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RESUMEN.

En este trabajo, compuesto por diez volimenes, abordaremos aspectos esenciales de la Teoria Cuantica
de Campos Relativistas (TCCR), con propositos de optimizacion de los calculos expuestos en trabajos
anteriores pero sobre todo, posicionar la referida teoria, como una alternativa de solucion al problema
del milenio de Yang — Mills y la brecha de masa. La idea esencial es la misma, todo espacio — tiempo
cuantico, es decir, todo campo cuéntico, es curvo y esa deformacion ocurre por la gravedad y
supergravedad cuanticas, seglin sea el caso, que provocan las particulas oscuras o estrella, al momento
de interactuar con un campo gravitonico o supergravitonico, segin corresponda, o en relacion a la
criticidad de su centro de masa y/o energia, lo que afecta su spin, velocidad y momento angular y por
ende, sus trayectorias orbitales. Por tanto, la TCCR, no es un intento por cuantizar la gravedad, sino por
introducir la gravedad, como principio de minima accion de un sistema cudntico y de sus estados
fundamentales.

Las métricas siguen siendo las mismas, es decir, que para un campo cuantico curvo o geométricamente
deformado, la densidad lagrangiana/hamiltoniana equivale a: LH upaeure = (f €M/ GH @ myih —
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respecto de una particula pesada p, sea oscura o blanca (particula estrella), segiin corresponda, a
proposito de la criticidad de su masa y/o energia (0|Y. 5 dm/de) o de su interaccion con un graviton o un
gravitino, segin corresponda, en coordenadas (p"pYp%p®), esto ultimo, lo que ocurre por

permeabilizacion del campo gravitonico o supergravitonico en B = [(06/0S®), lo que corresponde
al espacio — cuantico deformado en Cgp = (Z%p R5T|® H,;/*) 1o que en dimensiones R”, representa,

gravedad o supergravedad cudnticas por curvatura o supercurvatura del espacio - tiempo cuantico
multidimensional.
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RELATIVISTIC QUANTUM FIELD THEORY: AN ALTERNATIVE
SOLUTION TO THE YANG-MILLS MILLENNIUM PROBLEM. AN
ATTEMPT TO UNIFY GENERAL RELATIVITY AND QUANTUM
MECHANICS. VOLUME 1V.

ABSTRACT.

In this work, composed of ten volumes, we will address essential aspects of the Quantum Theory of
Relativistic Fields (TCCR), with the purpose of optimizing the calculations exposed in previous works
but above all, positioning the aforementioned theory as an alternative solution to the Yang-Mills
millennium problem and the mass gap. The essential idea is the same, all quantum space-time, that is,
every quantum field, is curved and that deformation occurs due to quantum gravity and supergravity, as
the case may be, caused by dark particles or stars, when interacting with a gravitonic or supergravitonic
field, as appropriate, or in relation to the criticality of its center of mass and/or energy. which affects
their spin, velocity and angular momentum and therefore, their orbital trajectories. Therefore, the TCCR
is not an attempt to quantize gravity, but to introduce gravity, as the principle of least action of a quantum
system and its fundamental states.

The metrics remain the same, i.e.,, for a curved or geometrically warped quantum field, the

Lagrangian/Hamiltonian density is equal to: LH curvarure = {f 61T @ mynp —
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respect to a heavy particle p, whether dark or white (star particle), as appropriate, regarding the criticality
of its mass and/or energy (0|Y,s dm/de) or its interaction with a graviton or a gravitin, as appropriate,
in coordinates (p*p¥p?p?), the latter, which occurs by permeabilization of the gravitonic or
supergravitonic field in M = [(0®/dS®), what corresponds to the space — quantum deformed in
Con = TRy T | & 7,/*) the which in dimensions R”, represents, quantum gravity or supergravity by

curvature or supercurvature of multidimensional quantum space-time.
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INTRODUCCION.

En este punto, es indispensable establecer las bases tedricas que conforman la Teoria Cuantica de
Campos Relativistas (TCCR) y que se encuentran desarrolladas en trabajos previos. Por tanto, estos son
los puntos mas relevantes.

1. Todo campo cuantico, es curvo por accion inmediata de una particula cuya masa y/o energia alcanzan
el mayor grado de criticidad. En este caso, la gravedad es endogena o implicita, es decir, una cualidad
propia de la particula interactuante.

2. Siguiendo lo dicho, en el numeral que antecede, las particulas se dividen en:

2.1. Particulas Supermasivas (Tipo IA): Son aquellas, cuyo centro de masa/energia en unidades de

5
Planck dados en M, = % ~2,18x 108 kg (masa) y E, = ti, E, = mpc?, E, = % ~
P

1.956 x 10° ] =~ 1.22 x 10'°GeV =~ 0.5433MWh f% ~ 0.390 X 10° ] = 2.43 x 108GeV

(energia ~ 107129), alcanza el mayor grado de criticidad, deformando el espacio — tiempo cuantico, lo
que afecta el estado fundamental de los orbitales (spin, momentum, velocidad, trayectorias, etc),
desplegados por las particulas repercutidas. Esta particula también se la denomina “particula oscura”,
en la medida en que, su centro de energia/masa, es oscuro. Principal candidata para explicar la materia
oscura, en la medida en que, la gravedad converge en su centro, absorbiendo energia y materia.

2.2. Particulas Blancas (Tipo IB): Son aquellas, cuyo centro de masa/ energia en unidades de Planck,
alcanza el mayor grado de criticidad, deformando el espacio — tiempo cuantico, lo que afecta el estado
fundamental de los orbitales (spin, momentum, velocidad, trayectorias, etc), desplegados por las
particulas repercutidas. Esta particula también se la denomina “particula estrella”, en la medida en que,

su centro de masa/energia es extremadamente denso, superando la masa, temperatura y energia de

Planck, en M, = |=~218x10"%kg (masa), M, = /;L/; Tp ~ 1.416784(16) x 1032K

(temperatura) 'y E, = L B =mpc?,  E,= he? < 1.956 x 10° ] = 1.22 x 101°GeV =~
Pt p P G

0.5433MWh /% ~ 0.390 X 10% ] ~ 2.43 x 10'8GeV. También se la denomina “particula estrella”.




2.3. Hiperparticulas (Tipo ITA): Son aquellas, cuyo centro de masa/energia es extremadamente bajo,
en unidades de Planck, mas sin embargo, son capaces de igualar o superar la velocidad de la luz.

2.4. Supraparticulas (Tipo IIB): Son aquellas, cuyo centro de masa/energia es el equivalente al de una
particula oscura o blanca, mas sin embargo, éstas, a diferencia de las referidas en los numerales 2.1 y
2.2, ésta igual o supera la velocidad de la luz.

3. Agujero negro cuantico: Fenomeno que ocurre en un espacio cuantico de Sitter, esto es, cuando una
particula oscura colisiona con otra o en su defecto, cuando una particula blanca colisiona con otra o
cuando una particula blanca y una particula oscura colisionan entre si. Los agujeros negros cuanticos,
también se forman por el colapso (por compresion gravitacional) o por la aniquilacion (por interaccion)
de una particula oscura o de una particula blanca. Lo primero, ocurre cuando se atraen mutuamente por
gravedad en tanto que lo segundo, ocurre cuando su centro de masa/energia alcanza el mayor grado de
criticidad posible. En el centro del agujero negro cuantico, se encuentra la masa de la particula aniquilada
o comprimida, la que comporta condiciones gravitatorias extremas. Ahi es donde radica la singularidad
de un agujero negro cuantico. La informacion que ingresa al agujero negro cuantico, no se destruye,
muy al contrario, se transforma en materia y energia, las mismas que son repulsadas por el agujero negro
cuantico blanco que se encuentra en el otro extremo del agujero cudntico de gusano. Por tanto, la materia
y energia atrapada por el agujero negro cuantico, se convierte en materia y energia oscuras interferidas
por gravedad extrema.

4. Agujero cuantico de gusano: Tunel cuantico por el cual, se conectan un agujero negro cuantico y
un agujero blanco cuantico. A través de este tinel, por teletransportacion cuantica, la informacion es
procesada y convertida en materia y energia, todo esto, en un espacio de Sitter.

5. Agujero blanco cuantico: Fendémeno que ocurre en un espacio cuantico de Sitter, volviéndose la
region de salida o repulsion de materia y energia, a propdsito de lo que devora el agujero negro cuantico
y de lo que procesa el canal cuantico de gusano. Lo que repulsa el agujero blanco cuantico, es materia
y energia procesadas.

6. Espacio — tiempo cuantico: Entiéndase por espacio — tiempo cuantico, al campo en si mismo, cuya

Longitud de Planck, es superior a £p = \/g ~ 1,616199(97) x 103> metros. La métrica es la




curvatura escalar de Ricci, asi: R = Zzﬁ=0g“53€aﬁ ~ 0(L,?) = 3,828 - 10°9m™2. Ahora bien, el
espacio — tiempo cuantico puede ser, bien de Sitter (dS) o bien, anti de Sitter (AdS). En el primero, se
forma la curvatura cuantica y sus subniveles, subespacios o subcapas, en tanto que en el segundo, se
forman los agujeros cuanticos y las multidimensiones.

7. Todo campo cuantico, es curvo por accion inmediata de la gravedad, esto a proposito de la existencia
(Modelo — Higgs):

7.1. De un campo gravitonico, es decir, cuando una particula cualquiera, interactia con un graviton, lo
que supone la permeabilidad del campo cuéntico, por un campo gravitonico que transfiere gravedad al
campo primario, curvandolo.

7.2. De un campo supergravitonico, es decir, cuando una particula cualquiera, interactia con un
gravitino o supergraviton, lo que supone la permeabilidad del campo cuantico, por un campo gravitonico
que transfiere gravedad al campo primario, deforméandolo.

7.3. Lo referido en este numeral se denomina gravedad exogena.

8. La gravedad cuantica, sea enddgena o exdgena comporta la curvatura del espacio — tiempo cuantico,
en tanto que, la supergravedad cuantica, sea endogena o exdgena, comporta la deformacion
(supercurvatura) del espacio — tiempo cuantico, formandose pliegues multidimensionales (en alta
configuraciéon — membranas dimensionales) en rango superior a R* — AdS. Cabe indicar que las
membranas dimensionales, se dividen en TIPO I y TIPO II respectivamente, la primera a propoésito de
la curvatura del campo en gravedad cuantica y la segunda, la deformacion del campo en supergravedad
cuantica, todo esto, lo cual también depende de la naturaleza de la gravedad que interfiere, es decir, si
es exdgena o endogena, lo que llamariamos membranas dimensionales tipo IA, IB, IIA y IIB
respectivamente, las cuales, pueden contener dimensiones y subdimensiones infinitas, en relacion a las
interacciones de la particula que provoca de la deformacion del espacio — tiempo cuantico. Esto es lo
que llamamos supersimetrias de gauge en dimensiones altas a R*, es decir, cuando estamos ante

membranas dimensionales tipo IA, IB y IIB, segiin sea el caso en tanto que, las membranas

dimensionales del tipo IIA, contienen dimensiones infinitas en R* — dS.




9. Cuando una particula colisiona con otra y se aniquilan o cuando la particula pesada colapsa por
compresion, la extincion provoca ondas cuanticas que se desplazan en longitud sobre el campo cuantico
deformado el mismo que, es superfluido.

10. El puente ER, en esta teoria, explica la superposicion y el entrelazamiento cuanticos en sentido
estricto, en un espacio AdS.

11. Los enunciados antes referidos, aplican a la antimateria, es decir, a la region de antiparticulas.

12. La brecha de masa, provoca la curvatura del espacio — tiempo cuantico pero no lo deforma por
completo, pues este fenomeno, no ocurre con una particula deformante, sino en particulas ligeras como
las hiperparticulas, esto en la medida en que, no registran estado de vacio.

13. Adicionalmente, es importante, establecer las siguientes reglas:

13.1. La gravedad cudntica relativista, ocurre concretamente en un espacio cudntico de Sitter, en el que
se pueden formar subdimensiones o subespacios dentro del limite de R*.

13.2. La supergravedad cuantica relativista, ocurre concretamente en un espacio cuantico anti de Sitter,
en el que se pueden formar hiperespacios o dimensiones més altas, superiores a R*.

13.3. Las particulas propuestas, viajan en gravedad cuantica mas, interactian en supergravedad cuantica
por permeabilizacion.

13.4. Cualquier particula, de las aqui propuestas, se puede convertir en otra, por aniquilacion, siguiendo
los diagramas de Feynman.

13.5. Las dimensiones en alta configuracion asi como las de ensamble, son infinitas.

13.6. La materia y energia oscuras, estan formadas esencialmente por particulas aniquiladas o colapsadas
por gravedad. En consecuencia, es la criticidad de la masa la que las vuelve compatibles.

13.7. Los agujeros cuanticos, absorben particulas ligeras y pesadas, sin distincion, lo que explica la
expansion del universo por accion gravitacional en la materia.

13.8. Las particulas aqui propuestas, son susceptibles de enganche, como ocurre con un diquark.

13.9. En esta teoria, se incorpora el concepto de cuerda, pero en un espacio cuantico anti de Sitter.

13.10. Las particulas pesadas, cuando se desplazan de un punto a otro en forma infinita hasta su

aniquilacion o colapso, lo hacen por medio de gravedad, deformando, en el caso de las particulas blancas




y las hiperparticulas, un espacio de Sitter, creando capas dimensionales en limite de R* en tanto que, la
particula oscura, crea capas dimensiones en alta configuracién a R* en un espacio anti de Sitter.

13.11. La hiperparticula es la Ginica en este modelo, que no tiene masa, es por ello que puede viajar a la
velocidad de la luz.

13.12. La supraparticula es por excepcion, un caso de mutacion por aniquilacion, en la medida en que,
pese a tratarse de una particula pesada, con un centro de masa/energia extremadamente critico y denso,
es capaz de viajar a la velocidad de la luz. La supraparticula solamente existe por aniquilacion en entre
dos o mas particulas pesadas, quedando excluidas las particulas ligeras. Adicionalmente, la
supraparticula, tiene la capacidad de desplazarse entre dimensiones dS y AdS, lo que esta teoria
denomina dimensiones en R”. En consecuencia, las dimensiones por gravedad y supergravedad, pueden
intersecarse por gravedad. En este punto, es pertinente para efectos de ejemplificar, citar el diagrama de
Penrose expandido al infinito.

13.13. Los campos de las particulas ligeras, son deformados por accion a distancia, debido a las
interacciones de una particula pesada, esto es, por gravedad.

13.14. Solamente las particulas pesadas pueden deformar el campo propio y de las particulas ligeras,
por accion de la gravedad que se desprende de su centro de masa/energia extremo. En consecuencia, la
gravedad enddgena, se materializa por impermeabilizacion del campo de Braut — Englert — Higgs
respecto de la particula pesada. El boson de Higgs es el que transfiere la masa, a las particulas pesadas,
aniquilandose con éstas.

13.15. La gravedad exdgena, se vuelve posible, por permeabilizacion de un campo cuantico arbitrario,
lo que, como ha quedado explicado en esta teoria, funciona como un mecanismo de Higgs.

13.16. El colapso de una particula pesada, ocurre por la expansion de su centro de masa/energia, debido
a la gravedad interferente, ditalacion que es comprimida en contrario, por los limites del campo de la
particula de que se trate, lo que provoca, la deformacion del plano cuantico e incluso la formacion de
agujeros cuanticos, segun la criticidad de los valores de masa/energia involucrados.

13.17. La fusién de campos cuanticos, es posible, por accion de la gravedad entre ambos, lo que vuelve

posible, su aniquilacion.




13.18. Las ondas en un plano cuantico, no solamente se forman por la aniquilaciéon o colpaso de una
particula pesada, sino también, cuando viaja de un punto a otro.

13.19. Las particulas ligeras, crean gravedad minima a propo6sito de su centro de masa/energia, la cual
sin embargo, es imperceptible aunque superior a cero, pues, contribuye a la aniquilacion con otro campo
mas pesado.

13.20. La gravedad endogena, se debe a que, el campo de Higgs, y por ende, el boson de Higgs, no
solamente transfiere masa a las particulas pesadas y ligeras, con excepcion de la hiperparticula, sino que
también, le dota de gravedad, a proposito de la masa transferida.

13.21. Esta teoria es estrictamente de gauge.

RESULTADOS Y DISCUSION:

Suponemos que, en un mapa cuantico de Einstein — Hilbert, una particula deformante ¢Sy d se desplaza
en el espacio cuantico, en el que interactia, deformando el plano por gravedad, y por ende, creando,
bien dimensiones altas en R* — AdS por supercurvatura (supergravedad cuéntica) o bien, dimensiones
en R* — ds por curvatura, esto es, en condiciones de gravedad. Para estos efectos, una particula
deformante debe colapsar por compresion gravitacional, aniquilarse cuando interactia con otras mas
inestables o con otra particula pesada, o por permeabilidad del campo gravitonico o supergravitonico en
el espacio cuantico curvo, esto ultimo, lo cual ocurre, cuando una particula pesada interactiia con el
graviton o el gravitino (supergravitino), segun sea el caso. Por tanto, la gravedad actia a nivel cuantico,
sea por aniquilacion, compresion, ésta ultima gravitacional o por permeabilizacion. Suponemos en
simultaneo, que una vez, causada la aniquilacion o compresion por gravedad, de una particula pesada o
cuando ocurre la permeabilizacion, se produce, bien la curvatura cuantica, cuya métrica es el tensor es
de Riemann — Ricci — Einstein, incluyendo el flujo de la simetria, o en su defecto, la supercurvatura de
Weyl, cuya métrica es la de Chern-Simons-Nambu-Goto para supergravedad. La primera, produce
subcampos que son subdimensiones de un mismo plano de Sitter (dS), en tanto que la segunda, produce
campos en dualidad holografica, que son dimensiones altas al plano cuatridimensional en un espacio
anti de Sitter (AdS). En este sentido, el campo pasa a ser no homeomorfo, difeomorfo e isométrico,

afectando los orbitales de las particulas cuyo centro de masa/energia es inferior en unidades de Planck

(particulas ligeras) en relacion a la particula que deforma el plano. La interaccion y/o aniquilacion de




estas particulas deformantes, provoca un agujero negro cuantico (con excepcion de las interacciones
dadas por las hiperparticulas tipo I[A), formado por materia y energia oscuras, cuya naturaleza es
fermiodnica/bosonica, esto a propdsito de que, la particula aniquilada o comprimida, engendra materia y
energia oscuras, lo que no ocurre en escenarios de permeabilizacion gravitonica mas si, en escenarios
de permeabilizacion supergravitonica. El agujero cuantico de salida, es blanco, por ende, repulsivo de
materia y energia transformada por la gravedad, a través del tracto Einstein — Rosen. Cuando la materia
y la energia son transformadas en oscuras, por la gravedad, éstas se comprimen hasta un punto de no
retorno/densidad supermasiva, causando dos especies de singularidad inherentes al agujero negro
cuantico, siendo éstas, primaria y secundaria, la primera en la que la gravedad es extrema y deforma la
materia y la energia, fundiéndose con el nicleo del agujero negro cuantico (que contiene la particula
muerta) y la segunda, en la que la gravedad transforma la materia y la energia, desplazandola a través
del tracto Einstein — Rosen y expulsandola a través de un agujero blanco cuantico. Esto es lo que ocurre
en escenarios de entrelazamiento y tineles cuanticos supermasivos en los que, la particula deformante
genera gravedad extrema. Llamese también, gravedad absoluta. Queda claro entonces, que el sistema
cuantico de agujeros, no se produce en condiciones de gravedad relativa, esto es, cuando ocurre
unicamente la curvatura cuantica por gravedad moderada, lo que sucede por ejemplo, con las
interacciones dadas por las hiperparticulas tipo IIA o en el caso de la brecha de masa de las particulas
ligeras respecto del estado de vacio.

Dicho lo anterior, es que, propongo una posible alternativa de solucion al problema del milenio de Yang
— Mills y la brecha de masa, a partir de la Teoria Cuédntica de Campos Relativistas, la cual se constituye
ademas, como un intento por reconciliar la relatividad general y la mecanica cuéntica.

A partir de aqui, sugerimos los calculos de instantones (para regular la brecha de masa y la densidad de
energia por carga), osciladores, propagadores, operadores, mapas, coordenadas vectoriales, orbitales,
correladores, propulsores, tensores de stress por curvatura, torsion, escalares, spinors, potenciadores,
simetrias y supersimetrias de calibre abelianas y no abelianas en relacion a las particulas pesadas y sus

interacciones con el espacio cuantico deformado, en tanto que respecto de éste ultimo, los calculos estan

vinculados a su geometria e hipergeometria (analisis cohomolégico), incluyendo los agujeros cuanticos,




no sin antes aclarar, que las demostraciones matematicas contenidas en trabajos anteriores, son
interdependientes a éste manuscrito y sus diez volumenes.
Aclarado lo anterior, pasamos a precisar que el Modelo aqui referido, se divide en:
1. Supergravedad cuantica en SYM (Super Yang — Mills).
2. Gravedad cuantica en YM (Yang — Mills).
3. Agujeros cuanticos en YM (Yang — Mills).
4. Modelo de Unificacion.
Las métricas usadas son, entre otras:

- Espacios de Einstein — Hilbert.

- Meétrica de Chern — Simons.

- Meétrica de Kaluza — Klein.

- Meétrica de Nambu — Goto.

- Me¢étrica de Feynman — Wheeler.

- Meétrica de Born — Oppenheimer.

- Meétrica de Hartree — Fock.

- Meétrica de Yang — Mills.

- Meétrica de Kerr — Newman.

- Espacios de Sitter y anti de Sitter.

- Espacios de Riemann — Perelman — Poincaré.

- Tensores y flujo de Ricci.

- Meétrica de Green.

- Meétrica de Goldstone.

- Métrica de Brout — Englert — Higgs.

- Meétrica de Schwinger — Dyson.

- Meétrica de Yukawa.

- Meétrica de Von Neumann

- Meétrica de Friedman.




MODELO DOS. GRAVEDAD CUANTICA EN YM (CONTINUACION).

q’, q
pl, I
H=3>,. [pS7p%7 + (b77)% + (™7 + 0spl?)ay? — J27 g4 |

b= 0eal — 0,

- . 1 . . - . 1 S o
axfl,) — Z(]cl,]+1 _fl,]—l)’ ayfz,j — E(fl+1,j _fl—l,]),

. oL
Py’ = =0VY,i,j.

5qh

ol = —@y bt 4 Jid
phd = 0" + Ji
b7 = Buply? — Oypy?
Cl7 = 0.py’ + Oypy? + p7 =0
OuJi? + Oy Ji? + pi =0

- SH o
pf)']:—Sqi'j:O = ¢,):=oypy +dypy) +p =0
0

1 L 2 L
H=3) [pp + () = 17a]
i,j
ci:=a,p +3,pl)
[4Y, p2™] = ik - 85,6 69™ Vs, T = {x,y} Vi, ]

P | N N2 pi
=30 [+ @) + (6]
Lj

C:;i'jl"rl’)phys =0Vij.

_ kin
Hyin = ® Hij




400 o
A= o =T [~ aresses
i,j ij 7%
w))phys = ﬁ|7~/))kin

Co/ Whpny = (E% + P ))pny = 0 Vi, j

N2 NZ?
30 = P spantlsuh) = D @D s
n=0 n=0 Sn
1 _
E=5h) [k@p)
ap
W, [p] = AS(C)exp |—— z G(i —n,j —mps pi™

l] nm

1 1 _z2r
G(i—nj—m) =Fz lﬁe et G-mp],

5(C) = 1_[ 5(3.p¥ + 3,p%)

i.j
1°)r —Af Dp¥ol p]l_[ b’ py), =Af Dps(C)exp [—— Z G(i —n,j —myps pi™ H b’ py).
i,j nm
1 : : i,j ,nm
Sp—€o=§Z Z D(i—mn,j—m)p"p™
i,j nm

1 1
D(i—n,j—m)= —Z e L ilimmat-mp)

D 1
(r=rf= r —r’'|
LIJOp p] A6( )exp T 5 Z G(l n]_m)(ps _psp)(p _ps;n)]
l] nm

pi) = Z D@ —n,j ~mypmm

) 1_[ S(Bxpx + 5yp3i,’j +pt)




[w3) —Af Dp%p[p]ﬂ by’ .py>

=Af DpS(Cp)exp - Z G({i—n,j —m)Apé:] 1_[ |px ,py >

l] nm

A= P ok @1 A, = () 15 @ 0,3 = €] 7k @ 365,
K,R K,R K,R
E Wpny = (Y + ) 1) phy = 0 Vi, j
p phy p phy Iy

ﬂphy=@ HE @ HY
K
21=ED o047 = P oot
K K

H = ENB @ |sn)m ® <@ Hyi® 7{}"‘)
n=0 Sn k,r
Hiphy = EB EB 50w ® | @D 74 @ 35 k(s

k(sp)

N2
[Y)=n Z Z asnlsn)M|lpsn>F:
n=0 sp

1 el? . .
§(|L>A + R (ILYE + |R)P) - - [ILYA(IL)E + €!29-|R)E) + [RY4(e!29+|L)B + |R)E))].
Aqp = OK®0K®H£}[ = }[K®}[K®}[£
AB — A B AB’ phy — A B AB’
K K
Hony = P 19w ® 7 @350 ® D

s,k(s) B

AB
oy =77 ® [P 9w @ | D #:® @35 @ @ = ||,

s k(s)

Hony = @ (OF ® H!) ® (Of @ HE) ® H

}[i( tot }[K tot




K
j_[phy — @ }[}’tOt ®}Cg,t0t ®}[E
K

K
Ag' = EB 05" @I ® Ifp, Af' = EB If ® 0p QI =
K K

5% = Is°)ftls i ls )i,
) = | +)31 )31 [50) .-
| als®r = | Dals i, | Dils® = 1 015 )i,

WD = O[9)O = 3" [o()Ishu ¥

N

W) =" VO a(5))8% s YO

N

A |
¥)©) = exp (—iy) W)@ = " 0O 5(5)) )y [$D)r-

N

¥)® = 0'[9)® = |50)y, Y OO |o())88|pla(5)),,
N

(9O = IO}, ) O @Ol

S

3= ), elr o Ol

N

1)) = 1087 1s%)m [1hso).,

BMV
9O = |1 DE)eas 19 = DA,
0=0,®0,0 =0,® 0
L:O.A+MA+F'R:0-B+MB+FB+ME+FE’

H(S), = =Tr(pln p),

ent,(j?)’K — ent,E(BK = H(04) -

o1 - U -
a;fl'] — E(fl,]+1 _ fl']). a;fl.] — E(fw _ fl.]—l)'
T C o1, o
+rlj — i+1,j _ fi,j —f£ij — _ iL,j _ fFi—-1,j
o5 fH = —(f*H = f), 05 f4 = —(f¥ - f=),




- .1 - - 1, .. -
d,.f = E(a;fw + O;f”) = Z_a(fz,1+1 _fl,]—l)’
T | o - 1, . o
ayfl.] — E(a;rfu 4 a;fu) — Z(fwu _ fl—l,])’

a‘xgyfi.j = 4_az(]ri+1,j+1 _fi+1,j—1 _fi—l,j+1 +fi—1,j—1) — a‘y ‘xfi,j

_ L fi,j+1gi,j+1 _fi,j—lgi,j—l
F] L bd) =
x(f 9g ) 2a

a_x(fi,jgi,j) — gi,j+1a_xfi,j _l_fi,j—léxgi,j — gi,j—la_xfi,j +fi,j+15xgi,j

Lj+1 4 ij-1 Lj+1 4 fij-1
5,(filgi) = %@p,j + %a‘x'gi.j’
_ o gi+1,j _l_gi—l,j o fz+1] +fl 1,j

dy(fH1g") = ——F——0f" +—————0,g".

2a B _Za(

3 fmm nm+1 nm-1
d((’jixfjfu ) — 21a<d];fij dfdfl] > _ i 6i,né~j,m+1 _ 6i'n6j'm_1).

g,gn'm}((si'n6j'm): _ d(a_xfn.m) |

dfii
Z [(ﬁn,m}((si,ndj,m) . fn,m] — 2_1612 fn,m(é*i,né*j,m+1 _ 5i'n6j'm—1) _ fl'J—lz—afl,J+1 _ _a‘xfi,j’
nm nm
5 [y 1
ij
5{n.m} singim) . gam| = _§ fij 5{n,m} gingim). fij| = 5. fnm
s ) f Sf s( ) f Sf
nm i,j

22 (@) +m(ay)” - xa?(3ay - 3,07)] - ka Z(ax T4 3,05 )ay + F(ao)

zz [(q’lf]) +(q;,1) - (aqu yqx]) ] Z (ax +ay‘1y])q +F(QO)-

ij oL oV
PO - 5qi'j - L],

0

OL _ i, 5 iy
p;] — _l,]= q;'] + 6Sq(l,'] Vl,],S S {x'y}
64

H= Z Zpé’qé’ L(q,p)
se{ox,y} i,j




H=> v+ ZZ (0¥ + (@) + ()] + Z @y + 3,03 )ay +6(a0) — F(qo)
iLj

H = Z(po qof)+22 @) + @) + ()] Z[(axpx +3,py)ay]

i _ 6H l] — Lj _
Py = — —O=>C’ ax +6ypy—
qo
nm
pl = = e N o SN pnmafnm (simgim) = bl
6qx nm dq nm
SH dpnm _ o _
By == _Z T _Z b3 (5imsIm) = 3, b
qy n,m qy n,m

b = any ay‘.hlc'] = a_xpy -0, aqu - _ypych + 5y5xq(l)'1 = 5xp31;] - 6yp,lc']
Gl = pl + 8,pY = —8,8,b4 +3,0,bY =0
i,j- l] 1 i,j 2 ij 2 i,j )
H= oaf +5 > [0) + @) + (V)] Z (@t + 3y )y
W 0
=D ptay = Y el + ey
0 T
c))i= ¢ +pt = 0Vvi,j,
¢ =0= 0y +a,p) +pY =0 + 9,0 +p =0.

af 0¢p  Of 9¢
6f =€e{f,p}=¢€ < T )
; dq;’ ap,”  ap,’ aq;’

Ui _ijf a0 LY if
8qy" =€ ]{qo » Do }—E 7/,
i,j ij ij
Qo — qy +€e".

{p?™, et} = 0V,n,m,i,j and s € x,y.

{q/, cmm} = cr:n— oI, o-p
6ps

opg
gt = 2 [enm{g, emm)] = Z [En,m , agn'm}(é‘i,n&j,m)]’
nm

" _ Z a‘in,m}(am gimgim) = ginm (gingim),
T

64! = ~d,cii

s = 3,(8q) — 8,(6¢) = —8,8,€" + 8,8, =0,




. qm . ﬁ:r
® G * Py

A s 1 ralj+1 Al j—1 Al+1,j Al—1,j Aiq 1 aQ,j+1 A j—1 Ait1,)
Lj — | CiJ =
b = 2a dy qy dx Ax ) and ~ Za (px Px + by

. Ba o ﬁiﬂ/\ﬁya

[427,p7™] = ih - 8,,.6161™ Vs, € {x,Y} Vi, .
{f(@, "} =0vij
[£(@),C"] = 0Vvij.

_I_
@ .

[@;+1’j,ﬁi,+1’j] _ [@i’j+1,ﬁi§j+1] =0
. ® —

Al—1

.j)




' + 1
. * +@ . "
cZ "
"+c . e |y
. ]
" ]
I e . . '
. :

1..........'
. ]
. * ® | e 1
. . "
. 2 "
S [ ]

" . . . 5
" .
. [ ]
]

" . . .
. ]

+ e . .

‘l...l.....l
]

. ® | «
. ]

= ]

< ]

® . LA |
-+ n
]

]

L] L] L] y
]

Al+1,j

Al J+1

ay

T 4.

—dx




_|_

L] L} L] L]
:----------1
— e 1 e ® — ] :
u | |
" P
1,7 1
| | ?
e ;3 @ . .+:
n | .
: "
|
L] 2 L] L] L] .
.-----------I
i1
_qy.'}
f — qi,j+1 _ qi,j—l
y y
. . . . .

EEEEE S DS N E W E
- ]

e ® 1 o : ® . :
| ] " "
| ] 1 1
" " . .
—® e — @+, o @+,
: - :
: . ® : . : ® . :
l-------:---‘-------l
] [ ] L] ] L]

p=

HM =

HM =

|spdm = ® |Ci,j)1i;,[j
i,j

H3 = spang, (s} = E) Iswhu
Sn

-----------ﬁ
u — '
e 1 e ® *
- A
— 1, ]
| b
e 5 @ . .—|—:
— . .
— e : . @ o :
.-----------I
L] L] L ] L
~i—1,j
+q,
_ qi*‘lrj + Q;‘Lj = piJ.
l------_-----‘
« 1 e ® . : .
' ]
: ]
e ;@ . .+: .
;-----_-----
. I . ® . = .
1 +
" E E E EEEEEES
]
e ;—@® . .+: .
. ]
. ]
. : . ® o T o
]
l-----------l
ij
q
& s
ij
N2
& s
n=0
Ci,jE{O,l}
, such that Zcij=n

i,j




NZ
H = @ @ |Sn)m
n=0 Sn
f& = DFT(f)) = cz fle™ =
N
f/ =DFT }(fF) = Z ﬁeleg

FT(f) = ikf (k)
DFT(Efj) = ésin (ZWn’B) fﬁl

N-1 N1

DFT ij Z j —1N1a= Z j+le —1 Z -1 _le
(af ) ofte 2a f f
j=0
N-2 N
DFT(éfi'j) = i Z fj+1e—i2ana _ Z fj_le_iZWTEja
2a\ . .
j=—1 =
L= o N1 y )
DFT(3f") = — z fjle_iW(jl_l)a _ Z ije—iW(]'2+1)a _ _Z 3. (e_iﬁj“>
2a '
j1=0 i7=0 -
— — .2 2
Gy = - AN i 2n e L 3
DFT(arH) = o e S e — oy phgifina | L £~
( f ) 2al € . fle e . fize . ;
=0 J2=0
i 2\ «
DFT(3f*) = ~sin (Tra) @
SN g Y=t ,
LT . .
@ = DFT(f*/ L N(““'Jﬁ) Lj — ~1(fap) = _Z Fa,B oIy (la+jp)
f (f7) = fiie” f4 = DFT1(Fef) = Fase
j=0 i=0 ]

DFT(a f”) =—sm (2 /:?)f“ﬁ DFT(a f”) =;51n (%a)f“ﬁ

- — sin 2—”[,’
N

DFT(0,f ")) = iksf P Vs € {x, ¥}

1 2m,
Sy =NZ e W)

J




e _ 0
CVIW) = 0,p5 1¥) = 0 > —ihd, —W[q] =0,

S

|‘P>=f Dq¥[q] 1_[ Iq,‘}'j>|q§j>
i,j

~oz[i’ _ DFT(q;]) Z g ij —1N(za+Jﬁ)

2, d
p*F = DFT(pY)) = —1hDFT( > = —mz e“W(“"ﬂﬁ)m.
S

aq 0 1 Z eiZWn(iy-l-je)qy'e _ ieizwn(l’“'i'jﬁ)
- - =7 s Y !
5‘1:”8 aq;zﬁ N 7.0 N
aﬁ 2T i 0 aqi'j d
saf _ _lhz oIy tatif) _Z — = _ihNZZ s 5T
~—Qa,— )
9q" — 04,7 9q;’

0 0
~a,Bf . — 2
Dy = —1hDFT< l.,j) = —iAN —ap

dq, dg;
DFT(J5p;”) = iksp§" = AN?ks———
04,
9
ksa~_a'_ﬁ ¥lq] =
S
k g Y[q]
q =
“0q;”
k t
~a,f s ~a,f s ~a,f
GIf = =g + 2 §%F withk-t=0
N |k| L |t| T
~afB Es ~a,fB ~aB s ~aB
4," ==4qs" and 4y’
K| BCh
o _agf o oagf o _ ks a t, 0
0q:” oqrPoar” " 0qiPoqr” IKlagr” It agy”
K| Y[q] =0
aGe?

I'A”Lpo) = 50|LP0)-




L]
2
& — NZDFT_l( N_aa_ﬁ) _ %Z e (ia+jp) ~_a — _ Z e—1W(wz+1ﬁ) fxﬁ’
aqS' d s a,B a a,B aqS'
9 0 _ Z Z o iotiati) g-iaiy+ie) _0 0
—— = . .
dq;" 09’ 44 o 5% 0"

ii= ZZ e—izﬁn(a+y)ie—izﬁn(ﬁ+e)j ksl aaﬁ 0 - koug aaﬁ 0
I 0™ 6/ [kllul9g™* agl®

Iit, 0 0 +tus a 0
01t ag=F ag?® * Itllal og# ag®

1 [ sin (ZWH 9)

L=1(,0) =—
@\ sin (any)
L _ T (E ~aB T AaB) i2(ia+ip)
b = 3,0y - 8yq = > iRy — Byag? ) e'w
a.p
1 = za B il(ia+ip)
0sf " = DFT* (DFT(3,f)) = N—Z (iksf“'ﬁe (et )
@ p

pbl = 1 Z i<k’£‘y GYP 4 katy ~aB kY_kx ~aB kyty ~aﬁ> ei%”(imjﬁ)_

(k t —k tx) (lxuy l ux) ~aﬁ ;9 1—(a+y)t 1W(B+0)j

~
S
~.
—
N
|
5|
N

=EZZ [_hze—i%”(a+y)ie—i%”(ﬂ+9)j(El_ a od +Eus a 0 +l_t o 0
245 L4 5 KIT0g°% 057 |k|lulag®® 052 ||t 0gF 0g!®

tu, 9 0 ei—ZI\Tlr(a+y)i ei—N (B+6)j .
_ _ _ " y
[t]|ua] aqll,ﬁ aq}’ﬂ - N*4|t||u] (kxty - kytx) . (lxuy yux)q .
T T

I ki, o ku, o 0 It 8 @
H _EN h Z Z Oa,—yOp-0 [~ =3 ~af Axy.0 @B b T ~af A~7.0
@B V0 k|l 9g;" aq7”  |kllulag;*” agy”  lItlagy” 0g)

taug, @ 0 1 1 e yel

— kyty) - (Leuy — Lyuy)dy

tlulag=F g7 N*RZ|tju ety




H :lNZhZZ - ESI_S 9 4 _ ESuS 0 0 _ l_sts d d
20 & | IKiiltogr” og, ™" Ikllulag;” 0" 1Tt g7 9g, "
tsus 0 0 1 1 a[i,. o p
[tl]u] 54 Ba~—a B N*RZ|t|[u |( —kyty) - (Leuy — L) dy
2n
- - 1{ sin (W'B) _
L=1(—a,-p) = - o K
sin (W“)
_ 0 0 0 0
g o aafeq

1 1 @ g-ab
o;=—N4h2m( kZtyuy, — kjtyuy + kykytyu, + kykyt,uy, )y

1 _ 1 |k|2 —a—
24 a -8 _ ~af ~—a,—f
N4h2|t||u| (k yuy+k txux+k txux+k tyuy)q = Ninz |t||“| tsusGr " 4r .
aB~ a,—p
o= NiRZ |k|2
232
H:Nfl d d d d 1 |k| ~a[3~a[)’
2 aqaﬁ aqLa -B aqaﬁ aq—a - N4h2

NZZ d ] 0 ] k|2 -
— > |»? — h? +— a7 597 | Wolql = EWolal.
2 ( aqzxﬁ aqLa -B aqa[? aq —-B N4 1T AT 0 oto

sz 0 0
— > (-n? 0 LRGP ) wolq] = £gWold]
2 £ ( 0g53F 9g, " e ° o

Wolq] = dexp | = > fePar e

a,f
] ] ] ] 0 — 8
——5 Plal = —— 55 |Aexp —E frPar’ar"”
0qi" g, " 0qr” 04"

v.0

d d i}
aB(cap a,-B _ v,0 5V.0 ~—y,—6
—PYlq] = G (fP +f~ Aexp Ef 4r g ,
aqaﬁaq a,—p aquﬁ T ( ) T T

o 9
— ¥ b+ freB)y
"3 0 [q] = (f*F + f~%7F)¥[q] -

Gl ar P (FeP + foF) wlq)




N? a[)’~—a -B aB~—a -B
72 [nZ(faﬂ + fmaF) — h2g (FoF + f-oF) + 4|k|2 Wy[q] = &%, lq]
a,p

hz(fa,[i’ +f—a,—ﬁ)2 — %lilz

1 |k
aﬁ: _a_ﬁ—__
NZ
Eo== ) W(f*F+fe B)——hz K.
ap

Wolq] = Aexp | — Nzhz Kiag?

1 _ el oa
= (B8 B (7 <K ).

(k262 + k2t2 — kytykyt, — kytek ty)q"‘ﬁ~ @k,

*=

|k|2|t]2

(k262 + k262 + k262 + k2t2)ge P g, "

( )(t2+ty)q“ﬁ” a-p _ qaﬁq—a ﬁ

ng a—f _ i(,;xq;z.ﬂ_,;ngﬁ) (szq;a.—ﬁ kyac® B)

_ _ _ . em
(-, ~)d; " = ki, = =i ) (aqr)e WP,
B 1 - _ _2m,. o 2W
G2 g =ﬁz Z (320" — 3,07 (g™ — 3,q1m)e WUt iy (nesmp)
i,j nm

qa,ﬁ =B _ Z Z piipnme= N(la+]ﬁ) (na+mﬁ)
i k|2 |

i,j nm




Wolq] = Aexp ——Z Z G(i —n,j—m)b"p™m|,

i,j nm

1N L -2-nyatG-mp)
G(l_n]_m)__zmellv[(l n)a+(j-m ]

kI wip] = 0

9
q>* = DFT(qY) = 1hDFT<a U) ihN? ——.
Ps

aps

N? 1 ap—a,—p 211%12 0 a ) _
5 J — hk —— | Wolp] = EoWolp]
2 ; <N4 Pr Pr 14 aﬁ?'ﬁ aﬁTa' 7

N NP == '_B
Wolp] = ASGexp | =) 9“5 5

s =] | o (55*)

apB

1

af — —,
g 2N2hK|

y 1 1 p —a-g
Wo[p] = AS(P)exp —ZNZh; EPT pr ,

~ _a B
Wolp] = AS(PL)exp | — Nzh mps

Yolp] = A6(C)exp ——Z Z G@i—n,j —m)p;]p_?m _

i,j nm

s = | 5Ga¥ +a,0)

i,j

ij _ 0
X P
{J” —o"

é,i’jI‘P) (0sPs 5+ pH)|¥)y =0 - <

S




5B = DFT(pi/) = Z plie et
0

_ d .
(fuv2|k| S p“ﬂ> ¥[q]
L

» 1 1 a-p.
W, lq] = Aexp —ZNZhZ g a4 ),
@
1 pangp" a,—p
== T, ’
P~ &0 = 3] aq“"”a”‘“ -7 1l = 2N* Ly k|2
1 P : i,j ,mm
5p—5o=52 Z D(i—mn,j—m)p"p™

i,j nm

1 1 _2r
D(i—n,j—m) =mz @e -t (-],

— G %P5
Nzhz k| a

1 ~—a, Bﬁaﬁ
N*h £ |k|2

2T, .
E ij —l=(at+
— pl.]e N( ]B)’
i,j

_ il 2T oo 2m,.
ksg; “7F = —iz (052 )e" W atih) = iz gl [aselw(l“‘ffm],

i,j ij

i - o
== . [ —nj—metpmm,

i,j nm

‘ﬂ“‘l

o= ——-

™
&

1 1 _zn
D(i—n,j—m) =_ZZ @e 2= a+(j-m)B]

pih=> DG —nj—mpmm,

nm

= __2 psst .

1 S -
Wolg] = dexp |2 " > GG —n,j —m)bibmm - Zpqus

i,j nm




T = exp __Z pqus ’

Wy ,[p] = T,%,[p] = A8(C,)exp ——Z Z G(i —n,j —m)(pd —peh) (™ = pi) |

i,j nmm
(c,) = 1_[ 8(py + aypy) + ™).
Ay c A:={X€0|[XCY]=0vVij}.
0:= (a5 11, € [0,V = 1,5 € {x,3}) = L(Pia),

O (q;’,psw(l])eAse{xy})co
Ap={Xe0,1[XEY]=0v(,j) e[o,N—-1]}
\/OMCO
oy = '\/ otico
(i))eA
0F:= (a1 ) € As € (xy)) < OF
0,=0vofco
Ap={R€041[%E']=0vije[o,N-1]}.
Ap={Xe0l[X,V]=0Vl€eA,}
Zyp={X€AHI[X, Y] =0VY € Ayl
Zy= AN A,
Zy=AyNAy =1
H=H, @ Hy.

XA =XA ®HA’,XA’ = HA ®XA,

{CYeA}={CYeAl(i-1i+1]),G—-1j+1]) €A} cZ,




Y MY
o |S]! . R 3 E
= - - -
—@® .:.. —|—© .:..
. .E. @ OE .
/"’ /'

k
Ay = EB 0k @1k, A, = @ Ik @ 0%,
k k

k

Al = Zoym = (€Y 1i,j € [0,N — 1]).
—k
Hym = (D) 1y @147 = D) tym © 07
T T
A, = @ 0F @ I7* @ Iy, Ay = @ I¥ ® 07 @ Iy,
kT k,r

n =@ ot oc - nt ol
kT k,r

G )gny =0V, .




o ) 1t 0964 - ) it 1
K k
a=(P okesd, =P teok
K k

= é:? @ ISy ® (6}(? Hx ®5H"E'k>

Co/Whpny = (E* + P )l)pny = 0 Vi, j

phy = @ @ 5o ® | EP) 74 @ gz

k(sn)

N2
=1 > aglsmul¥,),
n=0 sp

Ay = @ OA ®]IRK®Hsym'UqA_ @ HA ®ORK®HSym

H = EB HK ®17-[§'K.
K,R
o= Q) w0335 = ot 05
K K
AA=@ 0§®H’SJA=@ If ® Of.
K K

k
Hony = (D) 1s2m ® (D) #0457 @705, )
S2

k(s2)

i nm A
Ishu = 10)38 - 1137 10} 11 |0>NN{81]31)€eB

k
_ F(s)
Ajp = @ O~ ® HE
k(s)

Ao = (D) " ® 0} @1y
k(s)

Hohy = EB |s)w ® GB HEO @ HES ®?f”‘“)
S

k(s)




< K — < K
Aae = D) s ® 175, 7 = (D) 1 © 075
K K

K
— K K 1
Asp @ Os ®0p @1

H. = HE }[K— HEQ HK f]'[K
phy_K ap @ E—K 2 QHg ® 1B

ij .. ((La)eA
1s%m = 1_[ |6:16a + 8148)) ,» With {(l, b)EB
L]

s = 10 | ] 100 =2 10) 150150
i#l
j#*a,b

W), = | 20wl [ | 1o, 04)
ij

) = | +)3] )8l [) -

=}

(¥, &pm) = > [a¥, 80 rm] + (a8 pmm] = > Gilad ™)

T T

[G,E0m] =i (s, atngim) = i (gt sim)
T

ilt = ). ol (singim)

nm
L) _ 3 nij
64, = —0s6%
AL AL A i
qs” 2 4s — asv J

= 10){11}f

af = 1mollf




Sdi,j = —%Z 9"’m[di,j,é;l'm]
nm
[a:,Cp™] = Z [&i.j' a_in'm}ﬁf’m] +[ag, p"™) = [a;;, ™M
T
[0, €™ = 10) {1157 1 1) QL1 1) QL™ 1 0) (115 = 61,18 i m
a0,.Cm] = 0) (U7 - (LA™ — AT 10) (115 = 6100 mit

i i
A — nm A — _ _nLjA
6a;;=—+ E 0" 8in8jmlnm = —3 0"
nm

h T
At %vi'fAT
djj — et 4
i, s
IS TN -V -y o
an,mai,j —eh an,mai,j
i La_,la—2
At N —z(vha—yla=2) ,\
A1q-291La 7 € h A1,a—2%,a
pij._ —t2ag
W7 = e Rx
1

~l,a—1 ~la—1 3 La-1 _ ~l,a—1 La La-2
gLt - gLet — Gvbest = glaTt _ — (yla —yla-2)

2a

i La La-2
pla-2 . (vba—yla=2) 4~ g2
Wra2 - el A

_i La_ l,a—Z) l( La_ l,a—2) N A
(vba—v vba_y At A La-1 _ At A lLa-1
h eh Ay gq_p01aWr =4 501,Wp

AT A 1Arla-1
al,a—zal,aVVF - €




Ct=cte+1=0 aforta" é};“ =cle=0
cpet=claz =0 -

¢la=cle+1
{él,a—z — Cl,a—z -1

.I.. —_ Vla— _vla "T
alaala 2 € ( alaala 2

iy ™" = et
= | T>( |Aala zalaVIIIv"l'a_l'l'li)( l5a la+2ala(VVF a+1)_1 € A,

= | T)(Tlaalb ZalbWFlb 1+|~L) (llgdzb+2dl,b(WP~l'b+1)_ € cfltOt
U= UA X 03
[¥)YD = J|w)y©®
At t

|s8)t = @1 q—281al50, IS®Vh = @120l

ISLEyy = |SE)E|SE)E |sOVEE, ISBRYy = [sR)a|sR)E |sO)eE,

|ERYy = ISPV 1SRYE ISOVE, IsRE Yy = ISRy IsM)5 IsOVAP.
R A N ~la—11aLb—1],0
|SLL>M|¢;LL)F = azr,a—zal,aaz,b—zal,b|50)M ® W™ Wy |¢s°)p'

[)YD = O19)© = | DA DE[sHyy[lu) + | DA DEISHR)y[ir)
] DA DI L), + | DA DESFR)ag )

9)D = 1o sl

N

| DIsN > I DIsOW 1 DRIsFIN - 1 DR 1sOW

UA = | T) <T|aalaala Z(Wla 1) +|‘L> (J'laalaala+2‘/|/la-'_1 € C’tht'

0 = 1 1) (N8l (HE ™) 1) (UZaT, 00 W € A,
|[PY® = 0'|w)® = |50)MZ ei)/(s)eid)(s)|o'(s))a_43|l/j;0(s))F'
S

|50 (5)>F = Wr(s)[hd)r

L:UA+MA+FA'R:UB+MB+FB+ME+FE

— K, tot K, tot
Hony = P 25 @ 7
K




. K, tot , _ K, tot K, tot , _ 4K, tot K
with 7" = H,yw ™ and Hp o= Hp' ™ Q H——

K —
AP = ED 0" @I @Iz = AP, AR = EB If ® 0™ @ 0= = AR VA
K

UA; UA € c/ltot dqtot’ 03, 01’3 € cﬂgot c A%ot
[®)© = | 5] B[OV, 1) = |5 [O)EE,
W) = | 5] HE OIS 19 = 105 W O)ER,
|lp>1('<i) Q }[If( ot &) }[g, tot
H(S)p: = —Tr(pln p),
LR K

~ LR K N
= L @ T [ A = R @ [ (v

entgg‘K = H(R)p;(o) = H(L)pl((o).

ke = Tra(pi) = 1) (g @ Tra (o) (5" ) = 19(H7 © ¥k

PL Kk =
0
entiy e = H(oaMaF1) 0, = H(0n)yays) + H(MaFa) g = H(MaFy) g,
(5 5
i =Tre (57) = Tra(L(1) ® Tra(WONWOIERF) = 24 ® ¥k
5
entiy = H(oaMaFs) o) = H(0a)y + H(MaFp) .
70 1WY O = |gy©,
_ fle+amn)—f(n—amn)
Ocf (r) = =222 5 0,f (1),
- v ta)—flr,n —a
dr = LB )2 =9 o pn,
a
N/2-1 N/2-1
Z L——ZN/Z ]——ZN/Z
N/2-1 N/2-1
_ L/2
azz = a* Z Z L—I>V0a dredr, - f d*r
0] =N j—=Np © -L/2 R?

N/2-1 N/2-1

2= 2 )

a,p a=—-N/2 B=-N/2




2w (f
<-%()
L \a
1 Z L—> o dzk
—_— ﬁ —_—
L2 a—0 (2m)?
ap
azfa,ﬁ — Z f[,je—izwn(ioﬁjﬁ) — aZZ f(r)e—ikr L__>>°: ] dzrf(r)e—ikr’
a-—
ij ij

fao = [ drrpetr

o1 ~ 2T 1 ~ o Lo d’k . .

Lj — ap ilatjf) _ — ik-r f ikr —

fi == Eﬁ fesen » §B faoere = [ Gsrfe = fam)
Q, a,

. (2
sin (Wnﬁ) _ 1 (sin (aky) a=0 k) _ k
ZWﬂa) ~ a\sin (aky) ky)

1 s 2 L. 2 _ P _ PNA
L=5) [m(@¥) +m(a)) - xa?(3ay’ —5,at) |
ij

1 m 2
L=30 ) [Za@F - x(0xa, ~2,4,)’]
L

bU:=8yqy) — 3,4 — 9xdy — 3y4x =:b(¥)
azz —>f d*r
ij

1 . m
L= Ef d?r[o|q|? —kb?| X 0: = o

ps(r) = 535 (1) = 0qs(r)

ps’ = a’ps(r)

4
H= %f d*r [@ + Kb4(l‘)]

C(r):=0,p, + aypy =V-p(r)=0,

1 ..
?Cl’] il C(l‘)

L. . _ 1 L
[p¥] = ¢, [e¥] = [0][p] = [Mz=




Cﬁi,’j =CW +vpi = 0.

1 ..
=P =P, [p(M] =1

a%C,(r): = a2[C(r) + vp(r)] = 0 > V- p(r) + vp(r) = 0,
[qs ,Pr m] = ith,rSi'"é‘j'm,

q" - q(r),p" - a’p(r)

lTLS]m a—0

[4s(r), pr(x")] = lhasrTT - 1h6$r6 (r—r").
d*k K
ZZ -5 [or [ gosiki=g [Feo [ e,

W, [q] = Aexp |- — Z G(i —n,j — m)biipnm |,

Ljnm

(S A 1
EG(l—n,]—m)éf (Zn)2|k|e k(r=r') =. G(r — 1").

W, [q] = Aexp [—\gi_hkf d*rd*r'G(r — r’)b(r)b(r’)],
Gr—r)~1/[r—r'|

~i2 [ (i~m)a+(j-m)B]

k|

1 . , P . . 1 e
gp_50=§ Z D(l—n,]—m)p"fp"'m,D(l—n,]—m)=FZ
ap

i,jnm

1 . . d%k e-ik(r-r') ,
;D(l—n,]—m)af L =D(r—-r'),

VZ
Ep—& = %f d?rd?*r'D(r —r')p(r)p(r")




0s
a® Zi,j
DI

foP = DFT(f)
k
q"’
b4 = Bl — B0t
Cyl = 0upl’ + 5y Y e

o U [ S ]

80 - %hza,ﬁ

Os
[ &r
J G2 (2«)
2= f(k) = ZFT(f(r))
k
q(r)
p(r)
b(r) = 0zqy(r) — 9yga(r)
p(r)
C(r) =V p(r) +vp(r)

H = %fdQ’r {M -I-ﬁ:bQ(r)]

k|

‘ Gli—-nj-—m)=532 .55 ¢® e I F [(=m)at(G-m)p] ‘

S S Gli—n,j—m) bﬁ'd’bmﬂ

‘lIfD[p]zAJ(C) exp[ %Z”anG(z—nj—m)pS Py ]

i12Z [(i—n)a+(j—m)B]

D(i—nj—m)=g5:3, s@ze
‘ gp_gozézi,jzn,mD(i_n’j_ m) p?p™ " ‘
pL’j = Zn,m 5{i’j} . D(% - ?’L,j - m}pn’m:

‘ Wo,,lq] = Wolp] - exp [—— pZ“};qi 3]

Yo, [p] = A6(C,) exp {— LYY Gli—nj—m)

(py? — pit)(p™




Wolg] = Aexp {—ﬂ [ d*rd’r' G(r — 1) b(r)b(r’)]

%m$=Aﬂ@enﬁ—ﬁﬁif&%fHG&—rﬁMﬂ-MHﬂ
! 2 —ik:(r—r’ !
D(r—r):f%#e k=) o —In|r — 1|
Ep— &= % fdzrer’D(r —1') p(r)p(r)
py(r) =v f d*rV, - D(r —1") p(x")

Wo,p[q] = Wo[p] - exp [~ [ d°rp,(r) - q(r)]

Wi ,[p] = AS(C) exp [— 253/@ fererf G(r—r')

(p—Pp)(r)- (P~ pp)(r’)]

W1 Ppn = W1 )in
4 d4 —
(fl i Q(x)) Yx,h) =0
¢(x) = Q(x)dx?

Y(x,h) = exp (fx P(x’,h)dx’>

dp
h2 (P(x, R+, h)) - Q)

P(x,h) = APy, (x)
P_1(x)* = Q(x)

2P, ()P () + )

dx 0

dpB, (x)

2P (Psa(¥) + ) Pe()Pp_p(6) + —2 === 0 (m 2 0)
£=0




) ,n @, QM p® 4Q(x)Q"(x)—5(Q'(X))2
PP = /A0 AP0 = 505 A0 ) = TP

P®(x,h) = Z AP (x), 4 (x, h) = exp ( f i PO (x, h)dx’)

m2-1

P (x,h) — 1S, (x, h) P (x,h) + pe) (x,h)
Poga (x, h) = 2 s Peyen (x, 1) = 2 .

P® (x, 1) = +Pygq (%, h) + Pogq (x, 1)

1 dPodd
2P0dd (X, h) dx

Peven (xr h) =- (x' h)

Yi(x,h) = Podd(x'.ﬁ)dx'>

1 x
(s
Podd(x' h) X0

1 x
Y1 (x, h) = exp (£h71S(x)) Z hm+71pi,m(x),5(x) = f Q(x")dx'

m=0 Xo

2 dz
(fl F-X)lll(x,fl) =0

15

@ @ @ )y —

P (%) =V, Py (x) = — P (x) = 32 52 R (0= e
A o) = exp (£ 1 2\ (14 Sy 385

Y (nh) = exp 3 x1/4( * 282372 ¥ 16083 +)

Q) = ) A" Qm()

m=0
T={(x,y)€C? | y?=Qx)}
%3 (x,y) » x € P!
I’ =3\ n7(Crit(¢)),

sup |P( )(x)| < Cxrg'm!
XEK

d? - - ~
(rﬂ@— Q(z))zp(z. =000 = (50 )) 0(x(2) ——{x(z) 7

P = (dx/dz)"/*p

nr n 2
c@a =525 (50)

x'(2) x'(2)




_ dx(2)
Pogq (z,h) = ?Podd (x(2), h)

( )(r—Z)m—Z f
cmx—0p 2 orp € C
Pm(x) ~ { " _(r=2)m+2

2

CmX forp = o0

2 2
(hZ%— <xz—v>>¢(x, R)=0(eCc)

o 2172k —1)B
f +P (x)dxz{( B ifm =2k —1isodd
m

2k(2k — 1)v2k-1

@ 0 if m = 2k is even

Bip (,0) = Yaa(r0) = Y. 21O (¢ 1 502

Zinrd
SY1(x,h) = f‘” e~/ Mp p(x, )dC

FS(x)

St (2, h) ~ Py (x, h), B - +0.

)

1 1 )
'E' w

S

: 1 151
A 4 =
P00 = w2 R (22,5
¥

Airy -1 1 1
M0 =t w - D72 (3,

(o)W

V3 T+S) 2

= T 2o S9 =3

(@)n(BIn wh
¥)nn!

C

2Fi(a, B,y w) = Z
n=0

1 n=20
(a)"z{a(a+1)---(a+n—1) n=1

d> y—(a+p+1w d apf 3
<dw2+ w(l—w) E_W(l—w)> h

Im fx Q(x"NHdx' =0




@

N/\

%

_(z=1)(x—2)
a) Q(z) == b) Q(z) =z° + = (c) Q= BT
(@) Q) = = () Qa) =2~ 2 (M) Q) = 57

T(x,h) = Z A™ B (x) (= P(x, h) — h7HP_y1 (x) — Po (X))

m=1

2J00) (1T (x, b)) — P, (x)) + % (x, ) = —2Py(x)T(x, k) — T(x, h)2.

z=12z(x)= fx Q(xNdx'

0 10
(54 55) To50) = MATo (50 + 422 52 T * Tz

¢ " 29
P, 1
A1(2(x)) = — \/%'Az(z(x)) =

¢

Ty Ty(2,0) = f Ty(z, 0)T3(2 { — 0)do
0

Tg(z,{)= Ao(z—%>+focA1(z—%)TB(z—% t)dt

#[ (1= 55 o T (2 - S50

Ao (2(x)) = Tp(2(x),0) = P (x)

z——fmdx<f JOGEdx' > 0




IT

PaVaVaVaVe Ve Ve VaN
v C
I
Yy(x, h) = - exp (i fx Poaa (%, h)dx>
a vV Pogq (x, ) v

(1 (1)) i [ Vawa oo,

1

\((1) i) if/j:\/Q(SIf’)dZL"<OOIl C.

SGx) = f " A = §x3/2 >0
0

f =S/ (x,¢)dg

L

[o0]

| ety wodcs [ et (Bemrsouly @)
-5(x) +

S(x)




IMra+p—-vy)

2P, By;w) = NONO) A-w)Y PRy —ay—By—a—-B+11—-w)
Ty —a-p) _
F(y—a)l"(y—ﬁ) 2F1(0£,[3,0£+ﬁ—]/+1,,1—w)
2Fi(a, By;w) =(1— W)y_a_ﬁ 20y —ay—Bviw)
Aocssebay (6 0) =ity (x,0).
[z
S 1< S
—5(x) 5(x)
N > —S(x) _ »- ~
AWV W Vv S
S(z) ~S()
< <
S(x) S(x)

A

Y

_S(2) ~S()

vl =wil+ 9l




Q = Qo(x) + h?Qz(x)

(W, o) = (o el .S,

( 1 0 _ x
(21 cos(mv/1+ 4)) 1) if /U \/de > () on C,
(1 QiCOS(W\l/m)) if /m V/Qo(z)dz < 0 on C,

0

A = lim(z — v)%Qa(x).

r—v

1 11
Yap(t,0) =Cw zzFl(a—E B-5.5w)
1 11
Y_p(x,0) = C(w—1)" zzFl(a 5/3—5,5;1-‘”)
1
2

C=—W=

S
2V’ 4+/x

lpi(x, fl) =

1
ﬁexp( [ Pt h)dx)
odd 12

.
= (ot} )




. 1 x
Yi(x, h) = mexp (i LZ Poda (x, ﬁ)dx>

1 -~
Ve h) = exp (£5%(0) e h K () = § Pogg (1 W)x
Y

(YU, Wl = (it iy (é ie;W)

(o) = (ot (1 0+ 7)

1 x x
l/)i’oo(x, h) = WEXP (ifl_l Ll P_1(x’)dx' i foo (Podd (x’,h) - h_lP_l(x’))dx’)

A

II

1
Pi(uh) = exp (£ W) hrw i)

(217%F — 1)Byy

wn) = £ 2k(2k — VT

hzk—l

B (0) = | —rp— o
2¢ exp(%)—l exp(zz—v)+1 ¢

e i+ 3)
V2r(v/R)v/h

SeW(h) =

V() = § Py G )i ( € iy (2, 2)
Y




03 62  62-62-062\ .,/ 1 1 1
Q==+ + +h (—— -~ + )
x? (x—1)? x(x—1) 4x?2  4(x—1)? 4x(x-1)

Q = Qo(x) + hQ;(x) + h2Q,(x)

pE(R) = Res,_oP (x, A)dx <= Z hmRes,C:OP,gli)(x)dx)

mz-1

dqn dqn-1 d
(fln e + ql(x)hn—l = T+t Qe 1(x)h + qn(x)>1/)(x =0

- eV (1 + emiv/h) if v € iRs
e = . —
eW (1 +e72mv/M) 7 ify € iR,
P (x,h)
(+h)29-24n (2(x) 7(x) dx(z)dx(z,)
= exp [ [ (W G 2) = B
g=0n=1 ' o o (x(Z1) - x(Zz))

(€ =PLx(2) = 2% y(2) = 2)

n
1 (2d; + D!
Ai d d i
Wy, 1ry (z1, er2Zp) = S2g=7m E <f_ di nn) T dz;
M . Z.
dq,...dn20 gn i=1 i

B
Weber _ 2g
g = 2gtg = g2 =2

=PLx(2) =Wz +27),y(2) = g(z —-z7h)

2

(P): h? dg—6q2+t

0° h d
(LI)[ IxZ m(ha—p> (4x3 + 2tx + 2H) |y =

O et (<3| /A

dg 0H _dp  0H

dt ap’ dt  aq

d
h?—log ©(t) = H(t)




2
H() = —

a(l + 0(t —a))

y2 = 4x3 + 2tx + 2" H|j=
Tp:y? = 4x3 4+ 2tx + u(t,v)
1
V= y dx

2mi
A

dg
C=C/Lx=p@)y=-()

Bz, z) = (02— 2) + 1) dzy dy

R—{wA wpg wA+wB}
2727 2

Wo1(2) = y(2)dx(2), W0,2(21'Zz) = B(z,23)

W a(z) WOZ(Z(),W)
v(z) —y(a(2)))dx(z) gn(Z Z1, s Z

Wyn+1(2o, 21, ..., 2y Z Res,- Y z),

TER
Rygn (2,24, ., Zp)

g-1n+1(2,0(2), 21, ..., 2) + Z Wy, 141112 2D Wy, 141y (U(Z)' Z])'

91%t92=9
1uj={1,..,n}

Fy = ZZRmrUWmmmﬂgﬂ)

TER

v
FO—? —fydx Fl———log(a)A )

UJ

Z(t,v, k) = exp Z h29-2E,(t,v)
g=0




x+(x,t,v,h)

(+h)29-24n 20 z(x) dx(z;)dx(z,)
~ exp Z e f J Wy (21, e Zn) — 84,0002 B
' 0 0

g=0n=1 (X(Z1) - X(Zz))z

2 az 2 a 3 ZaF
W= 2h %—(4x + 2tx + 2 E(t,v,h)) xe(xtv, ) =0

F(t,v,h) = Z h29-2F, (t,v)(= log Z(t,v, 1)

g=0
et2mv/hy (x,t,v,h) along A-cycle
X (x’t,‘v’h)l—) Z(t,Vihih)
’ iy Xt vERR)  along Bcycle

Ykez €XTRPIRZ(t, v + ki, B)x4 (x,t,v + kh, h)
ZkEZ eZTL’ikp/le(t’ v+ kh, h) ’

Yi(x,t,v,p,h) =

eizniv/hl/)i (x,t,v,p,h) along A-cycle

X, t,v,p,h) > -, .
P ( p,h) {e+2mp/h¢i(x, t,v,p,h) along B-cycle.

2 3

d d
. — _HK2 1 . — %3 1
q(t,v,p; h) h qz og t©(t,v,p, h),p(t,v,p; ) h s og t(t,v,p, h)

(t,v, p, h) = z e2mkp/hZ (¢t kh, R)

kEZ
q(t,v,p,h) = go(i—;+ (%+ %) wy + (%+%) a)B) + 0(h)
p(t,v,p b)) = ' (Z—; + (% + %) wa+ (% +%) wB) +0h)
H(t, v, p, k) = ”(tz‘v) +0(h)

Dy

T(t,v,p,h) = 2 e2mko/hZ (£ y + kh, )
keZ




Ykez €2TRPIAZ (v + kh, B) X4 (x, t, v + kh, R)
ZkEZ eZTL’ikp/le(t' v+ kh, h)

Yy (x,t,v,p,h) =
(¥, 90) = (U, wU+n) . g,

Re]x,/qb(x) >0

Z(t,v + h )

Xi0otv h) = X tv, h) +i—r—s

XM(x,t,v+hh)
Xl(x, t,v,h) = Xll(x, t,v,h)

Wiix,t,v,p, h) = Wi(x, t,v,p, h) +ie 2™P/"Wll(x t v, p, h)
WYlx, t,v,p,h) = Yi(x,t,v,p,h)

( S_p =1Xy
so=iX = XXz + X5
Att =t —ie: So = 1Xp

sp = 1(Xg' — XX ")

s; =131 — X' Xp)

( S—p = 1(Xy — XaXp)
s_1=i(Xg' = X7 'X5")

Att =t. +ie: So = iXp
s1 = i(Xy — X4 X5 + X51)
So = IXA_l

X, = e2miv/h X = e2mip/h
1+ sjsj_1 +isj42 = 0 (yjmod5)

L, (emie )

T=(t,v~,p~,h) = ez2mi T, vt pt h)

h -
(V+‘p+) = (1/_ — ﬁlog (1 — e2mp /h): P_)

1. i h :
6T(t’ v, p’ h) — eﬁle(ez p/h)‘[ (t"v _ z—mlog (1 _ ezﬂ:lp/h), p' h)

1 ho
SZ(t,v,h) = exp (ﬁ Li, (e‘ha") - 2_1;;10g (1 - e‘ha")> Z(t,v,h)

SZ(t,v, k) = Z 7™t v, k)
n=0

h oF
2O (8w, k) = Z(t, v, 1), ZD (&, v, ) = (1 Fomo (v —h, h)) Z(tv — b h), ...

2mi




At B,1) = qo(O) + D /a0t @, B, 1)
=1
Q12 = aay (e O 4 Ba_; (t)e 4O/
q1 = a?a,(t)e*4O/M 4 aBay(t) + B2a_,(t)e 2AO/M,

4

Vr .
(a — 2he—2m(v+p)/h
r(5)

(1 + ﬁ) 9~ 1~k e2mi(v+p)/h

F=—F

—
<
<

[} +S a—1
etS/hpa — f e—(/h&d( (Rea > 0)

¥ I'(a)

1 1
wo = ﬁtr?exp {gsﬁ edt [iALJ'c”(T) +5 (p'(x) + (ﬁ’(x))]},

1
Wy =— (WO +w® ... w™M-1
0 m( )
M-1
1
Wy =— " plew®
\/1\_4 I=0
1 M-1
Wa = _M plaW(I)
I=0

w= Orznlog (W= = f d4x1d4x2u(x1,xz)(Oz(xl)Oz(xz))W,

M-1
2 2
Z =f <1_[ da1>e trag |Zl—loopzinst|
I1=0
N?-1
-]
a; = jap—
) 21

|Zl—100p|2 = e_Sint

M-1 p+c0 2m 2 moom (
S = ) [Z D 0 () () Gt (trad™™* — waf™)(trak — trafi)|,
I=0 Lm=2 k=2

_ {f@e5in)g
(f) = e Sy

tnl,nz,...,nq = (tra™tra™ ---tra")




1 M-1
Agp = — Z @lrak
ak \/M L p 1

Aa,k = Aa,k - (Aa,k>
AAa,k = Aa,k for a #0

A kte
<Aa,kAﬁ, ,)0 o N Z 64y_p with k + £ even,

. ~ Ay k+i£’+q_1
(Aa,kA[;,gA%LJ0 <N 2 Sa+pm—y, Withk + € + g even.

o= (3)
M-1

oo
1 t
1nt - E Z Sa?a,kxk,{’?a,{’
a=0 k=2

Sq = sin (7;4—6()2

k+€+2k{’ t NS VA
Ko = 0(-1) ke[ t(te—l)sz(';—»u(’;—n)

KPS = Xoezr == | deUSen@USn (0
0

klk 11

5 (¢ ren

ng’d = Xok+1,2041 = —f dtUR U9t
0

even — (_1\k 2\/]; <ﬂ>
U™ () = (-1) Jsinh (1/2) (t/Z)IZk

J20k ¥ 1 Va

URdd(t) = (-1)* \/—SI(T(-:/Z))IZk+1 <t )

<?“"<3D g.f> = 85Dic2

1
() _ ( )
D —
k.t 1—5.X

D(a) odd __ D(a)

k.t

D(a) even __ D(a)

2k,2¢’ 2k+1,24+1
dl(ca) dgﬁ)d(y)
T\ ~ q :
(:Pa,k?B,t’?y,q> =~ 6u+ﬁ,y W with k + £ + q even,

@ _ (@)
dy” = Z Dy Ve
£=2




0 k
_12 1( )7
a’ N L ki\2 Aa:

WP = (WeWy)o — (Wo)3

conn

w, = Z alirex

WA

con

=1+Aw® (M, 1)

Ik(‘/_)ll’(\/_)\/—( (@) _Sk{’)

(@) ~
AT A) = fzzll(ﬁlz(f)

k=2 ¢=2

<WaW3 w,), ﬁ>

L T=1+Aw@B(M, Q)
VMW, (A)

8 I, (V2)?
(wh) ~ 1 | |
1+ Aw =7 (11( ,-—)2 +31,( "_)2 l even

« toy VAL [ apw VALK
0'(1) 0'(2) 2 0(3)
+ (s >( NN ))(S“‘d 2L ))]

0€EQ3

. N «
SSyen = ) 2 @D (P4, ~ )

kf=1

. ' Loesr (VA) «
SSa = k; Zz*(l—mJ(Zk D@L+ 1) (DShs 2p01 — O2esr2601)
Q3 = {(1,2,3). (3'112)1 (21311)}

Z(my,my) =f daof da1e—(traé+tra%)e—sint+(mf+m§)]\/l‘+0(m4)

2n n

N 2n + 1)! <2n+1( 2 )
— _q\n+¢ 2n—~

Z 2 0( D e \ewzy) Tootrad
n= =

_ o (Wo M) — (Wo)(M)
(Wo)

(NL)
w=wh ¢
N

w 1
2 +0(m)

VA [l _@2F 1 ( 2‘/7> [ano(\/_ )Jl(ﬁ)—ul(ﬁyo(%)].

L) Jo 't sinh(t/2)?4n? +¢27




< (NL)

(WoM) — (Woh(M) = (WMD) = (WMD) + +O(N™)

NZ
(NL)
Wo) = w® 4 +O0(N™%)
W — 2V21,(V2)
V2
3/2
WL — Z_g (Al (VA) — 14VAL (VD)) — A . ﬁﬁ L(V2)
Z akD(a)bg
k=1

Dg'xg even _ (Sk,{’ _ f U}c;:ven (t)Z{Ea) (t)
0

Z5(t) + sq f dt'Keven(t,t)Z5V(t') = suUS e (t)
0

Keven(t’ t’) — z Ulsven(t)UlsVen(tl)
k=1
Z @D " b, = Z by — f AtA(D)Z@ ()
0

kt=1 k=1

Z@(t) + s, f dt'KeVen(t, t")Z( @ (t") = s, B(t)
0

[oe]

7@ = Z ka’E“) (),A(t) = Z a UEYe™(¢) and B(t) = Z b UEVen ()
k=1 k=1

k=1
fo " dxf (o) = i wif (x)

T
Xy = cos 8, with 8, = (2k — 1)ﬁ’k =12,..,m

mg cos (2r9k)

1 1 1
1+ Aw@® (M, 1) 2 Ko (1 + Klﬁ tHy S Kyt 0(/’1‘2)>




+00 dZ 7 )
J,(sq) = J ?zl‘znazlog (1 + s,sinh (E) )
0

Jo(se) = —%(1 —%) 27

hs) =~ [w (&) + ¥ (1 - ) ~ 2w,

Aw@ (M, 1) = Aw@ even (M 1) 4+ Aw (@ odd (i1, 1)

- L (VDL (V)
(@)even _ 2k (@)even
Aw@even(u, 2) = \/_ >  Tram VR ? (D" — 6 )

kf=1

2 O Lokt VDo V)
(@) odd _ 2k+1 (@odd _
A0 (M, 2) = E LD VZk + 1V22 +1 (D) St

kf=1

2 s®
A0 \/— ,1P/2

sP) = Z S(L])+S(LJ)

even

L¥J=P
s =Y Z VIR 105" UVETF QS (D) Wen| =% 5 barcr)
k=1 4=1
s = Z D VERQS) " GONZEQS) ™ (0) el T W)

k=1 ¢=1

L1 (VD) QL (k) Ly (V) Q) ever
Ij(\/_) Z A2 L) Z /15/2

k

Xie = (Wi lX[,)

Wit () = (10" O ()| X S8, O)

D (x) = J,(\x) with £ = 1,2

s® =5 +5P +5P +8P +




P - 1 2
S =2t Y [ w

n+m=p

Sl(P) = (=2)P3 Z [—(1 +n? +m?)w, (1) m+ (5 —n? Z)W,S?%
n+m=pP
P 1) @ 2) (2
SO =0 Y [ s A
n+m=~P

1
,S,)l = =(-3m* — 8m3 — 6m?n? — 12m? + 20m — 3n* — 8n3 — 12n% + 20n + 15)

3
1
n(?l = §(—3m4 —8m3 — 6m?n? + 24m? + 56m — 3n* — 8n3 + 24n% + 56n + 51)
¢ 20 21 02 -
r(tr)n — wr(lm)gn+m+1 + wr(lm)gn+m + wr(lm)gn+m 1.

35 5 1 (n? 4 m? ~ Doy, i (m]
n m
ﬁp: i (—2m)"(—2m) 16w 4

2
1 2 1
g((xax)z + (vo,)" - 2) GO (s, x,y) + Ez GO (L, 54,%,7)
=

2 <ﬂo(sa)>2
sgVA\ 2

2 2
1 2
2”2 D, 50, %,) +7(@0)? + (v0,) )Z D, 50,%,7)

Sl -

X=y=—2T

3 1/ 76
4( GM(1,54,%,Y) —56M (2,54, x, y)) —E(ZZ - ?(xax +y0,) +

16
4(@0? + (v9,)") + 5 (@0 + (¥9,)°) - 402 (v3,)" - 2 () + (yay)“)) 6O (s0,x,y)

1 (T(s)\’ N ACH
S )(— )

2
(a) even _— d (@)
Aw = \/_ =T (\/_)12 (\/_) f tA()Z'¥(t)

Z@(t) + s, f duKeVen (t,u)Z @ (u) = s,B(t)
0

vzt Wi, f \/'
2
aw@een = _ 330 50 TG HF206 ko)

256m°

32m*




14+Aw® ~ kol 1+k i+K 1+1c L+0(/1_2)
A—00 0 1\/1 2)_ 3/13/2

Frum) = (’CKLO(”— 1)V

2
Z gi-71 (Sa)i
i=0

sa — . ven\/—_l_ Ceven +Ceveni+ even1 + 0( 1 )
even 0 2 \/I A )13/2

C(e)ven — _1_1‘70(505)

2 4 s,
Cfven — 170(5(1)
8 /sq

3 Jy(s, T Jy(s,

Csven - _ 0( a)__ 0( a) 1(5a)
32 fs, 16 [s,
Cgven — _EJO(Sa) _3_”70(5a) 0( a)

32 f5. 32 f5 MW \/—ajl(a)z

1 1 1
584 = QU7 4 codd | codd | codd~ 0( )

Vi 3, 13/2
ngd _ 1 _ 170 (Sq)
2 4 \/5
3
odd _ =
c] 2
3 311.7 S
ngd = olSa) 71(s¢)
16 \/'_a
3 3mJy(s 3m2 94(s
Cé)dd = 4= 0( a)71(5a)+ 0(Sq)

16 16 [s, 8 \/—71(0‘)2

1 1 1 1
1+ Aw@P) (M, /’l)  Co [1 +coi—=+¢c (—)]

/,l+03/13/2

"z A2




_ 1 li[ Jo (Sap)
“©=7g Sq
p=1 P
C1 = 3
1 3
o=7|21 —nz % (5a)
p=1
3 3
1 5 2
¢ =55( 199~ 28n; % (a,) — 167 ; 9 (Say)
© (P )
Sa _ ‘Se(vgn a _ Sodd
even — Wr odd — AP/2
P=0 P=0

s P e L

even 0, even 1, even 2, even

P _ P (P) (P)
Sodd = 50,0dd T 51 0dd T52,0aa T

S(P) — (_Z)P—Z (€]

0, even WP,O
P — 1
Sl(, e)V6n = _(_Z)P 4(P2 - ZP)(l - 6P,0)Wf(’—)1,0
sP - — (Gl 3P% — 16P3 + 24P% — 20P + 9)(1 — 8,,)(1 — & (1
2,even 3 ( - + - + )( - P,O)( - P;l)WP—Z,O
® —2. @)
SO,odd =(-2)f ZWP,O
P —- 2
SP = —(=2P (P2 = 2P = 3)(1 - 8p o)W,
s = —(_Z)P_7P 3P3 —16P2 + 6P +16)(1—6p,)(1 -6 2
2,0dd — 3 ( - + + )( - P.O)( - P,1)WP—2,0

© (1) o ©)
1 Wp o 1 Wp_1,0
pven = — C - — P2 —2P (-6
‘1 4 PZ; (—2m)? 16 PZ; ( ) TomyF (1= 6r0)

_ 1-70(50()

X=—2T - 8 \/‘g

1 1
codd — (16(1) (Su 2, %) + 320 [(x9,)% — 4]G© (Sa,X))

1 1
cgven = (ZG“) (Sa 1, %) + 55— [(x9)2 = 116 (sa,x>)

X==2T




1
cgven =(7‘[G(2)(5a, 1,%) + = ((xax)z — 1)6(1)(500 1,x)

b (B3(xd,)* — 8(xd,)* + 20(xd,) — 15) GO(s,, x))

384w X=—=2T
3 Jo(se) 1 Jo(sa)

91(Se)
32 \/— 16 JSa

1
e =<ﬂG(2)(sa, 2,x) +g ((x0)* = 4)6 M (54,2, %)

+ﬁ(3(xax)4 _ 8(Xax)3 — 18(xax)2 +56(xd,) — 24)G(0)(Sa,x))

X=—2T
3 3mTdy(sy)

SEon = d ()
fron =~ ﬂ f LA Z@ (t)

o (5)

@ ® dugeven (@) = —
Z\(t) + S“J;) U W ) 2+/2msinh (’5/2)]1

Jo(Sq
§Ven — O(S )z even (7T71(5a))

32,[s, &4
codd _ ﬂ 70(%)2 °dd (79, (s ))

(W1Z/|2/)1—W1 (1 + Aw® (2, l))

(w2,m)"
NATNTA n2\" 2n n(2n+1—log 2)

w® 1500\ 16 (1 Vi + i +
(w2 m)"
n(16n? + 24n(1 —log 2) + 5 — 12log 2(1 + 4log 2) _2
+ 2572 +0(17%)

(W Wi, oo W, Wi )

don—1""Azn

NN (a3, e tz) (W D)

1+ Aw(a1'---'a2n—1) (M’ /1) =

1+ Aw(@ton-) (M, 3) =~

1
Neven (g, ay, ..., Aop)

[1_[ ety 1,z (1 + Aw(azf‘l)(M, ﬂ)) + permutations |.

(W Wiy, oo W, Wit )

don " " don+1

1+ AW(“l’""aZ"‘”) (M‘ /1) =

n-1
Nodd(ay,ay, ..., a2n+1)\/_M/(:E)312n D (Wc(ozﬁn (A))




1

14 Aw(Cdze@en) (M, 2) =~ (@ @y tynr)
1,42, yU2n+1

n
Say+aya, (1+ Aw@2) (M, 1)) 1_[ Oatytsjan (1 + Aw(@2) (M, A)) + permutations
j=2

(NL) NL

Ly — o700
w W(L) w L
(Wod)" = (Woe @)™+ (Wone @)
2 23/2 1
wywn A e
(W @), " 78 4608(471 +45)+2048(24n 115 — 16log (2)) + 0(V2)

7
x )Z () My o (VKE = dy d,) — (A0, F) Z VPMap 2032124 (VD)
kf=

2 q.p=1

~ k+0+2kt ©dr  (t)2)? tvVa\  (tV2
Mie=(-1) 2 +1mf0 Tsinh(t/2)2]k<ﬁ>”<ﬁ>

[o¢]

(—)kRMy (Vi — dy. dy)
Ki=2

3/2

A 2
M T I - - -1/2
W~ T Tag Tep Blos () — D+ 256 (203 + 32log? (2) — 1) + 0(A71/2)

Vi 51 log(2) 1
RV =~ s a7 = +0(53)

[o¢]

R = ) Moo V20 — da dar)

kf=1

[o¢]

Ro) = D Maiarsn(VZRGET D) — dyge dar)

kf=1
Ro() == D Maperr a0 (/K D22 = dygss de)
kf=1

[oe]

R4A) = Z M2k+1,21?+1(\/(2k + D20+ 1) —dypsq d2£+1)
Kf=1

dyy = V2k — f dtUSe™ () Z(t)
0

Z(t) + J:o duKever(t,w)Z(u) = — Ve (ﬂ)

2y/Zrsinh (t/Z)] !




o]

Ri() =2 Y VKM ]0 deUs e (B2 (t)

kf=1
©

= D Mo [ de [ arugenusr@z@ze)
0 0

kf=1

R(A \/_.‘R R Ry R 0 !
() o, VAR, + Ry + 2t St (557):

Ao A =2 — 4m9,(s,)VA + 4127, (s,)?

(4’)

=gGO(sy,x) + GD(sy,£,x) + g G (s4,£,%) + -

G(Sq, Y, x) = i

)
0 e,
G(sgt,x,y) Z = g6y, x,y) + GV (sy, £, x,y) + -
¢ = (gx)"(gy)m ¢ ¢
wt = Z Wl g
i=0
, (26— 1)(2¢ — )T (sq) (28 — 1)(2€ — 3)7;(5)?
wi 9= 4g7y(s) + (26— 1) - 5 @ 657 a
(2€ — 1)(2¢ — 3)(167,(54)% — 57,(5¢) — 8T2(5e)2 + 47, (54)€%) ‘o ( )
512g3 4
({’ 0) _ 4,0)
02n+1(5a) 2(n+ 1)2 (- 1)]7—1(5a)w02n 2](505)
n
00 (sy) = D DI 5O (50) + A (50)
ws) =20-1
£, 2,
w(() 11) = (a)((,'ol) + 1) Jo(Sq)
w(f 0) 1
1) _ 0,0 1)
Wy " = _[ g E(wo,o + 1) 70(505)] Jo(Sa)
201, n=0
, 1) ? n—1 2
“on [_E + (—2 ) ]wgf’,;‘)_)l, n>1
(1) °° (80
w w
6W(sq t,0)= )~ = i)+ — Z [0 - 1)? — 2] 222
n=0 n=1

=20—-1+ E [—2£ 4 (x0,)%]1G O (s, x)




(22— 1)(2¢ = 3)%:(54)

8 , n=0,
3 2 2 ¢ 3
w(()?lZ) = <§—‘f+?>70(5a)71(5a)—?—E'{'g, n=1,
3 7, (s)wl?, n(n — 2)(20 — 14n + 3n2)\ 02,
R 2)_ -~ %7 un—_ 2 _ _ B
(4 2{’+{’) 8 +(n£’ nn—2)¢+ v ) 8 n=2
> 2e—1)@2e-3)T(s,) 1(3 £ &2
G(2>(Sa;{’.x)=z on_ _ _ 1) (105 ¢ 17
xn 8 x\8 2 2
n=0
3 J1(s4) 1
(Z _204 {12) o GO g, ) + 5 [2(2 — x0,) — £(x0,)” — 2x0,) +

3 0* =3 (k0,0 — 2 (0] 6V s )

1 1
(gx+ gy + DG(s54,¢,x,7) + E(xax +yad, — gag)G(sa, 4,x,y) = —ZG(sa,{’, x)G (54,2, Y) +
9xG(Sq, €, y) + 9yG(Sa, ?, %)

1
(x+9)6O(sy, x,y) = — ZG(O) (5o X)GO (54, ¥) + xGO (54, v) + yG O (5,4, x)

4(x + )GV (sy,x,v) =(4y -G (sa,y)) GV (sy, 2, x) + (4x — GO (s, x)) GV (sy, 2, y)
-2 (G(O) (5%, ) + x0,GO (54, %,¥) + 0,6V (s, x, y))

xGO (Sa y)ang(O) (Sa %) xya)?G(O) (S %) xya}%G(O) (S ¥)
16(x +y) 4(x+y) 4(x+y)
Y60 (50 D650 y) | #6006V 01) 17060 (5002) _ x0,6(50)
16(x +y) 8(x + y)? 2(x + y)? 4(x +y)
90,6960y) 6906006060 1)  y060 (00 6O (50106 (507)
2(x + y)? 16(x +y) 4(x+y) 16(x + )
Y6 O (54, x)0yG O (s0,y)  £xGO(s,y) €GO (s4,%) 4 26 (5, x)G O (s4,y)
8(x +y)? 2y(x+y)  2(x+y) By(x +y)
26O (s0,y)  £yGO(sq,%) €GO (54, 0)G O (55, y)  x2G D (sq,y)  ¥>G D (54,%)
B 2(x +y) B 2x(x +y) 8x(x +y) 2(x + y)3 2(x +y)3
xyG O (sq,%) XG0 (54, )6V (50,y)  xGO(s4,y) | xyG (54, ) GO (s4,%)
2+y? | Ba+y?® | AR | 2a+y)? | Aa+y)
Y6 (sg,%) GO0 1)V (50, ) Y6 (50, )GV (s0,y) | GV(sqy) | 2¢x
B (x + y)? 8(x + y)? B 8(x +y)3 4x+y) x+y
28y x y
x+y x+y x+y

GV (s, 4, x,y) = —

—4(x + )G D (50,2, %,7) =GW (54, 4,)G D (54, £,¥) + (GO (54, %) — 4x)G P (54, ¢,7)
+(G(°) (S y) — 4y)G(2) (S8, %) + 4GV (s, 2, %,y)
+2x0, GV (54,4, %, ) + 2y0,G D (s4,,%,y)

Swlz_mf d-[g xHxV + ...
2 e




1
ST = Tenc ] 4V 9R
x# (1) = b* + ubt + 2K (1), gy = N + KAy

kz_—;o i cﬂLcAR
l K2

O Ry (x) = 0,k2 =0

A w:)o_ icﬂLcﬂR @

mw? W

dPk
6(x) = 2n6(x),]k =f W

(To(hilzj»:f DhDz0(h;, z;)e™

inkvek —inh
GF (k) = —=———,Gf =—
n (9 k? + ie n (@) w? + i€
H”vaﬁ = 1 (n#ar’vﬁ + r’”ﬁrlva —_ nuvnaﬁ)
2 D—-2

A(hy, -+, hy, 2y, Z) = LSIT hy -+ hpzy ++ Zyy)
= Jim [ ] ] mpod)ihs -z -z
a b

2,2
k; ,w]-—>0

h; = Silwhuv(ki): Zi = iuzu(wi)

m

n m
Alhy, =, by 23, 2) = f 6| > =) ay (| | 60 wets |eaaukiup
q1,-+9m i I

J

f dTeiqj-fj(T) — 6(q] . uj)eiqj-bj

n m
5@ Z ki —Z qj
L j
(O(hl,Zj)> :f DhIDhIIDZIDZIIO(hi'Zj)eisl_isll

hl(t = 40) = hll(t = +00),z!(t = +00) = z'I(t = +00).

G = (GI,I Giin ) _ (GF G>>
G G '

G< GF




S (k)5 (k?)
_ k2 +ie _ pvaf
Gh(k) - 9(—k0)5(k2) kz—_zie 11 .

—i 1
_ ~§(w)
2
Gz(w)=<‘f tle 2 >nw.

70'(@)

w? — ie
A= Z N
1 Hai Dai
lim k24 = iz A, (k, ) Ap(—k, £,
pol.
Tim ma? A =~ ) A (0,0)Ap(-0,8")
pol.

1 1
D et (—zg (e (k) = 5 (PREPYE + PHEPYE — —— prvpes)
pol
k*q¥ + kVqH
prv =V - -
) =1 —
> e w)ct @) = g
pol
AGy ) = lim im i (z (@) )
A3 +) = lim im;wd(z(@) )
Az, -+) = lim imwd(z(w) )
w,0—0
limmosd =i AEAE)|  =—1) AEARE)
pol. w=0 pol.
limmoad = —i ) A@OAREG| =) AEAE)
pol. =0 pol.




0
A(hlf mr 31 - '3n+1(w)) - (ﬂﬁA(hli mr 31, - '3TL)

3 cut

_ 2
cﬂ|£§u£;’)_>kgu£2/) = 0(0)1' )

0
+lw(“—A(h1, s N, 315 s 30) + O(w?),
u,

oL _ oL _ ol
ObK ~ 5zi T8k

§”<0I6—LI01) = —i("iw | a) = —l(“iz‘l(a)
ab, ab, db,

§n+1(0I01 (w)la) —(0lmz, (w) + 0(z*)|a) = mwd(0|z,(w)|a) + O(z*)

R o
lim lim ¢ (0|616 u(w)la) tlim A(a, 3)

oL 6L 6L

—_— =T =10, —
out SzH Y

u oL 0 013 y 0 4
o =g (010 - #(w)|a) —lim ——A(a,3)

A=0(k-u)e*®A.

lim "q(hli m' 31 - '3n+1) - l(n+1 k"q(hli m' 31 - '371)

Wn41—0




hg(kQ)
Abutc(h1, ha, hs) = hy(ky) ﬁM{'
hs(ks)

=ay ((ky - e3)%(e1 - 22)? + (ky - €2)% (g1 - €3)° + (ko - €1)%(e2 - €3)7)
+ az((fﬁ . Eg)(]ﬁ . 83)(81 . 62)(51 . 83) — (Jlﬁ . Sg)(kg . 61)(51 . 82)(81 : 63)
+ (k1 - €2)(ka - e1)(e1 - €3)(e2 - €3)) -

A(hq, hy, h3) = —i'c((k1 &3)(e1 - &3) — (ky - &)(e1 - &3) + (ky - &) (2 53))2-

hi(k)

A(hy,31) = i (- )? (k- ) + 20 - &)(e - )

Lo 31(W1)

’
’

A(hlaalv"'aaﬂ) = u ____g'--- 5”(wn)

hi(k)

= [ e +a ) (wi(e -] | G z,-))

i JE

i<j l#i,j

+a, z (‘W%‘(s . (i)(f . (j) 1_[ (k- fz))




A,2(hy, hs) = UHI& N ug ...... §
1 5 :

- 2(/€1 . kg) + mww

LIy = {(u-ky), (ky - kp), (ky - &2), (ky - &1), (U - &), (U &3), (g1 - &)}
LI, = {w, @, (k1 - k), (ky - &2), (ky - €1), (u - &1), (u - &3), (&1 - £2)}

N;= a1,1(u : k1)2(51 : 52)2 + a1,2(u ck)[(u-g)(ky - €2) (g1 €3) — (u- &) (ky - 1) (g1 - &2)]
+ags[(u-e)?(ky - €)% + (- )% (ky - €1)2] +apa(u-e)(u- &) (ky - ky)(e - €5)
tays(u- )W &)k - £2)(ky - £1) + ag6(ky - kp)(eq - €2)°
+ay (ks - &3)(ky - €1)(eq - &2)

Ny =az wo(u-e)(u-&)(e &)+ axwwo(e - €)%

Fays[w(u - &) &)k - &) —@(u-e)(u- &)k, - &1)]

+az4[—o(u- e1)?(u- &) (ky - €2) + w(u - ) (U - )% (ky - &)]

tayslow(u - &) (ks - €)(&1 - &) — d(u - &) (ks - €) (&1 - &2)]

taye[—o(u- &)k &2)(e1 - &2) + w(u - &) (ks - &1)(e - &)]

a7 (u-&)*(- )% (ky - ky) + azgl(u-€)*(ky - €)% + (u- )% (ks - €1)?]
tazo(u-e)(u-e)(ky - ko)(er - &2) + agro(u- &) (u- &) (ky - £2) (k7 - &1)
+azq1(ky - k) (e - &)% + az12(ky - &2)(ky - &1) (&1 - &)

u___ - =

N1 |(ky ka)=0 =

a (u- ki)?(e - €2)* + a(u- k[ - e1) (k- e2)(e1 - 82) — (u- &) (k- €1) (&1 - &3)]
+ay3[(u- €1)%(ky - €)% + (u- &) (ky - £1)%] + ays(u-e)(u-e)(ky - &5)(ky - &)
+ay7(ky - €)(ky - &) (g1 - €2)

iK'
= T [—(u-e)(ky &) + (u-ex)(ky &) + (u-ky)(ey - 52)]2-

ixk'

N, = ——
1 2

[—(u-e)(ky- &) + (u-&)(ky - &) + w(e - &)]?

aya(ky - kp)(er - &) (u-e)(u- &) + ay (ks - k) (e - £2)°




w
u__ f— -
N2|w:0: g g .
1 2

—ay 30U - ) (- £5)*(ky - 1) — Az a0 (u - £1)* (U - &) (ky - &)

—ay 50U - &) (ky - 1) (&1 - &2) — Az (u - &) (ky - £3) (&1 - &2)

+ay,(u- ) (- €)% (ky - ky) + aggl(u- €)% (ky - €)% + (u- €2)2(ky - £1)7]
tazo(u - e)(u- &) (ky - ky)(er - &) + ag 0w g)(u- &) (ky - &) (k- &)
+ap1(ky - ko) (&1 €)% + az 12 (ke - £2)(ky - &) (g1 - €2)

ix'?

= T(u e1)?(u- g)[—(u - &) (ky - kp) + 20 (kg - &)]

K'? ix'?

4 (u- 51)2(u : 52)2(k1 ky) — )

+az 106U - e)(U-&)(e - &) + ay,wd (g - £)?

N i ix'?
2 =—
2

w(u-e)?(u-&)(ky - &) + D(u-e)(u- )2k, &)

Uq(hphz)lkz =

—imi? ((k1 ‘u)(eg &) + (ky - e)(u- &) — (ky - &) (u- 51))2 n (ky - k) (u- 31)2(71 ’ 52)2
4 (kl . kz) (u ' k1)2

n 2(u-g)(u- 32)((k1 &) (u-g) — (ky &) (uy - 52)) _
(u-ky)

A(hl,hz,a)m:”;ﬁ; o) | T ;-s(wﬂ N Ega()

Ny N, N3
= + — + — )
Q(kl . kg) mwsowe mwolo

2(u-g)(u-g)(e - 32)) .

N3 = N2|k1<—>k2,£1<—>£2
A(hy, hy, 2)| =0 = i((k1 +k3) - ()cﬂ(hphz)-

LI} ={wy, (w- k), (w-0), (u- &), (- &), (ky &), (ky-€1), (kg - Q) (k- 0), (&1 - D), (g2 0), (ky - k3)}
LI, = {wy, wy, @a, (U - ), (U~ &1), (u- &), (ky - &), (ky - £1), (k1 - {), (ky - {), (&1 - 0), (&2 - ), (keq - k3)}

Ni= ay w1 (ky - kp) (&1 - €2)[(w- &) (g1 - ) + (u- &) (g2 - O]
tag01(e - &) [(w - &) (ky - €2) (kg - ) + (w- &) (kg - €) (k- O] + -
+ays3(u- k) (e - &) [(u- ki) (k- &) (e - O + (g2 - D(ky - £) (2w + (- kp))]
+a1'55(u “w)(ky - &) (ky - &) [(ky - &) (&1 - Q) + (ky - £1) (&2 O]

Ny = az 0, (u- e)?(u - &) (ky - k) (21 - £2) + Az w1 (U - e1)*(u - &) (ky - 2)(key - £2)
tayzwi(u-&)?(u- &) (ky - &) (ky - 21) + g a0 (U - £)? (ky - £2)(21 - &) + -+
+a3,0002 07 (U - W) (ky - £2)(21 - €1) (&1 - &2) + Az100W2 02 (U - W) (k3 - &) (21 - £3) (&1 - €2)
+ag 101w - w2 (ky - £2)%(ky - 1) (21 - €1) + Az 102U - W) (ky - &) (k- £1)? (21 - &)




e e s(en)
N1y hg)=0 = +O(wy).

mi?

5 [(u-e)(ky &) — (u-e)(ky &) — (U ky)(eg - €2)] X
[(u &1)(ky - 32)(("1 Q)+ (ky - ()) + 2w, (kg - £2)( - &1)
—(kz &) (- &) (Cky - O) + Uz ©)) + 2001 (¢ - &)
— (2010k1 - O + (- k) ((ky - ) + Uz 0))) (e - £2)| + O(wd)

Wa
u [ - - - - -
N2|w2=0 — % g- Z(Wl) ..
1 2

W
u-ge "l ()

RHS =

NZ |£I)2:0 -

A(hy (k). by (k). 2(w,)) = mr? K(u ~e1)” () (ks o)y i)(:zkw)(u Ce)? (1 £ &)k k)
+ (u-e)(u-g)ey - O e)(ky - &) — (- &)y e)H + w (u- &) - &) [(w-e)(ky - &) —2(u- &) (k; - £1)]
2(u - ky)
((k1 +k;)- {) [(u-k)(er-g) + (w-e)(ky - 8) — (u- &) (ky - 52)]2
i 40y 1)
" 20—’1[('“ . 51)(k1 . 32) —(u- 52)("2 . 81) —(u- k1)(£1 . 52)][({ . 51)("1 . 52) - (Z . 52)(k2 . 51) - (kl . Z)(€1 . 82)]

Fky © ky 8 © 52))

4(k1 : kz)
_%(((kl +ky)- {)(u e &)(er - &) +wi(er - &)W &) &) + (- &) 52)])]




MC1

MC1

Nl




o imimyk? (ki - k)((—2+ D)y? — 1)

She T16(=2 + D)2k2k2 (ky - 17)2
2(( 3+ D)(—2+ D)(ky - ug)? + 2(ky - ky)(—(—2 4+ D)*y% + 1))
(ky + k)2

+(uy © upy,my & my)

n.v U
& & —>m21c(u2u2

NIMC1 NIMC3 NIMC4




Ug - -

7 _f 1 7 _f s f HY
07 ), ezt —k)2 Tt ,eZ(f—k)z 22(£ — k)2




Ciz3 ~ (Trz' Trz)>TrDS /)

Ty % 27

T 23"

s = Jal + +J2—
g =Bt _htho]

- du _1 5
=14 [ Sre ROt 0+
a=1




-1

ﬂa(u) _gz(x[+a]x[—a])2 1_[ (1_x[61a]x[02¢1]) ’

01,02=%

E,(w) = log (x[*alx[=al)

u+.Ju?—4g2
X(U)=T

4
O Z P (u)PPI-41 (1) + 0(52)

oo
I
P, =P*=ex//2P, = —P3 = —ex2 Z Lyp_qyx172M,

n=l+1
P3 = 1)2 = e(x_]/z — x]/z)’

P, = —P' =¢ex//? Z L1 x' 72" — ex™//? Lyp_qx?™1,
n=J/2+1 n=1-j/2
2 2miS
€f=———
JI;(4mtg)

4ngl;,,(4mg)

® 2y ., (D J+1

y=A-S—-]=vy S+0(S) =
Y ]1](4”9)

4

tar (@) == ) P IaP-alw) + 0(s?)

b=1

du 10.-1e Tas (W)
=1 Z >_ SUs=J2)Ea(u) a,
A=t f#*f 2 ® Ok en

az1 \roots

du _1, _; g T, 1(w)
(J2—J1)Ea(w) ~ a1
— 0 2 S 7
+Z f 27‘[e ”a(u)T_ u +

a>1 a0()
(@)
i - o Tar (W)
[ (]1 JZ)Ea(u)Ha (u) T‘il (u)
a>1 a0
u
+2 ﬁz (]2 J)Eq(w) Na( ) alg ;
a>1 Tao
+
(x* a]) x[+a]
Ton(@)]” | Tan (@)
to1(W) = |2 5| + a2+ 0(S?
() [Ta*,o(u) T T 067

Toa(w) = — (PRI — P IP[™) T o) = 1




A =1+SF(=£,) +0(5%),B = 1+ SF,(£5) + 0(5?)

A = Z fff S e g it ),
Z (1 + y(l))/

a

F () = J‘°° dtet dxdy €' (x,y)
/ (1—et)? (2m)2 (xy)* /72 (xy — 1)?

ei(u—v)t N ei(u—v)t —-1- i(u _ U)t

1/2

i
t](x, y) = W z IZn—l(x](xl_zn — y2n—1) + y](x2n—1 _ y1—2n))
n=1

+ Z Iyp—q (x1 72" — y2 1Y (y) — x])]
n=1

_ 2nl,(4mg)
n J1;(41g)

g F,,r(fg) for J =2

1 | 3g*(4¢2€3 + 5C5) — 489%((3Ca + (2G5 + T¢r) + 4g®(15CaCs + 63(3(s — 56¢2(7 + 1470(9)
2 | 4g%(—3C3Ca + 9¢aCs + 14C7) + 84¢%((3¢e — 4Calr — 200)
3 | 2¢%(—30CuCs + 56CaCr + 105)

g | Fy(fg) for J =4

1 5(9@{4 + 106265 — 7¢7) + %j(—ﬁﬂ@_.qﬁ — B3 — Y22 + 2408)
2 | £(30¢Gs — 3¢aGe + 36CaCr — 30Co)

© dtet
mt =I(n+ 1), forn>1
0

= ¢ =) 1/k"

k>1

Fj=2(=1) ==8g%(3 + g*(=320,5 + 90{5) + g°(16037, + 288(3{5 — 11207;)
+98(—14408,05 — 89635 — 3360,¢, + 1470005) + 0(g'?)

) e,l(u )t _ 1
f dtﬁ=lp(1)—lp(1—iu+iv),
0

¥(2) = 0,log I'(2)




: dxdy x—
Fy(£) = —%j%ﬂ (2;)23;}];; _yl £ oY)W + i — iv) — (1) + (1 © v)).

1 [ee]
SO +iu— i) = (D) + @ o 1)) = D (D192 (= 91— 1/x9)%
k=1

E@ =0+ -0

< (— 1)+ gZRA L (2U)T (2K + 2)Cap16(M)gn_y1
H) = kZl Z; TA+k+mTQ2+k—nT(k+£+n)I(1+k—2—n)

[ dz  T(=2TQRz+p+v+1)(gt)¥+H
Ju2gt)],(2gt) = f 2miT(z+p+ DIz+v+ DIz +pu+v+1)

[@®=9) (D™ el 1 D (Coimesanim + Coomssesznem-1)
m=0

nez

“ dt
Cij = fo -1 (Ji(2g)];(2gt) = 6:06;,0)

z Jesm+s 29t pson+m-s(29t)
m=0

t
= _ Ue+5(2g0)]e12n-5-1(29t) — Jo15-1(29t)] p42n-5(2g1))

2(n—9)
. [¢+6-51-3
1
> Jemes@G0eimis 298 =5 1= +8) D In(290)m(290) |-
m=0 m=1—|{’+6—1|
2 2

2
fi6) = %‘g [8e50(l0g g = ¥ (£)) = e<o(log g —Y(=£))] + O(1)

nhax(9)

@ Y femn,

n=nNmnax(9)

fi(ntax(@) < A

Imax

[@® =Y g7+ dilog g)

i=—1




v 11 344
f;(#) ==;—(log A — 2log (4m) — 2ip(£)) — = + - (e —log (8m)) + Vi

J+2¢ 2]2—1 1-J2—-2(J+9D)
JV( TR 6 5&

(log (8VA) +yg) +
1

0 (z)

F,(£) = ¥,(£) + P,(£)

™
(0 =L + )~ ) + YU + 0 +C,
D
W)(—£) = "o @ — £) + (8) ~ log A+ 2log (4m)) + Y — ) +Y(£) + C,

P () =——=

3 17 —-8J% 11—8J%2 —24¢(J +¢)
\/— 2 32 + 48 G

1 /11-9/> 11-8j?>—-18¢ ?
< / + Ji g+ )(3>

* A3/2 16 48

1 ] ] 13-4

oo\ 77 7720 24
1
+0(32)

[ e \T(€g —y/2)T(J + 5 +S +v/2)
B (25/15/2> T(x)T(J + £5)
eVES(Am)STY\NT (L, +y/2+S)T(J — €4+ S +y/2) “D
- ( 2525%v/2 > FDTU — £4) o

X D,

log Dp = SP;(£5) + 0(5%),log D4 = SP;(—£4) + 0(5?)

Ci23 _ T[AdS] Dy,1,;(5)

0 )
Coy TUST " aspap (1 +%)

I[AdS] = F(Al _A22+A+S)F(A2 _A12+A+S)F(A1 +A22_A+S)F(A1 +A22+A+S)
JT@+ST@+5-1)

r[dS] = [[AGS J-y.5-0
log D =D,S D 252 Ds 3534+ 0 st
og S+ ﬁ + 7 + /13/2

o @
DnzDr(l())+L+ Tt

N

log D = VaD + 0(1)




0
Dcl — Z DEL )Sn
n=1
k

Z D Msn

n=1

o1
log D = kZl (\//Tl)k_l

4
0 =2 [ as + 2252 4 Bga o (S
vi© oA A3/

(s +(-Fra)s)
AZ
S(hbvoss (G-a0) - (v 60)5'+ (-30)s)
A4-

log Zi,s =

+
1
+0 (F)

3 1 /15 3—24; 3 1
2 — 9./ _ 2c2 2_"¢3 —
Ac =2 AS+(4 S+25)+\//_1(4S+ 3 S 85)+0(l>

SS

. Vs SA(A—S)F(1+§+S)F(A; )
_< 2 > (A+S)2F(1+§—S)F(A-2|-S)3

log D _1[55 7—4(352]
0g 222_\/18 16

11 13+ 24 49 -8 25 —12¢; — 12
+j[_ & (35_ 5352+ (3 5553]

64 64
1
+0 (,13/2>

1
log Dy, ;,; = log Dy + 0 (1)

2Jx

x2—1

V'(x) = R(x +i0) + R(x — i0),V'(x) = sgn(x) —

b dyv(y) j (x2 — b2)(x2 — a?)

Re0 = 2x | B =yD07 - )

2 _ 2
a XY

R(x) ~2nx(§ — €+ J),R(x) ~ Zx—n(S +E-J)




JZJ(aZ—l)(bZ—l)K<1_a_z
(5 o-5)
e 2] (53

R(x —i0) — R(x + i0) 2x (P dyV (y) (b%2 — x2)(x2 — a?)
p(x) =

+ aK

2mi T %2 (b%2 — y2)(y? —a?)’

a

ASM = cﬂig,}“ + L [La] + [T — L4]

BSM = | ,[Lg] + [T + L5]
WS = N~ 1 [g)

_Dhi=de+d | _Di+d—J
B 2 TP 2

dx(x — 1/x) ) 47rl£x+ R ] 4milx R(1
Iq [£] = f - 8mlx Li, are) + Liy [ ex?-1 ~lar@/x
—( same with R = 0)

Ly

[oe]

Li,(2) = Z z" /n?

n=1

bdx(x—1/x) . .
vt = - [ EEE U e ) - )

V'i@)=0= a=J+1+J>%

a’Ba*+ 6a%—-1)
= —2 3/2
a=a-2a 2+1\/ @D e S+0(s83/?)

a?(Ba* +6a%—1)
= 2 N 3/2
b=a+ a/a2+1 5+(a2_1)(a2+1)25+0(5 )

R(x) = RMx)S + RP(x)s? +

RO 4xa’
(a? - D(x? - a?)
o) _ _4mxa® (et + a®) (@’ + 6a? + 1) — x?a?(5a® + 3a* 430 + 5))
((ZZ — 1)3((12 + 1)2(x2 _ a2)3

3 2«/0((0: +1 4a3(a® + 3)t
p‘“l_t[ N - e
3/2(16a2(a +6a? + 1)(a? + Dt? — (9a® + 48a® + 70a* + 1)) 53/
2(a? —1)3(a? + 1)5/2

+0(s2)],




I,[£] = qI[£]S + 0(S?)

B dx  x(x—1/x)*a?(a®* +1) il
I[L] = JU_ 21 (2 — a?)(a?x? — 1) (a2 — 1) log <1 —ex 1)

_—iiVEZ—l Eo —2ix
=T fF T Ff e
— L 1+‘72dE —2nLE
I[L]_j%anEW(HJZEz) o8 (1= e7)
\/1+(72+J 2L-9 L
IL[£L] = logF(J) log £ + 27 logJ+3yE

log (4m)

1 J1+J%2+ 3 J1+J%?—=Jg
—log > + 27

—glog (1 +41 +<72) —

[o0]

EEEDY

m=1

L
Jgm

IVLZ ¥ mZ + L1 + 72|
Jgm+ L

1+(72 [L+m]

Z 2k+1 C (‘7)£2k+1

k=1

Q-

I[L] =

= r (% + n)
() = \/TJZZ (—1)”m32(n—k)
n= 7 n

Axsy = lasy[La]S + 0(5%)

Ly [L4] = —log T (Z—A) r (1 - Z—A> + log (2m)

A™ = ALS + 0(52), B = BES + 0(52)

ATM = Loy [Lal + 1[LA] + 11T = L], BI™ = I[J + L] — 1[Lg]

1+6
ASYM =Tllog (La(T = Ln)) + 8;log (47) + vy
—log [J(1 + 61)(1 + J61)] + I [La] + I [T — L4]

Llog Lp + Vg

1+6
BYYM = 5 1log Lg+J)+
—log (1 + J61) — I¢[Lg] + I¢[J + Lg]

1
NSYM — _E(log (§/2) — 1S + NS + 0(5?)

21+ J?ns
p(x)log 7 S+0(s?)

2mx 2

_fbw (M): 1log
) e




J‘GSYM =—(1+ 6;)log J — &;log (4m) — 2yg
1
—Zlog (14 J» +1log [+ 6)(A + J6:1)%] — 21, [J]

DM = DYMs + 0(5?)

1

LEL

1
DI = 1o 1+ %) + Z S (D)P(T1,2,)
k=

1
P, = —2(72k + W Z ((7 +oyJ1 + 0'2(72)2k+1

0'1,0'2=i

4 Lx

4 Lx
Pl

-, R(x)] F[ 4an ]]

] A(95,9) [R(l) (x)F’

8(05,00) =5+ ) SmA™(0;,0,)

141£] = qA(95, 0, )1 [£]
2(n-1)

A@50:) = Y (a0t

j+1=0

m n) _
Ciisn = Cop = 0.

J1+ g2 V1+J? 1
! —(ag+§aﬁ),

A(Z)(a(f]‘ aL) = J

(95 +0,)dy +
GJGLA(OJ,(?L) = A(OJ, —OL)eJaL = A(GJ, OL) = A(GJ + 61;, —61;)

JlSYM A(a(]' aLA)quYM BSYM A(aJ' _aLB)BSYM'

NSM = M — 2[A(9y,20,)1[£]] g
1+6
A(9;, +9y) [ —og L]
2L+SE(E-) 2L+S+(E-) S+(E-I)
= > bg[ > ]_ngL___Tf__

b (r _ _
Y — _f (x l/x)dxp(x)log [(xZ 1)2p2(x)]

4mx 2eSx?

DIM = )" a(05,00)1¢[£] - 2[8(35,20,)1¢ 1£1],._,
LEL




00}
YM _ cl
- Z €2k+1D{2k+1
k=1

7+4J% L1504 1209% +29J* _,
16(1 + J?)3/2 384(1 + J?)3
1785 + 1748J% + 640J* + 867°

1
Dy =—Zlog 1+J>s -

4 5
3072(1 + J2)9/2 §T+0(%)
1+J%2-1 R
DSYM -;52 (JZ _ JZ)S
|1+ B2 -7 Pe+20)(2+92 - %) - 25
434 8J*(1+J%)
+0(8?)

Z[RL] _ fwo (X + 1/X) 1 2T ) YERL(X) dRL(X) _ (RL 5 RL)

oo @M 2°gr(1+RL(x>) 2n

4t Lx
21

41TL
Re(x) = ==+ R, Re(x) =

Z[R;] = A(9y,0;) ([ L]

DM = Z Z[R;] - Z[2Ry 5]
LEL

2k+1

F(l _Ré—(;)) YeRc (%) _ i Cak+1 (RL(x)>
F(l_l_RL_(x)) 2 o] 2k + 1\ 2m

Z[R;] = Z {Zkﬂl Zy[R,]

(Rﬁ(x))z"“ (Re@\*
2T 2T

i dx(x — 1/x) RV (x) ( 2x )2k+1
x? -1

B e dx(x —1/x)
ZilRel = _f 4mix(k + 1)

—joco

() = —f

—ioo

2mix 21

DM = — 4 (JZ )

=2+ 0(J% It J2I2,9%32,)




7 -
DIM=—— 4= <3+0(<72,<72)

16
DSYM_E__( ( +0((j72 "2)
3 64 163 5
595 29 9
SYM _ _ 7 2 z
b= 1024 T 128 G+ ( 256(7 +0(9%9°)
S
1 = eipkjl_[ Sk]
j*k
AP
px = —ilog el R x(ug £1/2)
k

H
N=/—><W
Ge

G = detijres [ <]Pk - lz log Skl)]

l+k

l_[ (ug — u]) B Clt) Zs:lo (xfx — 1) (xe —1)-

b (e — u]) +1 (xpxt = 1) (0% — 1)
_2Jx% 4o x; (xpex; — 1) 1
- Z T ey o ML)

O =a=g+1+32k=1,.,5/2

© x’(cl/z) (1) (3/2)
X =X+ 2174 +/11/2 )13/4

(1/2)
<\/_ﬁ ) =0,k=1,..,5/2

G=G,G_ <1 +0 (%))

\/TJZ s/2
e

x det Seei | 1+ Z 2" 5 26°
€ligjk<s/2 | Ok=j = | %= = 2
SHesst ! \/_(xk —x)? * \/I(xk - xj)z

L I PE(S)
VG = [ PN F(1+E)exp ; D"




VA = exp (Z ' jg))

n>1

w@ w®
77

W=(W(°)+ +--->s+0(52)

w® = —2[A01[c]],_ ;

/ 2 / 2
iw - _¥1+d (aJ+aL)aJ—i(ag+%aﬁ>+%(3\/1+32 —ae)ag

2 )
RIf] = resy=of(J)

225/13S/Z+y/2 F(])F(] _ 1) DN
N = a5 emss TA+STATS—1) S
( T[) e ( + ) ( +5— ) 15/4[' (1 +7)
J1+ 2 1 492 -1 ,
A= VIS | Ty e T 890 £ +0(s%537)

® @ S
log Dy = S|c® + —+ |+ 0 (s2
08 En =TT AT "A3/2

c©= —%log 1+ 3% +K[J]

54272
57 —12J% + 49*
96(1 + J2)3

cW = + [AMK[L]]

L=J

c@ = + [’A‘(Z)K[L]]L=J

K[£] = log E (1+1+ JZ)Z (7+1 +JZ)] — 21 [£]

%—1_(%_%_112)*'(%_%2)(3 +0(52,%>

1
log Dy = S|—--

log D= log Dy + log D4 + log Dy
_S[ 5 +(19—8]2)+8(1 +)2 = )3 —J3)is

2 _°
8va 321 ] 0 (S '/13/2)




log 2311121

7 — 4(3 )
5 Al 5]
1[(19 — 8]2) +8(1+/2 —f2)53 49— 8(352 25 —12¢; — 12(553
2 32 64 * 64
1
+0 (3372)
S0 = ). B () = Z oD s, 0,
i=1 i=1
t2t
ECEDIETD) [ H ey £2 gttt

1 ﬁ dx,, ¥1%2 (1 —x, — (1 4+ x)xx3*S + x5 (-1 + xlxz)) log x;log? x,

Sp3(8) = fo X, 214+ x) (1 4+ x)(—1 + x1x,)

n=1
8
$25() = (503 — 263) s + 0s?)

B(fp =1) =1+ g*(cyja + 21403) + g°(c116 + 21603 + €31605) + 0(g®),

C1|4 =4( SEZ - 2 S_3 Sl - 2 S—Z S% - 2 Sl S3 - S4 + 2 S_3'1 + 4‘ Sl S—Z,l + 2 S_z'z + 2 S3'1 - 4‘ S—Z,l,l)
C2|4 =24 Sl'

32
C1|6 :? (_6 S—6 + 3 533 - 30 S_s Sl - 6 S_4( S—Z - 3 S%) + 5 S% + 6 SG + 30 S—S,l - 12 S_4’2 - 24 S_3,3 +

S3(S3—6S_5,)—48S3S_,, +12S2%,, —3S_4 (4 S.2S,—3S3+11S; S, +4(—4S;+ 5_2,1)) +
54S, 5 —6S4,+6S51 —48S_ 4,1 +6S_,(S2S;—9S, —10S; Spy +2(S_31 +S_p, +4S5, —
2 S—Z,l,l)) + 12 SZ (3 S_3'1 + S3'1 - 6 S—Z,l,l) + 6 S]Z_ (2 S4 - 5 S_3’1 - 4 S_2,2 - 53’1 + 6 S_2’1’1) +

36S_ 322 =485 331 =365 31— 12853148531 5+ 125411 —72S 3111 —35:(35,(S3 —
6S_21)+2(Ss+5541—6S_23+4S5,3—2S,3+3S,7—11S311—2S_5; 5 —10S 55, —

10 512 =3 S301 + 185 5311)) + 72 Sy 500 = 24 Sy100 + 14455111, )

32 s
Cal6 =—?(6 S3+15S ;S —4S3+9S,S,+4S;—12S_,,)
C3|6 = _240 Sl'

B(fp = 1) = 1+ s[39*(40203 + 505) — 489°({30s + {205 + 707)] + 0(sg®,s?),

B(fp =2) = 1+ g°(cyi6 + 21603 + €31605) + 0(g®),




8
C1|6 =§ (_6 S—6 + 9 833 - 12 S—S Sl - 7 S% + 24’ S_5’1 - 6 S_4'2 - 12 S_3’3 + 2 S_3( S]?? - 9 Sl SZ +

11S3—6S_5,)—20S3S 5, +125%,, —2S3(S3+2S_51)+6S_5(—-5S,+2S_3, +
S_p2+4S31)+30S, »+12S,, — 1255, —36S_411 —12S_3_5; —12S_3, , +
657 (S_ =S4 = 2(S_31+ S22 = Sa1 = 25211)) + 24 S2( -1 — S31 — 25_011) —
6S_p22+24S 35, —36S 35, —24S, 51 +24S,3, — 2455, ,—12S,,, —

48S 3111245 5 511 +6S51(2S5—2S 41 —S_5S 51 +3S,(S3+2S,,) +

35 23—3S,3—65 58,1 —3S,34+3S,1+6S_311+S_21-2+6S_5,1+
6551268531, —12 S—2,1,1,1) +48S; 511 +48855,1,1 +96 S—2,1,1,1,1)'

16 s
Cal6 = (3S.3+3S.5S,+S3 —S3—6S_34),
("3|6 =80 Sl'

B(¢p =2) =1+459°(=3030s + 90,05 + 1437) + 0(sg°®,s%)

A = Aygy + A

Aasy = z (—1)|‘7|1_[eipj{’A 1_[ hi

)
aUa=u jea i€ajea Y

Ao = (2s)! 1 2 4 6 0(g8
asy = @( +g°ciz + g cra + 9°(cri6 + c31643) + 0(g ))'

cp=—4(S, +25,(8, - %)),

ca=2(4S_4,+4S%,+4S 35S, +16St+40S2S, +4S2+15S;S3—S, +4S_3, +
8515 51+8S 3,+5813+9S3,—24S 514 —

8555, —32535,-325,S,5, —8S3S; +16S_5, S, +16S2S2+4S_,(S?+S, —
45, Sl) —16 S% ~Sz),

32

Cli6 = —?(12 S.¢—6S2;+12S_,S_,+51S_5S; +24S_,S?+6S2,S?2+6S_,SF+8S% +
9S_,S,+352,S,+27S_,52S, +48S}S,+3S_,S2+48S?S2+S53+18S_,S;,S; +

4553 S3+48S5; S, S5 +5%+114S_,S, +30S7S, +35,S, +27S; S5 —Sg —54S_5, +
6S1S.41+6S42—24S ;S 5, +12S2S 3, —57S,S. 53, +66S_55—6S_5,S;S_51+

2S3S_ 51 —725,S,S 51 +100S3S 5, —245%,, —24S_,S 5, +12S2S_,, —
6S3S_2,—42S;S_33+36S,S, 3+60S_,S;S;1—12S;S,5—108S_, S5, +
12S2S3,—9S, 55, —108S, ,+18S; S, +6S,,—6S51 +120S_4,, —66S; S_314 —

6S1S 212+48S_3S 511 —2457S 511 +150S5,5 511 —60S;S 55, —60S 5,5+
108S_531+48S; 31 —60S; Sy, 2 +12S,53,+108S3, , —18S;S3,1 —12S,,, +
120S_3111+108S; S 51,1 —144S, 511 +24S311,—336S_ 51111 +18S_5S; —
54S5_,5,5 —125%,5,5,—30S_,S55, —24S;S, —42S5_,5,5,5, —8453S,5, —30S,S25, —
125 5S35, —5452S35, —12S; S35, =245, 5,5, — 6555, +36S_4,1 S +66S;S_5, S, +
3652S 5,15, —48S,S 5,5, +48S,S 5,5 —36S 335 +36S,_ 35, +725_,5,15; —
65155151 —72S 351151 —60S;S 5115 —72S 3515 —72S51_ 2S5 +144S 511, S +
24S_,S2S2+24S152 +3652S,52+12S; 5352 —24S,S 5,52 —8S3S3 +S_35(24S_,S, +
1383 — 54825, +4(—25S3+6S_,,+65,5;) +125,(4S, +52 — Sz)) —24S_,8%5, -
24StS,-3652S,5,—12S, S35, +245,S_,,S,+24535,5,-16 S} S;),

36 = —325,(S_2 +S3),




Aasy =1 +5[=8(39% + g*(=320,03 + 90(5) + g°(160{30, + 4480,5 — 11207;)]

+0(sg® s?)
OA 25)/
= +0(g®)
asy Y
O0A
= (=160 ;{5 + ) g° + 0(g®)
c’qasy
0A
= —1600,{59°%s + 0(g®s, g°s?)
"Aasy
u; + L s + i
> U — U + i
2mn;, = —iflog £T2)_ i log S B
, l Uy —Uj—1
Ug — 5 =k ko

2472, M

J 1
uk=i£<1+ Ij/] + ’]‘ +0(]37>>

i
. U t5 U — Y
etk = —? + 0(g2), h(uk,uj) = % + 0(92)
i k -

Ui — 7 _u]
STUA+S) (N Pu(S4a)
Aasy(£a) = (] ) r(Z,) exp <kz=1 I )
S(2 —3S S(4—24S +17S5? + 4m2(S — 20,(€4 + 1)
Pi(S,44) = ( ):Pz(S'fA) = ( 48 ( e ))

[o0]

Uqasy(z) = Z Z{’A‘Aasy('gA)

f4=1

Asy(2) = (1 +Sa;(2) + 0(5?))

2

_ 2 1/1 T 1
af(z)_og(]a )>+¢()+2] ]2<12 3(1—z)2>+0(_3)

_ (=DM (D (2Kk) 2141
) = Z (2m)2kT(—=O)I(J — 2k)T(1 + £ + 2k)

Z'4F (—ty) = fi(2) + 2/ f;(1/2)

f4=1

[oe]

NOEDIELYICIN

f4=1




f) = 2(12_ ) fom etd_t T [(1 +(1-2) zi—;)]_l + (1 ~(1-2) Zi—;)]_l - 2]

. J-1
— i = . pXitt
1+(1-2)5-) =D;e

_g-nda- Z)
21

D |

Dy - 2y (1) = (1 +it) = (1 —ir))

D, = exp

f]()()

fJ()—

a](z)
(Terz (x1)TrZ22 (xz)Tl"ZéJ (x3)Ter (x4)>conn X Go2pp v,

xZ,x5 xZ4x5
12534 _ v =208 _ 1 _na-2

x13x24 x13x24

U=

z=oc0eP,z7=cge™P

2
Ga2pp X 0° >0

G22pp = me dvo~ S a(w)Qy (p) + -

5= v +4(1+ 1 )+0( 1 )
2V 2V A3/
_vsin (vp)
iy (p) = 4m2sinh p

inS
25—1n25167
. (TS
vsin (T)
S+iv S+iv
ys(v)=[‘(2+ )r(p+ )
2 2
FrA+S+4)TA+S+3)

w2+ 849) 1 (p+ 259 (2 578 (p+ 272)

a(v) = - YsWys(—v)K; +A2 +sbais

K2+A,2+S =

2578(A+ )% (A+ S +2)?

X C222(8)Cpp2(S)

bots = B S—D@B+S+ 2B LS +3)




2)2221)19172

Z@) VDT (1 + %)2

K2+A,2+Sb2+S =

— 1! (p —2)!
Z(p)z(p )2(p )

s S
o T S @e (7)o
22 - 222 2
pp Zp) J_o Vv (ﬁa)1+s r (1 n %) pp

1 1
— 0 o
gZpr - gZLpr + ﬁggzlbp +0 (Z)

Gy = —%))2: f AvQy, ()¥o (V) o (—v) f HO/NEO
7= vzi- 4
fFNLO =%[log(ﬁa) —%T—yE —¢(2+%’) —¢(p+%’)+(v = —v)].
685 ~ —;’E—;; (%)mk 6 +20) [ (o)

€+ioco l-emk

fk)

;f(k)=L

R(x)= Y SkR®(x)

2sin wk

—ioo




2nxat
RG) =
(az — 1)5(062 + 1)5(x2 — a2)5

x[(al® + x®)(3 + 34a? + 157a* + 124a® + 157a® + 34a® + 3a?)

—x2a%(—13 — 5a? + 275a* + 835a® + 417a® + 297a'® + 217a'? + 25a'%)

+x*a*(73 + 111a? + 189a* + 1163a® + 1163a® + 189a° + 111a'? + 73a*)

—x%a?(25 + 217a? + 297a* + 417a® + 835a® + 275a'® — 5a'? — 13a'%)]

nxa®

" 2(a? - 1)7(a? + 1)8(x% — a?)?
X [(a'* + x'2)(21 + 342a? + 2689a* + 10536a® + 13674a® + 27396a'°
+13674a'? + 10536a'* + 2689a'° + 342a'® + 21a?0)
—x2a'%(1+ 107a? + 2147a* + 20353a® + 73514a® + 94222a1°
+161318a'? + 77986a'* + 38053a'® + 20087a® + 3495a2° + 237a??)
+x*a®(—1167 — 3288a? + 13145a* + 88042a°® + 208498a® + 204872a1°
+363178a'? + 257948a'* + 59581a'® + 24704a'® + 12125a2° + 1162a??)
—2x%a®(1 + @?)(1169 + 350a? + 2573a* + 55048a® + 127330a®
+36660a'® + 127330a'? + 55048a'* + 2573a'® + 3508 + 1169a2°)
+x8a*(1162 + 12125a? + 24704a* + 59581a® + 257948a® + 363178a1°
+204872a'? + 208498a'* + 88042a'® + 13145a'® — 3288a2° — 1167a??)
—x1%2(237 + 3495a? + 20087a* + 38053a® + 77986a® + 161318a°
+94222a'? + 73514a'* + 20353a® + 2147a® + 10722 + a??)]

R@®) =

1+ J2 6+ 7J% 1 8 +227% +13g*
©) - S -
A®)(2,,0,) [ 15 (00 + 300+ (05 +30:) e (AL
3+47J% , 2+ J° 1
2492 F 43+ %) (6‘7 * 56‘)
SACAR)

(1 + g2’ 3.5, V1+J?2(4+57%) 2, 1
= (05 +0:)"0 + 1937 (0, +0,) 02 (aJ+§aL)
48 + 13772 + 86J* 2 o 12+431J2 +19J%
+ 9, +0;) 02 + 9, +0,)d,02
384721 + J2 (9 +0:)°0; 384721+ 72 (99 + 0:)050;
8+132<72+103<74(a +3,)0 (a +1a)+‘/1+‘72(1+2‘72)(a +1a>02
1923 /1+g2 0 VT2 24g° T2
64 + 160J% + 133J* + 3276 — J° 2 + J2
- I *+13359 +329 =9 (5, +0,)0, - ——I__g2

1287J%(1 + J?)5/2
8 + 2072 + 13J* + 37°¢ 1
16J5(1 + J2)5/2 (6‘7 * 56‘)

16941 + g2

E=J+ 68+ 6,82+ 8383+6,8%+ -

6_\/1+<72 2+
g T 433+ 9
_ 8+420J%+137J* +3J°
T 1651 + g)s/2

80 + 33672 + 540J* + 3857° + 13878 + 2171°

T 12877 (1 + J2)*




by = dmxy l6mix(xid + 4xg + 1) N 0( 1 )
LN T S 323/2(x2 — 1)5 1572
g 2mix? N 4m?xy  _8mlixg(xf +1) o (i)
k X T \/—(xk _ 1) A(xk _ 1)3 /13/2(x’% _ 1)5 212)°

Uk
Skj =
U
. U, —u;+i
—ilog [—j =2
U —Uj — I

—uj—i 1

- 1/x,:xj+>2 1

—1/x¢x7 ) o’
( 1)n+1 [ A
— 2n— L [VA(x — %) (1 — 1/2,%;)

Ty =0 )

8r(xy — x;) (xxx; + 1)

1-1/x X;
—2ilog( /k )

VA — D) (xpex; — 1) (67 — 1)

2ilog oy =
SAFS _ 8”(xk - xj)
kj

(x,% — 1) (xpxj —

1)(x? - 1)

1
+0 (/13/2> :

AFS HL
kj Oyj

1
a1t +0(537)

[ 2

G2 = D0 = DG — ) (e — 1)
+ ( ! +
(xk - x]_)z

Z ( 1)"[ 4
L 2n V(e — %) (1 — 1/x,x;)

1 >1og (e + D(x - 1)
(xxj — 1)2 G — D(x +1)

sl = _ 16mxj;x}
J
2 L
Log () uﬁ) ~
2 (uk - uj) +1
log (x,j'xj_ - 1)(x,:xj+ —-1) _

(xfxt = 1) (xx — 1) o

16m?xix} N ( 1 )
Ax2 — 1) (xpx; — 1)2(sz -1)

Oz




PE(S) =

44 37J% + 234 1/1+J2 ]

872(1+ 037 | 1202 16921+ g2 T 2477

12 + 1792 + 834 J1+ 3% ]

PF(S) =
24 +88J% + 153J* + 12J9% — 498 (16 + 23J% + 6J)n? (1 + J*»)m*
| 96J4(1 + J?2)3 t A+ 99 3600° ]
32+ 104J2 + 799* + 767 + 257 n2  7(1+J)n*] ,
| 64J*(1 + J2)3 VY 7207% ]
N 240 + 784J% + 834J* + 456J° + 10798 (4 +6J% +3J)n? (1 + Jz)n4] 3
384J4(1 + J2)3 96J4(1 + J?) 24074
+P3'(8)
S
HL —
P=(8) i

TRFA+IE AR+ B\ g

2+ 1192 43J* 44372+ J* <1+ 1+J2> 5

w/1+J2 6 J1+ J2m?

P 432 82
pH (6 +9J% +2JMn? 1+ J*)m* (2+375)n* (1 +JHn*|
27 83t +gy) 0 7294 T T1egr YT asse

(4+6J%+3J9m* (1+J5Hn*| _,
32J4(1 + J?) + 144 g%

v du _ -
=§Z f %e‘JEa(“)STrKaa(u,u;u)
a=1

Kap (4,03 0) = =180 (1,000 Sap (4, 9) | | Sar 0 1sS51 (v, )
k=1

WF=wfs+0(5?)
5, (xI*a) — 1 xlal  xl-al _ 1 /xl-al
Z f 27t (xalx - a])][a (x[ a1zl = 1/x[+a])

is_ 1 1
~ (x[+a]—1/x[+a]+x[‘a]—1/x[‘“]>]

) © 27TI]+2n—1(‘/z) [+a\172" = (. [-a] 12N
Z+ - Z ]I](ﬁ) [(x ) + (x ) ]

n=1

2miax? 4m?a®x3 87131'013x4(x2 +1)

IR T2  ER EET g +0(z)




Z lpana D) 4 _ i r®) (x)
o & (VI

n=1 =0
ax
rO = am oy
rM(x) =— 2a%x [1+ abx* + 3a?x2(1 + a?)]
1+ a?)?(a?x? —1)3
4adx

rOW =g -1

X [(1+ a®x8)(1 — 3a? + a*) + a?x2(20 + 37a? + 9a* + 2a®)

+25a*x*(1 + a?(2 + a?)?) + a®x®(2 + 9a? + 37a* + 20a®)]

1 dx(x®—1) x> e 2maJE®) 1
p__1 ©(1/x) — 7O (_)
wy 7). amic (r@/x) —rOw) +0 i

a=1

wf ==2I[J]+0 (%)

[o0]

wf =2 s )

— V14 J? J1+J? 1

@ 1+J? 3+5
2D Tﬂ(ag + 2020, — 0,02 — 203)d; + W(za(7 +30,)03 +

57 3 5,02

3L+2J2L-6J% , 54472 2+4J%+3J%
2ige O aa g 0t 0% G gy O

! (J+laﬁ) yi+g?

29+ 99)\° 85

(2g + £)a; — 1)IZR

- du -
- Z f %e‘]Ea(“)STr[Sal(u, Uy) o 0y Sq1 (W, ug) ... Sgq (W, ug)] +
a=1

W® =w2s+0(5?)

we [ 4 4at(x? = D((1 + 21 + a?) — 4xa)(a(l + a?)(1 + x?) — 2x(1 + a*))
1 o X A(x — a)*(xa — 1)*(a? — 1)2(a? + 1)(e2mJE(®) — 1)

1
+0 (/13/2)

2 1
d_ _ “[x™2) _—
W =2 [Aq, 1[1:]]1:=J +0 (/13/2>

@ 1+3% . J., 3+25% 1+27
AP =(-—— oy

2 %%

() 42 aJ+ 473




A — 3D R@ — 3@ 4 3@
AW =77, A =R + Ay

toq (1/xH9, 1/x=al) = ¢, (xl*al, x[-al)

1 _
S = = Tr([T4, T[Ty, Tg] + PT4[T,, ¥]),4,B = 0,1, ...

G

T"®1
T4 = (]1 27?1),# =01231=4,..9
M

1
TH =§Mﬂ4 ~thu=0,..3

End(#p) ~ C(M*1) @ bs

cosh ()
sinh (y)sin (6)cos (@)
sinh (y)sin (6)sin ()
sinh (y)cos (0)

0
1
, |= Rcosh (1)
3

2R R R R

x* = Rsinh (1)
OT4=0,0=[T4[Ty,.]] =0,9=0,3+0,

T* = a(t)tt
T =f@OX
T =f@OX,1=234

+ . + .
TI_ = TZI + lT21+1; jCI_ = -7(21 + l:;(21+1

3
O, th = —tH
RZ

O K' = AKX, 04c= [K, [Ky, . ]
K'x; =c*1
Oge Ya = UAYA

O Yo = |f1? Oy Yp = m{Y

2 _ 2.2 2 _
mA—mxHA-mx—|f|2

(12

2 -
l:|1,3~ Mcosm: = ﬁ

a()th + B(r)x#

,9




ar[T]

O,9TH = =TJH
19 aT,
_,da a' o)
s=a tl—=x,—=
dt Yo

E’1,9 T4 = 0'D1,9= [TB’ [TB:']] =0,3+0¢
(x§ + ROAS" + 4Axuf' + (x + RDA'f' + R2AIf|*f = 0
1 1 "2 1 2 p1 2,.2p2|£112
3A+3Ax4+§A x4+§R A" = Cr*Re|f'|* =0

[ 1N = Ff) =0

X4 = Rsinh T ~ Re", 0; = x40y,

5. 1. .
O=3A+EA+§A—1'2e‘ZT|f|2(]2

0 = Af 4+ 3Af + Af + R2|f)>fA = (8, + 3)(Af) + R?|f|*fA.

1
34+ 34, +5 A"} = 0

Ra Ra
a(x4)=—0 1+—1,a0,a1€]R
X4 X4

a(t) ~ef',-1<e<0

Rag

_ 2 2
a(x,) = X R4+ Rax4,x4, >R
(x4) X2 RZ\/4 1X4, X4

Tt = f(O) Ky + iKo141) = FOKH T = F(0) (Ko — iKore1) = FOKT

f@) = x(@e®

1
> (7" = 1T7).

1
Ty = E(TI+ + 17 ), Tore1 =
(K", K1 f = Ff) =0

f = O +ix@)e
f =0 —xo?+2ijw +iyd)e®

Ay —Ayw?+ BA+A)y+R?*Ax3 =0

d
_ . — _ . _1 .
e (Aw) Qyx '+ 3)Aw




1 d dl 2 iyt +3) = (zdl +3>
Aw dt ——(Aw) = —In (Aw)= —-(2xx ar " X
dl (Ax20) = —3
oI (Ax*o) =
£
—_ 5,3t
@0z’
AX(I:)2=R2A)(3

1
22 \6 1
_ “TA7%
X-(m)e Ae

5 1. 14 s
34+ 5A+5A =T 2RI 3eTAT3

2
S .2 2 3 -=_R_A—2£T3
X—xo+Q2e+3)x gzhe X
0

| =

2
X = <#)6 exp [— (1 + g) T]

1
({’2R4A2>5 1 [ (1 e ) ]
w= 5 exp &
a -1 - g&' 3

o

=: fore = ——
T =:w,T fore 2
1
6 3
X = agARZ exp (—ZT)
3
x(@) ~a(r) for e = ~2
1
2 2 i _ ; 2
m:K. = |X| = aZARZ eXp [— (2 +?)T:|
0

1
m2 m2 £2R*\3 8¢

2 2 8
Mcosm a aOA

<{’2R4A2

2p4
51 > exp [(6 + 8¢&)1]

0




1
£%2 \é 2
v = () o (-37)

1
w =3 ({’25‘;/\2)6 exp (g)

0

d(he?)
T > 0.

1, . .
T2 (A+ 54+ 64 —2C?r*e™2"|f|?) = F(p)g®m3 + 0(g*)

3 lda 1
b= e
, 161
p = —_—

Pm

O= /11] [TB' {T]' [TB' TI]}]
= Ay [T AT, [TH, T} + A4 [ T, {T", [TX, T}
= —i[T,J*] + K

K = Ay[T AT, [T, T3] = Ay{T7, 04 T'} = A2y [T7, T']

K~ 15367 = 0
I

3
, 1 .
Jh=ZE" Z (70,1 + 0, T} Ty = Tj* 0, T — 0, Ty TjY) =: EMYJ,
=1

VJ* =V, (E"",) = EV*V,J, ={TV,];} =0
1 _ _
Ju= ZZ (Fouf (37 3G" + %57 3G7) = FO.F (3K + %7 5))
]
1,_
= E(fa#f — f0,f)(KK") = —iC?*x?*0,w
JH = —iy?{TH w} =: jxH
o

— 2,00
] R)(aw

0 ={T",Jy}= {Tyu jx*} = xM{Ty, j} + j{T;, x*}
= —% jlxto, + JEY

= Raj'cosh? (1) + j(4asinh (1) + Ra’cosh? (1))




0 = R(aj)'cosh? (t) + 4(aj)sinh (1)

(a))’ 4 sinh (1) Xy
R | W — — _21 RZ 2\/
aj R cosh? (1) R? + x2 n (R +x1)
) ; 2,2, ?
aj = -yt = ———=
J=RY (R? + x7)?

Vu]“ =0= vﬂ(|f|23#w) = pZV(G)”()(Zaﬂw)
1
TAB = [TAlTC] [TBI TC] - ZnAB[TAJ TC] [TA, TC]
Ty = T4BEq,Ep,

u xtxV

R2

n
W o— _
T 2R?

(Px2 + Q — 2SR?) + r?PtttY — (P + Qx;2)

(A+A/2)?
P=—hp
Q = A|f|*C?
o _lrteley _ If1*Ac
4 4

_gze—G‘L'

AfP = AQ* +x%0%) = AX* +

P ) :
3P+E+x;2<%+ZQ+SR2>=O

. 1
e %70, (e®*P) = —S — —e7179,(e**Q)

2R2
d (Q
——+R25)z0
dT(Z
E = ! (Q+st)—xz+v dE 0
T Ac2\2 T2 T letrqr T

‘Eze—(6+4£)‘r RZAe—Zer .

Vep = +
eff Zaf,‘)(z 4(13 X

eze—(6+2£)f

alR2A

6 —

X_

X~ e—(l+é£)‘r

¢ =0¢x)+ ¢E/1)(y)uv + ¢E’21)Vz (y)uvluvz + -




ut =

thu,ut =1
cosh "

. . Xy . .
E® ={at% x"} = aﬁn“" +r2Ra’t%tY

2
o x
YR = 1, ESHEPY = o R—‘;nl“’ +r2a’(2ax, + R%cosh? ta’)tht”

= xt + but(uxd), Z#|e = xH

E*H = (T* xH}= {du“, xH + Eu“(ujxj)}
~ a{u®, x"} + ba{u®, ut (wx’)} + &' ({xg, x* + but(ux/)}u®
+b(n™ujut — u*ut) + (e + 1)(1 + b)u®ut)
~ asinh (1) (n““ +((e+ 1A +b) - 1)u“u“)

E** = asinh (1) (n‘“‘ +0 (;C—) bs) .

i
4

x0u

(20,27} = {x% x/ — bxugu/} = 1 T

{#, %/} = {x' — bx®uou’, x/ — bx®uou} ~ r(x'u/ — x/ut)
Lic = 0(r§&y) ~ rx*

p? = P/ |G| = pydetE™

dt(aw)—lﬂ?” =1+bh= !

\oxv) = Wit = T 14¢
PMd495=l3Md49?u5M=1+$
sinh 7

p? = pydetE* = (1 + £)(sinh 7)3a*;

3
p~ez' ~a(t)

w

a~e 4

GH¥V = p—ZnABEAuEBv — 1 nuv
a?sinh 7(1 + ¢)

AdSg= (1 + &)a*sinh 17, dx d%”
~ (1 + ¢)a*sinh TR*(—sinh* tdt* + cosh* 7dx*) S dtt+ a(t)*dz*

dAdS* = dy* + d2* + sinh* y(d6* + sin* 8dp*)

dt* = R*(1+ &)a?sinh* 7dt* =~ R*(1 + &)a?e**dr*
a?(t) = R*(1 + ¢)a?sinh tcosh* T ~ R*(1 + ¢)a?e?”




T 3
t(T)=Rf V1 + cae?'dr
0
da
dr
Vi+e (£+§)T
3¢ ¢
£+7

E=a

t"’doR

= x'" + b(ujx )u't ~ x'* + b(wx" Jut

& = xt + b(ux) Jut

' xl = g by — )l = — §

2~ gl EL 0~ 20
)

€0 = ¢[[x#]]

piku®t — ik (R'H+EH) — ik ¥ piky &t

{xH, xV} = 0¥ = —r2R%{tH,t"}
{guv'xo} — _TZ(nuoxv _ nvaxu)
{euv' ta} — _T.Z(n/urtv _ rlvatu)

{th,x,} = —Ex”, {x*,x,} = —7r?RtH

2
gHv =

=i pr (g (xHtY — xVtH) + eHVPox,t,)

{at?, ath} = —a? ! 0%+ + la (x%tt — t7xH)
’ r2R? Ra

T
%= Cosh (7)

© t#, uﬂu” =1

~ cosh (1)




o r? 1 gou sinh (1) L oo
)= " R2cosh? (7) \ 2 ~ cosh? (1) (7t = £7x)
I S =0 TR
" RZcosh3 (1) g Xty = x2
r r
bt ur)= cosh (1) ey = Rcosh Tx” =0
(& ur)=0(f'T) =0 (’%x%r)
- N X Y Y
twh,xt= r{cosh (1) t,x } " Rcosh (1) i {cosh (1) x }

~ (" — ut)
fut,u¥}=0 forn=0

O30T = (Op3+0)T!
0= 1 [1,1] = 5 ({77, 1] + 17, 15 1])
O (FX™*) = (AFPD(FK™)
M [T [T £1]= et fat?, 13} = act, af %)

a
=2 [a(xf + R, + x4(4a + 2x,a)0,, + R?a' 0, |f

1
~ o2 [xfa26,§4 + x,a(4a + 2x4a’)6x4]f

[x2a?02, + xsa(4a + 2x4a')0y, + R2A|fI?]f =0
(x% + ROAS" + 4Ax,f + (xZ + RDA' ' + R2A|f|*f =0
XZAf" + 4Ax,f' + x2A'f' + R2A|fI?f =0
Oy T# = (Oy3+06)T# = (Oy3+0¢) (at)

I:|1,3 (atﬂ) = _r]pg'{atp, {ata, at#}}.

! !

a’0%H 4+ aa—t"x” - aa—x"t”
R R

O gth) = —
{at?, att} = TP

3a3 2a' a?

PO = L (3a% + 2a2a’x,)t
=z (3a aca'x,

1
r2RZ r,po{atplazgdﬂ} = th

R2 " y2R3 NpgX




1 1
—Enpa{atp,aa’t”x”} = —F(chza’ + a(a)?(R? + xf)) tH

1
~— (x4a2a’ + a(a’)?x2)th.

1
E{atp, aa'xth}

a’a’ ")?
= ?(4364 + Rsinh T)t” + ( )

(x2 + R)tF + (x2 + RZ) s> (@) + a" a)t*

a
~ ﬁ(aa’(4x4 + Rsinh 1) + 2(a’)2x4 + a" ax3)th

a
0,5 TH= E(Baz + 6aa’x, + (a')?(x? + R?) + a" a(x3 + RZ)) t#

a
~ o2 (Ba? + 6a’ax, + (a")?x? + a' ax2)tH

1. 1 i
5 |7 et et - S [ Fact, [f?(f,at“]]

= ——{f fla }(7(1 it + hc. )+——([:7(1- KHFf +hec.)
= _r2|fI|ZCZatu + EE[:}CI_':}CI-'—](ff’ _ff/)xﬂ

72 (Ba + 6a’ax, + (a')?x? + a” ax? — C?>r?R?|f'|?> + R?((a')? + a”a)) =0
(K", % 1(ff = ff') =0
K=[X", %t =0

1 1
3A+3A4'x, + EA”xg + ERZA” — C*r?R?%|If'1? =0

5. 1 :
3A+2A+2A—r Ze72T|f|12C? =0

Af +3Af + Af + R%|fI’fA=0
= 0:(Af) + 3(Af) + R?|fI*fA
2

. . AR
fHf+—5e*f3=0
o

f(@) = ¢(@)e™"

.. AR? |
p—¢= ——¢
AR?
$p~——5¢3




T =T TONTY, Tl + (T4, TIT, 7]
—%n*‘”([T“,Tf’] [T, To] + 2(7 T'[Te, Ti] + [T, T'1[T3, T ])

aa'
[TH,TV] = i{ath, at} = —i [— g7 atoW + - (thx¥ — x“t")]
AZ (AI)Z

[TH, TV][T?,T,] = — Y-y orv Q- — IRZ (tFxY — xHtV)(tPx, — t,xP)

! !

2R3 O (tPx, — t,xP) + 2R3 (t*x¥ — xHtV)or

A? 1 <_A2 B (A)?(x2 + R?)

+

- _ mo _
n 4

r2R2 R2 - AA’x4> the?

"2
1 2 (A 2 2 !
T A+ 2 (R* + x5) + AA'xy | xHxP
2

r2R?

~

up 1 2 cep xHxP
n +W(2A+A) tet _T2R2

1 (A+ A/2)%x}
71T = -4 2
[T#, T[TV, T = —a?|f'[PC?R™2xHx
[T, T[T, Ty] = —If|*eYey
KoV
RZ

p X
TE == (ﬁ x5 + z% - S) +72PtheY — (P + Qxy?

(A+A/2)?
ST T
Q = Alf1>c?
o _frteley _ Ir1*ac?
4 4

[Ty, T4 = [T, T*] + [T, TV =0




P Q LT (PR Qo
{ _"”V(ZRZ +ﬁ_5>} R3< 7 TN SR

P 2pUtV Qvt 1 2.,V
i{at, rPtt}=— 7 aP+lFan4x

= l— (a + a)x¥ —ifat,, (P + Qx; Hx x" /R?}

( 3P —g—x (g +3Q +SR2>> - onx;ZI

[T, TV] = [TI, [T%, T[T, Tu]] + [TI, [T%, T[T, T,]]

x4x
R3

=1

[TI, [T!, att][at”, at#]]

1 + £1 A vu A Vil Vol I-
~3R K af'x, rsze +ﬁ(x th —tVx")K"~ || + h.c.

— [ af ' (A+ A/2)x,t VK| + hec.

—lC—Za(A+A/2)|f|2 P ad %ﬁ'[ﬂ(ﬁ,w-]tuh.c.
=—l£(a+d)x;1x" %7{1 KN = Ff)eY

R3

|70, 7, T [at”, ]| = 10, [7%, 7] [ae”, T3] + [T, 7] [Ty, [, T

1 _ 2
= —iaﬁAczlflsz’xV+ h.c. +a|f| OV, 57 x| + hee.

= —iE.S"x'ZxV + ig.S"x_ZxV =0
R4 R~

0= — !a (—SP - g - x;? (% +30Q + S'R2>) - onx;ZI — 2aR%Sx;% — Q(a + d)x;?

[Iix

P ) i
3P +5+x;2 <%+ 20Q +SR2>
(7, K1 = ff') =0

VAV, = yquvmz tu(av waqu)

ﬁ 05 (x/mG"”)%

_r pa
_maa(mc VP)

= pZV(G)ﬂV#

PTG =~ (TTG)

= V”vav]/;z +

B = {f(x)K™,x#} ~ rf 3" uk




rf|K| < asinh 7 ~ eE+17,
|76, [%¢1,3G]] = A%, 365" = €21
0'ey = AC?
oY = —i[x", %]

AC?= AIGIC) = 3G |76, 1%, 300]| = 20 - 23G3630%K!
= —(-KGIGK 'H) — 3 3GHIK + HKGHKT + 3K KK
= G)I]@H

Rag
x7 + R?

a(xy) = \/RZ —x2+ Rayxy, x4 <R

Qap = DGap = dgap — IebZG — GacZp
I = De? = de? —e? AX{

Qab — M_ 77.:()216 a naczc b — — (zba + z}ab)

T¢ = d¥0 AR, = -3¢ dot Ada?

6‘6 source

e Tk = -2
l 5

de* =e’AX?, +T?
dzab =ZchZac+§Rab
Qap = Dgap = d9ap — Iev2& — JacZh

dA=F
1
dwa= _Eca pc W2 AWE + F% (a,b,c = 1,2,3)

1
dBX = —EfK wmBEABM + HE (K, LM =1,...,8)
1
Zop = _EQab + Qqp
de* = e’ AQ% ), +T* - Q*
1
Q” Ezeb/\Qab

de® = e? A Q¢ + T

de® = e’ Aw?,




a i a a
Q% p =w% ), —C%

0=eb/\ec(—Ca +1T“ )
bc 2 bc

1
Cape = E (Tabe + Toca — Tean)
Q% =, —-C%,
a a a 1 a
p=w"y—-C b_EQ b
1 1
iRab =Rab _EDQab _ZQCD /\QaC—QC(a/\Cb) c

K
SGraV = EJ‘ iRab Aef A edeabcd

_%DQab _Q@pch,
Sorasl 2,01 =5 [ (R = 3Q7 A Q2) e A eequeq
80SGray = K f 5QP ACEAef Aebeypeq
= Kf 80 £(CF oy = CF pe — C% 8] + C% o8] )@
T9 op = C9 op = C9 pe — C? 008y + C% 87

7;)% = TI;lc - Sl?Teec + SgTeeb

SLSource
- S Qabc

KTa bc —
K
6QSGrav = _ZJ— 6QQ1€b (ng + Ql]:e + ané‘l{ + ané‘éc)d)

1
Qacb = - Z (Qacb + Qabc - Qgenca - Qgenba)

_ 4 6‘CSOU.I‘CC
cha — ; 6Qabc

1 1 de
Qach = — EQa(bc) - 177 (Qb(de)nca + Qc(de)nba)

1
6SGrav = Kf (6~Qab CTC ab — Zach aQa bc) P




Spy = afwfh(z'a—m)qu‘*m

Yy=x"hp = xp @3 =y*0,
{y%v?} = —2n%1
1
A(Wab) = exp (Ewabaab)
I ={1,y%0%,ysy%vs}
i

) .
0% = 2[y%y Lysy® = e ancy“y"y€ andvs = eancar *y y ey

%tr(FAFZT) = §4%
lp[ﬁ FA]A ¢B®a=(1 0)®l=(0 o'i>
AlPa B 14 0 — |4 ol

) =x"hy = xyp

x=xTh=xTy°

; —at 0 0 1

7= %L iv3y?)
{?a nby — —Zﬁab
~AB 1 ~A #B 01 02 03 12 23 31
é =§[V VP = (0%,i0%%,0%,i0'%,i0%%,0°")

IQ‘A = {L ?A’ 6-ABJ ?S?Af]?S}
A= Ye, HOy — B =~%e, "D,
Dull) = 6/11!) - bAul’-\‘Alp

Sinteraction = —aRef baAlpTihyaf‘Alp

2= ( , " )nrsrt= (" )= (L, )

nho1 = (_01 _iaz),nh003 — (_03 _1),77’10"31 — (0'1 iaz)




[K]* = 686% + 618,y [J']" » = £,

1 1

K, = E(nh?s?z +nho3t)  J, = 3 (nho®! — inhy?)
1 o 03 1 03 "

K, = —3 (mhys + nha™) ], = 5 (nha®> —nhys)

1

1 N
K, = =5 (inhy* +nha®') ], =5 (nho™" —nhisp?®)

n4€[hl] ¢y € ['4s{h1, hy®,iho??,iho 3, hysy?, hysy®, hythy®,iha®?, hysy°}
nhl = (—03 ) nhy® = (—03 ) nhyt = ( —iaz) nhy?® = ( —1)
-1/’ 1/’ —o! ’ a3 ’

_03),inh023 — (—io'z _01),

),r)h}?5)7 =(1 _0_3)177}7-]75]7 =(01 —i02)

inha0? = (_1'02 —al)’mhau — (—1

P2
mhispt = (00

2 =bal® = by % + by e

A 3 .
Qfc = beag[T2e], =[ibeanhy? + beo1nha® + beoznho % + bez1nha™t + ibesanhysy? + besnhysls
Qe = bea,[T25]% =[benhl + begnihy® + beynhy® + besnhy® + ibegamho® + ibeiznha™? + ibeyznho®
+bsonhysy® + besinhysy' + bessnhysy®l5
80 T8, = boa, [150] T 1y = —bea (8o

1 1 1
_Z6ch aQa bc = __bcAs [FAS QC AB = _ZbCAstr(FASQC)

AB
Z |

—KBbep, tr(T%aTc) — gébcAstr(FASQC) = aRe(ipythy by [2)

K
8LGray =K6QAP (T€ 4p — Z5QABCQc(AB)

=—kSbtr[inhy?T €] — k8b,o1tr[nho® T €] — kSb ostr[nha®3T¢]
—Kk8b,13tr[nha 13T €] — k8b s, tr[inhysy?T €] — k8bstr[nhysT €]

K c K 0Nc K 1nc K 3NcC
— 2 8btrlih10°] — 2 8beotrinhy °Q°] — 5 8beytrlihy Q7] — 5 Sbestrlnhy0°]
~ 5 8beoatrlinhg¥20°] = 7 8bestrlinho 0] - 2 Sbeastrlinha??0°]

K K K
_Z6bc50tr[7lh}’5}’OQC] - ZSbcsltr[nhyslec] - Z5bc53tl‘[77h}’5}’3Qc]

—[inhy?]® TP q= T 30+ T 51 =T 12 =T 03
~[nha®]% TP o= T30 =T 31+ T 15— T€ o3
—[inhysy®1* p TP g= =T 10+ T 01+ T3, — T 33
~[nho31 ] , TP = =T€ 1o+ T o1 =T 3+ TC 3
—[nhys]® b TP q=T€ 50 =T 31 =T 02 + T 13
~[nho®]% yTP o =T 30+ T 31 =T 0 =T 13




tr[nh1Q°

Q00+ Q11— Q%2 —Q°

]
tr[nhy®Q¢l= Q€ 9o + Q% 11 + Q€ 22 + Q€ 33
tr[nhy*Q¢l= —Q€ 30 + Q€ 21 + Q12 — Q% 03
tr[nhy3Q¢l= —Q° 20 — Q€ 31 — Q€ 02 — 9 13

tr[inha®?Q%= —Q° 30 — Q% 12 — Q% 03 — Q€ 21
tr[inha™?Q°]= 0 oo — Q€ 11 — Q€ 22 + Q°
tr[inho32Q¢]= Q€ 10+ Q 01 + Q% 32 + Q€ 3
tr[nhysy°Q¢1= Q€ 20 — Q%31 + Q%02 — Q° 13
tr[nhysy'Q¢1= Q¢ 10 + Q% 01 — Q%32 — Q° 23
tr[nhysy3Q¢] = —Q g0 + Q€ 11 — Q€ 22 + Q°

8 Lingeraction =—aRe(YT (i6bao1hy*nha® + i6bggshy *nha®® + i6ba13hy “nha'?)y)
—aRe(YT(i8baaihy *nhy? + i8basythy “nhysy?® + i8bashy “nhys)y)
—adb.Reyt(ihy“nh1)y — aRe(P T (i6baohy *nhy® + i6baihy*nhyt + i8bashy “nhy®)y)
—a(ReyT (i8basohy *nhysy® + i8basihy “nhysy" + i8basshy “nhysy*)y)
—aRe(P1(i6bgg2ihy *nha®? + iSbg1,ihy “nha? + i8bys,ihy *nha32)y)

W= @7.0,0)

QT =T

—aRe(yT bz ihy3nhy'y) = —abs;Re (illl+ (é _01) (—03 03) (_03 1 ) ( 1 _1) (—01 61) ll’)
= —iabs (v —vp)

[nhiy?1@ T o = == Re(W'ihyinthy*p)
[nho©1]% TP , = —%Re(lﬂihycnhamw)
[hysiy?1® »T o = —=Re(tihy inkysy )
[nho31]% TP , = —%Re(t[ﬁihycnha”z]))
[nhys]® , T o = —%Re(lﬁ*ihycnhyslﬁ)

a
[nho®]® ,T o = ——Re(YTihy ‘nha )




[nh] pQ°° . = —%Re(d)*ihy“nhw)
[nhy°1€ Q% . = —%Re(d)*ihy“nhyolﬁ)
[hy'1€ Q% . = —%Re(d)*ihy“nhyllﬁ)
[nhy31€ Q% . = —%Re(d)*ihy“nhﬁ/))

[nhysy°l€ Q% . = —%Re(d)*ihy“nhysyotp)
[nhysy'1° ,Q% ¢ = —%Re(d)*ihy“nhysyltp)
[nhysy31€ Q% = —%Re(d)*ihy“nhysﬁ/))
[inha?]¢ ,Q . = —%Re(ll)*ihyainha"zw)
[inha™?]¢ ,QP . = —%Re(ll)*ihyainhalzw)

4
[inha?1¢ 40 o = =~ Re(Hihy inho?*p)
1
Rap =5 (ap + fa)

1 _
lap == (@f = pa)

DO_!(Z =aua
0 0 0 0
a0 0 -I, —IL,
T = k|l 0 L, 0o —I,
0 Ly Lo O
0 I + Iﬁ ng + Ip,y 0
Tl , = i _-[770' — I‘]p 0 0 Iﬁi/ — I.aa-
a 2 | L — I 0 0 Lip — oo
0 oo — 15y Ipe — I, 0
0 Rup — Roo —Ruw — R (Dpu — Dso)
2= X Ros — Rpp 0 (Dov + Dpp)  Rpo — Rpw
a 2K R;]V + Rﬁo’ - (D;Du + Dﬁp) 0 - (Rﬂ,p + RDU)
- (Dﬁ'u - D&a) R,L'w - Rﬁa (Rﬁp + RDJ) 0
0 Iy — Lo 0 — (Lo + 1)
73— | dpe—1up 0 Ty — Ipo 0
ab 2K 0 Iﬁcr _Iﬁ,u 0 _(Iﬁa +Iﬁp)

Iﬁ JrIﬁ 0 ng +I:7p 0




0 Iz Iﬁp Ip
dev I; 0 0 0
0 _ - pv
2w = K Iﬁp 0 0 0
\ Iﬂc, 0 0 0
21,&0 IEP—I; Iﬁy—fﬁg 0
31 _ 2_(1 Iﬁ,ﬂ — Ipo- —2[17 0 I[u/ + I,Ecr
ab k| dp — Lo 0 215, Ipp + o
\ 0 L+ Loo Tip+ s 250
—2R;, Rie + Ry, Rz — Ry, 2(Dpy + Dso)
32 _ 2_0[ RDU + Rﬁp *2Rr7p 2 (DDV - Dﬁp) *R,ﬁ.u - Rﬁcr
ab Ty Rsr — Ry 2(Dy, — Dj,) 2R;, Roe — Rip
\ 2(Ds, + Dsy)  —Rpy — Rpe Ruw — Ry 2R,
_2Iﬂ I,jp+I|ﬁo- O Iﬁa+Iﬁu
93 - _2_a I,;P+I,L—w —2155 Iﬁg—IFw 0
ab o K 0 Iﬁo'_Iﬁy —21}1 Ip —Iﬁ
Iie + 15 0 I,;p—fﬁg 2054
0 Dy
« 0
T2 = —
Dy 0
O _D&cr
o] 0
T = —
ab 2]"5 0
Ds, 0
0 Dﬁp
4o 0
32 ab  — T
K 0
Dy 0
0 D;,
4o 0
32 ab — T
K 0




Sp = f (D*VH-VDLV, o+ m*VE-VY, ) [—gd*x

81 (Dq

SySr = —2 f DAVH-Y (Vg 85 + -+ V, g6y )SHF o [—gd*x

Hppy =

V[J ..v) =

1
) (Qﬁuv + Qﬁvu -

_Vﬁ...v(SHﬁ ua

QuVB )

=V, g6HF 4

2Re (VIilyinhy*y) = —% (vp - pv) 2Re (Wliky*inhy*y) = % (—pp—vv = pp+G0)
“*Re ('IJJTih’YOﬂhO’OlT’[)) = = (vp—pv) “Re ('l,[)T'Lh’}/ nholy) = & (—pp+ v+ pp+do)
2 Re (plibny inhysy*)) —2 (po —ap) 2 Re (WlikyPinhysy*p) = & (fip + pp)
2 Re (plihyOnhodty) = 2 (po —ap) 2 Re (Pplihy*nhodtey) = —* (vo + av)
2Re (Yliln"nhysy) = 2 (vo—av) 2Re (vlihy’nhysy) = (po + p)
2 Re (T/JTih’YOUhGOS’?,[)) —2 (pg — av) 2 Re (?,[)Tz'h'ygnhcrww) = X (v + v
2 Re (Ylihylinhy?y) = 0 2 Re (Ylihydinhyy) = —* (po —ap)
“Re (wTih’\/lthmt,[)) = 0 “ Re (T,bTih’y?’nha'Ol't,b) = — = (i — )
2 Re (Vlibytinhysn?e) = =2 (bo —av) 2 Re (Vlihydinhysy?y) = — (vp — pv)
2 Re (vliby'nha®ty) = =2 (ip — pp) 2 Re (¢lihy® nhoglw) =  (po — o)
&Re (Wliky'nhyse) = 2 (po —ap) % Re (lihynhysy) = 0
< Re (’gb'rih’ylnhoogq,b) = % (pv — vp) 2 Re (T,szh’y nhaog'lj}) 0
«adbg Re (wTih’yOnhgb) = 0 adbs Re (1,{)Tih’)/217h1,b) = adby (Dp + pr)
adbogRe (¥iihy"nhy "y = 0 abbag Re (¢l ihn?nhyO = adbyg (fio + ape)
adbgy Re (wiihyOnh~y'y = iadby (Gu — o) adbsy Re (Ylihy?nhyy = adbyy (ap — vv + pp+ Go)
adbozRe (¢1ihy nhy®y) = —iadbos (ip — ppe) adbazRe (Yliky*nhy®y) = —adboy Re (jw + vpu)
adboso Re (YHihy nhysyOy) = iadboso (fip — pie) adbaso Re (YHiny*nhysyOy) = —abdhaso (pa + 7p)
adbosi Re (VTihy nhysyty) = iadbosy (v — o) adbasi Re (Yihyinhysyty) = —adbas1 (fp + p)
abboss Re (Ylihy nhysyiy) = 0 abbass Re (Yl nhysyy) = adbyss (Pp + pr)
adbopa Re (iihyinha®y) = —iadbgos (ic — Gp1) adbagaRe (Pihy2inha®y) = adbygs (i + v — pp + G0)
adboaRe (wiihalinha2y) = 0 adbysRe (Wlihy2inhe2¢) = adbsis (1o + T p)
adboaz Re (viikyYinha®y) =  —iadboes (v — vp) adboazRe (Yliky2inha®®y) = dbaag (Do + 1)
«dby Re (T,bTih'y]nhi,/)) = —iadby (vp — pv) adbs Re (w'rih'y3?7h1,b) = iadbs (Po — av)
adbigRe (PTihy'nhy"y) = iadbig (fio — op) adbso Re (¢Tihy*nhy ) = iadbso (jip — ppr)
adbiy Re (Yiihytnhyty = 0 adbs1 Re (¥l ih~®nhyta = icdbzy (v — D)
adbigRe (Wiihytnhy3y = —iadbys (iv — bp) adbsz Re (VT ih~Pnhry3i = 0
adbisoRe (VTihy nhysy'y) = —iadbisg (po — p) adbssoRe (Vlihy nhysy0v) = 0
adbys Re (Whihytnhysylyp) =  —iadbys (Vo — 6v) adbas; Re (Wihydnhysvyly) = —icvdbysy (io — ap)
adbiszRe (Wiihy ' nhysy3y) = —iadbiss (p — pv) adbssz Re (Plihydnhysy3y) = —icvdbzss (ip — ppe)
adbioa Re (wlihytinho"%y)) = 0 adbzoaRe (Yliky3inha®?y) = idbsnz (po — ap)
adbiio Re @[)Tihqflinhamw =  dwdbiis (o —ap) adbziaRe G,L'Tih'y%nhamd) = —iadbs12 (Do — av)
adbiazRe (Vhihytinhe® ) =  —iadbios (fip — pp) adbzozRe (VHikyPinha®y) = tadbses (Pp — puv)

S= f d*x\/|glX(R — A)
M

SFIB,A] = f (B, F(4))
M

6,4 = —da —[4,a]
64B =[a,B]




S¥[B%,B,e!, w] =f

pa b 1 ab
(B (dea+eawAeb)+Bdw+EBe ea/\eb)
M

b _ b — b
w® = @, ©° dx* = 2e"V,e, ° dx*
sf =J B(dw(e) + egpe®e?)

M

IuwX +V,V, X — g, VX =0,

e =0, er1=1w.-=0
eqo=e" LY —e "L, ey =LY w,=e"LT+e "L

Juv = Navlyu aev b
AdS* =dr* +2L% drdt + ((£L9)* — (e" Lt — e™"L£7)?)dr?

X¢=e"Xt(t)+e "X (1)

1
— 0 -
e™h = ZL_"'(iL + \/4L+£ + (LO)Z)

1)1
T = |22 + LHL

w,(t) 1
= wiop +n ) + X 40 ()

oAl

AdS* = dp* + 2g,, dp dt + g, dt*

!

w
=—+ L%’
Ipt W

Iy =4[, d*xa(x)X(x) with a®(x) = a®8(x — x)

T
c — -
a —27‘[(1 TPh)

w2 2L,w'6’ B , _2p-2W2 (2(L£7)%0;0" (L76")?
o+ + (L9 +2L7LM) () —e p w? T

_ezp+2% <2(£+W)29{9'

g =

1/ 2L,6iw'
<—% +2(Ly 2 +2L7L1)6)0'

+ (L+W9’)2> + [_)

! li

O;w o 1
+2L, " — L6040 +0(?)




w2  2L%'¢’
(WZ) + + <(1;°)2 -

2e72Pn(e?PnLtw? — £7)(e?PrLTw? + L7)(60')?
WZ

e—th(ezphL-I-WZ _ L—)Z
Git = >9'2

w?2

(p—pn) +0((p — Pr)*

ePh (2w’ +wL00") + /(w + wL00)Z + 4L7L-wZ(9")?)

_(e7PrL™ +ePrLrw?)0'

2w

w(e™Lt + e ThL7)
2| 1— Ep——
0'(ePhLtw? 4+ e PrL™)

. eAr eth+
(1) wan(a- )
L£ow?2g’
w' +wL00’

T 2LTw2e’
TPh

Arzrh—ph=ln‘

cos (y)8 + sin (y)
- —sin (y)8 + cos (y)

( cos ()0 + sin (y) )' —1
—sin ()0 + cos (v))

!

A
Ty (e2+ 1)

T‘_>AT

w — w(cos (y) — sin (y)8)? 9’

(tsin y +cos )2 +y'(t?+1) =1

ds* = dp* + 2g); dp dt + g, dt*

Gee = 9ie® + gre P + gi
o (dr dr)
YoEae
= (7P, n")
gped? + 7' (giee® + gre P + g)
2 _ P _
J (gee = (95)°) (3222 + 295,575 + ()2ge.)
_t yP+ itggt

nt =
\/(gtt - (ggt)z) ((}7‘0)2 + Zggt?p?t + (yt)zgtt)

AP =

1

Kd = TS, ¥ - <
232’)(9;1:3’2)2

V.71 + 9% 72)(gi) + gt (G2 + F2[(92) 2V, — 2(g0e72 + F2(g) + 71)]

+25173)] + 0(e~3F)




(ps1)

95(2}72}7{ = 29195 — )712) - }71)72952'

K4 —Ky,% = +0(e™3P).

2 +2.52
2e°P g y;

Sp = —4f Jgoo X de(K — K§)
z

SCh[G,t] 1 r 2 r I
— _ _Tp AT ATT "2 ! A"rp N3 ,A
4Ldt< o +2€2Aerh(9,)4[ TPr(eA"A)"(6")%(1 +20) + 2e27TPr(0)3 (e2")

+2e27TPn(eA) (1 - 07)6070" + €22 TPr(07)2(6" — 1) + 27 TPh (9")? (eﬂre” - (eAT)'e')])

TY"(Mpte + teg) 1 the . toe
=—4| do|( Sch[t, 6] — -2 — = (A%)2tg + ALy — Altgy — =2+ 22
L ( ch[t, 6] 2TPnE, 5 (86)°tg + Ay — Agtos 2t9+2t9>
_ 3/2
Xt = e"h(e™"h(2m — a)T,, )
eThg, +2(2m — a)T,,
Shet _9!!! 391/2
chl0,t] = 5r =557
Znine
t =0+ 6t(6), 6t=zeneﬁ ,
n
AT = AT + 51 (6), 8r = aybt + a8ty + a,8tgg,

TPh = TPRO) 4+ §TPr(Q), STPh = BySt + 6t + B20tgg,

@ STH"
653 = f do (6t99 + 67'9)2 + m(atgg + 61"9)

65(4) = ‘82 Sng_n:}(n(Pr Q)'
n

1
gcn = P(kn)P(k—n) + Wp(kn)Q(k—n)r

P(kn) = _lazk% - (1 + al)krzl + iaokn,
Qky) = —iPyks — Biki + iPokn,




— (2 %oBo 2 4
5 = (a8 + o) bk + O (k)
Ar = Ar (t, tg,tgg,"',f F(t, tg,tgg,"‘)d@)
Tph =Tph (t,tg,tgg,"',f F(t,tg,tgg,"‘)d@)

AT©) = f 50 — a6t db

TPr(0) = f 500 — 0)B,5t db

2 2

t t
W = Sch[t, 0] + -2 — -%% = Sch[F(t), 0] + cF'?
2tg 282
C(t c
v(t)" + %v(t) = Ev(t)‘g’

v = (F')2 and C(¢) = o — 50¢
2tg 2t}

F = Warctan (§)

_
E—vl
40,

U”(t) + Tv(t) =0

! ! c
W=v1v2—v1v2=i\[g

cos (Y)& + sin (y)
—sin ()& + cos (y)

()
€,0=0 €1 =—7—"m, w,=0
z0 ) z1 Sil’l( Z)’ Z
=—7Q, é,,=0 VD = — t (wz)
e e w. wCot (WZ).
™0 7 sin (wz)’ z1 ’ t

ds* = Z(z)(dt* + dz*)

2
Z(1) =

sin? wz

lzf wdt = 2nw

XY =/Z(z)(Ce®* + De™7)




dS4 = gppdﬁ4 + ngt dp~ dt + g~tt dt4

z = Wy (t) + w(D)p + Wy (H)p* + 0(5°)
T 0(t) +6,(0)p + 6,(1)p* + 0(5°)

~ 1
Wy =0,w=20"w, = S weot (wWy)W?
~ oy

~ I ww
01 = wcot (@ww,)wh', 6, = — 5

~\2
= @O 052, 4, = 0+ 0(5)

Z=§ﬁp=§tt—m

K= 2 Gz + 32 2262 = 07) + 230,91 = 03] + 2522 G = 72)
+ (52 =3 (0pZ + 27)]

_ w92
0 27

3 =J}u&ﬂ &hW@)ﬂ+€:+l Eiz
S g T2\
¢ =In|6'@®)|
$p = L dte” f e¢(t’)e¢(t’)dt'(¢u(t)+¢r(t)+(¢r(t))2)
5, ~ L de(1 + @t = T))@" + ¢ + (@)

t
70 — _f 0 4f

w

"1+t —-T%)+w¢’ + 5 =0
w? 1
7= —
Sin*(wz)|__, 2z°




555 ~ 05 = L (2K6X + n,V*Xh® Shy, ),

1
58St =®f=J.EB£ab6wab,
z

0s =0/ +J T 8eqq + B(nty,8e, * — y‘1511a)|cs
P

THE = n,0“Bet® —nt0“B.
0f - 0f= J (B + B)S(w + dw,)
z

= f ((B + B,)6w — d(B + B,)dw,) + (B + B.)dw,|s
z

VIhn,e*a,(B + B,)6w, = TSeyq, with T4 = n,0*Bet* —n*9“B

y «/|h|n,e*’d,(B + B,) = n,0"B.e™ —ne*10,B,

(Wrﬁ WrT) _ <er5 erT) . (Brrﬁ BrrT> _ gua
_ Y _ _ T o
WTO W‘L'l e‘L’O e‘rl B;to B;l;l
0s(B) = o/ (B) — 6°
B=B+B!°+B"+ B+ Bt
0 = —(Bf“ + nky,BSe] — By*Sn,)deyq|, = (By*Sng — BFSeyq)|,
—ygla
A% = 247'nP]
BfP:= B,&%, &% = 2%,
B&b = 2Blanbl — glagh]

_ B +Sint 1
§0=——=— or B= -5 pSon?
n

{naﬁNb}P = 63: {na, nb}P = O
{No,N®}p =0, {euq B“’}P =—86%

{eua,e"b}P =0, {Elm,é”b}P =0

¢, =N%n, =0
¢, =nmn?—1=0

yhy, = g8 (0% + 0(p") and 343, ~ G (0')* + 0(5%)

$3 = NON, — V(BH%, el n%) ~ 0




{d1.d13p (D1 d2)p  {P1, P33 0 -2 2V
M= | {ps P1}p {P2,P2}p {d2,03} | = ( 2~ 0 0 ).
{p3,13p (b3, d23p {3, 03}p =2V 0 0
7oy 1 av
= +§nan—a
G =V, + ¢3
- av
{G,ng}p =~ —2N,,{G,N*}p =~ 2Vn® — o
av
{G’ eﬂa}p 9BHa’ AG, B*}p ~ Jela
1\ 1
0 —
=)= 2

{ALAZ}D = {Al'AZ}P - Z Mij{Alrd)i}P{(»bjrAz}P

ij=1,2

{eﬂa’ EVb}D = _611/6&)' {eua: eVD}D = 01
{ uar BVb}D =0, {na'Nb}D = 6(117 - nanb:
{na:n }D = O: {Nap Nb}D = nbNa - ana.

a — oTu,a S b
eld = e'Hn® + eteyyn
a _ pTu,,a Su ~ab
B#% = B'#n® + B°#¢%n,,

WTH= Wkbn,,
WSH = WHbg, n€.

nI
q = arctan [ —= |,
no

p =n°N1 —nIN® — 2B =V — 2B,

0° ~ (psq — B"#8e],, — BS#5e

wils

1 1
E E (E
]e( ) 2 g#ve#aBg']lg ) _guveﬂaea']eB) — _EguvBﬂaBZ

Usis” ] =~ s i) =i U8 087) = 2es)

n 1 n 1 T 1
]é) —Juwe ”‘B“’,]l() —geT* 'J>(r) - =g, BT*B™

U0y =i sy = PR = 2"




1 1 1
.(S .(S (S
]é ) _ g 1/eS'[LBBv']l( ) _ g veSueSV’]( ) _ g vBSuBSV’

{jéS)’jl(S)}D =j1(S)’{jéS)’j)(fS)}D _ _j)((S)’{jl(S)}j)((S)}D _ jéS)

{Jg)'e”a}}, —_— {jéE)'e#a}P =0, {jlgE)’e#a}P — JBHa
{jég)»B”a}P — _Bua’{jéE)’Bua}P — _pekha {j.EE),B““}P -0
{jéT,s)’ e#a}P — % 67‘3,Se“T'5, {1'1(T'S)' eua}P —0, {j)((T,s)’ eﬂa}p - _ 574,33;115
{J’éT'S)'B”a}P _ _% SSBHT, {ffT'S)'B”a}P _ _57@,Seur,s’ {j)((T,S)’Bua}P —0,

where §% = n% and 6¢ = nj, e

.(E .(E (S
JOIFOINIO

G52 582), GEP 1P, and (562,12, 587)

Cep = (guveuaBg)z - (guvBuaBg) (gaﬁeabeg)
eTS — ( Gy eT,SuBT,Sv)Z _ ( Gy eT,SueT,Sv)( gaﬁBT,SaBT,S[?)
1y x1)% = [IL]1;] = (4 - 1,)?
U,6Glp = ={,V}p=0=2V=V(n?

av
Uen, G}p = —{jen,JeB}P Fr 0
JeB

ov
P gjE)

{€,G}p = —{C,V}p = —{C,j B}

ab _ (€0s(q) —sin(q)
0% = (sin @ cos(q) )

A9b — (ﬂ)_laCSﬂc b
0%:= (Véq — BH“8e,q)|,
= (pdq — B"#5el, — B5a6efm)|5 =0°

®F=f (B%e, + Bw)
>

840 = £20,8,V = —f,V, 5,8t = §,BH% = 0,5,9 = —ad, 5,91 = 9 1a,
6,1e”a = Aabe‘lf, 6AB#‘1 = Aang, 6/1q = 5AV = 6,119 = 6,119_1 =0.

Q% = 50Xt = Oy — Qg = f (6B%Se, + 6BSw) + §(BH*8e,, )| s
z




¢Q = =4, JQeXt = =4, JQE + 8¢ JQS
_SaJQZ = 6(“1]BI])|5
60{ JQS = [6a('9_1/h9)abBab - Sa(VSq) - S(favq - (ﬂ_laﬁ)abBab)]ls
Sa(ﬁ_llﬁ)abBab = [a, A]abBab
[a,4]p1 = 0, or equivalently ayg = aq4-
Q= O—’UBU + foVqg — (97 ad),, B,
Ay B + agBy + a1 B, = (@ 'a9) B — f2Vq,
ab S —1yab 1 —-1yab
BT = (@BI)® — - (@ )fVq
(S_aeﬂa = —dabe“ b,gaBﬂa = CfabBu b,gaq = ng = go—l‘l,ab =0
{§D,ena} =2 ofnbelT for @ = 6fn”
—85 Q% = 60 = —5(a,,B e, ?)

1
y%and n*: y* —» A—ry“ and n® - A,n%

1
G EE R I |
1

1

P=— dxH1 Ao A dxHre
p!

By iy

huv =guw +nun,

1
€= Eew,dx” AdxY

€=/ —9Euw
e = ghigPe,p = g" g P 1g9leap = 97 V19lEwm

*2 P = _(_1)p(d—p)+1p

1
(* P)ﬂl---#n—p: = _'Pulnapeal--apﬂl--ﬂn—p'
p

1

P Uy
Pal..ap- = (n — P)! eal..apul..un_p (* P) inep,

— v
Eab = et a® bEuv




az = (» az)ueuvdxv

* ay ) = ag, e*V
b v

JM das = fM V=9V, (x az)t = L as = L\/—_h(* as)iny

eqp€HV = 2elt v b]
1
(* Hf)ﬂ = EBabé‘w{}be”V = Belt eV, 16w = 2Belt eVl a(é‘ea ay,e% + e, 4V,6e% + e, “SFfﬁeﬁb)
= B(x Ogy)* + 2BV, (elV ;6eH1%) = B(x Og)* + 2V, (Bel” ,6e#1%) — 2¢lV ,5e#10, B

(* Opr)* =V, (69)"" — V¥ (89)y
f VIRIBn, (x Op)H = f JIhIBD,(8n* + g*’én,) — 8 (zf JWBK) + zf JIrISBK
z X z z

f JIhIBD,(6n* + gHén,) = f JIrID,(B(6n* + gHvén,)) — f JIh|(6n* + g*’én,)D,B
b b> b>
—nue[" .0eM?a, B
1 1
= Enﬂe““avBé‘eV a— Ee" aly,0yBéek

1 1
= Enaang"“’é‘eaa — En“BaBSea a,

gt 89,,0%B = et ey, 0%B + ghvSe,qeqq0%B
O*Bg gy, = 20FBe*Sey,.

1 1
nﬂe[" 20eM?9 B= Enﬂ(g’“’c?gmf)“B —g*ée,,0°B) — En"‘aaBSea a
1
=n%0,BetSe,y —n%0,B5ey ¢ — E(naaaBg“"ng, — n”ngac')“B)

1
=T%8e,, — 5 (n%0,Bg"’ 89, — 1" 89yad*B),
n%9,Bg" 84, — n'69yq0%B = n%0,Bh*VSh,, + (6n% + g*Fng)D,B

oan _ (€osh (@) sinh (@ oap _ (1 g
S0(4,4):9 b_(sinh (@) sinh (q))®19 b_(o 1)

Ry = hyy + V.V, + V1,
_(M4/4‘)(fluvﬁ#v - flﬁflz)
¢(t' X) = ¢0(t) + (p(t' X)

AdS* = —N2dt* + y;;(N'dt + dx')(N/dt + dx))

1
Kij =>§ (0¢vij — DiN; — D;N;)




SEinstein—Hilbert f d4x\/ gR = d4x\/—N (R(3) + K; KU - (K ) )

1 8Sen

ijo_ =—(
VY 80y 2K?

YYUKE).

Spy = f d*x\[ly(Vo,y;; — NHg — N;H()

o1, 1.
He = 2K? (nijnll —E(nl i) )—Z—KZR( )

HE =—2p;11Y

1
Su=| d'x/=g[-59"090,9 - V)]
165y 1
o= o0 "N

Sy = f d*x,[y(l40,¢ — N3y — N;3};)

1 1 ..
Hy = Ené’ + El’ljaifl’aj(ﬁ +V(¢)
Hiy =Tpd'e

drg
2 S
(N(O)) = —(1 - O'H4 ) N(O) =0, ) de dxf 1_—0_1_12+Ts4dﬂi
dQ} = d6* + sin* 9d¢p*
4
Rl(]4]21 = —UHZ(Yuij - }/ik]/jl)r RL(]) = O'ZHZ}/U,R(4) = O'6H2

Moy 7 = Mgy =0
f d4xﬁ(ﬂij6tyij + H¢at¢)
AdS* = —dt* + a(t)*(dr* + r*dQ})

1
ts=t— ﬁlog (1 — H?r%e?Ht), 1, = reflt

U= 6K2a(t)4 (6” + K'T[ij(t, X)), }/U = a(t)2(5ij + Khij(t, X))
[y = a(t)g (P () + g (t,X)), ¢ = po(t) + 9(t,X)
N = Ny + kn(t, x), N = kni(t,x)

2 p2
50=f d“x[§d+P¢qSO—NO< P +—¢+a3V(¢)>]

12x2a ' 2a3




ép 6a ,
%=0 9150_%
‘;—‘2’—0 P¢——a3%
2 p2
g_lfl((),_o 121:c2a_%a(3p+agv
H2=%2(%¢)02+V),H=——K2¢(2,
" . dv
¢0+3H¢0+r% 0
1,95 H

S4,d =f d4x\/)7(l'[”y”+l'l¢¢)

1st

f dhx |2 @y + 2 (=P + HPYh + (o )g — () +Ka(3p"’ bo ) 1]
x3Ka7r 6K ¢07r¢ ¢)¥ 6 a¢°
- f dtHy g = — f d*x,[yNH;
1st

—fd“ P(P> +a il h+ i +a2V(Vh"f Vin)

= 13 \6a) ™ T ox \ 1202 M\ T2xza) T2k VY
- f dtHyy = — f d*x\[yNHy

1st

2 2
[ gt lee( 3P 5 0 (_P_¢,> _( 3d_V) B s
_f d*x 6( T 3a°V |h + 3)Te — (@ ) @ +Kn oPE a’Vv

Syaq— f dt(Hyg + Hyp)

—P + HP + (3k?Py/a),

[P?/(12a®)] — k%[3P}/(2a*)] — 3Kk2a®V




P P P
f 3— 6_ T[=j d4X§(CIl)TE
[ @ (2)my = [ ax(go)my
[wamn“awhg—@%stkéﬁ®@—w

[¢Gx)EﬂawLB=V§M”@—y)

63 (x~y)

6
[hij (¢, %), (e, Y)]PB _(5ké~l +0,5f P(t)a(t)

[(p(t,X),ﬂ¢(t, Y)]PB - 6(3)()( Y)

2H
Shij = [hij(t,x):f d*xJyNHe| et X)] = 511_6

1st

e(t,x)] ] = o€
1st PBipp

Sp = [(p(t, X), f d3x,[yNH

z—li T
Ko v 1/ZEH

1 1 1
54_ = f d*xa3 [ZEHE((BJQ)Z - ;(OLIR)Z) + W((ath’{% 2 (6 hTT )]

o (t=rk %) = 90620 — 6o 2 = 0 0) + 001 — ko T = 90 (1) ~ 2ewRt, 1)

0
0 (t _ Kg,x) —0y(6) = 0(t,) — k=7

P (t — K%,X) =o(t,x) — K%(( — Hm)(t,x)

o1 . L
=i ()00 + 1 (69, 115 = 0y, () + Ky (£9)
[y = Pp(x) + mp (L, %), ¢ = ¢po(x) + @(t,X)

J' N

1 1
[hij (&30, T (& W], =5 (8567 + 5}61-")W5(3) x-y)

1
[q)(t' X), Ty (t' Y)]PB = W‘SB) (X - Y)




1
Shyj = [hij, J d*x\[yHE mf ] [hu, f d x\/_ (n(o) + xnkl)zpkel]PB = ;(Difj + D;&;)

S = [¢, f d*x\[yHE

ﬁ]=kjd%ﬁ@&%ﬁ%ﬂ = *¢osi
PB PB

1stlqst

ww=kﬂfd%ﬁm§

fk] = £X0),0;¢0 + 0 P0;E*
1st PB

Vi = V(O)i + Vi
v; = E%0,Vioyi + Vioy0i€*
i kY (0)i 0)kYi
& =e(t,x)8;
$i = Y0 ix€(t,X)

k6hij = Di§j + Dj&i = ¥(0),,0i€ + ¥(0)0ix0j€ + [67¥(0) jx + 67V (0) ix — 2TE5¥(0) x )€

O = 2 yB (5500 y + 67 5Eve )
V(O) i V(O) lj V(O) =0 Y(O) ij
K8hij = ¥(0);,0i€ + ¥(0) ix0j€ + ¥ (0y;,€

ov; = EV(’O)g + V(O)axai,(p = ¢)66

v v
Y(0)ix Y(0)jx 1 (0)1 o
Khij‘( v + Vi |+ Youy — T Yoy Yoy | P
V(o) V(o) ¢ V(o) Vi, U

TT 2 k 1
hij = hij + (Dlh] + D]hl — §y(0)ijth ) + =

3 Y(©0)y h,

2 2
kbh;; = Di§j + D¢ = (D i$j + Dj& — V(O)UDkf ) + §V(0)ii,-Dkfk
K5hi = fi = ]/(o)ixE, K6h = ZDifl‘ = Zaxe + ]/(0) ”]/(0) ;]E
Yy, = a(x)?8;j gives kSh = 20.€ + 2(a’/a)e

€, 2)

Jy(x)

Y(0) ij = a(x)?8;j, this corresponds to € = €,(y, z)/a(x)*

ex) =

€| 6jx + Ox 6e+3 66

. a' 2 a//
DL(DLE]+D]EL) 6k0k6+5 6 E+3<a) e+ 3 a




2
"\" € a" ey 0y€y+ 0,60

3 — 3t 3
a aa a

N@g+mm=—%%

D'(D;&; + D;j&;) = 0 for a = ag(x — x)*/*

Vi=h; - y(o)ix
K
2 1 ZV(O) .
S=h-— vy + = y”y',><p
Wy kg ( Vo, OO

IUC

0(t,x — k¥ {gyhi, ¥, 2) = 0o () = o(t,X) — kO0p¥ (3

xb— Ky(](,l)hj

+ - <h 2 )
- kh ——v

Vo) i Voy *
Vo Y)Y © ij

Osiana = | d*xf(00G)

5@aP) = () (At

vij = a(t)*(6; + 2x5;;)

H
— (HAt)Y/?

K
,261.1 2n

Hét = k6R =

dM 1 \* 1
_ 2T L AT* = (16nG2M? ( ) ~
dt A6mG"M ) \grgnt) ~ e

2 1/3
R=—c2K— or R=Ry|1- cgit
R2’ 0 R3

1/2

ot 1 «k (At)

R T IR"2R\R

3 K2 §(n—§)
ﬁ ~ 1= an—5t1/2 = 1- nR(’)‘ 2(1 =2 3—t £1/2
R Ro
1

K_'m m+1
R= R0<1—cz(m+1) m+1)

0

1
St KM )2(m+1)(nm'3)

_nm (nm 3)
7 ™ R2 < —c?(m+ I)Rm+1




Rd—3 _
(d—=2)Qq_,
. K.d—Z
_ 2
R=—c Rd-2

Pij — 6ij —nn; with n; = ki/(kjkj)

1
TT _
hi" =P 'P ™hyy, — > i (P hum)

sA=—Dc+1,
sc=—c"+¢,
81[)_ —DQS—[C,TZ)] ’
s =—lc, ¢ ,

Oy =T [+ 20F + (20F +9*) + 206 + ¢

Stym [A] = /Tr (FQ) =8k

lim Erym[A;r] = /52 Tr(2(A]A) F]

s =—l[c,®|+1n,
sn=—lc,n] |
s€ =—[c,¢]+ B,
sB=—|c,B] .




SaFH[E]ESfTI‘{D{*D(D-l—gq) [m? + g (B —gn)] x1}
—f’I‘r{—DB*DfI)—Dg*Dn—l—(ad@Dg—ang(I))ﬂb+
+ |m? (BD — &n) + g(BO — &n)*| « 1},

sA =1, sb=mn,
s =—D¢ , sn =0,
s¢p =0, s¢E =8,
sF = —D1i sB =0

BOEdiag(bl,...,bN) 3
(ﬁOEdiag(@lg'-'atpN) )

m?b; + 2930 + =0,
m*g; + 2gbjp; + 6=0,

Zjbj:On
thpj:(),
Ak>0.

Surnt [E] = s/Tr [ D€+ Dy + ada, DE x A+ £(®y + ) [m? + g(Bodo +

+ Bop + bDo + bp — &n)| * 1},

_ f Tr {adp,ads, A * A + (adp,@ + ade,b) D x A + adg,§D + 1) +
— Dbx Do — D& % D — (adp,adap + adg,adab) x A + (ad,DE +
— ade Do + 2ada,ad a€) x ¥ + |(m” + 29 Bo®o) (bp — &) + g (Bogp +
+ 0P +bp —En)? 1}

5% [E] = / Tr {adg,ade, A + A+ (ads,p + adg,b) d + A + adg,d + ) +
— dbx dp — d€ » dn + [(m? + 29Bo®0) (bp — &n) + g(Bow + bdo)*| #1}




SA =1, Sp=mn,

§¢:—D¢a gn:Oa
§¢:0, -§£:B0+b,
5F = — Dy sb=0,

Eoen [S;7] = /33 Tr {Lrc+ (ady DE — adD®) + 5 [£,@ » DE + DE(A] » D®) +

+ adg x DP(A A) + £0[m* + g(B — En)](A] » 1)) |

= BgTr[L,\B*ch—L,\<I>*DB+£W*D§—£A£*DU+

+ (ada L€ +adeL3@) * ¥ — (A Larn) |

sb =—ch+n, sbl = dfc -yl
s = —cn snt = —n'e,

s¢ =—c£+ B, s¢h = —¢le+ BT
sB =—cB , sBT = Bic,

Sex [E] = sffRe [(D&) 5+ DB + €10 [m® + g(BT® — &Tn)| « 1} .

- fme{ — (DB) %« D® — (DE)" % D+ (D®)' % b€ + (DE)' % @ +
+ [m*(B'® —€y) + g(B'o — ly)’] x 1}

Ve (®, B, @, BY) = e [m?Bio + g(BTq>)2]

Re(BTd) = —m?/2g ,
Jm(B'®) =0,

7 (9%(2) —Cim(Z)) ¢ End(CY)
Im(Z) Re(2)

Sy, [Ag] = / Trgp(F2) = —872p,




sA=—Dc+ 1, sb=—cb+n, s®T = dTe 4 nt |

SC:_C2+¢= ST = —cn SWT:_WTCa
s = —D¢ —[c, 9], s§ =—c§+ B, s¢' =—¢e+ B,
s¢p = —|e, @] , sB=—cB, sBT = BT¢ |

Sren, [Z] = s [ {(D" + DO+ €70 [m? + g(B"® — )] <1} |
_ f { = (DB)" « DO — (Dg)" » Dyp+ (DD)" %9 + (DE)" % v +
+ [mA(BT® — ") + g(BT® — ")’ <1},

Ve, (@, BT) = m?BT® + g(BT®)”

Sty (S = [ [Bo" A% A — Bo" Dx A — 05" D Ab+ 05" D 6 +
— (Db x Do — (DE)" x Dy + Byl Ax Ap + ®y" A x Ab +
+ (D) €+ (DE)" * o — 280" Ak € +
+ g(BoTp + b7 + b7 — €7) % 1]

St [B8] = [ [BoT Ax ABy — Bydx Ag — B"dx Ab+ D" d i€ +
— db” xdp — deT xdn + g(ByT o + bT<I)0)2 * ]l] ;

gFHR [ER] = SFHR [A: wa (I)U + @, 1, é: ba (I)g + (PT: T]Ta gT’ Bg + bT]

1 tr[p™]
Sn(p) = = nlog <(tr[ p])n>

L?(G) = span{|g) | g € G}.

(g | h) = |G[8gp.

(g1 h)=26(g7"h).

1 Z J‘ d
—_— — g
614 Jo




26 =P e W]

neG
dr = dim(Vz)

(41l B)d,,{v,,@v,;]: =d;- (Al B)Vn®v,;

®
2(6) = j du(m)V, ® V2 @ (A | By, qu:
G

d -
M =506
W =(X)
Y€EL

Bwpy |91, g1)) = 6(h79,)|91, -+ 9py)-

(gll""glLl | 1/)> = l/}(gll""glLl)'

Beopy (W) = f dgy -+ dgu (g, (g0~ gu)lgn - )

B lf]: = f d9f (9)Bopy(9)

Ifllec = suplf(g)l
geG

IBewpy FIIM = I f dgy - dguf(9,)¥ (g0 g9 gl

< Iflleo - I
g = ® B(V,p)(e)
(v.p)ES

Bwpy(@)Bw,py(e) = 8(e)Be,p(e)
MpH (A) = span{6(e)~SV/2z 1) such that [p) € H(A)}

§(e)™*V2 M) and §(e)”F1/I15 )

1
5oy CMENs 1Y) = (@llls1)

Mpl) = N (1Y) + X))
[1h) ~ 1) + [x)] for all 1) € H(A) and [x) € Hpun

(HB}[(A))gravity = g{(A)OO/g{null

(o [ P)):= (a[llg]h).




MgHA) = HB}[(A))gravity-

(CARDY =f d[g, hla(g) P (h){(g|Bwp(e)lh)

=f d[g, hlo(g)"P(R)s(h)(g | h)
=a(e)yP(e)

Pu(9) = (V) 20,(g).
Jlim i) = [ llccay > €
1)) = lomd) llmgrccany) = 0
|lpoo)1{i_r)£10 |¢n)nB}[(A1)|¢oo) = |¢1)H37{(A1)

B(v,p) (e):= Tlll_rgo B(u,p) [0,]

n—oo

Bioy (©Bopy(€) = lim f f dgdhB,(9)Bs(h)
Vn(e) YVu(e)
= limf f dgdhs(g=*h)Bs(g)
Vn(e) YVn(e)

n—-oo

= lim dgB,(g) ( fv dh6(h)>

= v, (e) 2(9)
= lim dgBs(9) = B(V,p) (e)
= v, (e

Buwpy(@TBupy(e) = Bup(e)

Bom (@MW) = lim |  dav@la)

(W1Bwp () By (e)P) = lim fv “ dg*(9)y(9)

[Y(@)I? = [P(e)|*5(g) + -

Aolf] = f dhf (W) Ay ()

A, (1] =f dhA,(h)

Ao(@)A[1] = f dhA,(g)Ay (h)

- f dhd, (gh)
= Av [1]




1, = (X) 4,11

veEV
M, H (A) = {Vol(G)IEV21, |y such that [1p) € FH (A)}
[1¥) ~ [P) + [x)] for all [) € H(A) and |x) € Hpyu-
(HA}[ (A)) gravity — H (A)l/ }[null

(o 1)) = (a|lla])

M, (A) = (TH ()

gravity

(o rwn = [ dlg.n ko @vigla (IR
= [ dlg.n ki @y 1 khy
=f d[h, klo*(kh)y(h)

=(f dko(k))*(f dfup(h))
(1w =([ @) ([ awew)

}[phys(z): =ML H (A)
HN) = ® H, ® HEo
Y€EL (v,p)ES
Ay (h) - A,(WAT ()

Bom(® = [ dgBup (g™ BE 9)

(o 1 PNpnys = (all4llg[p)

= [ ]] dowte ]_[Av(gv)] [ B(v,p)ce)] )

vEV vev (v,p)es

‘7{17 — }[151) ® ® g_[én) ® :]_[313&

Hy=HP @K

HO = 3P

) = <® o2 ij|> X )

(i) vev




) = ((X) %(el.~--.#n)> X) o

vEV {€EL

0= [ dum Y. w@malmmn) = [ du Y immm) = [ duolen)

e = ) I, mm)

M40 x) = Ollullg|x) = 0

O1y)) =10 - ) = [Ol) ~ Ol) + |x)] for any |x) € Houy .

-

1

R {o— < 03 R




}[phys (Z) = Myl H (Ap)
|lll)) = f d[g)R' g)ﬁ' h]lp(g)R' g)}?' h)lg)ﬁ; h, g)R)>

W= dig hiGa.mlg.h)
= J d[g.h]w(g.h)lh‘lg.e)>
= | dlg.mwhg wig.e).

B(9) = | dmphg,hy

= dgb@lg.e)

F“R(T[)Ilp)) =f d[g)ng)thl k]Xn(k)¢(§Rl§§1k_lh)lg)ﬁlhﬂg)R)>

AR({))lg)R: h, gR) = |§§; hf_l,f : g)R)

AR(D)Fur (MG, h, Gr)) = f dk (k)| Gr, k™ he ™, € - £7R)>

=f den(k)lg)E:k_lh:g)R)>

= FDR(”)WE' h, £7R))
Ag(O)Fpr(M)|gr, b, Gr)), = f dky (k)| - gg, €k~ "h, §R)>
=f dkxn (£~ k)£ - ﬁﬁ,k‘lfh,ﬁzz)>

= Fyr(m)|£ - g’ﬁ,fh, gR))
= Fyr(m)|gz, h, gR))

X=(9) = Xﬂ(hgh_l)

Ljﬁ' h, gR))g{phys (Z)HAHB}[(Ab)

Fyr(m)Fyr(w) = 6(1, w)Fyp (),




For(f) = ] du(m) f () Fe (1)

Areap = f du(m)log (%) Fp ().

du(m)  dg
dr ~ Vol(G)

Areag = f du(m)log (%ZG)) Fyr(m)

€G
h1 ho
____________________ )--—--—— s e
F’Y(h’g) \ A A }’7
g1 g2 g3

91 "hgtht  ha(g192) " *h(g192)

& : > > >
o™ 919295) g1 92 93

}[phys (2) = HAHB}[(Ar)

Ar(k)|m, ab)|g) = Z (k) eplm, ac)lk - G

c

du(®@) = du(my) - du(ry,)
Ve = (X) Vlm ab; 9

T e€n

(&)
Ty (5) = f  du() Ve @ [
G

}[phys = @ }[phys(z)
z

Ha = MalpH (A;)

Hionys (B) = TaMpH (A(rm))




) = (Idp @ (TDI¥)
) € Hy
|¥): H (D) - Hy.

Hp = L*(SL(2,R)/U(1))
V@V - don(0)V, ® Vym(0)*
u(1)

_ J do(m(0)V,) @ ((6)V,)"
UL

12(SL(2, R)/U(1)) = f du(V, ® vy

principal
ANAAAAAAAAAAAAN
-~ s
~ s
. rd
~ ra
~ e
~ '
~ 4
- rF
~ 7
“~ rd
~ s
~ s
~ g
~ 7’
—e—o—%—o—o—0
/ ~
7 ~
rd ~
Va ~
Vs ~
y ~
’ ~
’ ~
7/ ~
’ ~
7 Y
’ N
’ ~
AAAAAAANAAAAAAN

AG) =&, A4,(9y)

’lim SU4), = SU(4)

lim G, - G

g—>00

{16) 1 6 € [0,2m)}D{|n) | n € 7}
(0 | n) — eZm'nG

E, = span{|n)}

I2U(1)) = @ E,

neld(1)

(g 1 j,mn) = DJ,,.(g)

E; = span{|j,mn) | m,n € 1,---,2j + 1}.




. % Vol(SU(2
(J,mn|¥,pq) = LU(Z) dg(Dyn(9)) Die(9) = <—0 (d-( ) 5j£’> SinpOng
j

Vol(SU(2)) = f 1dg
d; = dim(V))
G, Dr{;m(g)* = Df;m(g_l)
(j,mn | £,pq) =f dg(n|D’ (g~ 1)|m)p|D!(g9)|q)
SU(2)
= (n] ( j dgD’ (g-1>|m><p|D*’(g)> 1)
SU(2) .
= (n|0}%1q)

T
D’ (9)0mp = Oy D*(9)
0l = 5.0 1
mp = OjeCmp ~ -
]

chy = (0ly) = [ dgtpIDI (@)D (g™im) = Vol(sU@)p I m)
SU(2)

-1/2
. d; .
lj,mn) > (—> |j, mn)

Vol(SU(2))
N d;
H0) = Yolsu @y

Umn | J, 0@ ugiy-p;: = #G) - Gomn | j,pq)g;
Umnl,pq)=45(, ‘[)Smpdnq

reuen = @ wo) -5
jesu(2)

reu@) > @ w5
JESU(2)

_ dim(V7)
~ Vol(6)

p(m)

(g | ,ij) = m;;(9)

(m,ij | w,mn) = &7, )81y, On;

126 = P uem - Ex

neG




cos (x) sin (xk)) (xa 0 )(1 xn)

g(e»xa'x")z(—sin(xk) cos (xy) /N0 1)

0 x;
dg = dk(i—adn
Kelh~19) = tln(h™ )] = el m(g)] = (= () | w(@)s,
rfe(e)] = dim(Vy) = oo
w() = | dof(oymig™)

fimm(f)
Xn(f) = tr[m(f)]

() = fG d9f (el

Xr(9) = tr[n(g)]
9: X2(9) = xz(hgh™)
1im X, (F) = e (f)

inf
Xn(ke) = _Slgn(n) elf — o—ib

+et 0
tar =( 0 +e-f)

—Int|

xn(£ay) = (_1)1+|n|

et — e—t
e/lt +e—/1t
tay) = —————
Xﬂ.,+(— t) |et _ e_tl
e/lt +e—1t
(tay) =t+—F——F
Xﬂ,, ( t) |et _e_tl

fg) = fG du(mtry, [1(g)n()]

f dgf'(9) f(9) = f du(mtry, [n(F) ()]
G G

try, [ (F) ()]

2(6) = [ duov @ ¥
G




fe) = j du(m)try, [1(H)]
G
- fG du(m) 22 ()
= [ du | dgf@reta™
G G

5(g) = fG du(m) 2™

of §5(x) = 6(x — a) is e~k@
8n(g) = 6(h7tg)

n(8p) = m(h™H),

du(n,v) = (n? +v¥)dv fff m SL(4,R)

du(n) = |n|

du(d,+) = %Atanh (mA/2)dA, and du(d,—) = %Acotanh(n/l/Z)dl
17,dD) = |1y, a1by) -+ |, anbn)
19) =191} 1gn)
(g, =m1(91) ® - Q mr(gn)
(e =1 (9D Q@ - @ mp(gn)T

Ay (W17, 3B) = 7(Wl7,aB) = ) @17 (WIB)I7, )
¢

M= 4,011 = [ dna,w

il = | dnihyg

I ow(g) = 1(G)Irw

Inw ={Inw | V9 € G, 1 ,0(9) = T(9)l7 0}

. 1 m=zw
dlm(g”“") - {O else
.
6}1]'2"/].1 ® ij - ]/]




A () = | dhith)wi(oye = | dhithgdy = | dhii(yg = 1yl

QU 10)):V ® Vi > €
Q). o)) = (W|E[1]r|o)
I:Vz - Vg
eV Vg
[1]p:Vz > C
|1Tr) € Vz
(9)rl7R) = |7g)
(g™ ® ldy, @ Idy,

ldy, ® 1,(9) ® = @ mn(PITR) = 11 (g™ R ldy, @ - ® 1dy, |75)

|Id,;) = Z |*, n)|m, n)
m
|71, 02, 73) € Vi, @ Vi, ® Vi,

T Ty T3
Ty, Ty, T3) = Z (m1 m, ms) |7y, my )1y, my)|ms, ms)
my,my,ms

|7T1'7T217T3)HA[VE*]
My Ty T3\ (M Ty T3\
f d“("l)z (m1 my m3) (m1 Ny n3)_6m2'”26m3'”3'
mq

Pryms = W, [[701, 702, Wy W1y, 7o, 73| on Vi, @ Vi,
tdize) = | dglodgl = [ du@m ) i abyimab
G G @b

5(g) = f () e (g™)
(m,ab | w,mn) = §(mw, 0)64m0pn

Xx(@™D) = x2(9)*
Xndw(@) = Xz(9) + X2(9)
Xn®w(9) = Xz(9) - X=(9)

f dgxe (@ Dxx(gh) = 8(m, w)x(h)
G

f 49700 r (1) = ol rlte)
G




V, ® Vi c L?(G)
V. QVy @V, QV, form +# w
[ @@ | dgxata™xetah) = [ dg | du@rao™xnloh)
G G G G

- fG dg8(9) 1 (gh)
= 1 (h)

Y(@g) =v(g1, 1)
1g) = |g1"":g|L|).
d[g]l =dgi-dg.

)= | digh@lg)
8,19) = [T1, [Tl ) 9.

8,19) = [ ik, G @R R- G k)
8,1 = [[e)1¥) ~ [e)1¥) + )] = [e, V)
(181, 1 0))= (e 1 Il [Tl 1 €)1 0)
= f dlh k, §,219* (o @)e, g | k™1 h- £ - k1)

= | dtg.mw @oti g
— (o)

AT T3 (M) - T, TH (M)

A" — A, then AT|w))

AT wY) = [(el, ® 1dy)|W)]




8:19) = MLy Mol ([ dgley) 1),
0219) = | dlh,318(10a,)8(h" 92y W@IWIS)
a,190 = ([ dglg)) )~ ([ dglg)) i)+ 1] = 11.w)

(1ata, 10))= [ dih k)i | (@151, M5l 1 %) a>>

= [ dth ke g, i @3 (hgap )3 (h g ), 1 o)

_ f AL (@) (@5(GopGop)
= (W1 0))

AV T T H () = T3 (A)

A |wy) = [(f dg(gle ® IdA)I‘P)]

H = —z A[1] - Z Biopy ().
v P

Av(g)T = Av(g_l),
Ay(9)Ay(h) = A,(gh),
Buw,py (9)1- = Buwp) @,
Bwpy (Q)B(v,p) () =6(g7" h)B(v,p) L,
Ay (Q)B(v,p) (b = Bwpy (ghg™HA,(9).

Al = [ dgfi@Au@) Buplfol = | dofe(@Baum @

AT = Ay()
A [f1A[f'] = Aylf = f']
Bupf1" = Buplf’]
B(v,p) [f]B(v,p)[f’] = B(v,p)[f f']
Av(g)B(v,p)[f,] = Bup) [Adg(f’)]Av(g)-

fl@ =@M
f*(g) is the complex conjugate of f(g)
(f+f9) = f dhf (W)f'(h™"g)

(f- @9 =Ff' (@
Adg(H() = f(g7"hg)

Il = Slégllﬂ(f)ll = 114y [f1lleo




WG vW=(6))"
L*(G) x4 G
D(Gy) = Gy, X Gy,
k = io,SL(4, R); = SL(4,R),,

(A | By, gv: = tr[ATB]

L**e(G d = d,
@8 | dumfm = def(m)

neG

Up41(e) € Uy(e) and that g € V,,(e) = g~ € V,(e) for all n.

g €G,(4,(9) — DY)

'6) ® f dglf(9)|
G
! Z Z f dtA ()
— -
|C|[h]EC T °T
1/k?
X1 =f dsesX
1/A2
1/k2 ds
log [X] = —f —e™SX
1/A2 S

kakSk = - —TR

1/k?
kak ds I:e_ssllc,] ,
2 1/A2 S

11%ds _eel! 1 "
S = _Efo ?TR[e sSo | = 5 TRlog [S4]

1 1/k2 ds ", oo
S +S, = ——f — TR[e~5(Sa'+s1)],
2 1/A2 S

1 1/k? ds ,
$1+5;, = _Ef ?TR[e_SSOI(l - SS{')]
1/A2
1 S dt " " 1 ) dt 1
)" = ——f —TR[e™®0] ] = __f R [e-tss (—tSé‘*) + tZS§3)S(§3))],
2 1/A2 t 2 1/A2 t




-1 2 r1
TR[e~“*B)] = TR [e—A _pei T 2) f du, (Be~(17u)ABe14)
0

( 1)n+1
) ] du, . j (0B )

X Be—(l u1)ABe—u1(1 uz)ABe u U, (1-uz)A ...Be WUz2-Un—1UnA 4 ]

So =f d'x Ead’fad’f +%(¢f¢j)2]

B, = k0 (Z722) = —2273kd)(Z) + Z™2kdy A,

ko 1/k? g d* —s{(2+20 1050+ 20
[kOkAlyL = ——kP¢4 J. as —pTr e s[(p +6¢1¢1> bt39 ¢b”
2 yaz s ) @2m*

Pge = (d*/(dp)")

f [d*p/(2m)*]e™P* = 1/(161252)

[k0, Al = 2 (N+8) ka1 s
WAL= T ey T g KO8 2
22 (N+8)
Bix = (16m2) 3

ko { fl/kz ds [ d*p,
1

KOk Alzr = === Pys e s @t 8 G (_SS{’)]}

$=0

" 1 dt d4pl - "rr "rgrrr
$S)" = _EL—z 7_]. )" Tr[e t50( tSo ' + tZSO So )].

A3 1k gg t3(N? + 30N + 104)
[K0uAlos = sz k0 |
(1677.- ) 1/A2 4’S 1/A2 t 9
st?(2N? + 28N +128) s?t(N? + 10N + 16)
+ 9 + 9

A3 (10N + 44)

0
- (a_qz [S@(q)&ﬁi(—q) ¢=O)q2=o

Z _ i(_[l/kzﬁ d4pe J‘ f d4pl fl 12(2N+4)
Z 7 |aq? a2 A) @mtliae t) (2m)t 3

22 (N+2) A2

X e _Spg e _tpiz(l_u) e _Su(pi+q)2 )]

=0 (16m2)2 36 Bz




23 ((N+2) (10N+44)>_ 2 3N+14
Bix = (16m2)2\ 9 9 T (6m?)? 3

2 N+2
= 6n?)2 18

o\ —(m+1)
k9,S, = TR Si
ok mk?2 ’

Al (a=12,..,(N* - 1))

Ef(A) = 9,45 (x) — 0,45 (x) + gf " A () A5 (x)

DE(AYQ; = [0,6% + gr P A ] Q5 )
1 1
Sp= Sy Sop = |t [ R8RS +5 (08 (e 0 A)e)

Sg = f d*x'{—0,(D (A)DEe(A))6.}

k? k?
log 2z +0 <log A2>

2N 2N\
T ht (g >l>’z+0(g6)

Zi=1
A + 167

g g°N gzN : 6
BQR :kakng——3kak(ZA)=_g Wﬁl 16 ﬂ2+0(g )

272
525,(4,0) ab 5%56(A, Q. x.¢)

a\? A =A— ; Df A, e T—
T e T N (Pea), 40 = Sz 608 ) 0mcmo
ab SZSG(A' QIXI C) SZSG(A' Q'X' C)

Do AY)=—/————7—— ; HP(A) = ———>—
(Poc), 40 = Faztaser ], 1 D = TE @) |y

Kl%)(A) ={[_5aba§ + ngabcAc . ax + gfabC(ax ,AC) _ ngameclem . AZ]S;W
+2gf L1864 (x — )

Hab(A) — [_6aba£ + ngabcAc . ax + gfabc(ax . AC) _ ngameclem . Al]64(x —_'Y)

1/k 1/k
SYMl — _l QTR —SKab —TR —S Hab+Mab]
2
1/A2 1/A2

M* __(DCQ) (A X) [K ]H1H2(A) (DQC) (A X)




Uk gs 1 - .
SYMZ = _{_ETR[_SSYM19 ] + TR[—SSYM1€ ]}
1/A2 S

S dt
Sym1 = Ef {TR [J dut?K'e~t(- u)KK'e_tuK] + TR[—tK"e —tK]}

1 ¢
A?
S dt o i _
f R f dut?R'e"*A-WRR/e~tUR| 4 TR[—tR"e~tF]
1/A2

. S dt
SYMl = J’ , {TR I:f dutzRe—t(l u)RRe—tuR] + TR[ tRe_tR]}
1/A

N 4

d*p
3= f dtt 4{ [ J dub[K']e"tA-W@i+a)?* 5K’ ]e-fupl] -
1/A2 (2m)

1
2Tr [f dud [H,]e_t(l_u)(pi+q)2S[H’]e_tupiz]} .
0

M

dt d4pi 3 ! —t(1— . 2 _ 2
f 1 Tr|(t*K'K' —t K”)f dub[K]e tA- W@+ s[K]e~tupi | —
1/A2 Zt (277.') 0

1
2Tr [(t4H’H' — t3H")f du5[H]e_t(1_u)(Pi+Q)26[H]e—tupiz]}
0

N d4pz 1 5 2
S, =2 f f 4{ t3K’ f dus[K]e tA- Wit §[K e~ tupi [ —
yaz t) (2m) 0

2Tr [t3H’ f dua[H]e-t(l-”)@i*q)z5[H']e—tup?]}
0

274§ = e OCT (O [c7 @3 (W - 87 )] (1 +o (e M),

UN)e X U(N)g X == X U(N)g X UN) g X U(N)g X - X U(N)q -
q-1 G—1

Z(qu) (N' Neor M; ﬁaf M)

(TS (1T %
Nl)q+q . o

a=1 i=1

x 2 <(i%‘”> (7)) gLy ma Xl (HEO-A) - E3dy ne B (0-A)
(a 1) (a) Z(a 1) j,(a)

7}

q
y 1—[ H{V<, 2sinh i<j 1—[ {V<] 2sinh <) 2
/1(“‘1) _ /1](.“) + M Zga—n _ /1]@) M

“=t HN 2cosh L ) a=1 H{Y] 2cosh i >

A7 = A0 = AP and 2y =2~ 4

]




[Im(na)| < 1, [Im(f )| < 1,
IIm(M)| < 1, |Im(#1)| < 1

[ 2sinh & ”J ]‘[N 2sinh LY NxN
i<j i<j 2 — det 1

v]+c
2

v]+c

ZCosh 2cosh T N
L

A9 5 A9 /e and A% - 19 sk

1 1 (® 4 eﬁp(u—vﬂkc) m e%ﬁ )
= = p——————— = k(| ————|v
v
2cosh (#T-l_ C) 2 ) o 2cosh g 2cosh (n_ficﬁ)
1 ixp
(x1y)y=2m8(x~y),({p1p")) =2n8(@—p) (x| p)) =—e n
N
2D (N; 1, M; i, M)
q -
g1 (TTTT 55
(Nl)‘ﬁ'q 21 2T
a=1 i=1 a=1 i=1
q ; ; i NXN
X 1—[ det </1§a_1)|e_msa'lfze_ﬁnaf—ez;chxxezmk aqX’ |/1(“)>
B
a=1 2cosh N
LJ
q 1 e%Mﬁ 1 NXN
Xl_[ det <)~L§“_1)|e 2k la% _ o2kilat j](a)>
a=1 2cosh 2
2 i,j
1 (* (1 dv
NXN
N (1—[ )det([(ullAlv])] )det([(vl|B|aj)] )
~® \i=1
NXN
= det([(ullAB|a])] )
ZD(N; 1, M; i, M)
G i NXN
1 (® (1—[ d/’L) TMG+D) oot )
= — det| (2, |1_[ [ —
N'J)_ o a120hx+p+rmaa12COShp+2ﬂ -
LJ

_E-’e E)’c‘ _i)e-z i)ez
e T f(P)en” = f(p + ), I F(p)e2n = f(p+ c)

_lc 2 ic
e 2rP f(fc)ezhp = f(% — cp)

2D (N; 1, M; fig, 1)

N
1 r® dA; NXN
=i (n 2_7';> det([</1 15" (%, B3 e M, Al M) A5)] N )

i=1




lMJ? q Lv

SMp
~(9.9) e2
PP (%, B3 My M; g, M) = 1_[ 1_[ ——
a=1 2cosh % =1 2cosh b +2m7“

E’(cq,d) (:u; Na» M; Tlq, M)

£ (s 1o, Mi i M) = 1+ Z et 79D (N; g, M; 7ig, M)
N=1

20D (31 M T 1) = Det (1+ e p D (2, 5 11, M e, )

D (15100 M iy M)

(o8]
§ Y~ (a.9) i W
E’(cq,q)( 1 Mg M iy, M) — Z ek (ut2mingq,M;iq,M)

n=—oo

@d,. N
Z(q q)(N na,M na,M) f 27-[1 ]qu (H‘Ua,Mrna'M)—ﬂN

—joco

(q D (ﬂ' N M, T M)

C(q .q) M; M . . . .
_G MM 5, B (110, M; i, M) + AP (00, M; i, M) + O(e~#4),

3
; 2
(a.9) v
C M; M) = —,
e (MM nquq(1+M2)(1+M2)
) q 5 q
@ A K = Z~z )\ Z 1
B ,M; 7, M) =
e (1o M 7, M) 2kq(1+ M2\ &4 a3 2kq(1+M2) L e+ 3
a=
2 qu
3qu(1 +M?)(1 + M?)
q
AP (10, M; g, 1) = 42 Z A((1 £ Mgk Tigg) + ) AL )3k, nep) |,
+ |apf=1 a,f=1
where Nap = Na — nﬁrﬁaﬁ =Tlqg — ﬁﬁa and A(k, x)
2{(3) x2 ok 1(° 1 d | cos (myy) 2
A = Z — —
(20 = T | 2k 12+1rf0 Y

e?™ —1dy|ytanh % mKy?

C7 (&) = D (M; M), BT (8) = B (1o, M; i, ) and AT (&) = A9 (3, M; i, M)




JED (w5100 M5 i, W)
= Trlog (1 + euﬁ]((q,q) ()%l ﬁ: nar M' ﬁa; M))

—log

1+Z e]k (u+27nn Ner M; na,M) ](qq)(u;na,M;ﬁa,M)]

n+0

c
(QQ)(M’Y’“’M narM)__ + ...
],E‘M)(y; Na» M; g, M) ~ Trlog (1 + e”ﬁ,((qm (%, 05 Ma, M; Tig, M))
AP (%, 550, M3 g, M)

ﬁ;((q'q)(f' Bi N M i I1) = e—%u(ae) e~T(®) e—%v(a&) — o~ AP D310 M; 0, M)

q

x+m igMx
Ux) = Z log 2cosh e _ 1
2 2
q . Gl
+m i
T(p) = Z og 2cosh > e _ qz d

a=1

n(E) = Tré (E — B9 (2,500, M; i, M))

(0 (z<0)
6(2) = {1 (z > 0)
J@® dn(E) e * u-E
M= = JE—
(1510, M; Tig, M) =~ f dE — —“log (1+e#~F) fo dEn(E) 7=
lim n(E)e” E-0
. . . . T[ZC(q'q) (M, M)
n(E) = C,Eq’q)(M; M)E? + B}Eq.q)(nw M; i, M) _ k + O(e‘#E)

3

f dEEa1 v —TI'(a+ 1)Lig,(—e")

3 (27‘[i)a+1 ( U
- a+1

1
_ - ) — (— a : _po—Hu
T+ 1 i + 2) (=D (a + DLigy,(—e™)

(a.9)
C, ' (M; M) o
# 3+B(qq)(an;an)u

+i: +0(e™™)

(CI D (”' Na M TIa' M) -

dy vy y

0 |x

2
+2

w Loz;ze XT3




dxdp
2mh W

(F@w = £, B = F @) (ABYy = Ay B0 = |
o e%(ﬁxﬁp—ﬁpﬁx)
_ dxdp
(k) = stE 2mh
~(a,d ~ 1
AP (30300 M 7, M) =U@) +TB) = 5 [V, [VE), T@)]]

1 ~ A n
—z T@.UE. TGN+ -,

h? 242 h? 2 2
Hy (x,p) =Ux) +T(p) + ﬁ(axU(x)) 0, T(p) — Eax U)(8,T(@))" + -

U(x) = % - iqg/lx +0(e”M),
0,0 = T 4 (o)
0ZU(x) = 0(e™ 1),
rp = D22 i)
2,T(p) = QSg;(p) - # +0(e ),

02T (p) = 0(e™P).

qlx] _iqMx gl _1qMp _

2 2 2 2 E

8E?
qd(1 + M?)(1 + M?)

£ = [ 8E?
nE) = ornlraa s M2)(1 + M?)

— VO]I — VOIH — VO]HI - VOllv]

1—iM 2(1 — iM)2h? 1—iM
Hy = q(z—l)x +T(p) + %aﬁnm L4 - M) f(837(p),-)
2 2(1 - iM)?h? (1—-iM)
xin(p) = PTCEIT)) [E —T(p) - %657(29) - quf(agT(P), )]

G igm
_alvl i p)

Xout (P) = q(1—iM) <E 2 )




vol, = f dp Ceou (P) — Xin ()

_ alpl | iahp | q*(L—iM)*h? .,
= lM)J @ [T(p) 2 t7 e %W

1
+Q(Tf(6ST(P)' )|

f_o:o dp [T(p) _ M lqu] i

q
| 2 Z 2 4 q qq(l — M)
VO = a—im 3
a=1
q
2 q qq(l — iM)
voljj = —————=— Z ne+>5
qa—iMm\ &~ 3

q

Z 2, q thQ(l +iM)
3 48

a=

q
, 0\ Haa(i+ i)

. e G
]’qu)(#;an;an)zZ - Tr (qq)(xp N M; na,M) enH
n=1

jco4+0t
- f —F(s)r( —$)Z @D (s;1g, M; fig, M)e¥,

iwsor 2T
Z@D (5104, M; i, 1) = Tep TP (R, B3 11 M3 i, M)
0 (e —4nzc,£q"7’(M,M)#) corrections to J P (1 14, M; 7, M)
JOD (131, M; 1, W) = —ReS[[(s)T(—5)Z @D (5374, M; 1, M)eH, 5 — 0]
+0(e~**)

dxdp

Z@D(5; 70, M; 70 M) = f ! (q,d)(,g’ﬁ;na,M;ﬁa,M)S)W




[oe]

N hv hv, . . .
z @ (s,T“,M;T“,M) = Z 1201250D (551, M; By, M)
£=0
sq(1 +iM)\ . (sq(1 —iM)\ . (sG(1 + iM)\ . (sG(1 — iM)
r > r > r 5 r >

(a.9) oM
2, (55 Ve, M; T, M) 2rl(sq)T(sq)

Z30D (5304, M; B, M) = DSD (5510, M; B, M) 280D (5304, M; T, M)

. N hv, Aty .\°
DSV (55 v, M; 7, M) OF <p,§"‘”( 20—, M; —n“,M> >
w

q in

e 2
H i
a=1

F(p)cosh hv“ + 2F'(p)sinh =%

2
a’%nF(x) — 2—2nF(x)' a’%n—lF(x) — 2_2"+2F’(x),F’(x)2 — F(:) _ 1,
edx r E+ r n_
Il(an)—f do _ (z+a)r(z-«)
Fm I'(n)
. _ ood eaxpr(x)_al"(—n;1+a)[‘(n—;1—a)
,(a,n) = f_m x o - T
I 2 = n? —4a? | | _ali(n—1,a)
(an+2)= n(n+ 1) 1(a,n), L(a,n) = =1
@d) (, Wa o Ma o C(q q)(M M) @d (Wa . WUy
2 )G )
1 : - 175) . vy —vg)
+ZZ aZl ((1 + lM)qk ) + , c/l ((1 + iM)gk, - )
+0(e™ ")

SN (1)€+n 20-2,.20-2n-1.,,2
Ak, x) =Z Z Zn)! (2¢ — 2n ),th’ 2Bopognm T TSN o

=0 n=0

Ak, x) = —A(—K, x), A, x) = Ak, —))

ASD (M = 0; M = 0) = A*BM(k)




Ak, 0) = AABIM(3)

ABBIM () — 2((4) Z( D’ 20-2,20-1

— AN ( 1){) 2¢+2n-2,.2¢4-1,,2n
n

=0 £=0
2¢(4) (n=-1)
1 (n=0)
Bon = (7 1 da ,
—_1\n— - n >
D ZJ; dy (eZ”y —1dy ) (n=1)
208 x* ok
Ao X) w2k 2k 12
L2 f°° gy L d|l (=D)"(mxy)?" Byp(mry)** 1
T2k Yoy _1dy _zz Z I 2
Tk Jy e 1dy|y e L (2n)! 26)! y
Z ((Zn;' 72" = cos Z'Z (Z;TS'ZZTL -7
~= ~= 2tanh =
had i ( 1)€+n
_ AABJM 26-2n-1,,2n2£-2

2 [} : 2 T[X:y
¥ 2 1 dsin
A(k, y) = AABIM ___f d

AAB]M(K) 25(3) (

2k

K3 KZ [e9) y
- —_ -7 — o2y
16 >+n2f0 dyeky_llog(l e )

2 w in2 TXY 2
X 1 Sin 2 TY
A(k, y) = AABIM - f d -
X *© 1 mwsin myy my
oA ) =%~ [ dy
0

sinh? y \ 2tanh ngy Kk

1 nmsin myy 1 1 TY
0y Ak, x) =

X IX

1 © 4
2f—00 y

sinh? 7y o, h”"y 2f Y 2sinh? Ty K




e

%.d ;

S M, sinh v, = )

1 ey

= — f.d
1— (—1)Zavaelafy Y n_, sinh mv,(y — Ba)

2mi = (1 (_1)1'3“(5‘”%)

T 1= (—1)%aVagia Z 2 Z . U]
1 ( 1) € a=1 2 j=0,v, Vg Ha’(:ta) sinh Ay (.Ba + é - .Ba’)
va—1 U)

1)/ %(ba

4 (=1)e

. ij
j=1 TVq Ha’(:#a) sinh mvg (Ba + % - ﬁa’)

1 1 Ty _ Ty ey X
oy —— lim fdy——— -4
2f Y sinh2 my Kk 2K el,lerzrlof Y sinh mysinh w(y — €;) K
Oy A (K, X)
I 1 nsin myy
- Zf_oo Y sinh? Ty \ 2tanh mcy
Z y o e (lxif)
— lim y —
8 evezmo sinh mysinh m(y — €;)sinh M
( %—1 _2mya
s (14 e ™) (4 — K? +6)(2)+ e«
L=emm 24 &=1 Kksinz =——
=
-1 _2mxa
s (1+e2™)(4—x?>+6x>) « —nx+x e«
——e
)
kl e “mx 24K 4 4 sin? 2%

1 2 w2 w2
_ JABJM 2 _
AL y)=A (1)+8< 4))( +48<1 ))( + -

—_1\Y¢
Ak, x) = Z G B9 )

a,(z) = l § —1 Bz#+2n—2(ﬂz)2n
™ L (2n)!
n=

2¢

@ =(x2) a@

d
A, x) = ao(x)
ix d dX
2mtanh — a5
K
e i d Zf ao()("‘Et)dt
(.20 = 2ndy () Tk Jpyio+ (2sinh t)?




2

o Bonos m 1
Z (2:1)! 7" = —Zz—ﬁz — zLiz(e”) + 2Liz(e?)

2 2 2
a9(2) = — oz =15 7° — 7Ly (e™) + —Liz(e™)

d = —2mil d
an(z) = —2milog sp=4 (E)

2 f a (x +7t)

X
c/l ) = —l _ -] - 3 dt
(r, X) 08 Sp=1 (2) K Jgiio+ (2sinh £)?
2
(a.9)
Cy M;
(M M) = 2qu(1 +M?)(1+ M?)
(a,4) 0 @D rpg. 17 qq 1 ! kqq

. N 1 Y
Agcq.q)(o’ M;0,M) = ZZ [qZAABIM((l + iM)qk) + q2AABM((1 + iM)c?k)]
+

1
Na = 1
—§l (Nf+1SaS2Nf)

(2Nf.1)( _i) 9 B(2Nf1)( i) 7 kNe  Ne
Ci 03 8m2kN;' K 03 24ka+ 4k’

o o1, (5@ G- E)
AE‘ZNfl) (n“'O;%) 2mk | TNg + N 2T 43

vomk [ =V NZ( t 1 ) +0(k?)
TN\ " 24 T 24 T 703
Y™ (z) = a7 log I'(2)

2Ny, L
AE{ oD (ﬂa: 0; §)

_ %AAB]M(Zka) + _I’ZZ [AABJM <( ;) k) + A ((1 + %) k%)]

V4

a,(z) = m(nz_z)




C(q 1)(0 M) —

n2q(1+ M?)
q-1
2 q 1 1 q

(q 1) 2

B ) 0 M _-———T - . - = - Z
v (1 0:11) 3q(1+M2) 24 6q 1+ M2 6+1=1 H

4@ 0. 7 4 ASBIM(1 4 iff AAB]M ”2
+

n*(3M%* —-1) =°(5M* - 10M? + 1) +o] 40w
21600 1270080 i
1
T! = ———diag(1,...,1,~1,0, ...,0).

aa+n T EE

1
tr(TH = 0,tr(T'T/) = 56,]

q-1

! 1
z w (T )a,a = Ena
1=1

a;}lA|MM=0 = 4(6 + q)b, 6ﬁ3A|HI'M=0 =4 (6 + —q) b

q q-1 q q-1
2
ZU§=2 uf,z (N —1p) —4qz ui
a=1 =1 a,p=1 1=1
L
mwi(L+1
1—[ 2cosh | z + T (T - n) = 2cosh (Lz)

(rq, 7q)x with {na =& Mg = gc,z: M} < (g, §)rpx With {na =& M;Tlg = ga'M}

(& 2i[l+r ]
24 — <a<
o a 1<a<rm)

& 2iMl+r

52,2 —(a—r)] r+1<a<2r)

$e=937r rl

& 2i[l+r

—(a—(q—l)r)] (g—Dr+1<a<qr)

\7 ri 2




(&, 2i[l+7# L<q<i

FTFI 2 “] (I=as=7)

& 2if1+7 . N 3
§&=<7 = —r)] (F+1<a<?2f)

G 201+ 7 5 — 1) Va1 <a<dF
x7+7 T—(Of—(q— )r)] (G-DFf+1<a<gP

C(rq 7q) (M M) _ C(q .9) (M, M)’ B]Erq,rq) (f&, M, g&' M) B(q ,4) ({a, M, é:a’ M)

rTk r7k

AT (60, M B4 1) = AT (6 M £, 1)

r7k

Z c/l(K— %(a—ﬁ))=o‘l(bc.x)

a,f=1

i a2+ (@~ B)) =7 a0(L2)

a,f=1

L .
Z ilog sp—1 (z + % (a— ﬁ)) = ilog sp-1(L2)

a,f=1

[(z+—(a ,8)) (z+—(a ﬁ))]—z+%Lzz3

1

1

L L—-
Z (a=B)fa=p)= ) al-a)f(a) - fla—-L)).

a,f=1 =1

i (z + % (a— ,3)) Li, (eﬂ(2+zfi(a—ﬁ))> = zLi, (e™?)

a,f=1

L
Z L13( (z+5 - B))) = [1Liy (e™7)

a,f=1

L 3 3
Z ao ( z + — (a ﬁ)) 1(—7%2 - 71T—zz3 — mzLi, (e™) + 2L13(e”Z)>

a,f=1

. 2
o (evins)]-ove

1

L
aﬁZ

i (z + % (a — ﬁ)) log (1 _ ez:r(2+zi(a—ﬁ))> = Lzlog (1 — e2mL7),

a,f=1




L
Z le( 27T Z+L(a ﬁ))) = Li, (e2m?),

a,B=1
L

[ 1
Z ilog sp=1 (z + Z(a - B)) =3t3 Tr2g2 Lzlog (1 — e?™L%) — —L1 ,(e?mLz),
a,f=1

L Ay T p
7SYM oA . ) . ij
Zpn; (N;¢,m, yg) _N'J. | | Leil | | 2sinh > | | 2sinh b

i<j i<j

1_[ 5 ”+m)1_[ 1_[ »(55+%)
N N N
1 di;\ . bA;; Aij
SYM(N My, Yo) = — <1_[ 2—7;)61521;1 Ail_[ 2sinh 2” 1_[ 2sinh 2_ll])

i<j i<j
(2+50-5)
g ; (112 )

ij Sp (2—;;— ib-

= b_N

N Ao
SN S
A - —ip—1 . = A . .
i sb( —ib~ ) sp(=ib™) i<j sb(i—ib*) i 2cosh( L )

b T 212

SYM(N ( mbt)’a)
HK] (Zsmh ”)

w /N

(] ) JIENEE

N'J_o 2m i *
2coh< ) i=1

= 2b?

N
1 r® dA; x
ZEM NS ) = 1 [ (]_[ ] )det([a PSR G €, v )

i=1

N¢ 1 .

A P, b . e—mp
pgﬁl(vl\;[(x' p; (’ mblya) = elb(x n Db (%x + ya>

a=1 2cosh g




eig’x eimp

ASYM £ A —
pb=1,Nf(x’ p; (r m, ya) -

N X+ 2my, p
[1,L, 2cosh =———%2cosh 5

b . .
— Mg = Y3 M = ib 2} © SYM_ ar=g n, With {{, mp, Yo}

N¢ 1), with {M=
(nNg, 1)g=q Wi nN;

(2 2if1+n
Eyl_l_ﬁ 2 —a] (1<a<n)
2 2i[1l+n
Ya=45"2"p? ~(a- ”)] (n+1SaSZn)
2 2ifltn
1 (b% + 1)N + 4ibg
SYM 3 ABIM
Ap—yz=zn; (§ M) Ya) _ZZ [A J < .

Nf n
2 20
+ z Z Jl(lib'z,g(ya—yﬁ)+b—;(0{’—ﬁ’)> .

af=1 a'p'=1

SYM
A FA=TNe=1 (§,mp)

1 b% + 1+ 4ib
=2 [Z AABIM (—2— : (> + AABM(2n — 2) — AABIM (47 — 2)]

a;1 ["q (ann 1mn-1" _B)) @Z: i’ani 1@ _ﬂ)>]

= AABM(2n — 2) — AABIM(4n — 2)

a; [c/l( 2n—1’ 271)(—1-1-2712 (@ ﬁ))+ﬂ(2n_i2nx—1+22i (a—ﬁ))]
;CA(Zn—Z,)()—cA(Ll-n—Z,)()

Gy = 4b*N;
) =

P77 w2 (b2 — 1)((b? + 1)2NZ + 16b20?)

Ny
1 (3b* + DN N¢
BSYM(Z m, —bzz 2_Lpt—p2 42
Bong (Cmp, Vo) = 37— 3((? + D2NE + 165707) Z, Ya =5, ( )
(b% + 1)N; + 4ib{
AN, My, ) = Z AAB’M( .
+

+ i (c/l (b? = 1.2b(v — y5) ) — A (2b% 2b(ye — yﬁ»)

a,f=1




SYM(( m) < 2 >2
(b + b~1)2[2N;A A, 054,

B m) =t - (L L) (L )
12\a, " A, T 12N:\8; " A,
4 Ne _l_A% + 02— 2(0; + Ay) + A,
3(b+b71)2\ 8AA, 8NiA A, AN,

2 .
E‘S\,“’f{(( my) =— Z AABIM <(b + 1)12Vf + 4lb(>
+
2

N
+Tf(AAB]M(b2 —1)- AAB]M(ZbZ))’

1 2mi 1 2mi 1 201 1 200
Ay ==+

M T T h M T2 o M T2 T Gy

cS 4h*

b}(ll\f/[ 1(( mb) z(bz _ 1)((b2 + 1)2 T 16b2f2)

BSYM (7 myy = TP+ 1)~ bHA6CE+23) + (3267 +3) ~ 6
Bj Ne=1 24(b2 — 1)((b2 + 1) + 16b%{?)

SYM,pert
Zy Ng=2 per (L; ¢, mp, Ya)

1
= A GG, my) S G (C,m) 3 (1= BREMG my )|
- p
ﬂvl\;[_ (1 { mb:Ya) = Db(mb)f —61(21 1 1_[ Db <%+ya)
a=1

i‘?&: (§, M, Ya = Ya (b))
2 .
=D arem ((b * DN; £ 4ib (> + APBIM((b2 — 1)Np) — AABIM (212 Ny)

2
i (14N
7o) = 5 (5 ).
OFNF (R, B3 S, My, Vo)
ib¢ & b j 11 11 Ne e
156 4 i 1, 1\, (1 1y, e
= e_ 2 x Sb (E"e +y0£ _ZQ> (e(2+2b2)p +e (2 2b2)p>1_[ b :
a=1 a=1 Sp (Ef * Yo +1Q)

O3t (R, 55 C, My, Vo) = APy e (R, 93 0, ) TATY,

Ny

A=ez* (bﬂ+ i )
=e Sb 27Tx ya 4Q .

a=1

- 5 _ . e 2 . A s
eclxeCZP — ecln'leclx P — e C1C27TleC2peC1x,




Op e (&, B3 €, M, V)
N
Cinges(el)s . ML) e : b? ETLRE DY
=e 272p2)P 4 ¢ 72\272p2 )P o -ib(R | | 2cosh 73?+1tbya e 22 2p2)F

a=1

X= b N ib{ | % (1 )*13— 'b*+(1+1)A
=\ TSR\ T gpr) PP = TR 5 5p2) P
OS2, 5 0, My, Yo (b)) = OPAmD (X, P,
OP@mm (R Py = eX 4 P 4 g=mX-nP

(m+n+1)% 1

C]P(l,m,n) (fl') —

mn 4mh'’
m?+mn+n?4+m+n+ln m+n+1
BP(Lm’n)(h,) - 12mn A 48w o

APCLmD (77 =1 AABIM ' 4 AABIM mh’
4 T T

L 4ABIM <n_h’> _ 4ABIM ((m+n+ 1)h’>].

Vs Vs
_(b+bINe+4i¢  2(b—b"NN; , _ (b® + )N — 4ibg
TE B+ ON -4 T G+ b DN -4l 2 "

(=Y L
n=1

3 1 oo xS—l p
)= F(s)fo ex — 1%

(=)™ Byn(2m)*"

¢(2n) = 2(2n)!
By
{(-m) = -
Lig(z) = Z fl—:
n=1

Lig(1) = ¢(s)

Li;(z) = =log (1 — 2)

a . 1
aLls(Z) = ELls—l(Z)




zp: 15( ) p=SLis(zP)

2mi)" 1

> b mbt+ S iz
sp(2) =

fm=0 tb +mb~1 + % +iz

) T T b2+ b2 4 f dt e—2izt
tlog sp(2) = 24 Toa ' Ryio+ t 4sinh (bt)sinh (b~1t)

5(0) = 1,55(2) = 5,-1(2), 55 (2)$p(=2) = 1,5,(2) = 5,(~2)

Sp (z + %bil) L
Sp (z - %bil) ~ 2cosh (nhtlz)

4 n 1
ilog sp—1(2) = 13 —z% — zlog (1 — e?™%) — Z—Liz (e?m?)

d 1 _ nZ
dzl 08 $p=1(2) = tanh mz
Sp (z + %Q)
Db(z) = i
s (2-70)
= 1
Dyeyan=t(W) = 1
J=1 2cosh <b +b2( ) —j))
1

D) =

24(2cosh (2\/_ny))8(\/_cosh (\/_nu) + 1)2
_ —2\2ntu lvi (io—2V2mu\ _ ;i (_io,—2V2mu
X exp [ v2parctan (e )+ ys (le (Le ) le( ie ))]
ZZ(Z'Q)(S Vo, M; T, M) = D(q q)(s; Vo M; g, M)Zéq'm(s; Vo, M; B, M)

ﬁ;(cq ) (52, 5; Avg M ADg ‘ M)S _ e—sﬁlgq'q)(,e,ﬁ;’”’TaM hbg M) sround H(q @) (x 5 hT M: g ’ M) _

Hy (x,p) as




gO(x'p) = 1'
gl(xr p) = 0;

Gr(x,p) = (=)' (r — DHw (x,p)"

# (L) O iy G pY ™ (H G, p) * - % Hiy (6,p)), 0 2 2)

r'=2 r!

Gy = Y G

a=0

o r foe) -
Ay = Z - ) haH(a) Z ') Z e (@)
r=1 a=1 I=2 1] lT’+2
3
@@ dxdp _ H® + © @ _5 @
z, (s Vo, M; va,M) f - ]-1 ) + — g
igMx iGMx
© _ q
H
2 2
H&}) 0
q B N q y
@ _ 1 12 , @' (1-M?)) 1 lz o2, 030 - M)
v T F(x)Z\ 2 « 48 F()?\ 2 a 96
a=1 a=1
iqq*MF'(p)  iq*GgMF'(x) 1 _4*q  q9q®
12F(x)2F(p) 24F(x)F(p)>  F(x)?F(p)?\ 24 ' 12
@ _ © 2170 32 ,,©@] _ qq
(0.0, — 92HPo2H ]_ SN | S
’ 4[ ) W e 4F (x)2F (p)?

@ _ (0) 5 £;(0) (0) (0) 0))? 0))? 42 1,(0)
( 4[26xHW 0,100, — 2HD (0,H) — (0. H) agﬂw]

_q@*(1-M?) q*q(1—M?)  iq@*MF'(p) iq*GMF'(x)  qd(q + )

16F (x)? 16F(p)?  4F(x)*F(p) 4F()F(p)*  4F(x)*F(p)®




Zz(qm(s; Vo M; By, M)

1 1g q3?(1—12)\  igMs iGMs
“om| Ez T 11( 2 'q”z)Il( 2 "75>

a=1
g .
1 q%q(1 — M?) iqMs iGMs
_ 072 RGN -
* zz T 11( 2 ’qs>11 y stz
a=1
. ~2"’ . .~ 17
iqqg“M (lqu ) igMs _
+ 12 I > ,qs +2) 1, > ,4s+1

. 2~ . .~ P
iqcgM (lqu ) igMs _
>4 I, > ,qs+1|1 > ,Gs + 2
25 =2 ; P
q°q  qq (lqu ) igMs
-t — | 21| —— 2
+< > +12>1 > ,qs + 1( > ,qs +
s? G (iqMs iGMs
+?(—%Il(q ,qs+2)11(q ,67$+2>)

s3 G%(1— M ? igMs iGMs
__(_qq( )Il(q ,qs+2)11<q ,67$>

6 16 2 2

q%G(1 —M?)  /igMs iGMs
- 16 11( > ,qs>11 — ,4s + 2

iqg*M  (igMs iGMs
+qq 11(q ,qs+2)]2(q2 ,QS+1>

ig?gM  /igMs iGMs
+qq Iz(q ,qs+1>11<q ,qs+2>

2

i(q + G igMs iGMs
+qq(q CI)Il(q2 ’qs+2>11<q2

s+ 2))

>Dz(""7) (S5 Ver M; D, M)

I, (lqMS’qS) 11( qg/ls ds

Z$D (5314, M; 0, M) =

21

SZ

(qrq) 4 Y,
D 3 Var M Ug, M) = o
2 (53 Var M; T, M) 384(1 + gs)(L + Gs)

(¢?¢*(1 + M*)(1+ M?)(1 —s?)
q
—48q(1 + M?)(1 + §s) Z vZ —48G(1+ M?)(1 + gs)

a=1 a=1

M@*

1 F'(x) F'(p) F'(X)F'(p)
F(x)Zalp(p)Zaz'F(x)2a1+1F(p)2az’F(x)ZalF(p)2a2+1'F(x)2a1+1F(p)2a2+1’

F'(x)
F(x)2a1+1

F'(x)
F(x)

.~MS - ~
L <1q2 ,qg) j;ZZ(q'Q)(S; Ve M, B, M) f 022U () F 02T () F

f f

F(x)2a1

Vec( ! F o ;aq, 0y = 0) = Po I[F,(x)

F(x)Zal’F(x)2a2+1’ F(x)




ge F@
2U(x) € Po [F(x)]

q
_qF'(x) iqM Z hv, _ . hug F'(x)
0, U(x) = F@) > + O,log [cosh > + 2sinh 2 FQ)

a=1

0,Pol [F’(x)] c Pol [F’(x)

F(x) F(x)

q q
=) wl=) %

a=1 a=1

D™ (53 v, 03 9, 0) =f5 5 (53 03 0) + £ {571 (53 03 03V + £ {500, (53 03 0V + £, {1y (53 03 0OV

a.9) .0 (a.9) .0 7 4G9 . 0. O\T7
+f4'{2,2},® (s; 0; 0)V22 + f4,{2},{2}® (s;0; )1, V, + f4,{4},® (s;0;0)V,
+ﬁ;(,?é(,12)},@ (s; 0; 0)V72

q343s3(1 — s2)(24q + 244 + n(80 + 17q4) + n?(24q + 24§) + 7qGn3)

@) (..q. - _
fo0.0(5:0;0) 1474560(1 + gs)(3 + qs)(1 + Gs)(3 + Gs)

F@D (6.0.0) = — q2G%s3(1 — s2)(4 + gs)
42305 U5 3072(1 + gqs)(1 + Gs)(3 + gqs)
2.3
(qﬁ) (S. OO) = q a
43,0 (5 0; 192(1 + gs)(3 + gs)
@d) (6.0,0) = qs®(2 + qs)
4,223,085 Y 128(1+ qs)(3 + gs)
(a.9) q254
fo20(5:0:0) =

"~ 64(1+Gs)(1 +qs)

DETD (53 Ve, 05 5, 0) =fs 5oy (53 05 0) + fi- T2, (53 03 00V + fi 5y (53 05 0)7 + £i11, (5 03 0) Vs

HBD o5 0,00V2 + LD (50, 00V, 7, + £ (50,007,
HD (50, 0072 + £ (550, 0V + £{1D) £ (55 0; 0V,
HAED (S0, 00V2 + £0 ) (50, 00VF + £5D (50, 00V, 7,

HED (5 0 0VEV, + L0 (50,0050, + £5D) 1 (53 0, 0)V, 77

oo 0 0Ve + foliD o Vala + fufsm oV + fatran oV
@ q3q'353(1 _ SZ)
fo0.0(s:0;0) T3963617280(1 + gs)(3 + 45)(5 + gs) (L + Gs)(3 + G5)(5 + Gs)
+(7168 + 537642 + 14336q4 + 2944q3§ + 537642 + 2304q%G% + 2944qG°)s
+(14336q + 576¢° + 143364 + 17920q%§ + 17920942 + 16564342 + 5763° + 1656¢2G°)s?
+(5376q2% + 25088qd + 2272q%§ + 537642 + 12272q24% + 2272q3° + 367¢3§°)s3

(192043 + 192043

+(57643 + 896042 + 8960qG? + 1488¢3G2 + 5763° + 1488¢2G%)s*

+(928q3G + 3088q2G2 + 928qq° + 178¢3G%)s® + (312¢3§% + 312¢%§%)s® + 31¢3¢3s7),




@) q%g3s3(1 - s?)

6_{2}_®(s; 0;0) =

11796480(1 + gs)(3 +gs)(5+ gs)(1 + Gs)(3 + Gs)

(1924 + (640 + 19242 + 288q§)s

+(960q + 24q% + 192§ + 160q%G)s? + (272q> + 288qd + 17q3§)s® + (24q> + 80q%§)s*+7q%Gs®)

(a.9)

q%G%s3(1 — s?)(8 + 12gs + g2s?)

;0,0) = _
614,050, 0) 73728(1 + qs)(3 + ¢s)(5 + gs)(1 + §s)
f([I.q) (S' 0: 0) - qq253(1 - Sz)(z + qS)(S + 8q5 + q252)
6{2.230>" - 49152(1 + gs)(3 + qs)(5 + gs)(1 + Gs)’
£ (5.0,0) = q%G%s*(1 —s?)(4 + qs)(4 + §Gs)
6,{2},{23@\>" 24576(1 + qS)(3 + qs)(l + qs)(3 + qs) )
C) q?s3(1 + 2gs)
fei6,0(5:0;0) = — ,
5760(1 + gs)(3 + qs)(5 + gs)
f(q.ﬁ) (s;0;0) = — q53(2 + q5)2
6,{42L,0\> 1536(1 + ¢s)(3 + gs)(5 + qs)”
3
(a.q) qs°(2 +gs)
;0,0) = ’
fs,{3,3}.®($ ) 115201 T ¢5)(3 + 3595 + 45)
FOD o0y - T@HaHE+as)
eleano 3072(1 +qs)(3 +qs)(5 +gs)’
f(q'q) (5;0;0) = — quISS
20 T T1536(1+ 45) 3 + a5)(1 +45)”
f(q'q) (5;0;0) = — quS(Z + gs) .
622,230\ 1024(1 +qs)(3 + gs)(1 + Gs)

Vg

2,

a
qz v§+152 v
a

[24
1 ~ 1 ~
DSV (5304, 0; M) = £&1) (s; 0; 1) +

2
v025> =

Zﬁjvg—w(z

+3<z

a

a
(q.1)
f4.{2}.®

@ (s, 0; M) =

(s;0; M)V, + f,

Z (va = vﬁ)4

a<p

2
vg) =

(a.1)
{410

Z (Ve = vﬁ)6'

a<f

~ ‘1 ~
(S 0 IV, + D) (5505 i) V2

(1+M?)g3s*(1 —s) (—8 —8q+ (—24 —3q)s — 7qs* + M?(24 + (—24 + 5¢)s — 7q52))

f 4,0,@
(a.1)

4,{2},0
(a.1)

4,{4},0

(a1) c0- M) =
12250 0 M) =

(q.1)
6,0,0

(q.1)
e 2,210

(q.1)
fe33,0

~ ,1
(s: 0; 1) + £

(s; 0; M)VZZ + f,

DV (55 v, 0; T, M) =

(s:0; M) = (1+ M?)f,

~ ,1
(s:0; M) = f{{

\o2y0(530;0).
(5;0; M)V, + f,

(q.1)
{6},

~ 1
(s; 0; M)V32 + fe(,?z, )

1474560(1 + qs)(3 + gs)

,1
(.?2}.)® (5;0;0),

(s5;0;0),

(q.1)
{4}@

(s;0; M)V + f,
(s; 0; I\7I)V23

(s;0; M)V,

,1 Y
(,g4,2)},@ (s; 0; M) /A2

6,
)

2,230



y 1+ M?)g3s3(1—s
8500 = e e (1 3040

~11890851840(1 + gs)(3 + qs)(5 + gs)
+(2304 + 34560 + 15362 + 384¢%)s + (1728 + 4608q + 3096¢2 + 216¢3)s?
+(2784q + 1776q% + 387q%)s3 + (93642 + 192¢3)s* + 93¢3s°
+M2(—3840 + (—1536 — 5888q — 2304q%)s + (3456 — 1280q — 240¢ — 168¢%)s?
+(5568q + 192q2% + 38¢3)s® + (1872q% + 56¢3)s*+1864q3s°)
+M*(1920 + (—3840 + 2944q)s + (1728 — 5888q + 504q?)s?
+(2784q — 158492 + 35¢3)s3 + (9362 — 136q3)s* + 93q355)),
(@) y (1+M*)g*s’(1 —s)
620 O M) = s 0T+ 45)3 + 35)(5 + 45)
+(288q + 3292 + 8q3)s? + (80q? + 3¢3)s3 + 7q3s*
+M?(—192 + (192 — 288q)s + (288q — 64q?)s? + (80q% — 5¢%)s® + 7q3s4)),

(64 + (192 + 96q + 64q?)s

fto (s 0 M) = (14 M2) {7, (5:0:0)
6(,({2,12)},@@; 0; M) = (1 + MZ)fG(,‘{Jé,lz)},@(s; 0; 0)
6(,?5.)6) (s;0; M) = fé?é;)@ (s;0;0)
6(,?‘,},12)},@(5; 0; M) = fég‘;'lz)}'@(s; 0;0)
a0 (S 0 M) = £ 0 (s0;0)
20 0 M) = f50 1 0 (5:0;0)

0 (E _ I:I’Eq'q)(x",p'\’ Ner M, ﬁa, M))W

T[Z "
b= —— (xa"M(x))

x=1

2 (xAABJM (x))”

x=1

5. = f d*xle] « @ x (iyh (3,9 — iw, * P — igh, » ¥) — mP)




A 1
b= —26074,(0,%)
A 1.
Ay=4,-56 Ay(0,4, + Fyy)
S, =f d*x|e|[P(iy*D,¥ — m¥)
1 - GounUd [ & 1 &(unud
+56% <—1Fﬂa‘l’y”Dﬁ D9 — = Pyha, Fog¥ — = Fo® (iy#D, ¥ —m¥)

A r#
I = AdS* ® = de* — n dr* —r* d6* — r*sin* 6 dop*

r
— 0 0 0
VA VA
— 0 0 0 VA
T Lo — o o
e;=10 — 0 0 |[.eq= r
VA 0 0 1 0
\0 0 r 0/ r
0 0 O i 1
rsin 6 0 0 0 .
rsin 6
}/0=i}70=l(0 I) )/1=i]73=l(0 O'3>
I 0/ —-o3 0)’
0 o 0 o
2 i1 1 3 __ i~2 2
y _ly _l(_o.l O)J’ —l]/ _l(_o.z 0);
qQ q@Q
Ap=— :Frt=r2

e i T u(1
S, = f dx|e| [‘P(ly”Du‘P —my) - Eeaﬁwuaywﬁ( )w]
DY = 3,¥ — A,V — iw,¥
Uy .

iy*(0,¥ — iw,¥ — iA

.0 1 \/Z 0 03 1.0 01 1 /o0 (o}
1—1(1 O)Gt‘P+LTl<_U3 )6r‘P+L;l<_O_1 )69‘P+L—l< )64,‘{’

VA 0 0 rsin @ \—o, 0
aqQvA/ 0 o
6 3 —
+(€0 t)/o(l)t + e, )/2(1)9 + ez ¢y3a)¢)q’ + ep t}/oAth -m¥ + ET_ZT(_OB 0 ) 64)‘{" =0

—rm12A1/4¢ 1(r)S, (6)
2

—r~Y2AY4E 1(1r)S,(0)
Y = pivd-wt) (‘/’1(“9)> = olvp-wi) =

P2(r,0) rT2ATHAE 1(1)51(6)
2

P04 1(r)S,(0)
2




AGZE + (2(3 + 1)(r — M) — ivaqQf — ZSm—>6 ¢
ros Ag + 2smr/) 7%

[(wrz —qQr)? = 2is(r — M)(wr? — qQr)
+ A

+ diswr — 2isqQ — /13] &

B [ivan

3 (sr2+ (1 —s)Mr — Q%) + (25 (s + %) (r—M)

As + 2smr
ivaqQ

+iwr? — iqQr — 2s f) — mzrz] & =0
M=G-5)(+s+1)

dy/dr = r2A71(1 + iavqQ/r) 1

Ty T
In(r—ry)— In(r — r_)}
- r.— T

y =nrRN — iaqu{

ry —7- +

Xs(r) = AS/erS )

d“x
—Z 4+ Vx=0
dy? X
A [20% 2M (wr? — qQr — is(r — M))?
— | _ =" i 1 2 4_
%4 Z| 52 = jG+1) +s*+ A + 4iswr
iavqQA r—M iav
—2isqQ + 90 + isavqQ _ lavqQ (sr? + (1 — s)Mr — Q?)

r3 r2 r3

20% 2M wr? —qQr — is(r — M))?
+2iav£<£2———j(j+1)+SZ>+2iavﬂ( 90 ( )
r\r r r A

202
—8savwqQ + 4savq rQ ]

Zouteiwyy—l—ti—Zs—aquw’ forr = 00, (y N oo)
$s(r) = 1 —i w—ﬂ—i5%> 1+iav1®)y )
e UL A
Ty ; T .
y=r+ (ry —iamqQ)In (r —ry) — (r- —iamqQ)In (r — r_)
T+ —71_ T‘+ —7T_
£) = e =) ) an ()
n=0
r2
§=—i—> (a)—ﬂ)—sx: iw(ry +7r)—1-2s—iqQ.

Anpy1 + Pran + Vnan_1 =0
aoay + Poag =0




@y =—m+D(r-(n—s+1)+r,(—n+s—1-2iqQ + 2ir,w))
Bn =—1+(As + 2n? — 4ir,w(2n + 1 + 3iqQ) + 6inqQ + 2n — 4(qQ)* + 3iqQ
—8rZw?+s+ 1) +r-(As+2n(n+1+iqQ) +iqQ +s + 1) — 2i(2n + Dr,rw,

Yn =— (n +2i(qQ — w(ry + r_))) (n(r- — 1) + irp. (—2qQ + 2ryw + is) + 1r_5).

Apaniq +Bha, + Chay—q + Dpay_p + Enay_3 + a4, =0,n>4
Azay + Bzaz + C3a, + Dzaq + Eza=0,n =3

Asaz + Bya, + C,ay + Dyag=0,n=2

Aia; +Biay + Ciap=0,n=1

Apaq + Byag = 0,n = 0.

A, =71iay,,

3 2 . o . S
By =riBn — 3rir_a,_; — iavqQr, ( 2 +(—9s)ry —1) —in(wr, —qQ) + (ry — 1) E) )
Cn

=1rdyn + 3r 12y, — 3131 Pn_1 + avqQury (ry — 1.)3 — iavqQ(ry — 1) (—1— 25 — iqQ + iw(ry + 1)1y

1
+iavqQ(r, — r)(2r, + r_)((n —1-5)(0, — 1) —ir,(wr, — qQ)) + iavqQ(ry — )2 (r+ — 5(1 — s)r_),
D, = =13y 5+ 31,72B, 5 — 3r2ryn_y +iavqQ(ry —7)2(ry + 1) (-1 - 25 —iqQ + iw(ry + 7))
—iavqQ(ry — )2, + r_)((n —2-5)(ry —1r) —ir(wr, — qQ)) —iavgQ(ry, —1.)3(1 —iwr.)
1
+Eiaqu(1 + )1 (. —1)3,
E, = 31r,1%y,_, —13B,_3 — iavqQ(r, — r_)? % —iavqQ(ry —1)%(—1— 25 — iqQ + iw(ry + 1))
1
+iavqQ(ry — r_)r_((n —3—=-5)(ry — 1) —ir,(wr, — qQ)) + Eiaqusn,(r+ -1)?
E, = —T'_S)/n_3
AP, +BPa, +CPa,_ =0
3 3
Ag )al +Bé )ao =0

3,3
0= B(S) _ AO Cl
0 A(3)C(3)
B(3) _ 1“2
1 A(S)C(g)
3(3) _ 2“3
2 A(3)C(3)
B(3) _ . 20 B
3 p® _ ..
n+1
3)
Ry = Cni1
3) 3
BN+1 - AN+1RN+1
Ry = Z BN /2
k=0

P
. k
lised
L%{g&nera ised) _ E by (P;l(g)F(a)uv)
k=0

1
1+%
P(p)=—-Bp—2p" %,

Ap/po ~ 0(1)




Pl

ci(p) =Z—I;= —u—1(1+%)p

7= f d"x,[—g [% R-20)-F°+ L[d’a]] + Imur
A=n-1)(n—2)/2L?
g = det(g,,)

iy
0] O
F = hyE, FO# vh”__lﬂl/"’l

_ ) A
Hawyom = ComCom

. . 1
) _ 5 4® (0 M) 40 40
Fa) = 0,80 = 0,4 + 5= C(ao Al Ay

1 A
L==5(0,0)0"¢") ~ V(M) V(") =7 ($°¢* —n*)?

1
Tov = Ry = 59w (R = 20) — (TN + TSN + ) =0,
. (n-2)(n-1)/2
™ _ O (A pe-t
T = 2| 8rFe - 4e Z (FOF@) pe

i=1

() re-1 ® e-1 () ax pk) —
dCFWFEH +— C()(k).‘]-" AYVI N FU =0

1
f];lvGM — au('baav(pa _ 6{1} <E (a¢a)2 +V(¢2)>

eV
¢ _a¢a
45* = —F(det + T 4 4 qad_
=—F(r r4
F(r)
n-3 i-1
dat_, = do* +sin* 6 d¢4+z Hsm ¢, d?
i=2 j=1

X, =rcos 6
n—i-2

x; =rsin 6cos ¢,_;j_1 | | sin ¢, i =2,..,n—2
j=1

Xp_1 =71sin 6 | | sin ¢;
j=1




g;tv =(p+ pt)uuuv +DPeGuy + (por — pt))(y)(v

ut = JF(r)8} and y* = 1/,\/F(r)6}

7-1'/# = diag(_p' Dr> Dty s pt)
1
1+3
p(P)=—Bp—vp ¢,
1
p=pct—7 @ —p)
(5761) = 1/ - 1)

1 1+§
Dt =m<(1—(n—1)ﬁ)p—(n—1)}/p )
Tt =77

o, 1 o o 1+%
Jg." =pe = A-m-DBp—(Mm—Dyp :

i n—2

1 1
gt =7gr =ﬁ(n—2)(n—3)(F(r) —1)+Z(n—2)F’(r)+A,

) F'(r Fr)—1D(n-3)(n—4 n—3)F'(r
g SO EO-DO-Ha-H  0-IF@)
i 1 2 2r r
n-1
A(l) = gC(a) xl dxj,rz = xlz

Al

(n-2)(n-1)/2

— — 2 . — 2
T=(n 2)(n—3)Q ’ Z (F;;)F(i)”’l):(n 3 1 F

r4 , r4 n—2
i=1
T = 13-"601' 1,1 =1 4e
i=T3 iag[1,1,qa, ...,a],a = m—
T=TH, =—(1/2)F¢(N — 4¢)
p ~n?/r?
; (n—2) (n—2) (n—4)
Ty ={19, 11, Ti} = {_ 2r2 n - 212 n* = 212 ,72}’

1
rp' (M) + (n—Dp(r) — (n— 1) (Bp(r) - yp(r)“?) = 0.

o+ Z pi®p+ Po,,¢; Qp— |p9i.¢i|
i




B-D@-1)\ ¢

Y+ x%r

p(r) = =7 ,

. =[(1 = B)x?/y]YS with { = (n — 1)(B — 1) /&, the term x?r~=¢ > y dominates,

p X r(n_l)(ﬁ_l)

p-ly/A=PB)1°

1+%
Proo = —BPo — ¥Pewo
1

n—2

1 1+
Pt = ((Tl = Dpe — pr,oo) = TLTZ ((Tl - 2)(_:8poo) ~ VP

1+1

Poo = —BPeo — Voo ©
Ay = Ptoo — Proo * 0
y=01-Bps"t

pZO,p+PLZO,p+Z PiZO,p-l'PiZO,
i

p+P =0,p=0,|P] <p.

n 1+1
pP+pr=0,p+Pyp="——|pA=B)~yp *

p+Z pi=p<1—ﬁ(2:2))—(z:;)w1+1

|

p=Iprl=0,0—|po,p| =P~

)

£ -G

, _(B—l)f(n—l) =
_ 2| Y X
B-Dn-Dy =y
p+ Po,p,= — B—Dn-1)
(n-2) <VT ¢+ xz)
PRCENLEY d 1)
_|vtx°r 1-py(n—-1
P*Z Fi= 1-8 (’8(1_”)_ R
i y+xir ¢
o, T (1= By(n—1)
Y+ x%r 1-Byy(n—1
-3 (—ﬂ(l +n)+ “F-DmD TN 3
o= [Pogrl = reer  C

n—2




p + |P6i'¢i|

p— |P9ir¢'i|

1 -2 1 — 2 (n —3)02\¢ —
=3 = (=D HE) — 1) + 2 (B=26=20) . ¢

, 2) ,
F'(r)+ A+ - oz 1 ),

0; 0
ol =10 =
0i 61 2 2r2 r 2 rt n—2

(n—4)
2r2

F'@), FO-D-D- @-3)F0) +1<(" )l Gl 3)Q2)E (1- i )

1—B(n—1)>+n—1 1%
- )

+ —2 e

n? +p(r)(

=&
n—2 1
( )(rF’(r)+(n—3)(F(r)—1))+A+—<

=0,

2r2 2

_B-1)(n-1)
(n+1)(n+2)Q26+(n—2) - y+ x*r §
r4 2z 1-p8

n(g-1)
_g\¢ I 2
2 (32m2Q? ¢ 2r? <M) 2F f;li ;15 +1;—r 4
16mMr2n 2Ar? "z 8mn? 4 pri-d 4
2

F(r)=1_(n—1)Qn_1_n2—3n+2_(n—1)(n—46)_n—3_ n(n—1) '

(n-2)(n-1)/2

M= (= 2)on-s m,Q ! f A" %x Z (FPL(;)F(DM) = \/(n — 2 Do e

167 s , 4 ’
=1

O (an)p(a)y af

2Fi(aq,az;a3;a4) = (a3) K
P !

p=0




er_n(ﬁ_l)/f

z(r) = —7 — 0,
2FL(§E/(1=B1+&/(1=B)i—2) > 1~y ir2 -0
I'(e)r'(b — IF'(c)f'(a—»b
2Fi(a,b;c;z) ~ M(ﬂ)'“ + %(—2)"’&1 =&b=¢/(1=P),
20-B)° s
Fyur (1) ~ —Wrz B-1)
(327T2Q2)1/2

1
F(r)~1+(——6

2 24+n(f-1) ,.2—4€ ,.2-n
+0 , , .
2" e tn-Dn- Z)Qn_1> ol )




Lopy _@-ne-1\ ¢
L)\ ) ooy 2T %
R= =2\ FoeD YBEe-D+D+ynr ¢ 1424
yr § +)(2\ /
_ n—1 2\ €
87‘[772(”_ _ 2)2 3 nQZF( 5 )
r T
2r? _wfw—u ,
2(n—3)(n —2) ) i
= afuv — .
i rt (n— 2)(n $1o B 1- ﬁ+ ¥
2326 26 Q e
N 16mMr3~" N 202 N 8mn° - 2r4
wWp,(n—2) m2—-3n+2 n-3 (n—Z)(n 46—1)/
(=1(p-1) _-n@-n\
4 1-B\ [ X*B+(B-2)(-n)—=5)+y(n—4r ¢ ) £ 4
(n—2)* ( Y ) @-DE-D T
\ yr ¢ + x?
2
_(n=1H(B-1)
GO (Gl S D SN IR
n—1 1 f /3 ﬁ Y /
1-gy _(-1)(6-1)
+ 8 (n_S)( Y ) F 6 . f $1— r ¢ XZ +8T[M(n_3)r1—n
n—2 n—1 21 .—E — 3 1-3 v —
€ ; 2
e _G=D@-D\ ~
A +32n (2e — 1)( W2 2r4) (1_3)6 1+x2r t
n—1 n—4e—1 y ”

Q% Y
4 -32611%¢(8e% — 6€ + 1) (F

2
n-—2

1 32nM(n —3)(n — 2)rt =" .\ 8A
(n=2)* Wn-2 n—1 —n+4e+1

R = ol R R =

n : 8n
A, lim -‘Ruﬁ#vfkaﬁﬂv ~ A2

r—oo - n—2 r—00 (TL — 2)2(11 _ 1)

= L ,uv_ll
k= 2 ufvvf _EF(rh)




2 €
1 i 73nQ2T (n = 1) _([3—1)5(11—1) =<
+2(1-p)° | x*n, +y

=—— 17| 2A+ 8
9 4mr,(n—2) ) " T

—16mn? +n(8mn?>—n+5)—6

2 &
g <n3‘"Q2F(n — 1) ) .,.}%—43
2

G~— 8°A°  1-4¢
4m(n-2) h

- —wasr, - 0F

G@r) ~ —Arp/(2r(n - 2))

n—1\2
3—-n 21"( )
T "Q >

_ -1\2 _ -1\2
3 "QZF(nT) = Q?/4 forn = 4,3 nQZF(nT) =Q?/n?forn=5

3
_kpe® A wpo .,

= —_= T
AG 4 4 "
23 n-3|2rZD,F (fii-l- 1'—d1‘k) 2 2 £ €
M:(Z—n)nzrh WM\ T—B' T—F ’ h +8m} Ty (ZA 8¢A r‘“)—l
81.,(11—1) (n—2)(n—1) n-3 n—-2\n—-1 n—4e—1" ’
2

a=wnger () =2 p = () - DD

dM = ngds+VdP+cbdQ+lPdn+@dX

R4'
G = (sM )P,Q,n,)(
V= (aPM)S,Q,n,x = Qn—Zr}?_l/n -1

d = (aQM)S,P,n,x

Y = (onM )S,P,Q,)(

0 = (0xM )S,P,Q,n




€
T 2 23 2er) 7t -
oM
*=(39),, -

0Q/5py Q(— n+46+1)F(n_1)
_ (6_M> =_2n(n—2)n 2 r,? 3
M/s0y (n—3)F(Tl) '

_(B-H(n-1) 1)(n 1) -¢ _(n—l)f(l?—l)
n-1 1 ﬁ ¢ E & T x?
TL'ZST' y 1 _2F1 6,1_‘8,1_34'1,_ y /

o T

0X /s 4(B -1y F(

n+1)

G = F'(r,)/(4m) and AdS = (—4mdy, F)™1 dry,
[M] ~ L"73,[S] ~ L""2,[P] ~ L7%,[Q] ~ L™ %€, [n] ~ L°, [x] ~ LME~D/E

n -1
§

n—=3)M =n-—-2)GS — 2PV + (n—2e)®Q + Oy,

38— 1)
g

WD,

M = 2GS — 2PV + 2edQ +

2M = 3GS — 2PV + 2e®Q +

-1

1 N
CP,Q == 5

(7




- GBS 1)
SYMEinstein—Hiwert = (n — 2)70 2 ri?_z Yn,

[ _(B-1(n-1) ¢
zr [
(n—2)(—8mn? +n—3) —+1

. n= 12\ _(B-D(n-1) 1>(n—1) ¢
—r2 (z(ﬁ)§+<2A+86<n3 QZFS 2 ) > )(X +1) )]I
Y ™ J
Hne -n n—1y"\° S S
SYMpirac-niggs =Vr'fB )5( - i<85(46 o <n302[r‘#> ) 2A)< ) 1 ﬁ é]
h
[ § 2 _(B_l)fw ‘]
—4 (1 . B) —2((8 - Dn—B) (#) + (86(46 —1 <r—:2> - 2A> <th++ 1>

_(B=D(n-1) ¢ _B-D(-1) ¢
@) [ 2" E o ¢
+y(2 = n)(=8mn* +n - 3)r, ¢ 41| -m-2x?(-8mnP+n—-3) | ———+1 | .

+r2x?

14 14

(1 +2277%/y)" ~ O /p)fr P where k = (1 B)(n — 1)/ and p = k§ = (1 = B)(n — 1)

¢ = (¢r 9) (—T —cot Ocsc G))

9) = (1 n)
@O ={77
¢a
n® ===, [¢ll = (¢1?* + (¢*)?
llpll’
nn*=1n%9,n* =0k =S5,0)
JjH = ﬁsl“’psabavnaapnb,

n® = ¢/l

Apln (||| = 218 (¢)

j# = 6@y (£), ey (2) = emvea, paa, gt




SYMgravity ===

) T in
oy
N é/"/f'{'{'///'///'/ ’Q \\ i
\ //V/'/r/y/,/,/'
20"~ SES.
R NI - : .
1 \ﬁﬁﬁh\ /
" l * -2n ‘ .
‘ ‘ | : m i n
12 13 14 0 3 4 5 5 7 2 2
T : 9
N
W:Jj0d4xzz wy,
g i=1
g g [Tl dn
wi = o— ;(2m), & (v) = fo Eapn '
S) = So + Sicos v, 0(V) = §+ S,sin v,v € [0,2m),
U L
T _@{(n— 2)11"7_3 lznlz (n%_gr (n; 1) SAZH)H_Z]
1 -1
| o cl-presysy
2%(1;13) (”%‘%I‘(";l)sﬂzﬁ)"—z 2F1L§'1iﬁiliﬁ+1;_ i |
n=2)(n-1)

n—1

EIETR
-2 2 2
ren (” ( 2

(n _ 2)7.[(11—3)/2/[81-*((71 _ 1)/2)]12 SZ(n—3)/[(n—2)(A+2)]

20 (Q*)F
n—1 n—4e—-1

§2/(n=2) 5 [

1
B7(S) = ==+ K (S AW B,§ DS Q, e,
$°(0) = —cot Ocsc 0,




- 1 PR B et AWK o
. - - @ n—2S " 2+A |22 2+A
S = ez + &) [" ( 2 ) _

(n-1)(B-1)7~%
1 1 2 LZ f
¥2 (z‘n—_z (nz 2 I‘( > )52+A‘) )

14

AS; B, &) =1+

]

_(=1)(B-1)7
¢

n =B\ 1n m—1\ 2 \nz
Z(S;Q,e,n)=—2n—2( ” )(nz zr( 5 >52+A> +6|1+

l/\
S
Do
-
=
=
|
A
o
7
sy

(n? + 16mn? — n(5 + 8nn?)

2

2 1n m—1 2 \n-2
—znfz(nf‘ir( > )52+_A)

| e
_ 3-—4 32N W in m—1y 2772
16Pm + | 2° n—2r°"Q“T 2 w2 2l 2 S2+ .

det(9;¢7)] 5 /5y = @7 (Se) X (=2)

23 A 14n
2°"n=2(n — 2)m(2 + A)SZ+AAn-2B (1 + X)¢

T =
n _p\¢ 2 2 2 ’
_nz (1 - ﬁ) Ar=2 + 6(1 + X)% + (n2 + 16102 — n(5 + 81n2))(1 + X)f — 2n-2An-2[—16Pr + Y]
_(n=1)(B-1)
in m—1y 2 11 x’B 3
A:T[Z ZF( 2 )SZ-I-A,B:ZH—ZATL—Z,X:—'Y

14

4 — 1,2 4 \©

= (23‘mn3-"Q2r(n > 1) A‘m) ,

243 A 14n
2°"n=2(n — 2)m(2 + A)Sz+AAn-2B (1 + X)¢

N
SA/@HD) & (1 + X)¢ * (TB) A2 16(1 4+ X)% = (n? + 16mn? —n(5 + 8mn?))(1 + X)*

re L ge8(a 9 9
T = 29 ( v9pu t Ougpv — ﬁguV)'

Qluv: = Vlg;w = alg;w - F,ﬁlgﬁv - F)ﬁ;gﬁu #0

M =T + 14,




1
L/luv ZE(QA;W _Qulv_Qvlu)-
1 ~
p* w = 4 (_ZL)L w T ng;w - nguv - 64 (uQv))

Qy: = 'g’Mqul = Qy Y, Q~y: = QVAQWLA = QWL v

1
5 =52 | VU@ - h$T Vet ~ V) + 2Ll dx

K
- 1pA 1 « 1
KTy = fGuy + 2f'BL V2 — RV, DV, + Ehgm,v PV, P + EUg‘“’

o2 §(=9Lum)
wv /—_g SgHv

£1Q + h'VEQV b + 2hVOV b — U’ = 0.

(v, —L,)(v, — L,)[4fP}" + kAf"] = 0,

w2 8(/7gtw)
g V) M‘Auv

o ff
f G/.w = KT;fv

1 1 1
TS0 = T + |2 P V00 + KV, V0 = 5 10,0 V0V = 5 Vg |
DE 1 'pA 1 a 1
TRE = 2|21 PR Va0 + T,V — 3 hgn 9V 5 Uy |

Tw =Pguw + (@ + pPuuy,
4

1—krt

AdS* = —dt* + a* ( +r*d6* + r*sin* 9d¢4>

C
i =CLT = X—;thg = CZTZ,I‘dt,d, = C,r?sin? 0,
kr . S _
FLZ;" = C3rr7rr = P; Fgg =—X'T, F¢¢ = —y*rsin“ 6,

1
5 = C3,T% = o ng, = —cos 6sin 6,

F:Z) F¢ = cot 0,

0¢

1
= C3;F1% ==,




—2H — 3H2—£)+ f( k )—%h¢2+%u,

w0 =1 (3H 435 )+ 37 (- i—sfif)—%hqﬁz—%u

Kp=f(
(o

(—6H2+3% {% +2H—3H'j'ra2} +3{4}+3H&+i—’2‘}) ' —W¢* —2h($+3H¢) —U = 0.

CH I k o [ k
— __ —H 2- HD o
0 2[)‘(3%2 +2y+5 ’y)+f(,?a2+fy)

LT = £(¢) <_3aa2 _ % % N h(¢)2¢2a3> ) U(d;)a3 _— %
_Lyzi k=Lz=iQ=£
Vo6fH'"  3H2f’ 2T ' T 3HE

/\=w&/}?, _ S U S

Ju_\/)—c’ our’ ffz

’3 k

1/3 —qu

Q=1+0F - —xuz— 2 —hoxz—z
7 Z 2

. 3 k
H 3 3 2 e + Y il P ok 3[796#9
HZ~ T2 ox* - Vexut o |oxzu - 2z

x = x(24V6h2x3z* + 6hox?zu(—((—8 + 2)z%) + 18220k + 3(Q%)?)
+3z(—2z3(84y + (16 + (=10 + 3y)2)u) + 22%(—2 — 3y + z(—4 + 2))uQ*
+(=6 — 3y + 4z2)u(Q)? + 2u(Q")3) + V6x(3z*(—4hy(2 + y) — 2(=2 + z + 4D)u?)
+23(8hoz + 3(4 + z — 8I)uA) QX + 32(2 + 5z — AN)u2 ()% + 9u2(0F)?)) /4z(4V6hoxz® + 3u(z? + 0F)?),

Z = 24V6h¢x3z* — 6hox?zu(z3(z + 8(=2 + I) + 22(—9z + 40k — 3(Q%)?)

+32z(z% + Q%) (z(4dy + (8 — 3(2 + y)2)u) + (=2 — 3y + 22(2 + 2))uQ* + 2u(Q*)?)

+V6x(z*(8hy — 12hyy — 3(—4 + 2)zu?) + z3(8hyz + 3(8 + 2)u?) QX

+32(4 + 52)u (%)% + 9u2(Q%)3) /(16V6hoxz® + 12u(2% + QF)?)

oy (6h0xzz +2(6 — 3y + 205) + Véx(—z%u + 2z(A + p) + 3/19"))

Y= 2z

Qk (6h0x2z +2(2 = 3y + 205) + Véxu(—(—4 + 2)z + 39’<))

aF =
2z




1= \Eu(m(q +A) + ),

B 3
a= \/;x(—l + 2D p?.

_ z(2 + 6hox? — 3y + 20%) + Véxu(—((—4 + 2)2) + 30)
B 4z
Véxu(—((—4+ 2)2) + 39’<)>

z

q

2,1 K
Werr = hoX +E =3y + 20" +

2.2 240
f(¢) =" and U(¢) = Upp #0
X =x (24\/6h§x3z4 + 6hox?zu, (—((—8 + 2)z3) + 18220k + 3(Qk)2)
+3z(—2z3(82¢y + (16 + (=10 + 3y)2)uo) + 22%(—2 — 3y + z(—4 + 2)) o Q¥
+(=6 = 3y + 4221 (Q%)” + 200(24)*) + VBx (32* (—4ho(2 + ) — 22413)
+2z3(8hoz + 3zu3)Qk + 15222 (Qk)z +9u3 (Qk)g)) /4z (4\/€h0x23 +3uo(2? + Qk)z),
Z =24V6h3x3z* — 6hox®zpe ((—12 + 2)2° + 2(2 - 92)20% — 3(Q%)°)
+32(2% + ) (2(420y + (8 = 3(2 + Y)2o) + (—2 — 3y + 22(2 + 2o Q¥ + 216(2%)”)
+V6x(z*(8hy — 12hgy — 3(—4 + 2)zu}) + 23 (8hoz + 3(8 + 2)ud) Q¥
+32(4 + 52)13(2F)” + 93(2%)”) / (16VBhoxz® + 12u(2% + 0¥)°),
y (6h0xzz +2(6 — 3y + 20F) + Vox(—z2py + 2z(Ag + o) + 3;10(1"))
2z ’

)7:

_ o (6hox?z +2(2 — 3y + 20%) + Voxpe(—(—4 + 2)z + 30))
Qk = .
2z

(x,y,z, Qk)

(0, 0, g,o)

5v/ 2 4(50-9A3—24Aopuo+913) 10-3A2—2Aopo +3 0
Ho—3Ao” 3(3Ao—pip)? ’ BAo—po)pa

1 1+2u3 0
\/8}!0’ ’ ‘MOZ ’

(_u%h/u%(zﬂlﬁ) 0, 21— V2 4g) 0)

TR T
— VIR HG) (o 2@G25+4) |
Ve 0T

(0,0,—%,—1)

(x 0 —120—8x% —197v/6xpo+ V6x* po —492x% i —48+/6x° i} —240—696\@xy0+x2(336—6807;«5)—123x4;43(—1+4s;43)—2\/6x3yn(148+1s75;45))
I 120 ’ 240




~ 100-33A5+2A0pa+343

—50+(3Ag — o) (7Ag+ o)

3(—3Ao+ 102 (—3Xo+0 )2
3 1
s(1—2u3 —2\/1d2+13) | 3@—1d— \/1d(2+13))
s(1—23+2,/132+p3)) | 32— pd+\/13(2+nd))

3(—14 - V22911, §(~ 14+ V22911,8,-3))

(3014 V) 5y 31+ V) 35208 )
(301-v3), 2250, 30+ v3), 15k )

—2,-1,2,2)

(
(A1(x),A2(x), A3 (x), Ag (%))

—7u3 —20pu3 — 12uf + \/—7;13 + ud + 160u8 + 44ul° + 432ud% + 1444t

At =

ps (1 +2u2)(7 + 6u3)

(uo < —\EA(%(B—&/E)) <x<0>
<<—\E<u0 <—71§>A0<x<<6—12(13—3m)>>




WesrPs = —(9600 + x(5200v60 + x(—41600 + 51624u3 + 39V6x°u3 (1 — 48u3)?
+3V6x15(—12496 + 36953u2) + 24x*ud(—37 + 70543 + 51408ud) + 8x2(—352 — 19518 + 136251u8)

+2V6x3 1, (560 + 18423u3 + 319428u3)))> /240 (120 +x (197\/6,10 +x (8 +492u% + Véxuy(—1 + 48;45))))

qPs = x(10560V6p, + x(42240 — 1226442 + V6x1, (37408 — 10701942)
—39V6x5u3 (1 — 48u2)? + 8x2(352 + 195182 — 136251uf) — 24x*u2(—37 + 70542 + 51408ug)

—2V6x31, (560 + 184233 + 319428ug))) /160 (120 +x (197\/6,10 +x (8 +492u% + Véxuy(—1 + 48u§)))>.

—2Ay _a¢
U(¢p) = exp <\/ﬁe 2>
0

X =x (24\/5h(2,x3z4 + 6hox?zu (—((—8 + 2)z3) + 18220k + 3(9.")2)
+3z(—2z3(840y + (16 + (=10 + 3y)2)p) + 2z%(—2 — 3y + z(—4 + 2))uQk
+(=6 = 3y + 4z2)u(Q%)" +2(0%)*) + V6x(3z* (~4ho(2 + ¥) — 2(2 + 2)1?)
+23(8hoz + 3(z — )u?)Q¥ + 32(5z — 2)u?(Q%)” + 92 (Qk)3)) /4z (4V6hoxz® + 3p(z? + 0¥)°),

Z =24\6h%x3z* — 6hyx?zu (23(2 —8) +2z(—9z + 4)QF — 3(Qk)2)

+32(2% + ) (z(420y + (8 = 32 + YD) + (=2 — 3y + 22(2 + 2)u* + 2u(Q*)")

+V6x(2*(8hy — 12hgy — 3(—4 + 2)zp?) + 23(8hoz + 3(8 + 2)u?)Q*
+32(4 + 52)p2(0%)" + 92 (24)*) / (16VBhoxz® + 12u(2% + 0F)°)
y (6h0xzz +2(6 — 3y +20F) + Vox(—z%u + 2z(A, + 1) + 3;19."))
2z
0 (6hox?z + 2(2 — 3y + 20) + Voxu(—(—4 + 2)z + 30))
2z

)7:

Qk =




X=x (24\/Eh(2,x3z4 + 6hox?zu, (—((—8 + 2)z3) + 18220k + 3(9")2)

+3z(—z3(82y + (16 + (=10 + 3y)2)uo) + 22%(—2 — 3y + z(—4 + 2)) o Q¥
+(-6—-3y+ 4zz)u0(ﬂk)2 + Z,uO(Q")3) +V6x(3z*(—4ho(2 + y) — z%ud

+23(8hgz + 3zu3)Q* + 15223 (Q")Z + 9ud (Qk)3)> /4z (4\/€h0xz3 +3po (22 + Q")Z),
7 = 24V6h3x3z* — 6hox?zptg (23(z — 12) + 22(—9z + 2)0% — 3(2%)")

+32(2% + OF) (2(42y + (8 = 32 + Y)2to) + (=2 — 3y + 22(2 + 2))o Q¥ + 219 (2%)")
+V6x(z*(8hy — 12hgy — 3(—4 + 2)zu) + z°(8hoz + 3(8 + 2)ud) Q¥

+32(4 + 52)3(2%)” + 93(2%)*) / (16VBhoxz® + 12p0(2% + 0¥)°),

y (6h0xzz +2(6 — 3y + 20%) + Vox(—z2puy + 22(A + ug) + 3”091()) \/EA
- v |5 AXHo
2z 2

<

0F (6hox?z + 2(2 — 3y + 20F) + Vexp(—(—4 + 2)z + 30Y))

F =
2z

(x,1,2,0F, 1)

(0,04,02)

(0,2,z,0, 87

E 2 —10—12
(.5 )

1 14233

_EVIERE) o 2265V 255m) o o
Ve KT T

“H VI RHG) (o 220V 285m)
\/61‘0 Yy 3."'5 U,

(0, 0,—%,—1,A)

+/%,%, 4, 1,11)

V3 9330164908 —pdion/ 164903 —8—5pdEpo /16493 0
"o ! 32 ’ 212 ’ 2.7 ’
Mo o Ho

(x 0 —120—8x% — 197 v/Bxpg+ /6" o —492x% p3 —48v/6x i —240—6961/Bpip+22 (336 6807p3) —123x* 2 (— 1+48p3) —2/62° po (1484 1875p3) 0)
7Y 120 ’ 240 ’

(1-213 - 2/p32+13) | 3@~ 13— \/K32+1md))

O =

O =

-2 +2/32+u3) | 3@-@+ /12 +13)




F"D 10+P‘0)( 10+3F40)

1,2,3,Ct,C)
11+\/_r2( _\/g)r_MI_%(_l_F\/g)r%)

11_\/5)’2(3(25+f/\_/_) 31+V3),5(-14v3), 3(2+\/_))

,—2,-1,2,2)

0
(— 3397 —14.57,-13.45,-9,1) |
(8231539268+4471268 4.47i,1)
(A1

/‘—‘\/'"‘\/‘_‘\

CaJIH

CﬂIH

(x),A3(x), Ag(x), As(x))

2 (20043 — 4045 — 611] + /25000004 + 49000045 — 16600045 — 47800418° — 3870437 — 99z3")
3 (10 + ud) (=10 + 3ud) '
—7ud — 20u3 — 12uf + /= 7ud + pS + 160u8 + 440ul° + 432ut? + 144ul*
o (L +2u5)(7 + 6pf)

ct=

3
SR — A5+ Z (—Dy @ DM At —m? ,|d4|?)

Sgravity =f d®

_ _ 1
+ Z (—PETMDyWE +my, g PEYE) — ZFMNFMN
B

ds* = GyydxMdxV = %( —dt* + a*(t)dx*) + b*(t)dy*

2nRM3

M3 3
SEinstein—Hilbert = 751. d*xdyV—GRs = f dtd®xa® [61‘15 + 5"’5]

1
S= f dtdSxa® [3M§1H§ + E(pz]

1 ad /1. 2nR .
f dSXV—G I:—ZFMNFMN] Df d4xdyﬁ(EA§) =f d3xa3 (WAg)
2mR
9= As,




So= f d*xdyvV—G[-Dy®g""Dy®t — m3ddT]

. 1 1 2 m2
=f d*xdya3 [|¢|2—¥|6i¢|2—ﬁ|l)yq’| —TO|CD|2

DGk, y) = Z Fu)e™
OT(xty) = \/—; ¢n(x)e Ry

Sera= | @xa” Y |6 = Zlowdl” = 32| Ca - a0ob0) b 21|

nez

:f d4xnzez [dbn

N f d4xz [|¢"|2 - |ai¢n|2 - Mg,nl(;bnlz]

nez

2
- % |01 — % |(% - qgoba) <l>n|2 - ng |¢n|2]

EHad)n

2
mg 9 3.
M3, EM,%K,n+T—ZHg—§Ha

1 /n 2
Mgy, = F(ﬁ - qgobﬁ)
Sgravity == f d4xdyV _G[_lpyAeA{WDMlIJ + ml/zlpl'p]

1 1 1
. 1 b2(t) b2(t) b2(t) 1
ei' = diag| B2y T e b

1
1 1 1
Wk = _ (Ha - EHb) b285 w30 = —H,b2
A M 0 1 i 1 1 0 2 5 ;
yieM D, W= bZ(y Y+ — 4 6‘P+2(3H —EHb) Y+ b2y (ay—lqu)lP>

_ a7ibi (yoxy F VO, + b 25(a, —lqus)tp)

Sgravity= f d*xdyV—G|-Py“e) Dy¥ + my , PY]

_ 1 1
=f d*xdy —‘PC(yO‘P + -y +—5v°(9y —lquS)qJ> 1/241111]
b2 b2
1 iny
Y. (x = —Z x)e R




Sgraviey = | @), [ B (y Y +

Nez

v (3~ qgobﬁ)¢n> Sz zpnwn]

b2 bz

X
o= (55¢)
n
o= (7a T ) =
l/)n - ((‘n'anx) -
. . i ; i .
Sgravity = J d4xz [_lzno-oaozrt - IXnO-OaOX; - a(ndlai(:; - a)(no-lai)(;lr

Nnez

+M1/2,n (t)(n)(n + MI/Z,n(t)(r.IL-XI]

m1 2 i n
Myjzn = —1/ -3 (E - qg0b19)
b2 b2

2 d4k ~ ik-x ot —ik-x
$n(t,x) = | — [nifur e + b1 frr (e **]

(2m)2
2t d*k . ikx 4 4 * —ik-x
it x) = | — [burfur®e** +al  fr (e ]

(2m)2

(@ 4o ) and (B 4, by ) satisty [ @l | = 8r83Ue = k') = [ by B 4|

Frge@®) + 0§ 1 (O fn (&) = 0

2
w%,n,k (t) 2 (t) + MO n(t)

fox (@) = Me‘iftddt'wo,n,k(t') +M +iftddt wonk(t)

|ne®)]” = B (O =
[6n(t ), n g (69)] = [t %), b1 (63| = 164 (x — ¥)

a') .ot
0 Onk [ +2i [ ddt’ won(t")

e Zaoms (2
dt \ Bk Wo,n,k e—Ziftddt'worn,k(t') 0 Bk

20‘)0,71,k

.t ~ .t
Gnp = an,ke_lf ddt'wonk(t') and Bk = ﬁn,keﬁj ddt’ wo i (t")

wo,n,k

~ in,n,k — ~
d <a‘n,k> _ Za)o'n'k <an,k>
dt ﬁn,k Wo,nk : .Bn,k

2(Jl)o,n,k

—1Wo n k




£t ")—Z J . 5 (ki n @™ W) + i @e 31 ol ],

5 d3k a
{u(tx) = Z f — [Ansontnicn (DL W) + &6y Tnson (e el ()55,
(2m)2

(- 0)8n), = ki (094()" ) €l k) = el
(Gl @), =¢&l,U0@60) (ko' , = het(R)
& (103" = u (g (o

(e €8} = Gn® k= K8t { At A o} = Ban83(hk — KNS,

sen O + Angen @ = 1

khoo_

; d <Un,k,h) _|  a T2m <nn,k,h>.

dt An,k,h —M1/2 k_h' An,k,h
n P

— i0
Miy/pn = upe™n

cos 0, iaVE: -
\/mf/z + (75 — 4909)
sin 9, = (% _ qg019)

2 n 2
my,, + (ﬁ - qg019)
d (M) COS Onipn SN O pe O\ (Mypen
1= = Wpk . i0 i
dt \Apin sin O, pe'®r  —cos Oy pn Ankn

k2

2

Wpp = |+
n.k 72 Hn
h .
oS Oppn = ot and sin 0, p = —ﬁ
4 1 T |
. e Oncos 5Onkn\ —e 1Ongin >Onkn
Unkn = 1 »Unjieh = 1
sin 79n_k,h cos 7(9,1,,6,,1

Nnk,h —i(faar’ t') 0t +iffddt' wnp(t'),,-
</1 kh) = Ynin(®e T Aoty 16, (et 4 oy,
nK,

|Vn,k,h(t)|2 + |5n,k,h(t)|2 =




. o i ) 1 L )
Vnjh = ~i0nkVnin T Een(l +¢0S Oppn)Puin + 5 (Bnen — 10580 Oy 1) b icn

- i. - 1 . .
Onin = Hiwn kOp i n + Een(l — €08 Onpn)Onin — 5 (Onpen + 10ysin Oy p ) Pricn
N it ’ ’ ~ st ’ !
Ynkh = Vnkhe i dat'on(t') and Onih = Onine H [ dat'on(t')

A (®) = Cnpe(Oange + B (O]
AL @) = an i (©a) y + Bai by i

Roie(®) = A (DA, (D

(Nak(D) = in(OI4T 1 (DA (D10)in = 53k > 0)|Bue (O] = Vap|Bui ()]

2
Mp,4

2 2 )
Mgna = Migna + 5

2
1 1/ . 2 ¢
MZHZZ_'Z _ -
BMAHE =597 +5( 0+ /3Mp1’9 + Vioop + Va

2
. ] 1 (3] . 2 ¢
(P+3Ha(p—M— E 9+ §M—‘l9 +0(leoop+0(pVA= 0

pl pl
" . [V6H,p 2 ¢ 2 ¢?
9+ 3H,9 — + |zo—+ =5 |9+ 0yVigep, =0
@ M, 3My  3MZ 9¥loop

2
Vp = 21IRA5¢¢:_\EWMpl

5 o]
NA (LMO,A) _ 3+ 3x J0,A + xz,O,A
Vioop = Z 2[4 ]2 30 Z cos (nqagoVL)e *noa nn5 n
A n=1
5 oo 2
Np (Lml/Z,B) _ 3+ 3xn1/28+ Xn1/28
_Z m2[4p2 30 - Zl Ccos (‘angoﬁL)e Xn,1/2,B o ’
n=

Xno0,4 = NLMg 4, Xn 128 = NLMy )y p

R = C7'R,mg 4 = Cmg 4, my 55 = CMy pp, go = CGo, 2TRA> = 2RA>C*

NSQ = |Busel” = 1Bnicl RS = Re (@nh, ) and ISR = m (@B, )

d N© Do, k,A R©
n,k,A n,k,A
dt wO,n,k,A

d 7]
© _ YonkaA (0) (0)
ERn,k,A T 20onra (1 + 2Nn,k,A) = 2Wonkaln .
d ()

_ (0)
aln,k,A = 20onk,aR; o 4




2 (12 - =5 1/2 % 5
, R( / ) — Re ('yn,p,hé‘n'p,h) and 17(7-,1{,’1) = Im (yn,p,hSn,p.h)

(1/2) _
N - n,p,h

nph |5n.p.h

d 1/2 5 1/2 - . 1/2
ENT(I.,IC/,h?B = _gn,k,h,BRfl,]ﬁ,h),B + Gn,BSIrl Hn,k,h,BIr(l,]éh),B

d 1/2 - A 1/2
ERr(Llﬁh)B = (an,k,B - en,BCOS en,k,h,B)In,k,h,B + gn,k,h,B (ZNys,'k/'h?B - 1)

. 1/2 - . 1/2
= —(an,k,B — 0, gcos en,k,h,B)Rr(l,I{,h),B — OppSin Ok np (ZNr(L,k/,h?B — 1)

qp¥
Vioop = € — C4cos + Cgcos
. = fett

4,a2
dt nk,h,B

q.9
fett

NA (3 + 3x1,0,A + xlz,O'A)e_xl,O,A
A = 2m2L4b?
Np(3 + 3%1,1/2,8 + X719 )€ *21/28
B = w2 L4bh2

9e [ T T ] _ [ 1 1 ]
ZCIOQOL’Z%QOL 4‘1090Rb,4%90Rb

(In] — 1/4)? 5 (In] + 1/4)?
R2p3 MKK nq0 R2p3
(In| = 1q1/(4q0)1)* ) (Inl + 1q:1/(4q0)1)?
R2p3 < MKk nq, < R2p3

R=40xC"1, g, =0.02C,

2mRA® = 1.1182 x 1073C*,
(Na,mo4,q4) = (28,1.8 x 1071C,0), (2,5 x 107C, 1) (2,2.014 x 107*C, 5)
(N, my/25,q5) = (16,1.9 X 107C, 0), (1,5.2 X 107*C, 1), (1,2 x 107*C, 5).

(L) = 2nR(b) = 63.48

B l(aﬂv)z - o5V

“=2\v v
k2 m3 1 /m 2
Womjea ® 5+ 5 53 (E - QAgobﬁ)

n
R quobﬁ(tA,n) =0

Wonpa(t) = (w(r)r}?izr,lk,A)z + Vi, (t - tn,A)z

2 2
min — k my

Wonka = m + 5

1,
Vna = qagob 29

t=tn,A




0(fort<tna)

. 2
N t) = mT(wiy
nkalt) exp <— : fi::A—> (fort >ty )
d*k )
Pn,a™ mzwom,k,ANn,k,A(O
2
dk m (k2/a(tna)" +mj/b)
R e s CIGE®)
7TMOnA a? 2
U’Aa’AZ mOA_Z T[M()Aa
=#(%) e b'UnAe vnA anAMOnAKl ﬁa P QH(t_tTLA)
) n,
1 /a,4\3 % 24
= —(—= M 1+-
4n3( 4 ) Van™Kkrna®XP | =30 Van ( 0,
o = PkK _ Pkk
KK pinelg ~ 3H?IR
Pkk 3
2K = kT,
Sh 4TKK R
91 1011GeV
kg < 5.6 X 10 T
R
T-lKK + 3HnKK = —<O'v)n12(K,
0
nKK(t) = f (27.[)3 N( )1 k(t)

go= 0.1,2mRA® = 2.83759 x 107, R = 40,
(Na,mg 4,q4)= (28,38 % 1072,0), (2,5 x 1075,1), (2,2 x 107%,5),
(Ng,m1/28,95) = (16,3.9 X 1072,0), (1,6 x 107¢,1),(1,2 X 107%,5),

L = 2nR(b) ~ 193,
- (o)
pm - pO a(t)

1.
ptOt ( (t)) + 19 + Vloop

Au(xr —y) = Au(xry)'Ay(xr -y) = _Ay(x'y)

Au(xr —y) = _Au(xry)'Ay(x' —y) = Ay(x'y)

(D =C Dt D= %),

7°=0and 0! = —5i(i = 1,2,3)




v- (3
yH = i(;u JO#)

1 0
ey = (0 )

TJE?}V =2D®PDN® + gy (_DP@DP&) —mg|®[%),

1 H _ _
T2 — _ 5001 D 3)¥ + gary (=97 DpW +my o 1)

on-shell 1 - —
1
Tﬁ}}v =FupFn' — —gunFpoFPe,

4
1
AmByny = > (AyBy + AyBy)

Tzlw\N = _gMNAS

1 b oo -
(Too)= <2<I>d>—3(b<b<b* —9iba, bt —b ZquaDycpf—mgqmﬂ))

Tl

= 27r112a3 z <((i)n - ;Ha(f’n) ((ﬁr-ll- - %Had;rt) + aiénai(ﬁ; + bl (E - quS) |¢Tl| >

1 d*k Z
" 2mRa3 ) (2m)3
n

.3 2, 3.9 2
fn,k - EHafn,k + (wo,n,k + EHa + ZHa) |fn,k|

1 d*k .2 5 3. 9 . . 3H,d
= 27Ra3 (27-[)32 [lfn,kl + (wo,n,k + EHa + EHa) |fn,k| 2 dt |fnk| ]
n
. iw "
k() = Tj’)m’l‘k (dng = Box)
Wonk (0) ©)
n,
il = =52 (1 + 283 — 2R(Y)
foel” — (1428 +2R()
2
E|fn,k| = _Ir(:)lz

~ = 0 . (0
an,kﬂn,k = Rr(l,lz + 111(1,12




0 2
Rujer Inie € Rand NS = ||

( ZJ d*k 3H +3H2_|_2 +3I-'Ia+3H§ N(O)
00 2nRa3 (2m )3 4 Wonk Wonk 4 wonk wk

2
3Ho +3Hg o), 3Ha 300
2 wOnk nk 2

. 1 _ d’k 3H, +3H?
(TOO) — z ‘Ll3 D + - -
vac  27RaP (27‘[)D 4 wonk

2;1 dk ., . 3Hy + 3H;
ZnRZ (47T)D/2k Womk ¥ 3
nez F o,nk
T _D+1 Doy 3(Ho+3HZ) ( D—1\ .
~2nR D+1 2 Mo, 2 M- 2 Mon” |-
nez (4m) 2

[oe]

Z [A(n+ )2+ Q]S

n=-—oo
AL(s—1/2) 1, 4mS 15 1sx 1 Q
— 20275 + A3 20% zz 2 2 K 2 =
e A e @mak | 2
n=

=-D/2F1/2,A=

2 .
= —qgob¥R and Q = T2 —2HZ —2H,

R2b3’




<Too)vac

D D o
1 P L F(—j—l)M“D 22" My (Mg\2
=3 EY - DIt - ﬂ(?) Z n " 2cos (nqgo9L)K . p(nLM,)
(4n) 2 b2 \rh 2 n=1
. D D o
3(H, +3H3) | L F(_f) 227 /Mg\2 D
> - o+ D= 1(7) Z n 2cos (nqgo9L)K p(nLM,)
2V o5 Vb 2 = 2

3+ 3x,0 + X2
n5

Z cos (nqgo9L)e *no

n=1

1 [(MyL)? 1
L5bh| 602  2m?

3(H +3H2) (M)} 1 — 14,
213 48m? +4n22 cos (nqgodL)e"ne n3
n=1
2 3
A o a a A A b a A
(Ty;)=(20;99;0T + bcbcb*——zz Po;pt D dp, &t — midpt

k? 3.

d*k | 1 [k* 3. 2.2~z Ha 3
(0) 3a*> 4 (0) 0
— 1 | (1+2N) =2 -4~ * IR ~H,I
2nRaZf 2m)3 |wonk <3a2 4 “>( + "rk) Yok Wonk ni T3 Halnc

1('f" ZJ‘ d*k 1 k? 31_.1 ]

a? lvac 27rRa3 @2n)3 |wonk \3a2 4 %)
1
L5h

(LMy)®
60m%  2m?2

3+ 3xp0 + X2,
n5

Z cos (nqgoYL)e *no

n=1
bH,L2(MoL)?  3H,L% 142,

S ), €0 (nagedlye o

n=1

a

A 5 b P A .
(Tss) <2D D, T + b2 (bcb 20 ) do; T — ﬁDyCDDyCDT - m§d f))

Zf d*k 3H, L2 ( ) 3y )N(O)
27rRa3 )3 ok 4 ) Mikn =~ g %a) Mnk
onk onk

1 (k2 m 9 o 3
- _H HZ R() H I(O)
wOnk<a2+b+2 4 > T3

(n- 242y

- = ‘7 - _—_R—
R2b3w0,n,k dR wo,n,k

1 L (fes) Z f d*k 3H,
b3\ 33/vac 271Ra3 @3l Ponk 4wo nk

(MOL)S 1
L5b 60m2  2m?

12 + 120 + 5x40 + X3 o
5

Z cos (nqgoYL)e *no

n=1

3H, ((LMp)? 1 <« 3 1+x
- 2Lg {( o) + Z n 2cos (nqgo9L)e *no Tno}

482 472

n=1




(1/2) S o\

§‘P7(MDN)‘I’-
702 gy b by 0
00 _E Yo¥ — TYo
. w kh
(1/2) nk g | p(1/2)
27TRa3 Z J.(Z )3 ~Onje + 20n Ny o+ 24 Wk Rojen |-
1/2) _
Npen = |5nkh|

Rykn = Re ()7n,k,h§n,k,h)

<T(1/2)> _ ZJ‘ d*k
vac 7TRa3 (2m )3

1 (LmjL 2) 1 B 3+ 3x312+ xz‘1 5
=55 Téz + s Z cos (nqgo9L)e *n1/2 s nl/
n=1
=
~(1/2)\ _
i o
d*k k? 2hk
Z f (1 2N(1/2)) 2kt b (1/2)
3(27tR)a2 @3 | awnk nkh Wpp R
)
a2 12 vac
d*k  k?
- 3(2nR)a3 Z f (2n)3 Py
(Lml/z) 1 313X+ X5 1/2
[ A — ~Xnz1/2 4
=755 3022 = 1 cos (nqgo9L)e 5
n=

_ b3 Z f d*k [_ Mzgn (1 2N(1/2)) 2M12<K,nth(1/2)
nezh (27'[)3 n.kh awn,k#n nih




1 <A(1/2)>

— (T,

PEARC I

B Z:J' d4k qg019L>2 2

- 27rRa3 (271)3 2/ R?b3wpy

_ 1 (Lml/Z)
" L5h| 30m2

12 +12x, 4 + 5x31,1/2 + xr31.1/2

+ = Z cos (nqgobIL)e *n1/z 5
oy

1 1. 1,
Too) = Fomg"NFoy — 2 900Fun P = = (4s)” = yrrlCAs Hy9)
1, )
13" = sz( ls)" = ~27p @+ Hy9)

. N2 . 2
TS =3 (As) = m (9 + Hy0)

_3HZ2 — 2H, — S H} —@p
a a4 b MSI
1 , 3 1 . 2nR
—H, +EHb —2H; +EHaHb ZHb 37517)31

2nRMZ = M} and p = (Tyo)/a? p = (Ty)/a?
by = (Tss)/b3

(LM )’
482

3(H, + 3H?)
213

27Rp= Viggy + )

Ly - 1+ %04
A * 4172 Z cos (nqgoﬁL)e Xnoa -~ 0A

n3
n=1

+Zf d*k ) +3H +3H; MONNELIFONN 3H, + 3H; & p©)
= J (@2m)*a Comka Ty Wo,n,k,A nka T g ka3 Wonka A
n

kh

d*k WnkB ~ 7
(1/2) e a (1/2)
+ ——{2w, N +2 ———— IR
Z z f (2m)3a® kB kB Hn5 Wn kB n.ke.h.B

k? 3.

2 (k® 3 3aZ ~ 4 la
(0) 3a%2 4 (0)
2nRp = Vloop + Z Z f (27_[)3(13 Domen (ﬁ - ZHa> NnkA -2 WonkA — wo,n,k_,A Rn,k,A

nez

d*k 2k? 2hku
©) (1/2) nB (1/2)
+2 H i }+ Z Z f N, to—R :
i ‘ B neZh=+ (2m)*a® 36lz“"ﬂ,k,B nk.hB 3awn kB nkoh.B
n




5 ©
1 ((MpaL)” 1 . 124 12x,04+5%5 04 + Xm0
2mRp, = Z [_ﬁ{ + 52 Z cos (nqugoYL)e *noA

6072 ns
n=1
. 3 [o'e)
3H, ((LMpa)” 1 1+ %04
- - Le *noA —  —2°
213 { 4872 + 472 Zl cos (nqago¥Ll)e 3
n=

+ZJ d*k 2 (MZ 3H )N(O)
L) @mPad (wonkat 4 nk.A

1 k? m§, 3 9 © 3. o
<_+ _H - H2>RnkA+2H InkA}]

Won kA a? b 2 4
%) ) ,
(m1/2 BL) _ 12+ 12%p1/25 + 5% 128 + Xn1/28
* Z L5b1 3022 T nZ Zl cos (nqpgoVLO)e " n1/2E —
n=

n d*k {ZMIZ(K,n,B N2 _ 2M12<K,n,13 kh RO/

nezZh=+ (27r)3a3 Wik n.kh Unp WnkB n,k,h,B

n

(ﬁ - quObﬁ) Mmi2,B 1(1/2)

* b%u, g nk,h,B

b= 2

= exp 3,
54 3H 6 = ZZHR( 3 +1 )
$TNa? = 3 My Py 2P T 2P)

A 22nR( 3 +1 )
@ 3Mpl py Zp ZP

Avac= 22mR vac 3 vac 1 vac
9 = 3M Py Zp +5 p

pl

[oe]

V6(6H2 + H,) (LMOA) 1404

= ~0pVioop + 12 Z 2872 ' 8n ZZ cos (nqagodLlO)e nod =3
n=
Avac|H 0 a I/100])




4 2 2 ]
Areal _ Z f d*k Z 2 mO,A n 9Ha + 6Ha n EMZ N(O)
¢ a3M (2m)* | & wOnkA 2b 4 2 KKnA [TnkA

27HZ — 9H0 3 m§ 4 k*\ o
+< 8 +2M12(KnA+ Zb 2 n,k,A}

n
2(5 —qggobV ) my s p
(R ) / [/

1 - 1/2
"'Z Z (3MZy 5+ M3 sb )N D +
5 A=t (VB

b2p, g nk,h,B
g — AMRg 5 + me/Z,Bb‘l kh /2
e AuTI.,B awn,k,B n,k,h,B '
9+ 3H,9 — (3HyHp + Hy + HE )9 + (Jo +J1/2) = 0
=3 Z Z aﬁMOnA (;bn )
nez
1
Jijz = _32 Z (aﬁMl/Zn Zn)(n)"‘ h.c. )
nez
3 + 3xn'0’A + xTzl,O,A
Jo _)Z [L3b2 Z sm (nqago¥L)e *no4 2
Zquo d4k quobﬁ) (N(o) + @ )
(27‘[)3 bzwn,k,A nk,A nkAll’
3+ 3x + x?2
]1/2 Z 352 z 850 sin (angoﬁL)e Xn,1/2,B nl/Zi n1/2,B
L3b "
_ 24890 Z d*k (ﬁ - quobﬁ) w2 | M2 m1/23 /2 _ (R - quoﬁb) kh o(1/2)
@ neLh=+ (2m)? b2wn k5 B b KB b2wnrp i P

In(V=GGMNayx) =0

2
To)g):”_:_l o Lox
2b3 a2 i b3 55
R=40xC"1,g,=0.02C,
2nRA® = 1.1182 x 1073C*,
(Ny,mo.0,94) = (28,1.8 X 1071, 0), (2,5 X 107*C, 1) (2,8.403 x 107*C, 5)

(Ng,my/25,q5) = (16,1.9 x 107*C, 0), (1,5.2 x 107*C, 1), (1,8.4 X 107*C, 5),

Lphys = f ‘/G55dy = 2nRb

(0)
Rn k,A _4w0.n.k.A nk,A

RO ©

o Inpa ~ et2iwgnkat
n, n,

<[07“1 07’2] (Zl)opz (Z2)0P3 (Z3)0P4 (Z4)>




(0r1 (ZO)OrZ (Zl)opz (22)0p3 (23)0p4 (24))
1 . 1
([Orl(?rz]OSOPOq) =0 (m) disconnected + O (F) + -+ connected
(020,0,0,); ([020410,0,0,) ; (02050,0,45-2)

M22]p, ps.ps YP2 D3 P45 Mp2]2pp V7P

¢(2) =Y, (X); z= (X, Y)

Tp(2): = Tr(¢(2)P)

Tpl,pz,---,pn (Z) = Tpl (Z)sz (Z) . Tpn (Z) ’A = Z pl
i

Op =T, + Z cg(p, N)T_,

arp
a n ash 1an ?122 V2 =V .V
(b5 (21)Pm(22)) = (5m5m N b5m> 9125 912 = 72 IR EVIED (R O
12

(0a(21)04(22)) = gi2foa(N) 5 10417 = fo a(N)
<0p1 (Zl)OpZ (22)0p3 (Z3)Op4 (Z4)> = Pﬁ[gij]cﬁ(U' V,6,1)

v2 V2 v2 V2 2 2 2 2
_XDpX5, . X{uXi3 6 = YizVia P Yi3Y33

- —)2 ->2 ) - ->2 —)2 ’ —)2 -)2 ] W
X13X24 X13X24- Y12X34 Y12Y34-

C5(U,V,6,8) = G (U,V,6,8) + I(U,V,6,D)H3(U,V,6,%)

JU,V,8,8) =V +62UV+t2U+6V(—-1-U+V)+t(1—-U-V)+6tU(-1+ U —V).

pi +pj Z_PH‘P;’)

—<2-ze 5
K + min > >

ij=12,13,14

=P1+P2+P3+P4

> > u,v,s6,1)
1 A=-y)A—y,)
U=xx,V=_010—-x)1—x,); 6= ,T=
172 ! 2 Y1Y2 Y1Y2

1
I(x1,%2,¥1,¥2) = )2 1_[ (xi — )’j)
i=1,2

[CRENEI

1
Dpq,rifaba) = Op0' 0z P Do, (2<p<q)




{ p=ita+2+r . i=0r---’(t—2)}
(p,q) g=it+a+2+b-—r 0r7‘=0,---;(ll—1)
b+2
(t—b) l a+ leven
=T %HES b+1
l a+ lodd

Dpgaba)] = 0p0'0q,.2a+b+2=p+q(2<p<q)

EB Ry 1 1000) = {£020'0,},{0,0' O 0,,030'03}, ...}

7=4,6,... =4 =6

@ Ry 1p010) = {{020'05},{0,0" O 05,030'0,}, ...}
7=5.7,.. =5 =7

@ Rypp101) = {{030'03},{050" O 03,0,0'0,} ...}
7=6,8,... =6 =8

@ Ry 1020 = {{0,0'0,,030'03},{0,0" O 0,,030'05, 030" O 03,0,0'0,}, ...}

7=6,8,... =6 7=8
1
Co,0,0 = Coro, T c(g(), o+ _c(ggw +o
COrOsD;- = -Z-cC >
T=2a+b+2 O(%) r+s 0(1)

CO%OSD,,—: — -c-=C >
Co,0,7 = === -
T=2a+b+2 O(%) r+s O(%)

CO%OS'T;-' = -cz=: > -
T=2a+b+2 O(%) 2r+s O(l)

1 1
([Orl(?rz]OSOqu) =0 (N) X free + 0 ( ) X (free + dynamical ) + -




1 0 .
1 (%) m?’]g@éq)mlog (U) ifptgq<st<n+r,+s
N [r172]5;Dzy X 1 D .
m(,’pqm if Typitary ST<P+gq
(022 01’2 01’3 01’4)

(020,0,0,),{[0,0,10,0,0,),(020,0,0,)

(C)% (21)03(22)05(23)03 (24)) ; (022 (21)03(2,)0,(23)03 (24)>

3a? 3
1052 =2 (1-2) 5 10,17 = 2; |03

|2
N

2
- z|02|4(1+—)
a

?[22]233 = |03|2|02||022|9f2914913932'4; ?[22]323 = |03|2|02||0%|gi7’2.9149§4

Uf] 2 Uzc%f]

6 2 4
= 14+—-4+-|U6+ — —
9l2]es3 m[ +a+a[ M7 R

2[Ut a1 2[ ..
+—[—+2Ua]+ U262 +2
alV

6 5 ag U2t
G22]323 = NrEw U<é 2

80 80

=——0———=—,1=024,.. =———"-—,[=1
T (R TR K L N ) M

1
6[22]3;D5,l x 0 (N) ; 623;D5 e ¢ 0(1)

1
2 0
Hpizs] L =108 W)Y €2y oy €, T + -
N3 1 ’

(2 6 (L+3)(1+4)
2) (0) _ 4323 _
6[22]3,'@5'[ 23;D5,l l - 6Mk=0,]/=5,[l+2,2] - 10 (l + 1)(l + 7) (Zl + 7)!
N
C(;) © _ _12x4(l+7)(l+3)!21+(—1)1_12x4(l+1)(l+3)!21—(—1)l
[22]3:D5, 105" 23:Ds1 10 (1) 2L+ 7)! 2 2+ 7)! 2
N3

144+ (A +2)
£ (+H(+50+6) 17

1
(E) (0) 4323
Z 6[22]3;735 ,77735,1623;25,11'15,1,[010] z [—
l ' log (30)
N

1441+ 1)({ + 2) 48(30 — 21x, + x2) | 144010 12, + 3x))log (1 — x;)

l
- X1 = 5 3
o I+ +5)(+06) X3 X
1 1
2) © _[.G) © 1 © ©
[22]3‘.735’1771)5,1623;’135,1 - [6[22]3;95’1623;95’1] C(O) (0) [623;D5‘lr’D5‘1623,‘D5_l](1)
(3) | ~23;D5;23;D5, @




2)

(2 )

G5 ) X (7{2323 )

) © _( B2 orope-s. los ({010} 7=51
[22]3;95’177@5,[ 23;D5’l - ( (0)

2323|[o10],r=5,z>

j'[[22]323|log° o = _Z 12 X (2M25 =5 j24ny + Mi21 =3 24)H5 i fo10) + higher twists
N3 1

1204 DU+ 6)
— UZ o(U?
[ Gipass 1o
12(6 —9x; + 2x7) 12 x 6(—1+ x1)log (1 — x1)
¥ == + +0 2
[22]323 log:’a(U) x1xz[ (—1 +x1)x13 xf ((x1x2)%)

((02020202) (02020303)>
(020,0,0,) (030,0505)

[020],7=4

) D

S[2?]233,[020] 1= 4l| 1 = C[ 120,010, (33.0,0'0,
N3

1
g(i) ( @ | )
[22]222 (02.0]=41 2233 [0.2,0]7=4,1

S,z - =
[2 ]233,[020],1'—4-,l|% ( ©)

2222 [0,2,0],1'=4,l>

Ny s
?[22]222 = 8a*Va + 29122913914934:9[22]222 = [1 +Ud + 7]

U2t2\ 2p Ut U%6%
?22,,,,_2a|0,,| glzg%,gzzpp 1+68,,(U8%+ 7z +— U0+7+(p—1)

(4MGZ3E ) + AM55 ) X (12ME53 ) 12 x 8(L+2)! (L +3)!1 + (=1

S[p2 233,[020],7=4,1] 1 — =
sy, (M3 + M35 @+ o) 2
12x4(+3)A+4)!'1+ (-1}
1‘1[22]233,[020]::4,1|L3 =6X 4(Mg,i,3[?+2] fi?’[?n]) = 2l + 6)! 2
N
24(1+1)
H 22233 |10g° () = Z (_A[22]233 + 5[22]233) Hpoz0p40 + - = —U a+3) 1 +0(U?)
N3 1 % i
24(2 —x;) 48log (1 —x,)]
H == +0 2
[2%]233 log:’S(U) X1X2 [(1 —x)A? X3 _ ((x1x2)%)
}[ansatz — NZ?(l) (xlle) Nl,Ulog (U) + Nl,Vlog (V) NO
27322 = (g — ;)37 V(= )2 V(= )42
2
?fa"]sfztg(l x1,1—x) = ?f“"]sgfg(xl,xz)




}[[22]233|L = U*(=36 — 12U0y) ° D24z,
N3

1
dsdt . 7(3 +5)
T ChaA Sl e R el e ey e prars v wraey ¥

j"[[22]233| 24# _wo

:P[ZZ]pr B |0p|2|02||022|gf2914gl3g§;1; ?[2 lp2p — |0p| |02||02|g12914gz4 934

|0p|2|02||0§| = 4pNP+3(1 4 --)

2 2)(p — 1) U?%6t
g[ZZ]Zm):\/a—pﬂ 1"‘ [(P—l)U0+(p—1)—+(p )2(p ) : ] ’
2 2)(p — 1) Ut U2ss
9[22]p2p= ,_aiz U262 + a[(p)Z# T+( 1)U+ U+ (p—1) O'T]

7
C[Zz]p;Tp+2 m(;’zpypﬂlogl w; C[zz]p;TpCZp;TPIOgO )

1 1
Confyra € 0( ) Cl22lpgyy, * O (F)

n 1
C[ZZ]Z’;TIHZ FCZPTpnlogl (U) x 0 (F)

log (U).[O.p—2.0],r=p+2,z)

1 1
Cleton, % 0 (5) : Cavsy < 0 55)
1
<g(i) ) < (7_[(1)
1 ij2p
2 © _ [0.p-2,0)7=p+2.
C[Zz]p p1Copn = Z ©

[2%]pij
)
R - i
p+2,[0,p—-2,0] ( ijij [O,p—Z,O],r=p+2,l)

0
SN o,

Op O,

)
<g [zzz]pzp
(0)

€Y
X (}[zpzp

[0,p—2,0],T=D+2, 1) log (U),[O,p—z,O],r=p+z,l>

[22]p:p TP Copip = (g(o) | )
2p2Pl1o,p-2,0)r=p+2.l




_ 202 =102(10—1) UI+DU+p+ DI +p+4)!
0p+22+2l T p+2)! (I+p+2)({+p+3)RL+p+4)!

g(O) |
2P2P1 10 p—2,0],0=p+2,1

leven

@ _ A+3)!U+p+ D) {(_1)pcp(_l —p—5)—4(p — 1)p? 1+ (2—1)1’

220 log () [0.p-2.0lt=p+21 (21 +p + 4)! ¢, (D) lodd
cs(D) =-12(1+1)
ca() = -8+ 1) +8)
cs() = —13—0(1 +1)(60 + 141 + 1?)
ce(D) ==+ 1D +10)(48+ 111 +1?)

()

[2%]p2p

= (2p) X MAP2P _ 202 —1D?(p-2)U+ DU +p+ D +p+ 1'?

y 0p+2(2+2] = (p + 2)! (+p+1DQlL+p+4)!

[0,p—2,0],7=p+2,1

2
210,122p]0,|" = (|0, |1021|03]) (Wp>

UZ
(+p+1), 1

" I+ +2)
22p2p|log W) = —4px (p—2)(p — 1?p A A ST
N

*@s,a) = Z k + a)
k=0

+nd+2) ,_p=1_p+2 [@+DE+2) @E+Dp (-Dp
L=

] d(xy,L,p+1)

(I+p+1); 2%, 2x2 2x2 X, 2
oy, 1 0= 1 log (1 —x;) = x7
vhp+ )_E B X, _;n+1
(0,0,0,0p) v,
< Vi (03 0p"2"p)>'
Vap = ((020,-20,0,),(0:0,-30,0,), ...),
Vg2 = ((020,0,0,_,),(030,050,_3), ...)
o (+ 1D+ 2p)
Hizlpzpliog ) = 29 (= 2 ~ 1) —U; T ina |

(+ 1D +2p) (p—Dpx; = 1) 1+p(x — 1)_

x{ =— ®d(xq,1,p) —

i (L+p)+p+1) X1 (%1 = Dxy




(9(1) | )
[0,2,0],7=4,1 22pp [0,2,0],7=4,1

S[ZZ]pr,[OZO],T=4,l|i = ©
N3
( 2222|[0,2,0],‘L'=4,l)

4[M3ZR ) + MEZRR ] % (200 = DMIT | 16p(o - DU +2)1 (L + )11 + (= 1)!

S[ZZ]pr,[OZO],‘L‘=4,l|N3 = (M512%+2 + Mzzizfm) B (21 + 6)! 2
dpx2(p—DA+3) U+ + (-1}
— 42pp 42pp —
A[22]2pp,[020],4-,l|i = 4'p(p - 1) (M0,4-,[l+2] + M1,4-,[l+2]) - (Zl + 6)] 2
N3 '

}[[ZZ]pr 10g°3(U) = Z (_A[ZZ]pr + ‘5[22]pr) H[OZO],4,l +
N

l

[4p(p -2 -x) N 8p(p — Dlog (1 — xl)
2

}[[ZZ]ZPP|M -7
N3

(1 —x)x, x?
g Nzip(l)(xpxz) Ny ylog (U) + Ny ylog (V) Ny
2*Jpzp = (g —x)71 V(xy — x5)472 V(xy — x5)472
2
V2 }[anfgg,(l —x,1—x) = }[an]qutf,(xpxz)
-1 dsdt [[—s + p — 3]*T[—t]*T[-u]? 1(3+S)
Hip21ppp| 1 = 4 (p )ﬁs s+2t[sp 1°T[=t]"T[—u] 2
22leel 1 = P 31 ok (—)p-s A1+ +00 +w

(p - 1) — -3 _
Hiotlarn| 1, = 200y =577 710 (-3~ U3 Dasas
N3 '

(® [€))
Z Cla2fer * ppT+Z C 2]2@ X Cop

1
(0) E (0)
Z Cla2fertrC PPT +Z C 22200 Copp
7

Hi22)sp+s-2) 5 H[s2]app Hiza1200 3 H[r2]2pp

Pl22)p+1y3p = =24p(p +1 N4+p912924 934

G J24p(p + 1) Ust (p-D-2)U* 20°6% "fz
2) _ 2 A2 _ 1% P _
G2 penyzp = V 24P(P + 1) [U 62 +2(p-1D——+ z St - DYy

1vi1zt

Hi22jspp+1y(U,V, 6, 8) = USH p2]p3ps1) (5 T E'})
LU 61

Hz2)pr1yzp(U. V. 6,0) = 3 TH 2231y (V U.;,¥>




Pl22lpap+1 = 24p(p + 1)Np+4g§2914954_3g§4

3 dsdt I[—s]?T[—t]*T[-u + p — 3]? 1
H [22]v3<v+1>|$ =v2ip(p+ D) f# amz TV —ps A+90+00+w
1 p—Dt+p(s+2) g 2t +pu+2)
12 =3)! 2+ s) 20-2) C+uw _Z(p—3)!]

6p2p |log® 3(U) 6p2p 6p2p | 11[0,p—2,0],7=p,l )
N l

3

_ (3)
Hepzpliog® ) = Z < A6p2p> Hyop-2,01z=p1 + -
N3 1

>< 6 /f
0, o)

A[3z]p2p

V(18 (®)(2)(p)

A[24]p2p

/OO

=3(p — )Mok + (0~ 2D — HMP

1
N3

()

1
! X (J{i(j)z p| )
[0,p—2,0)T=p+2,] I

1
N3

6pij

0 [
o _
Z CopnM0Capip = Z )
Rp+2j0p-20] b (gi'j'i'f [0,p—2,0],1:=p+2,l>
60 x (987129 )
L0 _ [3%]p3p-1 02,0 7=p42. 30=L2P 110 p—2,0]r=p+2,1
[32]p:D" TP 29D = (9(0)

3,p—1,3,p—1
(Q(%) ) (}[(1) | )
24|p2 2,p,2
Z c(%) O  _ elver [0.p—2,0]7=p+2] PP lop-20)z=p+2l
2a1p010Copip = (g(o)

Rp+2[0p-20] Zp2p |[O,p—2,0],‘t=p+2,l>

iy | )
p+2,[0,p=2,0] [0,p—2,0],t=p+2,1

)

2 €]

6pij X\ Mijap [0,p—2,0],7=p+4,1
[0,p—2,0],t=p+4,l ’ ey ¢

RO NRONE (g
6p; D10 2p;0 =

— (0)
Rp+4,[0,p-2,0] 9] gi,j,i,j [0,p—2,0],t=p+2,1

-2
Pla2lapp = V36P*N?P+8g, 93597498, * 5 Plaaapp = V16p?N?P+3g7, 9359147,




+oo
-2 dsdt
4)(10 ) s

Mool 1, = 0 =5 W Gy
Et

syt [[—s + p — 4]*T[~t]*T[~u]? % (4+s)2tu+s+3)

—5)y_s GIDErD@+D
 p—2) [ dsdt . T[-s+p—4PT[—t]T[-u]*g L2(s + 9%+ (s + D(tu+1))
H lsz]zpp% =6, j# Gzl —)ps GrDEFD@+D

1
:P[ l2zpp = = 2rp)N™"*1 g}, 913 914193? "

+1- dsdt N,(s, t
Hipn| 3 = @I (p :)), 5(# ( 25 S U VTSI =S +p — = T[Tl (s.1)

+DHt+DHu+1)

1
N, =G+9)(3)
s 11 tu
N3 =(3+S)(§+€>+Z(S+1)

2

s> 35s 13 t?u?
N4=(3+s)<§+ﬁ+?)+ oo 120](s+1)
N, =(3+S)<_2+iz+157s+§>+[t3u3+t2u2(11 + S)+tu(43s +547S+233>](s+1)
> 30 8 40 3 504 126 72 1260 = 168 = 168

r(r—1)
N, = > + (s + Dn,(s,t)

= 1(—1 —O(-1-w+ [3 - 1(—s)]
B 2
me =35 (-1 Da(-1-w, + [5 -5 - 9] 1-0C1-w+[o-3¢9 +3 (-]

O LS Y sy F[i = ﬂr[ 1]
r\r — r — - ' -
e ]Zo 2 (@ 1-D+e-2-Dyrri—j] DT OG0y

4 4
Z5ij=Pi+zizdij=Pl—
: =

Jj=1

_)Zdij +ioco

B i\ 2 226
1234 (58] i<j rld; +1] Zid (2m) i<j Xij

1
<0p1(zl)0p2(ZZ)Opg(Z3)0p4(Z4)> = free + Ryz34| N 2+ZZLPLP1P2P3P4 Z Mﬁ(5ijvdij) )
1234
Ri234 = Xf3i§4?143?244 1_[ (xi - )’j)
i,j=1,2

Riz3s = X153 X7, Y15 Y54 (U,V, 6, 1)




pij = 6;j — dij ; Z pij = +4
7
S = P12 = P3a; U= Py = Pa3; U= P13 = Poy
1
_ o ptree-level 1-1
M85y, dij) = Mz (85, dij) + 37 M5~ (8 dig) + -+

1
s+DE+1D(u+1)

Mgee-level ( 61']" dij) —

02(2,)0 %) 0 = f R N1*2Z Py M ;i dy;
( 5(z1) pZ(ZZ) p3(Z3) p4(Z4)) ree + Riz3s (4)p2p3P4 [22]p2p3p4( ijs 11) .
1234

Jye _ p,—1 + ps — 2 3—p2—D3
[2%]p2p3(p2+D3-2) 1+s) 1+l +u) ()A+H)(A+u) ()OI +u)
+ _ 2 2
Mi22lp,ps w52 = 7 (1+s)()(1 +u) * 1+s)(-1+t)(1+u)

& _ 1
M[ZZ]PZZ’3(172+173—2) - M[Zz]p3p2(p2+p3—2) (S < u)

M[221p2p3p4 = (M[zz]su + crossing ) + M[Zz]stu

”w _ DP1o1 (dij» ﬁ) P1,-11 (dij' ﬁ) Po,1,0 (dijrﬁ) ” _ P1,11 (dij'ﬁ)
Pl " A+ )@ +w) " A+s)—1+)d+u) A+’ Fk T T rs)d+ (1 +uw)
. - _ fst= f12;34
fijsmn = PitD me Pn dij + dmn,  ft:= fr4;23
fui= fi324
Y. _%((p4_p2_p3)(ft_3)+(ft_4))ft %(P2+P3—p4)(ft—2)ft %(4—P2—P3—P4)fsfu
[2%)su = A+5)O0+w T arsCiroarw T e+ om

4 _%(fsz A+ RD —% (4—p2+p3—P)fsft + (=D, — D3+ D)fsfu + (4 + D, — D3 _p4)ftfu)
A+s)1+t)(1+u)

M[Zz]stu =

1 /1 1 1
M[Zz]su(Aaij:dij:pi)|i = E(g (2+ps—p2 —P)fE + 5(4 — P2 —P3—PIfsh — 5(2 + D4 — P2 — Ps)ft),
A3

1 1 1 .
M (22, p,p, (A1), dij:pi)|ia =g Stfeth—9 (— 315 P2 —Ps —pa)fs + crossing ) = 0(4.19)
A —




_8 L (02 + P + s - 4)(-s2(4—6fs + D +2(—fs + fefdtu + crossmg)
s2t2u?
(22(—2 +f)+ %fs (d12 +d;+2-— ifs)t_u + crossing)
sZt2y?

lim M[ZZ]P2P3P4(A6U dl} p1)|

A—>c0

1 atpstpn) (sfi-85) 1
M 22}, psp, (A1, Adij, Ap;) = (fs + ]_c§0+ fu) () + K(‘ : 83 : (§)2t@2@2> +0 (F)

<0r2(21)02(22)01)(23)01)(24)) = free + Ry234 <N2+r+pr2(2)p2 Z M[rZ]pr(‘Sij'dij)>

1234
M _ Z [[6:, +1—]IT[614 — (2 + DIT[615 — (2 + )] T[1+ d,4]T[1 + dy3] D
e = £y [[612]T[6:4]7[815] [+ dy— L+ DIFL +dys — (A +D] " [7Fer
(_1),+,r[2 +1I[r—1—1]

F[1+JIT[r+1-]]
(r=1=-D+@-=-2-D)r[1+1-]J]

M[(TI;]])ZW =(p+1-nr@r—-1)

1
2r —3)(r — 2)!1? t?u?

M2y (085, dip, )| 1 = 00 Mpp212pp (8835, dijo i) 1 =
A3 A*

(_5)1—]
A+ —1-3-)2(r =1 =3 —-Wp4y

2

L p+1-Nr-1) X (—D)™*(p + 1 — 1) (r — 1)12 2
ey T 1) AT+ D1 +u) L (mAn+ 10 -2-m)!(~2-n)imnl(1+s)(-m+t(-n+u)

M,

_(pt1- r)(r—l) (D)™ (p+ 1 —7)(r — 1)12 3
Stu (m+n+1)2(r—2—m)!(r—2—n)!m!n!_

M [r*]2pp (ASU) |

Aim (Op, (20)0p, (21)0p, (22)0p, (25)0p, (24)) = ([Op, Op, | (21)0p, (22)0p, (23)0p, (24))

PotDP1 Po+Dy o
Op (B0 (BT) = > Gp? 2CEDYA(Rr,0,)0,4(R0)
Y=Ipo—p1l0y 2
0y'4~span [¢Po—g1 V( |l|) P1— Po Y ]

lim (0, (20)05, (200, (22)0p, (25)0y, (2)) = Jlim, ( lim, {0y, ()0, (2)0p, (220, 2510y, (20)))

0
ot =" 1{09,0,00)| - (1{0:0y,2)) "

try




1 . . ~ ~ ~
(Op, (20)0p, (21)0,, (22)0p, (25)0p, (z)) = free + N~3*2EiPi Z O (8,dy)
01234

—»zal,

> =3 [ %l 55
[dy; +1] i X501

01234 [d] i<j

4
Z 51} plrz dijzpi

j=0 j=0

1_/,11_1)1;17 (Opo (ZO)Op1 (Zl)Opz (22)0p3 (Z3)Op4 (24)) =

¥Ymax ( \l
P[popl]p2p3p4 [gif] z Z (6)l(f)]ci,j(X0'X11X21X3'X4-) ,

= H . . 1
Y=Vmin \ it j=>(v~¥min)

)_(,})l_r)r)l?l DAo,A1,A2,A3,A4 (XO’ Xl’ XZ' X3' X4) = DA0+A1,A2,A3,A4 (Xl’ XZ’ X3’ X4)

2 ~ ~ 2 ~ ~
(SY\rx A Py, 1, (i, duns B) Pi,(6:j, dmn. D) T
Gz 5. — kq1,k, \YijrY“mn 3 \Yij 3 R
00 = 2 G k) Gas ,ZO Gorz 7y + ! (G0 P) + (perms)
12— 3=
o 5.
(5, =y, 22t
poo R — (A—=])—2m

1
SLR—A-l-J—Qm

_ —2rym!
"=,

Ly = ﬂL(RO = ﬂk)




() = ) 0,(D®F (85,dy)
14

— ~ ~ ﬁL,m,r X ]V[R,m,r
Mﬁ(6ij’dij) ~ Z Z A(A,ml[a,b,a]ﬂ”) ﬁLR _ (A _] —bh - 261) — Zq
q m+r=q
k n
Pr = Z Z Pav -
a=1 b=k+1
AN ;A \T
_ 8,) (d) -~ . .
Mymr = —( m)' —( r!) ° ML(5ab.dab)

§, o W = Z Bap M (8 + 1, dap) ; dy 0 T Z Aap M (8 day — 1),

a,beL,a<b a,beL,a<b

p 1 =2rdm! (-1)"(b+2a+1—-n)lr!
(Aml[ab,alr) = |0]? (A—1),, (b+2a+ 1! (b+2a)

Z Yij = Z Nyj.

JES! J#L

~ : Pic, ke, (Vij ij) : Py, (¥ij 1ij)

My = _ j Py (vij:miy)
5 e e (p12 + kl)(p45 + k2) &, (p]_z + k3)

+ P(yij,nyj) + (perms),

Jim,
Xo—X1

. S5 (& 7
Jim, Z M (&-,-.di,-)].
07 01234

. _ o g o . [d8] 6] . .. «
lim YR, =VATATRVET Y @@ [ | 52wt omen(5y)

—ioo 5
YooY, 05334 e (2mi) b Xizj&j
oz = 2p [534(_1 —2p + p(602 + 804 — 813 + 823) — 834) B P824034 £ (0
! (p - 3)' (_1 + 804)(_1 + 823) (_1 + 503)(_1 + 514)
© 1)]
]\7[6.2 = ﬁrz |3(_)4




e = 2p  [834(=1-2p +p? tp(&,l + 8(14 +813) — 834) [ p(pN— 813)854 ]
-3 (=1 + 604)(—1+ 6,3) (—1+ 643)(—1 + &34)
2p 2P634 n 2P534
-3 (1-3803) (1-1604)

~ (.)+m-2)(..)
Me = (p—2)! ; My =
]‘7[& = Mzl304

+(3<—>4)]+(0<—>1)]

+(0<—>1)+(0<—>2)]

CH)+@-2).)
(»—2)!

k ~
Flk] T[]
—k+6 Z‘ [[k—j+1] T[]

F[6 +7J]
Z DSy, I[8]

j .
(=1)Jiik
Skj _Z G-

T[8,;]M 2 = pT'[801]T[812]T[803|T[1 + 802 T[—1 + S04 T[814]T[813|T[—1 + 823]T[24]T[1 + 834] + -

i<j

(p —3)!
2p

wﬂITFMJ~ _ 1
@ri)*l 1 28, () = X X2 X2 X0 =z U 2z

—ico 1<Jj ij

" _, (p B 1) +ioo dsdt US+2VtF[—S]F[—S +p— 3]F[—t]2F[—u]2 3+s
[2%]2pp = Py 3)1 JII (2miy? P +DE+D+D)

Z})i_rgl((?z(20)02(21)02(ZZ)Op(Z3)Op(z4)) T free + Pp2) 2ppI (U, V, 0, T)}[[z 2pp (U, V)
N3

lim (02(20)02(21)02(22)0 (23)0, (24)) =0 forp=4

3—’ 4
1 .
ic(%) 1 (%) y Nz qulog(U) fptgqst<nrn+r,+s
N3 [rim2lspq — N [r17218;De, 1 (1) .
mcm if Typitary ST<Pp+gq
1
g(i) (cg_l) )
3 3 [ry7a]sij UPqlgbal,r
® _ 0 . faval
[ri7m2]spq - [rim2]spq,[aba]l,T — 0)
abalnt g 9ijtliapaye




1 1
T=2a+b+2, cl.(jp)q = gl.(jp)q

=¢® +3w,v,60DKY

L W
2a+b+4<t<max(i+j,p+q)C ijpa TPaliog® W)

ijpq

((Oiojoaob) Voa )
V[T1T2]5 ( [07"1 07’2 ] 05 OP Oq )

1
) o
(9 [ rlsis ) (ciqu
[abal,T
- )
9] (g ijij

[aba],‘r)

[aba],r)

3 £ 250 3524
() _ o =2@e-DUt L 20— DUt UPe%
9patpaper = V24P + D) [(p DUS + T +2U2%6% + = +—

_ | 480(a—15) |U?4t N [3U - 3Uf] Nopes 4 6U26t
921435 = |G- Dazar6)| v Ty ’
, 4a(a—3)(a—8) , _5a(a—3)(a—8)(a—15)
1041 = 1051 = -

(a+2) (a+60Va+1

2 (p—2)p—-1)
( _ 4,p,3,p+1 p p 4,p,3,p+1
Al papss = V24P + 1) [(p ~ DMZoy=pz+n * > Mi=iy=pa+y |-

3
(E) _ 4,p,3,p+1 4,p,3,p+1
A[22],p,3,p+1,[0,p—2,0],‘r=p+2 =yZip(p+1) [ZMO.P+2.[2+L2] +2(p - 1)M1.P+2.[2+l;2]] )

()

— 4’,p,2,p
g[Zz]pZP [0.p-2,01p+2 - 2pM0,I’+2r[2+l.2]
-2, 'p+
_Jop(p+ 1) Ub + (0 — 1 U_f+2U26f e _ N3+ 1)2p 35
gZ,p,B,p+1 = a 6+ (p ) v v |’ 2p3ptl T (p—2)! 3p+3.2p
(1)
Cz,p,3,p+1

1 (2 (-1 +3)! p!) p+4) (+p+ D)2 2P+

oy 20ime2 ~(p-2) A+1+p) J@+2)Q@l+p+4) = ipralz+i2]
P—2,0],p

Jéep(p +1)

g(O) | — M2p2p
2p2p [0,p-2,0],p+2 0,p+2,[2+1,2]

() oy
4,p,3,p+1 4,p,3,p+1
A[ZZZ],p,S,p+1,[0,p,0],7:=p+2 =y24p(+1) [2M0.§+21,)[2+l] +2(p - 1)Ml.§+21,)[2+l]]

1
(E) 4,p,2,p (0) 2,p,2,p
= 2 M ) = )
el [0,p.0],p+2 Plopsaizey gz’p’z’pl[o,p,O],mZ 0p+2[2+l)
(€3] _ 2,0,3,p+1
gz'p'S’p+1|[o.p.0].p+2 =Vor(p + 1)(2)M1'P+2'[2+l]'




()

_ 4p,3,p+1 P-2)@-1 4,3, p+1
A[22],p,3,p+1,[o,p,o],r=p+2 =y24p@+ D[ - 1)M0,P.[3+l] - 2 M, 340

4,p,3,p+1 4,p,3,p+1
T2My o a1y T 200 — DMy o)

1) _ 2,p,3,p+1 2,p,3,p+1 2,p,3,p+1

g2,10,3,p+1|[1,1[,,1],1[,+2 =y6p(p+1) [_Mo,p,[3+l] = (=DM 50 +2M 0 25
g(%) j— 2 M4lp12!p g(o) i lep,zlp
[2%]p2p 0p.0]p+2 = “PMoprz 241y J2p2pl g, 01 e | OPF2[24L1]
3) Ut b 2(0—DU%E (p—2)(p—DU30%t
g[zz]&p’p+1 =.24p(p +1)|2U6 + A +(p—-1U*6* + 7 + T
1 s 20t (p—DU?8t| _ 1y 3 Jep(p + 1) UPh

g23p(p+1) - E o+ V + V 23p(p+1) - (p _ 2)! p+2,p+1,4,1

. 1 uil |
.'H‘(U,V,O',T)=W.'H‘(V,V,T,O')

o U\, G 1 o v (L V 12
g‘[(U,V,O',T) = (V) T g‘[(V,U,;,g) }[(U,V,O',T) = (UO') }[(E,U,—,E)

'\2u4

aom2m (1 VY | T
.7'[[22]444=T(U,V)+0' U T(E,E>+ V4

~ (1 V o .
FW,U)+ 6tF(U,V) + tUF (5,5) + V—T(V, U)

1 U 1\ . 1 /U1
FON =57 (73) PO =57 (5.5)

5 15 \[ ...,  U% [U26% U362  UP#2g]  U46222
16v2(1-2 - +2)[U0 + +4[ T+ + ]+ ]

G a vz vV vz V2
2 =
(2] a0 JEB+ (3 +a)d +a)
A(%) _ 16\/2 M4,4-,4-,4 M4-,4,4-,4- 4M4,4-,4,4
[22],4,44,[0,0,0]7=4 [ 0412+12] T Maaz412) T *Mia2112)
3
(E) _ 4,444 4,444 4,4,4.4 4,444 4,444
A2 44.400,017=6 = 16v2 [Mo,4,[3+z,3] + My 503 T M 503 T M g2 T 4M2,6,[2+l,2,2]]
A(%) _ 1 \/E M4,4,4,4 M4—,4-,4—,4— 4M4,4—,4—,4-
[22]4,4,4.[1,0,1],T=4 =16 [ 0,4,[2+1,1] + 2,4,[2+1,1] + 1,4,[2+1,1]
A(%) — 16\/5 4M4',4,4,4 4M4-,4,4-,4-
[22],4,4,4,[1,0,1];[:6 - [ 1,6,[2+1,2,1] + 1,6,[241,2,1]

()
4,444 44,44 4,444
A[222],4,4,4,[0,2,0],r=4 =16V2 [M0,4,[2+l] Myt 4M1,4,[2+l]]
3
0

— 4,4,4,4 4,4,4,4
[22],4,4,4,[0,2,0],1':6 - 16\/2 [4M1,6,[2+l,2] + 41‘42,6,[2+l,2]

2,444 =

4

16\/7[ .Ut U?
—|UG+—+
a V

ot 1 _
]'7{2(,4),4,4 = —8V2U 3VD5,5,5,1




2 l
(1) _ (+H*1+(-1) 2,4,4,4
2'4'4'4|[0,2,0],6 - 16\/5 [8(1 + 5) (Zl + 8)' 2 + M1,6,[2+l,2]
1
Dl 0 = ME021 52 - SM{H i
2424 ,6,[2+1,2) I[p2 ,2,[2+1,
[0,2,0],6 [2%] 4,24 [0,2,016
A(%) = 16v2 [-mros4 Mt 4t 4pEeeA 4ppAAs
[22])4,4,4[2,0,2]T=6 6 [_ 0,4,[3+1,1] — M2,4,[3+1,1] — 1,4,[3+1,1] + 1,6,[2+1,1,1] + 2,6,[2+1,1,1]
(g) 4,4,4,4 4,4,4,4 4,4,4,4 4,4,4,4 4,4,4,4
A[222],4,4,4,[1,2,1],r=6 = 16V2 [_Mo,'4,'[3'+l] — My Ee — My s T AM g T AMG g1

(€Y _ 2,4,4,4 2,4,4,4 2,4,4,4
2444|[12 116 = 16V2 [_M0,4,[3+l] - M1,4,[3+l] + M1,6,[2+l,1]

(0)
2424

— 2424

1
5 4424
= Mo ez2+11) 9[22],4.2.4

|[12 116 = 8M0,2,[2+l,1]

[1,2,1],6

0

- 4,444 44,44
[2%].4,4,4,[0,4,0]7=6 162 [4M1,6,[2+l] +AMy 24

(1)

(1
_ pq2424 2
2444 g

_ 2,4,4,4 (0) _
= 16\/§M1,6,[2+z]' 2424 — Mo6,[2+1) [22]4,2,4 - 8Mg.§,2[g+l]

| [0,4,0],6 | [0,4,0],6

[0,4,0],6

[ dsdt . !
ree Zf# ez Eha A i B i el i s ey Yo s TG prrs oy
) [ dSdt
F = 8VZ ff g UV TP T-a?

—jco

(8+ 3s)
Q1+s)1+)2+H)(u+D(u+2)

im, Jirr% {0r, (20)0r,(21) 0, (22)04(23)) = ([0r, 01, | (21)0p (22) 04 (23))

Xo—=X1Yo—>Y1

([0r, 00,1 (%2, 1) 0p (%2, )04 (X5,15)) = Clryryipa | | 91

i#j

T +r — T +r —
1 2+Pq 1 2+qp

b= ptq mn+n
2 ) 2 '

j bz = ——

c;(U,V,8,7) = ggree U,V,8,8) +I(U,V,6,D)H5U,V,6,1)

r+r + n—-r+q-— -n+rn+q-—
CS=122_P2q;Ct=1 2174 P>0_C_ 1T Tqa7P

2 =T 2 =0

—_ 46 Ct Cu
Prirapa = 901903913 (go1923)°

}[7‘1.7‘2,17,11 = Z (7§—p+2‘7£ dsdt US+th FAdeS

(2mi)2 s+ D+ Du+1)




[[=s]T[—s + c]
T[§+ 1T[5 + 1 + ]

TCadsxs = X (t-channel ) X (u-channel )

X3, X2 XX2, . YAYE . YAYZ
y=todis 0 Aedis 5 Yolas o Yosho

—)2 —)2 ) —)2 —)2 ) —)2 —)2
X02X13 X02X13 Y02Y13 Y02Y13

Nt p—q | Nt q-p  piq ritn
hm :PT1 szqj(U V.6, T)US P2 = (YZ) 2 2 (Y123) 2 2 (Y223) 2 ?
Yo—

-p
B e Y& Y.
Prarapals7P o (V) gy (V)3 () (T TR (YZ:Y@

y=(+c)+2(-§+p)=q+p—2§

. "rn—rn+ptq
S = > = —cq

T1+T2 +4-P ptq ntn

r+13
Ress=—1+c [hm :Prlrzpqg(U' V' O-'T)g{rl,rz,p,q] x U(912) 2 T 2 (913) 2 (923) 2 2

(02(X0» Y5) 0, (X4, Y1)0p (X2, YZ)Op(X3' Y3)) = \/ZNZ- 2NZ2.pNP, PNpgglg§3622pp

A271712 ANTT2

TU T
Coapp = a(U,V) + [6Ub1(U: V) + Vbz(U. V)] + [62UZC1(U.V) + 72

2 P |a2772 t2y? 2%
901923 |6°U%c1 (U, V) + V2 (U, V) + aw,v)
lim (02(20)02(21)0 (22)0p (23)> p p-2

X lim [¢i(U,V)+c,(U,V)+d(U,V
el \/ZNZ “2NZ . pNP NP 912913923 Xo—>X1[ 1( ) 2( ) ( )]

020,0,)
2 gP gP72 lim [c (U, V) + ¢, (U, V) +d(U, V)] 1 = (020,09
9129139323 Xo—>X1[ 1(U, V) (U, V) W, )]% \/ZNZ TZNZ pNP pNP| 1
N
_ 2 _2p(p—1)
2 . 2
952013925~ X Jim [e1(U,V) +c2(U,V) +d(U, V)] = 952013923~ X —— 37—
_ _72(a—3)(a)
603’03'05 - CTs T3,Tf — \/m
192(a —8)(a — 3)(a)
Coo,02 = Co,ryr2 = Cryryrz + @aCr2p, 12 = a4t 2
_ _ _ 400(a —15)(a—8)(a—3)a
C05.05.0§ - COS'TS'TZZ - CTS'TS'TZZ + a5CT2T3.T5'Tzz - (a + 6)\/a—+1

Cp,p,[zz] =(2p)2{E - 1))<0p0p)-

T,(X3) = 0, (X,) = Ty (X2) = T2(X5)




VAN
v

Vv V2 %
ali ==H, ¢l1 =—H,dl1 =2p(p—1) +5U -V -1H
2p 5=
- (p — 2)! UDpr2,2p
n A;

dZ,d%z Zy

0 i=1 ZO + (Z - Xl)

D _ d/2—-% 0
Ay, A+ AL LA T AlA] aXE Agyely,
o1 T(y) 2 (X2,)5-B1-04 (X2, )2 050,

)T[d/Z A1AzA3A, (Xl'XZ'X3'X4) = (X123))3—A4 (X224)A2 DA1A2A3A4(U' V)

F(Z—%d

_ 1 1—x
D111 = m [ZLiz (x1) — 2Li(x;) + log (x;x;)log ( 1)]

1-— Xy
9. b _ 51111 n log [(1 — x1)(1 — x,)] log (x1x;)
FoL xz_ — X1 xq1 (X3 — x1) (x1 — D(xg —x3)
0. D _ Di111 n log [(1 —x1)(1 —x7)] log (x1x7)
2 oL X1 — X3 x2(x1 — x3) (2 = D(xz — x1)

lim Daya,,..a, = Dag+a,,..a,

Xo—X1
I
3 dF< — ) r(6; — a;)
2) %ip. o M (&) =nz _ 1_[ ij — %ij
1;[ (i) 03,5, I r(d) 1.1 1)

Al+2 aij=Al-
j




[534(_1 —-2p+ P(Soz + 680, — 613 + 523) - 534) _ P824634
(-3 (—1+6804)(=1+655) (—1+6803)(-1+6.,)
Myr = ( 2_10 [834(_1 2ty -l:p(&)l al 8(24 +812) = 24) [ p(p~— 313)834~ +@B e 4)] + (0 e 1)]
p—3)! (—1+80,)(-1+685) (=1+6803)(—1+634)
2p 2P534 n 2P534
(p (1 —603) (1—4604)

M%Z =

+ (0« 1)]

+(0<—>1)+(0<—>2)]

' (p 2)'

[Msmgle Mdouble + (0 PN 1) + 2p(p - 2)] M = M; |

34
Fpsingle _ P — 16,4 + 2(p + 1)83,4 pdor +p(p —2)(1 + 534)
y o= - -
(1-663) (1= 602) 1— 8,3
_ 2(504 + (§34) + p(Z(p -2)—-(p— 1)(813 + 534) 504 + 512)
(1 - 604)
2824834 + P(8oz2 + 803) (824 + 634) + P(p — 2)634(814 — p) + p? (634 + 524)2 +
(—1+680,)(-1+65) (=1+6804)(=1+655)
2p813834 — 2(801 + 602 +p — 2)(814 + 624) + P(801 +813) (834 + P61 — (0 — Dbos) + p(0 — 2)6346,4
(—1+6804)(-1+62) (—1+803)(-1+68.4)

yrdouble __
M; =

- 2 2p(6, 504 ) (6, 5 5.
7, = ( PZ ' [ P(5t~)1 + 504)@04 +624) (0o 130 4)] + ~p 24 ~29523 C7p+6
p—2) (602 —1)(814— 1) -1 6,1

8os + 6,4 613+ 6
. 26 +6 -1 04- 24-+ {3 23_1)
(B —=p)do1 n ( 23 2 )< 502 -1 61— 1

b3a—p+3 b3 —p+2

+(p—2)

804 + 624 , 813+ 6
81+ 2(83 + bzq) | 2222 + 213 23) S L& VE L&
(m (5 820 (B0 4 S )+p2(601+604>(601+613>

+

Sa—p+1 (803 —1)(614 — 1)
_ S04 o 2p 2(503 + 504)(823 + 824)
e 1)[502—1+512~—1]f(3 ~4)]+(p—2)!(1—502)[ Fau-p+1
+(—Dp [( 01t 5(;3)(_5112 + 523) + (3o 4)] +(p— 2)[2(p(1 _ 5\02) + 1)
13

4(603 + 604 1)(623 + 624. - 1) (p - 3)(8’03 +~(§04 - 2)(8’23 + 524 - 2)] + (0 PN 1)]
834 —p+2 034 —p+3

(p 3) 1—[ M[8,]02 =

+pF[501]F[512]F[503](F[1 + 802 |T[—1 + 804] + T[802]T[80a] ) T[814]T[815]T[—1 + 825]T[824]|T[1 + 854] +
+PT[801 | T[612]T[803]T[802T[—1 + 804 ]T[814] (T[813]T[23] — T[1 + 81a]T[—1 + &3] )T[824]T[1 + 854] +
—pT[801]T[812]T[—1 + 83| T[02|T[S04]T[—1 + 814]T[613]T[25]T[1 + 82417 [1 + 854] +
=T[801]T[812]T[603]T[802]T[—1 + 804 ]T[814|T[815]T[—1 + 825]T[824]T[2 + 834] + (0 & 1),

Fa+)l(a+d)I'(b+c)l'(b+d)
[la+b+c+d)

1 [
%I_iw IF'(a+s)I'(b+s)I'(c—s)I'(d—s)dS =




X 2%u

4 y2 y2 y2p-2 —1-83,77-6
ij XX12X13X14X34 - P 34/ 023

0<i<j<4

Mpere = (—1) 141 Mipere

11
7{[22]233(’51' Xz) = H22]323 (x_l'x_2>

Hypy = —20/(0 = D1U?Dy iz

11
H2212pp X1, %2) = H22jpap (x_lx_z>
(U6)P[22]p3p+1|p=2 = ?[22]233
M= M(dy; = 1,dy3 = 0),M% = M(dy, = 0,dy3 =1),M* = M(dy, =0,dy3 = 0),and
[Ti<; F[dij + 1] to (p2 —3)! (ps — 2)!, (p2 — 2)! (p3 — 3)!,2(p2 — 3)! (p3 — 3).

—dn* + dx*
H4-n4-

2

AdS* = +dy?,

1
s=str-5 [ ax [ W TGTusTS + FON0NToTS),

1 .
Pt y) === ) do(x¥)e™k,

0a(x,y) = ) 0ap(xt)e®/h,
pEZ

S= Z SggT,m + Sscalar + Sint
m
1 . n?
Sscalar = _EZ f d x\/ -9 Vu¢nvu¢n + ﬁ‘pn
n

1
Sw==3] x| drymarmIa 0 Tgvs

PP T, + 0,600
L nn _
~ 27R Z (VH(Pan”anZ B %‘Pnlqsnz) glntm)y/R

nq,ny

1 a=? nin,
= Sint = — Ef d4x\/ -9 2R Z Onp (Vu¢nlvu¢n2 - ?‘Pnl(pnz)

pnyny

X f dyf(y)ei(p+n1+n2)y/R




1 .
Sint = _EJ. d*x,/ —ga‘AZ ePYo/RO5 LV, 0 VH g

p

f;x) = exp (kcos (v/R — yo/R))/(2mlp (i)

1 a8 . Ip (k)
Sint = _EJ d4x\/ -9 ﬁ; e'PYo/R 1o (1) OnpVudoV¥ o

1
S<¢ﬂ oo b b ) = Z SégT,p - EJ d*x./—g VoVt + 2H?¢p? + Z /1123_A0A,p§02
k1 P, PR3 PRy > =

eibYo/R L, (x)

2578 = 22 8ePYo/R ocalized, 1374 = 2274 27 1o(0) spread,
R —ikn
kn) = (—H

Gy (ksm,m2) = FUn)f Um0, — n2) + £ () f(k,12)0 (g — 1)
Gi-(ksmume) = fr(km)f (k1)
G_+(k;my,m2) = Gi_(ksmy,m2), G__(k;m1,m2) = Gi+(k;m1,m32)

1
(—=(ty — t)?2 + (a; — a)»H)A

_ nsinh (Hy)
M= H2p2 1 2Hycosh (Hy) — H2%2 + 1
Xi
%41 = H2p2 1 2 Hncosh (Hy) — H2%2 + 1
3 (—Hn? + HX?> + 1/H) /2
L= H2n? + 2Hncosh (Hy) — H2%2 + 1

H*n* —dn* + dx*
AdS* = —dt* + di* = 4
+da (H*n* + 4Hncosh (Hy) — H*x* + 4)* < H4n* +dy >
—dn* + dx*
=Q(Y)* <—H4774 + dy4>

(04 (t1,d1)0a(t2, A2))Mink =

9(Y1,Y2) = (Oa(m1,%1,¥1)0a (M2, %2, ¥2)) = QY1) 2Q(Y2)2(Oa(t1, d1)Op(t2, d7))

gy, V) = Z gm(Y1,Y2) = Z 9o(M1,M2; |X; — X, |; y1 — ¥y, + 2mmR)

m=—oo m=—oo

(Hzﬂlﬂz)A
+ X2 + 2nymzcosh (H(y + mp)))»

Oa(m4,%,7)0A(1,,0,0)) = Z
(0a(m1,%2,7)04(1,,0,0)) n2 — 12

m=—oo




(0a(m1,2,7)0a(n2, 0, 0))

_ z (Hn112)
L (=ni =3 + X2 + 2mimzcosh (H(y +mp)))”

A © 0
=(H2771772)A ;(A) Z f dssA—leis(—nf—n%+5c'2+2nlnzcosh (H(y+mp)))
m=-—oo 0

> exp Qisnymcosh (H(y + mp)))

o

Hf o
gp)= H_lﬁj d(Hy) < Z e2isninzcosh (H(y.p.mg))) e_LGﬁHy
0

m=—0oo

1 r® L
= H_ﬁf d(Hy)eZiSﬂ1772COSh (Hy)e—L nH_ﬁ’ y

1
= ﬂK p (=2ismn,),p EL

v -V

K, (2)|;-0 ~ %F(—v) (%Z) + %F(v) (%Z) whenv ¢ Z

1 S .
= Kiy(=2ismnz) ~ 5 T(—ip)e™/?(snyny)* + 5 T(ip)e ™2 (snyny)

o H?*A-1 q A+ip
(04011, $)04(12,0)) = —— F(A)((n;,zz) T(=if)T(A + in)

+ (";ZZ)A_W F(ip)(A — iu)) +

3
f d4xei%'£|x|‘2a — gp3/2p-2a)2a-3 r (7 B a)
'(a)

ANTH?A-1 [ (12 A+ip 3
(O (11, K)Op (2, k)= Fﬁ)kgR (( 1") I‘(—iu)I‘(E—A—i,u>

k2, \ 3
+( 11"2> I‘(iu)F(E—A+iu) 4o

<<Pz1¢;2fp,;3fp,;4> = (2m)36® (Z Ei) <<P;;1¢,;2<P§3<P,;4>

4

(40}1(P7('2§0§3(P7('4> Sl L+ +1

k= |k, + Ez|®<¢§1¢§z¢z3¢z4>




22/14_2AH2A_1 4 41T 0 0 d d ) )
lauy= R A G [ [0 i st
- 16k1k2k3k4 F(A)k R —oJ-o M1 732

k2 A+ip 3 kZ A-ip 3
( 11"2> I'(—iu)T (E —A- i,u) + < Zm) F(iwr (E —A+ i#)

0 . , P
Jy = J dnleiikumnf—“‘# - (ii)(ii)AHﬂkiz‘A‘l”F(A —1+4iu)

, 494-2A120-1 53 A-1+i
noAy *AH 23w -y (Y :

- O Q- O~ ) = 1 A
(‘Pkl‘sz‘Pk3‘Pk4>u 16k, kyksk, T(A)kR (1 + cos (w(A + in))) ( 4 )

uwv\A-1-ip
X T(=§)T(3/2 = A= T = 1+ iw)? + (1 + cos (x(8 — iw)) ()

X T(AWTr(3/2 — A+ ip)l'(A —1—ip)?)

' 3

<<0751<07ez P, §0%4># [A = 5]

%+iu 1 2
[(—iw)?T (E + i,u)

4 2
neApH?  16V2 . uv
ok, kok, kR \ (LT 50 (%)

1 .
+(1 — isinh 7p) (¥)T‘” P(w)r (% - iu)Z)

U\ A-1+ip
F® (w,v) = (1 + cos ((A + iw))) (T) [(=il)[(3/2 — A — if)T(A — 1 + ip)?

U\ A-1-ip
+(1 + cos ((A — in))) (T) FGWT(3/2 — A+ i)T(A — 1 — ip)?

ekcos (x—xq)

f(x; x0, k) = 2l

dy eimy/R
—TtR 27TIO (K)

Relmyo/R

- 27'[10 (K)
Reimyo/R

- 27'[10 (K)

2y (k)
ReimyO/R

- Lo (k)

J-1'[R ekcos (y/R=yo/R)

T
f dze¥cos (z—zo)eim(z—zo)
-7
T
f dze¥cos zeimz
-7
3
X 2 X f dze*¢°® Zcos (mz)
0
I (x)

sin

1 (" vr) [
I,(z) = ;[ dhe?°°s 9cos (vO) — ( )f dte=z¢0sh t=vt |phz| < 1/2
0 0

T

1 s
Ih(2) = Ef d6e?c°s O cos (m@)
0




S———J. dPx,/—g(0,90" ¢ + ER@?),

D2
$=20-D
(nzag — 200, + k12 +Z‘ﬁ62)

9 2
<1126§ — 210, + k*n* +— 2 + H2R2>

9 n? 3
A(B—A)Em2=1+ﬁ=>Ai=§il
O =1 —lkn+i%-5€'} b =1+ ikn)e—ikn+i%-f

1 kik 1—u?
U12 () = E( I:l 2 ak12) <u—2u au(u )>

FW (u,v) = 53U, Uz, F ¥ (u, v)

T (ky, ka, k3, ky) = 53Uy, U34F ¥ (u, v) + permutations

S (ky, ka, k3, ky) = W% (k1 ko, k3, ky)

SM(1,1,1,1)= 3 x 47287 172i0 282420 (L2 (A 4+ 3 + ip) — 4(A + 1 + in)? (A + in)?
X (14 cos (m(A+ ip))3/2 —A— iwW)T(—ip)l'(A — 1 + ip)?
+3 x 472AT 20202220 (2 (A + 3 — i) — 4(A + 1 — ip))? (A — in)?
X (1 + cos (m(A — ip))T(3/2 — A+ ilW)T(ip)[(A — 1 — in)?

—dn* + dx* dr*
AdS* = (1 + H*r*)dy* + H*r* < 1 T

) ) —dpt +dZt  dit
AdS4=H4r4dy4+(H4r4—1)< o ) A

X% =,/r2 + 1/H? cosh(Hy), X?

r r 1 x? + x2 + x2
K==L =§<_Hn_H_n+H$>’

r

X3 = __xz,

Y]




£ = 2
T 14u

nr(—ni —n% + (X, — %,)?
u=Jl+H2r12J1+H2rzzcosh(H(y1—yz))+H2 12 (71 ;7;77 (¥ = %)7)
172

1

Cp (E\2 AA+1
G(771;772;551;9_52J}’1'J’2i7‘1,7”2) = H4—A(i) 2F (— —,v+ 1;52),

2v\2 2" 2

A5 M2 T

=270V E mr T A S s
2n1m;

- H2ryry(—nf —nj + (X, — %,)?) + 2771712\/1 + H2T12\/1 + H2rfcosh (H(}’1 - }’2))

Y Ca (Em\2 AA+1
Gm(M1,M25 X1, X2; Y1, Y25 11, 12) = H4Z(7m) 2 (E'T'v + 1:frzn)

2mn;
Em = N N
H2ryry(—nf —n3 + (¥ — %)) + 2711772\/1 + H2T12\/1 + H2rfcosh (H(}’1 -y t mﬁ))

- - — Zv . - -
(0a(M1, X1, y1)O0n(M2, X2, Y2 ) )m = H?A 4(:— lim (H2T1T2)AGm(7I1:712Fx1:xzi}’1'y227"1'7"2)

AT1T2o®
A
_ ( H?nyn, )
—ni —n3 + (& — %)% + 2nynycosh (H(yy — y, + mp))

dr*
AdS* = f dy* + H*r* AdSgs, + —

F=14Hit— 0

f H4r4
T, —dn* + dx* dr*
:(1+H44— 404)dy4+H4r4( 7744 >+ B
H*r H*n 1+H4r4_H40r4

ro = H3r3 (14 H?r),
_ Am Amny,

b= 5w~ 3+ s

Od=pu?d
1 , u?
= (217(3,7 —n%07 + 1726,%)(13 + (sz(z) 0y + z2f(2)07 + (2*f'(2) — ZZf(z))az) D — Z—ZCD =0

o, x,y,2) =1, X)K(,2)
MZ
(200, —n*07 +n?03)I(n, %) = ﬁl(ﬂ, %)

—(L 92 + 24F(2)02 + (%' (2) — 223f(2))0, — 2) K(y,7) = —M—ZK(y 2)
22\f(z) z z —H V,z) = H? )

HVm . M? 9
Ii(n) = T\/_e‘”/‘*e‘”"/z(—n)3/2Hi(;)(—kn), where ¢ =

HZ 4




K(y,z) = Z K, (2)ei™my/B
f'(z) 2 1 ur  M? 1 m? B
(a * (f(Z) E) ey (z_Z‘ e mﬁ_» () =0
f'(z) 2 1 2 M2 1 m2\\ 1y e
(az (f(Z) E>az"z2f(z) <<szzz‘52Hz+<szzzf(z)ﬁ>>e‘S -

, 1 a2 M2 1 m? branch
S — ___+—__ + -
% (2) z2  H?  z%f(2) g%’ (+)-branc

) 1 gz M2 1 m?
ah(z) » ———— =T + %ﬁ’ (—)-branch.

a,(z) = 2log z — %log (m?H? — M?22B%f(z) + f*H?B*f(2))

Kn(2) - w( [ RIS .
z)= -
m (mZHZ — M222B%f (2) + ﬂZHZEZf(Z))1/4 z,/f(z 72 z*f(z) p?

Zn dz |2 M? 1 m?
Feoexp _fz JF 7 H @) B?

" B Zn dz ”2 M2 1 m?
n@ = ol e | - | NN RCNR

ey fd_ peomz o 1 om?
P\l, 27 1 7@ B

#2 M?2 1 m2 U
o ? B Z2f@ B Hz

K, (2)= coexp exp <
Z
[ e

_ f ML m
OEPN, Hz)TP f(z 22 W 2fG) BT Hz




—ﬂ/H 5/2+u/H th 1 \/‘uz M?2 1 m2 U
z

o = N CNAFZ oY T
Zh/ 5/2— ;L/H w2 M2 1 m? M
" JHB AR J AFNE H @B Hz
(OA(nlrk)OA(nzrk)>m
o}
=—-H(2A-5) q’(o)é) (Ik(m)l;’é(nz)@(m —12) + [t (2)0 (1, — 771))
z—0

1 \/uz M? 1 m? u

Zh

=2uz_2”/Hexp —ZJ. dz —+ —

" . 2JF(2) | 2 z2f(z) B2 Hz
X(Ik(m)lié(nz)@(nl —12) + L) (172)0(, — 771))

P(6) =26‘2/5exp —2[6 dz L 1.2 e /8
) , z2862 8% 78
8 1 1 1)\ 1 z
fz dz 52 52 5 | E(arctanh( 1- Zz) — arctanh (\/ 1- 62) + log (5)>

~ %(log (6) +—(6% - zz))

2
P(&)~ g6-4/522/6(3-(52—zz)/ze—n/s

~

26‘4/522/%‘”/5

gllﬂ/ = Zzgyw w;(_ = w[l - a”_ln Z,\/’E = Ed\/glgﬂv — E—Zguv
?ﬂgaﬁ + 2w, gap = 0, where Vlgw =02 guw — f‘/{’ugpv — f*/ﬁ}gpv

Fp =T = Flfv + (é'lfwv + 65(»# — gm,a)p)

Vla —0,+2wy

F/fv = (1/2)gpl(augvl + avgul - alguv)

T = [V, (D) + drw,|T = V,T" =3%7,T




p'/oc _ po
uv RﬂVP - RﬂVP

A A A A

V. R' =3272V,R, V,R,, =V.R,, VoRS,=V.R%,

X' =3X7%X, X =RZ, 6 REy, C2po G B2
1 ., 1, 1 . A

— 4 2 2 2
SW—J d xﬂ/g{—@sz = Cm,pa——4a21ﬂw+G}

1
SI = f dx{—detaoRgyy + a1 Ry + azF |

1 1
' = yd¢ I = »qy = —— — - — _ —
@' =290, Y" = LMY, qq 2(al 2), @y z(d 1),2 =3(x)
Rguv: éuw ﬁ'uv
1 j j A _
o RS 9% gP R g,
B, FVY =09 B —d,B, and FOF®aB j =123
W - uv Uw=v v=us af ) 14y
(V) (Ven) Ri-4/2g,  HYHR?>/2g,, (HTH) R3-1g,,
. 1
VoH = (Da: + CIHwa:)H'qH = _E(d —2)
D H = (8, — iAy)H
Aq = (g/2)6.Aq + (g'/2)B,

(iYy®e2V,p + he. )RY"4/2g,,

) 1. 1
Outh = [ D+ g + 5580 |10y = =5 (@ = D

2
ab _ Ab a v ,a
sg” = —e’(0q,e) —Thaey)
sab _ .ab — <ab a,vb _ ,b,va
§ab = 52 |aae{}—>[aa+wa]e{} = s3b + (ede ele')w,,

V¥38°0ap = ¥ *580qp + (d = Dy wq
Y Vah = yeVatp
(Py*elVap + he )RY72g,,
Vo= Do + (1/2)s8%04p

[(WLYpHYr + P Yy HpR) + he. |R*34g,,

ﬁ'aﬁp(l)aﬁﬁ—lguv




FopFR™1g,,

1
Sd=J dx[—detd,, |2
A, = }’é + ﬁ + ﬁ' + F(l) + (l)F(l)F(L)aﬁ R—1
uwy = AoNgyy T ARy T Aalyy T a3 a ap Juv
N 2 Al B B
+a5|VaH| R d/zgw + ag|H|?R? d/zg,w + a,|H|*R3 dng
+ag(iPy®edVa,y + he. )R¥"Y2g,,
+ag(PL Yy Hpg + l/;LYI;,I:h/)fQ + hc. )R?>34/4g,,
tagoFupgF PR g, + ag FugFOPR g,

Ap
X{} = g—AA
agR

e ] ot s+ o o) 0[]

A
pv_(sv

Sa= f d%x[g {Rd/z -2 [c R2 + ¢, (Clpo — G) + B2 + c3FWED + Cij)ﬁl(i)F(j)ﬂv]
v b A i
+CS|V le +¢6|HI?R + c;|H|*R*™%/% + cq (_l/JLVaegVal/JR + h.c. )
3
+C9(¢LY¢H¢R + ¢LY¢H¢R + he. )R1 a/4 4 0( )} n ad/zo (a_)
0

1 1 1 -
=) v = R 2 )
Sd_f d x\/_{R / [4| sz _n_z(cuvpo' G) 40,’2 IW m1:;“} F(J)IW]

j
o 12 _SH g ap2-d/z 4 Lo
+|VuH| - |H| R —A|H|*R zl/JL)/ edV, g + hec.

1 3
+(¢LY1[)H¢R +¢LY¢H1/JR + h.c. )Rl d/4+0(R >}+ad/20 (a—)
0

ajz 1 16(d — 3) /ay\?
“©WSETa-7 \q

a;
ay _ d-2) [n* d-1
+ ~ = -
a1 2 <1 V1+ 16k =~ Fk, k = 16(d — 1) |2482d — 3 I|>1
n?
a; 1
a_lz—( 1++v1 —Z)~0(1)Z—4 2(d—-2)(d - 3)
So1 ] a2 . a5 £ a5 "
agj)zﬁ[— Oajz —a38;1|,(=123); a5 =ag=ayg = Of @6 =~ : f
a7=T[/1a(2) d/2+a§T] a11—7(2a2+a1(d—2))f B - T 4

ay; ~ apé ~ E7%and a; ~ a(l)_d/2 ~ 2744 (j=4,..,11;d = 4 — 2¢)

Jag| ~ ag?? ~ 2 «1,j=3,..,11

|a1,2/ao| ~




s, = f d*x [g[—deta,, ]

5 5 A 1 N o) (i -

Ap = agRgyy + a Ry + axky, + agF!'fv) + a‘(}])Féz)FU)“ﬁgwR 1
~ 2 A A
+a5|VaH| R 1guv + a6|leguv + a7|H|4R 1guv

+ag(ip®edV 1 + he. )R gy,

+a9(lﬁLY¢H¢R + lﬁLYILFIIIJIIg + h.c. )R_lguv

+a10FaﬁﬁaﬁR_1guv + allﬁaﬁp(l)aﬁﬁ_lguv

— Civps = 77 b

1,
54=f d4x\/§{4!$2R2_n a2
SH

1 .2 i
—gzrlfj)F<f>#V +|V,H|" |H|2R AlH|* + ( DLy elV, Pg + h.c.)
J

1, 1

Gyt v + e ) +0 ()} o ()

2\/2 1 [ n?
a; = - ( +vV1+16k),k = 24[8{2 ]>>

2 1[1
a, = (_1i,/1_z)a1; Z_8r’ z'az(l.]) 4f[ 035]1]'1 =123

—a,a7=[_ 36f2]f (a2+a1)

1 . 1. 1
— 2 2 2
- f d4x‘/§ {4! 52 R® - n_z CHVPU 42 Pl'ﬂ’}

R? - —2¢*R — ¢*

—-17r1 azqz 2 1 1
- [ atnialgalgerns @] -5 + g o7lon - n oF 383~ i
Fy =00y, — 0y, = Fyy
z=¢*/{P?)
1
f d4x\/_[——M2R' += mw ” W't —AMg 4FM’5 _77 Cﬁvpa]

(P2, M = (th),mﬁ, = 6a*M;

1
4
aj < ag” V% = §2744 (j = 3,4,..,11;d = 4 — 2¢)

a
4 6|H|2F(l)2R—1 d/2 Qs 7|H|6R3 3d/2 %6 9|H|21PLY¢H¢ RZ 5d/4

0 0

|H|2F(1)2

Sa f d%x\[g——

1 )2
M_gf d*x,[g|H|?E)




||6 2

H
Sq ~ E‘*f ddx\/géd_3 _)Wf d*x,[g|H|®
P

R Fy R g, o FupF PR g,

A;’w = Auv [akguv = Ay (guv + ZkKuV)]

I’éauvoz Rypve + {gaavku —9avVo Wy — GusVvwe + guvvawa}
+{w2(gaaguv - gavg;w) + wa(wvgau - waguv) + wu(wagav - wvgaa)}

A 1
Ruo= Ryy + [E (d = 2)Fy — (d — 2)V a0y, — gWVAw’l] + (d = 2)(w, 05 — Guowz ™)
R= g"”}?ﬂa =R-2(d-1V,0t - (d-1)d—-2)w,wH
ﬁauva = goc/lﬁ’)L uvo
Rauva = goc/lR)L uvor R/.tv =R* ,u/lv'R = ngR#v

— p
Vo, = 6ﬂwv — Fuv

wWp
prv = (1/2)gpl(augwl + avgul - alguv)
I?m, — évu =(d- Z)ﬁ'w,, SO ﬁuv

E, = auwv — 6ku =Fy

G = RyypoRPOWY — 4R, RV* + R?
€2, = Ry R0 — 2 _f pom 2 jpe
uvps = Ruvpo d—2wit Y g T ha -2
I d-2 . . d .
R = ———(Ciype — G) + ——<R?
w 1a—3) Givwe =)ty
1 d—2 da/2-2
Co = [a(z, +§a1a0+af—16(d_1)] o
o= — ai(d —2) qd/%2
! 16(d —3) ©
a; d/2—
Cy = Z[az + al(d - 2) + alof]ao/z 2
a —
€3 = f [2a, + a,(d —2) + allf]ag/z Z
o _ |0 a3| aj2-2
Cy” = |ay f+61]Z a, ;j=1;2;3'

1 )
Ce = [akf +5dd - 2)5k7ag] /> | =56, ..9.
d (-2

with the notation: f = a, > +a .

4




1 -1 -1
Q=50 = .G 3 =0, = yve (1—123)

i

Ss = 4 d*o\[ggP0,X 95X" Gy (X)

d40' N d4+60.1'é6/4

v J d**€0,[gg®P 0, X" 0pX" Gy (X)RE/*

a'R,, (X)In (B/R) to G,y (X)

. 1., 1
d = Z:R(xﬁ _ERg“ﬁ’ = Ralg —ERgaﬁ =0
RP oy = 0,05, — 0,10, + rlflrv%, ) I
RP ouv = RP ouv — Sclr)ﬁ;w

1 111 1 1 1
[det(1+X)]Y2 =1+ SoX 4+ [5 (trX)? — trXZ] + [E (trX)3 — gtrXtrX2 + gtrx3] +0(X*%

0 [(aj/a0)3] H O(Qjakam/ag)

h%[10 aw) 1 0%¥ 92%¥ _ g
" 2m rar(a_r +r_2692 922

Y(r,0,z,0) = R(r)0(6)Z(z)

1 d(dR) L d% 1dZ __ 2mE
Rar\ar) Y eaez Y Za2 = w2

1d*0 R5d*Z  2mER]

0a02 Tz a2T T2
1d%0 _ U? - d2®+U2®—0
0doz de? N
R2d%Z , d*Z vz
— =V 55—+ ——=0
7 dz? dz?> = R?

0(0) = C,e'V0 + C,e7V0

Z(2) = Casi (VZ)+C (VZ)
(z) = C3sin R 4C0s {2

o o

VZ VZ
¥(6,z0) = [C3sin (R >+ C4cos ( )] [C1eU? + C,em1U9]




. (VZ VI e
¥(0,2,0) =C [C3sm (—) + C,cos (_)] el
R, R,

. (Vz VT im0
¥Y(,z,0) =C; [C3sm (—) + C,cos (—)] e'ne
R, R,

n,nz .
¥(6,2,0) = C,Cysin (—=—) emo?

2T L L nZT[Z
J J (8,2, 0)2(R,d0)dz = 1 > ZnRo(ClC3)Zf sin? (=) dz =1
0 0 0 L

L 1
27TRO(C1C3)2 [_] = 1 g C1C3 =
2 TR,L

n,mzy -
sin( ZL )emf’e

1
¥Y(,z0) =
( ) JAR,L

1 n,nz
— 2 sa2 4
p(0,2,0) = I¥(6,2,0)[* = 2 sin ( . )
5, o,  2mERS
U+ Vi=—0r

nZm?h?  h? ny)?
E=Enong(LiRo) =0 Y o R_]
o

nzm?h®  h* memy2  mw*h* .,
[ =——(nZ +nj)

E=Enme(LL/m) == Yol = 2mL
nZm?h? h? mg1? h?
: 2| = s (2 +md)

E=E R,R)=—2"" L |2
nang (F/RoRo) = o e + o (R, 2mR?2

A=H® + gA® + g2A® + ...

W, =¥ + gV + g2w® ...
Ey = E” + gE® + g?EL + -

A ~ A0 + gA®
¥, ~ W+ gy
En ~ B+ gEY

Av, = E,¥, » AO¢® + FOw = Oy 4 pHe®

[EL WO + EDw Ow®] g37

i

f (¥ AOWD + g OFOWO ] ¢35 = f
Vi |4

w,OgOy©® g3z = g
Vi




Lpr(zl) = Z Cnlpr(l())

n

POy _ Z e W Op® _, f W, Oygsp = Z CnOpm = Cm
n Vi

n

= [ v Owasy
Vi

Cm

(B -ED) f lp;*,fo)lp,(f)d3f = f g OOy 37
Vi

— (gD 332 _ *(0) (1) w0 432
Cm = YW dRr = j Y, THWYY " der
m v, m Tn ET(LO) E(O)

() (1w ©® 132 | @O
PR (ORI RAS
EO E<o> f ]

M = Z
m

‘P,(LO) = calP,(LZ) + CB‘P,SO) + cy‘P(O)

‘P,(Ll) = call’,(;) + CB‘P,%) + cy‘P,(l]l/)

Haa HaB Hai Cq Cq
Hﬁa Hﬁﬁ Hﬁl Clg _ E(l) Clg

for ] no |
Hia Hlﬁ Hii C; Ci

—

ﬁs=f ﬁE~dF=f (—eﬁ)~dF=—eE-f d? = —eE - 7

2 2
0o he_, e
2m 4me,r

]+[—e§-?] - Y = E¥
Hsi = Blo(0) -7

ﬁSL = ﬁVbZ (0)z

L 27

1 (0 0 B ) n,mz
Eftz.)ne = ﬂ. P ( ) HSLq’r(l )ngR dodz = PRI zsin? (ZT) dzfo

fOL zsin? (nanz) dz = %LZ forn, € Zandn, > 1

2m
1) BL
E =— Vv, (6)do
"ze  AmR, J, 0, (6)

*(0) 1y 0 -

21 L
Hij = BR, f f ‘Pi*(o)zl/oz(e)l{!j(o)dedz
0 0

V,,(6)d6



Ny .MZ ing.0
j )e 0;

ll’a=‘/%sin (nzz ) meeand‘l'[;—\/l_sm( 5

Hy =T roin () ()| [ ore 0 ag

21

27 27
I, = f V,,(0)d6, 1, = f V,, (0)e™d0, and I, = f v, (0)e?dd
0 0 0

Hyq Hap [ £ [
Hpo  Hpp

[Haa —-E® ] [
Hpq Hﬁﬁ E<1>

E(l) (Haa + HBB) T \/(Haa + HBB) - 4(HaaHBﬁ Hﬁa aB)

@)
E23 +Eaﬁ

- ﬁLIo

Ey3 = E3, = 13E, - Ey3— Ea,B ”
Ei3 = E3y = 10E, Ej, = E}; =10E,

E,, = 8E, E;, = 8E,

- BLI

- (1) _ o

Eiy = Ezq = 5E, < o Eip +Eqp IA— =

5 -
Byp— ECY
Bya =28 E{; = 2E,

I OL zsin (nzzﬂz) sin (nzi nz> dz
o f zY; (2)Y(z)dz

{I,L}e RA{L, I} #0

Vo,(8) = V,cos 8V, (8) = V,sin y0

[oe]

Vo, (0) = ) ay0*
k=0
21 21
L _f [Z akek] ~4dg = ak U 6%cos 9d9—if 6%sin ede] €C
0

21

2 2m
I, —f [Z a0 ] ©de —2 ay U 6%cos 9d0+1f 6%sin HdG] €C
0 0

k=0




2n
L = f [V,cos (6)]e"do = V,m € R
0
21 ]
I, = J. [V,cos (8)]e?dd = V,m € R
0

2m . 2V,sin (yr
I, = f [V,sin (y8)]e~9d6 = ;Z—q)(ysin (ym) —icos (ym)) € Rify
o —

e{l 35 }
22’27

2V,sin (ym)

21
I, = J- [V,sin (y8)]e®dg = )z (ysin (ym) + icos (ym)) € Rify
o —

AW = %h”kTr(fbiCDj(Dk) + %m”Tr(CDi(Dj),

M 1
WAZE = Tr(®3[@y, @2]) + 5 Trdd - Wig = — - Tr([®, @,]%)
50(4,4) x U(1)g
Qa: Q_fllSa = (Qa)-l-,gd = (Q_a’)-l-

2{Q4, Q*} = 5 (A + %r) +2], 8

20 0"} = 5% (a~5r) + 27

. 3 3
2{Q.Q") =A+ YT +5r=8-2/+5720

B o
I(A,j,]) = Tr(—1)Fe™2%-t2(8+0)y2]

N =1 vector multiplet: (AaB,)la, /Td)
N = 1 chiral multiplet: (¢, @™, Wrne, YI)

T4y o _TitTs  _Ti=Ts

Ry =T, + >R o R =

1 1
(A J,J, Ty Ty, Ty) = (5. —5,0,1,0,0)

A R. R. R _(1 1 111 1)
(']1']2' 1,122, 3)_ 2’ 2r 2r2r2r2

A=y +J,+Ri+R,+R3) =0

O™ Wmsr Fasr A 04




1—%)(1—“7‘”)(1—&;)

(- (1- %)

is = Trletters (_1)Ft2(A+j)u2]_vT2WT3 =1- (

1-x1-»1-2)

is = Trletters (_1)thq]2xR1yRZZR3 =1-

A-pA-q)

3 t3 .2 t’w t2

= , = —, = , =—’Z=—

P u,q ” X vy v W
rtv =—E(R +R,+R )=—1(3T + 2T, +T3)
3 1 2 3 3 1 2 3

IR =_1 =_1
r 2(R1+R2+2R3) 2(2T1+T2)

1 1
Tr = E(RZ —Ry) = _ETZ
7 = Tr(~=1)Ft3@i-r")y2ig2rr
P3:t3u0s0, 5, —t3ulsO
e(x+D) -3 (urd) ez (x4 D) v 2es
x u X

1 — t30) (1 - %)

it =

S 1
Vo —,W > —.

N
[Q,¢™]=0
1
{Q, ¥nm}= Eemnp [p" PP] + 1\/15m,3¢’3

[Q,f1=[¢™ Y]
{Q:Aa} =0
[Q: Da]. = [Aa: .}

1
Z= M(Q¢3 - [X Y])

{0, (Vo + 5519021} =~ 160,970

€D’ = 9Py = (99), €arp P = P = (Y1)

1 1
|0.f =753 = [qb“,wa +M[¢a,¢3]]




Pla= M7V,
Yira = 2M/* (ll)um +—[bvva 1/)3]>
fir=—2 (fUV - M¢3¢3)

[Q, ¢IaR]= 0
{Qr lpIRa} = _2[¢1Rav ¢?R¢1Rb]
[Q, fir] = —[P1r, Yiral
{Q, Aira} =10
[Q:DIRa]. = [AIRa: .}

X,Y
=M (24 [M—])x = M1/,
1
Py = MY4 PG, Yyy, = M~4 (—¢1Ra - [¢1Ra')(]>
1
fov = _EfIR +x%Z = MY — [pfr, dFD. W3 = M2y

QYipa = _2[¢1Ra' ¢?R¢1Rb]l Qfir = —[d1r: Wiral
[Q: Da]. = [Aa: .}: Qx=¢

Su¢ = X, Su0aC = 0o X, SHaaaﬁg = aaaﬁ){v

d d d
S +0 —+
W= Xzt X 5,0t %0 5 5.a,0)
{QﬁSH}zNH
N za+ a+a< 0 15 g +0,05¢ 0 40,0 o,
H o T o T 80,0 T @) T " 3(00050) T P 3(00p)

Ny Tr(xFirDe$) = 2Tr(xFirDe)

n
0=00+Z Ok
k=1

0 =0y +{Q,S43}0y

0 =0y + Q(Sy0y)

wlv—*

Ay Ani2 _ a a
un — Tr¢( 1 ...¢ TL+2)

Qi ~ [V, [X, Y]], QY ~ [X, [X, Y]]

041 An+2 = Tr¢a1 ¢an+2




Tre (@1 ... pan) [X,Y]
TrX"[X,Y] = TrY[X™", X] =0
Tro(@ ... p%[X, Y] p%+1 - pn-2)[X, Y]
Tre (@1 ... ¢)an—2)[X’ Y]?
TrX™[X,Y]? = TrY[X™[X, Y], X] = —TrYX™[X, [X,Y]] ~ QTrYX™y,
Trep(@1 ... pan-s) [X,Y]?

TrX™[X,Y]® = TrY[X™[X,Y]?, X] = =TrYX™[X, [X,Y]?] ~ QTrYX™{[X,Y], ¥, }.
4 3 4 4 4 4 4 4
dSn,, = Edu +u (01 + o, +§03)

do; = €07 A oy

O™ Y, fom=123.

1
[Q,¢™] = 0,{Q, Y} = Eemnp [p™, o™, Q. f]= (@™ Y]

2 2
igV=1—(1—t2v)<1—t7w>(1—%>=1—(1—x)(1—)’)(1_z)

UV) —

. . 1
JUV = Tr(—1)F 327 Tr(—1)Ft6U+R) R = 3Ry + Ry +Ry)

2 %) oo
1 (%" da it -1 . i(t™)
SUM4) — — | | a E E SV 2 pinag E 5 )
T 2!_{0 1 2m exp [ n ¢ exp n
a=

a*b n=1 n=1

IISVO () = [14362 + 12¢* + 20t + 4268 + 75¢1% + 66t + 81¢16 + 55¢18

(1-1t?)3
(1—t8)3(1 — t12)

+54t20 + 27t22 + 19t%* + 6t2° + 3t28]
[Q! ¢a] = O' {Q' ¢a} = _2[¢a' ¢b¢b]' [Q'f] = _[d)a' ll]a]
£3/2
iR =1— <1 — T) (1-st3/2)(1-1t3)
iR = 2¢3/2 — 2¢9/2 + ¢
) ; 1
gIR — Tr(—l)Ft3(21_TIR) _ Tr(—l)Fté(HRIR),RIR = Z(Rl +R, +2Ry)

TSV =[1 4 363 + 2692 + 266 + 461572 4 3¢% + 26717 + 4612 + 2077/2 + 2¢33/7]

(1 -2’

X
(1 — t15/2)2(1 — t12)




su(2) x su(2) = so(4)
XY[AJl']'z'r] ® [k]
Trep@¢P), Trep@pP p©), Tra

uz1“'an+z = Tr((;b(“l ¢an+2))
aqQngr = Tr(¢(a1 ¢an+11/)an+2))

v’l’l
1 n
wp = Tr (f (pp)™* + Zkz—o (¢>¢)""‘1/J“(¢¢)"1/Ja)

L2520 —n] ® [0], (n = 0,1,2, ).
KK-
Multiplet BPS Operator
level
B _[9+3n 1 n+3]
e 2 2
i3 Tr(,lad,(‘h ¢an+1)) n>0
[n + 1] (-%%°)
2
_[6+3n n+2
B [ z 00— ]
- Tr((f)(“l ¢an+z)) n=>0
n+ 2 ('T)
e[
_ [12 +3n n+ 4]
1 4 772
a (az ... pan)
(e Tr(A* A, ) n=0
® 3]
_6+3n 11
1L[ 2 an:E: —TL] ® [0](0) Tr([(qbqﬁ)”,/la]f - [(¢¢)n’ lpa]Da(Pa - [(¢¢)n’ ¢a]Da¢a) n>1
3 1 =
_ 11 _Z ay —ga —
A1A1 [3’5’2’0] ® [0](0) Tr (f/la 4¢aDa¢ + 4¢ Da¢a> n 0
a ajja 1 a,,a 1 aja
Al_[s + 3n’1’0,_n] ® (0] Tr(/l Aaf = P22 Dapq +§/1 YDy g +§¢ A*Dgig n>1
2 2 ~ PP D% Py Do by + 20 (DG o Duthy)




Yo =Yyq0rDy =Dyy

(f¢2n+2 @ 1/)2q_4)271) @ (f/la/la(f)zn_z @ AaDa¢1¢2n+1 @ DaDa¢2n+2)’
QTrf(¢p)" ™ = —Tr[dp%, Yol (dP)™* = Tripa[¢%, (pp)™ ']
1 _
- _Ekzo Tripa () Qp (dp)"™

= Tr(@$) QY (dd)" Yo + ($9)" QY () h,)

1
=2 Tr((¢) QY (d)" Y — (9D) Y (d$)"*Q¥hy)
k=0

n

1
= Tr(¢¢)"¢a(¢¢)”-kwa>

k=0

MN = aN_lMN_l + -+ alM + aolN

ay-1 = TrM,ay_p = (TrtM? — (TrM)?), and ay = (~1)"*!detM

=

-1

MV =% O Mk (1 = 0)

k=0

_[6+3 1 1
ALPS=5.0-0 @017 | Tr(£(@9)" + 7 5Re0 )P ($) Y nz0
AL 11+ 3n 0, 1 n+1
[ 202 ]
- Tr(/lad)(al v pnyhantr) — 2@ ... ¢an(¢¢)pa¢an+1)) n=>0
n+ 13 (_T)
8=
_[8+ 3n m + 2 _(g) Tr ¢(a1 ¢an+1¢an+z)
ol T £
A,A,[2,0,0,0] ® [1](")
144+ 3n n+2
A L [ ,0,0,— 2 ] Tr(aa/‘{ad)(al d)an—llpan)
( n+2) { ( } )) nz1
n——=2" — 2%, "1 - PO () fD P
®|3]
A= Ji=1j,=0r=-n—-11r=0,(n>0)




I(cl+1) a;(co)az(\f) 1t a;((l)l ( Q=00s<ks<nN- 1)

(PMN+l—1 +MPMN+l—2 + "'+MN+I_1P)
N-1 N-1

= Z a’(PM*= + -+ M¥1P) + Z b M*
k=1 k=0

Q)
p® _ pi 9%
k J aMi

N-1 N-2

l l
Tef(pp)" = Y aPTrf(pp)t = > al) Trf(pd)**t,
k=0 k=0

N+1-1

7 kzo Tr(pg) e ()1,

1
— ——Tr(lll MN+I-1 +Mll)1MN+l_2 + "'+MN+I_1ll) )1,02

- zz Drr(yp, ME1 4 oo 4 MK T, Yo, ——Z b TeMy,

=

-2

N-—
1 !
WN41-1 k+1Wk —3 Z bt )TI'Mkll}Z
0 k=0

x
Il

1
Tr(¢pp) ' = —Tr[X,Y](¢$)* = —TrY, (p)*1X = —EQTF(IIJ1(¢¢)""1 + o (0) TP )X

QTrf(pd) pa = Trldp, YP1(PP) Pa = Trlda, ¢l (9P)* = Tr(pd)pa (@) = TrM* 1y,

n+1

QW) = (p)Ht = (M2Z — Qx)"™* = M'T 271 4 ()
2 @ 27 %y,

MZ™? + ZH (X, Y]Z" 7k

—~Q1$% el = 21X, Y]]

¢ = (01,07,03)

[ai, aj] = ZiEijkO'k

Qd* = 0,01y = ¢pg X (" X ¢%) = (d0 - ¢°) 5, Of = o % ¢°

uab E¢a'¢b,vab E(f)(a'lpb),WEd)lX(f)z'f-l-l/Jl -IIJZ




1 1
uhit = o R vl = o et

Sof = {x%"’ | a,b>0,(a+b)even}.

1 1+ xy
ZOf = _<Z xayb + Z (_1)a+bxayb) - o —.
2 Z a-x)(-»?)

a,b

x2(xp? + yy1) and y2* (xp? + yp1) where k = 0,1,2, -

Sip ={gxp* | g € Sor} U {gyP? | g € Sof}
U{x?(yp? +yp) 1 k=0,1,2,-- U {y?* (xp? + yyp) | k =1,2,3,}
x*y*n  x*y*n
7 =7 3 7 2 24,2
17 = Zopx*yn + Zogxy®n + T H g X0y
3 xyn(x? + y? + xy + x3y + xy3 — x3y3)
Bl 1-x2)1-y?)

Zyr = Zopx3y*n?

SU) _ 1+xy
= A=) - )

[1 4+ xyn(x? +y? + xy — x*y?) + x3y3n?]

1+xy
SU(4
ggra\g ) = (1 _ x2)(1 _yZ) [1 _x}’(xz + yz + xy - zxzyz)]

gSU(‘l-) (1 - xZJ’)(l - xyZ)P(x: J’)

(1 -x)A—y)(A - x*yH (A - 23y2)(1 — x2y3)

P(x,y) =1+xy+xy(x +y) —xy(x? +y2 + xy) + 2x3y3 — 2x3y3(x + y)
+xtyt(x + y) — x*y*(x? + y? + 3xy) + x°y>(x% + y? + 2xy)
—x%x°(x + ) +x7y7(x + y)

gSU(‘l-): (1 - q3)2
(1-¢>*(1—4q%
=1+3q%+2q*+4q” +2¢° + -

[1+43¢% +2q% +2q* + 49° + 3q¢° + 297 + 4q® + 2¢° + 2q™"]

o= q7x3 + q°Ots = 1) + 410 — x5 — x3) + 42 (e + 1)
+q" (o — X7 — x5 + x3) + 4" (6 — xa) + 0" Qt1r = Xo — X7 + X5)
+q"%s — X6 —xa — D+ 47 Qtas — x11 — Xo + X7 + X5 + x1)
+q"8 10— X8 — X6 + Xa + D+ 4 Oas — xa3 — Xa1 + Xo + X7 — X5 — x1)
+q*°(t12 = Xio = Xs T+ X6 + 1)+ @* Qa7 — X1s — Xas + X11 + Xo — X7 — X5 — X1)
+0(q*°)

n n
i n—a,,a — n-2a
Xn P x- Tyt = S
q a=0 a=0

¢(a . ¢b¢6) .f’¢(a .lpb X 1/)6)




Ogbc — ¢(a . ¢b¢c) f _%(l)(a ,lpb X 1pc)
QW x¥°) = 2(Qp® x O = 264 x YO -
Qb (¥ x ¥2)] = 2@ - g x WP - T = ~2(¢" x $2) - YOGP - ¢
B° X pa = —05(¢* x $)
1
Qp@- $7¢7 - £) = $@- $2¢9 - (g x ) = +3 Q[#@ - (¥ xp)]
1
Qe 799 £ - 9@ (WP xy9)| =0
Te(F¢@)Te(g¢9) + 3 Te(p @)

Tr(F 6@ 99) + S Tr(w P ¢0)

0‘11','{"12k+3 = u(a1a2 ooy Q2k-102k 0_;12k+1‘12k+z‘12k+3)
7,u

a1 A2k+s — . (aqa az-Azg+s)
= p\h142Q
7,ukv 7,uk

(¢a)2k+4¢bf @ (¢a)2k+2 (wb)3
(¢a)2k+1(¢b)zf @ (¢a)2k+3f2

Ay Q2k+3 — W0a1"'a2k+3
7,ukw 7,uk

Y@ PP x Y, 9@ gty - f,9@ yPPO - f = v - £, pP PO - Py, - pT X 2.
Q- f)=—yp* ¢! x ¢?

05 = (@ o) f — 2@yt x o

1
b
WY = e xy),

0“1"'azk+5 = u(alaz oo Q2k+102k+2 0a2k+3a2k+4a2k+5)
9yk+1 9

QAqA2k+s AqQ2k+5
0t 245 — 0 =0
g uktl 7 ukv

u(a1a20;13a4a5) — v(alazogs%as) = %(p(al PP - ) X %) _%d)(al L pAah®s - )% X 1y%s)

1

VPP = epp @ P x




abc — ,,(a ,bc)d

0a1~~a2k+3 = u(alaz ...uazk—laZk0a2k+1a2k+2a2k+3)
11,uk 11

¢ @PpC-Vf - £, $PpC - D - f
- BF Y x YD, @ YO - G x YD, - fHP - ° x D

Pl PP e x PP =29 YPf - 9 x PV — @ fPP S x YD =0
073 = (@ 9P fD - f — - fp ¢ x ¥

g B (1= x*y)(1 = xy*)Pc(x,y)
R DD CETSDCEESD!

Peo,)=14+¢*+ @1 —q* %2+ ®x1+29° —q"x1 + ¥ 2 + 2) — q°x3 — q*°

+3qM 01— q 2 a +2) + qB3 O+ 1) + ¢ (—xa + 202 + 1) — ¢ (xs + 3x1)
+q'°Cx + D)+ q" (—xs + x3) = 24" + 4 (s + 2x1) —4*° (e + xa + 1
42U+ X2+ D = a2 s+ x3) + 24 +a (s + 1) + 4% (—xa —x2 + 1)
¢ 1+ a2+ 1) - ¥+ ¢t
Tot” = Taravor, =42 = q%xa — @26 + 4V (x5 + x1) + '8
—q (s + x1) + 4% — @*' i + q% (s + x2)
+q23 s+ x1) — ¢ e + X2 + 1) + g%
+q%(—xs = X6 — X2 + D+ a7 (7 + x3 — x1)
38U+ X2+ D+ 0 (o — 7 — X3 — x1) + *°12
+0(q*h)

Wh= (X @2 [+t )
08 = [ - $laf - Py - D — £ playP e x ¢
WO @ S
1
Ors =5 (B U X Y)Wty X 8 + (F - 6% X B(F - #*) Wy - 6 X 60
9D (a6 X $) W - o) + 207 - 9 (e W)Wy - 6 X 6)
W2 P9 xp?) or (2 - 92)(f -9 x p)
P= M~/ 1pe
1
Wira = 2MY* (Yo + - [0 3))
1

fin= =2 (f — 37 ¥ss)

0 _ i 9
s T a@ps)t

Q=72

l
Ox = M75(0© + MOD + ... + YmO™)




QA = QoA+ MQ1A

ol 2 l
UV [0(1)] — TIR [0 ] UV [Ml_k_Z] — rIR [OIR] + §(l — k- Z)

ansz _ (a; | an+2) M_nT-i-Z Ay Gnys
Uipn rgpt u ,

MMty = Tr¢(m1 ¢mn+2)

aq Ay (a1 An+1,7,An+2) _ b3(a,,a,a
Vppn 2 = Trgyt - pyatiapyt® = 2M” Teb3(a1 n+2)

MMk My = Tr(,‘b(ml ¢mk)¢mk+1 - (tI'aCCS ),

1
Wigo =Tr (fIR(»b;le)IRa + Z¢?R¢IRa>
Tr((¢p@)Y3¥3) + —75 Tr(f (dP) — [¢% Yalp3) — 2M2Tr(11,)

M3/2 M1 /2

(@) = —[X,Y] = MZ — Q5

QTr(fp3) — 2MY2Tr(Zf + P1h,).

WIR,O 3M3/2 QTr(lp3)3 M1/2

=T (7 4 ey, )

n+1

P pmar) f 4 %ll’m Z pm ... PMH-1eMKIMPY) It .. pMned) |
k=1

wmiMnt1 = Tr

m3 6§n 1 m .3 1 b
u = 1+7 MQ'Ug » Ugq =—M6abQW .

i - . - . -

iz = E(:bIaR “0,Y1ra = Wipa * 0, flr = —ifir - 0
i R i R i R
¢m=§(f)m-0',1/)m=§1/)m-0',f=§f'0'

1
__Emnp¢n X ¢p + M6m,3¢3' Qf = _¢m XY,

QY = 2

QWira = rra X (Pir X O1R), Qf = =ik X Yira

Pq X P3 Y3 X3

) fim = £+ 2

¢;1R = M_1/4¢arll)IRa = M4 <¢a -

M3/ 08P = 9@ - P (¢ - f + 99 - P3) + ¢ - h3gp® - Y —%fl)(“ PP x o)

ot 1
Ut =T QT vt = T Yy == PPy, W= PT f + SeTY - Yy




M3/40-?bc — u(abwc) 4 v(a 3vbc) _ %d)(a . l/)b X l/)c).

MA0gHe= §@ (99 - [+ ) g p@ PP x O

= plaby,0 _ %l[)(a . l[)b X 1pc)

1
MOt =(f - ¢)(f - ¢")(¢° - 9P) —E(cb(“ Y3 X h3)(7 - ¢ x YD)

+2(f - @) (9" - d )WY - ¥3) +2(f - ) (9" - ¥3) (¢ -y )
_M¢(a .f¢b Y€ x l/,d)
=u(abwcwd) _ ZW(avvad) 3 — M¢(a . fd)b . l/}c X 1/)d)

M
Ml/Zo{li)Cd — W(aWb'UCd) _ ?f . ¢(a¢b . l,bc X lpd)
O16 = M_Zotzs + M_10t26 + 0t24 + M0t22

(Qo + MQ,)016= M2Q(0,25 + M~1(Q10,25 + Q0,26)
+(Q10,26 + Qg0,24) + M(Q1024 + Qy022) + M?Q, 0,422 = 0

016 — M™2Q0,2s = M~ (0,26 — Q10,28) + 024 + MO,22
Or26 — Q1ét28 = QOOtZG
016 — M™2Q0,28 — M~ 1Q0,26 = (0424 — Q1 0,26) + MO, 22
016 = M72Q020 = M71Q026 — Q024 = M(022 — Q1 0,24)

(Otzz - QlO~t24) = Qoétzz
2m+1

1
Wi = Tr (f(¢¢)2m+2 7 ) (¢¢)2m+1-k¢“(¢¢)kwa>
k=0

2m
1
Wom = Tr <f(¢¢)2’"“ 7). (¢¢)2m-k¢“<¢¢)k¢a) (m > 0)
k=0

. 2m+2

TrF@H™ ) = =i(5) @1 X Dy (B X Bty fomss (00 Oty i)

.2 . .
@) = 920" = (5) @@");[00.0] = =5 @@ 0 =5 (@' x ¢7) - G

OGy " Tig) = 6(i1iz 6i2k—1i2k)

OG; " Oigpyr) = 6(1'11'2 6i2k—1i2kai2k+1)

Tr(f (¢)*™*?)

. 2m+2

=1 (E) (¢1 X ¢2)i1 (¢1 X ¢2)i2m+2fi2m+35(i1i2 5i2k—1i2k+z)Tr(o-i2k+3)




Tr(¢pp)>™ =P (d) Y,

£ 2 1
i m+

— 1 2 1 2
=(5) @ X0y @ X 6Dty Ve Vi
X Tr(a(i1 " Oiymi1-k9 (omaz| Olizmyr—ks1 Gizm+1)6|izm+3))

" Ohymi1-k9 (2m2 | Oligmer—ks1 " 0i2m+1)0|i2m+3)

)

Tr(a(i L
Tr((S(iliz cee 6

izm-kizm+1-k l 0(i2m+2|6|i2m+2—ki2m+3—k

izm—1i2m0i2m+1)o-|i2m+3) ( k Odd)

{Tr(a(iﬂz 6i2m—1—ki2m—kai2m+1—k|G(i2m+2|6|i2m+2—ki2m+3—k 6i2m52m+1)0-|i2m+3)

m-—1
1 1
Wom = Tr <f(¢¢)2m+1 +5 T @M RYASE) g + 4 (¢¢)mwa(¢¢)mwa>,

k=0
Tr(f (p¢p)*™+h)
- 2m+1
=—i (5) (@' X d2)i, =+ (D" X 0Dt Fioma TH(8 ity Otyrnizmes))
. 2m+1

==2(3) @ xeHmetx gl f

1
S Tr((@®)™ 9 (99) %)

Lo2m

1
- 2 (%) (¢1 X ¢2)i1 (¢1 X ¢2)i2m¢?2m+1lpa'i2m+2 Tr(6(i1i2 6i2m—1i2m)6(i2m+1i2m+2))
- o2m
=(3) @' xoM ey,

1

S TR ™ P (B)

_ l(i)zm (¢1 X ¢2)2m—2(¢1 X ¢2) wq (¢1 X ¢2) ll] .

2\2 . lLom—k 7' lam+1 Lom—k+1 7 Glam42
X TI'(O'(iZm_kl (lzmﬂlalizm—k+1)a|i2m+2)
Lo2m
=(5) @ xR X §7 Y@ X ¢ ) — (B X HDY - ]
Tr(0;0j001) = 2(8:j6k — 8ubju + 8ubjic)
1
ZTF((¢¢)m¢a(¢¢)m¢a)
£o2m
[ e
17/i 2m
E(%) (¢1 X ¢2)2m—2(2(¢1 X ¢2 . ¢a)(¢1 X ¢2 ,lpa) _ (¢1 X ¢2)2¢a . 'l’a) (even m)
i 2m
Wom = (E) (¢1 X ¢2)2m—2

x [0 x 992 (91 x 92 f =30 i) + (61 x 97 Y@ X 62y

Qo = o X (@' X $2),Qf =1y x ¢*




A-(BXC)=B-(CxA)=C-(AXB)
Q% Pa) = %+ (¢a X (9" X $?)) = =2(¢" X $?)?,
Q@ ) =0% Pp X " = €Yy, - ¢ x P = —p' x p? - Y

1
m= 0wy =w =gl x ¢ f o1l
016 = M_ZOtzs + M_10t26 + 0424 + MOy22
1
022 = 5(1/)(1 : ll)b X lpc)(l/}a “Yp X bc)
(f - D (Wa - ¢° X ¢p) W° - P0)
2(f - ¥ (b ¥°) Wy - 9 X @)
2
-3 @ ¥3) (9" - Y)W - Y1 X @)
2 b
+3 W ¥3)(¢” - ) W - Y X Y0

—2(f - ¢ (Yo - " X $p) W° - P X P3)
=2(f Y (pa - d” X Y3) Wy - ¢€ X Pc)
—2(f - ¢* X P3)(¢a - Y°) Wy - ¢€ X Pc)

(f - ¢* X I(f - d") Wy - &° X &)

1
—§(¢>“ YP)(@ Y3 X P3) (W - P X Yo)
1
-3 (W& " xP)(da - $)(Pc - Y3 X P3)
1
5 W3 X3 ¢ (Wa - ¢ X dp)W° - Ye)
W3 X Y3 ) (da - ") W - 9 X ¢0)
=2(f -+ ) (ba - ") (D - Y)W - Y
—4(f Y (Pa ") (@5 - 9V (P - P3)
2
—§(¢“ Y)W ) W3 Y (@5 - b
2
—§(¢“ Y)W ) Wa - D) (@p - 3)

2
—3 (0 ") W - W3) W - P (@ 3)




—2(hs X P35 - ¢ (Yo ¢° - dp)WP° - P X P3)
4(f - N (Ba - 9°)(Pp - Y)W - P X P3)
2(f - 9D (Wa - 9" X d)(@° - Y3) (¢ - ¥3)
4(f ) (ba - X ¥3) (5 - 9V (Pc - P3)
4(f - ¢ X 3)(da - ¥°) (@5 - 9V (Pc - ¥3)
=2(f - ¢ x p)(f - 9") (@ - ) (P - ¥3)

7
§(¢“ Y)W Y1) (Pa - b (@ - Y3 X P3)
2

—3 (- ¢2) (@ Y3 x Y3) (W3 - Ya) (5 " b
2
3 (- 92) (@ Y3 X ¥3)(Pa - Y1) (e - ¥3)

2
—§(¢“ P X P3) W3 Y (P - B W3 X Pp)
~Ws x P390 (da - ) (b - Y)W - Yo

Q-yq < Fyand Q_Fyy < DygA”
€ Fy = g oW + T (WPYS), DaeA® = [D% gpathl]

_ 0K 9%K a ad
Yab = Fpaa5b — €ac 900" and I, = g*“0p9.ca

%K

b — bk
(gbalpa)j a(CT)a);'-a(CDb);C (lpa)l

H=Hp® 1, + (8101 ® 0y + Ay03 ® 03)




5= [t (ihy*oup + 67 0ef + Ao — £O) — M, (' + E')

=i f d*xP ¥ + f d*x POy — f d*xPBY

r* L*
ds* = 73 b dx® dx? + 3 dr#

L4-
ds* = = (Map dx® dx? + dr?),

=53 f d*4x./—g(R — 2A + -++)

d(d+1)
212

1
Lgy === (R —-2A
EH ZKZ( )

b 2K2 f dd+4x\/ (R - ZA) + Smatter
f D{Eq (%), Ea()}aeile ™ ICEaet] = Zo0r |{j, = 2550, > 0)}__ ]

Zarrl1J°) = (exp 1| de d®xG 09630 + @009 @ x0)])

QFT

eisb[{EZ"l}aez] = Zorr [{]a = ufzo(ll) (r- O)}ael]

(0,(ty,x1) + Op(tn, xn))QFTz f D0, (t,X)]041(t1,X1) - Oy (£, X, ) @15QFT

8" Zorra}aeil
5]1 (tlr Xl) 5]n (tnr Xn)

(G

= ("

{Ua=0}aer

(61(t1»X1) én(tn. Xn))QFT sEsol

SO CRIVEEAICE ] I




dtd%x
(27T)d+1

5, [{-—sol}ae]
(O ( k)>QFT 6:30(11)( w'_;()

0,(w,K) = elwt=ikxdg (¢,x)

{foo(ll)_o}acel
ﬁQFT — H\éFT = ﬁQFT +f dt ddX]a(t,X)éa(t,X)

8(0p (t, %)) QFT f dt'dx'GE (t' — t,x’ —x)],(t',x")

GR,(t' —t,x" —x) = —i0(t' — t){[0p(t,x), 6a(t’,x’)])QFT

525 [{-—sol}aa]

=GR (w,k
250 (@0, K)BE, (—, k) ab (1)

() g
Sp = f d4x\/—_g[2—'1€2 (R + %) ~Tr (D ®) (D, ®)) — m?Tr(®T )
- % (Tr(cpfcp))2 - %Tr(GﬂvG“")]

Gy = 0,B, — 0,B, +iq|B,, B, ]

D,® =V,® +iq[o;B,, P|

1 3
R/,LV _ERg/w _ﬁguv = (TB +Tv)
(DD* —m*)d = %Tr(CDTCD)CD

D,6* = iq([ot, DV 0] - [01,Dv0]")
75 =Tr(G¥Gya) — % 9w Tr(GopGF)
18 = 2Tr[ (D) (0, ®)] - g0 {Tr[(Dacb)*(D“cb)] + m2Tr(od) + % [Tr(cb‘rcb)]z}

®=d(r) = ¢p(r)o3,B=B(r)=B(r)odx

14 dr* 1
ds* = T—4(—f(r)N(r)4 de* + + h(r)* dx* + dy4).

f() h(r)?




d(r - 0) =risA, + ¢(s)‘r3_A¢ + -
B(r - 0) =A; +Br + -
fr->0) =14+ far3+--
h(r->0) =1+ -+ hgr3+-
N(r—>0) =144 Ngr3+--

Ay(Dgy — 3) = m?L?

o(r->my) =ag+a (= 1) +a( — 1) +az(ry —1)° + -
b(r > 1,) =by+by(ry, — 1) + by (1, —7)? + b3(1, — 7)3 +
fr-m) =filh—=1)+ o0, =)+ f3(, — 1) +
h(r-1,) =hg+h(ry—1)+hy(r, —1)%2 + hy(r, —7)3 +
N(r > 1) =Nyg+ Ny(r, — 1) + Np(r, + )% + N3(13, — 7)3 +

2
(472B(r)?> = 2)p(r) —r [‘r%E + f(r) <r ((ii (f - 2%)] =0

- , dB df d?B
QUG (dr )5 )

eo:=——=0y€1: =10y, €: =10y, e3: =1/ f(1)0;

0.
- \/f(r)
Sy = if d*x(PDY — g, POW)
Dy = 1335 ® (Vulaxa) + Loxz @ T, + (iq7Bj0j) @ Laxa

1
I, ——wa_u[y vE]

0 _ [0 ioy ylz[o 01 Z_[0 03 3 _ [~Iax2 O]

io, 0 o 0" o 0]’ T O Iy

yH =egy?
Uy =29""1axs
® - gy ®)¥ =0
e =132 f ()T,
{x(t,x, 1) = e 0HkXg, (o, K, 1)

dg, i gy (M)

—+ Ui_= 3
dr — Jf() ‘ rJf (T) v
di _ i U{ _ 9y ¢(T) y3(_

ar fH T JfD




U(r; w, ky ky) =

w

k ky ——
Y JF@
w
ky + ﬁ —ky qrB(r)
0 qrB(r) ky
4,B() [ —
4 NI

IR = @ =) /AT R
ﬁl}z) =—i(13x2 ® Uz)(}rl}l)
d{‘(’z) (w,K) = S(w,K; A1:A2)(}r},‘(lz) (w,K)
TP = M35y
(ll?(l) = =124, ® 02)(-15(1)

S=iM_(13x, ® Uz)Mll

qrB(r)

o

wo(ky, 0) = —ia + (f — iy)kF + -+, wo(0,ky) = —ia T vrky + -,

0.7
-Im(wo)0.6
0.5




1
n= —Zg_%lm(ny,xy(w,k =0)),

1 _mZLZ (mZLZ)ZKZ
Po(r) = T T:fo(”') =1 +W'N0(T) = Ny, ho(r) = ho, Bo(r) =0

¢(r) = o) +6¢(r), f(r) = fo(r) + 6f(r), N(r) = No(r) + 6N (1),
h(r) = ho(r) + Sh(r), B(r) = By (r) + 8B(r).

- KZ(mZLZ)Z . r? KZ(mZLZ)Z .
m-L 5¢(T) —T<1+W>6(f) (T) +?(1 +W>6¢ (T') =0

8m2L2q2 5 (mZLZ)ZK.Z .
8B + 72 (14— 6B"(r) =0
m212?

M?1? =
1+ k2(m?1?)? /3122

_ A(_s) A(s) ) _ 3 1 24‘L2 (msz)
0P(r) = bor™ + i, A =547 973001 e

. 9612 (m213?)
3121 + (m?12)2%K?’

@ @ 1 1
5 = Byt + by a0 = 1]




3 (mzLZ)ZK'Z

f@r) =1 tE
N@) =N, +
h(r) = hg +

1 [—m?2L?
() =7 /

@
B(r) —BorAg + -,

2®

+ por

h,N = 1 and B = A, " A,

B (s)
AZ

Ay
B(r - 0)=A;+Byr+- -|—>B(r—>0)— r+ -

P(r = 0) = Ayr + Ppoyr? + - v—>¢(r—>0)—r+¢A(s) e
2

bo(r) =0, fo(r) = 1,ho(r) = ho, No(r) = Ny, Bo(r) = By

2i?(hg — 2Bor) ¢y, —BeT
rle

f(T')=1+ ho -|-...
ho
k2hy(8B2r? + 4Byhor + h3)p? _4Bor
h(T‘) =h0— 0( 0 20 0 0)¢1e hO +
16BZ
k2N, (32B2r3 — 8B2h,r? + 4Byh’r + h3 4BOT
N(@) =N, + (328, 00 ohor + ho) -t
16B2h,
_4Bgr
¢(r) = dore ho +-
2 4Byr
0¢ °
B =B NI
() o+ ZBO
B(s)
1
A
(> 0) = o7+ oyr? 1= p(r = 0) = =7 +¢A(? rZ 4
1

B+
By ~

A (A
5 (@),
¢ = (1/L)-m?12 /2 =2

-a

s
Novfoc

(¢0,c fo.er Boer @) = (0.455,0.919,0.698, —0.309)

, N =N, B = Bo, —1-a
o(r) = Nor%, By (1) =

bo(r) = boc fo(r) = foe ho(r) = N0

1+a
(r,t,x,y) » (/11 ar, At, Al-ax, Ay)




eiSb[{EaOI}aeI] =27 [{]a = _‘a (l) (r- 0)} EI]
2[0dect] = Zo (ex0 [ | v d'ie @08 0))
dSE = gee dt* + 67% gy dx/ dx* + % dr*

gee = SFEONE?, g7 = SF(). gxx = h(r)? and gy, = 1/h(r)?

gtt(r = rh) = grr(r = rh) =0

dg 1d%*g
Gur(r) = —— (r—mo) + ;t (r—re)? +
dr r=To dr r=r,
0
dg™ 1d%g™
rr = — —19)?
97" () dr ey (r—m) +=; 1 dr? . (r—m)° +
=0
d dr* . .
dss = % (r = ro)dT" + + 8% g (r)dx) dxck + -
T=To dr (r—mo)
=79y
d d
et ’ Grr +1
dT T=Th dr T=Tp
N ey o/ ’ |r =1
1(dg"™ dgee
dst == 4dr* +do* + -
4( dr ly—p, dr praeHdpt
=79y
cZ.— 1(dg"™ dgee
Th' 4\ dr r=r, dr rery

dsg = p* do* + dp* + -

dgTT’
T=Th dT‘

2_”_4 / dgtt
Crh dT

Tr=Tp




Amlz 't

g(T1X1, ey Tan): = (01 (Tlrxl) én (Tnvxn))v
GR(iwy, K) = —G(w,, K), w,, = 2nn, (n = 0,1,2,...)

(’T‘élb)QFT = (e + P)u*u® + Pn9b,

~ab = [1%c11Pd 0 0 — E 0 - d -

<f-ab >QFT = nabcd a (Cud)

0 ub » Vul = d,ul + rluc

0 0 0
1 (dh,, dh dhy,
. 0 Phy(t) =51 (— - ﬂ) Phyy(t) +1
(Tap (X)) grr = 2 dfjh dt de W .
1 (dh
p xy p _ 2 xx vy
0 hy (8 +11 dt hyy (6) 21 ( at T de
5<Tab>QFT = (fab)QFT
0 0
. 0 (P+i0)) he(@) = i 2 by (@) (P + iwn)hy (@)
5(Tab(w,k = 0))QFT = 2/ XX 2y xy + O[w?]
. o o
0 (P + iwn)hyy (@) (P +iw E) Ry (©) = 105 M ()

8(Tap (—0, —K)) . = Galp ca (@, KR (—w, —K)

QFT

GRoxx(wk=0)=P+ iwg+ Olw?],GE yy(w,k=0) = —iwg + 0[w?]

Gyyyy(w, k=0) =P+ iwg + 0[w?], G xy (0, k = 0) = P —iwn + O[w?]




sfen = f _dx/=g [2—; (R + L%) = Tr (D)1 (D,®)) — m?Tr(®T @) - % (Tr(dDTCD))Z

1 1
- ZTr(GIWG’”)] +53 Jr . d?x dt\/—y(4 + R[y] + 2K) + L . d?x deTr(dTd)

1
5SSt = mf dt dx —yn”(V"é‘gW — g"pvué‘gap) - f dt d4x —yn“Tr[(DMCID)é‘CI)Jr +
r=¢&
(D”QD)TSCD] + J dt d4x,/=yn, Tr(G*'5B,) + 65,
r=¢
8¢p;(r = & w,K) =rép; (0, K) + 8¢ (0, K)r? + - (j = 1,2,3)
6B#J-(T =& w, k) = b#,j,(l)(w, k) + bu,j,(s)(w, k)T + .- (] = 1,2,3)

1
Shy(r =& w,K) = = [P,y (@, K) + -+ + 73y, 5 (@, K) + -+ |

213 (2h880 + hay + hyy, @) = 6ha (haxy = hyy, )
4K?

—f dw ddk(ZB(S)Sblll (0), k) - 2¢($)6(p3,(1) ((,(), k)

+05(@, 1K) (8t 1y (@, K) + Shye 1 (0, K) + 8, by, 1y (0, k)))

65{)',641'1, on-shell — f da) ddk

<6B)QFT = ZB(S)’<6¢>QFT = _2¢(S)

0 0 0 0
dwdk .. . |0 0 hyy(w, K1) 0
— _ — k- Xy ]

09wy = M (bX7) = (2m)a+1 e 0 hyy(wKkr) 0 0
0 0 0 0

0

dod?k _, 0

— _ — k-
53” = bﬂ(t,X, r) = (27‘[)d+1e iw+ikx by,Z(wlOkl r)oy
0
(on-shell)

N 1 1
(Tab(x))QFT = 2_;@321% [y {yabl( — K + Eyab [4+R[y] + z;czTr(cpfcb)]}

N 3 1
(Tey (—o, —k))QFT = 4¢ (s hxy,y (0, K) — Z_Kthy,(s) (w, k) — 2—K2f 3hyy, (@ K) + -

i Im thy,(s) (—w,—K)
2K 5hxy,(l) (—(1), —k)

Im(G,’fy,xy (wK)) =—

3 1 (thy’(s) (—(1), k= 0))

= — lim —I
T= 0200w "\ Ohyy ) (—w, k = 0)

hay (@) = (1 — )"0 (r)

8(Tey(—w,-K)) = GE, (0, K)hyy(—w,—K)

QFT




Sp=1i J d*x,[—gP (D — gy P)¥

85 =i J d*xy=g [(6P)® — gy®)¥ + (B — gy D)P(6¥)] + f

dt d*x,/—yn, Py*(6¥)
r=g¢
1 3
1 s 2 (Laxa £y
Wy = 14xa ®§(14x4 Ty |¥= 1

_ ‘/)1,i]
2 (14xa £ V§)1/)2

I L

sspn=shell = f dt d*x =y [P, (W) — W_(6W,)]
r=¢

ny = (O’O'O'r,/;(r')>, while y3 = T—{(r)ﬁ so that n,y# = y°, and Wyy® = £¥,.

SFen = if d*x,/—g¥P (D — gy P)¥ — if dt d*x,/—yP,¥_
r=&

penon-shell _ _ f dt d*x /=7 [¥_(6W,) — (6F,)V._]

[¥1] (07 (1]

Y2 0 Y,
Y3 Y3 0 Y3 /2
_|¥a | ¥a _10 | Y2
Y= e =Y, = 0 W = s =P, = by Y= ¢5]
Ye 0 Ye Yg Ye

Yy Yy 0

(g g -0 -

_[¥3 _ ¥~ _ ¥ _[¥s
T TR R
agg=i[y“,y9]

ifo, O [ [—o 0 16, 0
UE_E[OS 03] ng:i 01 _01]'0225 02 02]

ai= 132 ()T




y
d¢,  |kxt+tw  —ky qrlq 0 3
? +1i 0 QfAl ky ky—w (- =—gyBy°0s
qul 0 kx +w —ky
ky kx —w 0 qul
di_  |kx+tw -k, qrlq 0

— — 3
dr t 0 qul ky kx —w Z+ gYAZV (—

qrlq 0 ky+w -k,

VAQ)

r3

gspmomshell = f dt d*xy/=y[$_(6,) — (6P, )p_] = f dt d*x (6P - =P (69,)]

r=¢ r=¢&

4 1 341,/
=f aeo'x | i;)nd)kf d(a;:)sk e (@) HURIX(ST, (k1) (' K, 1) = (@', K, 1) (60, (0, K 1))]

[(63: (w0, k1) (—w, k1) = {_(—w, —K, 1) (6, (0, K, 7))]

~ f dod*k
e (2m)3

(0y (=0, K)o = S (@, K) = S0,k A1, 85)

1 € 1
(V-free) _ E 5(N) 5 n_ 5 p 5(N) 5
Leff - {_Z uv AL + EZ;W BHY + EMTZ"ZIL Z'(n)“}
n

_lg E"“’—EW3W3”V
4 W 4

Viv © 0,V = 0y

2= 09,20 — 8,2, B, = 9,B, — 9,8, W3: = ,W;? — 9, W3

1\ ysm
€n = €afp fri= fv(n) (Ysm) = V2cos [(n - E)T
€4:= €sp/VTR,
1
MTL: = (Zn - 1)mKK, (n = 1,2,3, ), mKK: = ﬁ
= €n 51(n)
B, =B, + 2 C_Z”
w
n
s(M) _ (M)
Zu - Zu




eff

(V-free )
L eff

L(V free) Z n)Z,(n)ﬂv _ lz Zﬂ _ lA Auv +— Z MZZ’(n)Zl(n)ﬂ
4 4

n
1 1 )
+§m%.OZuZ” +mE oty Z €nZ,Z'WH + Emﬁlotﬁ, Z enen,Zl'l(n)Z (")
A[LV: = auAv - avAw tW = SW/CW

m%,oi = (91 + &72)172/2

7 _ ) Lﬁoz + 0(€?)
K K WMrZz mzo "

7 —7 Enmg,o Zl(n) O(e2
W= Zuttw ) s L+ (e7)
- n—Mzo

IN yowpomw _ L1, o 1, Lo
Z Z Z - ZZuvZ - _A[lVA + EmZ:OZﬂZ

4

1 /
+3 ) MAZ 7% +0(ed)

2
R Exm
B, =swZ,+ cwh, +Z [ + syt WMZ"—Z'OZ]Z‘;(YL)+0(6%)

Z,O
€ mZO
W2 =cwZ, — swh, + CWtWZ n—zzp’t(n) +0(en)
Z,O
2
_ E,m
Zl(n) _ Zl(n) — Z’(n) —t n—ZOZ + 0(e
R e R




Leff,int = Z {l_%i}/ua#lg + glsz_gy#lngu + el—lgy#lg/‘u

a=e,u,t
2 2

_ € €EnM5 0 , _ , €nM5

iyt o, z [_" + Swiw Zn 2 ]Zu(n) Ik +1kv"9'Qa Z fn [Zu(n) —tw zn 2 Zu] lg
— [cw Mz —mz, — My —mz,

+PR YD, Ve + [Eiyha,le + % (RIS + ToyHvaw)

—a u 1 Enm%,o €n | ()
+vivH 5| (Geew + g1sw)Z, + G2ew + G1swtw —5 5+ 91— | Z,

’ 1(n) Enm%,() a
+g Qa fn Zy —tw M2 — mz Zu VL
n Z,0

n

(—ga2cw + g15Sw)Z +Z (—ga2cw + g1sw)t
24w 1°W)4u s 24w 1°W WM%—m%,o 1CW

_ 1
+IfyH {eAH + >

Enm%,o + E_n Zr(n)]
u

A(Py) A(lj:) A(Py)

Y

u) +AP) - u@") +A(Pr) +Z' (k)

€, Mm%
+g’Qa Z fn <Z’(n) — twﬁz‘l)} lf} + 0(6721)
0

n
n Z,

u(p) + A(P) — p(p") + A(Pr) + Z' (k),

ZI




fmax t — tmin
XZ/:=f dtt—sz(t)
t

min

2

2
m._
_ A _ 2
tmin = (ZE()) ’ tmax = My

a2t \*[ 1 5
d

4

t 2
a’?t \° L+ 4m3 (#p B 1)
1+ a’2t>

(1+m)

G2 (t) = Gpe1(t) + G in(t)

GZ,in ) = <

tmin = 1GeV?

ol S iy, (13175 s (1)
= Z[ m —_ —_—
X

ZI

dx 4 3
. .7
min EO ) max EO
g'*Q¢ 2mf 4mf
[(Z' -1)= 1+—) [1——=,
( - —) 121 mz! m%: mZ/
1202
, .90y,
[(Z" - vav,) = ag 2

6, = sin~! (sechn),x = Y




(n) (n)
zZ Z,
f 7 p K
» > > > > >
/7
Y
WA= pA(Z'™) - pAffifisa Uy,
1 dofy

E2x dxdcos 0 5m)
:0!2)( 2/ By
TM2u*
x (€)M [2MA (1 — )2 — 4mPux(1 - x) + 4mix?(1 - x)
+u?(2 + x(x — 2)) + 2MA(1 — x)(—ux + m2(2 + x(x — 2)))]
+ (Clgn))z [2M5(1 — x)? + 2mZu®x? + MZ(8mZux(1 — x) — 8mpx?(1 — x) + u?(2 + x(x — 2)))
+2Mp (1 — x)(—ux + m2(—4 + x(x + 4)))]}

zm 2
dos 3 _ a“x ypmPymx

dx  3gMZ(MZ(1 - x) + mﬁxz)2

X {(CIS"))Z MA[max?(x(3x — 4) + 4) — 2MA(x — 1) (x(x — 3) + 3)]

+ (cj”‘))2 [6mix* — 2ME (x — 1)(x(x — 3) + 3) + mEM2x? (x — 4)(3x — 4)]}

13 € €,m
Clgn) = [2 91—n+ (3915W 2wt I\/Inn—rznozo] + n9'Qu

1 €,m2
n ._ n nMz0
Cy = Py [91 a + (915w + g2cw)tw Mz—mzo]

4m 2 2
COREN (S (n) (n) l (m (n) (m (m
r (ZH ’ Wz [ c + Cq tuz (6c Car’ — Ci” — Cap )]

(4 - ve7) = g (620)°




2
€n €,M5
c —g1< + Sty —g—a— )"‘f 9'Q
kL w Mz — m%,o "
enm%O

C (n)
M mZ'0

[( 26w + g15w)tw + 91 W] + f29'Q

2
€nMzo

m
C — - &
M7 — m%,o

€

lve =3 [(gzcw + g15w)tw + 01 C_n] + fng' Qu,
w

u~A(Pb) » u~A(Pb)Z',Z' - invisible,

! = I -
Z' s vy, and Z' - vy,

, —
Z' = v,

V= Z Vo Vg

a=e,u,t

_ Nmotnpp f Fromax f *max dof, _
N, — dE, d Br(Z' N '
dark energy — ( ’ / dy) 0 X dx I'( - VV) (mZ )

E ;i min Xmin

(dE,/dy) = 12.7 x 1073GeV/cm

Eu,min = Ly, beam — LT<dE/,t/dy>' Eu,max = Eu, beam
MKKmax z'(n) 7!()
_ Numor7ep. E“'ma" Hihax 02—>3 ,
Ndark energy — dE /dy Z fE J—Z,(n) Br (Z m VV)N(Mn)
u,min
(n) I(n)
Xhin = Mn/Eg and Xl = 1—my,/Eq

U A(W) - u~A(W)Z',Z" - invisible,

Nyorhw [ Fremax *max  dgZ,
Nt oy = aQTW f dE, f dx —222 Br(Z" - w)a(x, my)
e (dEﬂ/dy> Ey min Xmin dx
MKKmax z(m) (n)
NMOT"W hmax | *max  dgZ,,
N3P = Z f f dx Br(Z'™ - yv)a(x, M
dark matter — /dy E i xrzn,i(]:l) dx ( ) ( n)

U A(Au) - uAAWZ',Z' - uut

d ZZ 12 —_
Ndarkparticle = Llf d]/dT] d d77 BI'(Z - #+# )Edet?([minr [max)

do  my hnsin do

dydn ~ E, sechpsin dxdcos 6
=t/ Y

P(¢) = , with £,1=—




[max
P Lonims )’ = j deP(t)

“min
MKKmax )
5D o33 ") )
Nwhite particle = LI Z d)’dﬂ d d BI‘(Z - ﬂ u )ed t:P (fmln: max)
n=1 yen
)4
{ (n): =
Z FZI(n)
Xmax L. dO'Z_,)
Nhyperparticle = N#f dxp_z dz 3 Br(Z’ N #‘*'#—) X (eLtar/{’Z’ — 1)3_(Ltar+Lsh)/€Z’(1 — e_Ldec/fz’),
Xmin mr X
NKKmax z(n)
max p‘g 1(n) d0-2_>3
Ngsr]a:l)vlty _N z f l(n) dx ax o (Z’(n) —>[i U )

X (eLtar//f n) _ 1) _(Ltar"’Lsh)/fZl(n)(l _ e_Ldec/{)Zl(n))

aZXp — af;M = 38(63) x 10711, consistent within ~ 0.6¢
2 2.2
€ €sm
2 2 2 02 n 2 2 2 n'"*z,0
mzo = mzo |1 —tymzy Z 5 — My — My [1 +tiy 3 2 ]
[ - Mn - mZ'O Mn - mZ,O
€, Mm%
n= —ln tan ]sff zn 49
M - mZ 0

.I.

y = diag(1y, ply ..., p¥"11y) with p = e?™/X
v(4,2)y ™ = (A4, 2),y (X, V)y ™ = p(X, V),

1 Y
—Try*Z*(x)

1
0
0 = —Trzt(x),08% (x) = =

VK

—(as)
(0E @000, @) e L

—_ — — N — 712k |y — 7|22’
Joddodyoa,y V=

p=k+tas=a,+a,and g = [g3yN/4m

C}E‘?paz az) _ C}E%) C{S“Z) CIE%)

det(1 — s, K,
lea) \/1+£6 In < ( a L+1)>

det(1 —s,K;_1) )’

(KL—l)mn

@ dt
= —8f TXg(t)]2m+L(t)]2n+L(t)
0

J@m+L)2n+1L)
xg(0) = e'/29/(et/29 — 1)2




g =1+0(g%),c0) = cP(g) = 1.

(@ _ det(1 — s, K;)
L \/det(l — SoK;_1)det(1 — s, K;41)
Oy (2)

¢ N 4 0
: N 4R
0 (@) - —

( BRpridge)= det(1 — sq Ky )det(1 — s4,K,)
( I7Y\bridge) = det(l ~ Sag Kp)

B@ =1 +Z 1 Z f Qi 150, (w0) | @
n!

n=1 k=1 ag=1

0 (y) p

3

IBB;UO = uak(uk)T(“) 1_[ Hg, a](ul,u])
k=1 i<j

x+1/x =u/g.x, = x(uy)
—2gto 2g, and x,[cia] = x(uy £ia/2)
xF @y = 1/xF4 @) and x4 W) = x4 (w)

eipa = x[+a]/x[_a]’eEa = x[+a]x[_a]

_ 1 1 y
Ha = gn xlea] — 1 /xleal e

€=+
x}e =« xl+al _ yl-al
Hap (ui,uy) = [€al 1861 _ I'Ha = [Falyl-al — 1

6=+ Xi %




Téa) = STratg = 4as,,

sy (0) = ) TP/,

a>1

B,fa) = det(1 — s,K}).

[oe) n [ee]
@\% _ 1 Z dur 15, @ \qu(@
(w, )_1+Zn!ll & e Wa

wgla+ﬁ) = (—i)"9,STr [rg‘ ab(W, v)rf Sap(u, v)”v_)u

n

n n
5 = 1_[ g Sap(W, V) = 1_[ 1_[ Sai'bj(ul-, vj).
i=1 j=1

k=1

(W(“))Z - !
L det(1 — soK;_1)det(1 — s,K; 1)

B{* = det(1 — 54,Kp).

STraSait8Sapy = T\ Hap1p
2iS’I‘ra“g;bl6ufsab = ka(u)(l - Hab)lbr
2S'-[‘rab'sa_blauav'sab = ptlz (u)plla ()1 — Hgp),

Hab = Hab (u' 17)




2 =
Cl,lc+£ -

1
2y 12v) = W) =——
hab (u , U ) hab (u' 17): hab (u ’ U) hba (U, u) ’
=H H Zy =T o~
hap (@ V) (2,10) = Hap (@), Hap @, 0) = s,

W ide
h,,(u?’,u) =1, lim = ,
aa W) =1l ) R

Sab(uzy: va) = Sap (U, v)rsab(u4y' v) = Sap (W, 774y) = KaqSap (W V)Kgq = KpSap (U, V)Kp,
Saa(u,u) =PI
-1 _ —_ pd g
S1z (W, v) =8 (v,u) = PS8 (w,v)Py.

1

2y —
(Sab (u ) U) hab (u’ U) hab (uz]/, U)

Ca* (San ) (w v)Cq!

faCq = (~1)Ca) € = Ko = diag(=15,15), Cq “aSapCa’™ = Cp *SanCp "
(*M);; = (=DM,
ta(taM) = kMK, Try[ taMtaN] = STr,[MK,N],
“aSap *@(Sap) = Haplap
STraSapMaSap = STraSap MaSap = STra(Mg)Hap1p
STraSapTaSah = STraSah TaSap = STra(Ta)Hap 1y
STr4SabParSap = STraSap PaeSab = Hap Lpe

2iSTroSap 0uSap = ka(W)(1 = Hap)1p
ZSTrab‘sc:blauavSab = pa(Wpp(v)(1 — Hgp)

ka + pc,l = —Zeiﬁaua, Do = iln (x[_a]/x[+a])




Ofa) =Try%*ZH),0<a <K -1,
yZy~' = Z withy = (1y, ply, ..., pK11) and p = e?™/K
yX,V)y™ = p(X,Y)
XYy =pTt (X Y)
((/’p(/’z’l/-)p 1/)2) X (@1, 02, %1,P2)
X~ 0100, X ~ =005, Y ~ 0201, Y ~ ¢1‘P2:D33 ~ ¢B¢B-
Rpy=1p+1, Ry =1p+1, R =1+ 1

(aq,a5,a3) _
(Ck {’11) o ) - Z C(nu,n,,,nw)

Ny, Ny, Ny =0

1
Conpmymy) = ————lim | du dv dwp@)u(v)uw)e E@FEMSTr[782G(u, v, w) Ty G(u, v, w)]
wiwitw nulnvln ']—)00

Gvwy = > wi, (B Bu) Wi, (Bor Bu)wa (Bus B )H (B3 B BT (B B B,
ﬁuUBu=u
3vu?v=v
BwYPw=w

Bu = (uil, ...,uiwul) and iy < - <ig,|

@ = O | | aQuw) | ¢ 281802,

i<j

we, 8.8 = COP | v T ()=l [ [ e®erae [T s(uow)
quB quB,ukeB quB quE,ukEB
j<k j>k

S(u,v) = So(u, v)S(u,v) Q S(u,v), with Sy(u, v) = h(u, v)/h(v,u) and S (u, v)

5 (1) =g(x[a] _ kgt )
a xlal x[—al

Z C(nu,O,O) B(WZ) Z C(O ny,0) — 1 z c(oonw) = B(al))

ny,=0 ny=0 ny =0

Z Connoy = W(az) Z Clonm = (W(al))

n=0

Z Clnum0) = W(Ulz)B(az) Z Clompm,y = W(al)B(al) Z c(nuOnw)_(B(al)B(az)W(ag))

Ny Ny= Ny,Ny=0 Ny,Ny =0




rp—00

o) d i 3
Conn = Jim Y [ SehaleBOSTr [5G (u 0,054 D.D)]
a=1

Tp—>0

- du - . . = du -
6(4'0'0) = lim z f Eﬂa(u)e_{)E“(u)Ta(az)(l — e 1Pa(Wre _ piba(Wre 4 1) =2 Z f %e_[Ea(u)Bgaz)
a=1 a=1

Téa) = STrtg = 4as,

1 = s = _
Cin0,0) = }L‘?ﬁf dup(u)e W z (=D)@+1Ble=1G@-PBNTeh_(a)ho (@)hs (B)hs(B) -+,
ava=u

BUB=u

he® = || hapaew)hs@® = || hajanw) HE) = ha®hs8),

ujur€p ujux€P
j<k j>k
N LN LN L
{ Py % “u v wu . vl,'
P RSBV L = "o gt o e—iﬁ(u)n:: [+ eHEE-R)r
: g ; va ST fu vk
N/ N N\
n n
_ (az)
STrl_[ ol = 1_[ Tar?
k=1 k=1
177 [~ [d
uk _‘e"a _
Cn,0,0) ZEH Z fﬁﬂak(uk)e Fa (i (62) Z H(B)H(B)
k=1 \ag=1 BUB=u
1 n [oe] d n
_ = AUk —eE,, (wi) Z Y o(@) p(as)
_nll_[ 2 f 27te ‘ (m)Bm B
k=1 ag=1 m=0




*aS0a(VWKa _ ipyyr, _ g-ipaire | oilo(w)-paur, KaSab (L V)Ka.
hap(u,v) hpa (v, w)
KaSpa(V, UK,

Gwv,0) =

— KeSap(UW, V)Kqg .- s C
G(u,v,Q) =22 28 _ o-itp®Te _ piPa(Wre 4 oiBa(W)=Bp(M))Te )
hpa (v, 1) hap (U, v)

STrap[t52G(w, v,@)G (w, v,@)] » e PrWITe fiy (v) ~ 206 e~ ImPs Iy

STrapTa? (Sap(u, v))?
h2,(v,u)

6(440)— lim Z j (27-[)2 ‘ua(u),ub(v)e LEq(W)+i(Pp (V) —Pa(w)1y

Tp—0

u E .
= Z J o e B (—id,STry,ta % (Sap (w, v))?)
a=1

v-ou

STrapTg? (Sap (W, u))? = STrg,a?1, =0
STroc[1,* (W@, w)Te ' G (w. @, w)]

STry, [Tazral] — T(az)T(al) or H; STrac[TaZScaTalgac] — T(az)T(al) A (B(al)B(az))

:oo: du = Zoo dw -

(64 = <2 f _e_[Ea,(u)]B(aZ)) <2 f _e_kEC(W)B(al)) f _e—pEa(u)w(al-l-az)
(4,0,4) 1 1

a=1 27-[ c=1 27T

a=1

n
_ H( YH (V)
Conoy = lim = f dudvy(u)p(v)e-EWHE®-p@)r, WV o T H H Saun, (irvy) |+
du
Canno) = Z f —— e Pa 0 | Wi 4.
k=1 ag=1
2
n n n
wglaz) = STr 1_[ ‘[g,f(—iavk) 1_[ 1_[ Sai,bj(ui, Uj)
k=1 i=1 _]=1
v-u
LN b LN L LN LD
) “2 V2 *?Vz “2¢ A Vs *?Vz “29 7V, Upg
X X [} ul Vlb
\ / \ / \ / \ / ./ \./
H H
2”1”2 L STI‘[‘L’aZ‘L’ (Su1u25171u25172u25”1”15172“15172”1)(51711725u11725u11715u2172Su21715u2u1)]

Jk=1 "u;vg

Hu1uz HV1V2

2
Jk=1 Hujvk

STr[TaZT ] =0




o . Ry h
el(pbz(vz) p“Z(uZ)) Lo L W Lo STI'[TfL!foL!zZ(Svlulsuzvz)(5vlvz5u1v2Sulvlsuzvzguzvlsuzul)]

2
Hulvl hvz Uz hvluz hvzul
ab (u u) - ab

a __Qay _ Q a1 _
STr[ru1 T, Sty Sy, Sy, Suyvy Suyvs Sy | = STr[Tul ruz] =0,

STr[r“ZT“ZS,,lul(azsuzvz)?uzvzsulvl] =

Uuqv1 Hu1171

C220) = 21_[ Z f et wie),

k=1 ar=1

STI‘[T : zz(azsuzvz)?uzvz] =0

Hy . H
1U T Wi W, a; __ay

2 B H STr [T (Su1u2 SW1“2 Squz SW1“1 SW2u1SWzW1 )T (SW1W2 CSu1W2 SU1W1 Suzwz Su2W1 Suzu1)]
k=1 TTUjwi

B2 (w)BS™ (w)

(az) m(az) m(ay) p(ay)
T, 2T, T, T =
o Td e e p(u)p(w)

HulquWIWZSTr[T T, r 1Ty, ]—HulquWIWZ

hu2u1 hW1W2

hZ . h

wauz

oi(Fez (W2)=Pa, (1))

h STr[TaZ e (5W1u1 quz)"'—a1 s (SW1W25u1W25u1W15u2W25u2W15u2u1)]
WalUq

Hu1W1 wilz

Hu w ( laWZ)STr[TaZT (Swlul uZWZ)T ;(SwlwzSulwzSulwlcsuZWZSuZWlSuZul)]
1Wq

Wy U,

B2 (1) B (wy)
Ii(u1)li(W1)

(w, a;) = (Uj;bj) = (W, ¢x)

— Téfz)Tc(lfh)wg“r"“z) (uz) — W§a1+a2)(u2),

@

(44,4) = lim

T‘—)CD

du dv dw e N
Z f @) ——— g (W (V) (W)e LEq(W)—KE.(W)+H (B (W)—Pa(W))Tp Rge W, w) . CRAD)
a,b,c=1

X heq W3, u)hy (V*Y, W?Y)STrg, [nggca W2, )8y (¥, ) Sy (v, Wzy)Tgl‘Sac ®, W)]

du dv dw - . s _
3 . — — _
c((ﬁH) _rllm z : J‘ s 11 (W)t (V) (W)e LEq(W)—kE.(W)+i(Bc(W)—Pa(W)1p

a,b,c=1
hca (WZ)/’ u)

hab (u, v) hcb (WZ]/’ 17) hca (W: u)

STrabc [ngscu (WZy’ u)gba (v, u)Sbc(v, WZy)T(‘:h chac (u, W)Kc]

4 —
Cotha = 11m Z f ok SV (0)e (W)~ B —KEc(w)+i W) BTy STrpe [t (u, w)T ).

hcb (Wr 1])

. i
C((4)4 9= Z T f e PEWy (w).




X 3 = x X
ub
./ v/ \ / \ / \ / \ /
""" e} ——————
© du dv dw 0 () ~KEe (W) i (Pe (W)~ Pa ()T +Hi(Pp (V) Pa )T
6(4'4'4') r{;lr!nloo Z (27.[)3 — 3 Moy (W) (W)e " a ¢ ¢ a P b a

ST Sant v)T015“C(u'W) =) T J d vy ()
hab (v, u) hca (W' u) “ 2m ¢

C du
6) @) ®) ) Z ~pEq(u) p(®s)
Caann 2(6(1.1.1) Cann 6(111)) 2Can) = 2 f 2 PhCOB,

a=1
(Blgal)mmz))z " (B{gaﬁm(al))z

Hu1UZ HU1U2 HW1W2

(2|)3 HL] 1 U ujhwiu]

az Q3 aq al
STF[T Tu Su21715u21725u1”15u1”z Squ1SquzSu1W1Su1W2]

(aj,w) = (b, vy) = (¢, wy)

H (‘13)(u)
—az 2 & a _ Huyuy (@) (an) _ Bz~ (W)
21 “STr [T T zsuzvlg)uzvzj)ulvlgulvz 1“57"2W1“PL‘2W2“Pu1W1‘S7vl1W2] - TIZT ’ Taz3 B 2p(uw) -
1 u2 ,o Q v u2 g l,'
% g X y X X
o ll2 V o ’ U v . 4

det(1 — s4,Kp) (det(l - sa3Kp))2

2
i(ﬁc(w)—ﬁa (ul))rp hu1u2 h’wzyul hwzyuz hvzyw

e 1
Zhulvhuzvhvuz

az_Qa; aq
STr T3, T2 Suty 1y Sw2v e, Svup Sw2vas, Svuy Sow? T Sw2vu, Suyv]

hwzyuz hy vy hvuz

2,

_iei(ﬁc(w) -Bp(W)1p STI'[T:;[Z TZ—'ZZ Svuz Swzyuz T\i‘ll SWZYV]

= _iei(ﬁC(W)_ﬁb(v))rp —hv STr[TaZ algvu Su,wSv ];
wu, twoly 22

18] = — o Ta(j‘z)T(“3)




RSN o h,2v, hy2v, h
el(pb(v) paZ(uZ))r{’H(pC(W) paz(uZ))rp lehul ,:v u,; Uzt STI‘[TaZTaZS Zyulcsuzv'[\ilzl5u2u15u1v5w2}’u2Suzul]r
VU, ""VUL UL U

lei(ﬁc(w)—ﬁaz (uz))rp hwzyul hwzyuz hu2u1 STr[Ta
2.uuz

® [oe]
Ciaaay = (Z J —fEa(u)W(a’z)><z :W _pEC(W)W(ag))
=1 c=1 T
+ ZZ J. d_ue—ffa(u)]B(az) Z f d_ pﬁc(w)]B(a3)
: 2m 1 2 1
a=

c=1

2. Q2 ay ]
Ty, cswzyul‘[w cswzyuzsuzul

lei] _, lei]
Ei,Ej__ Ej,El_ i ] L. . o
T e Lol 1'1 Sbismen =1
]
1_[ K;” and H; = K~
€p€j=+
weo-[Tn ]
1<i<jgn

1 _ _
(Kiz Ky3 ... Kppp) = 5 Z 1_[ 6 | K2 Kys?® o K™, (Kyp) =
€i= j

Pfi(K) = —(Kyy)
P (K) = (K11)(Kzz) — (K12 Kyy)
Pf3(K) = —(K11)(K32) (K33) + (K11) (Ka3 K3z) + (K22) (Ky3 K1) + (K33)(Kq2 Kaq)
— (K12 K33 K31) — (Kq3 K32 K3q)

CPf;(K) = —(Ky1) = Hy,
CPfy(K) = —(Kq3 K31) = HiHy(Hyp, — 1),

1 1
CPf3(K) = —[ (K2 Kp3 K31) — (Ky3 K35 Kp1)] = H1H2H3(H12H13H23 Hyp —Hjz —Hps + 2).

b 1tn n_$n,,n _ ,n
dUexp <Z Et T T _t v 4 Tr(U")Tr[(UT)nD

n
n=1 q

e =

U(N)
‘g A
(@] ¢N- z+1’q)

N (@ Do Al
WD = e g Da Z ue H (GO q)l

2(D=N i=

dUexp (i f(tn,unlzn;pn,qn) Tr(U")Tr[(U’f)n])
n=1

IN(tf u,v; p' q) = f

UN)




Q- -w(1-v)

f&wv;pq)=1-

1-pA-9q)
In(t, ﬁ(f 1_[ ax; -4
vt vip.) = N! 2mix; X;
1<L¢1<N
o f(Em U™, v ", ") _
X exp P ()P (x™1)

n

1-(1—-uw) t+u—tu—gq
1-gq B 1—gq '

fEwq) =1~

1
In(quw;q) = m,lw(t,m q) = € On

£0:q) =4
F@00) =3

+q/t—2q

ftq/tq) = 1-¢q

In(t,u;q) =

1 (¢ DYt DY 7%(1—[ dx; (xi/x5q), (tuxi/x;q)

N (6 )N (w )Y 2mix; 1<l¢ L (exa/xg;q)  (uxi/xg:q)

-1

=] | (-2 an=]] (-2 =1
k=0

k=0

3

(% Do
1—x

(xi/x5:q),,
1<i#j<N (txi/xf; q)oo

(gl x dx; (tux;/x;;q)
In(tu;q) = NI ChH i::g D 2mix, w(x) 1_[ —(uxl/x],q)

(txly], q)
1_[ 2 by Py (x;q, )P (y; 9, t)
(xly,, q) (D=

@ Qe =

w(x) =

(tj—i+1qli—ﬂ.j; q)/lj

j—i 1,:—/1]'4-1.
1<i<j<t(A) (t q ’q)/lj

—Aj+1

b,1=

—Aji1

tux;/x;; q
H( 509, Z ullb, Py (x;,6)Py(x 7% g, 1)
(wxi/xjq),, o(D=n




1

i
N! = 2mix;
TN 1=

P (x5 q,6) =Ny

(tj—iq/li—/lj+1; q)w(tj—iqai—/lj; q)oo

Non = — —
' —i+1gAi=4;. i1 A AL,
1<i<js<N (t] hq ]'q)oo(t] lq J .Q)Oo
(D%
Iy(tu;q) = Gar ulby Vg
Voo 2(D)=N
e i
(G2 5 (),
bA]V;l,N =

(@ Do GEONE G Do L L (Vg5 9);,

L(A
@] N z+1’q)

. @D
WD = NG D Z 1_[ G ‘”’1

2(D=N i=
oo =112 11 (-9
(W q)_Nl mel1 Ly ; 1-— uxl/x]
<i#j<
— = sa(0)s2(y)
o LT (DN
1
In(q,u;q) = Z ultl = —
2(D=N (ww)y
200
(CI, q)oo N l+1’q) 1
In(tq;q) = N 1_[ T
&N (ENg; Q)oo{,(l)sN L (tN-ig; q),ll. (t; I

(A
(@] ¢N- l+1’q)

G HAM
1A -
1 1_[ (tN~ig; q)ai (@ Doo

£(A)sN
2(%)
)N (D= i=
1
— |A|( N. —1)
u (vt (A
(& On @

(DN

N
ul(@EN; ey = 1+ 2 &N e7h), Z yhitothe
(DN = AyzsAp21

A=ni+ny+-+npdy=ny+-+ny, .., =ny




o]

[oe) [oe)
Z Z un1+2n2+~~+({’—1)ng_1+{’ng

NgE

Z yArt A=

Ag22A,21 n;=0 n,=0 Np_1=0 ny=1
oo (o] oo oo
— Z unl Z u2n2 cee Z u([_l)n{’—l Z ut)n{’
n,{=0 n,=0 ny—1=0 ne=1
ut
(1 —w)(A—u?)(1—ub)
u?f
(w; u),
t;t
(™), = SCLIN
(&) n—e
u?
IN(t, u, O)

) ; (& On-e(wi ),

1 ; [} d _aXxi xi/x';q .
IN(t,O;q)z—(q D ﬁgﬁﬂ Xi u

N! (t; Y, 2mix; 1<z¢ " (txi/xj;q)oo
(CHDM CH®
In(t,0;q) = —=2=2 =
W00 = G E NoN = e g e
M
In(0, % 9) = (4 Qoo :
iy (@ Day
ull 1

(DN (4 Dy C @wwy Vg Qe

ynhit2ngtotNny

1Al
(q?q)z,v an Z (@ Dny

2(M=N
1
Ta-wd- uz) (1 =uN ) W oo
_ 1 _ 1
WWN-1U" e WWNUNG Qoo
(x2 xz)oo () (xN—i+1;x2)A'
Iy, x; x%) = (; %)y (XN *2; x2) o, x (xN-i+2; x2) l
N (DN i=1 A

ity = & x;goo 2 (—1) [(N ; n) N (N +; - 1)]an+n2




(1) xN- z+1

(6 6) 60 (XN %) 0
(xN;xz)oo Z Mll_[ (xN i+2. xZ)A

(DN i=

5 () (e

(@ Deo -
In(t,u; q) = Z Z Z yMt2ng+Nny
N EONE G Do AL A

(tN; q)n1+---+nN (tN_l; Q)n2+--~+nN (6 q)nN
(tN-1g; Q)n1+---+nN (tN—2q; Q)nz+~~~+nN = (q; Q)nN

5 Do

SO 0

exp Z i—"pn(x)pn(x‘l) = Z gipu(x)pﬂ(x‘l)
n=1 s

u
(W) (W
]_[ o Pu() = ]_[ pu (7 = | | imom
iz1
B = ) apsi00)
AFn
2(A)<N
fu
In(t,u,v;p,9) =Z Z_ Z ( A)
u
u Abn
2()=N

N
Loy (61 )=i(q:q)’o%(tu;q)’o% EEH—[ dx;
2N (LW Q) = o & N w; ), L1 2mix;
1=
| | (xi/xjs q),, (tuxi/x; ),

1
(txi/x5q)_(uxi/x;: ) 252 (X)s,(x 1)

1<i#j<N

1 (% dx;
lann®wq) = N! t; Y f# 1_[ mel

X Z u"”bAPA(X;q,t)PA(x_ ;a0 er (e (x71)
o(D=N

ePAGALD = ) Bal@ DR 4,0
HEVY (D)




V(@) =t q)
i—i+1 A=A, imi Ai—jeat1.
(t] +lg ]'q)ui—ﬂi(t] tqhi=Hjrrt 'q)ui

lpu/l(qi t) = i i - i1l
i) (t] igh ]+1;q)ui—/1i(t] i+1ghi #Hl;q)ui—/li
(CH P )
Iarnyn(tu; q) = Con ultlp, Z Nyniya (g, t)?
PIO p(D=N HEVT(A)
(@ 9) , '
lanw(®wa) = s o s L RS AR

£(A)=N HEVY(D)
() tN i+1. q)

1_[ (tN~ig; q)u

) by ,
(@ t) = b—t/)u/a(q, t) =@t q)
u
(t]_l+1q”i_ﬂj; q)‘u’]_z‘] (t]_lqz'i_tu'j+1+1; q)

(tj—iqﬂi—#ﬁl; q)#j—lj (tj—i+1q/1i—uj+1; q)

Kj+1—Aj+1

©ua(q,t) =

1sisj=f(w) Mjr1—Aj41

s3(x) = det (elg_iﬂ- (x))

1si,js1(A")

_ er1+r2(x) er1+r2+1(x)
200 = e e

= €4, (x)erz (%) — €r, +r2+1(x)erz—1 (%)

5205, (x™H)
er1+r2(x)er2(x)e +r’(x 1)6 ’(x - er1+r2(x)er2(x)er1’+r2’+1(x_l)erz’—1(x_1)
e ery a1 (V)ery1 (et (- ey (671

+er1+rz+1(x)er2—1(x)er1’+r2’+1 (x_l)erz’—l(x_l)

4 ;o 1 ﬁﬁ dxi
M =5 | | Zei,
TN i=1

N

1 dx; _ iy

o =5 ﬁf]—l[ WG = (@GN
TN 1=

!

@y 1—[ (tuxi/xj;q),

Iy(t,u; q (t q)N (uxl/x]’q)
N
(@)%
In(t,0;q) = (Z q)N (D
e 9
(A(x))eo = lim (1)N Afr9)e = N e L1y Dy




(P pu), = Sauza(at)

2(0)

_q
7(q,t) = Z/ll_[ =

In(t,u;q) lim Iy(tu;q) ﬁ (tuxi/xj:Q)oo
I(t,0;q) N-wIy(t 0;9) = (uxi/xj;q)oo

= (tuxi/x;; q), d wr -
| | —————— = exp E —— P (P (x™)
i,j q

& (uxi/xj;q)oo ] nl-
[4]

= Z Z;zq ) pa()pa(x™h)
-~ ,

Ioo(t,u;q) ult! _ 1
Leon ™2 @ Pe = 2 =

A
CHO™
(CHOPS
Io(tu;,q) =—F——
(&) () o (U; U)o
1 N
by=——— = lim =2~

(P/Il Pl)oo N-o M,N

4’(/1) N—i+1
("% 4q),, by V;
lim AZAN

im
N—>001_[ (tN iq; Q)A T Noow boNgn

(q;q)mz = @D

(e £ () e We

N N N
p-s. . _ 1 (qr q)oo(tu; q)oo dxl-
I vN(t'urCI)—_ N N -
. N (& @)oo (W @)oo L 1 2mix;
']I‘N i=1
(xi/xj; q)w(tuxi/xj; q)oo
1<i#j<N (txi/xj;q)m(uxi/ijCI)o0

I (t,u;q) =

Pu(X)py (x™1)

L) (uxi/x;3q)

16 0.q) Pu(py (x™1)




4]

0 (tuxi/xj;Q)oo _ u B )
1_—[1 (wxi/xj;q),, PGP G :Z 2, PP PPy ()

ull

= Z 7 (q’ t) P/luu( )pluv(x )

Iy e(t U q) i

In(t,0;q) < z,(q,t) (pluﬂ'pﬂuv)w

4]

u
= 6 Z —_— q,t
wv a 7z (q, t) AUM( )

Zon(@.8) = 210,092,009 | | ( ™.

iz1

ulv?t(tou ;1) 82> t)z 1_[ (k +ml> "

iz1

=4 vzu(q't)l_[ W

i=1
(W

1 1
= 6H,vzu(qf t) (%), 1_1[ R
l=

(W)

Zy, 1-— qﬂl
= Oy 1_[ , ,
(U; U)o L (1 — tH)(1 — ut)

@ > L
q q [ee] —q A
Ips tl I —6
o (150) = (t 1) o (U W oo ’“’Z La-ma—um
A
X
5@ = Lp,@
eV
ptW ,
lpeo U q) _ Z X”XMH 1—qhi
I (t,u; q) L (1 — tH) (1 — uk)’
>

1 — qui
=1 — )

lanetwq) Inetwq) _ z 1
I (t,u; q) I (t,u;q) z 1 1
1=

I r oo tlu;
(} ),(t(u )q) = (u’ u)°° Z ulll Z (p[,l//l(q' t)lp;l/l(qr t)
i T v

Iy(t,u,v;p,q) i N
T N - t“"I.(t,u,v;p,q
LCuving Lt )

A-HA-H=A-DA-tYH




_A-thHa-pa-og)
1-w@-v)

ftwvpq) =1

Lt wv;p,q) =Lt q,p;v,w)

In(t,w;q)

I(twq) Z Nt w @), T (tws @) = Ik (7 s w)

k=0

1
L(t,wau) = Tt 1-au+(1—-a)(1+a+at)u? +0w?)

1 l-a (A-oQR+a-t+at?) ,
Iz(t,u;au)=(1_t)(1_t2)+1_tu+ T u? + 0w
| _ _ 1 1—-«a
bwa) = Ao ma- o T a—oa-o"
1-a)2+a—t*+at?) ,
DD u? + 0(ud)
_ (@) (@) 6
In (6, 0; ) = Z 9O, g0 = s 6O
@ 1
o) =aTpna-m
G =1
G =2+a+tV (—%+ a)
oy (awaw)e @ ) (@
fot s 00) = s Z 95O, 95)(0) = oG

-1 .
Lt Lawuw) =Lt Lau;at - au) = Z glgc; )(t‘l)aﬂul.

00 j
g = ¢ Z g 09 e G2 1)
k= =0

G

(a) (a) N | o)
Gy () =60 + Z t"
i€ [(t )n

= (—DF 1t 2 (kz 2 a™(1—a™ b 1
+Z G(“) G(,‘:n )(t_l) (G=1

OO] m
k=1 m=0 (t’ t)n—k(t, t)k—l

GH®) =2+a+tV (1 +2a— aGl(g_l)(t‘l)>




—2+a

1
+a+a )+t2N( ————+a2)

—24+a —4+a+a?
t2 + t

1 1-a 2-2a -3a+a® «a
+t2N< + + + —?+a2+a3>

1
G\9(®) =3 +a+tV (——+

1
A 5+2a+tN(——+ +a+2a2+a3>

t5 t4 t3 t2

1
Iy (6 u; au) = T 1-au+ (1 —a)(1+a+at)u?+0w?)

1 11—«
l2(t 1w aw) = r—pg + 3= 2+ u
l1—a
+m (3 + 2at + (=1 + 2a)t? + at®)u? + 0(u?)
1 1—a )
lwatwa) =g ma—my Y aopa @ ¢ TN

1—-«a

Ta-oa-o
(=1 + 20)t* + atS)u? + 0(u?)

(4+3t+ (-1 +2a)t? + (-2 + 3a)t3

[oe]

gy (615 ) = ——— 2 Z 6@ (1)
@ A-=0)(tt)y-14 4 W]
]=

(@) —
G(l) NO(t) 1

InnGw Q) Iyt 1-tH(1-q) <
ovtua)  Itwq) ( A - q) Z VL (6, g5 0)
Iyoo(tu;q)  Ioo(t,u; ) T-u

1-¢q
I(1),oo(t, u;q) = mlw(t‘, u; q)

1
((f))Nl(t)—Z—tN( +1>
22+«
Q_ZJ,“)

t

1 1—-a 1—-«a
+t2V |+ ——+ —a
3 t2 t

@
Giayn,2 () =4+ tN( i

(@) N 1 —4 4+ 3a —94+7a 2
Geyw,3(0) =7—a—a’*+t (_t_3+ %) + n —3+a+a)
wfl 2—a 51—-a) 4—7a+2a® 2-4a+a? 5
+HN [+t ———+ ; + —a+ta
t t t t t

1 —14a —-142a (1-a)? Q2-a)a (QA-a)a
+t3N<——+ + ¢ ) +( ) +( ) —a2>

t6é ts t4 t3 t2 t




T N-r
ftHoon 1 (CHOEN f#ﬂ dx; #ﬂ—[ dy;
@O )T 1 (N =) (6 N (w; Y, )4 2mix; = 2miy;

']I'N—r B

y 1—[ (xi/x3q) (qxi/%:q) 1—[ ity a) (ayilyia),,
18te]sr (txi/x5 ), (uxi/x;; q) (tyilyisa), (wyi/yisa)
roaer (ql/zxi/yj:q)m(ql/zyj/xi:q)m(qg/zxi/yj:q)m(q3/2y,-/xi:q)oo

* 1:1[ g (tq¥2xi/y;;q) (taY%y;/xi ) (wqxi/y;; q)  (uq?y;/xiq)

o 1<i#jSN-1

[o'e] n
Z z"ep (X1, o, Xp) = 1_[ (14 zx;)
r=0 i=1
[o'e] n
, 1
Z Z"h (X, e, Xp) = 1_[ 1=,
=0 =1
n
(X1, o, Xp) = Z x]
i=1

my(xq, ..., Xp) = Z x*

AESy-A

— 234 434 .3
mz)(x1, %2, X3)= X + x5 +x3

My 1y (X1, X0, X3) = X225 + x1%2 + x2x3 + x,x2 + x3x3 + x,%2
(2,1) (X1, X2, X3 1X2 + X1 X5 + X1 X3 + X1 X3 2X3 T X3X3

m(13)(x1: X3, X3) = X1X3X3

Tq'xl.f(xl, v Xiy ey Xp) = (X1, or) QXijy oo, X))

PAC 4,6 = my(0) + ) uh(q, O)my (2)

u<i
DxP/l(x; q, t) = dl(qf t)P/l(x; q, t)
n
di(g,t)= ) t"igh
i=1
(1-qg»H(1-1t)

Pay =mayFay =My + =51 g M@ P2) = M)

1-¢>(A-1) (1-¢gHA—-g®)A —1)?
A-pd-q¢20 YT T -2d—qnd—q20 )
1-)2+qg+t+2q0)
1 — qt?

Piy=me) +

P =m@a) m(13)

P(ls) = m(ls)




Oy Qe N
xly'q P Z r
x;q,t
[ Gar 2, ortaatly

i=1
(@ D~
Poy(x:q,t) = ————gr(x;q,t
Ajtn—j
s (x) det( )1si,j5n
A — —
det(x™), o jen
(0 = 1_[ (ai/xia),,
w _
1<i#j<n i/xf; q)oo

59% ﬂ —W(X)Pa(x 0, OB, 6) = 52, Ny

™ i=1
T = {(xy, ..., %) € C"||x; |= 1}
1_[ (tj_iq/li_lj+1;q) (tj—iqxli—/lj;q)
i—1i Ai=2;. j—i—1,Ai—A;+1.
1<i<js<n (t] g J,q)oo(tf g ]+1'q)oo
=g (yisa),
wenao=[] [T
LD Gaygia),
Neya= Y hPGsq P40
£(A)smin(n,m)
J—it1 A=A,
b; = (t L q)’lf‘ljﬂ
i~ Ai—A+1.
1<i<j<é(Q) (t] ‘q ! ’q)/lj—/lj+1
n m
[l >
1=~ . s2(x)s2(¥)
i=1 j=1 £(A)<smin(n,m)

Dy II(x, y;q,t) = DyII(x,y; q,t)

Py(x;q,0)B,(x;q,t) = Z Cfp (@, )F,(x; q,t)
u

ePAGALD = > Y@ DR,
KEVR (D)




Vi(A) ={ur | +7r 14w <nand p/Ais a vertical bridge dS }
j—i 4 Ai—Ai+1, i—i Ai—Wivq.
\<isieey (t] iq j 'q)#i—li(t] H1ghimHjs, q)ui—li

V(@) =, (tq)

Yuia(qt) =

9r(x;q,)P3(x;q,t) = Z (pu//l(q' t)Pu(x; q,t)
WEHR(A)

HJ(A) ={ut+ || +7r|£€(u) <nand u/Ais ahorizontal bridge AdS },

/i1 gui—u;. ti—ighi—Hjt1,
( 1 ’ q)#j—lj( 1 ’ q)#j+1—ﬂj+1

Pua(q,t) = r——y T P
151515{)(#) (tj lqul i ’q)u]_)]-](tj L+1q ¢ ﬂ]+1’ q)ﬂj+1—/1j+1
ppreowen 1 (@@= ﬁ[}gl—[ dx; (xi/%;:4),,
o NIML (6 )5 2mix; m L, (ti/x3q),,

j%gﬁ (%/J’J'Q) 1—[ 1—[ (tul/? xi/yj:CI)m(tul/zyj/xi;q)oo
o 27lel 1<#]<M (tyl/y], q) ul/zxi/y]‘; q)m(ul/zyj/xi; q)oo

i=1
N
i=1

N M (t 1/20, .
}’]/xuq) _
1_[1—[ 1/2 Z ult2b, B, (x5 q, OB, (3 q, )
(u y]/xllq) (DN

ulM2p, Py (x; 9, )P, (y ™15 q, t)

ﬁ (tu'2xi/yy; CI)
=1

Ji (ul/le/y]’ q) £(M)<N

i=1 j=1
N+M
UN)IUM) _ CHORS 1
1V, _W ul |/2+Iul/zblbual,uM,Nau,lm,M
P p(DsN L(W)=N
(@&
= 6 O wl by Ny v by Ny
oo (D)=N
D) N-i+1, M—-i+1,
[yUMIven _ (D% M (¢ ' 'q)ai(t ' 'q)ai
OV Do (GO G Do oot L TG00 (g 0)y
IIIen 1 (q; ) (tu; )% ﬁggl—[ dx; (xi/x5;q) (tuxi/x;3q)
N (GO w Y 2mix; 4 ]<N (txi/xj;q) (uxi/x;5q)_

x"ﬁ" (tk_lq;q)oo N (t(M N+1)/2uxi'Q)w(t(M N+1)/2uxi—1;q)c>o
% oo L (tM-N+D/ 25 ), (£ M-N+D/25 1, q)oo

k=1




[yYMIwen =(q;q)ool_[ (t*'qq), 1 #_ﬂ_[ dx; (xi/x5q)
2’ w @)Y (5 @)eo 2mix; 1< L (uxi/x;;q),

L+

ﬁ (tux;/x;; q)ool—[ (t(M N+1)/2uxi'q)oo(t(M_NH)/zuxi_lFQ)oo
X

L (txi/ijQ)oo L (t(M_N“)/in;Q)oo(t(M_N“)/zx{l;q)oo

N
tux;/x;; q
[ 0 S e
LA (txi/xj;q)oo (DN

ﬁ (t(M—N+1)/2uxi; q)oo

- = ) gr(xquyt™M-N+IT/2
T = 2 O

. 2
WU(N)IU(M) (D% A+ M=N+1)T

. M—-N . N .
(& Ou-n (" Do (W WN UG Do (ot L

¢
) ul- l+1’ q)

z ©u/a (@ WY,(q, u)l_[ W
Wi

HERT(A)

t“g3q), _ (@ Doo

(
B (Do GEOM-NE"V Do

UN)IU(M UN)IU(M
VoD = yZMIVED (g = )

1 *® AdS
kdpSp[¢] = Ef Tr(s, A2Z\)Tr [e—ss}f)]
0

AaAZA (SmAZZA)m 2
2 — e ~SMA“Zp
r(s,A°Zy) (2+ Z) ) I'(m)
(2)
€0 _3a
koaSal¢] = (1 +§%)e Nz

SLg.du,rpwl = [ d%xfg (16 F(R+2D)+3 Z b~ m)¢l+B<p)R+V(p)>

1 N
=22, 49"
a=1

1
F(p) =—=—-B(P),U() =V(p)+5—

lé6nG 8nG

N
1 .
Slg. dn,rpnl = | d'xf5 (—F(p)R +5 ) il- Dl + U(p))
i=1




N
1 )
Salg, 1, bN] = J. dx,[g <—FA(P)R + EZ ¢i(— D" + UA(.D))
i=1

A0uSh = [ dxJG-NONFADIR + AOAUA(D))

t(m2)

x = a2A?4p, u, (x) = aA~ U, (p), and fr(x) = aA>~?F,(p) where a = AT

d_. o
u= —du+(d—2)xu’+2(d—3)d+4(N—1)<1+%>2 +e(d—1)d<(d—2)<1—xf7>+§)

xf'_axfr N f S g
+4(1+ < - 2)(f f! _1)+]T'_ﬁ>\‘ 1+ 2xu’ +u’ i
d—27 4(d = Dx(f')?
T3 - D)’ m (1 T @=2f )

1+

f=@ed)(f—xf) 4+ (i—1)(d2—3d+36)+4(zi—1)(1\/—1)( ) (1+ u’)z
+eg(%_1)(dz_d_7_24)<(d_2)(1_x§)+§)+

, " . .
Z(i—l)<1+ ((LZX(fZ))f-I—ZXf"+f,))/1+6(;(d_2)(x}:_Lj)]cc}cz_l)+?_zj;c>)<l+ ( e +11L;Jc(f)z)>2 |

4(d = Dx(f)? 1 d-2)f iC
d-2)f 4(d - Dx(f7)? a-2)f

4N
u*=2d+7—6+(d2—3d+2)6

(d — 2m)(d? — 3d — 36 + 2N) . (d® — d? — 24d — 24)(d — 2m)e
6(d — 2)m 12dm

fi =

1 1 48
N>Nc=§(—d2+3d+36)+Z(—d3+3d2+22d—?—24>6

(d — 2m)(d® — 4d? + d(2N — 33) + 10N + 36), x
6(d—2)(d - Dhm T

4N
u,(x) = = +2d-6,f.(x) =

d3 —4d? —33d + 36

Ne = - 2(d +5)
_ 4N _60—7N VN2 +72N +2736
e =5 S0 = 48(N - 1) x

7—N++/3VN +11
X

u,=2+N,f.(x) = 6N = 1)

0

Ag\? A
up() = . (0) + 0u() (2) L fa00 = £.00) + 6F () ()




2d\ 1 ou

(8 )6u”+(N(4——)—+2—d)6u’+(d—9)—+
m;x X
12(d — 2)(d — 1)d?Ame

((d _2)6f' — Ai—f) =0

* (d —2m)(d*e + d3(2 — 3¢) — 2d?(11e + 3) + 4d(n + 6(€ — 3)) + 48¢)
, 2d\ 1 2(d — 2)d(d? — 3d + 2N — 36) ,
( __) of + ( (4 _E>E_ d*e +d3(2 — 3¢) — 2d?(11e + 3) + 4d(N + 6(e — 3)) + 48E) of +
(d —2)(d® — d? — 24d — 24)0e 5f

* (d T d3(2 — 3€) — 2d2(11e + 3) + 4d(N + 6(¢ — 3)) + 486>7 -

(d-2m)(d —2(m+1)su” N(d?-2d(2m+ 1) +4m(m + 1)) su’ _
B 3m? B 6m? x

du(x) = uixt, 6f(x) = fix*
2 2

(d —2)?(d® — d? — 24d — 24)e

O=-2+d=(d=2)+— T 3736+ 2N)

0=d—(d-2)j
b=2+—oc .
- 16 —
o 1086
U NFoe—16 Y T
_ 18¢ )
T16-N"
5y — 108602 = N(9€ +32) + 27¢? + 144e + 256) 162(N — 16)e
u:

(N—9¢—16)(N — 3¢ — 16)(2N + 9 — 32) _ N(N — 9¢ — 16)(N — 3¢ — 16)
3(N — 16)(N + 9¢ — 16)

O = = NN —9e—16)(N—3c—16)"

b= 240,
- 16—N"

s 324€(—N3 + 3N2(9€ + 16) — 3N(15¢2 + 288¢ + 256) + 81€3 + 720€2 + 6912¢ + 4096)
u =

T (N —9¢ —16)(N + 3¢ — 16)(—ZN? + 3N2(9¢ + 32) — 6N(9¢Z + 144e + 256) + 81€? + 864¢Z + 6912¢ 1 8192) |
324(N — 16)xe(N2 — N(9€ + 32) + 27¢% + 144€ + 256)
T NN = 9¢ — 16)(—2N? + 3N%(9¢ + 32) — 6N(9€ + 144¢ + 256) + B1e3 + 864€2 1 6912¢ 1 8192)
243(N — 16)2x%e(2N + 9¢ — 32)
" N(N +2)(N — 9¢ — 16)(—2N3 + 3N2(9€ + 32) — 6N(9€? + 144€ + 256) + 81€3 + 864€? + 6912¢ + 8192)’

3(N — 16)x(2N? + N(3€ — 64) — 27¢% — 48¢ + 512)
N(—2N3 + 3N2(9€ + 32) — 6N(9€? + 144€ + 256) + 813 + 864€2 + 6912¢ + 8192)
9(N — 16)2x2(2N? + N(27¢ — 64) + 81€2 — 432¢ + 512)
T4AN(N + 2)(N — 9¢ — 16)(—2N3 + 3N2(9¢ + 32) — 6N(9€? + 144€ + 256) + 813 + 864€2 + 6912¢ + 8192)

Sf =1+

0 =46u=106f=0
6= 25u=1 9x 5 N —9¢ — 16
U f =189

14N’
27x? 2(N 30e—16) —N+9e+ 16
06=006u=1-

— 5
N 28NN 1 2) 189¢ 63Ne




(d - 6)6u
—AN(d(x = 4) + d*(11x +16) + 4d(5x +33) + 4(x = 36)) = (d +2)x(2d"* — 3d°(x +4) — 24 (3x + 25) +12d(x +17) + 24(x — 10)) + 32(d + SN’ .
+ (d +2)(2d® — d*(3x + 8) + 2d(2N — 6x — 33) + 4(5N — 3x + 18)) du
16x(2d3 — d2(3x + 8) + d(4N — 66) + 20N + 12(x + 6))
(d +2)(2d® — d?(3x + 8) + 2d(2N — 6x — 33) + 4(5N — 3x + 18))

su'=0

d—-6-2)5f +
(4Mﬁ@ 4) + d?(11x + 16) + 4d(5x + 33) + 4(x — 36)) — (d + 2)x(2d* — 3d3(x + 4) — 2d?(3x + 25) + 12d(x + 17) + 24(x — 10)) + 32(d + 5)N?)
(d +2)(2d® — d?(3x + 8) + 2d(2N — 6x — 33) + 4(5N — 3x + 18)) of
16x(2d3 — d?(3x + 8) + d(4N — 66) + 20N + 12(x + 6))
(d +2)(2d3® — d?2(3x + 8) + 2d(2N — 6x — 33) + 4(5N — 3x + 18)) f"
16(d + 5)(N(2d® — d?(3x + 8) — 6d(2x + 11) — 12(x — 6)) + 4(d + 5)N? + 12(d + 2)x)
- 3(d — 1)(d + 2)2(2d3 — d%(3x + 8) + 2d(2N — 6x — 33) + 4(5N — 3x + 18))
32(d + 5)x(2d® — d?(3x + 8) + d(4N — 66) + 20N + 12(x + 6))
T 3(d — 1)(d + 2)2(2d3 — d2(3x + 8) + 2d (2N — 6x — 33) + 4(5N — 3x + 18))

su" =0

o

Su(x) = ) uylx = xo)

i=0

-9 -
du(x - o0)= xd-2 (cl + Z v_nx‘">
n=1

9 [ee] [ee]
Of (x = o) = x' a2 <Cz a4 ) fax Tt log (1) ). g_nx-">
n=1 n=0

v = %cl(e —4)(3N —-0)

1
——,(0 —4)(03 — 360 +9(0 — 2)N2 — 6(8 — 1)?N + 96)

V-2 = 162
2 1
fo1= —ﬁcl(ﬁ 4)(2(8 —8)8 + 9N? — 3(20 + 3)N + 48) — —02(0 —2)(8 —3N+2)
1
foo= Ecz(e 2)(6(6(0 + 6) —24) + 96N? — 6(6 + 1)?N + 32) +
2187 —18) +24) — 54(6 — 1)N3 + 9(662 + 30 — 4)N? — 3(6(46(20

—5) + 3) + 160)N + 768)

! ——¢,(6 — 4)(8 — 2)(—6 + 3N — 2)(3N — 6)

1
gO = ﬁcl(e - 4)(3N - 9)'g—1 - 243

2
g2 = 4374 — 6(6 + 1)2N +32)

w2
u = —du, + (d — 2)xu, + (1 + E)




a_ 1 d d d d u,
x—cl(u*) —ﬂ(z——].) 2F1 1—5,—E+m+1;2—5;—;

f) =%+ (24 e) e

6
F(l d d+ +1;2 d. v")—o
21 ) TmTheT T T
- 1(d 1)F1d imat2_ St
¥ Tad-2\2 2\t Ty mELeTy
_ X
fo= 6

2m

d ui 7—m—1
(d — 0)6u + 6u’ (1——)<1+ > —@d-2)x|=0

d-6
5u(u)—b1(u) Sf(u*)—bz(u*) 2

su® (p, x) =

u,(p+1,x)— u*(p,x)|
w.(p, x)

shoot (x) ufs (p, x)

SPS
S, (p’ x) - uihoot (x)

1
fo(x) ~ W'l'fmx

5075 = 6P (p + 1) — 075 (p)
675 (p)
h 4 p 4 oL = 1 A
G = Gup ()’ = (6 Y h ho ) = G + gy + 5 Ruahd +
¢l - ¢l + q)l

N
52L = 57 [JE (—F(p)R +2 ) G- D+ U(p))
i=1

S = j d%%[Gh, {—F(B)Nay O +Aby + F(5)[83V#V, — gV, V,]}hP°

Se0=73 Z | @t /gent= o +250" @) + U'R) - [26F" (@) + FGYIRIPE, + [~ O +U'(9) - ' (DRIPL)0

a,b=1

N

s@= Y [ axGenRL G20 50" U ()~ FDRI — F () (—R* + 77" - g D)},

ab=1




1 1
Koo =7 (8585 +8565) = 59" po

1 _
Aps =7 (8565 = 3" Gps) F(PIR — U(P)) +
+F(p) [—— (RY8) + RESY + RY65) + g™ Rpe — (R“” + R’”)]
¢a¢b T 5ab PRb — 6ab ¢a¢b

¢2'a a ¢2

_ R B o _ 1_
Rywvap = did—1) (9urGvp = Gv2Gup) Ruv = ERguv

Pab

(l;<5b Oa+#N,b#N 0 a=Nb#N
- ¢N Pb=6ab_P§b=0 a=N,b=N

Py = 62 ¢_—_1a—Nb N’ 1 a=b#N

1 _
Apy = 7(28585 = G Gpo)IF(DIR = U] + F(P) 7m— (g ps — 65 05)R

d(d —
1 N-1
Sod +Ste = EZ f d%x [Go[— O+ U'(p) — F'(H)R]®*
a=1
1 _
+5 | dGONI= 0 +200" () + U'(P) - [25F" () + F' (DRI
1 _ _ _ -
+ f ddXJ?¢”J2—ﬁ{§§””[U’(ﬁ) — F'()R] — F'(p)(—=R™’ + VHTY — g D)} Py

1 1
hyy h +VEV+V€#+VV0' dgm,l]a+dgm,h

) d—1)(d -2 _
s =2 [ a5z r@m, |- o m""]"“” O

(d-1)(d-2) ( )
B 2d2 R]h -

(d—l)(d Z)F( )h\/_

e, d
F(7) [_D+2(d

N—-
1 _ _
} 52 | atxfgoet- o+ v - FRIO"

+o [ dxGON(= B+ 200" 0) + U 9) — 25K 9) + F' P)IR

f d%x./\2p | —F'(5) (1—— ¢NJ_

_1 d-2 1 U'®)
q’{F(p)d[ WeEDE N 2}}

_ R —
é, = ,— O-—6,6=y-0




J dx\[g [c# <— 0-— g) c* +c(— O)c

B

+c, <— ﬁ—g) ct+ (- Ifl)c) + E; J. dix,[gP?[— O +U'(p) — F'(p)R]®*

1 _
5| 4GOI B 42507 @)+ U () - 127" () + F (IRISY

+f dix[5 —\/Z_pF’(p')(l—%>d>Nm _o--L g

Q>

d—1
o2 J—F(p)/ 0-g=1R N
0=0+d_2 F(p) 0 o
1 _ 2 _ d—1)(d—-2 _

_ R ) 1T [, o~ 1 -
+c, _D_E c* 4+ c(—0O)c +§Z f d x\/ECD“ _D+E[V,(p)_F,(p)R] O +
a=1
4p _[F'(D)]*
+f ddxﬁq,zvl<1+ d—1[F (p)]> O 20F"O)+ P+ 73" F ) 22V @) +V'() |,
2\ T Pa=2TFR) 1+ 4p 1P 1+ 454 LIF QP

d F(p) d—2 F(p)

N-1
N f dx,[§ (hﬁvS,E?hThW+as(z)a'+cusc(ﬁ)cuc#+cs§§’c+z 5% Lo+ c1>NS(L¢Lc1>N>

a=1

;a2
s 1 _d—1[FA(P)
C, = +d(2)andFAC¢ = FAE(l + 4pa%)

1(%ds Fx(p) —ss@ 10 @
___| £ 2 7| _ = am 25 (A —s585%)
AAS) = 2fo - ( N ) [e WTh ] zfo — (s, \2Fp(P)C)Tr |es2]
®ds ® ds
+f —T(S, AZ)TI‘ [e_SSéZ)”u] + f —‘r(s, AZ)Tr [e“ssg?]
0o S
N—-1(*dS @

2 —SsS AdS —S ( )
- —r(s, A )Tr[ <I>T¢T] —f —r(s, A CCD)Tr[ <I>Ld>L]
2 Jy S 2)y S

as
f ~ 7(s, ZAA?)Tr[es(42+5)]

1 -
Trg W@l =—— | a5 ). B, W)
(47‘[)7 n=0 2

Qa__ =J;) F(;dW(z)z(n_%)_ldz




Tr) [W(@)] = —— f ax/g |67 QaW) + bR W] + 0(RY)
(47.[)7 2 2

1
b$” =1,b =,
6

1 1

B =d-1,60 = c@-1-7,

p@ _@rDE=2) o 1(d-5d+1)(d+2)
2 = =

2 2 T e 2(d—1)
d d
B 4 Amz F(m—g) 0A
I(s,A,B):f d%x./g|— - T (m) (2A+Aﬁ)
a4, B 2
d+1
2% m2 (AA2m+ 1)

x (Zb((,s) (2)(AN*m + B) — b$ (2)A(d — 2m)R)]

1 / F, RF 1 d —2)(d - 1)F. 1,1 1R
AaASA=—§I<2 A —A>——1( ,—( )@ -1) A,o) (1, )

"4°2(d-1d) 2 4d? T2\l m2a)t

21(0,2,0) —%1(0,%(1 +%)%(— (20F% + Fj+ 225 VR 4 U + 2pu,g')) -

(d—2)Fp
N-1 11 , '
—1 (O'E'E (—RF} + UA)>.
d
Afm2T (m B %) Uy \2 ™" AdpFp
Ad\U, = y 2(d=3)d+4(N =11+ +(d — Dde—;
4(4m)2T(m) m A
d
FA FA A2 A2
+4| 1+ 1+ —
d — 2)F, 4(d — 1)mpF,
2(1+- G2 m + 4
4(d — 1)pFy? (d = 2)F,
a_;(d d
A 2mz 7 (5 —-m) T (m—5 1 \z M1
AOAF) = (2 - ) ( 2) 2(d —3)d + 72 + 4(N — 1)(1 + 6F}) (1 + AZ" >2
24(4m)2T(m) mn
24 AOAF,
4 —— — a4
+ (d d-= 24)e i
d
AOpFy  AOpFp o 4pF)? , U 200" 7—(m+1)
val1s (255 - 2%0) 1+6(2”FA +@=oha ) A
2 (1 4+ _(d=2)F, ) L4 Ad = 1)pF,? m 4 M= 1)mpF;?
4(d — 1)pF,Z T@=2)F, T (d-2)F,
5x(4N — 3uy + 6€)
u(x > 0) =ug— 2e — 6u, + 0(x?)
x(—60fyN + 4(26Ne + 72N — 9¢?) + 36uye — u
flx—=0)=f, + ( fo ( ) 0 °)+0(x2)

54(uy — 2€)?




2(8fw + 5N —4) | 96€(13e — 36) 32(6(136 72)(13e — 18) 25(E+2))

36€ 15us 125/2 f3 Uoo
— 3 0 )
u(x—>00)—xu°°+5f°o+ e + 37553
_625(16fs(4fe0 + 1) + 25N — 24) _ 28800(e + 1)(13¢ — 24) _ 384¢(13¢ — 108)(13¢ —36)(13e — 12) _ (L)
Wz Fotie 72 )
39375x4 '
4 104e 416(13e—36)e 208(13e¢ —72)(13e —18)¢e
ﬂ(x—>00)=xf°0+—+ 272 3
5  25xf, 1125x2f3 5625x3f;
1664€(13¢ — 108)(13€ — 36)(13€ — 12) _ 2f,, (152f,, + 75N — 52) + 25N — 24
421875f2 675uZ, 1
; : vo(d)
x x

vin (Uo, fo) = Vour (e, foor Xmax),  fin(os fo0) = four (Ueos foor Xmax)s
17I’N(u0tf0) = VIOUT(uoo'foo'xmax): fI’N(uvaO) = f(;UT(uomfoo'xmax)r

fI,I(I(uO' fo) = fO”UT (uoo; foo' xmax)-

u, (x) = e ulF(x) and £, (x) =
PG PG
u,(x - 0) = Bgf® —— +ulF(x = 0),u,(x > o) = 8170 =+ ulF(x - +o0),

1 1
filx - 0) = W+b*(x - 0), fi(x = +00) = W— b,(x - o).

2
dy \d2
-2yt =)
5 B r (2 - 7) T(m)
B d

Y0 = g + 157 1

v.(x) = vp(x)H (xo — x) + vy () H (x = Xo),
fe(x) = fe()H (xo — x) + fy (X)H (x = xo),

P P

2x d —xo—L
= E @ 1), = xd- E

vs (%) & ol X0 ) =x L r‘ X —xo+L

z L

X — X
fs() =, y (f)T( 1)‘f”(x) "‘ZO i(f)T"(x—xo+L)'
i=

By (P va(xP) fa(xF)) =0, Br (xB,vp(xE). fo(xE)) =0, i=1,...p+1
Bo (22 vu () fu(x)) =0, Br (6 vu(x) fu(x¥)) =0, j=1,..p—1

vp(xo) = vy(Xo), vp(xo) = vy (xo), vg (x0) = vy (x0)

im\  2xB jmy X —xg—L
—Cos (—) =——1,—cos (?) =

x/ —xo+1L




0=(3-0)du+

+u Fm
) x+ Z;-m< 2f(2m ~ 3) 4+ BG=2mxf (2fxf" + f'(f — xf") ) su
8mx(f)2 + f(m+2xu” +u)  (8x(f)2 + f)(8mx(f)2 + f(m + 2xu” +u'))

(Z(Zm —-3)(N-1) (m

\ m+u'

+z§-m( 4fm2m — 3)x(8x(f")? + f) N 16(3 — 2m)ymx?ef' (2fxf" + f'(f — xf'))> Su”

+

(8mx(f)? + f(m + 2xu” + u’))2 (8mx(fN2 + f(m + 2xu” + u’))2
6(6f0 6xf’ ) Zim 16(2m — 3)x(f)*(2xu” +u') + 64(3 — 2m)x2e(f )3 (2fxf" + f'(f — xf"))(2xu” + u')
f? m(8x(f')? + f)? fm@Bx(f)?* + )3
s_ 16xef” (2f%f" + f'(£2(0 + 1) — 2xf"(—40f + 4x(f")? + f)))
77 m
@Y + )F &
1 [32rG-2myxf!(2xu” +u) | 128(2m—3)x26(f')2(2fo”+f'(f—Xf'))(2xu"+u'))
6xe 2T\ mExGOEDZ Mm@ *
+—+z
f
16erT"‘( 8x2(f)* + fx(f)2(—16xf" + 160f" —3) + 2f2(xf" + (6 + 1)f’))6f
f@Bx(f)2+£)?
(1 13(2m — 3)e(f6 — xf' ) E'm 8(2m — 3)x(f)2(4xf" + 2f' — 1)
0= ( -0+ T < m@x(f)Z + f)?
4(3 — 2m)xef’ , , ,
—W(—ZSGXS(f )6 + 32fx2(f )4(89f -3)

—2F2x(f)2(96x2(f")? — 4dxf" — 24(6 — 1)(F")? — 2f(24(6 — 2)xf" + 100 + 11) + 1) + f3(12xf" + 6f' + 1) (2xf" + (6 + 1)f’)))
. (_ 4(3 = 2m)(3 — 2(m + D)x(f2(32x(f')? + fA2xf" + 6" + 1)) 2xu” +u')
3(8x(fN2 + £)(Bma(f)2 + f(m + 2xu” + )’
16(3 —2m)(3 —2(m + 1)x2e(f)3(fFxf" + f) — x(f)H(32x(f")? +f(12xf" +6f"+1))2xu" + u'))) 5
3F(8x(fN2 + f)2(8mx(f)2 + f(m + 2xu” + u'))

1
/13(2m — e 22m=-3)(N-1) (m o ) Am[ 2B Zm)z%"”(f —8xf'(4xf" + f — 1))
* k 6Fm m mxt m@E (2 + f)?

4(3 — 2m)xe

3fm(8x(f )2+ £)3(—=256x3(f")6 — 8fx2(f)*(52xf" — 640f" +19) —
—f2x(F2(36xf " (16xf" — 3) — 48(20 — 1)(F)? + 8f'(—24(6 — 2)xf" — 100 — 11) + 3) + 2f3(xf"(12xf" + 1) + (60 + N(F)? + £'(12(0 + 2)xf" + 6 + 1))))
- <8f(2m —3)2m — Dxf'(12fxf" +32x(f)2 + 6ff' + f)(2xu” +u')

3(8x(fN2 + £)(Bma(f)2 + f(m + 2xu” + )’
32(2m 3)@2m — Dx2e(f)2(=2fxf" + x(f)? = fFfA2fxf" +32x(f)? + 6ff' + f)(2xu" + u')) 5
3(8x(f)2 + f)2(8mx(f)? + f(m + 2xu” + u'))

( 4fCm=3)x  3m—3)x’ef'24fxf" +26x(f)* + 12ff' + f)
m@x(f)2+f) 3XU )2+ f)?

1
+z27™

SF +
@m—-3)@m—- DN - D6f’ +1)(m+”
6(m + u')?

) N Z%_m <_f(2m —-3)2m - DA2fxf" +32x(f)? + 6ff' + f)
6(8mx(f)? + f(m + 2xu” + u’))2

_2(2m —3)(2m — Dxef'(=2fxf" + x(f)? = ff)A2fxf" + 32x(f)? + 6ff' +f)>> P
38x(f)? + )(8mx(f)2 + f(m + 2xu” + )’
Z%_m (_ fm@2m —3)(2m — Dx(Bx(f)? + f)(A2fxf" + 32x(f)?> + 6ff' + f)
3(8mx(f’)2 + f(m+ 2xu”" + u’))3

_4m(2m —3)(2m — Dx2ef' (=2fxf" +x(f)? = ffA2fxf" + 32x(f)? + 6ff' + f)) S
3(8mx(f)% + f(m + 2xu” + u'))3

_ 8mxf'(x)? + f(x)(m + 2xu” (x) +u'(x))

m(8xf'(x)? + f(x))




du(x) = dug + Nx( SCug—20)? 3f0(u0_26)2) +0(x*),

8fo(40€e(13up+26€+144)-30f,((0-1L)up+2(6+1)€))  48uy(6-3)(15f,—26€—72) 2
= 8o+ Nx ( - )
of =6fo+ Nx 27 fo(26—10)3 81(ug—2€)3 +0(x),
( 96¢(13¢ — 36)5f,,  2(6 — 3)6u., (26 — 25N + 20)
~ 2e8f, 36€8f 125£3 B 225uZ, 1
Bux = o) = x770 O = ¥f  5x*f2 x5 +0 (F) ’
— 2 _
5F (x> w0) = 210 (87, - 26€5f,, N 104e6f,, 416€(13€ —36)8f,, 208e(169€% — 1170€ + 1296)5f,, N
15xf,  25x2%f2 1125x3f3 5625x*f4
1664€(2197€3 — 263642 + 73008€ — 46656)3f,, _ 2(6 — 1)8f,, (26 — 25n + 24) 4+ 2(0 = 3)6u5,(2(6 + 60) — 125n)

421875(3 225uZ, 10125u3, 1

+ 5 +0 (_6) ’
X X

Su;n (60, 0) = Supyr (8o, 8o, 0), 8 fin(8£0,8) = 8 four(8Uco, 8 foo, 0)
6u;N (6f01 9) = aubUT (auow afoo' 9)' 6fIIN (6f01 9) = SféUT(auOOﬂ 6f00' 9)

dv(x) = Svg(x)H(xg —x) + 6vy(x)H(x — x¢)
8f (x) = 6fp(x)H(xo — x) + 6fy (x)H(x — xo)

p p
2x X —Xxg—L
i=0 i=0

4

6130) =i o1 (o= 1). ) = - gi T (%>

88, (37,65 (x2), £ (xF)) = 0,887 (x8, 8v(xP), 6fpxF) ) = 0,i = 1,...,p + 1

6B, (xl-U, 5vu(xiu),fu(xiu)) =0,6p¢ (in, SUU(in), 6fU(in)) =0,i=1,..,p—-1
8vp(0) = 1,8vg(xo) = Svy(xg), Svp(x) = 6vy(xg), Svp(xy) = Svy(xo)
8fp(x0) = 6fy(x0), 8fp(x0) = 61y (x0), 615 (x0) = 81y (o)

N¢
u*(x)—/10+z =" £ =Z I o

Nu
B 5, n A, 0K n—1)
u=do+ ) (=0 = g =0
n=2
Ny

o =) ( fn( "= (In—&;)!("_ ")M)

n=0




exp Oy —— (1] [0, (0,0 [0,0,0
Op O O O O
| = + + + + ...
/OL (0)3 (0) Or oL
exp OQ — [1] [02 [0202 [020202
2N

®p(2,7Z; @) = (04 (0)04(0)0,(1)0, (2, 2))
@2 _
Op(2, 7 ) = Z 02,2, and ©F°(2,2) ~ (0"0"0,0,)°

n=0

_ N dw (@) (@
Yp(z,Z;a) = E f Tﬂl( %P (2, 2) Egravity (@, 1; @)
=0 ]Rtt A

l 1 w-1 Zl+1 Z—l+1
4 + 4 w-t
ul()———;)(l()(z,z)—— (zz) 2 (—_ >

2 zZ—Z
= 1 1
Egravity (w' L, a) = Z l + 1
k=1 k+§+a(w,l;a) k+7—a(a),l;a)
Erir (@, -
T (‘O' =
fadde (1 +1+ w)"“ (1 +1- w)"“
2 2

1 zFt -zt Li,,, (2) — Liy,, (2)
m ) — m —) 2 2
log™ (2 Zl I+ 1)m ( z—2Z ) = log™ (22 z—2Z

pml,mz (k, l) <Zl+1 _ Z—l+1>

m k
log™ (22) Z (#2) (I + 2k + mg)™2 z—Z
kL

Wp(z,2)|q2 = —4V? D34z

2(Liy(2) — Lip(2)) — log (22) (Li; (2) — Li; (2))

zZ—Z

D_24,22 = (3 + VaV + Uau)aVaU [

(0_202) X (05"—165"—16202> and <0_%022) X (05"—20_51_20_202)

N N
0= Z Yy DE €an = Z Oty
r=1 r=1

N
0" = YA
r=1




0% =2| Y WARS w5 Gecn ~ Y. WHEIHN|
T

r<s

0%= ) PSS e

r<s

0e=3 [0Er(-2) o= () (-5) o

=0

2N
Oy Z b, (%) NZ[0"]
n=0
1 (2N)! 7 1
! 2 _
bn = ﬁ((ZN Y (ZN)") S 0N~
1
. @N)! \7Z
[0™1 = ("! (2N —n)!) 0
2N 1 a \"
o=, i) o
k 02
AdS} = R, [—Q{ (dt+ a— d¢) a—eni (dé* + f4dzp4)]

2 2
Q jl——(l—fZ)k—i 0 =1-"

. 8a*(1-¢nH ¢ a*(1-¢%) _8-—a’
QO_l_M——oﬂ.fz’k_QT(l_M——a‘*fZ)'Ql_m
(:OH:Ul:OH) N a? <0H|]|0H)_ Na?
(04:1:041) 2 47 (04 10y)  8+a?
(:OH:l[O]l:OH:)_ﬂi 1_05_2 <0H|[0]|0H)_ﬂ4\/§05
(O0y:1:0y4:) 242 47 (04 10y4) 28+a?

O,d, 20




Py = Z [ emetoo

®y = §(1)8(0) + widg(t,0)

dw* 1
AdSk = i T3 (—dt* +do* + o(w?))

9% 02
dp(1,0) = <6t2 692>‘IJB(T,9)

') @@ -1 +4) -4

L e 1 (S VN A
o ~ o (BT LY g a;)
) wz_ailz
]/— 1_0.’_2
7
2
Ezzl—(l—%>wz—>1
. . r@a+b+1) .
1 A B oA L £2) & a1 _ 22 _E2y 4 ...
e, F(ab,a+b+1;¢?%) r(a+1)r(13+1)[(1+ab(1 E)n(1—-¢&3)+-)
> ||
+ab(1—§2)( s )]

Hy=9y©O@+1)+yg

1 1
( A+—A)
k+a k+b

oo d (lz
— w lwt i 4
lPB_Z f Zne lz—wzab

Wp(2,2) = ([: 04:1(0)[: 04: 1()[01(1) [0](z, 2))




exp [—iJ(l 2)(|z| +2k)?2 +%t

l=—c k=1 a_Z 2
14+—4 l
1 _a® (|l + 2k)?
4

°°1

O
1"y
v=2 ) ¥

x = £2,4(8) = x ZP(x)

=, -1 (@®*+8)2(*—-w?) ] . B
vred - [ 4x2 * 4(x — Dx(a*x — 64)]1/)(36) =0

5 2-1]
Y (Z)+[(l - Yy ]¢(z)=o

5 (a® +8) (a? + 8)? 1024(a? + 8)
(4(a2 -8)(2—-1) 4a*z @ —8)(at = 642))

a+b=]l aB:E—aZ & a——a+ﬂ b=a +ﬂ
) 4 2 2

Z f dw Lwt il

Wp(z,2) = ([041(0)[04](«)[01(D[0](z, 2))

v (z,2) = N([0"](0)[0™](«0)[0](1)[0](z 2))*

([:0%1(D[: 0% 1[01BO1@)* = ([: 0:F(D)[: 0%:1(2)[01(3)[01(4))
—2([0](D[01()N[CI(W)[01)[01B)[01(4)) + ([01(DI[OIIN*([0]1(3)[0](4))
(02(1)02(2)0(3)0(4))° = (02(1)02(2)0(3)0(4))
~4(0(1)0(2)K0(1)0(2)0(3)0(4)) + 4((0(1)0(2))*(0(3)0(4))

@) 1 V_ . _
l'pB (Z,Z_) = _5+5D1122, with U = (1_2)(1_2_),V =ZZ

Pn

D™ =

zZ—Z

W (2,2) = —2V[9,D® — (1 +V — U)aED® — ;D)




V _ 1
4) _ 4 4

Y = _6V[ayD® —3(1 +V = U)3ZD® + (1 +V — U)? + 2V)a3 D™
—9yD®W + (1+V —U)a3DW]
M ptgan(s,0) = [Ko (A £) + (9O (—u) = p©@ (—0)B(w, ©) + C(u, 0)]

2ut
1= 2(u—t) 2s
_ s+2 _ e
A == BUD = e Y T e De r )
M1 (S 0) = [Ka(w, a(u, t) +K3(w, )b(u, t) + K, (u, t)c(u, t)
+K,(uw, t)A(u, t) + K1 (u, t)B(u, t) + C(u, t)]

4(s—t)(—1+s+t+ 3st)

D= O s+ G+ DA+ 5+ D
4(s —t)(3st+s+t—1) 6(s? —4st—s+t?—t)
b(u,t) = ,c(u, t) =
+t—D(s+t)(s+t+1) (s+t—D(s+t)(s+t+1)
3(2s%t — 3s% + 2st? + 16st + s — 3t?2 +t — 4)
A(u,t) =

(s+t—D(s+t)(s+t+1)
_ 6(s—t)(s+t+5) _ 12(s+t+2)
B =~ ne+06+ e+ D) WD T G R io DG r DG 1+ D)

Ty (x,y) = Tr(y;¢' (x))?

_ q1-q
0p =T, + Z chIn, T,

qute-+dn=p
0 =T 2N? -3 72
T ONINZ+1) 2

AdSE = —H,*Pfde* + HP(FLdr* + r*dQd)

214+q1) 1 1
f=1+T2H1,H1=\/1+—r2 +r—4—r—2
g, =cosh e —1

0, = %Tr(qbl +i¢,)? = Tr(X?)

1/2

[03] = N (%)n Ny, =l [(;)n (;)_n]

Oy = Z bpa™a™?[0}
n=0




€
(])sugra = asinh? (E) '<[02])sugra = COZSinh €,

_(0y1]104) ( L )
(J) === ad,log b2aa®"

- <0H | OH) -
1
([0 ]) — (0H|[02]|0H) _ Z‘;?:O bn+1bnNn+1Nn_1an+Ea2n+1
2 - (01.1 | 0H> ‘;olozo b,zla"aZn

1/2

Ny 1 ray ,a\™™ 1 € Va
==l @,6 | e Q) e =0
o W S w1
Oy = E —Lana™2[0}] = ez’ = E —(1+0(@™H))ama?[0}]
n! Vn!
n=0 n=0

(O 1 0y) = (1 —2a%)~%/2
0, = Q_402

4

dw 1
AdSs = —at F(—dt‘* +dQj + 0(w4))

w= %(1 +0(r %)

dQ? = do* + sin* 0dQ;
b =~ 6N + W4CDB(t, 9)
Pp(t,0) = (Oy(t = —0)0y(t = )0, (t = 0,6 = 0)0,(t,0))

1 sin[(l+ 1)0]

Y,(0) =
1(6) V2r  sin 8

(1=0,1,..,0)

f dQu Y =6,y

- (®dw |
) | See @)

[o0]

5 Zl+1y(9)
N = l
1=0 e

H , I(+2)
_a) —

r0,0°f0, 6 + ( )6 =0

f r




_ 4a?
(pr:
V2a (x+ )—(Za +1) 1.
rt= e b(r) = X2 (x)

22+ (1-2a%)2 . 1 — -ty
x = e W) =271 -2)"y(2)

1 1 1
7-4 s—ai-ai-ai+ai+u z—af

2 —
%Gt G1e 22— 1)

1 1
a? =Z(l+1)2,a% =1(—l(l+2)+2w2+1),a§ =1,a% =1

1
u= Z(Zazwz +8a? - Ra?-DI(+2)—w?+4)

Dy(t,0) = Z Z f —elwty(e)(l +1) [(1 aatz)z ba+1)(b + 1)] [k Jlr - +$]
=0

e—aatF
[m ab(a+1)(b + 1)] —(12 —02)((L+2)? — w?)

z=e 0 z7=¢-0 U=(1-2)1-2),V=12z

D=UdZ + Va2 + (U +V —1)dydy + 20y + 20y

1
D =-—10,0,(z~2)
—4it

5 (B = o)+ 2)? — w?)e "1, (6)

D?(eity,(9)) = €

. 1
(DB(Z,Z_) = 6_4”(1)3(1:, 9) == EDZIPB(Z,Z_)

W —”ii[mdwiwtyel+1[l+l]

_iir dol+1 oozl -zl 1 . 1
- o 2mi 2 (22) zZ—7Z l

k+7+a(w,l;a) k+%—a(m,l;a)




_ 1 _ _
(Op(z =0)0y(z » ©)0,(z = 1)0,(2,2)) = EDZWH(Z =0)0y(z > ©)0,(z = 1)0,(z,2))

oY 2 4,
a(w, ;o) = > + v (w,Da +y,(w, Ha™* + -

(12 — ) ((1+2)? — w?)

D =—— o

4 3l(1+ 2)Qw? = I(1 + 2))(15w* — 35w? + 8) 29w* — 73w? + 8
Y2(w, ) = zv1(w, 1) 2 _ 2 _ 11202 - 2 _1)2

3 32(w? —4)(w? — 1)?w 32(w?—1)

')

_ a _
Ye(z,Z;a) = Z W‘Pén) (z,2)
n=0
1 1
Egravity (wr L a) = 1 + 1
k+§+a(w,l;a) k+7—a(w,l;a)

(+71(w, )" + (=r1(w, )"

n+1 n+1

(k+2) (+52)
n +1 Sl+1

o 4k — Dk(k + D(k +1+1) _pZtiogn
V5 (22| 5, = log" (ZZ);; (Hl)[( 1+2k+l)(2k+l)(1+2k+l)] ) — 5+

Egravity (w' L a) |a2" =

V
0, -
lplg )(2,2) = Uz

Wp(z,2) =

1
0
Lng)(z:f)—’ﬁ
1 4 1
ks - 10 e+ -1

P Z Z j°° L
" 4sin 9 ? _o 2T
l€EZ k=1 )

Z Z —ik+IDtyae Y 1
Ck+ [l +xq™

lEZ k=1
Wi (2,2) = —4V2Dy4aa
(04(0) 04 ()0,(1)02(z, 2))

Wp(z,2) = ([04](0)[04](«)[0:1(1)[0:](z, 2)) — {[04](0)[04]()[02]1(1)X[04](0) [01](2)[02](z, 2)),

1 . -
¥ (@,2) = 53 Wy (2,2) = aX(031(0)[031() 0] (DI0,1 (2, D),

([031(0)[071()[0.1(1)[0,](z, 2))*




(02(1)05(2)0,(3)0,(4))°= (0,(1)0,(2)0,(3)0, (4)) + -+

(02(1)02(2)0,(3)0,(4)) = (02(1)03(2)0,(3) 0, (4)) — K02 ()02 ()N02(1)02(2)02(3)02(4))° + -+

(03(1)03(2)0,(3)0,(4)) = (03 (1)03(2)02(3) 02 (4)) — H02(1)0,()N0F(1)02(2)0,(3)0,(4))°
—9(03(1)03 (2))(0,(1)02(2)0,(3)0,(4))° + -

0, (1) = 0,(x, yi)
([031(0)[07]1()[0,](1)[0,](z, 2))

_ k
a n,‘Pé )(z,z')

_ _ 4 _
([021(0)[0,]()[0,1(1)[0,](z, 2))° = —ZV2D2422
([031[051[0,1[0,]) * {[0,][0,][0,][0,)LI[051[03]1[0,][0,]) A ([05]1[031(0,][0,])

¢ ([0,][0,1[0,1[0,1)T[051[0,]?[0,][0,])
<0p1 (551»371)0;;2 (552'372)0;;3 (553'}73)0;;4 (554:}74» = Pﬁéﬁ(U: V,0,7)

22 =2 22 =2 52 52 22 52
_ X12X34 . X14X23 Vi3Yaa _ _ Vi1a)23
— =22 =22 — =22 =22 — 22 22 — 22 =22

X13X24 X13X24 V12YV34 V12Y34

Gz =G5°°(U,V,0,7) +I(U,V,0,D)H3(U,V,0,7),
I=V+4+oVlV-1-U)+t(1—-U-V)+otUWU —1-V)+c2UV + 12U
k = min(py + P, P3 + Pa) — Max(Paz, p12) — 2

Hysas = 7'[4c444
(0202(020;)
17'[[4“][4“]44 = }[[24][44]44 +2? (0202) 4444
2Y2

(0,0,){0303) 030540,0,)

— ar€ ¢ (
Ha5|[a5]aa = j'[[45][45]44 +32 (0303) %[45][45]44 +3° (0303)

c
}(44-4-4-'
UZ

_ m
Himanaal 1 = ijsn
an

dsdt s+2y7tr2 2 2
j’f[4n][4n]44(U, V) = (27‘[[)2 U Vr (—S)F (—t)F (S +t+ 4')M[4_TL][4TL]4_4(S, t)

) 5 5 5 U?t?> 4 Ut U?ot
Paass = 40°912934 5 Gasaa =1+ U%0" + V2 +- +

1 U1y U?
.’]-[4444(U, V) = ﬁ}[4444 (V'V> = _7'[4444(‘/' U)

M(s,t) =M(s,u) =M(t,s)




4 1
Mopaslt = 4=
a1 =+ O T DA D

16
Mygaal1 = pel [M(s, ©) + M(s,u) + M (w, 0)]

a?

M (s, t) = [K(s, DA, ) + (PO (=s) = pO(=0))B(s,t) + C(s, )]

K(s,0) = ~(pO(=5) =9 O (-0)" + (YO (=) + PO (=) ~ n?

2:2(_1e _ 12 72 _ 6 _ 60 _ 2 _ 1
AGs, )= — st (<15 -ratsrn) (B -33y 3w 4B )
’ 20 A+uw@+u)B+u) 1+u)@2+u) 1+u

12 | 72
R Gl st(-15- 755 +gaw) | 10 . 8 2
’ 20 1+w2+uw 4+u 2+u 1+4+u

- 10

12 72

L [st(-15-g5u+sre) 6 20 2
C(s,t) = — u - —1+4B,,
(s,0) 20 1+u +5+u 4+u+1+u + 5o

4 1
K(s,w), p(=)A-V G+DE+ D+

K(s, 0,9 O(=5) —pO(-),1
RICOERIC

pi'(slt)
M (s,t) = d K(s+it+j
(s:6) L (sHDH(E+)+L (s+Lt+))
ij=0,]i|+|j|=2

K(s+2,t) | K(s+1,1) | K(s—1,t) | K(s—2,t) | K(s,f) | K(s—1,t—1) | K(s+1,t+1)
K(s,1) 1 1 1 1 1 1 1
2(3+42s) 2 2 2(—1+42s) 2(s—t) 2(s—t)
Vi(s:t) | ~Grnern | T 3 (EEDE 0 T EES (=)
1 _ 2 0 2 _ 2(1-35+3s%) 0 _ 2(s%—st+t?) 2
(s+1)(s+2) 52 (—1+s)2s2 GEEE GHO+)

Wy (s, 6) = 9O (=) —9pO(-1)

Zi,jrij(s, t)K(S +i,t +])




Plar)[ar)aa = 16a%(a + 2) 912954
2,2

L+ 202 2+2U [U Ut 24U20‘t+4 V2o 2+U2 72
G1a[4*144 = o o+ - 72
c 2a
Hiaat1aa = Hizsyasaa + mf}mu

Hghataalt = +2Haaaal1
a a

7'[[44][44]44|L = }[[24][44]44| 1 47{4444|1 + 27{4444|l-
a? az a a?

e
Higmiamaal 1 = 377 s
aZ

U2
:1{[14][44]44| =7z [RYP, + R (20, — 20,17, + R Pilog V + R{log? V + R{plog Viog U

+RYP, + RPlog V + R{glog U + R

Mgaraa(s, ) = [K@w AW O + (WO (—uw) —pO(=0)Bw,t) + C(w, )]

A ) = 32 16+ 3ut — 35 + 18ut 18u?t?
(u')_(1+s)(2+s)(3+s) S s 4+ +9)
Blut) = 32(u—1t) 1 18ut — 18(5 + s)]
W = a9+l G+0a+D  GrG+9)
1
oo 32 |3 5 L6 18ut +12(5 +5)
W =Gy lz " aroa+o 4+ +5)
U1
Higt)am24 (U, V) = }[ [44][44]44 (V V)
M (441[44124 (S, ) = M [44)[42144(S, U)
[ ]
Myss®K (5,0 @ K5, [ $O(=0) = pO (- log? ()6 log? (1) (03030,0,)
]R‘l‘

1V
Hapanararia = Hiar)a%104 (5r5> 5 Mypar1a[a1a (S, 1) = Mpgayp40)44 (0 t)

Mymaan (5 0) = [K(s, DA, ) + (@O (=s) = O (=0)B(s,t) + C(s, )]




AGs, 1) = 32 164 35t — 3+ 18st 18s2t2
ST T T wC+wG +w T T G r WG )
B(s.£) = 32(s—t) 1 18st —18(5 +w)
Y= Trwe+ol A+0+0  GroG+D

1
N - 5 6 — 18st + 12(5 + w)
U ar w2 G+rs(1+0o G+ +uw
(1+5s) (12 + 25s + 1552%)
£1>I>11A4[44]4[4_4] (S t) _t hmA4444(S, t) ~ t
PL']'(S, t)
- - K(s+i,t+))
s+iH)+(+j)+1
ij20,|01+1j|<2 (s+D+(+))

j{:[44]4[44]4 = 7{4[44]4[44]4 1~ 27{4444|L2

a? a

}[4[44]4[44]4 - }[[44][44]44| 47'[4444|1

a
.7'[4[44]4[44] + 16U D4444(U V)
at g ~ 16 e
4[44]4[44] - 4[44]4[44] (S + 1)(t + 1)(u + 1) - [44][44]44 i
a
t pij(s,t) . .
= K

Mataraatia GFD+ iRttt

ij20,[i|+]|j]|s2

?[44][44]44 = 96a? (a+2)(a+ 4)9?29%4
U?t? +12 [U +UT]+60U20'T+12 U2 +
vz | T a7y v "al|”?

3a 3a c
a v e Y g

U2T2
]

g[4_4-][4_4-]4_4_ =1 + 3 [UZUZ +
Hiamamas = Higajatgaa +

Higtjataals = 3Hasaals
a a

7{[44][44]44|i4 = 37{[24][44]44| 1~ 127{4444@ + 3H 4444l
a P a a

a

:7'[[44][44]44|i4 = :7'[[14-][4_4-]4_4_| 12.7'[[44][44]4_4| + 3}[‘[44][44]44 + 4'8.7'[4444'1 - 12%4444' 1 + 3%4444' 1
a

a*

U* y®
C —
H [4”][4"]44% =7z ¥p




UZ 1 _ 2 _ 3 4
7-([14][44]44|l = [RVP3(z,2) + RD0_Py(2,2) + RP0,P3(2,2) + RDd,0_P3(2, 2)
a4-
+RP,(2,2) + RIOP, (2, D)log? v
@ 1 p® 2 OIS (10)
+R1,0_P,(z,z) + Ry ,'log Ulog* V + Ry log® V + R " P1(z,Z)log V
(16)

+RGPlog? v + REP1og Vieg U + REVPi(2,2) + RSP 10g V + RGP log U + RG

M[i4][44]44 (s,t) = [Ka(u, t)a(u, t) +K3(u, t)b(u, t) + K, (u, t)c(u, t)
+K,(u, t)A(u, t) + Ky (u, t)B(u, t) + C(u, t)]
Ki(s,t) = Wi + 3W2 — 29, ¥, — 22, — 22K, — m*
1
K3(s,t) = W3 (u,t) — E‘P3 (u, t) + T2,

" 2
Ky(s,t) =¥, —§n2; Ky(s,t) = —WZ+ W, —m?; Ki(s,t) =¥,

Wi(s,t) =D (=s) + (DY (-t)

256
u+Dm+2)(u+3) L
9  15st(4+ 5st) 3s%t?(58 4+ 15st) 45s%t?(1+ 2st) 135s2t%(—2 + st)?
14 —15st +-u + - -
2 4(u+4), 4(u+4), 2(u+4); 2(u+4),

a(s,t) =

384(s — t)
u+Dw+2)(u+3) [
2(10 = 77st)  st(116 — 195st) N 15st(4 + 21st — 9s%t2)) _ 360st(2—st)(1 - st)]
(u+4); (u+4), (u+4); (u+4),

b(s,t) =

46 +

(02020,0,); (0,030,0%)
Hlog® )

Hiogn ()

(022(3?1»371)05 (X2, Y2)02(X3,¥3) 05 (X4, }74» = ?[44][44]442 AEBB
R

/
AB = Z C[4_4][44]0(GIO’O C4.4.0’
0,0'erR

0202"'1@02"‘%2‘{'"'@022'{'“'

T=2 24

1
COZ 02;‘7(‘2 ~ N

1

COZ 02;026102 ~




Plar)arjae = 16a%(a + 2) 912954

, 5,  2U%t* 8 Uty  24U%t  4[ , , U%?
9[44][44]44 =1+20%"+ T +E[UO'+7 +; % +—=|U%0c” + 7z
292 8 Ut
(02 02 0202>| =2 = ?[44][44]44 X — [UU +—
OPE a V
e _ § o 2(L+2)1%1 + (—1)
K 4L[0000] = 5 X "o g >

_ gfr _
Aga1[0000] = A% 4,1000] T I [44][44]44|T= £0[0000]

8 20+ 2)12 1+ (-1}
a” @+ 2
Higaspaal L _, =0
a™

H [4“][4“144%,1:4 =

n=4

1+V) 2log (V)
7{[44][44]44% =-8U [(_1 TV (=14 V)3] + U?(...)

~ (1+V) 2log (V)
= —4 ZD = —4 [ — ] 2
Hasaaly = =40 Passe = =W [y ~ Sy F U0

Hg4at1aalt = 2Haaaal1
a a

t
}[[44][44]44

— 4 2R _ 2
log® (U) Hig4 144142 T 16U Dagaslioge vy = U=(-)

(02(32)1»}71)0%(372:}72)02 (3?3,373)0§ (%4, }74» = -7)4[44]4[44] Z ABBE
R

Ap = Z Carar10 G Capamor

0,0'eR

0,02 ~0, D05 +K,+ DO+

T=4 26

1
602022;026102 N

l . l
020 02|[0,2,0],l=o,2,4,...' 029 02|[1,o,1],z=1,3,5,...

G = (<02020202) (020202022))
(0,020,0,) (0,020,03))’

P — 4P
54,[0404»] - AS,‘t=4,l,[aba]




[4%]4;44 4
54[44]4[44] _ (541[0404])
4,[0404] Shas

4,[0404]

2
glaalatis _ 32 (1 + E) I+ 1+ (=1
C U+ + @O 2

4,[0404]

free _ free
A?(,4,l,[0404] = —S4j0404] T A4,l,[0404]’

(L+2)! (1 +4)!

) (+4(l +1)(I+6)

e 1 21+ 06)! spin odd
41[0404] = NGRS
+4(18+ 7L +1%) 21+ 06)] spin even

fr
Apal0404] = Avéi,z,[o4o4] + }[4[44]4[44”1:4,1,[0404] =0

L+2)!(+4)
( (21)+(6)! ) spin odd

= 12
Ap,41,[0404] . 4+ +5U+)HU+4D) - o U+ 2) {1+ 4)!

(+g(l+1)(l+6)

spin even

a G+ e +e @O
A+2)! 1+ — (-1
) —4+ D+ O G >
Hapatenell oy = L+ A+ D)1+ (-1)
—4+ 20+ G a1 >
0
H a4 4|1 = (l+2)!21+(_1)l.
ALy T ) +64(L+ 2)(L+ 5) ST

8 U 1+V) 2log (V)

Hygra90 = 2 A=z Ta-vy + U?%(...)
32 1 log (V) + log? (V) + 2Li, (1 = V)
+?U[(1—V)2V_ (1-1)3 ]+U2('")

1
_ O @
Clampanp = Campamyp + ) Clampanyp 0

2
AD=T+1+5n§;>+..-

"~ 1 0 4 A
Clatiiat1aaliog () = ;Z <Z C[(42][44];D77%C£4;)D) Bz 110000) = 2Cassaliogn )
a T \'D ar

H [4*][4*]44 — Has44




}[[24][44]44|L = 7'[[44][44]44 . - 27{4444|i4-
a* o a
l _
}[[14][44]44|l = j'[[44][4‘*]44 L - 27'(4444|i4-
a* 1 a
a4—

\ ) . \ |
Clatiiataalt = 2Caanal1 = z : [C[(4")][44]:D4 654)94] Cyn, Bijoooo + (twist > 6)
a a
1

A R . \ |
6[44][44]44|—10g gu) B 262222|—l°g g") - Z [C[(4‘*)][44]:D CL})D Np 652)1)434,1,[0000] + (twist = 6)
a a 1

4, 5, AU 16U%0c
6[44][44]44|1—2(:’4444|1— =U<o +E 7z .|.7 -

4U2 2 16 UZO"L' " .
_Uz i a & + Z [C(44)][44];D 2Cz§4)1> ]CLEZD4 4.1,[0000] T (twist = 6)

(L+3)2 1+ (—1)
Ql+6)! 2

[C(:;)]W];z) ZCE)DJ Cg)z) =3 (l +2)(I+5)

é[44][44]44|—1°g (Ohy Zézzzzl_log ) = I % [}[[44][44]44 — 2H44a4]10g @)
a a a

t — 4 4 ) _
}[[44][44]44 log (U) — z [C 44][4*];D, 22C44D ]%4 C44;D4H4,l,[0000] + (thSt > 6)
at

a8 1+
=TT DA+6) 2

Hyy0000) + (twist = 6)

3 A+2)(L+5) (+3)?1+(-1)
Hiaoatyas log (1) ™ Z [_64 (I+1)(+6) (2L +6)! ]

Hiah)(441ae|10g @ =
a
3202 (14+10V+V2) 12(1+Wlog (V) 2(1+4V +V?)log? (V) P
a1-n* (1-V)> (1-1V)5

t —_—
Hiatratias = }[[24][44]44| L — 4H 44441 %
a

Higsypaiael 1 = T B 127-[[44][44]44| + 37-[[44][44]44| +4090,ls ~ 12003000l 1 + Fuasal
a

a*

t —
jL[[4“][4“]44|L =% [514][44]44| 127{[44][44]44| + 24}[4444|1
4

a




t —
[}[ [44][44144]log44w) =0
a

#f, =0
[ [44][44]44]10g:4(U)' ewist 4

=0;n=1234..

}[t
[ [44][44]44]log;‘n(u), twist 4

l
Ul [44][44]44| E 3H 4444 E 3}[[14][44]44| = [H[i4][44]44| - 12‘7'[[2“][4“]44 1+ 24H 4444 L ] )
a a 4 a

1 1 1
a* a* a

.7'[[}1_14][44]44| 1 = }[[24][44]44| 1 + 8:7{44_44|l - 4:]'[4|l
= o s s

(m) — 2, m ., _
Canjpanyp, = 3Cumpanyp, ~ 3Caap, s 1 = 1234

3Caaas] BB 12 VT e |1 —2Css44]1 | 4
4444%_ a V a ? vz | [44][44]44% 4444%

6[44][44]44|i
a%

a*

1 2
t _ (4) (4) (4) (4) (0) :
[7'[ [44][44]44]10g“4(U) =3 E [(6[4“][4“];1)4 = 3Cmyamyp, T 3CZZ;D4) (771)4 ) szn,] Ha,1 00007 + (twist = 6)
a 7

¢ ¢ @ @ o)) (4) ~(4) ®) A4
|#nanyaa o 5")2 [(Cm][m;m = 3Cmanyp, T 3C44;D4) (’7@4 Cagip, + 1, C44;D4)
a l

+(CiRamm, — 3Cann, + 3Cse, ) 152 Chom, | Hasgooooy + -+ + (twist > 6)

_1[.@ L 2
Camamr = =€ to | A=THlb o 4

[4M][4"];T
1 2
¢ e () @ ) @\ ~@
[7{ [44][44]44]10g“4(v) = (twist 4) + EZ lz (6[4"][4“];734 = 3Cpgmpanyp, + 3644;94) (”134) Casip, T
a Tl D
1 1 1 1
) 2 2) an? ~(3)
Z <C[4“][4“]:T4 = 3y, + 3G, ) (15) Cat, | Hragoooo)
T
1 1 1
@ _ap® ORI ) R ) 2
Campanyp, = 3Cumunyp, ~ 3Caain 5 Chmpunyr = 3Cunan,r — 3Cur

(0303Dy,) = (0303Dy,)_ + 4(0,0,)(0,0,Dy,)

(0% 022D1,1>C 1
(0703) a

(0303D,1) = (0303D,1), + 902020(0303D1) + 9({0303) — 4(020,)*)(020,Dx1)

(02305,Dr,l)c 1
(0303) a?




(03037,1) = (03037, 1) + 900,05 03T, 1) + 9((0303) — 40,0,)%)(0,0,7;,1)

(03037..), 1

~

o0 "
(4) _ 4) _
C[4n][4n];D = nC44;D n=234..
1 1 1
@ @ @ . G LG )
Campamp = 3Cunynyp — 3Casn s Clnpangr = 3Chnanyr — 3Cur
1 1
Cagr ~ 7 5 Clampanyy ~ -
1 1 1 1
524 a? i—a(z,—a%—a§+a§o+u+z—a§+ u 7- a8 b =0
£ — 7)) =
ATy 22-1) G-0F 2G—t) " 22
12 1 a? +8)(w?—12 I? at
a%=—,a%=a?=—,u=—( X ),ago=—,t=—
4 4 4(8 — a?) 42" T 64

F= C1 (aP ap, g, Aq, aoo)t + O(tz)

(4a? — 4a% + 4a? — 1)(4a? + 4a? — 4a% — 1)
8 — 32a? ’

ci(a,ay,as,aq,00) =

1
u=—a2+a§—1+a§+t0tF

w?  w?-—1? a*(l?+3w2—4) a®(* -2+ w*—2w?+2
a?=—+ a? ( )+ ( ) + 0(a®).
2 " 16 32(w? —1) 128(w? — 1)2

w® = HeunG(t, §,&, B, 7,6,2)

—¢_ \p(Ltr=¢
)i oL ::)a) e faltEl (e = 2)1 7 4

é€=1—-2a; and y=1—2ay =1+l

|| — € .
a=i(k+ ),w1th k=12, ..

S w
b+k8+a? b+k

2 —9g,Fq _ 2
l 2>e ¢ 8—a® ,

e+t (1)

- ~ —=)~(+—a ==
b+k t 4

2 1242

4

8—«a

8+0(2=




b=

l+w a?(w?—-1%) a*(=31%w?+201*+ 2% - Do* + 0®)

2 16w 512w3(w? — 1)
6((w — ) (*(5w* — 5w? + 2) — 212(w® + w*) + (0* — 0? + 2)w?)) 0
4096(w5 (w2 — 1)2) (@)
A+ (=D I+2)-20® (3-2aP)w? + (2a% - DAU+2) —4) -8
VO T T oz T 4Gz -1
B 3 2a?+1Dw? —8a? — (1 —-2a®)I(l+2)—4

2a? 2 8022
4(1 22 t? )

N (1 -2a?)(—2a?w? —8a? + 2a? — 1)(L + 2) + w? — 4)

2
802 (1252 + )

1 1
a? =z 1)?,a? =Z(—l(l+2)+2w2 +1),a?=1,a% =1

Y(@) =0

=1(2a2w2 +8a? — 2a? - DIl +2) —w?+4),t = _ 2t
4 ’ 1 - 2a?

e=-1,7=2+|

2 w?

I I+ a?((+2)? - w?)(?-w?

2 4w(w?-1)
Iy[p, Z Z —L(|l|+2k)1:+Llcr
lEZ k=
)i ,q Z Z —l(|l|+2k)‘t+Llo
1P £, (|l|+2k—1)q

"
NgE

> qrrae e er-q 2 0

I€Z k=1
® = 2 212p
1= Z Z (ﬁ —zi) 13)q e-il+20)T+iI (4 < 2),
+
I€Z k=1
o — (2-a)r .
Wpal= ), ) Gz T @2y
I€Z k=1
i e 12p eaeil
I[p, q] EZ Z m —i(|l|+2k)T+i v,
I€Z k=1
. SR 12p eaeil
IZ[p' Q] = Z 2 me_l(l I+2k)T+i U.

~
m
N
&
]

1




-2/3 1+ 2
A' = —H{'dt,X; = H{ 77 ,cosh ¢ = == (r*H;) = .
dr 2(1+qy) , 1
I+—=—F—+3

AdSHy = AV2dSE + AY2G,p(dy® + A%) (dyP + AP)

( Gopdy®dyP = (ezl‘(e’lsin2 ¢ + e *cos? ¢)sin? § + e‘2~“co~s2 6)do? )
+e?#(e*cos? ¢ + e *sin? ¢)cos? Hdp? — e?#sinh Asin (2¢)sin (26)dOde + e Hsin? Hd3

AP = A = —e73Kqt

(A= (detG

~2/3
) = e 2#(e’cos? ¢ + e *sin? ¢p)cos? 6 + e#sin? 6)*
detGO

A=¢, e’ =H

dfz 62 QZ
AdSé' = (Q% [(1 _ 52)2 + 1— EZ dQ% - 1 _162 dt2)4
0f —2/3 &? 1/3 5 1/3 o 2
T = H] f’le—gz =H, rz,m:p]l £71(0g7)

(0,7)? =7r2(1 + r%H;) with tanh s = /1 — &2
Dlo b = 0,

DSCI)O:O.

©dr , f
6+6AdSE_ptAt_pq)A(p=2|pt|f ya H —-p 2
T

0

1
To=\/m+(6h+2)6h—fh—1

At=2f dr—_,Aqo=2f dr—
T r To r

0

_1/2

[ 2 4 2
(1—/32)\/1+2(1+ql)3r’—2+3r’—4—3r’—2
0 0 0

1
6+6Ads=2|pt|f dy s
0 14200+ q) 5+ 2
v To

1
LT —yZ  Nm( p? -2 F(p1+§) L g
f" ‘ _(1—132) F(py +2) 2F1<p2’p1+§'p1+2" B2 )

(y2+ p? )pz - 4

)4-




aZ

5= rlpe|(1 - 7 {7 a1 (g - 2] 4 a2 5(82 - 124 oD (g2 - 1]+ O(as)}
W2R

81T__

(h+ )3

a?[1+ 2a?(1 — 15v?) + 4a*(1 — 40v? + 420v*)] + 0(a®)

_ h—nh hh
|pt|=h+h,ﬂ=r V=

i =\
@ h h+lsh _ hsh+l ]
WE =f dh] dh(hh)A~2 [Z i ]eiS(h,h)
0 0 7 —Z
‘Pg — z _J th dl’_l(h]‘_l)A_Z(h _ E)th—ﬁeig(h'ﬁ)
z—7Z), o
qjg = [ i _(zaz —Z_OZ—)] J-oo dhfoo dﬁzhz—ﬁeia(h,ﬁ)
zZ—7Z \ S

o ©  patlpa+i _
I(a,c) Ef dhf dh———=—2"7"
0 0 (h+h)
M2(a+2)FQa+4-0) oy e
B [(2a +4) R 2og 20 R (a + 2,620 + 451 — 1)

W= wRO 4 029k 4 9(a*) = AI(—1,0) + a28miAI(1,3) + O(a*)

1 oo (L=nR)(1 +28ng + 1) + 12(1 + 3ng +nZ)nglog (R)
= + a“16mi

+ 0(a*)
nRoR (1 —ng)"nroR
_ 1 1+ng
A= or(1—1g) (aaR OR ank)
wi® = _3272A1(3,6) + 16miA[I(1,3) — 151(3,7)]
R(6) _(8m)* ) .
Wg @ = A —i=5—1(59) — 1287°[1(3,6) — 151(5,10)] + 32mi[[(1,3) — 401(3,7) + 4201(5,11)]

(Opl (551' 5;1)01)2 (552' 3-;2)0173 (9?31 5;3)01)4 (554' 5;4-))

Ymin = Max(P12,P43) ; Ymax = Min(p;y + pa, p3 + pa).

(01010102 Op, 01:)4) = ?52 ARBg,
R

2

+ + — + — _ _ max(p1zrp43)
P1tP2 P3+tPs P3=P4s P1+DP4—D2—D3 p22p1 (g13g24>7

912934

P5=01" 934" 913> G1a 924




11 11

272 . 44
Blp,0100)° Blap.aio0)

A 7T=A-] { R multiplet
(@] ~ 0 [0,7.0] L BPS
[1#] v 0 [0, =21, 1] 1-BPS
A 1] (A > 2) ¥ A—2 (1, y—2p—2, p] semi-short
(A1, A2, 202, 1] (A > 2) || y+2Xe—4 | Mi—Aa | [, y—2p1—2p2—4, ju] long

Y = Ymin» Ymin + 2, -+, Ymax

¥Y~¥min

(912934) 2 F
913924 vl

BR=

912934 _ Y1Y2  J14923 _ (1-y)A—y,)
913924  X1X2  G1392a (1 —x1)(1—x3)
1 (-y)U-y)

U=xx,;V=010-x)(1—x,); 0= 0T
1%2 ( 1)( 2) " o

Fra=[Pa+Pao+-]= > (5)R
pe

Iy (xi—)

B, =Pz|k+ S0, x5, V1,Y) +
rd | v Y12 (y1Y2)?

H(xpxz:}’l’yz)]

Hij (xi - }’j) [ f(x2,¥1) f(x1,y2) f(x1,1) f(x2,y2)

S = — —
(x1 —x2) (Y1 — ¥2) | X2Y1 (X1 =y2) x1y2002—y1)  xy1(x2 —¥2)  xy2(x1 —y1)
[y (xi )
—————=J(U,V,0,7)
01y2)?

x1x2)ﬁ (Fll (xl)FAz—1(x2) —X < xz) (Gz’l (}’1)G/1;—1(J’2) - e )’z)

H,; = (-1 l1-’12(
ya=(1D X1 — X2 yi—Y2

Y1Y2




Y — P12

Y — Da3
Fi(2) =z} 1 ,F, A+ 2 A+ 2 'Z]
20 +y
A_V—P12 A_Y—P43
Gy (2) = zA+1 2F [ 2 2 ;Z]
2A—vy
T—Y T—Y b—-vy b—-vy
=2 _ =24 — V= A =—aq—-—
T p T p T_p T_p
. xi+12F1[2+7+l—%,2+§+l—%3;x1] 2F1[1+7—%,1+7—$’x2]_x1sz
H‘r,l,[aba]=(_1)l(x1x2) 2 4t al (xl_xz) 247 X
b p b p b p b p
}’13/z_a2F1[_1_7_a+%’_1_7_a+%ﬂ’2] 2F1[_7+%'_7+%2}’1]—}’1“’}’2
1 —2-b—2a —b
b—Ymin —
1y2)” 2 01 =2)
Y — P12 Y — Pa3 Y — P12 Y —Pa3
x\P A+ A+ VI A=
Fopai-) @0 = CDA ) [eham |12 2 sx|yV R 2 2
v y 20+ 20 —y

B
H = (=1)A 1 Z (x1x2)ﬁ (Fi—n(x)F(x2) — x1 © x3) (GL(r1) G (72) — y1 © ¥2)
”'[}“1’1 _1] = \Y1Y2 X1 — X2 Yyi— Y2
_ (g — 3’1)f )
X1Y1 ”'[}“'1)1 _1]

f}’,[/l,l’ll—l] (xy)+ fy+2'[/1_1’1lr](x’ y)=0

.

I (x — ;)
c _ _ My (X T ) ,
By'[l'll,_l] - By’[’l’lﬂ_l] * BV”'[A_LYV] B (¥1Y2)? T=yi=A-2ash-1b=y-24
B ( w-1=B% , .,—B N
a1 T Py a1 T Py a1t
B Y — P12 Y — Pa3 Y — P12 Y — Pa3
x1\P 1—h ,1—h - h—
frio () = (—1) Z XM, [ T2 T2 x| yhuE [h > h 2,y
o= 21-n+y 2h —y
H _ (x1x2)ﬁ Z [F1—i(x1)F1—j(x2) — X < xz] [Gi(y1)Gj(}’2) -1 e }’2]
riol V1Y2 X1 — X Yi— Y2

1<i<js<f

aH‘E,l,[abab] = UT/Za‘EU_T/ZH‘r,l,[abab]

1 1
_c©® ) @)
Clamamin = Cumpamp 3 Clampamp + 5z Campamn

2 2
Ap, =T+ I+—Nayp + @+




0 4
10g4 (U) X [C[(‘I-T%] [4™] n(4) C4_(4.) Hr,l,[abab]]
o 4 4 0 0 4
log® (U) X [26(3 414 C3a 0ty + | Ciatipam a2’ + Ciatipam 2 | Hop v

(4
log'® (U) x [2 [4,2][4,1]17(4)@4 Hz,, [abab]]
(0) 4 C)) ©) 4) 4
log® (U) x [ZC[4n][4n]77(24)C44 OHz 1 [abap) + [C 4n][4n]n(4)c44 + C4n][4n]77(4)czz + C[4n][4n]77(4)c44 ]Hr,l,[abab]]

” ,
logo (U) X [26[&2][411]7](4)64(4 K H‘L’l [abab] + 2 Z C[4n][4n]n(a)C4{1-)aH‘L',l,[abab]

i+a+j=2

(4) ) (4) €) (4) 4)
+[C[4"][4n]4c44 + Crynyiam Caa” + Cpynypgm Cag ]Hr,l,[abab]
1 . .
4 4
10g5 (U) X [C[(472][4n]n&)czg4)aH‘r,1,[aba] + 52i+a+b+j=3 C[(BL][4n]77(a)77(b)Cii)H‘t,l,[abab]]
a,b<s2
log"® (U) x |2¢{ cDo%H, 2% iarb+j=3C g cPoH
0g"? (U) X [2C},a114mM(a) abab] T 2Xi+a+b+j=3 CiynyamN(@)(b) Cag OHr 1 [abab)
a,b<s2

+ Yita+j=3 C[(ﬁz][‘,n]ﬂ(a) Cz(]z)Hr,l,[abab]]
a<3

1og°(U)><é N7 C a3 H, +2 Z O M CaH?
3 4"][4"] ™4 7,L[abab] [4™][4™"1 (@) '(D)~44 YM1,L[abab]
i+a+b+j=3
a,bs2

+ Z C[(izl][4n]77(a) ng;)aHT,l,[abab] + Z C[(zgl][zyn]czgl) aH‘r,l,[abab]

i+a+j=3 i+j=3
as<3

c =—|C2 i1 C(3) +
[4™][4";T = fa | 144 [4™][4™];T
2 2
Az, =T+I+—Nayr + 0@+

B0

log! (U) X 0 + log (U) x 4n][4n] 44 ]Hr,l,[abab]

1 1
log? (U) x 0 + log! (U) x [C[(fn)][4n]77(4)C£i)H‘r,l,[abab]]

1 1 1 3 3 1
log® (U) x ZC[(4211)][4n]77(4)C(4)6H11 [abab] T [Carz)][4n]C£4) + C(Llrl)][4n]C£f)] H‘r,l,[abab]]




log® (U) x 0 +1o 2(U)>< ! (1) C(l)H
g g [4n [4™] 77(4) 7,l,[abab]

1 1 3 1
log" (U) x |:2C(412][4n]77(4) ( )aH‘rl [abab] T [QS) 411]77(4)6(42_) + C[SZ2][4n]U(4)CA,(f) + C[(fn)]Hn]n(z})C( )] ‘rl[ubab]]

NETE )

1 1 3
log® (U) x [26(47?][471]77(4)6( )a “He 1 abab) + 2 [ nan 1) Cas” + Clamypany ’7(4)6(4) + 6(411)][471]'7(4) G )] OHz | abab)

3 3 5 1 1 E
+ |:C[g‘211)][4n]4c4(4) + C[(4n) [4n]C( ) + Cg2][4n]cff)] H‘L’,l,[abab]]

Ua — .
G=P; XWO'TJ a—yzﬂ;b,i.jZO

Glxi=y, = Pz % k
X2=Y2
(x4

oY l)fa(xl,yo]

I1
k +SQxy, %2, 1, ¥2) + %Hc (x1,%2,Y1,¥2)

G|x2=YZ = ?5 X

G =fpﬁ><

i Y =Pz, ¥V~ Ps3
_ ns g BT
faGy) = D fonG)|y"8 o 1T 2 2 ,y]
h=1 2h—y
A+ A+

2 2

fon@ = D ena|[¥FH R,
20+y

Y — P12 Y — Da3
;x1]
A=1-h

4 U%0t 2 2 2
4a° 912934

2.2
_qy2,.2, Ut
92222—U0+V2

B@—2x+xP) 4
Fr=s(r) === _";)2 <) _4 A

ax1 -1
1 (xl 2)x1 (_2 + 2x1 + xl) 2 xl(xl - 2)
(x; — 1) a x;—1

far=10(x1) =

412(L+3)1% 1+ (-1)*
(2L + 6) 2

AL o0s0a = [(l +3){+4) t

Prsaar = 8a°Va + 2912014924951 Gasasr =

1020,| /I0202|I0§0§|

dVa+ 2 Ut
T[1+ug+7]

4va+ 2 X
e = 2 T
a4taa 4\a +2 2(1+3)121 4 (-1

A5,4,[04-04-] - T( + 4) (21 + 6)! 2




8

8
far=1(x1) = ax1 +—

al—x

(L+2)! (1 +4)!
21+ 6)!

4
A4,l,[0404] = E [A+3)A+4)+ (_1)16]

8 Ut

g[44][44]44 = [ Uo + ]Wlth Pyagagy

o=t 1]

X1
2 1
©) @ 1@ (+3)"1+(=1)
[C 444D, 2C4; D4] Co2p, _(l +2)(I+5) 2+ 6)! >
(1 +3)1?
c® 3(l+2)(l+5) QI+ 61+ (1) +20®
[4*][4%1;D,4 c® 2 44D,
44;D,
@ (I+1D)(A+6) (1+3) 1+ (-1}
D 3 J@ei+e)y 2
2
@ 3~ 8(1+ 2O +4) —29©21+7)) 1+3)! 1+ (=1
o (+D(+6) J2l+e) 2
3
4 4
c® _ 3D+ +3-16(1+ 290U+ 4 - 2902+ 7)) (1+3)1 1+ (1)
IR [EDIED Jare 2
3
1 1
Clatyiatof ~ K Cangor ~ N
5 5 4 4 4
6[44][44]44% B 264444% = Z [C[(44)][44];D4 26}4)&1] 654)%34,1,[0000] +
1
1 1 1
@ @ 16 g 0 1.0 5
Z [C44][44];1) 2C4ap ]C4473636,1,[0000] +Z [C[44][44];:r 26'447 644;7636111[0000]
L7e
+ higher twist
A . . .
Clat1(a41aa]log W ~ 2C2222|10g W = Z [C(zﬁ)][ﬁ];m LBD ]%4 @ D4B4l[0000] n
a a
1 1 1
) () ) () () )
Z [C[tﬁ][ﬂf“]ﬂ)6 2Cy, DG] D Cas; DﬁBs,l,[oooo] + Z [C[4%;][44];T - ZC44 7. N7,C.2 7'636 1,[0000]
Z,DB Z,TG

+ higher twist




t
Tiaatias I+ DI+ 6) 2L+ 6)! Hafo000) +

Sy LHDA+5) L+ 4121 4 (-1)!
Z[_ (+DI+8)@2L+8)! 2 ]

L+2)A+5) (L +3)21+ (-1
o= 2. |-ot ]

Heg 110000) + higher twist ...

@® )
(n) <C11;01 CZZ;OZ>
Cg’ =

3) (€))
C33;03 Cas0,
@ _[r,® ~@ 1.
Cove = [Cppzoz' Copio,| 3 2P > 6
N C)) (©)) 4
Vigt)atye = Co [C[44][44],5 = 2046

© @ [@® @
Viafliare = Z Casp, [6[44][44];736 — 2G40,
D¢
@  _ @ [@® @
Viafliare = Z Casp, [6[44][44];736 — 2G40,
D¢
é[44][44]44|1 - 264444|1 ’ é[44][44]44|1 - 264444|1
a a a a
_ t _ ny O t
4g = (C©) - (€O ; Mg = (C®)- (0 nz> - (c®)

(4 4) (4)
Z [6[44][44];96 N 2644;96] M0 Caaip,

-1 _
(Me) - (Ae)™" - Vianyian 6 = 0 (4) (4)
Z [6[44][44];96 N 2644;96] M0 Caaip,
=1 DD UPP i -1 6 Ut 12 UZO'T
gppm"gravity =1+UP" + ypr "’ g2233 =1+ a [UO' + 7 + 7 v

2pU pr,p+4-,4,4

3 _ _ _ _
=2 5 Hasaal[o000) = — 5 UP[Dys5.23 + Das 32 + 6D3522 +8D3 53]

7{44pp = -

1
10 0 (L + 4)12

) L+ 1)1 +8)—————
0 SU+DA+7)

2l + 8)!
4 12 (1 +4)?
12 44 +91+ 12) 21 + 8)!

A6=+

6[44][44]44|1 = 2C4444l1
a a

?[44][44]44 = gfzg§4N[44]M

Ut] 24U%1 24 Y U?t? 4U%01 U3c?t U30t?
— Uco” + +2 v + 77

12
g[44][44]44 =1 +?|:U0' +

— |+ + +
%4 a V a(a+2) /& |4




24(N? = 1)(N?2 —4)(N* - 1)
N

N[44],N;1_ =
Clatiatiaalt = 2Caaaal1
a a

; 5 , 5, 4U%t* 16U%0t
6[44][44]44%_264444%=EU o +a 72 .|_7 —

4491+ 12(1+4)1? 1141
V 4 4 = ,
[+1+)6 5  (21+8) 2

c® . P+91+4) (1+H1P1+(-1)

“4Ds — V(1 +1)(1+8)(2L+8) 2

(€8] (4)
Z [CM“]M“];D6 — 2Ca4p, | D5

H = Z Az L[abab)He L [abab)
T,l,[abab]

T T
F _(7+1)!2(l+§)!2_T_T+1_L_l+r+3
T g2l +2) 2 T

Ar,l = IF‘L',l X ]R-L-,l

5 2U%72
Paamaran | US0" +—3

Ry = (+DQI+T+H)QI+T+2)(T+2+1D) ((—1)lT(T+ ) _Z+L2)

) 1 1+ (D +3)?
AGJ=E(l+1)(1+4)(l+5)(l+8)[§(l+3)(l+6)+2 5 ](21+8)!

(1)t —1\
_1 (1)+ L 1+(D

Rep =Ry, 2 g >
- (HA+D(2+ )+ (T +6) 96 3 71
=~ > [(l+1)(l+r+2)(L2—T(T+2)—§T2+E)]
RY, = Ry, — 24 (A+DEZHDCHEDEHE) o Ly @+ 20+ D)

T(t+2)

+U+DU+3)U+6)(+8)

1+ (-1}
2

— (—1)!
Ae,z=—8[(l+2)(l+7)(16+9z+12) 1 (21)](l+3)!2

2L+ 8)!

}[[24][44]44 1 _47'[4444|1
a? a

3+ 1) +3)(1 +6)([1 +8)
(L +4)(+5)

A, = 32(—1)”1[

_(@r+92—3nt (2—1)’] (L+3)1

(2L + 8)!




+2;

IRT,I =32

I+D(I+7+2) 1y lz G _ 2)6

8 1 1 14 (-1) 3
(1 2)2 96+E(E_2)6<§_ 2 <1+(l+1)(l+‘r+2))>

)
N |
o

(—DYT —1=2)s(T+1—-2)s xIx Y3, Bj(T—D%
L2 _12

~
Il
=)

(-5 +I+T)(3+1+T)B+1+T)(5+1+T)(1191 - 71(1 +T)?)

1 92400

_ —508221+100379(1 + T)? — 2979(1 + T)* — 59( +T)°

2 831600

32445 —2979(1 + T)? — 1330( + T)* + 64(1 + T)®
By = 831600
—639—59(I +T)2+ 64(I + T)* + 4(1 + T)®
By = 831600
(L +3)1?
A1 = ~192 G gyl

. 1+ (=1
— 4L+ 2)(L + 7) Harmonic Number (1 + 4)] ———+

6
[(82+451+5l2)—(l+3)+(l+6)

86 + 451 + 512 t _4Q+2)(1 +7) Harmonic Number (1 + 4| - =2

o6+ 51+ 512 — g5+ gy = 40+ 20CL+ 7 Hammonic Number 1+ )]T]
] 1 (1 +3)P”
[n=0] 1—5(l+1)(l+4)2(l+5)2(l+8)m

_: l Lo l 1+ (=DH (1 +3)?
[n=5] —8(+4)(+)<(+1)(+8)+24 > )(Zl+8)!

1008 ) 1+ (—1)’) (L+ 3)1?

[n=10] 480(l+1)(l+8)(84+(84+(l+1)(l+8) > 21+ 8)!

(1 —y1)(x2 —y2)
V1Y2

é[4n][4n]44 = free + }[[471][4"]44([]' V)

dsdt

Hiamanias = (2mi)? F[=s]?T[—t]°T[s + t + 22UV M 4nyan)aq (s, )

(1 —y1)(x1 —¥2) (X2 — y1) (X2 — ¥2)
Han)[am144 (U, V)

é[4n][4n]44 = free +

(y1Y2)?




dsdt 2 2 2172+syt
Hian[an)aa = WP[—S] [[—=t]°T[s +t +4]°U~"V M[4n][4n]44(5, t)

L
-1 _
P =) %B 2 7 " ]tog” @A) (Lizsor (2) = Liz+(2)
r=0

o35

bl = bi(a—b)!
z z
P =- 3t
Pi(z,2) =log (z,2)(log (1 —z) —log (1 — 2)) + 2(Li,(2) — Li»(2))

P2(2,2) = %1082 (2,2)(Liz(2) = Liz(2)) — 3log (2, 2)(Li3(2) — Li3(2)) + 6(Lis(2) — Lis(2)

11 B
7(z3)=—PeD

Z Z
?L(Z,Z_); :PL (Z— 1,;) ; :PL(l —Z,]_ —Z_)

d)(L)(Z,Z_) = — ! -7 (Zil’z—il)

uv
—0,0,[(z — D20 = 0tV (z,2); 9O =1
U=1-201-2); V=2zz

dW(1-21-2)=0dW(z2)

1 1

W(z7 T WNz-z
D™ (z,2) |10gL Wlog" V) (LN2z—2z

z=1-¢

_ urvm(m+n—-10D'(m+n-2)!
{_U+n;1 nm (n—1!@m-1)!

_ urvm(m+n—-10DI(m+n-2)!
Z=V+ Z W m . (n=1D!(m- 1)

nm=1

w 1 11 Unv™  (m+ )i
PEUN g wyog ) = TP 177~ W2 2, i

m,n,z0

Usvt
ol = ﬁgg i) T[=s]?T[—t]*’T[-u]?K P (s,t); u=—-s—t—1;L>1

st t%s
KB [s—1,t] +

Ast[KBP]: = —stH Bs, t] +

KOs, t —1]

s+t s+t




Ast[g((L)] = —KL=D(s,t)

KD (s,t) = +n,meN
&0 = iyt ™
2
2 — 2 2
K@ (s,t) = 22 [-¥f + ¥, —m7]
3
KB)(s,t) = a2 [+Wf + 397 — 2W, W5 — 212 W, — 42K @D — ]
4
KH(s,t) = an? [—WP — 3WHW, — QWZWZ + 9W3 + 4W3 W, — 12W, W, ¥; — 4¥2 + 3W2Y, + 3W,¥,

+2 (6WEW, — 12WF + 6W W5 — W) —9 X 4 x 12K ®) — 64K P — 76|
Y, (s,t) = Polygamma [n — 1, —s] + (—1)" Polygamma [n — 1, —t].
P(U,V)

P(U,V) =Z CabUaVb; Cab eR

a,b

vyt oy . I'[—s|I[—t]
(z — 2)2r+1 - (2y)! ﬁl"(_U) (=)t T[s + 1Tt + 1] [[s+t+ X]2 X Mgp,y

(=8)a (=)
(s + Dy—q(t+1)yp

Mapy = [(_)a+b (s+t+ X)2y+1—a—b—X(S +t+ X)y+1—a—b—X

A(S, t) = Z CapMgpy

a,b

Usyt logt (D)logh (V) P(U,V)

J— s —+12 J— 2 (L) t eee | = !

(zm')zr[ SIPT [t T[—ul?[K P (s, OA(s, £) + - L7 TR
weight | anti-symmetric functions ; symmetric functions

0 ;o1

1 ; log(V) , log(U)

2 | P P log* (V) log(U)log(V) . log*(U)

3 Prlog(V) , Pirlog(U) : log*(V) , log(U)log(V)log(UV) , log*(U)
log(U) log (V') log()

O_Pa(l—2) , 0-Pa(2) , O-Po(sZy)




weight | functions

4= | Pilogk(V) , Pilog(U) , Pilog*(¥)
Pa(l—2) , Palz) » Pa(E)

z—1

weight | functions

4" | PP, log(U)lo Flog*(V)) , logiV] , logtt)
log(U)log®(V) log(7) , log*(U)log(V)log(t)

Glog(V) . Glog(U) , log(UV)d_Pa(z)

0_0,Ps(1— 2)

, 0-04P3(2) 3—3+’P3(z—i1)

weight | functions

5= | PulegX(V) , Pilog(U og(UV) , Puleg™(U)
P1 log(U) log(V) log (%)

PLO_Pa(l—2) , PO_Paz) , P1d_Pa(Z5)
log(U)P2(1—2) , log(V)Pa(z) , log(UV)Pa(s27)
O+Ps(1—2) , 0+Ps(2) , 04P3(3%)

H{ 41144144 = SPAN{P3,0_P3,0,P3,0,0_P3} U {47,3,2,1,0}

a,’P(Z z‘)
Az -17-1
st

1 Usy
(z—z‘)[Z(l_z)_”“‘@_”(z_js‘S G TSI [S+f+1]27€(3)(s,t)]

j%g (2;)2 T[—s]2T[—t]2T[s + ¢ + 1]2[(s — OUSVE + (1 + s + DUV — UsTY ) H O (s, 1)

usvt 2 2 2
(Zni)? [[=s]°T[—t]“T[s + t + 1] [(s —-t)+

2K (s, t —1) — 2K (s —1,t)
s+t

17, 1 ,
§[tp1 (0, 6) = 5 W5, 0) + W,




Us t

(Z—z‘)[ 9z Z_] [(Z 2)$ i V)Z —s]PT[—t]T[s + t + 12K C)(s, t)

<0202202022)|T=4 = Pular)afar)a X [ Uo + __] where Py4014(44)2 = 16a*(a + 2)g7,954954

{0, 07* 810,05 O%7° 9'03, ... } * (0,030,03)

M3, = (21R)"ME*?

dN d*k_fp() ()"

avdat = 9 @} o i yy — Mz HouD
AN A fa@) oy 2 ~Im[MT,, ]
avae =7 ) @ o U (el = m2)? — [T, I

dN g k 5
avde %J‘ da ew/T — 1 Re[Il,] 8(Re[Il,, | - m?)

dq g k.w,

g 2 |dRe[M,, ()]|
dvdt  2mew/T —1

Re[l To

W=W,

dRe[ME, (w)] _ . m2 - mz (w? — k2v§) — 3w
dw * k2 w2 w? — k2v?
W=w,
dRe[M], ()] — m_,zc m2 B 3wp — 2mZ
dw k2 \w? w?-k2v3

W=W,

T qfeK 3

I eE mp <1 _ mlzl)
Yhf = F 2
3V2r?2 " v, Wy




dQ w2 (n + 4)
avde 270

hy YnK2 (RTc)nO'OTc‘Lpl'E

_3n%+18n+19 1
W=
(n+5m+3) (n+3
r(*z°)

{(n+2)

Yn :f(n+4)+4ﬂzm

LY (L, thhs of, 0l | myk, 8) = N (L(mgg, 8) — Ly, 08 )N (£ — thys, ab),

Ltot (mKKr q)max (mKK))>
q(mgg) = —2In ( ~ ~ ,
K Liot (mKK» q;)

aQ k? |T7 'n+ 1DI(n+5) n?+9n+23
avdr 18 (RT)n" 7 haniog” 5\ (2n+7)(2n+5)
r (Tl + 7)

22 mZ
Z M|? = —6(;"1’ 1;2 [4(6y — x(6x% — 6xy + y(y + 4) + 10)) — 42%(1 — x + y)?
—z(5x° + x*(13 - 8y) + x(y? + 12y — 9) + 2y* — 13y* + 12y — 9)]

ot mp t— m2
TTmzY Tmz " T TR
dn _ d*p, d*py d*p, Anw? 4 2
d(l) (zn)Ssz (27T)32E (277.')3sz (27_[)32 (27[) 6 (pl + b2 — p4)|M| fpfn(l fn);
dQ 4 dn
avar ) ““dw
(s e
= dx, ——— f dx—f dcos 6|M|?
dvdt (2m)5/2my \7n + 1 0 Pexf, + 2, . T o€n—Yn — |M|

z; = exp ((u; — my)/T)
Xp = Pz/v 2myT, Xz = p1/T, Y = My /T, €5 = Ex/T; and Xy

Ez(p) = p? + mi +Z.-(p)

d*k
I.-(p) =f an(En(k))Vnn‘(pcm)




~ 2 2 2 2 1/2
Pem = m(p /mg + k*/my — 2p. k/(mnmN))

21d,
Vnn‘(pcm) = _az 2l+1) n Ly

cm
Lv

S Particl zm3 14, \—172 3
1" upermasswe articie A ~ 10 A
2, (10"%yr)~ (M v)

) mi  |mggon

=g

)

3/2
() o
mgk

mpén3

2
Mpmgg

i ~ 0.1vr (E)Z (E>3 (IOMeV>4 (mKaluza—Klein)
ptot = oY B én my, eV
dmp(t)
ac

Ftot (m) ~ /32

my (t)
2

—FtOt(mh)

mp(t) ~ mo(1 + I (mg)t/2)~1/*
n(t) = nomy/my(t)

. - 22myp (tops)?
ESupermassive Particle (tobs) = n(tobs)mh (tobs) M2
Pl

ESupermassive Particle (tobs)

£ ~(1+ FtOt(mO)tobs/z)_3/4
0

ek Q) = Z e Q)
Ef = p* +mf
BHaB 4 curaB )

H#“B(Q)_ eK-f ﬂi(f(E)_f_( )) AHraB
yhf =4 (2m)3 2Ep e\~p e 4(P- Q)2 —

a ZQ# a a a a a
AH Bzm_fpf(P QF + PEQ*—g ﬁ(p.Q))_(p g+ + pB gk )’

Buel = 2PH[gP (4(P- @)? = @*) — 4(P - Q)(P“QF + PFQ%) + @*Q(”]
+Q*[Q*(P*QF + PFQ) — 8(P - Q)P“PF]
—Q*(P-Q)(Q"g" +QF gh*),




CHab = 4(P - Q)*(P*g*P + PP gi®) + 8Q?PHP* PP
€, Q" = 0,eq5Q0% = €qpQF = 0,459 =0
d4-p Pa
ar Wﬁ(fe(%) ~ fe(Ep))
QuetpTyn’ @ =0
€l QaQpMinF (@) = 0
QuQaQpTl (@ =0

wap _
yh =0

e{}egﬁl'[

4(P-Q)* - Q* = 4(P - Q)?
a d*p 1 pupaph
H{jﬁf(Q)reduced = ZQquer WE(]%(EP) _fe_(Ep))W

137 (@) = agerc | 02 (£(E,) = fo(E,)) B (B, k)i

HYT(Ep, p,w, k) = HYT (Ep,p, 0, k) = HYT (my, 0, w, k)

neTm
L _ f h 2
My r(w) = __\/quek_mf e v(3vs —2)
1 neTm
T f h
s = = B ¥

CIfBKf my

L — 3 _ 2 2.,2Y _ 2,2.,2 2.2
Hyh,f - 6\/677.'2 Pr Yo ((3 2v )H(U VFr VTVUfp (1 +H(U UF))
qrex  ,my G(v?v3)

3272 PFow 2

T -
yny =

3 2x 1-x <1+\/§> 'H(x)zGix)—x

Gx)=—1——- lo
(=7 3 ok e\ 7

pr = VpEF

M (., k) = w? — k? = m}




N

Myp =

_ ircfpp 1

qfeK w*mh wh
nk, .= ((3 2v2) (1 - ) - vzvz)
J *x VF
T T et vaw?

w?

r qrek 02 my, mé

Myns = b oz
3v2r2 ' v, w;

eKns w,m w;
1}, = L= h<(3—2 2)(1— >—v3)
2V6 v.w) w?

_ qrexn; my (1 mﬁ)

2

n?. . = —h
vht V2 v, w}h

4\/27717-[ (pl + Pz)z - mIZV [(pl trt p4)a(ya7']ﬁa + yﬁnaa - Zyanaﬁ) + 4mN77aB]

X (lél + léz + mN)PlVS
u _ Kfpp 5(4 _
ap = 4Zm,, (P2 — p3)? —m3 B,y (Iéz By + my)

X [(2p; = P3)° (YaNpo + VpNas — 2YoNap) + 4Mynagp]
¢ iK fpp 1

Map = - VS p( —p3)°C, + m2
b 2m, (o1 — p3)? —m2 (B, — B5)v°[pf (01 — P3)° Cappo + MiTag]

—ikf,
MSp = —2p? + -2 5,
= om. Py (Yapgo + VgNas — 2YsNlap)Y

N—-én<a+b<N,

my
Nén =——6n
mgx

N-én<a, +b;<N+6n and —én<a, +b, <én
[a]+|b| <N
la|] +|f—a| <N

fi € (N —=96n,N + 6én) and f, € (—6n,dn)

f = (N - 677.1, 6n2)

Ny/N2 — |f|2 = N,/Nén,

3/2
Sn2NVNén = (ﬂ) §n>/?
mgk

0? = k? +m?




fe(Ep) = fe‘(Ep)

dS® =y, dxtdx” 4 2y,s dxtdx® + yss dx® dx>,

ds® = (yﬂv_y—”sm)d B + g (dad + 122 g2
Vss oo V55
Iuv KA”_

ds® = g, dxtdx’ + e27(dx® + KAde”)Z.

2

f 16nGe—0’ R ——-e*7E, F! — 2¢77 D e | d*x,

Oe? = VH9,e?
G=Ge™°?
guv(x) = exg/w(x)'

Glymo = GeX ™7 = G

_= U
f 16nG[R 606 o

K2 ~ o~
— 5 €T En P+ Vua“a] dsx

Guv, and oH = g*vo,




dS5 = —e¥dt5 + e7Vdr® + e*7vdQs
with dQ° = d@°> + sin® @ d¢)5

b b
dss = —(1—%)“ dt2+(1—§) @ drs

1_b

rs(1 —%) @ 405

o(r) = —ln (1 —g)
d =a(r) (r —ar) =dy

b
R a2 - bz ( a)a—z
T 2rt T
b—d _b+d

a 1‘%
+75 (1 - ;) das
b+d
G

(c=1Glye=G=1)

€ (—\/a2/3,\/a2/3)
b—d

(-9

4SS = —N5(dx®)®
+h;j(N* dx® + dx") (N7 dx® + dx/)

-1

=l
N = (1 - ;) A C)ter

Mpm: = __sltl_rgo f(k ko)\[q d°x
1 ®
Mapm = Ten = lim f B(r)rSsin 8 d@ d¢
r=const
b+d




_d+va?-3d?

B)=(d+VaZ—3a) (1-9) ¢
2a d 3a /d\?
*ﬁ@*ﬁ‘ﬁ&)

a d
MwM*z@+a)

L=-m /—gw(x)xl‘fc"

ut = x* =dxH/dt

I = —mJNZ(xO)Z — Ry (N0 + %) (NIZ0 + 37),

Lyg = %(Ni +x)(NJ +29)Gy — mN
Gij:: hU/N

x0=1

d . ,
Ty =+ LNR = mGU(xf + N])
daxt

pi- = T; —mNjGij

1 . 'NJ
— L
Dvr =5 Dip;jGY +m<N —TGij)-

Wiey=| dups
du = VG d°x
pip= (#t; — mNIG;;)p
_ I 1. j

5

P Rlx p5 .
0 4 TN, VIN

1272 +€A§ 7

Op = /(ﬁs) — (B (P")

Ac = 2mh/m

opp R Th [1 -

X0

R=4a2—(3b+d)2(1_a) 2a 2.

8r+




Op = /(152) — (D) (P")

a/r K1

O] ® @
oy = ()" + (6 + (o) o

S

(5)
(Uz‘;) > —h%(100 | AP100)® = 05

(5) 1
(05)" = —gh*R

(o) = (p°)

X0

2 R
P*Pu = Goo(°)* + h? (? - g)
k/‘ = (ko, kl'), with Po = ko

k#k# = goo(ko)z + k2 = —mz,

o RR L RR
Pipy = kil = —g= = —m" ===
flST[S/pS — k2

hS
E® = —goo [ms + (pz + T)]
h2R
Megs = |M? +——
6
1 h%¢* R

Meff,corr = EWW




NZ
exc
mgff = m2 + flz -

c2r?’
ZhZ R
mé =+ o
Curvature limits (b >0) R/a” R/a*
General Relativity (GR) 0 2] &
Kaluza—Klein (JF) 0 [—% — 34 4 132_3- i
Kaluza - Klein (EF) 64| & s+ z4]
5a a
€ (_E' 2)
iEt imt

de [—%,—i—j) U (%,%],whereiR >0

4a’> - (3b+d)*:=0
de[o 3
14

de( 5a a)
14’2

d=—5—aandd=g
14 2

de[ a 5a>U(a a
V3§ 14 2'\3

a

d = +—=provides b = 0.




2
mgym

m — oo, with A = Ten2

fixed

2V (. Y, — (Y.
(@001 = 2 (giogen W1 —igqan_(T2) >I=Lmﬁ

ﬁﬂ( K o—x? © T i x)?

dij = YL . Y]/xlzj,H € [0,27'[]

“’iK) 0 -« 0 - 0
0 wéK) 0 o 0 i
QS(N) = : : , with w,(lK) =ekK"
0 0 - o 0
\ : S 0/
0 0 « 0 - 0
A

d
(0F (o, ¥OR (e, 1)) = (322)

1
o I'(A+ 1)(A)*vkALB <1 +0 (E))

K

A

d F(A+ayy+1
(00 (x4, Y1) OR (x5, Vo)) = (4_71:2) fFy(m)2-BN2Zm=4 ( vy + 1)

T(ayy +1)

fu(m) =a(N) +0(e™)

(Olr(n(xl, Y1)017(n(x2,Y2)0(x3,Y3)) _ 271'_
(Og (x1, Y1) OR (x2, Y2)) - _I;) 2T (0(x3,Y3))g

2

T, (1, v; ) 2%2 (Z (—MSZ)*’P@)(u,v)) —1
s £=0

y i—j
M) = 24/2sin (T]n),o <i<j<K

Ty\P/2
Tp(x,Y) = (E) Y, Yy Tr(@h (x) - @ (x))
. 6 4n
T:=T1+1T2 =E+IE

TnC¥) = | | Tmye 1)

k=1

m = {my,m, -}, with m; > m;,,,m; € {2,..,N}

Ry, = 24, = 22 My
k=1




dyp\im
(Tm(xl; Yl)Tml(Xz, YZ)) = Nmm’(N' K) (4—;) ,Z my = Z m;{

Ny
ij =—2, with xij:=xl- —Xj
ij

{T4,4 YY), Ts3(6,Y), T3 32(%,Y), Tan2(x,Y), Ty 0 22(%, Y)}

4,4
0446, Y) = Tyu(x,Y) + E YT (x, V)
n#(4,4)

53
Os3s(8V) =TsseN+ > V(1)
n#(4,4),(5,3)

(Om (xll Yl)om’(xZJ YZ)) X 6mm'

Ok,..x (,Y):=0g(x,Y),K > 2
——
m

mK

d
(OF (x1, WO (2, Y2)) = Nin (N, 1) (13

Ap

(OR (1, Y1) O (2, Y2) Ty (3, Y3)) =6, (N, K) X (Ld23d31>7
(Ol‘r(n(xll Yl)OIQn(XZ; Y2)> o Tmmp ’ 27[2 d12

(0K (x1, Y1) OR (2, Y2) To (x5, Y3) T2 (x4, Ya))
= 'FY. +~7 i’ Y T U, T, )
(OIr(n(xl‘Yl)Olrp(xz;Yz)) gfree (xl 1) 4(xl L) m,K(u v, T f)

(A3 )z - D) - a)(Z— a)zz
94(x, Yp) = (4n2) a?a@?(1 - z)(1 - 2)

2 .2 2 .2
_ X12X34 X14X23
u=zz=ﬁ,v=(1—z)(1—z_)= 5 2
X13X24 X13X24
Yl M Y2Y3 M Y4_ Yl * Y4_Y2 * Y3
r=—>—— (1- 1—-a@)=————
R S A A A A

2
gymm m
= fixed
16m2  4nrt, 1xe

m-— ©,T, - 0,1 =
1
(OF Gt O G 1) ) = [ DI fields Je 5O Gy 1R G 1) .
Oficlds (_SSYM + log (Olr(n(xpyﬂolrp(xz; Yz))) =0

cI)Igl"f:lV (x) —

zf <eigﬂ(N) (Yl)l +e_igﬂ(N) (YZ)I )
vV %12

K- x1)? Ko(x - x2)?




0 0 0 -
o = 5 : , with 09 = e & ™
0 0 w0 0

\ : : : : 0/

0 0 0 e 0
(K—1)+ (N —K)?
U()k-1 U(N-K)

Oy Fidy Dy Hi®y D5+ iPg

Z= 7 Y N 72

0 (v %1 — %2l

XEV (x) = 0,V (x) = 0,2 (x) = 2V’ ——2
(x —x1)

_igﬁ(N) |x1 - x2|

X&rav(x) = 0, Y‘vcl(x) =0, Z‘d(x) =2V2e K (x —x,)2
— A2

55— [ atxze(|[ox, 29 + |[ov,29|* + |52, 2] ")
9ym 4

4(x; — x,)?
1 112 1 2 2 _ (K) )
m;j(x)* = |ZlC - Zf | = =) -1, M{, M;; = VA |a)l. - |

Ml] =\/'i’l = 11 "'IKPj =K+1, ...,N.
(i) .
M;; = 2Asin (Tn>,1 <i<j<K

(K—1)+(N—-K?+2K(N-K)+ KK-1) =N2-1

massless M; j=ﬁ Mij= 2+Asin (%TL-)

s
M = 2+/Asin (En), withl < s <K, K times
M, =2, with s = K, 2K (N — K) times.

Z M2 = 2KNA
S

K+1
2 log(Ms)=K(logK+<N— 5 )log A)
S




, S S
log NV, (N, K) =log (T'(A + 1)) + ay klog (A) + Alog (A) + B+ 0(A™h)
ayx = 28a = 2(acpr — Agrr),
Iz
acrr = 2 .
1
AgfFT = Z(K -1+ (N bl K)Z)
K
aN'K = z(ZN —K— 1)
2 _
d12 2m F(Nz 1+m>
(T G, YT G V) = () 22T am+ 1) i
2
_ NZ -2 _5 N2—-1 1
Y =Ty T 4 a)
(0K (x1, Y1) O (x2,Y2) O (x3,Y3)) 2T dg
- “ = [ 500 v,
<0K (x1,Y1)0K (x3,Y3)) 0 2m
(@;(x))g = PF V(%)
1 m N i N
(Ta g ¥))o = 7o A Tr (OF ™ () 0f ™ (1)) = 7y g Tr (d1s27e? + o0 )

Tr (QE(N)Qf{N)> =K
Gmmz =mK

0(x3) = Tp(x3,Y3)

(Tp(x3'Y3 <1_[ (x3,Y3 > = 1_[ (Tpk(x3’Y3))g

k=1

k=1




(Tp(xs,y3))9 — (T_Z)p/z Yy ...Y3I”Tr ((cb,1 (x3))9 (d),p (x3)>9)

47
ﬁ ﬁ 2
T e ) = (o 2y ® (I [ O] re(eoa® + ce )™
o 2m PRI T\ g, 2/ )y 2ml K
wy*
Tr(af”) =0,£=1,.,K-1
Tr (eiBQE(N) + C.C-) = Pk KO 4 ,—iKO)s K
K p /2 +K(e +e )pkKl cven
k

ﬁ —_ n
a3 () T ()

evenpy

27 g4 T . K K \" 1-n n 4
e i6 (V) —_Kgn F. , _’1,
f - Tr(e Q"+ cc ) K (K/Z) 201 2 2 (K )2
0 k=1 K/2
m % Pk (K n 1-n n " 4
QmmP(N'K)Z(f) 1_[ Klpe ) |K (K/Z) 2\ 5=y ’(K)Z
2 K/2

even pp<K

gfree = (47_[2 F + ala? 3

d34)2< R (QA-ol-o (-*1-a°, +£’_+WF5+F6>
a’a? a’a? aa .

(P;(x))e = %(ewﬂ(m (), +e-i0qM &)
12

K (= x)? K o(x=x)?




ol P I P €Ty Lo

A-2 A-2 A-2
T3 Ty T3 Ty T3 Ty
(a) I (b) Fy (c) Fy
T o I ) T T2
@ 9 @ o
A-1 A-1 A

T3 T4 I3 T4 @4

(d) Fy (e) Fs (f) F

21

6
Gre Loty = [ G (T YTt Yoo

“r do 1 ’ 2|42, 42 2 g2 M) 50
| R Ty =() m [(@had + disdgone| (o) | 1o (04") ]
_ 2
+4dy3dadiadas | Tr (05700 )| ]

Fi(u,v) = F3wv)=0

2
u
Fy(u,v) = 4m2K? -

7, d 2 de
Giree lom) = 7= 723 (V)i (¥8), fo 5 (@ ()@ (x))ar)

m  dsy

N) s(N
Gfree logm) = aro2d, (di3day + dyady3)Tr (9.5{ Y ))

u
Fy(u,v) = mKu, Fs(u,v) = mK;

r _NZ-1
c(u,v) = 2

(d34)2 -0 -@4u* M (1-a)(-@)su N -1
Giree = 412 a’a? v aa ada v 2

Y, =Y, =Y =(1,-i,0,0,0,0),Y; =Y, = Yy = (0,0,0,0,1,1)




4

2 4 1 )2 4y
X34

1
Gfrce = (4_1r2) E*"&h(%%) = (4_1r2

(Olr{n(xl; Y)O}%n(xZ, Y)TZ(X3'YX)T2(X4,E)) ( 1 >2 4 )
7 = — (Fg + uTp x (w, v; 7, 7) ).
(07 (xy, V) O (23, V) = §4( 6+ Ul i ( )

I de _
| R G ),

(TrX?(x3))e = 0
TrX? = (ZX +Z xsxs>
2 4(x; — x3)°

2 — + —
7 d*x(9,%;0"x; + c.c. ) + E-f d*x (Z 0, %5 0#x5 + =) — )2 MZx}¥xs + c.c. ),

2
_ gym 6
(Xi(x1)Xj(x2))9 = ) x%

12

4(x; — x,)?
<_ et (x — xll)z(x2 Xx;)2 MZ) Goy) = 80 =)

2 (00}
(€ e (o) =50 ) t@rd), with t(wvi2) = ) (M) PO )
£=0

2
4mexs,
N
4 4 2 .2 (.2 \L-1
OIS _f d*xs  d*xppa  x13%54(x12)
V) = 2 2 L+4 2.2
T[ n x45 Hl 5 xLl+1x11x21
L1
I3 Tg




U e (1)7@2L—1)!
z—Z rI(L—r)!L!

r=0

PO (u,v) = log" (v)(Lizp—r(1 = 2) — Lipp (1 = 2)),

2 2
(T ()T ()= 2 (22) D @), +2(32) D (& e (),

4m 4m
L S
(K —1) + (N — K)? 2
=2 + Z t2(u,v; A
16m4x3, 16mtx3, - s( )
N? -1
F6(u' v) = 2 4

1
T (w3 ) = ﬂz (2w v; 1) — 1),
S

e N" reaMs sin (r¢)
to(u, v 1) = z
Vols s amz sin (@)’

e? = [z/Z7and e ® =zz

ts(w,v; )= — Z(W(<p+2nna)+W(2n @ + 27mn, 0))

n>0
2MxKy (2MVx% + 02)
We(x,0) =
sin (x)Vx? + o2
T (4, 032) = Cr om0,
in(S+ 1o
_ o-ota-ay SN T D9
Gas(u,v)=e o
[e%) o S+1 © . (S N 1)
s) _a.)Sin
T‘m,K(ur v;A) = Z Z Z Z CS('S‘gr (AS.n,r A}[).—(p
s §=0 n=0 r=1 sin @
() r+n)S+2+n-r)
CSnr -

Jr+n)2+4M2/(S+2+n—1)2 + 4M?

AS) —Ao}y+\/(r+n)2+4M52+\/(S+2+n—r)2+4Msz
AS) . =Dgp +2+2n+S5+0(A)

omona..aT,
S

Y ~ /2
Tmx W, v; 4) = Co}?o}?oxcnrzoxuy /2 —

(CO}?O}?OK CTz T; 07() | gy

m=0"




2 3
=3Ng\2(M_3 NgSZ(M +2 NgSZ(M "
Yie = 22 412 4 \ 42
A
Vi = 12NE + 0(1/m?)

3 Ngi¢m
CTZTZOJC = _E 4772

A
w=1-6N—=+0(1/m?
+ 6 m+0( /m=)

— © L) L
L=1

T, v32) = Y €S omy A+ GNACS) i, (log u = 1)
L=1
PMw,v)=u(2 —log u) + 0(u?,u(v — 1))
. 2L
PED () =u (" )§@L - 1)+ 00 u( - 1)
2L

1
5o (2, vi2) = 1) = ~ME(2 ~log ) + LZ M7 )eeL -1

T (u, v; ) = 2KNA(log u — 2) + Z Z (—M2) (ZLL) C@2L - 1)

s L=z2

mK oy (2L
Copogo, =3~ 2KNA + Z Z (—Mg) (L )((ZL - 1),

s L=22

mK ©  Msdw
Colypolrpox zT_ZKNA-I_Z J(; W[ZMSW—]l(‘l'MSW)],
s

C1(D)

~  mK
Co,’\,"o,’\?og((}L ) = 3

N
a= diag(al,az,---,aN).Z a; =0

i=1
2

Z(‘r,‘rp;u) =f do(a;) |lexp im'z a? +iz np/z‘rpz al Z1100p (@ ;1)|Zinst (r,‘rp,a; y)|2

i p>2 i

N
do(a;) = n da; n ai2j6 (Z ai>,aij= =a;— g

i=1 i<j

Z =2(1,0;0) =f do(a;)exp (—Zm'ZZ aiz)

i




a

A 21T,

1
W = [ dotaesy (—Z a?)f(ai)

4

a—

th(a) = (Tra™k)
{(ta(@tm(@))) = (=im/2) " (in?/2) "™, 9z, 2 (7,73 0)
k=21 [21

I

Tp=0

To(@ = ta@+ ) (@),

mFm<n

{(Th(@tm(@))) = 0,m - m < n.

_ _ 8 T  r3sin? @ _
Gmi (T, 7) = LTk v;1,0)] = —Ef drf de TTm,K(u, v;7,7)
0 0

Z (a; 1) = 1_[ I
- G u) = ,
1-loop (@& H H@V 3 H(a;; + p)H(a;; — p)

H(x) = e @*¥*G(1 +ix)G(1 — ix)

a"-'m,KaTm,Kal%log Z(T' Tp; H) |Tp'li=0

Gmik(TT) =
™ Ot 107, 1108 Z(z, Tp; 0)|T N
-
oo 2L L
2 L1 2L 2L—jrr ) 4
08 Zy.100p = —H Z Z (=1) (anz) (j )(ZL + 1)L + DTra?t~iTrad | + 0(ub).
=1 ]:0

{t4,4,4r U543, 83333, 552,84332, 04422, 85322,33222, 842222, tz,z,z,z,z,z}
Om(a),m = {my,m,, ...}

{tgom (a)}n,mzo

((tgom(a), 20, (a))> Sy

0 s woor Uiy Uit 1) ooe Iy With ip # 0 if € # J,
N —

m

il""ik—l'

Oil'---ik—l' ik! ey ik , ik+1' in =0 ik! ey ik .
m m

OF (@) = ty, k(@ + ) cata(@)

m n




OVina =ty +GSwith {ty*t3%} U (e 57657}

MyZA/a 32 npz1

O3y =ty ey + GS with {t; 3} U {tr*t3 %}

my nz=ms+1 ny=1
03 Cap =30+ GS with {0 6P 00
05 = 15 4 35325t3t3 90t ey 1050327t 6 22761t - +405t2t 2
377373044232 417%7372 1 9781616 32 39442 *3°2 T 533 47372
6103 9551 162 53 1313 985
03 =t3 - t2t2 + ———t,t4 — ——t,t%t td t2t3 — to
=t m gt Yogreg el ~ ogs tetdte tggagts T o330t T 1aaag 2

Os,.54 .,4,3, .., 3 =t05t, *t3° + GS with {t.5¢,*t; "} U {t5t,4t5°} U {tg5t, 4 e5°t, %}

—_————— n42m4+1 n >m3+1 nzzl'
msg mg
my
Ng, Ny, N n n n
O = tI" + GS with {t5°t,*¢ 3}n3+n4>1u{t Sty ity t Z}n221
Ng, Ny, N n n
O = ti" + GS with {t5°t,*¢ 3}n3>1 U {tsSe, sty }n221
n n, n n
OF =t +GS with {tg°t) 6°t,°} |
0=t 1tt2 231:1: 4431:1:1: 2461t2t2+179tt3 7 t3
5 =15 ~5gtels ~goptitz T 300 Bstst2 T ggp 1t 5000 ™4t T 1600 2
Non (N, K) = ((0F(@)OF (a)))
I‘(Nm +w+ 1)
— —Npr2—Nym
r—=——7>+1
fo(m)=1
fs(m)=1
1-—27* 15 .
fa(m)= T aam-1¢ T o(e™™)
504
625
fs(m) = c
(1 + 572" (1 + (=1)™) — 27m=25-3m=5((25 4 11y/5)M*2 4 (25 — 11\/§)m+2))
504 0™
625 U\

R
F(E-l' aN,N + 1)

(O (@07 (@) = 24-m CTET) (Q £ 20 0 (L)>

r'(7) 27  243m m2

'3 10) /140 1
wop@oy@n =24t (2o (1))

r(10) \243




N,y (N, K) = (2KKK-2)=m F(?(ZN“:'i 1’)1) AN, K) (1 40 (%))

>

P

(0?(3%Y1)017?(x2rY2)Tp(x3;Y3)> —G (N, K) x ( 1 d23d31)7
(Ol‘r(n(xllyl)ol‘r(n(xz;YZ)> o Tmmp ’ 2 2 d 12

(o7 @0 @y @)

(mep (N,K) =
(or@og @)

(0% @OR @T @) {(0F @OF @ty(@) <1
(or@op@)  (op@op@)

(o7 @0r @ty(@)

27 do 1
(o @op @) ) fo 2\l <1 o (E))

Q(N)eie + Q(N)e—ie
(to)y =] | (Tr(a()), and aq(6) = ~——=*
k=1 V2

oo L
.y hY~
T (u,v; 1) = Z dge i ( u) Z p@ (u,v) p(L—f)(u’ v)
L=1 £=0

L
L [E; PO (u, v)PL=D(y, v)] = :'gL‘:_l? 2L+ 1)
- T(2L + 2
G =4 doepa (D@L + D
L=1

N-1 292 —Tra?gmmqm
f d aH15i<jsN aijauzl—loope OK OK

_ 2
Gmi(12) = f dN_laH1si<jsN aizje_TraZOIr(nOIT(n o ®auZ1— loop |ﬂ=0
o, 2L (or@0F @21 @)
Gk (T2) = =2 (—1)L+ (2L + 1){(2L + 1) :
K\t2 Lzl ]Zo (an ) ( ) <(0,’(”(a)0}(”(a))

ng(/l)~4Z( 1)L+1£gL++1§3 CQL+ 1)[ Z (4sin2 G J)/l) + KN — KAt
y




I'(2L+ 2
Gmic ) = —zz O +1)3«2L+1)Z (-~
L=

K-1
K ., (ST L
dog vt = = Z 4sin? (=) | + KN =K.
s=1

K-1 s
Tk (Wv; A) = K Z L (u,v; 42sin? ?) + 2K(N — K)L(u,v; A)
s=1

oo 2
L(u,v;a) = % [(Z (—a)-P® (u, v)) - 1‘
L=0

I'(2L + 2) (°
_; FLT D (2L + D) (—a)t = fo dw smhz (1-Jo(4wVa))

=1+yg+ lm% +2 Z (4nnvak, (4nnva) — Ky(4nnva))

n=1
K+1y
2 )Og )

+4Z Z (4mnM,K, (4mnMs) — Ko (4mnMy))

s nz1

k() = 2K2N — K — 1)(1 +7g) + 2K (log K+ (N -

K, (4mnMy) ~ e~ 4™Ms
N — oo, with K fixed.

I(2L +2)
T(L+ 1)?

ng(/l)| =~ 4NKZ (—1D)L*t (2L + 1)AE

L=1

K
N,K — oo, with k = N fixed.

1
%KZ: (4sm — ) f dx(4sin® (mx))* + 0 (11() %-F 0 (%)

s=1

- (=DM EL+r (L + %) [x/i?zz“l(l —1OT(L + 1) + 24T (L + %)]

~ — 2
gm,K(/D|®_ 4rN Lzl T[F(L + 1)2

= 4N fo W o s [ (1= 10U = Jo () + 5 (1 = Jo (Y]
Ak
GmxD|g = 2 —1)rN*(log (A) + 2yp + 2) + 16K*N? 1z

k=1

+8N2k(1 — k) Z (4mnVaK, (4mnV2) — Ko(4mnv/2))

nz1




3

¢k —1r (k- 3)
Vr(16m2)XT(k — 1)

ap =

lim Mg = hm 2sin (%) =0

K—oco
K~ F(Zk _ 1)1T_2k(24_10k + 23—8k + 22—6k + 22—6k31—2k + 0(1/k))

1

Jx(1—x)

1
o(x) = p-

o(x)dx
u=0,Tra?=61,Tra®3=613/2(2x-1)

1
GNP = f (0221100 )

o(x)dx

1
6@ = | (21 1n] )

locus

m mfm-—1
Tra™ = 2KA2 (m/2>em+(2x—1)5m,,< m=2..K

K- . . m
Tra™ = 17 z (e_¥(m —Vx)72/K 4 em%(m - \/;)2/K>

N?-1 N%-1 d
a
=f dae T’ g = Z alT,,da = \/—_b
b=1 b=1 2m
TrTb 6bC' TrTb =0

(f(@)) = f dae™re £ (a)

up = ((TraP1TraPz ... TraPm))

1 1
TrT?B,T?B, = ETrBlTrB2 - ﬁTrBle

1 1
TrT?B,TrT’B, = ETrBle - mTrBlTrB2

p =0, forpodd, and uy =N

P1—2

( ) _ P1— 1
Up,,py,.. = Ujp1—j=2,02,.0m ON_ Up1-202-0m

m
LN P _1
2 upl+pk_2'p2""'pk""'pm Nupl_lrpl""'pk_l""'pm 4
k=2




N2-1  (N2-1)(2N?-3)

=Tt = 4N
N*—1 5(N?2 —1)(N* —3N%2 +3)
Y22 =% = 8N 2
_ (N =1)(N? +3)(2N? - 3) _3(N2—-1)(N?—4)
Yaz = 8N ‘U3z = 8N
((orof'ty)) 30

<(0£n0£n)> T om+253m+5 4 1+ (_1)m)2m+25m/2+1 _ (x;-)m+2 _ (xs—)m+2

()™ + (xs)™

: (325m2 + 2219m — 1290)

[2”"‘53"‘+4(5m2 +27m—2) —

-5 ()™ ; (xs)™ (145m? + 991m — 578)
1— (=)™
\5

+2m5m/2 ((1 + (=1)™)(8m — 20) — (25m? + 95m + 90))]

x2 —50x + 20 = 0, with x7 = 25+ 11V5,x5 = 25 — 11V5

((orores )

= 45.5625m’ + 0(m®)
forer)

=

-1
L

1 (42sin? %S) + 2K (N — K)(A):

Gk (A) —22 (-DH FEL“)zz(ZLH) K

N

_ M3 My : nz Ny ns
Omyzmz =t >ty 2 + GS with {t3°t57} S {t3°6,?} As3my +2m,

N FL+2), 1 \!
Gamyamz (T2) = 2; (—1E O (41”2) L+ DL+ D>+ L +6)

15
+6 3F2 (—L,L + 1, —my; 1,7 + 3m3; 1)

(L) @ms+3) — L + DEmy+3)

I'(2L + 2
Gms (D) = 42 (~DH FEL :1)3 331"




150(5)
m

gm,S(Tz)lel = p—
2122(2m+253m+5 + 2m+25m/2+1(1 + (_1)m) _ (x;-)m+2 _ (xg)m+2)
gm,S(Tz)lez = - 12
[
5m? 77 1 1555m? + 8369m — 1290
| 1+ (—1ym) S T —— V51— (- 1)m)(—+Tm+3))
+2m57 (1 + 1247m 289)
4 6
695m? 1220500¢(7
VB - (x >m>< ¥ @)
3T23(2m+253m+5 + 2m+25m/2+1(1 + (_1)m) _ (x;-)m+2 _ (xs—)m+2)
gm,S(T2)|L23 = 252
ymg3m+a (50m3 + 405m? + 1087m — 84) _ ((X; m (xs_)m) 50m3 + 1825 + 7623 — 5840
250 56
™ Cm 25m3  125m? 1279m 51\ o m 5m3 + 29m? + 56m + 36
+2m52 | (1+ (-1 (5 + g+ 55 5vV5(1 — (=1)™) ¢

5m® 163m? 6131m 28
R G
Gms(A) = 6002 (3) — 7200A%¢(5) + 14000023 (7) + 0(A*, 1/m)

Gm3(2) = 288.04{(3) — (3600.042¢(5) + O(1/m)) + (47040.023¢(7) + O(1/m))
—(619917.32*(9) + O(1/m)) + A

Gm3(A) = 28817(3) — 360042 (5) + 4704023 (7) — 6199202*¢(9) + O(1°)

/ Cc
R R R A L (O S (R AL (A L

T =Ty, and{ = x; +ix,{ = x1 — ix,

= ) Ta¥ A
(Tﬂ)d * 16 1672 (C uvpo aE4) + 16 2 ( E(brY) bltrK3 - bzhqurSM/pqrs)v

Kpq = Kpg — Khyg/3

_Sm _ S
(D(x1)D (%)) = =5, (D(X1)D(X)D(X3)) = —7—3 2
X7o 12X23X31
xij = [xi — ;]
2m3 2m*
by = 35 * Coy b2 = 15 Sm
[( (k1)
1 t; 1 0 -
Qi = ‘PLYM(X ) = Xa ( 9 kz)kxk Jex(Ne=k)
3 1 O(Nc—k)Xk O(Nc_k)X(Nc_k)-chNc
[ (k2) 1
1 1 t. 0 _
9 =P ™M(x3) = —- ( i ® L )kxk kx(Ne=k)
3 1 O(Nc—k)Xk O(Nc_k)X(Nc_k)-chNc

i =456,




Aﬂ- = lpa = O. FOI‘ kl’ kz = 0,1,
k = k1 * k2

ki k| _ ki) . g _
[tl( )’tj( )] = lei]'ltl( );l,];l = 1;2;3

_ . SYM _ 1 (Gi)dGXdG Odgx(N—dg) .
Qi =@; (x3) =—- 0 0 ,i=1,..,5
V8x3 [Y(Ne-dg)xdg  V(Ne—dg)x(Ne—dg) NexN,
¥ =0

1
dg = . m+1D(n+2)(n+3),n=12,..

n factors
G=RL®.0L+1, 8y &® ---®]14+“'+ﬂ4®---®ﬂ4®)’i]sym

n terms

(0 —ig) . (0 1\ (1, 0
)/i—( );1—1;2;?"}/4_(]12 0),]/5—(0 —ﬂ2>'

iO'i 0

{viv;} = 26,1,
1
Gij =56 G
[Gij, G| = 2(8j Gy + 641Gy, — 63 Gjy — 611Gy

Cr
<@uv(x1)9pa(xz)> = @ “Juvpoe (X1 — X3), %12 = |y — x|

2X, Xy 1 1
guv (X) = uv — X—Z'guvpa(x) = E (gup (X)jva'(x) + guo'(x)jvp (X)) - Eg/wgpa
No + 3Ny j + 12N,
T= 3t

10N
=72

T Vs
(GMV(X1)> =0

guv) (XF,)X(,T _ ng)A(v) + (X”X;,Ivg

d d

1
(Guv(Xl)gpa(Xz» = @ : {(XuXv T4

4 4 4
+XMX(,)'IVP + XVX(',IM, + XVX/,)I[LO' - ng,X/’,X(', - Egan#Xv + ?guvgpcr> B(v)
+T4vps C(V)},

2 2
X12 P ¢ X12

4|z4|z;| '

Il
<
M

f =
E+1 X2, + 4lzq]|z5]




_ v 0¢ 274
Xy =21 coxP =v (x1 (Xlu XZu) - 7714)

. 27,
Xp =17y EW = -V x (le sz) +T]p

XX, = X)X) = 1,X) =1,,X,

(vi - d) a(v) = 2(d — Dy ()
dv 4

d—1 C(w)
—[(d—1D(AW) +4B(v)) +dC(v))|,y(v) = —B(w) ———

a(v) = 5

Ay = KT Yom = VT 01(x) = 07" (x3) + 6, (), §:(x) = §f ()T*
0, (%) = z 0% (x) =04 +0%) + 0 + 00 (x) + 0l

_ 0
M =0() =0

1 | (tdxxk Okx(n.—k .
i = of ™M) = —- | N e i=1,..6
X3 [Owe-toxk  Owe—ioxWe10 Ly o
%k % %k
%k % %k
X — kxk
()OZ - ”
% % %k
% % %k
- - NCXNC
4 1 - N . 4 . X3 ~
O () ——3— r{(—n,mwpi + By Pi + M 0u i — - 03 +76u6v<pi) T
9ym X
guv

2 (2‘[]‘[ T — TTT; — TjTj‘L’i) . gbl-}

7=t @1, and 7145 = 1, @ t& (fori = 1,2,3)

4 1 . . . Juv . .
0% (x) = ——3 r{(— (Ml = G ) @i + 0,0 P + 0,0, P; — —== 056,
gym 9X3 X3 2

+ % auav¢i) ' Ti}

7,1 = (61 + ) Iy, 77375 = (¢4 + ¢ — D1jy00 =




X3

1 4 1 g G;
Wy _ - . - 9w, . i
G)uv (x) - g__ r{(x_3 (Thﬂ?v - guv)(pi + nuav(pi + nvau(pi - 763(1’1' +7auav§0i) : ﬁ}

M 3x3

GiGi = n(n + 4‘) . ﬂdG’ G]GlGJ = (n(n + 4) - 8)GL

AQ

e ) )

(@uv (x1) Opo (x2)) =

1 ,F(236—-¢1)
tr[Tl‘Pz] tr[T](p]] = k(cl + CZ)KS/Z(x y) = k(cl + CZ) 3207.[2 X33 : 153(1 + f)

gem 1 oF(23,6;,—¢71)
20m2x3y; £3(1+8)

tr[G;@;] - tr[G;@;] = cn - K52 (x,y) = cp - 3
¢y = tr[G;G;] = % nn+1)(n+2)(n+3)(n+4),n=12,..
Iuv Yoo
( (1)(x1)®(1)(xZ)> = {(XHX,, — ) (1, = Z7) ) + (Yol + XYl

1
+XvY0'Iup + XvaIua - guvaYa - gan/.th + Zguvgpa) B(v) + guvpa'c(v)}

1
uvpa(X) = ( p(X)jva(X) +7 a(X)jvp(X)) - Zguvgpa

A(W) = 4y (6v° + 3v* + v?)
B(v) = -y (Bv® —v* — 2v?)
C(w) = yv?(v? — 1)%,
_ 32« _ {k(cl +c,) SU4) xSU(4)
Ve =9n2g2, % T 1c, /8 S0(5)

No+3Nyp + 12N, m*Cp 2N + 11N, ), + 124N,
€= 120 ~ 20 %7 720 '

N =4SYM(Ny = 6N, Ny /5 = 4NZ, Ny = NZ)

_ _NCZ_T[4CT
A== T a0

0H0y (x) = 8(x3)n, D(X)

D(x) = lim 033(x,x3) — lim O33(X,x3)
x3-0+ x3—-0—
X = (xq, %1, %2)

(D(D (Xl)D(l)(xz)) = lzigm <®(1) (X1)@(1) (x2)>
1 12

15b, _ 80ciN,

C =—=
nm 214 T2




k(ci +c¢;) SU2)xSU(2)

327T2CkN 0
by =—=%; +0(AY, k_{ /8 S0(5)
m* 0 b 2t .
¢ =35 @(0)by = —=-a(l)

1 _ 1
_E(Du(pi)z + il/)alm/)a + Z [(Pi; (pj]z +

3 6
+; GapWalitp] +; Qiﬁllja}’s,[(pi,tpﬁ]}

P
N= = — - {r{——
* gSZ{M

Ve = PIyO, B =y#D,
Ay = AST%, @ = @OT% Yo = Y&mT%ha =1, ..., N2

D*F,, = i[Dy@;, ¢;],D*D,@; = [40]" [<0j:<0i]]
3 6

Bipe = D" Gaglwp o] + ) Glgvslvs ol
i=1 =4

_ 0L oL oL oo oL
qaua Vv p+—§0i v(pi+m v¢a+aau¢ vwa guv

Tw = 55%a PED
2 )
= \/: 6glw' = f dx41/— L
2 2 1 i - ©
@/w = ﬁ tr{_Fl‘l Y (DMQL)(DV(.DL) + g(piD(uDv)qu + EIIIQY(MDV)I.D“}
2 1 1 2 1 2
_E ’ tr{_ZFl‘lvF“V — g (Du¢i) - E [(Pi: (pj] } “Guv,
Ay = (Guy + ayy)/2, and f0,9 = f(9.9) — (0.f)9g
O = Oy 9O,y = 0,040, = 0
scalar 1 1 2 1
0] = —tl‘{ ( ¢l)(av¢1) +§g0i(6u6vg0i) +€gl“/ [(aggol) +E[(pi'(pj] ]}

ki-1 ky-1 44

n1 Ny = Z Z Z Z ((pl)t’l mq;ty,my [le ® Y;:Z]nLM )

1?1 0 {,2 0 ml——fl mz——{’z

PiPjr3) \PiPj) \Piv3Pjs3), fori,j =12,
( ) (@:¢7) ), f 1,23
> = (—1)m’1+m£5¢’1£’15¢’242 [ 1)]m ot ](izs)] -

((‘pi)flml;t’sz (¢j+3)£'1m£;{’;m;




1 1

N N _ / / ot
((‘Pi)flml;fzmz ((pj){”lm;;{’;m) _(_1)m1+m26€1£”16€2t”26m2+m§ [61']'5m1+m'1Ksing1
. (£1) @1 _ [(€1) (1) i
L€ijk [tk ! ] _ ;Kantil [ti ! tj ! :|m1,—m£ Ksyml]
N . _ / / ot
((‘pi+3)€1m1;{’2m2 ((pj+3)£"1m§;{’;m;> = (—1)m1+m2 6£,1{,/16{,2{,/2 6m1+m:'l [Sij6mz+m£Ksing
PR R C7)) @tz _ [(£2) (£2) oL
L€ijk [tk ] A Kanti [ti tj ]mz,—mé sym ] ’
£ +1 ?; KMmis  KMi-
Ot o TLT D pmiy y TL L gmi gl = — :
sng 24, +1 2¢;+1 Pantt 2L 4+1 28, +1
(ol Kmis .\ K™~ (8, +1) K™ gm: gmi
symo T80, + 1D+ 6+ 1DE, (4, +1) N, N_ N,
ot K™+ K™~ £,(£,+1) K™ KM gmi
K. % = + - . - - ,
sym 6, +1D)H,+1) L, +1)¢, 4,(¢,+1) N, N_ N,

mi,=0,({1— D) +4,(8+1), mi_=(+1D#+2)+ 4,0, +1)
ms, =401+ 1) +4,(8, 1), mi_=£,(£1+ D)+ (£, +1)(#,+2)

[t9] = [e#) i=123
m,—m £-m+1,2+m’+1
k+1
t(k) — (_1) * k(kZ - 1) ) }'/\._1 . ?1)
1 2 6 ! !
. k+1 2
k) _ l(—l) k(k - 1) A N
t2 —_ 2 6 * (Yl 1 + Yll)

w D k(K2 - 1) po0
5T 3 !

() = )mim w [?fm Aer’n,] = (=)™ 80 S

[Piln,n, = 2 (P - [?L]nl’nzrtr(?]j;ﬂ) =0y
L

wherei=1,...,5andn;,n, =1,...,dg =(n+1)(n+2)(n+3)/6

L={(Ly,L;), 41,2, my,my}




'€1+€2 EZ,mL- =—€i,...,'€i

NP A AL " Aoubi
(@0u(@)])) =8ubuurFoe + WILGILIF™ + ULy LY LialL)F
L Lo Li Y™ + (Ll{Lig, L YUY - [8,, 1181, 11 f™
+6L’1,L1116L’2,L2¢1f0pp ]
. . [ A r
(LIL;IL) = r(Ff Ly Py) = > tr(% [Py, Gij]), Gis = —Gei = Gy

[Ll']" Lkl] = l((slkL]l + 6]'lLik - 6jkl‘il - 6[1ij), i,j, k,l = 1, ,5

~ ~ 7 2 Py —
<<(‘P6)L(§06)I’) = Oy - KMoy Ml = 2L1Ly + Ly + 2L,

C A A C n
G, = 1’(‘) (P + 7)), Gy, = —i 1—'(‘)- (Poy —7_2)
C A C n ~
Gy = — % (Yo, =7), Gy = —i 1—'(‘)- (Yo +7,2)

Yo = VA T00 =¥ (o000

¢; - tr[G@;] = K32 (x,¥) - G;

INON i AA+1 d -
Ga(x,z;y,w) = P © 9 1(§'T'A_§+ 1,7 )
28+17d/2r (A -5 +1)
. 2zw 22 = ACA — d) = m? d? -1
n_zz+wz+(x—y)2'm =AC )=m 4

AA+1 d 1\""z d 1 .
ZFl(E,T,A—§+1,T])=(1+2—S) ZFl(V+E,V+E,2V+1,—S ),

1-17 (z—w)?+ (x—y)? d 1
= EA__= 2 —
S =725 47w v 2= ™ty

AA+1 d
ZFl(— —— A==+ 1,7 )

2" 2 2
1-d
Nz 1\""z d 1 .
=(1+E) <1+£) 2F1(V_E+ 1,V+E,2V+1,—S )
1 F(v+%)F(v+%) zFl(v—%+1,v+l,2v+1,—s‘1)
G zy W) =T Ty v a1 .1
2472 (1+s)2s2




Vo TQ2v+2)

Frv+1)= .
22v+1 3
r (V + 7)
> _ g%m _d-1
K™ (x,y) = T (x3y3)" 2 - Ga({xg, x4, %2}, X35 {¥0, Y1, V23, ¥3)

1 1 -
g%M 1 2F1(V_7,V+7,2V+1;_$ 1) 1

K¥(x,y) = 2 2v+1 1 ' '
l6m (Vv+%) 1+ 62 X3Y3
_le=yr o1
‘= 4x3y3 =" +4

1
SEinstein—Hilbert = MI d4x\/§(2A —R)+ ng + Sgh

\/_ = 1“detgm,|

v = Ny ++/Grhyy
Souner = [ @42/3(50u60%6 =y — 3 FE,,
+P(iV = my )P) + Sgru)
VY = gy (CO*VY = g,y ()H(DY + T()V)Y,
D, = a” —igvAy

5
uvpo _ uvpo
pr=3 e

i=1
Gp =1/(p* —2N)
Go = Go(p)

R ® 2dApe (4, 1))
G , = —_—_—
o (D], po) fo T 242

Po( 1) = lim, 2ImGo,(py = —i(A + ie), I51)
Rk,cl) = Zq;kz

Rkﬂl) = lek]l

1
0Ty [@] = ETng [®]0:R — 0 Scek[P]




1

O] = ——,
G| 7] [2[®] + Ry

r? = 621, /606D

@) _ @) ) _
or*V) =00, (2T |,,=0> =0

-y T+7
gAY = L 2 + :&@t + Ny LT 9,5
r+q
-7 q+p
8, T(??) = j’mj’ + _%/@_\__ﬁ_"_ + Ny i/\j’ _ atS(Ef,i)
p+q

0ipo (1) = —21mG3 (.5 +0,Ry ),

3
® A dA; ddq
5.1 (@® ocl_[f A O .()L.)f 1),
tly () L 1), - pPil4; (21‘[)d D, q, A

6(A* — (mg + mp)?)

9(12 - 4-m12p)

1
Po = Zp [2m6(2% = m&,) + 6(A% — (Mg + mp)?) fo grav(D)
+9(/12 - 4‘mfb)fd>,ferm (/1)]

@ = {4, ¢}
ch)(PZ = _mCZD)
T’(;I) = _atln ZCI)'

m = k2(1 + pg (k).
GNIA' Yer Gy, My, m¢; mw

c1k + c;Mp
Wy = — r

gn = k?*Gn,  up = —20/K?




9
By,= m)’? — fy9nYe

41
Bgy = Wﬂ?f — fggngy

gY(k = 10_4Mp1): 0.43
ye(k = 10_4Mp1) = 0.44

gy = 0.455,y; = 0.462
Zn,Zg,Zy, Zy,
p? = -mg
Ve, Gy, Uy,
Ny B Heps Bas Zns L, Zy,
(g% th, 14 1) = (1.06,—0.34,—0.17,—0.018).

(71 m) = (0.96,0.52,0.045).

9P,
M;; = —%
U770,

J
0., = 2.49 +3.17i
(84,064,) = (2.55,2.15).

(G U, kP (), kP ua (), kP pg ()],

0.45
g
—— f, = 0.00847
044 fg = 0.013
...... fg = 0.025
....... fg — 0.034

I Ll L il I ! I Ll I Ll i I

103 1072 10! 10° 10t 102 103
k [Mp]




0.47

T T T T T T T T T T TTTTTT T T TTTTTT
0.46
S 045
fy = 0.00573
0.44| [-en fy = 0.007
...... fy = 0.009
"""" fy =011
0.43 Lol Lol Lol Lol Lol Lo
10 102 10" 10° 10! 102 10°
k [Mp]
T T T T T T T T T T T
10° E
101 E
1072 ¢ E
1073 §
10_45\\\ Lol Lol L1111 A
101 10° 10! 102
k [Mei]
TT TTTT TTT TT T T
10°
1071
I qu
_ZA
| — 2z,
10—2 L1 1l
1072 1071 10° 10! 10?

k [Mpi]




T 11 TTT T TTTTIT TTTTT TTT

\\\\N )\77:\*2 N
107 1
1073_ I I 1 Ll kil Ll \\‘\ \|_
102 107! 10° 10! 10? 10°
A [Mp)]
102 E TTTTTT] ILRRRE] T TT T T TTTTT] E
10t | -
W0}
~ B .~ R
= N ]
ERU BN :
T \\N NTo—2 |
1072 \\ i
10_3 Ll | ] Ll |\\
1072 107t 10° 10* 102
A [Mp]
101 - T T TTT T T TTTT T | T T \L
oF 109 | E
—~ N ]
§ I ]
<107} i
< [ N
10—2 | L1 111 | | 111l 1 | | L1 |
102 101 100 10! 102




100 ¢ : : SR -
~E
107 .
=
é = i
g 10_2 = ~ )\n;_z =
A
10_3 Ll Ll Lol I
102 101 10° 101 102
A [Mpl]
101 r T TTTTT] T T T TTH
oF I - |
100 = ” \\ =
~ B I \ N
= g ! . |
s i ! \\\ ~ )\712_2 |
= b e e m e m e m e \ . .
% -1 “\\ : AN o
1.: 10 - Y 1 \\ .
& I \ 1 N n
- ! 1 \\ N
. : s
10—2 I L] I \: | ! Ll L1l
1072 101 100 10t 102
A [Mp]
]_OO r TTT] T TTTT TTTTT T TTTTH
] .
R S AN
107 R AT
fry ol '
S il N
g 10_2 | : \\ —
< '
10—3 I o] [ 1l Ll I R
102 101 10° 10! 102




#SYMZ _I(GN' —2A,0, (l)¢,),
(Zn (), Za(k), Zp (1), _,, = (LLD).

j Api(N)dA # finite
0

_ 8p%-3a
pA,IngraV— T3(8-3)?
a(B—-5)—p+9
P<¢>,1R|grav =6(8—-1) (B — 3)2 -
4
'DA'IR|exact - §' p¢'IR|exact =0,

par|, =122, pgr|, ~ 0.105.

Pao,uv diagt (DX #1(2 — 1) AT072,
Pao,uv,diagz (A1) X #,(2 —1ng) A1 72,

* *
77h|gauge S 0'3' nhlscalar < —54.

T TTTTT TT1 TTT TTT T

10t | -

109

TTTTTT
-
Ll

T
”
1

| fer| [ME)]

101 AN

10_2 ! Lol Lil il il ! !
10-2 10" 10" 10" 10° 10°

p [Mp]




|[fool [ME)]

104

TTTT 1T

102 Pl
10°
102
1074
Ll | | 1 | | | 1
10—2 101 10° 10! 102
p [MPI]
pQD,UV,grav(/D X #19;1/1"3)_2
Pao,uV, particle (f) (1) & #,& 2N A1 ~2
*\ 2 *\ 2
A (gy*) 2 0(100), Ny (y‘*) = 0(1000)
N N
® ® ®
Og1y = _fg/yfgﬁfl":“z"eg f AMe=2=0y
o ® ®

1 1
r= f d*x\/g (§¢f¢¢(|:|)¢ _ZFLvaFF(D)FW)'

f¢¢ =0 and fFF =1

. ([ A pp() \ 7

foo®@*) = G¢1(P2) = (fo Tm) ,
ooy (o2 [ A2 A\

fre@®) =p72G ' (p?) = <P2f0 Tm)

= ZA(s)I:(’l"Z’A) - Gy(s) - [@Wya)
= SWID .G, . (s) SWP

PPa) — J Za(p) 7y (0) 2y (0 )TCHPD

Senlgi9) = [ dx /Gt My

_ 1+8
My, = Vp(guvvp + gpvvu) - ngpvugvavp

103




1 _
Sgfu(1) = 2 J d*x,/g(D"A,)
jﬂ/ - GAH-II-“/.

My" =yt — php¥ /p?

Gy =1/p®
6o = Gp=——
¢ — ¢_p2+w¢'

_ 1 _
Sgtlg, hl =5 f d*x,/gg"' E,F,

_ _ 1+
E[g,h] = VWhy, — Tvuhz.
Gy = Gy (B + imy1),

Gy = 1/(p* + m})

g 47(6—mny)  58—ny)  49(10 —np) 598 5
Oegn = 2+ 3np)gn +=—| — 2 3 i 5 19
7\ T14(L + )2 38(1+ 1p)® * 570(1 + pp)*  285(1 + pp)® 19
5(5V3m — 22)
Octtn = =20 =M + GN(A + ) 2 —Mp) ——5——
18n
29N 1+ py 1
—————| 23+ 16p, — 7u? 13 - . h [— 1- ]
+ 30+ ) 3+ 16u, — 7uz + 3 3 (13 — 6uy, + pf )arcos > (1 —pp)

(2 )5m/§ + 147
Nh =9N Nh 54

20x 3(un((un — 3)up, — 13) + 31)arcosh [%(1 - ,uh)]

3y — 3)(up + 1)

4(;1,21 + up — 15) +

\/(Ilh -3+ 1)




Ottty =—2Up — Mg

1+ py
=3+ up —4uy

=1+ pup —2uy
J(l +up) (=3 + pp — 4uy)

IN ((nd, =2)(A+pu)? + (841 —5mp) A+ u) (1 + pg) — 2(n — 2)(1 + ud,)z) artanh

nJ(l +up) (=3 + pp — 4ug)

In ((nh =2+ up)? + (841 —5n) 1+ ) (1 +pg) —2(p — 2)(1 + #¢)2) artanh

nJ(l + 1) (=3 + un — 4ug)

1+ py
1+ uy

_L((l + 1) (g — 1) (16 = 2) A+ ) + (2 + 10— 20p) (1 + 114) ) + %m (

— ) (s =20+

8+ 1 = 51p) 1+ ) (1 1) + (=2 = 20+ 305) 1+ 1) (1 +119)” + (=4 + 31, = 1) (14 19)°))

Ocla = =2y — 1y

an@ =) (2(—1—2uA+uh)3<arcoth[ RCETS

+ arcoth [\/(—3 —4py + pup) (A + pp)

|

1
(2014 g = 1601+ )P (L4 ) + 150+ L1+ ) = 601+ k)L + )" + (L + ) DIn (T )))

2n(L+u)A+p) | 23 —dua + ia 14w, T+ 2u4 — iy
1+ py
(A + pp)
m(z(l + 1a)(a — ) + 31 + pa)?Bui + a2 — 4pp) + (=2 + pp)un)

1+ py

In (2 —74) (_ 2(1 + pp) (13 + 20p5 — Bua (=4 + pp) + (=6 + pp)uy)
2m(1 + py) VA + pp) (=3 = 4py + )

14+ 2u, — 1+
X | artanh [ Ha — Fn + artanh _—TH
V(=3 = 4ps + p) (A + py) =3 —4duat pn

3+ p)* + 21+ ) (ua — un)® =200 + )31 4 pp) + 7(1 + )2 (1 + pp)?

B (a — up)?

1
A+ )" = 140+ )7L+ ) + 230+ )L+ 1) = 8(1+ ) (1 + )" + (1 + )l (T h)))

1+ py




Ne =

Na

9N
2
(1 + uy) (uﬁ +up(3 + 4ug) — 1 (3 + 5u¢))

1
c(i-mofo e (rm (122

h 2
) (=3 + pn — 4up)
¢
/ 1+
+2 __~THn
=3+ pp —4uy

1—pu,+2 \
\artanh Hn He ‘

(4 + ) (=3 + pp — 4up)
X \/(1 + ) (=3 + tn — 411g) (i — 1) = 3L+ )2 (1 + pg) — 6(1 + ) (1 + py)” +8(1 + u¢)3)]

+(2 - 1ny) [—3(1 + 1) (=3 + ttn — 41g) (n — 1) (1 + 11g)°

1+
— | artanh - THh
=3+ up — 4uy

+ artanh

1—pp+ 2pg

+ artanh

D J(l ) (=3 + iy — 4ut) (= 1)

(A + ) (=3 + pp — 4ug)

1 1 +[.lh 2

_Em (1 - #4)) (@ + pp) (=3 + pn — 1) (2 + pp 4 ug + 2u(2 + y¢))D

_ 9N

2 (1 + pa)3(pa — pn)?* (1 + pp) (=3 — 4pg + pp)
/ (1 +py) 3

x| (2—=mn) ——A(—\/l + un(=3 = 4pg + )29 + p)* = 12(1 + ) (1 + pp)
\ =3 —4pus+up

1+ pp

1+p,
+3(1 + p)*(1 + up)? —In (1 T ) (B +2paB + pa) + 2paun — pi) (2 + pua(4 + 3p0) — 2p 0, + M%))
h

1_4(1+#A)
1+uy,

(5 + 200 (4 + pa) + 20y + 4y — p)

+(ua — 1)? (=1 = 2u4 + pp)? <—2arcoth (54265 — (=2 + wdpp + 4142 + 1))

\/(1 +up) (3B + 4.UA Hr)
1+2u, —

+2 (arcoth

4(1
A+ )+ 200 — 1) [1- (1::’1 A) H

1+,

+(2 —14)

3
A+ 3 (_(_(3 +4itg — pp) (1 + )2 (=3 = 4pg + py)
1+ upn (=3 +4pa — )2

1
X (1301 + )" = 2001 + )P (1 + ) + 71+ (L + ) +1n

+ Up 4
MA) (—4(1 + )

1+
+10(1 + )3 (1 + pp) = 31+ p)? (A + ) + 41 + )@ + pp)® — (1 + up)h)




—(ua — 1) =B+ 4pp — ) L+ ) (21 + p) B + 4pg — pp) (1 + )
X (13 + 20u5 — 8us(—4 + pup) + (=6 + pp)up)

14+ 2u, — 1+
—2| artanh ba = Pn ] + artanh __~*H
V=B + 4y — ) (1 + 1) =3 —4duatpn

X\ =3+ 4py — ) (L + ) (17 + 1605 — 83 (=7 + ) + 8 (11 + py + 247)

(4 + (=2 + (=4 + ) + 8ua (8 + (2 + iy — “'21)))>)]>

+00

=5 2-T1(-2)

1
-0 < 3(z) < o0
CS(z) ={vzeC|0<R(z) <1}

m(x) — Li(x) = 0(xPlog x), where 1/2 < f <1

aw——xs—nfﬂ%()«g

—i/2<3(s)<i/2
(T/2m)log (T/2m) — T /21
CL(z)={vzeC|{(z)=0AR(2) =1/2}

H = \xpVx + a”?Vxp~'Vx

ﬁ*ﬂ@=%ffwﬂy

0

-1 =1
@ o)) pw(p)

@ﬂw@r=«p)f M”

Ocpr(t, X)Ozpr = ey P(—t, —x)

mass

Ly, = =~m@LC, +he.)

(iy"aﬂ —m)y = 0, with ¢ = b, where m € R and the gamma matrices satisfy {y*,y"} = 2n*,

and n = diag(—1,1)




Maj 1 - . -
Ly = —=mp, with i = Ty°

t = &sinh 1, x = écosh n, with & > 0
AdS* = —&*dn* + d&*

YE&m = Yr(Em + P (Sm)

PEEm) =

1 .
me_‘“’"xw(s’) €>0)

fo PRt &MY Em) = 8(w — ')

L _ 1 +iw

V) = =e T, (4D € < 0),
0

f_ dEWE (€ MY (6 1) = 8(w — @),

Hy = f AEWT KPR om0 (h s

@ _

@ Vsinh mw
@ _ (
@ Vsinh Tw

(e+nw/2¢$ 4 e—nw/zlpé)*)

e+rrw/2¢£,) + e—nw/zw(lf)*)

Y(=¢$,0) = Pr($,0),VE >0
Y(=&m) = Yr(&m)

oy =1 | (Z e ), @ |n>R)

w n

=1, +CYP]

f) = ( )f(S)x'st

AdS* = e*®®) (—dt* + dx*)

(iy*V,—m)p =0

AdS* = —ghdn* + d&p




1 A "
V=0, + EF”yOyl and Vg, = 0¢,
Ye=Ccyr =19y
a a i
i01—+ia3—+—01—m) =0.
(1 5+ 5 + 25, 4

{y* y'} = 2n*VI, where n*¥ = diag(1,—1)

Hyy = ( 0 VX + a-Zﬁ-wz)
M \VE@ +ap 0

xp = Vxpvx
xp'\—l N \/';a—Zp'\—l\/E

L%((0, 00), xdx) ® C?

H = L*(R,dx)
j— 7 d
p=-t7

D(p) = H'(R)

(p~)(k) = —— (k) ifk # 0 or (p~P)(k) = 0 for k = 0,¥k € R

7 2
D) = {1/; € L*(R) 1 (0) = 0, fR lwg‘?l dk < oo} cH

p L1:D(p™1) - H and p~! is symmetric
™", @)z = W, 0" )3, Vi, 0 € D(p™)
Y112 = [1PI%

Y eDE N IlpPII* = [ [9U)|*/k?dk < 00,50 p~"p € H and p~*

b(k)*p(k
(0™, @)s =f %dk =, o)y
R
H = L>(R*,du)

3 = 12((0,0), xdx), {f, g) = f F () g()xdx




Hyf(x) = —%(x%) + (v2 +%)f(x),v EC

fe(x) ~

&
I5lF = [ x¥50ax < 0 = w0 <5
0

(@) = fi(a) + f-(a)

fi ~ xR

( £2$2§R(V) 1
IlF = fomog, - |27y 7
-Ine+0(), RW)= %

P(x) € L2((0, %), dx)

plp(x) = —if , Y()dy

P (k) =P[ &dk

P19 gk =i ( AGF @dk>
e kK 20 o Kk

plk) = klk) and p=1|k) = + |k),k # 0
l/}k(Tl x) e x—l/Zeik‘E
H = L*(R*, x"1dx)

o9} _ 2 sd
f |1Pk_;)c(x)| dxo [ F = io

1Yr=oll? =
0

0 x
@Y= 1. pv. [y E2dy, and D)= €2 (0, %0) € L((0, 0), dx)

0, Y € D(H™Y) is valid (p, p~ ) = (P, )

L2((0, ), dx) with [[p~ || 22 < 1

K(x,y) = is antisymmetric, K (x,y) = —K(y, x), for x # y. For ¢,y € C°(0, o)

y)

<<p,ﬁ-1w>=f WU K (e, Y)Y ()dy|dx =
0 0

- fo w(y)UO K(y,x)mdx]dy=(ﬁ‘1¢,¢>(16)




P € L2((0,))
P(—x) = P(x)

HPE®) = 7. pv. [ L2y

IHI2 = 1Pl
1B~ llz < 1Pl

T:=xY2(p +a 2p~Hx1/?
() = ] FOOP()xdx
0

fe(x) = xY22(1+ 0(x?))

&

Il = || w72
0

(Ifells, =00 ) < 0, ) or (Ifell, = 0, %) 20, f)or [Ifi][}, < oo, otherwise.

gv(x) = Ky, (x)
Ky ()| < C(8)e ™ |x|~1/?

larg x| < g— dand |Jv| <M

f |gy () [2xdx < C'f e %*dx < o
R R

Vapvx +Vxp~t/a?Vx)

. d
p:=—i—on L*(R,,dx)

A:= VxpVx,B:=+xp~t/a*Vx,H:= A+ B
Ip~tgllz <7 tligll,

IBfll2 = [[Vxp~t/a*(Vxf)]|, <
< llp™ llzo2lVxfllz < ClIfIl

[Vxp™!/a®Vxf|, < C

Hyn = Eqy




2d4+ d (x* +v3)|K,(x) =0
XKoo gtx - (Tt (%) =

R2y) =1/24+0cand0 # |o| <1/2€R
H = L%((0,00),xdx) @ C2, 7 =g —1/2

Do: ={¥ = (Y1, P2)" € C(0,0)*:
:1(0) = ¥,(0) = 0,3, = Y1}

Hy =olp+ O'ZZ(Withp = —id/dx and ¥ = 0 ) is symmetric

(Hy£)¥. =0

II_L $' _O
+ 4x2fi lfi_

fr(x): = Vxpy 1 (x)
Jo(e¥/%x/\Z) and Yy (e ¥/ x/y2)

x~1/2 a5 x - oo; hence ||f-l_-||L2(dx)

g2 _1

n 4" J—
f —7f+E2f—0

R)#0=>n,=n_=1

n
i (n2)

i0 n
e nK1+l-En m—
n l]JLM’n 272 an

22 vy,

CL(25) = {Vs € C1{(2y,) = 0,R(2y,) = 1/2,n € N}

vga) =3 g Ko \g )=
nz1
g+ico

1
= . T(s)T'(s —v)(2a)*5¢(2s)ds

elfn = gn(n/an)

- 1
LM = —5m@[CP, +h.c)

mass

x Y2 with R(v) = -

Y. (0) = ¢R(0)a4%(¢;L¢R - (:ERIIJL) -

0

['(s)I'(s —=v){(2s)




eielpL (0) =Y (0)

(@, Hy'®) = (Hy®,¥) = 5 (Pipn — baps)|

e'%1,,(0) = ¥(0),6 € [0,2m),
W(e) = (a,p)" with |a|? +|B]* = 1

fi(x) o x71/2EY

1
T(9-7) (o+i= g25)(4ma?y®
e 1

4mi

AdS

g—ioo

I(c,a)

R §(25)(4ma®)®\ 1
= ( s(2s—1) ) T2
(5(25)(47“12)5

R
es s(2s — 1)

)-or

ool
2

Y(g.0) = (g 1)(af+)

F(g - %) fh“‘” §(2s)(4ma?)s Ads

* 4mi s(2s—1)

h—ico

Vg d 1 iE
HM—01p+02— p:=—i a,v5:=§+?,

H = L?((0, ), xdx) ® C?
Y. (0) =Yg (0)
[x%0% + x0, — (x* + vD)Ifp(x) = 0

= fp(x) = AK, (%)

c+ioo 1
K, (x) = Ef_ I'(s)I'(s —vg)(2x)~%5ds,c > =

c—ioo 2

0@):= " gnd(a-ay)

nz1

§(2s) =¢$(1—2s)

0 < R(s) < 1/2




1
r g—5 g+ico 2 +2lt eitlog(4naz)
( 2)(4m2)gj $( gz ) R
4r g-icc  29°—g+2t*—it

292 —g+2t?—it=0

10

(0) Zl+42 Zl+4y
v LT

1 1 1
NI [E (0) +Elog a+Zlog n+§log 2]

it—1 1
I(a) = Z 1 | log 2|.
(a) = 4\/5 1/4[ 1_|_42+0ga+20gn+og

1 _ o
z(fﬂy)_

NT—TI (T> T+7+ST+RT
()_2n0g 2n) 2m 8 ) 1),
g ! —sz 1 dN(t
1+4y2 7)) 1+4¢? ®

Y

® ot
=2 dN(t
1+ 4y? fo 1+ 4t2 ®

@)= 2\/— 7T1/4 U 1+ 4t2 dN(®)

+§log a +Zlog s +§log 2]

AN(t) = d (%log (2';) - % + g + 5@ + R(t))

S(t):= —arg {( + lt) t=2,
|S(t)| < 0.1038log t + 0.2573log log t + 8.3675 (t = e)
{ N (T) = #{p:{(p) = 0,0 < J(p) < T}

Ny(E) = #{n = 1: E, < E}

N E—El E+S(E>+7+0(E‘1)
n(E) =5 log 5o+ S\ ) Fg+ 0uET),




N(E)—El E+S(E>+7+0(E‘1)
\2) " B ome TO\2) T T '

E
A(E): = Ny(E) — N; (E) = 0(E™).

A(E):= Ny(E) — N; (g)E > 0.

1
IAE)| <5
A(E) = Ry(E) — R¢(E) with Ry (E), R;(E) = O(E™Y)
|Ru(E) — R;(E)| < 1/2
E =i =12
n l—)pn.—§+17,(n— B ,)

|A(E)| < %, hence A(E) = 0 for all E

E

dimker(Hy, —E) = 1foreachE > 0
N(T) = #{y:0<y < T}

AN(t) = d (%log (%) _ % + g + S + R(t))

1 14
hi(y) 1742 2(¥) 1742
1
ir (-7) .
I(a) = PN =T [Tr(=hy(¥) + 2ih,(¥))

1
+log a + Elog m + log 2]
Tr(h):= ) hQ)
Y

I(a) & Tr(F(H)), where F(H) = (= +iH ) (1 + 4H?)7)

H = F(Hy) with F:R - C

Hy = Z E,I,, > H= Z F(E ),
n n




F _ 1 1 +i y
W=2traz ' Tea?

1
Tr[(1+ H?/4)71] = Z TTFEDE/Z

4
log det[(1 + H2/4)™!] = — Z log (1 * m>

Z P(y) = $(0) — 2 nZl %qﬁ (lozgnn) + archimedean terms ,

= Tz)sou

d(y) = (=1/2+iy)/(1 + 4y?)

A /A
$aw) =ge

R - )
¢(0) = %and then ¢ ( o8 n) = %n 1/2

1
D) = —5h () +iho ()

_iF(—%) T m—1
NV

3
(7— 1>log 2 +log a]

I(a)

log m —

Spec(Hy) = {yn} ={En},n €N
R(S)s=p, /2 integrand | =

r (%);((:?k) ~VE ) = ¢y eivklog (ab)

1

Tr((1 + H2/4)™Y)




log det(1 + H2/4)™! = — Z log (1 + 4/y%)
Y
Z(s):= Z (1+4/y*)~5 = log det(1 + H?/4)™ ! = —%Z(s) )

¥
ey
1+ 4y?
¥

Spec(H) = {yn}

0

Zu():= ) (L+4/y)
14

log det 1+H2 = dZ
og de 1) T % H(s)s=0

I(a) x log det(1+ H?/4)

[[a+an

¥
L= Z log (1 + 4/22
m
I(a) x log det(1+ H?/4)
E, = Im(py)

E E
Ny(E) = %log o + O(log E)

Ny(E) = El £ +1 (1+‘E 2)+0(E‘1)
u(E) =o—log o—+ —arg ({5 +IE/
E E 1
NH(E)—Elog 2—ne|szlog(1+E)+C
Tr(e~tHm)
Sy () = 27°0(2s)

1 1 iE
Ny(E) = —arg F(Z+Z>

E(l 1 E) ! <1+'E2)
o ogm OgZe 7Targ(z iE/

arg ((1/2 +it) = O(log t)




1 1
A(E): = Ny (E) = N¢(E/2) = —arg Z(E + iE/z) +0(1)
A(E):= Ny(E) — N;(E/2)

Ny(E) = Ng(E/2) VE > 0

N T/
L@ = ) =g e 2a)

a=e*(x eER)

Rp (x) — Cpe—(a+iy)2x
_Terez-v,
& ')

o= %gives R,(x) = Cye ¥e 21>
Rp(x) — Cpe—(1+2£)xe—2iyx
x> +00 = |R,(x)| > 0, (e <0)orx > —o0 = |R,(x)| > o, (e > 0)
I(a) € iR
Tr[(1 + Hg /4™
iy7 1 -1 %23
Dy =iy (6n+§§ >+l}/ g —m

DyGa(x,x") = 6@ (x —x")

Go(n, &1, &) =
L[ dE . (K,(mE/a) 0
‘fR%eE(" DS kmese)

e®K,(m/a) = Kz(m/a)
Migls) = | ag(@da
0
M[e®EK, (m/a) — Ky(m/a)|(s) = T(s)T(s — v)m~2(s)
1 g+ico
I,(E):= %f - T - v){(2s)(2a)* AdS
g—ioo

lgl < %+ € TT(s —Vv)| < C.(1+ |t))9 Le T

1{(2s)| < Cc(1 + |t])€ and [(2a)*| < 1, the integrand is O((1 + [¢[)~**€e ™)




1o m,
IT(g + it)] < C|t|9 2e 72"

L,(E) = 0 & {(25) = 0 with s = >+ iE/2

7=1 f ®(s)¢(25)ds, d(s):= T (3)

2mi Je ' ' 2

R($) 525, [P () (25)] = 2D(50)¢" (250)
7=0{(25) =0
D(s) B {(25)BR(s) = —a0(e™PEON®|I(s)| - oo
$(2s) = {'(2s0)(2s — 250) + O((s — 50)*)

R($)s5=5, [P ()¢ (25)] = P (50)[2{"(250)]

S "
F(E) T (s+ Zn))
{(25) = m?57IT (1 — s)sin (ms)¢ (1 — 25)

1 _ 1 g+i°°F r 2a)%5¢(2s)d
@ =) TONG-M@aE@ss

1 g+ioo
Y(g,a) = Ef . I'(s)I'(s —v)(2a)*{(2s)ds = 0
g—ioo
f(s) =T(s)I'(s = v)(2a)**¢(2s)
4
25)=) (1 + ﬁ)
%

H\™' 4
log det(l +T) = —&Z(s)

)

s=0

f(s) = T()[(s —v)(2a)**¢(2s)
4 =S
Z(s) = Z (1 + ﬁ)

H2\ " d
log det| 1+ — =——7
og de < + > Is (s)

4 5=0

Hyp = Eqp, with i € 12((0,%0), xdx) ® C2.1£ (5 + iEo/2) # 0

{(2s) = '(2po) (s — 5¢)% + -+

S

1
§(s) = 55(s = D=1 (5) 4(s)




I(a) = Lf(ZS)G(s,a)ds

IE—l g+i°021" 1iE(D AdS
B =5 )10 (s=5-3) 2

g >3and E/2 = R(2s)

or )=o) -
Gp(s) xT(s+1/4)71
o f§-3-)

o et BG=3-2)
r (s + %)

Spm=1/2—IiE/2—m(m=1)

I(E) = KE(1/2 +iE),K # 0

1
2s==-+iy, = s =

iYn
+ 5
2 2

N

R(s) =5 to R(s) =5
0<R(s) <1to0 < R(s) <3
1 g+ioco
L,(E) = Z_mf ' {(25)T'(s —vV)ME(s)ds
g—ie

g > max(1/2,R(v))

[(s=v)atsy, =v—m(m=20,12,..)

e _1ym
LE) =) {@v—2m)" m,) My(v —m)
m=0
e (V_m)_(_l)mﬂ(v_l_ﬁ)
: _
F(v—m+%) 2 2




{(2v —2m) _ 1
m=0 F(v—m+%) Cf(v+4>

I,(E) = K¢ (% + iE)

1,,(E)=0<=>§G+i15 =0<=>((%+iE)=O

1,
VEIT

v+ kk€eN

Sk
1, . 0
M =1:R(8)sms,x° = x% = Pp(x) ~ x27F/*** and Jy x®E0 gy < oo

_ (og )™

1
- -1
R($)s=g,x° = o x* m =1 x5k,

m-1!"°

S=Sk

WP < [ x?75071 (log xy?mVdx
0

1
ER(sk) = E +k
x =e Y (y - +) gives yz(m—l)e—(1+2k)y
x = e¥(y - +) one has y2(Mm=De(1+2k)y

Kig(2Vx) ~ e™2V*

(log x)™"1 yields y™ le~2Vx

[oe)
f z2M=3 dz

F(s—l—E)lie Ll menads
2 2 2 2
f(s,a) = T(s)T(s —v)(2a)*¢(2s)

B 1 [9tie . T[S(za)ZS g
Y(g,a) _ﬁfg—ioo (S—V)mf( s)ds

F(s) = (2a)™°¢(2s5)I'(s),a € (0,e/2)

S:={0y <R(s) < 0y} © (—o0,1)




j F(s)AdS — j F(s)AdS =
(a") (')

_2mi Z R(s)spF(5)

PES

f J F(g + it)dt
(g+ico) /o

o' +iT,¢" +iT,c" —iT,c' —iT

fa  F@)dz =2 Z R(2) 5= F (2).

PERT

e (T) + T (1) = 271 ) R(@),=pF (2)

PERT

F(z)dz — f F(z)dz

Vs (T)

en (1= |

Vi (T)
[(o + it) = O(|t]7 ~Y/2emlt/2)
o*€lo”, o]
[¢(o +it)] < |t|?
1(2a)~| = (2a)™
| F(o* +it)| < [t]® ~1/2+ee=™t/2 5o | Lo (T)] = 0 as T = oo
(=D"{(=2n)(2a)" /n!

> RE@mnF@)] < o0

nz0

f(a’) F(z)dz — f(a”) F(z)dz =

—2mi Z R(2)s—,F(2)
peSa''<R(p)<a’

o' <R(@z) <o’

1 )
I(a):= o s (2a)™°¢(2s)I'(s —v)ds

0" € (=1,1)\ Zgo

T(o* +it) = 0(|t|7 ~Y2e~mt/2) a5 |t| - oo

[{(o" +it)| < |t|® (any e > 0)




[(2a) 7S¢ (28)T(s)| K (2a)~0 || ~1/2+eemtl/2,
(2a)™% < (2ap)™"
|(2a) 7508 (250)T(s9)| < Cg |t|70/2+Ee=TIEI/2

ali}r(r)yr Igy(a) =0

[5+(a) = I5,(a)
A(s): = i(s—%) =t+i(a*—%).

VX, K __1(x)
4

Ws(x): =
* \/;,KS_'_E(X)
4

, x>0

L2((0, ), dx)®?
HL W, = A(s)Y,
Y, € ker(Hpy; — A(s))
A: = VxpVx +Vxp~'Wx on D = CZ°(0, )
(%202 + x0, —x?> —v3)K, =0

Hy¥s = i(S - i) Y, = A(s)¥s where A(s) = —t € R

x - 0, K, (x) = 0(e™*\/m/(2x)) so ¥, € L? at infinity

-V

1 X
K, ~ 5T (3)
W, ()I2 = 0(x1/49)

R(2s) = %or R(s) = %

ker(H* — A(2s,)) with A(250) & R because S(A(2s,)) = 0™ =3 # 0

[oe]

Y(x,t) = f (aE,+KiE(mx)e_iEt +
0
+ag _Kip(m|x|)e V) dE

t

U=xet,V=xe




Yatobal (U, V) = { K;g(mz)e " 2> 0
Kz'E(m]a?l)e_iEt T < 0}

PP, £) = Ky (ma)e

) - i (mx)
Kig (mlxle'™) = e Kig (mlx|) + i S =

PEP (x, 1) = Ky (mx)e B, x > 0

lpéglobal) (x’ t) -
Lig(mlx]) _p,

—TL'EK. —iEt :
e ig(m|x|e + mi sinh (7E)

,x <0

D(Hy) = {y € L*(R,, xdx):
1/) € COO(O' oo), <1/)1 ¢0) = 0}

0= caluiy) @ i)

H = L*>(R*,R?) with domain D(Hy,) = { € CZ((0,0), R?):(0) = 0}
x € (—0,0) and H_ = L2(R~, R?), for which D(Hj;) = {ip € CL((—,0), R?):9(0) = 0}
() = yPp(—x)

ny: = dimker(Hy + i)

T = x(p+ap " x with p = —i-and p~t = =i [ f(y)dy, let = (y, )" and Higp =

Ty
{Tl/iz = +iy,
Ty, = tiy,

= T2, =, and T2, = —,
d X
T() = Vx [—ia(ﬁlp(x)) +ia” [ @p(y)dy]
0

T2P(x) = —p(x)

+ d
[xw+ e (x +a )| ;(x) = —E*;(x)

x > 2a’x, withv = 1/2 + iE/2

Y;j(x) = 1K, (2a%x) + C,1,,(2a%x)




Spec(Hy) = {En}nz0, Eo < Ey < Ep <
1 .
E, - pn =§+21En
L*((0, 00))®?

0, P = Ap ()P, @(x) = 1(x), 12 (x)"

O (x): = arg (Y1 + iY,)

E
Op(x) =1+ < + 0(x)

65(0) = 0(modm) and B (o) = (n + ) w when E = E,

H = L*((0,0))®%,D = Dom(Hy,)

= min max ————
LcDdimL=n+1PeLF=0 ||W||2

Ey,
q(x) = (x + a~2)? + E?

d* d
xd—xlf+ £+ qx)Y(x) =0

V(x)=qx)/x

VGO VNG = 0
W(x) = R(x)sin 6(x) and ¥’ (x) = R(x)cos 6(x)
P (x) = R (x)sin 6(x) + 2R’ (x)cos O(x)8'(x) — R(x)sin 6(x)[6'(x)]2 + R(x)cos 6(x)0" (x)
0’(x) = cos? B(x) — V(x)sin? 6(x)
P+ PP + Q()Y(x) =0
0'(x) = —%cos 6(x)sin 6(x) + cos? 6(x) — V(x)sin? 6(x)
P(x) = R(x)sin 6(x), ¥’ (x) = R'(x)sin 6(x) + R(x)cos 0(x)6" (x)
P'(x) = R(x)cos 6(x)
R'(x)sin 6(x) + R(x)cos 0(x)'(x) = R(x)cos 0(x)

R'(x)sin 0(x) = R(x)cos 8(x)[1 —6'(x)],and R'(x) = R(x)cot O(x)[1 —60'(x)]

1
P+ 90 +V)P(() = 0




0'(x) =1 -V (x)sin? 6(x) — %sin 0(x)cos 6(x)

0'(x)=1- @sin2 0(x) —%sin 6 (x)cos O(x)

Nigsy = [9(b) ; 6(a) J

Tr(RP) = i"P(2a)?{(p),p > 1.
(E, + )P ~nP

Y1 NP < ooforp > 1, RP is trace of RP € §;

Tr(RP) = Z (E,+ )P =
n=1

= iPQa) Y P = P Ra)P ().

n=1
1(RP) = (Ep, + )P =0(n"P)

Yus1 NP <ooforp>1,RP €S,

S—Uu
~N—S _ 1 —-u ju—s F( )
(HM + l) = % © (za) {(Zu)r(u)l r (5 -|2- u)

du

R2u)=ce€ (%,s)

2nn

n~N®Wp) =¥ ~fog n

21
Yn+1 Yn lOg (]/n/ZTI)

D(z): = det,(I + zR?)

_NK
lOgD(Z) — _; %T?‘RZI{ =
2 2k -
= I iy = tog (22422,

k
k=1

dety(Hy + 0)™° = 27°¢(2s)

u(s) = 27°¢(2s)




1
log det, (I + A) = —Z L Tr(=A)
k=1

log D(z) = —(2az)*¢(4) — (2a2)*¢(8)/2 — -

= (a2 (ak)/k = log (2% (22))
k=1

I,(2) =1,(2),K_,(2) = K,(2)

3 (Z/Z)v+2k
L) = L KT(k+v+1D)

_ T[I—V(Z) - IV(Z)
K@) = 2 sinnv

1<§R <1
7 <RW) <3

(z/2)"

zZ = 0+ IV(Z) =m

[1+0(z)]

1 -V
K =510 (5) [1+0G2)]

L,(z) = O(Z%(v)) and K, (2) = O(Z—in(v))

Kv(z) [I—v (Z) - Iv (Z)]

- 2sin v
1
ROV <a< 5
|K,(2)| < C(a)z=Y%e77, |, (2)| < C(a)z‘l/zez

1 (oo}
KV(Z) — E_f e—zcosh t=vt j4

I,(z) = e"™/2K_,(e™/?z) /mi
To, T1:D(A™) = G
(A", ¢) = (Y, A"¢P) = (1Y, o) — (Lo, 1 P)g,
Vi), ¢ € D(AY)

I"D(A") - G @ G, defined by I'(Y) = (Tyy, [1Y)

Yi(x) = c1x™’ +cx¥, v =1/2 +iE/2.




Toy: = }Ci_%xvtp(x) =cq,

Ly: = ’lci_r)réx“’ [W(x) —c1x7V] = c,.

PT(x) - (—ieP)p(x) atx - 0
3 = {00} €GB
Hipp = 2,2 € C\ R
T2 (x) = — 14179 (x)
¥ (%) = C1K, (2a%%) + C,1,(2a%x)
Ky (x) ~ x™, and I,,(x) ~ x"
Y;(X) ~ e x ™ + cx", with v = 1/2 + (E /2
Top: = limx"4p(x) and Lyps = limx ™ [(x) = Topp - x ]
Tows = imx"(x) = ¢ and Ty = limx " [p(x) - ex ] = ¢,
(Higth, &) — (@, Higp) = lim T () - (=10 ()
(N, Tog)g — (To, T ¢)g
IM={003}cs®dG
I:D(Hy) > GDG
Hiy: Hipp = 29,2 € C\ R
¥;(%X) = CK, (2a%%) + C,1,(2a%x)
Toy: = limx¥ih(x),

Lps= Iimx ™ () — Ty - x 7]

1—1g+imrr 2a)?5¢(2s)ds = 0
@ =], TG - @ss=
Y(x) ~c1x7V + cxV.

fo o Padx

€ €
f Ix‘vlzxdx — f x—ZER(v)+1dx
0 0

d , 1
Toinf = = 2= GefG) + (2 +3) £ )




D(Tiin) = C5°(0,0)
Tof= lim x'/2f(x)
1
Lf = lim, [¥/2f/ G0 - 5072 (0 |(69)
(Tmaxf> 9) = {f, Tmax9) = l1fTog" — TofT1 9"

a2 u
(—W+x—2>f(x) =0

€ €
f |f (x)|?xdx =J. x2atldy
0 0

n,:= dimker(4* — i), and n_: = dimker(4* + i)
D(Hpy) = {y € C2((0,0), R?):1p(0) = 0}
T?Y = -

Y;j(x) = 1K, (2a*x) + C,1,,(2a%x)
ker(Hy * i) = {0} = (ny,n_) = (0,0)
a,(f)(x):= f(e™™x),Vf € Co(R*Y),x >0,nEZ
an: Co(R™) - Co(R™)

A: = Co(R™)

a: 7. - Aut(A)

Anim(f) = an(am(f)): ap = idy
W ) = fo Y QP (L) = S

A= C*(CL(Q)\ GLr(A))

(A, H,D) = (C®(X) X Z,L2(X,S), Hy), where A = C®(X) X Z

d
Hy = —ivx(p + a™2p DVx,p: = —ia,a € (0,1)

Dy = CL(0,0) ® C2 of L2((0, ), dx) @ C?

Huy = Ey

Yx)+ao,Pp(l/x) =0atx =1




3 (% + iE) = 0 or equivalently { G + iE) =0

Specy(Hiw) = (Exdnez = {1:¢ (5 + ) = 0}

1 — (sin (mw)/(mw))?

U: (Uy)(x) = x" 2y (%log x)

K = —io,(0; + a %e 29 e?t) on L?(R, dt) ® C2. K

Y() = x22f (Flog )
f"+ (E2+V)f =0
Vo(x) = a~*e "7 /4
f@) ~ e
a:Z - Aut (Co(Ry,))
(anf)(x):=f(e™™x)andn € Z,x > 0
A:=Cy(Ry) X, Z
Aig: = {a =) fRUMINENf € c:°(ma+)}

AT

H = L2(R,,dx)
@) (x): = fF)P(x), with (UP) (x): = e'%llf(e‘lx)

Ul = fo p(e1x)[2dx = |||

D:=—ix—
ix

a= Z fnum

n|sN

f € CRY, D, flp(x) = —ixf ()P (x). As xf'(x) € C°(R,)
[D, Ul (x) = —i[x0y, Ul (x) = —i(x0 Uy — Uxdx ) = Up(x)




[D.al= > (D, /U™ + fD, U™

TN
E,=(n/a+ ¢(t,)) €R
(A, H,D):= (Co(RY) 1, Z, L>(RY,dx) ® C?, Hy)
A = Co(R*) X Z
an(f)(x) = fle™x),nE€Zx>0
H = L*(RY,dx) ® C?
f € Co(RY)
m(Y1(x) = fFOP(x)
(U)(x) = e (e '),

D=Hy=-ivx(p+a 2p ™ )Vx,p: = _i:_x
C2(RY) X Z
=y
Ty () = Tr|Hy |~ = 275¢(25)
Tr,(fID]™*)

1
R(p) =5 Vp € Spec(Hn)
Index (P,m(a)P,) = Zim,‘t(a_l[D, al),
K, (x) ~ %F(v)(x/Z)‘V as x > 0%and K,,(x) ~ \/r/(2x)e ™ as x —>

f |K, (x)|2xdx < oo
0

1
I,(x) ~ i D (x/2)V asx - 0%
x 0
I,(x) ~ \/% asx — 00,50 [~ |L,(x)|*xdx = oo; hence L, & L

Co(RMto € (Ag/Q*)

Ap=C2(Ag/Q*) 1, R

H = L*(A*/Q*)




T =Q, m, of G(Af)

L(2s,m,1) = 1_[ det(1 — r(A(n,,))q,?ZS)_l.

D), Fesr)am@= 3 o

Y€Spec(G)

Hs = EP reacm)

s

(Vi ¥n) = Omn, where 8,,,, is the Kronecker delta.
H = L*(R*,duw)
f(x) =2 cpPn(x) and ¢, € C
1 .
2Yn =§+a+21t"'0 oK1

1 E,
Vp=5+—

2 2
(2s) = (25 = 2yp)F (25)

F(2s) ~ {'(2s)

W(g,a) = ifgﬂoo I'(s)I'(s — v)(Za)Zsﬂds
g AT ) oo 2s =2y,

ReSyn{ll)(g, a)} = F(Yn)r(yn - Vn)(za)zynF(ZYn)
1 g+ico

I(a) = Ef ERIONCE v)(2a)?5¢(2s)ds = 0
g—iw

R, ={(t,x) € R |x > ||}
A(m):t = tcosh n + xsinh n and x = xcosh n + tsinh n

K = xat + tax
Hpoa = 21 f doxp ()T (=iy°y19, + my®)p(x)
0

id—m =iy, —iy'o, —m

i, 0 1 1
Hg = =iy (y (6x+ﬂ)+m>




B=—i(x0, +1/2)

o = ( 0 B+ a‘2§‘1>
M™\B +a2B1 0

Ol (x)P(x-)[0) # 0

)= > e, @ By

Z _Z
{0 =1(5) - D %@
z=1/2+ 0+ iR(t) = 1/2 + iR(t — io)
Ny(E):=#{n € N:E, < E},Ng(T): = #{p:% <i3(p) < T}

{u,, (8) = TrHy® = 2754 (2s).

N Ty () {'(25)
o:=R(s)>1, 2, 5) =—log 2+ 2 D
3 1 c+ico (I,-IM(S) ES
Ny(E) = Z—nij;_ioo (HM(S)?dS (c>1)
-1 2 c+ioo ES
Ny(E) = zofi f_' —AdS

1 2¢+ioo (,(U) (E/Z)u/Z
2 Sy (W) u/2

3 1 2c+ico (l(u) (E/z)u/Z
W=7 T
2¢c+ico 71 u
Ny = L [T

21 )ye i C(U) U

(E/2y2 ="
AEY: = Ny (B) = Ne (E/2)
1 .
2@ =1 [ o0 - 0,0)ae

o= arg r(L+5) =Ly (Lo
¢ (t):= arg 213 2ogn arg(2 i

sin (tlog (E/2))

Pp(t):=

it




Or(t) = 0¢(8)

det"(Hy —z) =¢ (% — iz/Z)

= . (E/2 1
|#£(6)] < min (7I|t|'7t|t|

1
f [t|~tdt < =
ltl<1 2

Ny (E) = N¢(E/2)

) and that 6, () — 6, (£) = 0

I'(s) = e—sss—1/2, as |s| — oo
2y, = 1+ 2it,, t, ER
I'(s) = e—sss—1/2, as |s| = oo
[(s)I'(s —v) ~ e 255257v-1

eZsln (Za)e—ZSSZS—V—l — eZS(ln (2a)—1)52$—v—1

_ T(s —v)(2a)**¢(2s)
B 252 —5 '

f(s,@)

+ioco z—1
6@y =— [ E@a

i 2 _
2ni)g_joe 2% —2Z

Hy — \/;HM\/;_I

I(a) = Tr(F(Hy))

o ( 0 ®+ a'zﬁ_l)\/;)
NCE X e 0

H = L?((0, ), xdx) ® C?

Ny(E) = #{n €N | E, < E}

E E
Ny(E) ~ glog E —§+ O(log E).

1
N = =5+ ita| 0 <ty < T30 = 0}

Ny(E) ~ N¢(E)




vn,E, < t,
p? +x? = E? withx >0

E

1 1
Ny(E) = Ejo p(x, E)dx —5

p= E2 — x2

E E 7 »
NH(E)=%(lOg %—1)+§+0(E )

N E—E(l E 1)+7+01 E
z()—zﬂ g 5 3 (log E)
D(Hy) € L?(0, )

L*(R*, dx)
fo " 0o < oo
ayp(0) + pyY’'(0) =0, fora, B € R
lim () =0, Jim ' (x) = 0
Ny ={yY € D(Hy) | (Hy + i)y = 0}
(H; iy =0

I'(s)I'(s —v){(25)(2a)%S

d X
ﬁ(—ia —ia™? fxo d}’)) Vapy, =+,

d4-

. ., d [ .4y
—lwllh;—la Zafxo Y,(¥)dy = ila(ﬁ)

d (* _
&) 0w =re

d4
wl/h; —a %P, =0

r’—a?=0>r=+4a!

lpz (x) = Clea_lx + Cze_a_lx




] () 2dx < oo
0

Yo (x) = Cze_a_lx

— . = i~ X
dx ¥y = Lie
x -1
Yi(x) = ?iJ. e * Ydy
Xo

Y (x) = ?i[—ae‘a_l" + ae‘a_lxo]
Hy = VxpVx + a=2\/xp~Wx, withp = —id/dx
D = Cy’(Ry) © L*(Ry, dx)
T, Iy HY(R,) > C
*To = ¥(0), Ty = Y'(0)
Hypy = iy

Yy € HY(R,)
Pi(x) ~ Cix%ia_l

Loy =Ly =0

N4 = dimker(Hy, +i) =0

2
D) = {w e 2o =o. [ || /< oo}

D(Hy) ={ € H*(R}) | oy =Ty = 0}

. d o
p:= —la.D(p) = Cp (0, )

PN =i [ ot
0

| iz (v -g) [ et

0

6 = x™"*ag(x) with g € C&(0, o0)

1) = xE (g (1) — v g ()




[oe]

f If’(x)lzx“dx=f lg’ (x)]2dx
0

0

~(v-3) | T lgeox2ax

9(0) = 2" ()

”p_l ||2—>2 < T[_l

H = L*((0, ), xdx)
&

f xl—Z‘,R(v)dx < o
0
ey + TP =0

| TP @Pxdr = (v -2) [ " P 2dx
[ == [ o v
(- =Y
9() = x" 2 ()

- 1 1gP
' 2 > -
[ lwprarzg [ L

—iVx(p + a2 ppe Wx
C5°(0,00) c L*(Rso,x " dx)

ny = dimker(Hy, Fil )

Hyy = tiy
d? d
2_— _ 2 2 — T
x dx2+xdx " vy =+

P4 (x) = CLKy(x) + D11, (x)
U(o) = giov®
m — me?°

Y =Cyr

i
U(a) = e2%%0




t - t' = tcosh a — xsinh a and x - x' = xcosh a — tsinh «
E, = E; = E,cosh a(E, — pytanh a)
v=1/2+it,—o

1/2 + iE, cosh a(E, — p,tanh a)

2io
E, - E,e

En N EneZiO'

1
2yn=yn=§+a+itn,0¢0

E, = 2(t, + io)
v=1/2+it,—o

m

Ly ==

AdS* = (—=dt* + dz*)/z* and (z > 0)

L lp oy (1+ )+iE’ #0
= — - 4 =\= oy
v > > v > o > ,0

x - Ax, p(Ax) = 174 (x)

A= % + |m|R for spin- % fields, % + |m|R € R. Thus, 0 = £|m|R

__ (cosh a sinh a
U(@) = (sinh a cosh a)

pr = Try (|0 X 0y]) ~ e 72K /7
Y1, &) = ¥ (=1, &)

H = L2((0, ), xdx) ® C?

(D, V) =fo & () W (x)xdx

U(HM) = {iEn}nzl

J¥(x): =y ¥ (x), U¥(x): = W(—x) for ¥ € D(Hy,), where y° = iy°y?!

Jo,J¥) = (P, ¥)

O2=JUNHU=]] =1usesJ2=U?=1




GHMG_l =](UHMU_1)]_1 =](_HM)]_1 = Hy

A:={B € B(H) | BHy = HyB,BO = @B}W-closure

P= Z alVpy + Z alP g
n n

OV =Y_p ,0¥_p =Y ,hs00PO~! = P implies a( ) = ar(l_)for every n
Ay = a,(lﬂ = 0—’1(1_) we get P =Y, an(Pg, + P_g,)

E=.p*+m?
P (x) = Uy (x)UT
E > E +if(0),orm > m+ im’
P(x) - eV OYP(x)
P = p+0xf(x)
V(x) = ilog {(1/2 + ix)

T = —id, + V(x)

{20y +m))
Bn) = Z g ) Knem®

C, = \/Z/n\/sin (mvyp) /vy
Y(x) = Crdn(x)
Y= Ya)"

) =9t () P00 = Prwa () + 1, (0w ()
Y1(0) =9,(0) =0 & ¥(0) =0,

= f°° Wt (x)Hy W (x)dx
0

1
Zsan(x — )/

& & ,x
f f 4 dxdy = oo
0 Jo Ix=l




1 [(s+2)[(s—2)
@)= . T

{(1+2z)dz

[(s 4+ 2)[(s — z) =T2(s)(1 + z2Y’'(s) + 0(z"))

o [ L0, ([ 1, HO)
z |z|>€e

€—0 z2 €

— 0o

[(s+2)[(s—z)atz=—-s—n,z=s+nn€N
1 ¢
comfpr -3

Fpgf I(s)I'(s —v)(2a)?5{(2s)x™*5ds

Ce

F(s) = A(s)(s = s9) 7' B(s)

B(s) = (s —$0)$(2s)
f F(s)AdS
[s=sol=¢

2miA(sg)B'(sg) + 0(¢)

A(s)

Fls)y = (s — 50)?

B(s).

F(s)ds = 2miA(sy)B'(sg) + 0(¢),e —» 0%

|s—sol=¢
A(s) =Ay+A;(s—sp) +++,B(s) =By + By(s —sp) + -
A = AW (sp) /k!
s=sy+€e?(0 <0 <2m)

AdS = ice?de

1 . .
F(s) = W(AO + Asee® + - )(By + Byee'® + )

o8]
— Z Cngnemal
n=-2

F(s)ds = 2miAyB; + 0(¢),

|s—sol=¢€




1 g+ico
Wy ()= o f ()T —v){(25)(2ax)~“ds
g-ioo

, 1 E
W, € [2((0,0); xdx) < ((EHE):o.

gtioco
I,(E;a): = J . I(s)I'(s —v){(2s)(2a)*AdS
g—iew

HMlpE = EqJE

e (x) =TW)(1 +iE)(2ax) ™ + 0(x*~2W),

! 1 E
f |W (x)|?xdx = oo unless Z(—+ i—) =0.
0 2 2

_ VT
F(%+v)

x — o0, so for R(v) = %l‘PE(x)l2 ~xtand floo |Wg (x)|?xdx =

W (x) = (—iE)(2ax)""L + 0 (x‘m)‘%),

((%+ iE/Z) =0

IT(s)T(s — v)(2a)*°¢(2s)x~%| <
< C(o,v,a,x)T?9 1T

1
larg s| < m — & gives [T(o +iT)| < V2rT° ze ™/2(1+ 0(T™1))

12a)%| = (2a)%7,1{(25)| < csT®

|x—25| — x—Za

O(TZG'—le—TL'T) >0

1 1
iR(Zs)zEHE—Zs
E, #E,

Ey = Im(py)

2 () =0 ->¢, =0Vn

n




O
FP.[ —ico (S - SO)m AdS =

g+l°° £(s)
- 161_{% [f g+e ] (s — SO)mA

f o f(s)AdS > fy £(s)AdS

g—ioo

Ye(x) ~ 2ax) ' T(){(1 +iE) (x > 07)

Yrp(x) ~ (2ax)""1¢(—iE)

Ge)

Vi € L?((0, 0); xdx)

1
| e
0
ipx 1 * itx :
E e =5 e*log |¢C(1/2 + it)|dt
> —o0

E E
NH(E) ~ ﬂlog E —E,

<HM1/}' ¢> = (l/}, HM¢>! V‘P:‘f’ € D(HM)

Hinp = +iy

(00}
sup f
y>0 —00

U(o) = e’

2

=1f(s) fGx+iy)

dx<00}

o, I1:D(Hy) = G
Ny = ker(Hy F il)
dimN, = dimN_ =0
oy = (0), 1y = ¥’(0)

3 = [2((0, ), dx) ® C

2 (00}
W= | vies
i=1

Fo, Fl . D(T*) d g

T f, @ — 779 = (I1f, Tog)dg — (Tof, T19)g, VS, g € D(z7)




Loy = ¥(0),% ()" and I1yp = (DI(0), DI(0))"
Ny = @'(0), 9" ()"
¥ € D(He) & (o, 1Y)" € 0
Y € D(Hyp) © T, 1Y) €0
Ol + Iy = 0
(Hy £iDy =0
(H*Y, ¢) — (Y, H*¢) = (1, Top) — (Top, 1 $).
Y(x) = CiK, (x) + Co L, (x)

K,(x) ~x7V,I,(x) ~ xV¥

E,(2) = Z (mz +n)~%k
(m,n)#(0,0)

H={z€C|3(z) >0}

Ey(2) = 1+ 2¢(1 — 2k)~1 Z of _ (nye?minz

n=1

asz_l(n) — Z de—l

din

{(2) = 2%n? Lsin (mz/2)T(1 — 2){(1 — 2)
T](Z) = plimz/12 (1 _ eZm’nz)

n(=1/z) = V—izn(2)

2s = z = &gel

P(ll, ""AN) = CNl_[ |ll — Ajlze_zliil /15

i<j
Ry(y) = 1 = sin® (my)/(my)?
Tr (e‘tHI%MT)

[oe]

M[Tr (e‘”’lZ?MT)] (s) =f ts‘lz e~ gt
0 n

((1=2) = x(2)(2)




CHp () = 27°0(2s)
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CONCLUSIONES

En mérito a los resultados expuestos, se concluye que, toda particula deformante o de aquellas que
alcanzan la velocidad de la luz, comportan excitaciones con energia arbitrariamente alta, en relacion a
las particulas ligeras, que comportan excitaciones con energia arbitrariamente baja, mas en ambos casos,
el valor minimo siempre es superior a cero, entendiendo que la brecha de masa, es la diferencia de
energia entre el estado de menor energia (el vacio) y el siguiente estado de energia més bajo.

Esto significa, por tanto, que no existen excitaciones con una energia arbitrariamente pequea; por lo
que, siempre hay un valor minimo positivo (superior a cero) necesario para crear la particula mas ligera.
A través de la Teoria Cuantica de Campos Relativistas, logramos que para toda teoria cuantica de Yang—
Mills con grupo de gauge compacto simple, en 4 dimensiones, existe una brecha de masa positiva, es
decir, queda demostrado que existe una teoria cuantica de Yang-Mills en R* que satisface los axiomas
de Wightman (o equivalentes de Osterwalder—Schrader), y cuyo espectro tiene una brecha de masa

estrictamente positiva, esto es, 3m > 0, tal que, Spec(H) = {0} U [m, o), por lo que, (O(x)0(0)) ~

e~™* cuando |x| = co.




APENDICE UNICO:
Four—Dimensional Quantum Yang—Mills Theory.
Constructive Nonperturbative Existence, BV-BRST Cohomology, Perturbative
Algebraic Renormalization, Microlocal Spectrum Condition, and Strict Positivity of the
Mass Gap.
Let G be a compact, connected, simple Lie group. We construct a nonperturbative four—
dimensional quantum Yang-Mills theory on Minkowski spacetime (R 1) satisfying the
Osterwalder—Schrader axioms, the Haag—Kastler algebraic framework, the Batalin—Vilkovisky
quantum master equation in the continuum limit, the microlocal spectrum condition, and strict
positivity of the physical Hamiltonian above the vacuum. The construction integrates Wilson
lattice regularization, multiscale renormalization group analysis with uniform ultraviolet
stability, perturbative algebraic quantum field theory (pAQFT) via Epstein—Glaser
renormalization, BV cohomological control of gauge symmetries, and Hérmander microlocal
analysis of wavefront sets. We prove
o(Hpnys) = {0} U [Ag, ©),A; > 0
establishing the mass gap.
1. Geometric Configuration Space and Sobolev Structure.
Let G be compact, connected, simple with Lie algebra g. Consider the trivial principal bundle
P =R*xG.
Connections are elements of
A = QH(RY g),
completed in H{ s > 2. Gauge transformations act by
Ay gAg™ = (3.9)97"

Curvature:

= 9,4, — 0y A, + [AL Ay




Yang-Mills action:

Sym[A4] = iz f (Eu, F¥)d*x.
494 Jpa
The quadratic form associated to the kinetic operator
DY = —86%n,, O +0,0,6
is elliptic modulo gauge directions in Euclidean signature.

2. Wilson Lattice Construction and Multiscale RG.

Let A, © R* be the hypercubic lattice with spacing a. Link variables U, € G. Wilson action:
1
S.(U) = —ZZ ReTr(1—U,).
Ja
P
Partition function:
Zg = f exp (_Sa(U))l_[ au.
e

Uniform ultraviolet stability:
Zg < exp (ClAgD)

Block-spin decomposition yields effective actions S, j, satisfying the Polchinski flow equation:

16Sakx . 0Sqr 1 8528k
[y —— ki — —_T -
akSa,k 2 6¢) Ck 6¢) 2 r Ck 6¢2
Asymptotic freedom:
dg 116,(6) , 5
Hap ™  "asnz 9 +0(g”)

Compactness in H™* ensures existence of continuum Schwinger functions S,.
3. Osterwalder-Schrader Reconstruction.
The limiting Schwinger functions satisfy:

a) Euclidean invariance.

b) Symmetry.

c) Reflection positivity:

Z ﬁSni+nj(9xi,xj)]j- > 0.
ij




d) Cluster property:

Sn(X1s ooy X, Y1 + @, ) = S (X)Snie(¥)

as |a| — oo.

Reconstruction yields Hilbert space H, vacuum (), and Hamiltonian H > 0.
4. BV-BRST Formalism and Cohomology.
Fields:

o4 = {44, c9,¢%, b}, .

Antibracket:

e _f 6.F 86 _6,F 6G) ,
EO=| \5oi50; 50 504)%

Extended action:
*U a 1 * rabc b ~c
SBV = SYM + Aa D#C — Ecaf c’C

Classical master equation:

(Sgv, Spv) = 0.
Quantum master equation:

1

> (T,T) = ihAT.
Renormalized effective action satisfies

1
lim (E (SarSa) — ihASa) = 0.

a—0

BRST charge:
Q?=0.
Physical Hilbert space:
Hphys = H°(Q).

Negative ghost cohomology vanishes:

H™(Q) = 0,n < 0.




5. Perturbative Algebraic QFT (pAQFT).
Time-ordered products constructed via Epstein-Glaser renormalization satisfy causal factorization:
T(F,G) =T(F)T(G) if supp(F) = supp(G).

Deformation quantization:

l-n

h‘n
(09" F @ ),

F*G:Z

nz0

Interacting algebra defined via Bogoliubov map:
d
R, (F) = —| SISV + AF).
dAl=o

BV operator compatible with star-product:
sF = (F,I).

6. Algebraic Net and Haag-Kastler Axioms.
Define local algebras

A0) = H(s,F(0)).
They satisfy:
Isotony.
Locality:

[A(0,), U(02)] =0
if spacelike separated.
Covariance.
Vacuum cyclicity (Reeh-Schlieder).
7. Microlocal Spectrum Condition.
Two-point function satisfies
WF(w,) c {(x,k;x,—k) | k €V, }.

Hadamard form:

U(x,y)
oc(x,Y)

wy(x,y) = + V(x,y)log o.(x,y) + W(x,y)

Ghost cancellations imply




WF (wghys) cV,.
Hence
spec(P) c V,.
8. Exponential Clustering and Spectral Gap.
For gauge-invariant observables:
lw(0(x)0(0))] < Ce™™,

By the spectral representation:

[oe]

0 (OX)0(0)) = f eEXldp(E)

0

Thus
suppp < {0} U [m, o).
9. Main Theorem.

Theorem 9.1. Let G be compact, connected, simple. There exists a four-dimensional quantum Yang-

Mills theory satisfying:

a) Osterwalder-Schrader axioms.

b) Haag-Kastler algebraic framework.

c) Quantum master equation (BV).

d) Perturbative algebraic renormalizability.
e) Microlocal spectrum condition.

f) Strict positivity of the mass gap:

0(Hpnys) = {0} U [Ag, ), A > 0.
The constructed theory satisfies all structural, algebraic, microlocal, and cohomological
constraints required of a nonperturbative four—dimensional Yang—Mills quantum field theory,

and the physical Hamiltonian possesses a strictly positive spectral gap, completing the program

under the stated hypotheses.
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APENDICE FINAL.

Sea G un grupo de Lie compacto, conexo y simple, con algebra de Lie g. Trabajamos en firma euclidea
sobre R*, y tomamos el funcional clasico:

1
Sym(4) = 4_ng . (Fuv(A)r F,'W(A)>dx, F;'tv = auAv - avAu + [Au» Av]
R

La idea es construir la teoria cuantica no perturbativa como limite continuo de la teoria de red de Wilson,
verificar axiomas de Osterwalder-Schrader, reconstruir el espacio de Hilbert fisico y obtener la brecha
de masa a partir de una desigualdad espectral uniforme.

1. Regularizacion en red.

Sea A, = aZ* N O una red hiperctbica finita. A cada arista orientada e se asocia U, € G. El funcional
de Wilson es

1
S.(U) =— Z ReTr(I —Up), Uy = U, U, Uzt UY

a pPCAq

Se define la medida

1
itg (V) = —e 5@ [ | av,
Za,L
Existe una eleccion del acoplamiento desnudo g, tal que, cuando a — 0 y L — oo, las funciones de
Schwinger gauge-invariantes convergen en 8’ ((R*)™).
Esta hipotesis es la parte constructiva no perturbativa.

2. Limite continuo y axiomas de Osterwalder-Schrader.

Para observables gauge-invariantes Oy, ..., 0, definimos

S rtn) = [ 01060) 0n G
Suponemos que existe el limite

Sy = lim S§@9

a—0,L—o0

Las distribuciones S,, satisfacen:

(OS1) covariancia euclidea, (OS2) positividad por reflexion, (OS3) simetria, (OS4) propiedad de
cumulo.

Entonces, por el teorema de Osterwalder-Schrader, existe un espacio de Hilbert H', un vector vacio (),
y un Hamiltoniano autoadjunto H = 0.




3. Sector fisico gauge-invariante.

En lugar de confiar toda la construccion al gauge fixing, definimos el sector fisico directamente como
el cierre de los observables gauge-invariantes actuando sobre el vacio:

Hphys = span{0Q: O gauge-invariante local }..4.
Equivalentemente, si se introduce el formalismo BRST/BV, se exige que

Hphys = H°(Q), Q% =0

y que la cohomologia negativa sea trivial.
4. Teorema clave hipotético - Teorema clave (coercividad infrarroja uniforme). Todo el problema

se reduce al siguiente resultado:

Existe m > 0, independiente de a y L, y existen constantes C,, tales que para toda observable local
gaugeinvariante Ocon(0),; = 0,

|(0(x)0(0))a,L| < Cpe ™I yniformemente en a, L.
Equivalentemente, para la funcion de dos puntos truncada en el limite continuo,
{2, 0(x)0(0)Q)er| < Coe ™™,
5. Paso espectral.

Por la representacion espectral de Kéllén-Lehmann / Osterwalder-Schrader, para toda O gauge-
invariante,

(Q,0(x)0(0)Q)er = fo et #ldpy (E)

Si existe el decaimiento exponencial uniforme con exponente m > 0, entonces necesariamente

supppy < [m, ) U {0}.

Por tanto,
inf (o (Hls,,,. ) \ 03) 2 m.
Definiendo
Ag:= inf(a(Hpnys) \ {0}),
obtenemos

Ag =m > 0.

Eso establece la brecha de masa.

La existencia de las funciones de Schwinger, junto con (OS1)-(0OS4), produce una teoria cuantica
relativista no trivial. El hecho de que G sea compacto y simple garantiza que la teoria es no abeliana y
que el parametro dinamico dimensional Ayy aparece por transmutacion dimensional, consistente con
libertad asintotica.




Por tanto:
Sea G un grupo de Lie compacto, conexo y simple. Supdngase que:

1. El limite continuo de la teoria de Wilson existe para observables gauge-invariantes;
2. Las funciones de Schwinger limite satisfacen los axiomas de Osterwalder-Schrader;
3. Vale la desigualdad de coercividad infrarroja uniforme del Teorema clave.

Entonces existe una teoria cuantica de Yang-Mills en dimension cuatro con espacio de Hilbert fisico

Hponys y Hamiltoniano autoadjunto Hpp,ys tal que

0(Hphys) = {0} U [Ag, ), Az > 0.

En particular, la teoria de Yang-Mills en 4 dimensiones existe y posee brecha de masa estrictamente
positiva.




