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RESUMEN. 

En este trabajo, compuesto por diez volúmenes, abordaremos aspectos esenciales de la Teoría Cuántica 

de Campos Relativistas (TCCR), con propósitos de optimización de los cálculos expuestos en trabajos 

anteriores pero sobre todo, posicionar la referida teoría, como una alternativa de solución al problema 

del milenio de Yang – Mills y la brecha de masa. La idea esencial es la misma, todo espacio – tiempo 

cuántico, es decir, todo campo cuántico, es curvo y esa deformación ocurre por la gravedad y 

supergravedad cuánticas, según sea el caso, que provocan las partículas oscuras o estrella, al momento 

de interactuar con un campo gravitónico o supergravitónico, según corresponda, o en relación a la 

criticidad de su centro de masa y/o energía, lo que afecta su spín, velocidad y momento angular y por 

ende, sus trayectorias orbitales. Por tanto, la TCCR, no es un intento por cuantizar la gravedad, sino por 

introducir la gravedad, como principio de mínima acción de un sistema cuántico y de sus estados 

fundamentales.  

Las métricas siguen siendo las mismas, es decir, que para un campo cuántico curvo o geométricamente 

deformado, la densidad lagrangiana/hamiltoniana equivale a: ℒℋ𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 = 〈∫ 𝑒̂𝑖ℏ𝑡√𝑔̿𝜇𝜈 ⊗ 𝑚𝜓 ⃡     𝜓̅ −
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respecto de una partícula pesada 𝜌, sea oscura o blanca (partícula estrella), según corresponda, a 

propósito de la criticidad de su masa y/o energía ⟨0|∑ 𝜕𝔪/𝜕𝔢𝛿 ⟩ o de su interacción con un gravitón o un 

gravitino, según corresponda, en coordenadas 〈𝜌𝜇𝜌𝜈𝜌𝜎𝜌𝜚〉, esto último, lo que ocurre por 

permeabilización del campo gravitónico o supergravitónico en ▰ = ∫〈𝜕𝔊/𝜕𝔖𝔊〉, lo que corresponde 

al espacio – cuántico deformado en ℭℌℜ = 〈∑ ℛ𝜈
𝜇†

|⊗ ℋ𝜇
𝜈⋆𝜎𝜌

▣ 〉 lo que en dimensiones ℝ𝜂, representa, 

gravedad o supergravedad cuánticas por curvatura o supercurvatura del espacio  - tiempo cuántico 

multidimensional. 

 

Palabras Clave: Supergravedad cuántica, gravedad cuántica, partícula oscura, partícula estrella, 

hiperpartículas, suprapartículas, teoría cuántica de campos relativistas, problema del milenio de Yang – 

Mills y la brecha de masa, partículas ligeras, curvatura, supercurvatura, multidimensiones, agujeros 

cuánticos. 
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QUANTUM THEORY OF RELATIVISTIC FIELDS: AN 

ALTERNATIVE SOLUTION TO THE YANG–MILLS MILLENNIUM 

PROBLEM. AN ATTEMPT TO UNIFY GENERAL RELATIVITY AND 

QUANTUM MECHANICS. VOLUME IX. 
 

ABSTRACT.  

In this work, composed of ten volumes, we will address essential aspects of the Quantum Theory of 

Relativistic Fields (TCCR), with the purpose of optimizing the calculations exposed in previous works 

but above all, positioning the aforementioned theory as an alternative solution to the Yang-Mills 

millennium problem and the mass gap. The essential idea is the same, all quantum space-time, that is, 

every quantum field, is curved and that deformation occurs due to quantum gravity and supergravity, as 

the case may be, caused by dark particles or stars, when interacting with a gravitonic or supergravitonic 

field, as appropriate, or in relation to the criticality of its center of mass and/or energy.  which affects 

their spin, velocity and angular momentum and therefore, their orbital trajectories. Therefore, the TCCR 

is not an attempt to quantize gravity, but to introduce gravity, as the principle of least action of a quantum 

system and its fundamental states.  

The metrics remain the same, i.e., for a curved or geometrically warped quantum field, the 

Lagrangian/Hamiltonian density is equal to: ℒℋ𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 = 〈∫ 𝑒̂𝑖ℏ𝑡√𝑔̿𝜇𝜈 ⊗ 𝑚𝜓 ⃡     𝜓̅ −
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 with 

respect to a heavy particle 𝜌, whether dark or white (star particle), as appropriate, regarding the criticality 

of its mass and/or energy ⟨0|∑ 𝜕𝔪/𝜕𝔢𝛿 ⟩ or its interaction with a graviton or a gravitin, as appropriate, 

in coordinates 〈𝜌𝜇𝜌𝜈𝜌𝜎𝜌𝜚〉, the latter, which occurs by permeabilization of the gravitonic or 

supergravitonic field in ▰ = ∫〈𝜕𝔊/𝜕𝔖𝔊〉, what corresponds to the space – quantum deformed in 

ℭℌℜ = 〈∑ ℛ𝜈
𝜇†

|⊗ ℋ𝜇
𝜈⋆𝜎𝜌

▣ 〉 the which in dimensions ℝ𝜂, represents, quantum gravity or supergravity by 

curvature or supercurvature of multidimensional quantum space-time. 
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INTRODUCCIÓN. 

En este punto, es indispensable establecer las bases teóricas que conforman la Teoría Cuántica de 

Campos Relativistas (TCCR) y que se encuentran desarrolladas en trabajos previos. Por tanto, estos son 

los puntos más relevantes. 

1. Todo campo cuántico, es curvo por acción inmediata de una partícula cuya masa y/o energía alcanzan 

el mayor grado de criticidad. En este caso, la gravedad es endógena o implícita, es decir, una cualidad 

propia de la partícula interactuante. 

2. Siguiendo lo dicho, en el numeral que antecede, las partículas se dividen en:  

2.1. Partículas Supermasivas (Tipo IA): Son aquellas, cuyo centro de masa/energía en unidades de 

Planck dados en ℳ𝑝 = √
ℏ𝑐

𝔊
≈ 2,18 × 10−8 𝑘𝑔 (masa) y 𝐸𝑝 =

ℏ

𝑡𝑃
, 𝐸𝑝 = 𝑚𝑃𝑐2, 𝐸𝑝 = √

ℏ𝑐5

𝐺
≈

1.956 × 109 J ≈ 1.22 × 1019GeV ≈ 0.5433MWh√
ℏ𝑐5

8𝜋𝐺
≈ 0.390 × 109 J ≈ 2.43 × 1018GeV 

(energía ≈ 10−120), alcanza el mayor grado de criticidad, deformando el espacio – tiempo cuántico, lo 

que afecta el estado fundamental de los orbitales (spín, momentum, velocidad, trayectorias, etc), 

desplegados por las partículas repercutidas. Esta partícula también se la denomina “partícula oscura”, 

en la medida en que, su centro de energía/masa, es oscuro. Principal candidata para explicar la materia 

oscura, en la medida en que, la gravedad converge en su centro, absorbiendo energía y materia. 

2.2. Partículas Blancas (Tipo IB): Son aquellas, cuyo centro de masa/ energía en unidades de Planck, 

alcanza el mayor grado de criticidad, deformando el espacio – tiempo cuántico, lo que afecta el estado 

fundamental de los orbitales (spín, momentum, velocidad, trayectorias, etc), desplegados por las 

partículas repercutidas. Esta partícula también se la denomina “partícula estrella”, en la medida en que, 

su centro de masa/energía es extremadamente denso, superando la masa, temperatura y energía de 

Planck, en ℳ𝑝 = √
ℏ𝑐

𝔊
≈ 2,18 × 10−8 𝑘𝑔 (masa), ℳ𝑝 = √

ℏ𝑐5

𝔊𝓀2 𝑇𝑃 ≈ 1.416784(16) × 1032K 

(temperatura) y 𝐸𝑝 =
ℏ

𝑡𝑃
, 𝐸𝑝 = 𝑚𝑃𝑐2, 𝐸𝑝 = √

ℏ𝑐5

𝐺
≈ 1.956 × 109 J ≈ 1.22 × 1019GeV ≈

0.5433MWh√
ℏ𝑐5

8𝜋𝐺
≈ 0.390 × 109 J ≈ 2.43 × 1018GeV. También se la denomina “partícula estrella”. 
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2.3. Hiperpartículas (Tipo IIA): Son aquellas, cuyo centro de masa/energía es extremadamente bajo, 

en unidades de Planck, más sin embargo, son capaces de igualar o superar la velocidad de la luz. 

2.4. Suprapartículas (Tipo IIB): Son aquellas, cuyo centro de masa/energía es el equivalente al de una 

partícula oscura o blanca, más sin embargo, éstas, a diferencia de las referidas en los numerales 2.1 y 

2.2, ésta igual o supera la velocidad de la luz. 

3. Agujero negro cuántico: Fenómeno que ocurre en un espacio cuántico de Sitter, esto es, cuando una 

partícula oscura colisiona con otra o en su defecto, cuando una partícula blanca colisiona con otra o 

cuando una partícula blanca y una partícula oscura colisionan entre sí. Los agujeros negros cuánticos, 

también se forman por el colapso (por compresión gravitacional) o por la aniquilación (por interacción) 

de una partícula oscura o de una partícula blanca. Lo primero, ocurre cuando se atraen mutuamente por 

gravedad en tanto que lo segundo, ocurre cuando su centro de masa/energía alcanza el mayor grado de 

criticidad posible. En el centro del agujero negro cuántico, se encuentra la masa de la partícula aniquilada 

o comprimida, la que comporta condiciones gravitatorias extremas. Ahí es donde radica la singularidad 

de un agujero negro cuántico. La información que ingresa al agujero negro cuántico, no se destruye, 

muy al contrario, se transforma en materia y energía, las mismas que son repulsadas por el agujero negro 

cuántico blanco que se encuentra en el otro extremo del agujero cuántico de gusano. Por tanto, la materia 

y energía atrapada por el agujero negro cuántico, se convierte en materia y energía oscuras interferidas 

por gravedad extrema. 

4. Agujero cuántico de gusano: Túnel cuántico por el cual, se conectan un agujero negro cuántico y 

un agujero blanco cuántico. A través de este túnel, por teletransportación cuántica, la información es 

procesada y convertida en materia y energía, todo esto, en un espacio de Sitter. 

5. Agujero blanco cuántico: Fenómeno que ocurre en un espacio cuántico de Sitter, volviéndose la 

región de salida o repulsión de materia y energía, a propósito de lo que devora el agujero negro cuántico 

y de lo que procesa el canal cuántico de gusano. Lo que repulsa el agujero blanco cuántico, es materia 

y energía procesadas. 

6. Espacio – tiempo cuántico: Entiéndase por espacio – tiempo cuántico, al campo en sí mismo, cuya 

Longitud de Planck, es superior a ℓ𝒫 = √
ℏ𝒢

𝑐3 ≈ 1,616199(97) × 10−35 𝑚𝑒𝑡𝑟𝑜𝑠. La métrica es la 
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curvatura escalar de Ricci, así: ℛ = ∑ 𝑔𝛼𝛽ℛ𝛼𝛽
3
𝛼,𝛽=0 ≈ 𝜊(ℒ𝑝

−2) ≈ 3,828 ⋅ 1069𝑚−2. Ahora bien, el 

espacio – tiempo cuántico puede ser, bien de Sitter (dS) o bien, anti de Sitter (AdS). En el primero, se 

forma la curvatura cuántica y sus subniveles, subespacios o subcapas, en tanto que en el segundo, se 

forman los agujeros cuánticos y las multidimensiones. 

7. Todo campo cuántico, es curvo por acción inmediata de la gravedad, esto a propósito de la existencia 

(Modelo – Higgs): 

7.1. De un campo gravitónico, es decir, cuando una partícula cualquiera, interactúa con un gravitón, lo 

que supone la permeabilidad del campo cuántico, por un campo gravitónico que transfiere gravedad al 

campo primario, curvándolo. 

7.2. De un campo supergravitónico, es decir, cuando una partícula cualquiera, interactúa con un 

gravitino o supergravitón, lo que supone la permeabilidad del campo cuántico, por un campo gravitónico 

que transfiere gravedad al campo primario, deformándolo. 

7.3. Lo referido en este numeral se denomina gravedad exógena. 

8. La gravedad cuántica, sea endógena o exógena comporta la curvatura del espacio – tiempo cuántico, 

en tanto que, la supergravedad cuántica, sea endógena o exógena, comporta la deformación 

(supercurvatura) del espacio – tiempo cuántico, formándose pliegues multidimensionales (en alta 

configuración – membranas dimensionales) en rango superior a ℝ4 − 𝐴𝑑𝑆. Cabe indicar que las 

membranas dimensionales, se dividen en TIPO I y TIPO II respectivamente, la primera a propósito de 

la curvatura del campo en gravedad cuántica y la segunda, la deformación del campo en supergravedad 

cuántica, todo esto, lo cual también depende de la naturaleza de la gravedad que interfiere, es decir, si 

es exógena o endógena, lo que llamaríamos membranas dimensionales tipo IA, IB, IIA y IIB 

respectivamente, las cuales, pueden contener dimensiones y subdimensiones infinitas, en relación a las 

interacciones de la partícula que provoca de la deformación del espacio – tiempo cuántico. Esto es lo 

que llamamos supersimetrías de gauge en dimensiones altas a ℝ4, es decir, cuando estamos ante 

membranas dimensionales tipo IA, IB y IIB, según sea el caso en tanto que, las membranas 

dimensionales del tipo IIA, contienen dimensiones infinitas en ℝ4 − 𝑑𝑆. 
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9. Cuando una partícula colisiona con otra y se aniquilan o cuando la partícula pesada colapsa por 

compresión, la extinción provoca ondas cuánticas que se desplazan en longitud sobre el campo cuántico 

deformado el mismo que, es superfluido. 

10. El puente ER, en esta teoría, explica la superposición y el entrelazamiento cuánticos en sentido 

estricto, en un espacio AdS. 

11. Los enunciados antes referidos, aplican a la antimateria, es decir, a la región de antipartículas. 

12. La brecha de masa, provoca la curvatura del espacio – tiempo cuántico pero no lo deforma por 

completo, pues este fenómeno, no ocurre con una partícula deformante, sino en partículas ligeras como 

las hiperpartículas, esto en la medida en que, no registran estado de vacío. 

13. Adicionalmente, es importante, establecer las siguientes reglas:  

13.1. La gravedad cuántica relativista, ocurre concretamente en un espacio cuántico de Sitter, en el que 

se pueden formar subdimensiones o subespacios dentro del límite de ℝ4. 

13.2. La supergravedad cuántica relativista, ocurre concretamente en un espacio cuántico anti de Sitter, 

en el que se pueden formar hiperespacios o dimensiones más altas, superiores a ℝ4. 

13.3. Las partículas propuestas, viajan en gravedad cuántica más, interactúan en supergravedad cuántica 

por permeabilización.  

13.4. Cualquier partícula, de las aquí propuestas, se puede convertir en otra, por aniquilación, siguiendo 

los diagramas de Feynman. 

13.5. Las dimensiones en alta configuración así como las de ensamble, son infinitas. 

13.6. La materia y energía oscuras, están formadas esencialmente por partículas aniquiladas o colapsadas 

por gravedad. En consecuencia, es la criticidad de la masa la que las vuelve compatibles. 

13.7. Los agujeros cuánticos, absorben partículas ligeras y pesadas, sin distinción, lo que explica la 

expansión del universo por acción gravitacional en la materia. 

13.8. Las partículas aquí propuestas, son susceptibles de enganche, como ocurre con un diquark. 

13.9. En esta teoría, se incorpora el concepto de cuerda, pero en un espacio cuántico anti de Sitter. 

13.10. Las partículas pesadas, cuando se desplazan de un punto a otro en forma infinita hasta su 

aniquilación o colapso, lo hacen por medio de gravedad, deformando, en el caso de las partículas blancas 
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y las hiperpartículas, un espacio de Sitter, creando capas dimensionales en límite de ℝ4 en tanto que, la 

partícula oscura, crea capas dimensiones en alta configuración a ℝ4 en un espacio anti de Sitter. 

13.11. La hiperpartícula es la única en este modelo, que no tiene masa, es por ello que puede viajar a la 

velocidad de la luz. 

13.12. La suprapartícula es por excepción, un caso de mutación por aniquilación, en la medida en que, 

pese a tratarse de una partícula pesada, con un centro de masa/energía extremadamente crítico y denso, 

es capaz de viajar a la velocidad de la luz. La suprapartícula solamente existe por aniquilación en entre 

dos o más partículas pesadas, quedando excluidas las partículas ligeras. Adicionalmente, la 

suprapartícula, tiene la capacidad de desplazarse entre dimensiones dS y AdS, lo que esta teoría 

denomina dimensiones en ℝ𝜂. En consecuencia, las dimensiones por gravedad y supergravedad, pueden 

intersecarse por gravedad. En este punto, es pertinente para efectos de ejemplificar, citar el diagrama de 

Penrose expandido al infinito. 

13.13. Los campos de las partículas ligeras, son deformados por acción a distancia, debido a las 

interacciones de una partícula pesada, esto es, por gravedad.  

13.14. Solamente las partículas pesadas pueden deformar el campo propio y de las partículas ligeras, 

por acción de la gravedad que se desprende de su centro de masa/energía extremo. En consecuencia, la 

gravedad endógena, se materializa por impermeabilización del campo de Braut – Englert – Higgs 

respecto de la partícula pesada. El bosón de Higgs es el que transfiere la masa, a las partículas pesadas, 

aniquilándose con éstas. 

13.15. La gravedad exógena, se vuelve posible, por permeabilización de un campo cuántico arbitrario, 

lo que, como ha quedado explicado en esta teoría, funciona como un mecanismo de Higgs. 

13.16. El colapso de una partícula pesada, ocurre por la expansión de su centro de masa/energía, debido 

a la gravedad interferente, ditalación que es comprimida en contrario, por los límites del campo de la 

partícula de que se trate, lo que provoca, la deformación del plano cuántico e incluso la formación de 

agujeros cuánticos, según la criticidad de los valores de masa/energía involucrados. 

13.17. La fusión de campos cuánticos, es posible, por acción de la gravedad entre ambos, lo que vuelve 

posible, su aniquilación. 
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13.18. Las ondas en un plano cuántico, no solamente se forman por la aniquilación o colpaso de una 

partícula pesada, sino también, cuando viaja de un punto a otro. 

13.19. Las partículas ligeras, crean gravedad mínima a propósito de su centro de masa/energía, la cual 

sin embargo, es imperceptible aunque superior a cero, pues, contribuye a la aniquilación con otro campo 

más pesado. 

13.20. La gravedad endógena, se debe a que, el campo de Higgs, y por ende, el bosón de Higgs, no 

solamente transfiere masa a las partículas pesadas y ligeras, con excepción de la hiperpartícula, sino que 

también, le dota de gravedad, a propósito de la masa transferida. 

13.21. Esta teoría es estrictamente de gauge. 

RESULTADOS Y DISCUSIÓN:  

Suponemos que, en un mapa cuántico de Einstein – Hilbert, una partícula deformante 𝛼𝛽𝛾𝛿 se desplaza 

en el espacio cuántico, en el que interactúa, deformando el plano por gravedad, y por ende, creando, 

bien dimensiones altas en ℝ4 − 𝐴𝑑𝑆 por supercurvatura (supergravedad cuántica) o bien, dimensiones 

en ℝ4 − 𝑑𝑠 por curvatura, esto es, en condiciones de gravedad. Para estos efectos, una partícula 

deformante debe colapsar por compresión gravitacional, aniquilarse cuando interactúa con otras más 

inestables o con otra partícula pesada, o por permeabilidad del campo gravitónico o supergravitónico en 

el espacio cuántico curvo, esto último, lo cual ocurre, cuando una partícula pesada interactúa con el 

gravitón o el gravitino (supergravitino), según sea el caso. Por tanto, la gravedad actúa a nivel cuántico, 

sea por aniquilación, compresión, ésta última gravitacional o por permeabilización. Suponemos en 

simultáneo, que una vez, causada la aniquilación o compresión por gravedad, de una partícula pesada o 

cuando ocurre la permeabilización, se produce, bien la curvatura cuántica, cuya métrica es el tensor es 

de Riemann – Ricci – Einstein, incluyendo el flujo de la simetría, o en su defecto, la supercurvatura de 

Weyl, cuya métrica es la de Chern-Simons-Nambu-Goto para supergravedad. La primera, produce 

subcampos que son subdimensiones de un mismo plano de Sitter (dS), en tanto que la segunda, produce 

campos en dualidad holográfica, que son dimensiones altas al plano cuatridimensional en un espacio 

anti de Sitter (AdS). En este sentido, el campo pasa a ser no homeomorfo, difeomorfo e isométrico, 

afectando los orbitales de las partículas cuyo centro de masa/energía es inferior en unidades de Planck 

(partículas ligeras) en relación a la partícula que deforma el plano. La interacción y/o aniquilación de 
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estas partículas deformantes, provoca un agujero negro cuántico (con excepción de las interacciones 

dadas por las hiperpartículas tipo IIA), formado por materia y energía oscuras, cuya naturaleza es 

fermiónica/bosónica, esto a propósito de que, la partícula aniquilada o comprimida, engendra materia y 

energía oscuras, lo que no ocurre en escenarios de permeabilización gravitónica más sí, en escenarios 

de permeabilización supergravitónica. El agujero cuántico de salida, es blanco, por ende, repulsivo de 

materia y energía transformada por la gravedad, a través del tracto Einstein – Rosen. Cuando la materia 

y la energía son transformadas en oscuras, por la gravedad, éstas se comprimen hasta un punto de no 

retorno/densidad supermasiva, causando dos especies de singularidad inherentes al agujero negro 

cuántico, siendo éstas, primaria y secundaria, la primera en la que la gravedad es extrema y deforma la 

materia y la energía, fundiéndose con el núcleo del agujero negro cuántico (que contiene la partícula 

muerta) y la segunda, en la que la gravedad transforma la materia y la energía, desplazándola a través 

del tracto Einstein – Rosen y expulsándola a través de un agujero blanco cuántico. Esto es lo que ocurre 

en escenarios de entrelazamiento y túneles cuánticos supermasivos en los que, la partícula deformante 

genera gravedad extrema. Llámese también, gravedad absoluta. Queda claro entonces, que el sistema 

cuántico de agujeros, no se produce en condiciones de gravedad relativa, esto es, cuando ocurre 

únicamente la curvatura cuántica por gravedad moderada, lo que sucede por ejemplo, con las 

interacciones dadas por las hiperpartículas tipo IIA o en el caso de la brecha de masa de las partículas 

ligeras respecto del estado de vacío. 

Dicho lo anterior, es que, propongo una posible alternativa de solución al problema del milenio de Yang 

– Mills y la brecha de masa, a partir de la Teoría Cuántica de Campos Relativistas, la cual se constituye 

además, como un intento por reconciliar la relatividad general y la mecánica cuántica. 

A partir de aquí, sugerimos los cálculos de instantones (para regular la brecha de masa y la densidad de 

energía por carga), osciladores, propagadores, operadores, mapas, coordenadas vectoriales, orbitales, 

correladores, propulsores, tensores de stress por curvatura, torsión, escalares, spinors, potenciadores, 

simetrías y supersimetrías de calibre abelianas y no abelianas en relación a las partículas pesadas y sus 

interacciones con el espacio cuántico deformado, en tanto que respecto de éste último, los cálculos están 

vinculados a su geometría e hipergeometría (análisis cohomológico), incluyendo los agujeros cuánticos, 
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no sin antes aclarar, que las demostraciones matemáticas contenidas en trabajos anteriores, son 

interdependientes a éste manuscrito y sus diez volúmenes. 

Aclarado lo anterior, pasamos a precisar que el Modelo aquí referido, se divide en: 

1. Supergravedad cuántica en SYM (Super Yang – Mills). 

2. Gravedad cuántica en YM (Yang – Mills). 

3. Agujeros cuánticos en YM (Yang – Mills). 

4. Modelo de Unificación. 

Las métricas usadas son, entre otras:  

- Espacios de Einstein – Hilbert. 

- Métrica de Chern – Simons. 

- Métrica de Kaluza – Klein. 

- Métrica de Nambu – Goto. 

- Métrica de Feynman – Wheeler. 

- Métrica de Born – Oppenheimer.  

- Métrica de Hartree – Fock. 

- Métrica de Yang – Mills. 

- Métrica de Kerr – Newman. 

- Espacios de Sitter y anti de Sitter. 

- Espacios de Riemann – Perelman – Poincaré. 

- Tensores y flujo de Ricci. 

- Métrica de Green. 

- Métrica de Goldstone. 

- Métrica de Brout – Englert – Higgs. 

- Métrica de Schwinger – Dyson. 

- Métrica de Yukawa. 

- Métrica de Von Neumann  

- Métrica de Friedman. 
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MODELO CUÁNTICO DE UNIFICACIÓN RELATIVISTA SYM (YANG – MILLS – 

PARTE III). 

⧠ and ◻ = D dimensions de Sitter, ▰ and ∎ = D dimensions anti de Sitter. 

 

Field analysis: 

𝜙(𝐱) = ∫ 
𝒞

 𝑑𝑤𝕂ℎ(𝐱, 𝑤)𝒪ℎ(𝑤)

 +
1

𝑁
∑  

∞

𝑘,𝑙=0

 ∑  

∞

𝑛=0

 
𝑎(ℎ; ℎ𝑘 , ℎ𝑙; 𝑛)

𝛽ℎℎ𝑘ℎ𝑙

∫ 
𝒞

 𝑑𝑤𝕂ℎ𝑘𝑙∣𝑛
(𝐱, 𝑤)𝒪ℎ𝑘𝑙∣𝑛

(𝑤) + 𝑂 (
1

𝑁2
)

 

𝑑𝑠2 =
𝑑𝑧2 + 𝑑𝑢2

𝑢2
, 𝑢 ∈ ℝ≥0, 𝑧 ∈ ℝ  

𝕂ℎ(𝐱, 𝑤) =
−2𝑖

4ℎ

Γ(2ℎ)

Γ(ℎ)Γ(ℎ)
(

𝑢

𝑢2 + (𝑧 − 𝑤)2
)

1−ℎ

 

𝒪ℎ𝑘𝑙∣𝑛
(𝑤) = ∑  

2𝑛

⟨𝜙(𝐱)𝒪ℎ𝑘
(𝑤2)𝒪ℎ𝑙

(𝑤3)⟩

  𝑐𝑖(ℎ𝑘 , ℎ𝑙 , 𝑛)𝜕𝑖𝒪ℎ𝑘
(𝑤)𝜕2𝑛−𝑖𝒪ℎ𝑙

(𝑤)  

ℎ𝑘𝑙∣𝑛 = ℎ𝑘 + ℎ𝑙 + 2𝑛 

𝑎(ℎ; ℎ𝑘 , ℎ𝑙; 𝑛) =
2𝜋

1
2

Γ(ℎ)

(−)𝑛(ℎ𝑘)𝑛(ℎ𝑙)𝑛

𝑛! (ℎ𝑘 + ℎ𝑙 −
1
2 + 𝑛)

𝑛

Γ (ℎ +
1
2)

ℎ(ℎ − 1) − (ℎ𝑘𝑙∣𝑛)(ℎ𝑘𝑙∣𝑛 − 1)
,  

(𝑎)𝑛 = Γ(𝑎 + 𝑛)/Γ(𝑎) 
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∬  
AdS𝒟

 𝑑𝒟𝐱𝑑𝒟𝐱′√𝑔(𝐱)𝑔(𝐱′)𝐾ℎ1
(𝐱, 𝑧1)𝐾ℎ2

(𝐱, 𝑧2)𝐺ℎ̃(𝐱, 𝐱′)𝐾ℎ3
(𝐱′, 𝑧3)𝐾ℎ4

(𝐱′, 𝑧4)  

 = 𝑐0𝐹ℎℎ̃(𝑧1, … , 𝑧4) + ∑  

∞

𝑛=0

  𝑐𝑛
(12∣34)

𝐹ℎℎ12∣𝑛
(𝑧1, … , 𝑧4) + ∑  

∞

𝑛=0

  𝑐𝑛
(34∣12)

𝐹ℎℎ34∣𝑛
(𝑧1, … , 𝑧4)

 

𝐺ℎ(𝐱, 𝐱′) = (
𝜉(𝐱, 𝐱′)

2
)

ℎ

 2𝐹1 [
ℎ

2
,
ℎ

2
+

1

2
; ℎ +

1

2
|  𝜉(𝐱, 𝐱′)2] , 𝜉(𝐱, 𝐱′) =

2𝑢𝑢′

𝑢2 + 𝑢′2 + (𝑧 − 𝑧′)2
;  

𝐾ℎ(𝐱, 𝑧′) = (
𝑢

𝑢2 + (𝑧 − 𝑧′)2
)

ℎ

 

𝑐0 = 𝛽ℎ1ℎ2ℎ̃𝛽ℎ̃ℎ3ℎ4
∑  

∞

𝑚,𝑛=0

 
𝑎(ℎ̃; ℎ1, ℎ2; 𝑚)

𝛽ℎ12∣𝑚
ℎ1ℎ2

𝑎(ℎ̃; ℎ3, ℎ4; 𝑛)

𝛽ℎ34∣𝑛
ℎ3ℎ4

,

𝑐𝑛
(𝑖𝑗∣𝑘𝑙)

= 𝑎(ℎ̃; ℎ𝑖 , ℎ𝑗; 𝑛)𝛽ℎ𝑖𝑗∣𝑛ℎ𝑘ℎ𝑙
∑  

∞

𝑚=0

 
𝑎(ℎ𝑖𝑗∣𝑛; ℎ𝑘 , ℎ𝑙; 𝑚)

𝛽ℎ𝑘𝑙∣𝑚ℎ𝑘ℎ𝑙

,

 

 ∫  
AdS𝒟

 𝑑𝒟𝐱√𝑔(𝐱)𝐾ℎ1
(𝐱, 𝑧1)𝐾ℎ2

(𝐱, 𝑧2)𝑓(𝐱) = ∑  

∞

𝑛=0

 
1

𝛽ℎ12∣𝑛ℎ1ℎ2

(−)𝑛(ℎ1)𝑛(ℎ2)𝑛

𝑛! (ℎ1 + ℎ2 + 𝑛 −
1
2)

𝑛

 × ∫  
𝛾12

 𝑑𝜆 ∫  
AdS𝒟

 𝑑𝒟𝐱√𝑔(𝐱)𝐾ℎ1
(𝐱(𝜆), 𝑧1)𝐾ℎ2

(𝐱(𝜆), 𝑧2)𝐺ℎ12∣𝑛
(𝐱(𝜆), 𝐱)𝑓(𝐱)

 

∬  
AdS𝒟

 𝑑𝒟𝐱𝑑𝒟𝐱′√𝑔(𝐱)𝑔(𝐱′) → ∫  
𝛾12

 𝑑𝜆 ∫  
𝛾34

 𝑑𝜆′
 

∫  
𝔻𝒟

 𝑑𝒟𝐱√𝑔(𝐱) → ∫  
𝔻1

 
𝑑𝑢

𝑢2
∫  

𝔻2

 𝑑𝑧  

𝐺ℎ(𝐱, 𝐱′) = ∫  
𝑧′+𝑖𝑢′

𝑧′−𝑖𝑢′
 𝑑𝑤𝐺ℎ(𝐱, 𝐱′, 𝑤)  

∫  
AdS𝒟

 𝑑𝒟𝐱√𝑔(𝐱)𝐺ℎ(𝐱, 𝐱′)𝑓(𝐱) =  ∫  
𝑧′+𝑖𝑢′

𝑧′−𝑖𝑢′
 𝑑𝑤 ∫  

∞

0

 
𝑑𝑢

𝑢2
∫ 

𝐶

 𝑑𝑧𝐺ℎ(𝐱, 𝐱′, 𝑤)𝑓(𝐱)

 +𝜋 ∫  
𝑢′

0

 
𝑑𝑢

𝑢2
∫  

𝑧′+𝑖(𝑢−𝑢′)

𝑧′−𝑖(𝑢−𝑢′)

 𝑑𝑧𝐺̃ℎ(𝐱, 𝐱′)𝑓(𝐱)

 

∫  
𝑢3

0

 
𝑑𝑢

𝑢2
∫  

𝑧3+𝑖(𝑢−𝑢3)

𝑧3−𝑖(𝑢−𝑢3)

 𝑑𝑧𝐺ℎ1
(𝐱, 𝐱1)𝐺ℎ2

(𝐱, 𝐱2)𝐺̃ℎ3
(𝐱, 𝐱3)  

 = ∑  

∞

𝑛=0

 
𝑎(ℎ3; ℎ1, ℎ2; 𝑛)

𝜌ℎ1,ℎ2,𝑛
∫  

𝑧3+𝑖𝑢3

𝑧3−𝑖𝑢3

 𝑑𝑤 ∮
𝑑𝑢

𝑢2

⧠

0

∮ 𝑑𝑧𝐺ℎ1
(𝐱, 𝐱1)𝐺ℎ2

(𝐱, 𝐱2)𝐺̂ℎ12∣𝑛
(𝐱, 𝐱3, 𝑤)

⧠

ℝ𝒟
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𝐺ℎ(𝐱, 𝐱′, 𝑤) = 𝐾ℎ(𝐱, 𝑤)𝕂ℎ(𝐱′, 𝑤)

𝐺̃ℎ(𝐱, 𝐱′) =
−2𝑖

4ℎ

Γ(2ℎ)

Γ(ℎ)Γ(ℎ)
(

Γ(1 − 2ℎ)

Γ(1 − ℎ)2
𝐺ℎ(𝐱, 𝐱′) +

Γ(2ℎ − 1)

Γ(ℎ)2
𝐺1−ℎ(𝐱, 𝐱′))

 

 

∫  𝐺1𝐺2𝐺3 →
∭ ∂2▣/∂τ⋆〈

𝜕𝒢
𝜕ℜ

〉 √𝑔̂𝜏𝜏
ℝ𝒟

∖₯⧠ ⨂ 𝑒
₰•△/𝜕𝐴𝑑𝑆𝒟⋇⟨𝜕𝜓|𝜕𝜙|𝜕𝜑⟩

∎

†

∫  𝐺̂1𝐺2𝐺3 + ∫  𝐺̃1𝐺2𝐺3 →
⧠

∫  𝐺̂1𝐺̂2𝐺3 + ∫  𝐺̃1𝐺2𝐺3 + ∫ 𝐺̂1𝐺̃2𝐺3 

→
∭ ∂2▣/∂τ⋆〈

𝜕𝒢
𝜕ℜ

〉 √𝑔̂𝜏𝜏
ℝ𝒟

∖₯⧠ ⨂ 𝑒
₰•△/𝜕𝐴𝑑𝑆𝒟⋇⟨𝜕𝜓|𝜕𝜙|𝜕𝜑⟩

∎

†

∫  𝐺̂1𝐺̂2𝐺̂3 + ∫  𝐺̃1𝐺̂2𝐺̂3 + ∫  𝐺̂1𝐺̃2𝐺̂3 + ∫  𝐺̂1𝐺̂2𝐺̃3

→
∫  𝐺̂1𝐺̂2𝐺̂3 

 single-trace  
+ ∑  

𝑛

 𝑎𝑛
23 ∫  𝐺̂23∣𝑛𝐺̂2𝐺̂3 + (1 ↔ 2) + (1 ↔ 3)

⏟                            
double-trace 

)

 

𝐺𝑖 = 𝐺ℎ𝑖
(𝐱, 𝐱𝑖), 𝐺𝑖𝑗∣𝑛 = 𝐺ℎ𝑖𝑗∣𝑛

(𝐱, 𝐱𝑘), 𝑖 ≠ 𝑗 ≠ 𝑘 ≠ 𝑖 

∫  𝐺1𝐺2𝐺3 = ∫  𝐺1𝐺̂2𝐺̂3 + ∫  𝐺̃1𝐺̂2𝐺̂3 + ∫  𝐺1𝐺̃2𝐺̂3 + ∫  𝐺1𝐺̂2𝐺̃3  

◻𝐱𝑖
− ℎ𝑖(ℎ𝑖 − 1) 

(◻𝐱𝑖
− ℎ𝑖(ℎ𝑖 − 1)) ∫  𝐺1𝐺̂2𝐺̂3 = 0, 𝑖 = 1,2,3

(◻𝐱𝑙
− ℎ𝑙(ℎ𝑙 − 1)) ∫  𝐺̃𝑖𝐺𝑗𝐺̂𝑘 = −𝛿𝑖𝑙

2√𝜋Γ (ℎ𝑖 +
1
2
)

Γ(ℎ𝑖)
𝐺ℎ𝑗

(𝐱𝑗, 𝐱𝑖)𝐺ℎ𝑘
(𝐱𝑘, 𝐱𝑖), 𝑖 ≠ 𝑗 ≠ 𝑘 ≠ 𝑖

 

∫  𝐺1𝐺̂2𝐺̂3 = ∏  

3

𝑘=1

 ∫  
𝑧𝑘−𝑖𝑢𝑘

𝑧𝑘+𝑖𝑢𝑘

 𝑑𝑤𝑘 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫ 

𝐶

 𝑑𝑧 ∏  

3

𝑚=1

 𝐺ℎ𝑚
(𝐱, 𝐱𝑚, 𝑤𝑚)  

 ≃
∭ ∂2▣/∂τ⋆〈

𝜕𝒢

𝜕ℜ
〉 √𝑔̂𝜏𝜏

ℝ𝒟

∖₯⧠ ⨂ 𝑒
₰•△/𝜕𝐴𝑑𝑆𝒟⋇⟨𝜕𝜓|𝜕𝜙|𝜕𝜑⟩

∎

†

𝑢1
ℎ1𝑢2

ℎ2𝑢3
ℎ3 ∫  

∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟
 𝑑𝑧𝐾ℎ1

(𝐱, 𝑧1)𝐾ℎ2
(𝐱, 𝑧2)𝐾ℎ3

(𝐱, 𝑧3)

 

 ∫  𝐺̃𝑖𝐺̂𝑗𝐺̂𝑘 = ∏  

𝑚=𝑗,𝑘

 ∫  
𝑧𝑚−𝑖𝑢𝑚

𝑧𝑚+𝑖𝑢𝑚

 𝑑𝑤𝑚 ∫  
𝑢𝑖

0

 
𝑑𝑢

𝑢2 ∫  
𝑧𝑖+𝑖(𝑢−𝑢𝑖)

𝑧𝑖−𝑖(𝑢−𝑢𝑖)

 𝑑𝑧𝐺̃ℎ𝑖
(𝐱, 𝐱𝑖)𝐺̂ℎ𝑗

(𝐱, 𝐱𝑗 , 𝑤𝑗)𝐺̂ℎ𝑘
(𝐱, 𝐱𝑘 , 𝑤𝑘)

 ≃
∭ ∂2▣/∂τ⋆〈

𝜕𝒢
𝜕ℜ

〉 √𝑔̂𝜏𝜏
ℝ𝒟

∖₯⧠ ⨂ 𝑒
₰•△/𝜕𝐴𝑑𝑆𝒟⋇⟨𝜕𝜓|𝜕𝜙|𝜕𝜑⟩

∎

†

𝜂𝑢𝑖

ℎ𝑗+ℎ𝑘𝑢𝑗

ℎ𝑗𝑢𝑘
ℎ𝑘 ∮

𝑑𝑢

𝑢2

⧠

𝑢
𝑖

ℎ𝑗+ℎ𝑘
𝐾ℎ𝑗+ℎ𝑘

(𝐱,𝑧𝑖)

∮ 𝑑𝑧𝐾ℎ𝑗+ℎ𝑘
(𝐱, 𝑧𝑖)𝐾ℎ𝑗

(𝐱, 𝑧𝑗)𝐾ℎ𝑘
(𝐱, 𝑧𝑘)

⧠

ℝ𝒟[𝑧𝑖−𝑖𝑢,𝑧𝑖+𝑖𝑢]

 

∫  ∏  

𝑛

𝑖=1

 𝐺𝑖 = ∫  ∏  

𝑛

𝑖=1

 𝐺𝑖 + ∫  𝐺̃1 ∏  

𝑛

𝑖=2

 𝐺𝑖 + ∫  𝐺̃2 ∏  

𝑛

𝑖=1
𝑖≠2

 𝐺𝑖 + ⋯ + ∫  𝐺̃𝑛 ∏  

𝑛−1

𝑖=1

 𝐺𝑖  

∏  

𝑛

𝑖=1

 𝑢𝑖
ℎ𝑖 ∫  ∏  

𝑛

𝑗=1

 𝐾𝑗 ≃ ∏  

𝑛

𝑖=1

 𝑢𝑖
ℎ𝑖 ∫  ∏  

𝑛

𝑗=1

 𝐾𝑗 + ∑  

𝑛

𝑘=1

 ∏  

𝑛

𝑖=1
𝑖≠𝑘

  (𝑢𝑘𝑢𝑖)
ℎ𝑖 ∫  𝐾1+⋯+𝑘+⋯+𝑛 ∏  

𝑛

𝑗=1
𝑗≠𝑘

 𝐾𝑗  

𝐺ℎ(𝐱, 𝐱′) = 𝜋𝜃(𝑢′ − 𝑢)𝜃(𝑢′ − 𝑢 − |𝑧′ − 𝑧|)𝐺̃ℎ(𝐱, 𝐱′) + 𝑖 ∫  
𝑧′+𝑢′

𝑧′−𝑢′
 𝑑𝑤𝐺ℎ(𝐱, 𝐱′, 𝑤)  
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𝐺ℎ(𝑥1, 𝑥2) ⟶ ∫  
𝜕AdS𝒟

 𝑑𝑧𝑑𝑧‾𝐺ℎ(𝑥1, 𝑥2; 𝑧, 𝑧‾)  

 ∫  
AdS𝒟

 𝑑𝒟𝐱√𝑔(𝐱)𝐺ℎ1
(𝐱, 𝐱1)𝐺ℎ2

(𝐱, 𝐱2)𝐺ℎ3
(𝐱, 𝐱3)𝐺ℎ4

(𝐱, 𝐱4)𝐺ℎ𝒟
(𝐱, 𝐱𝒟)

= 𝜅0𝒱ℎ1ℎ2ℎ3ℎ4ℎ𝒟
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟) + ∑  

∞

𝑛=0

 𝜅𝑛
(1∣2|3|4)∖𝒟

𝒱ℎ1ℎ2ℎ3ℎ4ℎ𝒟∣𝑛
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟)

+ ∑  

∞

𝑛=0

 𝜅𝑛
(5∣6|7|8)∖𝒟

𝒱ℎ5ℎ6ℎ7ℎ8ℎ𝒟∣𝑛
(𝐱5, 𝐱6, 𝐱7, 𝐱8, 𝐱𝒟) + ∑  

∞

𝑛=0

 𝜅𝑛
(9∣10|11|∞)∖𝒟

𝒱ℎ9ℎ10ℎ11ℎ∞ℎ𝒟∣𝑛
(𝐱9, 𝐱10, 𝐱11, 𝐱∞, 𝐱𝒟),

 

 

𝜅0 =
𝜋

1
2

2

Γ (
ℎ1 + ℎ2 + ℎ3 + ℎ4

2 −
1
2)

𝛾ℎ1ℎ2ℎ3ℎ4

Γ (
−ℎ5 + ℎ6 + ℎ7

2 ) Γ (
ℎ8 − ℎ9 + ℎ10

2 ) Γ (
ℎ11 + ℎ∞ − ℎ𝒟

2 )

Γ(ℎ1)Γ(ℎ2)Γ(ℎ3)Γ(ℎ4)Γ(ℎ𝒟)

𝜅𝑛
(𝑖∣𝑗𝑘)

=
𝑎(ℎ𝑖; ℎ𝑗 , ℎ𝑘; 𝑛)

𝛾ℎ𝑗ℎ𝑘ℎ𝑗𝑘∣𝑛

 

𝛾ℎ1ℎ2ℎ3ℎ4ℎ𝒟
= [

(−2ℎ1)! (−2ℎ2)! (−2ℎ3)! (−2ℎ4)! (−2ℎ𝒟)!

Δ(ℎ1, ℎ2, ℎ3, ℎ4, ℎ𝒟)
]

1
2

 

 

Δ(𝑎, 𝑏, 𝑐, 𝑑, 𝒟) = (−𝑎 − 𝑏 − 𝑐 − 𝑑 − 𝒟 + 1)! (𝑐 − 𝑎 − 𝑏 − 𝑑 − 𝒟)! (𝑏 − 𝑎 − 𝑐 − 𝑑 − 𝒟)! (𝑎 − 𝑏

− 𝑐 − 𝑑 − 𝒟)! ⋯ 

𝒱ℎ1ℎ2ℎ3ℎ4ℎ𝒟
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟) = ∏  

𝒟

𝑘=1

 ∫  
𝑧𝑘+𝑖𝑢𝑘

𝑧𝑘−𝑖𝑢𝑘

 𝑑𝑤𝑘𝕂ℎ𝑘
(𝐱𝑘, 𝑤𝑘)⟨𝒪ℎ1

(𝑤1)𝒪ℎ2
(𝑤2)𝒪ℎ3

(𝑤3)𝒪ℎ4
(𝑤4)𝒪ℎ𝒟

(𝑤𝒟)⟩ 

⟨𝒪ℎ1
(𝑤1)𝒪ℎ2

(𝑤2)𝒪ℎ3
(𝑤3)𝒪ℎ4

(𝑤4)𝒪ℎ𝒟
(𝑤𝒟)⟩ =

𝛾ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑤1 − 𝑤2)ℎ3+ℎ4−ℎ𝒟(𝑤3 − 𝑤4)ℎ4+ℎ5−ℎ𝒟(𝑤4 − 𝑤𝒟)⧠
, 

⟨𝒪ℎ1
(𝑤1)𝒪ℎ2

(𝑤2)𝒪ℎ3
(𝑤3)𝒪ℎ4

(𝑤4)𝒪ℎ𝒟
(𝑤𝒟)⟩ =

1

𝜅0

∫  
AdS𝒟

 𝑑𝒟𝐱√𝑔(𝐱)𝐾ℎ1
(𝐱, 𝑤1)𝐾ℎ2

(𝐱, 𝑤2)𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟) 

𝜅0𝛾ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑤1 − 𝑤2)ℎ3+ℎ4−ℎ𝒟(𝑤3 − 𝑤4)ℎ4+ℎ5−ℎ𝒟(𝑤4 − 𝑤𝒟)⧠

 = ∫  
∞

0

 
𝑑𝑢

𝑢2
∫ 

𝐶

 𝑑𝑧𝐾ℎ1
(𝐱, 𝑤1)𝐾ℎ2

(𝐱, 𝑤2)𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟)

 

𝒱ℎ1ℎ2ℎ3ℎ4ℎ𝒟
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟) =

1

𝜅0
∏  

𝒟

𝑘=1

 ∫  
𝑧𝑘+𝑖𝑢𝑘

𝑧𝑘−𝑖𝑢𝑘

 𝑑𝑤𝑘 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫ 

𝐶

 𝑑𝑧 ∏  

𝒟

𝑚=1

 𝐺ℎ𝑚
(𝐱, 𝐱𝑚, 𝑤𝑚)  

𝒱ℎ1ℎ2ℎ3ℎ4ℎ𝒟
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟) = ∑  

𝒟

𝑖=0

 𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑖) (𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀) = ∑  

𝒟

𝑖=0

 𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑖) (𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟) + 𝑂(𝜀), 
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𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑖)
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟) ≡ lim

𝜀→0
 𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑖)
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀)  

𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(0)
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀)=

1

𝜅0
∏  

𝒟

𝑘=1

 ∫  
𝑧𝑘+𝑖𝑢𝑘

𝑧𝑘−𝑖𝑢𝑘

 𝑑𝑤𝑘 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶0(𝜀)

 𝑑𝑧 ∏  

𝒟

𝑚=1

 𝐺ℎ𝑚
(𝐱, 𝐱𝑚, 𝑤𝑚)  

 =
1

𝜅0
∫  

∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶0(𝜀)

 𝑑𝑧 ∏  

𝒟

𝑘=1

 ∫  
𝑧𝑘+𝑖𝑢𝑘

𝑧𝑘−𝑖𝑢𝑘

 𝑑𝑤𝑘𝐺̂ℎ𝑘
(𝐱, 𝐱𝑘 , 𝑤𝑘)

 =
1

𝜅0
∫  

∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶0(𝜀)

 𝑑𝑧𝐺ℎ1
(𝐱, 𝐱1)𝐺ℎ2

(𝐱, 𝐱2)𝐺ℎ3
(𝐱, 𝐱3)𝐺ℎ4

(𝐱, 𝐱4)𝐺ℎ𝒟
(𝐱, 𝐱𝒟)

 

𝐺ℎ(𝐱, 𝐱′) = ∫  
𝑧′+𝑖𝑢′

𝑧′−𝑖𝑢′
 𝑑𝑤𝐺ℎ(𝐱, 𝐱′, 𝑤), Re(𝑧) ≠ Re(𝑧′) or 𝑢 > 𝑢′ − |Im(𝑧 − 𝑧′)|, ℎ > 0  

𝐺ℎ(𝐱, 𝐱′) = (
𝑢𝑢′

𝑢2 + 𝑢′2 + (𝑧 − 𝑧′)2)

ℎ

 2𝐹1 [
ℎ

2
,
ℎ

2
+

1

2
; ℎ +

1

2
| (

2𝑢𝑢′

𝑢2 + 𝑢′2 + (𝑧 − 𝑧′)2)

2

]  

𝐺ℎ(𝐱, 𝐱′, 𝑤) =
−2𝑖

4ℎ

Γ(2ℎ)

Γ(ℎ)Γ(ℎ)
(

𝑢′

𝑢′2 + (𝑧′ − 𝑤)2)

1−ℎ

(
𝑢

𝑢2 + (𝑧 − 𝑤)2
)

ℎ

 

𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑖)
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀) =

 =
1

𝜅0
∫  

𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤𝑖 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶𝑖(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖, 𝑤𝑖)𝐺ℎ𝑗

(𝐱, 𝐱𝑗)𝐺ℎ𝑘
(𝐱, 𝐱𝑘)

 

𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(0)
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟) =

1

𝜅0
∫  

AdS𝒟

 𝑑𝒟𝐱√𝑔(𝐱)𝐺ℎ1
(𝐱, 𝐱1)𝐺ℎ2

(𝐱, 𝐱2)𝐺ℎ3
(𝐱, 𝐱3)𝐺ℎ4

(𝐱, 𝐱4)𝐺ℎ𝒟
(𝐱, 𝐱𝒟) 

𝒱ℎ1ℎ2ℎ3ℎ4ℎ𝒟
(𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟) =

1

𝜅0

∫  
AdS𝒟

 𝑑𝒟𝐱√𝑔(𝐱)𝐺ℎ1
(𝐱, 𝐱1)𝐺ℎ2

(𝐱, 𝐱2)𝐺ℎ3
(𝐱, 𝐱3)𝐺ℎ4

(𝐱, 𝐱4)𝐺ℎ𝒟
(𝐱, 𝐱𝒟) + 𝑂(𝜀)

 +𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(1) (𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀) + 𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(2) (𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀) + 𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(3) (𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀)

 

+𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑖) (𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀) + 𝐴ℎ1ℎ2ℎ3ℎ4ℎ𝒟

(𝑖) (𝐱1, 𝐱2, 𝐱3, 𝐱4, 𝐱𝒟 ∣ 𝜀) 

lim
𝜀→0

 ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤𝑖 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶𝑖(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖, 𝑤𝑖)𝑓(𝐱) = 𝜋 ∫  

𝑢𝑖

0

 
𝑑𝑢

𝑢2
∫  

𝑧𝑖+𝑖(𝑢𝑖−𝑢)

𝑧𝑖−𝑖(𝑢𝑖−𝑢)

 𝑑𝑧𝐺̃ℎ𝑖
(𝐱, 𝐱𝑖)𝑓(𝐱)  

𝐺̃ℎ𝑖
(𝐱, 𝐱𝑖) =

−2𝑖

4ℎ𝑖

Γ(2ℎ𝑖)

Γ(ℎ𝑖)Γ(ℎ𝑖)
(

Γ(1 − 2ℎ𝑖)

Γ(1 − ℎ𝑖)
2

𝐺ℎ𝑖
(𝐱, 𝐱𝑖) +

Γ(2ℎ𝑖 − 1)

Γ(ℎ𝑖)
2

𝐺1−ℎ𝑖
(𝐱, 𝐱𝑖)) ;  

∫  
𝑢𝒟

0

 
𝑑𝑢

𝑢2
∫  

𝑧𝒟+𝑖(𝑢−𝑢𝒟)

𝑧𝒟−𝑖(𝑢−𝑢𝒟)

 𝑑𝑧𝐺̃ℎ1
(𝐱, 𝐱1)𝐺̃ℎ2

(𝐱, 𝐱2)𝐺̃ℎ3
(𝐱, 𝐱3)𝐺̃ℎ4

(𝐱, 𝐱4)𝐺̃ℎ𝒟
(𝐱, 𝐱𝒟) =

1

8𝑖𝜋3

(−)ℎ4+ℎ𝒟

sin (2𝜋(ℎ4 + ℎ𝒟))
 

 × ∑  

∞

𝑛=0

 
𝑎(ℎ3; ℎ4, ℎ𝒟; 𝑛)

𝛼ℎ4ℎ𝒟 ,𝑛
′ ∫  

𝑧𝒟+𝑖𝑢𝒟

𝑧𝒟−𝑖𝑢𝒟

 𝑑𝑤 ∮
𝑑𝑢

𝑢2

⧠

0

∮ 𝑑𝑧𝐺ℎ3
(𝐱, 𝐱3)𝐺ℎ4

(𝐱, 𝐱4)𝐺̂ℎ4∣𝒟
(𝐱, 𝐱𝒟, 𝑤)

⧠

ℝ𝒟[𝑧𝑖−𝑖𝑢,𝑧𝑖+𝑖𝑢]
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𝛼ℎ4ℎ𝒟 ,𝑛
′ =

(−)𝑛

2𝜋
1
2𝑖

Γ (ℎ4 + ℎ𝒟 + 𝑛 −
1
2
) Γ(ℎ4 + 𝑛)Γ(ℎ𝒟 + 𝑛)

𝑛! Γ(ℎ4 + ℎ𝒟 + 2𝑛)Γ(ℎ4)Γ(ℎ𝒟)
;  

∫  
𝑢𝒟

0

 
𝑑𝑢

𝑢2
∫  

𝑧𝒟+𝑖(𝑢−𝑢𝒟)

𝑧𝒟−𝑖(𝑢−𝑢𝒟)

 𝑑𝑧𝐺ℎ3
(𝐱, 𝐱3)𝐺ℎ4

(𝐱, 𝐱4)𝐺̃ℎ𝒟
(𝐱, 𝐱𝒟) =

1

𝜋
∑  

∞

𝑛=0

 𝜅𝑛
(4∣𝒟)

𝒱ℎ3ℎ4ℎ𝒟∣𝑛
(𝐱3, 𝐱4, 𝐱𝒟)  

𝐴ℎ3ℎ4ℎ𝒟

(𝑖)
(𝐱3, 𝐱4, 𝐱𝒟)=

𝜋

𝜅0
∫  

𝑢𝑖

0

 
𝑑𝑢

𝑢2
∫  

𝑧𝑖+𝑖(𝑢𝑖−𝑢)

𝑧𝑖−𝑖(𝑢𝑖−𝑢)

 𝑑𝑧𝐺̃ℎ𝑖
(𝐱, 𝐱𝑖)𝐺ℎ𝑗

(𝐱, 𝐱𝑗)𝐺ℎ𝑘
(𝐱, 𝐱𝑘)𝐺ℎ𝒟

(𝐱, 𝐱𝒟) 

 = −
1

𝜅0
∑  

∞

𝑛=𝒟

 𝜅𝑛
(𝑖∣𝑗𝑘)

𝒱ℎ𝑗ℎ𝑘ℎ𝑗𝑘∣𝑛
(𝐱𝑗, 𝐱𝑘 , 𝐱𝑖)|

𝒟
, 𝑖 ≠ 𝑗 ≠ 𝑘 ≠ 𝑖

 

◻𝐱𝒟
− ℎ𝒟(ℎ𝒟 − 1) 

2√𝜋Γ (ℎ𝑖 +
1
2
)

Γ(ℎ𝑖)
𝐺ℎ𝑗

(𝐱𝑗, 𝐱𝑖)𝐺ℎ𝑘
(𝐱𝑘, 𝐱𝑖)

= ∑  

∞

𝑛=0

  (ℎ𝑗𝑘∣𝑛(ℎ𝑗𝑘∣𝑛 − 1) − ℎ𝑖(ℎ𝑖 − 1)) 𝜅𝑛
(𝑖∣𝑗𝑘)

𝒱ℎ𝑗ℎ𝑘ℎ𝑗𝑘∣𝑛
(𝐱𝑗, 𝐱𝑘 , 𝐱𝑖), 𝑖 ≠ 𝑗 ≠ 𝑘 ≠ 𝑖,

 

lim
𝜀→0

 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖)𝑓(𝐱) = 𝜋 ∫  

𝑢𝑖

0

 
𝑑𝑢

𝑢2
∫  

𝑧𝑖+𝑖(𝑢−𝑢𝑖)

𝑧𝑖−𝑖(𝑢−𝑢𝑖)

 𝑑𝑧𝐺̃ℎ𝑖
(𝐱, 𝐱𝑖)𝑓(𝐱)

 +lim
𝜀→0

 ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤𝑖 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶(𝜀)+𝐶𝑖(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖 , 𝑤𝑖)𝑓(𝐱)

 

∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ

 𝑑𝑧 ∏  

𝑛

𝑖=1

 𝐺ℎ𝑖
(𝐱, 𝐱𝑖)𝑓(𝐱)  

 = 𝜋 ∑  

𝑛

𝑘=1

 ∫  
𝑢𝑘

0

 
𝑑𝑢

𝑢2
∫  

𝑧𝑘+𝑖(𝑢−𝑢𝑘)

𝑧𝑘−𝑖(𝑢−𝑢𝑘)

 𝑑𝑧

(

 
 

∏  

𝑛

𝑖=1
𝑖≠𝑘

 ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤𝑖𝐺ℎ𝑖
(𝐱, 𝐱𝑖)

)

 
 

𝐺̃ℎ𝑘
(𝐱, 𝐱𝑘)𝑓(𝐱)

 + lim
𝜀𝑖→0

𝑖=1,…,𝑛

 (∏  

𝑛

𝑖=1

 ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤𝑖) ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶(𝜀1,…,𝜀𝑛)

 𝑑𝑧 (∏  

𝑛

𝑘=1

 𝐺ℎ𝑘
(𝐱, 𝐱𝑘 , 𝑤𝑘)) 𝑓(𝐱)

 

𝐶(𝜀1, … , 𝜀𝑛) = ℝ ∖ ⋃  

𝑛

𝑖=1

 𝑈𝜀𝑖
(𝑧𝑖) + ∑  

𝑛

𝑖=1

 𝐶𝑖(𝜀𝑖)  

∫  
AdS𝒟

 𝑑𝒟𝐱√𝑔(𝐱)𝐺ℎ3
(𝐱, 𝐱3)𝐺ℎ4

(𝐱, 𝐱4)𝐺ℎ𝒟
(𝐱, 𝐱𝒟)  

= 𝜅0 ∏  

3

𝑘=1

 ∫  
𝑧𝑘+𝑖𝑢𝑘

𝑧𝑘−𝑖𝑢𝑘

 𝑑𝑤𝑘 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫ 

𝐶

 𝑑𝑧 ∏  

𝒟

𝑖=1

 𝐺ℎ𝑖
(𝐱, 𝐱𝑖, 𝑤𝑖)  

 +𝜋 (∫  
𝑢1

0

 
𝑑𝑢

𝑢2
∫  

𝑧1+𝑖(𝑢−𝑢1)

𝑧1−𝑖(𝑢−𝑢1)

 𝑑𝑧𝐺̃ℎ𝒟
(𝐱, 𝐱𝒟) ∏  

𝒟

𝑖=2

 ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤𝑖𝐺ℎ𝑖
(𝐱, 𝐱𝑖) + (3 ↔ 4) + (4 ↔ 𝒟))
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𝜅0 ∏  

𝒟

𝑘=1

 ∫  
𝑧𝑘+𝑖𝑢𝑘

𝑧𝑘−𝑖𝑢𝑘

 𝑑𝑤𝑘 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫ 

𝐶

 𝑑𝑧 ∏  

𝒟

𝑖=1

 𝐺ℎ𝑖
(𝐱, 𝐱𝑖 , 𝑤𝑖)  

 +
1

8𝜋2
(

(−)ℎ4+ℎ𝒟

sin (2𝜋(ℎ4 + ℎ𝒟))
∑  

∞

𝑛=0

 
𝑎(ℎ3; ℎ4, ℎ𝒟; 𝑛)

𝛼ℎ4ℎ𝒟 ,𝑛
′ ∫  

𝑧𝑘+𝑖𝑢𝑘

𝑧𝑘−𝑖𝑢𝑘

 𝑑𝑤𝑘 ∮
𝑑𝑢

𝑢2

⧠

0

∮ 𝑑𝑧

⧠

ℝ𝒟[𝑧𝑖−𝑖𝑢,𝑧𝑖+𝑖𝑢]

× 𝐺ℎ4𝒟∣𝑛
(𝐱, 𝐱3, 𝑤3)𝐺̂ℎ4

(𝐱, 𝐱4, 𝑤4)𝐺ℎ𝒟
(𝐱, 𝐱𝒟, 𝑤𝒟) + (3 ↔ 4) + (4 ↔ 𝒟))

 = 𝜅0𝒱ℎ3ℎ4ℎ𝒟
(𝐱3, 𝐱4, 𝐱𝒟) + (∑  

∞

𝑛=0

 𝜅𝑛
(34∣𝒟)

𝒱ℎ4𝒟∣𝑛ℎ4ℎ𝒟
(𝐱3, 𝐱4, 𝐱𝒟) + (1 ↔ 2) + (1 ↔ 3))

 

 

1

𝜅0
∫  

∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟

 𝑑𝑧𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟) = ⟨𝒪ℎ3

(𝑤3)𝒪ℎ4
(𝑤4)𝒪ℎ𝒟

(𝑤𝒟)⟩  

𝐼ℝ𝒟(𝑤3, 𝑤4, 𝑤𝒟; 𝜀) ≡ ∫  
∞

𝜀

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟

 𝑑𝑧𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟)

= ∫  
∞

𝜀

 
𝑑𝑢

𝑢2
𝑢ℎ3+ℎ4+ℎ𝒟 ∫  

ℝ

 𝑑𝑧 ∏  

𝒟

𝑖=1

  (𝑢2 + (𝑤𝑖 − 𝑧)2)−ℎ𝑖

 

𝐼𝐶(𝑦3,𝑦4,𝑦𝒟)(𝑤3, 𝑤4, 𝑤𝒟; 𝜀) ≡ ∫  
∞

𝜀

 
𝑑𝑢

𝑢2
∫  

𝐶(𝑦3,𝑦4,𝑦𝒟)

 𝑑𝑧𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟)  

∫  
∞

𝜀

 
𝑑𝑢

𝑢2
∫ 

𝐶

 𝑑𝑧𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟),  

1

𝜅
∫  

∞

0

 
𝑑𝑢

𝑢2
∫ 

𝐶

 𝑑𝑧𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟) = ⟨𝒪ℎ3

(𝑤3)𝒪ℎ4
(𝑤4)𝒪ℎ𝒟

(𝑤𝒟)⟩  

⟨𝒪ℎ3
(𝑤3)𝒪ℎ4

(𝑤4)𝒪ℎ𝒟
(𝑤𝒟)⟩

 =
𝛾ℎ3ℎ4ℎ𝒟

𝛼ℎ4ℎ𝒟 ,𝑛
′

1

(2𝜋𝑖)2
∮

𝑑𝑢

𝑢2

⧠

𝑢=0

∮ 𝑑𝑧𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟)

⧠

𝑧=𝑤1+𝑖𝑢

 

⟨𝒪ℎ3
(𝑤3)𝒪ℎ4

(𝑤4)𝒪ℎ𝒟
(𝑤𝒟)⟩

 =
𝛾ℎ3ℎ4ℎ𝒟

𝛼ℎ4ℎ𝒟,𝑛
′

1

8𝜋2𝑖

⊝ℎ4+ℎ𝒟

sin (2𝜋ℎ1)
∮

𝑑𝑢

𝑢2

⧠

𝑢=0

∮ 𝑑𝑧𝐾ℎ3
(𝐱, 𝑤3)𝐾ℎ4

(𝐱, 𝑤4)𝐾ℎ𝒟
(𝐱, 𝑤𝒟)

⧠

𝑧=𝑤1+𝑖𝑢

(A.7)
 

∫  
𝑧′+𝑖𝑢′

𝑧′−𝑖𝑢′
 𝑑𝑤𝐺ℎ(𝐱, 𝐱′, 𝑤) ≡ 𝐺ℎ

rec(𝐱, 𝐱′)  
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𝐺ℎ
rec(𝐱, 𝐱′) =

−2𝑖

4ℎ

Γ(2ℎ)

Γ(ℎ)Γ(ℎ)
∫  

𝑧′+𝑖𝑢′

𝑧′−𝑖𝑢′
 𝑑𝑤𝑢′1−ℎ𝑢ℎ(𝑢′2 + (𝑧′ − 𝑤)2)ℎ−1(𝑢2 + (𝑧 − 𝑤)2)−ℎ  

𝐺ℎ
rec(𝐱, 𝐱′) =

Γ(2ℎ)

Γ(ℎ)Γ(ℎ)
(

𝑢𝑢′

(𝑢′ + 𝑢 + 𝑖(𝑧 − 𝑧′))(𝑢′ − 𝑢 + 𝑖(𝑧 − 𝑧′))
)

ℎ

× ∫  
1

0

 𝑑𝑡𝑡ℎ−1(1 − 𝑡)ℎ−1 (1 − 𝑡
2𝑢′

𝑢 + 𝑢′ + 𝑖(𝑧 − 𝑧′)
)

−ℎ

(1 − 𝑡
2𝑢′

𝑢′ − 𝑢 + 𝑖(𝑧 − 𝑧′)
)

−ℎ

 

 = (
𝑢𝑢′

(𝑢 + 𝑢′ + 𝑖(𝑧 − 𝑧′))(𝑢′ − 𝑢 + 𝑖(𝑧 − 𝑧′))
)

ℎ

 × 𝐹1 [
ℎ, ℎ, ℎ

2ℎ
;

2𝑢′

𝑢′ + 𝑢 + 𝑖(𝑧 − 𝑧′)
,

2𝑢′

𝑢′ − 𝑢 + 𝑖(𝑧 − 𝑧′)
]

 

𝐹𝒟 [
𝑎, 𝑏4, 𝑏𝒟

𝑐
; 𝑧4, 𝑧𝒟] =

Γ(𝑑)

Γ(𝑎)Γ(𝑒 − 𝑎)
∫  

1

0

 𝑑𝑥𝑥𝑎−4(4 − 𝑥)𝑐−𝑎−4(1 − 𝑧4𝑥)−𝑏4(1 − 𝑧𝒟𝑥)−𝑏𝒟  

Re(𝑧) ≠ Re(𝑧′)  or  𝑢 > 𝑢′ − |Im(𝑧 − 𝑧′)|,  where 𝑢, 𝑢′ ∈ ℝ+and 𝑧, 𝑧′ ∈ ℂ  

𝐹𝒟 [
𝑎, 𝑏4, 𝑏𝒟

𝑐
; 𝑧4, 𝑧𝒟] = (4 − 𝑧4)−𝑎𝐹4 [

𝑎, 𝑐 − 𝑏4 − 𝑏𝒟, 𝑏∞

𝑒
;

𝑧4

𝑧4 − 4
,
𝑧4 − 𝑧𝒟

𝑧4 − 𝒟
]  

𝐺ℎ
rec(𝐱, 𝐱′) = (

𝑢𝑢′

(𝑢 + 𝑢′)2 + (𝑧 − 𝑧′)2)

ℎ

𝐹1 [
ℎ, ℎ, 0

2ℎ
;

4𝑢𝑢′

(𝑢 + 𝑢′)2 + (𝑧 − 𝑧′)2
,

2𝑢′

𝑢′ + 𝑢 − 𝑖(𝑧 − 𝑧′)
]

 = (
𝜉(𝐱, 𝐱′)

2
)

ℎ

 2𝐹1 (
ℎ

2
,
ℎ

2
+

1

2
; ℎ +

1

2
|  𝜉(𝐱, 𝐱′)2) = 𝐺ℎ(𝐱, 𝐱′)

 

 2𝐹1(𝑎, 𝑏; 2𝑎 ∣ 𝑧) = (1 −
𝑧

2
)

−𝑏

 2𝐹1 (
𝑏

2
,
𝑏

2
+

1

2
; 𝑎 +

1

2
| 

𝑧2

(2 − 𝑧)2)  

𝑅(𝐱𝑖 , 𝜀) ≡ ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶𝑖(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖, 𝑤)𝑓(𝐱)  

𝑅(𝐱𝑖 , 𝜀) = ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝑤𝑖+𝜀

𝑤𝑖−𝜀

 𝑑𝑧𝐺̂ℎ𝑖
(𝐱, 𝐱𝑖 , 𝑤)𝑓(𝐱)

 + ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝑤𝑖−𝜀

𝑧𝑖−𝜀

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖 , 𝑤)𝑓(𝐱)

 − ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝑤𝑖+𝜀

𝑧𝑖+𝜀

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖 , 𝑤)𝑓(𝐱)

 

𝑅(𝐱𝑖 , 𝜀) = ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝑤𝑖

𝑧𝑖

 𝑑𝑧 (𝐺̂ℎ𝑖
(𝑧 − 𝜀, 𝑢, 𝐱𝑖, 𝑤) − 𝐺ℎ𝑖

(𝑧 + 𝜀, 𝑢, 𝐱𝑖 , 𝑤)) 𝑓(𝐱) + 𝑂(𝜀)  

(𝑥 + 𝑖𝜀)𝛼 − (𝑥 − 𝑖𝜀)𝛼 = 𝜃(−𝑥)(𝑒𝜋𝑖𝛼 − 𝑒−𝜋𝑖𝛼)(𝑥 + 𝑖𝜀)𝛼 + 𝑂(𝜀), 𝛼 ∈ ℝ  

Disc (𝐺ℎ𝑖
(𝑧 ∓ 𝜀, 𝑢, 𝐱𝑖 , 𝑤)) = 𝐺ℎ𝑖

(𝑧 − 𝜀, 𝑢, 𝐱𝑖, 𝑤) − 𝐺ℎ𝑖
(𝑧 + 𝜀, 𝑢, 𝐱𝑖 , 𝑤)

= sign(𝑖𝑧 − 𝑖𝑤)𝜃((𝑖𝑧 − 𝑖𝑤)2 − 𝑢2)(𝑒−𝜋𝑖ℎ𝑖 − 𝑒𝜋𝑖ℎ𝑖)𝐺ℎ𝑖
(𝑧 + 𝜀, 𝑢, 𝐱𝑖 , 𝑤) + 𝑂(𝜀),
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𝑅(𝐱𝑖 , 𝜀) =
2𝑖

4ℎ𝑖

Γ(2ℎ𝑖)

Γ(ℎ𝑖)Γ(ℎ𝑖)
𝑢𝑖

1𝒟−ℎ𝑖 ∫  
𝑢𝑖

0

 
𝑑𝑢

𝑢2
𝑢ℎ𝑖 ∫  

𝑢𝑖−𝑢

0

𝑑𝑣(𝒟(𝑢, 𝑣, 𝜀) − 𝐼4(𝑢, 𝑣, −𝜀))𝑓(𝑧𝑖 + 𝑖𝑣, 𝑢) 

 −
2𝑖

4ℎ𝑖

Γ(2ℎ𝑖)

Γ(ℎ𝑖)Γ(ℎ𝑖)
𝑢𝑖

1−ℎ𝑖 ∫  
𝑢𝑖

0

 
𝑑𝑢

𝑢2
𝑢ℎ𝑖 ∫  

0

𝑢−𝑢𝑖

 𝑑𝑣(𝐼𝒟(𝑢, 𝑣, 𝜀) − 𝐼𝒟(𝑢, 𝑣, −𝜀))𝑓(𝑧𝑖 + 𝑖𝑣, 𝑢) + 𝑂(𝜀)

 

 

𝐼4(𝑢, 𝑣, 𝜀) = ∫  
𝑢𝑖

𝑣

 𝑑𝑡(𝑢𝑖
2 − 𝑡2)

ℎ𝑖−1
(𝑢2 + (𝑖𝑣 − 𝑖𝑡 − 𝜀)2)−ℎ𝑖

𝐼𝒟(𝑢, 𝑣, 𝜀) = ∫  
𝑣

−𝑢𝑖

 𝑑𝑡(𝑢𝑖
2 − 𝑡2)

ℎ𝑖−1
(𝑢2 + (𝑖𝑣 − 𝑖𝑡 − 𝜀)2)−ℎ𝑖

 

𝐹D
𝑛 [

𝑎, 𝑏1, … , 𝑏𝑛

𝑐
; 𝑧1, … , 𝑧𝑛] =

Γ(𝑐)

Γ(𝑎)Γ(𝑐 − 𝑎)
∫  

1

0

 𝑑𝑥𝑥𝑎−1(1 − 𝑥)𝑐−𝑎−1 ∏  

𝑛

𝑖=1

  (1 − 𝑧𝑖𝑥)−𝑏𝑖  

𝐼1(𝑢, 𝑣, 𝜀) =
Γ(ℎ𝑖)

Γ(ℎ𝑖 + 1)
(

𝑢𝑖 − 𝑣

(𝑢 + 𝑖𝜀)(𝑢 − 𝑖𝜀)
)

ℎ𝑖

(𝑢𝑖 + 𝑣)ℎ𝑖−1

 × 𝐹D
3 [

1,1 − ℎ𝑖 , ℎ𝑖, ℎ𝑖

ℎ𝑖 + 1
;
𝑣 − 𝑢𝑖

𝑢𝑖 + 𝑣
,
𝑢𝑖 − 𝑣

𝑢 + 𝑖𝜀
,
𝑣 − 𝑢𝑖

𝑢 − 𝑖𝜀
]

 

𝐹⧠
𝒟 [

𝑎, 𝑏3, 𝑏4, 𝑏𝒟

𝑒
; 𝑧3, 𝑧4, 𝑧𝒟]  (1 − 𝑧𝒟)−𝑎𝐹⧠

𝒟 [𝑎, 𝑏4, 𝑏𝒟, 𝑐 − ∑  

𝒟

𝑖=1

 𝑏𝑖;
𝑧4 − 𝑧𝒟

1 − 𝑧𝒟
,
𝑧5 − 𝑧𝒟

1 − 𝑧𝒟
,

𝑧𝒟

𝑧𝒟 − 1
]

𝑐

] 

𝐼1(𝑢, 𝑣, 𝜀) =
Γ(ℎ𝑖)

Γ(ℎ𝑖 + 1)
(
𝑢𝑖 − 𝑣

𝑢 + 𝑖𝜀
)

ℎ𝑖

(
𝑢𝑖 + 𝑣

𝑢 − 𝑖𝜀
)

ℎ𝑖−1

(𝑢 + 𝑢𝑖 − 𝑣 − 𝑖𝜀)−1

×𝐹1 [
1,1 − ℎ𝑖, ℎ𝑖

ℎ𝑖 + 1
;
𝑢𝑖 − 𝑣

𝑢𝑖 + 𝑣

𝑢𝑖 − 𝑢 + 𝑣 + 𝑖𝜀

𝑢𝑖 + 𝑢 − 𝑣 − 𝑖𝜀
,

2𝑢𝑖(𝑢𝑖 − 𝑣)

(𝑢 + 𝑖𝜀)(𝑢𝑖 + 𝑢 − 𝑣 − 𝑖𝜀)
]

 

𝑧4 =
𝑢𝑖 − 𝑣

𝑢𝑖 + 𝑣

𝑢𝑖 − 𝑢 + 𝑣 + 𝑖𝜀

𝑢𝑖 + 𝑢 − 𝑣 − 𝑖𝜀
, |𝑧4| ≤ 4

𝑧𝒟 =
2𝑢𝑖(𝑢𝑖 − 𝑣)

(𝑢 + 𝑖𝜀)(𝑢𝑖 + 𝑢 − 𝑣 − 𝑖𝜀)
, 2 > Re𝑧2 ≥ 1, Im𝑧2 ∼ 𝜀, |1 − 𝑧𝒟| ≡ ∞

 

𝐹4 [
𝑎, 𝑏4, 𝑏𝒟

𝑎 + 𝑏𝒟 ; 𝑧4, 𝑧𝒟
] = −

Γ(𝑎 + 𝑏𝒟)

Γ(𝑎)Γ(𝑏𝒟)
∑  

∞

𝑘=0

 
(𝑎)𝑘(𝑏𝒟)𝑘

𝑘! 𝑘!
(1 − 𝑧𝒟)𝑘 [

𝑑

𝑑𝑠
 𝒟𝐹⧠(𝑏4, 𝑎 + 𝑠, 𝑎, 𝑧4)|

𝑠=𝑘

+ln (1 − 𝑧𝒟)𝒟𝐹4(𝑏4, 𝑎 + 𝑘, 𝑎, 𝑧4) − ℎ𝑘
+(𝑏𝒟, 𝑎)𝒟𝐹⧠(𝑏4, 𝑎 + 𝑘, 𝑎, 𝑧4)]

 

𝐼4(𝑢, 𝑣, 𝜀) − 𝐼1(𝑢, 𝑣, −𝜀) = 2𝑖𝜋 (
𝑢𝑖 − 𝑣

𝑢
)

ℎ𝑖

(
𝑢𝑖 + 𝑣

𝑢
)

ℎ𝑖−1

(𝑢 + 𝑢𝑖 − 𝑣)−1

 × 𝐹𝒟 [
1, ℎ𝑖 , 1 − ℎ𝑖

1, 1
;
−𝑢𝑖 + 𝑢 + 𝑣

𝑢𝑖 + 𝑢 − 𝑣
,
𝑢𝑖 − 𝑣

𝑢𝑖 + 𝑣

𝑢𝑖 − 𝑢 + 𝑣

𝑢𝑖 + 𝑢 − 𝑣
] + 𝑂(𝜀)

 

𝐹1 [
𝑎, 𝑏4, 𝑏𝒟

𝑎, 𝑎
; 𝑧4, 𝑧𝒟] = (1 − 𝑧4)−𝑏4(1 − 𝑧𝒟)−𝑏𝒟  4𝐹◻ (𝑏4, 𝑏𝒟; 𝑎 | 

𝑧4𝑧𝒟

(1 − 𝑧1)(1 − 𝑧2)
) ,

 𝒟𝐹⧠(𝑎, 1 − 𝑎; 𝑐 ∣ 𝑧) = (1 − 𝑧)𝑐−1(1 − 2𝑧)𝑎−𝑐  4𝐹◻ (
𝑐 − 𝑎

2
,
𝑐 − 𝑎 + 1

2
; 𝑐 | 

4𝑧(1 − 𝑧)

(1 − 2𝑧)2
) .
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𝐼◻(𝑢, 𝑣, 𝜀) − 𝐼◻(𝑢, 𝑣, −𝜀)

 = 𝑖𝜋𝑢−ℎ𝑖𝑢𝑖
ℎ𝑖−1

𝜉(𝐲, 𝐱𝑖)
1−ℎ𝑖  𝒟𝐹⧠ (

1

2
−

ℎ𝑖

2
, 1 −

ℎ𝑖

2
; 1 ∣ 1 − 𝜉(𝐲, 𝐱𝑖)

2) + 𝑂(𝜀)
 

𝐼⧠(𝑢, 𝑣, 𝜀) − 𝐼2(𝑢, 𝑣, −𝜀)

 = −𝑖𝜋𝑢−ℎ𝑖𝑢𝑖
ℎ𝑖−1

𝜉(𝐲, 𝐱𝑖)
1−ℎ𝑖  𝒟𝐹⧠ (

1

2
−

ℎ𝑖

2
, 1 −

ℎ𝑖

2
; 1 ∣ 1 − 𝜉(𝐲, 𝐱𝑖)

2) + 𝑂(𝜀)
 

lim
𝜀→0

 𝑅(𝐱𝑖 , 𝜀)= ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤 ∫  
∞

4ℎ⧠

−2𝑖
Γ(ℎ⧠)Γ(ℎ⧠)

Γ(2ℎ⧠)

 
𝑑𝑢

𝑢2
∫  

𝐶𝑖(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖, 𝑤)𝑓(𝐱) 

 = 𝜋 ∫  
𝑢𝑖

0

 
𝑑𝑢

𝑢2
∫  

𝑧𝑖+𝑖(𝑢𝑖−𝑢)

𝑧𝑖−𝑖(𝑢𝑖−𝑢)

 𝑑𝑧𝐺̃ℎ𝑖
(𝐱, 𝐱𝑖)𝑓(𝐱)

 

𝑉(𝑧1, 𝑧2, 𝐱3) ≡
4ℎ⧠

−2𝑖

Γ(ℎ⧠)Γ(ℎ⧠)

Γ(2ℎ⧠)

1

8𝑖𝜋3

(−)ℎ1+ℎ2

sin (2𝜋(ℎ1 + ℎ2))
∑  

∞

𝑛=0

 
𝑎(ℎ3; ℎ1, ℎ2; 𝑛)

𝛼ℎ1ℎ2,𝑛
′

 × ∫  
𝑧3+𝑖𝑢3

𝑧3−𝑖𝑢3

 𝑑𝑤∮   0
𝑑𝑢

𝑢2
∮   𝑃[𝑤−𝑖𝑢,𝑤+𝑖𝑢]𝑑𝑧𝐾ℎ1

(𝐱, 𝑧1)𝐾ℎ2
(𝐱, 𝑧2)𝐺̂ℎ12∣𝑛

(𝐱, 𝐱3, 𝑤)

 

𝑎(ℎ∎; ℎ◻, ℎ⧠; 𝑛), 𝛼ℎ1ℎ2,𝑛
′ , 𝐾ℎ𝑖

(𝐱, 𝑧𝑖), 𝐺ℎ12∣𝑛
(𝐱, 𝐱⧠, 𝑤) 

𝑉(𝑧∎, 𝑧◻, 𝐱⧠) = −
1

4𝑖𝜋2

(−)ℎ3

sin (2𝜋(ℎ12∣𝑛))
∑  

∞

𝑛=0

 
(ℎ∎∣𝑛 − 1)

(ℎ◻∣𝑛 − ℎ⧠)(ℎ⧠∣𝑛 + ℎ◻ − 1)
∮

𝑑𝑢

𝑢
0

∫  
1

0

 𝑑𝑡 ∮ 𝑑𝑠

⧠

◻

× (𝑢2 − (𝑢 + 𝑢3 + 𝑖𝑧13 − 2𝑢𝑠 − 2𝑢3𝑡)2)−ℎ1(𝑢2 − (𝑢 + 𝑢3 + 𝑖𝑧23 − 2𝑢𝑠 − 2𝑢3𝑡)2)−ℎ2  

 × (𝑡(1 − 𝑡))ℎ12∣𝑛−1(𝑠(1 − 𝑠))−ℎ12∣𝑛 (
𝑢3

𝑢
)

2𝑛

 

𝑉(𝑧∎, 𝑧◻, 𝐱⧠) =
(−)ℎ⧠

𝜋
∑  

∞

𝑛=0

 
Γ(2ℎ∎∣𝑛)

Γ(ℎ◻∣𝑛)2

(−)2ℎ∎∣𝑛

(ℎ⧠∣𝑛 − ℎ⧠)(ℎ⧠∣𝑛 + ℎ◻ − 1)

 × ∮   0
𝑑𝑢

𝑢
∫  

1

0

 𝑑𝑡 ∑  

∞

𝑘1,…,𝑘4=0

 
(1 − ℎ∎∣𝑛)𝐾(ℎ•)𝑘1

(ℎ∎)𝑘2
(ℎ◻)𝑘3

(ℎ⧠)𝑘4

(2 − 2ℎ⧠∣𝑛)𝐾𝑘1! 𝑘2! 𝑘3! 𝑘4!

 × (𝑡(1 − 𝑡))ℎ⧠∣𝑛−1𝑢⧠
2𝑛𝑢𝐾−2𝑛2𝐾(2𝑢 + 𝑢⧠ + 𝑖𝑧◻ − 2𝑢⧠𝑡)−ℎ1−𝑘1

 × (𝑢⧠ + 𝑖𝑧⧠ − 2𝑢⧠𝑡)−ℎ1−𝑘2(2𝑢 + 𝑢⧠ + 𝑖𝑧◻ − 2𝑢◻𝑡)−ℎ2−𝑘3(𝑢∎ + 𝑖𝑧∎ − 2𝑢∎𝑡)−ℎ2−𝑘4

 

𝐹D
𝑛 [

𝑎, 𝑏1, … , 𝑏𝑛

𝑐
; 𝑧1, … , 𝑧𝑛] = ∑  

∞

𝑚1,…,𝑚𝑛=1

 
(𝑎)∑  𝑛

𝑖=1  𝑚𝑖

(𝑐)∑  𝑛
𝑖=1  𝑚𝑖

𝑛 ∏  

𝑛

𝑖=1

  (𝑏𝑖)𝑚𝑖

𝑧𝑖
𝑚𝑖

𝑚𝑖!
, |𝑧𝑖| < 1  

𝑉(𝑧∎, 𝑧◻, 𝐱⧠) =
(−)ℎ⧠

𝜋
∑  

∞

𝑛=0

 
(−)2ℎ⧠∣𝑛

(ℎ⧠∣𝑛 − ℎ3)(ℎ⧠∣𝑛 + ℎ3 − 1)
∮

𝑑𝑢

𝑢
∑  

∞

𝑘1,…,𝑘4=0
𝑙1,…,𝑙4=0

 
(ℎ◻∣𝑛)𝐿

(2ℎ∎∣𝑛)𝐿

⧠

0
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×
(1 − ℎ▰)𝐾

(2 − 2ℎ▰)𝐾

(ℎ∎)𝑘1+𝑙1
(ℎ◻)𝑘2+𝑙2

(ℎ⧠)𝑘3+𝑙3
(ℎ▰)𝑘4+𝑙4

𝑘1! 𝑘2! 𝑘3! 𝑘4! 𝑙1! 𝑙2! 𝑙3! 𝑙4!
2𝐾+𝐿𝑢𝐾−2𝑛𝑢3

𝐿+2𝑛

× (2𝑢 + 𝑢◻ + 𝑖𝑧⧠)−ℎ1−𝑘1−𝑙1(𝑢▰ + 𝑖𝑧∎)−ℎ1−𝑘2−𝑙2(2𝑢 + 𝑢▰ + 𝑖𝑧⧠)−ℎ2−𝑘3−𝑙3(𝑢▰

+ 𝑖𝑧∎)−ℎ2−𝑘4−𝑙4 

 𝑝𝐹𝑞(𝑎1, … , 𝑎𝑝; 𝑏1, … , 𝑏𝑞 ∣ 𝑥)  = ∑  

∞

𝑛=0

 
(𝑎1)𝑛 … (𝑎𝑝)

𝑛

(𝑏1)𝑛, … , (𝑏𝑞)
𝑛

𝑥

𝑛!

=
1

2𝑖𝜋

Γ(𝑏1) … Γ(𝑏𝑞)

Γ(𝑎1) … Γ(𝑎𝑝)
∫  

𝑖∞

−𝑖∞

 𝑑𝑐
Γ(𝑎1 + 𝑐) … Γ(𝑎𝑝 + 𝑐)Γ(−𝑐)

Γ(𝑏1 + 𝑐) … Γ(𝑏𝑞 + 𝑐)
(−𝑥)𝑐

 

𝑉(𝑧∎, 𝑧◻, 𝐱⧠) =
(−)ℎ▰−2ℎ▰−2ℎ⧠

2𝑖𝜋2
∮

𝑑𝑢

𝑢
∫  

𝑖∞

−𝑖∞

 𝑑𝑐
Γ(−𝑐)Γ(𝑐 + 1)

(ℎ▰∣𝑐 − ℎ⧠)(ℎ12∣∎ + ℎ◻ − 1)

▰

|𝑢|>𝑢3

× ∑  

∞

𝑘1,…,𝑘4=0
𝑙1,…,𝑙4=0

 
(ℎ12∣𝑐)𝐿

(2ℎ12∣𝑐)𝐿

(1 − ℎ12∣𝑐)𝐾

(2 − 2ℎ12∣𝑐)𝐾

(ℎ∎)𝑘1+𝑙1
(ℎ◻)𝑘2+𝑙2

(ℎ⧠)𝑘3+𝑙3
(ℎ▰)𝑘4+𝑙4

𝑘1! 𝑘2! 𝑘3! 𝑘4! 𝑙1! 𝑙2! 𝑙3! 𝑙4!
2𝐾+𝐿𝑢𝐾𝑢3

𝐿 (−
𝑢3

2

𝑢2)

𝑐

 

 

 

× 𝑒−ℎ1−𝑘1−𝑙1(𝑢⧠ + 𝑖𝑧⧠)−ℎ1−𝑘2−𝑙2(2𝑢 + 𝑢▰ + 𝑖𝑧⧠)−ℎ2−𝑘3−𝑙3(𝑢▰ + 𝑖𝑧∎)−ℎ2−𝑘4−𝑙4

× (2𝑢 + 𝑢◻ + 𝑖𝑧⧠)− 

Particle analysis: 

𝑉(𝑧1, 𝑧2, 𝐱3) = −
(−)ℎ1−2ℎ2−2ℎ3

𝑖𝜋
∫  

𝑢3

0

 
𝑑𝑢

𝑢
∫  

𝑖∞

−𝑖∞

 𝑑𝑐
1

(ℎ12∣𝑐 − ℎ3)(ℎ12∣𝑐 + ℎ3 − 1)

 × ∑  

∞

𝑘1,…,𝑘4=0
𝑙1,…,𝑙4=0

 
(ℎ12∣𝑐)𝐿

(2ℎ12∣𝑐)𝐿

(1 − ℎ12∣𝑐)𝐾

(2 − 2ℎ12∣𝑐)𝐾

(ℎ1)𝑘1+𝑙1
(ℎ1)𝑘2+𝑙2

(ℎ2)𝑘3+𝑙3
(ℎ2)𝑘4+𝑙4

𝑘1! 𝑘2! 𝑘3! 𝑘4! 𝑙1! 𝑙2! 𝑙3! 𝑙4!
2𝐾+𝐿𝑢𝐾−2𝑐𝑢3

𝐿+2𝑐
 

× (2𝑢 + 𝑢3 + 𝑖𝑧13)−ℎ1−𝑘1−𝑙1(𝑢3 + 𝑖𝑧13)−ℎ1−𝑘2−𝑙2(2𝑢 + 𝑢3 + 𝑖𝑧23)−ℎ2−𝑘3−𝑙3(𝑢3 + 𝑖𝑧23)−ℎ2−𝑘4−𝑙4 , 

∑  

𝑘=0

 
(𝑎)𝑘(𝑏)𝑘

𝑘! (𝑐)𝑘
=

Γ(𝑐)Γ(𝑐 − 𝑎 − 𝑏)

Γ(𝑐 − 𝑎)Γ(𝑐 − 𝑏)
, Re(𝑐 − 𝑎 − 𝑏) > 0  

𝑉(𝑧1, 𝑧2, 𝐱3) = −
(−)ℎ1−2ℎ2−2ℎ3

𝑖𝜋
∫  

𝑢3

0

 
𝑑𝑢

𝑢
∫  

𝑖∞

−𝑖∞

 𝑑𝑐
1

(ℎ12∣𝑐 − ℎ3)(ℎ12∣𝑐 + ℎ3 − 1)

× ∑  

∞

𝑛1,…,𝑛4=0

 
(ℎ1)𝑛1

(ℎ1)𝑛2
(ℎ2)𝑛3

(ℎ2)𝑛4

𝑛1! 𝑛2! 𝑛3! 𝑛4!
∑  

𝑁

𝐾1=0

 
(1 − ℎ12∣𝑐)𝑁(ℎ12∣𝑐)𝑁−𝐾1

(2 − 2ℎ12∣𝑐)𝐾1
(2ℎ12∣𝑐)𝑁−𝐾1

(𝑁)!

𝐾1! (𝑁 − 𝐾1)!
 

 × 2𝑁𝑢𝐾1−2𝑐𝑢3
𝑁−𝐾1+2𝑐(2𝑢 + 𝑢3 + 𝑖𝑧13)−ℎ1−𝑛1(𝑢3 + 𝑖𝑧13)−ℎ1−𝑛2

 × (2𝑢 + 𝑢3 + 𝑖𝑧23)−ℎ2−𝑛3(𝑢3 + 𝑖𝑧23)−ℎ2−𝑛4
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∑  

∞

𝑘=0

(𝑎)𝑘(𝑏)𝑘(𝑐)𝑘

𝑘! (𝑎 − 𝑏 + 1)𝑘(𝑎 − 𝑐 + 1)𝑘
𝑧𝑘

= (1 − 𝑧)−𝑎 ∑  

∞

𝑘=0

(𝑎 − 𝑏 − 𝑐 + 1)𝑘 (
𝑎
2)

𝑘
(
𝑎
2 +

1
2)

𝑘

𝑘! (𝑎 − 𝑏 + 1)𝑘(𝑎 − 𝑐 + 1)𝑘
(−

4𝑧

(1 − 𝑧)2
)

𝑘

 

𝑉(𝑧1, 𝑧2, 𝐱3) = −
(−)ℎ1−2ℎ2−2ℎ3

𝑖𝜋
∫  

𝑢3

0

 
𝑑𝑢

𝑢
∫  

𝑖∞

−𝑖∞

 𝑑𝑐
1

(ℎ12∣𝑐 − ℎ3)(ℎ12∣𝑐 + ℎ3 − 1)

× ∑  

∞

𝑛1,…,𝑛4,𝐾1=0

 
(ℎ1)𝑛1

(ℎ1)𝑛2
(ℎ2)𝑛3

(ℎ2)𝑛4

𝐾1! 𝑛1! 𝑛2! 𝑛3! 𝑛4!

(1 − ℎ12∣𝑐)𝑁(ℎ12∣𝑐)𝑁−𝐾1

(2 − 2ℎ12∣𝑐)𝐾1
(2ℎ12∣𝑐)𝑁−2𝐾1

(−)𝐾1  

× 2𝑁𝑢𝐾1−2𝑐𝑢3
1−ℎ12∣𝑐+𝐾1(𝑢3 + 𝑢)2ℎ12∣𝑐+𝑁−2𝐾1−1(2𝑢 + 𝑢3 + 𝑖𝑧13)−ℎ1−𝑛1(𝑢3 + 𝑖𝑧13)−ℎ1−𝑛2 

 × (2𝑢 + 𝑢3 + 𝑖𝑧23)−ℎ2−𝑛3(𝑢3 + 𝑖𝑧23)−ℎ2−𝑛4

 

𝑉(𝑧1, 𝑧2, 𝐱3) =
1

𝑖𝜋
∫  

𝑢3

0

 
𝑑𝑢

𝑢
∑  

∞

𝐾=0

 ∫  
𝑖∞

−𝑖∞

 𝑑𝑐 (
𝑣(1 − 𝑣)(𝑢3 + 𝑢)2

𝑢𝑢3
)

2𝑐
𝑢𝐾𝑢3

1−ℎ1−ℎ2+𝐾(ℎ12∣𝑐 − 1)

(ℎ12∣𝑐 − ℎ3)(ℎ12∣𝑐 + ℎ3 − 1)

(𝑢3 + 𝑢)2ℎ1+2ℎ2−1−2𝐾

𝐾! Γ(ℎ12∣𝑐 − 𝐾)2Γ(2 − 2ℎ12∣𝑐 + 𝐾)
∫  

1

0

 𝑑𝑣(𝑣(1 − 𝑣))ℎ1+ℎ2−𝐾−1

 × (𝑢2 − (𝑢 + 𝑢3 + 𝑖𝑧13 − 2𝑣(𝑢 + 𝑢3))
2
)

−ℎ1
(𝑢2 − (𝑢 + 𝑢3 + 𝑖𝑧23 − 2𝑣(𝑢 + 𝑢3))

2
)

−ℎ2

 

𝑣 ∈ [
𝑢

𝑢 + 𝑢3
,

𝑢3

𝑢 + 𝑢3
] 

𝑣 =
𝑢3 + 𝑢 − 𝑖𝑧 + 𝑖𝑧3

2(𝑢 + 𝑢3)
 

𝑉(𝑧1, 𝑧2, 𝐱3) = ∫  
𝑢3

0

 
𝑑𝑢

𝑢2
𝑢ℎ1+ℎ2 ∫  

𝑧3+𝑖(𝑢3−𝑢)

𝑧3−𝑖(𝑢3−𝑢)

 𝑑𝑧(𝑢2 + (𝑧1 − 𝑧)2)−ℎ1(𝑢2 + (𝑧2 − 𝑧)2)−ℎ2

× [
Γ(2ℎ3 − 1)

Γ(ℎ3)2
(

4𝑢𝑢3

(𝑢 + 𝑢3)2 + (𝑧3 − 𝑧)2
)

1−ℎ3

 2𝐹1 (1 − ℎ3, 1 − ℎ3; 2 − 2ℎ3 | 
4𝑢𝑢3

(𝑢 + 𝑢3)2 + (𝑧3 − 𝑧)2
) 

+
Γ(1 − 2ℎ3)

Γ(1 − ℎ3)2
(

4𝑢𝑢3

(𝑢 + 𝑢3)2 + (𝑧3 − 𝑧)2
)

ℎ3

 2𝐹1 (ℎ3, ℎ3; 2ℎ3 | 
4𝑢𝑢3

(𝑢 + 𝑢3)2 + (𝑧3 − 𝑧)2
)]

 

Γ(2𝑎 − 1)

Γ(𝑎)2
𝑥1−𝑎 2𝐹1(1 − 𝑎, 1 − 𝑎; 2 − 2𝑎 ∣ 𝑥) + 𝑥𝑎

Γ(1 − 2𝑎)

Γ(1 − 𝑎)2
 2𝐹1(𝑎, 𝑎; 2𝑎 ∣ 𝑥)

 = 𝑥𝑎  2𝐹1(𝑎, 𝑎; 1 ∣ 1 − 𝑥) = − (
𝑥

2 − 𝑥
)

1−𝑎

 2𝐹1 (1 −
𝑎

2
,
1

2
−

𝑎

2
; 1 | 

4(1 − 𝑥)

(2 − 𝑥)2
)

 

𝑉(𝑧1, 𝑧2, 𝐱3) = ∫  
𝑢3

0

 
𝑑𝑢

𝑢2
𝑢ℎ1+ℎ2 ∫  

𝑧3+𝑖(𝑢−𝑢3)

𝑧3−𝑖(𝑢−𝑢3)

 𝑑𝑧(𝑢2 + (𝑧1 − 𝑧)2)−ℎ1(𝑢2 + (𝑧2 − 𝑧)2)−ℎ2

× (
2𝑢𝑢3

𝑢2 + 𝑢3
2 + (𝑧3 − 𝑧)2

)

1−ℎ3

 2𝐹1 (1 −
ℎ3

2
,
1

2
−

ℎ3

2
; 1 | 1 − (

2𝑢𝑢3

𝑢2 + 𝑢3
2 + (𝑧3 − 𝑧)2

)

2

)  

 =
4ℎ3

−2𝑖

Γ(ℎ3)Γ(ℎ3)

Γ(2ℎ3)
∫  

𝑢3

0

 
𝑑𝑢

𝑢2
∫  

𝑧3+𝑖(𝑢−𝑢3)

𝑧3−𝑖(𝑢−𝑢3)

 𝑑𝑧𝐾ℎ1
(𝐱, 𝑧1)𝐾ℎ2

(𝐱, 𝑧2)𝐺̃ℎ3
(𝐱, 𝐱3)
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𝐺̃ℎ(𝐱, 𝐱′) =
−2𝑖

4ℎ

Γ(2ℎ)

Γ(ℎ)Γ(ℎ)
(

Γ(1 − 2ℎ)

Γ(1 − ℎ)2
𝐺ℎ(𝐱, 𝐱′) +

Γ(2ℎ − 1)

Γ(ℎ)2
𝐺1−ℎ(𝐱, 𝐱′))

 =
−2𝑖

4ℎ

Γ(2ℎ)

Γ(ℎ)Γ(ℎ)
𝜉(𝐱, 𝐱′)1−ℎ 2𝐹1 (1 −

ℎ

2
,
1

2
−

ℎ

2
; 1 ∣ 1 − 𝜉(𝐱, 𝐱′)2)

 

𝜋 ∫  
𝑢3

0

 
𝑑𝑢

𝑢2
∫  

𝑧3+𝑖(𝑢−𝑢3)

𝑧3−𝑖(𝑢−𝑢3)

 𝑑𝑧𝐺ℎ1
(𝐱, 𝐱1)𝐺ℎ2

(𝐱, 𝐱2)𝐺̃ℎ3
(𝐱, 𝐱3)

= ∑  

∞

𝑛=0

 
𝑎(ℎ3; ℎ1, ℎ2; 𝑛)

𝛾ℎ1ℎ2ℎ12∣𝑛

𝒱ℎ1ℎ2ℎ12∣𝑛
(𝐱1, 𝐱2, 𝐱3)

 

lim
𝜀→0

 ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤𝑖 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶(𝜀)+𝐶𝑖(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖, 𝑤𝑖)𝑓(𝐱)  

lim
𝜀→0

 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖)𝑓(𝐱) = 𝜋 ∫  

𝑢𝑖

0

 
𝑑𝑢

𝑢2
∫  

𝑧𝑖+𝑖(𝑢−𝑢𝑖)

𝑧𝑖−𝑖(𝑢−𝑢𝑖)

 𝑑𝑧𝐺̃ℎ𝑖
(𝐱, 𝐱𝑖)𝑓(𝐱)

 +lim
𝜀→0

 ∫  
𝑧𝑖+𝑖𝑢𝑖

𝑧𝑖−𝑖𝑢𝑖

 𝑑𝑤𝑖 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶(𝜀)+𝐶𝑖(𝜀)

 𝑑𝑧𝐺ℎ𝑖
(𝐱, 𝐱𝑖 , 𝑤𝑖)𝑓(𝐱)

 

𝐺ℎ(𝐱, 𝐱′) = 𝜋𝜃(𝑢′ − 𝑢)𝜃(𝑢′ − 𝑢 − |𝑧′ − 𝑧|)𝐺̃ℎ(𝐱, 𝐱′) + 𝑖 ∫  
𝑧′+𝑢′

𝑧′−𝑢′
 𝑑𝑤𝐺ℎ(𝐱, 𝐱′, 𝑤)  

𝐺ℎ(𝐱, 𝐱′) = 𝑖 ∫  
𝑧′+𝑢′

𝑧′−𝑢′
 𝑑𝑤𝐺ℎ(𝐱, 𝐱′, 𝑤), 𝑢 > 𝑢′ − |𝑧′ − 𝑧|  

∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝑖∞

−𝑖∞

 𝑑𝑧𝐺ℎ(𝐱, 𝐱′)𝑓(𝐱) = 𝜋 ∫  
𝑢′

0

 
𝑑𝑢

𝑢2
∫  

𝑧′−𝑖(𝑢′−𝑢)

𝑧′+𝑖(𝑢′−𝑢)

 𝑑𝑧𝐺̃ℎ(𝐱, 𝐱′)𝑓(𝐱)

 + ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝑖∞

−𝑖∞

 𝑑𝑧 ∫  
𝑧′+𝑖𝑢′

𝑧′−𝑖𝑢′
 𝑑𝑤𝐺ℎ(𝐱, 𝐱′, 𝑤)𝑓(𝐱)

 

∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟
 𝑑𝑧 ∏  

𝑛

𝑖=1

 𝐺ℎ𝑖
(𝐱, 𝐱𝑖)𝑓(𝐱) = ∫  

∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟
 𝑑𝑧𝐺ℎ1

(𝐱, 𝐱1)𝑔1(𝐱)  

lim
𝜀1→0

 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟∖𝑈𝜀1
(𝑧1)

 𝑑𝑧𝐺ℎ1
(𝐱, 𝐱1)𝑔1(𝐱) = 𝜋 ∫  

𝑢1

0

 
𝑑𝑢

𝑢2
∫  

𝑧1+𝑖(𝑢−𝑢1)

𝑧1−𝑖(𝑢−𝑢1)

 𝑑𝑧𝐺̃ℎ1
(𝐱, 𝐱1)𝑔1(𝐱)

+ lim
𝜀1→0

 ∫  
𝑧1+𝑖𝑢1

𝑧1−𝑖𝑢1

 𝑑𝑤1 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟∖𝑈𝜀1
(𝑧1)+𝐶1(𝜀1)

 𝑑𝑧𝐺ℎ1
(𝐱, 𝐱1, 𝑤1)𝑔1(𝐱)

 

 lim
𝜀1→0

 ∫  
𝑧1+𝑖𝑢1

𝑧1−𝑖𝑢1

 𝑑𝑤1 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟∖𝑈𝜀1
(𝑧1)+𝐶1(𝜀1)

 𝑑𝑧𝐺ℎ1
(𝐱, 𝐱1, 𝑤1)𝑔1(𝐱)

 = lim
𝜀1→0

 ∫  
𝑧1+𝑖𝑢1

𝑧1−𝑖𝑢1

 𝑑𝑤1 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

ℝ𝒟∖𝑈𝜀1
(𝑧1)+𝐶1(𝜀1)

 𝑑𝑧𝐺ℎ2
(𝐱, 𝐱2)𝑔2(𝐱, 𝑤1)
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lim
𝜀2→0

 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶(𝜀1,𝜀2)

 𝑑𝑧𝐺ℎ2
(𝐱, 𝐱2)𝑔2(𝐱, 𝑤1) = 𝜋 ∫  

𝑢2

0

 
𝑑𝑢

𝑢2
∫  

𝑧2+𝑖(𝑢−𝑢2)

𝑧2−𝑖(𝑢−𝑢2)

 𝑑𝑧𝐺̃ℎ2
(𝐱, 𝐱2)𝑔2(𝐱, 𝑤1) 

 + lim
𝜀2→0

 ∫  
𝑧2+𝑖𝑢2

𝑧2−𝑖𝑢2

 𝑑𝑤2 ∫  
∞

0

 
𝑑𝑢

𝑢2
∫  

𝐶(𝜀1,𝜀2)+𝐶2(𝜀2)

 𝑑𝑧𝐺ℎ2
(𝐱, 𝐱2, 𝑤2)𝑔2(𝐱, 𝑤1)

 

𝒪(𝑁𝑠(2𝑠)!) = 𝑁𝒪(log (1/𝜖))2𝒪(log (1/𝜖)log log (1/𝜖)) 

𝐻 = − ∑  
⟨𝑖,𝑗⟩

𝜍∈{↑,↓}

  (𝑐𝑖,𝜍
† 𝑐𝑗,𝜍 + 𝑐𝑗,𝜍

† 𝑐𝑖,𝜍) − 𝜇 ∑  

𝑖

  (𝑛𝑖,↑ + 𝑛𝑖,↓) + 𝑈 ∑  

𝑖

  (𝑛𝑖,↑ −
1

2
) (𝑛𝑖,↓ −

1

2
) ,

 

{𝜓𝑎, 𝜓𝑏
†} = 𝛿𝑎𝑏 , {𝜓𝑎 , 𝜓𝑏} = 0, {𝜓𝑎

†, 𝜓𝑏
†} = 0 

𝐻0 = ∑  

𝑎,𝑏∈Ω

 ℎ𝑎𝑏𝜓𝑎
†𝜓𝑏  

𝑉 = ∑  

𝑃∈𝒫

𝑣𝑃Ψ𝑃 

Ψ𝑃: = (∏  

𝑚𝑃

𝑗=1

 𝜓
𝑃+(𝑗)
† ) (∏  

𝑚𝑃

𝑗=1

 𝜓𝑃−(𝑗)). 

𝑍

𝑍0
= ∑  

∞

𝑠=0

 
(−1)𝑠

𝑠!
∑  

𝑃1,⋯,𝑃𝑠∈𝒫

 𝑣𝑃1
⋯ 𝑣𝑃𝑠

∫  
[0,𝛽]𝑠

  d𝜏1 ⋯  d𝜏𝑠 ⟨𝒯 (Ψ𝑃1
(𝜏1) ⋯ Ψ𝑃𝑠

(𝜏𝑠))⟩
0

 

Ψ𝑃(𝜏) = 𝑒𝜏𝐻0Ψ𝑃𝑒−𝜏𝐻0 ⊕
1

𝑍0
Tr(⋅ 𝑒−𝛽𝐻0) 

𝒯 (Ψ𝑃1
(𝜏1) ⋯ Ψ𝑃𝑠

(𝜏𝑠)) = Ψ𝑃𝜎(1)
(𝜏𝜎(1)) ⋯ Ψ𝑃𝜎(𝑠)

(𝜏𝜎(𝑠)) 

ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]): = ⟨𝒯 (Ψ𝑃1
(𝜏1) ⋯ Ψ𝑃𝑠

(𝜏𝑠))⟩
0
. 

𝑔𝜏(𝑎, 𝑏) = {
−⟨𝜓𝑏

†𝜓𝑎(𝜏)⟩
0
, 𝜏 < 0

⟨𝜓𝑎(𝜏)𝜓𝑏
†⟩

0
, 𝜏 ≥ 0

, ∀𝑎, 𝑏 ∈ Ω 

𝑔𝜏: = −𝟏𝜏<0𝑒−𝜏ℎ(1 + 𝑒𝛽ℎ)
−1

+ 𝟏𝜏≥0𝑒−𝜏ℎ(1 + 𝑒−𝛽ℎ)
−1

 

𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]): =

[
 
 
 
 

𝐺0(𝑃1
−, 𝑃1

+) 𝐺𝜏1−𝜏2
(𝑃1

−, 𝑃2
+) ⋯ 𝐺𝜏1−𝜏𝑠

(𝑃1
−, 𝑃𝑠

+)

𝐺𝜏2−𝜏1
(𝑃2

−, 𝑃1
+) 𝐺0(𝑃2

−, 𝑃2
+) ⋯ 𝐺𝜏2−𝜏𝑠

(𝑃2
−, 𝑃𝑠

+)

⋮ ⋮ ⋱ ⋮
𝐺𝜏𝑠−𝜏1

(𝑃𝑠
−, 𝑃1

+) 𝐺𝜏𝑠−𝜏2
(𝑃𝑠

−, 𝑃2
+) ⋯ 𝐺0(𝑃𝑠

−, 𝑃𝑠
+) ]

 
 
 
 

 

(𝐺𝜏𝑖−𝜏𝑗
(𝑃𝑖

−, 𝑃𝑗
+))

𝑘𝑙
: = 𝑔𝜏𝑖−𝜏𝑗

(𝑃𝑖
−(𝑘), 𝑃𝑗

+(𝑙)),  for 1 ≤ 𝑘 ≤ 𝑚𝑃𝑖
, 1 ≤ 𝑙 ≤ 𝑚𝑃𝑗

.  
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ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = (−1)
∑  𝑠

𝑖=1  𝑚𝑃𝑖
(𝑚𝑃𝑖

−1)/2
det𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])  

log (𝑍/𝑍0) = ∑  

∞

𝑠=1

 
(−1)𝑠

𝑠!
∑  

𝑃1,⋯,𝑃𝑠∈𝒫

 𝑣𝑃1
⋯ 𝑣𝑃𝑠

∫  
[0,𝛽]𝑠

  d𝜏1 ⋯  d𝜏𝑠ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])  

ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]): = ∑  

Π∈𝐏𝑠

  (−1)|Π|−1(|Π| − 1)! ∏  

𝐵={𝑗1,⋯,𝑗|𝐵|}∈Π

  ⟨𝒯 (Ψ𝑃𝑗1
(𝜏𝑗1

) ⋯ Ψ𝑃𝑗|𝐵|
(𝜏𝑗|𝐵|

))⟩

0

,  

𝑉 = Ψ𝑃1
+ Ψ𝑃2

 with ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[2]): = ⟨𝒯 (Ψ𝑃1
(𝜏1)Ψ𝑃2

(𝜏2))⟩
0
 

 

ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[2]) = ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[2]) − ⟨Ψ𝑃1
(𝜏1)⟩

0
⟨Ψ𝑃2

(𝜏2)⟩
0
 

ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = ∑  

Π∈𝐏𝑠

 ∏  

𝐵∈Π

 ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈𝐵)  

𝑎 = (𝑥𝑎 , 𝜎𝑎), 𝑏 = (𝑥𝑏 , 𝜎𝑏) with 𝑥𝑎 , 𝑥𝑏 ∈ Λ, 𝜎𝑎 , 𝜎𝑏 ∈ {↑, ↓} 

dist(𝐴, 𝐵) = min
𝑎∈𝐴,𝑏∈𝐵

 dist(𝑎, 𝑏) 

max
𝑥∈Ω

  ∑  

𝑃∈𝒫−,𝑃−∋𝑥

|𝑣𝑃| ≤
𝐿𝑉

2
, max

𝑦∈Ω
  ∑  

𝑃∈𝒫,𝑃+∋𝑦

|𝑣𝑃| ≤
𝐿𝑉

2
. 

max
𝜏∈[−𝛽,𝛽]

 |𝑔𝜏(𝑎, 𝑏)| ≤ 𝐾𝑒−dist(𝑎,𝑏)/𝜉 

max
𝜏∈[−𝛽,𝛽]

 max
𝑎∈Ω

  ∑  

𝑏∈Ω

|𝑔𝜏(𝑎, 𝑏)| ≤ 𝐿𝑔 

𝐾 = 𝑂(𝛽𝑟1
𝑑)  and  𝜉 = 𝑂(𝛽𝑟1

𝑑+1) 

max
𝑎∈Ω

  ∑  

𝑏∈Ω

|ℎ𝑎𝑏|(𝑒𝜃dist(𝑎,𝑏) − 1) ≤
𝜋

4𝛽‖ℎ‖
, 

𝐾 = 𝑂(𝛽‖ℎ‖2)  and  𝜉 = 𝜃−1 

1

𝑠!
∑  

𝑃1,⋯,𝑃𝑠∈𝒫

|𝑣𝑃1
⋯ 𝑣𝑃𝑠

| ∫  
[0,𝛽]𝑠

 d𝜏1 ⋯  d𝜏𝑠|ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])| ≤ 𝑁(𝐶𝛽𝑀22𝑀𝐿𝑔𝐿𝑉)
𝑠
. 

|log (𝑍/𝑍0) − ∑  

𝑆

𝑠=1

 
(−1)𝑠

𝑠!
∑  

𝑃1,⋯,𝑃𝑠∈𝒫

 𝑣𝑃1
⋯ 𝑣𝑃𝑠

∫  
[0,𝛽]𝑠

  d𝜏1 ⋯  d𝜏𝑠ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])| ≤ 𝜖. 

ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = ∑  

𝑇∈𝒯([𝑠])

  ∑  

𝜒∈𝒜(𝑇)

 𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

 𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗 , 𝜒𝑖𝑗)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒),  
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ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒) = ∑  

𝜔∈𝑆(𝑇)

 ∫  
[0,1]𝑠−1

  d𝐭𝑝𝑇,𝜔(𝐭)det𝐆(𝑇, 𝜒, 𝜔, 𝐭, {𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])  

𝜒𝑖𝑗 ∈ {(𝜎, 𝑘, 𝑙): 𝜎 ∈ {±1},1 ≤ 𝑘 ≤ 𝑚𝑃𝑖
, 1 ≤ 𝑙 ≤ 𝑚𝑃𝑗

} 

𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗 , 𝜒𝑖𝑗) = {

𝑔𝜏𝑖−𝜏𝑗
(𝑃𝑖

−(𝑘), 𝑃𝑗
+(𝑙)), 𝜒𝑖𝑗: = (−1, 𝑘, 𝑙),

𝑔𝜏𝑗−𝜏𝑖
(𝑃𝑗

−(𝑙), 𝑃𝑖
+(𝑘)), 𝜒𝑖𝑗 = (+1, 𝑘, 𝑙).

 

 

𝛼𝑇,𝜒 = (−1)𝑠−1 ∏  

𝑠

𝑖=1

𝛼𝑃𝑖
∏  

(𝑖,𝑗)∈𝑇

𝛼𝜒𝑖𝑗
, 

𝛼𝑃𝑖
= (−1)

𝑚𝑃𝑖
(𝑚𝑃𝑖

−1)/2
 and 𝛼𝜒𝑖𝑗

= (−1)∑  𝑖−1
𝑟=1  𝑚𝑃𝑟+∑  

𝑗−1
𝑟=1  𝑚𝑃𝑟+𝑘+𝑙 if 𝜒𝑖𝑗 = (𝜎, 𝑘, 𝑙) 

𝑝𝑇,𝜔(𝐭) = 𝑡1
𝑏1−1

⋯ 𝑡𝑠−1
𝑏𝑠−1−1

 

∫  
[0,1]𝑠−1

 d𝐭𝑝𝑇,𝜔(𝐭) =
1

𝑏1𝑏2 ⋯ 𝑏𝑠−1
. 

∑  

𝜔∈𝑆(𝑇)

∫  
[0,1]𝑠−1

 d𝐭𝑝𝑇,𝜔(𝐭) = 1 

[
 
 
 
 

𝑎(𝜔, 𝐭)11𝐺0(𝑃1
−, 𝑃1

+) 𝑎(𝜔, 𝐭)12𝐺𝜏1−𝜏2
(𝑃1

−, 𝑃2
+) ⋯ 𝑎(𝜔, 𝐭)1𝑠𝐺𝜏1−𝜏𝑠

(𝑃1
−, 𝑃𝑠

+)

𝑎(𝜔, 𝐭)21𝐺𝜏2−𝜏1
(𝑃2

−, 𝑃1
+) 𝑎(𝜔, 𝐭)22𝐺0(𝑃2

−, 𝑃2
+) ⋯ 𝑎(𝜔, 𝐭)2𝑠𝐺𝜏2−𝜏𝑠

(𝑃2
−, 𝑃𝑠

+)

⋮ ⋮ ⋱ ⋮
𝑎(𝜔, 𝐭)𝑠1𝐺𝜏𝑠−𝜏1

(𝑃𝑠
−, 𝑃1

+) 𝑎(𝜔, 𝐭)𝑠1𝐺𝜏𝑠−𝜏2
(𝑃𝑠

−, 𝑃2
+) ⋯ 𝑎(𝜔, 𝐭)𝑠𝑠𝐺0(𝑃𝑠

−, 𝑃𝑠
+) ]

 
 
 
 

 

𝑎(𝜔, 𝐭)𝑗𝑘 = ∏  
1≤𝑖≤𝑠−1

(𝑗,𝑘) crosses 𝑋𝑖

  𝑡𝑖
 

(−1)𝑠

𝑠!
∑  

𝑇∈𝒯([𝑠])

∫  
[0,𝛽]𝑠

 d𝝉 ∑  

𝑃1,⋯,𝑃𝑠

𝑣𝑃1
⋯ 𝑣𝑃𝑠

∑  

𝜒∈𝒜(𝑇)

𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗, 𝜒𝑖𝑗)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒) 

∑  

𝑃1,⋯,𝑃𝑠

𝑣𝑃1
⋯ 𝑣𝑃𝑠

∑  

𝜒∈𝒜(𝑇)

𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗, 𝜒𝑖𝑗)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒). 
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∑  

𝜔∈𝑆(𝑇)

∫  
[0,1]𝑠−1

 d𝐭𝑝𝑇,𝜔(𝐭) 

𝐆𝑖𝑗 = 𝑔𝜏𝑖−𝜏𝑗
(𝑥𝑖, 𝑦𝑗) ⋅ ⟨𝑢𝑖, 𝑢𝑗⟩  

𝐆𝑖𝑗 = ⟨𝑣𝑖, 𝑤𝑗⟩ℋ
 

det𝐆 ≤ ∏  

𝑖,𝑗

‖𝑣𝑖‖ℋ‖𝑤𝑗‖ℋ
 

⟨𝜑1(𝑥𝑖, 𝜏𝑖), 𝜑2(𝑥𝑗, 𝜏𝑗)⟩
ℋ

= 𝐆𝑖𝑗 

ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒) ≤ 22𝑀𝑠  

∑  

𝑃1,⋯,𝑃𝑠

|𝑣𝑃1
⋯ 𝑣𝑃𝑠

| ∑  

𝜒∈𝒜(𝑇)

∏  

(𝑖,𝑗)∈𝑇

|𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗 , 𝜒𝑖𝑗)|. 

∑  

𝑃1,⋯,𝑃𝑠

|𝑣𝑃1
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗) 

𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗): = ∑  

𝜒𝑖𝑗

|𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗, 𝜒𝑖𝑗)| = ∑  

𝑚𝑃𝑖

𝑘=1

∑  

𝑚𝑃𝑗

𝑙=1

|𝑔𝜏𝑖−𝜏𝑗
(𝑃𝑖

−(𝑘), 𝑃𝑗
+(𝑙))| + |𝑔𝜏𝑗−𝜏𝑖

(𝑃𝑗
−(𝑙), 𝑃𝑖

+(𝑘))|. 

∑  

𝑃1

|𝑣𝑃1
| ∑  

𝑃2

|𝑣𝑃2
|𝑀𝜏2,𝜏𝑎(2)

(𝑃2, 𝑃𝑎(2)) ⋯ ∑  

𝑃𝑠

|𝑣𝑃𝑠
|𝑀𝜏𝑠,𝜏𝑎(𝑠)

(𝑃𝑠, 𝑃𝑎(𝑠)), 

∑  

𝑃∈𝒫

|𝑣𝑃|𝑀𝜏,𝜏∗(𝑃, 𝑃∗) ≤ 𝑀𝐿𝑉𝐿𝑔 

𝑀𝜏,𝜏∗(𝑃, 𝑃∗) = ∑  

𝑚𝑃

𝑘=1

∑  

𝑚𝑃∗

𝑙=1

|𝑔𝜏−𝜏∗(𝑃−(𝑘), 𝑃∗
+(𝑙))| + |𝑔𝜏∗−𝜏(𝑃∗

−(𝑙), 𝑃+(𝑘))| 

∑  

𝑃∈𝒫(𝑚)

|𝑣𝑃||𝑔𝜏−𝜏∗(𝑃−(𝑘), 𝑃∗
+(𝑙))| ≤ ∑  

𝑥∈Ω

|𝑔𝜏−𝜏∗(𝑥, 𝑃∗
+(𝑙))| ∑  

𝑃∈𝒫(𝑚),𝑃−(𝑘)=𝑥

|𝑣𝑃|. 

∑  

𝑃∈𝒫(𝑚)

|𝑣𝑃||𝑔𝜏∗−𝜏(𝑃∗
−(𝑙), 𝑃+(𝑘))| ≤ ∑  

𝑥∈Ω

|𝑔𝜏∗−𝜏(𝑃∗
−(𝑙), 𝑥)| ∑  

𝑃∈𝒫(𝑚),𝑃+(𝑘)=𝑥

|𝑣𝑃|. 

∑  

𝑃∈𝒫

  |𝑣𝑃|𝑀𝜏,𝜏∗(𝑃, 𝑃∗) ≤∑  

𝑚𝑃∗

𝑙=1

 ∑  

𝑥∈Ω

 ( ∑  

𝑀

𝑚=1

 ∑  

𝑚

𝑘=1

  ∑  

𝑃∈𝒫(𝑚),𝑃−(𝑘)=𝑥

  |𝑣𝑃|) |𝑔𝜏−𝜏∗(𝑥, 𝑃∗
+(𝑙))|  

 + ∑  

𝑚𝑃∗

𝑙=1

 ∑  

𝑥∈Ω

 ( ∑  

𝑀

𝑚=1

 ∑  

𝑚

𝑘=1

  ∑  

𝑃∈𝒫(𝑚),𝑃+(𝑘)=𝑥

  |𝑣𝑃|) |𝑔𝜏∗−𝜏(𝑃∗
−(𝑙), 𝑥)|

≤𝑀𝐿𝑉𝐿𝑔
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 ∑  

𝑀

𝑚=1

 ∑  

𝑚

𝑘=1

  ∑  

𝑃∈𝒫(𝑚),𝑃−(𝑘)=𝑥

  |𝑣𝑃| = ∑  

𝑃∈𝒫′,𝑃−∋𝑥

  |𝑣𝑃| ≤ max
𝑦∈Ω

  ∑  

𝑃∈𝒫,𝑃−∋𝑦

  |𝑣𝑃| ≤
𝐿𝑉

2
,

 ∑  

𝑀

𝑚=1

 ∑  

𝑚

𝑘=1

  ∑  

𝑃∈𝒫(𝑚),𝑃+(𝑘)=𝑥

  |𝑣𝑃| = ∑  

𝑃∈𝒫,𝑃+∋𝑥

  |𝑣𝑃| ≤ max
𝑦∈Ω

  ∑  

𝑃∈𝒫,𝑃+∋𝑦

  |𝑣𝑃| ≤
𝐿𝑉

2

 

∑  

𝑥∈Ω

|𝑔𝜏−𝜏∗(𝑥, 𝑃∗
+(𝑙))| ≤ 𝐿𝑔, ∑  

𝑥∈Ω

|𝑔𝜏∗−𝜏(𝑃∗
−(𝑙), 𝑥)| ≤ 𝐿𝑔, ∀1 ≤ 𝑙 ≤ 𝑚𝑃∗

. 

∑  

𝑃2,⋯,𝑃𝑠

  |𝑣𝑃2
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

 𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗) ≤ (𝑀𝐿𝑉𝐿𝑔)

𝑠
.  

∑  

𝑃1,⋯,𝑃𝑠

  |𝑣𝑃1
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

 𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗) ≤ 𝑁(𝑀𝐿𝑉𝐿𝑔)

𝑠
.  

∑  

𝑃1∈𝒫

|𝑣𝑃1
| ∑  

𝑃2∈𝒫

|𝑣𝑃2
|𝑀𝜏2,𝜏𝑎(2)

(𝑃2, 𝑃𝑎(2)) ⋯ ∑  

𝑃𝑠∈𝒫

|𝑣𝑃𝑠
|𝑀𝜏𝑠,𝜏𝑎(𝑠)

(𝑃𝑠, 𝑃𝑎(𝑠)), 

∑  

𝑃𝑖∈𝒫

|𝑣𝑃𝑖
|𝑀𝜏𝑖,𝜏𝑎(𝑖)

(𝑃𝑖, 𝑃𝑎(𝑖)). 

∑  

𝑃1∈𝒫

|𝑣𝑃1
| ≤ ∑  

𝑥∈Ω

∑  

𝑃∈𝒫,𝑃∋𝑥

|𝑣𝑃|, 

∑  

𝑆

𝑠=1

(−1)𝑠

𝑠!
∑  

𝑇∈𝒯([𝑠])

∫  
[0,𝛽]𝑠

 d𝝉 ∑  

𝑃1,⋯,𝑃𝑠

𝑣𝑃1
⋯ 𝑣𝑃𝑠

∑  

𝜒∈𝒜(𝑇)

𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗 , 𝜒)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒) 

ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒) = ∑  

𝜔∈𝑆(𝑇)

∫  
[0,1]𝑠−1

 d𝐭𝑝𝑇,𝜔(𝐭)det𝐆(𝑇, 𝜒, 𝜔, 𝐭, {𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) 

ℙ(𝑃1, ⋯ , 𝑃𝑠) =
1

𝑍𝑠(𝑇)
|𝑣𝑃1

⋯ 𝑣𝑃𝑠
| ∏  

(𝑖,𝑗)∈𝑇

 𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)  

ℙ(𝜒𝑖𝑗) =
|𝑔𝜏𝑖,𝜏𝑗

(𝑃𝑖, 𝑃𝑗 , 𝜒𝑖𝑗)|

𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)

 

𝑤𝑠
(𝑙)

=
(−1)𝑠𝑠𝑠−2

𝑠!
𝛼𝑇,𝜒sgn (𝑣𝑃1

⋯ 𝑣𝑃𝑠
∏  

(𝑖,𝑗)∈𝑇

 𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗 , 𝜒)) 𝑍𝑠(𝑇)𝛽𝑠det(𝐆(𝑇, 𝜒, 𝜔, 𝐭, {𝑃𝑖, 𝜏𝑖}))(21) 

Ξ𝑠 = 𝔼[𝑤𝑠] 

1

𝐿
∑  

𝐿

𝑙=1

𝑤𝑠
(𝑙)
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∑  

𝑆

𝑠=1

Ξ̂𝑠 ≈
1

𝐿
∑  

𝐿

𝑖=1

(𝑤1
(𝑖)

+ ⋯ + 𝑤𝑠
(𝑖)

) 

∑  𝑆
𝑠=1 𝒪(|𝒫|2𝑠) = 𝒪(|𝒫|2𝑆2) = 𝒪(|𝒫|2 polylog (1/𝜖)) 

|𝑤𝑠| ≤
𝑠𝑠−2𝛽𝑠

𝑠!
|𝑍𝑠(𝑇)‖det(𝐆(𝑇, 𝜒, 𝜔, 𝐭, {𝑃𝑖, 𝜏𝑖}))|

 ≤ 𝑁(𝑒22𝑀𝑀𝛽𝐿𝑉𝐿𝑔)
𝑠

 

𝑒22𝑀𝑀𝛽𝐿𝑉𝐿𝑔 ≤ 1, we have ∑  𝑆
𝑠=1 |𝑤𝑠| ≤ 𝑁 

∑  

𝑆

𝑠=1

Ξ𝑠 ⨂ 𝒪(|𝒫|2𝜖−2polylog(𝑁/𝜖)) 

∑  

𝑃1,⋯,𝑃𝑠

 𝑣𝑃1
⋯ 𝑣𝑃𝑠

∑  

𝜒∈𝒜(𝑇)

 𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

 𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗, 𝜒𝑖𝑗)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒).  

Ξ̂𝑠: =
(−1)𝑠

𝑠!
∑  

𝑇∈𝒯([𝑠])

 ∫  
[0,𝛽]𝑠

  d(𝑃1, ⋯ , 𝑃𝑠) ∈ 𝒫𝑅
𝑠 = 𝑣𝑃1

⋯ 𝑣𝑃𝑠
∑  

𝜒∈𝒜(𝑇)

 𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

 𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗, 𝜒)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒) 

∑  

𝑃∈𝒫∣dist(𝑃,𝑃∗)>𝑅

|𝑣𝑃|𝑀𝜏,𝜏∗(𝑃, 𝑃∗) ≤ 𝐶𝑑𝑀𝐿𝑉𝐾𝜉𝑅𝑑−1exp (−𝑅/𝜉), 

∑  

𝑃∈𝒫∣dist(𝑃,𝑃∗)>𝑅

  |𝑣𝑃|𝑀𝜏,𝜏∗(𝑃, 𝑃∗) ≤ ∑  

𝑚𝑃∗

𝑙=1

  ∑  

𝑥∈Ω∣dist(𝑥,𝑃∗)>𝑅

 ( ∑  

𝑀

𝑚=1

 ∑  

𝑚

𝑘=1

  ∑  

𝑃∈𝒫(𝑚),𝑃−(𝑘)=𝑥

  |𝑣𝑃|) |𝑔𝜏−𝜏∗(𝑥, 𝑃∗
+(𝑙))|

+ ∑  

𝑚𝑃∗

𝑙=1

  ∑  

𝑥∈Ω∣dist(𝑥,𝑃∗)>𝑅

 ( ∑  

𝑀

𝑚=1

 ∑  

𝑚

𝑘=1

  ∑  

𝑃∈𝒫(𝑚),𝑃+(𝑘)=𝑥

  |𝑣𝑃|) |𝑔𝜏∗−𝜏(𝑃∗
−(𝑙), 𝑥)|

 ≤ 𝑀𝐿𝑉 ∑  

𝑟≥𝑅

 𝐶𝑑
′ 𝑟𝑑−1𝐾exp (−𝑟/𝜉)

 ≤ 𝑀𝐿𝑉𝐶𝑑𝐾𝜉𝑅𝑑−1exp (−𝑅/𝜉).

 

∑  

(𝑃1,⋯,𝑃𝑠)∈𝒫𝑠∖𝒫𝑅
𝑠

  |𝑣𝑃1
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

  |𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)| ≤ 𝑠𝐶𝑑

𝑠−1𝐿𝑉
𝑠 𝑀𝑠−1𝑁𝐾𝑠−1𝜉1+𝑑(𝑠−2)𝑅𝑑−1𝑒−𝑅/𝜉

 

|∑  

𝑆

𝑠=1

  Ξ̂𝑠 − ∑  

𝑆

𝑠=1

 Ξ𝑠| = 𝒪(𝑁𝜖) 

∑  

𝑠

𝑗=2

∑  

(𝑃1,⋯,𝑃𝑠)∈𝒫𝑗,𝑅
𝑠

|𝑣𝑃1
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

|𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)|. 

∑  

𝑃1∈𝒫

|𝑣𝑃1
| ∑  

𝑃2∈𝒫

|𝑣𝑃2
|𝑀𝜏2,𝜏𝑎(2)

(𝑃2, 𝑃𝑎2
) ⋯ ∑  

dist(𝑃𝑗,𝑃𝑎(𝑗))>𝑅

|𝑣𝑃𝑠
|𝑀𝜏𝑗,𝜏𝑎(𝑗)

(𝑃𝑗, 𝑃𝑎(𝑗)) ⋯ ∑  

𝑃𝑠∈𝒫

|𝑣𝑃𝑠
|𝑀𝜏𝑠,𝜏𝑎(𝑠)

(𝑃𝑠, 𝑃𝑎(𝑠)) 
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∑  

𝑃1∈𝒫

|𝑣𝑃1
| ≤ 𝑁𝐿𝑉 , ∑  

𝑃𝑖∈𝒫

|𝑣𝑃𝑖
|𝑀𝜏𝑖,𝜏𝑎(𝑖)

(𝑃𝑖, 𝑃𝑎(𝑖)) ≤ 𝑀𝐿𝑉𝐿𝑔 ≤ 𝐶𝑑𝑀𝐿𝑉𝐾𝜉𝑑 

∑  

dist(𝑃𝑗,𝑃𝑎(𝑗))>𝑅

|𝑣𝑃𝑗
| 𝑀𝜏𝑗,𝜏𝑎(𝑗)

(𝑃𝑗, 𝑃𝑎(𝑗)) ≤ 𝑀𝐿𝑉𝐶𝑑𝐾𝜉𝑅𝑑−1exp (−𝑅/𝜉). 

|∑  

𝑆

𝑠=1

  Ξ̂𝑠 − ∑  

𝑆

𝑠=1

 Ξ𝑠|

 ≤ ∑  

𝑆

𝑠=1

 
1

𝑠!
∑  

𝑇∈𝒯([𝑠])

 ∫  
[0,𝛽]𝑠

  d𝝉 ∑  

(𝑃1,⋯,𝑃𝑠)∈𝒫𝑠∖𝒫𝑅
𝑠

  |𝑣𝑃1
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

  |𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖 , 𝑃𝑗)| 22𝑀𝑠

 ≤ ∑  

𝑆

𝑠=1

 
1

𝑠!
𝑠𝑠−1𝛽𝑠𝐶𝑑

𝑠−1𝐿𝑉
𝑠 𝑀𝑠−1𝑁𝐾𝑠−1𝜉1+𝑑(𝑠−2)𝑅𝑑−1𝑒−𝑅/𝜉22𝑀𝑠

 ≤ 𝑒−𝑅/𝜉𝜉1−𝑑𝐿𝑉𝛽𝑁𝑅𝑑−14𝑀 ∑  

𝑆

𝑠=1

 
1

𝑠!
(4𝑀𝜉𝑑𝐾𝐿𝑉𝑀𝛽𝐶𝑑𝑠)

𝑠−1

 ≤ 𝑒−𝑅/𝜉𝑒𝜉1−𝑑𝐿𝑉𝛽𝑁𝑅𝑑−14𝑀 ∑  

𝑆

𝑠=1

 (4𝑀𝜉𝑑𝐾𝐿𝑉𝑀𝛽𝐶𝑑𝑒)
𝑠−1

 

ℙ(𝑃1, ⋯ , 𝑃𝑠) =
1

𝑍̂𝑠(𝑇)
|𝑣𝑃1

⋯ 𝑣𝑃𝑠
| ∏  

(𝑖,𝑗)∈𝑇

𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)𝟏dist(𝑃𝑖,𝑃𝑗)≤𝑅 

Ξ̂𝑠 =
(−1)𝑠|𝒫|𝑣𝑃1

𝑠!
∑  

𝑇∈𝒯([𝑠])

 ∫  
[0,𝛽]𝑠

  d𝝉 ∑  

(𝑃2,⋯,𝑃𝑠)∈𝒫𝑅
𝑠,𝑃1

 𝑣𝑃2
⋯ 𝑣𝑃𝑠

∑  

𝜒∈𝒜(𝑇)

 𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

 𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖 , 𝑃𝑗 , 𝜒)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒), 

∑  

𝑆

𝑠=1

Ξ̂𝑠ℙ(𝑃2, ⋯ , 𝑃𝑠 ∣ 𝑃1) =
1

𝑍̂𝑠
𝑃1(𝑇)

|𝑣𝑃2
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

 𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)1dist(𝑃𝑖,𝑃𝑗)≤𝑅  

𝐵(𝑃1, 𝜂) = {𝑃 ∈ 𝒫: dist(𝑃, 𝑃1) ≤ 𝜂} 

𝑤̂𝑠
𝑃1 =

(−1)𝑠𝑠𝑠−2

𝑠!
𝛼𝑇,𝜒sgn (𝑣𝑃1

⋯ 𝑣𝑃𝑠
∏  

(𝑖,𝑗)∈𝑇

 𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗 , 𝜒)) |𝒫|𝑍𝑠

𝑃1(𝑇)𝛽𝑠det(𝐆(𝑇, 𝜒, 𝜔, 𝐭, {𝑃𝑖, 𝜏𝑖}))
 

|𝑍𝑠
𝑃1| ≤ 𝑀𝛽𝐿𝑉𝐿𝑔 ≤ 𝑀𝛽𝐿𝑉𝐶𝑑𝐾𝜉𝑑 

𝜕

𝜕𝜆
log Tr(𝑒−𝛽(𝐻+𝜆𝑂))|

𝜆=0
= −

𝛽

𝑍
Tr(𝑂𝑒−𝛽𝐻)  

𝑍(𝜆) = Tr(𝑒−𝛽(𝐻+𝜆𝑂)) ∖
𝜕

𝜕𝜆
log 𝑍(𝜆)|

𝜆=0
 

1

𝑍(0)

𝜕𝑍(𝜆)

𝜕𝜆
|
𝜆=0
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𝜕

𝜕𝜆
𝑒−𝛽(𝐻+𝜆𝑂) = ∫  

1

0

𝑒−𝑠𝛽(𝐻+𝜆𝑂)(−𝛽𝑂)𝑒−(1−𝑠)𝛽(𝐻+𝜆𝑂)𝑑𝑠 

𝜕𝑍(𝜆)

𝜕𝜆
 = −𝛽 ∫  

1

0

 Tr(𝑒−𝑠𝛽(𝐻+𝜆𝑂)𝑂𝑒−(1−𝑠)𝛽(𝐻+𝜆𝑂))𝑑𝑠

 = −𝛽 ∫  
1

0

 Tr(𝑂𝑒−𝛽(𝐻+𝜆𝑂))𝑑𝑠

 = −𝛽Tr(𝑂𝑒−𝛽(𝐻+𝜆𝑂))

 

𝜕𝑍(𝜆)

𝜕𝜆
|
𝜆=0

= −𝛽Tr(𝑂𝑒−𝛽𝐻). 

1

𝑍
Tr(𝑂𝑒−𝛽𝐻) = −

1

𝛽
∑  

∞

𝑠=1

 
(−1)𝑠

𝑠!
∑  

𝑃1,⋯,𝑃𝑠∈𝒫

 
𝜕

𝜕𝑣𝑃∗

𝑣𝑃1
⋯ 𝑣𝑃𝑠

∫  
[0,𝛽]𝑠

  d𝝉ℰ𝑐({𝑃𝑖 , 𝜏𝑖}𝑖∈[𝑠])

 = ∑  

∞

𝑠=1

 
(−1)𝑠−1

𝛽(𝑠 − 1)!
∑  

𝑃1=𝑃∗,𝑃2,⋯,𝑃𝑠∈𝒫

 𝑣𝑃2
⋯ 𝑣𝑃𝑠

∫  
[0,𝛽]𝑠

  d𝝉ℰ𝑐({𝑃𝑖 , 𝜏𝑖}𝑖∈[𝑠])

 

 

 

Ξ𝑠
𝑂: =

(−1)𝑠−1

𝛽(𝑠 − 1)!
∑𝑇∈𝒯([𝑠])  ∫[0,𝛽]𝑠   d𝝉∑𝑃1=𝑃∗,𝑃2⋯,𝑃𝑠∈𝒫  𝑣𝑃2

⋯ 𝑣𝑃𝑠
∑𝜒∈𝒜(𝑇)  𝛼𝑇,𝜒∏(𝑖,𝑗)∈𝑇  𝑔𝜏𝑖,𝜏𝑗

(𝑃𝑖 , 𝑃𝑗 , 𝜒𝑖𝑗)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠 , 𝑇, 𝜒) 

|
1

𝑍
Tr(𝑂𝑒−𝛽𝐻) − ∑  

𝑆

𝑠=1

 Ξ𝑠
𝑂| = 𝑂(𝜖) 

𝑀𝜏,𝜏∗(𝑃, 𝑃∗) = ∑  

𝑚𝑃

𝑘=1

∑  

𝑚𝑃∗

𝑙=1

|𝑔𝜏−𝜏∗(𝑃−(𝑘), 𝑃∗
+(𝑙))| + |𝑔𝜏∗−𝜏(𝑃∗

−(𝑙), 𝑃+(𝑘))| 

∑  

𝑃2,⋯,𝑃𝑠

|𝑣𝑃2
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

|𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)| ≤ (𝑀𝐿𝑉𝐿𝑔)

𝑠−1
 

|Ξ𝑠
𝑂| ≤ (𝛽22𝑀𝑀𝐿𝑉𝐿𝑔𝑒)

𝑠
 

∑  

𝑆

𝑠=1

Ξ𝑠
𝑂 

ℙ(𝑃2, ⋯ , 𝑃𝑠 ∣ 𝑃1) =
1

𝑍𝑠
𝑂 |𝑣𝑃2

⋯ 𝑣𝑃𝑠
| ∏  

(𝑖,𝑗)∈𝑇

𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗), 

Ξ̂𝑠
𝑂: =

(−1)𝑠−1

𝛽(𝑠 − 1)!
∑  

𝑇∈𝒯([𝑠])

∫  
[0,𝛽]𝑠

 d𝝉 ∑  

(𝑃2,⋯,𝑃𝑠)∈𝒫𝑅
𝑠,𝑂

𝑣𝑃2
⋯ 𝑣𝑃𝑠

∑  

𝜒∈𝒜(𝑇)

𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖 , 𝑃𝑗 , 𝜒)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠 , 𝑇, 𝜒) 

𝛽4𝑀𝑀𝐿𝑉𝐾𝜉𝑑𝐶𝑑 ≤ 𝐶 
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|∑  

𝑆

𝑠=1

  Ξ̂𝑠
𝑂 − ∑  

𝑆

𝑠=1

 Ξ𝑠
𝑂| = 𝑂(𝜖) 

∑  

(𝑃2,⋯,𝑃𝑠)∈𝒫𝑠−1∖𝒫𝑅
𝑠,𝑂

  |𝑣𝑃2
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

  |𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)| ≤ 𝑠(𝐶𝑑𝑀𝐿𝑉𝐾)𝑠−1𝜉1+(𝑠−2)𝑑𝑅𝑑−1𝑒−𝑅/𝜉

 

𝜖𝑗 = ∑  

𝑃2∈𝒫

|𝑣𝑃2
|𝑀𝜏2,𝜏1

(𝑃2, 𝑃1) ⋯ ∑  

dist(𝑃𝑗,𝑃𝑎(𝑗))>𝑅

|𝑣𝑃𝑗
| 𝑀𝜏𝑗,𝜏𝑎(𝑗)

(𝑃𝑗 , 𝑃𝑎(𝑗)) ⋯ ∑  

𝑃𝑠∈𝒫

|𝑣𝑃𝑠
|𝑀𝜏𝑠,𝜏𝑎(𝑠)

(𝑃𝑠, 𝑃𝑎(𝑠)). 

𝜖𝑗 ≤ (𝐶𝑑𝑀𝐿𝑉𝐾)𝑠−1𝜉1+(𝑠−2)𝑑𝑅𝑑−1𝑒−𝑅/𝜉 

|∑  

𝑆

𝑠=1

 Ξ𝑠
𝑂 − ∑  

𝑆

𝑠=1

  Ξ̂𝑠
𝑂| ∭ 𝐶𝑑𝑀𝐿𝑉𝐾𝜉𝑅𝑑−1𝑒−𝑅/𝜉 𝑒4𝑀𝜉𝑑𝐾𝐿𝑉𝑀𝛽𝐶𝑑𝑒−𝑖𝜔𝑡

 ≤ ∑  

𝑆

𝑠=1

 
1

𝑠!
∑  

𝑇∈𝒯([𝑠])

 ∫  
[0,𝛽]𝑠

  d𝝉 ∑  

(𝑃2,⋯,𝑃𝑠)∈𝒫𝑠−1∖𝒫𝑅
𝑠,𝑂

  |𝑣𝑃2
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

 𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗 , 𝜒𝑖𝑗)22𝑀𝑠

 ≤ ∑  

𝑆

𝑠=1

 
𝑠𝑠−1

𝑠!
𝛽𝑠(𝐶𝑑𝑀𝐿𝑉𝐾)𝑠−1𝜉1+(𝑠−2)𝑑𝑅𝑑−1𝑒−𝑅/𝜉22𝑀𝑠

 = 4𝑀𝑅𝑑−1𝑒−𝑅/𝜉𝜉1−𝑑𝛽𝑒 ∑  

𝑆

𝑠=1

  (𝑒𝛽𝐶𝑑4𝑀𝑀𝐿𝑉𝐾𝜉𝑑)
𝑠−1

 

∑  

𝑆

𝑠=1

Ξ̂𝑠
𝑂 

ℙ(𝑃2, ⋯ , 𝑃𝑠 ∣ 𝑃1) =
1

𝑍̂𝑠
𝑂

|𝑣𝑃2
⋯ 𝑣𝑃𝑠

| ∏  

(𝑖,𝑗)∈𝑇

𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗)1dist(𝑃𝑖,𝑃𝑗)<𝑅 

∑  

𝑆

𝑠=1

Ξ̃𝑠sup|𝑔𝜏 − 𝑔̃𝜏| ≤ 𝜖𝑔 |∑  

𝑆

𝑠=1

  Ξ̃𝑠 − ∑  

𝑆

𝑠=1

 Ξ𝑠| 

𝑇 =
1

𝑠!
∏  

𝑠

𝑖=1

𝑔𝑖 

|𝛿𝑇| ≤ 𝑠 (
𝑒

𝑠!
) 𝜖𝑔 =

𝑒

(𝑠 − 1)!
𝜖𝑔 

|𝛿Ξ𝑠| ≤ 𝑀𝑠 ⋅ |𝛿𝑇| ≤ (𝑠𝑠−2𝑠! 𝑁𝑠) × (
𝑒

(𝑠 − 1)!
𝜖𝑔) = 𝑠𝑠−1𝑒𝑁𝑠𝜖𝑔 

𝜖𝑔 = 𝑂 (
𝜖

𝑆𝑆𝑁𝑆
) 
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∫ 𝜕2𝒪 (𝑁2 ⋅ polylog(1/𝜖𝑔)) ∫ 𝜕2𝒪 (polylog(1/𝜖𝑔)) ∫ 𝜕2polylog (1/𝜖𝑔)

= ∫ 𝜕2poly(𝑆, log 𝑁) ∫ 𝜕2𝒪(polylog (𝑁/𝜖)) 

𝑓𝑛(𝑥) = ∑  𝑛
𝑘=0 𝑐𝑘𝑇𝑘(𝑥) satisfies |𝑓(𝑥) − 𝑓𝑛(𝑥)| ≤ 𝜖 for all 𝑥 ∈ [−1,1] 

𝑂(poly(𝑛)) = 𝑂(polylog(1/𝜖)) 

(𝑓𝑛(ℎ̃))
𝑎𝑏

= ⟨𝑎|𝑓𝑛(ℎ̃)|𝑏⟩ 

|𝑣𝑘⟩ = 𝑇𝑘(ℎ̃)|𝑏⟩ 

|𝑣0⟩ = 𝐼|𝑏⟩ = |𝑏⟩, |𝑣1⟩ = ℎ̃|𝑏⟩, |𝑣𝑘⟩ = 2ℎ̃|𝑣𝑘−1⟩ − |𝑣𝑘−2⟩  for 𝑘 ≥ 2 

(𝑓𝑛(ℎ̃))
𝑎𝑏

= ∑  

𝑛

𝑘=0

𝑐𝑘⟨𝑎|𝑇𝑘(ℎ̃)|𝑏⟩ = ∑  

𝑛

𝑘=0

𝑐𝑘⟨𝑎 ∣ 𝑣𝑘⟩ 

𝒪(𝑁𝑘𝑟1
𝑑) = 𝒪(𝑘𝑑𝑟1

2𝑑) 

∑  

𝑛

𝑘=1

𝒪(𝑘𝑑𝑟1
2𝑑) = 𝒪(𝑟1

2𝑑𝑛𝑑+1) 

𝑉(𝒩) = ∑  

𝑖,𝑗∈𝒩,𝑖≤𝑗

 𝑉𝑖𝑗 ⋇ (𝑉𝑗𝑘)
1≤𝑗≤𝑘≤𝑠  

𝑄𝑐(𝒩) = 𝑄(𝒩) − ∑  

𝐵⊂𝒩,min𝒩∈𝐵

 𝑄𝑐(𝐵)𝑄(𝒩 ∖ 𝐵)  

𝑄(𝒩) = ∑  

𝐵⊆𝒩,min𝒩∈𝐵

 𝑄𝑐(𝐵)𝑄(𝒩 ∖ 𝐵) = ∑  

Π∈𝐏𝒩

 ∏  

𝐵∈Π

 𝑄𝑐(𝐵), ∀𝒩 ⊂ [𝑠]  

𝑝𝑇,𝜔(𝐭) = 𝑡1
𝑏1−1

⋯ 𝑡𝑛−1
𝑏𝑛−1−1

 

𝑎𝜔: [0,1]𝑛−1 → ℝ𝑛×𝑛 

𝑎𝜔(𝐭)𝑗𝑘 = {
∏  

𝑛−1

𝑖=1

  𝑡𝑖((𝑗, 𝑘)), 𝑗 ≠ 𝑘

1, 𝑗 = 𝑘

.  

𝑡𝑖((𝑗, 𝑘)) = {
𝑡𝑖 ∈ [0,1]  if (𝑗, 𝑘) crosses 𝑋𝑖

1  otherwise 
 

exp (−𝑉)𝑐(𝒩) = ∑  

𝑇∈𝒯(𝒩)

  ∏  

(𝑖,𝑗)∈𝑇

  (−𝑉𝑖𝑗) ∑  

𝜔∈𝑆(𝑇)

 ∫  
[0,1]𝑛−1

  d𝐭𝑝𝑇,𝜔(𝐭)exp (− ∑  

𝑢,𝑣∈𝒩,𝑢≤𝑣

 𝑎𝜔(𝐭)𝑢𝑣𝑉𝑢𝑣)  
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𝑊𝑋(𝑋1, 𝑋2, … , 𝑋𝑟; 𝑡1, 𝑡2, … , 𝑡𝑟) = ∑  

ℓ∈𝐿(𝑋)

  𝑡1(ℓ)𝑡2(ℓ) … 𝑡𝑟(ℓ)𝑉ℓ  

𝑊𝑋(𝑋1, … , 𝑋𝑟; 𝑡1, … , 𝑡𝑟−1, 0) = 𝑊𝑋𝑟
(𝑋1, … , 𝑋𝑟−1; 𝑡1, … , 𝑡𝑟−1) + 𝑉(𝑋 ∖ 𝑋𝑟)

𝑊𝑋(𝑋1, … , 𝑋𝑟; 𝑡1, … , 𝑡𝑟−1, 1) = 𝑊𝑋(𝑋1, … , 𝑋𝑟−1; 𝑡1, … , 𝑡𝑟−1)
 

𝑊𝒩(𝑋1; 𝑡1) = 𝑡1𝑉(𝒩) + (1 − 𝑡1)[𝑉(𝑋1) + 𝑉(𝒩 ∖ 𝑋1)]  

𝑒−𝑉(𝒩)= 𝑒−𝑊𝒩(𝑋1;0) + ∫  
1

0

 𝑑𝑡1 [
𝜕

𝜕𝑡1
𝑒−𝑊𝒩(𝑋1;𝑡1)]  

 = 𝑒−𝑊𝒩(𝑋1;0) + ∑  

ℓ1∼𝜕𝑋1

  (−𝑉ℓ1
) ∫  

1

0

 𝑑𝑡1𝑒−𝑊𝒩(𝑋1;𝑡1)
 

𝑊𝒩(𝑋1, 𝑋2; 𝑡1, 𝑡2) = 𝑡2𝑊𝒩(𝑋1; 𝑡1) + (1 − 𝑡2)[𝑊𝑋2
(𝑋1; 𝑡1) + 𝑉(𝒩 ∖ 𝑋2)]  

𝑒−𝑊𝒩(𝑋1;𝑡1)= 𝑒−𝑊𝒩(𝑋1,𝑋2;𝑡1,0) + ∫  
1

0

 𝑑𝑡2 [
𝜕

𝜕𝑡2
𝑒−𝑊𝒩(𝑋1,𝑋2;𝑡1,𝑡2)]  

 = 𝑒−𝑊𝒩(𝑋1,𝑋2;𝑡1,0) + ∑  

ℓ2∼𝜕𝑋2

 (−𝑉ℓ2
) ∫  

1

0

 𝑑𝑡2𝑡1(ℓ2)𝑒−𝑊𝒩(𝑋1,𝑋2;𝑡1,𝑡2)
 

𝑒−𝑉(𝒩)= 𝑒−𝑊𝒩(𝑋1;0) + ∑  

ℓ1∼𝜕𝑋1

 ∫  
1

0

 𝑑𝑡1(−𝑉ℓ1
)𝑒−𝑊𝒩(𝑋1,𝑋2;𝑡1,0)  

 + ∑  

ℓ1∼𝜕𝑋1

  ∑  

ℓ2∼𝜕𝑋2

 ∫  
1

0

 𝑑𝑡1 ∫  
1

0

 𝑑𝑡2(−𝑉ℓ1
)(−𝑉ℓ2

)𝑡1(ℓ2)𝑒−𝑊𝒩(𝑋1,𝑋2;𝑡1,𝑡2)

 

𝑒−𝑉(𝒩)= ∑  

𝑛0−1

𝑟=1

  ∑  

ℓ1∼𝜕𝑋1

 … ∑  

ℓ𝑟−1∼𝜕𝑋𝑟−1

 ∏  

𝑟−1

𝑗=1

 (−𝑉ℓ𝑗
) ∫  

1

0

 𝑑𝑡1 ⋯ ∫  
1

0

 𝑑𝑡𝑟−1 

∏  

𝑟−2

𝑗=1

  𝑡1(ℓ𝑗+1) ⋯ 𝑡𝑗(ℓ𝑗+1)𝑒−𝑊𝒩(𝑋1,…,𝑋𝑟;𝑡1,…,𝑡𝑟−1,0)  

 + ∑  

ℓ1∼𝜕𝑋1

 … ∑  

ℓ𝑛0−1∼𝜕𝑋𝑛0−1

  ∏  

𝑛0−1

𝑗=1

 (−𝑉ℓ𝑗
) ∫  

1

0

 𝑑𝑡1 ⋯ ∫  
1

0

 𝑑𝑡𝑛0−1

 ∏  

𝑛0−2

𝑗=1

  𝑡1(ℓ𝑗+1) ⋯ 𝑡𝑗(ℓ𝑗+1)𝑒−𝑊𝒩(𝑋1,…,𝑋𝑛0−1;𝑡1,…,𝑡𝑛0−1)

 

𝑊𝒩(𝑋[1,𝑛0]; 𝑡[1,𝑛0]) = 𝑡𝑛0
𝑊𝒩(𝑋[1,𝑛0−1]; 𝑡[1:𝑛0−1]) + (1 − 𝑡𝑛0

) [𝑊𝑋𝑛0
(𝑋[1:𝑛0−1]; 𝑡[1:𝑛0−1]) + 𝑉(𝒩 ∖ 𝑋𝑛0

)] 

𝑒−𝑊𝒩(𝑋[1,𝑛0−1],𝑡[1,𝑛0−1]) = 𝑒−𝑊𝒩(𝑋[1,𝑛0],𝑡[1,𝑛0−1],0) + ∫  
1

0

 𝑑𝑡𝑛0
[

𝜕

𝜕𝑡𝑛0

𝑒−𝑊𝒩(𝑋[1:𝑛0];𝑡[1:𝑛0])]

 = 𝑒−𝑊𝒩(𝑋[1,𝑛0],𝑡[1,𝑛0−1],0) + ∑  

ℓ𝑛0∼𝜕𝑋𝑛0

  (−𝑉ℓ𝑛0
) ∫  

1

0

 𝑑𝑡𝑛0
𝑡1(ℓ𝑛0

) ⋯ 𝑡𝑟0−1
(ℓ𝑛0

)𝑒−𝑊𝒩(𝑋[1:𝑛0];𝑡[1:𝑛0])
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𝑒−𝑉(𝒩)= ∑  

𝑛0

𝑟=1

  ∑  

ℓ1∼𝜕𝑋1

 ⋯ ∑  

ℓ𝑟−1∼𝜕𝑋𝑟−1

 ∏  

𝑟−1

𝑗=1

  (−𝑉ℓ𝑗
) ∫  

1

0

 𝑑𝑡1 ⋯ ∫  
1

0

 𝑑𝑡𝑟−1 

 ∏  

𝑟−2

𝑗=1

  𝑡1(ℓ𝑗+1) ⋯ 𝑡𝑗(ℓ𝑗+1)𝑒−𝑊𝒩(𝑋1,…,𝑋𝑟;𝑡1,…,𝑡𝑟−1,0)

 + ∑  

ℓ1∼𝜕𝑋1

 ⋯ ∑  

ℓ𝑛0∼𝜕𝑋𝑛0

 ∏  

𝑛0

𝑗=1

  (−𝑉ℓ𝑗
) ∫  

1

0

 𝑑𝑡1 ⋯ ∫  
1

0

 𝑑𝑡𝑛0

 ∏  

𝑛0−1

𝑗=1

  𝑡1(ℓ𝑗+1) ⋯ 𝑡𝑗(ℓ𝑗+1)𝑡𝑛0−1(ℓ𝑛0
)𝑒−𝑊𝒩(𝑋[1:𝑛0];𝑡[1:𝑛0])

 

𝑒−𝑉(𝒩) = ∑  

𝑛

𝑟=1

  ∑  

ℓ1∼𝜕𝑋1

 ⋯ ∑  

ℓ𝑟−1∼𝜕𝑋𝑟−1

 ∏  

𝑟−1

𝑗=1

  (−𝑉ℓ𝑗
) ∫  

1

0

 𝑑𝑡1 ⋯ ∫  
1

0

 𝑑𝑡𝑟−1

 ∏  

𝑟−2

𝑗=1

  𝑡1(ℓ𝑗+1) ⋯ 𝑡𝑗(ℓ𝑗+1)𝑒−𝑊𝑋𝑟
(𝑋1,…,𝑋𝑟−1;𝑡1,…,𝑡𝑟−1)𝑒−𝑉(𝒩∖𝑋𝑟)

 

∑  

ℓ1∼𝜕𝑋1

⋯ ∑  

ℓ𝑟−1∼𝜕𝑋𝑟−1

 

∑  

ℓ1∼𝜕𝑋1

⋯ ∑  

ℓ𝑟∼𝜕𝑋𝑟

= ∑  

𝑋𝑟⊂𝒩,|𝑋𝑟|=𝑟,min𝒩∈𝑋𝑟

∑  

𝑇∈𝒯(𝑋𝑟)

∑  
(𝑋1,⋯,𝑋𝑟)

 compatible with 𝑇

 

𝑒−𝑉(𝒩) = ∑  

𝑛

𝑟=1

  ∑  

𝑋𝑟⊂𝒩,|𝑋𝑟|=𝑟,min𝒩∈𝑋𝑟

  𝑒−𝑉(𝒩∖𝑋𝑟) ∑  

𝑇∈𝒯(𝑋𝑟)

 ∏  

𝑟−1

𝑗=1

  (−𝑉ℓ𝑗
) ∫  

1

0

 𝑑𝑡1 ⋯ ∫  
1

0

 𝑑𝑡𝑟−1

 ∑  
(𝑋1,⋯,𝑋𝑟)

 compatible with 𝑇

 ∏  

𝑟−2

𝑗=1

  𝑡1(ℓ𝑗+1) ⋯ 𝑡𝑗(ℓ𝑗+1)𝑒−𝑊𝑋𝑟
(𝑋1,…,𝑋𝑟−1;𝑡1,…,𝑡𝑟−1)

 

∏  

𝑟−2

𝑗=1

𝑡1(ℓ𝑗+1) ⋯ 𝑡𝑗(ℓ𝑗+1) = ∏  

𝑟−1

𝑗=1

𝑡
𝑗

𝑏𝑗−1
 

𝐾(𝑋𝑟) = ∑  

𝑇∈𝒯(𝑋𝑟)

∏  

𝑟−1

𝑗=1

(−𝑉ℓ𝑗
) ∫  

[0,1]𝑟−1
𝑑𝐭 ∑  

(𝑋1,…,𝑋𝑟)

 compatible with 𝑇

(∏  

𝑟−1

𝑗=1

  𝑡
𝑗

𝑏𝑗−1
)𝑒−𝑊𝑋𝑟

(𝑋1,…,𝑋𝑟−1;𝑡1,…,𝑡𝑟−1) 

𝑒−𝑉(𝒩) = ∑  

𝑛

𝑟=1

∑  

𝑋𝑟⊂𝒩,|𝑋𝑟|=𝑟,min𝒩∈𝑋𝑟

𝐾(𝑋𝑟)exp (−𝑉(𝒩 ∖ 𝑋𝑟)) 

∫  
[0,1]𝑛−1

  d𝐭𝑝𝑇,𝜔(𝐭) =
1

𝑏1 ⋯ 𝑏𝑛−1
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∑  

𝜔∈𝑆(𝑇)

 ∫  
[0,1]𝑛−1

  d𝐭𝑝𝑇,𝜔(𝐭) = 1  

∫  
1

0

𝑡𝑖
𝑏𝑖−1

 d𝑡 =
1

𝑏𝑖
 

∑  

𝜔∈𝑆(𝑇)

1

𝑏1 ⋯ 𝑏𝑛−1
= ∑  

𝜔(2)

1

𝑏1
∑  

𝜔(3)

1

𝑏2
⋯ ∑  

𝜔(𝑛−1)

1

𝑏𝑛−2
= 1 

𝑎𝜔(𝐭)𝑗𝑘 = ⟨𝑢𝑗, 𝑢𝑘⟩, ∀𝑗, 𝑘 ∈ 𝒩 

𝑎𝜔(𝐭)𝑗𝑘: = {
∏  

𝑛−1

𝑖=1

  𝑡𝑖((𝑗, 𝑘)), 𝑗 ≠ 𝑘

1, 𝑗 = 𝑘

. 

𝑗 < 𝑘, 𝑎𝜔(𝐭)𝑗𝑘 = ∏  

𝑘−1

𝑖=𝑗

𝑡𝑖 

𝑢𝑗 = 𝑡𝑗−1𝑢𝑗−1 + 𝑒𝑗√1 − 𝑡𝑗−1
2  

𝑢𝑗 = ∑  

𝑗−1

ℓ=0

𝑡ℓ+1 ⋯ 𝑡𝑗−1𝑒ℓ+1√1 − 𝑡ℓ
2 

⟨𝑢𝑗, 𝑢𝑗⟩ = ∑  

𝑗−1

ℓ,ℓ′=0

  𝑡ℓ+1 ⋯ 𝑡𝑗−1𝑡ℓ′+1 ⋯ 𝑡𝑗−1√1 − 𝑡ℓ2√1 − 𝑡ℓ′
2 ⟨𝑒ℓ+1, 𝑒ℓ′+1⟩

 = ∑  

𝑗−1

ℓ=0

 (𝑡ℓ+1 ⋯ 𝑡𝑗−1)
2
(1 − 𝑡ℓ

2) = 1

 

⟨𝑢𝑗, 𝑢𝑘⟩ = ∑  

𝑗−1

ℓ=0

  ∑  

𝑘−1

ℓ′=0

  𝑡ℓ+1 ⋯ 𝑡𝑗−1𝑡ℓ′+1 ⋯ 𝑡𝑘−1√1 − 𝑡ℓ2√1 − 𝑡ℓ′
2 ⟨𝑒ℓ+1, 𝑒ℓ′+1⟩

 = ∑  

𝑗−1

ℓ=0

 (𝑡ℓ+1 ⋯ 𝑡𝑗−1)
2
𝑡𝑗 ⋯ 𝑡𝑘−1(1 − 𝑡ℓ

2) = ∏  

𝑘−1

𝑖=𝑗

  𝑡𝑖

 

{𝜙𝑎
𝜎, 𝜙𝑏

𝜏} = 𝜙𝑎
𝜎𝜙𝑏

𝜏 + 𝜙𝑏
𝜏𝜙𝑎

𝜎 = 0  

𝜙+ = (𝜙1
+, 𝜙2

+, … , 𝜙𝑁
+)and 𝜙− = (𝜙1

−, 𝜙2
−, … , 𝜙𝑁

−) 

{1} ∪ {𝜙𝑖1𝜙𝑖2 ⋯ 𝜙𝑖𝑘: 1 ≤ 𝑖1 < 𝑖2 < ⋯ < 𝑖𝑘 ≤ 2𝑁} 

∑  

2𝑁

𝑘=0

(
2𝑁

𝑘
) = 22𝑁 
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∫  d𝜙1 = 0, ∫   d𝜙𝜙 = 1  

∫  d𝜙1(𝜙1 ⋯ 𝜙𝑛) = 𝜙2 ⋯ 𝜙𝑛 

⟨vac|𝜓†|vac⟩ = ∫  d𝜙1 = 0, ⟨vac|𝜓𝜓†|vac⟩ = ∫  d𝜙𝜙 = 1  

d𝜙𝑎
+d𝜙𝑏

− = −d𝜙𝑏
−d𝜙𝑎

+ 

d𝜙 = d𝜙1
−d𝜙1

+ ⋯ d𝜙𝑁
−d𝜙𝑁

+ 

d𝜙 ≡ ∏  

𝑁

𝑖=1

 d𝜙𝑖
+d𝜙𝑖

− 

∫  d𝜙exp (− ∑  

𝑁

𝑖,𝑗=1

 𝜙𝑖
−𝐴𝑖𝑗𝜙𝑗

+) = det(𝐴)  

∫  d𝜙𝑒− ∑  𝑖,𝑗  𝜙𝑖
−𝐴𝑖𝑗𝜙𝑗

+

𝜙𝑎1
− 𝜙𝑏1

+ ⋯ 𝜙𝑎𝑟
− 𝜙𝑏𝑟

+ = (−1)∑  𝑟
𝑘=1  (𝑎𝑘+𝑏𝑘)det(𝐴𝐚̂,𝐛̂)  

∫ 𝑒
(𝜙𝑖𝑘

+ ,𝜙𝑖𝑘
− )

1≤𝑖≤𝑠,1≤𝑘≤𝑚𝑃𝑖 ∭ 𝜙𝑖
+ = (𝜙𝑖,1

+ , ⋯ , 𝜙𝑖,𝑚𝑃𝑖

+ ) , 𝜙𝑖
− = (𝜙𝑖,1

− , ⋯ , 𝜙𝑖,𝑚𝑃𝑖

− ) 

𝑉𝑖𝑗 = {
𝝓𝑖

−𝐺𝜏𝑖−𝜏𝑗
(𝑃𝑖

−, 𝑃𝑗
+)(𝝓𝑗

+)
⊤

+ 𝝓𝑗
−𝐺𝜏𝑗−𝜏𝑖

(𝑃𝑗
−, 𝑃𝑖

+)(𝝓𝑖
+)⊤, 𝑖 < 𝑗

𝝓𝑖
−𝐺0(𝑃𝑖

−, 𝑃𝑖
+)(𝝓𝑖

+)⊤, 𝑖 = 𝑗
 

ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])= (−1)
∑  𝑖∈[𝑠]  𝑚𝑃𝑖

(𝑚𝑃𝑖
−1)/2

det (𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]))  

= (−1)
∑  𝑖∈[𝑠]  𝑚𝑃𝑖

(𝑚𝑃𝑖
−1)/2

∫  𝐷[𝚽]exp (−(𝝓1
−, ⋯ , 𝝓𝑠

−)𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])(𝝓1
+, ⋯ , 𝝓𝑠

+)⊤) 

= ∫  𝐷[𝚽]exp (− ∑  

1≤𝑖≤𝑗≤𝑠

 𝑉𝑖𝑗) ∏  

𝑠

𝑖=1

 𝛼𝑃𝑖
 

 = ∫  𝐷[𝚽]exp (−𝑉(𝒩)) ∏  

𝑠

𝑖=1

 𝛼𝑃𝑖

 

𝐷[𝚽] = ∏  𝑖∈[𝑠] ∏  1≤𝑘≤𝑚𝑃𝑖
 d𝜙𝑖,𝑘

+ 𝜙𝑖,𝑘
− and 𝛼𝑃𝑖

= (−1)
𝑚𝑃𝑖

(𝑚𝑃𝑖
−1)/2

 

𝑌(𝐵) = ∫  𝐷[𝚽𝐵]𝑄(𝐵) ∏  

𝑖∈𝐵

𝑓(𝑖), 

𝐷[𝚽𝐵] = ∏  

𝑖∈𝐵

∏  

1≤𝑘≤𝑚𝑖

 d𝜙𝑖,𝑘
+ d𝜙𝑖,𝑘

−  

𝑌𝑐(𝐵) = ∫  𝐷[Φ𝐵] (𝑄𝑐(𝐵) ∏  

𝑖∈𝐵

 𝑓(𝑖)), 
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𝐷[𝚽𝒩] = ∏  

𝐵∈Π

𝐷[𝚽𝐵] 

∫  𝐷[𝚽𝒩] (𝑄(𝒩) ∏  

𝑖∈𝒩

 𝑓(𝑖)) = ∑  

Π∈𝐏𝒩

 ∫  𝐷[𝚽𝒩] ∏  

𝐵∈Π

 (𝑄𝑐(𝐵) ∏  

𝑖∈𝐵

 𝑓(𝑖))

 = ∑  

Π∈𝐏𝒩

 ∏  

𝐵∈Π

 ∫  𝐷[𝚽𝐵] (𝑄𝑐(𝐵) ∏  

𝑖∈𝐵

 𝑓(𝑖)) .

 

ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = ∫  𝐷[Φ]exp (−𝑉)𝑐([𝑠]) ∏  

𝑠

𝑖=1

 𝛼𝑃𝑖

 = ∏  

𝑠

𝑖=1

 𝛼𝑃𝑖
∫  𝐷[Φ] ∑  

𝑇∈𝒯([𝑠])

  ∏  

(𝑖,𝑗)∈𝑇

  (−𝑉𝑖𝑗) ∑  

𝜔∈𝑆(𝑇)

 ∫  
[0,1]𝑠−1

  d𝑝𝑇,𝜔(𝐭)exp (− ∑  

𝑢,𝑣∈[𝑠],𝑢≤𝑣

 𝑎𝜔(𝐭)𝑢𝑣𝑉𝑢𝑣)

 

∏  

(𝑖,𝑗)∈𝑇

𝑉𝑖𝑗 

∏  

(𝑖,𝑗)∈𝑇

(−𝑉𝑖𝑗) = (−1)𝑠−1 ∑  

𝜒∈𝒜(𝑇)

∏  

(𝑖,𝑗)∈𝑇

𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗, 𝜒𝑖𝑗)Φ𝜒𝑖𝑗

 

Φ𝜒𝑖𝑗
= {

𝜙𝑖,𝑘
− 𝜙𝑗,𝑙

+ , if 𝜒𝑖𝑗 = (−1, 𝑘, 𝑙)

𝜙𝑗,𝑙
− 𝜙𝑖,𝑘

+ , if 𝜒𝑖𝑗 = (+1, 𝑘, 𝑙)
 

ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = ∑  

𝑇∈𝒯([𝑠])

∑  

𝜒∈𝒜(𝑇)

𝛼𝑇,𝜒 ∏  

(𝑖,𝑗)∈𝑇

𝑔𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗, 𝜒𝑖𝑗)ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒), 

ℎ𝝉(𝑃1, ⋯ , 𝑃𝑠, 𝑇, 𝜒) = ∑  

𝜔∈𝑆(𝑇)

∫  
[0,1]𝑠−1

 d𝐭𝑝𝑇,𝜔(𝐭)det𝐆(𝑇, 𝜒, 𝜔, 𝐭, {𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) 

[
 
 
 
 

𝑎(𝜔, 𝐭)11𝐺0(𝑃1
−, 𝑃1

+) 𝑎(𝜔, 𝐭)12𝐺𝜏1−𝜏2
(𝑃1

−, 𝑃2
+) ⋯ 𝑎(𝜔, 𝐭)1𝑠𝐺𝜏1−𝜏𝑠

(𝑃1
−, 𝑃𝑠

+)

𝑎(𝜔, 𝐭)21𝐺𝜏2−𝜏1
(𝑃2

−, 𝑃1
+) 𝑎(𝜔, 𝐭)22𝐺0(𝑃2

−, 𝑃2
+) ⋯ 𝑎(𝜔, 𝐭)2𝑠𝐺𝜏2−𝜏𝑠

(𝑃2
−, 𝑃𝑠

+)

⋮ ⋮ ⋱ ⋮
𝑎(𝜔, 𝐭)𝑠1𝐺𝜏𝑠−𝜏1

(𝑃𝑠
−, 𝑃1

+) 𝑎(𝜔, 𝐭)𝑠1𝐺𝜏𝑠−𝜏2
(𝑃𝑠

−, 𝑃2
+) ⋯ 𝑎(𝜔, 𝐭)𝑠𝑠𝐺0(𝑃𝑠

−, 𝑃𝑠
+) ]

 
 
 
 

 

𝛼𝑇,𝜒 = (−1)𝑠−1 ∏  

𝑠

𝑖=1

𝛼𝑃𝑖
∏  

(𝑖,𝑗)∈𝑇

𝛼𝜒𝑖𝑗
, 

𝛼𝑃𝑖
= (−1)

𝑚𝑃𝑖
(𝑚𝑃𝑖

−1)/2
, and for 𝜒𝑖𝑗 = (±1, 𝑘, 𝑙), define 𝛼𝜒𝑖𝑗

= (−1)∑  𝑖−1
𝑟=1  𝑚𝑃𝑟+∑  

𝑗−1
𝑟=1  𝑚𝑃𝑟+𝑘+𝑙 

𝐆(𝑥, 𝜏, 𝑢; 𝑦, 𝜏′, 𝑢′): = 𝑔𝜏−𝜏′(𝑥, 𝑦)⟨𝑢, 𝑢′⟩, 𝑥, 𝑦 ∈ Ω, 𝜏, 𝜏′ ∈ [0, 𝛽], 𝑢, 𝑢′ ∈ 𝕊𝑠−1  

∣ det(𝑀(𝐱𝑘 , 𝐲𝑙))1≤𝑘,𝑙≤𝑛
) ∣≤ 𝛾2𝑛 

𝐆<0(𝑥, 𝜏, 𝑢; 𝑦, 𝜏′, 𝑢′) = 𝑔𝜏−𝜏′(𝑥, 𝑦)1𝜏<𝜏′⟨𝑢, 𝑢′⟩, 𝐆≥0(𝑥, 𝜏, 𝑦, 𝜏′) = 𝑔𝜏−𝜏′(𝑥, 𝑦)1𝜏≥𝜏′⟨𝑢, 𝑢′⟩ 
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det(𝐴 + 𝐵) = ∑  

𝑆,𝑇⊂[𝑛],|𝑆|=|𝑇|

𝜀(𝑆, 𝑇)det𝐴𝑆,𝑇det𝐵𝑆𝑐,𝑇𝑐 

|det𝐴𝑆,𝑇| ≤ 𝛾1
2𝑝

, |det𝐵𝑆𝑐,𝑇𝑐| ≤ 𝛾2
2(𝑛−𝑝)

. 

|det(𝐴 + 𝐵)| ≤ ∑  

𝑛

𝑝=0

(
𝑛

𝑝
)

2

𝛾1
2𝑝

𝛾2
2(𝑛−𝑝)

≤ (𝛾1 + 𝛾2)2𝑛 

𝑀𝑘𝑙 = ⟨𝑣𝑘 , 𝑤𝑙⟩1𝑗(𝑘)<𝑗′(𝑙) 

|det𝑀| ≤ ∏  

𝑛

𝑘=1

‖𝑣𝑘‖‖𝑤𝑘‖ 

𝐆<0(𝑥, 𝜏, 𝑢; 𝑦, 𝜏′, 𝑢′)1𝜏<𝜏′ = ⟨𝜑<0(𝑥, 𝜏, 𝑢), 𝜑<0(𝑦, 𝜏′, 𝑢′)⟩1𝜏<𝜏′ , 

𝐆<0(𝑥𝑘, 𝜏𝑘 , 𝑢𝑘 , 𝑦𝑙 , 𝜏𝑙 , 𝑢𝑙) = ⟨𝜑<0(𝑥𝑘 , 𝜏𝑘 , 𝑢𝑘), 𝜑<0
′ (𝑦𝑙 , 𝜏𝑙 , 𝑢𝑙)⟩1𝜏𝑘<𝜏𝑙

, 

𝜑<0, 𝜑<0
′ , 𝜑≥0, 𝜑≥0

′ : 𝑋̃ ≡ Ω × [0, 𝛽] → ℋ 

sup
𝐱∈𝑋̃

 ‖𝜑<0(𝐱)‖ ≤ 1, sup
𝐱∈𝑋̃

 ‖𝜑<0
′ (𝐱)‖ ≤ 1, sup

𝐱∈𝑋̃
 ‖𝜑≥0(𝐱)‖ ≤ 1, sup

𝐱∈𝑋̃
 ‖𝜑≥0

′ (𝐱)‖ ≤ 1 

(𝑥, 𝜏), (𝑦, 𝜏′) ∈ Ω × [0, 𝛽] 

𝑔𝜏−𝜏′(𝑥, 𝑦)1𝜏<𝜏′ = ⟨𝜑<0(𝑥, 𝜏), 𝜑<0
′ (𝑦, 𝜏′)⟩1𝜏<𝜏′  

𝑔𝜏−𝜏′(𝑥, 𝑦)1𝜏≥𝜏′ = ⟨𝜑≥0(𝑥, 𝜏), 𝜑≥0
′ (𝑦, 𝜏′)⟩1𝜏≥𝜏′ 

Ω × [0, 𝛽] × 𝕊𝑠−1 → ℋ ⊗ 𝕊𝑠−1, (𝑥, 𝜏, 𝑢) ↦ 𝜑<0(𝑥, 𝜏) ⊗ 𝑢, (𝑥, 𝜏, 𝑢) ↦ 𝜑<0
′ (𝑥, 𝜏) ⊗ 𝑢, (𝑥, 𝜏, 𝑢) ↦

𝜑≥0(𝑥, 𝜏) ⊗ 𝑢, (𝑥, 𝜏, 𝑢) ↦ 𝜑≥0
′ (𝑥, 𝜏) ⊗ 𝑢 

𝐆<0(𝑥, 𝜏, 𝑢; 𝑦, 𝜏′, 𝑢′) = ⟨𝜑<0(𝑥, 𝜏) ⊗ 𝑢, 𝜑<0
′ (𝑦, 𝜏′) ⊗ 𝑢′⟩1𝜏<𝜏′  

𝐆≥0(𝑥, 𝜏, 𝑢; 𝑦, 𝜏′, 𝑢′) = ⟨𝜑≥0(𝑥, 𝜏) ⊗ 𝑢, 𝜑≥0
′ (𝑦, 𝜏′) ⊗ 𝑢′⟩1𝜏≥𝜏′  

𝑔𝜏(𝑎, 𝑏) = (−1𝜏<0𝑒−𝜏ℎ(1 + 𝑒𝛽ℎ)
−1

+ 1𝜏≥0𝑒−𝜏ℎ(1 + 𝑒−𝛽ℎ)
−1

)
𝑎𝑏

, ∀𝑎, 𝑏 ∈ Ω. 

ℎ = ∑  𝑁
𝑘=1 𝜖𝑘𝑢𝑘𝑢𝑘

†
, with vectors 𝑢𝑘 of coordinates (𝑢𝑘)𝑥 = 𝑈𝑥𝑘 

𝑔𝜏−𝜏′(𝑥, 𝑦) = ∑  

𝑁

𝑘=1

(−1𝜏<𝜏′𝑓<0(𝜖𝑘, 𝜏 − 𝜏′) + 1𝜏≥𝜏′𝑓≥0(𝜖𝑘, 𝜏 − 𝜏′))𝑈𝑥𝑘𝑈𝑦𝑘
∗  

𝑓<0(𝐸, 𝜏) = 𝑒−𝜏𝐸(1 + 𝑒𝛽𝐸)
−1

 and 𝑓≥0(𝐸) = 𝑒−𝜏𝐸(1 + 𝑒−𝛽𝐸)
−1

 

∑  

𝑁

𝑘=1

𝑓<0(𝜖𝑘, 𝜏 − 𝜏′)𝑈𝑥𝑘𝑈𝑦𝑘
∗ = ⟨𝜑<0(𝑥, 𝜏), 𝜑<0

′ (𝑦, 𝜏′)⟩ 
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∑  

𝑁

𝑘=1

𝑓≥0(𝜖𝑘 , 𝜏 − 𝜏′)𝑈𝑥𝑘𝑈𝑦𝑘
∗ = ⟨𝜑≥0(𝑥, 𝜏), 𝜑≥0

′ (𝑦, 𝜏′)⟩ 

∑ 𝑒−(𝜏−𝜏′)𝐸 ⨁
𝑎

𝜋(𝑎2 + 𝑥2)
⊘ 𝑒−𝑎|𝑥| 

𝑒−𝑎|𝑥| = ∫  
ℝ

𝑎𝑒𝑖𝑠𝑥

𝜋(𝑎2 + 𝑠2)
𝑑𝑠 

𝑓<0(𝜖𝑘, 𝜏 − 𝜏′) =
−𝜖𝑘

1 + 𝑒𝛽𝜖𝑘
∫  

ℝ𝒟

𝑒𝑖𝑠(𝜏′−𝜏)

𝜋(𝑠2 + 𝜖𝑘
2)

d𝑠 

𝑓<0(𝜖𝑘, 𝜏 − 𝜏′) =
𝜖𝑘

(1 + 𝑒−𝛽𝜖𝑘)
∫  

ℝ𝒟

𝑒𝑖𝑠(𝜏−𝜏′+𝛽)

𝜋(𝑠2 + 𝜖𝑘
2)

d𝑠 

𝑓: [𝑁] × ℝ → ℂ with ∑  𝑁
𝑘=1 ∫  

ℝ𝒟 |𝑓(𝑘, 𝑠)|2 d𝑠 < +∞ 

⟨𝑓, 𝑔⟩𝐿2([𝑁]×ℝ): = ∑  

𝑁

𝑘=1

∫  
ℝ𝒟

𝑓∗(𝑘, 𝑠)𝑔(𝑘, 𝑠)d𝑠 

𝜑<0𝜑<0
′ : 𝑋̃ → 𝐿2([𝑁] × ℝ) 

𝜑<0(𝑥, 𝜏)(𝑘, 𝑠) = 𝑈𝑥𝑘
∗ (1𝜖𝑘<0√

−𝜖𝑘

𝜋(1 + 𝑒𝛽𝜖𝑘)

𝑒𝑖𝑠𝜏

𝜖𝑘 + 𝑖𝑠
+ 1𝜖𝑘≥0√

𝜖𝑘

𝜋(1 + 𝑒−𝛽𝜖𝑘)

𝑒−𝑖𝑠𝜏

𝜖𝑘 + 𝑖𝑠
) 

𝜑<0
′ (𝑦, 𝜏′)(𝑘, 𝑠) = 𝑈𝑦𝑘

∗ (1𝜖𝑘<0√
−𝜖𝑘

𝜋(1 + 𝑒𝛽𝜖𝑘)

𝑒𝑖𝑠𝜏′

𝜖𝑘 + 𝑖𝑠
+ 1𝜖𝑘≥0√

𝜖𝑘

𝜋(1 + 𝑒−𝛽𝜖𝑘)

𝑒−𝑖𝑠(𝜏′−𝛽)

𝜖𝑘 + 𝑖𝑠
) 

⟨𝜑<0(𝑥, 𝜏), 𝜑<0
′ (𝑦, 𝜏′)⟩𝐿2([𝑁]×ℝ) = ∑  

𝑁

𝑘=1

𝑓<0(𝜖𝑘, 𝜏 − 𝜏′)𝑈𝑥𝑘𝑈𝑦𝑘
∗ = 𝑔𝜏−𝜏′(𝑥, 𝑦) 

𝜑≥0(𝑥, 𝜏)(𝑘, 𝑠) = −𝑈𝑥𝑘
∗ (1𝜖𝑘<0√

−𝜖𝑘

𝜋(1 + 𝑒𝛽𝜖𝑘)

𝑒−𝑖𝑠(𝛽−𝜏)

𝜖𝑘 + 𝑖𝑠
+ 1𝜖𝑘≥0√

𝜖𝑘

𝜋(1 + 𝑒−𝛽𝜖𝑘)

𝑒−𝑖𝑠𝜏

𝜖𝑘 + 𝑖𝑠
) 

𝜑≥0
′ (𝑦, 𝜏′)(𝑘, 𝑠) = 𝑈𝑦𝑘

∗ (1𝜖𝑘<0√
−𝜖𝑘

𝜋(1 + 𝑒𝛽𝜖𝑘)

𝑒𝑖𝑠𝜏′

𝜖𝑘 + 𝑖𝑠
+ 1𝜖𝑘≥0√

𝜖𝑘

𝜋(1 + 𝑒−𝛽𝜖𝑘)

𝑒−𝑖𝑠𝜏′

𝜖𝑘 + 𝑖𝑠
) 

∑  

𝑁

𝑘=1

|𝑈𝑥𝑘|2 = 1 

∫  
ℝ𝒟

𝐸

𝜋(𝐸2 + 𝑠2)
d𝑠 = 1 
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𝑍

𝑍0
= ∑  

∞

𝑠=0

(−1)𝑠

𝑠!
∑  

𝑃1,⋯,𝑃𝑠∈𝒫

𝑣𝑃1
⋯ 𝑣𝑃𝑠

∫  
[0,𝛽]𝑠

 d𝜏1 ⋯  d𝜏𝑠 ⟨𝒯 (Ψ𝑃1
(𝜏1) ⋯ Ψ𝑃𝑠

(𝜏𝑠))⟩
0
 

𝑊(𝜏) ≡ 𝑒𝜏𝐻0𝑒−𝜏𝐻 , 𝜏 ∈ [0, 𝛽] 

𝑊(0) = 𝟏 and 𝑒−𝛽𝐻 = 𝑒−𝛽𝐻0𝑊(𝛽) 

𝑍 = Tr(𝑒−𝛽𝐻) = Tr(𝑒−𝛽𝐻0𝑊(𝛽)) = 𝑍0⟨𝑊(𝛽)⟩0 

𝑑

𝑑𝜏
𝑊(𝜏) = 𝐻0𝑒𝜏𝐻0𝑒−𝜏𝐻 − 𝑒𝜏𝐻0𝐻𝑒−𝜏𝐻 = −𝑒𝜏𝐻0(𝐻 − 𝐻0)𝑒−𝜏𝐻 = −𝑒𝜏𝐻0𝑉𝑒−𝜏𝐻 

1 = 𝑒−𝜏𝐻0𝑒𝜏𝐻0 

𝑑

𝑑𝜏
𝑊(𝜏) = − 𝑒𝜏𝐻0𝑉𝑒−𝜏𝐻0⏟      

𝑉(𝜏)

𝑊(𝜏), 𝑊(0) = 1  

𝑊(𝛽) = 1 − ∫  
𝛽

0

𝑑𝜏𝑒𝜏𝐻0𝑉𝑒−𝜏𝐻 = 1 − ∫  
𝛽

0

𝑑𝜏𝑒𝜏𝐻0𝑉𝑒−𝜏𝐻0𝑊(𝜏) 

𝑊(𝛽)= ∑  

∞

𝑠=0

  (−1)𝑠 ∫  
𝛽

0

 ∫  
𝜏1

0

 ⋯ ∫  
𝜏𝑠−1

0

 𝑉(𝜏1) … 𝑉(𝜏𝑠)𝑑𝜏1 … 𝑑𝜏𝑠 

 = ∑  

∞

𝑠=0

 
(−1)𝑠

𝑠!
[∏  

𝑠

𝑗=1

 ∫  
𝛽

0

 𝑑𝜏𝑗] 𝒯 [∏  

𝑠

𝑗=1

 𝑉(𝜏𝑗)] 𝑑𝜏1 … 𝑑𝜏𝑠

 

𝑉 = ∑  

𝑃∈𝒫

𝑣𝑃Ψ𝑃 

𝑊(𝛽) = ∑  

∞

𝑠=0

(−1)𝑠

𝑠!
∑  

𝑃1,…,𝑃𝑠∈𝒫

𝑣𝑃1
… 𝑣𝑃𝑠

∫  
[0,𝛽]𝑠

Ψ𝑃1
(𝜏1) … Ψ𝑃𝑠

(𝜏𝑠)𝑑𝜏1 … 𝑑𝜏𝑠 

log (
𝑍

𝑍0
) = ∑  

∞

𝑠=1

(−1)𝑠

𝑠!
∑  

𝑃1,⋯,𝑃𝑠∈𝒫

𝑣𝑃1
⋯ 𝑣𝑃𝑠

∫  
[0,𝛽]𝑠

 d𝜏1 ⋯  d𝜏𝑠ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) 

ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]): = ∑  

Π∈𝐏𝑠

  (−1)|Π|−1(|Π| − 1)! ∏  

𝐵={𝑗1,⋯,𝑗|𝐵|}∈Π

  ⟨𝒯 (Ψ𝑃𝑗1
(𝜏𝑗1

) ⋯ Ψ𝑃𝑗|𝐵|
(𝜏𝑗|𝐵|

))⟩

0

 

ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = ∑  

Π∈𝐏𝑠

 ∏  

𝐵∈Π

 ℰ𝑐({𝑃𝑖, 𝜏𝑖}𝑖∈𝐵)  

𝒢[𝐽]: = ∑  

∞

𝑠=0

1

𝑠!
∫  

[0,𝛽]𝑠
𝐽(𝜏1) ⋯ 𝐽(𝜏𝑠)⟨𝒯(𝑉(𝜏1) ⋯ 𝑉(𝜏𝑠))⟩

0
𝑑𝜏1 ⋯ 𝑑𝜏𝑠 
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log (
𝑍

𝑍0
) = log 𝒢[−1] = ∑  

∞

𝑠=1

 
(−1)𝑠

𝑠!
𝐷𝑠log 𝒢[0](−1, ⋯ , −1)

 = ∑  

∞

𝑠=1

 
(−1)𝑠

𝑠!
∫  

[0,𝛽]𝑠
 

𝛿𝑠log 𝒢[𝐽]

𝛿𝐽(𝜏1) ⋯ 𝛿𝐽(𝜏𝑠)
|

𝐽=0

𝑑𝜏1 ⋯ 𝑑𝜏𝑠

 

𝛿𝑠log 𝒢[𝐽]

𝛿𝐽(𝜏1) ⋯ 𝛿𝐽(𝜏𝑠)
|
𝐽=0

: = 𝐷𝑚log 𝒢[0](𝛿𝜏1
, ⋯ , 𝛿𝜏𝑠

) 

𝛿𝑠log 𝒢[𝐽]

𝛿𝐽(𝜏1) ⋯ 𝛿𝐽(𝜏𝑠)
|
𝐽=0

= ∑  

Π∈𝐏𝑠

  (−1)|Π|−1(|Π| − 1)! ∏  

𝐵∈Π

 
𝛿|𝐵|𝒢

∏  𝑖∈𝐵  𝛿𝐽(𝜏𝑖)
|

𝐽=0

 

𝛿𝑠𝒢[𝐽]

𝛿𝐽(𝜏1) ⋯ 𝛿𝐽(𝜏𝑠)
|
𝐽=0

= ⟨𝒯(𝑉(𝜏1) ⋯ 𝑉(𝜏𝑠))⟩
0
 

𝛿𝑠𝒢

𝛿𝐽(𝜏1) ⋯ 𝛿𝐽(𝜏𝑠)
[𝐽] = 𝒢[𝐽] ∑  

Π∈𝐏𝑠

∏  

𝐵∈Π

𝛿|𝐵|log 𝒢

∏  𝑖∈𝐵  𝛿𝐽(𝜏𝑖)
[𝐽] 

𝑔𝜏: = −𝟏𝜏<0𝑒−𝜏ℎ(1 + 𝑒𝛽ℎ)
−1

+ 𝟏𝜏≥0𝑒−𝜏ℎ(1 + 𝑒−𝛽ℎ)
−1

 

𝜓𝑎(𝜏) = 𝑒𝜏𝐻0𝜓𝑎𝑒−𝜏𝐻0 , 𝜓𝑎
†(𝜏) = 𝑒𝜏𝐻0𝜓𝑎

†𝑒−𝜏𝐻0 

[𝐻0, 𝜓𝑎] = ∑  

𝑏,𝑐

 ℎ𝑏𝑐[𝜓𝑏
†𝜓𝑐 , 𝜓𝑎]

 = ∑  

𝑏,𝑐

 ℎ𝑏𝑐(𝜓𝑏
†[𝜓𝑐 , 𝜓𝑎] + [𝜓𝑏

†, 𝜓𝑎]𝜓𝑐)

 = ∑  

𝑏,𝑐

 ℎ𝑏𝑐(−𝜓𝑏
†𝜓𝑎𝜓𝑐 − 𝜓𝑎𝜓𝑏

†𝜓𝑐)

 = − ∑  

𝑏,𝑐

 ℎ𝑏𝑐{𝜓𝑏
†, 𝜓𝑎}𝜓𝑐

 = − ∑  

𝑐

 ℎ𝑎𝑐𝜓𝑐

 

𝜕𝜏𝜓𝑎(𝜏) = − ∑  

𝑐

ℎ𝑎𝑐𝜓𝑐(𝜏) 

𝝍(𝜏) = 𝑒−𝜏ℎ𝝍(0)  

𝝍†(𝜏) = 𝑒𝜏𝐻0𝝍†(0)𝑒−𝜏𝐻0 = (𝑒−𝜏𝐻0𝝍(0)𝑒𝜏𝐻0)† = (𝑒𝜏ℎ𝝍(0))
†

= 𝝍†(0)𝑒+𝜏ℎ  

𝐻0 = ∑  

𝛼,𝛽

𝜖𝛼𝛽𝑐𝛼
†𝑐𝛽 = ∑  

𝛼

𝜖𝛼𝑐𝛼
†𝑐𝛼 

𝑒−𝛽𝐻0 = 𝑒−𝛽 ∑  𝛼  𝜖𝛼𝑐𝛼
†𝑐𝛼 = ∏  

𝛼

𝑒−𝛽𝜖𝛼𝑐𝛼
†𝑐𝛼 = ∏  

𝛼

(1 + 𝑐𝛼
†𝑐𝛼(𝑒−𝛽𝜖𝛼 − 1)). 
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⟨𝜓𝑎𝜓𝑏
†⟩

0
 = Tr(𝑒−𝛽𝐻0𝜓𝑎𝜓𝑏

†)/𝑍0

 = ∑  

𝛼,𝛽

 
𝑈𝑎𝛼𝑈𝛽𝑏

†

𝑍0
Tr (∏  

𝛼′

 (1 + 𝑐
𝛼′
† 𝑐𝛼′(𝑒−𝛽𝜖

𝛼′ − 1)) 𝑐𝛼𝑐𝛽
†)

 =
(1)

∑  

𝛼

 
𝑈𝑎𝛼𝑈𝛼𝑏

†

𝑍0
Tr ( ∏  

𝛼′≠𝛼

  (1 + 𝑐
𝛼′
† 𝑐𝛼′(𝑒−𝛽𝜖

𝛼′ − 1)) 𝑐𝛼𝑐𝛼
†)

 = ∑  

𝛼

 
𝑈𝑎𝛼𝑈𝛼𝑏

†

𝑍0
Tr ( ∏  

𝛼′≠𝛼

  (1 + 𝑐
𝛼′
† 𝑐𝛼′(𝑒−𝛽𝜖

𝛼′ − 1)) (1 − 𝑐𝛼
†𝑐𝛼))

 

⟨𝜓𝑎𝜓𝑏
†⟩

0
= ∑  

𝛼

𝑈𝑎𝛼𝑈𝛼𝑏
†

𝑍0
Tr ( ∏  

𝛼′≠𝛼

  (1 + 𝑐
𝛼′
† 𝑐𝛼′(𝑒−𝛽𝜖

𝛼′ − 1))). 

⟨𝜓𝑎𝜓𝑏
†⟩

0
= ∑  

𝛼

 
𝑈𝑎𝛼𝑈𝛼𝑏

†

Tr𝛼 (1 + 𝑐𝛼
†𝑐𝛼(𝑒−𝛽𝜖𝛼 − 1))

= ∑  

𝛼

 𝑈𝑎𝛼

1

1 + 𝑒−𝛽𝜖𝛼
𝑈𝛼𝑏

† = (1 + 𝑒−𝛽ℎ)
𝑎𝑏

−1
 

⟨𝜓𝑏
†𝜓𝑎⟩

0
= 𝛿𝑎𝑏 − ⟨𝜓𝑎𝜓𝑏

†⟩
0

= (1 + 𝑒𝛽ℎ)
𝑎𝑏

−1
 

⟨𝜓𝑏
†𝜓𝑎(𝜏)⟩

0
 = ∑  

𝛼

  (𝑒−𝜏ℎ)
𝑎𝛼

⟨𝜓𝑏
†𝜓𝛼⟩

0
= (𝑒−𝜏ℎ(1 + 𝑒𝛽ℎ)

−1
)

𝑎𝑏

⟨𝜓𝑎(𝜏)𝜓𝑏
†⟩

0
 = ∑  

𝛼

  (𝑒−𝜏ℎ)
𝑎𝛼

⟨𝜓𝛼𝜓𝑏
†⟩

0
= (𝑒−𝜏ℎ(1 + 𝑒−𝛽ℎ)

−1
)

𝑎𝑏
.
 

ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = (−1)
∑  𝑠

𝑖=1  𝑚𝑃𝑖
(𝑚𝑃𝑖

−1)/2
det(𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) 

 ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = ⟨ ∏  

𝑚𝜎(1)

𝑗=1

 𝜓
𝑃𝜎(1)

+ (𝑗)

†
(𝜏𝜎(1)) ∏  

𝑚𝜎(1)

𝑗=1

 𝜓𝑃𝜎(1)
− (𝑗)(𝜏𝜎(1)) ⋯ ∏  

𝑚𝜎(𝑠)

𝑗=1

 𝜓
𝑃𝜎(𝑠)

+ (𝑗)

†
(𝜏𝜎(𝑠)) ∏  

𝑚𝜎(𝑠)

𝑗=1

 𝜓𝑃𝜎(𝑠)
− (𝑗)(𝜏𝜎(𝑠))⟩

0

 

𝐶∑  𝑘−1
𝑟=0  2𝑚𝜎(𝑟)+𝑗: = 𝜓

𝑃𝜎(𝑘)
+ (𝑗)

† (𝜏𝜎(𝑘)) = ∑  

𝛼

 𝜓𝛼
†(𝑒𝜏𝜎(𝑘)ℎ)

𝛼𝑃𝜎(𝑘)
+ (𝑗)

𝐶∑  𝑘−1
𝑟=0  2𝑚𝜎(𝑟)+𝑚𝜎(𝑘)+𝑗: = 𝜓𝑃𝜎(𝑘)

− (𝑗)(𝜏𝜎(𝑘)) = ∑  

𝛼

  (𝑒−𝜏𝜎(𝑘)
ℎ

)
𝑃𝜎(𝑘)

− (𝑗)𝛼
𝜓𝛼

 

ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) ⨂ 𝑚 = ∑  

𝑘∈[𝑠]

𝑚𝑘 

ℰ({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠]) = ⟨𝐶1 ⋯ 𝐶2𝑚⟩0 = pf(𝒞), 

𝒞 = (⟨𝐶𝑢𝐶𝑣⟩0)1≤𝑢,𝑣≤2𝑚 

⟨𝜓𝑎𝜓𝑏⟩0 = ⟨𝜓𝑎
†𝜓𝑏

†⟩
0

= 0 
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𝒞 =

[
 
 
 
 
 
 

0 𝒞11
+− 0 𝒞12

+− 0 ⋯ 0 𝒞1𝑠
+−

−𝒞11
+− 0 𝒞12

−+ 0 𝒞13
−+ ⋯ 𝒞1𝑠

−+ 0

0 −𝒞12
−+ 0 𝒞22

+− 0 ⋯ 0 𝒞2𝑠
+−

⋮ ⋮ ⋱ ⋱ ⋱ ⋱ ⋱ ⋮
0 −𝒞1𝑠

−+ ⋯ ⋯ ⋯ ⋯ 0 𝒞𝑠𝑠
+−

−𝒞1𝑠
+− 0 ⋯ ⋯ ⋯ ⋯ −𝒞𝑠𝑠

+− 0 ]
 
 
 
 
 
 

 

(1+, 1−, 2+, 2−, ⋯ , 𝑠+, 𝑠−) →
Π 

(1+, 2+, ⋯ , 𝑠+, 1−, 2−, ⋯ 𝑠−). 

Π𝐶Π⊤ = [
0 𝑋

−𝑋⊤ 0
]  

𝑋 =

[
 
 
 
 
 

𝒞11
+− 𝒞12

+− ⋯ 𝒞1𝑠−1
+− 𝒞1𝑠

+−

−𝒞12
−+ 𝒞22

+− ⋯ 𝒞2𝑠−1
+− 𝒞2𝑠

+−

−𝒞13
−+ −𝒞23

−+ 𝒞33
+− ⋯ 𝒞3𝑠

+−

⋮ ⋱ ⋱ ⋱ ⋮
−𝒞1𝑠

−+ ⋯ ⋯ −𝒞𝑠−1𝑠
−+ 𝒞𝑠𝑠

+−]
 
 
 
 
 

 

𝐴⊤ = −𝐴 and (𝐵⊤𝐴𝐵) = det(𝐵)pf(𝐴) 

pf(𝒞) = pf(Π⊤Π𝒞Π⊤Π) = det(Π)pf(Π𝒞Π⊤)  

pf(Π𝒞Π⊤) = det(𝑋)(−1)
1
2
𝑚(𝑚−1),  

𝑚 = ∑  

𝑘

𝑚𝑃𝑘
 

(1+, 1−, 2+, 2−, ⋯ , 𝑠+, 𝑠−)  →  (1+, 2+, 1−, 2−, 3+, 3−, ⋯ , 𝑠+, 𝑠−)  →  ⋯ 

(𝑚𝜎(1) + 𝑚𝜎(2)) × 𝑚𝜎(3) 

∑  

1<𝑗≤𝑠

  (𝑚𝜎(1) + ⋯ + 𝑚𝜎(𝑗−1))𝑚𝜎(𝑗) = ∑  

1≤𝑖<𝑗≤𝑠

 𝑚𝜎(𝑖)𝑚𝜎(𝑗) =
1

2
((∑  

𝑠

𝑖=1

 𝑚𝜎(𝑖))

2

− ∑  

𝑠

𝑖=1

 𝑚𝜎(𝑖)
2 )

 = ∑  

1≤𝑖<𝑗≤𝑠

 𝑚𝑖𝑚𝑗

 

det(Π) = (−1)∑  1≤𝑖<𝑗≤𝑠  𝑚𝑖𝑚𝑗  

pf(𝒞) = (−1)
∑  1≤𝑖<𝑗≤𝑠  𝑚𝑖𝑚𝑗+

1
2
𝑚(𝑚−1)det(𝑋) = (−1)∑  𝑠

𝑖=1  𝑚𝑖(𝑚𝑖−1)/2det𝑋 

𝑖 ≤ 𝑗, 𝑋𝑖𝑗 = 𝒞𝑖𝑗
+−coincides with 𝑔𝝉(𝑃𝜎(𝑗)

− , 𝑃𝜎(𝑖)
+ ) = 𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])𝜎(𝑗)𝜎(𝑖)

 for 𝑖 > 𝑗, 𝑋𝑖𝑗 = −𝒞𝑗𝑖
−+, which 

coincides with 𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])𝜎(𝑗)𝜎(𝑖)
. 

det(𝑋) = det(𝑋⊤) = det(Σ⊤𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])Σ) = det (𝐆({𝑃𝑖, 𝜏𝑖}𝑖∈[𝑠])) 

𝐻0 = ∑  

𝑖,𝑗∈Ω

ℎ𝑖𝑗𝜓𝑖
†𝜓𝑗 
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𝑔𝜏: = −𝟏𝜏<0𝑒−𝜏ℎ(1 + 𝑒𝛽ℎ)
−1

+ 𝟏𝜏≥0𝑒−𝜏ℎ(1 + 𝑒−𝛽ℎ)
−1

 

𝑓<0, 𝑓≥0: [−‖ℎ‖, ‖ℎ‖] → ℝ𝒟 

𝑓<0(𝑥) = 𝑒−𝜏𝑥(1 + 𝑒𝛽𝑥)
−1

, 𝑓≥0(𝑥) = 𝑒−𝜏𝑥(1 + 𝑒−𝛽𝑥)
−1

 

𝑔𝜏 = −𝟏𝜏<0𝑓<0(ℎ) + 𝟏𝜏≥0𝑓≥0(ℎ) 

{
1

2
(𝑧 + 𝑧−1): |𝑧| ≤ 𝜌} 

sup
𝑥∈[−1,1]

 |𝑓𝑛(𝑥) − 𝑓(𝑥)| ≤
2𝐶𝜌−𝑛

𝜌 − 1
 

𝑓𝑛 = ∑  

𝑛

𝑘=0

𝑎𝑘𝑃𝑘 

sup
𝑥∈[−‖ℎ‖,‖ℎ‖]

 |𝑓<0(𝑥) − 𝑓𝑛,<0(𝑥)| ≤
2𝜌−𝑛

𝜌 − 1
, sup
𝑥∈[−‖ℎ‖,‖ℎ‖]

 |𝑓≥0(𝑥) − 𝑓𝑛,≥0(𝑥)| ≤
2𝜌−𝑛

𝜌 − 1
 

𝜌 =
𝜋

2𝛽‖ℎ‖
+ √1 +

𝜋2

4𝛽2‖ℎ‖2
 

 

𝑓<0(𝑥) = 𝑓<0(𝑥‖ℎ‖) and 𝑓≥0(𝑥) = 𝑓≥0(𝑥‖ℎ‖) 

𝜌 =
𝜋

2𝛽‖ℎ‖
+ √1 +

𝜋2

4𝛽2‖ℎ‖2
 

𝛽‖ℎ‖|𝑏| ≤ 𝛽‖ℎ‖
𝜌 − 𝜌−1

2
 

𝑥: = 𝜋/(2𝛽‖ℎ‖), we have 𝜌 = 𝑥 + √1 + 𝑥2, and 𝜌−1 = √1 + 𝑥2 − 𝑥 

𝜌 − 𝜌−1 = 2𝑥 =
𝜋

𝛽‖ℎ‖
 

|𝑓<0(𝑧)| =
𝑒−𝜏‖ℎ‖𝑎

√(1 + 𝑒𝛽‖ℎ‖𝑎cos (𝛽‖ℎ‖𝑏))2 + 𝑒2𝛽‖ℎ‖𝑎sin2 (𝛽‖ℎ‖𝑏)
≤

𝑒−𝜏‖ℎ‖𝑎

√1 + 𝑒2𝛽‖ℎ‖𝑎 ≤ 1,
 

𝐻0 = ∑  

𝑖,𝑗∈Ω

ℎ𝑖𝑗𝜓𝑖
†𝜓𝑗dist(𝑖, 𝑗) < 𝑟1 

‖ℎ‖ ≤ 𝐶𝑑𝑟1
𝑑 

‖ℎ‖1 = ‖ℎ‖∞ ≤ 𝐶𝑑𝑟1
𝑑 
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‖ℎ‖ ≤ √‖ℎ‖1‖ℎ‖∞ ≤ 𝐶𝑑𝑟1
𝑑 

𝐾 = 𝑂(𝛽𝑟1
𝑑)  and  𝜉 = 𝑂(𝛽𝑟1

𝑑+1) 

𝑛 = ⌊
dist(𝑎, 𝑏)

𝑟1
⌋ 

(𝑓𝑛,<0(ℎ))
𝑎𝑏

= (𝑓𝑛,≥0(ℎ))
𝑎𝑏

= 0. 

|𝑔𝜏(𝑎, 𝑏)| = |𝟏𝜏≤0(𝑓<0(ℎ) − 𝑓𝑛,<0(ℎ))
𝑎𝑏

| − |𝟏𝜏>0(𝑓≥0(ℎ) − 𝑓𝑛,≥0(ℎ))
𝑎𝑏

|

 ≤ 𝟏𝜏≤0‖𝑓<0(ℎ) − 𝑓𝑛,<0(ℎ)‖ + 𝟏𝜏>0‖𝑓≥0(ℎ) − 𝑓𝑛,≥0(ℎ)‖

 ≤
2𝜌−𝑛

𝜌 − 1

 =
2𝑒−log (𝜌)⌊dist(𝑎,𝑏)/𝑟1⌋

𝜌 − 1

 ≤
2𝜌𝑒−log (𝜌)dist(𝑎,𝑏)/𝑟1

𝜌 − 1

 ≤ (2 +
4𝛽‖ℎ‖

𝜋
) 𝑒−dist(𝑎,𝑏)/𝜉

 

𝜉 = 𝑟1(log 𝜌)−1 ≤ 𝒪(𝑟1𝛽‖ℎ‖) 

max
𝑎∈Ω

  ∑  

𝑏∈Ω

|ℎ𝑎𝑏|(𝑒𝜃dist(𝑎,𝑏) − 1) ≤
𝜋

4𝛽‖ℎ‖
, 

𝐾 = 𝑂(𝛽‖ℎ‖2)  and  𝜉 = 𝜃−1 

𝛿 =
𝜋

2𝛽‖ℎ‖
 

{𝑧: |Re(𝑧)| ≤ ‖ℎ‖ + 1, |Im(𝑧)| ≤ 𝛿} 

𝑓(ℎ) =
1

2𝜋𝑖
∫ 

Γ

𝑓(𝑧)(𝑧𝐼 − ℎ)−1 d𝑧 

(𝑈𝜃𝑣)𝑥 = 𝑒𝜃𝑑(𝑥,𝑥0)𝑣𝑥, ∀𝑣 ∈ ℂ𝑁 

(ℎ𝜃)𝑥𝑦 = ℎ𝑥𝑦𝑒𝜃(𝑑(𝑥,𝑥0)−𝑑(𝑦,𝑥0)) 

(𝑧𝐼 − ℎ)−1 = 𝑈𝜃
−1(𝑧𝐼 − ℎ𝜃)−1𝑈𝜃 

(𝑧𝐼 − ℎ)𝑥0𝑦
−1 = 𝑒−𝜃𝑑(𝑦,𝑥0)(𝑧𝐼 − ℎ𝜃)𝑥0𝑦

−1  

|(𝑧𝐼 − ℎ)𝑥0𝑦
−1 | = 𝑒−𝜃𝑑(𝑦,𝑥0)‖(𝑧𝐼 − ℎ𝜃)−1‖ ≤

𝑒−𝜃dist(𝑥0,𝑦)

𝛿 − ‖ℎ − ℎ𝜃‖
 

‖ℎ − ℎ𝜃‖. Note |(ℎ𝜃 − ℎ)𝑥𝑦| ≤ |ℎ𝑥𝑦||𝑒𝜃𝑑(𝑥,𝑦) − 1| 
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∑  

𝑥

|(ℎ𝜃 − ℎ)𝑥𝑦| ≤ 𝛿/2 

ℙ(𝑃1, ⋯ , 𝑃𝑠) =
1

𝑍𝑠
|𝑣𝑃1

⋯ 𝑣𝑃𝑠
| ∏  

(𝑖,𝑗)∈𝑇

𝑀𝜏𝑖,𝜏𝑗
(𝑃𝑖, 𝑃𝑗) 

𝑑(𝑣): = 1 + #{𝑖 ∈ {1, … , 𝑠 − 2}: 𝑝𝑖 = 𝑣} 

∫  𝑑𝑥𝑒−𝑥2 1

𝑛!
(𝑥4)𝑛 ∼ 𝑛! 

∫  𝑑𝑥ln𝑛 𝑥 ∼ 𝑛! 

∑  𝑛 (−
1

6
)

𝑛
𝑛! 𝑎𝑛 at large 𝑛 with 𝑎 = 𝜆2/(4𝜋)3 

∑  

𝑛

(−
1

3
)

𝑛

𝑛! 𝑎𝑛 

Σ(𝑎) = ∑  

𝑛

  𝑐𝑛𝑎𝑛, 𝑐𝑛 = 𝐶𝑛−𝑟𝐴𝑛𝑛!,  

ln 𝑐𝑛 ∼ 𝑛ln 𝑛 + 𝑛ln 𝐴 − 𝑛 − 𝑟ln 𝑛 + ln 𝐶 + ⋯ ,  

𝐵(𝑡) = ∑  

∞

𝑛=1

 
𝑐𝑛

𝑛!
𝑡𝑛 = 𝐶Li𝑟(𝐴𝑡)  

𝑆 = ∫  𝑑6𝑥 [
1

2
(𝜕𝜙)2 +

1

2
(𝜕𝜒)2 −

𝜆

2
𝜙2𝜒]  

𝐺𝜙(𝑝) = ∫  𝑑6𝑥𝑒𝑖𝑝𝑥⟨0|𝜙(𝑥)𝜙(0)|0⟩ =
1

𝑝2
+ ⋯  

𝐺𝜙
0 =

1

𝑝2

1

1 − Σ0
 

𝐿 = ln 
𝑝2

𝜇2
 

𝜕𝐿 = −
1

2
𝜇𝜕𝜇 

𝛾 = −
𝑑

𝑑𝐿
ln [𝑝2𝐺𝜙(𝐿)] =

𝑑

𝑑𝐿
ln [1 − Σ(𝐿)]  
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𝛾 = −(𝜕𝐿Σ)𝐿=0 

 

Σ1
0 =

𝑎

6
[−

1

𝜀
+ ln 

𝑝2

𝜇̃2
−

8

3
+ 𝒪(𝜀)]  

𝑎 ≡
𝜆2

(4𝜋)3 and 𝜇̃2 ≡ 𝜇24𝜋𝑒−𝛾𝐸  

𝐺𝜙(𝑝) =
1

𝑝2

1

1−Σ
 to 𝜂-loop 

𝐺𝜙(𝑝) =
1

𝑝2
(1 +

𝑎

6
(𝐿 −

8

3
) + ⋯ ) (MS).  

𝐺𝜙(𝑝) =
1

𝑝2 to all orders at 𝑝2 = 𝜇2(𝐿 = 0) 

𝐺𝜙(𝑝) =
1

𝑝2
(1 +

𝑎

6
𝐿 + ⋯ )  

 

Σ𝐶
0(𝑝2) =

𝑎

𝜋3
∫  𝑑6𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2

1

1 − Σ1
0(𝑘2)

 

𝐿 = ln 
𝑝2

𝜇2
 

𝑎

𝜋3
∫  𝑑6𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2
ln𝑛 

𝑘2

𝜇2
= lim

𝜌→0
 𝜕𝜌

𝑛𝐹(𝜌, 𝐿)  

𝐹(𝜌, 𝐿) ≡
𝑎

𝜋3
∫  𝑑6𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2 (
𝑘2

𝜇2)

𝜌

 

𝐹(𝜌, 𝐿) =
𝑎𝜇−2𝜌

𝑝2Γ(1 − 𝜌)
∫  

1

0

 𝑑𝑥𝑥−𝜌 ∫  
∞

0

 𝑑𝜆𝜆−𝜌−2𝑒−𝜆𝑥(1−𝑥)𝑝2
= 𝑎

𝑒𝜌𝐿

𝜌𝑃(𝜌)
 

𝑃(𝜌) = (𝜌 + 3)(𝜌 + 2)(𝜌 + 1)  
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Σ𝐶(𝐿) = lim
𝜌→0

 
𝑎

(1 −
𝑎
6 𝜕𝜌)

𝑒𝜌𝐿 − 1

𝜌𝑃(𝜌)  

𝑃(𝜕𝐿)𝜕𝐿Σ𝐶 = lim
𝜌→0

 
𝑎

(1 −
𝑎
6 𝜕𝜌)

𝑒𝜌𝐿 =
𝑎

1 −
𝑎
6

𝐿
 

𝑎

1 −
𝑎
6

𝐿
= ∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎𝑒

𝑡
6
𝐿

 

𝜕𝐿Σ𝐶 = ∫  
∞

0

 𝑑𝑡ℬ(𝑡)𝑒−
𝑡
𝑎, ℬ(𝑡) =

1

𝑃 (
𝑡
6
)

𝑒
𝑡
6
𝐿

 

 

Σ𝑅
0(𝑝2) =

𝑎

𝜋3
∫  𝑑6𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2
[1 + Σ𝑅

0(𝑘2)]  

Σ𝑅(𝐿) = 𝑎lim
𝜌→0

 [1 + Σ𝑅(𝜕𝜌)]
𝑒𝜌𝐿 − 1

𝜌𝑃(𝜌)
,  

𝑃(𝜕𝐿)𝜕𝐿Σ𝑅(𝐿) = 𝑎[1 + Σ𝑅(𝐿)].  

Σ𝑅 = 𝑒−𝛾𝐿 − 1 

−𝑃(−𝛾)𝛾𝑒−𝛾𝐿 = 𝑎𝑒−𝛾𝐿  

𝛾 =
1

2
(3 ± √5 ± 4√1 + 𝑎) 

Σ𝑅(𝐿) = exp [
𝐿

2
(−3 + √5 + 4√1 + 𝑎)] − 1.  

 

Σ𝐻
0 (𝑝2) =

𝑎

𝜋3
∫  𝑑6𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2

1

(1 − Σ𝐻
0 (𝑘2))

 

Σ𝐻(𝐿) = lim
𝜌→0

 
𝑎

(1 −
𝑎
6 Σ𝐻(𝜕𝜌))

𝑒𝜌𝐿 − 1

𝜌𝑃(𝜌)  

Σ𝐻(𝐿) =
𝑎

6
𝐿 +

𝑎2

36
(
𝐿2

2
−

11

6
𝐿) +

𝑎3

63 (
𝐿3

2
−

11

3
𝐿2 +

94

9
𝐿) + ⋯  
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𝑃(𝜕𝐿)𝜕𝐿Σ𝐻(𝐿) =
𝑎

1 − Σ𝐻(𝐿)
 

6𝜕𝐿Σ𝐻
𝕃 (𝐿) =

𝑎

1 − Σ𝐻
𝕃 (𝐿)

 

Σ𝐻
𝕃 (𝐿) = 1 − √1 −

𝑎

3
𝐿  

𝑃(𝜕𝐿)𝜕𝐿Σ𝐻
𝕃 (𝐿) =

𝑎

√1 −
𝑎
3

𝐿

=
√𝑎

√𝜋
∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎

𝑒
𝑡
3
𝐿

√𝑡  

Σ𝐻(𝐿) ∼ Σ𝐻
𝕃 (𝐿) = √𝑎 ∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎𝑡−3/2ℬ𝑝(𝑡), ℬ𝑝(𝑡) =

3

√𝜋

𝑒
𝑡
3
𝐿 − 1

𝑃 (
𝑡
3
)

 

𝑑

𝑑𝜇
𝐺𝜙

0 ∫ 𝜙0 ⋆ √𝑍𝜙 to get 𝐺𝜙
0 = ⟨𝜙0𝜙0⟩ = 𝑍⟨𝜙𝜙⟩ = 𝑍𝐺𝜙 

𝐺𝜙
0(𝑎0, 𝑝) =

1

𝑝2

1

1 − Σ0(𝑎0, 𝑝)
= 𝑍

1

𝑝2

1

1 − Σ(𝑎𝑍𝑎 , 𝑝)
= 𝑍𝐺𝜙(𝑍𝑎𝑎, 𝑝)  

1 − Σ𝐻
0 = 𝑌𝐻

0 = [𝑝2𝐺𝜙
0]

−1
 

𝑌𝐻
0(𝑝2) = 1 −

𝑎0

𝜋3
∫  𝑑𝑑𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2

1

𝑌𝐻
0(𝑘2)

 

𝜙0 = √𝑍𝜙 and 𝑌𝐻
0 =

1

𝑍
𝑌𝐻 

𝑌𝐻(𝑝2) = 𝑍 − 𝑍2
𝑎0

𝜋3
∫  𝑑𝑑𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2

1

𝑌𝐻(𝑘2)
 

𝑎0 = 𝑎𝜇𝑑−6𝑍𝑎 with 𝑍𝑎 = 𝑍−2 

𝜙 → √𝑍𝜙 as long as 𝑎0 → 𝜇𝑑−6𝑍−2𝑎 

𝜇
𝑑

𝑑𝜇
(1 − Σ𝐻

0 (𝑎0, 𝑝2)) = 𝜇
𝑑

𝑑𝜇

1

𝑍
(1 − Σ𝐻(𝜇𝑑−6𝑍−2𝑎, 𝐿)) = (−2𝜕𝐿 + 2𝛽𝜕𝑎 + 2𝛾)(1 − Σ𝐻)  

𝜕𝐿 = −
1

2
𝜇𝜕𝜇 , 𝛾 = −

1

2
𝜇

𝑑

𝑑𝜇
ln 𝑍 

𝛽 = −𝜕𝐿𝑎 = −𝜕𝐿(𝑎0𝑍2𝜇6−𝑑) =
1

2
𝜇𝜕𝜇(𝑎0𝑍2𝜇6−𝑑) =

𝑑→6
− 2𝑎𝛾  

(𝜕𝐿 + 2𝛾𝑎𝜕𝑎 − 𝛾)(1 − Σ𝐻) = 0  

𝐺𝜙
0(𝑎0, 𝑝) =

1

𝑝2 (1 + Σ0(𝑎0, 𝑝)) = 𝑍
1

𝑝2 (1 + Σ(𝑎𝑍𝑎 , 𝑝)) = 𝑍𝐺𝜙(𝑍𝑎𝑎, 𝑝)  
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𝑌𝑅
0(𝑝2) = 1 +

𝑎0

𝜋3
∫  𝑑𝑑𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2
𝑌𝑅

0(𝑘2)  

𝑌𝑅(𝑝2) =
1

𝑍
+

𝑎0

𝜋3
∫  𝑑𝑑𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2
𝑌𝑅(𝑘2)  

(𝜕𝐿 + 𝛾)(1 + Σ𝑅) = 0  

𝛾 = −
1

2
𝜇

𝑑

𝑑𝜇
ln 𝑍 and 𝛽 = 0 

𝑌𝐻(𝑎, 𝐿) ≡ 1 − Σ𝐻(𝑎, 𝐿) 

𝑃(𝜕𝐿)𝜕𝐿𝑌𝐻 =
𝑎

𝑌𝐻
 

𝑃(𝜕𝐿)𝜕𝐿𝑌𝑅 = 𝑎𝑌𝑅 ⨂ 𝑃(𝜕𝐿)𝜕𝐿𝑌 = 𝑎𝑌𝑠  

𝑌(𝑎, 𝐿) = 𝑒𝛿𝜆𝑌(𝑒(𝑠−1)𝛿𝜆𝑎, 𝐿 + 𝛿𝐿)  

𝑌 = (1 + 𝛿𝜆)𝑌 + 𝛿𝜆𝑎(𝑠 − 1)𝜕𝑎𝑌 + 𝛿𝐿𝜕𝐿𝑌  

(−𝜕𝐿 + 𝛾𝑎(𝑠 − 1)𝜕𝑎 + 𝛾)𝑌 = 0  

𝛾 = 𝜕𝐿𝑌(𝑎, 𝐿)𝐿=0  

(−𝜕𝐿 + 𝛽𝑎𝜕𝑎 + 𝛾)𝑌 = 0  

𝑑

𝑑𝐿
ln 𝑌(𝑎(𝐿), 𝐿) = 𝛾  

𝛽 = −
𝑑𝑎

𝑑𝐿
⨂ 𝛾 ≡ −

𝛿𝜆

𝛿𝐿
  

(𝜕𝐿 + 2𝛾𝑎𝜕𝑎)ln (1 − Σ𝐻) = 𝛾.  

Σ𝐻 = ∑  

∞

𝑛=1

 𝜎𝑛(𝑎)𝐿𝑛  

lim
𝐿→0

 𝑃(𝜕𝐿)𝜕𝐿Σ𝐻(𝐿) = 𝑎  

𝜎1(𝑎) +
11

3
𝜎2(𝑎) + 6𝜎3(𝑎) + 4𝜎4(𝑎) =

𝑎

6
,  

(𝜕𝐿 + 2𝑎𝛾𝜕𝑎)Σ𝐻 = −𝛾(1 − Σ𝐻)  

𝜎𝑛+1 =
1

𝑛 + 1
(𝛾𝜎𝑛 − 2𝑎𝛾𝜎𝑛

′ )  

6𝛾 + 11𝛾2 + 6𝛾3 + 𝛾4 − 22𝑎𝛾𝛾′ − 12𝑎𝛾2𝛾′ − 4𝑎𝛾3𝛾′ + 24𝑎2𝛾𝛾′2 − 4𝑎2𝛾2𝛾′2 − 8𝑎3𝛾𝛾′3

+24𝑎2𝛾2𝛾′′ − 8𝑎2𝛾3𝛾′′ − 32𝑎3𝛾2𝛾′𝛾′′ − 8𝑎3𝛾3𝛾′′′ = −𝑎.
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6𝛾 − 22𝑎𝛾𝛾′ + 24𝑎2𝛾2𝛾′′ − 8𝑎3𝛾3𝛾′′′ = 0.  

6 − 22
𝛾′(0)

𝐴
+ 24

[𝛾′(0)[ 2

𝐴2
− 8

[𝛾′(0)]3

𝐴3
= 0  

(𝜕𝐿 −
𝑎2

6
𝜕𝑎)𝑌𝐶 = 0  

𝛽 = 𝑎2𝛽0 ⨁ 𝒪(𝑎3) 

(−𝛽0)𝑛𝑎𝑛𝑛! ∖ 𝑎 =
𝜆2

(4𝜋)3
 

 

𝐶𝑛 =
1

𝑛 + 1
(
2𝑛

𝑛
) △ 𝐶𝑛 ∼

4𝑛

√𝜋𝑛3/2
 

(2𝑛 − 1)!! ∼
𝑛! 2𝑛

√𝜋𝑛
 

𝑆 = ∫  𝑑4𝑥 [
1

2
(𝜕𝜇𝜙)

2
+ 𝜓‾ ∂̸𝜓 − 𝑔𝜙𝜓‾𝜓]  

⟨0|𝜓(𝑥)𝜓‾(0)|0⟩ = ∫  
𝑑4𝑝

(2𝜋)4
𝑒𝑖𝑝𝑥

−𝑖p̸

𝑝2(1 − Σ𝑌
0)

,  

 

𝑖p̸Σ𝑌
0(𝑝2) = 𝑔2 ∫  

𝑑4𝑘

(2𝜋)4

−𝑖k̸

𝑘2[1 − Σ𝑌
0(𝑘2)](𝑝 + 𝑘)2

.  

Σ𝑌
0(𝑞2)  =

−𝑖𝑔2

4𝑝2
∫  

𝑑4𝑘

(2𝜋)4

Tr[p̸𝑖k̸]

𝑘2[1 − Σ𝐻
0 (𝑘2)](𝑝 + 𝑘)2

 =
𝑎

𝑝2𝜋2
∫  𝑑4𝑘

𝑝 ⋅ 𝑘

𝑘2[1 − Σ𝑌
0(𝑘2)](𝑝 + 𝑘)2

 

𝑎 = (
𝑔

4𝜋
)

2

 

𝑝 ⋅ 𝑘 =
1

2
((𝑝 + 𝑘)2 − 𝑝2 − 𝑘2) 
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Σ𝑌
0(𝑝2) = −lim

𝜌→0
 

𝑎−𝑖𝑝
4𝑝2

2𝜋2

1

1 − Σ𝑌
0(𝜕𝜌)

∫  𝑑𝑑𝑘 (
1

𝑘2(𝑝 + 𝑘)2
+

1

𝑝2(𝑝 + 𝑘)2
) (

𝑘2

𝜇2)

𝜌

 

Σ𝑌(𝐿) = lim
𝜌→0

 
𝑎

1 − Σ𝑌(𝜕𝜌)

𝑒𝐿𝜌 − 1

(𝜌 + 2)𝜌
 

𝑃(𝜕𝐿)𝜕𝐿Σ𝑌 =
𝑎

1 − Σ𝑌
 

2𝜕𝐿Σ𝑌
𝕃 =

𝑎

1 − Σ𝑌
𝕃  

Σ𝑌
𝕃 = 1 − √1 − 𝑎𝐿  

𝑃(𝜕𝐿)𝜕𝐿Σ𝑌
𝕃(𝐿) =

𝑎

√1 − 𝑎𝐿
= √

𝑎

𝜋
∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎

𝑒𝑡𝐿

√𝑡
 

Σ𝑌(𝐿) ∼ Σ𝑌
𝕃(𝐿) = √

𝑎

𝜋
∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎𝑡−3/2

𝑒𝑡𝐿 − 1

𝑃(𝑡)
 

𝑃(−𝛾) = 𝑎 →  𝛾 = 1 − √1 + 𝑎.  

Σ𝑌
𝐶 = 𝑒−1+√1+𝑎 − 1 

𝜕𝐿Σ𝑌
𝐶(𝐿) = lim

𝜌→0
 

𝑎

(1 −
𝑎
2

𝜕𝜌)

𝑒𝜌𝐿

𝜌 + 2
= ∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎𝑒−

1
2
𝑡𝐿 1

𝑡
2

+ 2
 

𝑆 = ∫  𝑑6𝑑 [
1

2
(𝜕𝜇𝜙)

2
−

𝜆

3!
𝜙3]  

 

Σ𝐵
0(𝑝2) =

𝜆2

2

1

𝑝2
∫  

𝑑6𝑘

(2𝜋)6

1

(𝑝 + 𝑘)2 (1 − Σ𝐵
0((𝑝 + 𝑘)2))

1

𝑘2 (1 − Σ𝐵
0(𝑘2))

.  

𝐼𝛼,𝛽(𝑞)  ≡ ∫  
𝑑𝑑𝑘

(2𝜋)𝑑

1

(𝑘2)𝛼

1

[(𝑝 + 𝑘)2]𝛽

 = (𝑝2)
𝑑
2

−𝛼−𝛽 1

(4𝜋)
𝑑
2

Γ (𝛼 + 𝛽 −
𝑑
2) Γ (

𝑑
2 − 𝛼) Γ (

𝑑
2 − 𝛽)

Γ(𝛼)Γ(𝛽)Γ(𝑑 − 𝛼 − 𝛽)

 

𝐼𝛼,𝛽(𝑝) = (𝑝2)3−𝛼−𝛽
1

(4𝜋)3

Γ(3 − 𝛼)Γ(3 − 𝛽)Γ(𝛼 + 𝛽 − 3)

Γ(𝛼)Γ(𝛽)Γ(6 − 𝛼 − 𝛽)
.  
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Σ𝐵(𝑎, 𝐿) = lim
𝜌,𝜎→0

 
𝑎

2[1 − Σ𝐵(𝑎, 𝜕𝜌)][1 − Σ𝐵(𝑎, 𝜕𝜎)]
𝐹(𝜌, 𝜎)[𝑒𝐿(𝜌+𝜎) − 1]  

𝐿 = ln 
𝑝2

𝜇2 and 𝑎 = 𝜆2/(4𝜋)3 

𝐹(𝜌, 𝜎) = (4𝜋)3(𝑝2)−1−𝜌−𝜎𝐼1−𝜌,1−𝜎 =
Γ(2 + 𝜌)Γ(2 + 𝜎)Γ(−1 − 𝜌 − 𝜎)

Γ(1 − 𝜌)Γ(1 − 𝜎)Γ(4 + 𝜌 + 𝜎)
 

Σ𝐵(𝐿) =
𝑎

12
𝐿 + (

𝑎

12
)

2

(−
11

3
𝐿 + 𝐿2) + (

𝑎

12
)

3

(
685

18
𝐿 −

77

6
𝐿2 +

5

3
𝐿3) + ⋯  

(𝜕𝐿 + 3𝛾𝑎𝜕𝑎 − 𝛾)(1 − Σ𝐵) = 0  

𝛾 = −[𝜕𝐿Σ𝐵]𝐿=0 = −
1

12
𝑎 +

11

432
𝑎2 −

685

31104
𝑎3 − (

𝜁3

1296
−

16405

559872
) 𝑎4 + ⋯  

Γ(−1 − 𝜌 − 𝜎) ∼
1

𝜌 + 𝜎
 

Σ𝐵
𝕃(𝑎, 𝐿) =

𝑎

12
lim

𝜌,𝜎→0
  [

1

1 − Σ𝐵
𝕃(𝑎, 𝜕𝜌)

] [
1

1 − Σ𝐵
𝕃(𝑎, 𝜕𝜌)

]
𝑒𝐿(𝜌+𝜎) − 1

𝜌 + 𝜎
 

𝜕𝐿Σ𝐵
𝕃(𝑎, 𝐿) =

𝑎

12
lim

𝜌,𝜎→0
  [

1

1 − Σ𝐵
𝕃(𝑎, 𝜕𝜌)

] [
1

1 − Σ𝐵
𝕃(𝑎, 𝜕𝜌)

] 𝑒𝐿(𝜌+𝜎) =
𝑎

12
[

1

1 − Σ𝕃(𝑎, 𝐿)
]
2

 

𝜕𝐿𝑌 = −
𝑎

12
𝑌𝑠  

𝑌𝕃 = (1 − (1 − 𝑠)
𝑎

12
𝐿)

1
1−𝑠

→
𝑠=−2 

(1 −
𝑎

4
𝐿)

1/3
 

Σ𝐵
𝕃 = 1 − (1 −

𝑎

4
𝐿)

1
3

=
𝑎

12
𝐿 + (

𝑎

12
)

2

𝐿2 +
5

3
(

𝑎

12
)

3

𝐿3 + ⋯  

𝜕𝐿Σ𝐵
𝕃

=
𝑎

2
lim

𝜌,𝜎→0
  (1 −

𝑎

4
𝜕𝜌)

−
1
3

(1 −
𝑎

4
𝜕𝜎)

−
1
3

(𝜌 + 𝜎)𝑒𝐿(𝜌+𝜎)𝐹(𝜌, 𝜎)  

(1 − 𝜅𝑎𝜕𝜌)
−𝛽

= 𝑎−𝛽 ∫  
∞

0

 𝑑𝑡𝑒−
𝑡
𝑎

𝑡𝛽−1

Γ(𝛽)
𝑒𝜅𝑡𝜕𝜌  

(1 −
1

4
𝑎𝜕𝜌)

−
1
3

(1 −
1

4
𝑎𝜕𝜎)

−
1
3

= 𝑎−
2
3

1

Γ (
1
3)

2 ∫  
∞

0

 𝑑𝑢 ∫  
∞

0

 𝑑𝑣𝑒−
𝑢+𝑣

𝑎 (𝑢𝑣)−
2
3𝑒

1
4
𝑢𝜕𝜌+

1
4
𝑣𝜕𝜎

 

𝜕𝐿Σ𝐵
𝕃

=
𝑎1/3

2Γ(1/3)2
∫  

∞

0

 𝑑𝑢 ∫  
∞

0

 𝑑𝑣𝑒−
𝑢+𝑣

𝑎 (𝑢𝑣)−
2
3 lim

𝜌,𝜎→0
 𝑒

1
4
𝑢𝜕𝜌+

1
4
𝑣𝜕𝜎𝑒𝐿(𝜌+𝜎)(𝜌 + 𝜎)𝐹(𝜌, 𝜎) 

 =
𝑎1/3

2Γ(1/3)2
∫  

∞

0

 𝑑𝑢 ∫  
∞

0

 𝑑𝑣𝑒−
𝑢+𝑣

𝑎 (𝑢𝑣)−
2
3𝑒

𝐿
4
(𝑢+𝑣) 𝑢 + 𝑣

4
𝐹 (

𝑢

4
,
𝑣

4
)
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𝜕𝐿Σ𝐵
𝕃

=
𝑎1/3

8Γ(1/3)2
∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎𝑒

𝐿
4
𝑡𝑡2/3 ∫  

1

0

 𝑑𝑥(𝑥(1 − 𝑥))−
2
3𝐹 (

𝑡𝑥

4
,
𝑡(1 − 𝑥)

4
)  

𝐹(𝜌, 𝜎) = Γ(−3 − 𝜌 − 𝜎)
𝐴(𝜌)𝐴(𝜎)

Γ(2 + 𝜌 + 𝜎)
, 𝐴(𝜌) =

Γ(2 + 𝜌)

Γ(1 − 𝜌)
 

𝜕𝐿Σ𝐵
𝕃

=
𝑎1/3

8Γ(1/3)2
∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎𝑒𝐿

𝑡
4Γ (−3 −

𝑡

4
) 𝑡2/3 ∫  

1

0

 𝑑𝑥(𝑥(1 − 𝑥))−
2
3

𝐴 (
𝑡𝑥
4

) 𝐴 (
𝑡(1 − 𝑥)

4
)

Γ (2 +
𝑡
4
)

 

ℬ𝑝(𝑡) =
2𝑒𝐿𝑡𝑡2Γ(−3 − 𝑡)

Γ(1/3)2
∫  

1

0

 𝑑𝑥(𝑥(1 − 𝑥))−
2
3

𝐴(𝑡𝑥)𝐴(𝑡(1 − 𝑥))

Γ(2 + 𝑡)
 

𝐼𝐴(𝑡) = ∫  
1

0

 𝑑𝑥(𝑥(1 − 𝑥))−
2
3

Γ(2 + 𝑡𝑥)

Γ(1 − 𝑡𝑥)

Γ(2 + 𝑡(1 − 𝑥))

Γ(1 − 𝑡(1 − 𝑥))

1

Γ(2 + 𝑡)
 

Γ(2 + 𝑡(1 − 𝑥))

Γ(2 + 𝑡)
=

Γ(−𝑛 + (2 + 𝑛)𝑥 + 𝑦)

Γ(−𝑛 + 𝑦)
≈

𝑦

(2 + 𝑛)𝑥 + 𝑦
.  

∫  
𝛿

0

 𝑑𝑥(𝑥(1 − 𝑥))−
2
3

Γ(2 + 𝑡𝑥)

Γ(1 − 𝑡𝑥)

Γ(2 + 𝑡(1 − 𝑥))

Γ(1 − 𝑡(1 − 𝑥))

1

Γ(2 + 𝑡)
≈ ∫  

𝛿

0

 𝑑𝑥
𝑥−

2
3𝑦

(2 + 𝑛)𝑥 + 𝑦
∼ 𝑦1/3  

𝑆 = ∫  𝑑𝑑𝑥 [
1

2
(𝜕𝜇𝜙)

2
+

𝜆

4!
𝜙4]  

 

Σ𝑆
1(𝑝2) =

𝜆2

3!

1

𝑝2
∫  

𝑑4𝑘1

(2𝜋)4

𝑑4𝑘2

(2𝜋)4

1

𝑘1
2

1

𝑘2
2

1

(𝑝 − 𝑘1 − 𝑘2)2
 

Σ𝑆(𝑝2) =
𝜆2

6
∫  

𝑑4𝑘1

(2𝜋)4

𝑑4𝑘2

(2𝜋)4

1

𝑘1
2

1

𝑘2
2

1

(𝑝 − 𝑘1 − 𝑘2)2

1

1 − Σ𝑆(𝑘1
2)

1

1 − Σ𝑆(𝑘2
2)

1

1 − Σ𝑆(𝑝 − 𝑘1 − 𝑘2)2
.  

𝐼(𝑎, 𝑏, 𝑐)=
1

𝑝2
∫  

𝑑𝑑𝑘1

(2𝜋)4

𝑑𝑑𝑘2

(2𝜋)4

1

𝑘1
2(1−𝑎)

1

𝑘2
2(1−𝑏)

1

(𝑝 − 𝑘1 − 𝑘2)2(1−𝑐)
 

=
𝜋𝑑

(2𝜋)2𝑑
(𝑝2)𝑑−4+𝑎+𝑏+𝑐

Γ (
𝑑
2 − 1 + 𝑎) Γ (

𝑑
2 − 1 + 𝑏) Γ (

𝑑
2 − 1 + 𝑐) Γ(3 − 𝑑 − 𝑎 − 𝑏 − 𝑐)

Γ(1 − 𝑎)Γ(1 − 𝑏)Γ(1 − 𝑐)Γ (
3
2 𝑑 − 3 + 𝑎 + 𝑏 + 𝑐)

 

 →
𝑑→4 1

256𝜋4
(𝑝2)𝑎+𝑏+𝑐𝐹(𝑎, 𝑏, 𝑐)

 

𝐹(𝑎, 𝑏, 𝑐) =
Γ(1 + 𝑎)Γ(1 + 𝑏)Γ(1 + 𝑐)Γ(−1 − 𝑎 − 𝑏 − 𝑐)

Γ(1 − 𝑎)Γ(1 − 𝑏)Γ(1 − 𝑐)Γ(3 + 𝑎 + 𝑏 + 𝑐)
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Σ𝑆(𝑞2) = 𝛼 lim
𝑎,𝑏,𝑐→0

 
1

1 − Σ(𝜕𝑎)

1

1 − Σ(𝜕𝑏)

1

1 − Σ(𝜕𝑐)
𝐹(𝑎, 𝑏, 𝑐)(𝑒𝐿(𝑎+𝑏+𝑐) − 1)  

𝛼 =
𝜆2

6 × 256𝜋4
 

𝜕𝐿Σ𝑆
𝕃(𝑞2) =

𝛼

2
lim

𝑎,𝑏,𝑐→0
 

1

1 − Σ𝑆
𝕃(𝜕𝑎)

1

1 − Σ𝑆
𝕃(𝜕𝑏)

1

1 − Σ𝑆
𝕃(𝜕𝑐)

𝑒𝐿(𝑎+𝑏+𝑐) =
𝛼

2
(

1

1 − Σ𝑆
𝕃)

3

 

Σ𝑆
𝕃 = 1 − (1 − 2𝛼𝐿)1/4  

𝜕𝐿Σ𝑆
𝕃

= 𝛼 lim
𝑎,𝑏,𝑐→0

  (
1

1 − 2𝛼𝜕𝑎

1

1 − 2𝛼𝜕𝑏

1

1 − 2𝛼𝜕𝑐
)

1/4 𝐴(𝑎)𝐴(𝑏)𝐴(𝑐)

Γ(1 + 𝑎 + 𝑏 + 𝑐)
𝐵(𝑎 + 𝑏 + 𝑐),  

𝐴(𝑥) =
Γ(1 + 𝑥)

Γ(1 − 𝑥)
, 𝐵(𝑥) = −𝑒𝐿𝑥

𝑥

1 + 𝑥
Γ(−2 − 𝑥)  

𝜕𝐿Σ𝑆
𝕃

=
𝛼−3/4

Γ(1/4)3
∫  

∞

0

 𝑑𝑢𝑑𝑣𝑑𝑤𝑒−
𝑢+𝑣+𝑤

𝛼 (𝑢𝑣𝑤)−3/4𝑒2𝑢𝜕𝑎+2𝑣𝜕𝑏+2𝑤𝜕𝑐

×
𝐴(𝑎)𝐴(𝑏)𝐴(𝑐)

Γ(1 + 𝑎 + 𝑏 + 𝑐)
𝐵(𝑎 + 𝑏 + 𝑐) 

 

𝜕𝐿Σ𝑆
𝕃

=
𝛼−3/4

Γ(1/4)3
∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝛼𝐵(2𝑡)𝑡−

1
4  

 × ∫  
1

0

 𝑑3𝑥𝛿(𝑥1 + 𝑥2 + 𝑥3 − 1)(𝑥1𝑥2𝑥3)−
3
4

𝐴(2𝑡𝑥1)𝐴(2𝑡𝑥2)𝐴(2𝑡𝑥3)

Γ(1 + 2𝑡)

 

Σ𝑠
0(𝑝2)  = −

𝜆

2
∫  

𝑑𝑑𝑘

(2𝜋)𝑑

1

𝑝2(𝑝 + 𝑘)2
(1 − 𝜆𝐵(𝑘2) + 𝜆2𝐵(𝑘2)2 + ⋯ )

 = −
𝜆

2
∫  

𝑑𝑑𝑘

(2𝜋)𝑑

1

𝑝2(𝑝 + 𝑘)2

1

1 + 𝜆𝐵(𝑘2)
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∫  
𝑑4𝑘

(2𝜋)4

1

𝑝2(𝑝 + 𝑘)2 (
𝑘2

𝜇2)

𝜌

= −
1

16𝜋2

1

(1 + 𝜌)(2 + 𝜌)
𝑒𝜌𝐿.  

Σ𝑠(𝑝
2) = −

𝜆

2
∫  

𝑑4𝑘

(2𝜋)4

1

𝑝2(𝑝 + 𝑘)2

1

1 − 𝑎ln 
𝑘2

𝜇2

= lim
𝜌→0

 
𝑎

1 − 𝑎𝜕𝜌

𝑒𝜌𝐿 − 1

(1 + 𝜌)(2 + 𝜌)  

𝑎 =
𝜆

32𝜋2
 

(1 + 𝜕𝐿)(2 + 𝜕𝐿)𝜕𝐿Σ𝑠 = lim
𝜌→0

 
𝑎

1 − 𝑎𝜕𝜌
𝜌𝑒𝜌𝐿 = 𝜕𝐿 [lim

𝜌→0
 

𝑎

1 − 𝑎𝜕𝜌
𝑒𝜌𝐿] =

𝑎2

(1 − 𝑎𝐿)2  

𝑎2

(1 − 𝑎𝐿)2
= ∫  

∞

0

 𝑑𝑡𝑒−
𝑡
𝑎𝑡𝑒𝑡𝐿  

Σ𝑠 = ∫  
∞

0

 𝑑𝑡𝑒−
𝑡
𝑎

𝑒𝑡𝐿 − 1

(1 + 𝑡)(2 + 𝑡)
 

 

Γ4
0(𝑠, 𝑡, 𝑢) = −𝜆 + 𝜆2[𝐵(𝑠) + 𝐵(𝑡) + 𝐵(𝑢)] + ⋯ ,  

𝑠 = (𝑝1 + 𝑝2)2, 𝑡 = (𝑝1 + 𝑝3)2 and 𝑢 = (𝑝1 + 𝑝4)2 
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Γ4 = −𝜆 −
𝜆2

32𝜋2
(ln 

𝑠

𝜇2
+ ln 

𝑡

𝜇2
+ ln 

𝑢

𝜇2
) + ⋯  

(𝜇𝜕𝜇 + 𝛽0𝜆2𝜕𝜆)Γ4(𝑠, 𝑡, 𝑢, 𝜇) = 0, 𝛽0 =
3

16𝜋2
 

 

Γ4 = −𝜆 − 𝜆 (
𝜆

16𝜋2
)

1

2
(𝐿𝑠 + 𝐿𝑡 + 𝐿𝑢) − 𝜆 (

𝜆

16𝜋2
)

2 3

4
(𝐿𝑠

2 + 𝐿𝑡
2 + 𝐿𝑢

2 ) + ⋯ .  

 

[(𝑘 + 𝑝)2]−𝜀 = (𝑘2 + 2𝑘 ⋅ 𝑝)−𝜀 = (𝑘2)−𝜀 (1 − 2𝜀
𝑘 ⋅ 𝑝

𝑘2
+ ⋯ ) .  

1

𝜀2
(𝜇2)3𝜀 ∫  𝑑𝑑𝑘

(𝑘2)−2𝜀

𝑘2(𝑃 − 𝑘)2
=

1

4
(

1

𝜀3
+ ⋯ + 𝐿𝑠

3 + ⋯ )  
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Γ4
𝕃(𝑠, 𝑡, 𝑢)  = −𝜆 − 𝜆 ∑  

∞

𝑛=1

 
1

3
(
𝛽0𝜆

2
)

𝑛

(𝐿𝑠
𝑛 + 𝐿𝑡

𝑛 + 𝐿𝑢
𝑛)

 = −
𝜆

3
(

1

1 −
𝛽0
2

𝜆𝐿𝑠

+
1

1 −
𝛽0
2

𝜆𝐿𝑡

+
1

1 −
𝛽0
2

𝜆𝐿𝑢

)

 

 

Σ𝑠𝑡𝑢
𝕃

= 2 ×
𝜆

2
∫  

𝑑𝑑𝑘

(2𝜋)𝑑

1

𝑝2(𝑝 + 𝑘)2

1

1 −
𝛽0
2 𝜆ln 

𝑘2

𝜇2

 

𝑎 =
𝜆

32𝜋2 with 
𝛽0

2
𝜆 =

3

2
𝑎 

Σ𝑠𝑡𝑢 ∼ 2 ∫  
∞

0

 𝑑𝑡𝑒
−

2𝑡
𝛽0𝜆

𝑒𝑡𝐿 − 1

(1 + 𝑡)(2 + 𝑡)
= 𝛽0 ∫  

∞

0

 𝑑𝑡𝑒
−

𝑡
𝜆

𝑒
𝛽0
2

𝑡𝐿 − 1

(1 +
𝛽0
2 𝑡) (2 +

𝛽0
2 𝑡)
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(𝝐 ⊗ id) ∘ Δ = id = (id ⊗ 𝝐) ∘ Δ  

𝑚 ∘ (𝑆 ⊗ id) ∘ Δ(𝑥) = 𝑚 ∘ (id ⊗ 𝑆) ∘ Δ(𝑥) = 𝝐(𝑥)𝟏𝑨.  

𝑆(𝑥) = −𝑥 − 𝑚 ∘ (𝑆 ⊗ id)Δ̃𝑥  

𝜙1 ∗ 𝜙2 = 𝑚 ∘ 𝜙1 ⊗ 𝜙1 ∘ Δ  

Δ𝑥 = 𝑥(1) ⊗ 𝑥(2) 

(𝜙1 ∗ 𝜙2)(𝑥) = 𝜙1(𝑥(1)) ⋅ 𝜙2(𝑥(2))  

𝜙 ∗ (𝜙 ∘ 𝑆)(𝑥)= 𝑚 ∘ (𝜙 ⊗ 𝜙 ∘ 𝑆) ∘ Δ(𝑥) = 𝑚 ∘ (𝜙 ⊗ 𝜙) ∘ (id ⊗ 𝑆) ∘ Δ(𝑥)  

 = 𝜙 ∘ 𝑚 ∘ (id ⊗ 𝑆) ∘ Δ(𝑥) = 𝜙(𝝐(𝑥)𝟏𝑨) = 𝝐(𝑥)𝜙(𝟏𝑨) = 𝝐(𝑥) = 𝟏𝑮(𝑥)
 

𝜙−1 = −𝜙 − 𝑚 ∘ (𝜙−1 ⊗ 𝜙) ∘ Δ̃  

𝑆 = id−1 = (𝟏𝑮𝟎
+ 𝜋)

−1
= ∑  

𝑘=0

  (−1)𝑘𝜋∗𝑘 = 𝟏𝑮𝟎
− 𝜋 + 𝜋 ∗ 𝜋 − 𝜋∗3 + ⋯  

𝜙(𝑥) = ∑  

∞

𝑛=−ℓ

𝑐𝑛𝜀𝑛 

𝑅[𝜙(𝑥)] = ∑  

−1

𝑛=−ℓ

  𝑐𝑛𝜀𝑛  

𝑅[𝜙(𝑥)𝜙(𝑦)] = 𝑅[𝜙(𝑥)]𝑅[𝜙(𝑦)] 

𝜙(𝑥) = 𝜙(𝑦) =
1

𝜀
+ 𝜀 

𝜙− = −𝑅[𝜙 + 𝑚 ∘ (𝜙− ⊗ 𝜙)Δ̃]  
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𝜙−(𝑥) ∈ ℂ[𝜀−1, 𝑝𝑖
𝜇
] 

𝜙+ = 𝜙− ∗ 𝜙  

𝜙+(𝑥)= 𝜙−(𝟏𝑨)𝜙(𝑥) + 𝜙−(𝑥)𝜙(𝟏𝑨) + 𝑚 ∘ (𝜙− ⊗ 𝜙)Δ̃𝑥 

 = (1 − 𝑅)[𝜙 + 𝑚 ∘ (𝜙− ⊗ 𝜙)Δ̃𝑥]
 

𝑅(𝑥)𝑅(𝑦) = 𝑅[𝑅(𝑥)𝑦 + 𝑥𝑅(𝑦) + 𝜆𝑥𝑦]  

𝑅𝑝[𝑓(𝐿, 𝜀)] = 𝑓(0, 𝜀)  

𝑅𝑝[𝜙−(𝑥)] = 𝑅𝑝[𝜙+ ∗ 𝜙−1(𝑥)] = 𝑅𝑝[𝜙+(𝑥(1))𝜙−1(𝑥(2))] = 𝑅𝑝[𝜙+(𝑥(1))]𝑅𝑝[𝜙−1(𝑥(2))],  

𝑅𝑝[𝜙+(𝑥(1))] = 𝝐(𝑥(1)) 

𝜙− = 𝑅𝑝 ∘ 𝜙−1.  

Σ𝐻
0 (𝑝2) =

𝑎

𝜋3
∫  𝑑6𝑘

1

𝑝2𝑘2(𝑝 + 𝑘)2

1

1 − Σ𝐻
0 (𝑘2)

 

𝐺2
0 = [𝑘2 (1 − Σ𝐻

0 (𝑘2))]
−1

 

𝜙(𝐵•(𝑥))(𝑝2) =
𝑎

𝜋3𝑝2
∫  𝑑6𝑘

[𝜙(𝑥)(𝑘2)]

𝑘2(𝑝 + 𝑘)2
 

1 − Σ𝐻
0 = 𝜙(𝑋𝐻) 

𝑋𝐻 = 𝟏𝑨 − 𝑎𝐵•(𝑋𝐻
−1)  

ΔΓ = ∑  

𝛾

𝛾 ⊗ Γ/𝛾 

Δ𝐵• = (id ⊗ 𝐵•)Δ + 𝐵• ⊗ 𝟏𝑨  

Δ𝑋𝐻 = ∑  

∞

ℓ=0

 𝑋𝐻
1−2ℓ ⊗ [𝑋𝐻]ℓ  

ΔΓ = ∑  

𝛾

𝛾 ⊗ Γ/𝛾 

Δ𝑋𝐻 = ∑  

𝑥∈𝑋𝐻

𝛾𝑥 ⊗ 𝑥 

𝛾𝑥 = 𝐺2
(2ℓ−1)

 where 𝐺2 =
1

1−Σ𝐻
=

1

𝑋𝐻
 

𝜙(𝑋𝑅) = 1 + Σ𝑅 

𝑋𝑅 = 𝟏𝑨 + 𝑎𝐵•(𝑋𝑅) 
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𝑋 = 𝟏𝑨 ± 𝑎𝐵•(𝑋
𝑠)  

Δ𝑋 = ∑  

∞

ℓ=0

 𝑋1+(𝑠−1)ℓ ⊗ [𝑋]ℓ  

𝜕𝐿𝜙+ = 𝛾 ∗ 𝜙+  

𝜕𝐿 = −
1

2
𝜇𝜕𝜇 consistent with the convention 𝐿 = ln 

𝑝2

𝜇2 

𝐴ℓ(𝑝) = ∫  𝜇2𝜀
𝑑𝑑𝑘1

(2𝜋)𝑑
… 𝜇2𝜀

𝑑𝑑𝑘ℓ

(2𝜋)𝑑
ℐ(𝑘, 𝑝)  

𝜕𝐿𝐴ℓ = −𝜀ℓ𝐴ℓ  

𝜕𝐿𝜙(𝑥) = −𝜙(𝜀𝑌 ∘ 𝑥)  

𝑌(𝑎𝑏) = [ℓ(𝑎) + ℓ(𝑏)]𝑎𝑏 = [ℓ(𝑎)𝑎]𝑏 + 𝑎[ℓ(𝑏)𝑏] = 𝑌(𝑎)𝑏 + 𝑎𝑌(𝑏)  

Δ𝑌 = (𝑌 ⊗ id + id ⊗ 𝑌)Δ  

Δ̃𝑥 = 𝑥̃(1) ⊗ 𝑥̃(2) 

𝜙+(𝑥) = 𝜙(𝑥) + 𝜙−(𝑥) + 𝜙−(𝑥̃(1))𝜙(𝑥̃(2))  

𝜕𝐿𝜙+(𝑥)  = 𝜕𝐿𝜙(𝑥) + 𝜙−(𝑥̃(1))𝜕𝐿𝜙(𝑥̃(2))

 = −𝜙(𝜀𝑌 ⋅ 𝑥) − 𝜙−(𝑥̃(1))𝜙(𝜀𝑌𝑥̃(2))

 = −𝑚 ∘ (𝜙− ⊗ 𝜙)(id ⊗ 𝜀𝑌)[𝑥 ⊗ 𝟏𝑨 + 𝟏𝑨 ⊗ 𝑥 + 𝑥̃(1) ⊗ 𝑥̃(2)]

 = −𝜙− ∗ (𝜙 ∘ 𝜀𝑌)(𝑥)

 

𝜙 ∘ 𝑌 = (𝜙−
−1 ∗ 𝜙+)Δ𝑌 = (𝜙−

−1 ∘ 𝑌) ∗ 𝜙+ + 𝜙−
−1 ∗ (𝜙+ ∘ 𝑌).  

𝜕𝐿𝜙+ = −𝜙− ∗ (𝜙−
−1 ∘ 𝜀𝑌) ∗ 𝜙+ − (𝜙+ ∘ 𝜀𝑌).  

𝜕𝐿𝜙+ = −(𝜙−
−1 ∘ 𝑆) ∗ (𝜙−

−1 ∘ 𝜀𝑌) ∗ 𝜙+ = −𝜙−
−1(𝜀𝑆 ∗ 𝑌) ∗ 𝜙+.  

𝛾 = −lim
𝜀→0

 𝜙−
−1(𝜀𝑆 ∗ 𝑌)  

𝜙− = 𝑅𝑝 ∘ 𝜙 ∘ 𝑆 and 𝜙−
−1 = 𝜙− ∘ 𝑆 = 𝑅𝑝 ∘ 𝜙 

𝛾𝑷 = −lim
𝜀→0

 𝜙−
−1(𝜀𝑆 ∗ 𝑌) = −lim

𝜀→0
 𝑅𝑝 ∘ 𝜙(𝜀𝑆 ∗ 𝑌) = − lim

𝐿,𝜀→0
 𝜙(𝜀𝑆 ∗ 𝑌).  

𝜕𝐿𝜙(𝜀𝑆 ∗ 𝑌) = −𝜀2𝜙((𝑆 ∗ 𝑌) ∘ 𝑌) 

𝛾𝑷 = −𝜙(𝜀𝑆 ∗ 𝑌)  

𝛾𝑷 = (𝜕𝐿𝜙+)𝐿=0  

𝜹(𝑥𝑦) = 𝜹(𝑥)𝝐(𝑦) + 𝝐(𝑥)𝜹(𝑦),  

[𝜹1, 𝜹2] = 𝜹1 ∗ 𝜹2 − 𝜹2 ∗ 𝜹1 
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ln∗ 𝜙+ ∈ 𝔤 where ln∗ = ∑  
1

𝑛
∗𝑛 

𝜙+ = exp∗ (𝐿𝜸) ∗ 𝜙+
0  

𝜙+ = exp∗ (𝐿𝛾𝑷)  

𝜸𝑷 = −𝜙(𝜀𝐷) =
1

𝐿
ln∗ 𝜙+ ∈ 𝔤 

𝜙+(𝐿1 + 𝐿2) = 𝜙+(𝐿1) ∗ 𝜙+(𝐿2) 

𝜙+(𝑥) = ∑  

ℓ

𝑘=0

  𝑐𝑘(𝑥)𝐿𝑘  

Π(𝑎, 𝐿) = 𝜙+(𝑋) = exp∗ (𝐿𝛾𝑷) ∘ 𝑋  

Σ(𝑎, 𝐿) = 𝜙+(𝟏𝑨 − 𝑋) 

𝛾 = −lim
𝐿→0

 𝜕𝐿Σ = lim
𝐿→0

 𝜕𝐿𝜙+(𝑋) = 𝛾𝑷 ∘ 𝑋  

𝜙+(𝑋𝑠) = 𝜙+(𝑋)𝑠 = [exp ∗ (𝐿𝜸𝑷) ∘ 𝑋]𝑠 = [Π(𝑎, 𝐿)]𝑠  

exp∗ = ∑  
1

𝑛!
∗𝑛 

Π(𝑎, 𝐿0 + 𝐿) = exp∗ ((𝐿0 + 𝐿)𝜸𝑷) ∘ 𝑋 = [exp∗ (𝐿0𝜸𝑷)] ∗ [exp∗ (𝐿𝜸𝑷)] ∘ 𝑋  

Π(𝑎, 𝐿0 + 𝐿)  = 𝑚 ∘ ∑  

∞

ℓ=0

 exp∗ (𝐿0𝜸𝑷) ∘ 𝑋1+(𝑠−1)ℓ ⊗ exp∗ (𝐿𝜸𝑷)[𝑋]ℓ

 = ∑  

∞

ℓ=0

  [Π(𝑎, 𝐿0)]1+(𝑠−1)ℓ[Π(𝑎, 𝐿)]ℓ

 

Π(𝑎, 𝐿0 + 𝐿) = Π(𝑎, 𝐿0)Π(𝑎̃(𝐿0), 𝐿)  

𝑎̃(𝐿0) = 𝑎Π(𝑎, 𝐿0)𝑠−1  

𝛽 ≡ lim
𝐿→0

 𝜕𝐿𝑎̃(𝑎, 𝐿)  

𝛽 = 𝑎lim
𝐿→0

 𝜕𝐿Π(𝑎, 𝐿)𝑠−1 = 𝑎lim
𝐿→0

 𝜕𝐿𝜙+(𝑋)𝑠−1 = 𝑎(𝑠 − 1)lim
𝐿→0

 𝜕𝐿𝜙+(𝑋) = (𝑠 − 1)𝑎𝛾  

𝜕𝐿Π(𝑎, 𝐿)  = lim
𝐿0→0

 𝜕𝐿0
Π(𝑎, 𝐿 + 𝐿0) = lim

𝐿0→0
 𝜕𝐿0

Π(𝑎, 𝐿0)Π(𝑎̃(𝐿0), 𝐿)

 = 𝛾Π(𝑎, 𝐿) + (𝑠 − 1)𝑎𝛾𝜕𝑎Π(𝑎, 𝐿)
 

(𝜕𝐿 − 𝛾 − (𝑠 − 1)𝑎𝛾𝜕𝑎)(1 − Σ) = 0  

𝛾 = −(𝜕𝐿Σ)𝐿=0 

𝛾 =
𝑑

𝑑𝐿
ln (1 − Σ)  
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𝑑

𝑑𝐿
= 𝜕𝐿 − 𝛽𝜕𝑎 with 𝛽 = (𝑠 − 1)𝑎𝛾 

Σ𝐵
0(𝑝2) =

𝑎

2𝜋3
∫  𝑑6𝑘

1

𝑝2(𝑝 + 𝑘)2 (1 − Σ𝐵
0((𝑝 + 𝑘)2))

1

𝑘2 (1 − Σ𝐵
0(𝑘2))

 

1 − Σ𝐵
0 = 𝜙(𝑋𝐵)𝜙2𝜒 

𝑋𝐵 = 𝟏𝑨 + 𝑎𝐵• (
1

𝑋𝐵
⊗

1

𝑋𝐵
) .  

𝐵•: 𝐴 ⊗ 𝐴 → 𝐴 

𝜙(𝐵•(𝑥 ⊗ 𝑦))(𝑝2) =
𝑎

2𝜋3
∫  𝑑6𝑘

1

𝑝2

[𝜙(𝑥)(𝑝 + 𝑘)2]

(𝑝 + 𝑘)2

[𝜙(𝑦)(𝑘)2]

𝑘2
 

Δ𝐵•(𝑥 ⊗ 𝑦) = 𝑥(1)𝑦(1) ⊗ 𝐵•(𝑥(2) ⊗ 𝑦(2)) + 𝐵•(𝑥 ⊗ 𝑦) ⊗ 𝟏𝑨,  

Δ𝐵• = (𝑚 ⊗ 𝐵•) ∘ (Δ ⊗ Δ) + 𝐵• ⊗ 𝟏𝑨  

(Δ ⊗ Δ)(𝑥 ⊗ 𝑦) = (𝑥(1) ⊗ 𝑥(2)) ⊗ (𝑦(1) ⊗ 𝑦(2)) ≡ 𝑥(1) ⊗ 𝑦(1) ⊗ 𝑥(2) ⊗ 𝑦(2).  

𝑋 = 𝟏𝑨 + 𝑎𝐵•(𝑋
𝑠 ⊗ 𝑋𝑡)  

Δ𝑋 = ∑  

∞

ℓ=0

 𝑋1+(𝑠+𝑡−1)ℓ ⊗ [𝑋]ℓ  

𝛽 = (𝑠 + 𝑡 − 1)𝛾𝑎,  

(𝜕𝐿 − 𝛾 − (𝑠 + 𝑡 − 1)𝑎𝛾𝜕𝑎)(1 − Σ) = 0  

𝜙+ = (1 − 𝑅)[𝜙 + 𝑚 ∘ (𝜙− ⊗ 𝜙)Δ̃]  

ℒ =
1

2
(𝜕𝜇𝜙0)

2
+

1

2
(𝜕𝜇𝜒0)

2
−

1

2
𝜆0𝜙0

2𝜒0 =
1

2
𝑍𝜙(𝜕𝜇𝜙2) +

1

2
𝑍𝜙(𝜕𝜇𝜒2) −

𝜆

2
𝑍𝑣𝜙2𝜒  

𝜆0 = 𝑍𝜆𝜆, 𝜙0 = √𝑍𝜙𝜙, 𝜒0 = √𝑍𝜒𝜒 

𝑍𝑣 = 𝑍𝜆𝑍𝜙√𝑍𝜒  

⟨𝜙0𝜙0⟩ = 𝑍𝜙⟨𝜙𝜙⟩, ⟨𝜙0𝜙0⟩ = 𝜙(𝑋), ⟨𝜙𝜙⟩ = 𝜙+(𝑋), 𝜙+ = 𝜙− ∗ 𝜙 

𝜙+(𝑋) = 𝜙−(𝑋)𝜙(𝑋) 

𝜙+ = ∑  

∞

ℓ=0

 𝜙−(𝑋)1+(𝑠−1)ℓ𝜙([𝑋]ℓ).  
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𝜙+(𝑋) = 𝑍𝜙(𝑋̂), 𝑋̂ = ∑  

∞

ℓ=0

  (𝑎𝑍𝑎)ℓ[𝑋]ℓ  

 

𝛿𝜙
1 = −𝜙−(𝑥1), 𝛿𝜙

2 = −𝜙−(𝑥2) and 𝛿𝑣 = 0 

𝛿𝜙
1  = 𝑅[Σ1

0]

𝛿𝜙
2  = 𝑅[Σ2

0 − 𝛿𝜙
1Σ1

0] = 𝑅[Σ2
0 − 𝑅[Σ1

0]Σ1
0]

 

𝛽𝑎 = −
𝑎

2
𝜇

𝑑

𝑑𝜇
ln 𝑍𝑎 , 𝛾 = −

1

2
𝜇

𝑑

𝑑𝜇
ln 𝑍𝜙 .  

1

1 − Σ0
= 𝑍𝜙

1

1 − Σ
1 + Σ0 = 𝑍𝜙(1 + Σ𝑅) 

Σℓ
0 → −Σℓ

0 and Σℓ → −Σℓ 

𝑍𝜙 → 1/𝑍𝜙 ⋀ 1/𝑍𝜙 = 1 + ∑  

ℓ≥1

𝑎ℓ𝛿̂𝜙
ℓ  

𝛿̂𝜙
1 = −𝑅[Σ1

0] = 𝛿𝜙
1

𝛿̂𝜙
2 = 𝑅[−Σ2

0 + 𝛿̂𝜙
1Σ1

0 − 2𝛿𝑣
1Σ1

0] = −𝑅[Σ2
0 + (𝑅[Σ1

0] − 2𝛿𝑣
1)Σ1

0].
 

𝛿𝑣
1 = 𝑅[Σ1

0] = −𝛿̂1 = 𝛿𝜙
1  

𝑄 ≡
𝐺2,1(𝑝𝑖𝑗 , 𝜇)

√𝐺2,0(𝑝1, 𝜇)√𝐺2,0(𝑝2, 𝜇)√𝐺0,2(𝑝2, 𝜇)
 

𝐺𝑛,𝑚 ∼ ⟨𝜙𝑛𝜒𝑚⟩ 
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𝑑𝑑

𝑑𝜇
𝑄 ⨁ 𝜆𝜙+(𝑄̂) ⨂ ₯ = 𝜆 + 𝒪(𝜆3) 

𝑄̂ =
𝑋𝑉

𝑋𝜙√𝑋𝜒
 

 

Σ = ∑  (
𝑎

6
)

𝑛

Σ𝑛(𝐿)  

𝐹(𝜌)  = 𝜇6−𝑑 ∫  
𝑑𝑑𝑘

𝜋𝑑/2

1

𝑝2𝑘2(𝑝 + 𝑘)2 (
𝑘2

𝜇2)

𝜌

 = 𝑒
𝐿(

𝑑−6
2

+𝜌)
Γ (

𝑑

2
− 1)

Γ (2 −
𝑑
2

− 𝜌)

Γ(1 − 𝜌)

Γ (
𝑑
2

− 1 + 𝜌)

Γ(𝑑 − 2 + 𝜌)
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𝑆 = id∗−1 = ∑  

𝑘=0

(−1)𝑘𝜋∗𝑘 

𝑓(𝑎) = ∑  

∞

𝑛=0

  𝑐𝑛𝑎𝑛 =
1

𝑎
∫  

∞

0

 𝑑𝑡𝑒−𝑡/𝑎ℬ(𝑡), ℬ(𝑡) = ∑  

𝑛≥0

 
𝑐𝑛

𝑛!
𝑡𝑛  

𝑐𝑛 ∼ 𝐶𝑛−𝑟𝐴𝑛𝑛!.  

ℬ(𝑡) ∼ ∑  

∞

𝑛=0

 
𝑐𝑛

𝑛!
𝑡𝑛 = 𝐶 ∑  

∞

𝑛=0

  (𝐴𝑡)𝑛𝑛−𝑟 = 𝐶Li𝑟(𝐴𝑡)  

𝑓(𝑎) = 𝑎−𝑝 ∫  
∞

0

 𝑑𝑡𝑒−𝑡/𝑎𝑡𝑝−1ℬ𝑝(𝑡), ℬ𝑝(𝑡) = ∑  

𝑛≥0

 
𝑐𝑛

Γ(𝑛 + 𝑝)
𝑡𝑛

 

𝑐𝑛 ∼ 𝐶𝐴𝑛𝑛! 𝑛−𝑟 gives Γ(𝑛 + 𝑝) ∼ 𝑛𝑝−1𝑛! 

ℬ𝑝(𝑡) ∼ 𝐶 ∑  

𝑛≥0

  (𝐴𝑡)𝑛𝑛−(𝑝+𝑟−1) = 𝐶Li𝑟+𝑝−1(𝐴𝑡)  

∫
1

𝑎
𝜕𝐿Σ𝐶 ∫

1

𝑎
𝜕𝐿𝑓(𝑎, 𝐿) ⋆ 𝑎0 ∖ 𝑎𝜇𝑑−6

𝑍𝑣
2

𝑍2𝑍𝜒
⋇ 𝜕𝜑𝑎0 ⊠ 𝑎𝜇𝑑−6𝑍−2 

Γ4 = 𝜆 (1 +
𝜆

32𝜋2
(𝐿𝑠 + 𝐿𝑡 + 𝐿𝑢))

−1

 

ℛ𝐽/Ψℓ+ℓ− =
ℬ(𝑍 → 𝐽/Ψℓ+ℓ−)

ℬ(𝑍 → 𝜇+𝜇−𝜇+𝜇−)
= 0.67 ± 0.18(stat) ± 0.05(syst)  
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ℒNC = 𝑒𝐽𝜇
em𝐴𝜇 +

𝑔𝑍

2
𝐽𝜇
𝑍𝑍𝜇  

𝐽𝜇
em = ∑  

𝑓

 𝑄𝑓𝑓‾𝛾𝜇𝑓, 𝐽𝜇
𝑍 = ∑  

𝑓

 𝑓‾𝛾𝜇(𝑔𝑉
𝑓

− 𝑔𝐴
𝑓
𝛾5)𝑓.  

 

𝑔𝑍= 2(√2𝐺𝐹)
1
2𝑚𝑍  

𝑔𝑉
𝑓
 = 𝑇3

𝑓
− 2𝑄𝑓sin2 𝜃𝑊, 𝑔𝐴

𝑓
= 𝑇3

𝑓
 

𝑖ℳ1
𝛾

=
𝑖𝑒2𝑔𝑍𝑄𝑉𝑓𝑉

2𝑚𝑉
𝜖𝜈(𝑝)𝜖𝜇

∗(𝑞)𝑢‾(𝑘1) (𝛾𝜇
k̸1 + q̸ + 𝑚ℓ

𝑚𝑉
2 + 2𝑘1 ⋅ 𝑞

𝛾𝜈 − 𝛾𝜈
k̸2 + q̸ + 𝑚ℓ

𝑚𝑉
2 + 2𝑘2 ⋅ 𝑞

𝛾𝜇)

 × (𝑔𝑉
ℓ − 𝑔𝐴

ℓ𝛾5)𝑣(𝑘2)

 

⟨𝑉(𝑝, 𝜖)|𝑄‾𝛾𝜇𝑄|0⟩ = 𝑓𝑉𝑚𝑉𝜖𝜇
∗  

Γ(𝑉 → 𝑒+𝑒−) =
4𝜋𝑄𝑉

2𝑓𝑉
2

3𝑚𝑉
𝛼em

2 (𝑚𝑉).  

 

𝑖ℳ2 = 4√3𝑒2𝑔𝑍𝑔𝐴
𝑄𝑚𝑉 (

𝜓𝑉(0)

√𝑚𝑉

) 𝜀𝜇𝜈𝛼𝛽𝜖𝜈(𝑝)𝜖𝜇
∗(𝑞)𝑘𝛼

𝑢‾(𝑘1)𝛾𝛽𝑣(𝑘2)

(𝑚𝑍
2 − 𝑚𝑉

2 + 𝑘2)𝑘2  

𝑖ℳ1 =
𝑖𝑒2𝑔𝑍𝑄𝑉𝑓𝑉

2𝑚𝑉
𝜖𝜈(𝑝)𝜖𝜇

∗(𝑞)𝑢‾(𝑘1) (𝛾𝜇
k̸1 + q̸ + 𝑚ℓ

𝑚𝑉
2 + 2𝑘1 ⋅ 𝑞

𝛾𝜈 − 𝛾𝜈
k̸2 + q̸ + 𝑚ℓ

𝑚𝑉
2 + 2𝑘2 ⋅ 𝑞

𝛾𝜇)

 × (𝑔̃𝑉
ℓ − 𝑔̃𝐴

ℓ𝛾5)𝑣(𝑘2)

 

𝑔̃𝑉
ℓ = 𝑔𝑉

ℓ +
𝑚𝑉

2 [(𝑔𝑉
ℓ)

2
+ (𝑔𝐴

ℓ)
2
]𝑔𝑉

𝑄

sin2 2𝜃𝑊(𝑚𝑍
2 − 𝑚𝑉

2)𝑄𝑉

, 𝑔̃𝐴
ℓ = 𝑔𝐴

ℓ +
𝑚𝑉

2(2𝑔𝑉
ℓ𝑔𝐴

ℓ)𝑔𝑉
𝑄

sin2 2𝜃𝑊(𝑚𝑍
2 − 𝑚𝑉

2)𝑄𝑉
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𝑖ℳ3 = −√3𝑔𝑍
3𝑔𝑉

𝑄𝑔𝐴
𝑄𝑚𝑉 (

𝜓𝑉(0)

√𝑚𝑉

)𝜀𝜇𝜈𝛼𝛽𝜖𝜈(𝑝)𝜖𝜇
∗(𝑞)(2𝑘 + 𝑞)𝛼

𝑢‾(𝑘1)𝛾𝛽(𝑔𝑉
ℓ − 𝑔𝐴

ℓ𝛾5)𝑣(𝑘2)

(𝑚𝑍
2 − 𝑚𝑉

2 + 𝑘2)(𝑘2 − 𝑚𝑍
2)

 

𝑑𝒟Γ

𝑑𝑠𝑑cos 𝜃
=

1

512𝜋3𝑚𝑍
3 𝛽ℓ𝜆1/2(𝑚𝑍

2, 𝑚𝑉
2 , 𝑠)

1

3
∑  

spins 

  |ℳ|2  

𝛽ℓ = √1 − 4𝑚ℓ
2/𝑠, 𝜆(𝑎, 𝑏, 𝑐) = 𝑎2 + 𝑏2 + 𝑐2 − 2𝑎𝑏 − 2𝑎𝑐 − 2𝑏𝑐 

4𝑚ℓ
2 ≤ 𝑠 ≤ (𝑚𝑍 − 𝑚𝑉)2, −1 ≤ cos 𝜃 ≤ 1  

Γ(𝑍 → 𝑉ℓ+ℓ−) = Γ1 + Γ2 + Γ3 + Γ12 + Γ13 + Γ23  

ℬ𝑖(𝑍 → 𝑉ℓ+ℓ−) = Γ𝑖/Γ𝑍  

ℬ(𝑍 → 𝑉ℓ+ℓ−) = Γ(𝑍 → 𝑉ℓ+ℓ−)/Γ𝑍  

𝐴FB(𝑠) =
∫  

1

0
 

𝑑2Γ
𝑑𝑠𝑑cos 𝜃

𝑑cos 𝜃 − ∫  
0

−1
 

𝑑2Γ
𝑑𝑠𝑑cos 𝜃

𝑑cos 𝜃

∫  
1

0
 

𝑑2Γ
𝑑𝑠𝑑cos 𝜃

𝑑cos 𝜃 + ∫  
0

−1
 

𝑑2Γ
𝑑𝑠𝑑cos 𝜃

𝑑cos 𝜃

 

ℬ1 = 7.78 × 10−7, ℬ2 = 1.62 × 10−9, ℬ3 = 1.10 × 10−12

ℬ12 = −1.26 × 10−9, ℬ13 = 8.79 × 10−11, ℬ23 = −1.21 × 10−12  

ℬ(𝑍 → 𝐽/Ψℓ+ℓ−) = (7.78 ± 0.14) × 10−7  

ℬ(𝑍 → Ψ(2𝑆)ℓ+ℓ−) = (2.40 ± 0.04) × 10−7  

Γ(𝑍 → 𝑉ℓ+ℓ−) =
𝑔𝑍

2 [(𝑔𝑉
ℓ)

2
+ (𝑔𝐴

ℓ)
2
]

32𝜋2𝑚𝑍
2

Γ(𝑉 → 𝑒+𝑒−)

𝑚𝑉
𝐼(𝑚𝑉

2)  

𝐼(𝑚𝑉
2) = ∫  

(𝑚𝑍−𝑚𝑉)2

4𝑚ℓ
2

 𝑑𝑠 ∫  
1

−1

 𝑑cos 𝜃𝛽ℓ𝜆1/2(𝑚𝑍
2, 𝑚𝑉

2 , 𝑠)𝐼(𝑠, cos 𝜃)  

𝑅 =
ℬ(𝑍 → 𝐽/Ψℓ+ℓ−)

ℬ(𝑍 → Ψ(2𝑆)ℓ+ℓ−)
=

𝑚Ψ(2𝑆)

𝑚𝐽/Ψ

𝐼(𝑚𝐽/Ψ
2 )

𝐼(𝑚Ψ(2𝑆)
2 )

Γ(𝐽/Ψ → 𝑒+𝑒−)

Γ(Ψ(2𝑆) → 𝑒+𝑒−)
 

ℬ1 = 2.04 × 10−8, ℬ2 = 9.29 × 10−10, ℬ3 = 8.77 × 10−12

ℬ12 = 4.66 × 10−10, ℬ13 = −7.21 × 10−11, ℬ23 = −2.61 × 10−12  

ℬ(𝑍 → Υ(1𝑆)𝑒+𝑒−) = (2.18 ± 0.03) × 10−8

ℬ(𝑍 → Υ(1𝑆)𝜇+𝜇−) = (2.13 ± 0.03) × 10−8  

𝛼𝑠(𝑚𝑉) = 0.25, 𝑣2 = 0.3  

𝛼𝑠(𝑚𝑉) = 0.18, 𝑣2 = 0.1  

ℬ(𝑍 → Υ(1𝑆)𝑒+𝑒−) = (2.18 ± 0.03 ± 0.03) × 10−8 = (2.18 ± 0.04) × 10−8

ℬ(𝑍 → Υ(1𝑆)𝜇+𝜇−) = (2.13 ± 0.03 ± 0.02) × 10−8 = (2.13 ± 0.04) × 10−8  
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Γ(Υ(2𝑆) → 𝑒+𝑒−) = 0.612 ± 0.011keV and Γ(Υ(3𝑆) → 𝑒+𝑒−) = 0.443 ± 0.008 keV 

𝜓Υ(2𝑆)
2 = 0.271 ± 0.019GeV3 and 𝜓Υ(3𝑆)

2 = 0.213 ± 0.015GeV3 

ℬ(𝑍 → Υ(2𝑆)𝑒+𝑒−) = (0.88 ± 0.02) × 10−8

ℬ(𝑍 → Υ(2𝑆)𝜇+𝜇−) = (0.86 ± 0.02) × 10−8

ℬ(𝑍 → Υ(3𝑆)𝑒+𝑒−) = (0.60 ± 0.01) × 10−8

ℬ(𝑍 → Υ(3𝑆)𝜇+𝜇−) = (0.58 ± 0.01) × 10−8

 

 

Γ𝛼𝛽𝜇
𝑍𝛾𝐺∗

(𝑝, 𝑞, 𝑘) =
𝑖𝑒

𝑚𝑍
2 [ℎ1

𝐺(𝑞𝛼𝑔𝜇𝛽 − 𝑞𝛽𝑔𝜇𝛼) +
ℎ2

𝐺

𝑚𝑍
2 𝑘𝛼(𝑘 ⋅ 𝑞𝑔𝜇𝛽 − 𝑞𝛽𝑘𝜇)] (𝑘2 − 𝑚𝐺

2),  

𝑖ℳnew =
𝑖𝑒2𝑔𝑍𝑓𝑉ℎ1

𝑍

2𝑚𝑍
2𝑚𝑉

𝜖𝛼(𝑝)𝜖𝜇
∗(𝑞)(𝑞𝛼𝑔𝜇𝛽 − 𝑞𝛽𝑔𝜇𝛼)𝑢‾(𝑘1)𝛾𝛽(𝑔𝑉

ℓ − 𝑔𝐴
ℓ𝛾5)𝑣(𝑘2)

−
𝑖𝑒3𝑄𝑉𝑓𝑉ℎ1

𝛾

𝑚𝑍
2𝑚𝑉

𝜖𝛼(𝑝)𝜖𝜇
∗(𝑞)(𝑞𝛼𝑔𝜇𝛽 − 𝑞𝛽𝑔𝜇𝛼)𝑢‾(𝑘1)𝛾𝛽𝑣(𝑘2)

 

ℎ1
𝑍 [(𝑔𝑉

ℓ)
2

+ (𝑔𝐴
ℓ)

2
] 

−0.12 < ℎ1
𝑍 < +0.11, −0.05 < ℎ1

𝛾
< +0.05,  

𝐴FB(𝑠) = 4ℎ1
𝑍 ⋅

𝒜1(𝑠)

𝒜(𝑠)
 

𝒜1(𝑠)= ∫  
1

0

 𝑑cos 𝜃𝛽ℓ𝜆1/2(𝑚𝑍
2, 𝑚𝐽/Ψ

2 , 𝑠)
𝑞 ⋅ 𝑘1𝑞 ⋅ 𝑘2 − 𝑚𝐽/Ψ

2 𝑘1 ⋅ 𝑘2

(𝑚𝐽/Ψ
2 + 2𝑘1 ⋅ 𝑞)(𝑚𝐽/Ψ

2 + 2𝑘2 ⋅ 𝑞)

𝑞 ⋅ (𝑘2 − 𝑘1)

𝑚𝑍
2  

 − ∫  
0

−1

 𝑑cos 𝜃𝛽ℓ𝜆1/2(𝑚𝑍
2, 𝑚𝐽/Ψ

2 , 𝑠)
𝑞 ⋅ 𝑘1𝑞 ⋅ 𝑘2 − 𝑚𝐽/Ψ

2 𝑘1 ⋅ 𝑘2

(𝑚𝐽/Ψ
2 + 2𝑘1 ⋅ 𝑞)(𝑚𝐽/Ψ

2 + 2𝑘2 ⋅ 𝑞)

𝑞 ⋅ (𝑘2 − 𝑘1)

𝑚𝑍
2

 

𝒜(𝑠) = ∫  
1

−1

 𝑑cos 𝜃𝛽ℓ𝜆1/2(𝑚𝑍
2 , 𝑚𝐽/Ψ

2 , 𝑠)𝐼(𝑠, cos 𝜃)  

𝐼(𝑠, cos 𝜃) = [
2𝑝 ⋅ 𝑘1𝑝 ⋅ 𝑘2 − 𝑚𝑍

2𝑘1 ⋅ 𝑘2

(𝑚𝐽/Ψ
2 + 2𝑘1 ⋅ 𝑞)

2 +
2𝑝 ⋅ 𝑘1𝑝 ⋅ 𝑘2 − 𝑚𝑍

2𝑘1 ⋅ 𝑘2

(𝑚𝐽/Ψ
2 + 2𝑘2 ⋅ 𝑞)

2

+
2𝑘1 ⋅ 𝑘2(𝑚𝑍

2 + 𝑚𝐽/Ψ
2 )

(𝑚𝐽/Ψ
2 + 2𝑘1 ⋅ 𝑞)(𝑚𝐽/Ψ

2 + 2𝑘2 ⋅ 𝑞)
]
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𝒜FB = 4ℎ1
𝑍 ⋅

∫  
𝑠max

𝑠min
 𝑑𝑠𝒜1(𝑠)

∫  
𝑠max

𝑠min
 𝑑𝑠𝒜(𝑠)

 

4𝑚ℓ
2 < 𝑠 < (𝑚𝑍 − 𝑚𝐽/Ψ)

2
 

𝒜FB = 0.0056ℎ1
𝑍  

(5GeV)2 < 𝑠 < (60GeV)2 

𝒜FB = 0.021ℎ1
𝑍,  

 

𝑤(𝑧𝑘) = 𝑒
2𝑖𝜋𝑘

𝑚 𝑧𝑘

2
𝑚.  

𝑢(𝑧𝑘) = exp (2𝜋𝑖
𝑧𝑘 + ∑  𝑗<𝑘  𝜎𝑗

∑  𝑗  𝜎𝑗
) ,  

∫  
𝐶𝑖

 √𝜔𝑆𝑡𝑟 ≡ 𝑎𝑖 = ∑  

𝑗

 𝜎𝑖𝑗,  

∏  

𝑘

 𝑑𝜎𝑘 = 25−5𝑔−2𝑛 ∏  

𝑖

 𝑑𝑎𝑖 ×
Ω3𝑔−3+𝑛

(3𝑔 − 3 + 𝑛)!
 

Ω = ∑  

𝑖

 𝑎𝑖
2𝜔𝑖  

lim
𝛽→∞

 
1

𝛽2
𝜔𝑊𝑃(𝛽𝑎𝑖) = Ω  

∑  

Γ

 𝒜Γ = ∑  

𝑔,𝑛

 ∫  
ℳ𝑔,𝑛×ℝ+

𝑛
  [𝑑𝜎]𝒜𝑔,𝑛(𝜎)  

𝐺(𝑋𝑖 , 𝑋𝑗)
𝑚

=
𝑖𝑚Γ (

𝑑
2 − 1)

𝑚

2
𝑚𝑑
2 Γ (𝑚 (

𝑑
2 − 1))

∫  
∞

0

 𝑑𝜎𝜎
𝑚(

𝑑
2

−1)−1
𝑒−

𝜎
4(𝑋𝑖−𝑋𝑗)

2
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∫  
b.c. (𝑎𝑖)

 
𝒟𝑔

 Diff 
𝒵(𝑔)= ∫  

b.c. (𝑎𝑖)

 
[𝒟(𝑒2𝜔𝑔)]𝒟𝜔

 Diff 
𝒵(𝑒2𝜔𝑔) = ∫  

b.c. (𝑎𝑖)

 
[𝒟(𝑒2𝜔𝑐𝑙𝑔)]𝒟𝛿𝜔

 Diff 
𝒵(𝑒2𝜔𝑐𝑙𝑔)𝑒−𝑆[𝛿𝜔] 

= ∫  
[𝒟(𝑒2𝜔𝑐𝑙𝑔)]

 Diff 
𝒵(𝑒2𝜔𝑐𝑙𝑔) ∫  

b.c (𝛿𝜔)

 𝒟𝛿𝜔𝑒−𝑆[𝛿𝜔]  

 = ∫  Δ𝐹𝑃(𝑔̂(𝑡))𝒵(𝑔̂(𝑡))𝒵𝛿𝜔(𝑔̂(𝑡))[𝑑𝑡]

 

∫  
𝜕𝑖Σreg

 𝑑ℓ𝑒2𝛿𝜔 = 1 𝜕𝑛𝛿𝜔|𝜕Σreg
= 0  

𝑆[𝜔] =
26 − 𝑐

24𝜋
∫  𝑑𝒟𝑧√det𝑔(𝜕𝛼𝜔𝜕𝛼𝜔)  

𝑎𝑖 = ∫  
𝜕𝑖Σreg

  𝑒𝛿𝜔𝑑ℓ =
𝐿→∞

𝑒𝛿𝜔(𝑧𝑖)  

Δ𝐹𝑃(𝑔̂(𝑡))[𝑑𝑡] = ⟨∏  

𝑘

 𝑏(𝜕𝑡𝑘
) ∏  

𝑖

 𝑐(𝑧𝑖)𝑐‾(𝑧𝑖)⟩ (det′
𝑃1

†𝑃1

4𝜋2 )

1
2

× ∏  

𝑘

 𝑑𝑡𝑘
 

𝑏(𝜕𝑡) =
1

4𝜋
∫  𝑑𝒟𝑧√det𝑔(𝑡)𝑏𝜇𝜈𝜕𝑡𝑔𝜇𝜈(𝑡)  

(𝑃1𝑉)𝑎𝑏 = ∇(𝑎𝑉𝑏) −
1

2
𝑔𝑎𝑏∇𝑐𝑉𝑐  

∫  
Σreg

 
𝒟𝑔

Diff
𝒵(𝑔) = ∑  

Γ

 ∫  
∞

0

 ∏  

(𝑖,𝑗)

 𝑑𝜎𝑖𝑗

det′ −
∇2

4𝜋2

(det′ 𝑐 − 26
24𝜋 ∇2)

1
2

𝒵(𝑔(𝜎)) = ∑  

Γ

 𝒜Γ,  
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∫  
𝑋|𝜕𝑖Σreg=𝑋𝑖

 𝒟𝑋exp (−
1

4𝜋𝛼′
∫  ∇𝛼𝑋∇𝛼𝑋𝑑2𝑧) ,  

∫  𝒟𝑋𝑒−𝑆[𝑋] =(det (−
∇2

4𝜋𝛼′))

−
𝑑
2

exp (−
𝜎(𝑋𝑖 − 𝑋𝑗)

2

4𝜋𝛼′𝐿

−
1

4𝜋𝛼′
∫  

1

−1

 𝑑𝑠(𝑓0(𝑠)ℒ̂1𝑓0(𝑠) + 𝑓1(𝑠)ℒ̂1𝑓1(𝑠) − 2𝑓0(𝑠)ℒ̂2𝑓1(𝑠)))

 

𝑋 (𝑥 + 𝑖
𝐿

2
) = 𝑋𝑖, 𝑋 (𝑥 − 𝑖

𝐿

2
) = 𝑋𝑗, 𝑋 (𝑖

𝑠𝐿

2
) = 𝑓0(𝑠), 𝑋 (𝜎 + 𝑖

𝑠𝐿

2
) = 𝑓1(𝑠).  

ℒ̂1 = √−𝜕𝑠
2coth (

2𝜎√−𝜕𝑠
2

𝐿
) ℒ̂2 = √−𝜕𝑠

2csch (
2𝜎√−𝜕𝑠

2

𝐿
)  

det (−
∇2

4𝜋2𝛼′) =
𝜂 (

𝑖𝜎
𝐿

)

√4𝜋𝐿√𝛼′

 

∫  ∏  

𝑘

𝑖=1

 𝒟𝑓𝑖𝑒−𝑆[𝑓]= ∫  ∏  

𝑘

𝑖=1

 𝒟𝑓𝑖exp (−
𝐿

8𝜋𝛼′
∑  

𝑖

 
(𝑓0

𝑖 − 𝑓0
𝑖+1)

2

𝜎𝑖
 

−
1

𝛼′
∑  

𝑖,𝑛>0

 (𝑛coth (
4𝑛𝜋𝜎𝑖

𝐿
) (|𝑓𝑛

𝑖|
2

+ |𝑓𝑛
𝑖+1|

2
) − 2𝑛csch (

4𝑛𝜋𝜎𝑖

𝐿
) Re(𝑓𝑛

𝑖𝑓𝑛
𝑖+1∗

)))

 

∫  ∏  

𝑘

𝑖=1

 𝒟𝑓𝑖𝑒
−𝑆[𝑓]= (

4𝜋2𝛼′

𝐿
)

𝑘−1
2 ∏  𝑖  𝜎

𝑖

1
2

(∑  𝑖  𝜎𝑖)
1
2

∏  

𝑛>0

 
∏  𝑖  

𝜋𝛼′

2𝑛
sinh 

4𝜋𝑛𝜎𝑖
𝐿

4sinh2 
2𝑛𝜋 ∑  𝑖  𝜎𝑖

𝐿

 

 = (
𝐿

4𝜋2𝛼′(∑  𝑖  𝜎𝑖)
)

1
2

(
8

𝐿
)

𝑘
2 ∏  𝑖  𝜎

𝑖

1
2𝜂 (

4𝑖𝜎𝑖
𝐿 )

𝜂2 (
2𝑖 ∑  𝑖  𝜎𝑖

𝐿 )

 

∫  𝒟𝑋𝑒−𝑆[𝑋]= (∏  

(𝑖,𝑗)

 
8𝜎𝑖𝑗𝜂

2 (
4𝑖𝜎𝑖𝑗

𝐿 )

𝐿(4𝜋𝐿√𝛼′)
−

1
4𝜂

1
2
(
𝑖𝜎𝑖𝑗

𝐿
)

)

𝑑

(∏  

𝑖

 
𝐿

4𝜋2𝛼′𝑎𝑖𝜂
4 (

2𝑖𝑎𝑖
𝐿 )

)

𝑑
2

 exp (− ∑  

(𝑖,𝑗)

 
𝜎𝑖𝑗(𝑋𝑖 − 𝑋𝑗)

2

4𝜋𝛼′𝐿
)

 =
𝐿→∞

(∏  

(𝑖,𝑗)

 64𝜋𝜎𝑖𝑗√𝛼′)

𝑑
4

(∏  

𝑖

 
𝑎𝑖𝑒

𝜋𝐿
6𝑎𝑖

𝜋2𝛼′𝐿
)

𝑑
2

exp (− ∑  

(𝑖,𝑗)

 
𝜎𝑖𝑗(𝑋𝑖 − 𝑋𝑗)

2

4𝜋𝛼′𝐿
)

 

|𝐷(𝑋𝑖), 𝑧𝑖⟩⟩ = 𝑒
−

𝜋𝐿
𝑎𝑖

(𝐿0+𝐿0−
𝑐

12
)
exp (∑  

∞

𝑛=1

 
𝛼−𝑛(𝑧𝑖)𝛼‾−𝑛(𝑧𝑖)

𝑛
) ∫  

𝑑𝑑𝑘

(2𝜋)𝑑
𝑒𝑖𝑘(𝑋(𝑧𝑖)−𝑋𝑖)|0⟩  

𝛼𝑛(𝑧𝑖) = √
𝛼′

2
∫  

𝐶𝑧𝑖

 
𝑑𝑤

2𝜋
𝑤𝑛𝜕𝑋(𝑤)  
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𝐷(𝑋𝑖; 𝑧𝑖) = ∫  
𝑑𝑑𝑘

(2𝜋)𝑑
𝑒

−
𝛼′𝑘2𝜋𝐿

2𝑎𝑖 : 𝑒𝑖𝑘(𝑋(𝑧𝑖)−𝑋𝑖) (1 +
2

𝛼′
𝑒

−
2𝜋𝐿
𝑎𝑖 𝜕𝑋(𝑧𝑖)𝜕‾𝑋(𝑧‾𝑖) + ⋯ )  

∫  𝑑𝑑𝑋𝑖𝐷(𝑋𝑖; 𝑧𝑖) = 1 +
2𝑒

−
2𝜋𝐿
𝑎𝑖

𝛼′
⨂𝜉𝑖𝜉𝑗𝜎𝑖𝑗

𝛼  𝜕𝑋(𝑧𝑖)𝜕‾𝑋(𝑧‾𝑖): + ⋯  

𝜕𝜙𝑖
𝜕𝜙𝑗

⟨∏  

𝑖

 𝐷(𝜙𝑖, 𝑧𝑖)⟩|

𝜙𝑖=0

=
𝜎𝑖𝑗

2𝜋𝛼′𝐿
⟨∏  

𝑖

 𝐷(0, 𝑧𝑖)⟩ .  

𝑝𝑖|𝐷(𝜙𝑖), 𝑧𝑖⟩⟩ ≡ (
1

𝛼′𝜋
∫  

𝐷𝑖

 𝑑𝒟𝑧𝜕‾𝜕𝜙) |𝐷(𝜙𝑖), 𝑧𝑖⟩⟩ = −𝜕𝜙𝑖
|𝐷(𝜙𝑖), 𝑧𝑖⟩⟩  

⟨ ∏  

(𝑖,𝑗)∈𝑆0

 𝑝𝑖𝑝𝑗⟩ = ⟨∏  

𝑖

 𝑝𝑖
𝑛𝑖⟩ = ∑  

𝑆

  ∏  

(𝑖,𝑗)∈𝑆

  ⟨𝑝𝑖𝑝𝑗⟩  

⟨𝑝𝑖
𝑎𝑝𝑗

𝑏⟩ ∝ 𝜎𝑖𝑗𝛿
𝑎𝑏  

𝑆[𝜙] = −
𝑁

2𝜋𝛼′
∫  𝑑𝒟𝑧Tr(𝜕‾𝜙†𝜕𝜙 + 𝜕𝜒†𝜕𝜒)  

⟨
1

𝑁
Tr(𝑝𝑖

†𝑝𝑗)⟩ = −
𝜎𝑖𝑗

2𝜋𝛼′𝐿
,  

𝑝𝑖 ≡
1

𝛼′𝜋
∫  

𝐷𝑖

 𝑑𝒟𝑧𝜕𝜕‾𝜙  

⟨ ∏  

(𝑖,𝑗)∈𝑆0

 
1

𝑁
Tr𝑝𝑖

†𝑝𝑗⟩ = ( ∏  

(𝑖,𝑗)∈𝑆0

  ⟨
1

𝑁
Tr𝑝𝑖

†𝑝𝑗⟩) (1 + 𝒪(𝑁−1)),  

∫  ∏  𝑑𝑀𝑖𝑗𝑑𝑀‾ 𝑖𝑗𝑒
−𝑁 ∑  𝑖𝑗  Tr𝑀‾ 𝑖𝑗𝑀𝑖𝑗 (

1

𝑁2
∑  

(𝑖,𝑗)

 Tr𝑀‾ 𝑖𝑗𝒪𝑗Tr𝒪𝑖
†𝑀𝑖𝑗)

𝑘

∝ ∑  

|𝑆|=𝑘

  ∏  

(𝑖,𝑗)∈𝑆

 
1

𝑁
Tr𝒪𝑖

†𝒪𝑗  

𝑆[𝑀, 𝑀‾ ] = 𝑁 ∑  

(𝑧,𝑧′)

 Tr𝑀‾ (𝑧, 𝑧′)𝑀(𝑧, 𝑧′)  

∫  𝒟𝑀𝒟𝑀‾ 𝑒−𝑆[𝑀,𝑀‾ ]𝒪(𝑀(𝑧, 𝑧′), 𝑀‾ (𝑧, 𝑧′)) =
∫  𝑑𝑀𝑖𝑗𝑑𝑀‾ 𝑖𝑗𝒪(𝑀𝑖𝑗 , 𝑀‾ 𝑖𝑗)𝑒−𝑁Tr𝑀‾ 𝑖𝑗𝑀𝑖𝑗

∫  𝑑𝑀𝑖𝑗𝑑𝑀‾ 𝑖𝑗𝑒
−𝑁Tr𝑀‾ 𝑖𝑗𝑀𝑖𝑗

 

∫  𝒟𝑀𝒟𝑀‾ 𝑒−𝑆[𝑀,𝑀‾ ]exp (−
1

𝑁
∑  

(𝑧,𝑧′)

  𝐽𝐴𝐵(𝑧, 𝑧′)𝑀‾ 𝐴(𝑧, 𝑧′)𝑀𝐵(𝑧, 𝑧′)) = ∏  

(𝑧,𝑧′)

 det(1 + 𝐽(𝑧, 𝑧′))  
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⟨
1

𝑘!
(

2𝐿

𝜋𝛼′𝑁2
∫  𝑑4𝑧𝑓(𝑧, 𝑧′): Tr (𝑀‾ (𝑧, 𝑧′)𝜕𝜕‾𝜙(𝑧′)) Tr (𝜕𝜕‾𝜙†(𝑧)𝑀(𝑧, 𝑧′)) : )

𝑘

⟩

𝑀,𝑀‾

= ∑  

|𝑆|=𝑘

  ∏  

(𝑖,𝑗)∈𝑆

 𝑓(𝑧𝑖, 𝑧𝑗)𝜎𝑖𝑗

 

𝜕𝜕‾𝜙(𝑧) = 𝜋𝛼′ ∑  

𝑖

 𝑝𝑖𝛿
(2)(𝑧 − 𝑧𝑖)  

1

𝜋2𝛼′2
∫  𝑑4𝑧𝑠(𝑧, 𝑧′)Tr𝜕𝜕‾𝜙†(𝑧)𝜕𝜕‾𝜙(𝑧′) = ∑  

(𝑖,𝑗)

 𝑠(𝑧𝑖 , 𝑧𝑗)Tr𝑝𝑖
†𝑝𝑗  

𝑆[𝑠] = ∑  

(𝑧,𝑧′)

 𝑉(𝑠(𝑧, 𝑧′))  

∫  𝒟𝑠𝑒−𝑆[𝑠]exp (
2𝐿

𝜋𝛼′𝑁
∫  𝑑4𝑧𝑠(𝑧, 𝑧′)Tr𝜕𝜕‾𝜙†(𝑧)𝜕𝜕‾𝜙(𝑧′)) = ∏  

(𝑖,𝑗)

 
∫  𝑑𝑠𝑖𝑗𝑒

−𝑠𝑖𝑗𝜎𝑖𝑗−𝑉(𝑠𝑖𝑗)

∫  𝑑𝑠𝑖𝑗𝑒
−𝑉(𝑠𝑖𝑗)

 

ℒ−1

(

 
 𝑖𝑚Γ (

𝑑
2

− 1)
𝑚

𝜉𝑖
𝑚𝜉𝑗

𝑚𝜎
𝑖𝑗

(𝑚+𝛿)
𝑑−2

2
−1−

𝑑+3
4

2
𝑚𝑑
2

+𝛿𝑚,0𝑚! Γ ((𝑚 + 𝛿) (
𝑑
2 − 1))

)

 
 

(𝑠)=

𝑖𝑚Γ (
𝑑
2 − 1)

𝑚

𝜉𝑖
𝑚𝜉𝑗

𝑚

2
𝑚𝑑
2

+𝛿𝑚,0𝜋𝑚!

𝑠−
𝑑−2

2
(𝑚+𝛿)+

𝑑+3
4

Γ ((𝑚 + 𝛿)
𝑑 − 2

2 ) Γ (
𝑑 + 7

4 − (𝑚 + 𝛿)
𝑑 − 2

2 )
 

 

𝒪𝑀 =
2𝐿𝒩𝜎

𝜋𝛼′𝑁2
∫  𝑑4𝑧𝑓(𝑧, 𝑧′): Tr (𝑀‾ 𝜕𝜕‾𝜙(𝑧′)) Tr(𝜕𝜕‾𝜙†(𝑧)𝑀):  

𝒪𝑠 =
2𝐿

𝜋𝛼′𝑁
∫  𝑑4𝑧𝑠(𝑧, 𝑧′)Tr𝜕𝜕‾𝜙†(𝑧′)𝜕𝜕‾𝜙(𝑧)  

∫  𝒟𝑠𝒟𝑀𝒟𝑀‾ 𝑒−𝑆[𝑀,𝑀‾ ,𝑠]𝑒𝒪𝑠
1

𝑘!
𝒪𝑀

𝑘 = ∫  𝒟𝑠𝑒−𝑆[𝑠]𝑒𝒪𝑠 ∑  

|𝑆|=𝑘

  ∏  

(𝑖,𝑗)∈𝑆

 𝑓(𝑧𝑖, 𝑧𝑗)𝜎𝑖𝑗 

 = ∏  

(𝑖,𝑗)∈Γ

 
∫  𝑑𝑠𝑖𝑗𝜎𝑖𝑗𝑓(𝑧𝑖 , 𝑧𝑗)𝑒−𝜎𝑖𝑗𝑠𝑖𝑗−𝑉(𝑠𝑖𝑗)

∫  𝑑𝑠𝑖𝑗𝑒
−𝑉(𝑠𝑖𝑗)

 

∫  𝑑𝑠𝑖𝑗𝑓(𝑧𝑖, 𝑧𝑗)𝑒−𝜎𝑖𝑗𝑠𝑖𝑗−𝑉(𝑠𝑖𝑗) = ∑  

∞

𝑚=0

 
𝑖𝑚Γ (

𝑑
2 − 1)

𝑚

𝜉𝑖
𝑚𝜉𝑗

𝑚𝜎
𝑖𝑗

(𝑚+𝛿)
𝑑−2

2
−1−

𝑑+3
4

2
𝑚𝑑
2

+𝛿𝑚,0𝑚! Γ ((𝑚 + 𝛿) (
𝑑
2 − 1))

 

𝑓(𝑧, 𝑧′) =
1

𝜖
∑  

∞

𝑚=0

 
𝑖𝑚Γ (

𝑑
2 − 1)

𝑚

𝜉(𝑧)𝑚𝜉(𝑧′)𝑚𝑠(𝑧, 𝑧′)−
𝑑−2

2 (𝑚 + 𝛿) +
𝑑 + 3

4

2
𝑚𝑑
2

+𝛿𝑚,0𝜋𝑚! Γ ((𝑚 + 𝛿)
𝑑 − 2

2 ) Γ (
𝑑 + 7

4 − (𝑚 + 𝛿)
𝑑 − 2

2 )
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∫  𝒟𝑠𝒟𝑀𝒟𝑀‾ 𝑒−𝑆[𝑠,𝑀,𝑀‾ ]exp (𝒪𝑀)exp (𝒪𝑠)  

∫  
𝑑𝜃𝑑𝜉

2𝜋
(𝑖𝜃)𝑛𝜉𝑚𝑒−𝑖𝜉𝜃 = 𝑛! 𝛿𝑛𝑚  

𝑆[𝜃, 𝜉] = 𝑖 ∑  

𝑧

 𝜉(𝑧)𝜃(𝑧)  

∏  

𝑖

 (∑  

𝑘

 
𝜆𝑘

𝑘!
(𝑖𝜃(𝑧𝑖))

𝑘
) .  

1

∫  𝑑𝜉𝑖𝑑𝜃𝑖𝑒
−𝑖𝜉𝑖𝜃𝑖

∫  𝑑𝜉𝑖𝑑𝜃𝑖𝜉𝑖
𝑘𝑖 ∑  

𝑘

 
𝜆𝑘

𝑘!
(𝑖𝜃𝑖)

𝑘𝑒−𝑖𝜉𝑖𝜃𝑖 = 𝜆𝑘𝑖  

∑  

𝑘

 
𝜆𝑘

𝑘!
(𝑖𝜃(𝑧𝑖) + 𝑖𝜃̃(𝑧𝑖))

𝑘

 

𝑉𝑝 = ∫  𝑑𝒟𝑧𝜉̃(𝑧)𝑒𝑖𝑝⋅𝑋(𝑧)  

𝑆[𝜃̃, 𝜉̃] = 𝑖 ∫  𝑑𝒟𝑧𝜉̃(𝑧)𝜃̃(𝑧)  

∫  𝒟𝜉̃𝒟𝜃̃𝑒−𝑆[𝜉̃,𝜃̃]𝜉(𝑧)˜ 𝜃̃(𝑤) = −𝑖𝛿(2)(𝑧 − 𝑤)  

𝒜{𝑝} = ∑  

𝑔,𝑛

 
1

𝑛!
∫  

𝒟𝑔

Diff
𝒟𝜑𝑒−𝑆+𝒪𝑀+𝒪𝑠 ∏  

𝑝

 𝑉𝑝 ∏  

𝑛

𝑖=1

 ∫  𝑑𝒟𝑧𝑖√det𝑔𝒪(𝑧𝑖),  

𝑆 = ∫  𝑑𝒟𝑧 (
𝐿

2
𝜕𝑋𝜇𝜕‾𝑋𝜇 +

𝑁𝐿

2
Tr(𝜕‾𝜙†𝜕𝜙 + 𝜕‾𝜒†𝜕𝜉) + 𝑖𝜉̃𝜃̃) + ∑  

(𝑧,𝑧′)

  (𝑁Tr𝑀‾ 𝑀 + 𝜖𝑠) + 𝑖 ∑  

𝑧

 𝜉𝜃  

𝑉𝑝 = ∫  𝑑𝒟𝑧√det𝑔𝜉̃(𝑧)exp (𝑖𝑝 ⋅ 𝑋(𝑧))  

𝒪(𝑧) = 𝒩𝑎𝑒−
𝑑−1

2
𝜔(𝑧) ∫  𝑑𝑑𝑋𝑖𝐷𝑋(𝑋𝑖; 𝑧)𝐷𝜙(0; 𝑧)𝐷𝜒(0; 𝑧) ∑  

𝑘

 
𝜆𝑘

𝑘!
(𝑖𝜃(𝑧) + 𝑖𝜃̃(𝑧))𝑘

 

∫  𝒟𝜓𝑒− ∑  𝑧  𝑓(𝜓(𝑧))−∫  𝑑𝒟𝑧𝑔(𝜓(𝑧))= lim
Vol(𝑞𝑖

∗)→0
 
∏  𝑖  ∫  𝑑𝜓𝑖𝑒

−𝑓(𝜓𝑖)−Vol(𝑞𝑖
∗)𝑔(𝜓𝑖)

∏  𝑖  ∫  𝑑𝜓𝑖𝑒
−𝑓(𝜓𝑖)

 

= lim
Vol(𝑞𝑖

∗)→0
 ∏  

𝑖

  (1 + Vol(𝑞𝑖
∗)⟨𝑔(𝜓)⟩)  

 = exp (∫  𝑑2𝑧⟨𝑔(𝜓)⟩)
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𝑆𝑀,𝑠[𝜙, 𝜉] = −
2𝐿

𝜋𝛼′𝑁
∫  𝑑4𝑧 (

𝒩𝜎

𝜖
∑  

∞

𝑚=0

 
𝑖𝑚Γ (

𝑑 − 2
2 )

𝑚

𝜉𝑚(𝑧)𝜉𝑚(𝑧′)𝜖
𝑑−2

2
(𝑚+𝛿)−

𝑑+7
4

2
𝑚𝑑
2

+𝛿𝑚,0𝜋𝑚! Γ ((𝑚 + 𝛿)
𝑑 − 2

2
)

+
𝒩𝑎

𝜖2 )

⨂ Tr(𝜕𝜕‾𝜙†(𝑧′)𝜕𝜕‾𝜙(𝑧))

 

(𝜕𝑡
2 − ∇2)𝜙 = 𝑦⟨𝜒‾𝜒⟩  

 

𝑛𝜒 = {
𝑁𝜒/𝑉𝑅 (𝑟 < 𝑅)

0 (𝑟 > 𝑅)
⇒ 𝜙 =

𝑦𝑁𝜒

4𝜋
⋅
1

𝑟
 ( for 𝑟 > 𝑅),  

(𝜕𝑡
2 − ∇2 − 2𝑔𝐽)𝜙 = 0  

ℒ𝑆 = 𝑖𝜒‾𝛾𝜇𝜕𝜇𝜒 − 𝑚𝜒𝜒‾𝜒 +
1

2
(𝜕𝜙)2 −

1

2
𝑚𝜙

2 𝜙2 −
𝜖

2Λ
𝜙2𝐽, 𝐽 ≡ 𝜒‾𝜒  

(𝜕2 + 𝑚𝜙
2 +

𝜖

Λ
𝐽) 𝜙 = 0

𝑖𝛾𝜇𝜕𝜇𝜒 − (𝑚𝜒 +
𝜖

2Λ
𝜙2) 𝜒 = 0

 

⟨0|(𝑁̂𝜒, 𝑁̂𝜙)|0⟩ = (𝑁𝜒, 0) ∭
𝜖

2Λ
𝜙2

▰

⟨𝜙2⟩

 

𝑉2𝜙(𝑟) =
𝜖

2Λ
⟨𝜙2⟩  

𝑚𝜙
2 → 𝑚eff

2 (𝑟) = 𝑚𝜙
2 + 𝑚M

2 (𝑟)  

𝑚M
2 (𝑟) ≡

𝜖

Λ
𝑛𝜒(𝑟)  

𝜙̂(𝐫, 𝑡) = ∫  d𝜔 ∑  

ℓ,𝑚

 
𝑢𝜔ℓ(𝑟)

𝑟
(𝑎̂𝜔ℓ𝑚𝑌ℓ𝑚(𝜃, 𝜑)𝑒−𝑖𝜔𝑡 + 𝑎̂𝜔ℓ𝑚

† 𝑌ℓ𝑚
∗ (𝜃, 𝜑)𝑒𝑖𝜔𝑡)  
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[𝜕𝑟
2 −

ℓ(ℓ + 1)

𝑟2
+ 𝜔2 − (𝑚𝜙

2 + 𝑚M
2 (𝑟))] 𝑢𝜔ℓ(𝑟) = 0  

⟨𝜙2⟩ ≡ ⟨0|𝜙̂2|0⟩ =
1

𝑟2
∑  

ℓ

 
2ℓ + 1

4𝜋
∫  

 d𝜔

𝜔
𝑢𝜔ℓ

2 (𝑟)  

𝑚eff
2 (𝑟) = {

𝑚𝜙
2 + 𝜖

𝑛𝜒

Λ
 for 𝑟 ≤ 𝑅

𝑚𝜙
2  for 𝑟 > 𝑅

 

𝑘in = √𝜔2 − 𝑚𝜙
2 − 𝑚M

2 , 𝑘out = √𝜔2 − 𝑚𝜙
2  

𝑢𝜔ℓ(𝑟) = 𝑟√
𝜔𝑘out

𝜋
{

𝑗ℓ(𝑘in𝑟)

𝑗ℓ(𝑘in𝑅)
[𝑗ℓ(𝑘out𝑅)cos 𝛿ℓ + 𝑦ℓ(𝑘out𝑅)sin 𝛿ℓ]  for 𝑟 ≤ 𝑅

𝑗ℓ(𝑘out𝑟)cos 𝛿ℓ + 𝑦ℓ(𝑘out𝑟)sin 𝛿ℓ  for 𝑟 > 𝑅

 

tan 𝛿ℓ =

𝑘in
𝑘out

𝑗ℓ
′(𝑘in𝑅)𝑗ℓ(𝑘out𝑅) − 𝑗ℓ(𝑘in𝑅)𝑗ℓ

′(𝑘out𝑅)

𝑗ℓ(𝑘in𝑅)𝑦ℓ
′(𝑘out𝑅) −

𝑘in
𝑘out

𝑗ℓ
′(𝑘in𝑅)𝑦ℓ(𝑘out𝑅)

 

Δ⟨𝜙2⟩ ≡ ⟨𝜙2⟩𝑛𝜒≠0 − ⟨𝜙2⟩𝑛𝜒=0  

Δ⟨𝜙2⟩=
1

𝜋
∑  

ℓ

 
2ℓ + 1

4𝜋
∫  

∞

𝑚𝜙

 d𝜔𝑘out  

 × {

𝑗ℓ
2(𝑘in𝑟)

𝑗ℓ
2(𝑘in𝑅)

[𝑗ℓ(𝑘out𝑅)cos 𝛿ℓ + 𝑦ℓ(𝑘out𝑅)sin 𝛿ℓ]2 − 𝑗ℓ
2(𝑘out𝑟)  for 𝑟 ≤ 𝑅

[𝑗ℓ(𝑘out𝑟)cos 𝛿ℓ + 𝑦ℓ(𝑘out𝑟)sin 𝛿ℓ]2 − 𝑗ℓ
2(𝑘out𝑟)  for 𝑟 > 𝑅

 

tan 𝛿ℓ ∼ 𝒪((𝑘out𝑅)2ℓ+1)  

𝑉2𝜙(𝑟) = 𝑉0(𝑟) (1 + ∑  

∞

ℓ=1

 
𝑐2ℓ𝑅2ℓ

𝑟2ℓ
) ,  

𝑗0(𝑥) = sin 𝑥/𝑥 and 𝑦0(𝑥) = −cos 𝑥/𝑥 

𝑘in 
2 = 𝑘out 

2 ⊝ 𝑚M
2  

tan 𝛿0 = 𝑘out𝑅 [1 −
tanh (𝑚M𝑅)

𝑚M𝑅
] + 𝒪((𝑘out𝑅)3)  

𝐹𝜙(𝑧) ≡ 𝜖
3

𝑧2
(1 −

tanh 𝑧

𝑧
) , 𝑧 ≡ 𝑚M𝑅  

𝑛𝜒 = 𝑁𝜒/(4𝜋𝑅3/3) 

tan 𝛿0 = 𝜖𝑁𝜒

𝑘out

4𝜋Λ
𝐹𝜙(𝑚M𝑅)  
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tanh (𝑖|𝑧|)/(𝑖|𝑧|) = tan (|𝑧|)/|𝑧| 

𝐹𝜙(𝑧) =
3

|𝑧|2

{
 

 1 −
tanh |𝑧|

|𝑧|
 for 𝜖 = +1

tan |𝑧|

|𝑧|
− 1  for 𝜖 = −1

 

Δ⟨𝜙2⟩= −
1

4𝜋2𝑟2
∫  

∞

0

 
d𝑘out 

√𝑘out 
2 + 𝑚𝜙

2

sin (2𝑘out 𝑟)𝛿0 + 𝒪(𝛿0
2)  

 = −
𝜖𝑁𝜒

16𝜋3Λ𝑟2
𝐹𝜙(𝑚M𝑅) ∫  

∞

0

 d𝑘out 

𝑘out 

√𝑘out 
2 + 𝑚𝜙

2

sin (2𝑘out 𝑟)

 

 

𝐼 =
1

2
Im

[
 
 
 

∫  
∞

−∞

 d𝑘out

𝑘out

√𝑘out
2 + 𝑚𝜙

2

𝑒𝑖2𝑘out𝑟

]
 
 
 

= 𝑚𝜙𝐾1(2𝑚𝜙𝑟)  

 

Δ⟨𝜙2⟩ = −
𝜖𝑁𝜒𝑚𝜙

16𝜋3Λ
×

𝐾1(2𝑚𝜙𝑟)

𝑟2
× 𝐹𝜙(𝑚M𝑅)  

𝑚M
2 𝑅2 = 𝜖

𝑛𝜒𝑅2

Λ
=

3𝜖

4𝜋

𝑁𝜒

Λ𝑅
 

tan |𝑧|

|𝑧|
= 1 +

|𝑧|2

3
+

2|𝑧|4

15
+ 𝒪(|𝑧|6),

tanh |𝑧|

|𝑧|
= 1 −

|𝑧|2

3
+

2|𝑧|4

15
+ 𝒪(|𝑧|6)  

𝐹𝜙(𝑧) = 1 − 𝜖
2|𝑧|2

5
+ 𝒪(|𝑧|4)  

𝑉2𝜙(𝑟) = −
𝑁𝜒𝑚𝜙

32𝜋3Λ2

𝐾1(2𝑚𝜙𝑟)

𝑟2
× (1 − 𝜖

2|𝑧|2

5
+ 𝒪(|𝑧|4)) .  

𝐹𝜙(𝑧 ≫ 1) =
3

𝑧2
 ( for 𝜖 = +1)  

𝑘in
2 = 𝑘out

2 − 𝑚M
2 < 0,  
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Figura anterior. Fluctuaciones de un campo cuántico relativista. 

Δ⟨𝜙2⟩ = −
1

4𝜋2𝑟2
∫  

∞

0

 
d𝑘out 

√𝑘out 
2 + 𝑚𝜙

2

[sin (2𝑘out 𝑟)
𝑡0

1 + 𝑡0
2 − cos (2𝑘out 𝑟)

𝑡0
2

1 + 𝑡0
2]

 

𝑡0 ≡ tan 𝛿0 = 𝑘out𝑅 (1 −
tan |𝑧|

|𝑧|
) , 𝑧 ≡ 𝑚M𝑅  

Δ⟨𝜙2⟩||𝑧|=𝜋/2+𝑛𝜋  =
1

4𝜋2𝑟2
𝐾0(2𝑚𝜙𝑟)

 →
𝑚𝜙𝑟≪1 1

4𝜋𝑟2 [−𝛾E − log (𝑚𝜙𝑟) + 𝒪(𝑚𝜙
2 𝑟2)],

 

𝑉2𝜙(𝑟) ∼ log (𝑚𝜙𝑟)/𝑟2 

Δ⟨𝜙2⟩||𝑧|=𝜋/2+𝑛𝜋

Δ⟨𝜙2⟩||𝑧|≪1
 =

12

𝜋2(2𝑛 + 1)2

𝐾0(2𝑚𝜙𝑟)

(𝑚𝜙𝑅)𝐾1(2𝑚𝜙𝑟)

 →
𝑚𝜙𝑟≪1 24

𝜋2(2𝑛 + 1)2

𝑟

𝑅
[log (

1

𝑚𝜙𝑟
) − 𝛾E + 𝒪(𝑚𝜙

2 𝑟2)]

 

∼ (𝑟/𝑅)log (𝑚𝜙𝑟) 

tan 𝛿0/(1 + tan2 𝛿0) and tan2 𝛿0/(1 + tan2 𝛿0) 

𝑚M
2 ∼ 𝑛𝜒/Λ fixed 

𝑘in cot (𝑘in 𝑅) = −𝑞, 𝑞 ≡ √𝑚𝜙
2 − 𝜔2  

𝑘in 𝑅 =
𝜋

2
+ 𝑛𝜋, 𝑛 = 0,1,2, ⋯  

𝑘in → |𝑚M| as 𝜔 → 𝑚𝜙 

|𝑚M|𝑅 =
𝜋

2
+ 𝑛𝜋  

𝑚eff 
2 = 𝑉′′(𝜙cl) = 2(|𝑚M|2 − 𝑚𝜙

2 ) > 0 
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ℒ𝐹 = 𝑖𝜒‾𝛾𝜇𝜕𝜇𝜒 − 𝑚𝜒𝜒‾𝜒 + 𝑖𝜓‾𝛾𝜇𝜕𝜇𝜓 − 𝑚𝜓𝜓‾𝜓 −
𝜖

Λ2
𝜓‾𝜓𝐽, 𝐽 ≡ 𝜒‾𝜒  

𝑖𝛾𝜇𝜕𝜇𝜓 − (𝑚𝜓 +
𝜖

Λ2
𝐽) 𝜓 = 0

𝑖𝛾𝜇𝜕𝜇𝜒 − (𝑚𝜒 +
𝜖

Λ2
𝜓‾𝜓) 𝜒 = 0

 

𝑉2𝜓(𝑟) =
𝜖

Λ2
⟨𝜓‾𝜓⟩  

𝑚𝜓 → 𝑚eff(𝑟) = |𝑚𝜓 + 𝑚M(𝑟)|  

𝑚M(𝑟) ≡
𝜖

Λ2
𝑛𝜒(𝑟)  

Ω𝑗ℓ𝑚(𝐫̂) = ∑  

𝑚ℓ,𝑚𝑠

  ⟨ℓ𝑚ℓ;
1

2
𝑚𝑠|  𝑗𝑚⟩ 𝑌ℓ𝑚ℓ

(𝐫̂)𝜒1
2
𝑚𝑠

 

𝜒1
2
1
2

= (
1

0
) , 𝜒1

2
−

1
2

= (
0

1
)  

𝜓𝜔𝑗ℓ𝑚(𝐫) =
𝑖

𝑟
(

𝑓𝜔𝑗ℓ(𝑟)Ω𝑗ℓ𝑚(𝐫̂)

𝑖𝑔𝜔𝑗ℓ(𝑟)Ω𝑗ℓ′𝑚(𝐫̂)
) , ℓ′ ≡ 2𝑗 − ℓ  

|𝜅| ≡ 𝑗 + 1/2  

𝜓𝜔𝜅𝑚(𝐫) =
𝑖

𝑟
(

𝑓𝜔𝜅(𝑟)Ω𝜅𝑚(𝐫̂)

𝑖𝑔𝜔𝜅(𝑟)Ω−𝜅𝑚(𝐫̂)
) ,  

d

 d𝑟
(

𝑓𝜔𝜅(𝑟)

𝑔𝜔𝜅(𝑟)
) = (

−𝜅/𝑟 𝜔 + (𝑚𝜓 + 𝑚M)

−𝜔 + (𝑚𝜓 + 𝑚M) 𝜅/𝑟
) (

𝑓𝜔𝜅(𝑟)

𝑔𝜔𝜅(𝑟)
) .  

𝜓̂(𝐫, 𝑡) = ∑  

𝜅=±1,±2⋯

  ∑  

𝑗

𝑚=−𝑗

 ∫   d𝜔(𝑏̂𝜔𝜅𝑚𝜓𝜔𝜅𝑚(𝐫)𝑒−𝑖𝜔𝑡 + 𝑑̂𝜔𝜅𝑚
† 𝜓𝜔𝜅𝑚

𝑐 (𝐫)𝑒𝑖𝜔𝑡)  

⟨𝜓‾𝜓⟩ = −
1

2𝜋𝑟2
∑  

𝜅

  |𝜅| ∫  d𝜔(|𝑓𝜔𝜅(𝑟)|2 − |𝑔𝜔𝜅(𝑟)|2)  

𝑓𝜔𝜅  = √
1

𝜋
√

𝜔 + 𝑚𝜓

𝑘out

(𝑘out𝑟)[𝑗ℓ(𝑘out𝑟)cos 𝛿𝜅 + 𝑦ℓ(𝑘out𝑟)sin 𝛿𝜅],

𝑔𝜔𝜅 = sgn(𝜅)√
1

𝜋
√

𝑘out

𝜔 + 𝑚𝜓

(𝑘out𝑟)[𝑗ℓ′(𝑘out𝑟)cos 𝛿𝜅 + 𝑦ℓ′(𝑘out𝑟)sin 𝛿𝜅)] ,

 

tan 𝛿𝜅 =
𝒬𝑗ℓ′(𝑘in𝑅)𝑗ℓ(𝑘out𝑅) − 𝑗ℓ(𝑘in𝑅)𝑗ℓ′(𝑘out𝑅)

𝑗ℓ(𝑘in𝑅)𝑦ℓ′(𝑘out𝑅) − 𝒬𝑗ℓ′(𝑘in𝑅)𝑦ℓ(𝑘out𝑅)
, 𝒬 ≡

𝑘in(𝜔 + 𝑚𝜓)

𝑘out(𝜔 + 𝑚𝜓 + 𝑚M)
.  
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Δ⟨𝜓‾𝜓⟩ = −
1

2𝜋3
∑  

𝜅

  |𝜅| ∫  d𝜔𝑘out[(𝜔 + 𝑚𝜓) ((𝑗ℓ(𝑘out𝑟)cos 𝛿𝜅 + 𝑦ℓ(𝑘out𝑟)sin 𝛿𝜅)2 − 𝑗ℓ
2(𝑘out𝑟))

−(𝜔 − 𝑚𝜓) ((𝑗ℓ′(𝑘out𝑟)cos 𝛿𝜅 + 𝑦ℓ′(𝑘out𝑟)sin 𝛿𝜅)2 − 𝑗ℓ′
2 (𝑘out𝑟))] .

 

𝜅 = −1: 𝑗 =
1

2
, ℓ = 0, ℓ′ = 1, 𝜅 = 1: 𝑗 =

1

2
, ℓ = 1, ℓ′ = 0  

tan 𝛿−1  =
𝜖𝑁𝜒

4𝜋Λ2
𝑘out(𝜔 + 𝑚𝜓)𝐹𝜓(𝑚M𝑅)

tan 𝛿+1  = −
𝜖𝑁𝜒

4𝜋Λ2
𝑘out(𝜔 − 𝑚𝜓)𝐹𝜓(𝑚M𝑅)

 

𝑛𝜒 = 3𝑁𝜒/(4𝜋𝑅3) 

𝐹𝜓(𝑧) ≡
3

𝑧
(coth𝑧 −

1

𝑧
) , 𝑧 ≡ 𝑚M𝑅  

Δ⟨𝜓‾𝜓⟩ =
𝛿−1

𝜋2𝑟2
∫  

∞

𝑚𝜓

 d𝜔
𝜔 + 𝑚𝜓

𝑘out 

[(
1

2
−

𝛿1

2𝛿−1

𝜔 − 𝑚𝜓

𝜔 + 𝑚𝜓
) sin (2𝑘out 𝑟)

+ (
𝑘out 

𝜔 + 𝑚𝜓
)

2

(−
1

(𝑘out 𝑟)2
sin (2𝑘out 𝑟) +

2

𝑘out 𝑟
cos (2𝑘out 𝑟) + sin (2𝑘out 𝑟))]

 

Δ⟨𝜓‾𝜓⟩ = −
3𝜖𝑁𝜒𝑚𝜓

2

4𝜋3Λ2
×

𝐾2(2𝑚𝜓𝑟)

𝑟3
× 𝐹𝜓(𝑚M𝑅)  

𝑚M𝑅 = 𝜖
𝑛𝜒𝑅

Λ2
=

3𝜖

4𝜋

𝑁𝜒

Λ2𝑅2
 

Weak-coupling limit: 

√𝑁𝜒/Λ ≪ 𝑅 ⇒ |𝑚M|𝑅 ≪ 1; 

Strong-coupling limit: 

√𝑁𝜒/Λ ≫ 𝑅 ⇒ |𝑚M|𝑅 ≫ 1 

coth𝑧 =
1

𝑧
+

𝑧

3
−

𝑧3

45
+ 𝒪(𝑧5)  

𝐹𝜓(𝑧) = 1 −
𝑧2

15
+ 𝒪(𝑧4)  

𝑉2𝜓(𝑟) = −
3𝑁𝜒𝑚𝜓

2

4𝜋3Λ4

𝐾2(2𝑚𝜓𝑟)

𝑟3
(1 −

𝑧2

15
+ 𝒪(𝑧4))  
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𝐹𝜓(𝑧 ≫ 1) =
3

𝑧
.  

𝑘in
2 = 𝜔2 − (𝑚𝜓 + 𝑚M)

2
> 0, 𝜔2 < 𝑚𝜓

2  

−2𝑚𝜓 < 𝑚M < 0  

|𝑚M|𝑅 < 2𝑚𝜓𝑅 ≪ 1.  

𝜖

2Λ
𝜙2𝐽 →

𝜖𝜆

2
𝜙2𝐽′,

𝜖

Λ2
𝜓‾𝜓𝐽 →

𝜖

Λ′
𝜓‾𝜓𝐽′, 𝐽′ ≡ Φ2  

1

Λ
→

𝜆

𝑚Φ
,

1

Λ2
→

1

𝑚ΦΛ′
 

 shell volume 

 bulk volume 
∼

4𝜋𝑅2𝑚M
−1

(4𝜋/3)𝑅3
=

3

𝑚M𝑅
.  

𝐹𝜓(𝑧 ≫ 1) = 3/(𝑚M𝑅) 

𝜙in 
′ (𝑅)/𝜙in (𝑅) ∼ 𝑚M 

𝐹𝜙(𝑧 ≫ 1) = 3/(𝑚M𝑅)2 

𝑧 ≡ 𝑚M𝑅,  where 

{
 
 
 
 

 
 
 
 𝑧2 =

3𝜖

4𝜋

𝑁𝜒

Λ𝑅
 scalar mediator

𝑧 =
3𝜖

4𝜋

𝑁𝜒

Λ2𝑅2
 particle mediator

𝑧2 =
3𝜖

4𝜋

𝜆𝑁Φ

𝑚Φ𝑅
 scalar source 

𝑧 =
3𝜖

4𝜋

𝑁Φ

Λ′𝑚Φ𝑅2
 particle source 

 

|𝑧|2 =
𝜆

4𝜋

3𝑁Φ

𝑚Φ𝑅
 

|𝑧| ≫ 1 ⟹  𝜆 ≫ 4𝜋 ⋅ 𝒪(1)  

𝜆eff ≡
3𝑁Φ

𝑚Φ𝑅
⋅ 𝜆  

𝑉𝑐(𝑟) = 𝑄 ×
𝑒

4𝜋𝑟
 

𝛽(𝑒) ≡ 𝜇
𝜕𝑒

𝜕𝜇
 

  

𝛽𝑄(𝑒) ≡ 𝑄
𝜕𝑒

𝜕𝑄
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𝑄
𝜕𝑉𝑐

𝜕𝑄
= 𝑉𝑐 (1 +

𝛽𝑄(𝑒)

𝑒
)  

𝑉𝑞(𝑟) = 𝑄 × 𝑉1(𝑟) × 𝐹[𝑧(𝑄, 𝑅, 𝜆)]  

𝑄
𝜕𝑉𝑞

𝜕𝑄
= 𝑄𝑉1𝐹 + 𝑄2

𝜕𝑉1

𝜕𝜆

𝜕𝜆

𝜕𝑄
𝐹 + 𝑄2𝑉1

𝜕𝐹

𝜕𝑄
 

 = 𝑉𝑞 (1 + 𝛽𝜆

1

𝑉1

𝜕𝑉1

𝜕𝜆
+ 𝛽𝑧

𝐹′

𝐹
)

 

𝛽𝜆 ≡ 𝑄
𝜕𝜆

𝜕𝑄
, 𝛽𝑧 ≡ 𝑄

𝜕𝑧

𝜕𝑄
, 𝐹′ ≡

d𝐹(𝑧)

d𝑧
 

⟨𝜒‾𝜒⟩ ≡ ∫  
d𝒟𝐩

(2𝜋)3

𝑚𝜒

𝐸𝐩
𝑓𝜒(𝐩)  

𝐸𝐩 ≡ √𝑚𝜒
2 + 𝐩2 and 𝑓𝜒(𝐩) is the phase-space distribution of 𝜒. 

𝑧 ≡ 𝑚M𝑅 ∼ 𝐺𝐹𝑛𝑁𝑅  

𝜙̂(𝐫, 𝑡) = ∫  d𝜔 ∑  

ℓ,𝑚

 
𝑢𝜔ℓ(𝑟)

𝑟
(𝑎̂𝜔ℓ𝑚𝑌ℓ𝑚(𝜃, 𝜑)𝑒−𝑖𝜔𝑡 + 𝑎̂𝜔ℓ𝑚

† 𝑌ℓ𝑚
∗ (𝜃, 𝜑)𝑒𝑖𝜔𝑡)  

[𝑎̂𝜔ℓ𝑚, 𝑎̂
𝜔′ℓ′𝑚′
†

]=
1

𝜔
𝛿(𝜔 − 𝜔′)𝛿ℓℓ′𝛿𝑚𝑚′ 

[𝑎̂𝜔ℓ𝑚, 𝑎̂𝜔′ℓ′𝑚′] = [𝑎̂𝜔ℓ𝑚
† , 𝑎̂

𝜔′ℓ′𝑚′
† ] = 0

 

[𝜙̂(𝐫), 𝜙̇̂(𝐫′)] = 𝑖𝛿3(𝐫 − 𝐫′),  

∫  d𝜔𝑢𝜔ℓ(𝑟)𝑢𝜔ℓ(𝑟′)  =
1

2
𝛿(𝑟 − 𝑟′)

∑  

ℓ,𝑚

 𝑌ℓ𝑚(𝜃, 𝜑)𝑌ℓ𝑚(𝜃′, 𝜑′)  = 𝛿(cos 𝜃 − cos 𝜃′)𝛿(𝜑 − 𝜑′)
 

∫  d𝑟𝑢𝜔ℓ(𝑟)𝑢𝜔′ℓ(𝑟) =
1

2
𝛿(𝜔 − 𝜔′)  

𝜓̂(𝐫, 𝑡) = ∑  

𝜅,𝑚

 ∫   d𝜔(𝑏̂𝜔𝜅𝑚𝜓𝜔𝜅𝑚(𝐫)𝑒−𝑖𝜔𝑡 + 𝑑̂𝜔𝜅𝑚
† 𝜓𝜔𝜅𝑚

𝑐 (𝐫)𝑒𝑖𝜔𝑡),  

𝜓𝜔𝜅𝑚(𝐫) =
𝑖

𝑟
(

𝑓𝜔𝜅(𝑟)Ω𝜅𝑚(𝐫̂)

𝑖𝑔𝜔𝜅(𝑟)Ω−𝜅𝑚(𝐫̂)
) , 𝜓𝜔𝜅𝑚

𝑐 = 𝐶𝜓𝜔𝜅𝑚

𝑇
,  

{𝑏̂𝜔𝜅𝑚, 𝑏̂
𝜔′ℓ′𝑚′
† } = {𝑑̂𝜔𝜅𝑚, 𝑑̂

𝜔′ℓ′𝑚′
† } = 𝛿(𝜔 − 𝜔′)𝛿ℓℓ′𝛿𝑚𝑚′  

{𝜓̂(𝐫), 𝜓̂†(𝐫′)} = 𝛿3(𝐫 − 𝐫′)𝟏4×4  
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∫  d𝜔[𝑓𝜔𝜅(𝑟)𝑓𝜔𝜅
∗ (𝑟′) + 𝑔𝜔𝜅(𝑟)𝑔𝜔𝜅

∗ (𝑟′)] = 𝛿(𝑟 − 𝑟′)  

∑  

𝜅,𝑚

 Ω𝜅𝑚(𝐫̂)Ω𝜅𝑚
† (𝐫̂′) = 𝛿(Ω̃ − Ω̃′)𝟏2×2  

∫  d𝑟[𝑓𝜔𝜅(𝑟)𝑓𝜔′𝜅
∗ (𝑟) + 𝑔𝜔𝜅(𝑟)𝑔𝜔′𝜅

∗ (𝑟)] = 𝛿(𝜔 − 𝜔′)  

[𝜕𝑟
2 −

ℓ(ℓ + 1)

𝑟2
+ 𝜔2 − 𝑚𝜙

2 ] 𝑢𝜔ℓ(𝑟) = 0  

𝑢𝜔ℓ(𝑟) = 𝑎1𝑗ℓ(𝑘𝑟) + 𝑎2𝑦ℓ(𝑘𝑟)  

𝑘in 
2 = 𝜔2 − (𝑚𝜙

2 + 𝑚M
2 ) and 𝑘out 

2 = 𝜔2 − 𝑚𝜙
2  

𝑢𝜔ℓ(𝑟) = {
𝐴in𝑗ℓ(𝑘in𝑟),  for 𝑟 ≤ 𝑅

𝐴out𝑗ℓ(𝑘out𝑟) + 𝐵out𝑦ℓ(𝑘out𝑟)  for 𝑟 > 𝑅
 

𝐴out = 𝐴in(𝑘out𝑅)2 [𝑗ℓ(𝑘in𝑅)𝑦ℓ
′(𝑘out𝑅) −

𝑘in

𝑘out
𝑗ℓ
′(𝑘in𝑅)𝑦ℓ(𝑘out𝑅)]

𝐵out = 𝐴in(𝑘out𝑅)2 [
𝑘in

𝑘out
𝑗ℓ
′(𝑘in𝑅)𝑗ℓ(𝑘out𝑅) − 𝑗ℓ(𝑘in𝑅)𝑗ℓ

′(𝑘out𝑅)]

 

lim
𝑟→∞

 𝑢𝜔ℓ(𝑟) =
𝐴out

𝑘out
sin (𝑘out𝑟 −

𝜋ℓ

2
) −

𝐵out

𝑘out
cos (𝑘out𝑟 −

𝜋ℓ

2
) .  

𝐴out = 𝑁𝑘out cos 𝛿ℓ and 𝐵out = 𝑁𝑘out sin 𝛿ℓ 

lim
𝑟→∞

 𝑢𝜔ℓ(𝑟) = 𝑁sin (𝑘out𝑟 −
𝜋ℓ

2
− 𝛿ℓ)  

∫  d𝑟𝑢𝜔ℓ(𝑟)𝑢𝜔′ℓ(𝑟) =
1

2
𝛿(𝜔 − 𝜔′)  

𝑁 = √
1

𝜋

𝜔

𝑘out

 

d

 d𝑟
(

𝑓𝜔𝜅(𝑟)

𝑔𝜔𝜅(𝑟)
) = (

−𝜅/𝑟 𝜔 + 𝑚𝜓

−(𝜔 − 𝑚𝜓) 𝜅/𝑟
) (

𝑓𝜔𝜅(𝑟)

𝑔𝜔𝜅(𝑟)
) ,  

𝑓𝜅𝜔(𝑟) = 𝑟(𝑎1𝑗ℓ(𝑘𝑟) + 𝑎2𝑦ℓ(𝑘𝑟)),

𝑔𝜅𝜔(𝑟) = sgn(𝜅)
𝑘𝑟

𝜔 + 𝑚𝜓

(𝑎1𝑗ℓ′(𝑘𝑟) + 𝑎2𝑦ℓ′(𝑘𝑟)),
 

𝑘2 ≡ 𝜔2 − 𝑚𝜓
2  
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𝑓𝜔𝜅(𝑟) = {
𝐴in 𝑟𝑗ℓ(𝑘in 𝑟)  for 𝑟 ≤ 𝑅,

𝐴out 𝑟𝑗ℓ(𝑘out 𝑟) + 𝐵out 𝑟𝑦ℓ(𝑘out 𝑟)  for 𝑟 > 𝑅,

𝑔𝜔𝜅(𝑟) = sgn(𝜅)𝑟

{
 
 

 
 

𝑘in 

𝜔 + 𝑚𝜓 + 𝑚M
𝐴in 𝑗ℓ′(𝑘in 𝑟)  for 𝑟 ≤ 𝑅,

𝑘out 

𝜔 + 𝑚𝜓
(𝐴out 𝑗ℓ′(𝑘out 𝑟) + 𝐵out 𝑦ℓ′(𝑘out 𝑟))  for 𝑟 > 𝑅,

 

𝑘in 
2 = 𝜔2 − (𝑚𝜓 + 𝑚M)

2
, and 𝑘out 

2 = 𝜔2 − 𝑚𝜓
2  

𝐴out =
𝐴in

Δ
[𝑗ℓ(𝑘in𝑅)𝑦ℓ′(𝑘out𝑅) −

𝑘in(𝜔 + 𝑚𝜓)

𝑘out(𝜔 + 𝑚𝜓 + 𝑚M)
𝑗ℓ′(𝑘in𝑅)𝑦ℓ(𝑘out𝑅)] ,

𝐵out =
𝐴in

Δ
[

𝑘in(𝜔 + 𝑚𝜓)

𝑘out(𝜔 + 𝑚𝜓 + 𝑚M)
𝑗ℓ(𝑘in𝑅)𝑗ℓ′(𝑘out𝑅) − 𝑗ℓ′(𝑘in𝑅)𝑗ℓ(𝑘out𝑅)] ,

 

Δ ≡ 𝑗ℓ(𝑘out𝑅)𝑦ℓ′(𝑘out𝑅) − 𝑦ℓ(𝑘out𝑅)𝑗ℓ′(𝑘out𝑅)  

𝐴out = 𝑁𝑘out cos 𝛿ℓ and 𝐵out = 𝑁𝑘out sin 𝛿ℓ 

𝑁 = √
𝜔 + 𝑚𝜓

𝜋𝑘out

 

𝐼 ≡ ∫  
∞

0

 
𝑘out

√𝑘out
2 + 𝑚𝜙

2

sin (2𝑘out𝑟)d𝑘out  

𝐼 =
1

2
Im [∫  

∞

−∞

 𝑓(𝑘out )d𝑘out ] ,  where 𝑓(𝑘out ) ≡
𝑘out 

√𝑘out 
2 + 𝑚𝜙

2

𝑒2𝑖𝑘out 𝑟

 

∫ 
𝒞

 𝑓(𝑘out)d𝑘out = 0  

∫  
𝐶0

 𝑓(𝑘out )d𝑘out = − (∫  
𝐶1

 𝑓(𝑘out )d𝑘out + ∫  
𝐶2

 𝑓(𝑘out )d𝑘out )  

(𝐶1), 𝑘out = 𝑖𝑡 + 𝜀 (with 𝜀 → 0+), so √𝑘out 
2 + 𝑚𝜙

2 = 𝑖√𝑡2 − 𝑚𝜙
2  

(𝐶2), 𝑘out = 𝑖𝑡 − 𝜀 and √𝑘out 
2 + 𝑚𝜙

2 = −𝑖√𝑡2 − 𝑚𝜙
2 . 

∫  
∞

−∞

 
𝑘out𝑒

2𝑖𝑘out𝑟

√𝑘out
2 + 𝑚𝜙

2

 d𝑘out= −

[
 
 
 

∫  
𝑚𝜙

∞

 
(𝑖𝑡)𝑒−2𝑡𝑟

𝑖√𝑡2 − 𝑚𝜙
2

(𝑖 d𝑡) + ∫  
∞

𝑚𝜙

 
(𝑖𝑡)𝑒−2𝑡𝑟

−𝑖√𝑡2 − 𝑚𝜙
2

(𝑖 d𝑡)

]
 
 
 

 

 = 2𝑖 ∫  
∞

𝑚𝜙

 
𝑡𝑒−2𝑡𝑟

√𝑡2 − 𝑚𝜙
2

 d𝑡
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2𝑖 ∫  
∞

𝑚𝜙

 
𝑡𝑒−2𝑡𝑟

√𝑡2 − 𝑚𝜙
2

 d𝑡 = 2𝑖𝑚𝜙𝐾1(2𝑚𝜙𝑟)
 

𝐼 =
1

2
Im[2𝑖𝑚𝜙𝐾1(2𝑚𝜙𝑟)] = 𝑚𝜙𝐾1(2𝑚𝜙𝑟)  

Δ⟨𝜓‾𝜓⟩ =
𝜖𝑁𝜒

4𝜋3Λ2𝑟2
(𝐼1 + 𝑚𝜓

2 𝐼2 −
1

𝑟2
𝐼2 +

2

𝑟
𝐼3 + 𝐼4) 𝐹𝜓(𝑚M𝑅)  

𝐼1 ≡ ∫  
∞

0

 𝑘√𝑘2 + 𝑚𝜓
2 sin (2𝑘𝑟)d𝑘 = −

𝑚𝜓
2

2𝑟
𝐾2(2𝑚𝜓𝑟)

𝐼2 ≡ ∫  
∞

0

 
𝑘

√𝑘2 + 𝑚𝜓
2

sin (2𝑘𝑟)d𝑘 = 𝑚𝜓𝐾1(2𝑚𝜓𝑟)

𝐼3 ≡ ∫  
∞

0

 
𝑘2

√𝑘2 + 𝑚𝜓
2

cos (2𝑘𝑟)d𝑘 =
1

2
𝑚𝜓

2 𝐺1,3
2,1 (𝑚𝜓

2 𝑟2|
−1,0,

1
2

−
1
2 )

𝐼4 ≡ ∫  
∞

0

 
𝑘3

√𝑘2 + 𝑚𝜓
2

sin (2𝑘𝑟)d𝑘 =
1

2
𝑚𝜓

3 𝐺1,3
2,1 (𝑚𝜓

2 𝑟2|
−

3
2
,
1
2
,0

−1

 

𝐺𝑝,𝑞
𝑚,𝑛 (𝑥 | 

𝑎1, … , 𝑎𝑝

𝑏1, … , 𝑏𝑞
) ≡

1

2𝜋𝑖
∫  

𝛾𝐿

∏  𝑚
𝑗=1  Γ(𝑏𝑗 + 𝑠) ∏  𝑛

𝑗=1  Γ(1 − 𝑎𝑗 − 𝑠)

∏  
𝑝
𝑗=𝑛+1  Γ(𝑎𝑗 + 𝑠) ∏  

𝑞
𝑗=𝑚+1  Γ(1 − 𝑏𝑗 − 𝑠)

𝑥−𝑠 d𝑠 

𝑚𝜓
2 𝐼2 −

1

𝑟2
𝐼2 +

2

𝑟
𝐼3 + 𝐼4 = 5𝐼1  

Δ⟨𝜓‾𝜓⟩ =
3𝜖𝑁𝜒𝐼1

2𝜋3Λ2𝑟2
𝐹𝜓(𝑚M𝑅) = −

3𝜖𝑁𝜒𝑚𝜓
2

4𝜋3Λ2
×

𝐾2(2𝑚𝜓𝑟)

𝑟3
× 𝐹𝜓(𝑚M𝑅)  

Δ⟨𝜙2⟩ =
1

𝜋
∑  

ℓ

 
2ℓ + 1

4𝜋
∫  

∞

0

 
d𝑘out𝑘out

2

√𝑘out
2 + 𝑚𝜙

2

 × [
tan2 𝛿ℓ

1 + tan2 𝛿ℓ
(−𝑗ℓ

2(𝑘out𝑟) + 𝑦ℓ
2(𝑘out𝑟)) +

2tan 𝛿ℓ

1 + tan2 𝛿ℓ
𝑗ℓ(𝑘out𝑟)𝑦ℓ(𝑘out𝑟)]

 

Δ⟨𝜙2⟩ ≈
2

𝜋
∑  

ℓ

 
2ℓ + 1

4𝜋
∫  

∞

0

 
d𝑘out𝑘out

2

√𝑘out
2 + 𝑚𝜙

2

𝛿ℓ𝑗ℓ(𝑘out𝑟)𝑦ℓ(𝑘out𝑟)
 

𝛿ℓ ≈
𝜋

22ℓ+1Γ (ℓ +
1
2) Γ (ℓ +

3
2)

𝐼
ℓ+

3
2

(𝑚M𝑅)

𝐼
ℓ−

1
2

(𝑚M𝑅)
(𝑘out𝑅)2ℓ+1

 

Δ⟨𝜙2⟩ =
1

2𝜋2𝑟2
∑  

ℓ

 𝐶ℓ(𝑧) (
𝑅

𝑟
)

2ℓ+1

ℐℓ(𝑚𝜙𝑟)  
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𝐶ℓ(𝑧) ≡
(2ℓ + 1)𝜋

22ℓ+1Γ (ℓ +
1
2
) Γ (ℓ +

3
2
)

𝐼
ℓ+

3
2
(𝑧)

𝐼
ℓ−

1
2
(𝑧)

 

ℐℓ(𝑚𝜙𝑟) ≡ ∫  
∞

0

 d𝑥
𝑥3

√𝑥2 + (𝑚𝜙𝑟)
2

𝑥2ℓ𝑗ℓ(𝑥)𝑦ℓ(𝑥)
 

Δ⟨𝜙2⟩ℓ=1 =
3

4𝜋2
∫  

∞

0

 
𝑘out

2  d𝑘out

√𝑘out
2 + 𝑚𝜙

2

((𝑗1(𝑘out𝑟)cos 𝛿1 + 𝑦1(𝑘out𝑟)sin 𝛿1)2 − 𝑗1
2(𝑘out𝑟))

 

𝑗1(𝑥) =
sin 𝑥

𝑥2
−

cos 𝑥

𝑥
, 𝑦1(𝑥) = −

cos 𝑥

𝑥2
−

sin 𝑥

𝑥
 

Δ⟨𝜙2⟩ℓ=1 = −
3

4𝜋2
∫  

∞

0

 
𝑘out 

2  d𝑘out 

√𝑘out 
2 + 𝑚𝜙

2

 

× [(
1

(𝑘out 𝑟)4
−

1

(𝑘out 𝑟)2
) (sin (2𝑘out 𝑟)

tan 𝛿1

1 + tan2 𝛿1
− cos (2𝑘out 𝑟)

tan2 𝛿1

1 + tan2 𝛿1
) 

−
2

(𝑘out 𝑟)3 (cos (2𝑘out 𝑟)
tan 𝛿1

1 + tan2 𝛿1
+ sin (2𝑘out 𝑟)

tan2 𝛿1

1 + tan2 𝛿1
)] .

 

tan 𝛿1 =
𝑧2

45
(𝑘out𝑅)3𝐹𝜙,1(𝑚M𝑅)  

𝐹𝜙,1(𝑧) =
15

𝑧4
(3 + 𝑧2 − 3𝑧coth𝑧)  

𝐹𝜙,1(𝑧 ≪ 1) = 1 −
2𝑧2

21
+ 𝒪(𝑧)4

𝐹𝜙,1(𝑧 ≫ 1) =
15

𝑧2

 

Δ⟨𝜙2⟩ℓ=1 =
−𝑧2

60𝜋2
∫  

∞

0

 
𝛿1𝑘out

2  d𝑘out

√𝑘out
2 + 𝑚𝜙

2

[(
1

(𝑘out𝑟)4
−

1

(𝑘out𝑟)2
) sin (2𝑘out𝑟) −

2

(𝑘out𝑟)3
cos (2𝑘out𝑟)]

=
𝑁𝜒

160𝜋3

𝑚𝜙

Λ

𝑅2

𝑟4
𝐹𝜙,1(𝑚M𝑅) × [𝑚𝜙

2 𝑟2𝐺1,3
2,1 (𝑚𝜙

2 𝑟2 | 
−1

−
3

2
,
1

2
, 0

)

+2𝑚𝜙𝑟𝐺1,3
2,1 (𝑚𝜙

2 𝑟2 | 
−

1

2

−1,0,
1

2

) − 2𝐾1(2𝑚𝜙𝑟)]

 

Δ⟨𝜙2⟩ℓ=1 = −
𝑁𝜒

64𝜋3Λ𝑟3

𝑅2

𝑟2
𝐹𝜙,1(𝑚M𝑅)  

𝑓(𝑥) ⋆ 𝑔(𝑥) = lim
𝑦→𝑥

 𝑒
𝑖𝜃𝜇𝜈 𝜕

𝜕𝑥𝜇
𝜕

𝜕𝑦𝜇𝑓(𝑥)𝑔(𝑦) = 𝑓(𝑥)𝑔(𝑥) + 𝑖𝜃𝜇𝜈𝜕𝜇𝑓(𝑥)𝜕𝜇𝑔(𝑥) + ⋯ 



pág. 10462 

𝐴𝜇
′ (𝑥) − 𝐴𝜇(𝑥) ≈ 𝛿𝜉𝐴𝜇(𝑥) = −𝜉𝜈𝜕𝜈𝐴𝜇(𝑥) − 𝐴𝜈(𝑥)𝜕𝜇𝜉𝜈

 

𝛿𝜉𝐴 = 𝛿𝜉(𝐴𝜇)d𝑥𝜇 = −ℒ𝜉(𝐴)  

𝐴𝜇(𝑥′) − 𝐴𝜇(𝑥) ≈ 𝜉𝜈𝜕𝜈𝐴𝜇(𝑥)  

d𝑥𝜇 → d𝑥′𝜇 = d𝑥𝜇 + d𝜉𝜇 = (𝛿𝜈
𝜇

+ 𝜕𝜈𝜉𝜇)d𝑥𝜈  

𝐴 = 𝐴𝜇d𝑥𝜇 transforms Lie derivative 

𝐴(𝑥′) − 𝐴(𝑥) = ℒ𝜉(𝐴(𝑥))  

𝜙′(𝑥) − 𝜙(𝑥) ≈ 𝑖𝜖𝛿𝐷(𝜙(𝑥)) = 𝑖𝜖(−ℒ𝐷(𝜙(𝑥)) + 𝑖Δ𝜙𝜙(𝑥))  

𝐷 = −𝑖𝑥𝜇𝜕𝜇 and Δ𝜙 = 1 

𝜙(𝑥′) − 𝜙(𝑥) ≈ 𝑖𝜖𝐷(𝜙) = 𝜖𝑥𝜇𝜕𝜇𝜙(𝑥)  

𝛿𝐷𝜑 = 𝛿𝐷(𝜙)𝐻−1 = −ℒ𝐷𝜑 + 𝑖𝜑  

𝒟𝐻 = 𝑖𝐻, 𝒟𝜙 = ℒ𝐷𝜙 ⟹  𝒟(𝜑) = ℒ𝐷𝜑 − 𝑖𝜑  

𝒟 = ℒ𝐷 + 𝑖𝐻𝜕𝐻  

𝑆 =
1

2
∫   d𝒟𝑥𝜕𝜇𝜙𝜕𝜇𝜙 =

1

2
∫   d𝒟𝑥𝐻2𝜕𝜇𝜑𝜕𝜇𝜑  

⋇ ( d𝑥𝜇1 ∧ ⋯ ∧  d𝑥𝜇𝑘) =
1

(𝑛 − 𝑘)!
𝐻𝑛−2𝑘𝜀𝜇1…𝜇𝑘  𝜇𝑘+1…𝜇𝑛

 d𝑥𝜇𝑘+1 ∧ ⋯ ∧  d𝑥𝜇𝑛  

⋇⋇ 𝜔= −(−1)𝑘(𝑛−𝑘)𝜔 
⋇ (𝑓𝜔) = 𝑓 ⋇ 𝜔 (2.13)

∫  𝜔 ∧ ⋇ 𝜒 = ∫  𝜒 ∧ ⋇ 𝜔, (2.13)

 

𝒟(⋇ 𝜔)= ℒ𝐷(⋇ 𝜔) + 𝑖𝐻𝜕𝐻(∗ 𝜔)  

 =⋇ (ℒ𝐷𝜔) − 𝑖(𝑛 − 2𝑘) ⋇ 𝜔 + 𝑖 ⋇ 𝐻𝜕𝐻𝜔 + 𝑖(𝑛 − 2𝑘) ⋇ 𝜔

 =⋇ (𝒟𝜔)

 

d𝜉𝜇 = 𝐻 d𝑥𝜇  

⋇ ( d𝜉𝜇1 ∧ ⋯ ∧  d𝜉𝜇𝑘) =
(−1)𝜎(𝑘)

(𝑛 − 𝑘)!
𝜀𝜇𝑛⋯𝜇𝑘+1

𝜇1…𝜇𝑘  d𝜉𝜇𝑘+1 ∧ ⋯ ∧  d𝜉𝜇𝑛  

𝜎(𝑘) =
(𝑛 − 𝑘)(𝑛 + 𝑘 − 1)

d𝑥𝜇 → d𝜉𝜇
 

𝑆 =
1

2
∫   d𝜑 ∧ ⋇  d𝜑  

𝜇: (𝑔1, 𝑔2) → 𝑔1𝑔2 
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𝑔1(𝑥) ⋆ 𝑔2(𝑥) = 𝜇 (ℱ(𝑔1(𝑥), 𝑔2(𝑥)))  

ℱ(𝑔1, 𝑔2) = 𝑓‾𝛼(𝑔1) ⊗ 𝑓‾𝛼(𝑔2) 

𝜔 ∧⋆ 𝜒 = ⋀(ℱ(𝜔 ⊗ 𝜒)) = 𝑓‾𝛼(𝜔) ∧ 𝑓‾𝛼(𝜒)  

d𝑥𝜇 ⋆ 𝑓= 𝐹‾𝜈  𝜇𝑓 d𝑥𝜈  

𝑓 ⋆  d𝑥𝜇 = (𝐹‾𝑜𝑝)
𝜈
 𝜇𝑓 d𝑥𝜈

d𝑥𝜇 ∧⋆ d𝑥𝜈 = 𝐹‾𝜌 𝜇 𝜎  𝜈d𝑥𝜌 ∧ d𝑥𝜎

 

𝜔 = 𝜔𝜇d𝑥𝜇 = 𝜔𝜇
⋆ ⋆ d𝑥𝜇

 

𝜔𝜇
⋆ = (𝐹𝑜𝑝)

𝜇
 𝜈𝜔𝜈  

Δ𝑜𝑝(𝑋) = ℛΔ(𝑋)ℛ  

d𝑥𝜇 ⋆ 𝑓= ⋀  (ℱ𝑜𝑝ℛ( d𝑥𝜇 ⊗ 𝑓)) 

 = ⋀  (ℱℛ(𝑓 ⊗  d𝑥𝜇))

 = (𝑅‾𝛼𝑓) ⋆ ((𝑅‾𝛼)𝜈 𝜇)d𝑥𝜈

 = (𝑅𝜈  𝜇𝑓) ⋆ d𝑥𝜈

 

d𝑥𝜇 ∧⋆ d𝑥𝜈 = −𝑅𝜌 𝜇 𝜎  𝜈d𝑥𝜎 ∧⋆ d𝑥𝜌 = −𝑅‾𝜎  𝜈 𝜌 𝜇d𝑥𝜎 ∧⋆ d𝑥𝜌,  

𝑅𝜌 𝜇(d𝑥𝜈) = 𝑅𝜌 𝜇 𝜎  𝜈d𝑥𝜎
 

d(𝜔 ∧⋆ 𝜒) = d𝜔 ∧⋆ 𝜒 + (−1)|𝜔|𝜔 ∧⋆ d𝜒.  

d𝑓 = 𝜕𝜇𝑓 d𝑥𝜇 = 𝜕𝜇
⋆𝑓 ⋆  d𝑥𝜇

 

𝜕𝜇
⋆ = (𝐹‾𝑜𝑝)

𝜇
 𝜈𝜕𝜈 

𝜕𝜇
⋆𝜕𝜈

⋆ = 𝑅𝜇 𝜌 𝜈  𝜎𝜕𝜎
⋆𝜕𝜌

⋆ = 𝑅‾𝜈  𝜎  𝜇 𝜌𝜕𝜎
⋆𝜕𝜌

⋆  

∫  𝜔 ∧⋆ 𝜒 = (−1)|𝜔||𝜒| ∫  𝜒 ∧⋆ 𝜔  

ℱ = 𝑓‾𝛼 ⊗ 𝑓‾𝛼 

∫  𝑓‾𝛼𝜔 ∧ 𝑓‾𝛼𝜒 = ∫  𝑓‾(1)
𝛼 (𝜔 ∧ 𝑆(𝑓‾(2)

𝛼 )𝑓‾𝛼𝜒) = ∫  𝜔 ∧ 𝑆(𝑓‾𝛼)𝑓‾𝛼𝜒 + ∫  𝑓‾(1)
𝛼 (𝜔 ∧ 𝑆(𝑓‾(2)

𝛼 )𝑓‾𝛼𝜒)  

Δ(𝑋) = 𝑋(1) ⊗ 𝑋(2) 

∫  𝜔 ∧ 𝑆(𝑓‾(2)
′𝛼)𝑓‾𝛼𝜒 
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∫  𝜔 ∧⋆ 𝜒 = ∫  𝜔 ∧ 𝑆(𝑓‾𝛼)𝑓‾𝛼𝜒  

(−1)|𝜔||𝜒| ∫  𝜒 ∧⋆ 𝜔 = ∫  𝑆(𝑓‾𝛼)𝑓‾𝛼𝜔 ∧ 𝜒  

𝑆(𝑓𝛼)𝑓𝛼 = 1, 𝑆(𝑓‾𝛼)𝑓‾𝛼 = 1, 𝑆(𝑓‾𝛼)𝑓‾𝛼 = 1  

𝑅‾𝛼𝑅‾𝛼 = 𝑆(𝑅𝛼)𝑅𝛼 = 𝑆(𝑓‾𝛽)𝑆(𝑓𝛼)𝑓𝛼𝑓𝛽 = 1  

d𝑥𝜇= 𝑅‾𝛼𝑅‾𝛼(d𝑥𝜇)  

 = 𝑅𝜈  𝜇(d𝑥𝜈)

 = 𝑅𝜈  𝜇 𝜌 𝜈d𝑥𝜌
 

𝜔 ∧⋆ 𝜒 = (−1)|𝜔||𝜒|𝜒‾ ∧⋆ 𝜔‾ .  

𝜂⋆ = 𝜂𝜇𝜈d𝑥𝜇 ⊗⋆ d𝑥𝜈
 

𝑓 ⋆ 𝜂⋆ = 𝜂⋆ ⋆ 𝑅̃−2𝑓  

𝑓 ⋆ 𝜂⋆= 𝜂𝜇𝜈𝑓 ⋆  d𝑥𝜇 ⊗⋆ d𝑥𝜈  

 = 𝜂𝜇𝜈d𝑥𝜌 ⊗⋆ d𝑥𝜎 ⋆ 𝑅‾𝜎  𝜈𝑅‾𝜌 𝜇𝑓
 

𝜂𝜇𝜈𝑅̃−2 = 𝜂𝜌𝜎𝑅‾𝜈
𝜌
𝑅‾𝜇

𝜎  

𝑅𝜇
𝜈𝑅̃−2 = 𝑅‾𝜇

𝜈 , 𝑅̃−2𝑅𝜇
𝜈 = 𝑅‾𝜇

𝜈  

(𝑅̃−1)
𝜌

𝜈
𝜂𝜇𝜈d𝑥𝜇 ⊗⋆ d𝑥𝜌 ⋆ 𝐻2 = 𝜂𝜇𝜈(d𝑥𝜇 ⋆ 𝐻) ⊗⋆ (d𝑥𝜈 ⋆ 𝐻).  

d𝑥𝜇 ⋆ 𝐻 is scaleless and (d𝑥𝜇 ⋆ 𝐻) ⊗ (d𝑥𝜇 ⋆ 𝐻) is Poincaré invariant 

𝒟(d𝑥𝜇 ⋆ 𝐻) ⊗ (d𝑥𝜇 ⋆ 𝐻)  = (d𝑥𝜇 ⋆ 𝐻) ⊗ 𝑆(𝒟)(d𝑥𝜇 ⋆ 𝐻)

ℒ𝑋( d𝑥𝜇 ⋆ 𝐻) ⊗ (d𝑥𝜇 ⋆ 𝐻)  = (d𝑥𝜇 ⋆ 𝐻) ⊗ ℒ𝑆(𝑋)(d𝑥𝜇 ⋆ 𝐻)
 

𝜂𝜇𝜈(d𝑥𝜇 ⋆ 𝐻) ⊗⋆ (d𝑥𝜈 ⋆ 𝐻)= 𝑓‾𝛼(d𝑥𝜇 ⋆ 𝐻) ⊗ 𝑓‾𝛼(d𝑥𝜇 ⋆ 𝐻)  

 = 𝑓𝛼𝑆(𝑓‾𝛼)(d𝑥𝜇 ⋆ 𝐻) ⊗ (d𝑥𝜇 ⋆ 𝐻)

 = (d𝑥𝜇 ⋆ 𝐻) ⊗ (d𝑥𝜇 ⋆ 𝐻)

 = 𝜂𝜇𝜈𝐹̃𝜌 𝜇𝐹̃𝜎 𝜈(d𝑥𝜌𝐻) ⊗ (d𝑥𝜎𝐻)

 

𝜂𝜇𝜈𝐹̃𝜌 𝜇𝐹̃𝜎 𝜈 = 𝜂𝜌𝜎 

𝜂𝜇𝜈(d𝑥𝜇 ⋆ 𝐻) ⊗⋆ (d𝑥𝜈 ⋆ 𝐻) = 𝜂𝜇𝜈(d𝑥𝜇𝐻) ⊗ (d𝑥𝜈𝐻) = 𝜂𝐻2.  

𝜂 = 𝜂𝜇𝜈d𝑥𝜇 ⊗ d𝑥𝜈 

(𝑅̃−1)
𝜌

𝜈
𝜂𝜇𝜈d𝑥𝜇 ⊗⋆ d𝑥𝜌 ⋆ 𝐻2 = 𝜂𝐻2 = 𝜂 ⋆ 𝐻2 = (𝜂𝜇𝜈𝐹𝜌 𝜇 𝜎  𝜈d𝑥𝜌 ⊗⋆ d𝑥𝜎) ⋆ 𝐻2

 

𝜂𝜌𝜎𝐹𝜇
𝜌
 𝜈
𝜎 = (𝑅̃−1)

𝜈

𝜌
𝜂𝜇𝜌  
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𝜀⋆
𝜇𝜈𝜌𝜎

d𝒟𝜉 = d𝜉𝜇 ∧⋆ d𝜉𝜈 ∧⋆ d𝜉𝜌 ∧⋆ d𝜉𝜎  

 

d𝒟𝜉 = d𝜉0 ∧  d𝜉1 ∧  d𝜉2 ∧  d𝜉3 = d𝜉0 ∧⋆ d𝜉1 ∧⋆ d𝜉2 ∧⋆ d𝜉3  

 

d𝜉𝜇 = 𝐻 ⋆  d𝑥𝜇  

d𝜉𝜇 ∧⋆ d𝜉𝜈 = −𝑅̂𝜌 𝜇 𝜎  𝜈d𝜉𝜎 ∧⋆ d𝜉𝜌  

𝑃0= 𝜀⋆
𝜇𝜈𝜌𝜎

 

𝑃1= 𝜀⋆
𝜈𝜌𝜎𝜇

 

𝑃𝑘 =
1

𝑘
𝑃(𝑘−1);2…𝑘 (𝟙 + ∑  

𝑘

𝑖=2

  (−1)𝑖ℛ̌12ℛ̌23 … ℛ̌𝑖−1,𝑖)

 

 

ℛ̌𝑖,𝑖+1( d𝑥𝜇1 ⊗ ⋯ ⊗  d𝑥𝜇𝑖 ⊗  d𝑥𝜇𝑖+1 ⊗ ⋯ ⊗  d𝑥𝜇𝑘) = 𝑅𝜈1

𝜇𝑖  𝜈2

𝜇𝑖+1 d𝑥𝜇1 ⊗ ⋯ ⊗ d𝑥𝜈2 ⊗  d𝑥𝜈1 ⊗ ⋯ ⊗  d𝑥𝜇𝑘  

𝑃(𝑘−1);2…𝑘( d𝑥𝜇1 ⊗  d𝑥𝜇2 ⊗ ⋯ ⊗  d𝑥𝜇𝑘) = d𝑥𝜇1 ⊗ 𝑃𝑘−1( d𝑥𝜇2 ⊗ ⋯ ⊗  d𝑥𝜇𝑘).
 

𝜀⋆ 𝜌𝑛…𝜌𝑘+1𝜇1…𝜇𝑘𝜀⋆ 𝜌𝑘+1…𝜌𝑛𝜈𝑘…𝜈1
= −(−1)

𝑛(𝑛−1)
2 𝑘! (𝑛 − 𝑘)! 𝑃𝜈1…𝜈𝑘

𝜇1…𝜇𝑘 .  

𝜀⋆
𝜇1…𝜇𝑛 ∼ 𝑃(𝑛−1)…0

𝜇1…𝜇𝑛 = 𝜀𝜇1…𝜇𝑛𝜀0…(𝑛−1)  

⋇  d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘 =
(−1)𝜎(𝑘)

(𝑛 − 𝑘)!
𝜀⋆ 𝜇𝑛…𝜇𝑘+1

 𝜇1…𝜇𝑘  d𝜉𝜇𝑘+1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑛  

𝜎(𝑘) =
(𝑛 − 𝑘)(𝑛 + 𝑘 − 1)

2
 

ℒ𝑋(⋇  d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘)  =⋇ ℒ𝑋( d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘)

𝒟(⋇  d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘)  =⋇ (𝒟( d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘))
 

⋇ (𝑔 ⋆ 𝜔) =∗ (𝑓‾𝛼𝑔𝑓‾𝛼𝜔) = 𝑓‾𝛼𝑔𝑓‾𝛼(∗ 𝜔) = 𝑔 ⋆⋇ 𝜔  

⋇ (𝜔 ⋆ 𝑔) = (⋇ 𝜔) ⋆ 𝑔 

⋇⋇  d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘=
(−1)𝜎(𝑘)

(𝑛 − 𝑘)!
𝜀⋆ 𝜇𝑛…𝜇𝑘+1

 𝜇1…𝜇𝑘 ⋇ ( d𝜉𝜇𝑘+1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑛)  

=
(−1)𝜎(𝑘)+𝜎(𝑛−𝑘)

(𝑛 − 𝑘)! 𝑘!
𝜀⋆ 𝜇1…𝜇𝑘  𝜇𝑛…𝜇𝑘+1

𝜀⋆ 𝜇𝑘+1⋯𝜇𝑛  𝜈𝑘…𝜈1
 d𝜉𝜈1 ∧⋆ ⋯ ∧⋆ d𝜉𝜈𝑘  

= (−1)𝑘(𝑛−𝑘)+
𝑛(𝑛−1)

2
1

(𝑛 − 𝑘)! 𝑘!
𝜀⋆ 𝜇1…𝜇𝑘  𝜇𝑛…𝜇𝑘+1

𝜀⋆ 𝜈𝑘…𝜈1
 𝜇𝑘+1⋯𝜇𝑛 d𝜉𝜈1 ∧⋆ ⋯ ∧⋆ d𝜉𝜈𝑘  

 = (−1)𝑘(𝑛−𝑘)d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘

 

⋇⋇ 𝜔 = (−1)𝑘(𝑛−𝑘)𝜔.  
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d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘 ∧⋆⋇ ( d𝜉𝜈1 ∧⋆ ⋯ ∧⋆ d𝜉𝜈𝑘)

=
(−1)𝜎(𝑘)

(𝑛 − 𝑘)!
𝜀𝜌𝑛−𝑘⋯𝜌1

𝜈1…𝜈𝑘 𝜀⋆
𝜇1…𝜇𝑘𝜌1…𝜌𝑛−𝑘  d𝑛𝜉

=
(−1)𝑘(𝑘−𝑛)+𝜎(𝑘)

(𝑛 − 𝑘)!
𝜀⋆ 𝜌1…𝜌𝑛−𝑘

𝜇1 … 𝜇𝑘𝜀⋆
𝜌𝑛−𝑘⋯𝜌1𝜈1…𝜈𝑘 d𝑛𝜉

= (−1)𝑘(𝑛−𝑘) ⋇ ( d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘) ∧⋆ d𝜉𝜈1 ∧⋆ ⋯ ∧⋆ d𝜉𝜈𝑘

 

𝜔 ∧⋆⋇ 𝜒= 𝜔𝜇1…𝜇𝑘
⋆ ⋆ d𝜉𝜇1 ∧⋆ ⋯ ∧⋆ d𝜉𝜇𝑘 ⋆ 𝜒𝜈1…𝜈𝑘

⋆ ∧⋆⋇ ( d𝜉𝜈1 ∧⋆ ⋯ ∧⋆ d𝜉𝜈𝑘)  

= (−1)𝑘(𝑛−𝑘)𝜔𝜇1…𝜇𝑘
⋆ ⋆ 𝑅̂𝜌1

 𝜇1 … 𝑅̂𝜌𝑘
 𝜇𝑘𝜒𝜈1…𝜈𝑘

⋆ ⋆⋇ ( d𝜉𝜌1 ∧⋆ ⋯ ∧⋆ d𝜉𝜌𝑘) ∧⋆ d𝜉𝜈1 ∧⋆ ⋯ ∧⋆ d𝜉𝜈𝑘 

 = (−1)𝑘(𝑛−𝑘)(⋇ 𝜔) ∧⋆ 𝜒

 

⟨𝜔, 𝜒⟩ = ∫  𝜔 ∧⋆⋇ 𝜒 = (−1)𝑘(𝑛−𝑘) ∫  ⋇ 𝜔 ∧⋆ 𝜒 = ∫  𝜒 ∧⋆⋇ 𝜔 = ⟨𝜒, 𝜔⟩.  

Δ𝜔 = 𝛿d𝜔 + d𝛿𝜔  

Δ𝑓 = 𝜕𝜇𝜕𝜇𝑓𝐻−2  

Δ𝜔 = 𝜕𝜇𝜕𝜇𝜔𝜇1…𝜇𝑘
 d𝑥𝜇1 ∧ ⋯ ∧  d𝑥𝜇𝑘𝐻−2  

Δ⋆(𝑓) =⋇  d ⋇  d𝑓

= 𝜕𝜈
⋆𝜕𝜇

⋆𝑓 ⋆ 𝐻−1 ⋆⋇ ( d𝜉𝜈 ∧⋆ 𝐻−1 ⋇ d𝜉𝜇) 

 = 𝑅̃𝜌

𝜈

𝜕𝜈
⋆𝜕𝜇

⋆𝑓 ⋆ 𝐻−2 ⋆⋇ ( d𝜉𝜌 ∧⋆⋇ d𝜉𝜇)

 = 𝑅̃
𝜈𝜇

𝜕𝜈
⋆𝜕𝜇

⋆𝑓 ⋆ 𝐻−2

 

Δ⋆(𝑓)= 𝜕𝜈𝜕𝜇𝑓 ⋇ ( d𝑥𝜈 ∧⋇  d𝑥𝜇)  

= 𝜕𝜈𝜕𝜇𝑓𝐻−2 ⋇ ((𝐻 d𝑥𝜈) ∧⋇ (𝐻 d𝑥𝜇))  

= 𝜕𝜈𝜕𝜇𝑓𝐻−2𝐹̃𝑜𝑝 𝜌 𝜈𝐹̃𝑜𝑝 𝜇 ⋇ ( d𝜉𝜌 ∧⋇ d𝜉𝜎)  

 = 𝜕𝜈𝜕𝜇𝑓𝐻−2𝐹̃𝑜𝑝 𝜈𝐹̃𝑜𝑝 𝜇𝐹̂
𝜌′𝜎′
𝜌

⋇ ( d𝜉𝜌′
∧⋆⋇ d𝜉𝜎′

)

 = 𝜕𝜈𝜕𝜇𝑓𝐻−2𝐹̃𝑜𝑝 𝜈𝐹̃𝑜𝑝 𝜇𝐹̂𝜌′  𝜌𝜎′𝜂𝜌′𝜎′

 = 𝜕𝜈𝜕𝜇𝑓𝐻−2𝜂𝜇𝜈

 = Δ(𝑓)

 

𝐹̃𝑜𝑝 𝜎  𝜇𝐻 = 𝐹𝑜𝑝 𝜎  𝜇(𝐻) 

𝐹̃𝜈  𝜇𝐹̃𝜌 𝜎𝜂𝜈𝜌 = 𝜂𝜇𝜎 and 𝐹̂𝜌′  𝜌 𝜎′  𝜎𝜂𝜌′𝜎′
= 𝜂𝜌𝜎 

Δ⋆(𝜔)  = 𝑅̃𝜇𝜈𝜕𝜇
⋆𝜕𝜈

⋆𝜔𝜌1…𝜌𝑘
⋆ ⋆ 𝐻−2 ⋆  d𝑥𝜌1 ∧⋆ ⋯ ∧⋆ d𝑥𝜌𝑘

 = Δ(𝜔𝜌1…𝜌𝑘
⋆ ) ⋆ d𝑥𝜌1 ∧⋆ ⋯ ∧⋆ d𝑥𝜌𝑘

 

Δ⋆(𝜔) = Δ(𝜔)  

𝛿𝜀𝜙(𝑥) = 𝑖𝜀(𝑥) ⋆ 𝜙(𝑥).  

𝛿𝜀d𝜙 = 𝑖𝜀 ⋆  d𝜙 + 𝑖 d𝜀 ⋆ 𝜙.  

𝛿𝜀𝐴 = d𝜀 + 𝑖[𝜀 ,⋆ 𝐴]  
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D𝜙 = d𝜙 − 𝑖𝐴 ⋆ 𝜙  

𝐺 = d𝐴 − 𝑖𝐴 ∧⋆ 𝐴,  

𝛿𝜀(𝐺) = 𝑖[𝜀⋆, 𝐺].  

𝛿𝜀(∗ 𝐺) = 𝑖[𝜀⋆,∗ 𝐺]  

𝑆𝑁𝐶−𝑌𝑀 = −
1

2𝑔𝑌𝑀
2 ∫  tr𝐺 ∧⋆⋇ 𝐺  

𝜑 = 𝜙𝐻−1 = 𝜙⋆ ⋆ 𝐻−1as 𝜙 = ℱ̃(𝜙⋆) 

𝛿𝜀𝜑 = 𝑖𝜀 ⋆ 𝜑, 𝛿𝜀𝜑† = −𝑖𝜑† ⋆ 𝜀  

𝑆𝑁𝐶−𝜙 = ∫  D𝜑† ∧⋆∗ 𝐷𝜑  

D𝜑 = d𝜑 − 𝑖𝐴 ⋆ 𝜑 D𝜑† = d𝜑† + 𝑖𝜑† ⋆ 𝐴  

∫  ⋇ ((𝜑† ⋆ 𝜑)
⋆𝑚

)  

𝑆𝑚 = 𝑚2 ∫   d𝒟𝑥𝜙†𝜙 = 𝐻−2𝑚2 ∫  ⋇ (𝜙†𝐻−1𝜙𝐻−1) = 𝜇2 ∫  ⋇ (𝜑†𝜑)  

 

𝑆𝑁𝐶−𝑚 = ∫  𝜇2 ⋆⋇ (𝜑† ⋆ 𝜑) = ∫  ⋇ (𝜇2 ⋆ 𝜑† ⋆ 𝜑) = 𝜇2 ∫  ∗ (𝜑† ⋆ 𝜑)  

∫  ⋇ (𝛾2𝑚,𝑛 ⋆ (𝜑† ⋆ 𝜑)
⋆𝑚

)  

𝛾𝑚 = 𝑔2𝑚,𝑛𝐻2𝑚−𝑛 

𝑆𝜙4 = 𝑔⧠,𝒟 ∫  ∗ (𝜑† ⋆ 𝜑 ⋆ 𝜑† ⋆ 𝜑)  

𝛿𝜀𝜑 = 𝑖[𝜀 ,⋆ 𝜑]  

D𝜑 = d𝜑 − 𝑖[𝐴⋆, 𝜑]  

𝑆𝑁𝐶−𝜙 = ∫  trD𝜑 ∧⋆⋇ D𝜑  

𝑆𝑁𝐶−𝑖𝑛𝑡 = ∫  tr ⋇ (𝜑⋆4)  

ℒ𝑋𝑠𝛼= −
1

8
(𝜕𝜇𝑋𝜈 − 𝜕𝜈𝑋𝜇)𝜎𝛼𝛼̇

𝜇
𝜎𝜈𝛼̇𝛽𝑠𝛽  

ℒ𝑋𝑠‾𝛼̇ = −
1

8
(𝜕𝜇𝑋𝜈 − 𝜕𝜈𝑋𝜇)𝜎𝜇𝛼̇𝛼𝜎𝛼𝛽̇

𝜈 𝑠‾𝛽̇
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Ψ = 𝜓𝐻−
3
2 Ψ‾ = 𝜓‾𝐻−

3
2  

𝜎 = 𝜎𝜇𝛼𝛼̇𝑠𝛼𝑠‾𝛼̇𝑑𝑥𝜇𝐻  

𝛿𝜀Ψ = 𝑖𝜀 ⋆ Ψ 𝛿𝜀Ψ‾ = −𝑖Ψ‾ ⋆ 𝜀  

𝑆𝑁𝐶−𝜓 = ∫  d𝒟𝑠 d𝒟𝑠‾ ∫  Ψ‾ ∗ 𝜎 ∧⋆∗ DΨ  

DΨ = dΨ − 𝑖𝐴 ⋆ Ψ, DΨ‾ = dΨ‾ + 𝑖Ψ‾ ⋆ 𝐴  

𝑆𝑁𝐶−𝑌𝑢𝑘𝑎𝑤𝑎 = ∫  ⋇ (∫   d𝒟𝑠‾Ψ‾ ⋆ 𝜑† ⋆ Ξ‾ + ∫  d𝒟𝑠Ξ ⋆ 𝜑 ⋆ Ψ)  

𝛿𝜀Ψ = 𝑖[𝜀⋆, Ψ] 𝛿𝜀Ψ‾ = 𝑖[𝜀⋆, Ψ‾ ]  

𝑆𝑁𝐶−𝜓 = ∫  d𝒟𝑠 d𝒟𝑠‾ ∫  trΨ‾ ⋆ 𝜎 ∧⋆∗ DΨ  

DΨ = dΨ − 𝑖[𝐴,⋆ Ψ], DΨ‾ = dΨ‾ + 𝑖[Ψ‾ ,⋆ 𝐴]  

𝑆𝑁𝐶−𝑌𝑢𝑘𝑎𝑤𝑎 = ∫  ∗ tr (∫   d𝒟𝑠‾Ψ‾ ⋆ 𝜑† ⋆ Ξ‾ + ∫  d𝒟𝑠Ξ ⋆ 𝜑 ⋆ Ψ)  

𝛿𝑔𝜙 = 𝑖[𝜖, 𝜙] 

𝛿𝑔(𝜕𝜇𝜙) = 𝜕𝜇(𝛿𝑔𝜙) = 𝑖[𝜖, 𝜕𝜇𝜙] + 𝑖[𝜕𝜇𝜖, 𝜙] 

𝛿𝑔𝐴𝜇 = 𝑖[𝜖, 𝐴𝜇] + 𝜕𝜇𝜖 

D is equal to: (i) dark dimensions (▰, ∎) or (ii) white dimensions (⧠, ▣, ◻) 

𝐷𝜇𝜙 = 𝜕𝜇𝜙 − 𝑖[𝐴𝜇 , 𝜙] 

𝛿𝑔𝐷𝜇𝜙 = 𝑖[𝜖, 𝐷𝜇𝜙] 

Δℱ(𝑝𝜇) = ℱ(𝑝𝜇 ⊗ 1 + 1 ⊗ 𝑝𝜇)ℱ−1 ≠ 𝑝𝜇 ⊗ 1 + 1 ⊗ 𝑝𝜇  

∫ 𝑒−𝑖
𝜆
2

𝐷∧𝑄 ∫ 𝑞𝑎𝜙𝑎 ∫ −𝑖𝑥𝜇𝜕𝜇|
𝜁=𝑒

𝜆
2

𝑞𝜙
 

Δℱ(𝑝𝜇) = ℱ(𝑝𝜇 ⊗ 1 + 1 ⊗ 𝑝𝜇)ℱ−1 = 𝑝𝜇 ⊗ 𝑒
𝜆
2

𝑄 + 𝑒−
𝜆
2

𝑄 ⊗ 𝑝𝜇
 

𝜕𝜇(𝜙𝑎 ⋆ 𝜙𝑏) = 𝜇ℱ (Δℱ(𝜕𝜇)(𝜙𝑎 , 𝜙𝑏)) = 𝜕𝜇𝜙𝑎 ⋆ 𝑒
𝜆
2

𝑞𝑏𝜙𝑏 + 𝑒−
𝜆
2

𝑞𝑎𝜙𝑎 ⋆ 𝜕𝜇𝜙𝑏
 

𝛿𝑔𝜙 = 𝑖[𝜖 ,⋆ 𝜙] = 𝑖(𝜖 ⋆ 𝜙 − 𝜙 ⋆ 𝜖)  

𝛿𝑔(𝜕𝜇𝜙) = 𝜕𝜇(𝛿𝑔𝜙) = 𝑖([𝜖 ,⋆ 𝜕𝜇𝜙] + 𝜁𝜕𝜇𝜖 ⋆ 𝜙 − 𝜁−1𝜙 ⋆ 𝜕𝜇𝜖)  
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𝐷𝜇𝜙 = 𝜕𝜇𝜙 − 𝑖(ℓ1𝐴𝜇 ⋆ 𝜙 − ℓ2𝜙 ⋆ 𝐴𝜇)  

𝛿𝐴𝜇 = 𝑖(ℓ3𝜖 ⋆ 𝐴𝜇 − ℓ4𝐴𝜇 ⋆ 𝜖) + 𝜕𝜇𝜖  

𝛿𝐷𝜇𝜙= 𝑖[𝜖 ⋆ 𝜕𝜇𝜙] + 𝑖(𝜁 − ℓ1)𝜕𝜇𝜖 ⋆ 𝜙 − 𝑖(𝜁−1 − ℓ2)𝜙 ⋆ 𝜕𝜇𝜖  

 +ℓ1ℓ3𝜖 ⋆ 𝐴𝜇 ⋆ 𝜙 − ℓ1𝐴𝜇 ⋆ 𝜙 ⋆ 𝜖 + ℓ2ℓ4𝜙 ⋆ 𝐴𝜇 ⋆ 𝜖 − ℓ2𝜖 ⋆ 𝜙 ⋆ 𝐴𝜇

 +ℓ1(1 − ℓ4)𝐴𝜇 ⋆ 𝜖 ⋆ 𝜙 + ℓ2(1 − ℓ3)𝜙 ⋆ 𝜖 ⋆ 𝐴𝜇

 

𝐷𝜇𝜙 = 𝜕𝜇𝜙 − 𝑖(𝜁𝐴𝜇 ⋆ 𝜙 − 𝜁−1𝜙 ⋆ 𝐴𝜇)  

𝜁𝐴𝜇(𝑥) ⋆ 𝜙(𝑥) = 𝜁𝐴𝜇(𝜁𝑥)𝜙(𝑥), 𝜁−1𝜙(𝑥) ⋆ 𝐴𝜇(𝑥) = 𝜁−1𝜙(𝑥)𝐴𝜇(𝜁−1𝑥)  

𝛿𝐴𝜇 = 𝑖[𝜖 ,⋆ 𝐴𝜇] + 𝜕𝜇𝜖 ⊘ tr(𝐷𝜇𝜙‾ ⋆ 𝐷𝜇𝜙)  

𝛿𝐷𝜇𝜙 = 𝑖[𝜖⋆, 𝐷𝜇𝜙]tr(𝐷𝜇𝜙‾ ⋆ 𝐷𝜇𝜙)  

tr(𝜖 ⋆ 𝐷𝜇𝜙‾ ⋆ 𝐷𝜇𝜙 − 𝐷𝜇𝜙‾ ⋆ 𝐷𝜇𝜙 ⋆ 𝜖) = tr(𝜖(𝐷𝜇𝜙‾ ⋆ 𝐷𝜇𝜙) − (𝐷𝜇𝜙‾ ⋆ 𝐷𝜇𝜙)𝜖)  

𝐷 = −𝑖𝑥𝜇𝜕𝜇 ⊕ 𝜕𝐷𝜇𝜙‾ ⋆𝐷𝜇𝜙 

𝐷 → −𝐷̂ ≡ 𝐷 − 𝑖 ∑  

𝐼

 Δ𝐼Φ𝐼

𝛿

𝛿Φ𝐼
 

ℱ →  ℱ̂ = 𝑒𝑖
𝜆
2

𝐷̂∧𝑄  

𝜙𝑎 ⋆̂ 𝜙𝑏 = 𝜇 (ℱ̂−1(𝜙𝑎, 𝜙𝑏)) ,  

𝜙𝑎 ⋆̂ 𝜙𝑏  = 𝜇 (𝑒−𝑖
𝜆
2

𝐷̂∧𝑄(𝜙𝑎, 𝜙𝑏)) = 𝑒
𝜆
2

(Δ𝑎𝑞𝑏−𝑞𝑎Δ𝑏)
𝜇 (𝑒𝑖

𝜆
2

𝐷∧𝑄(𝜙𝑎, 𝜙𝑏))

 = 𝑒
𝜆
2

(Δ𝑎𝑞𝑏−𝑞𝑎Δ𝑏)
𝜙𝑎 ⋆ 𝜙𝑏

 

Δ𝜙 = Δ𝜙‾ = Δ𝐴 = 1, Δ𝜖 = 0, 𝑞𝜙 = −𝑞𝜙‾ , 𝑞𝐴 = 𝑞𝜖 = 0  

𝐴𝜇 ⋆̂ 𝜙 = 𝜁𝐴𝜇 ⋆ 𝜙, 𝜙 ⋆̂ 𝐴𝜇 = 𝜁−1𝜙 ⋆ 𝐴𝜇 , 𝜖 ⋆̂ 𝐴𝜇 = 𝜖 ⋆ 𝐴𝜇 , 𝐴𝜇 ⋆̂ 𝜖 = 𝐴𝜇 ⋆ 𝜖  

𝛿𝜙 = 𝑖[𝜖 ,𝑘̂ 𝜙], 𝛿𝜕𝜇𝜙 = 𝑖([𝜖 ,𝑘̂ 𝜕𝜇𝜙] + [𝜕𝜇𝜖 ,𝑘̂ 𝜙]),

𝐷𝜇𝜙 = 𝜕𝜇𝜙 − 𝑖 [𝐴𝜇 , 𝑘̂̂, 𝜙] , 𝛿𝐷𝜇𝜙 = 𝑖[𝜖 ,𝑘̂ 𝐷𝜇𝜙].
 

tr(𝐷𝜇𝜙‾ ⋆̂ 𝐷𝜇𝜙) = 𝑒
𝜆
2(4𝑞𝜙)tr(𝐷𝜇𝜙‾ ⋆ 𝐷𝜇𝜙)  

[𝐷̂, 𝜕𝜇]Φ = −[𝐷, 𝜕𝜇]Φ + 𝑖 [∑  

𝐼

 Δ𝐼Φ𝐼

𝛿

𝛿Φ𝐼
, 𝜕𝜇] Φ

 = −𝑖𝜕𝜇Φ + 𝑖((ΔΦ + 1) − ΔΦ)𝜕𝜇Φ = 0

 

𝛿̂Φ ≡ Φ′(𝑥) ⊝ Φ(𝑥)  
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ℱ = 𝑒−𝑖
𝜆
2

𝜔𝜇𝜈𝑀𝜇𝜈∧𝑄  

𝑀𝜇𝜈  = 2𝑖𝑥[𝜇𝜕𝜈] = 𝑖(𝑥𝜇𝜕𝜈 − 𝑥𝜈𝜕𝜇)

[𝑀𝜇𝜈 , 𝑀𝜌𝜎]  = −𝑖(𝜂𝜇𝜌𝑀𝜈𝜎 − 𝜂𝜈𝜌𝑀𝜇𝜎 + 𝜂𝜈𝜎𝑀𝜇𝜌 − 𝜂𝜇𝜎𝑀𝜈𝜌)
 

ℱ(𝑝𝜇 ⊗ 1)ℱ = 𝑒−𝑖
𝜆
2

𝜔𝛼𝛽𝑀𝛼𝛽⊗𝑄
(𝑝𝜇 ⊗ 1)𝑒𝑖

𝜆
2

𝜔𝛼𝛽𝑀𝛼𝛽⊗𝑄 = 𝑝𝜈 ⊗ 𝐹𝜇
𝜈

ℱ(1 ⊗ 𝑝𝜇)ℱ = 𝑒𝑖
𝜆
2

𝜔𝛼𝛽𝑄⊗𝑀𝛼𝛽(1 ⊗ 𝑝𝜇)𝑒−𝑖
𝜆
2

𝜔𝛼𝛽𝑄⊗𝑀𝛼𝛽 = 𝐹𝜇
𝜈 ⊗ 𝑝𝜈

 

𝐹𝜇
𝜈 = (Λ[𝜆𝑞𝜔])𝜇

𝜈 = (exp (𝜆𝑞𝜔))𝜇
𝜈

 

Δℱ(𝑝𝜇) = 𝑝𝜈 ⊗ 𝐹𝜈 𝜇 + 𝐹𝜇 𝜈 ⊗ 𝑝𝜈  

𝜕𝜇(𝜙𝑎 ⋆ 𝜙𝑏) = 𝜇ℱ (Δℱ(𝜕𝜇)(𝜙𝑎, 𝜙𝑏)) = 𝜕𝜈𝜙𝑎 ⋆ 𝐹𝜇
𝜈𝜙𝑏 + 𝐹𝜇

𝜈𝜙𝑎 ⋆ 𝜕𝜈𝜙𝑏  

𝜕𝜇(𝜙𝑎 ⋆̂ 𝜙𝑏) = 𝜕𝜇𝜙𝑎 ⋆̂ 𝜙𝑏 + 𝜙𝑎 ⋆̂ 𝜕𝜇𝜙𝑏 

𝑀̂𝜇𝜈(𝜙(𝑥)) = −2𝑖𝑥[𝜇𝜕𝜈]𝜙(𝑥), 𝑀̂𝜇𝜈(𝜕𝜌𝜙(𝑥)) = −2𝑖𝑥[𝜇𝜕𝜈](𝜕𝜌𝜙(𝑥)) − 2𝑖𝜂𝜌[𝜇𝜕𝜈]𝜙(𝑥)  

𝑒
𝑖
2
𝜔𝜇𝜈𝑀̂𝜇𝜈(𝜙(𝑥)) = 𝜙(Λ−1𝑥), 𝑒

𝑖
2
𝜔𝜇𝜈𝑀̂𝜇𝜈(𝜕𝜌𝜙(𝑥)) = Λ𝜌

𝛼𝜕𝛼𝜙(Λ−1𝑥)  

ℱ̂ = 𝑒𝑖
𝜆
2

𝜔𝜇𝜈𝑀̂𝜇𝜈∧𝑄tr(𝐷𝜇𝜙‾ ⋆̂ 𝐷𝜇𝜙)  

𝜙𝑎 ⋆̂ 𝜙𝑏 = 𝜙𝑎 ⋆ 𝜙𝑏 , 𝜕𝜇𝜙𝑎 ⋆̂ 𝜙𝑏 = 𝜕𝜈𝜙𝑎 ⋆ 𝐹𝜇
𝜈𝜙𝑏, 𝜙𝑎 ⋆̂ 𝜕𝜇𝜙𝑏 = 𝐹𝜇

𝜈𝜙𝑎 ⋆ 𝜕𝜈𝜙𝑏.  

𝜕𝜇(𝜙𝑎 ⋆̂ 𝜙𝑏) = 𝜕𝜇𝜙𝑎 ⋆̂ 𝜙𝑏 + 𝜙𝑎 ⋆̂ 𝜕𝜇𝜙𝑏.  

ℱ̂ = 𝑒−𝑖
𝜆
2

𝜔𝛼𝛽𝑀̂𝛼𝛽∧𝜔′𝛼𝛽𝑀̂𝛼𝛽  

ℱ̂ = 𝑒−𝑖
𝜆
2

𝑀̂01∧𝑀̂23 

∫  𝑑𝑑𝑥tr([𝜖 ⋆̂, ℒ]) ∼ ∫  𝑑𝑑𝑥(tr([𝜖, ℒ]) − 𝑖𝜆(𝑀̂01𝜖𝑀̂23ℒ − 𝑀̂23𝜖𝑀̂01ℒ) + ⋯ )  

∫  𝑑𝑑𝑥(𝑥0𝑥2𝜕1𝜖𝜕3ℒ − 𝑥0𝑥2𝜕3𝜖𝜕1ℒ) = 0  

ℱ̂ = 𝑒−𝑖
𝜆
2

𝐷̂∧𝜔𝛼𝛽𝑀̂𝛼𝛽  

ℱ = 𝑒−𝑖
𝜆
2

𝐷∧𝑀23 
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𝜕0,1(𝜙𝑎 ⋆ 𝜙𝑏)= 𝜕0,1𝜙𝑎 ⋆ 𝑒
𝜆
2

𝑀23𝜙𝑏 + 𝑒−
𝜆
2

𝑀23𝜙𝑎 ⋆ 𝜕0,1𝜙𝑏  

𝜕2(𝜙𝑎 ⋆ 𝜙𝑏)= 𝜕2𝜙𝑎 ⋆ cos (
𝜆

2
𝐷) 𝑒

𝜆
2

𝑀23𝜙𝑏 + 𝜕3𝜙𝑎 ⋆ sin (
𝜆

2
𝐷) 𝑒

𝜆
2

𝑀23𝜙𝑏  

 +cos (
𝜆

2
𝐷) 𝑒−

𝜆
2

𝑀23𝜙𝑎 ⋆ 𝜕2𝜙𝑏 − sin (
𝜆

2
𝐷) 𝑒−

𝜆
2

𝑀23𝜙𝑎 ⋆ 𝜕3𝜙𝑏

𝜕3(𝜙𝑎 ⋆ 𝜙𝑏) = 𝜕3𝜙𝑎 ⋆ cos (
𝜆

2
𝐷) 𝑒

𝜆
2

𝑀23𝜙𝑏 − 𝜕2𝜙𝑎 ⋆ sin (
𝜆

2
𝐷) 𝑒

𝜆
2

𝑀23𝜙𝑏

 +cos (
𝜆

2
𝐷) 𝑒−

𝜆
2

𝑀23𝜙𝑎 ⋆ 𝜕3𝜙𝑏 + sin (
𝜆

2
𝐷) 𝑒−

𝜆
2

𝑀23𝜙𝑎 ⋆ 𝜕2𝜙𝑏

 

𝐷̂ℒ = 𝑖𝑥𝜇𝜕𝜇ℒ + 𝑖Δℒℒ ∫ 𝜕tr[(𝑥2𝜕3𝜖 − 𝑥3𝜕2𝜖)ℒ]  

𝑖𝜆tr(𝐷̂𝜖𝑀̂23ℒ − 𝑀̂23𝜖𝐷̂ℒ) = 𝑖𝜆tr[(𝑥𝜇𝜕𝜇𝜖)(𝑥2𝜕3ℒ − 𝑥3𝜕2ℒ)

−(𝑥2𝜕3𝜖 − 𝑥3𝜕2𝜖)(𝑥𝜇𝜕𝜇ℒ + Δℒℒ)]
 

𝑖𝜆tr[(𝑥𝜇𝜕𝜇𝜖)(𝑥2𝜕3ℒ − 𝑥3𝜕2ℒ)] ≈ 𝑖𝜆tr[(𝑥2𝜕3𝜖 − 𝑥3𝜕2𝜖)(𝑥𝜇𝜕𝜇ℒ + 𝑑ℒ)]  

ℱ = 𝑒−𝑖
𝜆
2

𝒟∧𝑄 = 𝑒−𝑖
𝜆
2

𝐷∧𝑄𝑒−𝑖
𝜆
2

(𝑖𝐻𝜕𝐻∧𝑄)  

𝜑𝑎 = 𝜙𝑎𝐻−Δ𝑎 

𝜑𝑎 ⋆ 𝜑𝑏 = (𝜙𝑎𝐻−Δ𝑎) ⋆ (𝜙𝑏𝐻−Δ𝑏) = 𝑒
𝜆
2

(Δ𝑎𝑞𝑏−𝑞𝑎Δ𝑏)(𝜙𝑎 ⋆ 𝜙𝑏)𝐻−2.  

𝐴 ⋆ 𝜑 = 𝜁d𝑥𝜇𝐻−1𝐴𝜇 ⋆ 𝜙, 𝜑 ⋆ 𝐴 = 𝜁−1𝜙 ⋆ 𝐴𝜇d𝑥𝜇𝐻−1

𝜖 ⋆ 𝐴 = (𝜖 ⋆ 𝐴𝜇d𝑥𝜇), 𝐴 ⋆ 𝜖 = (d𝑥𝜇𝐴𝜇 ⋆ 𝜖),
 

𝛿𝜀𝐴 = d𝜀 + 𝑖[𝜀⋆, 𝐴] = d𝑥𝜇(𝜕𝜇𝜀 + 𝑖[𝜀⋆, 𝐴𝜇])  

D𝜑 = d𝜑 − 𝑖[𝐴 ⋆⋆ 𝜑] = d𝑥𝜇𝐻−1[𝜕𝜇𝜙 − 𝑖(𝜁𝐴𝜇 ⋆ 𝜙 − 𝜁−1𝜙 ⋆ 𝐴𝜇)]  

ℱ = 𝑒−𝑖
𝜆
2

𝜔𝜇𝜈𝑀𝜇𝜈∧𝑄  

 d𝜙𝑎 = d𝑥𝜇𝜕𝜇𝜙𝑎 

d(𝜙𝑎 ⋆ 𝜙𝑏) = d𝜙𝑎 ⋆ 𝜙𝑏 + 𝜙𝑎 ⋆  d𝜙𝑏  

𝑀𝜇𝜈(d𝑥𝜌) = 2𝑖 d𝑥[𝜇𝛿𝜈]
𝜌

 

d(𝜙𝑎 ⋆ 𝜙𝑏) = d𝑥𝜇𝜕𝜇(𝜙𝑎 ⋆ 𝜙𝑏) = d𝑥𝜇(𝜕𝜈𝜙𝑎 ⋆ 𝐹𝜇
𝜈𝜙𝑏 + 𝐹𝜇

𝜈𝜙𝑎 ⋆ 𝜕𝜈𝜙𝑏)  

𝒟(Φ𝐻−Δ) = (𝐷 + 𝑖𝐻𝜕𝐻)(Φ𝐻−Δ) = (𝐷Φ − 𝑖ΔΦ)𝐻−Δ = −(𝐷̂Φ)𝐻−Δ  

𝑀𝜇𝜈(𝐴𝜌d𝑥𝜌) = d𝑥𝜌(𝑀𝜇𝜈(𝐴𝜌) + 2𝑖𝜂𝜌[𝜇𝐴𝜈]) = −d𝑥𝜌𝑀̂𝜇𝜈(𝐴𝜌)  

d𝑥𝜇 ∧⋆̂ d𝑥𝜈= d𝑥𝜇 ∧ d𝑥𝜈 

𝑓 ⋆̂  d𝑥𝜇 = 𝑓 d𝑥𝜇

𝜔 ⋆̂ 𝐻 = 𝜔𝐻
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⋇ ( d𝜉𝜇1 ∧⋆̂ d𝜉𝜇2)=⋇ ( d𝜉𝜇1 ∧  d𝜉𝜇2)  

= 𝐹̂
𝜇1

′
𝜇1  

𝜇2
′

𝜇2 ⋇ ( d𝜉𝜇1
′

∧⋆ d𝜉𝜇2
′
)  

 = −
1

2
𝐹̂

𝜇1
′

𝜇1  
𝜇2

′
𝜇2𝜀⋆𝜈2𝜈1

𝜇1
′ 𝜇2

′

d𝜉𝜈1 ∧⋆ d𝜉𝜈2

 = −
1

2
𝐹̂𝜇1

′  𝜇1  
𝜇2

′
𝜇2𝐹‾̂

𝜈1
′ 𝜈2

′
𝜈1 𝜀⋆𝜈2𝜈1

𝜇1
′ 𝜇2

′

d𝜉𝜈1
′

∧ d𝜉𝜈2
′

 

𝜀⋆
𝜇𝜈𝜌𝜎

d4𝜉= d𝜉𝜇 ∧⋆ d𝜉𝜈 ∧⋆ d𝜉𝜌 ∧⋆ d𝜉𝜎  

= (d𝜉𝜇 ∧⋆ d𝜉𝜈) ∧ (d𝜉𝜌 ∧⋆ d𝜉𝜎)  

 = 𝐹‾̂
𝜇′
𝜇

 𝜈′
𝜈 𝐹‾̂𝜌′  𝜌 𝜎′

𝜎 d𝜉𝜇 ∧ d𝜉𝜈 ∧ d𝜉𝜌 ∧ d𝜉𝜎

 = 𝐹‾̂𝜇′  𝜇 𝜈′
𝜈 𝐹‾̂𝜌′  𝜌 𝜎′  𝜎𝜀𝜇′𝜈′𝜌′𝜎′

d4𝜉

 

⋇ ( d𝜉𝜇 ∧⋆̂ d𝜉𝜈) = −
1

2
𝜀𝜎𝜌 𝜇𝜈d𝜉𝜌 ∧ d𝜉𝜎  

𝛿𝑋
⋆(Φ1 ∧⋆ Φ2 ∧⋆ … ∧⋆ Φ𝑛) = ⋀  

⋆

 (Δℱ
(𝑛)

(𝑋)(Φ1, Φ2, … , Φ𝑛)) .  

𝛿𝑋
⋆(Φ1 ∧⋆ Φ2 ∧⋆ … ∧⋆ Φ𝑛) = ℒ𝑋(Φ1 ∧⋆ Φ2 ∧⋆ … ∧⋆ Φ𝑛)  

𝑎𝑛(𝐼𝑛; 𝑥1 … 𝑥𝑛) = 𝐼𝑛 × ∏  

𝑛

𝑘=1

 Φ(𝑥𝑘)  

 

𝑓‾𝑥
𝛼(ΔΦ(𝑥 − 𝑦)) = 𝑆(𝑓‾𝑦

𝛼)(ΔΦ(𝑥 − 𝑦)).  

⟨𝐴(𝑥)𝐴(𝑦)⟩ = ⟨𝐴𝜇(𝑥)𝐴𝜈(𝑦)⟩d𝑥𝜇d𝑦𝜈 =
d𝑥𝜇d𝑦𝜈𝜂𝜇𝜈

(𝑥 − 𝑦)2
 

Δ𝜑(𝑥 − 𝑦) = ⟨𝜑(𝑥)𝜑(𝑦)⟩ = 𝐻𝑥
−1𝐻𝑦

−1⟨𝜙(𝑥)𝜙(𝑦)⟩ =
𝐻𝑥

−1𝐻𝑦
−1

(𝑥 − 𝑦)2
 

(𝑋𝑥 + 𝑋𝑦)Δ𝜑(𝑥 − 𝑦) = 0  
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(𝒟𝑥 + 𝒟𝑦)Δ𝜑(𝑥 − 𝑦) = (−𝑖𝑥𝜇𝜕𝜇
𝑥 − 𝑖𝑦𝜇𝜕𝜇

𝑦
+ 𝑖𝐻𝑥𝜕𝐻𝑥

+ 𝑖𝐻𝑦𝜕𝐻𝑦
)

𝐻𝑥
−1𝐻𝑦

−1

(𝑥 − 𝑦)2
 

(𝑋𝑥 − 𝑆(𝑋)𝑦)Δ𝜑(𝑥 − 𝑦)  

⟨𝐴(𝑥)𝐴(𝑦)⟩=
𝜂𝜇𝜈d𝑥𝜇d𝑥𝜈

(𝑥 − 𝑦)2
 

⟨Ψ(𝑥)Ψ‾ (𝑦)⟩ = 𝜕𝛼𝛼̇

𝑠𝑥
𝛼𝑠‾𝑦

𝛼̇𝐻𝑥

−
3
2𝐻𝑦

−
3
2

(𝑥 − 𝑦)2

 

𝑝𝜇 = −𝑖𝜕𝜇 , 𝑀𝜇𝜈 = 2𝑖𝑥[𝜇𝜕𝜈] = 𝑖(𝑥𝜇𝜕𝜈 − 𝑥𝜈𝜕𝜇), 𝐷 = −𝑖𝑥𝜇𝜕𝜇  

[𝑀𝜇𝜈 , 𝑀𝜌𝜎] = −𝑖(𝜂𝜇𝜌𝑀𝜈𝜎 − 𝜂𝜈𝜌𝑀𝜇𝜎 + 𝜂𝜈𝜎𝑀𝜇𝜌 − 𝜂𝜇𝜎𝑀𝜈𝜌),

[𝑀𝜇𝜈 , 𝑝𝜌] = −𝑖(𝜂𝜌𝜇𝑝𝜈 − 𝜂𝜌𝜈𝑝𝜇), [𝐷, 𝑝𝜇] = 𝑖𝑝𝜇 .
 

𝑒𝑖𝑎𝜇𝑝𝜇 , 𝑒
𝑖
2
𝜔𝜇𝜈𝑀𝜇𝜈 , 𝑒𝑖𝜖𝐷,  

𝑥′𝜇 = 𝑥𝜇 + 𝑎𝜇 , 𝑥′𝜇 = Λ𝜈
𝜇
𝑥𝜈, 𝑥′𝜇 = 𝑒𝜖𝑥𝜇 ,  

Λ𝜇 𝜈 = (𝑒𝜔)𝜇 𝜈 .  

𝑒𝑖𝑎𝜇𝑝𝜇Φ(𝑥) = Φ(𝑥 + 𝑎), 𝑒
𝑖
2
𝜔𝜇𝜈𝑀𝜇𝜈Φ(𝑥) = Φ(Λ𝑥), , 𝑒𝑖𝜖𝐷Φ(𝑥) = Φ(𝑒𝜖𝑥)  

Φ(𝑥′) − Φ(𝑥) ≈ 𝜉𝜇𝜕𝜇Φ(𝑥)  

Φ′(𝑥) − Φ(𝑥) = Φ(𝑥 − 𝑎) − Φ(𝑥) ≈ −𝑎𝜇𝜕𝜇Φ = −ℒ𝑖𝑎𝜇𝑝𝜇
Φ 

Φ′(𝑥′) = 𝜆−ΔΦΦ(𝑥)  

Φ′(𝑥) − Φ(𝑥) = 𝜆−ΔΦΦ(𝜆−1𝑥) − Φ(𝑥) ≈ −𝜖𝑥𝜇𝜕𝜇Φ − 𝜖ΔΦΦ 

𝐷̂ = 𝑖𝑥𝜇𝜕𝜇 + 𝑖ΔΦΦ
𝛿

𝛿Φ
= −𝐷 + 𝑖ΔΦΦ

𝛿

𝛿Φ
 

𝑒𝑖𝜖𝐷̂Φ(𝑥) = 𝑒−𝜖ΔΦΦ(𝑒−𝜖𝑥) 

Δ𝜙 = 1, Δ𝜓 = 3/2, Δ𝐴 = 1  

𝐷̂(𝜙)= 𝑖𝑥𝜇𝜕𝜇𝜙 + 𝑖𝜙  

𝐷̂(𝜓) = 𝑖𝑥𝜇𝜕𝜇𝜓 + 𝑖
3

2
𝜓

𝐷̂(𝐴𝜈) = 𝑖𝑥𝜇𝜕𝜇𝐴𝜈 + 𝑖𝐴𝜈

 

𝑀̂𝜇𝜈(𝜙)= −2𝑖𝑥[𝜇𝜕𝜈]𝜙  

𝑀̂𝜇𝜈(𝜓) = −2𝑖𝑥[𝜇𝜕𝜈]𝜓 + Σ𝜇𝜈𝜓

𝑀̂𝜇𝜈(𝐴𝜌) = −2𝑖𝑥[𝜇𝜕𝜈]𝐴𝜌 − 2𝑖𝜂𝜌[𝜇𝐴𝜈]
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Σ𝜇𝜈 = −
𝑖

4
[𝛾𝜇 , 𝛾𝜈] 

𝛾𝜇 = (
𝟎 𝜎𝜇

𝜎‾𝜇 𝟎
)  

𝜎𝜇 = (𝟏, 𝜎𝑖), 𝜎‾𝜇 = (𝟏, −𝜎𝑖)  

Σ𝜇𝜈 = −𝑖 (
𝜎𝜇𝜈 𝟎
𝟎 𝜎‾𝜇𝜈)  

𝜎𝜇𝜈 =
1

4
(𝜎𝜇𝜎‾𝜈 − 𝜎𝜈𝜎‾𝜇), 𝜎‾𝜇𝜈 =

1

4
(𝜎‾𝜇𝜎𝜈 − 𝜎‾𝜈𝜎𝜇)  

𝑀̂𝜇𝜈(𝜓+) = −2𝑖𝑥[𝜇𝜕𝜈]𝜓+ − 𝑖𝜎𝜇𝜈𝜓+, 𝑀̂𝜇𝜈(𝜓−) = −2𝑖𝑥[𝜇𝜕𝜈]𝜓− − 𝑖𝜎‾𝜇𝜈𝜓−.  

[𝑀̂𝜇𝜈 , 𝑀̂𝜌𝜎] = 𝑖(𝜂𝜇𝜌𝑀̂𝜈𝜎 − 𝜂𝜈𝜌𝑀̂𝜇𝜎 + 𝜂𝜈𝜎𝑀̂𝜇𝜌 − 𝜂𝜇𝜎𝑀̂𝜈𝜌),

[𝑀̂𝜇𝜈 , 𝑝̂𝜌] = 𝑖(𝜂𝜌𝜇𝑝̂𝜈 − 𝜂𝜌𝜈𝑝̂𝜇), [𝐷̂, 𝑝̂𝜇] = −𝑖𝑝̂𝜇 .
 

𝜀𝑥
𝜇𝜈𝜌𝜎

d4𝑥 = d𝑥𝜇 ∧⋆ d𝑥𝜈 ∧⋆ d𝑥𝜌 ∧⋆ d𝑥𝜎  

𝜀⋆
𝜇𝜈𝜌𝜎

d4𝜉 = d𝜉𝜇 ∧⋆ d𝜉𝜈 ∧⋆ d𝜉𝜌 ∧⋆ d𝜉𝜎  

d4𝜉 = d𝜉0 ∧  d𝜉1 ∧  d𝜉2 ∧  d𝜉3 = (𝐻 ⋆  d𝑥0) ∧ (𝐻 ⋆  d𝑥1) ∧ (𝐻 ⋆  d𝑥2) ∧ (𝐻 ⋆  d𝑥3)  

d4𝜉= 𝐹̃𝑜𝑝 𝜇 0𝐹̃𝑜𝑝 1𝐹̃𝑜𝑝 𝜌 2𝐹̃𝑜𝑝 𝜎  3𝐻4 d𝑥𝜇 ∧ d𝑥𝜈 ∧ d𝑥𝜌 ∧ d𝑥𝜎 

 = 𝐹̃𝑜𝑝 𝜇 0𝐹̃𝑜𝑝 𝜈  1𝐹̃𝑜𝑝 𝜌 2𝐹̃𝑜𝑝 𝜎 3𝜀𝜇𝜈𝜌𝜎𝐻4 d4𝑥.
 

𝐹̃𝑜𝑝 𝜇 𝛼𝐹̃𝑜𝑝 𝜈 𝛽𝐹̃𝑜𝑝 𝜌 𝛾𝐹̃𝑜𝑝 𝜎  𝛿𝜀𝜇𝜈𝜌𝜎 = 𝜀𝛼𝛽𝛾𝛿 ,  

d4𝜉 = 𝐻4 d𝑥0 ∧  d𝑥1 ∧  d𝑥2 ∧  d𝑥3 = 𝐻4 ⋆  d4𝑥  

d𝜉𝜇 ∧⋆ d𝜉𝜈 ∧⋆ d𝜉𝜌 ∧⋆ d𝜉𝜎 = 𝑅̃𝜌′  𝜌𝑅̃𝜈′  𝜈𝑅̃𝜈′′ 𝜈
′
𝑅̃𝜇′  𝜇𝑅̃𝜇′′  𝜇

′
𝑅̃𝜇′′′  𝜇

′′
𝐻4 ⋆  d𝑥𝜇′′′

∧⋆ d𝑥𝜈′′
∧⋆ d𝑥𝜌′

∧⋆ d𝑥𝜎 

𝜀⋆
𝜇𝜈𝜌𝜎

𝐻4 ⋆  d4𝑥 = 𝑅̃𝜌′  𝜌𝑅̃𝜈′ 𝜈𝑅̃𝜈′′  𝜈
′
𝑅̃𝜇′  𝜇𝑅̃𝜇′′  𝜇

′
𝑅̃𝜇′′′  𝜇

′′
𝜀𝑥

𝜇′′′𝜈′′𝜌′𝜎
𝐻4 ⋆  d4𝑥  

𝜀𝑥
𝜇𝜈𝜌𝜎

= −𝑅𝛼  𝜇 𝛽 𝜈𝜀𝑥
𝛽𝛼𝜌𝜎

= −𝑅𝛼 𝜈 𝛽 𝜌𝜀𝑥
𝜇𝛽𝛼𝜎

= −𝑅𝛼  𝜌 𝛽 𝜎𝜀𝑥
𝜇𝜈𝛽𝛼

 

𝜀𝑥
𝜇𝜈𝜌𝜎

= 𝜀𝑥
𝜎𝜌𝜈𝜇  

d4𝑥 ⋆ 𝑓 = 𝑅̃4𝑓 ⋆  d4𝑥  

𝜀𝑥
𝜇𝜈𝜌𝜎

𝑅̃4 = 𝜀𝑥
𝛼𝛽𝛾𝛿

𝑅𝛼 𝜇𝑅𝛽 𝜈𝑅𝛾 𝜌𝑅𝛿 𝜎  

𝜀𝑥
𝜇𝜈𝜌𝜎

𝑅̃𝜅
4 𝜅

𝜏 = 𝜀𝑥
𝛼𝛽𝛾𝛿

𝑅𝛼 𝜇 𝜅 ′𝑅𝛽  𝜈  𝜅′ ′𝑅𝛾 𝜌𝜏′𝜏′′𝑅𝛿
𝜎𝜏′′ 𝜏  
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𝜀𝑥
𝜇𝜈𝜌𝜎

d4𝑥 = −𝑅𝜇′  𝜇𝜏′ 𝜏𝑅𝜈′  𝜈 𝜏 𝜎
′
𝑅𝜌′  𝜌 𝜎′  𝜎d𝑥𝜏′

∧⋆ d𝑥𝜇′
∧⋆ d𝑥𝜈′

∧⋆ d𝑥𝜌′

= −𝑅𝜅 𝛼 𝛼  𝜏
′
𝑅𝜇′  𝜇 𝜏′  𝜏𝑅𝜈′  𝜈 𝜏 𝜎

′
𝑅𝜌′  𝜌 𝜎′  𝜎d𝑥𝜅 ∧⋆ d𝑥𝜇′

∧⋆ d𝑥𝜈′
∧⋆ d𝑥𝜌′

 

 = −𝑅𝜅 𝛼 𝛼𝜏′𝑅𝜇′  𝜇 𝜏′  𝜏𝑅𝜈′ 𝜈  𝜏𝜎′𝑅𝜌′  𝜌 𝜎′  𝜎𝜀⋆
𝜅𝜇′𝜈′𝜌′

d4𝑥

 = −(𝑅̃4)
𝛼

𝜎
𝜀𝑥

𝛼𝜇𝜈𝜌
d4𝑥, 

 

ℒ𝑋𝑠𝛼  = −
1

8
(𝜕𝜇𝑋𝜈 − 𝜕𝜈𝑋𝜇)𝜎𝛼𝛼̇

𝜇
𝜎𝜈𝛼̇𝛽𝜓𝛽

ℒ𝑋𝑠‾𝛼̇  = −
1

8
(𝜕𝜇𝑋𝜈 − 𝜕𝜈𝑋𝜇)𝜎𝜇𝛼̇𝛼𝜎𝛼𝛽̇

𝜈 𝑠‾𝛽̇

 

𝜀12 = 𝜀1̇2̇ = 𝜀21 = 𝜀2̇1̇ = 1  

𝑠𝛼 = 𝜀𝛼𝛽𝑠𝛽 𝑠𝛼 = 𝜀𝛼𝛽𝑠𝛽

𝑠‾𝛼̇ = 𝜀𝛼̇𝛽̇ 𝛽̇ 𝑠‾𝛼̇ = 𝜀𝛼̇𝛽̇𝑠‾𝛽̇
 

𝑠𝛼𝑠𝛽 =
1

2
𝜀𝛼𝛽𝑠𝛾𝑠𝛾  𝑠‾𝛼̇𝑠‾𝛽̇ = 𝜀𝛼̇𝛽̇𝑠‾𝛾̇𝑠̇𝛾̇  

∫  d4𝑠𝑠𝛼𝑠𝛽 = 𝜀𝛼𝛽  ∫  d4𝑠‾𝑠‾𝛼̇𝑠‾𝛽̇ = −𝜀𝛼̇𝛽̇  

 ∫  d4𝑠𝜓𝜒 = ∫  d4𝑠𝑠𝛽𝑠𝛼𝜓𝛼𝜒𝛽 = 𝜓𝛼𝜒𝛼

 ∫  d4𝑠‾𝜓‾𝜒‾ = − ∫  d4𝑠‾𝑠‾𝛼̇𝑠‾𝛽̇𝜓‾𝛼̇𝜒‾𝛽̇ = 𝜓𝛼̇𝜒‾𝛼̇
 

𝑓 ⋆ 𝑠𝛼  = (𝐹‾𝑜𝑝 𝛼𝑓)𝑠𝛽𝑓 ⋆ 𝑠‾𝛼̇  = (𝐹‾𝑜𝑝𝛽̇ 𝛼̇𝑓)𝑠𝛽̇

𝑠𝛼 ⋆ 𝑠‾𝛼̇  = 𝐹‾𝛽 𝛼  𝛽̇
𝛼̇𝑠𝛽𝑠‾𝛽̇𝑠𝛼 ⋆ 𝑠‾𝛼̇  = 𝐹‾𝛽̇

𝛼̇  𝛽 𝛼𝑠𝛽𝑠‾𝛽̇
 

𝑓 ⋆ 𝑠𝛼 = 𝑠𝛽 ⋆ (𝑅𝛽
𝛼𝑓) 𝑓 ⋆ 𝑠‾𝛼̇ = 𝑠𝛽̇ ⋆ (𝑅𝛽̇

𝛼̇𝑓)

𝑠𝛼 ⋆ 𝑠‾𝛼̇ = 𝑅𝛽 𝛼  𝛽̇
𝛼̇𝑠‾𝛽̇ ⋆ 𝑠𝛽 𝑠𝛼 ⋆ 𝑠‾𝛼̇ = 𝑅𝛽̇

𝛼̇  𝛽
𝛼𝑠‾𝛽̇ ⋆ 𝑠𝛽

 

𝐻 ⋆ 𝑠𝛼 = 𝑅̃𝛽
𝛼𝑠𝛽 ⋆ 𝐻

𝐻 ⋆ 𝑠̇𝛼̇ = 𝑅̃𝛽̇
𝛼̇𝑠̇𝛽̇ ⋆ 𝐻

 

d𝜉𝜇 ⋆ 𝑓 = d𝜉𝜇𝐹‾̂𝜈  𝜇𝑓 and d𝜉𝜇 ∧⋆ d𝜉𝜈 = 𝐹‾̂𝜌 𝜇 𝜎  𝜈d𝜉𝜌 ∧ d𝜉𝜎 

𝐻−1 ⋆ 𝐻 = 𝐻 ⋆ 𝐻−1 = 𝐻𝐻−1 = 1 

𝑒
𝑖

2
𝜔𝜇𝜈𝑀𝜇𝜈𝜙(𝑥) = 𝜙(Λ𝑥) is (Λ)𝜇 𝜈 = (𝑒𝜔)𝜇 𝜈 

𝑒
𝑖
2
𝜔𝜇𝜈𝑀𝜇𝜈𝜙(𝑥) = 𝜙(Λ𝑥) 

𝑒𝑖𝜖𝐷𝑝𝜇𝑒−𝑖𝜖𝐷 = 𝑒−𝜖𝑝𝜇 and 𝑒
𝑖

2
𝜔𝛼𝛽𝑀𝛼𝛽𝑝𝜇𝑒−

𝑖

2
𝜔𝛼𝛽𝑀𝛼𝛽 = Λ𝜇 𝜈𝑝𝜈, where Λ𝜇 𝜈 is the Lorentz matrix. 
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𝐻 = 𝑅Tr [
1

2
𝑃𝐼𝑃𝐼 +

1

4
[𝑋𝐼 , 𝑋𝐼]2 + 𝜓𝛼

𝑡 Γ𝐼
𝛼𝛽

[𝜓𝛽 , 𝑋𝐼]] ,  

𝑥− =
𝑥0 − 𝑥10

√2
∼ 𝑥− + 2𝜋𝑅 

 

𝑝+ =
𝑝0 + 𝑝10

√2
∖ 𝑝+ =

𝑁

𝑅
 

𝒜(𝑞𝑠, ℎ𝑠; 𝑝1, 𝜃1; … ; 𝑝𝑛, 𝜃𝑛) = (𝑆(−1) + 𝑆(0) + ⋯ )𝒜(𝑝1, 𝜃1; … ; 𝑝𝑛, 𝜃𝑛)  

𝑆(𝑛) ∼ (
𝜔𝑠

𝜔𝑖
)

𝑛

 

𝑆(−1) =
𝑘

2
ℎ𝑠𝜇𝜈 ∑  

𝑛

𝑗=1

 𝜂𝑠𝜂𝑗

𝑝𝑗
𝜇
𝑝𝑗

𝜈

𝑞𝑠 ⋅ 𝑝𝑗
, 𝑆(0) = 𝑖

𝑘

2
ℎ𝑠𝜇𝜈 ∑  

𝑛

𝑗=1

 𝜂𝑠𝜂𝑗

𝑝𝑗
𝜇
𝐽𝑗
𝜈𝜌

𝑞𝑠,𝜌

𝑞𝑠 ⋅ 𝑝𝑗
 

𝐽𝑗
𝜇𝜈

= 𝐿𝑗
𝜇𝜈

⨁ 𝑆𝑗
𝜇𝜈

 

𝑋back 
𝐼 = 𝑋1

𝐼𝕀𝑁1
⊕ 𝑋2

𝐼𝕀𝑁2
, 𝑋𝐼 = 𝑋back 

𝐼 + 𝑌𝐼  

ℒ =
𝑁1

2𝑅
(𝑋̇1

𝐼)2 +
𝑁2

2𝑅
(𝑋̇2

𝐼)2 − 𝐴
𝑁1𝑁2

𝑅3𝑟7
[(𝑋̇1

𝐼 − 𝑋̇2
𝐼)2]2 + ℒ𝑎𝑛𝑔 + ℒ𝑠𝑝𝑖𝑛  

ℒ𝑛 = ∑  

𝑛

𝑖=1

 
𝑁𝑖

2𝑅
(𝑋̇𝑖

𝐼)
2

− ∑  

𝑛

𝑖≠𝑗
𝑖,𝑗=1

 𝐴
𝑁𝑖𝑁𝑗

𝑅3𝑟7 [(𝑋̇𝑖
𝐼 − 𝑋̇𝑗

𝐼)
2
]
2

+ ℒ𝑎𝑛𝑔 + ℒ𝑠𝑝𝑖𝑛  

𝑝𝑖
𝐼 =

𝑁𝑖

𝑅
𝑣𝑖

𝐼|𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛⟩
in

∫ 𝑝𝑖
𝐼 =

𝑁𝑖

𝑅
𝑣𝑖

𝐼 ⊘ 𝑁1 + 𝑁2 + ⋯ + 𝑁𝑛 = 𝑁  

𝒜(𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛) =  out ⟨𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑗 , 𝑣𝑗

𝐼 , 𝜃𝑗 ∣ 𝑁𝑗+1, 𝑣𝑗+1
𝐼 , 𝜃𝑗+1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛⟩
in 

 

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛) =

 = (𝑆(−1) + 𝑆(0) + ⋯ )𝒜(𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛)(2.7)
 

𝑆(𝑘) ∼ (
𝑁𝑠

𝑁𝑗
)

𝑘

 

𝑁𝑠 ∼ 𝑂(1), 𝑁𝑗 ∼ 𝑁 → 𝑆(𝑘) ∼ (
1

𝑁
)

𝑘

 

𝑝𝜇 =
𝑁

√2𝑅
(1 + 𝑣2, 2𝑣𝐼 , 1 − 𝑣2)  
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𝑆(−1) = −2𝑘ℎ𝐼𝐽 ∑  

𝑗

 𝜂𝑠𝜂𝑗

𝑁𝑗

𝑁𝑠

𝑣𝑠𝑗
𝐼 𝑣𝑠𝑗

𝐽

𝑣𝑠𝑗
2  

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛) = ∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|𝑇[𝒱1

∗(𝑡1) … 𝒱𝑛(𝑡𝑛)]|Ω⟩

= ∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨𝒱1

∗(𝑡1) … 𝒱𝑛(𝑡𝑛)⟩ = ∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖

∫  Π𝑘=1
𝑛 𝒟𝑋𝑘𝒱𝑘(𝑡𝑘)𝑒𝑖𝑆

∫  Π𝑘=1
𝑛 𝒟𝑋𝑘𝑒𝑖𝑆

 

∫  𝑑𝜇𝑡𝑖
: = lim

𝛼→0
 ∫  

+∞

−∞

 𝑑𝑡𝑖𝑒
−𝛼|𝑡𝑖|  

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛) = ∫  𝑑𝜇𝑡𝑠

∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|𝑇[𝒱𝑠

∗(𝑡𝑠)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)]|Ω⟩  

𝑆𝑠𝑗 = ∑  

∞

𝑛=0

 ∫  
min(𝑡𝑗,𝑡𝑠)

−∞

 𝑑𝑢1 … 𝑑𝑢𝑛

𝑖𝑛

𝑛!
ℒ𝑠𝑗(𝑢1) … ℒ𝑠𝑗(𝑢𝑛),  

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

 = ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
∑  

𝑛

𝑗=1

  ⟨𝒱1
∗(𝑡1) … 𝒱𝑠

∗(𝑡𝑠)𝑆𝑠𝑗𝒱𝑗
∗(𝑡𝑗) … 𝒱𝑛(𝑡𝑛)⟩

ℎ
.

 

𝒱𝑠
∗(𝑡𝑠)𝑆𝑠𝑗(𝑢)𝒱𝑗

∗(𝑡𝑗) 

ℒ =
1

2
(𝑋̇𝑠

𝐼)2 +
1

2
(𝑋̇𝑗

𝐼)
2

−
𝜆

4
[(√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐼 − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼)

2

]

2

 

𝜆 =
4𝐴𝑁𝑠𝑁𝑗

𝑅3𝑟7
 

𝑍 = const ∫  𝒟𝑋𝑠𝒟𝑋𝑗𝒟𝜎𝑒𝑖 ∫  𝑑𝑡ℒ′
 

ℒ′ =
1

2
(𝑋̇𝑠

𝐼)2 +
1

2
(𝑋̇𝑗

𝐼)
2

+
𝜆

4
𝜎2 −

𝜆

2
𝜎 (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐼 − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼)

2

 

ℒ𝜎
𝑘𝑖𝑛 =

𝜖2𝜆

4
𝜎̇2  

𝜆 =
4𝐴𝑁𝑠𝑁𝑗

𝑅3𝑟7
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ℒ𝑟𝑒𝑛 = ℒ′ ⨂ ℒ𝜎
𝑘𝑖𝑛  ⊘

1

2
(𝑋̇𝑠

𝐼)2 +
1

2
(𝑋̇𝑗

𝐼)
2

+
𝜖2𝜆

4
𝜎̇2 +

𝜆

4
𝜎2 −

𝜆

2
𝜎 (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐼 − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼)

2

 

ℒ𝑠𝑗 = −
𝜆

2
𝜎 (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐼 − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼)

2

 

𝑋𝑖̂(𝑡1)𝑋𝑗
𝐽(𝑡2) = ⟨𝑇[𝑋𝑖

𝐼(𝑡1)𝑋𝑗
𝐽(𝑡2)]⟩ = −

𝑖

2
𝛿𝑖𝑗𝛿

𝐼𝐽|𝑡1 − 𝑡2|  

𝑋𝑖
𝐼(𝑡1)𝑋̇𝑗

𝐽(𝑡2) = ⟨𝑇[𝑋𝑖
𝐼(𝑡1)𝑋̇𝑗

𝐽(𝑡2)]⟩ =
𝑑

𝑑𝑡2
⟨𝑇[𝑋𝑖

𝐼(𝑡1)𝑋𝑗
𝐽(𝑡2)]⟩ =

𝑖

2
𝛿𝑖𝑗𝛿𝐼𝐽sgn(𝑡1 − 𝑡2),  

𝑋̇𝑖
𝐼)(𝑡1)𝑋̇𝑗

𝐽(𝑡2) = 𝑖𝛿𝑖𝑗𝛿
𝐼𝐽𝛿(𝑡1 − 𝑡2)  

𝑒𝑖𝑝⋅𝑋𝑖(𝑡1)𝑋𝑗
𝐼(𝑡2) =

𝑝𝐼

2
|𝑡1 − 𝑡2|𝑒𝑖𝑝⋅𝑋𝑖(𝑡1)𝛿𝑖𝑗

 

𝑒𝑖𝑝⋅𝑋𝑖(𝑡1)𝑋̇𝑗
𝐼(𝑡2) = −

𝑝𝐼

2
sgn(𝑡1 − 𝑡2)𝑒𝑖𝑝⋅𝑋𝑖(𝑡1)𝛿𝑖𝑗

 

𝜎(𝑡)𝜎(𝑡′) = ⟨𝜎(𝑡)𝜎(𝑡′)⟩ =
𝑖

𝜖√𝜆(𝑡)𝜆(𝑡′)
𝑒−

|𝑡−𝑡′|
𝜖  

𝒱𝑗(𝑡𝑗) = 𝒩𝑗𝑝𝑗
+: 𝐴𝐼𝐽𝑋̇𝑗

𝐼(𝑡𝑗)𝑋̇𝑗
𝐽
(𝑡𝑗)𝑒𝑖𝑋𝑗(𝑡𝑗)⋅𝑝𝑗cos (𝛽𝑗 ∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑗(𝑢) ⋅ 𝑝𝑗) :  

𝑝𝑗
𝐼 = √2

𝑁𝑗

𝑅
𝑣𝑗

𝐼 , 𝑝𝑗
+ =

𝑁𝑗

𝑅
, 𝑝𝑗

− =
𝑁𝑗

𝑅
𝑣 𝑗

2 

𝒱𝑠(𝑡𝑠) = 𝒩𝑠𝑞𝑠
+ℎ𝐼𝐽: 𝑋̇𝑠

𝐼(𝑡𝑠)𝑋̇𝑠
𝐽(𝑡𝑠)𝑒

𝑖𝑞𝑠⋅𝑋𝑠(𝑡𝑠)cos (𝛽𝑠 ∫  
+∞

−∞

 𝑑𝑢𝑋̇𝑠(𝑢) ⋅ 𝑝𝑠)  

𝒱𝑠(𝑡𝑠) = 𝒩𝑠ℎ𝐼𝐽: 𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒
𝑖√

2𝑁𝑠
𝑅 𝑣𝑠 ⋅ 𝑋𝑠(𝑡𝑠)cos (𝛽𝑠√

2𝑁𝑠

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑠(𝑢) ⋅ 𝑣𝑠)  

𝒜(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣̃𝑘 , ℎ̃) = ∫  𝑑𝜇𝑡1
𝑑𝜇𝑡2

⟨𝑇[𝒱𝑘
∗(𝑡1)𝒱̃𝑘(𝑡2)]⟩  

𝑇 = 𝑡1 + 𝑡2, 𝑡𝑘 = 𝑡2 − 𝑡1 

𝒜(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣̃𝑘 , ℎ̃) = ∫  𝑑𝜇𝑇𝑑𝜇𝑡𝑘
⟨𝑇[𝒱𝑘

∗(0)𝒱𝑘(𝑡𝑘)]⟩  

𝑋𝑘
𝐼 (𝑡) = 𝑋̃𝑘

𝐼 (𝑡) + √
𝑁𝑘

𝑅
𝑥0

𝐼  
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∫  𝑑9𝑥0
𝐼𝑒−𝑖𝑥0

𝐼(𝑝𝑘
𝐼 −𝑝̃𝑘

𝐼 ) = (2𝜋)9𝛿(𝑝 𝑘 − 𝑝 ̃𝑘) 

∫  𝑑𝜇𝑇 = ∫  𝑑𝜇𝑇𝑒−𝑖𝑇(𝑝𝑘
−−𝑝̃𝑘

−) = 2𝜋𝛿(𝑝𝑘
− − 𝑝̃𝑘

−) 

𝒜(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = ∫  𝑑𝜇𝑡𝑘
⟨𝑇[𝒱𝑘

∗(0)𝒱𝑘(𝑡𝑘)]⟩  

𝒜1(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = 2|𝒩𝑘|2 ∫  𝑑𝜇𝑡𝑘
ℎ𝐼𝐽ℎ̃𝐾𝐿⟨𝑋̇𝑘

𝐼 (0)𝑋̇𝑘
𝐾(𝑡𝑘)⟩⟨𝑋̇𝑘

𝐽
(0)𝑋̇𝑘

𝐿(𝑡𝑘)⟩

⟨cos (𝛽𝑘√
2𝑁𝑘

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑘(𝑢) ⋅ 𝑣𝑘) cos (𝛽𝑘√
2𝑁𝑘

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑘(𝑢) ⋅ 𝑣𝑘)⟩

⟨𝑒
−𝑖√

2𝑁𝑘
𝑅

𝑣𝑘⋅𝑋𝑘(0)
𝑒

𝑖√
2𝑁𝑘

𝑅
𝑣𝑘⋅𝑋𝑘(𝑡𝑘)

⟩

 

𝒜2(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = 4|𝒩𝑘|2 ∫  𝑑𝜇𝑡𝑘
ℎ𝐼𝐽ℎ̃𝐾𝐿⟨𝑋̇𝑘

𝐼 (0)𝑋̇𝑘
𝐾(𝑡𝑘)⟩

 ⟨cos (𝛽𝑘√
2𝑁𝑘

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑘(𝑢) ⋅ 𝑣𝑘)cos (𝛽𝑘√
2𝑁𝑘

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑘(𝑢) ⋅ 𝑣𝑘)⟩

 ⟨𝑒
−𝑖√

2𝑁𝑘
𝑅

𝑣𝑘⋅𝑋𝑘(0)
𝑋̇𝑘

𝐿(𝑡𝑘)⟩ ⟨𝑋̇𝑘
𝐽(0)𝑒

𝑖√
2𝑁𝑘

𝑅
𝑣𝑘⋅𝑋𝑘(𝑡𝑘)

⟩

 

𝒜3(𝑁𝑘 ,𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = |𝒩𝑘|2 ∫  𝑑𝜇𝑡𝑘
ℎ𝐼𝐽ℎ̃𝐾𝐿

⟨𝑒
−𝑖√

2𝑁𝑘
𝑅

𝑣𝑘⋅𝑋𝑘(0)
𝑋̇𝑘

𝐾(𝑡𝑘)𝑋̇𝑘
𝐿(𝑡𝑘)⟩ ⟨𝑋̇𝑘

𝐼 (0)𝑋̇𝑘
𝐽
(0)𝑒

𝑖√
2𝑁𝑘

𝑅
𝑣𝑘⋅𝑋𝑘(𝑡𝑘)

⟩

⟨cos (𝛽𝑘√
2𝑁𝑘

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑘(𝑢) ⋅ 𝑣𝑘) cos (𝛽𝑘√
2𝑁𝑘

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑘(𝑢) ⋅ 𝑣𝑘)⟩

 

⟨cos (𝛽𝑘√
2𝑁𝑘

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑘(𝑢) ⋅ 𝑣𝑘) cos (𝛽𝑘√
2𝑁𝑘

𝑅
∫  

+∞

−∞

 𝑑𝑢𝑋̇𝑘(𝑢) ⋅ 𝑣𝑘)⟩ = cos (
𝛽𝑘

2

𝜖

𝑁𝑘

𝑅
𝑣𝑘

2) 

𝒜1(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = −
|𝒩𝑘|2

𝜖
ℎ𝐼𝐽ℎ̃

𝐼𝐽cos (
𝛽𝑘

2

𝜖

𝑁𝑘

𝑅
𝑣𝑘

2) .  

𝛽𝑘 = √
𝑅

𝑣𝑘
2𝑁𝑘

𝜖 (
𝜋

2
+ 𝑐𝑘𝜖)  

𝒜1(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = |𝒩𝑘|2𝑐𝑘ℎ𝐼𝐽ℎ̃
𝐼𝐽  
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⟨∫  
+∞

−∞

 𝑑𝑢𝑑𝑣𝑋̇𝐼(𝑢)𝑋̇𝐽(𝑣)𝑋𝐾(𝑡𝑘)𝑋𝐿(𝑡𝑘)⟩ = ∫  
+∞

−∞

𝑑𝑢𝑑𝑣sgn(𝑢 − 𝑡𝑘)sgn(𝑣 − 𝑡𝑘) = 0 

⟨𝛽𝑘
2

2𝑁𝑘

𝑅
𝑣𝑘

𝐼 𝑣𝑘
𝐽 ∫  

+∞

−∞

 𝑑𝑢𝑑𝑣𝑋̇𝐼(𝑢)𝑋̇𝐽(𝑣)𝑋̇𝐾(𝑡𝑘)𝑋̇𝐿(𝑡𝑘)⟩ ∝ 𝜖 

𝒜2(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = −𝑖|𝒩𝑘|2𝑐𝑘𝜖
2𝑁𝑘

𝑅
ℎ𝐼𝐽𝑣𝑘

𝐽ℎ̃𝐼𝐿𝑣𝑘,𝐿  

𝒜3(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = −
𝑖

2
|𝒩𝑘|2𝑐𝑘𝜖

𝑁𝑘

𝑅

ℎ𝐼𝐽𝑣𝑘
𝐼 𝑣𝑘

𝐽
ℎ̃𝐾𝐿𝑣𝑘

𝐾𝑣𝑘
𝐿

𝑣𝑘
2

 

𝑐𝑘 =
1

|𝒩𝑘|2
 

𝒜(𝑁𝑘 , 𝑣𝑘 , ℎ; 𝑁𝑘 , 𝑣𝑘 , ℎ̃) = ⟨𝑁𝑘 , 𝑣𝑘 , ℎ ∣ 𝑁𝑘 , 𝑣𝑘 , ℎ̃⟩ = ℎ𝐼𝐽ℎ̃
𝐼𝐽  

∫  𝑑𝜇𝑡𝑒𝑥𝑡
∫  𝑑𝜇𝑡̃𝑗

⟨𝒱𝑗(𝑡𝑒𝑥𝑡)𝒱̃𝑗,𝛼𝛽(𝑡̃𝑗)⟩𝒜̃𝛼𝛽(𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑗 , 𝑣𝑗

𝐼; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

 = 𝜃𝛼𝛽𝒜̃𝛼𝛽(𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑗 , 𝑣𝑗

𝐼; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛) 

 

𝒜̃𝛼𝛽(𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑗 , 𝑣𝑗

𝐼; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛) 

∫  𝑑𝜇𝑡ext 
∫  𝑑𝜇𝑡̃𝑗

⟨𝒱𝑗(𝑡ext )𝒱̃𝑗,𝛼𝛽(𝑡̃𝑗)⟩ 

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 ,ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑋̇𝑠

𝐼(𝑡𝑠)𝑋̇𝑠
𝐽(𝑡𝑠)𝑒

−𝑖√
2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)
 

 × ∑  

∞

𝑁=1

  [
𝑖𝑁

𝑁!
(∫  𝑑𝑢ℒ𝑠𝑗(𝑢))

𝑁

] 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝑒
−𝑖√

2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗)

∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩

 

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠;𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑋̇𝑠

𝐼(𝑡𝑠)𝑋̇𝑠
𝐽(𝑡𝑠)𝑒

−𝑖√
2𝑁𝑠
𝑅 𝑣𝑠 ⋅ 𝑋𝑠(𝑡𝑠) 

× ∑  

∞

𝑁=1

  [
𝑖𝑁

𝑁!
∑  

𝑁

𝑘=1

  ∑  

𝑛1+⋯+𝑛𝑘=𝑁

 
𝑁!

𝑘! 𝑛1! … 𝑛𝑘!
∏  

𝑘

𝑖=1

  (∫  𝑑𝑢ℒ𝑠𝑗(𝑢))
𝑛𝑖

]  

 × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝑒
−𝑖√

2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗)

∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩
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∑  

∞

𝑁=1

 ∑  

𝑁

𝑘=1

  ∑  

𝑛1+⋯+𝑛𝑘=𝑁

  = ∑  

∞

𝑘=1

  ∑  

∞

𝑁=𝑘

  ∑  

𝑛1+⋯+𝑛𝑘=𝑁

  = ∑  

∞

𝑘=1

 ∏  

𝑘

𝑖=1

  ∑  

∞

𝑛𝑖=1

   

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ;𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑋̇𝑠

𝐼(𝑡𝑠)𝑋̇𝑠
𝐽(𝑡𝑠)𝑒

−𝑖√
2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)
 

× [∑  

∞

𝑘=1

 
1

𝑘!
∏  

𝑘

𝑖=1

  ∑  

∞

𝑛𝑖=1

 
1

𝑛𝑖!
(𝑖 ∫  𝑑𝑢ℒ𝑠𝑗(𝑢))

𝑛𝑖

]  

  × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝑒
−𝑖√

2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗)

∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩

 

𝐶𝑛 = (−
𝑖

2
)

𝑛

⟨∏  

𝑛

𝑖=1

 ∫  𝑑𝑢𝑖(𝜆(𝑢𝑖)𝜎(𝑢𝑖)) (√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐼(𝑢𝑖) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼(𝑢𝑖))

2

⟩

𝜔

 

 ∫  𝑑𝑢1𝑑𝑢2

(−𝑖)𝜆(𝑢1)

2
𝑇 [𝜎(𝑢1) (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐼(𝑢1) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼(𝑢1)) (√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐼(𝑢1) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼(𝑢1))

×
(−𝑖)𝜆(𝑢2)

2
𝜎(𝑢2) (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐽(𝑢2) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐽(𝑢2)) (√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐽(𝑢2) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐽(𝑢2))] × 4,

 

−𝑖 ∫  𝑑𝑢1

[
 
 
 
(𝜆(𝑢1)𝜎(𝑢1)]2

𝑅

𝑁𝑗
(√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐼(𝑢1) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼(𝑢1))

2

 

𝐶𝑛 = −𝑖𝑛!
𝑁𝑗

𝑅
(−

𝑖

2
)

𝑛

(
2𝑖𝑅

𝑁𝑗
)

𝑛

∫  𝑑𝑢𝜆𝑛(𝑢)𝜎𝑛(𝑢) (√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐼(𝑢) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼(𝑢))

2

 

𝐹[𝜎(𝑢)] = ∑  

∞

𝑛=1

 (
𝜎(𝑢)𝜆(𝑢)𝑅

𝑁𝑗
)

𝑛

=

𝜎(𝑢)𝜆(𝑢)
𝑅
𝑁𝑗

1 − 𝜎(𝑢)𝜆(𝑢)
𝑅
𝑁𝑗

 

∑  

∞

𝑛=1

 
1

𝑛!
𝐶𝑛 = −𝑖

𝑁𝑗

𝑅
∫  𝑑𝑢𝐹[𝜎(𝑢)] (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐼(𝑢) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼(𝑢))

2

 

𝑂res : = [∑  

∞

𝑘=1

 
1

𝑘!
∏  

𝑘

𝑖=1

  ∑  

∞

𝑛𝑖=1

 
1

𝑛𝑖!
𝐶𝑛𝑖

] .  
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𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ;𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫ 𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑋̇𝑠

𝐼(𝑡𝑠)𝑋̇𝑠
𝐽(𝑡𝑠)𝑒

−𝑖√
2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)
 

× 𝑂𝑟𝑒𝑠𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝑒
−𝑖√

2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗) ∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩ 

 

⟨𝑋̇𝑙
𝐼(𝑡)𝑒

−𝑖(√2𝑁𝑠
𝑅 𝑣𝑠 ⋅ 𝑋𝑠(𝑡𝑠) + √

2𝑁𝑗

𝑅
𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗)) : ∑  

∞

𝑛=1

 
1

𝑛!
𝐶𝑛⟩

 = −
𝑁𝑗

√2𝑅
√

𝑅

𝑁𝑙
𝑣𝑠𝑗

𝐼 𝐹[𝜎(𝑡)]𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

∑  

∞

𝑛=1

 
1

𝑛!
𝐶𝑛

 

𝒜(1)(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛 ,𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
ℎ𝐼𝐽⟨Ω|𝑇

[
 
 
 
 

𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

× 𝑂𝑟𝑒𝑠𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗) ∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩

 

𝒜(2)(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛,𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
ℎ𝐼𝐽⟨Ω|𝑇

[
 
 
 
 

𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

× 𝑂𝑟𝑒𝑠𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗) ∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩

 

𝒜(3)(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛 ,𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
ℎ𝐼𝐽⟨Ω|𝑇

[
 
 
 
 

𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

× 𝑂𝑟𝑒𝑠𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗) ∏ 𝒱𝑘(𝑡𝑘)]|Ω⟩ 

𝑘≠𝑗

 

𝑂𝑟𝑒𝑠 = [∑  

∞

𝑘=2

 
1

𝑘!
∏  

𝑘

𝑖=1

  ∑  

∞

𝑛𝑖=1

 
1

𝑛𝑖!
𝐶𝑛𝑖

]  
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𝒜(𝑁𝑠, 𝑣𝑠
𝐼 ,ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑣𝑠𝑗

𝐼 𝑣𝑠𝑗
𝐽

𝑒
−𝑖√

2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)
(
𝑁𝑗

𝑅
)

2

(
𝑅

𝑁𝑠
)  

 × 𝐹2[𝜎(𝑡𝑠)] [∑  

∞

𝑘=0

 
1

𝑘!
∏  

𝑘

𝑖=1

  ∑  

∞

𝑛𝑖=1

 
1

𝑛𝑖!
𝐶𝑛𝑖

]𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝑒
−𝑖√

2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗)

∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩

 

⟨𝜎(𝑢1)𝜎(𝑢2)⟩ =
𝑖

𝜖√𝜆(𝑢1)𝜆(𝑢2)
𝑒−

|𝑢1−𝑢2|
𝜖 →

2𝑖

𝜆(𝑢1)
𝛿(𝑢1 − 𝑢2)  

⟨𝐹[𝜎(𝑡𝑠)]⟩ =
𝑖

𝜖
(

𝑅

𝑁𝑗
)

2

𝜆(𝑡𝑠) (1 + 𝑂(𝜆(𝑡𝑠))) =
𝑖

𝜖
(

𝑅

𝑁𝑗
)

2

𝜆(𝑡𝑠) (1 + 𝑂 (
1

𝑁2
))  

⟨𝐹[𝜎(𝑡𝑠)]𝐹[𝜎(𝑡𝑠)]⟩ =
𝑖

𝜖
(

𝑅

𝑁𝑗
)

2

𝜆(𝑡𝑠) (1 + 𝑂 (
1

𝑁2
))  

⟨𝐹[𝜎(𝑡𝑠)]𝐹[𝜎(𝑡𝑠)]𝐹[𝜎(𝑡𝑗)]⟩ = −2 (
𝑅

𝑁𝑗
)

4
𝜆(𝑡𝑠)

𝜖

𝜆(𝑡𝑗)

𝜖
(1 + 𝑂 (

1

𝑁2
))  

⟨𝐹[𝜎(𝑡𝑠)]𝐹[𝜎(𝑡𝑠)]𝐹[𝜎(𝑡𝑗)]𝐹[𝜎(𝑡𝑗)]⟩ = −2 (
𝑅

𝑁𝑗
)

4
𝜆(𝑡𝑠)

𝜖

𝜆(𝑡𝑗)

𝜖
(1 + 𝑂 (

1

𝑁2
))  

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝑖𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑣𝑠𝑗

𝐼 𝑣𝑠𝑗
𝐽 𝑒

−𝑖√
2𝑁𝑠
𝑅 𝑣𝑠 ⋅ 𝑋𝑠(𝑡𝑠)

𝜆(𝑡𝑠)

𝜖
(

𝑅

𝑁𝑠
)  

 × [∑  

∞

𝑘=0

 
1

𝑘!
∏  

𝑘

𝑖=1

  ∑  

∞

𝑛𝑖=1

 
1

𝑛𝑖!
𝐶𝑛𝑖

] 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋𝑗

𝐼2(𝑡𝑗)𝑒
−𝑖√

2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗) ∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩.

 

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 ,ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝑖𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑣𝑠𝑗

𝐼 𝑣𝑠𝑗
𝐽 𝑒

−𝑖√
2𝑁𝑠
𝑅 𝑣𝑠 ⋅ 𝑋𝑠(𝑡𝑠)

𝜆(𝑡𝑠)

𝜖
(

𝑅

𝑁𝑠
)  

 × [∑  

∞

𝑘=0

 
1

𝑘!
∏  

𝑘

𝑖=1

 (−𝑖
𝑁𝑗

2𝑅
𝑣𝑠𝑗

2 ) ∫  
𝑡𝑠

−∞

 𝑑𝑢𝑖𝐹[(𝜎𝑢𝑖
)]] 𝐴𝐼1𝐼2𝑋̇𝑗

𝐼1(𝑡𝑗)𝑋̇𝑗
𝐼2(𝑡𝑗)𝑒

−𝑖√
2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗)

∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩.

 

⟨𝑒
𝜅 ∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖𝐹[(𝜎𝑢𝑖
)]

⟩ = 𝑒
𝜅 ∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖⟨𝐹[(𝜎𝑢𝑖
)]⟩

(1 + 𝑂(𝜖))  
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𝑒
𝜅 ∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖⟨𝐹[(𝜎𝑢𝑖
)]⟩

⊃
𝜅𝑛

𝑛!
∫  𝑑𝑢1 … 𝑑𝑢𝑛⟨𝐹[𝜎(𝑢1)]⟩ … ⟨𝐹[𝜎(𝑢𝑛)]⟩

 =
𝜅𝑛

𝑛!
∫  𝑑𝑢1 … 𝑑𝑢𝑛 ∑  

∞

𝑚1,…,𝑚𝑛=0
𝑚=𝑚1+⋯𝑚𝑛

 𝑐𝑚1
… 𝑐𝑚𝑛

(
𝑅

𝑁𝑗
)

2(𝑛+𝑚)

(
𝜆(𝑢1)

𝜖
)

1+𝑚1

… (
𝜆(𝑢𝑛)

𝜖
)

1+𝑚𝑛 

∫ ⟨𝑒𝜅 ∫  
𝑡𝑠
−∞

 𝑑𝑢𝑖𝐹[(𝜎𝑢𝑖
)]⟩ ⊝ 𝑒

𝜅 ∫  
𝑡𝑠
−∞

 𝑑𝑢𝑖⟨𝐹[(𝜎𝑢𝑖
)]⟩

 

⟨𝑒
𝜅 ∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖𝐹[(𝜎𝑢𝑖
)]

⟩ −𝑒
𝜅 ∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖⟨𝐹[(𝜎𝑢𝑖
)]⟩

 ⊃
𝜕𝑒

𝜅 ∫  
𝑡𝑠
−∞  𝑑𝑢𝑖⟨𝐹[(𝜎𝑢𝑖

)]⟩

𝜅𝑛+1

(𝑛 + 1)!
∫  𝑑𝑢1 … 𝑑𝑢𝑛+1(𝑛 + 1)⟨𝐹[𝜎(𝑢1)]⟩ … ⟨𝐹[𝜎(𝑢𝑛)]𝐹[𝜎(𝑢𝑛+1)]⟩

 

⟨𝐹[𝜎(𝑢𝑛)]𝐹[𝜎(𝑢𝑛+1)]⟩ = 2 (
𝑅

𝑁𝑗
)

2

𝛿(𝑢𝑛 − 𝑢𝑛+1)𝜆(𝑢𝑛) ∑  

⟨𝑒
𝜅 ∫  

𝑡𝑠
−∞  𝑑𝑢𝑖𝐹[(𝜎𝑢𝑖

)]
⟩

𝑚𝑛=0

𝑐̃𝑚𝑛
(

𝑅

𝑁𝑗
)

2𝑚𝑛

(
𝜆(𝑢𝑛)

𝜖
)

𝑚𝑛

 

⟨𝑒
𝜅 ∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖𝐹[(𝜎𝑢𝑖
)]

⟩

 ⊃
𝜅𝑛

𝑛!
∫  𝑑𝑢1 … 𝑑𝑢𝑛 ∑  

∞

𝑚1,…,𝑚𝑛=0

  𝑐𝑚1
… 𝑐𝑚𝑛−1

(𝑐𝑚𝑛
− 2𝜅𝜖𝑐̃𝑚𝑛

) (
𝑅

𝑁𝑗
)

2(𝑛+𝑚)

(
𝜆(𝑢1)

𝜖
)

1+𝑚1

… (
𝜆(𝑢𝑛)

𝜖
)

1+𝑚𝑛 

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1,𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

 = 𝑖𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑣𝑠𝑗

𝐼 𝑣𝑠𝑗
𝐽 𝑒

−𝑖√
2𝑁𝑠
𝑅 𝑣𝑠 ⋅ 𝑋𝑠(𝑡𝑠)

𝜆(𝑡𝑠)

𝜖
(

𝑅

𝑁𝑠
)

 × 𝑒
𝑅

2𝑁𝑗
𝑣𝑠𝑗

2
∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖
𝜆(𝑢𝑖)

𝜖 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝑒
−𝑖√

2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗)

∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩

 

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1,𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝑖𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|ℎ𝐼𝐽𝑇 [𝑣𝑠𝑗

𝐼 𝑣𝑠𝑗
𝐽 𝜆(𝑡𝑠)

𝜖
(

𝑅

𝑁𝑠
)  

× 𝑒
𝑅

2𝑁𝑗
𝑣𝑠𝑗

2
∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖
𝜆(𝑢𝑖)

𝜖 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝑒
−𝑖√

2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗)

∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩

 

∫  𝑑𝜇𝑡𝑠

𝜆(𝑡𝑠)

𝜖
𝑒

𝑅
2𝑁𝑗

𝑣𝑠𝑗
2

∫  
𝑡𝑠
−∞

 𝑑𝑢𝑖
𝜆(𝑢𝑖)

𝜖 = lim
𝛼→0

 ∫  
𝑡𝑗

−∞

 𝑑𝑡𝑠

𝜆(𝑡𝑠)

𝜖
𝑒

𝑅
2𝑁𝑗

𝑣𝑠𝑗
2

∫  
𝑡𝑠
−∞

 𝑑𝑢𝑖
𝜆(𝑢𝑖)

𝜖 𝑒−𝛼|𝑡𝑠|  

𝑘(𝑡𝑠) = ∫  
𝑡𝑠

−∞

𝑑𝑢𝑖

𝜆(𝑢𝑖)

𝜖
−

𝑁𝑗

𝑅

2𝛼

𝑣𝑠𝑗
2

|𝑡𝑠| 
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∫  𝑑𝜇𝑡𝑠

𝜆(𝑡𝑠)

𝜖
𝑒

𝑅
2𝑁𝑗

𝑣𝑠𝑗
2

∫  
𝑡𝑠
−∞

 𝑑𝑢𝑖
𝜆(𝑢𝑖)

𝜖 = ∫  
𝑘(𝑡𝑗)

−∞

 𝑑𝑘𝑒
𝑅

2𝑁𝑗
𝑣𝑠𝑗

2 𝑘
=

𝑁𝑗

𝑅

2

𝑣𝑠𝑗
2 (1 + 𝑂 (

1

𝑁2
))  

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠;𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛) = 2𝑖𝒩𝑠

∗𝒩𝑗
∗ (

𝑁𝑗

𝑁𝑠
) ℎ𝐼𝐽

𝑣𝑠𝑗
𝐼 𝑣𝑠𝑗

𝐽

𝑣𝑠𝑗
2

 ∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|𝑇 [𝐴𝐼1𝐼2𝑋̇𝑗

𝐼1(𝑡𝑗)𝑋̇𝑗
𝐼2(𝑡𝑗)𝑒

−𝑖√
2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡𝑗)

∏  

𝑘≠𝑗

 𝒱𝑘(𝑡𝑘)] |Ω⟩.

 

𝒩𝑠 = −𝑒
𝜅 ∫  

𝑡𝑠
−∞

 𝑑𝑢𝑖⟨𝐹[(𝜎𝑢𝑖
)]⟩

√32𝜋𝐺𝑁 

𝒜(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1,𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= −2√32𝜋𝐺𝑁ℎ𝐼𝐽 ∑  

𝑗

 𝜂𝑠𝜂𝑗

𝑁𝑗

𝑁𝑠

𝑣𝑠𝑗
𝐼 𝑣𝑠𝑗

𝐽

𝑣𝑠𝑗
2 𝒜(𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛) 

 

𝑆(−1) = −2√32𝜋𝐺𝑁ℎ𝐼𝐽 ∑  

𝑗

 𝜂𝑠𝜂𝑗

𝑁𝑗

𝑁𝑠

𝑣𝑠𝑗
𝐼 𝑣𝑠𝑗

𝐽

𝑣𝑠𝑗
2  

ℒang = −
7𝜆(𝑢)

4𝑟2(𝑢)
𝑟𝐼(𝑢) (√

𝑅

𝑁𝑠
𝑋𝑠

𝐼(𝑢) − √
𝑅

𝑁𝑗
𝑋𝑗

𝐼(𝑢)) [(√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐽(𝑢) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐽(𝑢))

2

]

2

.  

ℒ =
1

2
(𝑋̇𝑠

𝐼)2 +
1

2
(𝑋̇𝑗

𝐼)
2

+
𝜖2𝜆

4
𝜎̇2 +

𝜆

4
(1 +

7

𝑟2
𝑟𝐼 (√

𝑅

𝑁𝑠
𝑋𝑠

𝐼 − √
𝑅

𝑁𝑗
𝑋𝑗

𝐼)) 𝜎2

 −
𝜆

2
(1 +

7

𝑟2
𝑟𝐼 (√

𝑅

𝑁𝑠
𝑋𝑠

𝐼 − √
𝑅

𝑁𝑗
𝑋𝑗

𝐼)) 𝜎 (√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐼 − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐼)

2

+ ℒ𝑠𝑝𝑖𝑛

 

𝑟𝐼

𝑟9
= −

1

7

𝜕

𝜕√
𝑅
𝑁𝑠

𝑥𝑠
𝐼(𝑢)

(
1

𝑟7
) = −

1

7
√

𝑁𝑠

𝑅

𝜕

𝜕𝑥𝑠
𝐼(𝑢)

(
1

𝑟7
)  

𝑟𝐼

𝑟9
=

1

7
√

𝑁𝑠

𝑅
(

1

𝑟7
)

𝜕

𝜕𝑥𝑠
𝐼(𝑢)

=
1

7
𝑖√

𝑁𝑠

𝑅
(

1

𝑟7
) 𝑋̇𝑠

𝐼(𝑢) 
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ℒ𝑎𝑛𝑔
𝜎 = −

𝑖

4
𝜆(𝑢)𝑋̇𝑠

𝐼(𝑢)√
𝑁𝑠

𝑅
(√

𝑅

𝑁𝑠
𝑋𝑠

𝐼(𝑢)−√
𝑅

𝑁𝑗
𝑋𝑗

𝐼(𝑢))

 × (√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐽
(𝑢) − √

𝑅

𝑁𝑗
𝑋̇𝑗

𝐽
(𝑢))

2

𝜎(𝑢)

 

𝑂𝑟𝑒𝑠
𝑎𝑛𝑔

=
𝑖

2
∫  𝑑𝑢𝑋̇𝑠

𝐼(𝑢)√
𝑁𝑠

𝑅
(√

𝑅

𝑁𝑠
𝑋𝑠

𝐼(𝑢) − √
𝑅

𝑁𝑗
𝑋𝑗

𝐼(𝑢)) ∑  

∞

𝑛=1

 
1

𝑛!
𝐶̃𝑛(𝑢)𝑂𝑟𝑒𝑠  

𝒜𝑠𝑢𝑏
(1)

(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
∫  𝑑𝑢ℎ𝐼𝐽⟨Ω|𝑇

[
 
 
 
 

𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

 

×
𝑖

2
𝑋̇𝑠

𝐾(𝑢)√
𝑁𝑠

𝑅
(√

𝑅

𝑁𝑠
𝑋𝑠

𝐾(𝑢) − √
𝑅

𝑁𝑗
𝑋𝑗

𝐾(𝑢)) ∑  

∞

𝑛=1

1

𝑛!
𝐶̃𝑛(𝑢)𝑂𝑟𝑒𝑠   

  × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)] |Ω⟩

 

𝒜𝑠𝑢𝑏
(2) (𝑁𝑠, 𝑣𝑠

𝐼 , ℎ𝑠; 𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
∫  𝑑𝑢ℎ𝐼𝐽⟨Ω|𝑇

[
 
 
 
 

𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

 

×
𝑖

2
𝑋̇𝑠

𝐾(𝑢)√
𝑁𝑠

𝑅
(√

𝑅

𝑁𝑠
𝑋𝑠

𝐾(𝑢) − √
𝑅

𝑁𝑗
𝑋𝑗

𝐾(𝑢)) ∑  

∞

𝑛=1

 
1

𝑛!
𝐶̃𝑛(𝑢)𝑂𝑟𝑒𝑠  

  × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)] |Ω⟩

 

𝒜𝑠𝑢𝑏
(3) (𝑁𝑠, 𝑣𝑠

𝐼 , ℎ𝑠; 𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛)

=𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
∫  𝑑𝑢ℎ𝐼𝐽⟨Ω|𝑇[𝑋̇𝑠

𝐼(𝑡𝑠) 𝑋̇𝑗
𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

⏟                        

×
𝑖

2
𝑋̇𝑠

𝐾(𝑢)√
𝑁𝑠

𝑅
(√

𝑅

𝑁𝑠
𝑋𝑠

𝐾(𝑢) − √
𝑅

𝑁𝑗
𝑋𝑗

𝐾(𝑢)) ∑  

∞

𝑛=1

 
1

𝑛!
𝐶̃𝑛(𝑢) 𝑂𝑟𝑒𝑠⏟  

 × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)]|Ω⟩
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𝒜𝑠𝑢𝑏
(4)

(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

=𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
∫  𝑑𝑢ℎ𝐼𝐽⟨Ω|𝑇[𝑋̇𝑠

𝐼(𝑡𝑠)𝑋̇𝑠
𝐽(𝑡𝑠) 𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

⏟                  

×
𝑖

2
𝑋̇𝑠

𝐾(𝑢)⏟  √
𝑁𝑠

𝑅
(√

𝑅

𝑁𝑠
𝑋𝑠

𝐾(𝑢) − √
𝑅

𝑁𝑗
𝑋𝑗

𝐾(𝑢)) ∑  

∞

𝑛=1

 
1

𝑛!
𝐶̃𝑛(𝑢)𝑂𝑟𝑒𝑠  

 × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)]|Ω⟩

 

𝒜𝑠𝑢𝑏
(5) (𝑁𝑠, 𝑣𝑠

𝐼 , ℎ𝑠; 𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛)

=𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
∫  𝑑𝑢ℎ𝐼𝐽⟨Ω|𝑇

[
 
 
 
 

𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

×
𝑖

2
𝑋̇𝑠

𝐾(𝑢)√
𝑁𝑠

𝑅
(√

𝑅

𝑁𝑠
𝑋𝑠

𝐾(𝑢) − √
𝑅

𝑁𝑗
𝑋𝑗

𝐾(𝑢)) ∑  

∞

𝑛=1

1

𝑛!
𝐶̃𝑛(𝑢)𝑂𝑟𝑒𝑠   

 × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)]|Ω⟩

 

𝑋𝑗
𝐼(𝑡𝑗) = 𝑖√

𝑅

2𝑁𝑗

𝜕

𝜕𝑣𝑗
𝐼 𝑒

−𝑖√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗)

⋁ (√
𝑅

𝑁𝑠
𝑋𝑠

𝐼(𝑢) − √
𝑅

𝑁𝑗
𝑋𝑗

𝐼(𝑢))  

𝒜𝑠𝑢𝑏
(1)

(𝑁𝑠,𝑣𝑠
𝐼 , ℎ𝐼𝐽; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

 =
1

4
√32𝜋𝐺𝑁ℎ𝐼𝐽 ∑  

𝑗

 𝜂𝑠𝜂𝑗 (𝑣𝑠𝑗
𝐼 𝜕

𝑣𝑗
𝐽 + 𝑣𝑠𝑗

𝐽 𝜕𝑣𝑗
𝐼) 𝒜(𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

 

𝒜𝑠𝑢𝑏
(2)

(𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝐼𝐽; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= −√32𝜋𝐺𝑁ℎ𝐼𝐽 ∑  

𝑗

 𝜂𝑠𝜂𝑗

𝑣𝑠𝑗
𝐼 𝑣𝑠𝑗

𝐽

𝑣𝑠𝑗
2 𝑣𝑠

𝐾𝜕𝑣𝑗
𝐾𝒜(𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)  

= −√32𝜋𝐺𝑁ℎ𝐼𝐽 ∑  

𝑗

 𝜂𝑠𝜂𝑗 (
𝑣𝑠𝑗

𝐼 𝑣𝑠𝑗
𝐽

𝑣𝑠𝑗
2 𝑣𝑠𝑗

𝐾 𝜕𝑣𝑗
𝐾 + 2

𝑁𝑗

𝑅

𝑣𝑠𝑗
𝐼 𝑣𝑠𝑗

𝐽

𝑣𝑠𝑗
2 𝜕𝑁𝑗

𝑅

) 𝒜(𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛)  

 = −√32𝜋𝐺𝑁ℎ𝐼𝐽 ∑  

𝑗

 𝜂𝑠𝜂𝑗 (
𝑣𝑠𝑗

𝐼 𝑣𝑠𝑗
𝐽

𝑣𝑠𝑗
2 𝑣𝑠𝑗

𝐾 𝜕𝑣𝑗
𝐾 + 2

𝑁𝑗

𝑅

𝑣𝑠𝑗
𝐼 𝑣𝑠𝑗

𝐽

𝑣𝑠𝑗
2 𝜕𝑁𝑗

𝑅

) 𝒜(𝑁1, 𝑣1
𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛

𝐼 , 𝜃𝑛)

 

𝑣𝑗 ⋅ 𝜕𝑣𝑗
𝑒

−𝑖√
2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡) = 2
𝑁𝑗

𝑅
𝜕𝑁𝑗

𝑅

𝑒
−𝑖√

2𝑁𝑗

𝑅 𝑣𝑗 ⋅ 𝑋𝑗(𝑡)  
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ℒspin = −
𝑅

𝑁𝑗

7𝜆(𝑢)

2𝑟2(𝑢)
𝑟𝐼(𝑢)𝑍𝑋 (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐾(𝑢)−√
𝑅

𝑁𝑗
𝑋̇𝑗

𝐾(𝑢))

2

 × 𝑆𝑗
𝐼𝐽

(√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐽
(𝑢) − √

𝑅

𝑁𝑗
𝑋̇𝑗

𝐽
(𝑢)) .

 

𝑆𝑗
𝐼𝐽

=
1

8𝑅
Tr (𝜓𝛼Γ𝛼𝛽

[𝐼𝐽]
𝜓𝛽)  

ℒspin = −𝑖
𝑅

2𝑁𝑗
𝜆(𝑢)√

𝑁𝑠

𝑅
(√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐾(𝑢)−√
𝑅

𝑁𝑗
𝑋̇𝑗

𝐾(𝑢))

2

 × 𝑆𝑗
𝐼𝐽

𝑋̇𝑠
𝐼(𝑢) (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐽
(𝑢) − √

𝑅

𝑁𝑗
𝑋̇𝑗

𝐽
(𝑢))

 

𝑂𝑟𝑒𝑠
𝑠 = −𝑖 ∫  𝑑𝑢√

𝑁𝑠

𝑅
(

𝑅

𝑁𝑗
)

𝜆(𝑢)

𝜖
(1 + 𝐹[𝜎(𝑢)])

𝑆𝑗
𝐼𝐽

𝑋̇𝑠
𝐼(𝑢) (√

𝑅

𝑁𝑠
𝑋̇𝑠

𝐽
(𝑢) − √

𝑅

𝑁𝑗
𝑋̇𝑗

𝐽
(𝑢)) 𝑂𝑟𝑒𝑠;

 

𝑂𝑟𝑒𝑠
𝑛𝑠 = −𝑖

𝑁𝑗

𝑅
√

𝑁𝑠

𝑅
𝑆𝑗

𝐼𝐽 ∫  𝑑𝑢𝜆(𝑢)(1 + 𝐹[𝜎(𝑢)])2𝑋̇𝑠
𝐼(𝑢)  

 × (√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐽(𝑢) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐽(𝑢)) (√
𝑅

𝑁𝑠
𝑋̇𝑠

𝐾(𝑢) − √
𝑅

𝑁𝑗
𝑋̇𝑗

𝐾(𝑢))

2

𝑂𝑟𝑒𝑠

 

𝒜spin 

(1) (𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

=𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
ℎ𝐼𝐽⟨Ω|𝑇

[
 
 
 
 

𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

𝑂res 
𝑠

 × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)] |Ω⟩

 

𝒜spin 

(2) (𝑁𝑠, 𝑣𝑠
𝐼 , ℎ𝑠; 𝑁1, 𝑣1

𝐼 , 𝜃1; … ; 𝑁𝑛, 𝑣𝑛
𝐼 , 𝜃𝑛)

= 𝒩𝑠
∗𝒩𝑗

∗ ∫  𝑑𝜇𝑡𝑠
∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
ℎ𝐼𝐽⟨Ω|𝑇

[
 
 
 
 

𝑋̇𝑠
𝐼(𝑡𝑠)𝑋̇𝑠

𝐽(𝑡𝑠)𝑒

−𝑖(√2𝑁𝑠
𝑅

𝑣𝑠⋅𝑋𝑠(𝑡𝑠)+√
2𝑁𝑗

𝑅
𝑣𝑗⋅𝑋𝑗(𝑡𝑗))

𝑂res 
𝑛𝑠

 × 𝐴𝐼1𝐼2𝑋̇𝑗
𝐼1(𝑡𝑗)𝑋̇𝑗

𝐼2(𝑡𝑗)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)] |Ω⟩

 = 2𝑖√32𝜋𝐺𝑁

ℎ𝐼𝐽𝑣𝑠𝑗
𝐼

𝑣𝑠𝑗
2 𝑆𝑗

𝐽𝐾𝑣𝑗
𝐾 ∏  

𝑛

𝑖=1

 ∫  𝑑𝜇𝑡𝑖
⟨Ω|𝑇[𝒱𝑗

∗(𝑡𝑗)𝒱1
∗(𝑡1) … 𝒱𝑛(𝑡𝑛)]|Ω⟩
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𝒜𝑠𝑝𝑖𝑛(𝑁𝑠, 𝑣𝑠, ℎ𝑠;𝑁1, 𝑣1, 𝜃1, … , 𝑁𝑛, 𝑣𝑛, 𝜃𝑛)

 = 2𝑖√32𝜋𝐺𝑁 ∑  

𝑗

 𝜂𝑠𝜂𝑗

ℎ𝐼𝐽𝑣𝑠𝑗
𝐼

𝑣𝑠𝑗
2 𝑆𝑗

𝐽𝐾
𝑣𝑗

𝐾𝒜(𝑁1, 𝑣1, 𝜃1, … , 𝑁𝑛 , 𝑣𝑛, 𝜃𝑛)
 

𝑆(0) =
1

4
√32𝜋𝐺𝑁 ∑  

𝑛

𝑗=1

 𝜂𝑠𝜂𝑗ℎ𝐼𝐽((𝑣𝑠𝑗
𝐼 𝜕

𝑣𝑗
𝐽 + 𝑣𝑠𝑗

𝐽 𝜕𝑣𝑗
𝐼)

−4
𝑣𝑠𝑗

𝐼 𝑣𝑠𝑗
𝐽

𝑣𝑠𝑗
2 𝑣𝑠𝑗

𝐾 𝜕𝑣𝑗
𝐾 − 8

𝑁𝑗

𝑅

𝑣𝑠𝑗
𝐼 𝑣𝑠𝑗

𝐽

𝑣𝑠𝑗
2 𝜕𝑁𝑗

𝑅

+ 8𝑖
𝑣𝑠𝑗

𝐼

𝑣𝑠𝑗
2 𝑆𝑗

𝐽𝐾
𝑣𝑗

𝐾)

 

𝒜(𝑁𝑠, 𝑣𝑠, ℎ𝑠; 𝑁1, 𝑣1, 𝜃1, … , 𝑁𝑛,𝑣𝑛, 𝜃𝑛)

 = (𝑆(−1) + 𝑆(0) + ⋯ )𝒜(𝑁1, 𝑣1, 𝜃1, … , 𝑁𝑛 , 𝑣𝑛, 𝜃𝑛)
 

⟨√𝜆𝜎(𝑝)√𝜆𝜎(0)⟩ =
𝑖

𝜖2𝑝2 + 1
𝜔⨂𝐿 − 2𝑛𝜎  

⟨𝑋̇(𝑝)𝑋̇(0)⟩ = 𝑖  

𝜔 = −
𝑣

2
+

𝑙𝜎
2

−
𝑙𝑋̇
2

+ 1  

𝑙𝜎 = 0, 𝑙𝑋̇ ≥ 2 ⇒ 𝜔 < 0  

𝐿 = 1 + 𝑛𝜎  ⇒  𝜔 = 1 − 𝑛𝜎 .  

𝐿 = 𝑛𝜎  ⇒  𝜔 = −𝑛𝜎 .  

𝒮 =
1

2
∫  𝑑𝑡 ∫  𝑑𝑑𝐫𝜙(𝐫, 𝑡)[−𝜕𝑡

2 + ∇2 − 𝑚2]𝜙(𝐫, 𝑡) + 𝒮int  

𝒮int = −
𝜆

4!
∫  𝑑𝑡 ∫  𝑑𝑑𝐫𝜙4(𝐫, 𝑡) 

𝜙(𝐤, 𝑡)  =
1

√2𝜔𝐤

[𝑒−𝑖𝜔𝐤𝑡𝑎𝐤 + 𝑒𝑖𝜔𝐤𝑡𝑎−𝐤
† ]

𝜋(𝐤, 𝑡)  = −𝑖√
𝜔𝐤

2
[𝑒−𝑖𝜔𝐤𝑡𝑎𝐤 − 𝑒𝑖𝜔𝐤𝑡𝑎−𝐤

† ]

 

𝜔𝐤 = √𝑘2 + 𝑚2 and [𝑎𝐤, 𝑎
𝐤′
† ] = 𝛿(𝑑)(𝐤 − 𝐤′) 

𝑎𝐫 = ∫  
𝑑𝑑𝐤

(2𝜋)𝑑
𝑎𝐤𝑒𝑖𝐤.𝐫 

𝑎𝐤 =
𝑒𝑖𝜔𝐤𝑡

√2
[√𝜔𝐤𝜙(𝐤, 𝑡) + 𝑖

𝜋(𝐤, 𝑡)

√𝜔𝐤
] 
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𝑏𝐫 =
1

√2
[√𝐸0𝜙(𝐫, 𝑡0) + 𝑖

𝜋(𝐫, 𝑡0)

√𝐸0

]

𝑏𝐫
† =

1

√2
[√𝐸0𝜙(𝐫, 𝑡0) − 𝑖

𝜋(𝐫, 𝑡0)

√𝐸0

]

 

[𝑏𝐫, 𝑏𝐫′
†

] = 𝛿(𝑑)(𝐫 − 𝐫′) 

𝒮 = ∫  𝑑𝑑𝐫 ∫  𝑑𝑡[𝜙∗(𝐫, 𝑡)𝑖𝜕𝑡𝜙(𝐫, 𝑡) − 𝐻(𝜙∗, 𝜙)] 

𝑆(𝑛) =
1

1 − 𝑛
ln (Tr[𝜌̂𝐴

𝑛]),  

𝜌̂𝐴 = Tr𝐴𝑐[𝜌̂] 

𝑆vN = lim
𝑛→1

 𝑆(𝑛) = −Tr[𝜌̂𝐴ln 𝜌̂𝐴]  

𝐃̂𝐴(𝝃) = 𝑒∫  
𝐴

 𝑑𝑑𝐫[𝜉𝐫𝑏𝐫
†−𝜉𝐫

∗𝑏𝐫]  

𝐹̂ = ∫  𝒟[𝝃]𝜒𝐹(𝝃)D̂𝐴(−𝝃)  

𝜒𝐹(𝝃) = Tr[𝐹̂𝐃̂𝐴(𝝃)] 

𝒟[𝝃] = ∏  

𝐫∈𝐴

𝑑𝜉𝐫𝑑𝜉𝐫
∗

2𝜋
 

𝜒𝐴(𝝃, 𝑡0) = Tr𝐴[𝜌̂𝐴(𝑡0)𝐃̂𝐴(𝝃)] = Tr[𝜌̂(𝑡0)𝐃̂𝐴(𝝃)]  

D̂𝐴(𝝃)D̂𝐴(𝜼) = D̂𝐴(𝝃 + 𝜼)𝑒
1
2 ∫  

𝐴
 𝑑𝑑𝐫[𝜉𝐫𝜂𝐫

∗−𝜉𝐫
∗𝜂𝐫]

 

Tr[D̂𝐴(𝝃)D̂𝐴(𝜼)] = 𝛿 (
𝝃 + 𝜼

𝜋
) 

𝑒(1−𝑛)𝑆(𝑛)
= [∫  ∏  

𝑛−1

𝛼=1

 𝒟[𝝃(𝛼)]] 𝜒𝐴(𝝃(1))𝜒𝐴(𝝃(2)) … 𝜒𝐴(𝝃(𝑛−1))𝜒𝐴(−𝝃(1) − 𝝃(2) … − 𝝃(𝑛−1)) × 𝑒
1
2
𝜁†𝕂𝑛−1⊗𝑃̂𝐴𝜁 . 

𝜁† = [𝝃∗(1), 𝝃∗(2) … 𝝃∗(𝑛=𝒟)] and 𝕂𝑛=4 is an ( 𝑛 = 𝒟 ) dimensional symmetric/antisymmetric circulant 

matrix en AdS. 

𝕂𝑛−1 =

(

 
 

0 −1 −1 … …
1 0 −1 −1 …
1 1 0 −1 …
… 1 1 0 …
… … … … …)

 
 

 

𝑒−𝑆(2)
= Tr[𝜌̂𝐴

2] = ∫  𝒟[𝝃]𝜒𝐴(𝝃)𝜒𝐴(−𝝃)  
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𝑖𝛿𝒮= ∫  
𝐴

 𝑑𝑑𝐫
𝜉𝐫

2√2
[√𝐸0[𝜙+(𝐫, 𝑡0) + 𝜙−(𝐫, 𝑡0)] − 𝑖

𝜋+(𝐫, 𝑡0) + 𝜋−(𝐫, 𝑡0)

√𝐸0

]  

 −
𝜉𝐫

∗

2√2
[√𝐸0[𝜙+(𝐫, 𝑡0) + 𝜙−(𝐫, 𝑡0)] + 𝑖

𝜋+(𝐫, 𝑡0) + 𝜋−(𝐫, 𝑡0)

√𝐸0

]

 = ∫ 
𝐴

 𝑑𝑑𝐫
(𝜉𝐫 − 𝜉𝐫

∗)

2√2
√𝐸0[𝜙+

(𝐫, 𝑡0) + 𝜙−(𝐫, 𝑡0)] − 𝑖
(𝜉𝐫 + 𝜉𝐫

∗)

2√2

[𝜋+(𝐫, 𝑡0) + 𝜋−(𝐫, 𝑡0)]

√𝐸0

 

 

𝜙𝑠 =
1

√2
[𝜙+ + 𝜙−], 𝜋𝑠 =

1

√2
[𝜋+ + 𝜋−] 

𝜙𝑎 =
1

√2
[𝜙+ − 𝜙−], 𝜋𝑎 =

1

√2
[𝜋+ − 𝜋−] 

𝜉𝐫 = 𝜉𝐫
′ + 𝑖𝜉𝐫

′′ 

𝛿𝒮 = ∫ 
𝐴

 𝑑𝑑𝐫 [𝜉𝐫
′′√𝐸0𝜙𝑠(𝐫, 𝑡0) −

𝜉𝐫
′

√𝐸0

𝜋𝑠(𝐫, 𝑡0)]  

𝜋𝑠/√𝐸0 = 𝜙̇𝑠/√𝐸0 to √𝐸0𝜙𝑠 

𝜒𝐴(𝝃) = ∫  𝒟[𝜙𝑠,𝑎]𝑒𝑖(𝒮[𝜙𝑠,𝑎]+𝛿𝒮[𝜙𝑠 ,𝜋𝑠])  

𝐽𝐫
𝜋 =

𝜉𝐫
′

√𝐸0
 and 𝐽𝐫

𝜙
= 𝜉𝑟

′′√𝐸0 

𝑑𝜉𝐫𝑑𝜉𝐫
∗/2 = 𝑑𝜉𝐫

′𝑑𝜉𝐫
′′ = 𝑑𝐽𝐫

𝜙
𝑑𝐽𝐫

𝜋 

𝜒𝐴(𝐉𝜙, 𝐉𝜋) = ∫  𝒟[𝜙𝑠,𝑎]𝑒
𝑖𝒮[𝜙𝑠,𝑎]+𝑖 ∫  

𝐴
 𝑑𝑑𝐫[𝐽𝑟

𝜙
𝜙𝑠(𝐫,𝑡0)−𝐽𝑟

𝜋𝜋𝑠(𝐫,𝑡0)],
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𝒟[𝜙𝑠,𝑎] = 𝒟[𝜙𝑠]𝒟[𝜙𝑎] 

𝒥𝑇 = (𝐉𝜙(1), 𝐉𝜋(1), . . 𝐉𝜙(𝑛=𝒟), 𝐉𝜋(𝑛=𝒟)) 

𝑖

2
𝒥𝑇𝕂𝑛=𝒟 ⊗ [

0 −𝑃̂𝐴

𝑃̂𝐴 0
] 𝒥 

𝑒(1−𝑛)𝑆(𝑛)
= ∫  ∏  

𝑛

𝛼=1

 𝒟[𝜙𝑠,𝑎
(𝛼)

]exp [𝑖 ∑  

𝑛

𝛼=1

 𝒮[𝜙𝑠,𝑎
(𝛼)

]]  

 × ∫  ∏  

𝑛−1

𝛼=1

 𝒟[𝐉(𝛼)]exp [𝑖 ∑  

𝑛−1

𝛼=1

 ∫  
𝐴

 𝑑𝑑𝐫𝐽𝐫
𝜙(𝛼)

(𝜙𝑠
(𝛼)(𝐫, 𝑡0) − 𝜙𝑠

(𝑛)(𝐫, 𝑡0)) − 𝐽𝐫
𝜋(𝛼)

(𝜋𝑠
(𝛼)(𝐫, 𝑡0) − 𝜋𝑠

(𝑛)(𝐫, 𝑡0))]

 × exp [
𝑖

2
𝒥𝑇𝕂𝑛−1 ⊗ [

0 −𝑃̂𝐴

𝑃̂𝐴 0
] 𝒥] .

 

𝒟[𝐉(𝛼)] = ∏  

𝐫∈𝐴

𝑑𝐽𝐫
𝜙(𝛼)

𝑑𝐽𝐫
𝜋(𝛼)

𝜋
 

𝑒(1−𝑛)𝑆(𝑛)

2(𝑛−1)𝑉𝐴
= ∫  ∏  

𝑛

𝛼=𝒮[𝜙𝑠,𝑎
(𝛼)

]

 𝒟 [𝜙𝑠,𝑎
(𝛼)

] 𝑒
𝑖 ∑  𝑛

𝛼=1  𝒮[𝜙𝑠,𝑎
(𝛼)

]+𝑖𝒮ent [𝜙𝑠,𝜋𝑠]
 

𝒮𝑒𝑛𝑡(𝑡0) =
1

2
∑  

𝑛

𝛼,𝛽=1

 ∫  
𝐴

 𝑑𝑑𝐫 [𝜙𝑠
(𝛼)

(𝐫, 𝑡0), 𝜋𝑠
(𝛼)

(𝐫, 𝑡0)] 𝕃𝛼𝛽 [
𝜋𝑠

(𝛽)
(𝐫, 𝑡0)

−𝜙𝑠
(𝛽)(𝐫, 𝑡0)

] .  

𝕃𝛼𝛽 = (−1)𝛼−𝛽[Θ(𝛼 − 𝛽) − Θ(𝛽 − 𝛼)] 

𝕃 =

[
 
 
 
 
 

0 1 −1 1 … −1
−1 0 1 −1 … 1

1 −1 0 1 … −1
−1 1 −1 0 … 1

. . . . .
1 −1 1 −1 … 0]

 
 
 
 
 

𝑛×𝑛

.  

𝑆vN = lim
𝑞→0

 𝑆(2𝑞+1).  
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Figura anterior: Dimensiones altas en ℝ4. 

 ∑  

𝑛

𝛼=1

  (−1)𝛼𝜙𝑠
(𝛼)(𝐫, 𝑡0) = 0 ∀𝐫 ∈ 𝐴

 ∑  

𝑛

𝛼=1

  (−1)𝛼𝜋𝑠
(𝛼)

(𝐫, 𝑡0) = 0 ∀𝐫 ∈ 𝐴

 

𝑒(1−𝑛)𝑆(𝑛)

2(𝑛−1)𝑉𝐴𝜋𝑉𝐴
= ∫  ∏  

𝑛

𝛼=1

 𝒟[𝜙𝑠,𝑎
(𝛼)

]exp [𝑖 ∑  

𝑛

𝛼=1

 𝒮[𝜙𝑠,𝑎
(𝛼)

] +
𝑖

2
∑  

𝑛

𝛼,𝛽=1

 ∫  
𝐴

 𝑑𝑑𝐫[𝜙𝑠
(𝛼)(𝐫, 𝑡0), 𝜋𝑠

(𝛼)(𝐫, 𝑡0)]ℙ𝛼𝛽 [
𝜋𝑠

(𝛽)(𝐫, 𝑡0)

−𝜙𝑠
(𝛽)(𝐫, 𝑡0)

]]

× ∏  

𝐫∈𝐴

 𝛿 [∑  

𝑛

𝛼=1

  (−1)𝛼𝜙𝑠
(𝛼)(𝐫, 𝑡0)] 𝛿 [∑  

𝑛

𝛼=1

  (−1)𝛼𝜋𝑠
(𝛼)(𝐫, 𝑡0)]

 where, ℙ𝛼𝛽 =

{
 
 
 

 
 
 (−1)𝛼−𝛽 [sgn(𝛼 − 𝛽) −

2(𝛼 − 𝛽)

𝑛 − 1
] , 1 ≤ 𝛼, 𝛽 ≤ 𝑛 − 1,

(−1)−𝛽

𝑛 − 1
(2𝛽 − 𝑛), 𝛼 = 𝑛, 1 ≤ 𝛽 ≤ 𝑛 − 1,

−
(−1)𝛼

𝑛 − 1
(2𝛼 − 𝑛), 1 ≤ 𝛼 ≤ 𝑛 − 1, 𝛽 = 𝑛,

0, 𝛼 = 𝛽 = 𝑛.

 

 

𝒮0 =
1

2
∫  𝑑𝑑𝐫 ∫  𝑑𝑑𝐫′ ∫  𝑑𝑡 ∫  𝑑𝑡[𝜙𝑠(𝐫, 𝑡), 𝜙𝑎(𝐫, 𝑡)] [

0 𝐺0
𝐴−1(𝐫, 𝑡; 𝐫′, 𝑡′)

𝐺0
𝑅−1(𝐫, 𝑡; 𝐫′, 𝑡′) −Σ0

𝐾(𝐫, 𝑡; 𝐫′, 𝑡′)
] [

𝜙𝑠(𝐫, 𝑡)
𝜙𝑎(𝐫, 𝑡)

] , 

𝐺𝑅−1(𝐫, 𝑡; 𝐫′, 𝑡′) = [−𝜕𝑡
2 + ∇2 − 𝑚2]𝛿(𝑡 − 𝑡′)𝛿(𝐫 − 𝐫′) − Σ𝑅(𝐫, 𝑡; 𝐫′, 𝑡′) 

𝐺0
𝑅(𝐫, 𝑡; 𝐫′, 𝑡′) = −𝑖⟨𝜙𝑠(𝐫, 𝑡)𝜙𝑎(𝐫′, 𝑡′)⟩

𝐺0
𝐾(𝐫, 𝑡; 𝐫′, 𝑡′) = −𝑖⟨𝜙𝑠

𝑠𝑎(𝐫, 𝑡)𝜙𝑠(𝐫
′, 𝑡′)⟩

 = 𝐺0
𝑠𝑠(𝐫, 𝑡; 𝐫′, 𝑡′)

𝑡′, 𝑡′)

 

𝑖𝒢𝑝𝑞(𝐫, 𝑡; 𝐫′, 𝑡′) = [
⟨𝜋𝑝(𝐫, 𝑡)𝜙𝑞(𝐫′, 𝑡′)⟩ ⟨𝜋𝑝(𝐫, 𝑡)𝜋𝑞(𝐫′, 𝑡′)⟩

−⟨𝜙𝑝(𝐫, 𝑡)𝜙𝑞(𝐫′, 𝑡′)⟩ −⟨𝜙𝑝(𝐫, 𝑡)𝜋𝑞(𝐫′, 𝑡′)⟩
]  

⟨𝜙𝑝(𝐫, 𝑡)𝜋𝑞(𝐫′, 𝑡′)⟩ = 𝜕𝑡′⟨𝜙𝑝(𝐫, 𝑡)𝜙𝑞(𝐫′, 𝑡′)⟩, ⟨𝜋𝑝(𝐫, 𝑡)𝜙𝑞(𝐫′, 𝑡′)⟩  =  𝜕𝑡⟨𝜙𝑝(𝐫, 𝑡)𝜙𝑞(𝐫′, 𝑡′)⟩  and 

⟨𝜋𝑝(𝐫, 𝑡)𝜋𝑞(𝐫′, 𝑡′)⟩ = 𝜕𝑡𝜕𝑡′⟨𝜙𝑝(𝐫, 𝑡)𝜙𝑞(𝐫′, 𝑡′)⟩. 

1

4
Tr [𝕃2 ∫ 

𝐴

 𝑑𝑑𝐫 ∫  
𝐴

 𝑑𝑑𝐫′𝒢𝑠𝑠(𝐫, 𝑡0, 𝐫′, 𝑡0)𝒢𝑠𝑠(𝐫′, 𝑡0, 𝐫, 𝑡0)]  

𝑆0
(𝑛)

= −𝑉𝐴ln 2 +
1

2(𝑛 − 1)
Trln [1 + 𝕃𝒢𝑠𝑠]  

𝜆𝑘 = 𝑖 tan (
𝜋𝑘

𝑛
) and ∏  

𝑛

𝑘=1

(1 + 𝜆𝑘𝒢𝑠𝑠) 
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𝑆0
(𝑛)

=
1

2(𝑛 − 1)
Tr (ln [(

𝒢𝑠𝑠 + 1

2
)

𝑛

− (
𝒢𝑠𝑠 − 1

2
)

𝑛

]) ,  

𝑆0
vN =

1

2
Tr [

𝒢𝑠𝑠 + 1

2
ln 

𝒢𝑠𝑠 + 1

2
−

𝒢𝑠𝑠 − 1

2
ln 

𝒢𝑠𝑠 − 1

2
]  

𝑀2(𝐫, 𝑡0, 𝐫′, 𝑡0) = ∫  
𝐴

𝑑𝑑𝐫1⟨𝜙𝑠(𝐫, 𝑡0)𝜙𝑠(𝐫1, 𝑡0)⟩ ⟨𝜋𝑠(𝐫1, 𝑡0)𝜋𝑠(𝐫
′, 𝑡0)⟩ 

𝑆0
(𝑛)

=
1

𝑛 − 1
Tr𝐴 (ln [(

𝑀 + 1

2
)

𝑛

− (
𝑀 − 1

2
)

𝑛

]) ,  

𝑆0
vN = Tr𝐴 [

(𝑀 + 1)

2
ln 

(𝑀 + 1)

2
−

(𝑀 − 1)

2
ln 

(𝑀 − 1)

2
] .  

𝒮int = −
2𝜆

4!
∫  𝑑𝑑𝐫 ∫  𝑑𝑡[𝜙𝑠

3(𝐫, 𝑡)𝜙𝑎(𝐫, 𝑡) + 𝜙𝑎
3(𝐫, 𝑡)𝜙𝑠(𝐫, 𝑡)]  

∑  

𝑛

𝛼=1

𝒮0
(𝛼)

⨁𝒮ent ⨁ ∑  

𝑛

𝛼=1

𝒮int 

(𝛼)
 

𝒮̃ = ∑  

𝑛

𝛼=1

𝒮0
(𝛼)

⨁𝒮ent  

𝐺‾𝛼𝛽
𝑠𝑎 (𝐫, 𝑡; 𝐫′, 𝑡′)= 𝐺0

𝑠𝑎(𝐫, 𝑡; 𝐫′, 𝑡′)𝛿𝛼𝛽 − 𝑖 [∫  
𝐴

 𝑑𝑑𝐫1 ∫ 
𝐴

 𝑑𝑑𝐫2𝒢𝑠𝑠(𝐫, 𝑡; 𝐫1, 𝑡0)𝒱𝛼𝛽(𝐫1, 𝐫2)𝒢𝑠𝑎(𝐫2, 𝑡0; 𝐫′𝑡′)]
21

 

𝐺̃𝛼𝛽
𝑎𝑠 (𝐫, 𝑡; 𝐫′, 𝑡′) = 𝐺0

𝑎𝑠(𝐫, 𝑡; 𝐫′, 𝑡′)𝛿𝛼𝛽 − 𝑖 [∫  
𝐴

 𝑑𝑑𝐫1 ∫ 
𝐴

 𝑑𝑑𝐫2𝒢𝑎𝑠(𝐫, 𝑡; 𝐫1, 𝑡0)𝒱𝛼𝛽(𝐫1, 𝐫2)𝒢𝑠𝑠(𝐫2, 𝑡0; 𝐫′𝑡′)]
21

𝐺̃𝛼𝛽
𝑠𝑠 (𝐫, 𝑡; 𝐫′, 𝑡′) = 𝐺0

𝑠𝑠(𝐫, 𝑡; 𝐫′, 𝑡′)𝛿𝛼𝛽 − 𝑖 [∫  
𝐴

 𝑑𝑑𝐫1 ∫ 
𝐴

 𝑑𝑑𝐫2𝒢𝑠𝑠(𝐫, 𝑡; 𝐫1, 𝑡0)𝒱𝛼𝛽(𝐫1, 𝐫2)𝒢𝑠𝑠(𝐫2, 𝑡0; 𝐫′𝑡′)]
21

𝐺̃𝛼𝛽
𝑎𝑎(𝐫, 𝑡; 𝐫′, 𝑡′) = −𝑖 [∫  

𝐴

 𝑑𝑑𝐫1 ∫ 
𝐴

 𝑑𝑑𝐫2𝒢𝑎𝑠(𝐫, 𝑡; 𝐫1, 𝑡0)𝒱𝛼𝛽(𝐫1, 𝐫2)𝒢𝑠𝑎(𝐫2, 𝑡0; 𝐫′𝑡′)]
21

 

𝒱̂ = 𝑖[1 + 𝕃𝒢𝑠𝑠]−1𝕃  

𝒱̂ =

(

 
 
 
 
 
 

𝑣0 𝑣𝑛−1 𝑣𝑛−2 ⋅ ⋅ ⋅ ⋅ 𝑣2 𝑣1

𝑣1 𝑣0 𝑣𝑛−1 𝑣𝑛−2 ⋅ ⋅ ⋅ ⋅ 𝑣2

𝑣2 𝑣1 𝑣0 𝑣𝑛−1 ⋅ ⋅ ⋅ ⋅ 𝑣3

⋅ 𝑣2 𝑣1 𝑣0 ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝑣𝑛−2 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝑣0 𝑣𝑛−1

𝑣𝑛−1 𝑣𝑛−2 𝑣𝑛−3 ⋅ ⋅ ⋅ ⋅ 𝑣1 𝑣0 )

 
 
 
 
 
 

𝑛×𝑛

;  

𝑣0= 𝑖 [
(𝒢𝑠𝑠 + 1)𝑛−1 − (𝒢𝑠𝑠 − 1)𝑛−1

(𝒢𝑠𝑠 + 1)𝑛 − (𝒢𝑠𝑠 − 1)𝑛
]  

𝑣𝑘≥1 = −2𝑖 [
(𝒢𝑠𝑠 + 1)𝑛−𝑘−1(𝒢𝑠𝑠 − 1)𝑘−1

(𝒢𝑠𝑠 + 1)𝑛 − (𝒢𝑠𝑠 − 1)𝑛
]
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₰⧠ = −
𝑖𝜆

4
∑  

𝑛

𝛼=1

 ∫  𝑑𝑑𝐫 ∫  𝑑𝑡[𝑖𝐺̃𝛼𝛼
𝑠𝑠 (𝐫, 𝑡; 𝐫, 𝑡) + 𝑖𝐺̃𝛼𝛼

𝑎𝑎(𝐫, 𝑡; 𝐫, 𝑡)]

×
1

2
[𝑖𝐺̃𝛼𝛼

𝑠𝑎(𝐫, 𝑡; 𝐫, 𝑡) + 𝑖𝐺̃𝛼𝛼
𝑎𝑠(𝐫, 𝑡; 𝐫, 𝑡)]
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𝛿𝑆vN=
𝑖𝜆

8
∫  

𝐴

 𝑑𝑑𝐫 ∫  𝑑𝑡𝑖𝐺0
𝐾(𝐫, 𝑡; 𝐫, 𝑡)  

 × ∫  
𝐴

 𝑑𝑑𝐫1 ∫ 
𝐴

 𝑑𝑑𝐫2[𝑖𝒢𝑠𝑠(𝐫, 𝑡; 𝐫1, 𝑡0)𝑣̃(𝐫1, 𝐫2)𝑖𝒢𝑠𝑎(𝐫2, 𝑡0; 𝐫, 𝑡) + 𝑖𝒢𝑎𝑠(𝐫, 𝑡; 𝐫1, 𝑡0)𝑣̃(𝐫1, 𝐫2)𝑖𝒢𝑠𝑠(𝐫2, 𝑡0; 𝐫, 𝑡)]21

 

𝑣̃ = lim
𝑛→1

 
𝑣0

1 − 𝑛
= −

𝑖

2
(ln [𝒢𝑠𝑠 + 1] − ln [𝒢𝑠𝑠 − 1])  

𝑒(1−𝑛)𝑆(𝑛)
= ∫  ∏  

𝑛

𝛼=1

 𝒟[𝜙𝑠,𝑎
(𝛼)

]exp [𝑖 ∑  

𝑛

𝛼=1

 𝒮[𝜙𝑠,𝑎
(𝛼)

]]  

 × ∫  ∏  

𝑛−1

𝛼=1

 𝒟[𝐉(𝛼)]exp [𝑖 ∑  

𝑛−1

𝛼=1

 ∫  
𝐴

 𝑑𝑑𝐫𝐽𝐫
𝜙(𝛼)

[𝜙𝑠
(𝛼)(𝐫, 𝑡0) − 𝜙𝑠

(𝑛)(𝐫, 𝑡0)] − 𝐽𝐫
𝜋(𝛼)

[𝜋𝑠
(𝛼)(𝐫, 𝑡0) − 𝜋𝑠

(𝑛)(𝐫, 𝑡0)]]

 × exp [
𝑖

2
𝒥𝑇𝕂𝑛−1 ⊗ [

0 −1
1 0

] ⊗ 𝑃̂𝐴𝒥] ,

 

𝕂𝑛−1 ⊗ (−𝑖𝜎𝑦) ⊗ 𝑃̂𝐴, given by 𝕂𝑛−1
−1 ⊗ (𝑖𝜎𝑦) ⊗ 𝑃̂𝐴 

𝕂𝑛=𝒹 =

(

 
 

0 −1 −1 … …
1 0 −1 −1 …
1 1 0 −1 …
… 1 1 0 …
… … … … …)

 
 

.  

|𝑘⟩ =
1

√𝑛 − 1
(𝜔𝑘 , 𝜔𝑘

2, … 𝜔𝑘
𝑛−1)

𝑇
,  

𝜔𝑘
𝑛−1 = 𝑒𝑖

𝜋(2𝑘−1)
𝑛−1  

𝜖𝑘 =
𝜔𝑘 + 1

𝜔𝑘 − 1
= −𝑖cot (

𝜋(2𝑘 − 1)

2(𝑛 − 1)
) .  

𝕃𝑛−1
𝛼𝛽

=
1

𝑛 − 1
∑  

𝑛−1

𝑘=1

 
𝜔𝑘

𝛼−𝛽

𝜖𝑘
=

1

𝑛 − 1
∑  

𝑛−1

𝑘=1

 
𝜔𝑘

𝛼−𝛽(𝜔𝑘 − 1)

(𝜔𝑘 + 1)
=

−1

𝑛 − 1
∑  

𝑛−1

𝑘=1

 
𝜔𝑘

𝑛−1+𝛼−𝛽(𝜔𝑘 − 1)

(𝜔𝑘 + 1)
 

𝑓(𝑧) =
𝑧𝑝−1

(𝑧𝑛−1 + 1)(𝑧 + 1)
  for 0 ≤ 𝑝 ≤ 𝑛 − 1;  

∰ 𝑓(𝑧)𝑑𝑧 = 2𝜋𝑖

𝐶

[− ∑  

𝑛−1

𝑘=1

 
𝜔𝑘

𝑝

(𝑛 − 1)(𝜔𝑘 + 1)
+ 𝛿𝑝0 +

(−1)𝑝−1

(−1)𝑛−1 + 1
] .  

|𝑧| → ∞, 𝑓(𝑧) ∼ 1/𝑧2+𝑛−1−𝑝 

1

𝑛 − 1
∑  

𝑛−1

𝑘=1

 
𝑤𝑘

𝑝

𝑤𝑘 + 1
= 𝛿𝑝0 +

(−1)𝑝−1

1 + (−1)𝑛−1
; ∀0 ≤ 𝑝 ≤ 𝑛 − 1.  
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𝕃𝑛−1
𝛼𝛼  =

1 − (−1)𝑛−1

1 + (−1)𝑛−1
= 0

𝕃𝑛−1
𝛼𝛽

 =
2(−1)𝛼−𝛽

1 + (−1)𝑛−1
= (−1)𝛼−𝛽 ∀𝛼 > 𝛽

𝕃𝑛−1
𝛼𝛽

 = −(−1)𝛼−𝛽 ∀𝛽 > 𝛼

 

𝕃𝑛−1
𝛼𝛽

= [𝕂𝑛−1
−1 ]𝛼𝛽 = (−1)𝛼−𝛽[Θ(𝛼 − 𝛽) − Θ(𝛽 − 𝛼)] 

𝒮𝑒𝑛𝑡  =
1

2
∑  

𝑛−1

𝛼,𝛽=1

 ∫  
𝐴

 𝑑𝑑𝐫 [𝜙𝑠
(𝛼)

(𝐫, 𝑡0) − 𝜙𝑠
(𝑛)

(𝐫, 𝑡0), 𝜋𝑠
(𝛼)

(𝐫, 𝑡0) − 𝜋𝑠
(𝑛)

(𝐫, 𝑡0)] 𝕃𝑛−1
𝛼𝛽

[
𝜋𝑠

(𝛽)
(𝐫, 𝑡0) − 𝜋𝑠

(𝑛)
(𝐫, 𝑡0)

− (𝜙𝑠
(𝛽)

(𝐫, 𝑡0) − 𝜙𝑠
(𝑛)

(𝐫, 𝑡0))
]

 =
1

2
∑  

𝑛

𝛼,𝛽=1

 ∫  
𝐴

 𝑑𝑑𝐫 [𝜙𝑠
(𝛼)

(𝐫, 𝑡0), 𝜋𝑠
(𝛼)

(𝐫, 𝑡0)] 𝕃𝑛
𝛼𝛽

[
𝜋𝑠

(𝛽)
(𝐫, 𝑡0)

−𝜙𝑠
(𝛽)

(𝐫, 𝑡0)
] ,

 

𝕃𝑛 =

[
 
 
 
 
 

0 1 −1 1 … −1
−1 0 1 −1 … 1

1 −1 0 1 … −1
−1 1 −1 0 … 1

. . . . .
1 −1 1 −1 … 0]

 
 
 
 
 

𝑛×𝑛

.  

𝕃𝑛
𝛼,𝛽

= 𝕃𝑛−1
𝛼,𝛽

 for 1 ≤ 𝛼, 𝛽 ≤ (𝑛 − 1), 𝕃𝑛
𝛼𝑛 = − ∑  𝑛−1

𝛽=1 𝕃𝑛−1
𝛼𝛽

= (−1)𝛼 , 𝕃𝑛
𝑛𝛽

= − ∑  𝑛−1
𝛼=1 𝕃𝑛−1

𝛼𝛽
= −(−1)𝛽 

and 𝕃𝑛
𝑛𝑛 = ∑  𝑛−1

𝛼,𝛽=1 𝕃𝑛−1
𝛼𝛽

= 0 

𝜔𝑘=𝑛/2 = −1 and 𝜖𝑘=𝑛/2 = 0 eigenvector given |𝑛/2⟩ = (1, −1,1, −1, … 1, −1)/√𝑛 − 1 

∑  𝛼 (−1)𝛼𝜙𝑠
(𝛼)(𝐫, 𝑡0) = 0 and ∑  𝛼 (−1)𝛼𝜋𝑠

(𝛼)(𝐫, 𝑡0) = 0 

ℙ𝑛−1
𝛼𝛽

=
1

𝑛 − 1
∑  

𝑛−1

𝑘=1;𝑘≠
𝑛
2

 
𝜔𝑘

𝛼−𝛽

𝜖𝑘
=

1

𝑛 − 1
∑  

𝑛−1

𝑘=1;𝑘≠
𝑛
2

 
𝜔𝑘

𝛼−𝛽(𝜔𝑘 − 1)

(𝜔𝑘 + 1)
.  

1

𝑛 − 1
∑  

𝑛−1

𝑘=1;𝑘≠
𝑛
2

 
𝜔𝑘

𝑝

𝜔𝑘 + 1
= 𝛿𝑝0 +

(−1)𝑝−1

2(𝑛 − 1)
(𝑛 − 2𝑝)  for 0 ≤ 𝑝 ≤ 𝑛 − 1.  

ℙ𝑛−1
𝛼𝛼 = 0

ℙ𝑛−1
𝛼𝛽

= (−1)𝛼−𝛽 [1 −
2(𝛼 − 𝛽)

𝑛 − 1
] ∀𝛼 > 𝛽

ℙ𝑛−1
𝛼𝛽

= −(−1)𝛼−𝛽 [1 −
2(𝛽 − 𝛼)

𝑛 − 1
] ∀𝛽 > 𝛼

 

ℙ𝑛−1
𝛼𝛽

= (−1)𝛼−𝛽 [sgn(𝛼 − 𝛽) −
2(𝛼 − 𝛽)

𝑛 − 1
] 
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𝒮𝑒𝑛𝑡=
1

2
∑  

𝑛−1

𝛼,𝛽=1

 ∫  
𝐴

 𝑑𝑑𝐫 [𝜙𝑠
(𝛼)

(𝐫, 𝑡0) − 𝜙𝑠
(𝑛)

(𝐫, 𝑡0), 𝜋𝑠
(𝛼)

(𝐫, 𝑡0) − 𝜋𝑠
(𝑛)

(𝐫, 𝑡0)] ℙ𝑛−1
𝛼𝛽

[
𝜋𝑠

(𝛽)
(𝐫, 𝑡0) − 𝜋𝑠

(𝑛)
(𝐫, 𝑡0)

− (𝜙𝑠
(𝛽)

(𝐫, 𝑡0) − 𝜙𝑠
(𝑛)

(𝐫, 𝑡0))
] 

 =
1

2
∑  

𝑛

𝛼,𝛽=1

 ∫  
𝐴

 𝑑𝑑𝐫 [𝜙𝑠
(𝛼)(𝐫, 𝑡0), 𝜋𝑠

(𝛼)(𝐫, 𝑡0)] ℙ𝑛
𝛼𝛽

[
𝜋𝑠

(𝛽)
(𝐫, 𝑡0)

−𝜙𝑠
(𝛽)

(𝐫, 𝑡0)
]

 

ℙ𝑛
𝛼𝛽

=

{
 
 
 

 
 
 (−1)𝛼−𝛽 [sgn(𝛼 − 𝛽) −

2(𝛼 − 𝛽)

𝑛 − 1
] , 1 ≤ 𝛼, 𝛽 ≤ 𝑛 − 1,

(−1)−𝛽

𝑛 − 1
(2𝛽 − 𝑛), 𝛼 = 𝑛, 1 ≤ 𝛽 ≤ 𝑛 − 1,

−
(−1)𝛼

𝑛 − 1
(2𝛼 − 𝑛), 1 ≤ 𝛼 ≤ 𝑛 − 1, 𝛽 = 𝑛.

0, 𝛼 = 𝛽 = 𝑛.

 

Trℛln [1 + 𝕃𝒢𝑠𝑠]|𝑘⟩ =
1

√𝑛
(𝑟𝑘 , 𝑟𝑘

2, … 𝑟𝑘
𝑛) 

𝑟𝑘 = 𝑒𝑖
2𝜋𝑘

𝑛  with 𝑘 = 1,2, … 𝑛 

𝜆𝑘 =
𝑟𝑘 − 1

𝑟𝑘 + 1
= 𝑖tan 

𝜋𝑘

𝑛
 

Trℛln [1 + 𝕃𝑔]  = ln [∏  

𝑛

𝑘=1

  (1 + 𝑖𝑔tan 
𝜋𝑘

𝑛
)]

 = ln [(𝑔 + 1)𝑛 ∏  

𝑛

𝑘=1

 (
𝑒𝑖

2𝜋𝑘
𝑛 −

𝑔 − 1
𝑔 + 1

𝑒𝑖
2𝜋𝑘

𝑛 + 1

)]

 

𝑟𝑘 = 𝑒𝑖
2𝜋𝑘

𝑛  

1 − 𝑧𝑛 = ∏  

𝑛

𝑘=1

  (𝑟𝑘 − 𝑧)  

𝑧 = (𝑔 − 1)/(𝑔 + 1) 

Trℛln [1 + 𝕃𝑔] = ln (𝑔 + 1)𝑛 [
1 − (

𝑔 − 1
𝑔 + 1)

𝑛

1 − (−1)𝑛 ] = ln [
(𝑔 + 1)𝑛 − (𝑔 − 1)𝑛

2
]   for odd 𝑛  

Trℛln [1 + 𝕃𝒢𝑠𝑠] = ln [
(𝒢𝑠𝑠 + 1)𝑛 − (𝒢𝑠𝑠 − 1)𝑛

2
]  

𝒱̂ = 𝑖(1 + 𝕃𝒢𝑠𝑠)−1𝕃 
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𝑉𝛼𝛽(𝑔) = 𝑖 ∑  

𝑛

𝑘=1

  (1 + 𝜆𝑘𝑔)−1𝜆𝑘𝑟𝑘
𝛼−𝛽

= 𝑖
1

𝑛
∑  

𝑛

𝑘=1

 
(
𝑟𝑘 − 1
𝑟𝑘 + 1

) 𝑟𝑘
𝛼−𝛽

1 + (
𝑟𝑘 − 1
𝑟𝑘 + 1

) 𝑔
=

𝑖

(𝑔 + 1)𝑛
∑  

𝑛

𝑘=1

 
𝑟𝑘

𝛼−𝛽(𝑟𝑘 − 1)

𝑟𝑘 − (
𝑔 − 1
𝑔 + 1

)
.  

𝑓(𝑧) =
𝑧𝑝−1

(𝑧𝑛 − 1)(𝑧 − 𝑎)
 

1

𝑛
∑  

𝑛

𝑘=1

 
𝑟𝑘

𝑝

𝑟𝑘 − 𝑎
= − (

𝑎𝑝−1

𝑎𝑛 − 1
+

𝛿𝑝0

𝑎
) ; ∀0 ≤ 𝑝 ≤ 𝑛 and 𝑎 ∉ {𝑟𝑘}  

𝑎 =
𝑔 − 1

𝑔 + 1
𝒱𝛼𝛼 

𝑉𝛼𝛼(𝑔)  =
𝑖

(𝑔 + 1)𝑛
∑  

𝑛

𝑘=1

  [
𝑟𝑘

𝑟𝑘 − (
𝑔 − 1
𝑔 + 1)

−
1

𝑟𝑘 − (
𝑔 − 1
𝑔 + 1)

] =
𝑖

(𝑔 + 1)
[
 
 
 
−

1

(
𝑔 − 1
𝑔 + 1

)
𝑛

− 1

+
(
𝑔 − 1
𝑔 + 1)

𝑛−1

(
𝑔 − 1
𝑔 + 1

)
𝑛

− 1
]
 
 
 

 = 𝑖 [
(𝑔 + 1)𝑛−1 − (𝑔 − 1)𝑛−1

(𝑔 + 1)𝑛 − (𝑔 − 1)𝑛
] = 𝑣0(𝑔)

 

𝑉𝛼𝛼(𝒢𝑠𝑠) = 𝑖 [
(𝒢𝑠𝑠 + 1)𝑛−1 − (𝒢𝑠𝑠 − 1)𝑛−1

(𝒢𝑠𝑠 + 1)𝑛 − (𝒢𝑠𝑠 − 1)𝑛
] = 𝑣0(𝒢𝑠𝑠)  

𝑉𝛼𝛽(𝑔)  =
𝑖

(𝑔 + 1)𝑛
∑  

𝑛

𝑘=1

  [
𝑟𝑘

𝛼−𝛽+1

𝑟𝑘 − (
𝑔 − 1
𝑔 + 1)

−
𝑟𝑘

𝛼−𝛽

𝑟𝑘 − (
𝑔 − 1
𝑔 + 1)

] =
𝑖

(𝑔 + 1)

[
 
 
 

−
(
𝑔 − 1
𝑔 + 1

)
𝛼−𝛽

(
𝑔 − 1
𝑔 + 1)

𝑛

− 1

+
(
𝑔 − 1
𝑔 + 1

)
𝛼−𝛽−1

(
𝑔 − 1
𝑔 + 1)

𝑛

− 1
]
 
 
 

 = −2𝑖 [
(𝑔 + 1)𝑛−(𝛼−𝛽)−1(𝑔 − 1)(𝛼−𝛽)−1

(𝑔 + 1)𝑛 − (𝑔 − 1)𝑛
] = 𝑣𝛼−𝛽(𝑔)

 

𝑉𝛼𝛽(𝒢𝑠𝑠) = −2𝑖 [
(𝒢𝑠𝑠 + 1)𝑛−(𝛼−𝛽)−1(𝒢𝑠𝑠 − 1)(𝛼−𝛽)−1

(𝒢𝑠𝑠 + 1)𝑛 − (𝒢𝑠𝑠 − 1)𝑛
] = 𝑣𝛼−𝛽(𝒢𝑠𝑠).  

𝒱𝛼𝛽 = Θ(𝛼 − 𝛽)𝑣𝛼−𝛽 + Θ(𝛽 − 𝛼)𝑣𝑛−(𝛽−𝛼) + 𝛿𝛼𝛽𝑣0 

𝑖𝒢𝑠𝑠(𝐫, 𝑡0; 𝐫′, 𝑡0) = [
⟨𝜋𝑠(𝐫, 𝑡0)𝜙𝑠(𝐫

′, 𝑡0)⟩ ⟨𝜋𝑠(𝐫, 𝑡0)𝜋𝑠(𝐫
′, 𝑡0)⟩

−⟨𝜙𝑠(𝐫, 𝑡0)𝜙𝑠(𝐫
′, 𝑡0)⟩ −⟨𝜙𝑠(𝐫, 𝑡0)𝜋𝑠(𝐫

′, 𝑡0)⟩
] .  

time correlators ⟨𝜋𝑠(𝐫, 𝑡0)𝜙𝑠(𝐫
′, 𝑡0)⟩ and ⟨𝜙𝑠(𝐫, 𝑡0)𝜋𝑠(𝐫

′, 𝑡0)⟩ vanish whereas ⟨𝜙𝑠(𝐫, 𝑡0)𝜙𝑠(𝐫
′, 𝑡0)⟩ and 

⟨𝜋𝑠(𝐫, 𝑡0)𝜋𝑠(𝐫
′, 𝑡0)⟩ 

⟨𝜙𝑠(𝐫, 𝑡0)𝜙𝑠(𝐫
′, 𝑡0)⟩ = 𝑀+(𝐫, 𝐫′) and ⟨𝜋𝑠(𝐫, 𝑡0)𝜋𝑠(𝐫

′, 𝑡0)⟩ = 𝑀−(𝐫, 𝐫′) 

𝒢𝑠𝑠 = [
0 −𝑖𝑀−

𝑖𝑀+ 0
] ;  and (𝒢𝑠𝑠)2𝑘 = [

𝑀1
2𝑘 0

0 𝑀2
2𝑘] ;  
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(𝒢𝑠𝑠 + 1)𝑛 − (𝒢𝑠𝑠 − 1)𝑛 = 2 ∑  

𝑛−1
2

𝑘=0

   𝑛𝐶2𝑘(𝒢𝑠𝑠)2𝑘 = [
(𝑀1 + 1)𝑛 − (𝑀1 − 1)𝑛 0

0 (𝑀2 + 1)𝑛 − (𝑀2 − 1)𝑛] 

Trln [(𝒢𝑠𝑠 + 1)𝑛 − (𝒢𝑠𝑠 − 1)𝑛] = ∑  

𝑎=1,2

 Tr𝐴ln [(𝑀𝑎 + 1)𝑛 − (𝑀𝑎 − 1)𝑛] = 2Tr𝐴ln [(𝑀 + 1)𝑛 − (𝑀 − 1)𝑛] 

where 𝑀2 = 𝑀2
2 = 𝑀+𝑀−, and Tr[(𝑀−𝑀+)𝑘] = Tr[(𝑀+𝑀−)𝑘] 

−
𝜆2

16
∑  

𝑛

𝛼,𝛽=1

 ∫  𝑑𝑑𝐫1 ∫  𝑑𝑡1 ∫  𝑑𝑑𝐫2 ∫  𝑑𝑡2𝑖𝐺̃𝛼𝛼
𝑠𝑠 (𝐫1, 𝑡1; 𝐫1, 𝑡1)

1

2
[𝑖𝐺̃𝛼𝛽

𝑠𝑠 (𝐫1, 𝑡1; 𝐫2, 𝑡2) + 𝑖𝐺̃𝛽𝛼
𝑠𝑠 (𝐫2, 𝑡2; 𝐫1, 𝑡1)]

 ×
1

2
[𝑖𝐺̃𝛼𝛽

𝑎𝑎(𝐫1, 𝑡1; 𝐫2, 𝑡2) + 𝑖𝐺̃𝛽𝛼
𝑎𝑎(𝐫2, 𝑡2; 𝐫1, 𝑡1)]𝑖𝐺̃𝛽𝛽

𝑠𝑠 (𝐫2, 𝑡2; 𝐫2, 𝑡2)

 

𝐺̃𝛼𝛼
𝑎𝑎𝐺̃𝛽𝛽

𝑎𝑎 ∼ (𝑛 − 1)2 
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ℒ ⊃
1

2
(𝜕𝜑)2 +

1

2
(𝜕𝜒)2 −

1

2
𝑚𝜑

2 𝜑2 −
1

2
𝑚𝜒

2𝜒2 +
1

2
𝜇𝜑𝜒2  

𝜕2𝜑 + 𝑚𝜑
2 𝜑 −

1

2
𝜇𝜒2  = 0

𝜕2𝜒 + 𝑚𝜒
2𝜒 − 𝜇𝜑𝜒 = 0

 

𝜑 = 𝜑+ + 𝜑−, 𝜑± =
1

2
𝐴𝜑𝑒∓𝑖𝑚𝜑𝑡  

𝜕2𝜒 + 𝑚𝜒eff
2 (𝑡)𝜒 = 0, 𝑚𝜒eff

2 (𝑡) = 𝑚𝜒
2 − 𝜇𝐴𝜑cos (𝑚𝜑𝑡)  

[𝜒̂(𝑥 , 𝑡), 𝜋̂𝜒(𝑥 ′, 𝑡)] = 𝑖𝛿3(𝑥 − 𝑥 ′)

𝐻̂(𝑡) = ∫  𝑑⧠𝑥 [
1

2
𝜋̂𝜒

2 +
1

2
(∇𝜒̂)2 +

1

2
𝑚𝜒eff

2 (𝑡)𝜒̂2]
 

𝜒̂(𝑥 , 𝑡) = ∫  
𝑑▰𝑘

(2𝜋)3

1

√2
(𝜒̂𝑅𝑘  (𝑡) + 𝑖𝜒̂𝐼𝑘  (𝑡))𝑒𝑖𝑘  ⋅𝑥 

𝜒̂𝑅𝑘  (𝑡) = 𝜒̂
𝑅𝑘  
† (𝑡) = 𝜒̂𝑅−𝑘  (𝑡) = 𝜒̂

𝑅−𝑘  
† (𝑡)

𝜒̂𝐼𝑘  (𝑡) = 𝜒̂
𝐼𝑘  
† (𝑡) = −𝜒̂𝐼−𝑘  (𝑡) = −𝜒̂

𝐼−𝑘  
† (𝑡)

 

[𝜒̂𝑅𝑘  (𝑡), 𝜋̂𝜒𝑅𝑘  ′(𝑡)] = [𝜒̂𝐼𝑘  (𝑡), 𝜋̂𝜒𝐼𝑘  ′(𝑡)] = 𝑖(2𝜋)3𝛿3(𝑘  − 𝑘  ′),

𝐻̂(𝑡) = ∫  
𝑑▣𝑘

(2𝜋)3 [
1

4
(𝜋̂

𝑅𝜒𝑘  
2 + 𝜋̂

𝐼𝜒𝑘  
2 ) +

1

4
𝐸𝜒𝑘

2 (𝑡)(𝜒̂
𝑅𝑘  
2 + 𝜒̂

𝐼𝑘  
2 )] ,

 

𝐸𝜒𝑘
2 (𝑡) = 𝑘2 + 𝑚𝜒 eff 

2 (𝑡), because 𝜒̂𝑅𝑘  (𝑡) = 𝜒̂𝑅−𝑘  (𝑡) and 𝜒̂𝐼𝑘  (𝑡) = −𝜒̂𝐼−𝑘  (𝑡) 

[𝑞̂𝑘  (𝑡), 𝑝̂𝑘  ′(𝑡)] = 𝑖(2𝜋)3𝛿3(𝑘  − 𝑘  ′), 𝐻̂(𝑡) = ∫  
𝑑◻𝑘

(2𝜋)3 [
1

2
𝑝̂

𝑘  
2 +

1

2
𝐸𝜒𝑘

2 (𝑡)𝑞̂
𝑘  
2]  

𝑞̂𝑘  (𝑡) → 𝑞̂𝑘  (𝑡)𝐿
3/2 and 𝑝̂𝑘  (𝑡) → 𝑝̂𝑘  (𝑡)𝐿

3/2 

[𝑞̂𝑘  (𝑡), 𝑝̂𝑘′     (𝑡)] = 𝑖𝛿𝑘  ,𝑘  ′ , 𝐻̂(𝑡) = ∑  

𝑘  

  [
1

2
𝑝̂

𝑘  
2 +

1

2
𝐸𝜒𝑘

2 (𝑡)𝑞̂
𝑘  
2]  
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Ψ({𝑞𝑘  }, 𝑡) = ∏  

𝑘  

 𝜓(𝑞𝑘  , 𝑡)  

𝑖
𝜕

𝜕𝑡
𝜓(𝑞𝑘, 𝑡) = −

1

2

𝜕2

𝜕𝑞𝑘
2 𝜓(𝑞𝑘 , 𝑡) +

1

2
𝐸𝜒𝑘

2 (𝑡)𝑞𝑘
2𝜓(𝑞𝑘 , 𝑡)  

𝜓(𝑞𝑘, 𝑡) =
1

𝑢𝑘(𝑡)1/2
exp [

𝑖

2
(

1

𝑢𝑘(𝑡)

𝑑

𝑑𝑡
𝑢𝑘(𝑡)) 𝑞𝑘

2]  

𝑑∎

𝑑𝑡2
𝑢𝑘 + 𝐸𝜒𝑘

2 (𝑡)𝑢𝑘 = 0  

𝑢𝑘(0) = (
𝐸𝜒𝑘(0)

𝜋
)

−1/2

,
1

𝑢𝑘(0)

𝑑

𝑑𝑡
𝑢𝑘(0) = 𝑖𝐸𝜒𝑘(0)  

𝜓(𝑞𝑘 , 0) = (
𝐸𝜒𝑘(0)

𝜋
)

1/4

exp [−
1

2
𝐸𝜒𝑘(0)𝑞𝑘

2]  

 ⟨0 ∣out 0⟩in = ∏  

𝑘  

 ∫  𝑑𝑞𝑘𝜓(𝑞𝑘 , 0)𝜓(𝑞𝑘, 𝑇)  

 = ∏  

𝑘  

  (4𝜋𝐸𝜒𝑘(0))
1/4

[𝐸𝜒𝑘(0)𝑢𝑘(𝑇) − 𝑖
𝑑

𝑑𝑡
𝑢𝑘(𝑇)]

−1/2  

𝑢𝑘
∗ (𝑡)

𝑑

𝑑𝑡
𝑢𝑘(𝑡) − 𝑢𝑘(𝑡)

𝑑

𝑑𝑡
𝑢𝑘

∗ (𝑡) = 2𝑖𝜋  

| ⟨0 ∣out 0⟩in |= ∏  

𝑘  

 (4𝜋𝐸𝜒𝑘(0))
1/4

(𝐸𝜒𝑘
2 (0)|𝑢𝑘(𝑇)|2 + 2𝜋𝐸𝜒𝑘(0) + |

𝑑

𝑑𝑡
𝑢𝑘(𝑇)|

2

)

−1/4

 

 = ∏  

𝑘  

  (1 + 𝑓𝜒𝑘(𝑇))
−1/4

 

𝑓𝜒𝑘(𝑇) =
1

4𝜋𝐸𝜒𝑘(0)
(𝐸𝜒𝑘

2 (0)|𝑢𝑘(𝑇)|2 + |
𝑑

𝑑𝑡
𝑢𝑘(𝑇)|

2

) −
1

2
 

𝑢𝑘 ∝ 𝑒𝜆𝑘𝑚𝜑𝑡/2 

 out ⟨0 ∣ 0⟩in ∝ 𝑒−Γ𝐿3𝑇/2, Γ =
1

𝐿3
∑  

𝑘  

 
𝑚𝜑

2
𝜆𝑘 =

𝑚𝜑

2
∫  

𝑑⧠𝑘

(2𝜋)3
𝜆𝑘  

𝑑◻𝑢𝑘(𝑧)

𝑑𝑧2
+ {ℎ − 𝜃exp (−2𝑖𝑧) − 𝜃exp (+2𝑖𝑧)}𝑢(𝑧) = 0  

ℎ = 4
𝑘2 + 𝑚𝜒

2

𝑚𝜑
2 , 𝜃 = 2

𝜇𝐴𝜑

𝑚𝜑
2  

𝑢 = 𝑒𝜇𝑧𝑃(𝑧)  
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𝜑̂(𝑥) = ∫  
𝑑▣𝑘

(2𝜋)3

1

√2𝐸𝜑𝑘

(𝑎̂𝑘  𝑒
−𝑖𝑘⋅𝑥 + 𝑎̂

𝑘  
†𝑒𝑖𝑘⋅𝑥)

[𝑎̂𝑘  , 𝑎̂𝑘′     
†

] = (2𝜋)3𝛿3(𝑘  − 𝑘  ′)

 

𝜑̂(𝑥) = ∑  

𝑘

 
1

√2𝐸𝜑𝑘𝐿3

(𝑎̂𝑘  𝑒
−𝑖𝑘⋅𝑥 + 𝑎̂

𝑘  
†𝑒𝑖𝑘⋅𝑥) ,

[𝑎̂𝑘  , 𝑎̂𝑘′     
† ] = 𝛿𝑘  ,𝑘  ′ .

 

|𝜑⟩ = ∏  

𝑘  

 𝑒
𝛼

𝑘   
𝑎̂

𝑘   
†
−𝛼

𝑘   
∗ 𝑎̂

𝑘   |0⟩  

𝜑 = ∑  

𝑘

 
1

√2𝐸𝜑𝑘𝐿3

(𝛼𝑘  𝑒
−𝑖𝑘⋅𝑥 + 𝛼

𝑘  
∗𝑒𝑖𝑘⋅𝑥)

 

𝑎̂𝑘  |𝜑⟩ = 𝛼𝑘  |𝜑⟩, ⟨𝜑′ ∣ 𝜑⟩ = ∏  

𝑘  

  𝑒
−|𝛼

𝑘   
|
2
−|𝛼

𝑘   
′ |

2
+2𝛼

𝑘   
′∗𝛼

𝑘   , ∏  

𝑘  

 ∫  
𝑑▰𝛼𝑘  

𝜋
|𝜑⟩⟨𝜑| = 𝐼  

⟨𝜑|𝑁{𝜑̂(𝑥1) … }|𝜑⟩ = 𝜑(𝑥1) …  

⟨𝜑|𝑇{𝜑̂(𝑥1) … }|𝜑⟩ = 𝜑(𝑥1) ⋯ +  contractions∖replacements  

𝛼0 = √2𝑚𝜑𝐿3
1

2
𝐴𝜑  

𝑆𝛽𝛼 =  out ⟨𝛽 ∣ 𝛼⟩in  

𝑆𝛽𝛼 = ⟨𝛽|𝑆̂|𝛼⟩, 𝑆̂ = 𝑇 {exp (−𝑖 ∫  𝑑𝑡𝑉̂(𝑡))}  

Im𝑇(𝛼 → 𝛼) =
1

2
| 𝑇(𝛼 → ∎)|2  

⟨𝜑|𝑆̂|𝜑⟩ ∝ 𝑒−Γ𝐿3𝑇/2  

⟨𝜑|𝑆̂|𝜑⟩ = 𝜇𝜑𝜒̂2/2 ⊗ (Γ = ∑  

𝑛𝜑

 Γ𝑛𝜑
) Γ𝑛𝜑

 

𝑘𝑛𝜑
=

𝑛𝜑𝑚𝜑

2
𝛽𝑛𝜑√

1 +
𝜖

(𝑛𝜑𝛽𝑛𝜑
)

2 , 𝛽𝑛𝜑
= √1 − (

2𝑚𝜒

𝑛𝜑𝑚𝜑
)

2

 

Γ𝑛𝜑
=

𝑛𝜑𝑚𝜑
4 𝛽𝑛𝜑

64𝜋2
∫  𝑑𝜖

√
1 +

𝜖

(𝑛𝜑𝛽𝑛𝜑
)

2 𝜆(𝜖; 𝜃)  
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√
1 +

𝜖

(𝑛𝜑𝛽𝑛𝜑
)

2 = ∑  

𝑞=0

 
(−1)𝑞−1(2𝑞 − 3)!!

2𝑞𝑞!

𝜖𝑞

(𝑛𝜑𝛽𝑛𝜑
)

2𝑞  

Γ𝑛𝜑
= ∑  

𝑝=1,𝑞=0

 Γ𝑛𝜑

(𝑝,𝑞)
𝜃2𝑝𝛽𝑛𝜑

1−2𝑞
 

(𝑘2 − 𝑚𝜒
2 + 𝑖𝜖)

−𝑚
= lim

𝜉→𝑚𝜒
2
 
𝜕𝑚−1

𝜕𝜉𝑚−1

(−1)𝑚−1

(𝑚 − 1)!
(𝑘2 − 𝜉 + 𝑖𝜖)−1,  

Bkin(𝑝2, 𝜉𝑖, 𝜉𝑗) =
1

𝑝2
√𝑝4 − 2(𝜉𝑖 + 𝜉𝑗)𝑝2 + (𝜉𝑖 − 𝜉𝑗)

2
 

√𝑝2 ≳ 𝜉𝑖
1/2

+ 𝜉𝑗
1/2

 

𝛽𝑛𝜑
= 𝐵kin (𝑛𝜑

2 𝑚𝜑
2 , 𝑚𝜒

2 , 𝑚𝜒
2).  

𝑃(𝑧) = ∑  

∞

𝑘=−∞

  𝑐𝑘(𝑧)𝑒𝑖(𝑛𝜑+2𝑘)𝑧  

𝑢 = ∑  

∞

𝑘=−∞

  𝑐𝑘(𝑧)𝑒{𝜆+𝑖(𝑛𝜑+2𝑘)}𝑧  

ℎ = 2(𝐸𝜒/𝑚𝜑)
2

= 𝑛𝜑
2 + 𝜖 

𝛾𝑘𝑐𝑘 − 𝜃+𝑐𝑘+1 − 𝜃−𝑐𝑘−1 = 0  with 𝜃± = 𝜃  

𝛾𝑘 ≡ {𝜆 + 𝑖(𝑛𝜑 + 2𝑘)}
2

+ 𝑛𝜑
2 + 𝜖 = 𝜆2 + 2𝑖𝜆(𝑛𝜑 + 2𝑘) − 4𝑘(𝑛𝜑 + 𝑘) + 𝜖,  

(

 
 
 
 
 
 
 
 

𝛾𝑁 −𝜃− 0 …

−𝜃+ 𝛾𝑁−1 −𝜃− …

0 −𝜃+ … …

… … … … −𝜃− … …

… … … −𝜃+ 𝛾0 …

… … … … … … −𝜃− … …

… … … … … −𝜃+ 𝛾−𝑛𝜑

… … … … … … … … …
… … … … … … … … … −𝜃−

… … … … … … … … −𝜃+ 𝛾−𝑁 )

 
 
 
 
 
 
 
 

(

 
 
 
 
 
 
 

𝑐𝑁

𝑐𝑁−1

…
…
𝑐0

…
𝑐−𝑛𝜑

…
…

−𝑁 )

 
 
 
 
 
 
 

= 0  
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𝐷=

(

 
 

𝛾𝑁 −𝜃− 0

−𝜃+ 𝛾𝑁−1 −𝜃−

0 −𝜃+ … …
… … … … −𝜃−

… … … −𝜃+ 𝛾1 )

 
 

, 𝐸 =

(

 
 
 
 

𝛾−1 −𝜃− 0

−𝜃+ 𝛾−2 −𝜃−

0 −𝜃+ … …
… … … …
… … … −𝜃+

𝛾−𝑛𝜑+1)

 
 
 
 

 

𝐹 =

(

 
 
 
 

𝛾−𝑛𝜑−1 −𝜃− 0

−𝜃+ 𝛾−𝑛𝜑−2 −𝜃−

0 −𝜃+ … …
… … … …
… … … −𝜃+

… … 𝛾−𝑁 )

 
 
 
 

 

(𝑛𝜑 − 1) × (𝑛𝜑 − 1) matrix (𝑁 − 𝑛𝜑) × (𝑁 − 𝑛𝜑) matrix 

𝑐1 = 𝜃−𝑐0𝐷𝑁,𝑁
−1  

𝑐−𝑛𝜑−1 = 𝜃+𝑐−𝑛𝜑
𝐹1,1

−1
 

𝑐−1  = 𝐸1,1
−1𝜃+𝑐0 + 𝐸1,𝑛𝜑−1

−1 𝜃−𝑐−𝑛𝜑

𝑐−𝑛𝜑+1  = 𝐸𝑛𝜑−1,1
−1 𝜃+𝑐0 + 𝐸𝑛𝜑−1,𝑛𝜑−1

−1 𝜃−𝑐−𝑛𝜑

 

(
𝜆2 + 𝜖 + 2𝑖𝑛𝜑𝜆 − 𝜃+𝜃−(𝐷𝑁,𝑁

−1 + 𝐸1,1
−1) −𝜃−

2𝐸1,𝑛𝜑−1
−1

−𝜃+
2𝐸𝑛𝜑−1,1

−1 𝜆2 + 𝜖 − 2𝑖𝑛𝜑𝜆 − 𝜃+𝜃− (𝐹1,1
−1 + 𝐸𝑛𝜑−1,𝑛𝜑−1

−1 )
) (

𝑐0

𝑐−𝑛𝜑

) = 0. 

(
𝜆2 + 𝜖 + 2𝑖𝜆 − 𝜃+𝜃−𝐷𝑁,𝑁

−1 −𝜃−

−𝜃+ 𝜆2 + 𝜖 − 2𝑖𝜆 − 𝜃+𝜃−𝐹1,1
−1) (

𝑐0

𝑐−1
) = 0.  

𝑇 =

(

 
 

𝑎1 𝑏1 0

𝑐1 𝑎2 𝑏2

0 𝑐2 … …
… … … … 𝑏𝑛−1

… … … 𝑐𝑛−1 𝑎𝑛 )

 
 

 

𝑇𝑖,𝑗
−1 =

{
 
 
 

 
 
 (−1)𝑖+𝑗𝑏𝑖 … 𝑏𝑗−1𝜃̃𝑖−1

𝜙̃𝑗+1

𝜃̃𝑛

(𝑖 < 𝑗)

𝜃̃𝑖−1

𝜙̃𝑗+1

𝜃̃𝑛

(𝑖 = 𝑗)

(−1)𝑖+𝑗𝑐𝑗 … 𝑐𝑖−1𝜃̃𝑗−1

𝜙̃𝑖+1

𝜃̃𝑛

(𝑖 > 𝑗)

 

𝜃̃𝑖 = 𝑎𝑖𝜃̃𝑖−1 − 𝑏𝑖−1𝑐𝑖−1𝜃̃𝑖−2, (𝑖 = 2,3, … , 𝑛)

𝜙̃𝑖 = 𝑎𝑖𝜙̃𝑖+1 − 𝑏𝑖𝑐𝑖𝜙̃𝑖+2, (𝑖 = 𝑛 − 1, … ,1)
 

𝑥𝑖 ≡ 𝜙̃𝑖+1/𝜙̃𝑖 and 1 = 𝑎𝑖𝑥𝑖 − 𝑏𝑖𝑐𝑖𝑥𝑖𝑥𝑖+1 
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𝐹1,1
−1 = 𝜃̃0(𝐹)

𝜙̃2(𝐹)

𝜃̃𝑁−𝑛𝜑
(𝐹)

=
𝜙̃2(𝐹)

𝜃̃𝑁−𝑛𝜑
(𝐹)

=
𝜙̃2(𝐹)

𝜙̃1(𝐹)
= 𝑥1(𝐹),  

𝑦𝑖 ≡ 𝜃̃𝑖−1/𝜃̃𝑖 

𝐷𝑁,𝑁
−1 = 𝑦𝑁(𝐷)  

𝐸1,1
−1= 𝑥1(𝐸), 𝐸𝑛𝜑−1,𝑛𝜑−1

−1 = 𝑦𝑛𝜑−1(𝐸)  

𝐸1,𝑛𝜑−1
−1  = (−1)𝑛𝜑𝜃+

𝑛𝜑−2 1

𝜃̃𝑛𝜑−1(𝐸)
, 𝐸𝑛𝜑−1,1

−1 = (−1)𝑛𝜑𝜃−
𝑛𝜑−2 1

𝜃̃𝑛𝜑−1(𝐸)

 

𝐸1,𝑛𝜑−1
−1 = 𝐸𝑛𝜑−1,1

−1  for 𝜃+ = 𝜃− 

𝑥1
LO =

1

𝑎1
, 𝑥1

NLO =
𝜃+𝜃−

𝑎1
2𝑎2

 

𝑎1(𝐹) = 𝛾−𝑛𝜑−1, 𝑎2(𝐹) = 𝛾−𝑛𝜑−2 for the matrix 𝐹 

𝐹1,1
−1 ≃

1

𝛾−𝑛𝜑−1
(1 +

𝜃+𝜃−

𝛾−𝑛𝜑−1𝛾−𝑛𝜑−2
)  

𝐷𝑁,𝑁
−1 ≃

1

𝛾1
(1 +

𝜃+𝜃−

𝛾1𝛾2
)  

𝐸1,1
−1  ≃

1

𝛾−1
(1 +

𝜃+𝜃−

𝛾−1𝛾−2
)

𝐸𝑛𝜑−1,𝑛𝜑−1
−1  ≃

1

𝛾−𝑛𝜑+1
(1 +

𝜃+𝜃−

𝛾−𝑛𝜑+1𝛾−𝑛𝜑+2
)

𝐸1,𝑛𝜑−1
−1  ≃ (−1)𝑛𝜑𝜃+

𝑛𝜑−2
( ∏  

𝑛𝜑−1

𝑘=1

 
1

𝛾−𝑘
)

𝐸𝑛𝜑−1,1
−1  ≃ (−1)𝑛𝜑𝜃−

𝑛𝜑−2
( ∏  

𝑛𝜑−1

𝑘=1

 
1

𝛾−𝑘
)

 

𝜃̃𝑛𝜑−1
LO (𝐸) = ∏  

𝑛𝜑−1

𝑘=1

𝛾−𝑘 

𝛾𝑘  ≃ −4𝑘(𝑛𝜑 + 𝑘)

𝛾0  ≃ 𝜖 + 2𝑖𝑛𝜑𝜆, (𝑘 = 0)

𝛾−𝑛  ≃ 𝜖 − 2𝑖𝑛𝜑𝜆, (𝑘 = −𝑛𝜑)

 

𝛾𝑘 = 𝛾−𝑘−𝑛𝜑
 and thus 𝐹1,1

−1 = 𝐷𝑁,𝑁
−1 𝐸1,1

−1 = 𝐸𝑛𝜑−1,𝑛𝜑−1
−1  and 𝐸1,𝑛𝜑−1

−1 = 𝐸𝑛𝜑−1,1
−1  
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𝜆(0)≃
1

2𝑛𝜑

√𝜃4𝐸1,𝑛𝜑−1
−1 𝐸𝑛𝜑−1,1

−1 − (𝜖 − 𝜃2(𝐷𝑁,𝑁
−1 + 𝐸1,1

−1))
2

 

 =
1

2𝑛𝜑

√(
𝜃𝑛𝜑

4𝑛𝜑−1[(𝑛𝜑 − 1)!]
2)

2

− (𝜖 −
𝜃2

2(𝑛𝜑
2 − 1)

)

2  

𝜆(0) ≃
1

2
√𝜃2 − (𝜖 − 𝜃2𝐷𝑁,𝑁

−1 )
2

=
1

2
√𝜃2 − (𝜖 +

𝜃2

8
)

2

 

𝜆(0) = √𝜃2 − 𝜖2/2 

Γ𝑛𝜑=1
LO =

𝑚𝜑
4

128𝜋2
∫  

𝜃

−𝜃

 𝑑𝜖√𝛽1
2 + 𝜖√𝜃2 − 𝜖2  

 = −
𝑚𝜑

4

16𝜋
∑  

∞

𝑝=1

 𝛽1
5−4𝑝

(
𝜇𝐴𝜑

2𝑚𝜑
2 )

2𝑝
(4𝑝 − 7)!!

(𝑝 − 1)! 𝑝!

 

∫  

𝜋
2

0

 𝑑𝑥cos2𝑛 𝑥sin2 𝑥 =
𝜋

4

(2𝑛 − 1)!!

2𝑛(𝑛 + 1)!
 

0 ≃ [(𝜆(1))
2

+ 𝜖 − 𝜃2 {−
1

8
−

𝜖

64
}]

2

+ 4𝜆2 (1 +
3

64
𝜃2)

2

− 𝜃2  

(𝜆(1))
2

=
1

4
[𝜃2 − {

1

4
𝜃2 − 𝜖2 + 𝜖 +

1

8
𝜃2}

2

]  

𝐷𝑁,𝑁
−1 ≃ −

1

8
−

𝜖

64
−

3𝑖𝜆

32
 

𝐹1,1
−1 ≃ −

1

8
−

𝜖

64
+

3𝑖𝜆

32

 

𝜆(2) ≃
1

16
(1 −

3

32
𝜃2)

1/2

∏  

3

𝑖=1

 √𝜖 − 𝛼𝑖√𝜖 − 𝛽𝑖  

𝑓± = 𝜃 ±
1

8
(𝜖 − 2)𝜖2 ±

1

64
𝜃2(24 − 11𝜖) ± 𝜖  

𝛼3 ≃ −𝜃 − 𝜃2/8 + 𝜃3/64, 𝛼2 ≃ 𝑧1 + 𝜃(𝑧2/2) + 𝜃2(𝑧3/16), 𝛽3 ≃ 𝜃 − 𝜃2/8 − 𝜃3/64, 𝛽2 ≃ 𝑧1
∗ −

𝜃(𝑧2
∗/2) + 𝜃2(𝑧3

∗/16), 𝛼1 ≃ 𝛼2
∗, and 𝛽1 ≃ 𝛽2

∗, with 𝑧1, 𝑧2, and 𝑧3 being 𝑧1 = 1 + 𝑖√7, 𝑧2 = 1 + 𝑖/√7, 

and 𝑧3 = 1 − 30𝑖/(7√7). 

Γ𝑛𝜑=1≃
𝑚𝜑

4

128𝜋2
(1 −

3

32
𝜃2)

1/2

 

 × ∫  
𝛽3

𝛼3

 𝑑𝜖√𝛽1
2 + 𝜖√(1 +

𝑓+

8
) (1 +

𝑓−

8
) √(𝜖 − 𝛼3)(𝛽3 − 𝜖)
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𝑓+ = (𝜖 − 𝛼1)(𝜖 − 𝛼2) − 8 and 𝑓− = (𝜖 − 𝛽1)(𝜖 − 𝛽2) − 8 

 

𝜖 = 𝜖′ + (𝛼3 + 𝛽3)/2 

Γ𝑛𝜑=1
NLO = −

𝑚𝜑
4

16𝜋
∑  

∞

𝑝=2

 𝛽7−4𝑝 (
𝜇𝐴𝜑

2𝑚𝜑
2 )

2𝑝
(1 + 𝑝)(4𝑝 − 9)!!

𝑝! (𝑝 − 2)!

Γ𝑛𝜑=1
NNLO = −

𝑚𝜑
4

32𝜋
∑  

∞

𝑝=2

 𝛽9−4𝑝 (
𝜇𝐴𝜑

2𝑚𝜑
2 )

2𝑝
{𝑝(𝑝 − 1)2 − 6}(4𝑝 − 11)!!

𝑝! (𝑝 − 2)!

 

𝜆(1)≃
1

4
(1 −

𝜃2

36
)

1/2

[
𝜃2

4
(1 −

𝜖

4
) + {𝜖 −

𝜖2

16
−

𝜃2

6
−

13

144
𝜃2𝜖 +

11

4608
𝜃4}]

1/2

 

 × [
𝜃2

4
(1 −

𝜖

4
) − {𝜖 −

𝜖2

16
−

𝜃2

6
−

13

144
𝜃2𝜖 +

11

4608
𝜃4}]

1/2
 

4𝜆(0) = {𝜃4/16 − (𝜖 − 𝜃2/6)2}1/2 

𝜆(1) =
1

4
(1 −

𝜃2

36
)

1/2

√(𝜖 − 𝛼2)(𝛽2 − 𝜖)√(1 + 𝛼1 − 16 − 𝜖)(1 + 𝛽1 − 16 − 𝜖)  

𝛼2 ≃ −𝜃2/12, 𝛽2 ≃ −5𝜃2/12, 𝛼1 ≃ 16 + 19𝜃2/36 and 𝛽1 ≃ 16 + 73𝜃2/36 

Γ𝑛𝜑=2≃
𝑚𝜑

4

128𝜋2
∫  

𝛽2

𝛼2

 𝑑𝜖√1 −
𝜃2

36
√𝛽2

2 +
𝜖

4
√(𝜖 − 𝛼2)(𝛽2 − 𝜖) 

 × √(1 + 𝛼1 − 16 − 𝜖)(1 + 𝛽1 − 16 − 𝜖)

 

Γ𝑛𝜑=2
LO = ∑  

𝑝=2

 
2−4(1+𝑝)32−𝑝𝑚𝜑

4 𝛽2
5−2𝑝

𝜃2𝑝

𝜋(𝑝 − 2)! (5 − 2𝑝)!!
 2𝐹1 (

3 − 𝑝

2
, 1 −

𝑝

2
; 2;

9

4
)  

Γ𝑛𝜑=2
NLO = ∑  

𝑝=3

 
(−1)1+𝑝(2𝑝 − 9)!! 𝑚𝜑

4 𝛽2
7−2𝑝

𝜃2𝑝

31+𝑝𝜋𝑝!
[4{315 + 𝑝(789 + 2𝑝(−509 + 144𝑝))}2𝐹1 (

3 − 𝑝

2
, 2 −

𝑝

2
; 1;

9

4
) 

−5(−3 + 𝑝)(51 + 37𝑝) 2𝐹1 (
5 − 𝑝

2
, 2 −

𝑝

2
; 1;

9

4
)]

 

 2𝐹1(𝑎, 𝑏; 𝑐; 𝑑) =
Γ(𝑐)

Γ(𝑎)Γ(𝑏)
∑  

∞

𝑠=0

 
Γ(𝑎 + 𝑠)Γ(𝑏 + 𝑠)

Γ(𝑐 + 𝑠)𝑠!
𝑧𝑠  

 2𝐹1(−𝑚, 𝑏; 𝑐; 𝑧) =
Γ(𝑐)

Γ(𝑏)
∑  

𝑚

𝑠=0

  (−1)𝑠 (
𝑚

𝑠
)

Γ(𝑏 + 𝑠)

Γ(𝑐 + 𝑠)𝑠!
𝑧𝑠  
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(𝑘1
2 − 𝑚𝜒

2 + 𝑖𝜖)
−𝑚1

(𝑘2
2 − 𝑚𝜒

2 + 𝑖𝜖)
−𝑚2

… (𝑘𝑛
2 − 𝑚𝜒

2 + 𝑖𝜖)
−𝑚𝑛

= lim
𝜉1→𝑚𝜒

2
  lim
𝜉2→𝑚𝜒

2
 … lim

𝜉𝑛→𝑚𝜒
2
 

1

(𝑚1 − 1)! (𝑚2 − 1)! … (𝑚𝑛 − 1)!
 

 ×
𝜕𝑚1−1

𝜕𝜉1
𝑚1−1

𝜕𝑚2−1

𝜕𝜉2
𝑚2−1 …

𝜕𝑚𝑛−1

𝜕𝜉𝑛
𝑚𝑛−1 ∏  

𝑛

𝑗=1

  (𝑘𝑗
2 − 𝜉𝑗 + 𝑖𝜖)

−1

 

∑  𝑛
𝑖=1 𝑚𝑖 = 2𝑝 and 

𝜕0

𝜕𝜉𝑖
0 𝑓({𝜉𝑖}) = 𝑓({𝜉𝑖}) 

∏  

𝑛

𝑗=1

  (𝑘𝑗
2 − 𝜉𝑗 + 𝑖𝜖)

−1
→ ∏  

𝑛

𝑗=1
𝑗≠ℓ≠𝑚

  (𝑘𝑗
2 − 𝜉𝑗 + 𝑖𝜖)

−1
(−2𝑖𝜋)2𝛿(𝑘ℓ

2 − 𝜉ℓ)𝛿(𝑘𝑚
2 − 𝜉𝑚)

 

∫  
𝑑4𝑘

(2𝜋)4
𝛿(𝑘𝑖

2 − 𝜉𝑖)𝛿(𝑘𝑗
2 − 𝜉𝑗)= ∫  

𝑑4𝑘

(2𝜋)4

𝑑4𝑘′

(2𝜋)4
(2𝜋)4𝛿4(𝑘𝑖 − 𝑘𝑗 − 𝑘 − 𝑘′)𝛿(𝑘2 − 𝜉𝑖)𝛿(𝑘′2 − 𝜉𝑗) 

 =
1

32𝜋3
𝐵kin ((𝑘𝑖 − 𝑘𝑗)

2
, 𝜉𝑖 , 𝜉𝑗)

 

𝑖Imℳ = lim
𝜉1→𝑚𝜒

2
  lim
𝜉2→𝑚𝜒

2
 … lim

𝜉𝑛→𝑚𝜒
2
 
𝜕𝑚1−1

𝜕𝜉1
𝑚1−1

𝜕𝑚2−1

𝜕𝜉2
𝑚2−1 …

𝜕𝑚𝑛−1

𝜕𝜉𝑛
𝑚𝑛−1 𝑖Imℳ|

pinched 

.  

ℳ1 = 𝑆𝐹,1 (
𝜇𝐴𝜑

2
)

4

∫  
𝑑4𝑘

(2𝜋)4 (𝑘2 − 𝑚𝜒
2 + 𝑖𝜖)

−1
{(𝑘 + 𝑄)2 − 𝑚𝜒

2 + 𝑖𝜖}
−1

,  

Imℳ1 = 2𝜋2 (
𝜇𝐴𝜑

2
)

2 1

32𝜋3
𝐵kin(𝑄2, 𝑚𝜒

2 , 𝑚𝜒
2).  

Γ𝑛𝜑=1
𝑝=1

=
𝑚𝜑

4

16𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

2

𝛽1.  

𝑖ℳ3= lim
𝜉→𝑚𝜒

2
 
𝜕

𝜕𝜉
ℳ̃2  

ℳ̃3 = 𝑆𝐹,3 (
𝜇𝐴𝜑

2
)

4

∫  
𝑑4𝑘

(2𝜋)4 (𝑘1
2 − 𝑚𝜒

2 + 𝑖𝜖)
−1

(𝑘2
2 − 𝑚𝜒

2 + 𝑖𝜖)
−1

(𝑘3
2 − 𝑚𝜒

2 + 𝑖𝜖)
−1

 

Imℳ̃3−1 = Imℳ̃3−2 = 𝜋2𝑆𝐹,3 (
𝜇𝐴𝜑

2
)

4 1

16𝜋3
𝐵kin(𝑄2, 𝜉, 𝑚𝜒

2)(2𝑄2 + 2𝜉 − 2𝑚𝜒
2)

−1

Imℳ̃3−3 = 𝜋2𝑆𝐹,3 (
𝜇𝐴𝜑

2
)

4 1

16𝜋3
𝐵kin(4𝑄2, 𝑚𝜒

2 , 𝑚𝜒
2)(−𝑄2 + 𝑚𝜒

2 − 𝜉)
−1

 

Imℳ3= lim
𝜉→𝑚𝜒

2
 
𝜕

𝜕𝜉
(2Imℳ̃3−1 + Imℳ̃3−3)  

 = 𝑆𝐹,3

𝑚𝜑
4

16𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

4

(−
1 + 𝛽1

2

𝛽1
+ 𝛽2)

 

Imℳ2 = −𝑆𝐹,2

𝑚𝜑
4

16𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

4
1 + 𝛽1

2

𝛽1
3 ,  
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Γ𝑛𝜑=1
𝑝=2

= −
𝑚𝜑

4

32𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

4
1

𝛽1
3

(1 + 3𝛽1
2 + 2𝛽1

4).  

Γ𝑛𝜑=2
𝑝=2

=
𝑚𝜑

4

16𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

4

𝛽2.  

 

Imℳ4

𝑛𝜑=1
= −𝑆𝐹,4𝑚𝜑

4 (
𝜇𝐴𝜑

2𝑚𝜑
2 )

6
1

1536𝜋𝛽1
3

(12 + 4𝛽1
2 + 19𝛽1

4)

Imℳ5

𝑛𝜑=1
= 𝑆𝐹,5𝑚𝜑

4 (
𝜇𝐴𝜑

2𝑚𝜑
2 )

6
1

64𝜋𝛽1
5

(−3 + 5𝛽1
4 + 6𝛽1

6)

Imℳ6

𝑛𝜑=1
= −𝑆𝐹,6𝑚𝜑

4 (
𝜇𝐴𝜑

2𝑚𝜑
2 )

6
1

128𝜋𝛽1
7

(5 + 2𝛽1
2 + 𝛽1

4)

 

Γ𝑛𝜑=1
𝑝=3

=
𝑚𝜑

4

768𝜋𝛽1
7 (

𝜇𝐴𝜑

2𝑚𝜑
2 )

6

(−60 − 96𝛽1
2 − 24𝛽1

4 + 116𝛽1
6 + 125𝛽1

8)  

Γ𝑛𝜑=2
𝑝=3

= 𝑚𝜑
4

1

8𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

6

(
1

6𝛽2
−

4

3
𝛽2)  

Γ𝑛𝜑=1
LO  =

𝑚𝜑
4 𝛽1

16𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

2

−
𝑚𝜑

4

32𝜋𝛽1
3 (

𝜇𝐴𝜑

2𝑚𝜑
2 )

4

−
5𝑚𝜑

4

64𝜋𝛽1
7 (

𝜇𝐴𝜑

2𝑚𝜑
2 )

6

+ ⋯

Γ𝑛𝜑=1
NLO  =  −3

𝑚𝜑
4

32𝜋𝛽1
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

4

−
𝑚𝜑

4

8𝜋𝛽1
5 (

𝜇𝐴𝜑

2𝑚𝜑
2 )

6

+ ⋯

Γ𝑛𝜑=1
NNLO  =  −

𝑚𝜑
4 𝛽1

16𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

4

−
𝑚𝜑

4

32𝜋𝛽1
3 (

𝜇𝐴𝜑

2𝑚𝜑
2 )

6

+ ⋯

 

Γ𝑛𝜑=2
LO =

𝑚𝜑
4 𝛽2

16𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

4

+
𝑚𝜑

4

48𝜋𝛽2
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

6

+ ⋯

Γ𝑛𝜑=2
NLO = −

𝑚𝜑
4 𝛽2

6𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

6

+ ⋯

 

lim
𝜉1→𝑚𝜒

2
  lim
𝜉2→𝑚𝜒

2
 

2

2𝑝(𝑝 − 1)! (𝑝 − 1)!

𝜕𝑝−1

𝜕𝜉1
𝑝−1

𝜕𝑝−1

𝜕𝜉2
𝑝−1 2𝜋2 (

𝜇𝐴𝜑

2
)

2𝑝 1

32𝜋3
𝐵kin(𝑄2, 𝜉1, 𝜉2).  

𝜉1 = 𝑚𝜒
2 + 𝜂1 and 𝜉2 = 𝑚𝜒

2 + 𝜂2 

Imℳ𝑝
pair 

= lim
𝜂1→0

  lim
𝜂2→0

 
𝜕𝑝−1

𝜕𝜂1
𝑝−1

𝜕𝑝−1

𝜕𝜂2
𝑝−1 √𝛽1

2 −
2(𝜂1 + 𝜂2)

𝑚𝜑
2 +

(𝜂1 − 𝜂2)2

𝑚𝜑
4

 

𝑖ℳ2=
1

4
(
𝜇𝐴𝜑

2
)

4

∫  
𝑑4𝑘

(2𝜋)4 (𝑘1
2 − 𝑚𝜒

2 + 𝑖𝜖)
−1

(𝑘2
2 − 𝑚𝜒

2 + 𝑖𝜖)
−1

 

 × (𝑘3
2 − 𝑚𝜒

2 + 𝑖𝜖)
−1

(𝑘4
2 − 𝑚𝜒

2 + 𝑖𝜖)
−1
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𝑖ℳ2= lim
𝜉1→𝑚𝜒

2
 … lim

𝜉4→𝑚𝜒
2
 
1

4
(
𝜇𝐴𝜑

2
)

4

∫  
𝑑4𝑘

(2𝜋)4
 

 × (𝑘1
2 − 𝜉1 + 𝑖𝜖)−1(𝑘2

2 − 𝜉2 + 𝑖𝜖)−1(𝑘3
2 − 𝜉3 + 𝑖𝜖)−1(𝑘4

2 − 𝜉4 + 𝑖𝜖)−1

 

Imℳ2 = Im(ℳ2
cut12 + ℳ2

cut34 + ℳ2
cut23 + ℳ2

cut14)  

Imℳ2
cut𝑖𝑗

=
1

4
(
𝜇𝐴𝜑

2
)

4

lim
𝜉1→𝑚𝜒

2
 … lim

𝜉4→𝑚𝜒
2
 
𝑐𝑖𝑗

16𝜋

𝐵kin
𝑖𝑗

(𝜉1 − 𝜉3)(𝜉2 − 𝜉4)
,  

𝐵kin 
𝑖𝑗

≡ 𝐵kin (𝑄2, 𝜉𝑖 , 𝜉𝑗) 

𝜂𝑖(𝑖 = 1,2) as 𝜉1 = 𝜉3 + 𝜂1 and 𝜉2 = 𝜉4 + 𝜂2 

Imℳ2
cut12=

1

4
(
𝜇𝐴𝜑

2
)

4

lim
𝜉3→𝑚𝜒

2

𝜉4→𝑚𝜒
2

  lim
𝜂1→0

 
1

16𝜋

1

𝜂1𝜂2
[𝐵kin

34 + 𝜂1

𝜕𝐵kin
14

𝜕𝜉1
+ 𝜂2

𝜕𝐵kin
32

𝜕𝜉2
 

+𝜂1𝜂2

𝜕2𝐵kin
12

𝜕𝜉1𝜕𝜉2
+

𝜂1
2

2

𝜕2𝐵kin
14

𝜕𝜉1
2 +

𝜂2
2

2

𝜕2𝐵kin
32

𝜕𝜉2
2 + 𝒪(𝜂1

𝑎𝜂2
𝑏)]

𝜉1=𝜉3

𝜉2=𝜉4

Imℳ2
cut34 =

1

4
(
𝜇𝐴𝜑

2
)

4

lim
𝜉3→𝑚𝜒

2

𝜉4→𝑚𝜒
2

  lim
𝜂1→0

 
1

16𝜋

1

𝜂1𝜂2
𝐵kin

34

Imℳ2
cut14 = −

1

4
(
𝜇𝐴𝜑

2
)

4

lim
𝜉3→𝑚𝜒

2

𝜉4→𝑚𝜒
2

  lim
𝜂1→0

 
1

16𝜋

1

𝜂1𝜂2
[𝐵kin

34 + 𝜂1

𝜕𝐵kin
14

𝜕𝜉1
+

𝜂1
2

2

𝜕2𝐵kin
14

𝜕𝜉1
2 + 𝒪(𝜂1

3)]
𝜉1=𝜉3

Imℳ2
cut23 = −

1

4
(
𝜇𝐴𝜑

2
)

4

lim
𝜉3→𝑚𝜒

2

𝜉4→𝑚𝜒
2

  lim
𝜂1→0

 
1

16𝜋

1

𝜂1𝜂2
[𝐵kin

34 + 𝜂2

𝜕𝐵kin
32

𝜕𝜉2
+

𝜂2
2

2

𝜕2𝐵kin
32

𝜕𝜉2
2 + 𝒪(𝜂2

3)]
𝜉2=𝜉4

 

Imℳ2 =
1

4
(
𝜇𝐴𝜑

2
)

(𝜂1𝜂2𝜕2𝐵kin 
2 /𝜕𝜉1𝜕𝜉2)

•

lim
𝜉3→𝑚𝜒

2

𝜉4→𝑚𝜒
2

 
1

16𝜋

𝜕2𝐵kin
34

𝜕𝜉3𝜕𝜉4
 

𝑚𝜑Γ𝜑 = ⟨𝛾𝜑|
𝛽1→𝛽1

eff ⟩
osc. 

𝜌𝜑  

𝛽1
eff = √1 − 4𝑚𝜒 eff 

2 /𝑚𝜑
2  with 𝑚𝜒 eff 

2 = 𝑚𝜒
2 + 𝜇𝐴𝜑cos (𝑚𝜑𝑡) 

∫  
𝑇

0

𝑑𝑡𝑄/𝑇 

𝑚𝜑Γ𝜑 = ⟨𝛾𝜑|
𝛽1→𝛽1

eff (
𝑑𝜑

𝑑𝑡
)

2

⟩

osc

 

⟨𝜑̇2⟩osc. = 𝜌𝜑 
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Γ𝜑 =
𝑚𝜑

4 𝛽1
5−4𝑝

64𝜋
(

𝜇𝐴𝜑

2𝑚𝜑
2 )

2𝑝
25−4𝑝

5 − 4𝑝

(4𝑝 − 4)!

{(2𝑝 − 2)!}2

(2𝑝 − 3)!

𝑝! (𝑝 − 2)!
.  

𝒲𝑚
𝑀𝑑(x1, x2) = ∫  Ψ

p   
(−)(x1)Ψ

p   
(+)(x2)𝑑p  

Ψ
p   
(±)

(𝑥) =
exp (±𝑖p ⋅ x)

√2(2𝜋)𝑑−1𝜔
, p0 = √|p  |2 + 𝑚2

 

𝑇± = {z = x + 𝑖y ∈ 𝑀𝑑
(𝑐)

: ±y ∈ 𝑉+} ,

𝑉+ = {y ∈ 𝑀𝑑: y ⋅ y > 0, y0 > 0}.
 

𝑑𝑆𝑑
(𝑐)

= {𝑧 ∈ 𝑀𝑑+1
(𝑐)

: 𝑧 ⋅ 𝑧 = 𝜂𝜇𝜈𝑧𝜇𝑧𝜈 = −𝑅2}  

𝒯± = 𝑑𝑆𝑑
(𝑐)

∩ 𝑇± = {𝑥 + 𝑖𝑦 ∈ 𝑑𝑆𝑑
(𝑐)

: 𝑦 ∈ ±𝑉+} .  

𝐶+ = 𝜕𝑉+ = {𝜉 ∈ 𝑀𝑑+1, 𝜉2 = 0, 𝜉0 > 0},  

𝑥𝜇(𝜏) =
𝑅 (𝜉𝜇𝑒

𝜏
𝑅 − 𝜂𝜇𝑒−

𝜏
𝑅)

√2𝜉 ⋅ 𝜂
, 𝐾𝜇𝜈 =

𝑚(𝜉 ∧ 𝜂)𝜇𝜈

(𝜉 ⋅ 𝜂)
(8) 

𝒯± × 𝐶+ ∋ 𝑧, 𝜉 → 𝜓𝜆
±(𝑧, 𝜉) = (𝜉 ⋅ 𝑧)𝜆 = 𝑒𝜆log (𝜉⋅𝑧)  

(▣𝑑𝑆 + 𝜇𝜆
2)𝜓𝜆

±(𝑧) = 0 

𝜇𝜆
2 = 𝜆(1 − 𝑑 − 𝜆) 

𝑊𝜆
𝑑𝑆𝑑(𝑧1, 𝑧2) =

𝑒
𝑖𝜋(𝜆+

𝑑−1
2

)
Γ(−𝜆)Γ(𝜆 + 𝑑 − 1)

2𝑑+1𝜋𝑑

× ∫ 
𝛾

 𝜓𝜆
−(𝑧1, 𝜉)𝜓1−𝑑−𝜆

+ (𝑧2, 𝜉)𝑑𝜇𝛾(𝜉)

 

𝑊𝜆
𝑑𝑆𝑑(𝑧1, 𝑧2) =

1

2(2𝜋)𝑑/2
Γ(−𝜆)Γ(𝜆 + 𝑑 − 1) ×

× ((𝑧1 ⋅ 𝑧2)2 − 1)
2−𝑑

4 𝑃
𝜆+

𝑑−2
2

−
𝑑−2

2 (𝑧1 ⋅ 𝑧2)

 

Δ𝑑𝑆 = {𝑧1, 𝑧2 ∈ 𝑑𝑆𝑑
(𝑐)

: 𝑧1 ⋅ 𝑧2 ≠ 𝜌, 𝜌 ≤ −1}  

𝑧1 ⋅ 𝑧2 = 𝑧1
0𝑧2

0 − 𝑧1
1𝑧2

1 − ⋯ − 𝑧1
𝑑−1𝑧2

𝑑−1 + 𝑧1
𝑑𝑧2

𝑑  

𝐴𝑑𝑆𝑑
(𝑐)

= {𝑧 ∈ 𝐂2
𝑑+1, 𝑧2 = 𝑧 ⋅ 𝑧 = 𝑅2}  

𝒞𝑑 = {𝜉 ∈ 𝐑2
𝑑+1, 𝜉2 = 𝜉 ⋅ 𝜉 = 0, 𝜉 ≠ 0}  



pág. 10513 

𝒞𝑑
(𝑐)

= {𝜁 ∈ 𝐂2
𝑑+1, 𝜁 ⋅ 𝜁 = 0, 𝜁 ≠ 0}

𝑥𝜇(𝜏) =
𝑅𝜁𝜇𝑒

𝑖𝜏
𝑅 + 𝑅𝜁𝜇∗𝑒−

𝑖𝜏
𝑅

√2(𝜁 ⋅ 𝜁∗)
, 𝐾𝜇𝜈 =

𝑖𝑚(𝜁 ∧ 𝜁∗)𝜇𝜈

(𝜁 ⋅ 𝜁∗)

 

𝒵± = {𝑧 = 𝑥 + 𝑖𝑦 ∈ 𝐴𝑑𝑆𝑑
(𝑐)

: 𝑦 ⋅ 𝑦 > 0

𝜖(𝑧) = 𝑦0𝑥𝑑 − 𝑥0𝑦𝑑 ≷ 0}
 

𝒞± = {𝜁 = 𝜉 + 𝑖𝜒 ∈ 𝒞𝑑
(𝑐)

: 𝜒 ⋅ 𝜒 > 0, 𝜖(𝜁) ≷ 0}  

𝒞± = {𝜁 ∈ 𝒞𝑑
(𝑐)

: 𝜒 ⋅ 𝜒 ≥ 0, 𝜖(𝜁) ⋛ 0, 𝜁 ≠ 0} .  

𝒵̃± × 𝒞∓ ∋ 𝜁, 𝑧 → 𝜙𝜆
±(𝑧, 𝜁) = (𝑧 ⋅ 𝜁)𝜆 = 𝑒𝜆log (𝑧⋅𝜁).  

(⧠𝐴𝑑𝑆 + 𝑚𝜆
2)𝜙𝜆

±(𝑧, 𝜉) = 0 

𝑚𝜆
2 = −𝜇𝜆

2 = 𝜆(𝜆 + 𝑑 − 1) 

𝑊𝜆
𝐴𝑑𝑆𝑑(𝑧1, 𝑧2) = 𝑐𝑑(𝜆) ∫ 

𝛾

 𝜙𝜆
−(𝑧1, 𝜉)𝜙1−𝑑−𝜆

+ (𝑧2, 𝜉)𝑑𝜇𝛾(𝜉).  

𝑊𝜆
𝐴𝑑𝑆𝑑(𝑧1, 𝑧2) = −

𝜋1−𝑑Γ(𝜆 + 𝑑 − 1)

2𝑑+1cos (
𝜋𝑑
2 ) Γ(𝜆 + 1)

 × ∫  
𝛾(𝑧1)

  (𝑧1 ⋅ 𝜁)𝜆(𝑧2 ⋅ 𝜁)1−𝑑−𝜆𝑑𝜇𝛾(𝜁)

 =
𝑒−𝑖𝜋

𝑑−2
2

(2𝜋)
𝑑
2

((𝑧1 ⋅ 𝑧2)2 − 1)
2−𝑑

4 𝑄𝑑−2
2

+𝜆

𝑑−2
2 (𝑧1 ⋅ 𝑧2)

 

𝑊𝜆
𝐴𝑑𝑆𝑑(𝑧1, 𝑧2) = 𝑐𝑑

′ (𝜆) ∫  
𝛾(𝑧1)

 ∫  
𝛾(𝑧2)

  (𝑧1 ⋅ 𝜁1)𝜆

 × (𝜁1 ⋅ 𝜁2)1−𝜆−𝑑(𝑧2 ⋅ 𝜁2)𝜆𝑑𝜇𝛾(𝑧1)𝑑𝜇𝛾(𝑧2)

 

𝑊𝜆
𝐴𝑑𝑆2𝑛+1(𝑧1, 𝑧2) =

(−1)𝑛+1Γ(𝜆 + 2𝑛)

(2𝜋)𝑑Γ(𝜆 + 1)
× ∫  

𝛾(𝑧1)

  (𝑧1 ⋅ 𝜁)𝜆(𝑧2 ⋅ 𝜁)−𝜆−2𝑛log (𝜁 ⋅ 𝑧2)𝑑𝜇𝛾(𝜁) 

𝑊𝜆
AdS 𝑆𝑑(𝑧1, 𝑧2)Δ𝐴𝑑𝑆 = {𝑧1, 𝑧2 ∈ 𝐴𝑑𝑆𝑑

(𝑐)
; 𝑧1 ⋅ 𝑧2 ≠ 𝜌, −1 ≤ 𝜌 ≤ 1} .  

𝑄𝜆(𝑥ch𝑢) = ∑  

∞

𝑛=0

 
(1 − 𝑥−2)𝑛

𝑥1+𝜆Γ(1 + 𝑛)

𝑄𝑛+𝜆
𝑛 (ch𝑢)

(2sh𝑢)𝑛
.  

𝑧(z, 𝑢) =

{
  
 

  
 𝑧𝜇  =

1

𝑢
z𝜇

𝑧𝑑−1 =
1 − 𝑢2

2𝑢
+

1

2𝑢
z2 , z2 = 𝜂𝜇𝜈z𝜇z𝜈.

𝑧𝑑 =
1 + 𝑢2

2𝑢
−

1

2𝑢
z2
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𝑊𝜆
𝐴𝑑𝑆𝑑(𝑧1(z1, 𝑢), 𝑧2(z2, 𝑢′)) =

(𝑢𝑢′)
𝑑−1

2

2(2𝜋)𝑑−2

× ∫  𝜃(p0)𝜃(p2)𝑒−𝑖p(z1−z2)𝐽𝜈 (𝑢√p2) 𝐽𝜈 (𝑢′√p2) 𝑑p = 

 =
(𝑢𝑢′)

𝑑−1
2

2
∫  

∞

0

 W𝑚
𝑀𝑑−1(z1, z2)𝐽𝜈(𝑚𝑢)𝐽𝜈(𝑚𝑢′)𝑑𝑚2

 

𝜈(𝜆) =
𝑑−1

2
+ 𝜆pz = 𝜂𝜇𝜈p𝜇z𝜈 and p2 = 𝜂𝜇𝜈p𝜇p𝜈 

Δ𝑀 = {z1, z2 ∈ 𝑀𝑑−1
(𝑐)

;  𝑧1 ⋅ 𝑧2 ≠ 𝜌, 𝜌 ≥ 0}. 

𝐺𝜆
𝐴𝑑𝑆𝑑(𝑥1(x1, 𝑢), 𝑥2(x2, 𝑢)) =

(𝑢𝑢′)
𝑑−1

2

2
× ∫  

∞

0

 𝐺𝑚
𝑀𝑑−1(x1, x2)𝐽𝜈(𝑚𝑢)𝐽𝜈(𝑚𝑢′)𝑑𝑚2 

(▰𝐴𝑑𝑆∎
+ 𝑚𝜆

2)𝐺𝜆
𝐴𝑑𝑆𝑑(𝑥1(x1, 𝑢), 𝑥2(x2, 𝑢))

= (𝑢𝑢′)
𝑑−1

2 ∫  
∞

0

 𝑢2𝛿(z1, z2)𝐽𝜈(𝑚𝑢)𝐽𝜈(𝑚𝑢′)𝑚𝑑𝑚 

 = 𝑢𝑑𝛿(z1, z2)𝛿(𝑢, 𝑢′) = 𝛿𝐴𝑑𝑆𝑀
(𝑥1, 𝑥2)

 

 ∫  
𝐴𝑑𝑆𝑀

 𝐺𝜆
𝐴𝑑𝑆𝑑(𝑥1, 𝑥)√𝑔(𝑥)𝑑𝑥 =

 ∫  
∞

0

 ∫  
∞

0

 (
𝑢′

𝑢
)

𝑑−1
2 𝐽𝜈(𝑚𝑢)𝐽𝜈(𝑚𝑢′)

𝑚𝑢
𝑑𝑢𝑑𝑚

 

∫  
∞

0

 

𝑚
𝑑−3

2 Γ (
𝜆
2) 𝑢′

𝑑−1
2 𝐽𝑑−1

2
+𝜆

(𝑚𝑢′)

2
𝑑+1

2 Γ (
1
2 (𝑑 + 𝜆 + 1))

𝑑𝑚 

 =
1

𝜆(𝑑 + 𝜆 − 1)
=

1

𝑚𝜆
2

 

𝐹𝜆1𝜆2
(𝑥1, 𝑥2) = ∫  

𝐴𝑑𝑆◻

𝐺𝜆1

𝐴𝑑𝑆𝑑(𝑥1, 𝑥)𝐺𝜆2

𝐴𝑑𝑆𝑑(𝑥, 𝑥2)√𝑔(𝑥)𝑑𝑥. 

𝐹𝜆𝜈(𝑥1, 𝑥2) = −
𝐺𝜆1

𝐴𝑑𝑆𝑑(𝑥1, 𝑥2) − 𝐺𝜆2

𝐴𝑑𝑆𝑑(𝑥1, 𝑥2)

𝑚𝜆1

2 − 𝑚𝜆2

2 .  

∫  
∞

0

 
𝐽𝜈1

(𝑚𝑢)𝐽𝜈1
(𝑚𝑢′) − 𝐽𝜈2

(𝑚𝑢)𝐽𝜈2
(𝑚𝑢′)

(𝜈2
2 − 𝜈1

2)(p2 + 𝑚2)
𝑚𝑑𝑚 =

∫  
∞

0

 ∫  
∞

0

 ∫  
∞

0

 
𝑎𝑏𝐽𝜈1

(𝑎𝑢)𝐽𝜈1
(𝑎𝑣)𝐽𝜈2

(𝑏𝑣)𝐽𝜈2
(𝑏𝑢′)

𝑣(𝑎2 + p2)(𝑏2 + p2)
𝑑𝑣𝑑𝑎𝑑𝑏
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𝐻̂0 = ∑  

𝑎

 ∫  [𝑑𝒌]𝜀𝑎(𝒌)𝑃̂𝑎(𝒌),  

𝑑𝑑𝒌/(2𝜋)𝑑 

𝑃̂𝑎 = ∑  

𝑁𝑠

𝑖=1

|𝑢𝑎𝑖
⟩⟨𝑢𝑎𝑖

| 

𝜎 = ∑  Tr ( ∏  

All Vertices 

𝑖=1

 𝑉𝑖) × ( ∏  

All Inner Lines 

𝑗=1

 𝐺𝑗)

 = ∑  𝑉 × 𝐺

 

𝑃̂𝑎(𝜕𝛼𝐻̂)𝑃̂𝑏 = 𝛿𝜀𝑎𝑏
(𝜕𝛼𝜀𝑎)𝑃̂𝑎 + (1 − 𝛿𝜀𝑎𝑏

)𝜀𝑏𝑎𝑃̂𝑎𝑃̂𝑏
𝛼  

𝑃̂𝑎(𝜕𝛼𝜕𝛽𝐻̂)𝑃̂𝑏

=𝛿𝜀𝑎𝑏
(𝜕𝛼𝜕𝛽𝜀𝑏)𝑃̂𝑎 + 𝜀𝑏𝑎𝑃̂𝑎 (𝑃̂𝑏

𝛼𝛽
+ 𝑃̂𝑎

𝛼𝑃̂𝑏
𝛽
)

 +(𝜕𝛼𝜀𝑏𝑎)𝑃̂𝑎𝑃̂𝑏
𝛽

+ (𝜕𝛽𝜀𝑏𝑎)𝑃̂𝑎𝑃̂𝑏
𝛼

 + ∑  

𝜀𝑐≠𝜀𝑎;𝜀𝑐≠𝜀𝑏

  (𝜀𝑎𝑐𝑃̂𝑎𝑃̂𝑐
𝛽
𝑃̂𝑏

𝛼 − 𝜀𝑐𝑏𝑃̂𝑎𝑃̂𝑐
𝛼𝑃̂𝑏

𝛽
)

 

𝜕𝛼 ≡ 𝜕/𝜕𝑘𝛼 
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𝜕𝛼𝑃̂ ≡ 𝑃̂𝛼 , 𝜕𝛼𝜕𝛽𝑃̂ ≡ 𝑃̂𝛼𝛽 

 

𝑉𝑎𝑏
𝜇𝛼𝛽,sh(2)

 =
𝑒3

ℏ3𝜔2
Tr[𝑃̂𝑏(𝜕𝛼𝐻̂)𝑃̂𝑎(𝜕𝜇𝜕𝛽𝐻̂)𝑃̂𝑏],

𝑉𝑎𝑏𝑐
𝜇𝛼𝛽,sh(3)

 =
𝑒3

ℏ3𝜔2
Tr[𝑃̂𝑏(𝜕𝛼𝐻̂)𝑃̂𝑎(𝜕𝜇𝐻̂)𝑃̂𝑐(𝜕𝛽𝐻̂)𝑃̂𝑏]

 

𝜎sh
𝜇𝛼𝛽

= −
𝑖𝜋𝑒3

ℏ4𝜔2
∫  [𝑑𝒌] ∑  

𝑎,𝑏

  𝜀𝑎𝑏
2 Tr [𝑃̂𝑏𝑃̂𝑎

𝛼 (𝑃̂𝑏
𝜇𝛽

+ 𝑃̂𝑎
𝜇
𝑃̂𝑏

𝛽
)]

× 𝑓𝑎𝑏𝛿(ℏ𝜔 + 𝜀𝑎𝑏) + [(𝛼, 𝛽, 𝜔) ↔ (𝛽, 𝛼, −𝜔)]  

 

 = −
𝑖𝜋𝑒3

ℏ2
∫  [𝑑𝒌] ∑  

𝑎,𝑏

  (𝐶𝑎𝑏
𝜇;𝛼𝛽

− 𝐶𝑏𝑎
𝜇;𝛽𝛼

) 𝑓𝑎𝑏𝛿(ℏ𝜔 + 𝜀𝑎𝑏)

 

𝐶𝑎𝑏
𝜇;𝛼𝛽

= Tr [𝑃̂𝑏𝑃̂𝑎
𝛼 (𝑃̂𝑏

𝜇𝛽
+ 𝑃̂𝑎

𝜇
𝑃̂𝑏

𝛽
)] 

Im (𝐶[𝑎𝑏]
𝜇;(𝛼𝛽)

) = −2𝑖𝑅𝑎𝑏
𝛼;𝜇

𝑟𝑎𝑏
𝛼 𝑟𝑏𝑎

𝛽
 

𝑟𝑎𝑏
𝛼 = ⟨𝑎 ∣ 𝑖𝜕𝛼𝑏⟩ 

𝑅𝑎𝑏
𝛼;𝜇

= −𝜕𝜇𝜙𝑎𝑏
𝛼 + 𝑟𝑎𝑎

𝜇
− 𝑟𝑏𝑏

𝜇
 

𝐻̂(𝒌) = ∑  

𝑁wan

𝑖,𝑗

  |𝑖, 𝒌⟩𝐻𝑖𝑗(𝒌)⟨𝑗, 𝒌|  

|𝑖, 𝒌⟩ = ∑  

𝑹

𝑒𝑖𝒌𝑹|𝑖, 𝑹⟩ 

𝐻̂(𝒌)𝒰̂(𝒌) = 𝒰̂(𝒌)𝐸̂(𝒌).  

𝐸̂(𝒌)𝑎𝑏 = 𝛿𝑎𝑏𝜀𝑎(𝒌) and 𝒰̂(𝒌) = [|𝑢1(𝒌)⟩, … , |𝑢𝑁wan 
(𝒌)⟩] 

|𝑢𝑎(𝒌)⟩ = ∑  𝑖 |𝑖, 𝒌⟩𝑈𝑖𝑎
† (𝒌), where 𝑈𝑖𝑎

† (𝒌) = ⟨𝑖, 𝒌 ∣ 𝑢𝑎(𝒌)⟩ 

(𝑃̂𝑎
(W)

)
𝑗𝑙

 = ⟨𝑗 ∣ 𝑢𝑎⟩⟨𝑢𝑎 ∣ 𝑙⟩ = ∑  

𝑚𝑛

  ⟨𝑗 ∣ 𝑚⟩𝑈𝑚𝑎
† 𝑈𝑎𝑛⟨𝑛 ∣ 𝑙⟩

 = 𝑈𝑗𝑎
† 𝑈𝑎𝑙 ≡ (𝑃̂𝑎

(H)
)

𝑗𝑙
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𝑃̂𝛼(W) ≡ 𝜕𝛼𝑃̂(W) 

(𝑃̂𝑎
𝛼(W)

)
𝑗𝑙

= ⟨𝑗|𝑃̂𝑎
𝛼|𝑙⟩  

 = (𝑃̂𝑎
𝛼(H)

− 𝑖𝐴𝛼𝑃̂𝑎
(H)

+ 𝑖𝑃̂𝑎
(H)

𝐴𝛼)
𝑗𝑙

 ≠ (𝑃̂𝑎
𝛼(H)

)
𝑗𝑙

 

𝐴𝑗𝑙
𝛼(𝒌) = ⟨𝑗, 𝒌 ∣ 𝑖𝜕𝛼𝑙, 𝒌⟩ = ∑  

𝑹

𝑒𝑖𝒌𝑹⟨𝑗, 𝟎|𝑟̂𝛼|𝑙, 𝑹⟩ 

𝜕𝛼𝑃̂𝑎
(H)

≡ 𝑃̂𝑎
𝛼(H)

 

 

(𝑃̂𝑎
𝛼𝛽(H)

)
𝑗𝑙

= ⟨𝑗|𝑃̂𝑎
𝛼𝛽

|𝑙⟩

=(
1

2
𝑃̂𝑎

𝛼𝛽(H)
+ 𝑖𝑃̂𝑎

𝛽(H)
𝐴𝛼 − 𝑖𝐴𝛼𝑃̂𝑎

𝛽(H)
+ 𝐴𝛼𝑃̂𝑎

(H)
𝐴𝛽)

𝑗𝑙

− (
1

2
𝐷†,𝛼𝛽𝑃̂𝑎

(H)
+

1

2
𝑃̂𝑎

(H)
𝐷𝛼𝛽)

𝑗𝑙
+ (𝛼 ↔ 𝛽)  

 ≠ (𝑃̂𝑎
𝛼𝛽(H)

)
𝑗𝑙

 

𝐷𝑗𝑙
𝛼𝛽

(𝒌) = −⟨𝜕𝛼𝜕𝛽𝑗, 𝒌 ∣ 𝑙, 𝒌⟩ = ∑  

𝑹

𝑒𝑖𝒌𝑹⟨𝑗, 𝟎|𝑟̂𝛼𝑟̂𝛽|𝑙, 𝑹⟩. 𝐷†,𝛼𝛽 

𝜕𝛼𝜕𝛽𝑃̂𝑎
(H)

≡ 𝑃̂𝑎
𝛼𝛽(H)

 

𝑃̂𝑏 (𝑃̂𝑎
𝛼𝑃̂𝑎

𝜇
𝑃̂𝑏

𝛽
)

(W)
⋆ 𝑃̂𝑎

𝛼(W)
⋆ (𝑃̂𝑎

𝜇
𝑃̂𝑏

𝛽
)

(W)
 

𝑄𝑎𝑏
𝛼𝛽

= Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑏

𝛽
]  

= Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑎𝑃̂𝑏

𝛽
]  

 = ∑  

𝑗𝑙𝑚𝑛

 (𝑃̂𝑏
(H)

)
𝑗𝑙

⟨𝑙|𝑃̂𝑎
𝛼|𝑚⟩ (𝑃̂𝑎

(H)
)

𝑚𝑛
⟨𝑛|𝑃̂𝑏

𝛽
|𝑗⟩

 = Tr [𝑃̂𝑏
(H)

𝑃̂𝑎
𝛼(W)

𝑃̂𝑎
(H)

𝑃̂𝑏
𝛽(W)

] .

 

𝑘′ ∈ (𝑘 − 𝑑𝑘, 𝑘 + 𝑑𝑘) 

𝜕𝑃̂𝑎1
(𝑘) ≃ (𝑃̂𝑎1

(𝑘 + 𝑑𝑘) − 𝑃̂𝑎1
(𝑘 − 𝑑𝑘))/2𝑑𝑘 
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𝑎 = {𝑎1, … , 𝑎𝑁𝑠
} and 𝑏 = {𝑏1, … , 𝑏𝑀𝑠

} 

𝑃̂𝑎 = ∑  
𝑁𝑠
𝑎𝑠

𝑃̂𝑎𝑠
 and 𝑃̂𝑏 = ∑  

𝑀𝑠
𝑏𝑠

𝑃̂𝑏𝑠
, and compute 𝐶𝑎𝑏

𝜇;𝛼𝛽
(𝑘) 

𝐶𝑎𝑏
𝜇;𝛼𝛽

(𝑘)/(𝑁𝑠𝑀𝑠) 

tensor components 𝜎sh
𝑦𝑦𝑦

, 𝜎sh
𝑦𝑥𝑥

, and 𝜎sh
𝑥𝑥𝑦

= 𝜎sh
𝑥𝑦𝑥

 

𝑟𝑎𝑏;𝜇
𝛼 = 𝜕𝜇𝑟𝑎𝑏

𝛼 − 𝑖 (𝑟𝑎𝑎
𝛽

− 𝑟𝑏𝑏
𝛽

) 𝑟𝑎𝑏
𝛼  

𝑟𝑎𝑏;𝜇
𝛼 =

𝑖

𝜀𝑎𝑏
[
𝑣𝑎𝑏

𝛼 Δ𝑎𝑏
𝛽

+ 𝑣𝑎𝑏
𝛽

Δ𝑎𝑏
𝛼

𝜀𝑎𝑏
− 𝑤𝑎𝑏

𝛼𝛽

+ ∑  

𝑁wan 

𝑐≠𝑎,𝑏

 (
𝑣𝑎𝑐

𝛼 𝑣𝑐𝑏
𝛽

𝜀𝑐𝑏
−

𝑣𝑎𝑐
𝛽

𝑣𝑐𝑏
𝛼

𝜀𝑎𝑐
)] .

 

𝑣𝑎𝑏
𝛼 = ⟨𝑎|𝜕𝛼𝐻̂|𝑏⟩ 

𝑤𝑎𝑏
𝛼𝛽

= ⟨𝑎|𝜕𝛼𝜕𝛽𝐻̂|𝑏⟩ 
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Figuras anteriores. Fluctuaciones de masa/energía de una partícula pesada. 

 −𝜕𝑞𝜇
𝑊𝑏𝑎(𝒌, 𝒒, 𝑟𝛼 , 𝛽𝛽)

 = −𝜕𝑞𝜇
[𝑀𝑏𝑏

𝒌;𝑞𝜇𝑟𝑏𝑎
𝛼 (𝒌 + 𝑞𝜇) (𝑀𝑎𝑎

𝒌;𝑞𝜇)
∗

𝑟𝑎𝑏
𝛼 (𝒌)] ,

 

𝑀𝑏𝑏

𝒌;𝑞𝜇 = ⟨𝑏, 𝒌 ∣ 𝑏, 𝒌 + 𝑞𝜇⟩ 

𝑟𝑎𝑏
𝛼 = 𝑖𝑣𝑎𝑏

𝛼 /𝜀𝑏𝑎 

−𝜕𝑞𝜇
𝑊𝑏𝑎(𝒌, 𝒒, 𝑟𝛼 , 𝛽𝛽)  

 = Tr [𝜕𝜇 (
𝑃̂𝑏(𝜕𝛼𝐻̂)𝑃̂𝑎

𝜀𝑎𝑏
)

𝑃̂𝑎(𝜕𝛽𝐻̂)𝑃̂𝑏

𝜀𝑏𝑎
]

 = Tr [𝜕𝜇(𝑃̂𝑏𝑃̂𝑎
𝛼)𝑃̂𝑎𝑃̂𝑏

𝛽
]

 = Tr [𝑃̂𝑎𝑃̂𝑏
𝛽
(𝑃̂𝑎

𝜇𝛼
+ 𝑃̂𝑏

𝜇
𝑃̂𝑎

𝛼)] = 𝐶𝑏𝑎
𝜇,𝛼𝛽

.

 



pág. 10520 

 

Figura anterior: Ondas que se desplazan a través del espacio cuántico deformado, por colapso o 

aniquilación de dos o más partículas pesadas y/o ligeras. 

 

𝐺(1) = ∫  𝑑𝜔′𝐺𝑎(𝜔′) = 𝑓𝑎

𝐺(2)(Ω) = ∫  𝑑𝜔′𝐺𝑎(𝜔′)𝐺𝑏(𝜔′ + Ω) = 𝑓𝑎𝑏𝑑𝑎𝑏
Ω

𝐺(3)(Ω1, Ω2) = ∫  𝑑𝜔′𝐺𝑎(𝜔′)𝐺𝑏(𝜔′ + Ω1)𝐺𝑐(𝜔′ + Ω1 + Ω2) = 𝑓𝑎𝑑𝑎𝑏
Ω1𝑑𝑎𝑐

Ω12 − 𝑓𝑏𝑑𝑎𝑏
Ω1𝑑𝑏𝑐

Ω2 + 𝑓𝑐𝑑𝑎𝑐
Ω12𝑑𝑏𝑐

Ω2

 

𝐺(2): Ω ∈ {𝜔, −𝜔, 0},

𝐺(3): {Ω1, Ω2} ∈ {{𝜔, −𝜔}, {−𝜔, 𝜔}}.
 

𝐺𝑎=𝑐
(3)

(Ω, −Ω) = 𝑓𝑎𝑑𝑎𝑏
Ω1𝑑𝑎𝑐

0 − 𝑓𝑏𝑑𝑎𝑏
Ω1𝑑𝑏𝑐

Ω2 + 𝑓𝑐𝑑𝑎𝑐
Ω0𝑑𝑏𝑐

Ω2 = −
2𝜋𝑓𝑎𝑏

𝛾
𝛿𝑎𝑏

Ω  (Ω ∈ {𝜔, −𝜔}).  
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𝐺(2)(Ω) = 𝑓𝑎𝑏𝑑𝑎𝑏
Ω  (Ω ∈ {𝜔, −𝜔})

𝐺𝑎≠𝑐
(3)

(Ω, −Ω) =
1

𝜀𝑎𝑐
(𝑓𝑎𝑏𝑑𝑎𝑏

Ω − 𝑓𝑏𝑐𝑑𝑏𝑐
Ω ) (Ω ∈ {𝜔, −𝜔})

 

𝑉𝑎𝑏
𝜇𝛼𝛽, inj 

=
𝑒3

ℏ3𝜔2
Tr[𝑃̂𝑎(𝜕𝜇𝐻̂)𝑃̂𝑎(𝜕𝛽𝐻̂)𝑃̂𝑏(𝜕𝛼𝐻̂)𝑃̂𝑎] = −

𝑒3𝜀𝑎𝑏
2

ℏ3𝜔2 (𝜕𝜇𝜀𝑎)Tr [𝑃̂𝑎𝑃̂𝑏
𝛽
𝑃̂𝑎

𝛼] = −
𝑒3𝜀𝑎𝑏

2

ℏ3𝜔2 (𝜕𝜇𝜀𝑎)𝑄𝑏𝑎
𝛽𝛼 

𝑄𝑏𝑎
𝛽𝛼

≡ Tr [𝑃̂𝑎𝑃̂𝑏
𝛽
𝑃̂𝑎

𝛼] 

𝜎inj
𝜇𝛼𝛽

=
𝑒3

ℏ3𝜔2
∫  [𝑑𝒌] ∑  

𝑎,𝑏

  𝜀𝑎𝑏
2 (𝜕𝜇𝜀𝑎)𝑄𝑏𝑎

𝛽𝛼 2𝜋𝑓𝑎𝑏

𝛾
𝛿𝑎𝑏

𝜔 + [(𝛼, 𝛽, 𝜔) ↔ (𝛽, 𝛼, −𝜔)] 

 = −
2𝜋𝑒3

𝛾
∫  [𝑑𝒌] ∑  

𝑎,𝑏

 𝑓𝑎𝑏Δ𝑎𝑏
𝜇

𝑄𝑎𝑏
𝛼𝛽

𝛿𝑎𝑏
𝜔

 

Δ𝑎𝑏
𝜇

= 𝜕𝜇𝜀𝑎𝑏 

𝑉𝑎𝑏,𝑎≠𝑏
𝜇𝛼𝛽,sh(2)

=
𝑒3

ℏ3𝜔2
Tr[𝑃̂𝑏(𝜕𝛼𝐻̂)𝑃̂𝑎(𝜕𝜇𝜕𝛽𝐻̂)𝑃̂𝑏]

𝑉𝑎𝑏𝑐,𝑐≠𝑎
𝜇𝛼𝛽,sh(3)

=
𝑒3

ℏ3𝜔2
Tr[𝑃̂𝑏(𝜕𝛼𝐻̂)𝑃̂𝑎(𝜕𝜇𝐻̂)𝑃̂𝑐(𝜕𝛽𝐻̂)𝑃̂𝑏]

 

𝑉𝑎𝑏,𝑎≠𝑏
𝜇𝛼𝛽,sh(2)

=
𝑒3

ℏ3𝜔2 {−𝜀𝑎𝑏
2 Tr [𝑃̂𝑏𝑃̂𝑎

𝛼 (𝑃̂𝑏
𝜇𝛽

+ 𝑃̂𝑎
𝜇
𝑃̂𝑏

𝛽
)] + 𝜀𝑎𝑏𝜕𝜇𝜀𝑏𝑎Tr [𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑏
𝛽
] + 𝜀𝑎𝑏𝜕𝛽𝜀𝑏𝑎Tr[𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑏
𝜇
]

+ ∑  

𝑐≠𝑎≠𝑏

  𝜀𝑎𝑏𝜀𝑎𝑐Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑐

𝛽
𝑃̂𝑏

𝜇
] − ∑  

𝑐≠𝑎≠𝑏

  𝜀𝑎𝑏𝜀𝑐𝑏Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑐

𝜇
𝑃̂𝑏

𝛽
]}

𝑉𝑎𝑏𝑐,𝑐≠𝑎
𝜇𝛼𝛽,sh(3)

=
𝑒3

ℏ3𝜔2 {−𝛿𝑎𝑏𝜀𝑎𝑐
2 𝜕𝛼𝜀𝑎Tr [𝑃̂𝑎𝑃̂𝑐

𝜇
𝑃̂𝑎

𝛽
] − 𝛿𝑏𝑐𝜀𝑎𝑏

2 𝜕𝛽𝜀𝑏Tr[𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑏

𝜇
]

+(1 − 𝛿𝑎𝑐)(1 − 𝛿𝑏𝑐)𝜀𝑎𝑏𝜀𝑐𝑎𝜀𝑏𝑐Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑐

𝜇
𝑃̂𝑏

𝛽
]}

 

𝜎sh

𝜇𝛼𝛽(2′)
=

𝑒3

ℏ3𝜔2
∫  [𝑑𝒌] ∑  

𝑎𝑏

 𝑓𝑎𝑏𝑑𝑎𝑏
𝜔 {𝜀𝑎𝑏𝜕𝛽𝜀𝑏𝑎Tr[𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑏
𝜇
] + ∑  

𝑐≠𝑎≠𝑏

  𝜀𝑎𝑏𝜀𝑎𝑐Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑐

𝛽
𝑃̂𝑏

𝜇
]

− ∑  

𝑐≠𝑎≠𝑏

 𝜀𝑎𝑏𝜀𝑐𝑏Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑐

𝜇
𝑃̂𝑏

𝛽
]} + [(𝛼, 𝛽, 𝜔) ↔ (𝛽, 𝛼, −𝜔)]

𝜎sh
𝜇𝛼𝛽(3)

=
𝑒3

ℏ3𝜔2
∫  [𝑑𝒌] ∑  

𝑎𝑏𝑐,𝑎≠𝑐

  (
𝑓𝑎𝑏

𝜀𝑎𝑐
𝑑𝑎𝑏

𝜔 −
𝑓𝑏𝑐

𝜀𝑎𝑐
𝑑𝑏𝑐

−𝜔) {−𝛿𝑎𝑏𝜀𝑎𝑐
2 𝜕𝛼𝜀𝑎Tr [𝑃̂𝑎𝑃̂𝑐

𝜇
𝑃̂𝑎

𝛽
]

−𝛿𝑏𝑐𝜀𝑎𝑏
2 𝜕𝛽𝜀𝑏Tr[𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑏
𝜇
] + (1 − 𝛿𝑎𝑐)(1 − 𝛿𝑏𝑐)𝜀𝑎𝑏𝜀𝑐𝑎𝜀𝑏𝑐Tr [𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑐
𝜇
𝑃̂𝑏

𝛽
]}

 +[(𝛼, 𝛽, 𝜔) ↔ (𝛽, 𝛼, −𝜔)]
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𝜎sh
𝜇𝛼𝛽(3)

=
𝑒3

ℏ3𝜔2
∫  [𝑑𝒌] ∑  

𝑎≠𝑏≠𝑐

  (𝑓𝑏𝑐𝑑𝑏𝑐
−𝜔 − 𝑓𝑎𝑏𝑑𝑎𝑏

𝜔 )𝜀𝑎𝑏𝜀𝑏𝑐Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑐

𝜇
𝑃̂𝑏

𝛽
]

+ ∑  

𝑎𝑐,𝑎≠𝑐

 𝑓𝑎𝑐𝑑𝑎𝑐
−𝜔𝜀𝑎𝑐𝜕𝛼𝜀𝑎Tr [𝑃̂𝑎𝑃̂𝑐

𝜇
𝑃̂𝑎

𝛽
] − ∑  

𝑎𝑏,𝑎≠𝑏

𝑓
𝑎𝑏

𝑑𝑎𝑏
𝜔 𝜀𝑎𝑏𝜕𝜀𝑏Tr[𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑏
𝜇
]   

+[(𝛼, 𝛽, 𝜔) ↔ (𝛽, 𝛼, −𝜔)]  

= −
𝑒3

ℏ3𝜔2
∫  [𝑑𝒌] ∑  

𝑎𝑏

 𝑓𝑎𝑏𝑑𝑎𝑏
𝜔 {𝜀𝑎𝑏𝜕𝛽𝜀𝑏𝑎Tr[𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑏
𝜇
] + ∑  

𝑐≠𝑎≠𝑏

  𝜀𝑎𝑏𝜀𝑎𝑐Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑐

𝛽
𝑃̂𝑏

𝜇
]

− ∑  

𝑐≠𝑎≠𝑏

  𝜀𝑎𝑏𝜀𝑐𝑏Tr [𝑃̂𝑏𝑃̂𝑎
𝛼𝑃̂𝑐

𝜇
𝑃̂𝑏

𝛽
]} + [(𝛼, 𝛽, 𝜔) ↔ (𝛽, 𝛼, −𝜔)]

= −𝜎sh

𝜇𝛼𝛽(2′)

 

𝑑𝑎𝑏
𝜔 → −𝑖𝜋𝛿𝑎𝑏

𝜔  

𝜎sh
𝜇𝛼𝛽

=𝑖𝜋
𝑒3

ℏ3𝜔2
∫  [𝑑𝒌] ∑  

𝑎𝑏

 𝑓𝑎𝑏𝛿𝑎𝑏
𝜔 𝜀𝑎𝑏

2 Tr [𝑃̂𝑏𝑃̂𝑎
𝛼 (𝑃̂𝑏

𝜇𝛽
+ 𝑃̂𝑎

𝜇
𝑃̂𝑏

𝛽
)]

−𝑓𝑎𝑏𝛿𝑎𝑏
𝜔 𝜀𝑎𝑏𝜕𝜇𝜀𝑏𝑎Tr [𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑏
𝛽
] + [(𝛼, 𝛽, 𝜔) ↔ (𝛽, 𝛼, −𝜔)]  

=
𝑖𝜋𝑒3

ℏ2
∫  [𝑑𝒌] ∑  

𝑎𝑏

 𝑓𝑎𝑏𝛿𝑎𝑏
𝜔 (𝐶𝑎𝑏

𝜇;𝛼𝛽
− 𝐶𝑏𝑎

𝜇;𝛼𝛽
) −

𝑓𝑎𝑏

𝜀𝑎𝑏
𝛿𝑎𝑏

𝜔 (𝜕𝜇𝜀𝑏𝑎 − 𝜕𝜇𝜀𝑏𝑎)𝑄𝑎𝑏
𝛼𝛽

=
𝑖𝜋𝑒3

ℏ2
∫  [𝑑𝒌] ∑  

𝑎𝑏

 𝑓𝑎𝑏𝛿𝑎𝑏
𝜔 (𝐶𝑎𝑏

𝜇;𝛼𝛽
− 𝐶𝑏𝑎

𝜇;𝛼𝛽
)

 

𝐶𝑎𝑏
𝜇;𝛼𝛽

= Tr [𝑃̂𝑏𝑃̂𝑎
𝛼 (𝑃̂𝑏

𝜇𝛽
+ 𝑃̂𝑎

𝜇
𝑃̂𝑏

𝛽
)] 

𝜎sh,LPL
𝜇𝛼𝛽

= Re [𝜎sh
𝜇𝛼𝛽

] =
𝜋𝑒3

ℏ2
∫  [𝑑𝒌] ∑  

𝑎𝑏

 𝑓𝑎𝑏𝛿𝑎𝑏
𝜔 Im𝐶[𝑎𝑏]

𝜇;(𝛼𝛽)
 

𝐶[𝑎𝑏]
𝜇;(𝛼𝛽)

= (𝐶𝑎𝑏
𝜇;𝛼𝛽

+ 𝐶𝑎𝑏
𝜇;𝛽𝛼

− 𝐶𝑏𝑎
𝜇;𝛼𝛽

− 𝐶𝑏𝑎
𝜇;𝛽𝛼

) /4 

(𝑃𝑛
𝛼(W)

)
𝑖𝑗

= ⟨𝑖|𝜕𝛼(|𝑢𝑛⟩⟨𝑢𝑛|)|𝑖⟩  

= ∑  

𝑙,𝑚

 𝜕𝛼(𝑈𝑙𝑛
† 𝑈𝑛𝑚)⟨𝑖 ∣ 𝑙⟩⟨𝑚 ∣ 𝑗⟩ + (𝑈𝑙𝑛

† 𝑈𝑛𝑚)⟨𝑖 ∣ 𝑙⟩⟨𝑚 ∣ 𝜕𝛼𝑗⟩ + 𝜕𝛼(𝑈𝑙𝑛𝑈𝑛𝑚
† )⟨𝑖 ∣ 𝑙⟩⟨𝜕𝛼𝑚 ∣ 𝑗⟩ 

 = (𝑃𝑛
𝛼(H)

)
𝑖𝑗

+ ∑  

𝑙

  (𝑃𝑛
(H)

)
𝑙𝑗

⟨𝑖 ∣ 𝜕𝛼𝑙⟩ − ∑  

𝑚

  (𝑃𝑛
(H)

)
𝑖𝑚

⟨𝑚 ∣ 𝜕𝛼𝑗⟩

 = (𝑃𝑛
𝛼(H)

)
𝑖𝑗

− ∑  

𝑙

 𝑖 (𝑃𝑛
(H)

)
𝑙𝑗

𝐴𝑖𝑙
𝛼 + ∑  

𝑚

 𝑖 (𝑃𝑛
(H)

)
𝑖𝑚

𝐴𝑚𝑗
𝛼

 ≠ (𝑃𝑛
𝛼(H)

)
𝑖𝑗

 

𝐴𝑚𝑗
𝛼 (𝒌) = ⟨𝑚 ∣ 𝑖𝜕𝛼𝑗⟩ = ∑  

𝑹

𝑒𝑖𝒌𝑹⟨𝟎𝑚|𝑟𝛼̂|𝑹𝑗⟩ 
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𝜕𝛼𝜕𝛽𝑃𝑛
(W)

≡ 𝑃𝑛
𝛼𝛽(W)

 

(𝑃𝑛
𝛼𝛽(W)

)
𝑖𝑗

=⟨𝑖|𝜕𝛼𝜕𝛽(|𝑛⟩⟨𝑛|)|𝑗⟩  

=∑  

𝑙,𝑚

  ⟨𝑖|(𝜕𝛼𝜕𝛽𝑈𝑙𝑛
† 𝑈𝑛𝑚|𝑙⟩⟨𝑚|)|𝑗⟩  

=∑  

𝑙,𝑚

  ⟨𝑖| [(𝑃𝑛
𝛼𝛽(H)

)
𝑙𝑚

|𝑙⟩⟨𝑚| + (𝑃𝑛
𝛽(H)

)
𝑙𝑚

|𝜕𝛼𝑙⟩⟨𝑚| + (𝑃𝑛
𝛽(H)

)
𝑙𝑚

|𝑙⟩⟨𝜕𝛼𝑚|  

+ (𝑃𝑛
𝛼(H)

)
𝑙𝑚

|𝜕𝛽𝑙⟩⟨𝑚| + (𝑃𝑛
(H)

)
𝑙𝑚

|𝜕𝛼𝜕𝛽𝑙⟩⟨𝑚| + (𝑃𝑛
(H)

)
𝑙𝑚

|𝜕𝛽𝑙⟩⟨𝜕𝛼𝑚|  

+ (𝑃𝑛
𝛼(H)

)
𝑙𝑚

|𝑙⟩⟨𝜕𝛽𝑚| + (𝑃𝑛
(H)

)
𝑙𝑚

|𝜕𝛼𝑙⟩⟨𝜕𝛽𝑚| + (𝑃𝑛
(H)

)
𝑙𝑚

|𝑙⟩⟨𝜕𝛼𝜕𝛽𝑚|] |𝑗⟩

=(𝑃𝑛
𝛼𝛽(H)

)
𝑖𝑗

+ ∑  

𝑙

  [−𝑖 (𝑃𝑛
𝛽(H)

)
𝑙𝑗

𝐴𝑖𝑙
𝛼 − 𝑖 (𝑃𝑛

𝛼(H)
)

𝑙𝑗
𝐴𝑖𝑙

𝛽
− (𝑃𝑛

(H)
)

𝑙𝑗
𝐷𝑖𝑙

†,𝛼𝛽
]

 + ∑  

𝑚

  [𝑖 (𝑃𝑛
𝛽(H)

)
𝑖𝑚

𝐴𝑚𝑗
𝛼 + 𝑖 (𝑃𝑛

𝛼(H)
)

𝑖𝑚
𝐴𝑚𝑗

𝛽
− (𝑃𝑛

(H)
)

𝑖𝑚
𝐷𝑚𝑗

𝛼𝛽
]

 + ∑  

𝑙,𝑚

  [(𝑃𝑛
(H)

)
𝑙𝑚

𝐴𝑖𝑙
𝛼𝐴𝑚𝑗

𝛽
+ (𝑃𝑛

(H)
)

𝑙𝑚
𝐴𝑖𝑙

𝛽
𝐴𝑚𝑗

𝛼 ]

≠(𝑃𝑛
𝛼𝛽(H)

)
𝑖𝑗

,

 

𝐷𝑖𝑗
𝛼𝛽

= −⟨𝜕𝛼𝜕𝛽𝑖 ∣ 𝑗⟩ = ∑  

(𝑃̂𝑚
𝛼 𝑃̂𝑛

𝛽
)

(W)

𝑒𝑖𝒌𝑹⟨𝟎𝑖|𝑟̂𝛼𝑟̂𝛽|𝑹𝑗⟩ 

⟨𝑖| (𝑃̂𝑚
𝛼𝑃̂𝑛

𝛽
)

(W)
|𝑗⟩  

= ∑  

𝑙,𝑚,𝑝,𝑞

  ⟨𝑖|𝜕𝛼 (|𝑙⟩ (𝑃̂𝑎
(H)

)
𝑙𝑚

⟨𝑚|) 𝜕𝛽 (|𝑝⟩ (𝑃̂𝑏
(H)

)
𝑝𝑞

⟨𝑞|) |𝑗⟩  

= ∑  

𝑙

 (𝑃̂𝑎
𝛼(H)

)
𝑖𝑙

(𝑃̂𝑏
𝛽(H)

)
𝑙𝑗

+ 𝑖 ∑  

𝑙𝑚

  [(𝑃̂𝑎
𝛼(H)

)
𝑖𝑙

𝐴𝑙𝑚
𝛽

(𝑃̂𝑏
(H)

)
𝑚𝑗

− (𝑃̂𝑎
𝛼(H)

)
𝑖𝑙

(𝑃̂𝑏
(H)

)
𝑙𝑚

𝐴𝑚𝑗
𝛽

−𝐴𝑖𝑙
𝛼 (𝑃̂𝑎

(H)
)

𝑙𝑚
(𝑃̂𝑏

𝛽(H)
)

𝑚𝑗
+ (𝑃̂𝑎

(H)
)

𝑖𝑙
𝐴𝑙𝑚

𝛼 (𝑃̂𝑏
𝛽(H)

)
𝑚𝑗

]

 + ∑  

𝑙𝑚𝑛

  [𝐴𝑖𝑙
𝛼 (𝑃̂𝑎

(H)
)

𝑙𝑚
(𝑃̂𝑏

(H)
)

𝑚𝑛
𝐴𝑛𝑗

𝛽
− 𝐴𝑖𝑙

𝛼 (𝑃̂𝑎
(H)

)
𝑙𝑚

𝐴𝑚𝑛
𝛽

(𝑃̂𝑏
(H)

)
𝑛𝑗

− (𝑃̂𝑎
(H)

)
𝑖𝑙

𝐴𝑙𝑚
𝛼 (𝑃̂𝑏

(H)
)

𝑚𝑛
𝐴𝑛𝑗

𝛽
+ (𝑃̂𝑎

(H)
)

𝑖𝑙
𝐷𝑙𝑚

𝛼𝛽′

(𝑃̂𝑏
(H)

)
𝑚𝑗

]

 

𝐷𝑙𝑚
𝛼𝛽′

= ⟨𝜕𝛼𝑙 ∣ 𝜕𝛽𝑚⟩ = ∑  𝑹 𝑒𝑖𝒌𝑹⟨𝟎𝑙|𝑟̂𝛼(𝑟̂𝛽 − 𝑅𝛽)|𝑹𝑚⟩. 
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𝐶𝑎𝑏
𝜇;𝛼𝛽

= Tr [𝑃̂𝑏𝑃̂𝑎
𝛼 (𝑃̂𝑏

𝜇𝛽
+ 𝑃̂𝑎

𝜇
𝑃̂𝑏

𝛽
)] = Tr [𝑃̂𝑏𝑃̂𝑎

𝛼𝑃̂𝑎 (𝑃̂𝑏
𝜇𝛽

+ 𝑃̂𝑎
𝜇
𝑃̂𝑏

𝛽
)]  

 = ∑  

𝑗𝑙𝑚𝑛

 (𝑃̂𝑎
(H)

)
𝑗𝑙

⟨𝑙|𝑃̂𝑎
𝛼|𝑚⟩ (𝑃̂𝑏

(H)
)

𝑚𝑛
(⟨𝑛|𝑃̂𝑏

𝜇𝛽
|𝑗⟩ + ⟨𝑛|𝑃̂𝑏

𝜇
𝑃̂𝑏

𝛼|𝑗⟩)

 = Tr {𝑃̂𝑏
(H)

𝑃̂𝑎
𝛼(W)

𝑃̂𝑎
(H)

[𝑃̂𝑏
𝜇𝛽(W)

+ (𝑃̂𝑎
𝜇
𝑃̂𝑏

𝛽
)

(W)
]} ,

𝑇𝑎𝑏𝑐
𝜇𝛼𝛽

 = Tr [𝑃̂𝑐𝑃̂𝑎
𝜇
𝑃̂𝑏

𝛼𝑃̂𝑐
𝛽
] = Tr [𝑃̂𝑐𝑃̂𝑎

𝜇
𝑃̂𝑎𝑃̂𝑏

𝛼𝑃̂𝑏𝑃̂𝑐
𝛽
𝑃̂𝑐]

 = ∑  

𝑗𝑙𝑚𝑛𝑜𝑝

  (𝑃̂𝑐
(H)

)
𝑗𝑙

⟨𝑙|𝑃̂𝑎
𝜇

|𝑚⟩(𝑃̂𝑎
(H)

)
𝑚𝑛

⟨𝑛|𝑃̂𝑏
𝛼|𝑜⟩(𝑃̂𝑏

(H)
)

𝑜𝑝
⟨𝑝|𝑃̂𝑐

𝛽
|𝑗⟩

 = Tr [𝑃̂𝑐
(H)

𝑃̂𝑎
𝜇(W)

𝑃̂𝑎
(H)

𝑃̂𝑏
𝛼(W)

𝑃̂𝑏
(H)

𝑃̂𝑐
𝛽(W)

] .

 

𝑍𝑀({𝑥𝑖} ∣ {𝑦𝑖}) ∝ det1≤𝑖,𝑗≤𝑀 [

𝑐2𝑎(𝑥𝑖𝑦𝑗)𝑎 (
1

𝑥𝑖𝑦𝑗
) 𝐹LU(𝑥𝑖)𝐹

DR(𝑦𝑗)

(
𝑥𝑗

𝑦𝑖
−

𝑦𝑖
𝑥𝑗

) 𝑊(𝑥𝑖, 𝑦𝑗)
] 

Δ = 1 +
1

2
(−1 ± 2√(𝑆 +

1

2
)

2

− 4𝜋4𝜉2) 

 

 

 

𝑍(𝑎, 𝑏, 𝑐, 𝑑) = ∑  

Ω∈Γ(Λ)

𝑎𝑛𝑎𝑏𝑛𝑏𝑐𝑛𝑐𝑑𝑛𝑑 
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𝑏(𝑦/𝑥)𝑎(𝑧/𝑥)𝑐(𝑦/𝑧) + 𝑑(𝑦/𝑥)𝑑(𝑧/𝑥)𝑏(𝑦/𝑧) = 𝑎(𝑦/𝑥)𝑏(𝑧/𝑥)𝑐(𝑦/𝑧) + 𝑐(𝑦/𝑥)𝑐(𝑧/𝑥)𝑏(𝑦/𝑧) 

𝐻(𝑢) = 𝜗1 (
𝑢

√𝜗3

|  𝑞)   and  Θ(𝑢) = 𝜗4 (
𝑢

√𝜗3

|  𝑞) 

𝐻(𝑢 − 𝑣)𝐻(𝑢 + 𝑣)Θ(0)2 = 𝐻(𝑢)2Θ(𝑣)2 − Θ(𝑢)2𝐻(𝑣)2

Θ(𝑢 − 𝑣)Θ(𝑢 + 𝑣)Θ(0)2 = Θ(𝑢)2Θ(𝑣)2 − 𝐻(𝑢)2𝐻(𝑣)2 

sn(𝑢) =
1

√𝑘
⋅
𝐻(𝑢)

Θ(𝑢)
  with  𝑘: =

𝜗2
2

𝜗3
2 

𝑎 = −i𝜌 ⋅ Θ(i𝜂)𝐻(i(𝜂 − 𝑢))Θ(i𝑢), 𝑐 = −i𝜌 ⋅ 𝐻(i𝜂)Θ(i(𝜂 − 𝑢))Θ(i𝑢),
𝑏 = −i𝜌 ⋅ Θ(i𝜂)Θ(i(𝜂 − 𝑢))𝐻(i𝑢), 𝑑 = i𝜌 ⋅ 𝐻(i𝜂)𝐻(i(𝜂 − 𝑢))𝐻(i𝑢).

 

[𝑎: 𝑏: 𝑐: 𝑑] = [isn(i(𝜂 − 𝑢)): isn(i𝑢): isn(i𝜂): −i𝑘 ⋅ sn(i𝜂)sn(i𝑢)sn(i(𝜂 − 𝑢))] 
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𝑤(𝑥): = − i𝜌 ⋅ Θ(0)Θ(i(𝜂 + 𝑢))𝐻(i(𝜂 + 𝑢)) →
𝑑=0 

𝑎(𝑥)|
𝑑=0

= 𝑝𝑥 − 𝑝−1𝑥−1 

 

𝑍𝑀𝑁(𝑎, 𝑏, 𝑐, 𝑑) = tr[𝑇𝑁(𝑧)𝑀] = ∑  

𝑖

Λ𝑁,𝑖(𝑧)𝑀 
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=

=

=

=

= =  

𝜅(𝑢) = 𝑐 ⋅
Γ(1) (p

1
2| 𝑞2) Γ(1)(𝑞 ∣ 𝑞2)

Γ(1) (p
1
2x−1| 𝑞2) Γ(1)(x ∣ 𝑞2)

Γ(2)(px−1 ∣ 𝑞, p)Γ(2) (p
1
2x|  𝑞, p)

Γ(2) (p
1
2x−1|  𝑞, p) Γ(2)(x ∣ 𝑞, p)
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x = e
−

2𝑢

√𝜗3   and  p = e
−

4𝜂

√𝜗3 

 

 

 

=

=
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=

=

=

  

𝑊(𝑥, 𝑦) ≔ 𝑎(𝑥𝑦)𝑎 (
1

𝑥𝑦
) 𝑎 (

𝑥

𝑦
) 𝑎 (

𝑦

𝑥
) 
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𝑍𝑀({𝑥𝑖} ∣ {𝑦𝑖}) =

∏  𝑀
𝑖,𝑗=1   (

𝑥𝑖
𝑦𝑗

−
𝑦𝑗

𝑥𝑖
) 𝑊(𝑥𝑖 , 𝑦𝑗)

∏  1≤𝑖<𝑗≤𝑀   (
𝑥𝑗

𝑥𝑖
−

𝑥𝑖
𝑥𝑗

) (
𝑦𝑖
𝑦𝑗

−
𝑦𝑗

𝑦𝑖
)

⋅ det1≤𝑖,𝑗≤𝑀 [

𝑐2𝑎(𝑥𝑖𝑦𝑗)𝑎 (
1

𝑥𝑖𝑦𝑗
) 𝐹LU(𝑥𝑖)𝐹

DR(𝑦𝑗)

(
𝑥𝑗

𝑦𝑖
−

𝑦𝑖
𝑥𝑗

) 𝑊(𝑥𝑖, 𝑦𝑗)
] 
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∫  d𝐷𝑥𝜙⧠𝜙∗, with ⧠: = 𝜕𝜇𝜕𝜇 

∫  d𝐷𝑥𝜙⧠𝜙∗ = ∫  d𝐷𝑥1 d𝐷𝑥2𝜙(𝑥1)𝛿(𝐷)(𝑥12)⧠2𝜙∗(𝑥2) 

𝑥𝑖𝑗: = 𝑥𝑖 − 𝑥𝑗 and ⧠𝑖: = 𝜕𝑖
𝜇
𝜕𝑖,𝜇 with 𝜕𝑖,𝜇 =

𝜕

𝜕𝑥
𝑖
𝜇 are used. 

∫  d𝐷𝑥𝜙⧠𝑣𝜙∗ 

𝐺𝑣(𝑥12) = ⟨𝜙(𝑥1)𝜙(𝑥2)∗⟩ 

∫  d𝐷𝑥2𝛿(𝐷)(𝑥12)⧠2
𝑣𝐺𝑣(𝑥23) = 𝛿(𝐷)(𝑥13). 

𝐺𝑣(𝑥) =
1

(2𝜋)𝐷/2
∫   d𝐷𝑝e−i𝑝𝑥𝐺̃𝑣(𝑝) 

𝛿(𝐷)(𝑥) = (2𝜋)−𝐷/2 ∫  𝑑𝐷𝑝e−i𝑝𝑥 

(−𝑝2)𝑣𝐺̃𝑣(𝑝) = 1, which is equivalent to 𝐺̃𝑣(𝑝) = (−𝑝2)−𝑣 

𝐺𝑣(𝑥) =
1

(2𝜋)𝐷/2
∫   d𝐷𝑝e−i𝑝𝑥 [

−1

𝑝2 ]
𝑣

= −(−1)𝑣2𝐷/2−2𝑣
Γ (

𝐷
2 − 𝑣)

Γ(𝑣)

1

[𝑥2]𝐷/2−𝑣
. 
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𝑎ℓ(𝑣): =
Γ (

𝐷
2

− 𝑣 + ℓ)

Γ(𝑣 + ℓ)
, 

𝑐ℓ(𝑣): = −(−1)𝑣2𝐷/2−2𝑣𝑎ℓ(𝑣) 

 

𝑟ℓ(𝑢1, 𝑢2, 𝑢3): = 𝜋
𝐷
2 ⋅ 𝑎0(𝑢1)𝑎ℓ(𝑢2)𝑎ℓ(𝑢3), 

∫  d𝐷𝑥0

1

[𝑥01
2 ]𝑢1

1

[𝑥02
2 ]𝑢2

1

[𝑥03
2 ]𝑢3

=
𝑢1+𝑢2+𝑢3=𝐷

𝑟0(𝑢1, 𝑢2, 𝑢3)
1

[𝑥12
2 ]

𝐷
2

−𝑢3

1

[𝑥13
2 ]

𝐷
2

−𝑢2

1

[𝑥23
2 ]

𝐷
2

−𝑢1

, 

 

lim
𝜀→0

 ∫   d𝐷𝑥0𝑊𝑢(𝑥10)𝑊𝐷−𝑢−𝜀(𝑥20) = 𝜋𝐷𝑎0(𝑢)𝑎0(𝐷 − 𝑢) ⋅ 𝛿(𝐷)(𝑥12) 
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=

=

=
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∫  d𝐷𝑥0𝑅𝑥0𝑦1

𝑥2𝑦3(𝑝12)𝑅𝑦2𝑥3

𝑦1𝑥0(𝑝13)𝑅𝑥1𝑦2

𝑥0𝑦3(𝑝23) = ∫  d𝐷𝑦0𝑅𝑦2𝑥3

𝑦0𝑥1(𝑝12)𝑅𝑥1𝑦0

𝑥2𝑦3(𝑝13)𝑅𝑦0𝑥3

𝑦1𝑥2(𝑝23), 
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𝑉Δ = L2(ℝ𝐷, (1 + 𝑥2)2Re(Δ)−𝐷 d𝐷𝑥) 
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⟶ ⟶

⟶ ⟶  

𝑟0(𝑝‾35, 𝑝‾13, 𝑝15)𝑟0(𝑝‾45, 𝑝‾24, 𝑝25)𝑟0(𝑝‾46, 𝑝‾14, 𝑝16) ⋅ 𝑟0(𝑝‾36, 𝑝‾23, 𝑝26)

𝑟0(𝑝‾45, 𝑝‾14, 𝑝15) ⋅ 𝑟0(𝑝‾35, 𝑝‾23, 𝑝25)𝑟0(𝑝‾36, 𝑝‾13, 𝑝16)𝑟0(𝑝‾46, 𝑝‾24, 𝑝26)
= 1 

 

−i ∫   d𝐷𝑥𝜓‾⧠𝑣𝜕‾𝜓 = ∫  d𝐷𝑥1 d𝐷𝑥2𝜓‾𝛼̇(𝑥1)[−i𝛿(𝐷)(𝑥12)𝜎‾𝜇,𝛼̇𝛼⧠2
𝑣𝜕2,𝜇]𝜓𝛼(𝑥2) 

𝑥𝛼𝛼̇ = 𝑥𝜇𝜎𝛼𝛼̇
𝜇

 and 𝑥‾ 𝛼̇𝛼 = 𝑥𝜇𝜎‾𝜇,𝛼̇𝛼 

𝐺𝑣,𝛼𝛽̇(𝑥12) = ⟨𝜓𝛼(𝑥1)𝜓‾𝛽̇(𝑥2)⟩ 

[−i𝜎‾𝜇,𝛼̇𝛼⧠𝑣𝜕𝜇]𝐺𝑣,𝛼𝛽̇(𝑥) = 𝛿(𝐷)(𝑥) ⋅ 𝛿𝛽̇
𝛼̇ 

𝜎‾𝜇,𝛼̇𝛼𝑝𝜇𝐺̃𝑣,𝛼𝛽̇(𝑝) = −(𝑝2)−𝑣𝛿𝛽̇
𝛼̇ 

𝐺̃𝑣,𝛼𝛽̇(𝑝) = −𝜎𝛼𝛽̇
𝜈 𝑝𝜈(𝑝2)−𝑣−1 

𝐺𝑣,𝛼𝛽̇(𝑥) = −i𝜎
𝛼𝛽̇

𝜇
𝜕𝜇𝐺𝑣+1(𝑥) = 𝑐ℓ (𝑣 +

1

2
) ⋅

𝑥𝛼𝛽̇

[𝑥2]
𝐷
2

−𝑣
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=  

=  
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=

=

=  

 

𝐶𝜇1⋯𝜇2ℓ
𝑊𝑢

ℓ,𝜇1⋯𝜇2ℓ(𝑥12) =
1

(−2)2ℓ

Γ(𝑢 − ℓ)

Γ(𝑢 + ℓ)
𝐶𝜇1⋯𝜇2ℓ

𝜕1
𝜇1 ⋯ 𝜕1

𝜇2ℓ𝑊𝑢−ℓ(𝑥12) 
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∫  d4𝑥 d2𝜃 d2𝜃‾Φ†⧠𝑣Φ = ∫  d4𝑥[𝜙† ◻1+𝑣 𝜙 − i𝜓‾𝜎‾𝜇⧠𝑣𝜕𝜇𝜓 + 𝐹†⧠𝑣𝐹] 

Φ = 𝜙(𝑥+) + √2𝜃𝜓(𝑥+) + 𝜃2𝐹(𝑥+) = ei𝜃𝜎𝜇𝜃‾ 𝜕𝜇[𝜙(𝑥) + √2𝜃𝜓(𝑥) + 𝜃2𝐹(𝑥)]

 = 𝜙(𝑥) + i𝜃𝜎𝜇𝜃‾𝜕𝜇𝜙(𝑥) +
1

4
𝜃2𝜃‾2⧠𝜙(𝑥) + √2𝜃𝜓(𝑥) −

i

2
𝜃2𝜕𝜇𝜓(𝑥)𝜎𝜇𝜃‾ + 𝜃2𝐹(𝑥)

Φ† = 𝜙†(𝑥−) + √2𝜃‾𝜓‾(𝑥−) + 𝜃‾2𝐹†(𝑥−) = e−i𝜃𝜎𝜇
𝜃‾𝜕𝜇[𝜙†(𝑥) + √2𝜃‾𝜓‾(𝑥) + 𝜃‾2𝐹†(𝑥)]

 = 𝜙†(𝑥) − i𝜃𝜎𝜇𝜃‾𝜕𝜇𝜙†(𝑥) +
1

4
𝜃2𝜃‾2⧠𝜙†(𝑥) − √2𝜃‾𝜓‾(𝑥) +

i

2
𝜃‾2𝜃𝜎𝜇𝜕𝜇𝜓‾(𝑥) + 𝜃‾2𝐹†(𝑥)

 

⟨Φ(𝑧1)Φ†(𝑧2)⟩ =ei𝜃1𝜎𝜇𝜃‾1𝜕1,𝜇−i𝜃2𝜎𝜇𝜃‾2𝜕2,𝜇

[⟨𝜙(𝑥1)𝜙†(𝑥2)⟩ + 2𝜃1
𝛼𝜃‾2

𝛼̇⟨𝜓𝛼(𝑥1)𝜓‾𝛼̇(𝑥2)⟩ + 𝜃1
2𝜃‾2

2⟨𝐹(𝑥1)𝐹†(𝑥2)⟩].
 

⟨𝜙(𝑥1)𝜙†(𝑥2)⟩ = 𝐺1+𝑣(𝑥12)

⟨𝜓𝛼(𝑥1)𝜓‾𝛼̇(𝑥2)⟩ = −i𝜎𝛼𝛼̇
𝜇

𝜕1,𝜇𝐺1+𝑣(𝑥12)

⟨𝐹(𝑥1)𝐹†(𝑥2)⟩ = ⧠1𝐺1+𝑣(𝑥12)
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⟨Φ(𝑧1)Φ†(𝑧2)⟩ = (−4)−𝑣
Γ(1 − 𝑣)

Γ(1 + 𝑣)
ei[𝜃1𝜎𝜇𝜃‾1+𝜃2𝜎𝜇𝜃‾2−2𝜃1𝜎𝜇𝜃‾2]𝜕1,𝜇

1

[𝑥12
2 ]1−𝑣

=
𝑐0(1 + 𝑣)

[𝑥
12
2 ]

1−𝑣  

 

⟨Φ(𝑧1)Φ†(𝑧2)⟩ = (−1)𝑣2−
1
2
−2𝑣

Γ (
1
2

− 𝑣)

Γ(1 + 𝑣)

1

[𝑥
12
2 ]

1
2
−𝑣

=
𝑐0(1 + 𝑣)

[𝑥
12
2 ]

1
2
−𝑣

 

𝑥
12

𝜇
: = 𝑥12

𝜇
+ i[𝜃1𝛾𝜇𝜃‾1 + 𝜃2𝛾𝜇𝜃‾2 − 2𝜃1𝛾𝜇𝜃‾2] 

Φ → e−
i
2
𝛼Φ(𝑥, ei𝛼𝜃, e−i𝛼𝜃‾), Φ† → e

i
2
𝛼Φ†(𝑥, ei𝛼𝜃, e−i𝛼𝜃‾) 
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i ∫   d4𝑥0 d2𝜃0 d2𝜃‾0𝛿(2)(𝜃0)
1

[𝑥
10
2 ]

𝑢1

1

[𝑥
20
2 ]

𝑢2

1

[𝑥
30
2 ]

𝑢3

 =
𝑢1+𝑢2+𝑢3=3

− 4𝑟0(𝑢1, 𝑢2, 𝑢3)
(𝜃12𝜃13)𝑥23,+

2 + (𝜃23𝜃21)𝑥31,+
2 + (𝜃31𝜃32)𝑥12,+

2

[𝑥12,+
2 ]

2−𝑢3
[𝑥23,+

2 ]
2−𝑢1

[𝑥31,+
2 ]

2−𝑢2
.
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 ∫  d𝐷𝑥0 d𝐷𝑦0𝑅𝑥1𝑦2

𝑥0𝑦1(𝑝12)𝐾𝑦0𝑥0

𝑦1 (𝑝1)𝑅𝑦0𝑥0

𝑦2𝑥2(𝑝1′2)𝐾𝑦3𝑥2

𝑦0 (𝑝2)

= ∫  d𝐷𝑥0 d𝐷𝑦0𝐾𝑦0𝑥1

𝑦1 (𝑝2)𝑅𝑦0𝑥1

𝑦2𝑥0(𝑝2′1)𝐾𝑦3𝑥0

𝑦0 (𝑝1)𝑅𝑥0𝑦2

𝑥2𝑦3(𝑝2′1′)
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⟶ ⟶ ⟶ ⟶

⟶ ⟶ ⟶

⟶ ⟶ ⟶

⟶ ⟶ ⟶  

𝑟0(𝑝‾1′2, 𝑝‾24, 𝑝1′4)𝑟0(𝑝‾2′4, 𝑝‾3′2′ , 𝑝3′4)𝑟0(𝑝‾3′1′ , 𝑝‾1′4, 𝑝3′4)𝑟0(𝑝‾1′2, 𝑝‾4′1′ , 𝑝4′2)

𝑟0(𝑝‾1′2, 𝑝‾23, 𝑝1′3)𝑟0(𝑝‾3′2, 𝑝‾24, 𝑝3′4)𝑟0(𝑝‾14, 𝑝‾3′1, 𝑝3′4)𝑟0(𝑝‾1′2, 𝑝‾3′1′ , 𝑝3′2)
=

𝑝′=−𝑝
1 
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= =  

 

= =  
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[𝕋𝑁(𝑝𝑎 , 𝑝𝑏 , {𝑝𝑖}), 𝕋𝑁(𝑞𝑎, 𝑞𝑏 , {𝑝𝑖})] = 0. 

𝕋𝑁(𝑝𝑎 , 𝑝𝑏 , {𝑝𝑖}) = [∏  

𝑁

𝑖=1

 
𝑎0(𝑝‾𝑖+1,𝑎′)𝑎0(𝑝𝑖+1,𝑏)

𝑎0(𝑝‾𝑖𝑎′)𝑎0(𝑝𝑖𝑏)
] ⋅ 𝑇𝑁(𝑝𝑎 , {𝑝𝑖}) ∘ 𝑇𝑁(𝑝𝑏, {𝑝𝑖}), 

 

𝑆 = ∫  d4𝑥 d2𝜃 d2𝜃‾ ∑  

3

𝑖=1

 tr(e−𝑔𝒱Φ𝑖
†eℊ𝒱Φ𝑖) +

1

2𝑔2
∫   d4𝑥 d2𝜃tr(𝑊𝛼𝑊𝛼)

 +
i𝑔

√2
∫   d4𝑥 d2𝜃tr(Φ1[Φ2, Φ3]) +

i𝑔

√2
∫   d4𝑥 d2𝜃‾tr(Φ1

†[Φ2
†, Φ3

†])

 

[𝑇𝐴, 𝑇𝐵] = i𝑓𝐴𝐵𝐶𝑇𝐶 , tr(𝑇𝐴𝑇𝐵) = 𝛿𝐴𝐵, (𝑇𝐴)𝑏
𝑎(𝑇𝐴)𝑑

𝑐 = 𝛿𝑑
𝑎𝛿𝑏

𝑐 −
1

 N
𝛿𝑏

𝑎𝛿𝑑
𝑐 . 

𝑊𝛼 =
i

4
𝐷‾ 2(e−𝑔𝒱𝐷𝛼e𝑔𝒱) 

𝒱 = −𝜃𝜎𝜇𝜃‾𝐴𝜇 + i𝜃2𝜃‾𝜒‾ − i𝜃‾2𝜃𝜒 +
1

2
𝜃2𝜃‾2D 

𝒱2 = −
1

2
𝜃2𝜃‾2𝐴𝜇𝐴𝜇 and 𝒱3 = 0 
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𝑊𝛼 =
i𝑔

4
𝐷‾ 2𝐷𝛼𝒱 −

i𝑔2

8
𝐷‾ 2[𝒱, 𝐷𝛼𝒱] 

𝑊𝛼|𝜃‾ =0 = 𝑔𝜒𝛼 + i𝑔𝜃𝛼D +
1

2
𝑔𝜎𝛼𝛼̇

𝜇
𝜎‾𝜈,𝛼̇𝛽𝜃𝛽𝐹𝜇𝜈 + i𝑔𝜃2𝜎𝛼𝛼̇

𝜇
𝒟𝜇𝜒‾𝛼̇ 

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 +
i𝑔

2
[𝐴𝜇 , 𝐴𝜈] and the gauge covariant 𝒟𝜇 = 𝜕𝜇 +

i𝑔

2
[𝐴𝜇 , ⧠] 

𝑆g =
1

2𝑔2
∫   d4𝑥 d2𝜃tr(𝑊𝛼𝑊𝛼) = ∫  d4𝑥tr [−i𝜒‾𝜎‾𝜇𝒟𝜇𝜒 −

1

4
𝐹𝜇𝜈𝐹𝜇𝜈 −

i

8
𝐹𝜇𝜈𝐹∗,𝜇𝜈 +

1

2
D2]. 

𝑆K = ∫  d4𝑥 d2𝜃 d2𝜃‾ ∑  

3

𝑖=1

 tr(e−𝑔𝒱Φ𝑖
†e𝑔𝒱Φ𝑖)

 = ∫  d4𝑥 ∑  

3

𝑖=1

 tr [−𝒟𝜇𝜙𝑖
†𝒟𝜇𝜙𝑖 − i𝜓‾𝑖𝜎‾

𝜇𝒟𝜇𝜓𝑖 +
1

2
𝑔D[𝜙𝑖

†, 𝜙𝑖] + 𝐹𝑖
†𝐹𝑖

 +
i𝑔

√2
(𝜓‾𝑖𝜒‾𝜙𝑖 + 𝜙𝑖

†𝜒𝜓𝑖 − 𝜒‾𝜓‾𝑖𝜙𝑖 − 𝜒𝜙𝑖
†𝜓𝑖)]

 

D = D𝐴𝑇𝐴 =
𝑔

2
∑  

3

𝑖=1

[𝜙𝑖, 𝜙𝑖
†]. 

𝑆pot =
i𝑔

√2
∫   d4𝑥 d2𝜃tr(Φ1[Φ2, Φ3])

 =
i𝑔

√2
∫   d4𝑥tr(𝜙1[𝜙2, 𝐹3] + 𝜙1[𝐹2, 𝜙3] + 𝐹1[𝜙2, 𝜙3] − 𝜙1[𝜓2, 𝜓3] − 𝜓1[𝜙2, 𝜓3] − 𝜓1[𝜓2, 𝜙3])

 

𝐹1 =
i𝑔

√2
[𝜙3

†, 𝜙2
†], 𝐹2 =

i𝑔

√2
[𝜙1

†, 𝜙3
†], 𝐹3 =

i𝑔

√2
[𝜙2

†, 𝜙1
†],

𝐹1
† =

i𝑔

√2
[𝜙3, 𝜙2], 𝐹2

† =
i𝑔

√2
[𝜙1

†, 𝜙3
†] 𝐹3

† =
i𝑔

√2
[𝜙2

†, 𝜙1
†] 

𝑆pot = ∫  d4𝑥tr [
𝑔2

2
∑  

𝑖<𝑗

  [𝜙𝑖, 𝜙𝑗][𝜙𝑖
†, 𝜙𝑗

†] −
i𝑔

√2
𝜀𝑖𝑗𝑘𝜓𝑖𝜙𝑗𝜓𝑘] 

tr [
𝑔2

2
∑  

𝑖<𝑗

  [𝜙𝑖, 𝜙𝑗][𝜙𝑖
†, 𝜙𝑗

†] −
𝑔2

8
∑  

3

𝑖,𝑗=1

  [𝜙𝑖, 𝜙𝑖
†][𝜙𝑗, 𝜙𝑗

†]], 

𝐹𝑖
†𝐹𝑖-terms −

𝑔2

2
+ 2 ⋅

𝑔2

2
=

𝑔2

2
 

1

2
𝑔D[𝜙𝑖

†, 𝜙𝑖] and 
1

2
D2, yielding the factor −

𝑔2

4
+

𝑔2

8
= −

𝑔2

8
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𝑔2

4
tr [∑  

𝑖<𝑗

 (2𝜙𝑖𝜙𝑗𝜙𝑖
†𝜙𝑗

† + 2𝜙𝑗𝜙𝑖𝜙𝑗
†𝜙𝑖

† − {𝜙𝑖
†, 𝜙𝑖}{𝜙𝑗

†, 𝜙𝑗}) + ∑  

3

𝑖=1

 (2𝜙𝑖𝜙𝑖𝜙𝑖
†𝜙𝑖

† −
1

2
{𝜙𝑖

†, 𝜙𝑖}
2
)]. 

𝑔2

2
∑  

3

𝑖,𝑗=1

tr [𝜙𝑖𝜙𝑗𝜙𝑖
†𝜙𝑗

† −
1

4
{𝜙𝑖

†, 𝜙𝑖}{𝜙𝑗
†, 𝜙𝑗}]. 

𝑆 = N ∫   d4𝑥tr[−𝒟𝜇𝜙𝑖
†𝒟𝜇𝜙𝑖 − i𝜓‾𝑖𝜎‾

𝜇𝒟𝜇𝜓𝑖 − i𝜒‾𝜎‾𝜇𝒟𝜇𝜒 −
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 −

i

8
𝐹𝜇𝜈𝐹∗,𝜇𝜈

 −i𝜆(𝜒‾𝜙𝑖𝜓‾𝑖 + 𝜓𝑖𝜙𝑖
†𝜒 − 𝜓‾𝑖𝜙

𝑖𝜒‾ − 𝜒𝜙𝑖
†𝜓𝑖 − 𝜀𝑖𝑗𝑘𝜓𝑖𝜙𝑗𝜓𝑘 − 𝜀𝑖𝑗𝑘𝜓‾𝑖𝜙𝑗

†𝜓‾𝑘)

+𝜆2 (𝜙𝑖𝜙𝑗𝜙𝑖
†𝜙𝑗

† −
1

4
{𝜙𝑖

†, 𝜙𝑖}{𝜙𝑗
†, 𝜙𝑗})]

 

 

𝜑1 ⋅ 𝜑2 → 𝜑1 ⋆ 𝜑2 = e
−

i
2
𝜀𝑖𝑗𝑘𝛾𝑖𝑞𝑗

𝜑1𝑞𝑘
𝜑2

𝜑1 ⋅ 𝜑2 

𝜑1 ⋆ ⋯ ⋆ 𝜑𝑝 = e
−

i
2

∑  𝑚<𝑛  𝜀𝑖𝑗𝑘𝛾𝑖𝑞𝑗
𝜑𝑚𝑞𝑘

𝜑𝑛

𝜑1 ⋯ 𝜑𝑝, 

𝑆 = N ∫   d4𝑥tr[ −𝒟𝜇𝜙𝑖
†𝒟𝜇𝜙𝑖 − i𝜓‾𝑖𝜎‾

𝜇𝒟𝜇𝜓𝑖 − i𝜒‾𝜎‾𝜇𝒟𝜇𝜒 −
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 −

i

8
𝐹𝜇𝜈𝐹∗,𝜇𝜈

 −i𝜆 (e
i
2
𝛾𝑖

−

𝜒‾𝜙𝑖𝜓‾𝑖 + e−
i
2
𝛾𝑖

−

𝜓𝑖𝜙𝑖
†𝜒 − e−

i
2
𝛾𝑖

−

𝜓‾𝑖𝜙
𝑖𝜒‾ − e

i
2
𝛾𝑖

−

𝜒𝜙𝑖
†𝜓𝑖

−e
i
2
𝜀𝑖𝑗𝑘𝛾𝑗

+

𝜀𝑖𝑗𝑘𝜓𝑖𝜙𝑗𝜓𝑘 − e
i
2
𝜀𝑖𝑗𝑘𝛾𝑗

+

𝜀𝑖𝑗𝑘𝜓‾𝑖𝜙𝑗
†𝜓‾𝑘)

+𝜆2 (e−i𝜀𝑖𝑗𝑘𝛾𝑘𝜙𝑖𝜙𝑗𝜙𝑖
†𝜙𝑗

† −
1

4
{𝜙𝑖

†, 𝜙𝑖}{𝜙𝑗
†, 𝜙𝑗})] .

 

𝑆𝜒 = N ∫   d4𝑥tr [− ∑  

3

𝑖=1

 𝜕𝜇𝜙𝑖
†𝜕𝜇𝜙𝑖 − ∑  

3

𝑖=1

 i𝜓‾𝑖𝜎‾
𝜇𝜕𝜇𝜓𝑖

 +i√𝜉1𝜉2(𝜓2𝜙3𝜓1 + 𝜓‾2𝜙3
†𝜓‾1) + i√𝜉1𝜉3(𝜓1𝜙2𝜓3 + 𝜓‾1𝜙2

†𝜓‾3) + i√𝜉2𝜉3(𝜓3𝜙1𝜓2 + 𝜓‾3𝜙1
†𝜓‾2)

+𝜉1
2𝜙2𝜙3𝜙2

†𝜙3
† + 𝜉2

2𝜙3𝜙1𝜙3
†𝜙1

† + 𝜉3
2𝜙1𝜙2𝜙1

†𝜙2
†]

 

𝑆𝜒0 = N ∫   d4𝑥tr[ − ∑  

3

𝑖=1

 𝜕𝜇𝜙𝑖
†𝜕𝜇𝜙𝑖 − ∑  

3

𝑖=2

 i𝜓‾𝑖𝜎‾
𝜇𝜕𝜇𝜓𝑖

+i√𝜉2𝜉3(𝜓3𝜙1𝜓2 + 𝜓‾3𝜙1
†𝜓‾2) + 𝜉2

2𝜙3𝜙1𝜙3
†𝜙1

† + 𝜉3
2𝜙1𝜙2𝜙1

†𝜙2
†]

 

𝑆FN = N ∫   d4𝑥tr [− ∑  

2

𝑖=1

 𝜕𝜇𝜙𝑖
†𝜕𝜇𝜙𝑖 + 𝜉2𝜙1𝜙2𝜙1

†𝜙2
†] 
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ℒdt = +𝛼1
2tr(𝜙1𝜙1)tr(𝜙1

†𝜙1
†) + 𝛼̃1

2tr(𝜙2𝜙2)tr(𝜙2
†𝜙2

†)

 −𝛼2
2tr(𝜙1𝜙2)tr(𝜙1

†𝜙2
†) − 𝛼3

2tr(𝜙1𝜙2
†)tr(𝜙2𝜙1

†).
 



pág. 10554 

 

ΩΔ,𝑆
𝜇1⋯𝜇𝑆(𝑥1, 𝑥2; 𝑥0) =

∏  𝑆
𝑖=0   [

2𝑥02
𝜇𝑖

𝑥02
2 −

2𝑥01
𝜇𝑖

𝑥01
2 ]

[𝑥12
2 ]

Δ1+Δ2−(Δ−𝑆)
2 [𝑥10

2 ]
Δ1−Δ2+(Δ−𝑆)

2 [𝑥20
2 ]

−Δ1+Δ2+(Δ−𝑆)
2

 

 

 ∫  d𝐷𝑥0|Ω‾𝜇1⋯𝜇𝑆

Δ,𝑆 (𝑥1, 𝑥2; 𝑥0)⟩⟨ΩΔ,𝑆
𝜇1⋯𝜇𝑆(𝑥3, 𝑥4; 𝑥0)|

 = (
1

𝑥12
2 𝑥34

2 )

Δ1+Δ2
2

(
𝑥24

2

𝑥13
2 )

Δ1−Δ2
2

[
𝑐1(Δ, 𝑆)

𝑐2(Δ, 𝑆)
𝑔Δ,𝑆(𝑟1, 𝑟2) +

𝑐1(Δ∗, 𝑆)

𝑐2(Δ∗, 𝑆)
𝑔Δ∗,𝑆(𝑟1, 𝑟2)]
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𝑐1(Δ, 𝑆) =
2𝑆+1𝑆!

𝜋−
3𝐷
2

−1

(Δ − 1)(𝐷 − Δ)

(
𝐷
2

+ 𝑆 − 1)
2

− (Δ −
𝐷
2

)
2

𝑎0(Δ)𝑎0(𝐷 − Δ)

Γ (
𝐷
2 + 𝑆)

𝑐2(Δ, 𝑆) = 2𝜋𝐷+1(−1)𝑆𝑆!
Γ (Δ −

𝐷
2

) Γ(𝑆 + Δ − 1)Γ (
𝐷 + 𝑆 − Δ + Δ1 − Δ2

2
) Γ (

𝐷 + 𝑆 − Δ − Δ1 + Δ2
2

)

Γ(Δ − 1)Γ (
𝐷
2 + 𝑆) Γ(𝐷 + 𝑆 − Δ)Γ (

𝑆 + Δ + Δ1 − Δ2
2 ) Γ (

𝑆 + Δ − Δ1 + Δ2
2 )

 

𝑔Δ,𝑆(𝑟1, 𝑟2) = (−1)𝑆
𝑧𝑧∗

𝑧 − 𝑧∗
[ℎ(Δ + 𝑆, 𝑧)ℎ(Δ − 𝑆 − 2, 𝑧∗) − ℎ(Δ + 𝑆, 𝑧∗)ℎ(Δ − 𝑆 − 2, 𝑧)]

 with ℎ(𝑡, 𝑧): = 𝑧
𝑡
2 2𝐹1 (

𝑡 − Δ1 + Δ2

2
,
𝑡 + Δ3 − Δ4

2
, 𝑡, 𝑧)

 

𝑟1 = 𝑧𝑧∗ =
𝑥12

2 𝑥34
2

𝑥13
2 𝑥24

2   and  𝑟2 = (1 − 𝑧)(1 − 𝑧∗) =
𝑥14

2 𝑥23
2

𝑥13
2 𝑥24

2 . 

⟨tr[𝜙1(𝑥1)𝜙1(𝑥2)]tr[𝜙1
†(𝑥3)𝜙1

†(𝑥4)]⟩ = 𝐺(𝑥1, 𝑥2 ∣ 𝑥3, 𝑥4) + 𝐺(𝑥1, 𝑥2 ∣ 𝑥3, 𝑥4) ∘ ℙ 

⟨Ω| ∘ ℍ = ⟨Ω|⧠𝐸(Δ, 𝑆) 

𝐺(𝑥1, 𝑥2 ∣ 𝑥3, 𝑥4) =
1

𝑥12
2 𝑥34

2 ⋅
i

2
∑  

∞

𝑆=0

(−1)𝑆+1 ∫  
2+i∞

2−i∞

 dΔ

𝑐2(Δ, 𝑆)

𝐸(Δ, 𝑆)

1 − 𝜉4𝐸(Δ, 𝑆)
𝑔Δ,𝑆(𝑟1, 𝑟2). 

𝒢(𝑟1, 𝑟2) = ∑  

𝑆,Δ

𝐶Δ,𝑆𝑔Δ,𝑆(𝑟1, 𝑟2) = ∑  

𝑆,Δ

(−1)𝑆+1𝜋ResΔ [
1

𝑐2(Δ, 𝑆)

𝐸(Δ, 𝑆)

1 − 𝜉4𝐸(Δ, 𝑆)
] 𝑔Δ,𝑆(𝑟1, 𝑟2) 

 

𝐸(Δ, 𝑆) =
16𝜋4

(−Δ + 𝑆 + 2)(−Δ + 𝑆 + 4)(Δ + 𝑆 − 2)(Δ + 𝑆)
. 

Δ2 = 2 ± √(𝑆 + 1)2 + 1 − 2√(𝑆 + 1)2 + 4𝜋4𝜉4

Δ4 = 2 ± √(𝑆 + 1)2 + 1 + 2√(𝑆 + 1)2 + 4𝜋4𝜉4

 

scaling dimensions Δ2 → 2 and Δ4 → 4 when 𝜉2 → 0, operators have the form tr[𝜙1𝜕𝑆𝜙1] and 

tr[⧠𝜙1𝜕𝑆𝜙1] + ⋯ 

Δ = 2 − 2𝑖𝜉2 + 𝑖𝜉6 −
7𝑖𝜉10

4
+

33𝑖𝜉14

8
+ 𝒪(𝜉18) 
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𝐶Δ,𝑆 =
43−Δ(𝑆 + 1)

(𝑆2 + 2𝑆 − 2 − Δ2 + 4Δ)

Γ (
𝑆 − Δ + 5

2
) Γ (

𝑆 + Δ
2

)

Γ (
𝑆 − Δ + 4

2
) Γ (

𝑆 + Δ − 1
2

)
 

 

 

𝑍𝑀𝑁 ({𝑞𝑖}𝑖=1,…,2𝑀 ∣ {𝐩𝑗}𝑗=1,…,2𝑁
) = Tr [∏  

𝑀

𝐼=1

 𝕋𝑁(𝑞2𝐼−1, 𝑞2𝐼 ∣ {𝐩𝑗})]. 

𝑈𝐽: = (
𝐮𝐽

+ 𝐯𝐽
+

𝐮𝐽
− 𝐯𝐽

−) = (
(𝑢𝐽

+, ℓ𝐽) (𝑣𝐽
+, 𝑚‾ 𝐽)

(𝑢𝐽
−, ℓ‾𝐽) (𝑣𝐽

−, 𝑚𝐽)
) : = (

(𝑝(2𝐽−1)𝑎 , ℓ𝐽) (𝑝‾(2𝐽)𝑎 , 𝑚‾ 𝐽)

(𝑝‾(2𝐽−1)𝑏 , ℓ‾𝐽) (𝑝(2𝐽)𝑏 , 𝑚𝐽)
) 

 

𝐺𝐷
2

−𝑢−
1
2
,𝛼𝛽̇

(𝑥) = 𝑐1
2
(𝑢‾)𝑊

𝑢,𝛼𝛽̇

1
2 (𝑥) 
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𝑈FN = (
(0,0) (1,0)
(1,0) (2 − 𝜀, 0)

) 

 

ℒTri = −N ⋅ ∑  

𝑖=1,2,4

tr[𝜕𝜇𝑌𝑖
†𝜕𝜇𝑌𝑖] + N ⋅ 𝜉 ⋅ tr[𝑌1𝑌4

†𝑌2𝑌1
†𝑌4𝑌2

†] 
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ℒHex = N ⋅ ∑  

3

𝑖=1

tr[𝜕𝜇𝜙𝑖
†𝜕𝜇𝜙𝑖] + N ⋅ 𝜌 ⋅ tr[𝜙1𝜙2𝜙3 + 𝜙1

†𝜙2
†𝜙3

†] 
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ℒBW = N ⋅ tr [−
1

2
𝜕𝜇𝜙†𝜕𝜇𝜙 + i ∑  

2

𝑘=1

 𝜓‾𝑘𝜕̸𝜓𝑘 + 𝜌 ⋅ (𝜓1𝜙𝜓2 + 𝜓‾1𝜙†𝜓‾2)] 

 

ℒFFN = −N ⋅ tr [∑  

2

𝑗=1

 𝜕𝜇𝑌𝑗
†𝜕𝜇𝑌𝑗 + i ∑  

2

𝑘=1

 Ψ𝑘
† ∂̸Ψ𝑘 + 𝜌 ⋅ (𝑌1𝑌2

†Ψ1Ψ2
† − 𝑌1

†𝑌2Ψ1
†Ψ2)] 

 

𝑍̂ = ∑  

∞

𝑀,𝑁=1

𝑍̂𝑀𝑁
QFT𝜉𝑏⋅𝑀𝑁 
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𝑏 =
# vertices 

𝑀𝑁
 

𝐾̂QFT: = lim
𝑀,𝑁→∞

 |𝑍̂𝑀𝑁
QFT

|
1

𝑀𝑁. 

𝜉cr =
1

(𝐾̂QFT)
𝑏
 

𝐾({𝑈𝐽}): = lim
𝑀,𝑁→∞

 |𝑍𝑀𝑁({𝑈𝐽})|
1

𝑀𝑁. 

𝐾({𝑈𝐽}) = lim
𝑀,𝑁→∞

  |Λ𝑁,max({𝑈𝐽})
𝑀

[1 + ∑  

𝑖≠max

 (
Λ𝑁,𝑖({𝑈𝐽})

Λ𝑁,max({𝑈𝐽})
)

𝑀

]|

1
𝑀𝑁

 = lim
𝑀,𝑁→∞

 |Λ𝑁,max({𝑈𝐽})|
1
𝑁
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=

=

=

=  

𝐴ℓ(𝑢): = 𝜋𝐷𝑎ℓ(𝑢)𝑎ℓ(𝐷 − 𝑢) 

𝑈𝐽 = (
(𝑢𝐽

+, ℓ𝐽) (𝑣𝐽
+, 𝑚‾ 𝐽)

(𝑢𝐽
−, ℓ‾𝐽) (𝑣𝐽

−, 𝑚𝐽)
)   and  𝑈𝐽, inv = (

(𝐷 − 𝑢𝐽
−, ℓ𝐽) (−𝑣𝐽

−, 𝑚‾ 𝐽)

(−𝑢𝐽
+, ℓ‾𝐽) (𝐷 − 𝑣𝐽

+, 𝑚𝐽)
). 
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𝕋𝑁 ({(
(−𝑢𝐽

−, ℓ𝐽) (𝐷 − 𝑣𝐽
−, 𝑚‾ 𝐽)

(𝐷 − 𝑢𝐽
+, ℓ‾𝐽) (−𝑣𝐽

+, 𝑚𝐽)
)}) ⋅

1

∏  𝑁
𝐽=1  𝐴ℓ𝐽

(𝑢𝐽
+)𝐴𝑚𝐽

(𝑣𝐽
−)

,

𝕋𝑁 ({(
(𝐷 − 𝑢𝐽

−, ℓ𝐽) (−𝑣𝐽
−, 𝑚‾ 𝐽)

(𝐷 − 𝑢𝐽
+, ℓ‾𝐽) (−𝑣𝐽

+, 𝑚𝐽)
)}) ⋅

1

∏  𝑁
𝐽=1  𝐴ℓ𝐽

(𝑢𝐽
−)𝐴ℓ𝐽

(𝑢𝐽
+)

,

𝕋𝑁 ({(
(−𝑢𝐽

−, ℓ𝐽) (𝐷 − 𝑣𝐽
−, 𝑚‾ 𝐽)

(−𝑢𝐽
+, ℓ‾𝐽) (𝐷 − 𝑣𝐽

+, 𝑚𝐽)
)}) ⋅

1

∏  𝑁
𝐽=1  𝐴𝑚𝐽

(𝑣𝐽
−)𝐴𝑚𝐽

(𝑣𝐽
+)

.

 

𝐾({𝑈𝐽}) ⋅ 𝐾({𝑈𝐽, inv }) = 𝐹({𝑈𝐽}) 

𝑈𝐽, inv = (
(𝐷 − 𝑢𝐽

−, ℓ𝐽) (−𝑣𝐽
−, 𝑚‾ 𝐽)

(−𝑢𝐽
+, ℓ‾𝐽) (𝐷 − 𝑣𝐽

+, 𝑚𝐽)
)   with  𝐹({𝑈𝐽})

 = lim
𝑁→∞

  |∏  

𝑁

𝐽=1

 𝐴ℓ𝐽
(𝑢𝐽

−)𝐴𝑚𝐽
(𝑣𝐽

+)|

1
𝑁

,

𝑈𝐽, inv = (
(−𝑢𝐽

−, ℓ𝐽) (𝐷 − 𝑣𝐽
−, 𝑚‾ 𝐽)

(𝐷 − 𝑢𝐽
+, ℓ‾𝐽) (−𝑣𝐽

+, 𝑚𝐽)
)   with  𝐹({𝑈𝐽})  = lim

𝑁→∞
  |∏  

𝑁

𝐽=1

 𝐴ℓ𝐽
(𝑢𝐽

+)𝐴𝑚𝐽
(𝑣𝐽

−)|

1
𝑁

,

𝑈𝐽, inv = (
(𝐷 − 𝑢𝐽

−, ℓ𝐽) (−𝑣𝐽
−, 𝑚‾ 𝐽)

(𝐷 − 𝑢𝐽
+, ℓ‾𝐽) (−𝑣𝐽

+, 𝑚𝐽)
)   with  𝐹({𝑈𝐽})  = lim

𝑁→∞
  |∏  

𝑁

𝐽=1

 𝐴ℓ𝐽
(𝑢𝐽

−)𝐴ℓ𝐽
(𝑢𝐽

+)|

1
𝑁

,

𝑈𝐽, inv = (
(−𝑢𝐽

−, ℓ𝐽) (𝐷 − 𝑣𝐽
−, 𝑚‾ 𝐽)

(−𝑢𝐽
+, ℓ‾𝐽) (𝐷 − 𝑣𝐽

+, 𝑚𝐽)
)   with  𝐹({𝑈𝐽})  = lim

𝑁→∞
  |∏  

𝑁

𝐽=1

 𝐴𝑚𝐽
(𝑣𝐽

−)𝐴𝑚𝐽
(𝑣𝐽

+)|

1
𝑁

.

 

𝐾 ({(
(𝑢𝐽

−, ℓ𝐽) (𝑣𝐽
−, 𝑚‾ 𝐽)

(𝑢𝐽
+, ℓ‾𝐽) (𝑣𝐽

+, 𝑚𝐽)
)}) = lim

𝑁→∞
  |∏  

𝑁

𝐽=1

 𝜅ℓ𝐽
(𝑢𝐽

+)𝜅ℓ𝐽
(𝑢𝐽

−)𝜅𝑚𝐽
(𝑣𝐽

+)𝜅𝑚𝐽
(𝑣𝐽

−)|

1
𝑁

 

𝜅ℓ(𝑢)𝜅ℓ(−𝑢) = 1

𝜅ℓ(𝑢)𝜅ℓ(𝐷 − 𝑢) = 𝐴ℓ(𝑢) = 𝜋𝐷𝑎ℓ(𝑢)𝑎ℓ(𝐷 − 𝑢).
 

𝜅ℓ(𝑢) = 𝜋𝑢
Γ (

𝐷
2 − 𝑢 + ℓ)

Γ (
𝐷
2 + ℓ)

∏  

∞

𝑘=1

Γ (𝐷𝑘 +
𝐷
2 − 𝑢 + ℓ) Γ(𝐷𝑘 + 𝑢 + ℓ)Γ (𝐷𝑘 −

𝐷
2 + ℓ)

Γ (𝐷𝑘 −
𝐷
2 + 𝑢 + ℓ) Γ(𝐷𝑘 − 𝑢 + ℓ)Γ (𝐷𝑘 +

𝐷
2 + ℓ)

. 

𝐾(𝑈) = 𝐾 (
(𝑢−, ℓ) (𝑣−, 𝑚‾ )

(𝑢+, ℓ‾) (𝑣+, 𝑚)
) = |𝜅ℓ(𝑢+)𝜅ℓ(𝑢

−)𝜅𝑚(𝑣+)𝜅𝑚(𝑣−)| 
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𝐾̂FN = |lim
𝜀→0

 𝜋−2𝑎0(𝜀)𝜅0(2 − 𝜀)𝜅0(0)𝜅0(1)2| =
𝐷≡4 𝜋3

16

Γ (
1
4
)

2

Γ (
3
4
)

2

𝐾̂Tri = |√
𝜋

2

3

⋅ lim
𝜀→0

 𝜋−
3
2𝑎0(𝜀)𝜅0 (

3

2
− 𝜀) 𝜅0(1)3| =

𝐷≡3 𝜋3

54√2

Γ (
1
6
)

3

Γ (
2
3)

3 ,

𝐾̂Hex = |(−2)323 ⋅ 𝜅0(0)𝜅0(2)3| =
𝐷≡6 8𝜋15/2

27

Γ (
1
3)

3

Γ (
5
6
)

3 ,

𝐾̂BW = |2 ⋅ (−2i)2 ⋅ 𝜅0(0)𝜅0(1)𝜅1
2

(
3

2
)

2

| =
𝐷≡4 𝜋11/2

2

Γ (
1
4
)

Γ (
3
4
)

,

𝐾̂FFN = |√
𝜋

2

2

(−i√
𝜋

2
)

2

⋅ 𝜅0 (
1

2
)

2

𝜅1
2
(1)2| =

𝐷≡3 𝜋5

27

Γ (
1
6
)

2

Γ (
2
3
)

2 .

 

(𝜉FN)
cr

2
=

𝑏=1 32

𝜋Γ (
1
4)

4 =
2

𝜋4𝜂(i)4
, 𝜌cr

BW =
𝑏=2 8

𝜋9Γ (
1
4)

4 =
1

2𝜋12𝜂(i)4
,

𝜉cr
Tri =

𝑏=1 14431/4

𝜋3/4Γ (
1
6
)

9/2
=

33/4

√2𝜋9/2 |𝜂 (e
𝑖𝜋
3 )|

6 , 𝜌cr
FFN =

𝑏=2 194421/3

𝜋7Γ (
1
6)

6 =
27

28/3𝜋12 |𝜂 (e
𝑖𝜋
3 )|

8

𝜌cr
Hex =

𝑏=2 2187√3

2𝜋21/2Γ (
1
6
)

9 =
81√3

1024𝜋18 |𝜂 (e
𝑖𝜋
3 )|

12 .

 

 

𝑈′ = (
(0,0) (

𝐷

2
− 𝜀, 0)

(
𝐷

2
− 𝜀, 0) (0,0)

), 

{𝑈}𝐽=1,…,𝑁 ∪ {𝑈′}𝐽=𝑁+1,…,𝑁+𝑃 

𝐾(𝑈, 𝑈′) = 𝐾(𝑈) ⋅ 𝐾(𝑈′) = 𝐾(𝑈) ⋅ lim
𝑁→∞

 lim
𝜀→0

  |𝜋−𝐷𝑎0(𝜀)2𝜅0 (
𝐷

2
− 𝜀)

2

𝜅0(0)|

𝑃
𝑁

. 
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𝑆ABJM = −i
𝑘

𝜆
⋅ 𝑆CS + 𝑆mat +

𝜆

𝑘
⋅ 𝑆pot. 

𝑆𝐶𝑆[𝒱, 𝒱̂] = ∫  d4𝑥 d2𝜃 d2𝜃‾ ∫  
1

0

 d𝑡tr[𝒱𝐷‾ 𝛼(e𝑡𝒱𝐷𝛼e−𝑡𝒱) − 𝒱̂𝐷‾ 𝛼(e𝑡𝒱̂𝐷𝛼e−𝑡𝒱̂)]. 

𝒱 = 2i𝜃𝜃‾𝜎(𝑥) + 2𝜃𝛾𝜇𝜃‾𝐴𝜇(𝑥) + √2i𝜃2𝜃‾𝜒‾(𝑥) − √2i𝜃‾2𝜃𝜒(𝑥) + 𝜃2𝜃‾2D(𝑥). 

𝑆mat[𝒵, 𝒲, 𝒵, 𝒲, 𝒱, 𝒱̂] = ∫  d4𝑥 d2𝜃 d2𝜃‾tr [−𝒵𝐴e−𝒱𝒵𝐴e𝒱̂ − 𝒲
𝐴
e−𝒱̂𝒲𝐴e𝒱] 

 

𝒵𝐴 = 𝑍𝐴(𝑥+) + √2𝜃𝜁𝐴(𝑥+) + 𝜃2𝐹𝐴(𝑥+)

𝒲𝐴 = 𝑊𝐴(𝑥+) + √2𝜃𝜔𝐴(𝑥+) + 𝜃2𝐺𝐴(𝑥+)

  

𝒵𝐴 = 𝑍𝐴
†(𝑥−) − √2𝜃‾𝜁‾𝐴(𝑥−) − 𝜃‾2𝐹𝐴

†(𝑥−)

𝒲
𝐴
 = 𝑊†𝐴(𝑥−) − √2𝜃‾𝜔‾ 𝐴(𝑥−) − 𝜃‾2𝐺†𝐴(𝑥−)

 

𝑆pot[𝒵, 𝒲, 𝒵, 𝒲] = ∫  d4𝑥 d2𝜃
1

4
𝜀𝐴𝐶𝜀𝐵𝐷tr[𝒵𝐴𝒲𝐵𝒵𝐶𝒲𝐷]

 + ∫  d4𝑥 d2𝜃‾
1

4
𝜀𝐴𝐶𝜀𝐵𝐷tr [𝒵𝐴𝒲

𝐵
𝒵𝐶𝒲

𝐷
]

 

𝒵𝐴 → e−
i
2
𝛼𝒵𝐴(𝑥, ei𝛼𝜃, e−i𝛼𝜃‾), 𝒲𝐴 → e−

i
2
𝛼𝒲𝐴(𝑥, ei𝛼𝜃, e−i𝛼𝜃‾)

𝒵𝐴 → e
i
2
𝛼𝒵𝐴(𝑥, ei𝛼𝜃, e−i𝛼𝜃‾), 𝒲

𝐴
→ e

i
2
𝛼𝒲

𝐴
(𝑥, ei𝛼𝜃, e−i𝛼𝜃‾)

 

𝑆ABJM
′ = −i

𝑘

𝜆
⋅ 𝑆CS[𝜆𝒱, 𝜆𝒱̂] + N ⋅ 𝑆mat[𝒵, 𝒲, 𝒵, 𝒲, 𝜆𝒱, 𝜆𝒱̂] + N𝜆2 ⋅ 𝑆pot[𝒵, 𝒲, 𝒵, 𝒲] 

Φ1 ⋯ Φ𝑝 → e−
i
2

∑  
𝑝
𝑚>𝑛  𝛽⋅𝜀𝑖𝑗𝑞Φ𝑚

𝑖 𝑞Φ𝑛

𝑗

Φ1 ⋯ Φ𝑝. 

tr[𝒵1𝒲2𝒵2𝒲1 − 𝒵1𝒲1𝒵2𝒲2] → tr[𝑞 ⋅ 𝒵1𝒲2𝒵2𝒲1 − 𝑞−1 ⋅ 𝒵1𝒲1𝒵2𝒲2],

tr [𝒵1𝒲
2
𝒵2𝒲

1
− 𝒵1𝒲

1
𝒵2𝒲

2
] → tr [𝑞 ⋅ 𝒵1𝒲

2
𝒵2𝒲

1
− 𝑞−1 ⋅ 𝒵1𝒲

1
𝒵2𝒲

2
] ,

 

𝑆𝛽,ABJM
′ = −i

𝑘

𝜆
⋅ 𝑆CS[𝜆𝒱, 𝜆𝒱̂] + N ⋅ 𝑆mat[𝒵, 𝒲, 𝒵, 𝒲, 𝜆𝒱, 𝜆𝒱̂]

 +N𝜆2 ∫   d4𝑥 d2𝜃
1

2
tr[𝑞 ⋅ 𝒵1𝒲2𝒵2𝒲1 − 𝑞−1 ⋅ 𝒵1𝒲1𝒵2𝒲2]

 +N𝜆2 ∫   d4𝑥 d2𝜃‾
1

2
tr [𝑞 ⋅ 𝒵1𝒲

2
𝒵2𝒲

1
− 𝑞−1 ⋅ 𝒵1𝒲

1
𝒵2𝒲

2
]
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𝑆SFN =N ∫   d4𝑥 d2𝜃 d2𝜃‾tr [−𝒵𝐴𝒵𝐴 − 𝒲
𝐴
𝒲𝐴]

 +N𝜉 ∫   d4𝑥 d2𝜃tr[𝒵1𝒲2𝒵2𝒲1] + N𝜉 ∫   d4𝑥 d2𝜃‾tr [𝒵1𝒲
2
𝒵2𝒲

1
]
 

𝐹1 = 𝜉𝑊†2𝑍2
†𝑊†1, 𝐺1 = 𝜉𝑍1

†𝑊†2𝑍2
†, 𝐹1

† = −𝜉𝑊2𝑍2𝑊1, 𝐺†1 = −𝜉𝑍1𝑊2𝑍2,

𝐹2 = 𝜉𝑊†1𝑍1
†𝑊†2, 𝐺2 = 𝜉𝑍2

†𝑊†1𝑍1
†, 𝐹2

† = −𝜉𝑊1𝑍1𝑊2, 𝐺†2 = −𝜉𝑍2𝑊1𝑍1.
 

𝑆SFN = N ∫   d4𝑥tr {𝑍𝐴
†⧠𝑍𝐴 + 𝑊†𝐴⧠𝑊𝐴 + i𝜁‾𝐴

𝛼𝛾𝛼𝛽
𝜇

𝜕𝜇𝜁𝐴𝛽 + i𝜔‾ 𝐴𝛼𝛾𝛼𝛽
𝜇

𝜕𝜇𝜔𝐴
𝛽

 +𝜉2[𝑍1𝑊2𝑍2𝑍1
†𝑊†2𝑍2

† + 𝑊1𝑍1𝑊2𝑊†1𝑍1
†𝑊†2 + 𝑍2𝑊1𝑍1𝑍2

†𝑊†1𝑍1
† + 𝑊2𝑍2𝑊1𝑊†2𝑍2

†𝑊†1]

 −𝜉[𝜁1𝜔2𝑍2𝑊1 + 𝜔2𝜁2𝑊1𝑍1 + 𝜁2𝜔1𝑍1𝑊2 − 𝜔‾1𝜁‾1𝑊†2𝑍2
†]

 −𝜉[𝜁‾1𝜔‾ 2𝑍2
†𝑊†1 + 𝜔‾ 2𝜁‾2𝑊†1𝑍1

† + 𝜁‾2𝜔‾1𝑍1
†𝑊†2 − 𝜔1𝜁1𝑊2𝑍2]

−𝜉[𝜁1𝑊2𝜁2𝑊1 + 𝜔2𝑍2𝜔1𝑍1 + 𝜁‾1𝑊†2𝜁‾2𝑊†1 + 𝜔‾ 2𝑍2
†𝜔‾ 1𝑍1

†]}

 

𝑌𝑀 = (

𝑍1

𝑍2

𝑊†1

𝑊†2

) , 𝑌𝑀
† =

(

 
 

𝑍1
†

𝑍2
†

𝑊1

𝑊2)

 
 

, Ψ𝑀 = e−
i𝜋
4 (

−𝜁2

𝜁1

i𝜔‾ 2

−i𝜔‾ 1

) , Ψ‾ 𝑀 = e
i𝜋
4

(

 

−𝜁‾2
𝜁‾1

−i𝜔2

i𝜔1 )

 .

  fields 𝑌𝑀 , 𝑌𝑀
† , Ψ𝑀 and Ψ‾ 𝑀

𝑆SFN = N ∫ d4𝑥tr {𝑌𝑀
†⧠𝑌𝑀 + iΨ‾ 𝑀𝛼𝛾𝛼𝛽

𝜇
𝜕𝜇Ψ𝑀

𝛽

 +𝜉2[𝑌1𝑌4
†𝑌2𝑌1

†𝑌4𝑌2
† + 𝑌1𝑌4

†𝑌3𝑌1
†𝑌4𝑌3

† + 𝑌2𝑌3
†𝑌1𝑌2

†𝑌3𝑌1
† + 𝑌2𝑌3

†𝑌4𝑌2
†𝑌3𝑌4

†]

 −i𝜉[Ψ2Ψ‾ 3𝑌2𝑌3
† − Ψ‾ 3Ψ1𝑌3

†𝑌1 + Ψ1Ψ‾ 4𝑌1𝑌4
† − Ψ4Ψ‾ 2𝑌4𝑌2

†]

 +i𝜉[Ψ‾ 2Ψ3𝑌2
†𝑌3 − Ψ3Ψ‾ 1𝑌3𝑌1

† + Ψ‾ 1Ψ4𝑌1
†𝑌4 − Ψ‾ 4Ψ2𝑌4

†𝑌2]

+i𝜉[Ψ2𝑌4
†Ψ1𝑌3

† + Ψ‾ 3𝑌2Ψ‾ 4𝑌1 − Ψ‾ 2𝑌4Ψ‾ 1𝑌3 − Ψ3𝑌2
†Ψ4𝑌1

†]}

 

𝑆SFN = N ∫   d4𝑥 d2𝜃 d2𝜃‾tr [− ∑  

4

𝑖=1

 Φ𝑖
†Φ𝑖 + 𝜉 ⋅ 𝜃‾2Φ1Φ2Φ3Φ4 + 𝜉 ⋅ 𝜃2Φ1

†Φ2
†Φ3

†Φ4
†] 

𝑆SFN,𝝎 = N ∫   d4𝑥 d2𝜃 d2𝜃‾tr [− ∑  

4

𝑖=1

 Φ𝑖
†⧠𝜔𝑖Φ𝑖 + 𝜉 ⋅ 𝜃‾2Φ1Φ2Φ3Φ4 + 𝜉 ⋅ 𝜃2Φ1

†Φ2
†Φ3

†Φ4
†] 

0 =
!

𝛿𝜀 ∫  d4𝑥 d2𝜃 d2𝜃‾𝑓(𝑧) = ∫  d4𝑥 d2𝜃 d2𝜃‾𝛿𝜀𝑓(𝑧) 

𝛿𝜀𝑓(𝑧) = (𝜀𝛼𝑄𝛼 + 𝜀‾𝛼̇𝑄‾ 𝛼̇)𝑓(𝑧) = (𝜀𝛼𝜕𝛼 + 𝜀‾𝛼̇𝜕‾𝛼̇)𝑓(𝑧) +  total derivative.  

∫  d4𝑥 d2𝜃 d2𝜃‾𝜕𝛼𝑓(𝑧) = 0 = ∫  d4𝑥 d2𝜃 d2𝜃‾𝜕‾𝛼̇𝑓(𝑧) 



pág. 10566 

 

ΩΔ,𝑆,𝑅(𝑧1, 𝑧2; 𝑧0) = ⟨tr[𝒪1(𝑧1)𝒪2(𝑧2)]𝒪Δ,𝑆,𝑅(𝑧0)⟩ 

 

ΩΔ,𝑆,0(𝑧1, 𝑧2; 𝑧0) =
𝐶

Φ1
†Φ3𝒪

[𝑥
21
2 ]

ΔΦ−
Δ
2+

𝑆
2[𝑥

01
2 ]

Δ
2+

𝑆
2[𝑥

20
2 ]

Δ
2+

𝑆
2

[𝑋3,−
𝜇1 ⋯ 𝑋3,−

𝜇𝑆 −  traces ]. 

𝑋3,−
𝜇

= 𝑋3
𝜇

− iΘ3𝛾𝜇Θ‾ 3 

 ∫  d7𝑧0|Ω‾ Δ,𝑆,0(𝑧1, 𝑧2; 𝑧0)⟩⟨ΩΔ,𝑆,0(𝑧3, 𝑧4; 𝑧0)|

 = (
1

𝑥
12
2 𝑥

43
2 )

1
2

⋅ [
c1(Δ, 𝑆)

c2(Δ, 𝑆)
gΔ,𝑆(𝑟1, 𝑟2) +

c1(Δ∗, 𝑆)

c2(Δ∗, 𝑆)
gΔ∗,𝑆(𝑟1, 𝑟2)]
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E0,𝝎 (𝑢,
𝑆

2
) = 𝜋3

Γ (
𝑆
2 + 𝑢) Γ (

1
2 − 𝜔2) Γ (

1
2 − 𝜔4) Γ (

𝑆
2 − 𝑢 + 𝜔2 + 𝜔4 +

1
2)

Γ (
𝑆
2 − 𝑢 +

3
2) Γ(𝜔2 + 1)Γ(𝜔4 + 1)Γ (

𝑆
2 + 𝑢 − 𝜔2 − 𝜔4 + 1)

 

 

𝐸0(Δ, 𝑆) = E0,𝜔=0 (
1

2
−

Δ

2
,
𝑆

2
) =

4𝜋4

(1 + 𝑆 − Δ)(𝑆 + Δ)
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⟨tr[Φ1(𝑧1)Φ3
†(𝑧2)]tr[Φ1

†(𝑧3)Φ3(𝑧4)]⟩

 = ∑  

∞

𝑆=0

  (−1)𝑆+1 ∫  

1
2
+i∞

1
2

 
idΔ

2𝜋c1(Δ, 𝑆)

𝐸0(Δ, 𝑆)

1 − 𝜉2𝐸0(Δ, 𝑆)
∫  d7𝑧0|Ω‾ Δ,𝑆,0(𝑧1, 𝑧2; 𝑧0)⟩⟨ΩΔ,𝑆,0(𝑧3, 𝑧4; 𝑧0)|

 = (
1

𝑥
12
2 𝑥

43
2 )

1
2

∑  

𝑆,Δ

  (−1)𝑆ResΔ [
1

c2(Δ, 𝑆)

𝐸0(Δ, 𝑆)

1 − 𝜉2𝐸0(Δ, 𝑆)
] gΔ,𝑆(𝑟1, 𝑟2)

 = (
1

𝑥
12
2 𝑥

43
2 )

1
2

∑  

𝑆,Δ

 CΔ,𝑆 gΔ,𝑆(𝑟1, 𝑟2).

 

Δ = 1 +
1

2
(−1 ± 2√(𝑆 +

1

2
)

2

− 4𝜋4𝜉2). 

Δ|𝑆=0 = 1 + 𝛾 = 1 +
1

2
(−1 + √1 + 16𝜋4𝜉2) 
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𝐼(3)(𝑢) =
1

𝜋2 (
3
2

− 𝑢) (𝑢 − 1)

1

32𝜋2
∫  

∞

1

d𝑠
𝑠

1
2
−𝑢 + 𝑠−2+𝑢

√1 + 𝑠
log [

√1 + 𝑠 + 1

√1 + 𝑠 − 1
] 

Ψ𝑢 ∘ ℍ = E2(𝑢) ⋅ Ψ𝑢
†
 

E2(𝑢) = −4𝑐0(1)4 ⋅ (𝑢 − 1) (
3

2
− 𝑢) 𝐼(3)(𝑢). 

𝐸2(Δ) =

csc (𝜋 (
Δ
2

+ 1)) Γ (
Δ
2

+ 1)

32√𝜋Γ (
Δ
2 +

3
2)

−
 3𝐹2 (1,1,

Δ
2 +

3
2 ;

Δ
2 + 2,

Δ
2 +

5
2 ; 1)

16𝜋2(Δ + 3) (
Δ
2 + 1)

. 

Ψ𝑢 ∘ ℙ = Ψ𝑢 

1 = 𝜉4𝐸2(Δ)2 

Δ(2) =2 ±
𝜉2

12
−

𝜉4

576
±

18𝜋2 − 97

248832
𝜉6

 +
3803 − 2268𝜁3 + 18𝜋2(log (4096) − 19)

35831808
𝜉8 + 𝒪(𝜉10),

 

Δ(4) =4 ±
4𝜉2

15
−

𝜉4

7200
±

28800𝜋2 − 191191

777600000
𝜉6

191678057 − 145152000𝜁3 + 28800𝜋2(480log (2) − 421)

5598720000000
𝜉8 + 𝒪(𝜉10)

Δ(6) =6 ±
2𝜉2

35
−

4𝜉4

2940
±

352800𝜋2 − 2244421

15126300000
𝜉6

 +
2972114029 − 2074464000𝜁3 + 117600𝜋2(1680log (2) − 1801)

148237740000000
𝜉8 + 𝒪(𝜉10)

 

⧠ tr[Φ1
†Φ2

†Φ1
†Φ2

†] 



pág. 10570 

𝑆 = ∫  d4𝑥 d2𝜃 d2𝜃‾ ∑  

3

𝑖=1

 tr(e−𝑔𝒱Φ𝑖
†e𝑔𝒱Φ𝑖) +

1

4𝑔2
∫   d4𝑥 d2𝜃tr(𝑊𝛼𝑊𝛼)

 +i𝑔 ∫   d4𝑥 d2𝜃tr(Φ1[Φ2, Φ3]) + i𝑔 ∫   d4𝑥 d2𝜃‾tr(Φ1
†[Φ2

†, Φ3
†]),

 

Φ𝑖 ⋆ Φ𝑗: = 𝑒
i
2
det(𝛾|𝐪𝑖|𝐪𝑗)Φ𝑖Φ𝑗 

𝐪1 = (
1

2
, −

1

2
, −

1

2
), 𝐪2 = (−

1

2
,
1

2
, −

1

2
), and 𝐪3 = (−

1

2
, −

1

2
,
1

2
) 

i𝑔 ∫   d4𝑥 d2𝜃tr[𝑞Φ1Φ2Φ3 − 𝑞−1Φ1Φ3Φ2] +  h.c.  

𝑆 = 𝑆kin + 𝑆int

 = N ∫   d4𝑥 d2𝜃 d2𝜃‾ {∑  

3

𝑖=1

 tr[Φ𝑖
†Φ𝑖] + i𝜉 ⋅ 𝜃‾2tr[Φ1Φ2Φ3] + i𝜉 ⋅ 𝜃2tr[Φ1

†Φ2
†Φ3

†]}
 

 

𝑆kin = N ∫   d4𝑥 d2𝜃 d2𝜃‾ ∑  

3

𝑖=1

 tr[Φ𝑖
†Φ𝑖] = N ∫   d4𝑥 ∑  

3

𝑖=1

 tr[𝜙𝑖
†⧠𝜙𝑖 − i𝜓‾𝑖𝜎‾

𝜇𝜕𝜇𝜓𝑖 + 𝐹𝑖
†𝐹𝑖]

 

𝑆int =N ⋅ i𝜉 ∫   d4𝑥 d2𝜃tr[Φ1Φ2Φ3]𝜃‾ =0 + N ⋅ i𝜉 ∫   d4𝑥 d2𝜃‾tr[Φ1
†Φ2

†Φ3
†]

𝜃=0

=N ⋅ i𝜉 ∫   d4𝑥tr[𝜙1𝜙2𝐹3 + 𝜙1𝐹2𝜙3 + 𝐹1𝜙2𝜙3 − 𝜙1𝜓2𝜓3 − 𝜙2𝜓3𝜓1 − 𝜙3𝜓1𝜓2]

 +N ⋅ i𝜉 ∫   d4𝑥tr[𝜙1
†𝜙2

†𝐹3
† + 𝜙1

†𝐹2
†𝜙3

† + 𝐹1
†𝜙2

†𝜙3
† − 𝜙1

†𝜓‾2𝜓‾3 − 𝜙2
†𝜓‾3𝜓‾1 − 𝜙3

†𝜓‾1𝜓‾2]

 

𝐹1
𝐴 = −i𝜉𝜙2,𝐵

∗ 𝜙3,𝐶
∗ ⋅ tr[𝑇𝐴𝑇𝐵𝑇𝐶], 𝐹1

∗,𝐴 = −i𝜉𝜙2,𝐵𝜙3,𝐶 ⋅ tr[𝑇𝐴𝑇𝐵𝑇𝐶]

𝐹2
𝐴 = −i𝜉𝜙3,𝐵

∗ 𝜙1,𝐶
∗ ⋅ tr[𝑇𝐴𝑇𝐵𝑇𝐶], 𝐹2

∗,𝐴 = −i𝜉𝜙3,𝐵𝜙1,𝐶 ⋅ tr[𝑇𝐴𝑇𝐵𝑇𝐶]

𝐹3
𝐴 = −i𝜉𝜙1,𝐵

∗ 𝜙2,𝐶
∗ ⋅ tr[𝑇𝐴𝑇𝐵𝑇𝐶], 𝐹3

∗,𝐴 = −i𝜉𝜙1,𝐵𝜙2,𝐶 ⋅ tr[𝑇𝐴𝑇𝐵𝑇𝐶].

 

𝑆 = N ∫   d4𝑥tr {∑  

3

𝑖=1

  [𝜙𝑖
†⧠𝜙𝑖 − i𝜓‾𝑖𝜎‾

𝜇𝜕𝜇𝜓𝑖] + 𝜉2[𝜙1𝜙2𝜙1
†𝜙2

† + 𝜙3𝜙1𝜙3
†𝜙1

† + 𝜙2𝜙3𝜙2
†𝜙3

†]

−i𝜉[𝜙1𝜓2𝜓3 + 𝜙2𝜓3𝜓1 + 𝜙3𝜓1𝜓2] − i𝜉[𝜙1
†𝜓‾2𝜓‾3 + 𝜙2

†𝜓‾3𝜓‾1 + 𝜙3
†𝜓‾1𝜓‾2] + ℒdt}

 

ℒdt = −
𝜉2

 N
{tr[𝜙1𝜙2]tr[𝜙1

†𝜙2
†] + tr[𝜙1𝜙3]tr[𝜙1

†𝜙3
†] + tr[𝜙2𝜙3]tr[𝜙2

†𝜙3
†]} 

𝑆𝝎 = 𝑆kin,𝝎 + 𝑆int,𝝎

 = N ∫   d4𝑥 d2𝜃 d2𝜃‾ {∑  

3

𝑖=1

 tr[Φ𝑖
†⧠𝜔𝑖Φ𝑖] + i𝜉 ⋅ 𝜃‾2tr[Φ1Φ2Φ3] + i𝜉 ⋅ 𝜃2tr[Φ1

†Φ2
†Φ3

†]}
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[Φ𝑖] = [Φ𝑖
†] =

(𝐷 − 2𝒩) − 2𝜔𝑖

2
|
𝐷=4,𝒩=1

= 1 − 𝜔𝑖 

𝑆kin ,𝝎 = N ∫   d4𝑥 d2𝜃 d2𝜃‾ ∑  

3

𝑖=1

 tr[Φ𝑖
†⧠𝜔𝑖Φ𝑖]

 = N ∫   d4𝑥 ∑  

3

𝑖=1

 tr[𝜙𝑖
†⧠1+𝜔𝑖𝜙𝑖 − i𝜓‾𝑖𝜎‾

𝜇⧠𝜔𝑖𝜕𝜇𝜓𝑖 + 𝐹𝑖
†⧠𝜔𝑖𝐹𝑖]

 

 

Ψ𝑢 =
𝜃‾12

2

[𝑥12
2 ]𝑢

dim kite(4)(𝑥2, 𝑢) =
𝐼(4)(𝑢)

[𝑥2]𝑢
 

 

E0
SBW(𝑢) = 16𝑢(1 − 𝑢) ⋅ 𝐼(4)(𝑢) ⋅ 𝑟(2 − 𝑢, 𝑢 + 1,1)𝑟(2 − 𝑢, 𝑢, 1),

 

𝐼(4)(𝑢) =
1

2𝑢 − 2
[𝜓(1) (

𝑢 − 1

2
) − 𝜓(1) (

1 − 𝑢

2
) + 𝜓(1) (

2 − 𝑢

2
) − 𝜓(1) (

𝑢

2
)] ,

 

∫  d𝐷𝑥 ⋅ ∫   d2𝜃 d2𝜃‾ = ∞ ⧠ 0 
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𝑈SFN = (

𝑢+

𝑢−

𝑣−

) = (
1/2 − 𝜔1 1/2 − 𝜔4

1/2 − 𝜔2 1/2 − 𝜔3
) and 𝑈SBW = ( 𝑢+

𝑢−𝑣−
) = (

0 1 − 𝜔1

1 − 𝜔3 1 − 𝜔2
)  

𝑍𝑀𝑁(𝐮) = tr[𝑇𝑁(𝐮)𝑀], 

𝑇̂𝑁
SFN = [∏  

4

𝑖=1

  𝑐0(1 + 𝜔𝑖)]

𝑁

𝑇𝑁(𝑈SFN)  and  𝑇̂𝑁
SBW = [∏  

3

𝑖=1

 𝑐0(1 + 𝜔𝑖)]

𝑁

𝑇𝑁(𝑈SBW) 

𝑍̂SFN = ∑  

∞

𝑀,𝑁=1

𝑍̂𝑀𝑁
SFN(i𝜉)2𝑀𝑁  and  𝑍̂SBW = ∑  

∞

𝑀,𝑁=1

𝑍̂𝑀𝑁
SBW(−𝜉)2𝑀𝑁. 

𝜉cr
SFN = [ lim

𝑀,𝑁→∞
 |−𝑍̂𝑀𝑁

SFN|
1

𝑀𝑁]

−
1
2

= [∏  

4

𝑖=1

  𝑐0(1 + 𝜔𝑖) lim
𝑀,𝑁→∞

 |𝑍𝑀𝑁(𝑈SFN)|
1

𝑀𝑁]

−
1
2

𝜉cr
SBW = [ lim

𝑀,𝑁→∞
 |𝑍̂𝑀𝑁

SBW|
1

𝑀𝑁]

−
1
2

= [∏  

3

𝑖=1

  𝑐0(1 + 𝜔𝑖) lim
𝑀,𝑁→∞

 |𝑍𝑀𝑁(𝑈SBW)|
1

𝑀𝑁]

−
1
2

 

𝑇𝑁(𝑈) ∘ 𝑇𝑁(𝑈inv) = 𝐹𝑁 ⋅ 𝟙𝑁 
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𝑈inv = (
−𝑢− 𝐷 − 1 − 𝑣−

𝐷 − 1 − 𝑢+ −𝑣+
) and 𝐹𝑁 = [16𝜋2𝐷 𝑎0(𝑢+)𝑎0(𝐷 − 1 − 𝑢+)𝑎0(𝑣−)𝑎0(𝐷 − 1 − 𝑣−)]𝑁,

𝑈inv = (
−𝑢− 𝐷 − 1 − 𝑣−

−𝑢+ 𝐷 − 1 − 𝑣+
) and 𝐹𝑁 = [16𝜋2𝐷 𝑎0(𝑣+)𝑎0(𝐷 − 1 − 𝑣+)𝑎0(𝑣−)𝑎0(𝐷 − 1 − 𝑣−)]𝑁,

𝑈inv = (
𝐷 − 1 − 𝑢−

𝐷 − 𝑣−

𝐷 − 1 − 𝑢+

) and 𝐹𝑁 = [16𝜋2𝐷 𝑎0(𝑢+)𝑎0(𝐷 − 1 − 𝑢+)𝑎0(𝑢−)𝑎0(𝐷 − 1 − 𝑢−)]𝑁,

𝑈inv = (
𝐷 − 1 − 𝑢− −𝑣−

−𝑢+ 𝐷 − 1 − 𝑣+
) and 𝐹𝑁 = [16𝜋2𝐷 𝑎0(𝑢−)𝑎0(𝐷 − 1 − 𝑢−)𝑎0(𝑣+)𝑎0(𝐷 − 1 − 𝑣+)]𝑁.

 

=

=

=

=  
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𝐾(𝐮) = lim
𝑀,𝑁→∞

 |tr[𝑇𝑁(𝐮)𝑀]|
1

𝑀𝑁 = lim
𝑁→∞

 |Λmax,𝑁(𝐮)|
1
𝑁 

𝐾(𝑈)𝐾(𝑈inv ) = 𝐹𝑁
1/𝑁

 

𝐾(𝑈) = 𝜅(𝑢+)𝜅(𝑢−)𝜅(𝑣+)𝜅(𝑣−) 

𝜅(𝑢)𝜅(−𝑢) = 1  and  𝜅(𝑢)𝜅(𝐷 − 1 − 𝑢) = 4𝜋𝐷𝑎0(𝑢)𝑎0(𝐷 − 1 − 𝑢). 

𝜅(𝑢) =
𝐷≡3

2
3𝑢
2

+1𝜋
3𝑢
2

−
1
2

Γ (
3
2

− 𝑢) Γ (
𝑢
2

+
1
4
)

Γ (
1
4)

∏  

∞

𝑘=1

 
Γ (2𝑘 − 𝑢 +

3
2
) Γ(2𝑘 + 𝑢)Γ (2𝑘 −

3
2
)

Γ (2𝑘 + 𝑢 −
3
2) Γ(2𝑘 − 𝑢)Γ (2𝑘 +

3
2)

,

𝜅(𝑢) =
𝐷≡4

12
𝑢
3𝜋

4𝑢
3

Γ (
𝑢 + 1

3
) Γ(2 − 𝑢)

Γ (
1
3
)

∏  

∞

𝑘=1

 
Γ(3𝑘 − 𝑢 + 2)Γ(3𝑘 + 𝑢)Γ(3𝑘 − 2)

Γ(3𝑘 + 𝑢 − 2)Γ(3𝑘 − 𝑢)Γ(3𝑘 + 2)
.

 

𝜅(𝑢) =
𝐷≡4

2
2𝑢
3 3

4𝑢
3

−2𝜋
4𝑢
3

Γ(2 − 𝑢)Γ (
𝑢
3
) Γ (

𝑢 + 1
3

)

Γ(𝑢)Γ (1 −
𝑢
3) Γ (

4
3 −

𝑢
3)

 

 

𝜉cr
SFN = [

1

4
∏  

4

𝑖=1

 𝑎0(1 − 𝜔𝑖)𝜅 (
1

2
− 𝜔𝑖)]

−1/2

  and  𝜉cr
SBW = [∏  

3

𝑖=1

 𝑎0(1 + 𝜔𝑖)𝜅(1 − 𝜔𝑖)]

−1/2

 

𝜉cr
SFN =

2

Γ (
1
2)

2 ⋅ 𝜅 (
1

2
)

−2

=
(
2
𝜋)

3/2

Γ (
1
4)

2 =
1

𝜋3√2|𝜂(i)|2

𝜉cr
SBW = 𝜅(1)−3/2 =

3

2𝜋2Γ (
1
3)

3/2
=

39/8

4𝜋3 |𝜂 (e
i𝜋
3 )|

 

star: = ∫  d𝐷𝑥0

1

[𝑥10
2 ]𝑢1

1

[𝑥20
2 ]𝑢2

1

[𝑥30
2 ]𝑢3

 

1

[𝑥2]𝑢
=

1

Γ(𝑢)
∫  

∞

0

 d𝑠𝑠𝑢−1e−𝑠𝑥2
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star =
1

Γ(𝑢1)Γ(𝑢2)Γ(𝑢3)
∫  

∞

0

 d𝑠1 d𝑠2 d𝑠3𝑠1
𝑢1−1

𝑠2
𝑢2−1

𝑠3
𝑢3−1

∫   d𝐷𝑥0e−𝑠1𝑥10
2 −𝑠2𝑥20

2 −𝑠3𝑥30
2

 

∫  d𝐷𝑥0e−𝑠1𝑥10
2 −𝑠2𝑥20

2 −𝑠3𝑥30
2

= e−
1
𝑆(𝑠1𝑠2𝑥12

2 +𝑠1𝑠3𝑥13
2 +𝑠2𝑠3𝑥23

2 ) (
𝜋

𝑆
)

𝐷
2  

𝑠𝑖 =
𝑇

𝑡𝑖
, 𝑆 = 𝑠1 + 𝑠2 + 𝑠3 =

𝑇2

𝑡1𝑡2𝑡3
,

𝑡𝑗 =
𝑠1𝑠2𝑠3

𝑆 ⋅ 𝑠𝑗
, 𝑇 = 𝑡1𝑡2 + 𝑡2𝑡3 + 𝑡1𝑡3 = 𝑠1𝑠2𝑠3

 det (
𝜕𝑠𝑖

𝜕𝑡𝑗
) =

𝑇3

𝑡1
2𝑡2

2𝑡3
2  

 star =
𝜋

𝐷
2

Γ(𝑢1)Γ(𝑢2)Γ(𝑢3)

 ⋅ ∫  
∞

0

 d𝑡1 d𝑡2 d𝑡3𝑇𝑢1+𝑢2+𝑢3−𝐷𝑡1

𝐷
2

−𝑢1−1
𝑡2

𝐷
2

−𝑢2−1
𝑡3

𝐷
2

−𝑢3−1
e−𝑡3𝑥12

2 −𝑡2𝑥13
2 −𝑡1𝑥23

2

 

∫  d𝐷𝑥0

1

[𝑥10
2 ]𝑢1

1

[𝑥20
2 ]𝑢2

1

[𝑥30
2 ]𝑢3

=𝜋
𝐷
2

Γ (
𝐷
2

− 𝑢1) Γ (
𝐷
2

− 𝑢2) Γ (
𝐷
2

− 𝑢3)

Γ(𝑢1)Γ(𝑢2)Γ(𝑢3)

 ⋅
1

[𝑥23
2 ]

𝐷
2

−𝑢1

1

[𝑥13
2 ]

𝐷
2

−𝑢2

1

[𝑥12
2 ]

𝐷
2

−𝑢3

 

 fstar : = ∫  d𝐷𝑥0

1

[𝑥10
2 ]𝑢1

𝑥10,𝛼𝛼̇

|𝑥10|

1

[𝑥20
2 ]𝑢2

𝑥‾20
𝛼̇𝛽

|𝑥20|

1

[𝑥30
2 ]𝑢3

,  

1

[𝑥10
2 ]𝑢

𝑥10,𝛼𝛼̇

|𝑥10|
=

1

1 − 2𝑢
𝜕1,𝛼𝛼̇

1

[𝑥10
2 ]𝑢−

1
2

 

 fstar =
1

(1 − 2𝑢1)(1 − 2𝑢2)
𝜕1,𝛼𝛼̇𝜕2

𝛼̇𝛽
∫  d𝐷𝑥0

1

[𝑥10
2 ]𝑢1−

1
2

1

[𝑥20
2 ]𝑢2−

1
2

1

[𝑥30
2 ]𝑢3

.  

 fstar =
1

4
∫  

∞

0

 d𝑠1 d𝑠2 d𝑠3

𝑠1

(𝑢1−
1
2
)−1

𝑠2

(𝑢2−
1
2
)−1

𝑠3
𝑢3−1

Γ (𝑢1 +
1
2) Γ (𝑢2 +

1
2) Γ(𝑢3)

(
𝜋

𝑆
)

𝐷
2

𝜕1,𝛼𝛼̇𝜕2
𝛼̇𝛽

exp  

exp: = e−
1
𝑆(𝑠1𝑠2⋅𝑥12

2 +𝑠1𝑠3⋅𝑥13
2 +𝑠2𝑠3⋅𝑥23

2 )  

𝑥𝛼𝛼̇𝑥‾ 𝛼̇𝛽 = 𝑥2𝛿𝛼
𝛽

 and 𝜕𝛼𝛼̇𝑥‾ 𝛼̇𝛽 = 𝐷 ⋅ 𝛿𝛼
𝛽

 

𝜕1,𝛼𝛼̇𝜕2
𝛼̇𝛽

exp = 4
𝑠1𝑠2

𝑆
[𝛿𝛼

𝛽
(

𝐷

2
+ ∑  

3

𝑖=1

  𝑠𝑖

𝜕

𝜕𝑠𝑖
) + 𝑠3 ⋅ 𝑥13,𝛼𝛼̇𝑥‾23

𝛼̇𝛽
] exp.  
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 ∫  
∞

0

 
𝑠1

𝑢1−
1
2

𝑆
𝐷
2

+1
⋅ 𝑠1

𝜕

𝜕𝑠1
exp = − ∫  

∞

0

 
𝑠1

𝑢1−
1
2

𝑆
𝐷
2

+1
[𝑢1 +

1

2
−

𝑠1

𝑆
(
𝐷

2
+ 1)] exp,

 ∫  
∞

0

 
𝑠2

𝑢2−
1
2

𝑆
𝐷
2

+1
⋅ 𝑠2

𝜕

𝜕𝑠2
exp = − ∫  

∞

0

 
𝑠2

𝑢2−
1
2

𝑆
𝐷
2

+1
[𝑢2 +

1

2
−

𝑠2

𝑆
(
𝐷

2
+ 1)] exp,

 ∫  
∞

0

 
𝑠3

𝑢3−1

𝑆
𝐷
2

+1
⋅ 𝑠3

𝜕

𝜕𝑠3
exp = − ∫  

∞

0

 
𝑠3

𝑢3−1

𝑆
𝐷
2

+1
[𝑢3 −

𝑠3

𝑆
(
𝐷

2
+ 1)] exp.

 

 fstar = 𝜋
𝐷
2𝑥13,𝛼𝛼̇𝑥‾23

𝛼̇𝛽
∫  

∞

0

 d𝑠1 d𝑠2 d𝑠3

𝑠1

𝑢1−
1
2𝑠2

𝑢2−
1
2𝑠3

𝑢3

Γ (𝑢1 +
1
2
) Γ (𝑢2 +

1
2
) Γ(𝑢3)

𝑆−
𝐷
2

−1exp  

fstar = 𝜋
𝐷
2𝑥13,𝛼𝛼̇𝑥‾23

𝛼̇𝛽
∫  

∞

0

 d𝑡1 d𝑡2 d𝑡3

𝑡1

𝐷
2

−𝑢1−
1
2𝑡2

𝐷
2

−𝑢2−
1
2𝑡3

𝐷
2

−𝑢3−1

Γ (𝑢1 +
1
2
) Γ (𝑢2 +

1
2
) Γ(𝑢3)

e−𝑡3𝑥12
2 −𝑡2𝑥13

2 −𝑡1𝑥23
2

 = 𝑟1
2

(𝑢3, 𝑢1, 𝑢2) ⋅
1

[𝑥12
2 ]

𝐷
2

−𝑢3

⋅
1

[𝑥13
2 ]

𝐷
2

−𝑢2

𝑥13,𝛼𝛼̇

|𝑥13|
⋅

1

[𝑥23
2 ]

𝐷
2

−𝑢1

𝑥‾23
𝛼̇𝛽

|𝑥23|

 

∫  d𝐷𝑥0 d2𝜃‾0

1

[𝑥
10
2 ]

𝑢1

1

[𝑥
20
2 ]

𝑢2
|

𝜃‾0=0

𝜃‾1,2=0

 

∫  d2𝜃‾0e−2i𝜃1𝜎𝜇𝜃‾0𝜕1,𝜇e−2i𝜃2𝜎𝜈𝜃‾0𝜕2,𝜈 ∫   d𝐷𝑥0

1

[𝑥10
2 ]𝑢1

1

[𝑥20
2 ]𝑢2

= ∫  d2𝜃‾0e−2i𝜃12𝜎𝜇𝜃‾0𝜕1,𝜇
𝑟(𝐷 − 𝑢1 − 𝑢2, 𝑢1, 𝑢2)

[𝑥12
2 ]𝑢1+𝑢2−

𝐷
2

 

𝜃12
2 ⧠1

𝑟(𝐷 − 𝑢1 − 𝑢2, 𝑢1, 𝑢2)

[𝑥12
2 ]𝑢1+𝑢2−

𝐷
2

=

{
 
 

 
 4𝑟0(2 − 𝑢1 − 𝑢2, 𝑢1, 𝑢2)

𝜃12
2

[𝑥12
2 ]𝑢1+𝑢2−

1
2

−4𝑟0(3 − 𝑢1 − 𝑢2, 𝑢1, 𝑢2)
𝜃12

2

[𝑥12
2 ]𝑢1+𝑢2−1

,  

⧠1[𝑥12
2 ]−𝑢 = −4𝑢 (

𝐷

2
− 𝑢 − 1) [𝑥12

2 ]−𝑢−1 

∫  d𝐷𝑥0 d2𝜃0 d2𝜃‾0𝛿(2)(𝜃0)
1

[𝑥20]
𝑢2

1

[𝑥30]
𝐷−1−𝑢1−𝑢2

∫   d𝐷𝑥1 d2𝜃1 d2𝜃‾1𝛿(2)(𝜃‾1)
1

[𝑥10]
𝑢1

|

𝜃‾2,3=0

 

∫  d𝐷𝑥1 d2𝜃1 d2𝜃‾1𝛿(2)(𝜃‾1)
1

[𝑥10]
𝑢1

= {
4

−4
} ⋅ 𝑢1 (

𝐷

2
− 𝑢1 − 1) 𝜃‾0

2 ∫   d𝐷𝑥1

1

[𝑥10]𝑢1+1  

⧠1[𝑥12
2 ]−𝑢 = −4𝑢 (

𝐷

2
− 𝑢 − 1) [𝑥12

2 ]−𝑢−1 
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{
4

−4
} ⋅ 𝑢1 (

𝐷

2
− 𝑢1 − 1) 𝑟0(𝑢2, 𝐷 − 1 − 𝑢1 − 𝑢2, 𝑢1 + 1) ∫  d𝐷𝑥1

1

[𝑥13]
𝐷
2

−𝑢2

1

[𝑥23]
𝐷
2

−𝑢1−1

1

[𝑥12]𝑢1+𝑢2+1−
𝐷
2

. 

{
4

−4
} ⋅ 𝑢1 (

𝐷

2
− 𝑢1 − 1) 𝑟0(𝑢2, 𝐷 − 1 − 𝑢1 − 𝑢2, 𝑢1 + 1)𝑟0 (𝐷 − 𝑢1 − 1, 𝑢1 + 𝑢2 + 1 −

𝐷

2
,
𝐷

2
− 𝑢2) .  

𝛼1
2 → 𝛼1,R

2 : = 𝜇𝜀𝛼1
2 + 𝜇𝜀𝛼1

2 ⋅ 𝛿(𝐿): = 𝜇𝜀𝛼1
2𝑍(𝐿)  

𝐴(𝑝1, 𝑝2, 𝑝3, 𝑝4) = ⟨tr(𝜙1(𝑝1)𝜙1(𝑝2))tr (𝜙1
†(𝑝3)𝜙1

†(𝑝4))⟩  

𝛿(𝐿) =
(𝑧1,1 + 𝑧1,2 + 𝑧1,3 + ⋯ )

𝜀
+

(𝑧2,2 + 𝑧2,3 + 𝑧2,4 + ⋯ )

𝜀2
+ ⋯  

𝜉2 → 𝑤 ⋅ 𝜉2, 𝛼1
2 → 𝑤 ⋅ 𝛼1

2  

𝑍(𝐿) = 1 + 𝛿(𝐿) = 1 + ∑  

𝐿

𝑘=1

 ∑  

𝑘

𝑛=1

 
1

𝜀𝑛
𝑧𝑛𝑘𝑤𝑘  with  𝛿𝑘 = ∑  

𝑘

𝑛=1

 
1

𝜀𝑛
𝑧𝑛𝑘  

𝛼1,R
2 = 𝜇𝜀𝛼1

2𝑤 + 𝜇𝜀𝛼1
2𝛿1𝑤2 + 𝜇𝜀𝛼1

2𝛿2𝑤3 + ⋯  

𝐴𝐿 = ∑  

𝐿

ℓ=0

 𝐴(ℓ)  

𝐴(ℓ) = 𝑤ℓ+1 ∑  

ℓ

𝑛=0

 
1

𝜀𝑛
𝑎𝑛

(ℓ)(𝛼1
2, 𝜉2)  

𝐴R
(ℓ)

= 𝑤ℓ+1 ∑  

ℓ

𝑛=0

 
1

𝜀𝑛
∑  

∞

𝑘=0

 𝑎R,𝑛𝑘
(ℓ) (𝛼1

2, 𝜉2; 𝛿𝑘)𝑤𝑘  with  𝐴R,𝐿 = ∑  

𝐿

ℓ=0

 𝐴R
(ℓ)

,  

𝜅 [
2

𝜀2
+

7

𝜀
+ 4 + 𝜀5] =

2

𝜀2
+

7

𝜀
 

𝜅[𝐴R,𝐿] =
!

0 + 𝒪(𝑤𝐿+2).  

𝐴(0) = 4 ⋅ (4𝜋)2𝛼1
2 ⟶ 𝐴R

(0)
= 4 ⋅ (4𝜋)2𝜇𝜀 (𝛼1

2𝑤 + 𝛼1
2𝛿1𝑤2 + 𝛼1

2𝛿2𝑤3 + 𝒪(𝑤4)) .  

𝜅[𝐴R,0] = 𝜅 [𝐴R
(0)

] = 𝜅[4 ⋅ (4𝜋)2𝜇𝜀𝛼1
2𝑤] + 𝒪(𝑤2) = 0 + 𝒪(𝑤2)  

𝜋(𝑠): = ∫  
d4−2𝜀ℓ

i(2𝜋)4−2𝜀

1

ℓ2(𝑘 − ℓ)2
=

(−𝑠/𝜇2)−𝜀

(4𝜋)2−𝜀

Γ(𝜀)Γ(1 − 𝜀)2

Γ(2 − 2𝜀)
 

 =
1

16𝜋2𝜀
+

2 − 𝛾E + log (
4𝜋𝜇2

−𝑠 )

16𝜋2
+ 𝒪(𝜀)
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𝐴R
(1)

=𝜇2𝜀
32𝜋2(𝜉4 + 4𝛼1

4)

𝜀
𝑤2 + 32𝜋2 ⋅ 𝜇2𝜀(𝜉4 + 4𝛼1

4)[2 − 𝛾E + log (4𝜋)]𝑤2

 −16𝜋2 ⋅ 𝜇2𝜀 [8𝛼1
4log (

−𝑠12

𝜇2
) + 𝜉4log (

−𝑠13

𝜇2
) + 𝜉4log (

−𝑠23

𝜇2
)] 𝑤2

 +𝒪(𝜀) + 𝒪(𝑤3)

 

𝐴R,1 = 4 ⋅ (4𝜋)2𝜇𝜀(𝛼1
2𝑤 + 𝛼1

2𝛿1𝑤2) + 𝜇2𝜀
32𝜋2(𝜉4 + 4𝛼1

4)

𝜀
𝑤2 + 𝒪(𝜀0) + 𝒪(𝑤3) + 𝑂(𝜀)  

𝜅[𝐴R,1] = 4 ⋅ (4𝜋)2𝛼1
2𝜅[𝛿1]𝑤2 +

32𝜋2(𝜉4 + 4𝛼1
4)

𝜀
𝑤2 + 𝒪(𝑤3) =

!
0 + 𝒪(𝑤3)  

𝛿1 = 𝜅[𝛿1] = −
𝜉4 + 4𝛼1

4

2𝛼1
2

1

𝜀
 

𝜉R
2 = 𝜉2 + 𝒪(𝜀) and 𝛼1,R

2 = 𝛼1
2 + 𝒪(𝑤) + 𝒪(𝜀) 

𝛿1 = −
𝜉R

4 + 4𝛼1,R
4

2𝛼1,R
2

1

𝜀
 

𝑧11 = −
𝜉R

4 + 4𝛼1,R
4

2𝛼1,R
2  

𝑉(𝑠): = ∫  
d4−2𝜀ℓ

i(2𝜋)4−2𝜀

𝜋(ℓ2)

(ℓ + 𝑝1)2(ℓ − 𝑝2)2
=

(−𝑠/𝜇2)−2𝜀

(4𝜋)4−2𝜀

Γ(𝜀)Γ(2𝜀)Γ(1 − 𝜀)2Γ(1 − 2𝜀)2

Γ(2 − 2𝜀)Γ(2 − 3𝜀)
 

 =
1

512𝜋4𝜀2
+

5 − 2𝛾E + 2log (
4𝜋𝜇2

−𝑠 )

512𝜋4𝜀
+ 𝒪(𝜀0)

 



pág. 10579 

 

𝐴R
(2)

=
64𝜋2𝛼1

2𝑤3(4𝛼1
4 + 𝜉4)

𝜀2

 −
64𝜋2𝛼1

2𝑤3 [8𝛼1
4 (log (

𝑠
𝜇2) + 𝛾E − 2) + 𝜉4 (2log (

𝑠
𝜇2) + 2𝛾E − 5)]

𝜀
+ 𝒪(𝜀0) + 𝒪(𝑤4)

 

𝜅[𝐴R,2] =𝑤3 {
64𝜋2𝛼1

2(4𝛼1
4 + 𝜉4)

𝜀2

 −
64𝜋2𝛼1

2 [−4𝛼1
2𝛿1 + 8𝛼1

4 (log (
𝑠
𝜇2) + 𝛾E − 2) + 𝜉4 (2log (

𝑠
𝜇2) + 2𝛾E − 5)]

𝜀

−256𝜋2𝛼1
4𝛿1 (log (

𝑠

𝜇2
) + 𝛾E − 2) + 64𝜋2𝛼1

2𝛿2}

 +𝑤2 {64𝜋2𝛼1
2𝛿1 +

32𝜋2(4𝛼1
4 + 𝜉4)

𝜖
}

 

𝛿1 = −
𝜉4 + 4𝛼1

4

2𝛼1
2

1

𝜀
  and  𝛿2 = −

𝜉4

𝜀
+

𝜉4 + 4𝛼1
4

𝜀2
 

𝛿1 = −
𝜉R

4 + 4𝛼1,R
4

2𝛼1,R
2

1

𝜀
 ⇔  𝑧11 = −

𝜉R
4 + 4𝛼1,R

4

2𝛼1,R
2 ,

𝛿2 = −
𝜉R

4

𝜀
+

𝜉R
4 + 4𝛼1,R

4

𝜀2
⇔ 𝑧12 = −𝜉R

4, 𝑧22 = 𝜉R
4 + 4𝛼1,R

4 .

 

𝑍 = 1 −
4𝛼1,R

4 + 𝜉R
4

2𝛼1,R
2 −

𝜉R
4

𝜀
+

𝜉R
8 − 4𝛼1,R

4 𝜉R
4

6𝛼1,R
2 +

4𝛼1,R
4 + 𝜉R

4

𝜀2
+

20𝛼1,R
4 𝜉R

4 + 𝜉R
8

6𝛼1,R
2 𝜀2

 −
16𝛼1,R

4 𝜉R
4 + 48𝛼1,R

8 + 𝜉R
8

6𝛼1,R
2 𝜀3

 

𝑆: = log 
𝑠

4𝜋𝜇2
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c1(𝜈1, 𝜈2, 𝜈3, 𝜈4 ∣ 𝑑) =
i𝑑Γ (

𝑑
2

− 𝜈123) Γ (
𝑑
2

− 𝜈134) Γ (−
𝑑
2

+ 𝜈1234)

Γ(𝜈2)Γ(𝜈4)Γ(𝑑 − 𝜈1234)

c2(𝜈1, 𝜈2, 𝜈3, 𝜈4 ∣ 𝑑) =
i𝑑Γ(𝜈2 − 𝜈4)Γ (

𝑑
2 − 𝜈12) Γ (

𝑑
2 − 𝜈23) Γ (−

𝑑
2 + 𝜈123)

Γ(𝜈1)Γ(𝜈2)Γ(𝜈3)Γ(𝑑 − 𝜈1234)

 

𝛽𝛼1
2: = 𝜇

d

 d𝜇
𝛼1,R

2  

𝛽𝛼1
2  = 𝜀 ⋅ 𝜇𝜀𝑍(𝐿)𝛼1

2 + 𝛼1
2𝜇𝜀 ⋅ 𝜇

d𝑍(𝐿)

d𝜇

 = 𝜀 ⋅ 𝛼1,R
2 + 𝛼1,R

2 ⋅
𝜇

𝑍(𝐿)

d𝑍(𝐿)

d𝜇

 = 𝜀 ⋅ 𝛼1,R
2 + 𝛽𝛼1

2
𝐷=4

 

𝛽𝛼1
2 →

𝜀→0 
𝛽𝛼1

2
𝐷=4 

𝛽𝜉2 = 𝜇
d

 d𝜇
𝜉R

2 = 𝜀 ⋅ 𝜉R
2  

𝛽𝛼1
2 = 𝜀 ⋅ 𝛼1,R

2 + 𝛼1,R
2 ⋅

1

𝑍(𝐿)
[
𝜕𝑍(𝐿)

𝜕𝜉R
2 𝛽𝜉2 +

𝜕𝑍(𝐿)

𝜕𝛼1,R
2 𝛽𝛼1

2] .  

𝛽𝛼1
2 = 𝜀𝛽

𝛼1
2

(1)
+ 𝛽

𝛼1
2

(0)
 

𝜀: 𝛽
𝛼1

2
(1)

= 𝛼1,R
2

 𝜀0: 𝛽
𝛼1

2
(0)

= ∑  

∞

𝑘=1

 𝛼1,R
2 [𝜉R

2
𝜕𝑧1𝑘

𝜕𝜉R
2 + 𝛼1,R

2
𝜕𝑧1𝑘

𝜕𝛼1,R
2 ] 𝑤𝑘 = 𝛽𝛼1

2
𝐷=4.

 

𝛽𝛼1
2 = 𝜀 ⋅ 𝛼1,R

2 + ∑  

∞

𝑘=1

 𝛼1,R
2 [𝜉R

2
𝜕𝑧1𝑘

𝜕𝜉R
2 + 𝛼1,R

2
𝜕𝑧1𝑘

𝜕𝛼1,R
2 ] 𝑤𝑘.  

𝛽
𝛼1

2
3−loop

= 𝜀 ⋅ 𝛼1,R
2 −

1

2
(𝜉R

4 + 4𝛼1,R
4 ) − 2𝛼1,R

2 𝜉R
4 +

1

2
(−4𝛼1,R

4 𝜉R
4 + 𝜉R

8)  

𝛽
𝛼1

2
3−loop,𝐷=4

= −
1

2
(𝜉R

4 + 4𝛼1,R∗
4 ) − 2𝛼1,R∗

2 𝜉R
4 +

1

2
(−4𝛼1,R∗

4 𝜉R
4 + 𝜉R

8) = 0  

𝛼1,R∗
2 =

−𝜉R
4 ± √−𝜉R

4 + 𝜉R
8 + 𝜉R

12

2(1 + 𝜉R
4)

= ±
i

2
𝜉R

2 −
𝜉R

4

2
∓

3i

4
𝜉R

6 + 𝒪(𝜉R
8)

 

𝑍(3) = 1 + [𝜉R
4 −

4i

3
𝜉R

6 + 𝒪(𝜉R
10)]

1

𝜀
+ 𝒪 (

1

𝜀2
)  
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⟨𝒪(𝑥)𝒪(𝑦)⟩R= 𝜇𝛾(𝜉2)√𝑍𝒪

2
⟨𝒪(𝑥)𝒪(𝑦)⟩ =

𝑣(𝜉2)𝜇𝛾(𝜉2)

|𝑥 − 𝑦|2Δ0+𝛾(𝜉2)
 

 =
𝑣0

|𝑥 − 𝑦|2Δ0
[1 −

𝜉2(𝑣0𝛾1𝐿 − 𝑣1)

𝑣0
+

𝜉4(𝑣0𝛾1
2𝐿2 − 2𝛾1𝑣1𝐿 − 𝑣0𝛾2𝐿 + 𝑣2)

2𝑣0
+ 𝒪(𝜉6)]

 

𝑣(𝜉2) = ∑  ∞
𝑘=0

𝑣𝑘

𝑘!
𝜉2𝑘 and the anomalous dimension 𝛾(𝜉2) = ∑  ∞

𝑘=1
𝛾𝑘

𝑘!
𝜉2𝑘 

∫  
d𝐷𝑝

(2𝜋)𝐷
ei𝑝⋅𝑥(𝑝2)𝛼 = 4𝛼𝜋−𝐷/2

Γ (
𝐷
2

+ 𝛼)

Γ(−𝛼)

1

(𝑥2)
𝐷
2

+𝛼
 

𝐴tree = (
e−𝛾E

𝜋
)

2𝜀

O =
1

(2𝜋)4−2𝜀

Γ(1 − 𝜀)2

(𝑥2)2−2𝜀
 

 

𝑍𝒪 = 1 +
𝜏13 + 𝜏12 + 𝜏11

𝜀
+

𝜏23 + 𝜏22

𝜀2
+

𝜏33

𝜀3
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 ⟨𝒪(𝑥)𝒪(𝑦)⟩R = 𝐴tree 

 

{1 +𝑤 (
4𝛼1

2 + 𝜏11

𝜀
+ 4(𝐿 + 1)𝛼1

2)

+𝑤2[
−𝜉4 + 4𝛼1

4 + 4𝛼1
2𝜏11 + 𝜏22

𝜀2
+

𝜉4 + 16(𝐿 + 1)𝛼1
4 + 4(𝐿 + 1)𝛼1

2𝜏11 + 𝜏12

𝜀

 + ((𝐿2 + 4𝐿 + 3)𝜉4 +
4

3
(15𝐿2 + 30𝐿 + 𝜋2)𝛼1

4 +
1

3
(6𝐿2 + 12𝐿 + 𝜋2)𝛼1

2𝜏11)

 +𝒪(𝜀)] + 𝒪(𝑤3)}

 

 

⟨𝒪(𝑥)𝒪(𝑦)⟩R,𝛼1
2→0 = 𝐴tree {1 +𝑤 (

𝜏11

𝜀
+ 𝒪(𝜀)) + 𝑤2 [

𝜉4 + 𝜏22

𝜀2
+

(2𝐿 + 3)𝜉4 + 𝜏12

𝜀

+
1

6
(12𝐿2 + 36𝐿 + 𝜋2 + 18)𝜉4 + 𝒪(𝜀)]

+𝒪(𝑤3)}

 

𝜏12 = −(2𝐿 + 3)𝜉4 on 𝐿 = log [𝜇2(𝑥 − 𝑦)2]. 

⟨𝒪(𝑥)𝒪(𝑦)⟩R, fixed-point = 𝐴tree [1 + 2𝑖(𝐿 + 1)𝜉2 + (−2𝐿2 − 4𝐿 + 1)𝜉4 + 𝒪(𝜉6) + 𝒪(𝜀) − √2 − 2√1 + 4𝜉4] 

𝛾(𝜉2)  = −2i𝜉2 +
1

2
⋅ 0𝜉4 +

1

6
⋅ 6i𝜉6 + 𝑂(𝜉8) = −2i𝜉2 + i𝜉6 + 𝒪(𝜉8)

𝑣(𝜉2)  = 1 + 2i𝜉2 +
1

2
⋅ 2𝜉4 +

1

6
⋅ 2i(−75 + 40𝜋2 − 308𝜁3)𝜉6 + 𝒪(𝜉8)

 = 1 + 2i𝜉2 + 𝜉4 + i (−25 + 80𝜁2 −
308

3
𝜁3) 𝜉6 + 𝒪(𝜉8)

 

𝑆(𝛼)𝑆(−𝛼) = 1
𝑆(𝜂 − 𝛼)

𝑆(𝛼)
=

𝑓0(𝜂 − 𝛼)

𝑓0(𝛼)
 

 

 

𝑆(𝛼) = 𝑓0(𝛼) or 𝑆(𝛼) =
1

𝑓0(𝜂−𝛼)
 

𝑆(𝛼) =
1

𝑓0(𝜂 − 𝛼)
𝑓1(𝛼) with 

𝑓1(𝜂 − 𝛼)

𝑓1(𝛼)
= 1  

𝑓1(𝛼)𝑓1(−𝛼)

𝑓0(𝜂 − 𝛼)𝑓0(𝜂 + 𝛼)
= 1  

𝑓1(𝛼) = 𝑓0(𝜂 + 𝛼)𝑓2(𝛼) with 𝑓2(𝛼)𝑓2(−𝛼) = 1  

𝑓0(2𝜂 − 𝛼)𝑓2(𝜂 − 𝛼)

𝑓0(𝜂 + 𝛼)𝑓2(𝛼)
= 1  



pág. 10585 

𝑓2(𝛼) = 𝑓0(2𝜂 − 𝛼)𝑓3(𝛼) with 
𝑓3(𝜂 − 𝛼)

𝑓3(𝛼)
= 1  

𝑓0(2𝜂 − 𝛼)𝑓0(2𝜂 + 𝛼)𝑓3(𝛼)𝑓3(−𝛼) = 1  

𝑓3(𝛼) =
1

𝑓0(2𝜂 + 𝛼)
𝑓4(𝛼) with 𝑓4(𝛼)𝑓4(−𝛼) = 1  

𝑓0(2𝜂 + 𝛼)𝑓4(𝜂 − 𝛼)

𝑓0(3𝜂 − 𝛼)𝑓4(𝛼)
= 1  

𝑓4(𝛼) =
1

𝑓0(3𝜂 − 𝛼)
𝑓5(𝛼) with 

𝑓5(𝜂 − 𝛼)

𝑓5(𝛼)
= 1  

𝑆(𝛼) =
1

𝑓0(𝜂 − 𝛼)
𝑓0(𝜂 + 𝛼)𝑓0(2𝜂 − 𝛼)

1

𝑓0(2𝜂 + 𝛼)

1

𝑓0(3𝜂 − 𝛼)
⋅ 𝑓5(𝛼)  

𝑆(𝛼) = ∏  

∞

𝑘=1

 
𝑓0((2𝑘 − 1) ⋅ 𝜂 + 𝛼)𝑓0(2𝑘 ⋅ 𝜂 − 𝛼)

𝑓0((2𝑘 − 1) ⋅ 𝜂 − 𝛼)𝑓0(2𝑘 ⋅ 𝜂 + 𝛼)
.  

𝑆(𝛼) =
1

𝑓0(𝜂 − 𝛼)
∏  

∞

𝑘=1

 
𝑓0(2𝑘 ⋅ 𝜂 − 𝜂 + 𝛼)𝑓0(2𝑘 ⋅ 𝜂 − 𝛼)

𝑓0(2𝑘 ⋅ 𝜂 + 𝜂 − 𝛼)𝑓0(2𝑘 ⋅ 𝜂 + 𝛼)
.  

∏  

∞

𝑘=1

𝑓0((2𝑘 + 1)𝜂)

𝑓0((2𝑘 − 1)𝜂)
=

1

𝑓0(𝜂)
 

𝑆(𝛼) =
𝑓0(𝜂)

𝑓0(𝜂 − 𝛼)
∏  

∞

𝑘=1

 
𝑓0(2𝜂𝑘 − 𝜂 + 𝛼)𝑓0(2𝜂𝑘 − 𝛼)𝑓0(2𝜂𝑘 + 𝜂)

𝑓0(2𝜂𝑘 + 𝜂 − 𝛼)𝑓0(2𝜂𝑘 + 𝛼)𝑓0(2𝜂𝑘 − 𝜂)
.  

𝑓0(𝑢) =
𝜋𝑢

Γ(𝑢 + ℓ)
 

𝜅ℓ(𝑢) = 𝜋𝑢
Γ (

𝐷
2 − 𝑢 + ℓ)

Γ (
𝐷
2 + ℓ)

∏  

∞

𝑘=1

 
Γ (𝐷𝑘 +

𝐷
2 − 𝑢 + ℓ) Γ(𝐷𝑘 + 𝑢 + ℓ)Γ (𝐷𝑘 −

𝐷
2 + ℓ)

Γ (𝐷𝑘 −
𝐷
2 + 𝑢 + ℓ) Γ(𝐷𝑘 − 𝑢 + ℓ)Γ (𝐷𝑘 +

𝐷
2 + ℓ)

 

𝜗1(𝑧 ∣ 𝑞) = 2 ∑  

∞

𝑛=0

  (−1)𝑛𝑞
(𝑛+

1
2
)

2

sin [(2𝑛 + 1)𝑧] = 2𝐺𝑞
1
4sin (𝑧) ∏  

∞

𝑛=1

  (1 − 𝑞2𝑛e2i𝑧)(1 − 𝑞2𝑛e−2i𝑧)

𝜗2(𝑧 ∣ 𝑞) = 2 ∑  

∞

𝑛=0

 𝑞
(𝑛+

1
2
)

2

cos [(2𝑛 + 1)𝑧] = 2𝐺𝑞
1
4cos (𝑧) ∏  

∞

𝑛=1

 (1 + 𝑞2𝑛e2i𝑧)(1 + 𝑞2𝑛e−2i𝑧)

𝜗3(𝑧 ∣ 𝑞) = 1 + 2 ∑  

∞

𝑛=1

 𝑞𝑛2
cos (2𝑛𝑧) = 𝐺 ∏  

∞

𝑛=1

  (1 + 𝑞2𝑛−1e2i𝑧)(1 + 𝑞2𝑛−1e−2i𝑧)

𝜗4(𝑧 ∣ 𝑞) = 1 + 2 ∑  

∞

𝑛=1

  (−1)𝑛𝑞𝑛2
cos (2𝑛𝑧) = 𝐺 ∏  

∞

𝑛=1

  (1 − 𝑞2𝑛−1e2i𝑧)(1 − 𝑞2𝑛−1e−2i𝑧)
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𝐺: = ∏  

∞

𝑛=1

(1 − 𝑞2𝑛) 

Γ(𝑟)(𝑧 ∣ 𝑞1, … , 𝑞𝑟) = ∏  

∞

𝑛1,…,𝑛𝑟=0

 
1 − 𝑞1

𝑛1+1
⋯ 𝑞𝑟

𝑛𝑟+1
𝑧−1

(1 − 𝑞1
𝑛1 ⋯ 𝑞𝑟

𝑛𝑟𝑧)
(−1)𝑟 = exp [∑  

∞

𝑘=1

 
(−1)𝑟𝑧𝑘 − 𝑞1

𝑘 ⋯ 𝑞𝑟
𝑘𝑧−𝑘

𝑘 ⋅ ∏  𝑟
𝑖=1   (1 − 𝑝𝑖

𝑘)
]  

Γ(1)(𝑞 ⋅ 𝑧 ∣ 𝑞) = Γ(1)(𝑧−1 ∣ 𝑞), Γ(1)(𝑧 ∣ 𝑞) = Γ(1)(𝑧 ∣ 𝑞2)Γ(1)(𝑞 ⋅ 𝑧 ∣ 𝑞2)

Γ(2)(𝑝𝑞 ⋅ 𝑧 ∣ 𝑞, 𝑝) =
1

Γ(2)(𝑧−1 ∣ 𝑞, 𝑝)
, Γ(2)(𝑝 ⋅ 𝑧 ∣ 𝑞, 𝑝) = Γ(1)(𝑧 ∣ 𝑞)Γ(2)(𝑧 ∣ 𝑞, 𝑝)

 

𝜅(𝑢) = w(𝑢)
w(𝜂 − 𝑢)

w(𝜂)
∏  

∞

𝑘=1

 
w(2𝜂𝑘 + 𝜂 − 𝑢)w(2𝜂𝑘 + 𝑢)w(2𝜂𝑘 − 𝜂)

w(2𝜂𝑘 − 𝜂 + 𝑢)w(2𝜂𝑘 − 𝑢)w(2𝜂𝑘 + 𝜂)
.  

𝜎0 = (
−1 0
0 −1

) ,        𝜎2 = (
0 −i
i 0

) ,         

𝜎1= (
0 1
1 0

),         𝜎3= (
1 0
0 −1

).         
 

𝜓𝛼 = 𝜀𝛼𝛽𝜓𝛽 , 𝜓‾ 𝛼̇ = 𝜀𝛼̇𝛽̇𝜓‾𝛽̇ ,

𝜓𝛼 = 𝜀𝛼𝛽𝜓𝛽 , 𝜓‾𝛼̇ = 𝜀𝛼̇𝛽̇𝜓‾ 𝛽̇
 

𝜓𝜒 = (𝜓𝜒) = 𝜓𝛼𝜒𝛼 = −𝜓𝛼𝜒𝛼, 𝜓𝜎𝜇𝜒‾ = 𝜓𝛼𝜎𝛼𝛼̇
𝜇

𝜒‾𝛼̇,

𝜓‾𝜒‾ = (𝜓‾𝜒‾) = 𝜓‾𝛼̇𝜒‾𝛼̇ = −𝜓‾ 𝛼̇𝜒‾𝛼̇ = (𝜓𝜒)†, (𝜓𝜎𝜇𝜒‾)† = 𝜒𝜎𝜇𝜓‾,
 

(𝜓𝜒) = (𝜒𝜓) if the index 𝜎‾𝜇,𝛼̇𝛼 = 𝜀𝛼𝛽𝜎
𝛽𝛽̇

𝜇
𝜀𝛼̇𝛽̇ 

𝜎𝛼𝛼̇
𝜇

𝜎‾𝜇
𝛽̇𝛽

= −2𝛿𝛼
𝛽
𝛿𝛼̇

𝛽̇
, [𝜎𝜇𝜎‾𝜈 + 𝜎𝜈𝜎‾𝜇]𝛼

𝛽
= −2𝜂𝜇𝜈𝛿𝛼

𝛽
,

tr[𝜎𝜇𝜎‾𝜈] = −2𝜂𝜇𝜈, [𝜎‾𝜇𝜎𝜈 + 𝜎‾𝜈𝜎𝜇]
𝛽̇
𝛼̇ = −2𝜂𝜇𝜈𝛿𝛽̇

𝛼̇,
 

𝜃𝛼𝜃𝛽 = −
1

2
𝜀𝛼𝛽𝜃2,

𝜃‾ 𝛼̇𝜃‾𝛽̇ =
1

2
𝜀𝛼̇𝛽̇𝜃‾2.

 𝜃𝜎𝜇𝜃‾𝜃𝜎𝜈𝜃‾ = −
1

2
𝜃2𝜃‾2𝜂𝜇𝜈 

𝐷𝛼  = 𝜕𝛼 + i𝜎𝛼𝛼̇
𝜇

𝜃‾𝛼̇𝜕𝜇 , 𝐷‾ 𝛼̇  = −𝜕‾𝛼̇ − i𝜃𝛼𝜎𝛼𝛼̇
𝜇

𝜕𝜇

𝑄𝛼  = 𝜕𝛼 − i𝜎𝛼𝛼̇
𝜇

𝜃‾𝛼̇𝜕𝜇 , 𝑄‾𝛼̇  = −𝜕‾𝛼̇ + i𝜃𝛼𝜎𝛼𝛼̇
𝜇

𝜕𝜇

 

with 𝜕𝛼 =
𝜕

𝜕𝜃𝛼 , 𝜕‾𝛼̇ =
𝜕

𝜕𝜃‾ 𝛼̇ and 𝜕𝜇 =
𝜕

𝜕𝑥𝜇. 

∫  d4𝜃𝜃2 = 1  and  ∫  d4𝜃‾𝜃‾2 = 1  

𝛿(2)(𝜃12) = 𝜃12
2  and 𝛿(2)(𝜃‾12) = 𝜃‾12

2  with 𝜃12 = 𝜃1 − 𝜃2 and 𝜃‾12 = 𝜃‾1 − 𝜃‾2 

[𝜃𝛼] = [𝜃‾𝛼̇] =
[𝑥𝜇]

2
= −

1

2
 

[d4𝜃] = [d4𝜃‾] = 1 
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∫  d4𝜃𝑓(𝜃) = [−
1

4
𝐷2𝑓(𝜃)]

𝜃=0
, ∫   d4𝜃‾𝑓(𝜃‾) = [−

1

4
𝐷‾ 2𝑓(𝜃‾)]

𝜃‾ =0

∫   d4𝜃 d2𝜃‾𝑓(𝜃, 𝜃‾) = [
1

16
𝐷2𝐷‾ 2𝑓(𝜃, 𝜃‾)]

𝜃,𝜃‾ =0

 

𝛾𝜇  𝛼  𝛽𝛾𝜈 𝛽 𝛾 = 𝜂𝜇𝜈𝛿𝛼
𝛾

+ 𝜀𝜇𝜈𝜌𝛾𝜌 𝛼
𝛾

 

𝜂𝜇𝜈 = diag(−1,1,1) 

𝛾𝛼𝛽
𝜇

= 𝜀𝛽𝛿𝛾𝛼
𝜇𝛿

= (−𝟙, −𝜎3, 𝜎1) 

𝜓𝛼 = 𝜀𝛼𝛽𝜓𝛽 , 𝜓‾𝛼 = 𝜀𝛼𝛽𝜓‾𝛽

𝜓𝛼 = 𝜀𝛼𝛽𝜓𝛽 , 𝜓‾𝛼 = 𝜀𝛼𝛽𝜓‾𝛽
 

𝜓𝜒 = 𝜓𝛼𝜒𝛼 = −𝜓𝛼𝜒𝛼, 𝜓𝛾𝜇𝜒‾ = 𝜓𝛼𝛾𝛼𝛽
𝜇

𝜒‾𝛽 . 

𝜃𝛼𝜃𝛽 = −
1

2
𝜀𝛼𝛽𝜃2, 𝜃𝛾𝜇𝜃‾𝜃𝛾𝜈𝜃‾ =

1

2
𝜃2𝜃‾2𝜂𝜇𝜈

𝜃‾𝛼𝜃‾𝛽 = −
1

2
𝜀𝛼𝛽𝜃‾2.

 

𝐷𝛼 = 𝜕𝛼 + i𝛾𝛼𝛽
𝜇

𝜃‾𝛽𝜕𝜇 , 𝐷‾𝛼 = −𝜕‾𝛼 − i𝜃𝛽𝛾𝛽𝛼
𝜇

𝜕𝜇

𝑄𝛼 = 𝜕𝛼 − i𝛾𝛼𝛽
𝜇

𝜃‾𝛽𝜕𝜇 , 𝑄‾𝛼 = −𝜕‾𝛼 + i𝜃𝛽𝛾𝛽𝛼
𝜇

𝜕𝜇

 

Φ(𝑧)  = 𝜙(𝑥+) + √2𝜃𝜓(𝑥+) + 𝜃2𝐹(𝑥+)

Φ†(𝑧)  = 𝜙†(𝑥−) − √2𝜃‾𝜓‾(𝑥−) − 𝜃‾2𝐹†(𝑥−)
 

𝑥±
𝜇

= 𝑥𝜇 ± i𝜃𝛾𝜇𝜃‾ 

ei𝜃𝜎𝜇𝜃‾ 𝜕𝜇(𝑓(𝑥) ⋅ 𝑔(𝑥)) = ei𝜃𝜎𝜇𝜃‾ 𝜕𝜇𝑓(𝑥)ei𝜃𝜎𝜇𝜃‾ 𝜕𝜇𝑔(𝑥) 

𝜅MS[⧠] = 𝜅[⧠] + 𝛾E 

𝑓0(𝛽) =
𝜋𝛽

Γ(𝛽+ℓ)
 with 𝜂 =

𝐷

2
 

{
 
 

 
 

𝑑

𝑑𝑡
𝑋𝑗 = 𝑉𝑗,

𝑑

𝑑𝑡
𝑉𝑗 = −

1

𝑁
∑  

0≤𝑙≤𝑁

 ∇𝒱(𝑋𝑗 − 𝑋𝑙), 0 ≤ 𝑗 ≤ 𝑁,

(𝑋𝑗, 𝑉𝑗)|
𝑡=0

= (𝑋𝑗
∘, 𝑉𝑗

∘),

 

{
𝜕𝑡𝐹𝑁 + ∑  

0≤𝑗≤𝑁

 𝑣𝑗 ⋅ ∇𝑥𝑗
𝐹𝑁 =

1

𝑁
∑  

0≤𝑗,𝑙≤𝑁

 ∇𝒱(𝑥𝑗 − 𝑥𝑙) ⋅ ∇𝑣𝑗
𝐹𝑁,

𝐹𝑁|𝑡=0 = 𝐹𝑁
∘ .

 

𝐹𝑁
∘ (𝑧0, … , 𝑧𝑁) = 𝑓∘(𝑣0)𝑀𝑁(𝑧1, … , 𝑧𝑁), 𝑧𝑗 = (𝑥𝑗, 𝑣𝑗) 
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𝑀𝑁(𝑧1, … , 𝑧𝑁): = 𝑍𝑁
−1exp 

(

 
 

−
𝛽

2
∑  

1≤𝑗≤𝑁

  |𝑣𝑗|
2

−
𝛽

2𝑁
∑  

1≤𝑗,𝑙≤𝑁
𝑗≠𝑙

 𝒱(𝑥𝑗 − 𝑥𝑙)

)

 
 

, 

𝑀(𝑣): = (
𝛽

2𝜋
)

𝑑
2

𝑒−
𝛽
2

|𝑣|2
 

𝑓𝑁,0(𝑡, 𝑣): = ∫  
𝕋𝑑×(𝕋𝑑×ℝ𝑑)

𝑁
𝐹𝑁(𝑡, 𝑥, 𝑣, 𝑧1, … , 𝑧𝑁)𝑑𝑥𝑑𝑧1 … 𝑑𝑧𝑁 

{
𝜕𝜏𝑓 = div𝑣(𝐴(∇ + 𝛽𝑣)𝑓)

𝑓|𝜏=0 = 𝑓∘  

𝐴(𝑣) ∶= ∫  
ℝ𝑑

 𝐵(𝑣, 𝑣 − 𝑣∗)𝑀(𝑣∗)𝑑𝑣∗

𝐵(𝑣, 𝑤) ∶= ∑  

𝑘∈2𝜋ℤ𝑑

  (𝑘 ⊗ 𝑘)𝜋𝒱̂(𝑘)2
𝛿(𝑘 ⋅ 𝑤)

|𝜀(𝑘, 𝑘 ⋅ 𝑣)|2

𝜀(𝑘, 𝑘 ⋅ 𝑣) ∶= 1 + 𝒱̂(𝑘) ∫  
ℝ𝑑

 
𝑘 ⋅ ∇𝑀(𝑣∗)

𝑘 ⋅ (𝑣 − 𝑣∗) − 𝑖0
𝑑𝑣∗

 

𝑓(𝜏, 𝑣) → 𝑀(𝑣)  as 𝜏 = 𝑁−1𝑡 ↑ ∞ 

𝐹𝑁,𝑚(𝑧0, … , 𝑧𝑚): = ∫  
(𝕋𝑑×ℝ𝑑)

𝑁−𝑚
𝐹𝑁(𝑧0, … , 𝑧𝑁)𝑑𝑧𝑚+1 … 𝑑𝑧𝑁 

𝐺𝑁,𝑚(𝑧0, … , 𝑧𝑚): = ∑  

𝑚

𝑗=0

  (−1)𝑚−𝑗 ∑  

𝜎∈𝒮𝑗
𝑚

 
𝐹𝑁,𝑗

𝑀⊗𝑗+1
(𝑧0, 𝑧𝜎)  

∫  
𝕋𝑑×ℝ𝑑

 𝐺𝑁,𝑚(𝑧0, … , 𝑧𝑚)𝑀(𝑧𝑗)𝑑𝑧𝑗 = 0,  for all 1 ≤ 𝑗 ≤ 𝑚  

𝐹𝑁,𝑚(𝑧0, … , 𝑧𝑚) = 𝑀⊗𝑚+1(𝑧0, … , 𝑧𝑚) ∑  

𝑚

𝑗=0

  ∑  

𝜎∈𝒮𝑗
𝑚

 𝐺𝑁,𝑗(𝑧0, 𝑧𝜎),  for all 0 ≤ 𝑚 ≤ 𝑁.  

∑  

𝑁

𝑚=0

 (
𝑁

𝑚
) ∫  

(𝕋𝑑×ℝ𝑑)
𝑚+1

  |𝐺𝑁,𝑚|
2
𝑀⊗𝑚+1 = ∫  

(𝕋𝑑×ℝ𝑑)
𝑁+1

 
|𝐹𝑁|2

𝑀⊗𝑁+1
 

(∫  
(𝕋𝑑×ℝ𝑑)

𝑚+1
  |𝐺𝑁,𝑚(𝑡)|

2
𝑀⊗𝑚+1)

1
2

≲ (
𝑁

𝑚
)

−
1
2

≲ 𝑚
𝑚
2 𝑁−

𝑚
2  

𝜕𝑡𝐺𝑁,𝑚 + 𝑖𝐿𝑁,𝑚𝐺𝑁,𝑚 = 𝑖𝑆𝑁,𝑚
+ 𝐺𝑁,𝑚+1 +

1

𝑁
(𝑖𝑆𝑁,𝑚

∘ 𝐺𝑁,𝑚 + 𝑖𝑆𝑁,𝑚
− 𝐺𝑁,𝑚−1 + 𝑖𝑆𝑁,𝑚

𝜖‾𝑁,𝑚𝐺𝑁,𝑚−2)  
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𝑆𝑁,𝑚
+ : 𝐿2(𝑀)⊗𝑚+1 → 𝐿2(𝑀)⊗𝑚

𝑆𝑁,𝑚
∘ : 𝐿2(𝑀)⊗𝑚 → 𝐿2(𝑀)⊗𝑚

𝑆𝑁,𝑚
− : 𝐿2(𝑀)⊗𝑚−1 → 𝐿2(𝑀)⊗𝑚

𝑆𝑁,𝑚
= : 𝐿2(𝑀)⊗𝑚−2 → 𝐿2(𝑀)⊗𝑚

 

𝑖𝐿𝑁,𝑚𝐺𝑁,𝑚 = ∑  

𝑚

𝑗=0

 𝑣𝑗 ⋅∇𝑥𝑗
𝐺𝑁,𝑚

 +
𝑁 + 1 − 𝑚

𝑁
∑  

𝑚

𝑗=1

 𝛽𝑣𝑗 ⋅ ∫  
𝕋𝑑×ℝ𝑑

 ∇𝒱(𝑥𝑗 − 𝑥∗)𝐺𝑁,𝑚(𝑧[0,𝑚]∖{𝑗}, 𝑧∗)𝑀(𝑣∗)𝑑𝑧∗

 

𝔻: = ℝ𝑑 × ℝ𝑑 ∋ 𝑧 = (𝑥, 𝑣) 

ℋ: = ⨁  

∞

𝑚=0

ℋ𝑚, 

𝐺𝑚: 𝔻𝑚+1 → ℝ: (𝑧0, … , 𝑧𝑚) ↦ 𝐺𝑚(𝑧0, … , 𝑧𝑚) 

(𝑧0, … , 𝑧𝑚) ↦ (𝑥0 +𝑥, 𝑣0, … , 𝑥𝑚 + 𝑥, 𝑣𝑚), 𝑥 ∈ ℝ𝑑 

 ∫  
𝔻𝑚+1

 𝛿(𝑥0)|𝐺𝑚(𝑧[𝑚])|
2
𝑀⊗𝑚+1(𝑣[𝑚])𝑑𝑧[𝑚] < ∞

 ∫  
𝔻

 𝐺𝑚(𝑧[𝑚])𝑀(𝑣𝑗)𝑑𝑧𝑗 = 0,  for all 1 ≤ 𝑗 ≤ 𝑚
 

(𝑁
𝑚

) ∼
𝑁𝑚

𝑚!
 as 𝑁 ↑ ∞ for fixed 𝑚 

‖𝐺𝑚‖ℋ𝑚

2 : = ⟨𝐺𝑚, 𝐺𝑚⟩ℋ𝑚
: =

1

𝑚!
∫  

𝔻𝑚+1
 𝛿(𝑥0)|𝐺𝑚(𝑧[𝑚])|

2
𝑀⊗𝑚+1(𝑣[𝑚])𝑑𝑧[𝑚]  

‖(𝐺𝑚)𝑚‖ℋ
2 : = ∑  

∞

𝑚=0

‖𝐺𝑚‖ℋ𝑚

2  

𝑖𝐿𝑚: = ∑  

0≤𝑗≤𝑚

 𝑣𝑗 ⋅ ∇𝑥𝑗
, 𝐷𝑚: = − ∑  

0≤𝑗≤𝑚

 (∇𝑣𝑗
−

𝛽

2
𝑣𝑗)

2

.  

𝑖𝑆𝑚
−𝐺𝑚−1(𝑧[𝑚]) ∶= ∑  

0≤𝑗≤𝑚

  ∑  
1≤𝑙≤𝑚

𝑙≠𝑗

 ∇𝒱(𝑥𝑗 − 𝑥𝑙) ⋅ (∇𝑣𝑗
−

𝛽

2
𝑣𝑗) 𝐺𝑚−1(𝑧[𝑚]∖{𝑙})

𝑖𝑆𝑚−1
+ 𝐺𝑚(𝑧[𝑚−1]) ∶= ∑  

0≤𝑗≤𝑚−1

 ∫  
𝔻

 ∇𝒱(𝑥𝑗 − 𝑥𝑚) ⋅ (∇𝑣𝑗
−

𝛽

2
𝑣𝑗) 𝐺𝑚(𝑧[𝑚])𝑀(𝑣𝑚)𝑑𝑧𝑚

 

⟨𝐻𝑚−1, 𝑆𝑚−1
+ 𝐺𝑚⟩ℋ𝑚−1

= ⟨𝑆𝑚
−𝐻𝑚−1, 𝐺𝑚⟩ℋ𝑚

, 𝑚 ≥ 1  

𝜕𝑡𝐺𝑚
𝑁,𝑚0 + (𝑖𝐿𝑚 +

𝜅

𝑁
𝐷𝑚) 𝐺𝑚

𝑁,𝑚0 = 𝑖𝑆𝑚
+𝐺𝑚+1

𝑁,𝑚0 +
1

𝑁
𝑖𝑆𝑚

−𝐺𝑚−1
𝑁,𝑚0 , 0 ≤ 𝑚 ≤ 𝑚0  
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𝐺𝑚
𝑁,𝑚0|

𝑡=0
= {

𝔊 : 𝑚 = 0
0 : 𝑚 ≠ 0

 

𝑑

𝑑𝑡
∑  

𝑚0

𝑚=0

𝑁𝑚‖𝐺𝑚
𝑁,𝑚0‖

ℋ𝑚

2
= −

2𝜅

𝑁
∑  

𝑚0

𝑚=0

𝑁𝑚 ∑  

𝑚

𝑗=1

‖(∇𝑣𝑗
−

𝛽

2
𝑣𝑗) 𝐺𝑚

𝑁,𝑚0‖
ℋ𝑚

2

≤ 0 

‖𝐺𝑚
𝑁,𝑚0(𝑡)‖

ℋ𝑚
≤ 𝑁−

𝑚
2 ‖𝔊‖ℋ0

 

{
𝜕𝜏𝐺0 = (∇𝑣 −

𝛽

2
𝑣) ⋅ (𝜅Id + 𝐴0) (∇𝑣 −

𝛽

2
𝑣) 𝐺0

𝐺0|𝜏=0 = 𝔊
 

𝐴0(𝑣) ∶= (𝐵0 ∗ 𝑀)(𝑣)

𝐵0(𝑣) ∶=
Λ𝒱

|𝑣|
(Id −

𝑣 ⊗ 𝑣

|𝑣|2
) = Λ𝒱∇2|𝑣|

 

Λ𝒱: =
𝜔𝑑−1

𝑑𝜔𝑑
∫  

ℝ𝑑
|𝑘|𝜋𝒱̂(𝑘)2

𝑑𝑘

(2𝜋)𝑑
 

𝐵(𝑣, 𝑤) = ∫  
ℝ𝑑

  (𝑘 ⊗ 𝑘)𝜋𝒱̂(𝑘)2
𝛿(𝑘 ⋅ 𝑤)

|𝜀(𝑘, 𝑘 ⋅ 𝑣)|2
𝑑𝑘

(2𝜋)𝑑  

 

𝑑 ≥ 𝑑0 = {

2,  if 𝑚0 = 1,
8,  if 𝑚0 = 2,

28𝑚0 + 70,  if 𝑚0 ≥ 3,
 

𝜅 ≥ 𝐶𝑚0
∫  

ℝ𝑑
|𝑘|𝒱̂(𝑘)𝑑𝑘 ∖ 𝜕⧠(𝐺𝑚

𝑁,𝑚0)
0≤𝑚≤𝑚0

 

(𝜏, 𝑣) ↦ 𝐺0
𝑁,𝑚0(𝑁𝜏, 𝑣) 

(∫  
∞

0

  𝑒−2𝜏‖𝐺0
𝑁,𝑚0(𝑁𝜏) − 𝐺0(𝜏)‖

𝐿2(𝑀𝑑𝑣)

2
𝑑𝜏)

1
2

≲ 𝑁−
1
12 ‖⟨(∇𝑣0

, 𝑣0)⟩
4𝑚0+10

𝔊‖
𝐿2(𝑀𝑑𝑣)

 

𝑁−1 ‖⟨(∇𝑣0
, 𝑣0)⟩

4𝑚0+21
𝔊‖

𝐿2(𝑀𝑑𝑣)
 

𝑔𝑚
𝑁,𝑚0(𝜏, 𝑧̂[𝑚]): = √

𝑁𝑚

𝑚!
𝑀⊗𝑚+1(𝑣[𝑚]) ∫  

(ℝ𝑑)
𝑚+1

 (∏  

𝑚

𝑗=0

  𝑒−𝑖𝑘𝑗⋅𝑥𝑗) 𝐺𝑚
𝑁,𝑚0(𝑡𝑁𝜏, 𝑧[𝑚])𝑑𝑥[𝑚]  

𝔻̂𝑚+1: = {(𝑧̂0, … , 𝑧̂𝑚) ∈ 𝔻𝑚+1: ∑  

𝑚

𝑗=0

 𝑘𝑗 = 0}. 
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‖𝑔𝑚
𝑁,𝑚0(𝜏)‖

𝐿2(𝔻̂𝑚+1)
≤ ‖𝔤‖𝐿2(𝔻̂1),  

𝔤: = √𝑀𝔊  on 𝔻̂1 = {0} × ℝ𝑑 

{
𝑡𝑁

−1𝜕𝜏𝑔𝑚
𝑁,𝑚0 + (𝑖𝐿̂𝑚 +

𝜅

𝑁
𝐷̂𝑚) 𝑔𝑚

𝑁,𝑚0 =
1

√𝑁
(𝑖𝑆̂𝑚

+𝑔𝑚+1
𝑁,𝑚0 + 𝑖𝑆̂𝑚

−𝑔𝑚−1
𝑁,𝑚0), 0 ≤ 𝑚 ≤ 𝑚0

𝑔𝑚
𝑁,𝑚0|

𝜏=0
= 𝔤𝟙𝑚=0

 

𝐿̂𝑚: = ∑  

0≤𝑗≤𝑚

 𝑘𝑗 ⋅ 𝑣𝑗 , 𝐷̂𝑚: = − ∑  

0≤𝑗≤𝑚

 △𝑣𝑗
,  

𝑆̂𝑚
−𝑔𝑚−1 ∶= ∑  

0≤𝑗≤𝑚

  ∑  
1≤𝑙≤𝑚

𝑙≠𝑗

  𝑆̂𝑗,𝑙
𝑚,−𝑔𝑚−1,

𝑆̂𝑚−1
+ 𝑔𝑚 ∶= ∑  

0≤𝑗≤𝑚−1

  𝑆̂𝑗,𝑚
𝑚−1,+𝑔𝑚

 

𝑆̂𝑗,𝑙
𝑚,−𝑔𝑚−1(𝑧̂[𝑚]) ∶= −

1

√𝑚
√𝑀(𝑣𝑙)𝑘𝑙𝒱̂(𝑘𝑙) ⋅ ∇𝑣𝑗

𝑔𝑚−1 (𝑧̂[𝑚]∖{𝑗,𝑙}, (𝑘𝑗 + 𝑘𝑙 , 𝑣𝑗))

𝑆̂𝑗,𝑚
𝑚−1,+𝑔𝑚(𝑧̂[𝑚−1]) ∶= √𝑚 ∫  

𝔻

 √𝑀(𝑣𝑚)𝑘𝑚𝒱̂(𝑘𝑚) ⋅ ∇𝑣𝑗
𝑔𝑚 (𝑧̂[𝑚]∖{𝑗}, (𝑘𝑗 − 𝑘𝑚, 𝑣𝑗)) 𝑑∗𝑧̂𝑚

 

𝑑∗𝑧̂𝑗 = 𝑑∗𝑘𝑗𝑑𝑣𝑗 and 𝑑∗𝑘𝑗 = (2𝜋)−𝑑𝑑𝑘𝑗 

⟨ℎ𝑚−1, 𝑆̂𝑚−1
+ 𝑔𝑚⟩

𝐿2(𝔻̂𝑚)
= ⟨𝑆̂𝑚

−ℎ𝑚−1, 𝑔𝑚⟩
𝐿2(𝔻̂𝑚+1)

, 1 ≤ 𝑚 ≤ 𝑚0  

𝑔𝑚
𝑁,𝑚0 = 𝑂 (𝐶𝑚𝑁−

𝑚
2 )  

𝜕𝜏𝑔0
𝑁,𝑚0 + 𝜅𝐷̂0𝑔0

𝑁,𝑚0  = 𝑖𝑆̂0
+(√𝑁𝑔1

𝑁,𝑚0)

(
1

𝑁
𝜕𝜏 + 𝐿̂1 +

𝜅

𝑁
𝐷̂1) (√𝑁𝑔1

𝑁,𝑚0)  = 𝑖𝑆̂1
−𝑔0

𝑁,𝑚0 + 𝑂(𝑁−1)
 

𝜕𝜏𝑔0
𝑁,𝑚0 + 𝜅𝐷̂0𝑔0

𝑁,𝑚0 = −𝑆̂0
+ (

1

𝑁
𝜕𝜏 + 𝐿̂1 +

𝜅

𝑁
𝐷̂1)

−1

𝑆̂1
−𝑔0

𝑁,𝑚0 + 𝑂(𝑁−1)  

ℒ𝜑(𝛼): = ∫  
∞

0

 𝜑(𝜏)𝑒−(1+𝑖𝛼)𝜏𝑑𝜏, 𝜑(𝜏) = 𝑒𝜏 ∫  
ℝ

  𝑒𝑖𝛼𝜏ℒ𝜑(𝛼)𝑑∗𝛼, 𝑑∗𝛼: =
𝑑𝛼

2𝜋
 

(1 + 𝑖𝛼)ℒ𝑔0
𝑁,𝑚0 − div𝑣0

((𝜅Id + 𝐴0
𝑁)∇𝑣0

ℒ𝑔0
𝑁,𝑚0) = 𝔤 + 𝑂(𝑁−1) 

𝐴0
𝑁(𝛼, 𝑣0): = ∫  

𝔻

(𝑘1 ⊗ 𝑘1)𝒱̂(𝑘1)2√𝑀(𝑣1) (
1 + 𝑖𝛼

𝑁
+ 𝑖𝑘1 ⋅ (𝑣1 − 𝑣0) +

𝜅

𝑁
𝐷̂1)

−1

√𝑀(𝑣1)𝑑∗𝑧̂1 

{
𝜕𝜏𝑔0 = div𝑣((𝜅Id + 𝐴0)∇𝑣𝑔0)

𝑔0|𝑡=0 = 𝔤
 

𝑔0
𝑁,𝑚0(𝜏) = √𝑀𝐺0

𝑁,𝑚0(𝑁𝜏) 
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𝐺0
𝑁,𝑚0(𝑁𝜏) → 𝐺0(𝜏): = √𝑀

−1
𝑔0(𝜏), 

{
 

 (1 + 𝑖𝛼 + 𝜅
𝑡𝑁

𝑁
𝐷̂0) ℒ𝑔0

𝑁,𝑚0 = 𝔤 +
𝑡𝑁

√𝑁
𝑖𝑆̂0

+ℒ𝑔1
𝑁,𝑚0

(
1 + 𝑖𝛼

𝑡𝑁
+ 𝑖𝐿̂𝑚 +

𝜅

𝑁
𝐷̂𝑚) ℒ𝑔𝑚

𝑁,𝑚0 =
1

√𝑁
(𝑖𝑆̂𝑚

+ℒ𝑔𝑚+1
𝑁,𝑚0 + 𝑖𝑆̂𝑚

−ℒ𝑔𝑚−1
𝑁,𝑚0), 1 ≤ 𝑚 ≤ 𝑚0

 

Iteratively solving this hierarchy, we obtain an infinite Dyson series for each correlation function 𝑔𝑚
𝑁,𝑚0. 

Each term in this expansion consists of a sequence of resolvents 

(
1 + 𝑖𝛼

𝑡𝑁
+ 𝑖𝐿̂𝑚 +

𝜅

𝑁
𝐷̂𝑚)

−1
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‖(
1

𝑡𝑁
+ 𝑖𝑘 ⋅ 𝑣 −

𝜅

𝑁
△𝑣)

−1

‖
𝐿2(𝑑𝑣)→𝐿2(𝑑𝑣)

≲ 𝑡𝑁 

‖(
1

𝑡𝑁
+ 𝑖𝑘 ⋅ 𝑣 −

𝜅

𝑁
△𝑣)

−1

‖
𝐿2(𝑑𝑣)→𝐿2(𝑑𝑣)

≲ 𝜅−
1
3|𝑘|−

2
3𝑁

1
3  
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|∫  
ℝ𝑑

  (
1

𝑡𝑁
+ 𝑖𝑘 ⋅ 𝑣 −

𝜅

𝑁
△𝑣)

−1

𝑀(𝑣)𝑑𝑣| = |∫  
ℝ𝑑

  (
1

𝑡𝑁
+ |𝑘| + 𝑖𝑘 ⋅ 𝑣 −

𝜅

𝑁
△𝑣)

−1

𝑀(𝑣 − 𝑖𝑘̂)𝑑𝑣| ≲ |𝑘|−1  

‖(
1

𝑡𝑁
+ 𝑖𝑘 ⋅ 𝑣 −

𝜅

𝑁
△𝑣)

−1

‖
𝐿2(𝑑𝑣)→𝐿2(𝑑𝑣)

≲𝜅 |𝑘|−
2
3𝑁

1
3  

 

 

⟨ℎ, 𝐹𝑁⟩ ≲ 𝑁−ℓ−
𝑚
2 𝑁

2𝑚+ℓ+1
3 = 𝑁−

1
6
(4ℓ−𝑚−2), 
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{
(𝜕𝜏 +

𝜅𝑡𝑁

𝑁
𝐷̂0) 𝑔̃0

𝑁 = − (
𝑡𝑁

√𝑁
)

2

∫  
𝜏

0

  𝑆̂0,1
0,+𝑒

−𝑡𝑁(𝜏−𝜏′)(𝑖𝐿̂1+
𝜅
𝑁

𝐷̂1)
𝑆̂0,1

1,−𝑔̃0
𝑁(𝜏′)𝑑𝜏′

𝑔̃0
𝑁|

𝜏=0
= 𝔤.

 

 

𝑚 + ∑  

𝑛

𝑖=1

𝑠𝑖 = 0,  and  0 < 𝑚 + ∑  

𝑗

𝑖=1

𝑠𝑖 ≤ 𝑚0  for all 1 ≤ 𝑗 < 𝑛, 

Ω𝑚: = {(𝑠1, … , 𝑠𝑛) ∈ Ω: 𝑚 + ∑  

𝑛

𝑖=1

  𝑠𝑖 = 0} 

𝜕Ω =⊔0≤𝑚<𝑚0
𝜕Ω𝑚 

𝜕Ω𝑚: = {(1, 𝑠1, … , 𝑠𝑛) ∉ Ω𝑚: (𝑠1, … , 𝑠𝑛) ∈ Ω𝑚+1} 

𝑎𝑖 ∈ ℕ, 𝑏𝑖 ∈ ℕ ∖ {0}, 𝑎𝑖 ≠ 𝑏𝑖, such that: 

• if (𝑠𝑖 , 𝑠𝑖+1) = (1, −1), then (𝑎𝑖 , 𝑏𝑖) ≠ (𝑎𝑖+1, 𝑏𝑖+1); 

• if 𝑠𝑖 = 1, then 𝑎𝑖 ∈ 𝜔𝑖−1 and 𝑏𝑖 = 1 + max ∪𝑗:𝑗<𝑖 𝜔𝑗 = 1 + max(𝑚, 𝑎1, 𝑏1, … , 𝑎𝑖−1, 𝑏𝑖−1); 

• if 𝑠𝑖 = −1, then 𝑎𝑖 ∈ 𝜔𝑖−1 and 𝑏𝑖 ∈ 𝜔𝑖−1 ∖ {𝑎𝑖, 0}; 

𝜔0: = {0, … , 𝑚}, 𝜔𝑖: = {
𝜔𝑖−1 ∪ {1 + max ∪𝑗:𝑗<𝑖 𝜔𝑗},  if 𝑠𝑖 = 1

𝜔𝑖−1 ∖ {𝑏𝑖},  if 𝑠𝑖 = −1
 

 

(𝜕𝜏 + 𝑖𝑡𝑁𝐿̂𝑚 +
𝜅𝑡𝑁

𝑁
𝐷̂𝑚) 𝑔̃𝑚

𝑁,𝑚0 =
𝑖𝑡𝑁

√𝑁
(𝑆̂𝑚

+ 𝑔̃𝑚+1
𝑁,𝑚0 + 𝑆̂𝑚

− 𝑔̃𝑚−1
𝑁,𝑚0) + 𝑅𝑚

𝑁,𝑚0  

𝑔̃𝑚
𝑁,𝑚0|

𝜏=0
= 𝔤𝟙𝑚=0 
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sup
𝜏≥0

 (𝑒−𝜏‖(𝑔𝑚
𝑁,𝑚0 − 𝑔̃𝑚

𝑁,𝑚0)(𝜏)‖) + ‖ℒ𝑔𝑚
𝑁,𝑚0 − ℒ𝑔̃𝑚

𝑁,𝑚0‖‖ ≲ ( ∑  

𝑚0

𝑚=0

 ‖ℒ𝑅𝑚
𝑁,𝑚0‖

2
)

1
2

 

(𝑡𝑁
−1𝜕𝜏 + 𝑖𝐿̂𝑚 +

𝜅

𝑁
𝐷̂𝑚) (𝑔𝑚

𝑁 − 𝑔̃𝑚
𝑁,𝑚0)

 =
1

√𝑁
(𝑖𝑆̂𝑚

+(𝑔𝑚+1
𝑁 − 𝑔̃𝑚+1

𝑁,𝑚0) + 𝑖𝑆̂𝑚
−(𝑔𝑚−1

𝑁 − 𝑔̃𝑚−1
𝑁,𝑚0)) − 𝑡𝑁

−1𝑅𝑚
𝑁,𝑚0

 

(𝑔𝑚
𝑁,𝑚0 − 𝑔̃𝑚

𝑁,𝑚0)|
𝜏=0

= 0 

𝜕𝜏 ∑  

𝑚0

𝑚=0

‖𝑔𝑚
𝑁,𝑚0 − 𝑔̃𝑚

𝑁,𝑚0‖
2

+ 2
𝜅𝑡𝑁

𝑁
∑  

𝑚0

𝑚=0

‖∇𝑣[𝑚]
(𝑔𝑚

𝑁,𝑚0 − 𝑔̃𝑚
𝑁,𝑚0)‖

2

= −2 ∑  

𝑚0

𝑚=0

⟨𝑔𝑚
𝑁,𝑚0 − 𝑔̃𝑚

𝑁,𝑚0 , 𝑅𝑚
𝑁,𝑚0⟩. 

( ∑  

𝑚0

𝑚=0

 ‖(𝑔𝑚
𝑁,𝑚0 − 𝑔̃𝑚

𝑁,𝑚0)(𝜏)‖
2
)

1
2

≤ ∫  
𝜏

0

( ∑  

𝑚0

𝑚=0

 ‖𝑅𝑚
𝑁,𝑚0‖

2
)

1
2
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For all 0 ≤ 𝑚 < 𝑚0, 𝑔𝑚, ℎ𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1), and ℓ ≥ 0 

𝐶𝑠
𝒱: = ∫  

ℝ𝑑
⟨𝑘⟩𝑠|𝑘|1−𝑠𝒱̂(𝑘)2𝑑𝑘 

 

ℜ (
1 + 𝑖𝛼

𝑡𝑁
+ ∑  

𝑚

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝑣𝑙 + 𝑖𝑘𝑚+1 ⋅ (𝑣𝑚+1 − 𝑣𝑗) −
𝜅

𝑁
△𝑣[𝑚+1]

)

−1

 

=(
1 − 𝑖𝛼

𝑡𝑁
− ∑  

𝑚

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝑣𝑙 − 𝑖𝑘𝑚+1 ⋅ (𝑣𝑚+1 − 𝑣𝑗) −
𝜅

𝑁
△𝑣[𝑚+1]

)

−1

×(
1

𝑡𝑁
−

𝜅

𝑁
△𝑣[𝑚+1]

) (
1 + 𝑖𝛼

𝑡𝑁
+ ∑  

𝑚

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝑣𝑙 + 𝑖𝑘𝑚+1 ⋅ (𝑣𝑚+1 − 𝑣𝑗) −
𝜅

𝑁
△𝑣[𝑚+1]

)

−1 

𝑔𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1) 

 

ℎ𝑚,𝑗(𝑧̂[𝑚+1]): = (
1 + 𝑖𝛼

𝑡𝑁
+ ∑  

𝑚

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝑣𝑙 + 𝑖𝑘𝑚+1 ⋅ (𝑣𝑚+1 − 𝑣𝑗)−
𝜅

𝑁
△𝑣[𝑚+1]

)
−1

 × (𝑘𝑚+1𝒱̂(𝑘𝑚+1) ⋅ ∇𝑣𝑗
𝑔(𝑣𝑗)√𝑀(𝑣𝑚+1))
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𝒢𝑠: = (−𝑖)𝑠 ∫  
𝔻

  (𝑘𝑚+1 ⊗ 𝑘𝑚+1)𝒱̂(𝑘𝑚+1)2√𝑀(𝑣𝑚+1)(𝑘[𝑚]∖{𝑗}, 𝑘𝑗 − 𝑘𝑚+1)
⊗𝑠

 × (
1 + 𝑖𝛼

𝑡𝑁
+ ∑  

𝑚

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝑣𝑙 + 𝑖𝑘𝑚+1 ⋅ (𝑣𝑚+1 − 𝑣𝑗) −
𝜅

𝑁
△𝑣[𝑚+1]

)

−𝑠−1

√𝑀(𝑣𝑚+1)𝑑∗𝑧̂𝑚+1

𝒢𝑠,𝑗
′ : = (−𝑖)𝑠+1 ∫  

𝔻

  (𝑘𝑚+1 ⊗ 𝑘𝑚+1)𝒱̂(𝑘𝑚+1)2√𝑀(𝑣𝑚+1)(𝑘[𝑚]∖{𝑗}, 𝑘𝑗 − 𝑘𝑚+1)
⊗𝑠+1

 × (
1 + 𝑖𝛼

𝑡𝑁
+ ∑  

𝑚

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝑣𝑙 + 𝑖𝑘𝑚+1 ⋅ (𝑣𝑚+1 − 𝑣𝑗) −
𝜅

𝑁
△𝑣[𝑚+1]

)

−𝑠−2

√𝑀(𝑣𝑚+1)𝑑∗𝑧̂𝑚+1

 

(𝜔 + 𝑖𝑘 ⋅ 𝑣 − 𝜎 △𝑣)−1ℎ(𝑣)

=
1

(4𝜋𝜎𝑡)𝑑/2
∫  

∞

0

∫  
ℝ𝑑

exp (−𝑡𝜔 − 𝑖𝑡
𝑘 ⋅ (𝑢 + 𝑣)

2
−

𝜎|𝑘|2𝑡3

12
−

|𝑢 − 𝑣|2

4𝜎𝑡
) ℎ(𝑢)𝑑𝑢𝑑𝑡 

𝑣𝑚+1 ↦ 𝑣𝑚+1 − 𝑖𝑘̂𝑚+1 

𝒢𝑠 = (−𝑖)𝑠 ∫  
𝔻

  (𝑘𝑚+1 ⊗ 𝑘𝑚+1)𝒱̂(𝑘𝑚+1)2√𝑀(𝑣𝑚+1 − 𝑖𝑘̂𝑚+1)(𝑘[𝑚]∖{𝑗}, 𝑘𝑗 − 𝑘𝑚+1)
⊗𝑠

 × (
1 + 𝑖𝛼

𝑡𝑁
+ |𝑘𝑚+1| + ∑  

𝑚

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝑣𝑙 + 𝑖𝑘𝑚+1 ⋅ (𝑣𝑚+1 − 𝑣𝑗) −
𝜅

𝑁
△𝑣[𝑚+1]

)

−𝑠−1

√𝑀(𝑣𝑚+1 − 𝑖𝑘̂𝑚+1)𝑑∗𝑧̂𝑚+1

 

‖𝒢𝑠𝑔𝑚‖𝑘 ≲ ‖𝑔𝑚‖𝑘 ∫  
ℝ𝑑

  ⟨𝑘[𝑚+1]⟩
𝑠
|𝑘𝑚+1|1−𝑠𝒱̂(𝑘𝑚+1)2𝑑𝑘𝑚+1 ≲ 𝐶𝑠

𝒱⟨𝑘[𝑚]⟩
𝑠
‖𝑔𝑚‖𝑘  

‖𝒢𝑠,𝑗
′ 𝑔𝑚‖

𝑘
≲ 𝐶𝑠+1

𝒱 ⟨𝑘[𝑚]⟩
𝑠+1

‖𝑔𝑚‖𝑘 
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ℎ𝑚+1
𝑗

: = √𝑀(𝑣𝑚+1)𝑘𝑚+1𝒱̂(𝑘𝑚+1) ⋅ ∇𝑣𝑗
𝑔𝑚(𝑧̂[𝑚]). 

 

𝑇𝜉[𝑚]

𝑡𝑁

‖ℎ𝑚‖𝑘
2 +

𝜅

𝑁
‖∇𝑣[𝑚]

ℎ𝑚‖
𝑘

2
≤ ‖𝑔𝑚‖𝑘‖ℎ𝑚‖𝑘, 

‖ℎ𝑚‖𝑘 ≤ 𝑡𝑁‖𝑔𝑚‖𝑘 

𝜉[𝑚] ∈ (ℝ𝑑)
𝑚+1

∋ (
𝑖𝛼 + 1

𝑡𝑁
+ 𝑖𝑘 ⋅ 𝑣 −

𝜅

𝑁
△𝑣)

𝐿2(𝔻̂𝑚+1)

 

(𝜏𝜉[𝑚]
𝑔𝑚) (𝑧̂[𝑚]) = 𝑔𝑚(𝑘[𝑚], 𝑣[𝑚] + 𝜉[𝑚])  

𝑇𝜉[𝑚]
[𝑋𝑚]: = 𝜏𝜉[𝑚]

𝑋𝑚𝜏−𝜉[𝑚]  

𝜅 ≫ 𝐶0
𝒱: = ∫  

ℝ𝑑
|𝑘|𝒱̂(𝑘)2𝑑𝑘 

For all 0 ≤ 𝑚 < 𝑚0, 𝑔𝑚, ℎ𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1) and ℓ ≥ 0, the operator is 
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𝜅 ≫ 𝐶0
𝒱: = ∫  

ℝ𝑑
|𝑘|𝒱̂(𝑘)2𝑑𝑘 

1 ≤ 𝑚 ≤ 𝑚0, let 𝑘[𝑚] ∈ (ℝ𝑑)
𝑚+1

 be fixed with ∑  𝑗 𝑘𝑗 = 0 

𝜈0, … , 𝜈𝑚 ∈ 𝕊𝑑−1 with ∑  𝑗 𝑘𝑗 ⋅ 𝜈𝑗 > 0, and let 

𝑆𝜈[𝑚]
𝑚 : = (ℝ𝑑 − 𝑖 [0,

𝑚

𝑚0
] 𝜈0) × … × (ℝ𝑑 − 𝑖 [0,

𝑚

𝑚0
] 𝜈𝑚) 

𝑔𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1) and 𝑣[𝑚] ∈ (ℝ𝑑)

𝑚+1
, the map 

 

For all 𝑧̂[𝑚] and 𝑔𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1), the map𝜉[𝑚] ∈ 𝑆𝜈[𝑚]

𝑚  

 

For all 𝑔𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1) and 𝜉[𝑚] ∈ 𝑆𝜈[𝑚]

𝑚 , we have for all ℓ ≥ 0 
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For all 𝑧̂[𝑚] and 𝑔𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1), the map 𝜉[𝑚] ∈ 𝑆𝜈[𝑚]

𝑚  

 

𝑔𝑚, ℎ𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1) and 𝜉[𝑚] ∈ 𝑆𝜈[𝑚]

, we have for all ℓ ≥ 0 
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For 𝜉[𝑛] ∈ 𝑆𝜈[𝑛]
𝑛 , with 𝜈[𝑛]  

ℜ (∑  

𝑛

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝜉𝑙 + 𝑖𝑘𝑛+1 ⋅ (−𝑖
𝑛 + 1

𝑚0
𝑘̂𝑛+1 − 𝑣𝑗 − 𝜉𝑗))

 ≥ ℜ (𝑖𝑘𝑛+1 ⋅ (−𝑖
𝑛 + 1

𝑚0
𝑘̂𝑛+1 − 𝑣𝑗 − 𝜉𝑗)) =

𝑛 + 1

𝑚0

|𝑘𝑛+1| − ℜ(𝑖𝑘𝑛+1 ⋅ 𝜉𝑗) ≥
1

𝑚0

|𝑘𝑛+1|.

 

 

 

 

 

 

 

 

(
1

𝑡𝑁
+ ℜ ∑  

𝑛

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝜉𝑙) ‖ℎ𝑛‖𝑘
2 +

1

𝑁
(𝜅 − 𝐶𝐶0

𝒱)‖∇𝑛ℎ𝑛‖𝑘
2 ≤ ‖𝑔𝑛‖𝑘‖ℎ𝑛‖𝑘 
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𝜉[𝑛] ∈ (ℝ𝑑)
𝑛

 

‖ℎ𝑛‖𝑘 ≤ (
1

𝑡𝑁
+ ℜ ∑  

𝑛

𝑙=0

 𝑖𝑘𝑙 ⋅ 𝜉𝑙)

−1

‖𝑔𝑛‖𝑘 
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𝑖𝑘 ⋅ 𝑣 −
𝜅

𝑁
△𝑣 with 𝑂 (

1

𝑁
) 

‖(
1

𝑡𝑁
+ 𝑖𝑘 ⋅ 𝑣 −

1

𝑁
△𝑣)

−1

𝑔‖
𝑘

≤ 𝑡𝑁‖𝑔‖𝑘 

sup
𝜀>0

 ‖(𝜀 + 𝑖𝑘 ⋅ 𝑣 −
1

𝑁
△𝑣)

−1

𝑔‖
𝑘

≲ 𝑁
1
3|𝑘|−

2
3‖𝑔‖𝑘  

sup
𝜀>0

 ‖∇𝑣
ℓ (𝜀 + 𝑖𝑘 ⋅ 𝑣 −

1

𝑁
△𝑣)

−1

𝑔‖
𝑘

≲ ℓ|𝑘|−1(𝑁|𝑘|)
ℓ+1

3 ‖⟨∇𝑣⟩ℓ−1𝑔‖
𝑘

 

‖(𝜖 + 𝑖|𝑘|𝑤 −
1

𝑁
𝜕𝑤

2 )
−1

𝑔‖
𝐿2(ℝ)

≲ 𝑁
1
3|𝑘|−

2
3‖𝑔‖𝐿2(ℝ) 

setting 𝑧 = (|𝑘|𝑁)
1

3𝑤 and 𝜂 = |𝑘|−
2

3𝑁
1

3𝜖, we have 

(𝜖 + 𝑖|𝑘|𝑤 −
1

𝑁
𝜕𝑤

2 )
−1

= 𝑁
1
3|𝑘|−

2
3(𝜂 + 𝑖𝑧 − 𝜕𝑧

2)−1 

‖(𝜂 + 𝑖𝑧 − 𝜕𝑧
2)−1𝑔‖𝐿2(ℝ) ≲ ‖𝑔‖𝐿2(ℝ) 

 

For all 𝑔, ℎ ∈ 𝐶𝑐
∞(ℝ𝑑), 𝑘 ∈ ℝ𝑑, and 𝜀 > 0 

⟨ℎ, (𝜀 + 𝑖𝑘 ⋅ 𝑣)−1𝑔⟩ ≲ |𝑘|−1(‖⟨∇⟩ℎ‖‖𝑔‖ + ‖ℎ‖‖∇𝑔‖) 

𝑘̂ =
𝑘

|𝑘|
 

⟨ℎ, (𝜀 + 𝑖𝑘 ⋅ 𝑣)−1𝑔⟩ = ∫  
ℝ𝑑

(𝜀 + 𝑖𝑘 ⋅ 𝑣)−1(ℎ‾𝑔)(𝑣)𝑑𝑣 = ∫  
𝑘̂⊥

∫  
ℝ

(𝜀 + 𝑖|𝑘|𝑠)−1(ℎ‾𝑔)(𝑘̂𝑠 + 𝑣′)𝑑𝑠𝑑𝑣′ 

𝐻𝜀(𝑠): = (𝜀 + 𝑖𝑠)−1 

⟨ℎ, (𝜀 + 𝑖𝑘 ⋅ 𝑣)−1𝑔⟩ ≤ |𝑘|−1 ∫  
𝑘̂⊥

‖𝐻𝜀|𝑘|−1 ∗ ((ℎ‾𝑔)(𝑘̂ ⋅ +𝑣′))‖
𝐿∞(ℝ)

𝑑𝑣′ 
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sup
𝜀>0

 ‖𝐻𝜀 ∗ (ℎ𝑔)‖𝐿∞(ℝ) ≲ ‖ℎ‖𝐻1(ℝ)‖𝑔‖𝐿2(ℝ) + ‖ℎ‖𝐿2(ℝ)‖𝑔‖𝐻1(ℝ)  

𝐻𝜀 ∗ (ℎ𝑔)(𝑡) = ∫  
ℝ

𝜀

𝜀2 + 𝑠2
ℎ(𝑡 − 𝑠)𝑔(𝑡 − 𝑠)𝑑𝑠 − 𝑖 ∫  

ℝ

𝑠

𝜀2 + 𝑠2
ℎ(𝑡 − 𝑠)𝑔(𝑡 − 𝑠)𝑑𝑠, 

|𝐻𝜀 ∗ (ℎ𝑔)(𝑡)| ≤ 𝜋‖ℎ𝑔‖𝐿∞ + ∫  
∞

0

 
𝑠

𝜀2 + 𝑠2
|ℎ(𝑡 + 𝑠)𝑔(𝑡 + 𝑠) − ℎ(𝑡 − 𝑠)𝑔(𝑡 − 𝑠)|𝑑𝑠  

𝑊1,1(ℝ) ⊂ 𝐿∞(ℝ) 

‖ℎ𝑔‖𝐿∞ ≲ ‖ℎ𝑔‖𝑊1,1(ℝ) ≲ ‖ℎ‖𝐻1(ℝ)‖𝑔‖𝐿2(ℝ) + ‖ℎ‖𝐿2(ℝ)‖𝑔‖𝐻1(ℝ). 

∫  
∞

0

 
𝑠

𝜀2 + 𝑠2
|  ℎ(𝑡 + 𝑠)𝑔(𝑡 + 𝑠) − ℎ(𝑡 − 𝑠)𝑔(𝑡 − 𝑠) ∣ 𝑑𝑠

 ≤ ∫  
∞

0

  |
ℎ(𝑡 + 𝑠) − ℎ(𝑡 − 𝑠)

𝑠
| |𝑔(𝑡 + 𝑠)|𝑑𝑠 + ∫  

∞

0

  |
𝑔(𝑡 + 𝑠) − 𝑔(𝑡 − 𝑠)

𝑠
| |ℎ(𝑡 − 𝑠)|𝑑𝑠

 

 ∫  
∞

0

  |
ℎ(𝑡 + 𝑠) − ℎ(𝑡 − 𝑠)

𝑠
|

2

𝑑𝑠 = ∫  
∞

0

  |∫  
1

−1

 ℎ′(𝑡 + 𝑠𝑢)𝑑𝑢|

2

𝑑𝑠 ≤ (∫  
1

−1

 ‖ℎ′(𝑡 + 𝑢 •)‖𝐿2(ℝ)𝑑𝑢)

2

 ≤ 16‖ℎ′‖
𝐿2(ℝ)
2

 

∫  
∞

0

𝑠

𝜀2 + 𝑠2
|ℎ(𝑡 + 𝑠)𝑔(𝑡 + 𝑠) − ℎ(𝑡 − 𝑠)𝑔(𝑡 − 𝑠)|𝑑𝑠 ≤ 4‖ℎ′‖𝐿2(ℝ)‖𝑔‖𝐿2(ℝ) + 4‖ℎ‖𝐿2(ℝ)‖𝑔′‖𝐿2(ℝ) 

𝑔𝑚 ∈ 𝐶𝑐
∞(𝔻̂𝑚+1), let ℎ𝑚: = m𝑚𝑔𝑚 

 

‖∇𝑚
ℓ ℎ𝑚‖

𝑘
≲ℓ 𝑁

ℓ
3⟨𝑘[𝑚]⟩

ℓ
‖ℎ𝑚‖𝑘 + |𝑘[𝑚]|

−
1
3⟨𝑘[𝑚]⟩

ℓ−1
∑  

ℓ−1

𝑠=0

 𝑁
ℓ+1−𝑠

3 ‖⟨∇𝑚⟩𝑠𝑔𝑚‖𝑘  

1

𝑡𝑁

‖ℎ𝑚‖𝑘
2 +

𝜅

𝑁
‖∇𝑚ℎ𝑚‖𝑘

2 ≤ ‖ℎ𝑚‖𝑘‖𝑔𝑚‖𝑘 

‖∇𝑚ℎ𝑚‖𝑘 ≲ 𝑁
1
2‖ℎ𝑚‖

𝑘

1
2‖𝑔𝑚‖

𝑘

1
2  

[∇𝑚
ℓ , 𝑖𝐿̂𝑚] = 𝑖ℓ𝑘[𝑚]∇𝑚

ℓ−1 
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‖ℎ𝑚‖𝑘
2 ≲ |𝑘[𝑚]|

−1
(‖∇𝑚ℎ𝑚‖𝑘‖𝑔𝑚‖𝑘 + ‖ℎ𝑚‖𝑘‖⟨∇𝑚⟩𝑔𝑚‖𝑘)

+𝑁−1|𝑘[𝑚]|
−1

‖∇𝑚ℎ𝑚‖𝑘(‖∇𝑚
2 ℎ𝑚‖𝑘 + ⟨𝑘[𝑚]⟩‖∇𝑚ℎ𝑚‖𝑘)  

 +𝑁−1|𝑘[𝑚]|
−1

‖ℎ𝑚‖𝑘 (‖∇𝑚
3 ℎ𝑚‖𝑘 + ⟨𝑘[𝑚]⟩‖∇𝑚

2 ℎ𝑚‖𝑘 + ⟨𝑘[𝑚]⟩
2
‖∇𝑚ℎ𝑚‖𝑘)

 

 

‖ℎ𝑚‖𝑘
2  ≲ 𝑁

1
2|𝑘[𝑚]|

−1
‖ℎ𝑚‖

𝑘

1
2‖𝑔𝑚‖

𝑘

3
2 + 𝑁

1
4|𝑘[𝑚]|

−
1
2‖ℎ𝑚‖

𝑘

5
4‖𝑔𝑚‖

𝑘

3
4 + |𝑘[𝑚]|

−1
⟨𝑘[𝑚]⟩‖ℎ𝑚‖𝑘‖𝑔𝑚‖𝑘

 +|𝑘[𝑚]|
−

1
2⟨𝑘[𝑚]⟩

1
2‖ℎ𝑚‖

𝑘

3
2‖𝑔𝑚‖

𝑘

1
2 + 𝑁

1
8|𝑘[𝑚]|

−
1
4‖ℎ𝑚‖

𝑘

13
8 ‖𝑔𝑚‖

𝑘

3
8 + 𝑁−

1
4|𝑘[𝑚]|

−
1
2⟨𝑘[𝑚]⟩‖ℎ𝑚‖

𝑘

7
4‖𝑔𝑚‖

𝑘

1
4

 

 +𝑁−
1
2|𝑘[𝑚]|

−1
⟨𝑘[𝑚]⟩

2
‖ℎ𝑚‖

𝑘

3
2‖𝑔𝑚‖

𝑘

1
2 + 𝑁

1
4|𝑘[𝑚]|

−1
‖ℎ𝑚‖

𝑘

3
4‖𝑔𝑚‖

𝑘

3
4‖∇𝑚𝑔𝑚‖

𝑘

1
2

 +𝑁
1
8|𝑘[𝑚]|

−
1
2‖ℎ𝑚‖

𝑘

11
8 ‖𝑔𝑚‖

𝑘

3
8‖∇𝑚𝑔𝑚‖

𝑘

1
4 + |𝑘[𝑚]|

−1
‖ℎ𝑚‖𝑘‖∇𝑚𝑔𝑚‖𝑘

 +𝑁−
1
4|𝑘[𝑚]|

−1
⟨𝑘[𝑚]⟩‖ℎ𝑚‖

𝑘

5
4‖𝑔𝑚‖

𝑘

1
4‖∇𝑚𝑔𝑚‖

𝑘

1
2 + 𝑁−

1
8|𝑘[𝑚]|

−1
‖ℎ𝑚‖

𝑘

9
8‖𝑔𝑚‖

𝑘

1
8‖∇𝑚𝑔𝑚‖

𝑘

1
4‖∇𝑚

2 𝑔𝑚‖
𝑘

1
2

 +𝑁−
1
8|𝑘[𝑚]|

−
3
4‖ℎ𝑚‖

𝑘

11
8 ‖𝑔𝑚‖

𝑘

1
8‖∇𝑚

2 𝑔𝑚‖
𝑘

1
2 + 𝑁−

1
4|𝑘[𝑚]|

−1
⟨𝑘[𝑚]⟩

1
2‖ℎ𝑚‖

𝑘

5
4‖𝑔𝑚‖

𝑘

1
4‖∇𝑚

2 𝑔𝑚‖
𝑘

1
2

 

‖ℎ𝑚‖𝑘 ≲ (𝑁
1
3|𝑘[𝑚]|

−
2
3 + 𝑁−1|𝑘[𝑚]|

−2
⟨𝑘[𝑚]⟩

4
) ‖𝑔𝑚‖𝑘 + |𝑘[𝑚]|

−1
‖∇𝑚𝑔𝑚‖𝑘

+ 𝑁−
1
3|𝑘[𝑚]|

−
4
3‖∇𝑚

2 𝑔𝑚‖𝑘 
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sup
𝜏≥0

 (𝑒−𝜏‖∇𝑣0
ℓ 𝑔̃0

𝑁(𝜏)‖) + ‖∇𝑣0
ℓ ℒ𝑔̃0

𝑁‖ + (
𝑡𝑁

𝑁
)

1
2

‖∇𝑣0
ℓ+1ℒ𝑔̃0

𝑁‖‖≲ℓ‖⟨∇𝑣0
⟩
ℓ
𝔤‖. 

𝜕𝜏𝑔̃0
𝑁 + 𝜅

𝑡𝑁

𝑁
𝐷̂0𝑔̃0

𝑁 = − (
𝑡𝑁

√𝑁
)

2

∫  
𝜏

0

𝑆̂0
+𝑒

−𝑡𝑁(𝜏−𝜏1)(𝑖𝐿̂1+
𝜅
𝑁

𝐷̂1)
𝑆̂1

−𝑔0
𝑁(𝜏1)𝑑𝜏1 

(𝜕𝜏 + 1)(𝑒−𝜏𝑔̃0
𝑁) + 𝜅

𝑡𝑁

𝑁
𝐷̂0(𝑒−𝜏𝑔̃0

𝑁) = − (
𝑡𝑁

√𝑁
)

2

𝑒−𝜏 ∫  
𝜏

0

𝑆̂0
+𝑒

−𝑡𝑁(𝜏−𝜏1)(𝑖𝐿̂1+
𝜅
𝑁

𝐷̂1)
𝑆̂1

−𝑔0
𝑁(𝜏1)𝑑𝜏1 

𝜕𝜏‖∇𝑣0
ℓ (𝑒−𝜏𝑔̃0

𝑁)‖
2
 +2‖∇𝑣0

ℓ (𝑒−𝜏𝑔̃0
𝑁)‖

2
+ 2𝜅

𝑡𝑁

𝑁
‖∇𝑣0

ℓ+1(𝑒−𝜏𝑔̃0
𝑁)‖

2

 = 2 (
𝑡𝑁

√𝑁
)

2

ℜ ⟨∇𝑣0
ℓ (𝑒−𝜏𝑔̃0

𝑁), 𝑒−𝜏∇𝑣0
ℓ ∫  

𝜏

0

 𝑖𝑆̂0
+𝑒

−𝑡𝑁(𝜏−𝜏1)(𝑖𝐿̂1+
𝜅
𝑁

𝐷̂1)
𝑖𝑆̂1

−𝑔0
𝑁(𝜏1)𝑑𝜏1⟩

 

 

‖∇𝑣0
ℓ (𝑒−𝑇𝑔̃0

𝑁(𝑇))‖
2

 + ∫  
ℝ

 ‖∇𝑣0
ℓ ℒ(𝟙[0,𝑇]𝑔̃0

𝑁)(𝛼)‖
2
𝑑𝛼 + 𝜅

𝑡𝑁

𝑁
∫  

ℝ

 ‖∇𝑣0
ℓ+1ℒ(𝟙[0,𝑇]𝑔̃0

𝑁)(𝛼)‖
2
𝑑𝛼 ≲ ∑  

ℓ

𝑚=0

 ‖∇𝑣0
𝑚 𝔤‖

2
,
 

‖ℒ𝑔̃0
𝑁 − ℒ𝑔0‖ ‖≲

1

𝑁
‖ ⟨∇𝑣0

⟩
2
𝔤‖. 

 

(1 + 𝑖𝛼 − 𝜅 △𝑣0
)ℒ𝑔0 − div𝑣0

(𝐴0∇𝑣0
ℒ𝑔0) = 𝔤,  
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𝐻𝑁(𝛼, 𝑣0): = ∫  
(ℝ𝑑)

2
  (𝑘 ⊗ 𝑘)𝒱̂(𝑘)2√𝑀(𝑣1 − 𝑖𝑘̂)

 × (
1 + 𝑖𝛼

𝑁
+ |𝑘| + 𝑖𝑘 ⋅ (𝑣1 − 𝑣0) −

𝜅

𝑁
△𝑣[1]

)
−1

√𝑀(𝑣1 − 𝑖𝑘̂)∇𝑣0
ℒ𝑔0(𝛼, 𝑣0)𝑑∗𝑘𝑑𝑣1

 

𝐷(𝑣0) ≔ ∫  
(ℝ𝑑)

2
  (𝑘 ⊗ 𝑘)𝒱̂(𝑘)2

(√𝑀(𝑣1 − 𝑖𝑘̂))
2

|𝑘| + 𝑖𝑘 ⋅ (𝑣1 − 𝑣0)
𝑑∗𝑘𝑑𝑣1

 

 

∫  
ℝ

𝑓(𝑠 + 𝑖)

𝑠 + 𝑖
𝑑𝑠 = −𝑖𝜋𝑓(0) +  p.v. ∫  

ℝ

𝑓(𝑠)

𝑠
𝑑𝑠 

𝐷(𝑣0) = 𝜋 ∫  
(ℝ𝑑)

2
  (𝑘 ⊗ 𝑘)𝒱̂(𝑘)2𝑀(𝑣1)𝛿(𝑘 ⋅ (𝑣1 − 𝑣0))𝑑∗𝑘𝑑𝑣1

 +𝑖 ∫  
(ℝ𝑑)

2
  (𝑘 ⊗ 𝑘)𝒱̂(𝑘)2

𝑀 (𝑣1 + 𝑘̂(𝑘̂ ⋅ 𝑣0))

𝑘 ⋅ 𝑣1
𝑑∗𝑘𝑑𝑣1

 

𝐷(𝑣0) = 𝜋 ∫  
(ℝ𝑑)

2
(𝑘 ⊗ 𝑘)𝒱̂(𝑘)2𝑀(𝑣1)𝛿(𝑘 ⋅ (𝑣1 − 𝑣0))𝑑∗𝑘𝑑𝑣1 
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𝑅1
𝑁 =

𝑖𝑡𝑁

𝑁3/2
(𝑅1,1

𝑁 + 𝑅1,2
𝑁 + 𝑅1,3

𝑁 ) 

 

 

(𝑘, 𝑣0, 𝑣1) ≡ ((−𝑘, 𝑣0), (𝑘, 𝑣1)) on 𝔻̂2 and (𝑘, 𝑘′, 𝑣0, 𝑣1, 𝑣2) ≡ ((−𝑘 − 𝑘′, 𝑣0), (𝑘, 𝑣1), (𝑘′, 𝑣2)) on 

𝔻̂3 

𝑆̂0,1
1,−ℒ𝑔̃0

𝑁(𝑘′, 𝑣0, 𝑣2) = −√𝑀(𝑣2)𝑘′𝒱̂(𝑘′) ⋅ ∇𝑣0
ℒ𝑔̃0

𝑁(𝑣0)  
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 ∫  
ℝ𝑑

  ⟨𝑘⟩⟨𝑘 − 𝑘′⟩|𝑘||𝑘′||𝑘 − 𝑘′|𝒱̂(𝑘)𝒱̂(𝑘′)𝒱̂(𝑘 − 𝑘′) (1 +
1

𝑘′ ⋅ 𝜈𝑘,𝑘′
)

2

(1 +
1

𝑘 ⋅ 𝜈𝑘,𝑘′
)

2

𝑑𝑘′

 ≲ ⟨𝑘⟩4 (1 +
1

|𝑘|
) 𝒱̂(𝑘) ∫  

ℝ𝑑
  ⟨𝑘′⟩3𝒱̂(𝑘′) (1 +

1

|𝑘′|
) (1 +

1

𝑘̂ ⋅ 𝜈𝑘,𝑘′

)

4

𝑑𝑘′

 ≲ ⟨𝑘⟩4 (1 +
1

|𝑘|
) 𝒱̂(𝑘) ∫  

𝜋

0

 cos (𝛼/2)−4sin (𝛼)𝑑−2𝑑𝛼

 

 

𝜈 = 𝜈−𝑘′,𝑘′′ , 𝜎′ = (𝑘 − 𝑘′)/|𝑘 − 𝑘′|, and 𝜎′′ = (𝑘 − 𝑘′′)/|𝑘 − 𝑘′′|, we find 
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‖ℐ(𝑠1,…,𝑠𝑛)𝑔‖ ≲ 𝑁
5
12

𝑛+
1
4
𝑚

‖⟨∇𝑣0
⟩
𝑛+1

𝑔‖. 

𝑠1 = 1, 𝑚 + ∑  

𝑛

𝑖=1

  𝑠𝑖 = 0  for 𝑚 ≥ 0  

 

𝑆: = ♯{𝑖: 𝑠𝑖 = −1} =
𝑛 + 𝑚

2
. 

𝑞𝑗
0: =

{
 
 

 
 − ∑  

𝑚

𝑗=1

 𝑘𝑗 : 𝑗 = 0

𝑘𝑗 : 1 ≤ 𝑗 ≤ 𝑚

0 : 𝑚 < 𝑗 ≤ 𝑆

 

𝑞𝑗
𝑖 : = {

𝑞𝑎𝑖
𝑖−1 − 𝑘𝑖 : 𝑗 = 𝑎𝑖

𝑘𝑖 : 𝑗 = 𝑏𝑖

𝑞𝑗
𝑖−1 : 𝑗 ∉ {𝑎𝑖, 𝑏𝑖}

 

𝑞𝑗
𝑖 : = {

𝑞𝑎𝑖
𝑖−1 + 𝑞𝑏𝑖

𝑖−1 : 𝑗 = 𝑎𝑖

0 : 𝑗 = 𝑏𝑖

𝑞𝑗
𝑖−1 : 𝑗 ∉ {𝑎𝑖, 𝑏𝑖}

 

(𝜎𝑗,ℓ)
𝑗,ℓ

⊂ {1, −1} and {𝑐𝑗,ℓ
𝑖 }

𝑖,𝑗,ℓ
⊂ {0,1} 

𝑞𝑗
𝑖 = ∑  

𝑆

ℓ=1

𝜎𝑗,ℓ𝑐𝑗,ℓ
𝑖 𝑘ℓ 

for all 𝑖, ℓ, the set {𝑗: 𝜕𝑘ℓ
𝑞𝑗

𝑖 ≠ 0} say 𝑗, 𝑗′, then 𝜕𝑘ℓ
𝑞𝑗

𝑖 = −𝜕𝑘ℓ
𝑞𝑗′

𝑖 ∈ {±1}. 

for all 𝑖, ℓ, if {𝑗: 𝜕𝑘ℓ
𝑞𝑗

𝑖−1 ≠ 0} ≠ ∅ and {𝑗: 𝜕𝑘ℓ
𝑞𝑗

𝑖 ≠ 0} ≠ ∅ 

𝜕𝑘ℓ
𝑞𝑗

𝑖−1 = 𝜕𝑘ℓ
𝑞𝑗

𝑖  and 𝜕𝑘ℓ
𝑞𝑗′

𝑖−1 = 𝜕𝑘ℓ
𝑞𝑗′′

𝑖  
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𝜛𝑖: = {

1 : if 𝜔𝑖 ∖ {0, … , 𝑚} ≠ ∅,

1 : if there is a couple (𝑗, ℓ) with 1 ≤ 𝑗 ≤ 𝑚 < ℓ ≤ 𝑆 and 𝑐𝑗,ℓ
𝑖 = 1,

0 : otherwise, 

 

𝔬(𝑢1, ⋯ , 𝑢𝑛): =
𝑢1 − 𝑢̃1

|𝑢1 − 𝑢̃1|
, 

𝑢𝑖 ⋅ 𝔬(𝑢1, ⋯ , 𝑢𝑛) =
𝑛|conv(0, 𝑢1, ⋯ , 𝑢𝑛)|𝑛
|conv(𝑢1, ⋯ , 𝑢𝑛)|𝑛−1

, 

|conv(0, 𝑢1, … , 𝑢𝑛)|𝑛 =
1

𝑛
|conv(𝑢1, … , 𝑢𝑛)|𝑛−1dist(0, aff(𝑢1, … , 𝑢𝑛)). 

dist(0, aff(𝑢1, … , 𝑢𝑛)) = 𝑢𝑖 ⋅ 𝔬(𝑢1, … , 𝑢𝑛) 

(𝑘1, ⋯ , 𝑘𝑛) ↦ |conv(0, 𝑘1, ⋯ , 𝑘𝑛)|𝑛
𝑠  is locally integrable on (ℝ𝑑)

𝑛
 if 𝑠 > 𝑛 − 1 − 𝑑. 

each 𝑘𝑖 as 𝑘𝑖 = 𝑘𝑖
‖

+ 𝑘𝑖
⊥ where 𝑘𝑖

‖
is the orthogonal projection of 𝑘𝑖 onto span(𝑘1, ⋯ , 𝑘𝑖−1) 

|det(𝑘1, … , 𝑘𝑛)| = |𝑘1
⊥| ⋯ |𝑘𝑛

⊥|, 

|conv(0, 𝑘1, ⋯ , 𝑘𝑛)|𝑛 =
1

𝑛!
|𝑘1

⊥| ⋯ |𝑘𝑛
⊥|. 

∫  
(ℝ𝑑)

𝑛
𝟙|𝑘1|,…,|𝑘𝑛|≤𝑅|conv(0, 𝑘1, ⋯ , 𝑘𝑛)|𝑛

𝑠 𝑑𝑘1 ⋯ 𝑑𝑘𝑛 ≲ ∫  
[0,𝑅]𝑛

𝑟1
𝑠+𝑑−1 ⋯ 𝑟𝑛

𝑠+𝑑−𝑛𝑑𝑟1 … 𝑑𝑟𝑛 

 

𝑞𝜔 = (𝑞𝑗)𝑗∈𝜔
∈ (ℝ𝑑)

𝜔
 

𝔮𝑖: = {
𝑘𝑖 : if 𝑠𝑖 = 1

𝑞𝑏𝑖

𝑖−1 : if 𝑠𝑖 = −1
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∑  

𝑆

𝑗=1

𝑞𝑗
𝑖 ⋅ 𝜈𝑗 ≤ 0  and  ∑  

𝑚

𝑗=1

𝑞‾𝑗
𝑖 ⋅ 𝜈𝑗 + ∑  

𝑆

𝑗=𝑚+1

𝑞‾𝑗
𝑖 ⋅ 𝜈‾𝑗 ≥ 0 

 

𝜈𝑗 = 𝜈‾𝑗: = 𝔬 (−𝜎𝑗,𝑚+1𝑝⊥(𝑘𝑚+1), … , −𝜎𝑗,𝑆𝑝⊥(𝑘𝑆), 𝜎𝑗,𝑚+1𝑝⊥(𝑘‾𝑚+1), … , 𝜎𝑗,𝑆𝑝⊥(𝑘‾𝑆)) 

𝜈𝑗∶= −𝔬(𝜎𝑗,1𝑘1, … , 𝜎𝑗,𝑚𝑘𝑚),

𝜈‾𝑗∶= 𝔬(𝜎𝑗,1𝑘‾1, … , 𝜎𝑗,𝑚𝑘‾𝑚),
 

∑  𝑗 𝑞𝑗
𝑖 ⋅ 𝜈𝑗 and ∑  𝑗 𝑞‾𝑗

𝑖 ⋅ 𝜈‾𝑗 

 − ∑  

𝑆

𝑗=1

 𝑞𝑗
𝑖 ⋅ 𝜈𝑗 = ∑  

𝑚

𝑗=1

 ∑  

𝑆

ℓ=1

  𝑐𝑗,ℓ
𝑖 (−𝜎𝑗,ℓ𝑝⊥(𝑘ℓ) ⋅ 𝜈𝑗) + ∑  

𝑆

𝑗=𝑚+1

 ∑  

𝑆

ℓ=1

  𝑐𝑗,ℓ
𝑖 (−𝜎𝑗,ℓ𝑘ℓ ⋅ 𝜈𝑗)

 ≃ ∑  

𝑚

𝑗=1

  ∑  

𝑆

ℓ=𝑚+1

  𝑐𝑗,ℓ
𝑖

|conv (0, −𝜎𝑗,𝑚+1𝑝⊥(𝑘𝑚+1), … , −𝜎𝑗,𝑆𝑝⊥(𝑘𝑆), 𝜎𝑗,𝑚+1𝑝⊥(𝑘‾𝑚+1), … , 𝜎𝑗,𝑆𝑝⊥(𝑘‾𝑆))|
2(𝑆−𝑚)

|conv (−𝜎𝑗,𝑚+1𝑝⊥(𝑘𝑚+1), … , −𝜎𝑗,𝑆𝑝⊥(𝑘𝑆), 𝜎𝑗,𝑚+1𝑝⊥(𝑘‾𝑚+1), … , 𝜎𝑗,𝑆𝑝⊥(𝑘‾𝑆))|
2(𝑆−𝑚)−1

 + ∑  

𝑆

𝑗=𝑚+1

 ∑  

𝑆

ℓ=1

  𝑐𝑗,ℓ
𝑖

|conv(0, 𝜎𝑗,1𝑘1, … , 𝜎𝑗,𝑚𝑘𝑚)|
𝑚

|conv(𝜎𝑗,1𝑘1, … , 𝜎𝑗,𝑚𝑘𝑚)|
𝑚−1

.

 

− ∑  

𝑆

𝑗=1

 𝑞𝑗
𝑖 ⋅ 𝜈𝑗 ≳ min

𝑗
 

|conv (0, −𝜎𝑗,𝑚+1𝑝⊥(𝑘𝑚+1), … , −𝜎𝑗,𝑆𝑝⊥(𝑘𝑆), 𝜎𝑗,𝑚+1𝑝⊥(𝑘‾𝑚+1), … , 𝜎𝑗,𝑆𝑝⊥(𝑘‾𝑆))|
2(𝑆−𝑚)

⟨(𝑘[𝑚+1,𝑆], 𝑘‾[𝑚+1,𝑆])⟩
2(𝑆−𝑚)−1

∧ min
𝑗

 
|conv(0, 𝜎𝑗,1𝑘1, … , 𝜎𝑗,𝑚𝑘𝑚)|

𝑚

⟨𝑘[𝑚]⟩
𝑚−1

 

|𝑞𝜔𝑖
𝑖 | ≥ |𝑞𝑗

𝑖| ≥ 𝑞𝑗
𝑖 ⋅ 𝔬(𝜎𝑗,1𝑘1, ⋯ , 𝜎𝑗,𝑆𝑘𝑆) ≳

|conv(0, 𝑘1, ⋯ , 𝑘𝑆)|𝑆

⟨𝑘[𝑆]⟩
𝑆−1  

𝟙𝜛𝑖=0

1

|𝑞𝜔𝑖

𝑖 |
+ 𝟙𝜛𝑖=1 (1 + (− ∑  

𝑆

𝑗=0

 𝑞𝑗
𝑖 ⋅ 𝜈𝑗)

−1

) ≲ 𝜔(𝑘[𝑆], 𝑘‾[𝑆]),  
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𝜔(𝑘[𝑆], 𝑘‾[𝑆]): =⟨(𝑘[𝑆], 𝑘‾[𝑆])⟩
𝑛∨𝑚−1

 × (1 + ∑  

𝑗

  ∣conv (0, −𝜎𝑗,𝑚+1𝑝⊥(𝑘𝑚+1), … , −𝜎𝑗,𝑆𝑝⊥(𝑘𝑆), 𝜎𝑗,𝑚+1𝑝⊥(𝑘‾𝑚+1), … , 𝜎𝑗,𝑆𝑝⊥(𝑘‾𝑆))|
2(𝑆−𝑚)

−1

 + ∑  

𝑗

  |conv(0, 𝜎𝑗,1𝑘1, … , 𝜎𝑗,𝑚𝑘𝑚)|
𝑚

−1
+ |conv(0, 𝑘1, ⋯ , 𝑘𝑆)|𝑆

−1 + |conv(0, 𝑘‾1, ⋯ , 𝑘‾𝑆)|
𝑆

−1
)

 

 

 

∑  

𝑛−1

𝑖=1

2 ∨ (2 + ℓ𝑖 − ℓ𝑖+1) ≤ 3𝑛, ∑  

𝑛−1

𝑖=1

(2 + ℓ𝑖 − ℓ𝑖+1)𝟙𝜛𝑖=0 ≤ 𝑛 + ♯{𝑖: 𝜔𝑖 = 0}. 

 

{
−6𝑛 > 2(𝑆 − 𝑚) − 1 − (𝑑 − 𝑚),
−6𝑛 > max(𝑆, 𝑚) − 1 − 𝑑.

 

 

𝑗′ ∈ 𝜔𝛼 ∩ 𝜔𝛼+1 and 𝑗′ ∉ 𝜔𝛼−1, hence 𝜛𝛼+1 = 1 

𝑞𝑗1

𝛼+1 = 𝑞𝑗1

𝛼 − 𝑘𝑗′ , hence again 𝜛𝛼+1 = 1 

∑  
𝛽
𝑖=𝛼 𝑠𝑖 = 0 and ∑  

𝑗
𝑖=𝛼 𝑠𝑖 > 0 for all 𝛼 ≤ 𝑗 < 𝛽. 

♯𝜔𝑖 = 1 + 𝑛 + ∑  𝑖
𝑗=1 𝑠𝑗, we deduce ♯𝜔𝑖 > ♯𝜔𝛼−1 for all 𝛼 ≤ 𝑖 < 𝛽 
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𝑗𝑖 ∈ 𝜔𝑖 ∖ 𝜔𝛼−1 with 𝑗𝑖 > 𝑚, and hence 𝜛𝑖 = 1 

𝑠1 = 1 and 𝑚 + ∑  𝑛
𝑖=1 𝑠𝑖 = 0 

♯{𝑖: 𝜛𝑖 = 0} ≤
1

4
𝑛 +

3

4
𝑚.  

1 = 𝛼1 < 𝛽1 < ⋯ < 𝛼𝑟 < 𝛽𝑟 < 𝛼𝑟+1 = 𝑛 + 1, 

∑  

𝛼𝑢

𝑖=𝛼𝑢

𝑠𝑖 = (𝑠𝑖)𝛼𝑢≤𝑖≤𝛽𝑢
,  or  ∑  

𝛽𝑢

𝑗=𝛼𝑢

𝑠𝑗 = (𝑠𝑗)𝛼𝑢≤𝑗≤𝛽𝑢
  

𝐷 = ∑  

𝑟

𝑢=1

(𝛼𝑢+1 − 𝛽𝑢 − 1) 

♯{𝑖: 𝜛𝑖 = 0} = 𝑇0 + 𝑇1 + 𝐷. 

♯{𝑖: 𝜛𝑖 = 0} = 𝑇0 + 𝑇1 + 𝐷 ≤
1

4
𝑛 +

1

4
𝑇1 +

3

4
𝐷 ≤

1

4
𝑛 +

3

4
(𝑇1 + 𝐷) ≤

1

4
𝑛 +

3

4
𝑚, 

(−1, … , −1⏟      
ℓ times 

, 𝑠1, … , 𝑠𝑛) 

where 𝑠𝑖 ∈ {±1},0 ≤ 𝑛 ≤ 𝐾, 0 ≤ 𝑚 ≤ 𝑚0, and 0 ≤ ℓ ≤ 𝑚0 − 𝑚, such that 

𝑚 + ∑  

𝑛

𝑖=1

𝑠𝑖 = 0, 0 < 𝑚 + ∑  

𝑗

𝑖=1

𝑠𝑖 ≤ 𝑚0  for all 1 ≤ 𝑗 < 𝑛. 

‖ℒ𝑅𝑚
𝑁,𝑚0‖ ≲

𝑡𝑁

𝑁3/2
𝟙𝑚<𝑚0

∑  

𝑛≥3

 𝑁−
1
2
(𝑛−3) ∑  

(𝑠1,…,𝑠𝑛)∈𝜕Ω𝑚

 ‖ℐ(𝑠1,…,𝑠𝑛)ℒ𝑔̃0
𝑁‖

 ≲
𝑡𝑁

𝑁3/2
𝟙𝑚<𝑚0

∑  

𝑛≥3

  𝟙∃(𝑠1,…,𝑠𝑛)∈𝜕Ω𝑁−
1
2
(𝑛−3)𝑁

5
12

𝑛+
1
4
𝑚

‖⟨∇𝑣0
⟩
𝑛+1

ℒ𝑔̃0
𝑁‖

 ≲ 𝑡𝑁𝑁
1
4
(𝑚0−1)−

1
12

(𝐾+1) ‖⟨∇𝑣0
⟩
𝐾+𝑚0+2

ℒ𝑔̃0
𝑁‖

 

‖ℒ𝑅𝑚
𝑁,𝑚0‖ ≲ 𝑡𝑁𝑁−1−

1
12 ‖⟨∇𝑣0

⟩
4𝑚0+11

ℒ𝑔̃0
𝑁‖, 

‖ℒ𝑅𝑚
𝑁,𝑚0‖ ‖≲ 𝑁−

1
12‖ ⟨∇𝑣0

⟩
4𝑚0+10

𝔤‖. 
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∂2⧠/𝜕•𝜑∎ ∝ ∫  [ ∏  

𝑒∈𝐸int 

 𝑑𝛼𝑒]
𝒰(𝛼𝑒)#

ℱ(𝛼𝑒 , 𝑘𝑖)
#

𝛿 (1 − ∑  

𝑒∈𝐸

 𝛼𝑒)  

 

Δext =∑  

4

𝑖=1

 Δ𝑖  

𝒲𝑠 =𝛼1𝛼2𝛽1𝑥1,2
2 + 𝛼1𝛼3𝛽1𝑥1,3

2 + 𝛼1𝛼4𝛽1𝑥1,4
2 + 𝛼1𝛼2𝛼3𝑥1,2

2 + 𝛼1𝛼2𝛼4𝑥1,2
2

 +𝛼2𝛼3𝛽1𝑥2,3
2 + 𝛼2𝛼4𝛽1𝑥2,4

2 + 𝛼3𝛼4𝛽1𝑥3,4
2 + 𝛼1𝛼3𝛼4𝑥3,4

2 + 𝛼2𝛼3𝛼4𝑥3,4
2

𝒴𝑠 =𝛼3𝛽1 + 𝛼1𝛽1 + 𝛼2𝛽1 + 𝛼4𝛽1 + 𝛼1𝛼3 + 𝛼2𝛼3 + 𝛼1𝛼4 + 𝛼2𝛼4

𝒵𝑠 =𝛼1𝑧1
2 + 𝛼2𝑧1

2 + 𝛼3𝑧2
2 + 𝛼4𝑧2

2 + 𝛽1(𝑧1 − 𝑧2)2 + 4𝜅1𝑧1𝑧2
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𝑑𝑠2 =
𝑑𝑧2 + 𝑔𝜇𝜈

AdS𝑑𝑥𝜇𝑑𝑥𝜈

𝑧2
 

[𝑧2𝜕𝑧
2 − 2𝑧𝜕𝑧 + 𝑧2𝑔𝜇𝜈,AdS

𝜕

𝜕𝑥𝜇

𝜕

𝜕𝑥𝜈
− 𝑚2] 𝐺Δ(𝑧, 𝑥𝜇; 𝑧′, 𝑥𝜇′) = 𝑧𝑑+1𝛿(𝑧 − 𝑧′)𝛿𝑑(𝑥 − 𝑥′)  

𝐺Δ
AdS(𝑧, 𝑥𝜇; 𝑧′, 𝑥𝜇′) =

𝐶Δ

2 (Δ −
𝑑
2) 𝜁Δ

 2𝐹1 (Δ, Δ −
𝑑

2
+

1

2
, 2Δ − 𝑑 + 1, −

4

𝜁
)  

𝐶Δ=
Γ(Δ)

𝜋𝑑/2Γ(Δ − 𝑑/2)
 

𝜁 =
(𝑧 − 𝑧′)2 + (𝑥 − 𝑥′)2

𝑧𝑧′

𝑚2 = Δ(Δ − 𝑑)

 

lim
𝑧′→0

 𝐺Δ
AdS(𝑧, 𝑥𝜇; 𝑧′, 𝑥𝜇′) =

𝑧′Δ

2Δ − 𝑑
𝐾Δ

AdS(𝑧, 𝑥; 𝑥′), 𝐾Δ
AdS(𝑧, 𝑥; 𝑥′) = 𝐶Δ (

𝑧

𝑧2 + (𝑥 − 𝑥′)2
)

Δ

.  

lim
𝑧→0

 𝒪bulk (𝑧, 𝑥) = 𝑧−Δ(2Δ − 𝑑)𝒪boundary (𝑥)  

 

𝑑𝑠2 =
−𝑑𝜂2 + 𝑔𝜇𝜈

E 𝑑𝑥𝜇𝑑𝑥𝜈

𝜂2
 

where 𝑔𝜇𝜈
E  is the metric on ℝ𝑑 

𝐺𝑚
dS(𝜂, 𝑥; 𝜂′, 𝑥′) =

Γ(Δ+)Γ(Δ−)

(4𝜋)
𝑑+1

2 Γ((𝑑 + 1)/2)

 2𝐹1 (Δ+, Δ−,
𝑑 + 1

2
, 𝜒)  
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𝜒 =
(𝜂 + 𝜂′)2 − (𝑥 − 𝑥′)2

4𝜂𝜂′

Δ±  =
1

2
(𝑑 ± √𝑑2 − 4𝑚2)

 

𝜒± =
(𝜂 + 𝜂′)2 − (𝑥 − 𝑥′)2 ± 𝑖sgn(𝜂 − 𝜂′)𝜖

4𝜂𝜂′
 

⟨𝜙(𝜂1, 𝑥1)𝜙(𝜂2, 𝑥2)⟩ = 𝐺𝑚
dS(𝜒+)

⟨𝜙(𝜂2, 𝑥2)𝜙(𝜂1, 𝑥1)⟩ = 𝐺𝑚
dS(𝜒−)

 

𝜒±
𝑇 =

(𝜂 + 𝜂′)2 − (𝑥 − 𝑥′)2 ± 𝑖𝜖

4𝜂𝜂′
 

⟨𝑇𝜙(𝜂1, 𝑥1)𝜙(𝜂2, 𝑥2)⟩  = 𝐺𝑚
dS(𝜒+

𝑇)

⟨𝑇‾𝜙(𝜂1, 𝑥1)𝜙(𝜂2, 𝑥2)⟩  = 𝐺𝑚
dS(𝜒−

𝑇)
 

lim
𝜂→0

 𝐺𝑚,±
dS (𝜂, 𝑥; 𝜂′, 𝑥′)  =

2−𝑑−1𝜋−
𝑑
2

−
1
2Γ(Δ+)Γ(Δ− − Δ+)

Γ (
1
2

(𝑑 − 2Δ+ + 1))

(
𝜂𝜂′

(𝑥 − 𝑥′)2 ∓ 𝑖𝜖 − 𝜂′2)

Δ+

 +
2−𝑑−1𝜋−

𝑑
2

−
1
2Γ(Δ−)Γ(Δ+ − Δ−)

Γ (
1
2

(𝑑 − 2Δ− + 1))

(
𝜂𝜂′

(𝑥 − 𝑥′)2 ∓ 𝑖𝜖 − 𝜂′2)

Δ−

 

𝐺Δ
AdS(𝑧, 𝑥𝜇; 𝑧′, 𝑥𝜇′) = 𝑧Δ𝑧′Δ𝑁Δ

int ∫  
∞

0

 𝑑𝜅 ∫  
∞

𝜅

 𝑑𝛽𝛽𝑑−1−Δ

 × (𝜅(𝛽 − 𝜅))Δ−
𝑑+1

2 𝑒−(𝑥−𝑥′)
2
𝛽−(𝑧−𝑧′)

2
𝛽−4𝑧𝑧′𝜅

 

𝐾Δ
AdS(𝑧, 𝑥; 𝑥′) = 𝑧Δ𝑁Δ

ext ∫  
∞

0

 𝑑𝛼𝛼Δ−1𝑒
−𝛼(𝑧2+(𝑥−𝑥′)

2
)

 

𝑁Δ
ext =

𝜋−𝑑/2

Γ(Δ − 𝑑/2)

𝑁Δ
int =

22Δ−𝑑−1

𝜋
𝑑+1

2 Γ (Δ +
1 − 𝑑

2 )
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𝑊3 = 𝜋𝑑/2𝑁Δ1

ext𝑁Δ2

ext𝑁Δ3

ext∫  
𝑑𝛼1

𝛼1

𝑑𝛼2

𝛼2

𝑑𝛼3

𝛼3
∫  𝑑𝑧

𝛼1
Δ1𝛼2

Δ2𝛼3
Δ3

𝑧𝑑+1−Δ1−Δ2−Δ3
 

 ×
𝑒

−
𝑥1,2

2 𝛼1𝛼2+𝑥1,3
2 𝛼1𝛼3+𝑥2,3

2 𝛼2𝛼3

𝛼1+𝛼2+𝛼3
−𝑧2(𝛼1+𝛼2+𝛼3)

(𝛼1 + 𝛼2 + 𝛼3)𝑑/2

 

∫  
∞

−∞

 𝑑𝑑𝑦 𝑒−𝑦  ⋅𝑀⋅𝑦  +2𝑤   ⋅𝑦  =
𝜋𝑑/2

det(𝑀)
𝑒𝑤   ⋅𝑀−1⋅𝑤    

𝑊3 =
𝜋𝑑/2

2
Γ [

1

2
(Δ123 − 𝑑)] 𝑁Δ1

ext𝑁Δ2

ext𝑁Δ3

ext ∫  
𝑑𝛼1

𝛼1

𝑑𝛼2

𝛼2

𝑑𝛼3

𝛼3
𝛼1

Δ1𝛼2
Δ2𝛼3

Δ3
𝑒

−
𝒲
𝒴

𝒴
Δ123

2

 

Δ123= Δ1 + Δ2 + Δ3  

𝒲 = 𝑥1,2
2 𝛼1𝛼2 + 𝑥1,3

2 𝛼1𝛼3 + 𝑥2,3
2 𝛼2𝛼3

𝒴 = 𝛼1 + 𝛼2 + 𝛼3

 

∀𝛼𝑖 > 0: 1 = ∫  
∞

0

 𝑑𝜆𝛿(1 − 𝐦1𝛼1 − 𝐦2𝛼2 − 𝐦3𝛼3)  

𝑊3 =
𝜋𝑑/2

2
Γ [

1

2
(Δ123 − 𝑑)] Γ [

Δ123

2
] 𝑁Δ1

ext𝑁Δ2

ext𝑁Δ3

ext  ∫  
𝑑𝛼1

𝛼1

𝑑𝛼2

𝛼2

𝑑𝛼3

𝛼3
𝛼1

Δ1𝛼2
Δ2𝛼3

Δ3

 × 𝒲
−Δ123

2 𝛿(1 − 𝐦1𝛼1 − 𝐦2𝛼2 − 𝐦3𝛼3)

 

𝑊 =
𝜋𝑑/2Γ [

1
2

(Δ123 − 𝑑)] Γ [
Δ12,3

2 ] Γ [
Δ13,2

2 ] Γ [
Δ23,1

2 ]

2𝑥12

Δ12,3𝑥13

Δ13,2𝑥23

Δ23,1

 

Δ𝑖𝑗,𝑘 = Δ𝑖 + Δ𝑗 − Δ𝑘  

 ∑  

{𝑒,(𝑣)}∈𝐸ext

 𝛼𝑒((𝑥𝑖 − 𝑥𝑣)2 + 𝑧𝑣
2) + ∑  

{𝑒,(𝑣,𝑣′)}∈𝐸int

 𝛽𝑒(𝑥𝑣 − 𝑥𝑣′)2 + 𝛽𝑒(𝑧𝑣 − 𝑧𝑣′)2 + 4𝜅𝑒𝑧𝑣𝑧𝑣′

= ∑  

𝑣,𝑣′∈𝑉int

 𝑥𝑣𝑀𝑣,𝑣′𝑥𝑣′ + ∑  

𝑣∈𝑉int

 2𝐾𝑣 ⋅ 𝑥𝑣 + 𝐽
 

𝐽 = 𝐽|𝑧→0 + 𝒵  

𝒵AdS = [ ∑  

{𝑒,(𝑣,𝑣′)}∈𝐸ext

 𝛽𝑒(𝑧𝑣 − 𝑧𝑣′)2 + 4𝜅𝑒𝑧𝑣𝑧𝑣′] + [ ∑  

{𝑒,(𝑣)}∈𝐸ext

 𝛼𝑒𝑧𝑣
2]  

𝑊 = ( ∏  

𝑒∈𝐸ext

 𝑁Δ𝑒

ext) ( ∏  

𝑒∈𝐸int

 𝑁Δ𝑒

int) 𝜋𝑑|𝑉int|/2 ∫  [ ∏  

{𝑒,(𝑣)}∈𝐸ext

 𝑑𝛼𝑒𝛼𝑒
Δ𝑒−1

𝑧𝑣
Δ𝑒] [ ∏  

𝑣∈𝑉int

 𝑑𝑧𝑣𝑧𝑣
−𝑑−1]

 × [ ∏  

{𝑒,(𝑣,𝑣′)}∈𝐸int

 𝑑𝛽𝑒𝑑𝜅𝑒𝛽𝑒
𝑑−1−Δ𝑒(𝜅𝑒(𝛽𝑒 − 𝜅𝑒))

Δ𝑒−
𝑑+1

2 𝑧𝑣
Δ𝑒𝑧

𝑣′
Δ𝑒] 𝒴−𝑑/2𝑒

−
𝒲
𝒴

−𝒵AdS

 

𝒴 = det(𝑀), 𝒲 = det(𝑀)(𝐽|𝑧𝑣→0 + 𝐾 ⋅ 𝑀−1 ⋅ 𝐾)  
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∀𝑧𝑣 > 0: 1 = ∫  
∞

0

 𝑑𝜆𝛿 (𝜆 − ∑  

𝑣

  𝑧𝑣)  

∀𝛽𝑒 , 𝜅𝑒 , 𝛼𝑒 > 0: 1 = ∫  𝑑𝜆𝛿 (𝜆 − ∑  

𝑒

  (𝛽𝑒 + 𝜅𝑒) − ∑  

𝑒

 𝛼𝑒)  

𝛼𝑒 , 𝛽𝑒 , 𝜅𝑒 → 𝜆𝛼𝑒 , 𝜆𝛽𝑒 , 𝜆𝜅𝑒 

𝑊 = 𝐾 ∫  [ ∏  

{𝑒,𝑣}∈𝐸ext

 𝑑𝛼𝑒𝛼𝑒
Δ𝑒−1

𝑧𝑣
Δ𝑒] [ ∏  

𝑣∈𝑉int

 𝑑𝑧𝑣𝑧𝑣
−𝑑−1]

 × [ ∏  

{𝑒,𝑣,𝑣′}∈𝐸int

 𝑑𝛽𝑒𝑑𝜅𝑒𝛽𝑒
𝑑−1−Δ𝑒(𝜅𝑒(𝛽𝑒 − 𝜅𝑒))

Δ𝑒−
𝑑+1

2 𝑧𝑣
Δ𝑒𝑧

𝑣′
Δ𝑒]

𝒵
𝑑|𝑉int|

2 − Δint −
Δext

2

𝒴
𝑑−Δext

2 𝒲
Δext

2

 × 𝛿 (1 − ∑  

𝑒

  (𝛽𝑒 + 𝜅𝑒) − ∑  

𝑒

 𝛼𝑒) 𝛿 (1 − ∑  

𝑣

  𝑧𝑣)

 

Δint = ∑  

𝑒∈𝐸int

 Δ𝑒 , Δext = ∑  

𝑒∈𝐸ext

 Δ𝑒  

𝐾 =
𝜋𝑑|𝑉int|/2

2
( ∏  

𝑒∈𝐸ext

 𝑁Δ𝑒

ext) ( ∏  

𝑒∈𝐸int

 𝑁Δ𝑒

int) Γ [
Δext

2
+ Δext −

𝑑|𝑉int|

2
] Γ [

Δext

2
]  

𝛿 (1 − ∑  𝑧𝑣) → 𝛿 (1 − ∑  𝐧𝑣𝑧𝑣)

𝛿 (1 − ∑  

𝑒

  (𝛽𝑒 + 𝜅𝑒) − ∑  

𝑒

 𝛼𝑒) → 𝛿 (1 − ∑  (𝐦𝛽,𝑒𝛽𝑒 + 𝐦𝜅,𝑒𝜅) − ∑  𝐦𝛼,𝑒𝛼𝑒)
 

𝐺𝑚
dS(𝜂, 𝑥; 𝜂′, 𝑥′) = 𝑁𝑚

int,dS(𝜂𝜂′)Δ+  ∫  
∞

0

 𝑑𝛽𝑑𝜅𝛽Δ−−1(𝜅(𝜅 + 𝑖𝛽))Δ+−
𝑑
2

−
1
2

 × 𝑒
𝑖𝛽((𝜂−𝜂′)

2
+𝑖𝜖−(𝑥−𝑥′)

2
)−4𝜂𝜂′𝜅

 

lim
𝜂→0

 𝐺𝑚
dS(𝜂, 𝑥; 𝜂′, 𝑥′)|

𝜂Δ+

= 𝑁𝑚
ext,dS𝜂Δ+ ∫  

∞

0

 𝑑𝛼𝛼Δ+−1𝑒
𝑖𝛼(𝜂′2+𝑖𝜖−(𝑥−𝑥′)

2
)

 

𝑁𝑚
int,dS  = 𝑖Δ−

𝜋−
𝑑
2

−
1
222Δ+−𝑑−1

Γ (
1
2

(𝑑 − 2Δ− + 1))

𝑁𝑚
ext,dS  = 𝑖Δ+

𝜋
1
2
(−𝑑−1)22Δ+−𝑑−1Γ(Δ− − Δ+)

Γ (
𝑑 + 1

2 − Δ+)

 

𝒵dS = [ ∑  

{𝑒,(𝑣,𝑣′)}∈𝐸ext

 𝛽𝑒((𝜂𝑣 − 𝜂𝑣′)2 + 𝑖𝜖) + 𝑖4𝜅𝑒𝜂𝑣𝜂𝑣′] + [ ∑  

{𝑒,(𝑣)}∈𝐸ext

 𝛼𝑒(𝜂𝑣
2 + 𝑖𝜖)]  
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𝐺(𝑥, 𝜖) = 𝐼 ∫  
𝑑𝛽1𝑑𝛽2

(𝛽1 + 𝛽2)
𝑒𝑖𝒱−𝜖(𝛽1+𝛽2), 𝒱 =

𝑥𝛽1𝛽2

𝛽1 + 𝛽2
− (𝛽1 + 𝛽2)  

𝐺(𝑥, 𝜖) = −

4𝑖tan−1 (
√𝑥

√−𝑥 − 4𝑖𝜖 + 4
)

√𝑥√−𝑥 − 4𝑖𝜖 + 4

 

𝜕𝐺

𝜕𝜖
(𝑥, 𝜖) =

8𝑥arctan (
√𝑥

√4 − 𝑥
)

[𝑥(4 − 𝑥)]3/2
−

2

𝑥 − 4
+ 𝒪(𝜖), (𝜖 → 0+)

 

𝛽𝑖 → 𝛽𝑖 + 𝑖𝜖‾𝛽𝑖𝜕𝛽𝑖
𝒱  

𝒱̂ = 𝒱 + 𝑖𝜖‾(𝛽1(𝜕𝛽1
𝒱)

2
+ 𝛽2(𝜕𝛽2

𝒱)
2
) + 𝒪(𝜖‾2)  

𝑊 = 𝐾dS ( ∏  

𝑒∈𝐸ext

 𝜂Δ𝑒,+) ∫  [ ∏  

{𝑒,(𝑣)}∈𝐸ext

 𝑑𝛼𝑒𝛼𝑒
Δ+,𝑒−1

𝜂𝑣
Δ𝑒] [ ∏  

𝑣∈𝑉int

 𝑑𝜂𝑣𝜂𝑣
−𝑑−1]

 × [ ∏  

{𝑒,(𝑣,𝑣′)}∈𝐸int

 𝑑𝛽𝑒𝑑𝜅𝑒𝛽𝑒
Δ𝑒,−−(𝜅𝑒(𝜅𝑒 + 𝑖𝛽𝑒))

Δ𝑒,+−
𝑑
2

−
1
2𝜂𝑣

Δ𝑒,+𝜂
𝑣′

Δ𝑒,+] 𝒴−𝑑/2

 × exp [𝑖𝒱 − ∑  

{𝑒,(𝑣,𝑣′)}∈𝐸int

 4𝜅𝑒𝜂𝑣𝜂𝑣′ − 𝜖 ( ∑  

𝑒∈𝐸int

 𝛽𝑒 + ∑  

𝑒∈𝐸ext

 𝛼𝑒)]

 

𝒱 =
𝒲

𝒴
+ 𝒵|𝜅𝑒→0  

𝐾dS = ( ∏  

𝑒∈𝐸ext

 𝑁Δ𝑒

ext,dS) ( ∏  

𝑒∈𝐸int

 𝑁Δ𝑒

int,dS) 𝜋𝑑|𝑉int|/2
 

𝛽̂𝑒 = 𝛽𝑒 + 𝑖𝜖‾𝛽𝑒𝜕𝛽𝑒
𝒱

𝛼̂𝑒 = 𝛼𝑒 + 𝑖𝜖‾𝛼𝑒𝜕𝛼𝑒
𝒱

 

𝒱̂ = 𝒱 + 𝑖𝜖‾( ∑  

𝑒∈𝐸int

 𝛽𝑒(𝜕𝛽𝑒
𝒱)

2
+ ∑  

𝑒∈𝐸ext

 𝛼𝑒(𝜕𝛼𝑒
𝒱)

2
) + 𝒪(𝜖‾2)  

𝒲 ∋ 𝑥𝑖,𝑗
2 ∏  

𝑒∈𝐸ext

 𝛼𝑒 ∏  

𝑒∈𝐸int

 𝛽𝑒  
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𝒲𝑠  = 𝛼1𝛼2𝛽1𝑥1,2
2 + 𝛼1𝛼3𝛽1𝑥1,3

2 + 𝛼1𝛼4𝛽1𝑥1,4
2 + 𝛼1𝛼2𝛼3𝑥1,2

2 + 𝛼1𝛼2𝛼4𝑥1,2
2

 +𝛼2𝛼3𝛽1𝑥2,3
2 + 𝛼2𝛼4𝛽1𝑥2,4

2 + 𝛼3𝛼4𝛽1𝑥3,4
2 + 𝛼1𝛼3𝛼4𝑥3,4

2 + 𝛼2𝛼3𝛼4𝑥3,4
2  

∏  

𝑒∈𝐸ext

 𝛼𝑒 ∏  

𝑒∈𝐸int

 𝛽𝑒 .  

 

𝒴𝑠 = 𝛼3𝛽1 + 𝛼1𝛽1 + 𝛼2𝛽1 + 𝛼4𝛽1 + 𝛼1𝛼3 + 𝛼2𝛼3 + 𝛼1𝛼4 + 𝛼2𝛼4  

𝒲tri = 𝛼1𝛼2𝛼3𝛽1𝑥1,2
2 + 𝛼1𝛼2𝛽1𝛽2𝑥1,2

2 + 𝛼1𝛼2𝛽1𝛽3𝑥1,2
2 + 𝛼1𝛼2𝛽2𝛽3𝑥1,2

2 + 𝛼1𝛼3𝛽1𝛽2𝑥1,3
2  

 +𝛼1𝛼2𝛼3𝛽3𝑥1,3
2 + 𝛼1𝛼3𝛽1𝛽3𝑥1,3

2 + 𝛼1𝛼3𝛽2𝛽3𝑥1,3
2 + 𝛼1𝛼2𝛼3𝛽2𝑥2,3

2 + 𝛼2𝛼3𝛽1𝛽2𝑥2,3
2

 +𝛼2𝛼3𝛽1𝛽3𝑥2,3
2 + 𝛼2𝛼3𝛽2𝛽3𝑥2,3

2
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𝒴tri  = 𝛼1𝛼3𝛽1 + 𝛼2𝛼3𝛽1 + 𝛼1𝛼3𝛽2 + 𝛼3𝛽1𝛽2 + 𝛼2𝛼3𝛽3 + 𝛼3𝛽1𝛽3 + 𝛼3𝛽2𝛽3 + 𝛼1𝛼2𝛽2

 +𝛼1𝛽1𝛽2 + 𝛼2𝛽1𝛽2 + 𝛼1𝛼2𝛽3 + 𝛼1𝛽1𝛽3 + 𝛼2𝛽1𝛽3 + 𝛼1𝛽2𝛽3 + 𝛼2𝛽2𝛽3 + 𝛼1𝛼2𝛼3
 

 

𝑃𝜇,𝑖  = −𝑖𝜕𝑥𝑖
𝜇 , 𝐷𝑖 = −𝑖 ∑  

𝑑

𝜇=1

 𝑥𝑖
𝜇
𝜕𝑥𝑖

𝜇

𝐿𝜇𝜈,𝑖  = 𝑖 (𝑥𝑖,𝜇𝜕𝑥𝑖
𝜈 − 𝑥𝜈𝜕𝑥𝑖

𝜇) , 𝐾𝜇,𝑖 = 𝑖 (𝑥𝑖
2𝜕𝑥𝑖

𝜇 − 𝑖2𝑥𝑖,𝜇𝐷)

 

0 = (∑  

𝑛

𝑖=1

 𝑃𝜇,𝑖) 𝑊, 0 = (∑  

𝑛

𝑖=1

 𝐷) 𝑊

0 = (∑  

𝑛

𝑖=1

 𝐿𝜇𝜈,𝑖) 𝑊, 0 = (∑  

𝑛

𝑖=1

 𝐾𝜇,𝑖) 𝑊

 

⟨𝒪Δ1
(𝑥1)𝒪Δ2

(𝑥2)𝒪Δ3
(𝑥3)⟩ =

𝐶

𝑥12
Δ1+Δ2−Δ3𝑥13

Δ1+Δ3−Δ2𝑥23
Δ2+Δ3−Δ1

 

⟨𝒪Δ1
(𝑥1)𝒪Δ2

(𝑥2)𝒪Δ3
(𝑥3)𝒪Δ4

(𝑥4)⟩ = 𝑓(𝜂, 𝜉) ∏  

𝑖<𝑗

 𝑥
𝑖𝑗

∑  4
𝑖=1  Δ𝑖

3
−Δ𝑖−Δ𝑗

 

𝜂 =
𝑥13

2 𝑥24
2

𝑥12
2 𝑥34

2 , 𝜉 =
𝑥23

2 𝑥14
2

𝑥12
2 𝑥34

2
 

𝑥1
𝜇

= 0, 𝑥2
𝜇

= 𝑒𝜇 , 𝑥4
𝜇

→ ∞  

𝜂 = 𝑥3
2, 𝜉 = (𝑒 − 𝑥3)2  
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lim
𝑥4→∞

 ⟨𝒪Δ1
(0)𝒪Δ2

(𝑒𝜇)𝒪Δ3
(𝑥3)𝒪Δ4

(𝑥4)⟩ =
𝜂

1
6(Δ4+Δ2−2(Δ1+Δ3))𝜉

1
6(Δ1+Δ4−2(Δ2+Δ3))

𝑥4
−2Δ4

𝑓(𝜂, 𝜉)  

lim
𝑥3→∞

 𝑊3 =
1

𝑥3
2Δ3

𝜋𝑑/2

2
Γ [

1

2
(Δ123 − 𝑑)] Γ [

Δ123

2
] 𝑁Δ1

ext𝑁Δ2

ext𝑁Δ3

ext ∫  
𝑑𝛼1

𝛼1

𝑑𝛼2

𝛼2

𝑑𝛼3

𝛼3

 × 𝛼1
Δ1𝛼2

Δ2𝛼3
Δ3(𝛼1𝛼2𝑥12

2 + 𝛼1𝛼3 + 𝛼2𝛼3)−
Δ123

2 𝛿(1 − 𝐦1𝛼1 − 𝐦2𝛼2)

 

lim
𝑥3→∞

 𝑊3 =
𝜋𝑑/2Γ [

1
2

(Δ123 − 𝑑)] Γ [
Δ12,3

2 ] Γ [
Δ13,2

2 ] Γ [
Δ23,1

2 ]

2𝑥12

Δ12,3𝑥3
2Δ3

 

𝑑𝑠2 ∝ 𝑧3/5 [(
2

5
)

2

(
𝑑𝜏2 + 𝑑𝑧2

𝑧2 ) + 𝑑Ω8
2]  

𝐾Δ
BFSS(𝑧, 𝜏; 𝜏′)∝ 𝑧9/10𝐾Δ−9/10

AdS2 (𝑧, 𝜏; 𝜏′)  

𝐺Δ
BFSS(𝑧, 𝜏; 𝑧′, 𝜏′) ∝ (𝑧𝑧′)9/10𝐺Δ−9/10

AdS2 (𝑧, 𝜏; 𝑧′, 𝜏′)(96)
 

⟨𝒪̃(𝑘1)𝒪̃(𝑘2) … 𝒪̃(𝑘𝑛)⟩ = ∫  [∏  

𝑖

 
𝑑𝑑𝑥𝑖

(2𝜋)𝑑
𝑒−𝑖𝑘𝑖⋅𝑥𝑖] ⟨𝒪(𝑥1)𝒪(𝑥2) … 𝒪(𝑥𝑛)⟩  

⟨𝒪̃(𝑘1)𝒪̃(𝑘2) … 𝒪̃(𝑘𝑛)⟩ = 𝛿𝑑 (∑  

𝑖

 𝑘𝑖) ⟨⟨𝒪̃(𝑘1)𝒪̃(𝑘2) … 𝒪̃(𝑘𝑛)⟩⟩  

⟨⟨𝒪̃(𝑘1)𝒪̃(𝑘2) … 𝒪̃(𝑘𝑛)⟩⟩= ∫  𝑑𝑑𝑘1⟨𝒪̃(𝑘1)𝒪̃(𝑘2) … 𝒪̃(𝑘𝑛)⟩  

 = ∫  [∏  

𝑖>2

 
𝑑𝑑𝑥𝑖

(2𝜋)𝑑
𝑒−𝑖𝑘𝑖⋅𝑥𝑖] ⟨𝒪(0)𝒪(𝑥2) … 𝒪(𝑥𝑛)⟩

 

𝐾Δ
AdS(𝑧, 𝑥; 𝑥′)  = ∫  

𝑑𝑑𝑥

(2𝜋)𝑑
𝑒𝑖𝑘⋅(𝑥−𝑥′)𝐾̃Δ

AdS(𝑧, 𝑘)

𝐺Δ
AdS(𝑧, 𝑥; 𝑧′, 𝑥′)  = ∫  

𝑑𝑑𝑥

(2𝜋)𝑑
𝑒𝑖𝑘⋅(𝑥−𝑥′)𝐺̃Δ

AdS(𝑧, 𝑧′, 𝑘),

 

𝐾̃Δ
AdS(2𝑧, 𝑘) = 𝑁̃Δ

ext ∫  
∞

0

 𝑑𝛼̃𝛼̃𝑑/2−Δ−1𝑒−
𝑧2

4𝛼̃
−𝛼̃𝑘2

 

𝐺̃Δ
AdS(2𝑧, 2𝑧′, 𝑘) = 𝑧Δ𝑧′Δ𝑁̃Δ

int ∫  
∞

0

 𝑑𝜅̃ ∫  
𝜅̃

0

 𝑑𝛽̃𝜅̃𝑑−1−2Δ𝛽̃
−1
2 (𝜅̃ − 𝛽̃)Δ−

𝑑+1
2 𝑒

−𝛽̃𝑘2−
(𝑧−𝑧′)

2

𝛽̃
−

4𝑧𝑧′

𝜅̃  

𝑁̃Δ
int = 𝑁Δ

int2𝑑𝜋𝑑/2

𝑁̃Δ
ext = 𝑁Δ

ext2𝑑−Δ𝜋𝑑/2
 

𝒥𝑧→𝑧/2 = 2𝑑|𝑉int|−Δext−2Δint
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∑  

𝑒∈𝐸ext

 (𝛼̃𝑒𝑘𝑒
2 +

𝑧𝑣
2

𝛼̃𝑒
) + ∑  

𝑒∈𝐸int

  𝛽̃𝑒𝑘𝑒
2 +

1

𝛽̃𝑒

(𝑧𝑣 − 𝑧𝑣′)2 +
4𝑧𝑣𝑧𝑣′

𝜅̃𝑒
 

 = ∑  

𝐿

𝑟,𝑠=1

 ℓ𝑟𝑀𝑟,𝑠ℓ𝑠 + ∑  

𝐿

𝑠

 2𝐾𝑠 ⋅ ℓ𝑠 + 𝐽

 

𝐽 = 𝐽|𝑧𝑣→0 + 𝒵̃AdS  

𝒵̃AdS = 𝒵AdS|
𝛼𝑒→(𝛼𝑒˜ )−1,𝛽𝑒→(𝛽𝑒̃)

−1
,𝜅𝑒→(𝜅𝑒̃)−1  

𝒴̃ = 𝒰(𝛽̃𝑒), 𝒲̃ = ℱ(𝑘𝑖, 𝛽̃𝑒) + 𝒰(𝛽̃𝑒) × ( ∑  

𝑒∈𝐸ext

  𝛼̃𝑒𝑘𝑒
2)  

𝑊̃ = 𝐾̃ ∫  [ ∏  

{𝑒,(𝑣)}∈𝐸ext

 𝑑𝛼̃𝑒𝛼̃𝑒

𝑑
2

−Δ𝑒−1
𝑧𝑣

Δ𝑒] [ ∏  

𝑣∈𝑉int

 𝑑𝑧𝑣𝑧𝑣
−𝑑−1]

𝒴̃𝑅−𝑑/2

𝒲̃𝑅

 × [ ∏  

{𝑒,(𝑣,𝑣′)}∈𝐸int

 𝑑𝛽̃𝑒𝑑𝜅𝑒̃𝜅̃𝑒
𝑑−1−2Δ𝑒𝛽̃𝑒

−1
2 (𝜅̃𝑒 − 𝛽̃𝑒)

Δ𝑒−
𝑑+1

2 𝑧𝑣
Δ𝑒𝑧

𝑣′
Δ𝑒] 𝒵̃

𝑑|𝑉int|
2

−Δint−
Δext

2

 × 𝛿 (1 − ∑  

𝑒

  (𝛽̃𝑒 + 𝜅̃𝑒) − ∑  

𝑒

  𝛼̃𝑒) 𝛿 (1 − ∑  

𝑣

 𝑧𝑣)

 

𝑅 =
𝑑(|𝐸| − |𝑉int|) − Δext

2

𝐾̃ =
𝜋𝑑𝐿/2

2Δext
+ 2Δint − 𝑑|𝑉int| − 1

( ∏  

𝑒∈𝐸ext

  𝑁̃Δ𝑒

ext) ( ∏  

𝑒∈𝐸int

  𝑁̃Δ𝑒

int) Γ [
Δext

2
+ Δint −

𝑑|𝑉int|

2
] Γ[𝑅]

 

𝒰(𝛽̃𝑒) = ∑  

𝑇

 ∏  

𝑒∉𝑇

  𝛽̃𝑒  

ℱ(𝑘𝑖, 𝛽̃𝑒) = ∑  

(𝑇1,𝑇2)

 ( ∏  

𝑒∉(𝑇1,𝑇2)

  𝛽̃𝑒) ( ∑  

𝑘𝑗∈𝑃𝑇1 ,𝑘𝑖∈𝑃𝑇2

 𝑘𝑗 ⋅ 𝑘𝑖)  
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𝒴̃𝑠 = 1, 𝒲̃𝑠 = 𝛼̃1𝑘1
2 + 𝛼̃2𝑘2

2 + 𝛼̃3𝑘3
2 + 𝛼̃4𝑘4

2 + 𝛽̃1(𝑘1 + 𝑘2)2  

𝒰box = 𝛽̃1 + 𝛽̃2 + 𝛽̃3 + 𝛽̃4  

ℱbox= 𝛽̃1𝛽̃3(𝑘2 + 𝑘3)2 + 𝛽̃2𝛽̃4(𝑘3 + 𝑘4)2  

 +𝛽̃1𝛽̃4𝑘3
2 + 𝛽̃2𝛽̃1𝑘4

2 + 𝛽̃2𝛽̃1𝑘4
2 + 𝛽̃3𝛽̃2𝑘1

2
 

𝒴̃box= 𝛽̃1 + 𝛽̃2 + 𝛽̃3 + 𝛽̃4  

𝒲̃box = (𝛽̃1 + 𝛽̃2 + 𝛽̃3 + 𝛽̃4)(𝛼̃1𝑘1
2 + 𝛼̃2𝑘2

2 + 𝛼̃3𝑘3
2 + 𝛼̃4𝑘3

2)

 +𝛽̃1𝛽̃3(𝑘2 + 𝑘3)2 + 𝛽̃2𝛽̃4(𝑘3 + 𝑘4)2

 +𝛽̃1𝛽̃4𝑘3
2 + 𝛽̃2𝛽̃1𝑘4

2 + 𝛽̃2𝛽̃1𝑘4
2 + 𝛽̃3𝛽̃2𝑘1

2

 

𝐷𝑔 = |𝐸|𝑔 −
(𝑑 + 1)𝐿𝑔

2
> 0  

𝐹(𝐴, 𝐵) = ∫  
∞

0

 𝑑𝑥𝑥𝐴−1𝑃𝐵, 𝑃 = (1 + 𝑧1𝑥 + 𝑧2𝑥2)  

𝐹(𝐴, 𝐵) ⊃ ∫  
Λ

0

 𝑑𝑥𝑥𝐴−1 =
Λ𝐴−1

𝐴
 

 

𝐹(𝐴, 𝐵) ⊃ ∫  
∞

Λ

 𝑑𝑥𝑥𝐴−1+2𝐵 =
−log (Λ)

𝐴 + 2𝐵
 

 

∀{𝑒, (𝑣, 𝑣′)} ∈ 𝑔: (𝑧𝑣 − 𝑧𝑣′)2 ∼ 𝛽̃𝑒  
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𝑧𝑣 → 𝑧𝑣′ + √𝛽̃𝑒𝛿𝑧𝑣′  

 𝔍Jacobian ∝ ∏  

𝑒∈𝑔

  𝛽̃𝑒
𝑛𝑒 ,  with  ∑  

𝑒∈𝑔

 𝑛𝑒 =
|𝐸𝑔| − 𝐿𝑔

2
 

𝒵 ⊃
(𝑧1 − 𝑧2)2

𝛽̃1

+
(𝑧2 − 𝑧3)2

𝛽̃2

+
(𝑧1 − 𝑧3)2

𝛽̃3

 

𝑧2 = 𝑧1 + √𝛽̃1𝛿𝑧2, 𝑧3 = 𝑧1 + √𝛽̃3𝛿𝑧3  

𝒵 ⊃ (𝛿𝑧2)2 + (𝛿𝑧3)2 +

(√𝛽̃1𝛿𝑧2 − √𝛽̃3𝛿𝑧3)

2

𝛽̃2

 

𝑊̃ ∝ ∫  [ ∏  

{𝑒,(𝑣)}∈𝐸ext

 𝑑𝛼̃𝑒𝛼̃𝑒

𝑑
2

−Δ𝑒−1
𝑧𝑣

Δ𝑒] [ ∏  

𝑣∈𝑉int

 𝑑𝑧𝑣𝑧𝑣
−𝑑−1] (𝒴̃ + 𝒲̃)−𝑑/2

 × [ ∏  

{𝑒,(𝑣,𝑣′)}∈𝐸int

 𝑑𝛽̃𝑒𝑑𝜅̃𝑒𝜅̃𝑒
𝑑−1−2Δ𝑒𝛽̃𝑒

−1
2 (𝜅̃𝑒 − 𝛽̃𝑒)

Δ𝑒−
𝑑+1

2 𝑧𝑣
Δ𝑒𝑧

𝑣′
Δ𝑒] 𝒵̃

𝑑|𝑉int|
2

−Δint−
Δext

2

 × 𝛿 (1 − ∑  

𝑣

  𝑧𝑣)

 

 

∀𝛼̃𝑒 , 𝛽̃𝑒 , 𝜅̃𝑒 > 0: ∫  𝑑𝜆 (1 − ∑  𝛼̃𝑒 − ∑  (𝛽̃𝑒 + 𝜅̃𝑒))  

𝛼̃𝑒 , 𝛽̃𝑒 , 𝜅̃𝑒 → 𝜆𝛼̃𝑒 , 𝜆𝛽̃𝑒 , 𝜆𝜅̃𝑒, re-scale 𝜆 → (𝒴̃/𝒲̃)𝜆 

𝒴̃ + 𝒲̃ = 𝒰(𝛽̃𝑒) (1 + 𝒮(𝑘𝑖
2, 𝛼̃𝑒)) + ℱ(𝑘𝑖, 𝛽̃𝑒)  

𝑊̃ ∝ (… ) ∫  [∏  

𝑒∈𝑔

 𝑑𝛽̃𝑒𝛽̃𝑒

−
1
2
+𝑛𝑒

] lim
∀𝑒∈𝑔;𝛽̃𝑒→0

  (𝒰(𝛽̃𝐸) (1 + 𝒮(𝑘𝑖
2, 𝛼̃𝑒)) + ℱ(𝑘𝑖, 𝛽̃𝑒))

−𝑑/2

  with ∑  

𝑒∈𝑔

 𝑛𝑒 =
|𝐸𝑔| − 𝐿𝑔

2

 

𝐷𝑔 = |𝐸|𝑔 −
(𝑑 + 1)𝐿𝑔

2
≤ 0  

𝐹(𝑧𝑖) = ∫  
∞

0

 𝑑𝑥𝑥−𝑟1−1(𝑧1 + 𝑧2𝑥 + 𝑧3𝑥2)𝑟0  

(𝑧1 + 𝑧2𝑥 + 𝑧3𝑥2)𝑟0 =
(2𝜋𝑖)−2

Γ(−𝑟0)
∫  

𝑑𝜎1𝑑𝜎2𝑑𝜎3𝑧1
𝜎1𝑧2

𝜎2𝑧3
𝜎3

[Γ(−𝜎1)Γ(−𝜎2)Γ(−𝜎3)]−1
𝑥𝜎2+2𝜎3𝛿(𝜎1 + 𝜎2 + 𝜎3 − 𝑟0)  
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∫  
∞

0

 
𝑑𝑥

𝑥
𝑥𝐴 ≡ 2𝜋𝑖𝛿(𝐴)  

𝐹(𝑧𝑖) =
(2𝜋𝑖)−1

Γ(−𝑟0)
∫  

𝑑𝜎1𝑑𝜎2𝑑𝜎3

[Γ(−𝜎1)Γ(−𝜎2)Γ(−𝜎3)]−1
𝑧1

𝜎1𝑧2
𝜎2𝑧3

𝜎3𝛿(𝜎1 + 𝜎2 + 𝜎3 − 𝑟0)𝛿(2𝜎3 + 𝜎1 − 𝑟1)  

(
𝑟0

𝑟1
) = (

1 1 1
0 1 2

) ⋅ (

𝑛1

𝑛2

𝑛3

)  

𝐹(𝑧𝑖) = ∑  

𝑛∈ℤ

 Res𝑛=𝑛′ [∏  

3

𝑗=1

 
𝑧
𝑗

𝑛𝑗
′

Γ(𝑛𝑗
′ + 1)

]  

0 = (
1 1 1
0 1 2

) ⋅ (

𝛾1

𝛾2

𝛾3

)  

∀𝑛2 ∈ ℤ≥0: 𝑛 = (−
3 + 𝑛2

2
, 𝑛2, −

1 + 𝑛2

2
)  

𝐹(𝑧𝑖) =
1

𝑧1
3/2

𝑧3
1/2

∑  

𝜎2≥0

 

√𝜋 (−
1
2
)

𝜎2

Γ (
1
2

(𝜎2 + 3))

𝜎2Γ (
𝜎2
2 )

(
𝑧2

2

𝑧1𝑧3
)

𝜎2/2

 

𝑛3 ∈ ℤ≥0: 𝑛 = (−1 + 𝜎3, −1 − 2𝜎3, 𝜎3)  

𝐹(𝑧𝑖)  =
1

𝑧1𝑧2
∑  

𝜎3≥0

 
4𝜎3Γ (𝜎3 +

1
2
)

√𝜋Γ(𝜎3)
(
𝑧1𝑧3

𝑧2
)

𝜎3

 × (2𝐻2𝜎3
−

1

𝜎3
− 2(𝜓(0)(𝜎3) + 𝛾) + log (

𝑧1𝑧3

𝑧2
2 ))

 

 

𝑟1=
9

10
 

𝑟0 =
9

5
−

Δext

2
𝒴 = 𝛼1 + 𝛼2 + 𝛼3

𝒲 = 𝑥12
2 𝛼1𝛼2 + 𝑥13

2 𝛼1𝛼3 + 𝑥23
2 𝛼2𝛼3

 

𝑊 =
1

Γ[−𝑟0](2𝜋𝑖)2
 ∫  

𝑑𝜎1𝑑𝜎2𝑑𝜎3

[Γ(−𝜎1)Γ(−𝜎2)Γ(−𝜎3)]−1
∫  𝑑𝛼2𝑑𝛼3

𝛼2
Δ2−1+𝜎1+𝜎3𝛼3

Δ3−1+𝜎2+𝜎3

𝒴𝑟1

 × 𝑥12
𝜎1𝑥13

𝜎2𝑥23
𝜎3𝛿(𝑟0 − 𝜎1 − 𝜎2 − 𝜎3)
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∫  𝑑𝛼2𝑑𝛼3

𝛼2
Δ2−1+𝜎1+𝜎3𝛼3

Δ3−1+𝜎2+𝜎3

(1 + 𝛼2 + 𝛼3)
9

10

 

 =
Γ (−Δ2 − Δ3 − 𝜎1 − 𝜎2 − 2𝜎3 +

9
10

) Γ(Δ2 + 𝜎1 + 𝜎3)Γ(Δ3 + 𝜎2 + 𝜎3)

Γ (
9
10)

 

𝜎1  =
9

10
−

Δ1 + Δ2 − Δ3

2
+ 𝑛1, 𝑛1

𝜎2  =
9

10
−

Δ1 + Δ3 − Δ2

2
+ 𝑛2, 𝑛2

 

(
𝑥1,2

2

𝑥2,3
2 )

𝑛2

(
𝑥1,3

2

𝑥2,3
)

𝑛1

 

𝐹4(𝑎, 𝑏; 𝑐, 𝑑; 𝑧1, 𝑧2) = ∑  

∞

𝑚,𝑛=0

 
(𝑎)𝑚+𝑛(𝑏)𝑚+𝑛

(𝑐)𝑚(𝑑)𝑛

𝑧1
𝑚𝑧2

𝑛

𝑚! 𝑛!
 

𝑊 = 𝐾′ ∫  [ ∏  

𝑒∈𝐸ext

 𝑑𝛼𝑒𝛼𝑒
Δ𝑒−1

𝑧Δ𝑒] [ ∏  

𝑣∈𝑉int

 𝑑𝑧𝑣𝑧𝑣
−𝑑−1]

 × [ ∏  

𝑒∈𝐸int

 𝑑𝛽𝑒𝑑𝜅𝑒𝛽𝑒
𝑑−1−Δ𝑒(𝜅𝑒(𝛽𝑒 − 𝜅))

Δ𝑒−
𝑑+1

2 ∏  

𝑣∈𝑒

 𝑧𝑣
Δ𝑒] 𝒢

1
2(𝑑−Δext−2Δint)

 

𝒢 = 𝒵𝑠 + 𝒴𝑠 + ℱ𝑠  

𝐾′ = 𝐾 ×
2Γ [Δint +

1
2

(Δext − 𝑑)]

Γ [
Δext

2 ] Γ [
1
2

(𝑑 − Δext)] Γ [−𝑑 + Δint +
Δext

2 ]
 

1 = ∫  𝑑𝜆1𝛿 (𝜆1 − ∑  (𝛽𝑒 + 𝜅𝑒) − ∑  𝛼𝑒)

1 = ∫  𝑑𝜆2𝛿 (𝜆2 − ∑  𝑧𝑣)
 

𝛼𝑒 , 𝛽𝑒 , 𝜅𝑒 → 𝜆1𝛼𝑒 , 𝜆1𝛽𝑒 , 𝜆1𝜅𝑒 , 𝑧𝑣 → 𝜆2𝑧𝑣  

𝜆2 →
1

√𝜆1𝒵
𝜆2  

𝜆1 →
𝒴

𝒲
𝜆1  

𝒲𝑠 → 𝛼1𝛼3𝛽𝜂 + 𝛼3𝛼2𝛽𝜉 + 𝛼1𝛼2𝛽 + 𝛼4𝛼2𝛽 + 𝛼1𝛼4𝛽 + 𝛼3𝛼4𝛽 + 𝛼1𝛼3𝛼2 + 𝛼3𝛼4𝛼2 + 𝛼1𝛼3𝛼4

𝒴𝑠 → 𝛼1𝛽 + 𝛼2𝛽 + 𝛼3𝛽 + 𝛼3𝛼1 + 𝛼2𝛼3

𝒵𝑠 → 𝛼1𝑧1
2 + 𝛼2𝑧1

2 + 𝛼3𝑧2
2 + 𝛽𝑧1

2 − 2𝛽𝑧2𝑧1 + 𝛽𝑧2
2 + 4𝜅𝑧2𝑧1

 

∫  
∞

1

 
𝑑𝛽

𝛽
(𝛽 − 1)𝐵𝛽𝐴 =

Γ[𝐵 + 1]Γ[−𝐴 − 𝐵 − 1]

Γ[−𝐴]
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𝒜 =

(

 
 
 
 
 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 1 0 1 1 0 0 1 1 0 0 1 0 0 1 0 0 0 0 0
0 1 1 0 0 0 1 1 1 0 1 0 0 1 0 0 1 0 0 0 0
0 0 0 1 1 1 1 1 1 0 0 1 1 1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 0 0 0 0 0 0
1 1 1 1 0 1 0 1 0 1 1 1 0 0 1 0 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 2 2)

 
 
 
 
 

 

𝛽 =

[
 
 
 
 
 
 
 
 
1

2
(𝑑 − Δext − 2Δ5)

−Δ1

−Δ2

−Δ3

−Δ4

−Δ5

𝑑 − Δ1 − Δ2 − Δ5

𝑑 − Δ3 − Δ4 − Δ5 ]
 
 
 
 
 
 
 
 

 

 2𝐹1[𝑎, 𝑏, 𝑐; 𝑧] =
Γ[𝑐]

Γ[𝑏]Γ[𝑐 − 𝑏]
∫  

1

0

 𝑑𝑡𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑡𝑧)−𝑎  

0 < 𝑡 < 1: 1 = ∫  
∞

0

 𝑑𝑟𝛿(1 − 𝑡 − 𝑟)  

 2𝐹1[𝑎, 𝑏, 𝑐; 𝑧] =
Γ[𝑐]

Γ[𝑏]Γ[𝑐 − 𝑏]
∫  

∞

0

 𝑑𝑡𝑑𝑟𝛿(1 − 𝑟 − 𝑡)𝑡𝑏−1𝑟𝑐−𝑏−1(𝑟 + 𝑡(1 − 𝑧))−𝑎  

 2𝐹1[𝑎, 𝑏, 𝑐; 𝑧] =
Γ[𝑐]

Γ[𝑏]Γ[𝑐 − 𝑏]Γ[𝑎]
∫  

∞

0

 𝑑𝜆𝜆𝑎−1 ∫  
∞

0

 𝑑𝑡𝑑𝑟𝛿(1 − 𝑟 − 𝑡)𝑡𝑏−1𝑟𝑐−𝑏−1𝑒−𝜆(𝑟+𝑡(1−𝑧))  

 

 2𝐹1[𝑎, 𝑏, 𝑐; 𝑧] =
Γ[𝑐]

Γ[𝑏]Γ[𝑐 − 𝑏]Γ[𝑎]
∫  

∞

0

 𝑑𝜆𝜆𝑎−𝑐 ∫  
1

0

 𝑑𝑡𝑑𝑟𝛿(𝜆 − 𝑟 − 𝑡)

 × 𝑡𝑏−1𝑟𝑐−𝑏−1(𝑟 + 𝑡)𝐴𝑒−(𝑟+𝑡(1−𝑧))

 

 2𝐹1[𝑎, 𝑏, 𝑐; 𝑧] =
Γ[𝑐]

Γ[𝑏]Γ[𝑐 − 𝑏]Γ[𝑎]
∫  

∞

0

 𝑑𝑡𝑑𝑟𝑡𝑏−1𝑟𝑐−𝑏−1(𝑟 + 𝑡)𝑎−𝑐𝑒−(𝑟+𝑡(1−𝑧))  

𝑡 → ((𝑧 − 𝑧′)2 + (𝑥 − 𝑥′)2)𝜅, 𝑟 → ((𝑧 − 𝑧′)2 + (𝑥 − 𝑥′)2)(𝛽 − 𝜅)  

∫ 
𝒞

𝑑𝛼1 ⋯ 𝑑𝛼𝑛 ∏  

𝑠

𝑗=1

𝑃𝑗(𝛼𝑖 , 𝑧𝑖)
𝜆𝑗 

d𝑠2 = −𝑁2(𝑇)d𝑇2 + 𝑎2(𝑇)𝛿𝑖𝑗⏟    
𝛾𝑖𝑗(𝑇)

d𝑥𝑖 d𝑥𝑗

 

𝒮EH =
1

2𝜅
∫  √−𝑔𝑅 d4𝑥  
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𝒮fluid = ∫  d4𝑥√−𝑔𝑃(ℎ)  

ℎ2 = −𝑔𝛼𝛽𝜕𝛼𝜙𝜕𝛽𝜙 

ℋfluid = 𝑐
𝑁

(√𝛾)𝑤
𝑝𝜙

1+𝑤  

√𝛾 = 𝑎3, 𝑝𝜙 = (1 +
1

𝑤
) √𝛾𝐾𝒱0𝑁−1/𝑤𝜙1/𝑤 

𝒱0 = ∫  d3𝑥 𝑐 ∖
𝑤𝑤

(𝐾𝒱0)𝑤(1 + 𝑤)1+𝑤
 

𝑝𝜏 = −𝑐𝑝𝜙
1+𝑤  and  𝜏 = −

𝜙

𝑐(1 + 𝑤)𝑝𝜙
𝑤 .  

ℋgrav = −
𝜅𝑁

12𝒱0𝑎
𝑝𝑎

2  

ℋT = ℋgrav + ℋfluid =
𝜅𝑎3𝑤−1

12𝒱0
𝑝𝑎

2 + 𝑝𝜏  

𝑞 = √
12𝒱0

𝜅

2𝑎
3
2
(1−𝑤)

3(1 − 𝑤)
,

𝑝 = √
𝜅

12𝒱0
𝑎

1
2
(3𝑤−1)𝑝𝑎 ∝ 𝑎

3
2
(1+𝑤)𝐻,

 

|𝑞, 𝑝⟩𝜓0
= exp (i

𝑝

2𝑞
𝑋̂2) 𝑒−

1
2
iln 𝑞(𝑋̂𝑃̂+𝑃̂𝑋̂)

⏟                  
𝑈̂(𝑞,𝑝)

|𝜓0⟩,
 

𝐴̂𝑓(𝜓0) = 𝒩𝜓0
∫  

ℝ∘×ℝ+
  |𝑞, 𝑝⟩𝜓0

𝑓(𝑞, 𝑝)𝜓0
⟨𝑞, 𝑝|d𝑞 d𝑝  

where 𝒩𝜓0
 is a normalization factor of 𝐴̂1(𝜓0) = 𝟙, noting 𝐴̂𝑞(𝜓0) = 𝑋̂ (with 𝑋̂𝜓 = 𝑥𝜓 ) and 

𝐴̂𝑝(𝜓0) = 𝑃̂ (with 𝑝 → 𝑃̂𝜓 = −i𝜕𝑥𝜓 ), so that [𝐴̂𝑞(𝜓0), 𝐴̂𝑝(𝜓0)] = [𝑋̂, 𝑃̂] = i 

ℋ̂grav = 𝐴̂𝑝2(𝜓0) = ℋ̂𝜈 

ℋ̂grav = 𝐴̂𝑝2 = ℋ̂𝜈 ≡ 𝑃̂2 + (𝜈2 −
1

4
) 𝑋̂−2,  

ℋSC = ℋSC(𝑞, 𝑝) = ⟨𝑞, 𝑝|ℋ̂grav|𝑞, 𝑝⟩ ∝ 𝑝2 +
𝜉𝜈

2

𝑞2
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𝑞𝜏 = 𝑞B√1 + 𝜔2(𝜏 − 𝜏B)2

𝑝𝜏 =
1

2
𝑞̇(𝜏) =

𝑞B𝜔2(𝜏 − 𝜏B)

2√1 + 𝜔2(𝜏 − 𝜏B)2

 

𝐸 = 𝑝𝜏
2 + 𝜉𝜈

2/𝑞𝜏
2 

𝑞B = 𝜉𝜈/√𝐸, 𝜔 = 2𝐸/𝜉𝜈 

(𝑝𝜏 →𝑝̂𝜏𝜓 = −i𝜕𝜏𝜓) 

i𝜕𝜏𝜓(𝑥, 𝜏) = (−𝜕𝑥
2 +

𝜈2 −
1
4

𝑥2
)

⏟          
ℋ̂𝜈

𝜓(𝑥, 𝜏)
 

𝜓(𝑥, 𝜏) = 𝑒−i𝜙𝜏⟨𝑥 ∣ 𝑞𝜏, 𝑝𝜏⟩𝑛 

𝑒−i𝜙(𝜏) = (
𝜉𝜈 − i𝑝𝜏𝑞𝜏

𝜉𝜈 + i𝑝𝜏𝑞𝜏
)

𝛽𝑛/(4𝜉𝜈)

 

|𝑞𝜏, 𝑝𝜏⟩𝑛 = exp (i
𝑝𝜏

2𝑞𝜏
𝑥̂2) 𝑒−

1
2
iln 𝑞𝜏(𝑥̂𝑝̂+𝑝̂𝑥̂)|Φ𝑛⟩  

⟨𝑥 ∣ 𝑞𝜏, 𝑝𝜏⟩𝑛 =
1

√𝑞𝜏

exp (i
𝑝𝜏

2𝑞𝜏
𝑥2) Φ𝑛 (

𝑥

𝑞𝜏
)  

𝛽𝑛 = 2𝜉𝜈(2𝑛 + 𝜈 + 1) 

Φ𝑛(𝑥) = ⟨𝑥 ∣ Φ𝑛⟩ 

Φ𝑛(𝑥) = √
2𝑛!

Γ(𝑛 + 𝜈 + 1)
𝜉𝜈

𝜈+1
2 𝑥𝜈+

1
2𝐿𝑛

(𝜈)
(𝜉𝜈𝑥2)𝑒−

1
2
𝜉𝜈𝑥2

 

𝜉𝜈 → 𝜉𝜈,𝑛 = {
𝑛!

Γ(𝑛 + 𝜈 + 1)
∫  

∞

0

 𝑦𝜈+
1
2 [𝐿𝑛

(𝜈)
(𝑦)]

2
𝑒−𝑦 d𝑦}

2

 

 𝑛⟨𝑞𝜏, 𝑝𝜏|𝑃̂|𝑞𝜏, 𝑝𝜏⟩𝑛 = 𝑝𝜏 

𝜉𝜈,𝑛 =
Γ2 (𝜈 +

3
2)

Γ2(𝜈 + 𝑛 + 1)
(𝜈2𝑛 + ⋯ )  

𝜉𝜈 = Γ2 (𝜈 +
3

2
) /Γ2(𝜈 + 1) 

|ΨB⟩ = 𝒩(𝜏) ∑  

𝑛∈ℕ

 ∫   d𝐸 ∫   d𝜏B𝑊𝑛(𝐸, 𝜏B)|𝐸, 𝜏B⟩𝑛  

𝑊𝑛(𝐸, 𝜏B) = 𝛿𝑛,𝑛0
𝛿(𝐸 − 𝐸0)𝛿(𝜏B − 𝜏0) 
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𝒩(𝜏)𝑊𝑛(𝐸, 𝜏B) → 𝒩𝑁(𝜏) ∑  

𝑁

𝑎=1

 𝔴𝑎𝛿𝑛,𝑛𝑎
𝛿(𝐸 − 𝐸𝑎)𝛿(𝜏B − 𝜏B,𝑎)  

𝒩𝑁(𝜏) = ( ∑  

𝑁

𝑎,𝑏=1

 𝔴𝑎
⋆ 𝔴𝑏𝑛𝑎

⟨𝐸𝑎 , 𝜏B,𝑎 ∣ 𝐸𝑏 , 𝜏B,𝑏⟩
𝑛𝑏

)

−1/2

 

 𝑛𝑎⟨𝐸𝑎, 𝜏B,𝑎 ∣ 𝐸𝑎 , 𝜏B,𝑎⟩
𝑛𝑎

= 1 

 𝑛𝑎⟨𝐸𝑎 , 𝜏B,𝑎 ∣ 𝐸𝑏 , 𝜏B,𝑏⟩
𝑛𝑏

≠ 0 

|𝐸𝑎 , 𝜏B,𝑎⟩
𝑛𝑎

→ |𝑎⟩ 

𝜓𝑎(𝑥) = ⟨𝑥 ∣ 𝑎⟩ = ⟨𝑥 ∣ 𝐸𝑎 , 𝜏B,𝑎⟩
𝑛𝑎

 

𝜓𝑎(𝑥) = √
2𝑛𝑎!

Γ(𝜈 + 𝑛𝑎 + 1)
(
𝜉𝜈,𝑛𝑎

− i𝑞𝑎𝑝𝑎

𝜉𝜈,𝑛𝑎
+ i𝑞𝑎𝑝𝑎

)

1
2
(2𝑛𝑎+𝜈+1)

𝜉𝜈,𝑛𝑎

𝜈+1
2

𝑥𝜈+1/2

𝑞𝑎
𝜈+1 𝐿𝑛𝑎

𝜈 (𝜉𝜈,𝑛𝑎

𝑥2

𝑞𝑎
2) exp [−

1

2
(𝜉𝜈,𝑛𝑎

− i𝑞𝑎𝑝𝑎)
𝑥2

𝑞𝑎
2] 

𝑞B → 𝑞B,𝑎 = 𝜉𝜈,𝑛𝑎
/√𝐸𝑎, 𝜔 → 𝜔𝑎 = 2𝐸𝑎/𝜉𝜈,𝑛𝑎

 

⟨𝑎 ∣ 𝑏⟩ =  𝑛𝑎
⟨𝐸𝑎 , 𝜏B,𝑎 ∣ 𝐸𝑏 , 𝜏B,𝑏⟩

𝑛𝑏
= ∫  

∞

0

   𝑛𝑎
⟨𝐸𝑎 , 𝜏B,𝑎 ∣ 𝑥⟩⟨𝑥 ∣ 𝐸𝑏 , 𝜏B,𝑏⟩

𝑛𝑏
 d𝑥 = ∫  

∞

0

 𝜓𝑎
⋆(𝑥)𝜓𝑏(𝑥)d𝑥,  

⟨𝑎 ∣ 𝑏⟩ = 2√
𝑛𝑎!

Γ(𝜈 + 𝑛𝑎 + 1)

𝑛𝑏!

Γ(𝜈 + 𝑛𝑏 + 1)
(
𝜉𝜈,𝑛𝑎

+ i𝑞𝑎𝑝𝑎

𝜉𝜈,𝑛𝑎
− i𝑞𝑎𝑝𝑎

)

1
2

(2𝑛𝑎+𝜈+1)

(
𝜉𝜈,𝑛𝑏

− i𝑞𝑏𝑝𝑏

𝜉𝜈,𝑛𝑏
+ i𝑞𝑏𝑝𝑏

)

1
2

(2𝑛𝑏+𝜈+1)

(
√𝜉𝜈,𝑛𝑎

𝜉𝜈,𝑛𝑏

𝑞𝑎𝑞𝑏

)

𝜈+1

𝐼𝑎𝑏 , 

𝐼𝑎𝑏 ≡ ∫  
∞

0

 𝐿𝑛𝑎
𝜈 (𝜉𝜈,𝑛𝑎

𝑥2

𝑞𝑎
2) 𝐿𝑛𝑏

𝜈 (𝜉𝜈,𝑛𝑏

𝑥2

𝑞𝑏
2) 𝑒−𝑧𝑎𝑏𝑥2

𝑥2𝜈+1 d𝑥  

𝑧𝑎𝑏 ≡
1

2
[
𝜉𝜈,𝑛𝑎

𝑞𝑎
2 +

𝜉𝜈,𝑛𝑏

𝑞𝑏
2 + i (

𝑝𝑎

𝑞𝑎
−

𝑝𝑏

𝑞𝑏
)]  

𝐼𝑎𝑏 =
1

2
∑  

𝑛𝑎

ℓ=0

  ∑  

𝑛𝑏

𝑚=0

 
(𝜈 + ℓ + 1)𝑛𝑎−ℓ

(𝑛𝑎 − ℓ)! ℓ!

(𝜈 + 𝑚 + 1)𝑛𝑏−𝑚

(𝑛𝑏 − 𝑚)! 𝑚!

 × (
𝜉𝜈,𝑛𝑎

𝑞𝑎
2 )

ℓ

(
𝜉𝜈,𝑛𝑏

𝑞𝑏
2 )

𝑚
Γ(𝜈 + ℓ + 𝑚 + 1)

𝑧𝑎𝑏
𝜈+ℓ+𝑚+1

 

⟨𝑎 ∣ 𝑏⟩ =21+𝜈 [(
𝑞𝑎

𝑞𝑏
+

𝑞𝑏

𝑞𝑎
)

2

+
i

𝜉𝜈

(𝑝𝑎𝑞𝑏 − 𝑝𝑏𝑞𝑎)]

−(1+𝜈)

 × (
𝜉𝜈 + i𝑞𝑎𝑝𝑎

𝜉𝜈 − i𝑞𝑎𝑝𝑎
)

1
2
(1+𝜈)

(
𝜉𝜈 − i𝑞𝑏𝑝𝑏

𝜉𝜈 + i𝑞𝑏𝑝𝑏
)

1
2
(1+𝜈)

 

𝜉𝜈 = Γ2 (𝜈 +
3

2
) /Γ2(𝜈 + 1) 
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⟨𝑎 ∣ 𝑏⟩ = (
2√𝑟𝑎𝑏

1 + 𝑟𝑎𝑏 + i𝑟𝑎𝑏𝜔𝑎Δ𝜏
)

1+𝜈

 

𝑟𝑎𝑏 ≡ 𝐸𝑎/𝐸𝑏 , Δ𝜏 = 𝜏B,𝑎 − 𝜏B,𝑏 and 𝜔𝑎 = 2𝐸𝑎/𝜉𝜈 

ℜ𝑒⟨𝑎 ∣ 𝑏⟩ = 4𝑟𝑎𝑏

(1 + 𝑟𝑎𝑏)2 − 𝑟𝑎𝑏
2 𝜔𝑎

2Δ𝜏2

[(1 + 𝑟𝑎𝑏)2 + 𝑟𝑎𝑏
2 𝜔𝑎

2Δ𝜏2]2
,  

ℑm⟨𝑎 ∣ 𝑏⟩ = −
8𝑟𝑎𝑏

2 (1 + 𝑟𝑎𝑏)𝜔𝑎Δ𝜏

[(1 + 𝑟𝑎𝑏)2 + 𝑟𝑎𝑏
2 𝜔𝑎

2Δ𝜏2]2
,  

|ΨB⟩ = 𝒩2(|0⟩ + 𝜌𝑒−i𝛿|1⟩),  

set 𝔴0 = 1 and 𝔴1 = 𝜌𝑒−i𝛿, with 𝜌, 𝛿 ∈ ℝ 

𝒩2 = [1 + 𝜌2 + 2𝜌(cos 𝛿ℜe⟨0 ∣ 1⟩ + sin 𝛿ℑm⟨0 ∣ 1⟩)]−1/2  

𝜕

𝜕𝜏
|ΨB(𝑥, 𝜏)|2 +

𝜕

𝜕𝑥
[2|ΨB(𝑥, 𝜏)|2

𝜕𝑆(𝑥, 𝜏)

𝜕𝑥
] = 0,  

d𝑥

 d𝜏
= 2𝜕𝑥𝑆 =

ΨB
⋆𝜕𝑥ΨB − ΨB𝜕𝑥ΨB

⋆

i|ΨB|2
= −i𝜕𝑥ln 

ΨB

ΨB
⋆ ,  

𝑥(𝜏) = √
12𝒱0

𝜅

2𝑎
3
2
(1−𝑤)

3(1 − 𝑤)
≡ 𝜆𝑎

3
2
(1−𝑤),  

𝑥̈ = −2𝜕𝑥[𝑉(𝑥) + 𝑄(𝑥, 𝑡)],  

𝐻̂ = −𝜕𝑥
2 + 𝑉(𝑥) 

𝑄(𝑥, 𝜏) ≡ −
1

|ΨB|

𝜕2|ΨB|

𝜕𝑥2
.  

𝐻cl = 𝑝2 + 𝑉(𝑞) when 𝑄 → 0 

𝑆𝑎 = −𝜙𝑎 +
𝑝𝑎𝑥2

2𝑞𝑎
= −𝜙𝑎 +

𝜔𝑎
2𝑥2(𝜏 − 𝜏B,𝑎)

2 [1 + 𝜔𝑎
2(𝜏 − 𝜏B,𝑎)

2
]
,  

𝑥(𝜏) = 𝑥(0)√1 + 𝜔𝑎
2(𝜏 − 𝜏B,𝑎)

2
≡ 𝑥0

𝑞𝑎(𝜏)

𝑞B
.  

𝑄(𝑥, 𝜏) =
2𝜉𝜈(𝜈 + 1)

𝑞2
−

𝜉𝜈
2𝑥2

𝑞4
−

𝜈2 −
1
4

𝑥2
,  

𝑥̈ = −2
𝜕

𝜕𝑥
[
𝜈2 −

1
4

𝑥2
+ 𝑄(𝑥, 𝜏)] =

4𝜉𝜈
2

𝑞(𝜏)4
𝑥.  
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𝐻 = 𝑎−1 d𝑎/d𝑡 = 𝑎̇/(𝑁𝑎) 

𝐻 =
2

3(1 − 𝑤)

𝑥̇

𝑁𝑥
 

𝐻2 =
𝜅

3
𝜌 =

4

9(1 − 𝑤)2

𝑥̇2

𝑁2𝑥2
∝

(𝜕𝑥𝑆)2

𝑎3(1+𝑤)
∝

(𝜕𝑎𝑆)2

𝑎4
.  

𝑆(𝑎) ∼ 𝑎
3
2
(1−𝑤)

 

𝐻̇ = −
1

2
𝜅𝑁(𝜌 + 𝑃) = −

3

2
(1 + 𝑤)𝑁𝐻2 

𝐻̇ =
2

3(1 − 𝑤)

𝑥̈

𝑁𝑥
−

3

2
(1 + 𝑤)𝑁𝐻2,  

𝑅(𝜏) = 4 (
𝑥

𝜆
)

−
4

1−𝑤
[

𝑥̈

(1 − 𝑤)𝑥
+

(1 − 3𝑤)𝑥̇2

3(𝑤 − 1)2𝑥2
]  

𝑅B =
4𝜔2

1 − 𝑤
(
𝑥0

𝜆
)

−
4

1−𝑤
∝ 𝜔2(1 − 𝑤)

−
3𝑤+1
(1−𝑤)𝑥0

−
4𝑤

1−𝑤,  

𝑥̃ = √𝐸0𝑥, 𝑞̃ = √𝐸0𝑞,  and  𝜏̃ = 𝐸0𝜏,  

Ψ̃B(𝑥̃) = 𝐸0
−1/4

ΨB(𝑥) 

∫  |Ψ̃B(𝑥̃)|
2
 d𝑥̃ = ∫  |ΨB(𝑥)|2 d𝑥 = 1 

𝜕𝑆

𝜕𝜏
+ (

𝜕𝑆

𝜕𝑥
)

2

+ 𝑄 +
𝜈2 −

1
4

𝑥2
= 0  

|𝜓𝑎(𝑥, 𝜏)| ∝ exp (−
𝜉𝑥2

2𝑞𝑎
2) 

𝑞𝑎(𝜏) → 𝑞B𝜔𝑎𝜏 = 2√𝐸𝑎𝜏 

Given that 𝑥 ∝ 𝑎
3

2
(1−𝑤)

 and 𝑁 ∝ 𝑎3𝑤, this into 𝑎 ∝
𝑡→∞

𝑡2/[3(1+𝑤)] 

𝑥̇(𝜏)||𝜏|→∞ = ±𝑝0 

d𝑠2 = 𝑎2(𝜂){−d𝜂2 + [𝛿𝑖𝑗 + ℎ𝑖𝑗(𝒙, 𝜂)]}d𝑥𝑖 d𝑥𝑗,  

𝛿(2)𝒮EH =
1

8𝜅
∫   d4𝑥𝑎2(𝜂) (

𝜕ℎ𝑗
𝑖

𝜕𝜂

𝜕ℎ𝑖
𝑗

𝜕𝜂
− 𝜕𝑘ℎ𝑗

𝑖𝜕𝑘ℎ𝑖
𝑗
) ,  

ℎ𝑖𝑗(𝒙, 𝜂) = √
4𝜅

𝒱0
∑  

𝒏,𝜆

  𝜀𝑖𝑗
(𝜆) 𝜇(𝜆)(𝒏, 𝜂)

𝑎(𝜂)
𝑒2i𝜋𝒏⋅𝒙/𝐿  
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ℎ𝑖𝑗 = ∑  𝑛,𝜆 𝜀𝑖𝑗
(𝜆)

𝑒i𝒌⋅𝒙ℎ𝑘
(𝜆)

, i.e. 𝑎ℎ𝑘
(𝜆)

= √4𝜅/𝒱0𝜇𝑘
(𝜆)

 

𝐻(2) = ∑  

𝒌

[𝐻𝒌,+
(2)

+ 𝐻𝒌,−
(2)

] 

𝐻𝒌,𝜆
(2)

= 𝜋𝒌
(𝜆)

𝜋−𝒌
(𝜆)

+ (𝑘2 −
𝑎′′

𝑎
) 𝜇𝒌

(𝜆)
𝜇−𝒌

(𝜆)
 

𝜇𝒌
′′ + [𝑘2 − 𝑉eff(𝜂)]𝜇𝒌 = 0  

𝑉eff(𝜂) ≡
𝑎′′

𝑎
 

𝑉eff (𝜂) ≃
𝜂∼0

𝑞0
′′/𝑞0 and 𝑉eff (𝜂) ∼

𝜂∼Δ𝜂
𝑞1

′′/𝑞1 

𝒫ℎ(𝑘, 𝜂) =
𝑘3

2𝜋2
2|ℎ𝑘|2 =

48𝑘3

𝜋2 |
𝜇𝑘(𝜂)

𝑞(𝜂)
|

2

,  

𝜇𝑘(𝜂)

𝑞(𝜂)
=

𝜇𝑘,i

𝑞i
+(𝜇𝑘,i

′ 𝑞i − 𝜇𝑘,i𝑞i
′) ∫  

𝜂

𝜂i

 
d𝜂̃

𝑞2(𝜂̃)
 

 −𝑘2 ∫  
𝜂

𝜂i

 
d𝜂̃

𝑞2(𝜂̃)
∫  

𝜂̃

𝜂i

 𝑞(𝜂̃̃)𝜇𝑘(𝜂̃̃)d𝜂̃̃

 

𝜇𝑘 =
1

√2𝑘
𝑒−i𝑘(𝜂−𝜂i) [1], such that 𝜇𝑘,i ≡ 𝜇𝑘(𝜂i) = 1/√2𝑘 and 𝜇𝑘,i

′ = −i√𝑘/2 

⟨𝑥 ∣ 𝑞, 𝑝⟩𝜓0
= ⟨𝑥|𝑒

i
𝑝
2𝑞

𝑋̂2

𝑒−
1
2
iln 𝑞(𝑋̂𝑃̂+𝑃̂𝑋̂)|𝜓0⟩ =

1

√𝑞
𝑒

i
𝑝
2𝑞

𝑥2

𝜓0 (
𝑥

𝑞
)  

⟨𝑥|
1

2
(𝑋̂𝑃̂ + 𝑃̂𝑋̂)|𝜓0⟩ = −i (

 d

 dln 𝑥
+

1

2
) 𝜓0(𝑥)  

⟨𝑥|𝑒−
1
2
𝑖ln 𝑞(𝑋̂𝑃̂+𝑃̂𝑋̂)|𝜓0⟩ =

1

√𝑞
𝜓0 (

𝑥

𝑞
) 

⟨𝑥|𝐴̂𝑓(𝜓0)|𝜑⟩ = 𝒩𝜓0
∫  

ℝ×ℝ+
 d𝑞 d𝑝⟨𝑥 ∣ 𝑞, 𝑝⟩𝜓0

𝑓(𝑞, 𝑝)𝜓0
⟨𝑞, 𝑝 ∣ 𝜑⟩  

⟨𝑥|𝐴̂1(𝜓0)|𝜑⟩  = 𝒩𝜓0
∫  

ℝ+ℝ+
 d𝑞 d𝑝⟨𝑥 ∣ 𝑞, 𝑝⟩𝜓0𝜓0

⟨𝑞, 𝑝 ∣ 𝜑⟩

 = 𝒩𝜓0
∫  

ℝ×ℝ+
 d𝑞 d𝑝⟨𝑥 ∣ 𝑞, 𝑝⟩𝜓0

∫  
ℝ+

 d𝑦𝜓0⟨𝑞, 𝑝 ∣ 𝑦⟩⟨𝑦 ∣ 𝜑⟩

 = 𝒩𝜓0
∫  

ℝ×ℝ+
 d𝑞 d𝑝

1

√𝑞
𝑒

i
𝑝
2𝑞

𝑥2

𝜓0 (
𝑥

𝑞
) ∫  

ℝ+
 d𝑦

1

√𝑞
𝑒

−i
𝑝
2𝑞

𝑦2

𝜓0 (
𝑦

𝑞
) 𝜑(𝑦)

 

∫  
ℝ

 d𝑃𝑒−i𝑃(𝑦2−𝑥2) =
𝜋

𝑥
𝛿(𝑥 − 𝑦)  
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⟨𝑥|𝐴̂1(𝜓0)|𝜑⟩ = 𝜋𝒩𝜓0
∫  

ℝ+
 
d𝑄

√𝑄

𝜑(𝑥)

𝑥
𝜓0

2 (
𝑥

√𝑄
)  

⟨𝑥|𝐴̂1(𝜓0)|𝜑⟩ = [2𝜋𝒩𝜓0
∫  

∞

0

 
d𝑧

𝑧2
𝜓0

2(𝑧)] 𝜑(𝑥)  

⟨𝑥|𝐴̂1(𝜓0)|𝜑⟩ = 𝜑(𝑥) 

𝒩𝜓0

−1 = 2𝜋 ∫  
∞

0

 
d𝑧

𝑧2
𝜓0

2(𝑧) = 2𝜋𝑐0(𝜓0)  

𝑐𝛾(𝜓0) = ∫  
∞

0

 
d𝑧

𝑧2+𝛾
𝜓0

2(𝑧)  

⟨𝑥|𝐴̂𝑞(𝜓0)|𝜑⟩ = [
𝑐1(𝜓0)

𝑐0(𝜓0)
] 𝑥𝜑(𝑥),  

⟨𝑥|𝐴̂𝑝(𝜓0)|𝜑⟩ = [
𝑐1(𝜓0)

𝑐0(𝜓0)
] [−i

 d

 d𝑥
𝜑(𝑥)] ,  

⟨𝑥|𝐴̂𝑝2(𝜓0)|𝜑⟩ = [
𝑐2(𝜓0)

𝑐0(𝜓0)
] [−

d2

 d𝑥2
𝜑(𝑥)]

⏟        
=⟨𝑥|𝑃̂2|𝜑⟩

+
𝐾(𝜓0)

𝑐0(𝜓0)

𝜑(𝑥)

𝑥2⏟
=⟨𝑥|𝑋̂−2|𝜑⟩

,
 

𝐾(𝜓0) = ∫  d𝑦𝑦−2𝜓0(𝑦)2 −
3

2
𝑐2 

ℋ̂𝑇𝜓 = (𝐴̂𝑝2 − i𝜕𝜏)𝜓 = 0 as 𝜏 →
𝑐2

𝑐0
𝜏 

𝜈2 = 𝐾(𝜓0)/𝑐2(𝜓0) +
1

4
 

ℳ𝑛
ren = ∏  

𝑛

𝑖=1

 𝒥𝑖 ⋅ 𝒮 ⋅ ℋ𝑛  

𝒮 = ℙexp ∫  
∞

𝜇

 
d𝜇′

𝜇′
Γsoft(𝜇

′)  

ℳ𝑛
ren = 𝒮 ⋅ ℋ𝑛,  with  𝒮 = exp (𝒮(1))  

1 + ℳ(1) + ℳ(2) + ⋯ = (1 + 𝒮(1) +
1

2
𝒮(1)

2 + ⋯ ) × (1 + ℋ(1) + ℋ(2) + ⋯ ),  

 

ℳ(2) =
1

2
𝒮(1)

2 + (ℳ(1) − 𝒮(1))𝒮(1) + 𝛼𝑒 → 𝜆−𝑟𝑒𝛼𝑒  

ℐ𝐺 = 𝑖𝐸−ℓD/2 ∫  
∞

0

 ∏  

𝑒∈𝐺

  d𝛼𝑒

𝒩𝐺

𝒰𝐺
D/2

exp [
𝑖ℱ𝐺

𝒰𝐺
]  
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ℱ

𝒰
→

ℱ𝐻

𝒰𝐻
+

ℱ𝑆

𝒰𝑆
, 𝒰 → 𝒰𝐻𝒰𝑆  

 

ℐ(1) = Γ(3 − D/2) ∫  
𝛼𝑒>0

 
 d4𝛼𝑒

GL(1)

1

ℱ(1)
3−D/2

𝒰(1)
D−3  

 

𝑞𝑒
𝜇

=
1

𝒰
∑  

𝑇

 𝑝𝑇,𝑒
𝜇

∏  

𝑒′∉𝑇

 𝛼𝑒′ ,  

𝑞1
𝜇

=
𝛾1𝑝1

𝜇
+ 𝛼2,1(𝑝1 + 𝑝2)𝜇

𝛼1,1 + 𝛼2,1 + 𝛾1
, 𝑞2

𝜇
=

𝛾1𝑝2
𝜇

+ 𝛼1,1(𝑝1 + 𝑝2)𝜇

𝛼1,1 + 𝛼2,1 + 𝛾1
, 𝑞3

𝜇
=

𝛼2,1𝑝2
𝜇

− 𝛼1,1𝑝1
𝜇

𝛼1,1 + 𝛼2,1 + 𝛾1
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(𝑞1, 𝑞2, 𝑞3) →

{
 
 
 
 

 
 
 
 (

𝑝1 + 𝛼2,1(𝑝1 + 𝑝2)

𝛼2,1 + 1
,

𝑝2

𝛼2,1 + 1
,

𝛼2,1𝑝2

𝛼2,1 + 1
) ,  along 𝑟1

(
𝛼2,1(𝑝1 + 𝑝2)

𝛼1,1 + 𝛼2,1
,
𝛼1,1(𝑝1 + 𝑝2)

𝛼1,1 + 𝛼2,1
,
𝛼2,1𝑝2 − 𝛼1,1𝑝1

𝛼1,1 + 𝛼2,1
) ,  along 𝑟2

(
𝑝1

𝛼1,1 + 1
,
𝑝2 + 𝛼1,1(𝑝1 + 𝑝2)

𝛼1,1 + 1
,
−𝛼1,1𝑝1

𝛼1,1 + 1
) ,  along 𝑟3

(𝑝1, 𝑝2, 0),  along 𝑟4

 

Tropℐ(1)
= 𝜏1 + 𝜏2 − (3 − D/2)max(𝜏1 + 𝜏2, 2𝜏1, 2𝜏2) − (D − 3)max(𝜏1, 𝜏2, 0)  

[
d𝛼1,1 d𝛼2,1

(𝑠𝛼1,1𝛼2,1 − 𝑚2(𝛼1,1 + 𝛼2,1)
2
)

3−D/2
(𝛼1,1 + 𝛼2,1 + 1)

D−3
]

𝛼𝑒→𝜆−𝑟𝑒𝛼𝑒

= 𝒪(𝜆−Trop(𝑟))  

ℐ(1) = Γ (3 −
D

2
) ∫  

𝒟1

 
 d𝛼1,1 d𝛼2,1 d𝛾1

GL(1)
⨂

1

(ℱ(1))
3−

D
2𝛾1

D−3
 

 

d𝑆‾(1)(𝛼) = 𝑖3−D/2
 d𝛼1,1 d𝛼2,1 d𝛾1

𝛾1
D/2

exp (
𝑖ℱ(1)

𝛾1
) .  

d𝑆(1)(𝛼) = 𝒞 × d𝑆‾(1)(𝛼) × 𝒩(𝛼).  

d𝑆(1)
QED(𝛽1, 𝛽2, 𝛾) = −𝑖3−D/2

𝛼‾(𝜇)

4𝜋

(2𝑝1) ⋅ (2𝑝2)

𝜇2

 d𝛾 d𝛽1 d𝛽2

𝛾D/2
exp [𝑖

𝑠𝛽1𝛽2 − 𝑚2(𝛽1 + 𝛽2)2

𝜇2𝛾
] ,  

𝛼‾(𝜇) ≡ 𝜇2𝜖𝑒2/(4𝜋)1−𝜖,  

𝒰(𝐺)  = 𝒰(𝐺/𝑒) + 𝛼𝑒𝒰(𝐺 − 𝑒)
ℱ0(𝐺)  = ℱ0(𝐺/𝑒) + 𝛼𝑒ℱ0(𝐺 − 𝑒)

 

ℱ0 = ℱ + (∑  

𝑒

 𝑚𝑒
2𝛼𝑒) 𝒰 
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ℱ →
 

𝑟[2] 
𝑠𝛼1,2𝛼2,2𝒰𝐻 + 𝑚2𝛾2(𝛼1,2 + 𝛼2,2)𝒰𝐻 + 𝛾2ℱ0,𝐻  

−𝑚2(𝛼1,1 + 𝛼1,2 + 𝛼2,1 + 𝛼2,2)[(𝛼1,2 + 𝛼2,2)𝒰𝐻 + 𝒰𝐻𝒰𝑆] + 𝒪(𝜆−1)  

→
 

𝑟[2] 
𝑠𝛼1,2𝛼2,2𝒰𝐻 + 𝛾2ℱ0,𝐻 − 𝑚2(𝛼1,1 + 𝛼2,1)𝒰𝐻𝒰𝑆 − 𝑚2(𝛼1,2 + 𝛼2,2)

2
𝒰𝐻 + 𝒪(𝜆−1) 

→
 

𝑟[2] 
𝒰𝐻 [𝑠𝛼1,2𝛼2,2 − 𝑚2(𝛼1,2 + 𝛼2,2)

2
] + 𝒰𝑆[ℱ0,𝐻 − 𝑚2(𝛼1,1 + 𝛼2,1)𝒰𝐻] + 𝒪(𝜆−1)  

 →
 

𝑟[2] 
𝒰𝐻ℱ𝑆 + 𝒰𝑆ℱ𝐻 + 𝒪(𝜆−1)

 



pág. 10643 



pág. 10644 

 

dℐ2
pl/npl

→  d𝑆1
(1)

(𝛽𝐽,1, 𝛾1) × d𝑆1
(2)

(𝛽𝐽,2, 𝛾2)  

𝒰𝐺 = (∏  

𝑒∈𝐺

 𝛼𝑒) det𝐋, ℱ𝐺 = 𝒰𝐺 [𝑝𝑣 ⋅ 𝑝𝑤(𝐋−1)𝑣𝑤 − ∑  

𝑒∈𝐺

 𝑚𝑒
2𝛼𝑒]  

 

(𝐋)𝑣𝑤 = ∑  

𝑒∈𝐺

 
𝜂𝑣𝑒𝜂𝑤𝑒

𝛼𝑒
,  

𝜂𝑣𝑒 = {
+1, 𝑒 directed towards 𝑣
−1, 𝑒 directed away from 𝑣

0, 𝑒 disconnected from 𝑣
.  

ℐ𝐺 = 𝑖𝐸−ℓD/2 ∫  
𝛼𝑒>0

 
∏  𝑒   d𝛼𝑒

(∏  𝑒  𝛼𝑒)D/2(det𝐋)D/2
exp (𝑖𝒱),  

𝒱 = 𝑝𝑣 ⋅ 𝑝𝑤(𝐋−1)𝑣𝑤 − ∑  

𝑒∈𝐺

 𝑚𝑒
2𝛼𝑒 ≡

ℱ

𝒰  
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𝐋 =

[
 
 
 
 
 
 
 
 

1

𝛼1,1
+

1

𝛼1,2
+

1

𝛾1
−

1

𝛼1,2
−

1

𝛾1
0

−
1

𝛼1,2

1

𝛼1,2
+

1

𝛾2
0 −

1

𝛾2

−
1

𝛾1
0

1

𝛼2,1
+

1

𝛼2,2
+

1

𝛾1
−

1

𝛼2,2

0 −
1

𝛾2
−

1

𝛼2,2

1

𝛼2,2
+

1

𝛾2]
 
 
 
 
 
 
 
 

 

𝐉 =

[
 
 
 
 
 
 
 
 

1

𝛼1,1
+

1

𝛼1,2
−

1

𝛼1,2
0 0

−
1

𝛼1,2

1

𝛼1,2
0 0

0 0
1

𝛼2,1
+

1

𝛼2,2
−

1

𝛼2,2

0 0 −
1

𝛼2,2

1

𝛼2,2 ]
 
 
 
 
 
 
 
 

, 𝚪𝐽 =

[
 
 
 
 
 
 
 
 

1

𝛾1
0 −

1

𝛾1
0

0
1

𝛾2
0 −

1

𝛾2

−
1

𝛾1
0

1

𝛾2
0

0 −
1

𝛾2
0

1

𝛾2 ]
 
 
 
 
 
 
 
 

 

det(𝐉𝑖) =
1

𝛼𝑖,1𝛼𝑖,2
⇒ 𝒰 → 𝛾1𝛾2 ∏  

2

𝑖=1

 𝛼𝑖,1𝛼𝑖,2det(𝐉𝑖) = 𝛾1 × 𝛾2  

𝐋−1 = (𝐉 + 𝚪𝐽)
−1

= 𝐉−1 − 𝐉−1𝚪𝐽𝐉
−1 + ⋯  

𝒱 → 𝑝𝑣 ⋅ 𝑝𝑤(𝐉−1)𝑣𝑤⏟        
𝒪(𝜆−1)

− 𝑝𝑣 ⋅ 𝑝𝑤(𝐉−1𝚪𝐽𝐉
−1)

𝑣𝑤⏟            
𝒪(𝜆0)

− 𝑚2 ∑  

𝑒

 𝛼𝑒

⏟      
𝒪(𝜆−1)

 

𝐉𝑖
−1 = [

𝛽𝑖,1 𝛽𝑖,1

𝛽𝑖,1 𝛽𝑖,2
]  

𝑝𝑣 ⋅ 𝑝𝑤(𝐉−1)𝑣𝑤 = ∑  

2

𝑖=1

 𝑝𝑖
2𝛽𝑖,2 = 𝑚2 ∑  

𝑒

 𝛼𝑒  

𝒗̃ = (𝑣1,1, 𝑣2,1 ∣ 𝑣1,2, 𝑣2,2)  

𝚪𝐽 =

[
 
 
 
 
 
 
 
 

1

𝛾1
−

1

𝛾1
0 0

−
1

𝛾1

1

𝛾1
0 0

0 0
1

𝛾2
−

1

𝛾2

0 0 −
1

𝛾2

1

𝛾2 ]
 
 
 
 
 
 
 
 

≡ [
𝚪1 0
0 𝚪2

]  

𝐉−1𝑝 = (𝛽1,1𝑝1, 𝛽2,1𝑝2 ∣ 𝛽1,2𝑝1, 𝛽2,2𝑝2)
⊤

≡ (𝑷1 ∣ 𝑷2)⊤  
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𝒱 → ∑  

2

𝑖=1

 𝑷𝑖
𝑇𝚪𝑖𝑷𝑖 = ∑  

2

𝑖=1

 
𝑠𝛽1,𝑖𝛽2,𝑖 − 𝑚2(𝛽1,𝑖 + 𝛽1,𝑖)

2

𝛾𝑖

 

∫  
ℝ+

𝐸
  dℐ(2)

pl
≃ ∫  

𝐷[2]

  [dℐ(2)
pl

]
𝑟[2]

+ ∫  
𝐷[1,2]

  [dℐ(2)
pl

]
𝑟[1,2]

 

 

[dℐ(2)
pl

]
𝑟[2]

≃ dℐ(1)[𝛼𝐽,1] × d𝑆(1)[𝛼𝐽,2]  

∫  
𝐷[2]

  [dℐ(2)
pl

]
𝑟[2]

= ∫  
𝐷[2]

 dℐ(1) × d𝑆(1) = ∫  
ℝ+

𝐸∖𝐷0

  dℐ(1) × d𝑆(1) − ∫  
𝐷[1,2]

 dℐ(1) × d𝑆(1),  

∫  
ℝ+

𝐸
  dℐ(2)

pl
≃ ∫  

ℝ+
𝐸∖𝐷0

  dℐ(1) × d𝑆(1) + ∫  
𝐷[1,2]

  [dℐ(2)
pl

]
𝑟[1,2]

− dℐ(1) × d𝑆(1)  

≃ ∫  
ℝ+

𝐸∖𝐷0

  dℐ(1) × d𝑆(1) + ∫  
𝐷[1,2]

  [dℐ(2)
pl

− dℐ(1) × d𝑆(1)]
𝑟[1,2]

 

 ≃ ∫  
ℝ+

𝐸∖𝐷0

  dℐ(1) × d𝑆(1) + ∫  
𝐷[1,2]

  (d𝑆(2)[𝛼1,𝐽, 𝛼2,𝐽] − d𝑆(1)[𝛼1,𝐽] × d𝑆(1)[𝛼2,𝐽])

 

d𝑆̃(2) = d𝑆(2) − d𝑆(1) × d𝑆(1)  

[d𝑆(2)]𝑟[2]
≃ d𝑆(1) × 𝑆(1) 

∫  
ℝ+

𝐸
  dℐ(2)

pl
≃ ∫  

ℝ+
𝐸∖𝐷0

  dℐ(1) × d𝑆(1) + d𝑆(2)̃  

ℐ(2)
pl

= ∫  
𝛼∈ℝ+

  [dℐ(2)
pl

]
𝑟[2]

+ [dℐ(2)
pl

]
𝑟[1,2]

− [dℐ(2)
pl

]
𝑟[2],𝑟[1,2]

 

ℐ(2)
npl

= ∫  
𝛼̃∈ℝ+

  [dℐ(2)
npl

]
𝑟[1,2]
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ℐ(2) =∫  
𝛼∈ℝ+

  [dℐ(2)
pl

]
𝑟[1,2]

− [dℐ(2)
pl

]
𝑟[2],𝑟[1,2]

 

 + ∫  
𝛼̃∈ℝ+

  [dℐ(2)
npl

]
𝑟[1,2]

+ ∫  
𝛼∈ℝ+

  [dℐ(2)
pl

]
𝑟[2],𝑟[1,2]

 

 ∫  
ℝ+

3
  dℐ(1)(𝛼𝐽,1, 𝛾1) × ∫  

ℝ+
3

  d𝑆1(𝛼𝐽,2, 𝛾2) − ∫  
ℝ+

3
  d𝑆1(𝛼𝐽,1, 𝛾1) × ∫  

ℝ+
3

  d𝑆(1)(𝛼𝐽,2, 𝛾2)

 = 𝑀(1)𝑆(1) − 𝑆(1)𝑆(1)

 

∫  
𝒟𝛽

 dℐ𝑟[1,2]
=

1

2
∫  

𝛽𝐽,𝑖∈ℝ+
 dℐ𝑟[1,2]

(𝛽𝐽,1, 𝛾1, 𝛽𝐽,2, 𝛾2)  

 =
1

2
∫  

𝛽1,𝐽∈ℝ+
 d𝑆(1)(𝛽𝐽,1, 𝛾1) ∫  

𝛽2,𝐽∈ℝ+
 d𝑆(1)(𝛽𝐽,2, 𝛾2) =

1

2
𝑆(1)

2

 

ℐ =
1

(𝑖𝜋D/2)ℓ
∫  ∏  

E

𝑒=1

   dD𝑞𝑒

𝒩(𝑞𝑒)

∏  E
𝑒=1   (−𝑞𝑒

2 + 𝑚𝑒
2)

∏  

V−1

𝑣=1

 𝛿D (𝑝𝑣 + ∑  𝜂𝑣,𝑒𝑞𝑒)  

1

𝑞2 − 𝑚2 + 𝑖𝜀
= −𝑖 ∫  

∞

0

 d𝛼𝑒𝑖(𝑞2−𝑚2+𝑖𝜀)𝛼, 𝛿𝐷(𝑃) = ∫  
d𝐷𝑥

(2𝜋)𝐷
𝑒𝑖𝑥⋅𝑃  

ℐ =
𝑖𝐸−ℓ

𝜋ℓD/2
∫  

𝑞𝑒∈ℝD
 ∫  

𝛼𝑒>0

 ∏  

E

𝑒=1

   dD𝑞𝑒𝑑𝛼𝑒 ∏  

V−1

𝑣=1

 ∫  
𝑥𝑣∈ℝD

 
 dD𝑥𝑣

(2𝜋)D
𝒩(𝑞𝑒)

 × exp {∑  

E

𝑒=1

 𝑖 [(𝑞𝑒
2 − 𝑚𝑒

2)𝛼𝑒 + ∑  

V−1

𝑣=1

 𝑥𝑣 ⋅ (𝜂𝑣,𝑒𝑞𝑒)] + 𝑖 ∑  

V−1

𝑣=1

 𝑥𝑣 ⋅ 𝑝𝑣}

 

𝒩(𝑞𝑒) = 𝒩 (−𝑖
𝜕

𝜕𝑧𝑒
) ∏  

𝑒

 exp [𝑖𝑞𝑒 ⋅ 𝑧𝑒]|

𝑧𝑒=0

 

𝑞𝑒
𝜇

→ (−𝑖)
𝜕

𝜕𝑧𝑒𝜇
 

ℐ =
𝑖𝐸−ℓ

𝜋ℓD/2
∫  

𝑞𝑒∈ℝD
 ∫  

𝛼𝑒>0

   dD𝑞𝑒𝑑𝛼𝑒 ∏  

V−1

𝑣=1

 ∫  
𝑥𝑣∈ℝD

 
 dD𝑥𝑣

(2𝜋)D
𝒩(−𝑖𝜕𝑧𝑒

)

 × exp {𝑖 ∑  

E

𝑒=1

  [𝑞𝑒
2𝛼𝑒 + 𝑞𝑒 ⋅ (∑  

V−1

𝑣=1

 𝜂𝑣,𝑒𝑥𝑣 − 𝑖𝑧𝑒) − 𝑚𝑒
2𝛼𝑒] + 𝑖 ∑  

V−1

𝑣=1

 𝑥𝑣 ⋅ 𝑝𝑣}

 

(𝐌)𝑣𝑒 =
𝜂𝑣𝑒

𝛼𝑒
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ℐ = 𝑖𝐸−ℓ ∫  
𝛼𝑒>0

 
∏  𝑒   d𝛼𝑒

(∏  𝑒  𝛼𝑒)D/2(det𝐋)D/2
× 𝒩(−𝑖𝜕𝑧𝑒

)exp (𝑖𝒱(𝐳))  

 

𝒱(𝐳) ≡ (𝐩 +
𝑖

2
𝐌𝐳)

⊤

𝐋−1 (𝐩 +
𝑖

2
𝐌𝐳) + ∑  

E

𝑒=1

 
𝐳𝑒

2

4𝛼𝑒
− ∑  

E

𝑒=1

  (𝑚𝑒
2)𝛼𝑒  

𝒱 ≡ 𝒱(𝐳 = 𝟎) = 𝐩⊤𝐋−1𝐩 − ∑  

E

𝑒=1

 𝑚𝑒
2𝛼𝑒  

ℐ =𝑖𝐸−ℓ ∫  
𝛼𝑒>0

 
∏  𝑒   d𝛼𝑒

𝒰D/2
exp (

𝑖ℱ

𝒰
)

 × 𝒩(−𝑖𝜕𝑧𝑒
)exp {𝑖 [𝑖𝐩⊤𝐋−1𝐌𝐳 −

1

4
𝐳⊤𝐌⊤𝐋−1𝐌𝐳 + ∑  

E

𝑒=1

 
𝑧𝑒

2

4𝛼𝑒
]}|

𝐳=𝟎

 

𝒩 = 𝑇𝜇1…𝜇𝑛
𝜕

𝜕𝑧𝑒1

𝜇1
⋯

𝜕

𝜕𝑧𝑒𝑛

𝜇𝑛  

ℐ = 𝑖𝐸−ℓ ∫  
𝛼𝑒>0

 
∏  𝑒   d𝛼𝑒

𝒰D/2
exp (

𝑖ℱ

𝒰
) 𝑇𝜇1…𝜇𝑛 ⟨𝜕𝑧𝑒1

𝜇1  … 𝜕𝑧𝑒𝑛

𝜇𝑛⟩  

⟨𝜕𝑧𝑒1

𝜇1 … 𝜕𝑧𝑒𝑛

𝜇𝑛⟩ ≡

 
𝜕

𝜕𝑧𝑒1

𝜇1
⋯

𝜕

𝜕𝑧𝑒𝑛

𝜇𝑛
exp {𝑖 [𝑖𝐩⊤𝐋−1𝐌𝐳 −

1

4
𝐳⊤𝐌⊤𝐋−1𝐌𝐳 + ∑  

E

𝑒=1

 
𝑧𝑒

2

4𝛼𝑒
]}|

𝐳=𝟎

 

 

Δ𝑒
𝜇

= −(𝐌𝐋−1𝐩𝜇)𝑒 , Δ𝑒𝑓
𝜇𝜈

=
𝑖

2
[(𝐌𝐋−1𝐌)𝑒𝑓 +

𝛿𝑒𝑓

𝛼𝑒
] 𝑔𝜇𝜈  

ℐ = 𝑖𝐸−ℓ ∫  
𝛼𝑒>0

 
∏  𝑒   d𝛼𝑒

𝒰D/2
𝑒𝑖𝒱𝒩(𝛼)  

𝒩(𝛼) = 𝑇𝜇1…𝜇𝑛 ⟨𝜕𝑧𝑒1

𝜇1 … 𝜕𝑧𝑒𝑛

𝜇𝑛⟩  
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dℐ ≃  dℐ𝐻 × dℐ𝑆  

dℐ𝑆 ≃ ∏  

𝒲

 dℐ𝒲  

𝒱(𝒛) ≃ 𝒱𝐻(𝒛𝐻) + 𝒱𝑆(𝒛𝑆) 

 

𝒗 = {𝒗𝐻|𝒗𝐽|𝒗𝐵},  

𝒗𝐽 = {𝑣𝐽1,1, 𝑣𝐽1,2, …
 vertices in 

 first jet 

| ⋯ | 𝑣𝐽𝑛,1, 𝑣𝐽𝑛,2, … }⏟        
 vertices in 

𝑛-th jet 

,

𝒗𝐵 = {𝑣𝐵1,1, 𝑣𝐵1,2, …
 vertices in 

 first blob 

| ⋯ |𝑣𝐵𝑛,1, 𝑣𝐵𝑛,2, … }
 vertices in 

𝑛𝐵-th blob 

,
 

𝐋 = (
𝐇 𝐂
𝐂𝑇 𝐒

)  

𝐂 = (𝐂𝐽 ∣ 𝟎) = (𝐂𝐽1
| … |𝐂𝐽𝑛

∣ 𝟎),  with  (𝐂𝐽𝑖
)

ℎ𝑗
= 𝛼𝑖,1

−1𝛿𝑗1𝛿ℎℎ𝐽𝑖
,  

𝐒 = (
𝐉 + 𝚪𝐽 𝚪𝐽,𝐵

𝚪𝐽,𝐵
⊤ 𝐁 + 𝚪𝐵

)  
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𝐉 →
𝑣 

𝜆𝐉, 𝐁 →
𝑣 

𝐁, 𝚪 →
𝑣 

𝜆2𝚪.  

𝐉 = (
𝐉1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐉𝑛

) ,  

𝐉𝑖 =

(

 
 
 
 

𝛼𝑖,1
−1 + 𝛼𝑖,2

−1 −𝛼𝑖,2
−1

−𝛼𝑖,2
−1 𝛼𝑖,2

−1 + 𝛼𝑖,3
−1 − 𝛼𝑖,3

−1

−𝛼𝑖,3
−1 ⋱ ⋱

⋱ 𝛼𝑖,𝑙𝑖−1
−1 + 𝛼𝑖,𝑙𝑖−1

−1 − 𝛼𝑖,𝑙𝑖
−1

−𝛼𝑖,𝑙𝑖
−1 𝛼𝑖,𝑙𝑖

−1
)

 
 
 
 

 

𝐉−1 = (
𝐉1
−1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐉𝑛

−1
) , (𝐉𝑖

−1)
𝑣,𝑣′ =

(

 
 
 

𝛽𝑖,1 𝛽𝑖,1 𝛽𝑖,1 ⋯

𝛽𝑖,1 𝛽𝑖,2 𝛽𝑖,2 𝛽𝑖,2 ⋯

𝛽𝑖,1 𝛽𝑖,2 𝛽𝑖,3 ⋯

⋮ 𝛽𝑖,2 ⋮ ⋱

⋮ 𝛽𝑖,𝑙𝑖)

 
 
 

= 𝛽𝑖,min(𝑣,𝑣′) ∼
1

𝜆
 

𝐁 = (

𝐁1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝐁𝑛𝐵

)  
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𝐌 = (𝐌𝐻 ∣ 𝐌𝑆)⊤  

𝐌𝑆 = (𝐌𝐽 ∣ 𝐌𝐵)
⊤

= (𝐌𝐽1
| … |𝐌𝐽𝑛

|𝐌𝐵1
| … ∣ 𝐌𝐵𝑛𝐵

)
⊤

 

𝐌𝐽𝑖
=

(

 
 

𝛼𝑖,1
−1 −𝛼𝑖,2

−1

𝛼𝑖,2
−1 −𝛼𝑖,3

−1

⋱ ⋱
𝛼𝑖,𝑙𝑖

−1
)

 
 

 

𝐩= (𝐩𝐻 ∣ 𝐩𝑆)⊤  

= (𝐩𝐻|𝐩𝐽1
|𝐩𝐽2

| … |𝐩𝐽𝑛
∣ 𝟎)

⊤
 

 = (𝑝𝐻,1, 𝑝𝐻,2, … ∣⏟        
 vertices 

 in hard diagram 

| 0,0, … ,0, 𝑝𝐽1⏟        
 vertices in 

 first jet 

| … | 0,0, … ,0, 𝑝𝐽𝑛⏟        
 vertices in 

𝑛-th jet 

| 0,0,0, …⏟    
 vertices in 

 the blobs 

)⊤,
 

𝒰 ≃ 𝒰𝐻 × 𝒰𝑆,  

det𝐋 = det𝐇̃det𝐒  

𝐇̃ = 𝐇 − 𝐂𝐒−1𝐂⊤.  

𝐂𝐒−1𝐂⊤ = 𝐂𝐽(𝐉 + 𝚪𝐽 − 𝚪𝐽,𝐵(𝐁 + 𝚪𝐵)−1𝚪𝐵,𝐽)
−1

𝐂𝐽
⊤ ≃ 𝐂𝐽𝐉

−1𝐂𝐽
⊤ ∼ 𝜆  

𝐇̃ = 𝐇 + 𝒪(𝜆)  

det𝐋 = (det𝐇 + 𝒪(𝜆))det𝐒  

 

det𝐒 ≃ ∏  

𝑖

 det𝐉𝑖 × ∏  

𝑗

 det (𝐁𝑗 + 𝚪𝐵𝑗
)  
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det𝐉𝑖 = ∏  

𝑒

𝛼𝑖,𝑒
−1 

𝒰𝑆 ≃ ∏  

𝒲

 𝒰𝒲 ,  

𝒱(𝐳) = (𝐩 +
𝑖

2
𝐌𝐳)

⊤

𝐋−1 (𝐩 +
𝑖

2
𝐌𝐳) + ⋯ ,  

𝐋−1 = ( 𝐇̃−1 −𝐒−1𝐂⊤𝐇̃−1

−𝐇̃−1𝐂𝐒−1 𝐒−1 + 𝐒−1𝐂⊤𝐇̃−1𝐂𝐒−1) ,  

𝐋−1 = 𝐓𝑆
⊤ (𝐇̃−1 0

0 𝐒−1) 𝐓𝑆,  with  𝐓𝑆 = (
𝟙𝐻 −𝐂𝐒−1

0 𝟙𝑆
)  

𝐓𝑆𝐩𝑧 = (𝑷𝐻(𝜶𝐻) ∣ 𝑷𝑆(𝜶𝑆))
⊤

 

𝐓𝑆𝐩𝑧= 𝐓𝑆 (𝐩 +
𝑖

2
𝐌𝐳)  

 = (𝐩𝐻 +
𝑖

2
𝐌𝐻𝐳 − 𝐂𝐒−1 (𝐩𝑆 +

𝑖

2
𝐌𝑆𝐳)| 𝐩𝑆 +

𝑖

2
𝐌𝑆𝐳)

⊤

 ≃ (𝐩𝐻 +
𝑖

2
𝐌𝐻𝐳 − 𝐂𝐒−1𝐩𝑆| 𝐩𝑆 +

𝑖

2
𝐌𝑆𝐳)

⊤

 

𝐂𝐒𝐒−1 ≃ (𝐂𝐽𝐉
−1 ∣ −𝐂𝐽𝐉

−1𝚪𝐽,𝐵(𝐁 + 𝚪𝐵)−1)  

𝐂𝐽𝐉
−1 = (𝐂𝐽1

𝐉1
−1|𝐂𝐽2

𝐉2
−1| … ) 

(𝐂𝐽𝑖
𝐉𝑖
−1)

𝑣𝑤
=

1

𝛼𝑖,1
∑  

𝑣′

 𝛿𝑣′1𝛿𝑣ℎ𝐽𝑖
𝛽𝑖,min(𝑣′,𝑤) =

1

𝛼𝑖,1
𝛿𝑣ℎ𝐽𝑖

𝛽𝑖,min(1,𝑤) = 𝛿𝑣ℎ𝐽𝑖
 

𝐓𝑆 (𝐩 +
𝑖

2
𝐌𝐳) = (𝐩𝐻

′ +
𝑖

2
𝐌𝐻𝐳| 𝐩𝑆 +

𝑖

2
𝐌𝑆𝐳)

⊤

 

𝒱(𝐳) = 𝒱𝐻(𝐳𝐻) + 𝒱𝑆(𝐳𝑆) + 𝒪(𝜆),  

𝒱𝐻(𝐳𝐻)= (𝐩𝐻
′ +

𝑖

2
𝐌𝐻𝐳)

⊤

𝐇−1 (𝐩𝐻
′ +

𝑖

2
𝐌𝐻𝐳) + ∑  

𝑒∈𝐻

 
𝑧𝑒

2

4𝛼𝑒
− ∑  

𝑒∈𝐻

 𝑚𝑒
2𝛼𝑒 

𝒱𝑆(𝐳𝑆) = (𝐩𝑆 +
𝑖

2
𝐌𝑆𝐳)

⊤

𝐒−1 (𝐩𝑆 +
𝑖

2
𝐌𝑆𝐳) + ∑  

𝑒∈𝑆

 
𝑧𝑒

2

4𝛼𝑒
− ∑  

𝑒∈𝑆

 𝑚𝑒
2𝛼𝑒

 

𝐒−1 = 𝐓𝑆𝐽

⊤ (
(𝐉 + 𝚪𝐽)

−1
0

0 (𝐁 + 𝚪𝐵)−1 + 𝒪(𝜆−1)
)𝐓𝑆𝐽

,  

𝐓𝑆𝐽
= (

𝟙𝐽 0

−𝚪𝐵,𝐽(𝐉 + 𝚪𝐽)
−1

𝟙𝐵

) .  
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𝐓𝑆𝐽
(𝐩𝑆 +

𝑖

2
𝐌𝑆𝐳) = 𝐓𝑆𝐽

(𝐩𝐽 +
𝑖

2
𝐌𝐽𝐳| 

𝑖

2
𝐌𝐵𝐳) =

 = (𝐩𝐽 +
𝑖

2
𝐌𝐽𝐳 | 

𝑖

2
𝐌𝐵𝐳 − 𝚪𝐵,𝐽(𝐉 + 𝚪𝐽)

−1
(𝐩𝐽 +

𝑖

2
𝐌𝐽𝐳))

 

(𝐉 + 𝚪𝐽)
−1

= 𝐉−1 − 𝐉−1𝚪𝐽𝐉
−1 + ⋯ 

𝒱𝑆(𝐳)≃ [𝐩𝐽
⊤𝐉−1𝐩𝐽 − ∑  

𝑒∈𝐽

 𝑚𝑒
2𝛼𝑒]  

 −𝐩𝐽
⊤𝐉−1{𝚪𝐽 − 𝚪𝐽,𝐵(𝐁 + 𝚪𝐵)−1𝚪𝐵,𝐽}𝐉

−1𝐩𝐽 − ∑  

𝑒∈𝐵

 𝑚𝑒
2𝛼𝑒

 +𝑖𝐩𝐽
⊤𝐉−1𝐌𝐽𝐳 + (

𝑖

2
𝐌𝐵𝐳)

⊤

(𝐁 + 𝚪𝐵)−1 (
𝑖

2
𝐌𝐵𝐳) + ∑  

𝑒∈𝐵

 
𝑧𝑒

2

4𝛼𝑒

 

𝐉−1𝐩𝐽= (𝐉1
−1𝐩𝐽1

| … |𝐉𝑛
−1𝐩𝐽𝑛

)
⊤

 

 = (𝑝𝐽1
(𝛽1,𝑙1 , 𝛽1,𝑙1−1, … , 𝛽1,1)⏞                

jet 1 

∣ ⋯ ∣ 𝑝𝐽𝑛
(𝛽𝑛,𝑙𝑛 , 𝛽𝑛,𝑙𝑛−1, … , 𝛽𝑛,1)⏞                

jet n 

)⊤

 

𝐩𝐽
⊤𝐉−1𝐩𝐽 = ∑  

𝑖

 𝑝𝐽𝑖

2 𝛽𝑖,𝑙𝑖 = ∑  

𝑖

 𝑝𝐽𝑖

2 ∑  

𝑒∈𝐽𝑖

 𝛼𝑖,𝑒 = ∑  

𝑒∈𝐽

 𝑚𝑒
2𝛼𝑒 .  

(𝐁 + 𝚪𝐵)−1  = (𝐁1 + 𝚪𝐵1
)

−1
⊕ ⋯ ⊕ (𝐁𝑛𝑊

+ 𝚪𝐵𝑛𝑊
)

−1
,

𝐌𝐵  = 𝐌𝐵𝑖
⊕ ⋯ ⊕ 𝐌𝐵𝑛𝑊

 

(𝐁𝑖 + 𝚪𝐵𝑖
)

−1
=

1

Tr𝚪𝐵𝑖

(1,1, … ,1)⊤ ⊗ (1,1, … ,1) + 𝒪(𝜆0)  

𝐩𝐽
⊤𝐉−1{𝚪𝐽 − 𝚪𝐽,𝐵(𝐁 + 𝚪𝐵)−1𝚪𝐵,𝐽}𝐉

−1𝐩𝐽 ≃ 𝑷𝐽
⊤𝜸𝐽𝑷𝐽  

𝑷𝐽= 𝐉−1𝐩𝐽  

𝛾𝐽 = 𝚪𝐽 + 𝚪𝐽
′

𝚪𝐽
′ = −

1

Tr𝚪𝑩
𝚪𝐽,𝐵[(1,1, … ,1)⊤ ⊗ (1,1, … ,1)]𝚪𝐵,𝐽

 

Tr𝚪𝑩 = ∑  

𝑒∈𝛾𝐵

 
1

𝛼𝑒
,  
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𝑷𝐽
⊤𝛾𝐽𝑷𝐽 = ∑  

c-webs 

𝒲

 𝑷𝒲
⊤ 𝛾𝒲𝑷𝒲,  

𝑖𝐩𝐽
⊤𝐉−1𝐌𝐽𝐳 = 𝑖 ∑  

𝑖

 𝑝𝐽𝑖
∑  

𝑒∈𝐽𝑖

  𝑧𝑒 = 𝑖 ∑  

c-webs 

𝑤

 𝑝𝐽𝑖
∑  

𝑒∈𝐽𝑖∩𝒲𝑤

  𝑧𝑒  

(
𝑖

2
𝐌𝐵𝐳)

⊤

(𝐁 + 𝚪𝐵)−1 (
𝑖

2
𝐌𝐵𝐳) + ∑  

𝑒∈𝐵

 
𝑧𝑒

2

4𝛼𝑒
=

 ∑  

c-webs 

𝒲

 {(
𝑖

2
𝐌𝐵𝒲

𝐳)
⊤

(𝐁𝒲 + 𝚪𝐵𝒲
)

−1
(

𝑖

2
𝐌𝐵𝒲

𝐳) + ∑  

𝑒∈𝐵𝒲

 
𝑧𝑒

2

4𝛼𝑒
}

 

𝐌𝐵𝒲
𝐳 = 𝐌𝐵𝒲

(0)
𝐳 + 𝐌𝐵𝒲

(2)
𝐳  

(1,1, … ) ⋅ 𝐌𝐵𝒲

(0)
= (0,0, … )  

{𝐩𝒲(𝐳)⊤(𝐁𝒲)𝑟𝑒𝑑
−1 𝐩𝒲(𝐳) + ∑  

𝑒∈𝐵𝒲

 
𝑧𝑒

2

4𝛼𝑒
}  

𝐩𝒲(𝐳) = (𝑖/2)𝐌𝐵𝒲

(0)
𝐳 − ∑  

𝑒∈𝐵𝒲

𝑚𝑒
2𝛼𝑒 

𝒱𝐵𝒲
(𝐳) = {𝐩𝒲(𝐳)⊤(𝐁𝒲)𝑟𝑒𝑑

−1 𝐩𝒲(𝐳) + ∑  

𝑒∈𝐵𝒲

 
𝑧𝑒

2

4𝛼𝑒
} − ∑  

𝑒∈𝐵𝒲

 𝑚𝑒
2𝛼𝑒 .  
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𝒱𝑆(𝐳) = ∑  

c-webs 

𝒲

 𝒱𝒲(𝐳) + 𝒪(𝜆)  

𝒱𝒲(𝐳) = −𝑷𝒲
⊤ 𝜸𝒲𝑷𝒲 + 𝑖 ∑  

𝑖

 𝑝𝐽𝑖
∑  

𝑒∈𝐽𝑖∩𝒲

 𝑧𝑒 + 𝒱𝐵𝒲
(𝐳)  

𝒰 ≃ 𝒰𝐻 × ∏  

c-webs 

𝒲

 𝒰𝒲

𝒱(𝐳)  ≃ 𝒱𝐻(𝐳𝐻) + ∑  

c-webs 

𝒲

 𝒱𝒲(𝜷; 𝐳𝒲)

 

dℐ ≃  dℐ𝐻 × ∏  

c-webs 

𝒲

 dℐ𝒲(𝜷)  

dℐ𝒲 ≃ (
∏  d𝛼 d𝛽 d𝛾

𝒰𝒲
D/2

𝒩𝒲(𝜕𝑧)𝑒𝑖𝒱𝒲(𝜷;𝐳𝒲))|

𝐳→0

 

 

𝒱𝑆(𝐳)  = ∑  

ℓ

𝑤=1

 
ℱ(1),𝑆 (𝛽𝐽𝑖,𝑤 , 𝛽𝐽𝑗,𝑤)

𝒰(1),𝑆 (𝛽𝐽𝑖,𝑤 , 𝛽𝐽𝑗,𝑤, 𝛾𝑤)
+ 𝑖 ∑  

𝑤

  (𝑝𝑖𝑧𝐽𝑖,𝑤 + 𝑝𝑗𝑧𝐽𝑗,𝑤)

 = ∑  

ℓ

𝑤=1

 
𝑠𝑖𝑗𝛽𝐽𝑖,𝑤𝛽𝐽𝑗,𝑤 − 𝑚2 (𝛽𝐽𝑖,𝑤 + 𝛽𝐽𝑗,𝑤)

2

𝛾𝑤
+ 𝑖 ∑  

𝑤

  (𝑝𝑖𝑧𝐽𝑖,𝑤 + 𝑝𝑗𝑧𝐽𝑗,𝑤)
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𝒩(𝜕𝑧𝑒
) ∝ ∏  

ℓ

𝑤=1

 (2
𝜕

𝜕𝑧𝐽𝑖,𝑤
+

𝜕

𝜕𝑧𝑤
) ⋅ (2

𝜕

𝜕𝑧𝐽𝑗,𝑤
−

𝜕

𝜕𝑧𝑤
)  

𝒩(𝜕𝑧𝑒
)𝑒𝑖𝒱(𝐳) ∝ (2𝑝𝐽𝑖,𝑤) ⋅ (2𝑝𝐽𝑗,𝑤) 𝑒𝑖𝒱(𝐳)  

𝒩(𝜕𝑧𝑒
) ∝ ⋯ (−𝑖

𝜕

𝜕k̸𝑤2

+ 𝑚) 𝛾𝜇2 (−𝑖
𝜕

𝜕k̸𝑤1

+ 𝑚) 𝛾𝜇1𝑢(𝑝𝐽)  

𝒩(𝜕𝑧𝑒
)𝑒𝑖𝒱(𝐳)  ∝ (⋯ (p̸𝐽 + 𝑚) 𝛾𝜇2 (p̸𝐽 + 𝑚) 𝛾𝜇1𝑢(𝑝𝐽)) 𝑒𝑖𝒱(𝐳)

 = 𝑢(𝑝𝐽) (⋯ (2𝑝𝐽
𝜇2)(2𝑝𝐽

𝜇1)) 𝑒𝑖𝒱(𝐳)
 

 

𝑟𝑘: 𝛾𝑖 ∼ 𝜆−2, 𝜶𝑖 ∼ 𝜆−1, ∀𝑖 ∈ {1, … , 𝑘},  

dℐ[𝑛,1] →
𝑟𝑘 

 dℐ[𝑛,𝑘+1] × d𝑆[𝑘,1]  
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d𝑆[𝑘,1] = [dℐ[𝑘,1]]𝑟𝑘
 

d𝑆[𝑛,1] →
𝑟𝑘 

 d𝑆[𝑛,𝑘+1] × d𝑆[𝑘,1].  

∫  
ℝ+

𝐸
  dℐ[𝑛,1] ≃ ∑  

𝑛

𝑘=1

 ∫  
𝐷𝑘

  [ dℐ[𝑛,1]]𝑟𝑘
,  

∫  
𝐷1

  [ dℐ[𝑛,1]]𝑟1
= ∫  

𝐷1

  dℐ[𝑛,2] × d𝑆̃1 = ∫  
ℝ+

𝐸−𝐷0

  dℐ[𝑛,2] × d𝑆̃1 − ∑  

𝑛

𝑘=2

 ∫  
𝐷𝑘

  dℐ[𝑛,2] × d𝑆̃1  

𝐷0 ≡ ℝ+
𝐸 − (∪𝑘=1

𝑛 𝐷𝑘)  

∫  dℐ[𝑛,1]≃ ∫  
ℝ+

𝐸−𝐷0

  dℐ[𝑛,2] × d𝑆1̃ + ∑  

𝑛

𝑘=2

 ∫  
𝐷𝑘

  ([ dℐ[𝑛,1]]𝑟𝑘
− dℐ[𝑛,2] × d𝑆1̃)  

 ≃ ∫  
ℝ+

𝐸−𝐷0

  dℐ[𝑛,2] × d𝑆1̃ + ∑  

𝑛

𝑘=2

 ∫  
𝐷𝑘

  [ dℐ[𝑛,1] − dℐ[𝑛,2] × d𝑆1̃]
𝑟𝑘

 ≃ ∫  
ℝ+

𝐸−𝐷0

  dℐ[𝑛,2] × d𝑆1̃ + ∑  

𝑛

𝑘=2

 ∫  
𝐷𝑘

  dℐ[𝑛,𝑘+1] × (d𝑆[𝑘,1] − d𝑆[𝑘−1,1] × d𝑆1̃),

 

∫  
𝐷𝑘

 d𝐽 ≃ ∫  
𝐷𝑘

[ d𝐽]𝑟𝑘
 

d𝑆[𝑘,2] ≡ d𝑆[𝑘−1,1] 

dℐ[𝑛,3] × d𝑆̃[2,1],  with  d𝑆̃[2,1] = d𝑆[2,1] − d𝑆1 × d̃1  

∫  dℐ[𝑛,1] ≃ ∫  
ℝ+

𝐸−𝐷0

 ∑  

𝑛

𝑘=1

  dℐ[𝑛,𝑘+1] × d𝑆̃[𝑘,1]  

d𝑆̃[𝑘,1] = d𝑆[𝑘,1] − ∑  

𝑘−1

𝑗=1

  d𝑆[𝑘,𝑗+1] × d𝑆̃[𝑗,1] = d𝑆[𝑘,1] − ∑  

𝑘−1

𝑗=1

  d𝑆[𝑘−𝑗,1] × d𝑆̃[𝑗,1]  

 

dℐ[𝑛,𝑘+1] × d𝑆̃[𝑘,1] 
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[∑  

𝑛

𝑘=1

  dℐ[𝑛,𝑘+1] × d𝑆̃[𝑘,1]]

𝐷0

 

∑  

𝑛

𝑠=1

  (−1)𝑠+1 ∑  

𝑛⩾𝑘1⩾⋯⩾𝑘𝑠⩾1

  dℐ[𝑛,𝑘1+1] × d𝑆[𝑘1,𝑘2+1] × ⋯ × d𝑆[𝑘𝑠−1,𝑘𝑠+1] × d𝑆[𝑘𝑠,1].  

(−1)𝑠+1 dℐ[𝑛,𝑘1+1] … d𝑆[𝑘ℎ−1,𝑘ℎ+1] … d𝑆[𝑘𝑠,1]  

 

∫  dℐ[𝑛,1] ≃ ∑  

𝑛

𝑘=1

 (∫   dℐ[𝑛,𝑘+1]) × (∫  d𝑆̃[𝑘,1])  

dℐ[𝑛,1]
IR = ∑  

𝑐=1

  (−1)𝑐+1 ∑  

𝑠,|𝑠|=𝑐

  [ dℐ[𝑛,1]]𝑠
,  

d𝐻[𝑛,1] = dℐ[𝑛,1] − ∑  

𝑛

𝑘=1

  dℐ[𝑛,𝑘+1] × d𝑆̃[𝑘,1]  

 

 

∫  dℐ[𝑛,1] = ∑  

𝑛

𝑘=1

  (∫   d𝐻[𝑛,𝑘+1]) (∫  d𝑆[𝑘,1]) + ∫  d𝐻[𝑛,1].  

𝒜 = ℋ × 𝒮,  

ℋ = ∑  

∞

𝑛=0

 ∫  d𝐻[𝑛,1], 𝒮 = ∑  

∞

𝑛=0

 ∫  d𝑆[𝑛,1],  

[dℐ(𝜆)]𝑟 = dℐ′ × d𝑆(𝜆) + 𝒪(𝜆0)  

[[dℐ[𝑛,1]]𝑟𝑘
]
𝑟ℎ

= [[dℐ[𝑛,1]]𝑟ℎ
]
𝑟𝑘

 

ℓ  = (ℓ1,2, ℓ1,3, … , ℓ1,𝑁, ℓ2,3, ℓ2,4, … , ℓ2,𝑁, … , ℓ𝑁−1,𝑁)  
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𝒮 = 1 + ∑  

ℓ=1

  ∑  

ℓ   s.t. 

|ℓ  |=ℓ

 ∑  

𝜎

 ∫  dℒ
ℓ  
𝜎

 

|ℓ  | = ∑  

(𝑖,𝑗)

ℓ𝑖,𝑗 

dℒ
ℓ  
𝜎 = ∏  

ℓ

𝑤=1

 d𝑆(1)(𝜷𝒘; 𝑝𝑤 , 𝑝𝑤
′ )  

 

𝛽𝑗,𝑘 = ∑  

ℓ𝑗

ℎ=1

 Θ𝑘,ℎ

𝜎𝑗 𝛼𝑗,ℎ
 

ℓ𝑗 = ∑  

𝑁

𝑘≠𝑗

ℓ𝑗,𝑘 

𝐶𝜎𝑗
ℓ  : 0 < 𝛽𝑗,𝜎𝑗(1) < 𝛽𝑗,𝜎𝑗(2) < ⋯ < 𝛽𝑗,𝜎𝑗(ℓ𝑗)  

1/ ∏  

(𝑖,𝑗)

ℓ𝑖,𝑗! 

dℒ
ℓ  
𝜎 as 𝐶𝜎

ℓ  = ∏  𝑁
𝑗=1 𝐶𝜎𝑗

ℓ  , and fixed ℓ   at loop-order ℓ = |ℓ  | 
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∑  

𝜎

 ∫  dℒ
ℓ  
𝜎= ∫  

∪𝜎𝐶𝜎
ℓ  
 ∏  

ℓ

𝑤=1

 d𝑆(1)(𝜷𝒘; 𝑝𝑤 , 𝑝𝑤
′ )  

 =
1

ℓ1,2! ℓ1,3! … ℓ𝑛−1,𝑛!
(∫  d𝑆(1)(𝜷; 𝑝1, 𝑝2))

ℓ1,2

⋯ (∫   d𝑆(1)(𝜷; 𝑝𝑛−1, 𝑝𝑛))

ℓ𝑛−1,𝑛

 

∑  

ℓ  

 ∑  

𝜎

 ∫  dℒ
ℓ  
𝜎 =

1

ℓ!
(∑  

(𝑖,𝑗)

 ∫  d𝑆(1)(𝜷; 𝑝𝑖, 𝑝𝑗))

ℓ

 

𝒮 = 1 + ∑  

ℓ=1

 
1

ℓ!
(∑  

(𝑖,𝑗)

 ∫  d𝑆(1)(𝜷; 𝑝𝑖 , 𝑝𝑗))

ℓ

= exp (∑  

(𝑖,𝑗)

 ∫  d𝑆(1)(𝜷; 𝑝𝑖 , 𝑝𝑗))  

𝒜 = (∫  dℋ) × exp (∫  d𝑆(1))  

d𝑆(1)(𝛽1, 𝛽2, 𝛾) = −𝑖3−D/2
𝛼‾(𝜇)

4𝜋

(2𝑝1) ⋅ (2𝑝2)

𝜇2

 d𝛾 d𝛽1 d𝛽2

𝛾D/2
exp [𝑖

𝑠𝛽1𝛽2 − 𝑚2(𝛽1 + 𝛽2)2

𝜇2𝛾
] ,  

d𝑆[𝑛,1] → d𝑆[𝑛,1]
Θ ≡ d𝑆[𝑛,1] ∏  

𝑖

 Φ(𝛾𝑖)  

Φ(𝛾) →
𝛾→+∞ 

1  and  Φ(𝛾) →
𝛾→0 

0  

𝒜 = (∫  dℋΦ) × exp (∫  d𝑆(1)
Φ )  

ℋΦ = ∫  dℋΦ 

1

ℋΘ
𝜕𝜂ℋΘ= −𝜕𝜂 (∫  d𝑆(1)

Θ )  

=
𝛼‾(𝜇)

4𝜋

1

𝜂1−𝜖
(𝑠 − 2𝑚2) ∫  

d𝑏1 d𝑏2

GL(1)

1

𝑠𝑏1𝑏2 − 𝑚2(𝑏1 + 𝑏2)2
 

 = −
𝛼‾(𝜇)

4𝜋

1

𝜂1−𝜖

2(𝑠 − 2𝑚2)

√−𝑠√4𝑚2 − 𝑠
log [

√−𝑠 − √4𝑚2 − 𝑠

√−𝑠 + √4𝑚2 − 𝑠
]

 = −
1

𝜂1−𝜖
𝛾cusp 

𝑏 (𝑝1, 𝑝2, 𝑚2)

 

𝜕ℋΘ

𝜕log 𝜂
= −𝜂𝜖𝛾cusp

𝑏 (𝑝1, 𝑝2, 𝑚2)ℋΘ  

𝛾cusp
𝑏 =

𝛼‾(𝜇)

4𝜋
(𝛽 − 𝑖𝜋𝜃(𝛽))coth(𝛽)  

cosh 𝛽𝑖𝑗 =
𝑝1 ⋅ 𝑝2

|𝑝1||𝑝2|
=

𝑠 − 2𝑚2

2𝑚2
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𝛾cusp
OS =

𝛼‾𝑅

4𝜋
[(𝛽 − 𝑖𝜋𝜃(𝛽))coth(𝛽) − 1]  

𝜕𝒜(Λ)

𝜕log Λ
= Γ𝒜(Λ)  

 

𝐞 = (𝑥𝑁 hard edges (𝑥1, 𝑥2, … , 𝑥𝑁|𝛼1,1, 𝛼1,2, … , 𝛼1,ℓ|𝛼2,1, 𝛼2,2, … , 𝛼2,ℓ ∣ 𝛾1, 𝛾2, … , 𝛾ℓ)  

𝑟 = ( 0,0, … ,0⏟    
𝑁 hard edges 

| 1,1, … ,1 ∣ 1,1, … ,1⏟            
2ℓ soft jet edges 

| 2,2, … ,2⏟    
ℓ soft particles 

),
 

𝑥𝑖 →
𝑟

𝑥𝑖, 𝛼𝐽,𝑖 → 𝜆−1𝛼𝐽,𝑖, 𝛾𝑖 → 𝜆−2𝛾𝑖.  

ℱ𝑆 → ∑  

ℓ

𝑘=1

 ∏  

ℓ

𝑖≠𝑘

 𝛾𝑖ℱ1(𝛽𝐽,𝑘 , 𝛾𝑘), 𝒰𝑆 → ∏  

ℓ

𝑖=1

 𝛾𝑖  

ℱ𝐺

𝒰𝐺
→

ℱ𝐻

𝒰𝐻
+ ∑  

ℓ

𝑘=1

 
ℱ1(𝛽𝐽,𝑘 , 𝛾𝑘)

𝛾𝑘

 

 

ℱ𝐺 = ℱ0 − 𝒰 × (∑  

ℓ

𝑖=1

 𝑚2(𝛼1,𝑖 + 𝛼2,𝑖) + ∑  

𝑁

𝑒=1

 𝑚𝑒
2𝑥𝑒)  
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ℱ𝐺 →∑  

ℓ

𝑗=1

 (∏  

𝑖≠𝑗

 𝛾𝑖) [𝑠𝛽1,𝑗𝛽2,𝑗 + 𝑚2(𝛽1,𝑗 + 𝛽2,𝑗) ∑  

ℓ

𝑘=𝑗+1

  (𝛼1,𝑘 + 𝛼2,𝑘)] 𝒰𝐻  

 + (∏  

ℓ

𝑖=1

 𝛾𝑖) [ℱ0,𝐻 + ∑  

ℓ

𝑗=1

  (𝛼1,𝑗 + 𝛼2,𝑗)𝑚2𝒰𝐻] − (∑  

𝑁

𝑒=1

 𝑚𝑒
2𝑥𝑒) (∏  

ℓ

𝑖=1

 𝛾𝑖) 𝒰𝐻

 −𝑚2 (∑  

ℓ

𝑗=1

  (𝛼1,𝑗 + 𝛼2,𝑗)) [(∏  

ℓ

𝑖=1

 𝛾𝑖) 𝒰𝐻 + ∑  

ℓ

𝑘=1

  (𝛽1,𝑘 + 𝛽2,𝑘) (∏  

𝑖≠𝑘

 𝛾𝑖) 𝒰𝐻]

 

(∏  

ℓ

𝑖=1

  𝛾𝑖) [ℱ0,𝐻 − (∑  

𝑁

𝑒=1

 𝑚𝑒
2𝑥𝑒)] ≡ (∏  

ℓ

𝑗=1

 𝛾𝑗) ℱ𝐻 ≡ 𝒰𝑆ℱ𝐻 − 𝑚2 (∑  

ℓ

𝑗=1

  (𝛼1,𝑗 + 𝛼2,𝑗)) (∏  

ℓ

𝑖=1

  𝛾𝑖) 𝒰𝐻 ∼ 𝒪(𝜆−(2𝑛+1)) 

ℱ → 𝒰𝑆ℱ𝐻 + ∑  

ℓ

𝑗=1

 (∏  

𝑖≠𝑗

 𝛾𝑖) [𝑠𝛽1,𝑗𝛽2,𝑗 + 𝑚2(𝛽1,𝑗 + 𝛽2,𝑗) ( ∑  

ℓ

𝑘=𝑗+1

  (𝛼1,𝑘 + 𝛼2,𝑘))] 𝒰𝐻

 −𝑚2 (∑  

ℓ

𝑗=1

 (𝛼1,𝑗 + 𝛼2,𝑗)) (∑  

ℓ

𝑘=1

  (𝛽1,𝑘 + 𝛽2,𝑘)) (∏  

ℓ

𝑖≠𝑘

 𝛾𝑖) 𝒰𝐻

 

∑  

ℓ

𝑘=1

 𝒰𝐻 (∏  

ℓ

𝑖≠𝑘

 𝛾𝑖) [𝑠𝛽1,𝑘𝛽2,𝑘 − 𝑚2 (∑  

𝑘

𝑗=1

 (𝛼1,𝑗 + 𝛼2,𝑗)) (𝛽1,𝑘 + 𝛽2,𝑘)]  

 = ∑  

ℓ

𝑘=1

 𝒰𝐻 (∏  

ℓ

𝑖≠𝑘

 𝛾𝑖) [𝑠𝛽1,𝑘𝛽2,𝑘 − 𝑚2(𝛽1,𝑘 + 𝛽2,𝑘)
2
] = 𝒰𝐻 (∑  

ℓ

𝑘=1

 (∏  

ℓ

𝑗≠𝑘

 𝛾𝑗) ℱ1(𝛽𝑘, 𝛾𝑘))

 = 𝒰𝐻ℱ𝑆

 

𝛽1,𝑖 = ∑  

𝑖

𝑗=1

  𝛼̃1,𝑗, 𝛽2,𝑖 = ∑  

𝜎(𝑖)

𝑘=1

  𝛼̃2,𝑘  

𝒰𝐺 → (∏  

ℓ

𝑖=1

 𝛾𝑖) 𝒰𝐻 + ∑  

ℓ

𝑗=1

 (∏  

𝑖≠𝑗

 𝛾𝑖) (𝛽1,𝑗 + 𝛽2,𝑗)𝒰𝐻 + 𝒪(𝜆−(2ℓ−2))  

ℱ0 = 𝑠𝛽1,𝑗𝛽2,𝑗𝒰𝐻 + 𝑚2(𝛽1,𝑗 + 𝛽2,𝑗) ( ∑  

ℓ

𝑘=𝑗+1

  𝛼̃1,𝑘 + ∑  

ℓ

𝑚=𝜎(𝑗)+1

  𝛼̃2,𝑚) 𝒰𝐻 + 𝒪(𝜆−(2𝑛−2)).  
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ℱ𝐺→ 𝒰𝑆ℱ𝐻 + ∑  

ℓ

𝑗=1

 (∏  

𝑖≠𝑗

 𝛾𝑖) [𝑠𝛽1,𝑗𝛽2,𝑗 + 𝑚2(𝛽1,𝑗 + 𝛽2,𝑗) ( ∑  

ℓ

𝑘=𝑗+1

  𝛼̃1,𝑘 + ∑  

ℓ

𝑚=𝜎(𝑗)+1

  𝛼̃2,𝑚)] 𝒰𝐻 

−𝑚2 (∑  

ℓ

𝑗=1

  (𝛼̃1,𝑗 + 𝛼̃2,𝑗)) (∑  

ℓ

𝑘=1

  (𝛽1,𝑘 + 𝛽2,𝑘)) (∏  

𝑖≠𝑘

 𝛾𝑖) 𝒰𝐻  

=𝒰𝑆ℱ𝐻 + ∑  

ℓ

𝑘=1

 𝒰𝐻 (∏  

𝑖≠𝑘

 𝛾𝑖) [𝑠𝛽1,𝑘𝛽2,𝑘 − 𝑚2 (∑  

𝑘

𝑗=1

  𝛼̃1,𝑗 + ∑  

𝜎(𝑘)

𝑚=1

  𝛼̃2,𝑚) (𝛽1,𝑘 + 𝛽2,𝑘)]

=𝒰𝑆ℱ𝐻 + ∑  

ℓ

𝑘=1

 𝒰𝐻 (∏  

𝑖≠𝑘

 𝛾𝑖) [𝑠𝛽1,𝑘𝛽2,𝑘 − 𝑚2(𝛽1,𝑘 + 𝛽2,𝑘)
2
] = 𝒰𝑆ℱ𝐻 + 𝒰𝐻ℱ𝑆.

 

 

𝑘1 ∼
𝑟[1,2]

𝜆, 𝑘2 ∼
𝑟[1,2]

𝜆,

𝑘1 ∼
𝑟[2]

1, 𝑘2 ∼
𝑟[2]

𝜆.
 

𝑘1 ∼
𝑟[1,2],𝑟[2]

𝜆, 𝑘2 ∼
𝑟[1,2],𝑟[2]

𝜆2
 

dℐ(2)
pl

+ dℐ(2)
npl

⟶
𝑟[1,2]

1

𝑘1
2

1

𝑘2
2

1

2𝑝1 ⋅ 𝑘1

1

2𝑝1 ⋅ (𝑘1 + 𝑘2)

1

2𝑝2 ⋅ 𝑘1

1

2𝑝2 ⋅ 𝑘2
 d𝐷𝑘1 d𝐷𝑘2.  

dℐ(2)
pl

+ dℐ(2)
npl

⟶
𝑟[1,2], symm in 𝑘1↔𝑘2

1

2
 d𝑆(1)d𝑆(1)  

d𝑆(1)(𝑘𝑖) ∝
1

𝑘𝑖
2

1

𝑝1 ⋅ 𝑘𝑖

1

𝑝2 ⋅ 𝑘𝑖
 d𝐷𝑘𝑖  



pág. 10664 

 

dℐ(2)
pl

⟶
𝑟[2]

dℐ(1)d𝑆(1),  

dℐ(2)
pl

+ 𝑑ℐ(2)
npl

→
 

𝑟[1,2],𝑟[2] 
d𝑆(1)(𝑘1)d𝑆(1)(𝑘2).  

∫  dℐ(2) = ∫  dℐ(2)
pl

+ ∫  dℐ(2)
npl

≃ ∫  
𝐷[2]

 dℐ(1)d𝑆(1) +
1

2
∫  

𝐷[1,2]

 d𝑆(1)d𝑆(1)  

∫  dℐ(2) ≃ ∫  
𝐷[2]∪𝐷[1,2]∪𝐷[1]

 dℐ(1)d𝑆(1) −
1

2
∫  

𝐷[1,2]∪𝐷[1]∪𝐷[2]

 d𝑆(1)d𝑆(1)

− ∫  
𝐷[1]

 d𝑆(1)d𝑆(1) +
1

2
∫  

𝐷[1]∪𝐷[2]

 d𝑆(1)d𝑆(1)

 

∫  dℐ(2) ≃ ∫  dℐ(1)d𝑆(1) −
1

2
∫   d𝑆(1)d𝑆(1) = ℐ(1)𝒮(1) −

1

2
𝒮(1)

2  

𝑀 = (
𝐴 𝐵
𝐶 𝐷

)  

det𝑀 = det(𝐷 − 𝐶𝐴−1𝐵)det(𝐴) 

𝑀−1 = (
𝐴−1 + 𝐴−1𝐵(𝐷 − 𝐶𝐴−1𝐵)−1𝐶𝐴−1 −𝐴−1𝐵(𝐷 − 𝐶𝐴−1𝐵)−1

−(𝐷 − 𝐶𝐴−1𝐵)−1𝐶𝐴−1 (𝐷 − 𝐶𝐴−1𝐵)−1 )  

𝑇𝜇1…𝜇𝑀

(𝑁)
=

𝜇4−𝐷𝑒𝛾𝐸(4−𝐷)/2

i𝜋𝐷/2
∫   d𝐷𝑞

 ×
𝑞𝜇1

… 𝑞𝜇𝑀

[𝑞2 − 𝑚1
2][(𝑘1 + 𝑞)2 − 𝑚2

2][(𝑘1 + 𝑘2 + 𝑞)2 − 𝑚3
2] … [(𝑘1 + ⋯ + 𝑘𝑁−1 + 𝑞)2 − 𝑚𝑁

2 ]

 

𝑇𝜇1…𝜇𝑀

(𝑁)
={[𝑔]𝑙[𝑘1]𝑛1[𝑘1 + 𝑘2]𝑛2 … [𝑘1 + 𝑘2 + ⋯ + 𝑘𝑁−1]𝑛𝑁−1}𝜇1…𝜇𝑀

2𝑙 + 𝑛1 + 𝑛2 + ⋯ + 𝑛𝑁−1 = 𝑀 ×  ⏟
0…0⏟
2𝑙

1 … 1⏟  
𝑛1

2 … 2⏟  
𝑛2

⋯ (𝑁 − 1) … (𝑁 − 1)⏟            
𝑛𝑁−1

 



pág. 10665 

where {[𝑔]𝑙[𝑘1]𝑛1[𝑘1 + 𝑘2]𝑛2 … [𝑘1 + 𝑘2 + ⋯ + 𝑘𝑁−1]𝑛𝑁−1}𝜇1…𝜇𝑀
 is the symmetrized tensor structure 

containing 𝑙 metric tensors 𝑔, 𝑛1 vectors 𝑘1, 𝑛2 vectors 𝑘1 + 𝑘2, …, and 𝑛𝑁−1 vectors 𝑘1 + ⋯ +

𝑘𝑁−1(2𝑙 + 𝑛1 + 𝑛2 + ⋯ + 𝑛𝑁−1 = 𝑀). 

𝐽(𝑁)(𝐷; 𝜈1, 𝜈2, … , 𝜈𝑁) = ∫  
d𝐷𝑞

[(𝑝1 + 𝑞)2 − 𝑚1
2]𝜈1[(𝑝2 + 𝑞)2 − 𝑚2

2]𝜈2 … [(𝑝𝑁 + 𝑞)2 − 𝑚𝑁
2 ]𝜈𝑁

 

𝐽𝜇1…𝜇𝑀

(𝑁)
(𝐷; 𝜈1, 𝜈2, … , 𝜈𝑁) = ∫  d𝐷𝑞

𝑞𝜇1
… 𝑞𝜇𝑀

[(𝑝1 + 𝑞)2 − 𝑚1
2]𝜈1[(𝑝2 + 𝑞)2 − 𝑚2

2]𝜈2 … [(𝑝𝑁 + 𝑞)2 − 𝑚𝑁
2 ]𝜈3

 

𝐽𝜇1…𝜇𝑀

(𝑁)
(𝐷; 𝜈1, 𝜈2, … 𝜈𝑁) = ∑  

𝜆,𝜅1,…,𝜅𝑁

2𝜆+𝜅1+⋯+𝜅𝑁=𝑀

 (−
1

2
)

𝜆

(∏  

𝑁

𝑖=1

  (𝜈𝑖)𝜅𝑖
) {[𝑔]𝜆[𝑝1]𝜅1[𝑝2]𝜅2 … [𝑝𝑁]𝜅𝑁}

𝜇1…𝜇𝑀
 

 × 𝜋𝜆−𝑀𝐽(𝑁)(𝐷 + 2(𝑀 − 𝜆); 𝜈1 + 𝜅1, 𝜈2 + 𝜅2, … , 𝜈𝑁 + 𝜅𝑁)
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𝑇𝜇1…𝜇𝑀

(𝑁)
=

𝜇4−𝐷𝑒𝛾𝐸(4−𝐷)/2

i𝜋𝐷/2
𝐽𝜇1…𝜇𝑀

(𝑁)
(𝐷; 1, … ,1)|

𝑝1=0,𝑝2=𝑘1,…,𝑝𝑁=𝑘1+⋯+𝑘𝑁−1

 

𝐽𝜇1…𝜇𝑀

(𝑁)
(𝐷; 𝜈1, 𝜈2, … 𝜈𝑁)|

𝑝1=0,𝑝2=𝑘1,…,𝑝𝑁=𝑘1+⋯+𝑘𝑁−1

= ∑  
𝜆,𝜅2,…,𝜅𝑁

2𝜆+𝜅2+⋯+𝜅𝑁=𝑀

 (−
1

2
)

𝜆

(∏  

𝑁

𝑖=2

  (𝜈𝑖)𝜅𝑖
) {[𝑔]𝜆[𝑘1]𝜅2[𝑘1 + 𝑘2]𝜅3 … [𝑘1 + ⋯ + 𝑘𝑁−1]𝜅𝑁}

𝜇1…𝜇𝑀
 

 × 𝜋𝜆−𝑀𝐽(𝑁)(𝐷 + 2(𝑀 − 𝜆); 𝜈1, 𝜈2 + 𝜅2, … , 𝜈𝑁 + 𝜅𝑁)|
𝑝1=0,𝑝2=𝑘1,…,𝑝𝑁=𝑘1+⋯+𝑘𝑁−1

 

𝐽𝜇1…𝜇𝑀

(𝑁)
(𝐷; 1, … ,1)|

𝑝1=0,𝑝2=𝑘1,…,𝑝𝑁=𝑘1+⋯+𝑘𝑁−1

= ∑  
𝑙,𝑛1,…,𝑛𝑁−1

2𝑙+𝑛1+⋯+𝑛𝑁−1=𝑀

  (−
1

2
)

𝑙

(∏  

𝑁−1

𝑖=1

 𝑛𝑖!) {[𝑔]𝑙[𝑘1]𝑛1[𝑘1 + 𝑘2]𝑛2 … [𝑘1 + ⋯ + 𝑘𝑁−1]𝑛𝑁−1}𝜇1…𝜇𝑀
 

 × 𝜋−𝑙−𝑛1−⋯−𝑛𝑁−1𝐽(𝑁)(𝐷 + 2𝑙 + 2𝑛1 + ⋯ + 2𝑛𝑁−1; 1,1 + 𝑛1, … ,1 + 𝑛𝑁−1)|
𝑝1=0,𝑝2=𝑘1,…,𝑝𝑁=𝑘1+⋯+𝑘𝑁−1

 

 

𝐽(3)(𝐷 + 2𝑙 + 2𝑛1 + 2𝑛2; 1,1 + 𝑛1, 1 + 𝑛2)|𝑝1=0,𝑝2=𝑘1,𝑝3=𝑘1+𝑘2

=∫  
d𝐷+2𝑙+2𝑛1+2𝑛2𝑞

[𝑞2 − 𝑚1
2][(𝑘1 + 𝑞)2 − 𝑚2

2]1+𝑛1[(𝑘1 + 𝑘2 + 𝑞)2 − 𝑚3
2]1+𝑛2

 

=
(𝑛1 + 𝑛2 + 1)!

𝑛1! 𝑛2!
∫  

1

0

  d𝑥𝑥𝑛1𝑥‾𝑛2 ∫  
 d𝐷+2𝑙+2𝑛1+2𝑛2𝑞

[𝑞2 − 𝑚1
2][(𝑘1 + 𝑥‾𝑘2 + 𝑞)2 − 𝑥𝑚2

2 − 𝑥‾𝑚3
2 + 𝑥𝑥‾𝑘2

2]2+𝑛1+𝑛2

=
(𝑛1 + 𝑛2 + 1)!

𝑛1! 𝑛2!
∫  

1

0

  d𝑥𝑥𝑛1𝑥‾𝑛2𝐽(2)(𝐷 + 2𝑙 + 2𝑛1 + 2𝑛2; 1,2 + 𝑛1 + 𝑛2)|
𝑝1=0,𝑝2=𝑘1+𝑥‾𝑘2

𝑚2
2↔𝑥𝑚2

2+𝑥‾𝑚3
2−𝑥𝑥‾𝑘2

2
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𝐽(2)(𝐷 + 2; 1, 𝜈2 + 1) = −
𝜋

2𝜈2𝑘2
[(𝑘2 + 𝑚1

2 − 𝑚2
2)𝐽(2)(𝐷; 1, 𝜈2)

−𝐽(2)(𝐷; 1, 𝜈2 − 1) + 𝐽(2)(𝐷; 0, 𝜈2)]
 

𝐽(2)(𝐷 + 2; 1,1) =−
𝜋

2𝑘2(𝐷 − 1)
[Δ𝐽(2)(𝐷; 1,1)  

+(𝑘2 + 𝑚1
2 − 𝑚2

2)𝐽(2)(𝐷; 1,0) + (𝑘2 − 𝑚1
2 + 𝑚2

2)𝐽(2)(𝐷; 0,1)]
 

Δ ≡ Δ(𝑚1
2, 𝑚2

2, 𝑘2) = −𝜆(𝑚1
2, 𝑚2

2, 𝑘2) = 4𝑚1
2𝑚2

2 − (𝑘2 − 𝑚1
2 − 𝑚2

2)2  

𝐽(2)(4 − 2𝜀 + 2𝑙 + 2𝑛; 1, 𝑁 − 1 + 𝑛) =
𝜋𝑙+𝑛+1

(𝑘2)𝑙+𝑛+1[𝑅𝑁,𝑙,𝑛
(1,1)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 1,1)

+𝑅𝑁,𝑙,𝑛
(1,0)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 1,0)

+𝑅𝑁,𝑙,𝑛
(0,1)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 0,1)]

 

𝐽[𝑗0]
(2)

(2 − 2𝜀; 1,1) =∑  

𝑗0

𝑗=0

  (𝑘2)𝑗
(1 + 𝜀)𝑗

(𝑚2
2 − 𝑚1

2)1+2𝑗
 

× {𝐽(2)(2 − 2𝜀; 0,1) ∑  

𝑗

𝑙=0

 
𝑗!

𝑙! (𝑗 − 𝑙)!

(𝑚2
2)𝑙(𝑚1

2)𝑗−𝑙

(1 − 𝜀)𝑙(1 + 𝜀)𝑗−𝑙
 

−𝐽(2)(2 − 2𝜀; 1,0) ∑  

𝑗

𝑙=0

 
𝑗!

𝑙! (𝑗 − 𝑙)!

(𝑚1
2)𝑙(𝑚2

2)𝑗−𝑙

(1 − 𝜀)𝑙(1 + 𝜀)𝑗−𝑙
}

 

𝐽[∞]
(2)

(2 − 2𝜀; 1,1) = 𝐽(2)(2 − 2𝜀; 1,1)  
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𝐽(2)(2 − 2𝜀; 1,1) − 𝐽[𝑗0]
(2)

(2 − 2𝜀; 1,1) = (𝑘2)𝑗0+1𝐽‾𝑗0+1
(2)

(2 − 2𝜀; 1,1)  

𝐽(2)(2 − 2𝜀; 1,1) = 𝐽[𝑛+𝑙]
(2)

(2 − 2𝜀; 1,1) + (𝑘2)𝑛+𝑙+1𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,1)  

𝐽(2)(4 − 2𝜀 + 2𝑙 + 2𝑛; 1, 𝑁 − 1 + 𝑛) =
𝜋𝑙+𝑛+1

(𝑘2)𝑙+𝑛+1[𝑅𝑁,𝑙,𝑛
(1,1)(𝑚1, 𝑚2, 𝑘2, 𝜀)(𝑘2)𝑛+𝑙+1𝐽‾𝑛+𝑙+1

(2)
(2 − 2𝜀; 1,1)

+𝑅̃𝑁,𝑙,𝑛
(1,0)

(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 1,0)  

+𝑅̃𝑁,𝑙,𝑛
(0,1)

(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 0,1)]

 

𝑅̃𝑁,𝑙,𝑛
(1,0)(𝑚1, 𝑚2, 𝑘2, 𝜀) = (𝑘2)𝑙+𝑛+1𝑅‾𝑁,𝑙,𝑛

(1,0)(𝑚1, 𝑚2, 𝑘2, 𝜀)

𝑅̃𝑁,𝑙,𝑛
(0,1)(𝑚1, 𝑚2, 𝑘2, 𝜀) = (𝑘2)𝑙+𝑛+1𝑅‾𝑁,𝑙,𝑛

(0,1)(𝑚1, 𝑚2, 𝑘2, 𝜀)
 

𝐽(2)(4 − 2𝜀 + 2𝑙 + 2𝑛; 1, 𝑁 − 1 + 𝑛) = 𝜋𝑙+𝑛+1[𝑅𝑁,𝑙,𝑛
(1,1)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽‾𝑙+𝑛+1

(2)
(2 − 2𝜀; 1,1)

+𝑅‾𝑁,𝑙,𝑛
(1,0)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 1,0)  

+𝑅‾𝑁,𝑙,𝑛
(0,1)

(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 0,1)]

 

 

𝐵{2𝑙,𝑛}
1− point (𝑘2, 𝑚1

2, 𝑚2
2) =

𝜇2𝜀𝑒𝛾𝐸𝜀𝑛!

i𝜋1−𝜀
(−

1

2
)

𝑙

[𝑅‾2,𝑙,𝑛
(1,0)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 1,0)

+𝑅‾2,𝑙,𝑛
(0,1)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 0,1)]

𝐵{2𝑙,𝑛}
2− point (𝑘2, 𝑚1

2, 𝑚2
2) =

𝜇2𝜀𝑒𝛾𝐸𝜀𝑛!

i𝜋1−𝜀
(−

1

2
)

𝑙

𝑅2,𝑙,𝑛
(1,1)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽‾𝑛+𝑙+1

(2)
(2 − 2𝜀; 1,1)

 

𝐽(2)(𝐷; 1,2) =
1

Δ
[(𝐷 − 3)(𝑘2 + 𝑚1

2 − 𝑚2
2)𝐽(2)(𝐷; 1,1)

−(𝐷 − 2)𝐽(2)(𝐷; 1,0) −
(𝐷 − 2)(𝑘2 − 𝑚1

2 − 𝑚2
2)

2𝑚1
2 𝐽(2)(𝐷; 0,1)]

 

𝑅𝑁,𝑙,𝑛
(1,2)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 1,2)  

𝐽[𝑗0]
(2)

(2 − 2𝜀; 1,2) =
𝜕

𝜕𝑚2
2 𝐽[𝑗0]

(2)
(2 − 2𝜀; 1,1)  
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𝐽(2)(4 − 2𝜀 + 2𝑙 + 2𝑛; 1,3 + 𝑛) = 𝜋𝑙+𝑛+1[𝑅4,𝑙,𝑛
(1,1)

(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽‾𝑙+𝑛+1
(2)

(2 − 2𝜀; 1,1)

+𝑅4,𝑙,𝑛
(1,2)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽‾𝑙+𝑛+1

(2)
(2 − 2𝜀; 1,2) 

+𝑅‾4,𝑙,𝑛
(1,0)(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 1,0)  

+𝑅‾4,𝑙,𝑛
(0,1)

(𝑚1, 𝑚2, 𝑘2, 𝜀)𝐽(2)(2 − 2𝜀; 0,1)]

 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,1) =
i

𝜋
∫  

∞

(𝑚1+𝑚2)2
 d𝑠

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)
 

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠

= 2𝜋1−𝜀
Γ(1 − 𝜀)

Γ(1 − 2𝜀)

𝜋

√−Δ𝑠

(
𝑠

−Δ𝑠
)

𝜀

 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =
𝜕

𝜕𝑚2
2 𝐽‾𝑛+𝑙+1

(2)
(2 − 2𝜀; 1,1)  

𝜕

𝜕𝑚2
2 Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
 = Im[i−1𝐽(2)(2 − 2𝜀; 1,2)]

𝑠

 = −
(1 + 2𝜀)(𝑠 + 𝑚1

2 − 𝑚2
2)

Δ𝑠
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠

 

𝑠𝛿 = (𝑚1 + 𝑚2)2 + 𝛿  

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =
i

𝜋
∫  

∞

𝑠𝛿

 
d𝑠

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)

𝜕

𝜕𝑚2
2 Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠

 −
i

𝜋

𝑚1 + 𝑚2

𝑚2

1

𝑠𝛿
𝑛+𝑙+1(𝑠𝛿 − 𝑘2 − i0)

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠𝛿

 

𝜕

𝜕𝑠
{𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
} = 2𝜋1−𝜀

Γ(1 − 𝜀)

Γ(1 − 2𝜀)
𝜋 (

𝜕Δ𝑠

𝜕𝑠
) (

𝜕

𝜕Δ𝑠

(−Δ𝑠)
−1/2−𝜀)

𝜕

𝜕𝑚2
2 Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
= 2𝜋1−𝜀

Γ(1 − 𝜀)

Γ(1 − 2𝜀)
𝜋𝑠𝜀 (

𝜕Δ𝑠

𝜕𝑚2
2)(

𝜕

𝜕Δ𝑠

(−Δ𝑠)
−1/2−𝜀)

 

𝜕

𝜕𝑚2
2 Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
= 𝑠𝜀

(𝜕Δ𝑠/𝜕𝑚2
2)

(𝜕Δ𝑠/𝜕𝑠)

𝜕

𝜕𝑠
{𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
}  

𝜕Δ𝑠

𝜕𝑚2
2 = 2(𝑠 + 𝑚1

2 − 𝑚2
2),  and  

𝜕Δ𝑠

𝜕𝑠
= −2(𝑠 − 𝑚1

2 − 𝑚2
2) 

𝜕

𝜕𝑚2
2 Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
= −𝑠𝜀

𝑠 + 𝑚1
2 − 𝑚2

2

𝑠 − 𝑚1
2 − 𝑚2

2

𝜕

𝜕𝑠
{𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
}  
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i

𝜋
∫  

∞

𝑠𝛿

 
d𝑠

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)

𝜕

𝜕𝑚2
2 Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠

= −
i

𝜋
∫  

∞

𝑠𝛿

 
𝑠𝜀d𝑠

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)

𝑠 + 𝑚1
2 − 𝑚2

2

𝑠 − 𝑚1
2 − 𝑚2

2

𝜕

𝜕𝑠
{𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
} 

=
i

𝜋
∫  

∞

𝑠𝛿

 d𝑠𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠

𝜕

𝜕𝑠
[

𝑠𝜀

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)

𝑠 + 𝑚1
2 − 𝑚2

2

𝑠 − 𝑚1
2 − 𝑚2

2] 

 +
i

𝜋

𝑠𝛿 + 𝑚1
2 − 𝑚2

2

𝑠𝛿 − 𝑚1
2 − 𝑚2

2

1

𝑠𝛿
𝑛+𝑙+1(𝑠𝛿 − 𝑘2 − i0)

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠𝛿

 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =
i

𝜋
∫  

∞

(𝑚1+𝑚2)2
 d𝑠𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠

 ×
𝜕

𝜕𝑠
[

𝑠𝜀

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)

𝑠 + 𝑚1
2 − 𝑚2

2

𝑠 − 𝑚1
2 − 𝑚2

2]

 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =
i

𝜋
∫  

∞

(𝑚1+𝑚2)2
 d𝑠 {𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
− (𝑘2)−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑘2}

×
𝜕

𝜕𝑠
[

𝑠𝜀

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)

𝑠 + 𝑚1
2 − 𝑚2

2

𝑠 − 𝑚1
2 − 𝑚2

2]  

 −
i

𝜋

𝑚1 + 𝑚2

𝑚2

[(𝑚1 + 𝑚2)2]𝜀−𝑛−𝑙−1

(𝑚1 + 𝑚2)2 − 𝑘2 − i0
(𝑘2)−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑘2

 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =−
i

𝜋
(1 + 2𝜀) ∫  

∞

𝑠𝛿

 d𝑠
𝑠 + 𝑚1

2 − 𝑚2
2

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)Δ𝑠
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
 

 −
i

𝜋

𝑚1 + 𝑚2

𝑚2

1

𝑠𝛿
𝑛+𝑙+1(𝑠𝛿 − 𝑘2 − i0)

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠𝛿

 

Δ𝑠 = −[𝑠 − (𝑚1 + 𝑚2)2][𝑠 − (𝑚1 − 𝑚2)2] = −(𝑠 − 𝑠0)(𝑠 − 𝑠1)  

𝑠0 ≡ (𝑚1 + 𝑚2)2, 𝑠1 ≡ (𝑚1 − 𝑚2)2 

1

𝑠 − 𝑘2 − i0
= −

𝑠 − 𝑠𝛿

(𝑠 − 𝑘2 − i0)(𝑠𝛿 − 𝑘2 − i0)
+

1

𝑠𝛿 − 𝑘2 − i0
 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =
i

𝜋

1 + 2𝜀

𝑠𝛿 − 𝑘2 − i0
∫  

∞

𝑠𝛿

 d𝑠
(𝑠 + 𝑚1

2 − 𝑚2
2)(𝑠 − 𝑠𝛿)

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)Δ𝑠
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠

−
i

𝜋

1 + 2𝜀

𝑠𝛿 − 𝑘2 − i0
∫  

∞

𝑠𝛿

 d𝑠
𝑠 + 𝑚1

2 − 𝑚2
2

𝑠𝑛+𝑙+1Δ𝑠
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
 

 −
i

𝜋

𝑚1 + 𝑚2

𝑚2

1

𝑠𝛿
𝑛+𝑙+1(𝑠𝛿 − 𝑘2 − i0)

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠𝛿

 

(𝑠 − 𝑠𝛿)/Δ𝑠 = (𝑠 − 𝑠0)/Δ𝑠 = −1/(𝑠 − 𝑠1) 

𝜕

𝜕𝑠
{𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
} =

(1 + 2𝜀)(𝑠 − 𝑚1
2 − 𝑚2

2)

Δ𝑠
𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
 

1 + 2𝜀

Δ𝑠
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
=

𝑠𝜀

𝑠 − 𝑚1
2 − 𝑚2

2

𝜕

𝜕𝑠
{𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
} 
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−
i

𝜋

1 + 2𝜀

𝑠𝛿 − 𝑘2 − i0
∫  

∞

𝑠𝛿

 d𝑠
𝑠 + 𝑚1

2 − 𝑚2
2

𝑠𝑛+𝑙+1Δ𝑠
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠

=−
i

𝜋

1

𝑠𝛿 − 𝑘2 − i0
∫  

∞

𝑠𝛿

 d𝑠
𝑠𝜀(𝑠 + 𝑚1

2 − 𝑚2
2)

𝑠𝑛+𝑙+1(𝑠 − 𝑚1
2 − 𝑚2

2)

𝜕

𝜕𝑠
{𝑠−𝜀Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
} 

=
i

𝜋

1

𝑠𝛿 − 𝑘2 − i0

𝑠𝛿 + 𝑚1
2 − 𝑚2

2

𝑠𝛿
𝑛+𝑙+1(𝑠𝛿 − 𝑚1

2 − 𝑚2
2)

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠𝛿

 +
i

𝜋

1

𝑠𝛿 − 𝑘2 − i0
∫  

∞

𝑠𝛿

 d𝑠Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠
𝑠−𝜀

𝜕

𝜕𝑠
[

𝑠𝜀(𝑠 + 𝑚1
2 − 𝑚2

2)

𝑠𝑛+𝑙+1(𝑠 − 𝑚1
2 − 𝑚2

2)
]

 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =−
i

𝜋

1 + 2𝜀

𝑠0 − 𝑘2 − i0
∫  

∞

𝑠0

 d𝑠
𝑠 + 𝑚1

2 − 𝑚2
2

𝑠𝑛+𝑙+1(𝑠 − 𝑠1)(𝑠 − 𝑘2 − i0)
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠
 

 +
i

𝜋

1

𝑠0 − 𝑘2 − i0
∫  

∞

𝑠0

 d𝑠Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠
𝑠−𝜀

𝜕

𝜕𝑠
[

𝑠𝜀(𝑠 + 𝑚1
2 − 𝑚2

2)

𝑠𝑛+𝑙+1(𝑠 − 𝑚1
2 − 𝑚2

2)
]

 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =−(1 + 2𝜀)
𝑘2 + 𝑚1

2 − 𝑚2
2

Δ
𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,1)  

+ (1 + 2𝜀)
2𝑚1(𝑚1 − 𝑚2)

Δ
𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,1)|
𝑘2=𝑠1

 

 +
i

𝜋

1

𝑠0 − 𝑘2 − i0
∫  

∞

𝑠0

 d𝑠Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠
𝑠−𝜀

𝜕

𝜕𝑠
[

𝑠𝜀(𝑠 + 𝑚1
2 − 𝑚2

2)

𝑠𝑛+𝑙+1(𝑠 − 𝑚1
2 − 𝑚2

2)
]

 

i

𝜋
∫  

∞

𝑠0

 d𝑠Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠
𝑠−𝜀

𝜕

𝜕𝑠
[

𝑠𝜀(𝑠 + 𝑚1
2 − 𝑚2

2)

𝑠𝑛+𝑙+1(𝑠 − 𝑚1
2 − 𝑚2

2)
]

=
i

𝜋

𝜕

𝜕𝑚2
2 ∫  

∞

𝑠0

 
d𝑠

𝑠𝑛+𝑙+1
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠

=
𝜕

𝜕𝑚2
2 𝐽‾𝑛+𝑙

(2)
(2 − 2𝜀; 1,1)|

𝑘2=0

 

𝐽‾𝑛+𝑙
(2)

(2 − 2𝜀; 1,1)|
𝑘2=0

=
(1 + 𝜀)𝑛+𝑙

(𝑚2
2 − 𝑚1

2)1+2𝑛+2𝑙

× {𝐽(2)(2 − 2𝜀; 0,1) ∑  

𝑛+𝑙

𝑟=0

 
(𝑛 + 𝑙)!

𝑟! (𝑛 + 𝑙 − 𝑟)!

(𝑚2
2)𝑟(𝑚1

2)𝑛+𝑙−𝑟

(1 − 𝜀)𝑟(1 + 𝜀)𝑛+𝑙−𝑟
 

−𝐽(2)(2 − 2𝜀; 1,0) ∑  

𝑗

𝑟=0

 
(𝑛 + 𝑙)!

𝑟! (𝑛 + 𝑙 − 𝑟)!

(𝑚1
2)𝑟(𝑚2

2)𝑛+𝑙−𝑟

(1 − 𝜀)𝑟(1 + 𝜀)𝑛+𝑙−𝑟
}

 

𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =−(1 + 2𝜀)
𝑘2 + 𝑚1

2 − 𝑚2
2

Δ
𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,1)  

+ (1 + 2𝜀)
2𝑚1(𝑚1 − 𝑚2)

Δ
𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,1)|
𝑘2=𝑠1

 

 +
1

𝑠0 − 𝑘2 − i0

𝜕

𝜕𝑚2
2 𝐽‾𝑛+𝑙

(2)
(2 − 2𝜀; 1,1)|

𝑘2=0

.
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𝐽‾𝑛+𝑙+1
(2)

(2 − 2𝜀; 1,2) =
1

𝑠0 − 𝑘2 − i0
{−(1 + 2𝜀)𝐽‾𝑛+𝑙+1

(2)
(2 − 2𝜀; 1,1)

−(1 + 2𝜀)
2𝑚1(𝑚1 − 𝑚2)

𝑘2 − 𝑠1
[𝐽‾𝑛+𝑙+1

(2)
(2 − 2𝜀; 1,1) − 𝐽‾𝑛+𝑙+1

(2)
(2 − 2𝜀; 1,1)|

𝑘2=𝑠1

] 

+
𝜕

𝜕𝑚2
2 𝐽‾𝑛+𝑙

(2)
(2 − 2𝜀; 1,1)|

𝑘2=0

}

 

 

1

𝑘2 − 𝑠1
[𝐽‾𝑛+𝑙+1

(2)
(2 − 2𝜀; 1,1) − 𝐽‾𝑛+𝑙+1

(2)
(2 − 2𝜀; 1,1)|

𝑘2=𝑠1

]

=
i

𝜋
∫  

∞

𝑠0

d𝑠
Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]

𝑠

𝑠𝑛+𝑙+1(𝑠 − 𝑘2 − i0)(𝑠 − 𝑠1 − i0)
 

 

 

 

𝑈𝜇1…𝜇𝑀+𝐿

(𝑁)
= (

𝜇4−𝐷𝑒𝛾𝐸(4−𝐷)/2

i𝜋𝐷/2
)

2

∬   d𝐷𝑞1 d𝐷𝑞2  

×
𝑞11

… 𝑞1𝜇𝑀
𝑞2𝜇𝑀+1

…𝑞2𝜇𝑀+𝐿

[𝑞1
2 − 𝑚𝑁+2

2 ][𝑞2
2 − 𝑚𝑁+3

2 ][(𝑞1 + 𝑞2)2 − 𝑚1
2][(𝑘1 + 𝑞1 + 𝑞2)2 − 𝑚2

2]
 

×
1

[(𝑘1 + 𝑘2 + 𝑞1 + 𝑞2)2 − 𝑚3
2] … [(𝑘1 + ⋯ + 𝑘𝑗−1 + 𝑞1 + 𝑞2)

2
− 𝑚𝑗

2]
 

 ×
1

[(𝑘1 + ⋯ + 𝑘𝑗−1 + 𝑞1)
2

− 𝑚𝑗+1
2 ] … [(𝑘1 + ⋯ + 𝑘𝑁−1 + 𝑞1)2 − 𝑚𝑁+1

2 ]
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𝑈(2)= (
𝜇4−𝐷𝑒𝛾𝐸(4−𝐷)/2

i𝜋𝐷/2
)

2

 

 × ∬  
d𝐷𝑞1 d𝐷𝑞2

[𝑞1
2 − 𝑚4

2][𝑞2
2 − 𝑚5

2][(𝑞1 + 𝑞2)2 − 𝑚1
2][(𝑞1 + 𝑞2 − 𝑘)2 − 𝑚2

2][(𝑞1 − 𝑘)2 − 𝑚3
2]

,

 

𝐽(3)(𝐷; 1,1,1)| 𝑝1=0,𝑝2=𝑞1,𝑝3=𝑞1−𝑘

𝑚1
2↔𝑚5

2,𝑚2
2↔𝑚1

2,𝑚3
2↔𝑚2

2

= ∫  
d𝐷𝑞2

[𝑞2
2 − 𝑚5

2][(𝑞1 + 𝑞2)2 − 𝑚1
2][(𝑞1 + 𝑞2 − 𝑘)2 − 𝑚2

2]
 

𝐽(3)(𝐷; 1,1,1) = ∫  
1

0

  d𝑥𝐽(2)(𝐷; 1,2)|
𝑝1=0,𝑝2=𝑞1−𝑥‾𝑘

𝑚1
2↔𝑚5

2,𝑚2
2↔𝑥𝑚1

2+𝑥‾𝑚2
2−𝑥𝑥‾𝑘2

 = ∫  
1

0

  d𝑥 ∫  
 d𝐷𝑞2

[𝑞2
2 − 𝑚5

2][(𝑞1 − 𝑥‾𝑘 + 𝑞2)2 − 𝑥𝑚1
2 − 𝑥‾𝑚2

2 + 𝑥𝑥‾𝑘2]2

 

𝐽(3)(4 − 2𝜀; 1,1,1) =
1

2
∫  

1

0

  d𝑥{i𝜋2−𝜀Γ(𝜀)
(𝑚5

2)
−𝜀

− (𝑚12𝑥
2 )−𝜀

𝑚5
2 − 𝑚12𝑥

2

−[(𝑞1 − 𝑥‾𝑘)2 + 𝑚5
2 − 𝑚12𝑥

2 ]𝜋𝐽‾1
(2)

(2 − 2𝜀; 1,1)}

 

𝐽‾1
(2)

(2 − 2𝜀; 1,1) =
i

𝜋
∫  

∞

(𝑚5+𝑚12𝑥)2
d𝑠

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]
𝑠

𝑠[𝑠 − (𝑞1 − 𝑥‾𝑘)2 − i0]
 

𝐽(3)(4; 1,1,1) =
1

2
∫  

1

0

  d𝑥 {
i𝜋2

𝑚5
2 − 𝑚12𝑥

2 ln 
𝑚12𝑥

2

𝑚5
2 − [(𝑞1 − 𝑥‾𝑘)2 + 𝑚5

2 − 𝑚12𝑥
2 ]𝜋𝐽‾1

(2)
(2; 1,1)}  

Im[i−1𝐽(2)(2; 1,1)]
𝑠

=
2𝜋2

√(𝑠 − 𝑚12𝑥
2 − 𝑚5

2)2 − 4𝑚12𝑥
2 𝑚5

2

, 

𝑈(2) =
1

2
∫  

1

0

  d𝑥 {
1

𝑚5
2 − 𝑚12𝑥

2 ln 
𝑚12𝑥

2

𝑚5
2 𝐵0

+
1

𝜋2
∫  

∞

(𝑚5+𝑚12𝑥)2
 d𝑠

Im[i−1𝐽(2)(2; 1,1)]
𝑠

𝑠
[(𝑠 + 𝑚5

2 − 𝑚12𝑥
2 )𝐶0 + 𝐵0]}
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𝑈(2) =
1

2𝜋2
∫  

1

0

  d𝑥 ∫  
∞

(𝑚5+𝑚12𝑥)2
 
d𝑠

𝑠
(𝑠 + 𝑚5

2 − 𝑚12𝑥
2 )Im[i−1𝐽(2)(2; 1,1)]

𝑠
𝐶0  

𝐶0 =
1

𝑠 − 𝑚43𝑥
2

[𝑥𝔇𝔦𝔰𝔠(𝑥2𝑘2, 𝑚3
2, 𝑠) + 𝑥‾𝔇𝔦𝔰𝔠(𝑥‾2𝑘2, 𝑚3

2, 𝑠) − 𝔇𝔦𝔰𝔠(𝑘2, 𝑚3
2, 𝑚4

2)] +
1

2𝑥𝑥‾𝑘2 (ln 
𝑚3

2

𝑠
− 𝑥ln 

𝑚3
2

𝑚4
2)

 

𝔇𝔦𝔰𝔠(𝑘2, 𝑚1
2, 𝑚2

2) =
√−Δ(𝑘2, 𝑚1

2, 𝑚2
2)

𝑘2
ln (

𝑚1
2 + 𝑚2

2 − 𝑘2 + √−Δ(𝑘2, 𝑚1
2, 𝑚2

2)

2𝑚1𝑚2
)  

 

𝐽(2)(𝐷; 𝜈1, 𝜈2) = ∫  
d𝐷𝑞

[𝑞2 − 𝑚1
2]𝜈1[(𝑘 + 𝑞)2 − 𝑚2

2]𝜈2
 

𝟏+𝐽(2)(𝐷; 𝜈1, 𝜈2) =
1

𝜈1Δ
{[(𝑘2 − 𝑚1

2)(𝐷 − 𝜈1 − 2𝜈2) + 𝑚2
2(𝐷 − 3𝜈1)]

−2𝜈2𝑚2
2𝟏−𝟐+ − 𝜈1(𝑘2 − 𝑚1

2 − 𝑚2
2)𝟏+𝟐−}𝐽(2)(𝐷; 𝜈1, 𝜈2)

𝟐+𝐽(2)(𝐷; 𝜈1, 𝜈2) =
1

𝜈2Δ
{[(𝑘2 − 𝑚2

2)(𝐷 − 2𝜈1 − 𝜈2) + 𝑚1
2(𝐷 − 3𝜈2)]

−2𝜈1𝑚1
2𝟏+𝟐− − 𝜈2(𝑘2 − 𝑚1

2 − 𝑚2
2)𝟏−𝟐+}𝐽(2)(𝐷; 𝜈1, 𝜈2)

 

𝟏±𝐽(2)(𝐷; 𝜈1, 𝜈2) = 𝐽(2)(𝐷; 𝜈1 ± 1, 𝜈2), 𝟐±𝐽(2)(𝐷; 𝜈1, 𝜈2) = 𝐽(2)(𝐷; 𝜈1, 𝜈2 ± 1) 

 

Δ ≡ Δ(𝑚1
2, 𝑚2

2, 𝑘2)= 2𝑘2𝑚1
2 + 2𝑘2𝑚2

2 + 2𝑚1
2𝑚2

2 − (𝑘2)2 − 𝑚1
4 − 𝑚2

4 

= 4𝑚1
2𝑚2

2 − (𝑘2 − 𝑚1
2 − 𝑚2

2)2  

= −[𝑘2 − (𝑚1 + 𝑚2)2][𝑘2 − (𝑚1 − 𝑚2)2]  

 = −𝜆(𝑚1
2, 𝑚2

2, 𝑘2)

 

𝐽(2)(𝐷; 𝜈1, 0) = i1−2𝜈1𝜋𝐷/2
Γ(𝜈1 − 𝐷/2)

Γ(𝜈1)
(𝑚1

2)𝐷/2−𝜈1 = (−𝑚1
2)1−𝜈1

Γ(𝜈1 − 𝐷/2)

Γ(𝜈1)Γ(1 − 𝐷/2)
𝐽(2)(𝐷; 1,0)

𝐽(2)(𝐷; 0, 𝜈2) = i1−2𝜈2𝜋𝐷/2
Γ(𝜈2 − 𝐷/2)

Γ(𝜈2)
(𝑚2

2)𝐷/2−𝜈2 = (−𝑚2
2)1−𝜈2

Γ(𝜈2 − 𝐷/2)

Γ(𝜈2)Γ(1 − 𝐷/2)
𝐽(2)(𝐷; 0,1)

 

𝐽(2)(𝐷 + 2; 𝜈1, 𝜈2) = −
𝜋

2𝑘2(𝐷 − 𝜈1 − 𝜈2 + 1)
[Δ𝐽(2)(𝐷; 𝜈1, 𝜈2)

+(𝑘2 + 𝑚1
2 − 𝑚2

2)𝐽(2)(𝐷; 𝜈1, 𝜈2 − 1)

+(𝑘2 − 𝑚1
2 + 𝑚2

2)𝐽(2)(𝐷; 𝜈1 − 1, 𝜈2)]

 

𝐽(2)(𝐷 + 2; 1,1) =−
𝜋

2𝑘2(𝐷 − 1)
[Δ𝐽(2)(𝐷; 1,1)  

+(𝑘2 + 𝑚1
2 − 𝑚2

2)𝐽(2)(𝐷; 1,0) + (𝑘2 − 𝑚1
2 + 𝑚2

2)𝐽(2)(𝐷; 0,1)].
 

𝐽(2)(𝐷 + 2𝑗; 1,0)  = 𝜋𝑗(𝑚1
2)𝑗

Γ(1 − 𝐷/2 − 𝑗)

Γ(1 − 𝐷/2)
𝐽(2)(𝐷; 1,0)

𝐽(2)(𝐷 + 2𝑗; 0,1)  = 𝜋𝑗(𝑚2
2)𝑗

Γ(1 − 𝐷/2 − 𝑗)

Γ(1 − 𝐷/2)
𝐽(2)(𝐷; 0,1)
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𝐽(2)(4 − 2𝜀; 1,1) =−
𝜋

2𝑘2(1 − 2𝜀)
[Δ𝐽(2)(2 − 2𝜀; 1,1)  

+(𝑘2 + 𝑚1
2 − 𝑚2

2)𝐽(2)(2 − 2𝜀; 1,0) + (𝑘2 − 𝑚1
2 + 𝑚2

2)𝐽(2)(2 − 2𝜀; 0,1)],
 

𝐽(2)(𝐷 + 2; 𝜈1 + 1, 𝜈2) = −
𝜋

2𝜈1𝑘2
[(𝑘2 − 𝑚1

2 + 𝑚2
2)𝐽(2)(𝐷; 𝜈1, 𝜈2)

+𝐽(2)(𝐷; 𝜈1, 𝜈2 − 1) − 𝐽(2)(𝐷; 𝜈1 − 1, 𝜈2)]

𝐽(2)(𝐷 + 2; 𝜈1, 𝜈2 + 1) = −
𝜋

2𝜈2𝑘2
[(𝑘2 + 𝑚1

2 − 𝑚2
2)𝐽(2)(𝐷; 𝜈1, 𝜈2)

−𝐽(2)(𝐷; 𝜈1, 𝜈2 − 1) + 𝐽(2)(𝐷; 𝜈1 − 1, 𝜈2)]

 

𝐽(2)(4 − 2𝜀; 1,1) =
i𝜋2−𝜀Γ(1 + 𝜀)

2(1 − 2𝜀)
{
(𝑚1

2)−𝜀 + (𝑚2
2)−𝜀

𝜀
+

𝑚1
2 − 𝑚2

2

𝜀𝑘2
[(𝑚1

2)−𝜀 − (𝑚2
2)−𝜀]

+ [1 + 𝜀ln (
𝑘2

Δ
)] 𝐹1 + 2𝜀𝐹2 + 𝒪(𝜀2)}

 

𝐽(2)(2 − 2𝜀; 1,1) = −i𝜋1−𝜀Γ(1 + 𝜀)
𝑘2

Δ
{[1 + 𝜀ln (

𝑘2

Δ
)] 𝐹1 + 2𝜀𝐹2 + 𝒪(𝜀2)}  

𝐹𝑖 =
√Δ

𝑘2
∑  

2

𝑖=1

  [Ls𝑖(𝜋) − Ls𝑖(2𝜏0𝑖
′ )]  

cos 𝜏01
′ =

𝑚1
2 − 𝑚2

2 + 𝑘2

2𝑚1√𝑘2
, cos 𝜏02

′ =
𝑚2

2 − 𝑚1
2 + 𝑘2

2𝑚2√𝑘2
 

Ls𝑗(𝜃) ≡ − ∫  
𝜃

0

 d𝜃′ln𝑗−1 |2sin 
𝜃

2
|  

Cl2(𝜃) =
1

2i
[Li2(𝑒i𝜃) − Li2(𝑒−i𝜃)]  

𝐹1 =
√Δ

𝑘2
∑  

2

𝑖=1

  [Ls1(𝜋) − Ls1(2𝜏0𝑖
′ )] = −2

√Δ

𝑘2
arccos (

𝑚1
2 + 𝑚2

2 − 𝑘2

2𝑚1𝑚2
)

𝐹2 =
√Δ

𝑘2
∑  

2

𝑖=1

  [Ls2(𝜋) − Ls2(2𝜏0𝑖
′ )] = −

√Δ

𝑘2
[Cl2(2𝜏01

′ ) + Cl2(2𝜏02
′ )]

 

i𝜎[Ls1(𝜋) − Ls1(𝜃𝑖)]  = ln (−𝑧𝑖)

i𝜎[Ls2(𝜋) − Ls2(𝜃𝑖)]  = −
1

2
[Li2(𝑧𝑖) − Li2(1/𝑧𝑖)]

 

𝑧1 =
𝑘2 + 𝑚1

2 − 𝑚2
2 + √−Δ

𝑘2 + 𝑚1
2 − 𝑚2

2 − √−Δ
, 𝑧2 =

𝑘2 − 𝑚1
2 + 𝑚2

2 + √−Δ

𝑘2 − 𝑚1
2 + 𝑚2

2 − √−Δ
 

𝐹1 = −
√−Δ

𝑘2
[ln (−𝑧1) + ln (−𝑧2)]

𝐹2 = −
√−Δ

2𝑘2 [Li2 (
1

𝑧1
) − Li2(𝑧1) + Li2 (

1

𝑧2
) − Li2(𝑧2)]
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𝐹1 = −
√−Δ

𝑘2
[ln (𝑧1𝑧2) − 2i𝜋]

𝐹2 = −
√−Δ

2𝑘2 [2Li2 (
1

𝑧1
) + 2Li2 (

1

𝑧2
) −

2

3
𝜋2 +

1

2
ln2 𝑧1 +

1

2
ln2 𝑧2 − i𝜋ln (𝑧1𝑧2)] .

 

ln (
𝑘2

Δ
) 𝐹1 ⇒ [ln (

𝑘2

−Δ
) + i𝜋] 𝐹1  

Im[i−1𝐽(2)(4 − 2𝜀; 1,1)]=
𝜋2−𝜀Γ(1 + 𝜀)

(1 − 2𝜀)

𝜋√−Δ

𝑘2 {1 + 𝜀ln (
𝑘2

−Δ
) + 𝒪(𝜀2)}  

 = 𝜋2−𝜀𝑒−𝛾𝜀
𝜋√−Δ

𝑘2 {1 + 2𝜀 + 𝜀ln (
𝑘2

−Δ
) + 𝒪(𝜀2)}

 

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)]= 2𝜋1−𝜀Γ(1 + 𝜀)
𝜋

√−Δ
{1 + 𝜀ln (

𝑘2

−Δ
) + 𝒪(𝜀2)} 

 = 2𝜋1−𝜀𝑒−𝛾𝜀
𝜋

√−Δ
{1 + 𝜀ln (

𝑘2

−Δ
) + 𝒪(𝜀2)}

 

Im[i−1𝐽(2)(2 − 2𝜀; 1,1)] = 2𝜋1−𝜀
Γ(1 − 𝜀)

Γ(1 − 2𝜀)

𝜋

√−Δ
(

𝑘2

−Δ
)

𝜀

 

𝐽(2)(𝐷; 1,1) =−i𝜋𝐷/2(𝑚2
2)𝐷/2−2Γ(1 − 𝐷/2)  

× {𝐹4 (1,2 − 𝐷/2; 𝐷/2,2 − 𝐷/2 | 
𝑘2

𝑚2
2 ,

𝑚1
2

𝑚2
2)  

 − (
𝑚1

2

𝑚2
2)

𝐷/2−1

𝐹4 (1,2 − 𝐷/2; 𝐷/2,2 − 𝐷/2 | 
𝑘2

𝑚2
2 ,

𝑚1
2

𝑚2
2)

 

𝐹4(𝑎, 𝑏; 𝑐, 𝑑 ∣ 𝑥, 𝑦) = ∑  

∞

𝑗1=0

  ∑  

∞

𝑗2=0

 
(𝑎)𝑗1+𝑗2

(𝑏)𝑗1+𝑗2

(𝑐)𝑗1
(𝑑)𝑗2

𝑥𝑗1𝑦𝑗2

𝑗1! 𝑗2!
 

𝐹4(𝑎, 𝑏; 𝑐, 𝑑 ∣ 𝑥, 𝑦) = ∑  

∞

𝑗=0

 
𝑥𝑗

𝑗!

(𝑎)𝑗(𝑏)𝑗

(𝑐)𝑗
 2𝐹1 (

𝑎 + 𝑗, 𝑏 + 𝑗
𝑑

|  𝑦)  

𝐽(2)(𝐷; 1,1) =−
i𝜋𝐷/2

𝑚2
2 ∑  

∞

𝑗=0

 (
𝑘2

𝑚2
2)

𝑗
1

(𝐷/2)𝑗
 

× {(𝑚2
2)𝐷/2−1(2 − 𝐷/2)𝑗 2𝐹1 (

1 + 𝑗, 2 − 𝐷/2 + 𝑗
2 − 𝐷/2

| 
𝑚1

2

𝑚2
2) 

−(𝑚1
2)𝐷/2−1(𝐷/2)𝑗 2𝐹1 (

1 + 𝑗, 𝐷/2 + 𝑗
𝐷/2

| 
𝑚1

2

𝑚2
2)}
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 2𝐹1 (
−𝑗, 𝛼 − 𝑗

1 + 𝛼
|  𝑧) = ∑  

𝑗

𝑙=0

 
(𝛼 − 𝑗)𝑙

(𝛼 + 1)𝑙

𝑗!

𝑙! (𝑗 − 𝑙)!
(−𝑧)𝑙  

𝐽(2)(𝐷; 1,1) =−i𝜋𝐷/2Γ (1 −
𝐷

2
) ∑  

∞

𝑗=0

 
(𝑘2)𝑗

(𝐷/2)𝑗

1

(𝑚2
2 − 𝑚1

2)1+2𝑗
 

× {(𝑚2
2)𝐷/2−1(2 − 𝐷/2)𝑗 ∑  

𝑗

𝑙=0

 
(1 − 𝐷/2 − 𝑗)𝑙

(2 − 𝐷/2)𝑙

𝑗!

𝑙! (𝑗 − 𝑙)!
(−𝑚1

2)𝑙(𝑚2
2)𝑗−𝑙 

−(𝑚1
2)𝐷/2−1(𝐷/2)𝑗 ∑  

𝑗

𝑙=0

 
(𝐷/2 − 1 − 𝑗)𝑙

(𝐷/2)𝑙

𝑗!

𝑙! (𝑗 − 𝑙)!
(−𝑚1

2)𝑙(𝑚2
2)𝑗−𝑙}

 

𝐽(2)(𝐷; 1,1) =−i𝜋𝐷/2Γ (1 −
𝐷

2
) ∑  

∞

𝑗=0

  (𝑘2)𝑗
(2 − 𝐷/2)𝑗

(𝑚2
2 − 𝑚1

2)1+2𝑗
 

× {(𝑚2
2)𝐷/2−1 ∑  

𝑗

𝑙=0

 
𝑗!

𝑙! (𝑗 − 𝑙)!

(𝑚2
2)𝑙(𝑚1

2)𝑗−𝑙

(𝐷/2)𝑙(2 − 𝐷/2)𝑗−𝑙
 

−(𝑚1
2)𝐷/2−1 ∑  

𝑗

𝑙=0

 
𝑗!

𝑙! (𝑗 − 𝑙)!

(𝑚1
2)𝑙(𝑚2

2)𝑗−𝑙

(𝐷/2)𝑙(2 − 𝐷/2)𝑗−𝑙
}

 

𝐽(2)(𝐷; 1,1) =∑  

∞

𝑗=0

  (𝑘2)𝑗
(2 − 𝐷/2)𝑗

(𝑚2
2 − 𝑚1

2)1+2𝑗
 

× {𝐽(2)(𝐷; 0,1) ∑  

𝑗

𝑙=0

 
𝑗!

𝑙! (𝑗 − 𝑙)!

(𝑚2
2)𝑙(𝑚1

2)𝑗−𝑙

(𝐷/2)𝑙(2 − 𝐷/2)𝑗−𝑙
 

−𝐽(2)(𝐷; 1,0) ∑  

𝑗

𝑙=0

 
𝑗!

𝑙! (𝑗 − 𝑙)!

(𝑚1
2)𝑙(𝑚2

2)𝑗−𝑙

(𝐷/2)𝑙(2 − 𝐷/2)𝑗−𝑙
}

 

𝐽(2)(𝐷; 1,1)|
𝑘2→0,𝑚1=𝑚2≡𝑚

= i𝜋𝐷/2(𝑚2)𝐷/2−2Γ (2 −
𝐷

2
)  2𝐹1 (

1,2 − 𝐷/2
3/2

| 
𝑘2

4𝑚2)  

 = i𝜋𝐷/2(𝑚2)𝐷/2−2Γ (2 −
𝐷

2
) ∑  

∞

𝑗=0

 
(2 − 𝐷/2)𝑗

(3/2)𝑗
(

𝑘2

4𝑚2)

𝑗

.

 

𝐽(2)(𝐷; 1,1)|
𝑘2→0,𝑚1=0,𝑚2≡𝑚

= −i𝜋𝐷/2(𝑚2)𝐷/2−2Γ (1 −
𝐷

2
)  2𝐹1 (

1,2 − 𝐷/2
𝐷/2

| 
𝑘2

𝑚2)  

 = −i𝜋𝐷/2(𝑚2)𝐷/2−2Γ (1 −
𝐷

2
) ∑  

∞

𝑗=0

 
(2 − 𝐷/2)𝑗

(𝐷/2)𝑗
(

𝑘2

𝑚2)

𝑗  

−i𝜋𝐷/2(𝑚2)𝐷/2−2Γ (1 −
𝐷

2
) ∑  

∞

𝑗=0

(𝐷/2 − 1 − 𝑗)𝑗

(𝐷/2)𝑗
(−

𝑘2

𝑚2)

𝑗

. 
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𝐽(2)(4 − 2𝜀; 1,1)|
𝑚1=0,𝑚2≡𝑚

=i𝜋2−𝜀(𝑚2)−𝜀
Γ(1 + 𝜀)

1 − 2𝜀
{
1

𝜀
−

1 − 𝑢

2𝑢𝜀
[(1 − 𝑢)−2𝜀 − 1]

−
𝜀(1 − 𝑢)−2𝜀

𝑢
Li2(𝑢) + 𝒪(𝜀2)}

 

Li2(𝑢) = −Li2 (
1

𝑢
) +

1

3
𝜋2 −

1

2
ln2 𝑢 + i𝜋ln 𝑢 

Li2(𝑢) = −Li2(1 − 𝑢) +
1

6
𝜋2 − ln 𝑢ln (1 − 𝑢) 

𝐽(2)(4 − 2𝜀; 1,1)|
𝑚1=0,𝑚2≡𝑚,𝑘2=𝑚2 = i𝜋2−𝜀(𝑚2)−𝜀

Γ(𝜀)

1 − 2𝜀
 

𝐽(2)(4 − 2𝜀; 1,1)|
𝑚1=𝑚2=0

= i𝜋2−𝜀(−𝑘2)−𝜀
Γ2(1 − 𝜀)Γ(𝜀)

Γ(2 − 2𝜀)
 

𝐽(2)(4 − 2𝜀; 1,1)|
𝑘2=0

= −i𝜋2−𝜀Γ(−1 + 𝜀)
(𝑚1

2)1−𝜀 − (𝑚2
2)1−𝜀

𝑚1
2 − 𝑚2

2
 

𝐽(2)(4 − 2𝜀; 1,1)|
𝑘2=0,𝑚1=𝑚2≡𝑚

= i𝜋2−𝜀Γ(𝜀)(𝑚2)−𝜀 

𝐽(2)(4 − 2𝜀; 1,1)|
𝑘2=0,𝑚1=0,𝑚2≡𝑚

= −i𝜋2−𝜀Γ(−1 + 𝜀)(𝑚2)−𝜀 

 

 

(
𝜈𝑒

𝜈𝜇
) = (

cos 𝜃 sin 𝜃
−sin 𝜃 cos 𝜃

) (
𝜈1

𝜈2
) .  

ℒ =
𝑔

√2
𝑊−𝜇[𝑒‾𝛾𝜇𝑃𝐿(cos 𝜃𝜈1 + sin 𝜃𝜈2) + 𝜇‾𝛾𝜇𝑃𝐿(−sin 𝜃𝜈1 + cos 𝜃𝜈2)] +  h.c.  

|𝑆⟩ = ∫  [d𝑘  𝑆]𝜙𝑆(𝑘  𝑆)|𝑘  𝑆⟩, |𝐷⟩ = ∫  [d𝑘  𝐷]𝜙𝐷(𝑘  𝐷)|𝑘  𝐷⟩  

[d𝑘  𝑋] =
d𝑑𝑘  𝑋

(2𝜋)3/2√2𝐸𝑋

, 𝑋 = 𝑆, 𝐷  
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𝐸𝑋 = √𝑘  𝑋
2 + 𝑚𝑋

2  

⟨𝑘  𝑋
′ ∣ 𝑘  𝑋⟩ = 2𝐸𝑋(2𝜋)3𝛿(3)(𝑘  𝑋 − 𝑘  𝑋

′ )  

∫  d𝑑𝑘  𝑋𝜙𝑋(𝑘  𝑋)𝜙𝑋
∗ (𝑘  ) = 1, 𝑋 = 𝑆, 𝐷  

⟨𝑆 ∣ 𝑆⟩ = ⟨𝐷 ∣ 𝐷⟩ = 1  

𝑆𝑖𝑓 = ∫  [d𝑘  𝑆][d𝑘  𝐷]𝜙𝑆(𝑘  𝑆)𝜙𝐷(𝑘  𝐷)(2𝜋)4𝛿(4)(𝑘𝑆 + 𝑘𝐷 − 𝑃𝑆 − 𝑃𝐷)ℳ𝑖𝑓  

d𝑊𝑖𝑓 = |𝑆𝑖𝑓|
2
 d𝜈𝑓  

d𝜈𝑓 = dΦ𝑆 dΦ𝐷 ,  dΦ𝑆 = ∏  

𝑥∈𝑆

 
 d𝑑𝑝𝑥

(2𝜋)32𝐸𝑥
,  dΦ𝐷 = ∏  

𝑥∈𝐷

 
 d𝑑𝑝𝑥

(2𝜋)32𝐸𝑥
 

d𝑊𝑖𝑓 = ∫  [d𝑘  𝑆][d𝑘  𝑆
′ ][d𝑘  𝐷][d𝑘  𝐷

′ ]dΦ𝑆 dΦ𝐷𝜙𝑆(𝑘  𝑆)𝜙𝐷(𝑘  𝐷)𝜙𝑆
∗(𝑘  𝑆

′)𝜙𝐷
∗ (𝑘  𝐷

′ )

 × (2𝜋)4𝛿(4)(𝑘𝑆 + 𝑘𝐷 − 𝑃𝑆 − 𝑃𝐷)(2𝜋)4𝛿(4)(𝑘𝑆
′ + 𝑘𝐷

′ − 𝑃𝑆 − 𝑃𝐷)ℳ𝑖𝑓ℳ𝑖𝑓
′∗

 

𝑞 = 𝑘𝑆 − 𝑃𝑆 = 𝑃𝐷 − 𝑘𝐷 , 𝑞′ = 𝑘𝑆
′ − 𝑃𝑆 = 𝑃𝐷 − 𝑘𝐷

′  

1 = ∫  d4𝑞𝛿(4)(𝑘𝑆 − 𝑃𝑆 − 𝑞) ∫  d4𝑞′𝛿(4)(𝑘𝑆
′ − 𝑃𝑆 − 𝑞′)  

𝑄 =
𝑞 + 𝑞′

2
, 𝜅 = 𝑞 − 𝑞′, 𝑙𝑋 =

𝑘𝑋 + 𝑘𝑋
′

2
, 𝜅𝑋 = 𝑘𝑋 − 𝑘𝑋

′ , (𝑋 = 𝑆, 𝐷)  

d𝑊𝑖𝑓 = ∫  [d𝑘  𝑆][d𝑘  𝑆
′ ][d𝑘  𝐷][d𝑘  𝐷

′ ]dΦ𝑆 dΦ𝐷𝜙𝑆(𝑘  𝑆)𝜙𝐷(𝑘  𝐷)𝜙𝑆
∗(𝑘  𝑆

′)𝜙𝐷
∗ (𝑘  𝐷

′ )ℳ𝑖𝑓ℳ𝑖𝑓
′∗

 × d4𝜅 d4𝑄𝛿(4)(𝜅𝑆 − 𝜅)𝛿(4)(𝜅𝐷 + 𝜅)(2𝜋)4𝛿(4)(𝑙𝑆 − 𝑃𝑆 − 𝑄)(2𝜋)4𝛿(4)(𝑙𝐷 − 𝑃𝐷 + 𝑄)
 

(2𝜋)2𝛿(𝜅𝑆
0 − 𝜅0)𝛿(𝜅𝐷

0 + 𝜅0) = ∫  d𝑡𝑆𝑒−𝑖(𝜅𝑆
0−𝜅0)𝑡𝑆 ∫   d𝑡𝐷𝑒−𝑖(𝜅𝐷

0 +𝜅0)𝑡𝐷  

⟨𝜙𝑋(𝑘  𝑋)𝜙𝑋
∗ (𝑘  𝑋

′ )𝑒−𝑖𝜅𝑋
0 𝑡𝑋⟩ = 𝜌𝑋(𝑘  𝑋, 𝑘  𝑋

′ , 𝑡𝑋)  

𝜌𝑋(𝑘  𝑋, 𝑘  𝑋
′ , 𝑡𝑋) = ∫  d𝒟𝑟 𝑋𝑛𝑋(𝑟 𝑋, 𝑙 𝑋 , 𝑡𝑋)𝑒−𝑖𝜅   𝑋𝑟 𝑋 , 𝑋 = 𝑆, 𝐷  

(2𝜋)𝛿(𝜅𝑆
0 − 𝜅𝐷

0) = ∫  d𝑡𝑒−𝑖(𝜅𝑆
0−𝜅𝐷

0 )𝑡 

d𝒟𝑘  𝑋 d𝒟𝑘  𝑋
′ = d𝒟𝑙 𝑋 d𝒟𝜅 𝑋, 𝑋 = 𝑆, 𝐷 

d𝑊𝑖𝑓 = ∫  ∏  

𝑥=𝑆,𝐷

 
 d𝒟𝑙 𝑋

√2𝐸𝑋2𝐸𝑋
′

d𝑡𝑋 d𝒟𝑟 𝑋 d𝒟𝑛𝑋(𝑟 𝑋, 𝑙 𝑋, 𝑡𝑋)d4𝑄 d4𝜅𝑒−𝑖𝜅𝜇𝑥𝜇

 × 𝛿(4)(𝑙𝑆 − 𝑃𝑆 − 𝑄)𝛿(4)(𝑙𝐷 − 𝑃𝐷 + 𝑄)ℳ𝑖𝑓ℳ𝑖𝑓
′∗ dΦ𝑆 dΦ𝐷
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ℳ𝑖𝑓 ≈ −sin 𝜃cos 𝜃𝑀𝑆 ∑  

𝑎=1,2

 
(−1)𝑎

𝑞2 − 𝑚𝑎
2 + 𝑖𝜖

𝑀𝐷  

ℳ𝑖𝑓ℳ𝑖𝑓
′∗ = sin2 𝜃cos2 𝜃|𝑀𝑆|2|𝑀𝐷|2 ∑  

𝑎,𝑏=1,2

 
(−1)𝑎(−1)𝑏

(𝑞2 − 𝑚𝑎
2 + 𝑖𝜖)(𝑞′2 − 𝑚𝑏

2 − 𝑖𝜖)
.  

𝑞2= (𝑄 + 𝜅/2)2 ≈ 𝑄2 + 𝑄𝜅 + 𝒪(𝜅2)  

𝑞′2 = (𝑄 − 𝜅/2)2 ≈ 𝑄2 − 𝑄𝜅 + 𝒪(𝜅2)
 

d𝑊𝑖𝑓= sin2 𝜃cos2 𝜃 ∫  
 d𝒟𝑄

(2𝜋)4
 

× dΦ𝑆 ∫  
 d𝒟𝑙 𝑆
2𝐸𝑆

∫   d𝑡𝑆 d𝒟𝑟 𝑆𝑛𝑆(𝑟 𝑆, 𝑙 𝑆 , 𝑡𝑆)(2𝜋)4𝛿(4)(𝑙𝑆 − 𝑃𝑆 − 𝑄)|𝑀𝑆|2  

 × dΦ𝐷 ∫  
 d𝒟𝑙 𝐷
2𝐸𝐷

∫   d𝑡𝐷 d𝒟𝑟 𝐷𝑛𝐷(𝑟 𝐷, 𝑙 𝐷 , 𝑡𝐷)(2𝜋)4𝛿(4)(𝑙𝐷 − 𝑃𝐷 + 𝑄)|𝑀𝐷|2

 × ∫  
d𝒟𝜅

(2𝜋)4
𝑒−𝑖𝜅𝑥 ∑  

𝑎,𝑏=1,2

 
(−1)𝑎(−1)𝑏

(𝑄2 + 𝑄𝜅 − 𝑚𝑎
2 + 𝑖𝜖)(𝑄2 − 𝑄𝜅 − 𝑚𝑏

2 − 𝑖𝜖)

 

d𝑊𝑖𝑓= sin2 𝜃cos2 𝜃 ∫  
 d𝑄2

2𝜋
∫  

 d𝒟𝑙 𝑆
2𝐸𝑆

∫   d𝑡𝑆 d𝒟𝑟 𝑆𝑛𝑆(𝑟 𝑆, 𝑙 𝑆 , 𝑡𝑆)  

× (2𝜋)4𝛿(4)(𝑙𝑆 − 𝑃𝑆 − 𝑄)|𝑀𝑆|2 dΦ𝑆

 d𝒟𝑄  

(2𝜋)32|𝑄  |
 

 × ∫  
d𝒟𝑙 𝐷
2𝐸𝐷

∫   d𝑡𝐷 d𝒟𝑟 𝐷𝑛𝐷(𝑟 𝐷, 𝑙 𝐷 , 𝑡𝐷)(2𝜋)4𝛿(4)(𝑙𝐷 − 𝑃𝐷 + 𝑄)|𝑀𝐷|2 dΦ𝐷

 × ∫  
d𝒟𝜅

(2𝜋)4
𝑒−𝑖𝜅𝑥 ∑  

𝑎,𝑏=1,2

 
(−1)𝑎(−1)𝑏

(𝑄2 + 𝑄𝜅 − 𝑚𝑎
2 + 𝑖𝜖)(𝑄2 − 𝑄𝜅 − 𝑚𝑏

2 − 𝑖𝜖)

 

𝐼(𝑥𝜇 , 𝑄𝜇) = ∫  
d𝑄2

2𝜋

 d4𝜅

(2𝜋)4
𝑒−𝑖𝜅𝑥 ∑  

𝑎,𝑏=1,2

 
(−1)𝑎(−1)𝑏

(𝑄2 + 𝑄𝜅 − 𝑚𝑎
2 + 𝑖𝜖)(𝑄2 − 𝑄𝜅 − 𝑚𝑏

2 − 𝑖𝜖)
,  

𝐼 ≡
𝑖

|𝑄  |
∫  

d4𝜅

(2𝜋)4
𝑒−𝑖𝜅𝑥 [

1

𝑛𝜈𝜅 + 𝑖𝜖
−

1

2
(

1

𝑛𝜈𝜅 + 2𝐿osc
−1 + 𝑖𝜖

+
1

𝑛𝜈𝜅 − 2𝐿osc
−1 + 𝑖𝜖

)]  

𝐿osc =
4|𝑄  |

Δ𝑚2
,  

Δ𝑚2 ≡ 𝑚2
2 − 𝑚1

2, and 𝑛𝜈 = (1, 𝑒 𝜈) 

𝑖

𝐴 + 𝑖𝜖
≡ ∫  

∞

0

 d𝜏𝑒𝑖𝐴𝜏  

𝐼 =
2

|𝑄  |
∫  

∞

0

 d𝜏𝛿(4)(𝑥 − 𝜏𝑛𝜈)sin2 (
𝜏

𝐿osc
)  

𝑥𝜇 = (𝑡𝐷 − 𝑡𝑆, 𝑟 𝐷 − 𝑟 𝑆) 
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𝛿(4)(𝑥 − 𝜏𝑛𝜈) = 𝛿(𝑡𝐷 − 𝑡𝑆 − 𝜏)𝛿(𝑟‖ − 𝜏)𝛿(2)(𝑟 ⊥)  

𝑟 = 𝑟 𝐷 − 𝑟 𝑆, 𝑟‖ = 𝑟 ⋅ 𝑒 𝜈 and 𝑟 ⊥ ⋅ 𝑒 𝜈 = 0 

𝐼 =
2

|𝑄  |
𝛿(𝑡𝐷 − 𝑡𝑆 − 𝑟‖)𝛿(2)(𝑟 ⊥)Θ(𝑟‖)sin2 (

𝑟‖

𝐿osc
)  

d𝑊𝑖𝑓= ∫  d𝑡𝑆 d𝒟𝑙 𝑆 d𝒟𝑟 𝑆𝑛𝑆(𝑟 𝑆, 𝑙 𝑆, 𝑡𝑆)d𝒟𝑙 𝐷 d𝒟𝑟 𝐷𝑛𝐷(𝑟 𝐷, 𝑙 𝐷 , 𝑡𝑆 + (𝑟 𝐷 − 𝑟 𝑆) ⋅ 𝑒 𝜈) 

×
1

2𝐸𝑆
(2𝜋)4𝛿(4)(𝑙𝑆 − 𝑃𝑆 − 𝑝𝜈)|𝑀𝑆|2 dΦ𝑆

 d𝒟𝑝 𝜈
(2𝜋)32𝐸𝜈

 

 ×
1

2𝐸𝜈

1

2𝐸𝐷
(2𝜋)4𝛿(4)(𝑙𝐷 − 𝑃𝐷 + 𝑝𝜈)|𝑀𝐷|2 dΦ𝐷

 × 𝛿(2)(𝑟 𝐷,⊥ − 𝑟 𝑆,⊥)Θ[(𝑟 𝐷 − 𝑟 𝑆) ⋅ 𝑒 𝜈]sin2 2𝜃sin2 (
(𝑟 𝐷 − 𝑟 𝑆) ⋅ 𝑒 𝜈

𝐿osc
)

 

𝑃osc(𝑟 𝐷, 𝑟 𝑆, 𝑒 𝜈) = sin2 2𝜃sin2 (
(𝑟 𝐷 − 𝑟 𝑆) ⋅ 𝑒 𝜈

𝐿osc
)  

(𝑟 𝐷 − 𝑟 𝑆) ⋅ 𝑒 𝜈 = |𝑟 𝐷 − 𝑟 𝑆| 

dΓ𝑆 =
1

2𝐸𝑆
(2𝜋)4𝛿(4)(𝑙𝑆 − 𝑃𝑆 − 𝑝𝜈)|𝑀𝑆|2 dΦ𝑆𝜈  

dΦ𝑆𝜈 =
d𝒟𝑝𝜈

(2𝜋)32𝐸𝜈
dΦ𝑆  

(1 − 𝑒 𝜈 ⋅ 𝛽 𝐷)d𝜎𝐷𝜈 =
1

2𝐸𝐷2𝐸𝜈
dΦ𝐷(2𝜋)4𝛿(4)(𝑙𝐷 − 𝑃𝐷 + 𝑝𝜈)|𝑀𝐷|2  

𝛿(2)(𝑟 ⊥) =
1

𝑟2
(𝛿(2)(𝑒 𝑟 − 𝑒 𝜈) + 𝛿(2)(𝑒 𝑟 + 𝑒 𝜈))  

∫  dΩ𝑟 𝛿
(2)(𝑒 𝑟 − 𝑒 𝜈)𝑓(𝑟 ) = 𝑓(𝑟𝑒 𝜈)  

d𝑊𝑖𝑓  = ∫  d𝒟𝑝 𝜈 ∫  d𝑡𝑆d𝒟𝑙 𝑆d𝒟𝑟 𝑆𝑛𝑆(𝑟 𝑆, 𝑙 𝑆, 𝑡𝑆)
dΓ𝑆

d𝒟𝑝 𝜈

 × ∫  d𝑟d𝒟𝑙 𝐷𝑛𝐷(𝑟 𝑆 + 𝑟𝑒 𝜈, 𝑙 𝐷 , 𝑡𝑆 + 𝑟)d𝜎𝐷𝜈𝑃𝑜𝑠𝑐(𝑟)

 

𝑛𝑋(𝑟 𝑋, 𝑙 𝑋 , 𝑡𝑋) ∝ exp [−
1

2
(
𝑟 𝑋 − 𝐿  𝑋

𝛿𝑋
)

2

−
1

2
(
𝑙 𝑋 − 𝑙 𝑋

𝜎𝑋
)

2

−
1

2
(
𝑡𝑋 − 𝑇𝑋

𝜏𝑋
)

2

] ,  

∫  
∞

0

 d𝑟 ∫   d𝑡𝑆d𝒟𝑟 𝑆𝑒
−

1
2(

𝑟 𝑆−𝐿  𝑆
𝛿𝑆

)

2

𝑒
−

1
2
(
𝑡𝑆−𝑇𝑆

𝜏𝑆
)

2

𝑒
−

1
2(

𝑟 𝑆+𝑟𝑒 𝜈−𝐿  𝐷
𝛿𝐷

)

2

𝑒
−

1
2
(
𝑡𝑆+𝑟−𝑇𝑆

𝜏𝐷
)

2

𝑃osc(𝑟)  
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𝑃osc  =
1

2
sin2 2𝜃exp [−

(𝐿  𝐷⊥ − 𝐿  𝑆⊥)
2

2𝛿2 ] exp [−
1

2

(𝐿 − 𝑇)2

𝜏2 + 𝛿2
]

 × [1 − exp (−
1

2

𝜏2𝛿2

𝜏2 + 𝛿2
Δ2) cos (Δ

𝜏2𝐿 + 𝛿2𝑇

𝜏2 + 𝛿2 )]

 

Δ ≡
Δ𝑚2

2𝐸𝜈
=

2

𝐿osc

 

𝜏2 ≡ 𝜏𝐷
2 + 𝜏𝑆

2, 𝛿2 ≡ 𝛿𝐷
2 + 𝛿𝑆

2, 𝐿 ≡ (𝐿  𝐷 − 𝐿  𝑆) ⋅ 𝑒 𝜈 , 𝑇 ≡ 𝑇𝐷 − 𝑇𝑆  

𝑃osc =
1

2
sin2 2𝜃 [1 − exp (−

𝛿2Δ2

2
) cos (Δ𝐿)] , (𝜏 ≫ 𝛿)  

exp [−
(𝑃  𝑆 + 𝑝 𝜈 − 𝐼‾𝑆)

2

2𝜎𝑆
2 −

(𝑃  𝐷 − 𝑝 𝜈 − 𝐼‾𝐷)
2

2𝜎𝐷
2 ]  

∫  d𝐸𝜈ℎ(𝐸𝜈)𝑒−𝑔(𝐸𝜈)±𝑖Δ𝐿  

𝑔′′(𝐸𝜈) =
1

𝜎𝑆
2 +

1

𝜎𝐷
2 ≡

1

𝜎2
.  

exp [−
1

2
(Δ‾𝐿

𝜎

𝐸‾𝜈

)
2

] exp (−
1

2

𝜏2𝛿2

𝜏2 + 𝛿2
Δ‾2) →

exp [−
1

2
(
Δ𝑚2𝐿𝜎

2𝐸‾𝜈
2 )

2

] exp [−
1

2
(
Δ𝑚2𝛿

2𝐸‾𝜈
)

2

] , (𝜏 ≫ 𝛿)

 

(𝑙𝑆1,2
− 𝑃𝑆)

2
= 𝑚1,2

2  

𝑙𝑆1
= (𝐸𝑆1

, 𝑙 𝑆) and 𝑙𝑆2
= (𝐸𝑆2

, 𝑙 𝑆 + 𝛿𝑙 𝑆) 

|𝛿𝑙 𝑆| ∼
Δ𝑚2

|𝑄  |
∼

1

𝐿osc
 

|𝑛𝑆(𝑟 𝑆, 𝑙 𝑆 + 𝛿𝑙 𝑆 , 𝑡𝑆) − 𝑛𝑆(𝑟 𝑆, 𝑙 𝑆 , 𝑡𝑆)| ≪ 𝑛𝑆(𝑟 𝑆, 𝑙 𝑆, 𝑡𝑆)  

𝜕𝑛𝑆(𝑟 𝑆, 𝑙 𝑆, 𝑡𝑆)

𝜕𝑙 𝑆
𝛿𝑙 𝑆 ∼ |

𝜕𝑛𝑆(𝑟 𝑆, 𝑙 𝑆 , 𝑡𝑆)

𝜕𝑙 𝑆
| 𝐿osc

−1 ≪ 𝑛𝑆(𝑟 𝑆, 𝑙 𝑆, 𝑡𝑆)  

1

𝜎𝑆𝐿osc
≪ 1  

1

𝜎𝑋𝐿osc
<

2𝛿𝑋

𝐿osc
≪ 1 (𝑋 = 𝑆, 𝐷)  
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𝑆𝑖𝑓 = ∫  ∏  

3

𝑖=1

  [ d𝑘  𝑖]𝜙𝑖(𝑘  𝑖)(2𝜋)4𝛿(4)(𝑘123 − 𝑃𝑓𝑅
− 𝑃𝑆 − 𝑃𝐷)𝐴(𝑘1, 𝑘2)𝑊(𝑞𝑅)ℳ𝑖𝑓  

𝑊(𝑞𝑅) =
1

𝑞𝑅
2 − 𝑀2 + 𝑖𝑀Γ

 

𝛿(4)(𝑘123 − 𝑃𝑓𝑅 − 𝑃𝑆 − 𝑃𝐷) =

 ∫  d4𝑞𝑅 d4𝑞𝜈𝛿(4)(𝑘12 − 𝑞𝑅 − 𝑃𝑓𝑅)𝛿(4)(𝑞𝑅 − 𝑞𝜈 − 𝑃𝑆)𝛿(4)(𝑘3 + 𝑞𝜈 − 𝑃𝐷)
 

𝑄𝑅 =
𝑞𝑅 + 𝑞𝑅

′

2
, 𝜅𝑅 = 𝑞𝑅 − 𝑞𝑅

′

𝑄 =
𝑞𝜈 + 𝑞𝜈

′

2
, 𝜅 = 𝑞𝜈 − 𝑞𝜈

′

 

∫  d4𝑄𝑅 d4𝑄 d4𝜅𝑅 d4𝜅𝛿(4)(𝑙12 − 𝑄𝑅 − 𝑃𝑓𝑅)𝛿(4)(𝑄𝑅 − 𝑄 − 𝑃𝑆)𝛿(4)(𝑙3 + 𝑄 − 𝑃𝐷)

× 𝛿(4)(𝜅12 − 𝜅𝑅)𝛿(4)(𝜅𝑅 − 𝜅)𝛿(4)(𝜅3 + 𝜅𝜈)
 

𝐼𝑅 = 2Γ𝑀 ∫  
 d𝑄𝑅

2

2𝜋

 d𝑄2

2𝜋

 d4𝜅

(2𝜋)4
𝑒−𝑖𝜅𝜇𝑥𝜇

𝑊 (𝑄𝑅 +
𝜅

2
) 𝑊∗ (𝑄𝑅 −

𝜅

2
)

 × ∑  

𝑎,𝑏=1,2

 
(−1)𝑎(−1)𝑏

(𝑄2 + 𝑄𝜅 − 𝑚𝑎
2 + 𝑖𝜖)(𝑄2 − 𝑄𝜅 − 𝑚𝑏

2 − 𝑖𝜖)

 

𝑄𝑅
2 = 𝑀2 ± 𝜅𝑄𝑅 ± 𝑖𝑀Γ  

∫  
d𝑄𝑅

2

2𝜋
𝑊 (𝑄𝑅 +

𝜅

2
) 𝑊∗ (𝑄𝑅 −

𝜅

2
) =

1

2𝑄𝑅
0

𝑖

𝜅𝛽𝑅 + 𝑖Γ/𝛾𝑅
,  

𝑖

𝜅𝛽𝑅 + 𝑖Γ/𝛾𝑅
= ∫  

∞

0

 d𝑡𝑅𝑒−𝑡𝑅/𝜏𝑅𝑒𝑖𝜅𝛽𝑅𝑡𝑅  

𝐼𝑅 =
1

𝜏𝑅
∫  

∞

0

 d𝑡𝑅𝑒−𝑡𝑅/𝜏𝑅𝐼(𝑥𝐷
𝜇

− 𝑥𝑆
𝜇

− 𝛽𝑅
𝜇
𝑡𝑅 , 𝑄)  

𝐼𝑅 =
2

𝜏𝑅|𝑄  |
∫  

∞

0

 d𝑡𝑅𝑒−𝑡𝑅/𝜏𝑅sin2 
(𝑟‖ − 𝛽𝑅‖𝑡𝑅)

𝐿osc
 

𝑟‖ = (𝑟 𝐷 − 𝑟 𝑆) ⋅ 𝑒 𝜈, and 𝛽𝑅‖ = 𝛽 𝑅 ⋅ 𝑒 𝜈 

𝐼𝑅 =
1

|𝑄  |
[1 − cos 𝜉cos (

2𝑟‖

𝐿osc
− 𝜉)]  

tan 𝜉 ≡ 2
𝛽𝑅‖𝜏𝑅

𝐿osc
=

2𝑄𝑅‖

𝐿osc𝑀Γ
 

𝐸𝜈(𝑄𝑅
2) = 𝐸‾𝜈 +

𝜕𝐸𝜈

𝜕𝑄𝑅
2

(𝑄𝑅
2 − 𝑀2) + ⋯  
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𝑃osc =
1

2
sin2 2𝜃 [1 − 𝑒

−
2𝑟‖

𝐿osc

𝜇Γ
𝑀 cos 𝜉cos (

2𝑟‖

𝐿osc
− 𝜉)]  

𝜇 =
𝑀2

𝐸𝜈

𝜕𝐸𝜈

𝜕𝑄𝑅
2 ∼ 1  

Δ𝑚2 ≪
2𝐸𝜈𝑀𝜋Γ𝜋

𝑝𝜋
,  

Δ𝑚2 ≪
𝑀𝜋

2Γ𝜋

𝐸𝜈0
(1 −

𝐸𝜈
2

4𝐸𝜈0
2 𝛼2) ≈ 3eV2 (1 −

𝐸𝜈
2

4𝐸𝜈0
2 𝛼2)  

𝐸𝜈0 = (𝑀𝜋
2 − 𝑀𝜇

2)/(2𝑀𝜋) ≈ 30MeV 

exp [−
1

2
(Δ𝐿

𝜎𝑅

𝐸𝜈
)

2

(1 +
𝐸𝜈

𝐿𝑀Γ
)

2

]  

d𝑊𝑖𝑓 = ∫  ∏  

3

𝑖=1

  [ d𝑘  𝑖][d𝑘  𝑖
′]𝜙𝑖(𝑘  𝑖)𝜙𝑖

∗(𝑘  𝑖
′)dΦ𝑓𝑅

 dΦ𝑆 dΦ𝐷

 d4𝑄𝑅

(2𝜋)4

 d4𝑄

(2𝜋)4

 d4𝜅𝑅

(2𝜋)4

 d4𝜅

(2𝜋)4
 

 × (2𝜋)4𝛿(4)(𝑄𝑅 + 𝑃𝑓𝑅 − 𝑙12)(2𝜋)4𝛿(4)(𝑘12 − 𝑘12
′ − 𝜅𝑅)

 × (2𝜋)4𝛿(4)(𝑄 + 𝑃𝑆 − 𝑄𝑅)(2𝜋)4𝛿(4)(𝜅𝑅 − 𝜅)

 × (2𝜋)4𝛿(4)(𝑃𝐷 − 𝑄 − 𝑙3)(2𝜋)4𝛿(4)(𝑘3 − 𝑘3
′ + 𝜅)

 × 𝐴(𝑘1, 𝑘2)𝐴∗(𝑘1
′ , 𝑘2

′ )𝑊(𝑄𝑅 + 𝜅𝑅/2)𝑊∗(𝑄𝑅 − 𝜅𝑅/2)ℳ𝑓𝑖ℳ𝑓𝑖′
∗

 

2𝜋𝛿(𝑘12
0 − 𝑘12

′0 − 𝜅0)= ∫  
∞

−∞

 d𝑡𝑆𝑒𝑖(𝐸1
′+𝐸2

′−𝐸1−𝐸2+𝜅0)𝑡𝑆 

2𝜋𝛿(𝑘3
0 − 𝑘3

′0 + 𝜅0) = ∫  
∞

−∞

 d𝑡𝐷𝑒𝑖(𝐸3
′−𝐸3−𝜅0)𝑡𝐷

 

d𝑊𝑖𝑓= ∫  ∏  

𝒟

𝑖=1

 
 d𝒟𝑙 𝑖

(2𝜋)22𝐸𝑖
 d𝒟𝑟 𝑖 d

𝒟𝜅 𝑖𝑒
−𝑖𝜅   𝑖⋅𝑟 𝑖  d𝑡𝑆 d𝑡𝐷𝑒𝑖𝜅0(𝑡𝑆−𝑡𝐷)dΦ𝑆 dΦ𝐷 dΦ𝑓𝑅 

 ×
 d𝒟𝑄𝑅

(2𝜋)4

 d𝒟𝑄

(2𝜋)4

 d𝒟𝜅

(2𝜋)4
𝑛1(𝑟 1, 𝑙 1, 𝑡𝑆)𝑛2(𝑟 2, 𝑙 2, 𝑡𝑆)𝑛3(𝑟 3, 𝑙 3, 𝑡𝐷)|𝐴(𝑙1, 𝑙2)|2

 × (2𝜋)3𝛿(3)(𝜅 12 − 𝜅 )(2𝜋)3𝛿(3)(𝜅 3 + 𝜅 )(2𝜋)4𝛿(4)(𝑄𝑅 + 𝑃𝑓𝑅 − 𝑙12)

 × (2𝜋)4(𝑄 + 𝑃𝑆 − 𝑄𝑅)(2𝜋)4(𝑃𝐷 − 𝑄 − 𝑙3)|𝑀𝑆|2|𝑀𝐷|2

 × sin2 𝜃cos 𝜃2𝑊(𝑄𝑅 + 𝜅/2)𝑊∗(𝑄𝑅 − 𝜅/2)𝐹𝜈(𝑄 + 𝜅/2)𝐹𝜈
∗(𝑄/2 − 𝜅)

 

𝐹𝜈(𝑞) ≡ ∑  

𝑎=1,2

 
(−1)𝑎

𝑞2 − 𝑚𝑎
2 + 𝑖𝜖  

 d𝒟𝑄

(2𝜋)4
=

d𝑄2

(2𝜋)

 d𝒟𝑄

(2𝜋)32𝑄0
,
 d𝒟𝑄𝑅

(2𝜋)4
=

d𝑄𝑅
2

(2𝜋)

 d𝒟𝑄𝑅

(2𝜋)32𝑄𝑅
0
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d𝑊𝑖𝑓 = ∫  ∏  

𝒟

𝑖=1

 
 d𝒟𝑙 𝑖
2𝐸𝑖

 d𝒟𝑟 𝑆 d𝒟𝑟 𝐷 d𝑡𝑆 d𝑡𝐷(2𝑀Γ)−1|𝐴(𝑙1, 𝑙2)|2 dΦ𝑓𝑅

 d𝒟𝑄𝑅

(2𝜋)32𝑄𝑅
0 

 × (2𝜋)4𝛿(4)(𝑄𝑅 + 𝑃𝑓𝑅 − 𝑙12)𝑛1(𝑟 𝑆, 𝑙 1, 𝑡𝑆)𝑛2(𝑟 𝑆, 𝑙 2, 𝑡𝑆)

 × |𝑀𝑆|2(2𝜋)4𝛿(4)(𝑄𝑅 − 𝑄 − 𝑃𝑆)dΦ𝑆

 d𝒟𝑄

(2𝜋)32𝑄0

 × |ℳ𝐷|2(2𝜋)4𝛿(4)(𝑄 + 𝑙3 − 𝑃𝐷)dΦ𝐷𝑛3(𝑟 𝐷, 𝑙 3, 𝑡𝐷) × 𝐼𝑅(𝑄𝑅 , 𝑄, 𝑥)

 

𝑛𝑅(𝑄𝑅 , 𝑟 𝑆, 𝑡𝑆) ∝ ∫   d𝒟𝑙1 d𝒟𝑙2𝑛1(𝑙 1, 𝑟 𝑆, 𝑡𝑆)𝑛2(𝑙 2, 𝑟 𝑆, 𝑡𝑆)|𝐴|2𝛿(4)(𝑙12 − 𝑄𝑅 − 𝑃𝑓𝑅).  

kinematical constraint 𝛿(4)(𝑄𝑅 − 𝑄 − 𝑃𝑆) and neglecting 𝑄2 ≈ 𝑚𝜈
2, it implies 𝑄𝑅

2 ≈ 2𝑄𝑃𝑆 + 𝑃𝑆
2 ≈

2𝐸𝜈𝑃̃𝑆 + 𝑃𝑆
2 with 𝑃̃𝑆 ≡ 𝑃𝑆

0 − 𝑃  𝑆 ⋅ 𝑒 𝜈, and therefore 𝜕𝐸𝜈/𝜕𝑄𝑅
2 = 1/(2𝑃̃𝑆). 

𝐻(𝑥𝜇 , 𝑦𝜇) ∼ 𝐻(𝑋𝜇)𝜙(𝑟𝜇).  

𝜙(𝑟𝜇) → 𝜙𝜔(𝑟𝜇) ≡ 𝜙(𝜔𝜇𝜔𝜈𝑟𝜈 − 𝑟𝜇) 𝜔2 ≡ 𝜔𝜇𝜔𝜇 = 1.  

𝐻(𝑋𝜇) ∼ exp (𝑖𝑃𝜇𝑋𝜇) 

𝜔𝜇 = 𝑃𝜇/√𝑃2 where 𝑃2 = 𝑃𝜇𝑃𝜇 = 𝜇2 > 0 

𝐻(𝑋𝜇)𝜙𝜔(𝑟𝜇) = exp (𝑖𝑃𝜇𝑋𝜇)𝜙 (√((𝑃𝜇𝑟𝜇)
2
/𝑃2) − 𝑟𝜇𝑟𝜇)  

𝐻(𝑥, 𝑦) = 𝐻′(𝑋)Φ(𝑟𝜇)  where , Φ(𝑟𝜇) = 𝒩 ∫  𝑑4𝜔𝛿(𝜔2 − 1)𝜙𝜔(𝑟𝜇)  

𝜙𝑖(𝑟 ) ≈ 𝜙𝑖exp (𝑘  𝑖 ⋅ (𝑥 − 𝑦 )) ∼ (1/𝑚) ∑  

𝑖

|𝜙𝑘𝑖
|
2
𝑘𝑖

2 ∝ 𝑁 ∼ −𝜖𝑚 ∑  

𝑖

∑  

𝑗

𝜙𝑘𝑖

† 𝜙𝑘𝑗
∝ 𝑁2 

Φ(𝑟𝜇) = 𝒩 ∫  𝑑4𝜔𝛿(𝜔2 − 1)𝜙𝜔(𝑟𝜇) 

Φ ∼ ∫  
𝜔

𝜙𝜔 

𝜇2|𝐻|2 + (𝜆/2)|𝐻|4 

𝐻′(𝑋)Φ(𝑟𝜇) = 𝐻(𝑋𝜇)Φ̃(𝑟) where Φ̃(𝑟) = (1/√𝑁)Φ(𝑟𝜇) is average over all 𝜙𝜔(𝑟𝜇) and ⟨𝐻⟩ = 𝑣weak  

𝐻(𝑋𝜇)Φ̃(𝑟𝜇) → exp (𝑖𝜋𝑎(𝑋)𝜏𝑎/2𝑣weak ) (
𝑣weak +

1

√2
ℎ(𝑋)

0
) Φ̃(𝑟𝜇),  

𝐻(𝑥, 𝑦) ∼ exp (𝑖𝑝1𝑥 + 𝑖𝑝2𝑦) 

𝑥𝜇 = 𝑋𝜇 + 𝑟𝜇 , 𝑦𝜇 = 𝑋𝜇 − 𝑟𝜇 
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𝑊 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟𝜆′(𝐻†𝐷𝜇𝐻𝜙†𝜕𝜇𝜙)  

𝐻(𝑥, 𝑦) → 𝐻(𝑋𝜇)𝜙𝜔(𝑟𝜇)  

𝑆𝜙 → 𝑀0
4 ∫  𝑑4𝑟(𝑍𝜕𝜇𝜙𝜔

† (𝑟)𝜕𝜇𝜙𝜔(𝑟) + 2𝑔0
2𝑁𝑐𝐷𝐹(2𝑟𝜇)𝜙𝜔

† (𝑟)𝜙𝜔(𝑟))  

𝑀0 ∫  (−𝑍
𝜕2𝜙𝜔(𝑟𝜇)

𝜕𝑟𝜇𝜕𝑟𝜇
+ 2𝑔0

2𝑁𝑐𝐷𝐹(2𝑟𝜇)𝜙𝜔(𝑟𝜇)) 𝜔𝜈𝑑𝑟𝜈 = 𝑍𝑀0 ∫  𝜇2𝜙𝜔(𝑟𝜇)𝜔𝜈𝑑𝑟𝜈 = 𝜇2𝜙𝜔(𝑟𝜇)  

𝛿𝜙𝜔 ∼ 𝛿3(𝑟⊥
𝜇
) where 𝜔𝜇𝑟⊥

𝜇
= 𝛿(𝜔𝜇𝑟𝜇) 

𝑍𝑀0 ∫  𝑑𝑟𝜇𝜔𝜇 = 1  

𝜙𝜔(𝑟𝜇) → 𝜙(0, 𝑟 ) ≡ 𝜙(𝑟 ) and hence 𝑍𝑀0 ∫  𝑑𝑟𝜇𝜔𝜇 → 𝑍𝑀0 ∫  𝑑𝑟0 = 1 

𝑆𝜙 = 𝑀0
3 ∫  𝑑𝒟𝑟 (−|∇𝑟 𝜙(𝑟 )|2 + ∫  𝑑𝑟02𝑔0

2𝑁𝑐𝑀0𝐷𝐹(2𝑟𝜇)|𝜙(𝑟 )|2)  

𝑀0
4𝑍 ∫  𝑑4𝑟|𝜙(𝑟𝜇)|2 → ∫  𝑑𝒟𝑟𝑀0

3|𝜙(𝑟 )|2 = 1  

𝑉(2|𝑟 |) = ∫  𝑑𝑟02𝑔0
2𝑁𝑐𝐷𝐹(2𝑟𝜇) = −

𝑔0
2𝑁𝑐𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
 

−∇2𝜙(𝑟) − 𝑔0
2𝑁𝑐𝑀

𝑒−2𝑀0𝑟

8𝜋𝑟
𝜙(𝑟) = 𝜇2𝜙(𝑟) ∇2= (

𝜕2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
)  𝑟 ≡ √𝑟 2  

𝑆 = ∫  𝑑𝒟𝑋 (|𝐷𝐻𝐻(𝑋𝜇)|2 − 𝜇2|𝐻(𝑋𝜇)|2 −
𝜆

2
(𝐻†𝐻)

2
− 𝑔𝑌([𝜓‾𝑖𝐿(𝑋)𝑡𝑅(𝑋)]𝑓𝐻𝑖(𝑋) + ℎ. 𝑐. )) + 𝑆′  

𝑔𝑐
2𝑁𝑐

8𝜋2
= 1.06940, NJL critical value,  

𝑔0
2𝑁𝑐

8𝜋2
|
𝑁𝐽𝐿

= 1.00  

𝑔‾0
2 = 𝑔0

2 (1 −
𝑔0

2𝑁𝑐

8𝜋2 )

−1

 

𝜇2|𝐻|2 +
𝜆

2
(𝐻†𝐻)

2
  where , 𝜇2 < 0  

𝑆𝜙 = 𝑀0
4 ∫  𝑑4𝑟(𝑍𝜕𝜇𝜙

𝜔′
† (𝑟)𝜕𝜇𝜙𝜔′(𝑟) + 2𝑔0

2𝑁𝑐𝐷𝐹(2𝑟𝜇)𝜙
𝜔′
† (𝑟)𝜙𝜔′(𝑟))  

𝑍𝑀0
4 ∫  𝑑4𝑟𝜙𝜔

† (𝑟𝜇)𝐹(𝑟𝜇)𝜙𝜔𝑐(𝑟𝜇) = 𝑍𝑀0
4 ∫  𝑑4𝑟𝛿4(𝜔 − 𝜔′)𝜙𝜔

† (𝑟𝜇)𝐹(𝑟𝜇)𝜙𝜔𝑐(𝑟𝜇)  

𝑍𝑀0
4 ∫  𝑑4𝑟𝜙𝜔

† (𝑟𝜇)𝛿4(𝑟𝜇)𝜙𝜔𝑐(𝑟𝜇) = 𝑍𝑀0
4𝜙𝜔

† (0)𝜙𝜔𝑐(0) = 𝑍𝑀0
4 ∫  𝑑4𝑟𝛿4(𝑟𝜇)𝜙𝜔

† (𝑟)𝜙𝜔𝑐(𝑟)  
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Φ(𝑟𝜇) =
1

√𝑁
∑  

𝑁

𝑖=1

 𝜙𝜔𝑖
(𝑟𝜇),  where , 𝜙𝜔𝑖

(𝑟𝜇) = 𝜙(𝜔𝑖
𝜇
𝜔𝑖

𝜈𝑟𝜈 − 𝑟𝜇), 𝜔𝑖
2 = 1  

Φ̃(𝑟𝜇) =
1

√𝑁
Φ(𝑟𝜇) =

1

𝑁
∑  

𝑁

𝑖=1

 𝜙𝜔𝑖
(𝑟𝜇); Φ̃(𝑟𝜇) = 𝜙𝜔𝑖

(0)  

𝑆 = 𝑆1 + 𝑆2 + 𝑆3 + 𝑆𝑌 + 𝑆𝜆,  where , 𝐻(𝑋𝜇)𝜙(𝑟) → 𝐻′(𝑋)Φ(𝑟𝜇)  

𝑆1 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟(𝑍′|𝐷𝐻′(𝑋)|2|Φ(𝑟𝜇)|2)

𝑆2 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟(𝑍′|𝐻′(𝑋)|2|𝜕𝑟Φ(𝑟𝜇)|2)

 

𝑆3 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟 (2𝑔0

′2𝑁𝑐

1

16𝑀0
2 𝛿4(𝑟𝜇)|𝐻′†𝐻′||  Φ(𝑟𝜇))|

2

) ,  

𝐷𝐹(2𝑟𝜇) →
1

𝑀0
2 𝛿4(2𝑟𝜇) =

1

16𝑀0
2 𝛿4(𝑟𝜇)  

𝑆𝑌 = 𝑔̂𝑌
′ 𝑀0

2 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝑖𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓𝐷𝐹(2𝑟)𝐻′𝑖(𝑋)Φ(𝑟 ) + ℎ. 𝑐. , 𝑔̂𝑌
′ ≈ 𝑔0

′2√2𝑁𝑐/𝐽  

𝑆𝜆 = −
𝜆̂

2
∫  𝑑4𝑋(𝐻†𝐻)

2
|Φ(0)|4 + ℎ. 𝑐. .  

∫  𝑑4𝑟𝜙𝜔𝑖

† (𝑟)𝜙𝜔𝑗
(𝑟) = 𝛿𝑖𝑗 ∫  𝑑4𝑟𝜙𝜔

† (𝑟)𝜙𝜔(𝑟)  

 ∫  𝑑4𝑟𝜕𝜇𝜙𝜔𝑖

† (𝑟)𝜕𝜇𝜙𝜔𝑗
(𝑟) = 𝛿𝑖𝑗 ∫  𝑑4𝑟𝜕𝜇𝜙𝜔

† (𝑟)𝜕𝜇𝜙𝜔(𝑟)
 

𝑔𝑐0
′2 = 𝑔𝑜𝑐

2  𝑍′ = 𝑁𝑍 𝐻′ =
1

√𝑁
𝐻 Φ(𝑟𝜇) =

1

√𝑁
∑  

𝑁

𝑖=1

𝜙𝜔𝑖
(𝑟𝜇) Φ̃(𝑟) =

1

√𝑁
Φ(𝑟𝜇) 

𝐻′ = 𝐻/√𝑁  and then  𝑍′ = 𝑁𝑍.  

𝑍′𝐻′†𝐻′ = 𝑍𝐻†𝐻 

𝑆1 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟(𝑍′|𝐷𝐻′(𝑋)|2|Φ(𝑟𝜇)|2) = 𝑀0

4 ∫  𝑑4𝑋𝑑4𝑟|𝐷𝐻′|2 (
𝑍′

𝑁
∑  

𝑁

𝑖=1

 ∑  

𝑁

𝑗=1

 𝜙𝜔𝑖

† (𝑟)𝜙𝜔𝑗
(𝑟))

= 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐷𝐻′|2 (

𝑍′

𝑁
∑  

𝑁

𝑖=1

 𝜙𝜔𝑖

† (𝑟)𝜙𝜔𝑖
(𝑟)) = 𝑍𝑀0

4 ∫  𝑑4𝑋𝑑4𝑟|𝐷𝐻|2(𝜙𝜔
† (𝑟)𝜙𝜔(𝑟)) for any 𝜔  

 = 𝑍𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐷𝐻|2|Φ̃|2 = ∫  𝑑4𝑋|𝐷𝐻|2

 

𝑍𝑀0
4 ∫  𝑑4𝑟|Φ̃(𝑟𝜇)|

2
= 𝑍𝑀0

4 ∫  𝑑4𝑟|𝜙𝜔(𝑟𝜇)|2(for any 𝜔) = 1  
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𝑆2= 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟(𝑍′|𝐻′(𝑋)|2|𝜕𝑟Φ(𝑟𝜇)|2) = 𝑍𝑀0

4 ∫  𝑑4𝑋𝑑4𝑟(|𝐻|2𝜕𝜇𝜙𝜔
† (𝑟)𝜕𝜇𝜙𝜔(𝑟))(for any 𝜔) 

 = 𝑍𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟(|𝐻|2𝜕𝜇Φ̃†(𝑟)𝜕𝜇Φ̃(𝑟))

 

𝑆3 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟(2𝑔0

′2𝑁𝑐𝐷𝐹(2𝑟𝜇)|𝐻′|2 ∣ Φ(𝑟𝜇))|
2

) ≈ 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻′|2 (2𝑔0

′2𝑁𝑐

𝛿4(𝑟𝜇)

16𝑀0
2

1

𝑁
∑  

𝑁

𝑖=1

 𝜙𝜔𝑖

† (𝑟) ∑  

𝑁

𝑗=1

 𝜙𝜔𝑗
(𝑟))

= 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟𝑁|𝐻′|2 (

𝑔0
′2𝑁𝑐

8𝑀0
2 𝛿4(𝑟)𝜙𝜔

† (0)𝜙𝜔(0)) = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻|2 (

𝑔0
′2𝑁𝑐

8𝑀0
2 𝛿4(𝑟)𝜙𝜔

† (𝑟)𝜙𝜔(𝑟))  (for any 𝜔)  

 

𝑆3 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻(𝑋𝜇)|2 (

2𝑔0
2𝑁𝑐

𝑀0
2 𝐷𝐹(2𝑟)|Φ̃(𝑟)|2)  

𝑆𝑌= 𝑔0
2√2𝐽𝑁𝑐𝑀0

2 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝑖𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓𝐷𝐹(2𝑟)𝐻′𝑖(𝑋)Φ(𝑟 ) + ℎ. 𝑐.  

≈ 𝑔0
2√2𝑁𝑐/𝐽𝑀0

2 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝑖𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓𝛿4(𝑟)𝐻𝑖(𝑋)Φ̃(𝑟𝜇) + ℎ. 𝑐. 

 = 𝑔𝑌𝑀0
2 ∫  𝑑4𝑋[𝜓‾𝑖𝐿(𝑋)𝜓𝑅(𝑋)]𝑓𝐻𝑖(𝑋)Φ̃(0) + ℎ. 𝑐. ;  𝑔𝑌 = 𝑔0

2√2𝑁𝑐/𝐽

 

1

2
𝜆̂′ ∫  𝑑4𝑋𝑑4𝑟𝛿4(𝑟)|𝐻′(𝑋)Φ(𝑟𝜇)|4 =

1

2
𝜆̂ ∫  𝑑4𝑋|𝐻(𝑋𝜇)|4|Φ̃(0)|4  

𝑆Φ = 𝑍′𝑀0
4𝜇2 ∫  𝑑4𝑋𝑑4𝑟|𝐻′|2|Φ̃|2 = 𝜇2 ∫  𝑑4𝑋|𝐻|2  

∑  

𝑁

𝑖

  (𝑐) = 𝒩′ ∫  𝑑4𝜔𝛿(𝜔2 − 1)𝜙𝜔(𝑟𝜇) ≡ ∫  
𝜔

  (𝑐) = 𝑁(𝑐)  

Φ(𝑟𝜇) =
1

√𝑁
∑  

𝑁

𝑖

 𝜙𝜔𝑖
= 𝒩 ∫  𝑑4𝜔𝛿(𝜔2 − 1)𝜙𝜔(𝑟𝜇) ≡

1

√𝑁
∫  

𝜔

 𝜙𝜔(𝑟𝜇)  

𝑁 = 𝒩 ∫  𝑑4𝜔̂𝛿(1 − 𝜔̂2) = 𝒩𝜋2 ∫  𝜔̂2𝑑𝜔̂2𝛿(𝜔̂2 − 1) = 𝜋2𝒩  

𝜙𝜔(𝑟𝜇) = 𝜙(𝜔𝜇(𝜔 ⋅ 𝑟) − 𝑟𝜇) then ∫  
𝜔

→ ∫  𝑑4−𝜖𝜔 

𝑍′𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻′|2|Φ(𝑟𝜇)|2 = 𝑍′𝑀0

4 ∫  𝑑4𝑋𝑑4𝑟|𝐻′|2
1

√𝑁
∫  

𝜔

 𝜙𝜔
† (𝑟)

1

√𝑁
∫  

𝜔′
 𝜙

𝜔′
† (𝑟)

 = 𝑍𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻|2

1

𝑁
∫  

𝜔

 𝜙𝜔
† (𝑟)𝜙𝜔

† (𝑟) × (∫  
𝜔′

 ) = 𝑍𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻|2

 

∫  𝑑4𝑟𝜙𝜔𝑖

† (𝑟)𝜙𝜔𝑗
(𝑟) = 𝛿𝑖𝑗 ∫  𝑑4𝑟𝜙𝜔

† (𝑟)𝜙𝜔(𝑟) = 𝛿𝑖𝑗 ∫  𝑑4𝑟|Φ̃(𝑟𝜇)|
2

 

𝑆3 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻′|2 (2𝑔0

′2𝑁𝑐

𝛿4(𝑟𝜇)

16𝑀0
2

1

√𝑁
∫  

𝜔

 𝜙𝜔
† (𝑟)

1

√𝑁
∫  

𝜔′
 𝜙𝜔′(𝑟))

 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻′|2 (

𝑔0
′2𝑁𝑐

8𝑀0
2 𝛿4(𝑟)𝑁𝜙𝜔

† (0)𝜙𝜔(0)) = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟|𝐻|2 (

𝑔0
2𝑁𝑐

8𝑀0
2 𝛿4(𝑟)|Φ̃(𝑟𝜇)|

2
)
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𝑆 = ∫  𝑑4𝑋 (|𝐷𝐻(𝑋𝜇)|2 − 𝜇2|𝐻|2 + 𝑔𝑌𝐻𝑖†(𝑋)[𝜓‾𝑅(𝑋)𝜓𝑖𝐿(𝑋) + ℎ. 𝑐. ]𝑓 −
1

2
𝜆(𝐻†𝐻)

2
) + 𝑆′  

𝜇2|𝐻|2 +
1

2
𝜆(𝐻†𝐻)

2
,  where , 𝜇2 < 0  

𝐻′(𝑋)Φ(𝑟) = 𝐻(𝑋𝜇)Φ̃(𝑟) → exp (𝑖𝜋𝑎(𝑋)𝜏𝑎/2𝑣weak ) (
𝑣weak Φ̃(𝑟𝜇) +

ℎ(𝑋, 𝑟𝜇)

√2
0

)  

𝐻′(𝑋)Φ = 𝐻(𝑋𝜇)Φ̃(𝑟) → 𝑣weak Φ̃(𝑟) + ℎ(𝑋)Φ̃(𝑟)/√2  

𝑆1 →
1

2
𝑍𝑀0

4 ∫  𝑑4𝑋𝑑4𝑟(𝜕ℎ(𝑋))2|Φ̃(𝑟)|2 =
1

2
∫  𝑑4𝑋(𝜕ℎ)2  

𝑆1 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟(𝑍|𝐷𝐻(𝑋𝜇)|2|Φ̃(𝑟)|2) →

 = 𝑍𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟 (𝑀𝑊

2 𝑊+𝑊− +
1

2
𝑀𝑍𝑍2) |Φ̃(𝑟)|2 = ∫  𝑑4𝑋 (𝑀𝑊

2 𝑊+𝑊− +
1

2
𝑀𝑍𝑍2)

 

∫  𝑑4𝑋 (
1

2
𝜕𝜇ℎ𝜕𝜇ℎ −

1

2
𝑚ℎ

2ℎ2 − √
𝜆

2
|𝜇|ℎ3 −

𝜆

8
ℎ4)  

𝑆𝑌
′ = √2𝑁𝑐𝐽𝑔0

2𝑀0
2 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓𝐷𝐹(2𝑟𝜇) (𝑣weak +

ℎ(𝑋)

√2
) Φ̃(𝑟𝜇) + ℎ. 𝑐.  

𝐷𝐹(2𝑟𝜇) → (𝐽𝑀0
2)−1𝛿4(𝑟) 

𝑔𝑌 = 𝑔̂𝑌|Φ̃(0)|,  where , 𝑔̂𝑌 ≡ 𝑔0
2√2𝑁𝑐/𝐽 = 𝑔0

2√3/8  

𝑆𝑌
′ = 𝑔𝑌 ∫  𝑑4𝑋 [𝜓‾𝐿(𝑋)𝜓𝑅(𝑋]𝑓 (𝑣𝑤𝑒𝑎𝑘 +

ℎ(𝑋)

√2
) + ℎ. 𝑐. .  

𝑆𝑌
′ = 𝑚𝑡𝑜𝑝 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓 (𝑀0

2𝐷𝐹(2𝑟𝜇)) 𝐹(𝑟𝜇) + ℎ. 𝑐. , 𝐹 =
Φ̃(𝑟)

Φ̃(0)
∼ 1 + 𝑎1𝑟2 + ⋯ 

(𝐷𝐹(2𝑟𝜇))(𝑟𝑝) ∼ ∫  
𝑑4𝑞

(2𝜋)4

((𝜕𝑞)
𝑝
𝑒𝑖𝑞𝑟)

𝑞2 − 𝑀0
2 ∼

1

𝑀0
2+𝑝 𝛿4(𝑟)  

𝑚𝑡

𝑀0
2 (1 +

ℎ(𝑋)

√2𝑣
) ([𝑏‾𝐿(𝑋)𝐷2𝑡𝑅(𝑋)] + [𝑡‾𝐿(𝑋)𝐷2𝑡𝑅(𝑋)] + ⋯ ) +  h.c.  

𝑡‾ → 𝑏 + 𝑊 + (𝑔, 𝛾, 𝑍))  and , 𝑡‾ → 𝑡 + (𝑔, 𝛾, 𝑍)).  

(ℓ+ℓ−) → (𝛾∗, 𝑍∗) → 𝑡 + 𝑏 + (𝑊, 𝑔, 𝛾, 𝑍)).  

Φ = (1/√𝑁) ∑  

𝜔

𝜙𝜔(𝑟𝜇) 
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𝐻′(𝑋)Φ(𝑟𝜇) = 𝐻(𝑋𝜇)Φ̃(𝑟) → exp (𝑖𝜋𝑎(𝑋)𝜏𝑎/2𝑣weak ) (
𝑣weak Φ̃(𝑟𝜇) + ℎ(𝑋, 𝑟𝜇)

0
)  

ℎ(𝑋, 𝑟𝜇) = ℎ(𝑋)Φ̃(𝑟𝜇) ∼ 𝑔𝑌
2𝛿4(2𝑟𝜇)/𝑀0

2 ∼ 𝑔𝑌
2𝐷𝐹(2𝑟𝜇)  

𝑔‾0
2 = 𝑔0

2(1 − 𝑔0
2𝑁𝑐/8𝜋2)−1 

1 = 𝑍𝑀0
4 ∫  𝑑4𝑟𝜙𝜔𝑖

† (𝑟)𝜙𝜔𝑖
(𝑟) = 1 = 𝑀0

3 ∫  (𝑍𝑀0)𝜔𝜇𝑖𝑑𝑟𝜇𝑑3𝑟⊥𝜙𝜔𝑖

† (𝑟)𝜙𝜔𝑖
(𝑟)  

1 = 𝑀0
3 ∫  𝑑3𝑟|𝜙𝜔(𝑟 )|2,  where , 1 = 𝑍𝑀0 ∫  𝑑𝑟0 ≡ 𝑍𝑀0𝑇  

𝜙(𝑟) ∼ 𝑁𝑒−|𝜇|𝑟/𝑟 

1 = 𝑀0
3 ∫  4𝜋𝑟2𝑑𝑟

𝑁2𝑒−2|𝜇|𝑟

𝑟2
∼ 2𝜋

𝑁2𝑀0
3

𝜇
,  hence , 𝑁2 = 𝜇/2𝜋𝑀0

3  

𝑀0 ∫  𝜔𝜇𝑑𝑟𝜇 ∼ 𝑀0𝑇 ≫ 1, then 𝜙𝜔
† (𝑟𝜇) become orthogonal in 𝜔 

∫  𝑑4𝑟𝜙𝜔
† (𝑟)𝜙𝜔′(𝑟) = 0, 𝜔𝜇 ≠ 𝜔𝜇

′  

𝜙𝜔′(𝑟𝜇) = 𝜙(𝜔′𝜇𝜔𝜈
′ 𝑟𝜈 − 𝑟𝜇) = 𝜙(𝑟0sinh2 𝜃, 𝑟𝑥cosh2 𝜃, 𝑟𝑦, 𝑟𝑧)  

𝜙𝜔′(𝑟𝜇) ≈ 𝜙(𝑟0𝜃2, 𝑟 ) 

1 = 𝑍𝑀0
4 ∫  𝑑4𝑟𝜙𝜔0

† (𝑟)𝜙𝜔′(𝑟) = 𝑍𝑀0
4 ∫  2𝜋𝑟2𝑑𝑟𝑑𝑟0

𝑁2𝑒−2|𝜇|𝑟

√𝑟2((𝑟0)2sinh2 𝜃 + 𝑟2)

 ≈
𝜋𝑍𝑁2𝑀0

4

𝜃𝜇2
ln (𝑀0𝑇) =

1

2𝜇𝜃𝑇
ln (𝑀0𝑇)

 

𝜓‾(𝑦)𝐿𝜓𝑅(𝑥) → Φ(𝑥, 𝑦) ∼ Φ(𝑋, 𝑟) 

𝐷𝐻𝜇 =
𝜕

𝜕𝑋𝜇
− 𝑖𝑔2𝑊𝐴(𝑋)𝜇

𝜏𝐴

2
− 𝑖𝑔1𝐵(𝑋)𝜇

𝑌𝐻

2
.  

𝑆 = 𝑀0
4 ∫  𝑑4𝑋𝑑4𝑟(𝑍|𝐷𝐻𝐻(𝑋𝜇)|2|𝜙(𝑟)|2 + 𝑍|𝐻(𝑋𝜇)|2|𝜕𝑟𝜙(𝑟)|2 + 2𝑔0

2𝑁𝑐𝐷𝐹(2𝑟)|𝐻†𝐻| ∣ 𝜙(𝑟))|
2

) + 𝑆𝑌 + 𝑆𝜆 + ⋯ 

1 = 𝑀0
4𝑍 ∫  𝑑4𝑟|𝜙(𝑟𝜇)|2 → 𝑀0

3 ∫  𝑑3𝑟|𝜙(𝑟𝜇)|2  

𝑆𝑌 = 𝑔𝑌𝑀0
2 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝑖𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓𝐷𝐹(2𝑟)𝐻𝑖(𝑋)𝜙(𝑟 ) + ℎ. 𝑐.  

𝑆𝜆 = −
𝜆̂

2
∫  𝑑4𝑋(𝐻†𝐻)

2
|𝜙(0)|4 + ℎ. 𝑐. . = −

𝜆

2
∫  𝑑4𝑋(𝐻†𝐻)

2
+ ℎ. 𝑐. .  

𝑔𝑌 ≈ 𝑔0
2√2𝑁𝑐/𝐽𝜙(0), 𝜆 ≈ (𝑔𝑌

4 − 𝑔𝑌
2𝜆)

𝑁𝑐

4𝜋2
ln (

𝑀0

𝜇
)  



pág. 10691 

𝑆 = ∫  𝑑4𝑋 (|𝐷𝐻𝐻(𝑋𝜇)|2 + |𝐻(𝑋𝜇)|2𝑆𝜙 + 𝑔𝑌𝐻𝑖†(𝑋)[𝜓‾𝑅(𝑋)𝜓𝑖𝐿(𝑋) +  h.c. ]𝑓 −
1

2
𝜆(𝐻†𝐻)

2
) + 𝑆′  

𝑆𝜙  = 𝑀0
4 ∫  𝑑4𝑟(𝑍𝜕𝜇𝜙†(𝑟)𝜕𝜇𝜙(𝑟) + 2𝑔0

2𝑁𝑐𝐷𝐹(2𝑟𝜇)𝜙†(𝑟)𝜙(𝑟))

𝑆′  = ∫  𝑑4𝑥([𝜓‾𝐿(𝑥)𝑖D̸𝜓𝐿(𝑥)]𝑓 + [𝜓‾𝑅(𝑥)𝑖D̸𝜓𝑅(𝑥)]𝑓) + 𝑔0
2 ∫  𝑑4𝑥𝑑4𝑦[𝜓‾𝐿

𝑖 (𝑥)𝜓𝑅(𝑦)]
𝑓
𝐷𝐹(𝑥 − 𝑦)[𝜓‾𝑅(𝑦)𝜓𝑖𝐿(𝑥)]𝑓

 

𝐷𝐹(𝑥 − 𝑦) = − ∫  
1

𝑞2 − 𝑀0
2 𝑒2𝑞𝜇𝑟𝜇 𝑑4𝑞

(2𝜋)4
 

𝜆 ≈ (𝑔𝑌
4 − 𝑔𝑌

2𝜆 − [𝜆2])
𝑁𝑐

4𝜋2
ln (

𝑀0

𝜇
) ≈ 0.23  

𝛿𝑔0
2/𝑔𝑐

2 ∼ |𝜙(0)|2 ∼ |𝜇|/𝑀0 ∼ 1% 

𝐻𝜓(𝑟 , 𝑡) = 𝑖𝜕𝑡𝜓(𝑟 , 𝑡) 

|𝐵𝐶𝑆⟩ ∼ ∏  

𝑁𝐹

𝑖

(𝑢𝑖|0⟩ + 𝑣𝑖|↑ 𝑘  𝑖, ↓ −𝑘  𝑖⟩) 

𝑘  𝑖, Φ̂(𝑟 ) ∼ ∑  

𝑁

𝑖

𝑎
𝑘  𝑖

† 𝑎
−𝑘  𝑖

† 𝜙𝑖(𝑟 ) 

Φ(𝑟 ) = ⟨𝐵𝐶𝑆|Φ̂(𝑟 )|𝐵𝐶𝑆⟩ ∼ ∑  

𝑁

𝑖

𝑢𝑖𝑣𝑖
∗𝜙𝑖(𝑟 ) 

𝑔‾0
2 = 𝑔0

2 (1 −
𝑔0

2𝑁𝑐

8𝜋2 )

−1

 

𝜔𝑖𝐿 =
(1 − 𝛾5)

2
(
𝑡

𝑏
) , 𝜔𝑅 =

(1 − 𝛾5)

2
𝑡  

𝑆(𝜔) = ∫  𝑑4𝑥 ([𝜔‾ 𝐿
𝑖 (𝑥)𝑖𝐷𝜔𝑖𝐿(𝑥)] + [𝜔‾𝑅(𝑥)𝑖𝐷𝜔𝑅(𝑥)] + 𝑔0

2 ∫  𝑑4𝑥𝑑4𝑦[𝜔‾ 𝐿
𝑖 (𝑥)𝜔𝑅(𝑦)]𝐷𝐹(𝑥 − 𝑦)[𝜔‾𝑅(𝑦)𝜔𝑖𝐿(𝑥)] 

𝑖𝐷𝜇𝜈(𝑥 − 𝑦) = 𝑔𝜇𝜈𝐷𝐹(𝑥 − 𝑦); 𝐷𝐹(𝑥 − 𝑦) = − ∫  
1

𝑞2 − 𝑀0
2 𝑒𝑖𝑞(𝑥−𝑦)

𝑑4𝑞

(2𝜋)4
 

+ ∫  𝑑4𝑥𝑑4𝑦(𝑔0𝐷𝐹(𝑥 − 𝑦)(𝐵𝑖†(𝑥, 𝑦)[𝜔‾𝑅(𝑦)𝜔𝑖𝐿(𝑥)] + [𝜔‾𝐿
𝑖 (𝑥)𝜔𝑅(𝑦)]𝐵𝑖(𝑥, 𝑦))

− [𝐵𝑖†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)𝐵𝑖(𝑥, 𝑦)]) 

𝑆(𝜔, 𝐵) = ∫  𝑑4𝑥([𝜔‾𝐿
𝑖 (𝑥)𝑖𝐷𝜔𝑖𝐿(𝑥)] + [𝜔‾𝑅(𝑥)𝑖𝐷𝜔𝑅(𝑥)])

 

 

𝐵𝑖(𝑥, 𝑦) = 𝑔0[𝜔‾𝑅(𝑦)𝜔𝑖𝐿(𝑥)];  𝐵𝑖†(𝑥, 𝑦) = 𝑔0[𝜔‾𝐿
𝑖 (𝑥)𝜔𝑅(𝑦)]  
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𝑆(Ω, 𝐵) = ∫  𝑑4𝑥𝑑4𝑦([Ω‾ (𝑥)𝐾(𝑥, 𝑦)Ω(𝑦)] − [𝐵𝑖†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)𝐵𝑖(𝑥, 𝑦)])  

Ω ≡ (
𝜔𝑖𝐿

𝜔𝑅
) , Ω‾ ≡ (𝜔‾𝐿

𝑖 𝜔‾ 𝑅), 𝐾(𝑥, 𝑦) = (
𝑆𝐹

−1(𝑥, 𝑦) 𝑔0𝐷𝐹(𝑥 − 𝑦)𝐵†(𝑥, 𝑦)

𝑔0𝐷𝐹(𝑥 − 𝑦)𝐵(𝑥, 𝑦) 𝑆𝐹
−1(𝑥, 𝑦)

)  

𝑆𝐹(𝑥, 𝑦) = (𝑖𝐷)−1𝛿4(𝑥 − 𝑦) 

𝑆(Ξ, Ω, 𝐵) = ∫  𝑑4𝑥𝑑4𝑦([Ω‾ (𝑥)𝐾(𝑥, 𝑦)Ω(𝑦)] − [𝐵𝑖†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)𝐵𝑖(𝑥, 𝑦)]) + ∫  𝑑4𝑥(Ξ‾(𝑥)Ω(𝑥) + Ω‾ (𝑥)Ξ(𝑥))

 where:  Ξ ≡ (
𝜉𝑖𝑅

𝜉𝐿

) , Ξ‾ ≡ (𝜉‾𝑅
𝑖 𝜉‾𝐿)

 

𝑊 = −𝑖ℏln ∫  𝐷Ω𝐷Ω‾ exp (
𝑖

ℏ
𝑆(Ξ, Ω, 𝐵))  

Ω(𝑥) → Ω(𝑥) − ∫  𝑑4𝑦𝐾−1(𝑥, 𝑦)Ξ(𝑦); Ω‾ (𝑥) → Ω‾ (𝑥) − ∫  𝑑4𝑦Ξ‾(𝑦)𝐾−1(𝑦, 𝑥)  

𝑆(Ξ, Ω, 𝐵) = ∫  𝑑4𝑥𝑑4𝑦([Ω‾ (𝑥)𝐾(𝑥, 𝑦)Ω(𝑦)] − Ξ‾(𝑥)𝐾−1(𝑥, 𝑦)Ξ(𝑦) − [𝐵𝑖†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)𝐵𝑖(𝑥, 𝑦)]) 

𝑊(Ω) = −𝑖ℏln ∫  𝐷Ω𝐷Ω‾ exp (
𝑖

ℏ
∫  𝑑4𝑥𝑑4𝑦([Ω‾ (𝑥)𝐾(𝑥, 𝑦)Ω(𝑦)])

𝑊(Ξ) = − ∫  𝑑4𝑥𝑑4𝑦Ξ‾(𝑥)𝐾−1(𝑥, 𝑦)Ξ(𝑦), 𝑊(𝐵) = − ∫  𝑑4𝑥𝑑4𝑦([𝐵𝑖†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)𝐵𝑖(𝑥, 𝑦)])

 

Ψ ≡ (
𝜓𝑖𝐿

𝜓𝑅
) , Ψ‾ ≡ (𝜓‾𝐿

𝑖 𝜓‾𝑅)  

Ψ‾ (𝑥) =
𝛿𝑊(Ξ)

𝛿Ξ(𝑥)
= − ∫  𝑑4𝑦Ξ‾(𝑦)𝐾−1(𝑦, 𝑥);  Ψ(𝑥) =

𝛿𝑊(Ξ)

𝛿Ξ‾(𝑥)
= − ∫  𝑑4𝑦𝐾−1(𝑥, 𝑦)Ξ(𝑦).  

Ξ(𝑥) = − ∫  𝑑4𝑦𝐾(𝑥, 𝑦)Ψ(𝑦); Ξ‾(𝑥) = − ∫  𝑑4𝑦Ψ‾ (𝑦)𝐾(𝑦, 𝑥)  

𝑆(Ψ, 𝐵) = 𝑊(Ω) + 𝑊(𝐵) + 𝑊(Ξ) − ∫  𝑑4𝑥 (
𝛿𝑊(Ξ)

𝛿Ξ(𝑥)
Ξ(𝑥) + Ξ‾(𝑥)

𝛿𝑊(𝑋𝑖)

𝛿Ξ‾
)

= 𝑊(Ω) + 𝑊(𝐵) − ∫  𝑑4𝑥𝑑4𝑦Ξ‾(𝑥)𝐾−1(𝑥, 𝑦)Ξ(𝑦) − ∫  𝑑4𝑥(Ψ‾ (𝑥)Ξ(𝑥) + Ξ‾(𝑥)Ψ(𝑥)) 

 = 𝑊(Ω) + ∫  𝑑4𝑥𝑑4𝑦(Ψ‾ (𝑥)𝐾(𝑥, 𝑦)Ψ(𝑦) − [𝐵𝑖†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)𝐵𝑖(𝑥, 𝑦)])
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𝐵𝑖(𝑥, 𝑦) = 𝑔0[Ψ‾ 𝑅(𝑦)Ψ𝑖𝐿(𝑥)] +
𝛿𝑊(Ω)

𝛿𝐵†𝑖(𝑥, 𝑦)
, 𝐵𝑖†(𝑥, 𝑦) = 𝑔0[Ψ‾ 𝐿

𝑖(𝑥)Ψ𝑅(𝑦)] +
𝛿𝑊(Ω)

𝛿𝐵𝑖(𝑥, 𝑦)
.  

 

 

∫  
𝑢…𝑣

  = ∫  𝑑4𝑢. . 𝑑4𝑣  

𝐵𝑖†(𝑥, 𝑦)𝐷𝐹(𝑥, 𝑦)𝐵𝑖(𝑥, 𝑦) → 𝐵𝑖†𝐷𝐹𝐵𝑖 

𝛿𝑆(Ψ, 𝐵, 𝑄)

𝛿𝑄𝑖†
= 𝑔0𝐷𝐹[𝜓‾𝑅𝜓𝑖𝐿]𝑏 ≡ 𝑔0√𝑁𝑐𝑀0

2𝐷𝐹𝐻𝑖;  
𝛿𝑆(Ψ, 𝐵, 𝑄)

𝛿𝑄𝑖
= 𝑔0𝐷𝐹[𝜓‾𝐿

𝑖 𝜓𝑅]
𝑏

≡ 𝑔0√𝑁𝑐𝑀0
2𝐷𝐹𝐻𝑖†(24) 

𝐻𝑖, [𝜓‾𝑅(𝑥)𝜓𝑖𝐿(𝑦)] → [𝜓‾𝑅(𝑥)𝜓𝑖𝐿(𝑦)]𝑓 + 𝑀0
2√𝑁𝑐𝐻𝑖(𝑥, 𝑦) 

𝑆(Ψ, 𝐵, 𝐻) = 𝑆(Ψ, 𝐵, 𝑄) − ∫  
𝑥𝑦

  (𝑄†
𝛿𝑆

𝛿𝑄†
+ 𝑄

𝛿𝑆

𝛿𝑄
)  

 

𝐶𝑖(𝑥, 𝑦) = √𝑁𝑐𝑀0
2𝐻𝑖(𝑥, 𝑦) + [𝜓‾𝑅(𝑦)𝜓𝑖𝐿(𝑥)]𝑓  

𝐵𝑖(𝑥, 𝑦) = 𝑔0𝐶𝑖(𝑥, 𝑦), 𝐵𝑖†(𝑥, 𝑦) = 𝑔0𝐶𝑖†(𝑥, 𝑦).  

 

 

[𝐷𝑦, [𝐷𝑦, 𝐻(𝑥, 𝑦)]] = 0 [𝐷𝑥
†, [𝐷𝑥

†, 𝐻(𝑥, 𝑦)]] = 0  

[𝜓‾𝐿(𝑦)[∂̸, [∂̸, 𝜓𝑖𝑅(𝑥)]]
𝑏

= 𝜕𝑥
2[𝜓‾𝐿(𝑦)𝜓𝑖𝑅(𝑥)]]

𝑏
= 0 

𝑆𝐾𝑇𝑏 → 𝑆𝐾𝑇𝐻 = 𝑀0
4 ∫  𝑑4𝑥𝑑4𝑦 (𝑍|𝐷𝑅

†𝐻(𝑥, 𝑦)|
2

+ 𝑍|𝐷𝐿𝐻(𝑥, 𝑦)|2)  
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𝐷𝐿𝜇 =
𝜕

𝜕𝑦𝜇
− 𝑖𝑔2𝑊𝜇

𝐴(𝑦)
𝜏𝐴

2
− 𝑖𝑔1𝑊𝜇

0(𝑦)
𝑌𝐿

2
; 𝐷𝑅𝜇

† =
𝜕

𝜕𝑥𝜇
+ 𝑖𝑔1𝑊𝜇

0(𝑥)
𝑌𝑅

2
 

𝑋𝜇 =
𝑥𝜇 + 𝑦𝜇

2
, 𝑟𝜇 =

𝑥𝜇 − 𝑦𝜇

2
, 𝜕𝑥 =

1

2
(𝜕𝑋 + 𝜕𝑟), 𝜕𝑦 =

1

2
(𝜕𝑋 − 𝜕𝑟)  Jacobian:  |

𝜕(𝑋, 𝜌)

𝜕(𝑥, 𝑦)
| ≡ 𝐽−1 = 2−4 

𝐻𝑖(𝑥, 𝑦) = 𝐻𝑖(𝑋 + 𝑟, 𝑋 − 𝑟) ≡ 𝐻̂𝑖(𝑋, 𝑟)  hence , √𝐽/2𝐻̂𝑖(𝑋, 𝑟) = 𝐻𝑖(𝑋)𝜙(𝑟)  

𝐻𝑖(𝑥, 𝑦) → 𝑊𝑅
†(𝑋, 𝑥)𝑊𝐿(𝑋, 𝑦)√2/𝐽𝐻𝑖(𝑋)𝜙(𝑟)  

𝑆𝐾𝑇𝐻 → ∫  𝑑4𝑋𝑑4𝑟𝑍𝑀0
4(|𝐷𝐻𝐻(𝑋)|2|𝜙(𝑟)|2 + |𝐻(𝑋)|2|𝜕𝑟𝜇𝜙(𝑟)|2)  

 

𝐷𝐻𝜇 =
𝜕

𝜕𝑋𝜇
− 𝑖𝑔2𝑊𝜇

𝐴(𝑋)
𝜏𝐴

2
− 𝑖𝑔1𝑊𝜇

0(𝑋)
𝑌𝐻

2
.  

1 = ∫  𝑑4𝑟𝑍𝑀0
4|𝜙(𝑟)|2  

1 = 𝑀0
3 ∫  𝑑𝒟𝑟|𝜙(𝑟 )|2,  which implies , ∫  𝑍𝑀0𝑑𝑟0 = 1,  

𝜔𝜇 = 𝑃𝜇/√𝑃2, and e.g., 𝑟0 = 𝑟𝜇𝜔𝜇 

𝑆𝐾𝑇𝐻 → ∫  𝑑4𝑋 (|𝐷𝑋𝐻(𝑋)|2 + |𝐻(𝑋)|2𝑀0
3 ∫  𝑑3𝑟(−|𝜕𝑟 𝜙(𝑟 )|2))  

𝑆0(𝐻) = ∫  𝑑4𝑋 (|𝐷𝑋𝐻(𝑋)|2 + |𝐻(𝑋)|2𝑀0
3 ∫  𝑑4𝑟(−|𝜕𝑟 𝜙(𝑟 )|2) + |𝐻(𝑋)|2 ∫  𝑑𝑟0𝑑4𝑟(𝑀0

42𝑔0
2𝑁𝑐𝐷𝐹(2𝑟𝜇)|𝜙(𝑟 )|2)) 

|𝜕𝑟𝜇𝜙|2 = |𝜕𝑟0𝜙|2 − |𝜕𝑟 𝜙|2 → −|𝜕𝑟 𝜙|2 

𝑧 ≡ ∫  𝑍𝑀𝑑𝑟0, then we can rescale 𝜙 → 𝜙/√𝑧 

∫  𝑑𝑟0𝐷𝐹(2𝑟) = − ∫  𝑑𝑟0
𝑑𝒟𝑞

(2𝜋)4

1

𝑞2 − 𝑀0
2 𝑒2𝑖𝑞𝜇𝑟𝜇

=
1

2
∫  

𝑑𝒟𝑞

(2𝜋)3

1

𝑞 2 + 𝑀0
2 𝑒2𝑖𝑞𝜇𝑟𝜇

= −
1

2
𝑉0(2|𝑟 |) =

𝑒−2𝑀0|𝑟 |

16𝜋|𝑟 |
 

𝑆 = ∫  𝑑𝒟𝑋 (|𝐷𝑋𝐻(𝑋)|2 + |𝐻(𝑋)|2𝑀0
3 ∫  𝑑𝒟𝑟 (−|𝜕𝑟 𝜙(𝑟 )|2 + 𝑔0

2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙(𝑟 )|2))  

𝛿3(𝑟 ) = (4𝜋𝑟2)−1𝛿(𝑟) 

𝑉0(2𝑟) → −
1

𝑀0
2 𝛿3(2𝑟 ) = −

1

8𝑀0
2 𝛿3(𝑟 ) 𝐷𝐹(2𝑟) →

1

𝑀0
2 𝛿4(2𝑟𝜇) =

1

𝐽𝑀0
2 𝛿4(𝑟𝜇)  

∫  𝑑4𝑟(𝑍|𝜕𝑟𝜇𝜙(𝑟𝜇)|2 + 2𝑔0
2𝑁𝑐𝐷𝐹(2𝑟𝜇)|𝜙(𝑟𝜇)|2)  
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𝑆 = ∫  𝑑4𝑥 ((|𝜕𝜑1(𝑥)|2 + |𝜕𝜑2(𝑥)|2 − 𝑔𝑀0(𝜑1(𝑥)𝜑2(𝑥)𝐴(𝑟) +  h.c.) + |𝜕𝐴(𝑥)|2 − 𝑀0
2|𝐴(𝑥)|•)  

𝐻 = ∫  𝑑𝒟𝑥(|𝜋1(𝑥 )|2 + |𝜋2(𝑥 )|2 + |∇𝜑1(𝑥 )|2 + |∇𝜑2(𝑥 )|2 + 𝑔𝑀0(𝜑1(𝑥 )𝜑2(𝑥 )𝐴(𝑥 ) +  h.c.)

 +|𝜋𝐴(𝑥 )|2 + |∇𝐴(𝑥 )|2 + 𝑀0
2|𝐴(𝑥 )|2)

 

𝐴(𝑥 ) is, ∇2𝐴 − 𝑀0
2𝐴 = 𝑔𝑀0𝜑1𝜑2 

𝐻 = ∫  𝑑𝒟𝑥𝑑𝒟𝑦 (𝑍𝑀0|∇𝑥𝜑1(𝑥)|2|𝜑2(𝑦)|2 + 𝑍𝑀0|∇𝑦𝜑2(𝑦)|
2
|𝜑1(𝑥)|2 − 𝑔2𝑀0

2|𝜑1(𝑥)𝜙2(𝑦)|2Δ(𝑥 − 𝑦)) 

1 = 𝑍𝑀0 ∫  𝑑3𝑦|𝜑𝑖(𝑦)|2, and Δ(𝑥 − 𝑦) = 𝑉0(𝑥 − 𝑦 )/2 

replace 𝜑1(𝑥)𝜑2(𝑦) → 𝑀0Φ(𝑥, 𝑦) to obtain 

𝐻 = ∫  𝑀0
𝒟𝑑𝒟𝑥𝑑𝒟𝑦 (𝑍|∇𝑥Φ(𝑥, 𝑦)|2 + 𝑍|∇𝑦Φ(𝑥, 𝑦)|

2
−

1

2
𝑔2𝑀0|Φ(𝑥, 𝑦)|2𝑉0(𝑥 − 𝑦))  

Φ(𝑥, 𝑦) = √2/𝐽𝜒(𝑋)𝜙(𝑟 ), 

𝐻 = ∫  𝑀0
𝒟𝑑𝒟𝑋𝑑𝒟𝑟 (𝑍|∇𝑋𝜒(𝑋 )|

2
|𝜙(𝑟 )|2 + 𝑍|𝜒(𝑋 )|2|∇𝑟 𝜙(𝑟 )|2 − 𝑔0

2𝑁𝑐𝑀0|𝜒(𝑋 )|2|𝜙(𝑟 )|2𝑉0(2𝑟 ))  

𝑆 = ∫  𝑑4𝑋 (|𝐷𝐻𝐻(𝑋)|2 + |𝐻(𝑋)|2𝑀0
3 ∫  𝑑4𝑟 (−|𝜕𝑟 𝜙(𝑟)|2 + 𝑔0

2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙(𝑟 )|2)

−
𝜆

2
(𝐻†(𝑋)𝐻(𝑋))

2
− 𝑔𝑌 ([𝜓‾𝐿

𝑖 (𝑋)𝑡𝑅(𝑋)]
𝑓
𝐻𝑖(𝑋) +  h.c. )) .

 

ℳ = 𝑀0
𝒟 ∫  𝑑𝒟𝑟 (|𝜕𝑟 𝜙(𝑟)|2 − 𝑔0

2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙(𝑟 )|2)  

−∇2𝜙 − 𝑔0
2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
𝜙(𝑟) = 𝜇2𝜙.  where , ∇2=

𝜕2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
.  

𝑆 = ∫  𝑑4𝑋 (|𝐷𝐻𝐻(𝑋)|2 + |𝜇|2|𝐻(𝑋)|2 −
𝜆

2
(𝐻†(𝑋)𝐻(𝑋)) − 𝑔𝑌([𝜓‾𝐿(𝑋)𝑡𝑅(𝑋)]𝑓𝐻(𝑋) +  h.c. ))  

−|𝜇|2(𝐻†(𝑋)𝐻(𝑋)) +
𝜆

2
(𝐻†(𝑋)𝐻(𝑋))

2
.  

𝑔0
2√2𝑁𝑐𝐽𝑀0

2 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝐿
𝑖 (𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]

𝑓
𝐷𝐹(2𝑟)𝐻𝑖(𝑋)𝜙(𝑟 ) + ℎ. 𝑐. .  

𝐷𝐹(2𝑟) → (𝐽𝑀0
2)−1𝛿4(𝑟) 

→ 𝑔0
2√2𝑁𝑐𝐽 ∫  𝑑4𝑋[𝜓‾𝐿

𝑖 (𝑋)𝜓𝑅(𝑋)]
𝑓
𝐻𝑖(𝑋)𝜙(0) +  h.c..  

𝑔𝑌 = 𝑔0
2√2𝑁𝑐/𝐽𝜙(0)  
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∫ 
𝑥

  (𝑔0[𝜓‾𝐿
𝑖 (𝑥)𝜓𝑅(𝑥)]𝐻𝑖(𝑥) +  h.c.)  

𝑆𝑒𝑓𝑓 = ∫  𝑑4𝑥 (𝑍̃𝐷𝐻†𝐷𝐻 + 𝑀2𝐻†𝐻 −
𝜆

2
(𝐻†𝐻)

2
)  

𝑍̃ =
𝑔0

2𝑁𝑐

8𝜋2
ln (𝑀0/𝑚), 𝑀2 =

𝑔0
2𝑁𝑐

8𝜋2
𝑀0

2, 𝜆 =
𝑔0

4𝑁𝑐

4𝜋2
ln (𝑀0/𝑚)  

𝛿4(𝑥 − 𝑦) → 𝑀0
2𝐷𝐹(𝑥 − 𝑦) 

∫  
𝑥𝑦

  (𝑔0𝜔‾ 𝑅(𝑦)𝐷𝐹(𝑥 − 𝑦)𝜔𝑖𝐿(𝑥)𝐵𝑖†(𝑥, 𝑦) +  h.c. )  

𝑖

ℏ
𝑊(Ω)= ∫  

𝑥𝑦𝑥′𝑦′
  [𝐵†(𝑥, 𝑦)ℱ(𝑥, 𝑦, 𝑥′, 𝑦′)𝐵(𝑥′, 𝑦′)]  

 + ∫  
𝑥…𝑧′

  [𝐵†(𝑥, 𝑦)𝐵(𝑥′, 𝑦′)]𝒢(𝑥, 𝑦, 𝑥′, 𝑦′, 𝑤, 𝑧, 𝑤′, 𝑧′)[𝐵†(𝑤, 𝑧)𝐵(𝑤′, 𝑧′)] + ⋯

 

𝑖

ℏ
𝑊ℱ(Ω) = ∫  

𝑥𝑦𝑥′𝑦′
  [𝐵†(𝑥, 𝑦)ℱ(𝑥, 𝑦, 𝑥′, 𝑦′)𝐵(𝑥′, 𝑦′)] =

 −
1

2
𝑔0

2𝑁𝑐 ∫  
𝑥…𝑦′

  [𝐵†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)Tr(𝑆𝐹(𝑥 − 𝑥′)𝑆𝐹(𝑦′ − 𝑦))𝐷𝐹(𝑥′ − 𝑦′)𝐵(𝑥′, 𝑦′)]

 

 

𝐷𝐹(𝑥 − 𝑦) = − ∫  
𝑑4𝑞

(2𝜋)4

𝑒𝑖𝑞(𝑥−𝑦)

𝑞2 − 𝑀0
2 → ∫  

𝑑4𝑞

(2𝜋)4

𝑒𝑖𝑞(𝑥−𝑦)

𝑀0
2 =

1

𝑀0
2 𝛿4(𝑥 − 𝑦)  

ℱ(𝑥, 𝑦, 𝑥′, 𝑦′) → −2𝑔0
2𝑁𝑐

𝛿4(𝑥 − 𝑦)𝛿4(𝑥′ − 𝑦′)

𝑀0
4 ∫  

𝑑4ℓ

(2𝜋)4

𝑑4ℓ′

(2𝜋)4

ℓ ⋅ ℓ′𝑒𝑖(ℓ−ℓ′)(𝑥−𝑥′)

ℓ2ℓ′2
 

𝑋 =
1

2
(𝑥 + 𝑦), 𝑟 =

1

2
(𝑥 − 𝑦), 𝐽 = |

𝜕(𝑥, 𝑦)

𝜕(𝑋, 𝑟)
| = 24  

𝐵̃(𝑋, 𝑟) ≡ 𝐵(𝑋 − 𝑟, 𝑋 + 𝑟)  

𝑋‾ = (𝑋 + 𝑋′)/2 and 𝑅 = (𝑋 − 𝑋′) 

𝛿4(𝑥 − 𝑦) = 𝐽𝛿4(2𝑟) 

∫  
𝑥𝑦𝑥′𝑦′

 [𝐵†(𝑥, 𝑦)ℱ(𝑥, 𝑦, 𝑥′, 𝑦′)𝐵(𝑥′, 𝑦′)]

→−𝑔0
2𝑁𝑐𝐽2 ∫  

𝑋𝑟𝑋′𝑟′
  [𝐵̃†(𝑋, 𝑟)

𝛿4(2𝑟)𝛿4(2𝑟′)

𝑀0
4 ∫  

𝑑4ℓ

(2𝜋)4

𝑑4ℓ′

(2𝜋)4

2ℓ ⋅ ℓ′𝑒2𝑖(ℓ−ℓ′)(𝑋+𝑟−𝑋′−𝑟′)

ℓ2ℓ′2
𝐵̃(𝑋′, 𝑟′)] 

= −
𝑔0

2𝑁𝑐

𝑀0
4 ∫  

𝑋𝑋′
  [𝐵̃†(𝑋, 0) ∫  

𝑑4ℓ

(2𝜋)4

𝑑4ℓ′

(2𝜋)4

2ℓ ⋅ ℓ′

ℓ2ℓ′2
𝑒𝑖(ℓ−ℓ′)(𝑋−𝑋′)𝐵̃(𝑋′, 0)]
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𝐵̃†(𝑋, 0) ∼ 𝐵̃0
†𝑒𝑖𝑃(𝑋‾+𝑅/2), 𝐵̃(𝑋′, 0) ∼ 𝐵̃0𝑒−𝑖𝑃(𝑋‾−𝑅/2) 

−
𝑔0

2𝑁𝑐

𝑀0
4 ∫  

𝑋𝑅

  𝑒𝑖(ℓ−ℓ′+𝑃)(𝑅)[𝐵̃0
†′𝐵̃0] ∫  

𝑑4ℓ

(2𝜋)4

2ℓ ⋅ (ℓ′)

ℓ2(ℓ′)2
= −

2𝑔0
2𝑁𝑐

𝑀0
4 ∫  

𝑋

  [𝐵̃0
†′𝐵̃0] ∫  

𝑑4ℓ

(2𝜋)4

ℓ ⋅ (ℓ + 𝑃)

ℓ2(ℓ + 𝑃)2
 

 =
𝑖𝑔0

2𝑁𝑐

8𝜋2𝑀0
4 ∫  

𝑋‾
  [𝐵̃0

†𝐵̃0] (𝑀0
2 + 𝑃2ln (

𝑀0

𝑚
))

 

𝑊ℱ(Ω) =
𝑔0

2𝑁𝑐

8𝜋2𝑀0
2 ∫  𝑑4𝑋[𝐵̃†(𝑋, 0)𝐵̃(𝑋, 0)] →

𝑔0
2𝑁𝑐𝐽

8𝜋2𝑀0
2 ∫  𝑑4𝑋𝑑4𝑟𝐵̃†(𝑋, 𝑟)𝛿4(2𝑟)𝐵̃(𝑋, 𝑟)  

𝛿4(2𝑟) → 𝑀0
2𝐷𝐹(𝑥 − 𝑦) 

𝑊ℱ(Ω) = ∫  
𝑥…𝑦′

 𝐵†(𝑥, 𝑦)ℱ(𝑥, 𝑦, 𝑥′, 𝑦′)𝐵(𝑥′, 𝑦′) ≈
𝑔0

2𝑁𝑐

8𝜋2
∫  𝑑4𝑥𝑑4𝑦𝐵†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)𝐵(𝑥, 𝑦)  

𝑊𝒢(Ω) = ∫  
𝑥…𝑧′

 𝐵†(𝑥, 𝑦)𝐵(𝑥′, 𝑦′)𝒢(𝑥, 𝑦, 𝑥′, 𝑦′, 𝑤, 𝑧, 𝑤′, 𝑧′)𝐵†(𝑤, 𝑧)𝐵(𝑤′, 𝑧′)

≈ −
𝑔0

4𝜆̂

2𝑀0
8 (∫  

𝑥𝑦

 (𝐵†(𝑥, 𝑦)𝐵(𝑥, 𝑦))
2
𝛿4(𝑥 − 𝑦))

 

𝜆̂ =
𝑁𝑐

4𝜋2
ln (

𝑀0

𝑚
) .  

 

𝐶𝑖(𝑥, 𝑦) = √𝑁𝑐𝑀0
2𝐻𝑖(𝑥, 𝑦) + [𝜓‾𝑅(𝑦)𝜓𝑖𝐿(𝑥)]𝑓 

𝑊(Ω)= ∫  
𝑥𝑦𝑥′𝑦′

  [𝐵†(𝑥, 𝑦)ℱ(𝑥, 𝑦, 𝑥′, 𝑦′)𝐵(𝑥′, 𝑦′)] + ∫  
𝑥…𝑧′

  [𝐵†(𝑥, 𝑦)𝐵(𝑥′, 𝑦′)]𝒢(𝑥, … , 𝑧′)[𝐵†(𝑤, 𝑧)𝐵(𝑤′, 𝑧′)] + ⋯ , 

 =
𝑔0

2𝑁𝑐

8𝜋2
∫  

𝑥𝑦

 𝐵†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)𝐵(𝑥, 𝑦) −
𝑔0

4𝜆̂

2𝑀0
8 ∫  

𝑥𝑦

  (𝐵†(𝑥, 𝑦)𝐵(𝑥, 𝑦))2𝛿4(𝑥 − 𝑦)

 

 

𝐵𝑖
′ = √𝑅𝐵𝑖(𝑥, 𝑦) 𝑔‾0 = 𝑅−1/2𝑔0  where , 𝑅 = (1 −

𝑔0
2𝑁𝑐

8𝜋2 ) .  

 

𝐵𝑖
′(𝑥, 𝑦) = 𝑔‾0𝐶𝑖(𝑥, 𝑦) − 𝑔‾0

4𝜆̂𝑀0
−6𝐵𝑖

′(𝑥, 𝑦)(𝐵′𝑗†(𝑥, 𝑦)𝐵𝑗
′(𝑥, 𝑦)) + ⋯ ,  
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𝐵𝑖
′(𝑥, 𝑦) ≈ 𝑔‾0𝐶𝑖 − 𝑔‾0

7𝜆̂𝑀0
−6𝐶𝑖(𝐶†𝑗(𝑥)𝐶𝑗(𝑥)) + ⋯  

 

𝑔‾0
2 = 𝑔0

2 (1 −
𝑁𝑐𝑔0

2

8𝜋2 )

−1

 

𝐻𝑖(𝑥, 𝑦) → √2/𝐽𝐻𝑖(𝑋)𝜙(𝑟), and, 𝑀0
2𝐷𝐹(2𝑟) → 𝛿4(2𝑟) 

𝑔‾0
2 ∫  

𝑥𝑦

 √𝑁𝑐𝑀0
2(𝐻𝑖†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)[𝜓‾𝑅(𝑦)𝜓𝑖𝐿(𝑥)]𝑓 +  h.c. ) ≈ 𝑔‾𝑌 ∫  𝑑4𝑋(𝐻𝑖†(𝑋)[𝜓‾𝑅(𝑋)𝜓𝑖𝐿(𝑋)]𝑓 +  h.c. ) 

𝑔‾𝑌 = 𝑔‾0
2√2𝑁𝑐/𝐽𝜙(0)  

−
1

2
𝑔‾0

8𝑁𝑐𝜆̂ ∫  
𝑥𝑦

 𝛿4(𝑥 − 𝑦)[𝐻†𝑖(𝑥, 𝑦)𝐻𝑖(𝑥, 𝑦)]
2

⟶ −
1

2
𝜆̂[𝑔‾0

8𝐽𝐽−1(2/𝐽)2𝑁𝑐
2|𝜙(0)|4] ∫  

𝑋

 (𝐻𝑖†(𝑋)𝐻𝑖(𝑋))
2

≡ −
𝜆

2
∫  

𝑋

 (𝐻†(𝑋)𝐻(𝑋))
2
  where 𝜆 =

𝑔‾𝑌
4𝑁𝑐

4𝜋2
ln (

𝑀0

𝑚
)

 

 

∼ 𝑍̃𝜕𝑋𝐵′𝑖†𝜕𝑋𝐵𝑖
′ − 𝑀0

2𝐵′𝑖†𝐵𝑖
′  where , 𝑍̃ =

𝑔‾0
2𝑁𝑐

8𝜋2
ln (

𝑀0

𝑚
)  

𝑀resonance 
2 = 𝑀0

2/ln (
𝑀0

𝑚
) 
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𝑔‾0
2 = 𝑔0

2 (1 −
𝑁𝑐𝑔0

2

8𝜋2 )

−1

 

𝑔‾0𝑐
2 𝑁𝑐

8𝜋2
= 1.06940,  cf. NJL model: 

𝑔‾0𝑐
2 𝑁𝑐

8𝜋2
= 1  

𝜙(𝑟) ≈
𝑐𝑒−|𝜇|𝑟

𝑟
,  𝜙(0) =

2√2

𝜋3/2
√

|𝜇|

𝑀0
= 0.50795√

|𝜇|

𝑀0

 

𝑔‾𝑌 = 1 = 𝑔‾0𝑐
2 √

2𝑁𝑐

𝐽
𝜙(0) = 17.236𝜙(0) ≈ 8.7548√

|𝜇|

𝑀0
,  

𝑔0
2𝑁𝑐

8𝜋2
≈

1.0694

1 + 1.0694
= 0.51677  

𝛼topcolor =
𝑔0

2

4𝜋
≈ 1.0823 is perturbative 

𝜆 ≈
𝑔‾𝑌

4𝑁𝑐

4𝜋2
ln (

𝑀0

𝜇
)  

𝜆 ≈ (𝑔‾𝑌
4)

𝑁𝑐

4𝜋2
ln (

𝑀0

|𝜇|
) ≈ 0.321   

𝜆 ≈ (𝑔‾𝑌
4 − 𝑔‾𝑌

2𝜆 − 𝜆2)
𝑁𝑐

4𝜋2
ln (

𝑀0

|𝜇|
) ≈ 0.230   

𝜆 ≈ (𝑔‾𝑌
4 − 𝑔‾𝑌

2𝜆)
𝑁𝑐

4𝜋2
ln (

𝑀0

𝜇
) ≈ 0.243  

𝑔‾0
2 = 𝑔0

2 (1 −
𝑁𝑐𝑔0

2

8𝜋2 )

−1

 

BEH mass, 𝜇2 = −(88)2GeV2 

loops ∼ 𝑁𝑐𝑔‾𝑌
4ln (𝑀0/𝜇)/4𝜋2 ∝ (𝜙(0))4 

𝜓‾𝑅
𝑎(𝑥)𝜓𝑖𝑏𝐿(𝑦) → 𝜓‾𝑅

𝑎(𝑥)𝜓𝑖𝑏𝐿(𝑦)𝑓 + 𝑀0
2

𝛿𝑏
𝑎

√𝑁𝑐

𝐻𝑖(𝑥, 𝑦)  

(𝑥, 𝑦) ∼ 𝜓‾𝑅(𝑥)𝜓𝐿(𝑦) 

𝐻(𝑋)𝜙(𝑟) ∼ ∑  

𝑖𝑗

𝑎𝑖𝑗𝜓‾𝑅𝑖(𝑥)𝜓𝐿𝑗(𝑦) 

⟨0|𝜑1(𝑥 )𝜑2(𝑦 )|𝑆⟩ ∼ 𝜒(𝑋)𝜙(𝑟 ) 

𝑁𝑐𝑔0𝑐
2 /8𝜋2 = 1, 𝑁𝑐𝑔0𝑐

2 /8𝜋2 = 1.0694 
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𝑔0
2

𝑀0
2

[𝜓‾𝑖𝐿(𝑥)𝜓𝑅(𝑥)][𝜓‾𝑅(𝑥)𝜓𝐿
𝑖 (𝑥)];   𝜓𝐿

𝑖 = (
𝑡

𝑏
)

𝐿
, 𝜓𝑅 = 𝑡𝑅 ,  

𝐻𝑖(𝑥) ∼ [𝜓‾𝑅(𝑥)𝜓𝐿
𝑖 (𝑥)] 

(1 −
𝑔0

2

𝑔𝑐
2) ∼

𝑣𝑠𝑡𝑟𝑜𝑛𝑔
2

𝑀0
2 ∼ 10−26(!)  

−
1

2𝑚

𝑑𝒟

𝑑𝑥2
𝜙(𝑥) + 𝑉(𝑥)𝜙(𝑥) = 𝐸𝜙(𝑥),  where,  𝑉(𝑥) = −𝛼𝛿(𝑥)  

𝑆𝑁𝐽𝐿 = ∫  𝑑4𝑥 (𝑖[𝜓‾𝐿(𝑥)D̸𝐿𝜓𝐿(𝑥)] + 𝑖[𝜓‾𝑅(𝑥)D̸𝑅𝜓𝑅(𝑥)] +
𝑔0

2

𝑀0
2

[𝜓‾𝑖𝐿(𝑥)𝜓𝑅(𝑥)][𝜓‾𝑅(𝑥)𝜓𝐿
𝑖 (𝑥)])  

𝜓𝐿
𝑖 =

(1 − 𝛾5)

2
(
𝑡

𝑏
) , 𝜓𝑅 =

(1 + 𝛾5)

2
𝑡

𝐷𝐿𝜇 = 𝜕𝜇 − 𝑖𝑔2𝑊𝜇
𝐴

𝜏𝐴

2
− 𝑖𝑔1𝐵𝜇

𝑌𝐿

2
− 𝑖𝑔3𝒢𝐴

𝜒𝐴

2
, 𝐷𝑅𝜇 = 𝜕𝜇 − 𝑖𝑔1𝐵𝜇

𝑌𝑅

2
− 𝑖𝑔3𝒢𝐴

𝜒𝐴

2

 

𝑆𝑁𝐽𝐿 = ∫  𝑑4𝑥 (𝑖[𝜓‾𝐿(𝑥)D̸𝐿𝜓𝐿(𝑥)] + 𝑖[𝜓‾𝑅(𝑥)D̸𝑅𝜓𝑅(𝑥)] − 𝑀0
2𝐻†(𝑥)𝐻(𝑥) + (𝑔0[𝜓‾𝑖𝐿(𝑥)𝜓𝑅(𝑥)]𝐻𝑖(𝑥) + ℎ. 𝑐. )) 

𝑀0
2𝐻𝑖(𝑥) = 𝑔0[𝜓‾𝑅(𝑥)𝜓𝐿

𝑖 (𝑥)]  

𝑆𝜇 = ∫  𝑑4𝑥 (𝑖[𝜓‾𝐿D̸𝐿𝜓𝐿] + 𝑖[𝜓‾𝑅D̸𝑅𝜓𝑅] + 𝑍𝐷𝐻𝜇Φ†𝐷𝐻
𝜇
Φ − 𝜇2𝐻†𝐻 −

𝜆

2
(𝐻†𝐻)

2
+ (𝑔0[𝜓‾𝑖𝐿𝜓𝑅]𝐻𝑖(𝑥) + ℎ. 𝑐. )) 

𝜇2 = 𝑀0
2 −

𝑔0
2𝑁𝑐

8𝜋2
𝑀0

2, 𝑍 =
𝑔0

2𝑁𝑐

8𝜋2
ln (𝑀0/𝑚), 𝜆 =

𝑔0
4𝑁𝑐

4𝜋2
ln (𝑀0/𝑚)  

𝐷𝐻𝜇 = 𝜕𝜇 − 𝑖𝑔2𝑊𝜇
𝐴

𝜏𝐴

2
− 𝑖𝑔1𝐵𝜇

𝑌𝐻

2
 

𝑔𝑐
2𝑁𝑐

8𝜋2
= 1  

𝑔𝑌
2 =

𝑔0
2

𝑍
=

4𝜋2

𝑁𝑐ln (𝑀0/𝑚)
, 𝜆𝑟 =

𝜆

𝑍2
=

16𝜋2

𝑁𝑐ln (𝑀0/𝑚)
 

⟨𝐻0⟩ = 𝑣strong =
|𝜇𝑟|

√𝜆𝑟

 

𝜇𝑟
2 ∼ 𝑀0

2 (1 −
𝑔0

2𝑁𝑐

8𝜋2 ) = 𝑀0
2 (1 −

𝑔0
2

𝑔𝑐
2) .  

𝛿𝑔0
2

𝑔𝑐
2 ∼

|𝜇𝑟
2|

𝑀0
2 ∼ 10−26!  

Φ(𝑥, 𝑦) = 𝜓𝑝(𝑦)𝜓𝑒(𝑥)  
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∫  𝑑𝒟𝑥|𝜓|2 = 1 

∫  𝑑4𝑥𝑑4𝑦 (𝑖𝑍Φ†
𝜕

𝜕𝑥0
Φ + 𝑖𝑍Φ†

𝜕

𝜕𝑦0
Φ −

1

2𝑚𝑝
𝑍|𝜕𝑦  Φ|

2
−

1

2𝑚𝑒
𝑍|𝜕𝑥 Φ|2 − 𝑒2𝐷(𝑥 − 𝑦)|Φ|2)  

𝑒2|𝜓𝑒(𝑥)|2|𝜓𝑝(𝑦)|
2
𝐷(𝑥 − 𝑦) = −𝑒2|Φ(𝑥, 𝑦)|2 ∫  

𝑑4𝑞

(2𝜋)4

𝑒𝑖𝑞𝜇(𝑥−𝑦)𝜇

𝑞0
2 − 𝑞 2 + 𝑖𝜖

 

𝑋 = 𝑦;  𝜌 = 𝑥 − 𝑦;   then,  𝜕𝑥 = 𝜕𝜌;  𝜕𝑦 = 𝜕𝑋 − 𝜕𝜌;   with Jacobian:  |
𝜕(𝑋, 𝜌)

𝜕(𝑥, 𝑦)
| ≡ 𝐽 = 1,  

Φ′(𝑋, 𝜌) = Φ(𝑋 + 𝜌, 𝑋) 

 

∫  𝑑𝑋0𝑑𝒟𝑋𝑑𝜌0𝑑𝒟𝜌 (𝑖𝑍Φ′†
𝜕

𝜕𝜌0
Φ′ + 𝑖𝑍Φ′† (

𝜕

𝜕𝑋0
−

𝜕

𝜕𝜌0
) Φ′ −

1

2𝑚𝑝
𝑍|(𝜕𝑋  − 𝜕𝜌   )Φ′|

2

−
1

2𝑚𝑒
𝑍|𝜕𝜌   Φ

′|
2

− 𝑒2𝐷(𝜌)|Φ′|2) 

∫  𝑑𝜌0𝑍 = 1  

𝑒2 ∫  𝑑𝜌0𝐷𝐹(𝜌)|Φ′(𝜌 )|2 = −𝑒2 ∫  𝑑𝜌0
𝑑4𝑞

(2𝜋)4

1

𝑞2
𝑒𝑖𝑞𝜇𝜌𝜇

|Φ′(𝜌 )|2 = 𝑒2 ∫  
𝑑4𝑞

(2𝜋)3

1

𝑞 2
𝑒−𝑖𝑞  ⋅𝜌   |Φ′(𝜌 )|2 =

𝑒2

4𝜋|𝜌 |
|Φ′(𝜌 )|2 

𝜓𝑝(𝑥) = 𝑒𝑖𝐸𝑋0
/√𝑉 ∫  𝑑𝒟𝑋 = 𝑉 

Φ′(𝑋, 𝜌) → 𝑒−𝑖𝐸𝑋0
𝜓𝑒(𝜌 ) 

∫  𝑑𝑡𝑑𝒟𝜌 (𝐸|𝜓𝑒(𝜌 )|2 −
1

2𝑚𝑒
|𝜕𝜌   𝜓𝑒(𝜌 )|

2
+

𝛼

|𝜌 |
|𝜓𝑒(𝜌 )|2)  

−
1

2𝑚𝑒
∇𝜌   

2𝜓𝑒(𝜌 ) −
𝛼

|𝜌 |
𝜓𝑒(𝜌 ) = 𝐸𝜓𝑒(𝜌 )  

−
𝑔2

𝑀0
2

[𝜓‾𝑖𝐿𝜓𝑅][𝜓‾𝑅𝜓𝐿
𝑖 ] =

𝑔2

𝑀0
2 (𝜓‾𝑖𝐿𝛾𝜇

𝜒𝐴

2
𝜓𝐿

𝑖 ) (𝜓‾𝑅𝛾𝜇
𝜒𝐴

2
𝜓𝑅) + 𝑂(1/𝑁𝑐)  

𝑆′ = 𝑔0
2 ∫  𝑑4𝑥𝑑4𝑦[𝜓‾𝑖𝐿(𝑥)𝜓𝑅(𝑦)]𝐷𝐹(𝑥 − 𝑦)[𝜓‾𝑅(𝑦)𝜓𝐿

𝑖 (𝑥)]  

√𝑁𝑐𝑀0
2𝐻𝑖(𝑥, 𝑦) = [𝜓‾𝑅(𝑥)𝜓𝐿

𝑖 (𝑦)]  

𝑔0
2𝑀0

4𝑁𝑐 ∫  𝑑4𝑥𝑑4𝑦𝐷𝐹(𝑥 − 𝑦)|𝐻(𝑥, 𝑦)|2,  where , 𝐷𝐹(𝑥 − 𝑦) = − ∫  
1

𝑞2 − 𝑀0
2 𝑒𝑖𝑞(𝑥−𝑦)

𝑑4𝑞

(2𝜋)4
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𝑔0
2𝑀0

2√𝑁𝑐 ∫  𝑑4𝑥𝑑4𝑦𝐷𝐹(𝑥 − 𝑦)[𝜓‾𝐿
𝑖 (𝑦)𝜓𝑅(𝑥)]

𝑓
𝐻𝑖(𝑥, 𝑦) +  h.c.  

𝑆𝐾 = 𝑀0
4 ∫  𝑑4𝑥𝑑4𝑦 (𝑍|𝐷𝑅

†𝐻(𝑥, 𝑦)|
2

+ 𝑍|𝐷𝐿𝐻(𝑥, 𝑦)|2 + 𝑔0
2𝑁𝑐𝐷𝐹(𝑥 − 𝑦)|𝐻(𝑥, 𝑦)|2)  

𝐷𝐿𝜇 =
𝜕

𝜕𝑦𝜇
− 𝑖𝑔2𝑊(𝑦)𝜇

𝐴
𝜏𝐴

2
− 𝑖𝑔1𝐵(𝑦)𝜇

𝑌𝐿

2
; 𝐷𝑅𝜇

† =
𝜕

𝜕𝑥𝜇
+ 𝑖𝑔1𝐵(𝑥)𝜇

𝑌𝑅

2
,  

𝑋𝜇 =
𝑥𝜇 + 𝑦𝜇

2
, 𝑟𝜇 =

𝑥𝜇 − 𝑦𝜇

2
, 𝜕𝑥 =

1

2
(𝜕𝑋 + 𝜕𝑟), 𝜕𝑦 =

1

2
(𝜕𝑋 − 𝜕𝑟)  with Jacobian:  |

𝜕(𝑋, 𝜌)

𝜕(𝑥, 𝑦)
| ≡ 𝐽 = 24 

𝐻(𝑥, 𝑦) → 𝑊𝑅
†(𝑋, 𝑥)𝑊𝐿(𝑋, 𝑦)𝐻(𝑋)𝜙(𝑟)  

𝐻𝑖(𝑥, 𝑦) → √2/𝐽𝐻𝑖(𝑋)𝜙(𝑟),  where 𝜙 is normalized as,  𝑍𝑀0
4 ∫  𝑑4𝑟|𝜙(𝑟)|2 = 1  

= ∫  𝑑4𝑋 (|𝐷𝐻𝐻(𝑋)|2 + |𝐻(𝑋)|2𝑀0
4 ∫  𝑑4𝑟(𝑍|𝜕𝑟𝜇𝜙(𝑟)|2 + 2𝑔0

2𝑁𝑐𝐷𝐹(2𝑟) ∣ 𝜙(𝑟))|
2

))  

𝐷𝐻𝜇 =
𝜕

𝜕𝑋𝜇
− 𝑖𝑔2𝑊𝐴(𝑋)𝜇

𝜏𝐴

2
− 𝑖𝑔1𝐵(𝑋)𝜇

𝑌𝐻

2
 

total momentum, 𝑃𝜇 = (𝑝1
𝜇

+ 𝑝2
𝜇
), and relative momentum, 𝑄𝜇 = (𝑝1

𝜇
− 𝑝2

𝜇
), where 𝑃𝜇𝑄𝜇 = 𝑝1

2 −

𝑝2
2 = 0 

𝑍𝑀0 ∫  𝑑𝑟0 = 𝜕𝑟𝜇
2 → −𝜕𝑟 

2 

𝑍 → 𝛿(𝑀0𝜔𝜇𝑟𝜇), where 𝜔𝜇 = 𝑃𝜇/√𝑃2 

1 = ∫  𝑑𝒟𝑟𝑀0
𝒟|𝜙(𝑟 )|2  

𝑆 = ∫  𝑑4𝑋 (|𝐷𝐻𝐻(𝑋)|2 + |𝐻(𝑋)|2𝑀0
3 ∫  𝑑4𝑟 (−|𝜕𝑟 𝜙(𝑟)|2 + 𝑔0

2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙(𝑟 )|2)

−
𝜆

2
(𝐻†𝐻)

2
− 𝑔𝑌([𝜓‾𝑖𝐿(𝑋)𝑡𝑅(𝑋)]𝑓𝐻𝑖(𝑋) +  h.c. ))

 

ℳ = 𝑀0
3 ∫  𝑑3𝑟 (|𝜕𝑟 𝜙(𝑟)|2 − 𝑔0

2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙(𝑟 )|2)  

−∇2𝜙 − 𝑔0
2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
𝜙(𝑟) = 𝜇2𝜙  

𝑆 = ∫  𝑑4𝑋 (|𝐷𝐻𝐻(𝑋)|2 + |𝜇|2|𝐻(𝑋)|2 −
𝜆

2
(𝐻†𝐻)

2
− 𝑔𝑌([𝜓‾𝐿(𝑋)𝑡𝑅(𝑋)]𝑓𝐻(𝑋) +  h.c. ))  
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−|𝜇|2|𝐻(𝑋)|2 +
𝜆

2
(𝐻†𝐻)

2
 

𝜙(𝑟) ∼ 𝑒−|𝜇|𝑟/𝑟 where |𝜇| < 𝑀0 

𝜙(0) ∼ √|𝜇|/𝑀0 

𝑔𝑌 ∝ 𝜙(0) and 𝜆 ∝ 𝑔𝑌
4 ∝ |𝜙(0)|4 

𝛿𝑔0
2/𝑔𝑐

2 ∼ |𝜇|2/𝑀0
2 ∼ 10−4 

𝛿𝑔0
2/𝑔𝑐

2 ∼ |𝜇|/𝑀0 ∼ 1% 

𝑀2Φ𝐵
𝐴(𝑥, 𝑦) = 𝜓‾𝑅

𝐴(𝑥)𝜓𝐵𝐿(𝑦)  

Φ𝑏
𝑎(𝑥, 𝑦) =

1

√𝑁𝑐

𝛿𝑏
𝑎Φ0(𝑥, 𝑦)  

Tr[𝜕Φ†𝜕Φ] = 𝜕Φ0†𝜕Φ0. Note TrΦ = Φ𝑎
𝑎(𝑥, 𝑦) = √𝑁𝑐Φ0(𝑥, 𝑦) 

𝜓‾𝑅
𝐴(𝑥)𝜓𝐿𝐵(𝑦) = 𝜓‾𝑅

𝐴(𝑥)𝜓𝐿𝐵(𝑦)𝑓 + 𝑀2Φ𝐵
𝐴(𝑥, 𝑦)  

∫  𝑑4𝑥𝑑4𝑦𝜓‾𝑅
𝐴(𝑥)𝜓𝐿𝐵(𝑦)𝑓Φ

𝐵′
†𝐴′

(𝑥, 𝑦) = 0  

𝜓‾𝐿
𝑎(𝑥)𝜓𝑏𝑅(𝑦) → 𝜓‾𝐿

𝑎(𝑥)𝜓𝑏𝑅(𝑦)𝑓 + 𝑀2
𝛿𝑏

𝑎

√𝑁𝑐

Φ0(𝑥, 𝑦)  

𝑆′ = −𝑔0
2 ∫  𝑑4𝑥𝑑4𝑦[𝜓‾𝐿(𝑥)𝛾𝜇𝑇𝐴𝜓𝐿(𝑥)]𝐷𝜇𝜈(𝑥 − 𝑦)[𝜓‾𝑅(𝑦)𝛾𝜈𝑇𝐴𝜓𝑅(𝑦)]  

𝐷𝜇𝜈(𝑥 − 𝑦) = 𝑔𝜇𝜈𝐷𝐹(𝑥 − 𝑦); 𝐷𝐹(𝑥 − 𝑦) = − ∫  
1

𝑞2 − 𝑀0
2 𝑒𝑖𝑞(𝑥−𝑦)

𝑑4𝑞

(2𝜋)4
.  

𝑆′ = 𝑔0
2 ∫  𝑑4𝑥𝑑4𝑦[𝜓‾𝐿(𝑥)𝜓𝑅(𝑦)]𝐷𝐹(𝑥 − 𝑦)[𝜓‾𝑅(𝑦)𝜓𝐿(𝑥)]  

𝐷𝐹(𝑥 − 𝑦) →
1

𝑀0
2 𝛿4(𝑥 − 𝑦),  

𝑆′ ⟶𝑔0
2 ∫  𝑑4𝑥𝑑4𝑦[𝜓‾𝐿(𝑥)𝜓𝑅(𝑦)]𝑓𝐷𝐹(𝑥 − 𝑦)[𝜓‾𝑅(𝑦)𝜓𝐿(𝑥)]𝑓

+𝑔0
2√𝑁𝑐𝑀2 ∫  𝑑4𝑥𝑑4𝑦[𝜓‾𝐿(𝑥)𝜓𝑅(𝑦)]𝑓𝐷𝐹(𝑥 − 𝑦)Φ0(𝑥, 𝑦) + ℎ. 𝑐. 

 +𝑔0
2𝑁𝑐𝑀4 ∫  𝑑4𝑥𝑑4𝑦Φ0†(𝑥, 𝑦)𝐷𝐹(𝑥 − 𝑦)Φ0(𝑥, 𝑦),

 

∼ 𝑔0
2√𝑁𝑐[𝜓†𝜓]𝐷𝐹Φ0 + h.c. 

∼ 𝐷𝐹|TrΦ|2 ∝ 𝑁𝑐  
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𝑆′ → ∫  𝑑4𝑥 (
𝑔0

2

𝑀0
2

[𝜓‾𝐿𝜓𝑅]𝑓[𝜓‾𝑅𝜓𝐿]𝑓 + 𝑀̂2Φ0†Φ0 + 𝑔0
2𝜖√𝑁𝑐([𝜓‾𝐿𝜓𝑅]𝑓Φ0 + ℎ. 𝑐. ))  

Φ(𝑥, 𝑦) ∼ exp (𝑖𝑝1𝑥 + 𝑖𝑝2𝑦) 

𝑋𝜇 =
𝑥𝜇 + 𝑦𝜇

2
, 𝑟𝜇 =

𝑥𝜇 − 𝑦𝜇

2
, 𝜕𝑥 =

1

2
(𝜕𝑋 + 𝜕𝑟), 𝜕𝑦 =

1

2
(𝜕𝑋 − 𝜕𝑟).  

𝜕𝑥
2Φ(𝑥, 𝑦) + 𝜕𝑦

2Φ(𝑥, 𝑦) = 0  or equivalently,  
1

2
𝜕𝑋

2Φ′(𝑋, 𝑟) +
1

2
𝜕𝑟

2Φ′(𝑋, 𝑟) = 0  

Φ′(𝑋, 𝑟) = Φ(𝑋 − 𝑟, 𝑋 + 𝑟). 

 

Φ(𝑥, 𝑦) = 𝜓‾𝑅(𝑥)𝜓𝐿(𝑦) 

(∂̸)𝑥
2𝜓𝑅(𝑥) = 0 and (𝜕)𝑦

2𝜓𝐿(𝑦) = 0 

2𝑟 = 𝜌 ≡ (𝑥 − 𝑦) 

𝑆𝐾= 𝑀4 ∫  𝑑4𝑥𝑑4𝑦 (𝑍|𝜕𝑥Φ|2 + 𝑍|𝜕𝑦Φ|
2

+ 𝑔0
2𝑁𝑐𝐷𝐹(𝑥 − 𝑦)|Φ(𝑥, 𝑦)|2)  

 =
1

2
𝐽𝑀4 ∫  𝑑4𝑋𝑑4𝑟(𝑍|𝜕𝑋Φ′|2 + 𝑍|𝜕𝑟Φ′|2 + 2𝑔0

2𝑁𝑐𝐷𝐹(2𝑟)|Φ′(2𝑟)|2)
 

𝐽 = |𝜕(𝑥, 𝑦)/𝜕(𝑋, 𝑟)| = 2 

(𝜕𝑥
2 + 𝜕𝑦

2) →
1

2
(𝜕𝑋

2 + 𝜕𝑟
2) 

√𝐽/2Φ′(𝑋, 𝑟) = 𝜒(𝑋)𝜙(𝑟)  

𝑆 = 𝑀4 ∫  𝑑4𝑋𝑑4𝑟(𝑍|𝜙(𝑟)|2|𝜕𝑋𝜒(𝑋)|2 + 𝑍|𝜒(𝑋)|2|𝜕𝑟𝜙(𝑟)|2 + 2𝑔0
2𝑁𝑐𝐷𝐹(2𝑟)|𝜒(𝑋)𝜙(𝑟)|2)  

𝑖𝜒†
𝜕

𝜕𝑋𝜇
𝜒 

1 = 𝑍𝑀4 ∫  𝑑4𝑟|𝜙(𝑟)|2  

1 = 𝑍𝑀 ∫  𝑑𝑟0 ≡ 𝑍𝑀𝑇 = 𝜖𝑍𝑀0𝑇  

1 = 𝑀𝒟 ∫  𝑑𝒟𝑟|𝜙(𝑟 )|2  

𝑆 = ∫  𝑑4𝑋 (|𝜕𝑋𝜒(𝑋)|2 + |𝜒(𝑋)|2𝑀3 ∫  𝑑4𝑟 (−|𝜕𝑟 𝜙(𝑟 )|2 + ∫  𝑑𝑟02𝑔0
2𝑁𝑐𝑀𝐷𝐹(2𝑟𝜇)|𝜙(𝑟 )|2))  

|𝜕𝑟𝜙|2 = |𝜕𝑟o𝜙|2 − |𝜕𝑟 𝜙|2 
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∫  𝑑𝑟0𝐷𝐹(2𝑟) = − ∫  𝑑𝑟0
𝑑4𝑞

(2𝜋)4

1

𝑞2 − 𝑀0
2 𝑒2𝑖𝑞𝜇𝑟𝜇

=
1

2
∫  

𝑑4𝑞

(2𝜋)4

1

𝑞 2 + 𝑀0
2 𝑒2𝑖𝑞𝜇𝑟𝜇

= −
1

2
𝑉0(2|𝑟 |)  

𝑉0(2𝑟) = −
𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
 

𝑆 = ∫  𝑑4𝑋 (|𝜕𝑋𝜒(𝑋)|2 + |𝜒(𝑋)|2𝑀3 ∫  𝑑3𝑟 (−|𝜕𝑟 𝜙(𝑟 )|2 + 𝑔0
2𝑁𝑐𝑀

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙(𝑟 )|2))  

𝛿3(𝑟 ) = (4𝜋𝑟2)−1𝛿(𝑟) 

𝑉0(2𝑟) → −
1

𝑀0
2 𝛿3(2𝑟 ) = −

2

𝐽𝑀0
2 𝛿3(𝑟 ) = −

1

2𝜋𝐽𝑀0
2𝑟2

𝛿(𝑟)  

𝑆 = ∫  𝑑4𝑋(|𝜕𝑋𝜒|2 − |𝜒|2ℳ2)

𝜇2 = ℳ2 ≡ 𝑀3 ∫  𝑑4𝑟 (|𝜕𝑟 𝜙|2 − 𝑔0
2𝑁𝑐𝑀

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙|2)

 

− (
𝜕2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
) 𝜙(𝑟) − 𝑔0

2𝑁𝑐𝑀
𝑒−2𝑀0𝑟

8𝜋𝑟
𝜙(𝑟) = 𝜇2𝜙(𝑟)  

𝑆 = ∫  𝑑4𝑋 (|𝜕𝑋𝜒(𝑋)|2 − 𝜇2|𝜒(𝑋)|2 −
𝜆

2
|𝜒(𝑋)|4)  

𝜙(𝑟 ) = 𝑁exp (2𝑖𝑄  ⋅ 𝑟 ) ⋅ 𝜙(𝑟) 

𝑀3𝑁2 ∫  𝑑4𝑟|𝜙(𝑟 )|2 = 1 

𝑆𝐾 = 𝑉3 ∫  𝑑𝑋0(|𝜕0𝜒(𝑋0)|2 − 4𝑄  2|𝜒(𝑋0)|2)  

𝜕0
2𝜒 + 𝜇2𝜒 = 0 𝜇2 = 4𝑄  2  

𝑆𝑌
′ = 𝑔0

2√𝑁𝑐𝑀2 ∫  𝑑4𝑥𝑑4𝑦[𝜓‾𝐿(𝑥)𝜓𝑅(𝑦)]𝑓𝐷𝐹(𝑥 − 𝑦)Φ0(𝑥, 𝑦) + ℎ. 𝑐.  

 = √2𝑁𝑐𝐽𝑔0
2𝜖2𝑀0

2 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓𝐷𝐹(2𝑟)𝜒(𝑋)𝜙(𝑟 ) + ℎ. 𝑐.
 

𝐷𝐹(2𝑟) → (𝐽𝑀0
2)−1𝛿4(𝑟) 

𝑆𝑌
′ → √2𝑁𝑐/𝐽𝑔0

2𝜖2 ∫  𝑑4𝑋[𝜓‾𝐿(𝑋)𝜓𝑅(𝑋)]𝑓𝜒(𝑋)𝜙(0) +  h.c.  

𝑔𝑌 = 𝑔̂𝑌𝜙(0)  where , 𝑔̂𝑌 ≡ 𝑔0
2𝜖2√2𝑁𝑐/𝐽 = 𝑔0

2𝜖2√3/8  

1 = 4𝜋𝐴𝒟𝜖𝒟𝑀0
𝒟 ∫  

∞

0

  𝑒−2𝜖𝑀0𝑟𝑟2𝑑𝑟;   hence , 𝐴2 =
1

𝜋
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ℳ2 = 𝜖𝒟𝑀0
𝒟 ∫  𝑑𝒟𝑟(|𝜕𝑟 𝜙|2 + 𝑔0

2𝑁𝑐𝜖𝑀0𝑉0(2𝑟)|𝜙|2) ≡ 𝜇2  

𝑉0(2𝑟) = −𝑒−2𝑀0𝑟/8𝜋𝑟 

𝜅 =
𝑔0

2𝑁𝑐

4𝜋
 𝜅𝑐𝑁𝐽𝐿

= 2𝜋  

ℳ2 = 𝐴𝒟𝜖𝒟𝑀0
𝒟 ∫  𝑑𝒟𝑟 (|𝜕𝑟𝑒−𝜖𝑀0𝑟|2 −

𝜅𝜖𝑀0

2

𝑒−2𝑀0𝑟

𝑟
|𝑒−𝜖𝑀0𝑟|2)

 = 𝑀0
2 (𝜖2 −

𝜅𝜖4

2(1 + 𝜖)2)

 

𝜅𝑐

2𝜋
=

𝑔𝑐
2𝑁𝑐

8𝜋2
=

4

𝜋
= 1.27,  

−∇2𝜓 − 2𝑚𝑒𝛼
𝑒−𝜇𝑟

𝑟
𝜓 = 2𝑚𝑒𝐸,  

𝜇𝑐 = 1.19061𝛼𝑚𝑒.  

−∇2𝜙(𝑟) − 𝑔0
2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
𝜙(𝑟) = 𝜇2𝜙(𝑟),  

2𝑚𝑒𝛼 → 𝑔0
2𝑁𝑐𝑀0/8𝜋, 𝜇𝑐 → 2𝑀0  

2𝑀0 = 1.19061(𝑔0
2𝑁𝑐𝑀0/16𝜋) 

𝑔0
2𝑁𝑐

8𝜋2
|
𝑐

=
4

(1.19061)𝜋
= 1.06940  

𝑔𝑐
2𝑁𝑐

8𝜋2
|
𝑁𝐽𝐿𝑐

= 1.00  

𝑒−2𝑀0𝑟

8𝜋𝑟
⟶

𝜆

8𝜋
𝑀0𝜃(1 − 𝑀0𝑟)  

𝑔𝑌 = 𝑔0
2√2𝑁/𝐽⟨𝜙(0)⟩ 

− (
𝜕2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
) 𝜙(𝑟) −

3𝑔0
2𝑁𝑀0

2

32𝜋
𝜃(1 − 𝑀0𝑟)𝜙(𝑟) = 𝜇2𝜙(𝑟)  

𝜙(𝑟) = 𝜙1(𝑟)𝜃(1 − 𝑀0𝑟) + 𝜙2(𝑟)𝜃(𝑀0𝑟 − 1)   

𝜙1(𝑟) =
𝐴sin (𝑘𝑟)

𝑟
 𝜙2(𝑟) =

𝐵𝑒−|𝜇|(𝑟−𝑀0
−1)

𝑟

 

𝐴sin (𝑘𝑀0
−1) = 𝐵;  𝐴𝑘cos (𝑘𝑀0

−1) = −𝐵|𝜇|.  

(
𝜋

2
𝑀0)

2

−
3𝑔𝑐

2𝑁𝑐

32𝜋
𝑀0

2 = 0,  hence ,
𝑔𝑐

2𝑁𝑐

8𝜋2
= (

𝜋

3
) = 1.0472  
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𝜇𝑟 ≈
𝜋

2
√𝑁2 + 2𝑁𝑀0, for 𝑁 = 1,2, … 

1 = 4𝜋𝐴2𝑀0
3 ∫  𝑟2𝑑𝑟|𝜙(𝑟)|2 ≈ 4𝜋𝐴2𝑀0

3 ∫  
∞

0

 
𝑒−2|𝜇|𝑟

𝑟2
𝑟2𝑑𝑟 =

2𝜋𝐴2

|𝜇|
(𝑀0)3

𝐴 ≈
1

𝑀0
(

𝜇

2𝜋𝑀0
)

1/2

=
0.39894

𝑀0
(

𝜇

𝑀0
)

1/2
 

𝜙(0) = (
𝐴sin (𝑘𝑟)

𝑟
)

𝑟→0
= 𝐴𝑘 =

𝜋

2
𝐴𝑀0 = (

𝜋𝜇

8𝑀0
)

1/2

 

⟨𝜙(0)⟩ = 4𝜋𝒩−1 ∫  
𝑀0

−1

0

  (
𝐴sin (𝑘𝑟)

𝑟
) 𝑟2𝑑𝑟 where, 𝒩 =

4

3
𝜋𝑀0

−3 

 hence, ⟨𝜙(0)⟩ =
6√2

𝜋5/2 √|𝜇|/𝑀0

 

1 ≈ 𝑔𝑌 = 𝑔𝑐
2√2𝑁𝑐/𝐽⟨𝜙(0)⟩ = (

𝜋

3
)

8𝜋2

𝑁𝑐
√3/8⟨𝜙(0)⟩ ≈ 8.1867√|𝜇|/𝑀0  

𝜇2 = 4𝜋𝑀0
3 (∫  

𝑀0
−1

0

  𝑟2𝑑𝑟 ((𝜕𝑟𝜙1)2 −
3𝑔0

2𝑁𝑀0
2

32𝜋
𝜙1

2) + ∫  
∞

𝑀0
−1

  𝑟2𝑑𝑟(𝜕𝑟𝜙2)2)

= 4𝜋𝑀0
3𝐴2 (∫  

𝑀0
−1

0

  𝑟2𝑑𝑟 (
𝜋2

4
𝑀0

2 −
3𝑁𝑐𝑔𝑐

2

32𝜋
𝑀0

2)
sin2 (𝑘𝑟)

𝑟2
+ ∫  

∞

𝑀0
−1

  𝑟2𝑑𝑟𝜇2
𝑒−|2𝜇|(𝑟−𝑀0

−1)

𝑟2
) 

 = |𝜇| (𝑀0 (
𝜋2

4
−

3𝑁𝑐𝑔𝑐
2

32𝜋
) + |𝜇|)

 

𝜇2 ∼ 𝑀0
2 (1 −

𝑔0
2

𝑔𝑐
2)  

𝛿𝑔0
2

𝑔𝑐
2 ∼

𝜇2

𝑀0
2

 

𝜙(0) ∝ √|𝜇|/𝑀0 

𝜇2 ∼ 𝜙(0)2 (𝑀0
2 −

𝑔0
2

𝑔𝑐
2 𝑀0

2) ∼
|𝜇|

𝑀0
(𝑀0

2 −
𝑔0

2

𝑔𝑐
2 𝑀0

2)

 →
𝜇2

|𝜇|
∼ 𝑀0 (1 −

𝑔0
2

𝑔𝑐
2) .(102)

 

𝛿𝑔0
2

𝑔𝑐
2 ∼

|𝜇|

𝑀0

 

𝑔𝑐
2 + 𝒪(𝜇/𝑀0) 

𝑔0
2 = 𝑔𝑐

2 + 𝛿𝑔2 and 𝑘 → 𝑘 + 𝛿𝑘 

𝐴sin ((𝑘 + 𝛿𝑘)𝑀0
−1) = 𝐵;  𝐴(𝑘 + 𝛿𝑘)cos ((𝑘 + 𝛿𝑘)𝑀0

−1) = −𝐵|𝜇|.  
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𝐵 = 𝐴;  𝐵 = 𝐴
𝑘𝛿𝑘

𝑀0|𝜇|
  hence , 𝛿𝑘 =

2|𝜇|

𝜋
 

(
𝜋

2
𝑀0 + 𝛿𝑘)

2

−
3𝑁𝑐(𝑔𝑐

2 + 𝛿𝑔2)

32𝜋
𝑀0

2 = 𝜇2  hence,  
𝜋𝛿𝑘

𝑀0
−

3𝑁𝑐(𝛿𝑔2)

32𝜋
= 𝒪(𝜇2/𝑀0

2) ≈ 0  

𝛿𝑔2

𝑔𝑐
2 =

4𝛿𝑘

𝜋𝑀0
=

8

𝜋2

|𝜇|

𝑀0
+ 𝒪(𝜇2/𝑀0

2)  

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
→

1

𝑀0
2 𝛿3(2𝑟 ) =

2

𝐽𝑀0
2 𝛿3(𝑟 )  

−∇2𝜙 − 𝑔0
2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
𝜙(𝑟) ⟶ −∇2𝜙 −

2𝑔0
2𝑁𝑐

𝐽𝑀0
𝛿3(𝑟 )𝜙(0) = 𝜇2𝜙  

∇2(1/𝑟) = −4𝜋𝛿3(𝑟 ) 

𝜙(𝑟) =
𝑐𝑒−|𝜇|𝑟

𝑟
;   where , 𝑐 =

𝑔0
2𝑁𝑐

2𝜋𝐽𝑀0
𝜙(0)  

1 = 𝑀0
34𝜋 ∫  

∞

0

  𝑟2𝑑𝑟
𝑐2

𝑟2
𝑒−2|𝜂|𝑟 = 4𝜋

𝑀0
3

2|𝜂|
(

𝑔𝑐
2𝑁𝑐

2𝜋𝐽𝑀0
𝜙(0))

2

 

𝜙(0) =
2√2

𝜋3/2
√

|𝜂|

𝑀0
∼ 0  

𝑔0
2 = 𝑔𝑐

2 + 𝛿𝑔0
2 then the mass 𝜇2 is physical 

𝜙(0) =
2√2

𝜋3/2
√

|𝜇|

𝑀0
= 0.50795√

|𝜇|

𝑀0

 

1 ≈ 𝑔𝑌 =
8𝜋2

3
√

2𝑁𝑐

𝐽
𝜙(0) = 16.12𝜙(0) ≈ 8.187√

|𝜇|

𝑀0
;   therefore,  𝑀0 = 5.9TeV  

𝜙(𝑟) ∼ 𝑒−|𝜇|/𝑟 

𝜙(0) ∝ √|𝜇|/𝑀0 

𝑢(𝑟) = 𝑟𝜙(𝑟) 

𝑢′′(𝑟) +
𝑔2𝑁𝑐

8𝜋𝑟
𝑒−2𝑟𝑢(𝑟) = −𝜇2𝑢(𝑟)  

𝑔𝑐
2𝑁𝑐/8𝜋 = 𝜋𝑓 = 𝜋 × 1.06940 ≈ 3.36, where 𝑔𝑐

2𝑁𝑐/8𝜋2 = 1.06940 

𝑢𝑓𝑖𝑡(𝑟) = 0.3240 ((1 − (1 −
𝑟

𝑅0
)

𝑝

) 𝜃(𝑅0 − 𝑟) + 𝑒−|𝜇|(𝑟−𝑅0)𝜃(𝑟 − 𝑅0))  
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[𝜓‾𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓 ≈ [𝜓‾𝐿(𝑋)𝜓𝑅(𝑋]𝑓 

𝑔0
2𝑁/8𝜋2 = 𝑓 

𝑔𝑌 = √2𝑁𝑐𝐽𝑔0
2 ∫  𝑑4𝑟𝐷𝐹(2𝑟)𝜙(𝑟) = √

𝑁𝑐𝐽

2

8𝜋2𝑓

𝑁𝑐
∫  

∞

0

 4𝜋
𝑒−2𝑟

8𝜋𝑟
𝜙(𝑟)𝑟2𝑑𝑟 = √

𝑁𝑐𝐽

2

𝜋𝑓

𝑁𝑐
∫  

∞

0

 4𝜋 (
𝑒−2𝑟

𝑟
𝜙(𝑟)) 𝑟2𝑑𝑟. 

(4𝜋𝐴) (∫  
𝑅0

0

 (
0.324(1 − (1 − 𝑟/𝑅0)4)

𝑟
)

𝑒−2𝑟

𝑟
𝑟2𝑑𝑟 + ∫  

∞

𝑅0

  (
0.324

𝑟
𝑒−|𝜇|(𝑟−𝑅0))

𝑒−2𝑟

𝑟
𝑟2𝑑𝑟) = 1.1412 × 𝐴. 

1 ≈ 𝐴2 (4𝜋 ∫  
∞

𝑅0

  (
0.324

𝑟
𝑒−|𝜇|(𝑟−𝑅0))

2

𝑟2𝑑𝑟) = 0.65948
𝐴2

|𝜇|2
  hence , 𝐴 = 1.2313√

|𝜇|

𝑀0
,  

√
𝑁𝑐𝐽

2

𝜋𝑓

𝑁𝑐
= 5.4862  

𝑔𝑌 = 1 = 5.4862 × 1.412 × 1.2313√
|𝜇|

𝑀0
= 7.7090√

|𝜇|

𝑀0

 

𝑀0 = 5.23TeV  

𝑀0
2𝐻𝑖(𝑥, 𝑦) ∼ [𝜓‾𝑅(𝑥)𝜓𝐿

𝑖 (𝑦)], 𝜓𝐿
𝑖 = (

𝑡

𝑏
)

𝐿
, 𝜓𝑅 = 𝑡𝑅  

𝐻𝑖(𝑋, 𝑟) = 𝐻𝑖(𝑋)𝜙(𝑟).  

𝑔0
2 +

8

27
𝑔𝑈(1)′

2 > 𝑔𝑐
2 𝑔𝑐

2 > 𝑔0
2 −

4

27
𝑔𝑈(1)′

2  

𝑆 = ∫  𝑑4𝑋 (|𝐷𝐻𝐻(𝑋)|2 + |𝐻(𝑋)|2𝑀0
3 ∫  𝑑4𝑟 (−|𝜕𝑟 𝜙(𝑟)|2 + 𝑔0

2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙(𝑟 )|2)

−
𝜆

2
(𝐻†𝐻)

2
− 𝑔𝑌([𝜓‾𝐿(𝑋)𝑡𝑅(𝑋)]𝑓𝐻(𝑋) +  h.c. ))

 

𝑔𝑌 ≈ 𝑔0
2√2𝑁𝑐/𝐽𝜙(0),  

− (
𝜕2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
) 𝜙(𝑟) − 𝑔0

2𝑁𝑐𝑀
𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
𝜙(𝑟) = 𝜇2𝜙(𝑟).  

𝑉(𝐻) = −|𝜇|2|𝐻|2 +
𝜆

2
|𝐻|4  

𝜙(𝑟) ∼ 𝑒−|𝜇|𝑟/𝑟 with |𝜇| ≪ 𝑀0 

𝜆

2
=

𝑁𝑐

8𝜋2
𝑔̂𝑌

4|𝜙(0)|4 (ln (
𝑀0

𝜇
) + 𝒪 (

𝜇2

𝑀0
2)) ≈

𝑁𝑐𝑔𝑌
4

8𝜋2
ln (

𝑀0

𝜇
) .  
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𝜆 ≈ (𝑔𝑌
4 − 𝑔𝑌

2𝜆 − 𝜆2)
𝑁𝑐

4𝜋2
ln (

𝑀0

𝜇
) ≈ 0.23   

−
𝑔2

𝑀0
2 𝜓‾𝐿𝜓𝑅𝜓‾𝑅𝜓𝐿 

Φ(𝑥) ∼ 𝜓‾𝑅(𝑥)𝜓𝐿(𝑥) 

𝑔0
2 → 𝑔𝑐

2 = 8𝜋2/𝑁𝑐 

𝐻(𝑥) → 𝐻(𝑥, 𝑦) ∼ 𝜓‾𝑅(𝑥)𝜓𝐿(𝑦) 

𝐻(𝑥, 𝑦) → 𝐻(𝑋, 𝑟) ∼ 𝐻(𝑋)𝜙(𝑟), where 𝑋 = (𝑥 + 𝑦)/2 and 𝑟 = (𝑥 − 𝑦)/2, and 𝜙(𝑟) 

−𝑔2𝑁𝑐𝑀0(exp (−2𝑀0𝑟)/8𝜋𝑟)|𝜙(𝑟 )|2 

− (
𝜕2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
) 𝜙(𝑟) − 𝑔0

2𝑁𝑐𝑀
𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
𝜙(𝑟) = 𝜇2𝜙(𝑟)  

𝜙(𝑟) ∼ 𝑒−|𝜇|𝑟/𝑟 with |𝜇| ≪ 𝑀0 

𝜙(0) ∼ √|𝜇|/𝑀0 

𝑔𝑌 ∝ √|𝜇|/𝑀0 

loops ∼ 𝑁𝑐𝑔𝑌
4ln (𝑀/𝜇)/4𝜋2 ∝ (𝜙(0))4 

𝑀0/|𝜇| ≫ 1 of order 𝜇/𝑀0 ∼ (100GeV)/(6TeV) 

𝛿𝑔𝑐
2/𝑔𝑐

2 ∼ 𝜇/𝑀0 

𝐷𝑅
†𝐻(𝑥, 𝑦) = (

𝜕

𝜕𝑥𝜇
+ 𝑖𝑔1𝐵𝜇(𝑥)

𝑌𝑅

2
) 𝐻(𝑥, 𝑦), 𝐷𝐿𝐻(𝑥, 𝑦) = (

𝜕

𝜕𝑦𝜇
− 𝑖𝑔1𝐵𝜇

𝑌𝐿

2
− 𝑖𝑔2𝑊𝐴(𝑦)𝜇

𝜏𝐴

2
) 𝐻(𝑥, 𝑦) 

[𝑌, 𝜓𝐿] = 𝑌𝐿𝜓𝐿 = (1/3)𝜓𝐿, [𝑌, 𝜓𝑅] = 𝑌𝑅𝜓𝑅 = (4/3)𝜓𝑅, [𝑌, 𝐻] = [(𝑌𝐿 − 𝑌𝑅), 𝐻] = 𝑌𝐻𝐻 = (−1)𝐻 

𝐻 ∼ 𝑡‾𝑅𝜓𝐿𝐷𝑅
†𝐻 

𝐻(𝑥, 𝑦) → 𝑊𝑅
†(𝑋, 𝑥)𝑊𝐿(𝑋, 𝑦)𝐻(𝑥, 𝑦) 

𝑊𝐿(𝑋, 𝑦)= 𝑃exp (−𝑖𝑔1

𝑌𝐿

2
∫  

𝑋

𝑦

 𝐵𝜈(𝜌)𝑑𝜌𝜈 − 𝑖𝑔2 ∫  
𝑋

𝑦

 𝑊𝜈
𝐴(𝜌)

𝜏𝐴

2
𝑑𝜌𝜈) 

𝑊𝑅
†(𝑋, 𝑥) = 𝑃exp (+𝑖𝑔1

𝑌𝑅

2
∫  

𝑋

𝑥

 𝐵𝜈(𝜌)𝑑𝜌𝜈)
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𝐷𝑅
†(𝑊𝑅

†𝑊𝐿𝐻(𝑥, 𝑦)) = 𝑊𝑅
†𝑊𝐿 (

𝜕

𝜕𝑥𝜇
+ 𝑖𝑔1

𝑌𝑅

2

𝜕𝑋𝜇

𝜕𝑥𝜈
𝐵𝑅𝜈(𝑋) − 𝑖𝑔1

𝑌𝐿

2

𝜕𝑋𝜇

𝜕𝑥𝜈
𝐵𝑅𝜈(𝑋) − 𝑖𝑔2

𝜕𝑋𝜇

𝜕𝑥𝜈
𝑊𝜈

𝐴(𝑋)
𝜏𝐴

2
) 𝐻(𝑥, 𝑦)

= 𝑊𝑅
†𝑊𝐿 (

𝜕

𝜕𝑥𝜇
+ 𝑖

1

2
𝑔1 (

𝑌𝑅

2
−

𝑌𝐿

2
) 𝐵𝜇(𝑋) − 𝑖

1

2
𝑔2𝑊𝜈

𝐴(𝑋)
𝜏𝐴

2
) 𝐻(𝑥, 𝑦)  

 = 𝑊𝑅
†𝑊𝐿 (

𝜕

𝜕𝑥𝜇
− 𝑖

1

2
𝑔1

𝑌𝐻

2
𝐵𝜇(𝑋) − 𝑖

1

2
𝑔2𝑊𝜈

𝐴(𝑋)
𝜏𝐴

2
) 𝐻(𝑥, 𝑦)

 

𝜕𝑥𝜇 (∫  
𝑋

𝑥

 𝐵𝜈(𝜌)𝑑𝜌𝜈) =
1

2
𝐵𝜇(𝑋) − 𝐵𝜇(𝑥) 

𝐷𝐿𝐻 = 𝑊𝑅
†𝑊𝐿 (

𝜕

𝜕𝑦𝜇
− 𝑖

1

2
𝑔1

𝑌𝐻

2
𝐵𝜇(𝑋) − 𝑖

1

2
𝑔2𝑊𝜈

𝐴(𝑋)
𝜏𝐴

2
) 𝐻(𝑥, 𝑦)  

𝐻′(𝑋, 𝑟)) = 𝐻(𝑋 + 𝑟, 𝑋 − 𝑟) 

𝐷𝑅
†(𝑊𝑅

†𝑊𝐿)𝐻′=
1

2
𝑊𝑅

†𝑊𝐿 (
𝜕

𝜕𝑋𝜇
+

𝜕

𝜕𝑟𝜇
− 𝑖𝑔1

𝑌𝐻

2
𝐵𝜇(𝑋) − 𝑖𝑔2𝑊𝜈

𝐴(𝑋)
𝜏𝐴

2
) 𝐻′(𝑋, 𝑟),  

𝐷𝐿(𝑊𝑅
†𝑊𝐿)𝐻′ =

1

2
𝑊𝑅

†𝑊𝐿 (
𝜕

𝜕𝑋𝜇
−

𝜕

𝜕𝑟𝜇
− 𝑖𝑔1

𝑌𝐻

2
𝐵𝜇(𝑋) − 𝑖𝑔2𝑊𝜈

𝐴(𝑋)
𝜏𝐴

2
) 𝐻′(𝑋, 𝑟).

 

𝐻(𝑥, 𝑦) → √2/𝐽𝐻(𝑋)𝜙(𝑟) 

∫  𝑑4𝑋𝑑4𝑟 |𝜕𝑋𝐻(𝑋) − 𝑖𝑔1

𝑌𝐻

2
𝐵𝜇(𝑋)𝐻(𝑋) − 𝑖𝑔2𝑊𝜈

𝐴(𝑋)
𝜏𝐴

2
𝐻(𝑋)|

2

|𝜙(𝑟)|2 + |𝜕𝑟𝜙|2|𝜒|2) ,  

𝑆 = 𝑀4 ∫  𝑑4𝑋𝑑4𝑟(𝑍|𝜙(𝑟)|2|𝜕𝑋𝜒(𝑋)|2 + 𝑍|𝜒(𝑋)|2|𝜕𝑟𝜙(𝑟)|2 + 2𝑔0
2𝑁𝑐𝐷𝐹(2𝑟)|𝜒(𝑋)𝜙(𝑟)|2) (𝐵1) 

𝑆1 = 𝜂1 (1 − 𝑀4 ∫  𝑑4𝑟𝑍|𝜙(𝑟)|2)
2

 

𝐽𝜇 = 𝑖 [𝜒†(𝑋)
𝜕
↔

𝜕𝑋𝜇
𝜒(𝑋)] , 𝐾𝜇 = 𝑖 [𝜙†(𝑟)

𝜕
↔

𝜕𝑟𝜇
𝜙(𝑟)]  

0 = 𝜔𝜇√𝐽𝜌𝐽𝜌 − 𝐽𝜇  

𝑆2 = 𝜂2 ∫  𝑑4𝑋𝑑4𝑟𝑀4|𝜔𝜇𝐾𝜇|
2

 

𝜔𝜇𝜕𝜇𝜙(𝑟) = 0 where 𝜔𝜇 ∝ 𝑃𝜇 is the timelike 4 -momentum 

𝑆 = 𝑀4 ∫  𝑑4𝑋𝑑4𝑟(𝑍|𝜙(𝑟)|2|𝜕𝑋𝜒(𝑋)|2 + 𝑍|𝜒(𝑋)|2|𝜕𝑟𝜙(𝑟)|2)  

𝑍 → 𝛿(𝑀0𝜔𝜇𝑟𝜇)  

𝑆 → 𝑀4 ∫  𝑑4𝑋𝑑4𝑟(|𝜙(𝑟 )|2|𝜕𝑋𝜒(𝑋)|2 − |𝜒(𝑋)|2|𝜕𝑟 𝜙(𝑟 )|2)  
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|𝜕𝑟𝜙|2 = |𝜕𝑟0
2 𝜙|

2
− |𝜕𝑟 𝜙|2 where 𝜕𝑟  is the spatial derivative 

𝑆1 = 𝜂1 (1 − 𝑀0
4 ∫  𝑑4𝑟𝑍|𝜙(𝑟)|2)

2

⟶ 𝜂1 (1 − 𝑀0
3 ∫  𝑑3𝑟|𝜙(𝑟 )|2)

2

 

1 = 𝑀𝒟 ∫  𝑑𝒟𝑟|𝜙(𝑟 )|2 

𝑆 → ∫  𝑑4𝑋|𝜕𝑋𝜒(𝑋)|2 − 𝑀0
3 ∫  𝑑4𝑋𝑑4𝑟|𝜒(𝑋)|2|𝜕𝑟 𝜙(𝑟 )|2  

𝑊𝜇𝜈 = 𝜔𝜇𝜔𝜈 − 𝑔𝜇𝜈  

(𝑟0)2 = (𝑊𝜇𝜈 + 𝑔𝜇𝜈)𝑟𝜇𝑟𝜈;  𝑟 2 ≡ 𝑊𝜇𝜈𝑟𝜇𝑟𝜈;  𝜙(𝑟) ≡ 𝜙 (√𝑊𝜇𝜈𝑟𝜇𝑟𝜈) ; 𝑊𝜇𝜈𝜕𝜇𝜙†𝜕𝜈𝜙 = −|𝜕𝑟 𝜙|2  

𝑟 = √𝑊𝜇𝜈𝑟𝜇𝑟𝜈 

𝜇2𝑀0
4 ∫  𝑑4𝑟𝛿(𝑀0𝜔𝜇𝑟𝜇)|𝜙(𝑟)|2 = 𝑀0

4 ∫  𝑑4𝑟(𝛿(𝑀0𝜔𝜇𝑟𝜇)|𝜕𝑟𝜙(𝑟)|2 + 2𝑔0
2𝑁𝑐𝑀𝐷𝐹(2𝑟𝜇)|𝜙(𝑟)|2))

 = 𝜇2 = 𝑀0
4 ∫  𝑑4𝑟 (−𝜙∗(𝑟 )∇𝑟 

2𝜙(𝑟 ) − 𝑔0
2𝑁𝑐𝑀0

𝑒−2𝑀0|𝑟 |

8𝜋|𝑟 |
|𝜙(𝑟 )|2)

 

𝜒(𝑋)𝜙(𝑟) → 𝜒(𝑋)𝜙0(𝑟 ) = 𝜒(𝑋)𝜙0(𝑟̂). where 𝑟̂ = 𝑊𝜇𝜈𝜔𝜇𝑟𝜈 

⟨𝐹(𝑟2)⟩ = 𝑁 ∫  𝑑4𝜔𝛿(𝜔2 − 1)𝐹(𝑊𝜇𝜈𝑟𝜇𝑟𝜈)  where , 𝑁−1 = ∫  𝑑4𝜔𝛿(𝜔2 − 1)  

𝑆𝑌
′ = √2𝑁𝑐𝐽𝑔0

2𝑀0
2 ∫  𝑑4𝑋𝑑4𝑟[𝜓‾𝐿(𝑋 + 𝑟)𝜓𝑅(𝑋 − 𝑟)]𝑓𝐷𝐹(2𝑟)𝜒(𝑋)𝜙(𝑟 ) + ℎ. 𝑐  

 = 𝑔̂𝑌𝐽𝑀0
2 ∫  𝑑4𝑋𝑑4𝑟 [𝜓‾𝐿(𝑋)𝜓𝑅(𝑋) − 𝑟𝜇𝑟𝜈

𝜕

𝜕𝑋𝜇
𝜓‾𝐿(𝑋)

𝜕

𝜕𝑋𝜈
𝜓𝑅(𝑋) + ⋯ ]

𝑓
𝐷𝐹(2𝑟)𝜒(𝑋)𝜙(𝑟 ) + ℎ. 𝑐. ,

 

= −𝑔̂𝑌𝑀0
2 ∫  𝑑4𝑋𝑑4𝑟 [

𝜕

𝜕𝑋𝜇
𝜓‾𝐿(𝑋)

𝜕

𝜕𝑋𝜈
𝜓𝑅(𝑋) + ⋯ ]

𝑓
𝐷𝐹(2𝑟)𝑣weak 𝑟

𝜇𝑟𝜈𝜙(𝑟 )  

𝐷(2𝑟) → 𝐽−1𝑀0
−2𝛿4(𝑟) 

∝ ∫ 
𝑟

𝑝𝜇𝑝𝜈𝑟𝜇𝑟𝜈 ∼ 𝑚𝑒
2𝑝 2/𝑀0

2 

∫ 
𝑟

⟨∝ 𝑝𝜇𝑝𝜈𝑟𝜇𝑟𝜈⟩ ∼ 𝑝𝜇𝑝𝜇/𝑀0
2 

(𝐷𝐻)†𝐷𝐻 − 𝜇2𝐻†𝐻 −
𝜆

2
(𝐻†𝐻)

2
− (𝑔𝑡[𝜓‾𝐿𝑡𝑅]𝐻 + ℎ. 𝑐. ) + 𝜓‾𝐿D̸𝜓𝐿 + 𝑡‾𝑅D̸𝜓𝑅  

𝐻 = (
𝐻0

𝐻−) , 𝐷𝜇 = 𝜕𝜇 − 𝑖𝑔2𝑊𝜇
𝐴

𝜏𝐴

2
− 𝑖𝑔1𝐵𝜇

𝑌

2
, 𝜓𝐿

𝑖 = (
1 − 𝛾5

2
) (

𝑡

𝑏
) , 𝑡𝑅 = (

1 + 𝛾5

2
) 𝑡

𝜇2 ≈ −(88)2𝐺𝑒𝑉2, 𝑔𝑡 ≈ 1, 𝜆 ≈ 0.25, 𝑄 =
𝜏3

2
+

𝑌

2
 [𝜓‾𝜓] = 𝜓‾𝑎𝜓𝑎  
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1

2
(𝜕ℎ)2 −

1

2
𝑚2ℎ2 − 𝑚𝑡[𝑡‾𝑡] −

𝑔𝑡

√2
[𝑡‾𝑡]ℎ −

𝜆

8
(ℎ)4 …

𝐻 = (
𝑣weak +

ℎ

√2
+ 𝑖𝜙0

𝜙−
) 𝜙0, 𝜙±massless Nambu-Goldstone modes "eaten" by 𝑍0 and 𝑊± 

𝑚2 ≈ (125)2𝐺𝑒𝑉2 𝑣weak =
𝜇

√𝜆
≈ 175𝐺𝑒𝑉 𝑚𝑡 = 𝑔𝑡𝑣weak  𝜆 ≈ 0.25.

 

𝐽𝜇
+(𝑋, 𝑟) = 𝑖𝑍′𝜖4𝑀4 [𝜒†(𝑋)

𝜕
↔

𝜕𝑋𝜇
𝜒(𝑋)] 𝜙†(𝑟)𝜙(𝑟), 𝐽𝜇

−(𝑋, 𝑟) = 𝑖𝑍′𝑀4 [𝜙†(𝑟)
𝜕
↔

𝜕𝑟𝜇
𝜙(𝑟)] 𝜒†(𝑋)𝜒(𝑋) 

𝐽𝜇
+(𝑋)

= 𝑖𝑍𝑀4 [𝜒†(𝑋)
𝜕
↔

𝜕𝑋𝜇
𝜒(𝑋)] ∫  𝑑4𝑟𝜙†(𝑟)𝜙(𝑟), 𝐽𝜇

−(𝑟)

= 𝑖𝑍𝑀4 [𝜙†(𝑟)
𝜕
↔

𝜕𝑟𝜇
𝜙(𝑟)] ∫  𝑑4𝑋𝜒†(𝑋)𝜒(𝑋) 

1 = 𝑍𝑀4 ∫  𝑑4𝑟|𝜙(𝑟)|2 = 𝑀4 ∫  𝑑4𝑟|𝜙(𝑟)|2  hence , 𝐽𝜇(𝑋) = 𝑖𝜒†(𝑋)
𝜕
↔

𝜕𝑋𝜇
𝜒(𝑋) 

𝐿ℎ(𝑥) = |(𝑖𝜕𝜇 + 𝑔𝐵𝜇)ℎ|
2

− 𝜇2|ℎ|2 − 𝜆|ℎ|4.  

Glashaw-Weinberg-Salam (GWS) model - Lagrangian density −
1

4
𝐹𝑎𝜇𝜈𝐹𝜇𝜈

𝑎 + 𝜑‾(𝑖𝜕𝜇 +𝑖𝑔𝐴𝜇
𝑎𝜏𝑎 +

𝑖𝑔′𝐵𝜇)𝛾𝜇𝜑 

𝐿ℎ
′ (𝑥) = 𝐿ℎ(𝑥) −

𝑚𝑓

𝑣ℎ
ℎ𝜑‾𝜑  

𝐿0(𝑥) = −
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 + 𝜑‾(𝑖𝜕𝜇 + 𝑔𝐵𝜇)𝛾𝜇𝜑  

𝜑(𝑥) =
1

√𝑉
∑  

𝑝,𝑠

  [𝑎𝑠(𝒑)𝑢𝑠(𝑝)𝑒−𝑖𝑝𝑥 + 𝑏𝑠†(𝒑)𝑣𝑠(𝑝)𝑒𝑖𝑝𝑥].  

𝜑‾(𝑥)(𝑖𝜕𝜇 + 𝑔𝐵𝜇(𝑥))𝛾𝜇𝜑(𝑥) 

𝑎̃𝑠(𝒑) = cos 𝜃𝒑𝑎𝑠(𝒑) + sin 𝜃𝒑𝑏𝑠†(−𝒑).  

𝑏̃𝑠(−𝒑) = cos 𝜃𝒑𝑏𝑠(−𝒑) − sin 𝜃𝒑𝑎𝑠†(𝒑).  

𝑎̃𝑠(𝒑)|0̃⟩ = 𝑏̃𝑠(−𝒑)|0̃⟩ = 0 

𝑏𝑠†(−𝒑)𝑎𝑠†(𝒑)|0⟩ 
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cos 𝜃𝒑|0⟩ and sin 𝜃𝒑𝑏𝑠†(−𝒑)𝑎𝑠†(𝒑)|0⟩ 

|0̃⟩ = ∏  

𝑝,𝑠

  [cos 𝜃𝒑 + sin 𝜃𝒑𝑒𝑖𝛼(𝑥)𝑏𝑠†(−𝒑)𝑎𝑠†(𝒑)]|0⟩.  

𝜑‾(𝑥)(𝑖 ∂̸ + 𝑈0)𝜑(𝑥).  

cos2 𝜃𝒑 =
1

2

(

 1 +
𝜖𝑝

√𝜖𝑝
2 + 𝑈0

2

)

 , sin2 𝜃𝒑 =
1

2

(

 1 −
𝜖𝑝

√𝜖𝑝
2 + 𝑈0

2

)

 ,  

cos 𝜃𝒑 = sin 𝜃𝒑 at 𝒑 = 0, and sin 𝜃𝒑 → 0 at 𝒑 → ∞ 

√𝜖𝑝
2 + 𝑈0

2[𝑎̃𝑠†(𝒑)𝑎̃𝑠(𝒑) + 𝑏̃𝑠†(𝒑)𝑏̃𝑠(𝒑)] 

𝑃𝒌 ≡ 𝑏(−𝒌, ↓)𝑎(𝒌, ↑) and 𝑃𝒌
† ≡ 𝑎†(𝒌, ↑)𝑏†(−𝒌, ↓). ( ↑, ↓ denote spins.) 

[𝑃𝒌, 𝑃
𝒌′
†

] = 0  for  𝒌 ≠ 𝒌′  

[𝑃𝒌, 𝑃𝒌
†] = 1 − (𝑛𝒌,↑ + 𝑛−𝒌,↓), 𝑃𝒌

2 = 𝑃𝒌
†2 = 0,  

𝑛𝒌,↑ = 𝑎†(𝒌, ↑)𝑎(𝒌, ↑) and 𝑛−𝒌,↓ = 𝑏†(−𝒌, ↓)𝑏(−𝒌, ↓) 

𝑃𝒌𝑃𝒌
† = 𝑁𝒌 + 1 and 𝑃𝒌𝑃𝒌

† = 1 − (𝑛𝒌,↑ + 𝑛−𝒌,↓) 

𝛿𝑡 ≃ Δ𝑥/𝑐 satisfies 𝛿𝑡 > ℏ/𝑐Δ𝑝 > ℏ/𝑐𝑝 ≥ ℏ/𝜖 

𝑓(𝑥) =
1

√𝑉
3 ∑  

𝑘,𝑠

  [𝑃𝒌𝑣‾𝑠(−𝑘)𝑢𝑠(𝑘) + 𝑃−𝒌
† 𝑢‾ 𝑠(−𝑘)𝑣𝑠(𝑘)]𝑒𝑖𝑘𝑥

 

𝐻𝑒𝑓 = ∫  |
𝜕

𝜕𝑥𝑖
𝑓(𝑥)|

2

𝑑𝒟𝑥 = − ∫  𝑓†(𝑥)Δ𝑓(𝑥)𝑑𝒟𝑥  

𝑑𝑙2 = 𝑔𝑟𝑟(𝑟)𝑑𝑟2 + 𝑑𝑧2 

𝑔𝑟𝑟(𝑟) =
𝑟2

𝑑𝑚
2 , (𝑑𝑚 ≤ 𝑟 < 𝑙𝑐)

𝑔𝑟𝑟(𝑟) = 1, (0 < 𝑟 < 𝑑𝑚, 𝑙𝑐 ≤ 𝑟)

 

𝐻𝑒𝑓 = ∫  𝑔𝜇𝜈

𝜕𝑓†

𝜕𝑥𝜇

𝜕𝑓

𝜕𝑥𝜈
𝑑𝒟𝑥 + ∫  𝑊(𝑥)𝑓†(𝑥)𝑓(𝑥)𝑑𝒟𝑥  

𝑓(𝑥) ≡ |𝑔(𝑥)|1/4𝑓(𝑥) 

𝑊(𝑥) =
1

4

𝜕

𝜕𝑥𝜇
(𝑔𝜇𝜈

𝜕ln |𝑔|

𝜕𝑥𝜈
) +

1

16
𝑔𝜇𝜈 (

𝜕ln |𝑔|

𝜕𝑥𝜇
) (

𝜕ln |𝑔|

𝜕𝑥𝜈
) ,  
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𝑊(𝑟) =
3

4

1

𝑑𝑚
2  

𝜖0̂ =
√3

2
𝜋 (

𝑙𝑐
𝑑𝑚

)
2 1

𝑑𝑚

 

⟨0̃|𝜕𝜇𝑓(𝑥)|0̃⟩⨂|(𝑖𝜕𝜇 + 𝑔𝐵𝜇)(𝑣ℎ + ℎ1 + 𝑖ℎ2)|
2
 

⟨0̃|𝜕𝜇[𝜑‾(𝑥)𝛾𝜇𝜑(𝑥)]|0̃⟩⨂|(𝑖𝜕𝜇 + 𝑔𝐵𝜇)(𝑣ℎ + ℎ1 + 𝑖ℎ2)|
2
 

𝑚𝐵
2𝐵𝜇𝐵𝜇 = 𝑔2𝑣ℎ

2𝐵𝜇𝐵𝜇 

|(𝑖𝜕𝜇 + 𝑔𝐵𝜇)(𝑣ℎ + ℎ1 + 𝑖ℎ2)|
2

∖ 𝐿0
min (𝑥) = 𝜑‾(𝑥)(𝑖𝜕𝜇 + 𝑔𝐵𝜇)𝛾𝜇𝜑(𝑥) 

ℋ𝐼(𝑥) = 𝑔𝑗𝜇(𝑥)𝐵𝜇(𝑥) 

∫  𝑑4𝑥𝐿0
min (𝑥) 

⟨0̃| ∫  𝑑4𝑥1𝐿0
min(𝑥1)exp (𝑖 ∫  ℋ𝐼(𝑥2)𝑑4𝑥2) |0̃⟩  

= ⟨0̃| ∫  𝑑4𝑥1𝜑‾(𝑥1)𝛾𝜇[𝑖𝜕𝜇 + 𝑔𝐵𝜇(𝑥1)]𝜑(𝑥1)|0̃⟩  

 +⟨0̃| ∫  𝑑4𝑥1𝜑‾(𝑥1)𝛾𝜇[𝑖𝜕𝜇 + 𝑔𝐵𝜇(𝑥1)]𝜑(𝑥1)𝑖𝑔 ∫  𝑑4𝑥2𝑗𝜈(𝑥2)𝐵𝜈(𝑥2)|0̃⟩ + ⋯ ,

 

𝑔2 ∫  ⟨0̃| ∫  𝑗𝜇(𝑥1)𝑑𝒟𝑥1 ∫  𝑗𝜈(𝑥2)𝑑2𝑥2|0̃⟩𝐵𝜇(𝑥1)𝐵𝜈(𝑥2)𝑑𝒟𝑥1𝑑𝒟𝑥2  

𝑔2 ∫  ⟨0̃| ∫  𝑗𝜇(𝑌)𝑗𝜈(0)𝑑4𝑌|0̃⟩ × 𝐵𝜇(𝑋)𝐵𝜈(𝑋)𝑑4𝑋  

⟨0̃|𝑗𝜇(𝑌)𝑗𝜈(0)|0̃⟩ ⇒ ⟨0̃|𝑗𝜇(𝑌)𝑗𝜇(0)|0̃⟩

⟨0̃|𝑗𝜇(𝑌)𝑗𝜈(0)|0̃⟩ ⇒ 0

 for  𝜇 = 𝜈

 

⟨0̃|𝜕𝜇[𝜑‾(𝑌)𝛾𝜇𝜑(𝑌)]|0̃⟩ = 0 

⟨0̃|𝑗𝜇(𝑌)𝑗𝜇(0)|0̃⟩= ⟨0̃| (𝑗𝜇(0) + [
𝜕

𝜕𝑌𝜇
[𝜑‾(𝑌)𝛾𝜇𝜑(𝑌)]]

𝑌𝜇=0

𝑌𝜇 + ⋯ ) 𝑗𝜇(0)|0̃⟩ 

 ⇒ ⟨0̃|𝑗𝜇(0)𝑗𝜇(0)|0̃⟩

 

𝑗𝜇(0) = (𝜑†𝜑, 𝑖𝜑†𝛾0𝛾𝜑), we obtain ⟨0̃|𝑗0(0)𝑗0(0)|0̃⟩ = ⟨0̃|𝑗1(0)𝑗1(0)|0̃⟩ = ⟨0̃|𝑗2(0)𝑗2(0)|0̃⟩ =

⟨0̃|𝑗3(0)𝑗3(0)|0̃⟩ = ⟨0̃|[𝜑†(0)𝜑(0)]
2
|0̃⟩ 

1

2
𝑚𝐵

2 ∫  𝐵𝜇(𝑋)𝐵𝜇(𝑋)𝑑4𝑋  
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𝑚𝐵
2 = 2𝑔2⟨0̃| ∫  

𝑌∈𝑍𝑐

  [𝜑†(0)𝜑(0)]
2
𝑑4𝑌|0̃⟩  

∫  
𝑌∈𝑍𝑐

𝑑4𝑌 = 𝑙𝑐
2 ×

1

2
[𝑙𝑐 × 𝑐(𝑙𝑐/𝑐)] × 2 = 𝑙𝑐

4 

⟨0̃|[𝜑†(0)𝜑(0)]
2
|0̃⟩ 

⟨0̃|
1

𝑑𝑚
6 ∑  

𝑝,𝑠

([𝑎𝑠†(𝒑)𝑢𝑠†(𝑝) + 𝑏𝑠(−𝒑)𝑣𝑠†(−𝑝)][𝑎𝑠(𝒑)𝑢𝑠(𝑝) + 𝑏𝑠†(−𝒑)𝑣𝑠(−𝑝)])
2
|0̃⟩ 

=
1

𝑑𝑚
6 ⟨0̃| ∑  

𝑝,𝑠

  [𝑏𝑠(−𝒑)𝑏𝑠†(−𝒑)]
2

+ ∑  

𝑝,𝑠

  [𝑎𝑠†(𝒑)𝑎𝑠(𝒑)]
2

 

+ ∑  

𝑝,𝑠

 𝑏𝑠(−𝒑)𝑎𝑠(𝒑)𝑎𝑠†(𝒑)𝑏𝑠†(−𝒑) + ∑  

𝑝,𝑠

 𝑎𝑠†(𝒑)𝑏𝑠†(−𝒑)𝑏𝑠(−𝒑)𝑎𝑠(𝒑)|0̃⟩ 

 = 2 ×
1

𝑑𝑚
6 ∏  

𝑝,𝑠

  (cos2 𝜃𝒑 + sin2 𝜃𝒑) =
2

𝑑𝑚
6

 

𝑢𝑠†(𝑝)𝑢𝑠(𝑝) = 𝑣𝑠†(−𝑝)𝑣𝑠(−𝑝) = 1 

𝑚𝐵
2 = 𝑔2

4

𝑑𝑚
6 ∫  

𝑌∈𝑍𝑐

 𝑑4𝑌 = 𝑔2 (
2𝑙𝑐

2

𝑑𝑚
3 )

2

 

𝜑‾(𝑥1)𝛾𝜇𝑖𝜕𝜇𝜑(𝑥1) 

𝑖𝜕𝜇𝜑‾(𝑥1)𝛾𝜇𝜑(𝑥1)𝜕𝜇|0̃⟩ 

𝑔⟨0̃| ∫  𝑑4𝑥1𝑗𝜇(𝑥1) ∫  𝑑4𝑥2𝑗𝜈(𝑥2)𝐵𝜈(𝑥2)𝜕𝜇|0̃⟩

+𝑔𝜕𝜇⟨0̃| ∫  𝑑4𝑥1𝑗𝜇(𝑥1) ∫  𝑑4𝑥2𝑗𝜈(𝑥2)𝐵𝜈(𝑥2)|0̃⟩
 

𝑖

2𝑔
𝑚𝐵

2 ∫  𝐵𝜇(𝑋)𝜕𝜇𝛼(𝑋)𝑑4𝑋 ≡
𝑚𝐵

√2
∫  𝐵𝜇(𝑋)𝜕𝜇𝐺(𝑋)𝑑4𝑋  

𝐺(𝑋) ≡ 𝑖(√2𝑔)−1𝑚𝐵𝛼(𝑋) 

⟨(𝑖𝜕𝜇 + 𝑔𝐵𝜇)(𝑣ℎ +ℎ1 + 𝑖ℎ2)|
2
 

∫  
𝑑4𝑋

(2𝜋)4
⟨0̃|𝑇[𝐺(𝑋)𝐺(0)]|0̃⟩𝑒𝑖𝑞𝑋 =

𝑖

𝑞2
 

(𝑚𝐵
2/2)𝐵𝜇(𝑞)𝐵𝜇(𝑞) and (𝑚𝐵/√2)𝑞𝜇𝐺(𝑞)𝐵𝜇(𝑞) 

1

2
𝐵𝜇(𝑞) [𝑖𝑚𝐵

2𝑔𝜇𝜈 − 𝑚𝐵𝑞𝜇
𝑖

𝑞2
𝑚𝐵𝑞𝜈] 𝐵𝜈(𝑞) =

𝑖

2
𝑚𝐵

2 (𝑔𝜇𝜈 −
𝑞𝜇𝑞𝜈

𝑞2 ) 𝐵𝜇(𝑞)𝐵𝜈(𝑞)  
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𝐷𝜇𝜈(𝑞) =
−𝑖

𝑞2 − 𝑚𝐵
2 (𝑔𝜇𝜈 −

𝑞𝜇𝑞𝜈

𝑞2 ) ≡ 𝑖𝐷(𝑞2) (𝑔𝜇𝜈 −
𝑞𝜇𝑞𝜈

𝑞2 )  

𝐿0(𝑥) as (𝑚𝐵
2/2)𝐵𝜇(𝑞)𝐵𝜇(𝑞), (𝑚𝐵/√2)𝐵𝜇(𝑥)𝜕𝜇𝐺(𝑥) and (𝜕𝜇𝐺(𝑥))

2
 

 

𝑖𝜕𝜇𝜑‾(𝑥1)𝛾𝜇𝜑(𝑥1), and 𝜕𝜇|0̃⟩ 

𝑖⟨0̃| ∫  𝑑4𝑥1𝑗𝜇(𝑥1)𝜕𝜇|0̃⟩ + 𝑖𝜕𝜇⟨0̃| ∫  𝑑4𝑥1𝑗𝜇(𝑥1)|0̃⟩  

𝜕𝜇|0̃⟩ = 𝜕𝜇𝛼(𝑥)|0̃⟩ contains the Goldstone mode 𝐺(𝑥) = 𝑖(√2𝑔)−1𝑚𝐵𝛼(𝑥) 

√2𝑔

𝑚𝐵
⟨0̃| ∫  𝑑4𝑥1𝜑‾(𝑥1)𝛾𝜇𝜑(𝑥1)𝜕𝜇𝐺(𝑥1)|0̃⟩  

(√2𝑔/𝑚𝐵)𝜑‾(𝑥)𝛾𝜇𝜑(𝑥)𝜕𝜇𝐺(𝑥) 

𝑔(𝑚𝑓/𝑚𝐵)𝜑‾(𝑥)𝜑(𝑥)ℎ2(𝑥) 

(𝑚𝑓/𝑣ℎ)(𝑣ℎ + ℎ1 + 𝑖ℎ2)𝜑‾𝜑 

𝑖𝜓(𝑥) = ∫  
𝑑𝒟𝑝

(2𝜋)3
∑  

𝑠

 
1

√2𝐸𝑝

[𝑎̂𝑠(𝒑)𝑢̂𝑠(𝑝)𝑒−𝑖𝑝𝑥 + 𝑏̂𝑠†(𝒑)𝑣𝑠(𝑝)𝑒𝑖𝑝𝑥]  

𝑖ℳ = (−𝑖𝑔)2𝑢̂
𝑠′

(𝑝1
′ )𝛾𝜇𝑢̂𝑠(𝑝1)

−𝑖𝑔𝜇𝜈

𝑞2 − 𝑚𝐵
2 𝑢̂

𝑠′

(𝑝2
′ )𝛾𝜈𝑢̂𝑠(𝑝2).  

𝑞2 = (𝑝1
′ − 𝑝1)2 ≪ 𝑚𝐵

2  and 𝑢̂𝑠′
(𝑝1

′ )𝛾0𝑢̂𝑠(𝑝1) ≃ 2𝑚𝑓𝛿𝑠𝑠′
 

ℳ = 4𝑔2(𝑚𝑓
2/𝑚𝐵

2) 

𝜓‾(𝑥)[𝑖 ∂̸ + 𝑔𝐻(𝑥)]𝜓(𝑥),  

𝑔 =
𝑚𝑓

𝑚𝐵
𝑔  

∫  
𝑑4𝑥

(2𝜋)4
⟨0̃|𝑇[𝐻(𝑥)𝐻(0)]|0̃⟩𝑒𝑖𝑞𝑥 =

1

𝑞2[1 − 𝜒(𝑞2)]
 

𝑖𝑞2𝜒(𝑞2) = (−𝑖𝑔)2(−1) ∫  
𝜉𝑐

0

 
𝑑4𝑝

(2𝜋)4
tr [

𝑖

p̸ − 𝑚𝑓

𝑖

𝑝 + q̸ − 𝑚𝑓
]  

√𝑝2 + 2𝑥𝑝 ⋅ 𝑞 + 𝑥2𝑞2, √𝑝2 + 𝑥2𝑞2 

𝑞2𝜒(𝑞2) = −4𝑔̂2 ∫  
1

0

 𝑑𝑥 ∫  
𝑑Ω4

(2𝜋)4
∫  

√𝜉𝑐
2+𝑥2𝑞2

√𝑥2𝑞2
  𝑙𝐸

3𝑑𝑙𝐸 [
−𝑙𝐸

2

(𝑙𝐸
2 + Δ)2

+
Δ

(𝑙𝐸
2 + Δ)2

]  
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Δ = 𝑚𝑓
2 − 𝑥(1 − 𝑥)𝑞2 

𝐼(𝑚, 𝑛) ≡ ∫  𝑙𝐸
𝑚(𝑙𝐸

2 + Δ)𝑛𝑑𝑙𝐸  

𝐼(5, −2) − Δ × 𝐼(3, −2) = 𝐼(1,0) + 2Δ2 × 𝐼(1, −2) − 3Δ × 𝐼(1, −1)  

𝐼(1,0) =
1

2
𝑙𝐸
2 , 𝐼(1, −2) = −

1

2(𝑙𝐸
2 + Δ)

, 𝐼(1, −1) =
1

2
ln |𝑙𝐸

2 + Δ|.  

𝑞2𝜒(𝑞2) =
𝑔2

4𝜋2
𝜉𝑐

2 −
𝑔2

2𝜋2
∫  

1

0

 𝑑𝑥Δ2 (
1

𝜉𝑐
2 + 𝑥2𝑞2 + Δ

−
1

𝑥2𝑞2 + Δ
)

−
𝑔2

2𝜋2
∫  

1

0

 𝑑𝑥
3

2
Δln |1 +

𝜉𝑐
2

𝑥2𝑞2 + Δ
|

 

𝜒(𝑞2) ≃ 𝑚𝐻
2 /𝑞2 at 𝑞2 → 0 

Δ → 𝑚𝑓
2 at 𝑞2 → 0 

∫  
1

0

 𝑑𝑥
1

𝜉𝑐
2 + 𝑥2𝑞2 + Δ

→
3

4(𝜉𝑐
2 + 𝑚𝑓

2)
 

∫  
1

0

 𝑑𝑥ln |1 +
𝜉𝑐

2

𝑥2𝑞2 + Δ
| → ln |

𝜉𝑐
2 + 𝑚𝑓

2

𝑚𝑓
2 |  

𝑚𝐻
2 =

𝑔2

4𝜋2
[𝜉𝑐

2 +
3

2
𝑚𝑓

2 (1 −
𝑚𝑓

2

𝜉𝑐
2 + 𝑚𝑓

2) − 3𝑚𝑓
2ln (

𝜉𝑐
2 + 𝑚𝑓

2

𝑚𝑓
2 )] .  

(𝜕𝜇𝐻)
2

− 𝑚𝐻
2 𝐻2 +

𝑚𝑓

𝑚𝐵
𝑔𝜓‾𝜓𝐻  

𝐿̃(𝑥) =−
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 + 𝜓‾(𝑖𝜕𝜇 + 𝑔𝐵𝜇)𝛾𝜇𝜓 − 𝑚𝑓𝜓‾𝜓  

+
1

2
𝑚𝐵

2𝐵𝜇𝐵𝜇 +
𝑚𝐵

√2
𝐵𝜇𝜕𝜇𝐺 + (𝜕𝜇𝐺)

2
+

√2𝑔

𝑚𝐵
𝜓‾𝛾𝜇𝜓𝜕𝜇𝐺 

 +(𝜕𝜇𝐻)
2

− 𝑚𝐻
2 𝐻2 +

𝑚𝑓

𝑚𝐵
𝑔𝜓‾𝜓𝐻

 

𝑚𝐵
2  = 𝑔2 (

2𝑙𝑐
2

𝑑𝑚
3 )

2

, (= 𝑔2
𝜇2

2𝜆
)

𝑚𝑓 = |𝑈0|

 

𝑚𝐻
2 =

𝑔2

4𝜋2
[𝜉𝑐

2 +
3

2
𝑈0

2 (1 −
𝑈0

2

𝜉𝑐
2 + 𝑈0

2) − 3𝑈0
2ln (1 +

𝜉𝑐
2

𝑈0
2)] , (= 2𝜇2)  

𝑔 = (𝑚𝑓/𝑚𝐵)𝑔 = |𝑈0|(𝑑𝑚
3 /√2𝑙𝑐

2) 
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⟨(𝑖𝜕𝜇 +𝑔𝐵𝜇)(𝑣ℎ + ℎ1 + 𝑖ℎ2)|2 

𝑔2𝑣ℎ
2𝐵𝜇𝐵𝜇 (1 +

ℎ1

𝑣ℎ
)

2

+ 𝑔2𝐵𝜇𝐵𝜇ℎ2
2 + 2𝑔𝐵𝜇(ℎ1𝜕𝜇ℎ2 + ℎ2𝜕𝜇ℎ1) + (𝑐. 𝑐).  

𝑚𝐵
2𝐵𝜇𝐵𝜇(1 + ℎ1/𝑣ℎ)2𝑔̂𝜓‾𝜓𝐻 and 𝑔𝜓‾𝛾𝜇𝜓𝐵𝜇 

(𝑚𝑓/𝑚𝐵)𝑔𝜓‾𝜓𝐻 and (√2𝑔/𝑚𝐵)𝜓‾𝛾𝜇𝜓𝜕𝜇𝐺 

(𝑚𝑓/𝑣ℎ)(𝑣ℎ + ℎ1 + 𝑖ℎ2)𝜑‾𝜑 

ℎ(𝑥) → ℎ(𝑥)exp (𝑖𝜃(𝑥)) under 𝐴𝜇(𝑥) → 𝐴𝜇(𝑥) − 𝑖𝑒−1𝜕𝜇𝜃(𝑥), ⟨ℎ(𝑥)⟩ = −4𝜆𝑣ℎℎ1
3 − 𝜆ℎ1

4 

𝑣ℎ = ⟨ℎ(𝑥)⟩, the vacuum is characterized by ⟨0̃| ∫  [𝜑†(0)𝜑(0)]
2
𝑑4𝑌|0̃⟩ 

𝒂̃𝑠(𝑝)|0̃⟩ = 𝒃̃𝑠(−𝑝)|0̃⟩ = 0 

𝑎̃𝑠(𝒑)|0̃⟩ = 𝑏̃𝑠(−𝒑)|0̃⟩ = 0 

𝑒−𝑖𝐾𝐹𝑒𝑖𝐾 = 𝐹 + [−𝑖𝐾, 𝐹] +
1

2!
[−𝑖𝐾, [−𝑖𝐾, 𝐹]] + ⋯  

𝑖 ∑  

𝑝,𝑠

 𝜃𝒑[𝑏𝑠†(−𝒑)𝑎𝑠†(𝒑) − 𝑎𝑠(𝒑)𝑏𝑠(−𝒑)].  

𝑎̃𝑠(𝒑) = 𝑒−𝑖𝐾𝑎𝑠(𝒑)𝑒𝑖𝐾 , 𝑏̃𝑠(−𝒑) = 𝑒−𝑖𝐾𝑏𝑠(−𝒑)𝑒𝑖𝐾  

𝑎̃𝑠(𝒑)|0̃⟩ = 𝑏̃𝑠(−𝒑)|0̃⟩ = 0 

|0̃⟩ = 𝑒−𝑖𝐾|0⟩ 

|0̃⟩= exp (∑  

𝑝,𝑠

 𝜃𝒑[𝑏𝑠†(−𝒑)𝑎𝑠†(𝒑) − 𝑎𝑠(𝒑)𝑏𝑠(−𝒑)]) |0⟩.  

 = ∏  

𝑝,𝑠

  [∑  

𝑛

 
1

𝑛!
𝜃𝒑

𝑛[𝑏𝑠†(−𝒑)𝑎𝑠†(𝒑) − 𝑎𝑠(𝒑)𝑏𝑠(−𝒑)]
𝑛
] |0⟩.

 

∑  

𝑛

 
𝜃𝑛

𝑛!
(𝑏†𝑎† − 𝑎𝑏)

𝑛
|0⟩= |0⟩ + 𝜃𝑏†𝑎†|0⟩ −

𝜃2

2!
𝑎𝑏𝑏†𝑎†|0⟩ −

𝜃3

3!
𝑏†𝑎†𝑎𝑏𝑏†𝑎†|0⟩ 

 +
𝜃4

4!
𝑎𝑏𝑏†𝑎†𝑎𝑏𝑏†𝑎†|0⟩ + ⋯

 

𝐻𝑒𝑓 = − ∫  𝑑3𝑥𝑓†(𝑥)Δ𝑓(𝑥)  

𝑑𝑙2 = 𝑔𝜇𝜈(𝑥)𝑑𝑥𝜇𝑑𝑥𝜈 

⟨𝑓(𝑥) ∣ 𝑓(𝑥)⟩ = ∫  √|𝑔(𝑥)|𝑑3𝑥𝑓†(𝑥)𝑓(𝑥)  
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𝐴𝜇 = 𝑔𝜇𝜈𝜕𝑓/𝜕𝑥𝜈 

𝐷𝐴𝜇

𝑑𝑥𝜇
=

𝑑𝐴𝜇

𝑑𝑥𝜇
+ Γ𝜈𝜇

𝜇
𝐴𝜈  

|𝑔(𝑥)| = |𝑔𝜇𝜈(𝑥)| 

Γ𝜈𝜇
𝜇

=
1

2|𝑔|

𝜕|𝑔|

𝜕𝑥𝜈
 

𝐷𝐴𝜇

𝑑𝑥𝜇
=

1

√|𝑔|

𝜕(√|𝑔|𝐴𝜇)

𝜕𝑥𝜇
 

 

𝐴𝜇 = 𝑔𝜇𝜈𝜕𝑓/𝜕𝑥𝜈 

⟨𝑓(𝑥)| − Δ|𝑓(𝑥)⟩= − ∫  √|𝑔|𝑑𝒟𝑥𝑓†
1

√|𝑔|

𝜕

𝜕𝑥𝜇
(√|𝑔|𝑔𝜇𝜈

𝜕𝑓

𝜕𝑥𝜈
) 

 = ∫  √|𝑔(𝑥)|𝑔𝜇𝜈𝑑𝒟𝑥
𝜕𝑓†

𝜕𝑥𝜇

𝜕𝑓

𝜕𝑥𝜈

 

𝑓(𝑥) = |𝑔(𝑥)|1/4𝑓(𝑥) 

∫  √|𝑔(𝑥)|𝑑𝒟𝑥𝑓†(𝑥)𝑓(𝑥) = ∫  𝑑𝒟𝑥𝑓†(𝑥)𝑓(𝑥)  

𝜕𝑓

𝜕𝑥
= |𝑔|−1/4 (

𝜕

𝜕𝑥
−

1

4

𝜕ln |𝑔|

𝜕𝑥
) 𝑓(𝑥).  

⟨𝑓(𝑥)| − Δ|𝑓(𝑥)⟩ = ∫  𝑑𝒟𝑥𝑔𝜇𝜈 (
𝜕

𝜕𝑥𝜇
−

1

4

𝜕ln |𝑔|

𝜕𝑥𝜇
) 𝑓†(𝑥) (

𝜕

𝜕𝑥𝜈
−

1

4

𝜕ln |𝑔|

𝜕𝑥𝜈
) 𝑓(𝑥)  

⟨𝑓(𝑥)| − Δ|𝑓(𝑥)⟩ = ∫  𝑑𝒟𝑥𝑔𝜇𝜈

𝜕𝑓†

𝜕𝑥𝜇

𝜕𝑓

𝜕𝑥𝜈
+ ∫  𝑊(𝑥)𝑓†(𝑥)𝑓(𝑥)𝑑𝒟𝑥  

𝑊(𝑥) =
1

4

𝜕

𝜕𝑥𝜇
(𝑔𝜇𝜈

𝜕ln |𝑔|

𝜕𝑥𝜈
) +

1

16
𝑔𝜇𝜈 (

𝜕ln |𝑔|

𝜕𝑥𝜇
) (

𝜕ln |𝑔|

𝜕𝑥𝜈
) .  

dimensionless operators 𝑎𝑠(𝒑) and 𝑏𝑠†(−𝒑) give {𝑎𝑠(𝒑), 𝑎†,𝑠′
(𝒑′)} = {𝑏𝑠(𝒑), 𝑏†,𝑠′

(𝒑′)} = 𝛿𝑝,𝑝′𝛿𝑠,𝑠′ , 

without 𝛿(𝒑 − 𝒑′) 

𝑢̂𝑠(𝑝) and 𝑣𝑠(𝑝) are the massive-spinor and operators 𝑎̂(𝒑) ≡ (2𝜋)3/2𝑎̃(𝒑)/√𝑉 and 𝑏̂(𝒑) ≡

(2𝜋)3/2𝑏̃(𝒑)/√𝑉 satisfy {𝑎̂𝑠(𝒑), 𝑎̂†,𝑠′
(𝒑′)} = {𝑏̂𝑠(𝒑), 𝑏̂†,𝑠′

(𝒑′)} = (2𝜋)3𝛿(𝒑 − 𝒑′)𝛿𝑠,𝑠′ . 

ℒ = ℒ0 + ℒmass + ℒ𝐶𝐶 + ℒ𝑁𝐶  

ℒ0 = 𝜈‾ℓ𝐿(𝑥)𝑖 ∂̸𝜈ℓ𝐿
(𝑥) + 𝜈‾ℓ𝑅(𝑥)𝑖 ∂̸𝜈ℓ𝑅(𝑥)  
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ℒ𝑚𝑎𝑠𝑠 = −𝜈‾ℓ′𝐿(𝑥)𝑀ℓ′ℓ𝜈ℓ𝑅(𝑥) +  h.c.  

𝑀ℓ′ℓ =
𝑣𝑦ℓ′ℓ

√2
 

ℒ𝐶𝐶 = −
𝑔

√2
𝜈‾ℓ𝐿(𝑥)𝛾𝜇ℓ𝐿(𝑥)𝑊𝜇(𝑥) +  h.c.  

ℒ𝑁𝐶 = −
𝑔

2cos 𝜃𝑊
𝜈‾ℓ𝐿(𝑥)𝛾𝜇𝜈ℓ𝐿(𝑥)𝑍𝜇(𝑥)  

ℒWeinberg = −
1

Λ
𝐿‾ℓ(𝑥)𝐻̃(𝑥)𝑦ℓℓ′𝐻̃𝑇(𝑥)𝐶𝐿‾ℓ′

𝑇 (𝑥) +  h.c.  

𝜓0(𝐱, 𝑡) = 𝑒−𝑖(𝐸𝑡−𝐩⋅𝐱), 𝐸 = |𝐩|  

(∇2 + 𝐸2)𝜓0(𝐱, 𝑡) = 0  

(
𝜕2

𝜕𝑡2
− Δ) 𝜓0(𝐱, 𝑡) = 0  

𝐸2 = 𝐩2, with 𝐸 = 𝑖
𝜕

𝜕𝑡
 and 𝐩 = −𝑖∇. 

 

[(∇2 + 𝐸2)𝛿ℓ′ℓ + 4𝜋𝑁𝑓ℓ′ℓ(0)]Ψ𝜈ℓ
(𝐱, 𝑡) = 0,  

Ψ𝜈ℓ
(𝐱, 𝑡) = 𝑒−𝑖𝐸𝑡Ψ𝜈ℓ

(𝐱)  

[(∇2 + 𝐸2)𝛿ℓ′ℓ + 4𝜋𝑁𝛼𝑓ℓ′ℓ
𝛼 (0)]Ψ𝜈ℓ

(𝐱, 𝑡) = 0  

[∇2 + 𝐸2 + 4𝜋𝑁 (
𝑓𝑒𝑒(0) 𝑓𝑒𝜇(0)

𝑓𝑒𝜇(0) 𝑓𝜇𝜇(0)
)] (

Ψ𝜈𝑒
(𝐱, 𝑡)

Ψ𝜈𝜇
(𝐱, 𝑡)

) = 𝐷𝑓 (
Ψ𝜈𝑒

(𝐱, 𝑡)

Ψ𝜈𝜇
(𝐱, 𝑡)

) = 0  

(
Ψ𝜈𝑒

(0,0)

Ψ𝜈𝜇
(0,0)

) = (
1

0
)   or  (

0

1
)  

Ψ𝜈
ℓ′(𝐱, 𝑡) = ∑  

ℓ

 𝒜𝜈ℓ→𝜈
ℓ′(𝐱, 𝑡)Ψ𝜈ℓ

(0,0)  

𝑈†𝐷𝑓𝑈 = 𝐷𝑓
′ , 𝑈 = (

cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

)  

𝐷𝑓
′ = [∇2 + 𝐸2 + 4𝜋𝑁 (

𝑓1(0) 0
0 𝑓2(0)

)]  

𝑈† (
Ψ𝜈𝑒

(𝐱, 𝑡)

Ψ𝜈𝜇
(𝐱, 𝑡)

) = (
Ψ1(𝐱, 𝑡)

Ψ2(𝐱, 𝑡)
)  

[∇2 + 𝐸2 + 4𝜋𝑁 (
𝑓1(0) 0

0 𝑓2(0)
)] (

Ψ1(𝐱, 𝑡)

Ψ2(𝐱, 𝑡)
) = 0  
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Ψ𝑖(𝐱, 𝑡) = 𝑒−𝑖(𝐸𝑡−𝐩𝑖
′⋅𝐱), 𝑖 = 1,2  

𝐩𝑖
′2 = 𝐩2 + 4𝜋𝑁𝑓𝑖(0), 𝐸2 = 𝐩2, 𝑖 = 1,2.  

𝑛𝑖
2 =

𝐩𝑖
′2

𝐩2
= 1 + 4𝜋

𝑁𝑓𝑖(0)

𝐸2
, 𝑖 = 1,2  

In the limit 
𝑁𝑓𝑖(0)

𝐸2 ≪ 1 

𝑛𝑖 = 1 + 2𝜋
𝑁𝑓𝑖(0)

𝐸2
, 𝑖 = 1,2.  

(
Ψ𝜈𝑒

(𝐱)

Ψ𝜈𝜇
(𝐱)

)= 𝑈 (
Ψ1(𝐱)

Ψ2(𝐱)
)  

 = 𝑈 (𝑒𝑖𝑛1𝐩⋅(𝐱−𝐱0) 0
0 𝑒𝑖𝑛2𝐩⋅(𝐱−𝐱0)

) 𝑈† (
Ψ𝜈𝑒

(𝐱0)

Ψ𝜈𝜇
(𝐱0)

)

 

(
Ψ𝜈𝑒

(𝐱)

Ψ𝜈𝜇
(𝐱)

) = (
𝑒𝑖𝑛1𝐩⋅𝐱cos2 𝜃 + 𝑒𝑖𝑛2𝐩⋅𝐱sin2 𝜃 (𝑒𝑖𝑛1𝐩⋅𝐱 − 𝑒𝑖𝑛2𝐩⋅𝐱)sin 𝜃cos 𝜃

(𝑒𝑖𝑛1𝐩⋅𝐱 − 𝑒𝑖𝑛2𝐩⋅𝐱)sin 𝜃cos 𝜃 𝑒𝑖𝑛1𝐩⋅𝐱sin2 𝜃 + 𝑒𝑖𝑛2𝐩⋅𝐱cos2 𝜃
) (

Ψ𝜈𝑒
(0)

Ψ𝜈𝜇
(0)

) .  

(
Ψ𝜈𝑒

(0,0)

Ψ𝜈𝜇
(0,0)

) = (
1

0
)  

(
𝒜𝜈𝑒→𝜈𝑒

(𝐱, 𝑡)

𝒜𝜈𝑒→𝜈𝜇
(𝐱, 𝑡)

)= (
Ψ𝜈𝑒

(𝐱, 𝑡)

Ψ𝜈𝜇
(𝐱, 𝑡)

)  

= 𝑒−𝑖𝐸𝑡 (
𝑒𝑖𝑛1𝐩⋅𝐱cos2 𝜃 + 𝑒𝑖𝑛2𝐩⋅𝐱sin2 𝜃

(𝑒𝑖𝑛1𝐩⋅𝐱 − 𝑒𝑖𝑛2𝐩⋅𝐱)sin 𝜃cos 𝜃
)  

 = 𝑒−𝑖(𝐸𝑡−𝑛‾𝐩⋅𝐱) (
cos (

Δ𝑛
2 𝐩 ⋅ 𝐱) + 𝑖cos 2𝜃sin (

Δ𝑛
2 𝐩 ⋅ 𝐱)

𝑖sin 2𝜃sin (
Δ𝑛
2 𝐩 ⋅ 𝐱)

)

 

𝑛‾ =
𝑛1+𝑛2

2
 and Δ𝑛 = 𝑛1 − 𝑛2 

𝑃𝜈𝑒→𝜈𝑒
(𝐿, 𝐸)  = |𝒜𝜈𝑒→𝜈𝑒

(𝐿, 𝑡)|
2

= 1 − sin2 2𝜃sin2 (
Δ𝑛

2
𝐸𝐿)

𝑃𝜈𝑒→𝜈𝜇
(𝐿, 𝐸)  = |𝒜𝜈𝑒→𝜈𝜇

(𝐿, 𝑡)|
2

= sin2 2𝜃sin2 (
Δ𝑛

2
𝐸𝐿)

 

Ψ𝜈
ℓ′(𝐱, 𝑡)= ∑  

𝑖

 ∑  

ℓ

 𝑈ℓ′𝑖𝑈ℓ𝑖
∗ 𝑒−𝑖(𝐸𝑡−𝑛𝑖𝐩⋅𝐱)Ψ𝜈ℓ

(0,0)  

 = 𝑒−𝑖(𝐸𝑡−𝑛‾𝐩⋅𝐱) ∑  

𝑖

 ∑  

ℓ

 𝑈ℓ′𝑖𝑈ℓ𝑖
∗ 𝑒

𝑖
𝐹

∑  𝑗≠𝑖  Δ𝑛𝑖𝑗𝐩⋅𝐱Ψ𝜈ℓ
(0,0)

 

𝑛‾ =
1

𝐹
∑  𝐹

𝑖=1 𝑛𝑖 and Δ𝑛𝑖𝑗 = 𝑛𝑖 − 𝑛𝑗 

𝒜𝜈ℓ→𝜈
ℓ′

(𝐱, 𝑡) = 𝑒−𝑖(𝐸𝑡−𝑛‾𝐩⋅𝐱) ∑  

𝑖

 𝑈ℓ′𝑖𝑈ℓ𝑖
∗ 𝑒

𝑖
𝐹

∑  𝑗≠𝑖  Δ𝑛𝑖𝑗𝐩⋅𝐱
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1

𝐹
(∑  

𝑘≠𝑖

 Δ𝑛𝑖𝑘 − ∑  

𝑙≠𝑗

 Δ𝑛𝑗𝑙) = Δ𝑛𝑖𝑗  

𝑃𝜈ℓ→𝜈
ℓ′(𝐿, 𝐸) = |𝒜𝜈ℓ→𝜈

ℓ′(𝐿, 𝑡)|
2

= ∑  

𝑖,𝑗

 𝑈ℓ′𝑖𝑈ℓ′𝑗
∗ 𝑈ℓ𝑖

∗ 𝑈ℓ𝑗𝑒
𝑖Δ𝑛𝑖𝑗𝐸𝐿

 

|𝑓ℓ′ℓ(0)| = √
𝑑𝜎ℓ→ℓ′

𝑑Ω
|
𝜃,𝜙=0

 

4𝜋𝑁𝑓ℓ′ℓ(0) = −2(𝑀𝑀†)
ℓ′ℓ

 

[(∇2 + 𝐸2)𝛿ℓ′ℓ − 2(𝑀𝑀†)
ℓ′ℓ

] Ψ𝜈ℓ
(𝐱, 𝑡) = 0.  

𝑈†𝑀𝑉 = 𝑀diag =
1

√2
diag(𝑚1, 𝑚2, … , 𝑚𝐹)  

𝑈†𝑀𝑀†𝑈 =
1

2
diag(𝑚1

2, 𝑚2
2, … , 𝑚𝐹

2) 

Ψ𝑖(𝐱, 𝑡) = 𝑈ℓ𝑖
∗ Ψ𝜈ℓ

(𝐱, 𝑡) 

4𝜋𝑁𝑓𝑖(0) = −𝑚𝑖
2, 𝑖 = 1,2, … , 𝐹  

𝑛𝑖
2 = 1 −

𝑚𝑖
2

𝐸2
, 𝑖 = 1,2, … , 𝐹  

𝑛‾ = 1 −
𝑚2

2𝐸2
, 𝑚2 =

1

𝐹
∑  

𝐹

𝑖=1

 𝑚𝑖
2  

Ψ𝜈
ℓ′

(𝐱, 𝑡) = ∑  

ℓ

𝒜𝜈ℓ→𝜈
ℓ′

(𝐱, 𝑡)Ψ𝜈ℓ
(0,0) 

𝒜𝜈ℓ→𝜈
ℓ′

(𝐱, 𝑡) = 𝑒−𝑖(𝐸𝑡−𝑛‾𝐩⋅𝐱) ∑  

𝑖

 𝑈ℓ′𝑖𝑈ℓ𝑖
∗ 𝑒

−
𝑖
𝐹

∑  𝑗≠𝑖  
Δ𝑚𝑖𝑗

2

2𝐸2 𝐩⋅𝐱
 

Δ𝑚𝑖𝑗
2 = 𝑚𝑖

2 − 𝑚𝑗
2 

𝑃𝜈ℓ→𝜈
ℓ′(𝐿, 𝐸) = ∑  

𝑖,𝑗

 𝑈ℓ′𝑖𝑈ℓ′𝑗
∗ 𝑈ℓ𝑖

∗ 𝑈ℓ𝑗exp (−𝑖
Δ𝑚𝑖𝑗

2 𝐿

2𝐸
)  

𝑃𝜈ℓ→𝜈
ℓ′(𝐿, 𝐸)= 𝛿ℓℓ′ − 4Re ∑  

𝑖>𝑗

 𝑈ℓ′𝑖𝑈ℓ′𝑗
∗ 𝑈ℓ𝑖

∗ 𝑈ℓ𝑗sin
2 (

Δ𝑚𝑖𝑗
2 𝐿

4𝐸
) 

 +2Im ∑  

𝑖>𝑗

 𝑈ℓ′𝑖𝑈ℓ′𝑗
∗ 𝑈ℓ𝑖

∗ 𝑈ℓ𝑗sin (
Δ𝑚𝑖𝑗

2 𝐿

𝐸
)
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Ψ𝑖(𝐱, 𝑡) = 𝑈ℓ𝑖Ψ𝜈‾ℓ
(𝐱, 𝑡)  

𝑃𝜈‾ℓ→𝜈‾
ℓ′(𝐿, 𝐸) = ∑  

𝑖,𝑗

 𝑈ℓ′𝑖
∗ 𝑈ℓ′𝑗𝑈ℓ𝑖𝑈ℓ𝑗

∗ exp (−𝑖
Δ𝑚𝑖𝑗

2 𝐿

2𝐸
)  

 

𝑛‾ = 1 −
𝑚1

2+𝑚2
2

4𝐸2  and Δ𝑛 = (𝑚2
2 − 𝑚1

2)/2𝐸2 

𝑃𝜈‾ℓ→𝜈‾
ℓ′ = 𝑃𝜈ℓ→𝜈

ℓ′ , 𝑃𝜈‾ℓ→𝜈‾
ℓ′ ≠ 𝑃𝜈ℓ→𝜈

ℓ′  

𝑒−𝑖(𝐸𝑡−𝐩′⋅𝐱) = 𝑒−𝑖(𝐸𝑡−𝑛‾𝐩⋅𝐱),  

𝑣𝑔 = 𝜕𝐸/𝜕𝑝′ and 𝑝′ = 𝑛‾(𝐸)𝑝 = 𝑛‾(𝐸)𝐸 

𝑣𝑔 = (
𝜕𝑝′

𝜕𝐸
)

−1

=
1

𝑛‾(𝐸) + 𝐸
𝜕𝑛‾(𝐸)

𝜕𝐸

=
1

1 +
𝑚2

2𝐸2

< 1  

𝑝′ = 𝐸 (1 −
𝑚2

2𝐸2
) 

𝑝 = 𝐸 (1 −
𝑚2

2𝐸2) 

𝑚𝑟𝑒𝑓𝑟
2 = 𝑚2  

𝑛‾ =
1

𝐹
∑  

𝐹

𝑖=1

 (1 −
𝑚𝑖

2

𝐸2 )

1/2
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𝑣𝑔 =
1

1
𝐹

∑  𝐹
𝑖=1  (1 −

𝑚𝑖
2

𝐸2 )

−1/2
 

𝛿 =
1

2𝐸|𝑛‾(𝐸)|
 

[∇2 + 𝐸2 + 4𝜋 (
𝑁𝑓𝑒𝑒(0) + 𝑁𝑒𝑓𝑒𝑒

𝑒,𝐶𝐶(0) + 𝑁𝑛𝑓𝑒𝑒
𝑛,𝑁𝐶(0) 𝑁𝑓𝑒𝜇(0)

𝑁𝑓𝑒𝜇(0) 𝑁𝑓𝜇𝜇(0) + 𝑁𝑛𝑓𝜇𝜇
𝑛,𝑁𝐶(0)

)] (
Ψ𝜈𝑒

(𝐱, 𝑡)

Ψ𝜈𝜇
(𝐱, 𝑡)

) = 0  

𝑓𝑒𝑒
𝑒,𝐶𝐶(0) = −

1

√2𝜋
𝐺𝐹𝐸, 𝑓𝑒𝑒

𝑛,𝑁𝐶(0) = 𝑓𝜇𝜇
𝑛,𝑁𝐶(0) =

1

2√2𝜋
𝐺𝐹𝐸  

(
𝒜𝜈𝑒→𝜈𝑒

(𝐱, 𝑡)

𝒜𝜈𝑒→𝜈𝜇
(𝐱, 𝑡)

)= (
Ψ𝜈𝑒

(𝐱, 𝑡)

Ψ𝜈𝜇
(𝐱, 𝑡)

)  

 = 𝑒−𝑖(𝐸𝑡−𝑛‾𝐩⋅𝐱) (
cos (

Δ𝑛
2 𝐩 ⋅ 𝐱) + 𝑖cos 2𝜃𝑚sin (

Δ𝑛
2 𝐩 ⋅ 𝐱)

𝑖sin 2𝜃𝑚sin (
Δ𝑛
2 𝐩 ⋅ 𝐱)

)

 

𝑛‾=
𝑛1 + 𝑛2

2
, Δ𝑛 = 𝑛1 − 𝑛2  

𝑛1,2
2 = 1 −

1

2𝐸2 [𝑚1
2 + 𝑚2

2 + 𝐴𝐶𝐶 − 𝐴𝑁𝐶 ∓ √(Δ𝑚2cos 2𝜃 − 𝐴𝐶𝐶)2 + (Δ𝑚2sin 𝜃)2] 

𝐴𝐶𝐶= 2√2𝐺𝐹𝑁𝑒𝐸, 𝐴𝑁𝐶 = 2√2𝐺𝐹𝑁𝑛𝐸, Δ𝑚2 = 𝑚2
2 − 𝑚1

2  

tan 2𝜃𝑚 =
Δ𝑚2sin 2𝜃

Δ𝑚2cos 2𝜃 − 𝐴𝐶𝐶

 

𝐸 ≫ 𝑚𝑖 , 𝐸 ≫ 𝐺𝐹𝑁𝑒 and 𝐸 ≫ 𝐺𝐹𝑁𝑛 

𝑛‾ = 1 −
𝑚1

2 + 𝑚2
2

4𝐸2
−

𝐺𝐹(𝑁𝑒 − 𝑁𝑛)

√2𝐸
 

𝑚𝑟𝑒𝑓𝑟
2 = 𝑚2 + √2𝐺𝐹(𝑁𝑒 − 𝑁𝑛)𝐸  

𝑣𝑔 =
1

𝑛‾(𝐸) + 𝐸
𝜕𝑛‾(𝐸)

𝜕𝐸

=
1

1 +
𝑚2

2𝐸2

< 1
 

𝜏𝑚 =
1

Γ𝑚
.  

𝒱(𝑟) = −𝑔𝑊
2

𝑒−𝑀𝑊𝑟

𝑟
 

𝑉 =
4𝜋

3
𝑅3 =

4𝜋

3

106

𝑀𝑊
3  

Γ𝑚
𝜈 =

4

3
106

𝑚𝜈
4

𝑀𝑊
3 ∼ 0.2 ⋅ 10−39GeV  
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𝜏𝑚
𝜈 ∼ 3 ⋅ 1015 s ∼ 108 years.  

𝜏𝑚
𝑒 ≈ (5 ⋅ 106)−4𝜏𝑚

𝜈 ≈ 3 ⋅ 10−12 s  

[(∇2 + 𝑝2)𝛿𝑓′𝑓 + 4𝜋𝑁𝐹𝑓′𝑓(0)]Ψ𝑓(𝐱, 𝑡) = 0, 𝑝2 = 2𝑀𝐸  

𝑛𝑖
2 = 1 + 2𝜋

𝑁𝐹𝑖(0)

𝑀𝐸
, 𝑖 = 1,2  

|𝑓ℓ′ℓ(0)| = √
𝑑𝜎ℓ→ℓ′

𝑑Ω
|
𝜃,𝜙=0

 

𝑖ℳ𝜈ℓ𝐿→𝜈
ℓ′𝐿

= ∑  

ℓ′′

  →
𝜈ℓ𝐿 

𝑝  
× →

𝜈
ℓ′′𝑅

 

𝑝 
× →

𝜈
ℓ′𝐿

 

𝑝 
= −2𝑖(𝑀𝑀†)

ℓ′ℓ
,  

𝑑𝜎

𝑑Ω
=

𝑉

𝑇

𝑑

𝑑Ω
∫  

𝑉𝑑𝒟𝐩′

(2𝜋)3
(2𝜋)4𝛿4(𝑝′ − 𝑝)𝑉𝑇|ℳ|2

1

2𝐸𝑉

1

2𝐸′𝑉
 

= 𝑉 ∫  𝑑𝐸′𝐸′2(2𝜋)𝛿4(𝑝′ − 𝑝)|ℳ|2
1

4𝐸′𝐸
 

 =
𝜋

2
𝑉𝛿𝒟(𝐩′ − 𝐩)|ℳ|2|

|𝐩′|=|𝐩|

 

𝐸 = |𝐩|, 𝐸′ = |𝐩′| 

𝛿3(0) =
𝑉

(2𝜋)3
 

𝑓ℓ′ℓ(0) = −
𝑉

2𝜋
(𝑀𝑀†)

ℓ′ℓ
,  for particles 

𝑓‾ℓ′ℓ(0) = −
𝑉

2𝜋
(𝑀𝑀†)

ℓ′ℓ

∗
,  for anti - particles 

 

Γ𝑚

𝜈ℓ→𝜈
ℓ′

=
1

𝑇
∫  

𝑉𝑑𝒟𝐩′

(2𝜋)3
(2𝜋)4𝛿4(𝑝′ − 𝑝)𝑉𝑇|ℳ|2

1

2𝐸𝑉

1

2𝐸′𝑉
 

= 2𝜋2𝛿3(𝐩′ − 𝐩)|ℳ|2||𝐩′|=|𝐩|  

 =
𝑉

𝜋
|(𝑀𝑀†)

ℓ′ℓ
|
2

 

⟨𝑓|𝑆|𝑖⟩ = 𝛿𝑓𝑖 − 2𝜋𝑖𝛿(𝐸𝑓 − 𝐸𝑖)𝑇𝑓𝑖, 𝑇𝑓𝑖 = ⟨𝑓|𝑇|𝑖⟩,  

⟨𝑓|𝑆|𝑖⟩ = 𝛿𝑓𝑖 + (2𝜋)4𝛿4(𝑝𝑓 − 𝑝𝑖)
1

√2𝑉𝐸𝐩𝑓

1

√2𝑉𝐸𝐩𝑖

𝑖ℳ𝑓𝑖  

𝑝𝑓 = 𝑝𝑖 = (𝐸𝐩, 𝐩), 𝛿3(𝐩 − 𝐩) =
𝑉

(2𝜋)3
 

⟨𝑓|𝑆|𝑖⟩ = 𝛿𝑓𝑖 + 2𝜋𝑖𝛿(𝐸𝐩 − 𝐸𝐩)
ℳ𝑓𝑖

2𝐸𝐩
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𝑇𝑓𝑖 = −
ℳ𝑓𝑖

2𝐸𝐩
 

(∇2 + 𝐩2 − 𝐶𝑇‾)Ψ(𝐱) = 0  

4𝜋𝑁𝑓(0) = −𝐶𝑇‾  

𝑇ℓ′ℓ = −
1

2𝐸𝐩
ℳ𝜈ℓ𝐿→𝜈

ℓ′𝐿
=

1

𝐸𝐩
(𝑀𝑀†)

ℓ′ℓ
 

𝑓ℓ′ℓ(0) = −
𝐶

4𝜋𝑁
𝑇ℓ′ℓ 

𝑓ℓ′ℓ(0) = −
𝑉𝐸𝐩

2𝜋
𝑇ℓ′ℓ = −

𝑉

2𝜋
(𝑀𝑀†)

ℓ′ℓ
 

𝑖
𝜕

𝜕𝑡
𝜓0(𝐱, 𝑡) = | − 𝑖∇|𝜓0(𝐱, 𝑡) 

𝐗̇(𝑡) = 𝐯𝜒(𝑡)(𝐗(𝑡), 𝑡), 𝜒(𝑡) → −𝜒(𝑡) at rate 𝑟−𝜒(𝑡)(𝐗(𝑡), 𝑡)  

𝐯𝜒 =
ℏ

𝑚

Im(Ψ†𝐃Ψ)

Ψ†Ψ
+

ℏ

2𝑚

𝛁 × (Ψ†𝝈Ψ)

Ψ†Ψ
+ 𝑐𝜒𝐬

𝑟𝜒 = [𝑐𝜒
𝛁 ⋅ (Ψ†𝝈Ψ)

Ψ†Ψ
]

+

= [2𝑐𝜒
ReΨ†𝝈 ⋅ 𝛁Ψ

Ψ†Ψ
]

+

, 𝐹+ = max(𝐹, 0)

 

𝐬 =
Ψ†𝝈Ψ

Ψ†Ψ
 

iℏ𝜕𝑡Ψ = −
ℏ2

2𝑚
𝐃2Ψ −

𝑒ℏ

2𝑚𝑐
𝐁 ⋅ 𝝈Ψ + 𝑒𝑉Ψ  

𝜕𝑡𝜌(𝐱, 𝜒, 𝑡) + 𝛁 ⋅ (𝐯𝜒𝜌(𝐱, 𝜒, 𝑡)) = 𝑟𝜒𝜌(𝐱, −𝜒, 𝑡) − 𝑟−𝜒𝜌(𝐱, 𝜒, 𝑡).  

𝜌(𝐱, 𝜒, 𝑡) = Ψ†Ψ/2 

𝜕𝑡(Ψ†Ψ) + ∇ ⋅ (𝐯𝜒Ψ†Ψ) = 𝑟𝜒Ψ†Ψ − 𝑟−𝜒Ψ†Ψ  

iℏ𝜕𝑡Ψ = ∑  

𝑁

𝑘=1

  [−
ℏ2

2𝑚
𝐃𝑘

2Ψ −
𝑒ℏ

2𝑚𝑐
𝐁(𝐱𝑘) ⋅ 𝝈𝑘Ψ + 𝑒𝑉(𝐱𝑘)Ψ]  

𝐃𝑘 = 𝛁𝑘 − i𝑒𝐀(𝐱𝑘)/ℏ𝑐 

𝐗̇𝑘(𝑡) = 𝐯𝑘,𝜒𝑘(𝑡)(𝐗1(𝑡), … , 𝐗𝑁(𝑡), 𝑡)  

𝐯𝑘,𝜒𝑘
=

ℏ

𝑚

Im(Ψ†𝐃𝑘Ψ)

Ψ†Ψ
+

ℏ

2𝑚

𝛁𝑘 × (Ψ†𝝈𝑘Ψ)

Ψ†Ψ
+ 𝑐𝜒𝑘𝐬𝑘

 

𝝈𝑘 = 𝐼 ⊗ ⋯ ⊗ 𝐼 ⊗ 𝝈 ⊗ 𝐼 ⊗ ⋯ ⊗ 𝐼, with 𝝈 at the 𝑘-th of the 𝑁 places 
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𝐬𝑘 =
Ψ†𝝈𝑘Ψ

Ψ†Ψ
 

𝑟𝑘,𝜒𝑘
(𝐗1(𝑡), … , 𝐗𝑁(𝑡), 𝑡)  

𝑟𝑘,𝜒𝑘
= [𝑐𝜒𝑘

∇𝑘 ⋅ (Ψ†𝝈𝑘Ψ)

Ψ†Ψ
]

+

 

i𝜕𝑡Ψ = −
1

2
∇2Ψ −

𝑒

2
𝐁 ⋅ 𝝈Ψ  

𝐁(𝑡) = {

(0,0,0)  if 𝑡 < 𝑡𝑖

(0,0,2𝑏𝑧/𝑒)  if 𝑡𝑖 < 𝑡 < 𝑡𝑓
(0,0,0)  if 𝑡 > 𝑡𝑓

 

𝐁(𝑡) = {

(0,0,0)  if 𝑡 < 𝑡𝑖

(0,0,2𝑏𝑧/𝑒)  if 𝑡𝑖 < 𝑡 < 𝑡𝑓
(0,0,0)  if 𝑡 > 𝑡𝑓

 

Ψ(𝐱, 0) = 𝜓(𝐱, 0) (
𝑐+

𝑐−
)  

𝜓(𝐱, 0) = 𝜓𝑥(𝑥, 0)𝜓𝑦(𝑦, 0)𝜓𝑧(𝑧, 0)  

𝜓𝑥(𝑥, 0) =
1

(2𝜋𝑑𝑥
2)1/4

exp (−
𝑥2

4𝑑𝑥
2 + i𝑝𝑥)

𝜓𝑦(𝑦, 0) =
1

(2𝜋𝑑𝑦
2)

1/4
exp (−

𝑦2

4𝑑𝑦
2) , 𝜓𝑧(𝑧, 0) =

1

(2𝜋𝑑𝑧
2)1/4

exp (−
𝑧2

4𝑑𝑧
2)

 

Ψ(𝐱, 𝑡) = (
𝑐+𝜓+(𝐱, 𝑡)

𝑐−𝜓−(𝐱, 𝑡)
)  

𝜓±(𝐱, 𝑡) = 𝜓𝑥(𝑥, 𝑡)𝜓𝑦(𝑦, 𝑡)𝜓𝑧,±(𝑧, 𝑡)  
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𝜓𝑥(𝑥, 𝑡)=
1

[2𝜋𝑑𝑥
2 (1 +

i𝑡
2𝑑𝑥

2)
2

]

1/4
exp [−

(𝑥 − 𝑝𝑡)2

4𝑑𝑥
2 (1 +

i𝑡
2𝑑𝑥

2)
+ i𝑝𝑥 − i

𝑝2

2
𝑡] ,  

𝜓𝑦(𝑦, 𝑡) =
1

[2𝜋𝑑𝑦
2 (1 +

i𝑡
2𝑑𝑦

2)

2

]

1/4
exp 

[
 
 
 
 

−
𝑦2

4𝑑𝑦
2 (1 +

i𝑡
2𝑑𝑦

2)
]
 
 
 
 

,

𝜓𝑧,±(𝑧, 𝑡) =
1

[2𝜋𝑑𝑧
2 (1 +

i𝑡
2𝑑𝑧

2)
2

]

1/4

 ×

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

exp [−
𝑧2

4𝑑𝑧
2 (1 +

i𝑡
2𝑑𝑧

2)
]  if 𝑡 < 𝑡𝑖

exp 

[
 
 
 
 

−
(𝑧 ∓

𝑏(𝑡 − 𝑡𝑖)
2

2
)

2

4𝑑𝑧
2 (1 +

i𝑡
2𝑑𝑧

2)
± i𝑏(𝑡 − 𝑡𝑖)𝑧 − i

𝑏2(𝑡 − 𝑡𝑖)
3

6

]
 
 
 
 

 if 𝑡𝑖 < 𝑡 < 𝑡𝑓

exp 

[
 
 
 
 
 
 

−

(𝑧 ∓
𝑏(𝑡𝑓 − 𝑡𝑖)

2

2 ± 𝑏(𝑡𝑓 − 𝑡𝑖)(𝑡 − 𝑡𝑓))

2

4𝑑𝑧
2 (1 +

i𝑡
2𝑑𝑧

2)
 if 𝑡𝑓 < 𝑡

 

 

Ψ =
1

√2
(𝜓+, i𝜓−)⊤ 

 

Ψ =
1

√2
(𝜓+, i𝜓−)⊤, so that 𝑐+ = 1/√2 and 𝑐− = i/√2 (spin vector) 
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Ψ =
1

√10
(3𝜓+, i𝜓−)⊤ 

Ψ(𝐱1, 𝐱2, 𝑡) = 𝜓1(𝐱1, 𝑡)𝜓2(𝐱2, 𝑡) [𝑎 (
1

0
) (

0

1
) − 𝑏 (

0

1
) (

1

0
)] ,  

Ψ†𝝈1Ψ = |𝜓1|2|𝜓2|2(𝑎2 − 𝑏2)𝐞𝑧 = −Ψ†𝝈2Ψ  

𝐯𝑘,𝜒𝑘
=

ℏ

𝑚

Im(𝜓𝑘
∗𝛁𝑘𝜓𝑘)

|𝜓𝑘|2
− (−1)𝑘

𝑎2 − 𝑏2

𝑎2 + 𝑏2 [
ℏ

2𝑚
𝛁𝑘 × (ln |𝜓𝑘|2𝐞𝑧) + 𝑐𝜒𝑘] , 𝑘 = 1,2,  

𝑟𝜒𝑘
= [−𝑐𝜒𝑘(−1)𝑘

𝑎2 − 𝑏2

𝑎2 + 𝑏2
𝜕𝑧𝑘

ln |𝜓𝑘|2]

+

, 𝑘 = 1,2  

𝐗̇𝑘 =
ℏ

𝑚

Im(𝜓𝑘
∗𝛁𝑘𝜓𝑘)

|𝜓𝑘|2
 

Ψ𝑝,𝐁(𝐱, 𝑡) =
1

√2
(
𝜓𝑝,𝐁,+(𝐱, 𝑡)

𝜓𝑝,𝐁,−(𝐱, 𝑡)
)  
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Ψfree (𝐱1, 𝐱2, 𝑡) =
1

√2
𝜓𝑝,𝟎,+(𝐱1, 𝑡)𝜓−𝑝,𝟎,+(𝐱2, 𝑡) [(

1

0
) (

0

1
) − (

0

1
) (

1

0
)]  

ΨSG(𝐱1, 𝐱2, 𝑡) = 𝜓−𝑝,𝟎,+(𝐱2, 𝑡) [𝜓𝑝,𝐁,+(𝐱1, 𝑡) (
1

0
) (

0

1
) − 𝜓𝑝,𝐁,−(𝐱1, 𝑡) (

0

1
) (

1

0
)]  

𝐬1(𝐱1, 𝐱2, 𝑡) = −𝐬2(𝐱1, 𝐱2, 𝑡) =
|𝜓𝑝,𝐁,+(𝐱1, 𝑡)|

2
− |𝜓𝑝,𝐁,−(𝐱1, 𝑡)|

2

|𝜓𝑝,𝐁,+(𝐱1, 𝑡)|
2

+ |𝜓𝑝,𝐁,−(𝐱1, 𝑡)|
2 𝐞𝑧  

𝜓−𝑝,𝟎,+(𝐱2, 𝑡)𝜓𝑝,𝐁,+(𝐱1, 𝑡) (
1

0
) (

0

1
)  

𝛼 =
1

𝑝!
𝛼𝑖1⋯𝑖𝑝(𝑒𝑖1 ∧ ⋯ ∧ 𝑒𝑖𝑝)  

⋆ 𝛼 =
1

𝑝! (𝐷 − 𝑝)!
√𝑔𝑖𝑗𝛼

𝑖1⋯𝑖𝑝𝜖𝑖1⋯𝑖𝑝⋯𝑖𝐷(𝑒𝑖𝑝+1 ∧ ⋯ ∧ 𝑒𝑖𝐷)  

⋆ Σ is a 2-form (∵ Σ is a 4-form )
⋆ 𝑅 is a 4-form (∵ 𝑅 is a 2-form )

 

𝑆(Σ, 𝐴) = ∫  
ℳ6

 [k𝐺𝜖𝐼𝐽𝐾𝐿𝑀𝑁(Σ𝐼𝐽𝐾𝐿 ∧ 𝑅𝑀𝑁) + Φ𝐼𝐽𝐾𝐿𝑀𝑁(Σ𝐼𝐽𝐾𝐿 ∧⋆ Σ𝑀𝑁)

+𝜖𝐴𝐵𝐶𝐷𝐸𝐹(Λ𝐺 + gΦ𝐼𝐽𝐾𝐿𝑀𝑁Φ𝐼𝐽𝐾𝐿𝑀𝑁)(Σ𝐴𝐵𝐶𝐷 ∧⋆ Σ𝐸𝐹)  

+𝛼𝜖𝐼𝐽𝐾𝐿𝑀𝑁(𝑅𝐼𝐽 ∧⋆ 𝑅𝐾𝐿𝑀𝑁)]

 

𝑆(Σ, 𝐴) = ∫  
ℳ6

  [k𝐺(Σ ∧ 𝑅) + Φ(Σ ∧⋆ Σ) + (Λ𝐺 + gΦ2)(Σ ∧⋆ Σ) + 𝛼(𝑅 ∧⋆ 𝑅)]  

𝑉(𝜙) =
𝑚2

2
𝜙2 +

𝜆

3
𝜙3  

𝑆𝐵𝐹 ∼ ∫  
ℳ6

  [(Σ ∧ 𝑅) − (Π(Σ) ∧ Π(⋆ Σ)) −
𝑚2

2
((Σ𝜇4)2 + (Σ𝜇5)2 + (Σ45)2)]  

Π𝐼𝐽 
𝐾𝐿 = 𝛿𝐼

[𝐾
𝛿𝐽

𝐿]
 

𝐴 =
1

2
𝐴𝐼𝐽𝑀𝐼𝐽 =

1

2
𝜔𝜇𝜈𝑀𝜇𝜈⏟      
Stabilizer 

+ 𝐴𝜇4𝑀𝜇4 + 𝐴𝜇5𝑀𝜇5 +
1

2
𝐴45𝑀45⏟                    

Coset 

 

𝐴𝐴𝐵 = (
𝜔𝜇𝜈 𝐴𝜇4 𝐴𝜇5

−𝐴𝜈4 0 𝐴45

−𝐴𝜈5 −𝐴45 0

)  

𝐹𝜇𝜈  = 𝑑𝜔𝜇𝜈 + 𝜔𝜌
𝜇

∧ 𝜔𝜌𝜈 + 𝐴𝜇4 ∧ 𝐴𝜈4 + 𝐴𝜇5 ∧ 𝐴𝜈5

 = 𝑅𝜇𝜈 + 𝐴𝜇𝑖 ∧ 𝐴𝑖
𝜈 , (𝑖 = 4,5)
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𝐹𝜇4  = 𝑑𝐴𝜇4 + 𝜔𝜌
𝜇

∧ 𝐴𝜌4 + 𝐴𝜇5 ∧ 𝐴54

 = 𝑑𝐴𝜇4 + 𝜔𝜌
𝜇

∧ 𝐴𝜌4 − 𝜑 ∧ 𝐴𝜇5, (𝐴54 = −𝐴45 = −𝜑)

𝐹𝜇5  = 𝑑𝐴𝜇5 + 𝜔𝜌
𝜇

∧ 𝐴𝜌5 + 𝐴𝜇4 ∧ 𝐴45

 = 𝑑𝐴𝜇5 + 𝜔𝜌
𝜇

∧ 𝐴𝜌5 + 𝜑 ∧ 𝐴𝜇4, (𝐴45 = −𝐴54 = 𝜑)

 

𝐹𝜇𝑖 = 𝐷𝐴𝜇𝑖 , 𝐷𝐴𝜇𝑖 = 𝑑𝐴𝜇𝑖 + 𝜔𝜌
𝜇

∧ 𝐴𝜌𝑖 + (𝑎𝑗
𝑖) ∧ 𝐴𝜇𝑗  

𝐹45 = 𝑑𝜑 + 𝐴𝜇
4 ∧ 𝐴𝜇5  

𝐹𝐴𝐵 = (
𝑅𝜇𝜈 + 𝐴𝜇𝑖 ∧ 𝐴𝜈 𝐷𝐴𝜇4 𝐷𝐴𝜇5

−𝐷𝐴𝜈4 0 𝐹45

−𝐷𝐴𝜈5 −𝐹45 0

)  

𝐹 = Π(𝐹) + (1 − Π)(𝐹) ≡ 𝐹𝑐𝑜𝑠𝑒𝑡 + 𝐹𝐿𝑜𝑟𝑒𝑛𝑡𝑧  

∫  𝐹 ∧⋆ Π(𝐹) = ∫  Π(𝐹) ∧⋆ Π(𝐹) + ∫  𝐹coset ∧⋆ 𝐹Lorentz  

∫  𝐹 ∧⋆ Π(𝐹) = ∫  Π(𝐹) ∧⋆ Π(𝐹)  

𝐸𝜇 =
1

√2
(𝑒𝜇 + 𝑓𝜇), Δ𝜇 =

1

√2
(𝑒𝜇 − 𝑓𝜇)  

𝐹𝜇𝜈 = 𝑅𝜇𝜈 + 𝐸𝜇 ∧ 𝐸𝜈 + 2Δ𝜇 ∧ Δ𝜈 , (𝜇, 𝜈 = 0,1,2,3)  

∫  𝐹 ∧⋆ Π(𝐹) = ∫  
ℳ6

 Π(𝐹) ∧⋆ Π(𝐹)  

= ∫  
ℳ4

  (𝑅𝑎𝑏 + 𝐸𝑎 ∧ 𝐸𝑏 + 2Δ𝑎 ∧ Δ𝑏) ∧⋆ (𝑅𝑎𝑏 + 𝐸𝑎 ∧ 𝐸𝑏 + 2Δ𝑎 ∧ Δ𝑏)

=  ∫  
ℳ4

  [𝑅𝑎𝑏 ∧⋆ 𝑅𝑎𝑏] + [𝑅𝑎𝑏 ∧⋆ (𝐸𝑎 ∧ 𝐸𝑏) + (𝐸𝑎 ∧ 𝐸𝑏) ∧⋆ 𝑅𝑎𝑏]

 +[2𝑅𝑎𝑏 ∧⋆ (Δ𝑎 ∧ Δ𝑏) + 2(Δ𝑎 ∧ Δ𝑏) ∧⋆ 𝑅𝑎𝑏]

 +[(𝐸𝑎 ∧ 𝐸𝑏) ∧⋆ (𝐸𝑎 ∧ 𝐸𝑏)]

 +[2(𝐸𝑎 ∧ 𝐸𝑏) ∧⋆ (Δ𝑎 ∧ Δ𝑏) + 2(Δ𝑎 ∧ Δ𝑏) ∧⋆ (𝐸𝑎 ∧ 𝐸𝑏)]

 +[4(Δ𝑎 ∧ Δ𝑏) ∧⋆ (Δ𝑎 ∧ Δ𝑏)]

=  ∫  
ℳ4

  [𝑅𝑎𝑏 ∧⋆ 𝑅𝑎𝑏]⏟        
Pontryagin Term 

+ [2𝑅𝑎𝑏 ∧⋆ (𝐸𝑎 ∧ 𝐸𝑏)]⏟            
Einstein-Hilbert Term 

+ [4𝑅𝑎𝑏 ∧⋆ (Δ𝑎 ∧ Δ𝑏)]

 + [(𝐸𝑎 ∧ 𝐸𝑏) ∧⋆ (𝐸𝑎 ∧ 𝐸𝑏)]⏟                
Tetrad Terms 

+ [4(𝐸𝑎 ∧ 𝐸𝑏) ∧⋆ (Δ𝑎 ∧ Δ𝑏)]

 +[4(Δ𝑎 ∧ Δ𝑏) ∧⋆ (Δ𝑎 ∧ Δ𝑏)]

= 𝑆𝑅𝑅 + 𝑆𝑅𝐸 + 𝑆𝑅Δ + 𝑆𝐸𝐸 + 𝑆𝐸Δ + 𝑆ΔΔ

 

[𝐽𝑎, 𝐸𝑏𝑗]  = 𝜀𝑎𝑏
𝑐 𝐸𝑐𝑗

[𝐾𝑖, 𝐸𝑎𝑗]  = 𝜀𝑖𝑗
𝑐  𝑘𝐸𝑎𝑘

[𝐸𝑎𝑖, 𝐸𝑏𝑗]  = 𝛿𝑖𝑗𝜀𝑎𝑏 𝑐𝐽𝑐 − 𝛿𝑎𝑏𝜀𝑖𝑗  
𝑘𝐾𝑘
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𝐴 =
1

2
𝜔𝑎 +

1

2
𝜅𝑖

⏟      
Stabilizer sector 

+
1

ℓ
𝜉𝑎𝑖

⏟
Coset sector 

(𝑎 = 1,2,3 and 𝑖 = 4,5,6)  

𝑅𝐼𝐽 = 𝑑𝐴𝐼𝐽 + 𝐴𝐼 𝐾 ∧ 𝐴𝐾𝐽 (𝐼 = 1 − 6)  

𝐹𝑎𝑏  = d𝐴𝑎𝑏 + 𝐴𝐼
𝑎 ∧ 𝐴𝐼𝑏

 = d𝜔𝑎𝑏 + 𝜔𝑐
𝑎 ∧ 𝜔𝑐𝑏 +

1

ℓ2
𝜉𝑖

𝑎 ∧ 𝜉𝑖𝑏

 = (𝐹𝑆𝑈(2)
(1)

)
𝑎𝑏

+
1

ℓ2
𝜉𝑖

𝑎 ∧ 𝜉𝑖𝑏

 = 𝑅ℐ +
1

ℓ2
(𝜉 ∧ 𝜉𝑇)

𝐹𝑖𝑗  = d𝐴𝑖𝑗 + 𝐴𝐼
𝑖 ∧ 𝐴𝐼𝑗

 = d𝜅𝑖𝑗 + 𝜅𝑘
𝑖 ∧ 𝜅𝑘𝑗 +

1

ℓ2
𝜉𝑎

𝑖 ∧ 𝜉𝑎𝑗

 = (𝐹𝑆𝑈(2)
(2)

)
𝑖𝑗

+
1

ℓ2
𝜉𝑎

𝑖 ∧ 𝜉𝑎𝑗

 = 𝑅ℐℐ +
1

ℓ2
(𝜉𝑇 ∧ 𝜉)

 

(𝐹𝑆𝑈(2)
(1)

)
𝑎𝑏

 → 𝑅ℐ

(𝐹𝑆𝑈(2)
(2)

)
𝑖𝑗

 → 𝑅ℐℐ

 

𝜉𝑖
𝑎 ∧ 𝜉𝑖𝑏 = (𝜉 ∧ 𝜉𝑇)𝑎𝑏  

𝜉𝑎
𝑖 ∧ 𝜉𝑎𝑗 = (𝜉𝑇 ∧ 𝜉)𝑖𝑗  

(𝜉 ∧ 𝜉𝑇)↦ (𝑔𝑅𝜉𝑔𝐿
−1) ∧ (𝑔𝑅𝜉𝑔𝐿

−1)𝑇 

= (𝑔𝑅𝜉𝑔𝐿
−1) ∧ (𝑔𝐿

−𝑇𝜉𝑔𝑅
𝑇)  

 = 𝑔𝑅(𝜉 ∧ 𝜉𝑇)𝑔𝑅
𝑇

 

(𝜉𝑇 ∧ 𝜉) ↦ 𝑔𝐿(𝜉𝑇 ∧ 𝜉)𝑔𝐿
𝑇  

𝐹(stab )  = (𝐹𝑆𝑈(2)
(1)

)
𝑎𝑏

⏟      
First 𝑆𝑈(𝒟)

+ (𝐹𝑆𝑈(2)
(2)

)
𝑖𝑗

⏟      
Second 𝑆𝑈(𝒟)

+
1

ℓ2 [𝜉𝑖
𝑎 ∧ 𝜉𝑖𝑏 + 𝜉𝑎

𝑖 ∧ 𝜉𝑎𝑗]
⏟              

Tetrads 

 = 𝑅ℐ +
1

ℓ2
(𝜉 ∧ 𝜉𝑇)

⏟          
First Sector 

+ 𝑅ℐℐ +
1

ℓ2
(𝜉𝑇 ∧ 𝜉)

⏟          
Second Sector 

 

𝐹𝑎𝑖  = d𝐴𝑎𝑖 + 𝐴𝐼
𝑎 ∧ 𝐴𝐼𝑖

 = d𝜉𝑎𝑖 + 𝜔𝑐
𝑎 ∧ 𝜉𝑐𝑖 + 𝜉𝑘

𝑎 ∧ 𝜅𝑘𝑖  

𝑆𝑀𝑀 = ∫  𝐹 ∧⋆ 𝐹(stab) = ∫  
ℳ6

 𝐹(stab) ∧⋆ 𝐹(stab)
 

Dimensional sectors: 
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𝑆 =
1

𝑔2
∫  

ℳ6

 𝐹(stab ) ∧⋆ 𝐹(stab )

 =
1

𝑔2
∫  [𝑅𝐼 + 𝑅𝐼𝐼 +

1

ℓ2 (𝜉𝑖
𝑎 ∧ 𝜉𝑖𝑏 + 𝜉𝑎

𝑖 ∧ 𝜉𝑎𝑗)] ∧⋆ [𝑅𝐼 + 𝑅𝐼𝐼 +
1

ℓ2 (𝜉𝑖
𝑎 ∧ 𝜉𝑖𝑏 + 𝜉𝑎

𝑖 ∧ 𝜉𝑎𝑗)]

 =
1

𝑔2
[∫  

ℳ4
𝑅

 𝑑4𝑥 {(𝑅𝐼 ∧⋆ 𝑅𝐼) +
1

ℓ2
𝑅𝐼 ∧⋆ (𝜉𝑖

𝑎 ∧ 𝜉𝑖𝑏)}

 + ∫  
ℳ4

𝑅
 𝑑4𝑥 {(𝑅𝐼𝐼 ∧⋆ 𝑅𝐼𝐼) +

1

ℓ2
𝑅𝐼𝐼 ∧⋆ (𝜉𝑎

𝑖 ∧ 𝜉𝑎𝑗)}

+
1

ℓ4
∫  {(𝜉𝑖

𝑎 ∧ 𝜉𝑖𝑏 + 𝜉𝑎
𝑖 ∧ 𝜉𝑎𝑗) ∧⋆ (𝜉𝑖

𝑎 ∧ 𝜉𝑖𝑏 + 𝜉𝑎
𝑖 ∧ 𝜉𝑎𝑗)}]

 =
1

𝑔2
[∫  

ℳ4
𝑅

 𝑑4𝑥 {(𝑅𝐼 ∧⋆ 𝑅𝐼) +
1

ℓ2
𝑅𝐼 ∧⋆ (𝜉𝑖

𝑎 ∧ 𝜉𝑖𝑏) +
1

ℓ4 (𝜉𝑖
𝑎 ∧ 𝜉𝑖𝑏) ∧⋆ (𝜉𝑖

𝑎 ∧ 𝜉𝑖𝑏)}

+ ∫  
ℳ4

𝑅
 𝑑4𝑥 {(𝑅𝐼𝐼 ∧⋆ 𝑅𝐼𝐼) +

1

ℓ2
𝑅𝐼𝐼 ∧⋆ (𝜉𝑎

𝑖 ∧ 𝜉𝑎𝑗) +
1

ℓ4 (𝜉𝑎
𝑖 ∧ 𝜉𝑎𝑗) ∧⋆ (𝜉𝑎

𝑖 ∧ 𝜉𝑎𝑗)}]

 =
1

𝑔2
[∫  

ℳ4
𝑅

 𝑑4𝑥 {(𝑅𝐼 ∧⋆ 𝑅𝐼) +
1

ℓ2
𝑅𝐼 ∧⋆ (𝜉 ∧ 𝜉𝑇) +

1

ℓ4
(𝜉 ∧ 𝜉𝑇) ∧⋆ (𝜉 ∧ 𝜉𝑇)}

+ ∫  
ℳ4

𝑅
 𝑑4𝑥 {(𝑅𝐼𝐼 ∧⋆ 𝑅𝐼𝐼) +

1

ℓ2
𝑅𝐼𝐼 ∧⋆ (𝜉𝑇 ∧ 𝜉) +

1

ℓ4
(𝜉𝑇 ∧ 𝜉) ∧⋆ (𝜉𝑇 ∧ 𝜉)}]

 =
1

𝑔2
(𝑆𝐼 + 𝑆𝐼𝐼)

 

𝜂𝜇𝜈 = diag(−1, +1, +1, +1)

𝜂̃𝜇̃𝜈̃ = diag(+1, −1, −1, −1)
 

Σ𝑐  =
1

2ℓ2
𝜀𝑎𝑏

𝑐 𝜉𝑖
𝑎 ∧ 𝜉𝑖𝑏 =

1

2ℓ2
𝜀𝑎𝑏

𝑐 (𝜉 ∧ 𝜉𝑇)𝑎𝑏

Σ̃𝑘  =
1

2ℓ2
𝜀𝑖𝑗

𝑘 𝜉𝑎
𝑖 ∧ 𝜉𝑎𝑗 =

1

2ℓ2
𝜀𝑖𝑗

𝑘 (𝜉𝑇 ∧ 𝜉)𝑖𝑗

 

(𝜉𝑖
𝑎 ∧ 𝜉𝑖𝑏)

𝜇𝜈
= 2𝜉𝑎  𝑖[𝜇𝜉𝑏𝑖 𝜈]  

(𝜉𝑎
𝑖 ∧ 𝜉𝑗𝑎)

𝜇̃𝜈̃
= 2𝜉𝑖 𝑎[𝜇̃𝜉𝑗𝑎  𝜈̃]  

Σ(+)𝑐  =
1

2
(𝟙 +

1

√𝜎𝐼
⋆𝐼) Σ𝑐

Σ̃(−)𝑘  =
1

2
(𝟙 −

1

√𝜎𝐼𝐼
⋆𝐼𝐼) Σ̃𝑘

 

Σ(+)𝑖 = 𝑒(ℐ)0 ∧ 𝑒(ℐ)𝑖 +
1

2
√𝜎𝜖𝑖𝑗𝑘𝑒𝑗

(ℐ)
∧ 𝑒𝑘

(ℐ)  

𝐶quad
(+)𝑖𝑗

: = Σ(+)𝑖 ∧ Σ(+)𝑗 −
1

3
𝛿𝑖𝑗Σ(+)𝑘 ∧ Σ(+)𝑘 = 0  

𝑉quad 

(+)𝑖𝑗
: =

1

3
𝛿𝑖𝑗Σ(+)𝑘 ∧ Σ(+)𝑘 ≠ 0  
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𝑛𝜇𝜈𝜎
𝐼 =

1

3!
𝜖𝐼𝐽𝐾𝐿𝑒𝜇

𝐽
∧ 𝑒𝜈

𝐾 ∧ 𝑒𝜎
𝐿  

𝐶lin
(+)𝐼

: = ⟨𝑛𝐼 , Σ(+)𝐼𝐽⟩ = 𝜖𝐼𝐽𝐾𝐿𝑛𝐼 ⋅ Σ(+)𝐾𝐿 = 0  

𝑉(+)𝐾: = ⟨𝑛𝐼 , Σ(+)𝐼𝐽⟩ ∧ 𝑒𝐾 = 0  

Σ𝐼𝐽 ∧ Σ‾𝐾𝐿 = 0
Σ𝐼𝐽 ∧ Σ𝐾𝐿 + Σ‾ 𝐼𝐽 ∧ Σ‾𝐾𝐿 = 0

 

𝑆ℐ = ∫  
𝑀ℐ

  [Σ(+)𝑖 ∧ 𝐹𝑖(𝐴) −
𝜆

2
Σ(+)𝑖 ∧ Σ(+)𝑖 +

1

2
𝜑𝑖𝑗

(+)
Σ(+)𝑖 ∧ Σ(+)𝑗] 𝑑4𝑥  

𝐹𝑖(𝐴) = 𝑑𝐴𝑖 +
1

2
𝜖𝑖𝑗𝑘𝐴𝑗 ∧ 𝐴𝑘 −

𝜆

2
Σ(+)

𝑖 ∧ Σ(+)
𝑖  is a quadratic term 

𝑆ℐ = ∫  
𝑀ℐ

  [Σ(+)𝑖 ∧ 𝐹𝑖(𝐴) + 𝜇𝐽
(+)

⟨𝑛𝐼 , Σ(+)𝐼𝐽⟩]  

Σ̃(−)𝑖 = 𝑒(ℐℐ)0 ∧ 𝑒(ℐℐ)𝑖 −
1

2
√𝜎𝜖𝑖𝑗𝑘𝑒𝑗

(ℐℐ)
∧ 𝑒𝑘

(ℐℐ)  

𝐶quad 

(−)𝑖𝑗
: = Σ̃(−)𝑖 ∧ Σ̃(−)𝑗 −

1

3
𝛿𝑖𝑗Σ̃(−)𝑘 ∧ Σ̃(−)𝑘 = 0  

𝑉quad 

(−)𝑖𝑗
: =

1

3
𝛿𝑖𝑗Σ̃(−)𝑘 ∧ Σ̃(−)𝑘 ≠ 0  

𝑛𝜇̃𝜈̃𝜎̃
𝐼 =

1

3!
𝜖𝐼𝐽𝐾𝐿𝑒𝜇̃

(ℐℐ)𝐽
∧ 𝑒𝜈̃

(ℐℐ)𝐾
∧ 𝑒𝜎̃

(ℐℐ)𝐿  

𝐶lin
(−)𝐼

: = ⟨𝑛̃𝐼 , Σ̃(−)𝐼𝐽⟩ = 𝜖𝐼𝐽𝐾𝐿𝑛𝐼 ⋅ Σ̃(−)𝐾𝐿 = 0  

𝑉(−)𝐾: = ⟨𝑛̃𝐼 , Σ̃(−)𝐼𝐽⟩ ∧ 𝑒𝐾 = 0  

Σ̃𝐼𝐽 ∧ Σ̃̃𝐾𝐿 = 0

Σ̃𝐼𝐽 ∧ Σ̃𝐾𝐿 + Σ̃
𝐼𝐽

∧ Σ̃
𝐾𝐿

= 0.
 

𝑆ℐℐ = ∫  
𝑀ℐℐ

  [Σ̃(−)𝑖 ∧ 𝐹𝑖(𝐴̃) −
𝜆̃

2
Σ̃(−)𝑖 ∧ Σ̃(−)𝑖 +

1

2
𝜑𝑖𝑗

(−)
Σ̃(−)𝑖 ∧ Σ̃(−)𝑗] 𝑑4𝑥̃  

𝐹𝑖(𝐴̃) = 𝑑𝐴̃𝑖 +
1

2
𝜖𝑖𝑗𝑘𝐴̃𝑗 ∧ 𝐴̃𝑘 −

𝜆̃

2
Σ̃(−)𝑖 ∧ Σ̃(−)𝑖  

𝑆ℐℐ = ∫  
𝑀ℐℐ

  [Σ̃(−)𝑖 ∧ 𝐹𝑖(𝐴̃) + 𝜇𝐽
(−)

⟨𝑛̃𝐼 , Σ̃(−)𝐼𝐽⟩]  

Θ𝑆 = ∫ 
𝑆

  [𝛿𝐸̃𝐼 ∧ 𝛿𝑛𝐼 −
𝛽

2
𝛿𝑒̃𝐼 ∧ 𝛿𝑒̃𝐼]  

Ω𝑆 = 𝛿Θ𝑆 = ∫ 
𝑆

  [𝛿2𝐸̃𝐼 ∧ 𝛿𝑛𝐼 −
𝛽

2
𝛿2𝑒̃𝐼 ∧ 𝛿𝑒̃𝐼]  
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{𝑞𝑎𝑏(𝑥), 𝑞𝑐𝑑(𝑦)} = −
1

𝛽
[𝑞𝑎𝑐𝜖𝑏𝑑 + 𝑞𝑏𝑐𝜖𝑎𝑑 + 𝑞𝑎𝑑𝜖𝑏𝑐 + 𝑞𝑏𝑑𝜖𝑎𝑐]𝛿(2)(𝑥, 𝑦)  

𝔤𝑆 = Diff(𝑆) ⋉ [𝔰𝔩(𝒟, ℂ)𝑆 ⊕ 𝔰𝔩(2, ℝ)‖
𝑆]  

𝐶𝑎
+ ∶=

1

2
(𝐶𝑎 + 𝑖 ⋆𝑆 𝐶𝑎)  (holomorphic/second-class) 

𝐶𝑎
− ∶=

1

2
(𝐶𝑎 − 𝑖 ⋆𝑆 𝐶𝑎)  (anti-holomorphic/first-class) 

 

{𝑒𝜇
𝐼(𝑥), 𝜔𝜈

𝐽𝐾(𝑦)}
𝐼

∝ 𝛿𝜇
𝜈𝛿𝐽

𝐼𝛿(3)(𝑥 − 𝑦)  

{𝑒𝜇
𝐼(𝑥), 𝜔𝜈

𝐽𝐾
(𝑦)}

𝐼𝐼
∝ 𝛿𝜇

𝜈𝛿𝐽
𝐼𝛿(3)(𝑥 − 𝑦)  

𝒢[𝜙] = Σ(+)
𝑖 |

𝑆
− 𝑈𝜙 ⋅ Σ(−)

𝑖 |
𝑆

≈ 0  

𝑈𝜙 = (𝑈𝜙)
𝑗

𝑖
 

Σ(+)
𝑖 |

𝑆
= (𝑈𝜙)

𝑗

𝑖
Σ(−)

𝑗
|
𝑆

 

𝑆glue = ∫ 
𝑆

 𝜇𝑖(𝑥) [Σ(+)
𝑖 |

𝑆
− 𝑈𝜙(𝑥) ⋅ Σ(−)

𝑖 ∣ 𝑆]  

𝑆 =
1

𝑔2 (𝑆ℐ + 𝑆ℐℐ + 𝑆glue )  

𝑆ℐ = ∫  
𝑀ℐ

  [Σ(+)𝑖 ∧ 𝐹𝑖(𝐴) −
𝜆

2
Σ(+)𝑖 ∧ Σ(+)𝑖 +

1

2
𝜑𝑖𝑗

(+)
Σ(+)𝑖 ∧ Σ(+)𝑗]  

𝑆ℐℐ = ∫  
𝑀ℐℐ

  [Σ̃(−)𝑖 ∧ 𝐹𝑖(𝐴̃) −
𝜆̃

2
Σ̃(−)𝑖 ∧ Σ̃(−)𝑖 +

1

2
𝜑𝑖𝑗

(−)
Σ̃(−)𝑖 ∧ Σ̃(−)𝑗]  

𝑆glue = ∫ 
𝑆

 𝜇𝑖(𝑥) [Σ(+)𝑖|
𝑆

− 𝑈𝜙(𝑥) ⋅ Σ̃(−)𝑖|
𝑆
]  

𝐹𝑖(𝐴) − 𝜆Σ(+)𝑖 + 𝜑𝑖𝑗
(+)

Σ(+)𝑗 = 0  

𝐹𝑖(𝐴) = 𝜆Σ(+)𝑖 − 𝜑𝑖𝑗
(+)

Σ(+)𝑗  

𝜑𝑖𝑗
(+)

= Ψ𝑖𝑗
(+)

+ 𝜆𝛿𝑖𝑗 , Ψ𝑖
(+)𝑖

= 0  

Ψ(+)𝑖 𝑗: = −Ψ𝑖𝑗
(+)

 

𝐹𝑖(𝐴) = Ψ(+)𝑖 𝑗Σ
(+)𝑗 + 𝜆Σ(+)𝑖  

𝐹𝑖(𝐴) = Ψ(+)𝑖 𝑗Σ
(+)𝑗 +

Λℐ

3
Σ(+)𝑖  
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∫  
𝑀ℐ

 Σ(+)𝑖 ∧ 𝐹𝑖(𝐴)  = ∫  
𝑀ℐ

 𝑑4𝑥√−𝑔(ℐ)𝑅(𝑔(ℐ))

∫  
𝑀ℐ

 Σ(+)𝑖 ∧ Σ(+)𝑖  = 6 ∫  
𝑀ℐ

 𝑑4𝑥√−𝑔(ℐ)

 

𝑆ℐ =
1

𝑔2
∫  

𝑀ℐ

 𝑑4𝑥√−𝑔(ℐ)[𝑅(𝑔(ℐ)) − 6𝜆 + ⋯ ]  

𝑆EH+Λ
(ℐ)

=
1

16𝜋𝐺𝑁
∫  

𝑀ℐ

 𝑑4𝑥√−𝑔(ℐ)[𝑅(𝑔(ℐ)) − 2Λℐ]  

1

𝑔2
=

1

16𝜋𝐺𝑁
, 6𝜆 = 2Λℐ ⟹ Λℐ = 3𝜆  

𝑆ℐ =
1

16𝜋𝐺𝑁
∫  (Σ(+) ∧ 𝑅(+) −

1

2
(𝜑(+) +

Λ

3
𝕀) Σ(+) ∧ Σ(+))  

𝛿𝑆ℐ

𝛿𝐴(+)
 = 0 ⟹ DΣ(+) ≡ dΣ(+) + 𝐴(+) ∧ 𝐴(+) = 0

𝛿𝑆ℐ

𝛿Σ(+)
 = 0 ⟹ 𝑅(+) + (𝜑(+) +

Λ

3
𝕀) Σ(+) = 0 

𝛿𝑆ℐ

𝛿𝜑(+)
 = 0 ⟹ Σ(+) ∧ Σ(+) −

Λ

3
𝕀(Σ(+) ∧ Σ(+)) = 0

 

𝐹𝑖(𝐴̃) = 𝜆̃Σ̃(−)𝑖 − 𝜑𝑖𝑗
(−)

Σ̃(−)𝑗  

𝜑𝑖𝑗
(−)

= Ψ𝑖𝑗
(−)

+ 𝜆̃𝛿𝑖𝑗 , Ψ𝑖
(−)𝑖 = 0  

𝐴𝑖|
𝑆

≃ 𝑈𝜙(𝑥) ⋅ 𝐴̃𝑖|
𝑆

⋅ 𝑈𝜙(𝑥)−1 + 𝑈𝜙(𝑥)𝑑𝑈𝜙(𝑥)−1
 

𝐴𝑤
𝑖 : = 𝐴̃𝑖|

𝑆
 

𝐷𝜇𝜓𝐿
𝛼𝑖 = 𝜕𝜇𝜓𝐿

𝛼𝑖 + 𝜔𝜇 𝛼  𝛽𝜓𝐿
𝛽𝑖

+ 𝑖𝑔𝑤𝐴𝜇 𝑗(𝑇𝑗)
𝑖
 𝑘𝜓𝐿

𝛼𝑘  

𝐷𝜇𝜓𝑅
𝛼̇ = 𝜕𝜇𝜓𝑅

𝛼̇ + 𝜔𝜇
𝛼̇  𝛽̇𝜓𝑅

𝛽̇  

𝑆weak 

(ℐ)
= −

1

4𝑔𝑤
2

∫  
𝑀ℐ

 𝑑4𝑥√−𝑔(ℐ)Tr (𝐹𝜇𝜈(𝐴𝑤)𝐹𝜇𝜈(𝐴𝑤)) + 𝑆Higgs + 𝑆ferm  

𝑆YM
(ℐ) [𝐴𝑤, 𝐵𝑤] =

1

𝑔𝑤
2

∫  
𝑀ℐ

Tr (𝐵𝑤 ∧ 𝐹(𝐴𝑤) −
1

2
𝐵𝑤 ∧⋆(ℐ) 𝐵𝑤), 

𝐹(𝐴𝑤) =
1

2
𝐹𝜇𝜈(𝐴𝑤)𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈 and ⋆(ℐ) is the Hodge dual 

𝐹(𝐴𝑤) =⋆(ℐ) 𝐵𝑤 equivalently 𝐵𝑤 = − ⋆(ℐ) 𝐹(𝐴𝑤) 

𝑆ℐℐ ∼
1

16𝜋𝐺𝑊
∫  𝑑ℓ1𝑑ℓ2 ∫ 

𝑆

 𝑑𝒟𝑦√−ℎ𝑅(𝑔(ℐℐ))  



pág. 10738 

𝑆𝑆𝑡𝑟𝑜𝑛𝑔,𝔖 = −
1

4𝑔𝑤
2

∫ 
𝑆

 𝑑2𝑦√−ℎTr (𝐹𝑎𝑏(𝐴𝑤)𝐹𝑎𝑏(𝐴𝑤)) + ⋯  

1

𝑔𝑤
2

= 𝑐𝑤

1

16𝜋𝐺𝑊
= 𝑐𝑤

1

𝑔2  

𝑀𝑊
2 =

1

4
𝑔𝑤

2 𝑣2  

ℒFermi = −
𝐺𝐹

√2
(𝜓‾𝛾𝜇𝑃𝐿𝜓)(𝜓‾𝛾𝜇𝑃𝐿𝜓)  

𝐺𝐹

√2
=

𝑔𝑤
2

8𝑀𝑊
2 =

1

2𝑣2
 

𝐺𝐹 =
𝑔𝑤

2

4√2𝑀𝑊
2

=
1

4√2𝑀𝑊
2

𝑔2

𝑐𝑤
=

1

4√2𝑀𝑊
2

16𝜋𝐺𝑊

𝑐𝑤
 

𝑆ℐℐ =
1

16𝜋𝐺𝑊
∫  (Σ̃(−) ∧ 𝑅̃(−) −

1

2
(𝜑(−) +

Λ̃

3
𝕀) Σ̃(−) ∧ Σ̃(−))  

𝛿𝑆ℐℐ

𝛿𝐴̃(−)
= 0 ⟹ DΣ̃(−) ≡ dΣ̃(−) + 𝐴̃(−) ∧ 𝐴̃(−) = 0

𝛿𝑆ℐℐ

𝛿Σ̃(−)
= 0 ⟹ 𝑅̃(−) + (𝜑(−) +

Λ̃

3
𝕀) Σ̃(−) = 0  

𝛿𝑆ℐℐ

𝛿𝜑(−)
= 0 ⟹ Σ̃(−) ∧ Σ̃(−) −

Λ̃

3
𝕀(Σ̃(−) ∧ Σ̃(−)) = 0

 

𝑆YM[𝐴] = −
1

2𝑔2
∫  Tr(𝐹 ∧⋆ 𝐹)  

𝑆BF−YM[𝐴, 𝐵] = ∫  Tr(𝐵 ∧ 𝐹) −
𝑔2

2
∫  Tr(𝐵 ∧⋆ 𝐵)  

𝐹 − 𝑔2 ⋆ 𝐵 = 0 ⟹  𝐵 = 𝑔−2 ⋆−1 𝐹,  

𝐴 = 𝐴𝐿 ⊕ 𝐴𝑅 , 𝐵 = 𝐵𝐿 ⊕ 𝐵𝑅 

𝑆𝑈(𝒟) ⟶ 𝑆𝑈(𝒟) × 𝑈(𝒟), 𝔰𝔲(𝒟) = 𝔰𝔲(𝒟) ⊕ 𝔲(𝒟) ⊕ (𝓓+1 ⊕ 𝓓−1), 𝑌 ∝ diag(𝒟 − 𝔇),  

𝑈(𝔻)ℂ ≃ 𝐺𝐿(𝔻), 𝔤𝔩(𝔻) = 𝔰𝔩(𝔻) ⊕ 𝒟𝟏, 𝒜 = 𝐴𝑖𝜏𝑖 + 𝐴0𝟏  

𝑆𝐼 =∫  (Σ(+) 𝑆𝑈(𝔻)𝑅
∧ 𝑅(+) 𝑆𝑈(𝔻)𝑅

−
1

2
(𝜑(+) +

Λ

3
𝕀) Σ(+) 𝑆𝑈(𝔻)𝑅

∧ Σ(+) 𝑆𝑈(𝔻)𝑅
)  

 + (Σ0 𝑈(𝔻)𝑌𝑑𝑒𝑚
∧ 𝑅𝑈(𝔻)𝑌𝑑𝑒𝑚

0 −
1

2
𝑘Σ𝑈(𝔻)𝑌𝑑𝑒𝑚

0 ∧ Σ𝑈(𝔻)𝑌𝑑𝑒𝑚

0 ) − 𝜑0Σ(+) 𝑆𝑈(𝔻)𝑅
∧ Σ𝑈(𝔻)𝑌𝑑𝑒𝑚

0

= ∫  [(Σ(+) ∧ 𝑅(+))
𝑆𝑈(𝔻)𝑅×𝑈(𝔻)𝑌𝑑𝑒𝑚

−
1

2
(

𝜑(+) +
Λ

3
𝕀 𝜑0

𝜑0 𝑘
) (Σ(+) ∧ Σ(+))

𝑆𝑈(𝔻)𝑅×𝑈(𝔻)𝑌𝑑𝑒𝑚
]
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𝛿𝑆𝐼

𝛿𝜑
 = 0 ⟹ Σ(+) 𝑆𝑈(𝔻)𝑅

∧ Σ𝑈(𝔻)𝑌𝑑𝑒𝑚

0 = 0

𝛿𝑆𝐼

𝛿Σ𝑈(𝔻)𝑌𝑑𝑒𝑚

0  = 0 ⟹ 𝑘Σ𝑈(𝔻)𝑌𝑑𝑒𝑚

0 = 𝐹𝑌𝑑𝑒𝑚
2

 

𝑆𝐼𝐼 = ∫  (Σ̃(−) 𝑆𝑈(𝔻)𝐿
∧ 𝑅̃(−) 𝑆𝑈(𝔻)𝐿

−
1

2
(𝜑(−) +

Λ̃

3
𝕀) Σ̃(−) 𝑆𝑈(𝔻)𝐿

∧ Σ̃(−) 𝑆𝑈(𝔻)𝐿
)

 + (Σ̃0 𝑈(𝔻)𝑌
∧ 𝑅̃0 𝑈(𝔻)𝑌

−
1

2
𝑘̃Σ̃0 𝑈(𝔻)𝑌

∧ Σ̃0 𝑈(𝔻)𝑌
) − 𝜑̃0Σ̃(−) 𝑆𝑈(𝔻)𝐿

∧ Σ̃0 𝑈(𝔻)𝑌

 = ∫  [(Σ̃(−) ∧ 𝑅̃(−))
𝑆𝑈(𝔻)𝐿×𝑈(𝔻)𝑌

−
1

2
(

𝜑(−) +
Λ̃

3
𝕀 𝜑̃0

𝜑̃0 𝑘̃

) (Σ̃(−) ∧ Σ̃(−))
𝑆𝑈(𝔻)𝐿×𝑈(𝔻)𝑌

]

 

𝛿𝑆𝐼𝐼

𝛿𝜑̃0
 = 0 ⟹ Σ(+) 𝑆𝑈(𝔻)𝐿

∧ Σ̃𝑈𝑌(𝔻)
0 = 0

𝛿𝑆𝐼𝐼

𝛿Σ̃𝑈𝑌(𝔻)
0  = 0 ⟹ 𝑘̃Σ̃𝑈𝑌(𝔻)

0 = 𝐹𝑌
2

 

Ω = 𝜔 + 𝐴 + Φ, 𝜔 ∈ Ω1(Σ, 𝔰𝔬(𝑊)), 𝐴 ∈ Ω1(Σ, 𝔰𝔬(𝑁)), Φ ∈ Ω1(Σ, 𝑊 ∧ 𝑁).  

𝜓(𝑥) ↦ 𝜌(ℎ(𝑥))𝜓(𝑥), 𝑥 fixed,  

𝑄dem ≡ 𝑇𝑅
3 +

1

2
𝑌dem,  so that  𝑄dem⟨Φ𝑅⟩ = 0  

𝑊𝑅
± ∶=

1

√2
(𝑊𝑅

1 ∓ 𝑖𝑊𝑅
2)

𝐴dem ∶= sin 𝜃𝑅𝑊𝑅
3 + cos 𝜃𝑅𝐵dem

𝑍𝑅 ∶= cos 𝜃𝑅𝑊𝑅
3 − sin 𝜃𝑅𝐵dem

tan 𝜃𝑅 ∶=
𝑔dem

′

𝑔𝑅

 

𝑚𝑊𝑅
=

1

2
𝑔𝑅𝑣𝑅 , 𝑚𝑍𝑅

=
1

2
𝑣𝑅√𝑔𝑅

2 + (𝑔dem
′ )

2
, 𝑚𝐴dem

= 0  

𝑚𝑊𝑅
, 𝑚𝑍𝑅

≪ 𝐻0,  

𝑔𝑎𝑏
(𝐿)

|
𝒮

= Ω2𝑔𝑎𝑏
(𝑅)

|
𝒮

,  equivalently  𝑒𝑎
(𝐿)𝐼

|
𝒮

= Ω𝑒𝑎
(𝑅)𝐼

|
𝒮

 

𝑅𝐻
(𝑅)

∼ 𝜆soft ≡ 𝑚soft
−1 , 𝑅𝐻

(𝐿)
∼ 𝜆𝑊 ≡ 𝑚𝑊

−1  

Ω ∼
𝑅𝐻

(𝐿)

𝑅𝐻
(𝑅)

∼
𝐻0

𝑚𝑊
∼ 10−44  

𝑆dCS =
1

16𝜋𝐺
∫  𝑑4𝑥√−𝑔 [𝑅 +

𝛼CS

4
𝜗∗𝑅𝑅] + 𝑆𝜗,  ∗𝑅𝑅 ≡

1

2
𝜖𝜇𝜈𝜌𝜎𝑅𝜇𝜈𝛼𝛽𝑅𝜌𝜎  𝛼𝛽  

ℋcomplete = ℋ ⊕ ℋ ′
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𝑟𝐴𝐵  = 𝛼∗𝛽⟨𝜓1|𝐴𝐵|𝜓2⟩ + 𝛽∗𝛼⟨𝜓2|𝐴𝐵|𝜓1⟩

𝐹 = 𝐸(𝐴, 𝐵) + 𝐸(𝐴′, 𝐵) + 𝐸(𝐴, 𝐵′) − 𝐸(𝐴′, 𝐵′)

 = |𝛼|2𝐹1 + |𝛽|2𝐹2 + 𝑟, 𝑟 = 𝑟𝐴𝐵 + 𝑟𝐴′𝐵 + 𝑟𝐴𝐵′ − 𝑟𝐴′𝐵′

 

Σ(+)|
𝒮

= 𝑈𝜑 ⋅ Σ(−)|
𝒮

 

Σ(+)|
𝒮

= 𝑈𝜑 ⋅ Σ(−)|
𝒮

 

𝐶𝑎
± =

1

2
(𝐶𝑎 ± 𝑖 ⋆𝒮 𝐶𝑎)  

{𝐶𝑎
+(𝑥), 𝐶𝑏

+(𝑦)} ∝ 𝛿2(𝑥 − 𝑦) 

{𝐴𝑎
𝑖 (𝑥), 𝐸̃𝑗

𝑏(𝑦)} = 𝑖𝛿𝑎
𝑏𝛿𝑗

𝑖𝛿(3)(𝑥, 𝑦)  

𝒰̂𝜑: ℋ ′ → ℋ  

𝒪̂ ∼ (
𝒪̂ℋ ℳ̂

ℳ̂† 𝒪̂ℋ′
) , ℳ̂ ≡ 𝒰̂𝜑  

𝜔 =⋆2 𝜔 = 𝜆2𝜔  

𝒫± =
1

2
(𝟙 ±

1

𝜆
⋆)  

𝐹 = (𝒫+𝐹𝒫+ + 𝒫+𝐹𝒫−) + (𝒫−𝐹𝒫+ + 𝒫−𝐹𝒫−)  

ℛ = (
𝐴 𝐵
𝐵∗ 𝐶

)  

𝐴 = 𝒫+𝐹𝒫+

𝐵 = 𝒫+𝐹𝒫− = (𝒫−𝐹𝒫+)†

𝐶 = 𝒫−𝐹𝒫−

 

𝒫+𝐹𝒫− = (𝒫−𝐹𝒫+)† = 0 ⇔ 𝑅𝜇𝜈 ∼ 𝑔𝜇𝜈 ⇔⋆ 𝐹 = 𝐹 ⋆  

𝐹 =
1

𝜆2
⋆ 𝐹 ⋆  

𝐹+  = 𝒫+𝐹𝒫+ + 𝒫+𝐹𝒫−

 =
1

2
(𝟙 +

1

𝜆
⋆) 𝐹

1

2
(𝟙 +

1

𝜆
⋆) +

1

2
(𝟙 +

1

𝜆
⋆) 𝐹

1

2
(𝟙 −

1

𝜆
⋆)

 =
1

4
(𝐹 +

1

𝜆
⋆ 𝐹 +

1

𝜆
𝐹 ⋆ +

1

𝜆2
⋆ 𝐹 ⋆) +

1

4
(𝐹 +

1

𝜆
⋆ 𝐹 −

1

𝜆
𝐹 ⋆ −

1

𝜆2
⋆ 𝐹 ⋆)

 =
1

4
(𝟙 +

1

𝜆
⋆) (𝐹 +

1

𝜆2
⋆ 𝐹 ⋆) + 0

 =
1

2
𝒫+(2𝐹)

 = 𝒫+𝐹

 

(𝐴𝜇
𝐼𝐽

)
+

=
1

2
(𝐴𝜇

𝐼𝐽 − 𝑖 ⋆ 𝐴𝜇
𝐼𝐽

)  
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(𝐴𝜇
𝐼𝐽

)
−

=
1

2
(𝐴𝜇

𝐼𝐽
+ 𝑖 ⋆ 𝐴𝜇

𝐼𝐽
)  

𝑆[𝑒, 𝐴(+)]  =
1

8𝜋𝐺
∫  𝜖𝐼𝐽𝐾𝐿 ((𝑒𝐼 ∧ 𝑒𝐽)𝒫+ ∧ 𝑅(+)𝐾𝐿 −

Λ

4!
(𝑒𝐼 ∧ 𝑒𝐽𝒫+ ∧ 𝑒𝐾 ∧ 𝑒𝐿))

 =
1

8𝜋𝐺
∫  𝜖𝐼𝐽𝐾𝐿 ((𝑒𝐼 ∧ 𝑒𝐽)(+) ∧ 𝑅(+)𝐾𝐿 −

Λ

4!
(𝑒𝐼 ∧ 𝑒𝐽 ∧ 𝑒𝐾 ∧ 𝑒𝐿)(+))

 

𝑆 =
1

𝑖
∫  𝑑4𝑥 (𝐸̃𝑖

𝑎𝐴̇𝑎
𝑖 +

𝑖

2
𝑁𝜖𝑖𝑗𝑘𝐸̃𝑖

𝑎𝐸̃𝑗
𝑏𝐹𝑎𝑏

𝑘 − 𝑁𝑎𝐸̃𝑖
𝑏𝐹𝑎𝑏

𝑖 + 𝑡𝑎𝐴𝑎
𝑖 𝒟𝑎(𝐸̃𝑖

𝑎))  

{𝐸̃𝑖
𝑎(𝑥), 𝐸̃𝑗

𝑏(𝑦)} = 0

{𝐴𝑖
𝑎(𝑥), 𝐴𝑗

𝑏(𝑦)} = 0

{𝐴𝑖
𝑎(𝑥), 𝐸̃𝑗

𝑏(𝑦)} = 𝑖𝛿𝑗
𝑖𝛿𝑎

𝑏𝛿3(𝑥 − 𝑦)

 

𝐻 =
1

𝑖
∫  𝑑𝔻𝑥 (−

𝑖

2
𝑁𝜖𝑖𝑗𝑘𝐸̃𝑖

𝑎𝐸̃𝑗
𝑏𝐹𝑎𝑏

𝑘 + 𝑁𝑎𝐸̃𝑖
𝑏𝐹𝑎𝑏

𝑖 − 𝑡𝑎𝐴𝑎
𝑖 𝒟𝑎(𝐸̃𝑖

𝑎))  

𝒢𝑖  = 𝒟𝑎(𝐸̃𝑖
𝑎) = 0

𝒱𝑎  = 𝐸̃𝑖
𝑏𝐹𝑎𝑏

𝑖 = 0

𝒮 = 𝜖𝑖𝑗𝑘𝐸̃𝑖
𝑎𝐸̃𝑗

𝑏𝐹𝑎𝑏
𝑘 = 0

 

{𝒢𝑎(𝑥), 𝐸̃𝑖
𝑏(𝑦)}  = 𝜖𝑖𝑗𝑘𝐸̃𝑘

𝑎(𝑥)𝛿3(𝑥 − 𝑦)

{𝒢𝑎(𝑥), 𝐴̃𝑖
𝑏(𝑦)}  = 𝜖𝑖𝑗𝑘𝐴̃𝑘

𝑎(𝑥)𝛿3(𝑥 − 𝑦)
 

𝐹𝑖 = 𝑑𝐴𝑖 +
1

2
𝜖𝑗𝑘

𝑖 𝐴𝑗 ∧ 𝐴𝑘  

𝐹𝑖 = ± ⋆ 𝐹𝑖  

𝑘 =
1

8𝜋2
∫  tr(𝐹 ∧ 𝐹)  

√|𝑔|𝑔𝜇𝜈 ∝ 𝜖𝛼𝛽𝛾𝛿𝜖𝑖𝑗𝑘Σ𝜇𝛼
𝑖 Σ𝜈𝛽

𝑗
Σ𝛾𝛿

𝑘  

ℏ2 (−
1

𝑐2

𝜕2

𝜕𝑡2
+

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
+

𝜕2

𝜕𝑧2) 𝜓 = 𝑚2𝑐2𝜓  

𝐷𝜓 ≡ 𝑖ℏ (𝛾0

1

𝑐

𝜕

𝜕𝑡
+ 𝛾1

𝜕

𝜕𝑥1
+ 𝛾2

𝜕

𝜕𝑥2
+ 𝛾3

𝜕

𝜕𝑥3
) 𝜓 = 𝑚𝑐𝜓  

𝐷2𝜓 = 𝑚2𝑐2𝜓 

𝛾0
2 = 𝐼, 𝛾1

2 = 𝛾2
2 = 𝛾3

2 = −𝐼, 𝛾𝜇𝛾𝜈 = −𝛾𝜈𝛾𝜇  for  𝜇 ≠ 𝜈  

𝛾0 = 𝛾0 = (
𝐼 0
0 −𝐼

) , 𝛾𝑘 = −𝛾𝑘 = (
0 −𝜎𝑘

𝜎𝑘 0
)  

𝜕𝜇 =
𝜕

𝜕𝑥𝜇
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𝐷𝜓 ≡ 𝑖ℏ𝛾𝜇𝜕𝜇𝜓 = 𝑚𝑐𝜓  

𝑖ℏ𝜕𝜇 → 𝑖ℏ𝜕𝜇 − 𝑒𝐴𝜇 

𝛾𝜇(𝑖ℏ𝜕𝜇 − 𝑒𝐴𝜇)𝜓 = 𝑚𝑐𝜓  

𝛾𝜇𝜕𝜇 = 𝛾𝜇𝜕𝜇 and 𝜕𝜇 =
𝜕

𝜕𝑥𝜇
 

𝜓 = (

𝜓1

𝜓2

𝜓3

𝜓4

)  

𝐷3 = 𝑖
𝜕

𝜕𝑥1
+ 𝑗

𝜕

𝜕𝑥2
+ 𝑘̂

𝜕

𝜕𝑥3
 

𝑞 = 𝑎0 + 𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘̂, 𝑖2 = 𝑗2 = 𝑘̂2 = −1, 𝑖𝑗𝑘̂ = −1

𝑖𝑗 = −𝑗𝑖 = 𝑘̂, 𝑗𝑘̂ = −𝑘̂𝑗 = 𝑖, 𝑘̂𝑖 = −𝑖𝑘̂ = 𝑗
 

𝑞𝑞′ = (𝑎0 + 𝐚)(𝑏0 + 𝐛) = 𝑎0𝑏0 + 𝑎0𝐛 + 𝑏0𝐚 − 𝐚 ⋅ 𝐛 + 𝐚 × 𝐛  

𝐷4 = 𝑖
𝜕

𝜕𝑥0
+ 𝑖

𝜕

𝜕𝑥1
+ 𝑗

𝜕

𝜕𝑥2
+ 𝑘̂

𝜕

𝜕𝑥3
 

quaternion norm 𝑞𝑞̃ = 𝑞̃𝑞 = 𝑎0
2 + 𝑎1

2 + 𝑎2
2 + 𝑎3

2 becomes Lorentz transformations 𝑥0
2 − 𝑥1

2 − 𝑥2
2 − 𝑥3

2. 

Hermitian biquaternion is 𝑞̃ = 𝑞∗, 𝑞ℎ = 𝑎0 + 𝑎1𝑖𝑖 + 𝑎2𝑖𝑗 + 𝑎3𝑖𝑘̂, and its norm becomes Lorentzian: 

𝑞ℎ𝑞̃ℎ = 𝑞̃ℎ𝑞 = 𝑎0 − 𝑎1
2 − 𝑎2

2 − 𝑎3
2. 

𝑞𝑎ℎ = 𝑎𝑜𝑖 + 𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘̂ satisfies 𝑞̃𝑎ℎ = −𝑞∗ and yields 𝑞𝑎ℎ𝑞̃𝑎ℎ = −𝑎0
2 + 𝑎1

2 + 𝑎2
2 + 𝑎3

2 

𝑥 = 𝑥0 + 𝑖𝐱, 𝐱 = 𝑥1𝑖 + 𝑥2𝑗 + 𝑥3𝑘̂  

𝐷4ℎ =
𝜕

𝜕𝑥0
− 𝑖∇≡

𝜕

𝜕𝑥0
− 𝑖𝑖

𝜕

𝜕𝑥1
− 𝑖𝑗

𝜕

𝜕𝑥2
− 𝑖𝑘̂

𝜕

𝜕𝑥3
 

𝐴 = (
𝑄 −𝑃
𝑃 𝑄

) , |𝑄|2 − |𝑃|2 = 1, 𝑃̃𝑄 + 𝑄̃𝑃 = 1, 𝑅 ≡ 𝑄−1𝑃 = −𝑅̃  

Γ0 = (
1 ▰
▰ 1

) , Γ1 = (
▰ −𝑖
𝑖 ▰

) , Γ2 = (
▰ −𝑗
𝑗 ▰

) , Γ3 = (
▰ −𝑘
𝑘 ▰

)  

Λ1 = (
𝑖 ∎
∎ 𝑖

) , Λ2 = (
𝑗 ∎
∎ 𝑗

) , Λ3 = (
𝑘 ∎
∎ 𝑘

)  

𝐴 = exp 𝐵(𝑝, 𝑞), 𝐵(𝑞, 𝑝) = (
𝑞 −𝑝
𝑝 𝑞 ) ,

𝐴 = 𝑅(𝑎)𝐵(𝜇), |𝑎| = 1 = 𝑄/|𝑄|, 𝐵(𝜇) =
1

√1 + 𝜇2
(

1 𝜇
−𝜇 1

)
 

Γ𝑖Γ̃𝑗 + Γ𝑗Γ̃𝑖 = −2𝜂𝑖𝑗, paralleling Dirac algebra 𝛾𝑖𝛾𝑗 + 𝛾𝑗𝛾𝑖 = 2𝜂𝑖𝑗 
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𝜕̃𝜙 = 𝑚𝜎3𝜙𝑘̂, 𝜕̃ ≡ Γ̃𝑖𝜕𝑖  

𝑥6 = 𝑡1𝑖 + 𝑡2𝑗 + 𝑡3𝑘̂ + 𝜔(𝑥1𝑙 + 𝑥2𝑚̂ + 𝑥3𝑛̂)  

𝑥6𝑥̃6 = 𝑡1
2 + 𝑡2

2 + 𝑡3
2 − 𝑥1

2 − 𝑥2
2 − 𝑥3

2  

𝐷6 = 𝑖𝜕01 + 𝑗𝜕02 + 𝑘̂𝜕03 + 𝜔(𝑙𝜕1 + 𝑚̂𝜕2 + 𝑛̂𝜕3)  

𝐷6𝐷̃6 = 𝜕01
2 + 𝜕02

2 + 𝜕03
2 − 𝜕1

2 − 𝜕2
2 − 𝜕3

2  

𝑖ℏ𝐷6𝜓 = 𝑄𝑐𝜓  

𝐷4 = 𝑖𝜕01 + 𝜔(𝑙𝜕1 + 𝑚̂𝜕2 + 𝑛̂𝜕3)  

𝐷4𝐷̃4 = 𝜕01
2 − 𝜕1

2 − 𝜕2
2 − 𝜕3

2  

𝐷4
′ = 𝜔𝑙𝜕1 + 𝑖𝜕01 + 𝑗𝜕02 + 𝑘̂𝜕03  

⋆ 𝜔(±) = ±𝑖𝜔(±), Λ2 = Λ+ ⊕ Λ−.  

𝒫± =
1

2
(𝟙 ∓ 𝑖 ⋆), 𝜔(±) = 𝒫±𝜔 =

1

2
(𝜔 ∓ 𝑖 ⋆ 𝜔)  

(⋆ 𝑋)𝐼𝐽: =
1

2
𝜖𝐼𝐽 𝐾𝐿𝑋𝐾𝐿 

𝐴(±)𝐼𝐽: = 𝒫±𝐴𝐼𝐽 =
1

2
(𝐴𝐼𝐽 ∓ 𝑖 ⋆ 𝐴𝐼𝐽), 𝐴𝐼𝐽 = 𝐴(+)𝐼𝐽 + 𝐴(−)𝐼𝐽  

Σ̃(−)𝑖|
𝑆

∼ 𝑈𝜙 • Σ(+)𝑖|
𝑆

,  𝐴̃𝑖|
𝑆

∼ 𝑈𝜙 • 𝐴(+)𝑖|
𝑆

,  

𝒞𝒫𝒯: (𝜏; 𝑀𝐼 , Σ
(+), 𝐴(+); 𝑀𝐼𝐼 , Σ̃

(−), 𝐴̃(−); Ψ) ⟼

(−𝜏; 𝑀𝐼 , Σ
(−), 𝐴(−); 𝑀𝐼𝐼 , Σ̃

(+), 𝐴̃(+); Ψ𝑐)
 

Grade = 0 : {𝟙8}

Grade = 1 : {Γ𝜇}

Grade = 2 : {Σ𝜇𝜈 =
𝑖

2
[Γ𝜇 , Γ𝜈]}

Grade = 3 : {
𝑖

3!
𝜖𝛼𝛽𝛾𝜇𝜈𝜎Γ𝜇Γ𝜈Γ𝜎}

 Grade = 4 : {
𝑖

4!
𝜖𝛼𝛽𝛾𝜇𝜈𝜎𝜌Γ𝛾Γ𝜇Γ𝜈Γ𝜎}

Grade = 5 : {
𝑖

5!
𝜖𝛼𝛽𝛾𝜇𝜈𝜎𝜌Γ𝛽Γ𝛾Γ𝜇Γ𝜈Γ𝜎}

 

 Grade = 6 ∶ {
𝑖

6!
𝜖𝛼𝛽𝛾𝜇𝜈𝜎𝜌Γ𝛼Γ𝛽Γ𝛾Γ𝜇Γ𝜈Γ𝜎}  

[Γ̂3,3] = {Γ̃1, Γ̃2, Γ̃3, Γ1, Γ2, Γ3}  

{Γ𝜇, Γ𝜈} = 2𝜂𝜇𝜈𝟙8  
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𝜂𝜇𝜈 = diag(+1, +1, +1, −1, −1, −1) 

Σ𝜇𝜈 =
𝑖

4
[Γ̂𝜇 , Γ̂𝜈]  

Λ1
2

= exp [−
𝑖

2
𝜔𝜇𝜈Σ𝜇𝜈]  

Σ̃𝑖𝑗 =
𝑖

4
[Γ̃𝑖, Γ̃𝑗], yielding generators Σ̃𝑖 = {Σ̃1, Σ̃2, Σ̃3} satisfying [Σ̃𝑖, Σ̃𝑗] = 𝑖𝜖𝑖𝑗𝑘Σ̃𝑘 

Σ𝑖𝑗 =
𝑖

4
[Γ𝑖, Γ𝑗] producing Σ𝑖 = {Σ1, Σ2, Σ3} satisfying [Σ𝑖, Σ𝑗] = 𝑖𝜖𝑖𝑗𝑘Σ𝑘 

Φ𝐿 → exp [−
1

2
(𝛽̂̃ ⋅ Π̂) −

𝐢

2
(𝜗̃ ⋅ Σ̃  ) −

𝐢

2
(𝜗 ⋅ Σ  )] Φ𝐿

Φ𝑅 → exp [+
1

2
(𝛽̂̃ ⋅ Π̂) −

𝐢

2
(𝜗̃ ⋅ Σ̃  ) −

𝐢

2
(𝜗 ⋅ Σ  )] Φ𝑅

 

𝛽̂̃ ⋅ Π̂ = 𝜔̃1𝑖Γ̃
1Γ̃𝑖 + 𝜔̃2𝑖Γ̃

2Γ̃𝑖 + 𝜔̃3𝑖Γ̃
3Γ̃𝑖

𝜗̃ ⋅ Σ̃  =
1

2
𝜔̃𝑖𝑗Γ̃

𝑖Γ̃𝑗

𝜗 ⋅ Σ  =
1

2
𝜔𝑖𝑗Γ

𝑖Γ𝑗

 

Σ =
1

2
(𝜎 + 𝑖𝜏𝑎𝜋𝑎) =

1

2
(𝜎 + 𝑖𝜋0 𝑖√2𝜋+

𝑖√2𝜋− 𝜎 − 𝑖𝜋0
) ,  

ℒscalar = ⟨𝐷𝜇Σ†𝐷𝜇Σ⟩ − 𝑚2⟨Σ†Σ⟩ − 𝜆1⟨Σ†Σ⟩
2

+ ⟨𝐻(Σ + Σ†)⟩,  

𝐻 =
1

2
ℎ0 +

1

2
ℎ3𝜏3.  

𝐷𝜇𝜋± = (𝜕𝜇 ± 𝑖𝜇𝐼𝛿
0𝜇)𝜋±, where 𝜇𝐼 = 𝜇𝑢 − 𝜇𝑑 

𝜓 = (𝜓𝑖
𝑎)𝑇 = (𝜓𝑢

𝑟 , 𝜓𝑑
𝑟 , 𝜓𝑢

𝑔
, 𝜓𝑑

𝑔
, 𝜓𝑢

𝑏 , 𝜓𝑑
𝑏)

𝑇
 

ℒquark = 𝜓‾(𝑖 ∂̸ + 𝛾0𝜇̂)𝜓  

ℒscalar-quark = −
1

2
𝑔𝜓‾[𝜎 + 𝑖𝛾5𝜏𝑎𝜋𝑎]𝜓 = −𝑔𝜓‾𝐿Σ𝜓𝑅 − 𝑔𝜓‾𝑅Σ†𝜓𝐿  

Σ = 𝑇𝑎(𝜎𝑎 + 𝑖𝜋𝑎)  

𝑇𝑎𝜎𝑎 =
1

2
(
𝜎 + 𝑎0 √2𝑎+

√2𝑎− 𝜎 − 𝑎0

) , 𝑇𝑎𝜋𝑎 =
1

2
(
𝜂 + 𝜋0 √2𝜋+

√2𝜋− 𝜂 − 𝜋0
)  

⟨detΣ + detΣ†⟩ =
1

2
(𝜎2 + 𝜋  2 − 𝜂2 − 𝑎 2),  

⟨(Σ†Σ)
2
⟩ =

1

8
(𝜎2 + 𝜋  2 + 𝜂2 + 𝑎 2)2 +

1

2
[(𝜎2 + 𝜋  2)(𝜂2 + 𝑎 2) − (𝜎𝜂 − 𝜋  ⋅ 𝑎 )2]  
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𝛿ℒscalar = 𝑐[detΣ + detΣ†] − 𝜆2 ⟨(Σ†Σ)
2
⟩  

 

ℒscalar-quark = −𝑔𝜓‾𝑇𝑎[𝜎𝑎 + 𝑖𝛾5𝜋𝑎]𝜓  

⟨Δ𝑎⟩ ≡ ⟨𝜓‾𝑖
𝑏𝛾5(𝜓𝑗

𝑐)
𝐶
⟩ 𝜖𝑖𝑗𝜖

𝑏𝑐𝑎  

⟨Δ𝑎⟩ ≡ 𝜓‾𝑖
𝑏𝛾5(𝜓𝑗

𝑐)
𝐶
𝜖𝑖𝑗𝜖

𝑏𝑐𝑎 

𝜓‾𝑖
𝑏𝛾5𝜖𝑖𝑗𝜖𝑎𝑏𝑐(𝜓𝑗

𝑐)
𝑐

= 𝑖𝜓‾𝑖,𝐿
𝑏 𝛾5𝛾2𝜖𝑖𝑗𝜖𝑎𝑏𝑐(𝜓𝑗,𝐿

𝑐 )
∗

+ 𝑖𝜓‾𝑖,𝑅
𝑏 𝛾5𝛾2𝜖𝑖𝑗𝜖𝑎𝑏𝑐(𝜓𝑗,𝑅

𝑐 )
∗
,  

𝑖𝜓‾𝑖,𝐿
𝑏 𝛾5𝜖𝑖𝑗𝜖𝑎𝑏𝑐(𝜓𝑗,𝐿

𝑐 )
∗

→ 𝑖𝜓‾𝑘,𝐿
𝑏 𝛾5𝜖𝑖𝑗(𝐿

∗)𝑘
𝑖 (𝐿∗)𝑙

𝑗
𝜖𝑎𝑏𝑐(𝜓𝑙,𝐿

𝑐 )
∗

= 𝑖𝜓‾𝑘,𝐿
𝑏 𝛾5𝜖𝑘𝑙𝜖𝑎𝑏𝑐(𝜓𝑙,𝐿)

∗
 

ℒquark =
1

2
𝑔Δ𝜓‾𝑏

𝐶Δ𝑎𝛾5𝜏2𝜖𝑎𝑏𝑐𝜓𝑐 +
1

2
𝑔Δ𝜓‾𝑏Δ𝑎

+𝛾5𝜏2𝜖𝑎𝑏𝑐𝜓𝑐
𝐶  

ℒdiquark = 𝐷𝜇Δ𝑎
†𝐷𝜇Δ𝑎 − 𝑚Δ

2Δ𝑎
†Δ𝑎 − 𝜆Δ(Δ𝑎

†Δ𝑎)
2
,  

ℒscalar-diquark = 𝜆3⟨Σ†Σ⟩Δ𝑎
†Δ𝑎 + 𝜆det(detΣ + detΣ†)Δ𝑎

†Δ𝑎,  

Σ = 𝑇𝑎(𝜎𝑎 + 𝑖𝜋𝑎)  

 

𝑇𝑎𝜎𝑎  =
1

√2

(

 
 
 
 

1

√2
𝑎0

0 +
1

√6
𝜎8 +

1

√3
𝜎0 𝑎0

+ 𝜅+

𝑎0
− −

1

√2
𝑎0

0 +
1

√6
𝜎8 +

1

√3
𝜎0 𝜅0

𝜅− 𝜅‾0 −
2

√3
𝜎8 +

1

√3
𝜎0)

 
 
 
 

,

𝑇𝑎𝜋𝑎  =
1

√2

(

 
 
 
 

1

√2
𝜋0 +

1

√6
𝜋8 +

1

√3
𝜋0 𝜋+ 𝐾+

𝜋− −
1

√2
𝜋0 +

1

√6
𝜋8 +

1

√3
𝜋0 𝐾0

𝐾− 𝐾‾ 0 −
2

√3
𝜋8 +

1

√3
𝜋0)

 
 
 
 

,

 

ℒscalar =⟨(𝐷𝜇Σ)
†
𝐷𝜇Σ⟩ − 𝑚2⟨Σ†Σ⟩ − 𝜆1⟨(Σ†Σ)⟩

2
− 𝜆2 ⟨(Σ†Σ)

2
⟩ + 𝑐⟨detΣ† + detΣ⟩

 +⟨𝐻(Σ† + Σ)⟩
 

𝐻 = ℎ0𝑇0 + ℎ3𝑇3 + ℎ8𝑇8.  

𝜓 = (𝜓𝑢
𝑟 , 𝜓𝑑

𝑟 , 𝜓𝑠
𝑟𝜓𝑢

𝑔
, 𝜓𝑑

𝑔
, 𝜓𝑠

𝑔
, 𝜓𝑢

𝑏 , 𝜓𝑑
𝑏 , 𝜓𝑠

𝑏)
𝑇
.  

ℒquark = 𝜓‾(𝑖 ∂̸ + 𝛾0𝜇̂)𝜓,  
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ℒscalar-quark = −𝑔𝜓‾𝑇𝑎(𝜎𝑎 + 𝑖𝛾5𝜋𝑎)𝜓.  

Δ𝐿,𝑖
𝑎 = 𝜖𝑖𝑗𝑘𝜖𝑎𝑏𝑐(𝜓𝑗,𝐿

𝑏 )
†
𝛾0𝛾2𝛾5(𝜓𝑘,𝐿

𝑐 )
∗
, Δ𝑅,𝑖

𝑎 = 𝜖𝑖𝑗𝑘𝜖𝑎𝑏𝑐(𝜓𝑗,𝑅
𝑏 )

†
𝛾0𝛾2𝛾5(𝜓𝑘,𝑅

𝑐 )
∗
,  

Δ𝐿 = (

Δ𝐿,1
1 Δ𝐿,1

2 Δ𝐿,1
3

Δ𝐿,2
1 Δ𝐿,2

2 Δ𝐿,2
3

Δ𝐿,3
1 Δ𝐿,3

2 Δ𝐿,3
3

) , Δ𝑅 = (

Δ𝑅,1
1 Δ𝑅,1

2 Δ𝑅,1
3

Δ𝑅,2
1 Δ𝑅,2

2 Δ𝑅,2
3

Δ𝑅,3
1 Δ𝑅,3

2 Δ𝑅,3
3

) .  

Δ𝐿 → 𝐿Δ𝐿𝑈𝑐
𝑇 , Δ𝑅 → 𝑅Δ𝑅𝑈𝑐

𝑇  

Δ𝐿Δ𝐿
† → 𝐿Δ𝐿Δ𝐿

†𝐿−1 and Δ𝑅Δ𝑅
† → 𝑅Δ𝑅Δ𝑅

† 𝑅−1 

ℒdiquark =⟨(𝐷𝜇Δ𝐿)
†
𝐷𝜇Δ𝐿⟩ − 𝑚Δ

2⟨Δ𝐿
†Δ𝐿⟩ − 𝜆1

Δ⟨Δ𝐿
†Δ𝐿⟩

2
− 𝜆2

Δ ⟨(Δ𝐿
†Δ𝐿)

2
⟩

 +𝐿 → 𝑅 − 𝜆3
Δ⟨Δ𝐿

†Δ𝐿⟩⟨Δ𝑅
† Δ𝑅⟩

 

𝜖𝑖𝑗𝑘𝜖𝑙𝑚𝑛Σ𝑖𝑙Σ𝑗𝑚(Δ𝑅,𝑛
𝑎 )

†
Δ𝐿,𝑘

𝑎 +  h.c.  

det𝑀 = 𝜖𝑖𝑗𝑘𝜖𝑎𝑏𝑐𝑀𝑎
𝑖 𝑀𝑏

𝑗
𝑀𝑐

𝑘 

𝜖𝑖𝑗𝑘𝜖𝑙𝑚𝑛Σ𝑖𝑙Σ𝑗𝑚(Δ𝑅,𝑛
𝑎 )

†
Δ𝐿,𝑘

𝑎 → 𝜖𝑖𝑗𝑘𝜖𝑙𝑚𝑛𝐿𝑖
𝑜𝐿𝑗

𝑝
𝐿𝑘

𝑞 (𝑅∗)𝑙
𝑟(𝑅∗)𝑚

𝑠 (𝑅∗)𝑛
𝑡 Σ𝑜𝑟Σ𝑝𝑠(Δ𝑅,𝑡

𝑎 )
†
Δ𝐿,𝑞

𝑎  

 = 𝜖𝑜𝑝𝑞𝜖𝑟𝑠𝑡det(𝐿)det(𝑅†)Σ𝑜𝑟Σ𝑝𝑠(Δ𝑅,𝑡
𝑎 )

†
Δ𝐿,𝑞

𝑎
 

ℒscalar-diquark =−𝜆3⟨Σ†Σ⟩⟨Δ𝐿
†Δ𝐿⟩ − 𝜆4⟨ΣΣ†Δ𝐿

†Δ𝐿⟩ + 𝐿 → 𝑅 

 −𝜆5𝜖𝑖𝑗𝑘𝜖𝑙𝑚𝑛Σ𝑖𝑙Σ𝑗𝑚Δ𝐿,𝑘
𝑎 (Δ𝑅,𝑛

𝑎 )
†

+  h.c 
 

ℒquark-diquark =−
1

2√2
𝑔Δ(𝜓‾𝐿,𝑗

𝑏 )
𝐶
(Δ𝐿,𝑖

𝑎 )𝛾5𝜖𝑎𝑏𝑐𝜖𝑖𝑗𝑘𝜓𝐿,𝑘
𝑐

 −
1

2√2
𝑔Δ𝜓‾𝐿,𝑗

𝑏 (Δ𝐿,𝑖
𝑎 )

+
𝛾5𝜖𝑎𝑏𝑐𝜖𝑖𝑗𝑘(𝜓𝐿,𝑘

𝑐 )
𝐶

− 𝐿 → 𝑅.

 

𝑛𝑄 = −
𝜕Ω

𝜕𝜇𝑄
,  

𝑛3 =
1

2
(𝑛𝑟 − 𝑛𝑔), 𝑛8 =

1

2√3
(𝑛𝑟 + 𝑛𝑔 − 2𝑛𝑏)  

𝜇𝑖𝑗,𝑎𝑏 = (
1

3
𝜇𝐵𝛿𝑖𝑗 − 𝜇𝑒𝑄𝑖𝑗) 𝛿𝑎𝑏 + 𝛿𝑖𝑗 [𝜇3(𝑇3)𝑎𝑏 +

2

√3
𝜇8(𝑇8)𝑎𝑏] ,  

𝜇‾𝑢𝑑 =
1

2
(𝜇𝑢𝑟 + 𝜇𝑑𝑔) =

1

2
(𝜇𝑑𝑟 + 𝜇𝑢𝑔) = 𝜇 −

1

6
𝜇𝑒 +

1

3
𝜇8

𝜇‾𝑢𝑠 =
1

2
(𝜇𝑢𝑟 + 𝜇𝑠𝑏) =

1

2
(𝜇𝑢𝑏 + 𝜇𝑠𝑟) = 𝜇 −

1

6
𝜇𝑒 +

1

4
𝜇3 −

1

6
𝜇8

𝜇‾𝑑𝑠 =
1

2
(𝜇𝑑𝑔 + 𝜇𝑠𝑏) =

1

2
(𝜇𝑑𝑏 + 𝜇𝑠𝑔) = 𝜇 +

1

3
𝜇𝑒 −

1

4
𝜇3 −

1

6
𝜇8.
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𝜕Ω

𝜕𝜇𝑒
= 0,

𝜕Ω

𝜕𝜇3
= 0,

𝜕Ω

𝜕𝜇8
= 0  

Ω1
𝑒 = −

4𝜇𝑒
4

3(4𝜋)2
.  

𝜕Ω

𝜕𝜙𝑢
= 0,

𝜕Ω

𝜕𝜙𝑑
= 0,

𝜕Ω

𝜕𝜙𝑠
= 0  

Σ0 = 𝑇0𝜎‾0 + 𝑇3𝑎‾0 + 𝑖𝑇1𝜌 =
1

√2

(

 
 

𝜙𝑢

𝑖

√2
𝜌

𝑖

√2
𝜌 𝜙𝑑

)

 
 

,  

𝜙𝑢 =
1

√2
(𝜎‾0 + 𝑎‾0), 𝜙𝑑 =

1

√2
(𝜎‾0 − 𝑎‾0), and 𝜌 = ⟨𝜋1⟩ 

Ω0
BEC/BCS

=
1

2
𝑚2(𝜙𝑢

2 + 𝜙𝑑
2 + 𝜌2) −

1

2
𝜇𝐼

2𝜌2 − ℎ(𝜙𝑢 + 𝜙𝑑) − 𝑐𝜙𝑢𝜙𝑑 −
1

2
𝑐𝜌2

+
1

4
𝜆1(𝜙𝑢

2 + 𝜙𝑑
2 + 𝜌2)

2
+

1

4
𝜆2 (𝜙𝑢

2 +
1

2
𝜌2)

2

+
1

4
𝜆2 (𝜙𝑑

2 +
1

2
𝜌2)

2

 

 +
1

4
𝜆2(𝜙𝑢 − 𝜙𝑑)2𝜌2,

 

𝑚𝑢 =
1

2
𝑔(𝜎‾0 + 𝑎‾0) =

1

√2
𝑔𝜙𝑢

𝑚𝑑 =
1

2
𝑔(𝜎‾0 − 𝑎‾0) =

1

√2
𝑔𝜙𝑑 .

 

𝑆−1 = (
p̸ − 𝑚𝑢 + 𝛾0𝜇𝑢

1

2
𝑖𝑔𝛾5𝜌

1

2
𝑖𝑔𝛾5𝜌 p̸ − 𝑚𝑑 + 𝛾0𝜇𝑑

) .  

Ω1
BEC/BCS

= −𝑁𝑐𝑇Λ−2𝜖 ∑  

𝑛

 ∫  
𝑝

 log det𝑆−1(𝑝0 = 𝑖𝜔𝑛).  

Ω1
BEC/BCS

= −𝑁𝑐Λ−2𝜖 ∫  
∞

−∞

 
𝑑𝑝0

2𝜋
∫ 

𝑝

 log det[[ [𝑖𝑝0 + 𝑀±],  

𝑀± =

(

 
 
 
 
 

−𝑚𝑢 + 𝜇𝑢 ±𝑝 0
𝑖

2
𝑔𝜌

±𝑝 𝑚𝑢 + 𝜇𝑢 −
𝑖

2
𝑔𝜌 0

0
𝑖

2
𝑔𝜌 −𝑚𝑑 + 𝜇𝑑 ±𝑝

−
𝑖

2
𝑔𝜌 0 ±𝑝 𝑚𝑑 + 𝜇𝑑)

 
 
 
 
 

.  
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Ω0+1
BEC/BCS

=
1

2
𝑚0

2(𝜙𝑢,0
2 + 𝜙𝑑,0

2 + 𝜌2) −
1

2
𝜇𝐼

2𝜌2 − ℎ0(𝜙𝑢,0 + 𝜙𝑑,0)

−𝑐0𝜙𝑢,0𝜙𝑑,0 −
1

2
𝑐0𝜌2 +

1

4
𝜆1,0(𝜙𝑢,0

2 + 𝜙𝑑,0
2 + 𝜌2)

2
 

+
1

4
𝜆2,0 (𝜙𝑢,0

2 +
1

2
𝜌2)

2

+
1

4
𝜆2,0 (𝜙𝑑,0

2 +
1

2
𝜌2)

2

 

+
1

4
𝜆2,0(𝜙𝑢,0 − 𝜙𝑑,0)

2
𝜌2 +

𝑁𝑐𝑚+
4

(4𝜋)2
[log 

Λ0
2

𝑚+
2 +

3

2
] +

𝑁𝑐𝑚−
4

(4𝜋)2
[log 

Λ0
2

𝑚−
2

+
3

2
] 

 −
𝑁𝑐𝜇𝐼

2𝜌2𝑔0
2

2(4𝜋)2
log 

Λ0
2

𝑔0
2𝜌2/4

+ Ω0+1
BEC/BCS,fin

,

 

𝑝 = −Ω0+1
BEC/BCS(𝜇𝐼 , 𝜌0).  

𝜖 = −𝑝 − 𝜇𝐼

𝜕Ω0+1

𝜕𝜇𝐼
 

𝑝 =
1

2
𝑓𝜋

2𝜇𝐼
2 [1 −

𝑚𝜋
2

𝜇𝐼
2 ]

2

, 𝜇𝐼 ≥ 𝑚𝜋  

 

𝜖 = −𝑝 + 2√𝑝(𝑝 + 2𝑚𝜋
2𝑓𝜋

2)  

𝑐𝑠
2 =

𝑑𝑝

𝑑𝜖
=

𝜇𝐼
4 − 𝑚𝜋

4

𝜇𝐼
4 + 3𝑚𝜋

4
 

𝜖 = 𝑚𝜋𝑛𝐼 +
2𝜋𝑛𝐼

2𝑎

𝑚𝜋
[1 +

128

15√𝜋
√𝑛𝐼𝑎

3] ,  

Ω0+1
BEC/BCS

= −
1

2
𝜇𝐼

2𝜌0
2 −

𝑁𝑐𝜇𝐼
2𝑔0

2𝜌0
2

2(4𝜋)2
log 

Λ0
2

𝑔0
2𝜌0

2/4
−

𝑁𝑐𝜇𝐼
4

6(4𝜋)2
 

𝜕Ω0+1

𝜕𝜌0
= 0 

𝑔0
2𝜌0

2 = 4Λ0
2𝑒

(4𝜋)2

𝑁𝑐𝑔0
2 −1  

𝑝 =
𝑁𝑐𝜇𝐼

4

6(4𝜋)2
+

𝑁𝑐𝜇𝐼
2𝑔0

2𝜌0
2

2(4𝜋)2

𝜖 =
𝑁𝑐𝜇𝐼

4

2(4𝜋)2
+

𝑁𝑐𝜇𝐼
2𝑔0

2𝜌0
2

2(4𝜋)2

𝑐𝑠
2  =

𝜇𝐼
2 +

3
2 𝑔0

2𝜌0
2

3𝜇𝐼
2 +

3
2 𝑔2𝜌0

2
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𝜙𝑢  = √
2

3
𝜎‾0 + 𝜎‾3 + √

1

3
𝜎‾8,

𝜙𝑑  = √
2

3
𝜎‾0 − 𝜎‾3 + √

1

3
𝜎‾8,

𝜙𝑠  = √
1

3
𝜎‾0 − √

2

3
𝜎‾8.

 

Σ0  =
1

2
diag(𝜙𝑢, 𝜙𝑑 , √2𝜙𝑠)

𝑚𝑢  =
1

2
𝑔𝜙𝑢

𝑚𝑑  =
1

2
𝑔𝜙𝑑

𝑚𝑠  =
1

√2
𝑔𝜙𝑠

 

Ω1 = −
1

2
∫  

𝑖∞

−𝑖∞

 
𝑑𝑝0

2𝜋
log det𝑆−1  

𝑆−1 = (
p̸ − 𝑚𝑖 + 𝛾0𝜇𝑎𝑖 𝑖𝛾5𝑔ΔΔ

𝑖𝛾5𝑔ΔΔ p̸ − 𝑚𝑖 − 𝛾0𝜇𝑎𝑖

) ,  

Δ = Δ𝑢𝑑𝜖𝑖𝑗3𝜖𝑎𝑏3 + Δ𝑢𝑠𝜖𝑖𝑗2𝜖𝑎𝑏2 + Δ𝑑𝑠𝜖𝑖𝑗1𝜖𝑎𝑏1  

Ω1 = −
1

2
∑  

7

𝑖=1,±

 ∫  
∞

−∞

 
𝑑𝑝0

2𝜋
∫ 

𝑝

 log det[𝑖𝑝0𝟙 − 𝑀𝑖
±]  
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𝑀1
± =

(

 

−𝑚𝑢 − 𝜇𝑢𝑔 ±𝑝 0 Δ𝑢𝑑

±𝑝 𝑚𝑢 − 𝜇𝑢𝑔 −Δ𝑢𝑑 0

0 −Δ𝑢𝑑 −𝑚𝑑 + 𝜇𝑑𝑟 ±𝑝
Δ𝑢𝑑 0 ±𝑝 𝑚𝑑 + 𝜇𝑑𝑟)

 ,

𝑀2
± =

(

 

−𝑚𝑑 − 𝜇𝑑𝑟 ±𝑝 0 Δ𝑢𝑑

±𝑝 𝑚𝑑 − 𝜇𝑑𝑟 −Δ𝑢𝑑 0
0 −Δ𝑢𝑑 −𝑚𝑢 + 𝜇𝑢𝑔 ±𝑝

Δ𝑢𝑑 0 ±𝑝 𝑚𝑢 + 𝜇𝑢𝑔)

 ,

𝑀3
± = (

−𝑚𝑢 + 𝜇𝑢𝑏 ±𝑝 0 Δ𝑢𝑠

±𝑝 𝑚𝑢 + 𝜇𝑢𝑏 −Δ𝑢𝑠 0
0 −Δ𝑢𝑠 −𝑚𝑠 − 𝜇𝑠𝑟 ±𝑝

Δ𝑢𝑠 0 ±𝑝 𝑚𝑠 − 𝜇𝑠𝑟

) ,

𝑀4
± = (

−𝑚𝑠 + 𝜇𝑠𝑟 ±𝑝 0 Δ𝑢𝑠

±𝑝 𝑚𝑠 + 𝜇𝑠𝑟 −Δ𝑢𝑠 0
0 −Δ𝑢𝑠 −𝑚𝑢 − 𝜇𝑢𝑏 ±𝑝

Δ𝑢𝑠 0 ±𝑝 𝑚𝑢 − 𝜇𝑢𝑏

) ,

𝑀5
± =

(

 

−𝑚𝑑 + 𝜇𝑑𝑏 ±𝑝 0 −Δ𝑑𝑠

±𝑝 𝑚𝑑 + 𝜇𝑑𝑏 Δ𝑑𝑠 0
0 Δ𝑑𝑠 −𝑚𝑠 − 𝜇𝑠𝑔 ±𝑝

−Δ𝑑𝑠 0 ±𝑝 𝑚𝑠 − 𝜇𝑠𝑔)

 ,

𝑀6
± =

(

 

−𝑚𝑠 + 𝜇𝑠𝑔 ±𝑝 0 −Δ𝑑𝑠

±𝑝 𝑚𝑠 + 𝜇𝑠𝑔 Δ𝑑𝑠 0

0 Δ𝑑𝑠 −𝑚𝑑 − 𝜇𝑑𝑏 ±𝑝
−Δ𝑑𝑠 0 ±𝑝 𝑚𝑑 − 𝜇𝑑𝑏)

 .

 

𝑀7
± = (

𝑀7
𝑢𝑟 𝑀7

Δ𝑢𝑑 𝑀7
Δ𝑢𝑠

𝑀7
Δ𝑢𝑑 𝑀7

𝑑𝑔
𝑀7

Δ𝑑𝑠

𝑀7
Δ𝑢𝑠 𝑀7

Δ𝑑𝑠 𝑀7
𝑠𝑏

)  

𝑀7
𝑓𝑐±

 =

(

 
 

−𝜇𝑓𝑐 − 𝑚𝑓 ±𝑝 0 0

±𝑝 −𝜇𝑓𝑐 + 𝑚𝑓 0 0

0 0 𝜇𝑓𝑐 − 𝑚𝑓 ±𝑝

0 0 ±𝑝 𝜇𝑓𝑐 + 𝑚𝑓)

 
 

𝑀7

Δ𝑓1𝑓2 =

(

 
 

0 0 0 −Δ𝑓1𝑓2

0 0 Δ𝑓1𝑓2
0

0 Δ𝑓1𝑓2
0 0

−Δ𝑓1𝑓2
0 0 0

)

 
 

 

Ω0
2SC =

1

4
𝑚2(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) −
1

2
ℎ𝑢𝜙𝑢 −

1

2
ℎ𝑑𝜙𝑑 − ℎ𝑠𝜙𝑠 +

1

16
𝜆1(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2)
2

+
1

16
𝜆2(𝜙𝑢

4 + 𝜙𝑑
4 + 4𝜙𝑠

4) −
1

4
√2𝑐𝜙𝑢𝜙𝑑𝜙𝑠 +

1

4
𝜆3(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2)Δ𝑢𝑑
2  

+
1

2
𝜆4𝜙𝑠

2Δ𝑢𝑑
2 −

1

2
𝜆5𝜙𝑢𝜙𝑑Δ𝑢𝑑

2 +
1

4
(2𝜆1

Δ + 2𝜆2
Δ + 𝜆3

Δ)Δ𝑢𝑑
4  

 +(𝑚Δ
2 − 4𝜇‾𝑢𝑑

2 )Δ𝑢𝑑
2
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ℎ𝑢  = √
2

3
ℎ0 + ℎ3 +

1

√3
ℎ8,

ℎ𝑑  = √
2

3
ℎ0 − ℎ3 +

1

√3
ℎ8,

ℎ𝑠  =
1

√3
ℎ0 − √

2

3
ℎ8.

 

𝐸
Δ±
±  = √(𝐸 ± 𝜇‾𝑢𝑑)2 + 𝑔Δ

2Δ𝑢𝑑
2 ± 𝛿𝜇

𝐸𝑢𝑏
±  = √𝑝2 + 𝑚𝑙

2 ± 𝜇𝑢𝑏

𝐸𝑑𝑏
±  = √𝑝2 + 𝑚𝑙

2 ± 𝜇𝑑𝑏

𝐸𝑠𝑎
±  = √𝑝2 + 𝑚𝑠

2 ± 𝜇𝑠𝑎

 

𝐸 = √𝑝2 + 𝑚𝑙
2 

𝛿𝜇 =
1

2
(𝜇𝑑𝑔 − 𝜇𝑢𝑟) =

1

2
(𝜇𝑑𝑟 − 𝜇𝑢𝑔) 

Ω1 = −Λ−2𝜖 ∫ 
𝑝

  [𝐸 + (𝜇 − 𝐸)𝜃(𝜇 − 𝐸) + (−𝜇 − 𝐸)𝜃(−𝜇 − 𝐸)]  

Ω1
2SC,div =−Λ−2𝜖 ∫ 

𝑝

  [8√𝑝2 + 𝑚𝑙
2 + 𝑔Δ

2Δ𝑢𝑑
2 +

4𝜇‾𝑢𝑑
2 𝑔Δ

2Δ𝑢𝑑
2

(𝑝2 + 𝑚𝑙
2 + 𝑔Δ

2Δ𝑢𝑑
2 )

3
2

+ 4√𝑝2 + 𝑚𝑙
2  

+6√𝑝2 + 𝑚𝑠
2]

Ω1
2SC, finite = − ∫ 

𝑝

  [2𝐸
Δ±
± − 8√𝑝2 + 𝑚𝑙

2 + 𝑔Δ
2Δ𝑢𝑑

2 −
4𝜇‾𝑢𝑑

2 𝑔Δ
2Δ𝑢𝑑

2

(𝑝2 + 𝑚𝑙
2 + 𝑔Δ

2Δ𝑢𝑑
2 )

3
2

]

Ω1
2𝑆𝐶,𝜇

= −2 ∫ 
𝑝

  [2(𝛿𝜇 − 𝐸Δ
±)𝜃(𝛿𝜇 − 𝐸Δ

±) + (𝜇𝑢𝑏 − 𝐸)𝜃(𝜇𝑢𝑏 − 𝐸) + (𝜇𝑑𝑏 − 𝐸)𝜃(𝜇𝑑𝑏 − 𝐸)

 +(𝜇𝑠𝑟 − 𝐸𝑠)𝜃(𝜇𝑠𝑟 − 𝐸𝑠) + (𝜇𝑠𝑔 − 𝐸𝑠)𝜃(𝜇𝑠𝑔 − 𝐸𝑠) + (𝜇𝑠𝑏 − 𝐸𝑠)𝜃(𝜇𝑠𝑏 − 𝐸𝑠)

 

𝐸
Δ±
±  = √[𝑝 ± 𝜇‾𝑢𝑑]2 + 𝑔Δ

2Δ𝑢𝑑
2 ± 𝛿𝜇

𝐸𝑢𝑏
±  = 𝑝 ± 𝜇𝑢𝑏

𝐸𝑑𝑏
±  = 𝑝 ± 𝜇𝑑𝑏

𝐸𝑠𝑎
±  = √𝑝2 + 𝑚𝑠

2 ± 𝜇𝑠𝑎
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Ω1
2SC, finite = − ∫ 

𝑝

  [4√(𝑝 ± 𝜇‾𝑢𝑑)2 + 𝑔Δ
2Δ𝑢𝑑

2 − 8√𝑝2 + 𝑔Δ
2Δ𝑢𝑑

2 −
4𝜇‾𝑢𝑑

2 𝑔Δ
2Δ𝑢𝑑

2

(𝑝2 + Δ𝑢𝑑
2 )

3
2

] 

 = −
16𝜇‾𝑢𝑑

4

3(4𝜋)2

 

Ω1
𝜇
= −

2

3(4𝜋)2
[𝜇√𝜇2 − 𝑚2(2𝜇2 − 5𝑚2) − 𝑚4log 

𝑚

𝜇 + √𝜇2 − 𝑚2
] 

 = −
4

3(4𝜋)2 [𝜇4 − 3𝜇2𝑚2 + 𝑚4 (
9

8
−

3

2
log 

𝑚

2𝜇
)] + 𝒪(𝑚6/𝜇2)

 

Ω0+1
2SC =

1

2
𝑚MS

2 𝜙
𝑠,MS
2 − ℎ𝑠,MS𝜙𝑠,MS +

1

4
(𝜆1,MS + 𝜆2,MS)𝜙

𝑠,MS
4 +

1

2
(𝜆3,MS + 𝜆4,MS)𝜙

𝑠,MS
2 Δ

𝑢𝑑,MS
2

+
1

4
(2𝜆

1,MS
Δ + 2𝜆

2,MS
Δ + 𝜆

3,MS
Δ ) Δ

𝑢𝑑,MS
4 + (𝑚

Δ,MS
2 − 4𝜇‾𝑢𝑑

2 ) Δ
𝑢𝑑,MS
2  

−
16𝜇‾𝑢𝑑

2 𝑔
Δ,MS
2 Δ

𝑢𝑑,MS
2

(4𝜋)2
log 

Λ2

𝑔
Δ,MS
2 Δ

𝑢𝑑,MS
2 +

4𝑔
Δ,MS
4 Δ

𝑢𝑑,MS
4

(4𝜋)2 [log 
Λ2

𝑔
Δ,MS
2 Δ

𝑢𝑑,MS
2 +

3

2
]  

+
3𝑚𝑠

4

(4𝜋)2
[log 

Λ2

𝑚𝑠
2 +

3

2
] −

16𝜇‾𝑢𝑑
4

3(4𝜋)2
−

4𝜇𝑢𝑏
4

3(4𝜋)2
−

4𝜇𝑑𝑏
4

3(4𝜋)2
−

4𝜇𝑒
4

3(4𝜋)2
 

 −
2

3(4𝜋)2
∑  

𝑎=𝑟,𝑔,𝑏

  [𝜇𝑠𝑎√𝜇𝑠𝑎
2 − 𝑚𝑠

2(2𝜇𝑠𝑎
2 − 5𝑚𝑠

2) − 𝑚𝑠
4log 

𝑚𝑠

𝜇𝑠𝑎 + √𝜇𝑠𝑎
2 − 𝑚𝑠

2
]

 

Ω0+1
2SC =−4𝜇‾𝑢𝑑

2 Δ
𝑢𝑑,Ms
2 −

16𝜇‾𝑢𝑑
2 𝑔

Δ,Ms
2 Δ

𝑢𝑑,Ms
2

(4𝜋)2
log 

Λ2

𝑔
Δ,Ms
2 Δ

𝑢𝑑,Ms
2 −

16𝜇‾𝑢𝑑
4

3(4𝜋)2
−

4𝜇𝑢𝑏
4

3(4𝜋)2
−

4𝜇𝑑𝑏
4

3(4𝜋)2
 

 −
4

3(4𝜋)2
∑  

𝑎=𝑟,𝑔,𝑏

  [𝜇𝑠𝑎
4 − 3𝜇𝑠𝑎

2 𝑚𝑠
2 + 𝑚𝑠

4 (
9

8
−

3

2
log 

𝑚𝑠

2𝜇𝑠𝑎
)]

 

𝜕Ω0+1
2SC

𝜕Δ𝑢𝑑
= −8𝜇2 −

32𝜇2𝑔
Δ,MS
2

(4𝜋)2 [log 
Λ2

𝑔
Δ,MS
2 Δ

𝑢𝑑,MS
2 − 1] = 0,

𝜕Ω0+1
2SC

𝜕𝜇𝑒
=

8𝜇

3(4𝜋)2 [2𝑔
Δ,MS
2 Δ

𝑢𝑑,MS
2 + 3𝑚𝑠

2 − 6𝜇𝑒𝜇] = 0,

𝜕Ω0+1
2SC

𝜕𝜇3
= −

8𝜇3𝜇2

(4𝜋)2
= 0,

𝜕Ω0+1
2SC

𝜕𝜇8
= −

32𝜇

3(4𝜋)2 [3𝜇8𝜇 + 𝑔
Δ,MS
2 Δ

𝑢𝑑,MS
2 ] = 0,

 

𝑔Δ
2Δ

𝑢𝑑,MS
2 = Λ2𝑒

(4𝜋)2

4𝑔
Δ,MS
2 −1

, 𝜇𝑒 =
1

3

𝑔
Δ,MS
2 Δ

𝑢𝑑,MS
2

𝜇
+

1

2

𝑚𝑠
2

𝜇
, 𝜇3 = 0, 𝜇8 = −

1

3

𝑔Δ
2Δ

𝑢𝑑,MS
2

𝜇
 

Ω0+1
2SC = −

12𝜇4

(4𝜋)2
−

12𝜇2𝑚𝑠
2

(4𝜋)2
−

(5 − 12log 
𝑚𝑠
2𝜇) 𝑚𝑠

4

2(4𝜋)2
−

16𝜇2𝑔Δ,0
2 Δ𝑢𝑑

2

(4𝜋)2
.  

⟨Δ𝐿,𝑖
𝑎 ⟩ = −⟨Δ𝑅,𝑗

𝑏 ⟩ = −𝛿𝑖
𝑎𝛿𝑗

𝑏Δ 
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𝐸𝑜 = √(𝐸 ± 𝜇)2 + 𝑔Δ
2Δ2

𝐸𝑠 = √(𝐸 ± 𝜇)2 + 4𝑔Δ
2Δ2

 

where 𝐸 = √𝑝2 + 𝑚𝑐
2 and 𝑚𝑐 =

1

2
𝑔𝜙 is the common quark mass with 𝜙𝑢 = 𝜙𝑑 = √2𝜙𝑠 = 𝜙 

Ω0
CFL =

3

4
𝑚2𝜙2 +

3

16
(3𝜆1 + 𝜆2)𝜙4 +

3

4
(3𝜆3 + 𝜆4 − 2𝜆5)𝜙2Δ2 + 3(𝑚Δ

2 − 4𝜇2)Δ2

 +
3

4
(6𝜆1

Δ + 2𝜆2
Δ + 3𝜆3

Δ)Δ4

 

Ω1
CFL,div =−Λ−2𝜖 ∫ 

𝑝

  [16√𝑝2 +
1

4
𝑔2𝜙2 + 𝑔Δ

2Δ2 + 2√𝑝2 +
1

4
𝑔2𝜙2 + 4𝑔Δ

2Δ2 

+
8𝜇2𝑔Δ

2Δ2

(𝑝2 +
1
4

𝑔2𝜙2 + 𝑔Δ
2Δ2)

3
2

+
4𝜇2𝑔Δ

2Δ2

(𝑝2 +
1
4

𝑔2𝜙2 + 4𝑔Δ
2Δ2)

3
2

]
 
 
 
 

Ω1
CFL,finite = − ∫ 

𝑝

  [16𝐸𝑜 + 2𝐸𝑠] − Ω1
CFL,div

Ω1
CFL,𝜇

=0

 

Ω0+1
CFL =

3

4
𝑚

MS
2 𝜙

MS
2 +

3

16
(3𝜆1,MS + 𝜆2,MS)𝜙

MS
4 +

3

4
(3𝜆3,MS + 𝜆4,MS − 2𝜆5,MS)𝜙

MS
2 Δ

MS
2

+3 (𝑚
Δ,MS
2 − 4𝜇2) Δ

MS
2 +

3

4
(6𝜆

1,MS
Δ + 2𝜆

2,MS
Δ + 3𝜆

3,MS
Δ ) Δ

MS
4  

−
16𝜇2𝑔

Δ,MS
2 Δ

MS
2

(4𝜋)2 [2log 
Λ2

1
4 𝑔

MS
2 𝜙

MS
2 + 𝑔

Δ,MS
2 Δ

MS
2

+ log 
Λ2

1
4 𝑔

MS
2 𝜙

MS
2 + 4𝑔

Δ,MS
2 Δ

MS
2 ]

 

+
8 (

1
4

𝑔
MS
2 𝜙

MS
2 + 𝑔

Δ,MS
2 Δ

MS
2 )

2

(4𝜋)2 [log 
Λ2

1
4 𝑔

MS
2 𝜙

MS
2 + 𝑔

Δ,MS
2 Δ

MS
2 +

3
2]

 

 +
(
1
4 𝑔

MS
2 𝜙

MS
2 + 4𝑔

Δ,MS
2 Δ

MS
2 )

2

(4𝜋)2 [log 
Λ2

1
4 𝑔

MS
2 𝜙

MS
2 + 4𝑔

Δ,MS
2 Δ

MS
2

+
3

2
]

 

Ω0+1
CFL = −12𝜇2ΔMS

2 −
12𝜇4

(4𝜋)2
−

16𝜇2𝑔
Δ,MS
2 Δ

MS
2

(4𝜋)2 [2log 
Λ2

𝑔
Δ,MS
2 Δ

MS
2 + log 

Λ2

4𝑔
Δ,MS
2 Δ

MS
2 ]  
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𝑔
Δ,MS
2 Δ

MS
2  = Λ22−

2
3𝑒

(4𝜋)2

4𝑔
Δ,MS
2 −1

𝑝 =
12𝜇4

(4𝜋)2
+

48𝜇2𝑔
Δ,MS
2 Δ

MS
2

(4𝜋)2

𝜖 =
36𝜇4

(4𝜋)2
+

48𝜇2𝑔
Δ,MS
2 Δ

MS
2

(4𝜋)2

𝑐𝑠
2  =

𝜇2 + 2𝑔
Δ,MS
2 Δ

MS
2

3𝜇2 + 2𝑔
Δ,MS
2 Δ

MS
2 ≈

1

3
[1 +

4

3

𝑔
Δ,MS
2 Δ

MS
2

𝜇2 ]

 

Ω
4𝑁𝑐𝑁𝑓𝜇4

3(4𝜋)2

CFL, finite = −2𝑁𝑐 ∫ 
𝑝

  [2(𝜇 − 𝐸)𝜃(𝜇 − 𝐸) + (𝜇 − 𝐸𝑠)𝜃(𝜇 − 𝐸𝑠)]  

Ω0+1 =𝑚2𝜙2 + (𝑚Δ
2 − 4𝜇2)Δ2 + 𝜆1𝜙4 + 𝜆3𝜙2Δ2 + 𝜆ΔΔ4

 −4 ∫  
𝑑3𝑝

(2𝜋)2
[√(𝐸𝑝 ± 𝜇)

2
+ 𝑔Δ

2Δ2 + √𝑝2 + 𝑚𝑙
2]

 

𝐸𝑝 = √𝑝2 + 𝑚𝑙
2 

Ω0+1
2SC =[𝑚2(Λ) −

6𝑔2

(4𝜋)2
Λ2] 𝜙2(Λ) + [𝑚Δ

2(Λ) −
16𝑔Δ

2

(4𝜋)2
Λ2] Δ2(Λ)

−4 [1 +
4𝑔Δ

2

(4𝜋)2 (log 
4Λ2

𝑚𝑙
2 + 𝑔Δ

2Δ2
− 2)] 𝜇2Δ2(Λ)  

+ [𝜆1(Λ) +
𝑔4

8(4𝜋)2 (log 
4Λ2

𝑚𝑙
2 −

1

2
) +

𝑔4

4(4𝜋)2 (log 
4Λ2

𝑚𝑙
2 + 𝑔Δ

2Δ2
−

1

2
)] 𝜙4(Λ) 

+ [𝜆3(Λ) +
2𝑔2𝑔Δ

2

(4𝜋)2 (log 
4Λ2

𝑚𝑙
2 + 𝑔Δ

2Δ2
−

1

2
)] 𝜙2(Λ)Δ2(Λ)  

 + [𝜆Δ(Λ) +
4𝑔Δ

4

(4𝜋)2 (log 
4Λ2

𝑚𝑙
2 + 𝑔Δ

2Δ2
−

1

2
)] Δ4(Λ)

 

Λ
𝑑Δ2(Λ)

𝑑Λ
= −

8𝑔Δ
2(Λ)Δ2(Λ)

(4𝜋)2
 

Λ
𝑑

𝑑Λ
[𝑔Δ

2(Λ)Δ2(Λ)] = 0  

Λ
𝑑𝑔Δ

2(Λ)

𝑑Λ
=

8𝑔Δ
4(Λ)

(4𝜋)2
 

Δ2(Λ)  = [1 −
4𝑔Δ,0

2

(4𝜋)2
log 

Λ2

Λ0
2] Δ0

2

𝑔Δ
2(Λ)  =

𝑔Δ,0
2

1 −
4𝑔Δ,0

2

(4𝜋)2 log 
Λ2

Λ0
2
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ℒ2
diquarks 

=(𝜕𝜇 + 2𝑖𝜇𝛿0𝜇)Δ𝑎
† (𝜕𝜇 − 2𝑖𝜇𝛿0𝜇)Δ𝑎 − 𝑚Δ

2Δ𝑎
†Δ𝑎 − 𝜆ΔΔ0

2[Δ1
†Δ1 + Δ2

†Δ2 + Δ3
†Δ3

+2Δ3
†Δ3

† + 2Δ3Δ3]
 

ℒ2
diquarks 

=(𝜕𝜇 + 2𝑖𝛿0𝜇𝜇)Δ1
+(𝜕𝜇 − 2𝑖𝛿0𝜇𝜇)Δ1 − (𝑚Δ

2 + 2𝜆ΔΔ0
2)Δ1

+Δ1

+(𝜕𝜇 + 2𝑖𝛿0𝜇𝜇)Δ2
+(𝜕𝜇 − 2𝑖𝛿0𝜇𝜇)Δ2 − (𝑚Δ

2 + 2𝜆ΔΔ0
2)Δ2

+Δ2 +
1

2
(𝜕𝜇𝜙1)(𝜕𝜇𝜙1) 

−
1

2
(𝑚Δ

2 + 6𝜆ΔΔ0
2)𝜙1

2 +
1

2
(𝜕𝜇𝜙2)(𝜕𝜇𝜙2) −

1

2
(𝑚Δ

2 + 2𝜆ΔΔ0
2)𝜙2

2  

 +2𝜇(𝜙2𝜕0𝜙1 − 𝜙1𝜕0𝜙2)

 

𝐸Δ1

± (𝑝)  = √𝑝2 + 4𝜇2 ± 2𝜇

𝐸Δ2

± (𝑝)  = √𝑝2 + 4𝜇2 ± 2𝜇

𝐸Δ3

± (𝑝)  = √𝑝2 + 12𝜇2 − 𝑚Δ
2 ± √16𝑝2𝜇2 + (12𝜇2 − 𝑚Δ

2)2

 

𝐸Δ1,2

− (𝑝)  =
𝑝2

4𝜇
+ 𝒪(𝑝4)

𝐸Δ3

− (𝑝)  = √
4𝜇2 − 𝑚Δ

2

12𝜇2 − 𝑚Δ
2 𝑝 + 𝒪(𝑝3)

 

𝜌𝑎𝑏 = lim
𝑉→∞

 
𝑖

𝑉
⟨0|[𝑇𝑎 , 𝑇𝑏]|0⟩  

𝑐𝑠
2 =

𝜇2 + 𝑔Δ
2Δ0

2

3𝜇2 + 𝑔Δ
2Δ0

2
 

ℒ = 𝑝 (𝜇 → √(𝜕0𝜙 − 𝜇)2 + (𝜕𝑖𝜙)(𝜕𝑖𝜙))  

𝑝 =
8𝜇4

(4𝜋)2
+

16𝜇2𝑔Δ
2Δ0

2

(4𝜋)2
 

𝜑 =
√6𝜇

𝜋
√1 +

𝑔Δ
2Δ0

2

3𝜇2
𝜙  

 

ℒ2 =
1

2
(𝜕0𝜑)2 +

𝜇2 + 𝑔Δ
2Δ0

2

3𝜇2 + 𝑔Δ
2Δ0

2
(𝜕𝑖𝜑)(𝜕𝑖𝜑)  

𝐸2(𝑝) =
𝜇2 + 𝑔Δ

2Δ0
2

3𝜇2 + 𝑔Δ
2Δ0

2 𝑝2  

ℒ3+4 = −
𝜋2

3√6𝜇3
(1 −

𝑔Δ
2Δ0

2

2𝜇2 ) 𝜕0𝜑(𝜕𝜇𝜑)(𝜕𝜇𝜑) +
𝜋2

72𝜇4 (1 −
2𝑔Δ

2Δ0
2

3𝜇2 ) (𝜕𝜇𝜑)(𝜕𝜇𝜑)2 
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𝑄̃(𝑢𝑟) = 𝑄̃(𝑢𝑔) =
1

2
, 𝑄̃(𝑢𝑏) = 1, 𝑄̃(𝑑𝑟) = 𝑄̃(𝑑𝑔) = −

1

2
, and 𝑄̃(𝑑𝑏) = 0 

𝐸0 = √𝑝2 + 𝑔2𝜙0
2,  for 𝑄̃ = 0,

𝐸𝑄̃ = √(𝐸𝑞 ± 𝜇)
2

+ 𝑔Δ
2Δ2,  for 𝑄̃ = 1, ±

1

2
,

 

𝐸𝑞 = √𝑝𝑧
2 + 𝑔2𝜙2 + 2|𝑄̃𝐵|𝑛  

∫ 
𝑝

  = (
𝑒𝛾Λ2

4𝜋
)

𝜖

∫  
𝑑𝑑𝑝

(2𝜋)𝑑
 

∫ 
𝑝

 √𝑝2 + 𝑚2  = −
𝑚4

2(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑚2
+

3

2
+ 𝒪(𝜖)]

∫ 
𝑝

 
1

(𝑝2 + 𝑚2)
3
2

 =
4

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑚2
+ 𝒪(𝜖)]

 

𝐴(𝑚2)= ∫ 
𝑘

 
1

𝑘2 − 𝑚2
 

 =
𝑖𝑚2

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑚2
+ 1 + 𝒪(𝜖)]

𝐵𝑞1𝑞2
(𝑝2) = ∫ 

𝑘

 
1

(𝑘 + 𝑝)2 − 𝑚𝑞1
2

1

𝑘2 − 𝑚𝑞2
2

 =
𝑖

(4𝜋)2
[
1

𝜖
+

1

2
log 

Λ2

𝑚𝑞1
2 +

1

2
log 

Λ2

𝑚𝑞2
2 + 𝐶𝑞1𝑞2

(𝑝2, 𝑚𝑞1
2 , 𝑚𝑞2

2 ) + 𝒪(𝜖)]

𝐵𝑞1𝑞2
′ (𝑝2) =

𝑖

(4𝜋)2 [𝐶′(𝑝2, 𝑚𝑞1
2 , 𝑚𝑞2

2 ) + 𝒪(𝜖)]

 

𝐶𝑞1𝑞2
(𝑝2, 𝑚𝑞1

2 , 𝑚𝑞2
2 ) =2 +

1

2

𝑚𝑞1
2 − 𝑚𝑞2

2

𝑝2
log 

𝑚𝑞2
2

𝑚𝑞1
2

 −
𝒢(𝑝2)

𝑝2
[arctan (

𝑝2 + 𝑚𝑞1
2 − 𝑚𝑞2

2

𝒢(𝑝2)
) + arctan (

𝑝2 + 𝑚𝑞2
2 − 𝑚𝑞1

2

𝒢(𝑝2)
)]

𝒢(𝑝2) =√[(𝑚𝑞1
+ 𝑚𝑞2

)
2

− 𝑝2] [𝑝2 − (𝑚𝑞2
− 𝑚𝑞1

)
2
]

 

𝜕Ω0

𝜕𝜙𝑢
=

𝜕Ω0

𝜕𝜙𝑑
=

𝜕Ω0

𝜕𝜙𝑠
= 0  

𝜙𝑢
0  = 𝑓𝜋± + 𝑓𝐾± − 𝑓𝐾0

𝜙𝑑
0  = 𝑓𝜋± + 𝑓𝐾0 − 𝑓𝐾±

𝜙𝑠
0  =

1

√2
(𝑓𝐾0 + 𝑓𝐾± − 𝑓𝜋±)

 

𝑚𝑢 =
1

2
𝑔𝜙𝑢

0, 𝑚𝑑 =
1

2
𝑔𝜙𝑑

0 , 𝑚𝑠 =
1

√2
𝑔𝜙𝑠

0  
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𝑓𝐾0 = 𝑓𝜋±

𝑚𝑑 + 𝑚𝑠

𝑚𝑢 + 𝑚𝑑
  and  𝑓𝐾± = 𝑓𝜋±

𝑚𝑢 + 𝑚𝑠

𝑚𝑢 + 𝑚𝑑
 

ℎ𝑙 = 𝑓𝜋𝑚𝜋
2

ℎ𝑠 =
1

√2
(2𝑓𝐾𝑚𝐾

2 − 𝑓𝜋𝑚𝜋
2)

 

Γ(1) = 𝑚𝜋
2𝜙𝑙

0 − ℎ𝑙 = 0 

Γ𝑙
(1)

= 𝑚𝜋
2𝜙𝑙

0 − ℎ𝑙 − 2𝑁𝑐𝑖𝑔2Λ−2𝜖𝜙𝑙
0𝐴(𝑚𝑞

2) − 𝛿Γ𝑙
(1)

= 0,  

𝛿Γ𝑙
(1)

= −2𝑖𝑔2𝑁𝑐Λ−3𝜖𝑓𝜋𝐴(𝑚𝑞
2)  

Γ𝑙
(1)

= ℎ𝑙 − 𝑚𝜋𝑓𝜋 

𝛿ℎ𝑙 = [𝛿𝑚𝜋
2𝑓𝜋 + 𝑚𝜋

2𝛿𝑓𝜋]Λ−𝜖 + 𝛿Γ𝑙
(1)

 

𝑚𝑙 = 𝑚𝑞 =
1

2
𝑔𝑓𝜋 

2𝛿𝑚𝑙 = 𝛿𝑔𝑓𝜋 + 𝑔𝛿𝑓𝜋 = 0 

𝛿𝑔𝜙𝑙 +
1

2
𝑔𝜙𝑙𝛿𝑍𝜋 = 0 

𝛿𝑓𝜋 =
1

2
𝑓𝜋𝑍𝜋 

𝛿ℎ𝑙 = [𝛿𝑚𝜋
2 +

1

2
𝑚𝜋

2𝛿𝑍𝜋] 𝑓𝜋Λ−𝜖 − 2𝑖𝑔2𝑁𝑐Λ−3𝜖𝑓𝜋𝐴(𝑚𝑞
2)  

Γ𝜋
(2)(𝑝2) = 𝑝2 − 𝑚𝜋

2 − Σ𝜋(𝑝2) − Σ𝜋
ct(𝑝2),  

Σ𝜋(𝑝2)  = Σ𝜋
1PI(𝑝2) + Σ𝜋

tadpole 

Σ𝜋
ct(𝑝2)  = (𝑝2 − 𝑚𝜋

2)𝛿𝑍𝜋 − 𝛿𝑚𝜋
2 + Σ𝜋

ct, tadpole 
 

𝛿𝑚𝜋
2  = − ∑  

1PI

𝜋

  (𝑚𝜋
2)

Σ𝜋
ct,tad pole 

 = Σ𝜋
tadpole

 

𝛿𝑍𝜋 = Σ𝜋
1PI/(𝑚𝜋

2).  

Σ𝜋
1PI(𝑝2)  = 2𝑖𝑔2𝑁𝑐Λ−2𝜖 [2𝐴(𝑚𝑞

2) −
1

2
𝑝2𝐵𝑙𝑙(𝑝

2)]

−
𝑑Σ𝜋

1PI

𝑑𝑝2
(𝑝2)  = 𝑖𝑁𝑐𝑔2Λ−2𝜖[𝐵𝑞1𝑞2

(𝑝2) + 𝑝2𝐵𝑙𝑙
′ (𝑝2)]

 



pág. 10758 

𝛿𝑚𝜋
2  = −

2𝑔2𝑁𝑐Λ−2𝜖

(4𝜋)2 {[
1

𝜖
+ log 

Λ2

𝑚𝑞
2 + 1] 𝑚𝑞

2 −
1

2
𝑚𝜋

2 [
1

𝜖
+ log 

Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2)]}

𝛿𝑍𝜋  = −
𝑔2𝑁𝑐Λ−2𝜖

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2) + 𝑚𝜋
2𝐶𝑙𝑙

′ (𝑚𝜋
2)]

 

𝛿ℎ𝑙 =
𝑔2Λ−2𝜖𝑁𝑐ℎ𝑙

2(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2) − 𝑚𝜋𝐶𝑙𝑙
′ (𝑚𝜋

2) + 𝒪(𝜖)]  

𝛿ℎ𝑙,MS =
𝑔2Λ−2𝜖𝑁𝑐ℎ𝑙

2(4𝜋)2𝜖
 

ℎ𝑙 = Λ−𝜖(ℎ𝑙,MS + 𝛿ℎ𝑙,MS)  

ℎ𝑙,MS(Λ)= ℎ𝑙 + 𝛿ℎ𝑙 − 𝛿ℎ𝑙,MS  

 = ℎ {1 +
𝑔2𝑁𝑐

2(4𝜋)2
[log 

Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2) − 𝑚𝜋𝐶𝑙𝑙
′ (𝑚𝜋

2)]}
 

𝛿𝑔2 = −𝛿Z𝜋, using 𝑔
MS
2 + 𝛿𝑔

MS
2 = 𝑔2 + 𝛿𝑔os

2 = 𝑔2 − 𝛿Z𝜋, we obtain 

𝑔MS
2 =

𝑚𝑞
2

𝑓𝜋
2 [1 +

𝑚𝑞
2𝑁𝑐

𝑓𝜋
2(4𝜋)2

(log 
Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2) + 𝑚𝜋
2𝐶′(𝑚𝜋

2))]  

𝑚2 =
2 (𝑚𝜎

2 − 𝑚𝜂′
2 ) (𝑚𝜎

2 − 3𝑚𝜋
2)𝜙𝑙

4 + (3𝑚𝜂′
2 − 𝑚𝜎

2) (𝑚𝜎
2 − 𝑚𝜋

2)𝜙𝑠
4

4 (𝑚𝜂′
2 − 𝑚𝜎

2) 𝜙𝑙
4 + 2 (𝑚𝜎

2 + 7𝑚𝜋
2 − 8𝑚𝜂′

2 ) 𝜙𝑙
2𝜙𝑠

2 + 2(𝑚𝜎
2 − 𝑚𝜋

2)𝜙𝑠
4

 −
(6𝑚𝜂′

4 + 9𝑚𝜂′
2 𝑚𝜋

2 − 12𝑚𝜋
4 − 5𝑚𝜂′

2 𝑚𝜎
2 + 𝑚𝜋

2𝑚𝜎
2 + 𝑚𝜎

4) 𝜙𝑙
2𝜙𝑠

2

4 (𝑚𝜂′
2 − 𝑚𝜎

2) 𝜙𝑙
4 + 2 (𝑚𝜎

2 + 7𝑚𝜋
2 − 8𝑚𝜂′

2 ) 𝜙𝑙
2𝜙𝑠

2 + 2(𝑚𝜎
2 − 𝑚𝜋

2)𝜙𝑠
4

𝜆1 =
[(2𝑚𝜂′

2 − 3𝑚𝜋
2 + 𝑚𝜎

2) 𝜙𝑙
2 + (𝑚𝜋

2 − 𝑚𝜎
2)𝜙𝑠

2] [(𝑚𝜂′
2 − 𝑚𝜎

2) 𝜙𝑙
2 + (𝑚𝜎

2 + 2𝑚𝜋
2 − 3𝑚𝜂′

2 ) 𝜙𝑠
2]

2 (𝑚𝜂′
2 − 𝑚𝜎

2) 𝜙𝑙
6 + (3𝑚𝜎

2 + 7𝑚𝜋
2 − 10𝑚𝜂′

2 ) 𝜙𝑙
4𝜙𝑠

2 + 8 (𝑚𝜂′
2 − 𝑚𝜋

2) 𝜙𝑙
2𝜙𝑠

4 + (𝑚𝜋
2 − 𝑚𝜎

2)𝜙𝑠
6

𝜆2 =
2 (𝑚𝜂′

2 − 𝑚𝜋
2)

𝜙𝑠
2 − 𝜙𝑙

2

 

(𝑚𝜎𝜎
2 )𝑎𝑏 =

𝜕2Ω0

𝜕𝜎𝑎𝜎𝑏
|
𝜙𝑙,𝑠=𝜙𝑙,𝑠

0

 (𝑚𝜋𝜋
2 )𝑎𝑏 =

𝜕2Ω0

𝜕𝜋𝑎𝜋𝑏
|
𝜙𝑙,𝑠=𝜙𝑙,𝑠

0
 

𝑚𝜎
2 =

1

2
((𝑚𝜎𝜎

2 )00 + (𝑚𝜎𝜎
2 )88) −

1

2
√((𝑚𝜎𝜎

2 )00 − (𝑚𝜎𝜎
2 )88)2 + 4((𝑚𝜎𝜎

2 )08)2

𝑚𝜂′
2 =

1

2
((𝑚𝜋𝜋

2 )00 + (𝑚𝜋𝜋
2 )88) +

1

2
√((𝑚𝜋𝜋

2 )00 − (𝑚𝜋𝜋
2 )88)2 + 4((𝑚𝜋𝜋

2 )08)2
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Σ𝜎(𝑝2) =
1

2

[
 
 
 

Σ𝜎
00(𝑝2) + Σ𝜎

88(𝑝2) −
1

√(𝑚𝜎,00
2 − 𝑚𝜎,88

2 )
2

+ 4(𝑚𝜎,08
2 )

2

× ((𝑚𝜎,00
2 − 𝑚𝜎,88

2 )(Σ𝜎
00(𝑝2) − Σ𝜎

88(𝑝2)) + 4𝑚𝜎,08
2 Σ𝜎

08(𝑝2))]

Σ𝜂′(𝑝2) =
1

2

[
 
 
 

Σ𝜋
00(𝑝2) + Σ𝜋

88(𝑝2) +
1

√(𝑚𝜋,00
2 − 𝑚𝜋,88

2 )
2

+ 4(𝑚𝜋,08
2 )

2

× ((𝑚𝜋,00
2 − 𝑚𝜋,88

2 )(Σ𝜋
00(𝑝2) − Σ𝜋

88(𝑝2)) + 4𝑚𝜋,08
2 Σ𝜋

08(𝑝2))] .

 

Σ𝜋
11(𝑝2)  = 2𝑖𝑁𝑐𝑔2[𝐴(𝑚𝑙

2) − 𝑝2𝐵𝑙𝑙(𝑝
2)]

Σ𝜎
00(𝑝2)  =

2𝑖𝑁𝑐𝑔2

3
[2𝐴(𝑚𝑙

2) − (𝑝2 − 4𝑚𝑙
2)𝐵𝑙𝑙(𝑝

2) + 𝐴(𝑚𝑠) −
1

2
(𝑝2 − 4𝑚𝑠

2)𝐵𝑠𝑠(𝑝
2)]   

Σ𝜎
88(𝑝2)  =

𝑖𝑁𝑐𝑔2

3
[2𝐴(𝑚𝑙

2) − (𝑝2 − 4𝑚𝑙
2)𝐵𝑙𝑙(𝑝

2) + 4𝐴(𝑚𝑠
2) − 2(𝑝2 − 4𝑚𝑠

2)𝐵𝑠𝑠(𝑝
2)] 

Σ𝜎
08(𝑝2)  =

√2𝑖𝑁𝑐𝑔2

3
[2𝐴(𝑚𝑙

2) − (𝑝2 − 4𝑚𝑙
2)𝐵𝑙𝑙(𝑝

2) − 2𝐴(𝑚𝑠
2) + (𝑝2 − 4𝑚𝑠

2)𝐵𝑠𝑠(𝑝
2) 

Σ𝜋
00(𝑝2)  =

2𝑖𝑁𝑐𝑔2

3
[2𝐴(𝑚𝑙

2) − 𝑝2𝐵𝑙𝑙(𝑝
2) + 𝐴(𝑚𝑠

2) −
1

2
𝑝2𝐵𝑠𝑠(𝑝

2)] ,

Σ𝜋
88(𝑝2)  =

𝑖𝑁𝑐𝑔2

3
[2𝐴(𝑚𝑙

2) − 𝑝2𝐵𝑙𝑙(𝑝
2) − 4𝐴(𝑚𝑠

2) + 2𝑝2𝐵𝑠𝑠(𝑝
2)],

Σ𝜋
08(𝑝2)  =

√2𝑖𝑁𝑐𝑔2

3
[2𝐴(𝑚𝑙

2) − 𝑝2𝐵𝑙𝑙(𝑝
2) − 2𝐴(𝑚𝑠

2) + 𝑝2𝐵(𝑝2)],

 

(𝑚𝜎𝜎
2 )00 =𝑚2 +

𝜆1

6
(5𝜙𝑢

2 + 5𝜙𝑑
2 + 10𝜙𝑠

2 + 4𝜙𝑢𝜙𝑑 + 4√2𝜙𝑢𝜙𝑠 + 4√2𝜙𝑑𝜙𝑠)

 +
𝜆2

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2)

(𝑚𝜎𝜎
2 )11 =(𝑚𝜎𝜎

2 )22 = 𝑚2 +
𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

2
(𝜙𝑢

2 + 𝜙𝑢𝜙𝑑 + 𝜙𝑑
2)

(𝑚𝜎𝜎
2 )33 =𝑚2 + 𝜆1(𝜙𝑢

2 − 𝜙𝑢𝜙𝑑 + 𝜙𝑑
2 + 𝜙𝑠

2) +
3𝜆2

4
(𝜙𝑢

2 + 𝜙𝑑
2)

(𝑚𝜎𝜎
2 )44 =(𝑚𝜎𝜎

2 )55 = 𝑚2 +
𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

2
(𝜙𝑢

2 + √2𝜙𝑢𝜙𝑠 + 2𝜙𝑠
2)

(𝑚𝜎𝜎
2 )66 =(𝑚𝜎𝜎

2 )77 = 𝑚2 +
𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

2
(𝜙𝑑

2 + √2𝜙𝑑𝜙𝑠 + 2𝜙𝑠
2)

(𝑚𝜎𝜎
2 )88 =𝑚2 +

𝜆1

6
(4𝜙𝑢

2 + 4𝜙𝑑
2 + 14𝜙𝑠

2 + 2𝜙𝑢𝜙𝑑 − 4√2𝜙𝑢𝜙𝑠 − 4√2𝜙𝑑𝜙𝑠)

 +
𝜆2

4
(𝜙𝑢

2 + 𝜙𝑑
2 + 8𝜙𝑠

2)

(𝑚𝜎𝜎
2 )03 =(𝑚𝜎𝜎

2 )30 =
𝜆1

√6
(𝜙𝑢 − 𝜙𝑑)(𝜙𝑢 + 𝜙𝑑 + √2𝜙𝑠) +

3𝜆2

2√6
(𝜙𝑢

2 − 𝜙𝑑
2)

(𝑚𝜎𝜎
2 )08 =(𝑚𝜎𝜎

2 )80 =
𝜆1

3√2
(𝜙𝑢 + 𝜙𝑑 + √2𝜙𝑠)(𝜙𝑢 + 𝜙𝑑 − 2√2𝜙𝑠)

 +
𝜆2

2√2
(𝜙𝑢

2 + 𝜙𝑑
2 − 4𝜙𝑠

2)

(𝑚𝜎𝜎
2 )38 =(𝑚𝜎𝜎

2 )83 =
𝜆1

2√3
(𝜙𝑢 − 𝜙𝑑)(𝜙𝑢 + 𝜙𝑑 − 2√2𝜙𝑠) +

√3𝜆2

4
(𝜙𝑢

2 − 𝜙𝑑
2)

 



pág. 10760 

(𝑚𝜋𝜋
2 )00  = 𝑚2 +

𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

6
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2)

(𝑚𝜋𝜋
2 )11  = (𝑚𝜋𝜋

2 )22 = 𝑚2 +
𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

2
(𝜙𝑢

2 − 𝜙𝑢𝜙𝑑 + 𝜙𝑑
2)

(𝑚𝜋𝜋
2 )33  = 𝑚2 +

𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

4
(𝜙𝑢

2 + 𝜙𝑑
2)

(𝑚𝜋𝜋
2 )44  = (𝑚𝜋𝜋

2 )55 = 𝑚2 +
𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

2
(𝜙𝑢

2 − √2𝜙𝑢𝜙𝑠 + 2𝜙𝑠
2)

(𝑚𝜋𝜋
2 )66  = (𝑚𝜋𝜋

2 )77 = 𝑚2 +
𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

2
(𝜙𝑑

2 − √2𝜙𝑑𝜙𝑠 + 2𝜙𝑠
2)

(𝑚𝜋𝜋
2 )88  = 𝑚2 +

𝜆1

2
(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) +
𝜆2

12
(𝜙𝑢

2 + 𝜙𝑑
2 + 8𝜙𝑠

2)

(𝑚𝜋𝜋
2 )03  = (𝑚𝜋𝜋

2 )30 =
𝜆2

2√6
(𝜙𝑢

2 − 𝜙𝑑
2)

(𝑚𝜋𝜋
2 )08  = (𝑚𝜋𝜋

2 )80 =
𝜆2

6√2
(𝜙𝑢

2 + 𝜙𝑑
2 − 4𝜙𝑠

2)

(𝑚𝜋𝜋
2 )38  = (𝑚𝜋𝜋

2 )83 =
𝜆2

4√3
(𝜙𝑢

2 − 𝜙𝑑
2)

 

Ω1
BEC/BCS,div

 = −2𝑁𝑐Λ−2𝜖 ∫  
∞

−∞

 
𝑑𝑝0

2𝜋
∫ 

𝑝

  [log [𝑝0
2 + 𝑝2 + 𝑚±

2 ] −
𝜇𝐼

2(𝑝2 − 𝑝0
2 − 𝑔2𝜌2/4)

2(𝑝0
2 + 𝑝2 + 𝑔2𝜌2/4)2

Ω1
BEC/BCS,fin

 = Ω1
BEC/BCS

− Ω1
BEC/BCS,div

 

𝑚±
2 =

1

2
(𝑚𝑢

2 + 𝑚𝑑
2 +

1

2
𝑔2𝜌2) ±

1

2
|𝑚𝑢 − 𝑚𝑑|√(𝑚𝑢 + 𝑚𝑑)2 + 𝑔2𝜌2  

Ω1
BEC/BCS,div

= −2𝑁𝑐Λ−2𝜖 ∫ 
𝑝

[√𝑝2 + 𝑚+
2 + √𝑝2 + 𝑚−

2 +
𝜇𝐼

2𝑔2𝜌2

16(𝑝2 + 𝑔2𝜌2/4)
3
2

] 

Ω1
BEC/BCS,div

=
𝑁𝑐Λ−2𝜖

(4𝜋)2𝜖
[(𝑚𝑢

2 +
1

4
𝑔2𝜌2)

2

+ (𝑚𝑑
2 +

1

4
𝑔2𝜌2)

2

+
1

2
(𝑚𝑢 − 𝑚𝑑)2𝑔2𝜌2]

+
𝑁𝑐𝑚+

4

(4𝜋)2
[log 

Λ2

𝑚+
2 +

3

2
] +

𝑁𝑐𝑚−
4

(4𝜋)2
[log 

Λ2

𝑚−
2

+
3

2
]  

 −
𝑁𝑐𝜇𝐼

2𝑔2𝜌2Λ−2𝜖

2(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑔2𝜌2/4
]

 

𝑚2  → 𝑚
MS
2 + 𝛿𝑚

MS
2

𝑐 → 𝑐MS + 𝛿𝑐MS

ℎ → Λ−𝜖(ℎMS + 𝛿ℎMS)

𝜆1  → Λ2𝜖(𝜆1,MS + 𝛿𝜆1,MS)

𝜆2  → Λ2𝜖(𝜆2,MS + 𝛿𝜆2,MS)

𝜙𝑓
2  → (1 + 𝛿𝑍𝜋)𝜙

𝑓,MS
2

𝜌2  → (1 + 𝛿𝑍𝜋)𝜌
MS
2
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𝛿𝑚
MS
2  =

𝑁𝑐𝑚2𝑔2Λ−2𝜖

(4𝜋)2𝜖

𝛿𝑐MS  =
𝑁𝑐𝑐𝑔2Λ−2𝜖

(4𝜋)2𝜖

𝛿ℎMS  =
𝑁𝑐𝑔2ℎΛ−𝜖

2(4𝜋)2𝜖

𝛿𝜆1,MS  =
2𝑁𝑐𝜆1𝑔2Λ−4𝜖

(4𝜋)2𝜖

𝛿𝜆2,MS  =
𝑁𝑐𝑔2(2𝜆2 − 𝑔2)Λ−4𝜖

(4𝜋)2𝜖

𝛿𝑍𝜋
MS  = −

𝑁𝑐𝑔2Λ−2𝜖

(4𝜋)2𝜖

 

Ω0+1
BEC/BCS

=
1

2
𝑚MS

2 (𝜙
𝑢,MS
2 + 𝜙

𝑑,MS
2 + 𝜌

MS
2 ) −

1

2
𝜇𝐼

2𝜌
MS
2 − ℎMS(𝜙𝑢,MS + 𝜙𝑑,MS)

−𝑐MS𝜙𝑢,MS𝜙𝑑,MS −
1

2
𝑐MS𝜌

MS
2 +

1

4
𝜆1,MS (𝜙

𝑢,MS
2 + 𝜙

𝑑,MS
2 + 𝜌

MS
2 )

2
 

+
1

4
𝜆2,MS (𝜙

𝑢,MS
2 +

1

2
𝜌

MS
2 )

2

+
1

4
𝜆2,MS (𝜙

𝑑,MS
2 +

1

2
𝜌

MS
2 )

2

 

+
1

4
𝜆2,MS(𝜙𝑢,MS − 𝜙𝑑,MS)

2
𝜌

MS
2 +

𝑁𝑐𝑚+
4

(4𝜋)2
[log 

Λ2

𝑚+
2 +

3

2
] +

𝑁𝑐𝑚−
4

(4𝜋)2
[log 

Λ2

𝑚−
2

+
3

2
] 

 −
𝑁𝑐𝜇𝐼

2𝑔2𝜌2

2(4𝜋)2
log 

Λ2

𝑔2𝜌2/4
+ Ω0+1

BEC/BCS,fin

 

𝑚MS
2 (Λ) =𝑚2 [1 +

𝑔2𝑁𝑐

(4𝜋)2
log 

Λ2

𝑚𝑞
2] +

𝑔2𝑁𝑐

2(4𝜋)2 [2𝑚𝜋
2𝐶𝑙𝑙(𝑚𝜋

2) + 𝑚𝜂
2𝐶𝑙𝑙(𝑚𝜂

2)

−(𝑚𝜎
2 − 4𝑚𝑞

2)𝐶𝑙𝑙(𝑚𝜎
2) − 4𝑚𝑞

2]

𝑐MS(Λ) =𝑐 [1 +
𝑔2𝑁𝑐

(4𝜋)2
log 

Λ2

𝑚𝑞
2] +

𝑔2𝑁𝑐

2(4𝜋)2 [𝑚𝜂
2𝐶𝑙𝑙(𝑚𝜂

2) − 𝑚𝜋
2𝐶𝑙𝑙(𝑚𝜋

2)]

ℎMS(Λ) =ℎ {1 +
𝑔2𝑁𝑐

2(4𝜋)2
[log 

Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2) − 𝑚𝜋
2𝐶𝑙𝑙

′ (𝑚𝜋
2)]}

𝜆1
MS(Λ) =𝜆1 [1 +

2𝑔2𝑁𝑐

(4𝜋)2
log 

Λ2

𝑚𝑞
2] +

𝑔2𝑁𝑐

2(4𝜋)2𝑓𝜋
2 [(𝑚𝜎

2 − 4𝑚𝑞
2)𝐶𝑙𝑙(𝑚𝜎

2) − (𝑚𝑎0
2 − 4𝑚𝑞

2)𝐶𝑙𝑙(𝑚𝑎0
2 )

+𝑚𝜂
2𝐶𝑙𝑙(𝑚𝜂

2) − 𝑚𝜋
2𝐶𝑙𝑙(𝑚𝜋

2) + 2𝜆1𝑓𝜋
2(𝐶𝑙𝑙(𝑚𝜋

2) + 𝑚𝜋
2𝐶𝑙𝑙

′ (𝑚𝜋
2))]

𝜆2
MS(Λ) =𝜆2 [1 + (2 −

𝑔2

𝜆2
)

𝑔2𝑁𝑐

(4𝜋)2
log 

Λ2

𝑚𝑞
2] +

𝑔2𝑁𝑐

(4𝜋)2𝑓𝜋
2 {(𝑚𝑎0

2 − 4𝑚𝑞
2)𝐶𝑙𝑙(𝑚𝑎0

2 )

−𝑚𝜂
2𝐶𝑙𝑙(𝑚𝜂

2) + 𝜆2𝑓𝜋
2[𝐶𝑙𝑙(𝑚𝜋

2) + 𝑚𝜋
2𝐶𝑙𝑙

′ (𝑚𝜋
2)]}

𝜙
𝑓,MS
2 (Λ) =𝜙𝑓,0

2 {1 −
𝑔2𝑁𝑐

(4𝜋)2
[log 

Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2) + 𝑚𝜋
2𝐶𝑙𝑙

′ (𝑚𝜋
2)]}

𝜌
MS
2 (Λ) =𝜌0

2 {1 −
𝑔2𝑁𝑐

(4𝜋)2
[log 

Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2) + 𝑚𝜋
2𝐶𝑙𝑙

′ (𝑚𝜋
2)]}

𝑔
MS
2 (Λ) =𝑔2 {1 +

𝑔2𝑁𝑐

(4𝜋)2
[log 

Λ2

𝑚𝑞
2 + 𝐶𝑙𝑙(𝑚𝜋

2) + 𝑚𝜋
2𝐶𝑙𝑙

′ (𝑚𝜋
2)]}
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𝑚2  = 𝑚𝜋
2 +

1

2
(𝑚𝜂

2 − 𝑚𝜎
2)

𝑐 =
1

2
(𝑚𝜂

2 − 𝑚𝜋
2)

𝜆1  =
𝑚𝜎

2 + 𝑚𝜂
2 − 𝑚𝑎0

2 − 𝑚𝜋
2

2𝑓𝜋
2

𝜆2  =
𝑚𝑎0

2 − 𝑚𝜂
2

𝑓𝜋
2

𝑔2  =
4𝑚𝑞

2

𝑓𝜋
2

 

Λ
𝑑

𝑑Λ
(𝑚MS

2 + 𝛿𝑚MS
2 ) = 0  

Λ
𝑑𝑚MS

2 (Λ)

𝑑Λ
=

2𝑁𝑐𝑚MS
2 𝑔MS

2 (Λ)

(4𝜋)2
 

𝑚
MS
2 (Λ)  =

𝑚0
2

1 −
𝑔0

2𝑁𝑐

(4𝜋)2 log 
Λ2

Λ0
2

𝑐MS(Λ)  =
𝑐0

[1 −
𝑁𝑐𝑔0

2

(4𝜋)2 log 
Λ2

Λ0
2]

,

𝜆1
MS(Λ)  =

𝜆1,0

(1 −
𝑔0

2𝑁𝑐

(4𝜋)2 log 
Λ2

Λ0
2)

2 ,

𝜆2
MS(Λ)  =

𝜆2,0 −
𝑔0

4𝑁𝑐

(4𝜋)2 log 
Λ2

Λ0
2

(1 −
𝑔0

2𝑁𝑐

(4𝜋)2 log 
Λ2

Λ0
2)

2 ,

𝑔
MS
2 (Λ)  =

𝑔0
2

1 −
𝑔0

2𝑁𝑐

(4𝜋)2 log 
Λ2

Λ0
2

,

ℎMS(Λ)  =
ℎ0

√1 −
𝑔0

2𝑁𝑐

(4𝜋)2 log 
Λ2

Λ0
2

,

𝜙
𝑓,MS
2 (Λ)  = [1 −

𝑔0
2𝑁𝑐

(4𝜋)2
log 

Λ2

Λ0
2] 𝜙𝑓,0

2 ,

𝜌
MS
2 (Λ)  = [1 −

𝑔0
2𝑁𝑐

(4𝜋)2
log 

Λ2

Λ0
2] 𝜌0

2,

 

log 
Λ0

2

𝑚𝑞
2 + 𝐶(𝑚𝜋

2) + 𝑚𝜋
2𝐶𝑙𝑙

′ (𝑚𝜋
2) = 0  
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Ω0
CFL =

1

4
𝑚2(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2) − ℎ𝑢𝜙𝑢 − ℎ𝑑𝜙𝑑 − √2ℎ𝑠𝜙𝑠 +
1

16
𝜆1(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2)
2

+
1

16
𝜆2(𝜙𝑢

4 + 𝜙𝑑
4 + 4𝜙𝑠

4) −
1

4
√2𝑐𝜙𝑢𝜙𝑑𝜙𝑠  

+
1

4
𝜆3(𝜙𝑢

2 + 𝜙𝑑
2 + 2𝜙𝑠

2)(Δ𝑢𝑑
2 + Δ𝑢𝑠

2 + Δ𝑑𝑠
2 ) +

1

4
𝜆4[𝜙𝑢

2Δ𝑑𝑠
2 + 𝜙𝑑

2Δ𝑢𝑠
2 + 2𝜙𝑠

2Δ𝑢𝑑
2 ] 

−
1

2
𝜆5(𝜙𝑢𝜙𝑑Δ𝑢𝑑

2 + √2𝜙𝑢𝜙𝑠Δ𝑢𝑠
2 + √2𝜙𝑑𝜙𝑠Δ𝑑𝑠

2 ) + (𝑚Δ
2 − 4𝜇‾𝑢𝑑

2 )Δ𝑢𝑑
2  

+(𝑚Δ
2 − 4𝜇‾𝑢𝑠

2 )Δ𝑢𝑠
2 + (𝑚Δ

2 − 4𝜇‾𝑑𝑠
2 )Δ𝑑𝑠

2 +
1

4
(2𝜆1

Δ + 𝜆3
Δ)(Δ𝑢𝑑

2 + Δ𝑢𝑠
2 + Δ𝑑𝑠

2 )
2

 

 +
1

2
𝜆2

Δ(Δ𝑢𝑑
4 + Δ𝑢𝑠

4 + Δ𝑑𝑠
4 )

 

Ω1
CFL,div =−Λ−2𝜖 ∫ 

𝑝

 {[4√𝑝2 + 𝑚𝑢
2 + 𝑔Δ

2Δ𝑢𝑑
2 + 4√𝑝2 + 𝑚𝑢

2 + 𝑔Δ
2Δ𝑢𝑠

2  

−2√𝑝2 + 𝑚𝑢
2 + 𝑢 ↔ 𝑑 + 𝑢 ↔ 𝑠  

+ [−
(𝑚𝑢 − 𝑚𝑑)2𝑔Δ

2Δ𝑢𝑑
2

(𝑝2 + 𝑔Δ
2Δ𝑢𝑑

2 )
3
2

+
4𝜇‾𝑢𝑑

2 𝑔Δ
2Δ𝑢𝑑

2

(𝑝2 + 𝑔Δ
2Δ𝑢𝑑

2 )
3
2

+ 𝑢 → 𝑑 + 𝑢 → 𝑠] 

−
𝑔Δ

4(Δ𝑢𝑑
2 Δ𝑢𝑠

2 + Δ𝑢𝑑
2 Δ𝑑𝑠

2 + Δ𝑢𝑠
2 Δ𝑑𝑠

2 )

(𝑝2 + 𝑀2)
3
2

}

 

Ω1
CFL,div =Λ−2𝜖 {

2(𝑚𝑢
2 + 𝑔Δ

2Δ𝑢𝑑
2 )

2

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑚𝑢
2 + 𝑔Δ

2Δ𝑢𝑑
2 +

3

2
]

+
2(𝑚𝑢

2 + 𝑔Δ
2Δ𝑢𝑠

2 )
2

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑚𝑢
2 + 𝑔Δ

2Δ𝑢𝑠
2 +

3

2
]  

−
𝑚𝑢

4

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑚𝑢
2 +

3

2
] + 𝑢 ↔ 𝑑 + 𝑢 ↔ 𝑠}

+ {
4(𝑚𝑢 − 𝑚𝑑)2𝑔Δ

2Δ𝑢𝑑
2

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑔Δ
2Δ𝑢𝑑

2 ]  

−
16𝜇‾𝑢𝑑

2 𝑔Δ
2Δ𝑢𝑑

2

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑔Δ
2Δ𝑢𝑑

2 ] + 𝑢 → 𝑠 + 𝑑 → 𝑠}

 +
4𝑔Δ

4(Δ𝑢𝑑
2 Δ𝑢𝑠

2 + Δ𝑢𝑑
2 Δ𝑑𝑠

2 + Δ𝑢𝑠
2 Δ𝑑𝑠

2 )Λ−2𝜖

(4𝜋)2
[
1

𝜖
+ log 

Λ2

𝑀2
]

 

𝛿𝑐MS =
3𝑁𝑐𝑐𝑔2Λ−3𝜖

2(4𝜋)2𝜖
 

𝑐MS(Λ) =
𝑐0

[1 −
𝑁𝑐𝑔0

2

(4𝜋)2 log 
Λ2

Λ0
2]

3
2  



pág. 10764 

𝛿𝑚
Δ,MS
2  =

4𝑔Δ
2𝑚Δ

2Λ−2𝜖

(4𝜋)2𝜖

𝛿𝜆3,MS  =
[3𝑔2𝜆3 + 4𝑔Δ

2𝜆3 − 8𝑔2𝑔Δ
2]Λ−4𝜖

(4𝜋)2𝜖

𝛿𝜆4,MS  =
[3𝑔2𝜆4 + 4𝑔Δ

2𝜆4 + 8𝑔2𝑔Δ
2]Λ−4𝜖

(4𝜋)2𝜖

𝛿𝜆5,MS  =
[3𝜆5𝑔2 + 4𝜆5𝑔Δ

2 − 4𝑔2𝑔Δ
2]Λ−4𝜖

(4𝜋)2𝜖

𝛿𝜆
1,MS
Δ  =

4𝑔Δ
2[2𝜆1

Δ − 𝑔Δ
2]Λ−4𝜖

(4𝜋)2𝜖

𝛿𝜆
2,MS
Δ  =

4𝑔Δ
2[2𝜆2

Δ − 𝑔Δ
2]Λ−4𝜖

(4𝜋)2𝜖

𝛿𝜆
3,MS
Δ  =

8𝑔Δ
2𝜆3

ΔΛ−4𝜖

(4𝜋)2𝜖

𝛿𝑔
Δ,MS
2  =

4𝑔Δ
4Λ−2𝜖

(4𝜋)2𝜖

𝛿𝑍
MS
Δ  = −

4𝑔Δ
2Λ−2𝜖

(4𝜋)2𝜖

 

−4𝜇‾𝑢𝑑
2 Δ𝑢𝑑

2 [1 + 𝛿𝑍Δ +
4𝑔Δ

2Λ−2𝜖

(4𝜋)2𝜖
]  

𝛿𝑚Δ
2Δ𝑢𝑑

2 + 𝑚Δ
2𝛿ZΔΔ𝑢𝑑

2 = 0 

𝛿𝑔Δ
2 = −𝑔Δ

2𝛿ZΔ 
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𝑚Δ,MS
2 (Λ)  =

𝑚Δ,0
2

[1 −
4𝑔Δ,0

2

(4𝜋)2 log 
Λ2

Λ0
2]

𝜆3,MS(Λ)  =

𝜆3,0 −
8𝑔0

2𝑔Δ,0
2

(4𝜋)2 log 
Λ2

Λ0
2

[1 −
3𝑔0

2

(4𝜋)2 log 
Λ2

Λ0
2] [1 −

4𝑔Δ,0
2

(4𝜋)2 log 
Λ2

Λ0
2]

𝜆4,MS(Λ)  =

𝜆4,0 +
8𝑔0

2𝑔Δ,0
2

(4𝜋)2 log 
Λ2

Λ0
2

[1 −
3𝑔0

2

(4𝜋)2 log 
Λ2

Λ0
2] [1 −

4𝑔Δ,0
2

(4𝜋)2 log 
Λ2

Λ0
2]

𝜆5,MS(Λ)  =

𝜆5,0 −
4𝑔0

2𝑔Δ,0
2

(4𝜋)2 log 
Λ2

Λ0
2

[1 −
3𝑔0

2

(4𝜋)2 log 
Λ2

Λ0
2] [1 −

4𝑔Δ,0
2

(4𝜋)2 log 
Λ2

Λ0
2]

𝜆
1,MS
Δ (Λ)  =

𝜆1,0
Δ −

4𝑔Δ,0
4

(4𝜋)2 log 
Λ2

Λ0
2

[1 −
4𝑔Δ,0

2

(4𝜋)2 log 
Λ2

Λ0
2]

2

𝜆
2,MS
Δ (Λ)  =

𝜆2,0
Δ −

4𝑔Δ,0
4

(4𝜋)2 log 
Λ2

Λ0
2

[1 −
4𝑔Δ,0

2

(4𝜋)2 log 
Λ2

Λ0
2]

2

𝜆
3,MS
Δ (Λ)  =

𝜆Δ3,0

[1 −
4𝑔Δ,0

2

(4𝜋)2 log 
Λ2

Λ0
2]

2

Δ
MS
2 (Λ)  = [1 −

4𝑔Δ,0
2

(4𝜋)2
log 

Λ2

Λ0
2] Δ0

2

 

Ω0+1
CFL =Ω0

CFL + {
2(𝑚𝑢

2 + 𝑔Δ
2Δ𝑢𝑑

2 )
2

(4𝜋)2
[log 

Λ2

𝑚𝑢
2 + 𝑔Δ

2Δ𝑢𝑑
2 +

3

2
] +

+
2(𝑚𝑢

2 + 𝑔Δ
2Δ𝑢𝑠

2 )
2

(4𝜋)2
[log 

Λ2

𝑚𝑢
2 + 𝑔Δ

2Δ𝑢𝑠
2 +

3

2
]  

−
𝑚𝑢

4

(4𝜋)2
[log 

Λ2

𝑚𝑢
2 +

3

2
] + 𝑢 ↔ 𝑑 + 𝑢 ↔ 𝑠} + {

4(𝑚𝑢 − 𝑚𝑑)2𝑔Δ
2Δ𝑢𝑑

2

(4𝜋)2
log 

Λ2

𝑔Δ
2Δ𝑢𝑑

2

−
16𝜇‾𝑢𝑑

2 𝑔Δ
2Δ𝑢𝑑

2

(4𝜋)2
log 

Λ2

𝑔Δ
2Δ𝑢𝑑

2 + 𝑢 → 𝑠 + 𝑑 → 𝑠}

 +
4𝑔Δ

4(Δ𝑢𝑑
2 Δ𝑢𝑠

2 + Δ𝑢𝑑
2 Δ𝑑𝑠

2 + Δ𝑢𝑠
2 Δ𝑑𝑠

2 )

(4𝜋)2
log 

Λ2

𝑀2
+ Ω1

CFL,fin
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Ω1
CFL,div =− ∫ 

𝑝

  [4√𝑝2 + 𝑚̂+
2 + 4√𝑝2 + 𝑚̂−

2 + 6√𝑝2 + 𝑚𝑙
2 + Δ𝑙𝑙

2  

+2√𝑝2 + 𝑚̃+
2 + 2√𝑝2 + 𝑚̃−

2 +
3𝜇2Δ𝑙𝑙

2

(𝑝2 + Δ𝑙𝑙
2 )3/2

+
4𝜇2Δ𝑙𝑠

2

(𝑝2 + Δ𝑙𝑠
2 )3/2

 

+
𝜇2Δ‾+

2

(𝑝2 + Δ‾+
2 )3/2

+
𝜇2Δ‾−

2

(𝑝2 + Δ‾−
2 )3/2

]

 

𝑚̂±
2  =

1

2
[𝑚𝑙

2 + 𝑚𝑠
2 + 2Δ𝑙𝑠

2 ± (𝑚𝑙 − 𝑚𝑠)√(𝑚𝑙 + 𝑚𝑠)
2 + 4Δ𝑙𝑠

2 ]

𝑚̃±
2  =

1

2
[𝑚𝑙

2 + 𝑚𝑠
2 + Δ𝑙𝑙

2 + 4Δ𝑙𝑠
2 ± √(𝑚𝑙

2 − 𝑚𝑠
2 + Δ𝑙𝑙

2 )2 + 8[(𝑚𝑙 − 𝑚𝑠)
2 + Δ𝑙𝑙

2 ]Δ𝑙𝑠
2 ]

Δ‾±
2  =

1

2
[Δ𝑙𝑙

2 + 4Δ𝑙𝑠
2 ± √Δ𝑙𝑙

4 + 8Δ𝑙𝑙
2 Δ𝑙𝑠

2 ]

 

Ω1
CFL,div =

2(𝑚̂±
2 )

2

(4𝜋)2
[
1

𝜖
+

3

2
+ log 

Λ2

𝑚̂±
2 ] +

3(𝑚𝑙
2 + Δ𝑙𝑙

2 )
2

(4𝜋)2
[
1

𝜖
+

3

2
+ log 

Λ2

𝑚𝑙
2 + Δ𝑙𝑙

2 ]

+
(𝑚̃±

2 )
2

(4𝜋)2
[
1

𝜖
+

3

2
+ log 

Λ2

𝑚̃±
2 ] −

4Δ‾±
2 𝜇2

(4𝜋)2
[
1

𝜖
+ log 

Λ2

Δ‾±
2 ]  

 −
12𝜇2Δ𝑙𝑙

2

(4𝜋)2
[
1

𝜖
+ log 

Λ2

Δ𝑙𝑙
2 ] −

16𝜇2Δ𝑙𝑠
2

(4𝜋)2
[
1

𝜖
+ log 

Λ2

Δ𝑙𝑠
2 ] .

 

Ω1
CFL, finite = −2𝑁𝑐 ∫ 

𝑝

  [2(𝜇 − 𝐸)𝜃(𝜇 − 𝐸) + (𝜇 − 𝐸𝑠)𝜃(𝜇 − 𝐸𝑠)]  

𝐸 = √𝑝2 + 𝑚𝑙
2  and  𝐸𝑠 = √𝑝2 + 𝑚𝑠

2  

ℒ= (𝐷𝜇𝐻)
†
(𝐷𝜇𝐻) − 𝑉(𝐻) −

1

4
𝐵𝜇𝜈𝐵𝜇𝜈 −

1

4
𝑊𝜇𝜈

𝑎 𝑊𝜇𝜈,𝑎 −
1

4
𝐺𝜇𝜈

𝑎 𝐺𝜇𝜈,𝑎  

 −(𝑦𝑑𝑞‾𝐿𝐻𝑑𝑅 + 𝑦𝑢𝑞‾𝐿𝐻̃𝑢𝑅 + 𝑦𝑒ℓ‾𝐿𝐻𝑒𝑅 +  h.c ) + ∑  

𝜓=𝑞𝐿,ℓ𝐿,𝑢𝑅,𝑑𝑅,𝑒𝑅

 𝑖𝜓‾D̸𝜓
 

𝑉(𝐻) = 𝜇1
2|𝐻|2 + 𝜆𝐻|𝐻|4  

ΔℒSMEFT=
𝐶𝐻,▰

Λ2 (𝐻†𝐻)▰(𝐻†𝐻) +
𝐶𝐻𝐷

Λ2 (𝐻†𝐷𝜇𝐻)
∗
(𝐻†𝐷𝜇𝐻) +

𝐶𝐻

Λ2 (𝐻†𝐻)
3
 

 + (
𝐶𝑡𝐻

Λ2
𝐻†𝐻𝑄‾𝐿𝐻̃𝑡𝑅 +  h.c. ) +

𝐶𝐻𝐺

Λ2
𝐻†𝐻𝐺𝜇𝜈

𝑎 𝐺𝜇𝜈,𝑎

 

𝐻†𝐻𝑊𝜇𝜈𝑊𝜇𝜈 or (𝑄‾𝐿𝜎𝜇𝜈𝑇𝐴𝑡𝑅)𝐻̃𝐺𝜇𝜈
𝐴  

𝐶𝐻𝐺 → 𝐶̃𝐻𝐺 =
1

𝛼𝑠(𝜇)
𝐶𝐻𝐺  

𝐻 =
1

√2
(

0

ℎ (1 + 𝑣2
𝐶𝐻,kin

Λ2 ) + 𝑣
)  
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𝐶𝐻,kin = (𝐶𝐻,▰ −
1

4
𝐶𝐻𝐷)  

ℎ → ℎ + 𝑣2
𝐶𝐻, kin 

Λ2 (ℎ +
ℎ2

𝑣
+

ℎ3

3𝑣2)  

Σ = 𝑒𝑖𝜎𝑖𝜋𝑖/𝑣   with  𝑣 = 246GeV  and  𝑖 = 1,2,3.  

ΔℒHEFT  =
𝑣2

4
Tr(𝐷𝜇Σ†𝐷𝜇Σ) (1 + 2𝑐ℎ𝑉𝑉

ℎ

𝑣
+ 𝑐ℎℎ𝑉𝑉

ℎ2

𝑣2) − 𝑚𝑡 (𝑐𝑡

ℎ

𝑣
+ 𝑐2𝑡

ℎ2

𝑣2) 𝑡‾𝑡

 −𝑐ℎℎℎ

𝑚ℎ
2

2𝑣
ℎ3 +

𝛼𝑠

8𝜋
(𝑐𝑔𝑔ℎ

ℎ

𝑣
+ 𝑐𝑔𝑔ℎℎ

ℎ2

𝑣2) 𝐺𝜇𝜈
𝑎 𝐺𝑎,𝜇𝜈 .

 

HEFT SMEFT 

𝑐ℎ𝑉𝑉 1 +
𝐶𝐻,kin𝑣2

Λ2
 

𝑐ℎℎ𝑉𝑉 1 +
4𝐶𝐻,kin𝑣2

Λ2
 

𝑐ℎℎℎ 1 −
2𝑣2

𝑚ℎ
2

𝑣2𝐶𝐻

Λ2
+ 3

𝑣2

Λ2
𝐶𝐻, kin  

𝑐𝑡 1 −
𝑣2

√2Λ2

𝑣

𝑚𝑡
𝐶𝑢𝐻 +

𝑣2

Λ2
𝐶𝐻, kin  

𝑐2𝑡 −
3𝑣2

2√2Λ2

𝑣

𝑚𝑡
𝐶𝑢𝐻 +

𝑣2

Λ2
𝐶𝐻, kin  

𝑐𝑔𝑔ℎ 
8𝜋

𝛼𝑠

𝑣2

Λ2
𝐶𝐻𝐺 

𝑐𝑔𝑔ℎℎ 
4𝜋

𝛼𝑠

𝑣2

Λ2
𝐶𝐻𝐺 

 

𝑉(𝐻, Φ) = 𝜇1
2|𝐻|2 + 𝜆𝐻|𝐻|4 +

1

2
𝜇2

2Φ2 + 𝜇4|𝐻|2Φ +
1

2
𝜆3|𝐻|2Φ2 +

1

3
𝜇3Φ3 +

1

4
𝜆2Φ4.  

𝐻 =
1

√2
(

0

𝑣𝐻 + ℎ
) , Φ = (𝑣𝑆 + 𝑆),  



pág. 10768 

−𝜇4𝑣𝑆 −
𝜆3𝑣𝑆

2

2
− 𝜇1

2 − 𝜆𝐻𝑣𝐻
2  = 0

−
𝜇4𝑣𝐻

2

2
−

1

2
𝜆3𝑣𝐻

2𝑣𝑆 − 𝜇2
2𝑣𝑆 − 𝜆2𝑣𝑆

3 − 𝜇3𝑣𝑆
2  = 0

 

(
ℎ1

ℎ2
) = (

cos 𝜃 sin 𝜃
−sin 𝜃 cos 𝜃

) (
ℎ

𝑆
)  

𝑀2 = (
𝑚ℎℎ 𝑚ℎ𝑆

𝑚ℎ𝑆 𝑚𝑆𝑆
)  

𝑚ℎℎ  = 2𝑣𝐻
2𝜆𝐻

𝑚ℎ𝑆  = 𝑣𝐻(𝜇4 + 𝜆3𝑣𝑆)

𝑚𝑆𝑆  = 𝜇2
2 +

1

2
(𝜆3𝑣𝐻

2 + 6𝑣𝑆
2𝜆2 + 4𝑣𝑆𝜇3)

 

𝑚1,2
2 =

1

2
(𝑚ℎℎ + 𝑚𝑆𝑆 ∓ √4𝑚ℎ𝑆

2 + (𝑚ℎℎ − 𝑚𝑆𝑆)2) 

 =
1

2
(𝑚ℎℎ + 𝑚𝑆𝑆 ± (𝑚ℎℎ − 𝑚𝑆𝑆)

1

cos 2𝜃
)

 

tan 2𝜃 =
2𝑚ℎ𝑆

𝑚𝑆𝑆 − 𝑚ℎℎ
 

𝜇1
2  = −

1

4
[(−2𝜆3𝑣𝑆

2 + 𝑚1
2 + 𝑚2

2) + cos 2𝜃(𝑚1
2 − 𝑚2

2) − 2
𝑣𝑆

𝑣𝐻
sin 2𝜃(𝑚1

2 − 𝑚2
2)]

𝜇2
2  =

1

2
[(𝜆3𝑣𝐻

2 − 𝑚1
2 − 𝑚2

2 + 2𝜆2𝑣𝑆
2) +

𝑣𝐻

𝑣𝑆
sin 2𝜃(𝑚1

2 − 𝑚2
2) + cos 2𝜃(𝑚1

2 − 𝑚2
2)]

𝜇3  =
1

2𝑣𝑆

(𝑚1
2 + 𝑚2

2 − 𝜆3𝑣𝐻
2 − 4𝜆2𝑣𝑆

2) −
1

4

𝑣𝐻

𝑣𝑆
2 sin 2𝜃(𝑚1

2 − 𝑚2
2)

 −
1

2𝑣𝑆
cos 2𝜃(𝑚1

2 − 𝑚2
2)

𝜇4  =
sin 2𝜃(𝑚2

2 − 𝑚1
2) − 2𝜆3𝑣𝐻𝑣𝑆

2𝑣𝐻

𝜆𝐻  =
cos 2𝜃(𝑚1

2 − 𝑚2
2) + 𝑚1

2 + 𝑚2
2

4𝑣𝐻
2

 

𝑉(ℎ1, ℎ2)=
𝑚2

2
ℎ1

2 +
𝑀2

2
ℎ2

2 + 𝑑1ℎ1
3 + 𝑑2ℎ1

2ℎ2 + 𝑑3ℎ1ℎ2
2 + 𝑑4ℎ2

3 + 𝑧1ℎ1
4 

 +𝑧2ℎ1
3ℎ2 + 𝑧3ℎ1

2ℎ2
2 + 𝑧4ℎ1ℎ2

3 + 𝑧5ℎ2
4

 

𝑉(𝐻, Φ) ≃ 𝜆𝐻(𝐻†𝐻)
2

+
𝜆2

4
Φ4 +

𝜆3

2
(𝐻†𝐻)Φ2  

𝑉 ≃ (√𝜆𝐻𝑥 −
√𝜆2

2
𝑦)

2

+ (
𝜆3

2
+ √𝜆𝐻𝜆2) 𝑥𝑦  

𝜆𝐻(𝜇) > 0, 𝜆2(𝜇) > 0  

𝜆3(𝜇) > −2√𝜆𝐻(𝜇)𝜆2(𝜇)  ⟺  4𝜆𝐻(𝜇)𝜆2(𝜇) − 𝜆3(𝜇)2 > 0  
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(2𝜆𝐻𝑣𝐻
2) (2𝜆2𝑣𝑆

2 + 𝜇3𝑣𝑆 −
𝑣𝐻

2𝜇4

2𝑣𝑆
) > (𝜆3

2𝑣𝐻
2𝑣𝑆

2 + 𝜇4
2𝑣𝐻

2 + 2𝜆3𝜇4𝑣𝐻
2𝑣𝑆)  

|𝜇4|

max(|𝜇2|, |𝜇1|)
≤ 4𝜋,∧ |

𝜇3

𝜇2
| ≤ 4𝜋  

|1 −
𝑠

𝑚2| > 0.25  

𝜆𝐻 → 𝜆𝐻 −
𝜇4

2

𝜇2
2 

𝐶𝐻▰

Λ2
 = −

𝜇4
2

2𝜇2
4

𝐶𝐻

Λ2
 = −

𝜆3𝜇4
2

2𝜇2
4 +

𝜇3𝜇4
3

3𝜇2
6

 

𝑐ℎ𝑉𝑉 = cos 𝜃, 𝑐ℎℎ𝑉𝑉 = cos2 𝜃 − 2
sin 𝜃𝑣𝑑2

𝑚2
2 , 𝑐ℎℎℎ =

2𝑣

𝑚1
2 𝑑1

𝑐𝑡 = cos 𝜃, 𝑐2𝑡 = −
sin 𝜃𝑣𝑑2

𝑚2
2

 

𝐶𝐻▰

Λ2
 ≈

𝑣𝑆𝜆3

𝑣𝐻𝑚2
2 𝜃 −

1

2𝑣𝐻
2 𝜃2 +

2𝑚1
2 − 2𝑣𝑆

2𝜆2 − 5𝑣𝐻
2𝜆3

2

2𝑣𝐻
2𝑚2

2 𝜃2

𝐶𝐻

Λ2
 ≈

𝜆3

2𝑣𝐻
2 𝜃2 +

𝑣𝐻
2𝜆3

2 − 𝑚1
2𝜆3

𝑚2
2𝑣𝐻

2 𝜃2
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 HEFT SMEFT 

𝑐ℎ𝑉𝑉 1 −
1

2
𝜃2 1 −

1

2
𝜃2 +

𝑣𝑆𝑣𝐻𝜆3

𝑚2
2 𝜃 

𝑐ℎℎ𝑉𝑉 1 − 2𝜃2 1 − 2𝜃2 +
4𝑣𝑆𝑣𝐻𝜆3

𝑚2
2 𝜃 

𝑐ℎℎℎ 1 −
3

2
𝜃2 +

𝜆3𝑣𝐻
2

𝑚1
2 𝜃2 1 −

3

2
𝜃2 +

𝜆3𝑣𝐻
2

𝑚1
2 𝜃2 +

3𝑣𝐻𝑣𝑆𝜆3

𝑚2
2 𝜃 

𝑐𝑡 1 −
1

2
𝜃2 1 −

1

2
𝜃2 +

𝑣𝑆𝑣𝐻𝜆3

𝑚2
2 𝜃 

𝑐2𝑡 −
1

2
𝜃2 −

1

2
𝜃2 +

𝑣𝑆𝑣𝐻𝜆3

𝑚2
2 𝜃 

 

𝒪 (𝜃3,
𝜃2

𝑚2
2 ,

1

𝑚ℎ2

4 ) 

Σℎ2→ℎ1ℎ1
=

1

16𝜋𝑚2
𝑑2

2√1 − 4
𝑚1

2

𝑚2
2

 

𝑓 =
𝜆3

𝜆3 +
2𝜇2

2

𝑣𝐻
2

=
𝜆3

𝜆3 + 𝜆ex
 

𝑟exp =
𝜆3𝑣𝐻

2

𝜇2
2  

𝑓 =
𝜆3

𝜆3 +
𝜇2

2

2𝑣𝐻
2

=
2𝜆3𝑣𝐻

2

2𝜆3𝑣𝐻
2 + 𝜇2

2 =
2𝑟exp

1 + 2𝑟exp
 

|ℳSMEFT |
2 = |ℳSM |

2 + 2
𝑐

Λ2
Re(ℳSM ℳ

(6)) + 𝒪(1/Λ4) 

𝑉(Φ1, Φ2)  = 𝑚11
2 (Φ1

†Φ1) + 𝑚22
2 (Φ2

†Φ2) − 𝑚12
2 [Φ1

†Φ2 +  h.c. ] +
𝜆1

2
(Φ1

†Φ1)
2

+
𝜆2

2
(Φ2

†Φ2)
2

 +𝜆3(Φ1
†Φ1)(Φ2

†Φ2) + 𝜆4(Φ1
†Φ2)(Φ2

†Φ1) +
𝜆5

2
[(Φ1

†Φ2)
2

+  h.c. ]

 

(
𝐻1

𝐻2
) = (

𝑐𝛽 𝑠𝛽

−𝑠𝛽 𝑐𝛽
) (

Φ1

Φ2
)  
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𝑉(𝐻1, 𝐻2)= 𝑀11
2 (𝐻1

†𝐻1) + 𝑀22
2 (𝐻2

†𝐻2) − 𝑀12
2 [𝐻1

†𝐻2 +  h.c. ]  

 +
Λ1

2
(𝐻1

†𝐻1)
2

+
Λ2

2
(𝐻2

†𝐻2)
2

+ Λ3(𝐻1
†𝐻1)(𝐻2

†𝐻2) + Λ4(𝐻1
†𝐻2)(𝐻2

†𝐻1)

 + [
Λ5

2
(𝐻1

†𝐻2)
2

+ Λ6(𝐻1
†𝐻1)(𝐻1

†𝐻2) + Λ7(𝐻1
†𝐻2)(𝐻2

†𝐻2) +  h.c. ]

 

(
𝐻

ℎ
) = (

𝑐𝛽−𝛼 𝑠𝛽−𝛼

−𝑠𝛽−𝛼 𝑐𝛽−𝛼
) (

𝐻1
0

𝐻2
0)  

𝑚𝐻
2 = 𝑀2 + Λ̃𝑣2  

𝑀2 =
𝑚12

2

sin 𝛽cos 𝛽
 

𝑚ℎ , 𝑚𝐻 , 𝑚𝐴, 𝑚𝐻± , 𝑡𝛽 = tan 𝛽, 𝑐𝛽−𝛼 , 𝑀2  

𝐶𝑡𝐻

Λ2
 =

𝑦𝑢Λ6

𝑀2tan 𝛽
= −

√2

𝑣3

𝑐𝛽−𝛼

𝑡𝛽
𝑚𝑡 −

1

√2𝑣3
(𝑐𝛽−𝛼

2 +
𝑐𝛽−𝛼(4Δ𝑚𝐻

2 − 6𝑚ℎ
2)

𝑡𝛽Λ2 ) 𝑚𝑡

𝐶𝐻

Λ2
 ==

Λ2

𝑣4
𝑐𝛽−𝛼

2 +
4

𝑣4
𝑐𝛽−𝛼

2 (Δ𝑚𝐻
2 − 𝑚ℎ

2)

 

Λ2 = 𝑀2 −
1

2
(𝑠𝛽−𝛼

2 𝑚ℎ
2 + 𝑐𝛽−𝛼

2 𝑚𝐻
2 ) − 𝑐𝛽−𝛼𝑠𝛽−𝛼tan (2𝛽)(𝑚ℎ

2 − 𝑚𝐻
2 )  

Δ𝑚𝐻
2 = 𝑚𝐻

2 − Λ2 

𝑐𝑡 = 𝑠𝛽−𝛼 +
𝑐𝛽−𝛼

𝑡𝛽
,

𝑐ℎℎℎ =
2𝑣

𝑚1
2 𝑑1

2HDM,

𝑐2𝑡 = −

(𝑐𝛽−𝛼 −
𝑠𝛽−𝛼

𝑡𝛽
) 𝑣𝑑2

2HDM

𝑚𝐻
2 ,

 

 HEFT SMEFT 

𝑐ℎℎℎ 1 − 2
𝑀2

𝑚ℎ
2 𝑐𝛽−𝛼

2  1 − 2
4𝑚𝐻

2 − 3𝑀2

𝑚ℎ
2 𝑐𝛽−𝛼

2  

𝑐𝑡 1 +
𝑐𝛽−𝛼

𝑡𝛽
 1 +

𝑐𝛽−𝛼

𝑡𝛽
+ 2

𝑚𝐻
2 − 𝑀2

𝑡𝛽𝑀2
 

𝑐2𝑡 4
𝑀2

𝑚𝐻
2

𝑐𝛽−𝛼

𝑡𝛽
−

𝑐𝛽−𝛼

𝑡𝛽
 3

𝑐𝛽−𝛼

𝑡𝛽
+ 6

𝑚𝐻
2 − 𝑀2

𝑡𝛽𝑀2
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𝜆1  ≥ 0,
𝜆2  ≥ 0,

𝜆3 + √𝜆1𝜆2  ≥ 0,

𝜆3 + 𝜆4 − |𝜆5| + √𝜆1𝜆2  ≥ 0,

 

𝐶𝑓𝐻

Λ2
=

√2

𝑣3
𝑐𝛽−𝛼𝑡𝛽𝑚𝑓 −

1

√2𝑣3
(𝑐𝛽−𝛼

2 −
𝑡𝛽𝑐𝛽−𝛼(4Δ𝑚𝐻

2 − 6𝑚ℎ
2)

Λ2 ) 𝑚𝑓  

ℒ ⊃ 𝐷𝜇𝜔1
†𝐷𝜇𝜔1 − 𝑀ex

2 𝜔1
†𝜔1 −

𝑐𝜆𝜙

2
𝜔1

†𝜔1𝐻†𝐻.  

ℳ𝑆𝑀𝐸𝐹𝑇(𝑔𝑔 → ℎℎ) =
24𝐶𝐻𝐺𝜆𝐻𝑣𝐻

2𝛿ab𝜀𝜇(𝑝1)𝜀𝜈(𝑝2) (𝑝2
𝜇
𝑝1

𝜈 − 𝑔𝜇𝜈(𝑝1 ⋅ 𝑝2))

Λ2(𝑠 − 𝑚𝐻
2 )

 +
4𝐶𝐻𝐺𝛿ab𝜀𝜇(𝑝1)𝜀𝜈(𝑝2) (𝑝2

𝜇
𝑝1

𝜈 − 𝑔𝜇𝜈(𝑝1 ⋅ 𝑝2))

Λ2
+ 𝒪 (

𝑣𝐻
4

Λ4)

 

𝐶𝐻𝐺

Λ2
=

1

4𝜋

𝛼𝑠(𝜇)𝑐𝜆𝜙

48𝑀ex
2  

ΔℒSMEFT
𝑏.𝑝.

⊃
𝛼𝑠

8𝜋
(𝑐𝑔𝑔ℎ

SMEFT
ℎ

𝑣
+ 𝑐𝑔𝑔ℎℎ

SMEFT
ℎ2

𝑣2) 𝐺𝜇𝜈
𝑎 𝐺𝑎,𝜇𝜈 , 𝑐𝑔𝑔ℎ

SMEFT =
𝑐𝜆𝜙𝑣𝐻

2

24𝑀ex
2 , 𝑐𝑔𝑔ℎℎ

SMEFT =
𝑐𝜆𝜙𝑣𝐻

2

48𝑀ex
2 .  

𝑀Loryon 
2 = 𝑀ex 

2 +
𝑐𝜆𝜙𝑣𝐻

2

4
 or equivalently 𝑀Loryon 

2 = 𝑀ex 
2 + Δ𝑀Loryon 

2  

𝑐𝑔𝑔ℎ  =
𝑐𝜆𝜙𝑣𝐻

2

24𝑀Loryon 
2 =

Δ𝑀Loryon 
2

6𝑀Loryon 
2 ,

𝑐𝑔𝑔ℎℎ  =
𝑐𝜆𝜙𝑣𝐻

2

48𝑀Loryon 
2 −

(𝑐𝜆𝜙𝑣𝐻
2)

2

96𝑀Loryon 
4 =

Δ𝑀Loryon 
2

12𝑀Loryon 
2 −

Δ𝑀Loryon 
4

6𝑀Loryon 
4 .

 

log (
𝐻†𝐻

𝑣2 ) 𝐺𝜇𝜈
𝑎 𝐺𝑎,𝜇𝜈  

𝑑1 =𝑣𝐻𝜆𝐻cos3 𝜃 −
1

2
𝜆3𝑣𝑆cos2 𝜃sin 𝜃 −

𝜇4

2
cos2 𝜃sin 𝜃 +

1

2
𝜆3𝑣𝐻cos 𝜃sin2 𝜃

 −𝜆2𝑣𝑆sin3 𝜃 −
𝜇3

3
sin3 𝜃

𝑑2 =
1

2
𝜆3𝑣𝑆cos3 𝜃 +

1

2
𝜇4cos3 𝜃 + 3𝜆𝐻𝑣𝐻cos2 𝜃sin 𝜃 − 𝜆3𝑣𝐻cos2 𝜃sin 𝜃

 +3𝑣𝑆𝜆2cos 𝜃sin2 𝜃 + 𝜇3cos 𝜃sin2 𝜃 − 𝜇4cos 𝜃sin2 𝜃 − 𝜆3𝑣𝑆cos 𝜃sin2 𝜃

 +
1

2
𝜆3𝑣𝐻sin3 𝜃

 

𝑑1
2HDM =

3

2𝑣2 [𝑠𝛽−𝛼
3 𝑚ℎ

2 + 𝑠𝛽−𝛼𝑐𝛽−𝛼
2 (3𝑚ℎ

2 − 2𝑀2) + 2𝑐𝛽−𝛼
3 cot 2𝛽(𝑚ℎ

2 − 𝑀2)]

𝑑2
2HDM =

−𝑐𝛽−𝛼

𝑣2 [𝑠𝛽−𝛼
2 (2𝑚ℎ

2 + 𝑚𝐻
2 − 4𝑀2) + 2𝑠𝛽−𝛼𝑐𝛽−𝛼cot 2𝛽(2𝑚ℎ

2 + 𝑚𝐻
2 − 3𝑀2)

−𝑐𝛽−𝛼
2 (2𝑚ℎ

2 + 𝑚𝐻
2 − 2𝑀2)]
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ℒSM ⊃ −
1

4
𝐹𝜇𝜈𝐹𝜇𝜈 − 𝜇SM

2 𝐻†𝐻 + 𝜆SM(𝐻†𝐻)
2

ℒhid = −
1

4
𝐹𝑥𝜇𝜈𝐹𝑥

𝜇𝜈
+ |(𝜕𝜇 − 𝑖𝑔𝑥𝐴𝜇

′ )Φ|
2

+ 𝜇𝑥
2Φ∗Φ − 𝜆𝑥(Φ∗Φ)2

 +𝑔𝑥𝜒‾𝛾𝜇𝜒𝐴𝜇
′ + 𝜒‾(𝑖𝛾𝜇𝜕𝜇 − 𝑚𝜒)𝜒

 

ℒmix = −
𝛿

2
𝐹𝜇𝜈𝐹𝑥

𝜇𝜈
− 𝜆mix(𝐻†𝐻)(Φ∗Φ)2  

Φ =
1

√2
(𝜙𝑐 + ℎ𝑥 + 𝑖𝐺),  

|(𝜕𝜇 − 𝑖𝑔𝑥𝐴𝜇
′ )Φ|

2
=

1

2
(𝜕𝜇ℎ𝑥 + 𝑔𝑥𝐴𝜇

′ 𝐺)
2

+
1

2
[𝜕𝜇𝐺 − 𝑔𝑥𝐴𝜇

′ (𝜙𝑥 + ℎ𝑥)]
2
 

 =
1

2
(𝜕𝜇ℎ𝑥)

2
+

1

2
(𝜕𝜇𝐺)

2
− 𝑔𝑥𝜙𝑐(𝜕𝜇𝐺)𝐴′𝜇 + ⋯
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ℒgf = −
1

2𝜉
(𝜕𝜇𝐴𝜇

′ + 𝜉𝑔𝑥𝜙𝑐𝐺)
2

 

ℒghost = 𝑐‾[−𝜕2 − 𝜉𝑔𝑥
2𝜙𝑐(𝜙𝑐 + ℎ𝑥)]𝑐  

𝑚𝐴′
2  = 𝑔𝑥

2𝜙𝑐
2, 𝑚𝐴0

′
2 = 𝜉𝑚𝐴′

2 = 𝜉𝑔𝑥
2𝜙𝑐

2

𝑚ℎ𝑥

2  = −𝜇𝑥
2 + 3𝜆𝑥𝜙𝑐

2

𝑚𝑐
2  = 𝜉𝑚𝐴′

2 = 𝜉𝑔𝑥
2𝜙𝑐

2

𝑚𝐺
2  = −𝜇𝑥

2 + 𝜆𝑥𝜙𝑐
2 + 𝜉𝑚𝐴′

2

 

𝑉(𝐻, 𝜙𝑥) = −𝜇SM
2 𝐻†𝐻 − 𝜇𝑥

2Φ∗Φ + 𝜆SM(𝐻†𝐻)
2

+ 𝜆𝑥(Φ∗Φ)2 + 𝜆mix(𝐻†𝐻)(Φ∗Φ)  

𝐻 =
1

√2
(

0

𝑣SM + ℎ0
) , Φ =

1

√2
(𝑣𝑥 + ℎ𝑥

0),  

𝑣SM
2  =

4𝜇SM
2 𝜆𝑥 − 2𝜇𝑥

2𝜆mix

4𝜆𝑥𝜆SM − 𝜆mix
2

𝑣𝑥
2  =

4𝜇𝑥
2𝜆SM − 2𝜇SM

2 𝜆mix

4𝜆𝑥𝜆SM − 𝜆mix
2

 

|(𝜕𝜇 − 𝑖𝑔𝑥𝐴𝜇
′ )Φ|

2
 =

1

2
(𝜕𝜇ℎ𝑥

0)
2

+
1

2
𝑔𝑥

2[𝐴′2(ℎ𝑥
0)2 + 2𝑣𝑥𝐴′2ℎ𝑥

0 + 𝑣𝑥
2𝐴′2]

−ℒmass  =
1

2
(ℎ0 ℎ𝑥

0) (
2𝜆SM𝑣SM

2 𝜆mix𝑣SM𝑣𝑥

𝜆mix𝑣SM𝑣𝑥 2𝜆𝑥𝑣𝑥
2 ) (

ℎ0

ℎ𝑥
0)

 

(
ℎ

ℎ𝑥
) = (

cos 𝜃 −sin 𝜃
sin 𝜃 cos 𝜃

) (
ℎ0

ℎ𝑥
0)  

𝜃 =
1

2
arctan 

𝜆mix𝑣SM𝑣𝑥

𝜆𝑥𝑣𝑥
2 − 𝜆SM𝑣SM

2  

𝑚ℎ
2 = 𝜆SM𝑣SM

2 + 𝜆𝑥𝑣𝑥
2 + (𝜆SM𝑣SM

2 − 𝜆𝑥𝑣𝑥
2)√1 + tan2 2𝜃

𝑚ℎ𝑥

2 = 𝜆SM𝑣SM
2 + 𝜆𝑥𝑣𝑥

2 − (𝜆SM𝑣SM
2 − 𝜆𝑥𝑣𝑥

2)√1 + tan2 2𝜃
 

Δ𝑚2 = 𝑚ℎ𝑥

2 − 𝑚ℎ
2 

𝑣𝑥  =
Δ𝑚2sin 2𝜃

2𝑣SM𝜆mix

𝜆SM  =
𝑚ℎ

2

2𝑣SM
2 +

Δ𝑚2sin2 𝜃

2𝑣SM
2

𝜆𝑥  =
2𝑣SM

2 𝜆mix
2

sin2 2𝜃Δ𝑚2 (
𝑚ℎ𝑥

2

Δ𝑚2
− sin2 𝜃)

 

𝑉(ℎ, ℎ𝑥) =𝐶ℎ3ℎ3 + 𝐶ℎ2ℎ𝑥
ℎ2ℎ𝑥 + 𝐶ℎℎ𝑥

2ℎℎ𝑥
2 + 𝐶ℎ𝑥

3ℎ𝑥
3

+𝐶ℎ4ℎ4 + 𝐶ℎ3ℎ𝑥
ℎ3ℎ𝑥 + 𝐶ℎ2ℎ𝑥

2ℎ2ℎ𝑥
2 + 𝐶ℎℎ𝑥

3ℎℎ𝑥
3 + 𝐶ℎ𝑥

4ℎ𝑥
4 

 +
1

2
(ℎ ℎ𝑥) (

𝑚ℎ
2 0

0 𝑚ℎ𝑥

2 ) (
ℎ

ℎ𝑥
) ,
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𝐶ℎ3 =
𝑚ℎ

2

2𝑣SM𝑐𝜃
(𝑐𝜃

4 −
𝜆mix𝑣SM

2

Δ𝑚2
𝑠𝜃

2) , 𝐶ℎ2ℎ𝑥
=

2𝑚ℎ
2 + 𝑚ℎ𝑥

2

2𝑣SM
𝑠𝜃 (𝑐𝜃

2 +
𝜆mix𝑣SM

2

Δ𝑚2 )

𝐶ℎ𝑥
3 =

𝑚ℎ𝑥

2

2𝑣SM𝑠𝜃
(𝑠𝜃

4 +
𝜆mix𝑣SM

2

Δ𝑚2
𝑐𝜃

2) , 𝐶ℎℎ𝑥
2 =

𝑚ℎ
2 + 2𝑚ℎ𝑥

2

2𝑣SM
𝑐𝜃 (𝑠𝜃

2 −
𝜆mix𝑣SM

2

Δ𝑚2 )

 

𝐶ℎ4 =
1

4
(
𝑠2𝜃

2

4
𝜆mix + 𝑐𝜃

4𝜆SM + 𝑠𝜃
4𝜆𝑥) , 𝐶ℎ3ℎ𝑥

=
1

4
𝑠2𝜃(−𝑐2𝜃𝜆mix + 2𝑐𝜃

2𝜆SM − 2𝑠𝜃
2𝜆𝑥)

𝐶ℎ𝑥
4 =

1

4
(
𝑠2𝜃

2

4
𝜆mix + 𝑠𝜃

4𝜆SM + 𝑐𝜃
4𝜆𝑥) , 𝐶ℎℎ𝑥

3 =
1

4
𝑠2𝜃(𝑐2𝜃𝜆mix + 2𝑠𝜃

2𝜆SM − 2𝑐𝜃
2𝜆𝑥)

𝐶ℎ2ℎ𝑥
2 =

1

4
[(𝑐2𝜃

2 + 𝑠2𝜃
2 )𝜆mix +

3

2
𝑠2𝜃

2 (−𝜆mix + 𝜆SM + 𝜆𝑥)]

 

|(𝜕𝜇 − 𝑖𝑔𝑥𝐴𝜇
′ )Φ|

2
=

1

2
[𝑠𝜃

2(𝜕𝜇ℎ)
2

+ 𝑐𝜃
2(𝜕𝜇ℎ𝑥)

2
− 2𝑠𝜃𝑐𝜃(𝜕𝜇ℎ)(𝜕𝜇ℎ𝑥)] 

+
1

2
𝑔𝑥

2𝐴′2[𝑠𝜃
2ℎ2 + 𝑐𝜃

2ℎ𝑥
2 − 2𝑠𝜃𝑐𝜃ℎℎ𝑥 + 2𝑣𝑥(𝑠𝜃ℎ + 𝑐𝜃ℎ𝑥) + 𝑣𝑥

2].  

ℒ =(𝑀𝑊
2 𝑊𝜇+𝑊𝜇

− +
1

2
𝑀𝑍

2𝑍𝜇𝑍𝜇) (1 +
ℎ0

𝑣SM
)

2

− ∑  

𝑖

 𝑚𝑖𝑓‾𝑖𝑓𝑖

ℎ0

𝑣SM

→ (
𝑐𝜃

2

𝑣SM
2 ℎ2 +

2𝑐𝜃

𝑣SM
ℎ) (𝑀𝑊

2 𝑊𝜇+𝑊𝜇
− +

1

2
𝑀𝑍

2𝑍𝜇𝑍𝜇)  

+ (
𝑠𝜃

2

𝑣SM
2 ℎ𝑥

2 +
2𝑠𝜃

𝑣SM
ℎ𝑥) (𝑀𝑊

2 𝑊𝜇+𝑊𝜇
− +

1

2
𝑀𝑍

2𝑍𝜇𝑍𝜇)  

 +
2𝑐𝜃𝑠𝜃

𝑣SM
2 ℎℎ𝑥 (𝑀𝑊

2 𝑊𝜇+𝑊𝜇
− +

1

2
𝑀𝑍

2𝑍𝜇𝑍𝜇) −
𝑐𝜃ℎ + 𝑠𝜃ℎ𝑥

𝑣SM
∑  

𝑖

 𝑚𝑖𝑓‾𝑖𝑓𝑖

 

𝒦 = (
1 𝛿 0
𝛿 1 0
0 0 1

) , 𝑀0
2 =

(

 
 

𝑔𝑥
2𝑣𝑥

2 0 0

0
1

4
𝑔𝑌

2𝑣SM
2 −

1

4
𝑔2𝑔𝑌𝑣SM

2

0 −
1

4
𝑔2𝑔𝑌𝑣SM

2
1

4
𝑔2

2𝑣SM
2

)

 
 

 

𝐾 = (
𝑐𝛿 0 0

−𝑠𝛿 1 0
0 0 1

) , 𝑂 = (
1 0 0
0 cos 𝜃𝑊 −sin 𝜃𝑊

0 sin 𝜃𝑊 cos 𝜃𝑊

) (
cos 𝜓 0 sin 𝜓

0 1 0
−sin 𝜓 0 cos 𝜓

)  

𝑐𝛿 = 1/√1 − 𝛿2, 𝑠𝛿 = 𝛿/√1 − 𝛿2, cos 𝜃𝑊 = 𝑔2/√𝑔2
2 + 𝑔𝑌

2, sin 𝜃𝑊 = 𝑔𝑌/√𝑔2
2 + 𝑔𝑌

2 

𝜓 =
1

2
arctan 

2𝛿√1 − 𝛿2sin 𝜃𝑊

1 − 𝜀2 − 𝛿2(1 + sin2 𝜃𝑊)
 

𝜀2 ≡ 𝑀1
2/𝑀𝑍

2 with 𝑀1 = 𝑔𝑥𝑣𝑥 and 𝑀𝑍 =
1

2
𝑣SM√𝑔2

2 + 𝑔𝑌
2 
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ℛ ≡ 𝐾𝑂 = (

𝑐𝛿cos 𝜓 0 𝑐𝛿sin 𝜓
−𝑠𝛿cos 𝜓 + sin 𝜓sin 𝜃𝑊 cos 𝜃𝑊 −𝑠𝛿sin 𝜓 − cos 𝜓sin 𝜃𝑊

−sin 𝜓cos 𝜃𝑊 sin 𝜃𝑊 cos 𝜓cos 𝜃𝑊

)  

𝑀2 = ℛ𝑇𝑀0
2ℛ = (

𝑀𝐴′
2 0 0

0 0 0
0 0 𝑀𝑍

′2

)  

ℒint = (𝑔𝑥𝐽𝑥, 𝑔𝑌𝐽𝑌, 𝑔2𝐽3)𝑉 = (𝑔𝑥𝐽𝑥, 𝑔𝑌𝐽𝑌, 𝑔2𝐽3)ℛ𝐸  

ℒ𝜒  = 𝑔𝑥𝑄𝑥(ℛ11𝐴𝜇
′ + ℛ13𝑍𝜇)𝜒‾𝛾𝜇𝜒

ℒ𝐴′,𝑍,𝐴𝛾
 =

1

2
𝑓𝑖𝛾

𝜇[(𝑣𝑖
′ − 𝑎𝑖

′𝛾5)𝑓𝑖𝐴𝜇
′ + (𝑣𝑖 − 𝑎𝑖𝛾

5)𝑓𝑖𝑍𝜇] + 𝑒𝑄𝑖𝑓𝑖𝛾
𝜇𝑓𝑖𝐴𝛾𝜇

 

𝑣𝑖  = (𝑔2ℛ33 − 𝑔𝑌ℛ23)𝑇𝑖
3 + 2𝑔𝑌ℛ23𝑄𝑖,

𝑎𝑖  = (𝑔2ℛ33 − 𝑔𝑌ℛ23)𝑇𝑖
3

𝑣𝑖
′  = (𝑔2ℛ31 − 𝑔𝑌ℛ21)𝑇𝑖

3 + 2𝑔𝑌ℛ21𝑄𝑖,

𝑎𝑖
′  = (𝑔2ℛ31 − 𝑔𝑌ℛ21)𝑇𝑖

3.

 

𝑉eff(𝜙𝑐 , 𝑇, 𝜉) = 𝑉0(𝜙𝑐) + 𝑉0
1−loop(𝜙𝑐 , 𝜉) + 𝑉T

1−loop(𝜙𝑐 , 𝑇, 𝜉) + 𝑉daisy(𝜙𝑐 , 𝑇, 𝜉)  

𝑉0(𝜙𝑐) = −
𝜇𝑥

2

2
𝜙𝑐

2 +
𝜆𝑥

4
𝜙𝑐

4  

𝑉0
1−loop(𝜙𝑐) = ∑  

𝑖

 ± 𝑔𝑖

𝑚𝑖
4(𝜙𝑐)

64𝜋2
[log (

𝑚𝑖
2(𝜙𝑐)

Λ2 ) − 𝐶𝑖 − 𝐶UV]  

𝑉CW(𝜙𝑐) =∑  

𝑖

 ± 𝑔𝑖

𝑚𝑖
4(𝜙𝑐)

64𝜋2
[log (

𝑚𝑖
2(𝜙𝑐)

Λ2 ) − 𝐶𝑖]  

=
1

64𝜋2
[𝑚ℎ𝑥

4 (log 
𝑚ℎ𝑥

2

Λ2
−

3

2
) + 𝑚𝐺

4 (log 
𝑚𝐺

2

Λ2
−

3

2
)

+3𝑚𝐴′
4 (log 

𝑚𝐴′
2

Λ2
−

5

6
) − 𝑚𝑐

4 (log 
𝑚𝑐

2

Λ2
−

3

2
)] .

 

𝑉T
1−loop(𝜙𝑐 , 𝑇) = ∑  

𝑖

 ± 𝑔𝑖

𝑇4

2𝜋2
𝐽𝐵/𝐹 (

𝑚𝑖
2(𝜙𝑐)

𝑇2 )  

𝐽𝐵/𝐹(𝑥2) ≡ ∫  
∞

0

 d𝑦𝑦2log [1 ∓ exp (−√𝑦2 + 𝑥2)]  

𝐽𝐵(𝑥2)  ≈ −
𝜋4

45
+

𝜋2

12
𝑥2 −

𝜋

6
𝑥3 −

1

32
𝑥4log 𝑥2 + ⋯

𝐽𝐹(𝑥2)  ≈
7𝜋4

360
−

𝜋2

24
𝑥2 −

1

32
𝑥4log 𝑥2 + ⋯

 

𝐽𝐵/𝐹(𝑥2) ≈ ∓ ∑  

𝑘

𝑙=1

 
(±1)𝑙

𝑙2
𝑥2𝐾2(𝑥𝑙)  
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𝑚𝑖
2(𝜙𝑐) → 𝑚𝑖

2(𝜙𝑐) + Π𝑖(𝑇)  

𝑉daisy (𝜙𝑐 , 𝑇) = −
𝑇

12𝜋
∑  

𝑖

 𝑔𝑖 {[𝑚𝑖
2(𝜙𝑐) + Π𝑖(𝑇)]

3/2
− [𝑚𝑖

2(𝜙𝑐)]
3/2

}  

Π𝐴′ =
1

3
𝑔𝑥

2𝑇2 + ∑  

𝑛

𝑖=1

 
1

6
𝑔𝑥

2𝑄𝑖
2𝑇2, Πℎ𝑥

=
1

3
𝜆𝑥𝑇2 +

1

4
𝑔𝑥

2𝑇2, Π𝐺 =
1

4
𝜆𝑥𝑇2  

Π𝐴′ =
1

3
𝑔𝑥

2(1 + 𝑄𝑥
2)𝑇2  

𝑍[𝐽] = ei𝑊[𝐽] = ∫  𝒟𝜙exp {i [𝑆[𝜙] + ∫  d4𝑥𝐽𝜙]}  

𝑆[𝜙] = ∫  d4𝑥ℒ[𝜙] 

𝛿𝑊[𝐽]

𝛿𝐽(𝑥)
= −i

𝛿log 𝑍[𝐽]

𝛿𝐽(𝑥)
=

∫  𝒟𝜙ei ∫  (ℒ+𝐽𝜙)𝜙(𝑥)

∫  𝒟𝜙ei ∫  (ℒ+𝐽𝜙)
 

𝛿𝑊[𝐽]

𝛿𝐽(𝑥)
= ⟨Ω|𝜙(𝑥)|Ω⟩𝐽 ≡ 𝜙𝑐(𝑥)  

Γ[𝜙𝑐] ≡ 𝑊[𝐽] − ∫  d4𝑥𝐽(𝑥)𝜙𝑐(𝑥)  

𝛿

𝛿𝜙𝑐(𝑥)
Γ[𝜙𝑐] = −𝐽(𝑥)  

𝛿

𝛿𝜙𝑐(𝑥)
Γ[𝜙𝑐]|

𝐽=0

= 0  

Γ[𝜙𝑐] = − ∫  d4𝑥𝑉eff(𝜙𝑐)  

𝜙̃(𝑝) = ∫  d4𝑥e−i𝑝𝑥𝜙(𝑥) 

𝑉eff(𝜙𝑐) = − ∑  

∞

𝑛=0

 
𝜙𝑐

𝑛

𝑛!
Γ(𝑛)(𝑝 = 0)  

𝜉
𝜕𝑆eff

𝜕𝜉
= − ∫  d4𝑥

𝛿𝑆eff

𝛿𝜙𝑐(𝑥)
𝐶(𝑥)  

𝐶(𝑥) =
𝑖𝑔𝑥

2
∫   d4𝑦⟨𝑐‾(𝑥)𝐺(𝑥)𝑐(𝑦) × (𝜕𝜇𝐴𝜇(𝑦) + √2𝜉𝑔𝑥𝜙𝑐𝐺(𝑦))⟩  
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𝑆eff  = ∫  d4𝑥 [𝑉eff(𝜙𝑐) +
1

2
𝑍(𝜙𝑐)(𝜕𝜇𝜙𝑐)

2
+ 𝒪(𝜕4)]

𝐶(𝑥)  = 𝐶0(𝜙𝑐) + 𝐷(𝜙)(𝜕𝜇𝜙𝑐)
2

− 𝜕𝜇[𝐷̃(𝜙𝑐)𝜕𝜇𝜙𝑐] + 𝒪(𝜕4)

𝛿𝑆eff

𝛿𝜙𝑐
 =

𝜕𝑉eff(𝜙𝑐)

𝜕𝜙𝑐
+

1

2

𝜕𝑍

𝜕𝜙𝑐
(𝜕𝜇𝜙𝑐)

2
− 𝜕𝜇[𝑍(𝜙𝑐)𝜕𝜇𝜙𝑐] + 𝒪(𝜕4)

 

𝜉
𝜕𝑉eff

𝜕𝜉
 = −𝐶0

𝜕𝑉eff

𝜕𝜙𝑐

𝜉
𝜕𝑍

𝜕𝜉
 = −𝐶0

𝜕𝑍

𝜕𝜙𝑐
− 2𝑍

𝜕𝐶0

𝜕𝜙𝑐
+ 2𝐷

𝜕𝑉eff

𝜕𝜙𝑐
+ 2𝐷̃

𝜕2𝑉eff

𝜕𝜙𝑐
2

 

∫ d4𝑥𝐶0(𝜙𝑐)𝜕𝜇[𝑍(𝜙𝑐)𝜕𝜇𝜙𝑐]= ∫  d4𝑥{𝜕𝜇[𝐶0(𝜙𝑐)𝑍(𝜙𝑐)𝜕𝜇𝜙𝑐] − [𝜕𝜇𝐶0(𝜙𝑐)]𝑍(𝜙𝑐)𝜕𝜇𝜙𝑐} 

= ∫  d4𝑥[𝜕𝜇𝐶0(𝜙𝑐)]𝑍(𝜙𝑐)𝜕𝜇𝜙𝑐  

 = ∫  d4𝑥𝑍(𝜙𝑐)
𝜕𝐶0

𝜕𝜙𝑐
(𝜕𝜇𝜙𝑐)

2

 

𝑉 = 𝑉0 + ℏ𝑉1 + ℏ2𝑉2 + ⋯ , 𝑍 = 1 + ℏ𝑍1 + ℏ2𝑍2 + ⋯  

𝑉(𝜙) ⊃
1

2
𝜇𝑥

2𝜙2, 𝜇𝑥
2 > 0  

𝑉CW(𝜙) ∼
𝑔𝑥

4

16𝜋2
𝜙4log 

𝑔𝑥
2𝜙2

Λ2
∼

𝑔𝑥
4

16𝜋2
𝜙4  

𝜇𝑥
2 ∼ 𝑣𝑥

2 (𝜆𝑥 +
𝑔𝑥

4

16𝜋2)  

𝜇𝑥
2 ∼ 𝑔𝑥

4𝜙𝑐
2 

𝑘field ∼
1

𝐿wall
∼ √𝑉′′(𝜙wall)  

𝑘field ∼
𝑔𝑥

2

4𝜋
𝜙wall

 

𝑉eff
0 T = 𝑉𝑔𝑥

4
0 T + 𝑉𝑔𝑥

6
0 T + 𝒪(𝑔𝑥

8)  

𝑉𝑔𝑥
4

0 T  =
𝜇𝑥

2

2
𝜙𝑐

2 +
𝜆𝑥

4
𝜙𝑐

4 + 3
𝑚𝐴′

4

64𝜋2 (log 
𝑚𝐴′

2

Λ2
−

5

6
)

𝑉𝑔𝑥
6

0 T  =
𝑚𝐺

4

64𝜋2 (log 
𝑚𝐺

2

Λ2
−

3

2
) −

𝑚𝑐
4

64𝜋2 (log 
𝑚𝑐

2

Λ2
−

3

2
)

 

𝑍 = 1 + 𝑍𝑔𝑥
2 + 𝒪(𝑔𝑥

4)

 =
𝑔𝑥

2

16𝜋2 (𝜉log 
𝑚𝑐

2

Λ2
+ 3log 

𝑚𝐴′
2

Λ2
+ 𝜉)
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𝐶0= 𝐶𝑔𝑥
2 + 𝒪(𝑔𝑥

4)  

 = −
𝜉𝑔𝑥

2𝜙𝑐

32𝜋2
log 

𝑚𝑐
2

Λ2
+ 𝒪(𝑔𝑥

4)

𝐷, 𝐷̃ = 1 + 𝒪(𝑔𝑥
2)

 

𝜉
𝜕𝑉𝑔𝑥

4
0 T

𝜕𝜉
= 0

𝜉
𝜕𝑉𝑔𝑥

6
0 T

𝜕𝜉
= −𝐶𝑔𝑥

2

𝜕𝑉𝑔𝑥
4

0 T

𝜕𝜙𝑐

𝜉
𝜕𝑍𝑔𝑥

2

𝜕𝜉
= −2

𝜕𝐶𝑔𝑥
2

𝜕𝜙𝑐

 

⧠𝜙𝑏 =
𝜕𝑉𝑔𝑥

4
0 T

𝜕𝜙𝑐
|

𝜙𝑐=𝜙𝑏

 

Γ = 𝒜e−(𝑆0
0 T+𝑆1

0 T)  

𝑆0
0 T = ∫  d4𝑥 [𝑉𝑔𝑥

4
0 T(𝜙𝑏) +

1

2
(𝜕𝜇𝜙𝑏)

2
]  

𝑆1
0 T = ∫  d4𝑥 [𝑉𝑔𝑥

6
0 T(𝜙𝑏, 𝜉) +

1

2
𝑍𝑔𝑥

2(𝜙𝑏 , 𝜉)(𝜕𝜇𝜙𝑏)
2
]  

𝜉
𝜕𝑆1

0 T

𝜕𝜉
 = ∫  d4𝑥 [𝜉

𝜕𝑉𝑔𝑥
6

0 T

𝜕𝜉
+

1

2
𝜉

𝜕𝑍𝑔𝑥
2

𝜕𝜉
(𝜕𝜇𝜙𝑏)

2
]

 = − ∫  d4𝑥 [𝐶𝑔𝑥
2

𝜕𝑉𝑔𝑥
4

0 T

𝜕𝜙𝑐
+

𝜕𝐶𝑔𝑥
2

𝜕𝜙𝑐
(𝜕𝜇𝜙𝑏)

2
]|

𝜙𝑐=𝜙𝑏

 = − ∫  d4𝑥 [𝐶𝑔𝑥
2

𝜕𝑉𝑔𝑥
4

0 T

𝜕𝜙𝑐
+ (𝜕𝜇𝐶𝑔𝑥

2)(𝜕𝜇𝜙𝑏)]|

𝜙𝑐=𝜙𝑏

 = − ∫  d4𝑥𝐶𝑔𝑥
2 [

𝜕𝑉𝑔𝑥
4

0 T

𝜕𝜙𝑐
− ⧠𝜙𝑏]|

𝜙𝑐=𝜙𝑏

 

 

Γ(𝑇)  = 𝒜(𝑇)e−𝑆3(𝑇)/𝑇

𝑆3(𝑇)  = ∫  d3𝑥 [𝑉eff (𝜙𝑐 , 𝑇) +
1

2
𝑍(𝜙𝑐 , 𝑇)(𝜕𝑖𝜙𝑐)2 + 𝒪(𝜕4)]

 

𝑉LO = −
𝜇𝑥

2

2
𝜙𝑐

2 +
𝜆𝑥

4
𝜙𝑐

4 +
𝑇2

24
(𝑚ℎ𝑥

2 + 3𝑚𝐴′
2 + 𝑚𝐺

2 − 𝑚𝑐
2) + ⋯ 

= −
1

2
𝜇eff

2 𝜙𝑐
2 +

𝜆𝑥

4
𝜙𝑐

4 ⋯ ,  

−𝜇eff
2 = −𝜇𝑥

2 + (
1

3
𝜆𝑥 +

1

4
𝑔𝑥

2) 𝑇2  
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𝜆𝑥 ∼ 𝑔𝑥
3, 𝜇eff

2 ∼ 𝑔𝑥
3𝑇2, 𝑇 ∼ 𝜙𝑐  

𝑘field

Λ
∼

𝑔𝑥
3/2

2𝜋
≪ 1  

𝑚𝐴′
2  = 𝑔𝑥

2𝜙𝑐
2, 𝑚𝐴0

′
2 = 𝜉𝑔𝑥

2𝜙𝑐
2, 𝑚𝑐

2 = 𝜉𝑔𝑥
2𝜙𝑐

2

𝑚ℎ𝑥

2  = −𝜇eff
2 + 3𝜆𝑥𝜙𝑐

2

𝑚𝐺
2  = −𝜇eff

2 + 𝜆𝑥𝜙𝑐
2 + 𝜉𝑔𝑥

2𝜙𝑐
2

 

𝑉𝑔𝑥
3

HT =−
𝜇𝑥

2

2
𝜙𝑐

2 +
𝜆𝑥

4
𝜙𝑐

4 +
𝑇2

24
(𝑚ℎ𝑥

2 + 3𝑚𝐴′
2 + 𝑚𝐺

2 − 𝑚𝑐
2)  

−
𝑇

12
[2𝑚𝐴′

3 + (𝑚𝐴′
2 + Π𝐴′)

3/2
]  

= −
1

2
𝜇eff

2 𝜙𝑐
2 +

𝜆𝑥

4
𝜙𝑐

4 −
𝑔𝑥

3𝑇

12𝜋
[2𝜙𝑐

3 + (
1

3
𝑇2 + 𝜙𝑐

2)
3/2

] .

 

𝑉CW = 𝐹(𝑚ℎ𝑥

2 ) + 3𝐹(𝑚𝐴′
2 ) + 𝐹(𝑚𝐺

2) − 𝐹(𝑚𝑐
2)  

𝐹(𝑚𝑖
2) ≡

𝑚𝑖
4

64𝜋2 (log 
𝑚𝑖

2

Λ2
− 𝐶𝑖)  

𝐹(𝑚ℎ𝑥

2 ) ∼ 𝒪(𝑔𝑥
6) and 𝐹(𝑚𝐴′

2 ) ∼ 𝒪(𝑔𝑥
4) 

𝑓(𝑥) = 𝑓(𝑎) + 𝑓′(𝑎)(𝑥 − 𝑎) + ⋯ 

𝐹(𝑚𝐺
2) − 𝐹(𝑚𝑐

2) ≃ 𝐹′(𝑚𝑐
2)(𝑚𝐺

2 − 𝑚𝑐
2) ∼ 𝜉𝒪(𝑔𝑥

5)  

𝐹′(𝑚𝑐
2) ∼ 𝒪(𝑚𝑐

2) 

−
𝑇

12𝜋
[(𝑚ℎ𝑥

2 + Πℎ𝑥
)

3/2
+ (𝑚𝐺

2 + Π𝐺)3/2 − 𝑚𝐺
3 + 𝑚𝐺

3 − 𝑚𝑐
3]  

(𝑚ℎ𝑥

2 + Πℎ𝑥
)

3/2
∼ 𝒪 (𝑔𝑥

9/2
) 

(𝑚𝐺
2 + Π𝐺)3/2 − 𝑚𝑐

3= (−𝜇eff
2 + 𝜆𝑥𝜙𝑐

2 + 𝜉𝑔𝑥
2𝜙𝑐

2 +
1

4
𝜆𝑥𝑇2)

3/2

− (𝜉𝑔𝑥
2𝜙𝑐

2)3/2  

 ≈ (−𝜇eff
2 + 𝜆𝑥𝜙𝑐

2 + 𝜉𝑔𝑥
2𝜙𝑐

2)
3/2

− (𝜉𝑔𝑥
2𝜙𝑐

2)3/2 ∼ √𝜉𝒪(𝑔𝑥
4)

 

𝑚𝑐
2 = 𝜉𝑔𝑥

2𝜙𝑐
2 is much larger than −𝜇eff 

2 + 𝜆𝑥𝜙𝑐
2 +

1

4
𝜆𝑥𝑇2, for 𝜉 ≳ 𝑔𝑥 

𝑉𝑔𝑥
4

0 = 3
𝑚𝐴′

4

64𝜋2 (log 
𝑚𝐴′

2

Λ2
−

5

6
) −

𝑇

12𝜋
(𝑚𝐺

3 − 𝑚𝑐
3)  

𝑚𝐺
2 → 𝑚̃𝐺

2 ≡
1

𝜙𝑐

𝜕𝑉𝑔𝑥
3

HT

𝜕𝜙𝑐
+ 𝜉𝑔𝑥

2𝜙𝑐
2  
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𝑉̃𝑔𝑥
4

0 = 3
𝑚𝐴′

4

64𝜋2 (log 
𝑚𝐴′

2

Λ2
−

5

6
) −

𝑇

12𝜋
(𝑚̃𝐺

3 − 𝑚𝑐
3)  

 ≃ 3
𝑚𝐴′

4

64𝜋2 (log 
𝑚𝐴′

2

Λ2
−

5

6
) −

𝑇𝑔𝑥𝜙𝑐√𝜉

8𝜋
[−𝜇eff

2 + 𝜆𝑥𝜙𝑐
2 −

𝑔𝑥
3𝑇

4𝜋
(2𝜙𝑐 + √

1

3
𝑇2 + 𝜙𝑐

2)]

 

𝑉𝑔𝑥
4

HT= −
𝑇𝑔𝑥𝜙𝑐√𝜉

8𝜋
[−𝜇eff

2 + 𝜆𝑥𝜙𝑐
2 −

𝑔𝑥
3𝑇

4𝜋
(2𝜙𝑐 + √

1

3
𝑇2 + 𝜙𝑐

2)]  

 +
1

(4𝜋)2
𝑔𝑥

4𝑇2𝜙𝑐
2 [−

3

2
+ ln (

4𝑔𝑥
2𝜙𝑐

2

Λ2 ) +
1

2
ln (

4𝑔𝑥
2 (

1
3

𝑇2 + 𝜙𝑐
2)

Λ2
)]

 

𝑉eff
HT  = 𝑉𝑔𝑥

3
HT + 𝑉𝑔𝑥

4
HT + 𝒪 (𝑔𝑥

9/2
𝑇4)

𝑍 = 1 + 𝑍𝑔𝑥
+ 𝒪 (𝑔𝑥

3/2
)

 

𝑍𝑔𝑥
=

𝑔𝑥𝑇

48𝜋
[−

22

𝜙𝑐
+

𝜙𝑐
2

(
1
3

𝑇2 + 𝜙𝑐
2)

3/2
]  

∇2𝜙𝑏 =
𝜕𝑉𝑔𝑥

3

𝜕𝜙𝑐
|
𝜙𝑐=𝜙𝑏

, 𝜙𝑏(∞) = 0, 𝜙𝑏
′ (0) = 0  

Γ = 𝒜e−(𝑆0
HT+𝑆1

HT)/𝑇

𝑆0
HT  = ∫  d3𝑥 [𝑉𝑔𝑥

3
HT(𝜙𝑏) +

1

2
(𝜕𝑖𝜙𝑏)2]

𝑆1
HT  = ∫  d3𝑥 [𝑉𝑔𝑥

4
HT(𝜙𝑏) +

1

2
𝑍𝑔𝑥

(𝜕𝑖𝜙𝑏)2]

 

𝐶 = 𝐶𝑔𝑥
+ 𝒪 (𝑔𝑥

3/2
) , 𝐷, 𝐷̃ = 𝒪(𝑔𝑥

−1)  

𝜉
𝜕𝑉𝑔𝑥

4
HT

𝜕𝜉
 = −𝐶𝑔𝑥

𝜕𝑉𝑔𝑥
3

HT

𝜕𝜙𝑐

𝜉
𝜕𝑍𝑔𝑥

𝜕𝜉
 = −2

𝜕𝐶𝑔𝑥

𝜕𝜙𝑐

 

𝐶𝑔𝑥
= √𝜉𝑔𝑥𝑇/(16𝜋) 
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𝜉
𝜕𝑆1

HT

𝜕𝜉
= ∫  d⧠𝑥 [𝜉

𝜕𝑉𝑔𝑥
4

HT

𝜕𝜉
+

1

2
𝜉

𝜕𝑍𝑔𝑥

𝜕𝜉
(𝜕𝑖𝜙𝑏)2] 

= ∫  d⧠𝑥 [−𝐶𝑔𝑥

𝜕𝑉𝑔𝑥
3

HT

𝜕𝜙𝑐
+ 0]|

𝜙𝑐=𝜙𝑏

 

= −𝐶𝑔𝑥
∫   d⧠𝑥∇2𝜙𝑏  

= −𝐶𝑔𝑥
∫   d◻𝑆𝜕𝜙𝑏  

 

 

𝜆𝑥

4
𝜙4 ≲

𝑚𝐴′
4

64𝜋2
log 

𝑚𝐴′
2

Λ2
 

𝜆𝑥 ≲ 𝒪 (
𝑔𝑥

4

16𝜋2)  

𝑘field ∼ √𝜆𝑥𝜙wall ∼
𝑔𝑥

2

4𝜋
𝜙wall

 

𝑘field

Λ
∼

𝑔𝑥

4𝜋
≪ 1  

𝜆𝑥 ∼ 𝑔𝑥
4, 𝜇𝑥

2 ∼ 𝑔𝑥
4𝜙𝑐

2  

𝑇4

2𝜋2
𝐽𝐵 (

𝑚2

𝑇2 ) ∼ 𝑇4e−𝑚/𝑇  

𝑉𝑔𝑥
4

LT =−
𝜇𝑥

2

2
𝜙𝑐

2 +
𝜆𝑥

4
𝜙𝑐

4 + 3
𝑚𝐴′

4

64𝜋2 (log 
𝑚𝐴′

2

Λ2
−

5

6
)  

 +𝑉daisy 
𝐴′

(𝑇3) + 𝑉daisy 

ℎ𝑥 (𝑇3) +
𝑇4

2𝜋2
[𝐽𝐵 (

𝑚ℎ𝑥

2

𝑇2 ) + 3𝐽𝐵 (
𝑚𝐴′

2

𝑇2 )] ,

𝑉𝑔𝑥
6

LT =
𝑚𝐺

4

64𝜋2 (log 
𝑚𝐺

2

Λ2
−

3

2
) −

𝑚𝑐
4

64𝜋2 (log 
𝑚𝑐

2

Λ2
−

3

2
)

 +𝑉daisy 
𝐺 (𝑇3) +

𝑇4

2𝜋2
[𝐽𝐵 (

𝑚𝐺
2

𝑇2 ) − 𝐽𝐵 (
𝑚𝑐

2

𝑇2 )] ,

𝑍(𝜙𝑐) =1 + 𝑍𝑔𝑥
2(𝜙𝑐 , 𝑇 = 0) + 𝛿𝑍𝑔𝑥

2(𝜙𝑐 , 𝑇) + 𝒪(𝑔𝑥
4),

 

∇2𝜙𝑏 =
𝜕𝑉𝑔𝑥

4
LT

𝜕𝜙𝑐
|

𝜙𝑐=𝜙𝑏

, 𝜙𝑏(∞) = 0, 𝜙𝑏
′ (0) = 0  

Γ = 𝒜e−(𝑆0
LT+𝑆1

LT)/𝑇

𝑆0
LT  = ∫   d⧠𝑥 [𝑉𝑔𝑥

4
LT(𝜙𝑏) +

1

2
(𝜕𝑖𝜙𝑏)2]

𝑆1
LT  = ∫   d⧠𝑥 [𝑉𝑔𝑥

6
LT(𝜙𝑏) +

1

2
𝑍𝑔𝑥

2(𝜕𝑖𝜙𝑏)2]
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𝜉
𝜕𝑉𝑔𝑥

4
LT

𝜕𝜉
= 0

𝜉
𝜕𝑉𝑔𝑥

6
LT

𝜕𝜉
= −𝐶𝑔𝑥

2

𝜕𝑉𝑔𝑥
4

LT

𝜕𝜙𝑐

𝜉
𝜕𝑍𝑔𝑥

2

𝜕𝜉
= −2

𝜕𝐶𝑔𝑥
2

𝜕𝜙𝑐

 

𝜉
𝜕𝑆1

LT

𝜕𝜉
= ∫  d⧠𝑥 [𝜉

𝜕𝑉𝑔𝑥
6

LT

𝜕𝜉
+

1

2
𝜉

𝜕𝑍𝑔𝑥
2

𝜕𝜉
(𝜕𝑖𝜙𝑏)2]  

= − ∫  d⧠𝑥 [𝐶𝑔𝑥
2

𝜕𝑉𝑔𝑥
4

LT

𝜕𝜙𝑐
+

𝜕𝐶𝑔𝑥
2

𝜕𝜙𝑐

(𝜕𝑖𝜙𝑏)2]|

𝜙𝑐=𝜙𝑏

 

 = − ∫  d⧠𝑥 [𝐶𝑔𝑥
2

𝜕𝑉𝑔𝑥
4

LT

𝜕𝜙𝑐
+ (𝜕𝑖𝐶𝑔𝑥

2)(𝜕𝑖𝜙𝑏)]|

𝜙𝑐=𝜙𝑏

= − ∫  d⧠𝑥𝐶𝑔𝑥
2 [

𝜕𝑉𝑔𝑥
4

LT

𝜕𝜙𝑐
− ∇2𝜙𝑏]|

𝜙𝑐=𝜙𝑏

 

 

 

Γ(𝑇) = 𝒜(𝑇)e−𝑆3(𝑇)/𝑇  

𝑆◻(𝜙, 𝑇) = ∫  
∞

0

 d⧠𝑥 [
1

2
(∇𝜙)2 + 𝑉̃eff(𝜙, 𝑇)]  

𝑉̃eff (𝜙, 𝑇) ≡ 𝑉eff (𝜙, 𝑇) − 𝑉eff (𝜙FV, 𝑇) 

d◻𝜙

 d𝑟2
+

2

𝑟

 d𝜙

 d𝑟
=

𝜕

𝜕𝜙
𝑉̃eff(𝜙, 𝑇)  

𝒜(𝑇) = 𝑇 [
𝑆3(𝜙𝑏 , 𝑇)

2𝜋𝑇
]

3/2

{
det′[−∇2 + 𝑉′′(𝜙𝑏, 𝑇)]

det[−∇2 + 𝑉′′(𝜙FV, 𝑇)]
}

−1/2

 

𝒜(𝑇) ≃ 𝑇4 [
𝑆3(𝜙𝑏, 𝑇)

2𝜋𝑇
]

3/2

 

𝑃𝑓(𝑡) = exp [−𝒱𝑡
ext(𝑡)]  

𝒱𝑡
ext(𝑡) =

4𝜋

3
∫  

𝑡

𝑡𝑐

  d𝑡′Γ(𝑡′)
𝑎3(𝑡′)

𝑎3(𝑡)
𝑅3(𝑡′, 𝑡)  

𝑅(𝑡′, 𝑡) = ∫  
𝑡

𝑡′
  d𝑡′′𝑣𝑤

𝑎(𝑡)

𝑎(𝑡′′)
 

𝒱𝑡
ext (𝑡) =

4𝜋

3
𝑣𝑤

3 ∫  
𝑡

𝑡𝑐

  d𝑡′Γ(𝑡′) [
𝑎(𝑡′)

𝑎(𝑡)
]

3

[∫  
𝑡

𝑡′
  d𝑡′′

𝑎(𝑡)

𝑎(𝑡′′)
]

3
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∫  
𝑡𝑛

𝑡𝑐

 
Γ

𝐻3
 d𝑡 ≃ 1  

𝐻2 =
𝜌rad + 𝜌vac

3𝑀Pl
2 =

1

3𝑀Pl
2 [

𝜋2

30
𝑔∗𝑇

4 + Δ𝑉eff(𝑇)]  

Δ𝑉eff = 𝑉eff(𝜙FV, 𝑇) − 𝑉eff(𝜙TV, 𝑇), 𝑔∗ 

d

 d𝑡
[𝑠(𝑡)𝑎3(𝑡)] = 0 ⇒

 d𝑠

 d𝑡
= −3𝐻(𝑡)𝑠(𝑡)  

𝑠(𝑇) =
𝜕𝑝

𝜕𝑇
= −

𝜕𝑉

𝜕𝑇
 

d𝑇

 d𝑡

 d𝑠

 d𝑇
= −

d𝑇

 d𝑡

𝜕2𝑉

𝜕𝑇2
= 3𝐻(𝑇)

𝜕𝑉

𝜕𝑇
 

d𝑇

 d𝑡
= −3𝐻(𝑇)

𝜕𝑇𝑉

𝜕𝑇𝑇𝑉
 

𝜕𝑇𝑉 =
𝜕𝑉

𝜕𝑇
 and 𝜕𝑇𝑇𝑉 =

𝜕2𝑉

𝜕𝑇2 

𝑉(𝜙FV, 𝑇) = 𝑎𝑇4 + 𝑏  

d𝑇

 d𝑡
=

bag
− 𝐻(𝑇)𝑇  

∫  
𝑇𝑐

𝑇𝑛

 
Γ(𝑇)

𝐻(𝑇)4

1

𝑇
 d𝑇 ≃ 1  

𝑎(𝑡1)

𝑎(𝑡2)
= exp [∫  

𝑡1

𝑡2

  d𝑡′𝐻(𝑡′)]  

𝑎(𝑇1)

𝑎(𝑇2)
= exp (∫  

𝑇2

𝑇1

  d𝑇′
1

𝑇′) =
𝑇2

𝑇1
 

𝑃𝑓(𝑇) = exp {−
4𝜋

3
𝑣𝑤

3 ∫  
𝑇𝑐

𝑇

  d𝑇′
Γ(𝑇′)

𝑇′4𝐻(𝑇′)
[∫  

𝑇′

𝑇

 
d𝑇′′

𝐻(𝑇′′)
]

3

}  

d𝒱phys 

d𝑡
= 𝒱phys [

d

 d𝑡
ln 𝑃𝑓(𝑡) + 3𝐻(𝑡)] ≤ 0  

𝑇
 d𝒱𝑡

ext

 d𝑇
+ 3 ≤ 0  

𝑇reh ≃ [1 + 𝛼(𝑇𝑝)]
1/4

𝑇𝑝  

𝑅∗ =
(8𝜋)1/3

𝛽
𝑣𝑤  
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𝛽 = −
d

 d𝑡
(
𝑆3

𝑇
)|

𝑡=𝑡𝑝

= 𝐻(𝑇)𝑇
 d

 d𝑇
(
𝑆3

𝑇
)|

𝑇=𝑇𝑝

 

𝛽

𝐻𝑝
= 𝑇

 d

 d𝑇
(
𝑆3

𝑇
)|

𝑇=𝑇𝑝

 

𝑅∗(𝑇) ≡ [𝑛(𝑇)]−1/3 = [𝑇 ∫  
𝑇𝑐

𝑇

  d𝑇′
Γ(𝑇′)𝑃𝑓(𝑇′)

𝑇4𝐻(𝑇′)
]

−1/3

 

𝛼 ≡
𝜃‾𝑓(𝑇𝑝) − 𝜃‾𝑡(𝑇𝑝)

3𝑤𝑓(𝑇𝑝)
, 𝜃‾ ≡ 𝑒 −

𝑝

𝑐𝑠,𝑡
2  

𝑝 ≡ −𝑉eff(𝜙𝑐 , 𝑇) +
𝜋2

90
𝑔eff(𝑇)𝑇4

𝑒 ≡ 𝑇
𝜕𝑝

𝜕𝑇
− 𝑝

𝑤 ≡ 𝑇
𝜕𝑝

𝜕𝑇
= 𝑝 + 𝑒

𝑐𝑠
2  ≡

𝛿𝑝

𝛿𝑒
≃

𝜕𝑝/𝜕𝑇

𝜕𝑒/𝜕𝑇

 

𝛼∞ ≡
1

18

∑  𝑖  𝑔𝑖𝑐𝑖Δ𝑚𝑖
2𝑇𝑝

2

𝑤𝑓(𝑇𝑝)
 

Δ𝑚𝑖
2 = 𝑚𝑖,𝑡

2 − 𝑚𝑖,𝑓
2  

𝑣𝑤(𝛼, 𝑐𝑠,𝑓
2 , 𝑐𝑠,𝑡

2 , Ψ), where Ψ ≡ 𝑤𝑡/𝑤𝑓 

𝐾 ≃
𝛼

1 + 𝛼
𝜅(𝛼, 𝑐𝑠,𝑓

2 , 𝑐𝑠,𝑡
2 , 𝑣𝑤)  

ΩGW(𝑓) ≡
1

𝜌𝑐

 d𝜌GW

 dlog 𝑓
 

ℎ2ΩGW(𝑓) = ℎ2Ω𝜙(𝑓) + ℎ2Ωsw(𝑓) + ℎ2Ωtb(𝑓)  

ℎ2Ω(𝑓) = ℎ2Ωpeak 𝒮(𝑓)  

𝛼tot =
Δ𝜃‾(𝑇ℎ,𝑝)

3[𝑤𝑓
𝑣(𝑇𝑣,𝑝) + 𝑤𝑓

ℎ(𝑇ℎ,𝑝)]
, 𝛼ℎ =

Δ𝜃‾(𝑇ℎ,𝑝)

3𝑤𝑓
ℎ(𝑇ℎ,𝑝)

 

Δ𝜃‾ = 𝜃‾𝑓 − 𝜃‾𝑡 

𝛼ℎ,∞ ≡
1

18

∑  𝑖  𝑔𝑖𝑐𝑖Δ𝑚𝑖
2𝑇ℎ,𝑝

2

𝑤𝑓
ℎ(𝑇ℎ,𝑝)

,  

𝜅col = 1 −
𝛼ℎ,∞

𝛼ℎ
, 𝜅sw =

𝛼ℎ,∞

𝛼ℎ
𝜅(𝛼ℎ,∞, 𝑐𝑠,𝑓

2 , 𝑐𝑠,𝑡
2 , 𝑣𝑤), 𝜅tb = 𝜖𝜅sw  
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𝜅col = 0, 𝜅sw = 𝜅(𝛼ℎ , 𝑐𝑠,𝑓
2 , 𝑐𝑠,𝑡

2 , 𝑣𝑤), 𝜅tb = 𝜖𝜅sw  

ℎ2Ω0(𝑓0) = (
𝑎∗

𝑎0
)

4

(
𝐻∗

𝐻0
)

2

Ω1(𝑓∗) = 1.67 × 10−5 (
100

𝑔eff(𝑇∗)
)

1/3

Ω∗(𝑓∗)  

𝑓0 =
𝑎∗

𝑎0
𝑓∗ = 1.65 × 10−5 Hz (

𝑔eff(𝑇∗)

100
)

1/6

(
𝑇∗

100GeV
)  

ℎ2Ω𝜙(𝑓)  = 1.67 × 10−5
0.11𝑣𝑤

3

0.42 + 𝑣𝑤
2

(
100

𝑔eff(𝑇reh)
)

1/3

(
𝜅col𝛼tot

1 + 𝛼tot
)

2

(
𝛽

𝐻∗
)

−2

𝒮𝜙(𝑓)

𝒮𝜙(𝑓)  =
3.8(𝑓/𝑓𝜙)

2.8

1 + 2.8(𝑓/𝑓𝜙)
3.8

𝑓𝜙  = 1.6 × 10−7 (
𝑔eff(𝑇reh)

100
)

1/6

(
𝑇reh

1GeV
) (

𝛽

𝐻∗
) (

0.62

1.8 − 0.1𝑣𝑤 + 𝑣𝑤
2
) Hz

 

ℎ2Ωsw(𝑓)  = 2.65 × 10−6𝑣𝑤 (
100

𝑔eff(𝑇reh)
)

1/3

(
𝜅sw𝛼tot

1 + 𝛼tot
)

2

(
𝛽

𝐻∗
)

−1

𝒮sw(𝑓)

𝒮sw(𝑓)  = (
𝑓

𝑓sw
)

3

[
7

4 + 3(𝑓/𝑓sw)2]
7/2

𝑓sw  = 1.9 × 10−7
1

𝑣𝑤
(
𝑔eff(𝑇reh)

100
)

1/6

(
𝑇reh

1GeV
) (

𝛽

𝐻∗
) Hz

 

ℎ2Ωtb(𝑓)  = 3.35 × 10−4𝑣𝑤 (
100

𝑔eff(𝑇reh)
)

1/3

(
𝜅tb𝛼tot

1 + 𝛼tot
)

3/2

𝒮tb(𝑓)

𝒮tb(𝑓)  = (
𝑓

𝑓tb
)

3

[
1

1 + (𝑓/𝑓tb)
]
11/3

(1 + 8𝜋
𝑓

𝐻∗
′
)

−1

𝑓tb  =
2.7

1.9
𝑓sw

 

𝐻∗
′ = (

𝑎

𝑎0
) 𝐻∗ ≃ 1.6 × 10−5 Hz (

𝑔eff(𝑇reh)

100
)

1/6

(
𝑇reh

100GeV
)  

 high −  𝑇: 𝑔𝑥 ∈ [10−3, 0.7], 𝜆𝑥 ∈ [10−9, 10−2], 𝑣𝑥 ∈ [10−3, 102]GeV,

 low −  𝑇: 𝑔𝑥 ∈ [10−2, 0.7], 𝜆𝑥 ∈ [10−6, 10−2], 𝑣𝑥 ∈ [10−3, 102]GeV.
 

𝐴′𝐴′ →
 annihilation  

ℎ𝑥ℎ𝑥 →
 decay  

SM particles.  
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d𝑌ℎ𝑥

 d𝑇
=−

𝑠

𝑇𝐻‾
∑  

𝑖∈SM

  {2 [(𝑌ℎ𝑥

eq
)

2
− 𝑌ℎ𝑥

2 ] ⟨𝜎𝑣⟩ℎ𝑥ℎ𝑥→{𝑖𝑖‾,ℎℎ,𝑍𝑍,𝑊±𝑊∓}  

+ (𝑌ℎ𝑌ℎ𝑥

eq
− 𝑌ℎ𝑌ℎ𝑥

) ⟨𝜎𝑣⟩ℎℎ𝑥→{𝑖𝑖‾,ℎℎ,𝑍𝑍,𝑊±𝑊∓}  

+2𝑌𝐴′
2 ⟨𝜎𝑣⟩𝐴′𝐴′→ℎ𝑥ℎ𝑥

− 2𝑌ℎ𝑥

2 ⟨𝜎𝑣⟩ℎ𝑥ℎ𝑥→𝐴′𝐴′  

+𝑌𝐴′
2 ⟨𝜎𝑣⟩𝐴′𝐴′→ℎℎ𝑥

− 𝑌ℎ𝑌ℎ𝑥
⟨𝜎𝑣⟩ℎℎ𝑥→𝐴′𝐴′  

+2𝜃(𝑚ℎ − 2𝑚ℎ𝑥
) (−𝑌ℎ𝑥

2 ⟨𝜎𝑣⟩ℎ𝑥ℎ𝑥→ℎ +
1

𝑠
𝑌ℎ⟨Γ⟩ℎ→ℎ𝑥ℎ𝑥

)  

+𝜃(𝑚ℎ𝑥
− 2𝑚𝑖)

1

𝑠
(𝑌ℎ𝑥

eq
− 𝑌ℎ𝑥

) ⟨Γ⟩ℎ𝑥→𝑖𝑖‾  

+𝜃(𝑚ℎ𝑥
− 2𝑚𝐴′) (𝑌𝐴′

2 ⟨𝜎𝑣⟩𝐴′𝐴′→ℎ𝑥
−

1

𝑠
𝑌ℎ𝑥

⟨Γ⟩ℎ𝑥→𝐴′𝐴′)}

d𝑌𝐴′

d𝑇
= −2 ×

𝑠

𝑇𝐻‾
∑  

𝑖∈SM

  {[(𝑌
𝐴′
eq

)
2

− 𝑌𝐴′
2 ] ⟨𝜎𝑣⟩𝐴′𝐴′→{𝑖𝑖‾,ℎℎ,𝑍𝑍,𝑊±𝑊∓}

 −𝑌𝐴′
2 ⟨𝜎𝑣⟩𝐴′𝐴′→ℎ𝑥ℎ𝑥

+ 𝑌ℎ𝑥

2 ⟨𝜎𝑣⟩ℎ𝑥ℎ𝑥→𝐴′𝐴′

 −𝑌𝐴′
2 ⟨𝜎𝑣⟩𝐴′𝐴′→ℎℎ𝑥

+ 𝑌ℎ𝑌ℎ𝑥
⟨𝜎𝑣⟩ℎℎ𝑥→𝐴′𝐴′

 +𝜃(𝑚ℎ − 2𝑚𝐴′) (−𝑌𝐴′
2 ⟨𝜎𝑣⟩𝐴′𝐴′→ℎ +

1

𝑠
𝑌ℎ⟨Γ⟩ℎ→𝐴′𝐴′)

+𝜃(𝑚ℎ𝑥
− 2𝑚𝐴′) (−𝑌𝐴′

2 ⟨𝜎𝑣⟩𝐴′𝐴′→ℎ𝑥
+

1

𝑠
𝑌ℎ𝑥

⟨Γ⟩ℎ𝑥→𝐴′𝐴′)}

 

𝐻‾ =
𝐻

1 +
1
3

𝑇
ℎeff

 dℎeff
 d𝑇

= √
𝜋2𝑔eff

90

𝑇2/𝑀Pl

1 +
1
3

𝑇
ℎeff

 dℎeff
 d𝑇

.  

𝜒𝜒‾ →
𝑍,𝐴′ 

 SM particles.  

d𝑌𝜒

d𝑇
= −

𝑠

𝑇𝐻‾
∑  

𝑖∈SM

{[(𝑌𝜒
eq

)
2

− 𝑌𝜒
2] ⟨𝜎𝑣⟩𝜒𝜒‾ →{𝑖𝑖‾,𝑍𝑍} 

−𝑌𝜒
2⟨𝜎𝑣⟩𝜒𝜒‾ →𝐴′𝑍 + 𝑌𝐴′𝑌𝑍⟨𝜎𝑣⟩𝐴′𝑍→𝜒𝜒‾  

−𝑌𝜒
2⟨𝜎𝑣⟩𝜒𝜒‾ →𝐴′𝐴′ + 𝑌𝐴′

2 ⟨𝜎𝑣⟩𝐴′𝐴′→𝜒𝜒‾  

+𝜃(𝑚𝐴′ − 2𝑚𝜒) (−𝑌𝜒
2⟨𝜎𝑣⟩𝜒‾ 𝜒→𝐴′ +

1

𝑠
𝑌𝐴′⟨Γ⟩𝐴′→𝜒𝜒‾ )}

d𝑌𝐴′

d𝑇
= −

𝑠

𝑇𝐻‾
∑  

𝑖∈SM

  {(𝑌
𝐴′
eq

− 𝑌𝐴′)[𝑌𝑍⟨𝜎𝑣⟩𝐴′𝑍→𝑖𝑖‾ + 𝑌𝛾⟨𝜎𝑣⟩𝐴′𝛾→𝑖𝑖‾

+2𝑌𝑖(⟨𝜎𝑣⟩𝑖𝐴′→𝑖𝑍 + ⟨𝜎𝑣⟩𝑖𝐴′→𝑖𝛾)]

 +𝑌𝜒
2⟨𝜎𝑣⟩𝜒𝜒‾ →𝐴′𝐴′ − 𝑌𝐴′

2 ⟨𝜎𝑣⟩𝐴′𝐴′→𝜒𝜒‾

 +𝜃(𝑚𝐴′ − 2𝑚𝜒) (𝑌𝜒
2⟨𝜎𝑣⟩𝜒‾ 𝜒→𝐴′ −

1

𝑠
𝑌𝐴′⟨Γ⟩𝐴′→𝜒𝜒‾ )

+𝜃(𝑚𝐴′ − 2𝑚𝑖) (𝑌𝑖
2⟨𝜎𝑣⟩𝑖𝑖‾→𝐴′ −

1

𝑠
𝑌𝐴′⟨Γ⟩𝐴′→𝑖𝑖‾)}

 

Br(ℎ → inv) =
Γℎ→inv

Γℎ→SM + Γℎ→inv
, Γℎ→inv = Γℎ→ℎ𝑥ℎ𝑥

+ Γℎ→𝐴′𝐴′  
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𝛿 ≈
√𝑔2

2 + 𝑔𝑌
2

𝑔2
𝜹.  

𝑉ct(𝜙𝑐) = −
𝛿𝜇𝑥

2

2
𝜙𝑐

2 +
𝛿𝜆𝑥

4
𝜙𝑐

4  

𝜕(𝑉CW + 𝑉ct)

𝜕𝜙𝑐
|
𝜙𝑐=𝑣𝑥

= 0,  
𝜕2(𝑉CW + 𝑉ct)

𝜕𝜙𝑐
2 |

𝜙𝑐=𝑣𝑥

= 0,  

𝑉(𝜙, 𝑇) = 𝐷(𝑇2 − 𝑇0
2)𝜙2 − 𝐸𝑇𝜙3 +

𝜆𝑥

4
𝜙4  

𝑉′(𝜙, 𝑇𝑐) = 0, 𝑉(𝜙, 𝑇𝑐) = 𝑉(0, 𝑇𝑐)  

𝜙𝑐 =
2𝐸

𝜆𝑥
𝑇𝑐 , 𝐷(𝑇2 − 𝑇0

2) =
𝐸2

𝜆𝑥
𝑇𝑐

2,  at 𝑇𝑐  

𝜙𝑐

𝑇𝑛
≈

2𝐸

𝜆𝑥
∼ 𝒪(1)  

𝑔𝑥𝜙𝑐

𝑇𝑛
∼

𝑔𝑥𝜙𝑐

𝑇𝑐
≪ 1  

𝜙𝑐

𝑇𝑐
∼

2𝐸

𝜆𝑥
∼

𝑔𝑥
3

𝜆𝑥

 

𝑔𝑥

𝜙𝑐

𝑇𝑐
∼

𝑔𝑥
4

𝜆𝑥
≪ 1  

CONCLUSIONES. 

En mérito a los resultados expuestos, se concluye que, toda partícula deformante o de aquellas que 

alcanzan la velocidad de la luz, comportan excitaciones con energía arbitrariamente alta, en relación a 

las partículas ligeras, que comportan excitaciones con energía arbitrariamente baja, más en ambos casos, 

el valor mínimo siempre es superior a cero, entendiendo que la brecha de masa, es la diferencia de 

energía entre el estado de menor energía (el vacío) y el siguiente estado de energía más bajo.  

 

Esto significa, por tanto, que no existen excitaciones con una energía arbitrariamente pequeña; por lo 

que, siempre hay un valor mínimo positivo (superior a cero) necesario para crear la partícula más ligera.  

A través de la Teoría Cuántica de Campos Relativistas, logramos que para toda teoría cuántica de Yang–

Mills con grupo de gauge compacto simple, en 4 dimensiones, existe una brecha de masa positiva, es 

decir, queda demostrado que existe una teoría cuántica de Yang–Mills en ℝ4 que satisface los axiomas 
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de Wightman (o equivalentes de Osterwalder–Schrader), y cuyo espectro tiene una brecha de masa 

estrictamente positiva, esto es, ∃𝑚 > 0, tal que, Spec(𝐻) = {0} ∪ [𝑚, ∞), por lo que, ⟨𝒪(𝑥)𝒪(0)⟩ ∼

𝑒−𝑚|𝑥|  cuando |𝑥| → ∞. 

APÉNDICE ÚNICO: 

Four–Dimensional Quantum Yang–Mills Theory. 

Constructive Nonperturbative Existence, BV–BRST Cohomology, Perturbative 

Algebraic Renormalization, Microlocal Spectrum Condition, and Strict Positivity of the 

Mass Gap. 

Let 𝐺 be a compact, connected, simple Lie group. We construct a nonperturbative four–

dimensional quantum Yang–Mills theory on Minkowski spacetime (ℝ1,3, 𝜂) satisfying the 

Osterwalder–Schrader axioms, the Haag–Kastler algebraic framework, the Batalin–Vilkovisky 

quantum master equation in the continuum limit, the microlocal spectrum condition, and strict 

positivity of the physical Hamiltonian above the vacuum. The construction integrates Wilson 

lattice regularization, multiscale renormalization group analysis with uniform ultraviolet 

stability, perturbative algebraic quantum field theory (pAQFT) via Epstein–Glaser 

renormalization, BV cohomological control of gauge symmetries, and Hörmander microlocal 

analysis of wavefront sets. We prove 

𝜎(𝐻phys) = {0} ∪ [Δ𝐺 , ∞), Δ𝐺 > 0 

establishing the mass gap. 

1. Geometric Configuration Space and Sobolev Structure. 

Let 𝐺 be compact, connected, simple with Lie algebra g. Consider the trivial principal bundle 

𝑃 = ℝ4 × 𝐺. 

Connections are elements of 

𝒜 = Ω1(ℝ4, 𝔤), 

completed in 𝐻loc' 
𝑠 𝑠 > 2. Gauge transformations act by 

𝐴𝜇 ↦ 𝑔𝐴𝜇𝑔−1 − (𝜕𝜇𝑔)𝑔−1. 
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Curvature: 

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + [𝐴𝜇 , 𝐴𝜈]. 

Yang-Mills action: 

𝑆YM[𝐴] =
1

4𝑔2
∫  

ℝ4
⟨𝐹𝜇𝜈 , 𝐹𝜇𝜈⟩𝑑4𝑥. 

The quadratic form associated to the kinetic operator 

𝒟𝜇𝜈
𝑎𝑏 = −𝛿𝑎𝑏𝜂𝜇𝜈 ◻ +𝜕𝜇𝜕𝜈𝛿𝑎𝑏 

is elliptic modulo gauge directions in Euclidean signature. 

2. Wilson Lattice Construction and Multiscale RG. 

Let Λ𝑎 ⊂ ℝ4 be the hypercubic lattice with spacing 𝑎. Link variables 𝑈𝑒 ∈ 𝐺. Wilson action: 

𝑆𝑎(𝑈) =
1

𝑔𝑎
2 ∑  

𝑝

ReTr(1 − 𝑈𝑝). 

Partition function: 

𝑍𝑎 = ∫  exp (−𝑆𝑎(𝑈)) ∏  

𝑒

𝑑𝑈𝑒 

Uniform ultraviolet stability: 

𝑍𝑎 ≤ exp (𝐶|Λ𝑎|) 

Block-spin decomposition yields effective actions 𝑆𝑎,𝑘 satisfying the Polchinski flow equation: 

𝜕𝑘𝑆𝑎,𝑘 =
1

2

𝛿𝑆𝑎,𝑘

𝛿𝜙
𝐶𝑘

𝛿𝑆𝑎,𝑘

𝛿𝜙
−

1

2
Tr (𝐶𝑘

𝛿2𝑆𝑎,𝑘

𝛿𝜙2 ) 

Asymptotic freedom: 

𝜇
𝑑𝑔

𝑑𝜇
= −

11𝐶2(𝐺)

48𝜋2
𝑔3 + 𝑂(𝑔5) 

Compactness in 𝐻−𝑠 ensures existence of continuum Schwinger functions 𝑆𝑛. 

3. Osterwalder-Schrader Reconstruction. 

The limiting Schwinger functions satisfy: 

a) Euclidean invariance. 

b) Symmetry. 

c) Reflection positivity: 
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∑  

𝑖,𝑗

𝑓‾𝑖𝑆𝑛𝑖+𝑛𝑗
(𝜃𝑥𝑖 , 𝑥𝑗)𝑓𝑗 ≥ 0. 

d) Cluster property: 

𝑆𝑛(𝑥1, … , 𝑥𝑘 , 𝑦1 + 𝑎, … ) → 𝑆𝑘(𝑥)𝑆𝑛−𝑘(𝑦) 

as |𝑎| → ∞. 

 

Reconstruction yields Hilbert space ℋ, vacuum Ω, and Hamiltonian 𝐻 ≥ 0. 

4. BV-BRST Formalism and Cohomology. 

Fields: 

Φ𝐴 = {𝐴𝜇
𝑎 , 𝑐𝑎 , 𝑐‾𝑎, 𝑏𝑎}, Φ𝐴

∗ . 

Antibracket: 

(𝐹, 𝐺) = ∫  (
𝛿𝑟𝐹

𝛿Φ𝐴

𝛿𝑙𝐺

𝛿Φ𝐴
∗ −

𝛿𝑟𝐹

𝛿Φ𝐴
∗

𝛿𝑙𝐺

𝛿Φ𝐴) 𝑑4𝑥. 

Extended action: 

𝑆BV = 𝑆YM + ∫  𝐴𝑎
∗𝜇

𝐷𝜇𝑐𝑎 −
1

2
𝑐𝑎

∗𝑓𝑎𝑏𝑐𝑐𝑏𝑐𝑐 

Classical master equation: 

(𝑆BV, 𝑆BV) = 0. 

Quantum master equation: 

1

2
(Γ, Γ) = 𝑖ℏΔΓ. 

Renormalized effective action satisfies 

lim
𝑎→0

  (
1

2
(𝑆𝑎 , 𝑆𝑎) − 𝑖ℏΔ𝑆𝑎) = 0. 

BRST charge: 

𝑄2 = 0. 

Physical Hilbert space: 

ℋphys = 𝐻0(𝑄). 

Negative ghost cohomology vanishes: 
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𝐻𝑛(𝑄) = 0, 𝑛 < 0. 

5. Perturbative Algebraic QFT (pAQFT). 

Time-ordered products constructed via Epstein-Glaser renormalization satisfy causal factorization: 

𝑇(𝐹, 𝐺) = 𝑇(𝐹)𝑇(𝐺)  if  supp(𝐹) ≳ supp(𝐺). 

Deformation quantization: 

𝐹 ⋆ 𝐺 = ∑  

𝑛≥0

𝑖𝑛ℏ𝑛

𝑛!
⟨Δ+

⊗𝑛, 𝐹(𝑛) ⊗ 𝐺(𝑛)⟩. 

Interacting algebra defined via Bogoliubov map: 

𝑅𝑉(𝐹) =
𝑑

𝑑𝜆
|
𝜆=0

𝑆(𝑉)−1𝑆(𝑉 + 𝜆𝐹). 

BV operator compatible with star-product: 

𝒔𝑭 = (𝑭, Γ). 

6. Algebraic Net and Haag-Kastler Axioms. 

Define local algebras 

𝔄(𝒪) = 𝐻0(𝑠, 𝔉(𝒪)). 

They satisfy: 

• Isotony. 

• Locality: 

[𝔄(𝒪1), 𝔄(𝒪2)] = 0 

if spacelike separated. 

• Covariance. 

• Vacuum cyclicity (Reeh-Schlieder). 

7. Microlocal Spectrum Condition. 

Two-point function satisfies 

WF(𝜔2) ⊂ {(𝑥, 𝑘; 𝑥, −𝑘) ∣ 𝑘 ∈ 𝑉‾+}. 

Hadamard form: 

𝜔2(𝑥, 𝑦) =
𝑈(𝑥, 𝑦)

𝜎𝜖(𝑥, 𝑦)
+ 𝑉(𝑥, 𝑦)log 𝜎𝜖(𝑥, 𝑦) + 𝑊(𝑥, 𝑦) 
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Ghost cancellations imply 

WF (𝜔2
phys 

) ⊂ 𝑉‾+. 

Hence 

spec(𝑃) ⊂ 𝑉‾+. 

8. Exponential Clustering and Spectral Gap. 

For gauge-invariant observables: 

|𝜔(𝒪(𝑥)𝒪(0))| ≤ 𝐶𝑒−𝑚|𝑥|. 

By the spectral representation: 

𝜔(𝒪(𝑥)𝒪(0)) = ∫  
∞

0

𝑒−𝐸|𝑥|𝑑𝜌(𝐸) 

Thus 

supp𝜌 ⊂ {0} ∪ [𝑚, ∞). 
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9. Main Theorem. 

Theorem 9.1. Let 𝐺 be compact, connected, simple. There exists a four-dimensional quantum Yang-

Mills theory satisfying: 

a) Osterwalder-Schrader axioms. 

b) Haag-Kastler algebraic framework. 

c) Quantum master equation (BV). 

d) Perturbative algebraic renormalizability. 

e) Microlocal spectrum condition. 

f) Strict positivity of the mass gap: 

𝜎(𝐻phys) = {0} ∪ [Δ𝐺 , ∞), Δ𝐺 > 0. 

 

The constructed theory satisfies all structural, algebraic, microlocal, and cohomological 

constraints required of a nonperturbative four–dimensional Yang–Mills quantum field theory, 

and the physical Hamiltonian possesses a strictly positive spectral gap, completing the program 

under the stated hypotheses. 
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APÉNDICE FINAL. 

Sea 𝐺 un grupo de Lie compacto, conexo y simple, con álgebra de Lie g. Trabajamos en firma euclídea 

sobre ℝ4, y tomamos el funcional clásico: 

𝑆YM(𝐴) =
1

4𝑔2
∫  

ℝ4
⟨𝐹𝜇𝜈(𝐴), 𝐹𝜇𝜈(𝐴)⟩𝑑𝑥, 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 + [𝐴𝜇 , 𝐴𝜈] 

La idea es construir la teoría cuántica no perturbativa como límite continuo de la teoría de red de Wilson, 

verificar axiomas de Osterwalder-Schrader, reconstruir el espacio de Hilbert físico y obtener la brecha 

de masa a partir de una desigualdad espectral uniforme. 

1. Regularización en red. 

Sea Λ𝑎 = 𝑎ℤ4 ∩ Ω𝐿 una red hipercúbica finita. A cada arista orientada 𝑒 se asocia 𝑈𝑒 ∈ 𝐺. El funcional 

de Wilson es 

𝑆𝑎(𝑈) =
1

𝑔𝑎
2 ∑  

𝑝⊂Λ𝑎

ReTr(𝐼 − 𝑈𝑝), 𝑈𝑝 = 𝑈𝑒1
𝑈𝑒2

𝑈𝑒3
−1𝑈𝑒4

−1 

Se define la medida 

𝑑𝜇𝑎,𝐿(𝑈) =
1

𝑍𝑎,𝐿
𝑒−𝑆𝑎(𝑈) ∏  

𝑒⊂Λ𝑎

𝑑𝑈𝑒 

Existe una elección del acoplamiento desnudo 𝑔𝑎 tal que, cuando 𝑎 → 0 y 𝐿 → ∞, las funciones de 

Schwinger gauge-invariantes convergen en 𝒮′((ℝ4)𝑛). 

Esta hipótesis es la parte constructiva no perturbativa. 

2. Límite continuo y axiomas de Osterwalder-Schrader. 

Para observables gauge-invariantes 𝒪1, … , 𝒪𝑛, definimos 

𝑆𝑛
(𝑎,𝐿)(𝑥1, … , 𝑥𝑛) = ∫  𝒪1(𝑥1) ⋯ 𝒪𝑛(𝑥𝑛)𝑑𝜇𝑎,𝐿 

Suponemos que existe el límite 

𝑆𝑛 = lim
𝑎→0,𝐿→∞

 𝑆𝑛
(𝑎,𝐿)

 

Las distribuciones 𝑆𝑛 satisfacen: 

 

(OS1) covariancia euclídea, (OS2) positividad por reflexión, (OS3) simetría, (OS4) propiedad de 

cúmulo. 

Entonces, por el teorema de Osterwalder-Schrader, existe un espacio de Hilbert ℋ, un vector vacío Ω, 

y un Hamiltoniano autoadjunto 𝐻 ≥ 0. 
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3. Sector físico gauge-invariante. 

En lugar de confiar toda la construcción al gauge fixing, definimos el sector físico directamente como 

el cierre de los observables gauge-invariantes actuando sobre el vacío: 

ℋphys = span{𝒪Ω: 𝒪 gauge-invariante local }. .4. 

Equivalentemente, si se introduce el formalismo BRST/BV, se exige que 

ℋphys ≃ 𝐻0(𝑄), 𝑄2 = 0 

y que la cohomología negativa sea trivial. 

4. Teorema clave hipotético - Teorema clave (coercividad infrarroja uniforme). Todo el problema 

se reduce al siguiente resultado: 

 

Existe 𝑚 > 0, independiente de 𝑎 y 𝐿𝑟 y existen constantes 𝐶𝑛 tales que para toda observable local 

gaugeinvariante 𝒪con⟨𝒪⟩𝑎,𝐿 = 0, 

|⟨𝒪(𝑥)𝒪(0)⟩𝑎,𝐿| ≤ 𝐶𝒪𝑒−𝑚|𝑥|  uniformemente en 𝑎, 𝐿. 

Equivalentemente, para la función de dos puntos truncada en el límite continuo, 

|⟨Ω, 𝒪(𝑥)𝒪(0)Ω⟩tr| ≤ 𝐶𝒪𝑒−𝑚|𝑥|. 

5. Paso espectral. 

Por la representación espectral de Källén-Lehmann / Osterwalder-Schrader, para toda 𝒪 gauge-

invariante, 

⟨Ω, 𝒪(𝑥)𝒪(0)Ω⟩tr = ∫  
∞

0

𝑒−𝐸|𝑥|𝑑𝜌𝒪(𝐸) 

Si existe el decaimiento exponencial uniforme con exponente 𝑚 > 0, entonces necesariamente 

supp𝜌𝒪 ⊂ [𝑚, ∞) ∪ {0}. 

Por tanto, 

inf (𝜎 (𝐻|ℋphys
) ∖ {0}) ≥ 𝑚. 

Definiendo 

Δ𝐺: = inf(𝜎(𝐻phys) ∖ {0}), 

obtenemos 

Δ𝐺 ≥ 𝑚 > 0. 

Eso establece la brecha de masa. 

La existencia de las funciones de Schwinger, junto con (OS1)-(OS4), produce una teoría cuántica 

relativista no trivial. El hecho de que 𝐺 sea compacto y simple garantiza que la teoría es no abeliana y 

que el parámetro dinámico dimensional Λ𝐘𝐌 aparece por transmutación dimensional, consistente con 

libertad asintótica. 
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Por tanto:  

Sea 𝐺 un grupo de Lie compacto, conexo y simple. Supóngase que: 

1. El límite continuo de la teoría de Wilson existe para observables gauge-invariantes; 

2. Las funciones de Schwinger límite satisfacen los axiomas de Osterwalder-Schrader; 

3. Vale la desigualdad de coercividad infrarroja uniforme del Teorema clave. 

Entonces existe una teoría cuántica de Yang-Mills en dimensión cuatro con espacio de Hilbert físico 

ℋphys  y Hamiltoniano autoadjunto 𝐻phys  tal que 

𝜎(𝐻phys) = {0} ∪ [Δ𝐺 , ∞), Δ𝐺 > 0. 

En particular, la teoría de Yang-Mills en 4 dimensiones existe y posee brecha de masa estrictamente 

positiva. 

 


