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RESUMEN 

En este trabajo, compuesto por diez volúmenes, abordaremos aspectos esenciales de la Teoría Cuántica 

de Campos Relativistas (TCCR), con propósitos de optimización de los cálculos expuestos en trabajos 

anteriores pero sobre todo, posicionar la referida teoría, como una alternativa de solución al problema 

del milenio de Yang – Mills y la brecha de masa. La idea esencial es la misma, todo espacio – tiempo 

cuántico, es decir, todo campo cuántico, es curvo y esa deformación ocurre por la gravedad y 

supergravedad cuánticas, según sea el caso, que provocan las partículas oscuras o estrella, al momento 

de interactuar con un campo gravitónico o supergravitónico, según corresponda, o en relación a la 

criticidad de su centro de masa y/o energía, lo que afecta su spín, velocidad y momento angular y por 

ende, sus trayectorias orbitales. Por tanto, la TCCR, no es un intento por cuantizar la gravedad, sino por 

introducir la gravedad, como principio de mínima acción de un sistema cuántico y de sus estados 

fundamentales.  

Las métricas siguen siendo las mismas, es decir, que para un campo cuántico curvo o geométricamente 

deformado, la densidad lagrangiana/hamiltoniana equivale a: ℒℋ𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 = 〈∫ 𝑒̂𝑖ℏ𝑡√𝑔̿𝜇𝜈 ⊗ 𝑚𝜓 ⃡     𝜓̅ −
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respecto de una partícula pesada 𝜌, sea oscura o blanca (partícula estrella), según corresponda, a 

propósito de la criticidad de su masa y/o energía ⟨0|∑ 𝜕𝔪/𝜕𝔢𝛿 ⟩ o de su interacción con un gravitón o un 

gravitino, según corresponda, en coordenadas 〈𝜌𝜇𝜌𝜈𝜌𝜎𝜌𝜚〉, esto último, lo que ocurre por 

permeabilización del campo gravitónico o supergravitónico en ▰ = ∫〈𝜕𝔊/𝜕𝔖𝔊〉, lo que corresponde 

al espacio – cuántico deformado en ℭℌℜ = 〈∑ ℛ𝜈
𝜇†

|⊗ ℋ𝜇
𝜈⋆𝜎𝜌

▣ 〉 lo que en dimensiones ℝ𝜂, representa, 

gravedad o supergravedad cuánticas por curvatura o supercurvatura del espacio  - tiempo cuántico 

multidimensional. 

 

Palabras Clave: Supergravedad cuántica, gravedad cuántica, partícula oscura, partícula estrella, 

hiperpartículas, suprapartículas, teoría cuántica de campos relativistas, problema del milenio de Yang – 

Mills y la brecha de masa, partículas ligeras, curvatura, supercurvatura, multidimensiones, agujeros 

cuánticos. 
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RELATIVISTIC QUANTUM FIELD THEORY: AN ALTERNATIVE 

SOLUTION TO THE YANG–MILLS MILLENNIUM PROBLEM. AN 

ATTEMPT TO UNIFY GENERAL RELATIVITY AND QUANTUM 

MECHANICS. VOLUME V. 
 

ABSTRACT 

In this work, composed of ten volumes, we will address essential aspects of the Quantum Theory of 

Relativistic Fields (TCCR), with the purpose of optimizing the calculations exposed in previous works 

but above all, positioning the aforementioned theory as an alternative solution to the Yang-Mills 

millennium problem and the mass gap. The essential idea is the same, all quantum space-time, that is, 

every quantum field, is curved and that deformation occurs due to quantum gravity and supergravity, as 

the case may be, caused by dark particles or stars, when interacting with a gravitonic or supergravitonic 

field, as appropriate, or in relation to the criticality of its center of mass and/or energy.  which affects 

their spin, velocity and angular momentum and therefore, their orbital trajectories. Therefore, the TCCR 

is not an attempt to quantize gravity, but to introduce gravity, as the principle of least action of a quantum 

system and its fundamental states.  

The metrics remain the same, i.e., for a curved or geometrically warped quantum field, the 

Lagrangian/Hamiltonian density is equal to: ℒℋ𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 = 〈∫ 𝑒̂𝑖ℏ𝑡√𝑔̿𝜇𝜈 ⊗ 𝑚𝜓 ⃡     𝜓̅ −
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 with 

respect to a heavy particle 𝜌, whether dark or white (star particle), as appropriate, regarding the criticality 

of its mass and/or energy ⟨0|∑ 𝜕𝔪/𝜕𝔢𝛿 ⟩ or its interaction with a graviton or a gravitin, as appropriate, 

in coordinates 〈𝜌𝜇𝜌𝜈𝜌𝜎𝜌𝜚〉, the latter, which occurs by permeabilization of the gravitonic or 

supergravitonic field in ▰ = ∫〈𝜕𝔊/𝜕𝔖𝔊〉, what corresponds to the space – quantum deformed in 

ℭℌℜ = 〈∑ ℛ𝜈
𝜇†

|⊗ ℋ𝜇
𝜈⋆𝜎𝜌

▣ 〉 the which in dimensions ℝ𝜂, represents, quantum gravity or supergravity by 

curvature or supercurvature of multidimensional quantum space-time. 

 

Keywords: Quantum supergravity, quantum gravity, dark particle, star particle, quantum theory of 
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INTRODUCCIÓN 

En este punto, es indispensable establecer las bases teóricas que conforman la Teoría Cuántica de 

Campos Relativistas (TCCR) y que se encuentran desarrolladas en trabajos previos. Por tanto, estos son 

los puntos más relevantes. 

1. Todo campo cuántico, es curvo por acción inmediata de una partícula cuya masa y/o energía alcanzan 

el mayor grado de criticidad. En este caso, la gravedad es endógena o implícita, es decir, una cualidad 

propia de la partícula interactuante. 

2. Siguiendo lo dicho, en el numeral que antecede, las partículas se dividen en:  

2.1. Partículas Supermasivas (Tipo IA): Son aquellas, cuyo centro de masa/energía en unidades de 

Planck dados en ℳ𝑝 = √
ℏ𝑐

𝔊
≈ 2,18 × 10−8 𝑘𝑔 (masa) y 𝐸𝑝 =

ℏ

𝑡𝑃
, 𝐸𝑝 = 𝑚𝑃𝑐2, 𝐸𝑝 = √

ℏ𝑐5

𝐺
≈

1.956 × 109 J ≈ 1.22 × 1019GeV ≈ 0.5433MWh√
ℏ𝑐5

8𝜋𝐺
≈ 0.390 × 109 J ≈ 2.43 × 1018GeV 

(energía ≈ 10−120), alcanza el mayor grado de criticidad, deformando el espacio – tiempo cuántico, lo 

que afecta el estado fundamental de los orbitales (spín, momentum, velocidad, trayectorias, etc), 

desplegados por las partículas repercutidas. Esta partícula también se la denomina “partícula oscura”, 

en la medida en que, su centro de energía/masa, es oscuro. Principal candidata para explicar la materia 

oscura, en la medida en que, la gravedad converge en su centro, absorbiendo energía y materia. 

2.2. Partículas Blancas (Tipo IB): Son aquellas, cuyo centro de masa/ energía en unidades de Planck, 

alcanza el mayor grado de criticidad, deformando el espacio – tiempo cuántico, lo que afecta el estado 

fundamental de los orbitales (spín, momentum, velocidad, trayectorias, etc), desplegados por las 

partículas repercutidas. Esta partícula también se la denomina “partícula estrella”, en la medida en que, 

su centro de masa/energía es extremadamente denso, superando la masa, temperatura y energía de 

Planck, en ℳ𝑝 = √
ℏ𝑐

𝔊
≈ 2,18 × 10−8 𝑘𝑔 (masa), ℳ𝑝 = √

ℏ𝑐5

𝔊𝓀2 𝑇𝑃 ≈ 1.416784(16) × 1032K 

(temperatura) y 𝐸𝑝 =
ℏ

𝑡𝑃
, 𝐸𝑝 = 𝑚𝑃𝑐2, 𝐸𝑝 = √

ℏ𝑐5

𝐺
≈ 1.956 × 109 J ≈ 1.22 × 1019GeV ≈

0.5433MWh√
ℏ𝑐5

8𝜋𝐺
≈ 0.390 × 109 J ≈ 2.43 × 1018GeV. También se la denomina “partícula estrella”. 
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2.3. Hiperpartículas (Tipo IIA): Son aquellas, cuyo centro de masa/energía es extremadamente bajo, 

en unidades de Planck, más sin embargo, son capaces de igualar o superar la velocidad de la luz. 

2.4. Suprapartículas (Tipo IIB): Son aquellas, cuyo centro de masa/energía es el equivalente al de una 

partícula oscura o blanca, más sin embargo, éstas, a diferencia de las referidas en los numerales 2.1 y 

2.2, ésta igual o supera la velocidad de la luz. 

3. Agujero negro cuántico: Fenómeno que ocurre en un espacio cuántico de Sitter, esto es, cuando una 

partícula oscura colisiona con otra o en su defecto, cuando una partícula blanca colisiona con otra o 

cuando una partícula blanca y una partícula oscura colisionan entre sí. Los agujeros negros cuánticos, 

también se forman por el colapso (por compresión gravitacional) o por la aniquilación (por interacción) 

de una partícula oscura o de una partícula blanca. Lo primero, ocurre cuando se atraen mutuamente por 

gravedad en tanto que lo segundo, ocurre cuando su centro de masa/energía alcanza el mayor grado de 

criticidad posible. En el centro del agujero negro cuántico, se encuentra la masa de la partícula aniquilada 

o comprimida, la que comporta condiciones gravitatorias extremas. Ahí es donde radica la singularidad 

de un agujero negro cuántico. La información que ingresa al agujero negro cuántico, no se destruye, 

muy al contrario, se transforma en materia y energía, las mismas que son repulsadas por el agujero negro 

cuántico blanco que se encuentra en el otro extremo del agujero cuántico de gusano. Por tanto, la materia 

y energía atrapada por el agujero negro cuántico, se convierte en materia y energía oscuras interferidas 

por gravedad extrema. 

4. Agujero cuántico de gusano: Túnel cuántico por el cual, se conectan un agujero negro cuántico y 

un agujero blanco cuántico. A través de este túnel, por teletransportación cuántica, la información es 

procesada y convertida en materia y energía, todo esto, en un espacio de Sitter. 

5. Agujero blanco cuántico: Fenómeno que ocurre en un espacio cuántico de Sitter, volviéndose la 

región de salida o repulsión de materia y energía, a propósito de lo que devora el agujero negro cuántico 

y de lo que procesa el canal cuántico de gusano. Lo que repulsa el agujero blanco cuántico, es materia 

y energía procesadas. 

6. Espacio – tiempo cuántico: Entiéndase por espacio – tiempo cuántico, al campo en sí mismo, cuya 

Longitud de Planck, es superior a ℓ𝒫 = √
ℏ𝒢

𝑐3 ≈ 1,616199(97) × 10−35 𝑚𝑒𝑡𝑟𝑜𝑠. La métrica es la 



pág. 8724 

curvatura escalar de Ricci, así: ℛ = ∑ 𝑔𝛼𝛽ℛ𝛼𝛽
3
𝛼,𝛽=0 ≈ 𝜊(ℒ𝑝

−2) ≈ 3,828 ⋅ 1069𝑚−2. Ahora bien, el 

espacio – tiempo cuántico puede ser, bien de Sitter (dS) o bien, anti de Sitter (AdS). En el primero, se 

forma la curvatura cuántica y sus subniveles, subespacios o subcapas, en tanto que en el segundo, se 

forman los agujeros cuánticos y las multidimensiones. 

7. Todo campo cuántico, es curvo por acción inmediata de la gravedad, esto a propósito de la existencia 

(Modelo – Higgs): 

7.1. De un campo gravitónico, es decir, cuando una partícula cualquiera, interactúa con un gravitón, lo 

que supone la permeabilidad del campo cuántico, por un campo gravitónico que transfiere gravedad al 

campo primario, curvándolo. 

7.2. De un campo supergravitónico, es decir, cuando una partícula cualquiera, interactúa con un 

gravitino o supergravitón, lo que supone la permeabilidad del campo cuántico, por un campo gravitónico 

que transfiere gravedad al campo primario, deformándolo. 

7.3. Lo referido en este numeral se denomina gravedad exógena. 

8. La gravedad cuántica, sea endógena o exógena comporta la curvatura del espacio – tiempo cuántico, 

en tanto que, la supergravedad cuántica, sea endógena o exógena, comporta la deformación 

(supercurvatura) del espacio – tiempo cuántico, formándose pliegues multidimensionales (en alta 

configuración – membranas dimensionales) en rango superior a ℝ4 − 𝐴𝑑𝑆. Cabe indicar que las 

membranas dimensionales, se dividen en TIPO I y TIPO II respectivamente, la primera a propósito de 

la curvatura del campo en gravedad cuántica y la segunda, la deformación del campo en supergravedad 

cuántica, todo esto, lo cual también depende de la naturaleza de la gravedad que interfiere, es decir, si 

es exógena o endógena, lo que llamaríamos membranas dimensionales tipo IA, IB, IIA y IIB 

respectivamente, las cuales, pueden contener dimensiones y subdimensiones infinitas, en relación a las 

interacciones de la partícula que provoca de la deformación del espacio – tiempo cuántico. Esto es lo 

que llamamos supersimetrías de gauge en dimensiones altas a ℝ4, es decir, cuando estamos ante 

membranas dimensionales tipo IA, IB y IIB, según sea el caso en tanto que, las membranas 

dimensionales del tipo IIA, contienen dimensiones infinitas en ℝ4 − 𝑑𝑆. 
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9. Cuando una partícula colisiona con otra y se aniquilan o cuando la partícula pesada colapsa por 

compresión, la extinción provoca ondas cuánticas que se desplazan en longitud sobre el campo cuántico 

deformado el mismo que, es superfluido. 

10. El puente ER, en esta teoría, explica la superposición y el entrelazamiento cuánticos en sentido 

estricto, en un espacio AdS. 

11. Los enunciados antes referidos, aplican a la antimateria, es decir, a la región de antipartículas. 

12. La brecha de masa, provoca la curvatura del espacio – tiempo cuántico pero no lo deforma por 

completo, pues este fenómeno, no ocurre con una partícula deformante, sino en partículas ligeras como 

las hiperpartículas, esto en la medida en que, no registran estado de vacío. 

13. Adicionalmente, es importante, establecer las siguientes reglas:  

13.1. La gravedad cuántica relativista, ocurre concretamente en un espacio cuántico de Sitter, en el que 

se pueden formar subdimensiones o subespacios dentro del límite de ℝ4. 

13.2. La supergravedad cuántica relativista, ocurre concretamente en un espacio cuántico anti de Sitter, 

en el que se pueden formar hiperespacios o dimensiones más altas, superiores a ℝ4. 

13.3. Las partículas propuestas, viajan en gravedad cuántica más, interactúan en supergravedad cuántica 

por permeabilización.  

13.4. Cualquier partícula, de las aquí propuestas, se puede convertir en otra, por aniquilación, siguiendo 

los diagramas de Feynman. 

13.5. Las dimensiones en alta configuración así como las de ensamble, son infinitas. 

13.6. La materia y energía oscuras, están formadas esencialmente por partículas aniquiladas o colapsadas 

por gravedad. En consecuencia, es la criticidad de la masa la que las vuelve compatibles. 

13.7. Los agujeros cuánticos, absorben partículas ligeras y pesadas, sin distinción, lo que explica la 

expansión del universo por acción gravitacional en la materia. 

13.8. Las partículas aquí propuestas, son susceptibles de enganche, como ocurre con un diquark. 

13.9. En esta teoría, se incorpora el concepto de cuerda, pero en un espacio cuántico anti de Sitter. 

13.10. Las partículas pesadas, cuando se desplazan de un punto a otro en forma infinita hasta su 

aniquilación o colapso, lo hacen por medio de gravedad, deformando, en el caso de las partículas blancas 
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y las hiperpartículas, un espacio de Sitter, creando capas dimensionales en límite de ℝ4 en tanto que, la 

partícula oscura, crea capas dimensiones en alta configuración a ℝ4 en un espacio anti de Sitter. 

13.11. La hiperpartícula es la única en este modelo, que no tiene masa, es por ello que puede viajar a la 

velocidad de la luz. 

13.12. La suprapartícula es por excepción, un caso de mutación por aniquilación, en la medida en que, 

pese a tratarse de una partícula pesada, con un centro de masa/energía extremadamente crítico y denso, 

es capaz de viajar a la velocidad de la luz. La suprapartícula solamente existe por aniquilación en entre 

dos o más partículas pesadas, quedando excluidas las partículas ligeras. Adicionalmente, la 

suprapartícula, tiene la capacidad de desplazarse entre dimensiones dS y AdS, lo que esta teoría 

denomina dimensiones en ℝ𝜂. En consecuencia, las dimensiones por gravedad y supergravedad, pueden 

intersecarse por gravedad. En este punto, es pertinente para efectos de ejemplificar, citar el diagrama de 

Penrose expandido al infinito. 

13.13. Los campos de las partículas ligeras, son deformados por acción a distancia, debido a las 

interacciones de una partícula pesada, esto es, por gravedad.  

13.14. Solamente las partículas pesadas pueden deformar el campo propio y de las partículas ligeras, 

por acción de la gravedad que se desprende de su centro de masa/energía extremo. En consecuencia, la 

gravedad endógena, se materializa por impermeabilización del campo de Braut – Englert – Higgs 

respecto de la partícula pesada. El bosón de Higgs es el que transfiere la masa, a las partículas pesadas, 

aniquilándose con éstas. 

13.15. La gravedad exógena, se vuelve posible, por permeabilización de un campo cuántico arbitrario, 

lo que, como ha quedado explicado en esta teoría, funciona como un mecanismo de Higgs. 

13.16. El colapso de una partícula pesada, ocurre por la expansión de su centro de masa/energía, debido 

a la gravedad interferente, ditalación que es comprimida en contrario, por los límites del campo de la 

partícula de que se trate, lo que provoca, la deformación del plano cuántico e incluso la formación de 

agujeros cuánticos, según la criticidad de los valores de masa/energía involucrados. 

13.17. La fusión de campos cuánticos, es posible, por acción de la gravedad entre ambos, lo que vuelve 

posible, su aniquilación. 
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13.18. Las ondas en un plano cuántico, no solamente se forman por la aniquilación o colpaso de una 

partícula pesada, sino también, cuando viaja de un punto a otro. 

13.19. Las partículas ligeras, crean gravedad mínima a propósito de su centro de masa/energía, la cual 

sin embargo, es imperceptible aunque superior a cero, pues, contribuye a la aniquilación con otro campo 

más pesado. 

13.20. La gravedad endógena, se debe a que, el campo de Higgs, y por ende, el bosón de Higgs, no 

solamente transfiere masa a las partículas pesadas y ligeras, con excepción de la hiperpartícula, sino que 

también, le dota de gravedad, a propósito de la masa transferida. 

13.21. Esta teoría es estrictamente de gauge. 

RESULTADOS Y DISCUSIÓN:  

Suponemos que, en un mapa cuántico de Einstein – Hilbert, una partícula deformante 𝛼𝛽𝛾𝛿 se desplaza 

en el espacio cuántico, en el que interactúa, deformando el plano por gravedad, y por ende, creando, 

bien dimensiones altas en ℝ4 − 𝐴𝑑𝑆 por supercurvatura (supergravedad cuántica) o bien, dimensiones 

en ℝ4 − 𝑑𝑠 por curvatura, esto es, en condiciones de gravedad. Para estos efectos, una partícula 

deformante debe colapsar por compresión gravitacional, aniquilarse cuando interactúa con otras más 

inestables o con otra partícula pesada, o por permeabilidad del campo gravitónico o supergravitónico en 

el espacio cuántico curvo, esto último, lo cual ocurre, cuando una partícula pesada interactúa con el 

gravitón o el gravitino (supergravitino), según sea el caso. Por tanto, la gravedad actúa a nivel cuántico, 

sea por aniquilación, compresión, ésta última gravitacional o por permeabilización. Suponemos en 

simultáneo, que una vez, causada la aniquilación o compresión por gravedad, de una partícula pesada o 

cuando ocurre la permeabilización, se produce, bien la curvatura cuántica, cuya métrica es el tensor es 

de Riemann – Ricci – Einstein, incluyendo el flujo de la simetría, o en su defecto, la supercurvatura de 

Weyl, cuya métrica es la de Chern-Simons-Nambu-Goto para supergravedad. La primera, produce 

subcampos que son subdimensiones de un mismo plano de Sitter (dS), en tanto que la segunda, produce 

campos en dualidad holográfica, que son dimensiones altas al plano cuatridimensional en un espacio 

anti de Sitter (AdS). En este sentido, el campo pasa a ser no homeomorfo, difeomorfo e isométrico, 

afectando los orbitales de las partículas cuyo centro de masa/energía es inferior en unidades de Planck 

(partículas ligeras) en relación a la partícula que deforma el plano. La interacción y/o aniquilación de 
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estas partículas deformantes, provoca un agujero negro cuántico (con excepción de las interacciones 

dadas por las hiperpartículas tipo IIA), formado por materia y energía oscuras, cuya naturaleza es 

fermiónica/bosónica, esto a propósito de que, la partícula aniquilada o comprimida, engendra materia y 

energía oscuras, lo que no ocurre en escenarios de permeabilización gravitónica más sí, en escenarios 

de permeabilización supergravitónica. El agujero cuántico de salida, es blanco, por ende, repulsivo de 

materia y energía transformada por la gravedad, a través del tracto Einstein – Rosen. Cuando la materia 

y la energía son transformadas en oscuras, por la gravedad, éstas se comprimen hasta un punto de no 

retorno/densidad supermasiva, causando dos especies de singularidad inherentes al agujero negro 

cuántico, siendo éstas, primaria y secundaria, la primera en la que la gravedad es extrema y deforma la 

materia y la energía, fundiéndose con el núcleo del agujero negro cuántico (que contiene la partícula 

muerta) y la segunda, en la que la gravedad transforma la materia y la energía, desplazándola a través 

del tracto Einstein – Rosen y expulsándola a través de un agujero blanco cuántico. Esto es lo que ocurre 

en escenarios de entrelazamiento y túneles cuánticos supermasivos en los que, la partícula deformante 

genera gravedad extrema. Llámese también, gravedad absoluta. Queda claro entonces, que el sistema 

cuántico de agujeros, no se produce en condiciones de gravedad relativa, esto es, cuando ocurre 

únicamente la curvatura cuántica por gravedad moderada, lo que sucede por ejemplo, con las 

interacciones dadas por las hiperpartículas tipo IIA o en el caso de la brecha de masa de las partículas 

ligeras respecto del estado de vacío. 

Dicho lo anterior, es que, propongo una posible alternativa de solución al problema del milenio de Yang 

– Mills y la brecha de masa, a partir de la Teoría Cuántica de Campos Relativistas, la cual se constituye 

además, como un intento por reconciliar la relatividad general y la mecánica cuántica. 

A partir de aquí, sugerimos los cálculos de instantones (para regular la brecha de masa y la densidad de 

energía por carga), osciladores, propagadores, operadores, mapas, coordenadas vectoriales, orbitales, 

correladores, propulsores, tensores de stress por curvatura, torsión, escalares, spinors, potenciadores, 

simetrías y supersimetrías de calibre abelianas y no abelianas en relación a las partículas pesadas y sus 

interacciones con el espacio cuántico deformado, en tanto que respecto de éste último, los cálculos están 

vinculados a su geometría e hipergeometría (análisis cohomológico), incluyendo los agujeros cuánticos, 
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no sin antes aclarar, que las demostraciones matemáticas contenidas en trabajos anteriores, son 

interdependientes a éste manuscrito y sus diez volúmenes. 

Aclarado lo anterior, pasamos a precisar que el Modelo aquí referido, se divide en: 

1. Supergravedad cuántica en SYM (Super Yang – Mills). 

2. Gravedad cuántica en YM (Yang – Mills). 

3. Agujeros cuánticos en YM (Yang – Mills). 

4. Modelo de Unificación. 

Las métricas usadas son, entre otras:  

- Espacios de Einstein – Hilbert. 

- Métrica de Chern – Simons. 

- Métrica de Kaluza – Klein. 

- Métrica de Nambu – Goto. 

- Métrica de Feynman – Wheeler. 

- Métrica de Born – Oppenheimer.  

- Métrica de Hartree – Fock. 

- Métrica de Yang – Mills. 

- Métrica de Kerr – Newman. 

- Espacios de Sitter y anti de Sitter. 

- Espacios de Riemann – Perelman – Poincaré. 

- Tensores y flujo de Ricci. 

- Métrica de Green. 

- Métrica de Goldstone. 

- Métrica de Brout – Englert – Higgs. 

- Métrica de Schwinger – Dyson. 

- Métrica de Yukawa. 

- Métrica de Von Neumann  

- Métrica de Friedman. 
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MODELO TRES: AGUJEROS CUÁNTICOS YMK (YANG - MILLS – KERR). 

𝑓(𝑘) = (2𝜋)−𝑛/2 ∫  
ℝ𝑛

  𝑒i𝑘⋅𝑥𝑓(𝑥)d𝑛𝑥  

ℂ∗ = ℂ ∖ {0}, ℝ+ = [0, ∞), ℝ+
∗ = (0, ∞), ℂ+

(∗)
= ℝ + iℝ+

(∗)
 

𝑥 ∈ ℂ𝑛, ⟨𝑥⟩ = (1 + |𝑥|2)1/2 

𝑔−1(𝔗, 𝔗) > 0 

𝑓 ∈ 𝐶∞(𝑀; ℝ) so that 𝔒′ = 𝑓𝔒 or 𝔗′ = 𝑓𝔗 

𝛾: [𝑎, 𝑏] → 𝑀 

𝛾(𝑎) = 𝑥, 𝛾(𝑏) = 𝑦 

𝔗(𝛾′) > 0 and 𝑔(𝛾′, 𝛾′) ≥ 0 ) 

𝐽(𝑥) = 𝐽+(𝑥) ∪ 𝐽−(𝑥), and for 𝐾 ⊂ 𝑀, 𝐽±(𝐾) = ⋃  𝑥∈𝐾 𝐽±(𝑥) and 𝐽(𝐾) = 𝐽+(𝐾) ∪ 𝐽−(𝐾) 

𝑥 ∈ 𝑀, 𝐼+(𝑥) 

𝛾: [𝑎, 𝑏] → 𝑀 with 𝑎 ≠ 𝑏, 𝔗(𝛾′) > 0, and 𝑔(𝛾′, 𝛾′) > 0 

𝑥 ∉ 𝐼+(𝑥), but 𝑥 ∈ 𝐽+(𝑥). 𝐼−(𝑥) 

𝐼±(𝐾) = ⋃  𝑥∈𝐾 𝐼±(𝑥) and 𝐼(𝐾) = 𝐼+(𝐾) ∪ 𝐼−(𝐾) 

𝐸 →
𝜋 

𝑀 → 𝐸#⨂𝐹 →
𝜋̃ 

𝑀⨃Hom(𝐸; 𝐹)𝑥 

supp(𝑓) ⊂ 𝐽(𝐾). 𝑓 ∈ Γ𝑝𝑐/𝑓𝑐(𝐸) 

supp𝑓 ∩ 𝐽∓(𝑥) 

∫  
𝑈

𝑑(∗ 𝑉𝑎) = ∫  
𝜕𝑈

∗ 𝑉𝑎 

∫ 
Σ

  ∗ 𝑉𝑐 = ∫ 
Σ

 𝑉𝑎𝑛𝑎𝑙𝑏⌟ d𝑣𝑜𝑙𝑔 

Ric(𝑔) = 0 

𝑔𝑥(𝑣, 𝑉±(𝑥)) = 0 

𝐶(𝑉±(𝑥), 𝑣, 𝑉±(𝑥), 𝑤) = 0 

(𝑙, 𝑛, 𝑚) ∈ 𝑇ℂ𝑀3 

𝑔(𝑙, 𝑛) = −𝑔(𝑚, 𝑚‾ ) = 1 

(2−1/2(𝑛 + 𝑙), Re(𝑚), −Im(𝑚), 2−1/2(𝑙 − 𝑛)) 
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𝔒(2−1/2(𝑙 + 𝑛), Re(𝑚), −Im(𝑚), 2−1/2(𝑙 − 𝑛)) > 0 

 

(𝑙, 𝑛, 𝑚) ∈ 𝑇ℂ𝑀3 

ℂ∗ ⋊ℎ ℤ/2ℤ2 

(𝑙, 𝑛, 𝑚) ⋅ 𝑧 = (|𝑧|𝑙, |𝑧|−1𝑛, 𝑧|𝑧|−1𝑚) 

(𝑙, 𝑛, 𝑚) ⋅ [1]2 = (𝑛, 𝑙, 𝑚‾ ), with ℎ([1]2)(𝑧) = 𝑧−1 

𝜋𝔑 = (𝜋𝑇ℂ𝑀3)|
𝔑

 

𝔑0 = {(𝑙, 𝑛, 𝑚) ∈ 𝔑: 𝑙 resp. 𝑛 collinear to 𝑉+resp. 𝑉−} 

 

{(𝑧, [0]2): 𝑧 ∈ ℂ∗} 

𝔐 = (𝑀, 𝑔, 𝔒, 𝔗, 𝔙) ∫(𝑔̃, 𝔇̃, 𝔗̃, 𝔙̃) 

𝑓 ∈ 𝐶∞(𝑀; ℝ) 

𝔙′ = 𝑓𝔙 

𝑉+ = 𝑔−1(𝔙) 

𝜓: 𝑀 → 𝑀̃ 

(𝜓(𝑀) ⊂ 𝑀̃, 𝑔̃) 

𝜓∗(𝑔̃, 𝔇̃, 𝔗̃, 𝔙̃) = (𝑔, 𝔒, 𝔗, 𝔙) 

𝔐 → 𝔐̃ = (𝑀̃, 𝑔̃, 𝔇̃, 𝔗̃, 𝔙̃) 

𝜓: 𝒰1 → 𝒰2 

𝜓∗(𝑔, 𝔒, 𝔗, 𝔙)|𝒰2
= (𝑔, 𝔒, 𝔗, 𝔙)|𝒰1

 

Υ: 𝔑0 → 𝔑̃0 

𝔑0,𝑝 ∋ (𝑙, 𝑛, 𝑚) ↦ 𝑣∗(𝑙, 𝑛, 𝑚) ∈ 𝔑̃0,𝑣𝑝  

𝜋𝔑0

−1(𝑝) to 𝜋𝔑̃0

−1(𝑣𝑝) for all 𝑝 ∈ 𝑀 

 

Υ∗: Γ(𝔑0) → Γ(𝔑̃0) 

Υ∗(𝑓) = Υ ∘ 𝑓 ∘ 𝑣−1 for all 𝑓 ∈ Γ(𝔑0) 
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𝔑0|𝒰1
 to 𝔑0|𝒰2

 

(𝑙, 𝑛, 𝑚) ∈ Γ(𝔑0 ∣ 𝒰) 

𝑣∗((𝑙, 𝑛, 𝑚)(𝑣−1𝑞)) = (𝑙, 𝑛, 𝑚)(𝑞) ∀𝑞 ∈ 𝒰2  

𝑎 = (𝑙, 𝑛, 𝑚)(𝑝) ⋅ 𝑧 ∈ 𝔑0,𝑝 

Υ(𝑎) = (𝑙, 𝑛, 𝑚)(𝑣𝑝) ⋅ 𝑧  

(𝑙, 𝑛̃, 𝑚̃) ∈ Γ(𝔑0 ∣ 𝒰) 

(𝑙, 𝑛̃, 𝑚̃)(𝑥) = (𝑙, 𝑛, 𝑚)(𝑥) ⋅ 𝑧(𝑥), 𝑧 ∈ 𝐶∞(𝒰; ℂ∗) 

(Υ∗(𝑙, 𝑛̃, 𝑚̃))(𝑞) = Υ ((𝑙, 𝑛̃, 𝑚̃)(𝑣−1𝑞)) = (𝑙, 𝑛̃, 𝑚̃)(𝑞) ⋅ 𝑧−1(𝑞) ⋅ 𝑧(𝑣−1𝑞) ∀𝑞 ∈ 𝒰2 

𝜌(𝑠,𝑤): ℂ
∗ → GL(ℂ) 

𝑧 ↦ (𝑎 ↦ |𝑧|−(𝑤−𝑠)𝑧−𝑠𝑎).  

ℬ(𝑠, 𝑤) →
𝜋(𝑠,𝑤) 

𝑀 

ℬ(𝑠, 𝑤) = 𝔑0 × ℂ/∼ 

𝑎, 𝑎′ ∈ 𝔑0,𝑥, 𝑐, 𝑐′ ∈ ℂ, (𝑎, 𝑐) ∼ (𝑎′, 𝑐′) 

(𝑎′, 𝑐′) = (𝑎 ⋅ 𝑧, 𝜌(𝑠,𝑤)(𝑧
−1)𝑐) 

(𝑠, 𝑤) ∈ ℤ × ℤ 

(𝑙, 𝑛, 𝑚) ∈ Γ(𝔑0) 

𝑓: 𝔑0 → ℂ 

𝑧 ∈ ℂ∗ 

𝑎 ∈ 𝔑0, 𝑓(𝑎 ⋅ 𝑧) = 𝜌(𝑠,𝑤)(𝑧
−1)𝑓(𝑎) 

 

ℬ(𝑠 + 𝑠′, 𝑤 + 𝑤′) = ℬ(𝑠, 𝑤) ⊗ ℬ(𝑠′, 𝑤′) 

∎′: ℬ(𝑠, 𝑤) → ℬ(−𝑠, −𝑤) 

 ⊤: ℬ(𝑠, 𝑤) → ℬ(−𝑠, 𝑤) 

𝔑0, 𝜓: 𝒰 × ℂ∗ → 𝜋𝔑0

−1(𝒰), (𝑥, 𝑧) ↦ (𝑙, 𝑛, 𝑚)(𝑥) ⋅ 𝑧 

𝜓(𝑠,𝑤): 𝒰 × ℂ ∋ (𝑥, 𝑐) ↦ [((𝑙, 𝑛, 𝑚)(𝑥), 𝑐)] 

(𝑙, 𝑛̃, 𝑚̃)(𝑥) = (𝑙, 𝑛, 𝑚)(𝑥) ⋅ 𝑧(𝑥) 
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𝜏: = 𝜓̃(𝑠,𝑤)
−1 ∘ 𝜓(𝑠,𝑤): ((𝒰 ∩ 𝒰̃) × ℂ) → ((𝒰 ∩ 𝒰̃) × ℂ) 

𝜏(𝑥, 𝑐) = (𝑥, 𝜌(𝑠,𝑤)(𝑧
−1(𝑥))𝑐) = (𝑥, |𝑧(𝑥)|𝑤−𝑠𝑧(𝑥)𝑠𝑐) 

𝑣: 𝔐 → 𝔐̃ 

Υ(𝑠,𝑤): ℬ(𝑠, 𝑤) → ℬ̃(𝑠, 𝑤) 

ℬ(𝑠, 𝑤)𝑝 ∋ [(𝑎, 𝑐)] ↦ [(Υ𝑎, 𝑐)] = [(𝑣∗𝑎, 𝑐)] ∈ ℬ̃(𝑠, 𝑤)𝑣𝑝  

Γ(ℬ(𝑠, 𝑤)) ∋ 𝑓 ↦ Υ(𝑠,𝑤)
∗ 𝑓 = Υ(𝑠,𝑤) ∘ 𝑓 ∘ 𝑣−1 ∈ Γ(ℬ̃(𝑠, 𝑤)) 

(𝑙, 𝑛, 𝑚)(𝑝) ∈ Γ(𝔑0|𝒰) 

𝐶: 𝑥 ↦ [𝑎(𝑥), 𝑐(𝑥)] ∈ Γ(ℬ(𝑠, 𝑤)|𝒰1
) 

𝑎(𝑥) = (𝑙, 𝑛, 𝑚)(𝑥) ⋅ 𝑧(𝑥) 

(Υ(𝑠,𝑤)
∗ 𝐶)(𝑝) = [𝑎(𝑝), 𝜌(𝑠,𝑤)(𝑧

−1(𝑝))𝜌(𝑠,𝑤)(𝑧(𝑣−1𝑝))𝑐(𝑣−1𝑝)]  

(Υ(𝑠,𝑤)
∗ 𝐶)(𝑝) = Υ(𝑠,𝑤)(𝐶(𝑣−1𝑝)) = [(Υ𝑎(𝑣−1𝑝), 𝑐(𝑣−1𝑝))]

 = [(𝑎(𝑝) ⋅ 𝑧−1(𝑝) ⋅ 𝑧(𝑣−1𝑝), 𝑐(𝑣−1𝑝))]

 = [(𝑎(𝑝), 𝜌(𝑠,𝑤)(𝑧
−1(𝑝))𝜌(𝑠,𝑤)(𝑧(𝑣−1𝑝))𝑐(𝑣−1𝑝))]

 

ℬ(𝑠, 𝑤)# = ℬ(−𝑠, −𝑤) 

ℬ(𝑠, 𝑤)∗ = ℬ(𝑠, −𝑤) 

𝜌(𝑠,𝑤)(𝑧) is 𝜌(𝑠,𝑤)(𝑧
−1) = 𝜌(−𝑠,−𝑤)(𝑧) 

𝑥 ∈ 𝑀, [𝑎, 𝑐] ∈ ℬ(𝑠, 𝑤)𝑥 

[𝑏, 𝑑] ∈ ℬ(−𝑠, −𝑤)𝑥 

[𝑏, 𝑑]([𝑎, 𝑐]): = 𝜌(𝑠,𝑤)(𝑧
−1)𝑐𝑑 = 𝜌(−𝑠,−𝑤)(𝑧)𝑐𝑑  

ℬ(𝑠, 𝑤)𝑥
# = Hom(ℬ(𝑠, 𝑤)𝑥 , ℂ) 

𝜙 ∈ ℬ(𝑠, 𝑤)𝑥
# = Hom(ℬ(𝑠, 𝑤)𝑥 , ℂ) 

𝑐 = 𝑎 ⋅ 𝑧𝑐 ∈ 𝔑0,𝑥 

𝜙([𝑎, 𝑏]) = 𝜙([𝑎 ⋅ 𝑧, 𝜌(𝑠,𝑤)(𝑧
−1)𝑏])

𝜙([𝑎, 𝑏 + 𝜌(𝑠,𝑤)(𝑧𝑐)𝑑]) = 𝜙([𝑎, 𝑏]) + 𝜙([𝑐, 𝑑])
 

𝜙𝑎: ℂ → ℂ 

𝜙𝑎(𝑏) = 𝜙([𝑎, 𝑏]) 

𝜙𝑎 ∈ Hom(ℂ, ℂ) 
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𝜙𝑎(𝑏) = 𝜙𝑎𝑏 

𝜙𝑎⋅𝑧 = 𝜌(𝑠,𝑤)(𝑧)𝜙𝑎 = 𝜌(−𝑠,−𝑤)(𝑧
−1)𝜙𝑎 

[𝑎, 𝜙𝑎] ∈ ℬ(−𝑠, −𝑤)𝑥 

ℬ(𝑠, 𝑤)# = ℬ(−𝑠, −𝑤) 

⟨⋅,⋅⟩0,𝑥: (𝑓, 𝑔) ∈ ℬ(𝑠, 0)𝑥 × ℬ(𝑠, 0)𝑥 ↦ ⟨𝑓, 𝑔⟩0,𝑥: = 𝑔(𝑓‾) ∈ ℂ,  

𝔐 = (𝑀, 𝑔, 𝔒, 𝔗, 𝔙) 

(𝑙, 𝑛, 𝑚) ∈ Γ(𝔑0|𝒰) 

Θ𝑎: Γ(ℬ(𝑠, 𝑤)) → Γ(ℬ(𝑠, 𝑤)) ⊗ 𝑇∗ℳ 

Θ𝑎 = ∇𝑎 − (𝑤 + 𝑠)𝑤𝑎 − (𝑤 − 𝑠)𝑤‾𝑎 , 𝑤𝑎 =
1

2
(𝑛𝑏∇𝑎𝑙𝑏 + 𝑚𝑏∇𝑎𝑚‾ 𝑏)  

p= 𝑙𝑎Θ𝑎: Γℬ(𝑠, 𝑤)) → Γ(ℬ(𝑠, 𝑤 + 1))

p′  = 𝑛𝑎Θ𝑎: Γ(ℬ(𝑠, 𝑤)) → Γ(ℬ(𝑠, 𝑤 − 1))

↻ = 𝑚𝑎Θ𝑎: Γ(ℬ(𝑠, 𝑤)) → Γ(ℬ(𝑠 + 1, 𝑤))

𝑗′  = 𝑚‾ 𝑎Θ𝑎: Γ(ℬ(𝑠, 𝑤)) → Γ(ℬ(𝑠 − 1, 𝑤))

 

𝜕(𝑠0,𝑤0): Γ(ℬ(𝑠0, 𝑤0)) → Γ(ℬ(𝑠0 + 1, 𝑤0)) 

𝜌 = 𝑚𝑎𝑚‾ 𝑏∇𝑏𝑙𝑎 ∈ Γ(ℬ(0,1)) 𝜌′ = 𝑚‾ 𝑎𝑚𝑏∇𝑏𝑛𝑎 ∈ Γ(ℬ(0, −1))

𝜏 = 𝑚𝑎𝑛𝑏∇𝑏𝑙𝑎 ∈ Γ(ℬ(1,0)) 𝜏′ = 𝑚‾ 𝑎𝑙𝑏∇𝑏𝑛𝑎 ∈ Γ(ℬ(−1,0))
 

𝔑0,𝑟: = 𝔑0/ℝ+
∗ ≃ {𝑚 ∈ 𝑇ℂ

∗𝑀: (𝑙, 𝑛, 𝑚) ∈ 𝔑0} 

𝜈𝑠: 𝜙 ↦ 𝑒−𝑖𝑠𝜙 

𝜇(𝑤,𝑙,𝑛): [𝑚, 𝑎] ↦ [(𝑙, 𝑛, 𝑚), 𝑎] ∈ ℬ(𝑠, 𝑤) 

𝜇(𝑤,𝑙,𝑛)([𝑚 ⋅ 𝜙, 𝜈𝑠(𝜙
−1)𝑎]) = [(𝑙, 𝑛, 𝑒𝑖𝜙𝑚), 𝑒𝑖𝑠𝜙𝑎]

 = [(𝑙, 𝑛, 𝑚) ⋅ 𝑒𝑖𝜙, 𝜌(𝑠,𝑤)(𝑒−𝑖𝜙)𝑎] = [(𝑙, 𝑛, 𝑚), 𝑎] = 𝜇(𝑤,𝑙,𝑛)([𝑚, 𝑎]).
 

 

(𝑙, 𝑛̃, 𝑚̃) = (𝑙, 𝑛, 𝑚) ⋅ 𝑧, so [(𝑙, 𝑛̃, 𝑚̃), 𝑐] = [(𝑙, 𝑛, 𝑚), 𝜌(𝑠,𝑤)(𝑧)𝑐] 

𝜇(𝑤,𝑙,𝑛)([𝑚, 𝜌(𝑠,𝑤)(𝑧)𝑐] 

𝜇(𝑤,𝑙,𝑛): ℬ(𝑠) → ℬ(𝑠, 𝑤) 

𝜈𝑎Θ𝑎𝜙 = 𝜇(𝑤,𝑙,𝑛)
−1 (𝜈𝑎Θ𝑎𝜇(𝑤,𝑙,𝑛)(𝜙)).  

𝒱𝑠: = ℬ(𝑠, 𝑠) ⊕ ℬ(𝑠, −𝑠) = ℬ(𝑠, 𝑠) ⊕ ℬ(𝑠, 𝑠)∗ 

𝜌𝑠,𝑠 ⊕ 𝜌𝑠,−𝑠 
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𝑓(𝑥) = [𝑎(𝑥), (𝑓𝑠(𝑥), 𝑓−𝑠(𝑥))] 

𝑗: 𝒱𝑠 → 𝒱𝑠
∗ 

𝑐: 𝒱𝑠 → 𝒱𝑠 

⟨⋅,⋅⟩: 𝒱𝑠,𝑥 × 𝒱𝑠,𝑥 → ℂ 

𝒱𝑠
# = ℬ(−𝑠, −𝑠) ⊕ ℬ(−𝑠, 𝑠) 

𝒱𝑠
∗ = ℬ(𝑠, −𝑠) ⊕ ℬ(𝑠, 𝑠) 

𝒱𝑠 = ℬ(−𝑠, 𝑠) ⊕ ℬ(−𝑠, −𝑠) 

[𝑎, (𝑓𝑠, 𝑓−𝑠)] ∈ 𝒱𝑠,𝑥 with 𝑓±𝑠 ∈ ℂ and 𝑎 ∈ 𝔑0,𝑥 

𝑗: 𝒱𝑠 → 𝒱𝑠
∗, [𝑎, (𝑓𝑠, 𝑓−𝑠)] ↦ [𝑎, (𝑓−𝑠, 𝑓𝑠)],

𝑐: 𝒱𝑠 → 𝒱𝑠, [𝑎, (𝑓𝑠, 𝑓−𝑠)] ↦ [𝑎, (𝑓𝑠, 𝑓−𝑠)].
 

𝑐: 𝒱𝑠
∗ ∋ [𝑎, (𝑓−𝑠, 𝑓𝑠)] ↦ [𝑎, (𝑓−𝑠, 𝑓𝑠)] ∈ 𝒱𝑠

#,

𝑗: 𝒱𝑠 ∋ [𝑎, (𝑓𝑠, 𝑓−𝑠)] ↦ [𝑎, (𝑓−𝑠, 𝑓𝑠)] ∈ 𝒱𝑠
#,

 

𝑗 ∘ 𝑐 = 𝑐 ∘ 𝑗 

 

𝑥 ∈ 𝑀, 𝑎, 𝑏 ∈ 𝔑0,𝑥, 𝑓 = [𝑎, (𝑓𝑠, 𝑓−𝑠)] and 𝑔 = [𝑏, (𝑔𝑠, 𝑔−𝑠)] ∈ 𝒱𝑠,𝑥 

⟨𝑔, 𝑓⟩𝑥: = 𝑗(𝑓)(𝑐𝑔),  

𝑗(𝑓)(𝑐𝑔) : = [𝑎, 𝑓−𝑠]([𝑏, 𝑔𝑠]) + [𝑎, 𝑓𝑠]([𝑏, 𝑔−𝑠])

 = 𝜌(−𝑠,𝑠)(𝑧)𝑔𝑠𝑓−𝑠 + 𝜌(−𝑠,−𝑠)(𝑧)𝑔−𝑠𝑓𝑠

 

𝜌(𝑠,𝑤)(𝑧) = 𝜌(−𝑠,𝑤)(𝑧) = 𝜌(𝑠,−𝑤)(𝑧
−1) 

𝑓 ∈ 𝒱𝑠,𝑥 so that ⟨𝑓, 𝑔⟩𝑥 = 0 

⟨𝑓, ℎ⟩ = ∫  
𝑀

  ⟨𝑓(𝑥), ℎ(𝑥)⟩𝑥 d𝑣𝑜𝑙𝑔  

𝑃: Γ(ℬ(𝑠, 𝑠)) → Γ(ℬ(𝑠, 𝑠)) 

𝑃 ⊕  ⋆𝑃: Γ(𝒱𝑠) → Γ(𝒱𝑠) 

⟨𝐹, (𝑃 ⊕⋆ 𝑃)𝐻⟩ = ⟨(𝑃 ⊕⋆ 𝑃)𝐹, 𝐻⟩  

𝐹, 𝐻 ∈ Γ(𝒱𝑠) 

 ⋆𝑃 : Γ(ℬ(𝑠, −𝑠) → Γ(ℬ(𝑠, −𝑠)) 
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∫  
𝑀

 𝑓(𝑃ℎ)d𝑣𝑜𝑙𝑔 = ∫  ( ⋆𝑃𝑓)(ℎ‾)d𝑣𝑜𝑙𝑔  

𝑓 ∈ Γ(ℬ(𝑠, −𝑠)) and ℎ ∈ Γ(ℬ(𝑠, 𝑠)) 

Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2  

𝑟− = 𝑀 − √𝑀2 − 𝑎2 and 𝑟+ = 𝑀 + √𝑀2 − 𝑎2 

MI = ℝ𝑡 × (𝑟+, ∞)𝑟 × 𝕊𝜃,𝜑
2  

𝑔 =
Δ − 𝑎2sin2 𝜃

𝜚2
 d𝑡2 +

4𝑀arsin2 𝜃

𝜚2
 d𝑡 d𝜑 −

𝜚2

Δ
 d𝑟2 − 𝜚2 d𝜃2 −

𝜎2sin2 𝜃

𝜚2
 d𝜑2  

where 𝜃 ∈ [0, 𝜋] and 𝜑 ∈ ℝ/2𝜋ℤ are spherical coordinates on 𝕊2 

𝜚2 = 𝑟2 + 𝑎2cos2 𝜃

𝜎2 = (𝑟2 + 𝑎2)2 − 𝑎2sin2 𝜃Δ = 𝜚2(𝑟2 + 𝑎2) + 2𝑀𝑟𝑎2sin2 𝜃
 

dvol𝑔 = 𝜚2sin 𝜃 d𝑡 ∧  d𝑟 ∧  d𝜃 ∧  d𝜑 

MII = ℝ𝑡 × (𝑟−, 𝑟+)𝑟 × 𝕊𝜃,𝜑 

𝑀III = ℝ𝑡 × (−∞, 𝑟−)𝑟 × 𝕊𝜃,𝜑
2 ∖ {𝑟 = cos 𝜃 = 0} 

( 𝑡∗, 𝑟, 𝜃, 𝜑∗ ) denote the Kerrstar(𝐾∗) and ( ∗𝑡, 𝑟, 𝜃,  ∗𝜑) the star-Kerr ( ∗𝐾) coordinates, and set 

MI∪II
in = ℝ𝑡∗ × (𝑟−, ∞)𝑟 × 𝕊𝜃,𝜑∗

2  

𝑔 = 𝑔𝑡𝑡 d𝑡∗2 + 2𝑔𝑡𝜑 d𝑡∗ d𝜑∗ + 𝑔𝜑𝜑d𝜑∗2 − 𝜚2 d𝜃2 − 2 d𝑡∗ d𝑟 + 2𝑎sin2 𝜃 d𝜑∗ d𝑟  

MIUII
out = ℝ∗𝑡 × (𝑟−, ∞)𝑟 × 𝕊𝜃, ∗𝜑

2  

d𝑡∗ ↔ −d∗𝑡 and d𝜑∗ ↔ −d∗𝜑 

𝜚2𝑔−1 = −𝑎2sin2 𝜃𝜕𝑡∗
2 − 2(𝑟2 + 𝑎2)𝜕𝑡∗𝜕𝑟∗ − Δ𝜕𝑟∗

2 − 2𝑎𝜕𝑡∗𝜕𝜑∗

 −2𝑎𝜕𝑟∗𝜕𝜑∗ −
1

sin2 𝜃
𝜕𝜑∗

2 − 𝜕𝜃∗
2

 

𝜕𝑡∗ → −𝜕∗𝑡
 and 𝜕𝜑∗ → −𝜕∗𝜑 

MI
in/out = MI∪II

in/out ∩ {𝑟 > 𝑟+}and MII
in/out = MI∪II

in/out ∩ {𝑟− < 𝑟 < 𝑟+} 

(𝑡∗, 𝑟, 𝜃, 𝜑∗)  = (𝑡 + 𝑟∗(𝑟), 𝑟, 𝜃, 𝜑 + 𝐴(𝑟)) and 

( ∗𝑡, 𝑟, 𝜃,  ∗𝜑)  = (𝑡 − 𝑟∗(𝑟), 𝑟, 𝜃, 𝜑 − 𝐴(𝑟))
 

𝑟∗(𝑟) = ∫  
𝑟

𝑟0

 
𝑟′2 + 𝑎2

Δ(𝑟′)
𝑑𝑟′, 𝐴(𝑟) = ∫  

𝑟

𝑟0

 
𝑎

Δ(𝑟′)
𝑑𝑟′  

𝑟0 ∈ (𝑟−, 𝑟+)or 𝑟0 ∈ (𝑟+, ∞) 
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ℋ± ≔ M
I ∪II

in 
 out ∩ {𝑟 = 𝑟+} 

ℳ: = MI ∪ MII ∪ ℋ+ ∼ MIUII
in  

𝔱∶= {
𝑡 − 𝑟∗, 𝑟 ≤ 3𝑀,
𝑡 + 𝑟∗, 𝑟 ≥ 4𝑀,

𝜑∗∶= {
𝜑 − 𝐴(𝑟), 𝑟 ≤ 3𝑀,
𝜑 + 𝐴(𝑟), 𝑟 ≥ 4𝑀

 

M𝐾 = ℝ𝑈 × ℝ𝑉 × 𝕊𝜃,𝜑+

2  

𝜅𝑖 =
|𝜕𝑟Δ(𝑟𝑖)|

2(𝑟𝑖
2 + 𝑎2)

=
𝑟+ − 𝑟−

2(𝑟𝑖
2 + 𝑎2)

 

−𝑒−2𝜅+𝑟(𝑟 − 𝑟−)
𝑟−
𝑟+ =: 𝐺(𝑟) =

𝑟 − 𝑟+

𝑈𝑉
.  

𝑔 = −𝑔̃1(𝑈2𝑑𝑉2 + 𝑉2𝑑𝑈2) − 𝑔̃2𝑑𝑈𝑑𝑉 − 𝑔̃3(𝑈𝑑𝑉 − 𝑉𝑑𝑈)2

 −𝑔̃4(𝑈𝑑𝑉 − 𝑉𝑑𝑈)𝑑𝜑+ − 𝜚2𝑑𝜃2 + 𝑔𝜑𝜑𝑑𝜑+
2  

𝑔̃1 =
𝐺2(𝑟)𝑎2sin2 𝜃

4𝜅+
2𝜚2

(𝑟 − 𝑟−)(𝑟 + 𝑟+)

(𝑟2 + 𝑎2)(𝑟+
2 + 𝑎2)

(
𝜚2

𝑟2 + 𝑎2
+

𝜚+
2

𝑟+
2 + 𝑎2

) ,

𝑔̃2 =
𝐺(𝑟)(𝑟 − 𝑟−)

2𝜅+
2𝜚2

(
𝜚4

(𝑟2 + 𝑎2)2
+

𝜚+
4

(𝑟+
2 + 𝑎2)2

) ,

𝑔̃3 =
𝐺2(𝑟)𝑎2sin2 𝜃

4𝜅+
2𝜚2

(𝑟 + 𝑟+)2

(𝑟+
2 + 𝑎2)2

,

𝑔̃4 =
𝐺(𝑟)𝑎sin2 𝜃

𝜅+
2𝜚2(𝑟+

2 + 𝑎2)
(𝜚+

2(𝑟 − 𝑟−) + (𝑟2 + 𝑎2)(𝑟 + 𝑟+)),

 

𝜚+
2 = 𝜚2(𝑟+, 𝜃) 

𝜑+ = 𝜑 −
𝑎

𝑟+
2 + 𝑎2

𝑡 

𝑈 = −𝑒−𝜅+ ∗𝑡, 𝑉 = 𝑒𝜅+𝑡∗
 on MI

𝑈 = 𝑒−𝜅+ ∗𝑡, 𝑉 = 𝑒𝜅+𝑡∗
 on MII

 

M𝐾 ∩ {𝑈 < 0, 𝑉 > 0} and MII to M𝐾 ∩ {𝑈 > 0, 𝑉 > 0} 

𝑈 = 𝑒−𝜅+ ∗𝑡, 𝑉 = −𝑒𝜅+𝑡∗
 on MI

𝑈 = −𝑒−𝜅+ ∗𝑡, 𝑉 = −𝑒𝜅+𝑡∗
 on MII

 

M𝐾 ∩ {𝑈 > 0, 𝑉 < 0} and MII to M𝐾 ∩ {𝑈 < 0, 𝑉 < 0} 

ℋ: = {𝑉 = 0} and ℋ𝑅: = {𝑈 = 0} 

𝑆(𝑟+): = {𝑈 = 𝑉 = 0}. ℋ ∪ ℋ𝑅 

𝑣ℋ = 𝜅+(𝑉𝜕𝑉 − 𝑈𝜕𝑈) = 𝜕𝑡 +
𝑎

𝑟+
2 + 𝑎2

𝜕𝜑  
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𝑔̆ = 𝑥2𝑔 

𝑥 = 𝑟−1 ∈ [0,
1

𝑟+−𝜖
) with 0 < 𝜖 < (𝑟+ − 𝑟−) 

ℳ𝜖: = ℝ𝔱 × (0,
1

𝑟+ − 𝜖
)

𝑥

× 𝕊𝜃,𝜑∗

2 ⊂ MIUII 
out  

ℝ𝔱 × [0,
1

𝑟+ − 𝜖
)

𝑥

× 𝕊𝜃,𝜑∗

2  

M̆I: = ℳ0 

𝑥 <
1

4𝑀
, where (𝔱, 𝑥, 𝜃, 𝜑∗) = (𝑡∗, 𝑥, 𝜃, 𝜑∗) 

𝑔̆  = (𝑥2 −
2𝑀𝑥3

𝜚𝑥
2 ) d𝑡∗2 +

4𝑀𝑎𝑥3sin2 𝜃

𝜚𝑥
2  d𝑡∗ d𝜑∗ + 2 d𝑡∗ d𝑥 − 2𝑎sin2 𝜃 d𝜑∗ d𝑥

 −sin2 𝜃 (1 + 𝑎2𝑥2 +
2𝑀𝑎2𝑥3sin2 𝜃

𝜚𝑥
2 ) d𝜑∗2 − 𝜚𝑥

2 d𝜃2

 

𝜚𝑥
2 = 1 + 𝑎2𝑥2cos2 𝜃 

d𝑣𝑜𝑙 = 𝜚𝑥
2 d𝑡∗ ∧  d𝑥 ∧  d2𝜔∗ 

𝑔̆−1 = −
𝑎2sin2 𝜃

𝜚𝑥
2 𝜕𝑡∗

2 + 2
1 + 𝑎2𝑥2

𝜚𝑥
2 𝜕𝑥𝜕𝑡∗ − 2

𝑎

𝜚𝑥
2 𝜕𝜑∗𝜕𝑡∗ −

𝑥2Δ𝑥

𝜚𝑥
2 𝜕𝑥

2

 +2
𝑥2𝑎

𝜚𝑥
2 𝜕𝑥𝜕𝜑∗ −

1

𝜚𝑥
2 𝜕𝜃

2 −
1

𝜚𝑥
2sin2 𝜃

𝜕𝜑∗
2

 

Δ𝑥 = 𝑥2Δ = 1 − 2𝑀𝑥 + 𝑥2𝑎2 
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M̃I = ℝ∗𝑡
× [0, 𝑟+

−1)𝑥 × 𝕊𝜃,,∗𝜑
2  

ℐ− = ℝ𝑡∗ × {𝑥 = 0} × 𝕊𝜃,𝜑∗
2 ⊂ ℳ𝜖

ℐ+ = ℝ∗∗𝑡 × {𝑥 = 0} × 𝕊𝜃, ∗𝜑
2 ⊂ M̃I

 

𝑅̆ = −
6

𝜚2
(2Δ𝑟 − 𝑟𝜕𝑟Δ𝑟). 

𝑉± =
𝑟2 + 𝑎2

Δ
𝜕𝑡 ± 𝜕𝑟 +

𝑎

Δ
𝜕𝜑

 

𝑙 = 𝑉+, 𝑛 =
Δ

2𝜌2
𝑉− 

𝑙 =
𝑟2 + 𝑎2

Δ
𝜕𝑡 + 𝜕𝑟 +

𝑎

Δ
𝜕𝜑

𝑛 =
𝑟2 + 𝑎2

2𝜚2
𝜕𝑡 −

Δ

2𝜚2
𝜕𝑟 +

𝑎

2𝜚2
𝜕𝜑

𝑚 =
𝑖𝑎sin 𝜃

√2𝑝
𝜕𝑡 +

1

√2𝑝
𝜕𝜃 +

𝑖

√2𝑝sin 𝜃
𝜕𝜑

 

𝑙 =
2(𝑟2 + 𝑎2)

Δ
𝜕𝑡∗ + 𝜕𝑟∗ +

2𝑎

Δ
𝜕𝜑∗

𝑛 = 𝜕∗𝑟

 = −
Δ

2𝜚2
𝜕𝑟∗

 =
𝑟2 + 𝑎2

𝜚2
𝜕∗∗𝑡 −

Δ

2𝜚2
𝜕∗∗ +

𝑎

𝜚2
𝜕∗∗𝜑

 

𝑙 = 𝜕∗𝑟, 𝑛 =
𝑟+

2 + 𝑎2

𝜚+
2 (𝜕∗𝑡 +

𝑎

𝑟+
2 + 𝑎2

𝜕∗𝜑)  

𝑙𝑎 = 𝑙𝑎 , 𝑛̆𝑎 = 𝑥−2𝑛𝑎  
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𝑙𝑎 = −𝑥2𝜕𝑥 +
2(1 + 𝑎2𝑥2)

Δ𝑥
𝜕𝑡∗ +

2𝑎𝑥2

Δ𝑥
𝜕𝜑∗ , 𝑛̆𝑎 =

Δ𝑥

2𝜚𝑥
2 𝜕𝑥  

𝑙𝑎 = 2𝜕𝑡∗ and 𝑛̆𝑎 =
1

2
𝜕𝑥 at ℐ− 

 

(𝜓𝑏
𝑐)𝑏∈ℝ: MI → MI 

𝜕𝑡 + 𝑐𝜕𝜑 

𝑥 ↦ (𝑙, 𝑛, 𝑚)(𝑥) ⋅ 𝑒𝑖𝜑𝑐(𝑥) ∶ 𝑥 ∈ ℳ ∖ {𝜃 = 0}

𝑥 ↦ (𝑙, 𝑛, 𝑚)(𝑥) ⋅ 𝑒−𝑖𝜑𝑐(𝑥): 𝑥 ∈ ℳ ∖ {𝜃 = 𝜋}
 

𝑙𝑎  = 2𝜅+

𝑟2 + 𝑎2

Δ
𝑉𝜕𝑉 +

𝑎

Δ
(1 −

𝑟2 + 𝑎2

𝑟+
2 + 𝑎2

) 𝜕𝜑+

𝑛𝑎  = −𝜅+

𝑟2 + 𝑎2

𝜚2
𝑈𝜕𝑈 +

𝑎

2𝜚2 (1 −
𝑟2 + 𝑎2

𝑟+
2 + 𝑎2

) 𝜕𝜑+

 

𝑙𝑎 → 𝔩𝑎: = −𝑈𝑙𝑎 , 𝑛𝑎 → 𝔫𝑎: = (−𝑈)−1𝑛𝑎, 𝑚𝑎 → 𝔪𝑎: = 𝑚𝑎  

(𝔩, 𝔫, 𝔪) ∈ Γ(𝔑0) 

𝔩𝑎  = −2𝜅+

𝑟2 + 𝑎2

(𝑟 − 𝑟−)𝐺(𝑟)
𝜕𝑉 + 𝑎𝑈

𝑟 + 𝑟+

(𝑟 − 𝑟−)(𝑟+
2 + 𝑎2)

𝜕𝜑+

𝔫𝑎  = 𝜅+

𝑟2 + 𝑎2

𝜚2
𝜕𝑈 +

𝑎𝑉(𝑟 + 𝑟+)𝐺(𝑟)

2𝜚2(𝑟+
2 + 𝑎2)

𝜕𝜑+

 

𝑓: {

ℝ𝑡 × (𝑟+, ∞) × 𝔙𝕊2 → 𝑇ℂMI

(𝑡, 𝑟, (𝜔, 𝑋, 𝑌)) ↦
1

√2𝑝
(−𝑖𝑎⟨𝑋 + 𝑖𝑌, 𝑒3⟩ℝ3𝜕𝑡 + 𝑋 + 𝑖𝑌),

 

where ⟨⋅⟩ℝ4 is the canonical scalar product of ℝ4 

ℂ4, (𝑒1, 𝑒2, 𝑒3) is the canonical basis of ℝ4 

𝑝 = 𝑟 + 𝑖𝑎cos 𝜃 

ℝ𝑡 × (𝑟+, ∞) × 𝔙𝕊2 and 𝔑0,𝑟 

ℝ𝑡∗ × (𝑟+, ∞) × 𝔙𝕊2 

ℝ𝑡∗ × (𝑟+, ∞) × 𝕊𝜃,𝜑∗
2  

𝑈(1) ∋ 𝑒𝑖𝜙 ↦ (𝑐 ↦ 𝑒−𝑖𝑠𝜙𝑐)  

𝒯𝑚 on 𝕊𝜃,𝜑
2 ∖ {sin 𝜃 = 0} 

𝜋3𝑓−1(𝑚) = (𝜕𝜃 , csc 𝜃𝜕𝜑)  
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𝜋3: ℝ𝑡 × (𝑟+, ∞) × 𝔙𝕊2 → 𝔙𝕊
2 

𝑓−1: 𝔑0,𝑟 → ℝ𝑡 × (𝑟+, ∞) × 𝔙𝕊2 ,  

𝑚 ↦ (𝑡, 𝑟, (Re (√2𝑝pr𝑇(𝜃,𝜑)𝕊
2,𝜕𝑡

𝑚) , Im (√2𝑝pr𝑇(𝜃,𝜑)𝕊
2,𝜕𝑡

𝑚)))  

pr𝑇(𝜃,𝜑)𝕊
2,𝜕𝑡

 the linear projection to 𝑇(𝜃,𝜑)𝕊
2 parallel to 𝜕𝑡 

 

ℝ𝑡 × (𝑟+, ∞) × ℬ𝑠
𝕊2

 

ℝ𝑡 × (𝑟+, ∞) × ℬ𝑠
𝕊2

 

ℝ𝑡 × (𝑟+, ∞) × ℬ𝑠
𝕊2

 

𝜙 ∈ Γ(ℬ𝑠
𝕊2

) 

𝜙̃ ∈ Γ(ℝ𝑡 × (𝑟+, ∞) × ℬ𝑠
𝕊2

) by 𝜙̃(𝑝, 𝜔) = (𝑝, 𝜙(𝜔)) 

𝑝0 ∈ ℝ𝑡 × (𝑟+, ∞) 

𝜋𝑝0
: ℝ𝑡 × (𝑟+, ∞) × ℬ𝑠

𝕊2
→ ℬ𝑠

𝕊2
 

𝜈𝑎Θ𝑝0,𝑎
𝕊2

𝜙 = 𝜋𝑝0
(𝜈𝑎Θ𝑎𝜙̃) 

𝜈𝑎 ∈ 𝑇𝕊2 

[𝑚, 𝑐], [𝑚, 𝑑] ∈ ℬ𝑠
𝕊2

∫ ‖ ⋅ ‖𝐻[𝑠]
𝑚(𝕊2) 

‖𝑢‖
𝐿2(ℬ𝑠

𝕊2
)

2 = ∫  
𝕊2

   m𝜔(𝑢, 𝑢)𝑑2𝜔  

‖𝑢‖
𝐻[𝑠]

0 (ℬ𝑠
𝕊2

)
= ‖𝑢‖

𝐿2(ℬ𝑠
𝕊2

)
,

‖𝑢‖
𝐻[𝑠]

𝑚+1
2 : = ‖𝑢‖𝐻[𝑠]

𝑚
2 + ∑  

𝑖

 ‖Θ𝑝0,𝒵𝑖

𝕊2
𝑢‖

𝐻[𝑠]
𝑚

2
.

 

𝑝0 ∈ ℝ𝑡 × (𝑟+, ∞) ⊗ 𝐻[𝑠]
𝑚 (ℬ𝑠

𝕊2
) ⊕ Γ(ℬ𝑠

𝕊2
) 

𝑇𝑠 = 2[( b − 2𝑠𝜌 − 𝜌‾)(b′ − 𝜌′) − (↻ −2𝑠𝜏 − 𝜏‾′)(↻′− 𝜏′)] − (4𝑠2 − 6𝑠 + 2)Ψ2,  

 

Ψ2 = 𝐶𝑎𝑏𝑐𝑑𝑚𝑎𝑙𝑏𝑚‾ 𝑐𝑛𝑑  

 

𝜅𝐴𝐵 = −2𝜁𝑜(𝐴𝑖𝐵) 
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𝜁 ∝ Ψ2
−1/3

 

𝜉 = −𝜁(−𝜌′𝑙 + 𝜌𝑛 + 𝜏′𝑚 − 𝜏𝑚‾ )  

𝜌

𝜌‾
=

𝜌′

𝜌‾′
= −

𝜏′

𝜏‾
= −

𝜏

𝜏‾′
=

𝜁‾

𝜁
 

𝜉𝑎 = (𝜕𝑡)
𝑎 

𝜁 = 𝑟 − 𝑖𝑎cos (𝜃) 

𝜂𝑎 = 𝜁[(Im𝜁)2(𝜌′𝑙𝑎 − 𝜌𝑛𝑎) − (Re𝜁)2(𝜏𝑚‾ 𝑎 − 𝜏′𝑚𝑎)]  

𝜂 = 𝑎𝜕𝜑 + 𝑎2𝜕𝑡 

ℒ𝜉,(𝑠,𝑤)  = 𝜉𝑎Θ𝑎 −
𝑠 + 𝑤

2
𝜁Ψ2 −

𝑤 − 𝑠

2
𝜁Ψ2

ℒ𝜂,(𝑠,𝑤)  = 𝜂𝑎Θ𝑎 + (𝑠 + 𝑤)ℎ + (𝑤 − 𝑠)ℎ‾

ℎ =
1

16
𝜁(𝜁2 + 𝜁‾2)Ψ2 −

1

8
𝜁𝜁‾2Ψ2 +

1

4
𝜌𝜌′𝜁2(𝜁‾ − 𝜁) +

1

4
𝜏𝜏′𝜁2(𝜁‾ + 𝜁)

 

ℒ𝜉,(𝑠,𝑤) = 𝜉𝑎∇𝑎, ℒ𝜂,(𝑠,𝑤) = 𝜂𝑎∇𝑎  

[ℒ𝜉 , 𝜁] = [ℒ𝜉 , 𝜁‾] = 0  

𝜁𝜁‾𝑇𝑠 = 2(ℛ𝑠 − 𝒮𝑠)  

ℛ𝑠  = 𝜚2(𝑏 − 𝜌 − 𝜌‾)(𝜌′ − 2𝑠𝜌′) +
2𝑠 − 1

2
(𝜁 + 𝜁‾)ℒ𝜉

𝒮𝑠  = 𝜚2(𝜕 − 𝜏 − 𝜏‾′)(𝜕′ − 2𝑠𝜏′) +
2𝑠 − 1

2
(𝜁 − 𝜁‾)ℒ𝜉

 

𝑋 = 𝜕𝑡 + 𝑐𝜕𝜑 ∫(Υ(𝑠,𝑠),𝑏
∗ )

𝑏∈ℝ
⋀ Γ(ℬ(𝑠, 𝑠)) 

𝑇𝑠 ∘ Υ(𝑠,𝑠),𝑏
∗ = Υ(𝑠,𝑠),𝑏

∗ 𝑇𝑠 ∀𝑏 ∈ ℝ  

Υ(𝑠,𝑠),𝑏
∗ 𝜙(𝑡, 𝑟, 𝜃, 𝜑) = 𝜙(𝑡 − 𝑏, 𝑟, 𝜃, 𝜑 − 𝑐𝑏) 

𝑇𝑠 = 𝑔𝑎𝑏(Θ𝑎 + 2𝑠𝐵𝑎)(Θ𝑏 + 2𝑠𝐵𝑏) − 4𝑠2Ψ2  

𝑇𝑠 = 𝑔𝑎𝑏(∇𝑎 + 2𝑠Γ𝑎)(∇𝑏 + 2𝑠Γ𝑏) − 4𝑠2Ψ2  

𝜎𝑇𝑠
(𝑥, 𝜉) = 𝑔𝑥

−1(𝜉, 𝜉)idℬ(𝑠,𝑠) 

Γ = −
1

2𝜚2 ([
𝑀(𝑟2 − 𝑎2)

Δ
− 𝑝] 𝜕𝑡 + (𝑟 − 𝑀)𝜕𝑟 + [

𝑎(𝑟 − 𝑀)

Δ
+ 𝑖

cos 𝜃

sin2 𝜃
] 𝜕𝜑)  

𝑙𝑎Γ𝑎 =
𝑝

𝜚2
, 𝑛𝑎Γ𝑎 =

1

2𝜚4
[𝑝Δ − 𝜚2(𝑟 − 𝑀)]  
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∇𝑎Γ𝑎 = −
1

2𝜚2
, Γ𝑎Γ𝑎 =

1

4𝜚2
cot2 𝜃 + Ψ2  

𝑙 → 𝜆𝜆‾𝑙, 𝑛 → (𝜆𝜆‾)−1𝑛, Γ𝑎 

Γ𝑎 → Γ𝑎 −
∇𝑎𝜆

𝜆
 

𝔩𝑎Γ𝑎  = (−𝑈)𝑙𝑎Γ𝑎 = −𝑈
𝑝

𝜚2

𝔫𝑎Γ𝑎  = −
𝐺(𝑟)𝑉

2𝜚2
[
(𝑟 − 𝑟−)𝑝

𝜚2
+

𝑟𝑟+ − 𝑀(𝑟 + 𝑟+) − 𝑎2

𝑟+
2 + 𝑎2

]
 

Γ̆𝑎 = 𝑚̆𝑎𝑚̆𝑏𝑛̆𝑐∇̆𝑐𝑙𝑏 − 𝑛̆𝑎𝑚̆𝑏𝑚̆𝑐∇̆𝑐𝑙𝑏 +
1

2
𝑙𝑏∇̆𝑎𝑛̆𝑏 −

1

2
𝑚̆𝑏∇̆𝑎𝑚̆𝑏 = Γ𝑎 ,  

𝑙𝑎Γ̆𝑎 = 𝑙𝑎Γ𝑎 and 𝑛̆𝑎Γ̆𝑎 = 𝑥−2𝑛𝑎Γ𝑎, so 𝑙𝑎Γ̆𝑎 

−𝑀/2 + 𝒪(𝑥) as 𝑥 → 0 

𝜙 → 𝜙̆ = 𝑥−1𝜙 

𝑇̆𝑠 = 𝑔̆𝑎𝑏(∇̆𝑎 + 2𝑠Γ̆𝑎)(∇̆𝑏 + 2𝑠Γ̆𝑏) − 4𝑠2Ψ̆2  

Γ̆𝑎 = Γ𝑎, and ∇̆𝑎 is the Levi-Civita-connection for 𝑔̆ 

𝑇̆𝑠𝜙̆ = 𝑥−3 [𝑇𝑠 +
1

6
(𝑅 − 𝑥2𝑅̆)] 𝜙,  

𝑇̆𝑠𝜙̆ = 𝑥−3 [𝑇𝑠 + (4𝑠2 + 2)Ψ2 +
𝑅

6
] 𝜙 − [(4𝑠2 + 2)Ψ̆2 +

𝑅̆

6
] 𝑥−1𝜙 

𝐶̆𝑎  𝑏𝑐𝑑 = 𝐶𝑎  𝑏𝑐𝑑 

Ψ̆2 = 𝑥−2Ψ2 

(𝑡, 𝑟, 𝜃, 𝜑) ↦ (−𝑡, 𝑟, 𝜃, −𝜑) 

𝔐 = (MI, 𝑔, d𝑣𝑜𝑙𝑔, d𝑡, 𝑔(𝑉+)) 

𝔐̃ = (MI, 𝑔, d𝑣𝑜𝑙𝑔, −d𝑡, 𝑔(𝑉−)) 

(𝑙𝐶 , 𝑛𝐶 , 𝑚𝐶) = (𝑙, 𝑛, 𝑚) ⋅ (Δ/2)1/2𝜁−1  

(Ψ∗(𝑙𝐶 , 𝑛𝐶 , 𝑚𝐶))(𝑥) = (−𝑛𝐶 , −𝑙𝐶 , 𝑚‾ 𝐶)(𝑥)  

(𝑙, 𝑛, 𝑚) ∈ Γ(𝔑0|MI
) so that (𝑙, 𝑛, 𝑚)(𝑥) = (𝑙𝐶 , 𝑛𝐶 , 𝑚𝐶)(𝑥) ⋅ 𝑧(𝑥) with 𝑧 ∈ 𝐶∞(MI; ℂ

∗) 

(Ψ∗(𝑙, 𝑛, 𝑚))(𝑥) = (−𝑛, −𝑙, 𝑚‾ )(𝑥) ⋅ 𝑧(𝜓−1𝑥) ⋅ 𝑧(𝑥)  

Φ(𝑥) = [(𝑙, 𝑛, 𝑚)(𝑥), 𝜙(𝑥)] ∈ Γ(ℬ(𝑠, 𝑤)|MI
) 
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(Ψ(𝑠,𝑤)
∗ Φ)(𝑥) = [(−𝑛, −𝑙, 𝑚‾ )(𝑥), 𝜌(𝑠,𝑤)(𝑧(𝜓−1𝑥))𝜌(𝑠,𝑤)(𝑧(𝑥))𝜙(𝑥)]  

ℬ̃(𝑠, 𝑤)𝑥 ∋ [(−𝑛, −𝑙, 𝑚‾ ), 𝑐] ↦ [(𝑙, 𝑛, 𝑚), 𝑐] ∈ ℬ(−𝑠, −𝑤)𝑥  

𝜄𝑥[(−𝑛, −𝑙, 𝑚‾ ), 𝑐] = 𝜄𝑥[(−𝑛, −𝑙, 𝑚‾ ) ⋅ 𝑧−1, 𝜌(𝑠,𝑤)(𝑧)𝑐]

 = 𝜄𝑥[(−|𝑧|−1𝑛, −|𝑧|𝑙, 𝑧‾|𝑧|−1𝑚‾ ), 𝜌(−𝑠,−𝑤)(𝑧
−1)𝑐]

 = [(|𝑧|𝑙, |𝑧|𝑛, 𝑧|𝑧|−1𝑚), 𝜌(−𝑠,−𝑤)(𝑧
−1)𝑐]

 = [(𝑙, 𝑛, 𝑚) ⋅ 𝑧, 𝜌(−𝑠,−𝑤)(𝑧
−1)𝑐]

 = [(𝑙, 𝑛, 𝑚), 𝑐]

 

𝜄𝑥 ∘ Ψ(𝑠,𝑤)
∗ ([(𝑙, 𝑛, 𝑚), 𝜙])(𝑥) = [(𝑙, 𝑛, 𝑚) ⋅ 𝑧−2, 𝜙(𝜓−1𝑥)]  

𝜓∗(∇𝑋𝑌) = ∇𝜓∗𝑋(𝜓∗𝑌) 

Ψ∗ ( b(𝑠,𝑤)
(𝑙,𝑛,𝑚)

)  = Ψ∗(∇𝑙 − 𝑤𝑔(𝑛, ∇𝑙𝑙) − 𝑠𝑔(𝑚, ∇𝑙𝑚‾ ))

 = − [∇|𝑧|2𝑛 + 𝑤𝑔 (|𝑧|2𝑛, ∇|𝑧|2𝑛(|𝑧|−2𝑙)) + 𝑠𝑔 (
𝑧‾2

|𝑧|2
𝑚, ∇|𝑧|2𝑛 (

𝑧2

|𝑧|2
𝑚‾ ))]

 = −p(−𝑠,−𝑤)
′(𝑙,𝑛,𝑚)⋅𝑧−2

 

Ψ∗ ( b(𝑠,𝑤)
′(𝑙,𝑛,𝑚)

)  = −p(−𝑠,−𝑤)
(𝑙,𝑛,𝑚)⋅𝑧−2

Ψ∗ (𝜕(𝑠,𝑤)
(𝑙,𝑛,𝑚)

)  = 𝜕(−𝑠,−𝑤)
′(𝑙,𝑛,𝑚)⋅𝑧−2

Ψ∗ (𝜕(𝑠,𝑤)
′(𝑙,𝑛,𝑚)

)  = 𝜕(−𝑠,−𝑤)
(𝑙,𝑛,𝑚)⋅𝑧−2

Ψ∗(𝜌(𝑙,𝑛,𝑚))  = Ψ∗ (𝑔(𝑚𝐶 , ∇𝑚‾ 𝐶
𝑙𝐶)) = −𝑔(𝑚‾ 𝐶 , ∇𝑚𝐶

𝑛𝐶) = −𝜌(𝑙,𝑛,𝑚)⋅𝑧−2
′

Ψ∗(𝜏(𝑙,𝑛,𝑚))  = 𝜏(𝑙,𝑛,𝑚)⋅𝑧−2
′

 

Ψ∗ (𝑇𝑠
(𝑙,𝑛,𝑚)

)

 = Ψ∗ [2[( b − 2𝑠𝜌 − 𝜌‾)(b′ − 𝜌′) − (𝜕 − 2𝑠𝜏 − 𝜏‾′)(𝜕′ − 𝜏′)] − 4(𝑠 − 1) (𝑠 −
1

2
) Ψ2]

 = 𝑇𝑠
′(𝑙,𝑛,𝑚)⋅𝑧−2

 

𝑇𝑠
′ = Ψ2

2𝑠
3 𝑇−𝑠Ψ2

−
2𝑠
3  

𝜁 ∝ Ψ2
−1/3

 

𝜄Ψ∗ (𝑇𝑠
(𝑙,𝑛,𝑚)

𝜙(𝑙,𝑛,𝑚)) (𝑥) = 𝜁−2𝑠𝑇−𝑠
(𝑙,𝑛,𝑚)⋅𝑧−2

𝜁2𝑠𝜙(𝑙,𝑛,𝑚)⋅𝑧−2
(𝜓−1𝑥)  

𝑧 = √2Δ𝜁 

(𝑙, 𝑛, 𝑚) ⋅ (2𝜁2)−1 or to 𝑇−𝑠𝜁
2𝑠𝜙−𝑠 in the tetrad (𝑙, 𝑛, 𝑚) ⋅

1

2
 

 

𝒫𝑠 = 𝑇𝑠 ⊕ 𝑇−𝑠 
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𝑇−𝑠 =  ⋆𝑇𝑠 

𝑓 ∈ Γ(ℬ(𝑠, −𝑠)), ℎ ∈ Γ(ℬ(𝑠, 𝑠)) 

∫  
ℳ

  (𝑇𝑠ℎ(𝑥))(𝑓‾(𝑥))d𝑣𝑜𝑙𝑔 = ∫  
ℳ

 𝑓‾(𝑥)(𝑇𝑠ℎ)(𝑥)d𝑣𝑜𝑙𝑔  

∫  
ℳ

 𝑓‾(𝑥)(𝑇𝑠ℎ𝑠)(𝑥)d𝑣𝑜𝑙𝑔 = ∫  
ℳ

 ℎ(𝑥)𝑔𝑎𝑏(∇𝑎∇𝑏 + 4𝑠2Γ𝑎Γ𝑏 − 4𝑠2Ψ2)𝑓‾(𝑥)d𝑣𝑜𝑙𝑔

 −2𝑠 ∫  
ℳ

 𝑔𝑎𝑏ℎ(𝑥)(∇𝑏Γ𝑎 + Γ𝑏∇𝑎)𝑓‾(𝑥)d𝑣𝑜𝑙𝑔

 

∫  
ℳ

 𝑓‾(𝑥)(𝑇𝑠ℎ)(𝑥)d𝑣𝑜𝑙𝑔 = ∫  
ℳ

  (𝑇−𝑠𝑓‾)(𝑥)ℎ(𝑥)d𝑣𝑜𝑙𝑔 = ∫  
ℳ

 ℎ(𝑥) (𝑇−𝑠𝑓(𝑥)) d𝑣𝑜𝑙𝑔  

𝑆[𝑓] = −⟨𝑓, 𝒫𝑠𝑓⟩  

𝑓 → 𝑒𝑖𝜖𝑓 

𝑗𝑎[𝑓](𝑥) = −𝑖 (⟨𝑓(𝑥), 𝒟𝑠,𝑎𝑓(𝑥)⟩
𝑥

− ⟨𝒟𝑠,𝑎𝑓(𝑥), 𝑓(𝑥)⟩
𝑥
)

𝒟𝑠,𝑎 = (Θ𝑎 + 2𝑠𝐵𝑎) ⊕ (Θ𝑎 − 2𝑠𝐵𝑎)
 

𝑓, ℎ ∈ Γ(𝒱𝑠) 

𝐽𝑎[𝑓, ℎ](𝑥) = ⟨𝑓(𝑥), 𝒟𝑠,𝑎ℎ(𝑥)⟩
𝑥

− ⟨𝒟𝑠,𝑎𝑓(𝑥), ℎ(𝑥)⟩
𝑥

 

𝑓, ℎ ∈ 𝐶∞(ℳ; 𝒱𝑠) satisfy 𝒫𝑠𝑓 = 𝒫𝑠ℎ = 0 

∇𝑎𝐽𝑎[𝑓, ℎ](𝑥) = 0 

∇𝑎𝐽𝑎[𝑓, ℎ] = 𝑔𝑎𝑏⟨∇𝑎𝑓, 𝒟𝑠,𝑏ℎ⟩ + ⟨𝑓, ∇𝑎𝒟𝑠,𝑏ℎ⟩ − ⟨∇𝑎𝒟𝑠,𝑏𝑓, ℎ⟩ − ⟨𝒟𝑠,𝑏𝑓, ∇𝑎ℎ⟩

 = 𝑔𝑎𝑏⟨𝑓, 𝒟𝑠,𝑎𝒟𝑠,𝑏ℎ⟩ − ⟨𝒟𝑠,𝑎𝒟𝑠,𝑏𝑓, ℎ⟩ = ⟨𝑓, 𝒫𝑠ℎ⟩ − ⟨𝒫𝑠𝑓, ℎ⟩ = 0
 

𝑃: Γ(𝐵) → Γ(𝐵) 

𝐸𝑃
±: Γ𝑐(𝐵) → Γ(𝐵) 

𝑃 ∘ 𝐸𝑃
±𝑓 = 𝑓

𝐸𝑃
± ∘ 𝑃𝑓 = 𝑓

supp(𝐸𝑃
±𝑓)  = 𝐽±(supp𝑓)

 

𝐸𝑃
±: Γ𝑐(𝐵) → Γ𝑝𝑐/𝑓𝑐(𝐵) 

𝐸𝑃: = 𝐸𝑃
− − 𝐸𝑃

+: Γ𝑐(𝐵) → Γ𝑠𝑐(𝐵) 

𝐸̃𝑃
±: Γ𝑝𝑐/𝑓𝑐(𝐵) → Γ𝑝𝑐/𝑓𝑐(𝐵) 

𝑓 ∈ Γ𝑝𝑐/𝑓𝑐(𝐵) 
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𝑃(𝐸𝑃𝑓) = 0, Ker𝐸𝑃 = 𝑃Γ𝑐(𝐵), supp(𝐸𝑃𝑓) = 𝐽(supp𝑓)  

𝑓 ∈ Γ𝑐(𝐵) 

𝑓 ∈ Γ𝑠𝑐(𝐵) solves 𝑃𝑓 = 0, then there is a 𝑓′ ∈ Γ𝑐(𝐵) so that 𝑓 = 𝐸𝑃𝑓′ 

𝑓 ∈ Γ𝑠𝑐(𝐵) so that 𝑃𝑓 = 0 

Σ+ ⊂ 𝐼+(Σ−), and let 𝜒 ∈ 𝐶∞(𝑀; ℝ) 

𝜒 = 1 in 𝐽−(Σ−)and 𝜒 = 0 in 𝐽+(Σ+) 

𝜒𝑓 ∈ Γ𝑓𝑐(𝐵) and 𝑃(𝜒𝑓) = [𝑃, 𝜒]𝑓 ∈ Γ𝑐(𝐵) 

(1 − 𝜒)𝑓 ∈ Γ𝑝𝑐(𝐵) and 𝑃(1 − 𝜒)𝑓 = −𝑃𝜒𝑓 

𝐸𝑃𝑃(𝜒𝑓) = 𝐸𝑃
−(𝑃(𝜒𝑓)) − 𝐸𝑃

+(𝑃(𝜒𝑓)) = 𝐸̃𝑃
−𝑃(𝜒𝑓) + 𝐸̃𝑃

+𝑃((1 − 𝜒)𝑓)

 = 𝜒𝑓 + (1 − 𝜒)𝑓 = 𝑓
 

𝑓′ = 𝑃𝜒𝑓 ∈ Γ𝑐(𝐵) 

𝒫𝑠 = 𝑇𝑠 ⊕ 𝑇−𝑠 

Δ𝑠
± = 𝐸𝑠

± ⊕ 𝐸−𝑠

±
 

𝑓, ℎ ∈ Γ𝑐(𝒱𝑠). Then (𝑓, Δ𝑠
±ℎ) = (Δ𝑠

∓𝑓, ℎ) 

 

Δ𝑠
±, supp(Δ𝑠

∓𝑓) ∩ supp(Δ𝑠
±ℎ) 

⟨𝑓, Δ𝑠
±ℎ⟩ = ⟨𝒫𝑠Δ𝑠

∓𝑓, Δ𝑠
±ℎ⟩ = ⟨Δ𝑠

∓𝑓, 𝒫𝑠Δ𝑠
±ℎ⟩ = ⟨Δ𝑠

∓𝑓, ℎ⟩ 

Sol𝑠(ℳ): = {𝜙 ∈ Γ𝑠𝑐(𝒱𝑠): 𝒫𝑠𝜙 = 0}  

𝜙, 𝜓 ∈ Sol𝑠(ℳ) 

𝜎𝑠(𝜙, 𝜓): = (−1)𝑠 ∫ 
Σ

 𝐽[𝜙, 𝜓](𝑛Σ)d𝑣𝑜𝑙𝛾  

𝑇𝑆𝑠(ℳ): = Γ𝑐(𝒱𝑠)/𝒫𝑠Γ𝑐(𝒱𝑠) 

[𝑓], [ℎ] ∈ 𝑇𝑆𝑠(ℳ) 

([𝑓], [ℎ])Δ𝑠
: = (−1)𝑠⟨[𝑓], Δ𝑠[ℎ]⟩.  

(𝑇𝑆𝑠(ℳ), (⋅,⋅)Δ𝑠
)⨃(⋅,⋅)Δ𝑠

: 𝑇𝑆𝑠(ℳ) × 𝑇𝑆𝑠(ℳ) → ℂ 

(Sol𝑠(ℳ), 𝜎𝑠) ⋁ Δ𝑠: 𝑇𝑆𝑠(ℳ) → Sol𝑠(ℳ) 

𝜎𝑠(Δ𝑠([𝑓]), Δ𝑠([ℎ])) = ([𝑓], [ℎ])Δ𝑠
.  
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KerΔ𝑠 = 𝒫𝑠Γ𝑐(𝒱𝑠) 

 

⟨𝑓, Δ𝑠ℎ⟩ = ⟨𝑓, Δ𝑠
−ℎ⟩ − ⟨𝑓, Δ𝑠

+ℎ⟩ = ⟨Δ𝑠
+𝑓, ℎ⟩ − ⟨Δ𝑠

−𝑓, ℎ⟩ = −⟨Δ𝑠𝑓, ℎ⟩ = −⟨ℎ, Δ𝑠𝑓⟩ 

([𝑓], [ℎ])Δ𝑠
 is anti-hermitian 

 

Δ𝑠: Γ𝑐(𝒱𝑠) → Γ𝑠𝑐(𝒱𝑠) 

KerΔ𝑠 = 𝒫𝑠Γ𝑐(𝒱𝑠) 

RanΔ𝑠 = Sol𝑠(ℳ) 

Δ𝑠: 𝑇𝑆𝑠(ℳ) → Sol𝑠(ℳ) 

𝑓, ℎ ∈ Γ𝑐(𝒱𝑠) 

(𝑓, ℎ)Δ𝑠
 = (−1)𝑠⟨𝑓, Δ𝑠ℎ⟩ = (−1)𝑠+1⟨Δ𝑠𝑓, ℎ⟩

 = (−1)𝑠+1 [∫  
𝐽+(Σ)

  ⟨Δ𝑠𝑓, ℎ⟩𝑥 dvol𝑔 + ∫  
𝐽−(Σ)

  ⟨Δ𝑠𝑓, ℎ⟩𝑥 dvol𝑔]

 = (−1)𝑠+1 [∫  
𝐽+(Σ)

  ⟨Δ𝑠𝑓, 𝒫𝑠Δ𝑠
−ℎ⟩𝑥 dvol𝑔 + ∫  

𝐽−(Σ)

  ⟨Δ𝑠𝑓, 𝒫𝑠Δ𝑠
+ℎ⟩𝑥 dvol𝑔]

= (−1)𝑠+1 [∫  
𝜕𝐽+(Σ)

  𝐽𝑎[Δ𝑠𝑓, Δ𝑠
−ℎ]𝑛+

𝑎  dvol𝛾 + ∫  
𝜕𝐽−(Σ)

  𝐽𝑎[Δ𝑠𝑓, Δ𝑠
+ℎ]𝑛−

𝑎  dvol𝛾]]

 = (−1)𝑠 ∫ 
Σ

  𝐽𝑎[Δ𝑠𝑓, Δ𝑠ℎ]𝑛𝑎 dvol𝛾

 

𝜙1 ∈ Γ(ℬ(1,1)) 

𝜙−1 ∈ Γ(ℬ(−1, −1)) 

𝐹𝑥𝑦, 𝑥, 𝑦 ∈ {𝑙, 𝑛, 𝑚, 𝑚‾ } 

∇[𝑎𝐹𝑏𝑐] = ∇𝑎𝐹𝑎𝑏 = 0 

𝜙2 ∈ Γ(ℬ(2,2)) with 𝛿𝐶𝑙𝑚𝑙𝑚 and 𝜙−2 ∈ Γ(ℬ(−2, −2)) with 𝛿𝐶𝑚‾ 𝑛𝑚‾ 𝑛, where 𝛿𝐶𝑎𝑏𝑐𝑑 is the 

perturbation of the Weyl tensor 

𝑇2𝜙2 = 0 and 𝑇2
′𝜙−2 = 0 

𝜁 ∝ Ψ2
−1/3

 

𝜁2𝑠𝜙−𝑠 solves 𝑇−𝑠(𝜁
2𝑠𝜙−𝑠) = 0 for 𝑠 ∈ {0,1,2} 

Then 𝜙𝑠 and 𝜙−𝑠, 𝑠 ∈ {0,1,2}, satisfy the Teukolsky-Starobinsky identities 
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b2𝑠𝜁2𝑠𝜙−𝑠  = 𝛾′2𝑠𝜁2𝑠𝜙𝑠 − 3𝑀𝛿𝑠,2ℒ𝜉𝜙𝑠

 b′2𝑠𝜁2𝑠𝜙𝑠  = 𝛾2𝑠𝜁2𝑠𝜙−𝑠 + 3𝑀𝛿𝑠,2ℒ𝜉𝜙−𝑠

 

b(𝑠,−𝑠+1)
′ b(𝑠,−𝑠+2)

′ ⋯ b(𝑠,𝑠)
′ 𝜙𝑠 

b2𝑠𝜁‾2𝑠 b′2𝑠(𝜁2𝑠𝜙𝑠)  = 𝛾2𝑠𝜁‾2𝑠𝛾′2𝑠(𝜁2𝑠𝜙𝑠) − 9𝛿𝑠,2𝑀2ℒ𝜉
𝑠𝜙𝑠

p′2𝑠𝜁‾2𝑠 b2𝑠(𝜁2𝑠𝜙−𝑠)  = 𝛾′2𝑠𝜁‾2𝑠𝜕2𝑠(𝜁2𝑠𝜙−𝑠) − 9𝛿𝑠,2𝑀2ℒ𝜉
𝑠𝜙−𝑠

 

Φ = 𝜁2𝑠𝜙−𝑠 

p(𝑠,𝑤) → p(−𝑠,𝑤), p(𝑠,𝑤)
′ → p(−𝑠,𝑤)

′ , X(𝑠,𝑤) → X(−𝑠,𝑤)
′ , and 𝜕(𝑠,𝑤)

′ → 𝜕(−𝑠,𝑤) 

p′2𝑠𝜁2𝑠p2𝑠Φ‾ = [𝜕2𝑠𝜁2𝑠𝜕′2𝑠 − 9𝛿𝑠,2𝑀2ℒ𝜉
𝑠𝜁‾−2𝑠]Φ‾  

Φ−𝑠, IRG ∈ Γ(ℬ(−𝑠, −𝑠)). If Φ−𝑠, IRG  

𝑇−𝑠Φ−𝑠,IRG = 0  

𝜙𝑠 =
1

2𝑠
 b2𝑠Φ−𝑠,IRG,  

𝜙−𝑠 =
1

2𝑠 (𝜕′2𝑠Φ−𝑠,IRG − 3𝑀𝛿𝑠,2𝜁−2𝑠ℒ𝜉Φ−𝑠,IRG)  

2𝑠𝜁‾2𝑠 b′2𝑠𝜁2𝑠𝜙𝑠 = [𝜁‾2𝑠𝜕2𝑠𝜁2𝑠𝜕′2𝑠 − 9𝛿𝑠,2𝑀2𝜁‾2𝑠ℒ𝜉
2𝜁‾−2𝑠]Φ−𝑠,IRG  

𝐴𝑠: 𝐶
∞(ℳ; ℬ(𝑠, −𝑠)) → 𝐶∞(ℳ; ℬ(𝑠, −𝑠))

𝐴𝑠𝑓: = [𝜁‾2𝑠𝛾2𝑠𝜁2𝑠𝛾′2𝑠 − 9𝛿𝑠,2𝑀2ℒ𝜉
2]𝑓, 𝑓 ∈ 𝐶∞(ℳ; ℬ(𝑠, −𝑠))

𝐴̃𝑠: 𝐶
∞(ℳ; ℬ(𝑠, 𝑠)) → 𝐶∞(ℳ; ℬ(𝑠, 𝑠))

𝐴̃𝑠𝑓: = [𝛾2𝑠𝜁‾2𝑠𝛾′2𝑠𝜁2𝑠 − 9𝛿𝑠,2𝑀2ℒ𝜉
2]𝑓, 𝑓 ∈ 𝐶∞(ℳ; ℬ(𝑠, 𝑠))

 

𝐴𝑠: Γ(ℬ(𝑠, −𝑠)) → Γ(ℬ(𝑠, −𝑠)) and 𝐴̃𝑠: Γ(ℬ(𝑠, 𝑠)) → Γ(ℬ(𝑠, 𝑠)) 

𝐴𝑠, 𝐴̃𝑠: Γ(ℬ(𝑠)|MI
) → Γ(ℬ(𝑠)|MI

 ) 

𝐴̃𝑠 = 𝐴𝑠 =
1

22𝑠 [ℒ−𝑠+1
+ ℒ−𝑠+2

+ … ℒ𝑠
+ℒ−𝑠+1

− ⋯ ℒ𝑠
− − 144𝛿𝑠,2𝑀2ℒ𝜉

2]  

ℒ𝑛
± = 𝜕𝜃 ± 𝑖 (𝑎sin 𝜃𝜕𝑡 +

1

sin 𝜃
𝜕𝜑) + 𝑛cot 𝜃 ⋃ 𝜚2𝑇−𝑠  

𝐴𝑠𝐸−𝑠
± 𝑓 = 𝐸−𝑠

± 𝜚−2𝐴𝑠𝜚
2𝑓, 𝑓 ∈ Γ𝑐(ℬ(𝑠, −𝑠)) 

Γ(ℬ(𝑠, ±𝑠)|MI
 ) with Γ(ℬ(𝑠)|MI

, and 𝐶∞ (ℝ𝑡∗ × (𝑟+, ∞)𝑟; Γ(ℬ𝑠
𝕊2

)) 

𝐻4𝑠 (ℝ𝑡∗; 𝐻[𝑠]
4𝑠(𝕊2)) 

𝑟0 ∈ (𝑟+, ∞) 
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𝑎𝑠(𝜔): = 𝑒𝑖𝜔𝑡∗
𝐴𝑠𝑒

−𝑖𝜔𝑡∗
: 𝐻[𝑠]

𝑚+4𝑠(𝕊2) → 𝐻[𝑠]
𝑚 (𝕊2)  

𝜙𝑠 ∈ Γ𝑠𝑐(ℬ(𝑠, 𝑠)) 

𝑇𝑠𝜙𝑠 = 0, and if 𝐴̃𝑠𝜙𝑠 = 0, then 𝜙𝑠 = 0 

𝜙−𝑠 ∈ Γ𝑠𝑐(ℬ(𝑠, −𝑠)) 

𝑇−𝑠𝜙𝜙−𝑠 = 0 

𝐴𝑠𝜙−𝑠 = 0, then 𝜙−𝑠 = 0 

 

Γ(ℬ(𝑠, ±𝑠)) 

𝐶∞(ℝ𝑡∗ × (0, 𝑟+
−1)𝑥; ℬ𝑠

𝕊2
) 

𝜙 ∈ 𝐶∞(ℝ𝑡∗ × [0, 𝑟+
−1)𝑥; ℬ𝑠

𝕊2
) 

lim
𝑥→0

 (𝐴𝑠𝜙)(𝑡∗, 𝑥, 𝜃, 𝜑∗) = 𝐴𝑠 (lim
𝑥→0

 𝜙(𝑡∗, 𝑥, 𝜃, 𝜑∗))  

[𝜁‾2𝑠𝜕(𝑠−1,−𝑠) … 𝜕(−𝑠,−𝑠)𝜁
2𝑠𝜕(−𝑠+1,−𝑠)

′ … 𝜕(𝑠,−𝑠)
′ − 9𝛿𝑠,2𝑀2ℒ𝜉,(𝑠,−𝑠)

2 ] 

𝜕(𝑠,𝑤)  =
1

√2
[
1

𝜁‾
ℒ−𝑠

+ + (𝑤 − 𝑠)𝜕𝜃𝜁‾−1]

𝜕(𝑠,𝑤)
′  =

1

√2
[
1

𝜁
ℒ𝑠

− + (𝑤 + 𝑠)𝜕𝜃𝜁−1]

 

𝜕′𝜕′𝜁‾2𝜕𝜕𝜁2𝜙−1 = [𝒮1
′2 + ℒ𝜂ℒ𝜉]𝜙−1 

𝜓−1 = 𝜁2𝜙−1 

𝜁2𝜕′𝜕′𝜁‾2𝜕𝜕𝜓−1 = [𝜁2𝒮1
′2𝜁−2 + ℒ𝜂ℒ𝜉]𝜓−1 

𝜁 ∝ Ψ2
−1/3

 

𝐴1𝜓−1 = [𝒮−1

2
+ ℒ𝜂ℒ𝜉] 𝜓−1 

𝒮−2  =
1

2
(

1

sin 𝜃
𝜕𝜃sin 𝜃𝜕𝜃 +

1

sin2 𝜃
𝜕𝜑

2 + 𝑎2sin2 𝜃𝜕𝑡
2 + 2𝑎𝜕𝑡𝜕𝜑

−4i𝑎cos 𝜃𝜕𝑡 + 4i
cos 𝜃

sin2 𝜃
𝜕𝜑 − 4cot2 𝜃 + 2) ,

 

 8𝜕𝑡 = ℒ𝜉 and 𝜕𝜑 =
1

𝑎
ℒ𝜂 − 𝑎ℒ𝜉 

𝒮−𝑠 = 𝒮𝑠 + 2𝑠  
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𝜁‾4𝜕4𝜁4𝜕′4 ∫ 𝒮−2, 𝜕𝑡 𝜕𝜑 

𝜕𝜃
2 = 2𝒮−2 + 𝐺 

𝐴2 =18𝑎3𝜕𝜑𝜕𝑡
3 + 9𝑎4𝜕𝑡

4 + 2𝑎𝜕𝜑𝜕𝑡(𝒮−2 − 2)(5𝒮−2 − 13) + (6 − 5𝒮−2 + 𝒮−2

2
)

2

 +𝑎2𝜕𝑡
2 (9𝜕𝜑

2 + 2(𝒮−2 − 2)(5𝒮−𝑠 − 7)) − 9𝑀2𝜕𝑡
2

 

𝐴𝑠𝐸−𝑠

±
𝑓 = 𝐸−𝑠

±
𝑇−𝑠𝐴𝑠𝐸−𝑠

±
𝑓 = 𝐸−𝑠

±
𝜚−2𝐴𝑠𝜚

2𝑇−𝑠𝐸−𝑠

±
𝑓 = 𝐸−𝑠

±
𝜚−2𝐴𝑠𝜚

2𝑓, 

𝜎4𝑠(𝑎𝑠(𝜔)) = 2−2𝑠 (𝜉𝜃
2 +

𝜉𝜑
2

sin2 𝜃
)

2𝑠

 

𝑒𝑖𝜔𝑡∗
𝒮𝑠𝑒

−𝑖𝜔𝑡∗
: Γ(ℬ𝑠

𝕊2
) → Γ(ℬ𝑠

𝕊2
) 

𝑒𝑖𝑚𝜑∗
𝑆𝑚ℓ

[𝑠],(𝑎𝜔)
(𝜃) with 𝑚 ∈ ℤ and ℓ ≥ max{|𝑚|, 𝑠} 

{𝑒𝑖𝑚𝜑𝑆𝑚ℓ
[𝑠],(𝑎𝜔)

(𝜃)}
𝑚,ℓ

 form an orthonormal basis of 𝐻[𝑠]
𝑛 (𝕊2) 

𝜔 ∈ ℝ {𝑒𝑖𝑚𝜑𝑆𝑚ℓ
[𝑠],(𝑎𝜔)

(𝜃)}
𝑚,ℓ

⨂𝐻[𝑠]
𝑛 (𝕊2) 

𝑎𝑠(𝜔)𝑒𝑖𝑚𝜑𝑆𝑚ℓ
[𝑠],(𝑎𝜔)

(𝜃) = 𝑁(𝑠, 𝜔, 𝑚, ℓ)𝑒𝑖𝑚𝜑𝑆𝑚ℓ
[𝑠],(𝑎𝜔)

(𝜃) 

𝑁(1, 𝜔, 𝑚, ℓ) > 0 and 𝑁(2, 𝜔, 𝑚, ℓ) > 9𝑀2𝜔2 

𝜙𝑠 ∈ Γ𝑠𝑐(ℬ(𝑠, 𝑠)) 

𝐴̃𝑠𝜙𝑠 = 0 

𝛿 < 𝑟+ − 𝑟−, let 𝑟0 ∈ (𝑟+ − 𝛿, 𝑟+) ∪ (𝑟+, ∞) 

𝑇𝑠𝜙𝑠 = (𝑡, 𝜑) → (−𝑡, −𝜑) 

𝑟0, 𝜙𝑠|𝑟0
⋎ 𝐴̃𝑠𝜙𝑠|𝑟0

⋎ 𝐿2 (ℝ𝑡; Γ(ℬ𝑠
𝕊2

)) 

𝜔 = (𝜃, 𝜑) 

0 = ∫  
ℝ𝑡

 ∫  
𝕊2

 𝜙𝑠(𝑟0, 𝑡, 𝜔)𝐴̃𝑠𝜙𝑠(𝑟0, 𝑡, 𝜔)d2𝜔 d𝑡 = ∫  
ℝ𝑘

 ∫  
𝕊2

  𝜙̂𝑠(𝑟0, 𝑘, 𝜔)𝑎𝑠(𝑘)𝜙̂𝑠(𝑟0, 𝑘, 𝜔)d2𝜔 d𝑘

 = ∫  
ℝ𝑘

 ∑  

𝑚,ℓ

  |𝜙̂𝑠,𝑚,ℓ(𝑟0, 𝑘)|
2
𝑁(𝑠, 𝑘, 𝑚, ℓ)d𝑘

 

(𝑒𝑖𝑚𝜑𝑆𝑚ℓ
(𝜈)

(𝜃)) ⋇ 𝜙̂𝑠,𝑚,ℓ(𝑟0, 𝑘) ≠ 0 

∫  
ℝ𝑘

∑  

𝑚,ℓ

|𝜙̂𝑠,𝑚,ℓ(𝑟0, 𝑘)|
2
𝑁(𝑠, 𝑘, 𝑚, ℓ)𝑑𝑘 > 0 
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[𝐴𝑠, 𝜕𝑥] = [𝐴̃𝑠, 𝜕𝑥] = 0  

𝐵𝑠: Γ(ℬ(𝑠, 𝑠)) → Γ(ℬ(𝑠, −𝑠)), 𝜙𝑠 ↦ 𝜁‾2𝑠 b′2𝑠𝜁2𝑠𝜙𝑠  

Sol𝑠,𝑝(ℳ): = {(𝜙𝑠, 𝜙−𝑠) ∈ Sol𝑠(ℳ): 𝜙−𝑠 ∈ Ran(𝐴𝑠) and 𝜙−𝑠 = 𝐵𝑠𝜙𝑠}  

Ker(𝑇−𝑠) ⊂ Γ𝑠𝑐(ℬ(𝑠, −𝑠)) 

 

𝒮1,𝑝(ℳ)⨀(𝐹𝑙𝑚, 2−1𝐴1Φ1, IRG ) ⊖ 𝒮2,𝑝(ℳ)𝐶lmlm ⊘ 2−2𝐴2Φ2, IRG  

Φ−𝑠, IRG ∈ Ker𝑠𝑐(𝑇−𝑠) 

𝜙±𝑠 ∈ Ker𝑠𝑐(𝑇±𝑠) 

𝜙 = (𝜙𝑠, 𝜙−𝑠) ∈ Sol𝑠,𝑝(ℳ) 

𝑝2𝑠𝐴𝑠𝜙−𝑠 = 𝐴̃𝑠𝑝
2𝑠𝜙−𝑠

𝐴𝑠𝐵𝑠𝜙𝑠 = 𝐵𝑠𝐴̃𝑠𝜙𝑠

𝐴̃𝑠
−1𝑝2𝑠𝜙−𝑠 = 𝑝2𝑠𝐴𝑠

−1𝜙−𝑠

 

( 𝜙𝑠, 𝜙−𝑠 )⋆ 𝜙−𝑠 = 𝐵𝑠𝜙𝑠 

𝐵𝑠𝐴̃𝑠𝜙𝑠 = 𝜁‾2𝑠 b′2𝑠𝜁2𝑠p2𝑠𝜁‾2𝑠p′2𝑠𝜁2𝑠𝜙𝑠 = 𝜁‾2𝑠p′2𝑠𝜁2𝑠p2𝑠𝐵𝑠𝜙𝑠 = 𝐴𝑠𝐵𝑠𝜙𝑠 

p2𝑠𝐴𝑠𝜙−𝑠 = p2𝑠𝜁‾2𝑠p′2𝑠𝜁2𝑠p2𝑠𝜙−𝑠 

𝜙 ∈ Sol𝑠,𝑝(ℳ) 

p2𝑠𝜙−𝑠 = 𝐴̃𝑠𝜙𝑠 

p2𝑠𝜙−𝑠 ∈ Ker𝑠𝑐(𝑇𝑠) 

p2𝑠𝐴𝑠𝜙−𝑠 = p2𝑠𝜁‾2𝑠p′2𝑠𝜁2𝑠p2𝑠𝜙−𝑠 = 𝐴̃𝑠 b2𝑠𝜙−𝑠. 

b2𝑠𝜙−𝑠 = 𝐴̃𝑠𝜙𝑠, and 𝜙−𝑠 = 𝐵𝑠𝜙𝑠 

𝐴̃𝑠
−1 b2𝑠𝜙−𝑠 = 𝜙𝑠 = 2−𝑠p2𝑠Φ−𝑠,𝐼𝑅𝐺 = b2𝑠𝐴𝑠

−1𝜙−𝑠. 

𝒯𝑠,𝑠𝑐(ℳ) ∶= {𝜙 ∈ Γ𝑠𝑐(ℬ(𝑠, 𝑠)): 𝑇𝑠𝜙 = 0}

𝒯−𝑠,𝑠𝑐(ℳ) ∶= {𝜙 ∈ Γ𝑠𝑐(ℬ(𝑠, −𝑠)): 𝑇−𝑠𝜙 = 0}
 

𝜓−𝑠 ↦ (𝑏2𝑠𝜓−𝑠, 𝐴𝑠𝜓−𝑠) 

𝒯−𝑠,𝑠𝑐(ℳ) ⊠ Sol𝑠,𝑝(ℳ) 

Sol𝑠,𝑝(ℳ), if 𝜙 = (𝜙𝑠, 𝜙−𝑠) ∈ Sol𝑠,𝑝(ℳ) 
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𝜓−𝑠 ∈ 𝒯−𝑠,𝑠𝑐(ℳ) so that 𝜙−𝑠 = 𝐴𝑠𝜓−𝑠 

𝐴̃𝑠𝜙𝑠 = p2𝑠𝜙−𝑠 = p2𝑠𝐴𝑠𝜓−𝑠 = 𝐴̃𝑠p
2𝑠𝜓−𝑠 

𝜙𝑠 ∈ 𝑇̃𝑠,𝑠𝑐 

𝜙−𝑠 = 𝐵𝑠𝜙𝑠 

{(𝜙𝑠, 𝜙−𝑠) ∈ Sol𝑠(ℳ): 𝜙𝑠 ∈ Ran(𝐴̃𝑠) and 𝜙𝑠 = p2𝑠𝜙−𝑠} 

𝜙𝑠, 𝜙−𝑠 ⋄ 2−1𝐴̃1Φ̃𝑠, ORG , 𝜁
2𝐹𝑚‾ 𝑛 ≀ (2−2𝐴̃2Φ̃𝑠,ORG, 𝜁4𝐶𝑚‾ 𝑛𝑛𝑛) 

𝜙𝑠  =
1

2𝑠 (𝜕2𝑠𝜁‾2𝑠Φ̃𝑠,ORG + 3𝑀𝛿𝑠,2ℒ𝜉Φ̃𝑠,ORG)

𝜙−𝑠  =
1

2𝑠
 b2𝑠𝜁‾2𝑠Φ̃𝑠,ORG

 

𝑇𝑠𝜙𝑠 = 𝑇𝑠
′𝜙−𝑠 = 𝒯𝑠,𝑠𝑐(ℳ) 

d𝑣𝑜𝑙𝑏/𝑠𝑐(𝑥) on 𝒩 

𝑥 = (𝑥0, 𝑥′), 𝑥0 ≥ 0, 𝑥′ ∈ ℝ𝑛−1, with 𝑥0 = 0 

d𝑣𝑜𝑙𝑏 = |
d𝑥0 d𝑥′

𝑥0
| and d𝑣𝑜𝑙𝑠𝑐 = |

d𝑥0 d𝑥′

𝑥0
𝑛+1 | 

𝑚𝑥(𝑢, 𝑢) =: |𝑢|𝑥
2 

⟨𝑢, 𝑣⟩ = ∫  
𝒩

 𝑚𝑥(𝑢, 𝑣)d𝑣𝑜𝑙𝑏/𝑠𝑐(𝑥)  

𝑎0(𝑥)𝑥0𝜕𝑥0
+ ∑  

𝑛−1

𝑖=1

 𝑎𝑖(𝑥)𝜕𝑥𝑖
 

(𝑎𝑖)𝑖=0
𝑛−1 ∫  𝑏𝑇∗𝒩 ∫  𝑠𝑐𝑇𝒩 

𝑥0𝑍 for 𝑍 ∈ Γ( 𝑏𝑇𝒩) 

Diff𝑏/𝑠𝑐
𝑚 (𝐸) ⋈ {id𝐸} ∪ {Θ𝑋1…Θ𝑋𝑗

, 𝑗 ≤ 𝑚, 𝑋𝑖 ∈ Γ( 𝑏/𝑠𝑐𝑇𝒩)} 

Diff𝑏/𝑠𝑐
𝑚 (𝐸)⨂(𝑍𝑖)𝑖=1

𝑛 ∲ Γ( 𝑏/𝑠𝑐𝑇𝒩)∳ 𝐶∞(𝒩) ⋐ d𝑣𝑜𝑙𝑏/𝑠𝑐 ⋑ 𝐻𝑏/𝑠𝑐
0 (𝐸) ≬ 𝐿𝑏/𝑠𝑐

2 (𝐸) 

𝐻𝑏/𝑠𝑐
𝑟 (𝐸)⨂Γ𝑐(𝐸|𝒩0) 

‖𝑢‖
𝐻𝑏/𝑠𝑐

𝑟+1
2 : = ‖𝑢‖𝐻𝑏/𝑠𝑐

𝑟
2 + ∑  

𝑛

𝑖=1

 ‖Θ𝑍𝑖
𝑢‖

𝐻𝑏/𝑠𝑐
𝑟

2
 

‖𝑢‖𝑏/𝑠𝑐
𝑚 = sup

𝑥∈𝒩,|𝛼|≤𝑚
 |Θ𝑍1

𝛼1 … Θ𝑍𝑛

𝛼𝑛𝑢|
𝑥

 



pág. 8753 

𝐻‾𝑏/𝑠𝑐
𝑚,𝜇

= 𝑥0
𝜇
𝐻‾𝑏/𝑠𝑐

𝑚
 

‖𝑢‖
𝐻𝑏/𝑠𝑐,ℎ

𝑟+1
2 : = ‖𝑢‖𝐻𝑏/𝑠𝑐,ℎ

𝑟
2 + ∑  

𝑛

𝑖=1

 ‖ℎΘ𝑍𝑖
𝑢‖

𝐻𝑏/𝑠𝑐,ℎ
𝑟

2
 

ℝ𝔱 × [0,
1

𝑟+ − 𝜖
)

𝑥

× ℬ𝑠
𝕊2

 

𝐶∞(ℝ𝑡 ×(𝑟+ − 𝜖, ∞); Γ(ℬ𝑠
𝕊2

) 

𝒟′(ℬ(𝑠)) and 𝒟′ (ℝ𝑡 × (𝑟+ − 𝜖, ∞), 𝒟′(ℬ𝑠
𝕊2

)) 

𝑢: Γ𝑐(𝐸#) → ℂ 

𝑋 = (𝑟+ − 𝜖, ∞)𝑟 × 𝕊𝜃,𝜑
2  and 𝑋‾: = [0,

1

𝑟+−𝜖
)

𝑥
× 𝕊𝜃,𝜑

2  

d𝑣𝑜𝑙𝑏 =
d𝑥 d2𝜔

𝑥
 

d𝑣𝑜𝑙𝑠𝑐 =
d𝑥 d2𝜔

𝑥4
 

Γ𝑐 ((0,
1

𝑟+ − 𝜖
)

𝑥

× ℬ𝑠
𝕊2

) 

⟨𝑢, 𝑣⟩𝑏/𝑠𝑐 = ∫  
𝑋

  m𝜔(𝑢(𝑥, 𝜔), 𝑣(𝑥, 𝜔))d𝑣𝑜𝑙𝑏/𝑠𝑐(𝑥, 𝜔)  

𝐿𝑏/𝑠𝑐
2 ((0,

1

𝑟+ − 𝜖
)

𝑥

× ℬ𝑠
𝕊2

) ∧ Γ𝑐 ((0,
1

𝑟+ − 𝜖
)

𝑥

× ℬ𝑠
𝕊2

) 

Θ𝜕𝜑
= 𝜕𝜑 + 𝑖𝑠cos 𝜃, Θ𝜕𝜃

= 𝜕𝜃, Θ𝜕𝑥
= 𝜕𝑥 

Θ𝑎 = ∇𝑎 − 2𝑠𝑤𝑎 , 𝑤𝑎 =
1

2
(𝑛𝑏∇𝑎𝑙𝑏 + 𝑚𝑏∇𝑎𝑚‾ 𝑏) 

𝜈 = 𝜕𝑟, 𝜈 = 𝜕∗𝑡, 𝜈 = 𝜕∗𝜑, and 𝜈 = 𝜕𝜃 

𝑆𝑚,𝑙(ℝ𝑧
𝑛 × ℝ𝜉

𝑛; ℂ) 

𝑎 ∈ 𝐶∞(ℝ𝑧
𝑛 × ℝ𝜉

𝑛; ℂ) 

 

∀𝛼, 𝛽 ∈ ℕ𝑛∃𝐶𝛼𝛽 > 0: |𝜕𝑧
𝛼𝜕𝜉

𝛽
𝑎(𝑦, 𝜉)| ≤ 𝐶𝛼𝛽⟨𝑧⟩𝑙−|𝛼|⟨𝜉⟩𝑚−|𝛽|.  

(𝑚, 𝑙), 𝑆ℎ
𝑚,𝑙(ℝ𝑧

𝑛 × ℝ𝜉
𝑛; ℂ) 
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(𝑢ℎ)ℎ∈[0,1) ∈ 𝐶∞ ([0,1)ℎ; 𝑆𝑚,𝑙(ℝ𝑧
𝑛 × ℝ𝜉

𝑛; ℂ)) 

𝑢ℎ ∈ 𝑆𝑚,𝑙(ℝ𝑧
𝑛 × ℝ𝜉

𝑛; ℂ) 

𝑆−∞,−∞ =∩𝑚,𝑙 𝑆𝑚,𝑙 and 𝑆ℎ
−∞,−∞ =∩𝑚,𝑙 𝑆ℎ

𝑚,𝑙
 

𝑝 ∈ 𝑆𝑚,𝑙(ℝ𝑧
𝑛 × ℝ𝜉

𝑛; ℂ) 

𝜙 ∈ 𝐶0
∞(ℝ𝑛; ℂ) 

𝑂𝑝(𝑝)𝜙(𝑧) = (2𝜋)−𝑛 ∫  𝑒i𝜉(𝑧−𝑧′)𝑝(𝑧, 𝜉)𝜙(𝑧′)d𝑛𝑧′d𝑛𝜉  

𝑂𝑝ℎ(𝑝ℎ) ∨ 𝑝ℎ ∈ 𝑆ℎ
𝑚,𝑙(ℝ𝑧

𝑛 × ℝ𝜉
𝑛; ℂ) 

𝑂𝑝ℎ(𝑝ℎ)𝑢(𝑦) = (2𝜋ℎ)−𝑛 ∫  𝑒iℎ−1𝜉(𝑧−𝑧′)𝑝ℎ(𝑧, 𝜉)𝑢(𝑧′)d𝑛𝑧′d𝑛𝜉  

Ψ𝑚,𝑙(ℝ𝑛), Ψℎ
𝑚,𝑙(ℝ𝑛) 

𝑥 =
1

𝑟
. ℝ

𝑛
 

𝜁𝑑𝑧 = 𝜏
𝑑𝑥

𝑥2
+ 𝜇

𝑑𝜔

𝑥
 

𝜏 = −𝜔 ⋅ 𝜁, 𝜇 = 𝜁 − (𝜔 ⋅ 𝜁)𝜔  

𝜁 = −𝜏𝜔 + 𝜇, 𝜇 ⋅ 𝜔 = 0  

|𝜁|2 = 𝜏2 + |𝜇|2 

|𝑉1 … 𝑉𝑘𝜕(𝜏,𝜇)
𝛽

𝑎| ≲ 𝑥−𝑙+𝑘⟨(𝜏, 𝜇)⟩𝑚−|𝛽|  

𝑆𝑚,𝑙( 𝑠𝑐𝑇∗ℝ𝑛) ∏ 𝑆ℎ
𝑚,𝑙( 𝑠𝑐𝑇∗ℝ𝑛)⨁Ψ𝑠𝑐

𝑚,𝑙(𝑋‾; ℂ) 

𝑆𝑚,𝑙( 𝑠𝑐𝑇∗𝑋‾; ℂ) ∐ 𝑆ℎ
𝑚,𝑙( 𝑠𝑐𝑇∗𝑋‾; ℂ) ⊕ Ψ𝑠𝑐,ℎ

𝑚,𝑙 (𝑋‾; ℂ) 

𝐸: = |0,
1

𝑟+ − 𝜖
⟩
𝑥

× ℬ𝑠
𝕊2

 

𝐴: Γ𝑐(𝐸) → 𝒟′(𝐸) 

𝜒1𝐴𝜒2 ∈ Ψ𝑠𝑐
𝑚,𝑙(𝑋‾; ℂ) 

𝜋:  𝑠𝑐𝑇∗𝑋‾ → 𝑋‾ 

𝜎𝑚(𝐴) ∈ 𝑆𝑚,𝑙/𝑆𝑚−1,𝑙−1( 𝑠𝑐𝑇∗𝑋‾; 𝜋∗Hom(E)) 

(𝑦, 𝜉) ∈  𝑠𝑐𝑇∗𝑋‾ ⊒ Hom(𝐸𝑦) 



pág. 8755 

𝑆𝑚,𝑙( 𝑠𝑐𝑇∗𝑋‾; 𝜋∗Hom(E)) ⊛ 𝑆𝑚,𝑙( 𝑠𝑐𝑇∗𝑋‾; 𝜋∗Hom(E)) 

Ψ𝑠𝑐,ℎ
𝑚,𝑙 (𝐸) ∩ (𝐴ℎ)ℎ∈[0,1) ∪ 𝐶𝑐

∞(𝐸)⨄𝒟′(𝐸)⨃Ψ𝑠𝑐
𝑚,𝑙∑(𝑋‾; ℂ)∫ Ψ𝑠𝑐,ℎ

𝑚,𝑙 (𝑋‾; ℂ) 

Ψ𝑠𝑐,𝑐
𝑚,𝑙(𝐸)⨂((𝑟+ − 𝜖 + 𝜂, ∞) × 𝕊2)

2
 

0 < 𝜂 < 𝜖. Ψ𝑠𝑐,ℎ,𝑐
𝑚,𝑙

 

𝑃 ∈ Ψ𝑠𝑐
𝑚,𝑙(𝐸) 

𝑝 ∈ 𝑆𝑠𝑐
𝑚,𝑙/𝑆𝑠𝑐

𝑚−1,𝑙−1
 

𝑞 ∈ 𝑆𝑠𝑐
−𝑚,−𝑙/𝑆𝑠𝑐

−𝑚−1,−𝑙−1
 

𝑆𝑠𝑐
0,0/𝑆𝑠𝑐

−1,−1
 

(𝑥, 𝑘) ∈  𝑠𝑐𝑇∗𝑋‾ ∖ 0 

𝑃 ∈ Ψ𝑠𝑐
𝑚,𝑙(𝐸) 

𝑝 ∈ 𝑆𝑠𝑐
𝑚,𝑙/𝑆𝑠𝑐

𝑚−1,𝑙−1
 

(𝑥, 𝑘) ∈  𝑠𝑐𝑇̇∗𝑋‾ 

𝑞 ∈ 𝑆𝑠𝑐
−𝑚,−𝑙/𝑆𝑠𝑐

−𝑚−1,−𝑙−1  ≎ Char(𝑃) 

(𝑥, 𝑘) ∈  𝑠𝑐𝑇̇∗𝑋‾ 

𝐴 ∈ Ψ𝑠𝑐,𝑐
0,0 (𝐸) with (𝑥, 𝑘) ∈ Ell(𝐴) such that 𝐴𝑃 ∈ Ψ𝑠𝑐,𝑐

−∞,−∞(𝐸) 

𝑃 ∈ Ψ𝑠𝑐,ℎ
𝑚,𝑙 (𝐸) 

𝑝 ∈ 𝑆𝑠𝑐
𝑚,𝑙/ℎ𝑆𝑠𝑐

𝑚−1,𝑙−1
 

𝑞 ∈ 𝑆𝑠𝑐
−𝑚,−𝑙/ℎ𝑆𝑠𝑐

−𝑚−1,−𝑙−1
 

𝑆𝑠𝑐
0,0/ℎ𝑆𝑠𝑐

−1,−1
 

(𝑥, 𝑘) ∈  𝑠𝑐𝑇∗𝑋‾ 

𝑃 ∈ Ψ𝑠𝑐,ℎ
𝑚,𝑙 (𝐸) 

𝑝 ∈ 𝑆𝑠𝑐
𝑚,𝑙/ℎ𝑆𝑠𝑐

𝑚−1,𝑙−1
 

𝑞 ∈ 𝑆𝑠𝑐
−𝑚,−𝑙/ℎ𝑆𝑠𝑐

−𝑚−1,−𝑙−1
 

𝑝𝑞 = 𝑞𝑝 = [𝑔] with 𝑔 = 1 

 𝑠𝑐𝑇∗𝑋‾ ∫ Ellℎ(𝑃) ∫ Charℎ(𝑃) 
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(𝑥, 𝑘) ∈  𝑠𝑐𝑇∗𝑋‾ 

𝑃 ∈ Ψ𝑠𝑐,ℎ
𝑚,𝑙 (𝐸) 

𝐴 ∈ Ψ𝑠𝑐,ℎ
0,0 (𝐸) with (𝑥, 𝑘) ∈ Ellℎ(𝐴) such that 𝐴𝑃 ∈ ℎ∞Ψ𝑠𝑐,ℎ

−∞,−∞(𝐸) 

𝑇𝑠𝜙𝑠 = 𝑓𝑠  

Γ(ℬ(𝑠, 𝑠)) and 𝐶∞ (ℝ𝔱 × (𝑟+ − 𝜖, ∞); Γ(ℬ𝑠
𝕊2

)) 

(𝑙𝑀 , 𝑛𝑀, 𝑚𝑀) = (Δ𝑙𝐾 , Δ−1𝑛𝐾 , 𝑚𝐾)  

𝜙𝑠 ∈ Γ(ℬ(𝑠, 𝑠)) 

𝐶∞ (ℝ𝑡 × [0,
1

𝑟+ − 𝜖
) ; Γ(ℬ𝑠

𝕊2
)) 

𝑇𝑠
𝐾𝜙𝑠

𝐾 = 𝑓𝑠
𝐾  

𝐶0
∞ (ℝ𝔱 × (𝑟+, ∞); Γ(ℬ𝑠

𝕊2
)) 

𝜓: (𝑡, 𝜑) ↦ (−𝑡, −𝜑) 

𝑇𝑠
𝐾𝜙𝑠

𝐾 to 𝑇−𝑠
𝑀2𝑠𝜁2𝑠𝜙−𝑠

𝑀 , where 𝜙−𝑠 is defined as 𝜙−𝑠 = 𝜄 ∘ Ψ(𝑠,𝑠)
∗ 𝜙𝑠 

𝜙̃−𝑠
𝑀 = 2𝑠𝜁2𝑠𝜙−𝑠

𝑀  

𝑇−𝑠
𝑀𝜙̃−𝑠

𝑀 = 𝑓−𝑠
𝑀.  

𝜙−𝑠
𝑀 ∬ 𝜙𝑠

𝐾𝑧 = ∭ √
2

Δ
𝜁 

𝜙−𝑠(𝑥)  = 𝜄 ∘ Ψ∗[(𝑙𝐾 , 𝑛𝐾 , 𝑚𝐾), 𝜙𝑠(𝑥)] = [(𝑙𝐾 , 𝑛𝐾 , 𝑚𝐾)𝑧−2, 𝜙𝑠(𝜓
−1𝑥)]

 = [(𝑙𝑀 , 𝑛𝑀, 𝑚𝑀), 𝜁−2𝑠2−𝑠𝜙𝑠(𝜓
−1𝑥)]

 

𝜙−𝑠
𝑀 (𝑥) = 𝜁−2𝑠2−𝑠𝜙𝑠

𝐾(𝜓−1𝑥) 

𝜙̃−𝑠
𝑀 (𝑥) = 𝜙𝑠

𝐾(𝜓−1𝑥) 

𝑓−𝑠
𝑀(𝑥) = 𝜁−2𝑠2−𝑠𝑓𝑠

𝐾(𝜓−1𝑥) 

‖𝜙𝑠
𝐾‖

𝐻‾𝑏
𝑚,𝑙([0,

1
𝑟+−𝜖

)×ℬ𝑠
2)

= ‖𝜙̃−𝑠
𝑀 ‖

𝐻‾𝑏
𝑚,𝑙([0,

1
𝑟+−𝜖

)×ℬ𝑠
2)

𝐶−1‖𝑓−𝑠
𝑀‖

𝐻‾𝑏
𝑚,𝑙([0,

1
𝑟+−𝜖

)×ℬ−𝑠
2 )

≤ ‖𝑓𝑠
𝐾‖

𝐻‾𝑏
𝑚,𝑙

([0,
1

𝑟+−𝜖
))×ℬ𝑠

2
)

 ≤ 𝐶‖𝑓−𝑠
𝑀‖

𝐻‾𝑏
𝑚,𝑙([0,

1
𝑟+−𝜖

)×ℬ−𝑠
𝕊2

)
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𝐻‾𝑏
𝑚,𝑙 ([0,

1

𝑟+ − 𝜖
) × ℬ∓𝑠

𝕊2
) 

Σ𝔱0

𝐾/𝑀
= {𝔱𝐾/𝑀 = 𝔱0} 

𝜓|
Σ−𝔱0

𝐾 ∖ Σt0

𝑀 

𝑇̂𝑠(𝜎)𝜙̂𝑠
𝐾(𝜎) = 𝑓𝑠

𝐾(𝜎) ⇔ 𝑇𝑠
𝐾𝑒𝑖𝜎𝔱𝐾𝜙̂𝑠

𝐾(𝜎) = 𝑒𝑖𝜎𝔱𝐾𝑓𝑠
𝐾(𝜎),. 

𝑒𝑖𝜎𝔱𝑀𝑇−𝑠
𝑀2𝑠𝜁2𝑠𝑒−𝑖𝜎𝔱𝑀𝜙̂−𝑠

𝑀 (𝜎) = 𝑓−𝑠
𝑀(𝜎) ⇔ 𝑇̂−𝑠

𝑀(−𝜎)𝜙̂̃−𝑠
𝑀 (𝜎) = 𝑓−𝑠

𝑀(𝜎) 

𝑇̂−𝑠
𝑀(−𝜎)⨁(𝔩, 𝔫, 𝔪) 

𝜙𝑠 ∈ Γ(ℬ(𝑠, 𝑠)) 

𝐶∞ (ℝ𝑈 × ℝ𝑉; Γ(ℬ𝑠
𝕊2

)) by 𝜙𝑠
𝑈 ∭ 𝑇̂𝑠,ℎ

𝑀 (𝑧) 

𝑇̂𝑠,ℎ(𝑧) = ℎ2𝑇̂𝑠(ℎ
−1𝑧), 𝑧 =

𝜎

|𝜎|
, ℎ = |𝜎|−1 

0 ≤ Im𝑧 ≤ 𝐶ℎ 

𝑧 − 𝑧0 = 𝒪(ℎ) 

𝑝ℎ(𝜉) = −𝜌2𝑔−1(𝜉 − 𝑧0dt) 

𝐻 = 𝐻𝑝ℎ
 

Σ± = 𝑝ℎ
−1{0} ∩ {±(𝜚2𝑧0 + 𝑀𝑟𝜉𝑟) > 0} 

Σℎ = 𝑝ℎ
−1{0} 

𝑈𝐼 = 𝐼 × 𝕊2 

 

𝜉 = 𝜉𝑟 d𝑟 + 𝜁d𝜑∗ + 𝜂d𝜃 

 𝑠𝑐𝑇∗𝑋⋀ 𝑠𝑐𝑇∗𝑋 

𝜌̃ =
1

√𝜉𝑟
2 +

𝜁2

sin2 𝜃
+ 𝜂2

 

𝐻̃ = 𝜌̃𝐻𝑝ℎ
 

Λ+ = {Δ𝑟 = 0, 𝜂 = 0, 𝜁 = 0, 𝜉𝑟 > 0}, 𝐿+ = Λ+ ∩ {𝜌̃ = 0}

Λ− = {Δ𝑟 = 0, 𝜂 = 0, 𝜁 = 0, 𝜉𝑟 < 0}, 𝐿− = Λ− ∩ {𝜌̃ = 0}
 

𝜉 = 𝜉𝑟 d𝑟 + 𝜁d𝜑 + 𝜂d𝜃 
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𝑝ℎ(𝜉) = −𝜌2𝑔−1(𝜉 − 𝑧0 d∗𝑡) 

𝐻̃𝑝ℎ
= 𝑟−1𝐻𝑝ℎ

 

 𝑠𝑐𝑇∗((𝑟+ − 𝜖, ∞] × 𝕊2) 

𝑥 =
1

𝑟
, 𝜉𝑠𝑐 = 𝜉𝑟 , 𝜂𝑠𝑐 =

𝜂

𝑟
, and 𝜁𝑠𝑐 =

𝜁

𝑟
 

ℛ𝑜𝑢𝑡 = {𝜉𝑠𝑐 = 𝜁𝑠𝑐 = 𝜂𝑠𝑐 = 𝑥 = 0}, ℛ𝑖𝑛 = {𝜉𝑠𝑐 = −2𝑧0, 𝜁𝑠𝑐 = 𝜂𝑠𝑐 = 𝑥 = 0} 

𝐼 = (𝑟min , 𝑟max ) 

(𝑟min , 𝑟max ) × 𝕊2 

(𝑟+, ∞) × 𝕊2 

𝐾𝑧0
= Γ+ ∩ Γ− 

𝐵𝜖 = {𝑟 = 𝑟+ − 𝜖} ⊂  𝑠𝑐𝑇‾ ∗((𝑟+ − 2𝜖, ∞] × 𝕊2) 

 𝑠𝑐𝑇∗((𝑟+ −𝜖, ∞] × 𝕊2) 

If 𝛾 ⊂ Σ+, then either 𝛾 ⊂ 𝐿+or 𝛾 is of type ( 𝐿+, 𝐵𝜖 ). 

If 𝛾 ⊂ Σ−, then either 𝛾 ⊂ 𝐿− ∪ 𝐾𝑧0
∪ ℛin ∪ ℛout , or 𝛾 is of type ( ℛout , 𝐿−), 

(ℛout , 𝐾𝑧0
), (ℛout , ℛin ), (𝐵𝜖 , 𝐿−), (𝐵𝜖 , 𝐾𝑧0

), (𝐵𝜖 , ℛin ), (𝐾𝑧0
, 𝐿−), or(𝐾𝑧0

, ℛin ). 

Let 𝑧0 = 1. 

If 𝛾 ⊂ Σ−, then either 𝛾 ⊂ 𝐿−or 𝛾 is of type ( 𝐵𝜖 , 𝐿−). 

If 𝛾 ⊂ Σ+, then either 𝛾 ⊂ 𝐿+ ∪ 𝐾𝑧0
∪ ℛin ∪ ℛout , or 𝛾 is of type ( 𝐿+, 𝐵𝜖 ), 

(𝐿+, 𝐾𝑧0
), (𝐿+, ℛout ), (ℛin , 𝐾𝑧0

), (ℛin , 𝐵𝜖), (ℛin , ℛout ), (𝐾𝑧0
, 𝐵𝜖), or(𝐾𝑧0

, ℛout ). 

 

𝑇̂𝑠
𝐾(𝜎)⨂𝑇̂−𝑠

𝑀(−𝜎) 

Ψ𝑠𝑐,ℎ(,𝑐)
𝑚,𝑙

 for Ψ𝑠𝑐,ℎ(,𝑐)
𝑚,𝑙 ([0,

1

𝑟+−𝜖
)

𝑥
× ℬ𝑠

𝕊2
) 
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𝐵0, 𝐵1, 𝐺 ∈ Ψ𝑠𝑐,ℎ,𝑐
0,0

 

𝑥 ∈ WFℎ(𝐵0) ∩ Σℎ 

𝑒𝑡𝐻𝑝ℎ𝑥 ∈ Ellℎ(𝐵1) and (𝑒𝑠𝐻𝑝ℎ)
𝑠∈[0,𝑡]

𝑥 (resp. (𝑒𝑠𝐻𝑝ℎ)
𝑠∈[𝑡,0]

𝑥 ) 

‖𝐵0𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ ≤ 𝐶𝑁 (ℎ−1‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖
𝐻‾(𝑏),ℎ

𝑟−1,ℓ + ‖𝐵1𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ + ℎ𝑁‖𝑢‖
𝐻‾(𝑏),ℎ

𝑟−𝑁,ℓ) 

𝑢 ∈ 𝒟′ ([0,
1

𝑟+ − 𝜖
)

𝑥

× ℬ𝑠
𝕊2

) 

𝑟 ≥ 𝑟′ >
1

2
− (𝑠 −

1

𝜅+
Im(ℎ−1𝑧)) , ℓ ∈ ℝ. 

𝐴𝑢 ∈ 𝐻‾(𝑏),ℎ
𝑟′,ℓ

 

‖𝐵𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ ≤ 𝐶𝑁 (ℎ−1‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖
𝐻‾(𝑏),ℎ

𝑟−1,ℓ−1 + ℎ𝑁‖𝑢‖
𝐻‾(𝑏),ℎ

−𝑁,ℓ). 

𝐵0, 𝐺 ∈ Ψ𝑠𝑐,ℎ
0,0

 

WFℎ(𝐵0) ∪ WFℎ(𝐺) ⊂ 𝒰, WFℎ(𝐵0) ⊂ Ellℎ(𝐺) 

−𝜂ℎ ≤ Im(𝑧) ≤ 0 

𝑟 + ℓ +
1

2
− 2𝑠 > 0 

𝑢 ∈ 𝐻(𝑏)
𝑟′,ℓ′

 

𝑟′ + ℓ′ +
1

2
− 2𝑠 > 0 

 

‖𝐵0𝑢‖
𝐻(𝑏),ℎ

𝑟,ℓ ≤ 𝐶𝑁 (ℎ−1‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖
𝐻(𝑏),ℎ

𝑟,ℓ−1 + ℎ𝑁‖𝑢‖
𝐻(𝑏),ℎ

−𝑁,ℓ) . 
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𝑧 = 𝑧0 + 𝒪(ℎ) with 𝑧0 ∈ {−1,1}, and let ℓ ∈ ℝ and 𝑟 > 0 

𝐾−𝑧0
, 𝑊𝐹ℎ(𝐵0) ⊂ 𝒰, 𝑊𝐹ℎ(𝐵𝐾) ⊂ 𝒰, and WFℎ(𝐵0) ∩ Σℎ ⊂ Σ−𝑧0

 with either Ellℎ(𝐵0) ∩ Γ+ =

∅(𝑧0 = −1) or Ellℎ(𝐵0) ∩ Γ− = ∅(𝑧0 = 1). 

𝑢 ∈ 𝐻‾(𝑏),ℎ
𝑟,ℓ

 

‖𝐵𝐾𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ ≤ 𝐶𝑁 (ℎ−1‖𝐵0𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ + ℎ−2‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ−1 + ℎ𝑁‖𝑢‖
𝐻‾(𝑏),ℎ

−𝑁,ℓ). 

𝑓𝐾 ∈ 𝐶0
∞ (ℝ𝑡 × (0,

1

𝑟+ − 𝜖
)

𝑥

; Γ(ℬ𝑠
𝕊2

)) 

‖(𝔱𝜕𝔱)
𝑗𝜙𝑠

𝐾‖
𝐻‾𝑏

𝑟,1− ≤ 𝐶⟨𝔱⟩−𝛼
 

𝑡 ↦ −𝑡 and 𝜑 ↦ −𝜑 

𝜓−𝑠
𝑀 = 2𝑠𝜁2𝑠𝜙−𝑠

𝑀  

𝑓𝐾 ∈ 𝐶0
∞ (ℝ𝔱 × (0,

1

𝑟+ − 𝜖
)

𝑥

; Γ(ℬ𝑠
𝕊2

)) 

|(𝔱𝜕𝔱)
𝑗𝜙𝑠

𝐾(𝔱, 𝑥, 𝜔∗)| ≤ 𝐶𝑗|𝔱|
−3−|𝑠|−𝑠 

Σ𝔱0 = 𝔱−1{𝔱0} 

𝑣 = −𝑥𝔱 and 𝜏 = −𝔱−1 

𝒩 = [0,1)𝑣 × [0,1)𝜏 

𝐻‾𝑏
𝑚,𝜇,𝜈

(𝒩 × ℬ𝑠
𝕊2

) = 𝑣𝜇𝜏𝜈𝐻‾𝑏
𝑚(𝒩 × ℬ𝑠

𝕊2
), where 𝐻‾𝑏

𝑚(𝒩 × ℬ𝑠
𝕊2

) is the 𝑏 - Sobolev space 

𝑓𝐾 ∈ 𝐶0
∞ (ℝ𝔱 × (𝑟+ − 𝜖); Γ(ℬ𝑠

𝕊2
)) 

𝜙𝑠
𝐾, rad ∈ 𝐻‾𝑏

∞,(3+𝑠+|𝑠|)−
([0,1)𝜏 × ℬ𝑠

𝕊2
) 

𝜙𝑠
𝐾 − 𝑣𝜙𝑠

𝐾,𝑟𝑎𝑑 ∈ 𝐻‾𝑏
∞,2−,(3+𝑠+|𝑠|)−

(𝒩 × ℬ𝑠
𝕊2

)  

𝑡 → −𝑡 and 𝜑 → −𝜑 

𝜓−𝑠
𝑀 = 2𝑠𝜁2𝑠𝜙−𝑠

𝑀  

𝑇−𝑠
𝑀𝜓−𝑠

𝑀 = 0 

𝑓𝐾 ∈ 𝐶0
∞ (ℝ𝔱 × (𝑟+, ∞); Γ(ℬ𝑠

𝕊2
)) 

𝑟𝐸𝑠
−(𝑓𝐾)supp𝑟𝐸𝑠

−(𝑓𝐾) ∩ ℐ− ⊂ {𝔱 ≤ 𝑐𝑓} 
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sup
𝜔∈𝕊2

 |𝜕𝔱
𝑛(𝑟𝐸𝑠

−(𝑓𝐾))|
ℐ−

(𝔱, 𝜔)|
𝜔

≤ 𝐶‖𝑓𝐾‖𝐶𝑚⟨𝔱⟩−2−𝑠−|𝑠|−𝑛+
 

 

𝒮𝑠(ℳ): = {(𝜙𝑠, 𝜙−𝑠) ∈ Γ(𝒱𝑠) s.t. 𝜙±𝑠
𝐾 ∈ 𝐶∞ (ℝt × [0,

1

𝑟+−𝜖
) , Γ(ℬ±𝑠

𝕊2
)) 

 

𝒮𝑠(ℐ−): = {𝜙̆ = (𝜙̆𝑠, 𝜙̆̆−𝑠) ∈ Γ (𝒱̆𝑠|ℐ) : ∃𝔱0(𝜙̆) ∈ ℝ s.t. 1𝔱>𝔱0𝜙̆ = 0 and 

∀𝑛 ∈ ℕ, ∃𝐶𝑛(𝜙̆): sup
𝜔∈𝕊2

  |𝜕𝔱
𝑛𝜙𝑠

𝐾̆|
𝜔

≤ 𝐶𝑛(𝜙̆)⟨𝔱⟩−2−𝑠−|𝑠|−𝑛+

sup
𝜔∈𝕊2

  |𝜕𝔱
𝑛𝜙̆−𝑠

𝐾̃ |
𝜔

≤ 𝐶𝑛(𝜙̆)⟨𝔱⟩−2+𝑠−|𝑠|−𝑛+}
 

𝑇ℐ: Sol𝑠(ℳ) → Γ (𝒱̆𝑠|ℐ−
)is defined by 𝜙 ↦ 𝜙̆|

𝑥=0
1₻ 

 

𝑓 ∈ Γ𝑐(ℬ(𝑠, 𝑠)) 

𝑈(𝜙𝑠) ∈ ℝ so that 1𝑈>𝑈(𝜙𝑠)𝜙𝑠|ℋ
= 0 

sup
𝜔∈𝕊2

 |𝜕𝑈
𝑛𝜙𝑠

𝑈|ℋ(𝑈, 𝜔)|
𝜔

≤ 𝐶‖𝑓𝐾‖𝐶𝑚⟨𝑈⟩𝑠−𝑛(log ⟨𝑈⟩)−𝑑−𝑛 

𝜙𝑠
𝑈 = |𝑈|𝑠𝜙𝑠

𝐾 ∫ 2𝑠𝜁2𝑠𝜙−𝑠
𝑀  

𝒮𝑠(ℋ): = {𝜙 = (𝜙𝑠, 𝜙−𝑠) ∈ Γ(𝒱𝑠|ℋ): ∃𝑑 > 1, 𝑈(𝜙) ∈ ℝ s.t. 1𝑈>𝑈(𝜙)𝜙 = 0 and 

∀𝑛 ∈ ℕ∃𝐶𝑛(𝜙) > 0: sup
𝜔∈𝕊2

 |𝜕𝑈
𝑛𝜙±𝑠

𝑈 |
ℋ

(𝑈, 𝜔)|
𝜔

≤ 𝐶𝑛(𝜙)⟨𝑈⟩±𝑠−𝑛(log ⟨𝑈⟩)−𝑑−𝑛} 

𝑇ℋ: Sol𝑠(ℳ) → Γ(𝒱𝑠|ℋ) is defined by 𝜙 ↦ 𝜙|ℋ 

𝑓, ℎ ∈ 𝐶∞(ℳ; 𝒱𝑠) 

𝒫𝑠𝑓 = 𝒫𝑠ℎ = 0 

𝜙𝑠 ∈ Γ(ℬ(𝑠, 𝑠)) satisfy 𝑇𝑠𝜙𝑠 = 0 

𝔑0 → 𝔑̆0, (𝑙, 𝑛, 𝑚) ↦ (𝑙, 𝑛̆, 𝑚̆) = (𝑙, 𝑥−2𝑛, 𝑥−1𝑚) 

Γ(𝒱𝑠|MI
) → Γ (𝒱̆𝑠|M̆I

) , [(𝑙, 𝑛, 𝑚), 𝜙] ↦ [(𝑙, 𝑛̆, 𝑚̆), 𝜙̆] = [(𝑙, 𝑛̆, 𝑚̆), 𝑥−1𝜙] 

[𝑇̆𝑠 +
1

6
𝑅̆] 𝜙̆𝑠 = 0  
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𝜙, 𝜓 ∈ Sol𝑠(ℳ) 

𝐽𝑎[𝜙̆, 𝜓̆] = ⟨𝜙̆, 𝒟̆𝑠,𝑎𝜓̆⟩ − ⟨𝒟̆𝑠,𝑎𝜙̆, 𝜓̆⟩

𝒟̆𝑠,𝑎 = (Θ̆𝑎 + 2𝑠𝐵̆𝑎) ⊕ (Θ̆𝑎 − 2𝑠𝐵̆𝑎) = (∇̆𝑎 + 2𝑠Γ𝑎) ⊕ (∇̆𝑎 − 2𝑠Γ‾𝑎)
 

𝐽𝑎[𝜙̆, 𝜓̆] = 𝑥−2𝐽𝑎[𝜙, 𝜓]  

∇̆𝑎𝑔̆𝑎𝑏𝐽𝑏[𝜙̆, 𝜓̆] = 0  

𝜙, 𝜓 ∈ Sol𝑠(MI) 

𝑔̆(𝑣̆, 𝑤̆) = 1 

𝑣̆𝑎 = 𝑥𝑐1𝑣𝑎, 𝑤̆𝑎 = 𝑥𝑐2𝑤𝑎 so that 𝑐1 + 𝑐2 = −2, or 𝑔(𝑣, 𝑤) = 1 

∫  
Σ𝑡

  𝐽𝑎[𝜙̆, 𝜓̆]𝑣̆𝑎(𝑤̆⌟d𝑣𝑜𝑙𝑔̆) = ∫  
Σ𝑡

  𝐽𝑎[𝜙, 𝜓]𝑣𝑎(𝑤⌟d𝑣𝑜𝑙𝑔)  

𝜙, 𝜓 ∈ 𝒮𝑠(ℋ) 

𝜎ℋ,𝑠(𝜙, 𝜓): = (−1)𝑠 ∫  
ℋ

  ∗ 𝐽𝑎[𝜙, 𝜓] = (−1)𝑠𝑟+
−2 ∫  

ℋ

  ∗ 𝐽𝑎̆[𝜙̆, 𝜓̆] 

 = 2(−1)𝑠 ∫  
ℝ𝑈×𝕊2

  ⟨𝜙, Θ𝑈𝜓⟩(𝑟+
2 + 𝑎2)d𝑈 d2𝜔+

 

ℝ𝑈 × 𝕊𝜃,𝜑+

2 → 𝑀𝐾 

𝔦∗(𝑤𝑎⌟d𝑣𝑜𝑙𝑔) = (𝑟+
2 + 𝑎2)d𝑈 ∧  d2𝜔+.  

 ∫  
ℋ

  ∗ 𝐽𝑎[𝜙, 𝜓]

 = ∫  
ℋ

  [𝜙𝑠
𝑈𝜕𝑈𝜓−𝑠

𝑈 + 𝜙−𝑠
𝑈 𝜕𝑈𝜓𝑠

𝑈 − 𝜕𝑈𝜙𝑠
𝑈𝜓−𝑠

𝑈 − 𝜕𝑈𝜙−𝑠
𝑈 𝜓𝑠

𝑈] (𝑟+
2 + 𝑎2)d𝑈 d2𝜔+

 

ℝ𝑈 × 𝕊𝜃,𝜑+

2  

𝑈0 = max{𝑈(𝜙𝑠), 𝑈(𝜓𝑠)} 

|∫  
ℋ

  ∗ 𝐽𝑎[𝜙, 𝜓]| = |∫  
(−∞,𝑈0]×𝕊2

  ∗ 𝐽𝑎[𝜙, 𝜓]|. 

𝑈1 < min(−2, 𝑈0) 

|∫  ∗ 𝐽𝑎[𝜙, 𝜓]

(−∞,𝑈0]×𝕊2

| ≤ |∫  
(−∞,𝑈1)×𝕊2

  ∗ 𝐽𝑎[𝜙, 𝜓]| + |∫  
[𝑈1,𝑈0]×𝕊2

  ∗ 𝐽𝑎[𝜙, 𝜓]|. 

|𝜙𝑠
𝑈𝜕𝑈𝜓−𝑠

𝑈 (𝑈, 𝜔+)| ≤ 𝑐1|𝑈|𝑠|log |𝑈|−𝑑|𝑈|−𝑠−1|log |𝑈|
−𝑑̃

= 𝑐1|𝑈|−1|log |𝑈|−(𝑑+𝑑̃) 
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|∫  
(−∞,𝑈1)×𝕊2

  ∗ 𝐽𝑎[𝜙, 𝜓]| ≤ 𝐶 ∫  
(−∞,𝑈1)

|𝑈|−1|log |𝑈||−𝑑−𝑑̃ d𝑈 < ∞ 

𝜎Σt0
(𝜙̆, 𝜓̆): = (−1)𝑠 ∫  

Σt0

  ∗ 𝐽𝑎[𝜙̆, 𝜓̆]  

𝜎Σt0
(𝜙̆, 𝜓̆) → 0, 𝔱0 → −∞  

𝑤̆ = 𝜕t 

𝑣̆𝑎𝑤̆𝑎 = 1 

𝑣̆𝑎 = 𝑔̆−1( d𝑡∗) 

𝑣̆𝑎 =: 𝜚𝑥
−2𝑣̆0

𝑎 = 𝜚𝑥
−2(−𝑎2sin2 𝜃𝜕𝑡∗ + (1 + 𝑎2𝑥2)𝜕𝑥 − 𝑎𝜕𝜑∗) 

𝜔∗ = (𝜃, 𝜑∗), and d2𝜔∗ = sin 𝜃d𝜃d𝜑∗ 

d𝑣𝑜𝑙𝑔̆ = 𝜚𝑥
2dt ∧ d𝑥 ∧  d2𝜔∗, and thus dvolΣt0

= 𝑤̆𝑎⌟ d𝑣𝑜𝑙𝑔̆ = 𝜚𝑥
2 d𝑥 ∧  d2𝜔∗ 

𝜎Σt0
(𝜙̆, 𝜓̆) =(−1)𝑠 ∫  

Σt0

  𝐽𝑎[𝜙̆, 𝜓̆]𝑣̆𝑎(𝑤̆⌟d𝑣𝑜𝑙𝑔̆) = (−1)𝑠 ∫  
Σt0

  𝐽𝑎[𝜙̆, 𝜓̆]𝑣̆0
𝑎 d𝑥 d2𝜔∗

= (−1)𝑠 ∫  
Σt0

  𝑣̆0
𝑎[𝜙̆𝑠(∇̆𝑎 − 2𝑠Γ‾𝑎)𝜓̆−𝑠 + 𝜙̆−𝑠(∇̆𝑎 + 2𝑠Γ𝑎)𝜓̆𝑠

−𝜓̆−𝑠(∇̆𝑎 + 2𝑠Γ‾𝑎)𝜙̆𝑠 − 𝜓̆𝑠(∇̆𝑎 − 2𝑠Γ𝑎)𝜙̆−𝑠]d𝑥 d2𝜔∗

 

𝑣̆0
𝑎Γ𝑎 = 𝑥2 [

i𝑎cos 𝜃

2
−

𝑀(1 − 𝑎2𝑥2)

Δ𝑥
]  

𝜎Σt0
(𝜙̆, 𝜓̆) =(−1)𝑠 ∫  

Σt0

  [(1 + 𝑎2𝑥2)(𝜙̆𝑠𝜕𝑥𝜓‾−𝑠 + 𝜙̆−𝑠𝜕𝑥𝜓̆𝑠 − 𝜓̆−𝑠𝜕𝑥𝜙̆𝑠 − 𝜓̆𝑠𝜕𝑥𝜙̆−𝑠) 

 −𝑎2sin2 𝜃(𝜙̆𝑠𝜕t𝜓̆−𝑠 + 𝜙̆−𝑠𝜕t𝜓̆𝑠 − 𝜓‾−𝑠𝜕t𝜙̆𝑠 − 𝜓̆𝑠𝜕t𝜙̆−𝑠)

 −𝑎 (𝜙̆𝑠𝜕𝜑∗
𝜓̆−𝑠

𝜙̆−𝑠

𝜕𝜑∗𝜓̆𝑠 − 𝜓‾−𝑠𝜕𝜑∗𝜙̆𝑠 − 𝜓̆𝑠𝜕𝜑∗𝜙̆−𝑠)

 +4𝑠𝑥2
𝑀(1 + 𝑎2𝑥2)

Δ𝑥
(𝜙̆𝑠𝜓̆−𝑠 − 𝜙̆−𝑠𝜓̆𝑠)

+4𝑠𝑥2
i𝑎cos 𝜃

2
(𝜙̆𝑠𝜓̆−𝑠 + 𝜙̆−𝑠𝜓̆𝑠)] d𝑥 d2𝜔∗

 

Σt0
= [0, 𝑟+

−1]𝑥 × 𝕊𝜃,𝜑∗
2  

 

𝑥 ∈ [
1

4𝑀
, 𝑟+

−1] 

𝑥 ∈ [0,
1

4𝑀
] 
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∫  
Σt0

(𝜙̆−𝑠𝑥𝜕𝑥𝜓̆𝑠)
d𝑥 d2𝜔∗

𝑥
 

𝑥𝜕𝑥𝜓̆𝑠 = 𝑣𝜕𝑣𝜓̆𝑠 = 𝜓̃𝑠 

𝜓̃𝑠 ∈ 𝐻‾𝑏
∞,1−,(2+𝑠+|𝑠|)−

 

𝜓̃𝑠(𝔱0, 𝑥, 𝜔∗) = ∫  
𝔱0

−∞

 𝜕𝔱𝜓̃𝑠(𝔱, 𝑥, 𝜔∗)dt  

|𝜓̃𝑠(𝔱, 𝑥, 𝜔∗)| → 0 as 𝔱 → −∞ 

|𝜓̃𝑠(𝔱0, 𝑥, 𝜔)|
2

≲ |𝔱0|−𝜖 ∫  
𝔱0

−∞

  |𝔱|−1+𝜖|𝔱𝜕𝔱𝜓̃𝑠(𝔱, 𝑥, 𝜔)|
2
dt  

 ∫  
𝕊2

 ∫  

1
4𝑀

0

 𝑥−𝛿|𝜓̃𝑠(𝔱0, 𝑥, 𝜔∗)|
2  d𝑥 d2𝜔∗

𝑥
≤ 𝐶|𝔱0|−𝜖 ∫  

𝕊2
 ∫  

𝔱0

−∞

 ∫  

1
4𝑀

0

  |𝔱|−1+𝜖|𝔱𝜕𝔱𝜓̃𝑠(𝔱, 𝑥, 𝜔∗)|
2  d𝑥 d𝔱 d2𝜔∗

𝑥1+𝛿

 = 𝐶|𝔱0|−𝜖 ∫  
𝕊2

 ∫  
𝔱0

−∞

 ∫  
−

1
𝔱

0

  |𝔱|−1+𝜖|𝔱𝜕𝔱𝜓̃𝑠(𝔱, 𝑥, 𝜔∗)|
2  d𝑥dtd2𝜔∗

𝑥1+𝛿

 

 +𝐶|𝔱0|−𝜖 ∫  
𝕊2

 ∫  
𝔱0

−∞

 ∫  

1
4𝑀

−
1
𝔱

  |𝔱|−1+𝜖|𝔱𝜕𝔱𝜓̃𝑠(𝔱, 𝑥, 𝜔∗)|
2  d𝑥dtd2𝜔∗

𝑥1+𝛿

 = 𝐶(𝐼1 + 𝐼2)

 

𝐼2 ≲ |𝔱0|−𝜖 ∫  
𝕊2

∫  
𝔱0

−∞

∫  

1
4𝑀

−
1
𝔱

|𝔱|−1+𝜖|𝔱|−6
 d𝑥 d𝔱 d2𝜔∗

𝑥1+𝛿
≲ |𝔱0|−𝜖 ∫  

𝕊2
∫  

𝔱0

−∞

∫  

1
4𝑀

−
1
𝔱

|𝔱|−6+𝜖+𝛿d𝑥 d−6 d2𝜔∗

≲ |𝔱0|−5+𝛿 

𝐼1 = |𝔱0|−𝜖 ∫  
𝕊2

∫  
1

0

∫  
−

1
𝑡0

0

𝜏−𝜖−𝛿𝑣−𝛿|(−𝜏𝜕𝜏 + 𝑣𝜕𝑣)𝜓̃𝑠|
2  d𝜏 d𝑣 d2𝜔∗

𝑣𝜏
 

(−𝜏𝜕𝜏 + 𝑣𝜕𝑣)𝜓̃𝑠 = 𝜏2+𝑠+|𝑠|−𝛿𝑣1−𝛿𝜓̌𝑠 with 𝜓̌𝑠 ∈ 𝐻‾𝑏
∞,0,0

 

𝐼1 ≲ |𝔱0|−𝜖 ∫  
𝕊2

∫  
1

0

∫  
−

1
𝔱0

0

𝜏4+2𝑠+2|𝑠|−3𝛿−𝜖𝑣2−3𝛿|𝜓̌𝑠|
2  d𝜏 d𝑣 d2𝜔∗

𝜏𝑣
≲ |𝔱0|−3 

 

∫  
Σt0

𝑥−2+𝛿|𝜙−𝑠|
2

 d𝑥 d2𝜔∗

𝑥
≲ ⟨𝔱0⟩−2𝛼 

|∫  
Σt0

  𝜙̆𝑠𝜕𝜑∗𝜓̆−𝑠 d𝑥 d2𝜔∗| ≤ ‖𝜙𝑠‖𝐻‾𝑏
0,1/2‖𝜕𝜑∗𝜓−𝑠‖𝐻‾𝑏

0,1/2 →
𝔱0→−∞ 

0 
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𝜎ℐ,𝑠(𝜙̆, 𝜓̆): = (−1)𝑠 ∫  
ℐ−

  ∗ 𝐽[𝜙̆, 𝜓̆] = 2(−1)𝑠 ∫  
ℝt×𝕊2

  ⟨𝜙̆, Θ̆t𝜓̆⟩dtd d2𝜔∗
 

𝜔∗ = (𝜃, 𝜑∗) 

𝑙𝑎 = 2𝜕𝔱 and 𝑛̆𝑎 =
1

2
𝜕𝑥 

d𝑣𝑜𝑙ℐ−
= 𝑛̆𝑎⌟d𝑣𝑜𝑙𝑔̆ =

1

2
dt ∧ d2𝜔∗ 

∫  
ℐ−

  ∗ 𝐽𝑎[𝜙̆, 𝜓̆] = ∫ 
ℐ

  𝑙−
𝑎𝐽𝑎[𝜙̆, 𝜓̆](𝑛̆𝑎⌟d𝑣𝑜𝑙𝑔̆)

 = ∫  
ℝt×𝕊2

  (𝜙‾𝑠t𝜕t𝜓‾−𝑠 + 𝜙̆−𝑠t𝜕t𝜓̆𝑠 − 𝜓‾−𝑠t𝜕t𝜙‾𝑠 − 𝜓̆𝑠t𝜕t𝜙̆−𝑠)
dtd2𝜔∗

𝔱

 

𝜓̆𝑠 ∈ 𝐻‾b
∞,(2−𝑠+|𝑠|)−

 

∫  
ℝt×𝕊2

𝜙̆−𝑠𝔱𝜕t𝜓̆𝑠

 d𝔱 d2𝜔∗

𝔱
= ∫  

(−∞,0]𝜏×𝕊2
𝜙̆−𝑠𝜏𝜕𝜏𝜓̆𝑠

 d𝜏 d2𝜔∗

𝜏
 

𝜙̆−𝑠 ∈ 𝐻‾b
∞,(2−𝑠+|𝑠|)−

 and 𝜏𝜕𝜏𝜓̆𝑠 ∈ 𝐻‾b
∞,(2+𝑠+|𝑠|)−

 

 

 ∫  
ℐ−

  ∗ 𝐽𝑎[𝜙̆, 𝜓̆] = 2 ∫  
ℐ−

  [𝜓̆𝑠𝜕t𝜓̆−𝑠 + 𝜙̆−𝑠𝜕t𝜓̆𝑠]dtd 2𝜔∗

=2 ∫  
ℐ−

  ⟨𝜙̆, 𝑙𝑎𝒟̆𝑠,𝑎𝜓̆⟩(𝑛̆𝑎⌟d𝑣𝑜𝑙𝑔̆) = 2 ∫  
ℐ−

  ⟨𝜙̆, 𝑙𝑎Θ̆𝑎𝜓̆⟩(𝑛̆𝑎⌟d𝑣𝑜𝑙𝑔̆) .

 

𝜙, 𝜓 ∈ Sol𝑠(ℳ) 

𝜎Σt0
(𝜙̆, 𝜓̆) = 𝜎ℋ∩{t≤t0},𝑠(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝜎ℐ∩{t≤t0},𝑠(𝑇ℐ𝜙, 𝑇ℐ𝜓). 

𝜎Σt0
(𝜙̆, 𝜓̆) = 𝜎ℋ∩{t1≤t≤t0},𝑠(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝜎ℐ∩{t1≤t≤t0},𝑠(𝑇ℐ𝜙, 𝑇ℐ𝜓) + 𝜎Σt1

(𝜙̆, 𝜓̆). 

 

(𝜎ℋ,𝑠 ⊕ 𝜎ℐ,𝑠)((𝑇ℋ ⊕ 𝑇ℐ)𝜙, (𝑇ℋ ⊕ 𝑇ℐ)𝜓) = 𝜎𝑠(𝜙, 𝜓), 

𝑓, 𝑓′ ∈ 𝒮𝑠(ℋ), ℎ̆, ℎ̆′ ∈ 𝒮𝑠(ℐ−) 

𝜎ℋ,𝑠 ⊕ 𝜎ℐ,𝑠 

(𝜎ℋ,𝑠 ⊕ 𝜎ℐ,𝑠) ((𝑓, ℎ̆), (𝑓′, ℎ̆′)) : = 𝜎ℋ,𝑠(𝑓, 𝑓′) + 𝜎ℐ,𝑠(ℎ̆, ℎ̆′) 

(𝑇ℋ ⊕ 𝑇ℐ): Sol𝑠(ℳ) → 𝒮𝑠(ℋ) ⊕ 𝒮𝑠(ℐ−) 
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Σt0
∩ {𝑥 ≥ 𝜖} 

(ℋ ∩ {𝑈 ≥ 𝑈(𝔱0)}) ∪ (Σ𝔱0 ∩ {𝑥 ≥ 𝜖}) ∪ {𝑡(𝑥, 𝔱) = 𝑡(𝜖, 𝔱0), 0 ≤ 𝑥 ≤ 𝜖} 

0 < 𝜖 < (4𝑀)−1 

𝔱0 < 0, 𝑡(𝑥, 𝔱) = 𝔱 − 𝑟∗(𝑥) 

𝑈 = −𝑒−𝜅+𝔱 

(ℋ ∩ {𝑈 ≥ 𝑈(𝔱0)}) ∪ Σ𝔱0 ∪ (ℐ− ∩ {𝔱 ≥ 𝔱0}). 

𝜎𝑠(𝜙, 𝜓) =𝜎Σt0
(𝜙̆, 𝜓̆) + 𝜎ℋ∩{𝑈≥𝑈(t0)},𝑠(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝜎ℐ∩{t≥t0},𝑠(𝑇ℐ𝜙, 𝑇ℐ𝜓)

=𝜎ℋ∩{𝑈≥𝑈(t0)},𝑠(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝜎ℐ∩{t≥t0},𝑠(𝑇ℐ𝜙, 𝑇ℐ𝜓)

 +𝜎ℋ∩{𝑈≤𝑈(t0)},𝑠(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝜎ℐ∩{t≤t0},𝑠(𝑇ℐ𝜙, 𝑇ℐ𝜓)

=𝜎ℋ,𝑠(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝜎ℐ,𝑠(𝑇ℐ𝜙, 𝑇ℐ𝜓).

 

(𝒮𝑠(ℋ) ⊕ 𝒮𝑠(ℐ), 𝜎ℋ,𝑠 ⊕ 𝜎ℐ,𝑠) 

𝒮𝑠,𝑝(ℋ) ⊕ 𝒮𝑠,𝑝(ℐ−) 

𝒮𝑠,𝑝(ℋ): = {(𝜙𝑠, 𝜙−𝑠) ∈ 𝒮𝑠(ℋ): 𝜙−𝑠 ∈ Ran(𝐴𝑠) and 𝜙−𝑠 = 𝐵𝑠𝜙𝑠}

𝒮𝑠,𝑝(ℐ−): = {(𝜙̆𝑠, 𝜙̆−𝑠) ∈ 𝒮𝑠(ℐ−): 𝜙̆−𝑠 ∈ Ran(𝐴𝑠) and 𝜙̆𝑠 = p2𝑠𝐴𝑠
−1𝜙̆−𝑠, }

 

𝐶∞(ℝ𝑈; ℬ𝑠
𝕊2

⊗ ℬ𝑠
𝕊2

) 

𝜅+ =
𝑟+ − 𝑀

𝑟+
2 + 𝑎2

 

b′|ℋ =
𝑟+ − 𝑀

𝜚+
2 ∇𝑈  



pág. 8767 

𝐶∞(ℝ𝑈; ℬ𝑠
𝕊2

) 

[b′, 𝜁] = 𝒪(𝑉) 

𝜚2 = |𝜁|2 

𝜙−𝑠
𝑈 = (𝑟+ − 𝑀)2𝑠𝜕𝑈

2𝑠𝜙𝑠
𝑈  

(𝜙𝑠, 𝜙−𝑠) ∈ 𝒮𝑠,𝑝(ℋ) 

ℐ− = M̆I ∩ {𝑥 = 0} 

Ɣ̆(𝑠,𝑤) = −𝑥2𝜕𝑥 +
2(1 + 𝑎2𝑥2)

Δ𝑥
𝜕𝑡∗ +

2𝑎𝑥2

Δ𝑥
𝜕𝜑∗ + 2𝑤𝑥,  

𝐶∞(ℝ𝑡∗; ℬ𝑠
𝕊2

) 

[b̆, 𝑥] = −𝑥2 

𝑇ℋ(𝒮𝑠,𝑝(ℳ)) ⊕ 𝑇ℐ(𝒮𝑠,𝑝(ℳ)) ⊂ (𝒮𝑠,𝑝(ℋ) ⊕ 𝒮𝑠,𝑝(ℐ−)) 

𝜋±: 𝒮𝑠,𝑝(ℋ) → Γ(ℬ(𝑠, ±𝑠)|ℋ), and 𝜋±: 𝒮𝑠,𝑝(ℐ−) → Γ (ℬ̆(𝑠, ±𝑠)|
ℐ−

) 

𝜙𝑠 = ∑  

2𝑠−1

𝑘=0

𝑓𝑗(𝜃, 𝜑+)𝑈𝑘 

𝜙 ∈ 𝒮𝑠,𝑝(ℋ) if 𝜙 = 0 

𝜓 = 𝐴𝑠
−1𝜙̆−𝑠 

Γ ⟨ℬ̆(𝑠, −𝑠)|
ℐ−

| 

b̆2𝑠𝜓̆−𝑠 = 0 

𝜓̆−𝑠 = ∑  

2𝑠−1

𝑘=0

ℎ𝑗(𝜃, 𝜑∗)𝔱𝑘 , 

(0, 𝜓̆−𝑠) ∈ 𝒮𝑠(ℐ−)is 𝜓̆−𝑠 = 0, implying 𝜙̆−𝑠 = 0 

𝒜0(𝑉, 𝜈)/ℛ(𝑉, 𝜈) 

Φ(𝜆𝑣 + 𝑤) − 𝜆‾Φ(𝑣) − Φ(𝑤) = 0, and Φ∗(𝜆𝑣 + 𝑤) − 𝜆Φ∗(𝑣) − Φ∗(𝑤) = 0 for all 𝑣, 𝑤 ∈ (𝑉, 𝜈) 

and 𝜆 ∈ ℂ 

[Φ(𝑣), Φ∗(𝑤)] − i𝜈(𝑣, 𝑤)𝟙 = 0, [Φ(𝑣), Φ(𝑤)] = [Φ∗(𝑣), Φ∗(𝑤)] = 0 for all 𝑣, 𝑤 ∈ (𝑉, 𝜈). 
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𝟙∗ = 𝟙, (Φ(𝑣))∗ = Φ∗(𝑣), and (Φ∗(𝑣))∗ = Φ(𝑣) for all 𝑣 ∈ (𝑉, 𝜈) 

(𝑎𝑏)∗ = 𝑏∗𝑎∗ for all 𝑎, 𝑏 ∈ 𝒜 

𝑈: (𝑉, 𝜈) → (𝑊, 𝜇) 

𝜇(𝑈𝑣1, 𝑈𝑣2) = 𝜈(𝑣1, 𝑣2) for all 𝑣1, 𝑣2 ∈ 𝑉 

𝛼𝑈: 𝒜(𝑉, 𝜈) → 𝒜(𝑊, 𝜇) 

𝛼𝑈(Φ𝑉(𝑣)) = Φ𝑊(𝑈𝑣), 𝛼𝑈(Φ𝑉
∗ (𝑣)) = Φ𝑊

∗ (𝑈𝑣)  

(𝑇𝑆𝑠(ℳ), (⋅,⋅)Δ𝑠
) and (Sol𝑠(ℳ), 𝜎𝑠) 

(𝒮𝑠(ℋ) ⊕ 𝒮𝑠(ℐ−), 𝜎ℋ,𝑠 ⊕ 𝜎ℐ,𝑠) 

𝑇ℋ ⊕ 𝑇ℐ: Sol𝑠(ℳ) → 𝒮𝑠(ℋ) ⊕ 𝒮𝑠(ℐ−) 

𝛼𝑡𝑟: 𝒜𝑠(ℳ) → 𝒜𝑠,𝐵 

(Sol𝑠,𝑝(ℳ), 𝜎𝑠) ⊂ (Sol𝑠(ℳ), 𝜎𝑠) 

(𝒮𝑠,𝑝(ℋ) ⊕ 𝒮𝑠,𝑝(ℐ−), 𝜎ℋ ⊕ 𝜎ℐ) 

𝑇ℋ ⊕ 𝑇ℐSol𝑠,𝑝(ℳ) 

𝔜𝑏
∗ = Υ(𝑠,𝑠),𝑏

∗ ⊕ Υ(𝑠,−𝑠),𝑏
∗

 

(𝔜𝑏
∗ )𝑏∈ℝ: Γ(𝒱𝑠) → Γ(𝒱𝑠) 

𝔜𝑏
∗ ∘ 𝒫𝑠 = 𝒫𝑠 ∘ 𝔜𝑏

∗  

𝔜𝑏
∗ ∘ Δ𝑠 = Δ𝑠 ∘ 𝔜𝑏

∗ |Γ𝑐(𝒱𝑠)  

𝔜𝑏
∗ : 𝑇𝑆𝑠(ℳ) ∋ [𝑓] ↦ [𝔜𝑏

∗ 𝑓] ∈ 𝑇𝑆𝑠(ℳ)  

𝛼𝑏: 𝒜𝑠(ℳ) → 𝒜𝑠(ℳ) 

𝛼𝑏(Φ([𝑓])) = Φ([𝔜𝑏
∗ 𝑓]), 𝛼𝑏(Φ∗([𝑓])) = Φ∗([𝔜𝑏

∗ 𝑓])  

𝛼𝑏 ∘ 𝛼𝑐 = 𝛼𝑏+𝑐 for all 𝑏, 𝑐 ∈ ℝ 

𝜔: 𝒜(𝑉, 𝜈) → ℂ satisfying 𝜔(𝟙) = 1 and 𝜔(𝑎∗𝑎) ≥ 0 for any 𝑎 ∈ 𝒜(𝑉, 𝜈) 

𝑤𝜔
(𝑛;𝑘)

: 𝑉⊗𝑛 → ℂ

𝑤𝜔
(𝑛;𝑘)(𝑣1, … , 𝑣𝑘; 𝑣𝑘+1, … , 𝑣𝑛): = 𝜔(Φ(𝑣1) … Φ(𝑣𝑘)Φ∗(𝑣𝑘+1) … Φ∗(𝑣𝑛))

 

𝜔: 𝒜(𝑉, 𝜈) → ℂ 
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𝑤𝜔
(2𝑘;𝑘)

(𝑣1, … , 𝑣𝑘; 𝑣𝑘+1, … , 𝑣2𝑘) = ∑  

𝜋∈𝑆𝑘

∏  

𝑘

𝑖=1

𝑤𝜔
(2;1)

(𝑣𝑖, 𝑣𝜋(𝑖)+𝑘), 

𝑤+: 𝑉 × 𝑉 → ℂ with 𝜔+(𝑣, 𝑣) ≥ 0 and 𝑤−(𝑣, 𝑣): = 𝜔+(𝑣, 𝑣) − i𝜈(𝑣, 𝑣) ≥ 0 for any 𝑣 ∈ 𝑉 

𝑢 ∈ 𝒟′(𝑀; 𝐵) 

𝑢: Γ𝑐(𝐵#) → ℂ 

(𝑥, 𝑘) ∈ 𝑇̇∗𝑀 

𝜒 ∈ 𝐶0
∞(𝑀) with 𝜒(𝑥) ≠ 0, and an open cone 𝑉 ⊂ 𝑇𝑥

∗𝑀 

sup
𝑙∈𝑉

 (1 + ‖𝑙‖𝑁)|𝑢(𝜒𝑒𝑖𝑋⋅𝑙)| < ∞  

𝑋 ⋅ 𝑙 = 𝑋𝛼(𝑥)𝑙(𝜕𝑋𝛼)(𝑥) 

 

WF(𝑢) ⊂ 𝑇̇∗𝑀 

WF(𝑢): = ⋃  

𝑆∈Γ(𝐵#)

 WF(𝑓 ↦ 𝑢(𝑓𝑆))  

𝑓 ∈ 𝐶0
∞(𝑀) 

𝑆 ∈ Γ(𝐵#) 

𝑤+: Sol𝑠,𝑝(ℳ) × Sol𝑠,𝑝(ℳ) → ℂ 

𝑊+ ∈ 𝒟′(ℳ × ℳ; ℬ(𝑠, 𝑠) ⊠ ℬ(−𝑠, 𝑠))

𝑊+(𝑓, ℎ): = 𝑤+ ((b2𝑠𝐸−𝑠(𝑓‾), 𝐴𝑠𝐸−𝑠(𝑓‾)), (b2𝑠𝐸−𝑠(ℎ), 𝐴𝑠𝐸−𝑠(ℎ)))

𝑊− ∈ 𝒟′(ℳ × ℳ; ℬ(𝑠, 𝑠) ⊠ ℬ(−𝑠, 𝑠))

𝑊−(𝑓, ℎ): = (𝑤+ − 𝑖𝜎) ((b2𝑠𝐸−𝑠(𝑓‾), 𝐴𝑠𝐸−𝑠(𝑓‾)), (b2𝑠𝐸−𝑠(ℎ), 𝐴𝑠𝐸−𝑠(ℎ)))

 

𝑓 ∈ Γ𝑐(ℬ(−𝑠, −𝑠)), and ℎ ∈ Γ𝑐(ℬ(𝑠, −𝑠)) 

𝑊±(𝑇−𝑠𝑓, ℎ) = 𝑊±(𝑓, 𝑇−𝑠ℎ) = 0.  

WF′(𝑊±) ⊂ 𝒩± × 𝒩±  

WF′(𝑊±) = {(𝑥, 𝑘; 𝑦, 𝑙) ∈ 𝑇̇∗ℳ2: (𝑥, 𝑘; 𝑦, −𝑙) ∈ WF(𝑊±)},  

𝒩±: = {(𝑥, 𝑘) ∈ 𝑇̇∗ℳ: 𝑔𝑥
−1(𝑘, 𝑘) = 0, ±𝑔−1(𝑘, 𝔗) > 0}  

(𝑇ℋ ⊕ 𝑇ℐ)|Sol𝑠,𝑝(ℳ) 

𝜋±: 𝒮𝑠,𝑝(ℋ) → Γ(ℬ(𝑠, ±𝑠)|ℋ) 
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𝒰𝑠: 𝜋+(𝒮𝑠,𝑝(ℋ)) → Γ(ℬ(𝑠, 0)|ℋ) 

𝒰𝑠(𝜙𝑠) =
𝜚+

2𝑠

(𝑟+ − 𝑀)𝑠
p′𝑠𝜙𝑠  

𝜋−(𝒮𝑠,𝑝(ℋ)) 

𝒰̃𝑠(𝜙−𝑠) = (𝑟+ − 𝑀)2𝑠𝒰𝑠𝜋+ ∘ 𝜋−
−1𝜙−𝑠,  

𝑤ℋ
+ (𝜙, 𝜙′) : = 2 ∫  

ℝ×𝕊2
  [⟨𝒰𝑠𝜙𝑠, 1ℝ+

(iΘ𝑈)(iΘ𝑈)𝒰̃𝑠𝜙−𝑠
′ ⟩

0

+⟨𝒰̃𝑠𝜙−𝑠, 1ℝ+
(iΘ𝑈)(iΘ𝑈)𝒰𝑠𝜙𝑠

′⟩
0
] (𝑟+

2 + 𝑎2)d𝑈 d2𝜔+

 = 4(𝑟+ − 𝑀)2𝑠 ∫  
ℝ×𝕊2

 𝐷𝑈
𝑠𝜙𝑠

𝑈1ℝ+
(𝐷𝑈)𝐷𝑈𝐷𝑈

𝑠𝜙𝑠
′𝑈(𝑟+

2 + 𝑎2)d𝑈 d2𝜔+

 

𝜙𝑠, 𝜙𝑠
′ ∈ 𝜋+𝒮𝑠,𝑝(ℋ) 

𝐶∞ (ℝ𝑈; Γ(ℬ𝑠
𝕊2

)) 

𝜓 = (𝜓̆𝑠, 𝜓̆−𝑠) ∈ 𝒮𝑠,𝑝(ℐ−) 

𝒲𝑠 : 𝜋− (𝒮𝑠,𝑝(ℐ−)) → Γ (ℬ̆(𝑠, 0)|
ℐ−

) 

𝒲𝑠(𝜓̆−𝑠) = b̆𝑠𝜓̆−𝑠  

𝒲̃𝑠: 𝜋+ (𝒮𝑠,𝑝(ℐ−)) → Γ (ℬ̆(𝑠, 0)|
ℐ−

) 

𝒲̃𝑠(𝜓̆𝑠) = b̆𝑠𝐴𝑠
−1𝜋− ∘ 𝜋+

−1(𝜓̆𝑠),  

𝜋±: 𝒮𝑠,𝑝(ℐ−) → Γ (ℬ̆(𝑠, ±𝑠)|
ℐ−

) 

𝜓, 𝜓′ ∈ 𝒮𝑠,𝑝(ℐ−) 

𝑤ℐ
+(𝜓, 𝜓′): = 2 ∫  

ℝ×𝕊2
  [⟨𝒲̃𝑠𝜓̆𝑠, 1ℝ+

(iΘ𝔱)(iΘ𝔱)𝒲𝑠𝜓̆−𝑠
′ ⟩

0

+⟨𝒲𝑠𝜓̆−𝑠, 1ℝ+
(iΘ𝔱)(iΘ𝔱)𝒲̃𝑠𝜓̆𝑠

′⟩
0
] dtd2𝜔∗

= 22𝑠+1 ∫  
ℝ×𝕊2

  [𝐷𝔱
𝑠𝐴𝑠

−1𝜓̆−𝑠1ℝ+
(𝐷𝔱)𝐷𝔱

𝑠+1𝜓̆−𝑠
′

+𝐷𝔱
𝑠𝜓̆𝑠−1ℝ+

(𝐷𝔱)𝐷𝔱
𝑠+1𝐴𝑠

−1𝜓−𝑠
′̆ ′

] dtd2𝜔∗

 

𝜓̆−𝑠, 𝜓̆−𝑠
′ ⊞ 𝐶∞ (ℝ𝔱; Γ(ℬ−𝑠(𝕊

2))) 

⟨𝑓, ℎ⟩ℋ = ∫  
ℝ×𝕊2

⟨𝑓, ℎ⟩0(𝑟+
2 + 𝑎2)d𝑈 d2𝜔+, 𝑓, ℎ ∈ Γℋ(ℬ(𝑠, 0)) 

{𝑓 ∈ 𝐿𝑠
2(ℋ): Θ𝑈𝑓 ∈ 𝐿𝑠

2(ℋ)} 
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1ℝ+
(𝑥) ∈ 𝐿∞(ℝ) 

1ℝ+
(iΘ𝑈) ⊡ 1ℝ+

(iΘ𝔱) 

⟨𝑓, ℎ⟩ℐ = ∫  
ℝ×𝕊2

⟨𝑓, ℎ⟩0 dtd2𝜔∗ 

{𝑓 ∈ 𝐿𝑠
2(ℐ−): Θ𝔱𝑓 ∈ 𝐿𝑠

2(ℐ−)} 

𝜋+(𝒮𝑠,𝑝(ℋ)) ⊂ Γ(ℬ(𝑠, 𝑠)|ℋ) 

𝜋−(𝒮𝑠,𝑝(ℋ)) to Γ(ℬ(𝑠, 0)|ℋ) 

supp𝜒− ⊂ (−∞, −1), and supp𝜒+ ⊂ (−2, ∞) 

𝐶𝑠 = 4(𝑟+ − 𝑀)2𝑠(𝑟+
2 + 𝑎2) 

𝜙, 𝜙′ ∈ 𝒮𝑠,𝑝(ℋ) 

𝑤ℋ
+(𝜙, 𝜙′) = 𝐶𝑠 ∫  

ℝ×𝕊2
[1ℝ+

(𝐷𝑈)𝐷𝑈𝜙̃𝑠
𝑈𝜒−𝜙̃𝑠

𝑈 + 1ℝ+
(𝐷𝑈)𝐷𝑈𝜙̃𝑠

𝑈𝜒+𝜙̃𝑠
𝑈] d𝑈 d2𝜔+ 

𝜙̃𝑠
𝑈 = 𝐷𝑈

𝑠 𝜙𝑠
𝑈 

𝒮𝑠,𝑝(ℋ) ∫ 𝜒+ ⊟ 𝜙 ′̃
𝑠

𝑈
 

‖1ℝ+
(𝐷𝑈)𝐷𝑈𝜙̃𝑠

𝑈‖
𝐿2 ≤ ‖𝐷𝑈𝜙̃𝑠

𝑈‖
𝐿2 ≤ ‖𝐷𝑈𝜒+𝜙̃𝑠

𝑈‖
𝐿2 + ‖𝐷𝑈𝜒−𝜙̃𝑠

𝑈‖
𝐿2 

𝐷𝑈𝜒−𝜙̃𝑠
𝑈 = i𝜒−

′ 𝜙̃𝑠
𝑈 + 𝜒−𝐷𝑈𝐷𝑈

𝑠𝑈𝑠𝜙𝑠
𝐾 

𝐷𝑈
2𝑈2 = (𝑈𝐷𝑈)2 + 3i𝑈𝐷𝑈 − 2, 𝐷𝑈𝑈 = 𝑈𝐷𝑈 + i 

|𝜒−𝐷𝑈
𝑠+1𝑈𝑠𝜙𝑠

𝐾| ≲ ⟨𝑈⟩−1(ln ⟨𝑈⟩)−𝛿 , 𝛿 > 1 

 ∫  
ℝ×𝕊2

  (1ℝ+
(𝐷𝑈)𝐷𝑈𝜙̃𝑠

𝑈)𝜒−𝜙̃𝑠
′𝑈 d𝑈 d2𝜔+

= ∫  
ℝ×𝕊2

  [(𝜒+𝜙̃𝑠
𝑈)(1ℝ+

(𝐷𝑈)𝐷𝑈𝜒−𝜙̃𝑠
′𝑈) + (𝐷𝑈1ℝ+

(𝐷𝑈)𝜒−𝜙̃𝑠
𝑈)𝜒−𝜙̃𝑠

′𝑈] d𝑈 d2𝜔+

 

𝑈 = −𝑒−𝜅+ ∗𝑡 

∫  
ℝ×𝕊2

𝜒𝛽
+(𝐷∗)𝜒−𝐷𝑈

𝑠𝑈𝑠𝜙𝑠
𝐾𝐷∗𝑡𝜒−𝐷𝑈

𝑠𝑈𝑠𝜙𝑠
𝐾 d∗𝑡 d2𝜔+ 

𝜒𝛽
+(𝑥) = (1 + 𝑒−𝛽𝑥)

−1
 with 𝛽 =

2𝜋

𝜅+
 

𝐿2(ℝ × 𝕊2; d∗𝑡 d2𝜔+) ∝ 𝒮𝑠,𝑝(ℋ) 

𝜒−𝐷𝑈
𝑠𝑈𝑠𝜙𝑠

𝐾 , 𝐷∗𝜒−𝐷𝑈
𝑠𝑈𝑠𝜙‾𝑠

′𝐾 ∈ 𝐿2(ℝ × 𝕊2; d∗𝑡 d2𝜔+) 
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𝜓̆ ∈ 𝒮𝑠,𝑝(ℐ−) 

𝒲𝑠 = ‖√∫ 𝜓̆−𝑠 ∫ 𝒲̃𝑠 ∫ 𝜓̆𝑠 ∫ 𝐿𝑠
2(ℐ−) ∫ Θ𝔱 ∫ 𝒲𝑠 ∫ 𝜓̆−𝑠 ∫ Θ̂𝔱 ∫ 𝒲̃̂𝑠 ∫ 𝜓̆𝑠

4

‖

ℝ4

 

|𝜔ℐ
+(𝜓̆, 𝜓̆′)| = 2 ∣ ∫  

ℝ×𝕊2
  [⟨𝒲𝑠𝜓̆𝑠, 1ℝ+

(iΘ𝔱)(iΘ𝔱)𝒲𝑠
′, 𝜓−𝑠

′̆
′
⟩
0

+⟨𝒲𝑠
′𝜓̆−𝑠, 1ℝ+

(iΘ𝔱)(iΘ𝔱)𝒲𝑠𝜓̆𝑠
′⟩

0
] dtd2𝜔∗ ∣

 

𝜙, 𝜓 ∈ Sol𝑠,𝑝(ℳ) 

𝑤𝑈
+(𝜙, 𝜓): = 𝑤ℋ

+(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝑤ℐ
+(𝑇ℐ𝜙, 𝑇ℐ𝜓). 

𝜙 ∈ Sol𝑠,𝑝(ℳ) 

𝑇ℋ𝜙 ∈ 𝒮𝑠,𝑝(ℋ) and 𝑇ℐ𝜙 ∈ 𝒮𝑠,𝑝(ℐ−) 

𝑊𝑈
+(𝑓, ℎ) = 𝑤𝑈

+ ((b2𝑠𝐸−𝑠(𝑓‾), 𝐴𝑠𝐸−𝑠(𝑓‾)), (b2𝑠𝐸−𝑠(ℎ), 𝐴𝑠𝐸−𝑠(ℎ)))  

𝑓 ∈ Γ𝑐(ℬ(𝑠, 𝑠)), ℎ ∈ Γ𝑐(ℬ(𝑠, −𝑠)) 

|𝑊𝑈
+(𝑓, ℎ)| ≤ 𝐶‖𝑓‖𝐶𝑚‖ℎ‖𝐶𝑚  

𝜙 = (𝜙𝑠, 𝜙−𝑠) ∈ Sol𝑠,𝑝(ℳ) 

𝑤𝑈
+(𝜙, 𝜙)  ≥ 0

𝑤𝑈
−(𝜙, 𝜙): = 𝑤𝑈

+(𝜙, 𝜙) − i𝜎(𝜙, 𝜙)  ≥ 0
 

𝜙, 𝜓 ∈ Sol𝑠,𝑝(ℳ) 

𝑤𝑈
−(𝜙, 𝜓) = 𝑤ℋ

+ (𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝑤ℐ
+(𝑇ℐ𝜙, 𝑇ℐ𝜓)

 −i[𝜎ℋ(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝜎ℐ(𝑇ℐ𝜙, 𝑇ℐ𝜓)]

= 𝑤ℋ
−(𝑇ℋ𝜙, 𝑇ℋ𝜓) + 𝑤ℐ

−(𝑇ℐ𝜙, 𝑇ℐ𝜓)

 

𝑤ℋ
− (𝑇ℋ𝜙, 𝑇ℋ𝜓)  = 𝑤ℋ

+ (𝑇ℋ𝜙, 𝑇ℋ𝜓) − i𝜎ℋ(𝑇ℋ𝜙, 𝑇ℋ𝜓)

𝑤ℋ
−(𝑇ℐ𝜙, 𝑇ℐ𝜓)  = 𝑤ℐ

+(𝑇ℐ𝜙, 𝑇ℐ𝜓) − i𝜎ℐ(𝑇ℐ𝜙, 𝑇ℐ𝜓).
 

𝑤ℋ
+(𝑇ℋ𝜙, 𝑇ℋ𝜙) 

(𝑇ℋ𝜙) = (𝜙𝑠, 𝜙−𝑠) 

𝑤ℋ
+ (𝑇ℋ𝜙, 𝑇ℋ𝜙): = 4(𝑟+ − 𝑀)2𝑠⟨𝒰𝑠𝜙𝑠, 1ℝ+

(iΘ𝑈)(iΘ𝑈)𝒰𝑠𝜙𝑠⟩ℋ
. 

Dom(Θ𝑈) ⊂ 𝐿𝑠
2(ℋ) 

 

id = 1ℝ+
(iΘ𝑈) + 1ℝ−

(iΘ𝑈) 
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𝑤ℋ
−(𝑇ℋ𝜙, 𝑇ℋ𝜙′) = 22(𝑟+ − 𝑀)2𝑠⟨𝒰𝑠𝜙𝑠, −1ℝ−

(iΘ𝑈)(iΘ𝑈)𝒰𝑠𝜙𝑠
′⟩

ℋ

 +2 ∫  [𝒰𝑠𝜙𝑠(iΘ𝑈)𝒰̃𝑠𝜙−𝑠
′ + 𝒰̃𝑠𝜙−𝑠(iΘ𝑈)𝒰𝑠𝜙𝑠

′

−(−1)𝑠 (𝜙𝑠(iΘ𝑈)𝜙−𝑠
′ + 𝜙−𝑠(iΘ𝑈)𝜙𝑠

′)] (𝑟+
2 + 𝑎2)d𝑈 d2𝜔+

 

𝑐𝑠 ∫  
ℝ×𝕊2

[2𝜕𝑈
𝑠 𝜙𝑠

𝑈𝜕𝑈
𝑠+1𝜙𝑠

′𝑈 − (−1)𝑠 (𝜙𝑠
𝑈𝜕𝑈

2𝑠+1𝜙𝑠
′𝑈 + 𝜕𝑈

2𝑠𝜙𝑠
𝑈𝜕𝑈𝜙𝑠

′𝑈)] d𝑈 d2𝜔+ 

𝑐𝑠 = 2i(𝑟+ − 𝑀)2𝑠(𝑟+
2 + 𝑎2) 

𝑐𝑠 ∫  
ℝ×𝕊2

  [2𝜕𝑈
𝑠 𝜙𝑠

𝑈𝜕𝑈
𝑠+1𝜙𝑠

′𝑈 − (−1)𝑠−1 (𝜕𝑈𝜙𝑠
𝑈𝜕𝑈

2𝑠𝜙𝑠
′𝑈 + 𝜕𝑈

2𝑠−1𝜙𝑠
𝑈𝜕𝑈

2𝜙𝑠
′𝑈)] d𝑈 d2𝜔+

−(−1)𝑠𝑐𝑠 ∫  
𝕊2

  [𝜙𝑠
𝑈𝜕𝑈

2𝑠𝜙𝑠
′𝑈 + 𝜕𝑈

2𝑠−1𝜙𝑠
𝑈𝜕𝑈𝜙𝑠

′𝑈]
−∞

∞
d2𝜔+

 

|𝜙𝑠
𝑈𝜕𝑈

2𝑠𝜙𝑠
′𝑈| , |𝜕𝑈

2𝑠−1𝜙𝑠
𝑈𝜕𝑈𝜙𝑠

′𝑈| ≤ |log ⟨𝑈⟩|−𝑑 

𝑐𝑠 ∫  
ℝ×𝕊2

[2𝜕𝑈
𝑠 𝜙𝑠

𝑈𝜕𝑈
𝑠+1𝜙𝑠

𝑈 − (𝜕𝑈
𝑠 𝜙𝑠

𝑈𝜕𝑈
𝑠+1𝜙𝑠

𝑈 + 𝜕𝑈
𝑠 𝜙𝑠

𝑈𝜕𝑈
𝑠+1𝜙𝑠

𝑈)] d𝑈 d2𝜔+ = 0 

𝑤ℐ
+(𝑇ℐ𝜙, 𝑇ℐ𝜙) 

𝑇ℐ𝜙 = (𝜙̆𝑠, 𝜙̆−𝑠) 

𝑤ℐ
+(𝑇ℐ𝜙, 𝑇ℐ𝜙) =2 [⟨𝒲𝑠𝐴𝑠

−1𝜙̆̆−𝑠, 1ℝ+
(iΘ𝔱)(iΘ𝔱)𝒲𝑠𝜙̆̆−𝑠⟩

ℐ

+ ⟨𝒲𝑠𝜙̆̆−𝑠, 1ℝ+
(iΘ𝔱)(iΘ𝔱)𝒲𝑠𝐴𝑠

−1𝜙̆−𝑠⟩
ℐ
] .

 

𝐶∞ (ℝ𝔱; Γ(ℬ𝑠
𝕊2

)) 

𝒲𝑠 = 2𝑠𝜕𝔱
𝑠, and 𝐴𝑠

−1 

⟨𝒲𝑠𝐴𝑠
−1𝜙̆−𝑠, 1ℝ+

(iΘ𝔱)(iΘ𝔱)𝒲𝑠𝜙̆−𝑠⟩ℐ
= 22𝑠 ∫  

ℝ×𝕊2
 𝐴𝑠

−1𝜕𝔱
𝑠𝜙̆−𝑠

𝐾 1ℝ+
(𝐷𝔱)𝐷𝔱𝜕𝔱

𝑠𝜙̆−𝑠
𝐾 dt d2𝜔∗,

⟨𝒲𝑠𝜙̆̆−𝑠, 1ℝ+
(iΘ𝔱)(iΘ𝔱)𝒲𝑠𝐴𝑠

−1𝜙̆−𝑠⟩
ℐ

= 22𝑠 ∫  
ℝ×𝕊2

 𝜕𝔱
𝑠𝜙̆−𝑠

𝐾 1ℝ+
(𝐷𝔱)𝐷𝔱𝐴𝑠

−1𝜕𝔱
𝑠𝜙̆−𝑠

𝐾 dt d2𝜔∗,
 

{𝜙 ∈ 𝐿𝑠
2(ℐ−): 𝜕𝔱 ∈ 𝐿𝑠

2(ℐ−)} 

1ℝ+
(𝐷𝔱)𝐷𝔱 

1ℝ+
(𝐷𝔱)𝐷𝔱 with 𝐴𝑠

−1 
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𝑤ℐ
−(𝜓, 𝜓′) = 2 ⟨𝒲𝑠𝐴𝑠

−1𝜓̆̆−𝑠, (−1ℝ−
(iΘ𝔱)) (iΘ𝔱)𝒲𝑠𝜓̆−𝑠

′ ⟩
ℐ

 +2 ⟨𝒲𝑠𝜓̆−𝑠, (−1ℝ−
(iΘ𝔱)) (iΘ𝔱)𝒲𝑠𝐴𝑠

−1𝜓̆−𝑠
′ ⟩

ℐ

 +2 ∫  
ℝ×𝕊2

  [p𝑠𝐴𝑠
−1𝜓̆−𝑠(iΘ𝔱)b

𝑠𝜓̆−𝑠
′ + p𝑠𝜓̆−𝑠(iΘ𝔱)p

𝑠𝐴𝑠
−1𝜓̆−𝑠

′

−(−1)𝑠 ( b2𝑠𝐴𝑠
−1𝜓̆−𝑠(iΘ𝔱)𝜓̆−𝑠

′ + 𝜓̆−𝑠(iΘ𝔱)p
2𝑠𝐴𝑠

−1𝜓̆−𝑠
′ )] dtd2𝜔∗

 

𝜔ℐ
+(𝑇ℐ𝜙, 𝑇ℐ𝜙) 

21+2𝑠i ∫  
ℝ×𝕊2

  [𝜕𝔱
𝑠𝐴𝑠

−1𝜓̆−𝑠
𝐾 𝜕𝔱

𝑠+1𝜓̆−𝑠
′𝐾 + 𝜕𝔱

𝑠𝜓̆−𝑠
𝐾 𝜕𝔱

𝑠+1𝐴𝑠
−1𝜓̆−𝑠

′𝐾

−(−1)𝑠 (𝜕𝔱
2𝑠𝐴𝑠

−1𝜓̆−𝑠
𝐾 𝜕𝔱𝜓−𝑠

′𝐾 + 𝜓̆−𝑠
𝐾 𝜕𝔱

2𝑠𝐴𝑠
−1𝜓−𝑠

′𝐾)] dtd2𝜔∗

 

MI
′ = {𝑈 > 0, 𝑉 < 0} ⊂ M𝐾 

(𝑦, 𝜉) ∈ (𝒩+ ∪ 𝒩−)|ℋ 

𝑊𝑈
± = 𝑊ℋ

± + 𝑊ℐ
±,  

𝒩 = 𝒩+ ∪ 𝒩− 

(𝑥, 𝑘; 𝑦, 𝑙) ∈ 𝒩 × 𝒩 

(𝑥′, 𝑘′; 𝑦′, 𝑙′) ∈ (𝒩 ∪ {0}) × (𝒩 ∪ {0}) with (𝑥, 𝑘) ∼ (𝑥′, 𝑘′) and (𝑦, 𝑙) ∼ (𝑦′, 𝑙′) 

ℎ ∈ Γ𝑐(ℬ(𝑠, −𝑠)) 

𝜙ℎ = (b2𝑠𝐸−𝑠ℎ, 𝐴𝑠𝐸−𝑠ℎ)  

𝑓 ∈ Γ𝑐(ℬ(−𝑠, −𝑠)), and ℎ ∈ Γ𝑐(ℬ(𝑠, −𝑠)), and 𝜙𝑓‾ and 𝜙ℎ corresponding of Sol𝑠,𝑝(ℳ) 

𝜎(𝜙𝑓‾, 𝜙ℎ) = (−1)𝑠 ∫  
ℳ

 𝑓 (𝜚2(𝐴𝑠)
𝑡
𝜚−2𝑝2𝑠𝐸−𝑠 − 𝐸𝑠(𝑝

2𝑠)𝑡𝜚−2𝐴𝑠𝜚
2) ℎ d𝑣𝑜𝑙𝑔  

(𝑝2𝑠)𝑡: Γ(ℬ(𝑠, −𝑠)) → Γ(ℬ(𝑠, 𝑠)) and (𝐴𝑠)
𝑡
: Γ(ℬ(𝑠, 𝑠)) → Γ(ℬ(𝑠, 𝑠)) 

∫  
ℳ

𝑝2𝑠𝑓ℎ d𝑣𝑜𝑙𝑔 = ∫  
ℳ

𝑓(𝑝2𝑠)𝑡ℎ d𝑣𝑜𝑙𝑔, ∫  
ℳ

𝐴𝑠𝑓𝑘 d𝑣𝑜𝑙𝑔 = ∫  
ℳ

𝑓(𝐴𝑠)
𝑡
𝑘 d𝑣𝑜𝑙𝑔 

𝑓 ∈ Γ(ℬ(−𝑠, −𝑠)), ℎ ∈ Γ(ℬ(𝑠, −𝑠)), and 𝑘 ∈ Γ(ℬ(𝑠, 𝑠)) 

𝑓 ∈ Γ𝑐(ℬ(−𝑠, −𝑠)) and ℎ ∈ Γ𝑐(ℬ(𝑠, 𝑠)) 

∫  
ℳ

 𝑓(𝑥)𝑇𝑠ℎ(𝑥)d𝑣𝑜𝑙𝑔 = ∫  
ℳ

 𝑇−𝑠𝑓(𝑥)ℎ(𝑥)d𝑣𝑜𝑙𝑔  

∫  
ℳ

 𝑓(𝑥)𝐸𝑠ℎ(𝑥)d𝑣𝑜𝑙𝑔 = − ∫  
ℳ

 𝐸−𝑠𝑓(𝑥)ℎ(𝑥)d𝑣𝑜𝑙𝑔  
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𝜎(𝜙𝑓‾, 𝜙ℎ) = ([(𝑇𝑠𝜒p2𝑠𝐸−𝑠𝑓‾, 𝑇−𝑠𝜒𝐴𝑠𝐸−𝑠𝑓‾)], [(𝑇𝑠𝜒p2𝑠𝐸−𝑠ℎ, 𝑇−𝑠𝜒𝐴𝑠𝐸−𝑠ℎ)])
Δ𝑠

 

𝜒 ∈ 𝐶∞(ℳ; ℝ) 

Σ+ ⊂ 𝐼+(Σ−) 

𝜒 satisfies 𝜒|𝐽−(Σ−) = 1 and 𝜒|𝐽+(Σ+) = 0 

([(𝑇𝑠𝜒p2𝑠𝐸−𝑠𝑓, 𝑇−𝑠𝜒𝐴𝑠𝐸−𝑠𝑓)], [(𝑇𝑠𝜒p2𝑠𝐸−𝑠ℎ, 𝑇−𝑠𝜒𝐴𝑠𝐸−𝑠ℎ)])
Δ𝑠

 = (−1)𝑠 ∫  
ℳ

  (𝑇𝑠𝜒p2𝑠𝐸−𝑠𝑓𝐸−𝑠𝑇−𝑠𝜒𝐴𝑠𝐸−𝑠ℎ + 𝑇−𝑠𝜒𝐴𝑠𝐸−𝑠𝑓𝐸𝑠𝑇𝑠𝜒p2𝑠𝐸𝑠ℎ)d𝑣𝑜𝑙𝑔

 = (−1)𝑠 ∫  
ℳ

  (𝑇𝑠𝜒p2𝑠𝐸−𝑠𝑓𝐴𝑠𝐸−𝑠ℎ − 𝐴𝑠𝐸−𝑠𝑓𝑇𝑠𝜒p2𝑠𝐸−𝑠ℎ)d𝑣𝑜𝑙𝑔

 = (−1)𝑠 ∫  
ℳ

  (−p2𝑠𝐸−𝑠𝑓𝜚−2𝐴𝑠𝜚
2ℎ + 𝜚−2𝐴𝑠𝜚

2𝑓p2𝑠𝐸−𝑠ℎ)d𝑣𝑜𝑙𝑔

 

𝐴𝑠𝐸−𝑠: Γ𝑐(ℬ(𝑠, −𝑠)) → 𝒯−𝑠,𝑠𝑐(ℳ), so that 𝐸−𝑠𝑇−𝑠𝜒𝐴𝑠𝐸−𝑠ℎ = 𝐴𝑠𝐸−𝑠ℎ for all ℎ ∈ Γ𝑐(ℬ(𝑠, −𝑠)) 

p2𝑠𝐸−𝑠: Γ𝑐(ℬ(𝑠, −𝑠)) → 𝒯𝑠,𝑠𝑐(ℳ) 

𝑓 ∈ Γ𝑐(ℬ(−𝑠, −𝑠)) and ℎ ∈ Γ𝑐(ℬ(𝑠, −𝑠)) 

𝜎(𝜙𝑓‾, 𝜙ℎ) = 0 

WF (𝜚2(𝐴𝑠)
𝑡
p2𝑠𝐸−𝑠 − 𝐸𝑠( b2𝑠)𝑡𝜚−2𝐴𝑠𝜚

2) ⊂ 𝒩 × 𝒩  

𝛾: (𝜏−, 𝜏+) → ℳ 

𝑡0 ∈ ℝ and 𝑟+ < 𝑟0 < 𝑅0 < ∞, so that 𝑟0 ≤ 𝑟(𝛾(𝜏)) ≤ 𝑅0 for all 𝜏 for which 𝛾(𝜏) ∈ MI and 

𝑡(𝛾(𝜏)) ≤ 𝑡0 

𝑟+ < 𝑟0 < 𝑅0 < ∞, so that 𝑟0 ≤ 𝑟(𝛾(𝜏)) ≤ 𝑅0 for all 𝜏 for which 𝛾(𝜏) ∈ MI and 𝑡(𝛾(𝜏)) ≥ 𝑡0. 

Γ = Γ+ ∪ Γ− 

𝐾 = Γ+ ∩ Γ− 

𝑋±(𝑥): = ±1ℝ±
(𝑥)𝑥  

ℎ ∈ 𝐶0
∞(ℝ−) 

(𝑋±(𝐷𝑈)ℎ)(𝑈) =
𝑒𝜅+ ∗𝑡

𝜅+
𝜒±(𝐷∗)ℎ( ∗𝑡)

𝜒±(𝑥) =
𝑥𝑒±𝜋𝑥/𝜅+

𝑒𝜋𝑥/𝜅+ − 𝑒−𝜋𝑥/𝜅+
=

±𝑥

1 − 𝑒∓2𝜋𝑥/𝜅+

 

𝜙, 𝜙′ ∈ 𝒮𝑠,𝑝(ℋ) with supp𝜙 ∪ supp𝜙′ ⊂ {𝑈 < 𝑈0 < 0} 
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𝑤ℋ
±(𝜙, 𝜙′) = 𝑐𝑠 ∫  

ℝ×𝕊2
 𝜕𝑈

𝑠𝜙𝑠( 
∗𝑡, 𝜔+)𝜒±(𝐷∗𝑡)𝜕𝑈

𝑠𝜙𝑠
′( ∗𝑡, 𝜔+)d∗𝑡 d2𝜔+  

𝑐𝑠 = 4(𝑟+ − 𝑀)2𝑠(𝑟+
2 + 𝑎2) 

𝒮𝑠,𝑝(ℋ), 𝒰𝑠𝜙𝑠 and 𝒰̃𝑠𝜙−𝑠 

𝐿2(ℋ−; ℬ(𝑠, 0)) = 𝐿2(ℝ∗ × 𝕊2; ℬ(𝑠, 0); (𝑟+
2 + 𝑎2)d∗𝑡 d2𝜔+)when 𝜙 = (𝜙𝑠, 𝜙−𝑠) ∈ 𝒮𝑠(ℋ) is 

supported in {𝑈 < 𝑈0} for some 𝑈0 < 0. 

𝜒±(iΘ∗𝑡) = ℱ∗𝑡𝑡
−1𝜒±(𝑘)ℱ∗𝑡

 

𝜙 ∈ 𝒮𝑠,𝑝(ℐ−), 𝒲𝑠𝜙−𝑠 and 𝒲̃𝑠𝜙𝑠 are elements of 𝐿2(ℝ𝔱 ×𝕊2; ℬ(𝑠, 0) ) with dtd2𝜔∗ and ℬ(𝑠, 0)-inner 

product 

Θ𝑡∗ ⋆ 𝐿2(ℝ𝔱 × 𝕊2; ℬ(𝑠, 0)) 

𝑋±(iΘ𝔱) = ℱ𝔱
−1𝑋±(𝑘)ℱ𝔱  

(𝔜ℋ,𝑏
∗ )

𝑏∈ℝ
⨂Γ(𝒱𝑠) 

𝑐 = 𝑎(𝑟+
2 + 𝑎2)−1 

ℋ−: = ℋ ∩ {𝑈 < 0} ⊙ (𝔜ℋ,𝑏
∗ )

𝑏∈ℝ
 

𝒮𝑠(ℋ−) = {𝜙 ∈ 𝒮𝑠(ℋ): ∃𝑈0 < 0: supp(𝜙) ⊂ {𝑈 < 𝑈0}} 

(𝔜ℐ,𝑏
∗ )

𝑏∈ℝ
∧ Γ(𝒱𝑠) ∨ 𝔜ℐ,𝑏

∗ ∘ 𝒮𝑠(ℐ−) 

𝜙 ∈ 𝒮𝑠,𝑝(ℋ) ∩ 𝒮𝑠(ℋ−) 

Υℋ,(𝑠,𝑠),𝑏
∗ 𝜙𝑠( 

∗𝑡, 𝜃, 𝜑+)  = 𝑒𝑠𝜅+𝑏𝜙𝑠( 
∗𝑡 − 𝑏, 𝜃, 𝜑+)

Υℋ,(𝑠,−𝑠),𝑏
∗ 𝜙−𝑠( 

∗𝑡, 𝜃, 𝜑+)  = 𝑒−𝑠𝜅+𝑏𝜙−𝑠( 
∗𝑡 − 𝑏, 𝜃, 𝜑+)

 

𝐵𝑠Υℋ,(𝑠,𝑠),𝑏
∗ 𝜙𝑠( 

∗𝑡, 𝜃, 𝜑+)  = Υℋ,(𝑠,−𝑠),𝑏
∗ 𝐵𝑠𝜙𝑠( 

∗𝑡, 𝜃, 𝜑+)

 = Υℋ,(𝑠,−𝑠),𝑏
∗ 𝜙−𝑠( 

∗𝑡, 𝜃, 𝜑+),
 

(𝔜ℋ,𝑏
∗ )

𝑏∈ℝ
maps𝒮𝑠(ℋ−) ∩ 𝒮𝑠,𝑝(ℋ) 

𝒰𝑠Υℋ,(𝑠,𝑠),𝑏
∗ 𝜙𝑠( 

∗𝑡, 𝜃, 𝜑+)  = Υℋ,(𝑠,0),𝑏
∗ 𝒰𝑠𝜙𝑠( 

∗𝑡, 𝜃, 𝜑+)

𝒰̃𝑠Υℋ,(𝑠,−𝑠),𝑏
∗ 𝜙−𝑠( 

∗𝑡, 𝜃, 𝜑+)  = (𝑟+ − 𝑀)2𝑠Υℋ,(𝑠,0),𝑏
∗ 𝒰𝑠𝜙𝑠( 

∗𝑡, 𝜃, 𝜑+).
 

𝜙 ∈ 𝒮𝑠,𝑝(ℐ−) ≜ (𝜙𝑠, 𝜙−𝑠) 

[Υℐ,(𝑠,−𝑠),𝑏
∗ , 𝐴𝑠]  = 0

Υℐ,(𝑠,𝑤),𝑏
∗ p = pΥℐ,(𝑠,𝑤−1),𝑏

∗  
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(𝔜ℐ,𝑏
∗ )

𝑏∈ℝ
 maps 𝒮𝑠,𝑝(ℐ−) 

𝒲𝑠Υℐ,(𝑠,−𝑠),𝑏
∗ 𝜙−𝑠(𝔱, 𝜃, 𝜙∗)  = Υℐ,(𝑠,0),𝑏

∗ 𝒲𝑠𝜙−𝑠(𝔱, 𝜃, 𝜑∗)

𝒲𝑠̃Υℐ,(𝑠,𝑠),𝑏
∗ 𝜙𝑠(𝔱, 𝜃, 𝜙∗)  = Υℐ,(𝑠,0),𝑏

∗ 𝒲𝑠̃𝜙𝑠(𝔱, 𝜃, 𝜑∗)
 

𝑤ℋ
± + 𝑤ℐ

± ⊕ 𝒜𝑠,𝐵,𝑝(MI) 

𝛽 =
2𝜋

𝜅+
, i.e., for all 𝜙, 𝜙′ ∈ 𝒮𝑠,𝑝(ℋ) ∩ 𝒮𝑠(ℋ−) 

𝑤ℋ
±(𝔜ℋ,𝑏

∗ 𝜙, 𝔜ℋ,𝑏
∗ 𝜙′) = 𝑤ℋ

±(𝜙, 𝜙′)  

ℝ ∋ 𝑏 ↦ 𝑤ℋ
±(𝜙, 𝔜ℋ,𝑏

∗ 𝜙′) ∈ ℂ 

∫  
ℝ

 𝑓(𝑏)𝑤ℋ
±(𝜙, 𝔜ℋ,𝑏

∗ 𝜙′)d𝑏 = ∫  
ℝ

 𝑓(𝑏 ± i𝛽)𝜔ℋ
∓ (𝜙, 𝔜ℋ,𝑏

∗ 𝜙′)d𝑏  

𝜙, 𝜙′ ∈ 𝒮𝑠,𝑝(ℐ−) 

 

𝑤ℐ
±(𝔜ℐ,𝑏

∗ 𝜙, 𝔜ℐ,𝑏
∗ 𝜙′) = 𝑤ℐ

±(𝜙, 𝜙′).  

ℝ ∋ 𝑏 ↦ 𝑤ℐ
±(𝜙, 𝔜ℐ,𝑏

∗ 𝜙′) ∈ ℂ 

∫  
ℝ

 𝑓(𝑏)𝑤ℐ
±(𝜙, 𝔜ℐ,𝑏

∗ 𝜙′)d𝑏 = 0  

𝑓 ∈ 𝐶0
∞(ℝ±

∗ ; ℝ) 

𝒮𝑠,𝑝(ℋ) ∩ 𝒮𝑠(ℋ−) 

𝑤ℋ
±(𝔜ℋ,𝑏

∗ 𝜙, 𝔜ℋ,𝑏
∗ 𝜙′)

 = 𝑐𝑠 ∫  
ℝ×𝕊2

 𝜕𝑈
𝑠Υℋ,(𝑠,𝑠),𝑏

∗ 𝜙𝑠( 
∗𝑡, 𝜔+)(𝜒±(𝐷∗𝑡)𝜕𝑈

𝑠 Υℋ,(𝑠,𝑠),𝑏
∗ 𝜙𝑠

′)( ∗𝑡, 𝜔+)d∗𝑡 d2𝜔+

 = 𝑐𝑠 ∫  
ℝ×𝕊2

  (𝜕𝑈
𝑠𝜙𝑠) ( ∗𝑡 − 𝑏, 𝜔+)(𝜒±(𝐷∗)Υℋ,(𝑠,0),𝑏

∗ 𝜕𝑈
𝑠𝜙𝑠

′)( ∗𝑡, 𝜔+)d∗𝑡 d2𝜔+

 = 𝑐𝑠 ∫  
ℝ×𝕊2

  (𝜕𝑈
𝑠𝜙𝑠) ( ∗𝑡 − 𝑏, 𝜔+)(𝜒±(𝐷∗𝑡)𝜕𝑈

𝑠 𝜙𝑠
′)( ∗𝑡 − 𝑏, 𝜔+)d∗𝑡 d2𝜔+

 = 𝑤ℋ
±(𝜙, 𝜙′)

 

 

𝜒±(𝐷∗𝑡)Υℋ,(𝑠,0),𝑏
∗ 𝜙 = Υℋ,(𝑠,0),𝑏

∗ 𝜒±(𝐷∗𝑡)𝜙  

𝑋±(𝐷𝔱)Υℐ,(𝑠,0),𝑏
∗ 𝜙 = Υℐ,(𝑠,0),𝑏

∗ 𝑋±(𝐷𝔱)𝜙  

𝜙 ∈ 𝒮𝑠,𝑝(ℋ) ∩ 𝒮𝑠(ℋ−) 

𝜒±(iΘ∗𝑡
)𝒰𝑠𝜙𝑠 
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𝐿2(ℝ∗𝑡 × 𝕊2; ℬ(𝑠, 0)) 

|𝜔ℋ
± (𝜙, 𝔜ℋ,𝑏

∗ 𝜙′)| = |𝑐𝑠 ∫  
ℝ×𝕊2

  (𝜕𝑈
𝑠𝜙𝑠) ( ∗𝑡, 𝜔+)(Υℋ,(𝑠,0),𝑏

∗ 𝜒±(𝐷∗𝑡)𝜕𝑈
𝑠 𝜙𝑠

′)( ∗𝑡, 𝜔+)d∗𝑡 d2𝜔+|

 ≤ |𝑐𝑠| ‖𝜕𝑈
𝑠𝜙𝑠‖

𝐿2(ℋ−)
‖Υℋ,(𝑠,0),𝑏

∗ 𝜒±(𝐷∗𝑡)𝜕𝑈
𝑠 𝜙𝑠

′‖
𝐿2(ℋ−)

 = |𝑐𝑠| ‖𝜕𝑈
𝑠𝜙𝑠‖

𝐿2(ℋ−)
‖𝜒±(𝐷∗𝑡)𝜕𝑈

𝑠 𝜙𝑠
′‖

𝐿2(ℋ−)

 

𝐿2(ℋ−) = 𝐿2(ℝ∗ × 𝕊2; ℬ(𝑠, 0)) 

𝜙 ∈ 𝒮𝑠,𝑝(ℐ−)with components (𝜙𝑠, 𝜙−𝑠) in the Kinnersley tetrad, 𝜕𝔱
𝑠(+1)

𝜙−𝑠 and 𝜕𝔱
𝑠(+1)

𝐴𝑠
−1𝜙−𝑠 are 

elements of 𝐿2(ℝ × 𝕊2; ℬ(𝑠, 0)). 

𝜒±(𝑥) = 𝑒±𝛽𝑥𝜒∓(𝑥)  

𝑓 ∈ 𝐿2(ℝ∗𝑡
× 𝕊2; ℬ(𝑠, 0)) 

(𝜒±(𝐷∗𝑡)𝑓)( ∗𝑡, 𝜔+) = (𝜒∓(𝐷∗𝑡)𝑓)( ∗𝑡 ∓ i𝛽, 𝜔+)  

𝜒±(𝐷∗𝑡)Υℋ,(𝑠,0),𝑏
∗ 𝑓 = (𝑒i𝑏⋅𝜒±)(𝐷∗𝑡)𝑓, .  

𝑋±(𝐷𝔱)Υℐ,(𝑠,0),𝑏
∗ 𝑓 = (𝑒i𝑏⋅𝑋±)(𝐷𝔱)𝑓  

𝑥 ↦ 𝜒±
𝑏(𝑥): = 𝜒±(𝑥)𝑒𝑖𝑏𝑥 = 𝑒iRe𝑏𝑥

±𝑥

𝑒±Im𝑏𝑥 − 𝑒∓(𝛽−Im𝑏)𝑥
 

ℝ ± i(0, 𝛽) ⊂ ℂ 

𝑏 ↦ 𝜒±
𝑏(𝑥) is holomorphic on ℝ ± i(0, 𝛽) 

𝑏 ↦ (i𝑥)𝜒±
𝑏(𝑥) is uniformly in 𝑥 ∈ ℝ 

𝑏 ↦ 𝑋±
𝑏(𝑥): = 𝑒i𝑏𝑥𝑋±(𝑥) 

𝑏, i𝑥𝑋±(𝑥)𝑒i𝑏𝑥 

𝐹ℋ
±[𝜙, 𝜙′](𝑏): =𝑐𝑠 ∫  

ℝ×𝕊2
 𝜕𝑈

𝑠𝜙𝑠( 
∗𝑡, 𝜔+)𝜒±

𝑏(𝐷∗𝑡)𝜕𝑈
𝑠 𝜙𝑠

′( ∗𝑡, 𝜔+)d∗𝑡 d2𝜔+, 𝑏 ∈ ℝ ± i(0, 𝛽)

𝐹ℐ
±[𝜓, 𝜓′](𝑏): =21+2𝑠 ∫  

ℝ×𝕊2
  [𝜕𝔱

𝑠𝐴𝑠
−1𝜓−𝑠(𝔱, 𝜔

∗)𝑋±
𝑏(𝐷𝔱)𝜕𝔱

𝑠𝜓−𝑠
′ (𝔱, 𝜔∗)

+𝜕𝔱
𝑠𝜓−𝑠(𝔱, 𝜔

∗)𝑋±
𝑏(𝐷𝔱)𝜕𝔱

𝑠𝐴𝑠
−1𝜓−𝑠

′ (𝔱, 𝜔∗)] dtd2𝜔∗, 𝑏 ∈ ℂ±
∗

 

𝜙, 𝜙′ ∈ 𝒮𝑠,𝑝(ℋ) ∩ 𝒮𝑠(ℋ−) 

𝜓, 𝜓′ ∈ 𝒮𝑠,𝑝(ℐ−) 
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𝐹ℋ
±[𝜙, 𝜙′]′(𝑏): =𝑐𝑠 ∫  

ℝ×𝕊2
 𝜕𝑈

𝑠𝜙𝑠( 
∗𝑡, 𝜔+)(i𝐷∗𝑡)𝜒±

𝑏(𝐷∗𝑡)𝜕𝑈
𝑠 𝜙𝑠

′( ∗𝑡, 𝜔+)d∗𝑡 d2𝜔+

𝐹ℐ
±[𝜓, 𝜓′]′(𝑏): =21+2𝑠 ∫  

ℝ×𝕊2
  [𝜕𝔱

𝑠𝐴𝑠
−1𝜓−𝑠(𝔱, 𝜔

∗)i𝐷𝔱𝑋±
𝑏(𝐷𝔱)𝜕𝔱

𝑠𝜓−𝑠
′ (𝔱, 𝜔∗)

+𝜕𝔱
𝑠𝜓−𝑠(𝔱, 𝜔

∗)i𝐷𝔱𝑋±
𝑏(𝐷𝔱)𝜕𝔱

𝑠𝐴𝑠
−1𝜓−𝑠

′ (𝔱, 𝜔∗)] dtd2𝜔∗

 

(i𝑥)𝜒±
𝑏(𝑥) and (i𝑥)𝑋±

𝑏 

𝐹ℋ
±[𝜙, 𝜙′]′(𝑏) and 𝐹ℐ

±[𝜓, 𝜓′]′(𝑏) 

𝐹ℋ
±[𝜙, 𝜙′](𝑏) and 𝐹ℐ

±[𝜓, 𝜓′](𝑏) 

𝜙, 𝜙′ ∈ 𝒮𝑠,𝑝(ℋ) ∩ 𝒮𝑠(ℋ−)or 𝜓, 𝜓′ ∈ 𝒮𝑠,𝑝(ℐ−), 

𝑏 ∈ ℝ ± i(0, 𝛽) or 𝑏 ∈ ℂ±
∗  

𝐹ℋ
±[𝜙, 𝜙′](𝑏) is holomorphic in the strip 𝑏 ∈ ℝ ± i(0, 𝛽), and 𝐹ℐ

±[𝜓, 𝜓′](𝑏) is holomorphic in ℂ±
∗ . 

lim
𝜖→0

 𝐹ℋ
±[𝜙, 𝜙′](𝑏 ± i𝜖)  = 𝑤ℋ

±(𝜙, 𝔜ℋ,𝑏
∗ 𝜙′)

lim
𝜖→0

 𝐹ℐ
±[𝜓, 𝜓′](𝑏 ± i𝜖)  = 𝑤ℐ

±(𝜓, 𝔜ℐ,𝑏
∗ 𝜓′)

 

𝐹ℋ
±[𝜙, 𝜙′](𝑏 ± i(𝛽 − 𝜖)) = 𝐹ℋ

∓[𝜙, 𝜙′](𝑏 ∓ i𝜖).  

𝐹ℋ
±[𝜙, 𝜙′](𝑏) as Im𝑏 → ±𝑖2𝜋𝜅+

−1 

𝑓 ∈ 𝐶0
∞(ℝ; ℝ) 

∫  
ℝ

 𝑓(𝑏)𝑤ℋ
±(𝜙, 𝔜ℋ,𝑏

∗ 𝜙′)𝑑𝑏 = ∫  
ℝ

 𝑓(𝑏)𝐹ℋ
±[𝜙, 𝜙′](𝑏)𝑑𝑏

 = ∫  
ℝ

 𝑓(𝑏)𝐹ℋ
∓[𝜙, 𝜙′](𝑏 ∓ i𝛽)d𝑏

 = ∫  
ℝ±𝑖𝛽

 𝑓(𝑏̃ ± i𝛽)𝐹ℋ
∓[𝜙, 𝜙′](𝑏̃)d𝑏̃

 = ∫  
ℝ

 𝑓(𝑏̃ ± i𝛽)𝐹ℋ
∓[𝜙, 𝜙′](𝑏̃)d𝑏̃

 = ∫  
ℝ

 𝑓(𝑏̃ ± i𝛽)𝑤ℋ
∓(𝜙, 𝔜ℋ,𝑏̃

∗ 𝜙′)d𝑏̃

 

𝑓 ∈ 𝐶0
∞(ℝ±

∗ ), 𝑓(𝑏) is holomorphic 

|𝑓(𝑏)| ≤ 𝐶𝑁𝑒−𝜖Im𝑏(1 + |𝑏|)−𝑁 

{−𝑅 ≤ Re𝑧 < 𝑅, 0 ≤ ±Im𝑧 ≤ 𝑅} 

(𝑔𝑗
𝜆)

𝜆>0
⊂ Γ𝑐(ℬ(𝑠, −𝑠)), 𝑗 ∈ {1,2} 
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𝑤ℋ
± (𝑇ℋ𝜙

𝑔𝑗
𝜆 , 𝑇ℋ𝜙

𝑔𝑗
𝜆)  ≤ 𝑐(1 + 𝜆)𝑙

𝑤ℐ
± (𝑇ℐ𝜙𝑔𝑗

𝜆 , 𝑇ℐ𝜙𝑔𝑗
𝜆)  ≤ 𝑐′(1 + 𝜆)𝑙′

 

𝜉 = (𝜉1, 𝜉2) ∈ ℝ2 ∖ {0} so that 𝜉2 > 0. 

(𝑔𝑗
𝜆)

𝜆>0
∖ 𝜕𝜉ℎ ∈ 𝐶0

∞(ℝ2) 

𝑉𝜉
± ⊂ ℝ2 ∖ {0} of ±𝜉, so that (for 𝑘 ⋅ 𝑡 = 𝑘1𝑡1 + 𝑘2𝑡2) 

 sup
𝑘∈𝑉𝜉

±
  |∫  

ℝ2
  𝑒i𝜆𝑘⋅𝑡ℎ̂(𝑡)𝜔ℋ

± (𝔜ℋ,𝑡1

∗ 𝑇ℋ𝜙𝑔1
𝜆 , 𝔜ℋ,𝑡2

∗ 𝑇ℋ𝜙𝑔2
𝜆) d2𝑡| = 𝒪(𝜆−∞)

 sup
𝑘∈𝑉𝜉

±
  |∫  

ℝ2
  𝑒i𝜆𝑘⋅𝑡ℎ̂(𝑡)𝜔ℐ

± (𝔜ℐ,𝑡1

∗ 𝑇ℐ𝜙𝑔1
𝜆 , 𝔜ℐ,𝑡2

∗ 𝑇ℐ𝜙𝑔2
𝜆) d2𝑡| = 0

 

|𝑓(𝜆)| = 𝒪(𝜆−∞) 

𝐶𝑁, 𝜆𝑁 > 0, so that |𝑓(𝜆)| ≤ 𝐶𝑁𝜆−𝑁 for all 0 < 𝜆𝑁 < 𝜆 

𝑓 ∈ 𝐶0
∞(ℝ2) 

𝛽 = 2𝜋𝜅+
−1 

ℎ𝑗 ∈ 𝐶0
∞(ℝ; ℝ), 𝑗 ∈ {1,2} 

ℎ𝑗̂(0) = 1, and set ℎ(𝑡1, 𝑡2) = ℎ1(𝑡1)ℎ2(𝑡2) 

±𝑘2 > 𝜖 for all (𝑘1, 𝑘2) ∈ 𝑉𝜉
±

 

𝑘 ∈ 𝑉𝜉
± ⊂ ℝ2 

𝑔𝜆,𝑘(𝑝): = √2𝜋ℎ1(−𝑝 − 𝜆(𝑘1 + 𝑘2))ℎ2(𝑝), 𝑝 ∈ ℝ

𝑓𝜆,𝑘(𝑝): = √2𝜋𝑔𝜆,𝑘(𝑝 − 𝜆𝑘2) = ℎ1(−𝑝 − 𝜆𝑘1)ℎ2(𝑝 − 𝜆𝑘2), 𝑝 ∈ ℝ.
 

𝑓𝜆,𝑘 ∈ 𝐶0
∞(ℝ±

∗ ) for all 0 < 𝜆0 < 𝜆 and all 𝑘 ∈ 𝑉𝜉
±

 

𝑓𝜆,𝑘̂(𝑠) = ∫  
ℝ

  𝑒i𝑠′𝜆𝑘1𝑒i(𝑠+𝑠′)𝜆𝑘2ℎ1̂(𝑠′)ℎ2̂(𝑠 + 𝑠′)d𝑠′  

∫  
ℝ2

  𝑒i𝜆𝑘⋅𝑡ℎ̂(𝑡)𝑤ℋ
± (𝔜#,𝑡1

∗ 𝑇#𝜙𝑔1
𝜆 , 𝔜#,𝑡2

∗ 𝑇#𝜙𝑔2
𝜆) d2𝑡

= ∫  
ℝ

 𝑓𝜆,𝑘̂(𝑠)𝑤#
± (𝑇#𝜙𝑔1

𝜆 , 𝔜#,𝑠
∗ 𝑇#𝜙𝑔2

𝜆) d𝑠
 

# ∈ {ℋ, ℐ} 

sup
𝜆>0,𝑘∈ℝ2

 ∫  
ℝ

  |𝑔𝜆,𝑘̂(𝑠 ± i𝛽)|d𝑠 ≤ 𝑐 < ∞  
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𝑓𝜆,𝑘̂(𝑠 ± i𝛽) = 𝑒∓𝜆𝑘2𝛽𝑒i𝑠𝜆𝑘2𝑔𝜆,𝑘̂(𝑠 ± i𝛽)  

sup
𝑘∈𝑉𝜉

±
  |∫  

ℝ2
 𝑒i𝜆𝑘⋅𝑡ℎ̂(𝑡)𝑤ℐ

± (𝔜ℐ,𝑡1

∗ 𝑇ℐ𝜙𝑔1
𝜆 , 𝔜ℐ,𝑡2

∗ 𝑇ℐ𝜙𝑔2
𝜆) d2𝑡| = 0 

 sup
𝑘∈𝑉𝜉

±
  |∫  

ℝ2
  𝑒i𝜆𝑘⋅𝑡ℎ̂(𝑡)𝑤ℋ

± (𝔜ℋ,𝑡1

∗ 𝑇ℋ𝜙𝑔1
𝜆 , 𝔜ℋ,𝑡2

∗ 𝑇ℋ𝜙𝑔2
𝜆) d2𝑡|

= sup
𝑘∈𝑉𝜉

±
  |∫  

ℝ

 𝑓𝜆,𝑘̂(𝑠)𝑤ℋ
± (𝑇ℋ𝜙𝑔1

𝜆 , 𝔜ℋ,𝑠
∗ 𝑇ℋ𝜙𝑔2

𝜆) d𝑠|

= sup
𝑘∈𝑉𝜉

±
  |∫  

ℝ

 𝑓𝜆,𝑘̂(𝑠 ± i𝛽)𝑤ℋ
∓ (𝑇ℋ𝜙𝑔1

𝜆 , 𝔜ℋ,𝑠
∗ 𝑇ℋ𝜙𝑔2

𝜆) d𝑠|

≤ sup
𝑘∈𝑉𝜉

±
 e∓𝜆𝑘2𝛽 ∫  

ℝ

  |𝑔𝜆,𝑘̂(𝑠 ± i𝛽)| |𝑤ℋ
∓ (𝑇ℋ𝜙𝑔1

𝜆 , 𝔜ℋ,𝑠
∗ 𝑇ℋ𝜙𝑔2

𝜆)| d𝑠

≤𝐶𝑒−𝜆𝜖𝛽(1 + 𝜆)𝑙′′
= 𝒪(𝜆−∞)

 

|𝑤ℋ
∓ (𝑇ℋ𝜙𝑔1

𝜆 , 𝔜ℋ,𝑠
∗ 𝑇ℋ𝜙𝑔2

𝜆)| 

(𝑥, 𝜉) ∈ 𝑇∗(MI) 

If 𝜉(𝑣ℋ) < 0, then (𝑥, ±𝜉; 𝑥, ∓𝜉) is a direction decrease for 𝑊ℋ
±. 

If 𝜉(𝜕𝑡) < 0, then (𝑥, ±𝜉; 𝑥, ∓𝜉) is a direction decrease for 𝑊ℐ
±. 

𝔨#: 𝒰 → 𝔨#(𝒰) ⊂ ℝ4, 𝑦 ↦ (𝑡#, 𝑦#) 

0 ⊂ ℝ4, and 𝑣ℋ = 𝜕𝑡ℋ  or 𝜕𝑡 = 𝜕𝑡𝓆 

(𝑡ℋ , 𝑦ℋ) (𝑦) = (𝑡, 𝑟, 𝜃, 𝜑+)(𝑦) − (𝑡(𝑥), 𝑟(𝑥), 𝜃(𝑥), 𝜑+(𝑥))

(𝑡ℐ, 𝑦ℐ) (𝑦) = (𝑡∗, 𝑟−1, 𝜃, 𝜑∗)(𝑦) − (𝑡∗(𝑥), 𝑟−1(𝑥), 𝜃(𝑥), 𝜑∗(𝑥))
 

𝑣#,𝑏(𝑦) = 𝔨#
−1(𝔨#(𝑦) + (𝑏, 0))  

𝑦 ∈ 𝐾 and |𝑏| < 𝑐, 𝑣#,𝑏(𝑦) ∈ 𝒰 

𝜍#,𝑝(𝑦) = 𝔨#
−1 (𝔨#(𝑦) + (0, 𝑝))  

𝛿𝜆
#(𝑦) = 𝔨#

−1(𝜆 ⋅ 𝔨#(𝑦))  

Map: Υ#,(𝑠,𝑤),𝑏 of (𝑣#,𝑏)
|𝑏|<𝑐

 on ℬ(𝑠, 𝑤) 

𝜙 ∈ Γ𝐾(ℬ(𝑠, 𝑤)) 

Υ#,(𝑠,𝑤),𝑏
∗ 𝜙(𝑦) = 𝜙(𝑣#,𝑏

−1𝑦) 

𝑠 ∈ {0,1,2}, let 𝜄𝑠 ∈ Γ(ℬ(𝑠, −𝑠)) 
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𝜄𝑠(𝑦) = 1 ∀𝑦 ∈ 𝒰. 

𝑊̃ℋ
±(𝑓, ℎ)∶= 𝑊ℋ

±(𝜄𝑠𝑓, 𝜄𝑠ℎ)

𝑊̃ℐ
±(𝑓, ℎ)∶= 𝑊ℐ

±(𝜄𝑠𝑓, 𝜄𝑠ℎ)
 

𝑔#,𝑖 ∈ 𝐶0
∞(𝒰), 𝑖 ∈ {1,2}, so that supp𝑔#,𝑖 ⊂ 𝐾 and (𝑔#,1⊗𝑔#,2

)(0,0) = 1 

ℝ4 ⊃ 𝔨#(𝒰) 

𝑔#,𝑖
𝜆 (𝑦) = 𝑔#,𝑖(𝛿𝜆𝑝

# 𝑦) whenever 𝛿𝜆𝑝
# 𝑦 ∈ 𝒰, and 𝑔#,𝑖

𝜆 (𝑦) = 0 

For 0 < 𝜆 < 1. set 𝑔#,𝑖
𝜆 (𝑦) = 𝑔#,𝑖

1 (𝑦) 

𝜆 > 0, 𝑔#,𝑖
𝜆 ∈ 𝐶0

∞(ℳ) 

𝑣#,𝑏
∗ 𝜍#,𝑝𝑔#,𝑖

𝜆 ∈ 𝐶0
∞(ℳ) 

|𝑊̃#
±(𝑔#,𝑖

𝜆 , 𝑔#,𝑖
𝜆 )| = |𝑤#

± (𝑇#𝜙𝜄𝑠

𝑔#,𝑖
𝜆

 
, 𝑇#𝜙

𝜄𝑠𝑔#,𝑖
𝜆 )| ≤ 𝐶‖𝜄𝑠𝑔#,𝑖

𝜆 ‖
𝐶𝑘(𝒰)

2
≤ 𝐶′‖𝑔#,𝑖

𝜆 ‖
𝐶𝑘(𝒰)

2
 

𝐶, 𝑐′ > 0, ‖𝜄𝑠𝑔#,𝑖
𝜆 ‖

𝐶𝑘(𝒰)
 

Γ𝒰(ℬ(𝑠, −𝑠)) 

‖𝑓‖𝐶𝑘(𝒰) = sup
𝑥∈𝒰

 sup
𝛼≤𝑘

 |𝑍1
𝛼1 … 𝑍4

𝛼4𝑓(𝑥)|  

‖𝑔#,𝑖
𝜆 ‖

𝐶𝑘(𝒰)
≤ 𝜆𝑘𝑝‖𝑔#,𝑖

1 ‖
𝐶𝑘(𝒰)

≤ ‖𝑔#,𝑖
1 ‖

𝐶𝑘(𝒰)
(1 + 𝜆)𝑘𝑝 

|𝑊̃#
± (𝜍#,𝑝

∗ 𝑔#,𝑖
𝜆 , 𝜍#,𝑝

∗ 𝑔#,𝑖
𝜆 )| ≤ ‖𝑔#,𝑖

1 ‖
𝐶𝑘(𝒰)

2
(1 + 𝜆)2𝑘𝑝 

(𝜄𝑠𝜍#,𝑝
∗ 𝑔#,𝑖

𝜆 )
𝜆>0,𝑝∈𝐶

 

𝑇#𝜙𝜄𝑠𝑣#,𝑏
∗ 𝑔#,𝑖

𝜆 = 𝑇#𝜙Υ#,(𝑠,𝑠),𝑏
∗ 𝜄𝑠𝑔#,𝑖

𝜆 = 𝑇#𝔜#,𝑏
∗ 𝜙

𝜄𝑠𝑔#,𝑖
𝜆 = 𝔜#,𝑏

∗ 𝑇#𝜙𝜄𝑠𝑔#,𝑖
𝜆 . 

𝐻# ∈ 𝐶0
∞(𝒰 × 𝒰) 

𝐻# (𝑡#, 𝑦#, 𝑡̃#, 𝑦̃#) = 𝜒(𝑡#, 𝑡̃#)ℎ̂(𝑡#, 𝑡̃#)𝜂 (𝑦#, 𝑦̃̃#) 

𝜒 ∈ 𝐶0
∞([−𝑐, 𝑐]2; ℝ) and 𝜂 ∈ 𝐶0

∞(𝐶 × 𝐶; ℝ) are chosen 𝐻#(0,0) = 1 

𝜉𝑡# = 𝜉(𝜕𝑡#) < 0 

𝑉𝜉𝑡#

± ⊂ ℝ2 

𝑉#
± ⊂ ℝ4 × ℝ4 ≅ 𝑇∗(ℳ × ℳ) 

𝑉𝜉𝑡#
± × 𝑉̃#

±, where 𝑉̃#
±is an open neighbourhood in ℝ4 × ℝ4. 
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sup
(𝑘,𝑘′)∈𝑉#

′±
  |∫  

ℝ8
  𝑒i𝜆(𝑘,𝑘′)⋅(𝑦,𝑦′)𝐻#(𝑦, 𝑦′)𝑊̃ ≠ (𝑣𝑡̂

∗𝑣𝑝
∗𝑔1

𝜆, 𝑣𝑡̂
∗𝑣𝑝

∗𝑔2
𝜆) d4𝑦 d4𝑦′| = 𝒪(𝜆−∞)  

𝑉#
′± ⊂ 𝑉#

± 

(𝑥, 𝜉) ∈ 𝑇∗(ℳ) 

𝜄𝑠 ∈ Γ(ℬ(𝑠, −𝑠)) 

𝜄𝑠(𝑥) = {
[(𝔩, 𝔫, 𝑚)(𝑥),1]: 𝑟 ≤ 3𝑀
[(𝑙, 𝑛, 𝑚)(𝑥),1]: 𝑟 ≥ 6𝑀

 

𝑊̃𝑈
±: 𝐶0

∞(ℳ) × 𝐶0
∞(ℳ) → ℂ, (𝑓, ℎ) ↦ 𝑊𝑈

±(𝜄𝑠𝑓, 𝜄𝑠ℎ) = 𝑤𝑈
±(𝜙𝜄𝑠𝑓‾, 𝜙𝜄𝑠ℎ)  

𝑊̃𝑈
±⨂𝑊̃ℋ

±⨂𝑊̃ℐ
± 

𝐶0
∞(ℳ) ∋ 𝑓 ↦ 𝔥𝑠𝑓 = 𝒰𝑠𝑇ℋb2𝑠𝐸−𝑠𝜄𝑠𝑓 ∈ Γ(ℬ(𝑠, 0)|ℋ)

𝐶0
∞(ℳ) ∋ 𝑓 ↦ 𝔦𝑠𝑓 = 𝒲𝑠𝑇ℐ𝐴𝑠𝐸−𝑠𝜄𝑠𝑓 ∈ Γ (ℬ̆(𝑠, 0)|

ℐ−
)

𝐶0
∞(ℳ) ∋ 𝑓 ↦ 𝔦𝑠

′ 𝑓 = 𝒲𝑠𝑇ℐ𝐸−𝑠𝜄𝑠𝑓 ∈ Γ (ℬ̆(𝑠, 0)|
ℐ−

)

 

𝑊̃ℋ
±(𝑓, ℎ)  = 4(𝑟+ − 𝑀)2𝑠⟨𝔥𝑠𝑓‾, 𝑋±(iΘ𝑈)𝔥𝑠ℎ⟩

ℋ

𝑊̃ℐ
±(𝑓, ℎ)  = 2 [⟨𝔦𝑠𝑓‾, 𝑋±(iΘ𝔱)𝔦𝑠

′ ℎ⟩
ℐ

+ ⟨𝔦𝑠
′ 𝑓‾, 𝑋±(iΘ𝔱)𝔦𝑠ℎ⟩

ℐ
]

 

𝜒𝑞 ∈ 𝐶0
∞(ℋ; ℝ) so that supp(1 − 𝜒𝑞) ∩ 𝐽−(𝒰) ⊂ {𝑥 ∈ ℋ: 𝑈(𝑥) ≤ 𝑈1: = min(−3, 𝑈0 − 3)}. 

𝑓, ℎ ∈ 𝐶0
∞(ℳ) 

supp𝑓 ∪ suppℎ ⊂ 𝑊̃ℋ
± 

2−2(𝑟+ − 𝑀)−2𝑠𝑊̃±(𝑓, ℎ) = ⟨𝜒𝑞𝔥𝑠𝑓‾, 𝑋±(iΘ𝑈)𝜒𝑞𝔥𝑠ℎ⟩
ℋ

 +⟨(1 − 𝜒𝑞)𝔥𝑠𝑓‾, 𝑋±(iΘ𝑈)𝜒𝑞𝔥𝑠ℎ⟩
ℋ

 +⟨𝜒𝑞𝔥𝑠𝑓‾, 𝑋±(iΘ𝑈)(1 − 𝜒𝑞)𝔥𝑠ℎ⟩
ℋ

 +⟨(1 − 𝜒𝑞)𝔥𝑠𝑓‾, 𝑋±(iΘ𝑈)(1 − 𝜒𝑞)𝔥𝑠ℎ⟩
ℋ

.

 

𝑞′ = (𝑦′, 𝜉′) ∈ 𝑇̇𝒰
∗ℳ 

𝑓 ∈ 𝐶0
∞(𝒰) 

𝑓𝜉′
𝜆(𝑥) = 𝑓(𝑥)𝑒i𝜆𝜉′⋅𝑥 ∈ 𝐶0

∞(ℳ) 

sup
𝑘∈𝑉′

 |(1 − 𝜒𝑞)𝔥𝑠𝑓𝑘
𝜆| ≤ |log |𝑈‖−𝑑𝐶𝑁𝜆−𝑁,

sup
𝑘∈𝑉′

 |𝔦𝑠
′ 𝑓𝑘

𝜆| ≤ 𝔱−𝑑̃𝐶𝑁𝜆−𝑁

sup
𝑘∈𝑉′

 |𝔦𝑠𝑓𝑘
𝜆| ≤ 𝔱−𝑑̃𝐶𝑁𝜆−𝑁

 

𝜒′′ ∈ 𝐶∞(ℋ) 
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ℋ ∩ 𝐽−(𝒰′) 

supp𝜒𝑞 ∫ 𝒰 ⊂ 𝐼+(Σ) 

Σ± ⊂ 𝐼±(Σ) and 𝒰 ⊂ 𝐼+(Σ+) 

𝜒 ∈ 𝐶∞(M𝐾; [0,1]) so that 𝜒 = 1 on 𝐽−(Σ−)and 𝜒 = 0 on 𝐽+(Σ+) 

[𝐾, 𝑉] ⊂ M𝐾 

(𝑦′, 𝜉′) ∈ 𝐾 × 𝑉 

𝜂 ∈ 𝐶∞(M𝐾; [0,1]) 

𝐾𝑞 ⊂ (𝒰𝑞
′ ∩ ℋ) ⊂ ℋ ∩ 𝐽−(𝒰′) ∩ {𝑥 ∈ ℋ: 𝑈(𝑥) > 𝑈1 + 2}. 

supp𝜂 ∩ ℋ ⊂ ℋ ∩ 𝐽−(𝒰′) ∩ {𝑥 ∈ ℋ: 𝑈(𝑥) > 𝑈1 + 1}. 

ℎ𝑞
′ ∈ 𝐶0

∞(M𝐾) 

 

suppℎ𝑞 ∪ suppℎ𝑞
′ ⊂ 𝐽−(𝒰) 

ℎ𝑞 + ℎ𝑞
′ = 1 on 𝐽−(𝒰′) ∩ 𝐽−(Σ+) ∩ 𝐽+(Σ−) 

suppℎ𝑞
′ ∩ supp𝜂 = ∅ 

suppℎ𝑞 ∩ ℋ ∩ supp(1 − 𝜒𝑞) = ∅ 

(1 − 𝜒𝑞)𝔥𝑠𝑓 = 𝜒′′(1 − 𝜒𝑞)𝒰𝑠𝑇ℋp2𝑠(1 − ℎ𝑞)𝐸−𝑠(𝜄𝑠𝑓)

𝔦𝑠𝑓 = 𝒲𝑠𝑇ℐ𝐴𝑠(1 − ℎ𝑞)𝐸−𝑠(𝜄𝑠𝑓)

𝔦𝑠
′ 𝑓 = 𝒲𝑠𝑇ℐ(1 − ℎ𝑞)𝐸−𝑠(𝜄𝑠𝑓)

 

𝑓 ∈ 𝐶0
∞(ℳ) 

𝑇−𝑠𝜒𝐸−𝑠(𝜄𝑠𝑓) ∈ Γ𝑐(ℬ(𝑠, −𝑠)) 

𝐽−(𝒰′) ∩ 𝐽−(Σ+) ∩ 𝐽+(Σ−) where ℎ𝑞 + ℎ𝑞
′ = 1. 

𝑇−𝑠𝜒𝐸−𝑠(𝜄𝑠𝑓) = −𝑇−𝑠(1 − 𝜒)𝐸−𝑠(𝜄𝑠𝑓) and 𝐸−𝑠 (𝑇−𝑠𝜒𝐸−𝑠(𝜄𝑠𝑓)) = 𝐸−𝑠(𝜄𝑠𝑓) 

𝐸−𝑠(𝜄𝑠𝑓) = ℎ𝑞𝐸−𝑠(𝜄𝑠𝑓) + 𝐸−𝑠(ℎ𝑞
′ 𝑇−𝑠𝜒𝐸−𝑠𝜄𝑠𝑓) − 𝐸−𝑠 − (𝜂[𝑇−𝑠, ℎ𝑞]𝜒𝐸−𝑠𝜄𝑠𝑓)

−𝐸−𝑠 − ((1 − 𝜂)[𝑇−𝑠, ℎ𝑞] 𝜒𝐸−𝑠𝜄𝑠𝑓) − 𝐸−𝑠 + (𝜂[𝑇−𝑠, ℎ𝑞](1 − 𝜒)𝐸−𝑠𝜄𝑠𝑓)

−𝐸−𝑠 + ((1 − 𝜂)𝑇−𝑠, ℎ𝑞](1 − 𝜒)𝐸−𝑠𝜄𝑠𝑓)
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supp (𝜂𝜒(dℎ𝑞)) ⊂ M𝐾 ∖ (ℳ ∪ ℋ), supp (𝜂(1 − 𝜒)(dℎ𝑞)) ⊂ ℳ ⊂ M𝐾 

𝑇ℋb2𝑠(1 − ℎ𝑞)𝐸−𝑠(𝜄𝑠𝑓) = 𝑇ℋb2𝑠𝐸−𝑠 (ℎ𝑞
′ 𝑇−𝑠𝜒𝐸−𝑠(𝜄𝑠𝑓)) 

 −𝑇ℋb2𝑠𝐸−𝑠

−
((1 − 𝜂)[𝑇−𝑠, ℎ𝑞]𝜒𝐸−𝑠(𝜄𝑠𝑓))

−𝑇ℋb2𝑠𝐸−𝑠 + ((1 − 𝜂)𝑇−𝑠, ℎ𝑞](1 − 𝜒)𝐸−𝑠(𝜄𝑠𝑓)) ,

𝑇ℐ(1 − ℎ𝑞)𝐸−𝑠(𝜄𝑠𝑓) =𝑇ℐ𝐸−𝑠 (ℎ𝑞
′ 𝑇−𝑠𝜒𝐸−𝑠(𝜄𝑠𝑓))

−𝑇ℐ𝐸−𝑠 − ((1 − 𝜂)𝑇−𝑠, ℎ𝑞]𝜒𝐸−𝑠(𝜄𝑠𝑓))

=𝑇ℐ𝐸−𝑠 (ℎ𝑞
′ 𝑇−𝑠𝜒𝐸−𝑠(𝜄𝑠𝑓))

−𝑇ℐ𝐸−𝑠((1 − 𝜂)𝑇−𝑠, ℎ𝑞]𝜒𝐸−𝑠(𝜄𝑠𝑓))

 

sup
𝑘∈𝑉′

 ‖ℎ𝑞
′ 𝑇−𝑠𝜒𝐸−𝑠(𝜄𝑠𝑓𝑘

𝜆)‖
𝐶𝑚(suppℎ𝑞

′ )
 = 𝒪(𝜆−∞)

sup
𝑘∈𝑉′

 ‖(1 − 𝜂)[𝑇−𝑠, ℎ𝑞]𝜒𝐸−𝑠(𝜄𝑠𝑓𝑘
𝜆)‖

𝐶𝑚(suppℎ𝑞)
 = 𝒪(𝜆−∞)

sup
𝑘∈𝑉′

 ‖(1 − 𝜂)[𝑇−𝑠, ℎ𝑞](1 − 𝜒)𝐸−𝑠(𝜄𝑠𝑓𝑘
𝜆)‖

𝐶𝑚(suppℎ𝑞)
 = 𝒪(𝜆−∞)

 

sup
𝑘∈𝑉′

 |(1 − 𝜒𝑞)𝔥𝑠𝑓𝑘
𝜆| ≤ |log |𝑈|−𝑑𝐶𝑁𝜆−𝑁,

sup
𝑘∈𝑉′

 |𝔦𝑠
′ 𝑓𝑘

𝜆| ≤ 𝔱−𝑑𝐶𝑁𝜆−𝑁

sup
𝑘∈𝑉′

 |𝔦𝑠𝑓𝑘
𝜆| ≤ 𝔱−𝑑𝐶𝑁𝜆−𝑁,
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(𝑥, 𝑘) ∈ 𝑇̇∗ℋ 

𝜂 ∈ 𝑁𝑥
∗ℋ so that 𝑘 + 𝜂 ∈ 𝑇𝑥

∗M𝐾 

𝑘(𝜕𝑈) ≠ 0 

𝑘(𝜕𝑈) > 0 

(𝑥, 𝑘) ∈ 𝑇∗ℐ− 

𝜂 ∈ 𝑁𝑥
∗ℐ− 

𝑘(𝜕∗) ≠ 0 

𝑘(𝜕∗𝑡
) > 0 

𝑇ℋ
∗ M = 𝑇∗ℋ ⊕ 𝑁∗ℋ and 𝑇ℐ−

∗ M̆I = 𝑁∗ℐ− ⊕ 𝑇∗ℐ−. 

WF′(𝔥𝑠) = {(𝑥, 𝑘; 𝑦, 𝜉) ∈ 𝑇∗(ℋ × ℳ) ∣ ∃𝜂 ∈ 𝑁𝑥
∗ℋ: (𝑥, 𝑘 + 𝜂) ∼ (𝑦, 𝜉)}.  

(𝑦, 𝜉) ∼ (𝑦′, 𝜉′) 

𝐴±: Γℋ(ℬ(−𝑠, 0)) × Γℋ(ℬ(𝑠, 0)) ∋ (𝑓, ℎ) ↦ ∫  𝜒𝑞𝑓𝑋±(iΘ𝑈)𝜒𝑞ℎ(𝑟+
2 + 𝑎2)d𝑈 d2𝜔+ 

− lim
𝜖→0+

 
1

2𝜋

𝛿𝕊2(𝜔+, 𝜔+
′ )𝜒𝑞(𝑈, 𝜔+)𝜒𝑞(𝑈′, 𝜔+

′ )

(𝑈 − 𝑈′ − i𝜖)2
 

WF′(𝐴±) ={(𝑥, 𝑘; 𝑥′, 𝑘′) ∈ 𝑇∗(ℋ × ℋ): 𝑥, 𝑥′ ∈ supp(𝜒𝑞),

(𝜔+, 𝑘(𝜕𝜔+
)) = (𝜔+

′ , 𝑘′(𝜕𝜔+
)) and 𝑘(𝜕𝑈) = 𝑘′(𝜕𝑈) > 0 if 𝑈 = 𝑈′,

 else 𝑘(𝜕𝑈) = 𝑘′(𝜕𝑈) = 0}.

 

(𝑓, ℎ) ∈ 𝐶0
∞(ℳ) × 𝐶0

∞(ℳ) ↦ ⟨𝜒𝑞𝔥𝑠𝑓‾, 𝑋±(iΘ𝑈)𝜒𝑞𝔥𝑠ℎ⟩
ℋ

 

𝒩± × 𝒩∓ 

 

(𝑦, 𝜉) ∈ 𝑇∗ℳ 

(𝑦, 𝜉; 𝑦, −𝜉) ∈ WF(𝑊𝑈
±)if (𝑦, 𝜉) ∈ 𝒩± 

 

𝑞 = (𝑦0, 𝜉0) ∈ 𝑇̇∗ℳ 

WF(𝑊ℐ
±)if ±𝜉0 

±𝜉0(𝑣ℋ) > 0 

(𝑦0, 𝜉0) = (𝔱0, 𝑥0, 𝜏0, 𝑘0) ∈ 𝒩 ⊂ 𝑇̇∗MI 
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𝑓𝜆 ∈ Γ𝑐(ℬ(𝑠, 𝑠)), 𝜆 > 0 

𝑓𝜆(𝑡, 𝑥) = 𝑒−i𝜆(𝜏0,𝑘0)(𝔱,𝑥)𝜑(𝔱, 𝑥),  

𝜑 ∈ Γ𝑐(ℬ(𝑠, 𝑠)) 

𝐵𝜖((𝔱0, 𝑥0)) 

𝑇𝑠𝑢
𝜆 = 𝑓𝜆  

supp𝑢𝜆 ∩ {𝑈 > −𝜖} = ∅ 

(𝑦0, 𝜉0) ∈ 𝑇∗ℳ 

(𝑥𝑝, 𝜉𝑝) ∈ 𝒱 

(𝑦0, 𝜉0) = (𝑡0, 𝑟0, 𝜃0, 𝜑0, 𝜏0, 𝜉𝑟0, 𝜉𝜃0, 𝜉𝜑0) 

∃𝑠+ > 0: 𝑟0(𝑠+) > 0, 𝑟̇0(𝑠+) > 0,

∃𝑠− < 𝑠+: 𝑟0(𝑠−) > 0, 𝑟̇0(𝑠−) < 0.
 

𝑟 + ℓ +
1

2
− 2𝑠 > 0 and 𝑟 >

1

2
− 𝑠. Let 𝐵1 ∈ Ψsc,h 

0,0
 with WFℎ(𝐵1) 

(𝑥1, 𝑘1) = (𝑟+, 𝜔∗, 𝑘1) ∈ 𝑇∗𝑋 

−𝜂ℎ ≤ Im𝑧 ≤ 0 

𝐺 ∈ Ψsc,h 
0,0

 

[0,
1

𝑟+ − 𝜖
) × ℬ𝑠

𝕊2
 

𝜒1𝐺𝜒2 = Opℎ(𝑔) 

𝑢 ∈ 𝐻‾(𝑏),ℎ
𝑟,ℓ

 

‖𝐵1𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ
𝑟,ℎ ≤ 𝐶𝑁 (ℎ−2‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖

𝐻‾(𝑏),ℎ
𝑟,ℓ−1 + ℎ𝑁‖𝑢‖

𝐻‾(𝑏),ℎ
−𝑁,ℓ) .  

𝐾 = 𝐾1. Let 𝐵𝐿±
∈ Ψ𝑠𝑐,ℎ

0,0
 

‖𝐵𝐿±
𝑢‖

𝐻‾(𝑏),ℎ
𝑟,ℓ ≤ 𝐶𝑁 (ℎ−1‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖

𝐻‾(𝑏),ℎ
𝑟,ℓ−1 + ℎ𝑁‖𝑢‖

𝐻‾(𝑏),ℎ
−𝑁,ℓ)  

‖𝐵ℛ𝑖𝑛
𝑢‖

𝐻‾(𝑏),ℎ
𝑟,ℓ ≤ 𝐶𝑁 (ℎ−1‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖

𝐻‾(𝑏),ℎ
𝑟,ℓ−1 + ℎ𝑁‖𝑢‖

𝐻‾(𝑏),ℎ
−𝑁,ℓ) ,  

‖𝐵0𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ ≤ 𝐶𝑁 (ℎ−1‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖
𝐻‾(𝑏),ℎ

𝑟−1,ℓ + ‖𝐵𝐿+
𝑢‖

𝐻‾(𝑏),ℎ
𝑟,ℓ

+‖𝐵ℛ𝑖𝑛
𝑢‖

𝐻‾(𝑏),ℎ
𝑟,ℓ + ℎ𝑁‖𝑢‖

𝐻‾(𝑏),ℎ
−𝑁,ℓ) ,
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‖𝐵𝐾𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ ≤ 𝐶𝑁 (ℎ−2‖𝐺𝑇̂𝑠,ℎ(𝑧)𝑢‖
𝐻‾(𝑏),ℎ

𝑟,ℓ−1 + ℎ𝑁‖𝑢‖
𝐻‾(𝑏),ℎ

−𝑁,ℓ)  

‖𝑝2𝑠𝑢̂𝜆(𝜎, (𝑟 = 𝑟+, 𝜔+))‖
𝐿2(ℝ𝜎×𝕊𝜔+

2 ;⟨𝜎⟩𝑀 d𝜎 d𝜔+)
≤ 𝐶𝑀,𝑁⟨𝜆⟩−𝑁

 

𝜒 ∈ 𝐶0
∞ ((𝑟+ −

𝜖

3
, 𝑟+ + 𝜖)) , 𝜒 = 1 

(𝑟+ − 𝜖, ∞)𝑟 × 𝕊2 

‖b2𝑠𝑢̂𝜆(𝜎)|
𝑟=𝑟+

‖
𝐿2(ℝ𝜎×𝕊𝜔+

2 ,⟨𝜎⟩𝑀 d𝜎 d𝜔+)
≤ 𝐶‖𝜒p2𝑠𝑢̂𝜆(𝜎)‖

𝐿2(ℝ𝜎,⟨𝜎⟩𝑀 d𝜎;𝐻‾(𝑏)

1
2

+𝜖̃,ℓ
)

 ≤ 𝐶‖𝜒̃𝑢̂𝜆(𝜎)‖
𝐿2(ℝ𝜎,⟨𝜎⟩𝑀 d𝜎;𝐻‾

(𝑏)

1
2

+2|𝑠|+𝜖̃,ℓ
)

 

𝑙𝑎 = (𝜕𝑟)𝑎* 𝐾 

𝑇̂𝑠(𝜎)𝑢̂𝜆(𝜎) = 𝑓𝜆(𝜎)  

𝑓𝜆(𝜎)=
1

(2𝜋)1/2
∫  

ℝ

 𝑒i𝜎𝔱𝑒−i𝜆𝜏0t𝑒−i𝜆𝑘0𝑥𝜑(𝔱, 𝑥)d𝔱 

 = ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑥)𝑒−i𝜆𝑘0𝑥

 

‖𝑢̂𝜆(𝜎, 𝑟, 𝜔)‖
𝐿2({|𝜎|≥1},⟨𝜎⟩𝑀 d𝜎;𝐻‾(𝑏)

𝑟,ℓ)
≤ 𝐶𝑀,𝑁⟨𝜆⟩−𝑁

 

𝑟 >
1

2
+ 2|𝑠|, ℓ ∈ ℝ 

𝑟 > 2|𝑠| + 2, −
3

2
< ℓ < −

1

2
.  

‖1{|𝜎|≤1}𝑢̂
𝜆‖

𝐻‾(𝑏)
𝑟−1,ℓ ≤ 𝐶‖1{|𝜎|≤1}𝑇̂𝑠

𝜆(𝜎)𝑢̂𝜆‖
𝐻‾(𝑏)

𝑟,ℓ+𝜖̃ = 𝐶‖1{|𝜎|≤1}𝑓
𝜆‖

𝐻‾(𝑏)
𝑟,ℓ+𝜖̃ ≲ ⟨𝜆⟩−𝑁 

𝐺 = Opℎ(𝑔) 

𝑔 ≡ 0 on 𝐵2𝜖((𝑥0, 𝑘0)) 

ℎ𝑁‖𝐸𝑓𝜆‖
𝐻‾(𝑏),ℎ

𝑟,𝑙−1 with 𝐸 ∈ Ψ𝑠𝑐,ℎ
−∞,−∞

 

ℎ−2‖Opℎ(𝑔)𝑓𝜆‖
𝐻‾(𝑏),ℎ

𝑟,𝑙−1⨂|𝜎| ≤ (1 − 𝛿)𝜆 or |𝜎| ≥ (1 + 𝛿)𝜆. 

Opℎ(𝑔)𝑓𝜆 = ℎ−3
1

(2𝜋)3
∫  𝑒i

𝑘
ℎ

(𝑦−𝑥)𝑒−i𝜆𝑘0𝑦𝑔(𝑥, 𝑘)ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)d3𝑦 d3𝑘

 =
1

(2𝜋)3
∫  𝑒𝑖𝑘(𝑦−𝑥)𝑒−𝑖𝜆𝑘0𝑥𝑔(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)d3𝑦 d3𝑘

 =
1

(2𝜋)3
∫  𝑒−𝑖(𝑘+𝜆𝑘0)𝑥𝑔(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱ(𝜑)(𝜎 − 𝜆𝜏0, 𝑘)d3𝑘
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ℱ(𝜑)(𝜎 − 𝜆𝜏0, 𝑘) 

|ℱ(𝜑)(𝜎 − 𝜆𝜏0, 𝑘)| ≤ 𝐶𝑁,𝛿⟨𝜎 − 𝜆𝜏0⟩−𝑁⟨𝑘⟩−𝑁 

‖𝑂𝑝ℎ(𝑔)𝑓𝜆‖
𝐻‾(𝑏),ℎ

𝑟,ℓ−1 ≤ 𝐶𝑁,𝛿⟨𝜎 − 𝜆𝜏0⟩−𝑁 

∫  
|𝜎|≤(1−𝛿)𝜆

⟨𝜎 − 𝜆𝜏0⟩−𝑁 ≲ ⟨𝜆⟩−𝑁+1, ∫  
|𝜎|≥(1+𝛿)𝜆

⟨𝜎 − 𝜆𝜏0⟩−𝑁 ≲ ⟨𝜆⟩−𝑁+1. 

‖Opℎ(𝑔)𝑓𝜆‖
𝐿2({|𝜎|≥(1+𝛿)𝜆}∪{|𝜎|≤(1−𝛿)𝜆},⟨𝜎⟩𝑀 d𝜎 d𝜔+;𝐻‾(𝑏),ℎ

𝑟,ℓ−1)
≤ 𝐶𝑁⟨𝜆⟩−𝑁

 

(1 − 𝛿)𝜆 ≤ |𝜎| ≤ (1 + 𝛿)𝜆  

𝜓 ∈ 𝐶0
∞((−1,1)), 𝜓(0) = 1 

𝜑(𝔱, 𝑥) = 0 in ℳ ∖ 𝐵𝜖((𝔱0, 𝑥0)) 

Opℎ(𝑔)𝑓𝜆 = ℎ−3
1

(2𝜋)3
∫  𝑒i

𝑘
ℎ

(𝑦−𝑥)𝑒−i𝜆𝑘0𝑦𝑔(𝑥, 𝑘)ℱt(𝜎 − 𝜆𝜏0, 𝑦)d3𝑦 d3𝑘

 =
1

(2𝜋)3
∫  𝑒i𝑘(𝑦−𝑥)𝑒−i𝜆𝑘0𝑥𝑔(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱt(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)d3𝑦 d3𝑘

 =
1

(2𝜋)3
∫  𝜓 (

|𝑦 − 𝑥|

𝜖
) 𝑒i𝑘(𝑦−𝑥)𝑒−i𝜆𝑘0𝑥𝑔(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱt(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)d3𝑦 d3𝑘

 +
1

(2𝜋)3
∫  (1 − 𝜓 (

|𝑦 − 𝑥|

𝜖
)) 𝑒i𝑘(𝑦−𝑥)𝑒−i𝜆𝑘0𝑥𝑔(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱt(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)d3𝑦 d3𝑘

∶= 𝐼1 + 𝐼2

 

|𝑥 − 𝑦| ≤ 𝜖 

|𝑥 − 𝑥0| ≤ |𝑦 − 𝑥| + |𝑦 − 𝑥0| ≤ 2𝜖 

𝜑(𝔱, 𝑦) = 0 if |𝑦 − 𝑥0| ≥ 𝜖 

|ℎ𝜆 − 1| ≤ 𝜆𝛿 ∘ ℏ ∘ 𝐵2𝜖((𝑥0, 𝑘0)) 

ℎ|𝑘| + 𝛿𝜆ℎ|𝑘0| ≥ |ℎ𝑘 + (ℎ𝜆 − 1)𝑘0| ≥ 2𝜖

 ⇒ ℎ|𝑘| ≥ 2𝜖 − 𝛿|𝑘0|𝜆ℎ ≥ 2𝜖 −
𝛿

1 − 𝛿
|𝑘0|

 

|𝑘| ≥ (1 − 𝛿) (2𝜖 −
𝛿

1 − 𝛿
|𝑘0|) 𝜆 = ((1 − 𝛿)2𝜖 − 𝛿|𝑘0|)𝜆 ≥ 𝜖𝜆  

 

𝐼1 =
1

(2𝜋)3/2
∫  

|𝑘|≥𝜖𝜆

𝑒−i(𝜆𝑘0+𝑘)𝑥𝑔(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱ𝑦 (ℱt(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)𝜓 (
|𝑦 − 𝑥|

𝜖
)) (𝑘)d3𝑘 

 

|𝐼1(𝜎, 𝑥)| ≲ ⟨𝜎 − 𝜆𝜏0⟩−𝑁⟨𝜆⟩−𝑁 
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𝑘 ↦ ℱ𝑦 (ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)𝜓 (
|𝑦 − 𝑥|

𝜖
)) (𝑘) 

𝒩𝑝(𝜑) = ∑  

|𝛼|≤𝑝,|𝛽|≤𝑝

‖𝑥𝛼𝜕𝛽𝜑‖
𝐿∞ 

𝒩𝑝(ℱ(𝜓)) ≲ 𝒩𝑝+4(𝜓) 

𝜓 ∈ 𝒮(ℝ4) 

∫  
(1−𝛿)𝜆≤|𝜎|≤(1+𝛿)𝜆

⟨𝜎⟩𝑀⟨𝜎 − 𝜆𝜏0⟩−𝑁⟨𝜆⟩−𝑁 d𝜎 ≲ ⟨𝜆⟩𝑀+1−𝑁 

𝜓̃(𝑥, 𝑦) = (1 − 𝜓 (
|𝑦 − 𝑥|

𝜖
)) 

𝐼2 =
1

(2𝜋)3
∫  

−𝜓̃(𝑥, 𝑦)

|𝑦 − 𝑥|2
Δ𝑘(𝑒i𝑘(𝑦−𝑥))𝑒−i𝜆𝑘0𝑥𝑔(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)d3𝑘 d3𝑦

 = ℎ2
1

(2𝜋)3
∫  

−𝜓̃(𝑥, 𝑦)

|𝑦 − 𝑥|2
𝑒i𝑘(𝑦−𝑥)𝑒−i𝜆𝑘0𝑥(Δ𝑘𝑔)(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)d3𝑘 d3𝑦

 

lim
𝑘1

0→∞
 ℬ1(𝑘1

0, 𝑘2, 𝑘3) 

ℬ1(𝑘1
0, 𝑘2, 𝑘3) =

1

(2𝜋)3
∫ 

𝑦

 ∫  
𝑘2,𝑘3

  𝜓̃(𝑥, 𝑦)
(𝑦1 − 𝑥1)

i|𝑦 − 𝑥|2
𝑒i𝑘(𝑦−𝑥)𝑒−i𝑘0𝜆𝑥𝑔 (𝑥, ℎ ((𝑘1

0, 𝑘2, 𝑘3) + 𝜆𝑘0))

 × ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)d𝑘2 d𝑘3 d3𝑦

 =
1

(2𝜋)3/2
∫  

𝑘2,𝑘3

  𝑒−i(𝜆𝑘0+𝑘)𝑥𝑔 (𝑥, ℎ ((𝑘1
0, 𝑘2, 𝑘3) + 𝜆𝑘0))

 × ℱ𝑦 (ℱ𝔱(𝜎 − 𝜆𝜏0, 𝑦)(𝜑)𝜓̃(𝑥, 𝑦)
(𝑦1 − 𝑥1)

i|𝑦 − 𝑥|2
) (𝑘1

0, 𝑘2, 𝑘3)d𝑘2 d𝑘3

 

𝑦 ↦ ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)𝜓̃(𝑥, 𝑦)
(𝑦1 − 𝑥1)

𝑖|𝑦 − 𝑥|2
 

 

𝐼2 = ℎ2
1

(2𝜋)3/2
∫  𝑒i(𝜆𝑘0−𝑘)𝑥(Δ𝑘𝑔)(𝑥, ℎ(𝑘 + 𝜆𝑘0))ℱ𝑦 (ℱ𝔱(𝜑)(𝜎 − 𝜆𝜏0, 𝑦)

𝜓̃(𝑥, 𝑦)

|𝑦 − 𝑥|2
) (𝑘)d3𝑘 

 

|𝐼2(𝑥, 𝜎)| ≲ |𝜎|−2⟨𝜎 − 𝜆𝜏0⟩−𝑁 for all 𝑁 > 0 

|𝐼2(𝑥, 𝜎)| ≲ |𝜎|−𝑁′
⟨𝜎 − 𝜆𝜏0⟩−𝑁  

∫  
(1−𝛿)≤|𝜎|≤(1+𝛿)𝜆

⟨𝜎⟩𝑀−𝑁′
⟨𝜎 − 𝜆𝜏0⟩−𝑁 d𝜎 ≤ ⟨𝜆⟩𝑀−𝑁′+1 
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𝜕𝑥
𝛼𝐼2(𝑥, 𝜎) for all 𝛼 ∈ ℕ3 

‖𝐼2((𝑥, 𝜔), 𝜎)‖
𝐿2({(1−𝛿)𝜆≤|𝜎|≤(1+𝛿)𝜆},⟨𝜎⟩𝑀 d𝜎;𝐻‾(𝑏),ℎ

𝑟,ℓ−1)
≲ ⟨𝜆⟩−𝑁 

‖Opℎ(𝑔)𝑓𝜆‖
𝐿2({|𝜎|≥1},⟨𝜎⟩𝑀 d𝜎 d𝜔+;𝐻‾(𝑏),ℎ

𝑟,ℓ−1)
≤ 𝐶𝑁⟨𝜆⟩−𝑁

 

ℎ−2𝑇̂𝑠,ℎ(𝑧)𝑢̂𝜆 = 𝑇̂𝑠(𝜎)𝑢̂𝜆 = 𝑓𝜆 

ℎ𝑁‖𝐸𝑓𝜆‖
𝐻‾(𝑏),ℎ

𝑟,𝑙−1 ≲ ℎ𝑁‖𝑓̂𝜆‖
𝐻‾(𝑏),ℎ

𝑟,ℓ−1 

∫  ⟨ℎ(𝑘 + 𝜆𝑘0)⟩2𝑟|𝜑̂(𝜎 − 𝜆𝜏0, 𝑘)|2 d3𝑘 ≲ ⟨𝜎 − 𝜆𝜏0⟩−𝑁⟨𝜆⟩2𝑟 

ℎ𝑁‖𝑓𝜆‖
𝐻‾(𝑏),ℎ

𝑟,ℓ−1 ≲ |𝜎|−𝑁⟨𝜎 − 𝜆𝜏0⟩−𝑁⟨𝜆⟩2𝑟 

 ∫  ⟨𝜎⟩𝑀−𝑁⟨𝜎 − 𝜆𝜏0⟩−𝑁 d𝜎 ≤ ∫  
1
2
𝜆≤|𝜎|≤2𝜆

  ⟨𝜎⟩𝑀−𝑁⟨𝜎 − 𝜆𝜏0⟩−𝑁 d𝜎

 + ∫  
|𝜎|≤

1
2
𝜆

  ⟨𝜎⟩𝑀−𝑁⟨𝜎 − 𝜆𝜏0⟩−𝑁 d𝜎 + ∫  
|𝜎|≥2𝜆

  ⟨𝜎⟩𝑀−𝑁⟨𝜎 − 𝜆𝜏0⟩−𝑁 d𝜎

 ≲ ⟨𝜆⟩𝑀−𝑁+1 + ⟨𝜆⟩−𝑁+1 + ⟨𝜆⟩𝑀+1−2𝑁

 

 

ℎ𝑁‖𝐸𝑓𝜆‖
𝐿2({|𝜎|≥1},⟨𝜎⟩𝑀 d𝜎;𝐻‾(𝑏),ℎ

𝑟,ℓ−1)
 ≲ ℎ𝑁‖𝑓𝜆‖

𝐿2({|𝜎|≥1},⟨𝜎⟩𝑀 d𝜎;𝐻‾(𝑏),ℎ
𝑟,ℓ−1)

 ≤ 𝐶𝑁⟨𝜆⟩𝑀+1−𝑁
 

ℎ𝑁‖𝑢̂𝜆‖
𝐻‾(𝑏),ℎ

−𝑁,ℓ ⋄ ‖𝑢̂𝜆‖
𝐻‾(𝑏),ℎ

−𝑁,ℓ ≤ ‖𝑢̂𝜆‖
𝐻‾(𝑏),ℎ

𝑟,ℓ  

‖𝑢̂𝜆‖
𝐻‾(𝑏),ℎ

𝑟,ℓ ≤ ‖𝑇̂𝑠
𝜆(𝜎)𝑢̂𝜆‖

𝐻‾(𝑏),ℎ
𝑟,ℓ−1 = ‖𝑓𝜆‖

𝐻‾(𝑏),ℎ
𝑟,ℓ−1  

‖ℎ𝑁𝑢̂𝜆‖
𝐿2({|𝜎|≥1},⟨𝜎⟩𝑀 d𝜔;𝐻‾(𝑏),ℎ

−𝑁′,ℓ)
≤ 𝐶𝑁⟨𝜆⟩𝑀+1−𝑁 

𝜑(𝔱, 𝑥) ∈ Γ𝑐(ℬ(𝑠, 𝑠)), and 𝜓(𝔱, 𝑥) ∈ 

Γ𝑐(ℬ(𝑠−, 𝑠)) and construct 𝑓𝜆(𝔱, 𝑥) ∈ Γ𝑐(ℬ(𝑠, 𝑠)) and ℎ𝜆(𝔱, 𝑥) ∈ Γ𝑐(ℬ(𝑠, −𝑠)) 

|𝑊ℋ
± (𝜙

𝑓𝜆 , 𝜙ℎ𝜆)| = 𝒪(𝜆−∞)  

𝑇−𝑠𝑢
𝜆 = 𝑓𝜆 and 𝑇−𝑠𝑣

𝜆 = ℎ𝜆 

𝑇ℋ𝜙
𝑓𝜆 = (b2𝑠𝑢𝜆|

𝑟=𝑟+
, 𝐴𝑠𝑢

𝜆|
𝑟=𝑟+

) , 𝑇ℋ𝜙ℎ𝜆 = ((b2𝑠𝑣𝜆|
𝑟=𝑟+

, 𝐴𝑠𝑣
𝜆|

𝑟=𝑟+
) .  

|𝑊ℋ
± (𝜙

𝑓𝜆 , 𝜙ℎ𝜆)| ≤ ‖b′𝑠( b2𝑠𝑢𝜆)|
𝑟=𝑟+

‖
𝐿2(ℋ−)

‖𝑋±(iΘ𝑈)b′𝑠( b2𝑠𝑣𝜆)|
𝑟=𝑟+

‖
𝐿2(ℋ−)

.  
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|𝑊ℋ
± (𝜙

𝑓𝜆 , 𝜙ℎ𝜆)| ≤ ‖𝜕𝑈
𝑠 |𝑈|𝑠( b2𝑠𝑢𝜆)

𝐾
|
𝑟=𝑟+

‖
𝐿2(ℋ−)

‖𝜕𝑈
𝑠+1|𝑈|𝑠( b2𝑠𝑣𝜆)

𝐾
|
𝑟=𝑟+

‖
𝐿2(ℋ−)

,  

𝑈𝜕𝑈 ∝ 𝜕∗𝑡
= 𝜕𝔱𝜕𝑈

𝑠 |𝑈|𝑠 

ℬ(𝑠, 0)|ℋ with ℝt × ℬ𝑠
𝕊2

 

|𝑊ℋ
± (𝜙

𝑓𝜆 , 𝜙ℎ𝜆)| ≤ 𝐶 ‖( b2𝑠𝑢𝜆̂ )
𝐾

(𝜎, 𝑟 = 𝑟+, 𝜔+)‖
𝐿2(ℝ𝜎×𝕊𝜔+

2 ;⟨𝜎⟩2 d𝜎 d𝜔+)

 × ‖(b2𝑠𝑣 𝜆̂)
𝐾

(𝜎, 𝑟 = 𝑟+, 𝜔+)‖
𝐿2(ℝ𝜎×𝕊𝜔+

2 ;⟨𝜎⟩3 d𝜎 d𝜔+)

 

𝒱𝑠 = ℬ(𝑠, 𝑠) ⊕ ℬ(𝑠, −𝑠) 

𝒫𝑠 = 𝑇𝑠 ⊕ 𝑇−𝑠 

Γ𝑎 = 𝐵𝑎 − 𝑤𝑎 

𝑇𝑆𝑠(ℳ) = Γ𝑐(𝒱𝑠)/𝒫𝑠Γ𝑐(𝒱𝑠) 

Sol𝑠(ℳ) ⊂ Γ𝑠𝑐(𝒱𝑠) 

Sol𝑠,𝑝(ℳ) ⊂ Sol𝑠(ℳ) 

𝒯±𝑠,𝑠𝑐(ℳ) ⊂ Γ𝑠𝑐(ℬ(𝑠, ±𝑠)) space solutions to 𝑇𝑠𝜙 = 0(𝑇−𝑠𝜙 = 0) 

𝐻‾𝑏/𝑠𝑐
𝑚,𝜇

(𝐸) = 𝑥𝜇𝐻‾𝑏/𝑠𝑐
𝑚 (𝐸) 

𝐻‾𝑏
𝑟,𝜇,𝜈

([0,1)𝑣 × [0,1)𝜏 × ℬ𝑠
𝕊2

) = 𝑣𝜇𝜏𝜈𝐻‾𝑏
𝑟,([0,1)𝑣 × [0,1)𝜏 × ℬ𝑠

𝕊2
) 

𝒮𝑠(ℐ−) ⊂ Γℐ−
(𝒱𝑠) 

𝒮𝑠(ℋ) ⊂ Γℋ(𝒱𝑠) 

𝒮𝑠,𝑝(ℐ−) ⊂ 𝒮𝑠(ℐ−) 

𝒮𝑠,𝑝(ℋ) ⊂ 𝒮𝑠(ℋ) 

ℂ∗ ⋊ℎ ℤ/2ℤ 

ℏ: ℤ/2ℤ → Aut(ℂ∗) 

ℂ∗ ⋊ℎ ℤ/2ℤ consists of the set ℂ∗ × ℤ/2ℤ 

(𝑧1, [𝑎]2) ∙ (𝑧2, [𝑏]2) = (𝑧1ℏ([𝑎]2)(𝑧2), [𝑎 + 𝑏]2)  

𝑙 = 𝑜 ⊗ 𝑜‾ and 𝑛 = 𝜄 ⊗ 𝜄‾ 

(𝑜, 𝜄) ⋅ 𝜆 = (𝜆𝑜, 𝜆−1𝜄) 

𝜌̃(𝑠,𝑤): ℂ
∗ → GL(ℂ) 𝜆 ↦ (𝑎 ↦ 𝜆−𝑤−𝑠𝜆‾−𝑤+𝑠𝑎) 
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𝑑(𝑎 ⋅ 𝜆) = 𝑑(𝑎) ⋅ 𝜆2 

𝑆−2 = −
1

2
𝐿 + 2, 𝜕𝑡 = −i

𝜈

𝑎
, and 𝜕𝜑 = i𝑚 

𝑆−2 = −
1

2
𝜆 + 2, 𝜕𝑡 = i𝜎+, and 𝜕𝜑 = i𝑚, recalling that 𝛼2 = 𝑎2 +

𝑎𝑚

𝜎+  

𝑢: Γ𝑐(𝐸# ⊗ Ω) → ℂ 

ℎ‖𝑢‖
𝐻‾(𝑏),ℎ

−𝑁,ℓ ⊞ ℎ𝑁‖𝑢‖
𝐻‾(𝑏),ℎ

−𝑁,ℓ  

𝜙̆ = 𝑥−1𝜙 

𝜒±
𝑏(𝑥) → 𝛽 

𝜒±
𝑏(𝑥) → 0 as 𝑥 → ±∞ 

d𝑠2=
1

𝜒
[−(𝑑𝑡 − 𝑎sin2 𝜃𝑑𝜙)2

𝑄

𝜌2
+

𝜌2

𝑄
𝑑𝑟2 +

𝜌2

𝑃
𝑑𝜃2 

+(𝑎𝑑𝑡 − (𝑎2 + 𝑟2)𝑑𝜙)2
𝑃

𝜌2
sin2 𝜃]

 

Δ = 𝑎2 + 𝑟2 (1 −
𝐵2𝐼2𝑀2

𝐼1
2 ) −

2𝐼2𝑀𝑟

𝐼1

𝜌2 = 𝑟2 + 𝑎2cos2 𝜃

𝑃 = 𝐵2cos2 𝜃 (
𝐼2𝑀2

𝐼1
2 − 𝑎2) + 1

𝑄 = (1 + 𝐵2𝑟2)Δ

𝜒 = (𝐵2𝑟2 + 1) − 𝐵2Δcos2 𝜃

𝐼1 = 1 −
𝑎2𝐵2

2
𝐼2 = 1 − 𝑎2𝐵2

 

𝐻 =
1

2
𝑔𝛼𝛽𝑝𝛼𝑝𝛽 +

1

2
𝑚2  

𝑑𝑥𝛾

𝑑𝜁
≡ 𝑚𝑢𝛾 =

𝜕𝐻

𝜕𝑝𝛾
,
𝑑𝑝𝛾

𝑑𝜁
= −

𝜕𝐻

𝜕𝑥𝛾
,  

𝑝𝑡

𝑚
 = 𝑔𝑡𝑡𝑢

𝑡 + 𝑔𝑡𝜙𝑢𝜙 = −ℰ

𝑝𝜙

𝑚
 = 𝑔𝜙𝜙𝑢𝜙 + 𝑔𝑡𝜙𝑢𝑡 = ℒ

 

𝑉𝑒𝑓𝑓(𝑟, 𝜃) = 𝑔𝑟𝑟𝑟̇2 + 𝑔𝜃𝜃𝜃̇2,  

𝑟̇ = 𝑑𝑟/𝑑𝜏, 𝜃̇ = 𝑑𝜃/𝑑𝜏 

𝑉𝑒𝑓𝑓(𝑟, 𝜃) =
ℰ2𝑔𝜙𝜙 + 2ℰℒ𝑔𝑡𝜙 + ℒ2𝑔𝑡𝑡

𝑔𝑡𝜙
2 − 𝑔𝑡𝑡𝑔𝜙𝜙

− 1.  
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𝑉eff(𝑟) = 0,
 d𝑉eff(𝑟)

d𝑟
= 0.  

𝜔𝑟
2  =

−1

2𝑔𝑟𝑟

𝜕2𝑉eff(𝑟, 𝜃)

𝜕𝑟2
,

𝜔𝜃
2  =

−1

2𝑔𝜃𝜃

𝜕2𝑉eff(𝑟, 𝜃)

𝜕𝜃2
,

𝜔𝜙  =
d𝜙

 d𝜏
.

 

Ω𝛼 = 𝜔𝛼

d𝜏

 d𝑡
,  

d𝑡

 d𝜏
= −

𝐸𝑔𝜙𝜙 + 𝐿𝑔𝑡𝜙

𝑔𝑡𝑡𝑔𝜙𝜙 − 𝑔𝑡𝜙
2 .  

𝜈𝑗 =
1

2𝜋

𝑐3

𝐺𝑀
Ω𝑗[ Hz].  

◻ Φ =
1

√−𝑔
𝜕𝜇(√−𝑔𝑔𝜇𝜈𝜕𝜈Φ) = 0  

Φ = 𝑒−𝑖𝜔𝑡𝑒𝑖𝑚𝑙𝜙𝑢𝑟(𝑟)𝑢𝜃(𝜃) 

1

sin 𝜃

𝑑

𝑑𝜃
(sin 𝜃

𝑑𝑢𝜃

𝑑𝜃
) + [𝑎2𝜔2cos2 𝜃 −

𝑚𝑙
2

sin2 𝜃
+ 𝒜𝑙𝑚𝑙

] 𝑢𝜃 = 0  

𝒜𝑙𝑚𝑙

𝑅 ≃ (𝑙 +
1

2
)

2

−
𝑎2𝜔2

2
(1 −

𝑚𝑙
2

(𝑙 + 1/2)2)  

𝒜𝑙𝑚𝑙

𝐼 ≃ −2𝑎2𝜔𝑅𝜔𝐼⟨cos2 𝜃⟩WKB  

𝑑𝑟∗
𝑑𝑟

=
Σ(𝑟)

𝑄(𝑟)
, Σ(𝑟) = 𝑟2 + 𝑎2  

𝑑2𝑢𝑟

𝑑𝑟∗
2

+ 𝑉𝑟(𝑟, 𝜔)𝑢𝑟 = 0  

𝑉𝑟(𝑟, 𝜔) =
(𝑎𝑚𝑙 − 𝜔Σ(𝑟))2

Σ(𝑟)2
−

(1 + 𝐵2𝑟2)Δ(𝑟)

(𝑟2 + 𝑎2)2 [𝒜𝑙𝑚𝑙
+ 2𝑎𝑚𝑙𝜔 − 𝑎2𝜔2]  

𝑄(𝑟) = (1 + 𝐵2𝑟2)Δ(𝑟), Δ(𝑟) = 𝑎2 + 𝑟2(1 −
𝐵2𝐼2𝑀2

𝐼1
2 ) −

2𝐼2𝑀𝑟

𝐼1
, and 𝐼1 = 1 −

𝑎2𝐵2

2
, 𝐼2 = 1 − 𝑎2𝐵2 

𝑉𝑟(𝑟0, 𝜔𝑅) = 0,  
𝜕𝑉𝑟

𝜕𝑟
|
𝑟0,𝜔𝑅

= 0 

𝜔𝐼 = − (𝑛 +
1

2
)

√2(𝑑2𝑉𝑟/𝑑𝑟∗
2)𝑟0,𝜔𝑅

(𝜕𝑉𝑟/𝜕𝜔)𝑟0,𝜔𝑅

, 𝑛 = 0,1,2, …
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𝜔𝑄𝑁𝑀 ≃ 𝑚𝑙Ω𝑐 − 𝑖 (𝑛 +
1

2
) |𝜆𝑐|  
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𝑀ℓ,0 + i𝑆ℓ,0 = 𝑀(i𝑎)ℓ  

𝐼ℓ,𝑚 + i𝐿ℓ,𝑚 ≡ − ∮ Ψ2𝑌
∘

ℓ,𝑚 d𝑆

҉

𝒮

 

 

𝐼ℓ,0 + i𝐿ℓ,0 ∼
√(2ℓ + 1)𝜋

𝑀ℓ
(i𝑎)ℓ × {

ℓ! (ℓ + 2)!

2(2ℓ + 1)!
 (axisymmetric) 

2−ℓ𝛼ℓ  (generic) 

 

 

ℋ ∼ ℝ × 𝕊2.  
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𝜄: ℋ ↪ ℳ: 𝒉 ≡ 𝜄∗𝒈 

ℋ, ℎ𝑎𝑏𝑢𝑎𝑣𝑏 ≡ 𝑔𝑎𝑏𝑢𝑎𝑣𝑏 

𝜃1 = 𝜃 and 𝜃2 = 𝜙 − Ωℋ𝑣, where Ωℋ is the horizon's angular velocity 

ℓ𝑏∇𝑏ℓ𝑎 = 𝜅(ℓ)ℓ
𝑎.  

ℓ𝑎 =
d𝑥𝑎

 d𝑣
|
𝐿(𝜃1,𝜃2)

 

 ℋ𝜀𝑎𝑏𝑢𝑎𝑣𝑏 ≡ 𝜀𝑐𝑑𝑎𝑏𝑛𝑐ℓ𝑑𝑢𝑎𝑣𝑏 ,  

𝑛′𝑎 = 𝑓−1𝑛𝑎 + 𝛼0ℓ𝑎 + 𝛼1𝑤1
𝑎 + 𝛼2𝑤2

𝑎 

𝜀𝑐𝑑𝑎𝑏𝑛′𝑐ℓ′𝑑𝑢𝑎𝑣𝑏 = 𝜀𝑐𝑑𝑎𝑏𝑛𝑐ℓ𝑑𝑢𝑎𝑣𝑏 + 𝑓𝛼1 𝜀𝑐𝑑𝑎𝑏𝑤1
𝑐ℓ𝑑𝑢𝑎𝑣𝑏

⏟          
0

+ 𝑓𝛼2 𝜀𝑐𝑑𝑎𝑏𝑤2
𝑐ℓ𝑑𝑢𝑎𝑣𝑏

⏟          
0

=  ℋ𝜀𝑎𝑏𝑢𝑎𝑣𝑏 

Θ𝑎𝑏𝑢𝑎𝑣𝑏 = ℎ𝑎𝑐𝑢𝑎𝑣𝑏∇𝑏ℓ𝑐 = 𝑔𝑎𝑐𝑢𝑎𝑣𝑏∇𝑏ℓ𝑐 = (∇𝑏ℓ𝑎)𝑢𝑎𝑣𝑏 

ℒℓ𝒉 ≡ lim
𝜀→0

 (Φ𝜀
∗𝒉 − 𝒉)/𝜀 

𝒉 = 𝜄∗𝒈, we have Φ𝜀
∗𝒉 = 𝜄∗Φ𝜀

∗𝒈, so that ℒℓ𝒉 = 𝜄∗ℒℓ𝒈 

ℒℓ𝑔𝑎𝑏 = ∇𝑎ℓ𝑏 + ∇𝑏ℓ𝑎 

𝜃(ℓ) ≡ 𝜒𝑎
𝑎 − 𝜅(ℓ)  

𝜃(ℓ) = 𝜒𝜃1  𝜃1
+ 𝜒𝜃2  𝜃2

 

ℒℓ ℋ𝜀𝑎𝑏 = 𝜃(ℓ) 
ℋ𝜀𝑎𝑏 .  

𝜎𝑎𝑏 ≡ Θ𝑎𝑏 −
1

2
𝜃(ℓ)ℎ𝑎𝑏  

ℓ𝑎 → ℓ′𝑎 = 𝑓ℓ𝑎  

𝜅(ℓ) → 𝜅(ℓ′) = 𝑓𝜅(ℓ) + ℓ𝑎( d𝑓)𝑎

𝜒𝑏
𝑎 → 𝜒𝑏

′𝑎 = 𝑓𝜒𝑏
𝑎 + ℓ𝑎( d𝑓)𝑏

Θ𝑎𝑏 → Θ𝑎𝑏
′ = 𝑓Θ𝑎𝑏

𝜃(ℓ) → 𝜃(ℓ′) = 𝑓𝜃(ℓ)

𝜎𝑎𝑏 → 𝜎𝑎𝑏
′ = 𝑓𝜎𝑎𝑏

 

ℋ: ℓ𝑎 = d𝑥𝑎/d𝑣 = d𝑥𝑎/d𝑣′ 

𝒮, 𝑞𝑎𝑏𝑢𝑎𝑣𝑏 ≡ ℎ𝑎𝑏𝑢𝑎𝑣𝑏 = 𝑔𝑎𝑏𝑢𝑎𝑣𝑏 and 𝑞𝑎𝑏𝑢𝑎𝑢𝑏 > 0 

𝜀𝑎𝑏 = 𝑗∗ℋ𝜀𝑎𝑏.  

ℋ = ⋃  

𝑣∈ℝ

𝒮𝑣 
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(𝒮𝑣)𝑣∈ℝ ∫(𝒮𝑣′
′ )

𝑣′∈ℝ
 

𝑣 = 𝑣′ + 𝐻(𝜃1, 𝜃2),  

𝑇𝑝ℳ = 𝑇𝑝𝒮𝑣 ⊕ 𝑇𝑝
⊥𝒮𝑣 

𝜄∗𝑛𝑎 = −(d𝑣)𝑎  

𝑛𝑎ℓ𝑎 = −1 = −ℓ𝑎∇𝑎𝑣 = −(d𝑣)𝑎ℓ𝑎 

𝒮𝑣, 𝑛𝑎𝑢𝑎 = 0 = −𝑢𝑎∇𝑎𝑣 = −(d𝑣)𝑎𝑢𝑎 

𝜔𝑎 ≡ ( d𝑣)𝑏𝜒𝑎
𝑏 = −𝑛𝑏𝜒𝑎

𝑏  

𝑛𝑎 → 𝑓−1𝑛𝑎, one has 𝜒𝑏 𝑎 → 𝑓𝜒𝑏 𝑎 + ℓ𝑏( d𝑓)𝑎 

𝜔𝑎 → 𝜔𝑎 + (dln 𝑓)𝑎  

Ω𝑎 ≡ 𝜔𝑏𝑞𝑎
𝑏  

𝑞𝑎
𝑏 ≡ 𝛿𝑎

𝑏 + ℓ𝑏𝑛𝑎  

𝑞𝑏 𝑎 ≡ 𝛿𝑏 𝑎 + ℓ𝑏𝑛𝑎 + 𝑛𝑏ℓ𝑎 

Ω𝑎 = 𝜔𝑎 + 𝜅(ℓ)𝑛𝑎 = 𝜔𝑎 − 𝜅(ℓ)(d𝑣)𝑎  

Ω𝑎 = −𝑛𝑐∇𝑏ℓ𝑐𝑞𝑎
𝑏  

Ω𝑎 → Ω𝑎 + (dln 𝑓)𝑏𝑞𝑎
𝑏  

 

ℒℓℎ𝑎𝑏 = lim
𝑣→0

 (Φ𝑣
∗ℎ𝑎𝑏 − ℎ𝑎𝑏)/𝑣 

𝐴 ≡ ∮ 𝜺

҉

𝒮

= ∮ d𝑆

҉

𝒮

= ∮ √𝑞 d𝑥1 d𝑥2

҉

𝒮

 

𝑅 ≡ √
𝐴

4𝜋
 

ℓ𝑏𝑢𝑎∇𝑎𝑣𝑏 = −𝑣𝑏𝑢𝑎∇𝑎ℓ𝑏 = −𝑣𝑏𝜒𝑏 𝑎𝑢𝑎 = −ℎ𝑎𝑏𝑣𝑎𝜒𝑏 𝑐𝑢𝑐 = −Θ𝑎𝑏𝑣𝑎𝑢𝑏 

(𝒮𝑣)𝑣∈ℝ → (𝒮𝑣′
′ )

𝑣′∈ℝ
 

𝑛𝑎 → 𝑛′𝑎 = 𝑛𝑎 + 𝑤𝑎 

𝜔𝑎
′ 𝑢𝑎 = −𝑛𝑏

′ 𝜒𝑏 𝑎𝑢𝑎 = 𝜔𝑎𝑢𝑎 − 𝑤𝑏𝜒𝑏 𝑎𝑢𝑎 

𝑤𝑏𝜒𝑏 𝑎𝑢𝑎 = 𝑤𝑏𝑢𝑎∇𝑎ℓ𝑏 = ∇𝑎ℓ𝑏𝑢𝑎𝑤𝑏 = Θ𝑎𝑏𝑢𝑎𝑤𝑏 = 0 since Θ𝑎𝑏 = 0 
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𝜒𝑎  𝑏 = 𝒟𝑏ℓ𝑎 = 𝜔𝑏ℓ𝑎  

𝜔𝑎 = (d𝑣)𝑏𝛼𝑎ℓ𝑏 = 𝛼𝑎 since ℓ𝑏( d𝑣)𝑏 = 1 

ℒℓ𝜔𝑎 = ℓ𝑏( d𝜔)𝑏𝑎 + (d𝜅(ℓ))𝑎
 

ℒℓ𝜔𝑎 = (d𝜅(ℓ))𝑎
 

Ψ0  ≡ 𝐶𝑎𝑏𝑐𝑑ℓ𝑎𝑚𝑏ℓ𝑐𝑚𝑑

Ψ1  ≡ 𝐶𝑎𝑏𝑐𝑑ℓ𝑎𝑚𝑏ℓ𝑐𝑛𝑑

Ψ2  ≡ 𝐶𝑎𝑏𝑐𝑑ℓ𝑎𝑚𝑏𝑚‾ 𝑐𝑛𝑑

Ψ3  ≡ 𝐶𝑎𝑏𝑐𝑑ℓ𝑎𝑛𝑏𝑚‾ 𝑐𝑛𝑑

Ψ4  ≡ 𝐶𝑎𝑏𝑐𝑑𝑛𝑎𝑚‾ 𝑏𝑛𝑐𝑚‾ 𝑑

 

ReΨ2 =
ℋ

−
1

4
ℛ

(ImΨ2)ℋ𝜀𝑎𝑏 =
ℋ 1

2
( d𝜔)𝑎𝑏

 

𝐝𝝎 = 𝐝𝛀 + 𝐝𝜅(𝓵) ∧ 𝐝𝑣 

𝑗∗𝐝𝝎 = 𝑗∗𝐝𝛀 = 𝐝𝑗∗𝛀 

(ImΨ2)𝜀𝑎𝑏 =
𝒮 1

2
( dΩ)𝑎𝑏  

2ℒℓ(ImΨ2) ℋ𝜺 = ℒℓ𝐝𝝎 = 𝐝ℒℓ𝝎 = 𝐝𝐝𝜅(ℓ) = 0 

ℒℓΨ2 =
ℋ

0  

[𝓵′, 𝜼]𝑎 = 𝑓[𝓵, 𝜼]𝑎 − 𝜂𝑏( d𝑓)𝑏ℓ𝑎 = 0 − 0 = 0 

ℒ𝜼𝜒𝑎  𝑏 = ℒ𝜼ℓ𝑎𝜔𝑏 + ℓ𝑎ℒ𝜼𝜔𝑏 = ℓ𝑎ℒ𝜼𝜔𝑏 

ℒ𝜼ℓ𝑎 = [𝜼, 𝓵]𝑎 = 0 

ℒ𝜂ℎ𝑎𝑏 = 0  and  ℒ𝜂𝜔𝑎 = 0  

ℒ𝜼𝜺 = 𝜼 ⋅ 𝐝𝜺 + 𝐝 ⋆ 𝜼 and 𝐝𝜺 = 0 

(d𝜁)𝑎 =
1

𝑅2
𝜂𝑏𝜀𝑏𝑎  ⨂ ∮ 𝜁𝜀 = 0

҉

𝒮

 

𝜂𝑎( d𝜁)𝑎 = 𝑅−2𝜀𝑏𝑎𝜂𝑏𝜂𝑎 = 0 

𝑥𝐴′
= (𝜁, 𝜙) 

𝜁 ∈ [−1,1], 𝜁 = −1 
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𝑞𝐴′𝐵′d𝑥𝐴′
d𝑥𝐵′

= 𝑅2(𝑓−1 d𝜁2 + 𝑓 d𝜙2),  where  𝑓 = 𝑓(𝜁) ≡ 𝑞𝑎𝑏𝜂𝑎𝜂𝑏/𝑅2  

𝑞
∘

𝐴𝐵
axi d𝑥𝐴 d𝑥𝐵 ≡  d𝜃2 + sin2 𝜃 d𝜙2  

𝑞
∘

𝐴′𝐵′
axi d𝑥𝐴′

d𝑥𝐵′
= (1 − 𝜁2)−1 d𝜁2 + (1 − 𝜁2)d𝜙2 

det(𝑞𝐴′𝐵′) = 𝑅4 

𝐼ℓ
axi + i𝐿ℓ

axi ≡ − ∮ Ψ2𝑌
∘

ℓ,0
axi d𝑆

҉

𝒮

= −𝑅2 ∮ Ψ2𝑌
∘

ℓ,0
axi d𝑆

∘
axi

҉

𝒮

 

𝑌
∘

ℓ,0
axi = 𝑌ℓ,0(𝜃, 𝜙)  

𝐼ℓ
axi ≡

1

4
∮ ℛ𝑌

∘

ℓ,0
axi d𝑆

҉

𝒮

  and  𝐿ℓ
axi ≡ −

1

2
∮ 𝑌

∘

ℓ,0
axi𝐝Ω

҉

𝒮

 

ℓ = 0, 𝑌
∘

ℓ,0
axi = 𝑌0,0(𝜃, 𝜙) = 1/(2√𝜋) 

 

𝐼0
axi = √𝜋, 𝐿0

axi = 0  and  𝐼1
axi = 0  

𝐽ℋ ≡ −
1

8𝜋
∮ 𝜔𝑎𝜂𝑎 d𝑆 = −

1

8𝜋
𝒮

∮ Ω𝑎𝜂𝑎 d𝑆

𝒮

 

ℒℓ′(𝜔𝑎𝜂𝑎) = 𝑓ℒ𝓵(𝜔𝑎𝜂𝑎) = 𝑓(𝜂𝑎ℒ𝓵𝜔𝑎 + 𝜔𝑎ℒ𝓵𝜂𝑎) = 0 

(𝛀 ⋅ 𝜼)𝜺 = 𝛀 ∧⋆ 𝜼, where ⋆ 𝜂𝑎 ≡ 𝜂𝑏𝜀𝑏𝑎 

(𝛀 ⋅ 𝜼)𝜺 = −𝑅2𝐝𝜁 ∧ 𝛀 = −𝑅2[𝐝(𝜁𝛀) − 𝜁𝐝𝛀]  

𝐽ℋ = −
𝑅2

8𝜋
∮ 𝜁𝐝Ω

𝒮

 

𝑌1,0(𝜃, 𝜙) = √3/(4𝜋)cos 𝜃 = √3/(4𝜋)𝜁 

𝐽ℋ =
𝑅2

2√3𝜋
𝐿1

axi  

𝜉𝑎 =
ℋ

𝑐ℓ𝑎 − Ω𝜂𝑎 

𝜕𝜅/𝜕𝐽ℋ = 8𝜋𝜕Ω/𝜕𝐴 
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𝐻(𝝃) = 𝐸∞
(𝝃)

− 𝐸ℋ
(𝝃)

 

𝛿𝐸ℋ
(𝝃)

= 𝜅/(8𝜋)𝛿𝐴 + Ω𝛿𝐽ℋ 

𝑀ℋ =
𝑅

2
√1 + 4𝐽ℋ

2 /𝑅4  

𝑀ℓ ≡
𝑀ℋ𝑅ℓ

√(2ℓ + 1)𝜋
𝐼ℓ
axi  and  𝑆ℓ ≡

𝑅ℓ+1

2√(2ℓ + 1)𝜋
𝐿ℓ

axi
 

𝑞
∘

𝑎𝑏 = 𝜓2𝑞𝑎𝑏  

𝑞
∘

𝐴𝐵 d𝑥𝐴 d𝑥𝐵 = d𝜗2 + sin2 𝜗 d𝜑2  

𝐷2ln 𝜓 + 𝜓2 =
1

2
ℛ  

𝐷2 ≡ 𝑞𝑎𝑏𝐷𝑎𝐷𝑏 

𝐷2Φ = 𝜓2𝐷
∘

2Φ 

𝐷
∘

2ln 𝜓 + 1 =
1

2
𝜓−2ℛ  

𝐷
∘

2 ≡ 𝑞
∘ 𝑎𝑏𝐷

∘

𝑎𝐷
∘

𝑏 

𝑞̇𝑎𝑏
′ = 𝜓′2𝑞𝑎𝑏 

𝑞
∘

𝑎𝑏
′ = 𝛼2𝑞

∘

𝑎𝑏 ,  where 𝛼 satisfies  𝐷
∘

2ln 𝛼 + 𝛼2 = 1  

𝛼(𝜗, 𝜑)−1 = 𝛼0 + 𝛼1sin 𝜗cos 𝜑 + 𝛼2sin 𝜗sin 𝜑 + 𝛼3cos 𝜗  

𝛼0
2 − |𝛼 |2 = 1 

Φ: 𝒮 → 𝒮′ 

(Φ−1)∗𝑞
∘

𝑎𝑏 = (𝜓 ∘ Φ−1)2(Φ−1)∗𝑞𝑎𝑏 

(Φ−1)∗𝑞𝑎𝑏 = 𝑞𝑎𝑏
′  

𝑞
∘

𝑎𝑏
′ = 𝜓′2𝑞𝑎𝑏

′  

𝑞
∘

𝑎𝑏
′ ≡ (Φ−1)∗𝑞

∘

𝑎𝑏  and  𝜓′ ≡ 𝜓 ∘ Φ−1  

𝐼ℓ,𝑚 ≡ − ∮(ReΨ2)𝑌
∘

ℓ,𝑚 d𝑆

●

𝒮

  and  𝐿ℓ,𝑚 ≡ − ∮(ImΨ2)𝑌
∘

ℓ,𝑚 d𝑆

●

𝒮

 

𝑌
∘

ℓ,𝑚 = 𝑌ℓ,𝑚(𝜗, 𝜑)  
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𝐾ℓ,𝑚 ≡ 𝐼ℓ,𝑚 + i𝐿ℓ,𝑚 = − ∮ Ψ2𝑌
∘

ℓ,𝑚 d𝑆

●

𝒮

= − ∮ 𝜓−2Ψ2𝑌
∘

ℓ,𝑚 d𝑆
∘

●

𝒮

 

d𝑆 = 𝜓−2 d𝑆
∘

 

𝑑𝑖 ≡ ∮ 𝑛𝑖 d𝑆

𝒮

= ∮ 𝑛𝑖𝜓−2 d𝑆
∘

𝒮

 

𝑛𝑖 = (sin 𝜗cos 𝜑, sin 𝜗sin 𝜑, cos 𝜗) 

𝑑𝑖 = 0 for 𝑞
∘

𝑎𝑏 = 𝑞
∘

𝑎𝑏 and 𝜓 = 𝜓
∼

 

𝑑1,𝑚 ≡ ∮ 𝑌
∘

1,𝑚 d𝑆

𝒮

= ∮ 𝑌
∘

1,𝑚𝜓−2 d𝑆
∘

𝒮

= ∫  
2𝜋

0

  d𝜑 ∫  
1

−1

  d(cos 𝜗)𝑌1,𝑚(𝜗, 𝜑)𝜓(𝜗, 𝜑)−2  

Ω̂𝑎 = 𝜀𝑎  𝑏𝐷𝑏𝐵 = 𝜀
∘

𝑎  𝑏𝐷
∘

𝑏𝐵  

(dΩ̂)𝑎𝑏 = − (𝐷
∘

2𝐵) 𝜀
∘

𝑎𝑏 

𝜀𝑎𝑏 = 𝜓−2𝜀
∘

𝑎𝑏 

𝜓−2(ImΨ2) =
𝒮

−
1

2
𝐷̇2𝐵  

𝜓−2(ReΨ2) = −
1

2
(𝐷

∘
2ln 𝜓 + 1) 

𝜓−2Ψ2 =
𝒮

−
1

2
[(1 + 𝐷

∘
2𝐸) + i𝐷

∘
2𝐵]  

𝐸 ≡ ln (𝑅𝜓)  

1

2
∮ ℛd𝑆 = −2

𝒮

∮(ReΨ2)d𝑆 = −2

𝒮

∮ 𝜓−2(ReΨ2)d𝑆
∘

𝒮

= ∮ d𝑆
∘

= 4𝜋

𝒮

 

d𝑆 = 𝜓−2 d𝑆
∘

 

∮ (𝐷
∘

2𝑓) d𝑆
∘

= ∫  
𝜕𝒮

𝜀
∘

𝑎𝑏𝐷
∘

𝑏𝑓 = 0

𝒮

 

𝐾ℓ,𝑚 =
1

2
∮ 𝐷

∘
2(𝐸 + i𝐵)𝑌

∘

ℓ,𝑚 d𝑆
∘

𝒮
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𝐾ℓ,𝑚 = −
1

2
ℓ(ℓ + 1) ∮(𝐸 + i𝐵)𝑌

∘

ℓ,𝑚 d𝑆
∘

, ℓ ⩾ 1

𝒮

 

𝐸 + i𝐵 = ⟨𝐸⟩ + i⟨𝐵⟩ − ∑  

+∞

ℓ=1

  ∑  

ℓ

𝑚=−ℓ

 
2𝐾ℓ,𝑚

ℓ(ℓ + 1)
𝑌‾
∘

ℓ,𝑚  

𝑔𝛼𝛽d𝑥𝛼d𝑥𝛽 =− (1 −
2𝑀𝑟

Σ
) d𝑣2 + 2 d𝑣 d𝑟 −

4𝑀𝑟

Σ
𝑎sin2 𝜃 d𝑣 d𝜙 − 2𝑎sin2 𝜃 d𝑟 d𝜙 

 +Σd𝜃2 + (𝑟2 + 𝑎2 +
2𝑀𝑟

Σ
𝑎2sin2 𝜃) sin2 𝜃 d𝜙2

 

𝑎 ≡ 𝑆/𝑀 

Σ ≡ 𝑟2 + 𝑎2cos2 𝜃 

𝑟 = 𝑟+ ≡ 𝑀 + √𝑀2 − 𝑎2 

Ψ2 = 𝑀𝜚3,  where  𝜚 ≡ −
1

𝑟 − i𝑎cos 𝜃
 

𝑞𝐴𝐵 d𝑥𝐴 d𝑥𝐵 = 𝑅2 [(1 − 𝛽2sin2 𝜃)d𝜃2 +
sin2 𝜃

1 − 𝛽2sin2 𝜃
 d𝜙2]  

𝑅 = √𝑟+
2 + 𝑎2 = √2𝑀𝑟+ 

𝛽 ≡
𝑎

𝑅
=

𝑎

√𝑟+
2 + 𝑎2

=
𝑎

√2𝑀𝑟+

=
𝑎

√2𝑀(𝑀 + √𝑀2 − 𝑎2)
 

𝛽2 = 𝑎Ωℋ, with Ωℋ = 𝑎/(𝑟+
2 + 𝑎2) 

𝜺 = 𝑅2sin 𝜃𝐝𝜃 ∧ 𝐝𝜙.  

ℛ =
2[1 − 𝛽2(1 + 3cos2 𝜃)]

𝑅2(1 − 𝛽2sin2 𝜃)3
 

𝑞𝐴′𝐵′d𝑥𝐴′
d𝑥𝐵′

= 𝑅2 [(
1

1 − 𝜁2
− 𝛽2) d𝜁2 + (

1

1 − 𝜁2
− 𝛽2)

−1

 d𝜙2]

𝜀 = −𝑅2𝐝𝜁 ∧ 𝐝𝜙

 

𝑓 = [(1 − 𝜁2)−1 − 𝛽2]−1 

𝑞
∘

𝐴𝐵
axid𝑥𝐴 d𝑥𝐵 = d𝜃2 + sin2 𝜃 d𝜙2  

d𝑆 = −𝑅2 d𝜁 d𝜙 

𝐼ℓ
axi + i𝐿ℓ

axi = −𝑀∮   𝒮𝜚+
3𝑌

∘

ℓ,0
axi d𝑆 = −𝑀𝑅2 ∫  

2𝜋

0

  d𝜙 ∫  
1

−1

  d𝜁𝜚+
3(𝜁)𝑌ℓ,0(𝜃(𝜁), 𝜙)  
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𝑌ℓ,0(𝜃(𝜁), 𝜙) = √(2ℓ + 1)/(4𝜋)𝑃ℓ(𝜁) 

𝐼ℓ
axi + i𝐿ℓ

axi =
1

2
(1 + 𝑎̂2)2√(2ℓ + 1)𝜋 ∫  

1

−1

  d𝜁
𝑃ℓ(𝜁)

(1 − i𝑎̂𝜁)3
 

𝑎̂ ≡
𝑎

𝑟+
=

𝑎

𝑀 + √𝑀2 − 𝑎2
 

𝑀𝑅2/𝑟+
3 =

1

2
(1 + 𝑎̂2)2 

𝑎̂ =
𝛽

√1 − 𝛽2
 ⟺  𝛽 =

𝑎̂

√1 + 𝑎̂2
.  

𝛽 ∼ 𝑎̂ ∼ 𝜒/2, with 𝜒 ≡ 𝑎/𝑀 = 𝑆/𝑀2 

𝐼ℓ
axi + i𝐿ℓ

axi = 2ℓ−1√(2ℓ + 1)𝜋
ℓ! (ℓ + 2)!

(2ℓ + 1)!
(i𝑎̂)ℓ𝐺ℓ(𝑎̂2),  

𝐺ℓ(𝑎̂2) ≡  2𝐹1 (
ℓ

2
,
ℓ − 1

2
, ℓ +

3

2
; −𝑎̂2) ,  

𝐺0(𝑎̂2) = 𝐺1(𝑎̂2) = 1,

𝐺ℓ(𝑎̂2) =
1

𝑎̂2ℓ
[𝒫⌈ℓ/2⌉(𝑎̂

2) + (1 + 𝑎̂2)2𝒬⌊ℓ/2⌋−1(𝑎̂2)
arctan 𝑎̂

𝑎̂
]  ℓ ⩾ 2,

 

𝐺ℓ(𝑎̂2) = 1 −
ℓ(ℓ − 1)

2(2ℓ + 3)
𝑎̂2 + 𝑂(𝑎̂4).  

𝐼ℓ
axi + i𝐿ℓ

axi = √(2ℓ + 1)𝜋(i𝑎̂)ℓ[𝛼ℓ
axi + 𝑂(𝑎̂2)], 𝛼ℓ

axi ≡ 2ℓ−1
ℓ! (ℓ + 2)!

(2ℓ + 1)!
.  

∀𝑛 ∈ ℕ, 𝐼2𝑛+1
axi = 0  and  𝐿2𝑛

axi = 0.  

𝐼0
axi = √𝜋  and  𝐼2

axi = −
√5𝜋

2𝑎̂3
[3(1 + 𝑎̂2)2arctan 𝑎̂ − 3𝑎̂ − 5𝑎̂3]

𝐿1
axi = √3𝜋𝑎̂  and  𝐿3

axi =
√7𝜋

2𝑎̂4
[15(1 + 𝑎̂2)2arctan 𝑎̂ − 15𝑎̂ − 25𝑎̂3 − 8𝑎̂5]

 

ℓ! (ℓ + 2)!/(2ℓ + 1)! ∼ √𝜋ℓ3/2/22ℓ+1 for ℓ → +∞ 

𝐼ℓ
axi + i𝐿ℓ

axi ∼
𝜋

2

(1 + 𝑎̂2)3/4

(1 + √1 + 𝑎̂2)
1/2

ℓ2 (
i𝑎̂

1 + √1 + 𝑎̂2
)

ℓ

  for  ℓ → +∞  

lim
ℓ→+∞

 𝐼ℓ
axi + i𝐿ℓ

axi = 0  

𝑀ℓ + i𝑆ℓ =
𝑀𝑅ℓ

√(2ℓ + 1)𝜋
(𝐼ℓ

axi + i
𝑅𝐿ℓ

axi

2𝑀
)  

𝑅𝑎̂ = 𝑎(1 + 𝑎̂2)1/2 and 𝑅/(2𝑀) = (1 + 𝑎̂2)−1/2 
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𝑀ℓ + i𝑆ℓ = 2ℓ−1
ℓ! (ℓ + 2)!

(2ℓ + 1)!
(1 + 𝑎̂2)⌊ℓ/2⌋𝐺ℓ(𝑎̂

2)𝑀(i𝑎)ℓ  

𝐺0(𝑎̂2) = 𝐺1(𝑎̂2) = 1 

𝐺ℓ(𝑎̂2) = 1 + 𝑂(𝑎̂2) 

𝑀ℓ + i𝑆ℓ = 𝑀(i𝑎)ℓ [2ℓ−1
ℓ! (ℓ + 2)!

(2ℓ + 1)!
+ 𝑂(𝑎2)]  

ℓ! (ℓ + 2)!/(2ℓ + 1)! ∼ √𝜋ℓ3/2/22ℓ+1 

𝑀ℓ

𝑀ℓ
field 

  or  
𝑆ℓ

𝑆ℓ
field 

∼ √𝜋 (
ℓ

2
)

3/2 (1 + 𝑎̂2)⌊ℓ/2⌋+3/4

(1 + √1 + 𝑎̂2)
ℓ+1/2

  for  ℓ → +∞  

 

𝑥Å
′

= (𝑧, 𝜙) with 𝑧 ≡ cos 𝜗 

𝑞
∘

Å
′
𝐵̇′d𝑥Å

′

d𝑥𝐵̇′
=

d𝑧2

1 − 𝑧2
+ (1 − 𝑧2)d𝜙2.  

𝑥𝐴′
= (𝜁, 𝜙) 

𝑞
∘

𝑎𝑏 = 𝜓2𝑞𝑎𝑏 

d𝑧2

1 − 𝑧2
= 𝜓2𝑅2 (

1

1 − 𝜁2
− 𝛽2) d𝜁2

1 − 𝑧2 = 𝜓2𝑅2 (
1

1 − 𝜁2
− 𝛽2)

−1

.

 

d𝑧

1 − 𝑧2
= (

1

1 − 𝜁2
− 𝛽2) d𝜁.  

𝑧(𝜁) = tanh (artanh𝜁 − 𝛽2𝜁) =
𝜁 − tanh (𝛽2𝜁)

1 − 𝜁tanh (𝛽2𝜁)
=

1 + 𝜁 − (1 − 𝜁)e2𝛽2𝜁

1 + 𝜁 + (1 − 𝜁)e2𝛽2𝜁
.  

𝑧′(𝜁) = 𝑅2𝜓2 

𝜗 = arccos 𝑧 ∖ 𝜃 = arccos 𝜁 

|𝜗 − 𝜃|/𝜃 

𝑅2 = 𝑟+
2 + 𝑎2 and 𝛽2 = 𝑎2 ∖ (𝑟+

2 + 𝑎2) 

𝜓 =
√(𝑟+

2 + 𝑎2cos2 𝜃)(1 − 𝑧2)

(𝑟+
2 + 𝑎2)sin 𝜃

 

sin 𝜃/√1 − 𝑧2 = cosh (𝛽2cos 𝜃) − cos 𝜃sinh (𝛽2cos 𝜃) 
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𝑅𝜓(𝜃) =
√1 − 𝛽2sin2 𝜃

cosh (𝛽2cos 𝜃) − cos 𝜃sinh (𝛽2cos 𝜃)
 

𝑞
∘

𝑎𝑏 = 𝜓2𝑞𝑎𝑏 with respect to the Kerr angular coordinates 𝑥𝐴 = (𝜃, 𝜙) 

𝑞
∘

𝐴𝐵 d𝑥𝐴 d𝑥𝐵 =
(1 − 𝛽2sin2 𝜃)2 d𝜃2 + sin2 𝜃 d𝜙2

[cosh (𝛽2cos 𝜃) − cos 𝜃sinh (𝛽2cos 𝜃)]2
 

𝑑1,𝑚 = ∮ 𝑌
∘

1,𝑚 d𝑆 = 𝑅2

𝒮

∫  
2𝜋

0

  d𝜙 ∫  
1

−1

  d𝜁𝑌1,𝑚(𝑧(𝜁), 𝜙)  

𝑌1,0(𝑧(𝜁), 𝜙) ∝ 𝑧(𝜁) 

𝑞
∘

𝑎𝑏
′ = 𝛼2𝑞

∘

𝑎𝑏 

𝑅𝜓(𝜃) = 1 + 𝛽2𝑃2(cos 𝜃) + 𝑂(𝛽4),  

⟨𝐸⟩ ≡
1

4𝜋
∮ 𝐸 d𝑆

∘

=
1

4𝜋
𝒮

∮ 𝐸𝜓2 d𝑆 =
1

2
𝒮

∫  
1

−1

 ln (𝑅𝜓)(𝑅𝜓)2 d(cos 𝜃) =
1

5
𝛽4 + 𝑂(𝛽6),  

Ω𝐴′d𝑥𝐴′
=

𝑎̂

1 + 𝑎̂2𝜁2
[𝑎̂𝜁 d𝜁 −

3 + 𝑎̂2 + 𝑎̂2(1 − 𝑎̂2)𝜁2

2(1 + 𝑎̂2𝜁2)
(1 − 𝜁2)d𝜙] ,  

𝑎̂ ≡ 𝑎/𝑟+ = 𝛽/√1 − 𝛽2 

𝜃 = arccos 𝜁 

ℓ𝑎 =
ℋ

(𝜕𝑣)𝑎 + Ωℋ(𝜕𝜙)
𝑎

 

Ω̂𝑎 ≡ Ω𝑎 + 𝐷𝑎ln 𝑓 

𝑓 ≡ (1 + 𝑎̂2𝜁2)−1/2 

Ω̂𝐴′d𝑥𝐴′
= −

𝑎̂(3 + 𝑎̂2 + 𝑎̂2(1 − 𝑎̂2)𝜁2)

2(1 + 𝑎̂2𝜁2)2
(1 − 𝜁2)d𝜙.  

𝑞𝑏𝑐𝜀𝑎𝑐𝐷𝑏𝐵 = Ω̂𝑎 

𝑞𝜙𝜙𝜀𝜁𝜙𝜕𝜙𝐵 = Ω̂𝜁 and 𝑞𝜁𝜁𝜀𝜙𝜁𝜕𝜁𝐵 = Ω̂𝜙, with 𝜀𝜁𝜙 = −𝜀𝜙𝜁 = −𝑅2 

𝛽2 = 𝑎̂2/(1 + 𝑎̂2), we get 𝜕𝜙𝐵 = 0 and 

(
1

1 − 𝜁2
−

𝑎̂2

1 + 𝑎̂2)

−1
𝜕𝐵

𝜕𝜁
= −

𝑎̂(3 + 𝑎̂2 + 𝑎̂2(1 − 𝑎̂2)𝜁2)

2(1 + 𝑎̂2𝜁2)2
(1 − 𝜁2). 

𝜕𝐵

𝜕𝜁
= −

𝑎̂

1 + 𝑎̂2𝜁2
−

𝑎̂(1 − 𝑎̂2)

2(1 + 𝑎̂2)
.  
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𝐵 = −arctan (𝑎̂𝜁) −
1 − 𝑎̂2

2(1 + 𝑎̂2)
𝑎̂𝜁  

𝐾ℓ,𝑚 = −𝑀 ∮ 𝜚+
3𝑌

∘

ℓ,𝑚 d𝑆

𝒮

= −𝑀𝑅2 ∫  
2𝜋

0

  d𝜙 ∫  
1

−1

  d𝜁𝜚+
3(𝜁)𝑌ℓ,𝑚(𝜗(𝜁), 𝜙)  

d𝑆 = −𝑅2 d𝜁 d𝜙 

𝐾ℓ,𝑚 = (𝐼ℓ + i𝐿ℓ)𝛿𝑚,0,  with  𝐼ℓ + i𝐿ℓ =
1

2
(1 + 𝑎̂2)2√(2ℓ + 1)𝜋 ∫  

1

−1

  d𝜁
𝑃ℓ(𝑧(𝜁))

(1 − i𝑎̂𝜁)3
 

 

√(2ℓ + 1)𝜋iℓ−1𝑎̂ℓ 

𝑀𝑅2/𝑟+
3 =

1

2
(1 + 𝑎̂2)2 and 𝑌ℓ,0(𝜗(𝜁), 𝜙) = √(2ℓ + 1)/(4𝜋)𝑃ℓ(𝑧(𝜁)) 

𝑧(−𝜁) = −𝑧(𝜁) and 𝑃ℓ(−𝑥) = (−)ℓ𝑃ℓ(𝑥) 

𝐼ℓ(−𝑎) + i𝐿ℓ(−𝑎) = (−)ℓ[𝐼ℓ(𝑎) + i𝐿ℓ(𝑎)]  

𝐼ℓ + i𝐿ℓ = √(2ℓ + 1)𝜋(i𝑎̂)ℓ[𝛼ℓ + 𝑂(𝑎̂2)]  

𝛼ℓ =
2ℓ𝛾⌈ℓ/2⌉

(2ℓ+1
ℓ

)
× {

1 (ℓ even )
1

2
(ℓ odd )

  with  𝛾𝑛 ≡ ∑  

𝑛

𝑘=0

  (
2𝑛

𝑘
) =

22𝑛 + (2𝑛
𝑛

)

2
.  

(𝛼ℓ)ℓ∈ℕ ∼
1

2
√𝜋ℓ, so that 𝐼ℓ + i𝐿ℓ ∼ (𝜋/√2)ℓ(i𝑎̂)ℓ 

𝐸 − ⟨𝐸⟩  = −
1

√𝜋
∑  

+∞

ℓ=1

 
√2ℓ + 1

ℓ(ℓ + 1)
𝐼ℓ(𝑎̂)𝑃ℓ(cos 𝜗)

𝐵 = −
1

√𝜋
∑  

+∞

ℓ=1

 
√2ℓ + 1

ℓ(ℓ + 1)
𝐿ℓ(𝑎̂)𝑃ℓ(cos 𝜗)

 

𝐸 = ln (𝑅𝜓) 

𝐸 =
1

2
ln (1 − 𝛽2sin2 𝜃) − ln [cosh (𝛽2cos 𝜃) − cos 𝜃sinh (𝛽2cos 𝜃)],

𝐵 = −arctan (𝑎̂cos 𝜃) −
1 − 𝑎̂2

2(1 + 𝑎̂2)
𝑎̂cos 𝜃.

 

𝐼ℓ

𝐼ℓ
axi

|
ℓ even 

 or 
𝐿ℓ

𝐿ℓ
axi

|
ℓ odd 

=
2ℓ + ( ℓ

(ℓ/2]
)

ℓ + 2
+ 𝑂(𝑎̂2).  
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𝑧(𝜁) = 𝜁 − 𝑎̂2𝜁(1 − 𝜁2) + 𝑂(𝑎̂4)  

Re
𝑃2(𝑧(𝜁))

(1 − i𝑎̂𝜁)3
=

1

2
(3𝜁2 − 1) − 6𝑎̂2𝜁4 + 𝑂(𝑎̂4),  

Re
𝑃2(𝜁)

(1 − i𝑎̂𝜁)3
=

1

2
(3𝜁2 − 1) + 3𝑎̂2𝜁2(1 − 3𝜁2) + 𝑂(𝑎̂4).  

1

2
(3𝜁2 − 1) = 𝑃2(𝜁) 

𝐼2 = −6√
𝜋

5
𝑎̂2 + 𝑂(𝑎̂4)  and  𝐼2

axi = −4√
𝜋

5
𝑎̂2 + 𝑂(𝑎̂4).  

lim
ℓ→+∞

 
𝐼ℓ

𝐼ℓ
axi

= lim
ℓ→+∞

 
𝐿ℓ

𝐿ℓ
axi

= +∞  for  𝑎̂ → 0  
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𝐽ℓ,0 ≡ ∫  
1

−1

  d𝑥
𝑃ℓ(𝑥)

(1 − i𝑎̂𝑥)3
 

𝑃ℓ(𝑥) =
1

2ℓℓ!

dℓ

d𝑥ℓ
[(𝑥2 − 1)ℓ]  

𝐽ℓ,0 =
(−)ℓ

2ℓℓ!
∫  

1

−1

  d𝑥(𝑥2 − 1)ℓ
dℓ

d𝑥ℓ
[(1 − i𝑎̂𝑥)−3]  

dℓ/d𝑥ℓ[(1 − i𝑎̂𝑥)−3] =
1

2
(ℓ + 2)! (i𝑎̂)ℓ(1 − i𝑎̂𝑥)−(ℓ+3) 

𝐽ℓ,0 =
(ℓ + 2)(ℓ + 1)

2ℓ+1
(i𝑎̂)ℓ ∫  

1

−1

  d𝑥
(1 − 𝑥2)ℓ

(1 − i𝑎̂𝑥)ℓ+3
 

𝑡 ≡
1

2
(1 + 𝑥) 

𝐽ℓ,0 = 2ℓ(ℓ + 2)(ℓ + 1)
(i𝑎̂)ℓ

(1 + i𝑎̂)ℓ+3
∫  

1

0

  d𝑡
𝑡ℓ(1 − 𝑡)ℓ

(1 −
2i𝑎̂

1 + i𝑎̂
𝑡)

ℓ+3  

∫  
1

0

  d𝑡
𝑡ℓ(1 − 𝑡)ℓ

(1 −
2i𝑎̂

1 + i𝑎̂
𝑡)

ℓ+3
=

(ℓ!)2

(2ℓ + 1)!
 2𝐹1 (ℓ + 3, ℓ + 1,2(ℓ + 1);

2i𝑎̂

1 + i𝑎̂
)

 

(ℓ + 2)(ℓ + 1)ℓ! = (ℓ + 2)! and (2ℓ + 1)! = 2ℓℓ! (2ℓ + 1)!! 

𝐽ℓ,0 =
(ℓ + 2)!

(2ℓ + 1)!!

(i𝑎̂)ℓ

(1 + i𝑎̂)ℓ+3
 2𝐹1 (ℓ + 3, ℓ + 1,2(ℓ + 1);

2i𝑎̂

1 + i𝑎̂
)  

i𝑎̂ = 𝑧/(2 − 𝑧) and 1 + i𝑎̂ = (1 − 𝑧/2)−1 

𝐽ℓ,0 =
(ℓ + 2)!

(2ℓ + 1)!!
(i𝑎̂)ℓ (1 −

𝑧

2
)

ℓ+3

 2𝐹1(ℓ + 3, ℓ + 1,2(ℓ + 1); 𝑧)  

(1 −
𝑧

2
)

ℓ+3

 2𝐹1(ℓ + 3, ℓ + 1,2(ℓ + 1); 𝑧) =  2𝐹1 (
ℓ + 3

2
,
ℓ + 4

2
, ℓ +

3

2
;

𝑧2

(2 − 𝑧)2)  

𝑧2/(2 − 𝑧)2 = (i𝑎̂)2 = −𝑎̂2 

𝐽ℓ,0 =
(ℓ + 2)!

(2ℓ + 1)!!
(i𝑎̂)ℓ 2𝐹1 (

ℓ + 3

2
,
ℓ + 4

2
, ℓ +

3

2
; −𝑎̂2)  

 2𝐹1(𝑎, 𝑏, 𝑐; 𝑧) = (1 − 𝑧)𝑐−𝑎−𝑏 2𝐹1(𝑐 − 𝑎, 𝑐 − 𝑏, 𝑐; 𝑧) 

𝑎 = ℓ/2, 𝑏 = (ℓ − 1)/2, 𝑐 = ℓ + 3/2 and 𝑧 = −𝑎̂2 

𝐺ℓ(𝑎̂2) ≡  2𝐹1 (
ℓ

2
,
ℓ − 1

2
, ℓ +

3

2
; −𝑎̂2) = (1 + 𝑎̂2)2 2𝐹1 (

ℓ + 3

2
,
ℓ + 4

2
, ℓ +

3

2
; −𝑎̂2) .  
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𝐺0(𝑎̂2) = 𝐺1(𝑎̂2) = 1

𝐺2(𝑎̂2) = −
5

8𝑎̂4 [5𝑎̂2 + 3 − 3(1 + 𝑎̂2)2
arctan 𝑎̂

𝑎̂
]

𝐺3(𝑎̂2) =
7

8𝑎̂6 [8𝑎̂4 + 25𝑎̂2 + 15 − 15(1 + 𝑎̂2)2
arctan 𝑎̂

𝑎̂
]

𝐺4(𝑎̂2) = −
21

32𝑎̂8 [81𝑎̂4 + 190𝑎̂2 + 105 − 15(1 + 𝑎̂2)2(7 + 𝑎̂2)
arctan 𝑎̂

𝑎̂
]

𝐺5(𝑎̂2) =
33

32𝑎̂10 [32𝑎̂6 + 343𝑎̂4 + 630𝑎̂2 + 315 − 105(1 + 𝑎̂2)2(3 + 𝑎̂2)
arctan 𝑎̂

𝑎̂
]

 

𝐺ℓ(𝑎̂2) ∼ (1 + 𝑎̂2)3/4 (
2

1 + √1 + 𝑎̂2
)

ℓ+1/2

  for  ℓ → +∞  

𝐺ℓ(𝑎̂2) =
Γ(ℓ + 3/2)

Γ((ℓ − 1)/2)Γ(ℓ/2 + 2)⏟                
𝐶ℓ

∫  
1

0

  d𝑡ℎ(𝑡)e
ℓ
2
𝑓(𝑡)

⏟          
𝐸ℓ(𝑎̂2)

 

ℎ(𝑡) ≡
1 − 𝑡

𝑡3/2
  and  𝑓(𝑡) ≡ ln (

𝑡(1 − 𝑡)

1 + 𝑎̂2𝑡
)  

𝑡 = 𝑡0 ≡ (1 + √1 + 𝑎̂2)
−1

 

𝜎 = √2/(ℓ|𝑓′′(𝑡0)|)⨂ℎ(𝑡0)e
ℓ
2
𝑓(𝑡0)

 

𝐸ℓ(𝑎̂2) ∼ √
4𝜋

ℓ|𝑓′′(𝑡0)|
ℎ(𝑡0)e

ℓ
2
𝑓(𝑡0)

  for  ℓ → +∞  

𝑓(𝑡0) = −2ln (1 + √1 + 𝑎̂2), 𝑓′′(𝑡0) = −2(1 + 𝑎̂2)−1/2(1 + √1 + 𝑎̂2)
2
 and ℎ(𝑡0) =

(1 + 𝑎̂2)1/2(1 + √1 + 𝑎̂2)
1/2

 

𝐸ℓ(𝑎̂2) ∼ √
2𝜋

ℓ
(1 + 𝑎̂2)3/4 (1 + √1 + 𝑎̂2)

−(ℓ+1/2)
  for  ℓ → +∞.  

𝐶ℓ ∼ 2ℓ√
ℓ

𝜋
  for  ℓ → +∞  

𝐹ℓ(𝑎̂2) ≡  2𝐹1 (
ℓ + 3

2
,
ℓ + 4

2
, ℓ +

3

2
; −𝑎̂2) 

𝐹ℓ(𝑎̂2) =  2𝐹1 (𝑛 +
3

2
, 𝑛 + 2,2𝑛 +

3

2
; −𝑎̂2) 

𝐹ℓ(𝑎̂2) =
(𝑛 + 1/2)𝑛+1

(1/2)𝑛+1(𝑛 + 1)!

d𝑛+1

 d𝑧𝑛+1
 2𝐹1 (

1

2
, 1, 𝑛 +

1

2
; 𝑧)  

𝑧 ≡ −𝑎̂2 < 0 and (𝛼)𝑛 ≡ Γ(𝛼 + 𝑛)/Γ(𝛼) 
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𝐹ℓ(𝑎̂2) = 𝐴ℓ

d𝑛+1

 d𝑧𝑛+1
[(1 − 𝑧)𝑛−1

 d𝑛−1

 d𝑧𝑛−1
 2𝐹1 (

1

2
, 1,

3

2
; 𝑧)] , 𝐴ℓ ≡

2ℓ(2ℓ + 1)!!

(ℓ + 2)! (ℓ − 2)!
.  

𝐹ℓ(𝑎̂2) = 𝐴ℓ ∑  

𝑛+1

𝑚=0

  (
𝑛 + 1

𝑚
) ∑  

𝑛−1

𝑘=0

  (
𝑛 − 1

𝑘
)

 d𝑛+1−𝑚

 d𝑧𝑛+1−𝑚 ((1 − 𝑧)𝑛−1
 d𝑛−1−𝑘𝑎̂−1

 d𝑧𝑛−1−𝑘 )
d𝑘+𝑚arctan 𝑎̂

 d𝑧𝑘+𝑚
.  

𝐹ℓ(𝑎̂2) = 𝑃ℓ
(e)

(𝑎̂) + 𝑄ℓ
(e)

(𝑎̂)arctan 𝑎̂ (ℓ even )  

𝑃ℓ
(e)

(𝑎̂) ≡ 𝐴ℓ ∑  
0≤𝑚≤𝑛+1
0≤𝑘≤𝑛−1

(𝑚,𝑘)≠(0,0)

  (
𝑛 + 1

𝑚
) (

𝑛 − 1

𝑘
)

 d𝑛+1−𝑚

 d𝑧𝑛+1−𝑚 ((1 − 𝑧)𝑛−1
 d𝑛−1−𝑘𝑎̂−1

 d𝑧𝑛−1−𝑘 )
d𝑘+𝑚arctan 𝑎̂

 d𝑧𝑘+𝑚

𝑄ℓ
(e)

(𝑎̂) ≡ 𝐴ℓ

d𝑛+1

 d𝑧𝑛+1 ((1 − 𝑧)𝑛−1
 d𝑛−1𝑎̂−1

 d𝑧𝑛−1 ) .

 

𝐹ℓ(𝑎̂2) =  2𝐹1(𝑛 + 2, 𝑛 + 5/2,2𝑛 + 5/2, −𝑎̂2) =  2𝐹1(𝑛 + 5/2, 𝑛 + 2,2𝑛 + 5/2, −𝑎̂2) 

1, 𝑎 = 𝑛 + 3/2, 𝑏 = 𝑛 + 2 and 𝑐 = 2𝑛 + 3/2 

𝐹ℓ(𝑎̂2) = 𝐵ℓ [(𝑛 +
3

2
) 𝐹2𝑛(𝑎̂2) − (1 − 𝑧)

d𝐹2𝑛(𝑎̂2)

d𝑧
] , 𝐵ℓ ≡

2(2ℓ + 1)

(ℓ + 2)(ℓ − 2)
.  

𝐹ℓ(𝑎̂2) = 𝑃ℓ
(o)

(𝑎̂) + 𝑄ℓ
(o)

(𝑎̂)arctan 𝑎̂ (ℓ odd )  

𝑃ℓ
(o)

(𝑎̂) ≡ 𝐵ℓ [(𝑛 +
3

2
) 𝑃2𝑛

(e)
(𝑎̂) − (1 + 𝑎̂2)

d𝑃2𝑛
(e)

(𝑎̂)

d𝑧
+

𝑄2𝑛
(e)

(𝑎̂)

2𝑎̂
]

𝑄ℓ
(o)

(𝑎̂) ≡ 𝐵ℓ [(𝑛 +
3

2
) 𝑄2𝑛

(e)
(𝑎̂) − (1 + 𝑎̂2)

d𝑄2𝑛
(e)

(𝑎̂)

d𝑧
]

 

𝑄ℓ
(e)

(𝑎̂)⨂𝑎̂−2ℓ−1 ∫
ℓ

2
− 1 ∑ 𝑃ℓ

(e)
(𝑎̂) ⨁𝑎̂−2ℓ(1 + 𝑎̂2)−2 

𝑃ℓ
(o)

(𝑎̂) ⋀ 𝑄ℓ
(o)

(𝑎̂) ⋆ 𝑎̂−4𝑛−2 △ (1 + 𝑎̂2)−2 

𝑄ℓ
(o)

(𝑎̂) ⋁ 𝑎̂−4𝑛−3  ⋄ 𝑞ℓ
(o)

(𝑎̂) 

𝑞ℓ
(o)

(𝑎̂)⨂ 𝑞ℓ
(e)

(𝑎̂)⨂𝑐h𝑎̂𝑛−1𝑎̂2𝑛 

𝑞ℓ
(o)

(𝑎̂) ⊘ 𝐴𝑐h(𝑛 + 3/2)𝑎̂2𝑛 − 𝐴𝑐h(𝑛 + 3/2)𝑎̂2𝑛 

𝐺ℓ(𝑎̂2) = (1 + 𝑎̂2)2𝐹ℓ(𝑎̂
2) 

𝐷
∘

2𝐹 = −2𝜓−2Ψ2 − 1  

𝐷
∘

2𝐹 =
1

sin 𝜗

 d

 d𝜗
(sin 𝜗

 d𝐹

 d𝜗
) =

d

 d𝑧
((1 − 𝑧2)

d𝐹

 d𝑧
)  
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d

 d𝑧
((1 − 𝑧2)

d𝐹

 d𝑧
) =

𝐶

(1 − i𝑎̂𝜁)3

 d𝜁

 d𝑧
− 1  

𝐶 ≡ 2𝑀𝑅2/𝑟+
3 = (1 + 𝑎̂2)2 

(1 − 𝑧2)𝐹′(𝑧) = 𝐶 ∫
d𝜁′

(1 − i𝑎̂𝜁′)3

𝜁
d𝜁′

(1 − i𝑎̂𝜁′)3
− ∫  d

𝑧

 d𝑧′ =
𝐶

2i𝑎̂

1

(1 − i𝑎̂𝜁)2
− 𝑧 + 𝑧0  

d𝐹 =
𝐶

2i𝑎̂

1

(1 − i𝑎̂𝜁)2
(

1

1 − 𝜁2
− 𝛽2) d𝜁 −

𝑧 − 𝑧0

1 − 𝑧2
 d𝑧  

𝛽2 = 𝑎̂2/(1 + 𝑎̂2) and 𝐶 = (1 + 𝑎̂2)2 

𝐹 =ln (1 − i𝑎̂𝜁) −
(1 + i𝑎̂)2

4i𝑎̂
ln |1 − 𝜁| +

(1 − i𝑎̂)2

4i𝑎̂
ln |1 + 𝜁|

 +
1

2
ln (1 − 𝑧2) +

𝑧0

2
ln |

1 − 𝑧

1 + 𝑧
| + 𝐹0

 

𝑧(𝜁) = {
1 + 𝑒2𝛽2

(𝜁 − 1) + 𝑂[(𝜁 − 1)2]  if 𝜁 → +1

−1 + 𝑒2𝛽2
(𝜁 + 1) + 𝑂[(𝜁 + 1)2]  if 𝜁 → −1

 

𝑧0 =
1 − 𝑎̂2

2i𝑎̂
∈ iℝ  

(1 − 𝑧)/(1 − 𝜁) × (1 + 𝜁)/(1 + 𝑧) = 𝑒2𝛽2𝜁 and 𝛽2 = 𝑎̂2/(1 + 𝑎̂2) 

𝐹 = ln (1 − i𝑎̂𝜁) +
1

2
ln (

1 − 𝑧2

1 − 𝜁2) −
i𝑎̂𝜁

2

1 − 𝑎̂2

1 + 𝑎̂2
+ 𝐹0  

𝑒𝐹 = (𝑅𝜓)𝑒i𝐵 

𝑅𝜓 = |𝑒𝐹|  = |𝑒𝐹0|
√(1 + 𝑎̂2cos2 𝜃)(1 − 𝑧2(𝜃))

sin 𝜃

𝐵 = arg (𝑒𝐹)  = −arctan (𝑎̂cos 𝜃) −
1 − 𝑎̂2

2(1 + 𝑎̂2)
𝑎̂cos 𝜃 + 𝐵0,

 

𝐵0 ≡ Im𝐹0 

|𝑒𝐹0| = (1 + 𝑎̂2)−1/2 

𝐽ℓ(𝑎̂) ≡ ∫  
1

−1

  d𝑥
𝑃ℓ(𝑧(𝑥; 𝛽))

(1 − i𝑎̂𝑥)3
 

𝑎̂ = 𝑎/𝑟+and 𝛽 = 𝑎̂/√1 + 𝑎̂2 

𝐽ℓ ∼ 2𝛼ℓ(i𝑎̂)ℓ  

𝜖(𝑥; 𝛽) ≡ 𝑧(𝑥; 𝛽) − 𝑥 = 𝑂(𝛽2) 
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𝐽ℓ = ∑  

+∞

𝑛=0

  𝐽ℓ,𝑛  with  𝐽ℓ,𝑛 =
1

𝑛!
∫  

1

−1

  d𝑥
𝜖𝑛(𝑥; 𝛽)𝑃ℓ

(𝑛)
(𝑥)

(1 − i𝑎̂𝑥)3
 

tanh′ (𝑥) = 1 − tanh2 (𝑥) 

𝜖(𝑥; 𝛽) = ∑  

+∞

𝑘=1

 
(−𝛽2𝑥)𝑘

𝑘!
tanh(𝑘) (artanh𝑥) = 𝛽2(𝑥2 − 1)𝑥 ∑  

+∞

𝑘=0

 
𝛽2𝑘(−𝑥)𝑘

(𝑘 + 1)!
𝑄𝑘(𝑥)  

𝑄𝑘+1 = (1 − 𝑥2)𝑄𝑘
′ − 2𝑥𝑄𝑘 

𝐽ℓ,𝑛 =
𝛽2𝑛

𝑛!
∫  

1

−1

  d𝑥𝑓𝑛(𝑥)𝑃ℓ
(𝑛)

(𝑥)  

𝑓𝑛(𝑥) = (𝑥2 − 1)𝑛𝑥𝑛 [∑  

+∞

𝑘=0

 
𝛽2𝑘(−𝑥)𝑘

(𝑘 + 1)!
𝑄𝑘(𝑥)]

𝑛

[∑  

+∞

𝑝=0

 
(𝑝 + 1)(𝑝 + 2)

2
(i𝑎̂𝑥)𝑝]  

𝑓𝑛(𝑥) = (𝑥2 − 1)𝑛 ∑  

+∞

𝑚=0

  (i𝑎̂)𝑚𝐴𝑛,𝑚(𝛽2)𝑥𝑛+𝑚  

𝐽ℓ,𝑛 = (−)𝑛
𝛽2𝑛

𝑛!
∫  

1

−1

  d𝑥𝑓𝑛
(𝑛)

(𝑥)𝑃ℓ(𝑥)  

𝐽ℓ,𝑛 = (−)ℓ+𝑛
𝛽2𝑛

2ℓℓ! 𝑛!
∫  

1

−1

  d𝑥(𝑥2 − 1)ℓ𝑓𝑛
(ℓ+𝑛)

(𝑥)  

𝑓𝑛
(ℓ+𝑛)

(𝑥) = ∑  

+∞

𝑚=0

  (i𝑎̂)𝑚𝐴𝑛,𝑚(𝛽2) ∑  

ℓ+𝑛

𝑘=0

  (
ℓ + 𝑛

𝑘
)

 d𝑘

 d𝑥𝑘
[(𝑥2 − 1)𝑛]

d𝑛+ℓ−𝑘

 d𝑥𝑛+ℓ−𝑘
[𝑥𝑚+𝑛].  

𝐽ℓ,𝑛 ∼ (−)𝑛𝛽2𝑛𝑐ℓ,𝑛(i𝑎̂)ℓ−2𝑛 ∼ 𝑐ℓ,𝑛(i𝑎̂)ℓ  

𝐽ℓ,0 =
(−)ℓ

2ℓℓ!
∑  

+∞

𝑝=0

 
(𝑝 + 2)(𝑝 + 1)

2
(i𝑎̂)𝑝 ∫  

1

−1

  d𝑥(𝑥2 − 1)ℓ
dℓ𝑥𝑝

 d𝑥ℓ
∼

(ℓ + 2)!

(2ℓ + 1)!!
(i𝑎̂)ℓ  

𝛽2𝑛 = 4𝛽2𝑛−1 for all 𝑛 ∈ {1, … ,7} 

𝛽2𝑛 = 22𝑛𝛾𝑛, and 𝛽2𝑛−1 = 22(𝑛−1)𝛾𝑛 

𝛾𝑛 = ∑  

𝑛

𝑘=0

  (
2𝑛

𝑘
) =

22𝑛 + (2𝑛
𝑛

)

2
.  

Ψ𝜙
′ ≡ Φ ∘ Ψ𝜙 ∘ Φ−1 

𝜓̆ ≡ 𝑅𝜓 

𝑛 = 2, Ω = 𝜓, 𝑅̃ = ℛ
∘

= 2 and 𝑅 = ℛ 
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𝜀
∘

𝑎𝑏 = 𝜓2𝜀𝑎𝑏, so that 𝜀
∘

𝑎  𝑏 = 𝜀
∘

𝑎𝑐𝑞
∘ 𝑐𝑏 = 𝜓2𝜀𝑎𝑐𝜓−2𝑞𝑐𝑏 = 𝜀𝑎  𝑏 

d𝑣 = d𝑡 + (𝑟2 + 𝑎2)d𝑟/Δ ≡ d𝑡 + d𝑟∗ and d𝜙 = d𝜙BL + 𝑎 d𝑟/Δ, where Δ ≡ 𝑟2 − 2𝑀𝑟 + 𝑎2. 

𝐝𝜁 = −sin 𝜃𝐝𝜃, (𝜕𝜁 , 𝜕𝜙) 

𝑎̂−2ℓ(1 + 𝑎̂2)−ℓ/2−1 

1

2
ln (

1 − 𝑧2

1 − 𝜁2) = −ln [(1 − 𝜁)𝑒𝛽2𝜁 + (1 + 𝜁)𝑒−𝛽2𝜁] + ln 2 

𝑅ℓ(𝑟) ≈ 𝐴ℓ𝑟ℓ + 𝐵ℓ𝑟1−(ℓ+𝑛)  

𝑑𝑠5
2 = −Δ−2/3𝐺(𝑑𝑡 + 𝒜)2 + Δ1/3𝑑𝑠4

2  

𝑑𝑠4
2 =

𝑑𝑥2

4𝑋
+

𝑑𝑦2

4𝑌
+

𝑈

𝐺
(𝑑𝜒 −

𝑍

𝑈
𝑑𝜎)

2

+
𝑋𝑌

𝑈
𝑑𝜎2  

𝑋 = (𝑥 + 𝑙1
2)(𝑥 + 𝑙2

2) − 𝜇𝑥

𝑌 = −(𝑙1
2 − 𝑦)(𝑙2

2 − 𝑦)

𝐺 = (𝑥 + 𝑦)(𝑥 + 𝑦 − 𝜇)
𝑈 = 𝑦𝑋 − 𝑥𝑌

𝑍 = 𝑙1𝑙2(𝑋 + 𝑌)

 

Δ0 = (𝑥 + 𝑦)3 and 𝒜0 =
𝜇

𝑥+𝑦−𝜇
[(𝑙1

2 + 𝑙2
2 − 𝑦)𝑑𝜎 − 𝑙1𝑙2𝑑𝜒] 

Δ = (𝑥 + 𝑦)3𝐻1𝐻2𝐻3

𝐻𝑖  = 1 +
𝜇sinh2 𝛿𝑖

𝑥 + 𝑦
, (𝑖 = 1,2,3)

𝒜 =
𝜇Π𝑐

𝑥 + 𝑦 − 𝜇
[(𝑙1

2 + 𝑙2
2 − 𝑦)𝑑𝜎 − 𝑙1𝑙2𝑑𝜒] −

𝜇Π𝑠

𝑥 + 𝑦
(𝑙1𝑙2𝑑𝜎 − 𝑦𝑑𝜒)

 

𝑦 = 𝑙1
2cos2 𝜃 + 𝑙2

2sin2 𝜃 

𝜎 =
𝑙1𝜙 − 𝑙2𝜓

𝑙1
2 − 𝑙2

2  

𝜒 =
𝑙2𝜙 − 𝑙1𝜓

𝑙1
2 − 𝑙2

2  

𝑀 =
1

2
𝜇 ∑  

3

𝑖=1

 cosh 2𝛿𝑖

𝑄𝑖  =
1

2
𝜇sinh 2𝛿𝑖  ;  𝑖 = 1,2,3

 

𝐽𝑅,𝐿 =
1

2
𝜇(𝑙1 ± 𝑙2) (∏  

𝑖

 cosh 𝛿𝑖 ∓ ∏  

𝑖

 sinh 𝛿𝑖) ,  
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𝑆𝐿  = 2𝜋√
1

4
𝜇3 (∏  

𝑖

 cosh 𝛿𝑖 + ∏  

𝑖

 sinh 𝛿𝑖)

2

− 𝐽𝐿
2

 = 𝜋𝜇 (∏  

𝑖

 cosh 𝛿𝑖 + ∏  

𝑖

 sinh 𝛿𝑖) √𝜇 − (𝑙1 − 𝑙2)2

 

𝑆𝑅  = 2𝜋√
1

4
𝜇3 (∏  

𝑖

 cosh 𝛿𝑖 − ∏  

𝑖

 sinh 𝛿𝑖)

2

− 𝐽𝑅
2

 = 𝜋𝜇 (∏  

𝑖

 cosh 𝛿𝑖 − ∏  

𝑖

 sinh 𝛿𝑖) √𝜇 − (𝑙1 + 𝑙2)2

 

𝛽± =
𝛽𝐿 ± 𝛽𝑅

2
 

𝛽𝐿 =
𝜋𝜇2(∏  𝑖   cosh2 𝛿𝑖 − ∏  𝑖   sinh2 𝛿𝑖)

√1
4

𝜇3(∏  𝑖  cosh 𝛿𝑖 + ∏  𝑖  sinh 𝛿𝑖)
2 − 𝐽𝐿

2

=
2𝜋𝜇(∏  𝑖  cosh 𝛿𝑖 − ∏  𝑖  sinh 𝛿𝑖)

√𝜇 − (𝑙1 − 𝑙2)2
,

 

𝛽𝑅 =
𝜋𝜇2(∏  𝑖   cosh2 𝛿𝑖 − ∏  𝑖   sinh2 𝛿𝑖)

√1
4 𝜇3(∏  𝑖  cosh 𝛿𝑖 − ∏  𝑖  sinh 𝛿𝑖)

2 − 𝐽𝑅
2

=
2𝜋𝜇(∏  𝑖  cosh 𝛿𝑖 + ∏  𝑖  sinh 𝛿𝑖)

√𝜇 − (𝑙1 + 𝑙2)2  

𝜅± =
4𝜋

𝛽𝑅 ± 𝛽𝐿
 

Ω±
𝑅  =

1

2
(
𝑑(𝜙 + 𝜓)

𝑑𝑡
)

±

Ω±
𝐿  =

1

2
(
𝑑(𝜙 − 𝜓)

𝑑𝑡
)

±

 

1

𝜅−
Ω−

𝑅 =
1

𝜅+
Ω+

𝑅  and −
1

𝜅−
Ω−

𝐿 =
1

𝜅+
Ω+

𝐿  

𝛽+Ω+
𝐿  =

2𝜋𝐽𝐿

√1
4 𝜇3(∏  𝑖  cosh 𝛿𝑖 + ∏  𝑖  sinh 𝛿𝑖)

2 − 𝐽𝐿
2

=
2𝜋(𝑙1 − 𝑙2)

√𝜇 − (𝑙1 − 𝑙2)2

𝛽+Ω+
𝑅  =

2𝜋𝐽𝑅

√1
4 𝜇3(∏  𝑖  cosh 𝛿𝑖 − ∏  𝑖  sinh 𝛿𝑖)

2 − 𝐽𝑅
2

=
2𝜋(𝑙1 + 𝑙2)

√𝜇 − (𝑙1 + 𝑙2)2

 

1

√−𝑔
𝜕𝜇(√−𝑔𝑔𝜇𝜈𝜕𝜈Φ) = 0  

Φ(𝑡, 𝑟, 𝜃, 𝜙, 𝜓) ≡ Φ0(𝑟)𝜒(𝜃)𝑒−𝑖𝜔𝑡+𝑖𝑚𝜙𝜙+𝑖𝑚𝜓𝜓 = Φ0(𝑟)𝜒(𝜃)𝑒−𝑖𝜔𝑡+𝑖𝑚𝑅(𝜙+𝜓)+𝑖𝑚𝐿(𝜙−𝜓)  
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𝑥‾ ≡
𝑟2 −

1
2

(𝑟+
2 + 𝑟−

2)

(𝑟+
2 − 𝑟−

2)
 

(𝑟2 + 𝑙1
2)(𝑟2 + 𝑙2

2) − 𝜇𝑟2 = 0  

𝑟±
2 =

1

2
(𝜇 − 𝑙1

2 − 𝑙2
2 ± Δ)  

Δ = √[𝜇 − (𝑙1 − 𝑙2)2][𝜇 − (𝑙1 + 𝑙2)2]  

𝜕

𝜕𝑥‾
(𝑥‾2 −

1

4
)

𝜕

𝜕𝑥‾
Φ0(𝑥‾) +

1

4
[𝑥‾Δ𝜔2 − Λ + 𝑀𝜔2 −

1

𝑥‾ +
1
2

(
𝜔

𝜅−
+ 2𝑚𝑅

Ω+
𝑅

𝜅+
− 2𝑚𝐿

Ω+
𝐿

𝜅+
)

2

1

𝑥‾ −
1
2

(
𝜔

𝜅+
− 2𝑚𝑅

Ω+
𝑅

𝜅+
− 2𝑚𝐿

Ω+
𝐿

𝜅+
)

2

] Φ0(𝑥‾) = 0

 

Λ̂ = 𝐾   2 + (𝑙1
2 + 𝑙2

2)𝜔2 + (𝑙2
2 − 𝑙1

2)𝜔2cos 2𝜃  

𝐾   2 = −
1

sin 2𝜃

𝜕

𝜕𝜃
sin 2𝜃

𝜕

𝜕𝜃
−

1

sin2 𝜃

𝜕2

𝜕𝜙2
−

1

cos2 𝜃

𝜕2

𝜕𝜓2
 

𝜕

𝜕𝑥‾
(Δ‾(𝑥‾)

𝜕

𝜕𝑥‾
Φℓ(𝑥‾)) +

[
 
 
 
 

−
Λℓ

4
+

(𝑚𝑅
Ω+

𝑅

𝜅+
+ 𝑚𝐿

Ω+
𝐿

𝜅+
)

2

𝑥‾ −
1
2

−
(𝑚𝑅

Ω+
𝑅

𝜅+
− 𝑚𝐿

Ω+
𝐿

𝜅+
)

2

𝑥‾ +
1
2 ]

 
 
 
 

Φℓ(𝑥‾) = 0  

𝜅+
−1Ω+

𝐿 =
(𝑙1 − 𝑙2)

√𝜇 − (𝑙1 − 𝑙2)2
, 𝜅+

−1Ω+
𝑅 =

(𝑙1 + 𝑙2)

√𝜇 − (𝑙1 + 𝑙2)2
 

𝑧 =
𝑥‾ −

1
2

𝑥‾ +
1
2

 

(𝑧(1 − 𝑧)
𝑑2

𝑑𝑧2
+ (1 − 𝑧)

𝑑

𝑑𝑧
+

(𝑎𝑅 + 𝑎𝐿)2

𝑧
−

𝑙(𝑙 + 2)

4(1 − 𝑧)
− (𝑎𝑅 − 𝑎𝐿)2) Φ𝑙(𝑧) = 0  

𝑎𝑅 ≡ 𝑚𝑅

Ω+
𝑅

𝜅+
= 𝑚𝑅

(𝑙1 + 𝑙2)

√𝜇 − (𝑙1 + 𝑙2)2
  and  𝑎𝐿 ≡ 𝑚𝐿

Ω+
𝐿

𝜅+
= 𝑚𝐿

(𝑙1 − 𝑙2)

√𝜇 − (𝑙1 − 𝑙2)2
 

Φℓ(𝑥‾)= 𝒜ℓ (
𝑥‾ −

1
2

𝑥‾ +
1
2

)

𝑖(𝑎𝐿+𝑎𝑅)

𝜓ℓ(𝑥‾),  where   

𝜓ℓ(𝑥‾) = (𝑥‾ +
1

2
)

−𝜉ℓ

 2𝐹1 (𝜉ℓ + 2𝑖𝑎𝑅 , 𝜉ℓ + 2𝑖𝑎𝐿; 1 + 2𝑖(𝑎𝐿 + 𝑎𝑅);
𝑥‾ −

1
2

𝑥‾ +
1
2

)

 

𝜉ℓ ≡
1

2
(1 + √1 + Λℓ) = 1 +

ℓ

2
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(1 − 𝑧)𝐹(𝑎 + 1, 𝑏 + 1; 𝑐; 𝑧) = 𝐹(𝑎, 𝑏; 𝑐; 𝑧) +
𝑧

𝑐
(𝑎 + 𝑏 − 𝑐 + 1)𝐹(𝑎 + 1, 𝑏 + 1; 𝑐 + 1; 𝑧)  

𝑑𝐹(𝑎, 𝑏; 𝑐; 𝑧)

𝑑𝑧
=

𝑎𝑏

𝑐
𝐹(𝑎 + 1, 𝑏 + 1; 𝑐 + 1; 𝑧)  

(1 − 𝑧)𝐹(𝑎 + 1, 𝑏 + 1; 𝑐; 𝑧) = 𝐹(𝑎, 𝑏; 𝑐; 𝑧) + 𝛼𝑧
𝑑𝐹(𝑎, 𝑏; 𝑐; 𝑧)

𝑑𝑧
 

𝛼 =
(𝑎 + 𝑏 + 1 − 𝑐)

𝑎𝑏
 

𝑎 = 𝜉ℓ + 2𝑖𝑎𝑅 ,
𝑏 = 𝜉ℓ + 2𝑖𝑎𝐿   and 

𝑐 = 1 + 2𝑖(𝑎𝐿 + 𝑎𝑅)
 

𝛼ℓ =
2𝜉ℓ

𝑎𝑏
=

2 + ℓ

(1 +
ℓ
2

+ 2𝑖𝑎𝑅) (1 +
ℓ
2

+ 2𝑖𝑎𝐿)
 

𝜓ℓ+2(𝑥‾) = −𝛼ℓ[𝐷ℓ
+𝜓ℓ(𝑥‾)]  

𝐷ℓ
+= − (𝑥‾2 −

1

4
) 𝜕𝑥‾ − 𝜉ℓ (𝑥‾ −

1

2
) −

1

𝛼ℓ
 

 = −Δ‾𝜕𝑥‾ − 𝜉ℓ𝑥‾ − 𝑖(𝑎𝐿 + 𝑎𝑅) +
2𝑎𝐿𝑎𝑅

𝜉ℓ

 

𝐷ℓ
+ = −Δ‾𝜕𝑥‾ − 𝜉ℓ𝑥‾ − 𝑖𝑎𝑅/𝐿  

(𝑎 − 1)𝐹(𝑎, 𝑏; 𝑐; 𝑧) = (𝑎 + 𝑏 − 𝑐 − 1)𝐹(𝑎 − 1, 𝑏; 𝑐; 𝑧) + (𝑐 − 𝑏)𝐹(𝑎 − 1, 𝑏 − 1; 𝑐; 𝑧)  

(𝑐 − 𝑎)𝐹(𝑎 − 1, 𝑏; 𝑐; 𝑧) = (1 − 𝑧)𝑧
𝑑𝐹(𝑎, 𝑏; 𝑐; 𝑧)

𝑑𝑧
− (𝑎 − 𝑐 + 𝑏𝑧)𝐹(𝑎, 𝑏; 𝑐; 𝑧)  

𝐹(𝑎 − 1, 𝑏 − 1; 𝑐; 𝑧) = −𝛽 {𝑧(1 − 𝑧)
𝑑𝐹(𝑎, 𝑏; 𝑐; 𝑧)

𝑑𝑧
− [

1

𝛽
(1 − 𝑧) + 𝑧(𝑎 + 𝑏 − 𝑐)] 𝐹(𝑎, 𝑏; 𝑐; 𝑧)}  

𝛽 =
(𝑎 + 𝑏 − 𝑐 − 1)

(𝑐 − 𝑎)(𝑐 − 𝑏)
 

𝛽ℓ =
2(𝜉ℓ − 1)

[(𝜉ℓ − 1) − 2𝑖𝑎𝐿][(𝜉ℓ − 1) − 2𝑖𝑎𝑅]
=

ℓ

(
ℓ
2 − 2𝑖𝑎𝐿) (

ℓ
2 − 2𝑖𝑎𝑅)

 

𝜓ℓ−2(𝑥‾) = −𝛽ℓ[𝐷ℓ
−𝜓ℓ(𝑥‾)]  

𝐷ℓ
−= (𝑥‾2 −

1

4
) 𝜕𝑥‾ − (𝑎 + 𝑏 − 𝑐 − 𝜉ℓ) (𝑥‾ −

1

2
) −

1

𝛽ℓ
 

 = Δ‾𝜕𝑥‾ − (𝜉ℓ − 1)𝑥‾ + 𝑖(𝑎𝐿 + 𝑎𝑅) +
2𝑎𝐿𝑎𝑅

(𝜉ℓ − 1)

 

𝐷ℓ
− = Δ‾𝜕𝑥‾ − (𝜉ℓ − 1)𝑥‾ + 𝑖𝑎𝑅/𝐿  
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Φℓ(𝑥‾) = 𝑔(𝑥‾)𝜓ℓ(𝑥‾) 

𝑔ℓ(𝑥‾) = 𝐴ℓ (
𝑥‾ − 1/2

𝑥‾ + 1/2
)

𝑖(𝑎𝐿+𝑎𝑅)

⟹ 𝜕𝑥‾𝑔ℓ(𝑥‾) = 𝑖
(𝑎𝐿 + 𝑎𝑅)

𝑥‾2 −
1
4

𝑔ℓ(𝑥‾)  

𝜕𝑥‾(Δ‾𝜕𝑥‾Φℓ(𝑥‾)) = 𝑔ℓ(𝑥‾) {𝜕𝑥‾(Δ‾𝜕𝑥‾𝜓ℓ(𝑥‾)) + 2𝑖(𝑎𝐿 + 𝑎𝑅)𝜕𝑥‾𝜓ℓ(𝑥‾) −
(𝑎𝐿 + 𝑎𝑅)2

Δ‾
𝜓ℓ(𝑥‾)}  

[𝜕𝑥‾Δ‾𝜕𝑥‾ + 2𝑖(𝑎𝐿 + 𝑎𝑅)𝜕𝑥‾ −
1

4
ℓ(ℓ + 2) +

4𝑎𝐿𝑎𝑅

𝑥‾ +
1
2

]𝜓ℓ(𝑥‾) = 0  

𝐷ℓ+2
− 𝐷ℓ

+ =−(Δ‾𝜕𝑥‾ − 𝜉ℓ𝑥‾ + 𝒵∗)(Δ‾𝜕𝑥‾ + 𝜉ℓ𝑥‾ − 𝒵) =  

 −Δ‾ [𝜕𝑥‾Δ‾𝜕𝑥‾ + 𝜉ℓ + (𝒵∗ − 𝒵)𝜕𝑥‾ + (
𝜉ℓ

2
)

2

− 𝜉ℓ(𝒵 + 𝒵∗)𝑥‾ + |𝒵|2]
 

𝒵 ≡
2𝑎𝐿𝑎𝑅

𝜉ℓ
− 𝑖(𝑎𝐿 + 𝑎𝑅) 

𝒵 + 𝒵∗ =
4𝑎𝐿𝑎𝑅

𝜉ℓ
 and 𝒵 − 𝒵∗ = −2𝑖(𝑎𝐿 + 𝑎𝑅) 

𝐷ℓ+2
− 𝐷ℓ

+𝜓ℓ =
𝜓ℓ

𝛼ℓ𝛽ℓ+2
 

ℋℓ𝜓ℓ(𝑥‾) = 0  

ℋℓ= −Δ‾ {𝜕𝑥‾Δ‾𝜕𝑥‾ + 2𝑖(𝑎𝐿 + 𝑎𝑅)𝜕𝑥‾ −
1

4
ℓ(ℓ + 2) +

4𝑎𝐿𝑎𝑅

𝑥‾ +
1
2

} 

 = 𝐷ℓ+2
− 𝐷ℓ

+ − {(
𝜉ℓ

2
)

2

+ 𝑎𝐿
2 + 𝑎𝑅

2 + (
2𝑎𝐿𝑎𝑅

𝜉ℓ
)

2

}

 

𝑥‾2𝜕𝑥‾
2𝜓ℓ(𝑥‾) + 2[𝑥‾ + 𝑖(𝑎𝐿 + 𝑎𝑅)]𝜕𝑥‾𝜓ℓ(𝑥‾) −

ℓ(ℓ + 2)

4
𝜓ℓ(𝑥‾) = 0  

𝑠2 + 𝑠 −
ℓ(ℓ + 2)

4
= 0 

𝑠1 =
ℓ

2
  and  𝑠2 = −

ℓ + 2

2
 

𝜓ℓ(𝑥‾) ∼ 𝑎ℓ𝑥‾ℓ/2 [1 +
𝑖(𝑎𝐿 + 𝑎𝑅)

𝑥‾
] +

𝑏ℓ

𝑥‾(ℓ+2)/2
[1 +

𝑖(𝑎𝐿 + 𝑎𝑅)

𝑥‾
]  

𝜓2 ∼ −𝛼0𝑎0(𝑥‾ − 𝑖𝑎𝐿)  

𝜓2𝑛 ∝ (𝐷ℓ
+)𝑛𝜓0 
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𝜓0 ∼ (𝑎0 +
𝑏0

𝑥‾
) [1 +

𝑖(𝑎𝐿 + 𝑎𝑅)

𝑥‾
]  

[
𝑑2

𝑑𝑥‾2
+ 𝑉(𝑥‾)] 𝜒ℓ(𝑥‾) = 0 

𝐷ℓ
+𝐷ℓ+2

− − 𝐾ℓ = 𝐷ℓ+4
− 𝐷ℓ+2

+ − 𝐾ℓ+2  and  𝐷ℓ−2
+ 𝐷ℓ

− − 𝐾ℓ−2 = 𝐷ℓ+2
− 𝐷ℓ

+ − 𝐾ℓ  

𝐾ℓ ≡ (
𝜉ℓ

2
)

2

+ 𝑎𝐿
2 + 𝑎𝑅

2 + (
2𝑎𝐿𝑎𝑅

𝜉ℓ
)

2

 

ℋℓ+2𝐷ℓ
+ = 𝐷ℓ

+ℋℓ,  and  ℋℓ−2𝐷ℓ
− = 𝐷ℓ

−ℋℓ  

𝐽2𝑛(𝑥‾)|𝑎𝑅=0 = (Δ‾𝜕𝑥‾ + 2𝑖𝑎𝐿)𝐷2
− … 𝐷2𝑛

− 𝜓ℓ 

𝜕𝑥‾ [Δ‾𝜕𝑥‾𝜓0(𝑥‾) + 2i(𝑎𝐿 + 𝑎𝑅)𝜓0 + 4𝑎𝐿𝑎𝑅 ∫  
𝑥‾

𝑥‾0

 
𝜓0(𝑥‾′)

𝑥‾′ +
1
2

 d𝑥‾′] = 0  

𝐽0 = [Δ‾𝜕𝑥‾ + 2𝑖(𝑎𝐿 + 𝑎𝑅)]𝜓0(𝑥‾) + 4𝑎𝐿𝑎𝑅 ∫  
𝑥‾

𝑥‾0

 
𝜓0(𝑥‾ ′)

𝑥‾′ +
1
2

 d𝑥‾′
 

𝐽2𝑛 = (Δ‾𝜕𝑥‾ + 2𝑖(𝑎𝐿 + 𝑎𝑅))𝐷2
− … 𝐷2𝑛

− 𝜓2𝑛 + 4𝑎𝐿𝑎𝑅 ∫  
𝑥‾

𝑥‾0

 
𝐷2

− … 𝐷2𝑛
− 𝜓2𝑛(𝑥‾′)

𝑥‾′ +
1
2

𝑑𝑥‾′
 

𝐽2𝑛+1 =(Δ‾𝜕𝑥‾ + 2i(𝑎𝐿 + 𝑎𝑅))(𝐷3
− ⋯ 𝐷2𝑛+1

− 𝜓2𝑛+1) +

 ∫  
𝑥‾

𝑥‾0

 (
4𝑎𝐿𝑎𝑅

𝑥‾ ′ +
1
2

−
3

4
) (𝐷3

− ⋯ 𝐷2𝑛+1
− 𝜓2𝑛+1(𝑥‾ ′))d𝑥‾′  

𝐽2𝑛 = 2𝑖(𝑎𝐿 + 𝑎𝑅) ∏  

𝑛

𝑘=1

  (𝑖(𝑎𝐿 + 𝑎𝑅) +
2𝑎𝐿𝑎𝑅

𝑘
−

𝑘

2
) ,  

𝐽2𝑛+1 = 2𝑖(𝑎𝐿 + 𝑎𝑅) ∏  

𝑛

𝑘=1

  (𝑖(𝑎𝐿 + 𝑎𝑅) +
4𝑎𝐿𝑎𝑅

2𝑘 + 1
−

2𝑘 + 1

4
)  

𝑘ℓ =
Γ(−1 − ℓ)

𝑖(𝑎𝐿 + 𝑎𝑅)
𝐹(𝑎𝑅 , 𝑎𝐿 , ℓ)𝐽ℓ 

𝑎 = 𝜉ℓ + 2𝑖𝑎𝑅 , 𝑏 = 𝜉ℓ + 2𝑖𝑎𝐿 and 𝑐 = 2𝑖(𝑎𝑅 + 𝑎𝐿) + 1, so that 𝑎 + 𝑏 − 𝑐 = 2𝜉ℓ − 1 = ℓ + 1 ∈ ℕ. 

 2𝐹1(𝑎, 𝑏; 𝑐; 𝑧) = (1 − 𝑧)𝑐−𝑎−𝑏 2𝐹1(𝑐 − 𝑎, 𝑐 − 𝑏; 𝑐; 𝑧)  

𝜓2𝑛(𝑧) = (1 − 𝑧)−𝑛 2𝐹1(−𝑛 + 2𝑖𝑎‾𝐿 , −𝑛; 1 + 2𝑖𝑎‾𝐿; 𝑧)  

Φ2𝑛(𝑥‾) = 𝒜2𝑛 ∑  

𝑛

𝑘=0

 
(2𝑖𝑎𝐿 − 𝑛)𝑘(−𝑛)𝑘

(1 + 2𝑖𝑎𝐿)𝑘𝑘!
(𝑥‾ −

1

2
)

𝑘+𝑖𝑎𝐿

(𝑥‾ +
1

2
)

𝑛−𝑘−𝑖𝑎𝐿
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 2𝐹1(𝑎, 𝑏, 𝑎 + 𝑏 − 𝑛, 𝑧) =
Γ(𝑛)Γ(𝑎 + 𝑏 − 𝑛)

Γ(𝑎)Γ(𝑏)
(1 − 𝑧)−𝑛 ∑  

𝑛−1

𝑗=0

 
(𝑎 − 𝑛)𝑗(𝑏 − 𝑛)𝑗

𝑗! (1 − 𝑛)𝑗
(1 − 𝑧)𝑗

 −
(−1)𝑛Γ(𝑎 + 𝑏 − 𝑛)

Γ(𝑎 − 𝑛)Γ(𝑏 − 𝑛)
∑  

+∞

𝑗=0

 
(𝑎)𝑗(𝑏)𝑗

𝑗! (𝑛 + 𝑗)!
(1 − 𝑧)𝑗[ln (1 − 𝑧) − 𝜓(𝑗 + 1) − 𝜓(𝑗 + 𝑛 + 1)

 +𝜓(𝑎 + 𝑛) + 𝜓(𝑏 + 𝑛)]

 

𝑦, (𝑦)𝑗 = Γ(𝑦 + 𝑗)/Γ(𝑦) 

𝜓(𝑦) = Γ′(𝑦)/Γ(𝑦) 

 2𝐹1(𝑎, 𝑏, 𝑎 + 𝑏 − 𝑛, 𝑧) →
 

𝑧→1 

Γ(𝑛)Γ(𝑎 + 𝑏 − 𝑛)

Γ(𝑎)Γ(𝑏)
(1 − 𝑧)−𝑛 −

(−1)𝑛Γ(𝑎 + 𝑏 − 𝑛)

𝑛! Γ(𝑎 − 𝑛)Γ(𝑏 − 𝑛)
ln (1 − 𝑧).  

Φℓ(𝑟) ∼
𝑟→∞

Γ(ℓ + 1)Γ(𝑎 + 𝑏 − ℓ − 1)

Γ(𝑎)Γ(𝑏)
𝜘−ℓ/2𝑟ℓ(1 + (−1)ℓ ×

Γ(𝑎)Γ(𝑏)

ℓ! (ℓ + 1)! Γ(𝑎 − ℓ − 1)Γ(𝑏 − ℓ − 1)
𝜘ℓ+1ln (

𝜘

𝑟2 − 𝑟−
2
) 𝑟−2(ℓ+1))

 

𝜆ℓ(𝜔 = 0) = (−1)ℓ
Γ (1 +

ℓ
2 + 2𝑖𝑎𝑅) Γ (1 +

ℓ
2 + 2𝑖𝑎𝐿)

ℓ! (ℓ + 1)! Γ (−
ℓ
2

+ 2𝑖𝑎𝑅) Γ (−
ℓ
2

+ 2𝑖𝑎𝐿)
𝜘ℓ+1ln (

𝜘

𝑟2 − 𝑟−
2
)  

𝑖𝜋2𝐶ℓ

2ℓ! Γ(ℓ + 2)Γ (−2𝑖𝑎𝐿 −
ℓ
2) Γ (2𝑖𝑎𝐿 −

ℓ
2) Γ (−2𝑖𝑎𝑅 −

ℓ
2) Γ (2𝑖𝑎𝑅 −

ℓ
2)

,  

𝐶ℓ ≡
2

cosh (2𝜋(𝑎𝐿 − 𝑎𝑅)) + (−1)ℓ+1cosh (2𝜋(𝑎𝐿 + 𝑎𝑅))

 +csch (2𝜋𝑎𝐿 −
𝑖𝜋ℓ

2
) csch (2𝜋𝑎𝑅 −

𝑖𝜋ℓ

2
)

 

cosh (𝑥 − 𝑦) − cosh (𝑥 + 𝑦) = −2sinh (𝑥)sinh (𝑦) and sinh (𝑥 − 𝑖𝑛𝜋) = sinh (𝑥)cosh (−𝑛𝜋) =

(−1)𝑛sinh (𝑥) for integer 𝑛 

𝐶2𝑛 =
2

−2sinh (2𝜋(𝑎𝑅))sinh (2𝜋(𝑎𝐿))
+

1

(−1)𝑛sinh (2𝜋(𝑎𝑅))sinh (2𝜋(𝑎𝐿))(−1)𝑘
= 0  

cosh (𝑥 − 𝑦) − cosh (𝑥 + 𝑦) = 2cosh (𝑥)cosh (𝑦) and sinh (𝑥 − 𝑖𝜋(𝑛 + 1/2)) = −𝑖(−1)𝑛cosh (𝑥) 

𝐶2𝑛+1 =
1

cosh (2𝜋(𝑎𝑅))cosh (2𝜋(𝑎𝐿))
+

1

(−𝑖)2(−1)2𝑛cosh (2𝜋(𝑎𝑅))cosh (2𝜋(𝑎𝐿))
= 0  

Λ̂(𝜖) = 𝐾   2 + 𝜖𝜔2[(𝑙1
2 + 𝑙2

2) + (𝑙2
2 − 𝑙1

2)cos 2𝜃]  

𝑉(𝜖)(𝑥‾) = 𝑉0(𝑥‾) + 𝜖𝑉1(𝑥‾)  
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𝑉0(𝑥‾) =
(𝜔 − 2(𝑚𝑅Ω+

𝑅 + 𝑚𝐿Ω+
𝐿 ))

2

4𝜅+
2 (𝑥‾ −

1
2
)

−
(𝜔 − 2(𝑚𝑅Ω−

𝑅 + 𝑚𝐿Ω−
𝐿 ))

2

4𝜅−
2 (𝑥‾ +

1
2
)

−
Λ𝑙

4
 

𝑉1(𝑥‾) =
1

4
(𝑥‾Δ𝜔2 + 𝑀𝜔2)  

[𝜕𝑥‾(Δ‾𝜕𝑥‾) + (
(𝜔 − 2(𝑚𝑅Ω+

𝑅 + 𝑚𝐿Ω+
𝐿 ))

2

4𝜅+
2 (𝑥‾ −

1
2)

−
(𝜔 − 2(𝑚𝑅Ω−

𝑅 + 𝑚𝐿Ω−
𝐿 ))

2

4𝜅−
2 (𝑥‾ +

1
2)

−
Λ𝑙

4
)]Φ𝑙(𝑥‾) = 0  

Φℓ(𝑥‾) = 𝐵ℓ (
𝑥‾ −

1
2

𝑥‾ +
1
2

)

−𝑖
𝜔

2𝜅+
+𝑖(𝑎𝑅+𝑎𝐿)

(𝑥‾ +
1

2
)

−𝜉ℓ

× 2𝐹1 (𝜉ℓ − 𝑖
𝜔

2
𝑝 + 2𝑖𝑎𝑅, 𝜉ℓ − 𝑖

𝜔

2
𝑞 + 2𝑖𝑎𝐿; 1 − 𝑖

𝜔

𝜅+
+ 2𝑖(𝑎𝑅 + 𝑎𝐿);

𝑥‾ −
1
2

𝑥‾ +
1
2

)  

𝑝 ≡
1

𝜅+
+

1

𝜅−
=

𝜇(Πc + Πs)

√𝜇 − (𝑙1 + 𝑙2)2

𝑞 ≡
1

𝜅+
−

1

𝜅−
=

𝜇(Πc − Πs)

√𝜇 − (𝑙1 − 𝑙2)2

 

𝔞 = 𝑎 − 𝑖
𝜔

2
𝑝, 𝔟 = 𝑏 − 𝑖

𝜔

2
𝑞, 𝔠 = 𝑐 − 𝑖

𝜔

𝜅+
.  

Φℓ(𝑟) ∼
𝑟→∞

Γ(ℓ + 1)Γ(𝔞 + 𝔟 − ℓ − 1)

Γ(𝔞)Γ(𝔟)
𝜘−ℓ/2𝑟ℓ(1 + (−1)ℓ ×  

Γ(𝔞)Γ(𝔟)

ℓ! (ℓ + 1)! Γ(𝔞 − ℓ − 1)Γ(𝔟 − ℓ − 1)
𝜘ℓ+1ln (

𝜘

𝑟2 − 𝑟−
2
) 𝑟−2(ℓ+1)) ,

 

𝜆ℓ(𝜔) = (−1)ℓ
Γ (1 +

ℓ
2 − 𝑖

𝜔
2 𝑝 + 2𝑖𝑎𝑅) Γ (1 +

ℓ
2 − 𝑖

𝜔
2 𝑞 + 2𝑖𝑎𝐿)

ℓ! (ℓ + 1)! Γ (−
ℓ
2

− 𝑖
𝜔
2

𝑝 + 2𝑖𝑎𝑅) Γ (−
ℓ
2

− 𝑖
𝜔
2

𝑞 + 2𝑖𝑎𝐿)
𝜘ℓ+1ln (

𝜘

𝑟2 − 𝑟−
2
)  

Γ (
ℓ
2 + 1 + 𝑖𝐴)

Γ (−
ℓ
2 + 𝑖𝐴)

=
Γ(𝑛 + 1 + 𝑖𝐴)

Γ(−𝑛 + 𝑖𝐴)
= 𝑖(−1)𝑛𝜋𝐴 ∏  

𝑛

𝑘=1

  (𝑘2 + 𝐴2).  

𝑦1 = 2𝑎𝑅 −
𝜔

2
𝑝  and  𝑦2 = 2𝑎𝐿 −

𝜔

2
𝑞  

𝜆2𝑛 = −
𝜋2𝑦1𝑦2

(2𝑛)! (2𝑛 + 1)!
𝜘2𝑛+1 [∏  

𝑛

𝑗=1

  (𝑗2 + 𝑦1
2)(𝑗2 + 𝑦2

2)] ln (
𝜘

𝑟2 − 𝑟−
2
)  

Γ (
ℓ
2 + 1 + 𝑖𝐴)

Γ (−
ℓ
2 + 𝑖𝐴)

=
Γ (𝑛 + 1 +

1
2 + 𝑖𝐴)

Γ (−𝑛 −
1
2 + 𝑖𝐴)

= (−1)𝑛+1 ∏  

𝑛+1

𝑘=1

 ((𝑘 −
1

2
)

2

+ 𝐴2)  
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𝜆2𝑛+1 = −
𝜘2(𝑛+1)

(2𝑛 + 1)! (2𝑛 + 2)!
[∏  

𝑛+1

𝑗=1

 ((𝑗 −
1

2
)

2

+ 𝑦1
2) ((𝑗 −

1

2
)

2

+ 𝑦2
2)] ln (

𝜘

𝑟2 − 𝑟−
2
)  

 2𝐹1(𝑎, 𝑏; 𝑐; 𝑧) =
Γ(𝑐)Γ(𝑐 − 𝑎 − 𝑏)

Γ(𝑐 − 𝑎)Γ(𝑐 − 𝑏)
 2𝐹1(𝑎, 𝑏; 𝑎 + 𝑏 − 𝑐 + 1; 1 − 𝑧)

 +(1 − 𝑧)𝑐−𝑎−𝑏
Γ(𝑐)Γ(𝑎 + 𝑏 − 𝑐)

Γ(𝑎)Γ(𝑏)
 2𝐹1(𝑐 − 𝑎, 𝑐 − 𝑏; 𝑐 − 𝑎 − 𝑏 + 1; 1 − 𝑧),

 

𝑘ℓ = 𝜘1+ℓ
Γ(−1 − ℓ)

Γ(1 + ℓ)

Γ (1 +
ℓ
2

− 𝑖
𝜔
2

𝑝 + 2𝑖𝑎𝑅) Γ (1 +
ℓ
2

− 𝑖
𝜔
2

𝑞 + 2𝑖𝑎𝐿)

Γ (−
ℓ
2

− 𝑖
𝜔
2

𝑞 + 2𝑖𝑎𝐿) Γ (−
ℓ
2

− 𝑖
𝜔
2

𝑝 + 2𝑖𝑎𝑅)
.  

Im(𝑘ℓ) = −𝒦ℓsin (𝜋ℓ)sinh (𝜋(𝑦1 + 𝑦2))  

Re(𝑘ℓ) = 𝒦ℓ[cosh (𝜋(𝑦1 − 𝑦2)) − cos (𝜋ℓ)cosh (𝜋(𝑦1 + 𝑦2))],  

𝒦ℓ ≡
(𝑟+

2 − 𝑟−
2)1+ℓ

2𝜋2

Γ(−1 − ℓ)

Γ(1 + ℓ)
|Γ (1 +

ℓ

2
+ 𝑖𝑦1)|

2

|Γ (1 +
ℓ

2
+ 𝑖𝑦2)|

2

.  

Γ(−1 − ℓ) ≈
(−1)ℓ+1

𝜖(ℓ + 1)!
 

sin (𝜋ℓ) ≈ (−1)ℓ𝜋𝜖 

Im(𝑘ℓ) = −
(𝑟+

2 − 𝑟−
2)1+ℓ

2𝜋ℓ! (ℓ + 1)!
sinh (𝜋(𝑦1 + 𝑦2)) |Γ (1 +

ℓ

2
+ 𝑖𝑦1)|

2

|Γ (1 +
ℓ

2
+ 𝑖𝑦2)|

2

,  

Re(𝑘{𝑁+𝜖}) →
 

𝜀→0 

𝑅𝑁

𝜖
 

𝑅ℓ =
(−1)ℓ(𝑟+

2 − 𝑟−
2)1+ℓ

2𝜋2ℓ! (ℓ + 1)!
[cosh (𝜋(𝑦1 − 𝑦2)) − (−1)ℓcosh (𝜋(𝑦1 + 𝑦2))]

 × |Γ (1 +
ℓ

2
+ 𝑖𝑦1)|

2

|Γ (1 +
ℓ

2
+ 𝑖𝑦2)|

2
 

𝑘ℓ|𝜔=0 = 𝜘1+ℓ
Γ(−1 − ℓ)

Γ(1 + ℓ)

Γ (1 +
ℓ
2 + 2𝑖𝑎𝑅) Γ (1 +

ℓ
2 + 2𝑖𝑎𝐿)

Γ (−
ℓ
2

+ 2𝑖𝑎𝐿) Γ (−
ℓ
2

+ 2𝑖𝑎𝑅)
 

𝑘ℓ ∝ ln (𝜘/𝜇2) 

𝜇
𝑑𝑘ℓ

𝑑𝜇
∝ 𝜆ℓ/ln [𝜘/(𝑟2 − 𝑟−

2)] 

cosh (𝜋(𝑦1 − 𝑦2)) = (−1)ℓcosh (𝜋(𝑦1 + 𝑦2))  

(𝑦1 − 𝑦2) = (𝑦1 + 𝑦2)  ⟹ 𝑎𝑅 =
𝜔

4
𝑝  
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(𝑦1 − 𝑦2) = −(𝑦1 + 𝑦2)  ⟹ 𝑎𝐿 =
𝜔

4
𝑞  

∏  

3

𝑖=1

 cosh 𝛿𝑖 = ± ∏  

3

𝑖=1

 sinh 𝛿𝑖 ⟹ ∏  

𝑗‾≤3

𝑖=1

 tanh (𝛿𝑖) = ±1  

𝑝, 𝑞 ∼ 𝜇
exp (|𝛿|) (1 ±

𝑄
|𝑄|

)

√𝜇 − (𝑙1 ± 𝑙2)2
    

𝑝, 𝑞 ∼ 𝜇
exp (∑  3

𝑖=1   |𝛿𝑖|)

√𝜇 − (𝑙1 ± 𝑙2)2
[1 ± sign (∏  

𝑗‾≤3

𝑖=1

 𝛿𝑖)]  

|𝑙1| ∼ |𝑙2| ∼ 𝜇1/2 |𝑄𝑖| ∼ 𝜇exp (2𝛿𝑖) ∼ 𝑀  

𝜇 > |𝑙1|2 + |𝑙2|2 

𝑝, 𝑞 ∼ 𝜇1/2exp (∑  

3

𝑖=1

  |𝛿𝑖|) [1 ± sign (∏  

3

𝑖=1

 𝛿𝑖)]  

𝐴𝐵𝑃𝑆 ∝ √𝑄1𝑄2𝑄3 

|𝑙1/2|
2

∼ 𝜇 ≪ 1 

𝑝, 𝑞 ∼ 𝜇1/2𝑒|𝛿|(1 ± sign(𝑄)) 

𝑝 ∝ 𝑄1exp (|𝛿2| + |𝛿3|) 

𝑝 ∼ 2𝜇1/2𝑒𝛿1+𝛿2+𝛿+3 ∼
2

𝜇
(8𝑄1𝑄2𝑄3)1/2  

Γ (1 +
ℓ
2 − 𝑖

𝜔
2 𝑝 + 2𝑖𝑎𝑅)

Γ (−
ℓ
2 − 𝑖

𝜔
2 𝑝 + 2𝑖𝑎𝑅)

∼ (−𝑖
𝜔

2
𝑝)

1+ℓ

 

𝑁𝐿 =
1

4
𝜇3(Π𝑐 + Π𝑠)

2 − 𝐽𝐿
2

𝑁𝑅 =
1

4
𝜇3(Π𝑐 − Π𝑠)

2 − 𝐽𝑅
2

 

𝑆 = 𝑆𝐿 + 𝑆𝑅 = 2𝜋(√𝑁𝐿 + √𝑁𝑅) 

𝑎𝐿 + 𝑎𝑅 =
𝜔

2𝜅+
 

𝜔 = 2(𝑚𝑅Ω+
𝑅 + 𝑚𝐿Ω−

𝐿 )  
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𝑦1 = (2𝑎𝑅 −
𝜔𝑅𝑒𝑝

2
) − 𝑖 (

𝜔𝐼𝑚𝑝

2
) ≡ 𝑦1

𝑅𝑒 + 𝑖𝑦1
𝐼𝑚

𝑦2 = (2𝑎𝐿 −
𝜔𝑅𝑒𝑞

2
) − 𝑖 (

𝜔𝐼𝑚𝑞

2
) ≡ 𝑦2

𝑅𝑒 + 𝑖𝑦2
𝐼𝑚

 

Re(𝑘ℓ) = 𝒦ℓ[cosh (𝜋(𝑦1
Re − 𝑦2

Re)) cos (𝜋(𝑦1
Im − 𝑦2

Im))

 −cos (𝜋ℓ)cosh (𝜋(𝑦1
Re + 𝑦2

Re)) cos (𝜋(𝑦1
Im + 𝑦2

Im))

 +sin (𝜋ℓ)cosh (𝜋(𝑦1
Re + 𝑦2

Re)) sin (𝜋(𝑦1
Im + 𝑦2

Im))]

 

Im(𝑘ℓ) = 𝒦ℓ[sinh (𝜋(𝑦1
Re − 𝑦2

Re)) sin (𝜋(𝑦1
Im − 𝑦2

Im))

 −cos (𝜋ℓ)sinh (𝜋(𝑦1
Re + 𝑦2

Re)) sin (𝜋(𝑦1
Im + 𝑦2

Im))

 −sin (𝜋ℓ)sinh (𝜋(𝑦1
Re + 𝑦2

Re)) cos (𝜋(𝑦1
Im + 𝑦2

Im))]

 

cosh (𝜋(𝑦1
Re − 𝑦2

Re)) cos (𝜋(𝑦1
Im − 𝑦2

Im)) = (−1)ℓcosh (𝜋(𝑦1
Re + 𝑦2

Re)) cos (𝜋(𝑦1
Im + 𝑦2

Im)) .  

sinh (𝜋(𝑦1
Re − 𝑦2

Re)) sin (𝜋(𝑦1
Im − 𝑦2

Im)) = (−1)ℓsinh (𝜋(𝑦1
Re + 𝑦2

Re)) sin (𝜋(𝑦1
Im + 𝑦2

Im))  

cos (𝜋(𝑦1
Im − 𝑦2

Im)) = 0 and cos (𝜋(𝑦1
Im + 𝑦2

Im)) = 0 

𝑦1
Im =

𝑗 + 𝑘

2
,  and  𝑦2

Im =
𝑗 − 𝑘

2
 

cosh (𝜋(𝑦1
Re − 𝑦2

Re)) = cosh (𝜋(𝑦1
Re + 𝑦2

Re)) cos (2𝜋𝑦1
Im) 

sin (𝜋(𝑦1
Im − 𝑦2

Im)) = sin (𝜋(𝑦1
Im + 𝑦2

Im)) 

[𝐿̂𝑚, 𝐿̂𝑛] = (𝑚 − 𝑛)𝐿̂𝑚+𝑛, 𝑚, 𝑛 = 0, ±  

𝒞̂2 = 𝐿̂0
2 −

1

2
(𝐿̂+1𝐿̂−1 + 𝐿̂−1𝐿̂+1)  

𝒟̂ = −
𝜕

𝜕𝑥‾
(𝑥‾2 −

1

4
)

𝜕

𝜕𝑥‾
−

Ω̂1

𝑥‾ −
1
2

+
Ω̂2

𝑥‾ +
1
2

 

Ω̂1 =
(𝜕𝑡 + (Ω+

𝑅 + Ω+
𝐿 )𝜕𝜑 + (Ω+

𝑅 − Ω+
𝐿 )𝜕𝜓)

2

4𝜅+
2 , Ω̂2 =

(𝜕𝑡 + (Ω−
𝑅 + Ω−

𝐿 )𝜕𝜑 + (Ω−
𝑅 − Ω−

𝐿 )𝜕𝜓)
2

4𝜅−
2

 

𝐿̂0 = −(𝛽𝜕𝑡 + 𝛼+Ω+𝜕+ + 𝛼−Ω−𝜕−)  

𝜕± ≡ 𝜕𝜓±
=

1

2
(𝜕𝜙 ± 𝜕𝜓). 

𝐿̂±1 = 𝐺±𝜕𝑥‾ + 𝐾±𝜕𝑡 + 𝐻±
(+)

Ω+𝜕+ + 𝐻±
(−)

Ω−𝜕−  

𝜓̃± = 𝜓± −
𝛼±Ω±

𝛽
𝑡, 𝑡̃ = 𝑡  
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𝐿̂0 = −𝛽
𝜕

𝜕𝑡̃
 

𝑋± ≡ {𝐺±, 𝐾±, 𝐻±
+, 𝐻±

−} 

𝑋± = 𝑒
±(

𝑡̃
𝛽

+𝜏+𝜓̃++𝜏−𝜓̃−)
𝒳±(𝑥‾)  

𝐿̂±1 = 𝑒
±(

𝑡̃
𝛽

+𝜏+𝜓̃++𝜏−𝜓̃−)
(𝒢±𝜕𝑥‾ + 𝒦±𝜕𝑡̃ + ℋ̃±

(+)
Ω+𝜕̃+ + ℋ̃±

(−)
Ω−𝜕̃−)  

𝜕̃± ≡ 𝜕𝜓̃±
= 𝜕±and ℋ̃±

(𝑖)
= ℋ±

(𝑖)
−

𝛼𝑖

𝛽
𝒦𝑖, 𝑖 = ± 

𝒢± = ∓√Δ‾ , 𝒦±(𝑥‾) = 𝒦(𝑥‾), ℋ̃±
(𝑖)

(𝑥‾) = ℋ̃(𝑖)(𝑥‾)  

√Δ‾𝒦′(𝑥‾) + 𝒦(𝑥‾) (
𝒦(𝑥)

𝛽
+ 𝜏+ℋ̃(+)(𝑥‾) + 𝜏−ℋ̃(−)(𝑥‾))  = 𝛽

√Δℋ̃(𝑖)′
(𝑥‾) + ℋ̃(𝑖)(𝑥‾) (

𝒦(𝑥)

𝛽
+ 𝜏+ℋ̃(+)(𝑥‾) + 𝜏−ℋ̃(−)(𝑥‾))  = 0

 

√Δ‾ (
𝒦(𝑥)

𝛽
+ 𝜏+ℋ̃(+)(𝑥‾) + 𝜏−ℋ̃(−)(𝑥‾)) =

Δ‾ ′

2
.  

𝒦(𝑥‾) =
𝛽𝑥‾ + 𝛿

√Δ‾
, ℋ̃(𝑖)(𝑥‾) =

𝐶(𝑖)

√Δ‾
 

Ω̂1 =
1

4𝜅+
2

(𝜕𝑡 + 2Ω+
𝑅𝜕+ + 2Ω+

𝐿 𝜕−)2, Ω̂2 =
1

4𝜅−
2

(𝜕𝑡 + 2Ω−
𝑅𝜕+ + 2Ω−

𝐿 𝜕−)2  

𝛿

𝛽
+ 𝜏+𝐶(+) + 𝜏−𝐶(−) = 0  

𝛽(1) =
1

2
(

1

𝜅+
+

1

𝜅−
) , 𝛿(1)=

1

4
(

1

𝜅+
−

1

𝜅−
) , 𝛼+

(1)
Ω+

(1)
=

2Ω+
𝑅

𝜅+
 

𝛼−
(1) = 0, 𝐶(1)

(−)
=

Ω+
𝐿

𝜅+
, 𝐶(1)

(+)
= −

𝛿(1)

𝛽(1)
𝛼+

(1)
Ω+

(1)
=

Ω+
𝑅(𝜅+ − 𝜅−)

𝜅+(𝜅+ + 𝜅−)

 

𝐿̂0
(1)

= −𝛽(1)
𝜕

𝜕𝑡̃1
= − (𝛽(1)𝜕𝑡 + 𝛼+

(1)
Ω+

(1)
𝜕+) = − (

(𝜅+ + 𝜅−)

2𝜅+𝜅−
𝜕𝑡 +

2Ω+
𝑅

𝜅+
𝜕+)

𝑒
∓(

𝑡

𝛽(1)+𝜏+
(1)

𝜓̃+
(1)

+𝜏−
(1)

𝜓̃−
(1)

)
𝐿̂±1

(1)
= (∓√Δ‾𝜕𝑥‾ +

1

√Δ‾
((𝛽(1)𝑥‾ + 𝛿(1))𝜕𝑡̃1

+ 𝐶(1)
(+)

𝜕+ + 𝐶(1)
(−)

𝜕−)) =

(∓√Δ‾𝜕𝑥‾ +
1

√Δ‾
(

1

2𝜅+𝜅−
((𝜅+ + 𝜅−)𝑥‾ +

1

2
(𝜅− − 𝜅+)) 𝜕𝑡 +

2Ω+
𝑅

𝜅+
𝑥‾𝜕+ +

Ω+
𝐿

𝜅+
𝜕−))
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𝛽(2) =
1

2
(

1

𝜅+
−

1

𝜅−
) , 𝛿(2)=

1

4
(

1

𝜅+
+

1

𝜅−
) , 𝛼−

(2)Ω−
(2) =

2Ω+
𝐿

𝜅+
 

𝛼+
(2)

 = 0, 𝐶(2)
(+)

=
Ω+

𝑅

𝜅+
, 𝐶(2)

(+)
= −

𝛿(2)

𝛽(2)
𝛼−

(2)Ω−
(2) =

Ω+
𝐿 (𝜅+ + 𝜅−)

𝜅+(𝜅+ − 𝜅−)

 

𝐿̂0
(2)

= −𝛽(2)
𝜕

𝜕𝑡̃2
= −(𝛽(2)𝜕𝑡 + 𝛼−

(2)Ω−
(2)𝜕−) = − (

(𝜅− − 𝜅+)

2𝜅+𝜅−
𝜕𝑡 +

2Ω+
𝐿

𝜅+
𝜕−)  

𝑒
∓(

𝑡

𝛽(2)+𝜏+
(2)

𝜓̃+
(2)

+𝜏−
(2)

𝜓̃−
(2)

)
𝐿̂±1

(2)
= (∓√Δ‾𝜕𝑥‾ +

1

√Δ‾
((𝛽(2)𝑥‾ + 𝛿(2))𝜕𝑡̃2

+ 𝐶(2)
(+)

𝜕+ + 𝐶(2)
(−)

𝜕−)) =

 (∓√Δ‾𝜕𝑥‾ +
1

√Δ‾
(

1

2𝜅+𝜅−
((𝜅− − 𝜅+)𝑥‾ +

1

2
(𝜅+ + 𝜅−)) 𝜕𝑡 +

Ω+
𝑅

𝜅+
𝜕+ +

2Ω+
𝐿

𝜅+
𝑥‾𝜕−))

 

𝒞̂2
(𝑗)

Ψ(𝑗) =
ℓ(ℓ + 2)

4
Ψ(𝑗)  

𝐽𝑅/𝐿Ψ = −𝑖𝜕±Ψ = 𝑚𝑅/𝐿Ψ  

𝜕± ≡
1

2
(𝜕𝜙 ± 𝜕𝜓) 

𝐿̂0
(1)

Ψ(1) = −𝑖(−𝛽(1)𝜔 + 2𝑎𝑅)Ψ(1)  

𝐿̂0
(2)

Ψ(2) = −𝑖(−𝛽(2)𝜔 + 2𝑎𝐿)Ψ(2)  

−𝑖𝛽(1)𝜔 + 2𝑎𝑅 and −𝑖𝛽(2)𝜔 + 2𝑎𝐿 

𝐿̂0Ψ−ℓ̂ = −ℓ̂Ψ−ℓ̂

𝐿̂1Ψ−ℓ̂ = 0
 

Ψ−ℓ̂ = 𝑁 (𝑥‾ −
1

2
)

ℓ̂
2
+𝐵

(𝑥‾ +
1

2
)

ℓ̂
2
−𝐵

exp (𝑖𝑚𝑅𝜓+ + 𝑖𝑚𝐿𝜓− + 𝑠𝑡)
 

𝐵 =
ℓ̂(𝜅− − 𝜅+)

2(𝜅+ + 𝜅−)
+ 𝑖 (

𝑎𝑅(𝜅+ − 𝜅−)

(𝜅+ + 𝜅−)
+ 𝑎𝐿)  

𝑠 =
2𝜅+𝜅−

𝜅+ + 𝜅−
(ℓ̂ − 𝑖

2Ω+
𝑅

𝜅+
𝑚𝑅)  

𝐵 = 𝑖 (
𝜔(𝜅+ − 𝜅−)

4𝜅+𝜅−
+ 𝑎𝐿)  

𝑁[(𝑥‾ − 1/2)/(𝑥‾ + 1/2)]𝑖Im(𝐵) 

(𝑥‾2 −1/4)ℓ̂/2 ∫(𝑥‾)ℓ̂ ∼ 𝑟ℓ ⨂√Δ‾𝜕𝑥‾ ∼ 𝑥‾𝜕𝑥‾ 
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𝐿̂0𝐿̂−1Ψ−ℓ̂ = 𝐿̂−1𝐿̂0Ψ−ℓ̂ + [𝐿̂0, 𝐿̂−1]Ψ−ℓ̂ = (−ℓ̂ + 1)𝐿̂−1Ψ−ℓ̂  

𝐿̂0(𝐿̂−1)
𝑘
Ψ−ℓ̂ = (−ℓ̂ + 𝑘)(𝐿̂−1)

𝑘
Ψ−ℓ̂

 

𝐿̂0(𝐿̂−1)
𝑘+1

Ψ−ℓ̂ = (𝐿̂−1)
𝑘+1

Ψ−ℓ̂ + 𝐿̂−1𝐿̂0 ((𝐿̂−1)
𝑘
Ψ−ℓ̂) 

(−ℓ̂ + 𝑘 + 1)(𝐿̂−1)
𝑘+1

Ψ−ℓ̂ 

𝐿̂0(𝐿̂−1)
ℓ̂
Ψ−ℓ̂ = 0 ⟹ 𝑎𝑅 = 0  

𝒞̂2Ψ−ℓ̂ = (𝐿̂0
2 −

1

2
[𝐿̂1, 𝐿̂−1]) Ψ−ℓ̂ = (𝐿̂0

2 − 𝐿̂0)Ψ−ℓ̂ = ℓ̂(ℓ̂ + 1)Ψ−ℓ̂
 

𝒞̂2 {((𝐿̂−1

ℓ
2 Ψ

−
ℓ
2

)} =
ℓ(ℓ + 2)

4
(𝐿̂−1

ℓ
2 Ψ

−
ℓ
2

)  

−𝛽(1)𝜔 + 2𝑎𝑅 = 0 ⟹
𝜔

4
𝑝 = 𝑎𝑅  

−𝛽(2)𝜔 + 2𝑎𝐿 = 0 ⟹
𝜔

4
𝑞 = 𝑎𝐿  

𝜙 = (𝜙𝑟ℎ , 𝜙Θ) = (
𝜕ℱ

𝜕𝑟ℎ
, −

cos Θ

sin2 Θ
)  

𝜙𝑟ℎ =
𝜕𝑀

𝜕𝑆

𝜕𝑆

𝜕𝑟ℎ
−

1

𝜏

𝜕𝑆

𝜕𝑟ℎ
=

𝜕𝑆

𝜕𝑟ℎ
(𝑇 −

1

𝜏
) = 0  

𝑥𝜈 = (𝜏, 𝑟ℎ , Θ) 

𝑛𝑟 = 𝜙𝑟ℎ/‖𝜙‖ and 𝑛Θ = 𝜙Θ/‖𝜙‖ 

𝑗𝜇 =
1

2𝜋
𝜀𝜇𝑣𝜌𝜀𝑎𝑏𝜕𝑣𝑛𝑎𝜕𝜌𝑛𝑏, 𝜇, 𝑣, 𝜌 = 0,1,2  

𝑗𝜇 = 𝛿2(𝜙)𝐽𝜇 (
𝜙

𝑥
)  

𝑊 = ∫ 
Σ

  𝑗0𝑑2𝑥 = ∑  

𝑁

𝑖=1

 𝛽𝑖𝜂𝑖 = ∑  

𝑁

𝑖=1

 𝑤𝑖  

𝑑𝑠2 = 𝑑𝛾𝑠
2 +

2𝑚

𝑈
𝜔𝑠

2 +
𝑈𝑑𝑟2

𝐹 − 2𝑚
+ 𝑑Ω𝑠

2  
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𝑑𝛾𝑠
2 = −[(𝑊̂ + 𝜇𝑗

2)𝜌2 + 𝜇𝑗
2𝑙2]

𝑑𝑡2

𝑙2
+

2𝜌2𝜇𝑗
2

𝑙
𝑑𝑡𝑑𝜑𝑗

 + ∑  

𝑖≠𝑗

 
𝑟2 + 𝑎𝑖

2

Ξ𝑖
𝜇𝑖

2𝑑𝜑𝑖
2

𝑈 =𝑟𝜀 (𝜇𝑗
2 + ∑  

𝑖≠𝑗

 
𝜇𝑖

2𝜌2

𝑟2 + 𝑎𝑖
2) ∏  

𝑁

𝑘≠𝑗

  (𝑟2 + 𝑎𝑘
2)

𝜔𝑠 =(𝑊̂ + 𝜇𝑗
2)𝑑𝑡 − 𝑙𝜇𝑗

2𝑑𝜑𝑗 − ∑  

𝑖≠𝑗

 
𝑎𝑖

Ξ𝑖
𝜇𝑖

2𝑑𝜑𝑖

𝐹 =
𝑟𝜀−2𝜌4

𝑙2
∏  

𝑁

𝑖≠𝑗

  (𝑟2 + 𝑎𝑖
2)

𝑑Ω𝑠
2 = ∑  

𝑖≠𝑗

 
𝑟2 + 𝑎𝑖

2

Ξ𝑖
𝑑𝜇𝑖

2 − 2
𝑑𝜇𝑗

𝜇𝑗
(∑  

𝑁+𝜀

𝑖≠𝑗

 
𝑟2 + 𝑎𝑖

2

Ξ𝑖
𝜇𝑖𝑑𝜇𝑖)

 +
𝑑𝜇𝑗

2

𝜇𝑗
2 (𝜌2𝑊̂ + 𝑙2𝜇𝑗

2)

 

𝑊̂ = ∑  

𝑖≠𝑗

𝜇𝑖
2

Ξ𝑖
, 𝜌2 = 𝑟2 + 𝑙2, Ξ𝑖 = 1 −

𝑎𝑖
2

𝑙2
 for 𝑖 ≠ 𝑗 

∑  

𝑁+𝜀

𝑖=1

 𝜇𝑖
2 = 1  

 

𝑀=
𝑚𝒜𝑑−2

4𝜋 ∏  𝑘≠𝑗  Ξ𝑘
(∑  

𝑖≠𝑗

 
1

Ξ𝑖
+

1 + 𝜀

2
)  

Ω𝑗=
𝑙

𝜌ℎ
2 , Ω𝑖≠𝑗 =

𝑎(𝑙2 + 𝑟ℎ
2)

𝑙2(𝑟ℎ
2 + 𝑎𝑖

2)
 

𝐽𝑗=
𝑙𝑚𝒜𝑑−2

4𝜋 ∏  𝑘≠𝑗  Ξ𝑘
, 𝐽𝑖≠𝑗 =

𝑎𝑖𝑚𝒜𝑑−2

4𝜋Ξ𝑖 ∏  𝑘≠𝑗  Ξ𝑘
 

𝑇 =
1

2𝜋
[
𝑟ℎ

𝑙2
(1 + ∑  

𝑁

𝑖≠𝑗

 
𝜌ℎ

2

𝑟ℎ
2 + 𝑎𝑖

2) −
1

𝑟ℎ
(
1

2
−

𝑟ℎ
2

2𝑙2)

𝜀

]

𝐴 =
𝒜𝑑−2

𝑟ℎ
1−𝜀 𝜌ℎ

2 ∏  

𝑁

𝑖≠𝑗

 
𝑟ℎ

2 + 𝑎𝑖
2

Ξ𝑖
, 𝑆 =

𝐴

4

𝑉 =
𝑟ℎ𝐴

𝑑 − 1
+

8𝜋

(𝑑 − 1)(𝑑 − 2)
∑  

𝑖≠𝑗

 𝑎𝑖𝐽𝑖

 

𝒜𝑑−2 = 2𝜋[(𝑑−1)/2]/Γ[(𝑑 − 1)/2] 

ℱ =
(𝑟ℎ

2 + 𝑙2)
2

2𝑙2𝑟ℎ
−

𝜋(𝑟ℎ
2 + 𝑙2)

𝜏
,  
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𝜙𝑟ℎ  =
(3𝑟ℎ

2 − 𝑙2)(𝑟ℎ
2 + 𝑙2)

2𝑙2𝑟ℎ
2 −

2𝜋𝑟ℎ

𝜏

𝜙Θ  = −cot Θcsc Θ

 

𝜏 =
4𝜋𝑙2𝑟ℎ

3

3𝑟ℎ
4 + 2𝑟ℎ

2𝑙2 − 𝑙4
 

ℱ =
𝜋(𝑟ℎ

2 + 𝑙2)
2
(𝑟ℎ

2 + 𝑎1
2)(2 + Ξ1)

8𝑙2Ξ1
2𝑟ℎ

2

 −
𝜋2(𝑟ℎ

2 + 𝑙2)(𝑟ℎ
2 + 𝑎1

2)

2𝜏Ξ1𝑟ℎ

 

𝜙𝑟ℎ =
𝜋(𝑟ℎ

2 + 𝑙2)[2𝑟ℎ
4 + 𝑎1

2(𝑟ℎ
2 − 𝑙2)](2 + Ξ1)

4𝑙2Ξ1
2𝑟ℎ

3

 −
𝜋2[3𝑟ℎ

4 + 𝑟ℎ
2(𝑙2 + 𝑎1

2) − 𝑙2𝑎1
2]

2𝜏Ξ1𝑟ℎ
2

𝜙Θ = −cot Θcsc Θ

 

𝜏 =
2𝜋𝑙2Ξ1𝑟ℎ[3𝑟ℎ

4 + 𝑟ℎ
2(𝑙2 + 𝑎1

2) − 𝑙2𝑎1
2]

(𝑟ℎ
2 + 𝑙2)[2𝑟ℎ

4 + 𝑎1
2(𝑟ℎ

2 − 𝑙2)](2 + Ξ1)
,  

𝑆Rad= min(ext[𝑆gen])  

𝑆gen =
Area(𝜕𝐼)

4𝐺
+ 𝑆field(𝑅 ∪ 𝐼)

 

𝑑𝑠2 = −
Δ𝑟

𝜌2 (𝑑𝑡 −
𝑎sin2 𝜃

Ξ
𝑑𝜙)

2

+
𝜌2

Δ𝑟
𝑑𝑟2 +

𝜌2

Δ𝜃
𝑑𝜃2 +

Δ𝜃sin2 𝜃

𝜌2 (𝑎𝑑𝑡 −
𝑟2 + 𝑎2

Ξ
𝑑𝜙)

2

 

Δ𝑟 = (𝑟2 + 𝑎2)(1 + 𝑟2𝑙−2) − 2𝑀𝑟 = (𝑟 − 𝑟+)(𝑟 − 𝑟−)

Δ𝜃 = 1 − 𝑎2𝑙−2cos2 𝜃

𝜌2 = 𝑟2 + 𝑎2cos2 𝜃

Ξ = 1 − 𝑎2𝑙−2

 

𝑆[𝜑] =
1

2
∫  𝑑4𝑥√−𝑔𝜑∇2𝜑

=
1

2
∫  𝑑𝑡𝑑𝑟𝑑𝜃𝑑𝜙

sin 𝜃

Ξ
𝜑 [

Δ𝑟𝑎2sin2 𝜃 − Δ𝜃(𝑟2 + 𝑎2)2

Δ𝜃Δ𝑟
𝜕𝑡

2 +
Δ𝑟 − Δ𝜃(𝑟2 + 𝑎2)

Δ𝑟Δ𝜃
2𝑎Ξ𝜕𝑡𝜕𝜙

+
Δ𝑟 − Δ𝜃𝑎2sin2 𝜃

Δ𝑟Δ𝜃sin2 𝜃
Ξ2𝜕𝜙

2 + 𝜕𝑟(Δ𝑟𝜕𝑟) +
1

sin 𝜃
𝜕𝜃(sin 𝜃Δ𝜃𝜕𝜃)] 𝜑

 

𝜑 = ∑  

𝑙,𝑚

𝜑𝑙𝑚(𝑡, 𝑟)𝑌𝑙𝑚(𝜃, 𝜙) 

𝑑𝑟∗ =
𝑟2 + 𝑎2

Δ𝑟
𝑑𝑟 ≡ 𝑓(𝑟)−1𝑑𝑟

𝑟∗(𝑟) = 𝑟 +
(𝑟+

2 + 𝑎2)log (𝑟 − 𝑟+) + (𝑟−
2 + 𝑎2)log (𝑟 − 𝑟−)

𝑟+ − 𝑟−
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𝑆[𝜑] =
𝑟2 + 𝑎2

2Ξ
∑  

𝑙,𝑚

 ∫  𝑑𝑡𝑑𝑟𝜑𝑙𝑚
∗ [−

1

𝑓(𝑟)
(𝜕𝑡 + 𝑖

Ξ𝑎𝑚

𝑟2 + 𝑎2
)

2

+ 𝜕𝑟(𝑓(𝑟)𝜕𝑟)] 𝜑𝑙𝑚  

𝑔𝑡𝑡 = −𝑓(𝑟) = −
Δ𝑟

𝑟2 + 𝑎2
, 𝑔𝑟𝑟 =

1

𝑓(𝑟)
, 𝜓 =

𝑟2 + 𝑎2

Ξ
, 𝐴𝑡 = −

Ξ𝑎

𝑟2 + 𝑎2
, 𝐴𝑟 = 0.  

𝑑𝑠𝑒𝑓𝑓
2 = −𝑓(𝑟)𝑑𝑡2 + 𝑓(𝑟)−1𝑑𝑟2 = −

(𝑟 − 𝑟+)(𝑟 − 𝑟−)

𝑟2 + 𝑎2
𝑑𝑡2 +

𝑟2 + 𝑎2

(𝑟 − 𝑟+)(𝑟 − 𝑟−)
𝑑𝑟2  

 Left Wedge : 𝑈 ≡ −𝑒−𝜅𝑢, 𝑉 ≡ 𝑒𝜅𝑣

 Right Wedge : 𝑈 ≡ −𝑒−𝜅𝑢, 𝑉 ≡ 𝑒𝜅𝑣  

𝑑𝑠2 = −Ω2(𝑟)𝑑𝑈𝑑𝑉  

Ω(𝑟) ≡
1

𝜅
√𝑓(𝑟)𝑒−𝑘𝑟∗(𝑟)  

𝐿(𝑎, 𝑏) = Ω(𝑎)Ω(𝑏)[𝑈(𝑏) − 𝑈(𝑎)][𝑉(𝑎) − 𝑉(𝑏)]  

Ω(𝑟) =
1

𝜅
𝑒−𝑘𝑟  

𝑆gen = min {ext [
Area(𝜕𝐼)

4𝐺𝑁
+ 𝑆field (𝑅 ∪ 𝐼)]}  

(𝑡, 𝑟𝑏) = (𝑡𝑏 , 𝑟𝑏) for ( 𝑏+) and (𝑡, 𝑟𝑏) = (−𝑡𝑏 +
𝑖𝛽

2
, 𝑟𝑏) for ( 𝑏−) 

𝑆𝐵𝑢𝑙𝑘 = 𝑆(R) =
𝑐

6
log (𝑑(𝑏+, 𝑏−)) 

𝑆(𝑅) =
𝑐

6
log [

4cosh2 (𝑘𝑡𝑏)

𝜅2
]  

𝑆(𝑅)  ≃
𝑐

6
log [

𝑒2𝜅𝑡𝑏

𝜅2
]

 ≃
𝑐

3
𝑘𝑡𝑏

 

(𝑡, 𝑟𝑎) = (𝑡𝑎 , 𝑟𝑎) for 𝑎+and (𝑡, 𝑟𝑎) = (−𝑡𝑎 −
𝑖𝛽

2
, 𝑟𝑎) for 𝑎− 

𝑆field (𝑅 ∪ 𝐼) =
𝑐

6
log [

𝐿(𝑎+, 𝑎−)𝐿(𝑏+, 𝑏−)𝐿(𝑎+, 𝑏+)𝐿(𝑎−, 𝑏−)

𝐿(𝑎+, 𝑏−)𝐿(𝑎−, 𝑏+)
]  

Area(𝜕𝐼)

4𝐺
=

4𝜋(𝑟𝑎
2 + 𝑎2)

4𝐺Ξ
=

𝜋(𝑟𝑎
2 + 𝑎2)

𝐺Ξ
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𝑆gen =
2𝜋(𝑟𝑎

2 + 𝑎2)

𝐺Ξ
+

𝑐

6
log [

16𝑓(𝑟𝑎)cosh2 (𝜅𝑡𝑎)cosh2 (𝜅𝑡𝑏)

𝜅4
]

 +
𝑐

3
log [

cosh [𝜅(𝑟∗(𝑟𝑎) − 𝑟∗(𝑟𝑏)] − cosh [𝜅(𝑡𝑎 − 𝑡𝑏)]

cosh [𝜅(𝑟∗(𝑟𝑎) − 𝑟∗(𝑟𝑏)] + cosh [𝜅(𝑡𝑎 + 𝑡𝑏)]
]

 

𝑡𝑎 , 𝑡𝑏 ≃ 0, 𝑡𝑎 , 𝑡𝑏 ≪ 𝑟+, 𝑡𝑎 , 𝑡𝑏 ≪
1

𝜅
≪ 𝑟∗(𝑟𝑏) − 𝑟∗(𝑟𝑎), 𝑏 ≫ 𝑟+  

𝑆gen 
early 

≃
2𝜋(𝑟𝑎

2 + 𝑎2)

𝐺Ξ
+

𝑐

6
log [

16𝑓(𝑟𝑎)cosh2 (𝜅𝑡𝑎)cosh2 (𝜅𝑡𝑏)

𝜅4
]  

𝜕𝑆gen 
early 

𝜕𝑡𝑎
 =

𝑐

3
tanh (𝜅𝑡𝑎) = 0

𝜕𝑆gen 
early 

𝜕𝑟𝑎
 =

4𝜋𝑟𝑎
𝐺Ξ

+
𝑐

6

𝑓′(𝑟𝑎)

𝑓(𝑟𝑎)
= 0

 =
4𝜋𝑟𝑎
𝐺Ξ

+
𝑐

6

𝑎2(2𝑟𝑎 − 𝑟− − 𝑟+) − 𝑟𝑎(2𝑟+𝑟− − 𝑟𝑎(𝑟+ + 𝑟−)

(𝑟𝑎
2 + 𝑎2)(𝑟𝑎 − 𝑟+)(𝑟𝑎 − 𝑟−)

= 0

 

𝑟𝑎≃
𝑐𝐺(𝑟+ + 𝑟−)Ξ

24𝜋𝑟+𝑟−
 

 ≃
𝑐(𝑟+ + 𝑟−)Ξ

24𝜋𝑟+𝑟−
𝑙𝑝
2

 

𝑡𝑎 , 𝑡𝑏 ≫ 𝑏 > 𝑟+, cosh (𝜅(𝑡𝑎 + 𝑡𝑏)) ≫ cosh (𝜅(𝑟∗(𝑟𝑎) − 𝑟∗(𝑟𝑏)))

cosh (𝜅(𝑟∗(𝑟𝑎) − 𝑟∗(𝑟𝑏))) ≃
1

2
exp [𝜅(𝑟∗(𝑟𝑏) − 𝑟∗(𝑟𝑎))]

 

𝐿(𝑎+, 𝑎−) ≃ 𝐿(𝑏+, 𝑏−) ≃ 𝐿(𝑎+, 𝑏−) ≃ 𝐿(𝑎−, 𝑏+) ≫ 𝐿(𝑏±, 𝑏∓)  

𝑆gen =
2𝜋(𝑟𝑎

2 + 𝑎2)

𝐺Ξ
+

𝑐

6
log [

4𝑓(𝑟𝑎)

𝜅4
(cosh [𝜅(𝑟∗(𝑟𝑎) − 𝑟∗(𝑟𝑏)] − cosh [𝜅(𝑡𝑎 − 𝑡𝑏)])2]  
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𝜕𝑆gen 
late 

𝜕𝑡𝑎
=

𝑐

3

𝜅sinh (𝜅(𝑡𝑎 − 𝑡𝑏))

cosh [𝜅(𝑟∗(𝑟𝑎) − 𝑟∗(𝑟𝑏)] − cosh [𝜅(𝑡𝑎 − 𝑡𝑏)
= 0  

𝑆gen 
𝑙𝑎𝑡𝑒=

2𝜋(𝑟𝑎
2 + 𝑎2)

𝐺Ξ
+

𝑐

3
log [

2√𝑓(𝑟𝑎)

𝜅2
(cosh [𝜅(𝑟∗(𝑟𝑎) − 𝑟∗(𝑟𝑏)] − 1)]  

 =
2𝜋(𝑟𝑎

2 + 𝑎2)

𝐺Ξ
+

𝑐

3
log [

2√𝑓(𝑟𝑎)

𝜅2 ] +
𝑐𝜅

3
(𝑟∗(𝑟𝑏) − 𝑟∗(𝑟𝑎)) −

2𝑐

3
𝑒−𝜅(𝑟∗(𝑟𝑏)−𝑟∗(𝑟𝑎))

 

𝜕𝑆gen 
late 

𝜕𝑟𝑎
=

4𝜋𝑟𝑎
𝐺Ξ

+
𝑐

6

𝑓′(𝑟𝑎)

𝑓(𝑟𝑎)
−

𝑐𝜅

3𝑓(𝑟𝑎)
(1 + 2𝑒−𝜅(𝑟∗(𝑟𝑏)−𝑟∗(𝑟𝑎)) = 0  

𝑓(𝑟) ≃ 𝑓′(𝑟)(𝑟 − 𝑟+) + 𝒪(𝑟 − 𝑟+)2 = 2𝜅(𝑟 − 𝑟+)

𝑟∗(𝑟) = ∫  
1

𝑓(𝑟)
𝑑𝑟

=
1

2𝜅
log |

𝑟 − 𝑟+

𝑟+
|

 

𝑟𝑎 ≃ 𝑟+ +
𝑐2𝐺2Ξ2

144𝜋2𝑟+
3 𝑒−2𝜅𝑏  

𝑆 =
2𝜋(𝑟+

2 + 𝑎2)

𝐺Ξ
+ 𝒪(𝑐𝐺) = 2𝑆𝐵𝐻

 

𝑡Page =
6

𝑐𝜅
𝑆BH  

 =
3

𝑐𝜋𝑇(𝑟+)
𝑆BH

 

𝑡𝑠𝑐𝑟≡ Min[Δ𝑡] = 𝑟∗(𝑟𝑏) − 𝑟∗(𝑟𝑎)  

𝑡𝑠𝑐𝑟 = 𝑏 −
1

2𝜅
log |

𝑐2𝐺2Ξ2

144𝜋2𝑟+
4 𝑒−2𝜅𝑏|

≃
1

𝜅
log |

12𝜋𝑟+
2

𝑐𝐺Ξ
𝑒𝜅𝑏|  

 ≃
1

𝑘
log 𝑆𝐵𝐻

 

𝑀 =
1

2 (1 −
𝑎2

𝑙2 )
2

𝑟+

(
𝑎2𝑟+

2

𝑙2
+

𝑟+
4

𝑙2
+ 𝑎2 + 𝑟+

2)

𝑇 =
𝑟+

4𝜋(𝑎2 + 𝑟+
2)

(
𝑎2

𝑙2
−

𝑎2

𝑟+
2 +

3𝑟+
2

𝑙2
+ 1)

𝑆 =
𝜋(𝑎2 + 𝑟+

2)

1 − 𝑎2𝑙−2

 

𝑑𝑇

𝑑𝑟
= 0,

𝑑2𝑇

𝑑𝑟2
= 0  

𝑆 = Min [
2

3
𝜋𝑇(𝑟+)𝑡, 2𝑆𝐵𝐻]  
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𝑡Page ≃
3𝑆𝐵𝐻

𝑐𝜋𝑇(𝑟+)
 

𝜁 =
𝑑𝑀

𝑑𝑎
 

𝜁 =
𝑎(𝑟2 + 1)(𝑎2 + 2𝑟2 + 1)

(𝑎2 − 1)3𝐺𝑟
 

{𝐻   [𝑁   ], 𝐻   [𝑀   ]}  = 𝐻   [ℒ𝑁   𝑀
   ]

{𝐻̃[𝑁], 𝐻   [𝑁   ]}  = −𝐻̃[𝑁𝑏𝜕𝑏𝑁]

{𝐻̃[𝑁], 𝐻̃[𝑀]}  = −𝐻   [𝑞̃𝑎𝑏(𝑁𝜕𝑏𝑀 − 𝑀𝜕𝑏𝑁)]

 

d𝑠2 = 𝑔̃𝜇𝜈d𝑥𝜇d𝑥𝜈 = −𝑁2 d𝑡2 + 𝑞̃𝑎𝑏( d𝑥𝑎 + 𝑁𝑎 d𝑡)(d𝑥𝑏 + 𝑁𝑏 d𝑡)  

𝛿𝜖𝑓(𝑞𝑎𝑏, 𝑝𝑎𝑏) = {𝑓, 𝐻̃[𝜖] + 𝐻   [𝜖 ]} 

𝛿𝜖𝑔̃𝜇𝜈|
grav

= ℒ𝜉𝑔̃𝜇𝜈|
grav  

𝜉𝑡 =
𝜖0

𝑁
 , 𝜉𝑎 = 𝜖𝑎 −

𝜖0

𝑁
𝑁𝑎  

𝜉𝜇 = 𝜉𝑡𝑡𝜇 + 𝜉𝑎𝑠𝑎
𝜇

 

𝐻̃grav [𝑁] + 𝐻̃matter [𝑁] and 𝐻   grav [𝑁   ] + 𝐻   matter [𝑁   ] 

𝛿𝜖𝜙|grav = ℒ𝜉𝜙|
grav  

𝐻𝑥 = 𝐸𝜑𝐾𝜑
′ − 𝐾𝑥(𝐸𝑥)′ + 𝑃𝜙𝜙′

 

𝐻̃(𝐸𝑥 , 𝐸𝜑, 𝑃𝜙; 𝐾𝑥 , 𝐾𝜑, 𝜙) = 𝐻̃grav(𝐸𝑥, 𝐸𝜑; 𝐾𝑥 , 𝐾𝜑) + 𝐻̃scalar(𝐸𝑥, 𝐸𝜑, 𝑃𝜙; 𝐾𝑥 , 𝐾𝜑, 𝜙)  

𝐻̃grav =−𝜒
√𝐸𝑥

2
[𝐸𝜑 (

1

𝐸𝑥
+

1

𝐸𝑥

sin2 (𝜆𝐾𝜑)

𝜆2
+ 4 (𝐾𝜑

sin (2𝜆𝐾𝜑)

2𝜆
−

sin2 (𝜆𝐾𝜑)

𝜆2 )
𝜕ln 𝜆

𝜕𝐸𝑥 )  

+4𝐾𝑥

sin (2𝜆𝐾𝜑)

2𝜆
−

((𝐸𝑥)′)2

4𝐸𝜑 (
1

𝐸𝑥
cos2 (𝜆𝐾𝜑) − 4𝜆2 (

𝐾𝑥

𝐸𝜑
+ 𝐾𝜑

𝜕ln 𝜆

𝜕𝐸𝑥
)

sin (2𝜆𝐾𝜑)

2𝜆
) 

+cos2 (𝜆𝐾𝜑) (
(𝐸𝑥)′(𝐸𝜑)′

(𝐸𝜑)2
−

(𝐸𝑥)′′

𝐸𝜑 )]

 

𝑞̃𝑥𝑥= (1 + 𝜆2 (
(𝐸𝑥)′

2𝐸𝜑 )

2

) cos2 (𝜆𝐾𝜑)𝜒2
𝐸𝑥

(𝐸𝜑)2
 

 = (1 + 𝜆2 (1 −
2ℳ

√𝐸𝑥
)) 𝜒2

𝐸𝑥

(𝐸𝜑)2

 

ℳ =
√𝐸𝑥

2
(1 +

sin2 (𝜆𝐾𝜑)

𝜆2
− cos2 (𝜆𝐾𝜑) (

(𝐸𝑥)′

2𝐸𝜑 )

2

)  
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d𝑠2 = −𝑁2 d𝑡2 + 𝑞̃𝑥𝑥( d𝑥 + 𝑁𝑥 d𝑡)2 + 𝑞𝜃𝜃dΩ2  

𝜆∞: = lim
𝐸𝑥→∞

 𝜆(𝐸𝑥) 

𝜒0 = 1/√1 + 𝜆∞
2  

𝜒 = 1/√1 + 𝜆2(𝐸𝑥) 

𝐻̃(MC)
𝜙

=
√𝑞̃𝑥𝑥

𝐸𝑥

𝑃𝜙
2

2
+

𝐸𝑥

2
√𝑞̃𝑥𝑥(𝜙′)2 +

𝐸𝑥

√𝑞̃𝑥𝑥
𝑉  

𝐻̃(NMC)
𝜙

=
𝜒

2𝐸𝜑√𝐸𝑥
(1 + 𝜆2 (

(𝐸𝑥)′

2𝐸𝜑 )

2

) cos2 (𝜆𝐾𝜑)𝑃𝜙
2

 +𝜒
(𝐸𝑥)3/2

2𝐸𝜑
(𝜙′)2 + 𝜒𝐸𝜑√𝐸𝑥𝑉.

 

𝜙2 → 𝜙1
2 + 𝜙2

2, (𝜙′)2 → (𝜙1
′ )2 + (𝜙2

′ )2, and 𝑃2 → 𝑃1
2 + 𝑃2

2 

𝜙 = (𝜙1 + 𝑖𝜙2)/√2 with complex momentum 𝑃𝜙 = (𝑃1 − 𝑖𝑃2)/√2 

𝐻̃(MC)
𝜙ℂ

=
√𝑞̃𝑥𝑥

𝐸𝑥 |𝑃𝜙|
2

+ 𝐸𝑥√𝑞̃𝑥𝑥(𝜙∗)′𝜙′ +
𝐸𝑥

√𝑞̃𝑥𝑥
𝑉(|𝜙|2)  

𝐻̃(NMC)
𝜙ℂ

=
𝜒

𝐸𝜑√𝐸𝑥
(1 + 𝜆2 (

(𝐸𝑥)′

2𝐸𝜑 )

2

) cos2 (𝜆𝐾𝜑)|𝑃𝜙|
2

 +𝜒
(𝐸𝑥)3/2

𝐸𝜑
(𝜙∗)′𝜙′ + 𝜒𝐸𝜑√𝐸𝑥𝑉(|𝜙|2)

 

𝐻𝑥 = 𝐸𝜑𝐾𝜑
′ − 𝐾𝑥(𝐸𝑥)′ + 𝑃𝜙𝜙′ + 𝑃𝜙

∗ (𝜙∗)′
 

{𝜙(𝑥), 𝑃𝜙(𝑦)} = {𝜙∗(𝑥), 𝑃𝜙
∗ (𝑦)} = 𝛿(𝑥 − 𝑦)  

𝐺𝜙[Θ] = ∫  d𝑥Θ𝑖(𝜙𝑃𝜙 − 𝜙∗𝑃𝜙
∗)  

𝐽(MC)
𝑡 = {𝐺𝜙, 𝐻̃(MC)[𝑁] + 𝐻𝑥

(MC)[𝑁𝑥]}  

= − (𝑖𝑁𝐸𝑥√𝑞̃𝑥𝑥(𝜙∗𝜙′ − 𝜙(𝜙∗)′) + 𝑖𝑁𝑥(𝑃𝜙𝜙 − 𝑃𝜙
∗𝜙∗))

′
 

 =: −(𝐽(MC)
𝑥 )

′

 

𝐽(NMC)
𝑡 = {𝐺𝜙, 𝐻̃(NMC)[𝑁] + 𝐻𝑥

(NMC)[𝑁𝑥]}  

= − (𝑖𝑁𝜒
(𝐸𝑥)3/2

𝐸𝜑
(𝜙∗𝜙′ − 𝜙(𝜙∗)′) + 𝑖𝑁𝑥(𝑃𝜙𝜙 − 𝑃𝜙

∗ 𝜙∗))

′

 

 =: −(𝐽(NMC)
𝑥 )

′
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𝜙̇  = 𝑁
√𝑞̃𝑥𝑥

𝐸𝑥
𝑃𝜙

∗ + 𝑁𝑥𝜙′

𝑃̇𝜙  = (𝑁𝐸𝑥√𝑞̃𝑥𝑥(𝜙∗)′)
′
− 𝑁

𝐸𝑥

√𝑞̃𝑥𝑥

𝜕𝑉

𝜕𝜙
+ (𝑁𝑥𝑃𝜙)

′
 

𝜙̇  = 𝑁
𝜒𝑃𝜙

∗

𝐸𝜑√𝐸𝑥
(1 + 𝜆2 (

(𝐸𝑥)′

2𝐸𝜑 )

2

) cos2 (𝜆𝐾𝜑) + 𝑁𝑥𝜙′

𝑃̇𝜙  = (𝑁𝜒
(𝐸𝑥)3/2

𝐸𝜑
(𝜙∗)′)

′

− 𝑁𝜒𝐸𝜑√𝐸𝑥
𝜕𝑉

𝜕𝜙
+ (𝑁𝑥𝑃𝜙)

′

 

𝐺(MC)
𝜙

 = 𝑖𝐸𝑥√𝑞̃𝑥𝑥[𝜙∗𝜕0𝜙 − 𝜙𝜕0𝜙∗]

 = 𝑖
𝐸𝜑√𝐸𝑥

𝜒
(1 + 𝜆2 (

(𝐸𝑥)′

2𝐸𝜑 )

2

)

−1/2

sec (𝜆𝐾𝜑)(𝜙∗𝜕0𝜙 − 𝜙𝜕0𝜙∗)
 

𝜕0 = 𝑛𝜇𝜕𝜇 = 𝑁−1(𝜕𝑡 − 𝑁𝑥𝜕𝑥) 

𝐺(NMC)
𝜙

= 𝑖𝜒
(𝐸𝑥)3/2

𝐸𝜑
𝑞̃𝑥𝑥(𝜙∗𝜕0𝜙 − 𝜙𝜕0𝜙∗)  

 = 𝑖
𝐸𝜑√𝐸𝑥

𝜒
(1 + 𝜆2 (

(𝐸𝑥)′

2𝐸𝜑 )

2

)

−1

sec2 (𝜆𝐾𝜑)(𝜙∗𝜕0𝜙 − 𝜙𝜕0𝜙∗)

 

𝜕𝜇[√−det𝑔̃𝑔̃𝜇𝜈𝜕𝜈𝜙]

√−det𝑔̃
+

𝜕𝑉

𝜕𝜙∗
= ∇𝜇∇𝜇𝜙 +

𝜕𝑉

𝜕𝜙∗
= 0  

𝜙̈ = 𝑁
𝐸𝜑

(𝐸𝑥)3/2
𝑞̃𝑥𝑥 [𝜒−1 (𝜒𝑁

(𝐸𝑥)3/2

𝐸𝜑
𝜙′)

′

− 𝑁𝐸𝜑√𝐸𝑥
𝜕𝑉

𝜕𝜙∗]  

d𝑥

 d𝑡
|
null

= ±𝑁√𝑞̃𝑥𝑥  

d𝑠2 = − (1 −
2𝑀

𝑥
)

d𝑡2

𝛼0
2𝜒2

+
d𝑥2

𝜒2 (1 −
2𝑀
𝑥 ) (1 + 𝜆2 (1 −

2𝑀
𝑥 ))

+ 𝑥2 dΩ2

 

1 + 𝜆2(𝑥𝜆) (1 −
2𝑀

𝑥𝜆
) = 0  

𝜒(𝐸𝑥) = 1/√1 + 𝜆2(𝐸𝑥) and 𝛼0 = 1/(1 + 𝜆∞
2 ) 

𝜒 = 𝜒0 = 1/√1 + 𝜆∞
2  and 𝛼0 = 𝜒−1 

d𝑠2 = − (1 −
2𝑀

𝑥
) d𝑡2 +

(1 + 𝜆∞
2 )d𝑥2

(1 −
2𝑀
𝑥 ) (1 + 𝜆2(𝑥) (1 −

2𝑀
𝑥 ))

+ 𝑥2 dΩ2
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𝑎𝜇𝜕𝜇 = 𝜒0
2

𝑀

𝑥2 (1 + 𝜆2 (1 −
2𝑀

𝑥
))

1/2

𝜕𝑥  

𝜅 = (√−𝑔𝑡𝑡𝑎)|
𝑥=2𝑀

 

𝜅 =
𝜒0

4𝑀
 

𝑢 = 𝜒0
−1(𝑡 − 𝑥∗)  and  𝑣 = 𝜒0

−1(𝑡 + 𝑥∗)  

d𝑥∗ =
√1 + 𝜆∞

2  d𝑥

√1 + 𝜆2(𝑥)(1 − 2𝑀/𝑥)(1 − 2𝑀/𝑥)
 

d𝑠2 = −𝜒0
2 (1 −

2𝑀

𝑥
) d𝑢 d𝑣 + 𝑥2 dΩ2  

𝑈 = −
𝜒0

𝜅
𝑒−𝜅𝑢  and  𝑉 =

𝜒0

𝜅
𝑒𝜅𝑣  

d𝑠2 = − (1 −
2𝑀

𝑥
) exp (−

2𝜅𝑥∗

𝜒0
) d𝑈 d𝑉 + 𝑥2 dΩ2  

d𝑠2= −𝑓(𝑥)d𝑡2 +
d𝑥2

𝑓(𝑥)ℎ(𝑥)
+ 𝑥2 dΩ2  

 =: 𝑓(𝑥)(−d𝑡2 + d𝑥∗
2) + 𝑥2(𝑥∗)dΩ2

 

𝜙(𝑥𝜇) = ∑  

𝑙,𝑚

 𝜙𝑙𝑚(𝑡, 𝑥)𝑌𝑙𝑚(𝜃, 𝜑)  

−𝑓−1(𝑥)𝜕𝑡
2𝜙𝑙𝑚 +

√ℎ

𝑥2
𝜕𝑥[𝑥2𝑓(𝑥)√ℎ(𝑥)𝜕𝑥𝜙𝑙𝑚] −

𝑙(𝑙 + 1)

𝑥2
𝜙𝑙𝑚 = 0  

𝜙𝑙𝑚(𝑡, 𝑥) = Ψ𝑙𝑚(𝑡, 𝑥)/𝑥 

[−𝜕𝑡
2 + 𝜕𝑥∗

2 − (
𝑓√ℎ

𝑥
𝜕𝑥(𝑓√ℎ) +

𝑙(𝑙 + 1)

𝑥2 )] Ψ𝑙𝑚 = 0  

Ψ𝑙𝑚(𝑡, 𝑥) =
1

2𝜋
∫  

∞

−∞

 d𝜔𝜓𝑙𝑚(𝜔, 𝑥)𝑒𝑖𝜔𝑡  

d2𝜓𝑙𝑚

 d𝑥∗
2

+ (𝜔2 − 𝑉𝑙(𝑥))𝜓𝑙𝑚 = 0  

𝑉𝑙(𝑥) =
𝑓√ℎ

𝑥
𝜕𝑥(𝑓√ℎ) +

𝑙(𝑙 + 1)

𝑥2
 

0 = − (1 −
2𝑀

𝑥
) 𝜕𝑡

2𝜙𝑙𝑚 +
1

𝑥2
𝜕𝑥 [𝑥2 (1 −

2𝑀

𝑥
) 𝜕𝑥𝜙𝑙𝑚] −

𝑙(𝑙 + 1)

𝑥2
𝜙𝑙𝑚

 = − (1 −
2𝑀

𝑥
)

−1

𝜙̈𝑙𝑚 +
2

𝑥
(1 −

𝑀

𝑥
) 𝜕𝑥𝜙𝑙𝑚 + (1 −

2𝑀

𝑥
) 𝜕𝑥

2𝜙𝑙𝑚 −
𝑙(𝑙 + 1)

𝑥2
𝜙𝑙𝑚
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(−𝜕𝑡
2 + 𝜕𝑥∗

2 − 𝑉𝑙(𝑥))Ψ𝑙𝑚 = 0  

𝑉𝑙
(cl)

(𝑥) = (1 −
2𝑀

𝑥
) (

𝑙(𝑙 + 1)

𝑥2
+

2𝑀

𝑥3
) ,  

− (1 −
2𝑀

𝑥
) 𝜙̈𝑙𝑚 +

√𝛽

𝑥2
𝜕𝑥 [𝑥2√𝛽 (1 −

2𝑀

𝑥
) 𝜕𝑥𝜙𝑙𝑚] −

𝑙(𝑙 + 1)

𝑥2
𝜙𝑙𝑚 = 0.  

𝛽(𝑥) = 𝜒0
2 (1 + 𝜆2 (1 −

2𝑀

𝑥
))  

[−𝜕𝑡
2 + 𝜕𝑥∗

2 − 𝑉𝑙(𝑥(𝑥∗))]Ψ𝑙𝑚 = 0  

𝑉̃𝑙(𝑥) = (1 −
2𝑀

𝑥
) [

2𝑀

𝑥3
𝜒2 +

𝑙(𝑙 + 1)

𝑥2
+ 𝜒0

2 (1 −
2𝑀

𝑥
) (

3𝑀𝜆2

𝑥3
+

𝜆𝜆′

𝑥
(1 −

2𝑀

𝑥
))] .  

d2Ψ𝑙𝑚

 d𝑥∗
2

+ [𝜔2 − 𝑉𝑙(𝑥)]Ψ𝑙𝑚 = 0  

𝜆(𝑥) = 𝜆̃ with 𝜒0 = (1 + 𝜆̃2)
−1/2

 

d𝑠2 = − (1 −
2𝑀

𝑥
) d𝑡2 +

d𝑥2

(1 − 2𝑀/𝑥)(1 − 𝑥𝜆̃/𝑥)
+ 𝑥2 dΩ2  

𝑥𝜆̃ =
2𝑀𝜆̃2

1 + 𝜆̃2
 

𝑉𝑙
(𝜆̃)

= 𝑉𝑙
(SYM)

+
𝑥𝜆̃

2𝑥3
(1 −

2𝑀

𝑥
) (1 −

6𝑀

𝑥
)  

𝜆(𝑥) = √Δ/𝑥 with 𝜒0 = 1 

d𝑠2= − (1 −
2𝑀

𝑥
) d𝑡2 +

d𝑥2

(1 −
2𝑀
𝑥 ) (1 +

Δ
𝑥2 (1 −

2𝑀
𝑥 ))

+ 𝑥2 dΩ2 

 = (1 −
2𝑀

𝑥
) (−d𝑡2 + d𝑥∗

2) + 𝑥2(𝑥∗)dΩ2

 

𝑥Δ = (Δ𝑀)1/3
(1 + √1 + Δ/(27𝑀2))

2/3
− (Δ/(27𝑀2))

1/3

(1 + √1 + Δ/(27𝑀2))
1/3

 

𝑉𝑙
(Δ)

= 𝑉𝑙
(cl)

−
Δ

𝑥4
(1 −

2𝑀

𝑥
)

2

(1 −
5𝑀

𝑥
)  

𝜙̈𝑙𝑚 =
𝑁𝐸𝜑𝑞̃𝑥𝑥

(𝐸𝑥)3/2
(
𝑁(𝐸𝑥)3/2

𝐸𝜑
𝜙𝑙𝑚

′ )

′

− 𝑁2𝑞̃𝑥𝑥𝜙𝑙𝑚
′ (ln 𝜒)′ + 𝑁2

(𝐸𝜑)2𝑞̃𝑥𝑥

𝐸𝑥
𝜕𝜙𝑙𝑚

𝑉(𝜙𝑙𝑚)  
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0 = −𝛽−1 (1 −
2𝑀

𝑥
)

−1

𝜙̈𝑙𝑚 +
1

𝑥2
𝜕𝑥 [𝑥2 (1 −

2𝑀

𝑥
) 𝜕𝑥𝜙𝑙𝑚] −

𝑙(𝑙 + 1)

𝑥2
𝜙𝑙𝑚

 = −𝛽−1 (1 −
2𝑀

𝑥
)

−1

𝜙̈𝑙𝑚 +
2

𝑥
(1 −

𝑀

𝑥
) 𝜕𝑥𝜙𝑙𝑚 + (1 −

2𝑀

𝑥
) 𝜕𝑥

2𝜙𝑙𝑚 −
𝑙(𝑙 + 1)

𝑥2
𝜙𝑙𝑚

 

𝜙𝑙𝑚(𝑡, 𝑥) =
Ψ𝑙𝑚(𝑡, 𝑥)

𝑥
 

[−𝜕𝑡
2 + 𝜕𝑥∗

2 + 2𝜁(𝑥)𝜕𝑥∗
− 𝑉𝑙(𝑥)]Ψ𝑙𝑚 = 0  

𝑉𝑙(𝑥) =
𝛽(𝑥)

𝑥2
(1 −

2𝑀

𝑥
) (𝑙(𝑙 + 1) +

2𝑀

𝑥
)  

𝜁(𝑥) = −
𝜒0

2𝜆2(𝑥)

2√𝛽(𝑥)
(1 −

2𝑀

𝑥
) (

2𝑀

𝑥2
+ (1 −

2𝑀

𝑥
)

𝜕ln 𝜆2(𝑥)

𝜕𝑥
)  

d2Ψ𝑙𝑚

 d𝑥∗
2

+ 2𝜁
 dΨ𝑙𝑚

 d𝑥∗
+ [𝜔2 − 𝑉𝑙]Ψ𝑙𝑚 = 0  

𝑆EH[𝑔̃] = ∫  d4𝑥√−det𝑔̃𝑅  

𝑆KG[𝑔̃, 𝜙] = ∫  d4𝑥√−det𝑔̃ (
1

2
𝑔̃𝜇𝜈(𝜕𝜇𝜙)(𝜕𝜈𝜙) + 𝑉(𝜙))  

𝛿𝜖𝑆EH[𝑔̃] = ∫  d4𝑥𝜕𝜇[𝜉𝜇√−det𝑔̃𝑅] = 0  

𝛿𝜖𝑆KG[𝜙, 𝑔̃] = ∫  d4𝑥𝜕𝜇 [𝜉𝜇√−det𝑔̃ (
1

2
𝑔̃𝜇𝜈(𝜕𝜇𝜙)(𝜕𝜈𝜙) + 𝑉(𝜙))] = 0  

𝛿𝜖𝑆EH[𝑔̃] = ∫  d4𝑥√−det𝑔̃𝐺𝜇𝜈𝛿𝜖𝑔̃𝜇𝜈  

𝛿𝜖𝑆KG[𝜙, 𝑔̃] = ∫  d4𝑥√−det𝑔̃(−𝑇𝜇𝜈𝛿𝜖𝑔̃𝜇𝜈 − ℰ𝛿𝜖𝜙)  

𝑇𝜇𝜈 = (𝜕𝜇𝜙)(𝜕𝜈𝜙) −
1

2
𝑔̃𝜇𝜈𝑔̃𝛼𝛽(𝜕𝛼𝜙)(𝜕𝛽𝜙),  

ℰ = 𝑔̃𝜇𝜈∇𝜇∇𝜈𝜙 −
𝜕𝑉

𝜕𝜙
 

𝛿𝜖𝑔̃𝜇𝜈 = ℒ𝜉𝑔̃𝜇𝜈 = 2∇(𝜇𝜉𝜈) and 𝛿𝜖𝜙𝐼 = ℒ𝜉𝜙𝐼 = 𝜉𝜇∇𝜇𝜙𝐼 

𝛿𝜖𝑆EH[𝑔̃] = −2 ∫   d4𝑥√−det𝑔̃𝜉𝜈∇𝜇𝐺𝜇𝜈  

𝛿𝜖𝑆KG[𝑔̃, 𝜙] = ∫  d4𝑥√−det𝑔̃𝜉𝜈(2∇𝜇𝑇𝜇𝜈 − 𝐸∇𝜈𝜙)  

∇𝜇𝑇𝜇𝜈 =
1

2
ℰ∇𝜈𝜙  
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∇𝜇𝑇𝜇𝜈|
𝑥→2𝑀,∞

=
1

2
ℰ∇𝜈𝜙|

𝑥→2𝑀,∞
= 0  

𝑇‾𝜇𝜈 = 𝑇𝜇𝜈 −
𝛼

8𝜋
𝐺𝜇𝜈  

lim
𝑀→0

  d𝑠2 = −d𝑡2 +
1 + 𝜆∞

2

1 + 𝜆2(𝑥)
d𝑥2 + 𝑥2 d𝑥2 = −d𝑡2 + 𝑑𝑥∗

2 + 𝑥2(𝑥∗)dΩ2  

𝜙(𝑥) = ∫  d𝜔(𝑎𝜔𝑓𝜔 + 𝑎𝜔
† 𝑓𝜔

∗)  

𝜙(𝑥) = ∫  dΩ(𝑏Ω𝑔Ω(𝑥) + 𝑐ΩℎΩ(𝑥) + 𝑏Ω
†𝑔Ω

∗ (𝑥) + 𝑐Ω
†ℎΩ

∗ (𝑥))  

𝑔Ω = ∫  
∞

0

 d𝜔(𝐴Ω𝜔𝑓𝜔 + 𝐵Ω𝜔𝑓𝜔
∗)  

Ω̃[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )]|
Σ

=
1

2
∫ 

Σ

 dΣ𝑎𝐽𝑎[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )]  

𝐽MC
𝑡 [(𝜙1, 𝑃𝜙2

), (𝜙2
∗ , 𝑃𝜙1

∗ )] = 𝐺MC
𝜙

[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )] = 𝑖(𝜙1𝑃𝜙2
− 𝜙2

∗𝑃𝜙1

∗ )

 = 𝑖
𝐸𝑥

√𝑞̃𝑥𝑥
[𝜙1𝜕0𝜙2

∗ − 𝜙2
∗𝜕0𝜙1]

 

𝐽MC
𝑡 [(𝜙1, 𝑃𝜙2

), (𝜙2
∗ , 𝑃𝜙1

∗ )] = −𝑖[𝑁𝐸𝑥√𝑞̃𝑥𝑥(𝜙2
∗𝜙1

′ − 𝜙1𝜙2
∗′

) + 𝑁𝑥(𝑃𝜙2
𝜙1 − 𝑃𝜙1

∗ 𝜙2
∗)]

′
 

𝐽MC
𝑥 [(𝜙1, 𝑃𝜙2

), (𝜙2
∗ , 𝑃𝜙1

∗ )] = 𝑖[𝑁𝐸𝑥√𝑞̃𝑥𝑥(𝜙2
∗𝜙1

′ − 𝜙2
∗′

𝜙1) + 𝑁𝑥(𝑃𝜙2
𝜙1 − 𝑃𝜙1

∗ 𝜙2
∗)]  

Ω̃MC[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )] =
𝑖

2
∫ 

Σ

 dΣ𝜇𝐽MC
𝜇

[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )]  

𝐽NMC
𝑡 [(𝜙1, 𝑃𝜙2

), (𝜙2
∗ , 𝑃𝜙1

∗ )] = 𝐺NMC
𝜙

[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )]  = 𝑖(𝜙1𝑃𝜙2
− 𝜙2

∗𝑃𝜙1

∗ )

 = 𝑖𝜒
(𝐸𝑥)3/2

𝐸𝜑
𝑞̃𝑥𝑥[𝜙1𝜕0𝜙2

∗ − 𝜙2
∗𝜕0𝜙1]

 

𝑗NMC
𝑡 = −𝑖 (𝑁𝜒

(𝐸𝑥)3/2

𝐸𝜑 (𝜙1𝜙2
∗′

− 𝜙2
∗𝜙1

′ ) + 𝑁𝑥(𝑃𝜙2
𝜙1 − 𝑃𝜙1

∗ 𝜙2
∗))

′

,  

𝐽NMC
𝑥 [(𝜙1, 𝑃𝜙2

), (𝜙2
∗ , 𝑃𝜙1

∗ )] = 𝑖 (𝑁𝜒
(𝐸𝑥)3/2

𝐸𝜑 (𝜙2
∗𝜙1

′ − 𝜙1𝜙2
∗′

) + 𝑁𝑥(𝑃𝜙1

∗ 𝜙2
∗ − 𝑃𝜙2

𝜙1))  

Ω̃NMC[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )] =
𝑖

2
∫ 

Σ

 dΣ𝜇𝐽NMC
𝜇

[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )]  

𝐸𝑥 = 𝑥2,  and  𝐸𝜑 =
𝑥

√1 −
2𝑀
𝑥
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𝑁 = √1 −
2𝑀

𝑥
 

𝐽𝜇̃ = |
𝜕𝑥

𝜕𝑥′|
−1 𝜕𝑥′𝜇̃

𝜕𝑥𝜈
𝐽𝜈  

𝐽MC
𝑢 (𝜙1, 𝜙2) =

2𝑖𝑥2

𝜒0
3 (1 −

2𝑀
𝑥 ) (1 + 𝜆2(1 − 2𝑀/𝑥))1/2

 × [
𝜙1𝜙̇2

∗ − 𝜙2
∗𝜙̇1

𝜒0
−

1

𝜒0
(𝜙2

∗𝜕𝑥∗
𝜙1 − 𝜙1𝜕𝑥∗

𝜙2
∗)]

𝐽MC
𝑣 (𝜙1, 𝜙2) =

2𝑖𝑥2

𝜒0
3 (1 −

2𝑀
𝑥 ) (1 + 𝜆2(1 − 2𝑀/𝑥))1/2

 × [
𝜙1𝜙̇2

∗ − 𝜙2
∗𝜙̇1

𝜒0
+

1

𝜒0
(𝜙2

∗𝜕𝑥∗
𝜙1 − 𝜙1𝜕𝑥∗

𝜙2
∗)]

 

𝐽NMC
𝑢 (𝜙1, 𝜙2)=

2𝑖𝑥2

𝜒0
4 (1 −

2𝑀
𝑥

) (1 + 𝜆2(1 − 2𝑀/𝑥))1/2
[𝜙1𝜙̇2

∗ − 𝜙2
∗𝜙̇1 − (𝜙2

∗𝜕𝑥∗
𝜙1 − 𝜙1

∗𝜕𝑥∗
𝜙2)]  

𝐽NMC
𝑣 (𝜙1, 𝜙2) =

2𝑖𝑥2

𝜒0
4 (1 −

2𝑀
𝑥 ) (1 + 𝜆2(1 − 2𝑀/𝑥))1/2

[𝜙1𝜙̇2
∗ − 𝜙2

∗𝜙̇1 + (𝜙2
∗𝜕𝑥∗

𝜙1 − 𝜙1
∗𝜕𝑥∗

𝜙2)]

 

𝐽MC
𝑢in(𝜙1, 𝜙2)|

𝒥−=
4𝑖𝑥2

𝜒0
4 [𝜙1𝜕𝑣in

𝜙2
∗ − 𝜙2

∗𝜕𝑣in
𝜙1]  

𝐽MC
𝑣in(𝜙1, 𝜙2)|

𝒥−  =
4𝑖𝑥2

𝜒0
4 [𝜙1𝜕𝑢in

𝜙2
∗ − 𝜙2

∗𝜕𝑢in
𝜙1]

 

𝐽NMC
𝑢in (𝜙1, 𝜙2)|

𝒥−=
4𝑖𝑥2

𝜒0
3 [𝜙1𝜕𝑣in

𝜙2
∗ − 𝜙2

∗𝜕𝑣in
𝜙1]  

𝐽NMC
𝑣in (𝜙1, 𝜙2)|

𝒥−  =
4𝑖𝑥2

𝜒0
3 [𝜙1𝜕𝑢in

𝜙2
∗ − 𝜙2

∗𝜕𝑢in
𝜙1]

 

Ω̃[(𝜙1, 𝑃𝜙2
), (𝜙2

∗ , 𝑃𝜙1

∗ )] =
1

2
∫  

𝒩−
 dΣ𝜇𝐽𝜇(𝜙1, 𝜙2)  

dΣ𝜇 = −𝑛𝜇dΩ d𝑣  

Ω̃MC(𝜙1, 𝜙2)  = −
2𝑖

𝜒0
4 ∫  

𝒥−
 d𝑣in dΩ𝑥2(𝜙1𝜕𝑣𝜙2

∗ − 𝜙2
∗𝜕𝑣𝜙1)

Ω̃NMC(𝜙1, 𝜙2)  = −
2𝑖

𝜒0
3 ∫  

𝒥−
 d𝑣in dΩ𝑥2(𝜙1𝜕𝑣𝜙2

∗ − 𝜙2
∗𝜕𝑣𝜙1)

 

𝑓𝑙𝑚𝜔(𝑣in, 𝑥, 𝜃, 𝜑) = 𝑓𝜔(𝑣in, 𝑥)𝑌𝑙𝑚(𝜃, 𝜑) =
𝜒0

𝑛/2

√8𝜋𝜔
𝑒−𝑖𝜔𝑣in

𝑌𝑙𝑚(𝜃, 𝜑)

𝑥

𝑓𝑙𝑚𝜔
∗ (𝑣in, 𝑥, 𝜃, 𝜑) = 𝑓𝜔

∗(𝑣in, 𝑥)𝑌𝑙𝑚
∗ (𝜃, 𝜑) =

𝜒0
𝑛/2

√8𝜋𝜔
𝑒𝑖𝜔𝑣in

𝑌𝑙𝑚
∗ (𝜃, 𝜑)

𝑥
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Ω̃(𝑓𝜔𝑙𝑚, 𝑓𝜔′𝑙′𝑚′) = 𝛿𝑙𝑙′𝛿𝑚𝑚′𝛿(𝜔 − 𝜔′),

Ω̃(𝑓𝜔𝑙𝑚
∗ , 𝑓𝜔′𝑙′𝑚′

∗ ) = −𝛿𝑙𝑙′𝛿𝑚𝑚′𝛿(𝜔 − 𝜔′),

Ω̃(𝑓𝜔𝑙𝑚, 𝑓𝜔′𝑙′𝑚′
∗ ) = Ω̃(𝑓𝜔𝑙𝑚

∗ , 𝑓𝜔′𝑙′𝑚′) = 0.

 

𝑏Ω= Ω̃(𝜙, 𝑔Ω𝑙𝑚)  

= ∑  

𝑙′𝑚′

 ∫  d𝜔 d𝜔̃Ω̃(𝑎𝜔𝑓𝜔𝑙′𝑚′ + 𝑎𝜔
† 𝑓𝜔𝑙′𝑚′

∗ , 𝐴Ω𝜔̃𝑓𝜔̃𝑙𝑚 + 𝐵Ω𝜔̃𝑓𝜔̃𝑙𝑚
∗ ) 

 = ∫  d𝜔(𝐴Ω𝜔𝑎𝜔 − 𝐵Ω𝜔𝑎𝜔
† )

 

⟨𝑁Ω⟩: = ⟨0in |𝑏Ω
†𝑏Ω|0in ⟩ = ∫  

∞

0

 d𝜔|𝐵Ω𝜔|2  

𝐵Ω𝜔 = −Ω̃(𝑔Ω, 𝑓𝜔
∗) =

2𝑖

𝜒0
𝑛 ∫  

𝒥−
 d𝑣in 𝑥

2(𝑔Ω𝜕𝑣𝑓𝜔 − 𝑓𝜔𝜕𝑣𝑔𝜔)  

𝑔Ω𝑙𝑚(𝑢, 𝑥, 𝜃, 𝜑)= 𝑔Ω(𝑢, 𝑥)𝑌𝑙𝑚(𝜃, 𝜑) =
𝒯𝑙(Ω)𝜒0

𝑛/2

√8𝜋Ω

𝑒−𝑖Ω𝑢

𝑥
𝑌𝑙𝑚(𝜃, 𝜑) 

𝑔Ω𝑙𝑚
∗ (𝑢, 𝑥, 𝜃, 𝜑) = 𝑔Ω

∗ (𝑢, 𝑥)𝑌𝑙𝑚
∗ (𝜃, 𝜑) =

𝒯𝑙
∗(Ω)𝜒0

𝑛/2

√8𝜋Ω

𝑒𝑖Ω𝑢

𝑥
𝑌𝑙𝑚

∗ (𝜃, 𝜑)

 

Ω̃(𝑔Ω𝑙𝑚, 𝑔Ω′𝑙′𝑚′) = 𝒯𝑙(Ω)𝒯𝑙′
∗(Ω′)𝛿𝑙𝑙′𝛿𝑚𝑚′𝛿(Ω − Ω′)  

𝑣 = 𝑣in 

𝑢 = 𝑣H − 𝜅−1ln 𝜅(𝑣in − 𝑣H) = 𝑣H − 𝜅−1ln 𝜅(𝑣 − 𝑣H)  

𝐵Ω𝜔=
4𝑖

𝜒0
𝑛 ∫  

𝒥−
 d𝑣𝑥2𝑔Ω𝜕𝑣𝑓𝜔  

= −
𝒯𝑙(Ω)

2𝜋
√

𝜔

Ω
𝑒−𝑖Ω𝑣H ∫  

𝑣H

−∞

  d𝑣𝜅𝑖Ω/𝜅(𝑣H − 𝑣)𝑖Ω/𝜅𝑒−𝑖𝜔𝑣 

 =
𝒯𝑙(Ω)

2𝜋
√

𝜔

Ω
𝜅𝑖Ω/𝜅𝑒−𝑖(𝜔+Ω)𝑣H ∫  

∞

0

 d𝑧𝑧𝑖Ω/𝜅𝑒𝑖𝜔𝑧−𝜖𝑧

 

𝐵Ω𝜔 = −
𝒯𝑙(Ω)

2𝜋
√

𝜔

Ω
𝜅𝑖Ω/𝜅𝑒−𝑖(𝜔+Ω)𝑣H

Γ(1 + 𝑖Ω𝜅−1)

(𝜖 − 𝑖𝜔)1+𝑖Ω𝜅−1  

𝐴Ω𝜔= Ω̃(𝑔Ω, 𝑓𝜔)  

 = −
𝒯𝑙(Ω)

2𝜋
√

𝜔

Ω
𝜅𝑖Ω/𝜅𝑒−𝑖(−𝜔+Ω)𝑣H

Γ(1 + 𝑖Ω𝜅−1)

(𝜖 + 𝑖𝜔)1+𝑖Ω𝜅−1

 

1

(𝑖𝜔 + 𝜖)1+𝑖Ω𝜅−1 = exp [(−1 − 𝑖Ω𝜅−1)ln (𝜖 + 𝑖Ω)]  

ln (−𝑖𝜖 − 𝜔) = −𝑖𝜋 + ln 𝜔  

|𝐴Ω𝜔| = 𝑒𝜋Ω𝜅−1
|𝐵Ω𝜔|  
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Ω̃(𝑔Ω, 𝑔Ω)= ∫  
∞

0

  (𝐴Ω𝜔𝑓𝜔 + 𝐵Ω𝜔𝑓𝜔
∗, 𝐴Ω𝜔′𝑓𝜔′ + 𝐵Ω𝜔′𝑓𝜔′

∗ ) 

 = ∫  
∞

0

 d𝜔(|𝐴Ω𝜔|2 − |𝐵Ω𝜔|2)

 

∫  
∞

0

 d𝜔|𝐵Ω𝜔|2 =
|𝒯𝑙(Ω)|2

𝑒2𝜋Ω𝜅−1
− 1

 

d𝑠2 = −𝑓(𝑥)d𝑡2 +
d𝑥2

𝑓(𝑥)ℎ(𝑥)
+ 𝑥2 dΩ2  

𝑓(𝑥) = 1 −
2𝑀

𝑥

ℎ(𝑥) = 𝜒0
2 (1 + 𝜆2 (1 −

2𝑀

𝑥
)) .

 

𝜙𝑙𝑚(𝑡, 𝑥) = exp (𝑖𝜖𝑆(𝑡, 𝑥))  

𝑆(𝑡, 𝑥) = 𝑆0(𝑡, 𝑥) + 𝜖𝑆1(𝑡, 𝑥) + 𝜖2𝑆2(𝑡, 𝑥) + ⋯  

(
1

𝑓
𝑆̇2 − 𝑓ℎ(𝑆′)2) − 𝜖 (−

𝑖𝑆̈

𝑓
+

𝑖√ℎ

𝑥2 (𝑥2𝑓√ℎ)
′
𝑆′ − 𝑖𝑓ℎ𝑆′′) −

𝜖2𝑙(𝑙 + 1)

𝑥2
= 0  

(
𝜕𝑆0

𝜕𝑡
)

2

− 𝑓2ℎ (
𝜕𝑆0

𝜕𝑥
)

2

= (
𝜕𝑆0

𝜕𝑡
)

2

− (
𝜕𝑆0

𝜕𝑥∗
)

2

= 0  

𝑥∗ = ∫  d𝑥/(𝑓√ℎ) 

𝑆0(𝑡, 𝑥) = 𝐹1(𝑡 − 𝑥∗) + 𝐹2(𝑡 + 𝑥∗)  

𝐹1(𝑡 − 𝑥∗) = 𝜔

(

 𝑡 − ∫
 d𝑥̃

(1 −
2𝑀
𝑥̃ ) √1 + 𝜆2 (1 −

2𝑀
𝑥̃ )

𝑥

 d𝑥̃

(1 −
2𝑀
𝑥̃ ) √1 + 𝜆2 (1 −

2𝑀
𝑥̃ ))

 

𝐹2(𝑡 + 𝑥∗) = 𝜔

(

 𝑡 + ∫
 d𝑥̃

(1 −
2𝑀
𝑥̃ ) √1 + 𝜆2 (1 −

2𝑀
𝑥̃ )

𝑥

 d𝑥̃

(1 −
2𝑀
𝑥̃ ) √1 + 𝜆2 (1 −

2𝑀
𝑥̃ ))

 

 

𝑃E ≈ exp (𝑖𝜖(𝐹1 − 𝐹1
∗))

𝑃A ≈ exp (𝑖𝜖(𝐹2 + 𝐹2
∗))

 

𝑃E = exp (−
𝜔

𝑇H
) 𝑃A  

𝐼𝐸 = −𝜔 ∫  
2𝑀+𝜖

2𝑀−𝜖

 
d𝑥′

(1 −
2𝑀
𝑥′ ) √1 + 𝜆2(𝑥′) (1 −

2𝑀
𝑥′ )
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𝐼𝐴 = −𝜔 ∫  
2𝑀−𝜖

2𝑀+𝜖

 
d𝑥′

(1 −
2𝑀
𝑥′ ) √1 + 𝜆2(𝑥′) (1 −

2𝑀
𝑥′ )

 

𝐼E  = −
𝜔

𝜒0
4𝜋𝑀𝑖 = −

𝑖𝜔

𝜅

𝐼A  =
𝜔

𝜒0
4𝜋𝑀𝑖 =

𝑖𝜔

𝜅

 

𝑃E ≈ exp (−
2𝜋𝜔

𝜅
) ,

𝑃A ≈ exp (
2𝜋𝜔

𝜅
) ,

 

−𝛽−1(1−
2𝑀

𝑥
)

−1

(
𝑖

ℏ
𝑆̈ −

1

ℏ2
𝑆̇2) +

2𝑖

ℏ

1

𝑥
(1 −

𝑀

𝑥
) 𝑆′

 + (1 −
2𝑀

𝑥
) (

𝑖

ℏ
𝑆′′ −

(𝑆′)2

ℏ2 ) −
𝑙(𝑙 + 1)

𝑥2
= 0

 

𝑡̂𝜇 = 𝑁̂𝑛𝜇 + 𝑁̂𝑥𝑠𝑥
𝜇

 

𝐸 = −
1

8𝜋
∫   d2𝑧𝑁̂ (√det𝜎𝒦(𝑆) − √det𝜎‾𝒦

(𝑆)
)  

𝑟𝜇𝜕𝜇 = √𝑞̃𝑥𝑥𝜕𝑥  

𝒦𝜇𝜈
(𝑆)

d𝑥𝜇d𝑥𝜈: = (
1

2
ℒ𝑟𝑞̃𝜇𝜈) d𝑥𝜇d𝑥𝜈 = √𝑞̃𝑥𝑥𝑥 dΩ2  

 = 𝜒0𝑥√1 + 𝜆2 (1 −
2𝑀

𝑥
) √1 −

2𝑀

𝑥
 dΩ2

 

𝒦(𝑆) =
2𝜒0

𝑥
√1 + 𝜆2 (1 −

2𝑀

𝑥
) √1 −

2𝑀

𝑥
 

𝒦
(𝑆)

=
2𝜒0

𝑥
√1 + 𝜆2  

𝐸(𝑥) = 𝑥𝜒0 (√1 + 𝜆2 − √1 −
2𝑀

𝑥
√1 + 𝜆2 (1 −

2𝑀

𝑥
)) .  

𝑀ADM = lim
𝑥→∞

 𝐸(𝑥) = 𝑀
1 + 2𝜆∞

2

1 + 𝜆∞
2

 

ℋ = 𝑀ADM − 𝜔̃  

𝜔 =
1 + 𝜆∞

2

1 + 2𝜆∞
2 𝜔̃  
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Δ𝑥 = 2(𝑀 − 𝜔)  

𝑆o.s. = ∫  
2(𝑀−𝜔)+𝜖

2𝑀−𝜖

 ∫  
𝑝𝑥

0

  d𝑝𝑥 d𝑥  

𝑥̇ = dℋ/d𝑝𝑥 = −d𝜔̃/d𝑝𝑥 

𝑆BH= ∫  
2(𝑀−𝜔)+𝜖

2𝑀−𝜖

 ∫  
𝑝𝑥

0

 
 dℋ

𝑥̇
 d𝑥  

 = −
1 + 2𝜆∞

2

1 + 𝜆∞
2 ∫  

𝜔

0

 d𝜔′ ∫  
2(𝑀−𝜔)+𝜖

2𝑀−𝜖

 
d𝑥

𝑥̇

 

𝑥̇ =
d𝑥

 d𝑡
= 𝑁√𝑞̃𝑥𝑥 [1 − √𝑞̃𝑥𝑥

𝑁𝑥

𝑁
]  

d𝑠GP
2 =−d𝑡GP

2 +
1

𝜒0
2 (1 + 𝜆2 (1 −

2𝑀

𝑥
))

−1

( d𝑥 + 𝜒0√
2𝑀

𝑥
√1 + 𝜆2 (1 −

2𝑀

𝑥
) d𝑡GP)

2

 

 +𝑥2 dΩ2

 

𝑆BH=
1 + 2𝜆∞

2

√1 + 𝜆∞
2

∫  
𝜔

0

 ∫  
2𝑀−𝜖

2(𝑀−𝜔)+𝜖

 
d𝑥

(1 − √2(𝑀 − 𝜔′)
𝑥 ) (1 + 𝜆2(𝑥) (1 −

2(𝑀 − 𝜔′)
𝑥 ))

d𝜔′ 

 =
1 + 2𝜆∞

2

√1 + 𝜆∞
2

∫  
𝜔

0

 d𝜔′ ∫  
𝑢in 

𝑢out 

 
2𝑢4 d𝑢

(𝑢 − √2(𝑀 − 𝜔′)) (𝑢2 + 𝜆2(𝑢)(𝑢2 − 2(𝑀 − 𝜔′)))

 

𝑢 = √2(𝑀 − 𝜔) =: 𝑢0 

𝑢0 → 𝑢0 + 𝑖𝜖 for 𝜖 > 0 

𝑢out = 𝑢0 + 𝜖 to 𝑢in = √2𝑀 − 𝜖 

𝑢0 = √2(𝑀 − 𝜔) + 𝑖𝜖 

∫  
𝑢out 

𝑢in 

 
2𝑢4 d𝑢

(𝑢 − 𝑢0)(𝑢2 + 𝜆2(𝑢)(𝑢 − 𝑢0)(𝑢 + 𝑢0))
 

=4𝜋𝑖Res [
𝑢4

(𝑢 − 𝑢0)(𝑢2 + 𝜆2(𝑢)(𝑢 − 𝑢0)(𝑢 + 𝑢0))
]

− ∫  
𝐶𝜖

 
2𝑢4

(𝑢 − 𝑢0)(𝑢2 + 𝜆2(𝑢)(𝑢 − 𝑢0)(𝑢 + 𝑢0))
 

=8𝜋𝑖(𝑀 − 𝜔′) − ∫  
𝐶𝜖

 
2𝑢4

(𝑢 − 𝑢0)(𝑢2 + 𝜆2(𝑢)(𝑢 − 𝑢0)(𝑢 + 𝑢0))

 

𝑆BH=
1 + 2𝜆∞

2

√1 + 𝜆∞
2

∫  
𝜔

0

 d𝜔′4𝜋𝑖(𝑀 − 𝜔′) 

 =
1 + 2𝜆∞

2

√1 + 𝜆∞
2

4𝜋𝑖𝜔 (𝑀 −
𝜔

2
)
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Γ ≃ exp (−8𝜋
1 + 2𝜆∞

2

√1 + 𝜆∞
2

𝜔 (𝑀 −
𝜔

2
)) = exp (−

8𝜋𝜔̃

𝜒0
(𝑀 −

𝜔

2
))  

𝑇H =
𝜒0

8𝜋 (𝑀 −
𝜔
2

)
 

𝑆∞ =
1 + 2𝜆∞

2

1 + 𝜆∞
2 𝑆BH(𝑀)  

𝑆BH(𝑀) = 𝐴H(𝑀)/4 

Γ ≃ exp (−4𝜋
1 + 2𝜆∞

2

√1 + 𝜆∞
2

𝑀2) = exp (−𝑆∞(𝑀)) =
𝑒𝑆𝑓∞

𝑒𝑆𝑖∞
 

[
d2

 d𝑥∗
2

+ 𝑈𝑙] 𝜓𝑙𝑚 = 0  

𝑈𝑙(𝑥) = 𝜔2 − 𝑉𝑙(𝑥)  

√𝛽(𝑥)
d

 d𝑥
[𝑥2 (1 −

2𝑀

𝑥
) √𝛽

d(𝜓𝑙𝑚/𝑥)

d𝑥
] + (

𝜔2𝑥2

1 −
2𝑀
𝑥

− 𝑙(𝑙 + 1))
𝜓𝑙𝑚(𝑥)

𝑥
= 0  

d𝑠2= − (1 −
2𝑀

𝑥
) d𝑡2 +

d𝑥2

(1 −
2𝑀
𝑥 ) (1 −

𝑥𝜆̃
𝑥 )

+ 𝑥2 dΩ2 

 = (1 −
2𝑀

𝑥
) (−d𝑡2 + d𝑥∗

2) + 𝑥2(𝑥∗)dΩ2

 

𝑥𝜆̃ = 2𝑀𝜆̃2/(1 + 𝜆̃2) 

𝑥∗ =𝑥√1 −
𝑥𝜆̃

𝑥
+

2𝑀

𝜒0
ln 

(

 
 𝑥 − 2𝑀

𝑀 (𝑥 −
𝜆̃2𝜒2

2 (𝑥 + 2𝑀) + 𝑥𝜒√1 −
𝑥𝜆̃
𝑥

)

 
 

 +2𝑀𝜒0
2 (1 +

3𝜆̃2

2
) ln (

𝑥

4
(1 + √1 −

𝑥𝜆̃

𝑥
)

2

)

 

lim
𝜆̃→0

 𝑥∗ = 𝑥 + 2𝑀 (
𝑥 − 2𝑀

2𝑀
)  

𝑉𝑙
(𝜆̃)

= 𝑉𝑙
(C)

+
𝑥𝜆̃

2𝑥3
(1 −

2𝑀

𝑥
) (1 −

6𝑀

𝑥
)  

𝑉(C) = (1 −
2𝑀

𝑥
) (

𝑙(𝑙 + 1)

𝑥2
+

2𝑀

𝑥3
)  
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𝑥∗ ≃ 2𝑀𝛾𝜆̃(𝑀) +
2𝑀

𝜒0
ln (

𝑥 − 2𝑀

𝑀 (1 + 𝜒2(1 − 𝜆̃2))
)  

𝛾𝜆̃(𝑀) = 𝜒0 + 𝜒0
2 (1 +

3𝜆̃2

2
) ln (

𝑀

2
(1 + 𝜒0

2)2) −
1

𝜒0
ln (2𝑀)  

𝜓0
(𝐼)

(𝑥)≃ 𝐴𝐼𝑒
𝑖𝜔𝑥∗  

 ≈ 𝐴𝐼

(

 
 

1 +
2𝑖𝑀𝜔

𝜒0
(𝜒0𝛾𝜆̃(𝑀) + ln (

𝑥 − 2𝑀

𝑀 (1 + 𝜒0
2(1 − 𝜆̃2))

))

)

 
 

.
 

d

 d𝑥
[𝑥2 (1 −

2𝑀

𝑥
) √1 −

𝑥𝜆̃

𝑥

 d𝜓0
𝐼𝐼

 d𝑥
] = 0,  

𝜓0
(𝐼𝐼)

= 𝐴̃𝐼𝐼 + 𝐵𝐼𝐼 ∫  
 d𝑥

𝑥2 (1 −
2𝑀
𝑥

) √1 −
𝑥𝜆̃
𝑥

 

 = 𝐴𝐼𝐼 +
𝐵𝐼𝐼

2𝑀𝜒0
ln 

(

 
 8𝑀(𝑥 − 2𝑀)

4𝑀𝑥 (1 + 𝜒0√1 −
𝑥𝜆̃
𝑥 ) − 𝑥𝜆̃(𝑥 + 2𝑀)

)

 
 

 

𝐴̃𝐼𝐼 = 𝐴𝐼𝐼 + 𝐵𝐼𝐼ln (8𝑀/𝑥𝜆̃)/(2𝑀𝜒0) 

𝜓0
(𝐼𝐼)

≃ 𝐴𝐼𝐼 + 𝐵𝐼𝐼ln (
𝑥 − 2𝑀

𝑀 (1 + 𝜒0
2(1 − 𝜆̃2))

)  

𝐴𝐼𝐼= 𝐴𝐼(1 + 2𝑖𝑀𝜔𝛾𝜆̃(𝑀)) 

𝐵𝐼𝐼 = 4𝑖𝑀2𝜔
 

𝜓0
(𝐼𝐼)

≃ 𝐴𝐼𝐼 +
𝐵𝐼𝐼

2𝑀𝜒0
ln (

2

1 + 𝜒0 (1 −
𝜆̃2

2 )

) +
𝐵𝐼𝐼

2𝑀𝜒0
ln (1 −

2𝑀

𝑥
)  

 ≈ 𝐴𝐼

[
 
 
 
 

1 +
2𝑖𝑀𝜔

𝜒0

(

  
 

𝜒0𝛾𝜆̃ + ln 

(

 
 2

1 + 𝜒0 (1 −
𝜒0𝜆̃2

2 )
)

 
 

)

  
 

−
4𝑖𝑀2𝜔2

𝜒0𝜌

]
 
 
 
 

 

1 −
2𝑀

𝑥
→ 1  and  1 −

𝑥𝜆̃

𝑥
→ 1  

d

 d𝜌
[𝜌2

 d𝜓0
(𝐼𝐼𝐼)

d𝜌
] + 𝜌2𝜓0

(𝐼𝐼𝐼)
= 0  
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𝜓0
(𝐼𝐼𝐼)

=
𝑒−𝑖𝜌𝐴𝐼𝐼𝐼

𝜌
−

𝑖𝑒𝑖𝜌𝐵𝐼𝐼𝐼

2𝜌
 

𝜓0
(𝐼𝐼𝐼)

≃ −𝑖 (𝐴𝐼𝐼𝐼 +
𝑖𝐵𝐼𝐼𝐼

2
) +

1

𝜌
(𝐴𝐼𝐼𝐼 −

𝑖𝐵𝐼𝐼𝐼

2
)  

𝐴𝐼𝐼𝐼  =
𝑖𝐴𝐼

2𝜒0

[
 
 
 
 

𝜒0 − 4𝑀2𝜔2 + 2𝑖𝑀𝜔

(

  
 

𝛾𝜆̃(𝑀)𝜒0 + ln 

(

 
 2

1 + 𝜒0 (1 −
𝜆̃2𝜒0

2 )
)

 
 

)

  
 

]
 
 
 
 

,

𝐵𝐼𝐼𝐼  =
𝐴𝐼

𝜒0

[
 
 
 
 

𝜒0 + 4𝑀2𝜔2 + 2𝑖𝑀𝜔

(

  
 

𝛾𝜆̃(𝑀)𝜒0 + ln 

(

 
 2

1 + 𝜒0 (1 −
𝜆̃2𝜒0

2 )
)

 
 

)

  
 

]
 
 
 
 

.

 

𝐽MC
𝑥 = 𝑖𝑁𝐸𝑥√𝑞̃𝑥𝑥(𝜓0

∗𝜓0
′ − 𝜓0(𝜓0

∗)′)  

𝐽ℋ= 𝑖 (1 −
2𝑀

𝑥
) 𝑥2 (𝜓0

(𝐼)∗
 d𝜓(0)

(𝐼)

d𝑥∗

 d𝑥∗

 d𝑥
− 𝜓0

(𝐼)
d𝜓(0)

(𝐼)∗

 d𝑥∗

 d𝑥∗

 d𝑥
) 

 = −8𝑀2𝜔|𝐴𝐼|
2

 

𝐽∞=
2

𝜔
(|𝐴𝐼𝐼𝐼|

2 −
|𝐵𝐼𝐼𝐼|

2

4
) = 𝐽𝒥− − 𝐽𝒥+  

 = −8𝑀2𝜔|𝐴𝐼|
2 = 𝐽ℋ

 

𝐽𝒥−= 𝐽𝒥+ + 𝐽ℋ 

1 = ℛ0 + 𝒯0
 

𝒯0(𝜔) =
16𝑀2𝜔2

𝜒0
−2(𝜒0

2 − 4𝑀2𝜔2)2 + 𝑀2𝜔2𝛼
𝜆̃
2(𝑀)

 

𝛼𝜆̃(𝑀): = 2

(

  
 

𝛾𝜆̃(𝑀) + 𝜒0
−1ln 

(

 
 2

1 + 𝜒0 (1 −
𝜒0

2𝜆̃
2 )

)

 
 

)

  
 

.  

lim
𝜆̃→0,𝜒→1

 𝒯0 →
16𝑀2𝜔2

1 − 4𝑀2𝜔2 + 16𝑀4𝜔4
 

d𝑥∗ =
d𝑥

(1 −
2𝑀
𝑥 ) √1 +

Δ
𝑥2 (1 −

2𝑀
𝑥 )

 

𝑥∗(𝑥) ≃ 𝑥 + 2𝑀ln (
𝑥 − 2𝑀

2𝑀
) +

Δ

2𝑥
+

3𝑀 − 2𝑥

16𝑥4
Δ2.  
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𝜓0
(𝐼)

≃ 𝐴𝐼𝑒
𝑖𝜔𝑥∗  

 ≈ 𝐴𝐼 [1 + 2𝑖𝑀𝜔 (1 +
Δ

8𝑀2
−

Δ2

512𝑀4
+ ln (

𝑥 − 2𝑀

2𝑀
))]

 

𝜓0
(𝐼𝐼)

= 𝐴𝐼𝐼 + 𝐵𝐼𝐼 ∫  
 d𝑥

𝑥2 (1 −
2𝑀
𝑥

) √1 +
Δ
𝑥2 (1 −

2𝑀
𝑥

)

.
 

𝜓0
(𝐼𝐼)

≃ 𝐴𝐼𝐼 +
Δ𝐵𝐼𝐼

7680𝑀5
(160𝑀2 − 3Δ) +

𝐵𝐼𝐼

2𝑀
ln (

𝑥 − 2𝑀

2𝑀
)  

𝐴𝐼𝐼  = 𝐴𝐼 (1 + 2𝑖𝑀𝜔 (1 +
Δ

12𝑀2
−

3Δ2

2560𝑀4))

𝐵𝐼𝐼  = 4𝑖𝑀2𝜔𝐴𝐼

 

𝜓0
(𝐼𝐼)

≃ 𝐴𝐼𝐼 −
𝐵𝐼𝐼

𝑥
−

𝑀

𝑥2
(1 +

1

2
𝜆∞

2 𝜒2) ≈ 𝐴𝐼𝐼 −
𝐵𝐼𝐼

𝑥
 

 = 𝐴𝐼 (1 + 2𝑖𝑀𝜔 (1 +
Δ

12𝑀2
−

3Δ2

2560𝑀4) −
4𝑖𝑀2𝜔2

𝜌
)

 

𝜓0
(𝐼𝐼𝐼)

=
𝑒−𝑖𝜌𝐴𝐼𝐼𝐼

𝜌
−

𝑒𝑖𝜌𝐵𝐼𝐼𝐼

2𝜌
.  

𝐴𝐼𝐼𝐼=
𝑖𝐴𝐼

2
[1 + 2𝑖𝑀𝜔 − 4𝑀2𝜔2 − 𝑖𝑀𝜔 (−

Δ

12𝑀2
+

3Δ2

2560𝑀4)] 

𝐵𝐼𝐼𝐼 = 𝐴𝐼 [1 + 2𝑖𝑀𝜔 − 4𝑀2𝜔2 + 𝑖𝑀𝜔 (
Δ

6𝑀2
−

3Δ2

1280𝑀4)]

 

𝐽∞ =
1

2𝜔
(4|𝐴𝐼𝐼𝐼|

2 − |𝐵𝐼𝐼𝐼|
2) = 𝐽𝒥+ − 𝐽𝒥−  

𝐽∞ = −8𝑀2𝜔|𝐴𝐼|
2  

1 = ℛ0(𝜔) + 𝒯0(𝜔) 

𝒯0(𝜔) =
16𝑀2𝜔2

(1 − 4𝑀2𝜔2)2 + 4𝑀2𝜔2 (1 +
Δ

12𝑀2 −
3Δ2

2560𝑀4)
2 ,

 

𝒯0(𝜔)≃
16𝑀2𝜔2

1 − 8𝑀2𝜔2 (1 −
1
2

(1 + 𝜁Δ(𝑀)))

 

 ≈ 16𝑀2𝜔2 (1 + 8𝑀2𝜔2 (1 −
1

2
(1 + 𝜁Δ(𝑀))2))

 

𝜁Δ(𝑀) = 1 +
Δ

12𝑀2
−

3Δ2

2560𝑀4
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lim
Δ→0

 𝒯0 =
16𝑀2𝜔2

1 − 4𝑀2𝜔2 + 16𝑀4𝜔4
 

𝑉𝑙(𝑥)  = (1 + 𝜆̃2 (1 −
2𝑀

𝑥
)) (1 −

2𝑀

𝑥
) (

𝑙(𝑙 + 1)

𝑥2
+

2𝑀

𝑥3
)

𝜁(𝑥)  = −
𝜒2𝜆̃2

√1 + 𝜆̃2 (1 −
2𝑀
𝑥

)

(1 −
2𝑀

𝑥
)

𝑀

𝑥2

 

(
d2

 d𝑥∗
2

+ 𝜔2) 𝑥𝜓0
(𝐼)

= 0  

 

𝜓0
(𝐼)

 ≃ 𝐴𝐼𝑒
𝑖𝜔𝑥∗

 ≈ 𝐴𝐼

(

 
 

1 +
2𝑖𝑀𝜔

𝜒0
(𝜒0𝛾𝜆̃(𝑀) + ln (

𝑥 − 2𝑀

𝑀 (1 + 𝜒0
2(1 − 𝜆̃2))

))

)

 
 

.
 

𝜕𝑥 [𝑥2 (1 −
2𝑀

𝑥
) 𝜕𝑥𝜓0

(𝐼𝐼)
] = 0  

𝜓0
(2)

= 𝐴𝐼𝐼 +
𝐵𝐼𝐼

2𝑀
ln (

𝑥 − 2𝑀

𝑥
) ,  

𝜓0
(2)

≃ 𝐴𝐼𝐼 −
𝐵𝐼𝐼

2𝑀
ln 2𝑀 +

𝐵𝐼𝐼

2𝑀
ln (𝑥 − 2𝑀)  

𝐴𝐼𝐼  = 𝐴𝐼 [1 + 2𝑖𝑀𝜔 (𝛾𝜆̃ + 𝜒0
−1ln (

2

(1 + 𝜒0
2(1 − 𝜆̃2))

))] ,

𝐵𝐼𝐼  =
4𝑖𝑀2𝜔

𝜒0
𝐴𝐼 .

 

𝜓0
(𝐼𝐼)

≃ 𝐴𝐼𝐼 −
𝐵𝐼𝐼𝜔

𝜌
 

𝜓0
(𝐼𝐼𝐼)

=
𝑒−𝑖𝜌𝐴𝐼𝐼𝐼

𝜌
−

𝑖𝑒𝑖𝜌𝐵𝐼𝐼𝐼

2𝜌
.  

𝜓0
(𝐼𝐼𝐼)

≃ −𝑖 (𝐴𝐼𝐼𝐼 +
𝑖𝐵𝐼𝐼𝐼

2
) +

1

𝜌
(𝐴𝐼𝐼𝐼 −

𝑖𝐵𝐼𝐼𝐼

2
) ,  
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𝐴𝐼𝐼𝐼  =
𝑖𝐴𝐼

2𝜒0

[
 
 
 
 

𝜒0 − 4𝑀2𝜔2 + 2𝑖𝑀𝜔

(

  
 

𝛾𝜆̃(𝑀)𝜒0 + ln 

(

 
 2

1 + 𝜒0 (1 −
𝜆̃2𝜒0

2 )
)

 
 

)

  
 

]
 
 
 
 

,

𝐵𝐼𝐼𝐼  =
𝐴𝐼

𝜒0

[
 
 
 
 

𝜒0 + 4𝑀2𝜔2 + 2𝑖𝑀𝜔

(

  
 

𝛾𝜆̃(𝑀)𝜒0 + ln 

(

 
 2

1 + 𝜒0 (1 −
𝜆̃2𝜒0

2 )
)

 
 

)

  
 

]
 
 
 
 

.

 

𝐽(NMC)
𝑥 = 𝑖𝑁𝜒0

(𝐸𝑥)3/2

𝐸𝜑 (𝜓0
∗𝜓0

′ − 𝜓0𝜙0
∗′

)  

 = 𝑖𝜒0𝑥2 (1 −
2𝑀

𝑥
) (𝜓0

∗𝜓0
′ − 𝜓0𝜙0

∗′
)

 

𝐽ℋ = −8𝜋𝜒0𝑀2𝜔|𝐴𝐼|
2  

𝐽∞=
2𝜒0

𝜔
(|𝐴𝐼𝐼𝐼|

2 −
|𝐵𝐼𝐼𝐼|

2

4
) = 𝐽𝒥+ − 𝐽𝒥−  

 = −8𝜋𝜒0𝑀2𝜔|𝐴𝐼|
2 = 𝐽ℋ

 

𝒯0(𝜔)=
𝐽ℋ
𝐽𝒥

 

 =
16𝑀2𝜔2

(𝜒0
2 − 4𝑀2𝜔2)2 + 𝑀2𝜔2𝜒0

2𝛼
𝜆̃
2(𝑀)

 

𝑉𝑙(𝑥)  =
𝛽(𝑥)

𝑥2
(1 −

2𝑀

𝑥
) (𝑙(𝑙 + 1) +

2𝑀

𝑥
)

𝜁(𝑥)  = −
Δ

2𝑥2√𝛽(𝑥)
(1 −

2𝑀

𝑥
) (

2𝑀

𝑥2
+ (1 −

2𝑀

𝑥
) (ln 

Δ

𝑥2
)

′

)
 

𝛽(𝑥) = 1 +
Δ

𝑥2
(1 −

2𝑀

𝑥
) .  

1

𝑥
𝛽 (1 −

2𝑀

𝑥
) 𝜕𝑥 [𝑥2 (1 −

2𝑀

𝑥
) 𝜓0

(𝐼𝐼)
] = 0  

𝜓0
(𝐼𝐼)

= 𝐴𝐼𝐼 + ∫  
d𝑥

𝑥2 (1 −
2𝑀
𝑥 )

 

 = 𝐴𝐼𝐼 +
𝐵𝐼𝐼

2𝑀
ln (1 −

2𝑀

𝑥
)

 

𝜓0
(𝐼𝐼)

≈ 𝐴𝐼𝐼 +
𝐵𝐼𝐼

2𝑀
ln (

𝑥 − 2𝑀

2𝑀
)  

𝐴𝐼𝐼  = 𝐴𝐼 (1 + 2𝑖𝑀𝜔 (1 +
Δ

8𝑀2
−

Δ2

512𝑀4))

𝐵𝐼𝐼  = 4𝑖𝑀2𝜔𝐴𝐼 .
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𝜓0
(𝐼𝐼)

≈ 𝐴𝐼 [1 + 2𝑖𝑀𝜔 (1 +
Δ

8𝑀2
−

Δ2

512𝑀4) −
4𝑖𝑀2𝜔2

𝜌
] .  

𝐴𝐼𝐼𝐼=
𝑖𝐴𝐼

2
[1 + 2𝑖𝑀𝜔 − 4𝑀2𝜔2 − 𝑖𝑀𝜔 (−

Δ

4𝑀2
+

3Δ2

256𝑀4)] 

𝐵𝐼𝐼𝐼  = 𝐴𝐼 [1 + 2𝑖𝑀𝜔 − 4𝑀2𝜔2 + 𝑖𝑀𝜔 (
Δ

4𝑀2
−

3Δ2

256𝑀4)]

 

𝒯0(𝜔)=
𝐽ℋ
𝐽𝒥

 

 =
16𝑀2𝜔2

(1 − 4𝑀2𝜔2)2 + 4𝑀2𝜔2 (1 +
Δ

8𝑀2 −
Δ2

512𝑀4)
2

 

d𝑠(2)
2 = −𝐶(𝑢, 𝑣)d𝑢 d𝑣  

⟨Ψ|𝑇±±|Ψ⟩  =
1

24𝜋
(

1

𝐶

𝜕2𝐶

𝜕(𝑥±)2
−

3

2𝐶2
(

𝜕𝐶

𝜕𝑥±
)

2

) + ⟨Ψ|: 𝑇±±(𝑥±): |Ψ⟩

⟨Ψ|𝑇+−|Ψ⟩  = −
𝑅(2)

96𝜋
𝐶

 

𝜒 = 1/√1 + 𝜆2(𝑥) 

d𝑠(2)
2 = − (1 −

2𝑀

𝑥
) 𝜒0

2 d𝑢 d𝑣 ≡ −𝐶2(𝑢, 𝑣)d𝑢 d𝑣  

⟨0B|𝑇𝑢𝑢|0B⟩  = ⟨0B|𝑇𝑣𝑣|0B⟩ =
𝑀𝜒0

2

48𝜋𝑥5
[𝑥(3𝑀 − 2𝑥) + 𝜆(𝑥 − 2𝑀)2(−2𝜆 + 𝑥𝜆′)]〈𝑒−𝑖𝜔𝑢〉,

⟨0B|𝑇𝑢𝑣|0B⟩  = −
𝑀(𝑥 − 2𝑀)𝜒0

2

48𝜋𝑥5
[2𝑥 + 𝜆2(2𝑥 − 5𝑀) + 𝑥𝜆𝜆′(2𝑀 − 𝑥)]〈𝑒𝑖𝜔𝑢〉,

 

⟨0H|: 𝑇𝑢𝑢: |0H⟩= (
d𝑈

 d𝑢
)

2

⟨0H|: 𝑇𝑈𝑈: |0H⟩ −
1

24𝜋
(

 d3𝑈/d𝑢3

 d𝑈/d𝑢
−

3

2
(

 d2𝑈/d𝑢2

 d𝑈/d𝑢
)

2

) 

 =
𝜅2

48𝜋

 

⟨0H|: 𝑇𝑣𝑣: |0H⟩ =
𝜅2

48𝜋
⟨0H|: 𝑇𝑢𝑣: |0H⟩ = 0

 

⟨0H|𝑇𝑢𝑢
(2)|0H⟩ = ⟨0H|𝑇𝑣𝑣

(2)|0H⟩ =(1 −
2𝑀

𝑥
)

2

[
𝜅2

48𝜋
(1 +

4𝑀

𝑥
+

12𝑀2

𝑥2 )

+
𝑀𝜒0

2

48𝜋𝑥3
𝜆2(𝑥(ln 𝜆)′ − 2)]

 

d𝑠ℐ−
2 = −d𝑢in d𝑣in + 𝑥2(𝑢in , 𝑣in )dΩ2  
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⟨0in |: 𝑇𝑢𝑢: |0in ⟩ = ∫ −
1

24𝜋
(

 d3𝑣/d𝑢3

 d𝑣/d𝑢
−

3

2
(

 d2𝑣/d𝑢2

 d𝑣/d𝑢
)

2

) =
𝜅2

48𝜋
,

⟨ 𝑒−𝑖𝜔𝑢in |𝑒𝑖𝜔𝑢in ⟩

⟨𝑒−𝑖𝜔𝑣in |𝑒𝑖𝜔𝑣in ⟩

⟨0in |: 𝑇𝑣𝑣: |0in ⟩ = 0.

 

⟨0in|𝑇𝑢𝑢
(2)|0in⟩ = ⟨0H|𝑇𝑢𝑢

(2)|0H⟩  

⟨0in |𝑇𝑣𝑣
(2)|0in ⟩ = ⟨0B|𝑇𝑣𝑣

(2)|0B⟩  

lim
𝑥→∞

 ⟨0in |𝑇𝑢𝑢|0in ⟩ =
𝜅2

48𝜋
  and  lim

𝑥→∞
 ⟨0in |𝑇𝑣𝑣|0in ⟩ = 0  

lim
𝑥→2𝑀

 ⟨0in |𝑇𝑢𝑢|0in ⟩ = 0  and  lim
𝑥→2𝑀

 ⟨0in |𝑇𝑣𝑣|0in ⟩ = −
𝜅2

48𝜋
 

𝑇‾𝜇𝜈 = ⟨𝑇𝜇𝜈
(4)

⟩ −
𝛼

8𝜋
𝐺𝜇𝜈  

⟨𝑇𝜇𝜈
(4)

⟩ =
𝛿𝜇

𝐴𝛿𝜈
𝐵

4𝜋𝑞𝜃𝜃
⟨𝑇𝐴𝐵

(2)
⟩  

d𝑠2 = 𝑔𝜇𝜈d𝑥𝜇d𝑥𝜈 = 𝑔𝐴𝐵(𝑦)d𝑦𝐴 d𝑦𝐵 + 𝑞𝜃𝜃(𝑦)dΩ2  

{𝑥̃𝐴} = (𝑥̃1, 𝑥̃2) = (𝑡, 𝑥) 

𝑇̃𝐶𝐷
(2)

= (
𝜕𝑥𝐴

𝜕𝑥̃𝐶) (
𝜕𝑥𝐵

𝜕𝑥̃𝐷) 𝑇𝐴𝐵
(2)

 

{𝑥𝐴} = (𝑢, 𝑣) to {𝑥̃𝐴} = (𝑡, 𝑥) 

⟨𝑇𝑡𝑡
(2)

⟩  =
1

𝜒0
2 (⟨𝑇𝑢𝑢

(2)
⟩ + ⟨𝑇𝑣𝑣

(2)
⟩ + ⟨𝑇𝑢𝑣

(2)
⟩)

⟨𝑇𝑥𝑥
(2)

⟩  =
1

𝜒0
2 (⟨𝑇𝑢𝑢

(2)
⟩ + ⟨𝑇𝑣𝑣

(2)
⟩ − ⟨𝑇𝑢𝑣

(2)
⟩) (

d𝑥∗

 d𝑥
)

2

⟨𝑇𝑡𝑥
(2)

⟩  =
1

𝜒0
2 (⟨𝑇𝑣𝑣

(2)
⟩ − ⟨𝑇𝑢𝑢

(2)
⟩) (

d𝑥∗

 d𝑥
)

 

𝐺𝑡𝑥 = −
2

𝑥2
(1 −

2𝑀(𝑡)

𝑥
)

−1

𝑀̇(𝑡)  

𝑀̇(𝑡) = −
𝜅2

48𝜋𝛼
= −

1

768𝜋𝛼𝑀2
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⟨𝑇𝑡𝑡
(2)

⟩  =
1

𝜒0
2 (⟨𝑇𝑢𝑢

(2)
⟩ + ⟨𝑇𝑣𝑣

(2)
⟩ + ⟨𝑇𝑢𝑣

(2)
⟩)

⟨𝑇𝑥𝑥
(2)

⟩  =
(⟨𝑇𝑢𝑢

(2)
⟩ + ⟨𝑇𝑣𝑣

(2)
⟩ − ⟨𝑇𝑢𝑣

(2)
⟩)

𝜒0
2(1 − 2𝑀/𝑥)2(1 + 𝜆2(𝑥)(1 − 2𝑀/𝑥))

⟨𝑇𝑡𝑥
(2)

⟩  =
⟨𝑇𝑣𝑣

(2)
⟩ − ⟨𝑇𝑢𝑢

(2)
⟩

𝜒0
3(1 − 2𝑀/𝑥)(1 + 𝜆2(𝑥)(1 − 2𝑀/𝑥))

 

𝐺𝑡𝑥 =
2(1 + 2𝜆2(𝑥)(1 − 2𝑀/𝑥))

𝑥2(1 − 2𝑀/𝑥)(1 + 𝜆2(𝑥)(1 − 2𝑀/𝑥))
𝑀̇(𝑡)  

d𝐸T

 d𝑡
= −

𝜅2

48𝜋𝜒0
2 −

1 + 2𝜆∞
2

1 + 𝜆∞
2 𝛼𝑀̇(𝑡)  

lim
𝑥→∞

 ⟨0in |𝑇𝑡𝑥
(2)|0in ⟩ = −

𝜅2

48𝜋𝜒0
2 = −

1

768𝜋𝑀2
 

1 + 2𝜆∞
2

1 + 𝜆∞
2 𝛼𝑀̇(𝑡) = −

𝜅2

48𝜋𝜒0
2 = −

1

768𝜋𝑀2
 

𝛼𝑀̇ADM = −
𝜅2

48𝜋𝜒0
2 = −

1

768𝜋𝑀2
 

𝐾‾𝜑 = 𝐾‾𝑥 = 0, 𝐸‾𝜑 =
𝑥

√1 −
2𝑀0

𝑥

 , 𝑁‾ = √1 −
2𝑀0

𝑥

𝜙‾ = 0, 𝑃‾𝜙 = 0 , 𝜙‾∗ = 0 , 𝑃‾𝜙
∗ = 0

 

𝜙 = 𝜖𝛿𝜙 , 𝑃𝜙 = 𝜖𝛿𝑃𝜙 , 𝜙∗ = 𝜖𝛿𝜙∗ , 𝑃𝜙
∗ = 𝜖𝛿𝑃𝜙

∗
 

𝐾𝜑 = 𝜖2𝛿𝐾𝜑 , 𝐾𝑥 = 𝜖2𝛿𝐾𝑥

𝐸𝜑 =
𝑥

√1 −
2(𝑀0 + 𝜖2𝛿𝑀)

𝑥

 , 𝑁‾ = √1 −
2(𝑀0 + 𝜖2𝛿𝑀)

𝑥
 

𝛿𝐾𝜑  = 0

𝛿𝐾𝑥  =
𝛿𝑃𝜙𝛿𝜙′ + 𝛿𝑃𝜙

∗ (𝛿𝜙∗)′

2𝑥

 

𝛿𝑀′ = 𝑥2 (1 −
2𝑀0

𝑥
) |𝛿𝜙′|2 − (1 + 𝜆2 (1 −

2𝑀0

𝑥
)) (1 −

2𝑀0

𝑥
)

|𝛿𝑃𝜙|
2

𝑥2
 

ℳ̇ = {ℳ, 𝐻[𝑁] + 𝐻𝑥[𝑁𝑥]} 

ℳ = 𝑀0 + 𝜖2𝛿𝑀 
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𝛿𝑀̇ = 𝜒0 (1 −
2𝑀0

𝑥
)

2

(1 + 𝜆2 (1 −
2𝑀0

𝑥
)) (𝛿𝑃𝜙𝛿𝜙′ + 𝛿𝑃𝜙

∗ (𝛿𝜙∗)′)  

𝑀′ = (1 −
2𝑀

𝑥
) [(1 + 𝜆2 (1 −

2𝑀

𝑥
))

|𝑃𝜙|
2

𝑥2
+ 𝑥2|𝜙′|2]  

𝑀̇ = 𝜒0 (1 −
2𝑀

𝑥
)

2

(1 + 𝜆2 (1 −
2𝑀

𝑥
)) (𝑃𝜙𝜙′ + 𝑃𝜙

∗ (𝜙∗)′)  

lim
𝑥→∞

 𝑀̇ = 𝜒0
−1 lim

𝑥→∞
 (𝑃𝜙𝜙′ + 𝑃𝜙

∗ (𝜙∗)′) ∝ 𝑇𝑡𝑥  

lim
𝑥→∞

 𝑀̇= 𝑥2((𝜙∗)′𝜙̇ + 𝜙′𝜙̇∗) 

 = 𝑥2𝜙′𝜙̇ = 4𝜋𝑥2𝑇𝑡𝑥

 

lim
𝑥→∞

 𝑀̇= 4𝜋𝑥2 ⟨𝑇𝑡𝑥
(4)

⟩ 

 = −
𝜅2

48𝜋𝜒0
2

 

𝑀′ = (1 −
2𝑀0

𝑥
) √1 + 𝜆2 (1 −

2𝑀0

𝑥
) (

|𝑃𝜙|
2

𝑥2
+ 𝑥2|𝜙′|2)  

lim
𝑥→∞

 𝑀̇ = 𝜒0
−1𝑥2((𝜙∗)′𝜙̇ + 𝜙′𝜙̇∗)  

lim
𝑥→∞

 𝑀̇ = −
𝜅2

48𝜋𝜒0
3  

𝛼 =
1

𝜒0(1 + 2𝜆∞
2 )

 

𝛼 =
1

𝜒0
2(1 + 2𝜆∞

2 )
 

𝜌 = ∑  

∞

𝑁𝜔=0

 
𝑒−2𝜋𝑁𝜔𝜅−1

1 − 𝑒2𝜋𝜔𝜅−1 |𝑁𝜔⟩⟨𝑁𝜔|  

𝜙R = ∫  
d𝜔

√4𝜋𝜔
(𝒯𝑙(𝜔)𝑐𝜔𝑒−𝑖𝜔𝑢 + 𝒯𝑙

∗(𝜔)𝑐𝜔
† 𝑒𝑖𝜔𝑢)  

⟨𝑁𝜔|: 𝑇𝑢𝑢: |𝑁𝜔⟩ =
𝑁𝜔𝜔|𝒯0(𝜔)|2

2𝜋
 

d𝐸‾

 d𝑢
= −Tr[: 𝑇𝑢𝑢: 𝜌] = −

1

2𝜋
∫  

∞

0

 
|𝒯0(𝜔)|2𝜔 d𝜔

𝑒2𝜋𝜔𝜅−1
− 1

 

d𝐸

 d𝑡
=: 𝛼

d𝑀ADM

 d𝑡
= −Tr[: 𝑇𝑡𝑥: 𝜌] = −

1

2𝜋
∫  

∞

0

 
|𝒯0(𝜔)|2𝜔 d𝜔

𝑒2𝜋𝜔𝜅−1
− 1
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𝜆̃ = √
𝑥𝜆̃

2𝑀 − 𝑥𝜆̃

.  

𝜒0 =
1

√1 + 𝜆̃2
= √1 −

𝑥𝜆̃

2𝑀
 

𝐺𝑡𝑥 =
2𝑀̇(𝑡)

𝑥2 (1 −
2𝑀
𝑥

)
 

𝑀̇ = −
𝜅2

48𝜋
 

𝜅 =
𝜒0(𝑀)

4𝑀
=

1

4𝑀
√1 −

𝑥𝜆̃

2𝑀
,  

𝑀̇ = −
1

1536𝜋𝑀3

2𝑀 + 𝑥𝜆̃

(1 − 𝑥𝜆̃/2𝑀)
3/2  

𝑀̇ = −
1

1536𝜋𝑀2

2𝑀 + 𝑥𝜆̃

2𝑀 − 𝑥𝜆̃
 

 

𝑇H =
𝜒0

2

8𝜋𝑀
, where 𝜒0

−1 = √1 + 𝜆̃2 

𝜒(𝐸𝑥) = 1/√1 + 𝜆2(𝐸𝑥) 

d𝑠2 = − (1 −
2𝑀

𝑥
)

1 + 𝜆2

1 + 𝜆∞
2  d𝑡2 +

d𝑥2

(1 −
2𝑀
𝑥

) (1 −
2𝑀𝜆2

(1 + 𝜆2)𝑥
)

+ 𝑥2 dΩ2
 

𝑎𝜇 = ∇𝜇ln √−𝑔𝑡𝑡 

𝑎𝜇 = 𝛿𝜇
𝑥 (

𝑀

𝑥2
(1 −

2𝑀

𝑥
)

−1

+
𝜆𝜆′

1 + 𝜆2) .  

𝜅 =
𝜒0

4𝑀
 

𝑢 = 𝜒0
−1(𝑡 − 𝑥∗)  and  𝑣 = 𝜒0

−1(𝑡 + 𝑥∗)  

d𝑥∗ =
√1 + 𝜆∞

2  d𝑥

√1 + 𝜆2(𝑥)(1 − 2𝑀/𝑥)(1 − 2𝑀/𝑥)
 

d𝑠2 = − (1 −
2𝑀

𝑥
) (1 + 𝜆2)𝜒0

4 d𝑢 d𝑣 + 𝑥2 dΩ2  
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d𝑠2 = − (1 −
2𝑀

𝑥
) (1 + 𝜆2)𝜒0

2exp (−
2𝜅

𝜒0
𝑥∗) d𝑈 d𝑉 + 𝑥2(𝑥∗(𝑢, 𝑣))dΩ2  

0 =−
1 + 𝜆∞

2

1 + 𝜆2
(1 −

2𝑀

𝑥
)

−1

𝜙̈𝑙𝑚 + (1 −
2𝑀𝜆2

(1 + 𝜆2)𝑥
) (1 −

2𝑀

𝑥
) 𝜕𝑥

2𝜙𝑙𝑚  

 + (
2(𝑥 − 𝑀)

𝑥2(1 + 𝜆2)
+ 𝜆2

(𝑥 − 2𝑀)(𝑀 − 2𝑥)

𝑥3(1 + 𝜆2)
+ 𝜆𝜆′

(𝑥 − 2𝑀)2

𝑥2(1 + 𝜆2)
) 𝜕𝑥𝜙𝑙𝑚

 

[−𝜕𝑡
2 + 𝜕𝑥∗

2 − 𝑉𝑙(𝑥)]Ψ𝑙𝑚(𝑡, 𝑥) = 0  

𝑉‾𝑙(𝑥) = (1 −
2𝑀

𝑥
) 𝜒0

2 [
2𝑀

𝑥3
+

𝑙(𝑙 + 1)

𝑥2
+ 𝜆2 (

3𝑀

𝑥3
−

6𝑀

𝑥4
+

𝑙(𝑙 + 1)

𝑥2
+

𝜆𝜆′

𝑥
(1 −

2𝑀

𝑥
)

2

)]  

𝜒 = 1/√1 + 𝜆2 

0= −𝛽−1 (1 −
2𝑀

𝑥
)

−1

𝜙̈𝑙𝑚 +
𝜒

𝑥2
𝜕𝑥 [

𝑥2

𝜒
(1 −

2𝑀

𝑥
) 𝜙𝑙𝑚

′ ] −
𝑙(𝑙 + 1)

𝑥2
𝜙𝑙𝑚 + (1 −

2𝑀

𝑥
) 𝜙𝑙𝑚

′ (ln 𝜒)′ 

 = −𝛽−1 (1 −
2𝑀

𝑥
)

−1

𝜙̈𝑙𝑚 +
2

𝑥
(1 −

𝑀

𝑥
) 𝜕𝑥𝜙𝑙𝑚 + (1 −

2𝑀

𝑥
) 𝜕𝑥

2𝜙𝑙𝑚 −
𝑙(𝑙 + 1)

𝑥2
𝜙𝑙𝑚

 

𝜒 = 1/√1 + 𝜆2(𝑥) 

d𝑠(2)
2 = − (1 −

2𝑀

𝑥
) (1 + 𝜆2)𝜒0

4 d𝑢 d𝑣 ≡ −𝐶1(𝑢, 𝑣)d𝑢 d𝑣  

⟨0B|𝑇𝑢𝑢
(1)|0B⟩ =⟨0B|𝑇𝑣𝑣

(1)|0B⟩

=−
𝜒0

2

48𝜋𝑥5
[2𝑀𝑥2 (1 −

3𝑀

2𝑥
) + 2𝑀𝜆6𝑥2 (1 −

2𝑀

𝑥
)

2

− 𝑥5 (1 −
2𝑀

𝑥
)

2

(𝜆′)2  

+𝜆4(𝑀(16𝑀2 − 19𝑀𝑥 + 6𝑥2) − (2𝑀 − 𝑥)3(𝑥𝜆′)2)  

+2𝜆2𝑀((4𝑀 − 3𝑥)(𝑀 − 𝑥) + 2𝑥2(𝑥 − 2𝑀)2(𝜆′)2) − 𝑥(𝑥 − 2𝑀)2𝜆(𝑀𝜆′ + 𝑥2𝜆′′) 

+𝜆3𝑥(𝑥 − 2𝑀)2(−3𝑀𝜆′ + 2(𝑀 − 𝑥)𝑥𝜆′′)  

−𝑥(𝑥 − 2𝑀)2𝜆5(2𝑀𝜆′ + 𝑥(𝑥 − 2𝑀)𝜆′′)]

 

⟨0B|𝑇𝑢𝑣
(1)|0B⟩ =

𝜒0
2(𝑥 − 2𝑀)

48𝜋𝑥5(1 + 𝜆2)
[−2𝑀𝑥 + 2𝑀𝜆4(5𝑀 − 3𝑥) + 𝑀𝜆6(5𝑀 − 2𝑥) + 𝑥3(𝜆′)2(𝑥 − 2𝑀)

+𝜆2(𝑀(5𝑀 − 6𝑥) + (𝑥𝜆′)2(𝑥 − 4𝑀)(𝑥 − 2𝑀))  

+𝑥𝜆5(2𝑀 − 𝑥)(−4𝑀𝜆′ + (2𝑀 − 𝑥)𝑥𝜆′′)  

+𝜆(𝑀𝑥(3𝑥 − 2𝑀)𝜆′ + 𝑥3(𝑥 − 2𝑀)𝜆′′)  

+𝑥𝜆3(𝑀(7𝑥 − 10𝑀)𝜆′ + 2𝑥(𝑥 − 2𝑀)(𝑥 − 𝑀)𝜆′′)]

 

lim
𝑀→0

 ⟨0B|𝑇𝑢𝑢
(1)|0B⟩= lim

𝑀→0
 ⟨0B|𝑇𝑢𝑢

(1)|0B⟩  

 =
𝜒0

2

48𝜋(1 + 𝜆2)
((𝜆′)2(1 − 𝜆2) + 𝜆𝜆′′(1 + 𝜆2))

 

lim
𝑀→0

 ⟨0B|𝑇𝑢𝑣
(1)|0B⟩ =

𝜒0
2

48𝜋(1 + 𝜆2)
((𝜆′)2 + 𝜆𝜆′′(1 + 𝜆2))  

(𝑢, 𝑣) → 𝜒0
−1(𝑢(𝑐), 𝑣(𝑐)) 
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lim
𝑀→0

  d𝑠2 = −(1 + 𝜆2)𝜒0
4 d𝑢 d𝑣 = −(1 + 𝜆2)𝜒0

2 d𝑢(𝑐)d𝑣(𝑐)  

⟨0B|𝑇̃𝑢𝑢
(1)|0B⟩ = ⟨0B|𝑇𝑢𝑢

(1)|0B⟩ − lim
𝑀→0

 ⟨0B|𝑇𝑢𝑢
(1)|0B⟩

⟨0B|𝑇̃𝑣𝑣
(1)|0B⟩ = ⟨0B|𝑇𝑣𝑣

(1)|0B⟩ − lim
𝑀→0

 ⟨0B|𝑇𝑣𝑣
(1)|0B⟩

⟨0B|𝑇̃𝑢𝑣
(1)|0B⟩ = ⟨0B|𝑇𝑢𝑣

(1)|0B⟩ − lim
𝑀→0

 ⟨0B|𝑇𝑢𝑣
(1)|0B⟩

 

⟨0H|𝑇̃𝑢𝑢
(1)|0H⟩  = ⟨0B|𝑇̃𝑢𝑢

(1)|0B⟩ +
𝜅2

48𝜋

⟨0H|𝑇̃𝑣𝑣
(1)|0H⟩  = ⟨0B|𝑇̃𝑣𝑣

(1)|0B⟩ +
𝜅2

48𝜋

⟨0H|𝑇̃𝑢𝑣
(1)|0H⟩  = ⟨0B|𝑇̃𝑢𝑣

(1)|0B⟩

 

lim
𝑥→∞

 ⟨0H|𝑇𝑢𝑢
(1)|0H⟩ = lim

𝑥→∞
 ⟨0H|𝑇𝑣𝑣

(1)|0H⟩ =
𝜅2

48𝜋
 

⟨0in |𝑇̃𝑢𝑢
(1)|0in ⟩  = ⟨0B|𝑇̃𝑢𝑢

(1)|0B⟩ +
𝜅2

48𝜋

⟨0in |𝑇̃𝑣𝑣
(1)|0in ⟩  = ⟨0B|𝑇̃𝑣𝑣

(1)|0B⟩

⟨0in |𝑇̃𝑢𝑣
(1)|0in ⟩  = ⟨0B|𝑇̃𝑢𝑣

(1)|0B⟩

 

lim
𝑥→∞

 ⟨0in |𝑇̃𝑢𝑢
(1)|0in ⟩  →

𝜅2

48𝜋

lim
𝑥→∞

 ⟨0in |𝑇̃𝑢𝑢
(1)|0in ⟩  → 0

 

lim
𝑥→2𝑀

 ⟨0in |𝑇𝑣𝑣|0in ⟩ =−
𝜒0

2

768𝜋𝑀2(1 + 𝜆H
2 )

(1 + 16𝑀2(𝜆H
′ )2 + 𝜆H

2 (1 − 16𝑀2(𝜆H
′ )2) 

+16𝑀2𝜆H𝜆H
′′(1 + 𝜆H

2 ))

 

lim
𝑥→2𝑀

 ⟨0in |𝑇𝑢𝑢|0in ⟩ = −
𝜒0

2

48𝜋(1 + 𝜆H
2 )

((𝜆H
′ )2(1 − 𝜆H

2 ) + 𝜆H𝜆H
′′(1 + 𝜆H

2 ))  

Δ = lim
𝑥→2𝑀

 ⟨0in |𝑇𝑣𝑣|0in ⟩ − lim
𝑥→2𝑀

 ⟨0in |𝑇𝑢𝑢|0in ⟩ = −
𝜅2

48𝜋
 

d𝑠2|NH = −(𝜅𝜌)d𝑡2 + d𝜌2 + (2𝑀)2 dΩ2  

𝑥 = 2𝑀(1 + 𝜅2𝜌2) 

𝜅 = 1/4𝑀 

𝜅 = 𝜒0/4𝑀 

d𝜌 = 𝜅𝜌d𝜁  such that  𝜌 = 𝜅−1𝑒𝜅𝜁  

d𝑠(2)
2 = 𝑒2𝜅𝜁(−d𝑡2 + d𝜁2)  
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d𝑥∗≈ 4𝑀
 d𝜌

𝜌
(1 + 𝜆H

2
𝜅2𝜌2

2𝑀
)

−1

 

 ≈
 d𝜌

𝜅𝜌
= d𝜁

 

𝑒2𝜅𝜁(−𝜕𝑡
2 + 𝜕𝜁

2)Ψ𝑙𝑚(𝑡, 𝜁) = 0  

𝑆Ψ
(2𝑑)

=
1

2
∫   d𝑡 d𝜂√𝑔(2)𝑔(2)

𝛼𝛽
∇𝛼Ψ𝑙𝑚∇𝛽Ψ𝑙𝑚  

𝜕𝑢𝜕𝑣𝑢𝑙𝑚 = 0  

Ψ𝑙𝑚(𝑢, 𝑣)= ΨR(𝑢) + ΨL(𝑣)  

 = ∫  
∞

0

 d𝜔[𝑎𝜔𝑔𝑙𝑚𝜔(𝑢) + 𝑎†𝑔𝑙𝑚𝜔
∗ (𝑢) + 𝑏𝜔ℎ𝑙𝑚𝜔(𝑣) + 𝑏𝜔

† ℎ𝑙𝑚𝜔
∗ (𝑣)]

 

(𝑢, 𝑣) → (𝑢̃(𝑢), 𝑣̃(𝑣)) 

𝑒2𝜅(𝑣−𝑢)dud𝑣 → 𝑒2𝜅(𝑣(𝑣̃)−𝑢(𝑢̃))
d𝑢

 d𝑢̃

 d𝑣

 d𝑣̃
 d𝑢̃ d𝑣̃  

𝑇𝛼𝛽 ∼ 𝛿𝑆/ (√−𝑔(2)𝛿𝑔(2)
𝛼𝛽

) 

𝑇𝛼𝛽 = 𝜕𝛼𝑢𝑙𝑚𝜕𝛽𝑢𝑙𝑚 −
1

2
𝑔𝛼𝛽𝜕𝜇𝑢𝑙𝑚𝜕𝜇𝑢𝑙𝑚  

𝑇𝑢𝑢= 𝜕𝑢𝜙𝑙𝜕𝑢𝜙𝑙 , 
𝑇𝑣𝑣= 𝜕𝑣𝜙𝑙𝜕𝑣𝜙𝑙 ,  

𝑇𝑢𝑣 = 𝑇𝑣𝑢 = 0.
 

𝑢: = 𝜂+ = 𝑡 − 𝜂 

𝑣∶= 𝜂− = 𝑡 + 𝜂
 

: 𝑇±±(𝜂±): = lim
𝜂±′

→𝜂±
  [𝜕±Ψ𝑙𝑚(𝜂±)𝜕±′Ψ𝑙𝑚(𝜂±′

) +
ℏ

4𝜋

1

(𝜂±′
− 𝜂±)

2]  

𝜂± = 𝜂±(𝑦±) 

𝜙𝑙(𝑦
±)= ∫  

dΩ

√4𝜋Ω
[𝑐Ω𝑒−𝑖Ω𝑦−

+ 𝑐Ω
†𝑒𝑖Ω𝑦−

+ 𝑑Ω𝑒−𝑖Ω𝑦+
+ 𝑑Ω

† 𝑒𝑖Ω𝑦+
] 

 = 𝜙R(𝑦±) + 𝜙L(𝑦±)

 

: 𝑇±±(𝑦±):= lim
𝑦±′→𝑦±

  [𝑇±±(𝑦±, 𝑦±′
) +

ℏ

4𝜋

1

(𝑦± − 𝑦±′
)

2]  

 = lim
𝑦±′

→𝑦±
  [
d𝜁±(𝑦±)

d𝑦±

d𝜁±(𝑦±′
)

d𝑦±′ 𝜕±𝜙𝑙(𝑦
±)𝜕±′𝜙𝑙(𝑦±′

) +
ℏ

4𝜋

1

(𝑦±′
− 𝑦±)

2]

 

𝜁± = 𝜁±(𝑦±)is continuous. Therefore, 𝑦±′
→ 𝑦±implies 𝜁±′

→ 𝜁± 
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: 𝑇±±(𝑦±):= (
d𝜁±

d𝑦±)

2

: 𝑇±±(𝜁±): −
ℏ

4𝜋
lim

𝑦±→𝑦±
 

[
 
 
 
 d𝜁±(𝑦±)

d𝑦±

d𝜁±(𝑦±′
)

d𝑦±

(𝜁±′
− 𝜁±)

2 −
1

(𝑦±′ − 𝑦±)2

]
 
 
 
 

 

= (
d𝜁±

d𝑦±)

2

: 𝑇±±(𝜁±): −
ℏ

24𝜋
(

 d3𝜁±/d(𝑦±)3

 d𝜁±/d𝑦±
−

3

2
(

 d2𝜁±/d(𝑦±)2

 d𝜁±/d𝑦± )

2

)}

 

𝜙𝑅(𝑦−) = ∫  
dΩ

√4𝜋Ω
[𝑐Ω𝑒−𝑖Ω𝑦−

+ 𝑐Ω
†𝑒𝑖Ω𝑦−

]  

⟨0𝜁|: 𝜕−𝜙R(𝑦−)𝜕−𝜙R(𝑦−′): |0𝜁⟩ = ∫  
dΩ dΩ̃

4𝜋√ΩΩ̃
⋆ 𝑒−𝑖(𝑤𝑦−−𝑤̃𝑦−) ⋆ 𝑐Ω

†𝑐Ω

 × ⟨0𝜁|(−𝑖Ω𝑐Ω𝑒−𝑖Ω𝑦−
+ 𝑖Ω𝑐Ω

†𝑒𝑖Ω𝑦−
)(−𝑖Ω̃𝑐Ω̃𝑒−𝑖Ω̃𝑦−′

+ 𝑖Ω̃𝑐
Ω̃
†𝑒𝑖Ω̃𝑦−′

)|0𝜁⟩

 

∫  
∞

−∞

 d𝑦−d𝑦−′ 𝑒−𝑖(𝑤𝑦−−𝑤̃𝑦−′)

4𝜋√𝑤𝑤̃
⟨0𝜁|: 𝜕−𝜙R(𝑦−)𝜕−′𝜙R(𝑦−′): |0𝜁⟩ = ∫  

dΩ dΩ̃

16𝜋2
√

ΩΩ̃

𝑤𝑤̃

(∫  
∞

−∞

 d𝑦−𝑒𝑖(Ω−𝑤)𝑦−
) (∫  

∞

−∞

 d𝑦− ′𝑒𝑖(−Ω̃+𝑤̃)𝑦−′
) ⟨0𝜁|𝑐Ω

†𝑐Ω̃|0𝜁⟩

=
1

4
⟨0𝜁|𝑐𝑤

† 𝑐𝑤̃|0𝜁⟩

 

⟨0𝜁|𝑁𝜔|0𝜁⟩=
1

𝜋ℏ
∫  

∞

−∞

 ∫  
∞

−∞

 d𝑦−d𝑦−′
𝑒−𝑖𝜔(𝑦−−𝑦−′)⟨0𝜁|: 𝜕−𝜙𝑅(𝑦−)𝜕−′𝜙𝑅(𝑦−′): |0𝜁⟩  

 = −
1

𝜋2
∫  

∞

−∞

 ∫  
∞

−∞

 d𝑢̃ d𝑢̃′𝑒−𝑖𝜔(𝑢̃−𝑢̃′) [
d𝜁+(𝑢̃)

d𝑢̃

 d𝜁+(𝑢̃′)

d𝑢̃′

1

(𝜁+(𝑢̃) − 𝜁+(𝑢̃′))
2 −

1

(𝑢̃ − 𝑢̃′)2]

 

⟨0𝜂|𝑁𝜔|0𝜂⟩ =
1

𝑒2𝜋𝜔/𝜅 − 1
 

𝑆Einstein−Hilbert =
1

16𝜋
∫  𝑑𝐷𝑥√−𝑔ℒEinstein−Hilbert, ℒEinstein−Hilbert = 𝑅 −

1

4
𝐹2  

𝑒−1ℒEinstein−Hilbert = 𝑅 ∗ 𝟙 −
1

2
∗ 𝐹(2) ∧ 𝐹(2)  

𝛿(√−𝑔ℒEinstein−Hilbert)

√−𝑔
= 𝐸𝜇𝜈𝛿𝑔𝜇𝜈 + 𝑆𝐴

𝜇
𝛿𝐴𝜇 + ∇𝜇Θ𝐺

𝜇
+ ∇𝜇Θ𝐴

𝜇
 

𝐸𝜇𝜈= 𝑅𝜇𝜈 −
1

2
𝐹𝜇𝜈

2 −
1

2
𝑔𝜇𝜈ℒEinstein−Hilbert, Θ𝐺

𝜇
= 𝑔𝜇𝛼∇𝛽𝛿𝑔𝛼𝛽 − 𝑔𝛼𝛽∇𝜇𝛿𝑔𝛼𝛽 

𝐒𝐴 = 𝑑((−1)𝐷−2 ∗ 𝐹(2)), Θ𝐴 = (−1)𝐷−1 ∗ 𝐹(2) ∧ 𝛿𝐴(1)

 

𝐐= 𝐐𝐺 + 𝐐𝐴,  

𝐐𝐺  = − ∗ 𝑑𝜉, 𝐐𝐴 = − ∗ 𝐹(2)(𝑖𝜉𝐴(1)),(4)
 

𝛿ℋ =
1

16𝜋
∫  

Σ𝐷−1
 𝑑(𝛿𝐐 − 𝑖𝜉𝚯) =

1

16𝜋
∮ (𝛿𝐐 − 𝑖𝜉𝚯)

●

Σ𝐷−2

.  
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∫  
Σ1

𝐷−2
  (𝛿𝐐 − 𝑖𝜉𝚯) = ∫  

Σ2
𝐷−2

  (𝛿𝐐 − 𝑖𝜉𝚯)  

∫  
Σ1

𝐷−2
  (𝛿𝐐 − 𝑖𝜉𝚯) = 𝛿𝑀 − Ω𝐻𝛿𝐽  

∫  
Σ2

𝐷−2
  (𝛿𝐐 − 𝑖𝜉Θ) = 𝑇𝛿𝑆 + Φ𝑒𝛿𝑄𝑒  

𝛿𝐐𝐴 − 𝑖𝜉𝚯𝐴 = −𝛿 ∗ 𝐹(2)(𝑖𝜉𝐴(1)) + (−1)𝐷𝑖𝜉 ∗ 𝐹(2) ∧ 𝛿𝐴(1)  

𝑄𝑒 =
1

16𝜋
∫  

Σ𝐷−2
  ∗ 𝐹(2), Φ𝑒 = 𝑖𝜉𝐴(1)|𝑟=𝑟ℎ

𝑟→∞
 

𝛿𝐐𝐴 − 𝑖𝜉𝚯𝐴 ∼ Φ𝑒𝛿𝑄𝑒  

ℒ𝜉 ∗ 𝐹(2) = (𝑑𝑖𝜉 + 𝑖𝜉𝑑) ∗ 𝐹(2) = 𝑑𝑖𝜉 ∗ 𝐹(2), ⇒  𝑖𝜉 ∗ 𝐹(2) = 𝑑Ψ  

𝛿𝐐𝐴 − 𝑖𝜉𝚯𝐴 − 𝑑(Ψ𝛿𝐴(1)) = −𝛿 ∗ 𝐹(2)(𝑖𝜉𝐴(1)) − Ψ𝛿𝐹(2)  

𝑄𝑚 =
1

16𝜋
∫  𝐹(2), Φ𝑚 = Ψ|𝑟=𝑟ℎ

𝑟→∞  

𝑑 ∗ 𝐹(2) = 0, ⇒ ∗ 𝐹(2) = 𝑑𝐴̃(1)  

ℒ𝜉𝐴̃(1) = 0 = (𝑑𝑖𝜉 + 𝑖𝜉𝑑)𝐴̃(1)  

𝑖𝜉 ∗ 𝐹(2) = 𝑖𝜉𝑑𝐴̃(1) = −𝑑𝑖𝜉𝐴̃(1), ⇒  Ψ = −𝑖𝜉𝐴̃(1)  

Φ𝑚 = −𝑖𝜉𝐴̃(1)|𝑟=𝑟ℎ

𝑟→∞
 

𝐼𝛾 = −
1

16𝜋
∫  𝑑(𝐴(1) ∧∗ 𝐹(2))  

𝐼𝐴 = −
1

16𝜋
∫  [−

1

2
∗ 𝐹(2) ∧ 𝐹(2)]  

𝛿(𝐼𝐴 + 𝛾𝐼𝛾) = −
𝛽

16𝜋
∫  

Σ𝐷−1
  [(𝛾 − 1)𝛿𝐴(1) ∧∗ 𝐹(2) + 𝛾𝐴(1) ∧ 𝛿 ∗ 𝐹(2)]  

𝛿(𝐼𝐴 + 𝛾𝐼𝛾) = 𝛽[(𝛾 − 1)𝑄𝑒𝛿Φ𝑒 + 𝛾Φ𝑒𝛿𝑄𝑒]  

𝛿 ∗ 𝐹(2)|𝜕
= 0 

𝐹G =
𝐼(𝑇, Φ𝑒)

𝛽
= 𝑀 − 𝑇𝑆 − Φ𝑒𝑄𝑒  

𝛿𝐴(1)|𝜕
= 0 
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𝐹H =
𝐼(𝑇, 𝑄𝑒)

𝛽
= 𝑀 − 𝑇𝑆  

 

𝛿(𝐼𝐴 + 𝛾𝐼𝛾)= −
𝛽

16𝜋
∫  

Σ3
  [(𝛾 − 1)𝛿𝐴(1) ∧∗ 𝐹(2) + 𝛾𝐹(2) ∧ 𝛿𝐴̃(1)] 

 = 𝛽[(𝛾 − 1)𝑄𝑒𝛿Φ𝑒 − 𝛾𝑄𝑚𝛿Φ𝑚]

 

𝐹𝛾=0 = 𝐹(𝑇, Φ𝑒 , 𝑄𝑚) = 𝑀 − 𝑇𝑆 − Φ𝑒𝑄𝑒

𝐹𝛾=1 = 𝐹(𝑇, 𝑄𝑒 , Φ𝑚) = 𝑀 − 𝑇𝑆 − Φ𝑚𝑄𝑚
 

𝑑𝑠̂𝐷+1
2 = 𝑑𝑠𝐷

2 + Ω(𝑑𝑧 + 𝒜(1))
2

 

ℒ̂Legendre = 𝑑(Ω𝒜(1) ∧∗̂ ℱ(2)), ℱ(2) = 𝑑𝒜(1)  

𝑆̂ =
1

16𝜋
∫  𝑑𝐷+1𝑥√−𝑔̂𝑅̂  

𝑑𝑠̂𝐷+1
2 = 𝑒

−√
2

(𝐷−1)(𝐷−2)
𝜙

𝑑𝑠𝐷
2 + 𝑒

√2(𝐷−2)
𝐷−1

𝜙
(𝑑𝑧 + 𝒜(1))

2  

𝑆dark particle =
1

16𝜋
∫  𝑑𝐷𝑥√−𝑔ℒdark particle, ℒdark particle = 𝑅 −

1

2
(𝜕𝜙)2 −

1

4
𝑒

√2(𝐷−1)
𝐷−2

𝜙
ℱ2  

𝑒−1ℒwhite particle = 𝑅 ∗ 1 −
1

2
∗ 𝑑𝜙 ∧ 𝑑𝜙 −

1

2
𝑒

√2(𝐷−1)
𝐷−2

𝜙
∗ ℱ(2) ∧ ℱ(2)

 

𝛿(𝑒−1ℒwhite particle) ∼ −𝑒
√2(𝐷−1)

𝐷−2
𝜙

∗ ℱ(2) ∧ 𝛿ℱ(2) = 𝑑 (−𝑒
√2(𝐷−1)

𝐷−2
𝜙

𝛿𝒜(1) ∧∗ ℱ(2))  

𝑒−1ℒLegendre = 𝑑 (𝑒
√2(𝐷−1)

𝐷−2
𝜙

𝒜(1) ∧∗ ℱ(2))  

ℒ̂Legendre = ∇̂𝜇 (𝑒
√2(𝐷−2)

𝐷−1
𝜙

ℱ𝜇𝜈𝒜𝜈) , ⇔ 𝑒̂−1ℒ̂Legendre = 𝑑 (𝑒
√2(𝐷−2)

𝐷−1
𝜙

𝒜(1) ∧∗̂ ℱ(2))  

𝑒̂𝑎 = 𝑒
−

𝜙

√2(𝐷−1)(𝐷−2)𝑒𝑎, 𝑒̂𝑧 = 𝑒
√

𝐷−2
2(𝐷−1)

𝜙
(𝑑𝑧 + 𝒜(1))

 

ℱ(2) =
1

2
ℱ𝑎𝑏𝑒𝑎 ∧ 𝑒𝑏 =

1

2
𝑒

√
2

(𝐷−1)(𝐷−2)
𝜙

ℱ𝑎𝑏𝑒̂𝑎 ∧ 𝑒̂𝑏  
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∗̂ ℱ(2)=
1

2
𝑒

√
2

(𝐷−1)(𝐷−2)
𝜙

ℱ𝑎𝑏 ∗̂ (𝑒̂𝑎 ∧ 𝑒̂𝑏)  

=
1

2
𝑒

√
2

(𝐷−1)(𝐷−2)
𝜙

ℱ𝑎𝑏
1

(𝐷 − 1)!
𝜖𝐶1⋯𝐶𝐷−2𝐶𝐷−1𝑎𝑏𝑒̂𝐶1 ∧ ⋯ ∧ 𝑒̂𝐶𝐷−2 ∧ 𝑒̂𝐶𝐷−1  

=
1

2
𝑒

√
2

(𝐷−1)(𝐷−2)ℱ𝑎𝑏
1

(𝐷 − 2)!
𝜖𝐶1⋯𝐶𝐷−2𝑧𝑎𝑏𝑒̂𝐶1 ∧ ⋯ ∧ 𝑒̂𝐶𝐷−2 ∧ 𝑒̂𝑧  

=
1

2
𝑒

√
2

(𝐷−1)(𝐷−2)ℱ𝑎𝑏
1

(𝐷 − 2)!
𝜖𝐶1⋯𝐶𝐷−2𝑎𝑏𝑒𝐶1 ∧ ⋯ ∧ 𝑒𝐶𝐷−2 ∧ (𝑑𝑧 + 𝒜(1)) 

 = 𝑒
√

2
(𝐷−1)(𝐷−2)

𝜙
∗ ℱ(2) ∧ (𝑑𝑧 + 𝒜(1))

 

 

𝑒̂−1ℒ̂Legendre = 𝑑 (𝑒
√2(𝐷−2)

𝐷−1
𝜙

𝒜(1) ∧∗̂ ℱ(2))  

= 𝑑 (𝑒
√2(𝐷−1)

𝐷−2
𝜙

𝒜(1) ∧∗ ℱ(2) ∧ (𝑑𝑧 + 𝒜(1))) 

= 𝑑 (𝑒
√2(𝐷−1)

𝐷−2
𝜙

𝒜(1) ∧∗ ℱ(2)) ∧ 𝑑𝑧  

 = 𝑒−1ℒLegendre ∧ 𝑑𝑧

 

𝑆4 =
1

16𝜋
∫  𝑑4𝑥√−𝑔ℒSYM, ℒSYM = 𝑅 −

1

2
(𝜕𝜙)2 −

1

4
𝑒√3𝜙𝐹2  

𝑑𝑠4
2= −𝐻−

1
2𝑓𝑑𝑡2 + 𝐻

1
2(𝑓−1𝑑𝑟2 + 𝑟2𝑑Ω2

2) 

𝐻 = 1 +
𝑞

𝑟
, 𝑓 = 1 −

𝜇

𝑟
(41)

 

𝐴(1) = 𝜔𝑑𝑡, 𝜙 =
√3

2
log 𝐻, 𝜔 =

√𝑞(𝜇 + 𝑞)

𝑟𝐻
 

 𝐴(1) = √𝑞(𝜇 + 𝑞)cos 𝜃𝑑𝜑, 𝜙 = −
√3

2
log 𝐻

 

𝐐𝐴 = −𝑒√3𝜙 ∗ 𝐹(2)(𝑖𝜉𝐴(1)), 𝚯𝐴 = −𝑒√3𝜙 ∗ 𝐹(2) ∧ 𝛿𝐴(1)  

𝛿𝐐𝐴 − 𝑖𝜉𝚯𝐴 = −𝛿 (𝑒√3𝜙 ∗ 𝐹(2)) (𝑖𝜉𝐴(1)) + 𝑖𝜉 (𝑒√3𝜙 ∗ 𝐹(2)) ∧ 𝛿𝐴(1)  

𝐒𝐴 = 𝑑 (𝑒√3𝜙 ∗ 𝐹(2)) 

𝑒√3𝜙 ∗ 𝐹(2) = 𝑑𝐴̃(1), Ψ = −𝑖𝜉𝐴̃(1)  

𝛿𝐐𝐴 − 𝑖𝜉𝚯𝐴 + 𝑑(Ψ𝛿𝐴(1)) = −𝛿 (𝑒√3𝜙 ∗ 𝐹(2)) (𝑖𝜉𝐴(1)) − Ψ𝛿𝐹(2)  

𝑀 =
Ω2

16𝜋
(𝑞 + 2𝜇), 𝑇 =

1

4𝜋

1

√𝜇(𝜇 + 𝑞)
, 𝑆 =

Ω2

4
𝜇

3
2√𝜇 + 𝑞 
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Φ𝑒,𝑚 = √
𝑞

𝜇 + 𝑞
, 𝑄𝑒,𝑚 =

Ω2

16𝜋
√𝑞(𝜇 + 𝑞)  

 𝐹H= 𝐹(𝑇, Φ𝑒) = 𝑀 − 𝑇𝑆 − Φ𝑒𝑄𝑒 

  𝐹G = 𝐹(𝑇, 𝑄𝑚) = 𝑀 − 𝑇𝑆
 

𝑒−1ℒLegendre = 𝑑 (𝑒√3𝜙 ∗ 𝐹(2) ∧ 𝐴(1)) , ⇔ ℒLegendre = ∇𝜇 (𝑒√3𝜙𝐹𝜇𝜈𝐴𝜈)  

𝛿 (𝑒−1(ℒSYM + 𝛾ℒLegendre )) = 𝑑 (𝛾𝛿 (𝑒√3𝜙 ∗ 𝐹(2)) ∧ 𝐴(1) + (𝛾 − 1)𝑒√3𝜙 ∗ 𝐹(2) ∧ 𝛿𝐴(1))  

𝛾 = 0, ⇒ 𝛿 (𝑒√3𝜙 ∗ 𝐹(2)) = 0, ⇒ 𝔇Dirichlet condition 

𝛾 = 1, ⇒  𝛿𝐴(1) = 0, ⇒   𝔑Neumann condition 
 

𝐹𝛾=0 = 𝐹(𝑇, Φ𝑒) = 𝑀 − 𝑇𝑆 − Φ𝑒𝑄𝑒

𝐹𝛾=1 = 𝐹(𝑇, 𝑄𝑒) = 𝑀 − 𝑇𝑆
 

𝛿 (𝑒−1(ℒSYM + 𝛾ℒLegendre)) = 𝑑(𝛾𝛿𝐴̃(1) ∧ 𝐹(2) + (𝛾 − 1)𝐴̃(1) ∧ 𝛿𝐹(2))  

𝐹𝛾=0= 𝐹(𝑇, 𝑄𝑚) = 𝑀 − 𝑇𝑆  

𝐹𝛾=1 = 𝐹(𝑇, Φ𝑚) = 𝑀 − 𝑇𝑆 − Φ𝑚𝑄𝑚
 

𝑆̂5 =
1

16𝜋
∫  𝑑5𝑥√−𝑔̂𝑅̂  

𝑑𝑠̂5
2 = 𝑒

−
1

√3
𝜙

𝑑𝑠4
2 + 𝑒

2

√3
𝜙

(𝑑𝑧 + 𝐴(1))
2  

𝑑𝑠̂5
2 = −𝐻−1𝑓𝑑𝑡2 +

𝑑𝑟2

𝑓
+ 𝑟2𝑑Ω2

2 + 𝐻(𝑑𝑧 + 𝜔𝑑𝑡)2  

𝑑𝑠̂5
2 = −𝑓𝑑𝑡2 + 𝐻 (

𝑑𝑟2

𝑓
+ 𝑟2𝑑Ω2

2) + 𝐻−1(𝑑𝑧 + √𝑞(𝜇 + 𝑞)cos 𝜃𝑑𝜑)2  

𝑀=
Ω2

16𝜋
(𝑞 + 2𝜇), 𝑇 =

1

4𝜋

1

√𝜇(𝜇 + 𝑞)
, 𝑆 =

Ω2

4
𝜇

3
2√𝜇 + 𝑞 

Φ𝑣,𝑝 = √
𝑞

𝜇 + 𝑞
, 𝑄𝑣,𝑝 =

Ω2

16𝜋
√𝑞(𝜇 + 𝑞)

 

𝐹H= 𝐹(𝑇, Φ𝑣) = 𝑀 − 𝑇𝑆 − Φ𝑣𝑄𝑣 

𝐹 = 𝐹(𝑇, 𝑄𝑝) = 𝑀 − 𝑇𝑆
 

𝑒̂−1ℒ̂Legendre = 𝑑 (𝑒
2

√3
𝜙

𝐴(1) ∧∗̂ 𝐹(2)) , ⇔  ℒ̂Legendre = ∇̂𝜇 (𝑒
2

√3
𝜙

𝐹𝜇𝜈𝐴𝜈)  

𝐹𝛾=1= 𝐹(𝑇, 𝑄𝑣) = 𝑀 − 𝑇𝑆  

 𝐹𝛾=1 = 𝐹(𝑇, Φ𝑝) = 𝑀 − 𝑇𝑆 − Φ𝑝𝑄𝑝
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𝑑𝑠4
2= −

Δ𝑟

√𝐻1𝐻2

𝑑𝑡2 + √𝐻1𝐻2 (
𝑑𝑟2

Δ𝑟
+ 𝑑𝜃2 + sin2 𝜃𝑑𝜑2) 

𝐴(1) = −
𝑄(𝑝 + 2𝑟 − 𝜇)

𝐻2
𝑑𝑡 − 2𝑃cos 𝜃𝑑𝜑, 𝜙 =

√3

2
log 

𝐻2

𝐻1

 

𝐻1 = 𝑟2 + 𝑟(𝑝 − 𝜇) +
𝑝(𝑝 − 𝜇)(𝑞 − 𝜇)

2(𝑝 + 𝑞)
, 𝐻2 = 𝑟2 + 𝑟(𝑞 − 𝜇) +

𝑞(𝑝 − 𝜇)(𝑞 − 𝜇)

2(𝑝 + 𝑞)
 

Δ𝑟 = 𝑟2 − 𝜇𝑟, 𝑄2 =
𝑞(𝑞2 − 𝜇2)

4(𝑝 + 𝑞)
, 𝑃2 =

𝑝(𝑝2 − 𝜇2)

4(𝑝 + 𝑞)
 

𝑄𝑚 =
1

16𝜋
∫  

𝑆2
 𝐹(2) =

𝑃

2
 

𝐴̃(1) =
𝑃(𝑞 + 2𝑟 − 𝜇)

𝐻1
𝑑𝑡 − 2𝑄cos 𝜃𝑑𝜑  

Φ𝑚 = −𝑖𝜉𝐴̃(1)|𝑟=𝑟ℎ

𝑟→∞
=

2𝑃(𝑝 + 𝑞)

𝑝(𝜇 + 𝑝)
 

𝑀 =
𝑝 + 𝑞

4
, 𝑇 =

𝜇(𝑝 + 𝑞)

2𝜋√𝑝𝑞(𝜇 + 𝑝)(𝜇 + 𝑞)
, 𝑆 =

𝜋√𝑝𝑞(𝜇 + 𝑝)(𝜇 + 𝑞)

2(𝑝 + 𝑞)

Φ𝑒 =
2𝑄(𝑝 + 𝑞)

𝑞(𝜇 + 𝑞)
, 𝑄𝑒 =

𝑄

2

 

𝛿𝑀 = 𝑇𝛿𝑆 + Φ𝑒𝛿𝑄𝑒 + Φ𝑚𝛿𝑄𝑚  

𝐹 = 𝐹(𝑇, Φ𝑒 , 𝑄𝑚) = 𝑀 − 𝑇𝑆 − Φ𝑒𝑄𝑒  

𝛿 (𝑒−1(ℒSYM + 𝛾ℒLegendre )) = 𝑑 (𝛾𝛿 (𝑒√3𝜙 ∗ 𝐹(2)) ∧ 𝐴(1) + (𝛾 − 1)𝐴̃(1) ∧ 𝛿𝐹(2))  

𝛾𝐼Legendre = −
𝛾

16𝜋
∫  𝑒−1ℒLegendre = 𝛾𝛽(Φ𝑒𝑄𝑒 − Φ𝑚𝑄𝑚)  

𝑑𝑠̂5
2 =−

Δ𝑟

𝐻2
𝑑𝑡2 + 𝐻1 (

𝑑𝑟2

Δ𝑟
+ 𝑑𝜃2 + sin2 𝜃𝑑𝜑2)  

 +
𝐻2

𝐻1
(𝑑𝑧 −

𝑄(𝑝 + 2𝑟 − 𝜇)

𝐻2
𝑑𝑡 − 2𝑃cos 𝜃𝑑𝜑)

2  

𝛾𝛽−1𝐼Legendre = 𝛾(Φ𝑣𝑄𝑣 − Φ𝑝𝑄𝑝)  

𝑑𝑠̂4
2 =− (1 −

2𝜇𝑟

Σ
) 𝑑𝑡2 −

4𝜇𝑎𝑟

Σ
(1 − 𝑥2)𝑑𝑡𝑑𝜑 +

Σ

Δ
𝑑𝑟2 + Σ

𝑑𝑥2

1 − 𝑥2
 

+ (𝑟2 + 𝑎2 +
2𝜇𝑟

Σ
𝑎2(1 − 𝑥2)) (1 − 𝑥2)𝑑𝜑2  

Δ =𝑟2 − 2𝜇𝑟 + 𝑎2, Σ = 𝑟2 + 𝑎2𝑥2

 

𝑆̂4 =
1

16𝜋
∫  𝑑4𝑥√−𝑔̂𝑅̂  
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𝑀= 𝜇, 𝑇 =
𝑟ℎ − 𝜇

2𝜋(𝑟ℎ
2 + 𝑎2)

, 𝑆 = 𝜋(𝑟ℎ
2 + 𝑎2) 

𝐽 = 𝜇𝑎, Ω𝐻 =
𝑎

𝑟ℎ
2 + 𝑎2

 

𝐹H = 𝐹(𝑇, Ω𝐻) = 𝑀 − 𝑇𝑆 − Ω𝐻𝐽 =
𝜇

2
 

𝑑𝑠̂4
2 = 𝑒−𝜙𝑑𝑠3

2 + 𝑒𝜙(𝑑𝑧 + 𝐴(1))
2

 

ℒ3 = 𝑅 −
1

2
(∇𝜙)2 −

1

4
𝑒2𝜙𝐹2  

𝑑𝑠3
2= −Δ(1 − 𝑥2)𝑑𝑡2 + [(𝑟2 + 𝑎2)Σ + 2𝜇𝑎2𝑟(1 − 𝑥2)](1 − 𝑥2) (

𝑑𝑟2

Δ
+

𝑑𝑥2

1 − 𝑥2) 

𝐴(1)= −
2𝜇𝑟𝑎

(𝑟2 + 𝑎2)Σ + 2𝜇𝑎2𝑟(1 − 𝑥2)
𝑑𝑡  

𝑒𝜙 =
1 − 𝑥2

Σ
[(𝑟2 + 𝑎2)Σ + 2𝜇𝑎2𝑟(1 − 𝑥2)]

 

𝑒̂−1ℒ̂Legendre = 𝑑(𝑒𝜙𝐴(1) ∧∗̂ 𝐹(2))  

 

𝐼Legendre = −
1

16𝜋
∫  𝑒̂−1ℒ̂Legendre = −

1

16𝜋
∮ 𝑒𝜙𝐴(1) ∧∗̂ 𝐹(2)  

= −
1

16𝜋
∫  𝐼𝑥𝑑𝜏 ∧ 𝑑𝑥 ∧ 𝑑𝜑 + 𝐼𝑟𝑑𝜏 ∧ 𝑑𝑟 ∧ 𝑑𝜑  

𝐼𝑥= −
4𝜇2𝑎2𝑟(1 − 𝑥2)

Σ2[(𝑟2 + 𝑎2)2 − Δ𝑎2(1 − 𝑥2)]
[(𝑟2 − 𝑎2)𝑎2𝑥2 + 𝑟2(3𝑟2 + 𝑎2)] 

𝐼𝑟 =
8𝜇2𝑎4𝑟2𝑥(1 − 𝑥2)2

Σ2[(𝑟2 + 𝑎2)2 − Δ𝑎2(1 − 𝑥2)]

 

∫  
𝛽

0

 𝑑𝜏 = 𝛽, ∫  
2𝜋

0

 𝑑𝜑 = 2𝜋, ∫  
1

−1

 𝑑𝑥𝐼𝑥(𝑟 = 𝑟ℎ), ∫  
∞

𝑟ℎ

 𝑑𝑟𝐼𝑟(𝑥 = ±1) = 0  

𝛾𝛽−1𝐼Legendre = 𝛾
𝑎2

2𝑟ℎ
2 = 𝛾Ω𝐻𝐽  

𝑑𝑠2𝑛+1
2 = −

ℎ(𝑟)

𝑊(𝑟)
𝑑𝑡2 +

𝑑𝑟2

𝑓(𝑟)
+ 𝑟2𝑊(𝑟)(𝜎𝑛−1 + 𝜔(𝑟)𝑑𝑡)2 + 𝑟2𝑑𝑠ℂℙ𝑛−1

2  

𝑊(𝑟) = 1 +
𝜈2

𝑟𝐷−1
, 𝜔(𝑟) =

𝜈√𝜇

𝑟𝐷−1𝑊(𝑟)
, 𝑓(𝑟) = ℎ(𝑟) = 𝑊(𝑟) −

𝜇

𝑟𝐷−3

 

𝑀 =
(𝐷 − 2)Ω𝐷−2

16𝜋
𝜇, 𝐽 =

(𝐷 − 1)Ω𝐷−2

16𝜋
√𝜇𝜈, Ω𝐻 =

𝜈

𝑟ℎ√𝑟ℎ
𝐷−1 + 𝜈2
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𝑇 =
(𝐷 − 3)𝑟ℎ

𝐷−1 − 2𝜈2

4𝜋𝑟ℎ

1
2
(𝐷+1)

√𝑟ℎ
𝐷−1 + 𝜈2

, 𝑆 =
Ω𝐷−2

4
𝑟ℎ

1
2
(𝐷−3)

√𝑟ℎ
𝐷−1 + 𝜈2

 

𝐹H = 𝐹(𝑇, Ω𝐻) = 𝑀 − 𝑇𝑆 − Ω𝐻𝐽  

ℒ̂Legendre = ∇̂𝜇(Ωℱ𝜇𝜈𝒜𝜈)

Ω = 𝑟2𝑊(𝑟), 𝒜(1) = 𝐴ℂℙ𝑛−1 + 𝜔(𝑟)𝑑𝑡
 

ℒ̂reg-Legendre = ∇̂𝜇 (Ωℱ𝜇𝜈(𝒜𝜈 − 𝒜𝜈)) , 𝒜(1) = 𝐴ℂℙ𝑛−1  

𝛽−1𝐼Legendre = −
1

16𝜋𝛽
∫  𝑑𝐷𝑥√−𝑔̂ℒ̂reg-Legendre = Ω𝐻𝐽  

𝑆̂ =
1

16𝜋
∫  𝑑5𝑥√−𝑔̂ℒ̂, ℒ̂ = 𝑅̂ −

1

4
𝐹̂2 −

1

12√3
𝜖𝜇𝜈𝜌𝜎𝛿𝐹̂𝜇𝜈𝐹̂𝜌𝜎𝐴̂𝛿  

𝑒̂−1ℒ̂ = 𝑅̂ ∗̂ 𝟙 −
1

2
∗̂ 𝐹̂(2) ∧ 𝐹̂(2) +

1

3√3
𝐹̂(2) ∧ 𝐹̂(2) ∧ 𝐴̂(1)  

𝛿𝜆(𝑒̂−1ℒ̂) = 𝑑 (
𝜆

3√3
𝐹̂(2) ∧ 𝐹̂(2))  

𝛿(√−𝑔̂ℒ̂)

√−𝑔̂
= 𝐸̂𝜇𝜈𝛿𝑔̂𝜇𝜈 + 𝑆̂𝐴

𝜇
𝛿𝐴̂𝜇 + ∇̂𝜇Θ̂𝑔

𝜇
+ ∇̂𝜇Θ̂𝐴

𝜇

𝐸̂𝜇𝜈 = 𝑅̂𝜇𝜈 −
1

2
𝑔̂𝜇𝜈𝑅̂ +

1

8
𝑔̂𝜇𝜈𝐹̂2 −

1

2
𝐹̂𝜇𝜈

2 , 𝐒̂𝐴̂ = 𝑑 (− ∗̂ 𝐹̂(2) +
1

√3
𝐹̂(2) ∧ 𝐴̂(1))

Θ̂𝑔
𝜇

= 𝑔̂𝜇𝛼∇̂𝛽𝛿𝑔̂𝛼𝛽 − 𝑔̂𝛼𝛽∇̂𝜇𝛿𝑔̂𝛼𝛽 , 𝚯̂𝐴̂ = (∗̂ 𝐹̂(2) −
2

3√3
𝐹̂(2) ∧ 𝐴̂(1)) ∧ 𝛿𝐴̂(1)

 

𝑑𝑠̂5
2= −

𝑟2𝑊(𝑟)

4𝑏(𝑟)2
𝑑𝑡2 +

𝑑𝑟2

𝑊(𝑟)
+

𝑟2

4
(𝜎1

2 + 𝜎2
2) + 𝑏(𝑟)2(𝜎3 + 𝑓(𝑟)𝑑𝑡 − 𝑓(𝑟ℎ)𝑑𝑡)2 

𝐴̂(1) = 𝜓𝑒(𝑟) (𝑑𝑡 −
1

2
𝑗𝜎3) + 𝑐𝑑𝑡

 

𝜎1= cos 𝜒𝑑𝜃 + sin 𝜒sin 𝜃𝑑𝜑  
𝜎2= −sin 𝜒𝑑𝜃 + cos 𝜒sin 𝜃𝑑𝜑 

𝜎3 = 𝑑𝜒 + cos 𝜃𝑑𝜑
 

𝑏(𝑟)2=
𝑟2

4
(1 +

2𝑗2𝑝

𝑟4
−

𝑗2𝑞2

𝑟6 ) , 𝑓(𝑟) = −
𝑗

2𝑏(𝑟)2 (
2𝑝 − 𝑞

𝑟2
−

𝑞2

𝑟4) 

𝑊(𝑟) = 1 −
2(𝑝 − 𝑞)

𝑟2
+

2𝑗2𝑝 + 𝑞2

𝑟4
, 𝜓𝑒(𝑟) =

√3𝑞

𝑟2

 

𝛿𝐐̂𝐴̂ − 𝑖𝜉̂𝚯̂𝐴̂ =𝛿 (∗̂ 𝐹̂(2) −
2

3√3
𝐹̂(2) ∧ 𝐴̂(1)) (−𝑖𝜉̂𝐴̂(1))

 −𝑖𝜉̂ (∗̂ 𝐹̂(2) −
2

3√3
𝐹̂(2) ∧ 𝐴̂(1)) ∧ 𝛿𝐴̂(1)
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1

16𝜋
∫  

∞

  ∗̂ 𝐹̂(2)  

𝛿(𝑒̂−1ℒ̂) = 𝑑 [(∗̂ 𝐹̂(2) −
2

3√3
𝐹̂(2) ∧ 𝐴̂(1)) ∧ 𝛿𝐴̂(1)]  

𝐹H = 𝐹(𝑇, Ω𝐻 , Φ𝑒) = 𝑀 − 𝑇𝑆 − Ω𝐻𝐽 − Φ𝑒𝑄𝑒  

𝑑𝑠̂5
2= 𝑒

−
1

√3
𝜙

𝑑𝑠4
2 + 𝑒

2

√3
𝜙

(𝑑𝑧 + 𝒜(1))
2
 

𝐴̂(1) = 𝐴(1) + 𝜓(𝑑𝑧 + 𝒜(1))
 

ℒ =𝑅 ∗ 𝟙 −
1

2
∗ 𝑑𝜙 ∧ 𝑑𝜙 −

1

2
𝑒√3𝜙 ∗ ℱ(2) ∧ ℱ(2) −

1

2
𝑒

1

√3
𝜙

∗ 𝐹(2) ∧ 𝐹(2)

 −
1

2
𝑒

−
2

√3
𝜙

∗ 𝑑𝜓 ∧ 𝑑𝜓 +
1

√3
𝜓𝐹(2)

0 ∧ 𝐹(2)
0 +

1

√3
𝜓2𝐹(2)

0 ∧ ℱ(2) +
1

3√3
𝜓3ℱ(2) ∧ ℱ(2)

 

𝐹(2)
0 = 𝑑𝐴(1), ℱ(2) = 𝑑𝒜(1), 𝐹(2) = 𝐹(2)

0 + 𝜓ℱ(2)  

𝐄𝒜 = 𝑑 (𝑒√3𝜙 ∗ ℱ(2) + 𝑒
𝜙

√3𝜓 ∗ 𝐹(2) −
1

√3
𝜓2𝐹(2)

0 −
2

3√3
𝜓3ℱ(2)) = 0

𝐄𝐴 = 𝑑 (𝑒
𝜙

√3 ∗ 𝐹(2) −
2

√3
𝜓𝐹(2)

0 −
1

√3
𝜓2ℱ(2)) = 0

 

𝐐 =− ∗ 𝑑𝜉 − (𝑒√3𝜙 ∗ ℱ(2) + 𝑒
𝜙

√3𝜓 ∗ 𝐹(2) −
1

√3
𝜓2𝐹(2)

0 −
2

3√3
𝜓3ℱ(2)) (𝑖𝜉𝒜(1)) 

− (𝑒
𝜙

√3 ∗ 𝐹(2) −
2

√3
𝜓𝐹(2)

0 −
1

√3
𝜓2ℱ(2)) (𝑖𝜉𝐴(1))  

𝚯𝒜 =− (𝑒√3𝜙 ∗ ℱ(2) + 𝑒
𝜙

√3𝜓 ∗ 𝐹(2) −
1

√3
𝜓2𝐹(2)

0 −
2

3√3
𝜓3ℱ(2)) ∧ 𝛿𝒜(1)  

𝚯𝐴 = − (𝑒
𝜙

√3 ∗ 𝐹(2) −
2

√3
𝜓𝐹(2)

0 −
1

√3
𝜓2ℱ(2)) ∧ 𝛿𝐴(1)

 

𝑑𝑠4
2= √𝑏(𝑟)2 [−

𝑟2𝑊(𝑟)

4𝑏(𝑟)2
𝑑𝑡2 +

𝑑𝑟2

𝑊(𝑟)
+

𝑟2

4
(𝜎1

2 + 𝜎2
2)] 

𝐴(1)= (𝜓𝑒(𝑟) − 𝑓(𝑟)𝜓(𝑟))𝑑𝑡, 𝜓(𝑟) = −
1

2
𝑗𝜓𝑒(𝑟)  

𝒜(1) = 𝑓𝑑𝑡 + cos 𝜃𝑑𝜑 𝜙 =
√3

2
log 𝑏(𝑟)2

 

𝛿𝐐̂−𝑖𝜉̂𝚯̂ = (𝛿𝐐 − 𝑖𝜉𝚯) ∧ 𝑑𝑧 + 𝑑(𝛿Π𝑄 + 𝑖𝜉ΠΘ) ∧ 𝑑𝑧  

Π𝑄= −
2

3√3
𝜓𝐴(1)

′ (𝑖𝜉𝐴(1)
′ ) +

1

√3
𝜓2(𝑖𝜉𝐴(1))𝒜(1) +

2

3√3
𝜓3(𝑖𝜉𝒜(1))𝒜(1) 

ΠΘ= −
2

3√3
𝜓𝐴(1)

′ ∧ 𝛿𝐴(1)
′ −

1

√3
𝜓2𝛿𝐴(1) ∧ 𝒜(1) −

2

3√3
𝜓3𝛿𝒜(1) ∧ 𝒜(1)  

𝐴(1)
′  = 𝐴(1) + 𝜓𝒜(1)
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𝑒−1ℒ𝐴 = 𝑑 [(𝑒
𝜙

√3 ∗ 𝐹(2) −
2

√3
𝜓𝐹(2)

0 −
1

√3
𝜓2ℱ(2)) ∧ 𝐴(1)]  

𝑒̂−1ℒ̂Legendre 
𝑒 = 𝑑(− ∗̂ 𝐹̂(2) ∧ 𝐴̂(1))

⇒𝛾𝐼𝑒 = −
𝛾

16𝜋
∫  𝑒̂−1ℒ̂Legendre 

𝑒 = 𝛾𝛽Φ𝑒𝑄𝑒

 

𝐹𝛾=1 = 𝐹(𝑇, Ω𝐻 , 𝑄𝑒) = 𝑀 − 𝑇𝑆 − Ω𝐻𝐽  

𝑒̂−1ℒ̂Legendre 
𝑒 = 𝑑[−(∗̂ 𝐹̂(2) − 𝑚𝐹̂(2) ∧ 𝐴̂(1)) ∧ 𝐴̂(1)]  

𝑒−1ℒ𝐽 = 𝑑 [(𝑒√3𝜙 ∗ ℱ(2) + 𝑒
1

√3
𝜙

𝜓 ∗ 𝐹(2) −
1

√3
𝜓2𝐹(2)

0 −
2

3√3
𝜓3ℱ(2)) ∧ 𝒜(1)]  

𝑒̂−1ℒ̂re− Legendre 
𝐽

= 𝑑 [(𝒜(1) − 𝒜(1)) ∧ (𝑒
2

√3
𝜙∗̂ℱ(2))

]

𝒜(1) = cos 𝜃𝑑𝜑 + (𝑓(𝑟) − 𝑓(𝑟ℎ))𝑑𝑡, 𝒜(1) = cos 𝜃𝑑𝜑

 

𝛾𝐼𝐽 = −
𝛾

16𝜋
∫  𝑒̂−1ℒ̂re− Legendre 

𝐽 = 𝛾𝛽Ω𝐻𝐽  

𝐴̂(1) = 𝜓𝑒(𝑟) (𝑑𝑡 −
1

2
𝑗𝜎3) + 𝑐𝑡𝑑𝑡 + 𝑐𝜑𝑑𝜑 + 𝑐𝜒𝑑𝜒  

𝐴̂𝜇𝐴̂𝜇 = −
𝑏2

𝑟2𝑊
[2(𝑐𝑡 − 𝑓𝑐𝜒) + (2 + 𝑓𝑗)𝜓𝑒]

2
+

4(𝑐𝜑 − cos 𝜃𝑐𝜒)
2

𝑟2sin2 𝜃
+

(𝑗𝜓𝑒 − 2𝑐𝜒)
2

4𝑏2
 

𝐴̂𝜇𝐴̂𝜇|
𝑟→𝑟ℎ

= −
[(𝑐𝑡 + Φ𝑒)(𝑟ℎ

4 + 𝑗2𝑞) + 2𝑗(𝑟ℎ
2 + 𝑞)𝑐𝜒]

2

2𝑟ℎ
3(𝑟ℎ

2 + 𝑞)(𝑟ℎ
2 − 2𝑗2 − 𝑞)

1

𝑟 − 𝑟ℎ
+ ⋯ 

𝐴̂𝜇𝐴̂𝜇|
𝜃→0

=
4(𝑐𝜒 − 𝑐𝜑)

2

𝑟2

1

𝜃2
+ ⋯  

𝐴̂𝜇𝐴̂𝜇|
𝜃→𝜋

 =
4(𝑐𝜒 + 𝑐𝜑)

2

𝑟2

1

(𝜃 − 𝜋)2
+ ⋯

 

𝑑𝑠̂2 =−
Δ𝜃[(1 + ℓ−2𝑟2)𝜌2𝑑𝑡 + 2𝑄𝜈]𝑑𝑡

Ξ𝑎Ξ𝑏𝜌2
+

2𝑄𝜈𝜔

𝜌2
+

𝑓

𝜌4
(
Δ𝜃𝑑𝑡

Ξ𝑎Ξ𝑏
− 𝜔)

2

 

+
𝜌2𝑑𝑟2

Δ𝑟
+

𝜌2𝑑𝜃2

Δ𝜃
+

𝑟2 + 𝑎2

Ξ𝑎
sin2 𝜃𝑑𝜑2 +

𝑟2 + 𝑏2

Ξ𝑏
cos2 𝜃𝑑𝜒2  

𝐴̂(1) =
√3𝑄

𝜌2
(
Δ𝜃𝑑𝑡

Ξ𝑎Ξ𝑏
− 𝜔) + 𝑐𝑡𝑑𝑡 + 𝑐𝜑𝑑𝜑 + 𝑐𝜒𝑑𝜒

𝜈 =𝑏sin2 𝜃𝑑𝜑 + 𝑎cos2 𝜃𝑑𝜒, 𝜔 = 𝑎sin2 𝜃
𝑑𝜑

Ξ𝑎
+ 𝑏cos2 𝜃

𝑑𝜒

Ξ𝑏

Δ𝜃 =1 − 𝑎2ℓ−2cos2 𝜃 − 𝑏2ℓ−2sin2 𝜃,

Δ𝑟 =
(𝑟2 + 𝑎2)(𝑟2 + 𝑏2)(1 + ℓ−2𝑟2) + 𝑄2 + 2𝑎𝑏𝑄

𝑟2
− 2𝜇, Ξ𝑎 = 1 − 𝑎2ℓ−2, Ξ𝑏 = 1 − 𝑏2ℓ−2

𝜌2 =𝑟2 + 𝑎2 cos2 𝜃 + 𝑏2 sin2 𝜃 ,  

𝑓 =2𝜇𝜌2 − 𝑄2 + 2𝑎𝑏𝑄ℓ−2𝜌2.
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𝐴̂𝜇𝐴̂𝜇|
𝑟→𝑟ℎ

= −
(𝑥 − √3𝑦𝑄𝑟ℎ

2)
2

𝑟ℎ
4(𝑎2cos2 𝜃 + 𝑏2sin2 𝜃 + 𝑟ℎ

2)Δ𝑟
′ (𝑟ℎ)

1

𝑟 − 𝑟ℎ
+ ⋯

𝐴̂𝜇𝐴̂𝜇|
𝜃→

𝜋
2

=
Ξ𝑏𝑐𝜒

2

𝑟2 + 𝑏2

1

(𝜃 −
𝜋
2

)
2 + ⋯

𝐴̂𝜇𝐴̂𝜇|
𝜃→0

=
Ξ𝑎𝑐𝜑

2

𝑟2 + 𝑎2

1

𝜃2
+ ⋯

𝑥 = [(𝑟ℎ
2 + 𝑎2)(𝑟ℎ

2 + 𝑏2) + 𝑎𝑏𝑄](Ω𝑎𝑐𝜑 + Ω𝑏𝑐𝜒), 𝑦 =
𝑐𝑡

Φ𝑒
+ 1

 

Φ𝑒 =
√3𝑄𝑟ℎ

2

𝑎𝑏𝑄 + (𝑟ℎ
2 + 𝑎2)(𝑟ℎ

2 + 𝑏2)
, Ω𝑎 =

𝑎(𝑟ℎ
2 + 𝑏2)(1 + ℓ−2𝑟ℎ

2) + 𝑏𝑄

𝑎𝑏𝑄 + (𝑟ℎ
2 + 𝑎2)(𝑟ℎ

2 + 𝑏2)
, Ω𝑏 = Ω𝑎|𝑎↔𝑏  

𝛽−1𝐼 = 𝐹(𝑇, Ω𝑎 , Ω𝑏 , Φ𝑒) +
3𝜋ℓ2

32
(1 +

(Ξ𝑎 − Ξ𝑏)2

9Ξ𝑎Ξ𝑏
)  

𝑑𝑠ℂℙ𝑚
2 = 𝑑𝜉𝑚

2 + sin2 𝜉𝑚cos2 𝜉𝑚𝜎𝑚−1
2 + sin2 𝜉𝑚𝑑𝑠ℂℙ𝑚−1

2 , 𝜎𝑚−1 = 𝑑𝜓𝑚 + 𝐴ℂℙ𝑚−1  

𝐽ℂℙ𝑚 =
1

2
𝑑𝜎𝑚 =

1

2
𝑑𝐴ℂℙ𝑚  

𝐴ℂℙ𝑚 = sin2 𝜉𝑚(𝑑𝜓𝑚 + 𝐴ℂℙ𝑚−1), 𝐴ℂℙ1 = sin2 𝜉1𝑑𝜓1  

sin 𝜉𝑚 = 𝑥𝑚, 𝜓𝑚 = 𝑦𝑚 

𝑑𝑠ℂℙ1
2 =

𝑑𝑥1
2

1 − 𝑥1
2 + 𝑥1

2(1 − 𝑥1
2)𝑑𝑦1

2, 𝐴ℂℙ1 = 𝑥1
2𝑑𝑦1  

𝑑𝑠ℂℙ𝑚
2  =

𝑑𝑥𝑚
2

1 − 𝑥𝑚
2 + 𝑥𝑚

2 (1 − 𝑥𝑚
2 )𝜎𝑚

2 + 𝑥𝑚
2 𝑑𝑠ℂℙ𝑚−1

2 , 𝐴ℂℙ𝑚 = 𝑥𝑚
2 (𝑑𝑦𝑚 + 𝐴ℂℙ𝑚−1)

 

𝑑Ω2𝑚+1
2 = 𝜎𝑚

2 + 𝑑𝑠ℂℙℙ𝑚
2  

𝜉̂ = 𝜕𝑡 + Ω𝐻𝜕𝜑, Ω𝐻 =
2𝑗(𝑟ℎ

2 + 𝑞)

𝑟ℎ
4 + 𝑗2𝑞

 

𝜉̂2|
𝑟=𝑟ℎ

= 0 

𝐐̂= 𝐐̂𝑔 + 𝐐̂𝐴̂  

𝐐̂𝑔 = − ∗̂ 𝑑𝜉̂, 𝐐̂𝐴̂ = − (∗̂ 𝐹̂(2) −
2

3√3
𝐹̂(2) ∧ 𝐴̂(1)) (𝑖𝜉̂𝐴̂(1))

 

𝛿ℋ̂=
1

16𝜋
∫  

𝑆3
  (𝛿𝐐̂ − 𝑖𝜉̂𝚯̂) = 𝛿𝑀 − Ω𝐻𝛿𝐽 

𝑀 =
3𝜔3

8𝜋
(𝑝 − 𝑞), 𝐽 =

𝜔3

8𝜋
𝑗(2𝑝 − 𝑞)

 

𝜅2 = −
𝑔̂𝜇𝜈𝜕𝜇𝜉̂2𝜕𝜈𝜉̂2

4𝜉̂2
|
𝑟=𝑟ℎ

, 𝑇 =
𝜅

2𝜋
=

1

2𝜋

(𝑟ℎ
2 − 2𝑗2 − 𝑞)(𝑟ℎ

2 + 𝑞)

√𝑟ℎ
2 − 𝑗2(𝑟ℎ

4 + 𝑗2𝑞)
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𝑆 = −
1

8
∫  

𝑆3
 𝑑Ω3

𝜕ℒ̂

√−𝑔̂𝜕𝑅̂𝜇𝜈𝜌𝜎

𝜖𝜇𝜈𝜖𝜌𝜎|

𝑟=𝑟ℎ

=
𝜔3

4

𝑟ℎ
4 + 𝑗2𝑞

√𝑟ℎ
2 − 𝑗2

 

𝑄𝑒=
1

16𝜋
∫  

𝑆3
  (∗̂ 𝐹̂(2) −

1

√3
𝐹̂(2) ∧ 𝐴̂(1)) =

√3𝜔3

8𝜋
𝑞 

Φ𝑒 = 𝑖𝜉̂𝐴̂(1)|
𝑟=𝑟ℎ

𝑟→∞
=

√3𝑞(𝑟ℎ
2 − 𝑗2)

𝑟ℎ
4 + 𝑗2𝑞

 

Φ𝐴 = 𝑖𝜉𝐴(1)|𝑟=𝑟ℎ

𝑟→∞
=

√3𝑞(𝑟ℎ
2 − 𝑗2)

𝑟ℎ
4 + 𝑗2𝑞

Φ𝒜 = 𝑖𝜉𝒜(1)|𝑟=𝑟ℎ

𝑟→∞
=

2𝑗(𝑟ℎ
2 + 𝑞)

𝑟ℎ
4 + 𝑗2𝑞

 

𝑄𝐴 =
√3𝜔2

64𝜋
𝑞, 𝑄𝒜 =

𝜔2

64𝜋
𝑗(2𝑝 − 𝑞)  

∫  
4𝜋

0

 𝑑𝜒 =
8𝜔3

𝜔2

 

𝑀 =
3𝜔2

64𝜋
(𝑝 − 𝑞), 𝑇 =

1

2𝜋

(𝑟ℎ
2 − 2𝑗2 − 𝑞)(𝑟ℎ

2 + 𝑞)

√𝑟ℎ
2 − 𝑗2(𝑟ℎ

4 + 𝑗2𝑞)

, 𝑆 =
𝜔2

32

𝑟ℎ
4 + 𝑗2𝑞

√𝑟ℎ
2 − 𝑗2

 

𝑔𝜇𝜈(𝜏, 𝑥𝑖) = 𝑒−2𝜏𝑔̃𝜇𝜈(𝜏, 𝑥𝑖) 𝑔̃𝜇𝜈(𝜏 + Δ, 𝑥𝑖) = 𝑔̃𝜇𝜈(𝜏, 𝑥𝑖)  
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𝑅𝜇𝜈𝜆𝜎𝑅𝜇𝜈𝜆𝜎|
max

∝ (𝑝∗ − 𝑝)−4𝛾 

𝑆 [𝑔𝜇𝜈
(𝐷)

, 𝜓] =
1

16𝜋𝐺(𝐷)
∫  d𝐷𝑥√−𝑔(𝐷)𝑅(𝐷) −

1

2
∫   d𝐷𝑥√−𝑔(𝐷)𝑔(𝐷)

𝜇𝜈
(∇𝜇𝜓)(∇𝜈𝜓)  

d𝑠(𝐷)
2 = 𝑔𝛼𝛽(𝑥𝛾)d𝑥𝛼d𝑥𝛽 + Φ2(𝑥𝛾)dΩ

𝑆𝐷−2
2

 

𝑅(𝐷) = 𝑅 − 2(𝐷 − 2)
◻ Φ

Φ
− (𝐷 − 3)(𝐷 − 2)

(∇Φ)2

Φ2
+

(𝐷 − 3)(𝐷 − 2)

Φ2
 

𝑆2 d[𝑋, 𝑔𝛼𝛽 , 𝜓] =
1

2
∫   d2𝑥√−𝑔(𝑋𝑅 − 𝑈(𝑋)(𝜕𝑋)2 − 2𝑉(𝑋)) −

1

2
∫   d2𝑥√−𝑔𝑋(𝜕𝜓)2  

Φ = 𝑋
1

𝐷−2  

𝑈(𝑋) = −
𝐷 − 3

𝐷 − 2

1

𝑋
 𝑉(𝑋) = −

1

2
(𝐷 − 2)(𝐷 − 3)𝑋

𝐷−4
𝐷−2  

ℰ𝛼𝛽  = 𝑔𝛼𝛽 ◻ 𝑋 − ∇𝛼𝜕𝛽𝑋 +
1

2
𝑔𝛼𝛽𝑈(𝑋)(𝜕𝑋)2 − 𝑈(𝑋)(𝜕𝛼𝑋)(𝜕𝛽𝑋) + 𝑔𝛼𝛽𝑉(𝑋)

ℰ𝑋  = 𝑅 + 2𝑈(𝑋) ◻ 𝑋 + 𝜕𝑋𝑈(𝑋)(𝜕𝑋)2 − 2𝜕𝑋𝑉(𝑋)
 

𝑇𝛼𝛽  = −
2

√−𝑔

𝛿𝑆𝑚

𝛿𝑔𝛼𝛽
= 𝑋 ((𝜕𝛼𝜓)(𝜕𝛽𝜓) −

1

2
𝑔𝛼𝛽(𝜕𝜓)2)

𝑇𝑋  = −
2

√−𝑔

𝛿𝑆𝑚

𝛿𝑋
= (𝜕𝜓)2

 

◻ 𝑋 = −2𝑉(𝑋)  
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∇𝛼ℰ𝛼 𝛽 +
1

2
(𝜕𝛽𝑋)ℰ𝑋 ≡ 0  

∇𝛼𝑇𝛽
𝛼 +

1

2
(𝜕𝛽𝑋)𝑇𝑋 = 0  

d𝑠2 = 𝑒−2𝜏(𝑔̃𝛼𝛽(𝜏, 𝑥)d𝑥𝛼d𝑥𝛽 + 𝑥2 dΩ
𝑆𝐷−2
2 )  

𝑔̃𝛼𝛽d𝑥𝛼d𝑥𝛽 = 𝑒𝜔((𝑥2 − 𝑓2)d𝜏2 − 2𝑥 d𝜏 d𝑥 + d𝑥2)  

𝑔𝜇𝜈(𝜏 + Δ, 𝑥) = 𝑒−2Δ𝑔𝜇𝜈(𝜏, 𝑥) 

Φ(𝜏, 𝑥) = 𝑒−𝜏𝑥 𝑋(𝜏, 𝑥) = 𝑒−𝜏(𝐷−2)𝑥𝐷−2  

√−𝑔 = 𝑒−2𝜏𝑒𝜔|𝑓| 

𝑔𝜇𝜈 → 𝑒−2𝜏0𝑔𝜇𝜈  𝑋 → 𝑒−(𝐷−2)𝜏0𝑋 ⇒  𝑆 → 𝑒−(𝐷−2)𝜏0𝑆  

𝑓(𝜏, 0) = ∑  

∞

𝑘=0

 Re(𝑓𝑘)cos (
2𝜋𝑘

Δ
𝜏) + Im(𝑓𝑘)sin (

2𝜋𝑘

Δ
𝜏)  

𝑓𝑘 =
1

Δ
∫  

Δ

0

d𝜏𝑒2𝜋𝑖𝑘𝜏/Δ𝑓(𝜏, 0) 

Re(𝑓𝑘) → Re(𝑓𝑘)cos (
2𝜋𝑘

Δ
𝜏0) + Im(𝑓𝑘)sin (

2𝜋𝑘

Δ
𝜏0)

Im(𝑓𝑘) → Im(𝑓𝑘)cos (
2𝜋𝑘

Δ
𝜏0) − Re(𝑓𝑘)sin (

2𝜋𝑘

Δ
𝜏0)

 

𝜏0 = −
Δ

2𝜋𝑘
tan−1 (

Re(𝑓𝑘)

Im(𝑓̂𝑘)
)  

Re(𝑓2) = 0  

𝜓+: = √
1

𝐷 − 2

𝑥

𝑓
𝑣𝜇𝜕𝜇𝜓 𝜓−: = √

1

𝐷 − 2

𝑥

𝑓
𝑢𝜇𝜕𝜇𝜓  

𝑣𝜇𝜕𝜇 = 𝜕𝜏 + (𝑓 + 𝑥)𝜕𝑥   𝑢𝜇𝜕𝜇 = 𝜕𝜏 − (𝑓 − 𝑥)𝜕𝑥  

𝑇𝛼𝛽(𝜏, 𝑥) = 𝑇𝛼𝛽(𝜏 + Δ, 𝑥) and 𝑇𝑋(𝜏, 𝑥) = 𝑇𝑋(𝜏 + Δ, 𝑥) 

𝜓(𝜏, 𝑥) = 𝑛𝜏 + 𝜓periodic (𝜏, 𝑥)  
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𝑥𝜕𝑥𝜔 = (𝐷 − 3)(1 − 𝑒𝜔) +
1

2
(𝜓+

2 + 𝜓−
2)

𝑥𝜕𝑥𝑓 = (𝐷 − 3)(𝑒𝜔 − 1)𝑓
2𝑥

𝑓
𝑣𝜇𝜕𝜇𝜓−  = (𝐷 − 2 − 2(𝐷 − 3)𝑒𝜔)𝜓− + (𝐷 − 2)𝜓+

2𝑥

𝑓
𝑢𝜇𝜕𝜇𝜓+  = (2 − 𝐷 + 2(𝐷 − 3)𝑒𝜔)𝜓+ + (2 − 𝐷)𝜓−

 

𝜕𝜏𝜔 =
(𝑓 − 𝑥)𝜓+

2 − (𝑓 + 𝑥)𝜓−
2

2𝑥
+ (𝐷 − 3)(𝑒𝜔 − 1).  

𝜔(𝜏 + Δ/2, 𝑥) = 𝜔(𝜏, 𝑥) 

𝜓±(𝜏 + Δ/2, 𝑥) = −𝜓±(𝜏, 𝑥) 

𝑅(𝐷)|
𝑥≪1

= (1 − 𝑒−𝜔)|𝑥=0

(𝐷 − 2)(𝐷 − 3)𝑒2𝜏

𝑥2

 +[𝑒−𝜔((𝐷 − 3)𝜕𝑥𝜔 − 2𝜕𝑥ln 𝑓)]|𝑥=0

(𝐷 − 2)𝑒2𝜏

𝑥
+ 𝒪(1)

 

(𝐷 − 3)𝜕𝑥𝜔(𝜏, 0) = 2𝜕𝑥ln 𝑓(𝜏, 0) 

𝜔 = 𝜓± = 𝜕𝑥𝜔 = 𝜕𝑥𝑓 = 𝜕𝑥(𝜓+ − 𝜓−) = 𝜕𝑥
2(𝜓+ + 𝜓−) = 0  

𝜔 = 𝜔2(𝜏)𝑥2 + 𝒪(𝑥4) 

𝜔2 = 𝜓1+(𝜏)2/(𝐷 − 1) 

𝜔|𝑥=𝑥∗
= 0 

𝜕𝑥𝜔|𝑥=𝑥∗
< 0 

𝑥∗𝜕𝑥𝜔|𝑥=𝑥∗
=

1

2
(𝜓+

2 + 𝜓−
2) ≥ 0 

𝜕𝜏𝜓+|𝑥→1− =
𝐷

2
(𝜓+ − 𝜓−) + 𝜓− − 2𝜓+ + (𝐷 − 3)(𝑒𝜔 − 1)𝜓+|𝑥→1−  

𝑓𝑐(𝜏): = 𝑓(𝜏, 0) Ψ𝑐(𝜏): = lim
𝑥→0

  (
𝜓+(𝜏, 𝑥) − 𝜓−(𝜏, 𝑥)

2𝑥2
)  

𝜓−𝑝(𝜏): = 𝜓−(𝜏, 1)  

Π(𝜏, 𝑥): =
𝜓+(𝜏, 𝑥) + 𝜓−(𝜏, 𝑥)

2𝑥
 Ψ(𝜏, 𝑥): =

𝜓+(𝜏, 𝑥) − 𝜓−(𝜏, 𝑥)

2𝑥2
 

𝛿𝑍(𝜏, 𝑥) = ∑  

∞

𝑖=1

 𝑒𝜆𝑖𝜏𝛿𝑖𝑍(𝜏, 𝑥) 𝛿𝑖𝑍(𝜏 + Δ, 𝑥) = 𝛿𝑖𝑍(𝜏, 𝑥)  
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𝑥𝜕𝑥𝛿𝑖𝜔 = −(𝐷 − 3)𝑒𝜔𝛿𝑖𝜔 + 𝜓+𝛿𝑖𝜓+ + 𝜓−𝛿𝑖𝜓−

𝑥𝜕𝑥𝛿𝑖𝑓 =  (𝐷 − 3)𝑒𝜔𝑓𝛿𝑖𝜔 + (𝐷 − 3)(𝑒𝜔 − 1)𝛿𝑖𝑓
2𝑥

𝑓
𝑣𝜇𝜕𝜇𝛿𝑖𝜓− =

2𝑥

𝑓2 ((𝜕𝜏 + 𝑥𝜕𝑥)𝜓−)𝛿𝑖𝑓 − 2(𝐷 − 3)𝑒𝜔𝜓−𝛿𝑖𝜔

 +(𝐷 − 2 − 2(𝐷 − 3)𝑒𝜔)𝛿𝑖𝜓− + (𝐷 − 2)𝛿𝑖𝜓+ −
2𝑥

𝑓
𝜆𝑖𝛿𝑖𝜓−

2𝑥

𝑓
𝑢𝜇𝜕𝜇𝛿𝑖𝜓+ =

2𝑥

𝑓2 ((𝜕𝜏 + 𝑥𝜕𝑥)𝜓+)𝛿𝑖𝑓 + 2(𝐷 − 3)𝑒𝜔𝜓+𝛿𝑖𝜔

 +(2 − 𝐷 + 2(𝐷 − 3)𝑒𝜔)𝛿𝑖𝜓+ + (2 − 𝐷)𝛿𝑖𝜓− −
2𝑥

𝑓
𝜆𝑖𝛿𝑖𝜓+

𝜕𝜏𝛿𝑖𝜔 =
𝜓+

2 − 𝜓−
2

2𝑥
𝛿𝑖𝑓 − 𝜓+𝛿𝑖𝜓+ (1 −

𝑓

𝑥
) − 𝜓−𝛿𝑖𝜓− (1 +

𝑓

𝑥
)

 +(𝐷 − 3)𝑒𝜔𝛿𝑖𝜔 − 𝜆𝑖𝛿𝑖𝜔

 

𝛾(𝐷) =
1

𝜆(𝐷)
 

𝑄 ∼ |𝑝 − 𝑝∗|
𝛽𝛾  

1 − 2𝑚/Φ𝐷−3 = (𝜕Φ)2 

𝑚 =
1

2
𝑒−(𝐷−3)𝜏𝑥𝐷−3(1 − 𝑒−𝜔)  

𝑅(𝐷) = −(𝐷 − 2)𝑒2𝜏𝑒−𝜔
𝜓+𝜓−

𝑥2
 

𝑅 = −(𝐷 − 2)𝑒2𝜏𝑒−𝜔
𝜓+𝜓− + (𝐷 − 3)(1 − 𝑒𝜔)

𝑥2
 

𝑇𝜇𝜈 =
𝐷 − 2

4
𝑒−(𝐷−2)𝜏𝑥𝐷−4 (

(𝑓 − 𝑥)2𝜓+
2 + (𝑓 + 𝑥)2𝜓−

2 (𝑓 − 𝑥)𝜓+
2 − (𝑓 + 𝑥)𝜓−

2

(𝑓 − 𝑥)𝜓+
2 − (𝑓 + 𝑥)𝜓−

2 𝜓+
2 + 𝜓−

2 )  

𝑇𝑋 = −
(𝐷 − 2)𝑒2𝜏

2𝑥2
𝑒−𝜔𝜓+𝜓− =

1

2
𝑅(𝐷)  

√det𝑇𝜇𝜈 =
𝐷 − 2

2
𝑒−(𝐷−2)𝜏𝑥𝐷−2

𝜓+𝜓−

𝑥2
.  

𝑇𝜇𝜈𝑣𝜇𝑣𝜈 = (𝑣𝜇𝜕𝜇𝜓)
2

≥ 0 𝑇𝜇𝜈𝑢𝜇𝑢𝜈 = (𝑢𝜇𝜕𝜇𝜓)
2

≥ 0  

 NEC saturation:  
𝜓+𝜓−

𝑥2
= 0  

𝛼 = gd(𝜉) = 2arccot(𝐷 − 1)  

𝑥L =

{
 

 
10−2, 4.8 ≤ 𝐷 ≤ 5.5

10−3, 3.2 ≤ 𝐷 < 4.8

10−4, 3.1 ≤ 𝐷 < 3.2

5 ⋅ 10−5, 3.05 ≤ 𝐷 < 3.1

 𝑥R = {
1 − 10−2, 4.8 ≤ 𝐷 ≤ 5.5

1 − 10−3, 3.1 ≤ 𝐷 < 4.8
.  
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𝑥 =
𝑒𝑥‾

1 + 𝑒𝑥‾
 

𝑍(𝜏𝑛, 𝑥) = 𝑍̂0(𝑥) + 𝑍̂𝑁𝜏
2

(𝑥)cos (
𝜋𝑁𝜏

Δ
𝜏𝑛) + ∑  

𝑁𝜏
2

−1

𝑘=1

 (𝑍̂𝑘(𝑥)𝑒−
2𝜋𝑖𝑘

Δ
𝜏𝑛 + 𝑍̂𝑁𝜏−𝑘(𝑥)𝑒

2𝜋𝑖𝑘
Δ

𝜏𝑛)  

𝑍̂𝑘
∗(𝑥) = 𝑍̂𝑁𝜏−𝑘(𝑥)  

𝑌̂𝑘 = 𝜓̂−,𝑘 + 𝑖(𝜓̂+,𝑘 + 𝑓𝑘) 𝑘 = 0, … , 𝑁𝜏 − 1  

𝜕𝜏𝑦 + 𝑎𝑦 + 𝑏 = 0  

𝑎‾: = ∫  
Δ

0

𝑎 ≠ 0 

𝑦(𝜏) =
1

𝜇
(

1

1 − 𝑒𝑎‾
∫  

Δ

0

 d𝑧𝜇(𝑧)𝑏(𝑧) − ∫  
𝜏

0

 d𝑧𝜇(𝑧)𝑏(𝑧))  𝜇(𝜏) = exp ∫  
𝜏

0

 d𝑧𝑎(𝑧)  

𝑀𝑖 =(𝑓0, … , 𝑓𝑁𝜏/2−1, 𝜓+,0, … , 𝜓+,𝑁𝜏/2−1, 𝜓−,0, … , 𝜓−,𝑁𝜏/2−1)|
𝑥=𝑥match 

L

 −(𝑓0, … , 𝑓𝑁𝜏/2−1, 𝜓+,0, … , 𝜓+,𝑁𝜏/2−1, 𝜓−,0, … , 𝜓−,𝑁𝜏/2−1)|
𝑥=𝑥match 

R
 

𝐽𝑖𝑗𝛿𝑧𝑗
(𝑛)

= −𝑀𝑖 (𝑧𝑘
(𝑛)

) 𝐽𝑖𝑗 =
𝜕𝑀𝑖

𝜕𝑧𝑗
≈

𝑀𝑖 (… , 𝑧𝑗
(𝑛)

+ 𝜖, … ) − 𝑀𝑖 (… , 𝑧𝑗
(𝑛)

, … )

𝜖
 

𝑧𝑖
(𝑛+1)

= 𝑧𝑖
(𝑛)

+ 𝜂𝛿𝑧𝑖
(𝑛)

 

𝛿𝑖𝑍𝐿(𝑥match ) − 𝛿𝑖𝑍𝑅(𝑥match ) = 𝐴(𝜆) ⋅ (𝛿𝑓𝑐 , 𝛿Ψ𝑐 , 𝛿𝜓−𝑝) 

𝑠 = exp (−
2

3𝑁𝜏
∑  

𝑗

 ln |𝜈𝑗|) det𝐴(𝜆) 

𝜆 ≠
𝐷 − 3

Δ
∫  

Δ

0

 d𝜏𝑒𝜔 ∀𝑥 ∈ [0,1]  

𝜆 ≠
1

Δ
∫  

Δ

0

d𝜏((𝐷 − 3)𝑒𝜔 − 2𝜓−
2(1 + 𝑓/𝑥)) 

lim
𝐷→∞

 max𝑓𝑐(𝜏) = 1 − 𝒪(1/𝐷2) 
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𝑀BH = 𝑀0(𝑝 − 𝑝∗)
(𝐷−3)𝛾𝑒𝜇[ln (𝑝−𝑝∗)]  𝜇: periodic with period 

Δ

2𝛾
.  

 NNLO NEC lines :  𝜏 = 𝜏0 ±
𝑥

𝐷 − 1
−

𝑥2

2(𝐷 − 1)2
+ 𝒪(𝑥4)  

𝛿𝜏

Δ
=

2

(𝐷 − 1)Δ
+ 𝒪(1/𝐷3)  

Near-center: 𝑥 ≪
Δ

4𝜋
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Center-bulk transition: 𝑥 ∼ 𝒪 (
Δ

4𝜋
) 

Bulk: 𝑥 ≫
Δ

4𝜋
, 1 − 𝑥 ≫

Δ

4𝜋
 

Bulk-SSH transition: 1 − 𝑥 ∼ 𝒪 (
Δ

4𝜋
) 

Near-SSH: 1 − 𝑥 ≪
Δ

4𝜋
 

Δ/(4𝜋) ∼ 𝒪(1) 

Ω =
𝐷 − 3

𝑥2
(𝑒𝜔 − 1)  

𝜕𝑦Ω =
1

2𝑦
((𝐷 − 3)Π2 − (𝐷 − 1)Ω) +

Ω

2
(Π2 − Ω + 𝑦Ψ2) +

𝐷 − 3

2
Ψ2

𝜕𝑦𝑓 =
Ω𝑓

2
(𝜕𝜏 + 2𝑦𝜕𝑦)Π = 2𝑓𝑦𝜕𝑦Ψ + (𝐷 − 1 + 𝑦Ω)𝑓Ψ − Π

(𝜕𝜏 + 2𝑦𝜕𝑦)Ψ = 2𝑓𝜕𝑦Π + 𝑓ΩΠ − 2Ψ

(𝜕𝜏 + 2𝑦𝜕𝑦)Ω = 2(𝐷 − 3 + 𝑦Ω)𝑓ΠΨ − 2Ω

 

𝑦 = 0: Ω =
𝐷 − 3

𝐷 − 1
Π2  

𝑦 = 0: Ψ =
𝜕𝜏Π + Π

(𝐷 − 1)𝑓
 

𝑦 = 0: 𝜕𝜏
2Π + 3𝜕𝜏Π + 2Π = (𝜕𝜏Π + Π)𝜕𝜏ln 𝑓 + (𝐷 − 3)𝑓2Π3 + 2(𝐷 − 1)𝑓2𝜕𝑦Π  

Ω = ΩLO(𝜏, 𝑥) + 𝒪(𝜖) 𝑓 = 𝑓LO(𝜏, 𝑥) + 𝒪(𝜖) 𝜓± = 𝜓±LO(𝜏, 𝑥) + 𝒪(𝜖)  

Δ =
𝜖

𝐴
 𝜖 = 𝐷−1/𝑁 𝑁 ∈ ℤ+  

𝜏 → Δ𝜏 ⇒  𝜕𝜏 →
𝐴

𝜖
𝜕𝜏  

ΩLO  = ΠLO
2 + 𝑥2ΨLO

2

ΨLO  =
𝐴𝜕𝜏ΠLO

𝑓LO

𝑓LO  = 𝑓0(𝑥)𝜕𝜏ΠLO

𝜕𝜏𝜕𝑥ΠLO  =
𝜕𝜏ΠLO

𝑓0
2(𝑥)

(𝐴𝑥3 + 𝑥𝑓0
2(𝑥)ΠLO

2 − 𝑓0(𝑥)𝑓0
′(𝑥))
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ΩLO  = ΠLO
2

ΨLO  = 𝜖
𝐴𝜕𝜏ΠLO

𝑓LO

𝜕𝑥𝑓LO  = 𝑥ΠLO
2 𝑓LO

𝜕𝑥ΠLO  =
𝐴2𝑥

𝑓LO
𝜕𝜏 (

𝜕𝜏ΠLO

𝑓LO
) − 𝑥ΠLO

3

 

ΩLO = ΠLO
2  𝜕𝑥𝑓LO = 𝑥ΠLO

2 𝑓LO 𝜕𝑥ΠLO = −𝑥ΠLO
3  

ΨLO =
𝐴𝜕𝜏ΠLO

𝐷𝜖𝑓LO
 

ΩLO(𝜏, 𝑥)  =
𝛽2(𝜏)

1 + 𝛽2(𝜏)𝑥2
𝑓LO(𝜏, 𝑥)  = √

1 + 𝛽2(𝜏)𝑥2

1 + 𝛽2(𝜏)

ΠLO  =
𝛽(𝜏)

√1 + 𝛽2(𝜏)𝑥2
ΨLO(𝜏, 𝑥)  =

𝐴√1 + 𝛽2(𝜏)

𝐷𝜖

𝜕𝜏𝛽(𝜏)

(1 + 𝛽2(𝜏)𝑥2)2

 

𝑅LO = −𝑒2𝜏
𝐷𝛽2(𝜏/Δ)

1 + 𝛽2(𝜏/Δ)𝑥2
 

𝛼 ≈
2

𝐷 − 1
+ 𝒪(1/𝐷3)  

𝛽(𝜏) ≈ 𝛽0(𝜏 − 𝜏0) 

ΠLO = ±𝑥ΨLO 

ΠLO ≈ 𝛽0
1

Δ
(𝜏 − 𝜏0) and ΨLO ≈ 𝛽0

1

Δ𝐷
 

𝑛±
𝜇
𝜕𝜇 = ±𝜕𝜏 + 𝐷𝜕𝑥 

cosh 𝜉 =
𝑛+

𝜇
𝑛−

𝜈 𝑔𝜇𝜈

√𝑛+
𝜇
𝑛+

𝜈 𝑔𝜇𝜈𝑛−
𝜆𝑛−

𝜎𝑔𝜆𝜎

≈ 1 +
2

𝐷2  

𝛼 ≈
2

𝐷
+ 𝒪(1/𝐷2)  

Ω = ΩLO +
2𝜖𝑥2𝛽𝛽1

(1 + 𝛽2𝑥2)2
+ 𝒪(𝜖2)

𝑓 = 𝑓LO −
𝜖(1 − 𝑥2)𝛽𝛽1

(1 + 𝛽2)3/2√1 + 𝛽2𝑥2
+ 𝒪(𝜖2)

Π = ΠLO +
𝜖𝛽1

(1 + 𝛽2𝑥2)3/2
+ 𝒪(𝜖2)

Ψ = ΨLO +
(1 + 𝛽2)(1 + 𝛽2𝑥2)(𝛽 + 𝐴𝛽1

′) + 𝐴𝛽𝛽′𝛽1(1 − 4𝑥2 − 3𝛽2𝑥2)

𝐷√1 + 𝛽2(1 + 𝛽2𝑥2)3
+ 𝒪(𝜖/𝐷)
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𝑅 = 𝑅LO − 𝑒2𝜏
2𝜖𝐷𝛽(𝜏/Δ)𝛽1(𝜏/Δ)

(1 + 𝛽(𝜏/Δ)2𝑥2)2
+ 𝒪(𝜖2𝐷)  

Π(𝜏, 0) = 𝛽(𝜏) + ∑  

∞

𝑛=1

 𝛽𝑛(𝜏)𝜖𝑛  

ΨLO(𝜏, 𝑥) =
√1 + 𝛽2(𝜏)

𝐷

𝛽(𝜏) + 𝜕𝜏𝛽(𝜏)

(1 + 𝛽2(𝜏)𝑥2)2
 

lim
𝐷→∞

 Δ𝐷1/𝑁 → ∞ ∀𝑁 ∈ ℤ+
 

𝜓‾+0 = 𝜓‾−0 + 𝒪(𝜖) 

𝜖 = 1/(𝐷 − 1) 

𝑓0(𝜏) = 𝑓𝑐(𝜏) = 𝑓(𝜏, 0) = 1/√1 + 𝛽2(𝜏) 

ΨLO(𝜏, 0) =
𝜕𝜏𝛽(𝜏) + 𝛽(𝜏)

𝑓0(𝜏)(𝐷 − 1)
 

𝛽(𝜏) = 𝜓+1(𝜏) 

𝑓𝑐(𝜏) = 1/√1 + 𝛽2(𝜏) 

𝜓−𝑝 = 𝛽(𝜏)/√1 + 𝛽2(𝜏) 

𝜔(𝜏, 𝑥)  = 𝜔LO(𝜏, 𝑥) + 𝜔NLO(𝜏, 𝑥)𝜖 + 𝒪(𝜖2)

𝑓(𝜏, 𝑥)  = 1 + 𝑓NLO(𝜏, 𝑥)𝜖 + 𝒪(𝜖2)

𝜓−(𝜏, 𝑥)  = 𝜓−LO(𝜏, 𝑥) + 𝜓−NLO(𝜏, 𝑥)𝜖 + 𝒪(𝜖2)

𝜓+(𝜏, 𝑥)  = 𝜓+LO(𝜏, 𝑥) + 𝜓+NLO(𝜏, 𝑥)𝜖 + 𝒪(𝜖2)

 

𝑥(𝜕𝜏 ± (1 ± 𝑥)𝜕𝑥)𝜔LO = ±𝜓±LO
2 𝑥𝜕𝑥𝑓NLO = 𝑒𝜔LO − 1

2𝑥(𝜕𝜏 ± (1 ± 𝑥)𝜕𝑥)𝜓∓LO = ±𝜓+LO ± 𝜓−LO

 

ΠLO =
𝜓+LO + 𝜓−LO

2𝑥
 ΨLO =

𝜓+LO − 𝜓−LO

2𝑥2
 

ΠLO(𝜏, 𝑥) = ∑  

𝑘∈ℤ

  𝑒𝑖
2𝜋
Δ

𝑘𝜏𝜋𝑘(𝑥) ΨLO(𝜏, 𝑥) = ∑  

𝑘∈ℤ

  𝑒𝑖
2𝜋
Δ

𝑘𝜏𝜓̂𝑘(𝑥)  

𝜋𝑘
′′ +

1 − (4 +
4𝜋𝑖
Δ 𝑘) 𝑥2

𝑥(1 − 𝑥2)
𝜋𝑘

′ +

4𝜋2

Δ2 𝑘2 − 2 −
6𝜋𝑖
Δ 𝑘

1 − 𝑥2
𝜋𝑘 = 0  

𝜋0 =
𝑐0

√1 − 𝑥2
+

𝑏0arctan √1 − 𝑥2

√1 − 𝑥2
 

𝜋0 ≈ 𝑐0/√2(1 − 𝑥) + 𝑏0𝒪 
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𝜋𝑘 = 𝑐𝑘  2𝐹1 (1 +
𝑖𝜋𝑘

Δ
,
1

2
+

𝑖𝜋𝑘

Δ
, 1; 𝑥2) + 𝑏𝑘 2𝐹1 (1 +

𝑖𝜋𝑘

Δ
,
1

2
+

𝑖𝜋𝑘

Δ
,
3

2
+

𝑖2𝜋𝑘

Δ
; 1 − 𝑥2) .  

𝜋𝑘 = −𝑏𝑘(ln 𝑥)
21+

2𝜋𝑖𝑘
Δ Γ (

3
2 +

2𝜋𝑖𝑘
Δ )

√𝜋Γ (1 +
2𝜋𝑖𝑘

Δ
)

+ 𝒪  

𝜋𝑘 = 𝑐𝑘 (1 −
1

4
(
2𝜋𝑘

Δ
− 𝑖) (

2𝜋𝑘

Δ
− 2𝑖) 𝑥2 + 𝑂(𝑥4))  

𝜓̂𝑘 =
Δ

2𝜋𝑖𝑘

1 − 𝑥2

𝑥
𝜋𝑘

′ − (1 +
Δ

2𝜋𝑖𝑘
) 𝜋𝑘  

ΨLO =
1

2
𝜕𝜏ΠLO  at 𝑥 = 0 

𝑛±
𝜇
𝜕𝜇 = ±𝜕𝜏 + 2𝜕𝑥 

𝑘̂: =
2𝜋

Δ
𝑘 

𝜓±(𝜏, 𝑥) = ∑  

𝑘∈ℤ

  𝑐𝑘𝑒𝑖𝑘̂𝜏 (𝑥 ±
𝑥2

2
(1 + 𝑘̂) +

𝑥3

2
(1 +

𝑖𝑘̂

2
) (1 + 𝑖𝑘̂) + 𝒪(𝑥4))  

𝜓+(𝜏, 𝑥 → 1−) = ∑  

𝑘∈ℤ

 
𝑐𝑘𝑒𝑖𝑘̂𝜏

(1 − 𝑥)
1
2
+𝑖𝑘̂

√2𝜋

cosh (𝑘̂𝜋)Γ (
1
2

− 𝑖𝑘̂) Γ(1 + 𝑖𝑘̂)
+ 𝒪(1)  

lim
𝐷→3+

 Δ ∝ (𝐷 − 3)𝛼  𝛼 ≈ 0.15  

𝑥 ∼ 𝒪(𝜖𝛿) 

𝑦 = 𝑥/𝜖𝛿 

𝑒𝜔(𝜏,𝑥) =
𝑎(𝜏, 𝑥)

𝜖
 𝑎(𝜏, 𝑥) ∼ 𝒪(1)  

𝑦𝜕𝑦ln 𝑎 = −𝑎 +
1

2
(𝜓+

2 + 𝜓−
2)

𝑦𝜕𝑦ln 𝑓 = 𝑎

(
𝜖𝛿

𝑓Δ
𝜕𝜏̃ ∓ 𝜕𝑦) 𝜓±  = ∓

𝜓+ + 𝜓− − 2𝑎𝜓±

2𝑦

 

Δ ∼ 𝒪(𝜖𝛿−𝛽)  

𝑈(𝑋) = −
𝑎

𝑋
 𝑉(𝑋) = −

𝐵

2
𝑋𝑎+𝑏  

𝑔̂𝛼𝛽 = 𝑋−𝜎𝑔𝛼𝛽 , 𝜎 ∈ ℝ 
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𝑆2 d[𝑋, 𝑔̂𝛼𝛽 , 𝜓]=
1

2
∫   d2𝑥√−𝑔̂ (𝑋𝑅̂ − 𝜎∇̂2𝑋 +

𝜎 + 𝑎

𝑋
(𝜕𝑋)2 + 𝐵𝑋𝜎+𝑎+𝑏) 

 −
1

2
∫   d2𝑥√−𝑔̂𝑋(𝜕𝜓)2

 

𝜙∗𝑔𝑎𝑏 = 𝑒−2Δ𝑔𝑎𝑏  𝜙∗𝑋 = 𝑒−2Δ𝑋  

𝜙∗𝑔̂𝑎𝑏 = 𝑒−2Δ(1−𝜎)𝑔̂𝑎𝑏 =: 𝑒−2Δ̂𝑔̂𝑎𝑏  

Δ̂ = Δ(1 − 𝜎)  

d𝑠̂2 = 𝑒−2𝜏(1−𝜎)(𝑥2𝜎𝑔̃𝛼𝛽(𝜏, 𝑥)d𝑥𝛼d𝑥𝛽)2 = 𝑒−2𝜏̂(𝑥2𝜎𝑔̂𝛼𝛽(𝜏̂, 𝑥)d𝑥𝛼d𝑥𝛽)  

𝜏̂ = 𝜏(1 − 𝜎) 

𝑅̂ = 𝑋𝜎(𝑅 + 𝜎∇2ln 𝑋).  

𝑅̂(𝜏, 𝑥) ≈ 𝑥−2(1−𝜎) (−2𝜎𝑒2𝜏̂ + 𝒪(𝑥2))  

𝑅̂ = 𝑥2𝑒−2𝜏𝑅 − 2𝑒−𝜔(1 − 𝑥𝜕𝑥ln 𝑓)  

𝜎 =
2

𝐷 − 2
 

𝜎 >
2

𝐷 − 2
 

Δ̂ = Δ (1 −
(𝐷 − 2)𝜎

2
)  

Δ𝑎,𝑏 = Δ𝐷=2−1/𝑏

𝑎 + 𝑏 − 1

2𝑏
 

Δ1+𝑏,𝑏 = Δ𝐷=2−1/𝑏 

Δ0,𝑏 = Δ𝐷=2−1/𝑏

𝐷 − 1

2
 

Weak version: lim
𝐷→∞

 Δ = 0+, Strong version: lim
𝐷→∞

 Δ𝐷1/𝑁 → ∞, ∀𝑁 ∈ ℤ+ 

lim𝐷→∞  𝛾 =
1

2
 

lim𝐷→∞  
NECin 

NECout 

= 0 

Weak version: lim𝐷→3+  Δ = 0+, Strong version: lim𝐷→3+  Δ(𝐷 − 3)−𝛼 → 0, 𝛼 ≳ 0.15 

lim𝐷→3+  𝛾 → 0+ 

lim𝐷→3+  
NECin 

NECout 

= 1 



pág. 8885 

𝜓(𝜏, 𝑥) = 𝑛𝜏 + 𝜓̃(𝜏, 𝑥) 𝜓̃(𝜏 + Δ, 𝑥) = 𝜓̃(𝜏, 𝑥)  

𝑓(𝜏, 𝑥)  = ∑  

5

𝑖=0

 𝑓𝑖(𝜏)𝑥𝑖 + 𝒪(𝑥6)𝜔(𝜏, 𝑥)  = ∑  

5

𝑖=1

 𝜔𝑖(𝜏)𝑥𝑖 + 𝒪(𝑥6)

𝜓+(𝜏, 𝑥)  = ∑  

5

𝑖=0

 𝜓+𝑖(𝜏)𝑥𝑖 + 𝒪(𝑥6)𝜓−(𝜏, 𝑥)  = ∑  

5

𝑖=0

 𝜓−𝑖(𝜏)𝑥𝑖 + 𝒪(𝑥6)

 

𝜔(𝜏, 𝑥)  =
(𝜓+1)2

𝐷 − 1
𝑥2 + 𝒪(𝑥4)

𝑓(𝜏, 𝑥)  = 𝑓0 +
(𝐷 − 3)𝑓0(𝜓+1)2

2(𝐷 − 1)
𝑥2 + 𝒪(𝑥4)

𝜓+(𝜏, 𝑥)  = 𝜓+1𝑥 +
𝜕𝜏𝜓+1 + 𝜓+1

𝑓0(1 − 𝐷)
𝑥2 + 𝜓+3𝑥3 + 𝒪(𝑥4)

𝜓−(𝜏, 𝑥)  = 𝜓+1𝑥 −
𝜕𝜏𝜓+1 + 𝜓+1

𝑓0(1 − 𝐷)
𝑥2 + 𝜓+3𝑥3 + 𝒪(𝑥4)

 

𝜓+3 =
𝑓0(𝜕𝜏

2𝜓+1 + 3𝜕𝜏𝜓+1 + 2𝜓+1) − 𝜕𝜏𝑓0(𝜕𝜏𝜓+1 + 𝜓+1) − (𝐷 − 3)𝑓0
3(𝜓+1)3

2(𝐷 − 1)𝑓0
3  

Ψ𝑐 =
𝜕𝜏𝜓+1 + 𝜓+1

𝑓0(𝐷 − 1)
 

𝑓(𝜏, 𝑥)  = 1 + ∑  

2

𝑖=1

 𝑓‾𝑖(𝜏)(𝑥 − 1)𝑖𝜔(𝜏, 𝑥)  = ∑  

2

𝑖=0

 𝜔‾ 𝑖(𝜏)(𝑥 − 1)𝑖

𝜓+(𝜏, 𝑥)  = ∑  

2

𝑖=0

 𝜓‾+𝑖(𝜏)(𝑥 − 1)𝑖𝜓−(𝜏, 𝑥)  = ∑  

2

𝑖=0

 𝜓‾−𝑖(𝜏)(𝑥 − 1)𝑖

 

𝜕𝜏𝜔‾0 − (𝐷 − 3)(𝑒𝜔‾ 0 − 1) + 𝜓‾−0
2  = 0

𝜕𝜏𝜓‾+0 +
𝐷 − 2 − 2(𝐷 − 3)𝑒𝜔‾ 0

2
𝜓‾+0 +

𝐷 − 2

2
𝜓‾−0  = 0

 

𝑓‾1  = (𝐷 − 3)(𝑒𝜔‾ 0 − 1)

𝜔‾1  =
1

2
(𝜓‾+0

2 + 𝜓‾−0
2 − 2(𝐷 − 3)(𝑒𝜔‾ 0 − 1))

𝜓‾−1  =
1

4
((𝐷 − 2 + 2(3 − 𝐷)𝑒𝜔‾ 0)𝜓‾−0 + (𝐷 − 2)𝜓‾+0 − 2𝜕𝜏𝜓‾−0)

 

2𝜕𝜏𝜓‾+1 + (𝐷 − 2𝑓‾1 +2(3 − 𝐷)𝑒𝜔‾ 0)𝜓‾+1

 +(𝐷 − 2)𝜓‾−1 − 2(𝐷 − 3)𝑒𝜔‾ 0𝜓‾+0𝜔‾1 − 2𝜕𝜏𝜓‾+0(𝑓‾1 − 1) = 0
 

𝑍Tayl (𝜏, 𝑥R, ord ) = 𝑍reg (𝜏, 𝑥R) + 𝑍sing (𝜏, 𝑥R) + 𝒪(𝑥R − 1)ord +1  

𝑍sing(𝜏, 𝑥R) ∼ 𝒪(𝑥R − 1)ord+1  

𝜓+(𝜏, 𝑥) = 𝜓+0(𝜏) + (𝑥 − 1)𝛿𝜓+𝛿(𝜏, 𝑥) + 𝑜(𝑥 − 1)𝛿  
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𝜓−(𝜏, 𝑥)  = 𝜓−0(𝜏) + (𝑥 − 1)𝜓−1(𝜏) + (𝑥 − 1)1+𝛿𝜓−𝛿(𝜏, 𝑥) + 𝑜(𝑥 − 1)1+𝛿

𝑓(𝜏, 𝑥)  = 1 + (𝑥 − 1)𝑓1(𝜏) + (𝑥 − 1)1+𝛿𝑓𝛿(𝜏, 𝑥) + 𝑜(𝑥 − 1)1+𝛿

𝜔(𝜏, 𝑥)  = 𝜔0(𝜏) + (𝑥 − 1)𝜔1(𝜏) + (𝑥 − 1)1+𝛿𝜔𝛿(𝜏, 𝑥) + 𝑜(𝑥 − 1)1+𝛿

 

(𝜕𝜏 − (𝑓 − 𝑥)𝜕𝑥)𝜓+ =
𝑓

2𝑥
(2 − 𝐷 + 2(𝐷 − 3)𝑒𝜔)𝜓+ +

𝑓

2𝑥
(2 − 𝐷)𝜓−  

𝑓 − 𝑥 =: 𝐹 ∼ (𝑥 − 1)𝐹1(𝜏) + 𝑜(𝑥 − 1)  

𝑥𝜕𝑥𝑓 = (𝐷 − 3)(𝑒𝜔 − 1)𝑓  

𝐹1 = (𝐷 − 3)(𝑒𝜔0 − 1) − 1  

𝜕𝜏𝜔0 = −𝜓−0
2 + (𝐷 − 3)(𝑒𝜔0 − 1)  

d𝜏

 d𝑠
= 1 

 d𝑥

 d𝑠
= −𝐹  

d𝑥

 d𝜏
= −(𝑥 − 1)𝐹1  

log (|𝑥(𝜏) − 1|) = − ∫  
𝜏

𝜏0

 𝐹1 + log (|𝑥0 − 1|)  

𝑥(𝜏) = 1 − (1 − 𝑥0)𝑒
−∫  

𝜏

𝜏0
 𝐹1  

d𝜓+0

 d𝜏
=

1

2
[2 − 𝐷 + 2(𝐷 − 3)𝑒𝜔0]𝜓+0 +

2 − 𝐷

2
𝜓−0  

d(log 𝜓+𝛿)

d𝜏
= 𝛿𝐹1 +

1

2
[2 − 𝐷 + 2(𝐷 − 3)𝑒𝜔0]  

0 =
1

Δ
∫  

Δ

0

 (𝛿𝐹1 +
1

2
[2 − 𝐷 + 2(𝐷 − 3)𝑒𝜔0])  

∫  
Δ

0
𝑒𝜔0 in terms of ∫  

Δ

0
𝜓−0

2  

𝛿 =
2𝜓−0

2 + 𝐷 − 4

2 − 2𝜓−0
2

 

log 𝜓+𝛿 = ∫  
𝜏

𝜏0

 ((𝛿 +
1

2
) (2 − 𝐷) + (𝛿 + 1)𝑒𝜔0(𝐷 − 3)) + log 𝜓+𝛿(𝜏0, 𝑥0)  

𝑥0 = 1 − (1 − 𝑥)exp (∫  
𝜏

0

 𝐹1) 

𝜓+𝛿(𝜏, 𝑥) = 𝑒𝑔(𝜏)ℎ (log (1 − 𝑥) + ∫  
𝜏

0

 𝐹1)  
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𝑔(𝜏) = ∫  
𝜏

𝜏0

 ((𝛿 +
1

2
) (2 − 𝐷) + (𝛿 + 1)𝑒𝜔0(𝐷 − 3))  

ℎ (log (1 − 𝑥) + ∫  
𝜏

0

 𝐹1) = ℎ (log (1 − 𝑥) + 𝜏𝐹‾1 + ∫  
𝜏

0

  𝐹̃1)  

ℎ(𝑦 + Δ𝐹‾1) = ℎ(𝑦) 

𝜓+𝛿 = 𝑒𝑔(𝜏)𝜓̃(𝜏 + 𝛼log (1 − 𝑥))  

𝑍(ℎ) = 𝑍true + 𝑍1ℎ𝑝+1 + 𝒪(ℎ𝑝+2)  

err(ℎ) ≈ 𝑍1ℎ𝑝+1 =
𝑍(2ℎ) − 𝑍(ℎ)

2𝑝+1 − 1
+ 𝒪(ℎ𝑝+2)  

err(ℎ) −
1

2𝑝+1
err(2ℎ) =

!
𝒪(ℎ𝑝+2)  

𝑓𝑐(𝑥L) = 𝑓𝑐
true + 𝛿𝑓𝑐𝑥L

6 + 𝒪(𝑥L
7)  
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𝑊𝑅 = Tr𝑅𝑃exp [∮ 𝑑𝑠(𝑖𝐴𝜇𝑥̇𝜇 + Φ0)] ,  

∑  

𝑅

  ⟨𝑊𝑅⟩1⟨𝑊𝑅⟩2⨂ ⟨∑  

𝑅

 Tr𝑅(𝑒𝑀1)Tr𝑅(𝑒−𝑀2)⟩

●

 

∑  

𝑅

 Tr𝑅(𝑒𝑀1)Tr𝑅(𝑒−𝑀2) =
1

det(𝟙 ⊗ 𝟙 − 𝑒𝑀1 ⊗ 𝑒−𝑀2)  

𝛿(𝑈, 𝑉) = ∑  

𝑅

 𝜒𝑅(𝑈)𝜒𝑅(𝑉†)  

∑  

𝑅

 Tr𝑅(𝑒𝑀1)Tr𝑅(𝑒−𝑀2) = ∏  

𝑁

𝑖,𝑗=1

 
1

1 − 𝑒𝑥𝑖−𝑦𝑗
 

𝛿12  = (∑  

𝑅

 Tr𝑅(𝑒𝑀1)Tr𝑅(𝑒−𝑀2)) (∑  

𝑅

 Tr𝑅𝑇(𝑒𝑀1)Tr𝑅(𝑒−𝑀2))

 =
det(𝟙 ⊗ 𝟙 + 𝑒𝑀1 ⊗ 𝑒−𝑀2)

det(𝟙 ⊗ 𝟙 − 𝑒𝑀1 ⊗ 𝑒−𝑀2)

 

𝛿12 = ∑  

𝑅

 𝐻𝑆𝑅(𝑒𝑀1 ∣ 0)𝐻𝑆𝑅(𝑒−𝑀2 ∣ 𝑒−𝑀2)  

∫ det−1(𝟙 ⊗ 𝟙 − 𝑒−ℓ𝑒𝑀1 ⊗ 𝑒−𝑀2) ⊠ ∫ det(𝟙 ⊗ 𝟙 + 𝑒−ℓ𝑒𝑀1 ⊗ 𝑒−𝑀2) 

exp (∑  

∞

𝑛=1

 
𝑒−𝑛ℓ

𝑛
(1 + (−1)𝑛+1)Tr(𝑒𝑛𝑀1)Tr(𝑒−𝑛𝑀2))  
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𝑑𝑠2 = 𝑓1
2𝑑𝑠AdS2

2 + 𝑓2
2𝑑𝑠𝑆2

2 + 𝑓4
2𝑑𝑠𝑆4

2 + 𝑑𝑠Σ
2  

𝑑𝑠2 = 𝑓1
2𝑑𝑠AdS2

2 + 𝑓2
2𝑑𝑠𝑆2

2 + 𝑓4
2𝑑𝑠𝑆4

2 + 𝑑𝑠Σ
2  

𝑑𝑠Σ
2 = 4𝜌2𝑑𝑧𝑑𝑧‾  

𝑓1
4= −4𝑒+2𝜙ℎ1

4
𝑊

𝑁1
 

𝑓2
4= +4𝑒−2𝜙ℎ2

4
𝑊

𝑁2
 

𝑓4
4= +4𝑒−2𝜙

𝑁2

𝑊
 

𝜌8= −
𝑊2𝑁1𝑁2

ℎ1
4ℎ2

4  

𝑒4𝜙 = −
𝑁2

𝑁1

 

𝑊= 𝜕𝑧ℎ1𝜕𝑧‾ℎ2 + 𝜕𝑧ℎ2𝜕𝑧‾ℎ1  
𝑉= 𝜕𝑧ℎ1𝜕𝑧‾ℎ2 − 𝜕𝑧ℎ2𝜕𝑧‾ℎ1  

𝑁1= 2ℎ1ℎ2𝜕𝑧ℎ1𝜕𝑧‾ℎ1 − ℎ1
2𝑊  

𝑁2 = 2ℎ1ℎ2𝜕𝑧ℎ2𝜕𝑧‾ℎ2 − ℎ2
2𝑊

 

𝐻3 = 𝑑𝐵2

𝐹3= 𝑑𝐶2  

𝐹5 = 𝑑𝐶4 +
1

8
(𝐵2 ∧ 𝐹3 − 𝐶2 ∧ 𝐻3)

 

𝐵2 = 𝑏1𝑒̂AdS

𝐶2 = 𝑏2𝑒̂𝑆2

𝐶4 = −4𝑗1𝑒̂AdS2
∧ 𝑒̂𝑆2 + 4𝑗2𝑒̂𝑆4

 

𝑏1= −2𝑖
ℎ1

2ℎ2𝑉

𝑁1
− 2ℎ̃2  

𝑏2= −2𝑖
ℎ1ℎ2

2𝑉

𝑁2
+ 2ℎ̃1  

𝑗2= 𝑖ℎ1ℎ2

𝑉

𝑊
−

3

2
(ℎ̃1ℎ2 − ℎ1ℎ̃2) + 3𝑖(𝒞 − 𝒞) 

𝜕𝑗1 = −𝑖
𝑓1

2𝑓2
2

𝑓4
4 𝜕𝑗2 +

1

8
(𝑏1𝜕𝑏2 − 𝑏2𝜕𝑏1),

 

ℎ̃1 = 𝑖(𝒜 − 𝒜), ℎ̃2 = 𝑖(ℬ − ℬ) 

𝑑𝒞 = ℬ𝜕𝒜 − 𝒜𝜕ℬ 

 

𝜌2 → 𝑐2𝜌2, 𝑓1
2 → 𝑐2𝑓1

2, 𝑓2
2 → 𝑐2𝑓2

2, 𝑓4
2 → 𝑐2𝑓4

2

𝐻3 → 𝑐−1𝐻3, 𝐹3 → 𝑐−1𝐹3, 𝐹5 → 𝑐−1𝐹5
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𝑒2𝜙 → 𝑐2𝑒2𝜙  

𝑔𝑠 = 𝑒2𝜙 = 1 

ℎ1 =
𝛼′

4
√𝑏2 − 𝑧2 +  c.c. 

ℎ2 = 𝑖
𝛼′

4
𝑧 +  c.c. 

 

𝑑𝑠AdS5×𝑆5
2 = 𝐿2[cosh2 𝑥𝑑𝑠AdS2

2 + sinh2 𝑥𝑑𝑠𝑆2
2 + cos2 𝑦𝑑𝑠𝑆4

2 + (𝑑𝑥2 + 𝑑𝑦2)]  

𝑄𝐷3 = ∫  
𝑆5

 𝑑𝐶4 = Vol̂(𝑆4) ∫ 
𝛾

 4𝜕𝑗2  

𝜕Σ △ Vol̂ (𝑆4) =
8𝜋2

3
 

𝑄𝐷3 =
3𝜋

2
𝛼′2𝑏2Vol̂(𝑆4)  

ℎ1 =
𝛼′

4
√

(𝑒2
2 − 𝑧2)(𝑧2 − 𝑒1

2)

𝑧2
+  c.c. 

ℎ2 = 𝑖
𝛼′

4
(𝑧 −

𝑒1𝑒2

𝑧
) +  c.c. 

 

𝑓1
2 ∼ 𝑓2

2∼ 𝛼′
𝑒1

2𝑒2
2

𝑒2 − 𝑒1
𝑒2𝑥  

𝑓4
2∼ 𝛼′(𝑒2 − 𝑒1)cos2 𝑦 

4𝜌2 ∼ 𝛼′(𝑒2 − 𝑒1),

 

𝑓1
2 ∼ 𝑓2

2∼ 𝛼′
1

𝑒2 − 𝑒1
𝑒−2𝑥  

𝑓4
2∼ 𝛼′(𝑒2 − 𝑒1)cos2 𝑦 

4𝜌2 ∼ 𝛼′(𝑒2 − 𝑒1)

 

𝑥+ = 𝑥 − log (
𝑒2−𝑒1

2
) and 𝑥− = 𝑥 + log (

𝑒2−𝑒1

2𝑒1𝑒2
) 

𝑑𝑠±
2 ∼ 𝛼′(𝑒2 − 𝑒1) [

1

4
𝑒2|𝑥±|(𝑑𝑠AdS2

2 + 𝑑𝑠𝑆2
2 ) + 𝑑𝑥±

2 + 𝑑𝑦2 + cos2 𝑦𝑑𝑠𝑆4
2 ]  

𝐿𝑖
4 = 𝛼′2(𝑒2 − 𝑒1)2  

𝑄𝐷3
(𝑖)

= ∫  
𝑆𝑖

5
 𝑑𝐶4 = Vol̂(𝑆4) ∫  

𝛾𝑖

 4𝜕𝑗2  

𝑄𝐷3
(𝑖)

= 𝑁(𝑖)(4𝜋2𝛼′)2 

𝑄𝐷3
(𝑖)

=
3𝜋

2
𝛼′2(𝑒2 − 𝑒1)2Vol̂(𝑆4)  
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𝑁(𝑖) =
1

4𝜋
(𝑒2 − 𝑒1)2  

𝐿𝑖
4 = 𝛼′2(𝑒2 − 𝑒1)2  

𝜆 = 4𝜋𝑔𝑠𝑁 = 𝐿4/𝛼′2 

𝜆 = (𝑒2 − 𝑒1)2,  

𝑒1 ∼ 𝑒2 ∼ √𝜆 

 

𝑔𝑠
2 = 𝑒4𝜙 = 1 

𝑆1
4 ∪ 𝑆2

4,  where  𝑆1
4 ∩ 𝑆2

4 = 𝑆1  

𝑧𝑐 = −𝑖√𝑒1𝑒2  

𝑧 → −
𝑒1𝑒2

𝑧
 

1

𝛼′
𝑑𝑠Σ

2 =
(𝑒2 − 𝑒1)(𝑧2 + 𝑒1𝑒2)(𝑧‾2 + 𝑒1𝑒2)

𝑧𝑧‾√(𝑒2
2 − 𝑧2)(𝑧2 − 𝑒1

2)(𝑒2
2 − 𝑧‾2)(𝑧‾2 − 𝑒1

2)
𝑑𝑧𝑑𝑧‾  

𝑧 = 𝑧𝑐 + 𝑟𝑒𝑖𝜃 

1

𝛼′
𝑑𝑠Σ

2|
𝑧𝑐

≈
4(𝑒2 − 𝑒1)

𝑒1𝑒2(𝑒1 + 𝑒2)2
𝑟2(𝑑𝑟2 + 𝑟2𝑑𝜃2)  

1

𝛼′
𝑑𝑠Σ

2|
𝑧𝑐

≈
(𝑒2 − 𝑒1)

𝑒1𝑒2(𝑒1 + 𝑒2)2
(𝑑𝑢2 + 4𝑢2𝑑𝜃2)  

√𝑔Σ𝑅Σ = −4𝜋𝛿(𝑢)  

1

𝛼′
𝑓1

2|
𝑧𝑐

=
(𝑒2 + 𝑒1)2

𝑒2 − 𝑒1
 

1

𝛼′
𝑓2

2|
𝑧𝑐

 =
4𝑒1𝑒2

𝑒2 − 𝑒1

1

𝛼′
𝑓4

2|
𝑧𝑐

 = 𝑒2 − 𝑒1

 

𝑤(𝑧) = 𝑧 −
𝑒1𝑒2

𝑧
, 𝑧±(𝑤) =

𝑤 ± √𝑤2 + 4𝑒1𝑒2

2
 

𝑤 = ±2𝑖√𝑒1𝑒2 

𝑧 = ±𝑖√𝑒1𝑒2 
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ℎ1 =
𝛼′

4
√(𝑒2 − 𝑒1)2 − 𝑤2 + 𝑐. 𝑐.

ℎ2 = 𝑖
𝛼′

4
𝑤 + 𝑐. 𝑐.

 

𝑤 = [−√𝜆, √𝜆] = [−𝑒2 + 𝑒1, 𝑒2 − 𝑒1] 

4𝜌2(𝑧, 𝑧‾)𝑑𝑧𝑑𝑧‾ = 𝛼′(𝑒2 − 𝑒1)𝑑𝑤𝑑𝑤‾  

𝑧 = [−𝑒2, −𝑒1] ∪ [𝑒1, 𝑒2]  

𝑤 = [−√𝜆, √𝜆]  

ℎ1 =
𝛼′

4
√

(𝑒2
2 − 𝑧2)(𝑧2 − 𝑒1

2)(𝑧2 − 𝑎4𝑒1
−2)(𝑧2 − 𝑎4𝑒2

−2)

𝑧2(𝑧 − 𝑎)2(𝑧 + 𝑎)2
+  c.c. 

ℎ2 = 𝑖
𝛼′

4
[𝑧 −

𝑎2

𝑧
−

(𝑎2 − 𝑒2
2)(𝑎2 − 𝑒1

2)

2𝑒1𝑒2
(

1

𝑧 + 𝑎
+

1

𝑧 − 𝑎
)] +  c.c. 

 

𝑧 = [−𝑎2𝑒1
−1, −𝑎2𝑒2

−1] ∪ [−𝑒2, −𝑒1] ∪ [𝑒1, 𝑒2] ∪ [𝑎2𝑒2
−1, 𝑎2𝑒1

−1]  

𝑔𝑠
2 = 𝑒4𝜙 = 1  

𝑧 = −𝑖𝑎

𝑧 = −
𝑖

2
(√

(𝑎2 − 𝑒1
2)(𝑎2 − 𝑒2

2)

𝑒1𝑒2
± √

(𝑎2 − 𝑒1
2)(𝑎2 − 𝑒2

2)

𝑒1𝑒2
− 4𝑎2)

 

(𝑎2 − 𝑒1
2)(𝑎2 − 𝑒2

2)

𝑒1𝑒2
= 4𝑎2  

𝑄𝐷3
(𝑖)

=
3𝜋

2
𝛼′2

(𝑒2 − 𝑒1)2(𝑎2 + 𝑒1𝑒2)2

𝑒1
2𝑒2

2 Vol̂(𝑆4),  

𝑁(𝑖) =
1

4𝜋

(𝑒2 − 𝑒1)2(𝑎2 + 𝑒1𝑒2)2

𝑒1
2𝑒2

2

𝜆 =
𝐿𝑖

4

𝛼′2
=

(𝑒2 − 𝑒1)2(𝑎2 + 𝑒1𝑒2)2

𝑒1
2𝑒2

2

 

𝑤(𝑧) = 𝑧 −
𝑎2

𝑧
−

(𝑎2 − 𝑒2
2)(𝑎2 − 𝑒1

2)

2𝑒1𝑒2
(

1

𝑧 + 𝑎
+

1

𝑧 − 𝑎
)  

ℎ1 =
𝛼′

4
√

(𝑒2 − 𝑒1)2(𝑎2 + 𝑒1𝑒2)2

𝑒1
2𝑒2

2 − 𝑤2 +  c.c. 

ℎ2 = 𝑖
𝛼′

4
𝑤 +  c.c. 
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ℎ1(𝑧) =
𝛼′

4
√

(𝑒2
2 − 𝑧2)(𝑧2 − 𝑒1

2)

𝑧2
+  c.c. 

ℎ2(𝑧) = 𝑖
𝛼′

4
(𝑧 −

𝑒1𝑒2

𝑧
) +  c.c. 

 

ℎ1(𝑢) =
𝛼′

4

cn(𝑢, 𝑘)dn(𝑢, 𝑘)

sn(𝑢, 𝑘)
+  c.c. 

ℎ2(𝑢) = 𝑖
𝛼′

4
(sn(𝑢, 𝑘) − sn(𝑢 + 𝑖𝐾′, 𝑘)) +  c.c.. 

 

𝜕𝑢ℎ1(𝑢) =
𝛼′

4

𝑖(𝑘sn2(𝑢, 𝑘) − 1)(𝑘sn2(𝑢, 𝑘) + 1)

sn2(𝑢, 𝑘)

𝜕𝑢ℎ2(𝑢) = 𝑖
𝛼′

4
cn(𝑢, 𝑘)dn(𝑢, 𝑘)

1 + 𝑘sn2(𝑢, 𝑘)

𝑘sn2(𝑢, 𝑘)
.

 

𝑧 = −𝑖√𝑒1𝑒2 is mapped to 𝑢 = −𝑖𝐾′/2 

𝑑Σ2 = 4𝜌2(𝑢)𝑑𝑢𝑑𝑢‾ ∝
|1 + 𝑘sn2(𝑢, 𝑘)|2

|sn(𝑢, 𝑘)|2
|𝑑𝑢|2  

𝑢 = −𝑖𝐾′/2 + 𝑟𝑒𝑖𝜃 

𝑑Σ2 ∝ 𝑟2(𝑑𝑟2 + 𝑟2𝑑𝜃2)  

⟨𝑊𝑅⟩ =
1

𝑍
∫  𝒟𝑀𝑒

−
2𝑁
𝜆

Tr2𝑀2

Tr𝑅(𝑒𝑀)  

⟨𝑊𝑅⟩ =
1

𝑍
∫  ∏  

𝑁

𝑖=1

 𝑑𝑚𝑖Δ
2(𝑚)𝑒

−
2𝑁
𝜆

∑  𝑖  𝑚𝑖
2

Tr𝑅(𝑒𝑚)  

Tr𝑅(𝑒𝑚) = 𝜒𝑅(𝑒𝑚) =
det𝑖𝑗𝑒

𝑚𝑖(𝜈𝑗+𝑁−𝑗)

Δ(𝑒𝑚)
 

⟨𝑊𝑅⟩ =
𝑁!

𝑍
∫  ∏  

𝑁

𝑖=1

 𝑑𝑚𝑖Δ
2(𝑚)𝑒

−
2𝑁
𝜆

∑  𝑖  𝑚𝑖
2 ∏  𝑁

𝑖=1   𝑒𝑚𝑖ℎ𝑖

Δ(𝑒𝑚)
, ℎ𝑖 = 𝜈𝑖 + 𝑁 − 𝑖  

 

𝑛𝑔+1 + ∑  
𝑔
𝐼=1 𝑛𝐼 = 𝑁, and 𝐾𝑔+1 = 0 

𝑛𝑔+1 = 𝑁 − ∑  
𝑔
𝐼=1 𝑛𝐼. 𝐾𝐼 = ∑  

𝑔
𝐽=𝐼 𝑘𝐽 for 𝐼 ∈ [1, 𝑔] and 𝐾𝑔+1 = 0, where 𝑘𝐽 = 𝐾𝐽 − 𝐾𝐽+1 

∫  ∏  

𝑁

𝑖=1

 𝑑𝑚𝑖𝑒
−𝑆eff(𝑚𝑖),

𝛿𝑆eff(𝑚𝑖)

𝛿𝑚𝑖
= 0  

𝜔(𝑧) = ∫ 
𝒞

 𝑑𝑧′
𝜌(𝑧′)

𝑧 − 𝑧′
, 𝜌(𝑧) =

1

𝑁
∑  

𝑁

𝑖=1

 𝛿(𝑧 − 𝑚𝑖), ∫  
𝒞

 𝑑𝑧𝜌(𝑧) = 1  
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2𝜔(𝑧) = 𝑉cl. 
′ (𝑧) − 𝑦(𝑧), 𝜌(𝑧) =

1

2𝜋
Im𝑦(𝑧), 𝑧 ∈ 𝒞  

ℬ = 𝑖
𝜋𝛼′𝑔𝑠𝑁

4
𝑉cl.

′ (𝑧), 𝒜 = 𝑖
𝜋𝛼′𝑁

4
𝑦(𝑧)  

𝑆eff(𝑚𝑖) = −
2𝑁

𝜆
∑  

𝑖

 𝑚𝑖
2 + ∑  

𝑖≠𝑗

 log |𝑚𝑖 − 𝑚𝑗|  

4𝑁

𝜆
𝑚𝑖 = ∑  

𝑖≠𝑗

 
2

𝑚𝑖 − 𝑚𝑗
 

4

𝜆
𝑧 = 2 ∫  𝑑𝑧′

𝜌(𝑧′)

𝑧 − 𝑧′
= 𝜔(𝑧 + 𝑖𝜖) + 𝜔(𝑧 − 𝑖𝜖)  

𝜔(𝑧) =
2

𝜆
𝑧 −

2

𝜆
√𝑧2 − 𝜆  

𝑦(𝑧) =
4

𝜆
√𝑧2 − 𝜆, 𝜌(𝑧) =

2

𝜆𝜋
√𝜆 − 𝑧2  

4𝑁

𝜆
(𝑚𝑖 −

𝐾𝐼𝜆

4𝑁
) = ∑  

𝑖≠𝑗

 
2

𝑚𝑖 − 𝑚𝑗
, 𝑚𝑖 ∈ ℐ𝐼 , 𝐼 = 1, … 𝑔 + 1  

𝜌(𝑧) ≈
2

𝜋𝜆
∑  

𝑔+1

𝐼=1

 √𝜆𝑏𝐼 − (𝑧 − 𝑐𝐼)
2, 𝑏𝐼 =

𝑛𝐼

𝑁
, 𝑐𝐼 =

𝐾𝐼𝜆

4𝑁
 

𝑍1𝑍2 = ∫  𝒟𝑀1𝒟𝑀2𝑒
−

2𝑁
𝜆

Tr𝑀1
2−

2𝑁
𝜆

Tr𝑀2
2

 

⟨Tr𝐊(𝑒𝑀1)⟩1⟨Tr𝐊(𝑒−𝑀2)⟩2

 =
𝑒𝐾2𝜆/8

𝑍1
∫  ∏  

𝑖

 𝑑𝑥𝑖Δ
2(𝑥)𝑒

−
2𝑁
𝜆

∑  𝑖  (𝑥𝑖−
𝐾𝜆
4𝑁

)
2

⋅
𝑒𝐾2𝜆/8

𝑍2
∫  ∏  

𝑖

 𝑑𝑦𝑖Δ
2(𝑦)𝑒

−
2𝑁
𝜆

∑  𝑖  (𝑦𝑖+
𝐾𝜆
4𝑁

)
2

 

⟨𝒪(𝑀1, 𝑀2)⟩12
𝐊 =

𝑒𝐾2𝜆/4

𝑍1𝑍2
∫  ∏  

𝑖

 𝑑𝑥𝑖𝑑𝑦𝑖Δ
2(𝑥)Δ2(𝑦)𝑒

−
2𝑁
𝜆

∑  𝑖  (𝑥𝑖−
𝐾𝜆
4𝑁

)
2

−
2𝑁
𝜆

∑  𝑖  (𝑦𝑖+
𝐾𝜆
4𝑁

)
2

𝒪(𝑥, 𝑦)  

𝛿12=
det(𝟙 ⊗ 𝟙 + 𝑒𝑀1 ⊗ 𝑒−𝑀2)

det(𝟙 ⊗ 𝟙 − 𝑒𝑀1 ⊗ 𝑒−𝑀2)
 

 = (∑  

𝑅

 Tr𝑅(𝑒𝑀1)Tr𝑅(𝑒−𝑀2)) (∑  

𝑅

 Tr𝑅𝑇(𝑒𝑀1)Tr𝑅(𝑒−𝑀2))

 

⟨𝛿12⟩
12

𝐊
∝ ∫  ∏  

𝑖

 𝑑𝑥𝑖𝑑𝑦𝑖Δ
2(𝑥)Δ2(𝑦)𝑒

−
2𝑁
𝜆

∑  𝑖  (𝑥𝑖−
𝐾𝜆
4𝑁

)
2

−
2𝑁
𝜆

∑  𝑖  (𝑦𝑖+
𝐾𝜆
4𝑁

)
2

∏  

𝑖,𝑗

 
1 + 𝑒𝑥𝑖−𝑦𝑗

1 − 𝑒𝑥𝑖−𝑦𝑗
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4𝑁

𝜆
(𝑥𝑖 −

𝐾𝜆

4𝑁
)= ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑥𝑖 − 𝑥𝑗
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑥𝑖 − 𝑦𝑗)
 

4𝑁

𝜆
(𝑦𝑖 +

𝐾𝜆

4𝑁
) = ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑦𝑖 − 𝑦𝑗
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑦𝑖 − 𝑥𝑗)

 

𝑁

𝜆
𝐿 ∼

4𝑁

𝜆
𝑥𝑖 = ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑥𝑖 − 𝑥𝑗
∼

1

Δ
∑  

𝑁

𝑗(≠𝑖)

 
1

𝑖 − 𝑗
∼

𝑁

𝐿
⇒ Δ ∼

𝐿

𝑁
∼

√𝜆

𝑁
 

(𝑦1 ≲ 𝑥1) < (𝑦2 ≲ 𝑥2) < ⋯ < (𝑦𝑁 ≲ 𝑥𝑁)  

𝑥𝑖 − 𝑦𝑖 ≈
1

𝐾
∼

1

𝑁
 

𝑥𝑖 − 𝑥𝑗 ≈ 𝑦𝑖 − 𝑦𝑗 ∼ (𝑖 − 𝑗)
√𝜆

𝑁
 

𝑥𝑖 − 𝑦𝑖 ≪ 𝑥𝑖 − 𝑥𝑗 ≈ 𝑦𝑖 − 𝑦𝑗  

Δ ≡ 𝑥𝑖+1 − 𝑥𝑖 ≈ 𝑦𝑖+1 − 𝑦𝑖  

𝛿/Δ ∼ 1/√𝜆 

1

sinh (𝑥𝑖 − 𝑦𝑖)
≈

1

𝑥𝑖 − 𝑦𝑖
≈ 𝐾  

4𝑁

𝜆
𝑥𝑖 ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑥𝑖 − 𝑥𝑗
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑥𝑖 − 𝑦𝑗)
,

4𝑁

𝜆
𝑦𝑖 ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑦𝑖 − 𝑦𝑗
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑦𝑖 − 𝑥𝑗)
,

 

 

∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑥𝑖 − 𝑦𝑗)
≪ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑥𝑖 − 𝑥𝑗
≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑦𝑖 − 𝑦𝑗
.  

1/sinh (𝑥𝑖 − 𝑦𝑗) ≈ 1/(𝑥𝑖 − 𝑦𝑗) 

1/sinh (𝑥𝑖 − 𝑦𝑗) ≈ 0 

𝑥𝑖 − 𝑦𝑗 ∼ (𝑖 − 𝑗)Δ ∼ 𝑂(1).  

4𝑁

𝜆
𝑥𝑖 ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑥𝑖 − 𝑥𝑗
,
4𝑁

𝜆
𝑦𝑖 ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑦𝑖 − 𝑦𝑗
.  

𝜌(𝑥) =
2

𝜆𝜋
√𝜆 − 𝑥2, 𝜌(𝑦) =

2

𝜆𝜋
√𝜆 − 𝑦2  
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[−𝑒2, −𝑒1] ∪ [𝑒1, 𝑒2] 

𝑧(𝑥) =
𝑥 − √𝑥2 + 4𝑒1𝑒2

2
, 𝑧(𝑦) =

𝑦 + √𝑦2 + 4𝑒1𝑒2

2
 

𝜌(𝑧) =
2

𝜆𝜋
√

(𝑒2
2 − 𝑧2)(𝑧2 − 𝑒1

2)

𝑧2
 

𝐿/𝑁 ∼ √𝜆/𝑁 

𝜔(𝑧) =
2

𝜆
(𝑧 −

𝑒1𝑒2

𝑧
−

1

𝑧
√(𝑧2 − 𝑒1

2)(𝑧2 − 𝑒2
2))  

1

det(𝟙 ⊗ 𝟙 − 𝑒𝑀1 ⊗ 𝑒−𝑀2)
= ∏  

𝑖,𝑗

 
1

1 − 𝑒𝑥𝑖−𝑦𝑗
,  

− ∑  

𝑁

𝑗=1

 
𝑒𝑥𝑖−𝑦𝑗

𝑒𝑥𝑖−𝑦𝑗 − 1
 

− ∑  

𝑁

𝑗=1

1

sinh (𝑥𝑖 − 𝑦𝑗)
 

Tr𝐊𝟏
(𝑒𝑀1)Tr𝐊𝟏

(𝑒−𝑀2)Tr𝐊𝟐
(𝑒𝑀3)Tr𝐊𝟐

(𝑒−𝑀4)  

⟨𝒪(𝑀1, 𝑀2, 𝑀3, 𝑀4)⟩
1234

𝐊𝟏,𝟐 =
𝑒(𝐾1

2+𝐾2
2)𝜆/4

𝑍1𝑍2𝑍3𝑍4

 × ∫  ∏  

𝑖

 𝑑𝑥𝑖𝑑𝑦𝑖𝑑𝑢𝑖𝑑𝑣𝑖Δ
2(𝑥)Δ2(𝑦)Δ2(𝑢)Δ2(𝑣)𝑒

−
2𝑁
𝜆

∑  𝑖  (𝑥𝑖−
𝐾1𝜆
4𝑁

)
2

−
2𝑁
𝜆

∑  𝑖  (𝑦𝑖+
𝐾1𝜆
4𝑁

)
2

 × 𝑒
−

2𝑁
𝜆

∑  𝑖  (𝑢𝑖−
𝐾2𝜆
4𝑁

)
2

−
2𝑁
𝜆

∑  𝑖  (𝑣𝑖+
𝐾2𝜆
4𝑁

)
2

𝒪(𝑥, 𝑦, 𝑢, 𝑣)

 

⟨𝛿13𝛿̂32𝛿̂24𝛿̂41⟩
1234

𝐊1,2
 

⟨𝛿13𝛿̂32𝛿̂24𝛿̂41⟩
1234

𝐊𝟏,𝟐
∝

∫  ∏  

𝑖

 𝑑𝑥𝑖𝑑𝑦𝑖𝑑𝑢𝑖𝑑𝑣𝑖Δ
2(𝑥)Δ2(𝑦)Δ2(𝑢)Δ2(𝑣)𝑒

−
2𝑁
𝜆

∑  𝑖  (𝑥𝑖−
𝐾1𝜆
4𝑁

)
2

−
2𝑁
𝜆

∑  𝑖  (𝑦𝑖+
𝐾1𝜆
4𝑁

)
2

 

 × 𝑒
−

2𝑁
𝜆

∑  𝑖  (𝑢𝑖−
𝐾2𝜆
4𝑁

)
2

−
2𝑁
𝜆

∑  𝑖  (𝑣𝑖+
𝐾2𝜆
4𝑁

)
2

∏  

𝑖,𝑗

 
1 + 𝑒𝑥𝑖−𝑢𝑗

1 − 𝑒𝑥𝑖−𝑢𝑗

1 + 𝑒𝑥𝑖−𝑣𝑗

1 − 𝑒𝑥𝑖−𝑣𝑗

1 + 𝑒𝑦𝑖−𝑢𝑗

1 − 𝑒𝑦𝑖−𝑢𝑗

1 + 𝑒𝑦𝑖−𝑣𝑗

1 − 𝑒𝑦𝑖−𝑣𝑗
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4𝑁

𝜆
(𝑥𝑖 −

𝐾1𝜆

4𝑁
)= ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑥𝑖 − 𝑥𝑗
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑥𝑖 − 𝑢𝑗)
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑥𝑖 − 𝑣𝑗)
 

4𝑁

𝜆
(𝑦𝑖 +

𝐾1𝜆

4𝑁
)= ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑦𝑖 − 𝑦𝑗
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑦𝑖 − 𝑢𝑗)
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑦𝑖 − 𝑣𝑗)
 

4𝑁

𝜆
(𝑢𝑖 −

𝐾2𝜆

4𝑁
) = ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑢𝑖 − 𝑢𝑗
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑢𝑖 − 𝑥𝑗)
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑢𝑖 − 𝑦𝑗)

4𝑁

𝜆
(𝑣𝑖 +

𝐾2𝜆

4𝑁
) = ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑣𝑖 − 𝑣𝑗
− ∑  

𝑁

𝑗=1

 
1

sinh (𝑣𝑖 − 𝑥𝑗)
− ∑  

𝑁

𝑖=1

 
1

sinh (𝑣𝑖 − 𝑦𝑗)

 

(𝑦1 ≲ 𝑢1 ≲ 𝑣1 ≲ 𝑥1) < (𝑦2 ≲ 𝑢2 ≲ 𝑣2 ≲ 𝑥2) < ⋯ < (𝑦𝑁 ≲ 𝑢𝑁 ≲ 𝑣𝑁 ≲ 𝑥𝑁)  

1

𝑥𝑖 − 𝑣𝑖
=

1

𝑢𝑖 − 𝑦𝑖
≈

𝐾1 + 𝐾2

2
,

1

𝑥𝑖 − 𝑢𝑖
≈

1

𝑣𝑖 − 𝑦𝑖
=

𝐾1 − 𝐾2

2
 

𝑥𝑖 − 𝑥𝑗 ≈ 𝑦𝑖 − 𝑦𝑗 ≈ 𝑢𝑖 − 𝑢𝑗 ≈ 𝑣𝑖 − 𝑣𝑗 ∼ (𝑖 − 𝑗)
√𝜆

𝑁
 

𝑥𝑖 − 𝑣𝑖 ≈ 𝑣𝑖 − 𝑢𝑖 ≈ 𝑢𝑖 − 𝑦𝑖 ≪ 𝑥𝑖 − 𝑥𝑗 ≈ 𝑦𝑖 − 𝑦𝑗 ≈ 𝑢𝑖 − 𝑢𝑗 ≈ 𝑣𝑖 − 𝑣𝑗  

4𝑁

𝜆
𝑥𝑖≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑥𝑖 − 𝑥𝑗
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑥𝑖 − 𝑢𝑗)
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑥𝑖 − 𝑣𝑗)
 

4𝑁

𝜆
𝑦𝑖  ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑦𝑖 − 𝑦𝑗
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑦𝑖 − 𝑢𝑗)
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑦𝑖 − 𝑣𝑗)

4𝑁

𝜆
𝑢𝑖 ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑢𝑖 − 𝑢𝑗
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑢𝑖 − 𝑥𝑗)
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑢𝑖 − 𝑦𝑗)

4𝑁

𝜆
𝑣𝑖 ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑣𝑖 − 𝑣𝑗
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑣𝑖 − 𝑥𝑗)
− ∑  

𝑁

𝑗(≠𝑖)

 
1

sinh (𝑣𝑖 − 𝑦𝑗)
.

 

4𝑁

𝜆
𝑥𝑖  ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑥𝑖 − 𝑥𝑗
,
4𝑁

𝜆
𝑦𝑖 ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑦𝑖 − 𝑦𝑗

4𝑁

𝜆
𝑢𝑖  ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑢𝑖 − 𝑢𝑗
,
4𝑁

𝜆
𝑣𝑖 ≈ ∑  

𝑁

𝑗(≠𝑖)

 
2

𝑣𝑖 − 𝑣𝑗

 

𝜌(𝑥) =
2

𝜆𝜋
√𝜆 − 𝑥2, 𝜌(𝑦) =

2

𝜆𝜋
√𝜆 − 𝑦2, 𝜌(𝑢) =

2

𝜆𝜋
√𝜆 − 𝑢2, 𝜌(𝑣) =

2

𝜆𝜋
√𝜆 − 𝑣2  

[−𝑎2𝑒1
−1, −𝑎2𝑒2

−1] ∪ [−𝑒2, −𝑒1] ∪ [𝑒1, 𝑒2] ∪ [𝑎2𝑒2
−1, 𝑎2𝑒1

−1]  
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𝑧(𝑥) =
𝑥

4
−

√𝑥2 + 4𝑐2

4
−

1

2
√

1

2
(8𝑎2 + 2𝑐2 + 𝑥2 − 𝑥√𝑥2 + 4𝑐2)

𝑧(𝑦) =
𝑦

4
+

√𝑦2 + 4𝑐2

4
−

1

2
√

1

2
(8𝑎2 + 2𝑐2 + 𝑦2 + 𝑦√𝑦2 + 4𝑐2)

𝑧(𝑢) =
𝑢

4
−

√𝑢2 + 4𝑐2

4
+

1

2
√

1

2
(8𝑎2 + 2𝑐2 + 𝑢2 − 𝑢√𝑢2 + 4𝑐2)

𝑧(𝑣) =
𝑣

4
+

√𝑣2 + 4𝑐2

4
+

1

2
√

1

2
(8𝑎2 + 2𝑐2 + 𝑣2 + 𝑣√𝑣2 + 4𝑐2)

 

𝑐2 ≡
(𝑎2 − 𝑒2

2)(𝑎2 − 𝑒1
2)

𝑒1𝑒2

 

𝜌(𝑧) =
2

𝜆𝜋
√

(𝑒2
2 − 𝑧2)(𝑧2 − 𝑒1

2)(𝑧2 − 𝑎4𝑒1
−2)(𝑧2 − 𝑎4𝑒2

−2)

𝑧2(𝑧 − 𝑎)2(𝑧 + 𝑎)2
 

𝜔(𝑧) =
2

𝜆
(𝑧 −

𝑎2

𝑧
−

(𝑎2 − 𝑒2
2)(𝑎2 − 𝑒1

2)

2𝑒1𝑒2
(

1

𝑧 + 𝑎
+

1

𝑧 − 𝑎
)

−
√(𝑧2 − 𝑒1

2)(𝑧2 − 𝑒2
2)(𝑧2 − 𝑎4/𝑒2

2)(𝑧2 − 𝑎4/𝑒1
2)

𝑧(𝑧 − 𝑎)(𝑧 + 𝑎)
)

 

⟨𝛿12⟩
12

𝐊
=

1

𝑍1𝑍2
∫  ∏  

𝑖

 𝑑𝑥𝑖𝑑𝑦𝑖Δ
2(𝑥)Δ2(𝑦)𝑒

−
2𝑁
𝜆

∑  𝑖  𝑥𝑖
2+𝐾 ∑  𝑖  𝑥𝑖−

2𝑁
𝜆

∑  𝑖  𝑦𝑖
2−𝐾 ∑  𝑖  𝑦𝑖 ∏  

𝑖,𝑗

 
1 + 𝑒𝑥𝑖−𝑦𝑗

1 − 𝑒𝑥𝑖−𝑦𝑗  

⟨𝛿12⟩
12

𝐊
≈ 𝑒−𝐹𝛿 , 𝐹𝛿 = −

80

3𝜋2

𝑁2

√𝜆
 

 

𝐾 ∑  

𝑖

 𝑥𝑖 ≈ 𝐾𝑁 ∫  
√𝜆

−√𝜆

 𝑑𝑥𝜌(𝑥)𝑥 = 0, −𝐾 ∑  

𝑖

 𝑦𝑖 ≈ −𝐾𝑁 ∫  
√𝜆

−√𝜆

 𝑑𝑦𝜌(𝑦)𝑦 = 0  

Δ2(𝑥)Δ2(𝑦)𝑒
−

2𝑁
𝜆

∑  𝑖  𝑥𝑖
2−

2𝑁
𝜆

∑  𝑖  𝑦𝑖
2

 

⟨𝛿12⟩
12

𝐊
≈ exp (𝑁2 ∫  

√𝜆

−√𝜆

 𝑑𝑥𝜌(𝑥)𝑓
−√𝜆
√𝜆 𝑑𝑦𝜌(𝑦)log (

1 + 𝑒𝑥−𝑦

1 − 𝑒𝑥−𝑦))  

𝑓
−√𝜆
√𝜆 𝑑𝑦 = lim

𝜖→0
 (∫  

𝑥−𝜖

−√𝜆

 𝑑𝑦 + ∫  
√𝜆

𝑥+𝜖

 𝑑𝑦)  

∏  

𝑖,𝑗

 
1 + 𝑒𝑥𝑖−𝑦𝑗

1 − 𝑒𝑥𝑖−𝑦𝑗
= (∏  

𝑖

 
1 + 𝑒𝑥𝑖−𝑦𝑖

1 − 𝑒𝑥𝑖−𝑦𝑖
) (∏  

𝑖

  ∏  

𝑗(≠𝑖)

 
1 + 𝑒𝑥𝑖−𝑦𝑗

1 − 𝑒𝑥𝑖−𝑦𝑗
)  
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∏  

𝑖

 
1 + 𝑒𝑥𝑖−𝑦𝑖

1 − 𝑒𝑥𝑖−𝑦𝑖
≈ (

1 + 𝑒
1
𝐾

1 − 𝑒
1
𝐾

)

𝑁

≈ (−𝐾)𝑁  

(1 + 𝑒𝑥𝑖−𝑦𝑗)/(1 − 𝑒𝑥𝑖−𝑦𝑗) ≈ −1, while for 𝑥𝑖 − 𝑦𝑗 ≪ 1 

(1 + 𝑒𝑥𝑖−𝑦𝑗)/(1 − 𝑒𝑥𝑖−𝑦𝑗) ≈ −1/(𝑥𝑖 − 𝑦𝑗) 

∏  

𝑗(≠𝑖)

 
1 + 𝑒𝑥𝑖−𝑦𝑗

1 − 𝑒𝑥𝑖−𝑦𝑗
≈ exp (𝑁𝑓𝑥𝑖−𝛼

𝑥𝑖+𝛼
𝑑𝑦𝜌(𝑦)log (−

2

𝑥𝑖 − 𝑦
))  

∏  

𝑗(≠𝑖)

 
1 + 𝑒𝑥𝑖−𝑦𝑗

1 − 𝑒𝑥𝑖−𝑦𝑗
≈ exp (𝑁𝜌(𝑥𝑖) ∫  

𝑥𝑖+𝛼

𝑥𝑖−𝛼

 𝑑𝑦log (−
2

𝑥𝑖 − 𝑦
)) ∼ 𝑒𝐶𝑁𝜌(𝑥𝑖)  

∏  

𝑖

  ∏  

𝑗(≠𝑖)

 
1 + 𝑒𝑥𝑖−𝑦𝑗

1 − 𝑒𝑥𝑖−𝑦𝑗
∼ ∏  

𝑖

  𝑒𝐶𝑁𝜌(𝑥𝑖) ≈ exp (𝐶𝑁2 ∫  
√𝜆

−√𝜆

 𝑑𝑥𝜌(𝑥)2) = exp (
16𝐶

3𝜋2

𝑁2

√𝜆
)  

𝐹(𝑥; 𝜆) ≡ 𝑓
−√𝜆
√𝜆 𝑑𝑦𝜌(𝑦)log (

1 + 𝑒𝑥−𝑦

1 − 𝑒𝑥−𝑦)  

Δ𝜙 = 2𝜋
𝑛 − 1

𝑛
 

𝑇𝑛 =
𝑛 − 1

4𝑛𝐺𝑁
 

𝑆dimensions = 𝑇𝑛 ∫  𝑑𝐷−2𝑥√𝑔𝐷−2  

𝑇1/2 = −
1

4𝐺10
= −

𝑁2

2𝜋4𝐿8
 

𝑇𝜇𝜈 = −
1

4𝐺10

(𝑔8)𝜇𝜈𝛿(2)(𝑧𝑐)  

𝑆dimensions =
16𝜋4

3𝐺10
𝑓1

2𝑓2
2𝑓4

4|
𝑧𝑐

=
32

3
𝑁2𝑡(𝑡 + 1)  

𝑆EH = −
1

16𝜋𝐺10
∫  𝑑10𝑥√𝑔𝑅 

√𝑔Σ𝑅Σ = −4𝜋𝛿(2)(𝑧𝑐) 

𝑆dimensions = −
16𝜋4

3𝐺10
𝑓1

2𝑓2
2𝑓4

4|
𝑧𝑐

= −
32

3
𝑁2𝑡(𝑡 + 1)  

𝐹𝛿 ∼ −𝑁2/√𝜆 
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𝑆dimensions
′ = 𝑆dimensions + 𝑆SYM = ∫  𝑑8𝑥√𝑔8 (𝑇1/2 −

1

16𝜋𝐺8
𝑅8)  

𝐺8
−1 = 𝜂𝛼′𝐺10

−1 

𝑅8 = 𝑅EAdS2
+ 𝑅𝑆2 + 𝑅𝑆4 

𝑅8|𝑧𝑐
= −

2

𝑓1
2 +

2

𝑓2
2 +

12

𝑓4
2|

𝑧𝑐

=
12𝑡2 + 12𝑡 + 2

𝑡(𝑡 + 1)

1

𝛼′√𝜆
 

𝑆SYM = 𝐴𝜂
𝑁2

√𝜆
 

𝐴 =
16(6𝑡2 + 6𝑡 + 1)

3𝜋
 

𝑆SYM ∼ 𝜂𝑁2/√𝜆 scales as 𝐹𝛿 ∼ −𝑁2/√𝜆 for 𝜂 < 0 

⟨𝑊◻⟩BW2
≈ 𝑒−𝑆on-shell (𝑧

∗)  

⟨⋯ ⟩BW2
=

⟨𝛿12 ⋯ ⟩
12

𝐊

⟨𝛿12⟩
12

𝐊  

𝑑𝑠AdS2

2 = 𝑑𝜚2 + sinh2 𝜚𝑑𝜙2  

𝑆 =
1

2𝜋𝛼′
∫  𝑑𝜙𝑑𝜚sinh 𝜚𝑒𝜙𝑓1

2√1 +
4𝜌2

𝑓1
2 |

 d𝑧

 d𝜚
|
2

+
1

2𝜋𝛼′
∫  𝑑𝜙𝑑𝜚sinh 𝜚𝑏1

 

𝑧(𝜚) = 𝑧∗ 

𝜕𝑧(𝑒𝜙𝑓1
2)|

𝑧=𝑧∗ = 𝜕𝑧𝑏1|𝑧=𝑧∗ = 0  

𝑆on-shell (𝑧
∗) = −

1

𝛼′ (𝑒𝜙𝑓1
2 + 𝑏1)|

𝑧=𝑧∗
 

𝜕𝑧(𝑓1
2)|

𝑧=𝑧∗ = 0, 𝑆on-shell (𝑧
∗) = −

1

𝛼′
𝑓1

2|
𝑧=𝑧∗

 

𝑧∗ = [−𝑒2, −𝑒1] ∪ [𝑒1, 𝑒2]  

𝑧∗ = −𝑖√𝑒1𝑒2  

𝑧∗ = [−𝑒2, −𝑒1] ∪ [𝑒1, 𝑒2] 

𝑆on−shell(𝑧
∗) = −(𝑒2 − 𝑒1) = −√𝜆  

AdS5 × 𝑆5 

𝑆1 = 𝑆1
4 ∩ 𝑆2

4 
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𝑊◻
(1)

= Tr(𝑒𝑀1) and 𝑊◻
(2)

= Tr(𝑒𝑀2) 

⟨Tr(𝑒𝑀1)⟩BW2
= (

2

𝜆𝜋
)

2

∫  
√𝜆

−√𝜆

 𝑑𝑥𝑑𝑦𝑒𝑥√𝜆 − 𝑥2√𝜆 − 𝑦2 =
2

√𝜆
𝐼1(√𝜆)  

⟨𝑊◻
(1)

⟩
BW2

= ⟨𝑊◻
(2)

⟩
BW2

≈ 𝑒√𝜆 

𝑧∗ = −𝑖√𝑒1𝑒2 

𝑆on-shell (𝑧
∗) = −

(𝑒2 + 𝑒1)2

𝑒2 − 𝑒1
= −√𝜆(1 + 𝑡)  

𝑒2 − 𝑒1 = √𝜆 

𝑒1 =
√𝜆

2
(√1 + 𝑡 − 1), 𝑒2 =

√𝜆

2
(√1 + 𝑡 + 1)  

⟨Tr◻(𝑒𝑀)⟩BW2
≈ 𝑒√𝜆(1+𝑡) 

𝑧∗ = [−𝑎2𝑒1
−1, −𝑎2𝑒2

−1] ∪ [−𝑒2, −𝑒1] ∪ [𝑒1, 𝑒2] ∪ [𝑎2𝑒2
−1, 𝑎2𝑒1

−1]  

𝑧∗ = −𝑖𝑎

𝑧∗ = −
𝑖

2
(√

(𝑎2 − 𝑒1
2)(𝑎2 − 𝑒2

2)

𝑒1𝑒2
± √

(𝑎2 − 𝑒1
2)(𝑎2 − 𝑒2

2)

𝑒1𝑒2
− 4𝑎2)

 

𝑆on-shell (𝑧
∗) = −

(𝑒2 − 𝑒1)(𝑎2 + 𝑒1𝑒2)

𝑒1𝑒2
= −√𝜆  

𝑊◻
(𝑖)

= Tr(𝑒𝑀𝑖) 

⟨Tr(𝑒𝑀𝑖)⟩BW4
≈ 𝑒√𝜆 

𝜆 =
(𝑒2 − 𝑒1)2(𝑎2 + 𝑒1𝑒2)2

𝑒1
2𝑒2

2  

(
𝑎2

𝑒1
− 𝑒1) (

𝑎2

𝑒2
− 𝑒2) =

𝜆𝑡1

2
, 𝑎2 =

𝜆𝑡2

4
 

𝑧1: = −𝑖
√𝜆𝑡2

2
, 𝑧±: = −𝑖

√𝜆

2
(√

𝑡1

2
± √

𝑡1

2
− 𝑡2)  

𝑧 = −√𝜆𝑡2/2 

𝑧 = −𝑖√𝜆𝑡2/2 

𝑧 = √𝜆𝑡2/2 
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𝑧 = 𝑖√𝜆𝑡2/2 

𝑆on-shell (𝑧
∗) = −

(𝑎2 + 𝑒1
2)2(𝑎2 + 𝑒2

2)2

4𝑎2𝑒1𝑒2(𝑒2 − 𝑒1)(𝑎2 + 𝑒1𝑒2)
= −√𝜆 (1 +

(𝑡1 + 2𝑡2)2

4𝑡2
)  

𝑆on-shell (𝑧
∗) = −

(𝑒1 + 𝑒2)2(𝑎2 − 𝑒1𝑒2)2

𝑒1𝑒2(𝑒2 − 𝑒1)(𝑎2 + 𝑒1𝑒2)
= −√𝜆(1 + 2𝑡1)  

⟨Tr(𝑒𝑀1+𝑡1𝑀2+𝑡1𝑀3)⟩BW4
≈ 𝑒√𝜆(1+2𝑡1)  

⟨Tr (𝑒
𝑀1+

1
4𝑡2

(𝑡1+2𝑡2)2𝑀4)⟩

BW4

≈ 𝑒
√𝜆(1+

1
4𝑡2

(𝑡1+2𝑡2)2)
 

∑  

𝑖

Tr(log (𝑀 − 𝑎𝑖)
2) 

𝑍2 = ∫  𝒟𝑀𝑒−𝑁Tr𝑉2(𝑀), 𝑉2(𝑀) =
2

𝜆
𝑀2 −

𝑡

2
log 𝑀2  

𝑉2
′(𝑠) =

4𝑠

𝜆
−

𝑡

𝑠
 

𝑉2
′(𝑥) = 2𝜓2(𝑥), 𝜔2(𝑧) = ∫  𝑑𝑠

𝜌2(𝑠)

𝑧 − 𝑠
 

𝜔2(𝑧) = ∮   𝒞
𝑑𝑠

2𝜋𝑖

𝑉2
′(𝑠)/2

𝑧 − 𝑠
√

(𝑧2 − 𝑒1
2)(𝑧2 − 𝑒2

2)

(𝑠2 − 𝑒1
2)(𝑠2 − 𝑒2

2)
 

𝜔2(𝑧) =
2𝑧

𝜆
−

𝑡

2𝑧
−

𝑡

2𝑒1𝑒2𝑧
√(𝑧2 − 𝑒1

2)(𝑧2 − 𝑒2
2)  

𝜔2(𝑧 → ∞) = (−
𝑡

2𝑒1𝑒2
+

2

𝜆
) 𝑧 +

(𝑒2 − 𝑒1)2𝑡

4𝑒1𝑒2𝑧
+ 𝑂(𝑧−2) =

! 1

𝑧
+ 𝑂(𝑧−2)  

𝑒1
2 =

𝜆

4
(√1 + 𝑡 − 1)2, 𝑒2

2 =
𝜆

4
(√1 + 𝑡 + 1)2  

𝜔2(𝑧) =
2

𝜆
(𝑧 −

𝑒1𝑒2

𝑧
−

1

𝑧
√(𝑧2 − 𝑒1

2)(𝑧2 − 𝑒2
2))  

𝑒2 − 𝑒1 = √𝜆, 𝑒1𝑒2 =
𝜆𝑡

4
 

𝑍4 = ∫  𝒟𝑀𝑒−𝑁Tr𝑉4(𝑀), 𝑉4(𝑀) =
2

𝜆
𝑀2 −

𝑡1

2
log (𝑀 − 𝑎)2 −

𝑡1

2
log (𝑀 + 𝑎)2 −

𝑡2

2
log 𝑀2  

𝑉4
′(𝑠) =

4𝑠

𝜆
−

𝑡1

𝑠 − 𝑎
−

𝑡1

𝑠 + 𝑎
−

𝑡2

𝑠
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𝑉4
′(𝑥) = 2𝜓4(𝑥), 𝜔4(𝑧) = ∫  𝑑𝑠

𝜌4(𝑠)

𝑧 − 𝑠
 

𝜔4(𝑧) = ∮
𝑑𝑠

2𝜋𝑖

𝑉4
′(𝑠)/2

𝑧 − 𝑠
√

(𝑧2 − 𝑒1
2)(𝑧2 − 𝑒2

2)(𝑧2 − 𝑒3
2)(𝑧2 − 𝑒4

2)

(𝑠2 − 𝑒1
2)(𝑠2 − 𝑒2

2)(𝑠2 − 𝑒3
2)(𝑠2 − 𝑒4

2)

∎

𝒞

 

[−𝑒4, −𝑒3] ∪ [−𝑒2, −𝑒1] ∪ [𝑒1, 𝑒2] ∪ [𝑒3, 𝑒4]  

𝜔4(𝑧) =
2𝑧

𝜆
−

𝑡1

2(𝑧 − 𝑎)
−

𝑡1

2(𝑧 + 𝑎)
−

𝑡2

2𝑧
+

𝑡2

2𝑒1𝑒2𝑒3𝑒4

√(𝑧2 − 𝑒1
2)(𝑧2 − 𝑒2

2)(𝑧2 − 𝑒3
2)(𝑧2 − 𝑒4

2)

𝑧

−
𝑡1

2√(𝑒4
2 − 𝑎2)(𝑒3

2 − 𝑎2)(𝑎2 − 𝑒2
2)(𝑎2 − 𝑒1

2)

√(𝑧2 − 𝑒1
2)(𝑧2 − 𝑒2

2)(𝑧2 − 𝑒3
2)(𝑧2 − 𝑒4

2)

𝑧 − 𝑎
 

 −
𝑡1

2√(𝑒4
2 − 𝑎2)(𝑒3

2 − 𝑎2)(𝑎2 − 𝑒2
2)(𝑎2 − 𝑒1

2)

√(𝑧2 − 𝑒1
2)(𝑧2 − 𝑒2

2)(𝑧2 − 𝑒3
2)(𝑧2 − 𝑒4

2)

𝑧 + 𝑎

 

 

𝜔4(𝑧 → ∞) = (
𝑡2

2𝑒1𝑒2𝑒3𝑒4
−

𝑡1

√(𝑒4
2 − 𝑎2)(𝑒3

2 − 𝑎2)(𝑎2 − 𝑒2
2)(𝑎2 − 𝑒1

2)
) 𝑧3 + 𝑂(𝑧)  

𝜔4(𝑧) =
2𝑧

𝜆
−

𝑡1

2(𝑧 − 𝑎)
−

𝑡1

2(𝑧 + 𝑎)
−

𝑡2

2𝑧
+

𝑡2

2𝑒1𝑒2𝑒3𝑒4

√(𝑧2 − 𝑒1
2)(𝑧2 − 𝑒2

2)(𝑧2 − 𝑒3
2)(𝑧2 − 𝑒4

2)

𝑧

−
𝑡2

4𝑒1𝑒2𝑒3𝑒4

√(𝑧2 − 𝑒1
2)(𝑧2 − 𝑒2

2)(𝑧2 − 𝑒3
2)(𝑧2 − 𝑒4

2)

𝑧 − 𝑎
 

 −
𝑡2

4𝑒1𝑒2𝑒3𝑒4

√(𝑧2 − 𝑒1
2)(𝑧2 − 𝑒2

2)(𝑧2 − 𝑒3
2)(𝑧2 − 𝑒4

2)

𝑧 + 𝑎

 

𝜔4(𝑧 → ∞) =

4
𝜆

𝑒1𝑒2𝑒3𝑒4 − 𝑎2𝑡2

2𝑒1𝑒2𝑒3𝑒4
𝑧 + 𝑂(𝑧−1)  

𝜔4(𝑧) =
2

𝜆
(𝑧 −

𝑒1𝑒2𝑒3𝑒4

𝑎2𝑧
−

√(𝑒4
2 − 𝑎2)(𝑒3

2 − 𝑎2)(𝑎2 − 𝑒2
2)(𝑎2 − 𝑒1

2)

2𝑎2
(

1

𝑧 + 𝑎
+

1

𝑧 − 𝑎
)

−
√(𝑧2 − 𝑒1

2)(𝑧2 − 𝑒2
2)(𝑧2 − 𝑒3

2)(𝑧2 − 𝑒4
2)

𝑧(𝑧 − 𝑎)(𝑧 + 𝑎)
)

 

𝜔4(𝑧) =
2

𝜆
(𝑧 −

𝑎2

𝑧
−

(𝑎2 − 𝑒2
2)(𝑎2 − 𝑒1

2)

2𝑒1𝑒2
(

1

𝑧 + 𝑎
+

1

𝑧 − 𝑎
)  

−
√(𝑧2 − 𝑒1

2)(𝑧2 − 𝑒2
2)(𝑧2 − 𝑎4/𝑒2

2)(𝑧2 − 𝑎4/𝑒1
2)

𝑧(𝑧 − 𝑎)(𝑧 + 𝑎)
)

 

𝜔4(𝑧 → ∞) = 𝑧−1 + 𝑂(𝑧−2) 

𝜆 =
(𝑒2 − 𝑒1)2(𝑎2 + 𝑒1𝑒2)2

𝑒1
2𝑒2

2  
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(
𝑎2

𝑒1
− 𝑒1) (

𝑎2

𝑒2
− 𝑒2) =

2𝑎2𝑡1

𝑡2
, 𝑎2 =

𝜆𝑡2

4
 

Tr𝐊(𝑒𝑀) = det𝐾(𝑒𝑀) 

𝑑𝑠2 =− (1 −
2𝑀𝑟 − 𝑄2

Σ
) 𝑑𝑡2 −

2𝑎(2𝑀𝑟 − 𝑄2)

Σ
sin2 𝜃𝑑𝑡𝑑𝜙 +

Σ

Δ
𝑑𝑟2 + Σ𝑑𝜃2 

 + (𝑟2 + 𝑎2 +
𝑎2(2𝑀𝑟 − 𝑄2)

Σ
sin2 𝜃) sin2 𝜃𝑑𝜙2

 

Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2 + 𝑄2, Σ = 𝑟2 + 𝑎2cos2 𝜃  

𝐻 =
1

2
𝑔𝜇𝜈𝑝𝜇𝑝𝜈 

𝐻(𝑟, 𝑝𝑟; 𝐸, 𝐿𝑧) = 𝑔𝑡𝑡𝑝𝑡
2 + 2𝑔𝑡𝜙𝑝𝑡𝑝𝜙 + 𝑔𝜙𝜙𝑝𝜙

2 + 𝑔𝑟𝑟𝑝𝑟
2 

𝑅(𝑟) = 𝑔𝑟𝑟𝑝𝑟
2 = −(𝑔𝑡𝑡𝐸2 + 2𝑔𝑡𝜙𝐸𝐿𝑧 + 𝑔𝜙𝜙𝐿𝑧

2) 

𝑈𝜇 = (
𝑑𝑡

𝑑𝜆
,
𝑑𝑟

𝑑𝜆
,
𝑑𝜃

𝑑𝜆
,
𝑑𝜙

𝑑𝜆
)  

𝑑𝑥𝜇

𝑑𝜆
= 𝑘𝜇 ,

𝑑𝑘𝜇

𝑑𝜆
= −Γ𝜈𝜌

𝜇
𝑘𝜈𝑘𝜌  

Γ𝛼  𝜇𝜈 =
1

2
𝑔𝛼𝑠(𝜕𝜇𝑔𝜈𝑠+𝜕𝜈𝑔𝜇𝑠 − 𝜕𝑠𝑔𝜇𝜈) 

𝑑𝑓𝜇

𝑑𝜆
+ Γ𝜈𝜌

𝜇
𝑘𝜈𝑓𝜌 = 0  

𝑟 → 𝑟(𝜆), 𝜃 → 𝜃(𝜆), 𝑓𝑡 → 𝑓𝑡(𝜆), 𝑝𝑟 → 𝑝𝑟(𝜆) 

𝑑𝑡

𝑑𝜆
= 𝑘𝑡,

𝑑𝑟

𝑑𝜆
= 𝑘𝑟,

𝑑𝜃

𝑑𝜆
= 𝑘𝜃,

𝑑𝜙

𝑑𝜆
= 𝑘𝜙,

𝑑𝑘𝜇

𝑑𝜆
= −Γ𝜈𝜌

𝜇
𝑘𝜈𝑘𝜌,

𝑑𝑓𝜇

𝑑𝜆
= −Γ𝜈𝜌

𝜇
𝑘𝜈𝑓𝜌.  

𝑥1 → −𝑥1, 𝑥2 → 𝑥2 + 𝜋 

[𝑥1, 𝑥2] = (|𝑎1|, (𝑎2 + 𝜋𝛿𝑎1<0)mod2𝜋) 

𝜂𝑎𝑏 = diag(−1, +1, +1, +1) and 𝑔𝜇𝜈𝑒(𝑎)
𝜇

𝑒(𝑏)
𝜈 = 𝜂𝑎𝑏 
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𝑒(0)
𝜇

= √−
𝑔𝜙𝜙

𝑔𝑡𝑡𝑔𝜙𝜙 − 𝑔𝑡𝜙
2 (1,0,0, −

𝑔𝑡𝜙

𝑔𝜙𝜙
) , 𝑒(1)

𝜇
= (0, −

1

√𝑔𝑟𝑟

, 0,0) 

𝑒(2)
𝜇

 = (0,0,
1

√𝑔𝜃𝜃

, 0) , 𝑒(3)
𝜇

= (0,0,0, −
1

√𝑔𝜙𝜙

)

 

(𝑥scr, 𝑦scr) =
2tan (fov/2)

𝑁pix
(𝑖 −

1

2
(𝑁pix + 1), 𝑗 −

1

2
(𝑁pix + 1)) ,  

{𝜃𝑥, 𝜓𝑥} = 𝐹 (2arctan (
1

2
√𝑥scr

2 + 𝑦scr
2 ) , arctan 

−𝑦scr

−𝑥scr
) .  

𝑣 = (cos 𝜃𝑥, sin 𝜃𝑥cos 𝜓𝑥 , sin 𝜃𝑥sin 𝜓𝑥).  

𝜆𝜇 = −𝜅𝑒(0)
𝜇

+ 𝑣(1)𝑒(1)
𝜇

+ 𝑣(2)𝑒(2)
𝜇

+ 𝑣(3)𝑒(3)
𝜇

,  

I[𝑟]: = exp [−
1

2
(𝛾 + ArcSinh (

𝑟 − 𝛽

𝜎
))

2

] /√(𝑟 − 𝛽)2 + 𝜎2.  

𝐼(𝑟) = (1 + 𝛼tanh (𝛾𝑥)) ⋅
exp [−

1
2

(sinh−1 (𝑥))2]

(𝑥2 + 1)𝛿/2
, 𝑥 =

𝑟 − 𝛽

𝜎
.  

𝐼pol(𝑟) = cos2 𝜃 ⋅
1

2√(𝑟 − 𝛽)2 + 𝜎2
exp [−

1

2
(𝛾 + sinh−1 (

𝑟 − 𝛽

𝜎
))

2

] .  
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𝐼𝑝(𝑟, 𝜃, 𝜈) = Π ⋅ cos2 𝜃 ⋅ (
𝜈3

𝑒𝜈/𝑇(𝑟) − 1
) ⋅ (1 + 𝛼tanh (𝛾𝑥)) ⋅

exp [−
1
2

(sinh−1 𝑥)2]

(𝑥2 + 1)𝛿/2
,  

ℎ𝜇 𝜈 = 𝛿𝜇 𝜈 + 𝑒(0)
𝜇

𝑒(0)𝜈 and 𝐵⊥
𝜇

= ℎ𝜇 𝜈𝐵𝜈 

𝜓 = arg (𝐵⊥
(1)

+ 𝑖𝐵⊥
(2)

) +
𝜋

2
 and tan (2𝜒) = 𝑈/𝑄 

 

𝐵𝑟(𝑟) =
𝑏ratio 

𝑟
, 𝐵𝜃(𝑟) =

 amp 

𝑟
sin (𝑘ln 𝑟), 𝐵𝜙(𝑟) =

1

𝑟
[1 +

1

2
cos (𝑘ln 𝑟)] ,  

tan 𝜓(𝑟) =
√[𝐵𝑟(𝑟)]2 + [𝐵𝜃(𝑟)]2

𝐵𝜙(𝑟)
 

(𝐵𝑥 , 𝐵𝑦) ≈ (𝐵𝜙, 𝐵𝜃) 

𝜒(𝑟) ≈
1

2
arctan (

𝐵𝑦

𝐵𝑥
) +

𝜋

2
=

1

2
arctan (

𝐵𝜃(𝑟)

𝐵𝜙(𝑟)
) +

𝜋

2
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𝑓𝜇 =
𝜀𝜇𝜈𝜌𝜎𝑈𝜈𝑘𝜌𝐵𝜎

√|(𝜀𝛼𝛽𝛾𝛿𝑈𝛽𝑘𝛾𝐵𝛿)𝑔𝛼𝜆(𝜀𝜆𝜂𝜅𝜁𝑈𝜂𝑘𝜅𝐵𝜁)|
 

𝑓(𝑖) = 𝑓𝜇𝑒𝜇
(𝑖)

, yielding 𝜒 =
1

2
arctan 2(𝑓(2), 𝑓(1)) 

𝑄 = 𝐼cos 2𝜒, 𝑈 = 𝐼sin 2𝜒  

𝐼 = 𝑔3𝑗𝐼(𝑟em), 𝐼𝑝 = 𝑔3𝑗𝑝(𝑟em),  

𝐸𝑥 ∝ −𝑓𝜇𝑒(𝑥)
𝜇

, 𝐸𝑦 ∝ −𝑓𝜇𝑒(𝑦)
𝜇

 

𝑄 = 𝐼𝑝cos (2𝜒) = 𝐼𝑝
𝐸𝑥

2 − 𝐸𝑦
2

𝐸𝑥
2 + 𝐸𝑦

2 , 𝑈 = 𝐼𝑝sin (2𝜒) = 𝐼𝑝
2𝐸𝑥𝐸𝑦

𝐸𝑥
2 + 𝐸𝑦

2  
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𝑆(𝑃) ≃
𝑁2𝑇ray

𝑁2𝑇ray/𝑃 + 𝑇oh
 

DOP(𝑥, 𝑦) =
√𝑄2 + 𝑈2

𝐼
 

‖𝐼2𝑁 − 𝐼𝑁‖2

‖𝐼2𝑁‖2
< 10−3, ‖𝜒2𝑁 − 𝜒𝑁‖∞ < 0.5∘  

𝐼max ≡ max
𝑖,𝑗

 𝐼(𝑖, 𝑗) and 𝐼 ≡ 𝐼/𝐼max  

𝐼 = [
asinh(𝛼𝐼)

asinh(𝛼𝐼max)
]
𝛾

, 𝛼 ∈ [2,5], 𝛾 ∈ [0.6,0.8]  
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ℒ = √−𝑔 [𝑅 −
1

2
(𝜕𝜙‾)2 −

1

2
𝑒2𝜙‾ (𝜒‾)2 − 𝑒−𝜙‾ 𝐹2 +

1

𝑙2 [4 + 𝑒−𝜙‾ + 𝑒𝜙‾ (1 + 𝜒‾2)]] +
𝜒‾

2
𝜖𝜇𝜈𝜌𝜆𝐹𝜇𝜈𝐹𝜌𝜆  

𝐻 = 𝑒−2𝜙‾ ⋆ 𝑑𝜒‾, 𝐻2 = 𝐻𝜇𝜈𝜌𝐻𝜇𝜈𝜌 

𝑑𝑠‾2  = −
Δ𝑟

Σ
(𝑑𝑡 −

𝑎sin2 𝜃

Ξ
𝑑𝜙)

2

+
Σ

Δ𝑟
𝑑𝑟2 +

Σ

Δ𝜃
𝑑𝜃2 +

Δ𝜃sin2 𝜃

Σ
(𝑎𝑑𝑡 −

𝑟2 + 2𝑏𝑟 + 𝑎2

Ξ
𝑑𝜙)

2

𝐴‾  =
𝑞𝑟

Σ
(𝑑𝑡 −

𝑎sin2 𝜃

Ξ
𝑑𝜙)

𝜙‾  = ln (
𝑟2 + 𝑎2cos2 𝜃

Σ
) , 𝜒‾ =

2𝑏𝑎cos 𝜃

𝑟2 + 𝑎2cos2 𝜃

 

Σ = 𝑟2 + 2𝑏𝑟 + 𝑎2cos2 𝜃 

Δ𝑟 = (1 +
𝑟2 + 2𝑏𝑟

𝑙2 ) (𝑟2 + 2𝑏𝑟 + 𝑎2) − 2𝑚𝑟 
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Δ𝜃 = 1 −
𝑎2

𝑙2
cos2 𝜃, Ξ = 1 −

𝑎2

𝑙2
 

𝜁𝜇 = 𝜉(𝑡)
𝜇

+ Ωℎ𝜒(𝜙)
𝜇

 

𝑔𝑡𝑡 = 𝜉(𝑡) ⋅ 𝜉(𝑡) =
𝑎2sin2 𝜃Δ𝜃 − Δ𝑟

Σ
 

𝑔𝑡𝜙 = 𝜉(𝑡) ⋅ 𝜉(𝜙) =
𝑎(Δ𝑟 − (𝑟2 + 2𝑏𝑟 + 𝑎2)Δ𝜃)sin2 𝜃

ΣΞ

𝑔𝜙𝜙 = 𝜉(𝜙) ⋅ 𝜉(𝜙) =
((𝑟2 + 2𝑏𝑟 + 𝑎2)2Δ𝜃 − 𝑎2Δ𝑟sin2 𝜃)sin2 𝜃

ΣΞ2

 

Ω =
𝑑𝜙

𝑑𝑡
 

𝑢𝜇𝑢𝜇 = 𝛾2(𝑔𝑡𝑡 + 2Ω𝑔𝑡𝜙 + Ω2𝑔𝜙𝜙) 

𝛾−2 = −𝑔𝜙𝜙(𝑔𝑡𝑡/𝑔𝜙𝜙 + 2𝑔𝑡𝜙/𝑔𝜙𝜙Ω + Ω2) 

Ω± = 𝜔 ±
Ξ√Δ𝑟Δ𝜃Σcsc 𝜃

(𝑟2 + 2𝑏𝑟 + 𝑎2)2Δ𝜃 − Δ𝑟sin2 𝜃
, 𝜔 =

𝑎((𝑟2 + 2𝑏𝑟 + 𝑎2)Δ𝜃 − Δ𝑟)Ξ

(𝑟2 + 2𝑏𝑟 + 𝑎2)2Δ𝜃 − Δ𝑟sin2 𝜃
. 

Ω− = Ω+ ≡ Ωℎ = 𝜔(𝑟ℎ) =
𝑎Ξ

𝑟ℎ
2 + 2𝑏𝑟ℎ + 𝑎2

 

Ω = Ωℎ − Ω∞ =
𝑎 (1 +

𝑟ℎ
2 + 2𝑏𝑟ℎ

𝑙2 )

𝑟ℎ
2 + 2𝑏𝑟ℎ + 𝑎2

. 

𝜅2 = −
1

2
𝜁𝜇;𝜈𝜁𝜇;𝜈 .  

𝑀‾  =
𝑚

Ξ2
, 𝐽‾ =

𝑚𝑎

Ξ2
, 𝑄‾ =

𝑞

Ξ

𝑇‾  =
(𝑟+ + 𝑏)(2𝑟+

2 + 4𝑏𝑟+ + 𝑙2 + 𝑎2) − 𝑚𝑙2

2𝜋(𝑟+
2 + 2𝑏𝑟+ + 𝑎2)𝑙2

,

𝑆‾  =
𝜋(𝑟+

2 + 2𝑏𝑟+ + 𝑎2)

Ξ
, Ω‾ =

𝑎Ξ

𝑟+
2 + 2𝑏𝑟+ + 𝑎2

,

Φ‾  =
𝑞𝑟+

𝑟+
2 + 2𝑏𝑟+ + 𝑎2

.

 

𝑉‾ =
4𝜋

3Ξ
(𝑟+ + 𝑏)(𝑟+

2 + 2𝑏𝑟+ + 𝑎2),  

𝑀̃ =
12𝜋2𝐽‾2(8𝑃‾𝑆‾ + 3) + 96𝜋2𝐽‾𝑃‾𝑆‾ + 𝑆‾(8𝑃‾𝑆‾ + 3)(𝑆‾(8𝑃‾𝑆‾ + 3) + 6𝜋𝑄‾2)

6√𝜋√𝑆√(8𝑃‾𝑆‾ + 3)(12𝜋2𝐽‾2 + 𝑆‾(𝑆‾(8𝑃‾𝑆‾ + 3) + 6𝜋𝑄‾2))
 



pág. 8919 

𝑇‾  =
𝑆‾2(16𝑃‾(𝜋𝑄‾2 + 2𝑆‾) + 64𝑃‾2𝑆‾2 + 3) − 12𝜋2𝐽‾2

4√𝜋𝑆‾3/2√(8𝑃‾𝑆‾ + 3)(12𝜋2𝐽‾2 + 𝑆‾(𝑆‾(8𝑃‾𝑆‾ + 3) + 6𝜋𝑄‾2))

𝐺‾  =
12𝜋2𝐽‾2(16𝑃‾𝑆‾ + 9) + 𝑆‾(12𝜋𝑄‾2(4𝑃‾𝑆‾ + 3) − 64𝑃‾2𝑆‾3 + 9𝑆‾)

12√𝜋√𝑆‾√(8𝑃‾𝑆‾ + 3)(12𝜋2𝐽‾2 + 𝑆‾(𝑆‾(8𝑃‾𝑆‾ + 3) + 6𝜋𝑄‾2))

𝑉‾  =
4√𝑆(6𝜋2𝐽‾2 + 𝑆‾(𝑆‾(8𝑃‾𝑆‾ + 3) + 3𝜋𝑄‾2))

3√𝜋√(8𝑃‾𝑆‾ + 3)(12𝜋2𝐽‾2 + 𝑆(𝑆‾(8𝑃‾𝑆‾ + 3) + 6𝜋𝑄‾2))

 

144𝜋4𝐽‾4(32𝑃‾𝑆‾ + 9) + 24𝜋2𝐽‾2𝑆‾(36𝜋𝑄‾2(4𝑃‾𝑆‾ + 1) + 𝑆‾(8𝑃‾𝑆‾ + 3)2(16𝑃‾𝑆‾ + 3)) + 𝑆‾4(4096𝑃‾4𝑆‾4 +

2048𝑃‾3𝑆‾2(3𝜋𝑄‾2 + 2𝑆‾) − 384𝑃‾2(2𝜋2𝑄‾4 − 12𝜋𝑄‾2𝑆‾ − 3𝑆‾2) + 864𝜋𝑃‾𝑄‾2 − 27) = 0

 −5184𝜋6𝐽‾6(512𝑃‾2𝑆‾2 + 288𝑃‾𝑆‾ + 45) − 144𝜋4𝐽‾4𝑆‾(72𝜋𝑄‾2(320𝑃‾2𝑆‾2 + 174𝑃‾𝑆‾ + 27) + 𝑆‾

(−32768𝑃‾4𝑆‾4 + 20160𝑃‾2𝑆‾2 + 8640𝑃‾𝑆‾ + 1053)) − 12𝜋2𝐽‾2𝑆‾2(2592𝜋2𝑄‾4(40𝑃‾2𝑆‾2 + 20𝑃‾𝑆‾ + 3)

−24𝜋𝑄‾2𝑆‾(4096𝑃‾4𝑆‾4 − 9984𝑃‾3𝑆‾3 − 11520𝑃‾2𝑆‾2 − 3780𝑃‾𝑆‾ − 405) + 5𝑆‾2(8𝑃‾𝑆‾ + 3)4(32𝑃‾𝑆‾ + 9))

 +𝑆‾6(−262144𝑃‾6𝑆‾6 − 196608𝑃‾5𝑆‾4(5𝜋𝑄‾2 + 2𝑆‾) − 184320𝑃‾4𝑆‾2(−4𝜋2𝑄‾4 + 8𝜋𝑄‾2𝑆‾ + 𝑆‾2)

 +55296𝜋𝑃‾3𝑄‾2(2𝜋2𝑄‾4 + 8𝜋𝑄‾2𝑆‾ − 15𝑆‾2) + 5184𝑃‾2(12𝜋2𝑄‾4 − 40𝜋𝑄‾2𝑆‾ + 5𝑆‾2)

−3888𝑃‾(5𝜋𝑄‾2 − 2𝑆‾) + 729) = 0

 

𝑃‾𝑐 = 𝑘1(𝜖) ⋅ 𝑄‾−2, 𝑆‾𝑐 = 𝑘2(𝜖) ⋅ 𝑄‾2, 𝑇‾𝑐 = 𝑘3(𝜖) ⋅ 𝑄‾−1, 𝐺‾𝑐 = 𝑘4(𝜖) ⋅ 𝑄‾, 𝑣‾𝑐 = 𝑘5(𝜖) ⋅ 𝑄‾,  

𝑘1 =
−0.414674𝜖5 − 2.00863𝜖4 − 0.196446𝜖3 + 0.674347𝜖2 + 0.188842𝜖 + 0.00973587

−145.155𝜖6 − 758.574𝜖5 − 336.022𝜖4 + 216.348𝜖3 + 155.856𝜖2 + 26.4646𝜖 + 1.04499
,

𝑘2 =
−18150. 𝜖6 − 298041. 𝜖5 − 417996. 𝜖4 − 81697.5𝜖3 + 30079.9𝜖2 + 6490.92𝜖 + 128.467

−631.988𝜖5 − 10257.1𝜖4 − 12609.7𝜖3 − 669.172𝜖2 + 936.807𝜖 + 83.3434
,

𝑘3 =
143.6𝜖3/2 + 3.08𝜖5/2 + 0.004𝜖7/2 − 0.179𝜖3 − 28.09𝜖2 − 391.17𝜖 + 445.77𝜖1/2 − 9.42

−9401.8𝜖3/2 − 670.72𝜖5/2 − 4.29𝜖7/2 + 0.10𝜖4 + 73.57𝜖3 + 3433.0𝜖2 + 11092.1𝜖 − 1715.28𝜖1/2 + 1914.14
,

𝑘4 =
0.508𝜖3/2 + 1.551𝜖5/2 + 1.363𝜖7/2 + 0.813𝜖3 + 0.771𝜖2 + 0.172𝜖 + 0.046𝜖1/2 + 0.006

0.607𝜖3/2 + 1.197𝜖5/2 + 2.0066𝜖3 + 1.399𝜖2 + 0.26266𝜖 + 0.0634𝜖1/2 + 0.0086
,

𝑘5 =
405.143𝜖3/2 + 1705.67𝜖5/2 + 1946.96𝜖7/2 + 3484.3𝜖3 + 1821.21𝜖2 + 204.961𝜖 + 19.236𝜖1/2 + 1.793

245.824𝜖3/2 + 576.169𝜖5/2 + 321.952𝜖3 + 251.132𝜖2 + 47.742𝜖 + 18.991𝜖1/2 + 1.163
.

 

𝑃‾𝑐|𝜖→0= 𝑘1(𝜖)|𝜖→0 ⋅ 𝑄‾−2 = 0.00931672𝑄‾−2 

𝑆‾𝑐|𝜖→0= 𝑘2(𝜖)|𝜖→0𝑄‾2 = 1.54142 ⋅ 𝑄‾2  

𝑇‾𝑐|𝜖→0= 𝑘3(𝜖)|𝜖→0 ⋅ 𝑄‾−1 = 0.00492096𝑄‾−1 

𝐺‾𝑐|𝜖→0= 𝑘4(𝜖)|𝜖→0 ⋅ 𝑄‾ = 0.707256𝑄‾  

𝑣‾𝑐|𝜖→0 = 𝑘5(𝜖)|𝜖→0 ⋅ 𝑄‾ = 1.54256𝑄‾

 

𝑃‾𝑐|𝜖→∞= 𝑘1(𝜖)|𝜖→∞ ⋅ 𝑄‾−2 = 0.00285678𝜖−1 ⋅ 𝑄‾−2 ≈ 0.0029𝐽‾−1  

𝑆‾𝑐|𝜖→∞= 𝑘2(𝜖)|𝜖→∞𝑄‾2 = 28.7189𝜖 ⋅ 𝑄‾2 ≈ 28.7189𝐽‾  

𝑇‾𝑐|𝜖→∞= 𝑘3(𝜖)|𝜖→∞ ⋅ 𝑄‾−1 = 0.0418263𝜖−1/2 ⋅ 𝑄‾−1 ≈ 0.0418𝐽‾−1/2 

𝐺‾𝑐|𝜖→∞= 𝑘4(𝜖)|𝜖→∞ ⋅ 𝑄‾ = 0.679336𝜖1/2 ⋅ 𝑄‾ ≈ 0.6793𝐽‾1/2  

𝑣‾𝑐|𝜖→∞ = 𝑘5(𝜖)|𝜖→∞ ⋅ 𝑄‾ = 6.04736𝜖1/2 ⋅ 𝑄‾ ≈ 6.04736𝐽‾1/2
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𝑇̃  =
64𝑘1

2𝑘2
4𝑃̃2𝑆̃4 + 32𝑘1𝑘2

3𝑃̃𝑆̃3 + 𝑘2
2𝑆̃2(16𝜋𝑘1𝑃̃ + 3) − 12𝜋2𝜖2

4√𝜋𝑘3(𝑘2𝑆̃) √(8𝑘1𝑘2𝑃̃𝑆̃ + 3)(8𝑘1𝑘2
3𝑃̃𝑆̃3 + 3𝑘2

2𝑆̃2 + 6𝜋𝑘2𝑆̃ + 12𝜋2𝜖2)
3/2

,

𝐺̃  =
12𝜋𝑘2𝑆̃(16𝜋𝑘1𝜖2𝑃̃ + 3) − 64𝑘1

2𝑘2
4𝑃̃2𝑆̃4 + 3𝑘2

2𝑆̃2(16𝜋𝑘1𝑃̃ + 3) + 108𝜋2𝜖2

12√𝜋𝑘4√𝑘2𝑆̃√(8𝑘1𝑘2𝑃̃𝑆̃ + 3)(8𝑘1𝑘2
3𝑃̃𝑆̃3 + 3𝑘2

2𝑆̃2 + 6𝜋𝑘2𝑆̃ + 12𝜋2𝜖2)

,

𝑉̃  =
4√𝑘1𝑆̃(8𝑘1

4𝑃̃𝑆̃3 + 3𝑘1
2𝑆̃2 + 3𝜋𝑘1𝑆̃ + 6𝜋2𝜖2)

3√𝜋𝑘5√12𝜋2𝜖2(8𝑘1
2𝑃̃𝑆̃ + 3) + (𝑘1𝑆̃(8𝑘1

2𝑃̃𝑆̃ + 3) + 3𝜋)
2

 

𝑟ℎ𝑐 =
√𝑘2(√(𝑘2(8𝑘1𝑘2 + 3) + 3𝜋)2 − 3𝜋)𝑄

√𝜋√(8𝑘1𝑘2 + 3)(8𝑘1𝑘2
3 + 3𝑘2

2 + 6𝜋𝑘2 + 12𝜋2𝜖2)

.  

𝑟 =

√(8𝑘1𝑘2 + 3)(8𝑘1𝑘2
3 + 3𝑘2

2 + 6𝜋𝑘2 + 12𝜋2𝜖2)√𝑘2𝑆̃ (√(𝑘2𝑆̃(8𝑘1𝑘2𝑃̃𝑆̃ + 3) + 3𝜋)
2

− 3𝜋)

√𝑘2(√(𝑘2(8𝑘1𝑘2 + 3) + 3𝜋)2 − 3𝜋)√(8𝑘1𝑘2𝑃̃𝑆̃ + 3)(8𝑘1𝑘2
3𝑃̃𝑆̃3 + 3𝑘2

2𝑆̃2 + 6𝜋𝑘2𝑆̃ + 12𝜋2𝜖2)

̃

 

𝑟ℎ =

√𝑘2𝑆̃ (√(𝑘2𝑆̃(8𝑘1𝑘2𝑃̃𝑆̃ + 3) + 3𝜋)
2

− 3𝜋)

√𝜋√(8𝑘1𝑘2𝑃̃𝑆̃ + 3)(8𝑘1𝑘2
3𝑃̃3𝑆̃3 + 3𝑘2

2𝑆̃2 + 6𝜋𝑘2𝑆̃ + 12𝜋2𝜖2)

 

𝑃̃ = ∑  

10

𝑖=0

 𝑎𝑖𝑇̃
𝑖, 𝑇̃ ∈ (0,1)  

 

(
𝜕𝑃̃

𝜕𝑇̃
)

𝑆̃

=
𝐶̃𝑃2̃

− 𝐶̃𝑃1̃

𝑉̃𝑇̃(𝛼2̃ − 𝛼1̃)
=

Δ𝐶̃𝑃̃

𝑉̃𝑇̃Δ𝛼̃
,

(
𝜕𝑃̃

𝜕𝑇̃
)

𝑉̃

=
𝛼2̃ − 𝛼1̃

𝜅̃𝑇2̃
− 𝜅̃𝑇1̃

=
Δ𝛼̃

Δ𝜅̃𝑇̃
,

 

𝛼̃ = (
𝜕𝑉̃

𝜕𝑇̃
)

𝑃̃
/𝑉̃ and 𝜅̃𝑇̃ = − (

𝜕𝑉̃

𝜕𝑃̃
)

𝑇̃
/𝑉̃ 

𝐶̃𝑃 = 𝑇̃ (
𝜕𝑆̃

𝜕𝑇̃
)

𝑃̃

= [2𝑘2𝑆̃(8𝑘1𝑘2𝑃̃𝑆̃ + 3)(𝑘2𝑆̃(𝑘2𝑆̃(8𝑘1𝑘2𝑃̃𝑆̃ + 3) + 6𝜋) + 12𝜋2𝜖2) ×

(𝑘2
2𝑆̃2(16𝑘1𝑃̃(2𝑘2𝑆̃(2𝑘1𝑘2𝑃̃𝑆̃ + 1) + 𝜋) + 3) − 12𝜋2𝜖2)]𝐵(𝜖, 𝑆̃, 𝑃̃)−1

𝛼̃ = [12√𝜋𝑄̃(𝑘1𝑆̃)
3/2

((8𝑘1
2𝑃̃𝑆̃ + 3)(𝑘1𝑆̃(𝑘1𝑆̃(8𝑘1

2𝑃̃𝑆̃ + 3) + 6𝜋) + 12𝜋2𝜖2))
3/2

(6𝜋2𝜖2 (3𝑘1
2𝑆̃2(8𝑘1

2𝑃̃𝑆̃ + 3)
2

+ 2𝜋𝑘1𝑆̃(8𝑘1
2𝑃̃𝑆̃ + 9) + 3𝜋2) + 𝑘1𝑆̃(𝑘1𝑆̃(8𝑘1

2𝑃̃𝑆̃ + 3) + 3𝜋)
3

 +72𝜋4𝜖4)][(𝑘1𝑆̃(𝑘1𝑆̃(8𝑘1
2𝑃̃𝑆̃ + 3) + 3𝜋) + 6𝜋2𝜖2)(12𝜋2𝜖2(8𝑘1

2𝑃̃𝑆̃ + 3) + (𝑘1𝑆̃(8𝑘1
2𝑃̃𝑆̃ + 3)

+3𝜋)2)𝐵(𝜖, 𝑆̃, 𝑃̃)]
−1

.

 



pág. 8921 

𝜅̃𝑇 = 24𝑘2𝑄̃2𝑆̃ [(− (6𝜋2𝑘2𝜖2𝑆̃ (3𝑘2𝑆̃(8𝑘1𝑘2𝑃̃𝑆̃ + 3)
2

+ 2𝜋(8𝑘1𝑘2𝑃̃𝑆̃ + 9)) + 𝑘2
2𝑆̃2(𝑘2

2𝑆̃2

(8𝑘1𝑘2𝑃̃𝑆̃ + 3)
3

+ 9𝜋𝑘2𝑆̃(8𝑘1𝑘2𝑃̃𝑆̃ + 3)
2

+ 12𝜋2(4𝑘1𝑘2𝑃̃𝑆̃ + 3)) + 72𝜋4𝜖4)2

−3𝜋2(𝑘2𝑆̃ + 2𝜋𝜖2)
2
𝐵(𝜖, 𝑆̃, 𝑃̃))] [𝐵(𝜖, 𝑆̃, 𝑃̃)(8𝑘1𝑘2𝑃̃𝑆̃ + 3)(𝑘2𝑆̃(𝑘2𝑆̃(8𝑘1𝑘2𝑃̃𝑆̃ + 3) + 3𝜋)

+6𝜋2𝜖2)(𝑘2𝑆̃(𝑘2𝑆̃(8𝑘1𝑘2𝑃̃𝑆̃ + 3) + 6𝜋) + 12𝜋2𝜖2)]
−1

 

𝐵(𝜖, 𝑆̃, 𝑃̃) = 144𝜋4𝜖4(32𝑘1
2𝑃̃𝑆̃ + 9) + 24𝜋2𝑘1𝜖2𝑆̃ (𝑘1𝑆̃(16𝑘1

2𝑃̃𝑆̃ + 3)(8𝑘1
2𝑃̃𝑆̃ + 3)

2

+36(4𝜋𝑘1
2𝑃̃𝑆̃ + 𝜋)) + 𝑘1

4𝑆̃4(32𝑘1𝑃̃(4𝑘1𝑃̃(𝑘1𝑆̃(𝑘1𝑆̃(16𝑘1𝑃̃(2𝑘1𝑆̃(𝑘1
2𝑃̃𝑆̃ + 1) + 3𝜋) + 9)

+36𝜋) − 6𝜋2) + 27𝜋) − 27)

 

𝐵(𝜖, 𝑆̃, 𝑃̃) = 𝐵(𝜖, 𝑘1, 𝑘2) 

𝐵(𝜖, 𝑘1, 𝑘2) =1536𝜋𝑘1
2𝑘2

5(16𝜋𝑘1𝜖2 + 3) + 3𝑘2
4(256𝜋2𝑘1

2(30𝜖2 − 1) + 288𝜋𝑘1 − 9) + 6912𝜋2𝑘1𝑘2
3𝜖2

+216𝜋2(16𝜋𝑘1 + 3)𝑘2
2𝜖2 + 288𝜋3𝑘2𝜖2(16𝜋𝑘1𝜖2 + 3) + 4096𝑘1

4𝑘2
8 + 4096𝑘1

3𝑘2
7  

 +384𝑘1
2(16𝜋𝑘1 + 3)𝑘2

6 + 1296𝜋4𝜖4

 

(
𝜕𝑉̃

𝜕𝑃̃
)

𝑇̃

= (
𝜕𝑉̃

𝜕𝑃̃
)

𝑆̃

+ (
𝜕𝑉̃

𝜕𝑆̃
)

𝑃̃

(
𝜕𝑆̃

𝜕𝑃̃
)

𝑇̃

.  

𝑉̃𝛼̃ = (
𝜕𝑉̃

𝜕𝑇̃
)

𝑃̃

= (
𝜕𝑉̃

𝜕𝑆̃
)

𝑃̃

(
𝜕𝑆̃

𝜕𝑇̃
)

𝑃̃

= (
𝜕𝑉̃

𝜕𝑆̃
)

𝑃̃

(
𝐶̃𝑃̃

𝑇̃
. ) .  

Δ𝐶̃𝑃̃

𝑇̃𝑉̃Δ𝛼̃
= [(

𝜕𝑆̃

𝜕𝑉̃
)

𝑃̃

]

𝑐

.  

Δ𝐶̃𝑃̃

𝑇̃𝑉̃Δ𝛼̃
=

𝑘3√𝜋𝑘2((8𝑘1𝑘2 + 3)(𝑘2(𝑘2(8𝑘1𝑘2 + 3) + 6𝜋) + 12𝜋2𝜖2))
3/2

𝐶(𝑘1, 𝑘2, 𝜖)
,  

𝐶(𝑘1, 𝑘2, 𝜖) =(9𝑘2
4(128𝜋2𝑘1

2𝜖2 + 48𝜋𝑘1 + 3) + 3𝜋𝑘2
3(16𝑘1(18𝜋𝜖2 + 𝜋) + 27)

+6𝜋2𝑘2
2(16𝜋𝑘1𝜖2 + 27𝜖2 + 6) + 108𝜋3𝑘2𝜖2 + 512𝑘1

3𝑘2
7 + 576𝑘1

2𝑘2
6 

+72𝑘1(8𝜋𝑘1 + 3)𝑘2
5 + 72𝜋4𝜖4).

 

[(
𝜕𝑃̃

𝜕𝑇̃
)

𝑆̃

]

𝑐

=
𝑘3√𝜋𝑘2((8𝑘1𝑘2 + 3)(𝑘2(𝑘2(8𝑘1𝑘2 + 3) + 6𝜋) + 12𝜋2𝜖2))

3/2

𝐶(𝑘1, 𝑘2, 𝜖)
.  

[(
𝜕𝑃̃

𝜕𝑇̃
)

𝑉̃

]

𝑐

=
√𝜋𝑘2 ((8𝑘1𝑘2 + 3)(8𝑘1𝑘2

3 + 3𝑘2
2 + 6𝜋𝑘2 + 12𝜋2𝜖2))

3/2

𝐷(𝑘1, 𝑘2, 𝜖)

× (6𝜋2(3𝑘2
2(8𝑘1𝑘2 + 3)2 + 2𝜋𝑘2(8𝑘1𝑘2 + 9) + 3𝜋2)𝜖2  

+𝑘2(𝑘2(8𝑘1𝑘2 + 3) + 3𝜋)3 + 72𝜋4𝜖4),

 

𝐷(𝑘1, 𝑘2, 𝜖) =2(48𝜋4𝑘2(𝑘2(64𝑘1
2𝑘2

2 + 64𝑘1𝑘2 + 15) + 18𝜋)𝜖4 + 24𝜋2𝑘2
2(𝑘2

2(8𝑘1𝑘2 + 3)3

+𝜋𝑘2(192𝑘1
2𝑘2

2 + 176𝑘1𝑘2 + 39)+18𝜋2)𝜖2 + 𝑘2
3(𝑘2

3(8𝑘1𝑘2 + 3)4 + 12𝜋𝑘2
2(8𝑘1𝑘2 + 3)3

+96𝜋2𝑘2(16𝑘1
2𝑘2

2 + 14𝑘1𝑘2 + 3) + 72𝜋3) + 576𝜋6𝜖6).
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𝑉̃𝜅̃𝑇̃ = − (
𝜕𝑉̃

𝜕𝑃̃
)

𝑇̃

= (
𝜕𝑇̃

𝜕𝑃̃
)

𝑉̃

(
𝜕𝑉̃

𝜕𝑇̃
)

𝑃̃

= (
𝜕𝑇̃

𝜕𝑃̃
)

𝑉̃

𝑉̃𝛼̃,  

Δ𝛼̃

Δ𝜅̃𝑇̃
= [(

𝜕𝑃̃

𝜕𝑇̃
)

𝑉̃

]

𝑐

=
√𝜋𝑘2 ((8𝑘1𝑘2 + 3)(8𝑘1𝑘2

3 + 3𝑘2
2 + 6𝜋𝑘2 + 12𝜋2𝜖2))

3/2

𝐷(𝑘1, 𝑘2, 𝜖)

× (6𝜋2(3𝑘2
2(8𝑘1𝑘2 + 3)2 + 2𝜋𝑘2(8𝑘1𝑘2 + 9) + 3𝜋2)𝜖2  

+𝑘2(𝑘2(8𝑘1𝑘2 + 3) + 3𝜋)3 + 72𝜋4𝜖4).

 

Δ𝐶̃𝑃̃

𝑇̃𝑉̃Δ𝛼̃
−

Δ𝛼̃

Δ𝜅̃𝑇̃
=

1

2

√𝜋𝑘2√(8𝑘1𝑘2 + 3)(8𝑘1𝑘2
3 + 3𝑘2

2 + 6𝜋𝑘2 + 12𝜋2𝜖2)𝐵(𝑘1, 𝑘2, 𝜖)

𝐶(𝑘1, 𝑘2, 𝜖)𝐷(𝑘1, 𝑘2, 𝜖)
.

 

Δ𝐶̃𝑃̃

𝑇̃𝑉̃Δ𝛼̃
−

Δ𝛼̃

Δ𝜅̃𝑇̃
= 0  

Π =
Δ𝐶̃𝑃̃𝑇̃

𝑇̃𝑉̃Δ𝛼̃2
= 1  

𝐻 = √𝛼 + 𝛽𝑃 + 𝛾𝑃2 

𝛼 =
36𝜋2𝐽2 + 18𝜋𝑄2𝑆 + 9𝑆2

36𝜋𝑆
, 𝛽 =

96𝜋2𝐽2𝑆 + 48𝜋𝑄2𝑆2 + 48𝑆3

36𝜋𝑆
, 𝛾 =

16𝑆3

9𝜋
. 

𝛽2 − 4𝛼𝛾 =
16

9
(2𝜋𝐽2 + 𝑄2𝑆)2 

𝑉 =
𝜕𝐻

𝜕𝑃
|
𝑆,𝐽,𝑄

=
1

2

𝛽 + 2𝛾𝑃

√𝛼 + 𝛽𝑃 + 𝛾𝑃2
=

𝛽 + 2𝛾𝑃

2𝐻
→ 𝑃 =

2𝐻𝑉 − 𝛽

2𝛾
. 

𝐻 =
1

2
√

𝛽2 − 4𝛼𝛾

𝑉2 − 𝛾
=

2√𝜋√(2𝜋𝐽2 + 𝑄2𝑆)2

√9𝜋𝑉2 − 16𝑆3
.  

𝑉2 > (
4𝜋

3
)

2

(
𝑆

𝜋
)

3

 

𝑈 = 𝐻 − 𝑃𝑉 = 𝐻 − 𝑉 (
2𝐻𝑉 − 𝛽

2𝛾
) = −𝐻 (

𝑉2

𝛾
− 1) +

𝛽𝑉

2𝛾
=

𝛽𝑉

2𝛾
−

√𝑉2 − 𝛾√𝛽2 − 4𝛼𝛾

2𝛾
⋅

𝑈 =
3𝑉√9𝜋𝑉2 − 16𝑆3(2𝜋2𝐽2 + 𝑆(𝜋𝑄2 + 𝑆)) + 16√𝜋𝑆3(2𝜋𝐽2 + 𝑄2𝑆) − 9𝜋3/2𝑉2(2𝜋𝐽2 + 𝑄2𝑆)

8𝑆3√9𝜋𝑉2 − 16𝑆3

 

𝑈 =
4𝜋2𝐽2(4𝑃𝑆 + 3) + 𝑆(2𝜋𝑄2(4𝑃𝑆 + 3) + 𝑆(8𝑃𝑆 + 3))

2√𝜋√𝑆√8𝑃𝑆 + 3√12𝜋2𝐽2 + 𝑆(𝑆(8𝑃𝑆 + 3) + 6𝜋𝑄2)
 

𝜂 =
𝑊max

𝑀𝑖
 

𝜂 =
𝑈(𝐽, 𝑄) − 𝑈(0,0)

𝐻(𝐽, 𝑄)
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𝜂 =
𝜋𝐿2 (2𝜋2𝐽2(2𝜋𝐿2 + 𝑆) + 𝑆(𝜋𝐿2(2𝜋𝑄2 + 𝑆) + 𝑆(𝜋𝑄2 + 𝑆)))

(𝜋𝐿2 + 𝑆)(4𝜋3𝐽2𝐿2 + 𝜋𝐿2𝑆(2𝜋𝑄2 + 𝑆) + 𝑆3)

 −
𝜋𝐿2𝑆

√(𝜋𝐿2 + 𝑆)(4𝜋3𝐽2𝐿2 + 𝜋𝐿2𝑆(2𝜋𝑄2 + 𝑆) + 𝑆3)

 

𝐽max
2 =

𝑆2(𝜋2𝐿4 + 2𝜋𝐿2(𝜋𝑄2 + 2𝑆) + 3𝑆2)

4𝜋4𝐿4
 

𝜂 =
4𝜋2𝐿4(𝜋𝑄2 + 𝑆) + 𝜋𝐿2𝑆(2𝜋𝑄2 + 7𝑆) + 3𝑆3

2(𝜋𝐿2 + 𝑆)(2𝜋𝐿2(𝜋𝑄2 + 𝑆) + 3𝑆2)
−

𝜋3/2𝐿3𝑆

(𝜋𝐿2 + 𝑆)√2𝜋𝐿2𝑆(𝜋𝑄2 + 𝑆) + 3𝑆3
 

𝜂 =
−√2√𝑆(𝜋𝑄2 + 𝑆) + 2𝜋𝑄2 + 2𝑆

2𝜋𝑄2 + 2𝑆
 

𝐶𝑉 = 𝑇
𝜕𝑆

𝜕𝑇
|
𝑉,𝐽,𝑄

= 𝑇
1

𝜕2𝑈
𝜕𝑆2

|

𝑉,𝐽,𝑄

.  

𝐶𝑃 =
2(8𝑃𝑆 + 3)(64𝑃2𝑆2 + 16𝑃(𝜋𝑄2 + 2𝑆) + 3)(𝑆(8𝑃𝑆 + 3) + 6𝜋𝑄2)

4096𝑃4𝑆4 + 2048𝑃3𝑆2(3𝜋𝑄2 + 2𝑆) − 384𝑃2(2𝜋2𝑄4 − 12𝜋𝑄2𝑆 − 3𝑆2) + 864𝜋𝑃𝑄2 − 27
 

𝐶𝑃 =
2𝑆(8𝑃𝑆 + 1)

8𝑃𝑆 − 1
. 

𝐶𝑃

𝐶𝑉
=

1

1 − 8𝑃𝑆
≥ 1 

𝜅𝑆 = −
1

𝑉
(
𝜕𝑉

𝜕𝑃
)

𝑆,𝐽
 

𝜅𝑆 =
36𝑆(𝑗2 + 2𝜋𝑞2)2

(8𝑝 + 3)((3𝑗2 + 8𝑝 + 3) + 6𝜋𝑞2)((3𝑗2 + 16𝑝 + 6) + 6𝜋𝑞2)
 

𝜅𝑆|𝑇=0 =
2𝑆(8𝑝 + 2𝜋𝑞2 + 1)2

(8𝑝 + 3)(4𝑝 + 𝜋𝑞2 + 1)((8𝑝 + 3) + 2𝜋𝑞2)
 

𝑣𝑠
−2 =

𝜕𝜌

𝜕𝑃
|
𝑆,𝐽

= 1 + 𝜌𝜅𝑆 = 1 +
9(𝑗2 + 2𝜋𝑞2)2

((3𝑗2 + 16𝑝 + 6) + 6𝜋𝑞2)
2  

𝑣𝑠
−2 = 1 +

(8𝑝 + 2𝜋𝑞2 + 1)2

(8𝑝 + 2𝜋𝑞2 + 3)2
 

𝑑𝑆

𝑑𝑃
|
𝑇=0

= −
8𝑆2(8𝑝 + 𝜋𝑞2 + 2)

128𝑝2 + 16𝑝(𝜋𝑞2 + 3) + 3
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𝜅𝑇=0

=
2𝑆(4𝜋2(32𝑝 + 11)𝑞4 + 16𝜋𝑝(40𝑝 + 27)𝑞2 + 8𝑝(128𝑝(𝑝 + 1) + 41) + 8𝜋3𝑞6 + 68𝜋𝑞2 + 33)

(4𝑝 + 𝜋𝑞2 + 1)(8𝑝 + 2𝜋𝑞2 + 3)(16𝑝(8𝑝 + 𝜋𝑞2 + 3) + 3)
 

𝑘
𝐿𝑑−2

16𝜋𝐺
= 𝑁2  

𝑀2 =
8

3
𝜋𝐽2𝑃𝐺𝑁 +

𝜋𝐽2

𝑆𝐺𝑁
+

16𝑃2𝑆3𝐺𝑁
3

9𝜋
+

4

3
𝑃𝑄2𝑆𝐺𝑁

2 +
4𝑃𝑆2𝐺𝑁

3𝜋
+

𝑆

4𝜋𝐺𝑁
+

𝑄2

2
 

𝑀2 =
𝐴3Λ2

2304𝜋3𝐺𝑁
2 −

𝐴2Λ

96𝜋2𝐺𝑁
2 +

𝐴

16𝜋𝐺𝑁
2 +

4𝜋𝐽2

𝐴
−

𝐴Λ𝑄2

24𝜋
−

𝐽2Λ

3
+

𝑄2

2
 

𝑑𝑀 =
𝜅

8𝜋𝐺𝑁
𝑑𝐴 + Φ𝑑𝑄 + Ω𝑑𝐽 − 𝑉

𝑑Λ

8𝜋𝐺𝑁
+ (𝑀 − Φ𝑄 − Ω𝐽)

𝑑𝐺𝑁

𝐺𝑁

𝑀 =
𝜅𝐴

4𝜋𝐺𝑁
+ Φ𝑄 + 2Ω𝑑𝐽 +

𝑉Λ

4𝜋𝐺𝑁

 

𝜅

8𝜋𝐺𝑁
= (

𝜕𝑀

𝜕𝐴
)

𝐽,𝑄,Λ,𝐺𝑁

=
1

2𝑀
(

𝐴2Λ2

768𝜋3𝐺𝑁
2 −

4𝜋𝐽2

𝐴2
−

𝐴Λ

48𝜋2𝐺𝑁
2 +

1

16𝜋𝐺𝑁
2 −

Λ𝑄2

24𝜋
) ,  

Φ = (
𝜕𝑀

𝜕𝑄
)

𝐽,𝐴,Λ,𝐺𝑁

=
1

2𝑀
(𝑄 −

𝐴Λ𝑄

12𝜋
)  

Ω = (
𝜕𝑀

𝜕𝐽
)

𝑄,𝐴,Λ,𝐺𝑁

=
1

2𝑀
(
8𝜋𝐽

𝐴
−

2𝐽Λ

3
) ,  

𝑉

8𝜋𝐺𝑁
= (

𝜕𝑀

𝜕Λ
)

𝐽,𝑄,𝐴,𝐺𝑁

=
1

2𝑀
(

𝐴3Λ

1152𝜋3𝐺𝑁
2 −

𝐴2

96𝜋2𝐺𝑁
2 −

𝐴𝑄2

24𝜋
−

𝐽2

3
) ,  

(𝑀 − Φ𝑄 − Ω𝐽)

𝐺𝑁
= (

𝜕𝑀

𝜕𝐺𝑁
)

𝐽,𝑄,Λ,𝐺𝑁

=
1

2𝑀
(

𝐴3Λ

1152𝜋3𝐺𝑁
2 −

𝐴2

96𝜋2𝐺𝑁
2 −

𝐴𝑄2

24𝜋
−

𝐽2

3
).

 

𝐶 =
Ω𝑑−2𝐿𝑑−2

16𝜋𝐺𝑁
 

𝐶 =
𝐿2

4𝐺𝑁
 

𝐿2 =
3

8𝜋𝐺𝑁𝑃
 

𝐺𝑁 =
1

4
√

3

2𝜋𝐶𝑃
 

𝑀2 =
𝑆3√𝐶𝑃

8√6𝜋5/2𝐶2
+

4𝜋3/2√2
3 𝐽2√𝐶𝑃

𝑆
+

√2𝜋
3 𝐽2√𝐶𝑃

𝐶
+

𝑆2√𝐶𝑃

√6𝜋3/2𝐶
+ √

2

3𝜋
𝑆√𝐶𝑃 +

𝑄2𝑆

8𝜋𝐶
+

𝑄2

2
.  

𝑑𝑀 = 𝑇𝑑𝑆 + Φ𝑑𝑄 + Ω𝑑𝐽 + 𝑉𝑑𝑃 + 𝜇𝑑𝐶  
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𝑇 = (
𝜕𝑀

𝜕𝑆
)

𝐽,𝑄,𝑃,𝐶
=

16𝜋2√6𝐶2√𝐶𝑃(𝑆2 − 4𝜋2𝐽2) + 2𝜋𝐶𝑆2(8√6𝑆√𝐶𝑃 + 3√𝜋𝑄2) + 3√6𝑆4√𝐶𝑃

96𝜋5/2𝐶2𝑀𝑆2

Φ = (
𝜕𝑀

𝜕𝑆
)

𝐽,𝑆,𝑃,𝐶
=

𝑄(4𝜋𝐶 + 𝑆)

8𝜋𝐶𝑀

Ω = (
𝜕𝑀

𝜕𝑆
)

𝑄,𝑆,𝑃,𝐶
=

√2𝜋
3

𝐽𝑃1/2(4𝜋𝐶 + 𝑆)

𝑀𝑆√𝐶
,

𝑉 = (
𝜕𝑀

𝜕𝑆
)

𝐽,𝑄,𝑆,𝐶
=

𝑃(16𝜋2𝐶2(4𝜋2𝐽2 + 𝑆2) + 8𝜋𝐶𝑆(2𝜋2𝐽2 + 𝑆2) + 𝑆4)

32√6𝜋5/2𝑀𝑆(𝐶𝑃)3/2
,

𝜇 = (
𝜕𝑀

𝜕𝑆
)

𝐽,𝑄,𝑆,𝑃,𝐶
=

16𝜋2√6𝐶2𝑃(4𝜋2𝐽2 + 𝑆2) − 8𝜋√6𝐶𝑃𝑆(2𝜋2𝐽2 + 𝑆2) − 3(4𝜋3/2𝑄2𝑆2√𝐶𝑃 + √6𝑃𝑆

192𝜋5/2𝐶2𝑀𝑆√𝐶𝑃

 

𝐹= 𝑀 − 𝑇𝑆 =
16𝐶2 (12𝜋4√2𝐽2√𝐶𝑃 + 𝜋2𝑆(√2𝑆√𝐶𝑃 + √3𝜋𝑄2))

8𝜋5/4𝐶√𝑆(4𝜋𝐶 + 𝑆) (2𝐶 (8𝜋3√6𝐽2√𝐶𝑃 + 𝜋𝑆(2√6𝑆√𝐶𝑃 + 3√𝜋𝑄2)) + √6𝑆3√𝐶𝑃)

 

 +
2𝐶(16𝜋3√2𝐽2𝑆√𝐶𝑃 + 𝜋3/2√3𝑄2𝑆2) − √2𝑆4√𝐶𝑃

8𝜋5/4𝐶√𝑆(4𝜋𝐶 + 𝑆) (2𝐶 (8𝜋3√6𝐽2√𝐶𝑃 + 𝜋𝑆(2√6𝑆√𝐶𝑃 + 3√𝜋𝑄2)) + √6𝑆3√𝐶𝑃)

 

𝑑𝑠2 = 𝜔2(−𝑑𝑡2 + 𝐿2𝑑Ω2
2)  

𝒱 = Ω2(𝜔𝐿)2.  

𝑑𝐸= 𝒯𝑑𝒮 + 𝜑𝑑𝒬 − 𝑝𝑑𝒱 + 𝜇𝑑𝐶 + Ω𝑑𝒥 
𝐸= 𝒯𝒮 + 𝜑𝒬 + 𝜇𝐶 + Ω𝒥  

𝑝 = −
𝐸

2

1

𝒱

 

𝐸2  =
(4𝜋𝐶 + 𝒮)(4𝜋𝐶(4𝜋2𝒥2 + 𝒮2) + 2𝜋2𝒬2𝒮 + 𝒮3)

16𝜋2𝐶𝒮𝒱

𝒯 =
16𝜋2𝐶2(𝒮2 − 4𝜋2𝒥2) + 16𝜋𝐶𝒮3 + 2𝜋2𝒬2𝒮2 + 3𝒮4

8𝜋√𝐶𝒮3𝒱(4𝜋𝐶 + 𝒮)(4𝜋𝐶(4𝜋2𝒥2 + 𝒮2) + 2𝜋2𝒬2𝒮 + 𝒮3)
𝑟

𝜑 =
𝜋𝒬√𝒮(4𝜋𝐶 + 𝒮)

2√𝐶𝒱(4𝜋𝐶 + 𝒮)(4𝜋𝐶(4𝜋2𝒥2 + 𝒮2) + 2𝜋2𝒬2𝒮 + 𝒮3)

𝑝 =
𝐶𝒮√(4𝜋𝐶 + 𝒮)(4𝜋𝐶(4𝜋2𝒥2 + 𝒮2) + 2𝜋2𝒬2𝒮 + 𝒮3)

8𝜋(𝐶𝒱)3/2

𝜇 =
16𝜋2𝐶2(4𝜋2𝒥2 + 𝒮2) − 𝒮2(2𝜋2𝒬2 + 𝒮2)

8𝜋√𝐶3𝒮𝒱(4𝜋𝐶 + 𝒮)(4𝜋𝐶(4𝜋2𝒥2 + 𝒮2) + 2𝜋2𝒬2𝒮 + 𝒮3)

Ω =
4𝜋2√𝐶𝒥(4𝜋𝐶 + 𝒮)

√𝒮𝒱(4𝜋𝐶 + 𝒮)(4𝜋𝐶(4𝜋2𝒥2 + 𝒮2) + 2𝜋2𝒬2𝒮 + 𝒮3)

 

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 + 𝑓(𝑟)−1𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝑓(𝑟) = 1 −
2𝑚(𝑟)

𝑟
, 𝑚(𝑟) =

𝑀𝑟3

𝑟3 + 𝛼0𝑀
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𝑑𝑠2 =− (1 −
2𝑚(𝑟)𝑟

Σ
) 𝑑𝑡2 −

4𝑎𝑚(𝑟)𝑟sin2 𝜃

Σ
𝑑𝑡𝑑𝜙 +

Σ

Δ
𝑑𝑟2 

 +Σ𝑑𝜃2 + (𝑟2 + 𝑎2 +
2𝑎2𝑚(𝑟)𝑟sin2 𝜃

Σ
) sin2 𝜃𝑑𝜙2

 

Δ = 𝑟2 − 2𝑚(𝑟)𝑟 + 𝑎2, Σ = 𝑟2 + 𝑎2cos2 𝜃  

𝐸 = −𝑢𝜇𝜉𝜇(𝑡) = −𝑔𝑡𝑡𝑢
𝑡 − 𝑔𝑡𝜙𝑢𝜙,

𝐿𝑧  = 𝑢𝜇𝜉𝜇(𝜙) = 𝑔𝑡𝜙𝑢𝑡 + 𝑔𝜙𝜙𝑢𝜙,
 

𝑟̂ = 𝑟/𝑀, 𝑎̂ = 𝑎/𝑀, 𝛼̂0 = 𝛼0/𝑀2, 𝐿̂𝑧 = 𝐿𝑧/(𝜇𝑀) and 𝐸̂ = 𝐸/𝜇 

𝑟2
𝑑𝑡

𝑑𝜏
=

(𝑟2 + 𝑎2)𝑃

Δ
− 𝑎(𝑎𝐸 − 𝐿𝑧)

𝑟4 (
𝑑𝑟

𝑑𝜏
)

2

= 𝑃2 − Δ(𝑟2 + (𝑎𝐸 − 𝐿𝑧)2)

𝑟2
𝑑𝜙

𝑑𝜏
=

𝑎𝑃

Δ
− (𝑎𝐸 − 𝐿𝑧)

 

𝑃 = 𝐸(𝑟2 + 𝑎2) − 𝑎𝐿𝑧 

𝑟 =
𝑝

1 + 𝑒cos 𝜒
 

𝐸=
√2𝑒√𝑝 + 2(𝑒 − 1)𝑚(𝑟𝑎)√𝑝 − 2(𝑒 + 1)𝑚(𝑟𝑝)

√𝑝√2𝑒𝑝 − (𝑒 − 1)3𝑚(𝑟𝑎) − (𝑒 + 1)3𝑚(𝑟𝑝)

 

 −𝑎
(𝑒2 − 1)2[(𝑒 − 1)𝑚(𝑟𝑎) + (𝑒 + 1)𝑚(𝑟𝑝)]

3/2

𝑝[2𝑒𝑝 − (𝑒 − 1)3𝑚(𝑟𝑎) − (𝑒 + 1)3𝑚(𝑟𝑝)]
3/2

𝐿𝑧 =
𝑝√(𝑒 − 1)𝑚(𝑟𝑎) + (𝑒 + 1)𝑚(𝑟𝑝)

√2𝑒𝑝 − (𝑒 − 1)3𝑚(𝑟𝑎) − (𝑒 + 1)3𝑚(𝑟𝑝)

 −𝑎
√2𝑒√𝑝 + 2(𝑒 − 1)𝑚(𝑟𝑎)√𝑝 − 2(𝑒 + 1)𝑚(𝑟𝑝) ((𝑒 − 1)3𝑚(𝑟𝑎) + (𝑒 + 1)3𝑚(𝑟𝑝))

√𝑝[2𝑒𝑝 − (𝑒 − 1)3𝑚(𝑟𝑎) − (𝑒 + 1)3𝑚(𝑟𝑝)]
3/2

 

where 𝑟𝑎 = 𝑝/(1 − 𝑒) and 𝑟𝑝 = 𝑝/(1 + 𝑒) 

𝑚(𝑟𝑎) = 𝑚(𝑟𝑝) = 1 

Ω𝜙 =
𝐿𝑧𝑟 + 2(𝑎𝐸 − 𝐿𝑧)𝑚(𝑟)

𝐸𝑟3 − 2𝑎𝐿𝑧𝑚(𝑟)

Ω𝑟 =
2𝜋

𝑇𝑟
;  𝑇𝑟 = ∫  

2𝜋

0

 𝑑𝜒
𝑑𝑡

𝑑𝜒
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Ω𝜙= Ω𝜙
𝐺𝑅 + 𝛼0Ω𝜙

𝑄𝐶
 

Ω𝑟  = Ω𝑟
𝐺𝑅 + 𝛼0Ω𝑟

𝑄𝐶
 

Ω𝜙
𝑄𝐶

= −
(6 − 2√1 − 𝑒2 + 𝑒2(9 + 2√1 − 𝑒2)) (1 − 𝑒2)3/2

2𝑝9/2
 

−
𝑎 (90 + 62√1 − 𝑒2 + 3𝑒2(17 + 4√1 − 𝑒2)) (1 − 𝑒2)

5
2

2𝑝6
, 

Ω𝑟
𝑄𝐶  =

(3 + √1 − 𝑒2)(1 − 𝑒2)5/2

𝑝9/2

 −
3𝑎 (5 + 9√1 − 𝑒2 + 𝑒2(7 + 2√1 − 𝑒2)) (1 − 𝑒2)5/2

𝑝6
.

 

⟨
𝑑𝐸

𝑑𝑡
⟩= ⟨

𝑑𝐸

𝑑𝑡
⟩
𝐺𝑅

+ 𝛼0 ⟨
𝑑𝐸

𝑑𝑡
⟩
𝑄𝐶

 

⟨
𝑑𝐿𝑧

𝑑𝑡
⟩ = ⟨

𝑑𝐿𝑧

𝑑𝑡
⟩
𝐺𝑅

+ 𝛼0 ⟨
𝑑𝐿𝑧

𝑑𝑡
⟩
𝑄𝐶  

⟨𝑑𝐸/𝑑𝑡⟩𝑄𝐶 and ⟨𝑑𝐿𝑧/𝑑𝑡⟩𝑄𝐶 

⟨
𝑑𝐸

𝑑𝑡
⟩
𝑄𝐶

= −
1

5
⟨𝐼𝑆𝑇𝐹

𝑖𝑗(3)
𝐼𝑆𝑇𝐹
𝑖𝑗(3)

+
5

189
𝑀𝑆𝑇𝐹

𝑖𝑗𝑘(3)
𝑀𝑆𝑇𝐹

𝑖𝑗𝑘(3)
+

16

9
𝐽𝑆𝑇𝐹
𝑖𝑗(3)

𝐽𝑆𝑇𝐹
𝑖𝑗(3)

⟩  

⟨
𝑑𝐿𝑧

𝑑𝑡
⟩
𝑄𝐶

 = −
2

5
𝜖𝑧𝑘𝑙 ⟨𝐼𝑆𝑇𝐹

𝑘𝑗(3)
𝐼𝑆𝑇𝐹

𝑗𝑙(3)
+

5

126
𝑀𝑆𝑇𝐹

𝑘𝑗𝑛(3)
𝑀𝑆𝑇𝐹

𝑙𝑗𝑛(3)
+

16

9
𝐽𝑆𝑇𝐹
𝑘𝑗(3)

𝐽𝑆𝑇𝐹
𝑙𝑗(3)

⟩

 

𝐼𝑖𝑗= 𝜇𝑥𝑝
𝑖 𝑥𝑝

𝑗
 

𝐽𝑖𝑗  = 𝜖𝑗𝑙𝑚𝑣𝑚𝐼𝑙𝑖

𝑀𝑖𝑗𝑘  = 𝑥𝑖𝐼𝑗𝑘

 

⟨
𝑑𝐸

𝑑𝑡
⟩
𝑄𝐶

=−(1 − 𝑒2)3/2(𝐸1 + 𝑒2𝐸2 + 𝑒4𝐸3 + 𝑒6𝐸4)𝑝−8  

 +𝑎(1 − 𝑒2)3/2(𝐸5 + 𝑒2𝐸6 + 𝑒4𝐸7 + 𝑒6𝐸8 + 𝑒8𝐸9)𝑝−9.5

⟨
𝑑𝐿𝑧

𝑑𝑡
⟩
𝑄𝐶

= −(1 − 𝑒2)3/2(𝐿1 + 𝑒2𝐿2 + 𝑒4𝐿3 + 𝑒6𝐿4)𝑝−6.5

 +𝑎(1 − 𝑒2)3/2(𝐿5 + 𝑒2𝐿6 + 𝑒4𝐿7 + 𝑒6𝐿8 + 𝑒8𝐿9)𝑝−8

 

𝐸1 =
416

5
−

32

5
√1 − 𝑒2, 𝐸2 =

10804

15
−

196

15
√1 − 𝑒2, 𝐸3 =

2524

3
+ 17√1 − 𝑒2

𝐸4 =
3779

30
+

37

15
√1 − 𝑒2, 𝐸5 = 776 −

1464

15
√1 − 𝑒2, 𝐸6 =

132896

15
−

8876

15
√1 − 𝑒2

𝐸7 =
267728

15
+

7507

15
√1 − 𝑒2, 𝐸8 =

48176

5
+

8953

30
√1 − 𝑒2, 𝐸9 =

48031

48
+

713

30
√1 − 𝑒2

𝐿1 =
352

5
−

32

5
√1 − 𝑒2, 𝐿2 =

1636

5
+

4

5
√1 − 𝑒2, 𝐿3 =

757

5
+

28

5
√1 − 𝑒2

𝐿4 =
12

5
, 𝐿5 =

9224

15
−

3368

15
√1 − 𝑒2, 𝐿6 =

63104

15
−

868

15
√1 − 𝑒2

𝐿7 =
23864

5
+ 229√1 − 𝑒2, 𝐿8 =

12087

10
+

267

5
√1 − 𝑒2, 𝐿9 =

84

5
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⟨
𝑑𝐸

𝑑𝑡
⟩ = −𝐸̇, ⟨

𝑑𝐿𝑧

𝑑𝑡
⟩ = −𝐿̇𝑧  

−𝐸̇  =
𝜕𝐸

𝜕𝑝

𝑑𝑝

𝑑𝑡
+ 𝜇

𝜕𝐸

𝜕𝑒

𝑑𝑒

𝑑𝑡

−𝐿̇𝑧  =
𝜕𝐿𝑧

𝜕𝑝

𝑑𝑝

𝑑𝑡
+ 𝜇

𝜕𝐿𝑧

𝜕𝑒

𝑑𝑒

𝑑𝑡

 

𝑑𝑝

𝑑𝑡
 = (−

𝜕𝐿𝑧

𝜕𝑒
𝐸̇ +

𝜕𝐸

𝜕𝑒
𝐿̇𝑧) / (

𝜕𝐿𝑧

𝜕𝑒

𝜕𝐸

𝜕𝑝
−

𝜕𝐸

𝜕𝑒

𝜕𝐿𝑧

𝜕𝑝
)

𝑑𝑒

𝑑𝑡
 = (

𝜕𝐿𝑧

𝜕𝑝
𝐸̇ −

𝜕𝐸

𝜕𝑝
𝐿̇𝑧) / (

𝜕𝐿𝑧

𝜕𝑒

𝜕𝐸

𝜕𝑝
−

𝜕𝐸

𝜕𝑒

𝜕𝐿𝑧

𝜕𝑝
)

 

ΔΨ𝑖 = 2 ∫  
𝑇𝑜𝑏𝑠

0

 ΔΩ𝑖𝑑𝑡, ΔΩ𝑖 = Ω𝑖 − Ω𝑖
𝐺𝑅  

𝐻12(𝑡) = ℎ+
SSB(𝑡) × 𝜉+(𝑢̂, 𝑣̂, 𝑛̂12) + ℎ×

SSB(𝑡) × 𝜉×(𝑢̂, 𝑣̂, 𝑛̂12)  

𝜉+(𝑢̂, 𝑣̂, 𝑛̂12) = (𝑢̂ ⋅ 𝑛̂12)2 − (𝑣̂ ⋅ 𝑛̂12)2

𝜉×(𝑢̂, 𝑣̂, 𝑛̂12) = 2(𝑢̂ ⋅ 𝑛̂12)(𝑣̂ ⋅ 𝑛̂12)
 

𝑡1 ≈ 𝑡2 +
𝐿12

𝑐
−

1

2𝑐
∫  

𝐿12

0

 𝐻12(𝑥̂(𝜆), 𝑡(𝜆))d𝜆  

𝑡(𝜆) ≈ 𝑡2 + 𝜆/𝑐 

𝑥̂(𝜆) ≈ 𝑥̂2(𝑡2) + 𝜆𝑛̂12(𝑡2) 

𝐻12(𝑥̂(𝜆), 𝑡(𝜆))  = 𝐻12 (𝑡(𝜆) −
𝑘̂ ⋅ 𝑥̂(𝜆)

𝑐
)

 = 𝐻12 (𝑡2 −
𝑘̂ ⋅ 𝑥2̂(𝑡2)

𝑐
+

1 − 𝑘̂ ⋅ 𝑛̂12(𝑡2)

𝑐
𝜆)

 

𝑥̂1(𝑡1) = 𝑥̂2(𝑡2) + 𝐿12𝑛̂12 

𝑥̂2(𝑡1) ≈ 𝑥̂2(𝑡2) and 𝑛̂12(𝑡1) ≈ 𝑛̂12(𝑡2) 

𝑦12(𝑡1) ≈
1

2 (1 − 𝑘̂ ⋅ 𝑛̂12(𝑡1))
[𝐻12 (𝑡1 −

𝐿12(𝑡1)

𝑐
−

𝑘̂ ⋅ 𝑥̂2(𝑡1)

𝑐
) − 𝐻12 (𝑡1 −

𝑘̂ ⋅ 𝑥̂1(𝑡1)

𝑐
)] .  

𝑋 = 𝑦13 + 𝐃13𝑦31 + 𝐃131𝑦12 + 𝐃1312𝑦21 − [𝑦12 + 𝐃12𝑦21 + 𝐃121𝑦13 + 𝐃1213𝑦31]

𝑌 = 𝑦21 + 𝐃21𝑦12 + 𝐃212𝑦23 + 𝐃2123𝑦32 − [𝑦23 + 𝐃23𝑦32 + 𝐃232𝑦21 + 𝐃2321𝑦12]

𝑍 = 𝑦32 + 𝐃32𝑦23 + 𝐃323𝑦31 + 𝐃3231𝑦13 − [𝑦31 + 𝐃31𝑦13 + 𝐃313𝑦32 + 𝐃3132𝑦23]

 

𝐃𝑖1,𝑖2,…,𝑖𝑛𝑥(𝑡) = 𝑥 (𝑡 − ∑  

𝑛−1

𝑘=1

 𝐿𝑖𝑘𝑖𝑘+1
/𝑐)  



pág. 8929 

𝐴 =
1

√2
(𝑍 − 𝑋)

𝐸 =
1

√6
(𝑋 − 2𝑌 + 𝑍)

𝑇 =
1

√3
(𝑋 + 𝑌 + 𝑍)

 

⟨𝑎 ∣ 𝑏⟩ = ∑  

𝑖=𝐴,𝐸,𝑇

  ⟨𝑎𝑖 ∣ 𝑏𝑖⟩ = ∑  

𝑖=𝐴,𝐸,𝑇

 4𝑅𝑒 ∫  
∞

0

 
𝑎̃𝑖(𝑓)∗𝑏̃𝑖(𝑓)

𝑆𝑛
𝑖 (𝑓)

𝑑𝑓  

𝑆𝐴,𝐸  = 8sin2 (2𝜋𝑓𝐿)([2 + cos (2𝜋𝑓𝐿)]𝑆oms + [6 + 2cos (4𝜋𝑓𝐿) + 4cos (2𝜋𝑓𝐿)]𝑆acc)

𝑆𝑇  = 32sin2 (2𝜋𝑓𝐿)sin2 (𝜋𝑓𝐿)[𝑆oms + 4sin2 (𝜋𝑓𝐿)𝑆acc]
 

√𝑆oms = 15 × 10−12
2𝜋𝑓

𝑐
√1 + (

2 × 10−3

𝑓
)

4

√𝑆acc =
3 × 10−15

2𝜋𝑓𝑐
√1 + (

0.4 × 10−3

𝑓
)

2

√1 + (
𝑓

8 × 10−3
)

4
 

Γ𝑖𝑗 = ⟨
𝜕ℎ

𝜕𝜉𝑖
| 

𝜕ℎ

𝜕𝜉𝑗
⟩

𝜉=𝜉̂

 

𝜉 = (ln 𝑀, ln 𝑚, 𝑎, 𝑝0, 𝑒0, 𝛼0, 𝜃𝑠, 𝜙𝑠, 𝜃𝑙 , 𝜙𝑙 , 𝐷𝐿)  

𝜎𝑖 = Σ𝑖𝑖
1/2

 with Σ𝑖𝑗 ≡ ⟨𝛿𝜉𝑖𝛿𝜉𝑗⟩ = (Γ−1)𝑖𝑗  

𝜌 = √𝜌𝐴
2 + 𝜌𝐸

2 = √⟨ℎ𝐴 ∣ ℎ𝐴⟩ + ⟨ℎ𝐸 ∣ ℎ𝐸⟩

𝜎𝜉𝑖

2  = (Γ𝐴 + Γ𝐸)𝑖𝑖
−1

 

16𝜋ℒ =𝑅 + ℓ1
2𝜗1𝒢 + ℓ2

2(𝜗1sin 𝜃𝑚 + 𝜗2cos 𝜃𝑚)𝒫

−
1

2
∇𝜈𝜗1∇𝜈𝜗1 −

1

2
𝜇1

2𝜗1
2  

 −
1

2
∇𝜈𝜗2∇𝜈𝜗2 −

1

2
𝜇2

2𝜗2
2

 

𝒢 = 𝑅2 − 4𝑅𝛼𝛽𝑅𝛼𝛽 + 𝑅𝛼𝛽𝛾𝛿𝑅𝛼𝛽𝛾𝛿 

𝒫 = 𝑅𝜇𝜈𝜌𝜎𝑅̃𝜇𝜈𝜌𝜎 

𝜗𝑞 = ℓ𝑞 2𝜗‾𝑞 

𝑅𝛽 𝜈 + 𝜁𝑞 [(𝒜𝑞)
𝛽
 𝜈 − (𝑇‾𝑞)

𝛽
 𝜈] = 0,

◻ 𝜗‾𝑞 − 𝜇𝑞 2𝜗‾𝑞 + 𝒬𝑞 = 0,
 

𝜁𝑞 = (
ℓ𝑞

𝜆
)

4

 



pág. 8930 

(𝒜sGB)𝜇 𝜈 = [𝛿𝜇𝜆𝛾𝛿
𝜈𝜎𝛼𝛽

−
1

2
𝛿𝜇 𝜈𝛿𝜂𝜆𝛾𝛿

𝜂𝜎𝛼𝛽
] 𝑅𝛾𝛿 𝛼𝛽∇𝜆∇𝜎𝜗‾sGB  

𝛿𝜇1𝜇2𝜇3𝜇4

𝜈1𝜈2𝜈3𝜈4 = det

(

  
 

𝛿𝜇1

𝜈1 𝛿𝜇2

𝜈1 𝛿𝜇3

𝜈1 𝛿𝜇4

𝜈1

𝛿𝜇1

𝜈2 𝛿𝜇2

𝜈2 𝛿𝜇3

𝜈2 𝛿𝜇4

𝜈2

𝛿𝜇1

𝜈3 𝛿𝜇2

𝜈3 𝛿𝜇3

𝜈3 𝛿𝜇4

𝜈3

𝛿𝜇1

𝜈4 𝛿𝜇2

𝜈4 𝛿𝜇3

𝜈4 𝛿𝜇4

𝜈4
)

  
 

 

𝒬 = 𝒫, (𝒜dCS)𝜇 𝜈 = 𝑔𝜇𝛼(𝒜dCS)𝛼𝜈, where (𝒜dCS)𝜇𝜈 

(𝒜dCS)𝜇𝜈 = −4[(∇𝜎𝜗‾dCS)𝜀𝜎𝛿𝛼(𝜇∣∇𝛼𝑅∣𝜈) 𝛿

+(∇𝜎∇𝛿𝜗‾dCS)𝑅̃𝛿(𝜇𝜈)𝜎].
 

(𝑇‾𝑞)
𝛽

𝜈
=

1

2
∇𝛽𝜗‾𝑞∇𝜈𝜗‾𝑞 +

1

4
𝛿𝛽

𝜈𝜇𝑞
2𝜗‾𝑞

2.  

𝑔𝜇𝜈  = 𝑔𝜇𝜈
(0)

+ 𝜁𝑔𝜇𝜈
(1)

+ 𝒪(𝜁2)

𝜗‾  = 𝜗‾(0) + 𝜁𝜗‾(1) + 𝒪(𝜁2)
 

[𝑅𝛽 𝜈]
(0)

= 0

𝐸𝜗: =◻(0) 𝜗‾𝑞 − 𝜇𝑞 2𝜗‾𝑞 + 𝒬𝑞
(0)

= 0.
 

𝐸𝛽
𝜈: = [𝑅𝛽

𝜈]
(1)

+ [𝒜𝛽
𝜈]

(0)
− [𝑇‾𝛽

𝜈]
(0)

= 0  

𝑔𝜇𝜈 = 𝑔𝜇𝜈
(0)

+ 𝜁𝑔𝜇𝜈
(1)

 

[(𝒜dCS)𝜇𝜈](0) = −4(∇𝜎∇𝛿𝜗‾dCS)𝑅̃𝛿(𝜇𝜈)𝜎 .  

1

Σ

𝜕

𝜕𝑟
(Δ

𝜕𝜗‾

𝜕𝑟
) +

1

Σ

𝜕

𝜕𝜒
[(1 − 𝜒2)

𝜕𝜗‾

𝜕𝜒
] − 𝜇2𝜗‾ = −𝒬(0),  

∇2𝜗‾ − 𝜇2𝜗‾ = 0,  

𝜗‾(𝑟 → ∞, given 𝜒) ∼
𝑒−𝜇𝑟

𝑟
(1 +

𝐴

𝑟
+

𝐵

𝑟2
+ ⋯ . ) ,  

𝜗‾ = 𝑒−𝜇𝑟𝜑,  

𝜕2𝜗‾

𝜕𝑟2
+

2𝑟 − 𝑟− − 𝑟+

Δ

𝜕𝜗‾

𝜕𝑟
− 𝜇2

𝑟2 + 𝜒2

Δ
𝜗‾

 =
Σ𝒬

Δ
−

1

Δ

𝜕

𝜕𝜒
((1 − 𝜒2)

𝜕𝜗‾

𝜕𝜒
)

 

𝜕2𝜗

𝜕𝑟2
+

1

𝑟 − 𝑟+

𝜕𝜗

𝜕𝑟
+

𝛼

𝑟 − 𝑟+
𝜗 −

𝛽

𝑟 − 𝑟+
= 0,  
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𝛼= 𝜇2
𝑟+

2 + 𝜒0
2

𝑟+ − 𝑟−
 

𝛽 =
[Σ𝒬](𝑟+, 𝜒0)

𝑟+ − 𝑟−
−

1

𝑟+ − 𝑟−

𝜕

𝜕𝜒
((1 − 𝜒2)

𝜕𝜗

𝜕𝜒
)|

𝜒0

.
 

𝜗 ∼ 𝐶1𝐽0 [2√𝛼(𝑟 − 𝑟+)] + 𝐶2𝑌0 [2√𝛼(𝑟 − 𝑟+)] ,  

𝑑𝑠2 =𝑔𝜇𝜈
(0)

𝑑𝑥𝜇𝑑𝑥𝜈

= − (1 −
2𝑀𝑟

Σ
− 𝜁𝐻1(𝑟, 𝜒)) 𝑑𝑡2 − [1 + 𝜁𝐻2(𝑟, 𝜒)]

4𝑀2𝑎𝑟

Σ
(1 − 𝜒2)𝑑𝜙𝑑𝑡

 +[1 + 𝜁𝐻3(𝑟, 𝜒)] (
Σ

Δ
𝑑𝑟2 +

Σ

1 − 𝜒2
𝑑𝜒2) + [1 + 𝜁𝐻4(𝑟, 𝜒)](1 − 𝜒2) [𝑟2 + 𝑀2𝑎2 +

2𝑀3𝑎2𝑟

Σ
(1 − 𝜒2)] 𝑑𝜙2

 

𝐻1
(0)

= 0, 𝐻2
(0)

=
𝐻3

(1)

2𝑀
, 𝐻3

(0)
= 𝐻4

(0)
= −

𝐻3
(1)

𝑀
.  

𝐻𝑖(𝑟, 𝜒) = 𝐻𝑖
(0)

+
1

𝑟
𝐻𝑖

(1)
+ 𝒪(𝑟−2)  

𝜗‾ = 𝑒−𝜇𝑟𝜑,  

𝑒−𝜇𝑟 (∑  

𝑘,𝑙

 𝒞𝑘𝑙(𝑟, 𝜒)𝜕𝑟
𝑘𝜕𝜒

𝑙 𝜑) = −𝒬  

∑  

𝑘,𝑙

𝒞𝑘𝑙(𝑟, 𝜒)𝜕𝑟
𝑘𝜕𝜒

𝑙 𝜑 + 𝒬 

𝑒−𝜇𝑟 ( ∑  

𝑖,𝑗,𝑘,𝑙

 𝑑𝑖,𝑗,𝑘,𝑙𝑟
𝑖𝜒𝑗𝜕𝑟

𝑘𝜕𝜒
𝑙 𝜑) = ∑  

𝑖,𝑗

 𝑞𝑖,𝑗𝑟
𝑖𝜒𝑗  

𝑧 =
2𝑟+

𝑟
− 1,  

𝑟𝑒
−

2𝜇𝑟+
1+𝑧 ∫ ∑  

𝑖,𝑗,𝑘,𝑙

𝑑𝑖,𝑗,𝑘,𝑙𝑟
𝑖𝜒𝑗𝜕𝑟

𝑘𝜕𝜒
𝑙 𝜑 ∫ ∑  

𝑖,𝑗

𝑞𝑖,𝑗𝑟
𝑖𝜒𝑗 

𝑒−
2𝜇𝑟+
1+𝑧 ( ∑  

𝑖,𝑗,𝑘,𝑙

  𝑑̃𝑖,𝑗,𝑘,𝑙𝑧
𝑖𝜒𝑗𝜕𝑧

𝑘𝜕𝜒
𝑙 𝜑) = ∑  

𝑖,𝑗

  𝑞̃𝑖,𝑗𝑧
𝑖𝜒𝑗  

𝜑𝑞=1(𝑧, 𝜒)  = ∑  

𝑁

𝑛=0

 ∑  

𝑁

ℓ=0

 𝜑𝑛,ℓ
(1)

𝑇𝑛(𝑧)𝑃2ℓ(𝜒)

𝜑𝑞=2(𝑧, 𝜒)  = ∑  

𝑁

𝑛=0

 ∑  

𝑁

ℓ=0

 𝜑𝑛,ℓ
(2)

𝑇𝑛(𝑧)𝑃2ℓ+1(𝜒)

 



pág. 8932 

𝑒−
2𝜇𝑟+
1+𝑧 [ ∑  

𝑖,𝑗,𝑘,𝑙

  𝑑̃𝑖,𝑗,𝑘,𝑙𝑧
𝑖𝜒𝑗𝜕𝑧

𝑘𝜕𝜒
𝑙 (∑  

𝑁

𝑛=0

 ∑  

𝑁

ℓ=0

 𝜑𝑛,ℓ𝑇𝑛(𝑧)𝑃2ℓ(𝜒))]

 = ∑  

𝑖,𝑗

  𝑞̃𝑖,𝑗𝑧
𝑖𝜒𝑗

 

∑  

𝑖,𝑗

  𝑞̃𝑖,𝑗𝑧
𝑖𝜒𝑗 = ∑  

𝑁

𝑛′=0

  ∑  

𝑁

ℓ′=0

  𝔮𝑛′,ℓ′𝑇𝑛′(𝑧)𝑃2ℓ′(𝜒)  

𝔮𝑛′,ℓ′ = ∑  

𝑖,𝑗

  𝑞̃𝑖,𝑗 ∫  
+1

−1

 𝑑𝑧
𝑧𝑖𝑇𝑛′(𝑧)

√1 − 𝑧2
∫  

+1

−1

 𝑑𝜒𝜒𝑗𝑃2ℓ′(𝜒)  

𝑒−
2𝜇𝑟+
1+𝑧 [ ∑  

𝑖,𝑗,𝑘,𝑙

  𝑑̃𝑖,𝑗,𝑘,𝑙𝑧
𝑖𝜒𝑗𝜕𝑧

𝑘𝜕𝜒
𝑙 (∑  

𝑁

𝑛=0

 ∑  

𝑁

ℓ=0

 𝜑𝑛,ℓ𝑇𝑛(𝑧)𝑃2ℓ(𝜒))]

 = ∑  

𝑁

𝑛′=0

  ∑  

𝑁

ℓ′=0

 (∑  

𝑁

𝑛=0

 ∑  

𝑁

ℓ=0

 𝔇𝑛′ℓ′,𝑛ℓ𝜑𝑛,ℓ) 𝑇𝑛′(𝑧)𝑃2ℓ′(𝜒) = 0

 

𝔇𝑛′ℓ′,𝑛ℓ = ∑  

𝑖,𝑗,𝑘,𝑙

 𝑑̃𝑖,𝑗,𝑘,𝑙𝐼(𝑖, 𝑘, 𝑛, 𝑛′ ∣ 2𝜇𝑟+)

 × ∫  
+1

−1

 𝑑𝜒𝜒𝑗𝑃2ℓ
(𝑙)

(𝜒)𝑃
2ℓ′
(𝑙)

(𝜒)

 

𝐼(𝑖, 𝑗, 𝑘, 𝑙 ∣ 𝜉) = ∫  
+1

−1

 𝑑𝑧
𝑧𝑖𝑇𝑘

(𝑗)
(𝑧)𝑇𝑙(𝑧)

√1 − 𝑧2
exp (−

𝜉

1 + 𝑧
)  

∑  

𝑁

𝑛=0

 ∑  

𝑁

ℓ=0

 𝔇𝑛′ℓ′,𝑛ℓ𝜑𝑛,ℓ = 𝔮𝑛′,ℓ′  

𝐯= (𝑣0,0
𝑖 , 𝑣1,0

𝑖 , … , 𝑣𝑁,0
𝑖 , … , 𝑣𝑁,1

𝑖 , … , 𝑣𝑁,𝑁
𝑖 )

T
, 

𝐪 = (𝔮0,0
𝑖 , 𝔮1,0

𝑖 , … , 𝔮𝑁,0
𝑖 , … , 𝔮𝑁,1

𝑖 , … , 𝔮𝑁,𝑁
𝑖 )

T
(40)

 

∑  

𝑁

𝑛=0

  (−1)𝑛𝜑𝑛ℓ = 0  

𝐯 = (𝔇̃T𝔇̃)
−1

𝔇̃T𝐪̃  

𝜑B(𝑁)  = lim
𝑟→+∞

 𝜑(𝑁)

 =  a polynomial of 𝜒 but not 𝑟−1.
 

𝜑(𝑁) − 𝜑B(𝑁) → 𝜑(𝑁)  

ℬ𝜗(𝑁) = [∫  
∞

𝑟+

 ∫  
+1

−1

  [𝜑(𝑁) − 𝜑(𝑁 − 1)]2𝑑𝑟𝑑𝜒]

1/2
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𝑧‾ =
2𝑟+

𝜆
− 1 ∼ 𝒪(𝜇𝑟+ − 1)  

𝑧 ∈ (−1, 𝑧‾] (i.e., 𝑟 ∈ [𝜆, ∞) 

𝑁(min) ∼ 𝒪 (
1

𝜇𝑟+
) .  

ℰ𝜗 ∝ [∫  
∞

𝑟+

 ∫  
+1

−1

 𝐸𝜗
2[−𝑔(0)]

6 𝑑𝑟

𝑟26
𝑑𝜒]

1
2

 

[−𝑔(0)]
6

𝑟26
𝐸𝜗

2 = ∑  

𝑗=2

 ∑  

𝑘=0

 ∑  

2

𝑞=0

 𝛿𝑗,𝑘,𝑞

exp (−𝑞𝜇𝑟)

𝑟𝑗
𝜒𝑘  

∫  
+∞

𝑟+

 𝑑𝑟
exp (−𝑞𝜇𝑟)

𝑟𝑗
=

1

𝑟+
𝑗−1

Ei𝑗(𝑞𝜇𝑟+)  

Ei𝑗(𝑧) = ∫  
+∞

1

 𝑑𝑥
𝑒−𝑧𝑥

𝑥𝑗
 

𝑁opt = arg min
𝑁

 ℰ𝜗,  
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∑  

4

𝑖=1

  (𝒟𝑖)𝛽 𝜈𝐻𝑖 = −[𝒜𝛽  𝜈]
(0)

+ [𝑇‾𝛽 𝜈]
(0)

 

(𝜇, 𝜈) = (𝑡, 𝑟), (𝑡, 𝜒), (𝑟, 𝜙) 
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𝒜𝛽
𝜈∝ 𝑒−

2𝜇𝑟+
1+𝑧 ,  

𝑇‾𝛽
𝜈 ∝ 𝑒−

4𝜇𝑟+
1+𝑧 .

 

𝑅𝛽 𝜈, 𝑒
2𝜇𝑟+
1+𝑧 𝒜𝛽 𝜈, and 𝑒

4𝜇𝑟+

1+𝑧 𝑇‾𝛽 𝜈 

 ∑  

4

𝑖=1

 ∑  

𝛿,𝜎

  ∑  

2

𝛼,𝛽=0

 𝒢𝑖,𝛿,𝜎,𝛼,𝛽
𝑗

𝑧𝛿𝜒𝜎𝜕𝑧
𝛼𝜕𝜒

𝛽
𝐻𝑖(𝑧, 𝜒)

 = 𝑒−
2𝜇𝑟+
1+𝑧 ∑  

𝛿,𝜎

 𝒜𝛿,𝜎
𝑗

𝑧𝛿𝜒𝜎 + 𝑒−
4𝜇𝑟+
1+𝑧 ∑  

𝛿,𝜎

 𝒯𝛿,𝜎
𝑗

𝑧𝛿𝜒𝜎

 

𝑒
−

2𝜇𝑟+
1+𝑧  and 𝑒

−
4𝜇𝑟+
1+𝑧  

𝐻𝑖(𝑧, 𝜒) = ∑  

𝑁

𝑛=0

 ∑  

𝑁

ℓ=0

 𝑣𝑛ℓ
𝑖 𝑇𝑛(𝑧)𝑃ℓ(𝜒)  

∑  

𝒩𝑧

𝑛=0

  ∑  

𝒩𝜒

even ℓ

 ∑  

4

𝑖=1

  [𝔻𝑗𝑛′ℓ′,𝑖𝑛ℓ]𝑣𝑛ℓ
𝑖 = 𝑠

𝑛′ℓ′
𝑗  

𝑠
𝑛′ℓ′
𝑗

= ∑  

𝛿,𝜎

  [𝒜𝛿,𝜎
𝑗

𝐼(𝛿, 0,0, 𝑛′ ∣ 2𝜇𝑟+)

+𝒯𝛿,𝜎
𝑗

𝐼(𝛿, 0,0, 𝑛′ ∣ 4𝜇𝑟+)]

× ∫  
+1

−1

 𝑑𝜒𝜒𝜎𝑃2ℓ(𝜒) 

 

𝔻𝐯 = 𝐬,  

𝐯 = (𝑣0,0
𝑖 , 𝑣1,0

𝑖 , … , 𝑣𝑁,0
𝑖 , … , 𝑣𝑁,1

𝑖 , … , 𝑣𝑁,𝑁
𝑖 )

T

𝐬 = (𝑠0,0
𝑖 , 𝑠1,0

𝑖 , … , 𝑠𝑁,0
𝑖 , … , 𝑠𝑁,1

𝑖 , … , 𝑠𝑁,𝑁
𝑖 )

T
 

and 𝔻 is a [4(𝑁 + 1)]2 × [4(𝑁 + 1)]2 matrix 

and 𝐯 and 𝐬 are both a [4(𝑁 + 1)]2 vector 

∑  

𝑁

𝑛=0

  (−1)𝑛𝑣𝑛ℓ
1 = 0  

 ∑  

𝑁

𝑛=0

  (−1)𝑛𝑣𝑛ℓ
2 = 𝑟+ ∑  

𝑁

𝑛=0

  (−1)𝑛+1𝑛2𝑣𝑛ℓ
3

 ∑  

𝑁

𝑛=0

  (−1)𝑛𝑣𝑛ℓ
3 = −2𝑟+ ∑  

𝑁

𝑛=0

  (−1)𝑛+1𝑛2𝑣𝑛ℓ
3

 ∑  

𝑁

𝑛=0

  (−1)𝑛𝑣𝑛ℓ
4 = −2𝑟+ ∑  

𝑁

𝑛=0

  (−1)𝑛+1𝑛2𝑣𝑛ℓ
3
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𝔻̃𝐯 = 𝐬̃  

𝐯 = (𝔻̃T𝔻̃)
−1

𝔻̃T𝐬̃  

𝐻1, B(𝑁) = lim
𝑟→∞

 𝐻1(𝑁)  

𝐻1(𝑁) − 𝐻1, B(𝑁) → 𝐻1(𝑁)  

ℬ(𝑁) = [∫  
+∞

𝑟+

 ∫  
+1

−1

 ∑  

4

𝑖=1

  [𝐻𝑖(𝑁) − 𝐻𝑖(𝑁 − 1)]2
𝑑𝑟

𝑟2
𝑑𝜒]

1
2

 

ℰ ∝ [∫  
∞

𝑟+

 ∫  
+1

−1

 𝐸𝛽 𝜈𝐸𝜈 𝛽
Δ4

𝑟32
(1 − 𝜒2)2(−𝑔(0))

6
𝑑𝑟𝑑𝜒]

1/2

 

Δ4(1 − 𝜒2)2(−𝑔(0))
6
/𝑟32 

𝐸𝛽 𝜈𝐸𝜈 𝛽
Δ4

𝑟32
(1 − 𝜒2)2(−𝑔(0))

6

 = ∑  

𝑗=2

 ∑  

𝑘=0

 ∑  

4

𝑞=0

 𝜂𝑗,𝑘,𝑞

exp (−𝑞𝜇𝑟)

𝑟𝑗
𝜒𝑘

 

𝑁opt = arg min
𝑁

 ℰ.  

 

Ω𝐻 =
𝑔𝑡𝜙

𝑔𝜙𝜙
|
𝑟=𝑟+

.  

Ω𝐻
(1)

=
𝑎

2𝑀𝑟+

(𝐻2 − 𝐻4)|
𝑟=𝑟+

.  

 

‖
𝑑Ω𝐻

(1)

𝑑𝜒
‖

2

= [∫  
+1

−1

 (
𝑑Ω𝐻

(1)

𝑑𝜒
)

2

𝑑𝜒]

1/2

 

‖𝑑Ω𝐻
(1)

/𝑑𝜒‖
2

= 0 

|𝑑Ω𝐻
(1)

/𝑑𝜒|
2

⋆ |𝑑Ω𝐻
(1)

/𝑑𝜒|
2
 

|𝑑Ω𝐻
(1)

/𝑑𝜒|
2

≲ 10−2 
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𝜅
‖𝑑Ω𝐻

(1)
/𝑑𝜒‖

2 =
𝑟+ − 𝑀

2𝑀𝑟+
[𝐻2 −

𝐻3

2
−

𝐻4

2
+

𝑀2𝑟+
2

(𝑟+ − 𝑀)Σ
𝑑

𝑑𝑟
(−𝐻1Σ + 𝑎2(1 − 𝜒2)(2𝐻2 − 𝐻4))

+2(𝑟+ − 𝑀)(𝐻4 − 2𝐻2)]|𝑟=𝑟+
.

 

‖
𝑑𝜅(1)

𝑑𝜒
‖

2

= [∫  
+1

−1

 (
𝑑𝜅(1)

𝑑𝜒
)

2

𝑑𝜒]

1/2

 

|𝑑Ω𝐻
(1)

/𝑑𝜒|
2

⊡ |𝑑𝜅(1)/𝑑𝜒|
2
 

𝜕Σ𝑑−1 = S∞
𝑑−2 ∪ ℬℋ.  

𝑑𝐊[𝑙] ≐ 0  

0 ≐ ∫  
Σ𝑑−1

 𝑑𝐊[𝑙] = ∫  
𝑆∞

𝑑−2
 𝐊[𝑙] − ∫  

ℬℋ

 𝐊[𝑙]  

 

𝑆[𝑒, 𝑉]=
1

16𝜋𝐺𝑁
(𝑑)

∫  {(−1)𝑑−1 ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑅𝑎𝑏 +
(−1)(𝑝+1)𝑑

2
𝐺 ∧⋆ 𝐺 + 𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      

N times 

∧ 𝑉}  ≡ ∫  𝐋 
 

(−1)𝑝𝑑 = (−1)𝑑+(𝑝+1) = (−1)𝑁𝑝 = +1 

𝛿𝑆 = ∫  
ℳ

  {𝐄𝑎 ∧ 𝛿𝑒𝑎 + 𝐄 ∧ 𝛿𝑉 + 𝑑𝚯(𝑒, 𝑉, 𝛿𝑒, 𝛿𝑉)}  

𝑅𝑎𝑏 = 𝑑𝜔𝑎𝑏 − 𝜔𝑎𝑐 ∧ 𝜔𝑏
𝑐  

𝜕𝔈/𝜕𝒢 ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑅𝑎𝑏 

1

(𝑑 − 2)!
𝜀𝑎1⋯𝑎𝑑−2𝑏𝑐𝑒𝑎1 ∧ ⋯ ∧ 𝑒𝑎𝑑−2 ∧ 𝑅𝑏𝑐  

𝐄𝑎  = 𝑖𝑎 ⋆ (𝑒𝑏 ∧ 𝑒𝑐) ∧ 𝑅𝑏𝑐 +
1

2
[𝑖𝑎𝐺 ∧⋆ 𝐺 − 𝐺 ∧ 𝑖𝑎 ⋆ 𝐺],

𝐄 = −𝑑 ⋆ 𝐺 + (𝑁 + 1)𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N times 

,

𝚯(𝑒, 𝑉, 𝛿𝑒, 𝛿𝑉)  = − ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜔𝑎𝑏 − 𝛿𝑉 ∧ [⋆ 𝐺 − 𝛾𝑁 𝐺 ∧ ⋯ ∧⏟    
N−1 times 

∧ 𝑉].

 

𝛿Λ𝑉 = 𝑑Λ  

𝛿Λ𝑆 = ∫  𝑑[𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N−1 times 

∧ 𝑉 ∧ 𝑑Λ] ≡ − ∫  
ℳ

 𝑑𝐁(𝑉, Λ)  

𝛿Λ𝑆 = ∫  {𝐄 ∧ 𝑑Λ + 𝑑𝚯(𝑒, 𝑉, 𝛿Λ𝑉)} = ∫  𝑑[𝚯(𝑒, 𝑉, 𝛿Λ𝑉) + 𝐄 ∧ Λ]  
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𝑑𝐉[Λ]  = 0

𝐉[Λ]  ≡ 𝚯(𝑒, 𝑉, 𝛿Λ𝑉) + 𝐄 ∧ Λ + 𝐁(𝑉, Λ)
 = 𝑑𝐐[Λ]

𝐐[Λ]  = −Λ ∧ [⋆ 𝐺 − 𝛾(𝑁 + 1) 𝐺 ∧ ⋯ 𝐺⏟    
N−1 times 

∧ 𝑉]

 

𝑑𝐐[Λ] = 𝐉[Λ] = 𝚯(𝑉, 𝛿Λ𝑉) + 𝐄 ∧ Λ + 𝐁(𝑉, Λ)  

𝒬𝑖 =
1

16𝜋𝐺𝑁
(𝑑)

∫  
Σ𝑑−2

 𝐐 [𝔥𝑖
(𝑝)

] = −
1

16𝜋𝐺𝑁
(𝑑)

∫  
Σ𝑑−2

 𝔥𝑖
(𝑝)

∧ [⋆ 𝐺 − 𝛾(𝑁 + 1) 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N−1 times 

∧ 𝑉].  

𝒬𝑖 = −
1

16𝜋𝐺𝑁
(𝑑)

∫  
𝒞𝑑−𝑝−2

  [𝐐 [𝔥𝑖
(𝑝)

] ⋆ 𝐺 − 𝛾(𝑁 + 1) 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N−1 times 

∧ 𝑉]  

𝐏[𝔥(𝑑−𝑝−4)] ≡
1

16𝜋𝐺𝑁
(𝑑)

𝔥(𝑑−𝑝−4) ∧ 𝐺,  

𝐑(𝑝+𝑞+2)[𝔥(𝑞)] ≡
1

16𝜋𝐺𝑁
(𝑑)

𝔥(𝑞) ∧ 𝐺.  

𝐄 = −𝑑[⋆ 𝐺 − (𝑁 + 1)𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N-1 times 

∧ 𝑉]
 

⋆ 𝐺 = 𝑑𝑉̃ + (𝑁 + 1)𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N-1 times 

∧ 𝑉 ≡ 𝐺̃  

 

𝛿Λ̃𝑉̃ = 𝑑Λ̃

𝛿Λ𝑉̃ = −(𝑁 + 1)𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N−1 times 

∧ Λ  

 

𝑑𝐺̃ − (𝑁 + 1)𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N times 

, = 0  

 

𝑑 ⋆ 𝐺̃ = 0  

𝛿𝜎𝑒𝑎 = 𝜎𝑏
𝑎𝑒𝑏 , 𝜎𝑎𝑏 = −𝜎𝑏𝑎  

𝛿𝜎𝜔𝑎𝑏 = 𝒟𝜎𝑎𝑏 , 𝛿𝜎𝑅𝑎𝑏 = −2𝜎[𝑎  𝑐𝑅𝑏]𝑐  

𝐄[𝑎 ∧ 𝑒𝑏] = 0  

𝐉[𝜎] = − ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝒟𝜎𝑎𝑏 = 𝑑𝐐𝐿[𝜎]  
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𝐐𝐿[𝜎] =
(−1)𝑑−1

16𝜋𝐺𝑁
(𝑑)

⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝜎𝑎𝑏 .  

𝑃𝑘  𝑎𝑏 ≡ ∇𝑎𝑘𝑏,  

𝒟𝑃𝑘  𝑎𝑏 = −𝑖𝑘𝑅𝑎𝑏 .  

𝜎𝑘  𝑎 𝑏 = 𝑖𝑘𝜔𝑎 𝑏 − 𝑃𝑘  𝑎 𝑏 ,  

Λ𝑘 = 𝑖𝑘𝑉 − 𝑃𝑘  

𝑖𝑘𝐺 + 𝑑𝑃𝑘 = 0  

𝛿𝜉 ≡ −ℒ𝜉 + 𝛿𝜎𝜉
+ 𝛿Λ𝜉  

𝛿𝜉𝑒𝑎  = −(𝒟𝜉𝑎 + 𝑃𝜉
𝑎  𝑏𝑒𝑏)

𝛿𝜉𝑉 = −(𝑖𝜉𝐺 + 𝑑𝑃𝜉)
 

𝛿𝜉𝑆 = − ∫  𝑑𝑖𝜉𝐋 − ∫  𝑑𝐁(𝑒, 𝑉, Λ𝜉)  

𝒟𝐄𝑎 − 𝐄 ∧ 𝑖𝑎𝐺 = 0  

𝛿𝜉𝑆 = ∫  𝑑𝚯′(𝑒, 𝑉, 𝜉)

𝚯′(𝑒, 𝑉, 𝜉)  ≡ 𝚯(𝑒, 𝑉, 𝛿𝜉𝑒, 𝛿𝜉𝑉) − 𝐄𝑎𝜉𝑎 − 𝐄 ∧ 𝑃𝜉

 

𝑑𝐉[𝜉] = 0

𝐉[𝜉] ≡ 𝚯′(𝑒, 𝑉, 𝜉) + 𝑖𝜉𝐋 + 𝐁(𝑉, 𝑒, Λ𝜉)

= 𝑑𝐐𝑁𝑊[𝜉]

𝐐𝑁𝑊[𝜉] =  − ⋆ (𝑒𝑏 ∧ 𝑒𝑐)𝑃𝜉𝑏𝑐 + 𝑃𝜉 ∧ [⋆ 𝐺 − 𝛾(𝑁 + 1) 𝐺 ∧ ⋯ ∧⏟    
N−1 times 

∧ 𝑉]

 +𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N−1 times 

∧ 𝑉 ∧ 𝑖𝜉𝑉

 

𝑑𝐐𝑁𝑊[𝜉] = 𝐉[𝜉] ≡ 𝚯(𝑒, 𝑉, 𝛿𝜉𝑒, 𝛿𝜉𝑉) − 𝐄𝑎𝜉𝑎 − 𝐄 ∧ 𝑃𝜉 + 𝑖𝜉𝐋 + 𝐁(𝑉, Λ𝜉)  

𝑑𝐐𝑁𝑊[𝑘] ≐ 𝑖𝑘𝐋 + 𝐁(𝑉, Λ𝑘)  

𝐊[𝑘] ≡ 𝝎𝑘 − 𝐐𝑁𝑊[𝑘]  

𝛿𝜆
𝑠𝑒𝑎 = 𝜆𝑒𝑎  

𝛿𝜆
𝑠𝑉 = (𝑝 + 1)𝜆𝑉  

(𝑑 − 2)𝐋= 𝐄𝑎 ∧ 𝑒𝑎 + (𝑝 + 1)𝐄 ∧ 𝑉 + 𝑑𝚯(𝑒, 𝑉, 𝛿𝜆
𝑠𝑒, 𝛿𝜆

𝑠𝑉) 

 ≐ 𝑑𝚯(𝑒, 𝑉, 𝛿𝜆
𝑠𝑒, 𝛿𝜆

𝑠𝑉)

 = 𝑑[−(𝑝 + 1)𝑉 ∧⋆ 𝐺]
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𝐋 ≐ 𝑑𝐉0

𝐉0  = −
1

3
𝑉 ∧⋆ 𝐺

 

𝑖𝑘𝐋 + 𝐁(𝑉, Λ𝑘)  ≐ −𝑑𝑖𝑘𝐉0 + 𝛿Λ𝑘
𝐉0 + 𝐁(𝑉, Λ𝑘)

 ≐ 𝑑𝜔𝑘

 

𝝎𝑘 =
1

3
𝑃̃𝑘 ∧ 𝐺 +

1

3
𝑃𝑘 ∧⋆ 𝐺 − 3𝛾𝑃𝑘 ∧ 𝐺 ∧ 𝑉 + 𝛾𝐺 ∧ 𝑉 ∧ 𝑖𝑘𝑉,  

𝐊[𝑘] =⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑘𝑎𝑏 +
1

3
𝑃̃𝑘 ∧ 𝐺 −

2

3
𝑃𝑘 ∧⋆ 𝐺  

𝐊[𝑘] =
1

16𝜋𝐺𝑁
(𝑑)

{⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑘𝑎𝑏 +
1

3
(𝑃̃𝑘 − 6𝛾𝑃𝑘 ∧ 𝑉) ∧ 𝐺 −

2

3
𝑃𝑘 ∧ (⋆ 𝐺 − 3𝛾𝐺 ∧ 𝑉)}  

𝐊[𝑘] = 𝐐𝐿[𝑃𝑘] +
1

3
𝐏[𝑃̃𝑘 − 6𝛾𝑃𝑘 ∧ 𝑉] +

2

3
𝐐[𝑃𝑘].  

𝒟𝑃𝑘
𝑎𝑏 = −𝑖𝑘𝑅𝑎𝑏 =

ℬℋ
0

𝑑𝑃𝑘 = −𝑖𝑘𝐺 =
ℬℋ

0

𝑑(𝑃̃𝑘 − 6𝛾𝑃𝑘 ∧ 𝑉) =
ℬℋ

𝑑𝑃̃𝑘 − 6𝛾𝑃𝑘 ∧ 𝐺 = −𝑖𝑘 ⋆ 𝐺 =
ℬℋ

0.

 

(𝛿𝐶 + 𝛿𝐷)𝐊[𝑘]  =
1

16𝜋𝐺𝑁
(𝑑)

{
1

3
𝐷 ∧ 𝐺 −

2

3
𝐶 ∧ (⋆ 𝐺 − 3𝛾𝐺 ∧ 𝑉)}

 =
1

3
𝐏[𝐷] +

2

3
𝐐[𝐶]

 

+
1

3
𝑉 ∧ 𝔥(𝑝̃+1).  

𝐊𝔥[𝑘] = 𝐊[𝑘] +
1

3
𝑉 ∧ 𝔥(𝑝̃+1),  

𝑑𝐊[𝑘] +
1

3
𝐺 ∧ 𝔥(𝑝̃+1) = 0  

𝔥(2) = 31/2𝛼𝐺,  

𝔥(2) =
1

√3
𝐐𝑙−,  

𝛿𝜂𝑉 = 𝜂𝑖𝔥𝑖
(𝑝+1)

 

𝛿𝜂𝑆 =
1

16𝜋𝐺𝑁
(𝑑)

∫  𝑑[𝜂𝑖𝛾 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N-1 times 

∧ 𝑉 ∧ 𝔥𝑖
(𝑝+1)

].  

𝐉𝜂𝑖
=

1

16𝜋𝐺𝑁
(𝑑)

{⋆ 𝐺 − 𝛾(𝑁 + 1) 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N-1 times 

∧ 𝑉} ∧ 𝔥𝑖
(𝑝+1)
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𝛿𝜂̃𝑉̃ = 𝜂̃𝑖𝔥𝑖
(𝑝̃+1)

 

𝐉̃𝜂̃𝑖
=

1

16𝜋𝐺𝑁
(𝑑)

𝔥𝑖
(𝑝̃+1)

∧⋆ 𝐺̃ =
1

16𝜋𝐺𝑁
(𝑑)

𝔥𝑖
(𝑝̃+1)

∧ 𝐺 = 𝐑(𝑑−1)[𝔥(𝑝̃+1)]  

𝛿𝜖
ℎ𝑒𝑎 = −𝜖𝔥(1)𝑖𝑘𝑒𝑎  

𝛿𝜖
ℎ𝑆Einstein−Hilbert = −𝜖𝑆Einstein−Hilbert  

𝛿𝜖
ℎ𝑅𝑎𝑏 = −𝜖𝔥(1) ∧ 𝑖𝑘𝑅𝑎𝑏  

 

𝛿𝜖
ℎ𝑆

(16𝜋𝐺𝑁
(𝑑)

)
−1 =−𝜖 ∫  

ℳ

 
(−1)𝑑−1

(𝑑 − 2)!
𝜀𝑎1⋯𝑎𝑑−2𝑏𝑐{(𝑑 − 2)𝔥(1)𝑖𝑘𝑒𝑎1 ∧ ⋯ ∧ 𝑒𝑎𝑑−2 ∧ 𝑅𝑏𝑐 

+𝑒𝑎1 ∧ ⋯ ∧ 𝑒𝑎𝑑−2 ∧ 𝔥(1) ∧ 𝑖𝑘𝑅𝑏𝑐}

= −𝜖 ∫  
ℳ

 
(−1)𝑑−1

(𝑑 − 2)!
𝜀𝑎1⋯𝑎𝑑−2𝑏𝑐{𝔥(1) ∧ 𝑖𝑘(𝑒𝑎1 ∧ ⋯ ∧ 𝑒𝑎𝑑−2) ∧ 𝑅𝑏𝑐

+(−1)𝑑𝔥(1) ∧ 𝑒𝑎1 ∧ ⋯ ∧ 𝑒𝑎𝑑−2 ∧ 𝑖𝑘𝑅𝑏𝑐}

= −𝜖 ∫  
ℳ

  𝔥(1) ∧ 𝑖𝑘𝐋

= −𝜖𝑆Einstein−Hilbert

 

𝑖𝑘𝔥(1) = 1  

𝛿𝜖 ≡ 𝛿𝜖
ℎ +

1

𝑑 − 2
𝛿𝜖

𝑠, 𝛿𝜖𝑆EH = 0  

𝛿𝜖
ℎ𝑉 = −𝜖𝔥(1) ∧ 𝑖𝑘𝑉  

𝛿𝜖
ℎ𝐺 = −𝜖𝔥(1) ∧ 𝑖𝑘𝐺

𝛿𝜖
ℎ ⋆ 𝐺 = −𝜖𝔥(1) ∧ 𝑖𝑘 ⋆ 𝐺

 

𝛿𝜖
ℎ𝑆 = −𝜖 ∫  𝔥(1) ∧ 𝑖𝑘𝐋 = −𝜖𝑆  

𝛿𝜖𝑒𝑎 ≡ −𝜖 (𝔥(1)𝑖𝑘𝑒𝑎 −
1

𝑑 − 2
𝑒𝑎)

𝛿𝜖𝑉 ≡ −𝜖 (𝔥(1) ∧ 𝑖𝑘𝑉 −
1

3
𝑉)

 

𝐉𝜖=⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑘𝑎𝑏 ∧ 𝔥(1) − (𝔥(1) ∧ 𝑖𝑘𝑉 −
1

3
𝑉) ∧ [− ⋆ 𝐺 + 2𝛾𝐺 ∧ 𝑉] 

 = [⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑘𝑎𝑏 − 𝑃𝑘 ∧ (⋆ 𝐺 − 2𝛾𝐺 ∧ 𝑉)] ∧ 𝔥(1) −
1

3
𝑉 ∧⋆ 𝐺

 = −𝐐𝑁𝑊[𝑘] ∧ 𝔥(1) + 𝐉0

 

𝑆[𝑒𝑎, 𝑉]  =
1

16𝜋𝐺𝑁
(5)

∫  [⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑅𝑎𝑏 −
1

2
𝐺 ∧⋆ 𝐺 +

1

33/2
𝐺 ∧ 𝐺 ∧ 𝑉] ≡ ∫  𝐋
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𝐄𝑎  = 𝑖𝑎 ⋆ (𝑒𝑐 ∧ 𝑒𝑑) ∧ 𝑅𝑐𝑑 +
1

2
(𝑖𝑎𝐺 ∧⋆ 𝐺 − 𝐺 ∧ 𝑖𝑎 ⋆ 𝐺),

𝐄 = −𝑑 ⋆ 𝐺 +
1

31/2
𝐺 ∧ 𝐺

𝚯(𝑒, 𝑉, 𝛿𝑒, 𝛿𝑉)  = − ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜔𝑎𝑏 + (⋆ 𝐺 −
2

33/2
𝐺 ∧ 𝑉) ∧ 𝛿𝑉,

 

𝐐[𝑓]  = −
1

16𝜋𝐺𝑁
(5)

𝑓 (⋆ 𝐺 −
1

31/2
𝐺 ∧ 𝑉) ,

𝐏[𝜔(1)]  =
1

16𝜋𝐺𝑁
(5)

𝜔(1) ∧ 𝐺,

𝐐𝐿[𝜎]  =
1

16𝜋𝐺𝑁
(5)

⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝜎𝑎𝑏 .

 

𝑃[𝔥(1)] =
1

16𝜋𝐺𝑁
(5)

∫  
Σ3

  𝔥(1) ∧ 𝐺 =
ℓ

8𝐺𝑁
(5)

∫  
Σ2

 𝐺,  

𝐊[𝑘] = 𝐐𝐿[𝑃𝑘] +
2

3
𝐐[𝑃𝑘] +

1

3
𝐏 [𝑃̃𝑘 −

2

31/2
𝑃𝑘 ∧ 𝑉] ,  

𝐊𝔥[𝑘] = 𝐊[𝑘] +
1

3
𝑉 ∧ 𝔥(2),  

𝛿𝜂𝑉 = 𝜂𝔥(1)  

𝛿𝜖𝑒𝑎 = −𝜖 (𝔥(1)𝑖𝑘𝑒𝑎 −
1

3
𝑒𝑎)  

𝛿𝜖𝑉 = −𝜖 (𝔥(1) ∧ 𝑖𝑘𝑉 −
1

3
𝑉)  

𝐉𝜂=
1

16𝜋𝐺𝑁
(5)

{⋆ 𝐺 −
1

31/2
𝐺 ∧ 𝑉} ∧ 𝔥(1)  

 = −𝐐[1] ∧ 𝔥(1)

𝐉𝜖 = [⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑘𝑎𝑏 − 𝑃𝑘 ∧ (⋆ 𝐺 −
2

33/2
𝐺 ∧ 𝑉)] ∧ 𝔥(1) −

1

3
𝑉 ∧⋆ 𝐺

 = −𝐐𝑁𝑊[𝑘] ∧ 𝔥(1) + 𝐉0

 

𝑙 = 𝑙 − 𝜒𝑙𝑘  

𝛿𝑙𝐴 = −ℒ𝑙𝐴 + 𝛿𝜒𝑙
𝐴 = −ℒ𝑙𝐴 + 𝑑𝜒𝑙 = 0  

𝜒𝑙 = 𝑖𝑙𝐴 − 𝑃𝑙  

 

𝑖𝑙𝐹(𝐴) + 𝑑𝑃𝑙 = 0, 𝑃𝑙 =
ℋ

0  

𝜒𝑙 = 𝑖𝑙𝐴 − 𝑃‾𝑙 , 𝑃‾𝑙 ≡ 𝑃𝑙 − 𝑃𝑙(ℋ)  
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𝛿𝜒𝑙
𝔥(1) = −𝑑𝜒𝑙  

𝛿𝑙𝔥
(1) = −ℒ𝑙𝔥

(1) + 𝛿𝜒𝑙
𝔥(1) = 0  

0= 𝛿𝑙𝐉𝜂  

 = −𝛿𝑙𝐐[1] ∧ 𝔥(1)

 ≐ 𝑑(𝑖𝑙𝐐[1] ∧ 𝔥(1)) − 𝛿𝜒𝑙
𝐐[1] ∧ 𝔥(1)

 

𝐐𝜂𝑙 = (𝑖𝑙𝐐[1] +
1

16𝜋𝐺𝑁
(5)

𝜒𝑙𝐺) ∧ 𝔥(1).  

𝐐𝜂𝑙 = 𝔥(2) ∧ 𝔥(1)  

𝔥(2) =
𝑒−2𝜙∞ (16𝜋𝐺𝑁

(4)
)

√3
𝐐𝑙−

 

𝐉𝜖 = 𝐊[𝑘] ∧ 𝔥(1) − 𝝎𝑘 ∧ 𝔥(1) + 𝐉0  

𝝎𝑘 =
1

3
𝑃̃𝑘 ∧ 𝐺 +

1

3
𝑃𝑘 ⋆ 𝐺 −

2

33/2
𝑃𝑘𝐺 ∧ 𝑉  

𝐉𝜖 = 𝐊[𝑘] ∧ 𝔥(1) + 𝑑 (
1

3
𝑃̃𝑘 ∧ 𝑉 ∧ 𝔥(1)) + 𝑖𝑘(𝐉0 ∧ 𝔥(1)).  

𝑑𝑖𝑘(𝐉0 ∧ 𝔥(1)) = −𝑖𝑘𝑑(𝐉0 ∧ 𝔥(1)) = 0  

𝐉𝜖 ≡ 𝐊[𝑘] ∧ 𝔥(1)  

𝐐𝜖𝑙 = 𝑖𝑙𝐉𝜖 − 𝜒𝑙𝐊[𝑘] = 𝑖𝑙𝐊[𝑘] ∧ 𝔥(1)  

𝑖𝑙𝐊[𝑘] =
2

3
𝐐𝑙1,  

 

[𝛿𝜂 , 𝛿𝜖] = −
2

3
𝛿𝜂′ , 𝜂′ = 𝜂𝜖  

𝑑𝑃𝑙 = −𝑖𝑙𝐺 =
ℬℋ

0  

𝑃𝑙 =
ℬℋ

Φℋ
𝑚𝔥𝑚

(𝑝)
+ 𝑑𝑒  

𝑃𝑙 =
ℋ

Φℋ
 

𝑑(𝑃̃𝑙 − 6𝛾𝑃𝑙 ∧ 𝑉) ≐ −𝑙𝑙 ⋆ 𝐺 + 6𝛾𝑙𝑙𝐺 ∧ 𝑉 =
ℬℋ

0.  

𝑃̃𝑙 − 6𝛾𝑃𝑙 ∧ 𝑉 =
ℬℋ

Φ̃ℋ
𝑖 𝔥𝑖

(𝑝̃)
+ 𝑑𝑒  

𝑙 = 𝜕𝑡 − Ω1𝜕𝜙1
− Ω2𝜕𝜙2

,  
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𝜕Σ4 = 𝑆∞
3 ∪ ℬℋ  

∫  
𝑆∞

3
 𝐊[𝑙] ≐ ∫  

ℬℋ

 𝐊[𝑙]  

1

16𝜋𝐺𝑁
(5)

∫  
𝑆∞

3
  ⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑙𝑎𝑏 =

2

3
𝑀 − Ω1𝐽1 − Ω2𝐽2,  

𝑃𝑙
𝑎𝑏 =

ℬℋ
𝜅𝑛𝑎𝑏,  

1

16𝜋𝐺𝑁
(5)

∫  
ℬℋ

  ⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑙𝑎𝑏 =
𝜅𝒜ℋ

16𝜋𝐺𝑁
(5)

= 𝑇𝑆  

𝑆 = 𝒜ℋ/ (4𝐺𝑁
(5)

) 

∫  
ℬℋ

   
2
3𝐐[𝑃𝑙] =

2

3
Φℋ ∫  

ℬℋ

 𝐐[1] =
2

3
Φℋ ∫  

𝑆∞
3

 𝐐[1] =
2

3
Φℋ𝑄  

∫  
ℬℋ

 
1

3
𝐏 [𝑃̃𝑙 −

2

31/2
𝑃𝑙𝑉] =

1

3
Φ̃ℋ

𝑖 ∫  
ℬℋ

 𝐏 [𝔥𝑖
(1)

] =
1

3
Φ̃ℋ

𝑖 𝑃𝑖  

𝑀 =
3

2
(𝑆𝑇 + Ω1𝐽1 + Ω2𝐽2) + Φℋ𝑄 +

1

2
Φ̃ℋ𝑃  

𝜔(𝜑, 𝛿1𝜑, 𝛿2𝜑) ≡ 𝛿1𝚯(𝜑, 𝛿2𝜑) − 𝛿2𝚯(𝜑, 𝛿1𝜑) − 𝚯(𝜑, [𝛿1, 𝛿2]𝜑)  

[𝛿, ℒ𝜁̃] = 0  

𝛿𝜉 = −ℒ𝜉 + 𝛿Λ𝜉
 

[𝛿, 𝛿𝜉] = [𝛿, 𝛿Λ𝜉
] = 𝛿𝛿Λ𝜉

 

𝜔(𝜑, 𝛿𝜑, 𝛿𝜉𝜑) = 𝛿𝚯(𝜑, 𝛿𝜉𝜑) − 𝛿𝜉𝚯(𝜑, 𝛿𝜑) − 𝚯 (𝜑, 𝛿𝛿Λ𝜉
𝜑)  

𝜔(𝜑, 𝛿𝜑, 𝛿𝜉𝜑) ≐ 𝛿[𝑑𝐐𝑁𝑊[𝜉] − 𝑖𝜉𝐋 − 𝐁(𝑉, 𝑒, Λ𝜉)]

 − (−ℒ𝜉 + 𝛿Λ𝜉
) 𝚯(𝜑, 𝛿𝜑) − 𝚯 (𝜑, 𝛿𝛿Λ𝜉

𝜑)
 

𝜔(𝜑, 𝛿𝜑, 𝛿𝜉𝜑) ≐ 𝑑𝛿𝐐𝑁𝑊[𝜉] − 𝑖𝜉𝛿𝐋 − 𝛿𝐁(𝑉, 𝑒, Λ𝜉)

 +𝑑𝑖𝜉𝚯(𝜑, 𝛿𝜑) + 𝑖𝜉𝑑𝚯(𝜑, 𝛿𝜑) − 𝛿Λ𝜉
𝚯(𝜑, 𝛿𝜑) − 𝚯 (𝜑, 𝛿𝛿Λ𝜉

𝜑)

≐ 𝑑[𝛿𝐐𝑁𝑊[𝜉] + 𝑖𝜉𝚯(𝜑, 𝛿𝜑)]

 −𝛿𝐁(𝑉, 𝑒, Λ𝜉) − 𝛿Λ𝜉
𝚯(𝜑, 𝛿𝜑) − 𝚯 (𝜑, 𝛿𝛿Λ𝜉

𝜑)

 

2 ⋆ (𝑒𝑐 ∧ 𝑒𝑏) ∧ 𝜎𝜉𝑐
𝑎 𝛿𝜔𝑎𝑏 +⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝒟𝜎𝜉𝑎𝑏

 +𝑑𝛿Λ𝜉 ∧ [⋆ 𝐺 − 3𝛾𝐺 ∧ 𝑉] + 𝑑[𝛾𝛿𝑉 ∧ 𝑉 ∧ 𝑑Λ𝜉]
 

𝛿𝒟𝜎𝜉𝑎𝑏 = 𝒟𝛿𝜎𝜉𝑎𝑏 − 2𝛿𝜔[𝑎∣
𝑐 𝜎𝜉𝑐∣𝑏]  
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𝜔(𝜑, 𝛿𝜑, 𝛿𝜉𝜑) ≐ 𝑑{𝛿𝐐𝑁𝑊[𝜉] + 𝑖𝜉𝚯(𝜑, 𝛿𝜑) −⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜎𝜉𝑎𝑏

+𝛿Λ𝜉 ∧ [⋆ 𝐺 − 3𝛾𝐺 ∧ 𝑉] + 𝛾𝛿𝑉 ∧ 𝑉 ∧ 𝑑Λ𝜉}

≡ 𝑑𝐖[𝜉]

 

𝑑𝐖[𝑙] ≐ 0  

𝐖[𝑙] =  −𝑃𝑙𝑏𝑐𝛿 ⋆ (𝑒𝑏 ∧ 𝑒𝑐) − 𝑖𝑙 ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜔𝑎𝑏

 +𝑃𝑙 ∧ 𝛿(⋆ 𝐺 − 3𝛾𝐺 ∧ 𝑉) − (𝑃̃𝑙 − 6𝛾𝑃𝑙 ∧ 𝑉) ∧ 𝛿𝐺 − 3𝛾𝛿𝑉 ∧ 𝑉 ∧ 𝑖𝑙𝐺

 +𝑑{𝛾𝛿𝑉 ∧ 𝑉 ∧ 𝑖𝑙𝑉 + 𝛿𝑉 ∧ (𝑃̃𝑙 − 6𝛾𝑃𝑙 ∧ 𝑉)}

 

𝑃
(16𝜋𝐺𝑁

(𝑑)
)

−1 ∧ 𝛿 ⋆ 𝐺 − 𝑃̃𝑙 ∧ 𝛿𝐺  

∫  
𝑆∞

3
 𝐖[𝑙] ≐ ∫  

ℬℋ

 𝐖[𝑙]  

∫  
𝑆∞

3
 𝐖[𝑙]  ≐

1

16𝜋𝐺𝑁
(5)

∫  
𝑆∞

3
  {−𝑃𝑙𝑏𝑐𝛿 ⋆ (𝑒𝑏 ∧ 𝑒𝑐) − 𝑖𝑙 ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜔𝑎𝑏}

 = 𝛿𝑀 − Ω1𝛿𝐽1 − Ω2𝛿𝐽2

 

∫  
ℬℋ

 𝐖[𝑙]= −
𝜅

16𝜋𝐺𝑁
(5)

𝛿 ∫  
ℬℋ

 𝑛𝑏𝑐 ⋆ (𝑒𝑏 ∧ 𝑒𝑐) + Φℋ𝛿 ∫  
ℬℋ

 𝐐[1] + Φ̃ℋ𝛿 ∫  
ℬℋ

 𝐏[𝔥(1)] 

 =
𝜅𝛿𝒜

4𝐺𝑁
(5)

+ Φℋ𝛿𝑄 + Φ̃ℋ𝛿𝑃

 

𝛿𝑀 = 𝑇𝛿𝑆 + Ω1𝛿𝐽1 + Ω2𝛿𝐽2 + Φℋ𝛿𝑄 + Φ̃ℋ𝛿𝑃  

𝑡 = 𝜒 + 𝑖𝑒−2𝜙  

𝑆[𝑒, 𝜙, 𝐴] =
1

16𝜋𝐺𝑁
(4)

∫  [− ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑅𝑎𝑏 +
1

2
𝑔𝑥𝑦𝑑𝜙𝑥 ∧⋆ 𝑑𝜙𝑦

−
1

2
𝐼ΛΣ𝐹Λ ∧⋆ 𝐹Σ −

1

2
𝑅ΛΣ𝐹Λ ∧ 𝐹Σ]

≡  ∫  𝐋

 

𝒩ΛΣ ≡ 𝑅ΛΣ + 𝑖𝐼ΛΣ  

𝑔𝑥𝑦𝑑𝜙𝑥 ∧⋆ 𝑑𝜙𝑦  = 3
𝑑𝑡 ∧⋆ 𝑑𝑡∗

(ℑ m𝑡)2
= 12𝑑𝜙 ∧⋆ 𝑑𝜙 + 3𝑒4𝜙𝑑𝜒 ∧⋆ 𝑑𝜒

(𝒩ΛΣ)  =
1

2
(
𝑡∗2(𝑡∗ + 3𝑡) 3𝑡∗(𝑡∗ + 𝑡)

3𝑡∗(𝑡∗ + 𝑡) 3(𝑡 + 3𝑡∗)
)

(𝑅ΛΣ)  = (
2𝜒3 3𝜒2

3𝜒2 6𝜒
)

(𝐼ΛΣ)  = −𝑒−2𝜙 (
𝑒−4𝜙 + 3𝜒2 3𝜒

3𝜒 3
)
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𝑆𝑇3[𝑒, 𝜙, 𝐴] =
1

16𝜋𝐺𝑁
(4)

∫  [− ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑅𝑎𝑏 +
3

2
𝑒4𝜙𝑑𝜒 ∧⋆ 𝑑𝜒 + 6𝑑𝜙 ∧⋆ 𝑑𝜙

 +
1

2
𝑒−2𝜙(𝑒−4𝜙 + 3𝜒2)𝐹0 ∧⋆ 𝐹0 + 3𝑒−2𝜙𝜒𝐹0 ∧⋆ 𝐹1 +

3

2
𝑒−2𝜙𝐹1 ∧⋆ 𝐹1

−𝜒3𝐹0 ∧ 𝐹0 − 3𝜒2𝐹0 ∧ 𝐹1 − 3𝜒𝐹1 ∧ 𝐹1]

≡  ∫  𝐋𝑇3

 

𝛿𝑆𝑇3 = ∫  {𝐄𝑎 ∧ 𝛿𝑒𝑎 + 𝐄𝑥𝛿𝜙𝑥 + 𝐄Σ ∧ 𝛿𝐴Σ + 𝑑Θ𝑇3(𝜑, 𝛿𝜑)}  

𝐄𝑎 =𝑖𝑎 ⋆ (𝑒𝑏 ∧ 𝑒𝑐) ∧ 𝑅𝑏𝑐 +
1

2
𝑔𝑥𝑦(𝑖𝑎𝑑𝜙𝑥 ⋆ 𝑑𝜙𝑦 + 𝑑𝜙𝑥 ∧ 𝑖𝑎 ⋆ 𝑑𝜙𝑦)

−
1

2
(𝑖𝑎𝐹Λ ∧ 𝐹Λ − 𝐹Λ ∧ 𝑖𝑎𝐹Λ)  

𝐄𝑥 = −𝑔𝑥𝑦{𝑑 ⋆ 𝑑𝜙𝑦 + Γ𝑧𝑤𝑦𝑑𝜙𝑧 ∧⋆ 𝑑𝜙𝑤}

 −
1

2
𝜕𝑥𝐼ΛΣ𝐹Λ ∧⋆ 𝐹Σ −

1

2
𝜕𝑥𝑅ΛΣ𝐹Λ ∧ 𝐹Σ

𝐄Λ = 𝑑𝐹Λ

𝚯𝑇3(𝜑, 𝛿𝜑) = − ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜔𝑎𝑏 + 𝑔𝑥𝑦 ⋆ 𝑑𝜙𝑥𝛿𝜙𝑦 − 𝐹Λ ∧ 𝛿𝐴Λ 

 

𝐹Λ ≡ 𝐼ΛΣ ⋆ 𝐹Σ + 𝑅ΛΣ𝐹Σ  

𝐄𝜒 =−3𝑑(𝑒4𝜙 ⋆ 𝑑𝜒) + 3𝑒−2𝜙𝜒𝐹0 ∧⋆ 𝐹0 + 3𝑒−2𝜙𝐹0 ∧⋆ 𝐹1  

 −3𝜒2𝐹0 ∧ 𝐹0 − 6𝜒𝐹0 ∧ 𝐹1 − 3𝐹1 ∧ 𝐹1

𝐄𝜙 =−12𝑑 ⋆ 𝑑𝜙 + 6𝑒4𝜙𝑑𝜒 ∧⋆ 𝑑𝜒 − 3𝑒−2𝜙(𝑒−4𝜙 + 𝜒2)𝐹0 ∧⋆ 𝐹0  

−6𝑒−2𝜙𝜒𝐹0 ∧⋆ 𝐹1 − 3𝑒−2𝜙𝐹1 ∧⋆ 𝐹1  

𝚯(𝜑, 𝛿𝜑) = − ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜔𝑎𝑏 + 12 ⋆ 𝑑𝜙𝛿𝜙 + 3𝑒4𝜙 ⋆ 𝑑𝜒𝛿𝜒 − 𝐹Λ ∧ 𝛿𝐴Λ 

 

𝐹0 = −𝑒−2𝜙(𝑒−4𝜙 + 3𝜒2) ⋆ 𝐹0 − 3𝑒−2𝜙𝜒 ⋆ 𝐹1 + 2𝜒3𝐹0 + 3𝜒2𝐹1

𝐹1 = −3𝑒−2𝜙𝜒 ⋆ 𝐹0 − 3𝑒−2𝜙 ⋆ 𝐹1 + 3𝜒2𝐹0 + 6𝜒𝐹1
 

𝐄Λ ≡ 𝑑𝐹Λ  

(𝐹𝑀) ≡ (
𝐹Λ

𝐹Λ
) , (𝐄𝑀) ≡ (

𝐄Λ

𝐄Λ
)  

𝐄𝑎 =𝑖𝑎 ⋆ (𝑒𝑏 ∧ 𝑒𝑐) ∧ 𝑅𝑏𝑐 +
1

2
𝑔𝑥𝑦(𝑖𝑎𝑑𝜙𝑥 ⋆ 𝑑𝜙𝑦 + 𝑑𝜙𝑥 ∧ 𝑖𝑎 ⋆ 𝑑𝜙𝑦)

 +
1

2
Ω𝑀𝑁𝐹𝑀 ∧ 𝑖𝑎𝐹𝑁

𝐄𝑀 =𝑑𝐹𝑀

 

(Ω𝑀𝑁) = (
0 𝟙2×2

−𝟙2×2 0
) .  

𝛿Λ𝐴Σ = 𝑑ΛΣ  

𝐐[Λ] = −
1

16𝜋𝐺𝑁
(4)

ΛΣ𝐹Σ  



pág. 8947 

𝐐Λ = −
1

16𝜋𝐺𝑁
(4)

𝐹Λ, 𝑞Λ = ∫  
Σ2

 𝐐Λ  

𝐏Λ = −
1

16𝜋𝐺𝑁
(4)

𝐹Λ, 𝑝Λ = ∫  
Σ2

 𝐏Λ
 

(𝐐𝑀) ≡ (
𝐏Λ

𝐐Λ
) , 𝒬𝑀 = ∫  

Σ2
 𝐐𝑀 , (𝒬𝑀) ≡ (

𝑝Λ

𝑞Λ
)  

𝐐[𝜎] = −
1

16𝜋𝐺𝑁
(4)

⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝜎𝑎𝑏  

Λ𝑘
Λ = 𝑖𝑘𝐴Λ − 𝑃𝑘  Λ  

𝑖𝑘𝐹𝑀 + 𝑑𝑃𝑘
𝑀 ≐ 0  

𝐐𝑁𝑊[𝜉] =⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝜉𝑎𝑏 + 𝑃𝜉  Λ𝐹Λ.  

𝒪𝑠𝑖𝑘𝐋 = 𝑑𝒪𝑠𝐐𝑁𝑊[𝑘]  

𝐋 = −
1

2
𝑒𝑎 ∧ 𝐄𝑎 −

1

2
𝐹Λ ∧ 𝐹Λ  

𝑖𝑘𝒪𝑠𝐋 = 𝑑
1

2
(𝑃𝑘  Λ𝐹Λ + 𝑃𝑘Λ𝐹Λ)  

[𝑖𝑘 , 𝒪𝑠]𝐋 = 𝑑𝐊[𝑘]  

𝐊[𝑘] = −
1

16𝜋𝐺𝑁
(4)

⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑘𝑎𝑏 −
1

32𝜋𝐺𝑁
(4)

Ω𝑀𝑁𝑃𝑘  𝑀𝐹𝑁
 

𝛿𝐶𝐊[𝑘] = −
1

32𝜋𝐺𝑁
(4)

Ω𝑀𝑁𝐶𝑀𝐹𝑁
 

𝛿𝛼𝑡 = 𝛼1𝐾1 + 𝛼+𝐾+ + 𝛼−𝐾−,  

𝐾1 = 𝑡, 𝐾+ = 𝑡2, 𝐾− = 1  

𝛿𝛼𝐴𝑀 = (𝛼1𝑇1 𝑀 𝑁 + 𝛼+𝑇+ 𝑀 𝑁 + 𝛼−𝑇−𝑀𝑁)𝐴𝑁  

(𝑇1 𝑀𝑁) =
1

2
(

−3
−1

3 1

)

(𝑇+ 𝑀𝑁) = (

3

0 −
2

3
−3

)

(𝑇− 𝑀𝑁) = (−1 0
1
)

 

𝐾2 ≡
1

2
(𝐾− − 𝐾+), 𝐾3 ≡

1

2
(𝐾− + 𝐾+)  
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[𝐾𝑚, 𝐾𝑛] = +𝜀𝑚𝑛𝑞𝜂𝑞𝑝𝐾𝑝, 𝜀123 = +1, (𝜂𝑞𝑝) = diag(+ + −)  

𝑇2 ≡
1

2
(𝑇− − 𝑇+), 𝑇3 ≡

1

2
(𝑇− + 𝑇+)  

[𝑇𝑚, 𝑇𝑛] = −𝜀𝑚𝑛𝑞𝜂𝑞𝑝𝑇𝑝  

𝐾𝛼  𝑥𝐄𝑥 ≐ 𝑑𝐉𝛼 .  

𝐾1 = 𝜒𝜕𝜒 −
1

2
𝜕𝜙

𝐾+ = (𝜒2 − 𝑒−4𝜙)𝜕𝜒 − 𝜒𝜕𝜙

𝐾− = 𝜕𝜒

 

𝐾1
𝑥𝐄𝑥 = −3𝑑(𝑒4𝜙𝜒 ⋆ 𝑑𝜒 − 2 ⋆ 𝑑𝜙) −

3

2
𝐹0 ∧ 𝐹0 −

1

2
𝐹1 ∧ 𝐹1

𝐾+
𝑥𝐄𝑥 = 𝑑[12𝜒 ⋆ 𝑑𝜙 − 3(𝜒2𝑒4𝜙 − 1) ⋆ 𝑑𝜒] + 3𝐹1 ∧ 𝐹0 −

1

3
𝐹1 ∧ 𝐹1

𝐾−
𝑥𝐄𝑥 = 𝑑(−3𝑒4𝜙 ⋆ 𝑑𝜒) − 𝐹0 ∧ 𝐹1 − 3𝐹1 ∧ 𝐹1

 

𝐾1
𝑥𝐄𝑥 = 𝑑𝐉1 −

3

2
𝐴0 ∧ 𝐄0 −

1

2
𝐴1 ∧ 𝐄1

𝐾+
𝑥𝐄𝑥 ≐ 𝑑𝐉+ + 3𝐴1 ∧ 𝐄0 −

1

3
𝐴1 ∧ 𝐄1

𝐾−
𝑥𝐄𝑥 = 𝑑𝐉− − 𝐴0 ∧ 𝐄1 − 3𝐴1 ∧ 𝐄1

 

𝐉1 =
1

16𝜋𝐺𝑁
(4)

{−3(𝑒4𝜙𝜒 ⋆ 𝑑𝜒 − 2 ⋆ 𝑑𝜙) −
3

2
𝐴0 ∧ 𝐹0 −

1

2
𝐴1 ∧ 𝐹1}

𝐉+ =
1

16𝜋𝐺𝑁
(4)

{12𝜒 ⋆ 𝑑𝜙 − 3(𝜒2𝑒4𝜙 − 1) ⋆ 𝑑𝜒 + 3𝐴1 ∧ 𝐹0 −
1

3
𝐴1 ∧ 𝐹1}

 

𝐉− =
1

16𝜋𝐺𝑁
(4)

{−3𝑒4𝜙 ⋆ 𝑑𝜒 − 𝐴0 ∧ 𝐹1 − 3𝐴1 ∧ 𝐹1}  

[𝐾1, 𝐾−] = −𝐾−, [𝑇1, 𝑇−] = 𝑇−,  

𝑑𝐉 ≐ 0, 𝛿𝑙𝐉 = (−ℒ𝑙 + 𝛿Λ𝑙
)𝐉 = 0  

𝑑(−𝑖𝑙𝐉1) −
3

2
𝛿Λ𝑙

𝐴0 ∧ 𝐹0 −
1

2
𝛿Λ𝑙

𝐴1 ∧ 𝐹1 ≐ 0

𝑑(−𝑖𝑙𝐉+) + 3𝛿Λ𝑙
𝐴1𝐹0 −

1

3
𝛿Λ𝑙

𝐴1𝐹1 ≐ 0

𝑑(−𝑖𝑙𝐉−) − 𝛿Λ𝑙
𝐴0 ∧ 𝐹1 − 3𝛿Λ𝑙

𝐴1 ∧ 𝐹1 ≐ 0

 

𝑑𝐐𝑙𝐴 ≐ 0  

𝐐𝑙1 =
1

16𝜋𝐺𝑁
(4)

{3(𝑒4𝜙𝜒𝑖𝑙 ⋆ 𝑑𝜒 − 2𝑖𝑙 ⋆ 𝑑𝜙)

+
3

2
(𝑃𝑙

0𝐹0 + 𝑃𝑙0𝐹0) +
1

2
(𝑃𝑙

1𝐹1 + 𝑃𝑙1𝐹1)}
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𝐐𝑙+ =
1

16𝜋𝐺𝑁
(4)

{−12𝜒𝑙𝑙 ⋆ 𝑑𝜙 + 3(𝜒2𝑒4𝜙 − 1)𝑙𝑙 ⋆ 𝑑𝜒 − 3𝑃𝑙
1𝐹0 − 3𝑃𝑙0𝐹1 +

2

3
𝑃𝑙1𝐹1}

(4 ⋅ 48𝑐)𝐐𝑙− =
1

16𝜋𝐺𝑁
(4)

{3𝑒4𝜙𝑙𝑙 ⋆ 𝑑𝜒 + (𝑃𝑙
0𝐹1 + 𝑃𝑙1𝐹0) + 6𝑃𝑙

1𝐹1}

 

𝐐𝑙𝐴 =
1

16𝜋𝐺𝑁
(4)

{𝐾𝐴𝑥𝑙𝑙 ⋆ 𝑑𝜙𝑥 + 𝑇𝐴𝑀𝑁𝑃𝑙
𝑀𝐹𝑁}  

𝑑Φ𝑀 =
ℬℋ

0  

𝑑Φ𝑀 =
ℋ

0  

𝑙 = 𝜕𝑡 − Ω𝜕𝜑  

𝜕Σ3 = ℬℋ ∪ 𝑆∞
2  

𝑑𝐊[𝑙] ≐ 0 

∫  
ℬℋ

 𝐊[𝑙] ≐ ∫  
𝑆∞

2
 𝐊[𝑙]  

−
1

32𝜋𝐺𝑁
(4)

𝑃𝑙
𝑀 ∫  

𝑆∞
2

 𝐹𝑀 =
1

2
Φ∞

𝑀 ∫  
𝑆∞

2
 𝐐𝑀 =

1

2
Φ∞

𝑀𝒬𝑁 = 0  

−
1

16𝜋𝐺𝑁
(4)

∫  
𝑆∞

2
  ⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑙𝑎𝑏 =

1

2
𝑀 − Ω𝐽  

∫  
𝑆∞

2
 𝐊[𝑙] =

1

2
𝑀 − Ω𝐽  

−
1

32𝜋𝐺𝑁
(4)

Φℬℋ
𝑀 ∫  

ℬℋ

 𝐹𝑀 =
1

2
Φℋ

𝑀𝒬𝑀  

−
1

16𝜋𝐺𝑁
(4)

∫  
ℬℋ

  ⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑙𝑎𝑏 =
𝜅𝒜ℋ

8𝜋𝐺𝑁
(4)

= 𝑇𝑆  

𝑆 =
𝒜ℋ

4𝐺𝑁
(4)

 

𝑀 = 2𝑇𝑆 + 2Ω𝐽 + Φℋ
𝑀𝒬𝑀  

∫  
ℬℋ

 𝐐𝑙𝐴 ≐ ∫  
𝑆∞

2
 𝐐𝑙𝐴.  

∫  
ℬℋ

 𝐐𝑙𝐴 = −𝑇𝐴𝑀𝑁Φℋ
𝑀𝒬𝑁  

𝒬𝐴 = −𝑇𝐴𝑀𝑁Φℋ
𝑀𝒬𝑁  
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𝒬1  = −
3

2
Φℋ

0 𝑞0 −
3

2
Φℋ0𝑝0 −

1

2
Φℋ

1 𝑞1 −
1

2
Φℋ1𝑝1

𝒬+  = 3Φℋ
1 𝑞0 + 3Φℋ0𝑝1 −

2

3
Φℋ1𝑞1

𝒬−  = −Φℋ
0 𝑞1 − Φℋ1𝑝0 − 6Φℋ

1 𝑝1

 

𝜙 ∼ 𝜙∞ +
𝐺𝑁

(4)
Σ𝜙

𝑟
+ 𝒪 (

1

𝑟2
) ,

𝜒 ∼ 𝜒∞ +
𝐺𝑁

(4)
Σ𝜒

𝑟
+ 𝒪 (

1

𝑟2
) .

 

Σ𝜙 =
1

4𝜋𝐺𝑁
(4)

∫  
𝑆∞

2
  𝑙𝑙 ⋆ 𝑑𝜙 =

1

6
∫  

𝑆∞
2

  (𝜒𝐐𝑙− − 𝐐𝑙1)

Σ𝜒 =
1

4𝜋𝐺𝑁
(4)

∫  
𝑆∞

2
  𝑙𝑙 ⋆ 𝑑𝜒 =

𝑒−4𝜙∞

3
∫  

𝑆∞
2

 𝐐𝑙−

 

 

Σ𝑥 = 4𝒬𝐴𝑔𝐴𝐵𝐾𝐵 𝑥(𝜙∞)  

 

Σ𝜙 = Φℋ
0 (𝑞0 −

2

3
𝜒∞𝑞1) + Φℋ0𝑝0 + Φℋ

1 (
1

3
𝑞1 − 4𝜒∞𝑝1) + Φℋ1 (

1

3
𝑝1 −

2

3
𝜒∞𝑝0)

Σ𝜒 = Φℋ
0 [−2𝜒∞𝑞0 +

2

3
(𝜒∞

2 − 𝑒−4𝜙∞)𝑞1] + Φℋ0(−2𝜒∞𝑝0 − 2𝑝1)

 +Φℋ
1 [−

2

3
𝜒∞𝑞1 + 4(𝜒∞

2 − 𝑒−4𝜙∞)𝑝1 − 2𝑞0]

 +Φℋ1 [−
2

3
𝜒∞𝑝1 +

2

3
(𝜒∞

2 − 𝑒−4𝜙∞)𝑝0 +
4

9
𝑞1] .

 

Θ𝑇3
′ (𝜑, 𝛿𝜉𝜑) ≡ Θ𝑇3(𝜑, 𝛿𝜉𝜑) + 𝐄𝑎𝜉𝑎 + 𝐄Σ𝑃𝜉2  Σ  

𝑑𝐐𝑁𝑊[𝜉] − 𝑖𝜉𝐋  

𝜔(𝜑, 𝛿𝜑, 𝛿𝜉𝜑) ≐ 𝑑[𝛿𝐐𝑁𝑊[𝜉] + 𝑖𝜉𝚯(𝜑, 𝛿𝜑)] − 𝛿Λ𝜉
𝚯(𝜑, 𝛿𝜑) − 𝚯 (𝜑, 𝛿𝛿Λ𝜉

𝜑)  

𝜔(𝜑, 𝛿𝜑, 𝛿𝜉𝜑)  ≐ 𝑑[𝛿𝐐𝑁𝑊[𝜉] + 𝑖𝜉𝚯𝑇3(𝜑, 𝛿𝜑) +⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝛿𝜎𝜉𝑎𝑏 + 𝐹Σ ∧ 𝛿Λ𝜉] ≡ 𝑑𝐖[𝜉]
 

 

𝑑𝐖[𝑙] ≐ 0  

𝐖[𝑙] ≐ 𝛿 ⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑙𝑎𝑏 − 𝑖𝑙 ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜔𝑎𝑏 + 𝑃𝑙
𝑀𝛿𝐹𝑀 + 𝑔𝑥𝑦𝑖𝑙 ⋆ 𝑑𝜙𝑥𝛿𝜙𝑦  

𝑔𝑥𝑦 = 𝑔𝐴𝐵𝐾𝐴𝑥𝐾𝐵𝑦 

𝑔𝑥𝑦𝑙𝑙 ⋆ 𝑑𝜙𝑥𝛿𝜙𝑦 = 𝑔𝐴𝐵𝑙𝑙 ⋆ 𝐾̂𝐴𝐾𝐵𝑦𝛿𝜙𝑦 = (𝐐𝐴[𝑙] − 𝑇𝐴𝑀𝑁𝑃𝑘 𝑀𝐹𝑁)𝛿𝐴  

𝐾𝐴, 𝐾̂𝐴 = 𝐾𝐴 𝑧𝑔𝑧𝑤𝜕𝜇𝜙𝑤𝑑𝑥𝜇 
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𝛿𝐴 ≡ 𝑔𝐴𝐵𝐾𝐵𝑦𝛿𝜙𝑦  

𝐖[𝑙] ≡ 𝛿 ⋆ (𝑒𝑎 ∧ 𝑒𝑏)𝑃𝑙𝑎𝑏 − 𝑖𝑙 ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝛿𝜔𝑎𝑏 + 𝑃𝑙
𝑀𝛿𝐹𝑀

 +(𝐐𝐴[𝑙] − 𝑇𝐴𝑀𝑁𝑃𝑘 𝑀𝐹𝑁)𝛿𝐴
 

(𝑔𝐴𝐵) = 3 (
1

−2
−2

) , (𝑔𝐴𝐵) =
1

3

(

 
 

1

−
1

2

−
1

2 )

 
 

.  

𝛿𝑀 =
𝜅𝛿𝐴ℋ

8𝜋𝐺𝑁
(4)

+ Ω𝛿𝐽 + Φℋ
𝑀𝛿𝑄𝑀 − 𝒬𝐴𝛿∞

𝐴
 

𝒬𝐴 = −𝑇𝐴𝑀𝑁Φℋ
𝑀𝑄𝑁  

𝜙𝑥 ∼ 𝜙∞
𝑥 +

𝐺𝑁
(4)

Σ𝑥

𝑟
 

𝒬𝐴𝛿∞
𝐴 =

1

4
Σ𝑥𝑔𝑥𝑦(𝜙∞)𝛿𝜙∞

𝑥  

𝒬𝐴𝛿∞
𝐴 =

3

4
Σ𝜒𝑒4𝜙∞𝛿𝜒∞ + 3Σ𝜙𝛿𝜙∞  

𝑘̂ = 𝑘̂𝜇̂𝜕𝜇̂ = 𝜕𝑧  

(𝑥𝜇̂) = (𝑥𝜇 , 𝑥4 ≡ 𝑧) 

𝑧 ∼ 𝑧 + 2𝜋ℓ  

𝑑𝑠(5)
2 = 𝑔̂𝜇̂𝑣̂𝑑𝑥𝜇̂𝑥𝑣̂  

𝑔𝜇𝑣 = 𝑔̂𝜇𝑣 − 𝑔̂𝜇𝑧𝑔̂𝑣𝑧/𝑔̂𝑧𝑧

𝐴𝜇 = 𝑔̂𝜇𝑧/𝑔̂𝑧𝑧

𝑘2 = −𝑔̂𝑧𝑧

 

𝑑𝑠(5)
2 = 𝑑𝑠(4)

2 − 𝑘2(𝑑𝑧 + 𝐴)2, 𝑑𝑠(4)
2 = 𝑔𝜇𝜈𝑑𝑥𝜇𝑑𝑥𝜈  

𝛿𝑘̂𝑉̂ = −ℒ𝑘̂𝑉̂ + 𝛿Λ̂𝑘̂
𝑉̂ = 0  

𝑉̂𝑧 = 𝑙

𝑉̂𝜇 = 𝑉𝜇 + 𝑙𝐴𝜇

 

𝑙 = 𝑉̂𝑧

𝑉𝜇  = 𝑉̂𝜇 − 𝑉̂𝑧𝑔̂𝜇𝑧/𝑔̂𝑧𝑧

 

𝑙 = 𝑃̂𝑘̂ .  
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𝑒̂𝑎  = 𝑒𝑎

𝑒̂𝑧  = 𝑘(𝑑𝑧 + 𝐴)

⋆̂ (𝑒̂𝑎̂ ∧ 𝑒̂𝑏̂) ∧ 𝑅̂𝑎̂𝑏̂  = 𝑑𝑧 ∧ {−𝑘 ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑅𝑎𝑏 +
1

2
𝑘3𝐹 ∧⋆ 𝐹 + 𝑑[2 ⋆ 𝑑𝑘]}

𝑉̂  = 𝑉 + 𝑙(𝑑𝑧 + 𝐴)

𝐺̂  = 𝐺 + 𝑙𝐹 + 𝑑𝑙 ∧ (𝑑𝑧 + 𝐴)

⋆̂ 𝐺̂  = −𝑘 ⋆ (𝐺 + 𝑙𝐹) ∧ (𝑑𝑧 + 𝐴) + 𝑘−1 ⋆ 𝑑𝑙.

 

𝑆[𝑒̂, 𝑉̂] =
1

16𝜋𝐺𝑁
(5)

∫  𝑑𝑧 ∧ {−𝑘 ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑅𝑎𝑏 +
1

2
𝑘3𝐹 ∧⋆ 𝐹

 +
1

2
𝑘−1𝑑𝑙 ∧⋆ 𝑑𝑙 +

1

2
𝑘(𝐺 + 𝑙𝐹) ∧⋆ (𝐺 + 𝑙𝐹)

 +
1

33/2
[𝑙(𝐺 + 𝑙𝐹) ∧ (𝐺 + 𝑙𝐹) − 2𝑑𝑙 ∧ (𝐺 + 𝑙𝐹) ∧ 𝑉]

 +𝑑[2 ⋆ 𝑑𝑘]}

 

−2𝑑𝑙 ∧ (𝐺 + 𝑙𝐹) ∧ 𝑉 = 𝑑[−2𝑙𝐺 ∧ 𝑉 − 𝑙2𝐹 ∧ 𝑉] + 2𝑙𝐺 ∧ 𝐺 + 𝑙2𝐹 ∧ 𝐺  

𝑆[𝑒̂, 𝑉̂] =
1

16𝜋𝐺𝑁
(5)

∫  𝑘𝑑𝑧 ∧ {− ⋆ (𝑒𝑎 ∧ 𝑒𝑏) ∧ 𝑅𝑎𝑏 +
1

2
𝑘−2𝑑𝑙 ∧⋆ 𝑑𝑙

 +
1

2
(𝑘2 + 𝑙2)𝐹 ∧⋆ 𝐹 + 𝑙𝐺 ∧⋆ 𝐹 +

1

2
𝐺 ∧⋆ 𝐺

 +
1

33/2
𝑘−1𝑙3𝐹 ∧ 𝐹 +

1

31/2
𝑘−1𝑙2𝐹 ∧ 𝐺 +

1

31/2
𝑘−1𝑙𝐺 ∧ 𝐺

+𝑘−1𝑑 [2 ⋆ 𝑑𝑘 −
2

33/2
𝑙𝐺 ∧ 𝑉 −

1

33/2
𝑙2𝐹 ∧ 𝑉]}

 

𝑔𝜇𝜈 = (𝑘/𝑘∞)−1𝑔𝐸𝜇𝜈

𝑒𝜇
𝑎 = (𝑘/𝑘∞)−1/2𝑒𝐸

𝑎 𝜇
 

𝐴𝜇 = 𝑘∞
1/2

𝐴𝐸𝜇

𝑉𝜇 = 𝑘∞
1/2

𝑉𝐸𝜇

 

𝑆[𝑒̂, 𝑉̂] =
2𝜋ℓ𝑘∞

16𝜋𝐺𝑁
(5)

∫  {− ⋆𝐸 (𝑒𝐸
𝑎 ∧ 𝑒𝐸

𝑏) ∧ 𝑅𝐸𝑎𝑏

+
3

2
𝑑log 𝑘 ∧⋆𝐸 𝑑log 𝑘 +

1

2
𝑘−2𝑑𝑙 ∧⋆𝐸 𝑑𝑙  

 +
1

2
𝑘(𝑘2 + 𝑙2)𝐹𝐸 ∧⋆𝐸 𝐹𝐸 + 𝑘𝑙𝐺𝐸 ∧⋆𝐸 𝐹𝐸 +

1

2
𝑘𝐺𝐸 ∧⋆𝐸 𝐺𝐸

 +
1

33/2
𝑙3𝐹𝐸 ∧ 𝐹𝐸 +

1

31/2
𝑙2𝐹𝐸 ∧ 𝐺𝐸 +

1

31/2
𝑙𝐺𝐸 ∧ 𝐺𝐸

+𝑑 [− ⋆𝐸 𝑑log 𝑘 −
2

33/2
𝑙𝐺𝐸 ∧ 𝑉𝐸 −

1

33/2
𝑙2𝐹𝐸 ∧ 𝑉𝐸]}

 

𝑆[𝑒̂, 𝑉̂] = 𝑆𝑇3[𝑒, 𝜙, 𝐴] + ∫  𝑑[− ⋆𝐸 𝑑log 𝑘 + 2𝜒𝐹1 ∧ 𝐴1 + 𝜒2𝐹0 ∧ 𝐴1]  

𝜉𝜇(𝑥) ≡ 𝜉̂𝜇(𝑥),  



pág. 8953 

Λ0(𝑥) ≡ −𝑘∞
−1/2

𝜉̂𝑧(𝑥)  

𝛿𝜒𝐴0 = 𝑑Λ0.  

𝛿𝜖𝑔̂𝜇̂𝑣̂  = −2𝜖ℎ(𝜇̂
(1)

𝑘̂𝑣̂) +
2

3
𝜖𝑔̂𝜇̂𝑣̂

𝛿𝜖𝑉̂𝜇̂  = −𝜖𝑘̂𝑣̂𝑉̂𝑣̂ℎ𝜇̂
(1)

+
1

3
𝜖𝑉̂𝜇̂

 

𝛿Λ̂𝑉̂ = 𝑑Λ̂  

Λ1 = −
1

√3
𝑘∞

−1/2
Λ̂  

𝜔̂(𝑟)= 𝜔(𝑟−1) ∧ 𝔥(1) + 𝜔(𝑟)  

𝑑𝜔̂(𝑟) = 0, ⇒ 𝑑𝜔(𝑟−1) = 0 and 𝑑𝜔(𝑟) = 0 
 

𝐐̂[1] =  −
𝑘∞

−1/2

√3
[𝐐1 +

3

16𝜋𝐺𝑁
(4)

𝑑(𝜒𝐴1)] ∧
𝔥(1)

2𝜋ℓ

 −
1

2𝜋ℓ√3
[𝐉− +

3

16𝜋𝐺𝑁
(4)

𝑑(𝜒𝐴1 ∧ 𝐴0)]

 

0 = ∫  
Σ3

 𝑑𝐹1 = ∫  
𝑆𝑟+

2
 𝐹1 − ∫  

𝑆𝑟−
2

 𝐹1
 

𝐴1 =
𝑝1

4𝜋
(cos 𝜃 + 1)𝑑𝜑, 

∫  
𝑆𝑟

2
 𝐹1 = ∫  

𝑆𝑟
2

 𝑑𝐴1 = lim
𝜖→0

 ∫  
𝜃=𝜖

 𝐴1 = lim
𝜖→0

 
𝑝1

2
(cos 𝜖 + 1) = 𝑝1  

0 = ∫  
Σ3

 𝑑𝑑(𝜒𝐴1) = ∫  
𝑆𝑟+

2
 𝑑(𝜒𝐴1) − ∫  

𝑆𝑟−
2

 𝑑(𝜒𝐴1) = ∫  
𝑆𝑟+

2
 𝜒(𝑟)𝐹1 − ∫  

𝑆𝑟−
2

 𝜒(𝑟)𝐹1

 = [𝜒(𝑟+) − 𝜒(𝑟−)]𝑝1

 

 

lim
𝜖→0

 − ∫  
𝜃=𝜖𝑟∈[𝑟+,𝑟−]

 𝑑(𝜒𝐴1) = lim
𝜖→0

 − ∫  
𝜃=𝜖𝑟∈[𝑟+,𝑟−]

 
𝑝1

4𝜋
𝜒′(𝑟)(cos 𝜃 + 1)𝑑𝑟 ∧ 𝑑𝜑  

𝑄 = −
1

√3
𝑘∞

−1/2(𝑞1 − 3𝜒∞𝑝1)  

𝐏̂[𝔥(1)] ≡
1

16𝜋𝐺𝑁
(5)

𝔥(1) ∧ 𝐺̂  

𝐏̂[𝔥(1)] = √3𝑘∞
−1/2

[𝐏1 −
1

16𝜋𝐺𝑁
(4)

𝑑(𝜒𝐴0)] ∧
𝔥(1)

2𝜋ℓ
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𝑃 = √3𝑘∞
−1/2(𝑝1 + 𝜒∞𝑝0)  

𝑃̃̂𝑘̂ = √3𝑒−𝜙∞ [
1

3
𝐴1 + 𝜒2(𝔥(1)𝑒𝜙∞ + 𝐴0)]  

𝐊̂[𝑘̂] = 𝑑 [−𝑒𝜙∞ (𝐴0 −
1

3
𝜒𝐴1)] ∧ 𝔥(1) + 𝑒−2𝜙∞ {

2

3
𝐉1 + 𝑑 [

1

3
𝐴1 ∧ (𝐴1 + 𝜒𝐴0)]} ,  

𝑃𝑧 = 𝑒𝜙∞ (𝑞0 −
1

3
𝜒∞𝑞1)  

𝑁 = −
1

8𝜋𝐺𝑁
(4)

∫  
𝑆∞

2
 𝑑𝜕̂𝑡  

𝐊𝐊 ≡
1

16𝜋𝐺𝑁
(5)

𝔥(1) ∧ 𝑑𝑘̂̂  

𝐊𝐊 = 𝑒𝜙∞[𝑒−4𝜙𝐩0 + 4𝑒−4𝜙𝑑𝜙 ∧ 𝐴0] ∧
𝔥(1)

2𝜋ℓ
 

𝐾𝐾 = 𝑒−3𝜙∞𝑝0,  

𝐉̂𝜂 =
1

√3
𝐉− ∧

𝔥(1)

2𝜋ℓ
+ 𝐉𝜂

(4)
,

𝐉̂𝜖 =
2

3
𝐉1 ∧

𝔥(1)

2𝜋ℓ
+ 𝐉𝜖

(4)
,

 

𝐐̂𝜂𝑙 =
1

√3
𝐐𝑙− ∧

𝔥(1)

2𝜋ℓ

𝐐̂𝜖𝑙 =
2

3
𝐐𝑙1 ∧

𝔥(1)

2𝜋ℓ

 

𝑙 = 𝑙 − 𝜒𝑙𝑘̂, 𝑘̂ = 𝜕𝑧  

𝜒𝑙 = 𝑖𝑙𝐴 − 𝑃‾𝑙 , 𝑃‾𝑙 ≡ 𝑃𝑙 − 𝑃𝑙(ℋ)  

𝑃̂𝑙 = −√3𝑒−𝜙∞(𝑃𝑙
1 + 𝜒𝑃‾𝑙

0)  

Φ̂∞ = √3𝑒−𝜙∞𝜒∞Φℋ  0  

Φ̂ℋ = −√3𝑒−𝜙∞Φℋ  1,  

𝑃̃̂𝑙  = −√3𝑒−𝜙∞ [(
1

3
𝑃𝑙1 − 2𝜒𝑃𝑙

1 − 𝜒2𝑃‾𝑙
0) ∧ (𝔥(1) + 𝑒−𝜙∞𝐴0) +

1

3
𝑃𝑙

0(ℋ)𝐴1]

𝔥(2)  =
𝑒−2𝜙∞ (16𝜋𝐺𝑁

(4)
)

√3
𝐐𝑙−

 

𝑃̃̂𝑙 −
2

√3
𝑃̂𝑙𝑉̂ =  −√3𝑒−𝜙∞ (

1

3
𝑃𝑙1 + 𝜒2𝑃‾𝑙

0) ∧ (𝔥(1) + 𝑒−𝜙∞𝐴0)

 −√3𝑒−𝜙∞[𝑃𝑙
0(ℋ)𝐴1 + 2(𝑃𝑙

1 + 𝜒𝑃‾𝑙
0)𝐴1]
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Φ̃̂∞ = √3𝑒−𝜙∞𝜒∞
2 Φℋ

0

Φ̃̂ℋ = −
𝑒−𝜙∞

√3
Φℋ1

 

⋆̂ 𝑑𝐥̂ =𝑒−2𝜙∞[− ⋆𝐸 𝑑𝐥𝐸 + 2𝑖𝑙 ⋆𝐸 𝑑𝜙 − 𝑃‾𝑙
0(𝐹0 − 𝜒𝐹1 + 3𝜒2𝐹1 + 𝜒3𝐹0)] ∧ (𝔥(1) + 𝑒−𝜙∞𝐴0)

 +𝑒−3𝜙∞[⋆𝐸 𝑖𝑙𝐹
0 + 4𝑃‾𝑙

0 ⋆𝐸 𝑑𝜙]
 

1

16𝜋𝐺𝑁
(5)

⋆̂ 𝑑𝐥̂ =
1

2𝜋ℓ
{𝐊[𝑙] − 𝑃‾𝑙

0 (
2

3
𝜒𝐐1 − 3𝜒2𝐏1 − 𝜒3𝐏0)

 −𝑃𝑙
0(ℋ) (𝐐0 −

1

3
𝜒𝐐1) +

1

3
𝜒𝑃𝑙1𝐏0 + 2𝜒𝑃𝑙

1𝐏1 −
2

3
𝑃𝑙

1𝐐1 +
1

3
𝑃𝑙1𝐏1

−
1

3
(𝐐𝑙1 − 𝜒𝐐𝑙−)} ∧ (𝔥(1) + 𝑒−𝜙∞𝐴0)

+
𝑒−𝜙∞

2𝜋ℓ
{𝑒6𝜙𝟏𝐸 ∧ (𝐐0 − 𝜒𝐐1 + 3𝜒2𝐏1 + 𝜒3𝐏0)  

+𝑃‾𝑙
0 [

2

3
(𝐉1 − 𝜒𝐉−) + 𝐹0 ∧ 𝐴0 +

1

3
𝐹1 ∧ 𝐴1 −

2

3
𝜒𝐹1 ∧ 𝐴0 − 2𝜒𝐹1 ∧ 𝐴1]}

 

1

16𝜋𝐺𝑁
(5)

∫  
𝑆∞

2 ×𝑆1
  ⋆̂ 𝑑𝐥̂ =

1

2
(𝑀 + Σ𝜙) − Ω𝐽 − Φℋ

0 (𝑞0 − 𝜒∞𝑞1 + 3𝜒∞
2 𝑝1 + 𝜒∞

3 𝑝0)  

1

16𝜋𝐺𝑁
(5)

∫  
ℬℋ

  ⋆̂ 𝑑𝐥̂ = 𝑆𝑇  

𝐊̂[𝑙] = 𝐊̃[𝑙] ∧
𝔥(1)

2𝜋ℓ
+ 𝐉𝑙

 

𝐊̃[𝑙] = 𝐊[𝑙] −
1

3
(𝐐𝑙1 − 𝜒𝐐𝑙−) +

𝑃𝑙
0(ℋ)

16𝜋𝐺𝑁
(4)

𝑑 (𝐴0 −
1

3
𝜒𝐴1)  

𝐉𝑙 ≡
𝑘∞

1/2

2𝜋ℓ
{𝐊̃[𝑙] ∧ 𝐴0 + 𝑒6𝜙𝟏𝐸 ∧ (𝐐0 − 𝜒𝐐1 + 𝜒3𝐏0 + 3𝜒2𝐏1)

 +𝑃‾𝑙
0 (

2

3
𝐉1 + 𝐹0 ∧ 𝐴0 +

1

3
𝐹1 ∧ 𝐴1)

 +𝑃𝑙
1 (

2

3
𝐉− +

2

3
𝐹1 ∧ 𝐴0 + 2𝐹1 ∧ 𝐴1)

+
1

3
𝑃𝑙

0(ℋ)(𝐹1 + 𝜒𝐹0) ∧ 𝐴1}

 

𝑑𝐊̂[𝑙] ≐ −
1

3 ⋅ 16𝜋𝐺𝑁
(5)

𝐺̂ ∧ 𝔥(2)
 

𝔥(2) =
𝑒−2𝜙∞ (16𝜋𝐺𝑁

(4)
)

√3
𝐐𝑙−.  
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𝑑𝐊̃[𝑙]  ≐
1

3
𝑑𝜒 ∧ 𝐐𝑙− ∧

𝔥(1)

2𝜋ℓ′

𝑑𝐉𝑙  ≐
𝑒−𝜙∞

3 ⋅ 2𝜋ℓ
𝑑(𝐴1 + 𝜒𝐴0) ∧ 𝐐𝑙−

 

2

3
𝑀 − Ω1𝐽1 − Ω2𝐽2 = 𝑆𝑇 +

2

3
Φℋ𝑄 +

1

3
Φ̃ℋ𝑃.  

∫  
𝑆∞

2 ×𝑆1
  𝐊̂[𝑙] =  ∫  

𝑆∞
2

  𝐊̃[𝑙] =
1

2
(𝑀 + Σ𝜙) − Ω𝐽 − Φℋ  0(𝑞0 − 𝜒∞𝑞1 + 3𝜒∞

2 𝑝1 + 𝜒∞
3 𝑝0)

 +
2

3
(√3𝑒−𝜙∞𝜒∞Φℋ 0) [−

1

√3
𝑒𝜙∞(𝑞1 − 3𝜒∞𝑝1)]

 +
1

3
(√3𝑒−𝜙∞𝜒∞

2 Φℋ 0)[√3𝑒𝜙∞(𝑝1 + 𝜒∞𝑝0)]

=
1

2
𝑀 +

1

2
Σ𝜙 − Ω𝐽 − Φℋ  0 (𝑞0 −

1

3
𝜒∞𝑞1)

 

∫  
𝑆∞

2 ×𝑆1
  𝐊̂[𝑙] =

1

2
𝑀 − Ω𝐽 −

1

2
(Φℋ  0𝑞0 + Φℋ0𝑝0) +

1

6
(Φℋ  1𝑞1 + Φℋ1𝑝1)

 −𝜒∞ (2Φℋ  1𝑝1 +
1

3
Φℋ1𝑝0)

 

∫  
ℬℋℋ4×𝑆1

  𝐊̂[𝑙] = ∫  
ℬℋℋ4

  𝐊̃[𝑙] = 𝑆𝑇 +
2

3
Φℋ  1𝑞1 −

1

3
Φℋ1𝑝1 − 𝜒∞ (2Φℋ 1𝑝1 +

1

3
𝜒∞Φℋ1𝑝0) ,  

𝛿𝑘𝑉 = −ℒ𝑘𝑉 + 𝛿Λ𝑘
𝑉 = −𝑖𝑘𝐺 + 𝑑(Λ𝑘 − 𝑖𝑘𝑉) = 0  

𝛿𝑘𝐺 = −ℒ𝑘𝐺 = −𝑑𝑙𝑘𝐺 = 0  

𝑖𝑘𝐺 = 𝑐𝔥(𝑝+1) − 𝑑𝑃𝑘  

𝛿𝑘𝑉 = −ℒ𝑘𝑉 + 𝛿Λ𝑘
𝑉 = −𝑐𝔥(𝑝+1) + 𝑑(Λ𝑘 + 𝑃𝑘 − 𝑖𝑘𝑉) = 0  

𝛿𝑘𝑉 = −ℒ𝑘𝑉 + 𝛿Λ𝑘
𝑉 = −𝑖𝑘𝐺 + 𝑑(Λ𝑘 − 𝑖𝑘𝑉) = 𝛿−𝑐𝑉 ≡ −𝑐𝔥(𝑝+1)  

𝑖𝑘𝑑 ⋆ 𝐺 = −𝑑𝑖𝑘 ⋆ 𝐺  

𝑖𝑘𝐄 = 𝑑{𝑖𝑘 ⋆ 𝐺 − 𝑁(𝑁 + 1)𝛾𝑃𝑘 ∧ 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N-1 times 

}
 

𝑖𝑘 ⋆ 𝐺 − 𝑁(𝑁 + 1)𝛾𝑃𝑘 ∧ 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N-1 times 

+ 𝑑𝑃̃𝑘 ≐ 0.  

𝑖𝑘 ⋆ 𝐺 − 𝑁(𝑁 + 1)𝛾𝑃𝑘 ∧ 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N-1 times 

+ 𝑑𝑃̃𝑘 + 𝔥(𝑝̃ + 1) ≐ 0  

𝛿𝐶𝑃̃𝑘 = 𝑁(𝑁 + 1)𝛾𝐶 ∧ 𝐺 ∧ ⋯ ∧ 𝐺⏟      
N-2 times 

∧ 𝑉.  
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𝑒̂𝑎  = (𝑘/𝑘∞)−1/2𝑒𝐸
𝑎

𝑒̂𝑧  = 𝑘 (𝑑𝑧 + 𝑘∞
1/2

𝐴0)

𝑑𝑠(5)
2  = (𝑘/𝑘∞)−1𝑑𝑠(4)𝐸

2 − 𝑘2 (𝑑𝑧 + 𝑘∞
1/2

𝐴0)
2

𝑉̂  = −√3 [𝑘∞
1/2

𝐴1 + 𝜒 (𝑑𝑧 + 𝑘∞
1/2

𝐴0)]

 

𝑒𝐸𝜇
𝑎  = (𝑘/𝑘∞)1/2𝑒𝜇

𝑎 = 𝑘∞
−1/2

(−𝑔̂𝑧𝑧)
1/4

𝑒̂𝜇
𝑎

𝑔𝐸𝜇𝜈  = (𝑘/𝑘∞)𝑔𝜇𝜈 = 𝑘∞
−1(−𝑔̂𝑧𝑧)

1/2
(𝑔̂𝜇𝜈 − 𝑔̂𝜇𝑧𝑔̂𝑣𝑧/𝑔̂𝑧𝑧)

𝐴𝜇
0  = 𝐴𝐸𝜇 = 𝑘∞

−1/2
𝐴𝜇 = 𝑘∞

−1/2
𝑔̂𝜇𝑧/𝑔̂𝑧𝑧

𝐴𝜇
1  = −

1

√3
𝑉𝐸𝜇 = −

1

√3
𝑘∞

−1/2
𝑉𝜇 = −

1

√3
𝑘∞

−1/2
(𝑉̂𝜇 − 𝑉̂𝑧𝑔̂𝜇𝑧/𝑔̂𝑧𝑧)

𝑒−2𝜙  = 𝑘 = (−𝑔̂𝑧𝑧)
1/2

𝜒 = −
1

√3
𝑙 = −

1

√3
𝑉̂𝑧

 

𝑄 = −
1

√3
𝑒𝜙∞(𝑞1 − 3𝜒∞𝑝1)

𝑃 = √3𝑒𝜙∞(𝑝1 + 𝜒∞𝑝0)

𝑃𝑧  = 𝑒𝜙∞ (𝑞0 −
1

3
𝜒∞𝑞1)

𝐾𝐾 = 𝑒−3𝜙∞𝑝0

 

Φ̂∞  = √3𝑒−𝜙∞𝜒∞Φℋ  0

Φ̂ℋ  = −√3𝑒−𝜙∞Φℋ 1

Φ̃∞  = √3𝑒−𝜙∞𝜒∞
2 Φℋ  0

Φ̃̂ℋ  = −
𝑒−𝜙∞

√3
Φℋ1

 

𝜙 → −
1

2√3
𝜙 (𝜙∞ → −

1

2√3
𝜙∞) 

𝑑𝑠𝐸(4)
2 = 𝐻−1/2𝑊𝑑𝑡2 − 𝐻1/2(𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 ) 

𝐴0 = 𝛼𝑒3𝜙∞(𝐻−1 − 1)𝑑𝑡

𝑒𝜙 = 𝑒𝜙∞𝐻−1/4

 

𝑑𝑠(5)
2 = 𝐻−1𝑊𝑑𝑡2 − 𝑊−1𝑑𝑟2 − 𝑟2𝑑Ω(2)

2 − 𝐻 [
𝑅𝑧

ℓ
𝑑𝑧 + 𝛼(𝐻−1 − 1)𝑑𝑡]

2

 

𝑤 = −2𝑟0 = −𝐺𝑁
(4)

[3𝑀 − √𝑀2 + 8𝑒6𝜙∞𝑞2]

ℎ = −2𝐺𝑁
(4)

[𝑀 − √𝑀2 + 8𝑒6𝜙∞(𝑞0)2]

𝛼 =
2𝑒3𝜙∞𝑞0

𝑀 − √𝑀2 + 8𝑒6𝜙∞(𝑞0)2
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Σ = −√3 [𝑀 − √𝑀2 + 8𝑒6𝜙∞(𝑞0)2
]  

(𝑟0/𝐺𝑁
(4)

)
2

= 𝑀2 +
1

4
Σ2 − 4𝑒6𝜙∞(𝑞0)2.  

𝑇 =
1

4𝜋[2𝑟0(2𝑟0 + ℎ)]1/2

𝑆 =
𝜋

𝐺𝑁
(4)

(2𝑟0 + ℎ)1/2(2𝑟0)3/2
 

𝑀 = 2𝑆𝑇 + Φ0𝑞0  

Φ0 =
4𝑒6𝜙∞𝑞0

𝑀 + √𝑀2 + 8𝑒6𝜙∞(𝑞0)2
 

𝛿𝑀 = 𝑇𝛿𝑆 + Φ0𝛿𝑞0 +
1

4
Σ𝛿𝜙∞  

𝑑𝑠(5)
2 = 𝑊𝑑𝑡2 − 𝐻[𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 ] − 𝐻−1 [
𝑅𝑧

ℓ
𝑑𝑧 + 𝛼ℎcos 𝜃𝑑𝜑]

2

 

 

𝑑𝑠𝐸(4)
2 = 𝐻−1/2𝑊𝑑𝑡2 − 𝐻1/2(𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 ) 

𝐴0 = 𝑒3𝜙∞𝛼ℎcos 𝜃𝑑𝜑

𝑒𝜙 = 𝑒𝜙∞𝐻1/4

 

𝑤 = −2𝑟0 = −𝐺𝑁
(4)

[3𝑀 − √𝑀2 + 8𝑒−6𝜙∞(𝑝0)2]

ℎ = −2𝐺𝑁
(4)

[𝑀 − √𝑀2 + 8𝑒−6𝜙∞(𝑝0)2]

𝛼 = −
2𝑒−3𝜙∞𝑝0

𝑀 − √𝑀2 + 8𝑒−6𝜙∞(𝑝0)2

 

Σ = √3 [𝑀 − √𝑀2 + 8𝑒−6𝜙∞(𝑝0)2
]  

(𝑟0/𝐺𝑁
(4)

)
2

= 𝑀2 +
1

4
Σ2 − 4𝑒−6𝜙∞(𝑝0)2  

𝑀 = 2𝑆𝑇 − Φ0𝑝0  

Φ0 = −
4𝑒−6𝜙∞𝑝0

𝑀 + √𝑀2 + 8𝑒−6𝜙∞(𝑝0)2
 

𝑑𝑠(5)
2 = 𝐻𝑒

−1𝑊𝑑𝑡2 − 𝐻𝑚[𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)
2 ] − 𝐻𝑒𝐻𝑚

−1 [
𝑅𝑧

ℓ
𝑑𝑧 + 𝐴]

2
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𝐻𝑒  = [1 +

𝐺𝑁
(4)

(𝑀 +
𝑤
2 +

Σ

2√3
)

𝑟
]

2

−
4

√3

(𝐺𝑁
(4)

𝑒3𝜙∞𝑞0)
2

Σ

(𝑀 +
Σ

2√3
) 𝑟2

𝐻𝑚  = [1 +

𝐺𝑁
(4)

(𝑀 +
𝑤
2

−
Σ

2√3
)

𝑟
]

2

−
4

√3

(𝐺𝑁
(4)

𝑒−3𝜙∞𝑝0)
2

Σ

(𝑀 −
Σ

2√3
) 𝑟2

𝑊 = 1 +
𝑤

𝑟

𝐴 =
4𝐺𝑁

(4)
𝑒3𝜙∞𝑞0

𝑟𝐻𝑒
[1 +

𝐺𝑁
(4)

(𝑀 +
𝑤
2

−
Σ

2√3
)

𝑟
] 𝑑𝑡 + 4𝑒−3𝜙∞𝐺𝑁

(4)
𝑝0cos 𝜃𝑑𝜑

 

(𝑟0/𝐺𝑁
(4)

)
2

= 𝑀2 +
1

4
Σ2 − 4𝑒6𝜙∞(𝑞0)2 − 4𝑒−6𝜙∞(𝑝0)2  

Σ = √3 [
4𝑒6𝜙∞(𝑞0)2

𝑀 +
Σ

2√3

−
4𝑒−6𝜙∞(𝑝0)

2

𝑀 −
Σ

2√3

]  

𝑑𝑠𝐸(4)
2 = (𝐻𝑒𝐻𝑚)−1/2𝑊𝑑𝑡2 − (𝐻𝑒𝐻𝑚)1/2(𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 )  

𝐴0 =
4𝐺𝑁

(4)
𝑒6𝜙∞𝑞0

𝑟𝐻𝑒
[1 +

𝐺𝑁
(4)

(𝑀 +
𝑤
2 −

Σ

2√3
)

𝑟
] 𝑑𝑡 + 4𝐺𝑁

(4)
𝑝0cos 𝜃𝑑𝜑

𝑒𝜙 = 𝑒𝜙∞(𝐻𝑒/𝐻𝑚)−1/4

 

𝑒6𝜙∞(𝑞0)2 = 𝑒−6𝜙∞(𝑝0)2, Σ = 0 and 𝐻𝑒 = 𝐻𝑚 

𝑇 =
1

8𝜋𝑟0[𝐻(2𝑟0)𝐾(2𝑟0)]1/2

𝑆 =
𝜋

𝐺𝑁
(4)

[𝐻𝑒(2𝑟0)𝐻𝑚(2𝑟0)]1/2(2𝑟0)2
 

Φ0(𝑀, 𝑞, 𝑝, 𝜙∞) = 𝐴𝑡
0(−𝜔) 

Φ0(𝑀, 𝑞, 𝑝, 𝜙∞) = Φ0(𝑀, 𝑝, −𝑞, −𝜙∞) 

𝑑𝑠(5)
2 = 𝐻̂−2𝑊̂𝑑𝑡2 − 𝐻̂[𝑊̂−1𝑑𝜌2 + 𝜌2𝑑Ω(3)

2 ] 

𝑉 = −𝛼(𝐻̂−1 − 1)𝑑𝑡
 

𝐻̂ = 1 +
ℎ̂

𝜌2
, 𝑊̂ = 1 +

𝑤̂

𝜌2
 

𝑤̂ = ℎ̂(1 − 𝛼2/3)  
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𝑑𝑠(5)
2  = 𝐻−2𝑊𝑑𝑡2 − 𝐻 [𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 + (
𝑅𝑧

ℓ
𝑑𝑧)

2

]

𝑉 = −𝛼(𝐻−1 − 1)𝑑𝑡

 

𝑤 = ℎ(1 − 𝛼2/3)  

𝑑𝑠𝐸(4)
2 = 𝐻−3/2𝑊𝑑𝑡2 − 𝐻3/2[𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 ] 

𝐴1 =
1

√3
𝑒𝜙∞𝛼(𝐻−1 − 1)𝑑𝑡

𝑒𝜙 = 𝑒𝜙∞𝐻−1/4

 

𝑤 = 𝐺𝑁
(4)

[𝑀 − 3√𝑀2 −
8

9
𝑒2𝜙∞(𝑞1)2

]

ℎ = 2𝐺𝑁
(4)

[𝑀 − √𝑀2 −
8

9
𝑒2𝜙∞(𝑞1)2]

𝛼 =
−2𝑒𝜙∞𝑞1

√3 [𝑀 − √𝑀2 −
8
9 𝑒2𝜙∞(𝑞1)2]

 

Σ = √3 [𝑀 − √𝑀2 −
8

9
𝑒2𝜙∞(𝑞1)2] .  

(𝑟0/𝐺𝑁
(4)

)
2

= 𝑀2 +
1

4
Σ2 −

4

3
𝑒2𝜙∞𝑞1

2  

Φ1 =
4𝑒2𝜙∞𝑞1

3 [𝑀 + √𝑀2 −
8
9 𝑒2𝜙∞(𝑞1)2

]
 

𝑇 =
(2𝑟0)1/2

4𝜋(2𝑟0 + ℎ)3/2

𝑆 =
𝜋

𝐺𝑁
(4)

(2𝑟0 + ℎ)3/2(2𝑟0)1/2
 

𝑑𝑠(5)
2  = 𝐻−1 [𝑊𝑑𝑡2 −

𝑅𝑧

ℓ
𝑑𝑧2] − 𝐻2[𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 ]

𝑉 = 𝛼ℎcos 𝜃𝑑𝜑
 

𝑑𝑠𝐸(4)
2 = 𝐻−3/2𝑊𝑑𝑡2 − 𝐻3/2[𝑊−1𝑑𝑟2 + 𝑟2𝑑Ω(2)

2 ] 

𝐴1 = −
1

√3
𝑒𝜙∞𝛼ℎcos 𝜃𝑑𝜑

𝑒𝜙 = 𝑒𝜙∞𝐻1/4

 

𝑤 = 𝐺𝑁
(4)

{𝑀 − 3√𝑀2 − 8𝑒−2𝜙∞(𝑝1)2}  
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ℎ = 2𝐺𝑁
(4)

{𝑀 − √𝑀2 − 8𝑒−2𝜙∞(𝑝1)2}

𝛼 = −
2√3𝑒−𝜙∞𝑝1

𝑀 − √𝑀2 − 8𝑒−2𝜙∞(𝑝1)2

 

Σ = −√3 [𝑀 − √𝑀2 − 8𝑒−2𝜙∞(𝑝1)2
]  

(𝑟0/𝐺𝑁
(4)

)
2

= 𝑀2 +
1

4
Σ2 − 12𝑒−2𝜙∞(𝑝1)2  

𝑀 = 2𝑆𝑇 − Φ1𝑝1  

Φ1 = −
12𝑒−2𝜙∞(𝑝1)

2

𝑀 + √𝑀2 − 8𝑒−2𝜙∞𝑝1
 

𝒟𝑒𝑎 = 𝑑𝑒𝑎 − 𝜔𝑎 𝑏 ∧ 𝑒𝑏 = 0  

𝑖𝑎 ⋆ (𝑒𝑏 ∧ 𝑒𝑐) ∧ 𝑅𝑏𝑐 

1

(𝑑 − 3)!
𝜀𝑎𝑏1⋯𝑏𝑑−3𝑐𝑑𝑒𝑏1 ∧ ⋯ ∧ 𝑒𝑏𝑑−3 ∧ 𝑅𝑐𝑑  

𝛿𝜖
ℎ𝜔𝑎𝑏 = −𝜖𝑃𝑘

𝑎𝑏𝔥(1)  

(𝐐𝑙1 − 𝜒𝐐𝑙−) ∼ −6𝑖𝑙 ⋆𝐸 𝑑𝜙 + ⋯ 

𝑒0= (1 −
𝜔2

𝑟2 ) [𝑑𝑡 −
𝑟2

2𝑙
(1 +

2𝜔2

𝑟2
+

3𝜔2

2𝑟2(𝑟2 − 𝜔2)
) 𝜎3

𝐿] 

𝑒1=
𝑙𝑑𝑟

(1 −
𝜔2

𝑟2 ) √𝑙2 + 𝑟2 + 2𝜔2

 

𝑒2=
𝑟

2
𝜎1

𝐿  

𝑒3=
𝑟

2
𝜎2

𝐿  

𝑒4 =
𝑟

2𝑙
√𝑙2 + 𝑟2 + 2𝜔2𝜎3

𝐿

 

𝜎1
𝐿= sin 𝜙𝑑𝜃 − sin 𝜃cos 𝜙𝑑𝜓 

𝜎2
𝐿= cos 𝜙𝑑𝜃 + sin 𝜃sin 𝜙𝑑𝜓 

𝜎3
𝐿 = 𝑑𝜙 + cos 𝜃𝑑𝜓

 

−∞ < 𝑡 < ∞, 0 ≤ 𝑟 < ∞, 0 ≤ 𝜃 ≤ 𝜋, 0 ≤ 𝜓 < 2𝜋 and 0 ≤ 𝜙 < 4𝜋.2 

𝑒5= 𝑙𝑑𝛼  
𝑒6 = 𝑙cos 𝛼𝑑𝛽

𝑒7= 𝑙cos 𝛼sin 𝛼[𝑑𝜉1 − sin2 𝛽𝑑𝜉2 − cos2 𝛽𝑑𝜉3]  

𝑒8= 𝑙cos 𝛼sin 𝛽cos 𝛽[𝑑𝜉2 − 𝑑𝜉3]  

𝑒9 = −
2

√3
𝐴 − 𝑙sin2 𝛼𝑑𝜉1 − 𝑙cos2 𝛼(sin2 𝛽𝑑𝜉2 + cos2 𝛽𝑑𝜉3)
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𝐴 =
√3

2
((1 −

𝜔2

𝑟2 )𝑑𝑡 +
𝜔4

4𝑙𝑟2
𝜎3

𝐿)  

𝐹(5) =−
4

𝑙
(𝑒0 ∧ 𝑒1 ∧ 𝑒2 ∧ 𝑒3 ∧ 𝑒4 + 𝑒5 ∧ 𝑒6 ∧ 𝑒7 ∧ 𝑒8 ∧ 𝑒9)  

+[−
𝜔4

𝑙𝑟4
(𝑒0 ∧ 𝑒1 ∧ 𝑒4 − 𝑒2 ∧ 𝑒3 ∧ 𝑒9) +

𝜔2

𝑙𝑟4
(2𝑟2 + 𝜔2)(𝑒0 ∧ 𝑒2 ∧ 𝑒3 − 𝑒1 ∧ 𝑒4 ∧ 𝑒9)

+
2𝜔2√𝑙2 + 2𝜔2 + 𝑟2

𝑙𝑟3
(𝑒0 ∧ 𝑒1 ∧ 𝑒9 + 𝑒2 ∧ 𝑒3 ∧ 𝑒4)] ∧ (𝑒5 ∧ 𝑒7 + 𝑒6 ∧ 𝑒8)

 

𝜖 = √1 −
𝜔2

𝑟2
exp (−

𝑖

2
(𝜉1 + 𝜉2 + 𝜉3)) 𝜖0

 

Γ14𝜖0 = 𝑖𝜖0, Γ23𝜖0 = Γ57𝜖0 = Γ68𝜖0 = −𝑖𝜖0, Γ09𝜖0 = 𝜖0  

𝛾𝜏𝜎1𝜎2𝜎3
𝜖 = ±𝑖√−ℎ𝜖  

ℎ𝑖𝑗 = 𝔢𝑖
𝑎𝔢𝑗

𝑏𝜂𝑎𝑏 

𝛾𝜏𝜎1𝜎2𝜎3
= 𝔢𝜏

𝑎𝔢𝜎1
𝑏 𝔢𝜎2

𝑐 𝔢𝜎3
𝑑 Γ𝑎𝑏𝑐𝑑 

𝔢⋕ ∧ (𝜔2˜ + 𝜔2) +
𝑖

2
(𝜔2˜ + 𝜔2) ∧ (𝜔2˜ + 𝜔2) = ±√−ℎ  

ℎ = −((𝜔2˜ + 𝜔2) ∧ 𝔢09)
2

+
1

4
((𝜔2˜ + 𝜔2) ∧ (𝜔2˜ + 𝜔2))

2
 

𝑃𝜂1𝜂2𝜂5𝜂6
: =

1 − 𝑖𝜂1Γ14

2

1 + 𝑖𝜂2Γ23

2

1 + 𝑖𝜂5Γ57

2

1 + 𝑖𝜂6Γ68

2
 

𝛼 = 𝛼(𝑓(𝜏, 𝜎𝑖)), 𝛽 = 𝛽(𝑓(𝜏, 𝜎𝑖)), 𝜉𝑖 = 𝜉𝑖(𝑓(𝜏, 𝜎𝑖))  

𝔢0 =(1 −
𝜔2

𝑟2 ) 𝑑𝑡 +
𝜔4 − 2𝑟4 − 2𝑟2𝜔2

4𝑙𝑟2
(𝑑𝜙 + cos 𝜃𝑑𝜓)

𝔢1 =
𝑟2𝑙

(𝑟2 − 𝜔2)√𝑙2 + 𝑟2 + 2𝜔2
(𝑟̇𝑑𝑡 + 𝑟𝜃𝑑𝜃 + 𝑟𝜙𝑑𝜙 + 𝑟𝜓𝑑𝜓)

𝔢2 =
𝑟

2
(sin 𝜙𝑑𝜃 − cos 𝜙sin 𝜃𝑑𝜓)

𝔢3 =
𝑟

2
(cos 𝜙𝑑𝜃 + sin 𝜃sin 𝜙𝑑𝜓)

𝔢4 =
𝑟

2𝑙
√𝑙2 + 𝑟2 + 2𝜔2(𝑑𝜙 + cos 𝜃𝑑𝜓)

𝔢5 =𝑙𝛼′𝑑𝑓

𝔢6 =𝑙cos 𝛼𝛽′𝑑𝑓

𝔢7 =𝑙cos 𝛼sin 𝛼(𝜉1
′ − sin2 𝛽𝜉2

′ − cos2 𝛽𝜉3
′)𝑑𝑓

𝔢8 =𝑙cos 𝛼cos 𝛽sin 𝛽(𝜉2
′ − 𝜉3

′)𝑑𝑓

𝔢9 = − (1 −
𝜔2

𝑟2 ) 𝑑𝑡 −
𝜔4

4𝑙𝑟2
(𝑑𝜙 + cos 𝜃𝑑𝜓)

 −𝑙(sin2 𝛼𝜉1
′ + cos2 𝛼sin2 𝛽𝜉2

′ + cos2 𝛼cos2 𝛽𝜉3
′)𝑑𝑓
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𝛼′ =
𝛿𝛼(𝑓)

𝛿𝑓
 

𝔢1234 = 0⟹
𝑟5𝑟̇sin 𝜃

8(𝑟2 − 𝜔2)
𝑑𝑡 ∧ 𝑑𝜃 ∧ 𝑑𝜙 ∧ 𝑑𝜓 = 0 

 ⟹ 𝑟̇ = 0

 

𝑟3sin 𝜃

8
√𝑙2 + 𝑟2 + 2𝜔2(sin2 𝛼𝜉1

′ + cos2 𝛼sin2 𝛽𝜉2
′ + cos2 𝛼cos2 𝛽𝜉3

′)𝑓 = 0  

𝜉1
′ = 𝜉2

′ = 𝜉3
′ = 0  or  𝑓̇ = 0  

𝜉1
′(𝑓) = 𝜉2

′(𝑓) = 𝜉3
′(𝑓) ≡ 𝜉′(𝑓)  and  𝛼′(𝑓) = 𝛽′(𝑓) = 0  

𝜉′(𝑟2 − 𝜔2)(𝑙2 + 𝑟2 + 2𝜔2)[(𝑓𝜓 − 𝑓𝜙cos 𝜃)cos 𝜙 − 𝑓𝜃sin 𝜃sin 𝜙]

−𝑟(𝑟2 + 2𝑓𝜙𝑙2𝜉′ + 𝜔2)sin 𝜙
𝜕𝑟

𝜕𝜓
+ 𝑟(𝑟2 + 2𝑓𝜙𝑙2𝜉′ + 𝜔2)sin 𝜃cos 𝜙

𝜕𝑟

𝜕𝜃

−𝑟[2𝑓𝜃𝑙2𝜉′cos 𝜙sin 𝜃 + (2𝑓𝜓𝑙2𝜉′ + (𝑟2 + 𝜔2)cos 𝜃)sin 𝜙]
𝜕𝑟

𝜕𝜙

+𝑖(𝜉′(𝑟2 − 𝜔2)(𝑙2 + 𝑟2 + 2𝜔2)[(𝑓𝜓 − 𝑓𝜙cos 𝜃)sin 𝜙 + 𝑓𝜃sin 𝜃cos 𝜙]

+𝑖 (𝑟(𝑟2 + 2𝑓𝜙𝑙2𝜉′ + 𝜔2)cos 𝜙
𝜕𝑟

𝜕𝜓
− 𝑟(𝑟2 + 2𝑓𝜙𝑙2𝜉′ + 𝜔2)sin 𝜃sin 𝜙

𝜕𝑟

𝜕𝜃
)

+𝑖𝑟[2𝑓𝜃𝑙2𝜉′sin 𝜙sin 𝜃 − (2𝑓𝜓𝑙2𝜉′ + (𝑟2 + 𝜔2)cos 𝜃)cos 𝜙]
𝜕𝑟

𝜕𝜙
= 0

 

𝑟2 = 𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌  

(𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌 (
𝜕𝜉

𝜕𝜓
−

𝜕𝜉

𝜕𝜙
cos 𝜃 + 𝑖sin 𝜃

𝜕𝜉

𝜕𝜃
)

+𝑖 ((𝑙2 + 3𝜔2)sinh2 𝜌 + 2𝜔2 + 2𝑙2
𝜕𝜉

𝜕𝜙
)

𝜕𝜌

𝜕𝜓

−𝑖 ([(𝑙2 + 3𝜔2)sinh2 𝜌 + 2𝜔2]cos 𝜃 + 2𝑙2 (
𝜕𝜉

𝜕𝜓
+ 𝑖

𝜕𝜉

𝜕𝜃
sin 𝜃))

𝜕𝜌

𝜕𝜙

 

− [(𝑙2 + 3𝜔2)sinh2 𝜌 + 2𝜔2 + 2𝑙2
𝜕𝜉

𝜕𝜙
] sin 𝜃

𝜕𝜌

𝜕𝜃
= 0  

f(𝜌, 𝜃, 𝜙, 𝜓, 𝜉) = 0  and  g(𝜌, 𝜃, 𝜙, 𝜓, 𝜉) = 0  

f𝜌d𝜌 + f𝜃d𝜃 + f𝜙d𝜙 + f𝜓d𝜓 + f𝜉d𝜉 = 0

 g𝜌d𝜌 + g𝜃d𝜃 + g𝜙d𝜙 + g𝜓d𝜓 + g𝜉d𝜉 = 0
 

f𝜌 =
𝜕f

𝜕𝜌
 

𝜕𝜌

𝜕𝜃
=

f𝜉g𝜃 − f𝜃g𝜉

f𝜌g𝜉 − f𝜉g𝜌
,

𝜕𝜌

𝜕𝜙
=

f𝜉g𝜙 − f𝜙g𝜉

f𝜌g𝜉 − f𝜉g𝜌
,

𝜕𝜌

𝜕𝜓
=

f𝜉g𝜓 − f𝜓g𝜉

f𝜌g𝜉 − f𝜉g𝜌

𝜕𝜉

𝜕𝜃
=

f𝜌g𝜃 − f𝜃g𝜌

−f𝜌g𝜉 + f𝜉g𝜌
,

𝜕𝜉

𝜕𝜙
=

f𝜌g𝜙 − f𝜙g𝜌

−f𝜌g𝜉 + f𝜉g𝜌
,

𝜕𝜉

𝜕𝜓
=

f𝜌g𝜓 − f𝜓g𝜌

−f𝜌g𝜉 + f𝜉g𝜌
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(𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌 ((f𝜓g𝜌 − f𝜌g𝜓) + (f𝜌g𝜙 − f𝜙g𝜌)cos 𝜃 − isin 𝜃(f𝜌g𝜃 − g𝜌f𝜃))

−𝑖(2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌) ((f𝜓g𝜉 − f𝜉g𝜓) + cos 𝜃(f𝜉g𝜙 − f𝜙g𝜉) − isin 𝜃(f𝜉g𝜃 − f𝜃g𝜉))

+2𝑖𝑙2 ((f𝜓g𝜙 − f𝜙g𝜓) − isin 𝜃(f𝜙g𝜃 − f𝜃g𝜙)) = 0

 

𝑋= (𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌
𝜕

𝜕𝜌
− 𝑖(2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌)

𝜕

𝜕𝜉
+ 2𝑖𝑙2

𝜕

𝜕𝜙
 

𝑌 = −𝑖sin 𝜃
𝜕

𝜕𝜃
+ cos 𝜃

𝜕

𝜕𝜙
−

𝜕

𝜕𝜓

 

f𝜌g𝜉 − f𝜉g𝜌 ≠ 0  

1

2
[−

2

𝑙
(𝐹𝜉1

+ 𝐹𝜉2
+ 𝐹𝜉3

) +
𝐹𝑡

(1 −
𝜔2

𝑟2 )
] 𝑬0 +

1

2

𝐹𝑡

(1 −
𝜔2

𝑟2 )
𝑬0

+
1

2
[𝐹𝑟√

𝑟2 + 𝑙2 + 2𝜔2

𝑙2
(1 −

𝜔2

𝑟2
)  

−𝑖
2(𝜔4 − 𝑟4)(𝐹𝜉1

+ 𝐹𝜉2
+ 𝐹𝜉3

) + 2𝐹𝑡𝑙 (𝑟4 + 𝑟2𝜔2 −
𝜔4

2
) + 4𝐹𝜙𝑙2(𝑟2 − 𝜔2)

2𝑟𝑙√𝑙2 + 𝑟2 + 2𝜔2(𝑟2 − 𝜔2)
]𝑬1

+
1

2
[𝐹𝑟√

𝑟2 + 𝑙2 + 2𝜔2

𝑙2
(1 −

𝜔2

𝑟2
)  

+𝑖
2(𝜔4 − 𝑟4)(𝐹𝜉1

+ 𝐹𝜉2
+ 𝐹𝜉3

) + 2𝐹𝑡𝑙 (𝑟4 + 𝑟2𝜔2 −
𝜔4

2
) + 4𝐹𝜙𝑙2(𝑟2 − 𝜔2)

2𝑟𝑙√𝑙2 + 𝑟2 + 2𝜔2(𝑟2 − 𝜔2)
]𝑬1

+
1

𝑟
𝑒−𝑖𝜙[(𝐹𝜙cot 𝜃 − 𝐹𝜓csc 𝜃 + 𝑖𝐹𝜃)]𝑬2 +

1

𝑟
𝑒𝑖𝜙[(𝐹𝜙cot 𝜃 − 𝐹𝜓csc 𝜃 − 𝑖𝐹𝜃)]𝑬2  

+
1

2
[
𝐹𝛼

𝑙
+ 𝑖

1

𝑙
(𝐹𝜉1

cot 𝛼 − 𝐹𝜉2
tan 𝛼 − 𝐹𝜉3

tan 𝛼)] 𝑬5  

+
1

2
[
𝐹𝛼

𝑙
− 𝑖

1

𝑙
(𝐹𝜉1

cot 𝛼 − 𝐹𝜉2
tan 𝛼 − 𝐹𝜉3

tan 𝛼)] 𝑬5  

+
1

2𝑙
sec 𝛼[𝐹𝛽 + 𝑖(𝐹𝜉2

cot 𝛽 − 𝐹𝜉3
tan 𝛽)]𝑬6  

 +
1

2𝑙
sec 𝛼[𝐹𝛽 − 𝑖(𝐹𝜉2

cot 𝛽 − 𝐹𝜉3
tan 𝛽)]𝑬6 = 0

 

𝑋0 =
1

(1 −
𝜔2

𝑟2 )
𝜕
𝜕𝑡

𝑋0 =−
2

𝑙

𝜕

𝜕𝜉
+

1

(1 −
𝜔2

𝑟2

𝜕

𝜕𝑡
 

𝑋1 =√
𝑟2 + 𝑙2 + 2𝜔2

𝑙2 (1 −
𝜔2

𝑟2 )
𝜕

𝜕𝑟

−𝑖
2(𝜔4 − 𝑟4)

𝜕
𝜕𝜉

+ 2𝑙 (𝑟4 + 𝑟2𝜔2 −
𝜔4

2 )
𝜕
𝜕𝑡

+ 4𝑙2(𝑟2 − 𝜔2)
𝜕

𝜕𝜙

2𝑟𝑙√𝑙2 + 𝑟2 + 2𝜔2(𝑟2 − 𝜔2)
 

𝑋2 =
2

𝑟
𝑒−𝑖𝜙 [cot 𝜃

𝜕

𝜕𝜙
− csc 𝜃

𝜕

𝜕𝜓
+ 𝑖

𝜕

𝜕𝜃
]

 

𝐹 = ∑  

𝑚,𝑛,𝑞

 𝐶𝑚𝑛𝑞(𝑟, 𝜃)𝑒𝑖𝑚𝜙+𝑖𝑛𝜓+𝑖𝑞𝜉
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𝜕𝑟𝐶𝑚𝑛𝑞 −
2𝑚𝑙2 − (𝜔2 + 𝑟2)𝑞

𝑟(𝑟2 + 𝑙2 + 2𝜔2) (1 −
𝜔2

𝑟2 )
𝐶𝑚𝑛𝑞 = 0

𝜕𝜃𝐶𝑚𝑛𝑞 − (𝑚cot 𝜃 − 𝑛csc 𝜃)𝐶𝑚𝑛𝑞 = 0

 

𝐹 = ∑  

𝑚,𝑛,𝑞

  𝑐𝑚𝑛𝑞 (cot 
𝜃

2
𝑒𝑖𝜓)

𝑛

((𝑟2 − 𝜔2)
−

𝜔2

𝑙2+3𝜔2(𝑟2 + 𝑙2 + 2𝜔2)
−

𝜔2+𝑙2

2(𝑙2+3𝜔2)𝑒𝑖𝜉)

𝑞

×[(
𝑟2 − 𝜔2

(𝑟2 + 𝑙2 + 2𝜔2)
)

𝑙2

𝑙2+3𝜔2

(sin 𝜃𝑒𝑖𝜙)]

𝑚  

Φ1 = cot 
𝜃

2
𝑒𝑖𝜓

Φ2 = (𝑟2 − 𝜔2)
−

𝜔2

𝑙2+3𝜔2(𝑟2 + 𝑙2 + 2𝜔2)
−

𝜔2+𝑙2

2(𝑙2+3𝜔2)𝑒𝑖𝜉

Φ3 = (
𝑟2 − 𝜔2

(𝑟2 + 𝑙2 + 2𝜔2)
)

𝑙2

𝑙2+3𝜔2

sin 𝜃𝑒𝑖𝜙

 

𝑟2 − 𝜔2 = (𝑙2 + 3𝜔2)sinh2 𝜌  

1

Φ2
: = Ψ0 = √𝑙2 + 3𝜔2(sinh 𝜌)

2𝜔2

𝑙2+3𝜔2(cosh 𝜌)
𝑙2+𝜔2

𝑙2+3𝜔2𝑒−𝑖𝜉

√
Φ1Φ3

2Φ2
2 : = Ψ1 = √𝑙2 + 3𝜔2(sinh 𝜌)

𝑙2+2𝜔2

𝑙2+3𝜔2(cosh 𝜌)
𝜔2

𝑙2+3𝜔2cos 
𝜃

2
𝑒

𝑖
2
(𝜙+𝜓−2𝜉)

√
Φ3

2Φ1Φ2
2 : = Ψ2 = √𝑙2 + 3𝜔2(sinh 𝜌)

𝑙2+2𝜔2

𝑙2+3𝜔2(cosh 𝜌)
𝜔2

𝑙2+3𝜔2sin 
𝜃

2
𝑒

𝑖
2
(𝜙−𝜓−2𝜉)

 

𝐹𝛼

𝑙
− 𝑖

1

𝑙
(𝐹𝜉1

cot 𝛼 − 𝐹𝜉2
tan 𝛼 − 𝐹𝜉3

tan 𝛼) = 0

𝐹𝛽

𝑙
− 𝑖

1

𝑙
(𝐹𝜉2

cot 𝛽 − 𝐹𝜉3
tan 𝛽) = 0

 

𝐹 = ∑  

𝑚,𝑛,𝑞

 𝐶𝑚𝑛𝑞(𝛼, 𝛽)𝑒−𝑖𝑚𝜉1−𝑖𝑛𝜉2−𝑖𝑞𝜉3
 

𝐹 = ∑  

𝑚,𝑛,𝑞

  𝑐𝑚𝑛𝑞(sin 𝛼𝑒−𝑖𝜉1)
𝑚

(sin 𝛽cos 𝛼𝑒−𝑖𝜉2)
𝑛
(cos 𝛼cos 𝛽𝑒−𝑖𝜉3)

𝑞

 

𝑍1 = sin 𝛼𝑒−𝑖𝜉1 , 𝑍2 = sin 𝛽cos 𝛼𝑒−𝑖𝜉2 , 𝑍3 = cos 𝛼cos 𝛽𝑒−𝑖𝜉3  

𝐹(𝐼) = ∑  

𝑛1,𝑛2,𝑚1,𝑚2,𝑚3

 𝐶𝑛1,𝑛2,𝑚1,𝑚2,𝑚3
(𝑟, 𝜃, 𝛼, 𝛽)𝑒𝑖𝑛1𝜙+𝑖𝑛2𝜓−𝑖𝑚1𝜉1−𝑖𝑚2𝜉2−𝑖𝑚3𝜉3
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Φ1= cot 
𝜃

2
𝑒𝑖𝜓, Φ3 = (

𝑟2 − 𝜔2

𝑙2 + 𝑟2 + 2𝜔2)

𝑙2

𝑙2+3𝜔2

sin 𝜃𝑒𝑖𝜙, 

𝑍𝑖  = (𝑟2 − 𝜔2)
𝜔2

𝑙2+3𝜔2(𝑙2 + 𝑟2 + 2𝜔2)
𝑙2+𝜔2

2(𝑙2+3𝜔2)𝜇𝑖𝑒
−𝑖𝜉𝑖 .

 

𝜖𝑖𝑗𝑘𝑙

√−det(h + 𝑭)
[
1

4!
𝛾𝑖𝑗𝑘𝑙𝜖 +

1

4
𝑭𝑖𝑗𝛾𝑘𝑙𝜖

∗ +
1

8
𝑭𝑖𝑗𝑭𝑘𝑙𝜖] = ±𝑖𝜖  

𝑿 =
1

8
𝜖𝑖𝑗𝑘𝑙√−det(h + 𝑭)[(ℎ + 𝑭)−1 − (ℎ − 𝑭)−1]𝑘𝑙𝑑𝜎𝑖 ∧ 𝑑𝜎𝑗 

𝒢: = 𝒢01

𝑑Ψ0

Ψ0
∧

𝑑Ψ1

Ψ1
+ 𝒢02

𝑑Ψ0

Ψ0
∧

𝑑Ψ2

Ψ2
+ 𝒢12

𝑑Ψ1

Ψ1
∧

𝑑Ψ2

Ψ2
 

𝑬01 =√
𝑙2 + 3𝜔2

2
cosh 𝜌√𝑙2 + 𝜔2 − (𝑙2 + 3𝜔2)cosh 2𝜌 (cos2 

𝜃

2

𝑑Ψ0

Ψ0
∧

𝑑Ψ1

Ψ1
+

sin2 
𝜃

2

𝑑Ψ0

Ψ0
∧

𝑑Ψ2

Ψ2
)

𝑬02 =𝑖
𝑒𝑖𝜙

4√2𝑙
√𝑙2 + 𝜔2 − (𝑙2 + 3𝜔2)cosh 2𝜌sin 𝜃 [(𝑙2 + 𝜔2 + (𝑙2 + 3𝜔2)cosh2𝜌) (

𝑑Ψ0

Ψ0
∧

𝑑Ψ1

Ψ1

−
𝑑Ψ0

Ψ0
∧

𝑑Ψ2

Ψ2
) + (𝑙2 − 𝜔2 − (𝑙2 + 3𝜔2)cosh 2𝜌)

𝑑Ψ1

Ψ1
∧

𝑑Ψ2

Ψ2
]

𝑬12 =𝑖
𝑒𝑖𝜙√𝑙2 + 3𝜔2

4𝑙
cosh 𝜌sin 𝜃(𝑙2 + 𝜔2 − (𝑙2 + 3𝜔2)cosh 2𝜌) (

𝑑Ψ0

Ψ0
∧

𝑑Ψ1

Ψ1
−

𝑑Ψ0

Ψ0
∧

𝑑Ψ2

Ψ2
−

𝑑Ψ1

Ψ1
∧

𝑑Ψ2

Ψ2
)

 

𝑑Ψ0

Ψ0
∧

𝑑Ψ1

Ψ1
,
𝑑Ψ0

Ψ0
∧

𝑑Ψ2

Ψ2
,
𝑑Ψ1

Ψ1
∧

𝑑Ψ2

Ψ2
 

𝑑𝒢01

𝑑Ψ0

Ψ0
∧

𝑑Ψ1

Ψ1
+ 𝑑𝒢02

𝑑Ψ0

Ψ0
∧

𝑑Ψ2

Ψ2
+ 𝑑𝒢12

𝑑Ψ1

Ψ1
∧

𝑑Ψ2

Ψ2
= 0 where  

𝑑𝒢𝑖𝑗 = 𝑋1(𝒢𝑖𝑗)𝑬1 + 𝑋‾1(𝒢𝑖𝑗)𝑬
1

+ 𝑋2(𝒢𝑖𝑗)𝑬2 + 𝑋‾2(𝒢𝑖𝑗)𝑬
2

+ 𝑋0(𝒢𝑖𝑗)𝑬0 + 𝑋0(𝒢𝑖𝑗)𝑬0

 

𝒢 = [𝒢01(Ψ0, Ψ1, Ψ2)
𝑑Ψ0

Ψ0
∧

𝑑Ψ1

Ψ1
+𝒢02(Ψ0, Ψ1, Ψ2)

𝑑Ψ0

Ψ0
∧

𝑑Ψ2

Ψ2
 

+𝒢12(Ψ0, Ψ1, Ψ2)
𝑑Ψ1

Ψ1
∧

𝑑Ψ2

Ψ2
]

 

𝑬01 =0

𝑬02 =
𝑒𝑖𝜎2

4𝑙
√𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌0(2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌0)

× (𝑖𝑑𝜎2 ∧ 𝑑𝜎1 + sin 𝜎1𝑑𝜎2 ∧ 𝑑𝜎3 + 𝑖cos 𝜎1𝑑𝜎3 ∧ 𝑑𝜎1)  

𝑬12 =
𝑒𝑖𝜎2

4𝑙
√(𝑙2 + 3𝜔2)cosh 𝜌0(𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌0)

 × (𝑑𝜎2 ∧ 𝑑𝜎1 − 𝑖sin 𝜎1𝑑𝜎2 ∧ 𝑑𝜎3 + cos 𝜎1𝑑𝜎3 ∧ 𝑑𝜎1)
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𝒢 = −
1

2
𝒢12(Ψ0 = 𝑐, Ψ1, Ψ2)(𝑖csc 𝜎1𝑑𝜎2 ∧ 𝑑𝜎1 + 𝑑𝜎2 ∧ 𝑑𝜎3 + 𝑖cot 𝜎1𝑑𝜎3 ∧ 𝑑𝜎1)  

𝒢12(Ψ0 = 𝑐, Ψ1, Ψ2) = ∑  

𝑚𝑛

𝐶𝑚𝑛Ψ1
𝑚Ψ2

𝑛 

𝜌 = 𝜌0 + 𝜖𝜌1(𝜃, 𝜙, 𝜓) + 𝜖2𝜌2(𝜃, 𝜙, 𝜓) + ⋯

𝜉 = 𝜉0 + 𝜖𝜉1(𝜃, 𝜙, 𝜓) + 𝜖2𝜉2(𝜃, 𝜙, 𝜓) + ⋯
 

sin 𝜃
𝜕𝜉̃1

𝜕𝜃
+

𝜕𝜌̃1

𝜕𝜓
− cos 𝜃

𝜕𝜌̃1

𝜕𝜙
= 0  

−sin 𝜃
𝜕𝜌̃1

𝜕𝜃
+

𝜕𝜉̃1

𝜕𝜓
− cos 𝜃

𝜕𝜉̃1

𝜕𝜙
 = 0

 

𝜉̃1 = (𝑙2 + 3𝜔2)cosh 𝜌0sinh 𝜌0𝜉1 

𝜌̃1 = ((𝑙2 + 3𝜔2)sinh2 𝜌0 + 2𝜔2)𝜌1 

𝜌1= ∑  

𝑚,𝑛

  (𝑐𝑚𝑛
11 (𝜌0, 𝜉0)sin (𝑚𝜙 + 𝑛𝜓) + 𝑐𝑚𝑛

12 (𝜌0, 𝜉0)cos (𝑚𝜙 + 𝑛𝜓)) (sin 
𝜃

2
)

𝑚−𝑛

(cos 
𝜃

2
)

𝑚+𝑛

 

𝜉1 = ∑  

𝑚,𝑛

  (𝑑𝑚𝑛
11 (𝜌0, 𝜉0)sin (𝑚𝜙 + 𝑛𝜓) + 𝑑𝑚𝑛

12 (𝜌0, 𝜉0)cos (𝑚𝜙 + 𝑛𝜓)) (sin 
𝜃

2
)

𝑚−𝑛

(cos 
𝜃

2
)

𝑚+𝑛  

𝐺(Ψ0, Ψ1, Ψ2) = ∑  

𝑚,𝑛,𝑞

𝐶𝑚𝑛𝑞Ψ0
𝑚Ψ1

𝑛Ψ2
𝑞
 

𝐶𝑚00= 𝐶𝑚
(0)

+ 𝜖𝐶𝑚
(1)

+ 𝜖2𝐶𝑚
(2)

+ ⋯ 

𝐶𝑚𝑛𝑞 = 𝜖𝐶𝑚𝑛𝑞
(1)

+ 𝜖2𝐶𝑚𝑛𝑞
(2)

+ ⋯
 

𝐺 = ∑  

𝑚

 𝐶𝑚
(0)

Ψ0
𝑚 + 𝜖 ∑  

𝑚,𝑛,𝑞

 𝐶𝑚𝑛𝑞
(1)

Ψ0
𝑚Ψ1

𝑛Ψ2
𝑞

+ 𝜖2 ∑  

𝑚,𝑛,𝑞

 𝐶𝑚𝑛𝑞
(2)

Ψ0
𝑚Ψ1

𝑛Ψ2
𝑞

+ ⋯  

∑  

𝑚

 𝐶𝑚
(0)

Ψ0
𝑚 + 𝜖 ∑  

𝑚,𝑛,𝑞

 𝐶𝑚𝑛𝑞
(1)

Ψ0
𝑚Ψ1

𝑛Ψ2
𝑞

= 0  

𝑒0 = 𝑓(𝑑𝑡 − 𝑤)

𝑒1 =
1

𝑓1/2
√

𝜂 − 𝜉

ℱ(𝜉)
𝑑𝜉, 𝑒2 =

1

𝑓1/2
√

ℱ(𝜉)

𝜂 − 𝜉
(𝑑Φ + 𝜂𝑑Ψ)

𝑒3 = −
1

𝑓1/2
√

𝜂 − 𝜉

𝒢(𝜉)
𝑑𝜂, 𝑒4 =

1

𝑓1/2
√

𝒢(𝜉)

𝜂 − 𝜉
(𝑑Φ + 𝜂𝑑Ψ)
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𝒢(𝜂)= −
4(1 − 𝜂2)

(𝑎2 − 𝑏2)𝑚̃
[(1 − 𝑎2)(1 + 𝜂) + (1 − 𝑏2)(1 − 𝜂)] ≡ (𝜂 − 𝑔1)(𝜂 − 𝑔2)(𝜂 − 𝑔3) 

ℱ(𝜉)= −𝒢(𝜉) −
4(1 + 𝑚̃

𝑚̃
(
2 + 𝑎 + 𝑏

𝑎 − 𝑏
+ 𝜉)

3

≡ (𝜉 − 𝑓1)(𝜉 − 𝑓2)(𝜉 − 𝑓3)  

𝑓 =
24(𝜂 − 𝜉)

ℱ′′ + 𝒢′′
, 𝑚̃ =

𝑚

(𝑎 + 𝑏)(1 + 𝑎)(1 + 𝑏)(1 + 𝑎 + 𝑏)
− 1

 

𝑤 = 𝑤𝜙𝑑Φ + 𝑤𝜓𝑑Ψ, 𝐴 = 𝐴𝑡𝑑𝑡 + 𝐴𝜙𝑑Φ + 𝐴𝜓𝑑Ψ  

𝑒5 = 𝑑𝜌𝑠, 𝑒
6 =

1

4
sin (2𝜌𝑠)(𝑑𝜁𝑠 − cos (𝜃𝑠)𝑑𝜙𝑠), 𝑒

7 =
1

2
sin (𝜌𝑠)𝑑𝜃𝑠

𝑒8 =
1

2
sin 𝜌𝑠sin 𝜃𝑠𝑑𝜙𝑠, 𝑒

9 =
1

3
(𝑑𝜓𝑠 + 3𝑒6tan 𝜌𝑠 − 𝑑𝜁𝑠 + 2𝐴)

 

𝑋1 = √
𝑓

4(𝜂 − 𝜉)ℱ
(ℱ

𝜕

𝜕𝜉
+ 𝑖(−2𝐴𝜓 + 2𝐴𝜙𝜉 + 2𝐴𝑡𝑤𝜙𝜉 − 2𝐴𝑡𝑤𝜓)

𝜕

𝜕𝜓𝑠

+𝑖(𝑤𝜓 − 𝑤𝜙𝜉)
𝜕

𝜕𝑡
+ 𝑖

𝜕

𝜕Ψ
− 𝑖𝜉

𝜕

𝜕Φ
)

𝑋3 = √
𝑓

4(𝜂 − 𝜉)𝒢
(𝒢

𝜕

𝜕𝜂
− 𝑖(−2𝐴𝜓 + 2𝐴𝜙𝜂 − 2𝐴𝑡𝑤𝜙𝜂 + 2𝐴𝑡𝑤𝜓)

𝜕

𝜕𝜓𝑠

+𝑖(𝑤𝜓 − 𝑤𝜙𝜂)
𝜕

𝜕𝑡
− 𝑖

𝜕

𝜕Ψ
+ 𝑖𝜂

𝜕

𝜕Φ
)

𝑋0 =
1

2𝑓
(

𝜕

𝜕𝑡
− (2𝐴𝑡 − 3𝑓)

𝜕

𝜕𝜓𝑠
)

𝑋0 =
1

2𝑓
(

𝜕

𝜕𝑡
− (2𝐴𝑡 + 3𝑓)

𝜕

𝜕𝜓𝑠
) =

1

2𝑓
(

𝜕

𝜕𝑡
− (3 − 2𝛼)

𝜕

𝜕𝜓𝑠
)

 

𝑚 = (1 + 𝑎)(1 + 𝑏)(𝑎 + 𝑏)(1 + 𝑎 + 𝑏) + 𝜆 (
1

𝑎 − 𝑏
) ,

𝜉 = −
𝜉̃

𝜆
, Φ = 𝜆Φ̃, Ψ = 𝜆Ψ̃

 

𝐽 = ∑  

𝑛1,𝑛2,𝑝,𝑞

 𝐶𝑛1𝑛2𝑝𝑞(𝜉̃, 𝜂)𝑒𝑖𝑛1Φ̃+𝑖𝑛2Ψ̃+𝑖𝑞𝜓𝑠+𝑖𝑝𝑡
 

 −𝐹(𝜉̃)
𝜕𝐶𝑛1𝑛2𝑝𝑞

𝜕𝜉
+ 𝜉̃ (𝑛1 + 𝑝𝑊𝜙 − 2𝑞(𝑎𝜙 + 𝑎𝑡𝑊𝜙)) 𝐶𝑛1𝑛2𝑝𝑞 = 0

𝐺(𝜂)
𝜕𝐶𝑛1𝑛2𝑝𝑞

𝜕𝜂

 +(2𝑞𝑎𝜓 − 𝑛2 + 𝑛1𝜂 − 2𝑎𝜙𝑞𝜂 + 𝑝𝜂𝑊𝜙 − 2𝑎𝑡𝑞𝜂𝑊𝜙 − 𝑝𝑊𝜓 + 2𝑎𝑡𝑞𝑊𝜓)𝐶𝑛1𝑛2𝑝𝑞 = 0

 

ℱ =
𝐹(𝜉̃)

𝜆3
+ 𝒪 (

1

𝜆2
) , 𝒢 =

𝐺(𝜂)

𝜆
+ 𝒪(𝜆0)

𝜆𝜔𝜙 = 𝑊𝜙 + 𝒪(𝜆), 𝜆𝜔𝜓 = 𝑊𝜓 + 𝒪(𝜆),

𝜆𝐴𝜙 = 𝑎𝜙 + 𝒪(𝜆), 𝜆𝐴𝜓 = 𝑎𝜓 + 𝒪(𝜆),

𝐴𝑡 = 𝑎𝑡 + 𝒪(𝜆)
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𝐽 = ∑  

𝑛1,𝑛2,𝑞

  (1 − 𝜂)
𝑛1−𝑛2

16(𝑎−1)(1+𝑎)2(1+𝑏)(1+𝑎+𝑏)(1 + 𝜂)
𝑛1+𝑛2

16(1+𝑎)(𝑏−1)(1+𝑏)2(1+𝑎+𝑏)

× (2 + 𝑏2(𝜂 − 1) − 𝑎2(1 + 𝜂))
−

(𝑎2+𝑏2−2)𝑛1+(𝑎−𝑏)(𝑎+𝑏)𝑛2−24(𝑎−1)(1+𝑎)2(𝑏−1)(1+𝑏)2(1+𝑎+𝑏)𝑞

16(𝑎−1)(1+𝑎)2(𝑏−1)(1+𝑏)2(1+𝑎+𝑏)  

× (2(1 + 𝑎)(1 + 𝑏)(1 + 𝑎 + 𝑏)(1 + 𝑎2 + 3𝑎(1 + 𝑏) + 𝑏(3 + 𝑏)) − 𝜉)
𝑛1+12(1+𝑎)2(1+𝑏)2(1+𝑎+𝑏)𝑞

8(1+𝑎)(1+𝑏)(1+𝑎2+3𝑎(1+𝑏)+𝑏(3+𝑏))(1+𝑎+𝑏) 

 × 𝜉
−

𝑛1−12(𝑎+𝑏)(2+𝑎+𝑏)(1+𝑎)(1+𝑏)(1+𝑎+𝑏)𝑞

8(1+𝑎)(1+𝑏)(1+𝑎+𝑏)(1+𝑎2+3𝑎(1+𝑏)+𝑏(3+𝑏)) × 𝑒𝑖𝑛1Φ̃+𝑖𝑛2Ψ̃+𝑖𝑞(𝜓𝑠+(3−2𝛼)𝑡)

 

𝑒0 = 𝑑𝑡 +
𝑟2

2𝑙
𝜎3

𝐿 +
𝑓𝑟2

1 +
𝑟2

𝑙2

𝜎1
𝐿 , 𝑒1 =

𝑑𝑟

1 +
𝑟2

𝑙2

𝑒2 =
𝑟

2
𝜎1

𝐿 , 𝑒3 =
𝑟

2
𝜎2

𝐿 , 𝑒4 =
𝑟√1 +

𝑟2

𝑙2

2
𝜎3

𝐿

 

𝐴 =
√3

2

𝑓𝑟2

1 +
𝑟2

𝑙2

𝜎1
𝐿 

𝑋1 = sinh 𝜌cosh 𝜌
𝜕

𝜕𝜌
− 𝑖𝑙sinh2 𝜌

𝜕

𝜕𝑡
+ 2𝑖

𝜕

𝜕𝜙

𝑋2 =
𝑒𝑖𝜙csc 𝜃

𝑙sinh 𝜌
(−𝑖sin 𝜃

𝜕

𝜕𝜃
+ cos 𝜃

𝜕

𝜕𝜙
−

𝜕

𝜕𝜓
) − 𝑓

tanh 𝜌

cosh 𝜌
(𝑙

𝜕

𝜕𝑡
+

𝜕

𝜕𝜉1
+

𝜕

𝜕𝜉2
+

𝜕

𝜕𝜉3
)

 

𝑋0 =
1

2𝑙
(𝑙

𝜕

𝜕𝑡
−

𝜕

𝜕𝜉1
−

𝜕

𝜕𝜉2
−

𝜕

𝜕𝜉3
) , 𝑋0 =

1

2𝑙
(𝑙

𝜕

𝜕𝑡
+

𝜕

𝜕𝜉1
+

𝜕

𝜕𝜉2
+

𝜕

𝜕𝜉3
) .  

𝜓0 = 𝑙cosh 𝜌𝑒−𝑖𝜉 , 𝜓1 = 𝑙sinh 𝜌cos 
𝜃

2
𝑒−

𝑖
2
(𝜙+𝜓+2𝜉), 𝜓2 = 𝑙sinh 𝜌sin 

𝜃

2
𝑒−

𝑖
2
(𝜙−𝜓+2𝜉)  

−𝑖(2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌)
𝜕𝐹

𝜕𝜉
+ 2𝑖𝑙2

𝜕𝐹

𝜕𝜙
= −𝑖𝜆𝑟sin 𝜃

𝜕𝐹

𝜕𝜃
+ 𝑖𝜆𝑖 (cos 𝜃

𝜕𝐹

𝜕𝜙
−

𝜕𝐹

𝜕𝜓
) 

(𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌
𝜕𝐹

𝜕𝜌
= 𝜆𝑖sin 𝜃

𝜕𝐹

𝜕𝜃
+ 𝜆𝑟 (cos 𝜃

𝜕𝐹

𝜕𝜙
−

𝜕𝐹

𝜕𝜓
)

 

𝜆(𝑥𝑖) = ∑  

𝑚,𝑛,𝑞

 𝐷𝑚𝑛𝑞(𝜌, 𝜃)𝑒𝑖𝑚𝜙+𝑖𝑛𝜓+𝑖𝑞𝜉
 

𝜆(𝑥𝑖) = 𝜆(𝜌, 𝜃) ≡ 𝜆𝑟(𝜌, 𝜃) + 𝑖𝜆𝑖(𝜌, 𝜃) 

(𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌
𝜕𝐶𝑚𝑛𝑞

𝜕𝜌
= 𝜆𝑖sin 𝜃

𝜕𝐶𝑚𝑛𝑞

𝜕𝜃
+ 𝑖𝜆𝑟(𝑚cos 𝜃 − 𝑛)𝐶𝑚𝑛𝑞(𝜌, 𝜃)

((2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌)𝑞 − 2𝑙2𝑚)𝐶𝑚𝑛𝑞(𝜌, 𝜃) =

−𝑖𝜆𝑟sin 𝜃
𝜕𝐶𝑚𝑛𝑞

𝜕𝜃
− 𝜆𝑖(𝑚cos 𝜃 − 𝑛)𝐶𝑚𝑛𝑞(𝜌, 𝜃)

 

𝜆𝑖 =
2𝑙2

cos 𝜃
 



pág. 8970 

𝜕ln 𝐶𝑚𝑛𝑞

𝜕𝜌
= 𝑖 (

𝜆𝑖((2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌)𝑞 − 2𝑙2𝑚)

𝜆𝑟(𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌
+

(𝜆𝑖
2 + 𝜆𝑟

2)(𝑚cos 𝜃 − 𝑛)

𝜆𝑟(𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌
), 

𝜕ln 𝐶𝑚𝑛𝑞

𝜕𝜃
= 𝑖 (

((2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌)𝑞 − 2𝑙2𝑚)

𝜆𝑟sin 𝜃
+

𝜆𝑖(𝑚cos 𝜃 − 𝑛)

𝜆𝑟sin 𝜃
)  

𝜕

𝜕𝜌
(
((2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌)𝑞 − 2𝑙2𝑚)

𝜆𝑟sin 𝜃
+

𝜆𝑖(𝑚cos 𝜃 − 𝑛)

𝜆𝑟sin 𝜃
)

=
𝜕

𝜕𝜃
(
𝜆𝑖((2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌)𝑞 − 2𝑙2𝑚)

𝜆𝑟(𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌
+

(𝜆𝑖
2 + 𝜆𝑟

2)(𝑚cos 𝜃 − 𝑛)

𝜆𝑟(𝑙2 + 3𝜔2)sinh 𝜌cosh 𝜌
)

 

𝜆𝑟 = 𝜆𝑖 = 2𝜔2 + (𝑙2 + 3𝜔2)sinh2 𝜌 

𝐹 = ∑  

𝑛,𝑞

  𝑐𝑛𝑞𝑒𝑖𝑛𝜓+𝑖𝑞𝜉𝑒

𝑖(𝑛−𝑞)log tan 
𝜃
2

+(2𝑛−𝑞)log ((sinh 𝜌)
2𝜔2

𝑙2+3𝜔2(cosh 𝜌)
𝑙2+𝜔2

𝑙2+3𝜔2)
 

𝑆 = ∫  √−𝑔 d4𝑥 {𝐺4(𝑋)𝑅 + 𝐺4𝑋 [(◻ 𝜑)2 − (∇𝜇∇𝜈𝜑)
2
]}  

𝑋 = −
1

2
𝑔𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑 

𝐺4(𝑋) = 𝜅 + ∑  

𝑖≥2

 𝛽𝑖(𝑋 − 𝑋0)𝑖
 

𝜑(𝑟, 𝜃) = √−2𝑋0[𝑎sin 𝜃 − √Δ − 𝑚ln (𝑟 − 𝑚 + √Δ)]  

𝜕𝑟𝜑 = −𝑟√
−2𝑋0

Δ
, 𝜕𝜃𝜑 = √−2𝑋0𝑎cos 𝜃  

𝑔𝜇𝜈 = 𝐶(𝜑, 𝑋)𝑔̃𝜇𝜈 + 𝐷(𝜑, 𝑋)𝜕𝜇𝜑𝜕𝜈𝜑,  

d𝑠2= 𝐶0 [− (1 −
2𝑀𝑟

Σ
) d𝑡2 −

4𝑎𝑀𝑟sin2 𝜃

Σ
 d𝑡 d𝜓 + (𝑟2 + 𝑎2 +

2𝑎2𝑀𝑟sin2 𝜃

Σ
) sin2 𝜃 d𝜓2] 

 +Σ [(
𝐶0

Δ
−

2𝐷0𝑋0𝑟2

ΔΣ
) d𝑟2 + (𝐶0 −

2𝐷0𝑋0𝑎2cos2 𝜃

Σ
) d𝜃2 +

4𝐷0𝑋0

√ΔΣ
𝑎𝑟cos 𝜃 d𝑟 d𝜃]

 

Σ = 𝑟2 + 𝑎2cos2 𝜃, Δ = 𝑟2 + 𝑎2 − 2𝑀𝑟  

Δ = 𝑟2 + 𝑎2 − 2𝑀𝑟 = 0  

𝐻(𝑥, 𝑝) =
1

2
𝑔𝜇𝜈(𝑥)𝑝𝜇𝑝𝜈 = 0  

𝐸 = −𝑝𝑡 = −𝑔𝑡𝑡 𝑡̇ − 𝑔𝑡𝜓𝜓̇, 𝐿𝑧 = 𝑝𝜓 = 𝑔𝑡𝜓𝑡̇ + 𝑔𝜓𝜓𝜓̇  
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𝑡̇ =
𝑔𝜓𝜓𝐸 + 𝑔𝑡𝜓𝐿𝑧

𝑔𝑡𝜓
2 − 𝑔𝑡𝑡𝑔𝜓𝜓

,

𝜓̇ =
𝑔𝑡𝜓𝐸 + 𝑔𝑡𝑡𝐿𝑧

𝑔𝑡𝑡𝑔𝜓𝜓 − 𝑔𝑡𝜓
2 ,

𝑟̈ =
1

2(𝑔𝑟𝑟𝑔𝜃𝜃 − 𝑔𝑟𝜃
2 )

{𝑔𝜃𝜃[𝑔𝑡𝑡,𝑟 𝑡̇2 − 𝑔𝑟𝑟,𝑟𝑟̇2 − 2𝑔𝑟𝑟,𝜃𝑟̇𝜃̇ + (𝑔𝜃𝜃,𝑟 − 2𝑔𝑟𝜃,𝜃)𝜃̇2 + 𝑔𝜓𝜓,𝑟𝜓̇2 + 2𝑔𝑟𝜓,𝑟 𝑡̇𝜓̇]

−𝑔𝑟𝜃[𝑔𝑡𝑡,𝜃 𝑡̇2 + (𝑔𝑟𝑟,𝜃 − 2𝑔𝑟𝜃,𝑟)𝑟̇2 − 2𝑔𝜃𝜃,𝑟𝑟̇𝜃̇ − 𝑔𝜃𝜃,𝜃𝜃̇2 + 𝑔𝜓𝜓,𝜃𝜓̇2 + 2𝑔𝑡𝜓,𝜃 𝑡̇𝜓̇]},

𝜃̈ =
1

2(𝑔𝑟𝜃
2 − 𝑔𝑟𝑟𝑔𝜃𝜃)

{𝑔𝑟𝜃[𝑔𝑡𝑡,𝑟 𝑡̇2 − 𝑔𝑟𝑟,𝑟𝑟̇2 − 2𝑔𝑟𝑟,𝜃𝑟̇𝜃̇ + (𝑔𝜃𝜃,𝑟 − 2𝑔𝑟𝜃,𝜃)𝜃̇2 + 𝑔𝜓𝜓,𝑟𝜓̇2 + 2𝑔𝑟𝜓,𝑟 𝑡̇𝜓̇]

−𝑔𝑟𝑟[𝑔𝑡𝑡,𝜃 𝑡̇2 + (𝑔𝑟𝑟,𝜃 − 2𝑔𝑟𝜃,𝑟)𝑟̇2 − 2𝑔𝜃𝜃,𝑟𝑟̇𝜃̇ − 𝑔𝜃𝜃,𝜃𝜃̇2 + 𝑔𝜓𝜓,𝜃𝜓̇2 + 2𝑔𝑡𝜓,𝜃 𝑡̇𝜓̇]}.

 

𝑒𝜇̂ = 𝑒𝜇̂
𝜈𝜕𝜈 ⊗ {𝑒𝑡̂ , 𝑒𝑟̂, 𝑒𝜃̂, 𝑒𝜓̂} ∫{𝜕𝑡 , 𝜕𝑟, 𝜕𝜃, 𝜕𝜓} 

𝑔𝜇𝜈𝑒𝛼̂
𝜇
𝑒
𝛽̂
𝜈 = 𝜂𝛼̂𝛽̂ 

𝑒𝜇̂
𝜈 = (

𝜁 0 0 𝛾
0 𝜂 𝜀 0

0 0 𝐴𝜃 0
0 0 0 𝐴𝜓

)  

 

𝑒𝜇̂𝑒𝜈̂ = 𝛿𝜇̂
𝜈̂,  

𝜁= √
𝑔𝜓𝜓

𝑔𝑡𝜓
2 − 𝑔𝑡𝑡𝑔𝜓𝜓

, 𝛾 = −
𝑔𝑡𝜓

𝑔𝜓𝜓
√

𝑔𝜓𝜓

𝑔𝑡𝜓
2 − 𝑔𝑡𝑡𝑔𝜓𝜓

, 𝜂 = √
𝑔𝜃𝜃

𝑔𝑟𝑟𝑔𝜃𝜃 − 𝑔𝑟𝜃
2 , 

𝜀 = −
𝑔𝑟𝜃

√𝑔𝜃𝜃(𝑔𝑟𝑟𝑔𝜃𝜃 − 𝑔𝑟𝜃
2 )

, 𝐴𝜃 =
1

√𝑔𝜃𝜃

, 𝐴𝜓 =
1

√𝑔𝜓𝜓

.
 

𝑝𝑡̂ = −𝑝𝑡̂ = −𝑒𝑡̂
𝜈𝑝𝜈 , 𝑝𝑖̂ = 𝑝𝑖̂ = 𝑒𝑖̂

𝜈𝑝𝜈 .  

𝑝𝑡̂ = 𝜁𝐸 − 𝛾𝐿, 𝑝𝑟̂ = 𝜂𝑝𝑟 + 𝜀𝑝𝜃 ,

𝑝𝜃̂ =
1

√𝑔𝜃𝜃

𝑝𝜃, 𝑝𝜓̂ =
1

√𝑔𝜓𝜓

𝐿
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𝛼= −𝑟𝑜𝑏𝑠

𝑝𝜓̂

𝑝𝑟̂
= −𝑟𝑜𝑏𝑠

1

√𝑔𝜓𝜓

𝑔𝑡𝜓𝑡̇ + 𝑔𝜓𝜓𝜓̇

𝜂(𝑔𝑟𝑟𝑟̇ + 𝑔𝑟𝜃𝜃̇) + 𝜀(𝑔𝑟𝜃𝑟̇ + 𝑔𝜃𝜃𝜃̇)
 

𝛽 = 𝑟𝑜𝑏𝑠

𝑝𝜃̂

𝑝𝑟̂
= 𝑟𝑜𝑏𝑠

1

√𝑔𝜃𝜃

𝑔𝑟𝜃𝑟̇ + 𝑔𝜃𝜃𝜃̇

𝜂(𝑔𝑟𝑟𝑟̇ + 𝑔𝑟𝜃𝜃̇) + 𝜀(𝑔𝑟𝜃𝑟̇ + 𝑔𝜃𝜃𝜃̇)

 

 

 

(𝛼𝑐 , 𝛽𝑐) =
1

𝑁
∑  (𝛼𝑖, 𝛽𝑖),  

𝑑𝑠2 =
1

𝐻2
[

1

𝛼2Σ
(−Δ𝑟 + 𝑎2Δ𝜃sin2 𝜃)𝑑𝑡2 +

2𝑎sin2 𝜃

𝛼Σ
(Δ𝑟 − Δ𝜃(𝑟2 + 𝑎2))𝑑𝑡𝑑𝜙

+
Σ

Δ𝑟
𝑑𝑟2 +

Σ

Δ𝜃
𝑑𝜃2 +

sin2 𝜃

Σ
(−𝑎2Δ𝑟sin2 𝜃 + Δ𝜃(𝑟2 + 𝑎2)2)𝑑𝜙2]

 

𝐻= 1 + 𝐴𝑟 cos 𝜃 , Σ = 𝑟2 + 𝑎2 cos2 𝜃 , Δ𝑟 = (1 − 𝐴2𝑟2)(𝑟2 − 2𝑀𝑟 + 𝑎2), 

Δ𝜃 = 1 + 2𝑀𝐴cos 𝜃 + 𝐴2𝑎2cos2 𝜃, 𝛼 = √
1 − 𝑎2𝐴2

1 + 𝑎2𝐴2
.

 

𝑟𝐴 =
1

𝐴
, 𝑟± = 𝑀 ± √𝑀2 − 𝑎2  

{
 
 
 
 

 
 
 
 

𝑟𝐸0 = 0

𝑟𝐸− =
1

3
(−

√𝑄3

𝐴2
+

𝐴2(3𝑎2 − 4𝑀2) − 3

√𝑄3
+ 2𝑀)

𝑟𝐸𝐴 =
1

6
(
(1 − 𝑖√3)√𝑄3

𝐴2
−

(1 + 𝑖√3)(𝐴2(3𝑎2 − 4𝑀2) − 3)

√𝑄3
+ 4𝑀)

𝑟𝐸 =
1

6
(
(1 + 𝑖√3)√𝑄3

𝐴2
−

(1 − 𝑖√3)(𝐴2(3𝑎2 − 4𝑀2) − 3)

√𝑄3
+ 4𝑀)
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{
𝑄 = 𝐴6(9𝑎2𝑀 − 8𝑀3) + 3√3√𝐷 + 18𝐴4𝑀

𝐷 = 𝐴6((𝑎2𝐴2 − 1)3 + 𝐴2𝑀2(−𝑎4𝐴4 + 20𝑎2𝐴2 + 8) − 16𝐴4𝑀4)
 

𝐴̂ = 𝐴𝑀 = √
5√5

2
−

11

2
= 0.30028 

𝑟𝐸 = 𝑟𝐸𝐴 =
1

2
(√5 + 3)𝑀 = 2.61803𝑀 

𝑆 = ∫  
𝜋

0

 ∫  
2𝜋

0

 √𝑔𝜃𝜃𝑔𝜙𝜙𝑑𝜙𝑑𝜃 =
4𝜋(𝑟+

2 + 𝑎2)

1 − 𝐴2𝑟+
2

 

𝑀𝑖𝑟𝑟 = √
𝑆

16𝜋
= √

𝑟+
2 + 𝑎2

4(1 − 𝐴2𝑟+
2)

 

𝐸extractable = 𝑀 − 𝑀𝑖𝑟𝑟 = 𝑀 − √
𝑟+

2 + 𝑎2

4(1 − 𝐴2𝑟+
2)

.  

𝑀𝑖𝑟𝑟,0 =
𝑀

√2(1 − 𝐴2𝑀2)
, 𝐸extractable ,0 = 𝑀 −

𝑀

√2(1 − 𝐴2𝑀2)
.  

{

𝐸̂0 = 𝜇̃1𝐸̂1 + 𝜇̃2𝐸̂2,
𝑝̂𝜙0 = 𝜇̃1𝑝̂𝜙1 + 𝜇̃2𝑝̂𝜙2,

𝑝̂𝑟0 = 𝜇̃1𝑝̂𝑟1 + 𝜇̃2𝑝̂𝑟2,

 

𝐸̂𝑖 = 𝐸𝑖/𝜇𝑖 , 𝑝̂𝜙𝑖 = 𝑝𝜙𝑖/(𝜇𝑖𝑀), 𝑝̂𝑟𝑖 = 𝑝𝑟𝑖/𝜇𝑖 , 𝜇̃𝑖 = 𝜇𝑖/𝜇0, 𝑖 ∈ 0,1,2.  

𝑉̂𝑖
± =

𝑔𝑡𝜙𝑝̂𝜙𝑖𝑀 ∓ √(𝑔𝑡𝜙)2𝑝̂𝜙𝑖
2 𝑀2 − 𝑔𝑡𝑡(𝑔𝜙𝜙𝑝̂𝜙𝑖

2 𝑀2 + 1)

𝑔𝑡𝑡

 

{
 
 
 
 
 

 
 
 
 
 

𝑝̂𝜙0 =
𝑔𝑡𝜙𝐸̂0 + √(𝑔𝑡𝜙)2𝐸̂0

2 − 𝑔𝜙𝜙(1 + 𝑔𝑡𝑡𝐸̂0
2)

𝑀𝑔𝜙𝜙

𝐸̂1 =

𝑔𝑡𝜙𝑝̂𝜙1𝑀 − √(𝑔𝑡𝜙)2𝑝̂𝜙1
2 𝑀2 − 𝑔𝑡𝑡(𝑔𝜙𝜙𝑝̂𝜙1

2 𝑀2 + 1)

𝑔𝑡𝑡

𝜇̃1 =
𝐸̂0𝐸̂1𝑔𝑡𝑡 − 𝐸̂1𝑔𝑡𝜙𝑀𝑝̂𝜙0 − 𝐸̂0𝑔𝑡𝜙𝑀𝑝̂𝜙1 + 𝑔𝜙𝜙𝑀2𝑝̂𝜙0𝑝̂𝜙1 + √𝐹

𝐸̂1
2𝑔𝑡𝑡 − 2𝐸̂1𝑔𝑡𝜙𝑀𝑝̂𝜙1 + 𝑔𝜙𝜙𝑀2𝑝̂𝜙1

2 + 𝜈2

𝐸̂2 =
𝐸̂0

𝜇̃2
−

𝐸̂1

𝜈
, 𝑝̂𝜙2 =

𝑝̂𝜙0

𝜇̃2
−

𝑝̂𝜙1

𝜈

 

𝐹 =−𝑔𝑡𝑡𝑔𝜙𝜙𝑀2𝐸̂1
2𝑝̂𝜙0

2 + (𝑔𝑡𝜙)
2
𝑀2𝐸̂1

2𝑝̂𝜙0
2 − 𝑔𝑡𝑡𝑔𝜙𝜙𝑀2𝐸̂0

2𝑝̂𝜙1
2 + (𝑔𝑡𝜙)

2
𝑀2𝐸̂0

2𝑝̂𝜙1
2  

 +2𝑔𝑡𝑡𝑔𝜙𝜙𝑀2𝐸̂0𝐸̂1𝑝̂𝜙0𝑝̂𝜙1 − 2(𝑔𝑡𝜙)
2
𝑀2𝐸̂0𝐸̂1𝑝̂𝜙0𝑝̂𝜙1 − 𝑔𝑡𝑡𝐸̂0

2𝜈2 + 2𝑔𝑡𝜙𝑀𝐸̂0𝑝̂𝜙0𝜈2

 −𝑔𝜙𝜙𝑀2𝑝̂𝜙0
2 𝜈2

 



pág. 8974 

𝑀𝑛 = 𝑀𝑛−1 + 𝐸̂1,𝑛−1𝜇1,𝑛−1, 𝐿𝑛 = 𝐿𝑛−1 + 𝑝̂𝜙1𝜇1,𝑛−1𝑀𝑛−1  

Δ𝑎̂𝑛−1 =
𝐿𝑛

𝑀𝑛
2 −

𝐿𝑛−1

𝑀𝑛−1
2 , Δ𝐴̂𝑛−1 = 𝐴𝑀𝑛 − 𝐴𝑀𝑛−1  

Δ𝑟+,𝑛−1 = 𝑀𝑛 (1 + √1 − 𝑎̂𝑛
2) − 𝑀0 (1 + √1 − 𝑎̂0

2)  

Δ𝑀𝑖𝑟𝑟,𝑛−1 = √
𝑟+,𝑛

2 + (𝑎̂𝑛𝑀𝑛)2

4(1 − 𝐴2𝑟+,𝑛
2 )

− √
𝑟+,0

2 + (𝑎̂0𝑀0)2

4(1 − 𝐴2𝑟+,0
2 )

 

Δ𝐸extractable ,𝑛−1 = Δ𝑀𝑛−1 − Δ𝑀𝑖𝑟𝑟,𝑛−1  

𝐸extracted ,𝑛 = 𝑀0 − 𝑀𝑛.  

𝜉𝑛 = 𝐸extracted ,𝑛/(𝑛𝐸0)  

Ξ𝑛 = 𝐸extracted ,𝑛/(𝐸extractable ,0 − 𝐸extractable ,𝑛)  

𝑉̂𝑖
+(𝑟̂𝑑) = 𝐸̂𝑖 , 𝑑𝑉̂𝑖

+/𝑑𝑟̂|𝑟̂=𝑟̂𝑑
= 0  

Ω𝐾 =
−𝜕𝑟𝑔𝑡𝜙 + √(𝜕𝑟𝑔𝑡𝜙)

2
− (𝜕𝑟𝑔𝑡𝑡)(𝜕𝑟𝑔𝜙𝜙)

𝜕𝑟𝑔𝜙𝜙
=

√𝑀(1 + 𝐴2𝑟2) − 𝐴2𝑟3

𝛼 (𝑟3/2 + 𝑎√𝑀(1 + 𝐴2𝑟2) − 𝐴2𝑟3)
.  

ℰ̂ = −
𝑔𝑡𝑡 + 𝑔𝑡𝜙Ω𝐾

√−𝑔𝑡𝑡 − 2𝑔𝑡𝜙Ω𝐾 − 𝑔𝜙𝜙Ω𝐾
2

=
(Δ𝑟 − 𝑎2) + 𝑎√𝑟𝑋

𝛼𝑟√Δ𝑟 − 𝑎2 + 2𝑎√𝑟𝑋 − 𝑟𝑋2

,
 

𝑋 = √𝑀(1 + 𝐴2𝑟2) − 𝐴2𝑟3.  

(4𝑟Δ𝑟 − Σ𝜕𝑟Δ𝑟)2 = 16𝑎2𝑟2Δ𝑟Δ𝜃sin2 𝜃.  

𝑎̂min,1 = √𝑟̂𝑑(2 − 𝑟̂𝑑)  

𝑆 = ∫  d10𝑥√𝐺𝑒−2Φ (ℛ + 4(∇Φ)2 −
𝛼′

2
tr|𝐹|2)  

 3tr|𝐹|2 ∝ 𝑅−4 

tr|𝐹|2 =
C

𝑅4
 

d𝑠2 = 𝑒2Σ(𝑟)d𝑡E
2 + 𝑁2(𝑟)d𝑟2 + 𝑅2(𝑟)dΩ𝑛

2 + d𝑋𝑖 d𝑋𝑖  (𝑖 = 1,2, ⋯ , 𝑝)  

ℓ0 ≡ √
𝛼′C

𝑛(𝑛 − 1)
, 
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𝑡̃E ≡
𝑡E

ℓ0
, 𝜏 ≡

𝑟

ℓ0√
8

𝑛(𝑛 − 1)

,
 

 

d𝑠2 = ℓ0
2𝑒2Σ(𝜏)d𝑡̃E

2 +
8ℓ0

2

𝑛(𝑛 − 1)
𝑁2(𝜏)d𝜏2 + ℓ0

2𝑒2𝜎(𝜏)dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖  

 

𝑅 = ℓ0𝑒𝜎(𝜏) 

 

𝑆= 𝑉𝑝 ∫   d𝑛 + 2𝑥√𝐺𝑒−2Φ (ℛ + 4(∇Φ)2 −
𝛼′

2
tr|𝐹|2)  

∝ ∫  d𝜏𝑁𝑒−2𝜑 [−
𝑛

8
(𝑁−1𝜎′)2 −

1

8
(𝑁−1Σ′)2 +

1

2
(𝑁−1𝜑′)2 + 𝑒−2𝜎 −

1

2
𝑒−4𝜎] 

 ≡ ∫  d𝜏ℒ

 

𝜑 ≡ Φ −
1

2
Σ −

𝑛

2
𝜎 

 

𝑛

4
(𝜎′′ − 2𝜑′𝜎′) − 2(𝑒−2𝜎 − 𝑒−4𝜎) = 0

Σ′′ − 2𝜑′Σ′ = 0

𝜑′′ − 𝜑′2 −
𝑛

4
𝜎′2 −

1

4
Σ′2 + 2𝑒−2𝜎 − 𝑒−4𝜎 = 0

𝑛

4
𝜎′2 +

1

4
Σ′2 − 𝜑′2 + 2𝑒−2𝜎 − 𝑒−4𝜎 = 0

 

 

𝜑′′ − 2𝜑′2 + 2 = 0  

 

𝜑 = −
1

2
ln sinh (2𝜏) +

1

2
ln 𝑐1  
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𝑒−2𝜑(𝜏=0) ⋆ 𝑒−2Φ(𝜏=0)+Σ(𝜏=0) = 〈ϱ̂〉 

dΣ′

Σ′
= 2𝜑′d𝜏 

Σ′ = 𝐷1𝑒2𝜑 =
𝐷1𝑐1

sinh (2𝜏)

Σ =
𝐷1𝑐1

2
ln tanh 𝜏 + ln 𝐷2 

 

d𝑠2= ℓ0
2𝐷2

2tanh2 𝜏 d𝑡̃E
2 +

8ℓ0
2

𝑛(𝑛 − 1)
d𝜏2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖  

 = 𝐷2
2tanh2 

(

 
𝑟

ℓ0√
8

𝑛(𝑛 − 1))

 d𝑡E
2 + d𝑟2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖

 

d𝑠2 = tanh2 

(

 
𝑟

ℓ0√
8

𝑛(𝑛 − 1))

 d𝑡E
2 + d𝑟2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖

 

d𝑠2 ≃

(

 
𝑟

ℓ0√
8

𝑛(𝑛 − 1))

 

2

 d𝑡E
2 + d𝑟2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖.  

𝑇 = √
𝑛(𝑛 − 1)

8

1

2𝜋ℓ0
.  

Φ = 𝜑 +
1

2
Σ = −ln cosh 

(

 
𝑟

ℓ0√
8

𝑛(𝑛 − 1))

 +
1

2
ln 

𝐷2𝑐1

2
.  
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Φ0 =
1

2
ln 

𝐷2𝑐1

2
 

𝑀 ∝ 𝑒2Φ0 =
𝐷2𝑐1

2
 

𝑆 = 𝑉𝑝 ∫   d𝑛+2𝑥√𝐺𝑒−2Φ (ℛ + 4(∇Φ)2 −
𝛼′

2
tr|𝐹|2)  

𝐹𝑡̃E𝜏= 𝜕𝑡̃E
𝐴𝜏 − 𝜕𝜏𝐴𝑡̃E

− 𝑖[𝐴𝑡̃E
, 𝐴𝜏] 

 = −𝐴𝑡̃E

′  

d𝑠2= 𝑒2Σ(𝑟)d𝑡E
2 + 𝑁2(𝑟)d𝑟2 + 𝑅2(𝑟)dΩ𝑛

2 + d𝑋𝑖 d𝑋𝑖  

 = ℓ0
2𝑒2Σ(𝜏)d𝑡̃E

2 +
8ℓ0

2

𝑛(𝑛 − 1)
𝑁2(𝜏)d𝜏2 + ℓ0

2𝑒2𝜎(𝜏)dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖

 

tr|𝐹|2=
C

𝑅4
+  𝜕4௹̿̿̿̿ ⋅ tr(𝐹𝑡̃E𝜏𝐹𝑡̃E𝜏𝐺𝑡̃E𝑡̃E𝐺𝜏𝜏) 

 =
C

𝑅4
+ ریال4⃡��

    ⋅ 𝐴𝑡̃E

′2 𝑒−2Σ

 

1

𝑞2

2

𝛼′

𝑛(𝑛 − 1)

ℓ0
2  

𝑆 ∝ ∫   d𝜏𝑒−2𝜑 (−
𝑛

8
𝜎′2 −

1

8
Σ′2 +

1

2
𝜑′2 + 𝑒−2𝜎 −

1

2
𝑒−4𝜎 −

1

𝑞2
𝐴𝑡̃E

′2 𝑒−2Σ) ≡ ∫  d𝜏ℒ
 

 

𝑛

4
(𝜎′′ − 2𝜑′𝜎′) − 2(𝑒−2𝜎 − 𝑒−4𝜎) = 0

Σ′′ − 2𝜑′Σ′ = −
8

𝑞2
𝑒−2Σ𝐴𝑡̃E

′2

𝜑′′ − 𝜑′2 −
𝑛

4
𝜎′2 −

1

4
Σ′2 + 2𝑒−2𝜎 − 𝑒−4𝜎 −

2

𝑞2
𝑒−2Σ𝐴𝑡̃E

′2 = 0

𝐴𝑡̃E

′′ − 2(𝜑′ + Σ′)𝐴𝑡̃E

′ = 0

𝑛

4
𝜎′2 +

1

4
Σ′2 − 𝜑′2 + 2𝑒−2𝜎 − 𝑒−4𝜎 +

2

𝑞2
𝑒−2Σ𝐴𝑡̃E

′2 = 0

 

𝜑′′ − 2𝜑′ + 2 = 0  

𝜑 = −
1

2
ln sinh (2𝜏) +

1

2
ln 𝑐1  

𝐴𝑡̃E

′ = 𝑖𝐶𝑒2𝜑+2Σ  

Σ′′ + 2coth(2𝜏)Σ′ =
8𝐶2𝑐1

2

𝑞2

𝑒2Σ

sinh2 (2𝜏)

Σ′2 −
8𝐶2𝑐1

2

𝑞2

𝑒2Σ

sinh2 (2𝜏)
−

4

sinh2 (2𝜏)
= 0

 



pág. 8978 

Σ′ = ±√1 +
2𝐶2𝑐1

2

𝑞2
𝑒2Σ

2

sinh (2𝜏)
 

dΣ

√1 +
2𝐶2𝑐1

2

𝑞2 𝑒2Σ

=
2

sinh (2𝜏)
d𝜏

 

 

𝑒2Σ =
2𝑞2𝑐2

2

𝐶2𝑐1
2

tanh2 𝜏

(1 − 𝑐2
2tanh2 𝜏)2

 

 

𝐴𝑡̃E

′ = 𝑖
2𝑞2𝑐2

2

𝐶𝑐1

tanh2 𝜏

(1 − 𝑐2
2tanh2 𝜏)2

1

sinh (2𝜏)
 

𝐴𝑡̃E
= −𝑖

𝑞2𝑐2
2

2𝐶𝑐1

sinh2 𝜏

𝑐2
2 + (1 − 𝑐2

2)cosh2 𝜏
+ const  

Φ = 𝜑 +
1

2
Σ

 = −
1

2
ln sinh (2𝜏) +

1

4
ln (

2𝑞2𝑐2
2

𝐶2

tanh2 𝜏

(1 − 𝑐2
2tanh2 𝜏)2

)
 

( 𝜏 ∼ 0 ) is Φ ∼ −
1

2
ln 𝜏 +

1

4
ln 𝜏2 +ϡ→Ѭ 

𝑡E ↦
√2𝑞𝑐2

𝐶𝑐1(1 − 𝑐2
2)

𝑡E 

d𝑠2 = d𝑡E 2 + d𝑟2 + ⋯ 

d𝑠2 =
ℓ0

2(1 − 𝑐2
2)2tanh2 𝜏

(1 − 𝑐2
2tanh2 𝜏)2

 d𝑡̃E
2 +

8ℓ0
2

𝑛(𝑛 − 1)
d𝜏2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖  

𝐴𝑡̃E
= −𝑖

𝑞𝑐2(1 − 𝑐2
2)

2√2

sinh2 𝜏

𝑐2
2 + (1 − 𝑐2

2)cosh2 𝜏
+ Ϣ.  

d𝑠2=
ℓ0

2(1 − 𝑐2
2)2tanh2 𝜏

(1 − 𝑐2
2tanh2 𝜏)2

 d𝑡̃E
2 +

8ℓ0
2

𝑛(𝑛 − 1)
d𝜏2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖 

𝐴𝑡̃E
 = −𝑖

𝑞𝑐2(1 − 𝑐2
2)

2√2

sinh2 𝜏

𝑐2
2 + (1 − 𝑐2

2)cosh2 𝜏
+ const

Φ = −
1

2
ln sinh (2𝜏) +

1

4
ln (

2𝑞2𝑐2
2

𝐶2

tanh2 𝜏

(1 − 𝑐2
2tanh2 𝜏)2

)

 

𝑆 = ∫  d2𝑥√−𝐺𝑒−2Φ(ℛ − 𝑐 + (∇Φ)2 − tr|𝐹|2)  
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d𝑠2 = −
(m2 − q2)sinh2 2𝜆𝑟

( m + √m2 − q2cosh2 2𝜆𝑟)
2  d𝑡2 + d𝑟2

𝐴𝑡 =
√2q

( m + √m2 − q2cosh2 𝜆𝑟)
2 −

√2q

( m + √m2 − q2)
2

Φ = Φ0 −
1

2
ln [

1

2
(

 m

√ m2 − q2
+ cosh 2𝜆𝑟)]

 

𝑐2
2 =

m−√m2−q2

 m+√m2−q2
, 𝜆 = √

𝑛(𝑛−1)

8ℓ0
2 , and Φ0 =

1

2
ln 

𝑞𝑐2

√2𝐶(1−𝑐2
2)

 

ℛ𝑆𝑛 =
𝑛(𝑛 − 1)

𝑅2
 

𝑄 =
√𝑛(𝑛 − 1)

ℓ0

𝑐2tanh 𝜏

1 − 𝑐2
2tanh2 𝜏

𝑒−2Φ0  

q

m
=

2𝑐2

1 + 𝑐2
2 

𝑀 = √
𝑛(𝑛 − 1)

2ℓ0
2

1 + 𝑐2
2

1 − 𝑐2
2 𝑒−2Φ0  

d𝑠2  = ℓ0
2

(1 − 𝑐2
2)2tanh2 𝜏

(1 − 𝑐2
2tanh2 𝜏)2

 d𝑡̃E
2 +

8ℓ0
2

𝑛(𝑛 − 1)
d𝜏2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖

 ≃ (1 − 𝑐2
2)2

(

 
𝑟

ℓ0√
8

𝑛(𝑛 − 1))

 

2

 d𝑡E
2 + d𝑟2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖

 

𝑇 = √
𝑛(𝑛 − 1)

8

1 − 𝑐2
2

2𝜋ℓ0

 

Φ = Φ0 −
1

2
ln [

1

2
(
1 + 𝑐2

2

1 − 𝑐2
2 + cosh 2𝜏)]  

𝑡̃E ↦ (1 − 𝑐2
2)𝑡̃E 

d𝑠2= ℓ0
2sinh2 (2𝜏)d𝑡̃E

2 +
8ℓ0

2

𝑛(𝑛 − 1)
d𝜏2 + ℓ0

2 dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖  

 =
2ℓ0

2

𝑛(𝑛 − 1)
[
𝑛(𝑛 − 1)

2
sinh2 𝜏̃ d𝑡̃E

2 + d𝜏̃2] + ℓ0
2 dΩ𝑛

2 + d𝑋𝑖 d𝑋𝑖 , (𝜏̃ ≡ 2𝜏)

 

Φ =
1

4
ln 

𝑞2

2𝐶2
 

𝑡̃E ↦ (1 − 𝑐2
2)𝑡̃E 
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𝐴𝑡̃E
= −𝑖

𝑞

2√2
sinh2 𝜏 + Ѩ  

ℒ = 𝑅 −
6

𝐿2
−

1

4
𝐹𝜇𝜈

2 − |𝜕𝜇𝜓 − 𝑖𝑞𝐴𝜇|
2

− 𝑚2|𝜓|2  

𝑚eff
2 = 𝑚2 + 𝑔𝑡𝑡𝑞2Φ  

ℒ = 𝑅 −
6

𝐿2
−

1

4
(𝐹𝜇𝜈

𝑎 )
2

 

[𝜆𝑎, 𝜆𝑏] = 𝜖𝑎𝑏𝑐𝜆𝑐

𝐹𝜇𝜈
𝑎 = 𝜕𝜇𝐴𝜈

𝑎 − 𝜕𝜈𝐴𝜇
𝑎 + 𝑔𝜖𝑎𝑏𝑐𝐴𝜇

𝑏𝐴𝜈
𝑐  

d𝑠2 = 𝑒2𝑎(𝑟)(−ℎ(𝑟)d𝑡2 + (d𝑥1)2 + (d𝑥2)2) +
d𝑟2

𝑒2𝑎(𝑟)ℎ(𝑟)
 

𝐴 = 𝐴𝜇
𝑎𝜆𝑎 d𝑥𝜇 

𝐴 = 𝜙(𝑟)𝜆3 d𝑡 + 𝑤(𝑟)(𝜆1 d𝑥1 + 𝜆2 d𝑥2)  

d𝑠2 = − (1 −
2𝑀

𝑟
+

𝑄2

𝑟2
+

𝑟2

𝐿2) d𝑡2 +
d𝑟2

(1 −
2𝑀
𝑟

+
𝑄2

𝑟2 +
𝑟2

𝐿2)
+ 𝑟2 dΩ2

2
 

(
𝜆1

𝜆2) ↦ (
cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

) (
𝜆1

𝜆2) .  

(
𝜆1

𝜆2) ↦ (
cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

) (
𝜆1

𝜆2) , (
𝑥1

𝑥2) ↦ (
cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

) (
𝑥1

𝑥2)  

d𝑠2 = −
(1 − 𝑐2

2)2tanh2 𝜏

(1 − 𝑐2
2tanh2 𝜏)2

 d𝑡̃2 +
8ℓ0

2

𝑛(𝑛 − 1)
d𝜏2 + ℓ0

2 dΩ𝑛
2 + ℓ0

2( d𝑥1)2 + ℓ0
2( d𝑥2)2 + d𝑋𝑖 d𝑋𝑖

(𝑖 = 3,4, ⋯ , 𝑝)

 

𝐴 = 𝜙(𝜏)𝜆3 d𝑡̃ + 𝑤(𝑡̃, 𝜏)(𝜆1 d𝑥1 + 𝜆2 d𝑥2)  

𝜙(𝜏) =
𝑞𝑐2(1 − 𝑐2

2)

2√2

sinh2 𝜏

𝑐2
2 + (1 − 𝑐2

2)cosh2 𝜏
 

𝐴 = 𝐴𝜇
𝑎𝜆𝑎 d𝑥𝜇 

𝐴𝑡̃
3 = 𝜙(𝜏), 𝐴𝑥1

1 = 𝑤(𝑡̃, 𝜏), 𝐴𝑥2
2 = 𝑤(𝑡̃, 𝜏)  

𝐹𝜇𝜈 = 𝐹𝜇𝜈
𝑎 𝜆𝑎 = (𝜕𝜇𝐴𝜈

𝑎 − 𝜕𝜈𝐴𝜇
𝑎 + 𝜖𝑎𝑏𝑐𝐴𝜇

𝑏𝐴𝜈
𝑐 )𝜆𝑎 

𝐹𝜏𝑥1
1 = 𝑤′, 𝐹𝑡̃𝑥2

1 = −𝜙𝑤, 𝐹𝑡̃𝑥1
1 = 𝜕𝑡̃𝑤

𝐹𝜏𝑥2
2 = 𝑤′, 𝐹𝑡̃𝑥1

2 = 𝜙𝑤, 𝐹𝑡̃𝑥2
2 = 𝜕𝑡̃𝑤

𝐹𝜏𝑡̃
3 = 𝜙′, 𝐹𝑥1𝑥2

3 = 𝑤2

 



pág. 8981 

𝐹𝜇𝜈
𝑎 𝐹𝜌𝜎

𝑎 𝐺𝜇𝜌𝐺𝜈𝜎 =
2

ℓ0
4 [

𝑛(𝑛 − 1)

4
𝑤′2 − 2𝜙2𝑤2𝑒−2Σ −

𝑛(𝑛 − 1)

8
𝜙′2𝑒−2Σ − 2(𝜕𝑡̃𝑤)2𝑒−2Σ + 𝑤4] ,  

ℒ𝑆𝑈(2)∝ √−𝐺𝑒−2Φ [
𝑛(𝑛 − 1)

4
𝑤′2 − 2𝜙2𝑤2𝑒−2Σ −

𝑛(𝑛 − 1)

8
𝜙′2𝑒−2Σ − 2(𝜕𝑡̃𝑤)2𝑒−2Σ + 𝑤4] 

 ∝ 𝑒−2𝜑 [
𝑛(𝑛 − 1)

4
𝑤′2 − 2𝜙2𝑤2𝑒−2Σ −

𝑛(𝑛 − 1)

8
𝜙′2𝑒−2Σ − 2(𝜕𝑡̃𝑤)2𝑒−2Σ + 𝑤4]

 

d𝑠2 = −ℓ0
2𝑒2Σ d𝑡̃2 +

8ℓ0
2

𝑛(𝑛 − 1)
d𝜏2 + ℓ0

2 dΩ𝑛 2 + ℓ0
2( d𝑥1)2 + ℓ0

2( d𝑥2)2 + ⋯ 

𝑛(𝑛 − 1)

8
𝑒2Σ𝑤′′ −

𝑛(𝑛 − 1)

4
𝜑′𝑒2Σ𝑤′ + 𝜙2𝑤 = (𝜕𝑡̃

2𝑤)  

𝑤(𝑡̃, 𝜏) = 𝑓(𝜏)𝑔(𝑡̃), we get 𝜕𝑡̃
2𝑔 = −𝜔2𝑔 with the solution 𝑔(𝑡̃) = 𝑒±𝑖𝜔𝑡̃ 

𝑤 = 𝑓(𝜏)𝑒−𝑖𝜔𝑡̃ 

𝑓′′(𝜏) + 2coth(2𝜏)𝑓′(𝜏) +
𝑞2𝑐2

2

𝑛(𝑛 − 1)
sinh2 𝜏cosh2 𝜏 [

1 − 𝑐2
2tanh2 𝜏

𝑐2
2 + (1 − 𝑐2

2)cosh2 𝜏
]

2

𝑓(𝜏)

 = −
8𝜔2

𝑛(𝑛 − 1)

(1 − 𝑐2
2tanh2 𝜏)2

(1 − 𝑐2
2)2tanh2 𝜏

𝑓(𝜏)

 

𝑇 = √
𝑛(𝑛 − 1)

8

1 − 𝑐2
2

2𝜋ℓ0
 

𝑓′′(𝜏) + 2coth(2𝜏)𝑓′(𝜏) = −
8𝜔2

𝑛(𝑛 − 1)
coth2𝜏𝑓(𝜏)  

d𝜏∗

 d𝜏
= √

8

𝑛(𝑛 − 1)
𝑒−Σ = √

8

𝑛(𝑛 − 1)
coth𝜏 

d2𝑓

 d𝜏∗
2

+ [√
𝑛(𝑛 − 1)

2
tanh2 𝜏]

d𝑓

 d𝜏∗
= −𝜔2𝑓  

𝑔(𝜏(𝜏∗)) ≡ √
𝑛(𝑛 − 1)

2
tanh2 𝜏 

𝜓 ≡ exp [
1

2
∫  𝑔(𝜏∗)d𝜏∗] 𝑓 

−
d2𝜓(𝜏∗)

d𝜏∗
2

+ [
1

2

 d𝑔(𝜏∗)

d𝜏∗
+

1

4
𝑔2(𝜏∗)] 𝜓 = 𝜔2𝜓(𝜏∗)  

𝑉 =
1

2

 d𝑔

 d𝜏∗
+

1

4
𝑔2 
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𝜏∗ = √
8

𝑛(𝑛 − 1)
ln sinh 𝜏 

𝑔(𝜏∗) = √
𝑛(𝑛 − 1)

2
(exp [−√

𝑛(𝑛 − 1)

2
𝜏∗] + 1)

−1

 

𝑉(𝜏∗ = ∞) =
𝑛(𝑛 − 1)

8
≡ 𝑉∞ 

𝜓(𝜏∗ = −∞) ∼ 𝑒−𝑖𝜔𝜏∗ 

𝜓(𝜏∗ = ∞) ∼ {𝑒𝑖√𝜔2−𝑉∞𝜏∗ (𝜔2 > 𝑉∞)

0 ( otherwise )
 

∫  
∞

−∞

  |
d𝜓

 d𝜏∗
|
2

 d𝜏∗ + ∫  
∞

−∞

 𝑉|𝜓|2 d𝜏∗ = 𝜔2 ∫  
∞

−∞

  |𝜓|2 d𝜏∗ + [𝜓∗
 d𝜓

 d𝜏∗
]
−∞

∞

 

[𝜓∗
 d𝜓

 d𝜏∗
]
−∞

∞

= 𝑖𝜔 

𝜔 = 𝜔R − 𝑖𝜔I(𝜔R > 0) 

−2𝑖𝜔R𝜔I ∫  
∞

−∞

  |𝜓|2 d𝜏∗ + 𝑖𝜔R = 0, 𝜔I =
1

2 ∫  
∞

−∞
  |𝜓|2 d𝜏∗

≥ 0 (𝜔R ≠ 0)  

d𝜏∗

 d𝜏
= √

8

𝑛(𝑛 − 1)
𝑒−Σ = √

8

𝑛(𝑛 − 1)

1

sinh 2𝜏
 

𝜑′ = −
1

2
Σ′ 

−
d2𝑓

 d𝜏∗
2

+ [−
𝑞2

8
sinh4 𝜏] 𝑓 = 𝜔2𝑓  

𝑉 = −
𝑞2

8
sinh4 𝜏 

𝜏∗ = √
2

𝑛(𝑛 − 1)
ln tanh 𝜏 

𝑉= −
𝑞2

8
sinh4 𝜏  

 = −
𝑞2

8

1

(𝑒−√2𝑛(𝑛−1)𝜏∗ − 1)
2
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𝑉 ≃ −
𝑞2

16𝑛(𝑛 − 1)

1

𝜏∗
2
 

−
d2

 d𝑟2
𝜓 −

𝛼

𝑟2
𝜓 = 𝐸𝜓  

𝑟 → 𝜆𝑟, 𝐸 → 𝐸/𝜆2 

𝑞2 > 4𝑛(𝑛 − 1)  

ℛ −
𝛼′

2
tr|𝐹|2 

d𝑠2 = −𝑒2Σ1(𝑟)d𝑡2 + 𝑒2Σ2(𝑟)d𝑤2 + d𝑟2 + 𝑅2(𝑟)dΩ𝑛 2 + d𝑋𝑖 d𝑋𝑖  

tr|𝐹|2 =
C

𝑅4
 

𝑆 = ∫  d𝑥10√−𝐺𝑒−2Φ (ℛ + 4(∇Φ)2 −
𝛼′

2
tr|𝐹|2 −

1

12
𝐻𝑎𝑏𝑐𝐻𝑎𝑏𝑐)  

ℛ = ℛ𝑛+1 + dimℝ4 ∫ ∂4𝔊̃gravity  

ℛ𝑛+1 = −2𝑛
 d

 d𝑟
(

 dln 𝑅

 d𝑟
) − 𝑛(𝑛 + 1) (

dln 𝑅

 d𝑟
)

2

+
𝑛(𝑛 − 1)

𝑅2
,  

ℛ𝑆𝑛 −
𝛼′

2
tr|𝐹|2 

Λ = − (ℛ𝑆𝑛 −
𝛼′

2
tr|𝐹|2) 

𝑆 = ∫  d3𝑥√−𝐺3𝑒−2Φ (ℛ3 − Λ + 4(∇Φ)2 −
1

12
𝐻𝑎𝑏𝑐𝐻𝑎𝑏𝑐)  

d𝑠2 = − (
𝑟̂2

𝑙2
− 1) d𝑡̂2 + (

𝑟̂2

𝑙2
− 1)

−1

 d𝑟̂2 + 𝑟̂2 d𝜑̂2 + ℓ0
2 dΩ𝑛

2 + d𝑋𝑖 d𝑋𝑖 

𝐵𝜑̂𝑡̂ =
𝑟̂2

𝑙
 

𝑀 = √
𝑛(𝑛 − 1)

2ℓ0
2 𝑒−2Φ0cosh 2𝛾

√2𝑄 = √
𝑛(𝑛 − 1)

2ℓ0
2 𝑒−2Φ0sinh 2𝛾
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d𝑠2  = 𝑒2Σ(𝜏)d𝑡E
2 + 𝑁2(𝑟)d𝑟2 + 𝑅2(𝑟)dΩ𝑛

2 + d𝑋𝑖 d𝑋𝑖

 = ℓ0
2𝑒2Σ(𝜏)d𝑡̃E

2 +
8ℓ0

2

𝑛(𝑛 − 1)
𝑁2(𝜏)d𝜏2 + ℓ0

2𝑒2𝜎(𝜏)dΩ𝑛
2 + d𝑋𝑖 d𝑋𝑖

 

𝑆 = 𝑉𝑝 ∫   d𝑛+2𝑥√𝐺𝑛+1,𝜇𝜈𝑒−2Φ (ℛ + 4(∇Φ)2 −
𝛼′

2
[

C

𝑅4
+

1

𝑞2

2

𝛼′

𝑛(𝑛 − 1)

ℓ0
2 𝐴𝑡̃E

′2 𝑒−2Σ])

∝  ∫  d𝑛+1𝑥√𝐺𝑛+1,𝜇𝜈𝑒−2Φ+Σ

(ℛ𝑛+1 − 2𝑒−Σ∇𝑛+1
2 𝑒Σ + 4(∇Φ)2 −

𝑛(𝑛 − 1)

2ℓ0
2 𝑒−4𝜎 −

1

𝑞2

𝑛(𝑛 − 1)

ℓ0
2 𝐴𝑡̃E

′2 𝑒−2Σ)

 

ℛ = ℛ𝑛+1 − 2𝑒−Σ∇𝑛+1
2 𝑒Σ  

Φ𝑛+1 = Φ −
1

2
Σ 

∫  d𝑛+1𝑥√𝐺𝑛+1,𝜇𝜈𝑒−2Φ𝑛+1(−2𝑒−Σ∇𝑛+1
2 𝑒Σ + 4(∇Φ)2)  

=∫  d𝑛+1𝑥√𝐺𝑛+1,𝜇𝜈𝑒−2Φ𝑛+1 (−2∇𝑛+1
2 Σ − 2(∇𝑛+1Σ)2 + 4 (∇𝑛+1Φ𝑛+1 +

1

2
∇𝑛+1Σ)

2

)  

=∫  d𝑛+1𝑥√𝐺𝑛+1,𝜇𝜈𝑒−2Φ𝑛+1(4(∇𝑛+1Φ)2 − (∇𝑛+1Σ)2 + 4(∇𝑛+1
𝜇

Φ𝑛+1)(∇𝑛+1,𝜇Σ) − 2∇𝑛+1
2 Σ) 

=∫  d𝑛+1𝑥√𝐺𝑛+1,𝜇𝜈𝑒−2Φ𝑛+1(4(∇𝑛+1Φ)2 − (∇𝑛+1Σ)2)  

   −2 ∫   d𝑛+1𝑥√𝐺𝑛+1,𝜇𝜈∇𝜇(𝑒−2Φ𝑛+1∇𝑛+1
𝜇

Σ)

 

𝑆 ∝ ∫   d𝑛+1𝑥√𝐺𝑛+1,𝜇𝜈𝑒−2Φ𝑛+1(ℛ𝑛+1 + 4(∇𝑛+1Φ𝑛+1)2 − (∇𝑛+1Σ)2 −
𝑛(𝑛 − 1)

2ℓ0
2 𝑒−4𝜎 −

1

𝑞2

𝑛(𝑛 − 1)

ℓ0
2 𝐴𝑡̃E

′2 𝑒−2Σ)

 

 

ℛ𝑛+1 = −2𝑛
1

𝑁

 d

 d𝑟
(

1

𝑁

 dln 𝑅

 d𝑟
) − 𝑛(𝑛 + 1) (

1

𝑁

 dln 𝑅

 d𝑟
)

2

+
𝑛(𝑛 − 1)

𝑅2
.  
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𝑅 = ℓ0𝑒𝜎, 𝑟 = √
8

𝑛(𝑛 − 1)
ℓ0𝜏 

𝜑 = Φ𝑛+1 −
𝑛

2
𝜎 

𝑆 ∝ ∫   d𝜏𝑒−2𝜑 (−2𝑛𝜎′′ + 4𝑛𝜎′𝜑′ − 𝑛𝜎′2 + 4𝜑′2 − Σ′2 + 8𝑒−2𝜎 − 4𝑒−4𝜎 −
8

𝑞2
𝐴𝑡̃E

′2 𝑒−2Σ)

= ∫  d𝜏𝑒−2𝜑 (−𝑛𝜎′2 + 4𝜑′2 − Σ′2 + 8𝑒−2𝜎 − 4𝑒−4𝜎 −
8

𝑞2
𝐴𝑡̃E

′2 𝑒−2Σ)  

 + ∫  d𝜏[−𝑒−2𝜑(2𝑛𝜎′)]′

 

𝑆 ∝ ∫   d𝜏𝑒−2𝜑 (−
𝑛

8
𝜎′2 −

1

8
Σ′2 +

1

2
𝜑′2 + 𝑒−2𝜎 −

1

2
𝑒−4𝜎 −

1

𝑞2
𝐴𝑡̃E

′2 𝑒−2Σ) ≡ ∫  d𝜏ℒ
 

 

Π𝜎 =
𝜕ℒ

𝜕𝜎′
= −

𝑛

4
𝜎′𝑒−2𝜑

Π𝜑 =
𝜕ℒ

𝜕𝜑′
= 𝜑′𝑒−2𝜑

ΠΣ =
𝜕ℒ

𝜕Σ′
= −

1

4
Σ′𝑒−2𝜑

Π𝐴𝑡̃E
=

𝜕ℒ

𝜕𝐴𝑡̃E

= −
2

𝑞2
𝐴𝑡̃E

′ 𝑒−2𝜑−2Σ

 

ℋ≡ Π𝜎𝜎′ + Π𝜑𝜑′ + ΠΣΣ′ + Π𝐴𝑡̃E
𝐴𝑡̃E

′ − ℒ  

 = 𝑒2𝜑 (−
2

𝑛
Π𝜎

2 − 2ΠΣ
2 +

1

2
Π𝜑

2 −
𝑞2

4
𝑒2ΣΠ𝑡̃E

2 ) − 𝑒−2𝜑 (𝑒−2𝜎 −
1

2
𝑒−4𝜎)

 

𝑛

4
(𝜎′′ − 2𝜑′𝜎′) − 2(𝑒−2𝜎 − 𝑒−4𝜎) = 0

Σ′′ − 2𝜑′Σ′ = −
8

𝑞2
𝑒−2Σ𝐴𝑡̃E

′2

𝜑′′ − 𝜑′2 −
𝑛

4
𝜎′2 −

1

4
Σ′2 + 2𝑒−2𝜎 − 𝑒−4𝜎 = 0

𝐴𝑡̃E

′′ − 2(𝜑′ + Σ′)𝐴𝑡̃E

′ = 0

 

ℋ= 𝑒2𝜑 (−
2

𝑛
Π𝜎

2 − 2ΠΣ
2 +

1

2
Π𝜑

2 −
𝑞2

4
𝑒2ΣΠ𝐴𝑡̃E

2 ) − 𝑒−2𝜑 (𝑒−2𝜎 −
1

2
𝑒−4𝜎) 

 =
𝑛

4
𝜎′2 +

1

4
Σ′2 − 𝜑′2 + 2𝑒−2𝜎 − 𝑒−4𝜎 = 0

 

𝑟∗
2 = 𝜇2 (

𝜋2𝑛5𝑛𝑝
⊥

6
)

1
2

, 𝜇2 =
𝑔𝑠

2(𝛼′)3

𝑉4

 

𝑑𝑠2= −2𝑑𝑢𝑑𝑣 − 2𝜔𝑖𝑑𝑥𝑖𝑑𝑣 − ℱ𝑑𝑣2 + 𝑍2𝑑𝑥2 + 𝑑𝑠2(ℝ4) 

𝑒2Φ = 𝑔𝑠
2𝑍2

𝐵(2) = (𝑎1 − 𝜔) ∧ 𝑑𝑣 + 𝛾2
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𝑑𝜔 +∗4 𝑑𝜔 = 𝑑𝑎1 + 𝜕𝑣𝛾2 , 𝑑𝛾2 =∗4 𝑑𝑍2  

𝑢 =
1

√2
(𝑡 − 𝑦) , 𝑣 =

1

√2
(𝑡 + 𝑦)  

𝜅0
2 = 26𝜋7𝑔𝑠

2(𝛼′)4  

𝜅6
2 =

𝜅0
2

(2𝜋)4𝑉4
=

4𝜋3𝑔𝑠
2(𝛼′)4

𝑉4

 

ℐ =
1

2𝜅6
2 ∫  𝑑6𝑥√−𝐺𝑒−2Φ (𝑅 + 4𝐺𝜇𝜈𝜕𝜇Φ𝜕𝜈Φ −

1

12
𝐻𝛼𝛽𝛾𝐻𝛼𝛽𝛾)  

𝒮SYM = −𝑇5 ∫  𝑑6𝜉(𝑒−2Φ√−𝐺 + 𝐵̃)  

𝑇5 =
2𝜋2𝛼′

𝜅0
2  

∗ 𝑑𝐵̃(6) = 𝑒−2Φ𝑑𝐵(2)  

𝒮SYM = −
𝜏NS5

2
∫  𝑑2𝜎√−𝛾(𝛾𝑎𝑏𝑒−2Φ𝐺𝜇𝜈𝜕𝑎 F𝜇𝜕𝑏 F𝜈 + 𝜖𝑎𝑏𝐵̃𝜇𝜈𝜕𝑎 F𝜇𝜕𝑏 F𝜈)  

𝜏NS5 =
2𝜋2𝛼′

𝜅6
2 =

1

2𝜋𝜇2
 , 𝜇2 ≡

𝑔𝑠
2(𝛼′)3

𝑉4
 

𝒮sym = −
𝜏NS5

2
∫  𝑑2𝜎√−𝛾(𝛾𝑎𝑏𝑒−2Φ𝐺𝜇𝜈𝜕𝑎 F𝜇𝜕𝑏 F𝜈 + 𝜖𝑎𝑏𝐵̃𝜇𝜈𝜕𝑎 F𝜇𝜕𝑏 F𝜈)𝛿4(x − F)  

𝑍2(𝑣, x) = 1 + 𝛼′ ∑  

𝑛5

m=1

 
1

|x − Fm(𝑣)|2
 

𝜔𝑖(𝑣, x) = 𝛼′ ∑  

𝑛5

m=1

 
𝜕𝑣 Fm𝑖

|x − Fm(𝑣)|2
 

ℱ(𝑣, x) = −𝛼′ ∑  

𝑛5

m=1

 
|𝜕𝑣 Fm|2

|x − Fm(𝑣)|2
 

|𝛿x| ∼ 𝜇(𝑛𝑝
⊥𝑛5)

1/4
 

𝒫(𝑑) ≈ [
3

2𝜋2𝑁
]

1
2

𝑥2𝑒−𝑥2
, 𝑥 = [

3

2𝜋2𝑁
]

1
4 𝑑

𝜇
, 𝑁 = 𝑛𝑝𝑛5
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𝑑𝑠10
2 = −

2

𝑍1
(𝑑𝑣 + 𝛽) [𝑑𝑢 + 𝜔 +

ℱ

2
(𝑑𝑣 + 𝛽)] + 𝑍2𝑑𝑠2(ℬ) + 𝑑𝑠2(ℳ)  

𝐵(2)= 𝑑𝑢 ∧ 𝑑𝑣 −
1

𝑍1
(𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + 𝑎1 ∧ (𝑑𝑣 + 𝛽) + 𝛾2  

𝑒2Φ = 𝑔𝑠
2

𝑍2

𝑍1

𝐵̃(6) =
1

𝑔𝑠
2 vol(ℳ) ∧ [−

1

𝑍2
(𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + 𝑎2 ∧ (𝑑𝑣 + 𝛽) + 𝛾1]

 

𝑑𝑠2=
1

𝑍1
𝑏 (−𝑑𝑡b

2 + 𝑑𝑦b
2 −

1

2
ℱ𝑏(𝑑𝑡b + 𝑑𝑦b)2) + 𝑍2

𝑏𝑑x2 + 𝑑𝑠ℝ4
2  

 =
𝑟b

2

𝑟b
2 + 𝑄1

(−𝑑𝑡b
2 + 𝑑𝑦b

2 +
𝑄𝑝

𝑟b
2

(𝑑𝑡b + 𝑑𝑦b)2) + (1 +
𝑄5

𝑟b
2) (𝑑𝑟b

2 + 𝑟b
2𝑑Ω3

2) + 𝑑𝑠ℝ4
2

 

𝑄5 = 𝑛5𝛼′ , 𝑄1 =
𝑔𝑠

2𝑛1(𝛼′)3

𝑉4
 , 𝑄𝑝 =

𝑔𝑠
2𝑛𝑝(𝛼′)4

𝑉4𝑅𝑦
2  

𝐵(2)= (1 −
𝑟𝑏

2

𝑟𝑏
2 + 𝑄1

) 𝑑𝑡𝑏 ∧ 𝑑𝑦𝑏 + 𝛾2 

𝑒2Φ = 𝑔𝑠
2

𝑟𝑏
2 + 𝑄5

𝑟𝑏
2 + 𝑄1

 

𝑑𝛾2 = −𝑄5vol(Ω3) 

𝑡𝑏 = 𝑅𝑦𝑡, 𝑦𝑏 = 𝑅𝑦𝑦, 𝑟𝑏 = 𝑎𝑟, 𝑎2 =
𝑔𝑠

2(𝛼′)4

𝑅𝑦
2𝑉4

𝑛5𝑛1 =
𝑄1𝑄5

𝑅𝑦
2  

𝑟 ≫
𝑅𝑦

√𝑛5𝛼′
 

𝑑𝑠NS5
2 =

𝑛5𝛼′𝑅𝑦
2𝑟2

𝑛5𝛼′𝑟2 + 𝑅𝑦
2 [−𝑑𝑡2 + 𝑑𝑦2 +

𝑛𝑝

𝑛1𝑛5

1

𝑟2
(𝑑𝑡 + 𝑑𝑦)2] + 𝑛5𝛼′ [(

𝑑𝑟

𝑟
)

2

+ 𝑑Ω3
2] + 𝑑𝑠ℝ4

2  

𝐵(2)= 𝑅𝑦
2 (1 −

𝑛5𝛼′𝑟2

𝑛5𝛼′𝑟2 + 𝑅𝑦
2) 𝑑𝑡 ∧ 𝑑𝑦 + 𝛾2 

𝑒2Φ =
𝑛5𝑉4𝑅𝑦

2

𝑛1(𝛼′)2

1

𝑛5𝛼′𝑟2 + 𝑅𝑦
2

 

𝑟 =
𝑅𝑦

√𝑛5𝛼′
≡ 𝑟AdS3 

𝑑𝑠AdS3
2 = 𝑛5𝛼′ (𝑟2(−𝑑𝑡2 + 𝑑𝑦2) +

𝑑𝑟2

𝑟2
+ 𝑑Ω3

2) +
𝑛𝑝

𝑛1
𝛼′(𝑑𝑡 + 𝑑𝑦)2 + 𝑑𝑠ℝ4

2  

𝑒2Φ =
𝑛5𝑉4

𝑛1(𝛼′)2  
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𝑟 ∼ (
𝑛𝑝

𝑛1𝑛5
)

1/2

≡ 𝑟AdS2  

𝑅𝑦,ℎ𝑜𝑟

√𝛼′
= √

𝑛𝑝

𝑛1
 

r ≡ 2√
𝑛5𝑛1

𝑛𝑝
𝑟2 , t = 𝑡  

𝑑𝑠AdS2
2 ∼

𝑛5𝛼′

4
(−r2𝑑t2 +

𝑑r2

r2 ) +
𝑛𝑝

𝑛1
𝛼′(𝑑𝑦 + 𝑑t)2 + 𝑛5𝛼′𝑑Ω3

2 + 𝑑𝑠𝕋4
2  

𝑟𝑑 ≡
1

√𝑛5
 

𝑑𝑠̃NS5
2 = −

𝑅𝑦̃
2𝑛5

2𝑟4𝑑𝑡̃2

(𝑛5𝑟2 +
𝑛𝑝

𝑛1
) (𝑛5𝑟2 +

𝑅𝑦
2

𝛼′ )

+ 𝑅𝑦̃
2

(𝑛5𝑟2 +
𝑅𝑦

2

𝛼′ )

(𝑛5𝑟2 +
𝑛𝑝

𝑛1
)

(𝑑𝑦̃ +
𝑅𝑦

2𝑑𝑡̃

𝑛5𝛼′𝑟2 + 𝑅𝑦
2)

2

+ 𝑛5𝛼′ (
𝑑𝑟2

𝑟2
+ 𝑑Ω3

2) + 𝑑𝑠ℝ4
2  

𝑑𝑠̃AdS2
2 ∼

𝑛5𝛼′

4
(−r̃2𝑑t̃2 +

𝑑r̃2

r̃2 ) +
𝑛1

𝑛𝑝
𝛼′(𝑑𝑦̃ + 𝑑t̃)2 + 𝑛5𝛼′𝑑Ω3

2 + 𝑑𝑠𝕋4
2  

r̃ ≡
2𝑅𝑦̃

2

𝛼′ √
𝑛5𝑛1

𝑛𝑝
𝑟2 , t̃ = 𝑡̃  

𝑅𝑦̃,ℎ𝑜𝑟

√𝛼′
= √

𝑛1

𝑛𝑝
 

𝑒2Φ =
𝑉4

(𝛼′)2𝑛1 (𝑟2 +
𝑛𝑝

𝑛1𝑛5
)

 

𝑒2Φ ≈
𝑛5𝑉4

𝑛𝑝(𝛼′)2  

𝑑𝑠BTZ
2 = ℓAdS

2 [−𝑓(r)𝑑t2 +
𝑑r2

𝑓(r)
+ r2 (𝑑y −

r+r−

r2
𝑑t)

2

] , 𝑓(r) =
(r2 − r+

2)(r2 − r−
2)

r2
 

𝑀 =
𝑁

2
(r+

2 + r−
2), 𝐽 = 𝑛𝑝 = 𝑁r+r−, 𝑇 =

r+
2 − r−

2

2𝜋r+

 

𝑀 − 𝑀ext = 𝑇 ⟹ r+ = rext +
1

𝜋𝑁
≡ rqu  

𝑟qu
2 = 4rext(rqu − rext) =

4

𝜋

𝑛𝑝
1/2

𝑁3/2
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𝑟2 = 𝑛𝑝/𝑁 

r = √2rext = √2𝑛𝑝/𝑁 

𝐿throat

𝑅AdS2
= 2 ∫  

𝑟AdS2

𝑟qu

 
𝑑𝑟

𝑟
≈ 2 [log (

𝑛𝑝
1/2

𝑁1/2
) − log (

𝑛𝑝
1/4

𝑁3/4
)] = log (√𝑛5𝑛1𝑛𝑝) ≈ log (𝑆0)  

𝑎2 ≈
𝜇2𝛼′

𝑅𝑦
2 2𝐽𝑅 

𝑛

ℓ

𝑏2

2
= 𝑄𝑝 

𝑎2 +
1

2
𝑏2 =

𝜇2𝛼′

𝑅𝑦
2 𝑁 

𝑏2

𝑎2
∼

𝑁

𝐽𝑅
 

𝐿𝑏𝑎

𝑅AdS2
= log (

𝑏2

𝑎2) ≈ log (
𝑁

𝐽𝑅
) .  

𝐿cap

𝑅AdS2
≈ ∫  

𝑎√𝑛/ℓ

0

 
𝑑𝑟

√𝑟2 + 𝑎2
≈ log √𝑛/ℓ  

𝐿tot

𝑅AdS2
=

𝐿𝑏𝑎 + 𝐿cap

𝑅AdS2
≈ log (

𝑁√𝑛/ℓ

𝐽𝑅
) = log (

√𝑛1𝑛5𝑛𝑝

𝐽𝑅
) .  

𝒮DBI = 𝜏𝐷1 ∫  𝑒−Φ√det[𝐺 + (𝐵 − 𝐹)] + 𝜏𝐷1 ∫  𝐶 ∧ 𝑒𝐵−𝐹  

𝜏𝐷1 =
1

2𝜋𝛼′𝑔𝑠
≡

1

ℓ𝑛𝑎
2  

𝑀D1 =
|Fm

𝑏 (𝑣) − Fm′
𝑏 (𝑣)|

ℓ𝑛𝑎
2

 

𝜏D2 =
|F̂m(𝑣) − F̂m′(𝑣)|

4𝜋2(𝛼′)3/2
 

𝑑𝑠2 = −
2

𝑍1
𝑑𝑢𝑑𝑣 + 𝑍2 (𝑑x𝑖 −

𝜔𝑖

𝑍1𝑍2
𝑑𝑣)

2

− (
ℱ

𝑍1
+

𝜔𝑖𝜔
𝑖

𝑍1
2𝑍2

) 𝑑𝑣2  

𝑑𝑢′ = 𝑑𝑢 +
1

2
(ℱ +

𝜔𝑖𝜔
𝑖

𝑍1𝑍2
) 𝑑𝑣 , 𝑑𝑣′ = 𝑑𝑣 , 𝑑x𝑖

′ = 𝑑x𝑖 −
𝜔𝑖

𝑍1𝑍2
𝑑𝑣  

𝑒2Φ = 𝑔𝑠
2𝑍2/𝑍1⨂(𝑛𝑝

⊥/𝑛5)
1/2
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|𝛿F̂|2 = 𝑂(𝛼′) 

|𝛿F̂|2 = 𝑂 (𝛼′/(𝑉4)
1
2) 

𝐽𝑅 ∼ 𝑂 ((𝑉4)
1
2/𝛼′) 

|𝛿x| ∼ 𝜇(𝑛𝑝
⊥𝑛5)

1/4
∼ 𝜇(𝑛𝑝𝑛5)

1/6
 

𝑣𝑜𝑙𝕊3 ∼ 𝑛5
3/2

 

𝑣𝑜𝑙𝕊1 ∼ (𝑛𝑝
⊥/𝑛5)

1/4
 

𝑒2Φ ∼ (𝑛5/𝑛𝑝
⊥)

1/2
𝑉4 

𝐴𝑏

𝐺𝑁
∼ [𝑛5

3/2
(
𝑛𝑝

⊥

𝑛5
)

1/4

𝑉4] [(
𝑛𝑝

⊥

𝑛5
)

1/2
1

𝑉4
] = (𝑛𝑝

⊥𝑛5)
3/4

 

𝑛𝑝
⊥/𝑛𝑝 ∼ (𝑛𝑝𝑛5)

−1/3
 

ℐbulk =
1

2𝜅6
2 ∫  𝑑6𝑥𝑒−2Φ√−𝐺 (𝑅 + 4𝐺𝜇𝜈𝜕𝜇Φ𝜕𝜈Φ −

1

12
𝐻𝛼𝛽𝛾𝐻𝛼𝛽𝛾)

𝒮source = −
𝜏F1 

2
∫  𝑑2𝜎[(√−𝛾𝛾𝑎𝑏𝐺𝜇𝜈𝜕𝑎X𝜇𝜕𝑏X𝜈 + 𝜖𝑎𝑏𝐵𝜇𝜈𝜕𝑎X𝜇𝜕𝑏X𝜈)

+(√−𝛾𝛾𝑎𝑏𝐺𝐼𝐽𝜕𝑎Z𝐼𝜕𝑏Z𝐽 + 𝜖𝑎𝑏𝐵𝐼𝐽𝜕𝑎Z𝐼𝜕𝑏Z𝐽)]

 −
𝜏NS 5

2
∫  𝑑2𝜎̃(√−𝛾̃𝛾̃𝑎𝑏𝑒−2Φ𝐺𝜇𝜈𝜕𝑎 F𝜇𝜕𝑏 F𝜈 + 𝜖𝑎𝑏𝐵̃𝜇𝜈𝜕𝑎 F𝜇𝜕𝑏 F𝜈)

 

𝑇𝜇𝜈 =
2

√−𝐺

𝛿𝒮source 

𝛿𝐺𝜇𝜈
=−

1

√−𝐺
𝜏F1√−𝛾𝛾𝑎𝑏𝜕𝑎X𝜇𝜕𝑏X𝜈𝛿4(x − X)  

 −
1

√−𝐺
𝜏NS5𝑒−2Φ√−𝛾̃𝛾̃𝑎𝑏𝜕𝑎 F𝜇𝜕𝑏 F𝜈𝛿4(x − F)

 

𝑇𝐼𝐽 =
2

√−𝐺

𝛿𝒮source 

𝛿𝐺𝐼𝐽
= −

1

√−𝐺
𝜏F1√−𝛾𝛾𝑎𝑏𝜕𝑎Z𝐼𝜕𝑏Z𝐽𝛿4(x − X)  

𝑇𝐼𝜇 = −
1

√−𝐺
𝜏F1√−𝛾𝛾𝑎𝑏𝜕𝑎Z𝐼𝜕𝑏X𝜇𝛿4(x − X)  

𝑇𝑣𝑣 = 0, 𝑇𝑣𝑖 = 0, 𝑇𝑖𝑗 = 0

𝑇𝑢𝑣 =
1

√−𝐺
𝜏F1𝛿4(x − X(𝑣)) +

1

√−𝐺
𝜏NS5𝑒−2Φ𝛿4(x − F(𝑣))

𝑇𝑢𝑗 =
1

√−𝐺
[𝜏F1𝜕𝑣𝑋𝑗𝛿4(x − X(𝑣)) + 𝜏NS5𝑒−2Φ𝜕𝑣𝐹𝑗𝛿4(x − F(𝑣))]

𝑇𝑢𝑢 =
2

√−𝐺
[𝜏F1𝜕𝑣X𝑢𝛿4(x − X(𝑣)) + 𝜏NS5𝑒−2Φ𝜕𝑣𝐹𝑢𝛿4(x − F(𝑣))]
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Θ1 = 𝑑𝑎1 + 𝜕𝑣𝛾2

Θ2 = 𝑑𝑎2 + 𝜕𝑣𝛾1
 

𝒮F1 = −
𝜏F1

2
∫  𝑑2𝜎(√−𝛾𝛾𝑎𝑏(𝐺𝜇𝜈𝜕𝑎X𝜇𝜕𝑏X𝜈 + 𝜕𝑎Z𝐼𝜕𝑏Z𝐼) + 𝜖𝑎𝑏𝐵𝜇𝜈𝜕𝑎X𝜇𝜕𝑏X𝜈)  

𝒮NS5 = −
𝜏NS5

2
∫  𝑑2𝜎̃(√−𝛾̃𝛾̃𝑎𝑏𝑒−2Φ𝐺𝜇𝜈𝜕𝑎 F𝜇𝜕𝑏 F𝜈 + 𝜖𝑎𝑏𝐵̃𝜇𝜈𝜕𝑎 F𝜇𝜕𝑏 F𝜈)  

∇2 F𝜇 = −Γ̃𝛼𝛽
𝜇

𝛾𝑎𝑏𝜕𝑎 F𝛼𝜕𝑏 F𝛽 +
1

2
(∗ 𝐻)𝛼𝛽

𝜇
𝜖𝑎𝑏𝜕𝑎 F𝛼𝜕𝑏 F𝛽  

∇2𝑋𝜇 = −Γ𝛼𝛽
𝜇

𝛾𝑎𝑏𝜕𝑎𝑋𝛼𝜕𝑏𝑋𝛽 +
1

2
𝐻𝛼𝛽

𝜇
𝜖𝑎𝑏𝜕𝑎𝑋𝛼𝜕𝑏𝑋𝛽  

𝛾𝑎𝑏 = 𝜂𝑎𝑏 , 𝛾̃𝑎𝑏 = 𝜂𝑎𝑏  

X𝑖 = X𝑖(𝜎+), Z𝐼 = Z𝐼(𝜎+), F𝑖 = F𝑖(𝜎+)  

𝐺𝜇𝜈𝜕𝑣X𝜇𝜕𝑣X𝜇 + 𝐺𝐼𝐽𝜕𝑣Z𝐼𝜕𝑣Z𝐽= 0  

𝑒−2Φ𝐺𝜇𝜈𝜕𝑣 F𝜇𝜕𝑣 F𝜇 = 0
 

−
2

𝑍1
𝜕𝑣𝑋𝑢𝜕𝑣𝑋𝑣 − 2

𝜔𝑖

𝑍1
𝜕𝑣𝑋𝑖𝜕𝑣𝑋𝑣 −

ℱ

𝑍1
𝜕𝑣𝑋𝑣𝜕𝑣𝑋𝑣 + 𝑍2𝜕𝑣𝑋𝑖𝜕𝑣𝑋𝑖 + 𝜕𝑣𝑍𝐼𝜕𝑣𝑍𝐼 = 0  

𝜕𝑣𝑋𝑢 =
1

2
𝑍1(𝑍2𝜕𝑣𝑋𝑖𝜕𝑣𝑋𝑖 + 𝜕𝑣𝑍𝐼𝜕𝑣𝑍𝐼) −

ℱ

2
− 𝜔𝑖𝜕𝑣𝑋𝑖  

𝜕𝑣 F𝑢 =
1

2
𝑍1𝑍2𝜕𝑣 F𝑖𝜕𝑣 F𝑖 −

ℱ

2
− 𝜔𝑖𝜕𝑣 F𝑖  

∇2𝑍2 = −2𝜅6
2𝜏NS5 ∑  

𝑛5

m=1

 𝛿4(x − Fm(𝑣))  

𝑍2(x, 𝑣) = 1 +
𝜅6

2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
1

|x − Fm(𝑣)|2
 

∇2𝑍1 = −2𝜅6
2𝜏F1 ∑  

𝑛1

n=1

 𝛿4(x − Xn(𝑣))  

𝑍1(x, 𝑣) = 1 +
𝜅6

2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
1

|x − Xn(𝑣)|2
 

𝑑𝛾1 =∗4 𝑑𝑍1  

𝑑𝛾2 =∗4 𝑑𝑍2  

(𝑑𝜔)𝑖𝑗 + (∗ 𝑑𝜔)𝑖𝑗 = 𝑍1(∗ Θ1)𝑖𝑗 + 𝑍2Θ2𝑖𝑗  
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1

𝑍2

(Θ1 −∗ Θ1) =
1

𝑍1

(Θ2 −∗ Θ2)  

1

𝑍2
2 (𝑑𝜔 +∗ 𝑑𝜔)𝑖𝑗𝜕𝑗𝑍2−

1

𝑍2
(∇2𝜔𝑖 − 𝜕𝑖(𝜕𝑗𝜔𝑗))  

+𝜕𝑣𝜕𝑖𝑍1 +
𝑍1

𝑍2
𝜕𝑗Θ1𝑖𝑗 +

1

𝑍2
Θ1𝑖𝑗𝜕𝑗𝑍1 −

𝑍1

𝑍2
2 Θ1𝑖𝑗𝜕𝑗𝑍2

 = 2𝜅6
2𝜏F1 ∑  

𝑛1

n=1

 𝜕𝑣𝑋𝑖𝑛𝛿4(x − Xn(𝑣))

 

∇2𝜔𝑖 − 𝜕𝑖(𝜕𝑗𝜔𝑗) − 𝑍1𝜕𝑣𝜕𝑖𝑍2 − 𝑍2𝜕𝑖𝜕𝑣𝑍1 − Θ2𝑖𝑗𝜕𝑗𝑍2 − Θ1𝑖𝑗𝜕𝑗𝑍1

 = −2𝜅6
2 (𝜏F1𝑍2 ∑  

𝑛1

n=1

 𝜕𝑣Xn
𝑖 𝛿4(x − Xn(𝑣)) + 𝜏NS5𝑍1 ∑  

𝑛5

m=1

 𝜕𝑣 Fm
𝑖 𝛿4(x − Fm(𝑣)))

 

𝜕𝑗Θ1𝑖𝑗 − 𝜕𝑣𝜕𝑖𝑍2 = −2𝜅6
2𝜏NS5 ∑  

𝑛5

m=1

 𝜕𝑣 Fm
𝑖 𝛿4(x − Fm(𝑣))  

∇2𝑎1𝑖 − 𝜕𝑖(𝜕𝑗𝑎1𝑗) + 𝜕𝑣𝜕𝑗𝛾2𝑖𝑗 − 𝜕𝑣𝜕𝑖𝑍2 = −2𝜅6
2𝜏NS5 ∑  

𝑛5

m=1

 𝜕𝑣 Fm
𝑖 𝛿4(x − Fm(𝑣))  

∇2𝑎1𝑖 = −2𝜅6
2𝜏NS5 ∑  

𝑛5

m=1

 𝜕𝑣 Fm
𝑖 𝛿4(x − Fm(𝑣))  

𝑎1𝑖 =
𝜅6

2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
𝜕𝑣 Fm𝑖

|x − Fm(𝑣)|2
+ 𝑏1𝑖  

𝜕𝑗𝑎2𝑗 = −𝜕𝑣𝑍1 , 𝜕𝑗𝛾1𝑖𝑗 = 0  

∇2𝑎2𝑖 = −2𝜅6
2𝜏F1 ∑  

𝑛1

n=1

 𝜕𝑣Xn𝑖𝛿
4(x − Xn(𝑣))  

𝑎2𝑖 =
𝜅6

2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
𝜕𝑣Xn𝑖

|x − Xn(𝑣)|2
+ 𝑏2𝑖  

Θ1𝑖𝑗 = −
𝜅6

2𝜏NS5

𝜋2
∑  

𝑛5

m=1

 
𝜕𝑣 Fm𝑖(x𝑗 − Fm𝑗) − 𝜕𝑣 Fm𝑗(x𝑖 − Fm𝑖) + 𝜖𝑖𝑗𝑘𝑙𝜕𝑣 Fm𝑘(x𝑙 − Fm𝑙)

|x − Fm|4
 

𝜕𝑣𝛾2 =∗ 𝑑𝑎1 , 𝜕𝑣𝛾1 =∗ 𝑑𝑎2  
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𝛾2=
1

6

𝜅6
2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
𝜖𝑖𝑗𝑘𝑙(x𝑖 − Fm

𝑖 )(x𝑗 − Fm
𝑗

)𝑑x𝑘 ∧ 𝑑x𝑙

|x − Fm|2 ((x𝑗 − Fm𝑗)
2

+ (x𝑙 − Fm𝑙)
2)

 

𝑏1 =
1

6

𝜅6
2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
𝜖𝑖𝑗𝑘𝑙(x𝑖 − Fm

𝑖 )(x𝑗 − Fm
𝑗

)(𝜕𝑣 Fm
𝑘 𝑑x𝑙 − 𝜕𝑣 Fm

𝑙 𝑑x𝑘)

|x − Fm|2 ((x𝑗 − Fm𝑗)
2

+ (x𝑙 − Fm𝑙)
2)

 

x → x − F(𝑣), 𝑑x → 𝑑x − 𝜕𝑣 F𝑑𝑣 

Θ2𝑖𝑗 = −
𝜅6

2𝜏F1

𝜋2
∑  

𝑛1

n=1

 
𝜕𝑣Xn𝑖(x𝑗 − Xn𝑗) − 𝜕𝑣Xn𝑗(x𝑖 − Xn𝑖) + 𝜖𝑖𝑗𝑘𝑙𝜕𝑣Xn𝑘(x𝑙 − Xn𝑙)

|x − Xn|4
 

𝛾1=
1

6

𝜅6
2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
𝜖𝑖𝑗𝑘𝑙(x𝑖 − Xn

𝑖 )(x𝑗 − Xn
𝑗
)𝑑x𝑘 ∧ 𝑑x𝑙

|x − Xn|2 ((x𝑗 − Xn𝑗)
2

+ (x𝑙 − Xn𝑙)
2)

 

𝑏2 =
1

6

𝜅6
2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
𝜖𝑖𝑗𝑘𝑙(x𝑖 − Xn

𝑖 )(x𝑗 − Xn
𝑗
)(𝜕𝑣Xn

𝑘𝑑x𝑙 − 𝜕𝑣Xn
𝑙 𝑑x𝑘)

|x − Xn|2 ((x𝑗 − Xn𝑗)
2

+ (x𝑙 − Xn𝑙)
2)

 

R̃m ≡ x − Fm(𝑣), Rn ≡ x − Xn(𝑣), Dmn ≡  Fm − Xn = Rn − R̃m

𝒜𝑖𝑗 ≡ R̃m𝑖Rn𝑗 − Rn𝑖R̃m𝑗 − 𝜖𝑖𝑗𝑘𝑙R̃m𝑘Rn𝑙
 

∇2𝜔𝑖 − 𝜕𝑖(𝜕𝑗𝜔𝑗) − 𝑍1𝜕𝑣𝜕𝑖𝑍2 − 𝑍2𝜕𝑖𝜕𝑣𝑍1 − Θ2𝑖𝑗𝜕𝑗𝑍2 − Θ1𝑖𝑗𝜕𝑗𝑍1

 = −2𝜅6
2 (𝜏F1 ∑  

𝑛1

n=1

 𝑍2𝜕𝑣Xn
𝑖 𝛿4(x − Xn(𝑣)) + ∑  

𝑛5

m=1

 𝑍1𝜏NS5𝜕𝑣 Fm
𝑖 𝛿4(x − Fm(𝑣)))

 

𝜕𝑗𝜔𝑗 = −𝜕𝑣(𝑍1𝑍2)  

∇2𝜔𝑖 = −𝜕𝑖𝑍1𝜕𝑣𝑍2 − 𝜕𝑖𝑍2𝜕𝑣𝑍1 + Θ2𝑖𝑗𝜕𝑗𝑍2 + Θ1𝑖𝑗𝜕𝑗𝑍1

 −2𝜅6
2 (𝜏F1 ∑  

𝑛1

n=1

 𝑍2𝜕𝑣Xn
𝑖 𝛿4(x − Xn(𝑣)) + 𝜏NS5 ∑  

𝑛5

m=1

 𝑍1𝜕𝑣 Fm
𝑖 𝛿4(x − Fm(𝑣)))

 

Θ1𝑖𝑗𝜕𝑗𝑍1 − 𝜕𝑣𝑍2𝜕𝑖𝑍1 =
𝜅6

4𝜏NS5𝜏F1

𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑖R̃m ⋅ Rn − 𝒜𝑖𝑗𝜕𝑣 Fm𝑗

Rn
4 R̃m

4

Θ2𝑖𝑗𝜕𝑗𝑍2 − 𝜕𝑣𝑍1𝜕𝑖𝑍2 =
𝜅6

4𝜏NS5𝜏F1

𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣Xn𝑖R̃m ⋅ Rn + 𝒜𝑖𝑗𝜕𝑣Xn𝑗

Rn
4 R̃m

4
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𝜔𝑖= 𝜔0𝑖 + 𝜔1𝑖 + 𝜔2𝑙,𝑖 + 𝜔2𝑟,𝑖  

𝜔0𝑖≡
𝜅6

2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
𝜕𝑣 Fm𝑖

R̃m
2

+
𝜅6

2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
𝜕𝑣Xn𝑖

Rn
2  

𝜔1𝑖 ≡
𝜅6

4𝜏NS5𝜏F1

8𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑖 + 𝜕𝑣Xn𝑖

Rn
2 R̃m

2

𝜔2𝑙,𝑖 ≡
𝜅6

4𝜏NS5𝜏F1

8𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣Dmn,𝑖

|Rn − R̃m|
2 (

1

R̃m
2

−
1

Rn
2) ,

𝜔2𝑟,𝑖 ≡
𝜅6

4𝜏NS5𝜏F1

4𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣Dmn,𝑗

|Rn − R̃m|
2

𝒜𝑖𝑗

Rn
2 R̃m

2
.

 

∇2𝜔𝑖 =−2𝜅6
2𝜏NS5 ∑  

𝑛5

m=1

 𝑍1(x)𝜕𝑣 Fm𝑖𝛿
4(x − Fm) − 2𝜅6

2𝜏F1 ∑  

𝑛1

n=1

 𝑍2(x)𝜕𝑣Xn𝑖𝛿
4(x − Xn) 

+
𝜅6

4𝜏NS5𝜏F1

𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑗(𝛿𝑖𝑗Rn ⋅ R̃m − 𝒜𝑖𝑗)

Rn
4 R̃m

4
 

 +
𝜅6

4𝜏NS5𝜏F1

𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣X𝑗𝑚(𝛿𝑖𝑗Rn ⋅ R̃m + 𝒜𝑖𝑗)

Rn
4 R̃m

4

 

𝜕𝑖𝜔0𝑖= −
𝜅6

2𝜏NS5

𝜋2
∑  

𝑛5

m=1

 
𝜕𝑣 Fm ⋅ R̃m

R̃m
4

−
𝜅6

2𝜏F1

𝜋2
∑  

𝑛1

n=1

𝜕𝑣Xn ⋅ Rn

Rn
4   

𝜕𝑖𝜔1𝑖 + 𝜕𝑖𝜔2𝑖 = −
𝜅6

4𝜏NS5𝜏F1

2𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
(𝜕𝑣 Fm ⋅ R̃m)Rn

2 + (𝜕𝑣Xn ⋅ Rn)R̃m
2

R̃m
4 Rn

4

 

𝜕𝑖𝜔𝑖 = −𝜕𝑣(𝑍1𝑍2)  

∇2𝜔𝑖 + 𝜕𝑖𝑍1𝜕𝑣𝑍2 + 𝜕𝑖𝑍2𝜕𝑣𝑍1 − Θ2𝑖𝑗𝜕𝑗𝑍2 − Θ1𝑖𝑗𝜕𝑗𝑍1

 = −2𝜅6
2 (𝜏F1 ∑  

𝑛1

n=1

 𝑍2𝜕𝑣Xn
𝑖 𝛿4(x − Xn(𝑣)) + 𝜏NS5 ∑  

𝑛5

m=1

 𝑍1𝜕𝑣 Fm
𝑖 𝛿4(x − Fm(𝑣)))

 

∇2ℱ − 2𝜕𝑣(𝜕𝑗𝜔𝑗) = 2𝑍1𝜕𝑣
2𝑍2 + 2𝑍2𝜕𝑣

2𝑍1 + 2𝜕𝑣𝑍1𝜕𝑣𝑍2 −
1

2
Θ1𝑖𝑗Θ2𝑖𝑗

 +2𝜅6
2 [𝜏F1 ∑  

𝑛1

n=1

  (𝑍2|𝜕𝑣Xn|2 + |𝜕𝑣Zn|2)𝛿4(x − Xn(𝑣))

+𝜏NS5 ∑  

𝑛5

m=1

 𝑍1|𝜕𝑣 Fm|2𝛿4(x − Fm(𝑣))]
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∇2ℱ =−2𝜕𝑣𝑍1𝜕𝑣𝑍2 −
1

2
Θ1𝑖𝑗Θ2𝑖𝑗  

 +2𝜅6
2 [𝜏F1 ∑  

𝑛1

n=1

  (𝑍2|𝜕𝑣Xn|2 + |𝜕𝑣Zn|2)𝛿4(x − Xn(𝑣)) + 𝜏NS5 ∑  

𝑛5

m=1

 𝑍1|𝜕𝑣 Fm|2𝛿4(x − Fm(𝑣))]
 

−2𝜕𝑣𝑍1𝜕𝑣𝑍2 −
1

2
Θ1𝑖𝑗Θ2𝑖𝑗 =

2𝜅6
4𝜏NS5𝜏F1

𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
−(𝜕𝑣 Fm ⋅ 𝜕𝑣Xn)(R̃m ⋅ Rn) + 𝒜𝑖𝑗𝜕𝑣 Fm𝑗𝜕𝑣Xn𝑖

Rn
4 R̃m

4
 

ℱ= ℱ0 + ℱ1 + ℱ2𝑙 + ℱ2𝑟  

ℱ0= −
𝜅6

2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
|𝜕𝑣 Fm|2

|x − Fm|2
−

𝜅6
2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
|𝜕𝑣Xn|2 + |𝜕𝑣Zn|2

|x − Xn|2
 

ℱ1= −
𝜅6

4𝜏NS5𝜏F1

4𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm ⋅ 𝜕𝑣Xn

|x − Fm|2|x − Xn|2
 

ℱ2𝑙 = −
𝜅6

4𝜏NS5𝜏F1

4𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣Dmn

𝑖

|Rn − R̃m|
2 (

𝜕𝑣 Fm
𝑖

R̃m
2

−
𝜕𝑣Xn

𝑖

Rn
2 )

ℱ2𝑟 = −
𝜅6

4𝜏NS5𝜏F1

2𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝒜𝑖𝑗𝜕𝑣 Fm𝑖𝜕𝑣Xn𝑗

R̃m
2 Rn

2 |Rn − R̃m|
2

 

∇2ℱ = 2𝜅6
2𝜏NS5 ∑  

𝑛5

m=1

  |𝜕𝑣 Fm|2𝑍1𝛿4(x − Fm) + 2𝜅6
2𝜏F1 ∑  

𝑛1

n=1

  (𝑍2|𝜕𝑣Xn|2 + |𝜕𝑣Zn|2)𝛿4(x − Xn)

 −
2𝜅6

4𝜏NS5𝜏F1

𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
(𝜕𝑣 Fm ⋅ 𝜕𝑣Xn)(Rn ⋅ R̃m)

R̃m
4 Rn

4
+

2𝜅6
4𝜏NS5𝜏F1

𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝒜𝑖𝑗𝜕𝑣 Fm𝑖𝜕𝑣Xn𝑗

R̃m
4 Rn

4

 

𝒢

ℋ
= (

𝑆𝐿(2, ℝ)𝑛5

𝑈(1)
×

𝑆𝑈(2)𝑛5

𝑈(1)
) ∖ ℤ𝑛5

∖
𝑆𝐿(2, ℝ)

𝑈(1)
 

𝑑𝑠2 = 𝑛5𝛼′ (
𝑑𝑟2 + 𝑟2𝑑𝜙2

𝔞2 + 𝑟2 ) , 𝑒2Φ =
𝑛5𝛼′

𝔞2 + 𝑟2
 

𝑔𝑣𝑣 = −
ℱ

𝑍1
∼

𝜅6
2𝒯(𝑣)

2𝜋3𝑅𝑦
2𝑟2

 

1

𝜋𝑅𝑦
2 𝒯 = 𝜏F1 ∑  

𝑛1

n=1

  (|𝜕𝑣Xn|2 + |𝜕𝑣Zn|2) + 𝜏NS5 ∑  

𝑛5

m=1

  |𝜕𝑣 Fm|2 +
𝜅6

2𝜏F1𝜏NS5

4𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
|𝜕𝑣Xn − 𝜕𝑣 Fm|2

|Xn − Fm|2
 

𝑄𝑝 = ∮ 𝑑𝑣𝒯(𝑣)

●′′

●′′

 

𝑔𝑣𝑖 = −
𝜔𝑖

𝑍1
∼ −

2𝜅𝐷
2

Ω𝐷−2
(
𝒫𝑖(𝑣)

𝑟𝐷−3
+

𝒥𝑖𝑗𝑥𝑗

𝑟𝐷−1 )  
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𝜔𝑖 ∼
1

𝑟2
(

𝜅6
2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 𝜕𝑣 Fm𝑖 +
𝜅6

2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 𝜕𝑣Xn𝑖)

+
x𝑗

𝑟4
(

𝜅6
2𝜏NS5

𝜋2
∑  

𝑛5

m=1

 𝜕𝑣 Fm𝑖 Fm𝑗 +
𝜅6

2𝜏F1

𝜋2
∑  

𝑛1

n=1

 𝜕𝑣Xn𝑖Xn𝑗 +
𝜅6

2

4𝜋3
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
Dmn ⋅ 𝜕𝑣Dmn

|Dmn|2
𝛿𝑖𝑗  

 +
𝜅6

2

4𝜋3
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
Dmn,𝑗𝜕𝑣Dmn,𝑖 − Dmn,𝑖𝜕𝑣Dmn,𝑗 − 𝜖𝑖𝑗𝑘𝑙Dmn,𝑘𝜕𝑣Dmn,𝑙

|Dmn|2
)

 

𝜔𝑖 → 𝜔𝑖
′ = 𝜔𝑖 − 𝜕𝑣𝜉𝑖 − 𝜕𝑖𝜉𝑣  

𝜉𝑖=
x𝑗

2𝑟4
(

𝜅6
2𝜏NS5

𝜋2
∑  

𝑛5

m=1

   Fm𝑖 Fm𝑗 +
𝜅6

2𝜏F1

𝜋2
∑  

𝑛1

n=1

 Xn𝑖Xn𝑗) 

𝜉𝑣  =
𝜅6

2

8𝜋3𝑟2
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
Dmn ⋅ 𝜕𝑣Dmn

|Dmn|2

 

1

2𝜋𝑅𝑦
𝒫𝑖(𝑣) =

1

2
(𝜏NS5 ∑  

𝑛5

m=1

 𝜕𝑣 Fm + 𝜏F1 ∑  

𝑛1

n=1

 𝜕𝑣Xn)  

1

2𝜋𝑅𝑦
𝒥𝑖𝑗 =

1

2
(𝜏NS5 ∑  

𝑛5

m=1

  ( Fm𝑖𝜕𝑣 Fm𝑗 − Fm𝑗𝜕𝑣 Fm𝑖) + 𝜏F1 ∑  

𝑛1

n=1

  (Xn𝑖𝜕𝑣Xn𝑗 − Xn𝑗𝜕𝑣Xn𝑖))

 +
1

4𝜋
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
Dmn,𝑖𝜕𝑣Dmn,𝑗 − Dmn,𝑗𝜕𝑣Dmn,𝑖 + 𝜖𝑖𝑗𝑘𝑙Dmn𝜕𝑣Dmn,𝑘

|Dmn,𝑙|
2

 

𝒥F1 =
1

2
𝜏NS5 ∑  

𝑛1

n=1

 𝜕𝑣Xn
𝑦
, 𝒥NS5 =

1

2
𝜏F1 ∑  

𝑛5

m=1

 𝜕𝑣 Fn
𝑦  

𝒮F1 =
1

2𝜋𝛼′
∫  𝑑2𝜎(𝐺𝜇𝜈𝜕+X𝜇𝜕−X𝜈 + 𝐺𝐼𝐽𝜕+Z𝐼𝜕−Z𝐽 + 𝐵𝜇𝜈𝜕+X𝜇𝜕−X𝜈)

=𝜏F1 ∫  𝑑2𝜎 (−
2

𝑍1
𝜕+X𝑢𝜕−X𝑣 −

2𝜔𝑖

𝑍1
𝜕+X𝑖𝜕−X𝑣 −

ℱ

𝑍1
𝜕+X𝑣𝜕−X𝑣 + 𝑍2𝜕+X𝑖𝜕−X𝑖

 +𝐺𝐼𝐽𝜕+Z𝐼𝜕−Z𝐽 + 𝑎1𝑖𝜕+X𝑖𝜕−X𝑣 − 𝑎1𝑖𝜕−X𝑖𝜕+X𝑣 + 𝛾2𝑘𝑙𝜕+X𝑘𝜕−X𝑙)

 

−
2

𝑍1
𝜕+𝑋𝑢 =

2𝜔𝑖

𝑍1
𝜕+𝑋𝑖 +

ℱ

𝑍1
𝜕+𝑋𝑣 −

𝑍2

𝜕+𝑋𝑣
𝜕+𝑋𝑖𝜕+𝑋𝑖 −

1

𝜕+𝑋𝑣
𝐺𝐼𝐽𝜕+𝑍𝐼𝜕+𝑍𝐽  

𝒮F1 = 𝜏F1 ∫  𝑑2𝜎(−
𝑍2

𝜕+X𝑣
𝜕+X𝑖𝜕+X𝑖𝜕−X𝑣 −

1

𝜕+X𝑣
𝐺𝐼𝐽𝜕+X𝐼𝜕+X𝐽𝜕−X𝑣 + 𝑍2𝜕+X𝑖𝜕−X𝑖

+𝐺𝐼𝐽𝜕+Z𝐼𝜕−Z𝐽 + 𝑎1𝑖𝜕+X𝑖𝜕−X𝑣 − 𝑎1𝑖𝜕−X𝑖𝜕+X𝑣 + 𝛾2𝑘𝑙𝜕+X𝑘𝜕−X𝑙)

 

𝒮NS5 = 𝜏NS5 ∫  𝑑2𝜎(−
2

𝑍2
𝜕+F𝑢𝜕−F𝑣 −

2𝜔𝑖

𝑍2
𝜕+F𝑖𝜕−F𝑣 −

ℱ

𝑍2
𝜕+F𝑣𝜕−F𝑣

+𝑍1𝜕+F𝑖𝜕−F𝑖 + 𝑎2𝑖𝜕+F𝑖𝜕−F𝑣 − 𝑎2𝑖𝜕−F𝑖𝜕+F𝑣 + 𝛾1𝑘𝑙𝜕+F𝑘𝜕−F𝑙)
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−
2

𝑍2
𝜕+F𝑢 =

2𝜔𝑖

𝑍2
𝜕+F𝑖 +

ℱ

𝑍2
𝜕+F𝑣 −

𝑍1

𝜕+F𝑣
𝜕+F𝑖𝜕+F𝑖  

𝒮NS5 = 𝜏NS5 ∫  𝑑2𝜎 (−
𝑍1

𝜕+F𝑣
𝜕+F𝑖𝜕+F𝑖𝜕−F𝑣 + 𝑍1𝜕+F𝑖𝜕−F𝑖+𝑎2𝑖𝜕+F𝑖𝜕−F𝑣 − 𝑎2𝑖𝜕−F𝑖𝜕+F𝑣 + 𝛾1𝑘𝑙𝜕+F𝑘𝜕−F𝑙)

 

𝜕+𝑋𝑣 = 𝜕+F𝑣 = 1 and 𝜕−X𝑣 = 𝜕−F𝑣 = 0 

𝒮joint =𝜏F1 ∑  

𝑛1

n=1

 ∫  𝑑2𝜎(𝑍2𝜕+Xn
𝑖 𝜕−Xn

𝑖 + 𝐺𝐼𝐽𝜕+Z𝐼𝜕−Z𝐽 − 𝑎1𝑖𝜕−Xn
𝑖 + 𝛾2𝑘𝑙𝜕+Xn

𝑘𝜕−Xn
𝑙 )

 +𝜏NS5 ∑  

𝑛5

m=1

 ∫  𝑑2𝜎(𝑍1𝜕+Fm
𝑖 𝜕−Fm

𝑖 − 𝑎2𝑖𝜕−Fm
𝑖 + 𝛾1𝑘𝑙𝜕+Fm

𝑘 𝜕−Fm
𝑙 )

 

𝒮joint = ∫  𝑑2𝜎 [𝜏NS5 ∑  

𝑛5

m=1

 𝜕+Fm
𝑖 𝜕−Fm

𝑖 + 𝜏F1 ∑  

𝑛1

n=1

 𝜕+Xn
𝑖 𝜕−Xn

𝑖 + 𝜏F1𝐺𝐼𝐽𝜕+Z𝐼𝜕−Z𝐽

+
𝜅6

2𝜏NS5𝜏F1

2𝜋2
∑  

𝑛1

n=1

  ∑  

𝑛5

m=1

 
𝜕+(Xn − Fm) ⋅ 𝜕−(Xn − Fm)

|Xn − Fm|2

+𝜏F1 ∑  

𝑛1

n=1

  (𝑏1𝑖(Xn)𝜕−Xn
𝑖 + 𝛾2𝑘𝑙(Xn)𝜕+Xn

𝑘𝜕−Xn
𝑙 )

+𝜏NS5 ∑  

𝑛5

m=1

  (𝑏2𝑖( Fm)𝜕−Fm
𝑖 + 𝛾1𝑘𝑙( Fm)𝜕+Fm

𝑘 𝜕−Fm
𝑙 )]

 

𝑟𝑏 = |x𝑏| = 𝜇𝑟 , 𝜇2 =
𝑔𝑠

2(𝛼′)3

𝑉4

 

Z = √𝛼′Ẑ  

ℓ̂𝑛𝑎
2 = [

𝑉4

(𝛼′)2]

1
2
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𝑍2(x, 𝑣)  = ∑  

𝑛5

m=1

 
1

|x − Fm(𝑣)|2

𝑍1(x, 𝑣)  = 1 + ∑  

𝑛1

n=1

 
1

|x − Xn(𝑣)|2

Θ1𝑖𝑗  = −2 ∑  

𝑛5

m=1

 
𝜕𝑣 Fm𝑖(x𝑗 − Fm𝑗) − 𝜕𝑣 Fm𝑗(x𝑖 − Fm𝑖) + 𝜖𝑖𝑗𝑘𝑙𝜕𝑣 Fm𝑘(x𝑙 − Fm𝑙)

|x − Fm|4

Θ2𝑖𝑗  = −2 ∑  

𝑛1

n=1

 
𝜕𝑣Xn𝑖(x𝑗 − Xn𝑗) − 𝜕𝑣Xn𝑗(x𝑖 − Xn𝑖) + 𝜖𝑖𝑗𝑘𝑙𝜕𝑣Xn𝑘(x𝑙 − Xn𝑙)

|x − Xn|4

 

𝜔𝑖 = ∑  

𝑛5

m=1

 
𝜕𝑣 Fm𝑖

R̃m
2

+
1

2
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑖 + 𝜕𝑣Xn𝑖

Rn
2 R̃m

2

 −
1

2
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑖 − 𝜕𝑣Xn𝑖

|Rn − R̃m|
2 (

1

Rn
2 −

1

R̃m
2 ) + ∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑗 − 𝜕𝑣Xn𝑗

|Rn − R̃m|
2

𝒜𝑖𝑗

Rn
2 R̃m

2

ℱ = − ∑  

𝑛5

m=1

 
𝑍1( Fm)|𝜕𝑣 Fm|2

|x − Fm|2
− ∑  

𝑛1

n=1

 
𝑍2(Xn)|𝜕𝑣Xn|2 + |𝜕𝑣Zn|2

|x − Xn|2

 − ∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 𝜕𝑣 F𝑚 ⋅ 𝜕𝑣Xn [
1

R̃m
2 𝑅n

2
−

1

|Rn − R̃m|
2 (

1

R̃m
2

+
1

Rn
2)]

 −2 ∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝒜𝑖𝑗𝜕𝑣 Fm𝑖𝜕𝑣Xn𝑗

R̃m
2 Rn

2 |Rn − R̃m|
2 .

 

𝒮joint =
1

2𝜋
∫  𝑑2𝜎 (∑  

𝑛5

m=1

 𝜕+Fm
𝑖 𝜕−Fm

𝑖 + 𝐺𝐼𝐽𝜕+Z𝐼𝜕−Z𝐽 + ∑  

𝑛1

n=1

  ∑  

𝑛5

m=1

 
𝜕+(Xn − Fm) ⋅ 𝜕−(Xn − Fm)

|Xn − Fm|2

+ ∑  

𝑛1

n=1

  (𝑏1𝑖(Xn)𝜕−Xn
𝑖 + 𝛾2𝑘𝑙(Xn)𝜕+Xn

𝑘𝜕−Xn
𝑙 )

+ ∑  

𝑛5

m=1

  (𝑏2𝑖( Fm)𝜕−Fm
𝑖 + 𝛾1𝑘𝑙( Fm)𝜕+Fm

𝑘 𝜕−Fm
𝑙 ))

 

1

𝜋𝑅𝑦
2 𝒯 =

1

2𝜋
∑  

𝑛1

n=1

  |𝜕𝑣Zn|2 +
1

2𝜋
∑  

𝑛5

m=1

  |𝜕𝑣 Fm|2 +
1

4𝜋3
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
|𝜕𝑣Xn − 𝜕𝑣 Fm|2

|Xn − Fm|2
 

1

2𝜋𝑅𝑦
𝒫𝑖(𝑣) =

1

4𝜋
∑  

𝑛5

m=1

 𝜕𝑣 Fm
𝑖  
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1

2𝜋𝑅𝑦
𝒥𝑖𝑗 =

1

4𝜋
( ∑  

𝑛5

m=1

 (Fm
𝑖 𝜕𝑣 Fm

𝑗
− Fm

𝑗
𝜕𝑣 Fm

𝑖 )

+ ∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
Dmn

𝑖 𝜕𝑣Dmn
𝑗

− Dmn
𝑗

𝜕𝑣Dmn
𝑖 + 𝜖𝑖𝑗𝑘𝑙Dmn

𝑘 𝜕𝑣Dmn
𝑙

|Dmn|2
)

 

F1 + 𝑖 F2 = 𝔞exp [
𝑖p(𝑡 + 𝑦)

𝑛5𝑅𝑦
] , F3 + 𝑖 F4 = 0  

𝐗1 + 𝑖𝐗2 = 𝔟exp [
𝑖𝑘(𝑡 + 𝑦)

𝑤𝑦𝑅𝑦
] , 𝐗3 + 𝑖𝐗4 = 0  

𝑛𝑝=
p2𝔞2

𝑛5𝜇2
+

𝑛1

𝑛5𝑤𝑦
2|𝔟2 − 𝔞2|

(p2𝔞2𝑤𝑦
2 + 𝑛5

2𝑘2𝔟2 − 2𝑛5𝑘p𝑤𝑦 × min(𝔞2, 𝔟2)) 

𝐽𝑅 =
p𝔞2

2𝜇2

𝐽𝐿 =
p𝔞2

2𝜇2
+

𝑛1

𝑤𝑦|𝔟2 − 𝔞2|
(p𝑤𝑦𝔞2 + 𝑛5𝑘𝔟2 − (𝑛5𝑘 + p𝑤𝑦) × min(𝔞2, 𝔟2))

 

𝑥1 + 𝑖𝑥2 = 2√𝑟̂sin (
𝜃̂

2
) 𝑒𝑖(𝜓̂−𝜙̂)/2

𝑥3 + 𝑖𝑥4 = 2√𝑟̂cos (
𝜃̂

2
) 𝑒𝑖(𝜓̂+𝜙̂)/2

 

𝔞2 = 4𝑎̂ , 𝔟2 = 4𝑏̂  

𝑍‾2=
𝑛5

2𝜋
∫  

2𝜋

0

 𝑑𝛼
1

|x|2 + 𝔞2 − 2𝔞√x1
2 + x2

2cos (𝛼 − 𝜙)
 

 =
𝑛5

√(|x|2 + 𝔞2)2 − 4𝔞2(x1
2 + x2

2)
=

𝑄̂5

𝑟̂𝑆

 

𝑄̂5 =
1

4
𝑛5 , 𝑄̂1 =

1

4
𝑛1  

𝑍‾1= 1 +
𝑛1

2𝜋
∫  

2𝜋

0

 𝑑𝛼
1

|x|2 + 𝔟2 − 2𝔟√x1
2 + x2

2cos (𝛼 − 𝜙)
 

 = 1 +
𝑛1

√(|x|2 + 𝔟2)2 − 4𝔟2(x1
2 + x2

2)
= 1 +

𝑄̂1

𝑟̂1

 

(𝐴1)𝑖 ≡ ∑  

𝑛5

m=1

 
𝜕𝑣 Fm,𝑖

|x − Fm(𝑣)|2
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𝐴‾1,𝜙=
1

√2𝜋𝑅𝑦

∫  
√2𝜋𝑅𝑦

0

 𝑑𝑣𝐴1,𝜙  

=
p

√2𝜋𝑅𝑦

∫  
2𝜋

0

 𝑑𝑣̃
𝔞√𝑥1

2 + 𝑥2
2cos (p𝑣̃ − 𝜙)

𝔞2 + | × |2 − 2𝔞√x1
2 + x2

2cos (p𝑣̃ − 𝜙)
 

 = −
p

√2𝑅𝑦

(1 −
𝔞2 + |x|2

√(𝔞2 + |x|2)2 − 4𝔞2(x1
2 + x2

2)
)

 = −
2√2p

𝑅𝑦𝑟̂𝑆
(𝑟̂ + 𝑎̂ − 𝑟̂𝑆)

 

𝑏‾1𝜓=
p

√2𝜋𝑅𝑦

∫  
2𝜋

0

 𝑑𝑣̃
𝔞√x1

2 + x2
2cos (p𝑣̃ − 𝜙) − 𝔞2

|x|2 + 𝔞2 − 2𝔞√x1
2 + x2

2cos (p𝑣̃ − 𝜙)
 

=
p

√2𝑅𝑦√(|x|2 + 𝔞2)2 − 4𝔞2(x1
2 + x2

2)
(|x|2 − 𝔞2 − √(|x|2 + 𝔞2)2 − 4𝔞2(x1

2 + x2
2)) 

 =
2√2p

𝑅𝑦𝑟̂𝑆
(𝑟̂ − 𝑎̂ − 𝑟̂𝑆)

 

𝑎1𝜙̂ = −
2√2p𝑎̂

𝑅𝑦𝑟̂𝑆
, 𝑎1𝜓̂ = −

2√2p

𝑅𝑦𝑟̂𝑆
(𝑟̂ − 𝑟̂𝑆)  

𝑎2𝜙̂ = −
2√2𝑘𝑛1𝑎̂

𝑅𝑦𝑟̂1
, 𝑎2𝜓̂ = −

2√2𝑘𝑛1

𝑅𝑦𝑟̂1
(𝑟̂ − 𝑟̂1)  

𝛾‾2𝜙̂𝜓̂ =
𝑛5

𝑟̂𝑆
[𝑟̂𝑆 − (𝑟̂cos (𝜃̂) + 𝑎̂)]

𝛾‾1𝜙̂𝜓̂ =
𝑛1

𝑟̂1
[𝑟̂1 − (𝑟̂cos (𝜃̂) + 𝑏̂)]

 

𝜔‾0,𝜙= −
p

√2𝑅𝑦

(1 −
𝔞2 + |x|2

√(𝔞2 + |x|2)2 − 4𝔞2(x1
2 + x2

2)
) 

 =
2√2p

𝑅𝑦𝑟̂𝑆
(𝑟̂𝑆 − 𝑎̂ − 𝑟̂)

 

𝜔‾1𝜙 =
𝑘𝑛1𝑛5(𝔟2 + |x|2) + p𝑛1(𝔞2 + |x|2)

2√2𝑅𝑦√(𝔞2 + |x|2)2 − 4𝔞2(x1
2 + x2

2)√(𝔟2 + |x|2)2 − 4𝔟2(x1
2 + x2

2)

−
𝑘𝑛1𝑛5

2√2𝑅𝑦𝑤𝑦√(|x|2 + 𝔞2)2 − 4𝔞2(x1
2 + x2

2)
−

p𝑛1

2√2𝑅𝑦√(|x|2 + 𝔟2)2 − 4𝔟2(x1
2 + x2

2)
 

=
𝑘𝑄̂1𝑄̂5(𝑏̂ + 𝑟̂) + p𝑄̂1𝑤𝑦(𝑎̂ + 𝑟̂)

2√2𝑅𝑦𝑟̂𝑆𝑟̂1

−
𝑘𝑄̂1𝑄̂5

2√2𝑅𝑦𝑤𝑦𝑟̂𝑆
−

p𝑄̂1

2√2𝑅𝑦𝑟̂1
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𝜔‾2𝑙,𝜙 =
𝑛1

√2𝑅𝑦𝑤𝑦

𝑛5𝑘𝔟 − 𝑤𝑦𝔭𝔞

|𝔞2 − 𝔟2|
[(

|𝑥|2 + 𝔞2

𝔞√(|𝑥|2 + 𝔞2)2 − 4𝔞2(𝑥1
2 + 𝑥2

2)
−

1

𝔞
)

+ (
|𝑥|2 + 𝔟2

𝔟√(|𝑥|2 + 𝔟2)2 − 4𝔟2(𝑥1
2 + 𝑥2

2)
−

1

𝔟
)]

=
𝑛1

√2𝑅𝑦𝑤𝑦

𝑛5𝑘√𝑏̂ − 𝑤𝑦𝔭√𝑎̂

|𝑎̂ − 𝑏̂|
[(

𝑟̂ + 𝑎̂

√𝑎̂𝑟̂𝑆
−

1

√𝑎̂
) + (

𝑟̂ + 𝑏̂

√𝑏̂𝑟̂1

−
1

√𝑏̂
)]

 

ℱ0 = −
2p2𝔞2

𝑛5𝑅𝑦
2

1

√(|x|2 + 𝔞2)2 − 4𝔞2(x1
2 + x2

2)
= −

p2𝑎̂

2𝑄̂5𝑅𝑦
2

1

𝑟̂𝑆
 

ℱ1 =
p𝑘𝑛1

2𝑤𝑦𝑅𝑦
2(𝔞2 + 𝔟2)(x1

2 + x2
2)

[1 −
|x|2 + 𝔞2

√(|x|2 + 𝔞2)2 − 4𝔞2(x1
2 + x2

2)
] [1 −

|x|2 + 𝔟2

√(|x|2 + 𝔟2)2 − 4𝔟2(x1
2 + x2

2)
]

 =
p𝑘𝑄̂1

8𝑤𝑦𝑅𝑦
2(𝑎̂ + 𝑏̂)𝑟̂sin2 (

𝜃̂
2)

(1 −
𝑟̂ + 𝑎̂

𝑟̂𝑆
) (1 −

𝑟̂ + 𝑏̂

𝑟̂1
)

 

ℱ2𝑙 =
𝑛1

𝑤𝑦

2

𝑛5𝑤𝑦𝑅𝑦
2|𝔞2 − 𝔟2|

(
p2𝔞2𝑤𝑦

2

√(|x|2 + 𝔞2)2 − 4𝔞2(x1
2 + x2

2)
+

𝑘2𝔟2𝑛5
2

√(|x|2 + 𝔟2)2 − 4𝔟2(x1
2 + x2

2)
)

+
2𝑘p𝑛1min(𝔞2, 𝔟2)

𝑤𝑦𝑅𝑦
2|𝔞2 − 𝔟2|

(
1

√(|x|2 + 𝔞2)2 − 4𝔞2(x1
2 + x2

2)
+

1

√(|x|2 + 𝔟2)2 − 4𝔟2(x1
2 + x2

2)
) 

=
2𝑄̂1

𝑄̂5𝑤𝑦
2𝑅𝑦

2|𝑎̂ − 𝑏̂|
(
p2𝑤𝑦

2𝑎̂

4𝑟̂𝑆
+

4𝑘2𝑄̂5
2𝑏̂

𝑟̂1
) +

2𝑘p𝑄̂1min(𝑎̂, 𝑏̂)

𝑤𝑦𝑅𝑦
2|𝑎̂ − 𝑏̂|

(
1

𝑟̂𝑆
+

1

𝑟̂1
)

 

 

𝑅𝑦̃ =
𝛼′

𝑅𝑦
 , 𝑔̃𝑠

2 =
𝑔𝑠

2𝛼′

𝑅𝑦
2  

𝑑𝑠5
2 = −𝑍−2(𝑑𝑡 + 𝐤)2 + 𝑍𝑑𝑠4

2(ℬ)  

𝑑𝑠4
2(ℬ) = 𝑉−1(𝑑𝜓̂ + 𝐴)2 + 𝑉𝑑x̂ ⋅ 𝑑x̂  

𝑉 = ∑  

𝑖

 
𝑞̂(𝑖)

|x̂ − x̂(𝑖)|
, 𝐾𝐼 = ∑  

𝑖

 
𝜅̂(𝑖)

𝐼

|x̂ − x̂(𝑖)|

𝐿𝐼 = 𝑙𝐼
(0)

+ ∑  

𝑖

 
𝑄̂𝐼

(𝑖)

|x̂ − x̂(𝑖)|
, 𝑀 = 𝑚̂(0) + ∑  

𝑖

 
𝑚̂(𝑖)

|x̂ − x̂(𝑖)|

 

𝑍 = (
1

6
𝐶𝐼𝐽𝐾𝑍𝐼𝑍𝐽𝑍𝐾)

1
3

, 𝑍𝐼 = 𝐿𝐼 +
𝐶𝐼𝐽𝐾𝐾𝐽𝐾𝐾

2𝑉
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𝐤 = 𝜇(𝑑𝜓̂ + 𝐴) + 𝜛, 𝜇 =
1

6
𝐶𝐼𝐽𝐾

𝐾𝐼𝐾𝐽𝐾𝐾

𝑉2
+

𝐾𝐼𝐿𝐼

2𝑉
+ 𝑀  

𝐤 =
𝛽 + 𝜔

√2
∫ [𝑥

𝛼′

𝑅𝑦̃
2]

1
2

𝔞  

F1 + 𝑖 F2 = 𝑎exp [
𝑖𝜅(𝑡 + 𝑦)

𝑛5𝑅𝑦
] , F3 + 𝑖 F4 = 0  

𝑥1 + 𝑖𝑥2 = √𝑟2 + 𝑎2sin 𝜃𝑒𝑖𝜙 = 2√𝑟̂sin (
𝜃̂

2
) 𝑒𝑖(𝜓̂−𝜙̂)/2

𝑥3 + 𝑖𝑥4 = 𝑟cos 𝜃𝑒𝑖𝜓 = 2√𝑟̂cos (
𝜃̂

2
) 𝑒𝑖(𝜓̂+𝜙̂)/2

 

𝑉=
1

𝑟̂
, 𝐾1 = 𝐾2 = 0, 𝐾3 = 𝜅̂3 (

1

𝑟̂𝑆
−

1

𝑟̂
)  

𝑍1 = 𝐿1 = 1 +
𝑄̂1

𝑟̂𝑆
, 𝑍2 = 𝐿2 = 1 +

𝑄̂5

𝑟̂𝑆
, 𝑍3 = 𝐿3 = 1 +

𝑄̂𝑃

𝑟̂𝑃

𝑀 =
𝑚̂𝑆

𝑟̂𝑆
+

𝑚̂𝑃

𝑟̂𝑃
, 𝜇 =

𝜅̂3

2
(

𝑟̂

𝑟̂𝑆
− 1) (1 +

𝑄̂𝑃

𝑟̂𝑃
) + 𝑀,

 

𝑄̃5 = 𝑛5𝛼′ = 𝑄5, 𝑄̃1 =
𝑔̃𝑠

2𝑛̃1(𝛼′)3

𝑉4
=

𝑔𝑠
2𝑛𝑝(𝛼′)4

𝑉4𝑅𝑦
2 = 𝑄𝑝 , 𝑄̃𝑝 =

𝑔̃𝑠
2𝑛̃𝑝(𝛼′)4

𝑉4𝑅𝑦̃
2 =

𝑔𝑠
2𝑛1(𝛼′)3

𝑉4
= 𝑄1  

𝛽 =
1

2
𝜅̂(𝑟̂/𝑟̂𝑆 − 1) 

𝛽=
𝑅𝑦̃𝜅𝑎2

√2Σ
(sin2 𝜃𝑑𝜙 − cos2 𝜃𝑑𝜓) =

𝜅̂

√2
(
𝑟̂ − 𝑟̂𝑆

𝑟̂𝑆
𝑑𝜓̂ −

𝑎̂

𝑟̂𝑆
𝑑𝜙̂) 

𝜔𝜓̂ =
𝜅̂

√2

(𝑟̂ − 𝑟̂𝑆)𝑄̂𝑃

𝑟̂𝑆𝑟̂𝑃
+

𝑚̂𝑆√2

𝑟̂𝑆
+

𝑚̂𝑃√2

𝑟̂𝑃

 

𝜅̂ =
𝑅𝑦̃

2
𝜅 

16𝑀 = 16 (
𝑚̂𝑆

𝑟̂𝑆
+

𝑚̂𝑃

𝑟̂𝑃
) =

𝜅𝑅𝑦̃𝑎2

𝑟̂𝑆
+

𝜅𝑅𝑦̃(𝑚/ℓ)𝑏2

𝑟̂𝑃
+

𝜅𝑅𝑦̃𝑎2𝑄̂𝑃

|x̂𝑃 − x̂𝑆|
(

1

𝑟̂𝑆
−

1

𝑟̂𝑃
) ,  

𝑎2 +
𝑏2

2
=

𝑄̃1𝑄̃5

𝜅2𝑅𝑦̃
2  

𝒥𝑅 =
𝜇2𝛼′

𝜅𝑅𝑦̃
𝐽𝑅 =

𝜅𝑅𝑦̃

2
𝑎2 , 𝒥𝐿 =

𝜇2𝛼′

𝜅𝑅𝑦̃
𝐽𝐿 =

𝜅𝑅𝑦̃

2
(𝑎2 +

𝑚

ℓ

𝑏2

2
)  

𝑄̃𝑃 =
𝜇2𝛼′

𝜅2𝑅𝑦̃
2 𝑛̃𝑝 =

𝑚 + 𝑛

ℓ

𝑏2

2
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𝔞2 =
𝑅𝑦̃

2

𝛼′
𝑎2 , p = 𝜅  

𝐚̂ = |𝐱̂𝑆| =
1

4
𝑎2 

|x̂𝑆| = â =
𝛼′𝔞2

4𝑅𝑦̃
2 =

𝑎2

4
, |x̂𝑃| = b̂ =

𝛼′𝔟2

4𝑅𝑦̃
2 =

ℓ + 𝑛 − 𝑚

4ℓ
𝑎2 , |x̂𝑃 − x̂𝑆| =

𝛼′|X − F|2

4𝑅𝑦̃
2 =

𝑚 + 𝑛

4ℓ
𝑎2  

𝑄̃1𝑄̃5 = (1 +
𝑄̃𝑃

|X − F|2
) 𝜅2𝑅𝑦̃

2𝑎2  

𝑄𝑝 = (1 +
𝑄1

|X − F|2
)

p2𝔞2

𝑛5

 

ℱ = ℱ0 + ℱ2𝑙 = −
p2𝔞2

2𝑛5𝑅𝑦
2𝑟̂𝑆

(1 +
𝑛1

4|x̂1 − x̂𝑆|
) = −

𝑄̂𝑃

𝑟̂𝑆
.  

𝑄̃𝑃 =
(𝑚 + 𝑛)𝑏2

2ℓ
= 𝑄1 , 𝑛̃𝑝 = (𝑚 + 𝑛)𝑁0 = 𝑛1

 

(
𝑟̂ + 𝑎̂

𝑟̂𝑆
− 1) =

−2𝑎̂sin2 (𝜃̂/2)

𝑟̂𝑆
 

𝜔2𝑙,𝜙 =
𝑛1

√2𝑅𝑦

2psin2 (𝜃̂/2)

|𝑏̂ − 𝑎̂|
(

𝑎̂

𝑟̂𝑆
+

√𝑎̂𝑏̂

𝑟̂1
) .  

𝜔2𝑟 ⊃ −
𝑛1

√2𝑅𝑦

2psin2 (𝜃̂/2)

|𝑏̂ − 𝑎̂|
(

𝑏̂

𝑟̂1
+

√𝑎̂𝑏̂

𝑟̂𝑆
)  

ℓ̂𝑛𝑎
2 = (

𝑉4

𝛼′2
)

1
2
 

𝛿𝒮joint ∼
𝑛1𝑛5

2𝜋
∫  𝑑2𝜎(𝜕+𝜆𝜕−𝜆 + 𝜆(𝜕+𝒟− + 𝜕−𝒟+)) 

𝒟± =
1

𝑛1𝑛5
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
(𝕏𝑛 − 𝔽𝑚) ⋅ 𝜕±(𝕏𝑛 − 𝔽𝑚)

|𝕏n − 𝔽m|2

 

𝒮ptcl = ∫  𝑑𝜉√𝛾𝛾−1 (−
1

𝑍1
(𝑣̇ + 𝛽𝑖𝑥̇

𝑖) (𝑢̇ + 𝜔𝑗𝑥̇
𝑗 +

1

2
ℱ(𝑣̇ + 𝛽𝑗𝑥̇

𝑗)) +
1

2
𝑍2𝑥̇ ⋅ 𝑥̇)  

𝑝𝑢 =
𝛿𝒮

𝛿𝑢̇
 

𝑒2Φ =
𝑉4

𝛼′2

𝑍2

𝑍1
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𝑑𝑠10
2 = −2√

𝑍1𝑍2

𝒫2
(𝑑𝑣 + 𝛽) [𝑑𝑢 + 𝜔 +

ℱ

2
(𝑑𝑣 + 𝛽)] + √𝑍1𝑍2𝑑𝑠2(ℬ) + √

𝑍1

𝑍2
𝑑𝑠2(ℳ) 

𝑒2Φ=
𝑍1

2

𝒫
 

𝐵(2)= −
𝑍4

𝒫
(𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + 𝑎4 ∧ (𝑑𝑣 + 𝛽) + 𝛿2  

𝐶(0) =
𝑍4

𝑍1

𝐶(2) = −
𝑍2

𝒫
(𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + 𝑎1 ∧ (𝑑𝑣 + 𝛽) + 𝛾2

𝐶(4) =
𝑍4

𝑍2
vol(ℳ) −

𝑍4

𝒫
𝛾2 ∧ (𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + x3 ∧ (𝑑𝑣 + 𝛽)

𝐶(6) = vol(ℳ) ∧ [−
𝑍1

𝒫
(𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + 𝑎2 ∧ (𝑑𝑣 + 𝛽) + 𝛾1]

𝒫 = 𝑍1𝑍2 − 𝑍4
2

 

𝑢 =
1

√2
(𝑡 − 𝑦), 𝑣 =

1

√2
(𝑡 + 𝑦)  

𝜏 ≡ 𝐶(0) + 𝑖𝑒−Φ  

𝜏̂ = −
1

𝜏
, 𝐶̂(2) = −𝐵(2), 𝐵̂(2) = 𝐶(2), 𝐶̂(4) = 𝐶(4), 𝐵̂(6) = 𝐶(6), 𝐺𝜇𝜈 = |𝜏|𝐺𝜇𝜈  

(𝑑𝑠̂10)
2

= −
2𝑍2

𝒫
(𝑑𝑣 + 𝛽) [𝑑𝑢 + 𝜔 +

ℱ

2
(𝑑𝑣 + 𝛽)] + 𝑍2𝑑𝑠2(ℬ) + 𝑑𝑠2(ℳ)  

𝐵̂(2) = −
𝑍2

𝒫
(𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + 𝑎1 ∧ (𝑑𝑣 + 𝛽) + 𝛾2  

𝑒2Φ̂ =
𝑍2

2

𝒫
 

𝐶̂(0)= −
𝑍4

𝑍2
 

𝐶̂(2) =
𝑍4

𝒫
(𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) − 𝑎4 ∧ (𝑑𝑣 + 𝛽) − 𝛿2

𝐶̂(4) =
𝑍4

𝑍2
vol(ℳ) −

𝑍4

𝒫
𝛾2 ∧ (𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + x3 ∧ (𝑑𝑣 + 𝛽)

 

𝐵̂(6) = vol(ℳ) ∧ [−
𝑍1

𝒫
(𝑑𝑢 + 𝜔) ∧ (𝑑𝑣 + 𝛽) + 𝑎2 ∧ (𝑑𝑣 + 𝛽) + 𝛾1]  

𝑑𝐵̃(6) = 𝑒−2Φ ∗ 𝑑𝐵(2)  

(𝑑𝐵̃)𝑖𝑗𝑘 = 𝜕𝑘𝛾1𝑖𝑗 + 𝜕𝑗𝛾1𝑘𝑖 + 𝜕𝑖𝛾1𝑗𝑘

(𝑑𝐵̃)𝑢𝑣𝑖 = −𝜕𝑖

1

𝑍2

(𝑑𝐵̃)𝑣𝑖𝑗 = 𝜕𝑗 (
𝜔𝑖

𝑍2
− 𝑎2𝑖) − 𝜕𝑖 (

𝜔𝑗

𝑍2
− 𝑎2𝑗) + 𝜕𝑣𝛾1𝑖𝑗
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𝐻𝑖𝑗𝑘 = 𝜕𝑘𝛾2𝑖𝑗 + 𝜕𝑗𝛾2𝑘𝑖 + 𝜕𝑖𝛾2𝑗𝑘

𝐻𝑢𝑣𝑖 = −𝜕𝑖

1

𝑍1

𝐻𝑣𝑖𝑗 = 𝜕𝑗 (
𝜔𝑖

𝑍1
− 𝑎1𝑖) − 𝜕𝑖 (

𝜔𝑗

𝑍1
− 𝑎1𝑗) + 𝜕𝑣𝛾2𝑖𝑗

 

𝐺𝑢𝑣 = −𝑍1, √−𝐺 =
𝑍2

2

𝑍1
, 𝐺𝑢𝑖 = −

𝜔𝑖

𝑍2

𝜖𝑣𝑢1234 = +√−𝐺

 

(∗ 𝐻)𝜇1…𝜇7
=

1

3!
𝜖𝜇1…𝜇7

𝛼𝛽𝛾
𝐻𝛼𝛽𝛾  

(∗ 𝐻)𝑖𝑗𝑘 = 𝜖𝑖𝑗𝑘  𝑙𝑢𝑣𝐻𝑙𝑢𝑣 = 𝐺𝑣𝑢𝐺𝑢𝑣𝐺𝑙𝑙𝜖𝑖𝑗𝑘𝑙𝑣𝑢𝐻𝑙𝑢𝑣

= 𝑍1
2

1

𝑍2

𝑍2
2

𝑍1
𝜖𝑖𝑗𝑘𝑙 (−𝜕𝑙

1

𝑍1
) =

𝑍2

𝑍1
𝜖𝑖𝑗𝑘𝑙𝜕𝑙𝑍1

(∗ 𝐻)𝑢𝑣𝑖 =
1

3!
𝜖𝑢𝑣𝑖  

𝑗𝑘𝑙𝐻𝑗𝑘𝑙 =
1

3!
𝐺𝑗𝑗𝐺𝑘𝑘𝐺𝑙𝑙𝜖𝑢𝑣𝑖𝑗𝑘𝑙𝐻𝑗𝑘𝑙 = −

1

3!

1

𝑍1𝑍2
𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑗𝑘𝑙

(∗ 𝐻)𝑣𝑖𝑗 =
1

2
𝜖𝑣𝑖𝑗  

𝑣𝑘𝑙𝐻𝑣𝑘𝑙 +
1

3!
𝜖𝑣𝑖𝑗  

𝑘𝑙𝑚𝐻𝑘𝑙𝑚 + 𝜖𝑣𝑖𝑗 
𝑢𝑣𝑘𝐻𝑢𝑣𝑘

=
1

2
𝐺𝑣𝑢𝐺𝑘𝑘𝐺𝑙𝑙𝜖𝑣𝑖𝑗𝑢𝑘𝑙𝐻𝑣𝑘𝑙 +

1

3!
𝐺𝑘𝑘𝐺𝑙𝑙𝐺𝑚𝑢𝜖𝑣𝑖𝑗𝑘𝑙𝑢𝐻𝑘𝑙𝑚 +

1

3!
𝐺𝑘𝑘𝐺𝑙𝑢𝐺𝑚𝑚𝜖𝑣𝑖𝑗𝑘𝑢𝑚𝐻𝑘𝑙𝑚

+
1

3!
𝐺𝑘𝑢𝐺𝑙𝑙𝐺𝑚𝑚𝜖𝑣𝑖𝑗𝑢𝑙𝑚𝐻𝑘𝑙𝑚 + 𝐺𝑢𝑣𝐺𝑢𝑛𝐺𝑘𝑘𝜖𝑣𝑖𝑗𝑛𝑢𝑘𝐻𝑢𝑣𝑘

 

(∗ 𝐻)𝑣𝑖𝑗=
1

2
𝐺𝑣𝑢𝐺𝑘𝑘𝐺𝑙𝑙𝜖𝑣𝑢𝑖𝑗𝑘𝑙𝐻𝑣𝑘𝑙 +

1

3!
𝐺𝑘𝑘𝐺𝑙𝑙𝐺𝑚𝑢𝜖𝑣𝑢𝑖𝑗𝑘𝑙𝐻𝑘𝑙𝑚  

−
1

3!
𝐺𝑘𝑘𝐺𝑙𝑢𝐺𝑚𝑚𝜖𝑣𝑢𝑖𝑗𝑘𝑚𝐻𝑘𝑙𝑚 +

1

3!
𝐺𝑘𝑢𝐺𝑙𝑙𝐺𝑚𝑚𝜖𝑣𝑢𝑖𝑗𝑙𝑚𝐻𝑘𝑙𝑚 − 𝐺𝑢𝑣𝐺𝑢𝑛𝐺𝑘𝑘𝜖𝑣𝑢𝑖𝑗𝑛𝑘𝐻𝑢𝑣𝑘  

= −
𝑍1

2𝑍2
2

𝑍2
2

𝑍1
𝜖𝑖𝑗𝑘𝑙 [𝜕𝑙 (

𝜔𝑘

𝑍1
− 𝑎1𝑘) − 𝜕𝑘 (

𝜔𝑙

𝑍1
− 𝑎1𝑙) + 𝜕𝑣𝛾2𝑘𝑙]  

−
𝜔𝑚

3! 𝑍2
3

𝑍2
2

𝑍1
𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑘𝑙𝑚 +

𝜔𝑙

3! 𝑍2
3

𝑍2
2

𝑍1
𝜖𝑖𝑗𝑘𝑚(𝑑𝛾2)𝑘𝑙𝑚 −

𝜔𝑘

3! 𝑍2
3

𝑍2
2

𝑍1
𝜖𝑖𝑗𝑙𝑚(𝑑𝛾2)𝑘𝑙𝑚 +

𝑍1𝜔𝑛

𝑍2
2

𝑍2
2

𝑍1
𝜖𝑖𝑗𝑛𝑘𝜕𝑘

1

𝑍1
 

= −
1

2
𝜖𝑖𝑗𝑘𝑙 [𝜕𝑙 (

𝜔𝑘

𝑍1
− 𝑎1𝑘) − 𝜕𝑘 (

𝜔𝑙

𝑍1
− 𝑎1𝑙) + 𝜕𝑣(𝛾2𝑘𝑙)]  

 −
𝜔𝑚

3! 𝑍1𝑍2
𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑘𝑙𝑚 +

𝜔𝑚

3! 𝑍1𝑍2
𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑘𝑚𝑙 −

𝜔𝑚

3! 𝑍2𝑍1
𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑚𝑘𝑙 − 𝜖𝑖𝑗𝑘𝑙𝜕𝑘 (

1

𝑍1
) 𝜔𝑙

 

(∗ 𝐻)𝑣𝑖𝑗 = −
1

2
𝜖𝑖𝑗𝑘𝑙 [

1

𝑍1

(𝜕𝑙𝜔𝑘 − 𝜕𝑘𝜔𝑙) − 𝜕𝑙𝑎1𝑘 + 𝜕𝑘𝑎1𝑙 + 𝜕𝑣𝛾2𝑘𝑙] −
𝜔𝑚

2𝑍1𝑍2
𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑘𝑙𝑚  

𝑒−2Φ(∗ 𝐻)𝑖𝑗𝑘 = 𝜖𝑖𝑗𝑘𝑙𝜕𝑙𝑍1 = (∗4 𝑑𝑍1)𝑖𝑗𝑘  

𝑑𝛾1 =∗4 𝑑𝑍1  

𝑒−2Φ(∗ 𝐻)𝑢𝑣𝑖 = −
1

3! 𝑍2
2 𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑗𝑘𝑙 ⇒ 𝑑𝑍2 =∗4 𝑑𝛾2  

𝑑𝛾2 =∗4 𝑑𝑍2  
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−
𝑍1

2𝑍2
𝜖𝑖𝑗𝑘𝑙 [

1

𝑍1

(𝜕𝑙𝜔𝑘 − 𝜕𝑘𝜔𝑙) − 𝜕𝑙𝑎1𝑘 + 𝜕𝑘𝑎1𝑙 + 𝜕𝑣𝛾2𝑘𝑙] −
𝜔𝑚

2𝑍2
2 𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑘𝑙𝑚

= 𝜕𝑗 (
𝜔𝑖

𝑍2
− 𝑎2𝑖) − 𝜕𝑖 (

𝜔𝑗

𝑍2
− 𝑎2𝑗) + 𝜕𝑣𝛾1𝑖𝑗

 

𝜕𝑖𝜔𝑗 − 𝜕𝑗𝜔𝑖−
1

2
𝜖𝑖𝑗𝑘𝑙[(𝜕𝑙𝜔𝑘 − 𝜕𝑘𝜔𝑙) − 𝑍1𝜕𝑙𝑎1𝑘 + 𝑍1𝜕𝑘𝑎1𝑙 + 𝑍1𝜕𝑣𝛾2𝑘𝑙] −

𝜔𝑚

2𝑍2
𝜖𝑖𝑗𝑘𝑙𝑑(𝛾2)𝑘𝑙𝑚 

 = 𝜔𝑖𝑍2𝜕𝑗 (
1

𝑍2
) − 𝜔𝑗𝑍2𝜕𝑖 (

1

𝑍2
) + 𝑍2𝜕𝑣𝛾1𝑖𝑗 + 𝑍2(𝜕𝑖𝑎2𝑗 − 𝜕𝑗𝑎2𝑖)

 

Θ1 ≡ 𝑑𝑎1 + 𝜕𝑣𝛾2

Θ2 ≡ 𝑑𝑎2 + 𝜕𝑣𝛾1
 

(𝑑𝜔)𝑖𝑗 + (∗ 𝑑𝜔)𝑖𝑗 − 𝑍1(∗ Θ1)𝑖𝑗 − 𝑍2Θ2𝑖𝑗 =
𝜔𝑚

2𝑍2
𝜖𝑖𝑗𝑘𝑙(𝑑𝛾2)𝑘𝑙𝑚 −

𝜔𝑖

𝑍2
𝜕𝑗𝑍2 +

𝜔𝑗

𝑍2
𝜕𝑖𝑍2  

𝜔𝑚

2𝑍2
𝜖12𝑘𝑙(𝑑𝛾2)𝑘𝑙𝑚 =

𝜔1

𝑍2
𝜖1234(𝑑𝛾2)341 +

𝜔2

𝑍2
𝜖1234(𝑑𝛾2)342 =

𝜔1𝜕2𝑍2 − 𝜔2𝜕1𝑍2

𝑍2
 

𝑑𝜔 +∗ 𝑑𝜔 = 𝑍1 ∗ Θ1 + 𝑍2Θ2  

𝑍2(x, 𝑣) = 1 +
𝜅6

2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
1

|x − Fm(𝑣)|2
⋅

𝑍1(x, 𝑣) = 1 +
𝜅6

2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
1

|x − Xn(𝑣)|2
⋅

Θ1𝑖𝑗 = −
𝜅6

2𝜏NS5

𝜋2
∑  

𝑛5

m=1

 
𝜕𝑣 Fm𝑖(x𝑗 − Fm𝑗) − 𝜕𝑣 Fm𝑗(x𝑖 − Fm𝑖) + 𝜖𝑖𝑗𝑘𝑙𝜕𝑣 F𝑘𝑚(x𝑙 − Fm𝑙)

|x − Fm|4
.

Θ2𝑖𝑗 = −
𝜅6

2𝜏F1

𝜋2
∑  

𝑛1

n=1

 
𝜕𝑣Xn𝑖(x𝑗 − Xn𝑗) − 𝜕𝑣Xn𝑗(x𝑖 − Xn𝑖) + 𝜖𝑖𝑗𝑘𝑙𝜕𝑣Xn𝑘(x𝑙 − Xn𝑙)

|x − Xn|4
.

𝜔𝑖 =
𝜅6

2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
𝜕𝑣 Fm𝑖

R̃m
2

+
𝜅6

2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
𝜕𝑣Xn𝑖

Rn
2 +

𝜅6
4𝜏NS5𝜏F1

8𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑖 + 𝜕𝑣Xn𝑖

Rn
2 R̃m

2

 −
𝜅6

4𝜏NS5𝜏F1

8𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑖 − 𝜕𝑣Xn𝑖

|Rn − R̃m|
2 (

1

Rn
2 −

1

R̃m
2 )

 +
𝜅6

4𝜏NS5𝜏F1

4𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝜕𝑣 Fm𝑗 − 𝜕𝑣Xn𝑗

|Rn − R̃m𝑗|
2

ℛn
2R̃m

2

ℱ = −

𝜅6
2𝜏NS5

2𝜋2
∑  

𝑛5

m=1

 
𝑍1( Fm)|𝜕𝑣 Fm|2

|x − Fm|2
−

𝜅6
2𝜏F1

2𝜋2
∑  

𝑛1

n=1

 
𝑍2(Xn)|𝜕𝑣Xn|2

|x − Xn|2

 −
𝜅6

4𝜏NS5𝜏F1

4𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 𝜕𝑣 F𝑚 ⋅ 𝜕𝑣Xn [
1

R̃m
2 Rn

2
−

1

|Rn − R̃m|
2 (

1

R̃m
2

+
1

Rn
2)]

 −
𝜅6

4𝜏NS5𝜏F1

2𝜋4
∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝒜𝑖𝑗𝜕𝑣 Fm𝑖𝜕𝑣Xn𝑗

R̃m
2 Rn

2 |Rn − R̃m|
2 ⋅

 

R̃m ≡ x − Fm(𝑣) , Rn ≡ x − Xn(𝑣)

𝒜𝑖𝑗 ≡ R̃m𝑖Rn𝑗 − Rn𝑖R̃m𝑗 − 𝜖𝑖𝑗𝑘𝑙R̃m𝑘Rn𝑙
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𝒢

ℋ
=

𝑆𝐿(2, ℝ) × 𝑆𝑈(2) × ℝ𝑡 × 𝕊𝑦
1

𝑈(1)𝐿 × 𝑈(1)𝑅
× 𝕋4  

𝒥 = 𝐽sl
3 + 𝐽su

3 −
p

𝑅𝑦
(𝑖𝜕t + 𝑖𝜕y) , 𝒥 = 𝐽‾sl

3 + 𝐽‾su
3 −

p

𝑅𝑦
(𝑖𝜕‾t + 𝑖𝜕‾y)  

(2𝑀 + 𝑛5𝑤) + (2𝑀′ + 𝑛5𝑤′) −
p

𝑅𝑦
(𝐸 + 𝑃𝑦) = 0

(2𝑀‾ + 𝑛5𝑤) + (2𝑀‾ ′ + 𝑛5𝑤‾ ′) −
p

𝑅𝑦
(𝐸 + 𝑃‾𝑦) = 0

 

𝐿0 −
1

2
= −

𝑗(𝑗 − 1)

𝑛5
+

𝑗′(𝑗′ + 1)

𝑛5
− 𝑀𝑤 −

𝑛5

4
𝑤2 + 𝑀′𝑤′ +

𝑛5

4
𝑤′2 −

1

4
𝐸2 +

1

4
𝑃𝑦

2 + ℎ𝐿 = 0

𝐿‾0 −
1

2
= −

𝑗(𝑗 − 1)

𝑛5
+

𝑗′(𝑗′ + 1)

𝑛5
− 𝑀‾ 𝑤 −

𝑛5

4
𝑤2 + 𝑀‾ ′𝑤‾ ′ +

𝑛5

4
𝑤‾ ′2 −

1

4
𝐸2 +

1

4
𝑃‾𝑦

2 + ℎ𝑅 = 0

 

𝐸 = 𝑤𝑦𝑅𝑦 +
𝜀

𝑅𝑦
, 𝑃𝑦 = 𝑤𝑦𝑅𝑦 +

𝑛𝑦

𝑅𝑦
, 𝑃‾𝑦 = −𝑤𝑦𝑅𝑦 +

𝑛𝑦

𝑅𝑦
 

 

ℎ0 =
𝑗′(𝑗′+1)

𝑛5
 and ℎ̃0 =

𝑗̃′(𝑗̃′+1)

𝑛5
, where 𝑗′ =

𝑛5

2
− 𝑗′ 

𝛿𝑤 = 𝑞, 𝛿𝑤′ = −𝑞, 𝛿𝑤‾ ′ = −𝑞, 𝛿𝜀 = −p𝑞, 𝛿𝑛𝑦 = p𝑞  

𝑛𝑦 = − (
ℎ𝐿 + 𝑀′𝑤′ +

𝑛5
4 𝑤′2

𝑤𝑦
) , 𝑀 = −𝑀′ −

𝑛5

2
𝑤′ + p𝑤𝑦;  

𝜀 + 𝑛𝑦,ℳ = 𝑀 +
𝑛5

2
(𝑤 +

𝜀 − 𝑛𝑦

2p
) , ℳ ′ = 𝑀′ +

𝑛5

2
(𝑤′ −

𝜀 − 𝑛𝑦

2p
)         

𝑤𝑦,ℳ = 𝑀‾ +
𝑛5

2
(𝑤 +

𝜀 − 𝑛𝑦

2p
) , ℳ

′
= 𝑀‾ ′ +

𝑛5

2
(𝑤‾ ′ −

𝜀 − 𝑛𝑦

2p
)        

 

𝒫𝑢 = ℰ + 𝒩𝑝 = 𝜀 + 𝑛𝑦, 𝒥𝑅 = ℳ + ℳ
′
= 𝑀‾ + 𝑀‾ ′ +

𝑛5

2
(𝑤 + 𝑤‾ ′)                  

𝒩1= 𝑤𝑦, 𝒥𝐿 = ℳ′ − ℳ
′
= 𝑀′ − 𝑀‾ ′ +

𝑛5

2
(𝑤′ − 𝑤‾ ′)                  

𝒫𝑣 = ℰ − 𝒩𝑝 =
p

𝑛5
(ℳ − ℳ

′
) =

p

𝑛5
[𝑀‾ − 𝑀‾ ′ +

𝑛5

2
(𝑤 − 𝑤‾ ′ +

𝜀 − 𝑛𝑦

p
)]                 

 

𝒫𝑢 = 0, 𝒫𝑣 = −𝑛𝑦 +
2𝑗p

𝑛5
, 𝒥𝑅 = 0, 𝒥𝐿 = (𝑀′ + 𝑗) +

𝑛5

2
𝑤′  

∫
|𝜕𝑣 F|2

|X − F|2
 

(
𝑟1

𝔞
)

2

=
𝑀 − 𝑗

2𝑗
≡

𝑛

2𝑗
 , cos2 𝜃1 =

𝑗 + 𝑀′

2𝑗
≡

𝑚

2𝑗
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|X|2 = 𝔟2 = 𝑟1
2 + 𝔞2sin2 𝜃1 = (

𝑀 − 𝑀′

2𝑗
) 𝔞2 = (

−2𝑀′ −
𝑛5
2 𝑤′ + p𝑤𝑦

2𝑗
) 𝔞2,  

𝔟2 − 𝔞2 = (
−2𝑗 − 2𝑀′ −

𝑛5
2

𝑤′ + p𝑤𝑦

2𝑗
) 𝔞2  

𝑟1
2 = 𝔟2 − 𝔞2 , 𝜃1 =

𝜋

2
 ⟹ 𝑀′ = −𝑗, 𝔟 > 𝔞

𝑟1
2 = 0 ⟹ 𝑀 = 𝑗 , sin2 𝜃1 =

𝔟2

𝔞2
, 𝔟 < 𝔞

 

𝑔sl(𝜉0) = (
𝑒𝑖𝜏cosh 𝜌 𝑒𝑖𝜎sinh 𝜌

𝑒−𝑖𝜎sinh 𝜌 𝑒−𝑖𝜏cosh 𝜌
) = (

𝑒+𝑖𝜈𝜉0cosh 
𝛼

2
𝑒−𝑖𝜈𝜉0sinh 

𝛼

2

𝑒+𝑖𝜈𝜉0sinh 
𝛼

2
𝑒−𝑖𝜈𝜉0cosh 

𝛼

2

)  

cosh 𝜌1 = cosh (
1

2
𝛼)  ⟹ 𝑟1 = 𝑎sinh (

1

2
𝛼)  

𝑔su = ( 𝑒−𝑖𝜙sin 𝜃 𝑒𝑖𝜓cos 𝜃
−𝑒−𝑖𝜓cos 𝜃 𝑒𝑖𝜙sin 𝜃

) = (
𝑒−𝑖[(2𝜈′+𝑤′)𝜉0+𝑤′𝜉1]/2cos 

𝛼′

2
𝑒+𝑖[(2𝜈′−𝑤′)𝜉0−𝑤′𝜉1]/2sin 

𝛼′

2

−𝑒−𝑖[(2𝜈′−𝑤′)𝜉0−𝑤′𝜉1]/2sin 
𝛼′

2
𝑒+𝑖[(2𝜈′+𝑤′)𝜉0+𝑤′𝜉1]/2cos 

𝛼′

2

) 

sin 𝜃1 = cos (
1

2
𝛼′)  ⟹ 𝜃1 =

1

2
(𝜋 − 𝛼′)  

t = − (
𝑛𝑦

𝑅𝑦
− 𝑤𝑦𝑅𝑦) 𝜉0 , y =

𝑛𝑦

𝑅𝑦
𝜉0 + 𝑤𝑦𝑅𝑦𝜉1  

𝛿𝜏 = 𝑙1𝛼 + 𝑟1𝛽 = (𝛼 + 𝛽), 𝛿𝜙 = −𝑙2𝛼 − 𝑟2𝛽 = −(𝛼 + 𝛽)

𝛿𝜎 = 𝑙1𝛼 − 𝑟1𝛽 = (𝛼 − 𝛽), 𝛿𝜓 = +𝑙2𝛼 − 𝑟2𝛽 = (𝛼 − 𝛽)

𝛿t = 𝑙3𝛼 + 𝑟3𝛽 = −
p

𝑅𝑦
(𝛼 + 𝛽), 𝛿y = −𝑙4𝛼 − 𝑟4𝛽 =

p

𝑅𝑦
(𝛼 + 𝛽)

 

𝛼 = 0 , 𝛽 = −
2𝑗𝜉0

𝑛5
 

X1 + 𝑖X2 = √𝑟1
2 + 𝔞2sin 𝜃1exp [+

𝑖√2𝑤′𝑣

2𝑤𝑦𝑅𝑦
] , X3 + 𝑖X4 = 𝑟1cos 𝜃1exp [−

𝑖√2𝑤′𝑣

2𝑤𝑦𝑅𝑦
]  

𝑚 + 𝑛 = p𝑤𝑦 − 𝑘𝑛5  

|𝔟2 − 𝔞2| = 𝔞2 (
𝑀 + 𝑀′

2𝑗
) , min(𝔞2, 𝔟2) = 𝔞2 (

𝑗 − 𝑀′

2𝑗
)  

𝐽𝐿,1 =
𝑛1

𝑤𝑦

p𝑤𝑦(𝑗 + 𝑀′) + 𝑘𝑛5(𝑀 − 𝑗)

𝑀 + 𝑀′
=

𝑛1

𝑤𝑦

(𝑚 + 𝑛5𝑘)  
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𝑛𝑝= (1 +
𝑛1𝜇2

|𝔟2 − 𝔞2|
)

p2𝔞2

𝑛5𝜇2
+

𝑛1

𝑤𝑦
[
𝑛5𝑘2(ℓ + 𝑛 − 𝑚)

𝑤𝑦(𝑚 + 𝑛)
−

2p𝑘(ℓ − 𝑚)

𝑚 + 𝑛
] 

 =
p2𝐽𝑅
𝑛5

+
𝑛1

𝑤𝑦
[
pℓ

𝑛5
+

(2𝑚 − ℓ)𝑘 + 𝑛5𝑘2

𝑤𝑦
]

 ≡ 𝑛𝑝,5 + 𝑛𝑝,1

 

𝑛𝑝𝑛5 = p (2𝐽𝑅 +
𝑛1ℓ

𝑤𝑦
)  

𝑁0 =
𝑛1

𝑤𝑦
∈ ℤ 

𝑛1 = 𝑤𝑦𝑁0 =
𝑚 + 𝑛

p
𝑁0 = 𝑛̃𝑝  

𝑛𝑝 ∼ 𝑛1𝑛5

𝑘2

𝑤𝑦
2  , 𝔟2 ∼ 2𝐽𝑅

𝑛5𝑘

pℓ
 

𝐿throat 

𝑅𝐴𝑑𝑆2

≈ log [
𝑄𝑝

𝔟2 ] ≈ log [
𝑛1pℓ𝑘

2𝐽𝑅𝑤𝑦
2]  

 ≈ log [√𝑛1𝑛5 (
𝑛1𝑛5𝑘2

𝑤𝑦
2 ) ⋅

pℓ

2𝐽𝑅𝑤𝑦𝑛5
]

 

𝔞2 =
2𝐽𝑅
p

𝜇2 

Fm
1 + 𝑖 Fm

2 = 𝔞exp [
𝑖p𝑣√2

𝑛5𝑅𝑦
+

2𝜋𝑖 m

𝑛5
] , F3 + 𝑖 F4 = 0

Xn
1 + 𝑖Xn

2 = 𝔟exp [
𝑖𝑘𝑣√2

𝑤𝑦𝑅𝑦
+

2𝜋𝑖n

𝑤𝑦
] , X3 + 𝑖X4 = 0

 

𝜔2𝑟 ≡ ∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝒜𝑖𝑗,mn(𝜕𝑣 Fm𝑗 − 𝜕𝑣Xn𝑗)

Rn
2 R̃m

2 |Rn − R̃m|
2

ℱ2𝑟 = −2 ∑  

𝑛5

m=1

 ∑  

𝑛1

n=1

 
𝒜𝑖𝑗,mn𝜕𝑣 Fm𝑖𝜕𝑣Xn𝑗

R̃m
2 Rn

2 |Rn − R̃m|
2

 

𝒜𝑖𝑗,mn ≡ (x𝑖 − F𝑖 m)(x𝑗 − X𝑗n) − (x𝑗n − F𝑗 m)(x𝑖 − X𝑖n) − 𝜖𝑖𝑗𝑘𝑙(x𝑘 − F𝑘 m)(x𝑙 − X𝑙n)  

𝜔‾2𝑟 ≡
1

√2𝜋𝑅𝑦

∫  
√2𝜋𝑅𝑦

0

 𝑑𝑣
1

2𝜋
∫  

2𝜋

0

 𝑑𝜙𝜔2𝑟

ℱ2𝑟 ≡
1

√2𝜋𝑅𝑦

∫  
√2𝜋𝑅𝑦

0

 𝑑𝑣
1

2𝜋
∫  

2𝜋

0

 𝑑𝜙ℱ2𝑟

 

𝜙5 =
𝑝𝑣̃

𝑛5
+

2𝜋𝑚

𝑛5
, 𝜙1 =

𝑘𝑣̃

𝑤𝑦
+

2𝜋𝑛

𝑤𝑦
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𝒜12 = 𝔞√𝑥1
2 + 𝑥2

2sin (𝜙5 − 𝜙) + 𝔟√x1
2 + x2

2sin (𝜙 − 𝜙1) + 𝔞𝔟sin (𝜙1 − 𝜙5)

𝒜13 = x3(𝔟cos (𝜙1) − 𝔞cos (𝜙5)) + x4(𝔟sin (𝜙1) − 𝔞sin (𝜙5))

𝒜14 = x4(𝔟cos (𝜙1) − 𝔞cos (𝜙5)) + x3(𝔞sin (𝜙5) − 𝔟sin (𝜙1))

𝒜23 = −𝒜14 , 𝒜24 = 𝒜13 , 𝒜34 = 𝒜12

 

𝒜𝜙𝑗𝜕𝑣𝐹𝑗 =
pa2(x1

2 + x2
2)

𝑛5𝑅𝑦√2
(1 − cos (2(𝜙 − 𝜙5))) +

𝔞2𝔟𝔭√2√x1
2 + x2

2

𝑛5𝑅𝑦
sin (𝜙1 − 𝜙5)sin (𝜙5 − 𝜙)

−
pab(x1

2 + x2
2)

√2𝑛5𝑅𝑦

(cos(𝜙1 − 𝜙5) − cos(𝜙1 + 𝜙5 − 2𝜙)),  

−𝒜𝜙𝑗𝜕𝑣𝑋𝑗 =
𝑘𝔟2(x1

2 + x2
2)

√2𝑅𝑦𝑤𝑦

(1 − cos (2(𝜙 − 𝜙1))) +
𝔞𝔟2𝑘√2√x1

2 + x2
2

𝑅𝑦𝑤𝑦
sin (𝜙1 − 𝜙5)sin (𝜙 − 𝜙1)

 −
𝑘𝔞𝔟(x1

2 + x2
2)

√2𝑅𝑦𝑤𝑦

(cos (𝜙1 − 𝜙5) − cos (𝜙1 + 𝜙5 − 2𝜙)).

 

|𝑥 − 𝐹𝑚|2= |𝑥|2 + 𝔞2 − 2𝔞√𝑥1
2 + 𝑥2

2cos (𝜙5 − 𝜙) 

|𝑥 − 𝑋𝑛|2= |𝑥|2 + 𝔟2 − 2𝔟√𝑥1
2 + 𝑥2

2cos (𝜙1 − 𝜙) 

|𝐹𝑚 − 𝑋𝑛|2 = 𝔞2 + 𝔟2 − 2𝔞𝔟cos (𝜙1 − 𝜙5)

 

𝑐𝑎(𝔞, x) ≡
2𝔞√x1

2 + x2
2

𝔞2 + |x|2
, 𝑐𝑏(𝔟, x) ≡

2𝔟√x1
2 + x2

2

𝔟2 + |x|2
 

𝐴 ≡
2𝔞𝔟

𝔞2 + 𝔟2
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𝜔2𝑟,𝜙,1 =

𝑛1(x1
2 + x2

2) (
pa2

𝑛5
+

𝑘𝔟2

𝑤𝑦
)

𝑤𝑦𝑅𝑦√2(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(|x|2 + 𝔟2)
∑  

𝑚,𝑛

 
1

1 −
2𝔞𝔟

𝔞2 + 𝔟2 cos (𝜙1 − 𝜙5)
×

1

(1 − 𝑐𝑎cos (𝜙 − 𝜙5))(1 − 𝑐𝑏cos (𝜙 − 𝜙1))
.

𝜔2𝑟,𝜙,2 = −
p𝑛1

𝑤𝑦

𝔞2(x1
2 + x2

2)

𝑛5𝑅𝑦√2
∑  

𝑚,𝑛

 
cos (2(𝜙 − 𝜙5))

(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(|x|2 + 𝔟2)
×

1

1 −
2𝔞𝔟

𝔞2 + 𝔟2 cos (𝜙1 − 𝜙5)

1

(1 − 𝑐𝑎cos (𝜙 − 𝜙5))(1 − 𝑐𝑏cos (𝜙 − 𝜙1))
.

𝜔2𝑟,𝜙,3 =
𝐩𝑛1

𝑤𝑦

𝔞2𝔟√2√x1
2 + x2

2

𝑛5𝑅𝑦
∑  

𝑚,𝑛

 
sin (𝜙1 − 𝜙5)sin (𝜙5 − 𝜙)

(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(|x|2 + 𝔟2)

1

1 −
2𝔞𝔟

𝔞2 + 𝔟2 cos (𝜙1 − 𝜙5)
×

1

(1 − 𝑐𝑎cos (𝜙 − 𝜙5))(1 − 𝑐𝑏cos (𝜙 − 𝜙1))
.

𝜔2𝑟,𝜙,4 = −
𝑛1(p𝑤𝑦 + 𝑘𝑛5)

𝑤𝑦

𝔞𝔟(x1
2 + x2

2)

𝑛5𝑤𝑦𝑅𝑦√2
∑  

𝑚,𝑛

 
cos (𝜙1 − 𝜙5)

(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(|x|2 + 𝔟2)
×

1

1 −
2𝔞𝔟

𝔞2 + 𝔟2 cos (𝜙1 − 𝜙5)

1

(1 − 𝑐𝑎cos (𝜙 − 𝜙5))(1 − 𝑐𝑏cos (𝜙 − 𝜙1))

𝜔2𝑟,𝜙,5 =
𝑛1

𝑤𝑦

𝔞𝔟(x1
2 + x2

2)(𝑤𝑦p + 𝑛5𝑘)

𝑛5𝑤𝑦𝑅𝑦√2
∑  

𝑚,𝑛

 
cos (𝜙1 + 𝜙5 − 2𝜙)

(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(|x|2 + 𝔟2)

1

1 −
2𝔞𝔟

𝔞2 + 𝔟2 cos (𝜙1 − 𝜙5)
×

1

(1 − 𝑐𝑎cos (𝜙 − 𝜙5))(1 − 𝑐𝑏cos (𝜙 − 𝜙1))
.

𝜔2𝑟,𝜙,6 = −
𝑛1𝑘

𝑤𝑦

𝔟2(x1
2 + x2

2)

𝑤𝑦𝑅𝑦√2
∑  

𝑚,𝑛

 
cos (2(𝜙 − 𝜙1))

(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(|x|2 + 𝔟2)
×

1

1 −
2𝔞𝔟

𝔞2 + 𝔟2 cos (𝜙1 − 𝜙5)

1

(1 − 𝑐𝑎cos (𝜙 − 𝜙5))(1 − 𝑐𝑏cos (𝜙 − 𝜙1))

𝜔2𝑟,𝜙,7 =
𝑛1𝑘

𝑤𝑦

𝔞𝔟2√x1
2 + x2

2√2

𝑅𝑦
∑  

𝑚,𝑛

 
sin (𝜙1 − 𝜙5)sin (𝜙 − 𝜙1)

(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(|x|2 + 𝔟2)

1

1 −
2𝔞𝔟

𝔞2 + 𝔟2 cos (𝜙1 − 𝜙5)
×

1

(1 − 𝑐𝑎cos (𝜙 − 𝜙5))(1 − 𝑐𝑏cos (𝜙 − 𝜙1))
.

 

𝜔‾2𝑟,𝜙,1=
𝑛1(x1

2 + x2
2)

𝑤𝑦𝑅𝑦√2
(p𝑤𝑦𝔞2 + 𝑛5𝑘𝔟2)

1

(|x|2 + 𝔞2)(|x|2 + 𝔟2)(𝔞2 + 𝔟2)
×  

(

 
 1

√1 − 𝑐𝑏
2

ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −𝑖

𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2) +
1

√1 − 𝑐𝑎
2

ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
, 𝑖

𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)

)

 
 

 

ℐ1(𝑎, 𝑏, 𝑐) =
1

2𝜋
∫  

2𝜋

0

 
𝑑𝛼

(1 − 𝑎cos (𝛼))(1 − 𝑏cos (𝛼) − 𝑐sin (𝛼))
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𝜔‾2𝑟,𝜙,2 =
x1

2 + x2
2

𝑅𝑦√2(|x|2 + 𝔞2)(|x|2 + 𝔟2)

𝑛1𝔭𝔞

𝔟
(1 −

𝔞2 + 𝔟2

|𝔞2 − 𝔟2|
)

−
pa2(x1

2 + x2
2)𝑛1

2𝑅𝑦√2(|x|2 + 𝔞2)(|x|2 + 𝔟2)(𝔞2 + 𝔟2)

2 − 𝑐𝑎
2

2𝑐𝑎
2√1 − 𝑐𝑎

2
× ℐ1 (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)  

−
pa2(x1

2 + x2
2)𝑛1

2𝑅𝑦√2(|x|2 + 𝔞2)(|x|2 + 𝔟2)(𝔞2 + 𝔟2)

(1 + √1 − 𝑐𝑏
2)

2

2𝑐𝑏
2√1 − 𝑐𝑏

2

× ℐ𝑒−2𝑖𝛼 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2) 

 −
pa2(x1

2 + x2
2)𝑛1

2𝑅𝑦√2(|x|2 + 𝔞2)(|x|2 + 𝔟2)(𝔞2 + 𝔟2)

(1 − √1 − 𝑐𝑏
2)

2

2𝑐𝑏
2√1 − 𝑐𝑏

2

ℐ𝑒2𝑖𝛼 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)

 

𝜔‾2𝑟,𝜙,3 =
p𝑛1𝔞2𝔟√x1

2 + x2
2

𝑅𝑦√2(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(|x|2 + 𝔟2)
×

[
 
 
 

(

 
1

4𝑐𝑏√1 − 𝑐𝑏
2

((1 − √1 − 𝑐𝑏
2)ℐ𝑒2𝑖𝛼 (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2) +

(1 + √1 − 𝑐𝑏
2) ℐ𝑒−2𝑖𝛼 (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2) − 2ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −𝑖

𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2))

−
𝑖

𝑐𝑎
ℐsin (𝛼) (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)]

 

𝜔‾2𝑟,𝜙,4 =
𝑛1

𝑤𝑦

(x1
2 + x2

2)

2√2
(p𝑤𝑦 + 𝑘𝑛5)

𝜕Ɣ′′4

√(|x|2 + 𝔞2)2 − 4𝔞2(x1
2 + x2

2)√(|x|2 + 𝔟2)2 − 4𝔟2(x1
2 + x2

2)

+
𝑛1

𝑤𝑦

(x1
2 + x2

2)

2√2
(p𝑤𝑦 + 𝑘𝑛5)

1

(|x|2 + 𝔞2)(|x|2 + 𝔟2)
×  

(

 
 1

√1 − 𝑐𝑏
2

ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2) +
1

√1 − 𝑐𝑎
2

ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
, −

𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)

)

 
 

 

𝑐𝑏 (1 − √1 − 𝑐𝑎
2) < 𝑐𝑎 (1 − √1 − 𝑐𝑏

2) < 𝑐𝑏 (1 + √1 − 𝑐𝑎
2)  

𝑐𝑎 (1 − √1 − 𝑐𝑏
2) < 𝑐𝑏 (1 + √1 − 𝑐𝑎

2) < 𝑐𝑎 (1 + √1 − 𝑐𝑏
2)  
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𝜔‾2𝑟,𝜙,5 =
𝑛1

𝑤𝑦

𝔞𝔟(x1
2 + x2

2)

𝑅𝑦√2
(𝑤𝑦𝐩 + 𝑛5𝑘)

1

(𝔞2 + 𝔟2)(|x|2 + 𝔞2)(| × |2 + 𝔟2)
×

(
2(𝔞2 + 𝔟2)

𝑐𝑎𝑐𝑏|𝔞2 − 𝔟2|
+

(1 + √1 − 𝑐𝑎
2)

2

2𝑐𝑎
2√1 − 𝑐𝑎

2
ℐ𝑒𝑖𝛼 (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)

+
(1 − √1 − 𝑐𝑎

2)
2

2√1 − 𝑐𝑎
2𝑐𝑎

2
ℐ𝑒−𝑖𝛼 (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)  

+

(1 + √1 − 𝑐𝑏
2)

2

2𝑐𝑏
2√1 − 𝑐𝑏

2

ℐ𝑒−𝑖𝛼 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −𝑖

𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)  

+

(1 − √1 − 𝑐𝑏
2)

2

2𝑐𝑏
2√1 − 𝑐𝑏

2

ℐ𝑒𝑖𝛼 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −𝑖

𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)

)

 
 
 

.

𝜔‾2𝑟,𝜙,6 = −
𝑘𝑛1𝑛5

𝑤𝑦

𝔟2(x1
2 + x2

2)

𝑅𝑦√2

1

(𝔞2 + 𝔟2)(| × |2 + 𝔞2)(| × |2 + 𝔟2)
(
𝔞2 + 𝔟2

2𝔞𝔟
(1 −

𝔞2 + 𝔟2

|𝔞2 − 𝔟2|
)

 +
(1 + √1 − 𝑐𝑎

2)
2

2𝑐𝑎
2√1 − 𝑐𝑎

2
ℐ𝑒2𝑖𝛼 (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)

 +
(1 − √1 − 𝑐𝑎

2)
2

2𝑐𝑎
2√1 − 𝑐𝑎

2ℐ𝑒−2𝑖𝛼 (
2𝔞𝔟

𝔞2 + 𝔟2 ,
𝑐𝑏
𝑐𝑎

,
𝑖𝑐𝑏
𝑐𝑎

√1 − 𝑐𝑎
2)

 +
2 − 𝑐𝑏

2

𝑐𝑏
2√1 − 𝑐𝑏

2ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2 ,
𝑐𝑎
𝑐𝑏

, −
𝑖𝑐𝑎
𝑐𝑏

√1 − 𝑐𝑏
2)) .

𝜔‾2𝑟,𝜙,7 =
𝑘𝑛1𝑛5𝔞𝔟2√2(x1

2 + x2
2)

𝑅𝑦(𝔞2 + 𝔟2)(| × |2 + 𝔞2)(| × |2 + 𝔟2)
×

[
1

𝑐𝑎
ℐ𝑖sin cos (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2) −

1

𝑐𝑎√1 − 𝑐𝑎
2

ℐsin2 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
, 𝑖

𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)

−
𝑖

𝑐𝑏
ℐsin (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −𝑖

𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)] .
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𝜔‾2𝑟,𝜓 =
𝑛1𝔭𝔞√2

𝑤𝑦𝑅𝑦(| × |2 + 𝔞2)(| × |2 + 𝔟2)(𝔞2 + 𝔟2)

(

 
2 ×3×4 𝔞

√1 − 𝑐𝑏
2

ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)

2 ×3×4 𝔞

√1 − 𝑐𝑎
2

ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2) −

2 ×3×4 𝔟

√1 − 𝑐𝑏
2

ℐcos (𝛼) (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)

−
2 ×3×4 𝔟

√1 − 𝑐𝑎
2

ℐcos (𝛼) (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2) −

×3
2+×4

2

√1 − 𝑐𝑏
2

ℐsin (𝛼) (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2) 

−
×3

2+ 𝔵4
2

√1 − 𝑐𝑎
2

ℐsin (𝛼) (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2))

+
𝑛1𝑛5𝑘𝔟√2

𝑤𝑦𝑅𝑦(| × |2 + 𝔞2)(| × |2 + 𝔟2)(𝔞2 + 𝔟2)

(

 
2 ×3×4 𝔟

√1 − 𝑐𝑏
2

ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)  

2 ×3×4 𝔟

√1 − 𝑐𝑎
2

ℐ1 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2) −

2 ×3× 4𝔞

√1 − 𝑐𝑏
2

ℐcos (𝛼) (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)

−
2 ×3× 4𝔞

√1 − 𝑐𝑎
2

ℐcos (𝛼) (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2) −

×3
2+×4

2

√1 − 𝑐𝑏
2

ℐsin (𝛼) (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2) 

−
×3

2+×4
2

√1 − 𝑐𝑎
2

ℐsin (𝛼) (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
,
𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)) ⋅

 

ℱ2𝑟 =−
4𝔞𝔟𝑝𝑘𝑛1

𝑤𝑦𝑅𝑦
2(𝔞2 + 𝔟2)(| × |2 + 𝔞2)(| × |2 + 𝔟2)

×  

(

 
𝔞

𝑐𝑏√1 − 𝑐𝑏
2

(𝔟𝑐𝑏 + √x1
2 + x2

2) ℐsin2 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, 𝑖

𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)

+
𝔟

𝑐𝑎√1 − 𝑐𝑎
2

(𝔞𝑐𝑎 + √x1
2 + x2

2) ℐsin2 (
2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
, −𝑖

𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2) 

−
𝔞√x1

2 + x2
2

𝑐𝑏
ℐ𝑖sin cos (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, 𝑖

𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)  

+
𝔟√x1

2 + x2
2

𝑐𝑎
ℐ𝑖sin cos (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
, 𝑖

𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)  

+
𝔞√x1

2 + x2
2

𝑐𝑎
ℐ𝑖sin (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑏

𝑐𝑎
, −

𝑖𝑐𝑏

𝑐𝑎

√1 − 𝑐𝑎
2)  

−
𝔟√x1

2 + x2
2

𝑐𝑏
ℐ𝑖sin (

2𝔞𝔟

𝔞2 + 𝔟2
,
𝑐𝑎

𝑐𝑏
, −

𝑖𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2))
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∫  
2𝜋

0

 
cos (𝛼)𝑑𝛼

1 − 𝑎cos (𝛼) − 𝑏sin (𝛼)
 =

2𝜋𝑎

√1 − 𝑎2 − 𝑏2(1 + √1 − 𝑎2 − 𝑏2)

∫  
2𝜋

0

 
sin (𝛼)𝑑𝛼

1 − 𝑎cos (𝛼) − 𝑏sin (𝛼)
 =

2𝜋𝑏

√1 − 𝑎2 − 𝑏2(1 + √1 − 𝑎2 − 𝑏2)

1

2𝜋
∫  

2𝜋

0

 
cos (𝜙 − 𝜙0)𝑑𝜙

𝐴 + 𝐵cos (𝜙 − 𝜙1)
 =

cos (𝜙1 − 𝜙0)

𝐵
(1 −

𝐴

√𝐴2 − 𝐵2
)

 

ℐ1(𝑎, 𝑏, 𝑐, 𝑑) ≡
1

2𝜋
∫  

2𝜋

0

 
𝑑𝜙

1 − 𝑎cos (𝜙) − 𝑏sin (𝜙)

1

1 − 𝑐cos (𝜙) − 𝑑sin (𝜙)

=
𝑎2 + 𝑏2

√1 − 𝑎2 − 𝑏2(𝑎2 + 𝑏2 − 𝑎𝑐 − 𝑏𝑑 + 𝑖(𝑏𝑐 − 𝑑𝑎)√1 − 𝑎2 − 𝑏2)

+
𝑐2 + 𝑑2

√1 − 𝑐2 − 𝑑2(𝑐2 + 𝑑2 − 𝑎𝑐 − 𝑏𝑑 + 𝑖(𝑑𝑎 − 𝑏𝑐)√1 − 𝑐2 − 𝑑2)

ℐsin (𝛼) ≡
1

2𝜋
∫  

2𝜋

0

 
sin (𝛼)𝑑𝛼

(1 − 𝑎cos (𝛼))(1 − 𝑏cos (𝛼) − 𝑐sin (𝛼))

=

−𝑖𝑏 −
𝑐

√1 − 𝑏2 − 𝑐2

𝑎𝑏 − 𝑖𝑎𝑐√1 − 𝑏2 − 𝑐2 − 𝑏2 − 𝑐2
−

𝑖

(𝑏 − 𝑎 + 𝑖𝑐√1 − 𝑎2)

ℐcos (𝛼) ≡
1

2𝜋
∫  

2𝜋

0

 
cos (𝜙)𝑑𝜙

(1 − 𝑎cos (𝜙))(1 − 𝑏cos (𝜙) − 𝑐sin (𝜙))
= −

1

𝑎√1 − 𝑎2√1 − 𝑏2 − 𝑐2

+
1

𝑎
[

𝑎

√1 − 𝑎2(𝑎 − 𝑏 − 𝑖𝑐√1 − 𝑎2)
+

𝑏2 + 𝑐2

√1 − 𝑏2 − 𝑐2(𝑏2 + 𝑐2 − 𝑎𝑏 + 𝑖𝑎𝑐√1 − 𝑏2 − 𝑐2)
]

ℐ𝑒𝑖𝛼(𝐴, 𝑎, 𝑏) ≡
1

2𝜋
∫  

2𝜋

0

 
𝑒𝑖𝛼

1 − 𝐴cos (𝛼)

1

1 − 𝑎cos (𝛼) − 𝑏sin (𝛼)
𝑑𝛼 = ℐcos (𝛼) + 𝑖ℐsin (𝛼)

ℐ𝑒−𝑖𝛼(𝐴, 𝑎, 𝑏) ≡
1

2𝜋
∫  

2𝜋

0

 
𝑒−𝑖𝛼

1 − 𝐴cos (𝛼)

1

1 − 𝑎cos (𝛼) − 𝑏sin (𝛼)
𝑑𝛼 = ℐcos (𝛼) − 𝑖ℐsin (𝛼)

ℐ𝑒2𝑖𝛼(𝑎, 𝑏, 𝑐) ≡
1

2𝜋
∫  

2𝜋

0

 
𝑒2𝑖𝛼

(1 − 𝑎cos (𝛼))(1 − 𝑏cos (𝛼) − 𝑐sin (𝛼))
𝑑𝛼

=
4

𝑎(𝑏 − 𝑖𝑐)
−

𝑎(1 + √1 − 𝑎2)

√1 − 𝑎2(1 − √1 − 𝑎2)(𝑏 − 𝑖𝑐√1 − 𝑎2 − 𝑎)

−
𝜖(𝑏 + 𝑖𝑐)2(1 + √1 − 𝑏2 − 𝑐2)

√1 − 𝑏2 − 𝑐2(1 − √1 − 𝑏2 − 𝑐2)(𝑎𝑏 + 𝑖𝑐𝑎√1 − 𝑏2 − 𝑐2 − 𝑏2 − 𝑐2)

 

1

1 − 𝑏cos (𝛼) − 𝑐sin (𝛼)
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ℐ𝑒−2𝑖𝛼(𝑎, 𝑏, 𝑐) ≡
1

2𝜋
∫  

2𝜋

0

 
𝑒−2𝑖𝛼

(1 − 𝑎cos (𝛼))(1 − 𝑏cos (𝛼) − 𝑐sin (𝛼))
𝑑𝛼

=
4

𝑎(𝑏 + 𝑖𝑐)
−

𝑎(1 + √1 − 𝑎2)

√1 − 𝑎2(1 − √1 − 𝑎2)(𝑏 + 𝑖𝑐√1 − 𝑎2 − 𝑎)

−
𝜖(𝑏 − 𝑖𝑐)2(1 + √1 − 𝑏2 − 𝑐2)

√1 − 𝑏2 − 𝑐2(1 − √1 − 𝑏2 − 𝑐2)(𝑎𝑏 − 𝑖𝑐𝑎√1 − 𝑏2 − 𝑐2 − 𝑏2 − 𝑐2)
.

ℐ
sin2 (𝑎,𝑏,𝑐)≡

1
2𝜋 ∫  

2𝜋
0  

sin2 (𝛼)
(1−𝑎cos (𝛼))(1−𝑏cos (𝛼)−𝑐sin (𝛼))

𝑑𝛼

=
4

𝑎(𝑏 + 𝑖𝑐)
−

𝑎(1 + √1 − 𝑎2)

√1 − 𝑎2(1 − √1 − 𝑎2)(𝑏 + 𝑖𝑐√1 − 𝑎2 − 𝑎)

−
𝜖(𝑏 − 𝑖𝑐)2(1 + √1 − 𝑏2 − 𝑐2)

√1 − 𝑏2 − 𝑐2(1 − √1 − 𝑏2 − 𝑐2)(𝑎𝑏 − 𝑖𝑐𝑎√1 − 𝑏2 − 𝑐2 − 𝑏2 − 𝑐2)
.

ℐsin2 (𝐴,
𝑐𝑎

𝑐𝑏

,
𝑐𝑎

𝑐𝑏

√1 − 𝑐𝑏
2) = (1 − √1 − 𝐴2) 𝑐𝑎

2𝑐𝑏
2 + 2𝐴𝑐𝑎𝑐𝑏 (−4 + (1 + √1 − 𝐴2) 𝑐𝑏

2) + 𝐴2 (4𝑐𝑏
2 − 𝑐𝑎

2 (−4 + 𝑐𝑏
2 (4 + √1 − 𝑐𝑏

2)))

2 (1𝑐𝑎𝑐𝑏 (2𝐴𝑐𝑎𝑐𝑏 − 𝑐𝑎
2𝑐𝑏

2 + 𝐴2(−𝑐𝑏
2 + 𝑐𝑎

2(−1 + 𝑐𝑏
2)))

+
𝜖𝑐𝑎 (2𝑐𝑎𝑐𝑏(1 − 𝑐𝑏

2 + √1 − 𝑐𝑎
2) + 𝐴𝑐𝑏

2(√1 − 𝑐𝑎
2 − √1 − 𝑐𝑏

2 − 2 + √1 − 𝑐𝑎
2√1 − 𝑐𝑏

2 + 𝒞)

2𝑐𝑏(1 − 𝑐𝑎
2 − √1 − 𝑐𝑎

2) (2𝐴𝑐𝑎𝑐𝑏 − 𝑐𝑎
2𝑐𝑏

2 + 𝐴2(−𝑐𝑏
2 + 𝑐𝑎

2(−1 + 𝑐𝑏
2)))

.

 

ℐ𝑖sin cos (𝐴,
𝑐𝑎

𝑐𝑏
, −𝑖

𝑐𝑎

𝑐𝑏
√1 − 𝑐𝑏

2)≡
𝑖

2𝜋
∫  

2𝜋

0

 
1

(1 − 𝐴cos (𝛼))

sin (𝛼)cos (𝛼)𝑑𝛼

(1 −
𝑐𝑎
𝑐𝑏

cos (𝛼) +
𝑖𝑐𝑎
𝑐𝑏

√1 − 𝑐𝑏
2sin (𝛼))

 

 =
1

2𝜋 × 4
∫  

2𝜋

0

 
1

(1 − 𝐴cos (𝛼))

(𝑒2𝑖𝛼 − 𝑒−2𝑖𝛼)𝑑𝛼

(1 −
𝑐𝑎
𝑐𝑏

cos (𝛼) +
𝑖𝑐𝑎
𝑐𝑏

√1 − 𝑐𝑏
2sin (𝛼))

 

ℐ𝑖sin cos(𝑐𝑎, 𝑐𝑏 , 𝐴) = −
√1 − 𝑐𝑏

2(8𝐴(√1 − 𝐴2 − 1)𝑐𝑎𝑐𝑏 + 4(1 − √1 − 𝐴2)𝑐𝑎
2𝑐𝑏

2 + 𝐴2𝒟)

2𝑐𝑎𝑐𝑏𝐴(1 − √1 − 𝐴2) (2𝐴𝑐𝑎𝑐𝑏 − 𝑐𝑎
2𝑐𝑏

2 − 𝐴2 (𝑐𝑏
2 + 𝑐𝑎

2(1 − 𝑐𝑏
2)))

 +𝜖
𝑐𝑎 (1 + √1 − 𝑐𝑎

2) √1 − 𝑐𝑏
2 (−2𝑐𝑎𝑐𝑏 + 𝐴 (2 − 2√1 − 𝑐𝑎

2 + √1 − 𝑐𝑎
2𝑐𝑏

2))

2𝑐𝑏 (1 − 𝑐𝑎
2 − √1 − 𝑐𝑎

2) (−2𝐴𝑐𝑎𝑐𝑏 + 𝑐𝑎
2𝑐𝑏

2 + 𝐴2 (𝑐𝑏
2 + 𝑐𝑎

2(1 − 𝑐𝑏
2)))

 

𝒟 ≡ 4 (1 − √1 − 𝐴2) 𝑐𝑏
2 + 𝑐𝑎

2 (4 − 4√1 − 𝐴2 − 𝑐𝑏
2 (5 − 3√1 − 𝐴2))

 ∫  
2𝜋

0

 
cos (2𝜙′ − 2𝜙)

(1 − 𝑐𝑎cos (𝜙 − 𝜙5))(1 − 𝑐𝑏cos (𝜙 − 𝜙1))
𝑑𝜙 =

4𝜋

𝑐𝑎𝑐𝑏
𝑒2𝑖𝜙′−𝑖(𝜙1+𝜙5) −

𝜋𝑒−2𝑖𝜙5𝑐𝑎 (1 + √1 − 𝑐𝑎
2) (𝑒2𝑖𝜙′

+
1
𝑐𝑎

4 𝑒4𝑖𝜙5−2𝑖𝜙′
(1 − √1 − 𝑐𝑎

2)
4
)

√1 − 𝑐𝑎
2 (1 − √1 − 𝑐𝑎

2) (𝑐𝑏cos (𝜙1 − 𝜙5) + 𝑖𝑐𝑏√1 − 𝑐𝑎
2sin (𝜙1 − 𝜙5) − 𝑐𝑎)

 −

𝜋𝑒−2𝑖𝜙1𝑐𝑏 (1 + √1 − 𝑐𝑏
2) (𝑒2𝑖𝜙′

+
1
𝑐𝑏

4 𝑒4𝑖𝜙1−2𝑖𝜙′
(1 − √1 − 𝑐𝑏

2)

4

)

√1 − 𝑐𝑏
2 (1 − √1 − 𝑐𝑏

2)(𝑐𝑎cos (𝜙1 − 𝜙5) + 𝑖𝑐𝑎√1 − 𝑐𝑏
2sin (𝜙5 − 𝜙1) − 𝑐𝑏)

 

𝑃 =
𝑛5𝑛𝑝

⊥

𝑛5𝑅𝑦
= 𝑐(𝑛5𝑅𝑦)𝑇𝐿

2 
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𝜆𝐿 = 𝑛5𝑅𝑦[𝑐/(𝑛𝑝
⊥𝑛5)]

1/2
 

𝜕2

𝜕𝑡2
(ℎ+ − 𝑖ℎ×) = 2𝜌4𝜓4,  

𝜓4(𝑡, 𝑟, 𝜃, 𝜙) = ∑  

ℓ𝑚𝜔

 𝑅ℓ𝑚𝜔(𝑟)−2𝑆ℓ𝑚𝜔(𝜃, 𝜑)𝑒−𝑖𝜔𝑡 .  

 −2𝑆ℓ𝑚𝜔(𝜃, 𝜑) =  −2𝑆ℓ𝑚𝜔(𝜃)𝑒𝑖𝑚𝜑 

[Δ2
𝑑

𝑑𝑟
(
1

Δ

𝑑

𝑑𝑟
) − 𝑉T(𝑟)] 𝑅ℓ𝑚𝜔(𝑟) = −𝒯ℓ𝑚𝜔(𝑟),  

𝑉T(𝑟) = −
𝐾2 + 4𝑖(𝑟 − 1)𝐾

Δ
+ 8𝑖𝜔𝑟 + 𝜆ℓ𝑚𝜔,  

Δ = (𝑟 − 𝑟+)(𝑟 − 𝑟−), 𝑟± = 1 ± √1 − 𝑎2, 𝐾 = (𝑟2 + 𝑎2)𝜔 − 𝑚𝑎 

𝑅in (𝑟)  = {

𝐵T
transΔ2𝑒−𝑖𝜅𝑟∗ , 𝑟 → 𝑟+

𝐵T
inc

𝑒−𝑖𝜔𝑟∗

𝑟
+ 𝐵T

ref 𝑟3𝑒𝑖𝜔𝑟∗ , 𝑟 → ∞
,

𝑅up(𝑟)  = {
𝐶T

ref Δ2𝑒−𝑖𝜅𝑟∗ + 𝐶T
inc 𝑒𝑖𝜅𝑟∗ , 𝑟 → 𝑟+

𝐶T
trans 𝑟3𝑒𝑖𝜔𝑟∗ , 𝑟 → ∞

,

 

𝐺T(𝑟, 𝑟̃) =

{
 

 
1

𝑊𝑅
𝑅up(𝑟)𝑅in(𝑟̃), 𝑟 > 𝑟̃

1

𝑊𝑅
𝑅in(𝑟)𝑅up(𝑟̃), 𝑟 < 𝑟̃

 

𝑊𝑅 = Δ−1 (𝑅in
𝑑𝑅up

𝑑𝑟
− 𝑅up

𝑑𝑅in

𝑑𝑟
) .  

𝑅inhomo (𝑟) =
𝑅up(𝑟)

𝑊𝑅
∫  

𝑟

𝑟+

 𝑑𝑟̃
𝑅in(𝑟̃)𝒯(𝑟̃)

Δ2(𝑟̃)

 +
𝑅in(𝑟)

𝑊𝑅
∫  

∞

𝑟

 𝑑𝑟̃
𝑅up(𝑟̃)𝒯(𝑟̃)

Δ2(𝑟̃)

 

𝑅ℓ𝑚𝜔
inhomo(𝑟 → ∞) =

1

2𝑖𝜔𝐵T
inc

∫  
∞

𝑟+

 𝑑𝑟̃
𝑅in(𝑟̃)𝒯(𝑟̃)

Δ2(𝑟̃)⏟                  
𝑍ℓ𝑚𝜔

∞

𝑟3𝑒𝑖𝜔𝑟∗

 

[
𝑑2

𝑑𝑟∗
2

− ℱℓ𝑚𝜔

𝑑

𝑑𝑟∗
− 𝒰ℓ𝑚𝜔] 𝑋ℓ𝑚𝜔(𝑟∗) = 𝒮ℓ𝑚𝜔(𝑟)  
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ℱ(𝑟) =
𝜂′

𝜂

Δ

𝑟2 + 𝑎2

𝒰(𝑟) =
Δ𝑈1

(𝑟2 + 𝑎2)2
+ 𝐺2 +

Δ𝐺′

𝑟2 + 𝑎2
− ℱ𝐺,

𝐺(𝑟) = −
2(𝑟 − 1)

𝑟2 + 𝑎2
+

𝑟Δ

(𝑟2 + 𝑎2)2
,

𝑈1(𝑟) = 𝑉T +
Δ2

𝛽
[(2𝛼 +

𝛽′

Δ
)

′

−
𝜂′

𝜂
(𝛼 +

𝛽′

Δ
)] ,

 

𝛼 = 3𝑖𝐾′ + 𝜆 +
6Δ

𝑟2
− 𝑖

𝐾𝛽

Δ2

𝛽 = Δ (−2𝑖𝐾 + Δ′ −
4Δ

𝑟
)

𝜂 = 𝑐0 +
𝑐1

𝑟
+

𝑐2

𝑟2
+

𝑐3

𝑟3
+

𝑐4

𝑟4

 

𝑐0 = −12𝑖𝜔 + 𝜆(2 + 𝜆) − 12𝑎𝜔(𝑎𝜔 − 𝑚),

𝑐1 = 8𝑖𝑎𝑚𝜆 + 8𝑖𝑎2𝜔(3 − 𝜆),

𝑐2 = −24𝑖𝑎(𝑎𝜔 − 𝑚) + 12𝑎2[1 − 2(𝑎𝜔 − 𝑚)2],

𝑐3 = 24𝑖𝑎3(𝑎𝜔 − 𝑚) − 24𝑎2,

𝑐4 = 12𝑎4.

 

𝑟∗(𝑟)= ∫
𝑟̃2 + 𝑎2

Δ

𝑟
𝑟̃2 + 𝑎2

Δ
𝑑𝑟̃  

 = 𝑟 +
2𝑟+

𝑟+ − 𝑟−
ln 

𝑟 − 𝑟+

2
−

2𝑟−
𝑟+ − 𝑟−

ln 
𝑟 − 𝑟−

2

 

𝑅ℓ𝑚𝜔(𝑟) = Λ−1[𝑋ℓ𝑚𝜔(𝑟∗(𝑟))] +
(𝑟2 + 𝑎2)3/2

𝜂
𝒮ℓ𝑚𝜔,  

Λ−1[𝑋ℓ𝑚𝜔] =
1

𝜂
[

𝛼Δ + 𝛽′

√𝑟2 + 𝑎2
𝑋ℓ𝑚𝜔 −

𝛽

Δ
(

Δ𝑋ℓ𝑚𝜔

√𝑟2 + 𝑎2
)

′

] .  

𝑅ℓ𝑚𝜔(𝑟 → ∞) = lim
𝑟→∞

 Λ−1[𝑋ℓ𝑚𝜔(𝑟∗(𝑟))]  

𝒮ℓ𝑚𝜔 =
𝜂Δ𝒲

(𝑟2 + 𝑎2)3/2𝑟2
exp (−𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)  

𝑑2𝒲

𝑑𝑟2
= −

𝑟2

Δ2
𝒯ℓ𝑚𝜔(𝑟)exp (𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)  

𝒯ℓ𝑚𝜔(𝑟) =𝜇 ∫ 
𝛾

 𝑑𝜏𝑒𝑖𝜔𝑡(𝜏)−𝑖𝑚𝜑(𝜏)

Δ2{(𝐴𝑛𝑛0 + 𝐴𝑛𝑚‾ 0 + 𝐴𝑚‾ 𝑚‾ 0)𝛿(𝑟 − 𝑟(𝜏))

+[(𝐴𝑛𝑚‾ 1 + 𝐴𝑚‾ 𝑚‾ 1)𝛿(𝑟 − 𝑟(𝜏))]′  

+[𝐴𝑚‾ 𝑚‾ 2𝛿(𝑟 − 𝑟(𝜏))]′′}
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𝑋in(𝑟∗) = {
𝐵SN

trans𝑒−𝑖𝜅𝑟∗ 𝑟∗ → −∞

𝐵SN
inc𝑒−𝑖𝜔𝑟∗ + 𝐵SN

ref𝑒𝑖𝜔𝑟∗ 𝑟∗ → ∞
,  

𝑋up(𝑟∗) = {
𝐶SN

ref𝑒−𝑖𝜅𝑟∗ + 𝐶SN
inc𝑒𝑖𝜅𝑟∗ 𝑟∗ → −∞

𝐶SN
trans𝑒𝑖𝜔𝑟∗ 𝑟∗ → ∞

 

𝑋ℓ𝑚𝜔
inhomo (𝑟∗) =

𝑋ℓ𝑚𝜔
up (𝑟∗)

𝑊𝑋
∫  

𝑟∗

−∞

 𝑋ℓ𝑚𝜔
in (𝑟̃∗)

𝒮ℓ𝑚𝜔(𝑟̃∗)

𝜂
𝑑𝑟̃∗

 +
𝑋ℓ𝑚𝜔

in (𝑟∗)

𝑊𝑋
∫  

∞

𝑟∗

 𝑋ℓ𝑚𝜔
up (𝑟̃∗)

𝒮ℓ𝑚𝜔(𝑟̃∗)

𝜂
𝑑𝑟̃∗

 

𝑊𝑋 =
1

𝜂
[𝑋ℓ𝑚𝜔

in
𝑑𝑋ℓ𝑚𝜔

up

𝑑𝑟∗
− 𝑋ℓ𝑚𝜔

up 𝑑𝑋ℓ𝑚𝜔
in

𝑑𝑟∗
] =

2𝑖𝜔

𝑐0
𝐵SN

inc𝐶SN
trans  

𝑋ℓ𝑚𝜔
inhomo (𝑟∗ → ∞) =

𝑐0

2𝑖𝜔𝐵SN
inc 

∫  
∞

−∞

 
𝑋ℓ𝑚𝜔

in (𝑟∗)𝒮ℓ𝑚𝜔(𝑟∗)

𝜂
𝑑𝑟∗

⏟                      
𝑋ℓ𝑚𝜔

∞

𝑒𝑖𝜔𝑟∗  

𝑅ℓ𝑚𝜔
inhomo = −

4𝜔2

𝑐0
𝑋ℓ𝑚𝜔

∞ 𝑟3𝑒𝑖𝜔𝑟∗  

ℎ+ − 𝑖ℎ× =

 −
2

𝑟
∑  

ℓ𝑚

 ∫  
∞

−∞

 
𝑍ℓ𝑚𝜔

∞

𝜔2
− 2𝑆ℓ𝑚𝜔(𝜃)𝑒−𝑖𝜔(𝑡−𝑟∗)+𝑖𝑚𝜑𝑑𝜔  

𝑍ℓ𝑚𝜔
∞ = −

4𝜔2

𝑐0
𝑋ℓ𝑚𝜔

∞  

𝑌ℓ𝑚𝜔
in/up '' 

(𝑟) ≡
𝑋ℓ𝑚𝜔

in/up 
(𝑟)

𝑟2√𝑟2 + 𝑎2
exp (−𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟)  

𝑋ℓ𝑚𝜔
inhomo(𝑟∗) =

𝑋ℓ𝑚𝜔
up (𝑟∗)

𝑊𝑋
∫  

𝑟(𝑟∗)

𝑟+

 𝑌ℓ𝑚𝜔
in′′ 𝒲(𝑟)𝑑𝑟

 +
𝑋ℓ𝑚𝜔

in (𝑟∗)

𝑊𝑋
∫  

∞

𝑟(𝑟∗)

 𝑌ℓ𝑚𝜔
up′′

𝒲(𝑟)𝑑𝑟

 

𝑋ℓ𝑚𝜔
inhomo(𝑟∗) =

𝑋ℓ𝑚𝜔
up (𝑟∗)

𝑊𝑋
∫  

𝑟(𝑟∗)

𝑟+

 𝑌ℓ𝑚𝜔
in 𝑑2𝒲(𝑟)

𝑑𝑟2
𝑑𝑟

+
𝑋ℓ𝑚𝜔

up (𝑟∗)

𝑊𝑋
[𝑌ℓ𝑚𝜔

in′ (𝑟)𝒲(𝑟) − 𝑌ℓ𝑚𝜔
in (𝑟)𝒲′(𝑟)]

𝑟+

𝑟(𝑟∗)
 

+
𝑋ℓ𝑚𝜔

in (𝑟∗)

𝑊𝑋
[𝑌ℓ𝑚𝜔

up′
(𝑟)𝒲(𝑟) − 𝑌ℓ𝑚𝜔

up
(𝑟)𝒲′(𝑟)]

𝑟(𝑟∗)

∞
 

 +
𝑋ℓ𝑚𝜔

in (𝑟∗)

𝑊𝑋
∫  

∞

𝑟(𝑟∗)

 𝑌ℓ𝑚𝜔
up 𝑑2𝒲(𝑟)

𝑑𝑟2
𝑑𝑟
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𝑋ℓ𝑚𝜔
∞  =

𝑐0

2𝑖𝜔𝐵SN
inc

[𝑌ℓ𝑚𝜔
in′ (𝑟)𝒲(𝑟) − 𝑌ℓ𝑚𝜔

in (𝑟)𝒲′(𝑟)]
𝑟+

∞

 +
𝑐0

2𝑖𝜔𝐵SN
inc

∫  
∞

𝑟+

 𝑌ℓ𝑚𝜔
in (𝑟)

𝑑2𝒲(𝑟)

𝑑𝑟2
𝑑𝑟

 

𝐼 =∫  
∞

𝑟+

 𝑌in(𝑟)
𝑑2𝒲(𝑟)

𝑑𝑟2
𝑑𝑟  

=− ∫  
∞

𝑟+

 𝑌in(𝑟)
𝑟2

Δ2
𝒯ℓ𝑚𝜔(𝑟)exp (𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃) 𝑑𝑟  

= −𝜇 ∫  
∞

𝑟+

 ∫  
𝛾

  𝑟2𝑌in(𝑟)exp (𝑖 ∫
𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃) [(𝐴𝑛𝑛0 + 𝐴𝑚‾ 𝑛0 + 𝐴𝑚‾ 𝑚‾ 0)𝛿(𝑟 − 𝑟(𝜏))

 +{(𝐴𝑚‾ 𝑛1 + 𝐴𝑚‾ 𝑚‾ 1)𝛿(𝑟 − 𝑟(𝜏))},𝑟 + {𝐴𝑚‾ 𝑚‾ 2𝛿(𝑟 − 𝑟(𝜏))},𝑟𝑟]𝑒𝑖𝜔𝑡(𝜏)−𝑖𝑚𝜑(𝜏)𝑑𝜏𝑑𝑟

= −𝜇 ∫ 
𝛾

  [𝒴(𝑟)(𝐴𝑛𝑛0 + 𝐴𝑚‾ 𝑛0 + 𝐴𝑚‾ 𝑚‾ 0) − 𝒴′(𝑟)(𝐴𝑚‾ 𝑛1 + 𝐴𝑚‾ 𝑚‾ 1)

 +𝒴′′(𝑟)𝐴𝑚‾ 𝑚‾ 2]𝑟=𝑟(𝜏),𝜃=𝜃(𝜏)𝑒
𝑖𝜔𝑡(𝜏)−𝑖𝑚𝜑(𝜏)𝑑𝜏

 

𝒴(𝑟) = 𝑟2𝑌in(𝑟)exp (𝑖 ∫
𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)  

𝐼 = −𝜇 ∫ 
𝛾

  [𝒩2(𝜏)𝑊𝑛𝑛(𝜏) + 𝒩(𝜏)ℳ(𝜏)𝑊𝑛𝑚‾ (𝜏) + ℳ
2
(𝜏)𝑊𝑚‾ 𝑚‾ (𝜏)] 𝑒𝑖𝜔𝑡(𝜏)−𝑖𝑚𝜑(𝜏)𝑑𝜏  

𝒩 = 𝑢𝑡 − 𝑎sin2 𝜃𝑢𝜑 +
Σ

Δ
𝑢𝑟

ℳ  = 𝑖𝑎sin 𝜃𝑢𝑡 − 𝑖(𝑟2 + 𝑎2)sin 𝜃𝑢𝜑 + Σ𝑢𝜃

 

𝑌in′′
(𝑟 → ∞) =

 
𝐵SN

ref

𝑟3
∑  

∞

𝑗=0

 
𝑌+,𝑗

∞

𝑟𝑗
+

𝐵SN
inc𝑒4𝑖𝜔ln 2−2𝑖𝜔𝑟

𝑟3+4𝑖𝜔
∑  

∞

𝑗=0

 
𝑌−,𝑗

∞

𝑟𝑗
,

 

𝑑2𝑌

𝑑𝑟∗
2

=
2(𝑟2 − 𝑎2)

(𝑟2 + 𝑎2)2

𝑑𝑌

𝑑𝑟∗

 +
Δ2𝑋(𝑟∗)

𝑟2(𝑟2 + 𝑎2)5/2
exp (−𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)

 

𝑌up′′(𝑟 → 𝑟+) = 𝐶SN
inc ∑  

∞

𝑗=0

 𝑌+,𝑗
H (𝑟 − 𝑟+)𝑗

 +𝐶SN
ref(𝑟 − 𝑟+)

𝑖
(𝑎𝑟+𝑚+2𝑎2𝜔−4𝑟+𝜔)

𝑟+√1−𝑎2 ∑  

∞

𝑗=0

 𝑌+,𝑗
H (𝑟 − 𝑟+)𝑗,

 

𝒲(𝑟) = 𝒲𝑛𝑛(𝑟) + 𝒲𝑛𝑚‾ (𝑟) + 𝒲𝑚‾ 𝑚‾ (𝑟).  
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𝑑2𝒲𝑛𝑛

𝑑𝑟2
= −

𝒜𝜇

2
𝑟2exp (𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃) ∫ 

𝛾

 𝑑𝜏𝑒𝑖𝜔𝑡(𝜏)−𝑖𝑚𝜑(𝜏)𝜌𝜌‾2𝒩2ℒ1
†[𝜌−4ℒ2

†(𝜌3𝑆)]𝛿(𝑟 − 𝑟(𝜏)) 

 = −
𝒜𝜇

2
∑  

𝑗

  {
1

𝑢𝑟
𝑟2𝜌𝜌‾2𝒩2ℒ1

†[𝜌−4ℒ2
†(𝜌3𝑆)]𝑒𝑖𝜒(𝑟)}

𝑟=𝑟(𝜏𝑗)

 

𝜒(𝑟) ≡ 𝜔𝑡(𝑟) − 𝑚𝜑(𝑟) + ∫
𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃ = 𝜔𝑣(𝑟) − 𝑚𝜑̃(𝑟)  

𝜑̃ = 𝜑 + ∫
𝑎

Δ

𝑟

𝑑𝑟̃ 

𝜒′(𝑟) = 𝜔
𝒩

𝑢𝑟
+ (𝑎𝜔sin2 𝜃 − 𝑚)𝜑̃′  

𝑓(𝑟)
𝒩

𝑢𝑟
𝑒𝑖𝜒(𝑟) =

1

𝑖𝜔
{[𝑓(𝑟)𝑒𝑖𝜒(𝑟)]

′

−[𝑓′(𝑟) + 𝑖𝜉(𝑟)𝑓(𝑟)]𝑒𝑖𝜒(𝑟)}
 

𝜉(𝑟) = (𝑎𝜔sin2 𝜃 − 𝑚)𝜑̃′(𝑟) ∼ 𝒪(𝑟−3/2)  

1

𝜇
𝒲𝑛𝑛(𝑟) = 𝑓0(𝑟)𝑒𝑖𝜒(𝑟) + ∫  

∞

𝑟

 𝑓1(𝑟1)𝑒𝑖𝜒(𝑟1)𝑑𝑟1 + ∫  
∞

𝑟

 𝑑𝑟1 ∫  
∞

𝑟1

 𝑓2(𝑟2)𝑒𝑖𝜒(𝑟2)𝑑𝑟2

1

𝜇
𝒲𝑛𝑚‾ (𝑟) = 𝑔0(𝑟)𝑒𝑖𝜒(𝑟) + ∫  

∞

𝑟

 𝑔1(𝑟1)𝑒𝑖𝜒(𝑟1)𝑑𝑟1 + ∫  
∞

𝑟

 𝑑𝑟1 ∫  
∞

𝑟1

 𝑔2(𝑟2)𝑒𝑖𝜒(𝑟2)𝑑𝑟2

1

𝜇
𝒲𝑚‾ 𝑚‾ (𝑟) = ℎ0(𝑟)𝑒𝑖𝜒(𝑟) + ∫  

∞

𝑟

 ℎ1(𝑟1)𝑒𝑖𝜒(𝑟1)𝑑𝑟1 + ∫  
∞

𝑟

 𝑑𝑟1 ∫  
∞

𝑟1

 ℎ2(𝑟2)𝑒𝑖𝜒(𝑟2)𝑑𝑟2

 

𝒲′′ = −
𝑟2

Δ2
𝒯exp (𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)

 × Θ(𝑟 − 𝑟min)Θ(𝑟max − 𝑟)

 

𝒲(𝑟) = 𝒲′(𝑟) = 0 𝑟 > 𝑟max.  

𝑌(𝑟)= 𝑌part (𝑟) + 𝑦1𝑟 + 𝑦0,  

𝒲(𝑟) = 𝒲part (𝑟) + 𝑤1𝑟 + 𝑤0,
 

𝒲canonical (𝑟) ∼ {
𝒪(1), 𝑟 → 𝑟+

𝒪(𝑟1/2), 𝑟 → ∞
,  

𝒲canonical 
′
(𝑟) ∼ {

𝒪(1), 𝑟 → 𝑟+

𝒪(1), 𝑟 → ∞
.  

𝑤0 = −𝒲part (𝑟+) + 𝑟+𝒲part ′(𝑟+),

𝑤1 = −𝒲part  ′(𝑟+),
 

𝑑𝜒

𝑑𝑟∗
∼ 𝒪(Δ), 𝑟∗ → −∞.  

𝜒(𝑟∗ → −∞) = ৳  
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𝒲(𝑟) ∼ {
𝒪(Δ2), 𝑟 → 𝑟+

𝒪(𝑟), 𝑟 → ∞
,  

𝒲′(𝑟) ∼ {
𝒪(Δ), 𝑟 → 𝑟+

𝒪(1), 𝑟 → ∞
,  

𝑌canonical (𝑟) ∼ {
𝒪(1), 𝑟 → 𝑟+

𝒪(1/𝑟), 𝑟 → ∞
,  

𝑌canonical 
′
(𝑟) ∼ {

𝒪(1), 𝑟 → 𝑟+

𝒪(1/𝑟2), 𝑟 → ∞
.  

𝑦0 = −𝑌part (𝑟+) + 𝑟+𝑌part ′(𝑟+),

𝑦1 = −𝑌part ′(𝑟+),
 

𝑌(𝑟) ∼ {
𝒪(Δ2), 𝑟 → 𝑟+

𝒪(𝑟), 𝑟 → ∞
,  

𝑌′(𝑟) ∼ {
𝒪(Δ), 𝑟 → 𝑟+

𝒪(1), 𝑟 → ∞
.  

𝑡(𝜆) = Γ𝜆 + Δ𝑡[𝑟(𝜆), 𝜃(𝜆)]

𝑟(𝜆) = ∑  

∞

𝑛=−∞

  𝑟𝑛𝑒−𝑖𝑛Υ𝑟𝜆

𝜃(𝜆) = ∑  

∞

𝑘=−∞

 𝜃𝑘𝑒−𝑖𝑘Υ𝜃𝜆

𝜑(𝜆) = Υ𝜑𝜆 + Δ𝜑[𝑟(𝜆), 𝜃(𝜆)]

 

𝐼 = −𝜇 ∫ 
𝛾

  𝐽ℓ𝑚𝜔[𝑟(𝜆), 𝜃(𝜆)]𝑒𝑖(𝜔Γ−𝑚Υ𝜑)𝜆𝑑𝜆  

𝐽ℓ𝑚𝜔=
𝑑𝜏

𝑑𝜆
(𝑊𝑛𝑛𝒩2 + 𝑊𝑛𝑚‾ 𝒩ℳ + 𝑊𝑚‾ 𝑚‾ ℳ2) 

 = ∑  

∞

𝑘=−∞

  ∑  

∞

𝑛=−∞

  𝐽ℓ𝑚𝑘𝑛(𝜔)𝑒−𝑖(𝑘Υ𝜃+𝑛Υ𝑟)𝜆
 

𝐽ℓ𝑚𝑘𝑛 = ∫  
2𝜋

0

 ∫  
2𝜋

0

  𝑒𝑖(𝑘𝜙𝜃+𝑛𝜙𝑟)𝐽ℓ𝑚𝜔(𝜙𝑟, 𝜙𝜃)
𝑑𝜙𝜃𝑑𝜙𝑟

(2𝜋)2
 

𝐼= ∫  
∞

−∞

  𝑒𝑖(𝜔Γ−𝑚Υ𝜑−𝑘Υ𝜃−𝑛Υ𝑟)𝜆 ∑  

∞

𝑘=−∞

  ∑  

∞

𝑛=−∞

  𝐽ℓ𝑚𝑘𝑛(𝜔)𝑑𝜆  

 = ∑  

∞

𝑘=−∞

  ∑  

∞

𝑛=−∞

 2𝜋𝛿(𝜔Γ − 𝑚Υ𝜑 − 𝑘Υ𝜃 − 𝑛Υ𝑟)𝐽ℓ𝑚𝑘𝑛(𝜔)
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ℎ= ℎ+ − 𝑖ℎ×  

 =
8

𝑟
∑  

ℓ𝑚

 ∫  
∞

−∞

 
𝐼

2𝑖𝜔𝐵SN
inc

− 2𝑆ℓ𝑚
𝑎𝜔(𝜃)𝑒−𝑖𝜔(𝑡−𝑟∗)+𝑖𝑚𝜑𝑑𝜔

 = ∑  

ℓ𝑚𝑛𝑘

 ℎℓ𝑚𝑛𝑘

 

𝜔𝑚𝑛𝑘 = 𝑚
Υ𝜑

Γ
+ 𝑛

Υ𝑟

Γ
+ 𝑘

Υ𝜃

Γ
 

ℎℓ𝑚𝑛𝑘 = −
2𝜇

𝑟

𝑍ℓ𝑚𝑛𝑘
∞

𝜔𝑚𝑛𝑘
2 − 2𝑆ℓ𝑚

𝑎𝜔𝑚𝑛𝑘(𝜃)𝑒−𝑖𝜔𝑚𝑛𝑘(𝑡−𝑟∗)+𝑖𝑚𝜑,  

𝑍ℓ𝑚𝑛𝑘
∞ = −

4𝑖𝜋𝜔𝑚𝑛𝑘

𝐵SN
incΓ

𝐽ℓ𝑚𝑛𝑘  

⟨ℰ̇⟩∞  = ∑  

ℓ𝑚𝑛𝑘

 
|𝑍ℓ𝑚𝑛𝑘

∞ |2

4𝜋𝜔𝑚𝑛𝑘
2

⟨ℒ̇𝑧⟩
∞

 = ∑  

ℓ𝑚𝑛𝑘

 
𝑚|𝑍ℓ𝑚𝑛𝑘

∞ |2

4𝜋𝜔𝑚𝑛𝑘
3

⟨𝒬̇⟩∞  = ∑  

ℓ𝑚𝑛𝑘

 
(ℒ𝑚𝑛𝑘 + 𝑘Υ𝜃)|𝑍ℓ𝑚𝑛𝑘

∞ |2

2𝜋𝜔𝑚𝑛𝑘
3

 

ℒ𝑚𝑛𝑘  = 𝑚⟨cot2 𝜃⟩ℒ𝑧 − 𝑎2𝜔𝑚𝑛𝑘⟨cos2 𝜃⟩ℰ

⟨cot2 𝜃⟩  =
1

𝜋
∫  

𝜋

0

  [cot 𝜃(𝜙𝜃)]2𝑑𝜙𝜃

⟨cos2 𝜃⟩  =
1

𝜋
∫  

𝜋

0

  [cos 𝜃(𝜙𝜃)]2𝑑𝜙𝜃

 

𝑢𝑡  = ℰ
𝑟2 + 𝑎2

Δ

𝑢𝑟  = −
√ℰ2(𝑟2 + 𝑎2)2 − Δ(𝑟2 + 𝑎2ℰ2)

𝑟2 + 𝑎2

𝑢𝜃  = 𝑢𝜑 = 0

 

𝑢𝑟(𝑟 → ∞) ∼ 𝒪(𝑟−1/2) and therefore 𝒲(𝑟 → ∞) ∼ 𝑓0 ∼ 𝒪(1/𝑟1/2) 

𝑢𝑟(𝑟 → ∞) ∼ 𝒪(1) as 𝑟 → ∞ and therefore 𝒲(𝑟 → ∞) ∼ 𝑓0 ∼ 𝒪(1). 

𝑌(𝑟 → ∞) ∼ 𝒪(1/𝑟) 

𝑌′′(𝑟 → ∞) ∼ 𝒪(1/𝑟3), 𝒲′′(𝑟 → ∞) ∼ 𝒪(𝑟1/2) for ℰ = 1, and 𝒲′′(𝑟 → ∞) ∼ 𝒪(1) for ℰ > 1. 

𝑌(𝑟)𝒲′′(𝑟) ∼ {
𝒪(1/𝑟1/2), ℰ = 1

𝒪(1/𝑟), ℰ > 1
 

 𝑌′′(𝑟)𝒲(𝑟) ∼ {
𝒪(1/𝑟7/2), ℰ = 1

𝒪(1/𝑟3), ℰ > 1
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ℎ̃ℓ(𝜔)= −
2𝜇

𝑟

𝑍ℓ0𝜔
∞

𝜔2
− 2𝑆ℓ0

𝑎𝜔(𝜃) =
8𝜇

𝑟

𝑋ℓ0𝜔
∞

𝑐0
− 2𝑆ℓ0

𝑎𝜔(𝜃), 

(
𝑑ℰ

𝑑𝜔
)

ℓ

∞

 =
𝜇2

2𝜔2
(|𝑍ℓ0𝜔

∞ |2 + |𝑍ℓ0−𝜔
∞ |2)

 = 8𝜔2𝜇2 (|
𝑋ℓ0𝜔

∞

𝑐0
|

2

+ |
𝑋ℓ0−𝜔

∞

𝑐0
|

2

) .

 

ℎ+ − 𝑖ℎ× = ∑  

ℓ

 ∫  
∞

−∞

  ℎ̃ℓ(𝜔)𝑒−𝑖𝜔𝑢𝑑𝜔  

⟨ℰ̇⟩ℓ
∞ = ∑  

𝑚𝑛𝑘

  ⟨ℰ̇⟩ℓ𝑚𝑛𝑘
∞ .  

|
𝑋ℓ0𝜔

∞

𝑐0
| ∼ 𝜔(ℓ−3)/3  

|
𝑋ℓ0𝜔

∞

𝑐0
| ∼ 1/𝜔  

(
𝑑ℰ

𝑑𝜔
)

Ϯ

= ∑  

∞

ℓ=2

  (
𝑑ℰ

𝑑𝜔
)

ℓ

ZFL

=
4

3𝜋
ℰ2𝜇2,  

(
𝑑ℰ

𝑑𝜔
)

ℓ

Ϣ

=
4ℰ2𝜇2

𝜋

(2ℓ + 1)(ℓ − 2)!

(ℓ + 2)!
.  

𝑋(𝑟) = √(𝑟2 + 𝑎2)/Δ2𝒳 

Δ2 (
1

Δ
𝒳 ′)

′

− Δ𝐹1𝒳′ − 𝑈1𝒳 = 𝒮,  

𝒳 ′′ =
𝒮

Δ
+

𝑈1

Δ
𝒳 + [𝐹1 +

Δ′

Δ
] 𝒳 ′,  

𝑅 =
1

𝜂
[(𝛼 +

𝛽′

Δ
) 𝒳 −

𝛽

Δ
𝒳 ′] +

𝒮

𝜂
,  

Δ2 [
1

Δ
(
𝒮

𝜂
)

′

]

′

 +Δ2 [−
𝛽

Δ3
(
𝒮

𝜂
)]

′

+ (𝛼 − 𝑉T)
𝒮

𝜂
= −𝒯

 

𝒥† [𝒥† (
𝑟2

Δ

𝒮

𝜂
)] = −

𝑟2

Δ2
𝒯,  

𝒥† ≡ 𝜕𝑟 + 𝑖𝐾/Δ 

𝒲(𝑟) = 𝑓(𝑟)exp (∫ 𝑖
𝑟

𝑖
𝐾

Δ
𝑑𝑟̃)  
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𝒲′(𝑟) = exp (∫ 𝑖
𝑟

𝑖
𝐾

Δ
𝑑𝑟̃) 𝒥†[𝑓(𝑟)].  

𝒲(𝑟) =
𝑟2

Δ

𝒮

𝜂
exp (∫ 𝑖

𝑟

𝑖
𝐾

Δ
𝑑𝑟̃)  

(𝒲′)′ = exp (∫ 𝑖
𝑟

𝑖
𝐾

Δ
𝑑𝑟̃) 𝒥† [𝒥† (

𝑟2

Δ

𝒮

𝜂
)] .  

𝒲′′ = −
𝑟2

Δ2
𝒯exp (∫ 𝑖

𝑟

𝑖
𝐾

Δ
𝑑𝑟̃)  

𝒮 =
1

(𝑟2 + 𝑎2)3/2
𝒮  

𝑋 = √(𝑟2 + 𝑎2)/Δ2𝒳 

𝒮ℓ𝑚𝜔 =
𝜂Δ𝒲

(𝑟2 + 𝑎2)3/2𝑟2
exp (−𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)  

𝐴𝑛𝑛0 =
𝒜

2
𝜌𝜌‾2𝒩2ℒ1

†[𝜌−4ℒ2
†(𝜌3𝑆)]

𝐴𝑛𝑚‾ 0 = 𝒜𝜌‾2𝒩ℳ [(ℒ2
†𝑆) (

𝑖𝐾

Δ
− 𝜌 − 𝜌‾)

 −𝑎sin 𝜃𝑆
𝐾

Δ
(𝜌 − 𝜌‾)]

𝐴𝑚‾ 𝑚‾ 0 =
𝒜

2
𝜌‾2ℳ

2
𝑆 [−𝑖 (

𝐾

Δ
)

,𝑟
−

𝐾2

Δ2
− 2𝑖𝜌

𝐾

Δ
]

𝐴𝑛𝑚‾ 1 = 𝒜𝜌‾2𝒩ℳ[ℒ2
†𝑆 + 𝑖𝑎sin 𝜃(𝜌 − 𝜌‾)𝑆]

𝐴𝑚‾ 𝑚‾ 1 = 𝒜𝜌‾2ℳ
2
𝑆 (𝑖

𝐾

Δ
− 𝜌)

𝐴𝑚‾ 𝑚‾ 2 =
𝒜

2
𝜌‾2ℳ

2
𝑆

 

𝑊𝑛𝑛 = 𝒜
𝜌𝜌‾2

2
ℒ1

†[𝜌−4ℒ2
†(𝜌3𝑆)]𝑟2𝑌, 

𝑊𝑛𝑚‾ = −𝒜𝑟𝜌‾2{(ℒ2
†𝑆)(𝜌 + 𝜌‾)𝑟𝑌

+[ℒ2
†𝑆 + 𝑖𝑎sin 𝜃(𝜌 − 𝜌‾)𝑆](2𝑌 + 𝑟𝑌′)}, 

𝑊𝑚‾ 𝑚‾ = 𝒜𝑆𝜌‾2 [
𝑋

2√𝑟2 + 𝑎2
+ (𝑌 + 2𝑟𝑌′)  

+𝜌𝑟(2𝑌 + 𝑟𝑌′)]

∎ = exp (𝑖 ∫
𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)

⊗ exp (𝑖𝜔𝑟∗ −
𝑖𝑎𝑚

2√1 − 𝑎2
ln 

𝑟 − 𝑟+

𝑟 − 𝑟−
)
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𝐹(𝜔)  =
1

√2𝜋
∫  

∞

−∞

 𝑓(𝑡)𝑒𝑖𝜔𝑡𝑑𝑡

𝑓(𝑡)  =
1

√2𝜋
∫  

∞

−∞

 𝐹(𝜔)𝑒−𝑖𝜔𝑡𝑑𝜔

 

𝐹(𝜔)=
1

2𝜋
∫  

∞

−∞

 𝑓(𝑡)𝑒𝑖𝜔𝑡𝑑𝑡  

𝑓(𝑡) = ∫  
∞

−∞

 𝐹(𝜔)𝑒−𝑖𝜔𝑡𝑑𝜔

 

∫  
𝜋

0

  | 𝑠𝑆ℓ𝑚
𝑎𝜔(𝜃)|2sin 𝜃𝑑𝜃 = 1  

∫  
𝜋

0

  | 𝑠𝑆ℓ𝑚
𝑎𝜔(𝜃)|2sin 𝜃𝑑𝜃 =

1

2𝜋
 

𝑌ℓ𝑚𝜔
in/up′′

(𝑟) ≡
𝑋ℓ𝑚𝜔

in/up
(𝑟)

𝑟2√𝑟2 + 𝑎2
exp (−𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟)  

 

𝑋in(𝑟 → ∞) = 𝐵SN
ref𝑒𝑖𝜔𝑟∗ ∑  

∞

𝑤=0

𝒞+,𝑤
∞

𝑟𝑤
+ 𝐵SN

inc𝑒−𝑖𝜔𝑟∗ ∑  

∞

𝑤=0

𝒞−,𝑤
∞

𝑟𝑤
 

exp (−𝑖 ∫
𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)  = 𝑒−𝑖𝜔𝑟∗ ∑  

∞

𝑗=0

 
𝑎𝑗

𝑟𝑗

1

𝑟2√𝑟2 + 𝑎2
 =

1

𝑟3
∑  

∞

𝑗=0

 
𝑏𝑗

𝑟𝑗

 

𝑎𝑗  =
1

𝑗!
𝐵𝑗(𝑃1, … , 𝑃𝑗)

𝑃𝑗  =
iam(𝑟+

𝑗
− 𝑟−

𝑗)Γ(𝑗)

𝑟− − 𝑟+

𝑏𝑗  =
1 + (−1)𝑗

2
𝑎𝑗 (

−1/2

𝑗/2
)

 

𝑌+
in′′(𝑟 → ∞)

=
𝑋+

∞(𝑟)

𝑟2√𝑟2 + 𝑎2
exp (−𝑖 ∫

𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)

=
𝐵SN

ref

𝑟3
(∑  

∞

𝑗=0

 
𝑎𝑗

𝑟𝑖
) (∑  

∞

𝑣=0

 
𝑏𝑣

𝑟𝑗
) (∑  

∞

𝑤=0

 
𝒞+,𝑤

∞

𝑟𝑘
)

=𝐵SN
ref ∑  

∞

𝑗=0

 
𝑌𝑗

∞,+

𝑟𝑗+3
,

 



pág. 9027 

𝑌+,𝑗
∞ = ∑  

𝑗

𝑣=0

  ∑  

𝑗−𝑣

𝑤=0

 𝑎𝑣𝑏𝑤𝒞+,𝑗−𝑣−𝑤
∞  

𝑒
−𝑖 ∫

𝐾
Δ

𝑟
𝐾
Δ

𝑑𝑟̃
⋆ 𝑒−𝑖𝜔𝑟∗  

𝑟∗ = 𝑟 + 2ln 
𝑟

2
− ∑  

∞

𝑣=1

 
2

𝑣𝑟𝑣
(∑  

𝑣

𝑗=0

  𝑟+
𝑗
𝑟−

𝑣−𝑗)  

𝑒−2𝑖𝜔𝑟∗ = 𝑒4𝑖𝜔ln 2
𝑒−2𝑖𝜔𝑟

𝑟4𝑖𝜔
∑  

∞

𝑗=0

 
𝑑𝑗

𝑟𝑗  

𝑑𝑗  =
1

𝑗!
𝐵𝑗(𝑄1, … , 𝑄𝑗)

𝑄𝑗  = 4𝑖𝜔Γ(𝑗) (∑  

𝑗

𝑣=0

  𝑟+
𝑣𝑟−

𝑗−𝑣)

 

𝑌−
in′′

(𝑟 → ∞)

=𝐵SN
inc 𝑒4𝑖𝜔ln 2−2𝑖𝜔𝑟

𝑟3+4𝑖𝜔
(∑  

∞

𝑗=0

 
𝑎𝑗

𝑟𝑗
) (∑  

∞

𝑤=0

 
𝑏𝑤

𝑟𝑤
)

(∑  

∞

𝑣=0

 
𝒞−,𝑣

∞

𝑟𝑣
) (∑  

∞

𝑢=0

 
𝑑𝑢

𝑟𝑢
)

=𝐵SN
inc 𝑒4𝑖𝜔ln 2−2𝑖𝜔𝑟

𝑟4𝑖𝜔
∑  

∞

𝑗=0

 
𝑌−,𝑗

∞

𝑟𝑗+3
,

 

𝑌−,𝑗
∞ = ∑  

𝑗

𝑣=0

  ∑  

𝑗−𝑣

𝑤=0

  ∑  

𝑗−𝑣−𝑤

𝑢=0

 𝑎𝑣𝑏𝑤𝒞−,𝑢
∞ 𝑑𝑗−𝑣−𝑤−𝑢  

𝑌+,1
∞  = 𝒞+,1

∞ − 𝑖𝑎𝑚

𝑌+,2
∞  = 𝒞+,2

∞ − 𝑖𝑎𝑚𝒞+,1
∞ −

𝑎

2
(𝑎 + 𝑎𝑚2 + 2𝑖𝑚)

𝑌+,3
∞  = 𝒞+,3

∞ − 𝑖𝑎𝑚𝒞+,2
∞ −

𝑎

2
(𝑎 + 𝑎𝑚2 + 2𝑖𝑚)𝒞+,1

∞ +
𝑖𝑎𝑚

6
[𝑎2(𝑚2 + 5) + 6𝑖𝑎𝑚 − 8]

𝑌−,1
∞  = 𝒞−,1

∞ − 𝑖𝑎𝑚 + 8𝑖𝜔

𝑌−,2
∞  = 𝒞−,2

∞ − 𝑖(𝑎𝑚 − 8𝜔)𝒞−,1
∞ −

1

2
𝑎2(𝑚2 + 4𝑖𝜔 + 1) + 𝑎𝑚(8𝜔 − 𝑖) + 8𝜔(−4𝜔 + 𝑖)

𝑌−,3
∞  = 𝒞−,3

∞ − 𝑖(𝑎𝑚 − 8𝜔)𝒞−,2
∞ +

1

2
[2𝑎𝑚(8𝜔 − 𝑖) + 16𝜔(𝑖 − 4𝜔) − 𝑎2(𝑚2 + 4𝑖𝜔 + 1)]𝒞−,1

∞

 +
𝑖

6
{𝑎3𝑚(𝑚2 + 12𝑖𝜔 + 5) − 2𝑎2[3𝑚2(4𝜔 − 𝑖) + 4𝜔(7 + 12𝑖𝜔)]

+8𝑎𝑚(24𝜔2 − 12𝑖𝜔 − 1) + 64𝜔(1 + 6𝑖𝜔 − 8𝜔2)}
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𝑌+
in′

(𝑟out) = −𝐵SN
ref ∑  

∞

𝑗=0

 
𝑌+,𝑗

∞

𝑗 + 2

1

𝑟out
𝑗+2

,  

𝑌+
in(𝑟out) = 𝐵SN

ref ∑  

∞

𝑗=0

 
𝑌+,𝑗

∞

(𝑗 + 1)(𝑗 + 2)

1

𝑟out
𝑗+1

.  

𝑦𝑗(𝑟out) ≡∫  
∞

𝑟out

 
𝑒−2𝑖𝜔𝑟

𝑟𝑗+4𝑖𝜔
 

=
1

𝑟out
𝑗−1+4𝑖𝜔

[
 1𝐹2 (

1 − 𝑗
2 − 2𝑖𝜔;

1
2 ,

3 − 𝑗
2 − 2𝑖𝜔; −𝜔2𝑟out

2 )

𝑗 − 1 + 4𝑖𝜔

+
2𝑖𝜔𝑟out ×  1𝐹2 (1 −

𝑗
2

− 2𝑖𝜔;
3
2

, 2 −
𝑗
2

− 2𝑖𝜔; −𝜔2𝑟out
2 )

𝑗 − 2 + 4𝑖𝜔
]

 +
Γ(1 − 𝑗 − 4𝑖𝜔)|2𝜔|𝑗+4𝑖𝜔

2
[

1

|𝜔|
sin 

𝜋(𝑗 + 4𝑖𝜔)

2
−

𝑖

𝜔
cos 

𝜋(𝑗 + 4𝑖𝜔)

2
]

 

𝑌−
in′

(𝑟out) =  −𝑒4𝑖𝜔ln 2𝐵SN
inc ∑  

∞

𝑗=0

 𝑌−,𝑗
∞ 𝑦𝑗+3(𝑟out)

𝑌−
in(𝑟out) = 𝑒4𝑖𝜔ln 2𝐵SN

inc ∑  

∞

𝑗=0

 𝑌−,𝑗
∞ [𝑦𝑗+2(𝑟out)

−𝑟out ⋅ 𝑦𝑗+3(𝑟out)]

 

Γ(𝑎1)

Γ(𝑏1)Γ(𝑏2)
 1𝐹2(𝑎1; 𝑏1, 𝑏2; −𝑧)

 =  1𝐻2(𝑧) +  1𝐸2(𝑧𝑒−𝜋𝑖) +  1𝐸2(𝑧𝑒𝜋𝑖)

 

 1𝐻2(𝑧)  = ∑  

∞

𝑗=0

 
(−1)𝑗

𝑗!

Γ(𝑎1 + 𝑗)

Γ(𝑏1 − 𝑎1 − 𝑗)Γ(𝑏2 − 𝑎1 − 𝑗)
𝑧−𝑎1−𝑗

 1𝐸2(𝑧) =
𝑒2√𝑧

√𝜋
∑  

∞

𝑗=0

 𝑐𝑘

𝑧(𝜈−𝑗)/2

2𝑗+1

=

{
 
 

 
 (−𝑧)𝜈/2𝑒−2𝑖√−𝑧

√𝜋
∑  

∞

𝑗=0

 
𝑐𝑘(−𝑧)−𝑗/2

2𝑗+1
𝑧 → 𝑧𝑒−𝜋𝑖

(−𝑧)𝜈/2𝑒2𝑖√−𝑧

√𝜋
∑  

∞

𝑗=0

 
𝑐𝑘(−𝑧)−𝑗/2

2𝑗+1
𝑧 → 𝑧𝑒𝜋𝑖

 

 

𝑐𝑗  = −
1

4𝑗
∑  

𝑗−1

𝑤=0

  𝑐𝑤𝑒𝑗,𝑤 



pág. 9029 

𝑒𝑗,𝑤 =
(1 − 𝜈 − 2𝑏1 + 𝑤)2+𝑗−𝑤(𝑎1 − 𝑏1)

(𝑏2 − 𝑏1)(1 − 𝑏1)

 +
(1 − 𝜈 − 2𝑏2 + 𝑤)2+𝑗−𝑤(𝑎1 − 𝑏2)

(𝑏1 − 𝑏2)(1 − 𝑏2)

 +
(𝑤 − 1 − 𝜈)2+𝑗−𝑤(𝑎1 − 1)

(1 − 𝑏1)(1 − 𝑏2)

 

Γ(𝑎1)

Γ(𝑏1)Γ(𝑏2)
=

1

𝑎1Γ(𝑏1)
.  

𝑌|𝑟∗=𝑟∗
out  = 𝑌+

in (𝑟out ) + 𝑌−
in (𝑟out ),

𝑑𝑌

𝑑𝑟∗
|
𝑟∗=𝑟∗

out 

 =
Δ

𝑟out 
2 + 𝑎2

[𝑌+
in 

′
(𝑟out ) + 𝑌−

in 
′
(𝑟out )]

 

𝑋up(𝑟 → 𝑟+)= 𝐶SN
inc𝑒𝑖𝜅𝑟∗ ∑  

∞

𝑤=0

 𝒞+,𝑤
H (𝑟 − 𝑟+)𝑤  

 +𝐶SN
ref𝑒−𝑖𝜅𝑟∗ ∑  

∞

𝑤=0

 𝒞−,𝑤
H (𝑟 − 𝑟+)𝑤

 

𝑌+
up′′(𝑟 → 𝑟+) = 𝐶SN

inc ∑  

∞

𝑗=0

 𝑌+,𝑗
H (𝑟 − 𝑟+)𝑗,

𝑌−
up′′(𝑟 → 𝑟+) = 𝐶SN

ref ∑  

∞

𝑗=0

 𝑌−,𝑗
H (𝑟 − 𝑟+)𝑗+𝑖𝑞 ,

 

𝑞 =
(𝑎𝑟+𝑚 + 2𝑎2𝜔 − 4𝑟+𝜔)

𝑟+√1 − 𝑎2
.  

𝑌+
up' (𝑟in ) = 𝐶SN

inc ∑  

∞

𝑗=0

 𝑌+,𝑗
H

(𝑟in − 𝑟+)𝑗+1

𝑗 + 1
,

𝑌+
up (𝑟in ) = 𝐶SN

inc ∑  

∞

𝑗=0

 𝑌+,𝑗
H

(𝑟in − 𝑟+)𝑗+2

(𝑗 + 1)(𝑗 + 2)
,

𝑌−
up ′(𝑟in ) = 𝐶SN

ref ∑  

∞

𝑗=0

 𝑌−,𝑗
H

(𝑟in − 𝑟+)𝑗+1+𝑖𝑞

𝑗 + 1 + 𝑖𝑞
,

𝑌−
up (𝑟in ) = 𝐶SN

ref ∑  

∞

𝑗=0

 𝑌−,𝑗
H

(𝑟in − 𝑟+)𝑗+2+𝑖𝑞

(𝑗 + 1 + 𝑖𝑞)(𝑗 + 2 + 𝑖𝑞)
.

 

𝑌up|𝑟∗=𝑟∗
in  = 𝑌+

up(𝑟in) + 𝑌−
up(𝑟in),

𝑑𝑌up

𝑑𝑟∗
|
𝑟∗=𝑟∗

in

 =
Δ

𝑟in
2 + 𝑎2

[𝑌+
up′(𝑟in) + 𝑌−

up′(𝑟in)].
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𝑓0(𝑟) =
𝒜

𝜔2
𝑤𝑛𝑛

(0)
(𝑟) ∼ 𝒪(𝑢𝑟),

𝑓1(𝑟) =
𝒜

𝜔2 [𝑤𝑛𝑛
(0)′

(𝑟) + 𝑖𝜉(𝑟)𝑤𝑛𝑛
(0)

(𝑟) + 𝑤𝑛𝑛
(1)

(𝑟)] ∼ 𝒪 (
𝑢𝑟

𝑟
) ,

𝑓2(𝑟) =
𝒜

𝜔2 [𝑤𝑛𝑛
(1)′

(𝑟) + 𝑖𝜉(𝑟)𝑤𝑛𝑛
(1)

(𝑟)] ∼ 𝒪 (
𝑢𝑟

𝑟2) ,

𝑔0(𝑟) = −
𝒜

𝑖𝜔
𝑤𝑛𝑚‾

(0)
(𝑟) ∼ 𝒪(1),

𝑔1(𝑟) = −
𝒜

𝑖𝜔
[𝑤𝑛𝑚‾

(0)
(𝑟) + 𝑖𝜉(𝑟)𝑤𝑛𝑚‾

(0)
(𝑟) − 𝑤𝑛𝑚‾

(1)
(𝑟) + 𝑤𝑛𝑚‾

(2)
(𝑟)] ∼ 𝒪 (

1

𝑟
) ,

𝑔2(𝑟) =
𝒜

𝑖𝜔
[(𝑤𝑛𝑚‾

(1)
(𝑟) − 𝑤𝑛𝑚‾

(2)
(𝑟))

′
+ 𝑖𝜉(𝑟) (𝑤𝑛𝑚‾

(1)
(𝑟) − 𝑤𝑛𝑚‾

(2)
(𝑟))] ∼ 𝒪 (

1

𝑟2
) ,

ℎ0(𝑟) = −𝒜
𝑆𝑟2𝜌‾4ℳ

2

2𝜌2𝑢𝑟
∼ 𝒪 (

1

𝑢𝑟
) ,

 

ℎ1(𝑟) = −𝒜 [(
𝑟2

𝜌
)

′

+
(𝑟2𝜌3)′

𝜌4
]
𝑆𝜌‾4ℳ

2

2𝜌𝑢𝑟
∼ 𝒪 (

1

𝑟𝑢𝑟
) ,

ℎ2(𝑟) = −𝒜 [
(𝑟2𝜌3)′

𝜌4
]

′
𝑆𝜌‾4ℳ

2

2𝜌𝑢𝑟
∼ 𝒪 (

1

𝑟2𝑢𝑟
) ,

 

𝑤𝑛𝑛
(0)

(𝑟) =
1

2
𝑟2𝜌𝜌‾2𝑢𝑟ℒ1

†[𝜌−4ℒ2
†(𝜌3𝑆)],

𝑤𝑛𝑛
(1)

(𝑟) = 𝑤𝑛𝑛
(0)

(𝑟) (
𝒩

𝑢𝑟
)

′ 𝑢𝑟

𝒩
+ 𝑤𝑛𝑛

(0)′

(𝑟) + 𝑖𝜉(𝑟)𝑤𝑛𝑛
(0)

(𝑟),

𝑤𝑛𝑚‾
(0)

(𝑟) =
𝑟2𝜌‾3

𝜌
ℳ[ℒ2

†𝑆 + 𝑖𝑎(𝜌 − 𝜌‾)sin 𝜃𝑆],

𝑤𝑛𝑚‾
(1)

(𝑟) =
𝑟2𝜌‾ℳ

2
ℒ2

†[𝜌3𝑆(𝜌‾2𝜌−4)′],

𝑤𝑛𝑚‾
(2)

(𝑟) = 𝜌‾ℳ {
𝑟2𝜌‾2

𝜌
[ℒ2

†𝑆 + 𝑖𝑎(𝜌 − 𝜌‾)sin 𝜃𝑆]}

′

.

 

Σ
𝑑𝑡

𝑑𝜏
 = −𝑎(𝑎ℰsin2 𝜃 − ℒ𝑧) +

𝑟2 + 𝑎2

Δ
𝑃

Σ
𝑑𝑟

𝑑𝜏
 = ±√𝑅

Σ
𝑑𝜃

𝑑𝜏
 = ±√Θ

Σ
𝑑𝜑

𝑑𝜏
 = − (𝑎ℰ −

ℒ𝑧

sin2 𝜃
) +

𝑎

Δ
𝑃

 

𝑃 = ℰ(𝑟2 + 𝑎2) − 𝑎ℒ𝑧

𝑅 = 𝑃2 − Δ[𝑟2 + (ℒ𝑧 − 𝑎ℰ)2 + 𝒬]

Θ = 𝒬 − cos2 𝜃 [𝑎2(1 − ℰ2) +
ℒ𝑧

2

sin2 𝜃
]

 

ℰ ≡ 𝐸/𝜇, ℒ𝑧 ≡ 𝐿𝑧/(𝑀𝜇), and 𝒬 ≡ 𝑄/(𝑀𝜇)2 
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𝕀 = ∫  
𝑏

𝑎

 𝑓(𝑟)𝑒𝑖𝑔(𝑟)𝑑𝑟  

𝑝′(𝑟) + 𝑖𝑔′(𝑟)𝑝(𝑟) = 𝑓(𝑟)  

𝕀 = 𝑝(𝑏)𝑒𝑖𝑔(𝑏) − 𝑝(𝑎)𝑒𝑖𝑔(𝑎)  

[𝒟⃡  + 𝑖ℊ⃡ ]𝑝 = 𝑓 ⊕ exp (±𝑖 ∫
𝐾

Δ

𝑟 𝐾

Δ
𝑑𝑟̃)  

d𝑠Kerr 
2 = − (1 −

2𝑚𝑟

Σ2
) d𝑡2 −

4𝑎𝑚𝑟sin2 𝜃

Σ2
 d𝑡 d𝜙 + Σ2 (

 d𝑟2

Δ
+ 𝑑𝜃2) + (𝑟2 + 𝑎2 +

2𝑎2𝑚𝑟sin2 𝜃

Σ2 ) sin2 𝜃 d𝜙2 

Σ2 = 𝑟2 + 𝑎2cos2 𝜃, Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2  

𝜉[𝜇𝜒𝜈∇𝜌𝜉𝜎] = 0, 𝜉[𝜇𝜒𝜈∇𝜌𝜒𝜎] = 0  

𝜂 = 𝜉 + Ω𝐻𝜒 

𝑟± = 𝑚 ± √𝑚2 − 𝑎2  

Ω± =
𝑎

𝑟±
2 + 𝑎2  

𝜉𝜇𝜉𝜇|
𝑟𝐸

± = 0 → 𝑟𝐸
± = 𝑚 ± √𝑚2 − 𝑎2cos2 𝜃  

Σ2 = 𝑟2 + 𝑎2cos2 𝜃 = 0  

𝑔𝜇𝜈 → 𝐶(𝜑, 𝑋)𝑔𝜇𝜈 + 𝐷(𝜑, 𝑋)𝜕𝜇𝜑𝜕𝜈𝜑  

𝑋 = −
1

2
𝑔𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑 

𝑆 = ∫  √−𝑔 d4𝑥 {𝐺4(𝑋)𝑅 + 𝐺4𝑋 [(◻ 𝜑)2 − (∇𝜇∇𝜈𝜑)
2
]}  

𝐺4(𝑋) = 𝜅 + ∑  

𝑖≥2

 𝛽𝑖(𝑋 − 𝑋0)𝑖
 

𝜑(𝑟, 𝜃) = √−2𝑋0[𝑎sin 𝜃 − √Δ − 𝑚ln (𝑟 − 𝑚 + √Δ)],  

𝜕𝑟𝜑 = −𝑟√
−2𝑋0

Δ
, 𝜕𝜃𝜑 = √−2𝑋0𝑎cos 𝜃.  

d𝑠2 = 𝐶0 d𝑠Kerr 
2 − 𝐷0 {

2𝑋0𝑟2

Δ
 d𝑟2 −

4𝑋0

√Δ
arcos𝜃 d𝑟 d𝜃 + 2𝑋0𝑎2cos2 𝜃 d𝜃2} .  
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d𝑠2= 𝐶0 [− (1 −
2𝑚𝑟

Σ2
) d𝑡2 −

4𝑎𝑚𝑟sin2 𝜃

Σ2
 d𝑡 d𝜙 + (𝑟2 + 𝑎2 +

2𝑎2𝑚𝑟sin2 𝜃

Σ2 ) sin2 𝜃 d𝜙2] 

 +Σ2 [(
𝐶0

Δ
−

2𝐷0𝑋0𝑟2

ΔΣ2 ) d𝑟2 + (𝐶0 −
2𝐷0𝑋0𝑎2cos2 𝜃

Σ2 ) d𝜃2 +
4𝐷0𝑋0

√ΔΣ2
𝑎𝑟cos 𝜃 d𝑟 d𝜃]

 

𝑔𝜇𝜈𝜕𝜇𝜕𝜈 =
1

𝐶0ΔΣ2 {−[𝑎2(𝑟2 + 𝑎2)cos2 𝜃 + 𝑟(𝑟3 + 𝑎2𝑟 + 2𝑎2𝑀sin2 𝜃)]𝜕𝑡
2 − 4𝑎𝑀𝑟𝜕𝑡𝜕𝜙

+
Δ2

Σ2

𝐶0𝑟2 + (𝐶0 − 2𝐷0𝑋0)𝑎2cos2 𝜃

𝐶0 − 2𝐷0𝑋0
𝜕𝑟

2 −
Δ3/2

Σ2

4𝑎𝐷0𝑋0𝑟cos 𝜃

𝐶0 − 2𝐷0𝑋0
𝜕𝑟𝜕𝜃  

+
Δ

Σ2

𝑟2(𝐶0 − 2𝐷0𝑋0) + 𝑎2𝐶0cos2 𝜃

𝐶0 − 2𝐷0𝑋0
𝜕𝜃

2 +
1

sin2 𝜃
[𝑟(𝑟 − 2𝑀) + 𝑎2cos2 𝜃]𝜕𝜙

2}

 

𝜂𝜇𝜕𝜇 = 𝜕𝑡 + Ω𝐻𝜕𝜙  

𝑟 = 𝑟+ = 𝑀 + √𝑀2 − 𝑎2 

𝑔𝜇𝜈𝜕𝜇[𝑟 − 𝑓(𝜃)]𝜕𝜈[𝑟 − 𝑓(𝜃)]|
𝑟=𝑓(𝜃)

= 0  

𝑔𝑟𝑟 − 2𝑔𝑟𝜃𝑓′(𝜃) + 𝑔𝜃𝜃𝑓′(𝜃)2 = 0.  

𝑔𝑟𝑟 d𝑟2 + 2𝑔𝜃𝑟 d𝜃 d𝑟 + 𝑔𝜃𝜃d𝜃2 

d𝑠meridional 
2 = Ω(𝑢, 𝑣)(d𝑢2 + d𝑣2),  

𝑟 = 𝑅 + 𝑓(𝑢), 𝑢 = artanh (
𝑎sin 𝜃

√𝑅2 + 𝑎2
) ,  

−2𝐷0𝑋0𝑓√𝑓 − 𝑅+√𝑓 − 𝑅− +
d𝑓

 d𝑢

cosh (𝑢)2

√𝑅2 + 𝑅+𝑅−

[𝐶0(𝑅2 + 𝑅+𝑅−)tanh (𝑢)2 − (𝐶0 − 2𝐷0𝑋0)𝑓2 − 𝐶0𝑅+𝑅−] = 0. 

𝑅± = 𝑚 ± √𝑚2 − 𝑎2 

𝑟= 𝑅 −
2𝐷0𝑋0

𝐶0

√(𝑅 − 𝑅+)(𝑅 − 𝑅−)

√𝑅2 + 𝑅+𝑅−

𝑢  

−
4𝐷0

2𝑋0
2𝑅

4𝐶0
2(𝑅2 + 𝑅+𝑅−)2

[𝑢[[𝑢(𝑅3(𝑅+ + 𝑅−) − 2(𝑅4 + 𝑅+
2𝑅−

2) + 3𝑅−𝑅+(𝑅+ + 𝑅−)𝑅]

−2 (√(𝑅 − 𝑅+)(𝑅 − 𝑅−)√𝑅2 − 𝑅+𝑅− − 2𝑅+𝑅−𝑢)] − 𝑅2(𝑅 − 𝑅+)(𝑅 − 𝑅−)cosh (2𝑢)

+𝑅2sinh (2𝑢) (√(𝑅 − 𝑅+)(𝑅 − 𝑅−)√𝑅2 − 𝑅+𝑅− + 2𝑅2𝑢 + 2𝑅−𝑅+𝑢 − 2𝑅(𝑅+ + 𝑅−)𝑢)] + 𝒪(𝐷0
3)

 

𝑔𝑅𝑅 = 𝑔0
𝑅𝑅 + 𝐷0𝑔1

𝑅𝑅 + 𝐷0
2𝑔2

𝑅𝑅 + 𝐷0
3𝑔3

𝑅𝑅 + 𝐷0
4𝑔4

𝑅𝑅 + 𝒪(𝐷0
5),  

d𝑠2 = 𝐶0 [− (1 −
2𝑀

𝑅
) d𝑡2 −

4𝑎𝑀

𝑅
sin2 𝜃 d𝑡 d𝜑 + (1 −

2𝐷0𝑋0

𝐶0
) (1 +

2𝑀

𝑅
) d𝑅2 + 𝜌2 d𝜃2

+ 𝑅2sin2 𝜃 d𝜙2]. 



pág. 9033 

d𝑠2= −𝐶0 [(1 −
2𝑀

𝑅
) +

4𝐷0𝑋0

(𝐶0 − 2𝐷0𝑋0)
√

𝑅 − 2𝑀

𝑅5
𝑎𝑀sin 𝜃] d𝑡2 −

4𝑎𝑀𝐶0sin2 𝜃

𝑅
 d𝑡 d𝜙  

+𝐶0𝑅2sin2 𝜃 (1 −
4𝐷0𝑋0

𝐶0 − 2𝐷0𝑋0
√𝑅(𝑅 − 2𝑀)𝑎sin 𝜃) d𝜙2  

 +𝐶0 (1 −
2𝐷0𝑋0

𝐶0
) (1 −

2𝑀

𝑅
)

−1

 d𝑅2 + 𝐶0 [1 −
4𝑎𝐷0𝑋0

𝐶0 − 2𝐷0𝑋0

√𝑅(𝑅 − 2𝑀)

𝑅2
sin 𝜃] 𝑅2 d𝜃2.

 

ℓ𝜇𝜕𝜇  =
1

√𝐶0

[
𝑟2 + 𝑎2

Δ
𝜕𝑡 + (1 −

𝛼𝑟2√−2𝑋0

Σ2 ) 𝜕𝑟 +
𝑎√−2𝑋0𝛼𝑟cos 𝜃

Σ2√Δ
𝜕𝜃 +

𝑎

Δ
𝜕𝜙]

𝑛𝜇𝜕𝜇  =
1

√𝐶0

[
𝑟2 + 𝑎2

2Σ2
𝜕𝑡 −

Δ

2Σ2 (1 −
𝛼𝑟2√−2𝑋0

Σ2 ) 𝜕𝑟 −
𝑎√−2𝑋0𝛼𝑟cos 𝜃√Δ

Σ2
𝜕𝜃 +

𝑎

2Σ2
𝜕𝜙]

𝑚𝜇𝜕𝜇  =
1

√2𝐶0

[
𝑖𝑎sin 𝜃

𝑟 + 𝑖𝑎cos 𝜃
𝜕𝑡 +

𝑎𝑟√−2𝑋0Δ𝛼cos 𝜃

Σ2(𝑟 + 𝑖𝑎cos 𝜃)
𝜕𝑟 −

Σ2 + 𝑎2√−2𝑋0𝛼cos2 𝜃

Σ2(𝑟 + 𝑖𝑎cos 𝜃)
𝜕𝜃 +

𝑖cosec𝜃

𝑟 + 𝑖𝑎cos 𝜃
𝜕𝜙]

 

ℓ𝜇𝑛𝜇 = −1, 𝑚𝜇𝑚‾ 𝜇 = +1 

𝛼 =
𝐶0 − 2𝐷0𝑋0 − √𝐶0(𝐶0 − 2𝐷0𝑋0)

√−2𝑋0(𝐶0 − 2𝐷0𝑋0)
.  

𝐼 = Ψ0Ψ4 − 4Ψ1Ψ3 + 3Ψ2
2,

𝐽 = det (
Ψ4 Ψ3 Ψ2

Ψ3 Ψ2 Ψ1

Ψ2 Ψ1 Ψ0

) ,
 

𝑔𝜇𝜈 → 𝑔𝜇𝜈 +
𝐷0

𝜑
𝜕𝜇𝜑𝜕𝜈𝜑  

d𝑠2 = d𝑠Kerr 
2 −

𝐷0

𝜑
[
2𝑟2𝑋0

Δ
 d𝑟2 + 2𝑎2cos2 𝜃𝑋0 d𝜃2 −

4𝑎𝑟𝑋0cos 𝜃

√Δ
 d𝑟 d𝜃] .  

d𝑠2 ∼ −d𝑡2 + d𝑟2 + 𝑟2( d𝜃2 + sin2 𝜃 d𝜃2),  

ℎ(𝑡, 𝑟, 𝜃, 𝜙) ≃
1

𝑟
∑  

ℓ𝑚𝑛

 𝐶ℓ𝑚𝑛−2𝑆ℓ𝑚
𝑎𝜔ℓ𝑚𝑛(𝜃, 𝜙)𝑒−𝑖𝜔ℓ𝑚𝑛(𝑡−𝑟⋆).  

𝜓4(𝑡, 𝑟, 𝜃, 𝜙) =
1

2
ℎ̈(𝑡, 𝑟, 𝜃, 𝜙)  

𝒥(𝜓4) = 4𝜋𝑇  

𝜌−4𝜓4 =
1

√2𝜋
∑  

ℓ𝑚

 ∫   d𝜔𝑒−𝑖𝜔𝑡  −2𝑆ℓ𝑚
𝑎𝜔𝑅ℓ𝑚𝜔  

𝑇 =
1

√2𝜋
∑  

ℓ𝑚

 ∫   d𝜔𝑒−𝑖𝜔𝑡  −2𝑆ℓ𝑚
𝑎𝜔𝑇ℓ𝑚𝜔,  

𝜌 = (𝑟 − 𝑖𝑎cos 𝜃)−1 
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[Δ2
 d

 d𝑟
(
1

Δ

 d

 d𝑟
) − 𝑉] 𝑅ℓ𝑚𝜔 = 𝑇ℓ𝑚𝜔,  

d

 d𝑧
[(1 − 𝑧2)

d

 d𝑧
 −2𝑆ℓ𝑚

𝑎𝜔]  + [𝑎2𝜔2𝑧2 + 4𝑎𝜔𝑧 + 𝒜ℓ𝑚

−
(𝑚 − 2𝑧)2

1 − 𝑧2
− 2] −  2𝑆ℓ𝑚

𝑎𝜔 = 0
 

𝑉 = −
𝐾2 + 4𝑖(𝑟 − 𝑀)𝐾

Δ
+ 8𝑖𝜔𝑟 + 𝜆,  

𝐾 = (𝑟2 + 𝑎2)𝜔 − 𝑎𝑚, and 𝜆 = 𝒜ℓ𝑚 + 𝑎2𝜔2 − 2𝑎𝑚𝜔 

𝜒ℓ𝑚𝜔(𝑟) = 𝛼(𝑟)𝑅ℓ𝑚𝜔(𝑟) +
𝛽(𝑟)

Δ
𝑅ℓ𝑚𝜔

′ (𝑟),  

Δ2 (
1

Δ
𝜒ℓ𝑚𝜔

′ )
′

− Δ𝐹𝜒ℓ𝑚𝜔
′ − 𝑈𝜒ℓ𝑚𝜔 = 𝒮ℓ𝑚𝜔,  

𝐹 =
𝛾′

𝛾

𝑈 = 𝑉 +
Δ2

𝛽
[(2𝛼 +

𝛽′

Δ
)

′

−
𝛾′

𝛾
(𝛼 +

𝛽′

Δ
)] ,

 

𝛾 = 𝛼 (𝛼 +
𝛽′

Δ
) −

𝛽

Δ
(𝛼′ +

𝛽

Δ2
𝑉) .  

𝑋ℓ𝑚𝜔 =
√𝑟2 + 𝑎2

Δ
𝜒ℓ𝑚𝜔,  

d2𝑋ℓ𝑚𝜔

 d𝑟⋆
2 − ℱ

d𝑋ℓ𝑚𝜔

 d𝑟⋆
− 𝒰𝑋ℓ𝑚𝜔 = 𝒮ℓ𝑚𝜔,  

𝑟⋆ = 𝑟 +
2𝑀𝑟+

𝑟+ − 𝑟−
log (

𝑟 − 𝑟+

2𝑀
) −

2𝑀𝑟−
𝑟+ − 𝑟−

log (
𝑟 − 𝑟−
2𝑀

)  

ℱ =
Δ𝐹

𝑟2 + 𝑎2
=

𝛾,𝑟⋆

𝛾
,

𝒰 =
Δ𝑈

(𝑟2 + 𝑎2)2
+ 𝐺2 +

Δ𝐺′

𝑟2 + 𝑎2
−

Δ𝐺𝐹

𝑟2 + 𝑎2
,

𝐺 = −
Δ′

𝑟2 + 𝑎2
+

𝑟Δ

(𝑟2 + 𝑎2)2
,

𝒮ℓ𝑚𝜔  =
𝒮ℓ𝑚𝜔

(𝑟2 + 𝑎2)3/2
.
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𝛼 = −𝑖
𝐾

Δ2
𝛽 + 3𝑖𝐾′ + 𝜆 + Δ

6

𝑟2

𝛽 = Δ (−2𝑖𝐾 + Δ′ −
4Δ

𝑟
)

𝛾 = ∑  

4

𝑖=0

  𝑐𝑖𝑟
−𝑖

 

𝑐0 = −12𝑎𝜔(𝑎𝜔 − 𝑚) + 𝜆(𝜆 + 2) − 12𝑖𝑀𝜔
𝑐1 = 8𝑖𝑎(3𝑎𝜔 − 𝜆(𝑎𝜔 − 𝑚))

𝑐2 = 12𝑎2[1 − 2(𝑎𝜔 − 𝑚)2] − 24𝑖𝑎𝑀(𝑎𝜔 − 𝑚)

𝑐3 = −24𝑎2𝑀 + 24𝑖𝑎3(𝑎𝜔 − 𝑚)

𝑐4 = 12𝑎4

 

𝑋̃ℓ𝑚𝜔 =
𝑋ℓ𝑚𝜔

√𝛾
 

d2𝑋̃ℓ𝑚𝜔

 d𝑟⋆
2 + ℱ̃𝑋̃ℓ𝑚𝜔 =

𝒮ℓ𝑚𝜔

√𝛾
 

ℱ̃ =
ℱ,𝑟⋆

2
−

ℱ2

4
− 𝒰 

𝑅ℓ𝑚𝜔 =
1

𝛾
[(𝛼 +

𝛽′

Δ
) 𝜒ℓ𝑚𝜔 −

𝛽

Δ
𝜒ℓ𝑚𝜔

′ ] + 𝒬𝒮ℓ𝑚𝜔  

𝑇ℓ𝑚𝜔 = Δ2 [
1

Δ
(𝒬𝒮ℓ𝑚𝜔

′ )]
′

+Δ2 (
𝛽𝒮ℓ𝑚𝜔

𝛾Δ3
)

′

 

 + (
𝛼

𝛾
− 𝑉𝒬) 𝒮ℓ𝑚𝜔

 

𝒬 = (𝑟2 + 𝑎2)3/2/𝛾 

𝑊ℓ𝑚𝜔(𝑟) = 𝒮ℓ𝑚𝜔

𝑟2(𝑟2 + 𝑎2)3/2

𝛾Δ
𝑒𝑖𝜉  

𝑊ℓ𝑚𝜔
′′ = −

𝑟2𝑇ℓ𝑚𝜔

Δ2
𝑒𝑖𝜉  

𝜉(𝑟) = ∫  d𝑟
𝐾

Δ
=𝜔𝑟 +

2𝑀𝜔𝑟+ − 𝑎𝑚

𝑟+ − 𝑟−
log (

𝑟 − 𝑟+

2𝑀
)

 −
2𝑀𝜔𝑟− − 𝑎𝑚

𝑟+ − 𝑟−
log (

𝑟 − 𝑟−
2𝑀

)

 

𝑋̃ℓ𝑚𝜔
𝑝 (𝑟⋆) = ∫  

ℝ

 d𝑟⋆
′
𝑋̃ℓ𝑚𝜔

∞ (𝑟⋆ >)𝑋̃ℓ𝑚𝜔
𝑟+ (𝑟⋆<)

𝒲ℓ𝑚𝜔

𝒮ℓ𝑚𝜔(𝑟⋆
′)

√𝛾
∫ 𝑋̃ℓ𝑚𝜔

𝑟+ ⊘ 𝑋̃ℓ𝑚𝜔
∞  

𝑟⋆> = max{𝑟⋆, 𝑟⋆
′}, 𝑟⋆< = min{𝑟⋆, 𝑟⋆

′} 
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𝑋̃ℓ𝑚𝜔
𝑟+ → {

𝑒−𝑖𝑝𝜔𝑟⋆ 𝑟 ∼ 𝑟+

𝐴̃ℓ𝑚𝜔
in 𝑒−𝑖𝜔𝑟⋆ + 𝐴̃ℓ𝑚𝜔

out 𝑒𝑖𝜔𝑟⋆ 𝑟 ∼ ∞

𝑋̃ℓ𝑚𝜔
∞ → {

𝐵̃ℓ𝑚𝜔
in 𝑒−𝑖𝑝𝜔𝑟⋆ + 𝐵̃ℓ𝑚𝜔

out 𝑒𝑖𝑝𝜔𝑟⋆ 𝑟 ∼ 𝑟+

𝑒𝑖𝜔𝑟⋆ 𝑟 ∼ ∞

 

𝑝𝜔 ≡ 𝜔 − 𝑚Ω, Ω = 𝑎/(2𝑀𝑟+) 

𝒲ℓ𝑚𝜔 = 𝑋̃ℓ𝑚𝜔
𝑟+

d𝑋̃ℓ𝑚𝜔
∞

d𝑟⋆
− 𝑋̃ℓ𝑚𝜔

∞
d𝑋̃ℓ𝑚𝜔

𝑟+

d𝑟⋆
= 2𝑖𝜔𝐴̃ℓ𝑚𝜔

in  

𝑋̂̃ℓ𝑚
𝑝

(𝑢, 𝑣 → ∞) = ∫  
ℝ

 d𝜔𝑒−𝑖𝜔𝑢𝑒−𝑖𝜔𝑟⋆𝑋̃ℓ𝑚𝜔
𝑝

(𝑟 → ∞),  

𝑋̃ℓ𝑚𝜔
𝑝

(𝑟 → +∞) =
𝑒𝑖𝜔𝑟⋆

2𝑖𝜔𝐴̃ℓ𝑚𝜔
in 

 ∫  
∞

𝑟+

 d𝑟′𝑋ℓ𝑚𝜔
𝑟+ (𝑟′)

𝑊ℓ𝑚𝜔(𝑟′)

𝑟′2(𝑟′2 + 𝑎2)1/2
𝑒−𝑖𝜉(𝑟′)

 

𝑋ℓ𝑚𝜔
𝑟+ = 𝑋̃ℓ𝑚𝜔

𝑟+ √𝛾 

𝑋̂̃ℓ𝑚
𝑝

(𝑢, 𝑣 → ∞) = − ∑  

𝑛

 2𝜋𝑖

× Res𝜔→𝜔𝑞
∫  

ℝ

 d𝜔𝑒−𝑖𝜔𝑡𝑋̃ℓ𝑚𝜔
𝑝

(𝑟 → +∞) 

 = ∑  

𝑛

  𝐶̃𝑞
SN𝑒−𝑖𝜔𝑞𝑢⨂𝐴̃ℓ𝑚𝜔

in ⨁𝐵̃ℓ𝑚𝜔
out 

 

𝐶̃𝑞
SN = −

𝜋

𝜔𝑞𝛼̃𝑞
∫  

ℝ

 d𝑟′𝑋𝑞
𝑟+(𝑟′)

𝑊𝑞(𝑟′)𝑒−𝑖𝜉(𝑟′)

𝑟′2(𝑟′2 + 𝑎2)1/2
,  

𝐴̃ℓ𝑚𝜔
in ≃ 𝛼̃𝑞(𝜔 − 𝜔𝑞) 𝛼̃𝑞 =

d𝐴̃𝑞
in

 d𝜔
|
𝜔=𝜔𝑞

.  

𝐵𝑞 =
𝐴̃𝑞

out 

2𝜔𝑞𝛼̃𝑞
,  

𝐶̃𝑞
SN = 𝐼𝑞𝐵𝑞 ,  

𝐼𝑞 = −2𝜋
√𝑐0

𝐴𝑞
out 

∫  
∞

𝑟+

 d𝑟′𝑋𝑞
𝑟+(𝑟′)

𝑊𝑞(𝑟′)

𝑟′2(𝑟′2 + 𝑎2)1/2
𝑒−𝑖𝜉(𝑟′)  

𝐴𝑞
out = √𝑐0𝐴̃𝑞

out  

ℎ(𝑡, 𝑟, 𝜃, 𝜙) = −2 ∑  

ℓ𝑚

 
𝜌4

√2𝜋
∫  𝑑𝜔

𝑒−𝑖𝜔𝑡

𝜔2
 2𝑆ℓ𝑚

𝑎𝜔(𝜃, 𝜙)𝑅ℓ𝑚𝜔(𝑟).  
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𝑅ℓ𝑚𝜔 ≃ −
4𝜔2𝑟3

𝑐0
𝑋ℓ𝑚𝜔  

𝑋̃ℓ𝑚𝜔 ≃ 𝑋ℓ𝑚𝜔/√𝑐0 

𝑡 → ∞, ℎ ≃ ∑  

ℓ𝑚

ℎℓ𝑚 

ℎℓ𝑚=
8

√2𝜋

1

𝑟
∫  𝑑𝜔𝑒−𝑖𝜔𝑡 −2𝑆ℓ𝑚

𝑎𝜔(𝜃, 𝜙)
𝑋̃ℓ𝑚𝜔

√𝑐0

 

 =
8

√2𝜋

1

𝑟
∑  

𝑛

  𝐶̃ℓ𝑚𝑛
SN 𝑒−𝑖𝜔ℓ𝑚𝑛𝑢

−2𝑆ℓ𝑚
𝑎𝜔(𝜃, 𝜙)

√𝑐0

,

 

𝐶𝑞 =
8

√2𝜋𝑐0

𝐶̃𝑞
SN

 

𝑇ℓ𝑚𝜔 = √
8

𝜋
∫  

𝑆(𝜃)

𝜌5𝜌‾
(𝐵2

′ + 𝐵2
′∗)e−𝑖(𝜔𝑡−𝑚𝜙)dΩ d𝑡,  

𝐵2
′ =−

1

2
𝜌8𝜌‾𝐿−1[𝜌−4𝐿0[𝜌−2𝜌‾−1𝑇𝑛𝑛]]  

 −
1

2√2
𝜌8𝜌‾Δ2𝐿−1[𝜌−4𝜌‾2𝐽+[𝜌−2𝜌‾−2Δ−1𝑇𝑚‾ 𝑛]]

𝐵2
′∗ = −

Δ2𝜌8𝜌‾

2√2
𝐽+ [𝜌‾2Δ−1𝜌−4𝐿−1

† [𝑇𝑚‾ 𝑛𝜌−2𝜌‾−2]]

 −
1

4
Δ2𝜌8𝜌‾𝐽+[𝜌−4𝐽+[𝑇𝑚‾ 𝑚‾ 𝜌‾𝜌−2]]

 

𝐿𝑠  = 𝜕𝜃 + 𝑚csc 𝜃 − 𝑎𝜔sin 𝜃 + 𝑠cot 𝜃,

𝐽+  = 𝜕𝑟 + 𝑖
𝐾

Δ
.

 

 −2𝑆ℓ𝑚
𝑎𝜔(𝜃, 𝜙) = 𝑆(𝜃)𝑒𝑖𝑚𝜙 

𝑙𝜇  =
1

Δ
(𝑟2 + 𝑎2, Δ, 0, 𝑎)

𝑛𝜇  =
1

2Σ
(𝑟2 + 𝑎2, −Δ, 0, 𝑎)

𝑚𝜇  =
1

√2
𝜌‾(𝑖𝑎sin 𝜃, 0,1, 𝑖csc 𝜃)

𝑚‾ 𝜇  =
1

√2
𝜌(−𝑖𝑎sin 𝜃, 0,1, −𝑖csc 𝜃)

 

𝑇𝜇𝜈 =
𝑚𝑝

Σsin 𝜃𝑡̇
𝑥̇𝜇𝑥̇𝜈𝛿(𝑟 − 𝑟(𝑡))𝛿(𝜃 − 𝜃(𝑡))𝛿(𝜙 − 𝜙(𝑡)),  

Σ = 1/(𝜌𝜌‾) = 𝑟2 + 𝑎2cos2 𝜃 

𝑥̇𝜇 = d𝑥𝜇/d𝜏 
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𝑇𝑎𝑏 = 𝑚𝑝

𝐶𝑎𝑏

sin 𝜃
𝛿(𝑟 − 𝑟(𝑡))𝛿(𝜃 − 𝜃(𝑡))𝛿(𝜙 − 𝜙(𝑡)),  

𝐶𝑛𝑛  =
(𝑟̇Σ + 𝑃)2

4𝑡̇Σ3

𝐶𝑚‾ 𝑛  = −
𝜌(𝑟̇Σ + 𝑃)

2√2𝑡̇Σ2
[𝜃̇Σ + 𝑖sin 𝜃(𝑎ℰ − ℒcsc2 𝜃)]

𝐶𝑚‾ 𝑚‾  =
𝜌2

2𝑡̇Σ
[𝜃̇Σ + 𝑖sin 𝜃(𝑎ℰ − ℒcsc2 𝜃)]

2

 

𝑃 = ℰ(𝑎2 + 𝑟2) − 𝑎ℒ 

 

∫  
𝜋

0

d𝜃sin 𝜃𝑣(𝜃)𝐿𝑠[𝑤(𝜃)] = − ∫  
𝜋

0

d𝜃sin 𝜃𝐿1−𝑠
† [𝑣(𝜃)]𝑤(𝜃) 

 

𝐿𝑠
† = 𝜕𝜃 − 𝑚csc 𝜃 + 𝑎𝜔sin 𝜃 + 𝑠cot 𝜃 

𝑇ℓ𝑚𝜔 =
4𝑚𝑝

√2𝜋
∫   d𝑡𝑒𝑖[𝜔𝑡−𝑚𝜙(𝑡)] {

Δ𝐶𝑚‾ 𝑛𝛿(𝑟 − 𝑟(𝑡))

2√2𝜌‾2𝜌2
𝐿2

† [𝑆𝜌3 (
2𝜌‾𝜌‾,𝑟

𝜌4
−

4𝜌‾2𝜌,𝑟

𝜌5
)] −

1

4
𝑆Δ2𝜌3𝐽+ [𝜌−4𝐽+ [

𝐶𝑚‾ 𝑚‾ 𝛿(𝑟 − 𝑟(𝑡))𝜌‾

𝜌2
]]

+
Δ2𝜌‾

√2𝜌2
𝐿2

†[𝑆𝜌𝜌‾]𝐽+ [
𝐶𝑚‾ 𝑛

Δ𝜌2𝜌‾2
𝛿(𝑟 − 𝑟(𝑡))] −

𝐿1
† [𝜌−4𝐿2

†[𝑆𝜌3]]

2𝜌‾𝜌2
𝐶𝑛𝑛𝛿(𝑟 − 𝑟(𝑡))}

 

ℰ = −𝑢𝜇𝑔𝜇𝜈 (
𝜕

𝜕𝑡
)

𝜈

ℒ = 𝑢𝜇𝑔𝜇𝜈 (
𝜕

𝜕𝜙
)

𝜈

𝑄 = 𝑢𝜇𝒦𝜇𝜈𝑢𝜈 − (ℒ − 𝑎ℰ)2

−1 = 𝑔𝜇𝜈𝑢𝜇𝑢𝜈

 

𝒦𝜇𝜈 = 2Σ𝑙(𝜇𝑛𝜈) + 𝑟2𝑔𝜇𝜈 ,  

(
d𝑟

 d𝜆M
)

2

= (ℰ(𝑟2 + 𝑎2) − 𝑎ℒ)2 − Δ(𝑟2 + (𝑎ℰ − ℒ)2 + 𝑄) 

= (1 − ℰ2)(𝑟1 − 𝑟)(𝑟2 − 𝑟)(𝑟3 − 𝑟)(𝑟 − 𝑟4)  

 = ℛ(𝑟)

 

d𝜙

 d𝜆M
=

𝑎

Δ
(ℰ(𝑟2 + 𝑎2) − 𝑎ℒ) +

ℒ

1 − 𝑧2
− 𝑎ℰ.  

d𝜏 = Σd𝜆M  

𝑧1 =
(1 + 𝑍−)1/2

√2
, 𝑧2 =

𝑎(1 − ℰ2)1/2

√2
(1 + 𝑍+)1/2  
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𝑍± =
ℒ2 + 𝑄

𝑎2(1 − ℰ2)
± √[1 +

ℒ2 + 𝑄

𝑎2(1 − ℰ2)
]

2

−
4𝑄

𝑎2(1 − ℰ2)
 

ℛ(𝑟): ℛ(𝑟I) = ℛ′(𝑟I) = ℛ′′(𝑟I) = 0 

(
d𝑟

 d𝜆M
)

2

= (1 − ℰ2)(𝑟I − 𝑟)3(𝑟 − 𝑟4)  

𝑟4 =
𝑎2𝑄

(1 − ℰ2)𝑟I
3 , 𝑟4 < 𝑟− < 𝑟+ < 𝑟I  

𝑄 = 𝑟I

5
2

(√(𝑟I − 𝑟+)(𝑟I − 𝑟−) − 2√𝑟I)
2

− 4𝑎2

4𝑎2 (√(𝑟I − 𝑟+)(𝑟I − 𝑟−) + √𝑟I − 𝑟I

3
2)

ℰ =
√𝑎2𝑄 − 2𝑟I

3 + 3𝑟I
4

√3𝑟I
2

ℒ = 𝜖±

√3𝑎2𝑄 − 𝑎2𝑟I
2 − 𝑄𝑟I

2 + 3𝑟I
4 + 𝑎2𝑟I

2ℰ2 − 3𝑟I
4ℰ2

𝑟I

 

𝜖± = {
+, if 𝑟I ≤ ℒroot,
−,  if 𝑟I > ℒroot,

 

𝑟(𝜆M) =
𝑟I(𝑟I − 𝑟4)2(1 − ℰ2)𝜆M

2 + 4𝑟4
(𝑟I − 𝑟4)2(1 − ℰ2)𝜆M

2 + 4

𝑧(𝜆M) = 𝑧1sin [am(𝑧2𝜆M ∣ 𝑘𝑧
2)]

 

𝑘𝑧
2 = 𝑎2(1 − ℰ2)

𝑧1
2

𝑧2
2

 

𝜙(𝜆M)  = 𝜙𝑟(𝑟(𝜆M)) + 𝜙𝑧(𝑧(𝜆M)) − 𝑎ℰ𝜆M

𝑡(𝜆M)  = 𝑡𝑟(𝑟(𝜆M)) + 𝑡𝑧(𝑧(𝜆M)) + 𝑎ℒ𝜆M

 

𝜙𝑧(𝜆M)  =
ℒΠ(𝑧1

2; am(𝜆M𝑧2 ∣ 𝑘𝑧
2) ∣ 𝑘𝑧

2)

𝑧2

𝑡𝑧(𝜆M)  = −
ℰ

1 − ℰ2
𝑧2𝐸(am(𝜆M𝑧2 ∣ 𝑘𝑧

2) ∣ 𝑘𝑧
2)
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𝜙𝑟(𝜆M) =
𝑎𝜆M((𝑎2 + 𝑟I)

2ℰ − 𝑎ℒ)

(𝑟I − 𝑟−)(𝑟I − 𝑟+)
+

𝑎((𝑎2 + 𝑟−
2)ℰ − 𝑎ℒ)

2(𝑟+ − 𝑟−)(𝑟I − 𝑟−)3/2√(𝑟− − 𝑟4)(1 − ℰ2)

 × log 

(

 
 

(2 − 𝜆M(𝑟4 − 𝑟I)√
(ℰ2 − 1)(𝑟𝐼 − 𝑟−)

𝑟4 − 𝑟−
)

2

(2 + 𝜆M(𝑟4 − 𝑟I)√
(ℰ2 − 1)(𝑟I − 𝑟−)

𝑟4 − 𝑟−
)

2

)

 
 

+ (𝑟− ↔ 𝑟+)

𝑡𝑟(𝜆M) =
𝜆M(𝑎2 + 𝑟I

2)(𝑎2ℰ − 𝑎ℒ + 𝑟I
2ℰ)

(−𝑟− + 𝑟I)(−𝑟+ + 𝑟I)
+

2𝜆M(𝑟4 − 𝑟I)
2ℰ

4 + 𝜆M
2 (𝑟4 − 𝑟I)

2(1 − ℰ2)
−

2(𝑟− + 𝑟+) + 3𝑟I + 𝑟4

√1 − ℰ2
ℰ

 × tan−1 [
1

2
𝜆M(−𝑟4 + 𝑟I)√1 − ℰ2] +

(𝑎2 + 𝑟−
2)(ℰ(𝑎2 + 𝑟−

2) − 𝑎ℒ)

2(𝑟+ − 𝑟−)(−𝑟− + 𝑟I)
3/2√(𝑟− − 𝑟4)(1 − ℰ2)

 × log 

(

 
 

(2 − 𝜆M(𝑟4 − 𝑟I)√
(−𝑟− + 𝑟I)(ℰ

2 − 1)
𝑟4 − 𝑟−

)

2

(2 + 𝜆M(𝑟4 − 𝑟I)√
(−𝑟− + 𝑟I)(ℰ

2 − 1)
𝑟4 − 𝑟−

)

2

)

 
 

+ (𝑟− ↔ 𝑟+)

 

 −𝑠𝑆ℓ𝑚
𝑎𝜔(𝑧) = 𝑒𝑎𝜔𝑧(1 + 𝑧)𝛼(1 − 𝑧)𝛽 ∑  

∞

𝑛=0

 𝑎𝑛(1 + 𝑧)𝑛,  

𝑎1𝛼0
𝜃 + 𝛽0

𝜃𝑎0 = 0

𝑎𝑛+1𝛼𝑛
𝜃 + 𝑎𝑛𝛽𝑛

𝜃 + 𝑎𝑛−1𝛾𝑛
𝜃 = 0, 𝑛 > 0

 

𝛼𝑛
𝜃 = −2(1 + 𝑛)(1 + 2𝛼 + 𝑛),

𝛽𝑛
𝜃 = (𝑛 − 1)𝑛 + 2𝑛(−2𝑎𝜔 + 𝛼 + 𝛽 + 1)

 −2𝑎𝜔(2𝛼 + 𝑠 + 1) + (𝛼 + 𝛽)(𝛼 + 𝛽 + 1)

 −𝒜ℓ𝑚 − 𝑠(𝑠 + 1) − 𝑎2𝜔2,

𝛾𝑛
𝜃 = 2𝑎𝜔(𝛼 + 𝛽 + 𝑛 + 𝑠).

 

𝑅ℓ𝑚𝜔
L → {

𝑟−1−2𝑠+𝑖𝜔𝑒𝑖𝜔𝑟 𝑟⋆ → +∞

(𝑟 − 𝑟+)−𝑠−𝑖𝜎+ 𝑟⋆ → −∞
 

𝜎+ =
1

𝑏
(𝜔𝑟+ −

𝑎𝑚

2𝑀
) , 𝑏 = 2𝑀√1 − (𝑎/𝑀)2.  

𝑅ℓ𝑚𝜔
L = 𝑒𝑖𝜔𝑟(𝑟 − 𝑟−)𝜅−(𝑟 − 𝑟+)𝜅+ ∑  

∞

𝑛=0

 𝑑𝑛 (
𝑟 − 𝑟+

𝑟 − 𝑟−
)

𝑛

 

𝜅− = −1 − 𝑠 + 2𝑖𝑀𝜔 + 2𝑖𝑀𝜎+

𝜅+ = −𝑠 − 2𝑖𝑀𝜎+

𝜎+ = (𝜔𝑟+ −
𝑎𝑚

2𝑀
) /𝑏, 𝑏 = 2𝑀√1 − (𝑎/𝑀)2

𝑟+ = 𝑀 + 𝑏/2 , 𝑟− = 𝑀 − 𝑏/2

 

𝑑1𝛼0
𝑟 + 𝛽0

𝑟𝑑0 = 0

𝑑𝑛+1𝛼𝑛
𝑟 + 𝑑𝑛𝛽𝑛

𝑟 + 𝑑𝑛−1𝛾𝑛
𝑟 = 0, 𝑛 > 0,
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𝛼𝑛
𝑟  = (𝑐̃0 + 1)𝑛 + 𝑐̃0 + 𝑛2

𝛽𝑛
𝑟  = (𝑐̃1 + 2)𝑛 + 𝑐̃3 − 2𝑛2

𝛾𝑛
𝑟  = (𝑐̃2 − 3)𝑛 − 𝑐̃2 + 𝑐̃4 + 𝑛2 + 2

 

𝑐̃0 = −
2𝑖(2𝜔𝑀2 − 𝑎𝑚)

𝑏
− 𝑠 − 2𝑖𝜔𝑀 + 1,

𝑐̃1 =
4𝑖(2𝜔𝑀2 − 𝑎𝑚)

𝑏
+ 2𝑖(𝑏 + 4𝑀)𝜔 − 4,

𝑐̃2 = −
2𝑖(2𝜔𝑀2 − 𝑎𝑚)

𝑏
+ 𝑠 − 6𝑖𝜔𝑀 + 3,

𝑐̃3 =
2(4𝑀𝜔 + 𝑖)(2𝜔𝑀2 − 𝑎𝑚)

𝑏
+ 𝑖(𝑏 + 4𝑀)𝜔

(−𝑎2 + 4𝑏𝑀 + 16𝑀2)𝜔2 − 2𝑎𝑚𝜔 − 𝒜ℓ𝑚 − 𝑠 − 1

𝑐̃4 = −
(8𝜔𝑀 + 2𝑖)(2𝜔𝑀2 − 𝑎𝑚)

𝑏
− 2𝑖(2𝑠 + 3)𝜔𝑀

 +𝑠 − 8𝜔2𝑀2 +  −𝑠𝑆ℓ𝑚
𝑎𝜔(𝑧) + 𝑅ℓ𝑚𝜔

L

 

𝛽𝑛
𝑖 −

𝛼𝑛−1
𝑖 𝛾𝑛

𝑖

𝛽𝑛−1
𝑖 −

…
𝛼0

𝑖 𝛾1
𝑖

𝛽0
𝑖

=
𝛼𝑛

𝑖 𝛾𝑛+1
𝑖

𝛽𝑛+1
𝑖 −

𝛼𝑛+1
𝑖 𝛾𝑛+2

𝑖

𝛽𝑛+2
𝑖 −

…  

∫  
𝜋

0

 sin 𝜃d𝜃| 𝑠𝑆ℓ𝑚
𝑎𝜔(𝜃)|2 = 〈 𝑠𝑆ℓ𝑚

𝑎𝜔〉†  

 𝑠𝑌ℓ𝑚 =  𝑠𝑆ℓ𝑚
𝑎𝜔=0 

 𝑠𝑆ℓ𝑚
𝑎𝜔 → 𝑎02𝛽𝑒−𝑎𝜔 at 𝜃 = 𝜋, and  𝑠𝑌ℓ𝑚(𝜃 → 𝜋−) 

𝑋𝑞
𝑟+  = 𝜛𝑋𝑞

L

𝜛 = −𝑀2√
𝑀

𝑟+
2

−
𝑖𝑎𝑚
𝑟+

+𝑖𝜀−
3
2𝑒

𝑖(
𝑎𝑚
2𝑀

−2𝑟+𝜔)

 ×
(

𝑏
𝑀)

𝑖𝑎𝑚
𝑟+

−4𝑖𝑀𝜔+1

(2𝑎𝑚 − 𝑖𝑏 − 2𝜀𝑟+)(𝑎𝑚 − 𝑖𝑏 − 𝜀𝑟+)

 

𝑅in
𝜈 = 𝑒𝑖𝜔𝑏𝑥(−𝑥)−𝑠−𝑖(𝜀+𝜏)/2(1 − 𝑥)𝑖(𝜀−𝜏)/2𝑝in

𝜈 (𝑥),  

𝜔, 𝑥 = (𝑟+ − 𝑟)/𝑏, 𝜀 = 2𝑀𝜔, and 𝜏 = (4𝜔𝑀2 − 2𝑚𝑎)/𝑏 

𝑝in
𝜈 (𝑥) = ∑  

∞

𝑛=−∞

 𝑎in,𝑛
𝜈 𝑝𝑛+𝜈(𝑥),  

𝑝𝜈+𝑛(𝑥) = 𝐹(𝑛 + 𝜈 + 1 − 𝑖𝜏 , −𝑛 − 𝜈 − 𝑖𝜏;
1 − 𝑠 − 𝑖𝜀 − 𝑖𝜏; 𝑥) ;

 

𝛼𝑛
𝜈𝑎in,𝑛+1

𝜈 + 𝛽𝑛
𝜈𝑎in,𝑛

𝜈 + 𝛾𝑛
𝜈𝑎in,𝑛−1

𝜈 = 0  



pág. 9042 

𝛼𝑛
𝜈=

𝑖𝜔𝑏(𝑛 + 𝜈 + 1 + 𝑠 + 𝑖𝜀)(𝑛 + 𝜈 + 1 + 𝑠 − 𝑖𝜀)

(𝑛 + 𝜈 + 1)(2𝑛 + 2𝜈 + 3)(𝑛 + 𝜈 + 1 + 𝑖𝜏)−1
 

𝛽𝑛
𝜈= −𝜆 − 𝑠(𝑠 + 1) + (𝑛 + 𝜈)(𝑛 + 𝜈 + 1) + 𝜀2  

+𝜔(4𝜔𝑀2 − 2𝑚𝑎) +
𝜔(4𝜔𝑀2 − 2𝑚𝑎)(𝑠2 + 𝜀2)

(𝑛 + 𝜈)(𝑛 + 𝜈 + 1)
 

𝛾𝑛
𝜈  = −

𝑖𝜔𝑏(𝑛 + 𝜈 − 𝑠 + 𝑖𝜀)(𝑛 + 𝜈 − 𝑠 − 𝑖𝜀)

(𝑛 + 𝜈)(2𝑛 + 2𝜈 − 1)(𝑛 + 𝜈 − 𝑖𝜏)−1

 

𝑅0
𝜈 =𝑒𝑖𝜔𝑏𝑥(−𝑥)−𝑠−𝑖/2(𝜀+𝜏)(1 − 𝑥)(𝑖/2)(𝜀+𝜏)+𝜈 ∑  𝑓𝑛

𝜈
Γ(1 − 𝑠 − 𝑖𝜀 − 𝑖𝜏)Γ(2𝑛 + 2𝜈 + 1)

Γ(𝑛 + 𝜈 + 1 − 𝑖𝜏)Γ(𝑛 + 𝜈 + 1 − 𝑠 − 𝑖𝜀)

∞

𝑛=−∞

 

 × (1 − 𝑥)𝑛𝐹 (−𝑛 − 𝜈 − 𝑖𝜏, −𝑛 − 𝜈 − 𝑠 − 𝑖𝜀; −2𝑛 − 2𝜈;
1

1 − 𝑥
)

 

𝑅C
𝜈 = 𝑧̂−1−𝑠 (1 −

𝜔𝑏

𝑧̂
)

−𝑠−𝑖(𝜀+𝜏)/2

𝑓𝜈(𝑧̂)  

 

𝑓𝜈(𝑧̂) = ∑  

∞

𝑛=−∞

(−𝑖)𝑛
(𝜈 + 1 + 𝑠 − 𝑖𝜀)𝑛

(𝜈 + 1 − 𝑠 + 𝑖𝜀)𝑛
𝑎𝑛

C𝐹𝑛+𝜈(−𝑖𝑠 − 𝜀, 𝑧) 

 

𝑧̂ = 𝜔(𝑟 − 𝑟−), (𝑦)𝑛 = Γ(𝑦 + 𝑛)/Γ(𝑦) 

𝐹𝑁(𝜂, 𝑧̂) = 𝑒−𝑖𝑧̂2𝑁𝑧̂𝑁+1
Γ(𝑁 + 1 − 𝑖𝜂)

Γ(2𝑁 + 2)
×

Φ(𝑁 + 1 − 𝑖𝜂, 2𝑁 + 2; 2𝑖𝑧̂)

 

𝐾𝜈 =
𝑒𝑖𝜔𝑏(2𝜔𝑏)𝑠−𝜈−𝑁2−𝑠𝑖𝑁Γ(1 − 𝑠 − 𝑖𝜀 − 𝑖𝜏)Γ(𝑁 + 2𝜈 + 2)

Γ(𝑁 + 𝜈 + 1 − 𝑠 + 𝑖𝜀)Γ(𝑁 + 𝜈 + 1 + 𝑖𝜏)Γ(𝑁 + 𝜈 + 1 + 𝑠 + 𝑖𝜀)

× (∑  

∞

𝑛=𝑁

  (−1)𝑛
Γ(𝑛 + 𝑁 + 2𝜈 + 1)

(𝑛 − 𝑁)!

Γ(𝑛 + 𝜈 + 1 + 𝑠 + 𝑖𝜀)Γ(𝑛 + 𝜈 + 1 + 𝑖𝜏)

Γ(𝑛 + 𝜈 + 1 − 𝑠 − 𝑖𝜀)Γ(𝑛 + 𝜈 + 1 − 𝑖𝜏)
𝑓𝑛

𝜈) 

 × ( ∑  

𝑁

𝑛=−∞

 
(−1)𝑛

(𝑁 − 𝑛)! (𝑁 + 2𝜈 + 2)𝑛

(𝜈 + 1 + 𝑠 − 𝑖𝜀)𝑛

(𝜈 + 1 − 𝑠 + 𝑖𝜀)𝑛
𝑓𝑛

𝜈)

−1

 

𝑅in
𝜈 → {

𝐵transΔ2𝑒−𝑖𝑝𝜔𝑟⋆  as 𝑟 → 𝑟+

𝑟3𝐵ref𝑒𝑖𝜔𝑟⋆ + 𝑟−1𝐵inc𝑒−𝑖𝜔𝑟⋆  as 𝑟 → +∞
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𝐵trans = 𝑏2𝑠𝑒
𝑖𝑏/(2𝑀)𝜀+(1+2

ln [𝑏/(2𝑀)]
1+𝑏/(2𝑀)

)
∑  

∞

𝑛=−∞

 𝑓𝑛
𝜈,

𝐵inc = 𝜔−1 [𝐾𝜈 − 𝑖𝑒−𝑖𝜋𝜈
sin 𝜋(𝜈 − 𝑠 + 𝑖𝜀)

sin 𝜋(𝜈 + 𝑠 − 𝑖𝜀)
𝐾−𝜈−1]

 × 𝐴+
𝜈 𝑒

−𝑖(𝜀ln 𝜀−
2𝑀−𝑏

2
𝜔)

,

𝐵ref = 𝜔−1−2𝑠[𝐾𝜈 + 𝑖𝑒𝑖𝜋𝜈𝐾−𝜈−1]

 × 𝐴−
𝜈 𝑒

𝑖(𝜀ln 𝜀−
2𝑀−𝑏

2
𝜔)

,

 

𝜀+ = (𝜀 + 𝜏)/2 

𝐴+
𝜈 =2−1+𝑠−𝑖𝜀𝑒−

𝜋
2

𝜀𝑒
𝜋
2

𝑖(𝜈+1−𝑠) Γ(𝜈 + 1 − 𝑠 + 𝑖𝜀)

Γ(𝜈 + 1 + 𝑠 − 𝑖𝜀)
∑  

+∞

𝑛=−∞

 𝑓𝑛
𝜈

𝐴−
𝜈 =2−1−𝑠+𝑖𝜀𝑒−

𝜋
2

𝜀𝑒
−𝜋
2

𝑖(𝜈+1+𝑠)

 × ∑  

+∞

𝑛=−∞

  (−1)𝑛
(𝜈 + 1 + 𝑠 − 𝑖𝜀)𝑛

(𝜈 + 1 − 𝑠 + 𝑖𝜀)𝑛
𝑓𝑛

𝜈

 

𝑋in → {
𝐴ref 𝑒𝑖𝜔𝑟⋆ + 𝐴inc 𝑒−𝑖𝜔𝑟⋆ 𝑟⋆ → +∞

𝐴trans 𝑒−𝑖𝑝𝜔𝑟⋆ 𝑟⋆ → −∞
.  

𝐴inc  = −4𝜔2𝐵inc,

𝐴ref  = −
𝑐0

4𝜔2
𝐵ref,

𝐴trans  = 𝑑𝐵trans,

 

𝑑= √2𝑀𝑟+[8𝑀2 − 12𝑖𝑎𝑚𝑀 − 4𝑎2𝑚2  

+𝑟+(12𝑖𝑎𝑚 + 16𝑎𝑚𝑀𝜔 + 24𝑖𝑀2𝜔 − 16𝑀) 

+𝑟+
2(−16𝑀2𝜔2 − 24𝑖𝑀𝜔 + 8)]

 

𝐴in = 𝐴inc /𝐴trans  and 𝐴out = 𝐴ref /𝐴trans  

𝜔 = 𝜔𝑞 , 𝐴𝑞
out = 𝐴out  and 𝐴𝑞

in = 0 

𝐵𝑞
T =

𝐴T out 

2𝑖𝜔𝑞𝛼𝑞
T

, 𝛼𝑞
T =

d𝐴T in 

d𝜔
|
𝜔=𝜔𝑞

.  

𝐵𝑞 = 𝐵𝑞
T

𝑐0

16𝜔4
,  

𝑐0 = 𝜆(𝜆 + 2) − 12𝑀𝑖𝜔 − 12𝑎𝜔(𝑎𝜔 − 𝑚) 

𝑋𝑟+  = (𝑟 − 𝑟+)−2𝑖𝑀𝜎+ ∑  

∞

𝑛=0

 𝑥𝑛(𝑟 − 𝑟+)𝑛,

𝑒−𝑖𝜉  = (𝑟 − 𝑟+)−2𝑖𝑀𝜎+ ∑  

∞

𝑛=0

  𝜉𝑛(𝑟 − 𝑟+)𝑛,
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𝑊(𝑟) = ∑  

∞

𝑝=0

 𝑤𝑝(𝑟 − 𝑟+)𝑝.  

(𝑟 − 𝑟+)−4𝑖𝑀𝜎+ ∑  

∞

𝑗=0

  (𝑟 − 𝑟+)𝑗𝜄𝑗,  

𝜎+ =
𝜔𝑟+ − 𝑎𝑚/(2𝑀)

𝑟+ − 𝑟−
,  

Im[𝜔] < −(𝑟+ − 𝑟−)/4𝑀𝑟+ 

∫  
∞

𝑟+

 d𝑟ℬ(𝑟) ⊞ (𝑟 − 𝑟+)
4𝑀Im[𝜔]𝑟+

(𝑟+−𝑟−)  

ℬ =
d

 d𝑟
∑  

𝑁

𝑗=0

 (
𝑏‾𝑗

𝜁𝑞 + 𝑗 + 1
(𝑟 − 𝑟+)𝜁𝑞+𝑗+1𝑒−(𝑟−𝑟+)) ,  

𝜁𝑞 = −4𝑀𝑖𝜎+,  

4Im[𝜔]𝑟+/(𝑟+ − 𝑟−) 

ℐ𝑞 =
√𝑐0

𝐴out

 ∫  
∞

𝑟+

 d𝑟′ (𝑋𝑟+(𝑟′)
𝑊(𝑟′)

𝑟′2(𝑟′2 + 𝑎2)1/2
𝑒−𝑖𝜉(𝑟′) + ℬ(𝑟))

 

{
𝑊(𝑟) ≠ 0 𝑟+ ≤ 𝑟 ≤ 𝑟𝑝
𝑊(𝑟) = 0 𝑟 > 𝑟𝑝

 

ℐ𝑞 =
√𝑐0

𝐴out 

∫  
𝑟𝑝

𝑟+

  d𝑟′ (𝑋𝑟+(𝑟′)
𝑊(𝑟′)

𝑟′2(𝑟′2 + 𝑎2)1/2
𝑒−𝑖𝜉(𝑟′) + ℬ(𝑟)) 

 −𝐵(𝑟𝑝)

 

𝑊 = 𝑊𝑛𝑛 + 𝑊𝑚𝑚 + 𝑊𝑚‾ 𝑛,  

√2𝜋

𝑚𝑝

 d2𝑊𝑛𝑛

 d𝑟2
 =

𝑟2

2𝜌Δ2 |
 d𝑟

 d𝜏
| (1 −

𝑃

√ℛ
)

2

𝐿1
†[𝜌−4𝐿2

†(𝜌3𝑆)]e𝑖𝜁

√2𝜋

𝑚𝑝

 d2𝑊𝑚‾ 𝑛

 d𝑟2
 = ∫  

ℝ

 d𝑡e𝑖𝜁 {−
𝑟2𝜌‾

𝜌2
𝐿2

†(𝜌𝜌‾𝑆)𝐽+ [𝜌
d𝑟

 d𝑡

Σ

Δ
(1 −

𝑃

√ℛ
) 𝑤𝑚‾ 𝑛

(1)
𝛿(𝑟 − 𝑟(𝑡))]}

 −sgn (
d𝑟

 d𝜏
)

𝑟2𝜌

2
𝐿2

†[𝜌3𝑆(𝜌‾2𝜌−4)′]
Σ

Δ
(1 −

𝑃

√ℛ
) 𝑤𝑚‾ 𝑛

(1)
e𝑖𝜁

√2𝜋

𝑚𝑝

 d2𝑊𝑚𝑚

 d𝑟2
 = ∫  

ℝ

 d𝑡e𝑖𝜁𝑆 {𝑟2𝜌3𝐽+ [𝜌−4𝐽+ (
𝜌𝜌‾2

2
(

 d𝑡

 d𝜏
)

−1

𝛿(𝑟 − 𝑟(𝑡)) (𝑤𝑚‾ 𝑛
(1)

)
2
)]}
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𝜁(𝑟)  = ∫  
𝐾

Δ
 d𝑟 − 𝑚𝜙 + 𝜔𝑡

𝑤𝑚‾ 𝑛
(1)

 = − [±√Θ + 𝑖sin 𝜃 (𝑎ℰ −
ℒ

sin2 𝜃
)]

 

Θ(𝜃) = 𝑍(𝑧)/√1 − 𝑧2 

√2𝜋

𝑚𝑝
𝑊𝑛𝑛(𝑟) = 𝑓0(𝑟)e𝑖𝜁(𝑟) + ∫  

∞

𝑟

 𝑓1(𝑟1)e𝑖𝜁(𝑟1)d𝑟1 +

 ∫  
∞

𝑟

 d𝑟1 ∫  
∞

𝑟1

 𝑓2(𝑟2)e𝑖𝜁(𝑟2)d𝑟2

√2𝜋

𝑚𝑝
𝑊𝑚‾ 𝑛(𝑟) = 𝑔0(𝑟)e𝑖𝜁(𝑟) + ∫  

∞

𝑟

 𝑔1(𝑟1)e𝑖𝜁(𝑟1)d𝑟1

 + ∫  
∞

𝑟

 d𝑟1 ∫  
∞

𝑟1

 𝑔2(𝑟2)e𝑖𝜁(𝑟2)d𝑟2

√2𝜋

𝑚𝑝
𝑊𝑚𝑚(𝑟) = ℎ0(𝑟)e𝑖𝜁(𝑟) + ∫  

∞

𝑟

 ℎ1(𝑟1)e𝑖𝜁(𝑟1)d𝑟1

 + ∫  
∞

𝑟

 d𝑟1 ∫  
∞

𝑟1

 ℎ2(𝑟2)e𝑖𝜁(𝑟2)d𝑟2

 

𝑓0  = −
1

𝜔2
𝑤𝑛𝑛

𝑓1  = −
1

𝜔2
[𝑤𝑛𝑛

′ + 𝑖𝜂𝑤𝑛𝑛]

𝑓2  =
𝑖

𝜔
[(𝑤𝑛𝑛

′ + 𝑖𝜂𝑤𝑛𝑛)𝐻 + 𝑤𝑛𝑛𝐻′]

 

𝑔0  =
𝑖

𝜔
𝑤𝑚‾ 𝑛

(1) 𝑤𝑚‾ 𝑛
(2)

𝜌‾(𝑟2 + 𝑎2)
sgn (

d𝑟

 d𝜏
) ,

𝑔1  =
𝑖

𝜔
sgn (

 d𝑟

 d𝜏
) 𝑤𝑚‾ 𝑛

(1)
[−𝑤𝑚‾ 𝑛

(3)
+ (

𝑤𝑚‾ 𝑛
(2)

𝜌‾(𝑟2 + 𝑎2)
)

′

+
𝑤𝑚‾ 𝑛

(2)′

𝜌‾(𝑟2 + 𝑎2)
+ 𝑖𝜂

𝑤𝑚‾ 𝑛
(2)

𝜌‾(𝑟2 + 𝑎2)
] ,

𝑔2  = −
𝑖

𝜔
𝑤𝑚‾ 𝑛

(1)
[(𝑤𝑚‾ 𝑛

(3)
−

𝑤𝑚‾ 𝑛
(2)′

𝜌‾(𝑟2 + 𝑎2)
)

′

+𝑖𝜂 (𝑤𝑚‾ 𝑛
(3)

−
𝑤𝑚‾ 𝑛

(2)′

𝜌‾(𝑟2 + 𝑎2)
)] sgn (

d𝑟

 d𝜏
) ,

 

ℎ0 =
𝑟2𝜌‾2

2
|
 d𝑟

 d𝜏
|
−1

𝑆 (𝑤𝑚‾ 𝑛
(1)

)
2

ℎ1 =
𝜌𝜌‾2

2
|
 d𝑟

 d𝜏
|
−1

𝑆 (𝑤𝑚‾ 𝑛
(1)

)
2

[(
𝑟2

𝜌
)

′

+ 𝜌−4(𝜌3𝑟2)′]

 

ℎ2 =
𝜌𝜌‾2

2
|
 d𝑟

 d𝜏
|
−1

𝑆 (𝑤𝑚‾ 𝑛
(1)

)
2

[𝜌−4(𝜌3𝑟2)′]′  
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𝑤𝑛𝑛  =
𝑟2

2𝜌(𝑟2 + 𝑎2)2 |
 d𝑟

 d𝜏
| 𝐿1

†[𝜌−4𝐿2
†(𝜌3𝑆)]

𝑤𝑚‾ 𝑛
(2)

 =
𝑟2𝜌‾

𝜌2
𝐿2

†[𝜌𝜌‾𝑆]

𝑤𝑚‾ 𝑛
(3)

 =
𝑟2

2𝜌‾(𝑟2 + 𝑎2)
𝐿2

†[𝜌3𝑆(𝜌‾2𝜌−4)′]

𝐻 = 𝑣′ −
𝑎(𝑎ℰsin2 𝜃 − ℒ)

√ℛ

 =
𝑟2 + 𝑎2

Δ
(1 + sign (

d𝑟

 d𝜏
)

𝑃

√ℛ
)

 

𝑣 = 𝑡 + 𝑟⋆

𝜙̃  = 𝜙 + ∫
𝑎

Δ

𝑟 𝑎

Δ
 d𝑟

 

𝑓𝐻e𝑖𝜁  = −
𝑖

𝜔
[(𝑓e𝑖𝜁)

′
− (𝑓′ + 𝑖𝜂𝑓)e𝑖𝜁] ,

𝐽+[𝑓]  = [𝑓exp (𝑖 ∫
𝐾

Δ

𝑟 𝐾

Δ
 d𝑟)]

′

exp (−𝑖 ∫
𝐾

Δ

𝑟 𝐾

Δ
 d𝑟) ,

 

𝜂(𝑟)=
𝑎𝜔(𝑎𝐸̂sin2 𝜃 − 𝐿̂)

√ℛ
− 𝑚𝜙̃′  

 = (𝑎𝜔 −
𝑚

sin2 𝜃
)

𝑎𝐸̂sin2 𝜃 − 𝐿̂

√ℛ
−

𝑎𝑚

Δ
(1 −

𝑃

√ℛ
) .

 

𝐿1
†[𝜌−4𝐿2

†(𝜌3𝑆)]|
𝜃=𝜋/2

= 2𝑟 {(−𝑚 + 𝑎𝜔 −
𝑖𝑎

𝑟
)[𝑆1 

+(−𝑚 + 𝑎𝜔)𝑆0] −
𝜆

2
𝑆0} ,

 

𝐿2
†[𝜌𝜌‾𝑆]|

𝜃=𝜋/2
=

1

𝑟2
[𝑆1 + (−𝑚 + 𝑎𝜔)𝑆0],

𝐿2
†[𝜌3𝑆(𝜌‾2𝜌−4)′]|

𝜃=𝜋/2
=

2

𝑟2
[𝑆1 + (−𝑚 + 𝑎𝜔)𝑆0]

 

𝑆0 = 𝑆(𝜋/2), 𝑆1 = 𝜕𝜃𝑆|𝜃=𝜋/2 

𝜁(𝑟) = 𝜔𝑣(𝑟) − 𝑚𝜙̃(𝑟) 

𝑒𝑖𝜁(𝑟)𝑡(𝑟) ⋆ 𝑒𝑖𝜔𝑡(𝑟) 

𝛿𝐶 = |1 −
𝐶̂220

𝐶220
|  

Ω𝜙(𝑟𝑝) =
√𝑀

𝑟𝑝
3/2

+ 𝑎√𝑀
 

𝛿Ω𝜙(𝑟𝑝) = |1 −
Ω𝜙(𝑟𝑝)

Ω𝜙
⨂ | .  
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𝑟 ∼ 2ℳ(1 + 𝒪(𝜖)),  

𝜖 = (𝑅𝜓/(2ℳ))
2/3

 

ℳ > (
𝑅𝜓

𝑙𝑠
)

2

𝑅𝜓 

𝑟 ∼ 2ℳ(1 + 𝒪(𝜖, 𝜁)), where 𝜁 = (
𝑅𝜓

10

ℳ4𝑙𝑠
6)

2/3

 

𝒮 =
1

16𝜋𝐺6
∫  𝑑6𝑥√−det𝑔 (𝑅 −

1

2
|𝐹|2) ,⋆ 𝐹 = 𝐹  

𝑑𝑠2 =−
𝑑𝑡2

𝑍2
+ (𝑑𝑦 − 𝑇𝑑𝑡)2  

+𝑍 [𝑓𝑑𝜓2 + 𝑒3𝜈 (
𝑑𝑟‾2

𝑓
+ 𝑟‾2𝑑𝜃‾2) + 𝑟‾2sin2 𝜃‾𝑑𝜙2] 

𝐹 =𝑑𝐻 ∧ 𝑑𝜙 ∧ 𝑑𝜓 − 𝑑𝑇 ∧ 𝑑𝑡 ∧ 𝑑𝑦

 

𝑍= 1 +
2𝑀(2𝑟‾ + 𝑀 − ℓ)

(2𝑟‾ − ℓ)2 − ℓ2cos2 𝜃‾ − 𝑀2sin2 𝜃‾
, 

𝑇=
2𝑀√ℓ2 − 𝑀2cos 𝜃‾

(2𝑟‾ + 𝑀 − ℓ)2 − (ℓ2 − 𝑀2)cos2 𝜃‾
,  

𝐻 =
𝑀√ℓ2 − 𝑀2(2𝑟‾ + 𝑀 − ℓ)sin2 𝜃‾

(2𝑟 − ℓ)2 − ℓ2cos2 𝜃‾ − 𝑀2sin2 𝜃‾
,

𝑒𝜈 = 1 −
𝑀2sin2 𝜃‾

(2𝑟‾ − ℓ)2 − ℓ2cos2 𝜃‾
,

 

ℳ =
ℓ + 3𝑀

4
.  

𝑅𝜓 =
2(ℓ2 − 𝑀2)

3
2

ℓ2
.  

±𝑄 = ±𝑀𝑅𝜓√
ℓ + 𝑀

ℓ − 𝑀
 

ℓ = ℳ (1 +
3𝜖

8
) , 𝑀 = ℳ (1 −

𝜖

8
) ,  

𝜖 ≡ (
𝑅𝜓

2ℳ
)

2
3

≪ 1.  

𝑟‾ ≳ ℳ (1 + 𝒪 (𝜖
1
4)) 

𝑑𝑠6
2 ∼ 𝑑𝑠ZV

2 + 𝑑𝜓2 + 𝑑𝑦2 



pág. 9048 

 

𝑑𝑠ZV
2 =−𝑓ZV

2 𝑑𝑡2 +
𝑟‾2sin2 𝜃‾

𝑓ZV
𝑑𝜙2  

 +
𝑓ZV

2

(𝑓ZV +
ℳ2sin2 𝜃‾

4𝑟‾2 )
3 (

𝑑𝑟‾2

𝑓ZV
+ 𝑟‾2𝑑𝜃‾2)

 

𝑓ZV = 1 −
ℳ

𝑟‾
 

√𝑟‾(𝑟‾ − ℳ)sin 𝜃‾ = √𝑟(𝑟 − 2ℳ)sin 𝜃

(𝑟‾ −
ℳ

2
) cos 𝜃‾ = (𝑟 − ℳ)cos 𝜃

 

𝜃 ∈ [
𝜋

3
,
2𝜋

3
] 

ℳ < 𝑟‾ ≤
3ℳ

2
 with 𝜃‾ = 0 or 𝜋 

𝜃 = 0, 𝜋 for 𝑟 > 2ℳ and 𝜃 ∈ [0,
𝜋

3
] ∪ [

2𝜋

3
, 𝜋] for 𝑟 = 2ℳ. 

𝜃 = 𝜋/3 and 𝜃 = 2𝜋/3 

√𝑟‾(𝑟‾ − ℓ)sin 𝜃‾ = √(𝑟 − 𝑟+)(𝑟 − 𝑟−)sin 𝜃

(𝑟‾ −
ℓ

2
) cos 𝜃‾ = (𝑟 −

𝑟+ + 𝑟−
2

) cos 𝜃
 

𝑟± ≡ ℓ ±
√ℓ2 + 3𝑀2

2
 

2ℳ < 𝑟+ ≤ 4ℳ.  

ℳ ∼
1

8
𝑅𝜓 

𝑟+ = 2ℳ (1 +
3𝜖

16
)  

cos 𝜃𝑐 =
ℓ

√ℓ2 + 3𝑀2
 

𝜃 ∈ [0, 𝜃𝑐] ∪ [𝜋 − 𝜃𝑐 , 𝜋] 

ℓ < 𝑟‾ ≤
1

2
(ℓ + √ℓ2 + 3𝑀2) 

𝐻 =
1

2
𝑔𝜇𝜈𝑝𝜇𝑝𝜈 = −

𝑚2

2
, 𝑝𝜇 ≡ 𝑔𝜇𝜈𝑥̇𝜈  
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𝑥̇𝜈 =
𝑑𝑥𝜈

𝑑𝜏
 

𝑝̇𝜇 = −
𝑑𝐻

𝑑𝑥𝜇
 

𝑝̇𝑡 = 𝑝̇𝜙 = 𝑝̇𝑦 = 𝑝̇𝜓 = 0 

𝜙̇ = 𝜓̇ = 0, 𝑡̇ = −𝑔𝑡𝑡𝐸, 𝑦̇ = −𝑔𝑡𝑦𝐸,

2𝐻 = 𝑔𝑟𝑟𝑟̇2 + 𝑔𝜃𝜃𝜃̇2 + 𝑔𝑡𝑡𝐸2 = −𝑚2.
 

𝐸−2 = −𝑔𝑡𝑡|𝑟=𝑟0
∼ 1 

𝑟̇ = −√
2ℳ

𝑟
, 𝑡̇ = (1 −

2ℳ

𝑟
)

−1

 

Δ𝜏Kerr =
4ℳ

3
[(

𝑟0

2ℳ
)

3
2

− 1] .  

𝜃̇ = 0, 𝑡̇ = −𝑔𝑡𝑡|
𝜃=

𝜋
2
, 𝑟̇ = √

−𝑔𝑡𝑡 − 1

𝑔𝑟𝑟
|

𝜃=
𝜋
2

. 

𝑟̇2 =
ℳℎZV

9 (ℎZV − ℳ)2

210𝑟5(𝑟 − ℳ)2(𝑟 − 2ℳ)5
, 𝑡̇ =

(ℎZV + ℳ)2

(ℎZV − ℳ)2
 

ℎZV ≡ √4𝑟(𝑟 − 2ℳ) + ℳ2 

Δ𝜏ZV = Δ𝜏Kerr − 0.26ℳ  

𝑟̇2 =
𝑀ℎBS

9 (ℎBS − ℓ)

28(ℓ + ℎBS)(𝑟 − ℓ)2((𝑟 − ℓ)2 − 𝑀2)4
, 𝑡̇ =

(ℎBS + 𝑀)2

(ℎBS − 𝑀)2
,  

ℎBS ≡ √4(𝑟 − ℓ)2 − 3𝑀2 

Δ𝜏BS=
4𝑀

3
((

𝑟0

2𝑀
)

3
2

− 𝐶𝑀,ℓ)  

𝐶𝑀,ℓ ≡

6𝑀2(5ℓ2 − 𝑀2)𝐸 (
1
2) + (5ℓ4 − 𝑀4) (3𝐸 (

1
2) − 2𝐾 (

1
2))

20√2ℓ5𝑀3

 

Δ𝜏BS = Δ𝜏ZV + 𝜖ℳ ((
𝑟0

2ℳ
)

3
2

+ 0.12) .  

𝐷2𝑆𝜇

𝑑𝜏2
= 𝒜𝜇 𝜈𝑆𝜈, 𝒜𝜇 𝜈 ≡ −𝑅𝜇 𝜌𝜈𝜎𝑣𝜌𝑣𝜎  

𝑣𝜇 = (𝑡̇, 𝑟̇, 𝜃̇, 𝜙̇, 𝜓̇, 𝑦̇) = (−𝑔𝑡𝑡, 𝑟̇, 𝜃̇, 0,0, −𝑔𝑡𝑦)  
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𝒜 = √𝒜𝜇 𝜈𝒜𝜈 𝜇  

𝒜Kerr =
√6ℳ

𝑟3
 

𝒜Kerr 
max =

√6

8ℳ2
 

𝑣𝜇 = (−𝑔𝑡𝑡, √
−𝑔𝑡𝑡 − 1

𝑔𝑟𝑟
, 0,0,0, −𝑔𝑡𝑦)|

𝜃=
𝜋
2

.  

𝒜Zipoy−Voorhees |𝜋
2

= 𝒜Kerr

𝑔 (
𝑟

2ℳ
)

(1 −
2ℳ

𝑟
)

5 ,  

𝒜ZV|𝜋

2
∼ 1.1𝒜Kerr  at 4ℳ and 𝒜ZV|𝜋

2
∼ 1.45𝒜Kerr  at 3ℳ 

𝒜max|
𝜃=

𝜋
2

= 19
1
2 (

219ℳ4

𝑅𝜓
10 )

1
3

=
8√19

𝜖5ℳ2
.  

𝒜max |
𝜃=

𝜋
2

> 𝛼′−1 

(
𝑅𝜓

𝑙𝑠
)

3/2

𝑅𝜓 < ℳ  

(
𝑅𝜓

𝑙𝑠
)

2

𝑅𝜓 < ℳ  

𝒜max |
𝜃=

𝜋
2

≫ 𝛼′−1 

𝑅
𝜓

2𝑛
3 < 𝛼′ℳ

2(𝑛−3)
3  

𝑑𝑠BH
2 = 𝑑𝑦̃2 +

𝑀(ℓ + 𝑀)Δ2

2ℓ4 [𝑑𝑠(AdS2)2 + 4𝑑Ω̃3
2]  

Δ ≡ ℓ2 − 𝑀2sin2 𝜃̃, 𝑦̃ = 𝑦 − √
ℓ − 𝑀

ℓ + 𝑀
𝑡, 𝑑𝑠(AdS2)2 =

𝑑𝑅2

𝑅2
− 𝑅2𝑑𝑡2𝑑Ω̃3

2 

𝑑Ω̃3
2 = 𝑑𝜃̃2 +

ℓ6

Δ3 (sin2 𝜃̃𝑑𝜙2 +
cos2 𝜃̃

4ℓ2
𝑑𝜓2) 

𝒜max|𝜃̃=0 ∼
√3

√2ℳ2
,  𝒜max|

𝜃̃=
𝜋
2

∼
1

√2ℳ2𝜖3
,  
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|𝑄| = 𝑅𝜓𝑀√
ℓ + 𝑀

ℓ − 𝑀
〈𝒜max |𝜃̃=0 ⋇ 𝒜max |

𝜃̃=
𝜋
2
〉 

|𝑄|4/𝑙𝑠
8 ∼

ℳ8𝜖4

𝑙𝑠
8 ≫ 1 

𝑑𝑠2 = 𝑔𝑡𝑡𝑑𝑡2 + 2𝑔𝑡𝑖𝑑𝑡𝑑𝑥𝑖 + 𝑔𝑟𝑟𝑑𝑟2 + 𝑔𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗  

𝑡̇ = −𝑔𝑡𝑡 + 𝑔𝑡𝑖𝑝𝑖, 𝑥̇
𝑖 = 𝑔𝑖𝑗𝑝𝑗 − 𝑔𝑖𝑡 ,

𝑟̇ = √
−𝑔𝑡𝑡 + 2𝑔𝑡𝑖𝑝𝑖 − 𝑔𝑖𝑗𝑝𝑖𝑝𝑗

𝑔𝑟𝑟
,

 

(𝑑𝑡, 𝑑𝑟, 𝑑𝑥𝑖) → (𝑡̇, 𝑟̇, 𝑥̇𝑖)𝑑𝜆 + (−
𝑑𝑡

2
, 0, 𝑑𝑥𝑖)  

𝑑𝑠2 = 𝑑𝜆𝑑𝑡 + 2𝑝𝑖𝑑𝜆𝑑𝑥𝑖 +
𝑔𝑡𝑡𝑑𝑡2

4
+ 𝑔𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗  

𝑑𝑠2 = 𝑑𝜆𝑑𝑡 +
𝑔𝑡𝑡𝑑𝑡2

4
+ 𝑔𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗  

𝑔𝜇𝜈 → Ω−2𝑔𝜇𝜈;  𝜆 → 𝜆, 𝑡 → Ω2𝑡, 𝑥𝑖 → Ω𝑥𝑖  

𝑑𝑠2 = 𝑑𝜆𝑑𝑡 + 𝑔𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗 

𝑑𝑠2 = 2𝑑𝑥+𝑑𝑥− + 𝒜𝑖𝑗𝑧
𝑖𝑧𝑗𝑑𝑥−2 + 𝑑𝑧𝑖𝑑𝑧𝑖  

𝜆 = 2𝑥−, 𝑡 = 𝑥+ −
𝑔𝑖𝑗

4
(𝒬𝑖 𝑘𝒬𝑗 ℓ)

′
𝑧𝑖𝑧𝑗, 𝑥𝑖 = 𝒬𝑖 𝑗𝑧

𝑗, 

𝑔𝑖𝑗𝒬
𝑖 𝑘𝒬𝑗 ℓ = 𝛿𝑘ℓ,

𝑔𝑖𝑗(𝒬′𝑖 𝑘𝒬𝑗 ℓ − 𝒬′𝑖 ℓ𝒬𝑗 𝑘) = 0,

𝒜𝑖𝑗 = −(𝑔𝑘ℓ𝒬
′ℓ 𝑗)

′
𝒬𝑘 𝑖.

 

𝑆𝑃(𝑋, ℎ) =
1

4𝜋𝛼′
∫  𝑑𝜏𝑑𝜎√ℎℎ𝑎𝑏𝑔𝜇𝜈(𝑋)𝜕𝑎𝑋𝜇𝜕𝑏𝑋𝜈 

√ℎℎ𝑎𝑏 = 𝜂𝑎𝑏 

𝑆𝑃 =
1

4𝜋𝛼′
∫  𝑑𝜏𝑑𝜎[𝜕𝑎𝑥+𝜕𝑎𝑥− + 𝜕𝑎𝑧𝑖𝜕𝑎𝑧𝑖

+𝒜𝑖𝑗𝑧
𝑖𝑧𝑗𝜕𝑎𝑥−𝜕𝑎𝑥−]

 

(𝜕𝜏
2 − 𝜕𝜎

2)𝑥− = 0  

(𝜕𝜏
2 − 𝜕𝜎

2)𝑧𝑖 = (𝛼′𝐸)2𝒜𝑖𝑗(𝜏)𝑧𝑗  

𝑧𝑖(𝜏, 𝜎) = ∑  

𝑘

𝑧𝑘
𝑖 (𝜏)𝑒𝑖𝑘𝜎 
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𝑧̈𝑘
𝑖 = [𝑘2𝛿𝑖𝑗 − (𝛼′𝐸)2𝒜𝑖𝑗]𝑧𝑘

𝑗
 

𝑧𝑘
𝑖 ≈ exp [±𝑖 ∫ 𝑑

𝜏

𝑑𝜏√𝑘2 − (𝛼′𝐸)2𝒜𝑖𝑖]  

(
𝑑𝑟

𝑑𝜏
)

2

= −4(𝛼′𝐸)2
𝑔𝑡𝑡

𝑔𝑟𝑟

 

𝑧𝑘
𝑖 = exp [±

𝑖

2
∫ 𝑑

𝑟

𝑑𝑟 (−
𝑔𝑟𝑟

𝑔𝑡𝑡
)

1
2

√
𝑘2

(𝛼′𝐸)2
− 𝒜𝑖𝑖]  

𝒜𝑖𝑖 <
𝑘2

(𝛼′𝐸)2
 

𝒜𝑖𝑖 >
𝑘2

(𝛼′𝐸)2
 

𝒜𝑖𝑖(𝑟𝑘
∗) =

𝑘2

(𝛼′𝐸)2
,  

𝑔 = (𝑟2 0
0 𝑟2sin2 𝜃

)  

𝒬 = 𝑔−
1
2, 𝒜 = 𝑔−

1
2 (𝑔

1
2)

′′

 

𝑑𝑠ZV
2 |𝜋

2
= −

(ℎZV − ℳ)2

(ℎZV + ℳ)2
𝑑𝑡2 +

(ℎZV + ℳ)3

4(ℎZV − ℳ)
𝑑𝜙2

 +
4(ℎZV − ℳ)(ℎZV + ℳ)5(𝑟 − ℳ)2

ℎZV
8 𝑑𝑟2

 

𝒬 =
2√ℎZV − 𝑀

(ℎZV + 𝑀)
3
2

, 𝒜 =
3ℳ3

32
(

ℎZV

𝑟(𝑟 − 2ℳ)
)

5

.  

𝒜 =
𝑘2

(𝛼′𝐸)2
 

𝑟𝑘
∗ = ℳ (1 + √1 +

𝛾𝑘

2
(𝛾𝑘 + √1 + 𝛾𝑘

2)) ,  

𝛾𝑘 = (
√3𝛼′𝐸

𝑘ℳ
)

2
5

 

𝛼′𝐸 ∼ √𝛼′, 𝛾𝑘 

2ℳ < 𝑟 ≤ 𝑟1
∗ ∼ 2ℳ (1 +

𝛾1

8
)  
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𝑑𝑠BS
2 |𝜋

2
=−

(ℎBS − 𝑀)2

(ℎBS + 𝑀)2
𝑑𝑡2 + 𝑑𝑦2 +

(ℎBS − ℓ)(ℎBS + 𝑀)

(ℎBS + ℓ)(ℎBS − 𝑀)
𝑑𝜓2 

 +
(ℎBS + ℓ)2(ℎBS + 𝑀)

4(ℎBS − 𝑀)
𝑑𝜙2

 +
4(ℎBS − 𝑀)2(ℎBS + ℓ)(ℎBS + 𝑀)4(𝑟 − ℓ)2

ℎBS
8 (ℎBS − ℓ)

𝑑𝑟2

 

(𝑥1, 𝑥2, 𝑥3) = (𝜙,
𝜓

𝑅𝜓
,

𝑦

𝑅𝑦
) 

𝒜22  = −
16(ℓ − 𝑀)ℎBS

5 [2𝑀ℎBS
2 (ℎBS + ℓ)2 + ℓ𝑀3(ℎBS + 3ℓ) + 𝑀2ℎBS(ℎBS + 2ℓ)(3ℎBS + ℓ) + 2ℎBS

3 (ℎBS
2 + ℓ𝑀)]

(ℎBS + ℓ)3(ℎBS − 𝑀)6(ℎBS + 𝑀)4
,

𝒜11  =
16ℎBS

5 [(ℎBS + 𝑀) (3𝑀3(2ℎBS
2 − (2ℓ − 𝑀)(ℓ + 𝑀)) + (ℓ − 𝑀)ℎBS(ℎBS

3 − (ℓ − 𝑀)𝑀(2ℓ + 3𝑀))) − 3(ℓ − 𝑀)2𝑀3(ℓ + 𝑀)]

(ℎBS + ℓ)3(ℎBS − 𝑀)6(ℎBS + 𝑀)4 .

 

𝑟max = 𝑟+ +
𝜖ℳ

20
= 2ℳ (1 +

17𝜖

80
) , 𝒜max =

3

ℳ2𝜖5
 

𝑘2

(𝛼′𝐸)2
− 𝒜11 < 0 

𝒜max > 𝑎𝑐 = (𝛼′𝐸)−2 

ℳ2𝜖5 < (𝛼′𝐸)2  ⇔  
𝑅𝜓

5

ℳ2
< (𝛼′𝐸)3,  

𝑅𝜓
5

ℳ2
<

𝛼′2

𝑅𝜓
≪ 𝛼3/2 

𝑘2

(𝛼′𝐸)2 − 𝒜11 > 0 for 𝛼′𝐸 ∼ √𝛼′ 

𝑟 ≳ 2ℳ(1 + 𝜖3/5) 

𝑘max ≡
√3𝛼′𝐸

ℳ𝜖
5
2

.  

⟨𝒩osc⟩ = ∑  

𝑘

 𝑘|𝛽𝑘|2.  

|𝛽𝑘|2 ∼ exp [∫  
uns. reg. 

 𝑑𝑟 (−
𝑔𝑟𝑟

𝑔𝑡𝑡
)

1
2

√𝒜11 −
𝑘2

(𝛼′𝐸)2]. 

|𝛽𝑘|2 ∼ exp [3𝑘max

1
3 ((𝑘max)

𝑘max

−
1
3

3 − 𝑘
𝑘max

−
1
3

3 )] .  

⟨𝒩osc⟩ ∼ 𝑐𝑘max
2 ,  
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|𝛽𝑘|2 ∼ 2 ⊝ ⟨𝒩osc ⟩ ∫  
𝜎

𝜕𝑎𝑧𝑖𝜕𝑎𝑧𝑖 ∝ ⟨𝒩osc ⟩ 

𝑚2 = 𝛼′⟨𝒩osc ⟩ 

(
𝑑𝑟

𝑑𝜏
)

2

=
(𝛼′𝐸)2

𝑔𝑟𝑟
(−𝑔𝑡𝑡 −

⟨𝒩osc⟩

𝛼′𝐸2 ) .  

𝜁 ≡ √
𝛼′𝐸2

⟨𝒩osc⟩
∼

ℳ2𝜖5

𝛼′
,  

𝜁 < (
𝑙𝑠
𝑅𝜓

)

2
3

≪ 1  

𝑑𝑟

𝑑𝜏
∼ (𝑅𝜓/𝑙𝑠)

2
∖

𝜕𝜂𝑅𝑦/𝜓
−1

𝜕 𝑡
 

𝑟max = ℓ +
𝑀√1 + 𝜁2 − 𝜁

1 − 𝜁
 

𝜁 > (ℓ − 𝑀)/(ℓ + 𝑀) ∼ 𝜖/4 

ℳ < (
𝑅𝜓

𝑙𝑠
)

4

𝑅𝜓  

𝑟max = 𝑟+ (1 +
𝜁

4
−

𝜖

16
) ∼ 2ℳ (1 +

𝜁

4
−

𝜖

16
) .  

ℳ > (
𝑅𝜓

𝑙𝑠
)

2

𝑅𝜓 

𝑟 ≲ 2ℳ(1 + 𝒪(𝜖, 𝜁)) 

𝛼′𝐸 <
𝑅

𝜓

5
3

ℳ
2
3

< (
√𝛼′

𝑅𝜓
)

1
3

√𝛼′  

𝑦̇ = −𝑔𝑡𝑦|𝜋
2
 

𝑆5D =
1

16𝜋𝐺̃
∫  𝑑4𝑥𝑑𝑦√−𝑔̃𝐴𝐵𝑅̃ + 𝑆matter  

𝑔̃𝐴𝐵 = (
𝑔𝜇𝜈 + Φ2𝐴𝜇𝐴𝜈 Φ2𝐴𝜇

Φ2𝐴𝜈 Φ2
) ⋏ 𝜙̃0𝑒𝑖𝜒  

ℒ =
1

16𝜋𝐺
𝑅 −

1

4
𝐹̃𝜇𝜈𝐹̃𝜇𝜈 −

1

2
𝜇2𝐴̃𝜇𝐴̃𝜇 − 𝑉(𝜙̃)  

𝜇2 ≡ 𝑔2|𝜙̃0|
2
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𝐴̃𝜇 = 𝐴𝜇 −
𝜕𝜇𝜒

𝑔
 

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = 8𝜋𝐺(𝑇𝜇𝜈
V + 𝑇𝜇𝜈

M)  

𝑇𝜇𝜈
V =

1

4𝜋
[𝐹̃𝜇𝜎𝐹̃𝜈

𝜎 −
1

4
𝑔𝜇𝜈𝐹̃2  

+𝜇2 (𝐴̃𝜇𝐴̃𝜈 −
1

2
𝑔𝜇𝜈𝐴̃𝜎𝐴̃𝜎)]

 

∇𝜇𝐹̃𝜇𝜈 − 𝜇2𝐴̃𝜇 ∫⋄̂ (◻ −𝜇2)𝐴̃𝜇  

(∇2 − 𝜇2)Φ(𝑟) = 0  

𝑐1 = ±√𝛼𝐵𝐺𝑁𝑀⋕ 

ΦYU(𝑟) = √𝛼𝐵𝐺𝑁𝑀
𝑒−𝜇𝑟

𝑟
.  

𝑑𝑠2 = −𝑓(𝑟)𝑑𝑡2 +
𝑑𝑟2

𝑔(𝑟)
+ 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)  

𝐴̃𝜇 = (√𝛼𝐵𝐺𝑁𝑀
𝑒−𝑟/𝜆

𝑟
, 0,0,0)  

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = 8𝜋𝐺 (𝑇𝜇𝜈
V + 𝑇𝜇𝜈

int(𝑔𝜇𝜈, 𝐴̃𝜇))  

 

𝒯𝜇𝜈 = 𝑇𝜇𝜈
V + 𝑇𝜇𝜈

int(𝑔𝜇𝜈, 𝐴̃𝜇): = −𝜌𝑉𝑔𝜇𝜈 + 𝑡𝜇𝜈 ,  

𝒯𝜇 𝜈 = (−𝜌𝑉 , 𝒫𝑟, 𝒫, 𝒫),  

 

𝜌𝑉 = −𝒫𝑟 and 𝑓(𝑟) = 𝑔(𝑟) 

𝑡𝜇𝜈 = diag(0,0, −(𝑟/2)(𝜕𝑟𝜌𝑉), −(𝑟/2)(𝜕𝑟𝜌𝑉)),  

𝒫 = −𝜌𝑉 − (𝑟/2)(𝜕𝑟𝜌𝑉).  

𝑇𝜇 𝜈 = (−𝜌𝑉 , 𝑃𝑟, 𝑃, 𝑃),  
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𝜌𝑉  =
𝛼𝐵𝑀2𝐺𝑁𝑒

−
2𝑟
𝜆 (𝑓(𝑟)(𝜆 + 𝑟)2 + 𝜆2𝜇2𝑟2)

8𝜋𝜆2𝑟4𝑓(𝑟)

𝑃𝑟  = −
𝛼𝐵𝑀2𝐺𝑁𝑒

−
2𝑟
𝜆 (𝑓(𝑟)(𝜆 + 𝑟)2 − 𝜆2𝜇2𝑟2)

8𝜋𝜆2𝑟4𝑓(𝑟)

𝑃 =
𝛼𝐵𝑀2𝐺𝑁𝑒

−
2𝑟
𝜆 (𝑓(𝑟)(𝜆 + 𝑟)2 + 𝜆2𝜇2𝑟2)

8𝜋𝜆2𝑟4𝑓(𝑟)

 

𝜇‾ =
𝜇

√𝑓(𝑟)
,  

𝜌𝑉 =
𝛼𝐵𝑀2𝐺𝑁𝑒−

2𝑟
𝜆 ((𝜆 + 𝑟)2 + 𝜆2𝜇‾2𝑟2)

8𝜋𝜆2𝑟4
.  

𝛼𝐵𝐺𝑁𝑀2𝑒
−

2𝑟
𝜆 (𝜆 + 𝑟)(2𝜆2 + 𝑟2𝜆2𝜇‾2 + 𝑟2 + 2𝜆𝑟)

8𝜋𝜆3𝑟4
. 

(0,
𝛼𝐵𝐺𝑁𝑀2𝑒

−
2𝑟
𝜆

4𝜋𝜆2𝑟2
,
𝛼𝐵𝐺𝑁𝑀2𝑒

−
2𝑟
𝜆

4𝜋𝜆3𝑟
,
𝛼𝐵𝐺𝑁𝑀2𝑒

−
2𝑟
𝜆

4𝜋𝜆3𝑟
). 

𝑓(𝑟) = 1 −
2𝐺𝑁ℳ

𝑟
+

𝛼𝐵𝐺𝑁
2𝑀2(1 + 𝛼)𝑒−2𝑟/𝜆

𝑟2𝜆
(𝑟 + 𝜆),  

ℳ = 𝑀(1 + 𝛼)  

𝑓(𝑟) = 1 −
2𝐺𝑁ℳ

𝑟
+

𝛾𝐺𝑁
2ℳ2𝑒−2𝑟/𝜆

𝑟2𝜆
(𝑟 + 𝜆)  

𝛾 =
𝛼𝐵

1 + 𝛼
.  

𝐻eff  =
1

2
[𝑔𝑡𝑡 (

 d𝑡

 d𝜏
)

2

+ 𝑔𝑟𝑟 (
 d𝑟

 d𝜏
)

2

+ 𝑔𝜙𝜙 (
d𝜙

 d𝜏
)

2

]

 =
1

2
[−𝑓(𝑟) (

d𝑡

 d𝜏
)

2

+
1

𝑔(𝑟)
(

d𝑟

 d𝜏
)

2

+ 𝑟2 (
 d𝜙

 d𝜏
)

2

]

 

𝐸 = −𝑔𝑡𝑡

 d𝑡

 d𝜏
= 𝑓(𝑟)

d𝑡

 d𝜏
, 𝐿 = 𝑔𝜙𝜙

d𝜙

 d𝜏
= 𝑟2

 d𝜙

 d𝜏
 

1

2
𝐸2 = −

1

2
𝑔𝑡𝑡𝑔𝑟𝑟 (

 d𝑟

 d𝜏
)

2

+ 𝑉eff(𝑟) =
1

2
(
 d𝑟

 d𝜏
)

2

+ 𝑉eff(𝑟)  

𝑉eff(𝑟) = −
1

2
𝑔𝑡𝑡 (1 +

𝐿2

𝑔𝜙𝜙
) =

𝑓(𝑟)

2
(1 +

𝐿2

𝑟2)  

௹
[
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

]

= (
𝑑𝑟

𝑑𝜏
= 0) (

𝑑2𝑟

𝑑𝜏2 = 0) (
𝑑3𝑟

𝑑𝜏3 = 0). 
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𝑉eff(𝑟) =
1

2
𝐸2, 𝑉eff

′ (𝑟) = 0, 𝑉eff
′′ (𝑟) = 0  

[
1

𝑔𝑡𝑡
′ (

𝑔𝑡𝑡

𝑔𝜙𝜙
)

′

]

′

= 0  

𝑓(𝑟)𝑓′′(𝑟) − 2𝑓′(𝑟)2 +
3

𝑟
𝑓(𝑟)𝑓′(𝑟) = 0  

𝐸 =
−𝑔𝑡𝑡

√−𝑔𝑡𝑡 + 𝑔𝜙𝜙
𝑔𝑡𝑡

′

𝑔𝜙𝜙
′

=
𝑓(𝑟)

√𝑓(𝑟) −
1
2 𝑟𝑓′(𝑟)

,

𝐿 =

𝑔𝜙𝜙√−
𝑔𝑡𝑡

′

𝑔𝜙𝜙
′

√−𝑔𝑡𝑡 + 𝑔𝜙𝜙
𝑔𝑡𝑡

′

𝑔𝜙𝜙
′

=
𝑟√1

2
𝑟𝑓′(𝑟)

√𝑓(𝑟) −
1
2 𝑟𝑓′(𝑟)

.

 

Ω𝜑 =
d𝜙

 d𝑡
=

−𝑔𝑡𝑡𝐿

𝑔𝜙𝜙𝐸
= √−

𝑔𝑡𝑡
′

𝑔𝜙𝜙
′ = √

𝑓′(𝑟)

2𝑟
,  

𝜂 =
ℒbol

𝑀̇𝑐2
≃ 1 − 𝐸

〈
1 0 0
0 1 0
0 0 1

〉
 

𝑀̇ =
d𝑀

 d𝑡
= −2𝜋√−𝑔𝑡𝑡𝑔𝑟𝑟𝑔𝜙𝜙Σ(𝑟)

d𝑟

 d𝜏
.  

ℱ(𝑟) =−
𝑀̇

4𝜋√−𝑔𝑡𝑡𝑔𝑟𝑟𝑔𝜙𝜙

Ω,𝑟

(𝐸 − Ω𝐿)2
∫  

𝑟

𝑟isco 

  (𝐸 − Ω𝐿)𝐿,𝑟 d𝑟 

=−
𝑀̇(𝑟𝑓′′ − 𝑓′)

4𝜋𝑟2√2𝑟𝑓′(2𝑓 − 𝑟𝑓′)
 

 × ∫  
𝑟

𝑟isco 

 
√𝑟(𝑟𝑓𝑓′′ − 2𝑟𝑓′2 + 3𝑓𝑓′)

√2𝑓′(2𝑓 − 𝑟𝑓′)
d𝑟

 

dℒ∞

𝑑ln 𝑟
=4𝜋𝑟√−𝑔𝑡𝑡𝑔𝑟𝑟𝑔𝜙𝜙𝐸ℱ(𝑟)

=−
𝑀̇𝑓(𝑟𝑓′′ − 𝑓′)

√𝑟𝑓′(2𝑓 − 𝑟𝑓′)3/2
 

 × ∫  
𝑟

𝑟isco 

 
√𝑟(𝑟𝑓𝑓′′ − 2𝑟𝑓′2 + 3𝑓𝑓′)

√2𝑓′(2𝑓 − 𝑟𝑓′)
d𝑟

 

1

√−𝑔
𝜕𝜇(√−𝑔𝑔𝜇𝜈𝜕𝜈Ξ) − 𝑚2Ξ = 0  
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Ξ(𝑡, 𝑟, 𝜃, 𝜙) = 𝑒−𝑖𝜔𝑡
𝑋(𝑟)

𝑟
𝑌ℓ𝑚(𝜃, 𝜙),  

𝑟∗ = ∫  
𝑑𝑟

𝑓(𝑟)
 

𝑑2𝑋

𝑑𝑟∗
2

+ 𝑄(𝑟∗)𝑋 = 0.  

𝑄(𝑟∗) = 𝜔2 − 𝑉(𝑟∗), 𝜔 = 𝜔𝑅 + 𝑖𝜔𝐼 

𝑉(𝑟) =
𝑓′𝑓

𝑟
+ [

ℓ(ℓ + 1)

𝑟2
+ 𝑚2] 𝑓.  

𝑖𝑄0

√2𝑄2

− Λ2 − Λ3 − Λ4 − Λ5 − Λ6 = 𝑛 +
1

2
,  

𝜕𝑆

𝜕𝜎
+ 𝐻 = 0,  

1

2
[−

𝑝𝑡
2

𝑓(𝑟)
+ 𝑓(𝑟)𝑝𝑟

2 +
𝑝𝜙

2

𝑟2
] = 0.  

𝑉eff(𝑟)|𝑟=𝑟ph
= 0,  

𝜕𝑉eff(𝑟)

𝜕𝑟
|
𝑟=𝑟ph

= 0,  

𝑑𝑟

𝑑𝜙
= ±𝑟√𝑓(𝑟) [

𝑟2𝑓(𝑅)

𝑅2𝑓(𝑟)
− 1]  

cot 𝜗 =
√𝑔𝑟𝑟

√𝑔𝜙𝜙

𝑑𝑟

𝑑𝜙
|

𝑟=𝑟0

.  

𝑅sh = 𝑟0sin 𝜗 = 𝑅√
𝑓(𝑟0)

𝑓(𝑅)
|

𝑅=𝑟ph

,  

𝜔QNM = Ω𝑐ℓ − 𝑖 (𝑛 +
1

2
) |𝜆̃|.  

𝜔𝑅 = (𝑙 +
1

2
)

√𝑓(𝑟ph)

𝑟ph
.

 

𝜔𝑅 = (ℓ +
1

2
)

1

𝑅sh
.  

𝒮 =
1

2𝜅
∫  𝑑4𝑥√−𝑔 (𝑅 + ∑  

3

𝑎=1

 −
(𝜕Φ𝑎)2

2
+

2

𝐿2
cosh (Φ𝑎) −

1

4
∑  

4

Λ=1

 𝑋Λ
−2𝐹Λ

2)  
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𝐹Λ = d𝐴Λ, 𝑋Λ = 𝑒−
1
2
𝑎  Λ⋅Φ    , Φ    = (Φ1, Φ2, Φ3)  

𝑎 1 = (1,1,1), 𝑎 2 = (1, −1, −1), 𝑎 3 = (−1,1, −1), 𝑎 4 = (−1, −1,1)  

d𝑠2  = −
𝑓(𝑟)

√𝐻(𝑟)
d𝑡2 +

√𝐻(𝑟)

𝑓(𝑟)
d𝑟2 +

𝑟2

𝐿2 √𝐻(𝑟)(d𝑥2 + d𝜑2)

𝑓(𝑟)  =
𝑟2

𝐿2
𝐻(𝑟) −

𝑚

𝑟
−

𝑞

𝑟2
, 𝐻(𝑟) = 𝐻1𝐻2𝐻3𝐻4, 𝐻Λ = 1 +

𝑞Λ

𝑟

 

Φ1 =
1

2
log (

𝐻1𝐻2

𝐻3𝐻4
) , Φ2 =

1

2
log (

𝐻1𝐻3

𝐻2𝐻4
) , Φ3 =

1

2
log (

𝐻1𝐻4

𝐻2𝐻3
)

𝐴Λ = (
𝑄Λ

𝑟𝐻Λ
− 𝜇Λ) d𝑡, 𝑄Λ

2 = 𝑞Λ𝑚 − 𝑞

 

𝑟 =𝜌 −
1

4
∑  

Λ

 𝑞Λ +
1

𝜌
(

3

32
∑  

Λ

 𝑞Λ
2 −

1

16
∑  

Λ1<Λ2

 𝑞Λ1
𝑞Λ2

)

 −
1

32𝜌2
(𝑞1 + 𝑞2 − 𝑞3 − 𝑞4)(𝑞1 − 𝑞2 + 𝑞3 − 𝑞4)(𝑞1 − 𝑞2 − 𝑞3 + 𝑞4) + 𝑂(𝜌−3)

 

𝑔𝑥𝑥 = 𝑔𝜑𝜑 =
𝑟2

𝐿2 √𝐻(𝑟) =
𝜌2

𝐿2
+ 𝑂(𝜌−2)

−𝑔𝑡𝑡 =
𝑓(𝑟)

√𝐻(𝑟)
=

𝜌2

𝐿2
−

𝑚

𝜌
+ 𝑂(𝜌−2)

𝑔𝜌𝜌 =
√𝐻(𝑟)

𝑓(𝑟)
(

d𝑟

 d𝜌
)

2

=
𝐿2

𝜌2
−

𝐿2

16𝜌4
(3 ∑  

Λ

 𝑞Λ
2 − 2 ∑  

Λ1<Λ2

 𝑞Λ1
𝑞Λ2

)

 +
𝐿2

8𝜌5
(∑  

Λ

 𝑞Λ
3 − ∑  

Λ1≠Λ2

 𝑞Λ1

2 𝑞Λ2
+ 2 ∑  

Λ1<Λ2<Λ3

 𝑞Λ1
𝑞Λ2

𝑞Λ3
+ 8𝑚𝐿2) + 𝑂(𝜌−6)

 

Φ1 =
1

2𝜌
(𝑞1 + 𝑞2 − 𝑞3 − 𝑞4) −

1

8𝜌2
(𝑞1 − 𝑞2 − 𝑞3 + 𝑞4)(𝑞1 − 𝑞2 + 𝑞3 − 𝑞4) + 𝑂(𝜌−3)

Φ2 =
1

2𝜌
(𝑞1 − 𝑞2 + 𝑞3 − 𝑞4) −

1

8𝜌2
(𝑞1 + 𝑞2 − 𝑞3 − 𝑞4)(𝑞1 − 𝑞2 − 𝑞3 + 𝑞4) + 𝑂(𝜌−3)

Φ3 =
1

2𝜌
(𝑞1 − 𝑞2 − 𝑞3 + 𝑞4) −

1

8𝜌2
(𝑞1 + 𝑞2 − 𝑞3 − 𝑞4)(𝑞1 − 𝑞2 + 𝑞3 − 𝑞4) + 𝑂(𝜌−3)

 

𝑧1 =
1

2
(𝑞1 + 𝑞2 − 𝑞3 − 𝑞4)  

𝑧2 =
1

2
(𝑞1 − 𝑞2 + 𝑞3 − 𝑞4)

𝑧3 =
1

2
(𝑞1 − 𝑞2 − 𝑞3 + 𝑞4)

 

𝑤𝑖 = −
𝜕𝑊

𝜕𝑧𝑖
= −

1

2

𝜕(𝑧1𝑧2𝑧3)

𝜕𝑧𝑖
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⟨𝑇𝜑𝜑⟩ =
𝑚

2𝜅𝐿2
, ⟨𝑇𝑥𝑥⟩ =

𝑚

2𝜅𝐿2
, ⟨𝑇𝑡𝑡⟩ =

𝑚

𝜅𝐿2  

d𝑠𝜕
2 = −d𝑡2 + d𝑥2 + d𝜑2  

𝐴 =
𝑟0

2

𝐿2
√𝐻(𝑟0)  

𝑓(𝑟0) =
𝐿2

𝑟0
2 𝐴2 −

𝑚

𝑟0
−

𝑞

𝑟0
2 = 0 ⟹ 𝑟0 =

𝐴2𝐿2 − 𝑞

𝑚
 

𝐻(𝑟0) =
1

(𝐴2𝐿2 − 𝑞)4
∏  

Λ

  (𝐴2𝐿2 + 𝑄Λ
2) =

1

𝑚4𝑟0
4 ∏  

Λ

  (𝐴2𝐿2 + 𝑄Λ
2)  

𝑚 =
1

𝐴1/2𝐿
∏  

Λ

  (𝐴2𝐿2 + 𝑄Λ
2)

1/4
 

𝐻𝜆𝜎 =
𝜕2𝑚

𝜕𝑌𝜆𝜕𝑌𝜎
 

det𝐻 =
(𝐴2𝐿2 − 𝑄2

2)2(3𝐴4𝐿4 − 2𝐴2𝐿2𝑄1
2 − 𝑄1

2𝑄2
2)

64𝐴9/2𝐿7(𝐴2𝐿2 + 𝑄1
2)3/4(𝐴2𝐿2 + 𝑄2

2)9/4
 

𝜒 =
(𝐴2𝐿2 − 𝑄2

2)(𝐴2𝐿2 + 𝑄1
2)1/4

2𝐿√𝐴(𝐴2𝐿2 + 𝑄2
2)5/4

> 0 ⟹ 𝛼2
2 ≡

𝑄2
2

𝐴2𝐿2
< 1  

𝛼1
2 ≡

𝑄1
2

𝐴2𝐿2
<

3

2 + 𝛼2
2

 

𝜎Λ =
𝜇Λ

2𝜋𝑇𝐿
 

𝐻Λ(𝑟0) =
𝑄Λ

𝑟0𝜇Λ
 

𝑄Λ = 2𝜋𝑇𝑉𝐿2𝜇Λ𝑍Λ  

𝑞 = (2𝜋𝑇)4𝑉4𝐿6 − 𝑚𝑟0 

𝑇 =
𝑓′(𝑟0)

4𝜋𝐻(𝑟0)1/2
⟹ 𝑚 = 𝐿4(2𝜋𝑇)3(𝑍2

2(𝑍2 + 3𝑍1)𝑉 − 2)𝑉2  

𝑄Λ
2 − 𝑞Λ𝑚 + 𝑞 = 0 

3𝑉2𝑍1
2𝑍2

2 − 2𝑉𝑍1 − 𝜎1
2𝑍1

2  = 0

𝑉2𝑍2
4 + 2𝑉2 − 2𝑉𝑍2 − 𝜎2

2𝑍2
2  = 0

 

𝑉 = −
1

2

𝜎1
2𝑍2

4 + 2𝜎1
2 − 3𝑍2

4𝜎2
2

𝑍2
3(𝑍2

4 − 1)
 

4𝑍2
12𝜎2

2 + (6𝜎1
2𝜎2

2 − 𝜎1
4 − 9𝜎2

4 − 4𝜎1
2 − 4𝜎2

2)𝑍2
8 − 4𝜎1

2(−3𝜎2
2 + 𝜎1

2 − 1)𝑍2
4 − 4𝜎1

4 = 0  
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𝛼2 =
𝑄2

𝐴𝐿
= 𝜎2

𝑍2

𝑉
 

𝜎2 = 𝜈2

𝑉

𝑍2
 

𝛼1 =
𝑄1

𝐴𝐿
=

𝜎1

𝑉𝑍2
3  

𝜎1 =
√3

√2 + 𝜈2
2

𝜈1𝑉𝑍2
3  

𝑍2
4  =

𝜈2
4 + 2 + 3𝜈2

2

2 + 3𝜈1
2 + 𝜈2

2

𝑉 = −
2

3

𝑍2(2 + 𝜈2
2)

𝜈1
2𝑍2

4 − 2 − 𝜈2
2

 

𝜎1  = −
2

3

√3√2 + 𝜈2
2𝜈1(𝜈2

2 + 1)

−𝜈2
2 + 𝜈2

2𝜈1
2 − 2 − 2𝜈1

2

𝜎2  = −
2

3

(2 + 3𝜈1
2 + 𝜈2

2)𝜈2

−𝜈2
2 + 𝜈2

2𝜈1
2 − 2 − 2𝜈1

2

 

𝜔 = −
𝜅

𝐿2
𝑃 = −

𝑚

2𝐿4
= −

1

2
(2𝜋𝑇)3(𝑍2

2(𝑍2 + 3𝑍1)𝑉 − 2)𝑉2  

𝜔0 =
𝜔

(2𝜋𝑇)3
⨀(𝜎1, 𝜎2) 

𝜔0 ∈ [−1, −
4

27
] 

 

𝜓1 =
1

2𝜋𝐿
lim
𝑟→∞

 ∰ 𝐴𝜑
1  d𝜑, 𝜓2 =

1

2𝜋𝐿
lim
𝑟→∞

 ∰ 𝐴𝜑
2  d𝜑  

𝜌𝑠𝑜𝑙 = ±
2𝜋3

Δ3
𝑥0|2𝑥0

2𝜓1
2 + 𝜓1

2 − 3𝜓2
2|

𝜓1
2𝑥0

4 − 𝜓2
2

(𝑥0
2 − 1)2
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4𝜓1
4𝑥0

6 + 4𝜓1
2(𝜓1

2 − 3𝜓2
2 + 1)𝑥0

4 + (𝜓1
4 − 6𝜓1

2𝜓2
2 − 4𝜓1

2 − 4𝜓2
2 + 9𝜓2

4)𝑥0
2 + 4𝜓2

2 = 0  

𝑥0  =
cosh 𝜉2

cosh 𝜉1

𝜓1  =
sinh 2𝜉1

cosh 𝜉1
2 + 3cosh 𝜉2

2 − 1

𝜓2  =
sinh 2𝜉2

cosh 𝜉1
2 + 3cosh 𝜉2

2 − 1

 

𝜔 = 𝜌sol ⟹ 𝑇3Δ3 =
𝜌0

𝜔0
 

𝑇3Δ3 >
𝜌0

𝜔0
 

𝜔0(𝜈2
2 = 1) = −

8

27

√6(3 + 3𝜈1
2)5/2

(𝜈1
2 + 3)3

 

Δ3 =
𝜌0

𝑇3𝜔0(𝜈2
2 = 1)

 

𝜔0(𝜈1
2 = 1) = −

1

432
(5 + 𝜈2

2)5/2(2 + 𝜈2
2)1/2(𝜈2

2 + 1)3/2  

𝜔0(𝜈2
1 = 1) → 𝜔0(𝜈1

2 = 1) 

 

𝜌0 =
Δ3

(2𝜋)3
𝜌𝑠𝑜𝑙 ∈ [−

4

27
, 0] 

𝑆 = ∫  𝑑𝐷𝑥 (√−𝑔
2

𝜅2
𝑅 + √−𝑔ℒ𝑚(Φ𝑠, 𝑔𝜇𝜈))  
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𝜅2 = 32𝜋𝐺𝑁 , 𝑅 

𝑅 = 𝑅𝜇𝜈𝑔𝜇𝜈, 𝑅𝜇𝜈 = 𝑅𝜇𝛼𝜇
𝛼

 

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + 𝜅ℎ𝜇𝜈  

𝑔𝜇𝜈 = 𝜂𝜇𝜈 − 𝜅ℎ𝜇𝜈 + 𝒪(𝜅2)  

ℒ𝐺𝐹 =
1

𝜅2
𝐹𝜇𝐹𝜈𝜂𝜇𝜈  

𝑆 = ∫  𝑑𝐷𝑥 (√−𝑔
2

𝜅2
𝑅 + √−𝑔ℒ𝑚(Φ𝑠, 𝑔𝜇𝜈) + ℒ𝐺𝐹(𝑔𝜇𝜈))  

𝑆 = ∫  𝑑𝐷𝑥 (
1

2
ℎ𝜇𝜈𝐷𝜇𝜈,𝜌𝜎ℎ𝜌𝜎 +

𝜅

2
ℎ𝜇𝜈𝑇𝜇𝜈 + ⋯ )  

𝐷𝜇𝜈,𝜌𝜎ℎ𝜌𝜎 = −
𝜅

2
𝑇𝜇𝜈  

𝐷𝜇𝜈,𝜌𝜎 = 𝐷𝐸𝐻
𝜇𝜈,𝜌𝜎

+ 𝐷𝐺𝐹
𝜇𝜈,𝜌𝜎

 

ℎ𝜇𝜈(𝑥) = ∫  
𝑑𝑑+1𝑞

(2𝜋)𝑑+1
𝑒+𝑖𝑞0𝑡−𝑖𝑞⋅𝑥ℎ𝜇𝜈(𝑞)  

ℎ𝜇𝜈(𝑞) → 2𝜋𝛿(𝑞0)ℎ𝜇𝜈(𝑞)  

ℎ𝜇𝜈(𝑥) = ∫  
𝑑𝑑𝑞

(2𝜋)𝑑
𝑒−𝑖𝑞⋅𝑥ℎ𝜇𝜈(𝑞)  

𝐷̃𝜇𝜈,𝜌𝜎ℎ𝜌𝜎(𝑞) =
𝜅

2

1

𝑞2
𝑇𝜇𝜈(𝑞)  

𝐷̃𝜇𝜈,𝜌𝜎𝑃𝜌𝜎  𝛼𝛽 =
1

2
(𝜂𝜇𝛼𝜂𝜈𝛽 + 𝜂𝜇𝛽𝜂𝜈𝛼)  

𝜅ℎ𝜇𝜈(𝑞) =
𝜅2

2

1

𝑞2
𝑃𝜇𝜈,𝜌𝜎𝑇𝜌𝜎(𝑞)  

𝜅ℎ𝜇𝜈(𝑥) =
𝜅2

2
∫  

𝑑𝑑𝑞

(2𝜋)𝑑

𝑒−𝑖𝑞⋅𝑥

𝑞2
𝑃𝜇𝜈,𝜌𝜎𝑇𝜌𝜎(𝑞)  

ℎ𝜇𝜈 = ∑  

+∞

𝑛=1

 ℎ𝜇𝜈
(𝑛)

, 𝑇𝜇𝜈 = ∑  

+∞

𝑛=0

 𝑇𝜇𝜈
(𝑛)

 

𝜅ℎ𝜇𝜈
(𝑛+1)

=
𝜅2

2
∫  

𝑑𝑑𝑞

(2𝜋)𝑑

𝑒−𝑖𝑞⋅𝑥

𝑞2
𝑃𝜇𝜈

𝜌𝜎
𝑇𝜌𝜎

(𝑛)  

𝑇𝜇𝜈(𝑞) ≡ ⟨𝑝2; 𝑠, 𝜎′|𝑇𝜇𝜈(0)|𝑝1; 𝑠, 𝜎⟩,  
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lim
ℏ→0

 𝜅ℎ𝜇𝜈 ∝ ∑  

+∞

𝑛=1

  (𝐺𝑁𝑚𝜌)𝑛 ∑  

+∞

𝑘=0

 
Λ𝑛,𝑘

𝑟𝑘
 

𝜌(𝑟)

4𝜋
=

1

(𝑑 − 2)Ω𝑑−1𝑟𝑑−2
 

Ω𝑑−1 =
2𝜋𝑑/2

Γ(𝑑/2)
 

𝜅2 ∫  
𝑑𝑑𝑞

(2𝜋)𝑑

𝑒−𝑖𝑞⋅𝑥

𝑞2
𝑇𝜇𝜈

(𝑙,𝑘=0)
∝ (𝐺𝑁𝑚𝜌)𝑙+1  

𝑇𝜇𝜈
(𝑙,𝑘=0)

∝ 𝐽(𝑙)(𝑞)  

𝐽(𝑙)(𝑞) = ∫  ∏  

𝑙

𝑖=1

 
𝑑𝑑ℓ𝑖

(2𝜋)𝑑

𝑞2

(∏  𝑙
𝑖=1  ℓ𝑖

2)(𝑞 − ℓ1 − ⋯ − ℓ𝑙)2
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∫  
𝑑𝑑𝑞

(2𝜋)𝑑

𝑒−𝑖𝑞⋅𝑥

𝑞2
𝐽(𝑙)(𝑞) = (

𝜌(𝑟)

4𝜋
)

𝑙+1

 

𝑇𝜇𝜈
(𝑙,𝑘)

∝ 𝑞𝑘𝐽(𝑙)(𝑞)  

𝜕𝑘 ∫  
𝑑𝑑𝑞

(2𝜋)𝑑

𝑒−𝑖𝑞⋅𝑥

𝑞2
𝐽(𝑙)(𝑞) ∝ (𝐺𝑁𝑚𝜌)𝑙+1

Λ𝑙+1,𝑘

𝑟𝑘
 

 

 

 

𝑖𝜅

2
(2𝑚)𝜖𝑇𝜇𝜈

(0)
(𝑞)𝛿𝜎𝜎′ =  𝑎⟨𝑝2; 𝑠, 𝜎′|(𝜏Φ2ℎ)𝜇𝜈

𝑎,𝑏|𝑝1; 𝑠, 𝜎⟩𝑏 ,  

𝑃𝜇 =
𝑝1

𝜇
+ 𝑝2

𝜇

2
,  

𝑝1
𝜇

= 𝑃𝜇 +
1

2
𝑞𝜇 , 𝑝2

𝜇
= 𝑃𝜇 −

1

2
𝑞𝜇 .  

𝑞 → ℏ𝑞, 𝐽𝜇𝜈 →
1

ℏ
𝐽𝜇𝜈,  

|𝑝2⟩ = |𝑝1⟩ + 𝒪(ℏ).  

⟨𝑝2; 𝑠, 𝜎′|(𝜏Φ2ℎ)𝜇𝜈|𝑝1; 𝑠, 𝜎⟩ = 𝜏̂
Φ2ℎ
𝜇𝜈

(𝑞, 𝑆)𝛿𝜎𝜎′ + 𝒪(ℏ)  

[𝑀𝜇𝜈 , 𝑀𝜌𝜎] = −𝑖(𝜂𝜇𝜌𝑀𝜈𝜎 − 𝜂𝜈𝜌𝑀𝜇𝜎 + 𝜂𝜈𝜎𝑀𝜇𝜌 − 𝜂𝜇𝜎𝑀𝜈𝜌)  
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⟨𝑝2; 𝑠, 𝜎′ ∣ 𝑝1; 𝑠, 𝜎⟩= 𝐶(𝑠)𝛿𝜎𝜎′ + 𝒪(ℏ)  

⟨𝑝2; 𝑠, 𝜎′|𝑀𝜇𝜈|𝑝1; 𝑠, 𝜎⟩ = 𝐽𝜇𝜈𝐶(𝑠)𝛿𝜎𝜎′ + 𝒪(ℏ0)

⟨𝑝2; 𝑠, 𝜎′|
1

2
{𝑀𝜇𝜈, 𝑀𝜌𝜎}|𝑝1; 𝑠, 𝜎⟩ = 𝐽𝜇𝜈𝐽𝜌𝜎𝐶(𝑠)𝛿𝜎𝜎′ + 𝒪(ℏ−1)

 

⟨𝑝2; 𝑠, 𝜎′|(𝜏Φ2ℎ)𝜇𝜈(ℓ)
𝑖𝒫(𝑝1 − ℓ)

(𝑝1 − ℓ)2 − 𝑚2 + 𝑖𝜀
(𝜏Φ2ℎ)𝜌𝜆(𝑞 − ℓ)|𝑝1; 𝑠, 𝜎⟩  

𝒫(𝑝1 − ℓ) = (2𝑚)1−𝜖 ∑  

𝜎′′

  |𝑝1 − ℓ; 𝑠, 𝜎′′⟩⟨𝑝1 − ℓ; 𝑠, 𝜎′′|  

𝑖(2𝑚)1−𝜖

(𝑝1 − ℓ)2 − 𝑚2 + 𝑖𝜀
∑  

𝜎′′

  ⟨𝑝2; 𝑠, 𝜎′|(𝜏Φ2ℎ)𝜇𝜈(ℓ)|𝑝1 − ℓ; 𝑠, 𝜎′′⟩

× ⟨𝑝1 − ℓ; 𝑠, 𝜎′′|(𝜏Φ2ℎ)𝜌𝜆(𝑞 − ℓ)|𝑝1; 𝑠, 𝜎⟩

 

𝑖(2𝑚)1−𝜖

(𝑝1 − ℓ)2 − 𝑚2 + 𝑖𝜀
∑  

𝜎′′

  ⟨𝑝1; 𝑠, 𝜎′|(𝜏Φ2ℎ)𝜇𝜈(ℓ)|𝑝1; 𝑠, 𝜎′′⟩

× ⟨𝑝1; 𝑠, 𝜎′′|(𝜏Φ2ℎ)𝜌𝜆(𝑞 − ℓ)|𝑝1; 𝑠, 𝜎⟩ + 𝒪(ℏ)

 

𝑖(2𝑚)1−𝜖

(𝑝1 − ℓ)2 − 𝑚2 + 𝑖𝜀
𝜏̂

Φ2ℎ
𝜇𝜈

(ℓ, 𝑆)𝜏̂
Φ2ℎ

𝜌𝜆
(𝑞 − ℓ, 𝑆)𝛿𝜎𝜎′  

𝑖𝜅

2
(2𝑚)𝜖𝑇𝜇𝜈

(𝑙)
(𝑞) =

(𝑖)𝑙+1

(𝑙 + 1)!
∫  ∏  

𝑙

𝑖=1

𝑑𝑑ℓ𝑖

(2𝜋)𝑑

∏  𝑙+1
𝑖=1   𝜏̂

Φ2ℎ

𝜇𝑖𝜈𝑖 (ℓ𝑖, 𝑆) ∏  𝑙+1
𝑖=1  𝑃𝜇𝑖𝜈𝑖,𝛼𝑖𝛽𝑖

∏  𝑙+1
𝑖=1  ℓ𝑖 

2
ℳ𝛼1𝛽1,…,𝜇𝜈 

ℎ𝜇𝜈
(𝑛)

= ∑  

2𝑛𝑠

𝑘=0

 ℎ𝜇𝜈
(𝑛,𝑘)

 

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + 𝜅ℎ𝜇𝜈
(1)

+ ⋯  

𝛾𝜇𝜈 = 𝜅ℎ𝜇𝜈
(1)

−
𝜅

2
𝜂𝜇𝜈ℎ(1),  

𝜕𝜇𝛾𝜇𝜈 = 0  

◻ 𝛾𝜇𝜈 = 0  

◻ 𝜌(𝑟) = 0,  

◻= 𝜂𝜇𝜈𝜕𝜇𝜕𝜈 
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𝛾00 = ∑  

+∞

ℓ=0

 ℳ𝐴ℓ
𝜕𝐴ℓ

𝜌(𝑟)

𝛾0𝑖 = ∑  

+∞

ℓ=0

 𝒥𝑖,𝐴ℓ
𝜕𝐴ℓ

𝜌(𝑟)

𝛾𝑖𝑗 = ∑  

+∞

ℓ=0

 𝒢𝑖𝑗,𝐴ℓ
𝜕𝐴ℓ

𝜌(𝑟)

 

𝛾00|ℓ=2
𝑑=3 =ℳ{𝑎1𝑎2}STF

𝜕𝑎1
𝜕𝑎2

(
1

𝑟
)

𝛾0𝑖|ℓ=2
𝑑=3= 𝒥𝑎1

(1)
𝜕𝑎1

𝜕𝑖 (
1

𝑟
) + 𝒥{𝑖𝑎1𝑎2}STF

(2)
𝜕𝑎1

𝜕𝑎2
(
1

𝑟
) + 𝜖𝑖𝑎1𝑎2

𝒥{𝑎1𝑎3}STF

(3)
𝜕𝑎2

𝜕𝑎3
(
1

𝑟
)  

𝛾𝑖𝑗|ℓ=2

𝑑=3
= 𝛿𝑖𝑗𝒢{𝑎1𝑎2}STF

(1)
𝜕𝑎1

𝜕𝑎2
(
1

𝑟
) + 𝒢(2)𝜕𝑖𝜕𝑗 (

1

𝑟
) + 𝒢{(𝑖∣𝑎1}STF

(3)
𝜕∣𝑗)𝜕𝑎1

(
1

𝑟
)  

 +𝒢{𝑖𝑗𝑎1𝑎2}STF

(4)
𝜕𝑎1

𝜕𝑎2
(
1

𝑟
) + 𝜖(𝑖∣𝑎1𝑎2

𝒢𝑎1

(5)
𝜕𝑎2

𝜕∣𝑗) (
1

𝑟
) + 𝜖(𝑖∣𝑎1𝑎2

𝒢{𝑎1𝑎3∣𝑗)}STF

(6)
𝜕𝑎2

𝜕𝑎3
(
1

𝑟
)

 

𝒥(2) = 0, 𝒢(1) = −
1

2
𝒢(3), 𝒢(4) = 0, 𝒢(6) = 0  

𝑥𝜇
′ = 𝑥𝜇 + 𝜉𝜇(𝑥) 

ℎ𝜇𝜈
′ = ℎ𝜇𝜈 − (𝜕𝜇𝜉𝜈 + 𝜕𝜈𝜉𝜇)  

◻ 𝑥𝜇 = 0 ⇒◻ 𝜉𝜇 = 0  

𝜉𝜇 = ∑  

+∞

ℓ=0

 𝒯𝜇,𝐴ℓ𝜕𝐴ℓ
𝜌(𝑟)  

𝛾𝜇𝜈
′ = 𝛾𝜇𝜈 − 𝜕𝜇𝜉𝜈 − 𝜕𝜈𝜉𝜇 + 𝜂𝜇𝜈𝜕𝛼𝜉𝛼  

𝜉0 = 𝒥𝑎1

(1)
𝜕𝑎1

(
1

𝑟
)

𝜉𝑖 = −𝒢𝑗𝑎1

(1)
𝜕𝑎1

(
1

𝑟
) +

1

2
𝜖𝑗𝑎1𝑎2

𝒢𝑎1

(5)
𝜕𝑎2

(
1

𝑟
) +

1

2
𝒢(2)𝜕𝑗 (

1

𝑟
)

 

𝛾00|ℓ=2
𝑑=3= ℳ{𝑎1𝑎2}STF

𝜕𝑎1
𝜕𝑎2

(
1

𝑟
)  

𝛾0𝑖|ℓ=2
𝑑=3 = 𝜖𝑖𝑎1𝑎2

𝒥{𝑎1𝑎3}STF

(3)
𝜕𝑎2

𝜕𝑎3
(
1

𝑟
)

𝛾𝑖𝑗|ℓ=2

𝑑=3
 = 0
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𝛾00|ℓ=2
𝑑=4 =ℳ{𝑎1𝑎2}STF

𝜕𝑎1
𝜕𝑎2

(
1

𝜋𝑟2
)

𝛾0𝑖|ℓ=2
𝑑=4 =𝒥𝑎1

(1)
𝜕𝑎1

𝜕𝑖 (
1

𝜋𝑟2
) + 𝒥{𝑖𝑎1𝑎2}STF

(2)
𝜕𝑎1

𝜕𝑎2
(

1

𝜋𝑟2
) + 𝜖𝑖𝑏1𝑏2𝑎1

𝒥{𝑏1𝑏2,𝑎2}ASTF

(3)
𝜕𝑎1

𝜕𝑎2
(

1

𝜋𝑟2
)

𝛾𝑖𝑗|ℓ=2

𝑑=4
=𝛿𝑖𝑗𝒢{𝑎1𝑎2}STF

(1)
𝜕𝑎1

𝜕𝑎2
(

1

𝜋𝑟2
) + 𝒢(2)𝜕𝑖𝜕𝑗 (

1

𝜋𝑟2
) + 𝒢{(𝑖∣𝑎1}STF

(3)
𝜕∣𝑗)𝜕𝑎1

(
1

𝜋𝑟2
)

+𝒢{𝑖𝑗𝑎1𝑎2}STF

(4)
𝜕𝑎1

𝜕𝑎2
(

1

𝜋𝑟2
) + 𝜖(𝑖∣𝑏1𝑏2𝑎1

𝒢{𝑏1𝑏2}ASTF

(5)
𝜕𝑎1

𝜕∣𝑗) (
1

𝜋𝑟2
)  

 +𝜖(𝑖∣𝑏1𝑏2𝑎1
𝒢{𝑏1𝑏2,𝑎2∣𝑗)}ASTF

(6)
𝜕𝑎1

𝜕𝑎2
(

1

𝜋𝑟2
) + 𝒢{𝑖𝑏1,𝑗𝑏2}RSTF

(7)
𝜕𝑏1

𝜕𝑏2
(

1

𝜋𝑟2
)

 

𝛾00|ℓ=2
𝑑=4= ℳ{𝑎1𝑎2}STF

𝜕𝑎1
𝜕𝑎2

(
1

𝜋𝑟2
)  

𝛾0𝑖|ℓ=2
𝑑=4 = 𝜖𝑖𝑏1𝑏2𝑎1

𝒥{𝑏1𝑏2,𝑎2}ASTF

(3)
𝜕𝑎1

𝜕𝑎2
(

1

𝜋𝑟2
)

𝛾𝑖𝑗|ℓ=2

𝑑=4
 = 𝒢{𝑖𝑏1,𝑗𝑏2}RSTF

(7)
𝜕𝑏1

𝜕𝑏2
(

1

𝜋𝑟2
)

 

 

𝑔00 = −1 + 4
𝑑 − 2

𝑑 − 1
∑  

+∞

ℓ=0

 
𝐺𝑁𝑚𝜌(𝑟)

𝑟ℓ
𝕄𝐴ℓ

(ℓ)
𝑁𝐴ℓ

+ ⋯

𝑔0𝑖 = 2(𝑑 − 2) ∑  

+∞

ℓ=1

 
𝐺𝑁𝑚𝜌(𝑟)

𝑟ℓ
𝕁𝑖,𝐴ℓ

(ℓ)
𝑁𝐴ℓ

+ ⋯

𝑔𝑖𝑗 = 𝛿𝑖𝑗 + 4
𝑑 − 2

𝑑 − 1
∑  

+∞

ℓ=2

 
𝐺𝑁𝑚𝜌(𝑟)

𝑟ℓ
𝔾̃𝑖𝑗,𝐴ℓ

(ℓ)
𝑁𝐴ℓ

+ ⋯

 

 

𝕄(0) = 1, 𝕁𝑖𝑎1

(1)
= 𝑆𝑖𝑎1

 

 

𝕄(1) = 0, 𝔾𝑖𝑗
(0)

= 0, 𝔾𝑖𝑗
(1)

= 0  

𝔾𝑖𝑗,𝐴ℓ

(ℓ)
= 𝔾̃𝑖𝑗,𝐴ℓ

(ℓ)
+

1

2
𝛿𝑖𝑗 (𝕄𝐴ℓ

(ℓ)
− 𝔾̃𝑘𝑘,𝐴ℓ

(ℓ)
)  

◻ (ℎ𝜇𝜈(𝑥) −
1

2
𝜂𝜇𝜈ℎ(𝑥)) =

𝜅

4
𝑇𝜇𝜈(𝑥).  

𝑇𝜇𝜈(𝑞) ∼ 𝑚𝑢𝜇𝑢𝜈

Λ2

𝑞2 (−𝑞𝛼𝑆𝛼 𝛽𝑆𝛽𝜎𝑞𝜎)
2

 

ℎ00 ∼ 𝐺𝑁𝑚Λ2
𝜌(𝑟)

𝑟2 (𝑛𝛼𝑆𝛼  𝛽𝑆𝛽𝜎𝑛𝜎)
2

 

𝑇𝜇𝜈(𝑞) = 𝑚𝑢𝜇𝑢𝜈 + 𝑄2 (𝐹1,1
(𝑄)

𝑢𝜇𝑢𝜈 + 𝐹1,2
(𝑄)

(𝜂𝜇𝜈 −
𝑞𝜇𝑞𝜈

𝑞2
)) ,  
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ℎ00(𝑥)=
2𝐺𝑁𝑚

𝑟
+ (𝐹1,1

(𝑄)
+ 𝐹1,2

(𝑄)
)

4𝐺𝑁𝑄2

𝜋𝑟2
 

ℎ𝑖𝑗(𝑥) =
2𝐺𝑁𝑚

𝑟
𝛿𝑖𝑗 +

4𝐺𝑁𝑄2

𝜋𝑟4
(4𝐹1,2

(𝑄)
𝑥𝑖𝑥𝑗 + (𝐹1,1

(𝑄)
− 3𝐹1,2

(𝑄)
) 𝑟2𝛿𝑖𝑗) .

 

𝐹𝜆 = (1 − 𝛼)𝜅𝜕𝜇 (ℎ𝜇𝜆 −
1

2
𝜂𝜇𝜆ℎ) + 𝛼𝑔𝜇𝜈Γ𝜇𝜈

𝜆 ,  

𝑃𝜇𝜈,𝜌𝜎 =
1

2
(𝜂𝜇𝜌𝜂𝜈𝜎 + 𝜂𝜇𝜎𝜂𝜈𝜌 −

2

𝑑 − 1
𝜂𝜇𝜈𝜂𝜌𝜎) .  

𝑆min = ∫  𝑑𝑑+1𝑥√−𝑔 (−
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 +

1

2
𝑚2𝑉𝜇𝑉𝜇)  

𝜀𝛽(𝑝2)𝜏
𝑉2ℎ,min

𝜇𝜈,𝛽𝛼
𝜀𝛼(𝑝1) = −

𝑖𝜅

2
[𝜀(𝑝1) ⋅ 𝑝2 (𝑝1

𝜇
𝜀𝜈(𝑝2) + 𝑝1

𝜈𝜀𝜇(𝑝2))

 +𝜀(𝑝2) ⋅ 𝑝1 (𝑝2
𝜇
𝜀𝜈(𝑝1) + 𝑝2

𝜈𝜀𝜇(𝑝1)) − 𝜀(𝑝1) ⋅ 𝜀(𝑝2)(𝑝1
𝜇
𝑝2

𝜈 + 𝑝2
𝜇
𝑝1

𝜈)

 −(𝑝1 ⋅ 𝑝2 − 𝑚2)(𝜀(𝑝1)𝜇𝜀(𝑝2)𝜈 + 𝜀(𝑝2)𝜇𝜀(𝑝1)𝜈)

+𝜂𝜇𝜈((𝑝1 ⋅ 𝑝2 − 𝑚2)𝜀(𝑝1) ⋅ 𝜀(𝑝2) − 𝑝1 ⋅ 𝜀(𝑝2)𝑝2 ⋅ 𝜀(𝑝1))],

 

𝑀𝜇𝜈,𝜌𝜎 = 𝑖(𝜂𝜇𝜌𝜂𝜈𝜎 − 𝜂𝜇𝜎𝜂𝜈𝜌).  

𝜀𝛽(𝑝2)𝜏
𝑉2ℎ,min

𝜇𝜈,𝛽𝛼
𝜀𝛼(𝑝1) =

𝑖𝜅

2
𝜀𝛽(𝑝2) [𝜂𝛼𝛽 (2𝑃𝜇𝑃𝜈 +

1

2
𝜂𝜇𝜈𝑞2 −

1

2
𝑞𝜇𝑞𝜈)

−𝑖𝑞𝜆(𝑃𝜇𝑀𝜈𝜆,𝛽𝛼 + 𝑃𝜈𝑀𝜇𝜆,𝛽𝛼) −
1

2
𝑞𝜌𝑞𝜎{𝑀𝜇𝜌, 𝑀𝜈𝜎}𝛽𝛼] 𝜀𝛼(𝑝1)

 

 

𝕊𝑎,𝑏
𝜇𝜈

= 𝑆𝜇𝜈𝛿𝑎𝑏 + 𝑂(𝜅)  

𝑆non−min = ∫  𝑑𝐷𝑥√−𝑔 [𝐾0𝑅𝐷𝜇𝑉𝛼𝑔𝛼𝛽𝐷𝜇𝑉𝛽 + 𝐾1𝑅𝑉𝛼(𝕊𝜇𝜈𝕊𝜇𝜈)
𝛼𝛽

𝑉𝛽

 +𝐾2𝑅𝜇𝜈𝑉𝛼(𝕊𝜇𝜆𝕊𝜆 𝜈)
𝛼𝛽

𝑉𝛽 + 𝐾3𝑅𝜇𝜈𝜌𝜎𝑉𝛼(𝕊𝜇𝜈𝕊𝜌𝜎)𝛼𝛽𝑉𝛽

+𝐾4𝑅𝜇𝜈𝜌𝜎𝐷𝜈𝑉𝛼(𝕊𝜇𝜆𝕊𝜆
𝜎)

𝛼𝛽
𝐷𝜎𝑉𝛽 + 𝐾5𝐷𝜈𝐷𝜎𝑅𝜇𝜈𝜌𝜎𝑉𝛼(𝕊𝜇𝜆𝕊𝜆

𝜎)
𝛼𝛽

𝑉𝛽]

 

[
1

𝑚2] = 𝑀−2, [
1

ℏ2
(𝐺𝑁𝑚)

2
𝑑−2] = 𝑀−2  

𝐾0 =
1

2
Ω1(𝐺𝑁𝑚)

2
𝑑−2, 𝐾1 = −

1

4
𝐶1, 𝐾2 = −

1

2
𝐶2

𝐾3 =
1 − 𝐻1

8
, 𝐾4 =

𝐻2

2𝑚2
, 𝐾5 = Ω2(𝐺𝑁𝑚)

2
𝑑−2

 

𝜏̂
𝑉2ℎ,non−min
𝜇𝜈

(𝑞) = −
𝑖𝜅

2
𝑚2[−(𝐻1 − 1)𝑞𝜌𝑞𝜎𝑆𝜇𝜌𝑆𝜈𝜎 + 𝐻2𝑢𝜇𝑢𝜈𝑞𝜌𝑞𝜎𝑆𝜌𝜆𝑆𝜆

𝜎

+𝐶1𝑆𝜌𝜎𝑆𝜌𝜎𝑞𝜇𝑞𝜈 + 𝐶2 (𝜂𝜇𝜈𝑞𝜌𝑞𝜎𝑆𝜌𝜆𝑆𝜆
𝜎 − 𝑞𝜆(𝑞𝜇𝑆𝜆𝜎𝑆𝜈𝜎 + 𝑞𝜈𝑆𝜆𝜎𝑆𝜇𝜎))]
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𝜏̂
𝑉2ℎ
𝜇𝜈

(𝑞) =𝜏̂
𝑉2ℎ,min
𝜇𝜈

(𝑞) + 𝜏̂
𝑉2ℎ, non-min 

𝜇𝜈
(𝑞)

= −
𝑖𝜅

2
𝑚2[2𝑢𝜇𝑢𝜈 − 𝑖𝑞𝜆(𝑆𝜇𝜆𝑢𝜈 + 𝑆𝜈𝜆𝑢𝜇) − 𝐻1𝑞𝜆𝑞𝜎𝑆𝜇𝜆𝑆𝜈𝜎

 +𝐻2𝑢𝜇𝑢𝜈𝑞𝜌𝑞𝜎𝑆𝜌𝜆𝑆𝜆
𝜎 + 𝐶1𝑆𝜌𝜎𝑆𝜌𝜎𝑞𝜇𝑞𝜈

+𝐶2 (𝜂𝜇𝜈𝑞𝜌𝑞𝜎𝑆𝜌𝜆𝑆𝜆
𝜎 − 𝑞𝜆(𝑞𝜇𝑆𝜆𝜎𝑆𝜈𝜎 + 𝑞𝜈𝑆𝜆𝜎𝑆𝜇𝜎))] .

 

𝑞𝜇𝜏̂
𝑉2ℎ
𝜇𝜈

∝ 𝒪(𝑞2), 𝑞𝜇𝜏̂
𝑉2ℎ,HL
𝜇𝜈

∝ 𝒪(𝑞2) 

 

 

Ω1|𝑑=4 =
Ω1

renorm. 

𝑑 − 4
+ Ω1

free 

Ω2|𝑑=4 =
Ω2

renorm. 

𝑑 − 4
+ Ω2

free 

 

Ω1
renorm. =

1

9𝜋
, Ω2

renorm. =
𝐻1 + 2𝐻2 − 1

60𝜋
,  
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Ω1|𝑑=3 =
Ω1

renorm. 

𝑑 − 3
+ Ω1

free ,

Ω2|𝑑=3 =
Ω2

renorm. 

𝑑 − 3
+ Ω2

free ,

 

ℎ00
(1,0)

(𝑟) =
4(𝑑 − 2)

𝑑 − 1
𝐺𝑁𝑚𝜌(𝑟),

ℎ0𝑖
(1,0)

(𝑟) = 0,

ℎ𝑖𝑗
(1,0)

(𝑟) =
4

𝑑 − 1
𝛿𝑖𝑗𝐺𝑁𝑚𝜌(𝑟),

 

ℎ00
(1,1)

(𝑟)= 0  

ℎ0𝑖
(1,1)

(𝑟) =
2(𝑑 − 2)

𝑟2
𝑥𝑘𝑆𝑘

𝑖 𝐺𝑁𝑚𝜌(𝑟)

ℎ𝑖𝑗
(1,1)

(𝑟) = 0

 

ℎ00
(1,2)

(𝑟)= −
2(𝑑 − 2)(𝐻2(𝑑 − 2) + 𝐻1)

𝑑 − 1

𝑟2𝑆𝑘1𝑘2
𝑆𝑘1𝑘2 − 𝑑𝑥𝑘1𝑥𝑘2𝑆𝑘1

𝑘3𝑆𝑘2𝑘3

𝑟4
𝐺𝑁𝑚𝜌(𝑟),  

ℎ0𝑖
(1,2)

(𝑟)= 0,  

ℎ𝑖𝑗
(1,2)

(𝑟)=
2(𝑑 − 2)

(𝑑 − 1)𝑟4 [−𝐶1(𝑑 − 1)𝑑𝑥𝑖𝑥𝑗𝑆𝑘1𝑘2
𝑆𝑘1𝑘2 − 𝑟2(𝑑 − 1)(2𝐶2 + 𝐻1)𝑆𝑖𝑘𝑆𝑗 

𝑘  

+𝑟2(𝐶1(𝑑 − 1) + 𝐻1 − 𝐻2)𝑆𝑘1𝑘2
𝑆𝑘1𝑘2𝛿𝑖𝑗 + 𝑑𝐶2(𝑑 − 1)𝑥𝑘1𝑆𝑘1𝑘2

(𝑥𝑗𝑆𝑖
𝑘2 + 𝑥𝑖𝑆𝑗

𝑘2) 

+𝑑𝑥𝑘1𝑥𝑘2((𝑑 − 1)𝐻1𝑆𝑖𝑘1
𝑆𝑗𝑘2

+ (𝐻2 − 𝐻1)𝑆𝑘1
 𝑘3𝑆𝑘2𝑘3

𝛿𝑖𝑗)]𝐺𝑁𝑚𝜌(𝑟).

 

𝜉𝑖 = 𝐺𝑁𝑚(𝐴𝑆𝑖𝑘𝑆𝑘
𝑗

+ 𝐵𝑆𝑙𝑚𝑆𝑙𝑚𝛿𝑖𝑗)𝜕𝑗𝜌(𝑟)  

𝜉1
𝑖 = (𝐺𝑚)

𝑑
𝑑−2Ω̃1𝜕𝑖𝜌(𝑟)  

𝜉2
𝑖 =

(𝐺𝑚)
𝑑

𝑑−2

𝑚2
Ω̃2𝑆𝑙  

𝑘𝑆𝑘𝑚𝜕𝑖𝜕𝑙𝜕𝑚𝜌(𝑟)  

𝕄𝑎1𝑎2

(2)
 = −𝑑(𝐻1 + (𝑑 − 2)𝐻2)𝑆𝑎1𝑘𝑆𝑎2

𝑘

𝔾𝑖𝑗,𝑎1𝑎2

(2)
 = −𝑑(𝑑 − 1)𝐻1𝑆(𝑖∣𝑎1

𝑆∣𝑗)𝑎2

 

𝕄𝑎1𝑎2

(2)
𝑁𝑎1𝑎2

|
𝑑=3

= 3(𝐻1 + 𝐻2)(𝑆 ⋅ 𝑥)2 + ⋯

𝔾̃𝑖𝑗,𝑎1𝑎2

(2)
𝑁𝑎1𝑎2

|
𝑑=3

= 𝛿𝑖𝑗𝕄𝑎1𝑎2

(2)
𝑁𝑎1𝑎2

|
𝑑=3

+ ⋯
 

𝑆𝑖𝑗 = (
0 𝑎 0

−𝑎 0 0
0 0 0

)  

𝑔00
HT = −1 +

2𝐺𝑁𝑚

𝑟
−

𝑎2𝐺𝑁𝑚𝜁

𝑟3 (3
𝑧2

𝑟2
− 1) + 𝒪(𝐺𝑁

2 , 𝑎3)  
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𝑆𝑖𝑗 = (

0 𝑎1 0 0
−𝑎1 0 0 0

0 0 0 𝑎2

0 0 −𝑎2 0

) ,  

𝕄𝑎1𝑎2

(2)
|
𝑑=4

MP
 = −9𝑆𝑎1𝑘𝑆𝑎2

𝑘

𝔾𝑖𝑗,𝑎1𝑎2

(2)
|
𝑑=4

MP
 = −

9

2
𝑆(𝑖∣𝑎1

𝑆∣𝑗)𝑎2

 

lim
𝑎1→𝑎2

 𝕄𝑖𝑗
(2)

|
𝑑=4

MP

𝑁𝑖𝑗 = 0  

lim
𝑎𝑖→𝑎

 𝕄𝑖𝑗
(2)

|
𝑑=even

𝑁𝑖𝑗 = 0  

𝜆 =
2𝜈(𝑚, 𝑎)

1 + 𝜈2(𝑚, 𝑎)
 

𝕄(2) ∼ Λ = 𝜎𝐺𝑁𝑚  

𝐻1 =
3

4(1 + 𝜆)
, 𝐻2 =

3(6𝜆 − 1)

8(1 + 𝜆)
 

𝕄𝑎1𝑎2

(2)
|
𝑑=4

BR
 = −

18𝜆

1 + 𝜆
𝑆𝑎1𝑘𝑆𝑎2

𝑘 + 𝒪(𝐺𝑁𝑚)

𝔾𝑖𝑗,𝑎1𝑎2

(2)
|
𝑑=4

BR
 = −

9

1 + 𝜆
𝑆(𝑖∣𝑎1

𝑆∣𝑗)𝑎2
+ 𝒪(𝐺𝑁𝑚)

 

 

ℎ00
(1,2)

(𝑟) =
2(𝐷 − 3)

𝐷 − 2

𝑟2𝑆𝑘1𝑘2
𝑆𝑘1𝑘2 − (𝐷 − 1)𝑥𝑘1𝑥𝑘2𝑆𝑘1

𝑘3𝑆𝑘2𝑘3

𝑟4
𝐺𝑁𝑚𝜌(𝑟)

ℎ0𝑖
(1,2)

(𝑟) =0

ℎ𝑖𝑗
(1,2)

(𝑟) = −
2(𝐷 − 3)

(𝐷 − 2)𝑟4 [−𝑟2(𝐷 − 2)𝑆𝑖𝑘𝑆𝑗 
𝑘 + 𝑟2𝑆𝑘1𝑘2

𝑆𝑘1𝑘2𝛿𝑖𝑗

+(𝐷 − 1)𝑥𝑘1𝑥𝑘2 ((𝐷 − 2)𝑆𝑖𝑘1
𝑆𝑗𝑘2

− 𝑆𝑘1

𝑘3𝑆𝑘2𝑘3
𝛿𝑖𝑗)] 𝐺𝑁𝑚𝜌(𝑟)

 

𝕄𝑎1𝑎2

(2)
|
simplest 

= −(𝐷 − 1)𝑆𝑎1𝑘𝑆𝑎2
𝑘  

𝔾𝑖𝑗,𝑎1𝑎2

(2)
|
simplest 

 = −(𝐷 − 1)(𝐷 − 2)𝑆(𝑖∣𝑎1
𝑆∣𝑗)𝑎2

 

𝑆 = ∫  𝑑𝐷𝑥e (
2

𝜅2
𝑅 −

1

4
𝐹𝜇𝜈𝐹𝜇𝜈 + 𝜓‾(𝑖𝑒𝛼

𝜇
𝛾𝛼𝐷𝜇 − 𝑚)𝜓)  

𝑔𝜇𝜈 = 𝜂𝛼𝛽𝑒𝛼 𝜇𝑒𝛽 𝜈 and e = |det𝑒𝛼 𝜇| = √|det𝑔𝜇𝜈| 

𝐷𝜇𝜓 = 𝜕𝜇𝜓 + 𝑖𝑄𝐴𝜇𝜓 −
1

2
𝜔𝜇𝛼𝛽Σ𝛼𝛽𝜓  
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Σ𝛼𝛽 =
𝑖

4
[𝛾𝛼 , 𝛾𝛽] 

𝑔𝜇𝜈(𝑥) = 𝜂𝜇𝜈 + 𝜅 ∑  

𝑛≥1

 ℎ𝜇𝜈
(𝑛)

(𝑥), 𝐴𝜇(𝑥) = ∑  

𝑛≥0

 𝐴𝜇
(𝑛)

(𝑥)  

ℒ𝐺𝐹
(𝐴)

= −
1

2
(𝜕𝜇𝐴𝜇)

2
.  

𝜅ℎ𝜇𝜈
(𝑛)

(𝑥) =
𝜅2

2
∫  

𝑑𝑑𝑞

(2𝜋)𝑑

𝑒−𝑖𝑞⋅𝑥

𝑞2
(𝑇𝜇𝜈

(𝑛−1)
(𝑞) −

1

𝑑 − 1
𝜂𝜇𝜈𝑇(𝑛−1)(𝑞)) ,  

𝐴𝜇
(𝑛)

(𝑥) = ∫  
𝑑𝑑𝑞

(2𝜋)𝑑

𝑒−𝑖𝑞⋅𝑥

𝑞2
𝑗𝜇
(𝑛)

(𝑞),  

 

 

 

 

 nmℒ𝜓2𝐴 = −𝑖𝜁
𝑄

2𝑚
𝜓‾Σ𝜇𝜈𝜓𝐹𝜇𝜈 ,  

𝜔𝜇 = (𝜏̂𝜓2𝐴)
𝜇

= −𝑖(𝑄𝛿𝜇
0 − 𝑖𝑄𝑆𝜇𝜈𝑞𝜈),  

nm𝜏̂2𝐴)𝜇 = −𝜁𝑄𝑆𝜇𝜈𝑞𝜈.  
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⟨𝑝′, 𝜎′|𝛾𝜇|𝑝, 𝜎⟩ = ⟨𝑝′, 𝜎′| (
𝑝𝜇 + 𝑝𝜇

′

2𝑚
− 𝑖

𝑝𝜈 − 𝑝′𝜈

𝑚
Σ𝜇𝜈) |𝑝, 𝜎⟩,  

≈≈≈ 𝜇𝜈 = (𝜏̂𝜓2ℎ)
𝜇𝜈

=
𝑖𝜅

2
𝑚 (𝑢𝜇𝑢𝜈 −

𝑖

2
𝑞𝜆(𝑆𝜇𝜆𝑢𝜈 + 𝑆𝜈𝜆𝑢𝜇)) ,  

 

 

𝐴0
(0)

(𝑥) =
𝑄

4𝜋
𝜌(𝑟)

𝐴𝑖
(0)

(𝑥) = (1 + 𝜁)(𝑑 − 2)
𝑄

4𝜋𝑟2
𝜌(𝑟)𝑆𝑖𝑘𝑥𝑘

 

𝐴𝑖
(0)

(𝑥) = (1 + 𝜁)
1

Ω𝑑−1𝑟𝑑
𝑄𝑆𝑖𝑘𝑥𝑘  

𝐴𝑖
dip. 

=
𝔤

2

1

Ω𝑑−1𝑟𝑑
𝑄𝑆𝑖𝑘𝑥𝑘  

𝔤Dirac-Pauli = 2(1 + 𝜁)  

𝜅ℎ00(𝑥)= 4
𝑑 − 2

𝑑 − 1
𝐺𝑁𝑚𝜌(𝑟) −

𝑑 − 2

𝑑 − 1

𝐺𝑁𝑄2

2𝜋
𝜌2(𝑟) + 𝒪(𝐺𝑁

2)  

𝜅ℎ0𝑖(𝑥)= 2(𝑑 − 2)
𝐺𝑁𝑚

𝑟2
𝜌(𝑟)𝑆𝑖𝑘𝑥𝑘 −

(𝑑 − 2)2

𝑑 − 1
𝔤

𝐺𝑁𝑄2

4𝜋𝑟2
𝜌2(𝑟)𝑆𝑖𝑘𝑥𝑘 + 𝒪(𝐺𝑁

2)  

𝜅ℎ𝑖𝑗(𝑥) = 4
1

𝑑 − 1
𝐺𝑁𝑚𝜌(𝑟)𝛿𝑖𝑗 −

(𝑑 − 3)𝑟2𝛿𝑖𝑗 − (𝑑 − 2)2𝑥𝑖𝑥𝑗

(𝑑 − 1)(𝑑 − 4)

𝐺𝑁𝑄2

2𝜋𝑟2
𝜌2(𝑟) + 𝒪(𝐺𝑁

2)

 

𝐴0(𝑥)=
𝑄

4𝜋
𝜌(𝑟) −

𝑑 − 2

𝑑 − 1

𝐺𝑁𝑚𝑄

2𝜋
𝜌2(𝑟) + 𝒪(𝐺𝑁

2)  

𝐴𝑖(𝑥) = (𝑑 − 2)𝔤
𝑄

8𝜋𝑟2
𝜌(𝑟)𝑆𝑖𝑘𝑥𝑘

 −
(𝑑 − 2)2

(𝑑 − 1)2
(𝑑

𝑑 − 1

𝑑 − 2
− 𝔤)

𝐺𝑁𝑚𝑄

4𝜋𝑟2
𝜌2(𝑟)𝑆𝑖𝑘𝑥𝑘 + 𝒪(𝐺𝑁

2)

 

 nmℒ𝜓2ℎ = 𝐾𝑅𝐷𝜇𝜓‾𝐷𝜇𝜓,  
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ℒCS𝑑=4
= 𝜆

𝜅

16√6
𝜀𝜇𝜈𝛼𝛽𝛾𝐹𝜇𝜈𝐹𝛼𝛽𝐴𝛾,  

 

𝐴𝜇
(CS)

(𝑥)|
𝑑=4

= −𝜆𝔤
√𝐺𝑁𝑄2

16√3𝜋7/2𝑟6
𝜀0𝑗𝑘𝑙𝜇𝑆𝑗𝑘𝑥𝑙 .  

 

𝑑𝑠2 = −
Δ

Σ
(𝑑𝑡 − 𝑎sin2 𝜃𝑑𝜑)2 +

sin2 𝜃

Σ
(𝑎𝑑𝑡 − (𝑟̃2 + 𝑎2)𝑑𝜑)2 +

Σ

Δ
𝑑𝑟̃2 + Σ𝑑𝜃2,  

𝐴𝜇𝑑𝑥𝜇 =
𝑄

4𝜋

𝑟̃

Σ
(𝑑𝑡 − 𝑎sin2 𝜃𝑑𝜑),  

Σ = 𝑟̃2 + 𝑎2cos2 𝜃, Δ = 𝑟̃2 + 𝑎2 − 2𝑚𝐺𝑁𝑟̃ +
1

4𝜋
𝐺𝑁𝑄2,  

𝑥2 + 𝑦2

𝑟̃2 + 𝑎2
+

𝑧2

𝑟̃2
= 1,  

𝑔00
KN= −1 + 2

𝐺𝑁𝑚

𝑟
−

𝐺𝑁𝑄2

4𝜋𝑟2
+ 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)  

𝑔0𝑖
KN = 2

𝐺𝑁𝑚

𝑟3
𝑆𝑖𝑘𝑥𝑘 −

𝐺𝑁𝑄2

4𝜋𝑟4
𝑆𝑖𝑘𝑥𝑘 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)

𝑔𝑖𝑗
KN = 𝛿𝑖𝑗 + 2

𝐺𝑁𝑚

𝑟
𝛿𝑖𝑗 −

𝐺𝑁𝑄2

4𝜋𝑟4
𝑥𝑖𝑥𝑗 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)

 

𝐴0
KN  =

𝑄

4𝜋𝑟
−

𝐺𝑁𝑚𝑄

4𝜋𝑟2
+ 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)

𝐴𝑖
KN  =

𝑄

4𝜋𝑟3
𝑆𝑖𝑘𝑥𝑘 −

𝐺𝑁𝑚𝑄

4𝜋𝑟4
𝑆𝑖𝑘𝑥𝑘 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)
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𝜅ℎ00(𝑥)|𝑑=3= 2
𝐺𝑁𝑚

𝑟
−

𝐺𝑁𝑄2

4𝜋𝑟2
+ 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)  

𝜅ℎ0𝑖(𝑥)|𝑑=3 = 2
𝐺𝑁𝑚

𝑟3
𝑆𝑖𝑘𝑥𝑘 − 𝔤

𝐺𝑁𝑄2

8𝜋𝑟4
𝑆𝑖𝑘𝑥𝑘 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)

𝜅ℎ𝑖𝑗(𝑥)|
𝑑=3

 = 2
𝐺𝑁𝑚

𝑟
𝛿𝑖𝑗 −

𝐺𝑁𝑄2

4𝜋𝑟4
𝑥𝑖𝑥𝑗 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)

 

𝐴0(𝑥)|𝑑=3  =
𝑄

4𝜋𝑟
−

𝐺𝑁𝑚𝑄

4𝜋𝑟2
+ 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)

𝐴𝑖(𝑥)|𝑑=3  = 𝔤
𝑄

8𝜋𝑟3
𝑆𝑖𝑘𝑥𝑘 − (6 − 𝔤)

𝐺𝑁𝑚𝑄

16𝜋𝑟4
𝑆𝑖𝑘𝑥𝑘 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑎2)

 

𝑑𝑠2 = −𝑑𝑡2 −
2𝔔

Σ
𝑑𝜈𝑑𝑡 +

2𝔔

Σ
𝑑𝜈𝑑𝜇 +

𝔪𝑟̃2 − 𝔔2

Σ2
(𝑑𝑡 − 𝑑𝜇)2 +

Σ

Δ
𝑑𝑟̃2

 +Σ𝑑𝜃2 + (𝑟̃2 + 𝔞2)sin2 𝜃𝑑𝜙2 + (𝑟̃2 + 𝔟2)cos2 𝜃𝑑𝜓2

 

𝑑𝜈 = 𝔟sin2 𝜃𝑑𝜙 + 𝔞cos2 𝜃𝑑𝜓, 𝑑𝜇 = 𝔞sin2 𝜃𝑑𝜙 + 𝔟cos2 𝜃𝑑𝜓

Σ = 𝑟̃2 + 𝔞2cos2 𝜃 + 𝔟2sin2 𝜃

Δ =
1

𝑟̃2
[(𝑟̃2 + 𝔞2)(𝑟̃2 + 𝔟2) + 𝔔2 + 2𝔞𝔟𝔔 − 𝔪𝑟̃2]

 

𝐴𝜇𝑑𝑥𝜇 = √
3

𝜋𝐺𝑁

𝔔

4Σ
(𝑑𝑡 − 𝔞sin2 𝜃𝑑𝜙 − 𝔟cos2 𝜃𝑑𝜓)  

𝔪 =
8𝐺𝑁𝑚

3𝜋
, 𝔔 = 𝑄√

𝐺𝑁

3𝜋3
,

𝐽1 =
𝜋

4𝐺𝑁
(𝔞𝔪 + 𝔟𝔔), 𝐽2 =

𝜋

4𝐺𝑁
(𝔟𝔪 + 𝔞𝔔).

 

𝑔00
CCLP =−1 +

8𝐺𝑁𝑚

3𝜋𝑟2
−

𝐺𝑁𝑄2

3𝜋3𝑟4
+ 𝒪(𝐺𝑁

2 , 𝑄3, 𝑆2)  

𝑔0𝑖
CCLP =+

4𝐺𝑁𝑚

𝜋𝑟3
𝑆𝑖𝑘𝑥𝑘 −

𝐺𝑁𝑄2

2𝜋3𝑟6
𝑆𝑖𝑘𝑥𝑘 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑆2)  

𝑔𝑖𝑗
CCLP =𝛿𝑖𝑗 +

4𝐺𝑁𝑚

3𝜋𝑟2
𝛿𝑖𝑗 −

𝐺𝑁𝑄2

12𝜋3𝑟4
log (

8𝐺𝑁𝑚

3𝜋𝑟2
) 𝛿𝑖𝑗

 −
𝐺𝑁𝑄2

6𝜋3𝑟6
𝑥𝑖𝑥𝑗 +

𝐺𝑁𝑄2

3𝜋3𝑟6
log (

8𝐺𝑁𝑚

3𝜋𝑟2
) 𝑥𝑖𝑥𝑗 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑆2)

 

𝐴0
CCLP =

𝑄

4𝜋2𝑟2
−

𝐺𝑁𝑚𝑄

3𝜋3𝑟4
+ 𝒪(𝐺𝑁

2 , 𝑄3, 𝑆2)

𝐴𝑖
CCLP =

3𝑄

8𝜋2𝑟4
𝑆𝑖𝑘𝑥𝑘 −

𝐺𝑁𝑚𝑄

2𝜋3𝑟6
𝑆𝑖𝑘𝑥𝑘

 −
√3√𝐺𝑁𝑄2

32𝜋7/2𝑟6
𝜀0𝑗𝑘𝑙𝑖𝑆

𝑗𝑘𝑥𝑙 + 𝒪(𝐺𝑁
2 , 𝑄3, 𝑆2)
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𝜅ℎ00(𝑥)|𝑑=4=
8𝐺𝑁𝑚

3𝜋𝑟2
−

𝐺𝑁𝑄2

3𝜋3𝑟4
+ 𝒪(𝐺𝑁

2 , 𝑄3, 𝑆2)  

𝜅ℎ0𝑖(𝑥)|𝑑=4=
4𝐺𝑁𝑚

𝜋𝑟3
𝑆𝑖𝑘𝑥𝑘 − 𝔤

𝐺𝑁𝑄2

3𝜋3𝑟6
𝑆𝑖𝑘𝑥𝑘 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑆2)  

𝜅ℎ𝑖𝑗(𝑥)|
𝑑=4

 =
4𝐺𝑁𝑚

3𝜋𝑟2
𝛿𝑖𝑗 −

𝐺𝑁𝑄2

12𝜋3𝑟4
log (

8𝐺𝑁𝑚

3𝜋𝑟2
) 𝛿𝑖𝑗

 −
𝐺𝑁𝑄2

6𝜋3𝑟6
𝑥𝑖𝑥𝑗 +

𝐺𝑁𝑄2

3𝜋3𝑟6
log (

8𝐺𝑁𝑚

3𝜋𝑟2
) 𝑥𝑖𝑥𝑗 + 𝒪(𝐺𝑁

2 , 𝑄3, 𝑆2)

 

𝐴0(𝑥)|𝑑=4=
𝑄

4𝜋2𝑟2
−

𝐺𝑁𝑚𝑄

3𝜋3𝑟4
+ 𝒪(𝐺𝑁

2 , 𝑄3, 𝑆2)  

𝐴𝑖(𝑥)|𝑑=4 = 𝔤
𝑄

4𝜋2𝑟4
𝑆𝑖𝑘𝑥𝑘 − (6 − 𝔤)

𝐺𝑁𝑚𝑄

9𝜋3𝑟6
𝑆𝑖𝑘𝑥𝑘

 −𝜆𝔤
√𝐺𝑁𝑄2

16√3𝜋7/2𝑟6
𝜀0𝑗𝑘𝑙𝑖𝑆

𝑗𝑘𝑥𝑙 + 𝒪(𝐺𝑁
2 , 𝑄3, 𝑆2)

 

𝐴𝑖 =
𝑄̃

𝑟𝑑

𝑑 − 1

2
𝑆𝑖𝑘𝑥𝑘  

𝑄 = ∫  
Ω𝑑−1

  ⋆ 𝐹 = 𝑄̃(𝑑 − 2)Ω𝑑−1  

𝐴𝑖 =
1

Ω𝑑−1𝑟𝑑

𝑑 − 1

𝑑 − 2

𝑄

2
𝑆𝑖𝑘𝑥𝑘  

𝔤BH =
𝑑 − 1

𝑑 − 2
 

𝜁 = −
𝑑 − 3

2(𝑑 − 2)
 

𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞 ≡ 𝑞𝜇𝑆𝜇 𝜈𝑆𝜈 𝜎𝑞𝜎, 𝑆 ⋅ 𝑆 = 𝑆𝜇𝜈𝑆𝜈𝜇  

𝑇𝜇𝜈(𝑞) ∝ 𝑢𝜇𝑢𝜈𝑞2𝑆 ⋅ 𝑆  

ℎ𝜇𝜈(𝑥) ∝ 𝛿(𝑥)  

𝑇𝜇𝜈(𝑞) ∝ 𝑢𝜇𝑢𝜈𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞  

ℎ𝜇𝜈(𝑥) ∝
1

𝑟
.  



pág. 9078 

𝑇𝜇𝜈(𝑞) = 𝑚𝑢𝜇𝑢𝜈 (1 + ∑  

+∞

𝑛=1

 𝐹2𝑛,1(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛) + 𝑚 ∑  

+∞

𝑛=0

 𝐹2𝑛+2,2(𝑆 ⋅ 𝑞)𝜇(𝑆 ⋅ 𝑞)𝜈(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛

−
𝑖

2
𝑚(𝑢𝜇(𝑆 ⋅ 𝑞)𝜈 + 𝑢𝜈(𝑆 ⋅ 𝑞)𝜇) (1 + ∑  

+∞

𝑛=1

 𝐹2𝑛+1,3(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛)  

−𝑚 ∑  

+∞

𝑛=0

 𝐺2𝑛+2,1(𝜂𝜇𝜈𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞 − (𝑆 ⋅ 𝑆 ⋅ 𝑞)𝜇𝑞𝜈 + (𝑆 ⋅ 𝑆 ⋅ 𝑞)𝜈𝑞𝜇)(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛  

 −𝑚 ∑  

+∞

𝑛=0

 𝐺2𝑛+2,2𝑞𝜇𝑞𝜈𝑆 ⋅ 𝑆(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛 + 𝑚 ∑  

+∞

𝑛=0

 𝐺2𝑛+4,3𝑞𝜇𝑞𝜈𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛

 

𝜉𝑖(𝑥) =
𝜅2𝑚

8𝜋
∑  

+∞

𝑛=0

  (𝐾2𝑛+2,1(𝑆 ⋅ 𝑆)𝑖𝐴2𝑛+1 + 𝐾2𝑛+2,2(𝑆 ⋅ 𝑆)𝜂𝑖𝑎1(𝑆 ⋅ 𝑆)𝐴2𝑛)𝜕𝐴2𝑛+1
𝜌

 +
𝜅2𝑚

8𝜋
∑  

+∞

𝑛=0

 (𝐾2𝑛+4,3(𝑆 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑆)𝑎1𝑎2𝜂𝑖𝑎3(𝑆 ⋅ 𝑆)𝐴2𝑛)𝜕𝐴2𝑛+3
𝜌

 

(𝑆 ⋅ 𝑆)𝐴2𝑛𝜕𝐴2𝑛
𝜌 ≡ (𝑆 ⋅ 𝑆)𝑎1𝑎2 ⋯ (𝑆 ⋅ 𝑆)𝑎𝑛−1𝑎𝑛𝜕𝑎1

⋯ 𝜕𝑎𝑛
𝜌.  

𝐾2𝑛+2,1 = −𝐺2𝑛+2,1, 𝐾2𝑛+2,2 =
1

2
𝐺2𝑛+2,2,

𝐾2𝑛+4,3 =
1

2
𝐺2𝑛+4,3,

 

𝑇𝜇𝜈(𝑞) = 𝑚𝑢𝜇𝑢𝜈 (1 + ∑  

+∞

𝑛=1

 𝐹2𝑛,1(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛) + 𝑚 ∑  

+∞

𝑛=0

 𝐹2𝑛+2,2(𝑆 ⋅ 𝑞)𝜇(𝑆 ⋅ 𝑞)𝜈(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛

+𝑚 ∑  

+∞

𝑛=0

 𝐺2𝑛+2,1(𝜂𝜇𝜈(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞) − (𝑆 ⋅ 𝑆)𝜇𝜈𝑞2 + (𝑆 ⋅ 𝑆 ⋅ 𝑞)𝜇𝑞𝜈 + (𝑆 ⋅ 𝑆 ⋅ 𝑞)𝜈𝑞𝜇)(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛 

+𝑚 ∑  

+∞

𝑛=0

 𝐺2𝑛+2,2(𝑞𝜇𝑞𝜈 − 𝜂𝜇𝜈𝑞2)(−𝑆 ⋅ 𝑆)(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛  

+𝑚 ∑  

+∞

𝑛=0

 𝐺2𝑛+4,3(𝑞𝜇𝑞𝜈 − 𝜂𝜇𝜈𝑞2)(𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛  

 −
𝑖

2
𝑚(𝑢𝜇(𝑆 ⋅ 𝑞)𝜈 + 𝑢𝜈(𝑆 ⋅ 𝑞)𝜇) (1 + ∑  

+∞

𝑛=1

 𝐹2𝑛+1,3(−𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞)𝑛)

 

𝕄𝐴2ℓ

(2ℓ)
=

(𝑑 + 4ℓ − 4)!!

(𝑑 − 2)!!
(−1)ℓ(𝐹2ℓ,2 + (𝑑 − 2)𝐹2ℓ,1)(−𝑆 ⋅ 𝑆)𝐴2ℓ

|
STF

 

𝕁𝑖,𝐴2ℓ+1

(2ℓ+1)
 =

(𝑑 + 4ℓ − 2)!!

(𝑑 − 2)!!
(−1)ℓ𝐹2ℓ+1,3𝑆𝑖𝑎1

(−𝑆 ⋅ 𝑆)𝐴2ℓ
|
ASTF

𝔾𝑖𝑗,𝐴2ℓ

(2ℓ)
 = (𝑑 − 1)

(𝑑 + 4ℓ − 4)!!

(𝑑 − 2)!!
(−1)ℓ𝐹2ℓ,2𝑆𝑖𝑎1

𝑆𝑗𝑎2
(−𝑆 ⋅ 𝑆)𝐴2ℓ−2

|
RSTF

,

 

𝕄𝐴2ℓ+1

(2ℓ+1)
= 0, 𝕁𝑖,𝐴2ℓ

(2ℓ)
= 0, 𝔾𝑖𝑗,𝐴2ℓ+1

(2ℓ+1)
= 0  
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𝕄𝐴2ℓ

(2ℓ)
|
𝑑=3

 = (4ℓ − 1)!! (𝐹2ℓ,1 + 𝐹2ℓ,2)𝑠𝑎1
⋯ 𝑠𝑎2ℓ

|
𝑇𝐹

𝕁𝑖,𝐴2ℓ+1

(2ℓ+1)
|
𝑑=3

 = (4ℓ)!! 𝐹2ℓ+1,3𝜖𝑖𝑎1𝑘𝑠𝑘𝑠𝑎2
⋯ 𝑠𝑎2ℓ

|
𝑇𝐹

𝔾𝑖𝑗,𝐴2ℓ

(2ℓ)
|
𝑑=3

 = 0

 

𝑠𝐴ℓ
|
STF 

= 𝑠𝑎1
⋯ 𝑠𝑎ℓ

|
𝑇𝐹

 

 

𝑆𝑖𝑎1
𝑆𝑗𝑎2

|
RSTF

= 𝑆𝑖𝑎1
𝑆𝑗𝑎2

−
1

3
(𝑆𝑖𝑎1

𝑆𝑗𝑎2
+ 𝑆𝑎1𝑗𝑆𝑖𝑎2

+ 𝑆𝑗𝑖𝑆𝑎1𝑎2
)

 +
1

𝑑 − 2
(𝑆𝑎1𝑘𝑆𝑎2

𝑘 𝛿𝑖𝑗 − 𝑆𝑎1𝑘𝑆𝑗
𝑘𝛿𝑖𝑎2

− 𝑆𝑖𝑘𝑆𝑎2
𝑘 𝛿𝑎1𝑗 + 𝑆𝑖𝑘𝑆𝑗

𝑘𝛿𝑎1𝑎2
)

 +
1

(𝑑 − 2)(𝑑 − 1)
(𝑆𝑘1𝑘2

𝑆𝑘2𝑘1𝛿𝑖𝑎2
𝛿𝑗𝑎1

− 𝑆𝑘1𝑘2
𝑆𝑘2𝑘1𝛿𝑖𝑗𝛿𝑎1𝑎2

)

 

 

𝑆𝑖𝑎1
𝑆𝑗𝑎2

|
RSTF

𝑑=3
= 0  

𝑑𝑠2 = −
Δ

Σ
(𝑑𝑡 − 𝑎sin2 𝜃𝑑𝜑)2 +

sin2 𝜃

Σ
(𝑎𝑑𝑡 − (𝑟̃2 + 𝑎2)𝑑𝜑)2 +

Σ

Δ
𝑑𝑟̃2 + Σ𝑑𝜃2  

Σ = 𝑟̃2 + 𝑎2cos2 𝜃, Δ = 𝑟̃2 + 𝑎2 − 2𝑚𝐺𝑁𝑟̃  

𝐹0,2 + 𝐹0,1 = 1, 𝐹2,2 + 𝐹2,1 = −
1

2
, 𝐹4,2 + 𝐹4,1 =

1

24

𝐹6,2 + 𝐹6,1 = −
1

720
, 𝐹1,3 = 1, 𝐹3,3 = −

1

6

𝐹5,3 =
1

120
, 𝐹7,3 = −

1

5040

 

𝐹2ℓ,2 + 𝐹2ℓ,1 =
(−1)ℓ

(2ℓ)!
, 𝐹2ℓ+1,3 =

(−1)ℓ

(2ℓ + 1)!
 

𝐹2
(𝑑=3)

(𝜁) + 𝐹1
(𝑑=3)

(𝜁)  = ∑  

+∞

ℓ=0

  (𝐹2ℓ,2 + 𝐹2ℓ,1)𝜁2ℓ = cos 𝜁

𝐹3
(𝑑=3)

(𝜁)  = ∑  

+∞

ℓ=0

 𝐹2ℓ+1,3𝜁2ℓ =
sin 𝜁

𝜁

 

𝐹3
(𝑑=3)

(𝜁) = 𝑗0(𝜁)

𝐹2
(𝑑=3)

(𝜁) + 𝐹1
(𝑑=3)

(𝜁) = 𝑗0(𝜁) − 𝜁𝑗1(𝜁)
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𝕄𝐴2ℓ

(2ℓ)
|
𝑑=3

=
(4ℓ − 1)!!

(2ℓ)!
𝑠𝑎1

⋯ 𝑠𝑎2ℓ
|
𝑇𝐹

 

𝕁𝑖,𝐴2ℓ+1

(2ℓ+1)
|
𝑑=3

 =
(4ℓ)!!

(2ℓ + 1)!
𝜖𝑖𝑎1𝑘𝑠𝑘𝑠𝑎2

⋯ 𝑠𝑎2ℓ
|
𝑇𝐹

𝔾𝑖𝑗,𝐴2ℓ

(2ℓ)
|
𝑑=3

 = 0

 

𝐹0,1 = 1, 𝐹2,1 = −
15

32
, 𝐹4,1 =

63

1024

𝐹6,1 = −
243

65536
, 𝐹0,2 = 0, 𝐹2,2 = −

3

16

𝐹4,2 =
9

256
, 𝐹6,2 = −

81

32768
, 𝐹1,3 = 1

𝐹3,3 = −
9

32
, 𝐹5,3 =

27

1024
, 𝐹7,1 = −

81

65536

 

𝐹2ℓ+2,2 = −
2

3

(−1)ℓ

(ℓ)! (ℓ + 2)!
(
3

4
)

2ℓ+2

𝐹2ℓ+1,3 =
4

3

(−1)ℓ

(ℓ)! (ℓ + 1)!
(
3

4
)

2ℓ+1

𝐹2ℓ,1 = 𝐹2ℓ,2 + 𝐹2ℓ+1,3

 

𝐹2
(𝑑=4)

(𝜁) = −
2

3
𝐽2 (

3

2
𝜁)

𝐹3
(𝑑=4)

(𝜁) =
4

3𝜁
𝐽1 (

3

2
𝜁)

𝐹1
(𝑑=4)

(𝜁) = 𝐹2
(𝑑=4)

(𝜁) + 𝐹3
(𝑑=4)

(𝜁)

 

𝕄𝐴2ℓ+2

(2ℓ+2)
|
𝑑=4

=
(4 + 4ℓ)!!

(ℓ + 1)! 2
(
3

4
)

2ℓ+2

(−𝑆 ⋅ 𝑆)𝐴2ℓ+2
|
STF

 

𝕁𝑖,𝐴2ℓ+1

(2ℓ+1)
|
𝑑=4

 =
1

2

(2 + 4ℓ)!!

ℓ! (ℓ + 1)!
(
3

4
)

2ℓ

𝑆𝑖𝑎1
(−𝑆 ⋅ 𝑆)𝐴2ℓ

|
ASTF

𝔾𝑖𝑗,𝐴2ℓ+2

(2ℓ+2)
|
𝑑=4

 =
(4 + 4ℓ)!!

ℓ! (ℓ + 2)!
(
3

4
)

2ℓ+2

𝑆𝑖𝑎1
𝑆𝑗𝑎2

(−𝑆 ⋅ 𝑆)𝐴2ℓ
|
RSTF

 

𝒵𝑛
(𝑑)

(𝜁) =
1

2
2𝑑/2Γ(𝑑/2)

𝐽
𝑛+

𝑑−2
2

(
𝑑 − 1

2 𝜁)

(
𝑑 − 1

2 𝜁)

𝑑−2
2

 

𝐹2
(𝑑=4)

(𝜁) = −
1

2
𝜁𝒵1

(𝑑=4)
(𝜁), 𝐹3

(𝑑=4)
(𝜁) = 𝒵0

(𝑑=4)
(𝜁)  

𝐹2
(𝑑)

(𝜁) = −
1

2
𝜁𝒵1

(𝑑)
(𝜁), 𝐹3

(𝑑)
(𝜁) = 𝒵0

(𝑑)
(𝜁)

𝐹1
(𝑑)

(𝜁) = 𝐹2
(𝑑)

(𝜁) + 𝐹3
(𝑑)

(𝜁)

 



pág. 9081 

𝐹1
(𝑑=3)

(𝜁) + 𝐹2
(𝑑=3)

(𝜁)  = 2𝐹2
(𝑑=3)

(𝜁) + 𝐹3
(𝑑=3)

(𝜁)

 = 𝒵0
(𝑑=3)

(𝜁) − 𝜁𝒵1
(𝑑=3)

(𝜁)
 

𝐹2ℓ+2,2 = −
1

2
Γ(𝑑/2)

(−1)ℓ

ℓ! Γ (ℓ + 2 +
𝑑 − 2

2
)

(
𝑑 − 1

4
)

2ℓ+1

𝐹2ℓ+1,3 = Γ(𝑑/2)
(−1)ℓ

ℓ! Γ (ℓ + 1 +
𝑑 − 2

2 )
(
𝑑 − 1

4
)

2ℓ

𝐹2ℓ+2,1 = 𝐹2ℓ+2,2 + 𝐹2ℓ+1,3

 

𝕄𝐴2ℓ+2

(2ℓ+2)
 =

𝑑 − 1

4

(𝑑 + 4ℓ)!! (𝑑 + 2ℓ)

(𝑑 − 2)!! (ℓ + 1)! Γ (ℓ + 2 +
𝑑 − 2

2
)

(
𝑑 − 1

4
)

2ℓ+1+
𝑑−2

2
(−𝑆 ⋅ 𝑆)𝐴2ℓ+2

|

STF

,

𝕁𝑖,𝐴2ℓ+1

(2ℓ+1)
=

(𝑑 + 4ℓ − 2)!!

(𝑑 − 2)!! ℓ! Γ (ℓ + 1 +
𝑑 − 2

2 )
(
𝑑 − 1

4
)

2ℓ+
𝑑−2

2
𝑆𝑖𝑎1

(−𝑆 ⋅ 𝑆)𝐴2ℓ
|

ASTF

,  

𝔾𝑖𝑗,𝐴2ℓ+2

(2ℓ+2)
 =

𝑑 − 1

2

(𝑑 + 4ℓ)!!

(𝑑 − 2)!! ℓ! Γ (ℓ + 2 +
𝑑 − 2

2 )
(
𝑑 − 1

4
)

2ℓ+1+
𝑑−2

2
𝑆𝑖𝑎1

𝑆𝑗𝑎2
(−𝑆 ⋅ 𝑆)𝐴2ℓ

|

RSTF

.

 

𝑟2 = ∑  

𝑑
2

𝑘=1

  (𝑥𝑘
2 + 𝑦𝑘

2)  for  𝑑 =  even 

𝑟2 = ∑  

𝑑−1
2

𝑘=1

  (𝑥𝑘
2 + 𝑦𝑘

2) + 𝑧2  for  𝑑 =  odd 

 

𝜁𝜇 = 𝑖(𝑆 ⋅ 𝑞)𝜇  and  𝜁𝜇𝜁𝜇 = 𝜁2 = −𝑞 ⋅ 𝑆 ⋅ 𝑆 ⋅ 𝑞 = ∑  

𝑘

 𝑞⊥,𝑘
2 𝑎𝑘

2
 

𝑞⊥,𝑘
2 = 𝑞𝑦𝑘

2 + 𝑞𝑥𝑘
2  

𝑇𝜇𝜈(𝑞) = 𝑚𝑢𝜇𝑢𝜈𝐹1
(𝑑)

(𝜁) − 𝑚
𝐹2

(𝑑)
(𝜁)

𝜁2
𝜁𝜇𝜁𝜈 −

1

2
𝑚(𝑢𝜇𝜁𝜈 + 𝑢𝜈𝜁𝜇)𝐹3

(𝑑)
(𝜁)  

 

𝑇00(𝑞) = 𝑚 (𝒵0
(𝑑)

(𝜁) −
1

2
𝜁𝒵1

(𝑑)
(𝜁))

𝑇0𝑖(𝑞) =
1

2
𝑚𝜁𝑖𝒵0

(𝑑)
(𝜁)

𝑇𝑖𝑗(𝑞) =
1

2
𝑚𝜁𝑖𝜁𝑗

𝒵1
(𝑑)

(𝜁)

𝜁
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𝑇00(𝑞)|𝑑=3 = 𝑚 (𝒵0
(𝑑=3)

(𝜁) − 𝐹2
(𝑑=3)

(𝜁))

𝑇0𝑖(𝑞)|
𝑑=3

 =
1

2
𝑚𝜁𝑖𝒵0

(𝑑=3)
(𝜁)

𝑇𝑖𝑗(𝑞)|
𝑑=3

 = −𝑚𝜁𝑖𝜁𝑗
𝐹2

(𝑑=3)
(𝜁)

𝜁2

 

 

𝑇00(𝑥) = 𝑚 ∏  

𝑘

 ∫  
+∞

0

 
𝑑𝑞⊥,𝑘

2𝜋
𝑞⊥,𝑘𝐽0(𝑞⊥,𝑘𝜌𝑘) (𝐹2

(𝑑)
(𝜁) + 𝐹3

(𝑑)
(𝜁))

𝑇0𝑖(𝑥) = −
1

2
𝑚(𝑆 ⋅ 𝜕)𝑖 ∏  

𝑘

 ∫  
+∞

0

 
𝑑𝑞⊥,𝑘

2𝜋
𝑞⊥,𝑘𝐽0(𝑞⊥,𝑘𝜌𝑘)𝐹3

(𝑑)
(𝜁)

𝑇𝑖𝑗(𝑥) = 𝑚(𝑆 ⋅ 𝜕)𝑖(𝑆 ⋅ 𝜕)𝑗 ∏  

𝑘

 ∫  
+∞

0

 
𝑑𝑞⊥,𝑘

2𝜋
𝑞⊥,𝑘𝐽0(𝑞⊥,𝑘𝜌𝑘)

𝐹2
(𝑑)

(𝜁)

𝜁2

 

 

𝑇00(𝑥) = 𝑚𝛿(𝑧) ∫  
+∞

0

 
𝑑𝑞⊥

2𝜋
𝑞⊥𝐽0(𝑞⊥𝜌)cos (𝑞⊥𝑎)

𝑇0𝑖(𝑥) = −
1

2
𝑚(𝑆 ⋅ 𝜕)𝑖𝛿(𝑧) ∫  

+∞

0

 
𝑑𝑞⊥

2𝜋
𝑞⊥𝐽0(𝑞⊥𝜌)

sin (𝑞⊥𝑎)

𝑞⊥𝑎

𝑇𝑖𝑗(𝑥) = 0

 

∫  
+∞

0

 𝑑𝑧𝑧cos (𝑐1𝑧)𝐽0(𝑐2𝑧) = −
𝑐1

(𝑐1
2 − 𝑐2

2)3/2
Θ(𝑐1 − 𝑐2)  

𝑇00(𝑥) = −
𝑚

2𝜋
𝛿(𝑧)

𝑎

(𝑎2 − 𝜌2)3/2
Θ(𝑎 − 𝜌)  

𝑇̃00(𝑥) = −
𝑚

2𝜋
𝛿(𝑧)

𝑎

(𝑎2 − 𝜌2)3/2
Θ(𝑎(1 − 𝜖) − 𝜌) +

𝑚

√2𝜖
𝛿(𝑧)

𝛿(𝜌 − 𝑎)

2𝜋𝜌
 

lim
𝜖→0

 ∫  𝑑3𝑥𝑇̃00(𝑥) = 𝑚  

𝑇0𝑥(𝑥) =
𝑚

4𝜋𝜌
𝑦𝛿(𝑧) ∫  

+∞

0

 𝑑𝑞⊥𝑞⊥𝐽1(𝑞⊥𝜌)sin (𝑞⊥𝑎)

𝑇0𝑦(𝑥) = −
𝑚

4𝜋𝜌
𝑥𝛿(𝑧) ∫  

+∞

0

 𝑑𝑞⊥𝑞⊥𝐽1(𝑞⊥𝜌)sin (𝑞⊥𝑎)

 

∫  
+∞

0

 𝑑𝑧𝑧sin (𝑐1𝑧)𝐽1(𝑐2𝑧) = −
𝑐2

(𝑐1
2 − 𝑐2

2)3/2
Θ(𝑐1 − 𝑐2)  

𝑇0𝑥(𝑥)= −
𝑚

4𝜋
𝛿(𝑧)

𝑦

(𝑎2 − 𝜌2)3/2
Θ(𝑎 − 𝜌)  

𝑇0𝑦(𝑥) = +
𝑚

4𝜋
𝛿(𝑧)

𝑥

(𝑎2 − 𝜌2)3/2
Θ(𝑎 − 𝜌)
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𝑑𝐿  

𝑑𝜌
= ∫  𝑑𝑧(2𝜋𝜌)𝑝 × 𝑥  

𝑝𝑖 = 𝑇0𝑖(𝑥) 

𝑑𝐿𝑧 = −
𝑚

2
𝛿(𝑧)

𝜌3

(𝑎2 − 𝜌2)3/2
𝑑𝜌Θ(𝑎 − 𝜌)  

𝑑𝐿̃𝑧 = −
𝑚

2
𝛿(𝑧)

𝜌3

(𝑎2 − 𝜌2)3/2
𝑑𝜌Θ(𝑎(1 − 𝜖) − 𝜌) +

𝑚𝑎

2√2𝜖
𝛿(𝑧)

𝛿(𝜌 − 𝑎)

2𝜋𝜌
 

lim
𝜖→0

 ∫  𝑑𝐿̃𝑧 = 𝑚𝑎  

 

𝑇00(𝑥) = 𝑚 ∫  
+∞

0

 
𝑑𝑞⊥,1

2𝜋
𝑞⊥,1𝐽0(𝑞⊥,1𝜌1) ∫  

+∞

0

 
𝑑𝑞⊥,2

2𝜋
𝑞⊥,2𝐽0(𝑞⊥,2𝜌2) (

4

3

𝐽1 (
3
2 𝜁)

𝜁
−

2

3
𝐽2 (

3

2
𝜁))

𝑇0𝑖(𝑥) = −
1

2
𝑚(𝑆 ⋅ 𝜕)𝑖 ∫  

+∞

0

 
𝑑𝑞⊥,1

2𝜋
𝑞⊥,1𝐽0(𝑞⊥,1𝜌1) ∫  

+∞

0

 
𝑑𝑞⊥,2

2𝜋
𝑞⊥,2𝐽0(𝑞⊥,2𝜌2) (

4

3

𝐽1 (
3
2

𝜁)

𝜁
)

𝑇𝑖𝑗(𝑥) = 𝑚(𝑆 ⋅ 𝜕)𝑖(𝑆 ⋅ 𝜕)𝑗 ∫  
+∞

0

 
𝑑𝑞⊥,1

2𝜋
𝑞⊥,1𝐽0(𝑞⊥,1𝜌1) ∫  

+∞

0

 
𝑑𝑞⊥,2

2𝜋
𝑞⊥,2𝐽0(𝑞⊥,2𝜌2) (−

2

3

𝐽2 (
3
2

𝜁)

𝜁2
)

 

 

𝐽2 (
3

2
𝜁) =

4

3

𝐽1 (
3
2 𝜁)

𝜁
− 𝐽0 (

3

2
𝜁)  

𝑇00(𝑥) =
𝑚

(2𝜋)2
(
4

9
𝐴1(𝑥) +

2

3
𝐴0)  

𝐴1 = ∫  
+∞

0

 𝑑𝑞⊥,1𝑞⊥,1𝐽0(𝑞⊥,1𝜌1) ∫  
+∞

0

 𝑑𝑞⊥,2𝑞⊥,2𝐽0(𝑞⊥,2𝜌2)
𝐽1 (

3
2 𝜁)

𝜁

𝐴0 = ∫  
+∞

0

 𝑑𝑞⊥,1𝑞⊥,1𝐽0(𝑞⊥,1𝜌1) ∫  
+∞

0

 𝑑𝑞⊥,2𝑞⊥,2𝐽0(𝑞⊥,2𝜌2)𝐽0 (
3

2
𝜁)

 

 

∫  
+∞

0

 𝑑𝑡𝐽𝑐2
(𝛽𝑡)

𝐽𝑐1
(𝛼√𝑡2 + 𝑢2)

√(𝑡2 + 𝑢2)𝑐1

𝑡𝑐2+1 =
𝛽𝑐2

𝛼𝑐1
(

√𝛼2 − 𝛽2

𝑢
)

𝑐1−𝑐2−1

𝐽𝑐1−𝑐2−1 (𝑢√𝛼2 − 𝛽2) Θ(𝛼 − 𝛽)  

𝐴1 =
4

3
𝛿 (𝑎1

2𝜌2
2 + 𝑎2

2𝜌1
2 − (

3

2
𝑎1𝑎2)

2

) Θ (
3

2
𝑎1 − 𝜌1) Θ (

3

2
𝑎2 − 𝜌2)  
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𝛿 (𝜌2 −
𝑎2
𝑎1

√(
3
2

𝑎1)
2

− 𝜌1
2)

2𝑎1
2𝜌2

= 𝛿 (𝑎1
2𝜌2

2 + 𝑎2
2𝜌1

2 − (
3

2
𝑎1𝑎2)

2

)
 

∫  𝑑𝑥𝑥𝐽𝑝(𝑐1𝑥)𝐽𝑝(𝑐2𝑥) =
𝛿(𝑐1 − 𝑐2)

𝑐1

 

𝐴0 =
1

2
(
4

3

𝜋

𝑎2
𝛿(𝑦1)𝛿(𝑥1)𝛿 (

3

2
𝑎2 − 𝜌2) +

4

3

𝜋

𝑎1
𝛿(𝑦2)𝛿(𝑥2)𝛿 (

3

2
𝑎1 − 𝜌1))  

𝑎1
2𝜌2

2 + 𝑎2
2𝜌1

2 = (
3

2
𝑎1𝑎2)

2

 

∫  𝑑𝜌12𝜋𝜌1 ∫  𝑑𝜌22𝜋𝜌2𝑇00 = 𝑚  

𝑇0𝑖(𝑥) = −(𝑆 ⋅ 𝜕)𝑖
𝑚

(2𝜋)2

8

9
𝛿 (𝑎1

2𝜌2
2 + 𝑎2

2𝜌1
2 − (

3

2
𝑎1𝑎2)

2

) Θ (
3

2
𝑎1 − 𝜌1) Θ (

3

2
𝑎2 − 𝜌2)  

𝑇0𝑦1(𝑥)=
𝑥1

𝜌1

𝑚

(2𝜋)2

8

9

𝜋

𝑎1
𝛿(𝑦2)𝛿(𝑥2)𝛿 (

3

2
𝑎1 − 𝜌1)  

𝑇0𝑥1(𝑥) = −
𝑦1

𝜌1

𝑚

(2𝜋)2

8

9

𝜋

𝑎1
𝛿(𝑦2)𝛿(𝑥2)𝛿 (

3

2
𝑎1 − 𝜌1)

 

𝑙𝑖𝑗 = 𝑇0𝑖𝑥𝑗 − 𝑇0𝑗𝑥𝑖  

𝑙1=
𝜌1

𝑎1

𝑚

2𝜋

4

9
𝛿 (

3

2
𝑎1 − 𝜌1) 𝛿(𝑦2)𝛿(𝑥2)  

𝑙2 =
𝜌2

𝑎2

𝑚

2𝜋

4

9
𝛿 (

3

2
𝑎2 − 𝜌2) 𝛿(𝑦1)𝛿(𝑥1)

 

𝐿𝑘 = ∫  𝑑4𝑥𝑙𝑘 = 𝑎𝑘𝑚  

𝜕𝑥𝑘
2 + 𝜕𝑦𝑘

2 =
1

𝜌𝑘
𝜕𝜌𝑘

𝜌𝑘𝜕𝜌𝑘
 

𝑃1 = −𝑎1
2

2

3

𝑚

(2𝜋)2

1

𝜌1
𝜕𝜌1

𝜌1𝜕𝜌1
∫  

+∞

0

 𝑑𝑞2𝑞2𝐽0(𝜌2𝑞2) ∫  
+∞

0

 𝑑𝑞1𝑞1𝐽0(𝜌1𝑞1)
𝐽2(𝜁2)

𝜁2
 

𝑃1 =
𝑚

(2𝜋)2
(

1

𝑎1

8

9
𝜋𝛿(𝑦2)𝛿(𝑥2)𝛿 (

3

2
𝑎1 − 𝜌1)

−
32

27
𝛿 (𝑎1

2𝜌2
2 + 𝑎2

2𝜌1
2 − (

3

2
𝑎1𝑎2)

2

) Θ (
3

2
𝑎1 − 𝜌1) Θ (

3

2
𝑎2 − 𝜌2))

 

∫  𝑑4𝑥𝑃𝑘 = 0  

𝛿𝑖𝑗𝑇
𝑖𝑗(𝑥) = 𝑃1(𝑥) + 𝑃2(𝑥) 
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∫  𝑑4𝑥𝜂𝜇𝜈𝑇𝜇𝜈(𝑥) = 𝑚  

𝑇00|𝑑=even∝
𝑚

(2𝜋)
𝑑
2

1

∏  𝑘  𝑎𝑘
2 𝛿 (

𝜌𝑘
2

𝑎𝑘
2 − (

𝑑 − 1

2
)

2

)∏  

𝑘

 Θ (
𝑑 − 1

2
𝑎𝑘 − 𝜌𝑘) + ⋯  

𝑇00|𝑑=odd ∝
𝑚

(2𝜋)
𝑑−1

2

1

∏  𝑘  𝑎𝑘
2 𝛿(𝑧)𝛿 (

𝜌𝑘
2

𝑎𝑘
2 − (

𝑑 − 1

2
)

2

)∏  

𝑘

 Θ (
𝑑 − 1

2
𝑎𝑘 − 𝜌𝑘) + ⋯

 

𝐹𝑛(𝑎𝑞⊥) → 𝐹𝑛(𝑎𝑞⊥)𝐾𝑛(𝑞2)  

𝐾𝑛(𝑞2) = 1 + ∑  

+∞

𝑖=1

 𝑎𝑖
(𝑛)

𝑞2𝑖  

𝑇00(𝑞)= 𝑚𝐹1(𝑎𝑞⊥)𝐾1(𝑞2)  

𝑇𝑖𝑗(𝑞) = 𝑚(𝑠 × 𝑞)𝑖(𝑠 × 𝑞)𝑗𝐹2(𝑎𝑞⊥)𝐾2(𝑞2)

𝑇0𝑖(𝑞) = −
𝑖

2
𝑚(𝑠 × 𝑞)𝑖𝐹3(𝑎𝑞⊥)𝐾3(𝑞2)

 

𝐾1(𝑞2) = ∫  𝑑3𝑥′𝑒𝑖𝑞⋅𝑥′
𝐾1(𝑟2)  

𝑇00(𝜌, 𝑧) = ∫  
𝑑3𝑞

(2𝜋)3
𝑒−𝑖𝑞⋅𝑥𝐹1(𝑎𝑞⊥) ∫  𝑑3𝑥′𝑒𝑖𝑞⋅𝑥′

𝐾1(𝜌′2 + 𝑧′2)  

𝑇00(𝜌, 𝑧) = ∫  
+∞

0

 𝑑𝑞⊥𝑞⊥ ∫  
+∞

0

 𝑑𝜌′𝜌′𝐽0(𝑞⊥𝜌)𝐽0(𝑞⊥𝜌′)𝐹1(𝑎𝑞⊥)𝐾1(𝜌′2 + 𝑧2)  

𝑇00(𝜌, 𝑧) = ∑  

+∞

ℓ=0

 𝐹2ℓ,1𝑎2ℓ ∫  
+∞

0

 𝑑𝑞⊥𝑞⊥
2ℓ+1 ∫  

+∞

0

 𝑑𝜌′𝜌′𝐽0(𝑞⊥𝜌)𝐽0(𝑞⊥𝜌′)𝐾1(𝜌′2 + 𝑧2)  

1

𝜌
𝜕𝜌 (𝜌𝜕𝜌𝐽0(𝑞⊥𝜌)) = ∇𝜌

2𝐽0(𝑞⊥𝜌) = −𝑞⊥
2𝐽0(𝑞⊥𝜌)  

∇2= ∇𝜌
2 +

1

𝜌2

𝜕2

𝜕𝜙2
+

𝜕2

𝜕𝑧2
 

𝑇00(𝜌, 𝑧) = ∑  

+∞

ℓ=0

  (−1)ℓ𝐹2ℓ,1𝑎2ℓ(∇𝜌
2)

ℓ
∫  

+∞

0

 𝑑𝑞⊥𝑞⊥ ∫  
+∞

0

 𝑑𝜌′𝜌′𝐽0(𝑞⊥𝜌)𝐽0(𝑞⊥𝜌′)𝐾1(𝜌′2 + 𝑧2)  

𝑇00(𝜌, 𝑧) = ∑  

+∞

ℓ=0

  (−1)ℓ𝐹2ℓ,1𝑎2ℓ(∇𝜌
2)

ℓ
𝐾1(𝜌2 + 𝑧2)  
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𝑇00(𝜌, 𝑧)= 𝑚 ∑  

+∞

ℓ=0

  (−1)ℓ𝐹2ℓ,1𝑎2ℓ(∇𝜌
2)

ℓ
𝐾1(𝜌2 + 𝑧2)  

𝑇𝑖𝑗(𝜌, 𝑧) = −𝑚(𝑠 × 𝜕)𝑖(𝑠 × 𝜕)𝑗 ∑  

+∞

ℓ=0

  (−1)ℓ𝐹2ℓ+2,2𝑎2ℓ(∇𝜌
2)

ℓ
𝐾2(𝜌2 + 𝑧2)

𝑇0𝑖(𝜌, 𝑧) =
1

2
𝑚(𝑠 × 𝜕)𝑖 ∑  

+∞

ℓ=0

  (−1)ℓ𝐹2ℓ+1,3𝑎2ℓ(∇𝜌
2)

ℓ
𝐾3(𝜌2 + 𝑧2)

 

𝑇𝜇𝜈(𝑟) = 𝑢𝜇𝑢𝜈𝜖(𝑟), with 𝜖(𝑟) = 𝑚𝐾1(𝑟2) 

𝐾𝑛(𝑞2) = 𝑒−𝑞2𝑅𝑛
2

 

𝜖(𝑟) = 𝑚 ∫  
𝑑3𝑞

(2𝜋)3
𝑒−𝑖𝑞⋅𝑥𝐾1(𝑞2) =

𝑚

8𝜋3/2𝑅1
3 𝑒

−
𝑟2

4𝑅1
2  

(∇𝜌
2)

ℓ
𝜖(𝑟) = (

𝑚𝑒
−

𝑧2

4𝑅1
2

8𝜋3/2𝑅1
3)

(−1)ℓℓ!

𝑅1
2ℓ

 1𝐹1 (ℓ + 1,1, −
𝜌2

4𝑅1
2) ,  

𝜖(𝑟) = (
𝑚

8𝜋3/2𝑅1
3 𝑒

−
𝑧2

4𝑅1
2
)  1𝐹1 (1,1, −

𝜌2

4𝑅1
2)  

𝑓 (−
𝜌2

4𝑅1
2) 

∇𝜌
2𝑓(𝜒) = −

𝜒𝑓′′ + 𝑓′

𝑅1
2  

𝜒 = −
𝜌2

4𝑅1
2. If 𝑓(𝜒) =  1𝐹1(𝑎, 𝑏, 𝜒) 

𝜒𝑓′′ + (𝑏 − 𝜒)𝑓′ = 𝑎𝑓  

−
𝜒𝑓′′ + 𝑓′

𝑅1
2 = −

𝜒𝑓′ + 𝑓

𝑅1
2 ,  

𝜒
𝜕

𝜕𝜒
( 1𝐹1(𝑎, 𝑏, 𝜒)) + 𝑎( 1𝐹1(𝑎, 𝑏, 𝜒)) = 𝑎( 1𝐹1(𝑎 + 1, 𝑏, 𝜒)),  

∇𝜌
2𝜖(𝑟) = − (

𝑚

8𝜋3/2𝑅1
3 𝑒

−
𝑧2

4𝑅1
2
)

1

𝑅1
2 1𝐹1 (2,1, −

𝜌2

4𝑅1
2) .  
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𝑇00(𝜌, 𝑧)= (
𝑚

8𝜋3/2𝑅1
3 𝑒

−
𝑧2

4𝑅1
2
) ∑  

+∞

ℓ=0

 ℓ! 𝐹2ℓ,1 (
𝑎2

𝑅1
2)

ℓ

 1𝐹1 (ℓ + 1,1, −
𝜌2

4𝑅1
2)  

𝑇𝑖𝑗(𝜌, 𝑧)= − (
𝑚

8𝜋3/2𝑅2
3 𝑒

−
𝑧2

4𝑅2
2
) (𝑠 × 𝜕)𝑖(𝑠 × 𝜕)𝑗 ∑  

+∞

ℓ=0

 ℓ! 𝐹2ℓ+2,2 (
𝑎2

𝑅2
2)

ℓ

 1𝐹1 (ℓ + 1,1, −
𝜌2

4𝑅2
2) 

𝑇0𝑖(𝜌, 𝑧) =
1

2
(

𝑚

8𝜋3/2𝑅3
3 𝑒

−
𝑧2

4𝑅3
2
) (𝑠 × 𝜕)𝑖 ∑  

+∞

ℓ=0

 ℓ! 𝐹2ℓ+1,3 (
𝑎2

𝑅3
2)

ℓ

 1𝐹1 (ℓ + 1,1, −
𝜌2

4𝑅3
2) .

 

𝐹1(𝑎𝑞⊥) + (𝑎𝑞⊥)2𝐹2(𝑎𝑞⊥) = cos (𝑎𝑞⊥)

𝐹3(𝑎𝑞⊥) =
sin (𝑎𝑞⊥)

𝑎𝑞⊥

 

ℳ(𝜌, 𝑧; 𝑅)= (
𝑚

8𝜋3/2𝑅3
𝑒

−
𝑧2

4𝑅2) ∑  

+∞

ℓ=0

  (−1)ℓ
ℓ!

(2ℓ)!
(

𝑎2

𝑅2)

ℓ

 1𝐹1 (ℓ + 1,1, −
𝜌2

4𝑅2)  

𝒥(𝜌, 𝑧; 𝑅) = (
𝑚

8𝜋3/2𝑅3
𝑒

−
𝑧2

4𝑅2)∑  

+∞

ℓ=0

  (−1)ℓ
ℓ!

(2ℓ + 1)!
(

𝑎2

𝑅2)

ℓ

 1𝐹1 (ℓ + 1,1, −
𝜌2

4𝑅2)

 

𝑇00(𝜌, 𝑧)= ℳ(𝜌, 𝑧; 𝑅1)  

𝑇0𝑖(𝜌, 𝑧) =
1

2
(𝑠 × 𝜕)𝑖𝒥(𝜌, 𝑧; 𝑅3)

𝑇𝑖𝑗(𝜌, 𝑧) = 0

 

𝐹1(𝑎𝑞⊥) =
1

2
(cos (𝑎𝑞⊥) +

sin (𝑎𝑞⊥)

𝑎𝑞⊥
)

𝐹2(𝑎𝑞⊥) =
1

2
(cos (𝑎𝑞⊥) −

sin (𝑎𝑞⊥)

𝑎𝑞⊥
)

𝐹3(𝑎𝑞⊥) =
sin (𝑎𝑞⊥)

𝑎𝑞⊥

 

𝑥 = 𝜌cos 𝜙, 𝑦 = 𝜌sin 𝜙  

𝑇𝜇𝜈 =

(

  
 

ℳ(𝑅1) 0
𝑎

2𝜌
𝜕𝜌𝒥(𝑅3) 0

0 0 0 0
𝑎

2𝜌
𝜕𝜌𝒥(𝑅3) 0 0 0

0 0 0 0)

  
 

.  

𝑇𝜇𝜈 = 𝜖𝑢𝜇𝑢𝜈 + 𝑝𝜌𝑙𝜌
𝜇
𝑙𝜌
𝜈 + 𝑝𝜙𝑙𝜙

𝜇
𝑙𝜙
𝜈

 

𝛾 = (1 − 𝜌2Ω2)−1/2 

Ω = Ω(𝜌, 𝑧) 

𝑙𝜌
𝜇

= (0,1,0,0), 𝑙𝜙
𝜇

= 𝛾(𝜌Ω, 0,1/𝜌, 0) 

𝑈𝜇 = 𝛼1𝑢𝜇 + 𝛼2𝑙𝜌
𝜇

+ 𝛼3𝑙𝜙
𝜇
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𝜖 ≥ 0, 𝜉𝜌 = 𝜖 + 𝑝𝜌 ≥ 0, 𝜉𝜙 = 𝜖 + 𝑝𝜙 ≥ 0  

𝑐𝑘
2 = 𝜕𝑝𝑘/𝜕𝜖 for 𝑘 = 𝜌, 𝜙, 

𝜖 =
ℳ(𝑅1) + √ℳ(𝑅1)2 − (𝑎𝜕𝜌𝒥(𝑅3))

2

2
,

Ω =
ℳ(𝑅1) − √ℳ(𝑅1)2 − (𝑎𝜕𝜌𝒥(𝑅3))

2

𝑎𝜌𝜕𝜌𝒥(𝑅3)

𝑝𝜙 =
−ℳ(𝑅1) + √ℳ(𝑅1)2 − (𝑎𝜕𝜌𝒥(𝑅3))

2

2
,

𝑝𝜌 = 0,

 

ℳ(𝑅1)2 ≥ (𝑎𝜕𝜌𝒥(𝑅3))
2

 

𝑇 = 𝜂𝜇𝜈𝑇𝜇𝜈 = −𝑇00.  

ℎ00= 8𝜋𝐺𝑁 ∫  
𝑑3𝑞

(2𝜋)3
𝑒−𝑖𝑞⋅𝑥

1

𝑞2
𝑇00(𝑞)  

ℎ0𝜙 = 8𝜋𝐺𝑁 ∫  
𝑑3𝑞

(2𝜋)3
𝑒−𝑖𝑞⋅𝑥

1

𝑞2
𝑇0𝜙(𝑞)

ℎ𝑖𝑗 = 𝜂𝑖𝑗ℎ00

 

ℎ00 = 8𝜋𝐺𝑚 ∫  
𝑑3𝑞

(2𝜋)3
𝑒−𝑖𝑞⋅𝑥𝑒−𝑞2𝑅2

cos (𝑎𝑞⊥).  

ℎ00 = 8𝜋𝐺𝑚 ∫  
+∞

−∞

 
𝑑𝑞𝑧

2𝜋
𝑒−𝑖𝑞𝑧𝑧 ∫  

+∞

0

 
𝑑𝑞⊥𝑞⊥

2𝜋
𝐽0(𝑞⊥𝜌)

𝑒−𝑞𝑧
2𝑅2

𝑞𝑧
2 + 𝑞⊥

2 𝑒−𝑞⊥
2 𝑅2

cos (𝑎𝑞⊥).  

ℎ00 = 𝐺𝑚 ∫  𝑑𝑞⊥𝐽0(𝑞⊥𝜌)cos (𝑎𝑞⊥) [𝑒−𝑞⊥𝑧Erfc (𝑞⊥𝑅 −
𝑧

2𝑅
) + 𝑒𝑞⊥𝑧Erfc (𝑞⊥𝑅 +

𝑧

2𝑅
)]  

Erfc(𝑥) = 1 −
2

𝜋
∫  

𝑥

0

 𝑑𝑡𝑒−𝑡2
.  

ℎ00
𝐾𝑒𝑟𝑟 = 2𝐺𝑚 ∫  𝑑𝑞⊥𝐽0(𝑞⊥𝜌)cos (𝑎𝑞⊥)𝑒−𝑞⊥|𝑧|  

ℎ00
𝐾𝑒𝑟𝑟 = 2𝐺𝑚

√𝑙+
2 − 𝑎2

𝑙+
2 − 𝑙−

2
,  

𝑙+ =
√(𝑎 + 𝜌)2 + 𝑧2 + √(𝑎 − 𝜌)2 + 𝑧2

2

𝑙− =
√(𝑎 + 𝜌)2 + 𝑧2 − √(𝑎 − 𝜌)2 + 𝑧2

2
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ℎ0𝜙 = −4𝜋𝐺𝑚𝑎𝜌𝜕𝜌 ∫  
𝑑𝑞𝑧

2𝜋
𝑒−𝑖𝑞𝑧𝑧 ∫  

𝑑𝑞⊥𝑞⊥

2𝜋
𝐽0(𝑞⊥𝜌)

𝑒−𝑞𝑧
2𝑅2

𝑞𝑧
2 + 𝑞⊥

2 𝑒−𝑞⊥
2 𝑅2 sin (𝑎𝑞⊥)

𝑎𝑞⊥

 

ℎ0𝜙 =
𝐺𝑚𝜌

2
∫  𝑑𝑞⊥𝐽1(𝑞⊥𝜌)sin (𝑎𝑞⊥) [𝑒−𝑞⊥𝑧Erfc (𝑞⊥𝑅 −

𝑧

2𝑅
) + 𝑒𝑞⊥𝑧Erfc (𝑞⊥𝑅 +

𝑧

2𝑅
)]  

ℎ0𝜙
𝐾𝑒𝑟𝑟 = 𝐺𝑚𝜌 ∫  𝑑𝑞⊥𝐽1(𝑞⊥𝜌)sin (𝑎𝑞⊥)𝑒−𝑞⊥|𝑧|  

ℎ0𝜙
𝐾𝑒𝑟𝑟 =

𝐺𝑚𝜌2𝑎

𝑙+
2

√𝑙+
2 − 𝑎2

𝑙+
2 − 𝑙−

2
,  

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + Φ𝐾𝜇𝐾𝜈  

𝑔𝜇𝜈𝐾𝜇𝐾𝜈 = 𝜂𝜇𝜈𝐾𝜇𝐾𝜈 = 0  

𝑔𝜇𝜈 = 𝜂𝜇𝜈 − Φ𝐾𝜇𝐾𝜈  

det(𝑔𝜇𝜈) = det(𝜂𝜇𝜈) = −1 

Φ = 𝐺𝑁

2𝑚𝑟 − 𝑄2

𝑟2 + 𝑎2cos2 𝜗
,  

𝑥 ± 𝑖𝑦 = √𝑟2 + 𝑎2sin 𝜗𝑒±𝑖𝜑  and  𝑧 = 𝑟cos 𝜗  

𝑥2 + 𝑦2

𝑟2 + 𝑎2
+

𝑧2

𝑟2
= 1  

𝐾𝜇 = (1,
𝑟𝑥 + 𝑎𝑦

𝑟2 + 𝑎2
,
𝑟𝑦 − 𝑎𝑥

𝑟2 + 𝑎2
,
𝑧

𝑟
)  

𝐴𝜇 = 𝜙𝐾𝜇  

𝜙 =
𝑄𝑟

𝑟2 + 𝑎2cos2 𝜗
.  

ℎ̃𝜇𝜈
KN(𝑞) = ∫  𝑑3𝑥𝑒𝑖𝑞⋅𝑥Φ(𝑥)𝐾𝜇(𝑥)𝐾𝜈(𝑥)  

𝑑3𝑥 = 𝑑𝑥𝑑𝑦𝑑𝑧 = (𝑟2 + 𝑎2cos2 𝜗)sin 𝜗𝑑𝑟𝑑𝜗𝑑𝜑  

ℎ̃𝜇𝜈
KN(𝑞) = 𝐺𝑁 ∫  𝑑𝑟(2𝑚𝑟 − 𝑄2)sin 𝜗𝑑𝜗𝑑𝜑𝑒𝑖𝑞⋅𝑥𝐾𝜇(𝑟, 𝜗)𝐾𝜈(𝑟, 𝜗)  

ℎ̃𝜇𝜈
KN(𝑞) = 𝐺𝑁 ∫  𝑑𝑟(2𝑚𝑟 − 𝑄2)sin 𝜗𝑑𝜗𝑑𝜑𝐾̃𝜇(𝑟, 𝑥 = 𝑖𝜕𝑞  )𝐾̃𝜈(𝑟, 𝑥 = 𝑖𝜕𝑞  )𝑒𝑖𝑞⋅𝑥  

𝐾̃𝜇(𝑟, 𝑥 = 𝑖𝜕𝑞  ) = (1, 𝑖
𝑟𝜕𝑞𝑥

+ 𝑎𝜕𝑞𝑦

𝑟2 + 𝑎2
, 𝑖

𝑟𝜕𝑞𝑦
− 𝑎𝜕𝑞𝑥

𝑟2 + 𝑎2
, 𝑖

𝜕𝑞𝑧

𝑟
) .  

𝑞 ⋅ 𝑥 = (𝑞𝑥cos 𝜑 + 𝑞𝑦sin 𝜑)sin 𝜗√𝑟2 + 𝑎2 + 𝑞𝑧𝑟cos 𝜗.  
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(𝑞𝑥cos 𝜑 + 𝑞𝑦sin 𝜑)sin 𝜗√𝑟2 + 𝑎2 + 𝑞𝑧𝑟cos 𝜗 = 𝔲  ⋅ 𝑛   

𝑛  = (sin 𝜗cos 𝜑, sin 𝜗sin 𝜑, cos 𝜗)  

𝔲  = (𝑞𝑥√𝑟2 + 𝑎2, 𝑞𝑦√𝑟2 + 𝑎2, 𝑞𝑧𝑟)  

𝔲 = |𝔲  | = √𝑟2𝑞2 + 𝑎2𝑞⊥
2  

∫  𝑑Ω𝑒𝑖𝔲  ⋅𝑛  = 4𝜋
sin 𝔲

𝔲
= 4𝜋𝑗0(𝔲)  

ℎ̃𝜇𝜈
KN(𝑞) = 4𝜋𝐺𝑁 ∫  

∞

0

 𝑑𝑟(2𝑚𝑟 − 𝑄2)𝐾̃𝜇(𝑟, 𝑥 = 𝑖𝜕𝑞  )𝐾̃𝜈(𝑟, 𝑥 = 𝑖𝜕𝑞  )𝑗0(𝔲)  

𝑞2𝑟2 = 𝔲2 − 𝑎2𝑞⊥
2 , 𝑞2(𝑟2 + 𝑎2) = 𝔲2 + 𝑎2𝑞𝑧

2, 𝑟𝑑𝑟 =
𝔲𝑑𝔲

𝑞2
 

𝐾̃𝜇𝐹(𝔲) = (1, 𝑖(𝑟(𝔲)𝑞𝑥 + 𝑎𝑞𝑦), 𝑖(𝑟(𝔲)𝑞𝑦 − 𝑎𝑞𝑥), 𝑖𝑟(𝔲)𝑞𝑧)
1

𝔲

𝑑𝐹(𝔲)

𝑑𝔲
.  

𝐶𝑛 = ∫  
+∞

𝑞⊥𝑎

 𝑑𝔲
𝔲1−𝑛𝑗𝑛(𝔲)

√𝔲2 − 𝑞⊥
2𝑎2

=
𝜋

2

𝐽𝑛(𝑞⊥𝑎)

(𝑞⊥𝑎)𝑛
, 𝑛 = 0,1,2  

lim
𝑄→0

 ℎ̃𝜇𝜈
𝐾𝑁(𝑞) = 8𝜋𝐺𝑁ℎ̃𝜇𝜈(𝑞)  

ℎ̃𝜇𝜈(𝑞) = ∫  
∞

𝑞⊥𝑎

 
𝔲𝑑𝔲

𝑞2
𝐾̃𝜇𝐾̃𝜈𝑗0(𝔲)  

ℎ̃00(𝑞) =
1

𝑞2
cos |𝑎 × 𝑞 |

ℎ̃0𝑖(𝑞) =−𝑖
𝑞𝑖

𝑞3

𝜋

2
𝐽0(|𝑎 × 𝑞 |) + 𝑖

(𝑎 × 𝑞 )𝑖

𝑞2
𝑗0(|𝑎 × 𝑞 |)  

ℎ̃𝑖𝑗(𝑞) = −
1

𝑞2

𝑗1(|𝑎 × 𝑞 |)

|𝑎 × 𝑞 |
(𝑎 × 𝑞 )𝑖(𝑎 × 𝑞 )𝑗 +

𝑗0(|𝑎 × 𝑞 |)

𝑞2
(𝛿𝑖𝑗 − 2

𝑞𝑖𝑞𝑗

𝑞2
)

 +
1

𝑞3

𝜋

2

𝐽1(|𝑎 × 𝑞 |)

|𝑎 × 𝑞 |
(𝑞𝑖(𝑎 × 𝑞 )𝑗 + 𝑞𝑗(𝑎 × 𝑞 )𝑖)

 

(−𝑎𝑞𝑦, 𝑎𝑞𝑥, 0) = 𝑎 × 𝑞   and  𝑞⊥𝑎 = |𝑎 × 𝑞 |  

Δℎ̃𝜇𝜈(𝑞) = ∫  
∞

𝑞⊥𝑎

 
𝔲𝑑𝔲

𝑞2

1

𝑟
𝐾̃𝜇𝐾̃𝜈𝑗0(𝔲)  
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Δℎ̃00(𝑞) =
1

𝑞

𝜋

2
𝐽0(|𝑎 × 𝑞 |)

Δℎ̃0𝑖(𝑞) =−𝑖
𝑞𝑖

𝑞2
𝑗0(|𝑎 × 𝑞 |) + 𝑖

(𝑎 × 𝑞 )𝑖

𝑞

𝜋

2

𝐽1(|𝑎 × 𝑞 |)

|𝑎 × 𝑞 |
 

Δℎ̃𝑖𝑗(𝑞) =−
1

𝑞

𝜋

2

𝐽2(|𝑎 × 𝑞 |)

|𝑎 × 𝑞 |2
(𝑎 × 𝑞 )𝑖(𝑎 × 𝑞 )𝑗 +

1

𝑞

𝜋

2

𝐽1(|𝑎 × 𝑞 |)

|𝑎 × 𝑞 |
(𝛿𝑖𝑗 −

𝑞𝑖𝑞𝑗

𝑞2
) 

 +
1

𝑞2

𝑗1(|𝑎 × 𝑞 |)

|𝑎 × 𝑞 |
(𝑞𝑖(𝑎 × 𝑞 )𝑗 + 𝑞𝑗(𝑎 × 𝑞 )𝑖)

 

𝐽0(𝑥) + 𝐽2(𝑥) − 2
𝐽1(𝑥)

𝑥
= 0  

ℎ̃𝜇𝜈
𝐾𝑁(𝑞 ) = 8𝜋𝐺𝑁𝑚ℎ̃𝜇𝜈(𝑞) − 4𝜋𝐺𝑁𝑄2Δℎ̃𝜇𝜈(𝑞)  

𝐴̃𝜇(𝑞) = ∫  𝑑3𝑥𝑒𝑖𝑞⋅𝑥𝐴𝜇(𝑥)  

𝐴̃𝜇(𝑞) = 4𝜋𝑄 ∫  
∞

𝑞⊥𝑎

 
𝔲𝑑𝔲

𝑞2
𝐾̃𝜇𝑗0(𝔲)  

𝐴̃0(𝑞) =
4𝜋𝑄

𝑞2
cos (|𝑎 × 𝑞 |)

𝐴̃𝑖(𝑞) = −𝑖
4𝜋𝑄

𝑞2
(
𝑞𝑖

𝑞

𝜋

2
𝐽0(|𝑎 × 𝑞 |) − 𝑗0(|𝑎 × 𝑞 |)(𝑎 × 𝑞 )𝑖) .

 

𝑑𝑠2 = −𝑑𝑡2 +
𝜇𝑟

Π𝐹
(𝑑𝑡 + ∑  

𝑛

𝑖=1

  𝔞𝑖𝜇𝑖
2𝑑𝜙𝑖)

2

+
Π𝐹

Π − 𝜇𝑟
𝑑𝑟2 + ∑  

𝑛

𝑖=1

  (𝑟2 + 𝔞𝑖
2)(𝑑𝜇𝑖

2 + 𝜇𝑖
2𝑑𝜙𝑖

2) + 𝑟2𝑑𝜇0
2  

𝐹 = 1 − ∑  

𝑛

𝑖=1

 
𝔞𝑖

2𝜇𝑖
2

𝑟2 + 𝔞𝑖
2 , Π = ∏  

𝑛

𝑖=1

  (𝑟2 + 𝔞𝑖
2)  

𝑆MP =
𝑑 − 1

2
𝑆phys  

𝑆MP =

(

 
 

0 𝔞1 0 0 ⋯
−𝔞1 0 0 0 ⋯
0 0 0 𝔞2 ⋯
0 0 −𝔞2 0 ⋯
⋮ ⋮ ⋮ ⋮ ⋱)

 
 

 

𝜇 =
𝜅2𝑚

2

1

(𝑑 − 1)Ω𝑑−1

 

𝑥𝑖 = √𝑟2 + 𝔞𝑖
2𝜇𝑖cos 𝜙𝑖, 𝑦𝑖 = √𝑟2 + 𝔞𝑖

2𝜇𝑖sin 𝜙𝑖, 𝑧 = 𝑟𝜇0  

∑  

𝑛

𝑖=1

 
𝑥𝑖

2 + 𝑦𝑖
2

𝑟2 + 𝔞𝑖
2 +

𝑧2

𝑟2
= 1  
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𝑑𝑠2 = −𝑑𝑡2 +
𝜇𝑟2

Π𝐹
(𝑑𝑡 + ∑  

𝑛

𝑖=1

  𝔞𝑖𝜇𝑖
2𝑑𝜙𝑖)

2

+
Π𝐹

Π − 𝜇𝑟2
𝑑𝑟2 + ∑  

𝑛

𝑖=1

  (𝑟2 + 𝔞𝑖
2)(𝑑𝜇𝑖

2 + 𝜇𝑖
2𝑑𝜙𝑖

2)  

𝑥𝑖 = √𝑟2 + 𝔞𝑖
2𝜇𝑖cos 𝜙𝑖, 𝑦𝑖 = √𝑟2 + 𝔞𝑖

2𝜇𝑖sin 𝜙𝑖, 𝑧 = 𝑟𝜇0  

∑  

𝑛

𝑖=1

 
𝑥𝑖

2 + 𝑦𝑖
2

𝑟2 + 𝔞𝑖
2 = 1  

Φ(𝑟) =
𝜅2𝑚

2

1

(𝑑 − 1)Ω𝑑−1

𝑟

Π𝐹
,  

𝐾𝜇 = (1,
𝑟𝑥1 + 𝔞1𝑦1

𝑟2 + 𝔞1
2 ,

𝑟𝑦1 − 𝔞1𝑥1

𝑟2 + 𝔞1
2 , … ,

𝑧

𝑟
)  

Φ(𝑟) =
𝜅2𝑚

2

1

(𝑑 − 1)Ω𝑑−1

𝑟2

Π𝐹
,  

𝐾𝜇 = (1,
𝑟𝑥1 + 𝔞1𝑦1

𝑟2 + 𝔞1
2 ,

𝑟𝑦1 − 𝔞1𝑥1

𝑟2 + 𝔞1
2 , … )  

𝐴𝜇 = ℎ𝜇0 = Φ𝐾𝜇  

◻ Φ = 0.  

 Φ → 𝐴𝜇 = Φ𝐾𝜇 → ℎ𝜇𝜈 = Φ𝐾𝜇𝐾𝜈
 

𝜒 = (
𝑥1

𝑟2 + 𝔞1
2 ,

𝑦1

𝑟2 + 𝔞1
2 , … )  

𝜒2𝑖−1 =
𝑥𝑖

𝑟2 + 𝔞𝑖
2 , 𝜒2𝑖 =

𝑦𝑖

𝑟2 + 𝔞𝑖
2  

𝜒𝜇 = (0,
𝑥1

𝑟2 + 𝔞1
2 ,

𝑦1

𝑟2 + 𝔞1
2 , … )  

𝐾𝜇 = 𝑢𝜇 + 𝑟𝜒𝜇 + (𝑆MP ⋅ 𝜒)𝜇  

𝑔𝜇𝜈 =𝜂𝜇𝜈 + Φ(𝑟){𝑢𝜇𝑢𝜈 + [𝑢𝜇(𝑆MP ⋅ 𝜒)𝜈 + 𝑢𝜈(𝑆MP ⋅ 𝜒)𝜇] + (𝑆MP ⋅ 𝜒)𝜇(𝑆MP ⋅ 𝜒)𝜈

+𝑟[𝜒𝜇(𝑆MP ⋅ 𝜒)𝜈 + 𝜒𝜈(𝑆MP ⋅ 𝜒)𝜇] + 𝑟(𝑢𝜇𝜒𝜈 + 𝑢𝜈𝜒𝜇) + 𝑟2𝜒𝜇𝜒𝜈}
 

ℎ̃𝜇𝜈 = ∫  𝑑𝑑𝑥𝑒𝑖𝑞⋅𝑥ℎ𝜇𝜈  

𝑞 ⋅ 𝑥 = 𝔲  ⋅ 𝑛  = 𝔲cos 𝜃  

𝔲  = (𝑞𝑥1
√𝑟2 + 𝔞1

2, 𝑞𝑦1
√𝑟2 + 𝔞1

2, … )  



pág. 9093 

𝔲  = (𝑞𝑥1
√𝑟2 + 𝔞1

2, 𝑞𝑦1
√𝑟2 + 𝔞1

2, … , 𝑞𝑧𝑟)  

|𝔲  |2 = 𝔲2 = ∑  

𝑛

𝑖=1

  (𝑞𝑥𝑖
2 + 𝑞𝑦𝑖

2 )𝔞𝑖
2 + 𝑞2𝑟2  

𝑞2 = ∑  

𝑛

𝑖=1

  (𝑞𝑥𝑖
2 + 𝑞𝑦𝑖

2 )  for 𝑑 even 

𝑞2 = ∑  

𝑛

𝑖=1

  (𝑞𝑥𝑖
2 + 𝑞𝑦𝑖

2 ) + 𝑞𝑧
2  for 𝑑 odd 

 

𝜉𝜇 = 𝑖(𝑆MP ⋅ 𝑞)𝜇  

𝜉𝜇𝜉𝜇 = 𝜉2 = −𝑞 ⋅ 𝑆MP ⋅ 𝑆MP ⋅ 𝑞 = ∑  

𝑛

𝑖=1

 (𝑞𝑥𝑖
2 + 𝑞𝑦𝑖

2 )𝔞𝑖
2  

𝔲2 = 𝜉2 + 𝑞2𝑟2  

𝜉𝜇 =
𝑑 − 1

2
𝜁𝜇  

ℎ̃𝜇𝜈 = ∫  𝑑𝑑𝑥𝑒𝑖𝔲cos 𝜃𝐾𝜇𝐾𝜈Φ(𝑟)  

𝒥 = |det (
𝜕(𝑥𝑖, 𝑦𝑖)

𝜕(𝑟, 𝜇𝑖, 𝜙𝑖)
)| =

{
 
 

 
 Π𝐹

𝑟
∏  

𝑛−1

𝑘=1

 𝜇𝑘  for 𝑑 = 2𝑛

Π𝐹 ∏  

𝑛−1

𝑘=1

 𝜇𝑘 for 𝑑 = 2𝑛 + 1.

  

𝑑𝑑𝑥 = 𝒥Π𝐹𝑑𝑟 ∏  

𝑛−1

𝑘=1

 𝜇𝑘𝑑𝜇𝑘 ∏  

𝑛−1

𝑘=1

 𝑑𝜙𝑘  

ℎ̃𝜇𝜈 =
𝜅2𝑚

2

1

(𝑑 − 1)Ω𝑑−1
∫  𝑟𝑑𝑟 ∏  

𝑛−1

𝑘=1

 𝜇𝑘𝑑𝜇𝑘 ∏  

𝑛−1

𝑘=1

 𝑑𝜙𝑘𝑒𝑖𝔲cos 𝜃𝐾𝜇𝐾𝜈  

∏  

𝑛−1

𝑘=1

 𝜇𝑘𝑑𝜇𝑘 ∏  

𝑛−1

𝑘=1

 𝑑𝜙𝑘 = sin𝑑−2 𝜃𝑑𝜃𝑑Ω𝑑−2  

ℐ0 = ∫  
𝜋

0

 𝑑𝜃𝑒𝑖𝔲cos 𝜃 = 𝜋𝐽0(𝔲)  

 

ℐ𝑑−2 = ∫  
𝜋

0

  sin𝑑−2 𝜃𝑑𝜃𝑒𝑖𝔲cos 𝜃 = (−1)𝑛(𝑑 − 3)!! (
1

𝔲

𝑑

𝑑𝔲
)

𝑛

𝜋𝐽0(𝔲)  
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𝑛!! = 𝑛(𝑛 − 2)(𝑛 − 4) ⋯  

(
1

𝔲

𝑑

𝑑𝔲
)

𝛽

(
𝐽𝛼(𝔲)

𝔲𝛼
) = (−1)𝛽

𝐽𝛼+𝛽(𝔲)

𝔲𝛼+𝛽
 

ℎ̃𝜇𝜈 =
𝜅2𝑚

2

Ω𝑑−2

(𝑑 − 1)Ω𝑑−1
(𝑑 − 3)!! 𝜋 ∫  

+∞

0

 𝑟𝑑𝑟𝐾𝜇𝐾𝜈

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

 

𝒞𝑑= even =
Ω𝑑−2

Ω𝑑−1
(𝑑 − 3)!! 𝜋, 𝒞𝑑= odd =

Ω𝑑−2

Ω𝑑−1
(𝑑 − 3)!! √2𝜋  

𝒞 =
1

2
2𝑑/2Γ(𝑑/2)  

ℎ̃𝜇𝜈 =
𝜅2𝑚

2
(
1

2

2𝑑/2Γ(𝑑/2)

𝑑 − 1
)

1

𝑞2
∫  

+∞

𝜉

 𝑑𝔲𝔲𝐾𝜇𝐾𝜈

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

.  

ℐ𝜇𝜈 = ∫  
+∞

𝜉

 𝑑𝔲𝔲𝐾𝜇𝐾𝜈

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

 

𝐾𝜇 → 𝐾̃𝜇 = (1, −𝑖
𝑟𝜕𝑞𝑥1

− 𝔞1𝜕𝑞𝑦1

𝑟2 + 𝔞1
2 , −𝑖

𝑟𝜕𝑞𝑦1
+ 𝔞1𝜕𝑞𝑥1

𝑟2 + 𝔞1
2 , … )  

𝜒𝜇 → 𝜒̃𝜇 = −𝑖 (0,
𝜕𝑞𝑥1

𝑟2 + 𝔞1
2 ,

𝜕𝑞𝑦1

𝑟2 + 𝔞1
2 , … . )  

𝐾̃𝜇 = 𝑢𝜇 + 𝑟𝜒̃𝜇 + (𝑆MP ⋅ 𝜒̃)𝜇  

ℐ𝜇𝜈 =∫  
+∞

𝜉

 𝑑𝔲𝔲{𝑢𝜇𝑢𝜈 + [𝑢𝜇(𝑆MP ⋅ 𝜒̃)𝜈 + 𝑢𝜈(𝑆MP ⋅ 𝜒̃)𝜇] + (𝑆MP ⋅ 𝜒̃)𝜇(𝑆MP ⋅ 𝜒̃)𝜈 

+𝑟[𝜒̃𝜇(𝑆MP ⋅ 𝜒̃)𝜈 + 𝜒̃𝜈(𝑆MP ⋅ 𝜒̃)𝜇] + 𝑟(𝑢𝜇𝜒̃𝜈 + 𝑢𝜈𝜒̃𝜇) + 𝑟2𝜒̃𝜇𝜒̃𝜈}

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

 

𝜒̃𝑖𝑓(𝔲) = −𝑖𝑞𝑖

1

𝔲

𝑑

𝑑𝔲
𝑓(𝔲)  

𝜒̃𝑖𝜒̃𝑗𝑓(𝔲) = − (
𝛿𝑖𝑗

𝑟2 + 𝑎𝑖
2

1

𝔲

𝑑

𝑑𝔲
+ 𝑞𝑖𝑞𝑗 (

1

𝔲

𝑑

𝑑𝔲
)

2

) 𝑓(𝔲)  

ℐ00 = ∫  
+∞

𝜉

 𝑑𝔲𝔲

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

 

ℐ(𝛼, 𝑛) = ∫  
+∞

𝜉

 𝑑𝔲𝔲(𝔲2 − 𝜉2)𝑛+1/2
𝐽𝛼(𝔲)

𝔲𝛼
= Γ(3/2 + 𝑛)2𝑛+1/2

𝐽𝛼−𝑛−3/2(𝜉)

𝜉𝛼−𝑛−3/2  
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ℐ00 = ℐ (𝛼 =
𝑑 − 2

2
, 𝑛 = −

1

2
)  

ℐ0𝑖 = ∫  
+∞

𝜉

 𝑑𝔲𝔲{𝑟𝜒̃𝑖 + (𝑆MP ⋅ 𝜒̃)𝑖}

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

 

𝑟 =
√𝔲2 − 𝜉2

𝑞
 

ℐ0𝑖 = − ∫  
+∞

𝜉

 𝑑𝔲𝔲 {𝑖
√𝔲2 − 𝜉2

𝑞
𝑞𝑖 + 𝜉𝑖}

1

𝔲

𝑑

𝑑𝔲

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

 

ℐ0𝑖 = ∫  
+∞

𝜉

 𝑑𝔲𝔲 {𝑖
√𝔲2 − 𝜉2

𝑞
𝑞𝑖 + 𝜉𝑖}

𝐽𝑑−2
2

+1
(𝔲)

𝔲
𝑑−2

2
+1

 

ℐ0𝑖 = 𝑖
𝑞𝑖

𝑞
√

𝜋

2
ℐ (𝛼 =

𝑑 − 2

2
+ 1, 𝑛 = 0) + 𝜉𝑖ℐ (𝛼 =

𝑑 − 2

2
+ 1, 𝑛 = −

1

2
)  

ℐ𝑖𝑗 =∫  
+∞

𝜉

 𝑑𝔲𝔲{(𝑆MP ⋅ 𝜒̃)𝑖(𝑆MP ⋅ 𝜒̃)𝑗  

+𝑟[𝜒̃𝑖(𝑆MP ⋅ 𝜒̃)𝑗 + 𝜒̃𝑗(𝑆MP ⋅ 𝜒̃)𝑖] + 𝑟2𝜒̃𝑖𝜒̃𝑗}

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

 

ℐ𝑖𝑗 = ∫  
+∞

𝜉

 𝑑𝔲𝔲{𝑆MP
𝑖𝑎 𝑆MP

𝑗𝑏
+ 𝑟[𝛿𝑖𝑎𝑆MP

𝑗𝑏
+ 𝛿𝑗𝑎𝑆MP

𝑖𝑏 ] + 𝑟2𝛿𝑖𝑎𝛿𝑗𝑏}𝜒̃𝑎𝜒̃𝑏

𝐽𝑑−2
2

(𝔲)

𝔲
𝑑−2

2

 

(−𝑆MP ⋅ 𝑆MP)𝑖𝑗 = 𝑎𝑖
2𝛿𝑖𝑗 , 𝑆

𝑖𝑗 + 𝑆𝑗𝑖 = 0  

ℐ𝑖𝑗 = 𝛿𝑖𝑗ℐ (𝛼 =
𝑑 − 2

2
+ 1, 𝑛 = −

1

2
) + 𝜉𝑖𝜉𝑗ℐ (𝛼 =

𝑑 − 2

2
+ 2, 𝑛 = −

1

2
)

 −
𝑞𝑖𝑞𝑗

𝑞2
ℐ (𝛼 =

𝑑 − 2

2
+ 2, 𝑛 = +

1

2
) + 𝑖

𝑞𝑖𝜉𝑗 + 𝑞𝑗𝜉𝑖

𝑞
√

𝜋

2
ℐ (𝛼 =

𝑑 − 2

2
+ 2, 𝑛 = 0)

 

 

ℎ̃𝜇𝜈=
𝜅2𝑚

2
(
1

2

2𝑑/2Γ(𝑑/2)

𝑑 − 1
)

1

𝑞2 {𝑢𝜇𝑢𝜈 (

𝐽𝑑−2
2

−1
(𝜉)

𝜉
𝑑−2

2
−1

+

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

)  

+(𝑢𝜇𝜉𝜈 + 𝑢𝜈𝜉𝜇)

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

+ 𝑖√
𝜋

2

𝑢𝜇𝑞𝜈 + 𝑢𝜈𝑞𝜇

𝑞

𝐽𝑑−2
2

−
1
2
(𝜉)

𝜉
𝑑−2

2
−

1
2

 

+𝜉𝜇𝜉𝜈

𝐽𝑑−2
2

+1
(𝜉)

𝜉
𝑑−2

2
+1

+ (𝜂𝜇𝜈 − 2
𝑞𝜇𝑞𝜈

𝑞2
)

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

+ 𝑖√
𝜋

2

𝜉𝜇𝑞𝜈 + 𝜉𝜈𝑞𝜇

𝑞

𝐽𝑑−2
2

+
1
2
(𝜉)

𝜉
𝑑−2

2
+

1
2

}

 

ℒint =
1

2
ℎ𝜇𝜈𝑇𝜇𝜈,  
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𝑇𝜇𝜈 = 𝑝𝜇𝑝𝜈
′ + 𝑝𝜈𝑝𝜇

′ − 𝜂𝜇𝜈(𝑝 ⋅ 𝑝′ − 𝑚𝑝
2),  

𝑞 = 𝑝 − 𝑝′, ℓ = 𝑝 + 𝑝′  

𝑖ℳ = 𝑖
1

2
ℎ̃𝜇𝜈𝑇𝜇𝜈 = 𝑖ℎ̃𝜇𝜈𝑝𝜇𝑝𝜈

′ ,  

ℎ̃ ≡ 𝜂𝜇𝜈ℎ̃𝜇𝜈 = 0,  

 

𝑖ℳ(𝑝, 𝑝′, 𝑞) = 𝑖ℎ̃𝜇𝜈𝑝𝜇𝑝𝜈
′ = −𝑖(ℎ̃00𝐸2 + ℎ̃0𝑖𝐸(𝑝𝑖

′ + 𝑝𝑖) + ℎ̃𝑖𝑗𝑝𝑖𝑝𝑗
′),  

𝑖ℳ(𝑝, 𝑝′, 𝑞) =
𝜅2𝑚

2
(
1

2

2𝑑/2Γ(𝑑/2)

𝑑 − 1
)

1

𝑞2 {𝐸2 (

𝐽𝑑−2
2

−1
(𝜉)

𝜉
𝑑−2

2
−1

+

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

)

+𝜉 ⋅ (𝑝 + 𝑝′)

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

+ 𝑖√
𝜋

2

𝑞 ⋅ (𝑝 + 𝑝′)

𝑞

𝐽𝑑−2
2

−
1
2
(𝜉)

𝜉
𝑑−2

2
−

1
2

 

+(𝜉 ⋅ 𝑝)(𝜉 ⋅ 𝑝′)

𝐽𝑑−2
2

+1
(𝜉)

𝜉
𝑑−2

2
+1

+ (𝑝 ⋅ 𝑝′ − 2
(𝑞 ⋅ 𝑝)(𝑞 ⋅ 𝑝′)

𝑞2 )

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

 

+𝑖√
𝜋

2

(𝜉 ⋅ 𝑝)(𝑞 ⋅ 𝑝′) + (𝜉 ⋅ 𝑝′)(𝑞 ⋅ 𝑝)

𝑞

𝐽𝑑−2
2

+
1
2
(𝜉)

𝜉
𝑑−2

2
+

1
2

}

 

 

𝑖ℳon-shell (𝑝, 𝑝′, 𝑞) =
𝜅2𝑚

2
(
1

2

2𝑑/2Γ(𝑑/2)

𝑑 − 1
)

1

𝑞2 {𝐸2 (

𝐽𝑑−2
2

−1
(𝜉)

𝜉
𝑑−2

2
−1

+

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

)

+𝜉 ⋅ (𝑝 + 𝑝′)

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

+ (𝜉 ⋅ 𝑝)(𝜉 ⋅ 𝑝′)

𝐽𝑑−2
2

+1
(𝜉)

𝜉
𝑑−2

2
+1

+ 𝑚𝑝
2

𝐽𝑑−2
2

(𝜉)

𝜉
𝑑−2

2

}

 

𝑖ℳ(𝐿+1) = ∫  ∏  

𝐿

𝑖=1

 
𝑑𝑑𝑘𝑖

(2𝜋)𝑑
∏  

𝐿+1

𝑖=1

 𝑖ℳ(𝑝𝑖−1, 𝑝𝑖, 𝑘  𝑖) ∏  

𝐿

𝑖=1

 
𝑖

𝑝𝑖
2 − 𝑚𝑝

2 + 𝑖𝜀
 

where 𝑝𝑖−1 = 𝑝 − ∑  𝑖−1
𝑗=1 𝑘𝑗, 𝑝𝑖 = 𝑝𝑖−1 − 𝑘𝑖, and 𝑘𝐿+1 = 𝑞 − ∑  𝐿

𝑖=1 𝑘𝑖 
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𝑆̃(𝑝, 𝑏  ) = 1 + 𝑖𝒯̃(𝑝, 𝑏  ) = (1 + 2𝑖Δ(𝑝, 𝑏  ))𝑒2𝑖𝛿(𝑝,𝑏  )  

𝑖𝒯̃(𝑝, 𝑏  ) = 𝑖 ∑  

+∞

𝑛=1

 ℳ̃(𝑛)(𝑝, 𝑏  ) = ∑  

+∞

𝑘=1

 
1

𝑘!
(2𝑖 ∑  

+∞

𝑛=1

 𝛿(𝑛)(𝑝, 𝑏  ))

𝑘

 

ℳ̃(𝑛)(𝑝, 𝑏  ) =
1

2|𝑝 |
∫  

𝑑𝑑−1𝑞

(2𝜋)2
𝑒𝑖𝑞  ⋅𝑏  ℳ(𝑛)  

2sin 
𝜗(𝑝, 𝑏  )

2
= −

2

|𝑝 |

𝜕𝛿(𝑝, 𝑏  )

𝜕𝑏
 

ℳ̃(1)(𝑝, 𝑏  ) = 2𝛿(1)(𝑝, 𝑏  )  

ℳ̃(2)(𝑝, 𝑏  ) = 2𝛿(2)(𝑝, 𝑏  ) −
𝑖

2
(2𝑖𝛿(1)(𝑝, 𝑏  ))

2
 

𝛿 ∼
1

ℏ
𝑆SYM.  

𝑞, 𝑘𝑖 → ℏ𝑞, ℏ𝑘𝑖  

𝑝𝑖 →
1

2
ℓ +

1

2
ℏ𝑞 − ℏ ∑  

𝑖

𝑗=1

 𝑘𝑗  

𝑆𝜇𝜈 →
1

ℏ
𝑆𝜇𝜈  

𝑖ℳ(1) = 𝑖ℳ(𝑝, 𝑝 − 𝑞, 𝑞 ) 

𝑖ℳ(1) = 𝑖ℳ(𝑝, 𝑝, 𝑞 )  

𝑖ℳ(2) = ∫  
𝑑𝑑𝑘

(2𝜋)𝑑
𝑖ℳ(𝑝, 𝑝 − 𝑘, 𝑘  )

𝑖

(𝑝 − 𝑘)2 − 𝑚𝑝
2 + 𝑖𝜀

𝑖ℳ(𝑝 − 𝑘, 𝑝 − 𝑞, 𝑞 − 𝑘  )  

𝑖ℳ(2)|
SYM

= 𝒪(ℏ−(𝑑+1)) ⟶ 𝑖ℳ̃(2)|
hyp. cl. 

= 2𝑖(𝛿(1))
2

= 𝒪(ℏ−2)  

𝑖ℳ(2)|
SYM 

=
1

2
∫  

𝑑𝑑𝑘

(2𝜋)𝑑
𝑖ℳ(𝑝, 𝑝, 𝑘  )𝑖ℳ(𝑝, 𝑝, 𝑞 − 𝑘  )2𝜋𝛿(ℓ  ⋅ 𝑘  )  
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𝑖ℳ̃(2)|
SYM 

=
1

2

1

4𝑝2
∫  

𝑑𝑑−1𝑞

(2𝜋)𝑑−1
∫  

𝑑𝑑−1𝑘

(2𝜋)𝑑−1
𝑒𝑖𝑞  ⋅𝑏  𝑖ℳ𝐾𝑁(𝑝, 𝑝, 𝑘  )𝑖ℳ𝐾𝑁(𝑝, 𝑝, 𝑞 − 𝑘  ) 

 =
1

2
(𝑖ℳ̃(1))

2
=

1

2
(2𝑖𝛿(1))

2
 

𝑖ℳ(𝐿)|
SYM 

= 𝒪(ℏ−𝑑)  

𝑖ℳ = 𝑖ℳ0 + 𝑖ℳextra  

𝑖ℳ(2)|
SYM 

= 𝑖ℳ(2)|
SYM 

(0,0)
+ 𝑖ℳ(2)|

SYM

(extra,extra )
+ 2𝑖ℳ(2)|

SYM 

(extra ,0)
 

𝑖ℳ0(𝑝𝑖−1, 𝑝𝑖 , 𝑘  𝑖) = 𝑖
8𝜋𝐺𝑁𝑚

|𝑘  𝑖|
2 {𝐸2cos |𝑎 × 𝑘  𝑖| + 𝑖𝐸𝑗0(|𝑎 × 𝑘  𝑖|)(𝑎 × 𝑘  𝑖) ⋅ (𝑝 𝑖 + 𝑝 𝑖−1)

+𝑗0(|𝑎 × 𝑘  𝑖|) (𝑝 𝑖 ⋅ 𝑝 𝑖−1 − 2
𝑘  𝑖 ⋅ 𝑝 𝑖𝑘  𝑖 ⋅ 𝑝 𝑖−1

|𝑘  𝑖|
2 ) −

𝑗1(|𝑎 × 𝑘  𝑖|)

|𝑎 × 𝑘  𝑖|
(𝑎 × 𝑘  𝑖) ⋅ 𝑝 𝑖(𝑎 × 𝑘  𝑖) ⋅ 𝑝 𝑖−1}

 

𝑖ℳextra (𝑝𝑖−1, 𝑝𝑖 , 𝑘  𝑖) = 𝑖
4𝜋2𝐺𝑁𝑚

|𝑘  𝑖|
2 {−𝑖𝐸

𝑘  𝑖 ⋅ (𝑝 𝑖 + 𝑝 𝑖−1)

|𝑘  𝑖|
𝐽0(|𝑎 × 𝑘  𝑖|)

+
1

|𝑘  𝑖|

𝐽1(|𝑎 × 𝑘  𝑖|)

|𝑎 × 𝑘  𝑖|
(𝑘  𝑖 ⋅ 𝑝 𝑖−1(𝑎 × 𝑘  𝑖) ⋅ 𝑝 𝑖 + 𝑘  𝑖 ⋅ 𝑝 𝑖(𝑎 × 𝑘  𝑖) ⋅ 𝑝 𝑖−1)}

 

1

(𝑝 − ℏ𝑘)2 − 𝑚𝑝
2 + 𝑖𝜀

=
1

ℏℓ  ⋅ 𝑘  + 𝑖𝜀
+

|𝑘  |2 − 𝑘  ⋅ 𝑞 

(𝑘  ⋅ ℓ  )2
+ 𝒪(ℏ)  

ℳ(2)|
𝑐𝑙.

(0,0)
= 8𝐺𝑁

2𝑚2𝜋2(3|𝑝 |2 + 4𝐸2) ∫  
𝑑3𝑘

(2𝜋)3

1

|𝑘  |2|𝑘  − 𝑞 |2
 

∫  
𝑑3𝑘

(2𝜋)3

1

|𝑘  |2|𝑘  − 𝑞 |2
=

1

8

1

|𝑞 |
 

ℳ(2)|
SYM

(0,0)
= 𝐺𝑁

2𝑚2𝜋2(3|𝑝 |2 + 4𝐸2)
1

|𝑞 |
 

𝑖ℳ𝑒𝑥𝑡𝑟𝑎(𝑝, 𝑝 − 𝑘, 𝑘  )
𝑖

(𝑝 − 𝑘)2 − 𝑚𝑝
2 + 𝑖𝜀

= 𝑖
4𝐺𝑁𝑚𝜋2𝐸

|𝑘  |3
 

 

ℳ(2)|
SYM

(𝑒𝑥𝑡𝑟𝑎,𝑒𝑥𝑡𝑟𝑎)
= −16𝐺𝑁

2𝑚2𝜋4𝐸2 ∫  
𝑑𝒟𝑘

(2𝜋)3

𝑘  ⋅ (𝑞 − 𝑘  )

|𝑘  |3|𝑞 − 𝑘  |3
 

∫  
𝑑𝒟𝑘

(2𝜋)3

𝑘  ⋅ (𝑞 − 𝑘  )

|𝑘  |3|𝑞 − 𝑘  |3
= −

1

2𝜋2

1

|𝑞 |
 

ℳ(2)|
cl. 

(extra , extra )
= 8𝐺𝑁

2𝑚2𝜋2𝐸2
1

|𝑞 |
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2ℳ(2)|
𝑐𝑙.

(𝑒𝑥𝑡𝑟𝑎,0)
= 𝑖𝐺𝑁

2𝑚2𝜋3𝐸 ∫  
𝑑𝒟𝑘

(2𝜋)3
𝑘  ⋅ 𝑝 𝐼(𝑘  , 𝑞 )  

∫  
𝑑𝒟𝑘

(2𝜋)3
𝑘  ⋅ 𝑝 𝐼(𝑘  , 𝑞 ) = 𝑞 ⋅ 𝑝 𝐼(𝑞 ) = 0  

𝛿(2)(𝑝, 𝑏  )|
𝑎=0

 =
1

4|𝑝 |
∫  

𝑑𝒟𝑞

(2𝜋)2
𝑒𝑖𝑞  ⋅𝑏  (ℳ(2)|

𝑐𝑙

(0,0)
+ ℳ(2)|

SYM

(𝑒𝑥𝑡𝑟𝑎,𝑒𝑥𝑡𝑟𝑎)
)

 =
3𝐺𝑁

2𝑚2𝜋𝐸

8𝑣𝑏
(4 + 𝑣2)

 

𝑖ℳ(2)|
(0,0)

SYM
= 𝐺𝑁

2𝑚2 ∫  
𝑑𝒟𝑘

(2𝜋)3

𝑗𝑎(|𝑎 × 𝑘  |)𝑗𝑏(|𝑎 × (𝑞 − 𝑘  )|)

|𝑘  |𝑚|𝑞 − 𝑘  |𝑛
𝐼𝑎,𝑏,𝑚,𝑛
(0,0)

(𝑘  , 𝑞 , ℓ  , 𝑎 )  

 

2𝑖ℳ(2)|
(𝑒𝑥𝑡𝑟𝑎,0)

SYM
= 𝐺𝑁

2𝑚2 ∫  
𝑑𝒟𝑘

(2𝜋)3

𝐽𝑎(|𝑎 × 𝑘  |)𝑗𝑏(|𝑎 × (𝑞 − 𝑘  )|)

|𝑘  |𝑚|𝑞 − 𝑘  |𝑛
𝐼𝑎,𝑏,𝑚,𝑛
(𝑒𝑥,0)

(𝑘  , 𝑞 , ℓ  , 𝑎 )  

 

𝑖ℳ(2)|
(𝑒𝑥𝑡𝑟𝑎,𝑒𝑥𝑡𝑟𝑎)

SYM
= 𝐺𝑁

2𝑚2 ∫  
𝑑𝒟𝑘

(2𝜋)3

𝐽𝑎(|𝑎 × 𝑘  |)𝐽𝑏(|𝑎 × (𝑞 − 𝑘  )|)

|𝑘  |𝑚|𝑞 − 𝑘  |𝑛
𝐼𝑎,𝑏,𝑚,𝑛
(𝑒𝑥,𝑒𝑥)

(𝑘  , 𝑞 , ℓ  , 𝑎 )  

𝑖ℳextra (𝑝, 𝑝 − 𝑘, 𝑘  )
𝑖

(𝑝 − 𝑘)2 − 𝑚𝑝
2 + 𝑖𝜀

=
2𝐺𝑁𝑚𝜋2

|𝑎 × 𝑘  ||𝑘  |3
(2𝑖𝐸|𝑎 × 𝑘  |𝐽0(|𝑎 × 𝑘  |) − 𝐽1(|𝑎 × 𝑘  |)𝑎 × 𝑘  ⋅ (ℓ  + 𝑞 )),

 

2𝑖ℳ(2)|
(𝑒𝑥𝑡𝑟𝑎,0)

SYM
= 𝑂(𝑎2)  

𝑔‾𝜇𝜈 = 𝑔𝜇𝜈 + 𝜅𝛿ℎ𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 + 𝜅𝛿ℎ𝜇𝜈  

 

𝜏𝜙
𝜇𝜈(𝑝, 𝑝′) = −

𝑖

2
𝜅𝑇̃𝜇𝜈

𝜙 (𝑝, 𝑝′)  
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𝑖ℳ(2)|
𝛿ℎ,𝛿ℎ,ℎ

= ∫  
𝑑4𝑘

(2𝜋)4

𝑖𝜏𝜙(𝑝, 𝑝 − 𝑘)𝜏𝜙(𝑝 − 𝑘, 𝑝 − 𝑞)

(𝑝 − 𝑘)2 − 𝑚𝑝
2 + 𝑖𝜀

𝜏𝛿ℎ,𝛿ℎ,ℎ(𝑘, 𝑞 − 𝑘)

 ×
𝑖𝑃

𝑘2 + 𝑖𝜀

𝑖𝑃

(𝑞 − 𝑘)2 + 𝑖𝜀
𝑖𝜅−1ℎ̃𝐾𝑁(𝑞 )

 

𝑖ℳ(2)|
𝛿ℎ,𝛿ℎ,ℎ

SYM
= 𝒪(ℏ−3)  

𝑘0 =
𝑝 ⋅ 𝑘  

𝐸
 

𝑖ℳ(2)|
𝛿ℎ,𝛿ℎ,ℎ

SYM
= −𝑖

1

4𝐸𝜅
∫  

𝑑4𝑘

(2𝜋)3

𝜏𝜙(𝑝, 𝑝)𝜏𝜙(𝑝, 𝑝)𝜏𝛿ℎ,𝛿ℎ,ℎ(𝑘, 𝑞 − 𝑘)ℎ̃𝐾𝑁(𝑞 )𝑃𝑃

((
𝑝 ⋅ 𝑘  

𝐸 )

2

− |𝑘  |2) ((
𝑝 ⋅ 𝑘  

𝐸 )

2

− |𝑞 − 𝑘  |2)
 

𝛿1 =
1

2ℓ
∫  

𝑑𝑑−1𝑞

(2𝜋)𝑑−1
𝑒𝑖𝑞⋅𝑏ℳon-shell  

ℱ(𝑑 − 1, 𝜈) = ∫  
𝑑𝑑−1𝑞

(2𝜋)𝑑−1
𝑒𝑖𝑞⋅𝑏𝑞2𝜈 =

22𝜈

𝜋
𝑑−1

2

Γ (𝜈 +
𝑑 − 1

2
)

Γ(−𝜈)

1

𝑏2𝜈+𝑑−1
 

𝐽𝑛(𝑎𝑞)

(𝑎𝑞)𝑛
=

1

2𝑛𝑛!
+ 𝒪(𝔞2𝑞2)  

𝛿1 =
1

2ℓ
∫  

𝑑3𝑞

(2𝜋)3
𝑒𝑖𝑞⋅𝑏

32𝜋𝐺𝑁𝑚

3

1

𝑞2
(𝐸2 +

1

8
ℓ2 +

𝑖

2
𝐸𝜉 ⋅ ℓ −

1

32
(𝜉 ⋅ ℓ)2) .  

𝜉 ⋅ ℓ → −𝑖𝑆𝑀𝑃
𝑖𝑗

ℓ𝑗(𝜕𝑏)𝑖  

ℱ(3, −1) =
1

4𝜋𝑏
 

𝔲  (𝜕𝑏) ⋅ ℓ  
1

𝑏
=

𝑖

𝑏3
ℓ  ⋅ 𝑆𝑀𝑃 ⋅ 𝑏  , (𝔲  (𝜕𝑏) ⋅ ℓ  )

2 1

𝑏
= −3

(ℓ  ⋅ 𝑆𝑀𝑃 ⋅ 𝑏  )
2

𝑏5
−

ℓ  ⋅ 𝑆𝑀𝑃 ⋅ 𝑆𝑀𝑃 ⋅ ℓ  

𝑏3
,  

𝑆MP = (

0 𝔞 0 0
−𝔞 0 0 0
0 0 0 𝔞
0 0 −𝔞 0

)  

𝛿1 =
4𝐺𝑁𝑚

3ℓ𝑏
(𝐸2 +

1

8
ℓ2 −

1

2
𝐸

ℓ ⋅ 𝑆𝑀𝑃 ⋅ 𝑏

𝑏2
+

1

32
[3

(ℓ ⋅ 𝑆𝑀𝑃 ⋅ 𝑏)2

𝑏4
+

ℓ ⋅ 𝑆𝑀𝑃 ⋅ 𝑆𝑀𝑃 ⋅ ℓ

𝑏2
]) .  

ℓ  = (ℓ, 0,0,0), 𝑏  = (0, 𝑏, 0,0)  

𝛿1 = −
1

2
∫  

+∞

−∞

 𝑑𝜉ℎ𝜇𝜈(𝑥 = 𝑏  + 𝜉ℓ  )𝑝𝜇𝑝𝜈  
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𝛿1 =
𝐺𝑁𝑚

3𝔞2 (−𝑏ℓ + 4𝔞𝐸 +
(𝑏ℓ − 2𝔞𝐸)2

ℓ√𝑏2 − 𝔞2
) ,  

𝛿1 =
4𝐺𝑁𝑚

3ℓ𝑏
(𝐸2 +

1

8
ℓ2 −

𝔞ℓ𝐸

2𝑏
+

𝔞2(3ℓ2 + 16𝐸2)

32𝑏2
+ 𝒪 (

1

𝑏3
))  

𝛿1 =
2𝜋𝐺𝑁𝑚

3ℓ𝜋3
∫  

𝑞‖𝑑𝑞‖𝑑𝜑‖𝑑𝑞⊥

𝑞‖
2 + 𝑞⊥

2 𝑒𝑖𝑞‖𝑏‖cos 𝜑‖+𝑖𝑞⊥𝑏⊥ (𝐸2𝐽0(𝜉) +
1

4
ℓ2

𝐽1(𝜉)

𝜉
)  

∫  
2𝜋

0

 𝑑𝜑‖𝑒𝑖𝑞‖𝑏‖cos 𝜑‖ = 2𝜋𝐽0(𝑞‖𝑏‖)  

∫  
+∞

−∞

 
𝑑𝑞⊥

𝑞‖
2 + 𝑞⊥

2 𝑒𝑖𝑞⊥𝑏⊥ =
𝜋

𝑞‖
𝑒−𝑞‖|𝑏⊥|

 

𝛿1 =
4𝐺𝑀

3ℓ
∫  

+∞

0

 𝑑𝑞‖𝐽0(𝑏‖𝑞‖)𝑒−𝑞‖|𝑏⊥| (𝐸2𝐽0(𝔞𝑞‖) +
1

4
ℓ2

𝐽1(𝔞𝑞‖)

𝔞𝑞‖
)  

∫  
∞

0

 𝑑𝑞𝑒−𝑞‖|𝑏⊥|𝐽0(𝑞‖𝑏‖)
𝐽𝑛(𝑞‖𝔞)

(𝑞‖𝔞)
𝑛  

ℐ(𝜆; 𝜇, 𝜈; 𝛼, 𝛽, 𝛾) =∫  
+∞

0

 𝑑𝑥𝑥𝜆−1𝑒−𝛼𝑥𝐽𝜇(𝛽𝑥)𝐽𝜈(𝛾𝑥) =
𝛽𝜇𝛾𝜈

Γ(𝜈 + 1)
2−𝜈−𝜇𝛼−𝜆−𝜇−𝜈  

 × ∑  

+∞

𝑚=0

 
Γ(𝜆 + 𝜇 + 𝜈 + 2𝑚)

𝑚! Γ(𝜇 + 𝑚 + 1)
 2𝐹1 (−𝑚, −𝜇 − 𝑚; 𝜈 + 1;

𝛾2

𝛽2) (−
𝛽2

4𝛼2)

𝑚  

𝛿1 =
4𝐺𝑁𝑚

3ℓ
(𝐸2ℐ(1,0,0, |𝑏⊥|, 𝑏‖, 𝔞) +

ℓ2

4𝔞
ℐ(0,0,1, |𝑏⊥|, 𝑏‖, 𝔞))  

 2𝐹1(−𝑚, −𝜇 − 𝑚; 𝜈 + 1; 𝑧) 

ℐ(1; 𝜎, 𝜎; |𝑏⊥|, 𝑏‖, 𝔞) = ∫  
∞

0

 𝑑𝑞‖𝑒−|𝑏⊥|𝑞‖𝐽𝜎(𝑞‖𝑏‖)𝐽𝜎(𝑞‖𝔞) =
1

𝜋√𝔞𝑏‖

𝑄
𝜎−

1
2

(
𝔞2 + 𝑏2

2𝔞𝑏‖
)  

𝑄𝜈
𝜇
(𝑥) = 𝑒𝑖𝜋𝜇

𝜋1/2Γ(𝜇 + 𝜈 + 1)(𝑥2 − 1)𝜇/2

𝑥𝜇+𝜈+1Γ (𝜈 +
3
2
)

 2𝐹1 (
𝜇 + 𝜈

2
+ 1,

𝜇 + 𝜈 + 1

2
; 𝜈 +

3

2
;

1

𝑥2
)  

1

𝜋√𝔞𝑏‖

𝑄
−

1
2

(
𝔞2 + 𝑏2

2𝔞𝑏‖
) =

√2

√𝔞2 + 𝑏2
 2𝐹1 (

3

4
,
1

4
; 1;

4𝔞2𝑏‖
2

(𝔞2 + 𝑏2)2) .  

𝛿1 =
4𝐺𝑁𝑚

3ℓ𝑏
(𝐸2 +

1

8
ℓ2) (1 + 𝔞2

(𝑏2 − 3𝑏⊥
2)

8𝑏4

ℓ2 + 16𝐸2

ℓ2 + 8𝐸2
+ 𝒪(𝔞4))  

𝛿1
Kerr = −

𝐺𝑁𝑚

ℓ
(𝐸2 +

ℓ2

4
) log 𝜇2|𝑏  |2  
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𝜕𝜈(√−𝑔𝑔𝜇𝜈) = 0  

𝑔𝜇𝜈𝐷𝜇𝜕𝜈(𝑡, 𝑋𝑖 , 𝑌𝑖) = 0  

𝑋𝑖 = 𝑅𝜇𝑖(Θ   )cos Φ𝑖, 𝑌𝑖 = 𝑅𝜇𝑖(Θ   )sin Φ𝑖  

Θ   = (Θ1, … , Θ𝑑−2
2

) 

𝑟 = 𝑓(𝑅, Θ   ), 𝜃 = 𝑔 (𝑅, Θ   )  

𝑔𝑡𝑡= −1 +
2𝐺𝑁𝑚

𝑟
+

𝑎2𝐺𝑁𝑚𝜁(3cos (2𝜃) + 1)

2𝑟3
 

−
𝑎2𝐺𝑁

2𝑚2((3𝜁 − 2)cos (2𝜃) + 𝜁 − 2)

2𝑟4
−

𝑎2𝐺𝑁
3𝑚3(4𝜁 − 11)(3cos (2𝜃) + 1)

7𝑟5
+ 𝒪(𝐺𝑁

4 , 𝑎3),  

𝑔𝑡𝜙= −
2𝑎𝐺𝑁𝑚sin2 (𝜃)

𝑟
+ 𝒪(𝐺𝑁

4 , 𝑎3),  

𝑔𝑟𝑟= 1 +
2𝐺𝑁𝑚

𝑟
−

(𝑎2𝐺𝑁𝑚𝜁(3cos (2𝜃) + 1))

2𝑟3
+

4𝐺𝑁
2𝑚2

𝑟2
+

𝑎2𝐺𝑁
2𝑚2(−5𝜁 − 3(5𝜁 − 8)cos (2𝜃) + 4)

2𝑟4
 

+
8𝐺𝑁

3𝑚3

𝑟3
+

𝑎2𝐺𝑁
3𝑚3(−60𝜁 − 9(20𝜁 − 27)cos (2𝜃) + 25)

7𝑟5
+ 𝒪(𝐺𝑁

4 , 𝑎3),  

𝑔𝜃𝜃= 𝑟2 +
𝑎2𝐺𝑁𝑚𝜁(3cos (2𝜃) + 1)

2𝑟
−

𝑎2𝐺𝑁
2𝑚2(5𝜁 − 1)(3cos (2𝜃) + 1)

4𝑟2
 

−
18𝑎2𝐺𝑁

3𝑚3(𝜁 − 1)(3cos (2𝜃) + 1)

7𝑟3
+ 𝒪(𝐺𝑁

4 , 𝑎3),  

𝑔𝜙𝜙= 𝑟2sin2 (𝜃) −
𝑎2𝐺𝑁𝑚𝜁(3cos (2𝜃) + 1)sin2 (𝜃)

2𝑟
−

(𝑎2𝐺𝑁
2𝑚2(5𝜁 − 1)(3cos (2𝜃) + 1)sin2 (𝜃))𝑎2

4𝑟2
 

 −
18(𝑎2𝐺𝑁

3𝑚3(𝜁 − 1)(3cos (2𝜃) + 1)sin2 (𝜃))

7𝑟3
+ 𝒪(𝐺𝑁

4 , 𝑎3).

 

{
𝑋 = 𝑅sin Θcos Φ
𝑌 = 𝑅sin Θsin Φ
𝑍 = 𝑅cos Θ

 

𝑔𝜇𝜈𝐷𝜇𝜕𝜈(𝑡, 𝑋, 𝑌, 𝑍) = 0  

𝑅 = 𝑟(𝑅, Θ), Θ = 𝜃(𝑅, Θ), Φ = 𝜙  

𝑟(𝑅, Θ)  = 𝑅 ∑  

𝑛PM

𝑖=0

  (
𝐺𝑁𝑚

𝑅
)

𝑖

∑  

⌊ℓ/2⌋

𝑗=0

  (
𝑎

𝑅
)

2𝑗

∑  

𝑗

𝑘=0

 𝒞𝑖,2𝑗,𝑘
(𝑅)

𝑃2𝑘(cos Θ)

cos 𝜃(𝑅, Θ)  = cos (Θ) ∑  

𝑛PM

𝑖=0

 (
𝐺𝑁𝑚

𝑅
)

𝑖

∑  

⌊ℓ/2⌋

𝑗=0

  (
𝑎

𝑅
)

2𝑗

∑  

𝑗

𝑘=0

 𝒞𝑖,2𝑗,𝑘
(Θ)

𝑃2𝑘(cos Θ)
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𝑔𝑡𝑡= −1 +
2𝐺𝑁𝑚

𝑅
−

𝑎2𝐺𝑁𝑚𝜁(3cos (2Θ) + 1)

2𝑅3
+ 𝒪(𝐺𝑁

2 , 𝑎3)  

𝑔𝑡Φ= −
2𝑎𝐺𝑁𝑚sin2 (Θ)

𝑅
+ 𝒪(𝐺𝑁

2 , 𝑎3)  

𝑔𝑅𝑅= 1 +
2𝐺𝑁𝑚

𝑅
− 𝑎2𝐺𝑁𝑚

8𝒞1,2,0
(𝑅)

+ (3cos (2Θ) + 1) (𝜁 + 2𝒞1,2,2
(𝑅)

)

2𝑅3
+ 𝒪(𝐺𝑁

2 , 𝑎3)  

𝑔ΘΘ= 𝑅2 + 2𝐺𝑁𝑚𝑅 + 𝑎2𝐺𝑁𝑚
𝜁(3cos (2Θ) + 1) + 𝒞1,2,2

(𝑅)
(3cos (2Θ) − 1) − 4𝒞1,2,0

(𝑅)

2𝑅
+ 𝒪(𝐺𝑁

2 , 𝑎3) 

𝑔𝑅Θ=
3𝐺𝑁𝑚𝑎2sin2 (Θ)𝒞1,2,2

(𝑅)

4𝑅2
+ 𝒪(𝐺𝑁

2 , 𝑎3)  

𝑔ΦΦ= 𝑅2sin2 (Θ) + 2𝐺𝑁𝑚𝑅sin2 (Θ)  

 −𝑎2𝐺𝑁𝑚sin2 (Θ)
𝜁(3cos (2Θ) + 1) − 4𝒞1,2,0

(𝑅)
+ 2𝒞1,2,2

(𝑅)

2𝑅
+ 𝒪(𝐺𝑁

2 , 𝑎3)

 

𝑑𝑠2 = −𝑑𝑡2 +
𝜇

Σ
(𝑑𝑡 + 𝔞1sin2 𝜃𝑑𝜙1 + 𝔞2cos2 𝜃𝑑𝜙2) +

𝑟2Σ

Π − 𝜇𝑟2
𝑑𝑟2

 +Σ𝑑𝜃2 + (𝑟2 + 𝔞1
2)sin2 𝜃𝑑𝜙1

2 + (𝑟2 + 𝔞2
2)cos2 𝜃𝑑𝜙2

2

 

Σ = 𝑟2 + 𝔞1
2cos2 𝜃 + 𝔞2

2sin2 𝜃, Π = (𝑟2 + 𝔞1
2)(𝑟2 + 𝔞2

2),  

𝜇 =
16𝜋𝐺𝑁𝑚

(𝑑 − 1)Ω𝑑−1
 

𝔞1 =
3

2
𝑎1, 𝔞2 =

3

2
𝑎2  

{

𝑋1 = 𝑅sin Θcos Φ1

𝑌1 = 𝑅sin Θsin Φ1

𝑋2 = 𝑅cos Θcos Φ2

𝑌2 = 𝑅cos Θsin Φ2

 

𝑅 = 𝑟(𝑅, Θ), Θ = 𝜃(𝑅, Θ), Φ1 = 𝜙1, Φ2 = 𝜙2  

𝑔𝜇𝜈𝐷𝜇𝜕𝜈(𝑋1, 𝑌1, 𝑋2, 𝑌2) = 0  

𝑟(𝑅, Θ)  = 𝑅 ∑  

𝑛PM

𝑖=0

  (𝐺𝑚𝜌)𝑖 ∑  

𝜎(𝑝,𝑞)

 𝒜𝑖
(𝑝,𝑞)

(Θ)

cos 𝜃(𝑅, Θ)  = cos (Θ) ∑  

𝑛PM

𝑖=0

  (𝐺𝑚𝜌)𝑖 ∑  

𝜎(𝑝,𝑞)

 ℬ𝑖
(𝑝,𝑞)

(Θ)

 

𝒜𝑖
(𝑝,𝑞)

(Θ)  = ∑  

𝑛𝑘

𝑘=0

 (
𝔞1

𝑝
𝔞2

𝑞

𝑅𝑝+𝑞) 𝒞𝑖,𝑝,𝑞,2𝑘
(𝑅)

𝑃2𝑘(𝑓𝜎(𝑝,𝑞)(Θ)),

ℬ𝑖
(𝑝,𝑞)

(Θ)  = ∑  

𝑛𝑘

𝑘=0

 (
𝔞1

𝑝
𝔞2

𝑞

𝑅𝑝+𝑞) 𝒞𝑖,𝑝,𝑞,2𝑘
(Θ)

𝑃2𝑘(𝑓𝜎(𝑝,𝑞)(Θ)),
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𝑓𝜎(𝑝,𝑞)Θ = {

cos Θ 𝑝 > 𝑞
cos Θsin Θ 𝑝 = 𝑞
sin Θ 𝑝 < 𝑞

 

𝑔𝑡𝑡= −1 +
8𝐺𝑁𝑚

3𝜋𝑅2
−

8𝐺𝑁𝑚(𝔞1
2 − 𝔞2

2)cos (2Θ)

3𝜋𝑅4
+ 𝒪(𝐺𝑁

2 , 𝑆3)  

𝑔𝑡Φ1
=

8𝔞1𝐺𝑁𝑚sin2 (Θ)

3𝜋𝑅2
+ 𝒪(𝐺𝑁

2 , 𝑆3)  

𝑔𝑡Φ2
 =

8𝔞2𝐺𝑁𝑚cos2 (Θ)

3𝜋𝑅2
+ 𝒪(𝐺𝑁

2 , 𝑆3)

𝑔𝑅𝑅= 1 +
4𝐺𝑁𝑚

3𝜋𝑅2
−

4𝐺𝑁𝑚(𝔞1
2 − 𝔞2

2)cos (2Θ)

3𝜋𝑅4
+ 𝒪(𝐺𝑁

2 , 𝑆3)  

𝑔ΘΘ=
4𝐺𝑁𝑚

3𝜋
+ 𝑅2 −

4𝐺𝑁𝑚

9𝜋𝑅2
(𝔞1

2 + 𝔞2
2 + 3(𝔞1

2 − 𝔞2
2)cos (2Θ)) + 𝒪(𝐺𝑁

2 , 𝑆3) 

𝑔Φ1Φ1
=

4𝐺𝑁𝑚sin2 (Θ)

3𝜋
+ 𝑅2sin2 (Θ)  

+
2𝐺𝑁𝑚sin2 (Θ)

9𝜋𝑅2
(𝔞1

2 + 𝔞2
2 − 3(3𝔞1

2 − 𝔞2
2)cos (2Θ)) + 𝒪(𝐺𝑁

2 , 𝑆3)  

𝑔Φ2Φ2
=

4𝐺𝑁𝑚cos2 (Θ)

3𝜋
+ 𝑅2cos2 (Θ)  

+
2𝐺𝑁𝑚cos2 (Θ)

9𝜋𝑅2
(𝔞1

2 + 𝔞2
2 − 3(𝔞1

2 − 3𝔞2
2)cos (2Θ)) + 𝒪(𝐺𝑁

2 , 𝑆3)  

𝑔Φ1Φ2
 =

2𝔞1𝔞2𝐺𝑁𝑚sin2 (2Θ)

3𝜋𝑅2
+ 𝒪(𝐺𝑁

2 , 𝑆3)

 

{
 
 

 
 

𝑦1 = 𝑟sin 𝜃sin 𝜓sin 𝜙1

𝑥1 = 𝑟sin 𝜃sin 𝜓cos 𝜙1

𝑦2 = 𝑟cos 𝜃sin 𝜓sin 𝜙2

𝑥2 = 𝑟cos 𝜃sin 𝜓cos 𝜙2

𝑧 = 𝑟cos 𝜓

 

𝑟2 = 𝑦1
2 + 𝑥1

2 + 𝑦2
2 + 𝑥2

2 + 𝑧2, 𝜙𝑘 

𝑔𝑟𝑟 = 1 −
(𝔞2

2cos2 𝜃 + 𝔞1
2sin2 𝜃)sin2 𝜓

𝑟2
+ ⋯  

𝑟 = 𝑅 +
1

𝑅
(−

1

4
((𝔞1

2 + 𝔞2
2) + (𝔞2

2 − 𝔞1
2)cos 2Θ) sin2 Ψ)

+
1

𝑅3
(
1

4
(𝔞1

4 + 𝔞2
4 + (𝔞2

4 − 𝔞1
4)cos 2Θ)sin2 Ψ −

5

32
(𝔞1

2 + 𝔞2
2 + (𝔞2

2 − 𝔞1
2)cos 2Θ)2sin4 Ψ)  

cos 𝜃 = cos Θ −
(𝔞2

2 − 𝔞1
2)cos Θsin2 Θ

2𝑅2

+
(𝔞2

2 − 𝔞1
2)cos Θsin2 Θ

16𝑅4
(3𝔞1

2 + 𝔞2
2 + 5(𝔞1

2 − 𝔞2
2)cos 2Θ + (4𝔞2

2cos2 Θ + 4𝔞1
2sin2 Θ)cos 2Ψ)  

cos 𝜓 = cos Ψ +
1

𝑅2
(
1

8
(𝔞1

2 + 𝔞2
2 + (−𝔞1

2 + 𝔞2
2)cos 2Θ)sin Ψsin 2Ψ)

+
sin Ψ

𝑅4 (−
1

2
(

1

128
(11𝔞1

4 − 14𝔞1
2𝔞2

2 + 11𝔞2
4 − 4(𝔞1

4 − 𝔞2
4)cos 2Θ − 7(𝔞1

2 − 𝔞2
2)2cos 4Θ)) sin 2Ψ 

−
1

4
(

7

64
(𝔞1

2 + 𝔞2
2 + (−𝔞1

2 + 𝔞2
2)cos 2Θ)2) sin 4Ψ)
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𝐹0,1 = 1, 𝐹2,1 = −
3

5
, 𝐹4,1 =

4

35

𝐹0,2 = 0, 𝐹2,2 = −
1

5
, 𝐹4,2 =

2

35

𝐹1,3 = 1, 𝐹3,3 = −
2

5
, 𝐹5,3 =

2

35

 

𝑑𝑠2 =−
𝐴(𝑦)

𝐴(𝑥)
(𝑑𝑡 − 𝐶ℛ

1 + 𝑦

𝐴(𝑦)
𝑑𝜑1)

2

 

 +
ℛ2

(𝑥 − 𝑦)2
𝐴(𝑥) (−

𝐵(𝑦)

𝐴(𝑦)
𝑑𝜑1

2 −
𝑑𝑦2

𝐵(𝑦)
+

𝑑𝑥2

𝐵(𝑥)
+

𝐵(𝑥)

𝐴(𝑥)
𝑑𝜑2

2)

 

𝐴(𝑧) = 1 + 𝜆𝑧, 𝐵(𝑧) = (1 − 𝑧2)(1 + 𝜈𝑧), 𝐶 = √𝜆(𝜆 − 𝜈)
1 + 𝜆

1 − 𝜆
 

𝜆 =
2𝜈

1 + 𝜈2
 

𝑥 = − (
1 − 𝜆

1 − 𝜈
)

𝑟2 − 2 (
1 − 𝜆
1 − 𝜈) ℛ2cos2 (𝜃)

𝑟2
, 𝑦 = − (

1 − 𝜆

1 − 𝜈
)

𝑟2 + 2 (
1 − 𝜆
1 − 𝜈) ℛ2sin2 (𝜃)

𝑟2

(𝜑1, 𝜑2) =
√1 − 𝜆

1 − 𝜈
(𝜙1, 𝜙2)

 

𝑚 =
3𝜋ℛ2

4𝐺𝑁
, 𝐽 =

𝜋ℛ3

2𝐺𝑁

√𝜆(𝜆 − 𝜈)(1 + 𝜆)

(1 − 𝜈)2
 

𝑟(𝑅, Θ) = 𝑅 ∑  

1

𝑖=0

  (𝐺𝑁𝑚𝜌(𝑅))𝑖 ∑  

1

𝑗=0

∑  

2

𝑘=0

 𝒞𝑖,2𝑗,2𝑘
(𝑅)

(𝜆) (
𝑎

𝑅
)

2𝑗

𝑃2𝑘(cos Θ) + 𝒪(𝐺𝑁
2 , 𝑎3),  

cos 𝜃(𝑅, Θ) = cos 𝜃 ∑  

1

𝑖=0

  (𝐺𝑁𝑚𝜌(𝑅))𝑖 ∑  

1

𝑗=0

 ∑  

2

𝑘=0

 𝒞𝑖,2𝑗,2𝑘
(Θ)

(𝜆) (
𝑎

𝑅
)

2𝑗

𝑃2𝑘(cos Θ) + 𝒪(𝐺𝑁
2 , 𝑎3),

 

𝑔𝑡𝑡= −1 +
8𝐺𝑁𝑚

3𝜋𝑅2
−

12𝐺𝑁𝑚𝑎2𝜆 cos(2Θ)

𝜋𝑅4(1 + 𝜆)
+ 𝒪(𝐺𝑁

2 , 𝑎3),  

𝑔𝑡Φ1
= −

4𝑎𝐺𝑁𝑚sin2 (Θ)

𝜋𝑅2
+ 𝒪(𝐺𝑁

2 , 𝑎3),  

𝑔𝑅𝑅= 1 +
4𝐺𝑁𝑚

3𝜋𝑅2
−

6𝐺𝑁𝑚𝑎2𝜆 cos(2Θ)

𝜋𝑅4(1 + 𝜆)
+ 𝒪(𝐺𝑁

2 , 𝑎3),  

𝑔ΘΘ =
4𝐺𝑁𝑚

3𝜋
+ 𝑅2 −

2𝐺𝑁𝑚𝑎2(1 + 3𝜆cos (2Θ))

𝜋𝑅2(1 + 𝜆)
+ 𝒪(𝐺𝑁

2 , 𝑎3),

𝑔Φ1Φ1
 =

4𝐺𝑁𝑚sin2 (Θ)

3𝜋
+ 𝑅2sin2 (Θ)

 −
𝐺𝑁𝑚𝑎2sin2 (Θ)

𝜋𝑅2
(−1 + 3(1 + 3𝜆)cos (2Θ)) + 𝒪(𝐺𝑁

2 , 𝑎3),

𝑔Φ2Φ2
 =

4𝐺𝑁𝑚cos2 (Θ)

3𝜋
+ 𝑅2cos2 (Θ)

 −
𝐺𝑁𝑚𝑎2cos2 (Θ)

𝜋𝑅2
(−1 + 3(−1 + 3𝜆)cos (2Θ)) + 𝒪(𝐺𝑁

2 , 𝑎3)
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d𝑠2 =
1

Ω2
[−

𝑄

𝜌2
( d𝑡 − 𝑎Δ𝑥 d𝜙)2 +

𝜌2

𝑄
 d𝑟2 +

𝜌2

𝑃Δ𝑥
 d𝑥2 +

𝑃Δ𝑥

𝜌2
(𝑎 d𝑡 − (𝑟2 + 𝑎2)d𝜙)2]  

𝜌2  = 𝑟2 + 𝑎2𝑥2

𝑃 = 1 + 𝐵2 (𝑀2
𝐼2

𝐼1
2 − 𝑎2) 𝑥2

𝑄 = (1 + 𝐵2𝑟2)Δ

Ω2  = (1 + 𝐵2𝑟2) − 𝐵2Δ𝑥2

Δ = (1 − 𝐵2𝑀2
𝐼2

𝐼1
2) 𝑟2 − 2𝑀

𝐼2
𝐼1

𝑟 + 𝑎2

 

𝐼1 = 1 −
1

2
𝐵2𝑎2, 𝐼2 = 1 − 𝐵2𝑎2  

𝐴𝜇d𝑥𝜇 =
𝑒𝑖𝜎

2𝐵
[Ω𝑟

𝑎 d𝑡 − (𝑟2 + 𝑎2)d𝜙

𝑟 + 𝑖𝑎𝑥
− 𝑖Ω𝑥

 d𝑡 − 𝑎Δ𝑥 d𝜙

𝑟 + 𝑖𝑎𝑥
+ (Ω − 1)d𝜙]  

Ω𝑟 ≡
𝜕Ω

𝜕𝑟
=

𝐵2

Ω
[𝑟(1 − 𝑥2) + 𝑥2𝐼2 (

𝑀

𝐼1
+

𝐵2𝑀2𝑟

𝐼1
2 )]  

Ω𝑥 ≡
𝜕Ω

𝜕𝑥
= −

𝐵2𝑥

Ω
[(1 − 𝐵2𝑀2

𝐼2

𝐼1
2) 𝑟2 − 2𝑀

𝐼2
𝐼1

𝑟 + 𝑎2]  

𝐴𝜇
(real )

= 2Re𝐴𝜇  

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈
(real) 

− 𝜕𝜈𝐴𝜇
(real) 

 

𝐴𝑡 =
1

𝐵𝜌2
[𝑎Ω𝑟 (𝑎𝑥√1 − 𝑤2 + 𝑟𝑤) +

Ω𝑥

√Δ𝑥

(𝑎𝑤𝑥 − 𝑟√1 − 𝑤2)]  

𝐴𝜙 =
1

𝐵𝜌2 [𝑤(Ω − 1)𝜌2 − Ω𝑟(𝑎2 + 𝑟2) (𝑎𝑥√1 − 𝑤2 + 𝑟𝑤) + 𝑎√Δ𝑥Ω𝑥 (𝑟√1 − 𝑤2 − 𝑎𝑤𝑥)]  

Ω2 = 1, 𝑃 = 1, 𝜌2 = 𝑟2 + 𝑎2cos2 𝜃, 𝑄 = Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2  

𝑟± = 𝐼1
𝑀𝐼2 ± √𝑀2𝐼2 − 𝑎2𝐼1

2

𝐼1
2 − 𝐵2𝑀2𝐼2

 

𝑟± = 𝑀 ± √𝑀2 − 𝑎2  

𝑟ℎ =
2𝑀

1 − 𝐵2𝑀2
 

𝑀 =
𝑎𝐼1

√𝐼2
 

𝑟𝑒 =
𝑀𝐼2/𝐼1

1 − 𝐵2𝑀2𝐼2/𝐼1
2 =

𝑀

𝐼1
=

𝑎

√𝐼2
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𝒞(𝑥) = ∫  
2𝜋𝐶

0

 √𝑔𝜙𝜙𝑑𝜙, ℛ(𝑥) = ∫  √𝑔𝑥𝑥𝑑𝑥  

lim
𝑥→+1

 
𝒞

ℛ
= 2𝜋𝐶𝑃(+1), lim

𝑥→−1
 
𝒞

ℛ
= 2𝜋𝐶𝑃(−1)  

2𝜋𝐶𝑃(+1) = 2𝜋, 2𝜋𝐶𝑃(−1) = 2𝜋  

𝐶 =
1

𝑃(1)
= [1 + 𝐵2 (𝑀2

𝐼2

𝐼1
2 − 𝑎2)]

−1

 

𝐶 =
1

1 + 𝐵2𝑀2
 

𝒜(𝑟+) = ∫  
2𝜋𝐶

0

 𝑑𝜙 ∫  
+1

−1

 √𝑔𝑥𝑥𝑔𝜙𝜙|
𝑟+

𝑑𝑥  

𝒜 = 4𝜋𝐶
𝑟+

2 + 𝑎2

1 + 𝐵2𝑟+
2

 

𝒜 = 4𝜋𝐶
𝑟ℎ

2

1 + 𝐵2𝑟ℎ
2

 

𝜅 =
1 + 𝐵2𝑟+

2

𝑟+
2 + 𝑎2

(𝑀
𝐼2
𝐼1

−
𝑎2

𝑟+
) .  

𝑇𝐻 =
𝜅

2𝜋
=

1 + 𝐵2𝑟+
2

2𝜋(𝑟+
2 + 𝑎2)

(𝑀
𝐼2
𝐼1

−
𝑎2

𝑟+
) .  

𝐾∗ = 𝑀4𝑅𝜇𝜈𝜌𝜎𝑅𝜇𝜈𝜌𝜎 

𝐾KBR,∞ =
8𝐵4(𝐵2𝑎2 − 1)2

(𝐵2𝑎2 − 2)8
[(𝐵2𝑎2 − 2)8 − 8𝐵2(𝐵2𝑎2 − 2)7𝑀2 + 16𝐵4(𝐵2𝑎2 − 2)4(3𝐵4𝑎4 − 8𝐵2𝑎2 + 6)𝑀4

−256𝐵6(𝐵2𝑎2 − 1)2(𝐵2𝑎2 − 2)2(2𝐵2𝑎2 − 1)𝑀6 + 1792𝐵8(𝐵2𝑎2 − 1)4𝑀8]

 

𝐾MK,∞ = −
64𝐵4(48𝐵4𝑀2𝑎2 − 5)

(16𝐵4𝑀2𝑎2 + 1)4
 

𝐾KBR,∞ = 8𝐵4 + (32𝑀2 − 16𝑎2)𝐵6 + (48𝑀4 − 48𝑀2𝑎2 + 8𝑎4)𝐵8 + 𝒪(𝐵10)  

𝐾MK,∞ = 320𝐵4 − 23552𝑀2𝑎2𝐵8 + 𝒪(𝐵10)  

𝐾KBR,∞|
𝑀=0

= 8𝐵4(1 − 𝐵2𝑎2)2
 

𝐾MK,∞|
𝑀=0

= 320𝐵4
 

𝑀 =
𝑎𝐼1

√𝐼2
 



pág. 9108 

𝑟𝑒 =
𝑀

𝐼1
=

𝑎

√𝐼2
 

Δ(𝑟) = 𝐼2(𝑟 − 𝑟𝑒)2  

𝑄(𝑟) = (1 + 𝐵2𝑟2)𝐼2(𝑟 − 𝑟𝑒)2  

𝜌0
2(𝑥) ≡ 𝜌2(𝑟𝑒 , 𝑥) = 𝑟𝑒

2 + 𝑎2𝑥2, Ω0
2 ≡ Ω2(𝑟𝑒 , 𝑥) = 1 + 𝐵2𝑟𝑒

2  

𝑃(𝑥) = 1 + 𝐵2 (𝑀2
𝐼2

𝐼1
2 − 𝑎2) 𝑥2 = 1  

Ω𝐻 =
𝑎

𝑟𝑒
2 + 𝑎2  

𝑟 = 𝑟𝑒 + 𝜆𝑦, 𝑡 =
𝑟𝑒

2 + 𝑎2

𝜆
𝜏, 𝜙 = 𝜑 + Ω𝐻𝑡  

𝑄(𝑟) = (1 + 𝐵2𝑟𝑒
2)𝐼2(𝑟 − 𝑟𝑒)2 = (1 + 𝐵2𝑟𝑒

2)𝐼2𝜆2𝑦2 + 𝒪(𝜆3)  

𝑟𝑒
2 = 𝑎2/𝐼2 

(1 + 𝐵2𝑟𝑒
2)𝐼2 = (1 + 𝐵2𝑎2/𝐼2)𝐼2 = 𝐼2 + 𝐵2𝑎2 = 1  

𝑑𝑠nh
2 =

𝜌0
2(𝑥)

Ω0
2 (−𝑦2𝑑𝜏2 +

𝑑𝑦2

𝑦2
+

𝑑𝑥2

1 − 𝑥2)

 +
(1 − 𝑥2)

Ω0
2𝜌0

2(𝑥)
(𝑟𝑒

2 + 𝑎2)2(𝑑𝜑 + 𝑘𝑦𝑑𝜏)2

 

𝑘 =
2√1 − 𝐵2𝑎2

2 − 𝐵2𝑎2
 

𝑑𝑠nh
2 = Γ(𝑥) (−𝑦2𝑑𝜏2 +

𝑑𝑦2

𝑦2
+ 𝛼(𝑥)2𝑑𝑥2) + 𝛾(𝑥)2(𝑑𝜑 + 𝑘𝑦𝑑𝜏)2  

Γ(𝑥) =
𝜌0

2(𝑥)

Ω0
2 , 𝛼(𝑥)2 =

1

1 − 𝑥2
, 𝛾(𝑥)2 =

(1 − 𝑥2)

Ω0
2𝜌0

2(𝑥)
(𝑟𝑒

2 + 𝑎2)2  

𝐀nh = 𝒵(𝑑𝜑 + 𝑘𝑦𝑑𝜏)  

𝒵 =
𝑎2𝐵(2 − 𝐵2𝑎2)

2√1 − 𝐵2𝑎2
 

𝒜ext = 4𝜋
𝑟𝑒

2 + 𝑎2

1 + 𝐵2𝑟𝑒
2

 

𝑆BH =
𝒜ext

4
= 𝜋

𝑟𝑒
2 + 𝑎2

1 + 𝐵2𝑟𝑒
2

 

𝜁𝑛 = −𝑒−𝑖𝑛𝜑𝜕𝜑 − 𝑖𝑛𝑒−𝑖𝑛𝜑𝑦𝜕𝑦 + ⋯  
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𝑐𝐿 = 3𝜅 ∫  
+1

−1

 𝑑𝑥√Γ(𝑥)𝛾(𝑥)2𝛼(𝑥)2  

𝑐𝐿 =
3𝜅

2𝜋
𝒜ext = 12

√1 − 𝐵2𝑎2

2 − 𝐵2𝑎2

𝑟𝑒
2 + 𝑎2

1 + 𝐵2𝑟𝑒
2

 

𝒥 ≡
1

2

𝑟𝑒
2 + 𝑎2

1 + 𝐵2𝑟𝑒
2

 

𝑆CFT =
𝜋2

3
𝑐𝐿𝑇𝐿

 

𝑆CFT =
𝜋2

3
(6𝜅

𝑟𝑒
2 + 𝑎2

1 + 𝐵2𝑟𝑒
2)

1

2𝜋𝜅
= 𝜋

𝑟𝑒
2 + 𝑎2

1 + 𝐵2𝑟𝑒
2  

𝑆CFT = 𝑆BH =
𝒜ext

4
 

𝐾KBR(𝑟) =
8(𝐵2𝑎2 − 1)2

(𝐵2𝑎2 − 2)8(𝑎2 + 𝑟2)6
∑  

12

𝑗=0

 𝑘𝑗𝑟
𝑗  

𝑘12 = 𝐵4(𝐵2𝑎2 − 2)8 − 8𝐵6(𝐵2𝑎2 − 2)7𝑀2 + 16𝐵8(𝐵2𝑎2 − 2)4(3𝐵4𝑎4 − 8𝐵2𝑎2 + 6)𝑀4

−256𝐵10(𝐵2𝑎2 − 1)2(𝐵2𝑎2 − 2)2(2𝐵2𝑎2 − 1)𝑀6 + 1792𝐵12(𝐵2𝑎2 − 1)4𝑀8

𝑘11 = −64𝐵8𝑀3(𝐵2𝑎2 − 1)(𝐵2𝑎2 − 2)[8𝐵2(𝐵2𝑎2 − 1)2(23𝐵2𝑎2 − 9)𝑀4

−4𝐵2𝑎2(𝐵2𝑎2 − 2)2(4𝐵2𝑎2 − 5)𝑀2 + 𝑎2(𝐵2𝑎2 − 2)4].

𝑘10 = −2𝐵4[4352𝐵8𝑎2(𝐵2𝑎2 − 1)4𝑀8 − 192𝐵4(𝐵2𝑎2 − 2)2(𝐵2𝑎2 − 1)2(65𝐵4𝑎4 − 72𝐵2𝑎2 + 15)𝑀6

+16𝐵4𝑎2(𝐵2𝑎2 − 2)4(19𝐵4𝑎4 − 40𝐵2𝑎2 + 18)𝑀4

−8𝐵2𝑎2(𝐵2𝑎2 − 2)6(𝐵2𝑎2 + 2)𝑀2 − 3𝑎2(𝐵2𝑎2 − 2)8].

𝑘9 = 16𝐵4𝑀(𝐵2𝑎2 − 1)(𝐵2𝑎2 − 2)[1984𝐵12𝑀6𝑎8 − 1568𝐵12𝑀4𝑎10 − 𝐵12𝑎14

−6080𝐵10𝑀6𝑎6 + 9328𝐵10𝑀4𝑎8 − 20𝐵10𝑀2𝑎10 + 12𝐵10𝑎12

+6208𝐵8𝑀6𝑎4 − 20288𝐵8𝑀4𝑎6 + 160𝐵8𝑀2𝑎8 − 60𝐵8𝑎10

−2112𝐵6𝑀6𝑎2 + 19632𝐵6𝑀4𝑎4 − 480𝐵6𝑀2𝑎6 + 160𝐵6𝑎8

−8128𝐵4𝑀4𝑎2 + 640𝐵4𝑀2𝑎4 − 240𝐵4𝑎6

+960𝐵2𝑀4 − 320𝐵2𝑀2𝑎2 + 192𝐵2𝑎4 − 64𝑎2].
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𝑘8 = 𝐵4[𝐵16(1792𝑀8𝑎12 − 46848𝑀6𝑎14 + 13488𝑀4𝑎16 + 120𝑀2𝑎18 + 15𝑎20)

+𝐵14(384768𝑀6𝑎12 − 7168𝑀8𝑎10 − 145984𝑀4𝑎14 − 1424𝑀2𝑎16 − 240𝑎18)  

+𝐵12(1281280𝑀6𝑎10 + 10752𝑀8𝑎8 + 666272𝑀4𝑎12 + 6992𝑀2𝑎14 + 1680𝑎16)  

+𝐵10(2211072𝑀6𝑎8 − 7168𝑀8𝑎6 − 1663424𝑀4𝑎10 − 18048𝑀2𝑎12 − 6720𝑎14)  

+𝐵8(1792𝑀8𝑎4 − 2083840𝑀6𝑎6 + 2462112𝑀4𝑎8 + 25280𝑀2𝑎10 + 16800𝑎12)  

+𝐵6(1016832𝑀6𝑎4 − 2182912𝑀4𝑎6 − 16640𝑀2𝑎8 − 26880𝑎10)  

+𝐵4(1106176𝑀4𝑎4 − 200704𝑀6𝑎2 + 768𝑀2𝑎6 + 26880𝑎8)  

+𝐵2(4096𝑀2𝑎4 − 278528𝑀4𝑎2 − 15360𝑎6)  

+23040𝑀4 − 1024𝑀2𝑎2 + 3840𝑎4].

 𝑘7 = −

  +(𝐵2𝑎2 − 2𝐵2𝑀(𝐵2𝑎2 − 1)(𝐵2𝑎2 − 2)[16𝐵8𝑎4(𝐵2𝑎2 − 1)2(11𝐵2𝑎2 − 21)𝑀6

 +2𝐵2𝑎4(𝐵2𝑎2 − 2)6].

𝑘6 = 4(𝐵2𝑎2 − 2)2[32𝐵8𝑎4(𝐵2𝑎2 − 1)2(59(𝐵2𝑎2)2 − 220𝐵2𝑎2 + 185)𝑀6

 −16𝐵4𝑎2(𝐵2𝑎2 − 2)2(231(𝐵2𝑎2)4 − 1094(𝐵2𝑎2)3 + 1740(𝐵2𝑎2)2 − 1146𝐵2𝑎2 + 264)𝑀4

 +2(𝐵2𝑎2 − 2)4(85(𝐵2𝑎2)4 − 158(𝐵2𝑎2)3 + 132(𝐵2𝑎2)2 − 42𝐵2𝑎2 + 3)𝑀2

+5𝐵4𝑎6(𝐵2𝑎2 − 2)6].

𝑘5 = −32

 −2(𝐵2𝑎2 − 2)2(45(𝐵2𝑎2 − 1)(𝐵2𝑎2 − 2)3[8𝐵2(𝐵2𝑎2)(22(𝐵2𝑎2)3 − 117(𝐵2𝑎2)2 + 192𝐵2𝑎2 − 93)𝑀4

+3𝑎2(𝐵2𝑎2)(𝐵2𝑎2 − 2)4].

𝑘4 = 𝑎2(𝐵2𝑎2 − 2)2[−256𝐵8𝑎4(𝐵2𝑎2 − 1)2𝑀6

 +16𝐵2(𝐵2𝑎2)(𝐵2𝑎2 − 209𝐵2𝑎2 − 60)𝑀2

 −8(𝐵2𝑎2 − 2)4(6(𝐵2𝑎2)4 − 160(𝐵2𝑎2)4 − 1028(𝐵2𝑎2)3 + 2412(𝐵2𝑎2)2 − 2316𝐵2𝑎2 + 787)𝑀4

+15𝑎2(𝐵2𝑎2)2(𝐵2𝑎2 − 2)6].

 𝑘3 = −32𝐵2𝑀4(𝐵2𝑎2 − 1)(𝐵2𝑎2 − 2)3[8𝐵4𝑎2(3 − 2𝐵2𝑎2)𝑀4

 +(𝐵2𝑎2 − 2)2(23(𝐵2𝑎2)3 − 107(𝐵2𝑎2)2 + 199𝐵2𝑎2 − 105)𝑀2

 

𝑘2 = 2𝑎4(𝐵2𝑎2 − 2)4[16𝐵2(𝐵2𝑎2)(−12(𝐵2𝑎2)2 + 32𝐵2𝑎2 − 17)𝑀4

+4(𝐵2𝑎2 − 2)2(17(𝐵2𝑎2)4 − 62(𝐵2𝑎2)3 + 132(𝐵2𝑎2)2 − 126𝐵2𝑎2 + 45)𝑀2 

+3𝑎2(𝐵2𝑎2)2(𝐵2𝑎2 − 2)4]

 

𝑘1 = −16𝐵2𝑀𝑎6(𝐵2𝑎2 − 1)(𝐵2𝑎2 − 2)5[𝐵6𝑎8 − 4𝐵4𝑎6 − 8𝐵2𝑀2𝑎2 + 4𝐵2𝑎4 + 12𝑀2]  

𝑘0 = 𝑎6(𝐵2𝑎2 − 2)4[16𝐵4𝑎2𝑀4 − 8(𝐵2𝑎2 − 2)2(2𝐵4𝑎4 − 6𝐵2𝑎2 + 3)𝑀2 + 𝐵4𝑎6(𝐵2𝑎2 − 2)4]  

𝐾MK(𝑟) =−
16

(𝑎2 + 𝑟2)6(16𝐵4𝑀2𝑎2 + 1)4
[𝐵8(768𝑀6𝑎10 − 11520𝑀6𝑎8𝑟2 + 11520𝑀6𝑎6𝑟4  

−768𝑀6𝑎4𝑟6 + 768𝑀4𝑎12 − 4608𝑀4𝑎8𝑟4 − 6144𝑀4𝑎6𝑟6 − 2304𝑀4𝑎4𝑟8  
+192𝑀2𝑎14 + 1152𝑀2𝑎12𝑟2 + 2880𝑀2𝑎10𝑟4 + 3840𝑀2𝑎8𝑟6  
+2880𝑀2𝑎6𝑟8 + 1152𝑀2𝑎4𝑟10 + 192𝑀2𝑎2𝑟12)

+𝐵6(576𝑀3𝑎10𝑟 + 1536𝑀3𝑎8𝑟3 + 1152𝑀3𝑎6𝑟5 − 192𝑀3𝑎2𝑟9)

+𝐵4(96𝑀4𝑎8 − 1440𝑀4𝑎6𝑟2 + 1440𝑀4𝑎4𝑟4 − 96𝑀4𝑎2𝑟6 + 48𝑀2𝑎10 − 288𝑀2𝑎6𝑟4

−384𝑀2𝑎4𝑟6 − 144𝑀2𝑎2𝑟8 − 20𝑎12 − 120𝑎10𝑟2 − 300𝑎8𝑟4 − 400𝑎6𝑟6  
−300𝑎4𝑟8 − 120𝑎2𝑟10 − 20𝑟12)

+𝐵2(36𝑀𝑎8𝑟 + 96𝑀𝑎6𝑟3 + 72𝑀𝑎4𝑟5 − 12𝑀𝑟9)

+3𝑀2𝑎6 − 45𝑀2𝑎4𝑟2 + 45𝑀2𝑎2𝑟4 − 3𝑀2𝑟6].

 

𝜔𝑛 ≈ 𝜇 (1 −
𝜇2𝑟𝑠

2

8

1

𝑛H
2 ) , (𝑛H = 1,2, … , 𝑛H > ℓ).  
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𝐸ℓ = −√𝜇2 − 𝜔ℓ
2 

𝑝 <
𝑅𝑦/𝜆

√
𝑟𝑏
𝑟𝑠

− 1

≡ 𝑝⋆, (2)
 

𝜔𝑛H
≈ √𝜇2 + 𝑘2 [1 −

(𝜇2 − (𝑟𝑏/𝑟𝑠 − 1)𝑘2)2𝑟𝑠
2

4(𝜇2 + 𝑘2)

1

2𝑛𝐻
2 ] ,  

𝑆 = ∫  𝑑5√−𝑔 {
1

2
𝑅 −

1

4
𝐹2 −

1

2
(𝐷𝜇Φ‾ 𝐷𝜇Φ + 𝜇2Φ‾ Φ)}  

𝐷𝜇 = ∇𝜇 + 𝑖𝑒𝐴𝜇 

Φ ↦ 𝑒𝑖𝛼(𝑥)Φ, 𝐴𝜇 ↦ 𝐴𝜇 −
1

𝑒
∇𝜇𝛼(𝑥),  

𝑑𝑠2= −𝑓𝑠(𝑟)𝑑𝑡2 + 𝑓𝑏(𝑟)𝑑𝑦2 +
𝑑𝑟2

𝑓𝑠(𝑟)𝑓𝑏(𝑟)
+ 𝑟2𝑑Ω2

2 

𝐴 = −𝑃cos 𝜃𝑑𝜙, 𝑓𝑠,𝑏 = 1 −
𝑟𝑠,𝑏

𝑟

 

𝑟𝑠 = 𝑟𝑏 (1 − 4
𝑟𝑏

2

𝐾2𝑅𝑦
2) , (𝐾 ∈ ℕ),  

(𝐷𝜇𝐷𝜇 − 𝜇2)Φ = 0.  

𝑌𝑁ℓ𝑚(𝜃, 𝜙) = 𝒫𝑁,ℓ,𝑚(𝜃)𝑒𝑖𝑚𝜙 

Φ = 𝑒−𝑖𝜔𝑡+𝑖𝑘𝑦+𝑖𝑚𝜙𝜓(𝑟)𝒫𝑁,ℓ,𝑚(𝜃),  

ℓ =
|𝑁|

2
,
|𝑁|

2
+ 1, … , 𝑚 = −ℓ, −ℓ + 1, … , ℓ.  

(𝑟 − 𝑟𝑆)(𝑟 − 𝑟𝐵)𝜓′′(𝑟) + (2𝑟 − 𝑟𝐵 − 𝑟𝑆)𝜓′(𝑟) + (
𝑟3(𝜔2 − 𝜇2) + 𝜇2𝑟𝑆𝑟2

𝑟 − 𝑟𝑆
−

𝑘2𝑟3

𝑟 − 𝑟𝐵
− Λ) 𝜓(𝑟) = 0  

Λ = ℓ(ℓ + 1) − (𝑁/2)2 ≥ 0  

𝜓(𝑟) ∼ (𝑟 − 𝑟𝑏)𝑝𝐾/2 (𝑟 ∼ 𝑟𝑏).  

Φ ∈ {
𝐶𝑝(𝑀)  if 𝑝 > 0

𝐶∞(𝑀)  if 𝑝 = 0
 

𝜓(𝑟) ∼ 𝑒±𝑖√𝜔2−𝑘2−𝜇2𝑟 

𝜓(𝑟) ∼ 𝑒𝑖√𝜔2−𝑘2−𝜇2
𝑟 (𝑟 → ∞),  
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 Im [√𝜔2 − 𝑘2 − 𝜇2] < 0

 Im [√𝜔2 − 𝑘2 − 𝜇2] > 0
 

∇𝜇𝒫𝑋 + 𝑋𝜈𝐹𝜈𝜇 = 0  

𝐈𝑋[Φ]: = {𝑒𝒫𝑋𝐽𝜈
Φ + 𝑋𝜇𝑇𝜇𝜈

Φ}𝝐𝜈, 𝑑𝐈𝑋[Φ] = 0  

𝑇𝜇𝜈
Φ  = 𝐷(𝜇Φ‾ 𝐷𝜈)Φ −

1

2
(𝐷𝛼Φ‾ 𝐷𝛼Φ + 𝜇2Φ‾ Φ)𝑔𝜇𝜈

𝐽𝜇
Φ  =

𝑖

2
(Φ‾ 𝐷𝜇Φ − Φ𝐷𝜇Φ‾ )

 

𝒫𝜕𝑡
= 𝒫𝜕𝑦

= 0, 𝒫𝜕𝜙
= −𝑃cos 𝜃,  

𝜔 = 𝜔𝑅 + 𝑖𝜔𝐼  

𝐸[Φ]: = − ∫  
Σ𝑡

  𝐈𝜕𝑡
[Φ] = 𝜋𝑅𝑦𝑒2𝜔𝐼𝑡 ∫  

∞

𝑟𝐵

 𝑑𝑟 {(
𝑝2

𝑅𝑦
2

𝑟2

𝑓𝐵(𝑟)
+ |𝜔|2

𝑟2

𝑓𝑆(𝑟)
+ 𝜇2𝑟2 + Λ) |𝜓|2 + 𝑟2𝑓𝐵(𝑟)𝑓𝑆(𝑟)|𝜓′|2} 

Φ = [𝐴(𝑥) + 𝑂(𝜆/𝑟𝑏)]𝑒
𝑖
𝑆(𝑥)
𝜆/𝑟𝑏 ,  

∇𝜇𝑆∇𝜇𝑆 = −1.  

𝑘𝜇𝑘𝜇 = −1, 𝑘𝜇∇𝜇𝑘𝜈 = 0,  

𝑆 = −ℰ𝑡 + 𝑟𝑏ℳ𝜙 + 𝑆𝑅(𝑟) + 𝑆𝜃(𝜃).  

𝑆𝑅
′ (𝑟) = ±√ℛ(𝑟), 𝑆𝜃

′ (𝜃) = ±√Θ(𝜃),  

ℛ(𝑟)  ≡
1

𝑓𝑠
2𝑓𝑏

[ℰ2 − 𝑓𝑠 (1 +
𝒬 + 𝑟𝑏

2ℳ2

𝑟2 )]

Θ(𝜃)  ≡ 𝒬 − 𝑟𝑏
2ℳ2cot2 𝜃

 

Φ ∼ 𝑒
𝑖
𝜆

[−ℰ𝑡+𝑟𝑏ℳ𝜙+𝑆𝑅(𝑟)+𝑆𝜃(𝜃)]
,  

𝜔 = ℰ/𝜆, 𝑚 = 𝑟𝑏ℳ/𝜆.  

𝑟0(ℳ) = 𝑟𝑏

ℳ2

𝑟𝑠/𝑟𝑏
(1 + Δ), Δ ≡ √1 − 3(𝑟𝑠/𝑟𝑏ℳ)2

ℰ2(ℳ) =
[(𝑟𝑠/𝑟𝑏ℳ)2 − (1 + Δ)]2

(1 + Δ)(1 − (3/2)(𝑟𝑠/𝑟𝑏ℳ)2 + Δ)

 

𝜔 =
1

𝜆
[1 −

(𝑟𝑠/𝑟𝑏)2

8

1

ℳ2
+ ⋯ ] , 𝑟0 = 2𝑟𝑏𝜂ℳ2 + ⋯  

𝜔 =
1

𝜆

2√2

3
=

1

𝜆
ℰ≜, 𝑟0 = 3𝑟𝑠 ≡ 𝑟≝,  
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𝑧2𝜓′′(𝑧) + 2𝑧𝜓′(𝑧) + [(
𝜔2

𝜇2
−

𝑘2

𝜇2
− 1) 𝑧2 + (

𝜔2

𝜇2
−

𝑟𝑏

𝑟𝑠

𝑘2

𝜇2) 𝜇𝑟𝑠𝑧 − ℓ(ℓ + 1)] 𝜓(𝑧) = 0  

𝜔2

𝜇2
−

𝑘2

𝜇2
− 1 < 0 

𝜔2

𝜇2
−

𝑟𝑏

𝑟𝑠

𝑘2

𝜇2
> 0 

𝑝 <
𝑅𝑦/𝜆

√
𝑟𝑏
𝑟𝑠

− 1

≡ 𝑝⋆  

𝜔𝑛H
= √𝜇2 + 𝑘2 [1 −

(𝜇2 − (𝑟𝑏/𝑟𝑠 − 1)𝑘2)2𝑟𝑠
2

4(𝜇2 + 𝑘2)

1

2𝑛𝐻
2 ] ,  

𝑟

𝑟𝑏
= 𝑟̃, 𝜔 =

𝜔̃

𝑟𝑏
, 𝜇 =

𝜇̃

𝑟𝑏
, 𝜂 =

𝑟𝑏

𝑟𝑠
, 𝑘 =

𝑘̃

𝑟𝑏

 

𝜖= 𝜔̃2 − 𝑘̃2 − 𝜇̃2  

𝜎 = 𝑘̃2(1 − 𝜂) + 𝜇̃2

𝜑𝑘̃ = 2𝑘̃2(1 − 𝜂) + 𝜎 + Λ(1 − 𝜂)

 

𝜓′′(𝑧)+𝑟̃3(𝑟̃ − 1)𝜂2𝑄(𝑟̃)𝜓(𝑧) = 0  
𝑄(𝑟̃)= 𝜖 − 𝑉eff  

𝑉eff =
𝑘̃2(𝜂 − 1)

𝜂𝑟̃(𝑟̃ − 1)
+

(𝑟̃𝜂 − 1)Λ

𝜂𝑟̃3
−

𝜎

𝜂𝑟̃

 

𝑑𝑧̃/𝑑𝑟̃ = 1/(𝑟̃ − 1)(𝜂𝑟̃ − 1) 

𝑄̂ ≡ 𝑄𝑘̃→0(𝑟̃) = 𝜖 −
(𝑟̃𝜂 − 1)Λ

𝜂𝑟̃3
+

𝜇̃2

𝜂𝑟̃
.  

𝑟̃min =
3

𝜂(1 + 𝛼)
, 𝑟̃max =

3

𝜂(1 − 𝛼)
,  

𝛼 ≡ √1 −
Λ−

Λ
, Λ− ≡

3𝜇̃2

𝜂2
.  

𝛾 = √−𝜖 = √𝑘̃2 + 𝜇̃2 − 𝜔̃2.  

lim
𝑟̃→∞

 𝑄̂(𝑟̃) = 𝜖 < 0.  

𝑄̂(𝑟̃ = 1) = 𝛾0
2 − 𝛾2,  

𝛾0 = √
𝜑0

𝜂
, 𝜑0 = 𝜑𝑘̃=0.  
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𝑄̂(𝑟̃ = 𝑟̃min) = 𝛾−
2 − 𝛾2, 𝑄̂(𝑟̃ = 𝑟̃max) = 𝛾+

2 − 𝛾2,  

𝛾± = √
(1 ∓ 𝛼)(1 ± 2𝛼)

9(1 ± 𝛼)
𝜇̃,  for  Λ ≥ Λ−.  

𝑄̂(𝑟̃ = 1) > 0,  for  Λ < Λ̂,

Λ̂ =
𝜇̃2

𝜂 − 1
,  and  Λ− < Λ̂,

 

Λ+ =
4𝜇̃2

𝜂2
,  𝛾−|Λ=Λ+

= 0.  

Λ0 =
4𝜇̃2

(𝜂 − 1)(𝜂 + 3)
,  𝛾0|Λ=Λ0

= 𝛾+  

𝛾+ < 𝛾0,  for Λ− ≤ Λ < Λ0,
𝛾0 = 𝛾+, for Λ = Λ0,
𝛾0 < 𝛾+, for Λ0 < Λ.

 

1 < 𝜂 <
3

2
⇒ {

0 < 𝛾 ≤ 𝛾0,  for Λ ≤ Λ−

0 < 𝛾 < 𝛾−, for Λ− ≤ Λ < Λ+,
𝛾+ < 𝛾 ≤ 𝛾0,  for Λ− ≤ Λ ≤ Λ0

3

2
< 𝜂 < 2 ⇒ {

0 < 𝛾 ≤ 𝛾0,  for Λ ≤ Λ−

0 < 𝛾 < 𝛾−, for Λ− ≤ Λ < Λ0,
𝛾+ < 𝛾 ≤ 𝛾0,  for Λ− ≤ Λ ≤ Λ0

 

1 < 𝜂 <
3

2
⇒ {

𝛾− ≤ 𝛾 ≤ 𝛾+ Λ− < Λ ≤ Λ+

0 < 𝛾 ≤ 𝛾+ Λ+ ≤ Λ ≤ Λ0

0 < 𝛾 ≤ 𝛾0 Λ0 ≤ Λ < Λ̂

3

2
< 𝜂 < 2 ⇒ {

𝛾− ≤ 𝛾 ≤ 𝛾+ Λ− < Λ ≤ Λ0

𝛾− ≤ 𝛾 ≤ 𝛾0 Λ0 ≤ Λ ≤ Λ+

0 < 𝛾 ≤ 𝛾0 Λ+ ≤ Λ < Λ̂

 

1 < 𝜂 <
3

2
⇒ {

𝛾0 < 𝛾 ≤ 𝛾+, for Λ0 < Λ ≤ Λ̂

0 < 𝛾 ≤ 𝛾+, for Λ̂ ≤ Λ

3

2
< 𝜂 < 2 ⇒ {

𝛾0 < 𝛾 ≤ 𝛾+, for Λ0 < Λ ≤ Λ̂
0 < 𝛾 ≤ 𝛾−, for Λ0 < Λ ≤ Λ+,

0 < 𝛾 ≤ 𝛾+, for Λ̂ ≤ Λ

 

lim
ℓ→∞

 𝑟̃max =
2𝜂Λ

𝜇̃2
=

2𝜂ℓ(ℓ + 1)

𝜇̃2
.  

𝛾𝑔 = √𝜇̃2(1 − ℰ2) 

𝜔 = 𝜇ℰ (
ℓ

𝜇𝑟𝑏
)  

𝑄𝑘(𝑟̃) = 𝑟̃3(𝑟̃ − 1)𝜂2𝑄(𝑟̃)  
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  0 < 𝛾 < 𝛾𝑘̃

 {
0 < 𝛾 <

𝜎𝜂

3
, Λ𝑘̃ < 𝜎𝜂

0 < 𝛾 < 𝛾𝑐 , 𝜎𝜂 < Λ𝑘̃

 

𝛾𝑐 = √
1

3
(4Λ𝑘̃ + 𝜎𝜂 − 2√2(2Λ𝑘̃ − 𝜎𝜂)(Λ𝑘̃ + 𝜎𝜂))

𝛾𝑘̃ = √
𝜑𝑘̃

𝜂
, Λ𝑘̃ = 𝑘̃2

(𝜂 − 1)

𝜂
+ Λ, 𝜎𝜂 =

𝜎

𝜂

 

  0 < 𝛾 < 𝛾𝑘̃ , Λ𝑘̃ < 𝜎𝜂 ,

 {
𝛾𝑘̃ < 𝛾 <

𝜎𝜂

3
, Λ𝑘̃ < 𝜎𝜂 ,

𝛾𝑘̃ < 𝛾 < 𝛾𝑐 , 𝜎𝜂 < Λ𝑘̃

 

𝑄𝑘(𝑟̃ = 1) = −𝑘̃2(𝜂 − 1)𝜂,  

𝑘̃ > √
𝜎

2(𝜂 − 1)
⇒ 𝜑𝑘̃ < 0,  

𝜇̃

√𝜂 − 1
> 𝑘̃ >

𝜇̃

√3(𝜂 − 1)
 ⇒  𝜑𝑘̃ < 0.  

𝑘̃ =
𝑝𝐾

2
√

𝜂 − 1

𝜂
.  

Λ = ℓ(ℓ + 1) − (𝑁/2)2,  

𝐸[𝜑] = − ∫  
Σ𝑡

  𝐈𝜕𝑡
[𝜑] = 𝜋𝑟𝐵 ∫  

∞

1

 𝑑𝑟̃ {(|𝜔̃|2
𝑟̃3

𝑟̃ − 1/𝜂
+ 𝜇̃2𝑟̃2 + Λ) |𝜓|2 + (𝑟̃ − 1)(𝑟̃ − 1/𝜂)|𝑑𝜓/𝑑𝑟̃|2}

𝐿[𝜑] = ∫  
Σ𝑡

  𝐈𝜕𝜙
[𝜑] = 2𝜋𝑟𝐵

2𝜔̃𝑚 ∫  
∞

1

 𝑑𝑟̃
𝑟̃3

𝑟̃ − 1/𝜂
|𝜓|2

 

ℓn = 0,1,2, … , 𝑚n = −|ℓn|, −|ℓn| + 1, … , |ℓn| 

ℓc = |𝑁c/2|, |𝑁c/2| + 1, |𝑁c/2| + 2, …, 𝑚c = −|ℓc|, −|ℓc| + 1, … , |ℓc| 

|𝐿[𝜑n, ℓn = 𝑚n]| < |𝐿[𝜑c, ℓc = 𝑚c]|.  

𝑌𝑁,ℓ,𝑚(𝜃, 𝜙) = 𝒫𝑁,ℓ,𝑚(𝜃)𝑒𝑖𝑚𝜙

 = 𝒩(1 − 𝑥)
|𝛼|
2 (1 + 𝑥)

|𝛽|
2 𝑃𝜈

(|𝛼|,|𝛽|)
(𝑥)𝑒𝑖𝑚𝜙,

 

ℓ = |𝑁|/2, |𝑁|/2 + 1, … , 𝑚 = −ℓ, −ℓ + 1, … , ℓ,  

𝑥 = cos 𝜃, 𝑃𝑛
(𝑎,𝑏)

(𝑥) 
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𝛼 = 𝑁/2 − 𝑚, 𝛽 = −𝑁/2 − 𝑚

𝜈 = ℓ + 𝑚 +
𝛼 − |𝛼| + 𝛽 − |𝛽|

2

𝒩 =
(−1)

𝛼−|𝛼|
2

√4𝜋
√

2ℓ + 1

2|𝛼|+|𝛽|

𝜈! (𝜈 + |𝛼| + |𝛽|)!

(𝜈 + |𝛼|)! (𝜈 + |𝛽|)!
,

 

∫  
𝑆2

 𝑌‾𝑁,ℓ′,𝑚′𝑌𝑁,ℓ,𝑚𝑑Ω = 𝛿ℓ′ℓ𝛿𝑚′𝑚  

𝐃 = 𝛁 + 𝑖𝑒𝐴, 𝐿𝑙 = −𝑖𝜖𝑙𝑗𝑘𝑥𝑗𝐃𝑘 +
𝑁

2

𝑥𝑙

𝑟
,  

𝐿2𝑌𝑁,ℓ,𝑚  = ℓ(ℓ + 1)𝑌𝑁,ℓ,𝑚

𝐃2𝑌𝑁,ℓ,𝑚  = −[ℓ(ℓ + 1) − (𝑁/2)2]𝑌𝑁,ℓ,𝑚
 

𝐺𝜇𝜈 = 𝑇𝜇𝜈
𝐹 + 𝑇𝜇𝜈

Φ , ∇𝜇𝐹𝜇𝜈 = −𝑒𝐽𝜈
Φ, 𝐸Φ = 0  

𝑇𝜇𝜈
𝐹 = 𝐹𝜇  𝛼𝐹𝜈𝛼 −

1

4
𝐹2𝑔𝜇𝜈,  

𝑇𝜇𝜈
Φ  = 𝐷(𝜇Φ‾ 𝐷𝜈)Φ −

1

2
(𝐷𝛼Φ‾ 𝐷𝛼Φ + 𝜇2Φ‾ Φ)𝑔𝜇𝜈 ,

𝐽𝜇
Φ =

𝑖

2
(Φ‾ 𝐷𝜇Φ − Φ𝐷𝜇Φ‾ ),

𝐸Φ = 𝐷𝜇𝐷𝜇Φ − 𝜇2Φ,

 

⋆ 𝑑 ⋆ 𝐽Φ= −
𝑖

2
(Φ‾ 𝐸Φ − 𝑐. 𝑐. )  

∇𝜇𝑇𝜇𝜈
𝐹  = 𝐹𝜈𝛼∇𝜇𝐹𝜇 𝛼

∇𝜇𝑇𝜇𝜈
Φ  =

1

2
(𝐸Φ𝐷𝜈Φ‾ + 𝑐. 𝑐. ) + 𝑒𝐹𝜈  𝜇𝐽𝜇

Φ

 

𝑟̃ =
2𝜂ℓ(ℓ + 1)𝑧

(𝑘̃2(1 − 𝜂) + 𝜇̃2)
+ 1,  

𝑔(𝑧)𝜕𝑧[𝑔(𝑧)𝜓′(𝑧)] − 𝑉(𝑧)𝜓(𝑧) = 0,  

𝑔(𝑧) = 𝑧 (1 −
2𝜂2ℓ(ℓ + 1)𝑧

(1 − 𝜂)(𝑘̃2(1 − 𝜂) + 𝜇̃2)
) ,

𝑉(𝑧) = − (
𝜂

1 − 𝜂
𝑘̃2 + 𝑣1𝑧 + 𝑣2𝑧2 + 𝑣3𝑧3 + 𝑣4𝑧4) ,
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𝑣1 =
2𝜂2ℓ(ℓ + 1)(𝑘̃2(3 − 4𝜂) − (1 − 𝜂)Λ + (1 − 𝜂)𝜇̃2 + 𝜂𝜔̃2)

(1 − 𝜂)2(𝑘̃2(1 − 𝜂) + 𝜇̃2)

𝑣2 =
4𝜂3ℓ2(ℓ + 1)2 (𝑘̃2(3 − 6𝜂) + 2𝜇̃2 + 𝜂(Λ − 3(𝜇̃2 − 𝜔̃2)))

(1 − 𝜂)2(𝑘̃2(1 − 𝜂) + 𝜇̃2)
2

𝑣3 =
8𝜂4ℓ3(ℓ + 1)3(𝑘̃2(1 − 4𝜂) + (1 − 3𝜂)𝜇̃2 + 3𝜂𝜔̃2)

(1 − 𝜂)2(𝑘̃2(1 − 𝜂) + 𝜇̃2)
3 ,

𝑣4 =
16𝜂6ℓ4(ℓ + 1)4 (𝜔̃2 − (𝑘̃2 + 𝜇̃2))

(1 − 𝜂)2(𝑘̃2(1 − 𝜂) + 𝜇̃2)
4 ,

 

𝜔̃ = ∑  

∞

𝑗=0

𝑤𝑗ℓ
−𝑗, 𝑧 = ∑  

∞

𝑗=0

𝑧𝑗ℓ
−𝑗 

𝑤0 = √𝑘̃2 + 𝜇̃2 and 𝑤1 = 0 

𝜓(𝑧) = 𝑒−ℓ𝜙(𝑧)𝑍(𝑧),  

𝑍(𝑧) = 𝑍0(𝑧) [1 + ∑  

∞

𝑗=1

 𝑍𝑗ℓ
−𝑗] , 𝜔̃ = ∑  

∞

𝑗=0

 𝑤𝑗ℓ
−𝑗

𝑤0 = √𝑘̃2 + 𝜇̃2, 𝑤1 = 0

 

𝜙′(𝑧)2 =
1

𝑧2
−

2

𝑧
−

8𝑤2𝜂2√𝑘̃2 + 𝜔̃2

(𝑘̃2(1 − 𝜂) + 𝜇̃2)
2 .  

𝜙(𝑧) = 𝑧 − log (𝑧) + 𝑐𝜙, 𝑤2 = −
(𝑘̃2(𝜂 − 1) − 𝜇̃2)

2

8𝜂2√𝑘̃2 + 𝜇̃2
,  

𝑤3 =
(𝑘̃2(𝜂 − 1) − 𝜇̃2)

2

4𝜂2√𝑘̃2 + 𝜇̃2
,

𝑤4 =
(𝑘̃2(1 − 𝜂) + 𝜇̃2)

2

128𝜂4(𝑘̃2 + 𝜇̃2)
3/2

[𝜂2 (15𝑘̃4 − 4𝜇̃2(𝑁2 + 12) − 4𝑘̃2(𝑁2 − 4𝜇̃2 + 12))

−6𝜂𝑘̃2(𝑘̃2 + 𝜇̃2) − 9(𝑘̃2 + 𝜇̃2)
2
] ,

𝑍1(𝑧) =
𝑘̃2(𝜂 − 1)(1 − 𝜂 + 𝑧2(1 + 2𝜂))

4𝜂2𝑧
−

(1 − 𝜂 + 𝑧2)𝜇̃2

4𝜂2𝑧
−

𝑁2𝑧

8
+ 𝑐𝑍1

+ [
3𝑘̃2

4
(1 −

1

𝜂2
) −

(3 + 𝜂)𝜇̃2

4𝜂2
−

𝑁2

8
] log (𝑧),
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𝜔̃eik = √𝑘̃2 + 𝜇̃2 −
𝜎2

8𝜂2√𝑘̃2 + 𝜇̃2

1

ℓ2
+

𝜎2

4𝜂2√𝑘̃2 + 𝜇̃2

1

ℓ3

+
𝜎2

128𝜂4(𝑘̃2 + 𝜇̃2)
3/2

[𝜂2 (15𝑘̃4 − 4𝜇̃2(𝑁2 + 12) − 4𝑘̃2(𝑁2 − 4𝜇̃2 + 12)) 

 −6𝜂𝑘̃2(𝑘̃2 + 𝜇̃2) − 9(𝑘̃2 + 𝜇̃2)
2
]

1

ℓ4
+ 𝒪(ℓ−5),

 

𝛾 = √𝑘̃ + 𝜇̃2 − 𝜔̃2 for ℓ ≫ 1 : 

𝛾 =
𝑘̃2(1 − 𝜂) + 𝜇̃2

2𝜂ℓ
−

𝑘̃2(1 − 𝜂) + 𝜇̃2

2𝜂ℓ2
+

(𝑘̃2(1 − 𝜂) + 𝜇̃2)(2𝑘̃2(1 + 𝜂 − 2𝜂2) + 2𝜇̃2 + (8 + 𝑁2)𝜂2)

16𝜂3ℓ3
+ 𝒪(ℓ−4). 

4𝜂√ℓ(ℓ + 1)

(𝑘̃2(1 − 𝜂) + 𝜇̃2)
.  

𝑟̃ = 1 +
𝑧

𝜇̃
(
𝜂 − 1

2√𝜂
+ 𝑘̃√𝜂 − 1)  

𝜓(𝑧) = 𝑧
𝑘̃√

𝜂
𝜂−1𝑒−𝜙̂(𝑧)𝑍̂(𝑧)

 

𝑍̂(𝑧) = 1 + ∑  

∞

𝑗=1

  𝑍̂𝑗𝜇̃
−𝑗, 𝜔̃ = ∑  

∞

𝑗=0

 𝑤𝑗𝜇̃
−𝑗

𝑤0 = 𝜇̃√
𝜂 − 1

𝜂

 

𝜔̃𝜇̃ = 𝜇̃√
𝜂 − 1

𝜂
+ (

√𝜂 − 1

2𝜂
+

𝑘̃

√𝜂
) −

√𝜂 − 1(−4𝜂Λ − 1 + 8𝑘̃√𝜂(𝜂 − 1))

8𝜂3/2𝜇̃
 

 + (−
(𝜂 − 1)3/2(𝜂 − 1 − 2𝜂𝑘̃2 + 𝑘̃√𝜂(𝜂 − 1))

4𝜂2
−

√𝜂 − 1(𝜂 − 1 + 2𝑘̃√𝜂(𝜂 − 1))Λ

2𝜂
)

1

𝜇̃2
,

 

𝛾 = √𝑘̃2 + 𝜇̃2 − 𝜔̃2 

𝛾 =
𝜇̃

√𝜂
−

𝜂 − 1 + 2𝑘̃√(𝜂 − 1)𝜂

2𝜂
+

1 + 𝜂(4(1 − 𝜂)Λ − 𝜂) + 4𝑘̃√𝜂(𝜂 − 1)(√𝜂 − 2)

8𝜂3/2𝜇̃
+ 𝒪(𝜇̃−2).  

𝜓(𝑟̃) = 𝑒 𝑟̃𝛾 (
𝑟̃ − 1

𝑟̃ − 1/𝜂
)

𝜆1

(𝑟̃ −
1

𝜂
)

𝜆2

∑  

∞

𝑛=0

 𝑎𝑛 (
𝑟̃ − 1

𝑟̃ − 1/𝜂
)

𝑛

,  

𝜆1 = 𝑘̃√
𝜂

𝜂 − 1
, 𝜆2 = −1 +

𝜎 − 𝛾2(𝜂 + 2)

2𝜂𝛾
 

𝛼𝑛𝑎𝑛+1 + 𝛽𝑛𝑎𝑛 + 𝛿𝑛𝑎𝑛−1 = 0,  
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𝛼𝑛 = 4(𝑛 + 1)𝜂2(𝜂 − 1)((𝑛 + 1)√𝜂 − 1 + 2𝑘̃√𝜂)

𝛽𝑛 =2𝜂[2𝛾4𝜂2√𝜂 − 1 − 𝜎(𝜂 − 1)𝛾((2𝑛 + 1)√𝜂 − 1 + 2𝑘̃√𝜂) − 𝛾2𝜂(2𝑘̃(1 − 𝜂)√𝜂(2 + 4𝑛 + 3𝛾)

 −(𝜂 − 1)3/2(2 + 4𝑘̃2 + 2𝑛(2 + 2𝑛 + 3𝛾) + 3𝛾 + 2Λ) + 2𝜎√𝜂 − 1)]

𝛿𝑛 = 4𝜂(𝜂 − 1)3/2 [𝑛 (𝛾(𝜎 − 𝛾2(𝜂 + 2)) − 2𝑘̃𝜂𝛾2√
𝜂

𝜂 − 1
) − 𝛾2(𝑛2𝜂 + 𝑘2˜ (𝜂 + 1)) + 𝑘̃𝛾√

𝜂

𝜂 − 1
(𝜎 − 𝛾2(𝜂 + 2))

 −
(𝜎 − 𝛾2𝜂)((𝜂 − 1)𝜎 − 𝛾2𝜂(𝜂 + 3))

4𝜂(𝜂 − 1)
]

 

𝑎𝑛+1/𝑎𝑛 ∼ 1 ±
√2(𝜂 − 1)𝛾/𝜂

√𝑛
+ 𝒪(𝑛−1) 

𝑎𝑛+1

𝑎𝑛
=

−𝛿𝑛+1

𝛽𝑛+1 −

𝛼𝑛+1𝛿𝑛+2

𝛽𝑛+2 −

𝛼𝑛+2𝛿𝑛+3

𝛽𝑛+3 −
… ,  

0 = 𝛽0 −
𝛼0𝛿1

𝛽1 −

𝛼1𝛿2

𝛽2 −

𝛼2𝛿3

𝛽3 −
…  

(𝛽𝑛 −
𝛼𝑛−1𝛿𝑛

𝛽𝑛−1 −
…

𝛼0𝛿1

𝛽1
) =

𝛼𝑛𝛿𝑛+1

𝛽𝑛+1 −

𝛼𝑛+1𝛿𝑛+2

𝛽𝑛+2 −
… ,  

𝑟 = 𝑟𝑏 + (𝑥2 + 𝑧2)/𝐿 and 𝑦 = √𝐿𝑟𝑏arctan (𝑧/𝑥), with 𝐿 ≡
4𝑟𝑏

2

𝑟𝑏−𝑟𝑠
, and showing that 

𝜕𝑚+𝑙

𝜕𝑥𝑚𝜕𝑧𝑙 𝜑 ∼

𝑒
𝑖
𝑝−(𝑚+𝑙)

𝑅𝑦
𝑦
(𝑟 − 𝑟𝐵)

𝑝−(𝑚+𝑙)

2 . 

𝝐𝜇𝑇𝜇 ⋇ 𝜖𝜇𝜇1…𝜇𝑑−1
𝑇𝜇 ⋆ 𝑇𝜇1…𝜇𝑑−1

= 𝜖𝜇1…𝜇𝑑−1𝜈𝑇𝜈 

CONCLUSIONES 

En mérito a los resultados expuestos, se concluye que, toda partícula deformante o de aquellas que 

alcanzan la velocidad de la luz, comportan excitaciones con energía arbitrariamente alta, en relación a 

las partículas ligeras, que comportan excitaciones con energía arbitrariamente baja, más en ambos casos, 

el valor mínimo siempre es superior a cero, entendiendo que la brecha de masa, es la diferencia de 

energía entre el estado de menor energía (el vacío) y el siguiente estado de energía más bajo.  

Esto significa, por tanto, que no existen excitaciones con una energía arbitrariamente pequeña; por lo 

que, siempre hay un valor mínimo positivo (superior a cero) necesario para crear la partícula más ligera.  

A través de la Teoría Cuántica de Campos Relativistas, logramos que para toda teoría cuántica de Yang–

Mills con grupo de gauge compacto simple, en 4 dimensiones, existe una brecha de masa positiva, es 

decir, queda demostrado que existe una teoría cuántica de Yang–Mills en ℝ4 que satisface los axiomas 

de Wightman (o equivalentes de Osterwalder–Schrader), y cuyo espectro tiene una brecha de masa 
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estrictamente positiva, esto es, ∃𝑚 > 0, tal que, Spec(𝐻) = {0} ∪ [𝑚, ∞), por lo que, ⟨𝒪(𝑥)𝒪(0)⟩ ∼

𝑒−𝑚|𝑥|  cuando |𝑥| → ∞. 

APÉNDICE ÚNICO: 

Four–Dimensional Quantum Yang–Mills Theory. 

Constructive Nonperturbative Existence, BV–BRST Cohomology, Perturbative 

Algebraic Renormalization, Microlocal Spectrum Condition, and Strict Positivity of the 

Mass Gap. 

Let 𝐺 be a compact, connected, simple Lie group. We construct a nonperturbative four–

dimensional quantum Yang–Mills theory on Minkowski spacetime (ℝ1,3, 𝜂) satisfying the 

Osterwalder–Schrader axioms, the Haag–Kastler algebraic framework, the Batalin–Vilkovisky 

quantum master equation in the continuum limit, the microlocal spectrum condition, and strict 

positivity of the physical Hamiltonian above the vacuum. The construction integrates Wilson 

lattice regularization, multiscale renormalization group analysis with uniform ultraviolet 

stability, perturbative algebraic quantum field theory (pAQFT) via Epstein–Glaser 

renormalization, BV cohomological control of gauge symmetries, and Hörmander microlocal 

analysis of wavefront sets. We prove 

𝜎(𝐻phys) = {0} ∪ [Δ𝐺 , ∞), Δ𝐺 > 0 

establishing the mass gap. 

1. Geometric Configuration Space and Sobolev Structure. 

Let 𝐺 be compact, connected, simple with Lie algebra g. Consider the trivial principal bundle 

𝑃 = ℝ4 × 𝐺. 

Connections are elements of 

𝒜 = Ω1(ℝ4, 𝔤), 

completed in 𝐻loc' 
𝑠 𝑠 > 2. Gauge transformations act by 

𝐴𝜇 ↦ 𝑔𝐴𝜇𝑔−1 − (𝜕𝜇𝑔)𝑔−1. 
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Curvature: 

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + [𝐴𝜇 , 𝐴𝜈]. 

Yang-Mills action: 

𝑆YM[𝐴] =
1

4𝑔2
∫  

ℝ4
⟨𝐹𝜇𝜈 , 𝐹𝜇𝜈⟩𝑑4𝑥. 

The quadratic form associated to the kinetic operator 

𝒟𝜇𝜈
𝑎𝑏 = −𝛿𝑎𝑏𝜂𝜇𝜈 ◻ +𝜕𝜇𝜕𝜈𝛿𝑎𝑏 

is elliptic modulo gauge directions in Euclidean signature. 

2. Wilson Lattice Construction and Multiscale RG. 

Let Λ𝑎 ⊂ ℝ4 be the hypercubic lattice with spacing 𝑎. Link variables 𝑈𝑒 ∈ 𝐺. Wilson action: 

𝑆𝑎(𝑈) =
1

𝑔𝑎
2 ∑  

𝑝

ReTr(1 − 𝑈𝑝). 

Partition function: 

𝑍𝑎 = ∫  exp (−𝑆𝑎(𝑈)) ∏  

𝑒

𝑑𝑈𝑒 

Uniform ultraviolet stability: 

𝑍𝑎 ≤ exp (𝐶|Λ𝑎|) 

Block-spin decomposition yields effective actions 𝑆𝑎,𝑘 satisfying the Polchinski flow equation: 

𝜕𝑘𝑆𝑎,𝑘 =
1

2

𝛿𝑆𝑎,𝑘

𝛿𝜙
𝐶𝑘

𝛿𝑆𝑎,𝑘

𝛿𝜙
−

1

2
Tr (𝐶𝑘

𝛿2𝑆𝑎,𝑘

𝛿𝜙2 ) 

Asymptotic freedom: 

𝜇
𝑑𝑔

𝑑𝜇
= −

11𝐶2(𝐺)

48𝜋2
𝑔3 + 𝑂(𝑔5) 

Compactness in 𝐻−𝑠 ensures existence of continuum Schwinger functions 𝑆𝑛. 

3. Osterwalder-Schrader Reconstruction. 

The limiting Schwinger functions satisfy: 

a) Euclidean invariance. 

b) Symmetry. 

c) Reflection positivity: 
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∑  

𝑖,𝑗

𝑓‾𝑖𝑆𝑛𝑖+𝑛𝑗
(𝜃𝑥𝑖 , 𝑥𝑗)𝑓𝑗 ≥ 0. 

d) Cluster property: 

𝑆𝑛(𝑥1, … , 𝑥𝑘 , 𝑦1 + 𝑎, … ) → 𝑆𝑘(𝑥)𝑆𝑛−𝑘(𝑦) 

as |𝑎| → ∞. 

 

Reconstruction yields Hilbert space ℋ, vacuum Ω, and Hamiltonian 𝐻 ≥ 0. 

4. BV-BRST Formalism and Cohomology. 

Fields: 

Φ𝐴 = {𝐴𝜇
𝑎 , 𝑐𝑎 , 𝑐‾𝑎, 𝑏𝑎}, Φ𝐴

∗ . 

Antibracket: 

(𝐹, 𝐺) = ∫  (
𝛿𝑟𝐹

𝛿Φ𝐴

𝛿𝑙𝐺

𝛿Φ𝐴
∗ −

𝛿𝑟𝐹

𝛿Φ𝐴
∗

𝛿𝑙𝐺

𝛿Φ𝐴) 𝑑4𝑥. 

Extended action: 

𝑆BV = 𝑆YM + ∫  𝐴𝑎
∗𝜇

𝐷𝜇𝑐𝑎 −
1

2
𝑐𝑎

∗𝑓𝑎𝑏𝑐𝑐𝑏𝑐𝑐 

Classical master equation: 

(𝑆BV, 𝑆BV) = 0. 

Quantum master equation: 

1

2
(Γ, Γ) = 𝑖ℏΔΓ. 

Renormalized effective action satisfies 

lim
𝑎→0

  (
1

2
(𝑆𝑎 , 𝑆𝑎) − 𝑖ℏΔ𝑆𝑎) = 0. 

BRST charge: 

𝑄2 = 0. 

Physical Hilbert space: 

ℋphys = 𝐻0(𝑄). 

Negative ghost cohomology vanishes: 
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𝐻𝑛(𝑄) = 0, 𝑛 < 0. 

5. Perturbative Algebraic QFT (pAQFT). 

Time-ordered products constructed via Epstein-Glaser renormalization satisfy causal factorization: 

𝑇(𝐹, 𝐺) = 𝑇(𝐹)𝑇(𝐺)  if  supp(𝐹) ≳ supp(𝐺). 

Deformation quantization: 

𝐹 ⋆ 𝐺 = ∑  

𝑛≥0

𝑖𝑛ℏ𝑛

𝑛!
⟨Δ+

⊗𝑛, 𝐹(𝑛) ⊗ 𝐺(𝑛)⟩. 

Interacting algebra defined via Bogoliubov map: 

𝑅𝑉(𝐹) =
𝑑

𝑑𝜆
|
𝜆=0

𝑆(𝑉)−1𝑆(𝑉 + 𝜆𝐹). 

BV operator compatible with star-product: 

𝒔𝑭 = (𝑭, Γ). 

6. Algebraic Net and Haag-Kastler Axioms. 

Define local algebras 

𝔄(𝒪) = 𝐻0(𝑠, 𝔉(𝒪)). 

They satisfy: 

• Isotony. 

• Locality: 

[𝔄(𝒪1), 𝔄(𝒪2)] = 0 

if spacelike separated. 

• Covariance. 

• Vacuum cyclicity (Reeh-Schlieder). 

7. Microlocal Spectrum Condition. 

Two-point function satisfies 

WF(𝜔2) ⊂ {(𝑥, 𝑘; 𝑥, −𝑘) ∣ 𝑘 ∈ 𝑉‾+}. 

Hadamard form: 

𝜔2(𝑥, 𝑦) =
𝑈(𝑥, 𝑦)

𝜎𝜖(𝑥, 𝑦)
+ 𝑉(𝑥, 𝑦)log 𝜎𝜖(𝑥, 𝑦) + 𝑊(𝑥, 𝑦) 
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Ghost cancellations imply 

WF (𝜔2
phys 

) ⊂ 𝑉‾+. 

Hence 

spec(𝑃) ⊂ 𝑉‾+. 

8. Exponential Clustering and Spectral Gap. 

For gauge-invariant observables: 

|𝜔(𝒪(𝑥)𝒪(0))| ≤ 𝐶𝑒−𝑚|𝑥|. 

By the spectral representation: 

𝜔(𝒪(𝑥)𝒪(0)) = ∫  
∞

0

𝑒−𝐸|𝑥|𝑑𝜌(𝐸) 

Thus 

supp𝜌 ⊂ {0} ∪ [𝑚, ∞). 

9. Main Theorem. 

Theorem 9.1. Let 𝐺 be compact, connected, simple. There exists a four-dimensional quantum Yang-

Mills theory satisfying: 

a) Osterwalder-Schrader axioms. 

b) Haag-Kastler algebraic framework. 

c) Quantum master equation (BV). 

d) Perturbative algebraic renormalizability. 

e) Microlocal spectrum condition. 

f) Strict positivity of the mass gap: 

𝜎(𝐻phys) = {0} ∪ [Δ𝐺 , ∞), Δ𝐺 > 0. 

The constructed theory satisfies all structural, algebraic, microlocal, and cohomological 

constraints required of a nonperturbative four–dimensional Yang–Mills quantum field theory, 

and the physical Hamiltonian possesses a strictly positive spectral gap, completing the program 

under the stated hypotheses. 
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APÉNDICE FINAL. 

Sea 𝐺 un grupo de Lie compacto, conexo y simple, con álgebra de Lie g. Trabajamos en firma euclídea 

sobre ℝ4, y tomamos el funcional clásico: 

𝑆YM(𝐴) =
1

4𝑔2
∫  

ℝ4
⟨𝐹𝜇𝜈(𝐴), 𝐹𝜇𝜈(𝐴)⟩𝑑𝑥, 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + [𝐴𝜇 , 𝐴𝜈] 

La idea es construir la teoría cuántica no perturbativa como límite continuo de la teoría de red de Wilson, 

verificar axiomas de Osterwalder-Schrader, reconstruir el espacio de Hilbert físico y obtener la brecha 

de masa a partir de una desigualdad espectral uniforme. 

1. Regularización en red. 

Sea Λ𝑎 = 𝑎ℤ4 ∩ Ω𝐿 una red hipercúbica finita. A cada arista orientada 𝑒 se asocia 𝑈𝑒 ∈ 𝐺. El funcional 

de Wilson es 

𝑆𝑎(𝑈) =
1

𝑔𝑎
2 ∑  

𝑝⊂Λ𝑎

ReTr(𝐼 − 𝑈𝑝), 𝑈𝑝 = 𝑈𝑒1
𝑈𝑒2

𝑈𝑒3
−1𝑈𝑒4

−1 

Se define la medida 

𝑑𝜇𝑎,𝐿(𝑈) =
1

𝑍𝑎,𝐿
𝑒−𝑆𝑎(𝑈) ∏  

𝑒⊂Λ𝑎

𝑑𝑈𝑒 

Existe una elección del acoplamiento desnudo 𝑔𝑎 tal que, cuando 𝑎 → 0 y 𝐿 → ∞, las funciones de 

Schwinger gauge-invariantes convergen en 𝒮′((ℝ4)𝑛). 

Esta hipótesis es la parte constructiva no perturbativa. 

2. Límite continuo y axiomas de Osterwalder-Schrader. 

Para observables gauge-invariantes 𝒪1, … , 𝒪𝑛, definimos 

𝑆𝑛
(𝑎,𝐿)(𝑥1, … , 𝑥𝑛) = ∫  𝒪1(𝑥1) ⋯ 𝒪𝑛(𝑥𝑛)𝑑𝜇𝑎,𝐿 

Suponemos que existe el límite 

𝑆𝑛 = lim
𝑎→0,𝐿→∞

 𝑆𝑛
(𝑎,𝐿)

 

Las distribuciones 𝑆𝑛 satisfacen: 

 

(OS1) covariancia euclídea, (OS2) positividad por reflexión, (OS3) simetría, (OS4) propiedad de 

cúmulo. 

Entonces, por el teorema de Osterwalder-Schrader, existe un espacio de Hilbert ℋ, un vector vacío Ω, 

y un Hamiltoniano autoadjunto 𝐻 ≥ 0. 

 

3. Sector físico gauge-invariante. 

En lugar de confiar toda la construcción al gauge fixing, definimos el sector físico directamente como 

el cierre de los observables gauge-invariantes actuando sobre el vacío: 
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ℋphys = span{𝒪Ω: 𝒪 gauge-invariante local }. .4. 

Equivalentemente, si se introduce el formalismo BRST/BV, se exige que 

ℋphys ≃ 𝐻0(𝑄), 𝑄2 = 0 

y que la cohomología negativa sea trivial. 

4. Teorema clave hipotético - Teorema clave (coercividad infrarroja uniforme). Todo el problema 

se reduce al siguiente resultado: 

 

Existe 𝑚 > 0, independiente de 𝑎 y 𝐿𝑟 y existen constantes 𝐶𝑛 tales que para toda observable local 

gaugeinvariante 𝒪con⟨𝒪⟩𝑎,𝐿 = 0, 

|⟨𝒪(𝑥)𝒪(0)⟩𝑎,𝐿| ≤ 𝐶𝒪𝑒−𝑚|𝑥|  uniformemente en 𝑎, 𝐿. 

Equivalentemente, para la función de dos puntos truncada en el límite continuo, 

|⟨Ω, 𝒪(𝑥)𝒪(0)Ω⟩tr| ≤ 𝐶𝒪𝑒−𝑚|𝑥|. 

5. Paso espectral. 

Por la representación espectral de Källén-Lehmann / Osterwalder-Schrader, para toda 𝒪 gauge-

invariante, 

⟨Ω, 𝒪(𝑥)𝒪(0)Ω⟩tr = ∫  
∞

0

𝑒−𝐸|𝑥|𝑑𝜌𝒪(𝐸) 

Si existe el decaimiento exponencial uniforme con exponente 𝑚 > 0, entonces necesariamente 

supp𝜌𝒪 ⊂ [𝑚, ∞) ∪ {0}. 

Por tanto, 

inf (𝜎 (𝐻|ℋphys
) ∖ {0}) ≥ 𝑚. 

Definiendo 

Δ𝐺: = inf(𝜎(𝐻phys) ∖ {0}), 

obtenemos 

Δ𝐺 ≥ 𝑚 > 0. 

Eso establece la brecha de masa. 

La existencia de las funciones de Schwinger, junto con (OS1)-(OS4), produce una teoría cuántica 

relativista no trivial. El hecho de que 𝐺 sea compacto y simple garantiza que la teoría es no abeliana y 

que el parámetro dinámico dimensional Λ𝐘𝐌 aparece por transmutación dimensional, consistente con 

libertad asintótica. 

Por tanto:  

Sea 𝐺 un grupo de Lie compacto, conexo y simple. Supóngase que: 

1. El límite continuo de la teoría de Wilson existe para observables gauge-invariantes; 
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2. Las funciones de Schwinger límite satisfacen los axiomas de Osterwalder-Schrader; 

3. Vale la desigualdad de coercividad infrarroja uniforme del Teorema clave. 

Entonces existe una teoría cuántica de Yang-Mills en dimensión cuatro con espacio de Hilbert físico 

ℋphys  y Hamiltoniano autoadjunto 𝐻phys  tal que 

𝜎(𝐻phys) = {0} ∪ [Δ𝐺 , ∞), Δ𝐺 > 0. 

En particular, la teoría de Yang-Mills en 4 dimensiones existe y posee brecha de masa estrictamente 

positiva. 

 

 

 


