏟    
=0

𝑎𝑞)

 =∑  

𝑝𝑞

 𝑘𝑝𝑞𝑎𝑝
†𝛿𝑞𝑟

 = ∑  

𝑝

 𝑘𝑝𝑟𝑎𝑝
† ≡ 𝑘𝑝𝑟𝑎𝑝

†

 



 

pág. 13321 

[𝑘̂, 𝑎𝑟]=∑  

𝑝𝑞

 𝑘𝑝𝑞[𝑎𝑝
†𝑎𝑞 , 𝑎𝑟]  

=∑  

𝑝𝑞

 𝑘𝑝𝑞(𝑎𝑝
† [𝑎𝑞 , 𝑎𝑟]⏟    

=0

+ [𝑎𝑝
† , 𝑎𝑟]⏟    

=−[𝑎𝑟,𝑎𝑝
†]=−𝛿𝑝𝑟

𝑎𝑞 

 = ∑  

𝑝𝑞

 − 𝑘𝑝𝑞𝑎𝑞𝛿𝑝𝑟

 = ∑  

𝑞

 − 𝑘𝑟𝑞𝑎𝑞

 = ∑  

𝑞

 𝑘𝑞𝑟
∗ 𝑎𝑞 ≡ 𝑘𝑞𝑟

∗ 𝑎𝑞

 

[(𝐴)𝑛, 𝐵] = [𝐴,… [𝐴, [𝐴⏟      
𝑛 times 

, 𝐵]]… ], [(𝐴)0, 𝐵] = 𝐵.
 

𝑒𝑘̂𝑎𝑝
†𝑒−𝑘̂= ∑  

∞

𝑛=0

 
[(𝑘̂)𝑛, 𝑎𝑝

†]

𝑛!
 

= 𝑎𝑝
† + [𝑘̂, 𝑎𝑝

†] +
1

2
[𝑘̂, [𝑘̂, 𝑎𝑝

†]] +
1

6
[𝑘̂, [𝑘̂, [𝑘̂, 𝑎𝑝

†]]] + ⋯  

= 𝑎𝑝
† + 𝑎𝑟

†𝑘𝑝𝑟 +
1

2
[𝑘̂, 𝑎𝑟

†𝑘𝑝𝑟] +
1

6
[𝑘̂, [𝑘̂, 𝑎𝑟

†𝑘𝑝𝑟]] + ⋯  

= 𝑎𝑝
† + 𝑎𝑟

†𝑘𝑝𝑟 +
(𝑘𝑝𝑟𝑘𝑟𝑚)

2
𝑎𝑚
† +

[𝑘̂, (𝑘𝑝𝑟𝑘𝑟𝑚)𝑎𝑚
† ]

6
+ ⋯  

 = 𝑎𝑝
† + 𝑎𝑟

†𝑘𝑝𝑟 +
(𝑘𝑝𝑟𝑘𝑟𝑚)

2
𝑎𝑚
† +

(𝑘𝑝𝑟𝑘𝑟𝑚𝑘𝑚𝑛)

6
𝑎𝑛
† +⋯

 = 𝑎𝑝
† + 𝑎𝑟

†𝑘𝑝𝑟 +
(𝐾2)𝑝𝑚
2

𝑎𝑚
† +

(𝐾3)𝑝𝑛
6

𝑎𝑛
† +⋯

 = 𝑎𝑝
†(𝐼)𝑝𝑟 + 𝑎𝑟

†(𝐾)𝑝𝑟 +
(𝐾2)𝑝𝑟
2

𝑎𝑟
† +

(𝐾3)𝑝𝑟
6

𝑎𝑟
† +⋯ =∑ 

𝑠

 𝑎𝑠
†[𝑒𝐾]𝑝𝑠

 = 𝑎𝑝
†(𝐼)𝑟𝑝 − 𝑎𝑟

†(𝐾)𝑟𝑝 +
(𝐾2)𝑟𝑝
2

𝑎𝑟
† −

(𝐾3)𝑟𝑝
6

𝑎𝑟
† +⋯ =∑ 

𝑠

 𝑎𝑠
†[𝑒−𝐾]𝑠𝑝.

 

𝑒𝑘̂𝑎𝑝𝑒
−𝑘̂ = 𝑎𝑝(𝐼)𝑟𝑝 − 𝑎𝑟(𝐾)𝑟𝑝

∗ +
(𝐾2)𝑟𝑝

∗

2
𝑎𝑟 −

(𝐾3)𝑟𝑝
∗

6
𝑎𝑟 +⋯ =∑ 

𝑠

 𝑎𝑠[𝑒
−𝐾]𝑠𝑝

∗ .  
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𝑒−𝑘̂𝐻𝑒𝑘̂ =∑ 

𝑀

𝑝𝑞

 ℎ𝑝𝑞𝑒
−𝑘̂𝛼𝑝

†𝛼𝑞𝑒
𝑘̂ +

1

2
∑  

𝑀

𝑝𝑞𝑟𝑠

 𝑔𝑝𝑞𝑟𝑠𝑒
−𝑘̂𝛼𝑝

†𝛼𝑟
†𝛼𝑠𝛼𝑞𝑒

𝑘̂  

=∑  

𝑀

𝑝𝑞

 ℎ𝑝𝑞𝑒
−𝑘̂𝛼𝑝

†(𝑒𝑘̂𝑒−𝑘̂)𝛼𝑞𝑒
𝑘̂ +

1

2
∑  

𝑀

𝑝𝑞𝑟𝑠

 𝑔𝑝𝑞𝑟𝑠𝑒
−𝑘̂𝛼𝑝

†(𝑒𝑘̂𝑒−𝑘̂)𝛼𝑟
†(𝑒𝑘̂𝑒−𝑘̂)𝛼𝑠(𝑒

𝑘̂𝑒−𝑘̂)𝛼𝑞𝑒
𝑘̂  

=∑  

𝑀

𝑝𝑞

 ℎ𝑝𝑞 (∑  

𝑀

𝑚

 𝑎𝑚
† [𝑒−𝐾]𝑚𝑝)(∑  

𝑀

𝑛

 𝑎𝑛[𝑒
−𝐾]𝑛𝑞

∗ ) +  

1

2
∑  

𝑀

𝑝𝑞𝑟𝑠

 𝑔𝑝𝑞𝑟𝑠 (∑  

𝑀

𝑚

 𝑎𝑚
† [𝑒−𝐾]𝑚𝑝)(∑ 

𝑀

𝑛

 𝑎𝑛
†[𝑒−𝐾]𝑛𝑟)(∑ 

𝑀

𝜇

 𝑎𝜇[𝑒
−𝐾]𝜇𝑠

∗ )(∑  

𝑀

𝜈

 𝑎𝜈[𝑒
−𝐾]𝜈𝑞

∗ )

= ∑  

𝑀

𝑚𝑛

 𝑎𝑚
† 𝑎𝑛∑ 

𝑀

𝑝𝑞

 ℎ𝑝𝑞([𝑒
−𝐾]𝑚𝑝)([𝑒

−𝐾]𝑛𝑞
∗ ) +

1

2
∑  

𝑀

𝑚𝑛𝜇𝜈

 𝑎𝑚
† 𝑎𝑛

†𝑎𝜇𝑎𝜈 ∑  

𝑀

𝑝𝑞𝑟𝑠

 𝑔𝑝𝑞𝑟𝑠([𝑒
−𝐾]𝑚𝑝)([𝑒

−𝐾]𝑛𝑟)([𝑒
−𝐾]𝜇𝑠

∗ )([𝑒−𝐾]𝜈𝑞
∗ )

= ∑  

𝑀

𝑚𝑛

 ℎ‾𝑚𝑛𝛼𝑚
† 𝛼𝑛 +

1

2
∑  

𝑀

𝑚𝑛𝜇𝜈

 𝑔‾𝑚𝜈𝑛𝜇𝛼𝑚
† 𝛼𝑛

†𝛼𝜇𝛼𝜈.

 

ℎ‾𝑚𝑛 =∑ 

𝑀

𝑝𝑞

 𝑉(𝜅)𝑚𝑝𝑉(𝜅)𝑛𝑞
∗ ⋅ ℎ𝑝𝑞

𝑔‾𝑚𝜈𝑛𝜇 = ∑  

𝑀

𝑝𝑞𝑟𝑠

 𝑉(𝜅)𝑚𝑝𝑉(𝜅)𝑛𝑟𝑉(𝜅)𝜇𝑠
∗ 𝑉(𝜅)𝜈𝑞

∗ ⋅ 𝑔𝑝𝑞𝑟𝑠

= ∑  

𝑀

𝑝𝑞𝑟𝑠

 𝑉(𝜅)𝑚𝑝𝑉(𝜅)𝑛𝑟 ⋅ 𝑔𝑝𝑞𝑟𝑠 ⋅ [𝑉(𝜅)
†]
𝑠𝜇
[𝑉(𝜅)†]

𝑞𝜈

 

𝑉(𝜅) = 𝑒−𝐾, with 𝐾 = skew(𝜅) =

(

 
 

0 𝑘12 𝑘13 … 𝑘1𝑀
−𝑘21

∗ 0 𝑘23 … 𝑘2𝑀
−𝑘31

∗ −𝑘32
∗ ⋱ … 𝑘3𝑀

⋮ ⋮ ⋮ 0 ⋮
−𝑘𝑀1

∗ −𝑘𝑀2
∗ −𝑘𝑀3

∗ ⋯ 0 )

 
 
.  

∫  𝜙𝑝
∗(𝑟)𝜙𝑞(𝑟)𝑑𝑟 = ⟨𝜙𝑝 ∣ 𝜙𝑞⟩ = 𝛿𝑝𝑞∀𝑝, 𝑞 

ℎ𝑝𝑞= (𝑝|ℎ|𝑞) = ∫  𝜙𝑝
∗(𝑟1)ℎ̂(𝑟1)𝜙𝑞(𝑟1)𝑑𝑟1  

𝑔𝑝𝑞𝑟𝑠 = (𝑝𝑞 ∣ 𝑟𝑠)

 = ∫  𝜙𝑝
∗(𝑟1)𝜙𝑟

∗(𝑟2)
1

|𝑟1 − 𝑟2|
𝜙𝑞(𝑟1)𝜙𝑠(𝑟2)𝑑𝑟1𝑑𝑟2

 

ℎ̂(𝑟1) = −
∇𝑟1
2

2
− ∑  

𝑁atoms 

𝐼

𝑍𝐼

|𝑟1 − 𝑅⃗⃗𝐼|
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𝜙𝑝(𝑟) =∑  

𝑀

𝜇

 𝐶𝜇𝑝𝜒𝜇𝑝(𝑟).  

𝛿𝑝𝑞 =∑ 

𝜇𝜈

 𝐶𝜇𝑝
∗ 𝑆𝜇𝜈𝐶𝜈𝑞 ,  

𝑆𝜇𝜈 = ∫  𝑑𝑟𝜒𝜇
∗(𝑟)𝜒𝜈(𝑟)  

𝐸𝑄𝐶𝑆𝑂 = min
𝑅
  [ min
|𝑏⟩∈𝒮⊂𝒟

 [⟨𝑏|𝐻𝐷(𝑅)|𝑏⟩]]  

𝐸𝑄𝑈𝑆𝑂
𝑉𝑃 = min

𝑅
  [ min
[|𝑏⟩∈𝒟

 [⟨𝑏|𝐻𝐷(𝑅) + 𝜆𝑉𝑃|𝑏⟩]] .  

∑  

𝒦∈𝜒

 ∏  

𝑖∈𝒦

 (
𝐼 − 𝑍𝑖
2

) = ∑  

𝒦∈𝒮

  𝑧‾𝒦 = Ω  

𝑉𝑃(𝜆)= 𝜆 [∑  

𝒦∈𝜒

 ∏  

𝑖∈𝒦

  (
𝐼 − 𝑍𝑖
2

) − Ω]

2

 

 = 𝜆 [∑  

𝒦∈𝜒

  𝑧‾𝒦 −Ω]

2  

𝑉𝑃
𝛼(𝜆)  = 𝜆(∑  

𝑖∈𝜒𝛼

 (
𝐼 − 𝑍𝑖
2

) − 𝑁𝛼)

2

𝑉𝑃
𝛽
(𝜆)  = 𝜆(∑  

𝑖∈𝜒𝛽

  (
𝐼 − 𝑍𝑖
2

) − 𝑁𝛽)

2  

𝑆2 = 𝑆𝑧 + 𝑆𝑧
2 + 𝑆−𝑆+  

𝑉𝑃
𝑆2(𝜆) = 𝜆[𝑁𝛽 − ∑  

𝑀/2−1

𝑘=0

  (
𝐼 + 𝑍2𝑘𝑍2𝑘+1

2
) − 𝑆2⏟

desired value 

]2.  

𝑉𝑃
𝑆2(𝜆) = 𝜆 [𝑁𝛽 − ∑  

𝑀/2−1

𝑘=0

  (
𝐼 + 𝑍2𝑘𝑍2𝑘+1

2
)] .  

⟨𝑆2⟩ = (
𝑁𝛼 −𝑁𝛽

2
)
2

+ (
𝑁𝛼 −𝑁𝛽

2
) + 𝑁𝛽 − ∑  

𝑗∈𝑂𝛼

  ∑  

𝑘∈𝑂𝛽

  |⟨𝜓𝑗
𝛼 ∣ 𝜓𝑘

𝛽
⟩|
2

 

⟨𝜓𝑗
𝛼 ∣ 𝜓𝑘

𝛽
⟩ = 𝛿𝑗𝑘 
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⟨𝜓𝑝 ∣ 𝜓𝑞⟩ =∑  

𝜇𝜈

 𝐶𝜇𝑝
∗ 𝑆𝜇𝜈𝐶𝜈𝑞 = 𝛿𝑝𝑞 .  

𝑆𝜇𝜈 = ∫  𝑑𝑟𝜒𝜇
∗(𝑟)𝜒𝜈(𝑟)  

⟨𝑆𝑅𝑂𝐻𝐹
2 ⟩= (

𝑁𝛼 −𝑁𝛽

2
)
2

+ (
𝑁𝛼 −𝑁𝛽

2
) + 𝑁𝛽 − ∑  

𝑗∈𝑂𝛼

  ∑  

𝑘∈𝑂𝛽

 𝛿𝑗𝑘 

 = (
𝑁𝛼 −𝑁𝛽

2
)
2

+ (
𝑁𝛼 −𝑁𝛽

2
) + 𝑁𝛽 −𝑁paired 

 = (
𝑁𝛼 −𝑁𝛽

2
)
2

+ (
𝑁𝛼 −𝑁𝛽

2
) + 𝑁unpaired 𝛽

 

𝑓(𝑥⃗) = min
𝑦⃗⃗∈{0,1}𝑚

 {𝑔(𝑥⃗, 𝑦⃗)} ∀𝑥⃗ ∈ {0,1}𝑛  

𝐻𝐷(𝑅)=∑  

𝑀

𝑛

 ℎ‾𝑛𝑛 (
𝐼 − 𝑍𝑛
2

) +
1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4
(𝐼 − 𝑍𝑛 − 𝑍𝑚 + 𝑍𝑚𝑍𝑛) 

 ↦

𝐻𝑄𝑈𝑆𝑂(𝑅) =∑  

𝑀

𝑛

 ℎ‾𝑛𝑛 (
1 − 𝑧𝑛
2

) +
1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4
(1 − 𝑧𝑛 − 𝑧𝑚 + 𝑧𝑚𝑧𝑛)

 

𝐻𝑄𝑈𝐵𝑂(𝑅)=∑  

𝑀

𝑛

 ℎ‾𝑛𝑛 (
1 − (1 − 2𝑥𝑛)

2
) +

1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4
(1 − (1 − 2𝑥𝑛) − (1 − 2𝑥𝑚) + (1 − 2𝑥𝑛)(1 − 2𝑥𝑚)) 

 = ∑  

𝑀

𝑛

 ℎ‾𝑛𝑛(𝑥𝑛) +
1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4
(4𝑥𝑛𝑥𝑚)

 =∑  

𝑀

𝑛

 ℎ‾𝑛𝑛(𝑥𝑛) +
1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

  ([𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚]𝑥𝑛𝑥𝑚).

 

𝐶MaxCut =∑ 

𝑀

𝑖𝑗

 𝐴𝑖𝑗 (
𝐼 − 𝑍𝑖𝑍𝑗

2
)  

 =∑  

𝑀

𝑖𝑗

  (
𝐴𝑖𝑗𝐼

2
+
−𝐴𝑖𝑗𝑍𝑖𝑍𝑗

2
)

 

𝐻𝐷
ferm(𝑅) =∑  

𝑀

𝑛

 ℎ‾𝑛𝑛𝛼𝑛
†𝛼𝑛 +

1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

  ([𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚]𝛼𝑚
† 𝛼𝑚𝛼𝑛

†𝛼𝑛)

↦

𝐻𝐷
𝐽𝑊(𝑅) =∑  

𝑀

𝑛

 ℎ‾𝑛𝑛 (
𝐼 − 𝑍𝑛
2

) +
1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4
(𝐼 − 𝑍𝑛 − 𝑍𝑚 + 𝑍𝑚𝑍𝑛).
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𝐻𝜔
ferm(𝑅) = ∑  

𝑀

𝑛=1

 ℎ‾𝑛𝑛(𝛼𝑛
†𝛼𝑛 + 𝛼𝜔

†𝛼𝜔 − 2𝛼𝑛
†𝛼𝑛𝛼𝜔

†𝛼𝜔) +

1

2
∑  

𝑀

𝑚,𝑛=1
𝑚≠𝑛

  ([𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚](𝛼𝜔
†𝛼𝜔 + 𝛼𝑚

† 𝛼𝑚𝛼𝑛
†𝛼𝑛 − 𝛼𝑛

†𝛼𝑛𝛼𝜔
†𝛼𝜔 − 𝛼𝑚

† 𝛼𝑚𝛼𝜔
†𝛼𝜔))

 ↦

𝐻𝜔
JW
(𝑅) = ∑  

𝑀

𝑛=1

 ℎ‾𝑛𝑛 (
𝐼 − 𝑍𝑛𝑍𝜔

2
) +

1

2
∑  

𝑀

𝑚,𝑛=1
𝑚≠𝑛

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4
(𝐼 − 𝑍𝑛𝑍𝜔 − 𝑍𝑚𝑍𝜔 + 𝑍𝑚𝑍𝑛).

 

𝐻|1⟩𝜔
ferm(𝑅) =∑  

𝑀

𝑛

 ℎ‾𝑛𝑛(1 − 𝛼𝑛
†𝛼𝑛) +  

1

2
∑  

𝑀

𝑚,𝑛
𝑚≠𝑛

  ([𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚](1 + 𝛼𝑚
† 𝛼𝑚𝛼𝑛

†𝛼𝑛 − 𝛼𝑛
†𝛼𝑛 − 𝛼𝑚

† 𝛼𝑚))

 

𝐻MaxCut 
JW

(𝑅) = ∑  

𝑀

𝑛=1

 − ℎ‾𝑛𝑛 (
𝐼 − 𝑍𝑛𝑍𝜔

2
) + ∑  

𝑀

𝑚,𝑛=1
𝑚≠𝑛

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
(
𝐼 − 𝑍𝑛𝑍𝜔 − 𝑍𝑚𝑍𝜔 + 𝑍𝑚𝑍𝑛

2
) .  

𝐻MaxCut 
JW

(𝑅) =∑  

𝑀

𝑛=1

 (−ℎ‾𝑛𝑛 + [∑  

𝑀

𝑚=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
]) (

𝐼 − 𝑍𝑛𝑍𝜔
2

) + ∑  

𝑀

𝑚,𝑛=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
(
−𝑍𝑚𝑍𝜔 + 𝑍𝑚𝑍𝑛

2
)  

=∑  

𝑀

𝑛=1

 (−ℎ‾𝑛𝑛 + [∑  

𝑀

𝑚=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
]) (

𝐼 − 𝑍𝑛𝑍𝜔
2

) + ∑  

𝑀

𝑚=1

 ([∑  

𝑀

𝑛=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
]) (

−𝑍𝑚𝑍𝜔
2

)  

+ ∑  

𝑀

𝑚,𝑛=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
(
𝑍𝑚𝑍𝑛
2

)  

=∑  

𝑀

𝑛=1

 (−ℎ‾𝑛𝑛 + [∑  

𝑀

𝑚=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
]) (

𝐼 − 𝑍𝑛𝑍𝜔
2

) + 𝑀⏟
relabeled 𝑚↔𝑛 (as dummy index) 

([∑  

𝑀

𝑚=1

 
𝑔‾𝑛𝑚𝑚𝑛 − 𝑔‾𝑛𝑛𝑚𝑚

4
]) (

𝐼 − 𝑍𝑛𝑍𝜔 − 𝐼

2
) 

+ ∑  

𝑀

𝑚,𝑛=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
(
𝑍𝑚𝑍𝑛
2

)  

=∑  

𝑀

𝑛=1

 (−ℎ‾𝑛𝑛 + [∑  

𝑀

𝑚=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
+
𝑔‾𝑛𝑚𝑚𝑛 − 𝑔‾𝑛𝑛𝑚𝑚

4
]) (

𝐼 − 𝑍𝑛𝑍𝜔
2

)  

 + ∑  

𝑀

𝑚,𝑛=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
(
𝑍𝑚𝑍𝑛
2

) −∑  

𝑀

𝑛=1

 ([∑  

𝑀

𝑚=1

 
𝑔‾𝑛𝑚𝑚𝑛 − 𝑔‾𝑛𝑛𝑚𝑚

4
]) (

𝐼

2
)

 

𝐻MaxCut 
JW

(𝑅)= ∑  

𝑀

𝑛=1

  [−ℎ‾𝑛𝑛 + 𝐺𝑛] (
𝐼 − 𝑍𝑛𝑍𝜔

2
) + ∑  

𝑀

𝑚,𝑛=1

𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛
4

(
𝑍𝑚𝑍𝑛
2

) − 𝑐
𝐼

2
  

 = ∑  

𝑀

𝑛=1

  [−ℎ‾𝑛𝑛 + 𝐺𝑛] (
𝐼 − 𝑍𝑛𝑍𝜔

2
) + ∑  

𝑀

𝑚,𝑛=1

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4⏟          
×−1

(
−𝑍𝑚𝑍𝑛
2

)
⏟      

×−1

− 𝑐
𝐼

2

 = ∑  

𝑀

𝑛=1

  [−ℎ‾𝑛𝑛 + 𝐺𝑛] (
𝐼 − 𝑍𝑛𝑍𝜔

2
) + ∑  

𝑀

𝑚,𝑛=1

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4
(
𝐼 − 𝑍𝑚𝑍𝑛

2
−
𝐼

2
) − 𝑐

𝐼

2
,
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𝐺𝑛= [∑  

𝑀

𝑚=1

 
𝑔‾𝑚𝑛𝑛𝑚 − 𝑔‾𝑚𝑚𝑛𝑛

4
+
𝑔‾𝑛𝑚𝑚𝑛 − 𝑔‾𝑛𝑛𝑚𝑚

4
] 

𝑐 = ∑  

𝑀

𝑛=1

 ([∑  

𝑀

𝑚=1

 
𝑔‾𝑛𝑚𝑚𝑛 − 𝑔‾𝑛𝑛𝑚𝑚

4
])

 

𝐻MaxCut 
JW

(𝑅) = ∑  

𝑀

𝑛=1

  [−ℎ‾𝑛𝑛 + 𝐺𝑛] (
𝐼 − 𝑍𝑛𝑍𝜔

2
) + ∑  

𝑀

𝑚,𝑛=1

 
𝑔‾𝑚𝑚𝑛𝑛 − 𝑔‾𝑚𝑛𝑛𝑚

4
(
𝐼 − 𝑍𝑚𝑍𝑛

2
) ,  

𝑃= (∑ 

𝑀

𝑗=1

 𝛼𝑗
†𝛼𝑗 −𝑁)

2

 

 ↦

𝑃𝜔 = (∑  

𝑀

𝑗=1

  [𝛼𝑗
†𝛼𝑗 + 𝛼𝜔

†𝛼𝜔 − 2𝛼𝑗
†𝛼𝑗𝛼𝜔

†𝛼𝜔] − 𝑁)

2

.

 

 

𝑆D
2 = ∑  

𝑀/2

𝑝=1

 
3

4
(𝑎2𝑝
† 𝑎2𝑝 + 𝑎2𝑝+1

† 𝑎2𝑝+1 − 𝑎2𝑝
† 𝑎2𝑝𝑎2𝑝+1

† 𝑎2𝑝+1 −

𝑎2𝑝+1
† 𝑎2𝑝+1𝑎2𝑝

† 𝑎2𝑝) +

∑  

𝑀/2

𝑝=1

  ∑  

𝑀/2

𝑚=1

 
1

4
(𝑎2𝑝
† 𝑎2𝑝𝑎2𝑚

† 𝑎2𝑚 − 𝑎2𝑝
† 𝑎2𝑝𝑎2𝑚+1

† 𝑎2𝑚+1 −

𝑎2𝑝+1
† 𝑎2𝑝+1𝑎2𝑚

† 𝑎2𝑚 + 𝑎2𝑝+1
† 𝑎2𝑝+1𝑎2𝑚+1

† 𝑎2𝑚+1)

 

Maximize [
1

2
∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗(1 − 𝑧𝑖 ⋅ 𝑧𝑗)]

 s.t. 𝑧𝑘 ∈ {−1,1}.

 

Maximize [
1

2
∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗(1 − 𝑣𝑖 ⋅ 𝑣𝑗)]

 s.t. 𝑣𝑘 ∈ ℝ
𝑀 , ‖𝑣𝑘‖ = 1
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 Maximize [
1

2
∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗(1 − 𝑋𝑖𝑗)]

 s.t. 𝑋 ≽ 0
[𝑋]𝑖𝑖 = 1, ∀𝑖 = 1,… ,𝑀.

 

𝑧𝑐𝑢𝑡 = sign[𝑉̃ ⋅ 𝑟],  

max
𝑧𝑖∈{−1,1}

  [∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗 (
1 − 𝑧𝑖𝑧𝑗

2
)] ≥ 𝔼[cut(𝐻)] =∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗(Pr[(𝑖, 𝑗) in cut ])≥ 𝛼𝐺⋅𝑊 [∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗 (
1 − 𝑣𝑖 ⋅ 𝑣𝑗

2
)] 

 ≥ 𝛼𝐺⋅𝑊 [∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗 (
1 − 𝑧̃𝑖 ⋅ 𝑧̃𝑗

2
)]

 

max
𝑧𝑖∈{−1,1}

  [∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗 (
1 − 𝑧𝑖 ⋅ 𝑧𝑗

2
)] −𝑊− ≥ 𝛼𝐺.𝑊 ([∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗 (
1 − 𝑧̃𝑖𝑧̃𝑗

2
)] −𝑊−) ,  

 

𝑊− = ∑  

𝑀

𝑖,𝑗
∀𝑤𝑖𝑗<0

 𝑤𝑖𝑗.  

max
𝑧𝑖∈{−1,1}

  [∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗 (
1 − 𝑧𝑖𝑧𝑗

2
)] ≥ 𝛼𝐺.𝑊 [∑  

𝑀

𝑖<𝑗

 𝑤𝑖𝑗 (
1 − 𝑧̃𝑖𝑧̃𝑗

2
)] + (1 − 𝛼𝐺.𝑊)𝑊

−,  

(𝑝𝑞 ∣ 𝑟𝑠) = 𝑔𝑝𝑞𝑟𝑠 = ∑  

𝑁𝑠

𝜇𝜈𝜆𝜎

 𝐶𝜇𝑝𝐶𝜈𝑞(𝜇𝜈 ∣ 𝜆𝜎)𝐶𝜆𝑟𝐶𝜎𝑠.  

(𝑝𝑞 ∣ 𝑞𝑝) = 𝑊𝑝𝑞
(𝑝𝑞∣𝑝𝑞)

= ∑  

𝑁𝑠

𝜇𝜈𝜆𝜎

 𝐶𝜇𝑝𝐶𝜈𝑞(𝜇𝜈 ∣ 𝜆𝜎)𝐶𝜆𝑞𝐶𝜎𝑝,  

(𝑝𝑝 ∣ 𝑞𝑞) = 𝑊𝑝𝑞
(𝑝𝑝∣𝑞𝑞)

= ∑  

𝑁𝑠

𝜇𝜈𝜆𝜎

 𝐶𝜇𝑝𝐶𝜈𝑝(𝜇𝜈 ∣ 𝜆𝜎)𝐶𝜆𝑞𝐶𝜎𝑞 .  

 

Scaling Current Remaining 

(𝑁𝑠)
5 𝜇𝜈𝜆𝜎, 𝜇𝑝 ↦ 𝜈𝜆𝜎𝑝 𝜈𝑞, 𝜆𝑟, 𝜎𝑠, 𝜈𝜆𝜎𝑝 ↦ 𝑝𝑞𝑟𝑠 

(𝑁𝑠)
5 𝜈𝜆𝜎𝑝, 𝜈𝑞 ↦ 𝜆𝜎𝑝𝑞 𝜆𝑟, 𝜎𝑠, 𝜆𝜎𝑝𝑞 ↦ 𝑝𝑞𝑟𝑠 
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(𝑁𝑠)
5 𝜆𝜎𝑝𝑞, 𝜆𝑟 ↦ 𝜎𝑝𝑞𝑟 𝜎𝑠, 𝜎𝑝𝑞𝑟 ↦ 𝑝𝑞𝑟𝑠 

(𝑁𝑠)
5 𝜎𝑝𝑞𝑟, 𝜎𝑠 ↦ 𝑝𝑞𝑟𝑠 𝑝𝑞𝑟𝑠 ↦ 𝑝𝑞𝑟𝑠 

 

 

Scaling Current Remaining 

(𝑁𝑠)
3 𝜎𝑠, 𝜇𝑝 ↦ 𝜎𝑝𝜇 𝜈𝑞, 𝜇𝜈𝜆𝜎, 𝜆𝑞, 𝜎𝑝𝜇 ↦ 𝑝𝑞 

(𝑁𝑠)
3 𝜆𝑞, 𝜈𝑞 ↦ 𝜆𝑞𝜈 𝜇𝜈𝜆𝜎, 𝜎𝑝𝜇, 𝜆𝑞𝜈 ↦ 𝑝𝑞 

(𝑁𝑠)
5 𝜎𝑝𝜇, 𝜇𝜈𝜆𝜎 ↦ 𝑝𝜈𝜆 𝜆𝑞𝜈, 𝑝𝜈𝜆 ↦ 𝑝𝑞 

(𝑁𝑠)
4 𝑝𝜈𝜆, 𝜆𝑞𝜈 ↦ 𝑝𝑞 𝑝𝑞 ↦ 𝑝𝑞 

 

 

Scaling Current Remaining 

(𝑁𝑠)
3 𝜈𝑝, 𝜇𝑝 ↦ 𝜈𝑝𝜇 𝜇𝜈𝜆𝜎, 𝜆𝑞, 𝜎𝑞, 𝜈𝑝𝜇 ↦ 𝑝𝑞 

(𝑁𝑠)
5 𝜈𝑝𝜇, 𝜇𝜈𝜆𝜎 ↦ 𝑝𝜆𝜎 𝜆𝑞, 𝜎𝑞, 𝑝𝜆𝜎 ↦ 𝑝𝑞 

(𝑁𝑠)
3 𝜎𝑞, 𝜆𝑞 ↦ 𝜎𝑞𝑙 𝑝𝜆𝜎, 𝜎𝑞𝜆 ↦ 𝑝𝑞 

(𝑁𝑠)
4 𝜎𝑞𝜆, 𝑝𝜆𝜎 ↦ 𝑝𝑞 𝑝𝑞 ↦ 𝑝𝑞 
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ℋ̂ = 𝐻̂ + 𝜆[𝑆̂2 − 𝑆(𝑆 + 1)].  

𝜕

𝜕𝜆
⟨c − UHF(𝑆)|ℋ̂|c − UHF(𝑆)⟩ = ⟨c − UHF(𝑆)|𝑆̂2|c − UHF(𝑆)⟩ − 𝑆(𝑆 + 1) ≡ 0  

ℰ(𝑆) = ⟨c − UHF(𝑆)|𝐻̂|c − UHF(𝑆)⟩  

𝐸UHF = min
𝑆
 ℰ(𝑆)  

|c − UHF⟩ =∏ 

𝑁
2
−1

𝑖=0

 𝑎2𝑖↑
† ∏ 

𝑁
2
−1

𝑗=0

 𝑎2𝑗+1↓
† |𝜃⟩  
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{𝑎2𝑖↑
† , 𝑎2𝑗↑} = {𝑎2𝑖+1↓

† , 𝑎2𝑗+1↓} = 𝛿𝑖𝑗 ,

{𝑎2𝑖↑
† , 𝑎2𝑗+1↓} = {𝑎2𝑖↓

† , 𝑎2𝑗+1↑} = 0,

{𝑎2𝑖↑
† , 𝑎2𝑗+1↑} = {𝑎2𝑖↓

† , 𝑎2𝑗+1↓} = 𝐺2𝑖,2𝑗+1, ∀𝑖, 𝑗 = 0…𝐿 − 1

 

{𝑎𝑖𝜎
† , 𝑎𝑗𝜏

† } = {𝑎𝑖𝜎 , 𝑎𝑗𝜏} = 0, ∀𝑖, 𝑗 = ,0…2𝐿 − 1 ∀𝜎, 𝜏 =↑, ↓.  

{𝑏𝑖𝜎
† , 𝑏𝑗𝜏

† } = {𝑏𝑖𝜎, 𝑏𝑗𝜏} = 0, {𝑏𝑖𝜎
† , 𝑏𝑗𝜏} = 𝛿𝑖𝑗𝛿𝜎𝜏. ∀𝑖𝑗 = 1…𝐿,  𝜎, 𝜏 =↑, ↓.  

𝑎2𝑖↑
† =∑ 

𝐿

𝑗=1

 𝑈𝑖𝑗
↑ 𝑏𝑗↑

† , 𝑎2𝑖+1↓
† =∑ 

𝐿

𝑗=1

 𝑈𝑖𝑗
↓ 𝑏𝑗↓

† ,  

𝑼↑(𝑼↓)
†
= 𝑮.  

𝑆̂+ =∑ 

𝐿

𝑖=1

 𝑏𝑖↑
†𝑏𝑖↓, 𝑆̂

− = (𝑆̂+)
†
=∑ 

𝐿

𝑖=1

 𝑏𝑖↓
† 𝑏𝑖↑, 𝑆̂0 =

1

2
∑  

𝐿

𝑖=1

  [𝑏𝑖↑
† 𝑏𝑖↑ − 𝑏𝑖↓

† 𝑏𝑖↓],  

[𝑆̂0, 𝑆̂
±] = ±𝑆̂±, [𝑆̂+, 𝑆̂−] = 2𝑆̂0  

𝑆̂2 = 𝑆̂0
2 +

1

2
[𝑆̂+𝑆̂− + 𝑆̂−𝑆̂+]  

[𝑆̂±, 𝑎𝑖𝑚
† ]  = √(

1

2
∓𝑚)(

1

2
±𝑚 + 1)𝑎𝑖𝑚±1

†

[𝑆̂0, 𝑎𝑖𝑚
† ]  = 𝑚𝑎𝑖𝑚

†

 

𝑅̂(Ω)𝑎𝑖𝑚
† 𝑅̂(Ω)−1 = ∑  

𝑚′=±
1
2

 𝑎
𝑖𝑚′
† 𝒟

𝑚′𝑚

1
2 (Ω)

 

𝑃̂𝑆 = ∏  

𝑆′≠𝑆

 
𝑆̂2 − 𝑆′(𝑆′ + 1)

𝑆(𝑆 + 1) − 𝑆′(𝑆′ + 1)
 

𝑃̂𝑀𝐾
𝑆 = ∫  𝒟𝑀𝐾

𝑆 (Ω)∗𝑅̂(Ω)𝑑Ω  

𝑃̂𝑀𝐾
𝑆 𝑎

0,
1
2

† 𝑎
1,−

1
2

† |𝜃⟩ = ∫  𝑑Ω𝒟𝑀𝐾
𝑆 (Ω)∗𝑅̂(Ω)𝑎

0,
1
2

† 𝑅̂(Ω)−1𝑅̂(Ω)𝑎
1,−

1
2

† 𝑅̂(Ω)−1𝑅̂(Ω)|𝜃⟩  

𝑃̂𝑀𝐾
𝑆 𝑎

0,
1
2

† 𝑎
1,−

1
2

† |𝜃⟩ = ∑  

𝑚0=±
1
2

  ∑  

𝑚1=±
1
2

 𝑎0,𝑚0

† 𝑎1,𝑚1

† |𝜃⟩∫  𝑑Ω𝒟𝑀𝐾
𝑆 (Ω)∗𝒟

𝑚0,
1
2

1
2 (Ω)𝒟

𝑚1,−
1
2

1
2 (Ω)

 

𝒟𝑚1𝑘1

𝑗1 (Ω)𝒟𝑚2𝑘2

𝑗2 (Ω) = ∑  

𝑗,𝑚𝑘

  ⟨𝑗1𝑚1, 𝑗2𝑚2 ∣ 𝑗𝑚⟩⟨𝑗1𝑘1, 𝑗2𝑘2 ∣ 𝑗𝑘⟩𝒟𝑚𝑘
𝑗
(Ω)

 ∫  𝑑Ω𝒟𝑚1𝑘1

𝑗1 (Ω)∗𝒟𝑚2𝑘2

𝑗2 (Ω) =
(4𝜋)2

2(2𝑗1 + 1)
𝛿𝑗1𝑗2𝛿𝑚1𝑚2

𝛿𝑘1𝑘2
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𝑃̂𝑀𝐾
𝑆 𝑎

0,
1
2

† 𝑎
1,−

1
2

† |𝜃⟩ =
(4𝜋)2

2(2𝑆 + 1)
⟨
1

2

1

2
,
1

2
−
1

2
|  𝑆𝐾⟩ [𝑎0

†𝑎1
†]
𝑀

𝑆
|𝜃⟩  

[𝑎0
†𝑎1
†]
𝑀

𝑆
|𝜃⟩ = ∑  

𝑚0,𝑚1=±
1
2

  ⟨
1

2
𝑚0,

1

2
𝑚1|  𝑆𝑀⟩ 𝑎0𝑚0

† 𝑎1𝑚1

† |𝜃⟩,
 

𝑎
0,+

1
2

† 𝑎
1,−

1
2

† |𝜃⟩ = 𝑎0↑
† 𝑎1↓

† |𝜃⟩ 

𝑎
0,−

1
2

† 𝑎
1,+

1
2

† |𝜃⟩ = 𝑎0↓
† 𝑎1↑

† |𝜃⟩ 

𝑎0↑
† 𝑎1↓

† 𝑎2↑
† 𝑎3↓

† |𝜃⟩  

𝑃̂𝑀𝐾
𝑆 𝑎0↑

† 𝑎1↓
† 𝑎2↑

† 𝑎3↓
† |𝜃⟩ =

(4𝜋)2

4(2𝑆 + 1)
𝛿𝐾0 ∑  

𝑆01,𝑆23

  (−)𝑆01+𝑆23⟨𝑆010, 𝑆23, 0 ∣ 𝑆0⟩ [[𝑎0
†𝑎1
†]
𝑆01
[𝑎2
†𝑎3
†]
𝑆23
]
𝑀

𝑆

|𝜃⟩. 

𝑃̂00
1 𝑎0↑

† 𝑎1,↓
† |𝜃⟩ =

(4𝜋)2

6√2
[𝑎0
†𝑎1
†]
0

1
|𝜃⟩,  

𝑎1↓
† =∑  

𝐿−1

𝑖=0

 𝐺2𝑖,1𝑎2𝑖↓
† ,  

𝑃̂00
1 𝑎0↑

† 𝑎1,↓
† |𝜃⟩ =

(4𝜋)2

6√2
∑  

𝐿−1

𝑖=0

 𝐺2𝑖,1[𝑎0
†𝑎2𝑖
† ]

0

1
|𝜃⟩ =

(4𝜋)2

6√2
∑  

𝐿−1

𝑖=1

 𝐺2𝑖,1[𝑎0
†𝑎2𝑖
† ]

0

1
|𝜃⟩,  

𝑃̂00
1 𝑎0↑

† 𝑎0,↓
† |𝜃⟩ = 0.  

{𝑎0↑
† 𝑎1↓

† 𝑎2↑
† 𝑎3↓

† |𝜃⟩, 𝑎0↑
† 𝑎1↑

† 𝑎2↓
† 𝑎3↓

† |𝜃⟩, 𝑎0↓
† 𝑎1↑

† 𝑎2↑
† 𝑎3↓

† |𝜃⟩,

𝑎0↑
† 𝑎1↓

† 𝑎2↓
† 𝑎3↑

† |𝜃⟩, 𝑎0↓
† 𝑎1↓

† 𝑎2↑
† 𝑎3↑

† |𝜃⟩, 𝑎0↓
† 𝑎1↑

† 𝑎2↓
† 𝑎3↑

† |𝜃⟩}.
 

𝑎0↑
† 𝑎1↑

† 𝑎2↓
† 𝑎3↓

† |𝜃⟩ = 𝑎0↑
† 𝑎0↑

† 𝑎2↓
† 𝑎3↓

† |𝜃⟩ = 0 

𝑎0↓
† 𝑎1↓

† 𝑎2↑
† 𝑎3↑

† |𝜃⟩ = 𝑎0↓
† 𝑎0↓

† 𝑎2↓
† 𝑎3↓

† |𝜃⟩ = 0 

𝑎0↑
† 𝑎1↓

† 𝑎2↑
† 𝑎3↓

† |𝜃⟩ = 𝑎0↑
† 𝑎0↓

† 𝑎2↑
† 𝑎3↓

† |𝜃⟩ 

𝑎0↓
† 𝑎1↑

† 𝑎2↑
† 𝑎3↓

† |𝜃⟩ = 𝑎0↓
† 𝑎0↑

† 𝑎2↑
† 𝑎3↓

† |𝜃⟩ 

𝑎0↓
† 𝑎1↑

† 𝑎2↓
† 𝑎3↑

† |𝜃⟩ 

𝑎0↑
† 𝑎1↓

† 𝑎2↓
† 𝑎3↑

† |𝜃⟩ 

𝑎0↑
† 𝑎1↓

† 𝑎2↑
† 𝑎3↓

† |𝜃⟩ and 𝑎0↑
† 𝑎1↓

† 𝑎2↓
† 𝑎3↑

† |𝜃⟩ 

𝑘eff = (
𝑀

𝑀/2
) 
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0 ≤ ⟨c − UHF|𝑆2|c − UHF⟩ ≤
𝑁

2
.  

 

|(𝑆01𝑆23)𝑆⟩ = [[𝑎0
†𝑎1
†]
𝑆01
[𝑎2
†𝑎3
†]
𝑆23
]
0

𝑆

|𝜽⟩  

(

 
 
 

|(00)0⟩
|(11)0⟩
|(01)1⟩
|(10)1⟩
|(11)1⟩
|(11)2⟩)

 
 
 

=

(

 
 
 
 
 
 
 
 
 
 
0

1

2
−
1

2
−
1

2

1

2
0

√3

3
−
√3

6
−
√3

6
−
√3

6
−
√3

6

√3

3

0
1

2
−
1

2

1

2
−
1

2
0

0
1

2

1

2
−
1

2
−
1

2
0

√2

2
0 0 0 0 −

√2

2

√6

6

√6

6

√6

6

√6

6

√6

6

√6

6 )

 
 
 
 
 
 
 
 
 
 

(

 
 
 
 
 

|0123⟩

|0123⟩

|0123⟩

|0123⟩

|0123⟩

|0123⟩)

 
 
 
 
 

 

𝐆 = (

1 𝐺01 0 𝐺03
𝐺10 1 𝐺12 0
0 𝐺21 1 𝐺23
𝐺30 0 𝐺32 1

)  

𝐌 =

(

 
 
 
 

𝑓1 −𝐺21
2 −𝑓3𝑓4 −𝑓3𝑓4 −𝐺03

2 𝑓4
2

−𝐺21
2 1 −𝐺01

2 −𝐺23
2 (𝑓3 − 𝑓4)

2 −𝐺03
2

−𝑓3𝑓4 −𝐺01
2 𝑓2 𝑓3

2 −𝐺23
2 −𝑓3𝑓4

−𝑓3𝑓4 −𝐺23
2 𝑓3

2 𝑓2 −𝐺01
2 −𝑓3𝑓4

−𝐺03
2 (𝑓3 − 𝑓4)

2 −𝐺23
2 −𝐺01

2 1 −𝐺21
2

𝑓4
2 −𝐺03

2 −𝑓3𝑓4 −𝑓3𝑓4 −𝐺21
2 𝑓1 )

 
 
 
 

 

𝑓1 = (1 − 𝐺01
2 )(1 − 𝐺23

2 )

𝑓2 = (1 − 𝐺03
2 )(1 − 𝐺21

2 )

𝑓3 = 𝐺01𝐺23
𝑓4 = 𝐺03𝐺21
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𝑈𝑅𝑀𝑈𝑅
𝑇 =

(

 
 
 
 
 
 

𝑀11
(0)

𝑀12
(0)

⋅ ⋅ ⋅ ⋅

𝑀21
(0)

𝑀22
(0)

⋅ ⋅ ⋅ ⋅

⋅ ⋅ 𝑀11
(1)

𝑀12
(1)

𝑀13
(1)

⋅

⋅ ⋅ 𝑀21
(1)

𝑀22
(1)

𝑀23
(1)

⋅

⋅ ⋅ 𝑀31
(1)

𝑀32
(1)

𝑀33
(1)

⋅

⋅ ⋅ ⋅ ⋅ ⋅ 𝑀11
(2)
)

 
 
 
 
 
 

 

𝑀11
(0)
 = 1 + 𝐺01

2 + 𝐺23
2 −

1

2
𝐺03
2 −

1

2
𝐺21
2 + 𝑓3

2 − 𝑓3𝑓4 + 𝑓4
2

𝑀12
(0)
 = 𝑀21

(0)
= −

√3

2
[𝐺03
2 + 𝐺21

2 − 2𝑓3𝑓4]

𝑀22
(0)
 = 1 − 𝐺01

2 − 𝐺23
2 +

1

2
𝐺03
2 +

1

2
𝐺21
2 + 𝑓3

2 + 𝑓3𝑓4 + 𝑓4
2

 

𝑀11
(1)
= 1 + 𝐺01

2 − 𝐺23
2 −

1

2
𝐺03
2 −

1

2
𝐺21
2 − 𝑓3

2 + 𝑓3𝑓4

𝑀12
(1)
= 𝑀21

(1)
=
1

2
𝐺03
2 +

1

2
𝐺21
2 + 𝑓3𝑓4 − 𝑓4

2

𝑀22
(1)
= 1 − 𝐺01

2 + 𝐺23
2 −

1

2
𝐺03
2 −

1

2
𝐺21 − 𝑓3

2 + 𝑓3𝑓4

𝑀13
(1)
= 𝑀23

(1)
= 𝑀31

(1)
= 𝑀32

(1)
=
√2

2
[𝐺03
2 − 𝐺21

2 ]

𝑀33
(1)
= 1 − 𝐺01

2 − 𝐺23
2 + 𝑓3

2 − 𝑓4
2

𝑀11
(2)
= 1 − 𝐺01

2 − 𝐺23
2 − 𝐺03

2 − 𝐺12
2 + (𝑓3 − 𝑓4)

2

 

𝐺01 = 1, 𝐺03 = 𝐺21 = 0  

𝑀11
(0)
= 2 + 2𝐺23

2

𝑀11
(1)
= 2 − 2𝐺23

2 ,
 

𝐺23 = 1,  

𝑀11
(0)
= 4  

𝑥‾𝑖 ⋅ 𝑏 = 𝑏 ⋅ 𝑀𝑥𝑖  

𝜉‾𝑖
(𝑗)
𝑣𝑗 = 𝑣𝑗 ⋅ 𝑀𝑥𝑖  

𝑓1(𝑥1, 𝑥2, … , 𝑥𝑛) = 𝑓2(𝑥1, 𝑥2, … , 𝑥𝑛) = ⋯ = 𝑓𝑡(𝑥1, 𝑥2, … , 𝑥𝑛) = 0  

(𝑥1, 𝑥2, … , 𝑥𝑛) = (𝜉‾1
(𝑗)
, 𝜉‾2
(𝑗)
, … , 𝜉‾𝑛

(𝑗)
)  

𝜉‾𝑖
(𝑗)
=
(𝑣𝑗 ⋅ 𝑀𝑥𝑖 , 𝑣𝑗)

(𝑣𝑗 , 𝑣𝑗)
 

|𝑣𝑗⟩ ∣  Ancilla 1⟩ ∣  Ancilla 2⟩⋯ ∣  Ancilla 𝑛⟩ → |𝑣𝑗⟩ |𝜉‾1
(𝑗)
⟩ |𝜉‾2

(𝑗)
⟩⋯ |𝜉‾𝑛

(𝑗)
⟩  
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(
𝑉(𝑥, 𝑦) −1
−1 𝑉(𝑥, 𝑦)

) (
𝑥

𝑦
) = 𝑒 (

𝑥

𝑦
)  

𝐼 = (𝑥𝑉(𝑥, 𝑦) − 𝑦 − 𝑒𝑥, 𝑦𝑉(𝑥, 𝑦) − 𝑥 − 𝑒𝑦, 𝑥2 + 𝑦2 − 1)  

𝐼𝑠𝑡𝑑 = (𝑒
2 − 1,2𝑦2 − 1, 𝑥 + 𝑦𝑒)  

(𝑥, 𝑦, 𝑒) = (±
1

√2
,±

1

√2
,−1) , (±

1

√2
,∓

1

√2
, 1)  

𝑏[0] = 𝑦𝑒
𝑏[1] = 𝑦
𝑏[2] = 𝑒
𝑏[3] = 1

 

𝑚𝑥 = (

0 0 0 −1
0 0 −1 0
0 −0.5 0 0

−0.5 0 0 0

)

𝑚𝑦 = (

0 0 1 0
0 0 0 1
0.5 0 0 0
0 0.5 0 0

)

𝑚𝑒 = (

0 1 0
1 0 0 0
0 0 0 1
0 0 1 0

)

 

(

 
 
 
 
 
 
 
 

𝑣 (𝑣𝑚𝑥 , 𝑣) (𝑣𝑚𝑦, 𝑣) (𝑣𝑚𝑒 , 𝑣)

(−
1

√2
,
1

√2
,−1,1)

1

√2

1

√2
−1

(
1

√2
,−

1

√2
,−1,1) −

1

√2
−
1

√2
−1

(
1

√2
,
1

√2
, 1,1) −

1

√2

1

√2
1

(−
1

√2
,−

1

√2
, 1,1)

1

√2
−
1

√2
1

)

 
 
 
 
 
 
 
 

 

𝐸𝐻𝐹 =∑ 

𝑖

  ⟨𝑖|ℎ|𝑖⟩ +
1

2
∑  

𝑖𝑗

  ([𝑖𝑖 ∣ 𝑗𝑗] − [𝑖𝑗 ∣ 𝑗𝑖])

⟨𝑖|ℎ|𝑖⟩ = ∫  𝑑𝐱1𝜒𝑖
∗(𝐱1)ℎ(𝐫1)𝜒𝑗(𝐱1)

[𝑖𝑗 ∣ 𝑘𝑙] = ∫  𝑑𝐱1𝑑𝐱2𝜒𝑖
∗(𝐱1)𝜒𝑗(𝐱1)

1

𝑟12
𝜒𝑖
∗(𝐱2)𝜒𝑗(𝐱2)

𝜒𝑖(𝐱) = (𝑥𝜙1𝑠,𝐻𝑒(𝑟 − 𝑅𝐻𝑒) + 𝑦𝜙1𝑠,𝐻(𝑟 − 𝑅𝐻)) 𝜎𝑖

𝜎𝑖: spin function 

𝜙1𝑠
𝑆𝑇𝑂−3𝐺(𝐫) =∑  

3

𝑖=1

 𝑐(𝑖)exp (−𝑧(𝑖)𝑟2)

 

𝑖 = 𝛼, 𝛽  
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ℎ(𝐫) = −
1

2
∇2 −

𝑍𝐻𝑒
|𝐫 − 𝐑𝐇𝐞|

− −
𝑍𝐻

|𝐫 − 𝐑𝐇|
 

𝑅 = |𝐑𝐻𝑒 − 𝐑𝐻|, 𝑍𝐻𝑒 = 2, 𝑍𝐻 = 1  

𝐸𝑡𝑜𝑡(𝑥, 𝑦, 𝑒, 𝑅) = 𝐸𝐻𝐹(𝑥, 𝑦, 𝑅) − 𝑒∑  

𝑖

  (⟨𝜒𝑖 ∣ 𝜒𝑗⟩ − 1) +
𝑍𝐻𝑒𝑍𝐻
𝑅  

𝐼 = (
𝜕𝑓𝑜𝑏𝑗

𝜕𝑥
,
𝜕𝑓𝑜𝑏𝑗

𝜕𝑦
,
𝜕𝑓𝑜𝑏𝑗

𝜕𝑒
,
𝜕𝑓𝑜𝑏𝑗

𝜕𝑅
)  

𝐼 = (
𝜕𝑓𝑜𝑏𝑗

𝜕𝑥
,
𝜕𝑓𝑜𝑏𝑗

𝜕𝑦
,
𝜕𝑓𝑜𝑏𝑗

𝜕𝑒
, 100𝑅 − 146)  

𝐴̃ = (⟨0|⊗𝑎⊗ 𝐼𝑛)𝑈(|0⟩
⊗𝑎⊗ 𝐼𝑛)  

𝑈(|0⟩⊗𝑎⊗ |𝜙⟩) = |0⟩⊗𝑎⊗ 𝐴̃|𝜙⟩ + √1 − ‖𝐴̃|𝜙⟩‖2|𝜎⊥⟩  

(⟨0|⊗𝑎⊗ 𝐼𝑛)|𝜎
⊥⟩ = 0  

‖|𝜎⊥⟩‖ = 1  

|0⟩⊗𝑎‖𝐴̃|𝜙⟩}2
‖𝐴̃|𝜙⟩

‖𝐴̃|𝜙⟩‖
 

𝑂𝐴|0⟩|𝑖⟩|𝑗⟩ = (𝑎𝑖𝑗 +√1 − |𝑎𝑖𝑗|
2
) |𝑖⟩|𝑗⟩  

 

𝑐𝑖𝑗 = cos (𝜃𝑖𝑗), 𝑠𝑖𝑗 = sin (𝜃𝑖𝑗) 

𝜃𝑖𝑗 = arccos (𝑎𝑖𝑗) 

𝑈𝐴 = (𝐼1⊗𝐻⊗𝑛⊗ 𝐼𝑛)(𝐼1⊗SWAP)𝑂𝐴(𝐼1⊗𝐻⊗𝑛⊗ 𝐼𝑛)  
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⟨0|⟨0|⊗𝑛⟨𝑖|𝑈𝐴 ∣ 0⟩|0⟩
⊗𝑛|𝑗⟩ =

1

2𝑛
𝑎𝑖𝑗  

1

√2
(|0⟩ + 𝛼𝑒𝑖2

𝑘𝜆|1⟩)⊗ |𝜓⟩  

|0⟩ + 𝑒𝑖2
𝑘𝜆|1⟩  

𝛼

√2
(|0⟩ + 𝑒𝑖2

𝑘𝜆|1⟩)  

(𝜙|𝐴|𝜙)(𝜙|exp (−𝑖𝐴)|𝜙)𝐴 = 𝑚𝑥
𝑇 ,𝑚𝑦

𝑇( 𝜙|𝑂exp|𝜙 )𝑂exp = 𝑂exp (−𝑖𝑀) 

𝜆

2𝜋
=
𝑗1
21
+
𝑗2
22
+⋯+

𝑗𝑛
2𝑛

 

|0⟩|𝜙⟩ →
𝐻 1

√2
(|0⟩ + |1⟩)|𝜙⟩

1

√2
(|0⟩ + |1⟩)|𝜙⟩ →

Λ(𝑈2
𝑛−1

) 1

√2
(|0⟩ + 𝑒𝑖(2𝜋)𝑗𝑛|1⟩)|𝜙⟩

1

√2
(|0⟩ + 𝑒𝑖(2𝜋)𝑗𝑛|1⟩)|𝜙⟩ →

𝐻 
|𝑗𝑛⟩|𝜙⟩

 

1

√2
(|0⟩ + exp (−2𝑘 ⋅ 2𝜋𝜈)𝑒𝑖(2𝜋)𝑗𝑛|1⟩)|𝜙⟩,  

|exp (−2𝑘(2𝜋)𝜈)| 

|𝜓𝑖𝑛𝑖𝑡⟩ =∑ 𝛽𝑗|𝐸𝑗⟩|𝐸‾𝑗⟩  

𝑒2𝜋𝑖𝜆𝑗Δ𝑇|𝐸𝑗⟩|𝐸‾𝑗⟩  

𝑒2𝜋𝑖𝜇𝑗Δ𝑇|𝐸𝑗⟩|𝐸‾𝑗⟩  

|𝜆𝑗⟩|𝜇𝑗⟩|𝐸𝑗⟩|𝐸‾𝑗⟩  

(
0 (𝐴 − 𝜆𝐼)

(𝐴𝑇 − 𝜆𝐼) 0
) (
0

𝑥𝑘
) = (

𝑥𝑘−1
0
)  

∑ 

𝑠

|𝛽⟩ →∑  

𝑠

|𝛽⟩|𝑒𝑠⟩ 

∑ 

𝑠

∑ 

𝑗

𝐶𝑗|𝑣𝑗⟩|𝑒𝑠⟩ 

∑ 

𝑠

 ∑  

𝑗

 𝐶𝑗(𝐴 − 𝑒𝑠)
−𝑁|𝑣𝑗⟩|𝑒𝑠⟩  
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∑ 

𝑠

 ∑  

𝑙

 𝐷𝑙|𝑣𝑒𝑠(𝑙)⟩|𝑒𝑠⟩  

|𝛽⟩|𝛽′⟩(𝐴(𝜆 + 𝑖𝜇)𝐼)−1⊗ (𝐴 − (𝜆 − 𝑖𝜇)𝐼)−1∑  𝐶𝑗|𝐸𝑗⟩|𝐸̂𝑗⟩ 

|𝜆̂(𝑒𝑠)⟩|𝑒𝑠⟩  

|𝜓⟩ = (𝑝|𝜆 + 𝑖𝜇⟩ + 𝑞|𝜆 − 𝑖𝜇⟩)|𝑒𝑠⟩.  

∑ 

𝑠

 ∑  

𝑘

 𝐶𝑘|𝑘⟩|𝑒𝑠⟩  

𝐶1∑ 

𝑖

 𝑥𝑖 + 𝐶2∑  

𝑖1,𝑖2

 𝑥𝑖1𝑥𝑖2 +⋯+ 𝐶𝑛 ∑  

𝑖1,…,𝑖𝑛

 𝑥𝑖1⋯𝑥𝑖𝑛 − 𝑒 = 0  

𝑥𝑖
2 − 𝑥𝑖 = 0 for 𝑖 = 1,… , 𝑛.  

𝑣1 = (−
1

√2
,
1

√2
,−1,1)

𝑣2 = (
1

√2
,−

1

√2
,−1,1)

 

𝑤1  =
1

2
(𝑣1 + 𝑣2) = (0,0,−1,1)

𝑤2 =
1

√2
(𝑣1 − 𝑣2)  = (−1,1,0,0)

 

𝑤1𝑚𝑥 = (−1/2,1/2,0,0)
𝑤2𝑚𝑥 = (0,0,1,−1)

𝑤1𝑚𝑦 = (−1/2,1/2,0,0)

𝑤2𝑚𝑦 = (0,0, −1,1)

 

𝑚1
𝑇𝑣1 = 𝐸𝑣𝑣1,𝑚1

𝑇𝑣2 = 𝐸𝑣𝑣2.  

[(
(𝑣1|𝑚2

𝑇|𝑣1) (𝑣1|𝑚2
𝑇|𝑣2)

(𝑣2|𝑚2
𝑇|𝑣1) (𝑣2|𝑚2

𝑇|𝑣2)
) − 𝐸𝑗 (

(𝑣1 ∣ 𝑣1) (𝑣1 ∣ 𝑣2)

(𝑣2 ∣ 𝑣1) (𝑣2 ∣ 𝑣2)
)](

𝑐1
𝑗

𝑐2
𝑗) = (

0

0
)  

𝑤𝑗 = 𝑐1
𝑗
𝑣1 + 𝑐2

𝑗
𝑣2 for 𝑗 = 1,2  

|𝜓⟩= (𝑝|𝑣1⟩ + 𝑞|𝑣2⟩) ∣  Ancilla 1⟩ ∣  Ancilla 2⟩⋯ ∣  Ancilla 𝑁⟩

= (𝑠|𝑤1⟩ + 𝑡|𝑤2⟩) ∣  Ancilla 1⟩ ∣  Ancilla 2⟩⋯ ∣  Ancilla 𝑁⟩.
 

|𝜓⟩ = (𝑠|𝑤1⟩ + 𝑡|𝑤2⟩)|𝐸𝑣⟩ ∣  Ancilla 2⟩⋯ ∣  Ancilla 𝑁⟩  

|𝜓⟩= 𝑠|𝑤1⟩|𝐸𝑣⟩|𝐸𝑤1⟩⋯ ∣  Ancilla 𝑁⟩

+𝑡|𝑤2⟩|𝐸𝑣⟩|𝐸𝑤2⟩⋯ ∣  Ancilla 𝑁⟩
 

𝑂(𝑚𝐷 (
𝑛 + 𝐷 − 1

𝐷
)
𝜔

)  as 𝐷 → ∞  
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𝑆(𝑓𝑖, 𝑓𝑗) =
𝑎𝑖𝑗

𝑔𝑗
𝑓𝑖 −

𝑎𝑖𝑗

𝑔𝑖
𝑓𝑗  

𝑆(𝑓𝑖, 𝑓𝑗) =∑  

𝑙

𝑐𝑙𝑓𝑙 + 𝑟 

{
𝑖𝜕𝑡𝑋 = −Δ𝑋 + (𝑤 ∗ 𝔼[|𝑋|

2])𝑋 − ∫  
ℝ𝑑
 𝑤(𝑥 − 𝑦)𝔼[𝑋(𝑦)𝑋(𝑥)]𝑋(𝑦)𝑑𝑦,

𝑋(𝑡 = 0) = 𝑋0

 

𝑖𝜕𝑡𝛾 = [−Δ + 𝑤 ∗ 𝜌 +𝒳, 𝛾]  

𝑘(𝑥, 𝑦) = 𝔼(𝑋(𝑥)𝑋(𝑦)) 

𝛾 =∑ 

𝑁

𝑖=1

|𝜑𝑖⟩⟨𝜑𝑖| 

𝑋 =∑  

𝑁

𝑖=1

𝑔𝑖𝜑𝑖 

𝑖𝜕𝑡𝑋 = −Δ𝑋 + (𝑤 ∗ 𝔼[|𝑋|
2])𝑋,  

𝑖𝜕𝑡𝛾 = [−Δ + 𝑤 ∗ 𝜌, 𝛾]  

𝑌𝑓 = ∫  
ℝ𝑑
 𝑓(𝜉)𝑒𝑖(𝜉𝑥−𝜃(𝜉)𝑡)𝑑𝑊(𝜉)  

𝜃(𝜉) = |𝜉|2 +∫  
ℝ𝑑
 𝑤𝑑𝑥∫  

ℝ𝑑
 𝑓2𝑑𝑥 − (2𝜋)𝑑/2(𝑤̂ ∗ 𝑓2)(𝜉)  

(𝜉) = (2𝜋)−𝑑/2∫  𝑒−𝑖𝜉𝑥𝑤(𝑥)𝑑𝑥 

𝔼[𝑑𝑊(𝜉)𝑑𝑊(𝜉′)] = 𝛿(𝜉 − 𝜉′)𝑑𝜉𝑑𝜉′ 

𝑋∣𝑡=0 = 𝑌𝑓 + 𝑍0  

𝑆(𝑡)𝑍(𝑥) =
1

(2𝜋)𝑑/2
∫  
ℝ𝑑
𝑒𝑖(𝜂𝑥−𝜃(𝜂)𝑡)𝑍̂(𝜂)𝑑𝜂 

𝜃̃ = −(2𝜋)𝑑/2𝑤̂ ∗ 𝑓2 

 

𝜃̃ ∈ 𝐶𝑑+2 ∩𝑊𝑑+2,∞ ∩𝑊4,1  

𝜂⊤∇⊗2𝜃(𝜉)𝜂 > 𝜆∗|𝜂|
2  

∇⊗2𝑎⊤𝑏 = ∑  

𝑑

𝑘=1

𝑎𝑘𝑏𝑘 
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𝐶 (‖∇⊗3𝜃̃‖
𝐿∞
, 𝜆∗) > 0 

‖⟨𝑦⟩𝑤‖𝑀‖∇𝑔‖𝑊2,1 ≤ 𝐶 (‖∇⊗3𝜃̃‖
𝐿∞
, 𝜆∗)  

‖𝑍0‖𝐿2(Ω,𝐻𝑠𝑐(ℝ𝑑))∩𝐿2𝑑/(𝑑+2)(ℝ𝑑,𝐿2(Ω)) ≤ 𝛿 

𝑍 ∈ 𝐶 (ℝ, 𝐿2 (Ω,𝐻𝑠𝑐(ℝ𝑑))) 

𝑍± ∈ 𝐿
2 (Ω,𝐻𝑠𝑐(ℝ𝑑)) 

𝑋(𝑡) = 𝑌𝑓(𝑡) + 𝑆(𝑡)𝑍± + 𝑜𝐿2(Ω,𝐻𝑠𝑐(ℝ𝑑))(1) 

𝐶(ℝ,𝐻𝑠) ∩ 𝐿2
𝑑+2
𝑑 (ℝ,𝑊

𝑠𝑐,2
𝑑+2
𝑑 (ℝ𝑑)) 

𝑔[𝜌, 𝑇, 𝜇](𝜉) = 𝜌𝐶𝜇
𝑇
𝑇−

𝑑
2

1

𝑒(|𝜉|
2−𝜇)/𝑇 + 1

 

𝐶𝜇̃ = (∫  
𝑑𝜉

𝑒|𝜉|2 − 𝜇̃ + 1
)
−1

 

‖∇𝑠𝑔‖𝐿1 = 𝜌𝑇
−
𝑠
2

‖∇𝑠
1

𝑒|𝜉|
2−𝜇/𝑇 + 1

‖
𝐿1

‖
1

𝑒|𝜉|
2−𝜇/𝑇 + 1

‖
𝐿1

≈ 𝜌𝑇−
𝑠
2 (
𝜇

𝑇
)
+

𝑠
2
−1

 

‖∇𝑠𝜃̃‖
𝐿∞
≤ ‖𝑤‖𝑀‖∇

𝑠𝑔‖𝐿1 ≲ 𝜌𝑇
−
𝑠
2 (
𝜇

𝑇
)
+

𝑠
2
−1

 

ℰ𝑁(𝜓) = −∫  
ℝ𝑑𝑁

 𝜓‾∑  

𝑁

𝑖=1

 Δ𝑖𝜓𝑑𝑥 +∫  
ℝ𝑑𝑁

 ∑  

𝑖<𝑗

 𝑤(𝑥𝑖 − 𝑥𝑗)|𝜓|
2𝑑𝑥

 = ℰ𝑘𝑖𝑛 + ℰ𝑝𝑜𝑡

 

𝑥 = (𝑥1, … , 𝑥𝑁) ∈ ℝ
𝑑𝑁 

𝜓(𝑥) =
1

√𝑁!
∑  

𝜎∈𝔖𝑁

𝜀(𝜎)𝜄∏ 

𝑁

𝑗=1

𝑢𝜎(𝑗)(𝑥𝑗) 

ℰ𝑝𝑜𝑡(𝜓) = ∫  
ℝ𝑑𝑁

 
1

𝑁!
∑  

𝑖<𝑗

 𝑤(𝑥𝑖 − 𝑥𝑗) ∑  

𝜎1,𝜎2∈𝔖𝑁

 𝜀(𝜎1𝜎2)∏  

𝑁

𝑘=1

 𝑢𝜎1(𝑘)(𝑥𝑘)𝑢𝜎2(𝑘)(𝑥𝑘)𝑑𝑥

 =
1

𝑁!
∑  

𝜎1,𝜎2∈𝔊𝑁

 𝜀(𝜎1𝜎2)∑  

𝑖<𝑗

  ⟨𝑢𝜎1(𝑖)𝑢‾𝜎2(𝑖), 𝑤 ∗ (𝑢‾𝜎1(𝑗)𝑢𝜎2(𝑗))⟩ ∏  

𝑘≠𝑖,𝑗

  ⟨𝑢𝜎1(𝑘), 𝑢𝜎2(𝑘)⟩

 

∏  

𝑘≠𝑖,𝑗

⟨𝑢𝜎1(𝑘), 𝑢𝜎2(𝑘)⟩ = {
1  if 𝜎1 = 𝜎2 or 𝜎2 = 𝜎1 ∘ (𝑖𝑗),
0  otherwise. 

 



 

pág. 13342 

ℰ𝑝𝑜𝑡(𝜓) =∑  

𝑖<𝑗

  (⟨|𝑢𝜎1(𝑖)|
2
, 𝑤 ∗ |𝑢𝜎1(𝑗)|

2
⟩ − ⟨𝑢𝜎1(𝑖)𝑢‾𝜎1(𝑗), 𝑤 ∗ (𝑢‾𝜎1(𝑗)𝑢𝜎1(𝑖))⟩). 

ℰ𝑝𝑜𝑡(𝜓) =
1

2
∑  

𝑖′≠𝑗′

  (⟨|𝑢𝑖′|
2, 𝑤 ∗ |𝑢𝑗′|

2
⟩ − ⟨𝑢𝑖′𝑢‾𝑗′ , 𝑤 ∗ (𝑢‾𝑗′𝑢𝑖′)⟩) 

ℰ𝑘𝑖𝑛(𝜓) = − ∑  

𝑁

𝑗′=1

⟨𝑢𝑗′ , Δ𝑢𝑗′⟩. 

ℰ𝑁(𝜓) = − ∑  

𝑁

𝑗′=1

  ⟨𝑢𝑗′ , Δ𝑢𝑗′⟩ +
1

2
∑  

𝑖′≠𝑗′

  (⟨|𝑢𝑖′|
2, 𝑤 ∗ |𝑢𝑗′|

2
⟩ − ⟨𝑢𝑖′𝑢‾𝑗′ , 𝑤 ∗ (𝑢‾𝑗′𝑢𝑖′)⟩) 

∑  

𝑖′≠𝑗′

∑ 

𝑖′,𝑗′

 

𝑖𝜕𝑡𝑢𝑗(𝑥) = −Δ𝑢𝑗(𝑥) +∑ 

𝑘

 ∫  
ℝ𝑑
 𝑤(𝑥 − 𝑦)(|𝑢𝑘(𝑦)|

2𝑢𝑗(𝑥) − 𝑢𝑘(𝑦)𝑢𝑗(𝑦)𝑢𝑘(𝑥))𝑑𝑦  

𝑋(𝑥, 𝜔): =∑  

𝑘

𝑢𝑘(𝑥)𝑔𝑘(𝜔) 

𝑖𝜕𝑡𝑋 = −Δ𝑋 + (𝑤 ∗ 𝔼[|𝑋|
2])𝑋 − ∫  

ℝ𝑑
 𝑤(⋅ −𝑦)𝔼[𝑋(𝑦)𝑋(⋅)]𝑋(𝑦)𝑑𝑦  

𝑌𝑓 = ∫  
ℝ𝑑
𝑓(𝜉)𝑒𝑖(𝜉𝑥−𝜃(𝜉)𝑡)𝑑𝑊(𝜉) 

𝑔 = 𝑓2 

𝜃(𝜉) = |𝜉|2 + 𝜃̃(𝜉) + 𝜃0  

𝜃̃ = −(2𝜋)
𝑑
2𝑤̂ ∗ 𝑔  and  𝜃0 = (2𝜋)

𝑑𝑤̂(0)𝑔̂(0)  

𝔼[𝑌𝑓(𝑡, 𝑥)𝑌𝑓(𝑡, 𝑦)] = ∫  
ℝ𝑑
 𝑓2(𝜉)𝑒𝑖𝜉(𝑦−𝑥)𝑑𝜉 = (2𝜋)𝑑/2𝑔̂(𝑥 − 𝑦)  

(𝑤 ∗ 𝔼 [|𝑌𝑓|
2
]) (𝑥) = (2𝜋)𝑑𝑤̂(0)𝑔̂(0) 

∫  
ℝ𝑑
 𝑤(𝑥 − 𝑦)𝔼[𝑌𝑓(𝑦)𝑌𝑓(𝑥)]𝑌(𝑦)𝑑𝑦 = ∫  

ℝ3𝑑
 𝑤(𝑥 − 𝑦)𝑔(𝜉′)𝑒𝑖𝜉

′(𝑥−𝑦)𝑓(𝜉)𝑒𝑖(𝜉𝑦−𝜃(𝜉)𝑡)𝑑𝜉′𝑑𝑊(𝜉)𝑑𝑦

 = (2𝜋)
𝑑
2∫  𝑤̂(𝜉 − 𝜉′)𝑔(𝜉′)𝑓(𝜉)𝑒𝑖(𝜉𝑥−𝜃(𝜉)𝑡𝑑𝜉′𝑑𝑊(𝜉)

 = (2𝜋)
𝑑
2(𝑤̂ ∗ 𝑔)(𝐷)𝑌𝑓
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𝜉𝑥 =∑ 

𝑑

1

𝜉𝑖𝑥𝑖 

𝑓(𝜉) = ℱ𝑓(𝜉) = (2𝜋)−
𝑑
2 ∫  

ℝ𝑑
𝑒−𝑖𝑥𝜉𝑓(𝑥)𝑑𝑥 

ℱ(𝑠(𝐷)𝑓)(𝜉) = 𝑠(𝜉)𝑓(𝜉) 

(1 − Δ𝑥)
−
𝑠
2𝐿𝑝 (ℝ, 𝐿𝑞(ℝ𝑑 , 𝐿2(Ω))) 

‖𝑢‖𝐿𝑡
𝑝
𝑊𝑥
𝑠,𝑞
𝐿𝜔
2 = ‖⟨∇⟩𝑠𝑢‖𝐿𝑡

𝑝
𝐿𝑥
𝑞
𝐿𝜔
2  

𝐿𝑡
𝑝
𝐻𝑥
𝑠, 𝐿𝜔

2 = 𝐿𝑡
𝑝
𝑊𝑥
𝑠,2, 𝐿𝜔

2  

 

𝐿𝑡
𝑝
𝐵𝑞
𝑠,𝑡𝐿𝜔

2 = 𝐿𝑝𝐵𝑞
𝑠,𝑡𝐿𝜔

2  

‖𝑢‖𝐿𝑝𝐵𝑞
𝑠,𝑡𝐿𝜔

2 = ‖‖(∑ 

𝑗<0

 22𝑗𝑠‖𝑢𝑗‖𝐿𝑥
𝑞
𝐿𝜔
2

2
+∑ 

𝑗≥0

 22𝑗𝑡‖𝑢𝑗‖𝐿𝑥
𝑞
𝐿𝜔
2

2
)

1
2

‖‖

𝐿𝑝(ℝ)

 

𝔼[𝑤 ∗ |𝑋|2]𝑋 − 𝔼[𝑤 ∗ |𝑌|2]𝑌 = 𝔼[𝑤 ∗ |𝑌|2]𝑍 + 𝔼[𝑤 ∗ (|𝑋|2 − |𝑌|2 ∣)]𝑋

 = 𝜃0𝑍 + 𝔼[𝑤 ∗ (|𝑋|
2 − |𝑌|2 ∣)]𝑋

 

 ∫  
ℝ𝑑
 𝑤(𝑥 − 𝑦)𝔼[𝑋(𝑦)𝑋(𝑥)]𝑋(𝑦)𝑑𝑦 −∫  

ℝ𝑑
 𝑤(𝑥 − 𝑦)𝔼[𝑌(𝑦)𝑌(𝑥)]𝑌(𝑦)𝑑𝑦

 = ∫  
ℝ𝑑
 𝑤(𝑥 − 𝑦)𝔼[𝑌(𝑦)𝑌(𝑥)]𝑍(𝑦)𝑑𝑦 + ∫  

ℝ𝑑
 𝑤(𝑥 − 𝑦)𝔼[𝑋(𝑦)𝑋(𝑥) − 𝑌(𝑦)𝑌(𝑥)]𝑋(𝑦)𝑑𝑦

 = 𝜃̃(𝐷)𝑍 + ∫  
ℝ𝑑
 𝑤(𝑥 − 𝑦)𝔼[𝑋(𝑦)𝑋(𝑥) − 𝑌(𝑦)𝑌(𝑥)]𝑋(𝑦)𝑑𝑦

 

𝑖𝜕𝑡𝑍 = 𝜃(𝐷)𝑍 + 𝔼[𝑤 ∗ (|𝑋|
2 − |𝑌|2 ∣)]𝑋 − ∫  

ℝ𝑑
𝑤(⋅ −𝑦)𝔼[𝑋(𝑦)𝑋(⋅) − 𝑌(𝑦)𝑌(⋅)]𝑋(𝑦)𝑑𝑦 

𝑉(𝑥, 𝑧)  = 𝔼[𝑋‾(𝑥 + 𝑧)𝑋(𝑥) − 𝑌‾(𝑥 + 𝑧)𝑌(𝑥)]

 = 𝔼[𝑌(𝑥 + 𝑧)𝑍(𝑥) + 𝑍(𝑥 + 𝑧)𝑌(𝑥) + 𝑍(𝑥 + 𝑧)𝑍(𝑥)].
 

𝑖𝜕𝑡𝑍 = 𝜃(𝐷)𝑍 + (𝑤 ∗ 𝑉(⋅ ,0))(𝑌 + 𝑍) − ∫  
ℝ𝑑
𝑤(𝑧)𝑉(𝑥, 𝑧)(𝑌 + 𝑍)(𝑥 + 𝑧)𝑑𝑧 

𝑍 = 𝑆(𝑡)𝑍0 −𝑖 ∫  
𝑡

0

 𝑆(𝑡 − 𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑌 − ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑌(𝑥 + 𝑧)𝑑𝑧] 𝑑𝜏

 −𝑖 ∫  
𝑡

0

 𝑆(𝑡 − 𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑍 − ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑍(𝑥 + 𝑧)𝑑𝑧] 𝑑𝜏

 

𝑍 = 𝑆(𝑡)𝑍0 + 𝐿1(𝑉) + 𝐿2(𝑉) + 𝑄1(𝑍, 𝑉) + 𝑄2(𝑍, 𝑉)  
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𝐿1(𝑉) = −𝑖∫  
𝑡

0

 𝑆(𝑡 − 𝜏)[(𝑤 ∗ 𝑉(⋅ ,0))𝑌]𝑑𝜏

𝐿2(𝑉) = 𝑖 ∫  
𝑡

0

 𝑆(𝑡 − 𝜏) [∫  𝑑𝑧𝑤(𝑧)𝑉(𝑥, 𝑧)𝑌(𝑥 + 𝑧)] 𝑑𝜏

 

𝑄1(𝑍, 𝑉) = −𝑖∫  
𝑡

0

 𝑆(𝑡 − 𝜏)[(𝑤 ∗ 𝑉(⋅ ,0))𝑍]𝑑𝜏

𝑄2(𝑍, 𝑉) = 𝑖 ∫  
𝑡

0

 𝑆(𝑡 − 𝜏) [∫  𝑑𝑧𝑤(𝑧)𝑉(𝑥, 𝑧)𝑍(𝑥 + 𝑧)] 𝑑𝜏

 

𝑉 = 𝔼(𝑌(𝑥 + 𝑦)𝑆(𝑡)𝑍0(𝑥) + 𝑆(𝑡)𝑍0(𝑥 + 𝑦)𝑌(𝑥))

 +𝐿3(𝑉) + 𝐿4(𝑉)

 +𝑄3(𝑍, 𝑉) + 𝑄4(𝑍, 𝑉) + 𝔼(𝑍‾(𝑥 + 𝑦)𝑍(𝑥))

 

𝐿𝑘(𝑉) = 𝔼[𝑌(𝑥 + 𝑦)𝐿𝑘−2(𝑉)(𝑥)] + 𝔼[𝐿𝑘−2(𝑉)(𝑥 + 𝑦)𝑌(𝑥)]

𝑄𝑘(𝑍, 𝑉) = 𝔼[𝑌(𝑥 + 𝑦)𝑄𝑘−2(𝑍, 𝑉)(𝑥)] + 𝔼[𝑄𝑘−2(𝑍, 𝑉)(𝑥 + 𝑦)𝑌(𝑥)].
 

(
𝑍

𝑉
) = 𝒜𝑍0 (

𝑍

𝑉
) = (

𝒜𝑍0

(1)
(𝑍, 𝑉))

𝒜𝑍0

(2)
(𝑍, 𝑉)

)  

𝒜Z0

(1)
(𝑍, 𝑉) =𝑆(𝑡)𝑍0 + 𝐿1(𝑉) + 𝐿2(𝑉) + 𝑄1(𝑍, 𝑉) + 𝑄2(𝑍, 𝑉)

𝒜Z0

(2)
(𝑍, 𝑉) =𝔼[𝑌(𝑥 + 𝑦)𝑆(𝑡)𝑍0(𝑥) + 𝑆(𝑡)𝑍0(𝑥 + 𝑦)𝑌(𝑥)]

 +𝐿3(𝑉) + 𝐿4(𝑉) + 𝑄3(𝑍, 𝑉) + 𝑄4(𝑍, 𝑉) + 𝔼[𝑍(𝑥 + 𝑦)𝑍(𝑥)]

 

𝐸𝑍 = 𝐶 (ℝ, 𝐿
2 (Ω,𝐻𝑠𝑐(ℝ𝑑))) ∩ 𝐿𝑝 (ℝ,𝑊𝑠𝑐,𝑝(ℝ𝑑, 𝐿2(Ω)))

∩ 𝐿𝑑+2(ℝ × ℝ𝑑 , 𝐿2(Ω)) ∩ 𝐿4 (ℝ, 𝐿𝑞(ℝ𝑑, 𝐿2(Ω)))

𝐸𝑉 = 𝐶 (ℝ
𝑑, 𝐿

𝑑+2
2 (ℝ ×ℝ𝑑)) ∩ 𝐶 (ℝ𝑑, 𝐿2 (ℝ,𝐵2

−
1
2
,𝑠𝑐
(ℝ𝑑))))

 

𝑝 = 2
𝑑 + 2

𝑑
, 𝑠𝑐 =

𝑑

2
− 1, 𝑞 =

4𝑑

𝑑 + 1
 

‖ ⋅ ‖𝑍 = ‖ ⋅ ‖𝐿∞(ℝ,𝐿2(Ω,𝐻𝑠(ℝ𝑑)))
+ ‖ ⋅ ‖

𝐿𝑝(ℝ,𝑊𝑠𝑐,𝑝(ℝ𝑑,𝐿2(Ω)))

+‖ ⋅ ‖𝐿𝑑+2(ℝ×ℝ𝑑,𝐿2(Ω)) + ‖ ⋅ ‖
𝐿4(ℝ,𝐵𝑞

0,
1
4(ℝ𝑑,𝐿2(Ω)))

‖ ⋅ ‖𝑉 = ‖ ⋅ ‖
𝐶(ℝ𝑑,𝐿

𝑑+2
2 (ℝ×ℝ𝑑))

+ ‖ ⋅ ‖

𝐶(ℝ𝑑,𝐿2(ℝ,𝐵2
−
1
2
,𝑠𝑐
(ℝ𝑑)))

 

𝐶 (ℝ, 𝐿2 (Ω,𝐻𝑠𝑐(ℝ𝑑))) 

𝜃̃ ∈ 𝐶𝑑+2(ℝ𝑑) ∩𝑊𝑑+2,∞(ℝ𝑑) 
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2

𝑝
+
𝑑

𝑞
=
𝑑

2
, (𝑝, 𝑞) ≠ (2,∞) if 𝑑 = 2 

‖𝑒−𝑖𝑡𝜃(𝐷)𝑢0‖𝐿𝑡
𝑝
𝐿𝑥
𝑞 ≤ 𝐶‖𝑢0‖𝐿𝑥2  

‖⟨𝑦⟩2𝑤‖𝑀‖𝑔‖𝐿1 < 𝐶(𝑑) 

‖𝑤‖𝑀‖∇
2𝑔‖𝐿1 < 𝐶(𝑑) 

𝜃 = 𝜃0 + |𝜉|
2 − (2𝜋)𝑑/2𝜌𝑤̂ ∗ 𝑔∗ 

𝜒0(𝜉) + ∑  

𝜆∈2N

𝜒(𝜆−1𝜉) = 1 

𝑐 ≤ 𝜒0
2(𝜉) + ∑  

𝜆∈2N

𝜒2(𝜆−1𝜉) ≤ 1 

𝜒𝜆(𝜉): = 𝜒(𝜆
−1𝜉), 𝜆 ∈ 2ℕ 

𝑢𝜆(𝑡, 𝑥):= 𝑒
−𝑖𝑡𝜃(𝐷)𝜒𝜆(𝐷)𝑢0(𝑥), 𝜆 ∈ 2

ℕ ∪ {0} 

𝑢𝜆(𝑡, 𝑥) = (2𝜋)
−𝑑∫  

ℝ𝑑
  [∫  
ℝ𝑑
  𝑒−𝑖𝑡𝜃(𝜉)+𝑖(𝑥−𝑦)⋅𝜉𝜒𝜆(𝜉)𝑑𝜉] 𝑢0(𝑦)𝑑𝑦

 = ∫  
ℝ𝑑
  𝐼𝜆(𝑡, 𝑥 − 𝑦)𝑢0(𝑦)𝑑𝑦 = [𝐼𝜆(𝑡,⋅) ∗ 𝑢0(⋅)](𝑥)

 

𝐼𝜆(𝑡, 𝑥):= (2𝜋)
−𝑑∫  

ℝ𝑑
𝑒−𝑖𝑡𝜃(𝜉)+𝑖𝑥𝜉𝜒𝜆(𝜉)𝑑𝜉 

𝐼(𝜇) = ∫  
ℝ𝑑
𝑒𝑖𝜇𝜙(𝜉)𝜓(𝜉)𝑑𝜉 

𝜙 ∈ 𝐶𝑑+2(ℝ𝑑),𝜓 ∈ 𝐶0
𝑑+1(ℝ𝑑) 

ℳ𝑑+2(𝜙) = ∑  

2≤|𝛼|≤𝑑+2

sup
𝜉∈𝐾𝜖0

 |∇⊗𝛼𝜙(𝜉)| < +∞ 

𝒩𝑑+1(𝜓) = ∑  

|𝛼|≤𝑑+1

sup
𝜉∈𝐾

 |∇⊗𝛼𝜓(𝜉)| < +∞ 

𝑎0 = inf
𝜉∈𝐾𝜖0

 |det∇⊗2𝜙(𝜉)| > 0 

𝜉 ↦ ∇𝜓(𝜉) 

|𝐼(𝜇)| ≤ 𝜇−
𝑑
2𝐶𝑎0

−1 (1 +ℳ𝑑+2

𝑑
2 )𝒩𝑑+1.  

𝜙(𝑡, 𝑥, 𝜉): = −𝜃(𝜉) +
𝑥

𝑡
⋅ 𝜉 
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𝐼𝜆(𝑡, 𝑥) = (2𝜋)
−𝑑∫  

ℝ𝑑
𝑒𝑖𝑡𝜙(𝑡,𝑥,𝜉)𝜒𝜆(𝜉)𝑑𝜉 

inf
𝜉∈ℝ𝑑

 |det∇⊗2(−𝜃̃(𝜉))| > 0 

inf
𝜉∈ℝ𝑑

 |det∇⊗2𝜙(𝜉)| ≥ 𝑐1 

∇𝜙̃(𝜉1) − ∇̃𝜙̃(𝜉2)= ∫  
1

0

 
𝑑

𝑑𝑠
[∇𝜙̃(𝑠𝜉1 + (1 − 𝑠)𝜉2)] 𝑑𝑠

 = ∫  
1

0

 ∇⊗2𝜙̃(𝑠𝜉1 + (1 − 𝑠)𝜉2) ⋅ (𝜉1 − 𝜉2)𝑑𝑠

 

|∇𝜙̃(𝜉1) − ∇𝜙̃(𝜉2)||𝜉1 − 𝜉2| ≥ ⟨∇𝜙̃(𝜉1) − ∇𝜙̃(𝜉2), 𝜉1 − 𝜉2⟩ ≥ 𝑐1|𝜉1 − 𝜉2|
2 

‖𝑒𝑖𝑡𝜃(𝐷)𝜒𝜆(𝐷)𝑢0‖𝐿𝑥∞
≤ ‖𝐼𝜆(𝑡,⋅)‖𝐿𝑥∞‖𝑢0‖𝐿𝑥1  

 ≤ 𝐶𝑡−
𝑑
2‖𝑢0‖𝐿𝑥1

 

‖𝑈(𝑡)𝑓‖𝐿𝑥2 ≲ ‖𝑓‖𝐻 

‖𝑈(𝑠)𝑈∗(𝑡)𝑔‖𝐿∞ ≲ |𝑡 − 𝑠|
−𝜎‖𝑔‖𝐿1 

‖𝑈(𝑡)𝑓‖𝐿𝑡
𝑞
𝐿𝑥
𝑟 ≲ ‖𝑓‖𝐻 

1

𝑞
+
𝜎

𝑟
=
𝜎

2
, (𝑞, 𝑟, 𝜎) ≠ (2,∞, 1) 

𝑃 = (2,
2𝜎

𝜎 − 1
) 

𝑈(𝑡) = 𝑒−𝑖𝑡𝜃(𝐷)𝜒𝜆(𝐷): 𝐿𝑥
2 → 𝐿𝑥

2 , 𝜎 =
𝑑

2
 

‖𝑒−𝑖𝑡𝜃(𝐷)𝜒𝜆(𝐷)𝑢0‖𝐿𝑡
𝑝
𝐿𝑥
𝑞 ≤ 𝐶‖𝑢0‖𝐿𝑥2  

(𝑝, 𝑞) ∈ [2,+∞]2 

2

𝑝
+
𝑑

𝑞
=
𝑑

2
, (𝑝, 𝑞) ≠ (2,∞) if 𝑑 = 2  

‖𝜒𝜆(𝐷)𝑢0‖𝐿𝑥2 𝜒̃𝜆 ∈ 𝐶𝑐
∞𝜒̃𝜆𝜒𝜆 = 𝜒𝜆 

‖𝑒−𝑖𝑡𝜃(𝐷)𝜒𝜆(𝐷)𝑢0‖𝐿𝑡
𝑝
𝐿𝑥
𝑞 = ‖𝑒−𝑖𝑡𝜃(𝐷)𝜒̃𝜆𝜒𝜆(𝐷)𝑢0‖𝐿𝑡

𝑝
𝐿𝑥
𝑞 ≤ 𝐶‖𝜒𝜆(𝐷)𝑢0‖𝐿𝑥2  

[𝑒−𝑖𝑡𝜃(𝐷), 𝜒𝜆(𝐷)] = 0 
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‖𝑒−𝑖𝑡𝜃(𝐷)𝑢0‖𝐿𝑡
𝑝
𝐿𝑥
𝑞  ≃ ‖‖𝑒−𝑖𝑡𝜃(𝐷)𝜒0(𝐷)𝑢0‖𝐿𝑥

𝑞 +‖(∑  

𝜆∈2N

  |𝑒−𝑖𝑡𝜃(𝐷)𝜒𝜆(𝐷)𝑢0|
2
)

1
2

‖ 𝐿𝑥
𝑞‖

𝐿𝑡
𝑝

 ≤ ‖𝑒−𝑖𝑡𝜃(𝐷)𝜒0(𝐷)𝑢0‖𝐿𝑡
𝑝
𝐿𝑥
𝑞 + (∑  

𝜆∈2N

 ‖𝑒−𝑖𝑡𝜃(𝐷)𝜒𝜆(𝐷)𝑢0‖𝐿𝑡
𝑝
𝐿𝑥
𝑞

2

 ≤ ‖𝜒0(𝐷)𝑢0‖𝐿𝑥2 + (∑  

𝜆∈2N

 ‖𝜒𝜆(𝐷)𝑢0‖𝐿𝑥2
2 )

1
2

 ≃ ‖𝑢0‖𝐿𝑥2 .

 

𝜃 ∈ 𝐶𝑛0(ℝ𝑑), 𝑛0 >
𝑑+2

2
 and ⟨𝜉⟩𝑛−2∇⊗𝑛𝜃̃ ∈ 𝐿∞ for any 𝑛 = 2,… , 𝑛0 

1

𝑟
=

1

𝑟2
+
𝑠2

𝑑
 and 

2

𝑞2
+

𝑑

𝑟2
+ 𝑠2 =

𝑑

2
 

𝐹 ∈ 𝐿𝑡
𝑞1
′

𝐻𝑥
𝑠2,𝑟1

′

 

‖𝑆(𝑡)𝑢0 − 𝑖∫  
𝑡

0

 𝑆(𝑡 − 𝜏)𝐹(𝜏)𝑑𝜏‖
𝐿𝑡
𝑞2𝐿𝑥

𝑟2

≤ 𝐶 [‖𝑢0‖𝐻𝑥
𝑠2 + ‖𝐹‖

𝐿𝑡
𝑞1
′
𝐻𝑥
𝑠2,𝑟1

′ ]  

𝒯𝜉(𝑡)𝑈(𝑥) =
1

(2𝜋)
𝑑
2

∫  𝑒−𝑖(𝜃(𝜂+𝜉)−𝜃(𝜂)−𝜃(𝜉))𝑡𝑒𝑖𝜂𝑥𝑈̂(𝜂)𝑑𝜂 

𝐿1(𝑉)  = −𝑖∬  
𝑡

0

 𝑓(𝜉)𝑒𝑖𝜉𝑥−𝑖𝜃(𝜉)𝑡𝒯𝜉(𝑡 − 𝜏)𝑆(𝑡 − 𝜏)[𝑤 ∗ 𝑉(⋅ ,0, 𝜏)]𝑑𝜏𝑑𝑊(𝜉)

𝐿2(𝑉)  = 𝑖∭  
𝑡

0

 𝑓(𝜉)𝑒𝑖𝜉𝑥−𝑖𝜃(𝜉)𝑡𝑒𝑖𝜉𝑧𝑤(𝑧)𝒯𝜉(𝑡 − 𝜏)𝑆(𝑡 − 𝜏)𝑉(⋅, 𝑧, 𝜏)𝑑𝜏𝑑𝑧𝑑𝑊(𝜉)

𝐿3(𝑉)  = 𝑖∭  
𝑡

0

  (𝑔(𝜉 + 𝜁) − 𝑔(𝜉))𝑒−𝑖(𝜃(𝜉+𝜁)−𝜃(𝜉))(𝑡−𝜏)𝑒𝑖𝜁𝑥−𝑖𝜉𝑦𝑊̂(𝜁)𝑉̂(𝜁, 0, 𝜏)𝑑𝜏𝑑𝜉𝑑𝜁

 

𝐿4(𝑉)  

= −𝑖(2𝜋)−
𝑑
2∭ ∫  

𝑡

0

(𝑔(𝜉 + 𝜁) − 𝑔(𝜉))𝑒−𝑖(𝑡−𝜏)(𝜃(𝜉+𝜁)−𝜃(𝜉))𝑒𝑖𝜁𝑥+𝑖𝜉(𝑧−𝑦)𝑤(𝑧)𝑉̂(𝜁, 𝑧, 𝜏)𝑑𝜏𝑑𝑧𝑑𝜉𝑑𝜁 

|∇𝜂(𝜃(𝜉 + 𝜂) − 𝜃(𝜂) − 𝜃(𝜉))| ≈ |𝜉|  and  
𝜉

|𝜉|
⋅ ∇𝜂(𝜃(𝜉 + 𝜂) − 𝜃(𝜂) − 𝜃(𝜉)) ≈ |𝜉| 

𝑖𝜕𝑡𝑢 = 𝜃(𝐷)𝑢 + 𝑉 

𝑉(𝑥, 𝑦) = 𝑉(𝑥 + 𝑦,−𝑦) 

𝑉̂(𝜂, 𝑦) = 𝑉̂(−𝜂,−𝑦)𝑒−𝑖𝜂𝑦.  
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𝐿1(𝑉) = −𝑖 ∫  
𝑡

0

 𝑆(𝑡 − 𝜏)[(𝑤 ∗ 𝑉(⋅ ,0))𝑌]𝑑𝜏

 = −𝑖∬  
𝑡

0

 𝑓(𝜉)𝑒−𝑖𝜃(𝜉)𝜏𝑆(𝑡 − 𝜏)[(𝑤 ∗ 𝑉(⋅ ,0))𝑒𝑖𝜉𝑥]𝑑𝜏𝑑𝑊(𝜉)

 

𝑒𝑖𝜃(𝜉)𝑡𝑆(𝑡)(𝑒𝑖𝜉𝑥𝑈) = 𝑒𝑖𝜉𝑥𝒯𝜉(𝑡)𝑆(𝑡)𝑈  

𝐿2(𝑉) = −𝑖 ∫  
𝑡

0

 𝑆(𝑡 − 𝜏) [∫  𝑑𝑧𝑤(𝑧)𝑉(𝑥, 𝑧)𝑌(𝑥 + 𝑧)] 𝑑𝜏

 = −𝑖∭  
𝑡

0

 𝑓(𝜉)𝑒−𝑖𝜃(𝜉)𝜏𝑒𝑖𝜉𝑧𝑤(𝑧)𝑆(𝑡 − 𝜏)[𝑉(𝑥, 𝑧)𝑒𝑖𝜉𝑥]𝑑𝜏𝑑𝑧𝑑𝑊(𝜉)

 

𝐿3(𝑉) = 𝔼[𝑌(𝑥 + 𝑦)𝐿1(𝑉)(𝑥)] + 𝔼[𝐿1(𝑉)(𝑥 + 𝑦)𝑌(𝑥)]

 = 𝐿3
(1)
(𝑉) + 𝐿3

(2)
(𝑉).

 

𝐿3
(1)
(𝑉)(𝑥, 𝑦) = 𝐿3

(2)
(𝑉)(𝑥 + 𝑦,−𝑦) 

𝐿3
(1)
(𝑉)

̂
(𝜂, 𝑦)=

1

(2𝜋)
𝑑
2

∫  𝐿3
(2)
(𝑉)(𝑥 + 𝑦,−𝑦)𝑒−𝑖𝜂𝑥𝑑𝑥 

=
1

(2𝜋)
𝑑
2

 𝐿̂3
(2)
(𝑉)(𝑧, −𝑦)𝑒𝑖𝜂(𝑧−𝑦)𝑑𝑥  

 = 𝑒𝑖𝜂𝜂𝐿3
(2)
(−𝜂,−𝑦)

 

𝐿3(𝑉)̂(𝜁, 𝑦) = 𝐿3
(1)
(𝑉)

̂
(𝜁, 𝑦) + 𝑒𝑖𝜁𝑦𝐿3

(1)
(𝑉)

̂
(−𝜁,−𝑦).  

𝐿1(𝑉) = −𝑖∭  
𝑡

0

𝑓(𝜉)𝑒𝑖𝜉𝑥−𝑖𝜃(𝜉)𝑡𝑒𝑖𝜁𝑥𝑒−𝑖(𝑡−𝜏)(𝜃(𝜁+𝜉)−𝜃(𝜉))𝑤̂(𝜁)𝑉̂(𝜁, 0, 𝜏)𝑑𝜏𝑑𝜁𝑑𝑊(𝜉) 

𝐿3
(1)
(𝑥, 𝑦) = −𝑖∬  

𝑡

0

𝑓2(𝜉)𝑒−𝑖𝜉𝑦𝑒𝑖𝜁𝑥𝑒−𝑖(𝑡−𝜏)(𝜃(𝜁+𝜉)−𝜃(𝜉))𝑤̂(𝜁)𝑉̂(𝜁, 0, 𝜏)𝑑𝜏𝑑𝜁𝑑𝜉 

𝐿3
(1)
(𝑉)

̂
(𝜁, 𝑦) = −𝑖(2𝜋)

𝑑
2𝑤̂(𝜁)∬  

𝑡

0

𝑓2(𝜉)𝑒−𝑖(𝜃(𝜉+𝜁)−𝜃(𝜉))(𝑡−𝜏)𝑒−𝑖𝜉𝑦𝑉̂(𝜁, 0, 𝜏)𝑑𝜏𝑑𝜉 

𝐿3(𝑉)̂(𝜁, 𝑦) = −𝑖(2𝜋)
𝑑
2𝑤̂(𝜁)∫  

𝑡

0

𝑉̂(𝜁, 0)∫  (𝑓(𝜉)2 − 𝑓(𝜉 + 𝜁)2)𝑒−𝑖(𝜃(𝜉+𝜁)−𝜃(𝜉))(𝑡−𝜏)𝑒−𝑖𝜉𝑦𝑑𝜏𝑑𝜉 

𝐿4(𝑉) = 𝔼[𝑌(𝑥 + 𝑦)𝐿2(𝑉)(𝑥)] + 𝔼[𝐿2(𝑉)(𝑥 + 𝑦)𝑌(𝑥)]

 = 𝐿4
(1)
(𝑉) + 𝐿4

(2)
(𝑉).

 

𝐿4
(1)
(𝑉)

̂
(𝜂, 𝑦) = 𝑒𝑖𝜂𝑦𝐿4

(2)̂̂
(−𝜂,−𝑦)  

𝐿2(𝑉)(𝑥) =
𝑖

(2𝜋)
𝑑
2

∫  
𝑡

0

∭ 𝑓(𝜉)𝑤(𝑧)𝑉̂(𝜂 − 𝜉, 𝑧, 𝜏)𝑒𝑖𝜂𝑥+𝑖𝜉𝑧𝑒−𝑖(𝑡−𝜏)𝜃(𝜂)−𝑖𝜏𝜃(𝜉)𝑑𝑧𝑑𝜂𝑑𝜏𝑑𝑊(𝜉) 
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𝐿4
(1)
(𝑥, 𝑦) =

𝑖

(2𝜋)
𝑑
2

∫  
𝑡

0

∭ 𝑓2(𝜉)𝑤(𝑧)𝑉̂(𝜂 − 𝜉, 𝑧, 𝜏)𝑒𝑖(𝜂−𝜉)𝑥+𝑖𝜉(𝑧−𝑦)𝑒𝑖(𝑡−𝜏)(𝜃(𝜉)−𝜃(𝜂))𝑑𝑧𝑑𝜂𝑑𝜏𝑑𝜉 

𝐿4
(1)̂
(𝜁, 𝑦) = 𝑖 ∫  

𝑡

0

∬ 𝑓2(𝜉)𝑤(𝑧)𝑉̂(𝜁, 𝑧, 𝜏)𝑒𝑖𝜉(𝑧−𝑦)𝑒−𝑖(𝑡−𝜏)(𝜃(𝜉+𝜁)−𝜃(𝜉))𝑑𝑧𝑑𝜏𝑑𝜉 

𝐿4
(2)̂
(𝜁, 𝑦) = 𝑒𝑖𝜁𝑦𝐿4

(1)
(−𝜁,−𝑦)

 = −𝑖𝑒𝑖𝜁𝑦∫  
𝑡

0

 ∬  𝑓2(𝜉)𝑤(𝑧)𝑉̂(−𝜁, 𝑧, 𝜏)𝑒−𝑖𝜉(𝑧+𝑦)𝑒−𝑖(𝑡−𝜏)(𝜃(𝜉)−𝜃(𝜉−𝜁))𝑑𝑧𝑑𝜏𝑑𝜉

 = −𝑖 ∫  
𝑡

0

 ∬  𝑓2(𝜉)𝑤(𝑧)𝑉̂(𝜁, −𝑧, 𝜏)𝑒𝑖(𝜁−𝜉)(𝑧+𝑦)𝑒−𝑖(𝑡−𝜏)(𝜃(𝜉)−𝜃(𝜉−𝜁))𝑑𝑧𝑑𝜏𝑑𝜉

 = −𝑖 ∫  
𝑡

0

 ∬  𝑓2(𝜉 + 𝜁)𝑤(𝑧)𝑉̂(𝜁, 𝑧, 𝜏)𝑒𝑖𝜉(𝑧−𝑦)𝑒−𝑖(𝑡−𝜏)(𝜃(𝜁+𝜉)−𝜃(𝜉))𝑑𝑧𝑑𝜏𝑑𝜉

 

2

𝑝1
+
𝑑

𝑞1
=
𝑑

2
− 𝜎1 

𝑈 ∈ 𝐿𝑡
2, 𝐵2

−1/2+𝜎1,𝜎+𝜎1−1/2 

‖∫  
∞

0

 𝑆(𝑡 − 𝜏)[𝑈(𝜏)𝑌(𝜏)]𝑑𝜏‖
𝐿𝑝1(ℝ,𝑊𝜎,𝑞1(ℝ𝑑,𝐿2(Ω)))

≤ 𝐶𝜃‖⟨𝜉⟩
2⌈𝜎⌉𝑔‖

𝑊2,1
‖𝑈‖

𝐿𝑡
2,𝐵2

−1/2+𝜎1,𝜎+𝜎1−1/2  

𝐿1
∞(𝑈):= ∫  

∞

0

𝑆(𝑡 − 𝜏)𝑌(𝜏)𝑈(𝜏)𝑑𝜏 

𝜉 ↦ 𝑒−𝑖𝑡(|𝜉|
2+2𝜂𝜉+(2𝜋)𝑑(−1)2𝑤̂∗𝑔(𝜉+𝜂)−𝑤̂∗𝑔(𝜂)) = 𝑒𝑖𝑡(𝜃(𝜂)−𝜃(𝜉+𝜂)) 

𝑆(𝑡)(𝑒𝑖𝜂𝑥𝑈) = ℱ−1(𝑒−𝑖𝑡𝜃(𝜉)𝑈̂(𝜉 − 𝜂)) = 𝑒𝑖𝜂𝑥ℱ−1(𝑒−𝑖𝑡𝜃(𝜉+𝜂)𝑈̂(𝜉)) 

𝑆(𝑡)(𝑒𝑖𝜂𝑥𝑈) = 𝑒𝑖𝜂𝑥−𝑖𝑡𝜃(𝜂)ℱ−1(𝑒−𝑖𝑡(𝜃(𝜉+𝜂)−𝜃(𝜂))𝑈̂(𝜉)) 

𝑆(𝑡)(𝑒𝑖𝜂𝑥𝑈) = 𝑒𝑖𝜂𝑥−𝑖𝑡𝜃(𝜂)𝑆𝜂(𝑡)𝑈 

𝑆(𝑡 − 𝜏)(𝑈(𝜏)𝑌(𝜏)) = ∫  𝑓(𝜂)𝑒−𝑖𝜏𝜃(𝜂)𝑆(𝑡 − 𝜏)(𝑒𝑖𝜂𝑥𝑈(𝜏))𝑑𝑊(𝜂)

 = ∫  𝑓(𝜂)𝑒𝑖𝜂𝑥𝑒−𝑖𝑡𝜃(𝜂)𝑆𝜂(𝑡 − 𝜏)𝑈(𝑠)𝑑𝑊(𝜂)
 

𝔼[|𝐿1
∞(𝑈)|2] = ∫  

𝜂∈ℝ𝑑
𝑔(𝜂) |∫  

∞

0

 𝑆𝜂(𝑡 − 𝜏)𝑈(𝜏)𝑑𝜏|

2

𝑑𝜂 

‖𝐿1
∞(𝑈)‖𝐿𝑡

𝑝1 ,𝐿𝑥
𝑞1 ,𝐿𝜔

2 ≤ 𝐶(𝜃)‖𝑔‖𝑊2,1‖𝑈‖
𝐿𝑡
2,𝐵2

𝜎1−
1
2
,𝜎1−

1
2
 

‖𝐿1
∞(𝑈)‖

𝐿𝑡
𝑝1 ,𝐿𝑥

𝑞1 ,𝐿𝜔
2

2 ≤ ∫  
𝜂∈ℝ𝑑

𝑔(𝜂) ‖∫  
∞

0

 𝑆𝜂(𝑡 − 𝜏)𝑈(𝜏)𝑑𝜏‖
𝐿𝑡
𝑝1 ,𝐿𝑥

𝑞1

2

𝑑𝜂 
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‖𝐿1
∞(𝑈)‖

𝐿𝑡
𝑝1 ,𝐿𝑥

𝑞1 ,𝐿𝜔
2

2 ≤ ∫  
𝜂∈ℝ𝑑

𝑔(𝜂) ‖∫  
∞

0

 𝑆𝜂(−𝜏)𝑈(𝜏)𝑑𝜏‖
𝐵2
𝜎1,𝜎1

2

𝑑𝜂 

‖𝐿1
∞(𝑈)‖𝐿𝑡

𝑝1 ,𝐿𝑥
𝑞1 ,𝐿𝜔

2

 ≤ ∫  
𝜂∈ℝ𝑑

 𝑔(𝜂)∫  
𝜉∈ℝ𝑑

 ∫  
∞

0

 ∫  
∞

0

  𝑒𝑖(𝑡1−𝑡2)(𝜉
2−2𝜉⋅𝜂−𝜃̃𝜉(𝜂))𝑈̂1(𝑡1, 𝜉)𝑈̂1(𝑡2, 𝜉)𝑑𝑡2𝑑𝑡1𝑑𝜉𝑑𝜂

 

𝜃̃𝜉(𝜂) = 𝜃̃(𝜉 + 𝜂) − 𝜃̃(𝜂) 

 

𝜂𝜉 = 𝜂 − 𝜃̃𝜉(𝜂)
𝜉

2|𝜉|2
 

𝜂 ↦ 𝜃𝜉(𝜂)
𝜉

2|𝜉|2
𝜉

2|𝜉|
∇𝜂
𝜃̃𝜉

|𝜉|
1 − ⟨

𝜉

2|𝜉|
, ∇𝜂

𝜃̃𝜉

|𝜉|
⟩ 

∇
𝜃̃𝜉

|𝜉|
= ∫  

1

0

∇⊗2𝜃̃(𝜂 + 𝑡𝜉)
𝜉

|𝜉|
𝑑𝑡 

∇⊗2𝜃 = 2𝐼𝑑 + ∇⊗2𝜃̃ 

1 − ⟨
𝜉

2|𝜉|
, ∇𝜂

𝜃̃𝜉

|𝜉|
⟩ =

1

2
∫  
1

0

𝜉𝑇

|𝜉|
∇⊗2𝜃(𝜂 + 𝑡𝜉)

𝜉

|𝜉|
𝑑𝑡 >

1

2
𝜆∗ 

𝜙𝜉 = 𝜂̃𝜉
−1 

‖𝐿1
∞(𝑈)‖𝐿𝑡

𝑝1 ,𝐿𝑥
𝑞1 ,𝐿𝜔

2

 ≤ ∫  
𝜂∈ℝ𝑑

 ∫  
𝜉∈ℝ𝑑

 𝑔(𝜙𝜉(𝜂))𝑗𝑎𝑐(𝜙𝜉(𝜂))∫  
ℝ

 ∫  
𝐷𝑡

 𝑒−𝑖𝑡(𝜉
2−2𝜉𝜂)𝑈̂1(𝑡1, 𝜉)𝑈̂1(𝑡 + 𝑡1, 𝜉)𝑑𝑡1𝑑𝑡𝑑𝜉𝑑𝜂

 

𝐷𝑡 = [−𝑡,∞]jac(𝜙𝜉(𝜂)) 

‖𝐿1
∞(𝑈)‖𝐿𝑡

𝑝1 ,𝐿𝑥
𝑞1 ,𝐿𝜔

2

 ≤ (2𝜋)𝑑/2∫  
𝜉∈ℝ𝑑

 ∫  
ℝ

 ∫  
𝐷𝑡

 ℱ𝜂 (𝑔(𝜙𝜉(𝜂))𝑗𝑎𝑐(𝜙𝜉(𝜂))) (−2𝜉𝑡)𝑒
−𝑖𝑡𝜉2𝑈̂1(𝑡1, 𝜉)𝑈̂1(𝑡 + 𝑡1, 𝜉)𝑑𝑡1𝑑𝑡𝑑𝜉

 

‖𝐿1
∞(𝑈)‖

𝐿𝑡
𝑝1 ,𝐿𝑥

𝑞1 ,𝐿𝜔
2

2 ≤ ∫  
𝜉∈ℝ𝑑

∫  
ℝ

|ℱ𝜂 (𝑔(𝜙𝜉(𝜂))𝑗𝑎𝑐(𝜙𝜉(𝜂))) (−2𝜉𝑡)| ‖𝑈̂1(𝑡1, 𝜉)‖𝐿𝑡1
2

2
𝑑𝑡𝑑𝜉 

‖𝐿1
∞(𝑈)‖𝐿𝑡

𝑝1 ,𝐿𝑥
𝑞1 ,𝐿𝜔

2 ≲ ∫  
𝜉∈ℝ𝑑

∫  
ℝ

|ℱ𝜂 (𝑔(𝜙𝜉(𝜂))𝑗𝑎𝑐(𝜙𝜉(𝜂))) (−2𝜏
𝜉

|𝜉|
)| |𝜉|−1‖𝑈̂1(𝑡1, 𝜉)‖𝐿𝑡1

2

2
𝑑𝜏𝑑𝜉 

(𝜏, 𝜉) ↦ ℱ𝜂 (𝑔(𝜙𝜉(𝜂))𝑗𝑎𝑐(𝜙𝜉(𝜂))) (−2𝜏
𝜉

|𝜉|
) 𝐿𝜉

∞(ℝ𝑑, 𝐿𝜏
1(ℝ)) 

(𝜉, 𝜂) ↦ 𝑔(𝜙𝜉(𝜂))𝑗𝑎𝑐(𝜙𝜉(𝜂)) 
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𝐿𝜉
∞ (ℝ𝑑 ,𝑊𝜂

2,1(ℝ𝑑)) 

𝑔 ∈ 𝑊2,1(ℝ𝑑) 

𝜙𝜉 ∈ 𝐿𝜉
∞𝑊3,∞ 

𝜃̃𝜉 ∈ 𝐿𝜉
∞ (ℝ𝑑,𝑊𝜂

3(ℝ𝑑)) 

‖𝐿1
∞(𝑈)‖

𝐿𝑡
𝑝1 ,𝐿𝑥

𝑞1 ,𝐿𝜔
2

2 ≤ 𝐶𝜃‖𝑔‖𝑊2,1∫  
𝜉∈ℝ𝑑

‖𝜉|𝜎1−
1
2𝑈̂(𝑡1, 𝜉)‖

𝐿𝑡1
2

2

𝑑𝑡𝑑𝜉 = 𝐶𝜃‖𝑔‖𝑊2,1‖𝑈‖
𝐿𝑡
2,𝛽2

𝜎1−
1
2
,𝜎1−

1
2
 

|𝛼| =∑  

𝑑

𝑗=1

𝛼𝑗 

𝜕𝛼 =∏ 

𝑑

𝑗=1

𝜕𝛼𝑗 

𝜂𝛼 =∏ 

𝑑

𝑗=1

𝜂
𝑗

𝛼𝑗  

 

𝜕𝛼𝐿1
∞(𝑈) = ∑  

𝛾+𝛽=𝛼

𝐶(𝛼, 𝛽)∫  
𝑡

0

𝑆(𝑡 − 𝑠)𝜕𝛽𝑌(𝑠)𝜕𝛾𝑈(𝑠)𝑑𝑠 

𝜕𝛽𝑌(𝑠) = ∫  
ℝ𝑑
𝑖|𝛽|𝜂𝛽𝑓(𝜂)𝑒−𝑖𝑠𝜃(𝜂)+𝑖𝜂𝑥𝑑𝑊(𝜂) 

‖𝐿1
∞(𝑈)‖𝐿𝑡

𝑝1 ,𝑊𝑥
𝜎,𝑞1 ,𝐿𝜔

2 ≲ ‖𝑈‖
𝐿𝑡
2,𝐵2

𝜎1−
1
2
,𝜎1+𝜎−

1
2  

sup
|𝛼|≤𝜎

 ‖ℱ𝜂 (𝜙𝜉(𝜂)
2𝛼𝑔(𝜙𝜉(𝜂))𝑗𝑎𝑐(𝜙𝜉(𝜂)))‖

𝐿1
 

 

𝐿1
∞,0: 𝑈 ↦ ∫  

𝑡

0

𝑆(𝑡 − 𝜏)[𝑈(𝜏)𝑌(𝜏)]𝑑𝜏, 𝐿1
∞,∞: 𝑈 ↦ ∫  

∞

𝑡

𝑆(𝑡 − 𝜏)[𝑈(𝜏)𝑌(𝜏)]𝑑𝜏 

𝐿𝑡
2𝐵2

−1/2+𝜎1,−1/2+𝜎2+𝜎𝐿𝑡
𝑝1𝑊𝑥

𝜎,𝑞1 

 

 

𝐿1: 𝑉 ↦ 𝐿1(𝑉) = −𝑖∫  
𝑡

0

𝑆(𝑡 − 𝜏)[𝑤 ∗ 𝑉(⋅ ,0)𝑌]𝑑𝜏 
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𝐿𝑦
∞𝐿𝑡

2𝐵2
−1/2,𝑠𝑐 to 𝐸𝑍 

(𝑝, 𝑝, 0, 𝑠𝑐), (𝑑 + 2, 𝑑 + 2, 𝑠𝑐 , 0), (4, 𝑞,
𝑑 − 3

4
, 0)  or (∞, 2,0, 𝑠𝑐) 

𝐿2: 𝑉 ↦ 𝐿2(𝑉) = 𝑖 ∫  
𝑡

0

𝑆(𝑡 − 𝜏) [∫  𝑑𝑧𝑤(𝑧)𝑉(𝑥, 𝑧)𝑌(𝑥 + 𝑧)] 𝑑𝜏 

‖𝐿2(𝑉)‖𝐸𝑍 ≲ ∫  
𝑧∈ℝ𝑑

‖∫  
𝑡

0

 𝑆(𝑡 − 𝜏)𝑉(⋅, 𝑧)𝑇𝑧𝑌𝑑𝜏‖
𝐸𝑍

|𝑤|(𝑧)𝑑𝑧 

‖∫  
𝑡

0

 𝑆(𝑡 − 𝜏)𝑉(⋅, 𝑧)𝑇𝑧𝑌𝑑𝜏‖
𝐸𝑍

= ‖∫  
𝑡

0

 𝑆(𝑡 − 𝜏)𝑇−𝑧𝑉(⋅, 𝑧)𝑌𝑑𝜏‖
𝐸𝑍

 

‖∫  
𝑡

0

 𝑆(𝑡 − 𝜏)𝑇−𝑧𝑉(⋅, 𝑧)𝑌𝑑𝜏‖
𝐸𝑍

≲ ‖𝑇−𝑧𝑉(⋅, 𝑧)‖
𝐿𝑡
2,𝐵2

−
1
2
,𝑠𝑐
= ‖𝑉(⋅, 𝑧)‖

𝐿𝑡
2,𝐵2

−
1
2
,𝑠𝑐

 

‖∫  
𝑡

0

 𝑆(𝑡 − 𝜏)𝑇−𝑧𝑉(⋅, 𝑧)𝑌𝑑𝜏‖
𝐸𝑍

≲ ‖𝑉‖𝐸𝑉  

‖𝐿2(𝑉)‖𝐸𝑍 ≲ ‖𝑤‖𝑀‖𝑉‖𝐸𝑉 . 

𝐶𝑦𝐿𝑡,𝑥
2 ∩ 𝐿𝑦

∞𝐿𝑡,𝑥
2  

‖𝐿𝑘(𝑉)‖𝐿𝑦∞𝐿𝑡,𝑥2 ≤ 𝐶𝜃,𝑤,𝑔‖𝑉‖𝐿𝑦∞𝐿𝑡,𝑥2 .  

𝐶𝜃,𝑤,𝑔 = 𝐶𝜃‖⟨𝑦⟩𝑤‖𝐿1‖∇𝑔‖𝑊2,1‖∇⊗3𝜃̃‖
𝐿∞

 

|𝑝. 𝑣.∫  
ℝ

 𝑢(𝛼)
𝑒𝑖𝜂𝛼

Ω̃(𝛼)
𝑑𝛼| ≤

𝐶

𝜆
(1 +

‖Ω̃′′‖
𝐿∞

𝜆
)‖𝑢‖𝑊1,𝑞(ℝ)  

𝑒𝑖𝜂𝑥

Ω̂(𝛼)
=
1

𝛼
 

(
1

𝛼
∗ 𝑢)

′

∈ 𝐿1,𝑤 

∫  
ℝ

 
𝑒𝑖𝜂𝛼

Ω̃(𝛼)
𝑢(𝛼)𝑑𝛼 = 𝐼 + 𝐼𝐼 + 𝐼𝐼𝐼  

𝐼 = ∫  
|𝛼−𝛼0|>1

 (
𝑒𝑖𝜂𝛼

Ω̃(𝛼)
−

𝑒𝑖𝜂𝛼

Ω̃′(𝛼0)(𝛼 − 𝛼0)
)𝑢(𝛼)𝑑𝛼

𝐼𝐼 = ∫  
ℝ

 
𝑒𝑖𝜂𝛼

Ω̃′(𝛼0)(𝛼 − 𝛼0)
𝑢(𝛼)𝑑𝛼

𝐼𝐼𝐼 = ∫  
|𝛼−𝛼0|<1

 (
𝑒𝑖𝜂𝛼

Ω̃(𝛼)
−

𝑒𝑖𝜂𝛼

Ω̃′(𝛼0)(𝛼 − 𝛼0)
)𝑢(𝛼)𝑑𝛼
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|𝐼| ≤ 2∫  
|𝛼−𝛼0|≥1

 
|𝑢(𝛼)|

|𝛼 − 𝛼0|
𝑑𝛼 ≲ ‖𝑢‖𝐿𝑞  

𝐼𝐼 =
𝑒𝑖𝜂𝛼0

Ω̃′(𝛼0)
𝑣(𝛼0) with 𝑣 = (𝛼 ↦

𝑒𝑖𝜂𝛼

𝛼
) ∗ 𝑢 

|𝑣(𝛼̃)| = |∫  
ℝ

 
𝑒𝑖𝜂(𝛼−𝛼̃)

𝛼 − 𝛼̃
𝑢(𝛼)𝑑𝛼| ≤ |∫  

ℝ

 
1

𝛼 − 𝛼̃
𝑒𝑖𝜂𝛼𝑢(𝛼)𝑑𝛼| 

|𝑣′(𝛼̃)| = |∫  
ℝ

 
𝑒𝑖𝜂(𝛼−𝛼̃)

𝛼 − 𝛼̃
𝑢′(𝛼)𝑑𝛼| ≤ |∫  

ℝ

 
1

𝛼 − 𝛼̃
𝑒𝑖𝜂𝛼𝑢′(𝛼)𝑑𝛼| 

𝑣 ∈ 𝑊1,𝑞 with ‖𝑣‖𝑊1,𝑞 ≲ ‖𝑢‖𝑊1,𝑞 

|𝐼𝐼| ≲ ‖𝑢‖𝑊1,𝑞  

2|Ω̃(𝛼) − Ω̃′(𝛼0)(𝛼 − 𝛼0)| ≤ ‖Ω̃
′′‖

𝐿∞
|𝛼 − 𝛼0|

2 

|𝛼 − 𝛼0| <
|Ω̃′(𝛼0)|

‖Ω̃′′‖
𝐿∞

‖Ω̃′′‖
𝐿∞

 

1

Ω̃(𝛼)
=

1

Ω̃′(𝛼0)(𝛼 − 𝛼0)

1

1 +
Ω̃(𝛼) − Ω̃′(𝛼0)(𝛼 − 𝛼0)

Ω̃′(𝛼0)(𝛼 − 𝛼0)

=
1

Ω̃′(𝛼0)(𝛼 − 𝛼0)
+ 𝑂 (‖Ω̃′′‖

𝐿∞
) 

|Ω̃(𝛼)| > |𝛼 − 𝛼0| as Ω̃′ > 1 

|𝛼 − 𝛼0| >
|Ω̃′(𝛼0)|

‖Ω̃′′‖
𝐿∞

 

1

|Ω(𝛼)|
< ‖Ω̃′′‖

𝐿∞
 

𝑒𝑖𝜂𝛼

Ω̃(𝛼)
−

𝑒𝑖𝜂𝛼

Ω̃′(𝛼0)(𝛼 − 𝛼0)
= 𝑂 (‖Ω̃′′‖

𝐿∞
) 

|𝐼𝐼𝐼| ≲ ‖Ω̃′′‖
𝐿∞
∫  
|𝛼−𝛼0|≤1

  |𝑢(𝛼)|𝑑𝛼 ≲ ‖Ω̃′′‖
𝐿∞
‖𝑢‖𝐿𝑞  

𝐿4(𝑉)̂(𝜁, 𝑦, 𝑡) = −𝑖∫  
𝑡

0

∬ (𝑔(𝜉 + 𝜁) − 𝑔(𝜉))𝑒−𝑖(𝑡−𝜏)(𝜃(𝜉+𝜁)−𝜃(𝜉))𝑈̂(𝜁, 𝑧, 𝜏)𝑒𝑖𝜉(𝑧−𝑦)𝑑𝑧𝑑𝜉𝑑𝜏 

𝐿4(𝑉)̂(𝜁, 𝑦, 𝑡) = −𝑖(2𝜋)
𝑑
2∫  (𝑔(𝜉 + 𝜁)

− 𝑔(𝜉))𝑒−𝑖𝜉𝑦 (ℱ𝑥,𝑦𝑈(𝜁,−𝜉,⋅) ∗ (𝟏(⋅≥ 0)𝑒
−𝑖(𝜃(𝜉+𝜁)−𝜃(𝜉))⋅)) (𝑡)𝑑𝜉 
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𝐿3(𝑉)̂(𝜁, 𝑦, 𝑡)

 = 𝑖(2𝜋)
𝑑
2∫  (𝑔(𝜉 + 𝜁) − 𝑔(𝜉))𝑒−𝑖𝜉𝑦 (𝑤̂(𝜁)ℱ𝑥𝑉(𝜁, 0,⋅) ∗ (𝟏(⋅≥ 0)𝑒

−𝑖(𝜃(𝜉+𝜁)−𝜃(𝜉)))) (𝑡)𝑑𝜉
 

𝑈4(𝜁, 𝜉, 𝜔) = ℱ𝑥,𝑦,𝑡𝑈(𝜁,−𝜉, 𝜔), 𝑈3(𝜁, 𝜉, 𝜔) = 𝑤̂(𝜁)ℱ𝑥,𝑡𝑉(𝜁, 0, 𝜔). 

ℱ𝑡(𝟏(⋅≥ 0))(𝜔) =
1

2
√2𝜋𝛿(𝜔) +

1

√2𝜋

1

𝑖𝜔
 

𝐿𝑘(𝑉) = (−1)
𝑘+1

𝑖(2𝜋)
𝑑+1
2

2
𝐿𝑘,𝛿(𝑉) + (−1)

𝑘+1(2𝜋)
𝑑−1
2 𝐿𝑘,𝑝.𝑣(𝑉)

 

ℱ𝑥,𝑡𝐿𝑘,𝛿(𝑉)(𝜁, 𝑦, 𝜔) = ∫  (𝑔(𝜉 + 𝜁) − 𝑔(𝜉))𝑒
−𝑖𝜉𝑦𝑈𝑘(𝜁, 𝜉, 𝜔)𝛿(𝜔 + 𝜃(𝜉 + 𝜁) − 𝜃(𝜉))𝑑𝜉 

ℱ𝑥,𝑡𝐿𝑘,𝑝.𝑣.(𝑉)(𝜁, 𝑦, 𝜔) = ∫  (𝑔(𝜉 + 𝜁) − 𝑔(𝜉))𝑒
−𝑖𝜉𝑦𝑈𝑘(𝜁, 𝜉, 𝜔)

1

𝜔 + 𝜃(𝜉 + 𝜁) − 𝜃(𝜉)
𝑑𝜉 

𝜉 = 𝜉⊥ + 𝜉̃ where 𝜉̃ ∈ Span{𝜁} and 𝜉⊥ ∈ {𝜁}⊥ 

𝜉̃ = 𝜎
𝜁

|𝜁|
 

ℱ𝑥,𝑡𝐿𝑘,𝛿(𝑉)(𝜁, 𝑦, 𝜔) = ∬ (𝑔(𝜉 + 𝜁) − 𝑔(𝜉))𝑒−𝑖𝜉𝑦𝑈𝑘(𝜁, 𝜉, 𝜔)𝛿 (Ω(𝜁, 𝜉
⊥ + 𝜎

𝜁

|𝜁|
, 𝜔))𝑑𝜉⊥𝑑𝜎 

Ω(𝜁, 𝜉, 𝜔) = 𝜔 + 𝜃(𝜉 + 𝜁) − 𝜃(𝜉) 

∇𝜉Ω = ∇𝜃(𝜉 + 𝜁) − ∇𝜃(𝜉) 

𝜁

|𝜁|
⋅ ∇𝜉Ω(𝜁, 𝜉, 𝜔) > 𝜆∗|𝜁|  

𝜉0 = 𝜉
⊥ + 𝜉̃0 with 𝜉̃0 = 𝜎0(𝜁, 𝜉

⊥, 𝜔)
𝜁

|𝜁|
 

ℱ𝑥,𝑡𝐿𝑘,𝛿(𝑉)(𝜁, 𝑦, 𝜔) = ∫  
1

𝜁
|𝜁|
⋅ ∇𝜉Ω(𝜁, 𝜉0, 𝜔)

(𝑔(𝜉0 + 𝜁) − 𝑔(𝜉0))𝑒
−𝑖𝜉0𝑦𝑈𝑘(𝜁, 𝜉0, 𝜔)𝑑𝜉

⊥ 

𝑔𝜁(𝜉) =
𝑔(𝜉 + 𝜁) − 𝑔(𝜉)

|𝜁|
 

𝑈̃1,𝑘(𝜁, 𝜉, 𝜔) =
|𝜁|

𝜁
|𝜁|
⋅ ∇𝜉Ω(𝜁, 𝜉, 𝜔)

𝑔𝜁(𝜉)𝑈𝑘(𝜁, 𝜉, 𝜔) 

ℱ𝑥,𝑡𝐿𝑘,𝛿(𝑉)(𝜁, 𝑦, 𝜔) = ∫  𝑒
−𝑖𝜉⊥𝑦−𝑖𝜎0

𝜁
|𝜁|
𝑦
𝑈̃1,𝑘 (𝜁, 𝜉

⊥ + 𝜎0
𝜁

|𝜁|
, 𝜔)𝑑𝜉⊥ 

|𝑈̃1,𝑘 (𝜁, 𝜉
⊥ + 𝜎0

𝜁

|𝜁|
, 𝜔)| ≲ ‖𝑈̃1,𝑘(𝜁, 𝜉

⊥ + 𝜉,𝜔)‖
𝐿𝜉
1 + ‖∇𝜉𝑈̃1,𝑘(𝜁, 𝜉

⊥ + 𝜉,𝜔)‖
𝐿𝜉
1 . 



 

pág. 13355 

|ℱ𝑥,𝑡𝐿𝑘,𝛿(𝑉)(𝜁, 𝑦, 𝜔)| ≲ ‖𝑈̃1,𝑘(𝜁,⋅, 𝜔)‖𝐿𝜉
1 + ‖∇𝜉𝑈̃1,𝑘(𝜁,⋅, 𝜔)‖𝐿𝜉

1  

𝜉 = 𝜉⊥ + 𝜉̃ with 𝜉̃ = 𝜎
𝜁

|𝜁|
 and 𝜉⊥ ∈ {𝜁}⊥ 

ℱ𝑥,𝑡𝐿𝑘,𝑝.𝑣.(𝑉)(𝜁, 𝑦, 𝜔) = ∬ 𝑔𝜁(𝜉)𝑒
−𝑖𝜉𝑦𝑈𝑘(𝜁, 𝜉, 𝜔)

|𝜁|

Ω (𝜁, 𝜉⊥ + 𝜎
𝜁
|𝜁|
, 𝜔)

𝑑𝜉⊥𝑑𝜎 

𝑈̃2,𝑘(𝜁, 𝜉, 𝜔) = 𝑔𝜁(𝜉)𝑈𝑘(𝜁, 𝜉, 𝜔) 

ℱ𝑥,𝑡𝐿𝑘,𝑝.𝑣.(𝑉)(𝜁, 𝑦, 𝜔) = ∬ 𝑈̃2,𝑘 (𝜁, 𝜉
⊥ + 𝜎

𝜁

|𝜁|
, 𝜔) 𝑒

−𝑖𝜉⊥𝑦−𝑖𝜎𝑦
𝜁
|𝜁|

|𝜁|

Ω (𝜁, 𝜉⊥ + 𝜎
𝜁
|𝜁|
, 𝜔)

𝑑𝜉⊥𝑑𝜎 

|∇𝜉 (
𝜁

|𝜁|
⋅ ∇𝜉Ω(𝜁, 𝜉, 𝜔))|≲ |∇𝜉 (

𝜁

|𝜁|
⋅ ∇𝜉𝜃(𝜉 + 𝜁)) − ∇𝜉 (

𝜁

|𝜁|
⋅ ∇𝜉𝜃(𝜉))| 

 ≤ 𝐶 (‖∇⊗3𝜃̃‖
𝐿∞
, 𝜆∗) |𝜁|

 

| ∫  𝑈̃2,𝑘 (𝜁, 𝜉
⊥ + 𝜎

𝜁

|𝜁|
 , 𝜔) 𝑒

−𝑖𝜉⊥𝑦−𝑖𝜎𝑦
𝜁
|𝜁|

|𝜁|

Ω (𝜁, 𝜉⊥ + 𝜎
𝜁
|𝜁|
, 𝜔)

𝑑𝜎| 

 ≤ 𝐶 (‖∇⊗3𝜃̃‖
𝐿∞
, 𝜆∗) ‖𝑈̃2,𝑘(𝜁, 𝜉

⊥ + 𝜉̃, 𝜔)‖
𝐿
𝜉̃
2 + ‖∇𝜉𝑈̃2,𝑘(𝜁, 𝜉

⊥ + 𝜉̃, 𝜔)‖
𝐿
𝜉̃
2

 

|ℱ𝑥,𝑡𝐿𝑘,𝑝.𝑣.(𝑉)(𝜁, 𝑦, 𝜔)| ≲ ‖𝑈̃2,𝑘(𝜁,⋅, 𝜔)‖𝐿𝜉⊥
1 𝐿

𝜉̃
2 + ‖∇𝜉𝑈̃2,𝑘(𝜁,⋅, 𝜔)‖𝐿𝜉⊥

1 𝐿𝜉
2  

|𝑈̃1,𝑘(𝜁, 𝜉, 𝜔)| ≈ |𝑈̃2,𝑘(𝜁, 𝜉, 𝜔)| = |𝑔𝜁(𝜉)𝑈𝑘(𝜁, 𝜉, 𝜔)|. 

‖𝑈̃1,𝑘(𝜁,⋅,⋅)‖𝐿𝜉
1𝐿𝜔
2 ≲ ‖𝑔𝜁‖𝐿𝜉

1‖𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉
∞𝐿𝜔

2  

‖𝑈̃2,𝑘(𝜁,⋅,⋅)‖𝐿𝜉⊥
1 𝐿𝜉

𝑞
𝐿𝜔
2 ≲ ‖𝑔𝜁‖𝐿𝜉⊥

1 𝐿𝜉
𝑞‖𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉

∞𝐿𝜔
2  

 ≲ ‖𝑔𝜁‖𝑊𝜉
1,1‖𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉

∞𝐿𝜔
2

 

∇𝜉𝑈̃2,𝑘(𝜁, 𝜉, 𝜔) = ∇𝑔𝜁(𝜉)𝑈𝑘(𝜁, 𝜉, 𝜔) + 𝑔𝜁(𝜉)∇𝜉𝑈𝑘(𝜁, 𝜉, 𝜔) 

‖∇𝜉𝑈̃2,𝑘(𝜁, 𝜉, 𝜔)‖𝐿𝜉⊥
1 𝐿𝜉

𝑞
𝐿𝜔
2 ≲ ‖∇𝑔𝜁‖𝐿𝜉⊥

1 𝐿𝜉
𝑞‖𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉

∞𝐿𝜔
2 + ‖𝑔𝜁‖𝐿𝜉⊥

1 𝐿𝜉
𝑞‖∇𝜉𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉

∞𝐿𝜔
2  

 ≲ ‖𝑔𝜁‖𝑊2,1 (‖𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉
∞𝐿𝜔

2 + ‖∇𝜉𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉
∞𝐿𝜔

2 ) .
 

|∇𝜉𝑈̃1,𝑘(𝜁, 𝜉, 𝜔)| = |
|𝜁|

𝜁
|𝜁|
⋅ ∇𝜉Ω(𝜁, 𝜉, 𝜔)

∇𝜉𝑈̃2,𝑘 + ∇𝜉 (
|𝜁|

𝜁
|𝜁|
⋅ ∇𝜉Ω(𝜁, 𝜉, 𝜔)

) 𝑈̃2,𝑘|

 ≲ 𝐶 (‖∇⊗3𝜃̃‖
𝐿∞
, 𝜆∗) (|∇𝜉𝑈̃2,𝑘| + |𝑈̃2,𝑘|)

 



 

pág. 13356 

|
|𝜁|

| 
𝜁
|𝜁|
⋅ ∇𝜉Ω(𝜁,⋅,⋅)

| + |∇𝜉 (
|𝜁|

|𝜁| ⋅ ∇𝜉Ω(𝜁,⋅,⋅)
)| ≲ 1 

‖∇𝜉𝑈̃1,𝑘(𝜁, 𝜉, 𝜔)‖𝐿𝜉
1𝐿𝜔
2 ≲ 𝐶 (‖∇

⊗3𝜃̃‖
𝐿∞
, 𝜆∗) ‖𝑔𝜁‖𝑊2,1 (‖𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉

∞𝐿𝜔
2 + ‖∇𝜉𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉

∞𝐿𝜔
2 )  

|ℱ𝑥,𝑡𝐿𝑘(𝑉)(𝜁, 𝑦0, 𝜔)| ≲∑  

1

𝑗=0

‖∇𝜉
𝑗
𝑈̃1,𝑘(𝜁,⋅, 𝜔)‖

𝐿𝜉
1
+ ‖∇𝜉

𝑗
𝑈̃2,𝑘(𝜁,⋅, 𝜔)‖

𝐿𝜉⊥
1 𝐿𝜉

2
. 

‖ℱ𝑥𝐿𝑘(𝑉)(𝜁, 𝑦0,⋅)‖𝐿𝑡2 = ‖ℱ𝑥,𝑡𝐿𝑘(𝑉)
(𝜁, 𝑦0,⋅)‖𝐿𝜔2

 ≲ ∑  

1

𝑗=0

 ‖∇𝜉
𝑗
𝑈̃1,𝑘(𝜁,⋅, 𝜔)‖

𝐿𝜔
2 𝐿𝜉

1
+ ‖∇𝜉

𝑗
𝑈̃2,𝑘(𝜁,⋅, 𝜔)‖

𝐿𝜔
2 𝐿𝜉⊥

1 𝐿𝜉
2

 ≲ ∑  

1

𝑗=0

 ‖∇𝜉
𝑗
𝑈̃1,𝑘(𝜁,⋅, 𝜔)‖

𝐿𝜉
1𝐿𝜔
2
+ ‖∇𝜉

𝑗
𝑈̃2,𝑘(𝜁,⋅, 𝜔)‖

𝐿𝜉⊥
1 𝐿𝜉

2𝐿𝜔
2
⋅

 

‖ℱ𝑥𝐿𝑘(𝑉)(𝜁, 𝑦0,⋅)‖𝐿𝑡2 ≲ 𝐶 (‖∇
⊗3𝜃̃‖

𝐿∞
, 𝜆∗)‖𝑔𝜁‖𝑊𝜉

2,1 (‖𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉
∞𝐿𝜔

2 + ‖∇𝜉𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉
∞𝐿𝜔

2 ) 

∇𝑗𝑔𝜁(𝜉) =
∇𝑗𝑔(𝜉 + 𝜁) − ∇𝑗𝑔(𝜉)

|𝜁|
= ∫  

1

0

∇𝑗+1𝑔(𝜉 + 𝑡𝜁) ⋅
𝜁

|𝜁|
𝑑𝑡 

‖∇𝑗𝑔𝜁‖𝐿𝜉
1 =

1

|𝜁|
‖∇𝑗𝑔(⋅ +𝜁) − ∇𝑗𝑔(⋅)‖

𝐿1
≤ ‖∇𝑔‖𝑊̇𝑗,1  

‖ℱ𝑥𝐿𝑘(𝑉)(𝜁, 𝑦0,⋅)‖𝐿𝑡2 ≲ 𝐶 (‖∇
⊗3𝜃̃‖

𝐿∞
, 𝜆∗) ‖∇𝑔‖𝑊2,1 (‖𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉

∞𝐿𝜔
2 + ‖∇𝜉𝑈𝑘(𝜁,⋅,⋅)‖𝐿𝜉

∞𝐿𝜔
2 ) 

𝑈4(𝜁, 𝜉, 𝜔) = ℱ𝑥,𝑦,𝑡(𝑤(𝑦)𝑉(𝑥, 𝑦, 𝑡))(𝜁, −𝜉, 𝜔)

∇𝜉𝑈4(𝜁, 𝜉, 𝜔) = ℱ𝑥,𝑦,𝑡(iyw(𝑦)𝑉(𝑥, 𝑦, 𝑡))(𝜁, −𝜉, 𝜔)
 

‖𝑈4‖𝐿𝜁
2𝐿𝜁
∞𝐿𝜔

2 ≤ ‖ℱ𝑡,𝑥𝑉(𝜁, 𝑦, 𝜔)‖𝐿𝜁
2𝐿|𝑤(𝑦)|𝑑𝑦
1 𝐿𝜔

2  

‖𝑈4‖𝐿𝜁
2𝐿𝜉
∞𝐿𝜔

2 ≤ ‖𝑉‖𝐿|𝑤(𝑦)|𝑑𝑦
1 𝐿𝑡,𝑥

2 ⋅ 

‖∇𝜉𝑈4‖𝐿𝜁
2𝐿𝜉
∞𝐿𝜔

2 ≤ ‖𝑉‖𝐿|𝑦𝑤(𝑦)|𝑑𝑦
1 𝐿𝑡,𝑥

2 ⋅ 

‖∇𝜉𝑈4‖𝐿𝜁
2𝐿𝜉
∞𝐿𝜔

2 + ‖𝑈4‖𝐿𝜁
2𝐿𝜉
∞𝐿𝜔

2 ≲𝑤 ‖𝑉‖𝐿𝑦∞𝐿𝑡,𝑥2 . 

𝑈3(𝜁, 𝜉, 𝜔) = 𝑤̂(𝜁)ℱ𝑥,𝑡(𝑉(𝑥, 0, 𝑡))(𝜁, 𝜔), ∇𝜉𝑈3(𝜁, 𝜉, 𝜔) = 0 

‖𝑈3‖𝐿𝜁
2𝐿𝜉
∞𝐿𝜔

2
2 ≤ ‖𝑤̂‖𝐿∞‖𝑉(𝑦 = 0)‖𝐿𝑡,𝑥2

2  
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ℱ𝑡,𝑥𝐿𝑘,𝛿(𝑉)(𝜁, 𝑦0 + 𝑦,𝜔) −ℱ𝑡,𝑥𝐿𝑘,𝛿(𝑉)(𝜁, 𝑦0, 𝜔)

 = ∫  (𝑒
−𝑖𝜉⊥𝑦−𝑖𝜎0

𝜁
|𝜁|
𝑦
− 1)𝑒

−𝑖𝜉⊥𝑦0−𝑖𝜎0
𝜁
|𝜁|
𝑦0𝑈̃1,𝑘 (𝜁, 𝜉

⊥ + 𝜎0
𝜁

|𝜁|
, 𝜔)𝑑𝜉⊥

 

‖𝐿𝑘,𝛿(𝑉)(⋅, 𝑦0 + 𝑦,⋅) −𝐿𝑘,𝛿(𝑉)(⋅, 𝑦0,⋅)‖𝐿𝑡,𝑥2

 ≲ ‖(𝑒𝑖𝜉𝑦 − 1)𝑈̃1,𝑘‖𝐿𝜁,𝜔
2 ,𝐿𝜉

1 + ‖(𝑒
𝑖𝜉𝑦 − 1)∇𝜉𝑈̃1,𝑘‖𝐿𝜁,𝜔

2 ,𝐿𝜉
1+∣ 𝑦‖𝑈̃1,𝑘‖𝐿𝜁,𝜔

2 ,𝐿𝜉
1 ⋅

 

‖𝐿𝑘,𝛿(𝑉)(⋅, 𝑦0 + 𝑦,⋅) − 𝐿𝑘,𝛿(𝑉)(⋅, 𝑦0,⋅)‖𝐿𝑡,𝑥2
→ 0 

‖⟨𝑦⟩𝑤‖𝐿1‖∇𝑔‖𝑊2,1 ≤ 𝐶 (‖∇⊗3𝜃̃‖
𝐿∞
, 𝜆∗) 

𝐶𝑦𝐿𝑡
2𝐻̇𝑥

−1/2
∩ 𝐿𝑦

∞𝐿𝑡
2𝐻̇𝑥

−1/2
 

𝐶𝑦𝐿𝑡
2𝐻̇𝑥

𝑠𝑐 ∩ 𝐿𝑦
∞𝐿𝑡

2𝐻̇𝑥
𝑠𝑐 

𝐶𝑦𝐿𝑡
2𝐵2

−1/2,𝑠𝑥 ∩ 𝐿𝑦
∞𝐿𝑡

2𝐵2
−1/2,𝑠𝑐 

1 − 𝐿3 − 𝐿4 on 𝐶𝑦𝐿𝑡
2𝐵2

−1/2,𝑠𝑥 ∩ 𝐿𝑦
∞𝐿𝑡

2𝐵2
−1/2,𝑠𝑐 

𝐶𝑦𝐿𝑡
2𝐵2

−1/2,𝑠𝑥 ∩ 𝐿𝑦
∞𝐿𝑡

2𝐵2
−1/2,𝑠𝑐 to 𝐸𝑍 

𝐶𝑦𝐿𝑡
2𝐵2

−1/2,𝑠𝑥 ∩ 𝐿𝑦
∞𝐿𝑡

2𝐵2
−1/2,𝑠𝑐 to 𝐿𝑡,𝑥

𝑑+2𝐿𝜔
2  

|𝐿𝑘+2(𝑉)(𝑥, 𝑦, 𝑡)| = |𝔼(𝑌‾(𝑥 + 𝑦, 𝑡)𝐿1(𝑉)(𝑥, 𝑡)) + 𝔼(𝐿1(𝑉)(𝑥 + 𝑦, 𝑡)𝑌(𝑥, 𝑡))|

 ≤ (∫  𝑔) (‖𝐿𝑘(𝑉)(𝑥, 𝑡)‖𝐿𝜔2 + ‖𝐿𝑘(𝑉)(𝑥 + 𝑦, 𝑡)‖𝐿𝜔2 )
 

‖𝐿𝑘+2(𝑉)‖𝐿𝑡,𝑥𝑑+2
≲𝑔 ‖𝐿𝑘(𝑉)‖𝐸𝑍 ≲𝑔 ‖𝑉‖𝐿𝑦∞𝐿𝑡2𝐵2

−1/2,𝑠𝑐  

𝑑 + 2

2
∈ [2, 𝑑 + 2] 

‖𝐿𝑘+2(𝑉)‖𝐿𝑡,𝑥
(𝑑+2)/2 ≲𝑔 ‖𝑉‖𝐿𝑦∞𝐿𝑡2𝐵2

−1/2,𝑠𝑐  

𝐶𝑦𝐿𝑡
2𝐵2

−1/2,𝑠𝑥 ∩ 𝐿𝑦
∞𝐿𝑡

2𝐵2
−1/2,𝑠𝑐 

(1 − 𝐿3 − 𝐿4)
−1 = 1 + (𝐿3 + 𝐿4)(1 − 𝐿3 − 𝐿4)

−1 

‖𝑄𝑘(𝑍, 𝑉)‖𝑍 ≤ 𝐶‖⟨𝑦⟩𝑤‖𝑀‖𝑍‖𝑍‖𝑉‖𝑉 

𝑉̃1 = 𝑤 ∗ 𝑉(𝑦 = 0)𝑍, 𝑉̃2(𝑥) = −∫  𝑑𝑧𝑤(𝑧)𝑉(𝑥, 𝑧)𝑍(𝑥 + 𝑧) 

𝑄𝑘(𝑍, 𝑉) = −𝑖∫  
𝑡

0

𝑆(𝑡 − 𝜏)𝑉̃𝑘(𝜏)𝑑𝜏 

‖𝑄𝑘(𝑍, 𝑉)‖𝑍 ≲ ‖𝑉̃𝑘‖𝐿𝑝′(ℝ,𝑊𝑠𝑐,𝑝′(ℝ𝑑,𝐿2(Ω)))
. 
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1

𝑝′
=
1

𝑝
+

2

𝑑 + 2
,
1

𝑝′
=

1

𝑑 + 2
+
1

2
 

‖𝑉̃1‖𝐿𝑝′(ℝ,𝑊𝑠𝑐,𝑝′(ℝ𝑑,𝐿2(Ω)))

 ≲ ‖𝑤 ∗ 𝑉(𝑦 = 0)‖
𝐿(𝑑+2)/2(ℝ×ℝ𝑑)∩𝐿2(ℝ,𝐻𝑠𝑐(ℝ𝑑))

‖𝑍‖
𝐿𝑝(ℝ,𝑊𝑠𝑐,𝑝(ℝ𝑑,𝐿2(Ω)))∩𝐿𝑑+2(ℝ×ℝ𝑑,𝐿2(Ω))

.
 

‖𝑉̃1‖𝐿𝑝′(ℝ,𝑊𝑠𝑐,𝑝′(ℝ𝑑,𝐿2(Ω)))
⩽ ‖𝑉‖𝑉‖𝑍‖𝑍 

‖𝑉̃2‖𝐿𝑝′(ℝ,𝑊𝑠𝑐,𝑝′(ℝ𝑑,𝐿2(Ω)))
≤ ∫  |𝑤(𝑧)‖∣ 𝑉(𝑧)𝑇𝑧𝑍‖𝐿𝑝′(ℝ,𝑊𝑠𝑐,𝑝′(ℝ𝑑,𝐿2(Ω)))

 

‖𝑉̃2‖𝐿𝑝′(ℝ,𝑊𝑠𝑐,𝑝′(ℝ𝑑,𝐿2(Ω)))
≲ ∫  ∣ 𝑤(𝑧)‖𝑉(𝑧)‖

𝐿(𝑑+2)/2(ℝ×ℝ𝑑)∩𝐿2(ℝ,𝐻𝑠𝑐(ℝ𝑑))
‖𝑇𝑧𝑍‖𝑍 

‖𝑉̃2‖𝐿𝑝′(ℝ,𝑊𝑠𝑐,𝑝′(ℝ𝑑,𝐿2(Ω)))
≲ ∫  ∣ 𝑤(𝑧)‖‖𝑉‖ 𝑉‖𝑍‖𝑍 

𝐸𝑍 × 𝐸𝑍 ↦ 𝐸𝑉
(𝑍, 𝑍′) ↦ ((𝑥, 𝑦) ↦ 𝔼(𝑍(𝑥 + 𝑦)𝑍′(𝑥))

 

‖𝔼(𝑇𝑦𝑍𝑍
′)‖

𝐿(𝑑+2)/2(ℝ×ℝ𝑑)
≤ ‖𝑇𝑦𝑍‖𝐿𝑑+2(ℝ×ℝ𝑑,𝐿2(Ω))

‖𝑍′‖𝐿𝑑+2(ℝ×ℝ𝑑,𝐿2(Ω)). 

𝑢 ∈ 𝐿𝑡,𝑥
𝑑+2𝐿𝜔

2  

‖𝔼(𝑇𝑦𝑍𝑍
′)‖

𝐿(𝑑+2)/2(ℝ×ℝ𝑑)
≤ ‖𝑍‖𝑍‖𝑍

′‖𝑍 

𝔼(𝑇𝑦𝑍𝑍
′) ∈ 𝐶𝑦𝐿𝑡,𝑥

(𝑑+2)/2
 

‖𝔼(𝑇𝑦𝑍𝑍
′)‖

𝐿∞(ℝ𝑑,𝐿(𝑑+2)/2(ℝ𝑑×ℝ))
≤ ‖𝑍‖𝑍‖𝑍

′‖𝑍 

 𝐶𝑦𝐿𝑡
2𝐻𝑥

𝑠𝑐 

1

2
=

𝑑

2(𝑑 + 2)
+

1

𝑑 + 2
=
1

𝑝
+

1

𝑑 + 2
 

‖𝔼(𝑇𝑦𝑍𝑍
′)‖

𝐿2(ℝ,𝐻𝑠𝑐(ℝ𝑑))
≤ (‖𝑇𝑦𝑍‖𝐿𝑝(ℝ,𝑊𝑠𝑐,𝑝(ℝ𝑑,𝐿2(Ω)))

+ ‖𝑇𝑦𝑍‖𝐿𝑑+2(ℝ×ℝ𝑑,𝐿2(Ω))
)

× (‖𝑍′‖
𝐿𝑝(ℝ,𝑊𝑠𝑐,𝑝(ℝ𝑑,𝐿2(Ω)))

+ ‖𝑍′‖𝐿𝑑+2(ℝ×ℝ𝑑,𝐿2(Ω))) .
 

sup
𝑦∈ℝ𝑑

 ‖𝔼(𝑇𝑦𝑍𝑍
′)‖

𝐿2(ℝ,𝐻𝑠𝑐(ℝ𝑑))
≤ ‖𝑍‖𝑍‖𝑍

′‖𝑍 

𝔼(𝑇𝑦𝑍𝑍
′) ∈ 𝐶𝑦𝐿𝑡

2𝐻𝑥
𝑠𝑐𝐿𝜔

2  

 

𝐶𝑦𝐿𝑡
2𝐵2

−1/2,𝑠𝑐 
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‖ ⋅ ‖
𝐿2(ℝ,𝐵2

−1/2𝑠𝑐(ℝ𝑑))
≤ ‖ ⋅ ‖

𝐿2(ℝ,𝐻̇−1/2(ℝ𝑑))
+ ‖ ⋅ ‖

𝐿2(ℝ,𝐻𝑠𝑐(ℝ𝑑))
 

𝐿2 (ℝ, 𝐻̇−1/2(ℝ𝑑)) 

‖𝔼(𝑇𝑦𝑍𝑍
′)‖

𝐿2(ℝ,𝐻̇−1/2(ℝ𝑑))
 ≲ ‖𝔼(𝑇𝑦𝑍𝑍

′)‖
𝐿2(ℝ,𝐿𝑞/2(ℝ𝑑))

 ≲ ‖𝑇𝑦𝑍‖𝐿4(ℝ,𝐿𝑞(ℝ𝑑,𝐿2(Ω)))
‖𝑍′‖

𝐿4(ℝ,𝐿𝑞(ℝ𝑑,𝐿2(Ω)))
.
 

sup
𝑦∈ℝ𝑑

 ‖𝔼(𝑇𝑦𝑍𝑍
′)‖

𝐿2(ℝ,𝐵2
−1/2,0

(ℝ𝑑))
≲ ‖𝑍‖𝑍‖𝑍

′‖𝑍 

𝔼(𝑇𝑦𝑍𝑍
′) ∈ 𝐶𝑦𝐿𝑡

2𝐵2
−1/2,0

𝐿𝜔
2  

‖𝑄𝑘(𝑍, 𝑉)‖𝑉 ≤ 𝐶‖⟨𝑦⟩𝑤‖𝑀‖𝑍‖𝑍‖𝑉‖𝑉 

𝑉̃1 = 𝑤 ∗ 𝑉(𝑦 = 0)𝑍, 𝑉̃2(𝑥) = −∫  𝑑𝑧𝑤(𝑧)𝑉(𝑥, 𝑧)𝑍(𝑥 + 𝑧) 

𝑄𝑘(𝑍, 𝑉)(𝑦) = 𝔼(𝑇𝑦𝑌‾𝑄𝑘−2) + 𝔼(𝑇𝑦𝑄‾𝑘−2𝑌) 

𝐶𝑦𝐿𝑡,𝑥

𝑑+2
2 𝑄𝑘−2(𝑍, 𝑉)𝐸𝑍 × 𝐸𝑉𝐿

𝑑+2(ℝ × ℝ𝑑)𝑌 ∈ 𝐿∞(ℝ × ℝ𝑑 , 𝐿2(Ω)) 

‖𝑄𝑘(𝑍, 𝑉)(𝑦)‖𝐿𝑑+2(ℝ×ℝ𝑑) ≲ ‖𝑍‖𝑍‖𝑉‖𝑉 

𝐿
2(𝑑+2)
𝑑 𝑄𝑘(𝑍, 𝑉) ∈ 𝐿𝑦

∞, 𝐿𝑡,𝑥
(𝑑+2)/2

 

 

𝑢 ∈ 𝐿𝑡,𝑥
(𝑑+2)/2

 

𝑦 ↦ 𝑇𝑦𝑢𝐿𝑡,𝑥
(𝑑+2)/2

𝐶𝑦𝐿𝑡
2𝐵𝑥

−1/2,𝑠𝑐 

‖𝑄𝑘(𝑍, 𝑉)(𝑦)‖𝐿2(ℝ,𝐵2
−1/2,𝑠𝑐(ℝ𝑑))

⩽ ‖𝑍‖𝑍‖𝑉‖𝑉 

‖𝔼(𝑇𝑦𝑄‾𝑘−2𝑌)‖𝐿2(ℝ,𝐵2
−1/2,𝑠𝑐(ℝ𝑑))

= ‖𝔼(𝑄𝑘−2𝑇−𝑦𝑌‾)‖𝐿2(ℝ,𝐵2
−1/2,𝑠𝑐(ℝ𝑑))

. 

‖𝔼(𝑇𝑦𝑄‾𝑘−2𝑌)‖𝐿2(ℝ,𝐵2
−1/2,𝑠𝑐(ℝ𝑑))

 

𝑈 ∈ 𝐿2 (ℝ,𝐵2
1/2
(ℝ𝑑)) 

⟨𝑈, 𝔼(𝑇𝑦𝑄𝑘−2𝑌‾)⟩ = 𝔼(⟨𝑈𝑌, 𝑇𝑦𝑄𝑘−2⟩) 

⟨𝑈, 𝔼(𝑇𝑦𝑄𝑘−2𝑌‾)⟩ = 𝔼(⟨𝑈𝑌,−𝑖 ∫  
𝑡

0

 𝑆(𝑡 − 𝜏)𝑇𝑦𝑉̃𝑘−2(𝜏)⟩) = 𝔼(⟨∫  
∞

𝜏

 𝑈(𝑡)𝑌(𝑡)𝑑𝑡, 𝑇𝑦𝑉̃𝑘−2⟩) 



 

pág. 13360 

|⟨𝑈, 𝔼(𝑇𝑦𝑄𝑘−2𝑌‾)⟩| ≤ ‖∫  
∞

𝜏

 𝑈(𝑡)𝑌(𝑡)𝑑𝑡‖
𝐿𝑝1(ℝ×ℝ𝑑,𝐿2(Ω))

‖𝑇𝑦𝑉̃𝑘−2(𝜏)‖𝐿𝑝1
′
(ℝ×ℝ𝑑,𝐿2(Ω))

 

‖∫  
∞

𝜏

 𝑈(𝑡)𝑌(𝑡)𝑑𝑡‖
𝐿𝑝1(ℝ×ℝ𝑑,𝐿2(Ω))

≲ ‖𝑈‖
𝐿2(ℝ,𝐵2

1/2,1
(ℝ𝑑))

 

‖∫  
∞

𝜏

 𝑈(𝑡)𝑌(𝑡)𝑑𝑡‖
𝐿𝑝1(ℝ×ℝ𝑑,𝐿2(Ω))

≲ ‖𝑈‖
𝐿2(ℝ,𝐵2

1/2,0
(ℝ𝑑))

 

‖𝑉̃1‖𝐿𝑝1
′
(ℝ×ℝ𝑑,𝐿2(Ω))

≤ ‖𝑤 ∗ 𝑉(𝑦 = 0)‖𝐿2(ℝ×ℝ𝑑)‖𝑍‖𝐿(𝑑+2)/2(ℝ×ℝ𝑑,𝐿2(Ω)). 

‖𝑤 ∗ 𝑉(𝑦 = 0)‖𝐿2(ℝ×ℝ𝑑) ≲ ‖𝑉‖𝑉 

4,
𝑑 + 2

2
∈ [2

𝑑 + 2

𝑑
, 𝑑 + 2] 

‖𝑍‖𝐿(𝑑+2)/2(ℝ×ℝ𝑑,𝐿2(Ω)) ≤ ‖𝑍‖𝑍 

‖𝑉̃2‖𝐿𝑝1
′
(ℝ×ℝ𝑑,𝐿2(Ω))

≤ ∫  𝑑𝑧 ∣ 𝑤(𝑧)‖𝑉(𝑧)‖𝐿2(ℝ×ℝ𝑑)‖𝑍‖𝑍 

⟨𝑈, ∇⊗𝑛𝔼(𝑇𝑦𝑄𝑘−2𝑌‾)⟩ =∑  

𝑛

𝑗=0

(
𝑛

𝑗
)𝔼(⟨𝑈, ∇⊗(𝑛−𝑗)𝑌‾ ⊗ ∇⊗𝑗𝑇𝑦𝑄𝑘−2⟩. 

⟨𝑈, ∇⊗𝑛𝔼(𝑇𝑦𝑄𝑘−2𝑌‾)⟩ =∑  

𝑛

𝑗=0

(
𝑛

𝑗
)𝔼(⟨∫  

∞

𝜏

 𝑆(𝜏 − 𝑡)𝑈(𝑡)∇⊗(𝑛−𝑗)𝑌(𝑡)𝑑𝑡, ∇⊗𝑗𝑇𝑦𝑉̃𝑘−2⟩ 

|⟨𝑈, ∇⊗𝑛𝔼(𝑇𝑦𝑄𝑘−2𝑌‾)⟩|

 ≤∑  

𝑛

𝑗=0

  (
𝑛

𝑗
) ‖∫  

∞

𝜏

 𝑆(𝜏 − 𝑡)𝑈(𝑡)∇⊗(𝑛−𝑗)𝑌(𝑡)𝑑𝑡‖
𝐿𝑝(ℝ×ℝ𝑑,𝐿2(Ω)

‖∇⊗𝑗𝑇𝑦𝑉̃𝑘−2‖𝐿𝑝′(ℝ×ℝ𝑑,𝐿2(Ω))
 

‖∫  
∞

𝜏

 𝑆(𝜏 − 𝑡)𝑈(𝑡)∇⊗(𝑛−𝑗)𝑌(𝑡)𝑑𝑡‖
𝐿𝑝(ℝ×ℝ𝑑,𝐿2(Ω)

≲ ‖𝑈‖
𝐿2(ℝ,𝐵2

−1/2,0
(ℝ𝑑))

 

𝑉̃𝑘−2 ↦ Π𝔼(𝑌∫  
𝑡

0

 𝑆(𝑡 − 𝜏)𝑉̃𝑘−2(𝜏)𝑑𝜏 

𝐿𝑝
′
(ℝ,𝑊𝑛,𝑝′(ℝ𝑑, 𝐿2(Ω))) 𝐿𝑦

∞, 𝐿2(ℝ,𝐻𝑛) 

𝐿𝑝
′
(ℝ,𝑊𝑠𝑐,𝑝

′
(ℝ𝑑 , 𝐿2(Ω))) 𝐿𝑦

∞, 𝐿2(ℝ,𝐻𝑠𝑐) 

‖𝑉̃𝑘−2‖𝐿𝑝′(ℝ,𝑊𝑠𝑐,𝑝′(ℝ𝑑,𝐿2(Ω)))
⩽ ‖𝑍‖𝑍‖𝑉‖𝑉 

𝑢 ∈ 𝐿𝑝1
′
(ℝ × ℝ𝑑 , 𝐿2(Ω)) 
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𝑣 ∈ 𝐿𝑝
′
(ℝ,𝑊𝑠𝑐,𝑝

′
(ℝ𝑑, 𝐿2(Ω))) 

𝑦 ↦ 𝑇𝑦𝑢 and 𝑦 ↦ 𝑇𝑦𝑣 

𝐿𝑝1
′
(ℝ × ℝ𝑑 , 𝐿2(Ω))𝐿𝑝

′
(ℝ,𝑊𝑠𝑐,𝑝

′
(ℝ𝑑, 𝐿2(Ω))) 

‖𝑆(𝑡)𝑍0‖𝑍 ≲ ‖𝑍0‖𝐿𝜔2
2 𝐻𝑥

𝑠𝑐 

‖𝔼[𝑌(𝑥 + 𝑦)𝑆(𝑡)𝑍0(𝑥) + 𝑆(𝑡)𝑍0(𝑥 + 𝑦)𝑌(𝑥)]‖𝐿𝑦∞
𝑑+2

𝐿𝑡,𝑥
2

≲ ‖𝑍0‖𝐿𝜔2 𝐻𝑥
𝑠𝑐  

𝑍0 ∈ 𝐿𝑥

2𝑑
𝑑+2𝐿𝜔

2 𝔼[𝑌(𝑥 + 𝑦)𝑆(𝑡)𝑍0(𝑥) + 𝑆(𝑡)𝑍0(𝑥 + 𝑦)𝑌(𝑥)] ∈ 𝐶𝑦𝐿𝑡
2𝐵2

−
1
2
,𝑠𝑐

 

‖𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]‖𝐿𝑦∞𝐿𝑡2𝐵2
−1/2,𝑠𝑐 ≲ ‖𝑍0‖𝐿𝑥

2𝑑/(𝑑+2)
𝐿𝜔
2 + ‖𝑍0‖𝐻𝑥𝑠𝑐𝜔2  

𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)] 

‖𝑆(𝑡)𝑍0‖𝐿𝑡,𝑥
𝑝
𝐿𝜔
2 + ‖𝑆(𝑡)𝑍0‖𝐿𝑡,𝑥𝑑+2𝐿𝜔2

≲ ‖𝑍0‖𝐿𝜔2 𝐻𝑥
𝑠𝑐  

‖𝑆(𝑡)𝑍0‖
𝐿𝑡,𝑥

𝑑+2
2 𝐿𝜔

2
≲ ‖𝑍0‖𝐿𝜔2 𝐻𝑥

𝑠𝑐  

‖𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]‖
𝐿𝑡,𝑥

𝑑+2
2
≲ ‖𝑇𝑦𝑍0‖𝐿𝜔2 𝐻𝑠𝑐

 

𝐿𝜔
2 𝐻𝑥

𝑆𝑐𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)] ∈ 𝐶𝑦𝐿𝑡,𝑥
(𝑑+2)/2

 

‖𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]‖
𝐿𝑦
∞𝐿𝑡,𝑥

𝑑+2
2
≲ ‖𝑇𝑦𝑍0‖𝐿𝜔2 𝐻𝑠𝑐

 

𝐶𝑦𝐿𝑡
2𝐻̇𝑥

−1/2
𝑈 ∈ 𝐿𝑡

2𝐻̇𝑥
1/2
‖𝑈‖

𝐿𝑡
2𝐻̇𝑥

1/2 = 1 

∫  
∞

0

 𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]𝑈‾𝑑𝑥𝑑𝑡 ≲ ‖𝑇𝑦𝑍0‖𝐿𝑥
2𝑑/(𝑑+2)

𝐿𝜔
2  

‖𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]‖𝐿𝑡2𝐻̇𝑥
−1/2 ≲ ‖𝑇𝑦𝑍0‖𝐿𝑥

2𝑑/(𝑑+2)
𝐿𝜔
2  

𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)] ∈ 𝐶𝑦𝐿𝑡
2𝐻̇𝑥

−1/2
 

‖𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]‖𝐿𝑦∞𝐿𝑡2𝐻̇𝑥
−1/2 ≲ ‖𝑍0‖𝐿𝑥

2𝑑/(𝑑+2)
𝐿𝜔
2  

∫  
∞

0

𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]𝑈‾𝑑𝑥𝑑𝑡 = ∫  𝔼 [𝑇𝑦𝑍0∫  
∞

0

 𝑆(−𝑡)𝑌𝑈𝑑𝑡] 𝑑𝑥 

∫  
∞

0

𝑆(−𝑡)𝑌𝑈𝑑𝑡 ∈ 𝐿𝑥
2𝑑/(𝑑−2)

𝐿𝜔
2 ‖∫  

∞

0

 𝑆(−𝑡)𝑌𝑈‖
𝐿𝑥
2𝑑/(𝑑−2)

𝐿𝜔
2

≲ 1 
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∇𝑥
⌊𝑠𝑐⌋(𝑌𝑆(𝑡)𝑇𝑦𝑍0), 

∑ 

𝑖

𝛼𝑖 +∑ 

𝑖

𝛽𝑖 = ⌊𝑠𝑐⌋ 

𝑈 ∈ 𝐻𝑥
⌊𝑠𝑐⌋−𝑠𝑐𝐿𝜔

2  with ‖𝑈‖
𝐻𝑥
[𝑠]−𝑠𝑐𝐿𝜔

2 = 1 

∫  
∞

0

 𝔼[𝜕𝛼𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝜕
𝛽𝑍0(𝑥)]𝑈‾𝑑𝑥𝑑𝑡 ≲ ‖𝑇𝑦𝑍0‖𝐻𝑥𝑠𝑐𝐿𝜔2

 

‖𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]‖𝐿𝑡2𝐻𝑥𝑠𝑐
≲ ‖𝑇𝑦𝑍0‖𝐿𝑥

2𝑑/(𝑑+2)
𝐿𝜔
2 + ‖𝑇𝑦𝑍0‖𝐻𝑥𝑠𝑐𝐿𝜔2

 

𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)] ∈ 𝐶𝑦𝐿𝑡
2𝐻𝑥

𝑆𝑐 

‖𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]‖𝐿𝑦∞𝐿𝑡2𝐻𝑥
𝑠𝑐 ≲ ‖𝑍0‖𝐿𝑥

2𝑑/(𝑑+2)
𝐿𝜔
2 + ‖𝑇𝑦𝑍0‖𝐻𝑥

𝑠𝑐𝐿𝜔
2  

∫  
∞

0

 𝔼[𝜕𝛼𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝜕
𝛽𝑍0(𝑥)]𝑈‾𝑑𝑥𝑑𝑡 = ∫  𝔼 [𝑇𝑦𝜕

𝛽𝑍0∫  
∞

0

 𝑆(−𝑡)𝜕𝛼𝑌𝑈𝑑𝑡] 𝑑𝑥  

𝜕𝛼𝑌(𝑡, 𝑥) = ∫  𝑓𝛼(𝜉)𝑒
𝑖(𝜉𝑥−𝜃(𝜉)𝑡)𝑑𝑊(𝜉) 

𝑓𝛼(𝜉) = (𝑖𝜉1)
𝛼1 …(𝑖𝜉𝑑)

𝛼𝑑𝑓(𝜉) 

‖∫  
∞

0

 𝑆(−𝑡)𝜕𝛼𝑌𝑈‖
𝐿𝑥,𝜔
2

≲ ‖𝑈‖
𝐿𝑡
2𝐻𝑥

−1/2 ≲ ‖𝑈‖
𝐿𝑡
2𝐻𝑥

[𝑠𝑐]−𝑠𝑐 = 1  

𝐶𝑦𝐿𝑡
2𝐵2

−1/2,𝑠𝑐𝐶𝑦𝐿𝑡
2𝐻̇𝑥

−1/2
𝐶𝑦𝐿𝑡

2𝐻𝑥
𝑠𝑐𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)] ∈ 𝐶𝑦𝐿𝑡

2𝐵2
−1/2,𝑠𝑐 

‖𝔼[𝑌(𝑥)𝑆(𝑡)𝑇𝑦𝑍0(𝑥)]‖𝐿𝑦∞𝐿𝑡2𝐵2
−1/2,𝑠𝑐 ≲ ‖𝑍0‖𝐿𝑥

2𝑑/(𝑑+2)
𝐿𝜔
2 + ‖𝑍0‖𝐻𝑥

𝑠𝑐𝑐𝐿𝜔
2  

𝐿 = (
0 𝐿1 + 𝐿2
0 𝐿3 + 𝐿4

) 

(
𝑍

𝑉
) = (1 − 𝐿)−1ℬ𝑍0 (

𝑍

𝑉
) = (1 − 𝐿)−1(

ℬ𝑍0
(1)
(𝑍, 𝑉)) ,

ℬ𝑍0
(2)
(𝑍, 𝑉)

)  

ℬ𝑍0
(1)
(𝑍, 𝑉) = 𝑆(𝑡)𝑍0 +𝑄1(𝑍, 𝑉) + 𝑄2(𝑍, 𝑉),

ℬ𝑍0
(2)
(𝑍, 𝑉) = 𝔼[𝑌(𝑥 + 𝑦)𝑆(𝑡)𝑍0(𝑥) + 𝑆(𝑡)𝑍0(𝑥 + 𝑦)𝑌(𝑥)]

+𝑄3(𝑍, 𝑉) + 𝑄4(𝑍, 𝑉) + 𝔼[𝑍(𝑥 + 𝑦)𝑍(𝑥)].

 

Φ[𝑍0]: {

𝐸𝑍 × 𝐸𝑉 → 𝐸𝑍 × 𝐸𝑉

(
𝑍

𝑉
) ↦ (1 − 𝐿)−1ℬ𝑍0 (

𝑍

𝑉
)
 

𝐵𝐸𝑍×𝐸𝑉(0, 𝑅‖𝑍0‖𝐸0) =:𝐵 
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‖Φ[𝑍0] (
𝑍

𝑉
)‖ ≲ ‖𝐵𝑍0 (

𝑍

𝑉
)‖ 

ℬ𝑍0 = 𝐶𝑍0 + 𝑄 

𝐶𝑍0 = (
𝑆(𝑡)𝑍0

𝔼[𝑌(𝑥 + 𝑦)𝑆(𝑡)𝑍0(𝑥) + 𝑆(𝑡)𝑍0(𝑥 + 𝑦)𝑌(𝑥)]
) 

𝑄(𝑍, 𝑉) = (
𝑄1(𝑍, 𝑉) + 𝑄2(𝑍, 𝑉)

𝑄3(𝑍, 𝑉) + 𝑄4(𝑍, 𝑉)
) 

‖𝐶𝑍0‖ ≲ ‖𝑍0‖𝑍0 . 

‖𝑄(𝑍, 𝑉)‖ ≲ ‖𝑍‖𝐸𝑍‖𝑉‖𝐸𝑉 ≤ 𝑅
2‖𝑍0‖𝐸0

2 . 

‖𝑄(𝑍, 𝑉) − 𝑄(𝑍′, 𝑉′)‖ ≲ ‖(𝑍, 𝑉) − (𝑍′, 𝑉′)‖(‖(𝑍, 𝑉)‖ + ‖(𝑍′, 𝑉′)‖) 

‖𝑄(𝑍, 𝑉) − 𝑄(𝑍′, 𝑉′)‖ ≲ 𝑅‖𝑍0‖𝑍0‖(𝑍, 𝑉) − (𝑍
′, 𝑉′)‖. 

𝐵𝐸𝑍×𝐸𝑉(0, 𝑅‖𝑍0‖𝐸0) 

𝑍(𝑡) = 𝑆(𝑡)(𝑍0 − 𝑖∫  
∞

0

 𝑆(−𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑌 +∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑌(𝑥 + 𝑧)𝑑𝑧]

 −𝑖 ∫  
∞

0

 𝑆(−𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑍 + ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑍(𝑥 + 𝑧)𝑑𝑧]

 +𝑖 ∫  
∞

𝑡

 𝑆(−𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑌 + ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑌(𝑥 + 𝑧)𝑑𝑧]

+𝑖 ∫  
∞

𝑡

 𝑆(−𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑍 + ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑍(𝑥 + 𝑧)𝑑𝑧])

 

∫  
∞

0

𝑆(−𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑌 + ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑌(𝑥 + 𝑧)𝑑𝑧] ∈ 𝐿𝜔
2 , 𝐻𝑆𝑐 

‖∫  
∞

𝑡

 𝑆(−𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑌 + ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑌(𝑥 + 𝑧)𝑑𝑧]‖
𝐿𝜔
2 ,𝐻𝑠𝑐

→ 0 

∫  
∞

0

𝑆(−𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑍 + ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑍(𝑥 +𝑑𝑧] ∈ 𝐿𝜔
2 , 𝐻𝑠𝑐 

‖∫  
∞

𝑡

 𝑆(−𝜏) [(𝑤 ∗ 𝑉(⋅ ,0))𝑍 + ∫  𝑤(𝑧)𝑉(𝑥, 𝑧)𝑍(𝑥 + 𝑧)𝑑𝑧]‖
𝐿𝜔
2 ,𝐻𝑠𝑐

→ 0 

𝑍(𝑡) = 𝑆(𝑡)𝑍∞ + 𝑜𝐿𝜔2 ,𝐻𝑠𝑐 

𝑋(𝑡) = 𝑌 + 𝑆(𝑡)𝑍∞ + 𝑜𝐿𝜔2 ,𝐻𝑠𝑐 

ℒ = ℒ𝜓 + ℒ𝜎 + ℒ𝜔 + ℒ𝜌 + ℒ𝜋 + ℒ𝐴 + ℒ𝐼 ,  
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𝑇𝑖𝑖′ +∑ 

𝐴

𝑗=1

 𝑉‾𝑖𝑗𝑖′𝑗 = 𝜀𝑖𝛿𝑖𝑖′  

𝑇𝑖𝑖′  = ∫  𝑑𝒙𝜓‾𝑖(𝒙)(−𝑖𝜸 ⋅ 𝛁 +𝑀)𝜓𝑖′(𝒙)

𝑉‾𝑖𝑗𝑖′𝑗′  = ∫  𝑑𝒙𝑑𝒙
′𝜓‾𝑖(𝒙)𝜓‾𝑗(𝒙

′)Γ𝜙𝐷𝜙𝜓𝑖′(𝒙)𝜓𝑗′(𝒙
′)

 −∫  𝑑𝒙𝑑𝒙′𝜓‾𝑖(𝒙)𝜓‾𝑗(𝒙
′)Γ𝜙𝐷𝜙𝜓𝑗′(𝒙)𝜓𝑖′(𝒙

′)

 

𝑃 =∑  

𝑛

  |Ψ𝑛⟩⟨Ψ𝑛|, |Ψ𝑛⟩ =∏  

𝑁val

𝑖=1

 𝑐𝑛𝑖
† ∣  core ⟩ ,  

𝑃𝐻eff𝑃|Ψ⟩ = 𝐸𝑃|Ψ⟩.  

𝐻𝑛
eff = 𝐻BH(𝐸0) +∑  

∞

𝑘=1

 
1

𝑘!

𝑑𝑘𝑄̂(𝐸0)

𝑑𝐸0
𝑘 {𝐻𝑛−1

eff − 𝐸0}
𝑘

 

𝐻BH(𝐸) = 𝑃𝐻0𝑃 + 𝑄̂(𝐸) 

𝑄̂(𝐸) = 𝑃𝑉𝑃 + 𝑃𝑉
𝑄

𝐸 − 𝑄𝐻𝑄
𝑉𝑃  

𝑉𝑛
eff = 𝑄̂(𝐸0) +∑  

∞

𝑘=1

 
1

𝑘!

𝑑𝑘𝑄̂(𝐸0)

𝑑𝐸0
𝑘 {𝑉𝑛−1

eff }
𝑘

 

𝑄̂(𝐸)= 𝑃𝑉𝑃 + 𝑃𝑉
𝑄

𝐸 − 𝐻0
𝑉𝑃  

 +𝑃𝑉
𝑄

𝐸 − 𝐻0
𝑉

𝑄

𝐸 − 𝐻0
𝑉𝑃 +⋯

 

 

𝐵(𝐸2;Ψ𝑖 → Ψ𝑓) =
1

2𝐽𝑖 + 1
|⟨Ψ𝑓‖𝑒𝜏𝑧𝑟

2𝑌2‖Ψ𝑖⟩|
2

 

𝐻 =∑ 

𝑖𝑖′

 𝑇𝑖𝑖′𝑐𝑖
†𝑐𝑖′ +

1

4
∑  

𝑖𝑗𝑖′𝑗′

 𝑉‾𝑖𝑗𝑖′𝑗′(𝜌)𝑐𝑖
†𝑐𝑗
†𝑐𝑗′𝑐𝑖′ ,  

𝜌𝑖𝑖′ = ⟨Ψ|𝑐𝑖
†𝑐𝑖′|Ψ⟩, 𝜌𝑖𝑗𝑖′𝑗′ = ⟨Ψ|𝑐𝑖

†𝑐𝑗
†𝑐𝑗′𝑐𝑖′|Ψ⟩.  
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𝐸 =∑  

𝑖𝑖′

 𝑇𝑖𝑖′𝜌𝑖𝑖′ +
1

4
∑  

𝑖𝑗𝑖′𝑗′

 𝑉‾𝑖𝑗𝑖′𝑗′(𝜌
0)𝜌𝑖𝑗𝑖′𝑗′ +

1

4
∑  

𝑖𝑗𝑖′𝑗′

 ∑  

𝑘𝑙

 𝑉‾𝑖𝑗𝑖′𝑗′
′ (𝜌0)𝜌𝑖𝑗𝑖′𝑗′(𝜌𝑘𝑙 − 𝜌𝑘𝑙

0 ) +  

𝐸 ≃ 𝐸0
re +∑ 

𝑖𝑖′

 𝑇𝑖𝑖′
re𝜌𝑖𝑖′ +

1

4
∑  

𝑖𝑗𝑖′𝑗′

 𝑉‾𝑖𝑗𝑖′𝑗′(𝜌
HF)𝜌𝑖𝑗𝑖′𝑗′  

𝐸0
re = −

1

4
∑  

𝑖𝑗𝑖′𝑗′

 ∑  

𝑘𝑙

 𝑉‾
𝑖𝑗𝑖′𝑗′
′(𝑘𝑙)

(𝜌HF)𝜌𝑖𝑗𝑖′𝑗′
HF 𝜌𝑘𝑙

HF, 𝑇𝑖𝑖′
re = 𝑇𝑖𝑖′ +

1

4
∑  

𝑘𝑗𝑙𝑗′

 𝑉‾
𝑘𝑗𝑙𝑗′
′(𝑖𝑖′)

(𝜌HF)𝜌𝑘𝑗𝑙𝑗′
HF

 

∑ 

𝑛

 𝐻𝑚𝑛
eff 𝐶𝑛 = 𝐸𝐶𝑚, 𝐻𝑚𝑛

eff = 𝐸c
eff𝛿𝑚𝑛 +∑ 

𝑖𝑖′

  𝜀𝑖𝑖′
eff𝜌𝑖𝑖′

𝑚𝑛 +
1

4
∑  

𝑖𝑗𝑖′𝑗′

 𝑉‾𝑖𝑗𝑖′𝑗′
eff 𝜌𝑖𝑗𝑖′𝑗′

𝑚𝑛 ,  

𝜌𝑖𝑖′
𝑚𝑛 = ⟨Ψ𝑚|𝑐𝑖

†𝑐𝑖′|Ψ𝑛⟩, 𝜌𝑖𝑗𝑖′𝑗′
𝑚𝑛 = ⟨Ψ𝑚|𝑐𝑖

†𝑐𝑗
†𝑐𝑗′𝑐𝑖′|Ψ𝑛⟩  

𝐸c
eff =∑  

𝑁c

𝑖=1

 𝑇𝑖𝑖
re +

1

2
∑  

𝑁c

𝑖,𝑗=1

 𝑉‾𝑖𝑗𝑖𝑗(𝜌
HF), 𝜀𝑖𝑖′

eff = 𝑇𝑖𝑖′
re +∑ 

𝑁c

𝑗=1

 𝑉‾𝑖𝑗𝑖′𝑗(𝜌
HF),  

𝑉𝑎𝑏𝑐𝑑;𝐽 = 𝐽
−2 ∑  

𝑚𝑎𝑚𝑏𝑚𝑐𝑚𝑑𝑀

 𝐶𝑗𝑎𝑚𝑎𝑗𝑏𝑚𝑏

𝐽𝑀
𝐶𝑗𝑐𝑚𝑐𝑗𝑑𝑚𝑑

𝐽𝑀
𝑉‾𝛼𝛽𝛾𝛿  

𝑉𝑎𝑏𝑐𝑑;𝐽
3p1 h

= 𝑓𝑎𝑑𝑝ℎ∑ 

𝑝ℎ𝜆

 𝜆2 {
𝑗𝑎 𝑗𝑐 𝜆
𝑗𝑑 𝑗𝑏 𝐽

}
𝑉‾ℎ𝑏𝑝𝑑;𝜆𝑉‾𝑎𝑝𝑐ℎ;𝜆

𝐸0 − (𝜀𝑎 + 𝜀𝑑 − 𝜀ℎ + 𝜀𝑝)
 

+𝑓𝑏𝑐𝑝ℎ∑ 

𝑝ℎ𝜆

 𝜆2 {
𝑗𝑏 𝑗𝑑 𝜆
𝑗𝑐 𝑗𝑎 𝐽

}
𝑉‾ℎ𝑎𝑝𝑐;𝜆𝑉‾𝑏𝑝𝑑ℎ;𝜆

𝐸0 − (𝜀𝑏 + 𝜀𝑐 − 𝜀ℎ + 𝜀𝑝)
 

+𝑓𝑎𝑐𝑝ℎ∑ 

𝑝ℎ𝜆

 𝜆2 {
𝑗𝑎 𝑗𝑑 𝜆
𝑗𝑐 𝑗𝑏 𝐽

}
𝑉‾ℎ𝑏𝑝𝑐;𝜆𝑉‾𝑎𝑝𝑑ℎ;𝜆

𝐸0 − (𝜀𝑎 + 𝜀𝑐 − 𝜀ℎ + 𝜀𝑝)
 

 +𝑓𝑏𝑑𝑝ℎ∑ 

𝑝ℎ𝜆

 𝜆2 {
𝑗𝑏 𝑗𝑐 𝜆
𝑗𝑑 𝑗𝑎 𝐽

}
𝑉‾ℎ𝑎𝑝𝑑;𝜆𝑉‾𝑏𝑝𝑐ℎ;𝜆

𝐸0 − (𝜀𝑏 + 𝜀𝑑 − 𝜀ℎ + 𝜀𝑝)
,

 

𝑓𝑎𝑑𝑝ℎ = (−1)
𝐽+𝑗𝑐+𝑗𝑑 , 𝑓𝑏𝑐𝑝ℎ = (−1)

𝐽+𝑗𝑎+𝑗𝑏

𝑓𝑎𝑐𝑝ℎ = −1, 𝑓𝑏𝑑𝑝ℎ = −(−1)
𝑗𝑎+𝑗𝑏+𝑗𝑐+𝑗𝑑

 

𝑉𝑎𝑏𝑐𝑑;𝜆 = 𝜆̂
−2 ∑  

𝑚𝑎𝑚𝑏𝑚𝑐𝑚𝑑𝑀

  (−1)𝑗𝑏+𝑚𝑏+𝑗𝑐+𝑚𝑐𝐶𝑗𝑎𝑚𝑎𝑗𝑐−𝑚𝑐

𝜆𝑀 𝐶𝑗𝑑𝑚𝑑𝑗𝑏−𝑚𝑏

𝜆𝑀 𝑉‾𝛼𝛽𝛾𝛿  

𝑉𝑎𝑏𝑐𝑑;𝐽
4p2 h

=∑ 

ℎℎ′

 
𝑉‾𝑎𝑏ℎℎ′;𝐽𝑉‾ℎℎ′𝑐𝑑;𝐽

𝐸0 − (𝜀𝑎 + 𝜀𝑏 + 𝜀𝑐 + 𝜀𝑑 − 𝜀ℎ − 𝜀ℎ′)
 

Ξ(𝑥1, 𝑥2, … , 𝑥𝑁) =
1

√𝑁!
∑  

𝑃∈𝑆𝑁

  (−1)𝑃𝜙𝑃1(𝑥1)𝜙𝑃2(𝑥2)…𝜙𝑃𝑁(𝑥𝑁) =
1

√𝑁!
det (𝜙𝑖(𝑥𝑗)) ,  

Φ(𝑥1, 𝑥2, … , 𝑥𝑁) =
1

√𝑁!
∑  

𝑃∈𝑆𝑁

 𝜙𝑃1(𝑥1)𝜙𝑃2(𝑥2)…𝜙𝑃𝑁(𝑥𝑁) =
1

√𝑁!
per (𝜙𝑖(𝑥𝑗))  
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𝐴𝑖𝑗 = ⟨𝜙𝑖 ∣ 𝜙𝑗⟩ 

⟨Ξ ∣ Ξ⟩ = det(𝐴), ⟨Φ ∣ Φ⟩ = per(𝐴)  

ℋ = span{|𝑥⟩,1 ≤ 𝑥 ≤ 𝐿}, 

|𝜙⟩ =∑  

𝑥

|𝑥⟩⟨𝑥 ∣ 𝜙⟩ =∑  

𝑥

𝜙(𝑥)|𝑥⟩ 

𝑎̂𝜙
† =∑ 

𝑥

𝜙(𝑥)𝑎̂𝑥
†
 

|𝐧⟩ =
(𝑎̂1
†)
𝑛1
(𝑎̂2
†)
𝑛2
…(𝑎̂𝐿

†)
𝑛𝐿

√𝑛1! 𝑛2! …𝑛𝐿!
|𝑣𝑎𝑐⟩  

∑ 

𝐿

𝑥=1

𝑛𝑥 = 𝑁 

𝒟 = (
𝑁 + 𝐿 − 1

𝑁
) =

(𝑁 + 𝐿 − 1)!

𝑁! (𝐿 − 1)!
 

𝐻̂ =∑  

𝑁

𝑖=1

  𝐾̂(𝑖) + ∑  

1≤𝑖<𝑗≤𝑁

  𝑊̂(𝑖, 𝑗)  

𝐻̂ = −∑  

𝐿

𝑥=1

  (𝑎̂𝑥
†𝑎̂𝑥+1 + 𝑎̂𝑥+1

† 𝑎̂𝑥) +
𝑈

2
∑  

𝐿

𝑥=1

  𝑎̂𝑥
†𝑎̂𝑥
†𝑎̂𝑥𝑎̂𝑥  

𝐾̂𝑥,𝑥′  = −(𝛿𝑥,𝑥′+1 + 𝛿𝑥,𝑥′−1)

𝑊̂𝑥1𝑥2,𝑥1
′𝑥2
′  = 𝑈𝛿𝑥1,𝑥2𝛿𝑥1,𝑥1′𝛿𝑥1,𝑥2′

 

Φ = ∑  

𝑀

𝛼=1

 Φ(𝛼) = ∑  

𝑀

𝛼=1

  𝒮̂ (𝜙1
(𝛼)
, … , 𝜙𝑁

(𝛼)
)  

𝐸 =
⟨Φ|𝐻̂|Φ⟩

⟨Φ ∣ Φ⟩
=
∑  𝑀
𝛼,𝛽=1   ⟨Φ

(𝛼)|𝐻̂|Φ(𝛽)⟩

∑  𝑀
𝛼,𝛽=1   ⟨Φ

(𝛼) ∣ Φ(𝛽)⟩
 

𝜙2≤𝑖≤𝑁
(1≤𝛼≤𝑀)

⟨Φ(𝛼)|𝐻̂|Φ(𝛽)⟩⟨Φ(𝛼) ∣ Φ(𝛽)⟩𝐹̂(𝛼𝛽)𝐺̂(𝛼𝛽)𝜙2≤𝑖≤𝑁
(𝛼)

𝜙2≤𝑖≤𝑁
(𝛽)

⟨𝜙1
(𝛼)
| 𝐹̂(𝛼𝛽) |𝜙1

(𝛽)
⟩

= ⟨Φ(𝛼)|𝐻̂|Φ(𝛽)⟩, ⟨𝜙1
(𝛼)
| 𝐺̂(𝛼𝛽) |𝜙1

(𝛽)
⟩ = ⟨Φ(𝛼) ∣ Φ(𝛽)⟩⟨Φ(𝛼) ∣ Φ(𝛽)⟩

= ⟨Φ(𝛽) ∣ Φ(𝛼)⟩
∗
⟨𝜙1

(𝛼)
| 𝐺̂(𝛼𝛽) |𝜙1

(𝛽)
⟩ = ⟨𝜙1

(𝛽)
| 𝐺̂(𝛽𝛼) |𝜙1

(𝛼)
⟩
∗

𝐺̂(𝛽𝛼)𝐺̂(𝛼𝛽)(𝐺̂(𝛼𝛽))
†

= 𝐺̂(𝛽𝛼)(𝐹̂(𝛼𝛽))
†
= 𝐹̂(𝛽𝛼) 
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𝐸 =
∑  𝑀
𝛼,𝛽=1   ⟨𝜙1

(𝛼)
| 𝐹̂(𝛼𝛽) |𝜙1

(𝛽)
⟩

∑  𝑀
𝛼,𝛽=1   ⟨𝜙1

(𝛼)
| 𝐺̂(𝛼𝛽) |𝜙1

(𝛽)
⟩
=
⟨𝜙1|𝐹̂|𝜙1⟩

⟨𝜙1|𝐺̂|𝜙1⟩
 

𝐿𝑀,𝜙1 = (𝜙1
(1)
; 𝜙1

(2)
;… ; 𝜙1

(𝑀)
) 

𝐹̂ ≡ (𝐹̂(𝛼𝛽))
1≤𝛼,𝛽≤𝑀

 

𝐺̂ ≡ (𝐺̂(𝛼𝛽))
1≤𝛼,𝛽≤𝑀

 

⟨𝜙1|𝐹̂|𝜙1⟩ = ⟨Φ|𝐻|Φ⟩ 

⟨𝜙1|𝐺̂|𝜙1⟩ = ⟨Φ ∣ Φ⟩ 

𝐹̂
(𝛼𝛽)

𝐺̂(𝛼𝛽)𝐺̂(𝛼𝛽)𝐹̂(𝛼𝛽) ⟨𝜙1
(𝛼)
| 𝐺̂(𝛼𝛽) |𝜙1

(𝛽)
⟩ = ⟨Φ(𝛼) ∣ Φ(𝛽)⟩ 

𝐴𝑖𝑗
(𝛼𝛽)

= ⟨𝜙𝑖
(𝛼)
∣ 𝜙𝑗

(𝛽)
⟩ ⟨Φ(𝛼) ∣ Φ(𝛽)⟩ = per(𝐴(𝛼𝛽)) 

per(𝐴(𝛼𝛽))= ⟨𝜙1
(𝛼)
∣ 𝜙1

(𝛽)
⟩ per(𝐴(𝛼𝛽); 1 ∣ 1) + ∑  

𝑁

𝑗1=2

  ⟨𝜙1
(𝛼)
∣ 𝜙𝑗1

(𝛽)
⟩ per(𝐴(𝛼𝛽); 1 ∣ 𝑗1)  

 = ⟨𝜙1
(𝛼)
∣ 𝜙1

(𝛽)
⟩ per(𝐴(𝛼𝛽); 1 ∣ 1) + ∑  

𝑁

𝑗1=2

 ∑  

𝑁

𝑖1=2

  ⟨𝜙1
(𝛼)
∣ 𝜙𝑗1

(𝛽)
⟩ ⟨𝜙𝑖1

(𝛼)
∣ 𝜙1

(𝛽)
⟩ per(𝐴(𝛼𝛽); 1, 𝑖1 ∣ 1, 𝑗1).

 

𝐺̂(𝛼𝛽)= 𝒢̂ (𝜙2
(𝛼)
, … , 𝜙𝑁

(𝛼)
; 𝜙2

(𝛽)
, … , 𝜙𝑁

(𝛽)
)  

 = per(𝐴(𝛼𝛽); 1 ∣ 1)𝐼 + ∑  

𝑁

𝑗1=2

 ∑  

𝑁

𝑖1=2

 per(𝐴(𝛼𝛽); 1, 𝑖1 ∣ 1, 𝑗1) |𝜙𝑗1
(𝛽)
⟩ ⟨𝜙𝑖1

(𝛼)
|

 

𝜙1 ≡ (𝜙1
(1)
; 𝜙1

(2)
; … ;𝜙1

(𝑀)
) 

𝜙2 ≡ (𝜙2
(1)
; 𝜙2

(2)
; … ;𝜙2

(𝑀)
) 

𝑃̂𝑖𝑗
(𝛾)
=
𝑑𝛾

|𝐺|
∑  

𝑔̂∈𝐺

 𝐷𝑖𝑗
(𝛾)∗
(𝑔̂)𝑔̂, 1 ≤ 𝑖, 𝑗 ≤ 𝑑𝛾  

Φ𝑖𝑗
(𝛾)
=
𝑑𝛾

|𝐺|
∑  

𝑔̂∈𝐺

 ∑  

𝑀

𝛼=1

 𝐷𝑖𝑗
(𝛾)∗
(𝑔̂)𝒮̂ (𝑔̂𝜙1

(𝛼)
, … , 𝑔̂𝜙𝑁

(𝛼)
)  

𝑔̂Φ𝑖𝑗
(𝛾)
=∑  

𝑑𝛾

𝑘=1

 𝐷𝑘𝑖
(𝛾)
(𝑔̂)Φ𝑘𝑗

(𝛾)  
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Φ‾ =
1

|𝐺|
∑  

𝑔̂∈𝐺

  𝑔̂Φ =
1

|𝐺|
∑  

𝑔̂∈𝐺

 ∑  

𝑀

𝛼=1

  𝒮̂ (𝑔̂𝜙1
(𝛼)
, … , 𝑔̂𝜙𝑁

(𝛼)
)  

Φ𝑖
(𝛾)
=∑ 

𝑑𝛾

𝑗=1

 𝑤𝑗Φ𝑖𝑗
(𝛾)
=∑ 

𝑑𝛾

𝑗=1

 𝑤𝑗𝑃𝑖𝑗
(𝛾)
Φ  

𝐸 =
⟨Φ𝑖

(𝛾)
| 𝐻̂ |Φ𝑖

(𝛾)
⟩

⟨Φ𝑖
(𝛾)
∣ Φ𝑖

(𝛾)
⟩
=
∑  𝑗,𝑘  𝑤𝑗

∗⟨Φ|𝑃̂𝑖𝑗
(𝛾)†

𝐻̂𝑃̂𝑖𝑘
(𝛾)
|Φ⟩𝑤𝑘

∑  𝑗,𝑘  𝑤𝑗
∗⟨Φ|𝑃̂𝑖𝑗

(𝛾)†
𝑃̂𝑖𝑘
(𝛾)
|Φ⟩𝑤𝑘

=
∑  𝑗,𝑘  𝑤𝑗

∗⟨Φ|𝐻̂𝑃̂𝑗𝑘
(𝛾)
|Φ⟩𝑤𝑘

∑  𝑗,𝑘  𝑤𝑗
∗⟨Φ|𝑃̂𝑗𝑘

(𝛾)
|Φ⟩𝑤𝑘

.  

𝑃̂𝑖𝑗
(𝛾)†

= 𝑃̂𝑗𝑖
(𝛾)
, 𝑃̂𝑚𝑛
(𝛾)
𝑃̂𝑖𝑗
(𝛾)
= 𝑃̂𝑚𝑗

(𝛾)
𝛿𝑛𝑖 [𝑃̂𝑖𝑗

(𝛾)
, 𝐻̂] 

𝒩𝑗𝑘 = ⟨Φ|𝐻̂𝑃̂𝑗𝑘
(𝛾)
|Φ⟩ and 𝒟𝑗𝑘 = ⟨Φ|𝑃̂𝑗𝑘

(𝛾)
|Φ⟩ 

𝜙1 = (𝜙1
(1)
; 𝜙1

(2)
; … ;𝜙1

(𝑀)
) 

𝐹̂ ≡ (𝐹̂(𝛼𝛽))
1≤𝛼,𝛽≤𝑀

 and 𝐺̂ ≡ (𝐺̂(𝛼𝛽))
1≤𝛼,𝛽≤𝑀

 

𝐹̂(𝛼𝛽)  =
𝑑𝛾

|𝐺|
∑  

𝑔̂∈𝐺

  ∑  

𝑑𝛾

𝑗,𝑘=1

 𝑤𝑗
∗𝐷𝑗𝑘

(𝛾)∗
(𝑔̂)𝑤𝑘ℱ̂ (𝜙2≤𝑖≤𝑁

(𝛼)
; 𝑔̂𝜙2≤𝑖≤𝑁

(𝛽)
) 𝑔̂,

𝐺̂(𝛼𝛽)  =
𝑑𝛾

|𝐺|
∑  

𝑔̂∈𝐺

  ∑  

𝑑𝛾

𝑗,𝑘=1

 𝑤𝑗
∗𝐷𝑗𝑘

(𝛾)∗
(𝑔̂)𝑤𝑘𝒢̂ (𝜙2≤𝑖≤𝑁

(𝛼)
; 𝑔̂𝜙2≤𝑖≤𝑁

(𝛽)
) 𝑔̂.

 

ℱ̂ (𝜙2≤𝑖≤𝑁
(𝛼)

; 𝑔̂𝜙2≤𝑖≤𝑁
(𝛽)

) 𝑔̂  and  𝒢̂ (𝜙2≤𝑖≤𝑁
(𝛼)

; 𝑔̂𝜙2≤𝑖≤𝑁
(𝛽)

) 𝑔̂ 

ℱ̂ (𝜙2≤𝑖≤𝑁
(𝛼)

; 𝑔̂𝜙2≤𝑖≤𝑁
(𝛽)

) 𝑔̂  = [ℱ̂ (𝜙2≤𝑖≤𝑁
(𝛽)

; 𝑔̂−1𝜙2≤𝑖≤𝑁
(𝛼)

) 𝑔̂−1]
†

𝒢̂ (𝜙2≤𝑖≤𝑁
(𝛼)

; 𝑔̂𝜙2≤𝑖≤𝑁
(𝛽)

) 𝑔̂  = [𝒢̂ (𝜙2≤𝑖≤𝑁
(𝛽)

; 𝑔̂−1𝜙2≤𝑖≤𝑁
(𝛼)

) 𝑔̂−1]
†

 

⟨𝜙1
(𝛼)
| ℱ̂ (𝜙2≤𝑖≤𝑁

(𝛼)
; 𝑔̂𝜙2≤𝑖≤𝑁

(𝛽)
) 𝑔̂ |𝜙1

(𝛽)
⟩= ⟨Φ(𝛼)|𝐻̂𝑔̂|Φ(𝛽)⟩  

= ⟨Φ(𝛽)|𝑔̂−1𝐻̂|Φ(𝛼)⟩
∗

 

= ⟨Φ(𝛽)|𝐻̂|𝑔−1Φ(𝛼)⟩
∗

 

 = ⟨𝜙1
(𝛽)
| ℱ̂ (𝜙2≤𝑖≤𝑁

(𝛽)
; 𝑔̂−1𝜙2≤𝑖≤𝑁

(𝛼)
) 𝑔̂−1 |𝜙1

(𝛼)
⟩
∗

 

𝐻̃ = 𝐻̂𝑃̂𝑖𝑖
(𝛾)
+ 𝜆 (1 − 𝑃̂𝑖𝑖

(𝛾)
)  

𝐻̂ = − ∑  

𝐿1−1

𝑥=−𝐿1

 (𝑎̂𝑥
†𝑎̂𝑥+1 + 𝑎̂𝑥+1

† 𝑎̂𝑥) +
𝑘

2
∑  

𝐿1

𝑥=−𝐿1

 𝑥2𝑎̂𝑥
†𝑎̂𝑥 +

𝑈

2
∑  

𝐿1

𝑥=−𝐿1

  𝑎̂𝑥
†𝑎̂𝑥
†𝑎̂𝑥𝑎̂𝑥.  
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Φ(±) =
1

2
(Φ ± 𝑃̂Φ) =

1

2
∑  

𝑀

𝛼=1

  [𝒮̂ (𝜙1
(𝛼)
, … , 𝜙𝑁

(𝛼)
) ± 𝒮̂ (𝑃̂𝜙1

(𝛼)
, … , 𝑃̂𝜙𝑁

(𝛼)
)] .  

 

𝒪 = |⟨𝐺𝑆 ∣ Φ(+)⟩|
2
 

𝜌(𝑥, 𝑥) = ⟨𝑎̂𝑥
†𝑎̂𝑥⟩ 

𝜌(𝑥, 0) = ⟨𝑎̂0
†𝑎̂𝑥⟩ 

Φ(+), {Φ𝑚
(+)
= (Φ𝑚 + 𝑃̂Φ𝑚)/2,1 ≤ 𝑚 ≤ 10} 

𝐴𝑚𝑛 =
|⟨Φ𝑚 ∣ Φ𝑛⟩|

2

⟨Φ𝑚 ∣ Φ𝑚⟩⟨Φ𝑛 ∣ Φ𝑛⟩
 

𝐻̂ = −∑  

𝐿

𝑥=1

  (𝑎̂𝑥
†𝑎̂𝑥+1 + 𝑎̂𝑥+1

† 𝑎̂𝑥) +
𝑈

2
∑  

𝐿

𝑥=1

  𝑎̂𝑥
†𝑎̂𝑥
†𝑎̂𝑥𝑎̂𝑥  

(𝑇̂𝜙)(𝑥) = 𝜙(𝑥 − 1) and (𝑆̂𝜙)(𝑥) = 𝜙(−𝑥) 

D𝐿 = {𝐼, 𝑇̂, … , 𝑇̂
𝐿−1, 𝑆̂, 𝑆̂𝑇̂, … , 𝑆̂𝑇̂𝐿−1}  

𝑇̂𝑆̂Ψ = 𝑆̂𝑆̂𝑇̂𝑆̂Ψ = 𝑆̂𝑇̂−1Ψ = 𝑒−𝑖2𝜋𝑞/𝐿𝑆̂Ψ 

𝐷(𝑞)(𝑇̂𝑛) = (𝑒
𝑖2𝜋𝑞𝑛/𝐿 0
0 𝑒−𝑖2𝜋𝑞𝑛/𝐿

) , 𝐷(𝑞)(𝑆̂𝑇̂𝑛) = ( 0 𝑒−𝑖2𝜋𝑞𝑛/𝐿

𝑒𝑖2𝜋𝑞𝑛/𝐿 0
)  

𝐷(𝑞,𝑠)(𝑇̂𝑛) = 𝑒𝑖2𝜋𝑞𝑛/𝐿, 𝐷(𝑞,𝑠)(𝑆̂𝑇̂𝑛) = 𝑠𝑒𝑖2𝜋𝑞𝑛/𝐿  

Φ1
(𝑞)
=
1

𝐿
∑  

𝐿−1

𝑛=0

 ∑  

𝑀

𝛼=1

  𝑒−𝑖2𝜋𝑞𝑛/𝐿𝒮̂ (𝑇̂𝑛𝜙1
(𝛼)
, … , 𝑇̂𝑛𝜙𝑁

(𝛼)
)  

 

Φ(𝑞,𝑠) =
1

𝐿
∑  

𝐿−1

𝑛=0

 ∑  

𝑀

𝛼=1

  𝑒−𝑖2𝜋𝑞𝑛/𝐿 [𝒮̂ (𝑇̂𝑛𝜙1
(𝛼)
, … , 𝑇̂𝑛𝜙𝑁

(𝛼)
) + 𝑠𝒮̂ (𝑆̂𝑇̂𝑛𝜙1

(𝛼)
, … , 𝑆̂𝑇̂𝑛𝜙𝑁

(𝛼)
)] .  

 

𝐻̂ =−∑  

𝐿

𝑥=1

  (𝑎̂𝑥
†𝑎̂𝑥+1 + 𝑎̂𝑥+1

† 𝑎̂𝑥) +
𝑈𝑏𝑏
2
∑  

𝐿

𝑥=1

  𝑎̂𝑥
†𝑎̂𝑥
†𝑎̂𝑥𝑎̂𝑥  

 −𝐽𝑖∑ 

𝐿

𝑥=1

  (𝑏̂𝑥
†𝑏̂𝑥+1 + 𝑏̂𝑥+1

† 𝑏̂𝑥) + 𝑈𝑏𝑖∑ 

𝐿

𝑥=1

  𝑎̂𝑥
†𝑎̂𝑥𝑏̂𝑥

†𝑏̂𝑥
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|Ψ(𝑞)⟩ = ∑  

𝐿−1

𝑛=0

  𝑒−𝑖2𝜋𝑞𝑛/𝐿|𝑛⟩𝑏⊗ 𝑇̂𝑛|𝜑⟩𝑎  

|𝑛⟩𝑏 = 𝑏̂𝑛
† ∣ vac ⟩ 

𝐸|𝜑⟩𝑎 = [𝐻̂𝑎 + 𝑈𝑏𝑖𝑎̂0
†𝑎̂0 − 𝐽𝑖(𝑒

−𝑖2𝜋𝑞/𝐿𝑇̂ + 𝑒𝑖2𝜋𝑞/𝐿𝑇̂†)]|𝜑⟩𝑎 .  

𝐻̂ = −∑  

𝐿

𝑥=1

  (𝑒𝑖𝜃/𝐿𝑎̂𝑥
†𝑎̂𝑥+1 + 𝑒

−𝑖𝜃/𝐿𝑎̂𝑥+1
† 𝑎̂𝑥) +

𝑈

2
∑  

𝐿

𝑥=1

  𝑎̂𝑥
†𝑎̂𝑥
†𝑎̂𝑥𝑎̂𝑥.  

Φ(𝑞) =
1

𝐿
∑  

𝐿−1

𝑛=0

 ∑  

𝑀

𝛼=1

 𝑒−𝑖2𝜋𝑞𝑛/𝐿𝒮̂ (𝑇̂𝑛𝜙1
(𝛼)
, … , 𝑇̂𝑛𝜙𝑁

(𝛼)
) .  

𝐻̂ = −∑  

𝐿−1

𝑥=1

  (𝑎̂𝑥,𝑦
† 𝑎̂𝑥+1,𝑦 + ℎ. 𝑐. ) −∑  

𝐿−1

𝑦=1

 (𝑎̂𝑥,𝑦
† 𝑎̂𝑥,𝑦+1 + ℎ. 𝑐. ) +

𝑈

2
∑  

𝐿

𝑥,𝑦=1

  𝑎̂𝑥,𝑦
† 𝑎̂𝑥,𝑦

† 𝑎̂𝑥,𝑦𝑎̂𝑥,𝑦.  

D4 = {𝑇̂
𝑛, 𝑆̂𝑇̂𝑛 ∣ 0 ≤ 𝑛 ≤ 3} 

(𝑇̂𝜙)(𝑥, 𝑦) = 𝜙(𝑦, 𝐿 + 1 − 𝑥) 

(𝑆̂𝜙)(𝑥, 𝑦) = 𝜙(𝑥, 𝐿 + 1 − 𝑦) 

𝜌(𝑥, 𝑦; 𝑥, 𝑦) = ⟨𝑎̂𝑥,𝑦
† 𝑎̂𝑥,𝑦⟩ 

𝜌(𝑥, 𝑦; 3,3) = ⟨𝑎̂3,3
† 𝑎̂𝑥,𝑦⟩ 

 

𝜌(𝑥, 𝑦; 𝑥, 𝑦) = ⟨𝑎̂𝑥,𝑦
† 𝑎̂𝑥,𝑦⟩ 

𝜌(𝑥, 𝑦; 3,3) = ⟨𝑎̂3,3
† 𝑎̂𝑥,𝑦⟩ 
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𝜌(𝑥, 𝑦; 𝑥, 𝑦) = ⟨𝑎̂𝑥,𝑦
† 𝑎̂𝑥,𝑦⟩ 

𝜌(𝑥, 𝑦; 3,3) = ⟨𝑎̂3,3
† 𝑎̂𝑥,𝑦⟩ 

𝐻= 𝐻1 +𝐻2  

 = ∑  

𝑖𝑗

 ℎ𝑖𝑗𝑎𝑖
†𝑎𝑗 +

1

2
∑  

𝑖𝑗𝑘𝑙

 ℎ𝑖𝑗𝑘𝑙𝑎𝑖
†𝑎𝑗
†𝑎𝑘𝑎𝑙

 

𝐸𝐻𝐹 = min
Ψ∈𝐹1

 ⟨Ψ|𝐻|Ψ⟩  

|Ψ𝐻𝐹⟩ = 𝑏1
†𝑏2
†⋯𝑏𝑁

† |𝑣𝑎𝑐⟩.  

𝑏𝑖
† =∑ 

𝑗

 𝑎𝑗
†𝐶𝑗𝑖  

𝜓𝑖(𝑥) =∑ 

𝑗

𝜙𝑗(𝑥)𝐶𝑗𝑖 

[𝑎𝑖, 𝑎𝑗
†]
+
= ⟨𝜙𝑖 ∣ 𝜙𝑗⟩𝟙, [𝑎𝑖 , 𝑎𝑗]+ = 0

[𝑏𝑖, 𝑏𝑗
†] = 𝛿𝑖,𝑗𝟙, [𝑏𝑖, 𝑏𝑗]+ = 0

 

𝑃𝑝𝑞 =∑ 

𝑜𝑐𝑐

𝑖

 𝐶𝑝𝑖𝐶𝑞𝑖
∗  

𝐸𝐻𝐹= min
𝑃
 ∑  

𝑝𝑞

 𝑃𝑞𝑝ℎ𝑝𝑞 +
1

2
∑  

𝑝𝑞𝑟𝑠

 𝑃𝑞𝑝𝑃𝑠𝑟(ℎ𝑝𝑟𝑠𝑞 − ℎ𝑝𝑟𝑞𝑠) 

 = min
𝑃
 
1

2
Tr[𝑃(𝐹 + 𝐻1)]

 

𝐹 = 𝐹(𝑃) = 𝐻1 + 𝐺(𝑃) 

𝐺𝑝𝑞 = 𝐺(𝑃)𝑝𝑞 =∑ 

𝑟𝑠

𝑃𝑠𝑟(ℎ𝑝𝑟𝑠𝑞 − ℎ𝑝𝑟𝑞𝑠) 

𝐴𝑝𝑞𝑟𝑠 = ℎ𝑝𝑞𝑟𝑠 − ℎ𝑝𝑞𝑠𝑟 
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ℎ𝑠1𝑠2
𝑜1𝑜2 = ℎ(𝑠1+1)(𝑠2+1)

𝑜1𝑜2  and ℎ𝑠1𝑠2𝑠3𝑠4
𝑜1𝑜2𝑂3𝑂4 = ℎ(𝑠1+1)(𝑠2+1)(𝑠3+1)(𝑠4+1)

𝑜1𝑂2𝑂3𝑂4  

ℎ(𝑖+1)(𝑗+1) = ℎ𝑖𝑗 and ℎ(𝑖+1)(𝑗+1)(𝑘+1)(𝑙+1) = ℎ𝑖𝑗𝑘𝑙 , 

ℱ[𝑎]𝑚  = 𝑎̂𝑚 =
1

√𝑀
∑ 

𝑥

  𝑒−2𝜋𝑖𝑚𝑥/𝑀𝑎𝑥

ℱ−1[𝑎̂]𝑥  = 𝑎𝑥 =
1

√𝑀
∑  

𝑚

 𝑒2𝜋𝑖𝑚𝑥/𝑀𝑎̂𝑚

 

𝐻𝐼 = −∑ 

𝑖𝑗

  𝐽𝑖𝑗𝑆𝑖𝑆𝑗  

𝐻 =∑ 

𝑀

𝑖=1

 ∑  

𝑀

𝑗=1

  𝐽𝑖𝑗(𝑎̂𝑖
†𝑎̂𝑀−𝑖 + 𝑎̂𝑀−𝑖

† 𝑎̂𝑖)(𝑎̂𝑀−𝑗
† 𝑎̂𝑗 + 𝑎̂𝑗

†𝑎̂𝑀−𝑗),  

𝑎̂𝑘1
† 𝑎̂𝑘2𝑎̂𝑘3

† 𝑎̂𝑘4 + h.c 

𝑘1 + 𝑘3 − (𝑘2 + 𝑘4) = 0 mod𝑀,  

⟨Ψ|𝑎̂𝑘1
† 𝑎̂𝑘2𝑎̂𝑘3

† 𝑎̂𝑘4|Ψ⟩= ⟨Ψ|𝑎̂𝑘1
† 𝑎̂𝑘2|Ψ⟩⟨Ψ|𝑎̂𝑘3

† 𝑎̂𝑘4|Ψ⟩  

 −⟨Ψ|𝑎̂𝑘1
† 𝑎̂𝑘4|Ψ⟩⟨Ψ|𝑎̂𝑘3

† 𝑎̂𝑘2|Ψ⟩.
 

𝐻 =∑ 

𝑖,𝑗

  𝐽𝑖𝑗 [(𝑛𝑖
(+)
− 𝑛𝑖

(−)
) (𝑛𝑗

(+)
− 𝑛𝑗

(−)
)] ,  

𝑛𝑘
(±)
= 𝑐𝑘

(±)†
𝑐𝑘
(±)

and 𝑐𝑖
(±)
= (𝑎̂𝑖 ± 𝑎̂−𝑖)/√2 

[𝑐𝑚
(+)
, (𝑐𝑛

(−)
)
†
]
+
= (𝑛𝑖

(+)
− 𝑛𝑖

(−)
) 

|𝑠⟩ =∏  

𝑀

𝑖=1

 (𝑐𝑖
(+)†

)
𝜎𝑖
(𝑐𝑖
(−)†

)
𝜏𝑖
|𝑣𝑎𝑐⟩,  

⟨𝑠|𝐻|𝑠⟩ =∑  

𝑖,𝑗

  𝐽𝑖𝑗(𝜎𝑖𝜎𝑗 + 𝜏𝑖𝜏𝑗 − 𝜎𝑖𝜏𝑗 − 𝜎𝑖𝜏𝑗).  

⟨𝑠|𝐻|𝑠⟩ ≤ 4𝐸min .  

∏ 

𝑀

𝑖=1

 (𝑐𝑖
(+)†

)
𝜎𝑖
(𝑐𝑖
(−)†

)
1−𝜎𝑖

|𝑣𝑎𝑐⟩,  

𝐽𝑖𝛽,𝑗𝛽 = 𝐽𝑖𝛼,𝑗𝛼 = −𝐽𝑖𝛼,𝑗𝛽 = −𝐽𝑖𝛽,𝑗𝛼 = 𝐽𝑖𝑗. 

𝐸′ = 4𝐸 − 𝑁𝒞. 

{ℎ𝑖𝑗 : ℎ𝑖𝑗 = ℎ𝑖+1,𝑗+1} and {ℎ𝑖𝑗𝑘𝑙: ℎ𝑖𝑗𝑘𝑙 = ℎ𝑖+1,𝑗+1,𝑘+1,𝑙+1} 
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𝑃𝑝𝑞 =∑ 

𝑀

𝑖=1

 𝐶𝑝𝑖𝑅𝑖𝐶𝑞𝑖
∗ =

1

2
∑  

𝑀

𝑖=1

 𝑆𝑖𝐶𝑝𝑖𝐶𝑞𝑖
∗ +

1

2
𝛿𝑝𝑞 .  

𝐸(𝑃) =−∑  

𝑖𝑗

  [
1

8
∑  

𝑝𝑞𝑟𝑠

 𝐶𝑝𝑖
∗ 𝐶𝑞𝑖𝐶𝑟𝑗

∗ 𝐶𝑠𝑗𝐴𝑝𝑟𝑞𝑠] 𝑆𝑖𝑆𝑗  

+∑  

𝑗

  [
1

4
∑  

𝑝𝑞

 𝐶𝑞𝑗𝐶𝑝𝑗
∗ (2ℎ𝑝𝑞 +∑ 

𝑟

 𝐴𝑝𝑟𝑟𝑞)] 𝑆𝑗 

 +
1

2
∑  

𝑝

 ℎ𝑝𝑝 +
1

8
∑ 

𝑝𝑟

 𝐴𝑝𝑟𝑟𝑝.

 

𝐻({𝐽𝑖𝑗}) = −∑  

𝑖𝑗

𝐽𝑖𝑗𝑆𝑖𝑆𝑗 

ℎ𝑝𝑞: = −∑  

𝑟

𝐴𝑝𝑟𝑟𝑞/2 

𝐺𝑝𝑞 =∑ 

𝑟𝑠

𝑃𝑠𝑟𝐴𝑝𝑟𝑠𝑞 =∑ 

𝑟𝑠

𝑃𝑠+1,𝑟+1𝐴𝑝+1,𝑟+1,𝑠+1,𝑞+1 = 𝐺𝑝+1,𝑞+1 

|𝑘̂⟩ =
1

√𝑀
∑  

𝑀

𝑥=1

  𝑒−2𝜋𝑖𝑘𝑥/𝑀|𝑥⟩  

𝐶𝑘𝑛 = exp (−𝑖2𝜋𝑘𝑛/𝑀)/√𝑀 as 𝐶𝐹𝐶† = Λ 

𝐽𝑖𝑗 = ∑  

𝑝𝑞𝑟𝑠

𝐶𝑝𝑖
∗ 𝐶𝑞𝑖𝐶𝑟𝑗

∗ 𝐶𝑠𝑗𝐴𝑝𝑟𝑠𝑞/8 

𝐴𝑝𝑞𝑟𝑠 = −
8

𝑀
∑ 

𝑡𝑢

 𝐶𝑝𝑡𝐶𝑞𝑢(𝐶𝑟𝑢𝐶𝑠𝑡 − 𝐶𝑠𝑢𝐶𝑟𝑡)
∗𝐽𝑡𝑢.  

ℎ𝑝𝑞 = −∑ 

𝑟

𝐴𝑝𝑟𝑟𝑞/2 

𝐸𝐻𝐹(𝑆) = 𝐻𝐼(𝑆) +∑  

𝑚𝑛

  𝐽𝑚𝑛  

 

𝐽 =

[
 
 
 
 
 
0 −1 −1 −1 0 −1

0 1 0 1 1
0 1 1 0

0 1 1
0 −1

0]
 
 
 
 
 

 

𝑖
𝜕|𝜓(𝑡)⟩

𝜕𝑡
= 𝐻̂(𝑡)|𝜓(𝑡)⟩,  
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|𝜓(𝑡)⟩ = |𝜙1(𝑡)𝜙2(𝑡)⋯𝜙𝑁(𝑡)⟩  

|𝜙𝑖(𝑡)⟩ =∑  

𝑀

𝑘

 𝐶𝑘𝑖(𝑡)|𝜒𝑘⟩  

𝐹𝑝𝑞(𝑡) = ℎ𝑝𝑞 +

 ∑  

𝑀

𝑘

 ∑  

𝑀

𝑟𝑠

 𝐶𝑟𝑘
∗ (𝑡)𝐶𝑠𝑘(𝑡) (⟨𝜒𝑝𝜒𝑠|

1

𝑟𝑒𝑒
|𝜒𝑞𝜒𝑠⟩ − ⟨𝜒𝑝𝜒𝑟|

1

𝑟𝑒𝑒
|𝜒𝑠𝜒𝑞⟩) ,

 

ℎ𝑝𝑞 = ⟨𝜒𝑝| −
1

2
∇2 −∑  

𝑛𝑢𝑐

𝑖

 
𝑍𝑖
𝑟𝑒𝑖
|𝜒𝑞⟩  

𝜌𝑟𝑠(𝑡) =∑  

𝑘

 𝐶𝑟𝑘
∗ (𝑡)𝐶𝑠𝑘(𝑡) = |𝜙𝑟⟩⟨𝜙𝑠|  

𝐹𝑝𝑞(𝑡) = ℎ𝑝𝑞 +

 ∑  

𝑟𝑠

 𝜌𝑟𝑠(𝑡) (⟨𝜒𝑝𝜒𝑠|
1

𝑟𝑒𝑒
|𝜒𝑞𝜒𝑠⟩ − ⟨𝜒𝑝𝜒𝑟|

1

𝑟𝑒𝑒
|𝜒𝑠𝜒𝑞⟩) .

 

ℎ̂(𝑡) = 𝐹̂(𝑡) + 𝐷̂ ⋅ 𝐸(𝑡)  

𝑖
𝜕|𝜙𝑖(𝑡)⟩

𝜕𝑡
= ℎ̂(𝑡)|𝜙𝑖(𝑡)⟩.  

|𝜓(𝑡 + 𝛿𝑡)⟩ = 𝑈̂(𝑡 + 𝛿𝑡, 𝑡)|𝜓(𝑡)⟩  

𝑈̂(𝑡 + 𝛿𝑡, 𝑡) ≈ 𝑒−𝑖ℎ̂(𝑡)𝛿𝑡  

𝜌(𝑡 + 𝛿𝑡) = |𝜓(𝑡 + 𝛿𝑡)⟩⟨𝜓(𝑡 + 𝛿𝑡)|  

(ℛ ⊗ 𝟙)(𝟙⊗ ℛ)(ℛ⊗ 𝟙) = (𝟙 ⊗ℛ)(ℛ ⊗ 𝟙)(𝟙 ⊗ℛ),  

𝐹̂ =∑  

𝑖𝑗

 𝐹𝑖𝑗𝑎̂𝑖
†𝑎̂𝑗  

𝐹𝑖𝑗 = ⟨𝜙𝑖|𝐹̂|𝜙𝑗⟩  

𝐷̂ =∑  

𝑖𝑗

 𝐷𝑖𝑗𝑎̂𝑖
†𝑎̂𝑗  

𝐷𝑖𝑗 = ⟨𝜙𝑖|𝑟̂|𝜙𝑗⟩  

𝑎̂𝑖
†𝑎̂𝑖  = (𝐼 ⊗ 𝐼 − 𝑍 ⊗ 𝐼)/2

𝑎̂𝑖+1
† 𝑎̂𝑖+1  = (𝐼 ⊗ 𝐼 − 𝐼 ⊗ 𝑍)/2

𝑎̂𝑖
†𝑎̂𝑖+1  = [𝑋 ⊗ 𝑋 + 𝑌⊗𝑌 + 𝑖(𝑋 ⊗ 𝑌 − 𝑌⊗𝑋)]/4

𝑎̂𝑖+1
† 𝑎̂𝑖  = [𝑋 ⊗ 𝑋 + 𝑌⊗𝑌 + 𝑖(𝑌 ⊗𝑋 − 𝑋⊗𝑌)]/4.
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𝑎𝑖
†𝑎𝑖  = [

0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

] = [
0 0
0 1

]⊗ [
1 0
0 1

]

𝑎𝑖+1
† 𝑎𝑖+1  = [

0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

] = [
1 0
0 1

] ⊗ [
0 0
0 1

]

𝑎𝑖
†𝑎𝑖+1  = [

0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

]

𝑎𝑖+1
† 𝑎𝑖  = [

0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

]

 

ℎ̂(𝑡) = ∑  

𝑖,𝑖+1

  [𝐹𝑖𝑗(𝑡) + 𝐷𝑖𝑗𝐸(𝑡)]𝑎̂𝑖
†𝑎̂𝑗  

ℎ̂ = ℎ̂1 + ℎ̂2,  

ℎ̂1 = ∑  

𝑖

 𝐺𝑖𝑖𝑛̂𝑖

𝐺𝑖𝑗  = 𝐹𝑖𝑗(𝑡) + 𝐷𝑖𝑗𝐸(𝑡)

𝑛̂𝑖 = 𝑎̂𝑖
†𝑎̂𝑖

 

ℎ̂2 =∑ 

𝑖≠𝑗

𝑖𝑗

 𝐺𝑖𝑗𝑎̂𝑖
†𝑎̂𝑗.  

𝑒−𝑖𝑡ℎ̂2 = 𝑒
−𝑖𝑡(𝐺𝑖,𝑖+1𝑎𝑖

†
𝑎𝑖+1+𝐺𝑖+1,𝑖𝑎𝑖+1

†
𝑎𝑖)  

𝑒−𝑖𝑡ℎ̂2 = 𝑒−𝑖𝑡𝐺𝑖,𝑖+1(𝑋⊗𝑋+𝑌⊗𝑌).  

𝑒−𝑖𝑡ℎ̂1 = 𝑒−𝑖𝑡(𝐺𝑖,𝑖𝑛̂𝑖+𝐺𝑖+1,𝑖+1𝑛̂𝑖1);  

𝑒−𝑖𝑡ℎ̂1 = 𝑒−𝑖𝑡[𝐺𝑖,𝑖(𝑍⊗𝐼)+𝐺𝑖+1,𝑖+1(𝐼⊗𝑍)].  
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ℛ1(𝜃1, 𝜃2) × ℛ2(𝛼1, 𝛼2) = ℛ
′(𝜃1 + 𝛼1, 𝜃2 + 𝛼2),  

 

FSWAP(𝜃) = [

1 0 0 0
0 0 𝑒𝑖𝜃 0
0 𝑒𝑖𝜃 0 0
0 0 0 1

]  
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𝑒
−𝑖𝑡(𝑎𝑖

†
𝑎𝑖+1+𝑎𝑖+1

†
𝑎𝑖) =

 −𝑅𝑥(𝜋/2) ⋅ 𝑅𝑥(𝑡/2) ⋅ 𝑅𝑥(−𝜋/2)

 −𝑅𝑥(𝜋/2) − 𝑅𝑧(𝑡/2) − 𝑅𝑥(−𝜋/2)

 

 FSWAP = −𝑅𝑥(𝜋/2) − 𝑅𝑥(𝜋/2) − 𝑅𝑥(−𝜋/2) −
 −𝑅𝑥(𝜋/2) − 𝑅𝑧(𝜋/2) − 𝑅𝑥(−𝜋/2)

 

FSWAP × 𝑒
−𝑖𝑡(𝑎𝑖

†
𝑎𝑖+1+𝑎𝑖+1

†
𝑎𝑖) =

 −𝑅𝑥(𝜋/2) ⋅ 𝑅𝑥(𝑡/2 + 𝜋/2) ⋅ 𝑅𝑥(−𝜋/2)

 −𝑅𝑥(𝜋/2) − 𝑅𝑧(𝑡/2 + 𝜋/2) − 𝑅𝑥(−𝜋/2)

 

 

𝑒−𝑖𝑡(𝐺11𝑛̂1+𝐺22𝑛̂2+⋯) = 𝑒−𝑖𝑡(𝐺11𝑛̂1) × 𝑒−𝑖𝑡(𝐺22𝑛̂2) ×… .  

𝑒−𝑖𝑡(𝐺𝑖𝑖𝑛̂𝑖) = 𝑃(𝑡𝐺𝑖𝑖),  
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𝐸(𝑡) = (𝜔𝑡/2𝜋)sin (𝜔𝑡)𝐸max for 0 ≤ 𝑡 ≤ 2𝜋/𝜔
𝐸(𝑡) = sin (𝜔𝑡)𝐸max for 2𝜋/𝜔 ≤ 𝑡 ≤ 4𝜋/𝜔

𝐸(𝑡) = (3 − 𝜔𝑡/2𝜋)sin (𝜔𝑡)𝐸max for 4𝜋/𝜔 ≤ 𝑡 ≤ 6𝜋/𝜔
𝐸(𝑡) = 0 for 𝑡 ≤ 0 and 𝑡 ≥ 6𝜋/𝜔
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𝑖𝜓̇𝑘(𝑡) = 𝐻(𝑡)Ψ𝑘(𝑡), 𝑘 = 1,… ,𝑁; ⟨Ψ𝑘(𝑡), Ψ𝑙(𝑡)⟩ = 𝛿𝑘𝑙 .  

𝜓𝑘(𝑡) ∈ 𝐿
2: = 𝐿2(ℝ3) 

𝐻(𝑡):= −Δ + 𝑒𝑉𝑛(𝑥) + 𝑒𝑉𝑒(𝑥, 𝑡) 

𝑉𝑒(𝑥, 𝑡) = ∫  
𝜌(𝑦, 𝑡)

|𝑥 − 𝑦|
𝑑𝑦, 𝜌(𝑦, 𝑡): = 𝑒∑  

𝑁

1

  |𝜓𝑘(𝑦, 𝑡)|
2 ≤ 0,  

𝑖𝐾̇(𝑡) = [𝐻(𝑡), 𝐾(𝑡)]  

𝐾(𝑡):=∑  

𝑁

1

|𝜓𝑘(𝑡)⟩⟨𝜓𝑘(𝑡)| 

𝐾∗(𝑡) = 𝐾(𝑡) ≥ 0, 𝐾(𝑡) ≤ 1, tr𝐾 = 𝑁  

𝜌(𝑦, 𝑡):= 𝑒𝐾(𝑦, 𝑦, 𝑡) ≤ 0 

𝑖𝚿̇(𝑥‾, 𝑡) = 𝐇𝚿(𝑥‾, 𝑡):= −∑  

𝑁

1

 Δ𝑥𝑘𝚿(𝑥‾, 𝑡) + 𝑒 [∑  

𝑁

1

 𝑉𝑛(𝑥𝑘) + 𝑉𝑒(𝑥‾)]𝚿(𝑥‾, 𝑡), 𝑥‾ ∈ ℝ
3𝑁  

𝑉𝑛(𝑥): =∑  

𝑀

1

 
|𝑒|𝑍𝑗

|𝑥 − 𝑥𝑗|
, 𝑉𝑒(𝑥‾):=∑  

𝑘<𝑙

 
𝑒

|𝑥𝑘 − 𝑥𝑙|
 

𝐸:= min {
1

2
⟨𝚿,𝐇𝚿⟩: ‖𝚿‖𝐿2(𝑅3𝑁) = 1} .  

Ψ(𝑥‾) =
1

√𝑁!
det𝜓𝑘(𝑥𝑙) 

⟨Ψ𝑘 , Ψ𝑙⟩ = 𝛿𝑘𝑙  

1

2
⟨𝚿,𝐇𝚿⟩ = ℰ𝐻𝐹(𝚿𝑁):=

1

2
∑  

𝑁

1

 ∫  |∇𝜓𝑘(𝑥)|
2𝑑𝑥 +

1

2
∫  𝑉𝑛(𝑥)𝜌(𝑥)𝑑𝑥  

 +
1

4
∫  
𝜌(𝑥)𝜌(𝑦)

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦 −

1

4
∬ 

|𝜏(𝑥, 𝑦)|2

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦

 

𝜌(𝑥) = 𝑒𝐾(𝑥, 𝑥), 𝜏(𝑥, 𝑦) = 𝑒𝐾(𝑥, 𝑦), 𝐾(𝑥, 𝑦):=∑  

𝑁

1

 𝜓𝑘(𝑥)𝜓𝑘(𝑦)  

𝐾∗ = 𝐾 ≥ 0,𝐾 ≤ 1, tr𝐾 = 𝑁.  

ℰ𝐻𝐹(𝐾) = −
1

2
trΔ𝐾 +

1

2
∫  𝑉𝑛(𝑥)𝜌(𝑥)𝑑𝑥 +

1

4
∫  
𝜌(𝑥)𝜌(𝑦)

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦 −

1

4
∬ 

|𝜏(𝑥, 𝑦)|2

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦  

Ψ𝑁 = (Ψ1, … ,Ψ𝑁) ∈⊕1
𝑁 𝑋 

𝐸𝐻𝐹: = min{ℰ𝐻𝐹(Ψ𝑁):Ψ𝑁 ∈ 𝒮(𝑁)} ≥ 𝐸  
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𝐾 = 𝐾(Ψ𝑁) =∑ |Ψ𝑘⟩⟨Ψ𝑘| 

Ψ𝑁 = (Ψ𝑘: 𝑘 = 1,… ,𝑁) ↦ Φ𝑁 = (𝜑𝑘 =∑ 𝑈𝑘𝑙Ψ𝑙: 𝑘 = 1,… ,𝑁) , (𝑈𝑘𝑙) ∈ 𝑈(𝑁)  

𝐷Ψ𝑘ℰ
𝐻𝐹(Ψ𝑁) =∑  

𝑁

𝑙=1

 𝜆𝑘𝑙Ψ𝑙, 𝑘 = 1,… ,𝑁  

𝐷Ψ𝑘(𝑥): = 𝐷𝑝𝑘(𝑥) + 𝑖𝐷𝑞𝑘(𝑥) 

𝑝𝑘(𝑥) = ReΨ𝑘(𝑥) and 𝑞𝑘(𝑥) = ImΨ𝑘(𝑥) 

𝐷𝜓‾ 𝑘ℰ
𝐻𝐹(Ψ𝑁) = 𝐻Ψ𝑘 ,  

𝒟:= 𝐶0
∞(ℝ3) 

𝐻(Φ𝑁) = −Δ + 𝑒𝑉𝑛(𝑥) + 𝑒𝑉𝑒(𝑥) + 𝑒𝒯.  

𝑉𝑒(𝑥) = ∫  
𝜌(𝑦)

|𝑥 − 𝑦|
𝑑𝑦, 𝒯𝜓(𝑥) = −∫  

𝜏(𝑥, 𝑦)

|𝑥 − 𝑦|
𝜓(𝑦)𝑑𝑦  

𝐻(Ψ𝑁)Ψ𝑘 =∑ 

𝑁

𝑙=1

 𝜆𝑘𝑙Ψ𝑙, 𝑘 = 1,… ,𝑁  

𝐻(Φ𝑁)𝜑𝑘 = 𝜀𝑘𝜑𝑘 , 𝑘 = 1,… ,𝑁  

𝐾(𝑥, 𝑦) =∑ 𝜆𝑛𝑢𝑛(𝑥)𝑢𝑛(𝑦), ⟨𝑢𝑘 , 𝑢𝑙⟩ = 𝛿𝑘𝑙 , 0 ≤ 𝜆𝑛 ≤ 1,∑ 𝜆𝑛 = 𝑁  

𝐸𝐻𝐹 = min{ℰ𝐻𝐹(𝐾): 𝐾∗ = 𝐾, 0 ≤ 𝐾 ≤ 1, tr𝐾 = 𝑁}  

𝑖Ψ̇𝑘(𝑥, 𝑡) = 𝐻(𝑡)𝜓𝑘(⋅, 𝑡), 𝑘 = 1,… ,𝑁. )  

𝐻(𝑡) = 𝐻(Ψ(𝑡)) 

𝐻(𝑡):= −Δ + 𝑒𝑉𝑛(𝑥) + 𝑒𝑉𝑒(𝑥, 𝑡) + 𝑒𝒯(𝑡)  

𝑉𝑒(𝑥, 𝑡) = ∫  
𝜌(𝑦, 𝑡)

|𝑥 − 𝑦|
𝑑𝑦, 𝒯(𝑡)𝜓(𝑥) = −∫  

𝜏(𝑥, 𝑦, 𝑡)

|𝑥 − 𝑦|
𝜓(𝑦)𝑑𝑦  

𝐾(𝑥, 𝑦, 𝑡):=∑  

𝑁

1

𝜓𝑘(𝑥, 𝑡)𝜓𝑘(𝑦, 𝑡) 

𝑖𝐾̇(𝑡) = [𝐻(𝑡), 𝐾(𝑡)]  

𝐾 = 𝑤𝑤∗,  or equivalently,  𝐾(𝑥, 𝑦) = ∫  𝑤(𝑥, 𝑧)𝑤∗(𝑧, 𝑦)𝑑𝑧 = ∫  𝑤(𝑥, 𝑧)𝑤(𝑦, 𝑧)𝑑𝑧  
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ℰ̃𝐻𝐹(𝑤): =
1

4
∬  [|∇𝑥𝑤(𝑥, 𝑦)|

2 + |∇𝑦𝑤(𝑥, 𝑦)|
2
] 𝑑𝑥𝑑𝑦 +

𝑒

4
∬ [𝑉𝑛(𝑥) + 𝑉𝑛(𝑦)]|𝑤(𝑥, 𝑦)|

2𝑑𝑥𝑑𝑦

 +
1

4
∬  

𝜌̃(𝑥)𝜌̃(𝑦)

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦 −

1

4
∬ 

|𝜏̃(𝑥, 𝑦)|2

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦

 

𝜌̃(𝑥) = 𝑒𝐾̃(𝑥, 𝑥), 𝜏̃(𝑥, 𝑦) = 𝑒𝐾̃(𝑥, 𝑦), 𝐾̃(𝑥, 𝑦):=
1

2
∫  [𝑤(𝑥, 𝑧)𝑤(𝑦, 𝑧) + 𝑤(𝑧, 𝑥)𝑤(𝑧, 𝑦)]𝑑𝑧  

𝐾̃ =
1

2
{𝑤,𝑤∗} =

1

2
[𝑤𝑤∗ +𝑤∗𝑤]  

ℰ̃𝐻𝐹(𝑤) = −
1

2
trΔ𝐾̃ +

1

2
∫  𝑉𝑛(𝑥)𝜌̃(𝑥)𝑑𝑥 +

1

4
∫  
𝜌̃(𝑥)𝜌̃(𝑦)

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦 −

1

4
∬ 

|𝜏̃(𝑥, 𝑦)|2

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦 = ℰ𝐻𝐹(𝐾̃) 

𝐾 =∑ 

𝑁

1

|𝜓𝑘⟩⟨𝜓𝑘| 

𝐾̃ = 𝑤 = 𝐾, 𝜌̃ = 𝜌, 𝜏̃ = 𝜏, ℰ̃𝐻𝐹(𝑤) = ℰ𝐻𝐹(𝐾).  

𝑖𝑤̇(𝑥, 𝑦, 𝑡) = 2𝐷𝑤‾ (𝑥,𝑦)ℰ̃
𝐻𝐹(𝑤(⋅, 𝑡)) = −[Δ𝑥 + Δ𝑦]𝑤(𝑥, 𝑦, 𝑡) + ⋯  

𝐷𝑤‾ (𝑥,𝑦): = 𝐷𝑤1(𝑥,𝑦) + 𝑖𝐷𝑤2(𝑥,𝑦) 

𝑤1(𝑥, 𝑦) = Re𝑤(𝑥, 𝑦) and 𝑤2(𝑥, 𝑦) = Im𝑤(𝑥, 𝑦) 

𝐻̃(𝑡):= −Δ + 𝑒𝑉𝑛(𝑥) + 𝑒𝑉̃𝑒(𝑥, 𝑡) + 𝑒𝒯̃(𝑡)

𝑉̃𝑒(𝑥, 𝑡) = ∫  
𝜌̃(𝑦, 𝑡)

|𝑥 − 𝑦|
𝑑𝑦, 𝒯̃(𝑡)𝜓(𝑥) = −∫  

𝜏̃(𝑥, 𝑦, 𝑡)

|𝑥 − 𝑦|
Ψ(𝑦)𝑑𝑦

 

𝑖𝑤̇(𝑡) = {𝐻̃(𝑡), 𝑤(𝑡)}:= 𝐻̃(𝑡)𝑤(𝑡) + 𝑤(𝑡)𝐻̃(𝑡)  

𝐻̃(𝑡):= 𝐻0 + 𝑉̃(𝑡), 𝐻0:= −Δ + 𝑒𝑉𝑛(𝑥) 𝑉̃(𝑡): = 𝑒𝑉̃𝑒(𝑥, 𝑡)  

ℰ̃𝑅𝐻𝐹(𝑤) =
1

2
tr[𝐻0𝐾̃(𝑡)] +

1

4
∫  
𝜌̃(𝑥)𝜌̃(𝑦)

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦  

𝑖𝑤̇(𝑡) = 2𝐷𝑤‾ ℰ̃
𝑅𝐻𝐹(𝑤(⋅, 𝑡)), 𝑡 ∈ ℝ  

‖𝑤‖𝐇𝑠
2 = ∑  

|𝛼|≤𝑠

 ∫  |𝜕(𝑥,𝑦)
𝛼 𝑤(𝑥, 𝑦)|

2
𝑑𝑥𝑑𝑦  

𝜕𝑥
𝛼𝑤 ∈ ℒ2𝑤𝜕𝑥

𝛼 ∈ ℒ2|𝛼| ≤ s 

𝑤(⋅) ∈ 𝑋:= 𝐶𝑠
1(ℝ,𝐇0) ∩ 𝐶(ℝ,𝐇2) 

𝑖𝑤̇(𝑡) = {𝐻̃(𝑡), 𝑤(𝑡)}, 𝑡 ∈ ℝ  

2𝐷𝑤‾ 𝒪̃
𝑅𝐻𝐹(𝑤) = {𝐻̃,𝑤} ∈ 𝐇0, 𝑤 ∈ 𝐇2  

𝐻̃ = 𝐻0 + 𝑒𝑉̃𝑒(𝑥) 
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𝑉̃𝑒(𝑥):= ∫  
𝜌̃(𝑦)

|𝑥 − 𝑦|
𝑑𝑦 

 

𝐾(𝑡): = 𝑤(𝑡)𝑤∗(𝑡) 

𝑤(⋅) ∈ 𝑋 

−𝑖𝑤̇∗(𝑡) = 𝑤∗(𝑡)𝐻̃(𝑡) + 𝐻̃(𝑡)𝑤∗(𝑡) 

𝑖𝐾̇(𝑡) = 𝑖[𝑤̇(𝑡)𝑤∗(𝑡) + 𝑤(𝑡)𝑤̇∗(𝑡)] = [𝐻̃𝑤 + 𝑤𝐻̃]𝑤∗ −𝑤[𝑤∗𝐻̃ + 𝐻̃𝑤∗] = [𝐻̃(𝑡), 𝐾(𝑡)]  

𝑉̃𝑒(𝑥) = ∫  
𝜌̃(𝑦)

|𝑥 − 𝑦|
𝑑𝑦 =

1

2
∫  
∫  [𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧) + 𝑤‾ (𝑧, 𝑦)𝑤(𝑧, 𝑦)]𝑑𝑧

|𝑥 − 𝑦|
𝑑𝑦  

sup
𝑥∈ℝ3

 |𝑉̃𝑒(𝑥)| ≤ 𝐶‖𝑤‖𝐇0‖𝑤‖𝐇1  

𝑉̃𝑒(𝑥, 𝑧) =
1

2
∫  
𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧) + 𝑤‾ (𝑧, 𝑦)𝑤(𝑧, 𝑦)

|𝑥 − 𝑦|
𝑑𝑦  

|𝑉̃𝑒(𝑥, 𝑧)| ≤ 𝐶(‖𝑤(⋅, 𝑧)‖ ⋅ ‖∇1𝑤(⋅, 𝑧)‖ + ‖𝑤(𝑧,⋅)‖ ⋅ ‖∇2𝑤(𝑧,⋅)‖)  

𝐹(𝑤) = {𝑉̃𝑒 , 𝑤}  

‖𝐹(𝑤) − 𝐹(𝑤′)‖𝐇0 ≤ 𝐶(‖𝑤‖𝐇1
2 + ‖𝑤′‖𝐇1

2 )‖𝑤 −𝑤′‖𝐇0 .  

𝐹1(𝑤) = 𝑤∫  
∫  𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧)𝑑𝑧

|𝑥 − 𝑦|
𝑑𝑦  

𝐹1(𝑤) − 𝐹1(𝑤
′) = (𝑤 − 𝑤′)∫  

∫  𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧)𝑑𝑧

|𝑥 − 𝑦|
𝑑𝑦 + 𝑤′∫  

∫  [𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧) − 𝑤′(𝑦, 𝑧)𝑤‾ ′(𝑦, 𝑧)]𝑑𝑧

|𝑥 − 𝑦|
𝑑𝑦 

𝐼(𝑥, 𝑧)= ∫  
𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧) − 𝑤′(𝑦, 𝑧)𝑤‾ ′(𝑦, 𝑧)

|𝑥 − 𝑦|
 𝑑𝑦

= ∫  
𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧) − 𝑤′(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧) + 𝑤′(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧) − 𝑤′(𝑦, 𝑧)𝑤‾ ′(𝑦, 𝑧)

|𝑥 − 𝑦|
𝑑𝑦 

 ≤ 𝐶(‖∇1𝑤(⋅, 𝑧)‖ ⋅ ‖𝑤(⋅, 𝑧) − 𝑤
′(⋅, 𝑧)‖ + ‖∇1𝑤

′(⋅, 𝑧)‖ ⋅ ‖𝑤(⋅, 𝑧) − 𝑤′(⋅, 𝑧)‖)

 

sup
𝑥∈ℝ3

 ∫  |𝐼(𝑥, 𝑧)|𝑑𝑧 ≤ 𝐶(‖𝑤‖𝐇1 + ‖𝑤
′‖𝐇1)‖𝑤 − 𝑤

′‖𝐇0 .  

‖𝐹(𝑤)‖𝐇2  ≤ 𝐶𝐹‖𝑤‖𝐇1
2 ‖𝑤‖𝐇2

‖𝐹(𝑤) − 𝐹(𝑤′)‖𝐇2  ≤ 𝐶𝐹(‖𝑤‖𝐇2
2 + ‖𝑤′‖𝐇2

2 )‖𝑤 − 𝑤′‖𝐇2
 

‖𝐹1(𝑤)‖𝐇0‖Δ𝐹1(𝑤)‖𝐇0‖𝐹1(𝑤)Δ‖𝐇0 

𝐹𝑧 = 𝑤∫  
𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧)

|𝑥 − 𝑦|
𝑑𝑦.  
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𝐹𝑧(𝑥, 𝑦
′) = 𝑤(𝑥, 𝑦′)∫  

𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧)

|𝑦′ − 𝑦|
𝑑𝑦  

Δ𝑦′𝐹𝑧(𝑥, 𝑦
′) = Δ2𝐹𝑧(𝑥, 𝑦

′) 

Δ2𝐹𝑧(𝑥, 𝑦
′)= 4𝜋𝑤(𝑥, 𝑦′) ⋅ 𝑤(𝑦′, 𝑧)𝑤‾ (𝑦′, 𝑧)  

 +2∇2𝑤∫  
∇1𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧)

|𝑥 − 𝑦|
𝑑𝑦 + 2∇2𝑤∫  

𝑤(𝑦, 𝑧)∇1𝑤‾ (𝑦, 𝑧)

|𝑥 − 𝑦|
𝑑𝑦 + Δ2𝑤∫  

𝑤(𝑦, 𝑧)𝑤‾ (𝑦, 𝑧)

|𝑥 − 𝑦|
𝑑𝑦.

 

𝐾𝑧(𝑥, 𝑦
′) = 4𝜋𝑤(𝑥, 𝑦′)𝑤(𝑦′, 𝑧)𝑤‾ (𝑦′, 𝑧).  

∫  |𝐾𝑧(𝑥, 𝑦
′)|2𝑑𝑦′≤ 𝐶‖𝑤(𝑥,⋅)‖𝐿6

2 ‖𝑤(⋅, 𝑧)‖𝐿6(ℝ3)
2 ‖𝑤‾ (⋅, 𝑧)‖𝐿6(ℝ3)

2  

 ≤ 𝐶‖𝑤(𝑥,⋅)‖𝐻1(ℝ3)
2 ‖𝑤(⋅, 𝑧)‖𝐻1(ℝ3)

2 ‖𝑤‾ (⋅, 𝑧)‖𝐻1(ℝ3)
2 ⋅

 

‖𝐾𝑧‖𝐇0 ≤ 𝐶‖𝑤‖𝐇1(ℝ3)‖𝑤(⋅, 𝑧)‖𝐻1(ℝ3)‖𝑤‾ (⋅, 𝑧)‖𝐻1(ℝ3).  

‖𝐹1(𝑤) − 𝐹1(𝑤
′)‖𝐇2 ∼ ‖𝐹1(𝑤) − 𝐹1(𝑤

′)‖𝐇0 + ‖Δ[𝐹1(𝑤) − 𝐹1(𝑤
′)]‖𝐇0 + ‖[𝐹1(𝑤) − 𝐹1(𝑤

′)]Δ‖𝐇0 .  

𝑖𝑤̇(𝑡) = {𝐻0, 𝑤(𝑡)} + {𝑉̃(𝑡), 𝑤(𝑡)}.  

𝑤(𝑡) = 𝑈0(𝑡)𝐶(𝑡)𝑈0(𝑡), 𝑡 ∈ ℝ,  

𝑈0(𝑡):= exp (−𝑖𝐻0𝑡) 

𝑤̇(𝑡) = {𝐻0, 𝑤(𝑡)} + 𝑈0(𝑡)𝐶̇(𝑡)𝑈0(𝑡).  

𝑖𝑈0(𝑡)𝐶̇(𝑡)𝑈0(𝑡) = {𝑉̃(𝑡), 𝑤(𝑡)}.  

𝐶(𝑡) = 𝐶(0) − 𝑖 ∫  
𝑡

0

 𝑈0(−𝑠){𝑉̃(𝑠), 𝑤(𝑠)}𝑈0(−𝑠)𝑑𝑠  

𝑤(𝑡) = 𝑈0(𝑡)𝑤(0)𝑈0(𝑡) − 𝑖 ∫  
𝑡

0

 𝑈0(𝑡 − 𝑠){𝑉̃(𝑠), 𝑤(𝑠)}𝑈0(𝑡 − 𝑠)𝑑𝑠, 𝑡 ∈ ℝ  

{𝑉̃(𝑡), 𝑤(𝑡)} ∈ 𝐶(ℝ,𝐇2)  

𝑋𝜀: = 𝐶𝑠
1(−𝜀, 𝜀;𝐇0) ∩ 𝐶(−𝜀, 𝜀;𝐇2) 

𝜀 = 𝜀(𝐶𝐹 , ‖𝑤(0)‖𝐇2) > 0 

 

𝜀 = 𝜀(𝐶𝐹 , ‖𝑤(0)‖𝐇2) > 0 

𝑤(⋅) ∈ 𝐶𝑠
1(−𝜀, 𝜀; 𝐇0).  

‖𝑈̇0(𝑡)𝑤(0)𝑈0(𝑡)‖𝐇0 + ‖𝑈0(𝑡)𝑤(0)𝑈̇0(𝑡)‖𝐇0 ∼ ‖𝑈0(𝑡)𝐻̃0𝑤(0)𝑈0(𝑡)‖𝐇0 + ‖𝑈0(𝑡)𝑤(0)𝐻̃0𝑈0(𝑡)‖𝐇0 

{𝑉̃(𝑡), 𝑤(𝑡)} ∈ 𝐶(−𝜀, 𝜀; 𝐇2)  
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ℰ̃𝐻𝐹(𝑤(𝑡)) =  const , 𝑡 ∈ ℝ  

ℰ̃𝑅𝐻𝐹(𝑤(𝑡)) =
1

4
tr[𝐻0𝑤(𝑡)𝑤

∗(𝑡) + 𝐻0𝑤
∗(𝑡)𝑤(𝑡)] +

1

4
∫  
𝜌̃(𝑥, 𝑡)𝜌̃(𝑦, 𝑡)

|𝑥 − 𝑦|
𝑑𝑥𝑑𝑦  

ℰ̇𝑅𝐻𝐹(𝑤(𝑡))=
1

4
tr[𝑤∗(𝑡)𝐻0𝑤̇(𝑡) + 𝐻0𝑤(𝑡)𝑤̇

∗(𝑡) + 𝑤(𝑡)𝐻0𝑤̇
∗(𝑡) + 𝐻0𝑤

∗(𝑡)𝑤̇(𝑡)] +
1

2
⟨𝑉̃𝑒(𝑥, 𝑡), 𝜌̇̃(𝑥, 𝑡)⟩ 

 =
1

4
tr[{𝐻0, 𝑤(𝑡)}𝑤̇

∗(𝑡) + {𝐻0, 𝑤
∗(𝑡)}𝑤̇(𝑡)] +

1

2
⟨𝑉̃𝑒(𝑥, 𝑡), 𝜌̇̃(𝑥, 𝑡)⟩

 

1

2
⟨𝑉̃𝑒(𝑥, 𝑡), 𝜌̇̃(𝑥, 𝑡)⟩ =

1

4
tr[𝑉̃(𝑡)(𝑤̇(𝑡)𝑤∗(𝑡) + 𝑤(𝑡)𝑤̇∗(𝑡) + 𝑤̇∗(𝑡)𝑤(𝑡) + 𝑤∗(𝑡)𝑤̇(𝑡))]

 =
1

4
tr[{𝑉̃(𝑡), 𝑤(𝑡)}𝑤̇∗(𝑡) + {𝑉̃(𝑡), 𝑤∗(𝑡)}𝑤̇(𝑡)]

 

Δℰ̃𝑅𝐻𝐹(𝑡):= ℰ̃𝑅𝐻𝐹(𝑤(𝑡 + Δ𝑡)) − ℰ̃𝑅𝐻𝐹(𝑤(𝑡)) 

Δ𝑤(𝑡):= 𝑤(𝑡 + Δ𝑡) − 𝑤(𝑡) 

ℰ̇𝑅𝐻𝐹(𝑤(𝑡)) =
1

4
tr[{𝐻0 + 𝑉̃(𝑡), 𝑤

∗(𝑡)}𝑤̇(𝑡) + {𝐻0 + 𝑉̃(𝑡), 𝑤(𝑡)}𝑤̇
∗(𝑡)]  

𝑤̇(𝑡) = −𝑖{𝐻0 + 𝑉̃(𝑡), 𝑤(𝑡)} 

𝑤̇∗(𝑡) = 𝑖{𝐻0 + 𝑉̃(𝑡), 𝑤
∗(𝑡)} 

{𝐻0 + 𝑉̃(𝑡), 𝑤(𝑡)} and {𝐻0 + 𝑉̃(𝑡), 𝑤
∗(𝑡)} 

𝑄(𝑡):= ∫  𝜌̃(𝑥, 𝑡)𝑑𝑥 =  const , 𝑡 ∈ ℝ  

𝑄(𝑡) = 𝑒tr𝐾̃(𝑡) = 𝑒tr𝑤(𝑡)𝑤∗(𝑡) = 𝑒tr𝐶(𝑡)𝐶∗(𝑡) 

𝑖𝐶̇(𝑡) = 𝑉𝐿(𝑡)𝐶(𝑡) + 𝐶(𝑡)𝑉𝑅(𝑡), 𝑉𝐿(𝑡) = 𝑈0
∗(𝑡)𝑉̃(𝑡)𝑈0(𝑡), 𝑉𝑅(𝑡) = 𝑈0(𝑡)𝑉̃(𝑡)𝑈0

∗(𝑡)  

𝑉𝐿(𝑡), 𝑉𝑅(𝑡) ∈ 𝐶𝑠(ℝ, ℒ) 

𝑉̃𝑒(𝑥, 𝑡 + Δ𝑡) − 𝑉̃𝑒(𝑥, 𝑡) 

ℒ = ℒ(𝐿2, 𝐿2) − 𝑖𝐶̇∗(𝑡) = 𝐶∗(𝑡)𝑉𝐿(𝑡) + 𝑉𝑅(𝑡)𝐶
∗(𝑡) 

𝑖
𝑑

𝑑𝑡
[𝐶(𝑡)𝐶∗(𝑡)] = [𝑉𝐿(𝑡), 𝐶(𝑡)𝐶

∗(𝑡)]  

‖𝑤(𝑡)‖𝐇0 = const 

‖𝑤(𝑡)‖ = const, 𝑡 ∈ ℝ  

𝑖𝑈̇𝐿(𝑡, 𝑠) = 𝑉𝐿(𝑡)𝑈𝐿(𝑡, 𝑠), 𝑡, 𝑠 ∈ ℝ; 𝑈𝐿(𝑠, 𝑠) = 𝐼

𝑖𝑈̇𝑅(𝑡, 𝑠) = 𝑈𝑅(𝑡, 𝑠)𝑉𝑅(𝑡), 𝑡, 𝑠 ∈ ℝ; 𝑈𝑅(𝑠, 𝑠) = 𝐼
 

𝑈𝐿(𝑡, 𝑠)𝑈𝐿(𝑠, 𝑟) = 𝑈𝐿(𝑡, 𝑟), 𝑈𝑅(𝑡, 𝑠)𝑈𝑅(𝑠, 𝑟) = 𝑈𝑅(𝑡, 𝑟), 𝑡, 𝑠, 𝑟 ∈ ℝ  
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𝑉𝐿(𝑡), 𝑉𝑅(𝑡) ∈ 𝐶(ℝ, ℒ) 

𝑉𝐿(𝑡), 𝑉𝑅(𝑡)𝑈̇𝐿
∗(𝑡, 𝑠) = 𝑖𝑈𝐿

∗(𝑡, 𝑠)𝑉𝐿(𝑡) 

𝑑

𝑑𝑡
[𝑈𝐿

∗(𝑡, 𝑠)𝑈𝐿(𝑡, 𝑠)] = 𝑈̇𝐿
∗(𝑡, 𝑠)𝑈𝐿(𝑡, 𝑠) + 𝑈𝐿

∗(𝑡, 𝑠)𝑈̇𝐿(𝑡, 𝑠)

 = 𝑖𝑈𝐿
∗(𝑡, 𝑠)𝑉𝐿(𝑡, 𝑠)𝑈𝐿(𝑡, 𝑠) − 𝑖𝑈𝐿

∗(𝑡, 𝑠)𝑉𝐿(𝑡)𝑈𝐿(𝑡, 𝑠) = 0, 𝑡, 𝑠 ∈ ℝ
 

𝑈𝐿
∗(𝑡, 𝑠)𝑈𝐿(𝑡, 𝑠) = 𝑈𝐿

∗(𝑠, 𝑠)𝑈𝐿(𝑠, 𝑠) = 𝐼 

𝑤(𝑡) = 𝑈0(𝑡)𝑈𝐿(𝑡)𝑈0
∗(𝑡)𝑤(0)𝑈0

∗(𝑡)𝑈𝑅(𝑡)𝑈0(𝑡), 𝑡 ∈ ℝ  

‖𝑤(𝑡)‖𝐇1  ≤ 𝐶1,

‖𝑤(𝑡)‖𝐇2  ≤ 𝐶2𝑒
𝐶3|𝑡|, 𝑡 ∈ (−𝜀, 𝜀)

𝑡 ∈ (−𝜀, 𝜀)

 

‖𝑤(𝑡)‖𝐇2 ≤ 𝐶 [‖𝑤(0)‖𝐇2 +∫  
𝑡

0

 ‖{𝑉̃(𝑠), 𝑤(𝑠)}‖𝐇2𝑑𝑠] , 𝑡 ∈ (−𝜀, 𝜀)  

‖𝑤(𝑡)‖𝐇2 ≤ 𝐶 [‖𝑤(0)‖𝐇2 + 𝐶𝐹∫  
𝑡

0

 ‖𝑤(𝑠)‖𝐇1
2 ‖𝑤(𝑠)‖𝐇2] 𝑑𝑠, 𝑡 ∈ (−𝜀, 𝜀)  

𝑤(𝑡) =∑  

𝑁

1

|𝜓𝑘(𝑡)⟩⟨𝜓𝑘(𝑡)| 

𝐸𝐻𝐹 = min{ℰ̃𝐻𝐹(𝑤): ‖𝑤‖ ≤ 1, tr𝑤𝑤∗ = 𝑁}  

ℰ̃𝐻𝐹(𝑤) = ℰ𝐻𝐹(𝐾̃) 

𝐾̃: =
1

2
[𝑤𝑤∗ +𝑤∗𝑤] ≥ 0 

tr𝐾̃: = tr𝑤𝑤∗ = tr𝑤∗𝑤 = 𝑁 

‖𝑤(0)‖ ≤ 1 

𝐾̃(𝑡): =
1

2
[𝑤(𝑡)𝑤∗(𝑡) + 𝑤∗(𝑡)𝑤(𝑡)] 

𝐾(𝑡): = 𝑤(𝑡)𝑤∗(𝑡) 

𝐾̃(𝑡) ≥ 0, 𝐾(𝑡) ≥ 0  

tr𝐾̃(𝑡) = tr𝐾(𝑡) 

tr𝐾̃(𝑡) = tr𝐾(𝑡) = 𝑁  

‖𝐾̃(𝑡)‖ ≤ 1, ‖𝐾(𝑡)‖ ≤ 1, 𝑡 ∈ ℝ  

‖𝑤(𝑡)‖𝐾(𝑡): = 𝑤(𝑡)𝑤∗(𝑡) 
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𝐼1 = −
1

4
[⟨Δ𝑥𝑤(𝑥, 𝑦), 𝑤(𝑥, 𝑦)⟩ + ⟨Δ𝑦𝑤(𝑥, 𝑦), 𝑤(𝑥, 𝑦)⟩ 

𝐷𝑤‾ (𝑥,𝑦)𝐼1 = −
1

2
[Δ𝑥𝑤(𝑥, 𝑦) + Δ𝑦𝑤(𝑥, 𝑦)]  

𝐼2 =
𝑒

4
∬ [𝑉𝑛(𝑥) + 𝑉𝑛(𝑦)]|𝑤(𝑥, 𝑦)|

2𝑑𝑥𝑑𝑦 

𝐷𝑤‾ (𝑥,𝑦)𝐼2 =
𝑒

2
[𝑉𝑛(𝑥) + 𝑉𝑛(𝑦)]𝑤(𝑥, 𝑦)  

𝐼3 =
1

4
∬ 

𝜌̃(𝑥′)𝜌̃(𝑦′)

|𝑥′ − 𝑦′|
𝑑𝑥′𝑑𝑦′ 

𝐷𝑤‾ (𝑥,𝑦)𝐼2 =
1

2
∬ 

𝜌̃(𝑦′)

|𝑥′ − 𝑦′|
𝐷𝑤‾ (𝑥,𝑦)𝜌̃(𝑥

′)𝑑𝑥′𝑑𝑦′  

𝐷𝑤‾ (𝑥,𝑦)[𝜌̃(𝑥
′)] =

𝑒

2
𝐷𝑤‾ (𝑥,𝑦)∫  [𝑤(𝑥

′, 𝑧)𝑤(𝑥′, 𝑧) + 𝑤(𝑧, 𝑥′)𝑤(𝑧, 𝑥′)] 𝑑𝑧

 = 𝑒[𝜹(𝑥′ − 𝑥)𝑤(𝑥′, 𝑦) + 𝜹(𝑥′ − 𝑦)𝑤(𝑥, 𝑥′)]
 

𝐷𝑤‾ (𝑥,𝑦)𝐼2=
𝑒

2
∬  

𝜌̃(𝑦′)

|𝑥′ − 𝑦′|
[𝛿(𝑥′ − 𝑥)𝑤(𝑥′, 𝑦) + 𝛿(𝑥′ − 𝑦)𝑤(𝑥, 𝑥′)]𝑑𝑥′𝑑𝑦′ 

 =
𝑒

2
∫  

𝜌̃(𝑦′)

|𝑥 − 𝑦′|
𝑤(𝑥, 𝑦)𝑑𝑦′ +

𝑒

2
∫  

𝜌̃(𝑦′)

|𝑦 − 𝑦′|
𝑤(𝑥, 𝑦)𝑑𝑥′

 

𝑉̃(𝑥) = ∫  
𝜌̃(𝑦)

|𝑥 − 𝑦|
𝑑𝑦  

𝐼4 = −
1

4
∬ 

|𝜏̃(𝑥′, 𝑦′)|2

|𝑥′ − 𝑦′|
𝑑𝑥′𝑑𝑦′ 

𝐷𝑤‾ (𝑥,𝑦)𝐼4 = −
1

4
∬ 

𝜏̃(𝑥′, 𝑦′)𝐷𝑤‾ (𝑥,𝑦)𝜏̃(𝑦
′, 𝑥′) + 𝜏̃(𝑦′, 𝑥′)𝐷𝑤‾ (𝑥,𝑦)𝜏̃(𝑥

′, 𝑦′)

|𝑥′ − 𝑦′|
𝑑𝑥′𝑑𝑦′  

𝐷𝑤‾ (𝑥,𝑦)𝜏̃(𝑥
′, 𝑦′)=

𝑒

2
𝐷𝑤‾ (𝑥,𝑦)∫  [𝑤(𝑥

′, 𝑧)𝑤(𝑦′, 𝑧) + 𝑤(𝑧, 𝑥′)𝑤(𝑧, 𝑦′)]  𝑑𝑧

 = 𝑒[𝜹(𝑦′ − 𝑥)𝑤(𝑥′, 𝑦) + 𝜹(𝑥′ − 𝑦)𝑤(𝑥, 𝑦′)]
 

𝐷𝑤‾ (𝑥,𝑦)𝐼4 =−
𝑒

4
∬ 

𝜏̃(𝑥′, 𝑦′)[𝛿(𝑥′ − 𝑥)𝑤(𝑦′, 𝑦) + 𝛿(𝑦′ − 𝑦)𝑤(𝑥, 𝑥′)]

|𝑥′ − 𝑦′|
𝑑𝑥′𝑑𝑦′ 

−
𝑒

4
∬ 

𝜏̃(𝑦′, 𝑥′)[𝛿(𝑦′ − 𝑥)𝑤(𝑥′, 𝑦) + 𝛿(𝑥′ − 𝑦)𝑤(𝑥, 𝑦′)]

|𝑥′ − 𝑦′|
𝑑𝑥′𝑑𝑦′ 

=−
𝑒

4
∬ 

𝜏̃(𝑥, 𝑦′)𝑤(𝑦′, 𝑦)

|𝑥 − 𝑦′|
𝑑𝑦′ −

𝑒

4
∬ 

𝜏̃(𝑥′, 𝑦)𝑤(𝑥, 𝑥′)

|𝑥′ − 𝑦|
𝑑𝑥′  

−
𝑒

4
∬ 

𝜏̃(𝑥, 𝑥′)𝑤(𝑥′, 𝑦)

|𝑥′ − 𝑥|
𝑑𝑥′ −

𝑒

2
∬ 

𝜏̃(𝑦′, 𝑦)𝑤(𝑥, 𝑦′)

|𝑦 − 𝑦′|
 𝑑𝑦′

= −
𝑒

2
∬  

𝜏̃(𝑥, 𝑦′)𝑤(𝑦′, 𝑦)

|𝑥 − 𝑦′|
𝑑𝑦′ −

𝑒

2
∬ 

𝜏̃(𝑥′, 𝑦)𝑤(𝑥, 𝑥′)

|𝑥′ − 𝑦|
𝑑𝑥′
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𝐸𝑔𝑠: = inf{𝜔(ℍ):𝜔 ∈ 𝒵}. 

𝐸𝐻𝐹𝐵: = inf{𝜔(ℍ):𝜔 ∈ 𝒵qf}. 

𝒟:= {(
𝛾 𝛼
𝛼∗ 𝟏 − 𝛾‾) ∈ B(ℌ⊕ℌ): 0 ≤ (

𝛾 𝛼
𝛼∗ 𝟏 − 𝛾‾) ≤ 𝟏ℌ⊕ℌ, 𝛾 = 𝛾

∗ ∈  B1(ℌ), 𝛼
𝑇 = −𝛼}, 

𝐸𝐻𝐹𝐵 = inf{ℰ(Γ): Γ ∈ 𝒟}  

UBog : = {(
𝑢 𝑣
𝑣‾ 𝑢‾

) ∈ U(ℌ⊕ℌ): 𝑣 ∈  B2(ℌ)} 

UBog ×𝒟 → 𝒟,𝑈 ⋅ Γ = 𝑈Γ𝑈∗, 𝑈 ∈ UBog, Γ ∈ 𝒟 

𝒪(Γ): = {𝑈Γ𝑈∗: 𝑈 ∈ UBog} 

𝔲Bog : = {(
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) ∈ B(ℌ⊕ℌ): 𝑥1 = −𝑥1
∗, 𝑥2 = −𝑥2

𝑇 ∈  B2(ℌ)} 

‖(
𝑥1 𝑥2
𝑥‾2 𝑥‾1

)‖
res 
: = 2max{‖𝑥1‖, ‖𝑥2‖2} 

𝒪(Γ) ≃ UBog /UBog 
Γ  

𝒪(Γ) ⊆ 𝑖𝔲Bog + (
0 0
0 1

) := 𝑖𝔲Bog + 𝑃− 

𝑠Γ(𝑋, 𝑌): = Tr(𝑋[𝑖Γ, 𝑌]) 

UBog := {(
𝑢 𝑣
𝑣‾ 𝑢‾

) ∈ U(ℌ⊕ℌ): 𝑣 ∈  B2(ℌ)}. 

𝐼0 (∑  

𝑘≥1

 𝜇𝑘𝜑𝑘) =∑  

𝑘≥1

𝜇‾𝑘𝜑𝑘 

𝐷:= 𝑃+ − 𝑃− = (
𝟏 0
0 −𝟏

) 

B2(ℌ⊕ ℌ,𝐷)∶= {𝑋 ∈  B(ℌ⊕ℌ): [𝑋, 𝐷] ∈ B2(ℌ⊕ℌ)}

 = {(
𝑥11 𝑥12
𝑥21 𝑥22

) ∈ B(ℌ⊕ℌ): 𝑥12, 𝑥21 ∈  B2(ℌ)} .
 

‖𝑋‖res : = 2max{‖𝑥11‖, ‖𝑥22‖, ‖𝑥12‖2, ‖𝑥21‖2}, 

UBog ⊆ B2(ℌ⊕ ℌ,𝐷) 

‖𝑈𝑋‖res ≠ ‖𝑋‖res  and ‖𝑋𝑈‖res ≠ ‖𝑋‖res  

𝑈 ∈ UBog  and 𝑋 ∈  B2(ℌ⊕ℌ,𝐷) 

𝐼:= (
0 𝐼0
𝐼0 0

) .  

⟨(𝑓1, 𝑓2), 𝐼(𝑔1, 𝑔2)⟩ = ⟨(𝑔1, 𝑔2), 𝐼(𝑓1, 𝑓2)⟩ 



 

pág. 13389 

(𝑓1, 𝑓2), (𝑔1, 𝑔2) ∈ ℌ⊕ℌ 

GL2(ℌ⊕ ℌ, 𝐼, 𝐷)∶= {𝐺 ∈ GL(ℌ⊕ℌ): 𝐺−1 = 𝐼𝐺∗𝐼, [𝐺, 𝐷] ∈ B2(ℌ⊕ ℌ)}

 = {(
𝑔11 𝑔12
𝑔21 𝑔22

) ∈ GL(ℌ⊕ℌ): (
𝑔11 𝑔12
𝑔21 𝑔22

)
−1

= (
𝑔22
𝑇 𝑔12

𝑇

𝑔21
𝑇 𝑔11

𝑇 ) , 𝑔12, 𝑔21 ∈  B2(ℌ)}
 

UBog = {𝑈 ∈ U(ℌ⊕ℌ):𝑈 = 𝐼𝑈𝐼, [𝑈, 𝐷] ∈ B2(ℌ⊕ℌ)} 

 = U(ℌ⊕ℌ) ∩ GL2(ℌ⊕ℌ, 𝐼, 𝐷)
 

𝔤𝔩2(ℌ⊕ ℌ, 𝐼, 𝐷):= {𝑋 ∈  B(ℌ⊕ℌ):𝑋 = −𝐼𝑋∗𝐼, [𝑋, 𝐷] ∈ B2(ℌ⊕ℌ)}  

 = {(
𝑥11 𝑥12
𝑥21 −𝑥11

𝑇 ) ∈ B(ℌ⊕ℌ): 𝑥12 = −𝑥12
𝑇 ∈  B2(ℌ), 𝑥21 = −𝑥21

𝑇 ∈  B2(ℌ)} .
 

𝔤𝔩2(ℌ⊕ ℌ, 𝐼, 𝐷)ℝ: = {𝑋 ∈ 𝔤𝔩2(ℌ⊕ ℌ, 𝐼, 𝐷): 𝑋∗ = −𝑋}. 

𝔤𝔩2(ℌ⊕ ℌ, 𝐼, 𝐷) 

𝐽0: ℌ
ℝ → ℌℝ, 𝐽0𝑓 = 𝑖𝑓GL(ℌ

ℝ) 

Ores(ℌ
ℝ):= {𝑂 ∈ GL(ℌℝ): 𝑂𝜏 = 𝑂−1, [𝑂, 𝐽0] ∈ B2(ℌ

ℝ)}. 

‖𝑂‖res : = max{‖𝑂‖, ‖[𝐽0, 𝑂]‖2}, 𝑂 ∈ Ores (ℌ
ℝ) 

𝔬res(ℌ
ℝ):= {𝐴 ∈  B(ℌℝ): 𝐴𝜏 = −𝐴, [𝐴, 𝐽0] ∈ B2(ℌ

ℝ)}. 

𝐴 ∈  B(ℌℝ) 

𝐴 ∈ 𝔬res (ℌ
ℝ) 

𝐴𝑎 ∈  B2(ℌ
ℝ) 

G:= GL2(ℌ⊕ℌ, 𝐼, 𝐷) and 𝔤:= 𝔤𝔩2(ℌ⊕ ℌ, 𝐼, 𝐷) 

𝔲Bog ∶= {𝑋 ∈ 𝔲(ℌ⊕ℌ):𝑋 = 𝐼𝑋𝐼, [𝑋, 𝐷] ∈ B2(ℌ⊕ ℌ)}

 = {(
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) ∈ B(ℌ⊕ℌ): 𝑥1 = −𝑥1
∗, 𝑥2 = −𝑥2

𝑇 ∈  B2(ℌ)} = 𝔤ℝ
 

‖(
𝑢 𝑣
𝑣‾ 𝑢‾

)‖
res 
= 2max{‖𝑢‖, ‖𝑣‖2}  

𝑈 = (
𝑢 𝑣
𝑣‾ 𝑢‾

) ∈ UBog 

Ξ:Ores (ℌ
ℝ) → UBog  

Ξ(𝑂) = (
𝑢 𝑣
𝑣‾ 𝑢‾

)  if and only if 𝑂 = 𝑢 + 𝑣𝐼0, 𝑢 = 𝑂𝑐 , 𝑣𝐼0 = 𝑂𝑎  

𝑖𝔤ℝ: = {𝑋 ∈ 𝔤: 𝑋 = 𝑋
∗} 

UBog × 𝑖𝔤ℝ → G, (𝑈, 𝑋) ↦ 𝑈𝑒𝑋 

𝜋0(UBog) = ℤ2 
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indUBog 
: UBog → ℤ2, indUBog 

((
𝑢 𝑣
𝑣‾ 𝑢‾

)) = dimker(𝑢)(mod2). 

𝔲Bog = {𝑋 ∈ 𝔤: 𝑒
𝑡𝑋 ∈ UBog , ∀𝑡 ∈ ℝ} 

𝔲Bog = 𝔤ℝ: = {𝑋 ∈ 𝔤: 𝑋
∗ = −𝑋} 

𝑖𝔤ℝ: = {𝑋 ∈ 𝔤: 𝑋
∗ = 𝑋} 

0 ∈ 𝒲 ⊆ 𝔤, 1 = 𝟏ℌ⊕ℌ ∈ 𝒱 ⊆ G 

exp (𝒲 ∩ 𝔲Bog ) = 𝒱 ∩ UBog  

𝑋 = log (𝑈) =∑  

𝑛≥1

(−1)𝑛+1
(𝑈 − 𝟏)𝑛

𝑛
∈  B2(ℌ⊕ ℌ,𝐷) 

ℌℂ: = (ℌ
ℝ)
ℂ
 

ℌℂ = ℌ
ℝ × ℌℝ 

ℌℂ = ℌℂ
+⊕ℌℂ

− 

𝑈:ℌ → ℌℂ
+, 𝑈𝑓 =

1

√2
(𝑓, −𝑖𝑓) 

𝐶:ℌℂ → ℌℂ, 𝐶((𝑓, 𝑔)) = (𝑓,−𝑔) 

ℌℝ ≅ ℌℝ × {0} = {(𝑓, 𝑔) ∈ ℌℂ: 𝐶((𝑓, 𝑔)) = (𝑓, 𝑔)} 

𝐶ℌℂ
± = ℌℂ

∓ 

ℌ⊕ℌ and ℌℂ = ℌℂ
+⊕ℌℂ

− 

𝑇: ℌ⊕ℌ → ℌℂ, 𝑇((𝑓, 𝑔)) = 𝑈𝑓 + 𝐶𝑈𝐼0𝑔 =
1

√2
(𝑓 + 𝑔‾, 𝑖(𝑔‾ − 𝑓)) 

B(ℌ⊕ℌ) → B(ℌℂ), 𝑋 ↦ Ad𝑇𝑋 = 𝑇𝑋𝑇
−1 

Ores(ℌ
ℝ) → {𝑈 ∈ U(ℌℂ): 𝑈𝐶 = 𝐶𝑈, [𝑈, 𝐽] ∈ B2(ℌℂ)}, 𝑂 ↦ 𝑂ℂ. 

Ξ:Ores(ℌ
ℝ) → UBog, Ξ(𝑂) = 𝑇

−1𝑂ℂ𝑇  

indOres 
: Ores (ℌ

ℝ) → ℤ2, indOres 
(𝑂) = dimℂker(𝑂 − 𝐽0𝑂𝐽0)(mod2) 

indUBog 
(𝑈) = indOres 

(Ξ−1(𝑈)) 

𝑊Γ𝑊∗ = (
Λ 0
0 𝟏 − Λ

) 

𝑝𝑖𝑝𝑗 = 𝛿𝑖𝑗𝑝𝑖 , dim(ran(𝑝𝑖)):= 𝑚𝑖 < ∞ 
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Λ =∑  

𝑟

𝑖=1

𝜆𝑖𝑝𝑖 

𝜆𝑖 ∈ (0,
1

2
] , 𝑖 ≥ 1, 𝜆𝑖 ≠ 𝜆𝑗 if 𝑖 ≠ 𝑗 and ∑  𝑟

𝑖=1 𝑚𝑖𝜆𝑖 < ∞ 

𝜎(Γ) = {0,1} ∪ {𝜆𝑖}𝑖=1
𝑟 ∪ {1 − 𝜆𝑖}𝑖=1

𝑟  

𝜎(Γ) = 𝜎𝑝(Γ) ∪ 𝜎𝑒𝑠𝑠(Γ) 

𝜎𝑝(Γ) = {𝜆𝑖}𝑖=1
𝑟 ∪ {1 − 𝜆𝑖}𝑖=1

𝑟  and 𝜎ess (Γ) = {0,1} 

𝑈 ⋅ Γ = 𝑈Γ𝑈∗, 𝑈 ∈ UBog, Γ ∈ 𝒟 

Γ = Γ[𝛾, 𝛼], 𝑈 = (
𝑢 𝑣
𝑣‾ 𝑢‾

) 

𝑈 ⋅ Γ = (
𝑢𝛾𝑢∗ + 𝑣𝛼∗𝑢∗ + 𝑢𝛼𝑣∗ + 𝑣(𝟏 − 𝛾‾)𝑣∗ 𝑢𝛾𝑣‾∗ + 𝑣𝛼∗𝑣‾∗ + 𝑢𝛼𝑢‾∗ + 𝑣(𝟏 − 𝛾‾)𝑢‾∗

𝑣‾𝛾𝑢∗ + 𝑢‾𝛼∗𝑢∗ + 𝑣‾𝛼𝑣∗ + 𝑢‾(𝟏 − 𝛾‾)𝑣∗ 𝑣‾𝛾𝑣‾∗ + 𝑢‾𝛼∗𝑣‾∗ + 𝑣‾𝛼𝑢‾∗ + 𝑢‾(𝟏 − 𝛾‾)𝑢‾∗
)  

𝒪(Γ) = {𝑈Γ𝑈∗: 𝑈 ∈ UBog} 

UBog
Γ : = {𝑈 ∈ UBog: 𝑈Γ𝑈

∗ = Γ} 

𝔲Bog
Γ := {𝑋 ∈ 𝔲Bog: 𝑒

𝑡𝑋 ∈ UBog
Γ , ∀𝑡 ∈ ℝ}, 

𝔲Bog
Γ = {𝑋 ∈ 𝔲Bog: 𝑋Γ = Γ𝑋}  

(𝑡𝑋)𝑛Γ = Γ(𝑡𝑋)𝑛, 𝑛 ≥ 0 

𝑒𝑡𝑋Γ = Γ𝑒𝑡𝑋 

exp (𝒲 ∩ 𝔲Bog 
Γ ) = 𝒱 ∩ UBog 

Γ  

𝑈 = 𝑒𝑋 ∈ UBog 
Γ  

B2(ℌ⊕ ℌ,𝐷) 

𝑋 = log (𝑈) =∑  

𝑛≥1

(−1)𝑛+1
(𝑈 − 𝟏)𝑛

𝑛
 

(𝑈 − 𝟏)𝑛Γ = Γ(𝑈 − 𝟏)𝑛, 𝑛 ≥ 1 

 (𝑈)Γ = Γlog (𝑈) 

𝑊UBog 
Γ 𝑊∗ = UBog 

𝑊Γ𝑊∗
 

Λ =∑  

𝑟

𝑖=1

𝜆𝑖𝑝𝑖 

𝜎(Γ) = {0,1} ∪ {𝜆𝑖}𝑖=1
𝑟 ∪ {1 − 𝜆𝑖}𝑖=1

𝑟  
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𝑋 = (
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) ∈ 𝔲Bog  

𝑥1Λ = Λ𝑥1, 𝑥2(𝟏 − Λ) = Λ𝑥2  

𝑥1 =∑ 

𝑟

𝑖=0

𝑝𝑖𝑥1𝑝𝑖 

𝔲Bog
Γ = {(

𝑥1 0
0 𝑥‾1

) ∈ 𝔲Bog: 𝑥1 =∑ 

𝑟

𝑖=0

 𝑝𝑖𝑥1𝑝𝑖}, 

𝔲Bog 
Γ = {(

𝑥1 𝑥2
𝑥‾2 𝑥‾1

) ∈ 𝔲Bog : 𝑥1 =∑ 

𝑟

𝑖=0

 𝑝𝑖𝑥1𝑝𝑖, 𝑥2 = 𝑝1𝑥2𝑝1}. 

ℰΓ ((
𝑥1 𝑥2
𝑥‾2 𝑥‾1

)) =

{
 
 

 
 (∑ 

𝑟

𝑖=0

 𝑝𝑖𝑥1𝑝𝑖 0

0 ∑  

𝑟

𝑖=0

 𝑝𝑖𝑥‾1𝑝𝑖
)

 
 
 
  if 

1

2
∉ 𝜎(Γ), 

UBog
Γ = {(

𝑢 0
0 𝑢‾

) ∈ UBog: 𝑢 =∑  

𝑟

𝑖=0

 𝑝𝑖𝑢𝑝𝑖}  

UBog
Γ = {(

𝑢 𝑣
𝑣‾ 𝑢‾

) ∈ UBog: 𝑢 =∑  

𝑟

𝑖=0

 𝑝𝑖𝑢𝑝𝑖, 𝑣 = 𝑝1𝑣𝑝1}  

ℰΓ ((
𝑥1 𝑥2
𝑥‾2 𝑥‾1

)) =

{
 
 

 
 (∑ 

𝑟

𝑖=0

 𝑝𝑖𝑥1𝑝𝑖 0

0 ∑  

𝑟

𝑖=0

 𝑝𝑖𝑥‾1𝑝𝑖
)

 
 
 
  if 

1

2
∉ 𝜎(Γ),  

ℰΓ
2 = ℰΓ, ran(ℰΓ) = 𝔲Bog 

Γ , ‖ℰΓ‖ = sup
‖𝑋‖res =1

 ‖ℰΓ(𝑋)‖res = 1, and ℰΓ(𝑈𝑍𝑈
∗) = 𝑈ℰΓ(𝑍)𝑈

∗, 

𝑇Γ1𝒪(Γ) = {[𝑋, Γ1]: 𝑋 ∈ 𝔲Bog} 

‖[𝑋, Γ1]‖Γ1: = inf{‖𝑋 + 𝑌‖res : 𝑌Γ1 = Γ1𝑌} 

 

UBog 
+ := {𝑈 ∈ UBog : indUBog 

(𝑈) = 0} , UBog 
− : = {𝑈 ∈ UBog : indUBog 

(𝑈) = 1} 

𝒪(Γ) = UBog 
+ ⋅ Γ ∪ UBog 

− ⋅ Γ 

𝒪(Γ) = UBog
+ ⋅ Γ = UBog

− ⋅ Γ 
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𝒪(Γ) → UBog /UBog 
Γ ,𝑊Γ𝑊∗ ↦𝑊UBog 

Γ  

𝜋: UBog → 𝒪(Γ), 𝜋(𝑈) = 𝑈Γ𝑈∗ 

𝑇Γ1𝒪(Γ) = ran(𝑇𝑈𝜋) ≅ 𝔲Bog /𝔲Bog 
Γ1 ≅ {[𝑋, Γ1]: 𝑋 ∈ 𝔲Bog } 

𝔪Γ = ker(ℰΓ) 

𝔲Bog 
Γ ⊕𝔪Γ = 𝔲Bog  

ℰΓ(𝑈𝑋𝑈
∗) = 𝑈ℰΓ(𝑋)𝑈

∗ 

Ad𝑈(𝔪Γ) = 𝔪Γ 

ℰΓ = Ad𝑊∗𝑈 ∘ ℰΓ ∘ Ad𝑈∗𝑊 

𝑈𝔪Γ𝑈
∗ = 𝑊𝔪Γ𝑊

∗ 

{𝔪Γ1}Γ1∈𝒪(Γ)
𝔲Bog = 𝔪Γ1 ⊕𝔲Bog 

Γ1  

Ad𝑈(𝔪Γ1) = 𝔪Γ1 

ran(ℰΓ1) = 𝓊Bog 
Γ1  

ker(ℰΓ1) = 𝔪Γ1 

𝜋Γ1: UBog → 𝒪(Γ), 𝜋Γ1(𝑈) = 𝑈Γ1𝑈
∗ 

𝒱Γ1 ⊆ 𝒪(Γ), Γ1 ∈ 𝒱Γ1 

𝑠Γ1: 𝒱Γ1 → UBog  

𝜋Γ1 ∘ 𝑠Γ1 = id|𝒱Γ1  

𝐹:UBog → B(𝔲Bog ), 𝐹(𝑈) = 𝟏B (𝔲Bog )
− 𝑈ℰΓ(𝑈

∗ ⋅ 𝑈)𝑈∗ 

𝑓: 𝒪(Γ1) → B(𝔲Bog ), 𝑓(Γ
′) = 𝟏B(𝔲Bog )

− ℰΓ′ 

UBog 
+ ⋅ Γ = {𝑈Γ𝑈∗: 𝑈 ∈ UBog 

+ } 

 

𝜋Γ: UBog → 𝒪(Γ), 𝜋Γ(𝑈) = 𝑈Γ𝑈
∗ 

UBog 
+ ⋅ Γ𝒪(Γ) 

𝛿: [0,1] → 𝒪(Γ), 𝛿(0) = Γ and 𝛿(1) = Γ1 

Γ1 ∈ UBog 
+ ⋅ Γ 
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𝜋Γ′: UBog → 𝒪(Γ), 𝜋Γ′(𝑈) = 𝑈Γ
′𝑈∗ 

𝒱Γ′ ⊆ 𝒪(Γ), Γ
′ ∈ 𝒱Γ′ 

𝑠Γ′: 𝒱Γ′ → UBog  

𝜋Γ′ ∘ 𝑠Γ′ = id|𝒱Γ′
 

𝒱𝑖: = 𝒱𝛿(𝑡𝑖) 

𝑠𝑖: = 𝑠𝛿(𝑡𝑖) of 𝜋𝛿(𝑡𝑖), 𝑖 = 0,… , 𝑛 

𝛿([0,1]) ⊆⋃  

𝑛

𝑖=0

𝒱𝑖 

𝛿(𝑡𝑖): = Γ
(𝑖), 𝑖 = 0,… , 𝑛 

indBog (𝑠0(Γ)) = 0 or indUBog 
(𝑠0(Γ)) = 1 

𝑠̃0(Γ
′) = 𝑠0(Γ

′)𝑠0(Γ) 

indUBog (𝑠̃0(Γ)) = 0 

indUBog 
(𝑠̃0(Γ

(1))) = 0 

𝑠̃0(Γ
(1))Γ𝑠̃0(Γ

(1))
∗
= Γ(1) 

indUBog 
(𝑠̃𝑖(Γ

(𝑖+1))) = 0 

𝑠̃𝑛−1(Γ
(𝑛))… 𝑠̃1(Γ

(2))𝑠̃0(Γ
(1))Γ𝑠̃0(Γ

(1))
∗
𝑠̃1(Γ

(2))
∗
… 𝑠̃𝑛−1(Γ

(𝑛))
∗
= Γ(𝑛) = Γ1 

Γ1 ∈ UBog 
+ ⋅ Γ 

UBog 
+ ⋅ Γ 

 

𝒪(Γ) = UBog 
+ ⋅ Γ ∪ UBog 

− ⋅ Γ 

UBog 
+ ⋅ Γ → UBog 

− ⋅ Γ, 𝑈Γ𝑈∗ → 𝑅𝑈Γ𝑈∗𝑅∗ 

UBog 
+ ⋅ Γ ∩ UBog 

− ⋅ Γ = ∅ 

𝑊UBog 
± 𝑊∗ = UBog 

±  

𝑃+(𝑉
∗𝑈)|ℌ⊕{0}indUBog(𝑉

∗𝑈) 

𝜑1 ∈ ran(𝑝1) = ker (Λ −
1

2
𝟏) (𝜆1 =

1

2
) 
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𝑆((𝜑1, 0)) = (0, 𝜑1), 𝑆((0, 𝜑1)) = (𝜑1, 0) 

{(𝜑𝑖, 0)}𝑖≥1 ∪ {(0,𝜑𝑗)}𝑗≥1 

𝑆Γ𝑆∗ = Γ 

UBog 
+ 𝑆 = UBog 

− indUBog 
(𝑆) = 1 

UBog 
+ ⋅ Γ = UBog 

+ 𝑆 ⋅ Γ = UBog 
− ⋅ Γ = 𝒪(Γ) 

𝕌 = 𝕌𝑈: 𝔉 → 𝔉 

UBog × 𝒵qf → 𝒵qf, (𝑈, 𝜔) ↦ 𝑈 ⋅ 𝜔 = 𝜔𝑈 

𝕌𝑈𝑉 = 𝜆𝕌𝑈𝕌𝑉, for 𝑈, 𝑉 ∈ UBog  

𝒪(𝜔):= {𝜔𝑈: 𝑈 ∈ UBog } 

Φ:𝒵qf → 𝒟,Φ(𝜔) = Γ𝜔 

Γ𝜔𝑈 = Φ(𝜔𝑈) = 𝑈
∗Γ𝜔𝑈 

{𝑈 ∈ UBog: 𝜔𝑈 = 𝜔} = {𝑈 ∈ UBog: 𝑈Γ𝜔 = Γ𝜔𝑈} = UBog
Γ𝜔  

𝒪(𝜔) ≅ UBog /UBog 
Γ𝜔  

Φ:𝒪(𝜔) → 𝒪(Γ𝜔) 

UBog /UBog 
Γ𝜔  

𝜙−1 = 𝜋𝜔 ∘ exp 

𝜋𝜔: UBog → 𝒪(𝜔), 𝜋𝜔(𝑈) = 𝜔𝑈 

𝒲 ⊆ 𝒪(𝜔),𝜔 ∈ 𝒲, and 𝜙(𝒲) 

𝔪Γ𝜔 ≅ 𝔲Bog /𝔲Bog 
Γ𝜔  

𝜓−1 = 𝜋Γ𝜔 ∘ exp 

(𝜓 ∘ Φ ∘ 𝜙−1)(𝑋) = (𝜓 ∘ Φ)(𝜔𝑒𝑋) = 𝜓(𝑒
−𝑋Γ𝑒𝑋) = −𝑋 

𝑃− = (
0 0
0 1

)𝜔−(𝐴) = ⟨Ω, 𝐴Ω⟩, 𝐴 ∈  B(𝔉) 

𝒪(𝑃−) = {𝑈 (
0 0
0 1

)𝑈∗: 𝑈 ∈ UBog } 

Ores (ℌ
ℝ)𝐶(𝑊) = 𝑊⊥(ℌℝ, ℌℂ

−) 

ℐres : = {𝑊:𝑊 is maximal isotropic, 𝑃𝑊 − 𝑃ℌ𝐶‾ ∈  B2(ℌℂ)}. 
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𝒪(𝑃−) → ℐres , 𝑈𝑃−𝑈
∗ ↦ Ad𝑇(𝑈)(ℌℂ

−) 

[𝑋, 𝑃−], for 𝑋 = (
0 𝑦
𝑦‾ 0

) ∈ 𝔪𝑃− , 𝑦 = −𝑦
𝑇 ∈  B2(ℌ) 

𝛿(𝑡) = 𝑒𝑡𝑋𝑃−𝑒
−𝑡𝑋 = (

cos (|𝑡𝑦∗|) 𝑡𝑦sinc(|𝑡𝑦|)

𝑡𝑦∗sinc(|𝑡𝑦∗|) cos (|𝑡𝑦|)
) (
0 0
0 𝟏

) (
cos (|𝑡𝑦∗|) 𝑡sinc(|𝑡𝑦∗|)𝑦
𝑡sinc(|𝑡𝑦|)𝑦∗ cos (|𝑡𝑦|)

). 

𝑖𝔲Bog = {(
𝑥1 𝑥2
−𝑥‾2 −𝑥‾1

) ∈ B(ℌ⊕ℌ): 𝑥1 = 𝑥1
∗, 𝑥2 = −𝑥2

𝑇 ∈  B2(ℌ)} ⊆ B2(ℌ⊕ ℌ,𝐷) 

‖𝑋‖res = 2max{‖𝑥1‖, ‖𝑥2‖2} 

Γ = Γ[𝛾, 𝛼] ∈ 𝒟 

Γ = (
𝛾 𝛼
𝛼∗ 𝟏 − 𝛾‾) = (

𝛾 𝛼
−𝛼‾ −𝛾‾) + (

0 0
0 𝟏

) := Γ0 + 𝑃−, Γ0 ∈ 𝑖𝔲Bog, 

𝒪(Γ) ⊆ 𝑖𝔲Bog + 𝑃− 

𝑇Γ𝒪(Γ) = {𝑋Γ − Γ𝑋:𝑋 ∈ 𝔲Bog} ⊆ 𝑖𝔲Bog 

𝛿Γ: 𝔲Bog → 𝔲Bog, 𝛿Γ(𝑋) = [𝑖Γ, 𝑋] 

Γ = Γ0 + 𝑃−, Γ0 ∈ 𝑖𝔲Bog  

[𝑖Γ, 𝑋] = [𝑖Γ0, 𝑋] + [𝑖𝑃−, 𝑋] ∈ 𝔲Bog  

𝑖ran(𝛿Γ) = 𝑇Γ𝒪(Γ) 

𝐸 = ker(𝑇)⊕ℳ 

ran(ℰ) = ker(𝑇) and ker(ℰ) = ℳ 

‖𝑇𝑒‖ ≥ 𝑐‖𝑒 − ℰ𝑒‖, for all 𝑒 ∈ 𝐸 

𝑇0: = 𝑇|ℳ:ℳ → ran(𝑇) 

‖𝑇𝑒‖ = ‖𝑇0(𝑒 − ℰ𝑒)‖ ≥ ‖𝑇0‖
−1‖𝑒 − ℰ𝑒‖ 

‖𝑇𝑒𝑛 − 𝑇𝑒𝑚‖ ≥ ‖𝑇((𝑒𝑛 − 𝑒𝑚) − ℰ(𝑒𝑛 − 𝑒𝑚))‖ ≥ 𝑐‖𝑒𝑛 − ℰ𝑒𝑛 − (𝑒𝑚 − ℰ𝑒𝑚)‖ 

𝑇𝑒𝑛 = 𝑇(𝑒𝑛 − ℰ𝑒𝑛) 

𝑖𝔲Bog = 𝑖𝔲Bog
Γ ⊕𝑇Γ𝒪(Γ) 

𝜎(Γ) = 𝜎(Λ) ∪ 𝜎(𝟏 − Λ) = {𝜆𝑘: 𝑘 = 0,… , 𝑟} ∪ {1 − 𝜆𝑘: 𝑘 = 0,… , 𝑟} 

𝑋 = (
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) ∈ 𝔲Bog  

[𝑖Λ, 𝑥1] = ∑  

𝑟

𝑖,𝑗=0

𝑖(𝜆𝑖 − 𝜆𝑗)𝑝𝑖𝑥1𝑝𝑗, 𝑖Λ𝑥2 − 𝑥2𝑖(𝟏 − Λ) = ∑  

𝑟

𝑖,𝑗=0

𝑖(𝜆𝑖 + 𝜆𝑗 − 1)𝑝𝑖𝑥2𝑝𝑗 
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1

2
∈ 𝜎(Γ), 𝑝1(Λ𝑥2 − 𝑥2(𝟏 − Λ))𝑝1 = 

1

2
∉ 𝜎(Γ) 

ran(𝛿Γ) =

{
 
 
 

 
 
 

(

 
 
 
 
 
∑  

𝑟

𝑖,𝑗=0
𝑖≠𝑗

 𝑝𝑗𝑥1𝑝𝑖 𝑥2

𝑥‾2 ∑  

𝑟

𝑖,𝑗=0
𝑖≠𝑗

 𝑝𝑗𝑥‾1𝑝𝑖

)

 
 
 
 
 

: 𝑥1 = −𝑥1
∗ ∈  B(ℌ), 𝑥2 = −𝑥2

𝑇 ∈  B2(ℌ)

}
 
 
 

 
 
 

.  

ran(𝛿Γ) =

{
 
 
 

 
 
 

(

 
 
 
 
 
∑  

𝑟

𝑖,𝑗=0
𝑖≠𝑗

 𝑝𝑗𝑥1𝑝𝑖 ∑  

𝑟

𝑖,𝑗=0
(𝑖,𝑗)≠(1,1)

 𝑝𝑗𝑥2𝑝𝑖

∑  

𝑟

𝑖,𝑗=0
𝑟,𝑗)≠(1,1)

 𝑝𝑗𝑥‾2𝑝𝑖 ∑  
𝑖,𝑗=0
𝑖≠𝑗

 𝑝𝑗𝑥‾1𝑝𝑖

)

 
 
 
 
 

: 𝑥1 = −𝑥1
∗ ∈  B(ℌ), 𝑥2 = −𝑥2

𝑇 ∈  B2(ℌ)

}
 
 
 

 
 
 

.  

‖𝛿Γ(𝑋)‖res ≥ 𝑐‖𝑋 − ℰΓ(𝑋)‖res, 𝑋 ∈ 𝔲Bog.  

ran(ℰΓ) = ker(𝛿Γ) = 𝔲Bog 
Γ  

𝛿Λ
sk: = 𝛿Λ|B(ℌ)sk: B(ℌ)sk → B(ℌ)sk, 𝛿Λ

sk(𝑥) = [𝑖Λ, 𝑥] 

𝑋 = diag(𝑥, 𝑥‾), 𝑥∗ = −𝑥 

‖𝛿Λ
sk(𝑥)‖ ≥ 𝑐‖𝑥 − ℰΛ(𝑥)‖ 

ran(ℰΛ) = ker(𝛿Λ
sk) 

ker(ℰΛ) = (𝔪Λ)sk: = {𝑥 ∈  B(ℌ)sk: 𝑥 = 𝑥 −∑  

𝑟

𝑖=0

 𝑝𝑖𝑥1𝑝𝑖} ker(𝛿Λ
sk) 

𝛿Λ: B(ℌ) → B(ℌ), 𝛿Λ(𝑥) = [𝑖Λ, 𝑥] 

ran(𝛿Γ) = ker(ℰΓ) 

𝔲Bog = ran(ℰΓ) ⊕ ker(ℰΓ) = 𝔲Bog 
Γ ⊕ ran(𝛿Γ) 

𝑖𝔲Bog = 𝑖𝔲Bog 
Γ ⊕𝑇Γ𝒪(Γ) 

𝒪(Γ) ⊆ 𝑖𝔲Bog + 𝑃− 

𝑑(Γ0, Γ1) = ‖Γ0 − Γ1‖res  

𝒪(Γ) ≅ UBog /UBog 
Γ  

𝜋Γ: UBog → 𝒪(Γ), 𝜋Γ(𝑈) = 𝑈Γ𝑈
∗ 

𝜋Γ: UBog → 𝒪(Γ), 𝜋Γ(𝑈) = 𝑈Γ𝑈
∗ 
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𝛿̃Γ: B2(ℌ⊕ ℌ,𝐷) → B2(ℌ⊕ℌ,𝐷), 𝛿̃Γ(𝑋) = [𝑖Γ, 𝑋]. 

B2(ℌ⊕ ℌ,𝐷) 

ℰ̃Γ: B2(ℌ⊕ ℌ,𝐷) → B2(ℌ⊕ ℌ,𝐷), ℰ̃Γ ((
𝑥11 𝑥12
𝑥21 𝑥22

)) =

{
 
 

 
 (∑  

𝑟

𝑖=0

 𝑝𝑖𝑥11𝑝𝑖 0

0 ∑  

𝑟

𝑖=0

 𝑝𝑖𝑥22𝑝𝑖
)

 
 
 

(

 
 
 
∑ 

𝑟

𝑖=0

 𝑝𝑖𝑥11𝑝𝑖 𝑝1𝑥12𝑝1

𝑝1𝑥21𝑝1 ∑ 

𝑟

𝑖=0

 𝑝𝑖𝑥22𝑝𝑖
)

 
 
 

 if 
1

2
∉ 𝜎(Γ),

 

𝔪̃Γ = ker(ℰ̃Γ) 

 

B(ℌ⊕ℌ) 

𝔪Γ
0 = ker(𝛿Γ

0) 

𝑋 ∈  B2(ℌ⊕ ℌ,𝐷) 

‖𝛿̃Γ(𝑋)‖res 
≥ 𝑐̃Γ‖𝑋 − ℰ̃Γ(𝑋)‖res 

 

𝑐̃Γ =

{
 
 
 

 
 
 
min{(∑ 

𝑖≠𝑗

  |𝜆𝑖 − 𝜆𝑗|
−1
)

−1

, (∑  

𝑟

𝑖,𝑗=0

  |𝜆𝑖 + 𝜆𝑗 − 1|
−1
)

−1

}  if 
1

2
∉ 𝜎(Γ),

min{(∑ 

𝑖≠𝑗

  |𝜆𝑖 − 𝜆𝑗|
−1
)

−1

, ( ∑  

𝑟

𝑖,𝑗=0,(𝑖,𝑗)≠(1,1)

  |𝜆𝑖 + 𝜆𝑗 − 1|
−1
)

−1

}  if 
1

2
∈ 𝜎(Γ).

 

𝑋 ∈  B(ℌ⊕ ℌ) 

‖𝛿Γ
0(𝑋)‖ ≥ 𝑐̃Γ

0‖𝑋 − ℰ̃Γ
0(𝑋)‖ 

𝑐Γ
0 =

{
  
 

  
 1

2
(∑ 

𝑖≠𝑗

  |𝜆𝑖 − 𝜆𝑗|
−1
+ ∑  

𝑟

𝑖,𝑗=0

  |𝜆𝑖 + 𝜆𝑗 − 1|
−1
)

−1

 if 
1

2
∉ 𝜎(Γ),

1

2
(∑  

𝑖≠𝑗

  |𝜆𝑖 − 𝜆𝑗|
−1
+ ∑  

𝑟

𝑖,𝑗=0,(𝑖,𝑗)≠(1,1)

  |𝜆𝑖 + 𝜆𝑗 − 1|
−1
)

−1

 if 
1

2
∈ 𝜎(Γ).

 

𝑋 = (
𝑥11 𝑥12
𝑥21 𝑥22

) ∈ B2(ℌ⊕ ℌ,𝐷) 
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[𝑖Λ, 𝑥11] = ∑  

𝑟

𝑖,𝑗=0

 𝑖(𝜆𝑖 − 𝜆𝑗)𝑝𝑖𝑥11𝑝𝑗, 𝑖Λ𝑥12 − 𝑥12𝑖(𝟏 − Λ) = ∑  

𝑟

𝑖,𝑗=0

 𝑖(𝜆𝑖 + 𝜆𝑗 − 1)𝑝𝑖𝑥12𝑝𝑗

𝑖(𝟏 − Λ)𝑥21 − 𝑥21𝑖Λ = ∑  

𝑟

𝑖,𝑗=0

 𝑖(1 − 𝜆𝑖 − 𝜆𝑗)𝑝𝑗𝑥21𝑝𝑖, [𝑖(𝟏 − Λ), 𝑥22] = ∑  

𝑟

𝑖,𝑗=0

 𝑖(𝜆𝑗 − 𝜆𝑖)𝑝𝑖𝑥22𝑝𝑗

 

𝐴𝑥 = − ∑  

𝑟

𝑖,𝑗=0
𝑖≠𝑗

𝑖(𝜆𝑖 − 𝜆𝑗)
−1
𝑝𝑖𝑥𝑝𝑗 , 𝐵𝑥 = − ∑  

𝑟

𝑖,𝑗=0

𝑖(𝜆𝑖 + 𝜆𝑗 − 1)
−1
𝑝𝑖𝑥𝑝𝑗 

𝐵𝑥 = − ∑  

𝑟

𝑖,𝑗=0
(𝑖,𝑗)≠(1,1)

𝑖(𝜆𝑖 + 𝜆𝑗 − 1)
−1
𝑝𝑖𝑥𝑝𝑗 

𝛽Γ: B2(ℌ⊕ℌ,𝐷) → B2(ℌ⊕ℌ,𝐷) 

𝛽Γ ((
𝑥11 𝑥12
𝑥21 𝑥22

)) = (
𝐴𝑥11 𝐵𝑥12
−𝐵𝑥21 −𝐴𝑥22

) 

𝛽Γ ∘ 𝛿̃Γ = 𝛿̃Γ ∘ 𝛽Γ = 𝟏 − ℰ̃Γ(here 𝟏 = 𝟏B2(ℌ⊕ℌ,𝐷)) 

‖𝑋 − ℰ̃Γ(𝑋)‖res 
= ‖(𝛽Γ ∘ 𝛿̃Γ)(𝑋)‖res 

≤ ‖𝛽Γ‖‖𝛿̃Γ(𝑋)‖res 
 

‖𝛿̃Γ(𝑋)‖res 
≥ ‖𝛽Γ‖

−1‖𝑋 − ℰ̃Γ(𝑋)‖res 
 

‖𝛽Γ‖ ≤ max{∑  

𝑖≠𝑗

  |𝜆𝑖 − 𝜆𝑗|
−1
, ∑  

𝑟

𝑖,𝑗=0

  |𝜆𝑖 + 𝜆𝑗 − 1|
−1
} 

𝑐̃Γ = min{(∑ 

𝑖≠𝑗

  |𝜆𝑖 − 𝜆𝑗|
−1
)

−1

, (∑  

𝑟

𝑖,𝑗=0

  |𝜆𝑖 + 𝜆𝑗 − 1|
−1
)

−1

} 

∑  

𝑟

𝑖,𝑗=0,(𝑖,𝑗)≠(1,1)

|𝜆𝑖 + 𝜆𝑗 − 1|
−1
∑  

𝑟

𝑖,𝑗=0

|𝜆𝑖 + 𝜆𝑗 − 1|
−1

 

‖𝑈Γ𝑈∗ − Γ‖res ≤
𝑐Γ
0

3
 

𝑈 = (
𝑢 𝑣
𝑣‾ 𝑢‾

) , 𝑈Γ𝑈∗ = (
∗ 𝑢Λ𝑣‾∗ + 𝑣(𝟏 − Λ)𝑢‾∗

∗ ∗
) 

Λ =∑  

𝑟

𝑖=0

𝜆𝑖𝑝𝑖 

∑ 

𝑟

𝑖=0

𝑝𝑖 = 𝟏 
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𝑣 = 𝑝0𝑣𝑝0 + (𝟏 − 𝑝0)𝑣𝑝0 + 𝑣(𝟏 − 𝑝0) 

‖𝑈Γ𝑈∗ − Γ‖res ≤
𝑐Γ
0

3
 

‖𝑢Λ𝑣‾∗ + 𝑣(𝟏 − Λ)𝑢‾∗‖2 ≤
𝑐Γ
0

6
 

‖𝑝0𝑣𝑝0𝑢‾
∗‖2 ≤

𝑐Γ
0

6
+ ‖𝑢Λ𝑣‾∗‖2 + ‖𝑣Λ𝑢‾

∗‖2 + ‖(𝟏 − 𝑝0)𝑣𝑝0 + 𝑣(𝟏 − 𝑝0)𝑢‾
∗‖2

 ≤
𝑐Γ
0

6
+ ‖𝑢‖‖𝑣‾∗‖‖Λ‖2 + ‖𝑣‖‖𝑢‾

∗‖‖Λ‖2 + ‖(𝟏 − 𝑝0)‖2‖𝑣𝑝0‖ + ‖𝑣‖‖(𝟏 − 𝑝0)‖2‖𝑢‾
∗‖

 ≤
𝑐Γ
0

6
+ 2‖Λ‖2 + 2‖𝟏 − 𝑝0‖2: = 𝐶1

 

‖𝑝0𝑣𝑝0𝑢‾
∗‖2
2 = ‖𝑢‾𝑝0𝑣

∗𝑝0‖2
2 = Tr(𝑝0𝑣𝑝0𝑢‾

∗𝑢‾𝑝0𝑣
∗𝑝0)

 = Tr(𝑝0𝑣𝑝0(𝟏 − 𝑣‾
∗𝑣‾)𝑝0𝑣

∗𝑝0) ≥ (1 − ‖𝑝0𝑣‾
∗𝑣‾𝑝0‖)‖𝑝0𝑣𝑝0‖2

2 

(1 − ‖𝑝0𝑣‾
∗𝑣‾𝑝0‖)‖𝑝0𝑣𝑝0‖2

2 ≤ ‖𝑝0𝑣𝑝0𝑢‾
∗‖2
2 ≤ 𝐶1

2 

‖𝑝0𝑣‾
∗𝑣‾𝑝0‖ = ‖𝑝0𝑣

∗𝑣𝑝0‖ ≤ 𝐶 < 1 

‖𝑝0𝑣𝑝0‖2 ≤ (1 − 𝐶
2)−1/2𝐶1  

‖𝑋‖ ≤ ‖𝑃+𝑋𝑃+‖ + ‖𝑃+𝑋𝑃−‖ + ‖𝑃−𝑋𝑃+‖ + ‖𝑃−𝑋𝑃−‖

 ≤ ‖𝑃+𝑋𝑃+‖ + ‖𝑃+𝑋𝑃−‖2 + ‖𝑃−𝑋𝑃+‖2 + ‖𝑃−𝑋𝑃−‖ ≤ 2‖𝑋‖res ⋅
 

‖𝑣𝑝0‖ ≤ ‖𝑣‖ = ‖𝑃+(𝑈 − ℰΓ
0(𝑈))𝑃−‖ ≤ ‖𝑈 − ℰΓ

0(𝑈)‖ ≤ (𝑐Γ
0)
−1
‖𝛿Γ

0(𝑈)‖

 = (𝑐Γ
0)
−1
‖𝑈Γ𝑈∗ − Γ‖ ≤ 2(𝑐Γ

0)
−1
‖𝑈Γ𝑈∗ − Γ‖res ≤

2

3

 

𝑃+(𝑈 − ℰΓ
0(𝑈))𝑃− = 𝑣 − 𝑝1𝑣𝑝1 

‖𝑣𝑝0‖ = ‖(𝑣 − 𝑝1𝑣𝑝1)𝑝0‖ ≤ ‖𝑣 − 𝑝1𝑣𝑝1‖ = ‖𝑃+(𝑈 − ℰΓ
0(𝑈))𝑃−‖ ≤

2

3
 

‖𝑝0𝑣
∗𝑣𝑝0‖ = ‖𝑣𝑝0‖

2 <
4

9
 

‖𝑝0𝑣𝑝0‖2 ≤
9

√65
𝐶1 

‖𝑣‖2 = ‖𝑝0𝑣𝑝0 + (𝟏 − 𝑝0)𝑣𝑝0 + 𝑣(𝟏 − 𝑝0)‖2 ≤
9

√65
𝐶1 + 2‖𝟏 − 𝑝0‖2: = 𝐾 

𝛿Γ: 𝔲Bog → 𝔲Bog , 𝛿Γ(𝑋) = [𝑖Γ, 𝑋] 

‖𝑋𝑛‖res = ‖𝛿Γ(𝑋𝑛)‖res ≤ 1/𝑛 

𝑒𝑍Γ𝑒−𝑍 = Ad𝑒𝑍(Γ) = 𝑒
𝛿𝑍(Γ) = (𝟏B(ℌ⊕ℌ) + 𝛿𝑍 + 𝛿𝑍

2/2 + 𝛿𝑍
3/3! +⋯)(Γ) 

𝛿𝑍(𝑋) = [𝑖𝑍, 𝑋]‖𝛿𝑋𝑛‖ ≤ 2 
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‖𝑒𝑋𝑛Γ𝑒−𝑋𝑛 − Γ‖res = ‖𝑒
𝛿𝑋𝑛(Γ) − Γ‖

res
≤∑  

∞

𝑘=1

 
‖𝛿𝑋𝑛

𝑘 (Γ)‖
res

𝑘!

 ≤ ∑  

∞

𝑘=1

 
‖𝛿𝑋𝑛‖

𝑘−1
‖𝛿Γ(𝑋𝑛)‖res

𝑘!
≤
1

𝑛
∑  

∞

𝑘=1

 
2𝑘−1

𝑘!
≤
𝑒2

𝑛
.

 

𝜙:𝒱Γ →𝒲Γ, 𝜙(𝑍) = 𝑒
𝑍Γ𝑒−𝑍 

𝜋Γ: UBog → 𝒪(Γ), 𝜋Γ(𝑈) = 𝑈Γ𝑈
∗ 

Ω(𝐺) = 𝐺|𝐺|−1 

𝑟Γ:=
1

2
min {

𝑐Γ
0

3
, 𝐾−2𝑐̃Γ} 

𝑠: {𝑈Γ𝑈∗ ∈ 𝒪(Γ): ‖𝑈Γ𝑈∗ − Γ‖res < 𝑟Γ} → UBog, 𝑠(𝑈Γ𝑈
∗) = 𝑈Ω(ℰ̃Γ(𝑈

∗)). 

𝑈Ω(ℰ̃Γ(𝑈
∗)) ∈ B2(ℌ⊕ ℌ,𝐷) 

‖𝑈Γ𝑈∗ − Γ‖res < 𝑟Γ, then ℰ̃Γ(𝑈
∗) 

B2(ℌ⊕ ℌ,𝐷) 

‖𝑈∗‖res ≤ 𝐾𝟏 = 𝟏ℌ⊕ℌ 

‖𝟏 − 𝑈ℰ̃Γ(𝑈
∗)‖

res
 ≤ ‖𝑈‖res‖𝑈

∗ − ℰ̃Γ(𝑈
∗)‖

res
≤ 𝐾𝑐̃Γ

−1‖𝛿̃Γ(𝑈
∗)‖

res

 ≤ 𝐾𝑐̃Γ
−1‖𝑈∗‖res‖𝑈Γ𝑈

∗ − Γ‖res ≤ 𝐾
2𝑐̃Γ
−1‖𝑈Γ𝑈∗ − Γ‖res < 1

 

𝑠(𝑈Γ𝑈∗) = 𝑈Ω(ℰ̃Γ(𝑈
∗)) = 𝑈Ω(ℰ̃Γ(𝑈

∗𝑉𝑉∗)) = 𝑈Ω(𝑈∗𝑉ℰ̃Γ(𝑉
∗))

 = 𝑈𝑈∗𝑉Ω(ℰ̃Γ(𝑉
∗)) = 𝑉Ω(ℰ̃Γ(𝑉

∗)) = 𝑠(𝑉Γ𝑉∗)
 

ℰ̃Γ(𝑍𝑋) = 𝑍ℰ̃Γ(𝑋) 

𝑋, 𝑍 ∈  B2(ℌ⊕ℌ,𝐷) 

ℰ̃Γ, ℰ̃Γ(𝑈
∗)𝐼 = 𝐼ℰ̃Γ(𝑈

∗) 

Ω(ℰ̃Γ(𝑈
∗)) 𝐼 = 𝐼Ω (ℰ̃Γ(𝑈

∗)) 

B2(ℌ⊕ ℌ,𝐷) 

Ω(ℰ̃Γ(𝑈
∗)) ∈ B2(ℌ⊕ℌ,𝐷) 

B2(ℌ⊕ ℌ) 

Ω(ℰ̃Γ(𝑈
∗)) ∈ UBog  

𝑠(𝑈Γ𝑈∗) ∈ UBog  
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Γ1 = 𝑈Γ𝑈
∗ 

ℰ̃Γ(𝑈
∗)Γ = Γℰ̃Γ(𝑈

∗) 

Ω(ℰ̃Γ(𝑈
∗)) Γ = ΓΩ (ℰ̃Γ(𝑈

∗)) 

𝑠(Γ1)Γ𝑠(Γ1)
∗ = 𝑈Ω(ℰ̃Γ(𝑈

∗)) ΓΩ(ℰ̃Γ(𝑈
∗))

∗
𝑈∗ = 𝑈Γ𝑈∗ = Γ1 

{𝑈𝑛Γ𝑈𝑛
∗}𝑛≥1‖𝑈𝑛Γ𝑈𝑛

∗ − Γ‖res → 0 

‖𝟏 − 𝑈𝑛ℰ̃Γ(𝑈𝑛
∗)‖

res 
≤ 𝐾2𝑐Γ

−1‖𝑈𝑛Γ𝑈𝑛
∗ − Γ‖res → 0 

Ω(𝐺) = 𝐺|𝐺|−1 

B2(ℌ⊕ ℌ) 

𝑠(𝑈𝑛Γ𝑈𝑛
∗) = 𝑈𝑛Ω(ℰ̃Γ(𝑈𝑛

∗)) = Ω(𝑈𝑛ℰΓ(𝑈𝑛
∗)) → Ω(𝟏) = 𝟏 = 𝑠(Γ) 

𝑠Γ1 = Ad𝑈 ∘ 𝑠Γ ∘ Ad𝑈∗Γ1 = 𝑈Γ𝑈
∗ 

𝔤 = 𝔤𝔩2(ℌ⊕ ℌ, 𝐼, 𝐷) 

𝐻𝑐
2(𝔤, ℂ) ≅ ℂ 

𝔤ℝ = {𝑋 ∈ 𝔤: 𝑋
∗ =− 𝑋} = 𝔲Bog  

𝐻𝑐
2(𝔲Bog , ℝ) ≅ ℝ 

𝑠+(𝑋, 𝑌):= Tr(𝑋[𝑖𝑃+, 𝑌]), 𝑋, 𝑌 ∈ 𝔲Bog . 

𝑠+ ((
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) , (
𝑦1 𝑦2
𝑦‾2 𝑦‾1

)) = 2ℑTr(𝑥2𝑦‾2). 

𝛼: 𝔬res (ℌ
ℝ) × 𝔬res (ℌ

ℝ) → ℝ,𝛼(𝐴, 𝐵) = Tr([𝐴𝑎 , 𝐵𝑎]𝐽0) = 2Tr(𝐴𝑎𝐵𝑎𝐽0), 

(𝑑Ξ)𝟏: 𝔬res (ℌ
ℝ) → 𝔲Bog (𝑑Ξ)𝟏(𝐴) = 𝑇

−1𝐴ℂ𝑇 

(Ξ∗𝛼)(𝑋, 𝑌):= 𝛼((𝑑Ξ)𝟏
−1(𝑋), (𝑑Ξ)𝟏

−1(𝑌)). 

(Ξ∗𝛼)((
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) , (
𝑦1 𝑦2
𝑦‾2 𝑦‾1

)) = −4ℑTr(𝑥2𝑦‾2). 

B1,2(ℌ⊕ℌ,𝐷): = {(
𝑥11 𝑥12
𝑥21 𝑥22

) ∈ B(ℌ⊕ℌ): 𝑥11, 𝑥22 ∈  B1(ℌ), 𝑥12, 𝑥21 ∈  B2(ℌ)}, 

‖𝑋‖1,2: = 2max{‖𝑥11‖1, ‖𝑥22‖1, ‖𝑥12‖2, ‖𝑥21‖2}. 

(𝔲Bog )∗
∶= 𝔲Bog ∩ B1,2(ℌ⊕ℌ,𝐷)

 = {(
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) : 𝑥1
∗ = −𝑥1 ∈  B1(ℌ), 𝑥2

𝑇 = −𝑥2 ∈  B2(ℌ)} .
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⟨⋅,⋅⟩: (𝔲Bog)∗
× 𝔲Bog → ℝ, ⟨𝑋, 𝑌⟩:= ℜTr(𝑋𝑌) 

((𝔲Bog )∗
)
∗
≅ 𝔲Bog  

𝔲res : = {(
𝑥11 𝑥12
−𝑥12

∗ 𝑥22
) ∈ B(ℌ⊕ℌ): 𝑥11 = −𝑥11

∗ , 𝑥22 = −𝑥22
∗ , 𝑥12 ∈  B2(ℌ)} 

 

(𝔲res )∗: = {(
𝑥11 𝑥12
−𝑥12

∗ 𝑥22
) ∈ B(ℌ⊕ℌ): 𝑥11 = −𝑥11

∗ ∈  B1(ℌ), 𝑥22 = −𝑥22
∗ ∈  B1(ℌ), 𝑥12 ∈  B2(ℌ)} 

 

((𝔲res )∗)
∗ ≅ 𝔲res  

⟨𝑋, 𝑌⟩ = Tr(𝑋𝑌) = ℜTr(𝑋𝑌) 

((𝔲Bog )∗
)
∗
≅ 𝔲Bog 𝑓 ∈ ((𝔲Bog )∗

)
∗
 

𝑓(𝑋) = ℜTr(𝑋𝑌) 

𝑋 ∈ (𝔲Bog )∗
 

𝑋 ∈ (𝔲Bog )∗
 

𝑓(𝑋) = 𝑓(𝐼𝑋𝐼) = ℜTr((𝐼𝑋𝐼)𝑌) = ℜTr(𝑋(𝐼𝑌𝐼)) 

𝑓(𝑋) = 𝑓 (
𝑋+𝐼𝑋𝐼

2
) = ℜTr (𝑋 (

𝑌+𝐼𝑌𝐼

2
)), where 

𝑌+𝐼𝑌𝐼

2
∈ 𝔲Bog 

𝑠Γ(𝑋, 𝑌):= Tr(𝑋[𝑖Γ, 𝑌]) = Tr(𝑋𝛿Γ(𝑌)). 

𝑋 = (
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) ∈ 𝔲Bog , 𝑌 = (
𝑦1 𝑦2
𝑦‾2 𝑦‾1

) ∈ 𝔲Bog , Γ = Γ[𝛾, 𝛼] 

[Γ, 𝑌] = (
[𝛾, 𝑦1] + 𝛼𝑦‾2 − 𝑦2𝛼

∗ 𝛾𝑦2 − 𝑦2(𝟏 − 𝛾‾) + 𝛼𝑦‾1 − 𝑦1𝛼

𝛼∗𝑦1 − 𝑦‾1𝛼
∗ + (𝟏 − 𝛾‾)𝑦‾2 − 𝑦‾2𝛾 𝛼∗𝑦2 − 𝑦‾2𝛼 + [𝟏 − 𝛾‾, 𝑦‾1]

) := (
𝑧1 𝑧2
−𝑧‾2 −𝑧‾1

) 

𝑧1 ∈  B1(ℌ), 𝑧2 ∈  B2(ℌ).  

𝑠Γ(𝑋, 𝑌) = 𝑖(Tr(𝑥1𝑧1) − Tr(𝑥‾1𝑧‾1)) + 𝑖(Tr(𝑥‾2𝑧2) − Tr(𝑥2𝑧‾2))

 = −2ℑ(Tr(𝑥1𝑧1) + Tr(𝑥‾2𝑧2)) < ∞
 

Γ = (
𝛾 𝛼
−𝛼‾ −𝛾‾) + (

0 0
0 𝟏

) =: Γ0 + 𝑃− 

𝑠Γ(𝑋, 𝑌) = Tr(𝑋[𝑖Γ0, 𝑌]) + Tr(𝑋[𝑖𝑃−, 𝑌]) =: 𝑠Γ0(𝑋, 𝑌) + 𝑠−(𝑋, 𝑌) 
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|𝑠Γ0(𝑋, 𝑌)|= |Tr ((
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) (
[𝛾, 𝑦1] + 𝛼𝑦‾2 − 𝑦2𝛼

∗ 𝛾𝑦2 + 𝑦2𝛾‾ + 𝛼𝑦‾1 − 𝑦1𝛼

𝛼∗𝑦1 − 𝑦‾1𝛼
∗ − 𝛾‾𝑦‾2 − 𝑦‾2𝛾 𝛼∗𝑦2 − 𝑦‾2𝛼 − [𝛾‾, 𝑦‾1]

))| 

≤ 4(‖𝛾‖1 + ‖𝛼‖2)‖𝑋‖res ‖𝑌‖res  

 ≤ 4‖Γ0‖1,2‖𝑋‖res ‖𝑌‖res 

 

|𝑠−(𝑋, 𝑌)| = 2|ℑTr(𝑥‾2𝑦2)| ≤ 2‖𝑥2‖2‖𝑦2‖2 ≤ ‖𝑋‖res ‖𝑌‖res  

Tr((𝑋Γ00)𝑌) = Tr(𝑌(𝑋Γ00)) 

𝑠Γ00(𝑋, 𝑌) = −Tr([𝑋, 𝑌]𝑖Γ00):= 𝑓Γ00([𝑋, 𝑌]) 

𝑓Γ0(𝑍) = −Tr(𝑍𝑖Γ0) 

Γ0 ∈  B1,2(ℌ⊕ ℌ,𝐷) 

|𝑓Γ0(𝑍)| ≤ ‖Γ0‖1,2‖𝑍‖res  

𝑠Γ0(𝑋, 𝑌) = 𝑓Γ0([𝑋, 𝑌]) 

𝔲Bog 
Γ = {𝑋 ∈ 𝔲Bog : 𝑠Γ(𝑋, 𝑌) = 0, ∀𝑌 ∈ 𝔲Bog } 

𝑠Γ(Ad𝑉(𝑋), Ad𝑉(𝑌)) = 𝑠Ad𝑉∗(Γ)(𝑋, 𝑌), 𝑉 ∈ UBog, 𝑋, 𝑌 ∈ 𝔲Bog 

𝑋 = (
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) ∈ 𝔲Bog
Γ , 𝑌 = (

𝑦1 𝑦2
𝑦‾2 𝑦‾1

) ∈ 𝔲Bog, Γ = (
Λ 0
0 𝟏 − Λ

) 

𝑠Γ(𝑋, 𝑌) = 𝑖Tr ((
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) (
[Λ, 𝑦1] {Λ, 𝑦2} − 𝑦2

𝑦‾2 − {Λ, 𝑦‾2} [𝑦‾1, Λ]
))

 = −2ℑ(Tr(𝑥1[Λ, 𝑦1]) + Tr(𝑥2(𝑦‾2 − {Λ, 𝑦‾2})))

 

𝑋 = (
𝑥1 𝑥2
𝑥‾2 𝑥‾1

) , 𝑌 = (
𝑦1 𝑦2
𝑦‾2 𝑦‾1

) 

0 = 𝑠Γ(𝑋, 𝑌) = −2ℑ(Tr(𝑥1[Λ, 𝑦1]) + Tr(𝑥2(𝑦‾2 − {Λ, 𝑦‾2})))  

0 = ℑTr(𝑥1[Λ, 𝑦1]) = ℑTr([𝑥1, Λ]𝑦1) 

0 = ℑTr(𝑧𝑖𝑧) = ‖𝑧‖2
2 

0 = ℑTr(𝑥2(𝑦‾2 − {Λ, 𝑦‾2})) = ℑTr((𝑥2(𝟏 − Λ) − Λ𝑥2)𝑦‾2) 

−𝑦2
𝑇 = 𝑦2 ∈  B2(ℌ) 

𝑧: = 𝑥2(𝟏 − Λ) − Λ𝑥2 

−𝑧𝑇 = 𝑧 ∈  B2(ℌ) 

0 = ℑTr(𝑧(−𝑖𝑧‾)) = ℑ𝑖Tr(𝑧𝑧∗) = ‖𝑧‖2
2 

𝑀 = 𝒪(Γ), 𝐺 = UBog, 𝐾 = UBog
Γ  and 𝑠 = 𝑠Γ 



 

pág. 13405 

𝑇Γ𝒪(Γ) = {[𝑋, Γ]: 𝑋 ∈ 𝔲Bog } 

𝜔Γ([𝑋, Γ], [𝑌, Γ]):= 𝑠Γ(𝑋, 𝑌), 𝑋, 𝑌 ∈ 𝔲Bog. 

𝜔𝑈Γ𝑈∗([𝑋, 𝑈Γ𝑈
∗], [𝑌, 𝑈Γ𝑈∗]):= 𝜔Γ([𝑈

∗𝑋𝑈, Γ], [𝑈∗𝑌𝑈, Γ]), 𝑋, 𝑌 ∈ 𝔲Bog. 

𝜔 = Σ(𝑠Γ) 

𝜔:= {𝜔𝑈Γ𝑈∗}𝑈∈UBog 
 

(𝒪(Γ), Σ(𝑠Γ)) 

𝑇Γ𝒪(Γ) → 𝑇Γ
∗𝒪(Γ), [𝑋, Γ] ↦ Tr(𝑋[𝑖Γ,⋅]) 

ran(𝛿Γ) = 𝑇Γ𝒪(Γ) ⊆ 𝑖(𝔲Bog )∗
⊆ B1,2(ℌ⊕ ℌ,𝐷) 

‖[𝑋, Γ]‖Γ = inf{‖𝑋 + 𝑌‖res : 𝑌Γ = Γ𝑌} ≤ ‖[𝑋, Γ]‖res ≤ ‖[𝑋, Γ]‖1,2. 

𝑓 ∈ (𝑖(𝔲Bog )∗
)
∗
 

𝑓|
𝑇Γ𝒪(Γ)

= 𝑓 

(𝑖(𝔲Bog )∗
)
∗
≅ 𝑖𝔲Bog  

𝑓 = Tr(𝑍0 ⋅) 

𝑓([𝑌, Γ]) = 𝑓([𝑌, Γ]) = Tr(𝑍0[𝑌, Γ]) = Tr(𝑖𝑍0[𝑖Γ, 𝑌]) 

(𝔲Bog )ℂ
= 𝔤𝔩2(ℌ⊕ ℌ, 𝐼, 𝐷) =: 𝔤 

Γ = (
Λ 0
0 𝟏 − Λ

) , Λ =∑  

𝑟

𝑖=1

 𝜆𝑖𝑝𝑖  

{𝑝𝑖}𝑖=1
𝑟+1(𝑟 < ∞) 

𝔭:= {(
𝑥 0
𝑦 −𝑥𝑇

) ∈ 𝔤: 𝑝𝑖𝑥𝑝𝑗 = 0 if 𝑖 = 1,… , 𝑟 + 1, 𝑗 < 𝑖} 

𝔭:= {(
𝑥 𝑧
𝑦 −𝑥𝑇) ∈ 𝔤: 𝑝𝑖𝑥𝑝𝑗 = 0 if 𝑖 = 1,… , 𝑟 + 1, 𝑗 < 𝑖, 𝑧 = 𝑝1𝑧𝑝1} 

[(
𝑥1 0

𝑦1 −𝑥1
𝑇) , (

𝑥2 0

𝑦2 −𝑥2
𝑇)] = (

[𝑥1, 𝑥2] 0

𝑤 −[𝑥1, 𝑥2]
𝑇), 

𝔫:= {(
𝑥 𝑧
0 −𝑥𝑇

) ∈ 𝔤: 𝑝𝑖𝑥𝑝𝑗 = 0 if 𝑖 = 1,… , 𝑟 + 1, 𝑗 ≥ 𝑖} 

(𝔲Bog 
Γ )

ℂ
= {(

𝑥 0
0 −𝑥𝑇

) ∈ 𝔤: 𝑥 =∑  

𝑟+1

𝑖=1

 𝑝𝑖𝑥𝑝𝑖} 
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𝔭 + 𝔭 = 𝔤, 𝔭 ∩ 𝔭 = (𝔲Bog 
Γ )

ℂ
 

Ad𝑈𝔭 ⊆ 𝔭 for all 𝑈 ∈ UBog 
Γ  

𝑋𝑖 = (
𝑥𝑖 0

𝑦𝑖 −𝑥𝑖
𝑇) ∈ 𝔭, 𝑖 = 1,2 

Tr(𝑥) = Tr(𝑥𝑇) for any 𝑥 ∈  B1(ℌ) 

𝑠Γ(𝑋1, 𝑋2) = 𝑖Tr(𝑋1[Γ, 𝑋2]) = 𝑖Tr((
𝑥1[Λ, 𝑥2] 0

∗ −𝑥1
𝑇[Λ, 𝑥2

𝑇]
))

 = 𝑖Tr(𝑥1[Λ, 𝑥2] − 𝑥1
𝑇[Λ, 𝑥2

𝑇])

 = 𝑖 (Tr(𝑥1Λ𝑥2 − 𝑥2Λ𝑥1) = 𝑖∑  

𝑟

𝑖=1

 𝜆𝑖(Tr(𝑝𝑖𝑥1𝑝𝑖𝑥2𝑝𝑖) − Tr(𝑝𝑖𝑥2𝑝𝑖𝑥1𝑝𝑖)) = 0.

 

−𝑖𝑠Γ(𝑋, 𝑋‾) > 0, 𝑋 = (
𝑥 0
𝑦 −𝑥𝑇

) ∈ 𝔭 ∖ (𝔲Bog
Γ )

ℂ
 

Λ =∑  

𝑟+1

𝑖=1

𝜆𝑖𝑝𝑖 =∑ 

𝑟

𝑖=1

𝜆𝑖𝑝𝑖 

−𝑖𝑠Γ(𝑋, 𝑋‾) = −Tr(𝑋[Γ, 𝑋
∗]) = −Tr((

𝑥 0
𝑦 −𝑥𝑇

) (
[Λ, 𝑥∗] Λ𝑦∗ − 𝑦∗(𝟏 − Λ)

0 [Λ, 𝑥‾]
))

 = −Tr((
𝑥[Λ, 𝑥∗] ∗

∗ 𝑦Λ𝑦∗ − 𝑦𝑦∗(𝟏 − Λ) − 𝑥𝑇[Λ, 𝑥‾]
))

 = −2Tr(𝑥[Λ, 𝑥∗]) + Tr(𝑦𝑦∗ − (𝑦∗𝑦 + 𝑦𝑦∗)Λ):= 𝐴 + 𝐵

 

Tr(𝑥[Λ, 𝑥∗]) = −Tr(𝑥𝑇[Λ, 𝑥‾]) 

{𝑝𝑖}𝑖=1
𝑟+1𝑥 =∑  

𝑟+1

𝑖=1

∑ 

𝑗≥𝑖

𝑝𝑖𝑥𝑝𝑗 

𝐴 = −2Tr(𝑥[Λ, 𝑥∗]) = 2Tr((𝑥𝑥∗ − 𝑥∗𝑥)Λ)

 = Tr(∑  

𝑟

𝑖=1

 ∑  

𝑗≥𝑖

 𝜆𝑖𝑝𝑖𝑥𝑝𝑗𝑥
∗𝑝𝑖) − Tr(∑  

𝑟+1

𝑖=1

 ∑  

𝑗≥𝑖

 𝜆𝑗𝑝𝑗𝑥
∗𝑝𝑖𝑥𝑝𝑗)

 = 2∑  

𝑟

𝑖=1

 ∑  

𝑗>𝑖

  (𝜆𝑖 − 𝜆𝑗)‖𝑝𝑖𝑥𝑝𝑗‖2
2

 

𝐵 = Tr(𝑦𝑦∗ − (𝑦∗𝑦 + 𝑦𝑦∗)Λ) = ‖𝑦‖2
2 −∑ 

𝑟

𝑖=1

  (𝜆𝑖Tr(𝑦
∗𝑦𝑝𝑖) + 𝜆𝑖Tr(𝑦𝑦

∗𝑝𝑖))

 ≥ ‖𝑦‖2
2 − 𝜆1(∑  

𝑟

𝑖=1

 Tr(𝑝𝑖𝑦
∗𝑦𝑝𝑖) + Tr(𝑝𝑖𝑦𝑦

∗𝑝𝑖))

 ≥ (1 − 2𝜆1)‖𝑦‖2
2
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‖∑  

𝑟

𝑖=1

 𝑝𝑖𝑧𝑝𝑖‖

1

≤ ‖𝑧‖1 

‖∑  

𝑟

𝑖=1

 𝑝𝑖𝑧𝑝𝑖‖

1

= Tr(∑  

𝑟

𝑖=1

 𝑝𝑖𝑧𝑝𝑖) 

𝜆1 = max
𝑖=1,…,𝑟

 𝜆𝑖 <
1

2
 

𝑋 ∈ 𝔭 ∖ (𝔲Bog 
Γ )ℂ 

[𝑋1, 𝑋2] = (
𝑥1 𝑧1
𝑦1 −𝑥1

𝑇) (
𝑥2 𝑧2
𝑦2 −𝑥2

𝑇) − (
𝑥2 𝑧2
𝑦2 −𝑥2

𝑇) (
𝑥1 𝑧1
𝑦1 −𝑥1

𝑇) 

[𝑋1, 𝑋2]11 = [𝑥1, 𝑥2] + 𝑝1(𝑧1𝑝1𝑦2 − 𝑧2𝑝1𝑦1) 

[𝑋1, 𝑋2]12 = 𝑥1𝑧2 − 𝑧1𝑥2
𝑇 − (𝑥2𝑧1 − 𝑧2𝑥1

𝑇)

 = 𝑝1(𝑥1𝑝1𝑧2 + 𝑥2𝑝1𝑧1 − 𝑧1𝑝1𝑥2
𝑇 − 𝑧2𝑝1𝑥1

𝑇)𝑝1: = 𝑝1𝑤𝑝1
 

[𝑋1, 𝑋2]21 = 𝑦1𝑥2 − 𝑥1
𝑇𝑦2 − (𝑦2𝑥1 − 𝑥2

𝑇𝑦1) 

[𝑋1, 𝑋2]22 = [𝑥1
𝑇 , 𝑥2

𝑇] + (𝑦1𝑝1𝑧2 − 𝑦2𝑝1𝑧1)𝑝1 = −[𝑋1, 𝑋2]11
𝑇  

𝔫:= {(
𝑥 𝑧
0 −𝑥𝑇

) ∈ 𝔤: 𝑝𝑖𝑥𝑝𝑗 = 0 if 𝑖 = 1,… , 𝑟 + 1, 𝑗 ≥ 𝑖, and 𝑝1𝑧𝑝1 = 0} 

(𝔲Bog 
Γ )

ℂ
= {(

𝑥 𝑧
𝑦 −𝑥𝑇) ∈ 𝔤: 𝑥 =∑  

𝑟+1

𝑖=1

 𝑝𝑖𝑥𝑝𝑖, 𝑧 = 𝑝1𝑧𝑝1, 𝑧 = −𝑧
𝑇 , 𝑦 = 𝑝1𝑦𝑝1, 𝑦 = −𝑦

𝑇} .  

𝔭 + 𝔭 = 𝔤, 𝔭 ∩ 𝔭 = (𝔲Bog 
Γ )

ℂ
 

Ad𝑈𝔭 ⊆ 𝔭 

𝑠Γ(𝑋1, 𝑋2) = Tr((
𝑥1 𝑧1
𝑦1 −𝑥1

𝑇) [𝑖 (
Λ 0
0 𝟏 − Λ

) , (
𝑥2 𝑧2
𝑦2 −𝑥2

𝑇)])

 = 𝑖Tr(𝑥1[Λ, 𝑥2] − 𝑥1
𝑇[Λ, 𝑥2

𝑇]) + 𝑖Tr(𝑧1((𝟏 − Λ)𝑦2 − 𝑦2Λ)) + 𝑖Tr(𝑦1(Λ𝑧2 − 𝑧2(𝟏 − Λ)))

 = 0

 

Tr(𝑧1((𝟏 − Λ)𝑦2 − 𝑦2Λ)) = Tr(𝑧1𝑝1((𝟏 − Λ)𝑦2 − 𝑦2Λ)𝑝1) = 0 

Λ𝑧2 − 𝑧2(𝟏 − Λ) =
1

2
(𝑝1𝑧2𝑝1 − 𝑝1𝑧2𝑝1) = 0 

 

𝑋 ∈ 𝔭 ∖ (𝔲Bog 
Γ )

ℂ
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−𝑖𝑠Γ(𝑋, 𝑋‾) = −Tr(𝑋[Γ, 𝑋
∗]) = −Tr((

𝑥 𝑧
𝑦 −𝑥𝑇) [(

Λ 0
0 𝟏 − Λ

) , (
𝑥∗ 𝑦∗

𝑧∗ −𝑥‾
)])

 = −2Tr(𝑥[Λ, 𝑥∗]) + Tr(𝑦𝑦∗ − (𝑦∗𝑦 + 𝑦𝑦∗)Λ) − Tr(𝑧((𝟏 − Λ)𝑧∗ − 𝑧∗Λ))

∶= 𝐴 + 𝐵 + 𝐶

 

𝑋 ∈ 𝔭 ∖ (𝔲Bog 
Γ )

ℂ
 

‖𝑦‖2
2 = ‖𝑝1𝑦‖2

2 + ‖(𝟏 − 𝑝1)𝑦‖2
2 

𝐵 = Tr(𝑦𝑦∗ − (𝑦∗𝑦 + 𝑦𝑦∗)Λ) = ‖(𝟏 − 𝑝1)𝑦‖2
2 −∑  

𝑟

𝑖=2

  (𝜆𝑖Tr(𝑦
∗𝑦𝑝𝑖) + 𝜆𝑖Tr(𝑦𝑦

∗𝑝𝑖))

 ≥ ‖(𝟏 − 𝑝1)𝑦‖2
2 − 𝜆2(∑ 

𝑟

𝑖=2

 Tr(𝑝𝑖(𝑦(𝟏 − 𝑝1))
∗
𝑦(𝟏 − 𝑝1)𝑝𝑖) + Tr(𝑝𝑖(𝟏 − 𝑝1)𝑦((𝟏 − 𝑝1)𝑦)

∗
𝑝𝑖))

 ≥ (1 − 2𝜆2)‖(𝟏 − 𝑝1)𝑦‖2
2

 

𝜆2 = max
𝑖=2,…,𝑟

 𝜆𝑖 <
1

2
 and (𝟏 − 𝑝1)𝑦 ≠ 0, for 𝑦 ≠ 𝑝1𝑦𝑝1 

−𝑖𝑠Γ(𝑋, 𝑋‾) > 0 for 𝑋 ∈ 𝔭 ∖ (𝔲Bog 
Γ )ℂ 

Γ = (
Λ 0
0 𝟏 − Λ

) , Λ =∑  

∞

𝑖=1

 𝜆𝑖𝑝𝑖  

𝔭:= {(
𝑥 0
𝑦 −𝑥𝑇

) ∈ 𝔤: 𝑝𝑖𝑥𝑝𝑗 = 0 if 𝑖 ≥ 1, 𝑗 < 𝑖} 

𝔭:= {(
𝑥 𝑧
𝑦 −𝑥𝑇) ∈ 𝔤: 𝑝𝑖𝑥𝑝𝑗 = 0 if 𝑖 ≥ 1, 𝑗 < 𝑖, 𝑧 = 𝑝1𝑧𝑝1} 

𝑥 = ∑  

𝑖,𝑗≥1

𝑝𝑖𝑥𝑝𝑗 

‖∑  

𝑁

𝑖=1

 ∑  

𝑀

𝑗=1

 𝑝𝑖𝑥𝑝𝑗‖ ≤ ‖𝑥‖ 

𝑥 =∑  

∞

𝑖=1

∑ 

𝑗≥𝑖

𝑝𝑖𝑥𝑝𝑗 

𝑥 =∑  

∞

𝑖=1

∑ 

𝑗≥𝑖

𝑝𝑖𝑥𝑝𝑗 +∑ 

∞

𝑖=1

∑ 

𝑗<𝑖

𝑝𝑖𝑥𝑝𝑗 

𝔫:= {(
𝑥 𝑧
0 −𝑥𝑇

) ∈ 𝔤: 𝑝𝑖𝑥𝑝𝑗 = 0 if 𝑖 ≥ 1, 𝑗 ≥ 𝑖} 

−𝑖𝑠Γ(𝑋, 𝑋‾) = −2Tr(𝑥[Λ, 𝑥
∗]) + Tr(𝑦𝑦∗ − (𝑦∗𝑦 + 𝑦𝑦∗)Λ) > 0 

𝑋 ∈ 𝔭 ∖ (𝔲Bog 
Γ )

ℂ
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Tr((𝑥𝑥∗ − 𝑥∗𝑥)Λ) 

𝑥 =∑  

∞

𝑖=1

∑ 

𝑗≥𝑖

𝑝𝑖𝑥𝑝𝑗 

𝑓(𝑦) = Tr(𝑦𝑧), 𝑧 ∈  B1(ℌ), 𝑦 ∈  B(ℌ) 

Tr(𝑥𝑥∗Λ) =∑  

∞

𝑖=1

 ∑  

𝑗≥𝑖

 Tr(𝑝𝑖𝑥𝑝𝑗𝑥
∗Λ)

 =∑  

∞

𝑖=1

 ∑  

𝑗≥𝑖

 Tr (𝑝𝑖𝑥𝑝𝑗 (∑  

∞

𝑘=1

 ∑  

𝑙≥𝑘

 𝑝𝑙𝑥
∗𝑝𝑘)(∑ 

∞

𝑠=1

 𝜆𝑠𝑝𝑠))

 =∑  

∞

𝑖=1

 ∑  

𝑗≥𝑖

 𝜆𝑖Tr(𝑝𝑖𝑥𝑝𝑗𝑥
∗𝑝𝑖)

 

−2Tr(𝑥[Λ, 𝑥∗]) = 2∑  

∞

𝑖=1

∑ 

𝑗>𝑖

(𝜆𝑖 − 𝜆𝑗)‖𝑝𝑖𝑥𝑝𝑗‖2
2
 

ker(Γ) = {0}(𝒪(Γ), Σ(𝑠Γ)) 

g1 − pdmΓ = Γ[Λ, 0] 

𝛼𝑈: 𝒪(Γ) → 𝒪(Γ), 𝛼𝑈(Γ1) = 𝑈Γ1𝑈
∗, Γ1 ∈ 𝒪(Γ) 

𝔉:= 𝔉[ℌ] =⨁ 

∞

𝑁=0

𝔉(𝑁), 

𝔉(𝑁) =⋀ 

𝑁

𝑛=1

ℌ 

𝔉(0) = ℂΩ 

𝑓1 ∧ …∧ 𝑓𝑁: =
1

√𝑁!
∑  

𝜋∈𝑆𝑁

sign(𝜋)𝑓𝜋(1)⊗𝑓𝜋(2)⊗…⊗𝑓𝜋(𝑁), 𝑓𝑖 ∈ ℌ, 

⟨𝑓1 ∧ …∧ 𝑓𝑁, 𝑔1 ∧ …∧ 𝑔𝑁⟩𝔉(𝑁) = det(⟨𝑓𝑖, 𝑔𝑗⟩)1≤𝑖,𝑗≤𝑁 , 𝑓𝑖, 𝑔𝑖 ∈ ℌ. 

⟨Ψ1, Ψ2⟩𝔉:= ∑  

∞

𝑁=0

⟨𝑓1
(𝑁)
, 𝑓2
(𝑁)
⟩
𝔉(𝑁)

, Ψ𝑖 = (𝑓𝑖
(0)
, 𝑓𝑖
(1)
, … ) , 𝑖 = 1,2 

𝑐∗(𝑓)Ω = 𝑓; 𝑐∗(𝑓)(𝑓1 ∧ …∧ 𝑓𝑁):= 𝑓 ∧ 𝑓1 ∧ …∧ 𝑓𝑁 

{𝑐(𝑓), 𝑐∗(𝑔)} = ⟨𝑓, 𝑔⟩𝟏𝔉
{𝑐∗(𝑓), 𝑐∗(𝑔)} = {𝑐(𝑓), 𝑐(𝑔)} = 0

 

𝑐(𝑓), 𝑐∗(𝑓) ∈ B(𝔉) 
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‖𝑐(𝑓)‖ = ‖𝑓‖ and ‖𝑐∗(𝑓)‖ = ‖𝑓‖ 

{𝑐(𝑓): 𝑓 ∈ ℌ} in B(𝔉) 

𝒜 = 𝒜(ℌ) of ℌ 

ℕ̂: =⨁ 

𝑁≥0

𝑁𝟏𝔉(𝑁) 

Ψ = (𝑓(0), 𝑓(1), … ) 

∑  

∞

𝑁=1

𝑁2‖𝑓(𝑁)‖
𝔉(𝑁)
2

< ∞ 

𝐼0𝑓:= 𝑓‾:=∑  

𝑘≥1

 𝜇‾𝑘𝜑𝑘  

𝑓 =∑  

𝑘≥1

𝜇𝑘𝜑𝑘 

𝑥‾: = 𝐼0𝑥𝐼0,  and  𝑥𝑇: = (𝑥‾)∗ = 𝑥∗ 

𝑢𝑢∗ + 𝑣𝑣∗ = 𝟏 = 𝑢∗𝑢 + 𝑣𝑇𝑣‾
𝑢∗𝑣 + 𝑣𝑇𝑢‾ = 0 = 𝑢𝑣𝑇 + 𝑣𝑢𝑇

 

𝑈 = (
𝑢 𝑣
𝑣‾ 𝑢‾

)  

𝑑∗(𝑓): = 𝑐∗(𝑢𝑓) + 𝑐(𝑣𝑓‾), 𝑑(𝑓): = (𝑑∗(𝑓))∗ 

𝛽𝑈(𝑐(𝑓)) = 𝑑(𝑓) 

𝕌:= 𝕌𝑈: 𝔉 → 𝔉 

𝕌𝑐∗(𝑓)𝕌∗ = 𝑐∗(𝑢𝑓) + 𝑐(𝑣𝑓‾)  

𝜔(𝟏𝔉) = 1 and 𝜔(𝐴∗𝐴) ≥ 0, for all 𝐴 ∈  B(𝔉) 

𝔉, 𝜌 ≥ 0 and Tr(𝜌) = 1 

𝜔(𝐴) = Tr𝔉(𝜌𝐴) 

𝜔(𝐴) = ⟨Ψ, 𝐴Ψ⟩𝔉 

𝑒1, … , 𝑒2𝑛 ∈ {𝑐
∗(ℎ1), 𝑐(ℎ1),… , 𝑐

∗(ℎ2𝑛), 𝑐(ℎ2𝑛)} 

𝜔(𝑒1…𝑒2𝑛) = ∑  

𝜋∈𝑃2𝑛

sign(𝜋)𝜔(𝑒𝜋(1)𝑒𝜋(2))…𝜔(𝑒𝜋(2𝑛−1)𝑒𝜋(2𝑛)) 

𝜔(𝑒1𝑒2𝑒3𝑒4) = 𝜔(𝑒1𝑒4)𝜔(𝑒2𝑒3) − 𝜔(𝑒1𝑒3)𝜔(𝑒2𝑒4) + 𝜔(𝑒1𝑒2)𝜔(𝑒3𝑒4) 
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𝜔(ℕ̂):= ∑  

∞

𝑁=1

 𝑁𝜔(Π(𝑁)) < ∞  

Ψ ∈ 𝔉(𝑁) 

Ψ = 𝑓1 ∧ …∧ 𝑓𝑁 

⟨(
𝑓1
𝑓2
) , Γ𝜔 (

𝑔1
𝑔2
)⟩
ℌ⊕ℌ

= 𝜔([𝑐∗(𝑔1) + 𝑐(𝑔‾2)][𝑐(𝑓1) + 𝑐
∗(𝑓‾2)]), 𝑓𝑖, 𝑔𝑖 ∈ ℌ. 

0 ≤ Γ𝜔 ≤ 𝟏ℌ⊕ℌ  

Γ𝜔 = (
𝛾𝜔 𝛼𝜔
𝛼𝜔
∗ 𝟏 − 𝛾‾𝜔

) =: Γ𝜔[𝛾𝜔 , 𝛼𝜔]  

𝑐𝑘
∗ := 𝑐∗(𝜑𝑘) and 𝑐𝑘: = 𝑐(𝜑𝑘) 

⟨𝜑𝑚, 𝛾𝜔𝜑𝑘⟩ = 𝜔(𝑐𝑘
∗𝑐𝑚), ⟨𝜑𝑚, 𝛼𝜔

∗ 𝜑𝑘⟩ = 𝜔(𝑐𝑘
∗𝑐𝑚
∗ )  

𝛾𝜔
∗ = 𝛾𝜔, 𝛼𝜔

𝑇 = −𝛼𝜔.  

𝜔Ψ(𝐴) = ⟨Ψ, 𝐴Ψ⟩𝔉 

Ψ ∈ 𝔉(𝑁) 

ℕ̂ =∑  

𝑘≥1

𝑐𝑘
∗𝑐𝑘 

𝜔(ℕ̂) =∑  

𝑘≥1

 𝜔(𝑐𝑘
∗𝑐𝑘) = Tr(𝛾𝜔)  

𝜔(𝐴) = ⟨Ψ, 𝐴Ψ⟩ 

Ψ = (𝑓(0), 𝑓(1), … ) ∈ 𝔉 

𝜔(ℕ̂2) − 𝜔(ℕ̂)2 =∑  

𝑛≥0

(𝑛 − 𝑁)2‖𝑓(𝑁)‖
𝔉(𝑁)
2

= 2Tr(𝛼𝜔
∗ 𝛼𝜔) 

Γ = Γ[𝛾, 𝛼] = (
𝛾 𝛼
𝛼∗ 𝟏 − 𝛾‾) ∈ B(ℌ⊕ℌ) 

𝒟:= {(
𝛾 𝛼
𝛼∗ 𝟏 − 𝛾‾) ∈ B(ℌ⊕ℌ): 0 ≤ (

𝛾 𝛼
𝛼∗ 𝟏 − 𝛾‾) ≤ 𝟏ℌ⊕ℌ, 𝛾 = 𝛾

∗ ∈  B1(ℌ), 𝛼
𝑇 = −𝛼} .  

Φ:𝒵qf → 𝒟,Φ(𝜔) = Γ𝜔 

𝑈:ℌ⊕ℌ → ℌ⊕ℌ 

𝜔𝑈(𝐴):= 𝜔(𝕌𝑈𝐴𝕌𝑈
∗ ) 

Φ(𝜔𝑈) = 𝑈
∗Γ𝜔𝑈 
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Γ = Γ[𝛾, 𝛼] ∈ 𝒟 

0 ≤ Γ − Γ2 = (
𝛾 − 𝛾2 − 𝛼𝛼∗ (𝟏 − 𝛾)𝛼 + 𝛼(𝟏 − 𝛾‾)

𝛼∗(𝟏 − 𝛾) + (𝟏 − 𝛾‾)𝛼∗ 𝛾‾ − 𝛾‾2 − 𝛼∗𝛼
) 

𝑊Γ𝑊∗ = (
Λ 0
0 𝟏 − Λ

)  

𝐸𝑔𝑠: = inf{𝜔(ℍ):𝜔 ∈ 𝒵}. 

𝐸𝐻𝐹: = inf{⟨Ψ,ℍΨ⟩𝔉: 𝑁 ∈ ℕ,Ψ = 𝑓1 ∧ …∧ 𝑓𝑁, ⟨𝑓𝑖, 𝑓𝑗⟩ = 𝛿𝑖𝑗} 

𝐸𝐻𝐹𝐵∶= inf{𝜔(ℍ): 𝜔 ∈ 𝒵qf}

 = inf{ℰ(Γ): Γ ∈ 𝒟}
 

ℰ(Γ𝜔):= 𝜔(ℍ) 

ℍ =⨁ 

𝑁≥0

(∑ 

𝑁

𝑖=1

 ℎ𝑖 + ∑  

1≤𝑖,𝑗≤𝑁

 𝑊𝑖𝑗). 

ℎ = −Δ−∑  

𝐾

𝑘=1

𝑍𝑘
|𝑥 − 𝑟𝑘|

− 𝜇 

ℌ = 𝐿2(ℝ3, ℂ2), and 𝑊 =
1

|𝑥−𝑦|
 

ℌ⊗ℌ ≅ 𝐿2(ℝ6, ℂ2) 

ℎ = √−Δ+𝑚2 −𝑚,𝑚 > 0 

𝐺 ×𝑀 → 𝑀, (𝑔, 𝑝) ↦ 𝑔 ⋅ 𝑝 

(𝑔ℎ) ⋅ 𝑝 = 𝑔 ⋅ (ℎ ⋅ 𝑝) 

𝜋𝑝: 𝐺 → 𝑀, 𝜋𝑝(𝑔) = 𝑔 ⋅ 𝑝 

𝒪(𝑝):= {𝑔 ⋅ 𝑝: 𝑔 ∈ 𝐺} 

𝐺𝑝: = {𝑔 ∈ 𝐺: 𝑔 ⋅ 𝑝 = 𝑝} 

𝒪(𝑝) → 𝐺/𝐺𝑝, 𝑔 ⋅ 𝑝 ↦ 𝑔𝐺𝑝 

𝑇𝑝𝑓: 𝑇𝑝𝑀 → 𝑇𝑓(𝑝)𝑁 

𝜋𝑝: 𝐺 → 𝑀, 𝜋𝑝(𝑔) = 𝑔 ⋅ 𝑝 

(𝒲,𝜙) at 𝑝, 𝜙:𝒲 ⊆ 𝐸 → 𝑀,𝜙(0) = 𝑝 

𝜙(𝒲 ∩ (𝐹 ⊕ {0})) = 𝜙(𝒲) ∩ 𝑁 
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𝑇𝑝𝑓: 𝑇𝑝𝑀 → 𝑇𝑓(𝑝)𝑁 

𝐋(𝐾):= {𝑋 ∈ 𝔤: exp𝐺  (𝑡𝑋) ∈ 𝐾, ∀𝑡 ∈ ℝ} 

exp𝐾 = exp𝐺|𝐋(𝐾): 𝐋(𝐾) → 𝐾 

 

𝜋: 𝐺 → 𝑀, 𝜋(𝑔) = 𝑔𝐾 

𝐺 ×𝑀 → 𝑀, 𝑔 ⋅ ℎ𝐾 = 𝑔ℎ𝐾 

{𝔪𝑝}𝑝∈𝑀
𝔤𝑝⊕𝔪𝑝 = 𝔤Ad𝑔(𝔪𝑝) = 𝔪𝑝 

𝑇𝑝𝑀 → 𝑇𝑝
∗𝑀, 𝑣 → 𝜔𝑝(𝑣,⋅) 

𝛼𝑔(ℎ𝐾) = 𝑔ℎ𝐾 

(𝛼𝑔)
∗
𝜔 = 𝜔 

𝑠(𝑋, [𝑌, 𝑍]) + 𝑠(𝑍, [𝑋, 𝑌]) + 𝑠(𝑌, [𝑍, 𝑋]) = 0 

𝑠(𝑋, 𝑌) = 𝑓([𝑋, 𝑌]) 

𝐻𝑐
2(𝔤, 𝔷):= 𝑍𝑐

2(𝔤, 𝔷)/𝐵𝑐
2(𝔤, 𝔷) 

𝔨 = {𝑋 ∈ 𝔤: 𝑠(𝑋, 𝑌) = 0, ∀𝑌 ∈ 𝔤} 

𝑇𝑝𝑀 ≅ 𝔤/𝔨 

𝜔𝑝(𝑋 + 𝔨, 𝑌 + 𝔨):= 𝑠(𝑋, 𝑌), 𝑋, 𝑌 ∈ 𝔤. 

𝜔𝑔⋅𝑝(𝑣, 𝑤): = 𝜔𝑝(𝑇𝑔⋅𝑝(𝛼𝑔−1)(𝑣), 𝑇𝑔⋅𝑝(𝛼𝑔−1)(𝑤)), 𝑣, 𝑤 ∈ 𝑇𝑔⋅𝑝𝑀 

𝜔 = Σ(𝑠) 

𝜔:= {𝜔𝑔⋅𝑝}𝑔∈𝐺
 

𝔨 = {𝑋 ∈ 𝔤: 𝑠(𝑋, 𝑌) = 0, ∀𝑌 ∈ 𝔤} 

𝛼𝑔: 𝑀 → 𝑀, 𝛼𝑔(ℎ𝐾) = 𝑔ℎ𝐾 

𝑔 ∈ 𝐺;𝜔𝑝(𝑣, 𝑤) = 𝜔𝑝(𝐽𝑝𝑣, 𝐽𝑝𝑤) 

𝔭 + 𝔭 = 𝔤ℂ, 𝔭 ∩ 𝔭 = 𝔨ℂ,  and  Adℎ𝔭 ⊆ 𝔭, ℎ ∈ 𝐾.  

𝜔 = Σ(𝑠) 

𝑠: 𝔤ℂ × 𝔤ℂ → ℂ 

𝑠(𝔭 × 𝔭) = 0,  and  − 𝑖𝑠(𝑎, 𝑎‾) > 0, 𝑎 ∈ 𝔭 ∖ 𝔨ℂ  
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𝔤/𝔨 → (𝔤/𝔨)∗ ≃ 𝑇𝑝
∗𝑀,𝑋 + 𝔨 ↦ 𝜔𝑝(𝑋 + 𝔨,⋅) 

𝐻 =∑ 

𝑗

  𝑡𝑗𝑐𝑗
†𝑐𝑗+1 +  h.c. + 𝑈∑  

𝑗

 𝑛𝑗𝑛𝑗+1,  

𝑗, 𝑡𝑗 = −𝑡 − 𝑉2cos (2𝜋𝜏 (𝑗 +
1

2
) + 𝜙) 

𝐿𝑀 = (𝜏 −
1

2
)
−1

= 𝛿−1 

𝐻𝑀𝐹 = 𝐻0 +∑ 

𝑖𝑗

  𝜖𝑖𝑗𝑐𝑖
†𝑐𝑗  

𝐻𝑀𝐹 = 𝐻0 +∑ 

𝑖

  𝜖𝑖𝑐𝑖
†𝑐𝑖 +∑  

𝑖

 Δ𝑖𝑐𝑖
†𝑐𝑖+1 + ℎ. 𝑐. ,  

𝜖𝑖= 𝑈(⟨𝑛𝑖−1⟩𝑀𝐹 + ⟨𝑛𝑖+1⟩𝑀𝐹) 

Δ𝑖 = −𝑈⟨𝑐𝑖+1
† 𝑐𝑖⟩𝑀𝐹

 

⟨𝑛𝑖⟩𝑀𝐹= ∑  

𝛼occ

  |𝒰𝑖,𝛼|
2

 

⟨𝑐𝑖+1
† 𝑐𝑖⟩𝑀𝐹 = ∑  

𝛼occ

 𝒰𝑖+1,𝛼
∗ 𝒰𝑖,𝛼 ,

 

𝐻 =∑ 

𝑎

 𝐸𝑎
(MF)

𝑑𝑎
†𝑑𝑎 + ∑  

𝑎𝑏𝑐𝑑

 𝑈𝑐𝑑
𝑎𝑏𝑑𝑎

†𝑑𝑏
†𝑑𝑐𝑑𝑑  

𝐴𝑝(𝑡) = 𝐹(𝑡)∑  

𝑎𝑏

𝐴𝑎𝑏𝑑𝑎
†𝑑𝑏 

𝜌𝑏𝑎(𝑡) = ⟨𝑑𝑎
†(𝑡)𝑑𝑏(𝑡)⟩  

𝝆(1)(𝜔) = (ℏ𝜔𝑰 − 𝑯𝑒ℎ)
−1𝑽𝑝(𝜔),  

𝑯𝑒ℎ = (
𝑹 𝑪
−𝑪∗ −𝑹∗

) ,  

𝑹𝑒′𝑜′
𝑒𝑜 = (𝐸𝑜 − 𝐸𝑒)𝛿𝑒𝑒′𝛿𝑜𝑜′ + (𝑈𝑒𝑜′

𝑒′𝑜 +𝑈𝑜′𝑒
𝑜𝑒′ − 𝑈𝑜′𝑒

𝑒′𝑜 − 𝑈𝑒𝑜′
𝑜𝑒′)  

𝑪𝑜′𝑒′
𝑒𝑜 = 𝑈𝑒𝑒′

𝑜𝑜′ + 𝑈𝑒′𝑒
𝑜′𝑜 − 𝑈𝑒𝑒′

𝑜′𝑜 − 𝑈𝑒′𝑒
𝑜𝑜′  

 

𝜒𝐵𝐴(𝜔) = [𝑩𝑒𝑜 𝑩𝑜𝑒] [
ℏ𝜔𝑰 − 𝑹 −𝑪
𝑪∗ ℏ𝜔𝑰 + 𝑹∗

]
−1

[
𝑨𝑒𝑜
−𝑨𝑜𝑒

] 

⟨𝛿𝑛𝑚⟩ = ⟨𝑛𝑚⟩ −
1

2
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⟨𝛿𝑛𝑘⟩ =
1

√𝑁
∑  

𝑚

  𝑒𝑖𝑘𝑚⟨𝛿𝑛𝑚⟩,  

𝒪𝐶𝐷𝑊 = max
𝑖
 ⟨𝑛𝑖⟩ − min⟨𝑛𝑖⟩.  

IPR(⟨𝛿𝒏⟩) = (∑  

𝑘

  |⟨𝛿𝑛𝑘⟩|
4)/(∑  

𝑘

  |⟨𝛿𝑛𝑘⟩|
2)

2

.  

Δ ∼ exp (−
1

𝑈
) 

𝐾𝑛 = 𝜋 + 2𝜋𝜏𝑛, 

Δ(𝑈) ∼ exp (−
𝑈typ 

𝑈
), with 𝑈typ 

−1 = 2𝜌𝐹 

𝐾𝑛 = 𝜋 + 2𝜋𝜏𝑐𝑛. 

 

Ψ𝑋
𝑒𝑜(𝑟1, 𝑟2) = 𝜓𝑒(𝑟1)𝜓𝑜(𝑟2), 

𝜒𝐵𝐴(𝑡, 𝑡
′, 𝒓, 𝒓′) = −

𝑖

ℏ
⟨[𝐵(𝒓, 𝑡), 𝐴(𝒓′, 𝑡′)]⟩, 

 

⟨𝐵⟩(𝒓, 𝑡) = ⟨𝐵⟩0(𝒓, 𝑡) + ∫  𝑑𝒓
′∫  

∞

−∞

𝜒𝐵𝐴(𝒓, 𝒓
′; 𝑡 − 𝑡′)𝐹(𝑡′) 

⟨𝐵⟩ =∑  

𝑎𝑏

𝐵𝑎𝑏⟨𝑐𝑎
†(𝑡)𝑐𝑏(𝑡)⟩, 

⟨𝑐𝑎
†(𝑡)𝑐𝑏(𝑡)⟩ ≡ 𝜌𝑏𝑎(𝑡) 

|𝜓𝑖⟩ = 𝑑𝑖
†|0⟩ 

𝐻 = 𝐻0 +𝐻int + 𝐴̂𝐹(𝑡), 

𝐻0 = ∑  

𝑖𝑗

  𝑡𝑖𝑗𝑑𝑖
†𝑑𝑗

𝐻int = ∑  

𝑖𝑗𝑘𝑙

 𝑈𝑘𝑙
𝑖𝑗
𝑑𝑖
†𝑑𝑗

†𝑑𝑘𝑑𝑙

𝐴̂ =∑  

𝑖𝑗

 𝐴𝑖𝑗𝑑𝑖
†𝑑𝑗

 

𝑑

𝑑𝑡
𝜌𝑏𝑎 = ⟨𝑑𝑎

† 𝑑

𝑑𝑡
𝑑𝑏⟩ + ⟨

𝑑

𝑑𝑡
𝑑𝑎
†𝑑𝑏⟩ 
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𝑑

𝑑𝑡
𝒪(𝑡) =

𝑖

ℏ
[𝐻, 𝒪(𝑡)]. 

𝑑

𝑑𝑡
𝜌𝑏𝑎 =

𝑖

ℏ
⟨𝑑𝑎
†[𝐻, 𝑑𝑏]⟩ +

𝑖

ℏ
⟨[𝐻, 𝑑𝑎

†]𝑑𝑏⟩. 

[𝐻, 𝑑𝑏] = −∑  

𝑗

  (𝑡𝑏𝑗 + 𝐴𝑏𝑗𝐹(𝑡))𝑑𝑗

 +∑  

𝑗𝑘𝑙

  (𝑈𝑘𝑙
𝑗𝑏
− 𝑈𝑘𝑙

𝑏𝑗
)𝑑𝑗
†𝑑𝑘𝑑𝑙

 

[𝐻, 𝑑𝑎
†] =∑  

𝑖

  (𝑡𝑖𝑎 + 𝐴𝑖𝑎𝐹(𝑡))𝑑𝑖
†

 +∑  

𝑖𝑗𝑘

 (𝑈𝑘𝑎
𝑖𝑗
− 𝑈𝑎𝑘

𝑖𝑗
)𝑑𝑖
†𝑑𝑗

†𝑑𝑘.
 

−𝑖ℏ
𝑑

𝑑𝑡
𝜌𝑏𝑎 = −∑  

𝑗

 (𝑡𝑏𝑗 + 𝐴𝑏𝑗𝐹(𝑡))𝜌𝑗𝑎

 +∑  

𝑖

  (𝑡𝑖𝑎 + 𝐴𝑖𝑎𝐹(𝑡))𝜌𝑏𝑖

 +∑  

𝑗𝑘𝑙

 (𝑈𝑘𝑙
𝑗𝑏
− 𝑈𝑘𝑙

𝑏𝑗
)⟨𝑑𝑎

†𝑑𝑗
†𝑑𝑘𝑑𝑙⟩

 +∑  

𝑖𝑗𝑘

 (𝑈𝑘𝑎
𝑖𝑗
− 𝑈𝑎𝑘

𝑖𝑗
)⟨𝑑𝑖

†𝑑𝑗
†𝑑𝑘𝑑𝑏⟩.

 

⟨𝑑𝑎
†𝑑𝑗

†𝑑𝑘𝑑𝑙⟩ = ⟨𝑑𝑎
†𝑑𝑙⟩⟨𝑑𝑗

†𝑑𝑘⟩ − ⟨𝑑𝑎
†𝑑𝑘⟩⟨𝑑𝑗

†𝑑𝑙⟩, 

−𝑖ℏ
𝑑

𝑑𝑡
𝜌𝑏𝑎(𝑡) =∑  

𝑖

  (𝑡𝑖𝑎 + 𝐴𝑖𝑎𝐹(𝑡))𝜌𝑏𝑖

 −∑  

𝑗

  (𝑡𝑏𝑗 + 𝐴𝑏𝑗𝐹(𝑡))𝜌𝑗𝑎

 +∑  

𝑙

 Σ𝑏𝑙[𝝆]𝜌𝑙𝑎 + 𝜌𝑏𝑖Σ𝑖𝑎[𝝆]

 

Σ𝑏𝑙[𝝆] =∑  

𝑘𝑙

(𝑈𝑘𝑙
𝑗𝑏
+ 𝑈𝑙𝑘

𝑏𝑗
− 𝑈𝑘𝑙

𝑏𝑗
− 𝑈𝑙𝑘

𝑗𝑏
)𝜌𝑘𝑗, 

𝝆(𝑡) =∑  

𝑛

𝝆(𝑛)(𝑡), 

Σ[𝝆] → Σ[𝝆 − 𝝆(0)] 
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𝑖ℏ
𝑑

𝑑𝑡
𝜌𝑏𝑎
(1)
(𝑡) =∑  

𝑖

 (𝑡𝑏𝑖𝜌𝑖𝑎
(1)
− 𝜌𝑏𝑖

(1)
𝑡𝑖𝑎)

 +∑  

𝑖

  (𝐴𝑏𝑖𝜌𝑖𝑎
(0)
− 𝜌𝑏𝑖

(0)
𝐴𝑖𝑎)𝐹(𝑡)

 +∑  

𝑖𝑗𝑘

  (𝑈𝑘𝑖
𝑏𝑗
+ 𝑈𝑖𝑘

𝑗𝑏
− 𝑈𝑘𝑖

𝑗𝑏
− 𝑈𝑖𝑘

𝑏𝑗
)𝜌𝑘𝑗
(1)
𝜌𝑖𝑎
(0)

 −∑  

𝑖𝑗𝑘

 𝜌𝑏𝑖
(0)
(𝑈𝑘𝑎

𝑖𝑗
+ 𝑈𝑎𝑘

𝑗𝑖
−𝑈𝑎𝑘

𝑖𝑗
− 𝑈𝑘𝑎

𝑗𝑖
)𝜌𝑘𝑗
(1)
.

 

∑ 

𝑐𝑑

  (ℏ𝜔𝛿𝑐𝛼𝛿𝛽𝑑 −𝐻𝛼𝛽
𝑐𝑑)𝜌𝑐𝑑

(1)
(𝜔) = 𝐽𝛼𝛽(𝜔)  

𝐻𝛼𝛽
𝑐𝑑  = 𝑡𝛼𝑐𝛿𝑑𝛽 − 𝑡𝑑𝛽𝛿𝛼𝑐

 +∑  

𝑒

  (𝑈𝑐𝑒
𝛼𝑑 + 𝑈𝑒𝑐

𝑑𝛼 − 𝑈𝑐𝑒
𝑑𝛼 − 𝑈𝑒𝑐

𝛼𝑑)𝜌𝑒𝛽
(0)

 −∑  

𝑒

 𝜌𝛼𝑒
(0)
(𝑈𝑐𝛽

𝑒𝑑 + 𝑈𝛽𝑐
𝑑𝑒 − 𝑈𝛽𝑐

𝑒𝑑 − 𝑈𝑐𝛽
𝑑𝑒)

 

𝐽𝛼𝛽(𝜔) =∑ 

𝑒

(𝐴𝛼𝑒𝜌𝑒𝛽
(0)
− 𝜌𝛼𝑒

(0)
𝐴𝑒𝛽)𝐹(𝜔). 

𝜌𝛼𝛽
(0)
= 𝑓𝛼𝛿𝛼𝛽 

𝑡𝛼𝛽 = 𝐸𝛼
(𝑀𝐹)

𝛿𝛼𝛽 

𝐻𝛼𝛽
𝑐𝑑= (𝐸𝛼

(MF)
− 𝐸𝛽

(MF)
) 𝛿𝛼𝑐𝛿𝛽𝑑  

 +(𝑈𝑐𝛽
𝛼𝑑 + 𝑈𝛽𝑐

𝑑𝛼 −𝑈𝑐𝛽
𝑑𝛼 − 𝑈𝛽𝑐

𝛼𝑑)(𝑓𝛽 − 𝑓𝛼),
 

𝐽𝛼𝛽(𝜔) = (𝑓𝛽 − 𝑓𝛼)𝐴𝛼𝛽𝐹(𝜔). 

(

 
 

𝐻𝑜𝑜
𝑜′𝑜′ 𝐻𝑜𝑜

𝑜′𝑒′ 𝐻𝑜𝑜
𝑒′𝑜′ 𝐻𝑜𝑜

𝑒′𝑒′

𝐻𝑜𝑒
𝑜′𝑜′ 𝐻𝑜𝑒

𝑜′𝑒′ 𝐻𝑜𝑒
𝑒′𝑜′ 𝐻𝑜𝑒

𝑒′𝑒′

𝐻𝑒𝑜
𝑜′𝑜′ 𝐻𝑒𝑜

𝑜′𝑒′ 𝐻𝑒𝑜
𝑒′𝑜′ 𝐻𝑒𝑜

𝑒′𝑒′

𝐻𝑒𝑒
𝑜′𝑜′ 𝐻𝑒𝑒

𝑜′𝑒′ 𝐻𝑒𝑒
𝑒′𝑜′ 𝐻𝑒𝑒

𝑒′𝑒′)

 
 

(

 
 
 

𝜌
𝑜′𝑜′
(1)

𝜌
𝑜′𝑒′
(1)

𝜌
𝑒′𝑜′
(1)

𝜌
𝑒′𝑒′
(1)
)

 
 
 
= (

𝐽𝑜𝑜(𝜔)
𝐽𝑜𝑒(𝜔)
𝐽𝑒𝑜(𝜔)
𝐽𝑒𝑒(𝜔)

). 

(
𝑅𝑜𝑒
𝑜′𝑒′ 𝐶𝑜𝑒

𝑒′𝑜′

𝐶𝑒𝑜
𝑜′𝑒′ 𝑅𝑒𝑜

𝑒′𝑜′
)(
𝜌
𝑜′𝑒′
(1)

𝜌
𝑒′𝑜′
(1) ) = (

𝐽𝑜𝑒(𝜔)

𝐽𝑒𝑜(𝜔)
), 

 

𝑅𝑜𝑒
𝑜′𝑒′ = (𝐸𝑜 − 𝐸𝑒)𝛿𝑒𝑒′𝛿𝑜𝑜′ + (𝑈𝑜′𝑒

𝑜𝑒′ + 𝑈𝑒𝑜′
𝑒′𝑜 − 𝑈𝑜′𝑒

𝑒′𝑜 − 𝑈𝑒𝑜′
𝑜𝑒′)𝐶𝑜𝑒

𝑒′𝑜′ = 𝑈𝑒′𝑒
𝑜𝑜′ +𝑈𝑒𝑒′

𝑜′𝑜 − 𝑈𝑒′𝑒
𝑜′𝑜 − 𝑈𝑒𝑒′

𝑜𝑜′  
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𝛿⟨𝐵⟩(𝜔) = Tr[𝜌(1)(𝜔)𝐵]

 = [𝑩𝑒𝑜 𝑩𝑜𝑒] [
ℏ𝜔𝑰 − 𝑹 −𝑪
𝑪† ℏ𝜔𝑰 + 𝑹∗

]
−1

[
𝑨𝑒𝑜
−𝑨𝑜𝑒

]
 

𝐻Hub = −𝑡∑  

𝑖𝜎

  𝑐𝑖𝜎
† 𝑐𝑖+1𝜎 +  h.c. +𝑈∑ 

𝑛

 𝑛𝑖↑𝑛𝑖↓,  

𝑖, 𝑛𝑖𝜎 = 𝑐𝑖𝜎
† 𝑐𝑖𝜎 

𝐻MF = −𝑡∑  

𝑖𝜎

  𝑐𝑖𝜎
† 𝑐𝑖+1𝜎 +  h.c. +𝑈∑  

𝑖𝜎

  ⟨𝑛𝑖−𝜎⟩𝑛𝑖𝜎.

 −𝑈∑  

𝑖𝜎

  ⟨𝑐𝑖↑
† 𝑐𝑖↓⟩𝑐𝑖↓

† 𝑐𝑖↓ +  h.c.. 
 

𝜔(𝑞) =
4

𝑈
|sin (𝑞)|, 

𝑆𝑐 = 𝜆∫  
𝑘,𝑞

  [𝑐‾𝑘−𝑞𝒔 ⋅ 𝑵𝑞𝜏𝑧𝑐𝑘

+(𝑐‾𝑘−𝑞𝒔 ⋅ 𝒅𝑞𝑖𝑠𝑦𝜏𝑦𝑐‾−𝑘 +  H.c. )]

 

𝑆𝑏 = ∫ 
𝑞

  [𝜒𝑁
−1(𝑞)𝑵𝑞 ⋅ 𝑵−𝑞 + 𝜒𝑑

−1(𝑞)𝒅𝑞 ⋅ 𝒅𝑞]  

𝜒𝜇 = 𝜒‾𝜇/(𝑟𝜇 + Ω𝑛
2 +𝑣𝜇

2𝒒2), 𝜇 = 𝑑,𝑁 

𝑆𝑒 = ∫ 
𝑘

𝑐‾𝑘,𝑠,𝜏(−𝑖𝜔𝑛 + 𝜖𝑘,𝜏)𝑐𝑘,𝑠,𝜏 

𝑆𝐵
eff = 𝑆𝑏 + 𝑆𝑉 

𝑆𝑉 = ∫ 
𝑥

𝑉(𝒅(𝑥), 𝑵(𝑥)) 

𝑉 = 𝑏1(𝒅𝒅)
2 − 𝑏2|𝒅𝒅|

2 + 𝑏3𝑵
4 − 𝑐1|𝒅𝑵|

2 + 𝑐2(𝒅𝒅)𝑵
2.  

𝑆𝐵
HS = 𝑆𝑏 +∫ 

𝑥

  [
𝑏3𝜓𝑑

2 + 𝑏1𝜓𝑁
2 + 𝑐2𝜓𝑑𝜓𝑁

4𝑏1𝑏3 − 𝑐2
2 +

|𝜙𝑑𝑑|
2

𝑏2

 +
|𝜙𝑑𝑁|

2

𝑐1
+ 𝑖𝜓𝑑𝒅𝒅+ 𝑖𝜓𝑁𝑵

2

+(𝜙𝑑𝑑𝒅𝒅+ 𝜙𝑑𝑁𝒅𝑵+  Н.c. )]

 

𝑆𝜓𝜙
HS  = ∫ 

𝑞

 {
𝜓𝑑
2

4𝑏1
+
𝜓𝑁
2

4𝑏3
+
|𝜙𝑑𝑑|

2

𝑏2
+
|𝜙𝑑𝑁|

2

𝑐1

 +
3

2
ln [(𝜒𝑁

−1 + 𝑖𝜓𝑑)[(𝜒𝑑
−1 + 𝑖𝜓𝑑) − 4|𝜙𝑑𝑑|

2]

−(𝜒𝑑
−1 + 𝑖𝜓𝑑)|𝜙𝑑𝑁|

2 + 𝜙‾𝑑𝑑𝜙𝑑𝑁
2 + 𝜙𝑑𝑑𝜙‾𝑑𝑁

2 ]}
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𝜓𝑑
0

𝑏1
 = ∫ 

𝑞

 
−2𝑖(𝜒𝑑

−1 + 𝑖𝜓𝑑
0)(𝜒𝑁

−1 + 𝑖𝜓𝑁) + 𝑖|𝜙𝑑𝑁
0 |

2

𝑄[𝜒𝑑 , 𝜒𝑁 , 𝜓𝑑
0 , 𝜓𝑁

0 , 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 ]

𝜓𝑁
0

𝑏3
 = ∫ 

𝑞

 
−𝑖(𝜒𝑑

−1 + 𝑖𝜓𝑑
0)
2
+ 4𝑖|𝜙𝑑𝑑

0 |
2

𝑄[𝜒𝑑 , 𝜒𝑁 , 𝜓𝑑
0 , 𝜓𝑁

0 , 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 ]

𝜙𝑑𝑑
0

𝑏2
 = ∫ 

𝑞

 
2𝜙𝑑𝑑

0 (𝜒𝑁
−1 + 𝑖𝜓𝑁

0 ) − (𝜙𝑑𝑁
0 )

2
/2

𝑄[𝜒𝑑 , 𝜒𝑁 , 𝜓𝑑
0 , 𝜓𝑁

0 , 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 ]

𝜙𝑑𝑁
0

𝑐1
 = ∫ 

𝑞

 
𝜙𝑑𝑁
0 (𝜒𝑑

−1 + 𝑖𝜓𝑑
0)/2 − 𝜙𝑑𝑑

0 𝜙‾𝑑𝑁
0

𝑄[𝜒𝑑 , 𝜒𝑁 , 𝜓𝑑
0 , 𝜓𝑁

0 , 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 ]

 

𝑄= (𝜒𝑁
−1 + 𝑖𝜓𝑁

0 ) [(𝜒𝑑
−1 + 𝑖𝜓𝑑

0)
2
− 4|𝜙𝑑𝑑

0 |
2
]  

 −(𝜒𝑑
−1 + 𝑖𝜓𝑑

0)|𝜙𝑑𝑁
0 |

2
+𝜙‾𝑑𝑑

0 (𝜙𝑑𝑁
0 )

2
+ 𝜙𝑑𝑑

0 (𝜙‾𝑑𝑁
0 )

2
 

𝑟𝜇 → 𝑟̃𝜇 = 𝑟𝜇 + 𝑖𝜓𝜇
0  

𝑆𝐵
HS,0 = ∫ 

𝑞

𝑩𝑞𝜒(𝑞)𝑩𝑞 

𝑩𝑞 = (𝑵𝑞 , 𝒅𝑞 , 𝒅−𝑞
𝑇
)
𝑇

 𝑩𝑞 = (𝑵−𝑞 , 𝒅𝑞 , 𝒅−𝑞
𝑇 ) 

𝜒(𝑞) = (

𝜒̃𝑁
−1(𝑞) 𝜙𝑑𝑁

0 /2 𝜙‾𝑑𝑁
0 /2

𝜙‾𝑑𝑁
0 /2 𝜒̃𝑑

−1(𝑞)/2 𝜙‾𝑑𝑑
0

𝜙𝑑𝑁
0 /2 𝜙𝑑𝑑

0 𝜒̃𝑑
−1(𝑞)/2

) .  

𝜒̃𝜇
−1 = 𝜒𝜇

−1 + 𝑖𝜓𝜇
0 

∫ 
𝑞

→ ∫  d2𝒒/(2𝜋)2 

𝑟𝑑 → 𝑟𝑑
′ = 𝑟𝑑 +

𝑏1
(2𝜋)2

∫  
2

𝑞2 + 𝑞0
2 𝑞 d𝑞  

𝑟̂̃𝜇 =
𝑟̃𝜇

(𝑣𝜇𝑞0)
2 , 𝜙̂𝑑𝑁

0 =
𝜙𝑑𝑁
0

𝑣𝑁𝑞0𝑣𝑑𝑞0
, 𝜙̂𝑑𝑑

0 =
𝜙𝑑𝑑
0

(𝑣𝑑𝑞0)
2

𝑏̂1 =
𝑏1

2𝜋𝑣𝑑
4𝑞0
2 , 𝑏̂2 =

𝑏2

2𝜋𝑣𝑑
4𝑞0
2 , 𝑏̂3 =

𝑏3

2𝜋𝑣𝑁
4𝑞0

2 , 𝑐̂1 =
𝑐1

2𝜋𝑣𝑁
2𝑣𝑑

2𝑞0
2 ,

 

𝑟̃𝑑  = 𝑟𝑑
′ + 𝑏1∫  

∞

0

  [
2(𝑟̃𝑁 + 𝑝

2)(𝑟̃𝑑 + 𝑝
2) − (𝜙𝑑𝑁

0 )
2

𝑃(𝑝, 𝑟̃𝑑 , 𝑟̃𝑁, 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 )
−

2

𝑝2 + 1
] 𝑝 d𝑝

𝑟̃𝑁  = 𝑟𝑁
′ + 𝑏3∫  

∞

0

  [
(𝑟̃𝑑 + 𝑝

2)2 − 4(𝜙𝑑𝑑
0 )

2

𝑃(𝑝, 𝑟̃𝑑 , 𝑟̃𝑁, 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 )
−

1

𝑝2 + 1
] 𝑝 d𝑝

𝜙𝑑𝑑
0  = 𝑏2∫  

∞

0

 
2𝜙𝑑𝑑

0 (𝑟̃𝑁 + 𝑝
2) − (𝜙𝑑𝑁

0 )
2
/2

𝑃(𝑝, 𝑟̃𝑑 , 𝑟̃𝑁 , 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 )
𝑝 d𝑝

𝜙𝑑𝑁
0  = 𝑐1∫  

∞

0

 
2𝜙𝑑𝑁

0 (𝑟̃𝑑 + 𝑝
2)/2 − 𝜙𝑑𝑑

0 𝜙𝑑𝑁
0

𝑃(𝑝, 𝑟̃𝑑 , 𝑟̃𝑁, 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 )
𝑝 d𝑝
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𝑃(𝑝, 𝑟̃𝑑 , 𝑟̃𝑁, 𝜙𝑑𝑑
0 , 𝜙𝑑𝑁

0 ) = (𝑟̃𝑁 + 𝑝
2) [(𝑟̃𝑑 + 𝑝

2)2 − 4(𝜙𝑑𝑑
0 )

2
] − (𝑟̃𝑑 + 𝑝

2)(𝜙𝑑𝑁
0 )

2
+ 2𝜙𝑑𝑑

0 (𝜙𝑑𝑁
0 )

2
 

𝑟̃𝑑  = 𝑟𝑑
′ −

𝑏1
2
ln (𝑟̃𝑑

2 − 4(𝜙𝑑𝑑
0 )

2
)

𝑟̃𝑁  = 𝑟𝑁
′ −

𝑏3
2
ln 𝑟̃𝑁

𝜙𝑑𝑑
0  = 𝜙𝑑𝑑

0
𝑏2

2|𝜙𝑑𝑑
0 |
arcoth(

𝑟̃𝑑

2|𝜙𝑑𝑑
0 |
)

 

|𝜙𝑑𝑑
0 | < 𝑟̃𝑑/2 

𝑟𝑑
′ = 2|𝜙𝑑𝑑

0 |coth(
2|𝜙𝑑𝑑

0 |

𝑏2
) + 𝑏1ln (

2|𝜙𝑑𝑑
0 |

sinh (2|𝜙𝑑𝑑
0 |/𝑏2)

)  

𝑆𝑉
0 = ∫ 

𝑞

  [𝜙𝑑𝑁
0 𝒅𝑞 ⋅ 𝑵−𝑞 + 𝜙𝑑𝑑

0 𝒅𝑞 ⋅ 𝒅−𝑞 +  H.c. ]  

𝑆̃(𝐴/𝐵) = 𝑆𝑒 + 𝑆1
(𝐴/𝐵)

+ 𝑆2
(𝐴/𝐵)

+ 𝑆𝜙
(𝐴/𝐵)

 

𝑆1
(𝐴/𝐵)

= ∫ 
𝑞

 𝑝1
(𝐴/𝐵)

(𝑞)(𝑺𝑞𝑺−𝑞 +  H.c. )

𝑆2
(𝐴/𝐵)

= ∫ 
𝑞

 𝑝2
(𝐴/𝐵)

(𝑞)(𝑫𝑞𝑫𝑞 +  H.c. )
 

𝑺𝑞= ∫ 
𝑘

 𝑐‾𝑘+𝑞𝒔𝜏𝑧𝑐𝑘 = ∫ 
𝑘

 𝜓‾𝑘+𝑞𝒔𝜓𝑘  

𝑫𝑞 = ∫ 
𝑘

 𝑐𝑘+𝑞(−𝑖𝑠𝑦𝒔)𝜏𝑦𝑐−𝑘 = −2𝑖 ∫ 
𝑘

 𝜓‾𝑘+𝑞𝒔𝛾−𝜓𝑘

𝑫𝑞 = ∫ 
𝑘

 𝑐‾𝑘+𝑞𝒔𝑖𝑠𝑦𝜏𝑦𝑐‾−𝑘 = 2𝑖 ∫ 
𝑘

 𝜓‾𝑘+𝑞𝒔𝛾+𝜓𝑘

 

𝜓𝑘 = (𝑐𝑘,+, 𝑖𝑠𝑦𝑐‾−𝑘,−)
𝑇
 

𝛾± = (𝛾𝑥 ± 𝑖𝛾𝑦)/2 

𝑝1
(𝐴)
(𝑞) = −

𝜆2

4𝜒𝑁
−1(𝑞)

, 𝑝2
(𝐴)
= −

𝜆2𝜒𝑑
−1(𝑞)

2 (𝜒𝑑
−2(𝑞) − 4|𝜙𝑑𝑑

0 |
2
)
,  

𝑝1
(𝐵)
(𝑞)  = −

𝜆2𝜒𝑑
−1(𝑞)

4 (𝜒𝑑
−1(𝑞)𝜒𝑁

−1(𝑞) − |𝜙𝑑𝑁
0 |

2
)

𝑝2
(𝐵)
(𝑞)  = −

𝜆2𝜒𝑁
−1(𝑞)

2 (𝜒𝑑
−1(𝑞)𝜒𝑁

−1(𝑞) − |𝜙𝑑𝑁
0 |

2
)

 

𝑆𝜙
(𝐴)
= ∫ 

𝑞

  [𝑝𝜙
(𝐴)
(𝑞)𝑫−𝑞𝑫𝑞 +  H.c. ]  
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𝑝𝜙
(𝐴)
(𝑞) =

𝜆2𝜙𝑑𝑑
0

(𝜒𝑑
−2(𝑞) − 4|𝜙𝑑𝑑

0 |
2
)

 

𝑫−𝑞𝑫𝑞 → 𝑒4𝑖𝜑𝑫−𝑞𝑫𝑞 

𝑆𝜙
(𝐵)
= ∫ 

𝑞

  [𝑝𝜙
(𝐵)
(𝑞)𝑺𝑞𝑫𝑞 +  H.c. ]  

𝑝𝜙
(𝐵)
(𝑞) =

𝜆2𝜙𝑑𝑁
0

2 (𝜒𝑑
−1(𝑞)𝜒𝑁

−1(𝑞) − 4|𝜙𝑑𝑁
0 |

2
)
)  

 

Σ1(𝑘) = 6∫ 
𝒒

 𝑝1
(𝐴,𝐵)

(𝑞)𝛾𝑧𝐺0,𝑘+𝑞𝛾𝑧  

𝐺0,𝑘
−1 = 𝑖𝜔𝑛𝛾0 − 𝜖𝒌𝛾𝑧 

Σ2(𝑘) = −24∫ 
𝒒

 𝑝2
(𝐴,𝐵)

(𝑞)(𝛾−𝐺0,𝑘+𝑞𝛾+ + 𝛾+𝐺0,𝑘+𝑞𝛾−).  

Σ𝜙(𝑘) = 24∫ 
𝒒

 𝑝𝜙
(𝐴)
(𝑞)(𝛾+𝐺0,𝑘+𝑞𝛾+ + 𝛾−𝐺0,𝑘+𝑞𝛾−) = 0  

𝑝̃2
(𝐴)
(𝒒) = (𝑝2

(𝐴)
(𝑞))

Ω𝑛=0
= −

𝜆

2

𝑅𝑑(𝒒)

𝑅𝑑
2(𝒒) − 4(𝜙𝑑𝑑

0 )2
 

𝑅𝑑(𝒒) = 𝑟𝑑 + (𝑣𝑑𝒒)
2 

(Σ𝒌
(2)
)
11
= −24𝑇∫ 

𝒒

  𝑝̃2
(𝐴)
(𝒒)

1

𝜔 + 𝜖𝒌+𝒒 + 𝑖0
+  
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ℐ𝑚 [Σ𝒌
(2)
(𝜔)]  = 24𝜋𝑇∫ 

𝒒

  𝑝̃2
(𝐴)
(𝒒)𝛿(𝜔 + 𝜖𝒌+𝒒)

 = 𝑔̃𝑇 ∑  

𝑝=±

 
1

√𝛽𝑝 + (𝜔 + 𝜖𝒌)
2

 

𝜖𝒌+𝒒 ≃ 𝜖𝒌 + 𝑣𝐹𝑞|| 

𝑞|| = 𝒌 ⋅ 𝒒/|𝒌| 

𝛽± = (𝑣𝐹/𝑣𝑑)
2(𝑟̃𝑑 ± 2𝜙𝑑𝑑

0 ) 

 

ℛ𝑒 [Σ𝒌
(2)
(𝜔)] =

1

𝜋
∫  
∞

−∞

 𝑑𝜔′
ℐ𝑚 [Σ𝒌

(3)(𝜔′)]

𝜔′ −𝜔

 ∝ ∑  

𝑝=±

 
𝑔̃𝑇

√𝛽𝑝 + (𝜔 + 𝜖𝒌)
2

ln ||
𝜔 + 𝜖𝒌 +√𝛽𝑝 + (𝜔 + 𝜖𝒌)

2

𝜔 + 𝜖𝒌 −√𝛽𝑝 + (𝜔 + 𝜖𝒌)
2
||

 

ℛ𝑒[Σ(2)] ∼ 2∑  

𝑝

𝑔̃𝑇(𝜔 + 𝜖𝒌)/𝛽𝑝 

ℛ𝑒[Σ(2)] ∼ 2Σ𝑝𝑔̃𝑇(𝜔 + 𝜖𝒌)/𝛽𝑝 

−ℐ𝑚[ΣAFM] ∝ 𝑇∫ 
𝒒

 𝛿(𝜔 − 𝜖𝒌+𝒒)
1

(𝒒 − 𝑸)2 + 𝜉−2
 

𝐻𝜙 = 4𝑔𝜙∫  
𝒌1,𝒌2

  (𝜓𝒌1
† 𝒔𝛾+𝜓𝒌1) ⋅ (𝜓𝒌2

† 𝒔𝛾+𝜓𝒌2) +  H.c. 

𝐻2 = 8𝑔2∫  
𝒌1,𝒌2

  (𝜓𝒌1
† 𝒔𝛾+𝜓𝒌1) ⋅ (𝜓𝒌2

† 𝒔𝛾−𝜓𝒌2)
 

𝜓𝒌 = (𝑐𝒌,+, 𝑖𝑠𝑦𝑐−𝒌,−
† )

𝑇
 

𝑔𝜙 = 𝑝𝜙
(𝐴)
(𝑞 = 0) and 𝑔2 = 𝑝2

(𝐴)
(𝑞 = 0) 

𝑝𝜙
(𝐴)
∝ 𝜙𝑑𝑑

0  

𝐻0 = ∫ 
𝒌

𝜓𝒌
†𝜖𝒌𝛾𝑧𝜓𝒌 

(𝑪𝒌)𝑖𝑗 = ⟨(𝜓𝒌
†)
𝑗
(𝜓𝒌)𝑖⟩ 
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𝐻MF = 𝐻0 − 24∫ 
𝒌

 𝜓𝒌
†(𝑔𝜙[𝛾+ ⋅ 𝑪𝒌 ⋅ 𝛾+ + H.c. ]

+𝑔2([𝛾− ⋅ 𝑪𝒌 ⋅ 𝛾+ +H.c. ] − 𝛾+ ⋅ 𝛾−))𝜓𝒌

 

𝑪𝒌 =
1

2
𝛾0 + 𝐶𝒌

𝑧𝛾𝑧 − Im[𝐶𝒌]𝛾𝑦 + Re[𝐶𝒌]𝛾𝑥  

𝐻MF = ∫ 
𝒌

 𝜓𝒌
† (

𝜖𝒌 −Δ𝒌
∗

−Δ𝒌 −𝜖𝒌
)𝜓𝒌  

𝜖𝒌 = 𝜖𝒌 + 𝛿𝜖𝒌 + 12𝑔2 

𝛿𝜖𝒌 = 24𝑔2𝐶𝒌
𝑧 

Δ𝒌 = 24𝑔𝜙𝐶𝒌 

(𝑪𝒌)𝑖𝑗 = 𝕀𝑖𝑗 −
Tr [(𝜓𝒌)𝑖(𝜓𝒌

†)
𝑗
𝑒−𝛽𝐻MF]

Tr[𝑒−𝛽𝐻MF]
 

𝑪𝒌 =
1

2
𝛾0 +

1

4
𝑡(𝛽𝐸𝒌/2)𝛽 (

−𝜖𝒌 Δ𝒌
∗

Δ𝒌 𝜖𝒌
)  

𝑡(𝑥) = tanh (𝑥)/𝑥 

𝐸𝒌 = √𝜖𝒌
2 + |Δ𝒌|

2 

Δ𝑘 = 6𝛽𝑔𝜙𝑡(𝛽𝐸𝑘/2)Δ𝑘
∗

 

𝛿𝜖𝒌 = −6𝛽𝑔2𝑡(𝛽𝐸𝒌/2)(𝜖𝒌 + 𝛿𝜖𝒌)  

1

6𝛽𝑔𝜙
= 𝑡(𝛽𝐸𝒌/2)  

𝛿𝜖𝒌 = −12𝑔2tanh (𝛽𝜖𝒌/2)  

𝜖𝒌 ∼ (1 +
6𝛽|𝑔2|

1 − 6𝛽|𝑔2|
) 𝜖𝒌, 𝜖𝒌 → 0  

1

6𝛽|𝑔2|
= 𝑡(𝛽𝛿𝜖𝒌/2)  

𝑇∗/𝑇𝑐 = |𝑔2/𝑔𝜙| 

|𝑔2/𝑔𝜙| > 1 and |𝑔2/𝑔𝜙| < 1 

Δ𝒌  = 𝛽𝑔̃𝜙𝑡(𝛽𝐸𝒌/2)𝜖𝒌
𝜖𝒌  = 𝜖𝒌 + 𝛽𝑔̃𝜙𝑡(𝛽𝐸𝒌/2)Δ𝒌

 

𝑝𝜙
(𝐴)
(𝑞)|

𝑖Ω𝑛→0
𝑝‾𝜙
(𝐴)
(𝒒) 
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𝐻MF
(𝐴)
= 𝐻0 − 24∫  

𝒒,𝒌

 𝑝‾𝜙
(𝐴)
(𝒒)𝜓𝒌

†(𝛾+ ⋅ 𝑪𝒌+𝒒 ⋅ 𝛾+ + H.c. )𝜓𝒌.  

Δ𝒌 = 6∫ 
𝒒

 𝛽𝑝‾𝜙
(𝐴)
(𝒒)𝑡(𝛽𝐸𝒌/2)Δ𝒌+𝒒

∗
 

 𝐸𝒌 = √𝜖𝒌
2 +(∑  

𝒒

 24𝑝𝜙
(𝐴)
(𝒒)Δ𝒌+𝒒)

2

  

𝑝‾𝜙
(𝐴)
(𝒒) = 𝛿(𝒒)𝑔𝜙 

∑ 

𝒒

 𝑝‾𝜙
(𝐴)
(𝒒) = 𝑔𝜙.  

𝑝‾𝜙
(𝐴)
(𝒒) ∈ ℝ+ 

 

𝑝𝜙
(𝐵)
(𝑞)|

𝑖Ω𝑛→0
 

Δ𝒌  =
1

4
∫ 
𝒒

 𝛽𝑝‾𝜙
(𝐵)
(𝒒)𝑡(𝛽𝐸𝒌+𝒒/2)𝜖𝒌+𝒒

𝜖𝒌  = 𝜖𝒌 +
1

4
∫ 
𝒒

 𝛽𝑝‾𝜙
(𝐵)
(𝒒)𝑡(𝛽𝐸𝒌+𝒒/2)Δ𝒌+𝒒

 

𝐸𝒌 = √𝜖𝒌 + Δ𝒌 

𝑝‾𝜙
(𝐵)
(𝒒) = 𝛿(𝒒)𝑔̃𝜙 

𝑴 = −
𝑖𝑒

2ℏ𝑉
∑  

𝑛𝒌

 𝑓𝑛𝒌 ⟨
𝜕𝑢𝑛𝒌
𝜕𝒌

| × [𝐻̂0(𝒌) + 𝜖𝑛(𝒌) − 2𝜇] |
𝜕𝑢𝑛𝒌
𝜕𝒌

⟩ ,  

|𝛿𝜙𝛼
(1)
⟩ = ∑  

𝛽≠𝛼

 
|𝜙𝛽⟩⟨𝜙𝛽|𝑉̂ext|𝜙𝛼⟩

𝜖𝛼 − 𝜖𝛽
 

|𝛿𝜙𝛼
(2)
⟩ = ∑  

𝛽≠𝛼

 
|𝜙𝛽⟩⟨𝜙𝛽|𝛿𝐻̂HF|𝜙𝛼⟩

𝜖𝛼 − 𝜖𝛽
 

𝑩(𝒓) = 𝐵cos (𝒒 ⋅ 𝒓)𝒆𝑧 

𝑨(𝒓) = −𝐵sin (𝒒 ⋅ 𝒓)𝒆𝑥/𝑞 

𝑉̂𝐵 = 𝑒[𝒗̂0 ⋅ 𝑨(𝒓) + 𝑨(𝒓) ⋅ 𝒗̂0]/2 

𝒗̂0 = −𝑖[𝒓̂, 𝐻̂]/ℏ = −𝑖[𝒓̂, 𝐻̂0]/ℏ 
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𝛿𝐾(𝒓) = −𝑴 ⋅ 𝑩(𝒓),  

𝛿𝐾(𝒓) =
1

2
[∑  

𝛼

 𝑓𝛼⟨𝜙𝛼|{(𝐻̂HF − 𝜇𝑁̂), 𝛿(𝒓̂ − 𝒓)}|𝛿𝜙𝛼⟩ + 𝑐. 𝑐. ]

 +
1

2
∑  

𝑛𝒌

 𝑓𝛼⟨𝜙𝛼|{𝑉̂𝐵, 𝛿(𝒓̂ − 𝒓)}|𝜙𝛼⟩.

 

𝑀𝑧
(1)
=lim
𝑞→0

 
𝑒

4𝑞𝑉
Im ∑  

𝑛𝑛′𝒌

  [(𝜖𝑛𝒌 + 𝜖𝑛′𝒌+𝒒 − 2𝜇)⟨𝑢𝑛𝒌 ∣ 𝑢𝑛′𝒌+𝒒⟩ 

⟨𝑢𝑛′𝒌+𝒒|𝑣̂0,𝑥(𝒌 + 𝒒) + 𝑣̂0,𝑥(𝒌)|𝑢𝑛𝒌⟩ [
𝑓𝑛𝒌 − 𝑓𝑛′𝒌+𝒒

𝜖𝑛𝒌 − 𝜖𝑛′𝒌+𝒒
] ,

 

𝑣̂0,𝑥(𝒌) = 𝑒
−𝑖𝒌⋅𝒓𝑣̂0,𝑥𝑒

𝑖𝒌⋅𝒓 

|𝛿𝜙𝑛𝒌
(2)
⟩ 𝛿𝐻̂HF = 𝑒𝒗̂MF ⋅ 𝑨 

𝒗̂MF = −𝑖[𝒓̂, 𝐻̂MF]/ℏ 

𝑨(𝒓), 𝛿𝐻̂HF ≈ 𝑒[𝒗̂MF ⋅ 𝑨(𝒓̂) + 𝑨(𝒓̂) ⋅ 𝒗̂MF]/2 

𝒗̂HF = 𝒗̂0 + 𝒗̂MF = −𝑖[𝒓̂, 𝐻̂HF]/ℏ 

𝑴 = −
𝑖𝑒

2ℏ𝑉
∑ 

𝑛𝒌

 𝑓𝑛𝒌 ⟨
𝜕𝑢𝑛𝒌
𝜕𝒌

| × [𝐻̂HF(𝒌) + 𝜖𝑛𝒌 − 2𝜇] |
𝜕𝑢𝑛𝒌
𝜕𝒌

⟩ .  

𝛿𝐻̂HF ≈ 𝑒[𝒗̂MF ⋅ 𝑨(𝒓̂) + 𝑨(𝒓̂) ⋅ 𝒗̂MF]/2 

𝐻̂KMH = ∑  

⟨𝑖,𝑗⟩,𝜎

  𝑡1𝑐̂𝑖𝜎
† 𝑐̂𝑗𝜎 + ∑  

⟨⟨𝑖,𝑗⟩⟩,𝜎

  𝑡2𝑒
𝑖𝜎𝑣𝑖𝑗𝜃𝑐̂𝑖𝜎

† 𝑐̂𝑗𝜎 

 +∑  

𝑖

 𝑈𝑛̂𝑖↑𝑛̂𝑖↓ + ∑  

⟨𝑖,𝑗⟩,𝜎

 𝑉𝑛̂𝑖𝜎𝑛̂𝑗𝜎′
 

Δ𝑀/Δ𝜇 = 𝐶𝑒/ℎ 

𝑴 = −𝜕𝐾(𝑩)/𝜕𝑩 

𝑡𝑖𝑗 → 𝑡𝑖𝑗exp [𝑖(𝑒/ℏ)∫  
𝒓𝑗

𝒓𝑖

 𝑨(𝒓)𝑑𝒓] 

|𝜈⟩ = 𝑄𝜈
†|0⟩ =∑  

𝑝ℎ

  [𝑋𝑝ℎ
𝜈 𝐵𝑝ℎ

† − 𝑌𝑝ℎ
𝜈 𝐵𝑝ℎ]|0⟩.  

𝐵𝑝ℎ
† = 𝐷𝑝ℎ

−1/2
𝑎𝑝
†𝑎ℎ 

𝐷𝑝ℎ = 𝑛ℎ − 𝑛𝑝,  

𝑛𝑟 = ⟨0|𝑎𝑟
†𝑎𝑟|0⟩ 
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𝑄𝜈|0⟩ = 0.  

(
𝒜 ℬ
−ℬ∗ −𝒜∗)(

𝑋𝜈

𝑌𝜈
) = ℏ𝜔𝜈 (

𝑋𝜈

𝑌𝜈
) ,  

𝒜𝑝ℎ,𝑝′ℎ′  = ⟨0| [𝐵𝑝ℎ, 𝐻, 𝐵𝑝′ℎ′
† |0⟩

ℬ𝑝ℎ,𝑝′ℎ′  = −⟨0| [𝐵𝑝ℎ
† , 𝐻, 𝐵

𝑝′ℎ′
†

] |0⟩
 

[𝐴, 𝐵, 𝐶] =
1

2
([𝐴, [𝐵, 𝐶]] + [[𝐴, 𝐵], 𝐶]).  

𝒜𝑝ℎ,𝑝′ℎ′ =𝒟𝑝ℎ𝑝′ℎ′(𝜖𝑝𝑝′𝛿ℎℎ′ − 𝜖ℎℎ′𝛿𝑝𝑝′)

 +𝐷𝑝ℎ
1/2
𝐷
𝑝′ℎ′
1/2 ⟨ℎ𝑝′|𝑉|𝑝ℎ′⟩

ℬ𝑝ℎ,𝑝′ℎ′ =𝐷𝑝ℎ
1/2
𝐷
𝑝′ℎ′
1/2 ⟨ℎℎ′|𝑉|𝑝𝑝′⟩

 

𝒟𝑝ℎ𝑝′ℎ′ =
1

2
(𝐷𝑝ℎ

1/2
𝐷
𝑝′ℎ′
−1/2

+ 𝐷𝑝ℎ
−1/2

𝐷
𝑝′ℎ′
1/2

)

𝜖𝑝𝑝′ = ⟨𝑝
′|𝑡|𝑝⟩ +∑  

𝑟

 𝑛𝑟⟨𝑝
′𝑟|𝑉|𝑝𝑟⟩

 +
1

2
∑  

𝑟,𝑠

 𝑛𝑟𝑛𝑠⟨𝑝
′𝑟𝑠|𝑉|𝑝𝑟𝑠⟩

𝜖ℎℎ′ = ⟨ℎ|𝑡|ℎ
′⟩ +∑  

𝑟

 𝑛𝑟⟨ℎ𝑟|𝑉|ℎ
′𝑟⟩

 +
1

2
∑  

𝑟,𝑠

 𝑛𝑟𝑛𝑠⟨ℎ𝑟𝑠|𝑉|ℎ
′𝑟𝑠⟩

 

⟨0|𝑎𝑝
†𝑎𝑝′|0⟩ =∑  

𝜈,𝜇,ℎ

  [𝛿𝜈𝜇 −
1

2
∑ 

𝑞,𝑔

 𝐷𝑞𝑔𝑋𝑞𝑔
𝜇
𝑋𝑞𝑔
𝜈∗]  

 ⋅ 𝐷𝑝ℎ
1/2
𝐷
𝑝′ℎ

1/2
𝑌𝑝ℎ
𝜈 𝑌

𝑝′ℎ
𝜇∗
+ 𝒪(|𝑌|6)

⟨0|𝑎ℎ
†𝑎ℎ′|0⟩ =𝛿ℎℎ′ − ∑  

𝜈,𝜇,𝑝

  [𝛿𝜈𝜇 −
1

2
∑  

𝑞,𝑔

 𝐷𝑞𝑔𝑋𝑞𝑔
𝜇

⋅ 𝑋𝑞𝑔
𝜈∗]𝐷𝑝ℎ

1/2
𝐷
𝑝ℎ′
1/2
𝑌𝑝ℎ
𝜈 𝑌

𝑝ℎ′
𝜇∗
+ 𝒪(|𝑌|6)

 

⟨𝜈|𝐹|0⟩ =∑  

𝑝,ℎ

 𝐷𝑝ℎ
1/2
(𝑋𝑝ℎ

𝜈∗⟨𝑝|𝐹|ℎ⟩ + 𝑌𝑝ℎ
𝜈∗⟨ℎ|𝐹|𝑝⟩).  

𝐸0 = 𝐸HF + 𝐸corr ,  

𝐸corr = −∑ 

𝜈

 ℏ𝜔𝜈∑ 

𝑝,ℎ

  |𝑌𝑝ℎ|
2

 

⟨𝑟𝜏
2⟩ =

1

𝑁𝜏
⟨0|∑  

𝑁𝜏

𝑖=1

 (𝑟𝜏(𝑖) − 𝑅⃗⃗c.m. )
2
|0⟩  
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𝜌̇ = −𝑖[𝐻0 + 𝑢𝑎𝐻𝑎]𝜌 + 𝐷𝑎𝑏 (𝐻𝑎𝜌𝐻𝑏 −
1

2
{𝐻𝑎𝐻𝑏 , 𝜌}) .  

𝐶[𝑢] =
𝑄

2
Tr(𝐻target 𝜌(𝑇)) +

1

2
∫  
𝑇

0

 𝑢(𝑡)⊤𝑅𝑢(𝑡)𝑑𝑡  

𝑑𝜓(𝑡) =−𝑖𝐻0𝜓(𝑡)𝑑𝑡 − 𝑖𝐻𝑎𝜓(𝑡)(𝑢𝑎(𝑡)𝑑𝑡 + 𝑑𝑊𝑎(𝑡)) 

 −
1

2
𝐷𝑎𝑏𝐻𝑎𝐻𝑏𝜓(𝑡)𝑑𝑡

 

𝔼(𝑑𝑊𝑎(𝑡)𝑑𝑊𝑏(𝑡)) = 𝐷𝑎𝑏𝑑𝑡 

𝑑‖𝜓(𝑡)‖2 = 0 

𝜌(𝑡) = 𝔼(𝜓(𝑡)𝜓(𝑡)†) 

𝐶[𝑢] = 𝔼(𝑆𝑢)  

 

𝑆𝑢 =
𝑄

2
⟨𝜓(𝑇)|𝐻target |𝜓(𝑇)⟩ +

1

2
∫  
𝑇

0

 𝑢(𝑡)⊤𝑅𝑢(𝑡)

 +
1

2
∫  
𝑇

0

 𝑢(𝑡)⊤𝑅𝑑𝑊(𝑡)

 

𝜌(𝑇) = 𝔼(𝜓(𝑇)𝜓(𝑇)†) 

𝑢𝑎(𝑡) = ∑  

𝐾

𝑘=1

 𝑢𝑎𝑘𝟏𝐼𝑘(𝑡) 𝑎 = 1,… , 𝑛𝑐  

𝑢𝑎𝑘
(𝑝+1)

= 𝑢𝑎𝑘
(𝑝)
+ 𝔼(𝜔(𝑝)

Δ𝑊𝑎𝑘
Δ𝑡𝑘

) , 𝑘 = 1,… , 𝐾  

Δ𝑊𝑎𝑘: = ∫  
𝐼𝑘

𝑑𝑊𝑎(𝑡), Δ𝑡𝑘 = 𝑡𝑘 − 𝑡𝑘−1 

𝜔(𝑝): =
𝑒−𝑆

(𝑝)/𝜆

𝔼(𝑒−𝑆
(𝑝)/𝜆)
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𝐸(𝜽) = ⟨𝜓(𝜽)|𝐻target |𝜓(𝜽)⟩ 

𝑈(𝜽) =∏ 

𝐿

ℓ=1

  [𝑉(ℓ)𝑅(ℓ)(𝜽ℓ)]  

𝑅(ℓ)(𝜽ℓ) = ∏  

𝑀

𝑚=1

 ∏  

𝑛

𝑞=1

 𝑅𝑞,𝑚
(ℓ)
(𝜃𝑞,𝑚

(ℓ)

𝑑𝜓(𝑡) = −𝑖∑  

ℓ

 𝑓(ℓ)(𝑡)𝐻0
(ℓ)
𝜓(𝑡)𝑑𝑡

 𝑓(ℓ)(𝑡) and 𝑔𝑚
(ℓ)
(𝑡) are 

𝑓(ℓ)(𝑡) = {
1,  if 𝑡 ∈ 𝐽(ℓ)

0,  otherwise 

𝑔𝑚
(ℓ)
(𝑡) = {1,  if 𝑡 ∈ 𝐼𝑚

(ℓ)

0,  otherwise, 

 

𝑅𝑞,𝑚
(ℓ)
(𝜃𝑞,𝑚

(ℓ)
) = 𝑒−𝑖𝜃𝑞,𝑚

(ℓ)
𝐻𝑞,𝑚
(ℓ)
/2

 

𝐻𝑞,𝑚
(ℓ) ∈ {𝜎𝑞

𝑥, 𝜎𝑞
𝑦
, 𝜎𝑞
𝑧} 

𝐼𝑚
(ℓ)
=[(ℓ − 1)(𝑀 + 1) +𝑚 − 1,

 (ℓ − 1)(𝑀 + 1) +𝑚],

𝐽(ℓ) =[(ℓ − 1)(𝑀 + 1) +𝑀,

 (ℓ − 1)(𝑀 + 1) +𝑀 + 1].

 

𝑑𝑊𝑞(𝑡)𝔼(𝑑𝑊𝑞(𝑡)𝑑𝑊𝑞′(𝑡)) = 𝛿𝑞,𝑞′𝐷𝑑𝑡 

𝜃̃𝑞,𝑚
(ℓ)
 = 𝜃𝑞,𝑚

(ℓ)
+ Δ𝑊𝑞,𝑚

(ℓ)

𝑉(ℓ)  = 𝑒−𝑖𝐻0
(ℓ)

 

Δ𝑊𝑞,𝑚
(ℓ)
= ∫  

𝐼𝑚
(ℓ)
𝑑𝑊𝑞(𝑡) 

𝐻𝑒𝑓𝑓(𝑡) =
1

2
∫  
𝑡

𝑡𝑚
(ℓ)
 ∑  

𝑞

  (𝜃𝑞,𝑚
(ℓ)
𝑑𝑡 + 𝑑𝑊𝑞(𝑡))𝐻𝑞,𝑚

(ℓ)
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𝜓(𝑡) = 𝑒
−𝑖𝐻eff (𝑡−𝑡𝑚

(ℓ)
)
𝜓(𝑡𝑚

(ℓ)
) 

𝑑𝜓(𝑡) = −∑  

𝑞

 [
𝑖

2
(𝜃𝑞,𝑚

(ℓ)
𝑑𝑡 + 𝑑𝑊𝑞(𝑡))𝐻𝑞,𝑚

(ℓ)
𝜓(𝑡)

+
1

8
𝐷𝜓(𝑡)𝑑𝑡]

 

∏ 

𝑛

𝑞=1

𝑒−𝑖𝜃̃𝑞,𝑚
(ℓ)
𝐻𝑞,𝑚
(ℓ)
/2

 

𝐼(ℓ):= ⋃  

𝑀

𝑚=1

𝐼𝑚
(ℓ)

 

𝑅(ℓ)(𝜽̃𝑙)𝐽
(ℓ)𝐼(ℓ)𝑓(ℓ)(𝑡)𝑔𝑚

(ℓ)(𝑡) 

𝜽 = {𝜃𝑞,𝑚
(ℓ)
} 

𝑆𝜽 =
𝑄

2
⟨𝜓(𝜽)|𝐻target |𝜓(𝜽)⟩ +

𝑅

2
𝜽⊤𝜽 +

𝑅

2
𝜽⊤Δ𝑾.  

𝜽(𝑝+1) = 𝜽(𝑝) + 𝔼(𝜔(𝑝)Δ𝑾),  

𝚫𝑾 = {Δ𝑊𝑞,𝑚
(ℓ)
} 

𝜔(𝑝) =
𝑒−𝑆

(𝑝)/𝜆

𝔼(𝑒−𝑆
(𝑝)/𝜆)
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|𝜓(𝜽 + Δ𝑾)⟩Δ𝑊𝑞,𝑚
(ℓ)
= ∫  

𝐼𝑚
(ℓ)
𝑑𝑊𝑞(𝑡) 

𝐷 |𝐼𝑚
(ℓ)
| = 𝐷 

𝜽(𝑗+1) = 𝜽(𝑗) − 𝑎𝑗𝒈̂𝑗  

𝒈̂𝑗 =
𝐸(𝜽(𝑗) + 𝑐𝑗𝚫𝑗) − 𝐸(𝜽

(𝑗) − 𝑐𝑗𝚫𝑗)

2𝑐𝑗
𝚫𝑗
−1  

𝐻0 =∑ 

𝑖<𝑗

 
𝐶6

𝑟𝑖𝑗
6 |11⟩𝑖𝑗⟨11|  

Ω(𝑡)

2
(𝑒𝑖𝜙(𝑡)|0⟩⟨1| + 𝑒−𝑖𝜙(𝑡)|1⟩⟨0|). 

𝐻𝑐(𝑡) = ∑  

𝑛

𝑞=1

 (𝑢𝑞𝑥(𝑡)𝜎𝑞
𝑥 + 𝑢𝑞𝑦(𝑡)𝜎𝑞

𝑦
)  

𝑉(ℓ) = 𝑒−𝑖𝜏𝑉𝐻0 

𝐻𝑞,𝑚
(ℓ)

= 𝜎𝑞
𝑧, 𝜎𝑞

𝑥 , 𝜎𝑞
𝑧 

𝑇GB = 𝐿(𝜏𝑔 + 𝜏𝑉) 

𝑢𝑎(𝑡) = ∑  

𝐾

𝑘=1

 𝐴𝑎𝑘ℎ𝑘(𝑡) 𝑎 = 1,… , 𝑛𝑐  

𝐴(𝑝+1) = 𝐴(𝑝) + 𝐶(𝑝)𝐵−1  

𝐵𝑘𝑘′  = ∫  
𝑇

0

 ℎ𝑘(𝑡)ℎ𝑘′(𝑡)𝑑𝑡

𝐶𝑎𝑘
(𝑝)
 = 𝔼(𝜔(𝑝)∫  

𝑇

0

 ℎ𝑘(𝑡)𝑑𝑊𝑎(𝑡))

 

𝑢𝑞(𝑡) =∑  

𝑚,ℓ

 𝜃𝑞,𝑚
(ℓ)
𝑔𝑚
(ℓ)
(𝑡) 𝑞 = 1,… , 𝑛  

𝑎𝑘 =
𝑎

(𝐴 + 𝑘 + 1)𝛼

𝑐𝑘 =
𝑐

(𝑘 + 1)𝛾

 

𝑑𝜓𝑡 = 𝑓(𝑡, 𝜓𝑡)𝑑𝑡 + 𝑔(𝑡, 𝜓𝑡)(𝑢(𝑡)𝑑𝑡 + 𝑑𝑊(𝑡)) 

2ℏ𝜔 + [0] → 1𝑠(𝑛, 𝑥)𝑝 + ℏ𝜔 → 1𝑠𝜀𝑙.  



 

pág. 13431 

𝐶̂ ∼ ∑  

𝑁

𝑛=1

(𝐴̂𝑛 ⋅ 𝐴̂𝑛) 

𝐴̂𝑛 →∑ 

𝐤

  ∑  

𝜌=1,2

 𝐞𝐤𝜌(𝑎̂𝐤𝜌
+ + 𝑎̂𝐤𝜌

− )  

(𝐤 ⋅ 𝐫𝑛) ≪ 1 ⇒ exp [±𝑖(𝐤 ⋅ 𝐫𝑛)] ≅ 1,
𝑟1𝑠/𝜆𝜔 ≪ 1.

 

𝐴𝑙 = 𝐴𝑙
(1)
+ 𝐴𝑙

(2)

𝐴𝑙
(1)
=∑ 

𝑀′

 ∑  

∞

𝑁=2

 
⟨0|𝑅̂|Φ𝑛⟩⟨Φ𝑛|𝑅̂|Ψ𝜀𝑙⟩

𝜔 − 𝐼1𝑠𝑛𝑝 + 𝑖𝛾1𝑠,𝑛

𝐴𝑙
(2)
=∑ 

𝑀′

 ∫  
∞

0

 𝑑𝑥
⟨0|𝑅̂|Φ𝑥⟩⟨Φ𝑥|𝑅̂|Ψ𝜀𝑙⟩

𝜔 − 𝐼1𝑠 − 𝑥 + 𝑖𝛾1𝑠

 |0⟩ = [0] ⊗ (𝑎𝜔
+)2|0𝑝ℎ⟩

|Φ𝑛,𝑥⟩ = |1𝑠(𝑛, 𝑥)𝑝( 
1𝑃1),𝑀

′⟩ ⊗ 𝑎̂𝜔
+|0𝑝ℎ⟩

|Ψ𝜀𝑙⟩ = |1𝑠𝑐𝑙( 
1𝑙𝐽=𝑙),𝑀⟩ ⊗ |0𝑝ℎ⟩

𝑅̂ = −
1

𝑐
∑  

𝑁

𝑛=1

 (𝑝̂𝑛 ⋅ 𝐴̂𝑛)

 

(𝑥 − 𝜀)⟨𝑥𝑝+|𝑟̂|𝜀𝑙+⟩ ≅ 𝑖√2𝑥 ⋅ 𝛿(𝑥 − 𝜀)  

𝐴𝑠 = 𝜁 (𝜇 +∑  

∞

𝑛=2

 𝛽𝑛⟨𝑛𝑝+|𝑟̂|𝜀‾𝑠+⟩)

𝐴𝑑 = √6𝜁 (𝜇 +∑  

∞

𝑛=2

 𝛽𝑛⟨𝑛𝑝+|𝑟̂|𝜀‾𝑑+⟩) ⋅ 𝑄𝑀

𝜇 = 𝑖 ⋅ 2√2𝜀‾⟨1𝑠0‖𝑟̂‖𝜀‾𝑝+⟩

𝛽𝑛 =
𝐼1𝑠𝑛𝑝(2𝜔 − 𝐼1𝑠𝑛𝑝)

𝜔 − 𝐼1𝑠𝑛𝑝 + 𝑖𝛾1𝑠,𝑛
⟨1𝑠0‖𝑟̂‖𝑛𝑝+⟩

 

𝑄𝑀 = −
4𝜋

3
∑  

𝑀′

 ∑  

𝑝

  (−1)𝑀
′
𝑌1,𝑀′(𝐞𝜔)𝑌1,𝑝

∗ (𝐞𝜔) (
1 1 2
−𝑀′ 𝑝 𝑀

)  

⟨1𝑠0‖𝑟̂‖𝑛𝑝+⟩ = ⟨1𝑠0 ∣ 1𝑠+⟩⟨2𝑠0 ∣ 2𝑠+⟩
2⟨1𝑠0|𝑟̂|𝑛𝑝+⟩

⟨1𝑠0|𝑟̂|𝑛𝑝+⟩ = ∫  
∞

0

 𝑃1𝑠0(𝑟)𝑟𝑃𝑛𝑝+(𝑟)𝑑𝑟
 

𝑑𝜎𝑔
(𝑙)
= (𝑉/2𝑐)𝑑𝜎𝑙  

𝑑𝜎𝑙 = (𝜋𝑉/𝑐)|𝐴𝑙|
2 ⋅ 𝛿(𝜀 − 𝜀‾)𝑑𝜀  
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𝜎𝑔( cm
4 ⋅  s) = (𝜂/𝜔)2 ∑  

𝑙=𝑠,𝑑

  ∑  

𝑖=1,2

 𝑎𝑙 ⋅ 𝐿𝑖𝑙
2 ,

𝐿1𝑙 = ∑  

∞

𝑛=2

 (𝜔 − 𝐼1𝑠𝑛𝑝)𝐵𝑙𝑛,

𝐿2𝑙 = 𝐷 −∑  

∞

𝑛=2

 𝛾1𝑠,𝑛𝑝𝐵𝑙𝑛,

𝐷 = 2√2𝜀‾ ⋅ ⟨1𝑠0‖𝑟̂‖𝑛𝑝+⟩

𝐵𝑙𝑛 =
𝛽𝑛

𝜔 − 𝐼1𝑠𝑛𝑝 − 𝑖𝛾1𝑠,𝑛
⟨𝑛𝑝+|𝑟̂|𝜀𝑙+⟩.

 

𝑎𝑑 = 6 ⋅ ∑  

2

𝑀=−2

  |𝑄𝑀|
2  

𝑌1,0(𝐞𝜔) = 0, 𝑌1,±1(𝐞𝜔) = ∓3/(4𝜋√2).  

Γ1𝑠,𝑛 = Γ𝐴 + Γ𝑅,𝑛,

Γ𝑅,𝑛 = 𝛼𝑛
−(𝛽+𝛾/𝑛),

 lim
𝑛→∞

 Γ1𝑠,𝑛 = Γ𝐴.
 

Γ𝑅,𝑛
Γ𝑅,𝑛+1

= (
𝐼1𝑠𝑛𝑝

𝐼1𝑠(𝑛+1)𝑝
)

3

(
⟨1𝑠|𝑟̂|𝑛𝑝⟩

⟨1𝑠|𝑟̂|(𝑛 + 1)𝑝⟩
)
2

, 𝑛 ≥ 2.  

Γ𝑅,𝑛 ∼ 𝑛
−𝛽 .  

𝐼1𝑠𝑛𝑝 = 𝐼1𝑠 −
1

𝑛2
(𝑎 −

𝑏

𝑛
) , lim
𝑛→∞

 𝐼1𝑠𝑛𝑝 = 𝐼1𝑠  

𝐽𝑛 =
1

𝑛2
(𝑐 +

𝑑

𝑛
+
𝑓

𝑛2
) , lim
𝑛→∞

 𝐽𝑛 = 0  

𝛼 = ⟨1𝑠+ ∣ 𝜀‾𝑠+⟩ ≠ 0, 𝛽 = ⟨2𝑠+ ∣ 𝜀‾𝑠+⟩ ≠ 0  

|𝜀‾𝑠+⟩ → |𝜀̃𝑠+⟩ = |𝜀‾𝑠+⟩ − 𝛼 ⋅ |1𝑠+⟩ − 𝛽 ⋅ |2𝑠+⟩

⟨1𝑠+ ∣ 𝜀̃𝑠+⟩ = ⟨2𝑠+ ∣ 𝜀̃𝑠+⟩ = 0
 

⟨𝑛𝑝+|𝑟̂|𝜀𝑠+⟩ = ⟨𝑛𝑝+|𝑟̂|𝜀‾𝑠+⟩ − 𝛼⟨𝑛𝑝+|𝑟̂|1𝑠+⟩ − 𝛽⟨𝑛𝑝+|𝑟̂|2𝑠+⟩.  

⟨𝑛𝑝+|𝑟̂|𝜀‾𝑑+⟩ > ⟨𝑛𝑝+|𝑟̂|𝜀‾𝑠+⟩.  
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𝑁𝜏 = ⟨𝑁̂𝜏⟩(𝜏 = 𝑛, 𝑝) 

𝐸 = Tr(𝐷̂𝐻̂)

𝑄= Tr(𝐷̂𝑄̂)  

𝑁𝜏 = Tr(𝐷̂𝑁̂𝜏)

 

𝑆 = −Tr(𝐷̂ln 𝐷̂) 

𝐷̂ =
1

𝑍
𝑒−𝛽𝐻̂+𝛼𝑛𝑁̂𝑛+𝛼𝑝𝑁̂𝑝+𝜆𝑄̂  

𝑍 = Tr(𝑒−𝛽𝐻̂+𝛼𝑛𝑁̂𝑛+𝛼𝑝𝑁̂𝑝+𝜆𝑄̂)  

𝜕

𝜕𝛽
ln 𝑍= −𝐸 

𝜕

𝜕𝛼𝜏
ln 𝑍= 𝑁𝜏  

𝜕

𝜕𝜆
ln 𝑍 = 𝑄

 

𝑆 = ln 𝑍 + 𝛽𝐸 − 𝛼𝑛𝑁𝑛 − 𝛼𝑝𝑁𝑝 − 𝜆𝑄  

𝑑𝑆 = 𝛽𝑑𝐸 − 𝛼𝑛𝑑𝑁𝑛 − 𝛼𝑝𝑑𝑁𝑝 − 𝜆𝑑𝑄  

𝑑𝐸 = 𝑇𝑑𝑆 + 𝜅𝑑𝑄  
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𝜅(𝑄, 𝑇)=
𝜕𝐹(𝑄, 𝑇)

𝜕𝑄
 

𝜅(𝑄, 𝑆)=
𝜕𝐸(𝑄, 𝑆)

𝜕𝑄
 

𝜅(𝑄, 𝐸) = −𝑇(𝑄, 𝐸)
𝜕𝑆(𝑄, 𝐸)

𝜕𝑄

 

𝜅(𝑄, 𝑇) = 𝜅(𝑄, 𝑆) = 𝜅(𝑄, 𝐸)  

𝑉𝑆(𝑄) = 𝐸(𝑄, 𝑆) 

𝑑𝑉𝐸 = −𝑇
𝑑𝑆

𝑑𝑞
𝑑𝑞 

𝑉𝐸(𝑄) = 𝐸 −∫  
𝑄

𝑄b

 𝑇(𝑞, 𝐸)
𝑑𝑆(𝑞, 𝐸)

𝑑𝑞
𝑑𝑞  

𝑆(𝑄) = 2√𝑎(𝑄)𝑈(𝑄) 

𝑇(𝑄) = √𝑈(𝑄)/𝑎(𝑄) 

𝑉𝑇(𝑄) = 𝑉(𝑄) − 𝑎(𝑄)𝑇
2

𝑉𝑆(𝑄) = 𝑉(𝑄) + 𝑎(𝑄)𝑇
2(𝑄), (𝑇(𝑄) =

𝑆

2𝑎(𝑄)
) ,

𝑉𝐸(𝑄) = 𝑉(𝑄) − ∫  
𝑄

𝑄b

 𝑇2(𝑞)
𝑑𝑎(𝑞)

𝑑𝑞
𝑑𝑞.

 

𝐷̂HFB =
𝑒−𝛽𝐾̂

𝑍HFB
, 𝑍HFB = Tr(𝑒

−𝛽𝐾̂),  

𝑉𝐸(𝑄) = 𝐸 +∫  
𝑄

𝑄b

 𝜅(𝑞, 𝐸)𝑑𝑞  

𝑆 = −∑  

𝑖

  [𝑓𝑖ln 𝑓𝑖 + (1 − 𝑓𝑖)ln (1 − 𝑓𝑖)],  

𝑇
𝑑𝑆

𝑑𝑞
=∑  

𝑖

  𝜀𝑖
𝑑𝑓𝑖
𝑑𝑞
,  

𝑈𝐸(𝑄) =∑  

𝑖

 𝑓𝑖𝜀𝑖 −∫  
𝑄

𝑄b

 ∑  

𝑖

 𝑓𝑖
𝑑𝜀𝑖
𝑑𝑞
𝑑𝑞  

 

𝑑𝐵𝑓(𝐸)

𝑑𝐸
≈ ∫  

𝑄sp

𝑄gs
∗
 
𝜕𝜅(𝑄, 𝐸)

𝜕𝐸
𝑑𝑄 < 0  

𝐸(𝑄gs
∗ , 𝑋) = 𝑈 + 𝐸gs, (𝑋 = 𝑇, 𝑆, 𝐸).  
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Δ𝐵𝑓= 𝐵𝑓(𝐸
′ = const) − 𝐵𝑓(𝑆

′ = const) 

 = ∫  
𝑄sp

𝑄gs
∗
  [𝜅(𝑄, 𝐸′) − 𝜅(𝑄, 𝑆′)]𝑑𝑄

 

Δ𝐵𝑓 = ∫  
𝑄sp

𝑄gs
∗
  [𝜅(𝑄, 𝐸′) − 𝜅(𝑄, 𝐸(𝑄, 𝑆′))]𝑑𝑄

≈ ∫  
𝑄sp

𝑄gs
∗
 
𝜕𝜅(𝑄, 𝐸)

𝜕𝐸
|

𝐸=𝐸′

[𝐸′ − 𝐸(𝑄, 𝑆′)]𝑑𝑄

 

𝜕𝜅(𝑄, 𝐸)

𝜕𝐸
< 0 for 𝑄gs

∗ < 𝑄 < 𝑄sp,  

 

𝐵𝑓 ∝ 𝑒
−𝛾𝐷𝑈,  

𝑎(𝑄, 𝐸) =
𝑆2(𝑄, 𝐸)

4𝑈(𝑄)
, 𝑈(𝑄) = 𝐸 − 𝑉(𝑄),  

𝑎(𝑄sp)/𝑎(𝑄gs
∗ ) 

𝑎(𝑄sp)/𝑎(𝑄gs
∗ ) ≈ 1.18 

𝑎̃(𝑄, 𝐸) =
𝑆2(𝑄, 𝐸)

4𝑈𝐸(𝑄)
, 𝑈𝐸(𝑄) = 𝐸 − 𝑉𝐸(𝑄).  

ℋ = ∫  d𝐫𝜓𝑎
†(𝐫) (𝐻̂𝑎𝑏 (𝑝𝜇 +

𝑒

𝑐
𝐴𝜇(𝐫)) + 𝑈𝑎𝑏(𝐫))𝜓𝑏(𝐫) + 𝒱

𝒱 =
1

2
∫   d𝐫 d𝐫′𝑉𝑎𝑏,𝑐𝑑(𝐫 − 𝐫

′)𝜓𝑎
†(𝐫)𝜓𝑐

†(𝐫′)𝜓𝑑(𝐫
′)𝜓𝑏(𝐫)

 

𝐻̂𝑎𝑏(𝑝𝜇) =∑  

𝑛

Λ𝑛,𝑎𝑏
𝜇1𝜇2…𝜇𝑛𝑝𝜇1𝑝𝜇2 …𝑝𝜇𝑛 

𝑝𝜇 =
ℏ

𝑖

𝜕

𝜕𝑟𝜇
 

∇ × 𝐀(𝐫) = 𝐵𝐳̂ 

𝑉𝑎𝑏,𝑐𝑑(𝐫) = 𝑉𝑏𝑎,𝑑𝑐
∗ (𝐫) 

𝑉𝑎𝑏,𝑐𝑑(𝐫) = 𝑉𝑐𝑑,𝑎𝑏(−𝐫) 

 ⟨ℋ⟩ =

 ∫  d𝐫 d𝐫′ [𝛿(𝐫 − 𝐫′)(𝐻̂𝑎𝑏(𝑝𝜇 +
𝑒

𝑐
𝐴𝜇(𝐫)) + 𝑈𝑎𝑏(𝐫))𝑃𝑏𝑎(𝐫, 𝐫𝑎

′

 +
1

2
𝑉𝑎𝑏,𝑐𝑑(𝐫 − 𝐫

′)(𝑃𝑏𝑎(𝐫, 𝐫)𝑃𝑑𝑐(𝐫
′, 𝐫′) − 𝑃𝑑𝑎(𝐫

′, 𝐫)𝑃𝑏𝑐(𝐫, 𝐫
′))
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Φ(𝐫, 𝐫′) =
𝑒

𝑐ℏ
∫  
𝐫′

𝐫

𝐀(𝐫′′) ⋅ 𝑑𝐫′′ 

𝐺(𝐫, 𝐫′; 𝑧) = 𝑒𝑖Φ(𝐫,𝐫
′)𝐺̃(𝐫, 𝐫′; 𝑧)  

𝑃𝑎𝑏(𝐫, 𝐫
′) = ⟨𝜓𝑏

†(𝐫′)𝜓𝑎(𝐫)⟩ 

𝑁 = ∫  d𝐫𝑃𝑎𝑎(𝐫, 𝐫) 

𝛿⟨ℋ⟩

𝛿𝑃𝑏𝑎(𝐲, 𝐱)
 

ℋ̂𝑎𝑏
HF𝜓𝑏(𝐱)= 𝐻̂𝑎𝑏 (𝑝𝜇 +

𝑒

𝑐
𝐴𝜇(𝐱))𝜓𝑏(𝐱) 

 +∫  d𝐫𝑉𝑎𝑏
HF(𝐱, 𝐫)𝜓𝑏(𝐫)

 

𝑉𝑎𝑏
HF(𝐱, 𝐫) = −𝑉𝑎𝑑,𝑐𝑏(𝐱 − 𝐫)𝑃𝑑𝑐(𝐱, 𝐫) +

𝛿(𝐱 − 𝐫) (𝑈𝑎𝑏(𝐫) + ∫  𝑑
2𝐲𝑉𝑎𝑏,𝑐𝑑(𝐱 − 𝐲)𝑃𝑑𝑐(𝐲, 𝐲))

 

𝑃𝑎𝑏(𝐫, 𝐫
′) = ∮   𝒞

d𝑧

2𝜋𝑖
𝐺𝑎𝑏(𝐫, 𝐫

′; 𝑧)  

𝐺𝑎𝑏(𝐫, 𝐫
′; 𝑧) = ⟨𝐫|(𝑧 − ℋ̂HF)

𝑎𝑏

−1
|𝐫′⟩  

Φ(𝐫, 𝐫′) =
𝑒𝐵

2𝑐ℏ
(𝑟𝑥 + 𝑟𝑥

′)(𝑟𝑦
′ − 𝑟𝑦) 

𝑃̃(𝐫, 𝐫′) = ∮  𝒞
𝑑𝑧

2𝜋𝑖
𝐺̃(𝐫, 𝐫′; 𝑧) 

 ⟨ℋ⟩ = ∫  𝑑𝐫𝑑𝐫′[𝛿(𝐫 − 𝐫′)(𝐻̂𝑎𝑏(𝑝𝜇) + 𝑈𝑎𝑏(𝐫))𝑃̃𝑏𝑎(𝐫, 𝐫
′) +

1

2
𝑉𝑎𝑏,𝑐𝑑(𝐫 − 𝐫

′) (𝑃̃𝑏𝑎(𝐫, 𝐫)𝑃̃𝑑𝑐(𝐫
′, 𝐫′) − 𝑃̃𝑑𝑎(𝐫

′, 𝐫)𝑃̃𝑏𝑐(𝐫, 𝐫
′))]

 

𝐻̂𝑎𝑏 (𝑝𝜇 +
𝑒

𝑐
𝐴𝜇(𝐫)) 𝑒

𝑖Φ(𝐫,𝐫′) = 𝑒𝑖Φ(𝐫,𝐫
′)𝐻̂𝑎𝑏 (𝑝𝜇 − 𝜖𝜇𝜈

𝑒𝐵

2𝑐
(𝑟𝜈 − 𝑟𝜈

′)) 

Λ𝑛,𝑎𝑏
𝜇1𝜇2…𝜇𝑛𝑑⟨ℋ⟩/𝑑𝐵|𝐵=0 

d𝑃̃/d𝐵|𝐵=0 
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−𝑀 =
𝑑⟨ℋ⟩

𝑑𝐵
|
𝐵=0

− 𝜇
𝑑⟨𝑁̂⟩

𝑑𝐵
|
𝐵=0

 = ∫  𝑑𝐫⟨𝐫| (ℋ̂𝑎𝑏
(0)HF

− 𝜇𝛿𝑎𝑏)
𝑑𝑃̂̃𝑏𝑎
𝑑𝐵

|

𝐵=0

|𝐫⟩

 =∑  

𝑛

 ∮   𝒞
𝑑𝑧

2𝜋𝑖
(𝐸𝑛 − 𝜇)⟨𝑛|

𝑑𝐺̂̃(𝑧)

𝑑𝐵
|

𝐵=0

|𝑛⟩,

 

⟨𝐫|(𝑧 − ℋ̂HF)𝐺̂(𝑧)|𝐫′⟩ = 𝛿(𝐫 − 𝐫′) 

 ∫  𝑑𝐱(𝑧𝛿(𝐫 − 𝐱)𝛿𝑎𝑏 − 𝑉̃𝑎𝑏
HF(𝐫, 𝐱))𝑒𝑖𝜑(𝐫

′,𝐫,𝐱)𝐺̃𝑏𝑎′(𝐱, 𝐫
′; 𝑧) −

𝐻̂𝑎𝑏 (𝑝𝜇 − 𝜖𝜇𝜈
𝑒𝐵

2𝑐
(𝑟𝜈 − 𝑟𝜈

′)) 𝐺̃𝑏𝑎′(𝐫, 𝐫
′; 𝑧) = 𝛿𝑎𝑎′𝛿(𝐫 − 𝐫

′)
 

𝑉̃𝑎𝑏
HF(𝐫, 𝐱) = −𝑉𝑎𝑑,𝑐𝑏(𝐫 − 𝐱)𝑃̃𝑑𝑐(𝐫, 𝐱) +

(13)) 𝛿(𝐫 − 𝐱) (𝑈𝑎𝑏(𝐫) + ∫  d
2𝐲𝑉𝑎𝑏,𝑐𝑑(𝐫 − 𝐲)𝑃̃𝑑𝑐(𝐲, 𝐲)

 

𝑒𝑖𝜑(𝐫
′,𝐫,𝐱) = 𝑒𝑖Φ(𝐫

′,𝐫)𝑒𝑖Φ(𝐫,𝐱)𝑒𝑖Φ(𝐱,𝐫
′) 

𝑒𝑖𝜑(𝐫
′,𝐫,𝐱) = exp (𝑖

𝑒𝐵

2ℏ𝑐
𝐳̂ ⋅ (𝐱 − 𝐫) × (𝐫′ − 𝐱)) 

𝑖
𝑒

2ℏ𝑐
𝜖𝜇𝜈(𝑥𝜇 − 𝑟𝜇)(𝑟𝜈

′ − 𝑥𝜈) 

−
𝑖

ℏ
[𝐻̂𝑎𝑏(𝑝𝜇), 𝑟𝜇]𝜖𝜇𝜈

𝑒

2𝑐
(𝑟𝜈 − 𝑟𝜈

′) 

(𝑟𝜈
′ − 𝑥𝜈)𝐺̃𝑏𝑎′(𝐱, 𝐫

′; 𝑧) = −⟨𝐱| [𝑥̂𝜈 , 𝐺̂̃𝑏𝑎′(𝑧)] |𝐫
′⟩  

𝑉̃𝑎𝑏
HF(𝐫, 𝐱)(𝑥𝜇 − 𝑟𝜇)  = ⟨𝐫| [𝑉̂̃𝑎𝑏

HF, 𝑥̂𝜇] |𝐱⟩ 

𝜖𝜇𝜈[𝐻̂𝑎𝑏(𝑝𝜇), 𝑟𝜇](𝑟𝜈 − 𝑟𝜈
′)𝐺̃𝑏𝑎′(𝐫, 𝐫

′; 𝑧) = 𝜖𝜇𝜈∫  𝑑𝐱⟨𝐫|[𝐻̂𝑎𝑏(𝑝̂𝜇), 𝑥̂𝜇]|𝐱⟩⟨𝐱| [𝑥̂𝜈, 𝐺̂̃𝑏𝑎′(𝑧)] |𝐫
′⟩ 

[𝐺̂(0)(𝑧), 𝑥̂] = 𝐺̂(0)(𝑧)[ℋ̂(0)HF, 𝑥̂]𝐺̂(0)(𝑧) 

𝐺̂(0) = (𝑧 − ℋ̂(0)HF)
−1

 

𝑑𝐺̂̃𝑏′𝑎′(𝑧)

𝑑𝐵
|

𝐵=0

= 𝐺̂
𝑏′𝑎

(0)
(𝑧)

𝑑𝑉̂̃𝑎𝑏
HF

𝑑𝐵
|

𝐵=0

𝐺̂
𝑏𝑎′
(0)
(𝑧) +

𝑖𝑒

2ℏ𝑐
𝜖𝜇𝜈𝐺̂𝑏′𝑎

(0)
(𝑧) [ℋ̂𝑎𝑏

(0)HF
, 𝑥̂𝜇] 𝐺̂𝑏𝑐

(0)
(𝑧) [ℋ̂

𝑐𝑐′
(0)HF

, 𝑥̂𝜈] 𝐺̂𝑐′𝑎′
(0)
()(2)
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∮
𝑑𝑧

2𝜋𝑖
(𝐸𝑛 − 𝜇)⟨𝑛|𝐺̂

(0)(𝑧)
𝑑𝑉̂̃HF

𝑑𝐵
𝒞

|

𝐵=0

𝐺̂(0)(𝑧)|𝑛⟩ 

⟨𝐫|
𝑑𝑉̂̃𝑎𝑏

HF

𝑑𝐵
|

𝐵=0

|𝐱⟩≡ 𝛿(𝐫 − 𝐱)∫  𝑑𝐲𝑉𝑎𝑏,𝑐𝑑(𝐫 − 𝐲)
𝑑𝑃̃𝑑𝑐(𝐲, 𝐲)

𝑑𝐵
|
𝐵=0

 −𝑉𝑎𝑑,𝑐𝑏(𝐫 − 𝐱)
𝑑𝑃̃𝑑𝑐(𝐫, 𝐱)

𝑑𝐵
|
𝐵=0

 

𝑣̂𝜇
HF =

𝑖

ℏ
[ℋ̂(0)HF, 𝑥̂𝜇]  

𝑖𝑒ℏ

2𝑐
𝜖𝛼𝛽∑ 

𝑛𝑛′

 ∮
𝑑𝑧

2𝜋𝑖
(𝐸𝑛 − 𝜇)

⟨𝑛|𝑣̂𝛼
HF|𝑛′⟩⟨𝑛′|𝑣̂𝛽

HF|𝑛⟩

(𝑧 − 𝐸𝑛)
2(𝑧 − 𝐸𝑛′)

=
𝑖𝑒ℏ

2𝑐
×

𝒞

𝜖𝛼𝛽 ∑  

𝑛≠𝑛′

  (𝐸𝑛 − 𝜇)⟨𝑛|𝑣̂𝛼
HF|𝑛′⟩⟨𝑛′|𝑣̂𝛽

HF|𝑛⟩
𝑛𝐹(𝐸𝑛′) − 𝑛𝐹(𝐸𝑛)

(𝐸𝑛′ − 𝐸𝑛)
2

 

𝑛𝐹(𝐸𝑛) = lim
𝑇→0

 1/(𝑒(𝐸𝑛−𝜇)/𝑇 + 1) 

⟨𝐫 ∣ 𝑛, 𝐤⟩ = 𝑒𝑖𝐤⋅𝐫𝑢𝑛,𝐤(𝐫)  

⟨𝑛, 𝐤|𝑣̂𝜇
HF|𝑛′, 𝐤′⟩ = 𝛿𝐤𝐤′

1

ℏ
(𝐸𝑛′(𝐤) − 𝐸𝑛(𝐤)) ⟨𝑢𝑛,𝐤 | 

𝜕𝑢𝑛′,𝐤
𝜕𝑘𝜇

⟩ 

𝑀 =
𝑒

2𝑖ℏ𝑐
𝜖𝛼𝛽∑ 

𝐤

  ∑  

𝑛≠𝑛′

  (𝐸𝑛(𝐤) − 𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ×

⟨𝑢𝑛′,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ (𝑛𝐹(𝐸𝑛′(𝐤)) − 𝑛𝐹(𝐸𝑛(𝐤)))

 

𝜖𝛼𝛽 ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛′,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩  

𝑛𝐹(𝐸𝑛′(𝐤)) − 𝑛𝐹(𝐸𝑛(𝐤)) 

1

2
(𝐸𝑛(𝐤) + 𝐸𝑛′(𝐤) − 2𝜇) 

ℋ̂(0)HF(𝐤) = 𝑒−𝑖𝐤⋅𝐫ℋ̂(0)HF𝑒𝑖𝐤⋅𝐫 

𝑀 =
𝑒

2𝑖ℏ𝑐
𝜖𝛼𝛽∑ 

𝐤

 ∑  

𝑛

  ⟨
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛼

| ℋ̂(0)HF(𝐤) + 𝐸𝑛(𝐤) − 2𝜇 |
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛(𝐤))  

𝜒 =
𝜕𝑀(𝐵,𝑁)

𝜕𝐵
|
𝐵=0

= 𝜒1 + 𝜒2 + 𝜒3,  
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𝜒1 =
ℏ2𝑒2

12𝑐2
∑ 

𝑛

 ∮   𝒞
d𝑧

2𝜋𝑖
⟨𝑛|𝐺̂(0)(𝑧)(ℳ̂HF)

𝑥𝑥

−1
𝐺̂(0)(𝑧)(ℳ̂HF)

𝑦𝑦

−1
− 𝐺̂(0)(𝑧)(ℳ̂HF)

𝑥𝑦

−1
𝐺̂(0)(𝑧)(ℳ̂HF)

𝑥𝑦

−1

 −4(𝐺̂(0)(𝑧)𝑣̂𝑥
HF𝐺̂(0)(𝑧)𝑣̂𝑥

HF𝐺̂(0)(𝑧)𝑣̂𝑦
HF𝐺̂(0)(𝑧)𝑣̂𝑦

HF − 𝐺̂(0)(𝑧)𝑣̂𝑥
HF𝐺̂(0)(𝑧)𝑣̂𝑦

HF𝐺̂(0)(𝑧)𝑣̂𝑥
HF𝐺̂(0)(𝑧)𝑣̂𝑦

HF)|𝑛⟩,

𝜒2 =∑ 

𝑛

 ∮   𝒞
d𝑧

2𝜋𝑖
⟨𝑛|𝐺̂(0)(𝑧)

d𝑉̂̃H𝐹

 d𝐵
|

𝐵=0

𝐺̂(0)(𝑧)
d𝑉̂̃HF

 d𝐵
|

𝐵=0

|𝑛⟩,

𝜒3 = −∫  d𝒓 d𝒓′𝑉𝑎𝑏,𝑐𝑑(𝒓 − 𝒓
′) (

d𝑃̃𝑏𝑎(𝒓, 𝒓)

d𝐵
|
𝐵=0

 d𝑃̃𝑑𝑐(𝒓
′, 𝒓′)

d𝐵
|

𝐵=0

−
d𝑃̃𝑑𝑎(𝒓

′, 𝒓)

d𝐵
|
𝐵=0

 d𝑃̃𝑏𝑐(𝒓, 𝒓
′)

d𝐵
|

𝐵=0

) ,

 

(ℳ̂HF)
𝜇𝜈

−1
= (

𝑖

ℏ
)
2

[[ℋ̂(0)HF, 𝑥̂𝜇], 𝑥̂𝜈] .  

𝐻̂𝑎𝑏(𝐩) = (
𝑚0 + 𝑏2𝐩

2 𝑏1(𝑝𝑥 − 𝑖𝑝𝑦)

𝑏1(𝑝𝑥 + 𝑖𝑝𝑦) −𝑚0 + 𝑏2𝐩
2
) 

𝑉𝑎𝑏,𝑐𝑑(𝐫 − 𝐫
′) = 𝛿𝑎𝑏𝛿𝑐𝑑

𝑒2

4𝜋𝜖
∑  

∞

𝑛=−∞

(−1)𝑛

√|𝐫 − 𝐫′|2 + (2𝑛𝑑)2
 

Δ = 𝑚0𝑏2/𝑏1
2 

𝜙/𝜙0 = 𝑒𝐵ℏ
2𝑏2
2/(ℎ𝑏1

2) 

⟨𝜎𝑧⟩ ≡ ∫  d𝐫⟨𝜓↑
†(𝐫)𝜓↑(𝐫) − 𝜓↓

†(𝐫)𝜓↓(𝐫)⟩/𝑁 

{Δ, 𝑒2/(4𝜋𝜖), 𝑑, 𝜌} = {1/4,10ℏ𝑏1, ℏ𝑏2/(2𝜋𝑏1), 𝑏1
2/(5ℏ2𝑏2

2)} 

⟨𝑛, 𝒌|𝑣̂𝜇
HF|𝑛′, 𝒌′⟩  

⟨𝑛, 𝒌|𝑣̂𝜇
HF|𝑛′, 𝒌′⟩ ∝ 𝛿𝒌,𝒌′  

ℋ̂(0)HF(𝒌) = 𝑒−𝑖𝒌⋅𝒓̂ℋ̂(0)HF𝑒𝑖𝒌⋅𝒓̂  

ℋ̂(0)HF|𝑛, 𝒌⟩ = 𝐸𝑛(𝒌)|𝑛, 𝒌⟩ = 𝑒
𝑖𝒌⋅𝒓̂𝐸𝑛(𝒌)|𝑢𝑛,𝒌⟩

   ℋ̂(0)HF|𝑛, 𝒌⟩ = 𝑒𝑖𝒌⋅𝒓̂𝑒−𝑖𝒌⋅𝒓̂ℋ̂(0)HF𝑒𝑖𝒌⋅𝒓̂|𝑢𝑛,𝒌⟩ = 𝑒
𝑖𝒌⋅𝒓̂ℋ̂(0)HF(𝒌)|𝑢𝑛,𝒌⟩

 

⟨𝑛, 𝒌|𝑣̂𝜇
HF|𝑛′, 𝒌⟩ =

𝑖

ℏ
⟨𝑛, 𝒌|[ℋ̂(0)HF, 𝑟̂𝜇]|𝑛

′, 𝒌⟩ =
𝑖

ℏ
⟨𝑢𝑛,𝒌|𝑒

−𝑖𝒌⋅𝑟̂[ℋ̂(0)HF, 𝑟̂𝜇]𝑒
𝑖𝒌⋅𝑟̂|𝑢𝑛′,𝒌⟩  

=
1

ℏ
⟨𝑢𝑛,𝒌|

𝜕

𝜕𝑘𝜇
(𝑒−𝑖𝒌⋅𝑟̂ℋ̂(0)HF𝑒𝑖𝒌⋅𝑟̂)|𝑢𝑛′,𝒌⟩ =

1

ℏ
⟨𝑢𝑛,𝒌|

𝜕ℋ̂(0)HF(𝒌)

𝜕𝑘𝜇
|𝑢𝑛′,𝒌⟩

=
1

ℏ
(
𝜕

𝜕𝑘𝜇
⟨𝑢𝑛,𝒌|ℋ̂

(0)HF(𝒌)|𝑢𝑛′,𝒌⟩ − ⟨
𝜕𝑢𝑛,𝒌
𝜕𝑘𝜇

| ℋ̂(0)HF(𝒌)|𝑢𝑛′,𝒌⟩ − ⟨𝑢𝑛,𝒌|ℋ̂
(0)HF(𝒌) |

𝜕𝑢𝑛′,𝒌
𝜕𝑘𝜇

⟩)

=
1

ℏ

𝜕𝐸𝑛(𝒌)

𝜕𝑘𝜇
𝛿𝑛𝑛′ −

𝐸𝑛′(𝒌)

ℏ
⟨
𝑢𝑛,𝒌
𝜕𝑘𝜇

|  𝑢𝑛′,𝒌⟩ −
𝐸𝑛(𝒌)

ℏ
⟨𝑢𝑛,𝒌 | 

𝑢𝑛′,𝒌
𝜕𝑘𝜇

⟩

 

⟨
𝑢𝑛,𝒌
𝜕𝑘𝜇

| 𝑢𝑛′,𝒌⟩ =
𝜕

𝜕𝑘𝜇
⟨𝑢𝑛,𝒌 ∣ 𝑢𝑛′,𝒌⟩ − ⟨𝑢𝑛,𝒌 | 

𝑢𝑛′,𝒌
𝜕𝑘𝜇

⟩ = − ⟨𝑢𝑛,𝒌 | 
𝑢𝑛′,𝒌
𝜕𝑘𝜇

⟩ .  
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⟨𝑛, 𝒌|𝑣̂𝜇
HF|𝑛′, 𝒌′⟩ = 𝛿𝒌,𝒌′ (

1

ℏ

𝜕𝐸𝑛(𝒌)

𝜕𝑘𝜇
𝛿𝑛𝑛′ +

𝐸𝑛(𝒌) − 𝐸𝑛′(𝒌)

ℏ
⟨𝑢𝑛,𝒌 | 

𝑢𝑛′,𝒌
𝜕𝑘𝜇

⟩)  

𝑀 =
𝑒

2𝑖ℏ𝑐
𝜖𝛼𝛽∑ 

𝐤

  ∑  

𝑛≠𝑛′

  (𝐸𝑛(𝐤) − 𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛′,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ (𝑛𝐹(𝐸𝑛′(𝐤)) − 𝑛𝐹(𝐸𝑛(𝐤)))  

𝑀 =
𝑒

4𝑖ℏ𝑐
𝜖𝛼𝛽∑ 

𝐤

  ∑  

𝑛≠𝑛′

  (𝐸𝑛(𝐤) + 𝐸𝑛′(𝐤) − 2𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛′,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ (𝑛𝐹(𝐸𝑛′(𝐤)) − 𝑛𝐹(𝐸𝑛(𝐤)))

=
𝑒

4𝑖ℏ𝑐
𝜖𝛼𝛽∑ 

𝐤

  ∑  

𝑛≠𝑛′

  (𝐸𝑛(𝐤) + 𝐸𝑛′(𝐤) − 2𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛′,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛′(𝐤))

 −
𝑒

4𝑖ℏ𝑐
𝜖𝛼𝛽∑ 

𝐤

  ∑  

𝑛≠𝑛′

  (𝐸𝑛(𝐤) + 𝐸𝑛′(𝐤) − 2𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛′,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛(𝐤))

 

∑  

𝑛≠𝑛′

  (𝐸𝑛(𝐤) + 𝐸𝑛′(𝐤) − 2𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛′,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛′(𝐤))  

=−∑  

𝑛,𝑛′

  (𝐸𝑛(𝐤) + 𝐸𝑛′(𝐤) − 2𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ⟨
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛽

| 𝑢𝑛,𝐤⟩ 𝑛𝐹(𝐸𝑛′(𝐤)) 

 −∑  

𝑛

 2(𝐸𝑛(𝒌) − 𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛(𝐤))

=−∑ 

𝑛′

  ⟨
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛽

| (𝐸𝑛′(𝒌) + ℋ̂
(0)HF(𝒌) − 2𝜇) |

𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ 𝑛𝐹(𝐸𝑛′(𝒌))  

 −∑  

𝑛

 2(𝐸𝑛(𝒌) − 𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛(𝐤)).

 

∑  

𝑛≠𝑛′

  (𝐸𝑛(𝐤) + 𝐸𝑛′(𝐤) − 2𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛′,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛′,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛(𝐤)) 

=−∑  

𝑛

  ⟨
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

| (𝐸𝑛(𝒌) + ℋ̂
(0)HF(𝒌) − 2𝜇) |

𝜕𝑢𝑛,𝐤
𝜕𝑘𝛼

⟩ 𝑛𝐹(𝐸𝑛(𝒌))  

 −∑  

𝑛

 2(𝐸𝑛(𝒌) − 𝜇) ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛼

⟩ ⟨𝑢𝑛,𝐤 | 
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛(𝐤)).

 

𝑀 =
𝑒

2𝑖ℏ𝑐
𝜖𝛼𝛽∑ 

𝐤

 ∑  

𝑛

  ⟨
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛼

|ℋ(0)HF(𝐤) + 𝐸𝑛(𝐤) − 2𝜇 |
𝜕𝑢𝑛,𝐤
𝜕𝑘𝛽

⟩ 𝑛𝐹(𝐸𝑛(𝒌))  

𝐼 = ∮   𝒞
𝑑𝑧

2𝜋𝑖
(𝐸𝑛 − 𝜇)⟨𝑛|𝐺̂

(0)(𝑧)
d𝑉̂̃HF

 d𝐵
|

𝐵=0

𝐺̂(0)(𝑧)|𝑛⟩  
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𝐼= (𝐸𝑛 − 𝜇) lim
𝛿→0+

 (∫  
𝜇−𝑖𝛿

−∞−𝑖𝛿

 
 d𝑧

2𝜋𝑖
+ ∫  

∞+𝑖𝛿

𝜇+𝑖𝛿

 
 d𝑧

2𝜋𝑖
)

1

(𝑧 − 𝐸𝑛)
2
⟨𝑛|
d𝑉̂̃HF

 d𝐵
|

𝐵=0

|𝑛⟩  

=
𝐸𝑛 − 𝜇

2𝜋𝑖
lim
𝛿→0+

 (−
1

𝜇 − 𝑖𝛿 − 𝐸𝑛
+

1

𝜇 + 𝑖𝛿 − 𝐸𝑛
) ⟨𝑛|

d𝑉̂̃HF

 d𝐵
|

𝐵=0

|𝑛⟩  

 = (𝐸𝑛 − 𝜇) lim
𝛿→0+

 
1

2𝜋𝑖

2𝑖𝛿

(𝜇 − 𝐸𝑛)
2 + 𝛿2

⟨𝑛|
d𝑉̂̃HF

 d𝐵
|

𝐵=0

|𝑛⟩ = (𝐸𝑛 − 𝜇)𝛿(𝐸𝑛 − 𝜇)⟨𝑛|
d𝑉̂̃HF

 d𝐵
|

𝐵=0

|𝑛⟩ = 0

 

 

𝐻0,𝜇 =

(

 
 
 
 
 

ℎintra 
0,𝜇

+ 𝑉hBN (ℎinter 
0,𝜇

)
†

0 0 0

ℎinter 
0,𝜇

ℎintra 
0,𝜇

(ℎinter 
0,𝜇

)
†

0 0

0 ℎinter 
0,𝜇

ℎintra 
0,𝜇

(ℎinter 
0,𝜇

)
†

0

0 0 ℎinter 
0,𝜇

ℎintra 
0,𝜇

(ℎinter 
0,𝜇

)
†

0 0 0 ℎinter 
0,𝜇

ℎintra 
0,𝜇

)

 
 
 
 
 

 

ℎintra 
0,𝜇

 = −ℏ𝑣𝐹
0𝐤 ⋅ 𝝈𝜇

ℎinter 
0,𝜇

 = (
ℏ𝑣⊥(𝜇𝑘𝑥 + 𝑖𝑘𝑦) 𝑡⊥

ℏ𝑣⊥(𝜇𝑘𝑥 − 𝑖𝑘𝑦) ℏ𝑣⊥(𝜇𝑘𝑥 + 𝑖𝑘𝑦)
)

 

𝑉hBN = 𝑉
eff(𝐫) + 𝑀eff(𝐫)𝜎𝑧 + 𝑒𝑣𝐹𝐀

eff(𝐫) ⋅ 𝝈𝜇 .  
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𝑉eff(𝐫)  = 𝑉0 − 𝑉1∑ 

3

𝑗=1

 cos 𝛼𝑗(𝐫)

𝑀eff(𝐫)  = √3𝑉1∑ 

3

𝑗=1

 sin 𝛼𝑗(𝐫)

𝑒𝑣𝐹𝐀
eff(𝐫)  = 2𝜇𝑉1∑ 

3

𝑗=1

  (
cos [2𝜋(𝑗 + 1)/3]

sin [2𝜋(𝑗 + 1)/3]
) cos 𝛼𝑗(𝐫)

𝛼𝑗(𝐫)  = 𝐆𝑗 ⋅ 𝐫 + 𝜓 +
2𝜋

3
  with  𝐆3 = −𝐆1 − 𝐆2

 

𝑉̂ =
1

2𝑁𝑠
∑  

𝛼𝛼′,𝑙𝑙′

𝜇𝜇′,𝜎𝜎′

  ∑  

𝐤𝐤̃′,𝐪̃

𝐆𝑮′𝐐

 𝑉𝑙𝑙′(𝐪̃ + 𝐐)𝑐̂𝜎𝜇𝑙𝛼,𝐆+𝐐
† (𝐤̃ + 𝐪̃)

 × 𝑐̂
𝜎′𝜇′𝑙′𝛼′,𝐆′−𝐐
†

(𝐤̃′ − 𝐪̃)𝑐̂𝜎′𝜇′𝑙′𝛼′,𝐆′(𝐤̃
′)𝑐̂𝜎𝜇𝑙𝛼,𝐆(𝐤̃)

 

𝑉𝑙𝑙(𝐪) =
𝑒2

2Ω0𝜖𝑟𝜖0√𝑞
2 + 𝜅2

 

Ω0 = √3𝐿𝑠
2/2 

𝑉𝑙𝑙′(𝐪) =
𝑒2

2Ω0𝜖𝑟𝜖0𝑞
𝑒−𝑞|𝑙−𝑙

′|𝑑0  

𝐸tot. = 𝐸kin. + 𝐸HF + 𝐸𝑐
RPA  

𝐸𝑐
RPA = ∫  

∞

−∞

 
d𝜔

4𝜋
∑  

𝐪̃,𝐐,𝐐′

  {ln [𝛿𝐐𝐐′ − 𝑉𝐐(𝐪̃)𝛿𝐐𝐐′𝜒𝐐′𝐐
0 (𝐪̃, 𝑖𝜔)]

+𝑉𝐐(𝐪̃)𝛿𝐐𝐐′𝜒𝐐′𝐐
0 (𝐪̃, 𝑖𝜔)}

 

𝜒𝐐𝐐′
0 (𝐪̃, 𝜈) =

1

𝑁𝑠Ω0
∑  

𝑛′,𝑛,𝐤̃

  [∑  

𝜆,𝐆

 𝐶𝜆𝐆+𝐐,𝑛′𝐤+𝐪̃
∗ 𝐶𝜆𝐆,𝑛𝐤̃]

∗

[∑  

𝜆′,𝐆′

 𝐶𝜆′𝐆′+𝐐′,𝑛′𝐤+𝐪̃
∗ 𝐶𝜆′𝐆′,𝑛𝐤̃]

 × [
𝜃(𝜀𝑛′𝐤̃ + 𝐪̃

𝜈 − 𝜀𝑛′𝐤̃ + 𝐪̃
+ 𝜀𝑛𝐤̃ + 𝑖𝛿(𝜀𝐹 − 𝜀𝑛𝐤̃)

−
𝜃(𝜀𝐹 − 𝜀𝑛′𝐤+𝐪̃)𝜃(𝜀𝑛𝐤̃ − 𝜀𝐹)

𝜈 − 𝜀𝑛′𝐤̃+𝐪̃ + 𝜀𝑛𝐤̃ − 𝑖𝛿
]
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Σ(12) = 𝑖 ∫   d3𝐺(13)𝑊(14)Γ(342)

𝐺(12) = 𝐺0(12) + ∫  d3𝐺0(13)Σ(34)𝐺(42)

Γ(123) = 𝛿(12)𝛿(13) + ∫  d4 d5
𝛿Σ(12)

𝛿𝐺(45)
𝐺(46)𝐺(75)Γ(673)

𝑃(12) = −𝑖∫   d3 d4𝐺(13)𝐺(42)Γ(342)

𝑊(12) = 𝑉(12) +∫  d3𝑉(13)𝑃(34)𝑊(42)

 

Γ(123) = 𝛿(12)𝛿(13)  

Σ(12) = 𝑖𝐺(12)𝑊(12)  

𝑃(12) = −𝑖𝐺(12)𝐺(21)  

𝑉(12) = ∫  d3𝜖(13)𝑊(32)  

𝜖(12) = 𝛿(12) − ∫  d3𝑉(13)𝑃(32)  

𝐺0(𝐫, 𝐫
′, 𝜔) =∑  

𝑛𝐤̃

 
𝜓𝑛𝐤̃(𝐫)𝜓𝑛𝐤̃

∗ (𝐫′)

𝜔 − 𝜀𝑛𝐤̃ + 𝑖𝛿sgn(𝜀𝑛𝐤̃ − 𝜀𝐹)
 

𝜒0(𝐫, 𝐫′, 𝜈) = −𝑖∫  
 d𝜔

2𝜋
𝑒𝑖𝜔𝛿

+
𝐺0(𝐫, 𝐫

′, 𝜔 + 𝜈)𝐺0(𝐫
′, 𝐫, 𝜔).  

𝜖RPA(𝐫, 𝐫
′, 𝜔) = 𝛿(𝐫, 𝐫′) − ∫  d𝐫′′𝑉(𝐫, 𝐫′′)𝜒0(𝐫′′, 𝐫′, 𝜔)  

𝑊RPA(𝐫, 𝐫
′, 𝜔) = ∫  d𝐫′′[𝜖RPA

−1 (𝐫, 𝐫′′, 𝜔) − 𝛿(𝐫, 𝐫′′)]𝑉(𝐫′′, 𝐫′)  

Σ𝑐(𝐫, 𝐫
′, 𝜔) =

𝑖

2𝜋
∫  𝑑𝜈𝑒𝑖𝜈𝛿

+
𝐺0(𝐫, 𝐫

′, 𝜔 + 𝜈)𝑊RPA(𝐫
′, 𝐫, 𝜈)  

𝜖𝐐𝐐′
RPA(𝐪̃, 𝜔) = 𝛿𝐐𝐐′ − 𝑉(𝐪̃ + 𝐐)𝜒𝐐𝐐′

0 (𝐪̃, 𝜔),  

𝑊𝐐𝐐′
RPA(𝐪̃, 𝜔) = [𝜖𝐐𝐐′

−1,RPA(𝐪̃, 𝜔) − 𝛿𝐐𝐐′] 𝑉(𝐪̃ + 𝐐
′)  

Σ𝑐(𝐤̃, 𝜔)𝑛′𝑛 =
𝑖

𝑁𝑠Ω0
∑ 

𝑚,𝐪̃

 ∑  

𝐆,𝐆′

  [∑  

𝜆,𝐐

 𝐶𝜆𝐆+𝐐,𝑚𝐤̃+𝐪̃
∗ 𝐶𝜆𝐐,𝑛′𝐤̃]

∗

[∑  

𝜆′,𝐐′

 𝐶𝜆′𝐆′+𝐐′,𝑚𝐤̃+𝐪̃
∗ 𝐶𝜆′𝐐′,𝑛𝐤̃]

 × 𝑉(𝐪̃ + 𝐆)∫  
d𝜈

2𝜋
𝑒𝑖𝜈𝜂

[𝜖𝐆′𝐆
−1,RPA(𝐪̃, 𝜈) − 𝛿𝐆𝐆′]

𝜔 + 𝜈 − 𝜀𝑚𝐤̃+𝐪̃ + 𝑖𝛿sgn(𝜀𝑚𝐤̃+𝐪̃ − 𝜀𝐹)

 

𝜀
𝑛𝐤̃

QP = 𝜀𝑛𝐤̃
HF + 𝑍𝑛𝐤̃ReΣ𝑐(𝐤̃, 𝜀𝑛𝐤̃

HF)
𝑛𝑛
,  
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𝑍𝑛𝐤̃ = [1 − Re(
𝜕Σ𝑐(𝐤̃, 𝜔)𝑛𝑛

𝜕𝜔
)
𝜔=𝜀

𝑛𝐤̃
HF

]

−1

.  

𝜖
𝐐𝐐′
−1,𝑀𝑃𝐴(𝐪̃, 𝜈) − 𝛿𝐐𝐐′ =∑ 

𝑁𝑝

𝑙

 
2𝑅𝑙,𝐐𝐐′(𝐪̃)Ω𝑙,𝐐𝐐′(𝐪̃)

𝜈2 − Ω𝑙,𝐐𝐐′
2 (𝐪̃)

,  

Σ𝑐(𝐤̃, 𝜔)𝑛𝑛=
1

𝑁𝑠Ω0
∑ 

𝑚,𝐪̃

 ∑  

𝐆,𝐆′

  [∑  

𝜆,𝐐

 𝐶𝜆𝐆+𝐐,𝑚𝐤̃+𝐪̃
∗ 𝐶𝜆𝐐,𝑛𝐤̃]

∗

[∑  

𝜆′,𝐐′

 𝐶𝜆′𝐆′+𝐐′,𝑚𝐤̃+𝐪̃
∗ 𝐶𝜆′𝐐′,𝑛𝐤̃] 

 ×∑  

𝑁𝑝

𝑙

 
𝑉(𝐪̃ + 𝐆)𝑅𝐆′𝐆,𝑙(𝐪̃)

𝜔 − 𝜀𝑚𝐤̃+𝐪̃ + 𝑖𝛿sgn(𝜀𝑚𝐤̃+𝐪̃ − 𝜀𝐹) + Ω𝐆′𝐆,𝑙(𝐪̃)(2𝑓𝑚𝐤̃+𝐪̃ − 1)

 

 

𝜕Σ𝑐(𝐤̃, 𝜔)𝑛𝑛
𝜕𝜔

 =
−1

𝑁𝑠Ω0
∑ 

𝑚,𝐪̃

 ∑  

𝐆,𝐆′

  [∑  

𝜆,𝐐

 𝐶𝜆𝐆+𝐐,𝑚𝐤̃+𝐪̃
∗ 𝐶𝜆𝐐,𝑛𝐤̃]

∗

[∑  

𝜆′,𝐐′

 𝐶𝜆′𝐆′+𝐐′,𝑚𝐤̃+𝐪̃
∗ 𝐶𝜆′𝐐′,𝑛𝐤̃]

 ×∑  

𝑁𝑝

𝑙

 
𝑉(𝐪̃ + 𝐆)𝑅𝐆′𝐆,𝑙(𝐪̃)

[𝜔 − 𝜀𝑚𝐤̃+𝐪̃ + 𝑖𝛿sgn(𝜀𝑚𝐤̃+𝐪̃ − 𝜀𝐹) + Ω𝐆′𝐆,𝑙(𝐪̃)(2𝑓𝑚𝐤̃+𝐪̃ − 1)]
2
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𝐸 = ∫  𝑑3𝑟𝜀(𝑟)  

𝜀 = 𝜀𝑁𝑁[𝜏𝑛, 𝜏𝑝, 𝜌𝑛, 𝜌𝑝, 𝑱𝑛, 𝑱𝑝] + 𝜀𝑁Λ[𝜏Λ, 𝜌Λ, 𝜌𝑁]  
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[𝜌𝑞 , 𝜏𝑞 , 𝐉𝑞] = ∑  

𝑁𝑞

𝑘=1

 𝑛𝑞
𝑘 [|𝜙𝑞

𝑘|
2
, |∇𝜙𝑞

𝑘|
2
, 𝜙𝑞

𝑘∗(∇𝜙𝑞
𝑘 × 𝜎)/𝑘] .  

𝑉𝑞(𝒓1, 𝒓2) = 𝑉𝑞
′ [1 −

𝜌𝑁((𝒓1 + 𝒓2)/2)

0.16fm−3
] 𝛿(𝒓1 − 𝒓2)  

𝜀Λ =
𝜏Λ
2𝑚Λ

+ 𝜀𝑁Λ(𝜌𝑁, 𝜌Λ)  

𝜌Λ
𝐵

𝐴
(0, 𝜌Λ) + 𝜀𝑁Λ(𝜌𝑁, 𝜌Λ)= (𝜌𝑁 + 𝜌Λ)

𝐵

𝐴
(𝜌𝑁 + 𝜌Λ) 

 −𝜌𝑁
𝐵

𝐴
(𝜌𝑁 , 0)

 

𝜀𝑁Λ(𝜌𝑁, 𝜌Λ) =2 ∑  

𝑘<𝑘𝐹
(Λ)

 𝑈Λ(𝑘)

 +2 ∑  

𝑘<𝑘𝐹
(𝑁)

  [𝑈𝑁
(𝑁)
(𝑘)|

𝜌Λ
− 𝑈𝑁

(𝑁)
(𝑘)|

𝜌Λ=0
] .

 

𝑚Λ
∗ = 𝑚Λ + 𝑈𝑆

Λ  

𝜀Λ =
1

2𝑚Λ
𝜏Λ + 𝜀𝑁Λ(𝜌𝑁, 𝜌Λ)

 +(
𝑚Λ

𝑚Λ
∗ (𝜌𝑁)

− 1)(
𝜏Λ
2𝑚Λ

−
3

5

(3𝜋2)2/3

2𝑚Λ
𝜌Λ
5/3
)

 

[−∇ ⋅
1

2𝑚𝑞
∗ (𝒓)

∇ + 𝑉𝑞(𝒓) − 𝑖𝑾𝑞(𝒓) ⋅ (∇ × 𝝈)]𝜙𝑞
𝑘(𝒓) = 𝑒𝑞

𝑘𝜙𝑞
𝑘(𝒓),  

 

𝑉𝑁 =𝑉𝑁
SHF +

𝜕𝜀𝑁Λ
𝜕𝜌𝑁

 +
𝜕

𝜕𝜌𝑁
(

𝑚Λ
𝑚Λ
∗ (𝜌𝑁)

)(
𝜏Λ
2𝑚Λ

−
3

5

(3𝜋2)2/3

2𝑚Λ
𝜌Λ
5/3
) ,

𝑉Λ =
𝜕𝜀𝑁Λ
𝜕𝜌Λ

− (
𝑚Λ

𝑚Λ
∗ (𝜌𝑁)

− 1)
(3𝜋2)2/3

2𝑚Λ
𝜌Λ
2/3

 

𝜀𝑁Λ =−(𝜀1 − 𝜀2𝜌𝑁 + 𝜀3𝜌𝑁
2 )𝜌𝑁𝜌Λ  

 +(𝜀4 − 𝜀5𝜌𝑁 + 𝜀6𝜌𝑁
2 )𝜌𝑁𝜌Λ

5/3

 −(𝜀7 − 𝜀8𝜌Λ + 𝜀9𝜌Λ
2)𝜌Λ

2

𝑚Λ
∗

𝑚Λ
(𝜌𝑁) = −𝜇1 − 𝜇2𝜌𝑁 + 𝜇3𝜌𝑁

2 − 𝜇4𝜌𝑁
3 .

 

1

𝑚𝑞
→

1

𝑚𝑞
−
1

𝑀
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𝑀 = (𝑁𝑛 +𝑁𝑝)𝑚𝑁 +𝑁Λ𝑚Λ 

𝛽2
(𝑞)
≡ √

𝜋

5

⟨2𝑧2 − 𝑟2⟩𝑞
⟨𝑟2 + 𝑧2⟩𝑞

 

Δ = √∑ 

𝑁

𝑖=1

  (𝐵Λ,𝑖
Exp

− 𝐵Λ,𝑖
SHF)

2
/𝑁 

𝛿 = √∑ 

𝑁

𝑖=1

  [(𝐵Λ,𝑖
Exp

− 𝐵Λ,𝑖
SHF)/𝐵Λ,𝑖

Exp
]
2
/𝑁 

𝐵Λ = 𝐸( Λ
𝐴𝑍) − 𝐸( Λ

𝐴−1𝑍).  

𝐻𝑚,𝑛
𝜆𝑁 (𝒒) =

|𝒒|2

2𝑚
𝛿𝑚,𝑛 + Δ⟨𝑚|𝐿̂(𝒒)|𝑛⟩  

𝐿̂(𝒒) = 𝒟̂𝒒
†𝒟̂𝒒,  

𝒟̂𝒒 = 𝑏̂ − √ℬ𝑞𝑧‾𝒫𝑁−1
⊥  

𝑏̂|𝑛⟩ = √𝑛|𝑛 − 1⟩ 

𝑞𝑧‾ = (𝑞𝑥 − 𝑖𝑞𝑦)/√2 

𝒫𝑁−1
⊥ = ∑  

𝑁−2

𝑛=0

|𝑛⟩⟨𝑛| 

|𝜓𝒒
(0)
⟩ = 𝑒𝑖𝒒⋅𝒓̂ |𝑠𝒒

(0)
⟩ 

𝒟̂𝒒 |𝑠𝒒
(0)
⟩ = 0  

|𝑠𝒒
(0)
⟩ = 𝒩𝒒∑  

𝑁−1

𝑛=0

 
(√ℬ𝑞𝑧‾)

𝑛

√𝑛!
|𝑛⟩,  

𝒩𝒒
−2 =

(

 ∑  

𝑁−1

𝑛=0

 
(
ℬ|𝒒|2

2 )
𝑛

𝑛!

)

 =
exp (

ℬ|𝒒|2

2 )Γ (𝑁,
ℬ
2 |𝒒|

2)

(𝑁 − 1)!
 

 

Γ(𝑎, 𝑏) = ∫  
∞

𝑏

𝑑𝑡𝑒−𝑡𝑡𝑎−1 
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𝐸(𝑛)(𝒒) =
|𝒒|2

2𝑚
+ Δ𝜀(𝑛)(𝒒)  

ℱ𝑁(𝒒, 𝒒
′) = ⟨𝜓𝒒

(0)
| 𝑒𝑖(𝒒−𝒒

′)⋅𝒓 |𝜓
𝒒′
(0)
⟩ = ⟨𝑠𝒒

(0)
∣ 𝑠
𝒒′
(0)
⟩ .  

ℱ𝑁(𝒒, 𝒒
′) = 𝒩𝒒𝒩𝒒′ ∑  

𝑁−1

𝑛=0

 
(ℬ𝑞𝑧𝑞𝑧‾

′)𝑛

𝑛!
 

ℱ𝑁(𝒒, 𝒒
′) = ℳ𝑁(𝒒, 𝒒

′)ℱLLL(𝒒, 𝒒
′)  

ℳ𝑁(𝒒, 𝒒
′) =

Γ(𝑁, ℬ𝑞𝑧𝑞𝑧‾
′ )

√Γ (𝑁,
ℬ
2
|𝒒|2)Γ (𝑁,

ℬ
2
|𝒒′|2)

,
 

ℱLLL(𝒒, 𝒒
′) = exp (−

ℬ

4
(|𝒒 − 𝒒′|2 + 2𝑖𝒒 ∧ 𝒒′)) ,  

lim
𝑁→∞

 ℳ𝑁(𝒒, 𝒒
′) = 1  

lim
𝑁→∞

 ℱ𝑁(𝒒, 𝒒
′) = ℱLLL(𝒒, 𝒒

′),  

𝒬𝑁
𝑎𝑏(𝒒)= ⟨𝜕𝑞𝑎𝑢𝒒

(0)
|𝑄𝒒 |𝜕𝑞𝑏𝑢𝒒

(0)
⟩  

 = 𝑔𝑁
𝑎𝑏(𝒒) −

𝑖

2
𝜖𝑎𝑏Ω𝑁(𝒒),

 

𝑄𝒒 = 𝟙 − |𝑢𝒒
(0)
⟩ ⟨𝑢𝒒

(0)
| , 𝑎 

Ω𝑁(𝒒) = ℬ + ℬ𝑒
−
ℬ|𝒒|2

2
𝐸1−𝑁 (

ℬ
2 |𝒒|

2) − 𝐸−𝑁 (
ℬ
2 |𝒒|

2)

(𝐸1−𝑁 (
ℬ
2 |𝒒|

2))

2  

𝐸𝑛(𝑧) = 𝑧
𝑛−1Γ(1 − 𝑛, 𝑧) 

lim
𝑁→∞

 Ω𝑁(𝒒) = ℬ  

𝐼𝑁(𝜅) = 2𝜋∫  
𝜅

0

 𝑑|𝒒||𝒒|Ω𝑁(|𝒒|) = 𝜋ℬ𝜅
2 −

2𝜋𝑒−
ℬ𝜅2

2

𝐸1−𝑁 (
ℬ𝜅2

2 )
 

lim
𝜅→∞

 𝐼𝑁(𝜅) = 2𝜋(𝑁 − 1)  

𝑔𝑁
𝑎𝑏(𝒒) =

1

2
Ω𝑁(𝒒)𝛿

𝑎𝑏  

Tr(𝑔𝑁
𝑎𝑏(𝒒)) = |Ω𝑁(𝒒)| 

Ω𝑁(|𝒒|) = 4(𝑁 − 1)/(ℬ|𝒒|
4) + 𝒪(1/|𝒒|6) as |𝒒| → ∞) 
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Ω𝑁(|𝒒|) = ℬ −
𝑁ℬ𝑁|𝒒|2(𝑁−1)

2𝑁−1(𝑁 − 1)!
+ 𝒪(|𝒒|2𝑁),  

ℳ𝑁(𝟎, 𝒒) = √(𝑁 − 1)!/Γ(𝑁, ℬ|𝒒|
2/2) = 1 + ℬ𝑁|𝒒|2𝑁/(2𝑁+1𝑁!) + 𝒪(|𝒒|2(𝑁+1)) 

𝑈(𝒓) = −𝑈0∑ 

𝑮𝑗

  𝑒𝑖𝑮𝑗⋅𝒓  

𝑮𝑗 = 𝑔(cos ((𝑗 − 1)𝜋/3), sin ((𝑗 − 1)𝜋/3))(𝑗 = 1,2,3,4,5,6) 

𝑔 = 4𝜋/(𝑎𝑙√3) 

ℋ̂ = ℋ̂0 + ℋ̂pot,  

 

ℋ̂0 =∑ 

𝒌,𝒈

  𝑐𝒌,𝒈
† |𝒌 + 𝒈|2

2𝑚
𝑐𝒌,𝒈 =∑ 

𝒌,𝒈

 ℰ(𝒌 + 𝒈)𝑐𝒌,𝒈
† 𝑐𝒌,𝒈  

ℋ̂pot = −𝑈0∑ 

𝑮𝑖

  𝜌̃𝑮𝑖 ,  
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ℰ(𝒒) = |𝒒|2/2𝑚 

𝑐𝒌,𝒈
† ≡ 𝑐𝒌+𝒈

† |𝜓𝒌+𝒈
(0)
⟩ , 𝜌̃𝒒 

𝜌̃𝒒 =∑ 

𝒌,𝒈

  𝑐𝒌+𝒈+𝒒
† ℱ𝑁(𝒌 + 𝒈 + 𝒒, 𝒌 + 𝒈)𝑐𝒌+𝒈  

𝒈 = 𝑛1𝑮1 + 𝑛2𝑮2(𝑛1, 𝑛2 ∈ ℤ) 

𝑈0|ℱ𝑁(𝒌 + 𝒈 + 𝑮𝑖, 𝒌 + 𝒈)|arg [ℱ𝑁(𝒌 + 𝒈 + 𝑮𝑖, 𝒌 + 𝒈)] 

|𝜑𝒌⟩ =∑  

𝒈

 𝑣𝒈(𝒌) |𝜓𝒌+𝒈
(0)
⟩  

⟨𝜑𝒌|ℋ̂|𝜑𝒌⟩ = 𝐸kin(𝒌) + 𝐸pot(𝒌),  

𝐸kin(𝒌) =  ∑  

𝒈

  |𝑣𝒈(𝒌)|
2 |𝒌 + 𝒈|2

2𝑚

𝐸pot(𝒌) =  −𝑈0∑ 

𝒈,𝑮𝑖

 𝑣𝒈+𝑮𝑖
∗ (𝒌)𝑣𝒈(𝒌)

 × ℱ𝑁(𝒌 + 𝒈 + 𝑮𝑖, 𝒌 + 𝒈)

 

𝐸hop 

𝒈,𝒈+𝑮𝑖(𝒌) = −𝑈0𝑣𝒈+𝑮𝑖
∗ (𝒌)𝑣𝒈(𝒌)ℱ𝑁(𝒌 + 𝒈 + 𝑮𝑖, 𝒌 + 𝒈) − 𝑈0𝑣𝒈+𝑮𝑖(𝒌)𝑣𝒈

∗(𝒌)ℱ𝑁(𝒌 + 𝒈, 𝒌 + 𝒈 + 𝑮𝑖)

= −2𝑈0|𝑣𝒈+𝑮𝑖(𝒌)‖𝑣𝒈(𝒌)‖ℱ𝑁(𝒌 + 𝒈 + 𝑮𝑖, 𝒌 + 𝒈)|  

 × cos (arg [ℱ𝑁(𝒌 + 𝒈 + 𝑮𝑖, 𝒌 + 𝒈)] + arg [𝑣𝒈(𝒌)] − arg [𝑣𝒈+𝑮𝑖(𝒌)])

 

 

𝑅̂2𝜋𝑚/𝑛𝜿|𝜑𝜿⟩=∑  

𝒈

 𝑣𝒈(𝜿) |𝜓𝑅2𝜋𝑚/𝑛𝜿
(0)

(𝜿 + 𝒈)⟩ 

 = exp [
𝑖2𝜋𝑚ℓ𝜿
𝑛𝜿

] |𝜑𝜿⟩
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𝒞 = ℓΓ + 2ℓ𝐾 + 3ℓ𝑀 (mod6)  

 

⟨𝑐𝒌,𝒈
† 𝑐𝒌,𝒈⟩ |𝑣𝒈(𝒌)|

2
 

ℰ(𝒌 + 𝒈) = ℰ(𝒌 + 𝒈 + 𝑮𝑖) 

|𝜑Γ⟩ = |𝜓𝟎
(0)
⟩ 

|𝜑𝐾
(ℓ𝐾)⟩ =

1

√3
(|𝜓𝐾1

(0)
⟩ + 𝜔‾ ℓ𝐾 |𝜓𝐾2

(0)
⟩ + 𝜔‾ 2ℓ𝐾 |𝜓𝐾3

(0)
⟩)

|𝜑𝑀
(ℓ𝑀)⟩ =

1

√2
(|𝜓𝑀1

(0)
⟩ + 𝑒𝑖𝜋ℓ𝑀 |𝜓𝑀2

(0)
⟩)

 

|𝜑𝐾
(ℓ𝐾)⟩ |𝜑𝑀

(ℓ𝑀)⟩ 𝐸pot 

(ℓ𝐾) = ⟨𝜑𝐾
(ℓ𝐾)| ℋ̂pot |𝜑𝐾

(ℓ𝐾)⟩ 
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𝐸pot 

(ℓ𝑀) = ⟨𝜑𝑀
(ℓ𝑀)| ℋ̂pot |𝜑𝑀

(ℓ𝑀)⟩ 

𝐸pot
(ℓ𝑀) = (−1)ℓ𝑀+1𝑈0

𝑒
−
ℬ𝐴1BZ
2√3 Γ(𝑁,−

ℬ𝐴1BZ
4√3

)

Γ (𝑁,
ℬ𝐴1BZ
4√3

)
.  

𝐸pot
(ℓ𝑀) = (−1)ℓ𝑀+1𝑈0exp (−

ℬ𝐴1BZ

2√3
)  

𝐸pot
(ℓ𝐾) = −

2𝑈0𝑒
−
ℬ𝐴1BZ
2√3

Γ (𝑁,
ℬ𝐴1BZ
3√3

)
Re(exp (𝑖 (

2𝜋ℓ𝐾
3

+
ℬ𝐴1BZ
6

))Γ (𝑁,
ℬ𝐴1BZ
18

(3𝑖 − √3)))  

min
ℓ𝐾
  [−cos (

2𝜋ℓ𝐾
3

+
ℬ𝐴1BZ
6

+ 𝜙(𝑁,ℬ𝐴1BZ))]  

𝜙(𝑁,ℬ𝐴1BZ) = arg [Γ(𝑁, (3𝑖 − √3)ℬ𝐴1BZ/18)] 

𝐸pot
(ℓ𝐾) = −2𝑈0𝑒

−
ℬ𝐴1BZ
2√3 cos (

1

6
(ℬ𝐴1BZ + 4𝜋ℓ𝐾))  

Ω(𝒌) =𝑖 ∑  

𝒈1,𝒈2,𝒈3

 𝒫𝒈2𝒈1(𝒌) (𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈3) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈3𝒈2(𝒌) (𝜕𝑘𝑦 + 𝑖𝐴𝑦
P(𝒌 + 𝒈1) − 𝑖𝐴𝑦

P(𝒌 + 𝒈3))𝒫𝒈1𝒈3(𝒌) − (𝑥 ↔ 𝑦)

 +∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈)
 

𝒫𝒈1𝒈2(𝒌) = ⟨𝑐𝒌𝒈1
† 𝑐𝒌𝒈2⟩  

𝒫𝒈
𝒈′
(𝒌)  = 𝑣𝒈

∗(𝒌)𝑣𝒈′(𝒌)

 = √𝑛(𝒌 + 𝒈)𝑛(𝒌 + 𝒈′)𝑒
𝑖𝜃
𝒈′𝒈

(𝒌)
 

Ω(𝒌) = − ∑  

𝒈2,𝒈3

 𝑛(𝒌 + 𝒈2) [(𝜕𝑘𝑥𝜃𝒈2𝒈3(𝒌) + 𝐴𝑥
P(𝒌 + 𝒈3) − 𝐴𝑥

P(𝒌 + 𝒈2)) 𝜕𝑘𝑦𝑛(𝒌 + 𝒈3)

− (𝜕𝑘𝑦𝜃𝒈2𝒈3(𝒌) + 𝐴𝑦
P(𝒌 + 𝒈3) − 𝐴𝑦

P(𝒌 + 𝒈2))  𝜕𝑘𝑥𝑛(𝒌 + 𝒈3)]

 +∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈)

 

Ωbulk(𝒌) ≈∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈) ≈ ΩP(𝒌)  

∫  
𝛿

−𝛿

 𝑑Δ𝑘𝑥Ω
𝑊1(𝒌LW + Δ𝑘𝑥)  

 = −(𝜕𝑘𝑦𝜃𝟎𝑮1(𝒌
LW) + 𝐴𝑦

P(𝒌LW + 𝑮1) − 𝐴𝑦
P(𝒌LW))
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Φ𝑊1 = −∫  
LW

 𝑑𝑘𝑦 (𝜕𝑘𝑦𝜃𝟎𝐆1(𝒌) + 𝐴𝑦
P(𝒌 + 𝑮1) − 𝐴𝑦

P(𝒌))  

−[∫  
𝑊1

 𝑑𝑘𝑦 (𝐴𝑦
P(𝒌) − 𝐴𝑦

P(𝒌 + 𝑮1))] 

∫  𝑑𝑘𝑦 (𝐴𝑦
P(𝒌LW) − 𝐴𝑦

P(𝒌LW +𝑮1)) = −
1

3
∫  
1BZ

𝑑2𝑘Ω𝑃(𝒌) = −
1

3
Φ1𝐵𝑍

parent 
 

Φ = 3Φ𝑊1 +∫  𝑑
2𝑘Ωbulk

 = −3∫  
𝐾2

𝐾2
′
 𝑑𝑘𝑦𝜕𝑘𝑦𝜃𝟎𝐆1(𝒌)

 



 

pág. 13454 
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arg (ℱ𝑁(𝒌, 𝒌 + 𝑮1))arg (ℱ𝑁(𝐾2, 𝐾2 + 𝑮1))arg (ℱ𝑁(𝐾2
′ , 𝐾2

′ + 𝑮1)) 

𝜃𝐎𝐆1(𝒌) = arg (ℱ𝑁(𝒌, 𝒌 + 𝑮1)) 

∫  
𝐾2

𝐾2
′
 𝑑𝑘𝑦𝜕𝑘𝑦𝜃𝟎𝑮1 =∫  

𝐾2

𝐾2
′
 𝜕𝑘𝑦arg (ℱ𝑁(𝒌, 𝒌 + 𝑮1))𝑑𝑘𝑦 + arg (ℱ𝑁(𝑲2

′ , 𝑲3
′ ))−⌊arg (ℱ𝑁(𝑲2

′ , 𝑲3
′ ))⌉

2𝜋/3
 

 −arg (ℱ𝑁(𝑲𝟐, 𝑲1)) + ⌊arg (ℱ𝑁(𝑲2, 𝑲1))⌉2𝜋/3

 

𝒞 =
Φ

2𝜋
=−

3

2𝜋
[∫  

𝐾2

𝐾2
′
 𝜕𝑘𝑦arg (ℱ𝑁(𝒌, 𝒌 + 𝑮1))𝑑𝑘𝑦 + arg (ℱ𝑁(𝑲2

′ , 𝑲3
′ )) − arg (ℱ𝑁(𝑲2, 𝑲1))] 

 − ⌊
3

2𝜋
arg (ℱ𝑁(𝑲2, 𝑲1))⌋ + ⌊

3

2𝜋
arg (ℱ𝑁(𝑲2

′ , 𝑲3
′ ))⌉

 

𝐶 = −2 ⌊
ℬ𝐴1𝐵𝑍
4𝜋

⌉ 

(ℓΓ, ℓ𝐾 , ℓ𝑀) = (0, (−𝑁 + 1)mod3, (−𝑁 + 1)mod2) 

 

(ℓΓ, ℓ𝐾 , ℓ𝑀) = ((−𝑁 + 1)mod6, (−𝑁 + 1)mod3, (−𝑁 + 1)mod2) 

ℱ𝑁(𝒒, 𝒒
′) ≈

(𝑞𝑧𝑞𝑧‾
′)𝑁−1

(|𝑞𝑧||𝑞𝑧
′ |)𝑁−1

= 𝑒
𝑖(𝑁−1)(𝜙𝑞−𝜙𝑞′)  

𝜙𝐹(𝒒, 𝒒
′) = (𝑁 − 1)(𝜙𝑞 −𝜙𝑞′) 

𝐸hopp 

𝒈,𝒈+𝑮𝑖(𝒌) ≈ −2𝑈0|𝑣𝒈+𝑮𝑖(𝒌)‖𝑣𝒈(𝒌)|cos ((𝑁 − 1)(𝜙𝑘+𝑔+𝐺𝑖 −𝜙𝑘+𝑔) + arg [𝑣𝒈(𝒌)] − arg [𝑣𝒈+𝑮𝑖(𝒌)]), 

arg [𝑣𝒈(𝒌)] = (𝑁 − 1)𝜙𝑘+𝑔.  

𝑅̂2𝜋𝑚/𝑛𝜿|𝜑𝜿⟩=∑  

𝒈

  |𝑣𝒈(𝜿)|𝑒
𝑖𝜙𝜅+𝑔 |𝜓𝑅2𝜋𝑚/𝑛𝜿

(0)
(𝜿 + 𝒈)⟩ 

 = exp [−𝑖(𝑁 − 1)
2𝜋𝑚

𝑛𝜿
] |𝜑𝜿⟩

 

ℓ𝐾 = −(𝑁 − 1)mod3, ℓ𝑀 = −(𝑁 − 1)mod2 

𝒞mod6 = [−(𝑁 − 1) − 2[(𝑁 − 1)mod3]

 −3[(𝑁 − 1)mod2]]mod6
=0 (52)

 

𝜽𝒈𝒈′ = (𝑁 − 1)(arg (𝒌 + 𝒈) − arg (𝒌 + 𝒈
′)) 

∇𝜃𝒈𝒈′ =
𝑁 − 1

|𝒌 + 𝒈|
𝜙̂(𝒌 + 𝒈) −

𝑁 − 1

|𝒌 + 𝒈′|
𝜙̂(𝒌 + 𝒈′) 

𝑨P(𝒌 + 𝒈) =
(𝑁 − 1)

|𝒌 + 𝒈|
𝜙̂(𝒌 + 𝒈) 
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∮ 𝑨P ⋅ 𝑑𝒌 = Φ = 2𝜋(𝑁 − 1)

𝑘≫√𝑁/ℬ

 

𝜕𝑘𝑥𝜃𝒈𝒈′ − 𝐴𝑥
P(𝒌 + 𝒈) + 𝐴𝑥

P(𝒌 + 𝒈′) = 0 

Ω(𝒌) =∑  

𝒈

𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈) 

ℋ̂ = ℋ̂0 + ℋ̂int,  

ℋ̂0 =∑ 

𝒒

 
|𝒒|2

𝑟𝑠
2 𝑐𝒒

†𝑐𝒒  

ℋ̂int=
1

2𝐴
∑  

𝒒

 𝑉(𝒒): 𝜌̃𝒒𝜌̃−𝒒:  

 =
1

2𝐴
∑  

𝒒1,𝒒2,𝒒3,𝒒4

  𝑉̃𝒒1𝒒2𝒒3𝒒4𝑐𝒒1
† 𝑐𝒒2

† 𝑐𝒒3𝑐𝒒4 .

 

𝑉̃𝒒1𝒒2𝒒3𝒒4 = 𝑉(𝒒1 − 𝒒4)ℱ𝑁(𝒒1, 𝒒4)ℱ𝑁(𝒒2, 𝒒3)

 × 𝛿(𝒒1 + 𝒒4 − 𝒒2 − 𝒒3)
 

ℋ̂HF = ℋ̂0 + ℋ̂H + ℋ̂F  

ℋ̂0 = ∑  

𝒌,𝒈1

 
|𝒌 + 𝒈1|

2

𝑟𝑠
2 𝑐𝒌𝒈1

† 𝑐𝒌𝒈1

ℋH =
1

𝐴
∑  
𝒌1𝒌2

𝒈1𝒈2𝒈3𝒈4

  𝑉̃𝒌1+𝒈1,𝒌2+𝒈2,𝒌2+𝒈3,𝒌1+𝒈4

 × 𝒫𝒈1𝒈4(𝒌1)𝑐𝒌2𝒈2
† 𝑐𝒌2𝒈3

ℋF = −
1

𝐴
∑  
𝒌1𝒌2
𝒈1𝒈3𝒈4

  𝑉̃𝒌1+𝒈1,𝒌2+𝒈2,𝒌1+𝒈3,𝒌2+𝒈4

 × 𝒫𝒈1𝒈3(𝒌1)𝑐𝒌2𝒈2
† 𝑐𝒌2𝒈4

 

𝑎𝑙 = √2/(√3𝜋) 

𝒞 = ⌊∫  
1BZ

 𝑑2𝑘Ω𝑁(𝒌)/(2𝜋)⌉ ,  

∫  
1BZ

 𝑑2𝑘Ω𝑁(𝒌) = 𝜋(2𝑎 + 1) 
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ℋF =−
1

𝐴
∑  
𝒌1𝒌2
𝒈1𝒈2𝒈3

 𝑉(𝒌1 + 𝒈1 − 𝒌2 − 𝒈4)  

× 𝑒𝑖(𝑁−1)(𝜙𝑘1+𝑔1−𝜙𝑘2+𝑔4)𝑒𝑖(𝑁−1)(𝜙𝑘2+𝑔2−𝜙𝑘1+𝑔3) 

 × 𝒫𝒈1𝒈3(𝒌1)𝑐𝒌2𝒈2
† 𝑐𝒌2𝒈4𝛿(𝒈1 +𝒈2 − 𝒈3 − 𝒈4).

 

arg [𝑣𝒈(𝒌)] = (𝑁 − 1)𝜙𝑘+𝑔,  

𝒫𝒈1𝒈2(𝒌)  = 𝑣𝒈1(𝒌)
∗𝑣𝒈2(𝒌)

 = |𝑣𝒈1(𝒌)𝑣𝒈2(𝒌)|𝑒
𝑖(𝑁−1)(𝜙𝑘+𝑔2−𝜙𝑘+𝑔1)

 

𝐸𝐹
small𝒒

= −
1

𝐴
∑  

𝒌

 ∑  

𝒒≪𝑔

  ∑  

𝒈1,𝒈2

 𝑉(𝒒)ℱ𝑁(𝒌 + 𝒒 + 𝒈1, 𝒌 + 𝒈1)ℱ𝑁(𝒌 + 𝒈2, 𝒌 + 𝒒 + 𝒈2)𝒫𝒈1𝒈2(𝒌 + 𝒒)𝒫𝒈2𝒈1(𝒌). 

ℱ𝑁(𝒌 + 𝒒 + 𝒈1, 𝒌 + 𝒈1) ≈ 𝑒
−
1
2
𝑔𝑖𝑗(𝒌+𝒈1)𝑞𝑖𝑞𝑗𝑒

𝑖 ∫  
𝒌+𝒒+𝒈1
𝒌+𝒈1

 𝑨(𝒌′)⋅𝑑𝒌′  

𝐸𝐹
small𝒒

= −
1

𝐴
∑ 

𝒌

 ∑  

𝒒≪𝑔

  ∑  

𝒈1,𝒈2

 𝑉(𝒒)𝑒
−
1
2
(𝑔𝑖𝑗(𝒌+𝒈1)+𝑔𝑖𝑗(𝒌+𝒈2))𝑞𝑖𝑞𝑗𝑒𝑖 ∫  

𝒌+𝒒

𝒌
 [𝑨(𝒌′+𝒈1)−𝑨(𝒌

′+𝒈2)]⋅𝑑𝒌
′

 × ℱ𝑁(𝒌 + 𝒈2, 𝒌 + 𝒒 + 𝒈2)𝒫𝒈1𝒈2(𝒌 + 𝒒)𝒫𝒈2𝒈1(𝒌)

 

 

⌊∑  

𝒈

 ∫  
1BZ

 𝑑2𝑘Ω𝑁(𝒌 + 𝒈)𝒫𝒈𝒈(𝒌)/(2𝜋)⌉  

ℎRNG(𝒒) =

(

 
 
 
 
 
 

𝑢𝑑 −𝑣𝐹√2𝑞𝑧

−𝑣𝐹√2𝑞𝑧‾ 𝑢𝑑 𝑡1

𝑡1 2𝑢𝑑 −𝑣𝐹√2𝑞𝑧

−𝑣𝐹√2𝑞𝑧‾ 2𝑢𝑑 𝑡1
⋱ ⋱ ⋱

𝑡1 𝑁𝑢𝑑 −𝑣𝐹√2𝑞𝑧

−𝑣𝐹√2𝑞𝑧‾ 𝑁𝑢𝑑 )

 
 
 
 
 
 

,  

𝜓(𝐴𝑙)
(𝑒)
(𝒒) ≈ 𝒩𝒒

(𝑒)
(√2𝑞𝑧‾/𝑞0)

𝑙−1

𝜓(𝐵𝑙)
(𝑒)
(𝒒) ≈ −𝒩𝒒

(𝑒)
𝒩𝒒
(𝑒)
𝑙
𝑢𝑑
𝑡1
(√2𝑞𝑧‾/𝑞0)

𝑙  

𝜓(𝐵𝑙)
(ℎ)
(𝒒) ≈ 𝒩𝒒

(ℎ)
(√2𝑞𝑧/𝑞0)

𝑁−𝑙

𝜓(𝐴𝑁)
(ℎ)

(𝒒) ≈ −𝒩𝒒
(ℎ)
(𝑁 − 𝑙 + 1)

𝑢𝑑
𝑡1
(√2𝑞𝑧/𝑞0)

𝑁−𝑙+1  

ℎSchur
(𝑒)

(𝒒) = ℎ𝐴𝐴(𝒒) − ℎ𝐴𝐵(𝒒)ℎ𝐵𝐵
−1(𝒒)ℎ𝐵𝐴(𝒒),  

ℎSchur
(ℎ)

(𝒒) = ℎ𝐵𝐵(𝒒) − ℎ𝐵𝐴(𝒒)ℎ𝐴𝐴
−1(𝒒)ℎ𝐴𝐵(𝒒),  
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ℎ𝐴𝐴(𝒒) = ℎ𝐵𝐵(𝒒) =

(

 

𝑢𝑑
2𝑢𝑑

⋱
𝑁𝑢𝑑)

 

ℎ𝐴𝐵(𝒒) =

(

 
 
−𝑣𝐹√2𝑞𝑧

𝑡1 −𝑣𝐹√2𝑞𝑧
⋱ ⋱

𝑡1 −𝑣𝐹√2𝑞𝑧)

 
 

ℎ𝐵𝐴(𝒒) =

(

 
 

−𝑣𝐹√2𝑞𝑧‾ 𝑡1

−𝑣𝐹√2𝑞𝑧‾ ⋱

⋱ 𝑡1

−𝑣𝐹√2𝑞𝑧‾)

 
 

 

ℎSchur 

(𝑒)
(𝒒) = 𝑢𝑑

(

 
 

1
2

3
⋱

𝑁)
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−
𝑡1
2

𝑢𝑑

(

 
 
 
 

(|𝒒|/𝑞0)
2 −√2𝑞𝑧/𝑞0

−√2𝑞𝑧‾/𝑘0 (|𝒒|/𝑞0)
2 + 1 −√2𝑞𝑧/(2𝑞0)

−√2𝑞𝑧/(2𝑞0) (|𝒒|/𝑞0)
2 + 1/2 ⋱

⋱ ⋱ −√2𝑞𝑧/((𝑁 − 1)𝑞0)

−√2𝑞𝑧‾/((𝑁 − 1)𝑞0) (|𝒒|/𝑞0)
2 + 1/𝑁 )

 
 
 
 

.  

⟨𝑚|𝐿̂(𝒒)|𝑛⟩ =

(

 
 
 
 
 
 
 

|𝒒|2

2
ℬ −𝑘𝑧√ℬ

−𝑞𝑧‾√ℬ
|𝒒|2

2
ℬ + 1 √2ℬ𝑞𝑧

√2ℬ𝑞𝑧‾
|𝒒|2

2
ℬ + 2 ⋱

⋱ ⋱ √(𝑁 − 1)ℬ𝑞𝑧

√(𝑁 − 1)ℬ𝑞𝑧‾ (𝑁 − 1) )

 
 
 
 
 
 
 

𝑚𝑛

 

ℎ̃RNG(𝒒) =

(

 
 
 
 
 

𝑢𝑑 −√2𝑣𝐹𝑞𝑧

−𝑣𝐹√2𝑞𝑧‾ 𝑢𝑑 𝑡1
𝑡1 2𝑢𝑑 −2𝑣𝐹𝑞𝑧

−2𝑣𝐹𝑞𝑧‾ 2𝑢𝑑 2𝑡1
⋱ ⋱ ⋱

(𝑁 − 1)𝑡1 (𝑁 − 1)𝑢𝑑 −√2𝑁𝑣𝐹𝑞𝑧

−√2𝑁𝑣𝐹𝑞𝑧‾ 𝑁𝑢𝑑 )
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ℎ̃𝐴𝐴(𝒒) = ℎ̃𝐵𝐵(𝒒) =

(

 

𝑢𝑑
2𝑢𝑑

⋱
𝑁𝑢𝑑)

  

ℎ̃𝐴𝐵(𝒒) =

(

 
 
−𝑣𝐹√2𝑞𝑧

𝑡1 −𝑣𝐹2𝑞𝑧
⋱ ⋱

(𝑁 − 1)𝑡1 − 𝑣𝐹√2𝑁𝑞𝑧)

 
 

ℎ̃𝐵𝐴(𝒒) =

(

 
 
−𝑣𝐹√2𝑞𝑧‾ 𝑡1

−𝑣𝐹2𝑞𝑧‾ ⋱

⋱ (𝑁 − 1)𝑡1

−𝑣𝐹√2𝑁𝑞𝑧‾)

 
 
.

 

ℎ̃Schur (𝒒)= ℎ̃𝐴𝐴(𝒒) − ℎ̃𝐴𝐵(𝒒)ℎ̃𝐵𝐵
−1(𝒒)ℎ̃𝐵𝐴(𝒒)  

= 𝑢𝑑

(

 
 

1
2
3

⋱
𝑁)

 
 

 

−
𝑡1
2

𝑢𝑑

(

 
 
 
 

(|𝒒|/𝑞0)
2 −√2𝑞𝑧/𝑞0

−√2𝑞𝑧‾/𝑘0 (|𝒒|/𝑞0)
2 + 1 −2𝑞𝑧/𝑞0

−2𝑞𝑧‾/𝑞0 (|𝒒|/𝑞0)
2 + 2 ⋱

⋱ ⋱ −√2(𝑁 − 1)𝑞𝑧/𝑞0

−√2(𝑁 − 1)𝑞𝑧‾/𝑞0 (|𝒒|/𝑞0)
2 + (𝑁 − 1))

 
 
 
 

 

 ≈ −
𝑡1
2

𝑢𝑑

(

 
 
 
 

(|𝒒|/𝑞0)
2 −√2𝑞𝑧/𝑞0

−√2𝑞𝑧‾/𝑘0 (|𝒒|/𝑞0)
2 + 1 −2𝑞𝑧/𝑞0

−2𝑞𝑧‾/𝑞0 (|𝒒|/𝑞0)
2 + 2 ⋱

⋱ ⋱ −√2(𝑁 − 1)𝑞𝑧/𝑞0

−√2(𝑁 − 1)𝑞𝑧‾/𝑞0 (𝑁 − 1) )

 
 
 
 

,

 

Ω(𝒌) = 𝑖Tr (𝑃(𝒌)𝜕𝑘𝑥𝑃(𝒌)𝜕𝑘𝑦𝑃(𝒌)) − 𝑖Tr (𝑃(𝒌)𝜕𝑘𝑦𝑃(𝒌)𝜕𝑘𝑥𝑃(𝒌))  

𝑃 = |𝑢𝒌⟩⟨𝑢𝒌| = ∑  

𝒈1,𝒈2

 𝒫𝒈2𝒈1(𝒌)|𝑢𝒌, 𝒈1⟩⟨𝑢𝒌, 𝒈2|,  

𝒫𝒈𝒈′(𝒌) = ⟨𝑐𝒌𝒈
† 𝑐𝒌𝒈′⟩  

|𝑢𝒌, 𝒈1⟩ = 𝑒
−𝑖𝒌⋅𝒓|𝒌 + 𝒈1⟩ = 𝑒

𝑖𝒈1⋅𝒓|𝑠𝒌+𝒈1⟩ 

𝜕𝑘𝑥𝑃 = ∑  

𝒈3,𝒈4

𝜕𝑘𝑥𝒫𝒈4𝒈3|𝑢𝒌, 𝒈3⟩⟨𝑢𝒌, 𝒈4| + ∑  

𝒈3,𝒈4

𝒫𝒈4𝒈3𝜕𝑘𝑥(|𝑢𝒌, 𝒈3⟩⟨𝑢𝒌, 𝒈4|) 

𝑃𝜕𝑘𝑥𝑃 = ∑  

𝒈1,𝒈2,𝒈3,𝒈4

 𝒫𝒈2𝒈1(𝒌)|𝑢𝒌, 𝒈1⟩⟨𝑢𝒌, 𝒈2| (𝜕𝑘𝑥𝒫𝒈4𝒈3|𝑢𝒌, 𝒈3⟩⟨𝑢𝒌, 𝒈4| + 𝒫𝒈4𝒈3𝜕𝑘𝑥(|𝑢𝒌, 𝒈3⟩⟨𝑢𝒌, 𝒈4|)) 
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⟨𝑢𝒌, 𝒈2 ∣ 𝑢𝒌, 𝒈3⟩  = 𝛿𝒈2,𝒈3
⟨𝑢𝒌, 𝒈2|𝜕𝒌|𝑢𝒌, 𝒈3⟩  = −𝑖𝑨

P(𝒌 + 𝒈2)𝛿𝒈2,𝒈3 ,
 

⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈3⟩⟨𝑢𝒌, 𝒈4|)  = −𝑖𝑨
P(𝒌 + 𝒈2)𝛿𝒈2,𝒈3⟨𝑢𝒌, 𝒈4| + 𝛿𝒈2,𝒈3𝜕𝑘𝑥⟨𝑢𝒌, 𝒈4|

 = 𝛿𝒈2,𝒈3⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)
 

𝑃𝜕𝑘𝑥𝑃 = ∑  

𝒈1,𝒈2,𝒈4

 𝒫𝒈2𝒈1(𝒌)|𝑢𝒌, 𝒈1⟩ (𝜕𝑘𝑥𝒫𝒈4𝒈2⟨𝑢𝒌, 𝒈4| + 𝒫𝒈4𝒈2⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|))  

𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃 = ∑  

𝒈1,𝒈2,𝒈4,𝒈5,𝒈6

 𝒫𝒈2𝒈1(𝒌)|𝑢𝒌, 𝒈1⟩ (𝜕𝑘𝑥𝒫𝒈4𝒈2⟨𝑢𝒌, 𝒈4| + 𝒫𝒈4𝒈2⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)) 𝑃

× [𝜕𝑘𝑦𝒫𝒈6𝒈5|𝑢𝒌, 𝒈5⟩⟨𝑢𝒌, 𝒈6| + 𝒫𝒈6𝒈5𝜕𝑘𝑦(|𝑢𝒌, 𝒈5⟩⟨𝑢𝒌, 𝒈6|)]

 

= ∑  

𝒈1,𝒈2,𝒈4,𝒈6

 𝒫𝒈2𝒈1(𝒌)𝜕𝑘𝑥𝒫𝒈4𝒈2𝜕𝑘𝑦𝒫𝒈6𝒈4|𝑢𝒌, 𝒈1⟩⟨𝑢𝒌, 𝒈6|  

+ ∑  

𝒈1,𝒈2,𝒈4,𝒈6

 𝒫𝒈2𝒈1(𝒌)𝜕𝑘𝑥𝒫𝒈4𝒈2𝒫𝒈6𝒈4|𝑢𝒌, 𝒈1⟩⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑦(|𝑢𝒌, 𝒈4⟩⟨𝑢𝒌, 𝒈6|)  

+ ∑  

𝒈1,𝒈2,𝒈4,𝒈6

 𝒫𝒈2𝒈1(𝒌)𝒫𝒈4𝒈2𝜕𝑘𝑦𝒫𝒈6𝒈4|𝑢𝒌, 𝒈1⟩⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)|𝑢𝒌, 𝒈4⟩⟨𝑢𝒌, 𝒈6|  

 + ∑  

𝒈1,𝒈2,𝒈4,𝒈5,𝒈6

 𝒫𝒈2𝒈1(𝒌)𝒫𝒈4𝒈2𝒫𝒈6𝒈5|𝑢𝒌, 𝒈1⟩⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)𝜕𝑘𝑦(|𝑢𝒌, 𝒈5⟩⟨𝑢𝒌, 𝒈6|)

 

Tr (𝑃𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃)=∑  

𝒈

  ⟨𝑢𝒌, 𝒈|𝑃𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃|𝑢𝒌, 𝒈⟩  

= ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌)𝜕𝑘𝑥𝒫𝒈4𝒈2𝜕𝑘𝑦𝒫𝒈𝒈4 + ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌)𝜕𝑘𝑥𝒫𝒈4𝒈2𝒫𝒈𝒈4⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑦(|𝑢𝒌, 𝒈4⟩⟨𝑢𝒌, 𝒈|)|𝑢𝒌, 𝒈⟩ 

+ ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌)𝒫𝒈4𝒈2𝜕𝑘𝑦𝒫𝒈𝒈4⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)|𝑢𝒌, 𝒈4⟩  

 + ∑  

𝒈,𝒈2,𝒈4,𝒈5

 𝒫𝒈2𝒈(𝒌)𝒫𝒈4𝒈2𝒫𝒈𝒈5⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)𝜕𝑘𝑦(|𝑢𝒌, 𝒈5⟩⟨𝑢𝒌, 𝒈|)|𝑢𝒌, 𝒈⟩

 

⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑦(|𝑢𝒌, 𝒈4⟩⟨𝑢𝒌, 𝒈|)|𝑢𝒌, 𝒈⟩= ⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑦|𝑢𝒌, 𝒈4⟩ + 𝜕𝑘𝑦(⟨𝑢𝒌, 𝒈|)|𝑢𝒌, 𝒈⟩ 

 = −𝑖𝐴𝑦
P(𝒌 + 𝒈4) + 𝑖𝐴𝑦

P(𝒌 + 𝒈)
 

Tr (𝑃𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃)= ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌)𝜕𝑘𝑥𝒫𝒈4𝒈2 (𝜕𝑘𝑦 + 𝑖𝐴𝑦
P(𝒌 + 𝒈) − 𝑖𝐴𝑦

P(𝒌 + 𝒈4))𝒫𝒈4  

+ ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌)𝒫𝒈4𝒈2𝜕𝑘𝑦𝒫𝒈4  (𝑖𝐴𝑥
P(𝒌 + 𝒈4) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))

 + ∑  

𝒈,𝒈2,𝒈4,𝒈5

 𝒫𝒈2𝒈(𝒌)𝒫𝒈4𝒈2𝒫𝒈5⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)𝜕𝑘𝑦(|𝑢𝒌, 𝒈5⟩⟨𝑢𝒌, 𝒈|)|𝑢𝒌, 𝒈⟩
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Tr (𝑃𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃)= ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌) (𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈4) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈4𝒈2 (𝜕𝑘𝑦 + 𝑖𝐴𝑦
P(𝒌 + 𝒈) − 𝑖𝐴𝑦

P(𝒌 + 𝒈4)) 𝒫𝒈4

− ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌)𝒫𝒈4𝒈2𝒫𝒈𝒈4 (𝑖𝐴𝑥
P(𝒌 + 𝒈4) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2)) (𝑖𝐴𝑦
P(𝒌 + 𝒈) − 𝑖𝐴𝑦

P(𝒌 + 𝒈4))  

 + ∑  

𝒈,𝒈2,𝒈4,𝒈5

 𝒫𝒈2𝒈(𝒌)𝒫𝒈4𝒈2𝒫𝒈𝒈5⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)𝜕𝑘𝑦(|𝑢𝒌, 𝒈5⟩⟨𝑢𝒌, 𝒈|)|𝑢𝒌, 𝒈⟩

 

⟨𝑢𝒌, 𝒈2|𝜕𝑘𝑥(|𝑢𝒌, 𝒈2⟩⟨𝑢𝒌, 𝒈4|)𝜕𝑘𝑦(|𝑢𝒌, 𝒈5⟩⟨𝑢𝒌, 𝒈|)|𝑢𝒌, 𝒈⟩

=(−𝑖𝐴𝑥
P(𝒌 + 𝒈2)⟨𝑢𝒌, 𝒈4| + 𝜕𝑘𝑥⟨𝑢𝒌, 𝒈4|) (𝜕𝑘𝑦|𝑢𝒌, 𝒈5⟩ + 𝑖𝐴𝑦

P(𝒌 + 𝒈)|𝑢𝒌, 𝒈5⟩)

=(−𝑖𝐴𝑥
P(𝒌 + 𝒈2)) (−𝑖𝛿𝒈4,𝒈5𝐴𝑦

P(𝒌 + 𝒈4) + 𝑖𝛿𝒈4,𝒈5𝐴𝑦
P(𝒌 + 𝒈))

 + (𝑖𝛿𝒈4,𝒈5𝐴𝑥
P(𝒌 + 𝒈4)) (𝑖𝐴𝑦

P(𝒌 + 𝒈)) + (𝜕𝑘𝑥⟨𝑢𝒌, 𝒈4|)𝜕𝑘𝑦|𝑢𝒌, 𝒈5⟩

 

=𝛿𝒈4,𝒈5 (𝑖𝐴𝑥
P(𝒌 + 𝒈4) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2)) (+𝑖𝐴𝑦
P(𝒌 + 𝒈) − 𝑖𝐴𝑦

P(𝒌 + 𝒈4))

+𝜕𝑘𝑥 (⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑦|𝑢𝒌, 𝒈5⟩) − ⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑥𝜕𝑘𝑦|𝑢𝒌, 𝒈5⟩  

=𝛿𝒈4,𝒈5 (𝑖𝐴𝑥
P(𝒌 + 𝒈4) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2)) (+𝑖𝐴𝑦
P(𝒌 + 𝒈) − 𝑖𝐴𝑦

P(𝒌 + 𝒈4))

 −𝑖𝛿𝒈4,𝒈5𝜕𝑘𝑥𝐴𝑦
P(𝒌 + 𝒈4) − ⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑥𝜕𝑘𝑦|𝑢𝒌, 𝒈5⟩.

 

Tr (𝑃𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃) = ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌) (𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈4) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈4𝒈2 (𝜕𝑘𝑦 + 𝑖𝐴𝑦
P(𝒌 + 𝒈) − 𝑖𝐴𝑦

P(𝒌 + 𝒈4))𝒫𝒈4  

 −𝑖 ∑  

𝒈,𝒈2,𝒈4

 𝜕𝑘𝑥𝐴𝑦
P(𝒌 + 𝒈4)𝒫𝒈2𝒈(𝒌)𝒫𝒈4𝒈2𝒫𝒈4 − ∑  

𝒈,𝒈2,𝒈4,𝒈5

 𝒫𝒈2𝒈(𝒌)𝒫𝒈4𝒈2𝒫𝒈5⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑥𝜕𝑘𝑦|𝑢𝒌, 𝒈5⟩
 

Tr (𝑃𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃) = ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌) (𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈4) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈4𝒈2 (𝜕𝑘𝑦 + 𝑖𝐴𝑦
P(𝒌 + 𝒈) − 𝑖𝐴𝑦

P(𝒌 + 𝒈4)) 𝒫𝒈𝒈4

 −𝑖∑  

𝒈4

 𝜕𝑘𝑥𝐴𝑦
P(𝒌 + 𝒈4)𝒫𝒈4𝒈4(𝒌) − ∑  

𝒈4,𝒈5

 𝒫𝒈4𝒈5⟨𝑢𝒌, 𝒈4|𝜕𝑘𝑥𝜕𝑘𝑦|𝑢𝒌, 𝒈5⟩
 

Ω(𝒌) =𝑖Tr (𝑃𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃) − 𝑖Tr (𝑃𝜕𝑘𝑦𝑃𝜕𝑘𝑥𝑃)

=𝑖 ∑  

𝒈,𝒈2,𝒈4

 𝒫𝒈2𝒈(𝒌) (𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈4) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈4𝒈2 (𝜕𝑘𝑦 + 𝑖𝐴𝑦
P(𝒌 + 𝒈) − 𝑖𝐴𝑦

P(𝒌 + 𝒈4))𝒫𝒈4 − 𝑥 ↔ 𝑦

 +∑  

𝒈

 𝒫𝒈𝒈 (𝜕𝑘𝑥𝐴𝑦
P(𝒌 + 𝒈) − 𝜕𝑘𝑦𝐴𝑥

P(𝒌 + 𝒈)) − 𝑖 ∑  

𝒈4,𝒈5

 𝒫𝒈4𝒈5⟨𝑢𝒌, 𝒈4| (𝜕𝑘𝑥𝜕𝑘𝑦 − 𝜕𝑘𝑦𝜕𝑘𝑥) |𝑢𝒌, 𝒈5⟩

 

Ω(𝒌) =𝑖Tr (𝑃𝜕𝑘𝑥𝑃𝜕𝑘𝑦𝑃) − 𝑖Tr (𝑃𝜕𝑘𝑦𝑃𝜕𝑘𝑥𝑃)

=𝑖 ∑  

𝒈1,𝒈2,𝒈3

 𝒫𝒈2𝒈1(𝒌) (𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈3) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈3𝒈2 (𝜕𝑘𝑦 + 𝑖𝐴𝑦
P(𝒌 + 𝒈1) − 𝑖𝐴𝑦

P(𝒌 + 𝒈3))𝒫𝒈1𝒈3 − (𝑥 ↔ 𝑦)

 +∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈).

 

(𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈3) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈3𝒈2 

|𝒌 + 𝒈⟩ → 𝑒𝑖𝛼𝒌+𝒈|𝒌 + 𝒈⟩ and 𝑨𝑝(𝒌 + 𝒈) → 𝑨𝑝(𝒌 + 𝒈) − ∇𝛼𝒌+𝒈 

𝒫𝒈3𝒈2 → 𝑒−𝑖𝛼𝒌+𝒈2+𝑖𝛼𝒌+𝒈3𝒫𝒈3𝒈2 
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(𝜕𝑘𝑥+𝑖𝐴𝑥
P(𝒌 + 𝒈3) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈3𝒈2
→ (𝜕𝑘𝑥 + 𝑖𝐴𝑥

P(𝒌 + 𝒈3) − 𝑖𝜕𝑘𝑥𝛼𝒌+𝒈3 − 𝑖𝐴𝑥
P(𝒌 + 𝒈2) + 𝑖𝜕𝑘𝑥𝛼𝒌+𝒈2)𝑒

−𝑖𝛼𝒌+𝒈2+𝑖𝛼𝒌+𝒈3𝒫𝒈3𝒈2  

= 𝑒−𝑖𝛼𝒌+𝒈2+𝑖𝛼𝒌+𝒈3(𝜕𝑘𝑥 − 𝑖𝜕𝑘𝑥𝛼𝒌+𝒈2 + 𝑖𝜕𝑘𝑥𝛼𝒌+𝒈3 + 𝑖𝐴𝑥
P(𝒌 + 𝒈3) − 𝑖𝜕𝑘𝑥𝛼𝒌+𝒈3 − 𝑖𝐴𝑥

P(𝒌 + 𝒈2) + 𝑖𝜕𝑘𝑥𝛼𝒌+𝒈2)𝒫𝒈3𝒈2  

 = 𝑒−𝑖𝛼𝒌+𝒈2+𝑖𝛼𝒌+𝒈3 (𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈3) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈3𝒈2

 

𝒫𝒈
𝒈′
= √𝑛(𝒌 + 𝒈)𝑛(𝒌 + 𝒈′)𝑒

𝑖𝜃
𝒈′𝒈  

(𝜕𝑘𝑥 + 𝑖𝐴𝑥
P(𝒌 + 𝒈3)−𝑖𝐴𝑥

P(𝒌 + 𝒈2))𝒫𝒈3𝒈2

 = (𝑖𝜕𝑘𝑥𝜃𝒈2𝒈3 + 𝑖𝐴𝑥
P(𝒌 + 𝒈3) − 𝑖𝐴𝑥

P(𝒌 + 𝒈2) +
1

2
𝜕𝑘𝑥ln (𝑛(𝒌 + 𝒈2)𝑛(𝒌 + 𝒈3)))𝒫𝒈3𝒈2

 

Ω(𝒌) =−𝑖 ∑  

𝒈1,𝒈2,𝒈3

 𝒫𝒈3𝒈2𝒫𝒈2𝒈1𝒫𝒈1𝒈3 (𝜕𝑘𝑥𝜃𝒈2𝒈3 + 𝐴𝑥
P(𝒌 + 𝒈3) − 𝐴𝑥

P(𝒌 + 𝒈2) −
𝑖

2
𝜕𝑘𝑥ln (𝑛(𝒌 + 𝒈2)𝑛(𝒌 + 𝒈3))) 

(𝜕𝑘𝑦𝜃𝒈3𝒈1 + 𝐴𝑦
P(𝒌 + 𝒈1) − 𝐴𝑦

P(𝒌 + 𝒈3) −
𝑖

2
𝜕𝑘𝑦ln (𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈3))) − 𝑥 ↔ 𝑦

+ ∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈)

 

𝒫𝒈3𝒈2𝒫𝒈2𝒈1𝒫𝒈1𝒈3 = 𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈2)𝑛(𝒌 + 𝒈3) 

Ω(𝒌) =−𝑖 ∑  

𝒈1,𝒈2,𝒈3

 𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈2)𝑛(𝒌 + 𝒈3)[  

(𝜕𝑘𝑥𝜃𝒈2𝒈3 + 𝐴𝑥
P(𝒌 + 𝒈3) − 𝐴𝑥

P(𝒌 + 𝒈2)) (𝜕𝑘𝑦𝜃𝒈3𝒈1 + 𝐴𝑦
P(𝒌 + 𝒈1) − 𝐴𝑦

P(𝒌 + 𝒈3))

−
1

4
𝜕𝑘𝑥ln (𝑛(𝒌 + 𝒈2)𝑛(𝒌 + 𝒈3))𝜕𝑘𝑦ln (𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈3))

−
𝑖

2
(𝜕𝑘𝑥𝜃𝒈2𝒈3 + 𝐴𝑥

P(𝒌 + 𝒈3) − 𝐴𝑥
P(𝒌 + 𝒈2)) 𝜕𝑘𝑦ln (𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈3))

−
𝑖

2
(𝜕𝑘𝑦𝜃𝒈3𝒈1 + 𝐴𝑦

P(𝒌 + 𝒈1) − 𝐴𝑦
P(𝒌 + 𝒈3)) 𝜕𝑘𝑥ln (𝑛(𝒌 + 𝒈2)𝑛(𝒌 + 𝒈3))]

−𝑥 ↔ 𝑦 +∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈)

 

Ω(𝒌) =− ∑  

𝒈1,𝒈2,𝒈3

 𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈2)𝑛(𝒌 + 𝒈3) [(𝜕𝑘𝑥𝜃𝒈2𝒈3 + 𝐴𝑥
P(𝒌 + 𝒈3) − 𝐴𝑥

P(𝒌 + 𝒈2)) 𝜕𝑘𝑦ln (𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈3)) 

− (𝜕𝑘𝑦𝜃𝒈2𝒈3 + 𝐴𝑦
P(𝒌 + 𝒈3) − 𝐴𝑦

P(𝒌 + 𝒈2))  𝜕𝑘𝑥ln (𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈3))]

+ ∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈).

 

∑ 

𝒈1

 𝑛(𝒌 + 𝒈1)𝜕𝑘𝑥ln (𝑛(𝒌 + 𝒈1)𝑛(𝒌 + 𝒈3)) = 𝜕𝑘𝑥∑ 

𝒈1

 𝑛(𝒌 + 𝒈1) + 𝜕𝑘𝑥ln (𝑛(𝒌 + 𝒈3))∑  

𝒈1

 𝑛(𝒌 + 𝒈1)

 = 𝜕𝑘𝑥ln (𝑛(𝒌 + 𝒈3))
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Ω(𝒌) =− ∑  

𝒈2,𝒈3

 𝑛(𝒌 + 𝒈2) [(𝜕𝑘𝑥𝜃𝒈2𝒈3 + 𝐴𝑥
P(𝒌 + 𝒈3) − 𝐴𝑥

P(𝒌 + 𝒈2)) 𝜕𝑘𝑦𝑛(𝒌 + 𝒈3) 

− (𝜕𝑘𝑦𝜃𝒈2𝒈3 + 𝐴𝑦
P(𝒌 + 𝒈3) − 𝐴𝑦

P(𝒌 + 𝒈2))  𝜕𝑘𝑥𝑛(𝒌 + 𝒈3)]

 +∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈)

 

Ωbulk (𝒌) ≈∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈) ≈ ΩP(𝒌).  

ΩLW(𝒌) = −𝑛(𝒌) [(𝜕𝑘𝑥𝜃𝟎𝐆1 + 𝐴𝑥
P(𝒌 + 𝑮1) − 𝐴𝑥

P(𝒌))𝜕𝑘𝑦𝑛(𝒌 + 𝑮1) − (𝜕𝑘𝑦𝜃𝟎𝐆1 + 𝐴𝑦
P(𝒌 + 𝑮1) − 𝐴𝑦

P(𝒌)) 𝜕𝑘𝑥𝑛(𝒌 + 𝑮1)]

 −𝑛(𝒌 + 𝑮1) [(𝜕𝑘𝑥𝜃𝑮1𝟎 + 𝐴𝑥
P(𝒌) − 𝐴𝑥

P(𝒌 + 𝑮1)) 𝜕𝑘𝑦𝑛(𝒌) − (𝜕𝑘𝑦𝜃𝑮1𝟎 + 𝐴𝑦
P(𝒌) − 𝐴𝑦

P(𝒌 + 𝑮1)) 𝜕𝑘𝑥𝑛(𝒌)]

 +∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈)

= −(𝜕𝑘𝑥𝜃𝟎𝑮1 + 𝐴𝑥
P(𝒌 + 𝑮1) − 𝐴𝑥

P(𝒌)) (𝑛(𝒌)𝜕𝑘𝑦𝑛(𝒌 + 𝑮1) − 𝑛(𝒌 + 𝑮1)𝜕𝑘𝑦𝑛(𝒌))

 + (𝜕𝑘𝑦𝜃𝟎𝑮1 + 𝐴𝑦
P(𝒌 + 𝑮1) − 𝐴𝑦

P(𝒌)) (𝑛(𝒌)𝜕𝑘𝑥𝑛(𝒌 + 𝑮1) − 𝑛(𝒌 + 𝑮1)𝜕𝑘𝑥𝑛(𝒌)) +∑  

𝒈

 𝑛(𝒌 + 𝒈)ΩP(𝒌 + 𝒈)

 

ΩLW(𝒌) ≈ (𝜕𝑘𝑦𝜃𝟎𝐆1 + 𝐴𝑦
P(𝒌 + 𝑮1) − 𝐴𝑦

P(𝒌)) (𝑛(𝒌)𝜕𝑘𝑥𝑛(𝒌 + 𝑮1) − 𝑛(𝒌 + 𝑮1)𝜕𝑘𝑥𝑛(𝒌))  

∫  
𝛿

0

 𝑑Δ𝑘𝑥Ω
LW(𝒌LW + Δ𝑘𝑥)  

≈ ∫  
𝛿

0

 𝑑Δ𝑘𝑥 (𝜕𝑘𝑦𝜃𝟎𝑮1 + 𝐴𝑦
P(𝒌LW + Δ𝑘𝑥 +𝑮1) − 𝐴𝑦

P(𝒌LW + Δ𝑘𝑥))  

 × (𝑛(𝒌LW + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌
LW + Δ𝑘𝑥 + 𝑮1) − 𝑛(𝒌

LW + Δ𝑘𝑥 + 𝑮1)𝜕𝑘𝑥𝑛(𝒌
LW + Δ𝑘𝑥))

 

∫  
𝛿

0

 𝑑Δ𝑘𝑥Ω
LW(𝒌LW + Δ𝑘𝑥)  

≈ (𝜕𝑘𝑦𝜃𝟎𝑮1 + 𝐴𝑦
P(𝒌LW + 𝑮1) − 𝐴𝑦

P(𝒌LW))  

 × ∫  
𝛿

0

 𝑑Δ𝑘𝑥 (𝑛(𝒌
LW + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌

LW + Δ𝑘𝑥 +𝑮1) − 𝑛(𝒌
LW + Δ𝑘𝑥 + 𝑮1)𝜕𝑘𝑥𝑛(𝒌

LW + Δ𝑘𝑥))

 

ΩRW(𝒌) ≈ (𝜕𝑘𝑦𝜃−𝑮1𝟎 + 𝐴𝑦
P(𝒌) − 𝐴𝑦

P(𝒌 − 𝑮1)) (𝑛(𝒌 − 𝑮1)𝜕𝑘𝑥𝑛(𝒌) − 𝑛(𝒌)𝜕𝑘𝑥𝑛(𝒌 − 𝑮1)) ,  

∫  
0

−𝛿

 𝑑Δ𝑘𝑥Ω
RW(𝒌RW + Δ𝑘𝑥)

≈ (𝜕𝑘𝑦𝜃−𝑮1𝟎 + 𝐴𝑦
P(𝒌RW) − 𝐴𝑦

P(𝒌RW −𝑮1))  

 × ∫  
𝛿

0

 𝑑Δ𝑘𝑥 (𝑛(𝒌
RW − 𝑮1 + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌

RW + Δ𝑘𝑥) − 𝑛(𝒌
RW + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌

RW − 𝑮1 + Δ𝑘𝑥))
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∫  
0

−𝛿

 𝑑Δ𝑘𝑥Ω
RW(𝒌RW + Δ𝑘𝑥)

≈ (𝜕𝑘𝑦𝜃𝟎𝑮1 + 𝐴𝑦
P(𝒌LW + 𝑮1) − 𝐴𝑦

P(𝒌LW))  

 × ∫  
𝛿

0

 𝑑Δ𝑘𝑥 (𝑛(𝒌
LW + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌

LW + 𝑮1 + Δ𝑘𝑥) − 𝑛(𝒌
LW +𝑮1 + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌

LW + Δ𝑘𝑥))

 

∫  
𝛿

−𝛿

 𝑑Δ𝑘𝑥Ω
𝑊1(𝒌 + Δ𝑘𝑥)

≈ (𝜕𝑘𝑦𝜃𝟎𝑮1 + 𝐴𝑦
P(𝒌LW + 𝑮1) − 𝐴𝑦

P(𝒌LW))  

 × ∫  
𝛿

−𝛿

 𝑑Δ𝑘𝑥 (𝑛(𝒌
LW + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌

LW + 𝑮1 + Δ𝑘𝑥) − 𝑛(𝒌
LW + 𝑮1 + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌

LW + Δ𝑘𝑥))

 

(𝑛(𝒌LW + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌
LW + 𝑮1 + Δ𝑘𝑥) − 𝑛(𝒌

LW + 𝑮1 + Δ𝑘𝑥)𝜕𝑘𝑥𝑛(𝒌
LW + Δ𝑘𝑥))

 = 𝑛(𝒌LW + Δ𝑘𝑥) (−𝜕𝑘𝑥𝑛(𝒌
LW + Δ𝑘𝑥)) − (1 − 𝑛(𝒌

LW + Δ𝑘𝑥))𝜕𝑘𝑥𝑛(𝒌
LW + Δ𝑘𝑥)

 = −𝜕𝑘𝑥𝑛(𝒌
LW + Δ𝑘𝑥)

 

∫  
𝛿

−𝛿

 𝑑Δ𝑘𝑥 (−𝜕𝑘𝑥𝑛(𝒌
LW + Δ𝑘𝑥))= [−𝑛(𝒌

LW + Δ𝑘𝑥)]−𝛿
𝛿
 

 = −1

 

∫  
𝛿

−𝛿

 Ω𝑊1(𝒌LW + Δ𝑘𝑥)𝑑Δ𝑘𝑥 = −(𝜕𝑘𝑦𝜃𝟎𝑮1 + 𝐴𝑦
P(𝒌LW + 𝑮1) − 𝐴𝑦

P(𝒌LW))  

Φ𝑊1  = −∫  
𝑊1

 𝑑𝑘𝑦 (𝜕𝑘𝑦𝜃𝟎𝑮1 + 𝐴𝑦
P(𝒌LW + 𝑮1) − 𝐴𝑦

P(𝒌LW))

 = −∫  
𝑊1

 𝑑𝑘𝑦𝜕𝑘𝑦𝜃𝟎𝑮1 +∫  
𝑊1

 𝑑𝑘𝑦 (𝐴𝑦
P(𝒌LW) − 𝐴𝑦

P(𝒌LW + 𝑮1))
 

∫  𝑑𝑘𝑦 (𝐴𝑦
P(𝒌LW) − 𝐴𝑦

P(𝒌LW + 𝑮1)) 

∫  𝑑𝑘𝑦 (𝐴𝑦
P(𝒌LW) − 𝐴𝑦

P(𝒌LW + 𝑮1)) = −
1

3
Φ𝐵𝑍

parent 
 

Φ = 3Φ𝑊1 +∫  𝑑
2𝑘Ωbulk

 = −3∫  
𝑊1

 𝑑𝑘𝑦𝜕𝑘𝑦𝜃𝟎𝐆1

 

𝑊capped  = ∫  
𝑊1

 𝜕𝑘𝑦arg (ℱ(𝒌, 𝒌 + 𝑮1)) + arg (ℱ(𝑲2
′ , 𝑲2

′ + 𝑮1)) − ⌊arg (ℱ(𝑲2
′ , 𝑲2

′ +𝑮1))⌉2𝜋/3

 −arg (ℱ(𝑲2, 𝑲2 + 𝑮1)) + ⌊arg (ℱ(𝑲2, 𝑲2 + 𝑮1))⌉2𝜋/3

 = ∫  
𝑊1

 𝜕𝑘𝑦arg (ℱ(𝒌, 𝒌 + 𝑮1)) + arg (ℱ(𝑲2
′ , 𝑲3

′ )) − arg (ℱ(𝑲2, 𝑲1))

 +⌊arg (ℱ(𝑲2, 𝑲1))⌉2𝜋/3 − ⌊arg (ℱ
(𝑲2

′ , 𝑲3
′ ))⌉

2𝜋/3
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𝒞 = −
3

2𝜋
𝑊capped 

 = −
3

2𝜋
[∫  
𝑊1

 𝜕𝑘𝑦arg (ℱ(𝒌, 𝒌 + 𝑮1))𝑑𝑘𝑦 + arg (ℱ(𝑲2
′ , 𝑲3

′ )) − arg (ℱ(𝑲2, 𝑲1))]

 − ⌊
3

2𝜋
arg (ℱ(𝑲2, 𝑲1))⌉

1
+ ⌊

3

2𝜋
arg (ℱ(𝑲2

′ , 𝑲3
′ ))⌉

1

 

[∫  
𝑊1

 𝜕𝑘𝑦arg (ℱ(𝒌, 𝒌 + 𝑮1)) + arg (ℱ(𝑲2
′ , 𝑲3

′ ) − arg (ℱ(𝑲2, 𝑲1))] 

ℱ𝑁(𝒌, 𝒌
′) = 𝒩𝒌𝒩𝒌′ ∑  

𝑁−1

𝑛=0

(ℬ𝑘𝑧𝑘𝑧‾
′ )𝑛

𝑛!
 

𝑘𝑧 =
1

√2
(𝑘𝑥 + 𝑖𝑘𝑦) 

𝑘𝑧 =
1

√2
(−
𝑔

2
+ 𝑖𝑘𝑦) 

(𝑘 + 𝐺)𝑧 =
1

√2
(+
𝑔

2
+ 𝑖𝑘𝑦) 

ℱ̃𝑁(𝒌, 𝒌 + 𝑮) = ∑  

𝑁−1

𝑛=0

ℬ𝑛

𝑛! × 2𝑛
(−1)𝑛 (−

𝑔

2
+ 𝑖𝑘𝑦)

2𝑛

 

1

ℱ𝑁
𝜕𝑘𝑦|ℱ𝑁|𝑒

𝑖𝜃 = 𝑖𝜕𝑘𝑦𝜃 +
𝜕𝑘𝑦|ℱ𝑁|

|ℱ𝑁|
 

𝜕𝑘𝑦arg (ℱ𝑁(𝒌, 𝒌 + 𝑮)) =
1

𝑖ℱ̃𝑁(𝒌, 𝒌 + 𝑮)
𝜕𝑘𝑦ℱ̃𝑁(𝒌, 𝒌 + 𝑮) −

1

2𝑖|ℱ̃𝑁(𝒌, 𝒌 + 𝑮)|
2 𝜕𝑘𝑦|ℱ̃𝑁(𝒌, 𝒌 + 𝑮)|

2
 

𝜕𝑘𝑦ℱ̃𝑁(𝒌, 𝒌 + 𝑮) = 𝑖 ∑  

𝑁−1

𝑛=1

 
ℬ𝑛

(𝑛 − 1)! × 2𝑛−1
(−1)𝑛 (−

𝑔

2
+ 𝑖𝑘𝑦)

2𝑛−1

 = −𝑖ℬ (−
𝑔

2
+ 𝑖𝑘𝑦)∑  

𝑁−1

𝑛=1

 
ℬ𝑛−1

(𝑛 − 1)! × 2𝑛−1
(−1)𝑛−1 (−

𝑔

2
+ 𝑖𝑘𝑦)

2𝑛−2

 = −𝑖ℬ (−
𝑔

2
+ 𝑖𝑘𝑦)∑  

𝑁−2

𝑛=0

 
ℬ𝑛

𝑛! × 2𝑛
(−
𝑔

2
+ 𝑖𝑘𝑦)

2𝑛

 = −𝑖ℬ (−
𝑔

2
+ 𝑖𝑘𝑦) ℱ̃𝑁−1(𝒌, 𝒌 + 𝑮)

 

∫  
𝑊1

𝜕𝑘𝑦arg (ℱ𝑁(𝒌, 𝒌 + 𝑮)) = ∫  
𝐾2

𝐾2
′
𝑑𝑘𝑦ℬ (

𝑔

2
− 𝑖𝑘𝑦)

ℱ̃𝑁−1(𝒌, 𝒌 + 𝑮)

ℱ̃𝑁(𝒌, 𝒌 + 𝑮)
 

ℱ̃𝑁(𝒌, 𝒌 + 𝑮) = 1 −
ℬ

2
(
𝑔

2
− 𝑖𝑘𝑦)

2

= 1 −
ℬ

2
(𝑔2/4 − 𝑘𝑦

2) + 𝑖
ℬ

2
𝑘𝑦𝑔 
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ℱ̃𝑁−1(𝒌, 𝒌 + 𝑮)

ℱ̃𝑁(𝒌, 𝒌 + 𝑮)
=

1 −
ℬ
2 (
𝑔2/4 − 𝑘𝑦

2) − 𝑖
ℬ
2
𝑘𝑦𝑔

(1 −
ℬ
2 (
𝑔2/4 − 𝑘𝑦

2))

2

+
ℬ2𝑔2𝑘𝑦

2

4

 

∫  
wire 1

 𝜕𝑘𝑦arg (ℱ𝑁(𝒌, 𝒌 + 𝑮))= ∫  𝑑𝑘𝑦
ℬ𝑔

2

1 −
ℬ
2
(𝑔2/4 − 𝑘𝑦

2)

(1 −
ℬ
2
(𝑔2/4 − 𝑘𝑦

2))

2

+
ℬ2𝑔2𝑘𝑦

2

4

−
ℬ𝑘𝑦

2

ℬ
2
𝑘𝑦𝑔

(1 −
ℬ
2
(𝑔2/4 − 𝑘𝑦

2))

2

+
ℬ2𝑔2𝑘𝑦

2

4

 

 = ∫  𝑑𝑘𝑦
ℬ𝑔

2

1 −
ℬ
2
(𝑔2/4)

(1 −
ℬ
2
(𝑔2/4 − 𝑘𝑦

2))

2

+
ℬ2𝑔2𝑘𝑦

2

4

 

−3∫  
𝑊1

𝑑𝑘𝑦𝜕𝑘𝑦arg (ℱ∞(𝒌, 𝒌 + 𝑮)) = −3∫  𝑑𝑘𝑦ℬ(𝑔/2 − 𝑖𝑘𝑦) = −3∫  𝑑𝑘𝑦ℬ𝑔/2 = −3ℬ𝑔/2 ⋅ 𝐿

= −
√3

2
ℬ𝑔2 = −ℬ𝐴1𝐵𝑍 

arg (ℱ∞(𝑲2
′ , 𝑲2

′ + 𝑮)) = arg (ℱ∞ (−
𝑔

2
𝑥̂ −

𝑔

2√3
𝑦̂,
𝑔

2
𝑥̂ −

𝑔

2√3
𝑦̂))

 = arg (𝑒
−𝑖
ℬ
2
(−
𝑔
2
𝑥̂−

𝑔

2√3
𝑦̂)×(

𝑔
2
𝑥̂−

𝑔

2√3
𝑦̂)
)

 = −
ℬ

2

𝑔2

2√3

 = −
ℬ𝐴

6

 

𝑊capped  = ℬ𝐴1𝐵𝑍/3 + (−ℬ𝐴1𝐵𝑍/6 + ⌊ℬ𝐴1𝐵𝑍/6⌉2𝜋/3) − (ℬ𝐴1𝐵𝑍/6 − ⌊ℬ𝐴1𝐵𝑍/6⌉2𝜋/3)

 = 2⌊ℬ𝐴1𝐵𝑍/6⌉2𝜋/3
 

𝐶= −
3

2𝜋
𝑊capped  

 = −
6

2𝜋
⌊ℬ𝐴1𝐵𝑍/6⌉2𝜋/3

= −⌊
ℬ𝐴1𝐵𝑍
2𝜋

⌉
2𝜋
3
⋅
6
2𝜋

 

 = − ⌊
ℬ𝐴1𝐵𝑍
2𝜋

⌉
2

 

CONCLUSIONES. 

Resulta evidente que las métricas desarrolladas en este trabajo, abonan a la comprensión de las premisas 

nucleares de la Teoría Cuántica de Campos Relativistas o Curvos, en la medida en que:  

Suponemos un campo cuántico indeterminado en el que, interactúan partículas subatómicas aglutinadas 

según su naturaleza, con distintos centros de masa y energía y con trayectorias multideterminantales. 
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En condiciones gravitacionales, extremas o no, una partícula proyectil, sea oscura o estrella, según las 

definiciones recogidas por la TCCR, deforma el espacio – tiempo cuántico, curvándolo o en su defecto, 

generando un agujero negro cuántico. Las métricas recogidas en este trabajo, permiten explicar 

matemáticamente, los aspectos tensoriales del campo curvado, así como y en forma principal, el orbital 

de la partícula oscura o estrella, a propósito de la gravedad que la interfiere. Diseñamos mapas 

hipotéticos con la finalidad de trazar la trayectoria de la partícula deformante y, en consecuencia, de las 

partículas orbitales, lo que permite anticipar escenarios de colapso o aniquilación por colapso. En este 

punto es importante precisar, que el propulsor de la partícula deformante es en sí, su masa y energía, 

aunque no converjan al momento del colapso o de la aniquilación. Las condiciones de extrema gravedad 

o gravedad en condiciones no perturbativas, vuelven a la partícula deformante, un centro de gravedad 

en sí mismo, desplazándose por el campo, deformando su entorno e incidiendo en el comportamiento 

de las partículas vecinas en las relaciones de interacción. En la TCCR, usamos, no solamente tensores 

para explicar la curvatura, sino operadores, propagadores, osciladores e inyectores relativos no 

solamente a la partícula deformante sino a las partículas vecinas u orbitales las cuales se ven repercutidas 

por la gravedad generada por la partícula principal. El escenario de gravedad a escala cuántica, no se 

produce necesariamente por excitación de los estados cuánticos de una partícula específica, sino del 

momento mismo de su estado fundamental, provocado por la masa o la energía, que son extremadamente 

densas, sin embargo, cualquier partícula excitada, es capaz de generar condiciones gravitacionales, 

cuando se aniquila o colapsa. El momento angular y el spin de la partícula gravitacional y las partículas 

orbitales, es incierto, al igual que su conducta vectorial, sin embargo, este trabajo contribuye a precisar 

matemáticamente el instante exacto de la deformación del mapa cuántico, para cuyos efectos, hemos 

dise;ado planos divergentes de curvatura además de establecer modelos matriciales y superoperadores 

para describir, la acción gravitacional de la particula oscura o estrella en un momento espec’ifico en el 

plano cuántico. El trabajo aquí desarrolla, cuantiza estas dinámicas, calculando incluso, qubits de 

información que permitan registrar la gravedad intersecando el plano cuántico en el que se despliega. 
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