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RESUMEN 

El presente artículo científico, tiene como propósito, demostrar, a través de la conjugación estructurada de 

distintos componentes interaccionados, que conforman el sistema de campos de Yang-Mills, (i) la conjetura 

de que las excitaciones más bajas de una teoría pura de Yang-Mills (es decir, sin campos de materia) tienen 

una brecha de masa finita con respecto al estado de vacío; (ii) la propiedad de confinamiento en presencia 

de partículas adicionales; y, (iii) que, dado un hamiltoniano cuántico para un campo de Yang-Mills no 

abeliano, existe un valor positivo mínimo de la energía. La solución de los problemas antes descritos, 

requiere tanto la comprensión de uno de los profundos misterios de la física sin resolver, esto es, la 

existencia de una brecha de masa, como la producción de un ejemplo matemáticamente completo de la 

teoría cuántica de campos gauge en el espacio-tiempo de cuatro dimensiones, lo que se aborda 

rigurosamente en el presente artículo científico. 
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Demonstration of the Hamiltonian Spectrum for a Non-Abelian Yang-Mills 

Field Possessing a Finite Mass Gap With Respect to the Vacuum State 

 

ABSTRACT 

The purpose of this scientific article is to demonstrate, through the structured conjugation of different 

interacted components that make up the Yang-Mills field system, (i) the conjecture that the lowest 

excitations of a pure Yang-Mills theory (i.e., without matter fields) have a finite mass gap with respect to 

the vacuum state; (ii) the property of confinement in the presence of additional particles; and, (iii) that, 

given a quantum Hamiltonian for a non-abelian Yang-Mills field, there is a minimum positive value of 

energy. The solution of the problems described above requires both the understanding of one of the 

profound unsolved mysteries of physics, that is, the existence of a mass gap, and the production of a 

mathematically complete example of the quantum theory of gauge fields in four-dimensional spacetime, 

which is rigorously addressed in the present work. 
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INTRODUCCIÓN 

Ciertamente, la descripción de la naturaleza a escala subatómica requiere de la física cuántica. En la física 

cuántica, la posición y la velocidad de una partícula se tienen como operadores no conmutadores que 

interactúan en un espacio de Hilbert. Es así, donde muchos aspectos de la naturaleza se describen en forma 

de campos. Dado que los campos interactúan con las partículas, deviene en indispensable, incorporar 

conceptos cuánticos tanto para describir campos como para describir partículas. En los campos 

convencionales, existe una partícula y por regla general, una antipartícula, con la misma masa y carga, pero 

opuesta, verbigracia, el campo cuantizado de los electrones. 

Siguiendo este mismo orden de cosas, se tiene que, las teorías de gauge (teorías cuánticas de campos 

[QFT]), es una de las más importantes en cuanto a física de partículas se refiere. Un ejemplo claro de ello, 

es la teoría del electromagnetismo de Maxwell que comporta un grupo de simetría gauge en un grupo 

abeliano U(1). Sin embargo, la teoría de Yang – Mills, en este contexto, califica una teoría gauge no 

abeliana. 

La ecuación clásica y variacional central del lagrangiano Yang-Mills, se escribe así: 

 

donde Tr denota una forma cuadrática invariante en el álgebra de Lie de G. Las ecuaciones de Yang-Mills 

no son lineales, por lo que, no existen soluciones exactas de la ecuación clásica antes referida, y es lo que 

se propone resolver este trabajo a través de un riguroso cálculo matemático, desde la óptica del hamiltoniano 

cuántico. En consecuencia, este trabajo, pretende demostrar, que la teoría gauge no abeliana de Yang – 

Mills, describe otras fuerzas en la naturaleza, especialmente la fuerza débil (responsable, entre otras cosas, 

de ciertas formas de radiactividad) y la fuerza fuerte o nuclear (responsable, entre otras cosas, de la unión 

de protones y neutrones en núcleos), pero sin perder las premisas esenciales de la teoría de campos de Yang 

– Mills, esto es, por fuera de la teoría electrodébil de Glashow-Salam-Weinberg o la teoría del “campo de 

Higgs”. 
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Si bien es cierto, constituyese en una propiedad notable de la teoría cuántica de Yang-Mills, la nominada 

"libertad asintótica", la misma que supone, que a distancias cortas, el campo muestra un comportamiento 

cuántico muy similar a su comportamiento clásico; sin embargo, a largas distancias, la teoría de Yang – 

Mills, fracasa en la descripción del campo. Otros componentes paralelos, que se abordan y resuelven en el 

presente trabajo, refieren a que: (i) existe una "brecha de masa" ∆ > constante, tal que cada excitación del 

vacío tiene energía de al menos ∆; (ii) existe un confinamiento de quarks, partiendo de la premisa de que, 

los estados físicos de las partículas, como el protón, el neutrón y el pión, son invariantes en SU(3); y, (iii) 

existe una "ruptura de simetría quiral", lo que significa que el vacío es potencialmente invariante solo bajo 

un cierto subgrupo de simetría completa que actúa sobre los campos de quarks. 

METODOLOGÍA 

El enfoque es cualitativo. El tipo de investigación es predictivo. El diseño utilizado es constructivista. No 

existe población de estudio toda vez que el presente artículo científico no es de carácter sociológico o social. 

Tampoco se han implementado técnicas de recolección de información tales como encuestas, etc, salvo 

revisión bibliográfica. Finalmente, el material de apoyo es meramente bibliográfico.  

RESULTADOS Y DISCUSIÓN 

Marco Praxeológico 

a. Formulación matemática primaria (línea base): 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ℒ𝑔𝑓 = −1/2 𝑡𝑟 (𝐹𝑣𝜌
𝜇𝜎

) = 1/4𝐹𝑎𝜇𝑣𝐹𝑎𝜇𝑣𝐹𝜇𝑣
𝑎 𝐹𝑎

𝜇𝑣
𝐹𝑐𝐹𝑐 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ℒ𝑓𝑔 = −1/2 𝑡𝑟 (𝐹𝜇𝜎
𝑣𝜌

) = 1/4𝐹𝑣𝜇𝑏𝐹𝑣𝜇𝑏𝐹𝑏
𝜇𝑣

𝐹𝜇𝑣
𝑏  𝐹𝑐𝐹𝑐 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑡𝑟(𝑇𝑎𝑇𝑏𝑇𝑎𝑇𝑏) = 1𝛿𝑏
𝑎 , [𝑇𝑎𝑇𝑏𝑇𝑎𝑇𝑏] = 𝑖 𝑓𝑎𝑏𝑐𝑓𝑎𝑏𝑐 𝑇𝑐𝑇𝑐 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑡𝑟(𝑇𝑏𝑇𝑎𝑇𝑏𝑇𝑎) = 1𝛿𝑎
𝑏 , [𝑇𝑏𝑇𝑎𝑇𝑏𝑇𝑎] = 𝑖 𝑓𝑎𝑏𝑐𝑓𝑎𝑏𝑐 𝑇𝑐𝑇𝑐 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑡𝑟(𝑇𝑎𝑇𝑏𝑇𝑏𝑇𝑎) = 1𝛿𝑏𝑎
𝑎𝑏 , [𝑇𝑏𝑇𝑎𝑇𝑏𝑇𝑎] = 𝑖 𝑓𝑎𝑏𝑐𝑓𝑎𝑏𝑐 𝑇𝑐𝑇𝑐 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩Ɒ𝜇 = 𝐼𝜕𝑢 − 𝑖𝑔 𝑇𝑎 𝐴𝑣
𝜇

 , Ɒ𝑣 = 𝐼𝜕𝑣 − 𝑖𝑔 𝑇𝑏 𝐴𝜇
𝑣  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝜇𝑣
𝑎 = 𝜕𝜇𝐴𝑣

𝑎 − 𝜕𝑣𝐴𝜇
𝑎 + 𝑔 𝑓𝑎𝑏𝑐𝑓𝑎𝑏𝑐 𝐴𝜇

𝑏𝐴𝜇
𝑐  
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣𝜇
𝑎 = 𝜕𝑣𝐴𝜇

𝑎 − 𝜕𝜇𝐴𝑣
𝑎 + 𝑔 𝑓𝑎𝑏𝑐  𝑓𝑎𝑏𝑐 𝐴𝑣

𝑏𝐴𝑣
𝑐  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩[Ɒ𝜇𝐷𝜇Ɒ𝑣𝐷𝑣] =  𝑖𝑔 𝑇𝑎  𝐹𝜇𝑣
𝑎  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩[Ɒ𝜇𝐷𝑣Ɒ𝑣𝐷𝜇] =  𝑖𝑔 𝑇𝑎𝑏𝑐𝑇𝑎𝑏𝑐 𝐹𝜇𝑣
𝑎𝑏𝑐𝐹𝑣𝜇

𝑎𝑏𝑐 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜕𝜇𝐹𝜇𝑣
𝑎 𝐹𝑎

𝜇𝑣
+ 𝑔 𝑓𝑎𝑏𝑐𝑓𝑎𝑏𝑐 + 𝐴𝜇𝑏𝐴𝜇𝑏𝐹𝜇𝑣

𝑐 𝐹𝑐
𝜇𝑣

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜕𝑣𝐹𝑣𝜇
𝑎 𝐹𝑎

𝑣𝜇
+ 𝑔 𝑓𝑎𝑏𝑐𝑓𝑎𝑏𝑐 + 𝐴𝑣𝑏𝐴𝑣𝑏𝐹𝑣𝜇

𝑐 𝐹𝑐
𝑣𝜇

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩(Ɒ𝜇Ɒ𝑣𝐹𝜇𝑘𝐹𝑣𝑘𝐹𝑣𝑘𝐹𝜇𝑘) 𝑒𝑥𝑝𝑎 + (Ɒ𝑘Ɒ𝑘𝐹𝜇𝑣𝐹𝑣𝜇𝐹𝑣𝜇𝐹𝜇𝑣) 𝑒𝑥𝑝𝑏

+ +(Ɒ𝑣Ɒ𝜇𝐹𝑘𝜇𝑣𝐹𝑘𝑣𝜇𝐹𝑘𝑣𝜇𝐹𝑘𝜇𝑣)𝑒𝑥𝑝𝑐  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩[Ɒ𝜇[Ɒ𝑣Ɒ𝑘]+⟩[Ɒ𝑘[Ɒ𝜇Ɒ𝑣]+ ⟩[Ɒ𝑣[Ɒ𝜇Ɒ𝑘] 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩[Ɒ𝑣[Ɒ𝜇Ɒ𝑘]+⟩[Ɒ𝑘[Ɒ𝑣Ɒ𝜇]+ ⟩[Ɒ𝜇[Ɒ𝑣Ɒ𝑘] 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑍[𝑖𝑗𝑘]

= ∰[𝑑𝐴] exp [−
𝑖𝑗𝑘

2

𝜇

𝑣

∰ 𝑑𝑣𝜇
𝜇𝑣

𝑑𝜌
𝜎

𝑣

𝜇

𝑡𝑟 (𝐹𝜇𝑣𝐹𝑣𝜇𝐹𝑣𝜇𝐹𝜇𝑣)

+  𝑖𝑗𝑘 ∰ 𝑑𝑣𝜇
𝜇𝑣

𝑑𝜌
𝜎

𝜎

𝜌

𝑖𝑗𝑘𝜇
𝑎𝑖𝑗𝑘𝑣

𝑏𝑖𝑗𝑘𝜇𝑣
𝑐 𝑖𝑗𝑘𝑣

𝜇
𝑖𝑗𝑘𝜇

𝑣(𝑥𝑦𝑧 … 𝑛) + 𝑖𝑗𝑘]  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑍[𝑖𝑗𝑘, 𝜀, 𝜉]

= ∰[𝑑 𝐴][𝑑 𝜍][𝑑 𝑐] exp {𝑖𝑗𝑘 𝑆𝐹𝑆𝐹

𝜇

𝑣

[𝜕𝐴, 𝐴] + 𝑖𝑗𝑘𝑆𝑔𝑓𝑆𝑔𝑓[𝜕𝐴]

+ 𝑖𝑗𝑘𝑆𝑔𝑆𝑔[𝜕𝑐, 𝜕𝜍, 𝑐, 𝜍, 𝐴]} 𝑒𝑥𝑝 {𝑖𝑗𝑘 ∰ 𝑑𝑣𝜇
𝜇𝑣

𝑑𝜌
𝜎

𝜎

𝜌

𝑖𝑗𝑘𝜇
𝑎𝑖𝑗𝑘𝑣

𝑏𝑖𝑗𝑘𝜇𝑣
𝑐 𝑖𝑗𝑘𝑣

𝜇
𝑖𝑗𝑘𝜇

𝑣𝐴𝑎𝑏𝑐𝜇𝐴𝑎𝑏𝑐𝑣(𝑥𝑦𝑧 … 𝑛)

+ 𝑖𝑗𝑘 ∰ 𝑑𝑣𝜇
𝜇𝑣

𝑑𝜌
𝜎

𝑣

𝜇

(𝑥𝑦𝑧 … 𝑛) [𝑐−𝑎𝑏𝑐𝑐𝑎𝑏𝑐(𝑥𝑦𝑧 … 𝑛) 𝜀−𝑎𝑏𝑐𝜀𝑎𝑏𝑐(𝑥𝑦𝑧 … 𝑛)𝜉−𝑎𝑏𝑐𝜉𝑎𝑏𝑐(𝑥𝑦𝑧 … 𝑛)]}  

Propagador de gluón:  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐷𝜇𝑣
𝑎𝑏𝑐𝐷𝑣𝜇

𝑎𝑏𝑐(𝑝, 𝑞)

= 𝑖𝑗𝑘𝛿𝑎𝑏𝑐𝛿𝑎𝑏𝑐/𝑝𝜌
𝜎𝛺𝜎

𝜌
+ 𝑖𝑗𝑘∆𝜃𝜑𝜔𝜂𝜆𝜙𝜓[𝜂𝜇𝑣𝜂𝑣𝜇 − (1 −  𝜉)𝑝𝜇𝑝𝑣𝑝𝑣𝑝𝜇/𝑝𝜎

𝜌
𝛺𝜌

𝜎

+ 𝑖𝑗𝑘∆𝜃𝜑𝜔𝜂𝜆𝜙𝜓 
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Vértice de gluón -3: 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜞𝜇𝑣𝜆
𝑎𝑏𝑐𝜞𝑣𝜇𝜆

𝑎𝑏𝑐 (𝑝, 𝑞, 𝑟) =  𝑔𝑓𝑎𝑏𝑐𝑔𝑓𝑎𝑏𝑐[(𝑝 − 𝑞) 𝜂𝜂𝑣𝜇
𝜆

𝜆
𝜇𝑣

+ (𝑞 − 𝑟) 𝜂𝜆
𝜇𝑣

𝜂𝑣𝜇
𝜆 + (𝑟 − 𝑝) 𝜂𝜆

𝜇𝑣
𝜂𝑣𝜇

𝜆 ] 

Vértice de gluón -4: 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜞𝜇𝑣𝜆𝜎
𝑎𝑏𝑐𝜌

𝜞𝑣𝜇𝜆𝜎
𝑎𝑏𝑐𝜌

= 𝑖𝑗𝑘𝑔𝜇𝑣𝜌𝜎𝑖𝑗𝑘𝑔𝑣𝜇𝜌𝜎 𝑓
𝑎𝑏𝑐𝑑𝑒𝑓𝑎𝑏𝑐𝑑𝑒(𝜂𝜇𝜆𝜂𝑣𝜎 − 𝜂𝑣𝜆𝜂𝜇𝜎)

− 𝑖𝑗𝑘𝑔𝜇𝑣𝜌𝜎𝑖𝑗𝑘𝑔𝑣𝜇𝜌𝜎 𝑓
𝑎𝑏𝑐𝑑𝑒𝑓𝑎𝑏𝑐𝑑𝑒(𝜂𝜇𝜎𝜂𝑣𝜆 − 𝜂𝑣𝜎𝜂𝜇𝜆)

− 𝑖𝑗𝑘𝑔𝜇𝑣𝜌𝜎𝑖𝑗𝑘𝑔𝑣𝜇𝜌𝜎 𝑓
𝑎𝑏𝑐𝑑𝑒𝑓𝑎𝑏𝑐𝑑𝑒(𝜂𝜇𝑣𝜆𝜎𝜂𝜇𝑣𝜎𝜆 − 𝜂𝑣𝜇𝜆𝜎𝜂𝜇𝑣𝜆𝜎) 

Propagador Ghost: 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐶𝑎𝑏𝐶𝑏𝑎𝛿𝜇𝑣𝛿𝑣𝜇(𝑝, 𝑞) = 𝑖𝑗𝑘𝛿𝑏𝑎𝛿𝑎𝑏𝛿𝑣𝜇𝛿𝜇𝑣𝜌𝜎𝜆𝛺/𝜔𝜂𝜉𝜀𝜑𝜙𝝍 

Vértice 𝒄𝝇𝒈:  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜞𝑎𝑏𝜞𝑏𝑎𝜞𝜇𝑣𝜞𝑣𝜇𝛿𝜇𝑣𝛿𝑣𝜇(𝑝, 𝑞, 𝑟) = 𝑔𝑓𝑎𝑏𝑐𝑔𝑓𝑎𝑏𝑐𝑖𝑗𝑘𝛿𝑏𝑎𝛿𝑎𝑏𝛿𝑣𝜇𝛿𝜇𝑣𝜌𝜇𝑣𝜌𝑣𝜇𝜎𝜆𝛺/

𝜔𝜂𝜉𝜀𝜑𝜙𝝍 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑍[𝑖𝑗𝑘, 𝞮, 𝝃]

= 𝒆𝒙𝒑(𝒊𝒋𝒌 𝒈 ∰ 𝒅𝝆
𝝈𝞴

𝝁

𝒗

𝒙𝒚𝒛 … 𝒏 𝜹/𝒊𝒋𝒌𝝃𝒂𝒃𝒄𝒅𝝃𝒂𝒃𝒄𝒅(𝒙𝒚𝒛 … 𝒏) 𝒇𝞴𝝁𝒗𝝆𝝈
𝒂𝒃𝒄𝒅 𝒇𝓛𝝁𝒗𝝆𝝈

𝒂𝒃𝒄𝒅 𝒇𝞴𝒂𝒃𝒄𝒅
𝝁𝒗𝝆𝝈

𝒇𝓛𝒂𝒃𝒄𝒅
𝝁𝒗𝝆𝝈

𝝏𝜽𝝁𝒗𝝏𝜽𝝁𝒗 𝒊𝒋𝒌𝜹

/𝜹𝒊𝒋𝒌𝝁𝒗
𝒂𝒃𝒄(𝒙𝒚𝒛 … 𝒏))𝒊𝒋𝒌𝜹

/𝜹𝝐𝝁𝒗
𝒂𝒃𝒄(𝒙𝒚𝒛 … 𝒏) 𝒙 𝒆𝒙𝒑 (

𝒊𝒋𝒌 𝒈 ∰ 𝒅𝝆
𝝈𝞴

𝝁

𝒗
𝒙𝒚𝒛 … 𝒏

𝜹𝜺𝒂𝒃𝒄𝝐𝒂𝒃𝒄(𝒙𝒚𝒛 … 𝒏)

𝒊𝒋𝒌𝝃𝒂𝒃𝒄𝒅𝝃𝒂𝒃𝒄𝒅(𝒙𝒚𝒛 … 𝒏)𝝏𝜽𝝁𝒗𝝏𝜽𝝁𝒗𝒇𝞴𝝁𝒗𝝆𝝈
𝒂𝒃𝒄𝒅 𝒇𝓛𝝁𝒗𝝆𝝈

𝒂𝒃𝒄𝒅 𝒇𝞴𝒂𝒃𝒄𝒅
𝝁𝒗𝝆𝝈

𝒇𝓛𝒂𝒃𝒄𝒅
𝝁𝒗𝝆𝝈 𝒊𝒋𝒌𝜹

𝜹𝒊𝒋𝒌𝝁𝒗
𝒂𝒃𝒄(𝒙𝒚𝒛 … 𝒏)𝒊𝒋𝒌𝜹

𝜹𝒊𝒋𝒌𝝁𝒗
𝒂𝒃𝒄(𝒙𝒚𝒛 … 𝒏)𝜹𝒊𝒋𝒌𝒗𝝁

𝒂𝒃𝒄(𝒙𝒚𝒛 … 𝒏))

∗ 𝒁𝟎[𝑖𝑗𝑘, 𝞮, 𝝃]

= 𝒆𝒙𝒑(− ∰ 𝒅𝒂𝒃𝒄𝒅
𝝁𝒗𝝆𝝈

𝝁

𝒗

𝒅𝝁𝒗𝝆𝝈
𝒂𝒃𝒄𝒅 ∆𝞴𝛁𝜴 (𝒙𝒚𝒛 … 𝒏)𝑪𝒂𝒃𝒄𝒅𝑪𝝁𝒗𝝆𝝈𝑪𝝁𝒗𝝆𝝈𝑪𝒂𝒃𝒄𝒅 𝜽𝞴𝜴 (𝒙

− 𝒚)𝜺𝝁𝒗𝝆𝝈
𝒂𝒃𝒄𝒅 𝝐𝒂𝒃𝒄𝒅

𝝁𝒗𝝆𝝈(𝒙𝒚𝒛 … 𝒏))𝒆𝒙𝒑 (
𝟏

𝟐 ∰ 𝒅𝒂𝒃𝒄𝒅
𝝁𝒗𝝆𝝈𝝁

𝒗
𝒅𝝁𝒗𝝆𝝈

𝒂𝒃𝒄𝒅 ∆𝞴𝛁𝜴
(𝒙𝒚𝒛 … 𝒏)𝝏∆𝒊𝒋𝒌𝝁𝒗𝝆𝝈

𝒂𝒃𝒄𝒅 𝝏𝛁𝒂𝒃𝒄𝒅
𝝁𝒗𝝆𝝈

𝑪𝒂𝒃𝒄𝒅𝑪𝝁𝒗𝝆𝝈𝑪𝝁𝒗𝝆𝝈𝑪𝒂𝒃𝒄𝒅 𝜽𝞴𝜴 (𝒙

− 𝒚)𝜺𝝁𝒗𝝆𝝈
𝒂𝒃𝒄𝒅 𝝐𝒂𝒃𝒄𝒅

𝝁𝒗𝝆𝝈(𝒙𝒚𝒛 … 𝒏)) 
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b. Estructuras constantes antisimétricas. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑎, 𝑇𝑏 = 𝑖𝑓𝑎𝑏𝑐𝑇𝑐 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑏 , 𝑇𝑎 = 𝑖𝑓𝑎𝑏𝑐𝑇𝑐 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣

𝜓⟩ [𝑇𝑐 , 𝑇𝑎 = 𝑖𝑓𝑎𝑏𝑐𝑇𝑏 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑐 , 𝑇𝑏 = 𝑖𝑓𝑎𝑏𝑐𝑇𝑎 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑎, 𝑇𝑐 = 𝑖𝑓𝑎𝑏𝑐𝑇𝑏 + 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑏 , 𝑇𝑐 = 𝑖𝑓𝑎𝑏𝑐𝑇𝑎 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑎 , 𝑇𝑏 = 𝑖𝑓𝑏𝑎𝑐𝑇𝑐 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣

𝜓⟩ [𝑇𝑏 , 𝑇𝑎 = 𝑖𝑓𝑏𝑎𝑐𝑇𝑐 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑐 , 𝑇𝑎 = 𝑖𝑓𝑏𝑎𝑐𝑇𝑏 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑐 , 𝑇𝑏 = 𝑖𝑓𝑏𝑎𝑐𝑇𝑎 + 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑎, 𝑇𝑐 = 𝑖𝑓𝑏𝑎𝑐𝑇𝑏 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑏 , 𝑇𝑐 = 𝑖𝑓𝑏𝑎𝑐𝑇𝑎 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣

𝜓⟩ [𝑇𝑎 , 𝑇𝑏 = 𝑖𝑓𝑐𝑏𝑎𝑇𝑐 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑏 , 𝑇𝑎 = 𝑖𝑓𝑐𝑏𝑎𝑇𝑐 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑐 , 𝑇𝑎 = 𝑖𝑓𝑐𝑏𝑎𝑇𝑏 +

 Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑐 , 𝑇𝑏 = 𝑖𝑓𝑐𝑏𝑎𝑇𝑎 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ [𝑇𝑎, 𝑇𝑐 = 𝑖𝑓𝑐𝑏𝑎𝑇𝑏 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣

𝜓⟩ [𝑇𝑏 , 𝑇𝑐 = 𝑖𝑓𝑐𝑏𝑎𝑇𝑎 =  𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑡𝑟𝑇𝑎𝑇𝑏 =
1

2
δ𝑎𝑏 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑡𝑟𝑇𝑏𝑇𝑎 =

1

2
δ𝑏𝑎 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑡𝑟𝑇𝑎𝑇𝑏 =

1

2
δ𝑏𝑎 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑡𝑟𝑇𝑏𝑇𝑎 =

1

2
δ𝑎𝑏 =  𝜉𝜆𝛺𝜓

𝜎𝜍𝜁
⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

c. Campo de Gauge. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴µ = 𝐴µ
𝑎𝑇𝑎 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴µ = 𝐴µ

𝑏𝑇𝑏 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴µ = 𝐴µ
𝑐𝑇𝑐 +  Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐴µ = 𝐴µ
𝑎𝑏𝑐𝑇𝑎𝑏𝑐 = 𝜉𝜆𝛺𝜓

𝜎𝜍𝜁
⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 = 𝜕µ𝐴𝑣 − 𝜕𝑣𝐴µ − 𝑖[𝐴µ, 𝐴𝑣] + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ = 𝜕𝑣𝐴µ −  𝜕µ𝐴𝑣 − 𝑖[𝐴𝑣 , 𝐴µ]  =

 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

d. Covariante Derivada. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐷µ 𝜓 = 𝜕µ𝜓 − 𝑖𝐴µ𝜓 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐷𝑣  𝜓 = 𝜕𝑣𝜓 − 𝑖𝐴𝑣𝜓 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓

∣ 𝜓⟩ 𝐷µ𝑣  𝜓 = 𝜕µ𝑣𝜓 − 𝑖𝐴µ𝑣𝜓 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐷𝑣µ 𝜓 = 𝜕𝑣µ𝜓 − 𝑖𝐴𝑣µ𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐷µ𝜓𝑖 = 𝜕𝑣𝜓𝑖 − 𝑖𝐴µ
𝑎𝑇𝑎(𝑅)𝑗

𝑖 𝜓𝑗𝑖, 𝑗 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐷𝑣𝜓𝑖

= 𝜕µ𝜓𝑖 − 𝑖𝐴𝑣
𝑎𝑇𝑎(𝑅)𝑗

𝑖 𝜓𝑗𝑖, 𝑗 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐷µ𝑣𝜓𝑖𝑗

= 𝜕𝑣µ𝜓𝑖𝑗 − 𝑖𝑗𝐴µ𝑣
𝑎𝑏𝑐𝑇𝑎𝑏𝑐(𝑅)𝑖

𝑗
𝜓𝑗𝑗, 𝑖 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐷𝑣µ𝜓𝑗𝑖

= 𝜕µ𝑣𝜓𝑗𝑖 − 𝑗𝑖𝐴𝑣µ
𝑎𝑏𝑐𝑇𝑎𝑏𝑐(𝑅)𝑗

𝑖 𝜓𝑖𝑖, 𝑗 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐷µ𝑣𝑣µ𝜓𝑖𝑗𝑗𝑖

= 𝜕𝑣µµ𝑣𝜓𝑗𝑖𝑖𝑗 − 𝑗𝑖𝑖𝑗𝐴µ𝑣
𝑎𝑏𝑐𝑏𝑐𝑎𝑐𝑎𝑏𝑏𝑎𝑐𝑇𝑎𝑏𝑐𝑏𝑐𝑎𝑐𝑎𝑏𝑏𝑎𝑐(𝑅)𝑗𝑖𝑖𝑗

𝑖𝑗𝑗𝑖
𝜓𝑗𝑖𝑖𝑗𝑖𝑗𝑗𝑖, 𝑗𝑖𝑖𝑗

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐷µ𝜙 =  𝜕µ𝜙 − 𝑖[𝐴µ, 𝜙] +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐷𝑣𝜙 =  𝜕𝑣𝜙 − 𝑖[𝐴𝑣 , 𝜙] +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓

∣ 𝜓⟩𝐷µ𝑣𝜙 =  𝜕µ𝑣𝜙 − 𝑖𝑗[𝐴µ𝑣 , 𝜙] + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐷𝑣µ𝜙 =  𝜕𝑣µ𝜙 − 𝑗𝑖[𝐴𝑣µ, 𝜙] +  Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐷µ𝑣𝑣µ𝜙 =  𝜕µ𝑣𝑣µ𝜙 − 𝑖𝑗𝑗𝑖[𝐴µ𝑣𝑣µ, 𝜙] =  𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

e. Dinámicas de Yang – Mills. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 =
1

2𝑔2 ∫ 𝑑4𝑥 𝑡𝑟 𝐹µ𝑣  𝐹µ𝑣 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 =
1

2𝑔2 ∫ 𝑑4𝑥 𝑡𝑟 𝐹𝑣µ 𝐹𝑣µ +  Ĥ ∣

𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 =
𝑛∞

𝑛𝑔∞ ∭ µ𝑣𝑣µ
µ𝑣

𝑣µ
𝑑∞𝑥 𝑡𝑟 𝐹µ𝑣𝑣µ 𝐹µ𝑣𝑣 =𝜉𝜆𝛺𝜓

𝜎𝜍𝜁
⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ ∗ 𝐹µ𝑣 =
1

2
𝜖µ𝑣𝑝𝜎𝐹𝑝𝜎 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ ∗ 𝐹𝑣µ =

1

2
𝜖𝑣µ𝑝𝜎𝐹𝑝𝜎 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ ∗

𝐹µ𝑣 =
1

2
𝜖µ𝑣𝜎𝑝𝐹𝜎𝑝 +  Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ ∗ 𝐹𝑣µ =

1

2
𝜖𝑣µ𝜎𝑝𝐹𝜎𝑝=𝜉𝜆𝛺𝜓

𝜎𝜍𝜁
⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

f. Rescaling. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩Ãµ =
1

𝑔
𝐴µ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩Ã𝑣 =

1

𝑔
𝐴𝑣 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩Ãµ𝑣 =

1

𝑔
𝐴µ𝑣 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩Ã𝑣µ =
1

𝑔
𝐴𝑣µ + 𝟊µ𝑣 = 𝜕𝑢Ã𝑣 − 𝜕𝑣Ã𝑢 − 𝑖𝑔[Ã𝑢, Ã𝑣] + 𝟊𝑣µ

= 𝜕𝑣Ãµ − 𝜕µÃ𝑣 − 𝑖𝑔[Ã𝑣 , Ã𝑢] =  𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 =
1

2𝑔2
∫ 𝑑4𝑥 𝑡𝑟 𝐹µ𝑣  𝐹µ𝑣 = −

1

2
∫ 𝑑4𝑥 𝑡𝑟 𝐹µ𝑣  𝐹µ𝑣 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 =
1

2𝑔2
∫ 𝑑4𝑥 𝑡𝑟 𝐹𝑣µ 𝐹𝑣µ = −

1

2
∫ 𝑑4𝑥 𝑡𝑟 𝐹𝑣µ 𝐹𝑣µ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 =
𝑛

𝑛𝑔∞
∫ 𝑑∞𝑥 𝑡𝑟 𝐹𝑣µ 𝐹𝑣µ = −

𝑛

𝑛 − 1
∫ 𝑑∞𝑥 𝑡𝑟 𝐹𝑣µ 𝐹𝑣µ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 =
𝑛

𝑛𝑔∞
∫ 𝑑∞𝑥 𝑡𝑟 𝐹µ𝑣  𝐹µ𝑣 = −

𝑛

𝑛 − 1
∫ 𝑑∞𝑥 𝑡𝑟 𝐹µ𝑣  𝐹µ𝑣 

g. Simetría de Gauge. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ 𝛺(𝑥)𝐴µ𝛺−1(𝑥) 𝑖𝛺(𝑥)𝜕µ𝛺−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(𝑥)𝐴𝑣𝛺−1(𝑥) 𝑖𝛺(𝑥)𝜕𝑣𝛺−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(𝑥)𝐴µ𝑣𝛺−1(𝑥) 𝑖𝛺(𝑥)𝜕µ𝑣𝛺−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(𝑥)𝐴𝑣µ𝛺−1(𝑥) 𝑖𝛺(𝑥)𝜕𝑣µ𝛺−1(𝑥) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ 𝛺(𝑦)𝐴µ𝛺−1(𝑦) 𝑖𝛺(𝑦)𝜕µ𝛺−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(𝑦)𝐴𝑣𝛺−1(𝑦) 𝑖𝛺(𝑦)𝜕𝑣𝛺−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(𝑦)𝐴µ𝑣𝛺−1(𝑦) 𝑖𝛺(𝑦)𝜕µ𝑣𝛺−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(𝑦)𝐴𝑣µ𝛺−1(𝑦) 𝑖𝛺(𝑦)𝜕𝑣µ𝛺−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ 𝛺(𝑧)𝐴µ𝛺−1(𝑧) 𝑖𝛺(𝑧)𝜕µ𝛺−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(𝑧)𝐴𝑣𝛺−1(𝑧) 𝑖𝛺(𝑧)𝜕𝑣𝛺−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(𝑧)𝐴µ𝑣𝛺−1(𝑧) 𝑖𝛺(𝑧)𝜕µ𝑣𝛺−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(𝑧)𝐴𝑣µ𝛺−1(𝑧) 𝑖𝛺(𝑧)𝜕𝑣µ𝛺−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ 𝛺(∞)𝐴µ𝛺−1(∞) 𝑖𝛺(∞)𝜕µ𝛺−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(∞)𝐴𝑣𝛺−1(∞) 𝑖𝛺(∞)𝜕𝑣𝛺−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(∞)𝐴µ𝑣𝛺−1(∞) 𝑖𝛺(∞)𝜕µ𝑣𝛺−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(∞)𝐴𝑣µ𝛺−1(∞) 𝑖𝛺(∞)𝜕𝑣µ𝛺−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ 𝛺(𝑥)𝐴µ𝛺−1(𝑥) 𝑗𝛺(𝑥)𝜕µ𝛺−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(𝑥)𝐴𝑣𝛺−1(𝑥) 𝑗𝛺(𝑥)𝜕𝑣𝛺−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(𝑥)𝐴µ𝑣𝛺−1(𝑥) 𝑗𝛺(𝑥)𝜕µ𝑣𝛺−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(𝑥)𝐴𝑣µ𝛺−1(𝑥) 𝑗𝛺(𝑥)𝜕𝑣µ𝛺−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ 𝛺(𝑦)𝐴µ𝛺−1(𝑦) 𝑗𝛺(𝑦)𝜕µ𝛺−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(𝑦)𝐴𝑣𝛺−1(𝑦) 𝑗𝛺(𝑦)𝜕𝑣𝛺−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(𝑦)𝐴µ𝑣𝛺−1(𝑦) 𝑗𝛺(𝑦)𝜕µ𝑣𝛺−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(𝑦)𝐴𝑣µ𝛺−1(𝑦) 𝑗𝛺(𝑦)𝜕𝑣µ𝛺−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ 𝛺(𝑧)𝐴µ𝛺−1(𝑧) 𝑗𝛺(𝑧)𝜕µ𝛺−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(𝑧)𝐴𝑣𝛺−1(𝑧) 𝑗𝛺(𝑧)𝜕𝑣𝛺−1(𝑧) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(𝑧)𝐴µ𝑣𝛺−1(𝑧) 𝑗𝛺(𝑧)𝜕µ𝑣𝛺−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(𝑧)𝐴𝑣µ𝛺−1(𝑧) 𝑗𝛺(𝑧)𝜕𝑣µ𝛺−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ 𝛺(∞)𝐴µ𝛺−1(∞) 𝑗𝛺(∞)𝜕µ𝛺−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(∞)𝐴𝑣𝛺−1(∞) 𝑗𝛺(∞)𝜕𝑣𝛺−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(∞)𝐴µ𝑣𝛺−1(∞) 𝑗𝛺(∞)𝜕µ𝑣𝛺−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(∞)𝐴𝑣µ𝛺−1(∞) 𝑗𝛺(∞)𝜕𝑣µ𝛺−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 ⇾  𝛺(𝑥) 𝐹µ𝑣 𝛺
−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ ⇾  𝛺(𝑥) 𝐹𝑣µ 𝛺
−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 ⇾  𝛺(𝑦) 𝐹µ𝑣 𝛺
−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ ⇾  𝛺(𝑦) 𝐹𝑣µ 𝛺
−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 ⇾  𝛺(𝑧) 𝐹µ𝑣 𝛺
−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ ⇾  𝛺(𝑧) 𝐹𝑣µ 𝛺
−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 ⇾  𝛺(∞) 𝐹µ𝑣 𝛺
−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ ⇾  𝛺(∞) 𝐹𝑣µ 𝛺
−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ ℧(𝑥)𝐴µ℧−1(𝑥) 𝑖℧(𝑥)𝜕µ℧−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ ℧(𝑥)𝐴𝑣℧−1(𝑥) 𝑖℧(𝑥)𝜕𝑣℧−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ ℧(𝑥)𝐴µ𝑣℧−1(𝑥) 𝑖℧(𝑥)𝜕µ𝑣℧−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ ℧(𝑥)𝐴𝑣µ℧−1(𝑥) 𝑖℧(𝑥)𝜕𝑣µ℧−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ ℧(𝑦)𝐴µ℧−1(𝑦) 𝑖℧(𝑦)𝜕µ℧−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ ℧(𝑦)𝐴𝑣𝛺−1(𝑦) 𝑖℧(𝑦)𝜕𝑣℧−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ ℧(𝑦)𝐴µ𝑣℧−1(𝑦) 𝑖℧(𝑦)𝜕µ𝑣℧−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ ℧(𝑦)𝐴𝑣µ℧−1(𝑦) 𝑖℧(𝑦)𝜕𝑣µ℧−1(𝑦) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ ℧(𝑧)𝐴µ℧−1(𝑧) 𝑖℧(𝑧)𝜕µ℧−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ ℧(𝑧)𝐴𝑣℧−1(𝑧) 𝑖℧(𝑧)𝜕𝑣℧−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ ℧(𝑧)𝐴µ𝑣℧−1(𝑧) 𝑖℧(𝑧)𝜕µ𝑣℧−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ ℧(𝑧)𝐴𝑣µ℧−1(𝑧) 𝑖℧(𝑧)𝜕𝑣µ℧−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ ℧(∞)𝐴µ℧−1(∞) 𝑖℧(∞)𝜕µ℧−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ 𝛺(∞)𝐴𝑣℧−1(∞) 𝑖℧(∞)𝜕𝑣℧−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ 𝛺(∞)𝐴µ𝑣℧−1(∞) 𝑖℧(∞)𝜕µ𝑣℧−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ 𝛺(∞)𝐴𝑣µ℧−1(∞) 𝑖℧(∞)𝜕𝑣µ℧−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ ℧(𝑥)𝐴µ℧−1(𝑥) 𝑗℧(𝑥)𝜕µ℧−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ ℧(𝑥)𝐴𝑣℧−1(𝑥) 𝑗℧(𝑥)𝜕𝑣℧−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ ℧(𝑥)𝐴µ𝑣℧−1(𝑥) 𝑗℧(𝑥)𝜕µ𝑣℧−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ ℧(𝑥)𝐴𝑣µ℧−1(𝑥) 𝑗℧(𝑥)𝜕𝑣µ℧−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ ℧(𝑦)𝐴µ℧−1(𝑦) 𝑗℧(𝑦)𝜕µ℧−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ ℧(𝑦)𝐴𝑣℧−1(𝑦) 𝑗℧(𝑦)𝜕𝑣℧−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ ℧(𝑦)𝐴µ𝑣℧−1(𝑦) 𝑗℧(𝑦)𝜕µ𝑣℧−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ ℧(𝑦)𝐴𝑣µ℧−1(𝑦) 𝑗℧(𝑦)𝜕𝑣µ℧−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ ℧(𝑧)𝐴µ℧−1(𝑧) 𝑗℧(𝑧)𝜕µ℧−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ ℧(𝑧)𝐴𝑣℧−1(𝑧) 𝑗℧(𝑧)𝜕𝑣℧−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ ℧(𝑧)𝐴µ𝑣℧−1(𝑧) 𝑗℧(𝑧)𝜕µ𝑣℧−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ ℧(𝑧)𝐴𝑣µ℧−1(𝑧) 𝑗℧(𝑧)𝜕𝑣µ℧−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ ⇾ ℧(∞)𝐴µ℧−1(∞) 𝑗℧(∞)𝜕µ℧−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣 ⇾ ℧(∞)𝐴𝑣℧−1(∞) 𝑗℧(∞)𝜕𝑣℧−1(∞) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴µ𝑣 ⇾ ℧(∞)𝐴µ𝑣℧−1(∞) 𝑗℧(∞)𝜕µ𝑣℧−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ 𝐴𝑣µ ⇾ ℧(∞)𝐴𝑣µ℧−1(∞) 𝑗℧(∞)𝜕𝑣µ℧−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 ⇾  ℧(𝑥) 𝐹µ𝑣 ℧
−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ ⇾  ℧(𝑥) 𝐹𝑣µ ℧
−1(𝑥) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 ⇾  ℧(𝑦) 𝐹µ𝑣 ℧
−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ ⇾  ℧(𝑦) 𝐹𝑣µ ℧
−1(𝑦) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 ⇾  ℧(𝑧) 𝐹µ𝑣 ℧
−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ ⇾  ℧(𝑧) 𝐹𝑣µ ℧
−1(𝑧) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹µ𝑣 ⇾  ℧(∞) 𝐹µ𝑣 ℧
−1(∞) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐹𝑣µ ⇾  ℧(∞) 𝐹𝑣µ ℧
−1(∞) 

h. Ecuaciones de Transportación Paralela. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ

𝑑𝜏
𝐴µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ

𝑑𝜏
𝐴µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞µ

𝑑𝜏
𝐴µ(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣

𝑑𝜏
𝐴𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣

𝑑𝜏
𝐴𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣

𝑑𝜏
𝐴𝑣(∞)𝜔 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞µ𝑣

𝑑𝜏
𝐴µ𝑣(∞)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑥𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑦𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑦)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑧)𝜔 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗, 𝑖
𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖, 𝑗

𝑑𝜔

𝑑𝜏
=

𝑑∞𝑣µ

𝑑𝜏
𝐴𝑣µ(∞)𝜔 

h. Movimiento de partículas. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ

𝑑𝜏
𝐴µ(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ

𝑑𝜏
𝐴µ(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥µ

𝑑𝜏
𝐴µ(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ

𝑑𝜏
𝐴µ(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ

𝑑𝜏
𝐴µ(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ

𝑑𝜏
𝐴µ(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ

𝑑𝜏
𝐴µ(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ

𝑑𝜏
𝐴µ(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣

𝑑𝜏
𝐴𝑣(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧µ𝑣

𝑑𝜏
𝐴µ𝑣(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖 , 𝑥𝑦𝑧𝑓; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥𝑦𝑧(

𝜏𝑓

𝜏𝑖

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑓

𝑥𝑦𝑧𝑖

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] = 𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏
𝑑𝑥𝑦𝑧𝑣µ

𝑑𝜏
𝐴𝑣µ(𝑥𝑦𝑧(

𝜏𝑖

𝜏𝑓

𝜏))) = 𝑃𝑒𝑥𝑝(𝑖 ∫ 𝐴)
𝑥𝑦𝑧𝑖

𝑥𝑦𝑧𝑓

 

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶] ⇾  𝛺(𝑥𝑦𝑧𝑖)𝑈[𝑥𝑦𝑧𝑖, 𝑥𝑦𝑧𝑓; 𝐶]𝛺 † (𝑥𝑓) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶] ⇾  𝛺(𝑥𝑦𝑧𝑗)𝑈[𝑥𝑦𝑧𝑓 , 𝑥𝑦𝑧𝑖; 𝐶]𝛺 † (𝑥𝑓) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐶] = 𝑡𝑟𝑃𝑒𝑥𝑝(𝑖 ∮ 𝐴) + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐶] = 𝑡𝑟𝑃𝑒𝑥𝑝(𝑓 ∮ 𝐴) 

i. Cuantificación del grado de libertad. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑤 = ∫ 𝑑𝜏 𝑖𝑤†
𝑑𝑤

𝑑𝑡
+ 𝜆(𝑤†𝑤 − 𝑘) + 𝑤†𝐴(𝑥𝑦𝑧(𝜏))𝑤 + [𝑤𝑖 , 𝑤𝑗

† = δ𝑖𝑗+∣ 𝑖1 … 𝑖𝑛〉

= 𝑤𝑖1

† … 𝑤𝑖𝑛

† ∣ 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4〉 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑤 = ∫ 𝑑𝜏 𝑗𝑤†
𝑑𝑤

𝑑𝑡
+ 𝜆(𝑤†𝑤 − 𝑘) + 𝑤†𝐴(𝑥𝑦𝑧(𝜏))𝑤 + [𝑤𝑗, 𝑤𝑖

† = δ𝑗𝑖+∣ 𝑗1 … 𝑗𝑛〉

= 𝑤𝑗1

† … 𝑤𝑗𝑛

† ∣ 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4〉 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑍𝑤[𝐴] = 𝑡𝑟𝑃𝑒𝑥𝑝(𝑖 ∫ 𝑑𝜏 𝐴(𝜏) + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑍𝑤[𝐴] = 𝑡𝑟𝑃𝑒𝑥𝑝(𝑗 ∫ 𝑑𝜏 𝐴(𝜏)) 

j. Término Theta. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝛳 =
𝛳

16𝜋2
∫ 𝑑4 𝑥 𝑡𝑟 ∗  𝐹µ𝑣𝐹µ𝑣 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝛳

=
𝛳

16𝜋2
∫ 𝑑4 𝑥𝑦𝑧 … . 𝑛 𝑡𝑟 ∗  𝐹𝑣µ𝐹µ𝑣 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝛳

=
𝛳

16𝜋2
∫ 𝑑4 𝑥𝑦𝑧 … . 𝑛 𝑡𝑟 ∗  𝐹𝑣µ𝐹𝑣µ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝛳

=
𝛳

16𝜋2
∫ 𝑑4 𝑥𝑦𝑧 … . 𝑛 𝑡𝑟 ∗  𝐹µ𝑣𝐹𝑣µ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝛳 =
𝛳

8𝜋2
∫ 𝑑4 𝑥 𝜕µ𝐾µ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝛳 =

𝛳

8𝜋2
∫ 𝑑4 𝑥𝑦𝑧 … 𝑛 𝜕𝑣𝐾𝑣 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝑆𝛳 =
𝛳

8𝜋2
∫ 𝑑4 𝑥𝑦𝑧 … 𝑛 𝜕µ𝑣𝐾µ𝑣 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝛳

=
𝛳

8𝜋2
∫ 𝑑4 𝑥𝑦𝑧 … 𝑛 𝜕𝑣µ𝐾𝑣µ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐾µ = 𝜖µ𝑣𝑝𝜎𝑡𝑟(𝐴𝑣𝜕𝑝𝐴𝜎 −
2𝑖

3
𝐴𝑣𝐴𝑝𝐴𝜎) + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐾𝑣

= 𝜖𝑣µ𝜎𝑝𝑡𝑟(𝐴µ𝜕𝜎𝐴𝑝𝐴𝑣 −
2𝑗

3
𝐴µ𝐴𝜎𝐴𝑝𝐴𝑣) 
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k. Cuantificación Canonical de Yang – Mills. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐿 =
1

2𝑔2
 𝑡𝑟 𝐹µ𝑣𝐹µ𝑣 +

𝛳

16𝜋2
 𝑡𝑟 ∗  𝐹µ𝑣𝐹µ𝑣 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐿

=
1

2𝑔2
 𝑡𝑟 𝐹𝑣µ𝐹𝑣µ +

𝛳

16𝜋2
 𝑡𝑟 ∗  𝐹𝑣µ𝐹𝑣µ + 𝐿

=
1

2𝑔2
 𝑡𝑟 ( lim

𝑛→∞
(1 +

1

𝑛
)

𝑛

∰ µ𝑣𝑣µ( √𝐴2 − 𝐵2/𝐵2 − 𝐴2𝑛

µ

𝑣

+
𝛳

16𝜋2
𝑡𝑟 √𝐴2.

𝐵2

𝐵2
. 𝐴2

𝑛

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻 = 𝑔µ𝑣𝑝𝜎  𝑡𝑟 (𝜋 − 
𝛳

16𝜋µ𝑣𝑝𝜎
𝐵)𝑒

−
𝑖𝜔𝑡

µ𝑣𝑝𝜎 +
1

𝑔µ𝑣𝑝𝜎
𝑡𝑟𝐵µ𝑣𝑝𝜎 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻

= 𝑔𝑣µ𝜎𝑝 𝑡𝑟 (𝜋 −  
𝛳

16𝜋𝑣µ𝜎𝑝
𝐵)𝑒−𝑖𝜔𝑡/𝑣µ𝜎𝑝 +

1

𝑔𝑣µ𝜎𝑝
𝑡𝑟𝐵𝑣µ𝜎𝑝 

l. Construcción de un Espacio de Hilbert. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥 𝑡𝑟(𝜋 .  δ A) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐸𝑖 +

𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵𝑖)𝐷𝑖𝑤

= −
1

𝑔µ𝑣𝑝𝜎
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑖𝐸𝑖𝑤µ𝑣𝑝𝜎)   

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟(𝜋 .  δ A. B) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟 (𝐸𝑖 +

𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵𝑖)𝐷𝑖𝑤

= −
1

𝑔µ𝑣𝑝𝜎
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑖𝐸𝑖𝑤µ𝑣𝑝𝜎)   

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟(𝜋 .  δ A. B) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟 (𝐸𝑗 +

𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵𝑗)𝐷𝑗𝑤

= −
1

𝑔µ𝑣𝑝𝜎
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑗𝐸𝑗𝑤µ𝑣𝑝𝜎)   

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟(𝜋 .  δ A. B) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟 (𝐸𝑖,𝑗 +

𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵𝑖,𝑗)𝐷𝑖,𝑗𝑤

= −
1

𝑔µ𝑣𝑝𝜎
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑖,𝑗𝐸𝑖,𝑗𝑤µ𝑣𝑝𝜎)   

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟(𝜋 .  δ A. B) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟 (𝐸𝑗,𝑖 +

𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵𝑗,𝑖)𝐷𝑗,𝑖𝑤

= −
1

𝑔µ𝑣𝑝𝜎
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑗,𝑖𝐸𝑗,𝑖𝑤µ𝑣𝑝𝜎)   
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟(𝜋 .  δ A. B) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟 (𝐸𝑖 +

𝛳𝑔𝑣µ𝜎𝑝

16𝜋𝑣µ𝜎𝑝
𝐵𝑖)𝐷𝑖𝑤

= −
1

𝑔𝑣µ𝜎𝑝
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑖𝐸𝑖𝑤𝑣µ𝜎𝑝 )  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟(𝜋 .  δ A. B) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟 (𝐸𝑗 +

𝛳𝑔𝑣µ𝜎𝑝

16𝜋𝑣µ𝜎𝑝
𝐵𝑗)𝐷𝑗𝑤

= −
1

𝑔𝑣µ𝜎𝑝
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑗𝐸𝑗𝑤𝑣µ𝜎𝑝  ) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟(𝜋 .  δ A. B) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟 (𝐸𝑖,𝑗 +

𝛳𝑔𝑣µ𝜎𝑝

16𝜋𝑣µ𝜎𝑝
𝐵𝑖,𝑗)𝐷𝑖,𝑗𝑤

= −
1

𝑔𝑣µ𝜎𝑝
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑖,𝑗𝐸𝑖,𝑗𝑤𝑣µ𝜎𝑝  ) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑄(𝑤) = ∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟(𝜋 .  δ A. B) =
1

𝑔𝑛
∮ 𝑑𝑛 𝑥𝑦𝑧 … 𝑛 𝑡𝑟 (𝐸𝑗,𝑖 +

𝛳𝑔𝑣µ𝜎𝑝

16𝜋𝑣µ𝜎𝑝
𝐵𝑗,𝑖)𝐷𝑗,𝑖𝑤

= −
1

𝑔𝑣µ𝜎𝑝
∮ 𝑑𝑛 𝑥 𝑡𝑟 (𝐷𝑗,𝑖𝐸𝑗,𝑖𝑤𝑣µ𝜎𝑝  ) 

m. Función Chern – Simons. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐷𝑖(−𝑖 δ𝜓/δ𝐴𝑖) = 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐷𝑗(−𝑗 δ𝜓/δ𝐴𝑗) = 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐷𝑖,𝑗(−𝑖 δ𝜓/δ𝐴𝑖,𝑗) = 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐷𝑗,𝑖(−𝑖 δ𝜓/δ𝐴𝑗,𝑖) = 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻𝜓 = 𝑔µ𝑣𝑝𝜎𝑡𝑟 (−𝑖 δ/δA −  
𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵)𝑒𝑥𝑝µ𝑣𝑝𝜎  𝜓 + 1/𝑔µ𝑣𝑝𝜎  𝑡𝑟 𝐵µ𝑣𝑝𝜎𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻𝜓 = 𝑔µ𝑣𝑝𝜎𝑡𝑟 (−𝑗 δ/δA −  
𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵)𝑒𝑥𝑝µ𝑣𝑝𝜎  𝜓 + 1/𝑔µ𝑣𝑝𝜎  𝑡𝑟 𝐵µ𝑣𝑝𝜎𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻𝜓 = 𝑔µ𝑣𝑝𝜎𝑡𝑟 (−𝑖, 𝑗 δ/δA −  
𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵)𝑒𝑥𝑝µ𝑣𝑝𝜎  𝜓 + 1/𝑔µ𝑣𝑝𝜎  𝑡𝑟 𝐵µ𝑣𝑝𝜎𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻𝜓 = 𝑔µ𝑣𝑝𝜎𝑡𝑟 (−𝑗, 𝑖 δ/δA −  
𝛳𝑔µ𝑣𝑝𝜎

16𝜋µ𝑣𝑝𝜎
𝐵)𝑒𝑥𝑝µ𝑣𝑝𝜎  𝜓 + 1/𝑔µ𝑣𝑝𝜎  𝑡𝑟 𝐵µ𝑣𝑝𝜎𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻𝜓 = 𝑔𝑣µ𝜎𝑝𝑡𝑟 (−𝑖 δ/δA −  
𝛳𝑔𝑣µ𝜎𝑝

16𝜋𝑣µ𝜎𝑝
𝐵)𝑒𝑥𝑝𝑣µ𝜎𝑝 𝜓 + 1/𝑔𝑣µ𝜎𝑝 𝑡𝑟 𝐵𝑣µ𝜎𝑝𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻𝜓 = 𝑔𝑣µ𝜎𝑝𝑡𝑟 (−𝑗 δ/δA −  
𝛳𝑔𝑣µ𝜎𝑝

16𝜋𝑣µ𝜎𝑝
𝐵)𝑒𝑥𝑝𝑣µ𝜎𝑝 𝜓 + 1/𝑔𝑣µ𝜎𝑝 𝑡𝑟 𝐵𝑣µ𝜎𝑝𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻𝜓 = 𝑔𝑣µ𝜎𝑝𝑡𝑟 (−𝑖, 𝑗 δ/δA −  
𝛳𝑔𝑣µ𝜎𝑝

16𝜋𝑣µ𝜎𝑝
𝐵)𝑒𝑥𝑝𝑣µ𝜎𝑝 𝜓 + 1/𝑔𝑣µ𝜎𝑝 𝑡𝑟 𝐵𝑣µ𝜎𝑝𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻𝜓 = 𝑔𝑣µ𝑝𝜎𝑡𝑟 (−𝑗, 𝑖 δ/δA −  
𝛳𝑔𝑣µ𝑝𝜎

16𝜋𝑣µ𝑝𝜎
𝐵)𝑒𝑥𝑝𝑣µ𝜎𝑝 𝜓 + 1/𝑔𝑣µ𝜎𝑝 𝑡𝑟 𝐵𝑣µ𝜎𝑝𝜓

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑔µ𝑣𝑝𝜎𝑡𝑟δµ𝑣𝑝𝜎𝜓µ𝑣𝑝𝜎/δA + 1/𝑔µ𝑣𝑝𝜎 𝑡𝑟 𝐵µ𝑣𝑝𝜎𝜓µ𝑣𝑝𝜎

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑔𝑣µ𝜎𝑝𝑡𝑟δ𝑣µ𝜎𝑝𝜓𝑣µ𝜎𝑝/δA + 1/𝑔𝑣µ𝜎𝑝 𝑡𝑟 𝐵𝑣µ𝜎𝑝𝜓𝑣µ𝜎𝑝

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋µ𝑣𝑝𝜎 ∫ 𝑑µ𝑣𝑝𝜎𝜖𝑖𝑗𝑘 𝑡𝑟 (𝐹𝑖𝑗  𝐴𝑘 + 2𝑖/3 𝐴𝑖𝐴𝑗𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋µ𝑣𝑝𝜎 ∫ 𝑑µ𝑣𝑝𝜎𝜖𝑗𝑖𝑘 𝑡𝑟 (𝐹𝑗𝑖 𝐴𝑘 + 2𝑖/3 𝐴𝑗𝐴𝑖𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋µ𝑣𝑝𝜎 ∫ 𝑑µ𝑣𝑝𝜎𝜖𝑘𝑖𝑗 𝑡𝑟 (𝐹𝑘  𝐴𝑖𝑗 + 2𝑖/3 𝐴𝑘𝐴𝑖𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋µ𝑣𝑝𝜎 ∫ 𝑑µ𝑣𝑝𝜎𝜖𝑘𝑗𝑖 𝑡𝑟 (𝐹𝑘  𝐴𝑗𝑖 + 2𝑖/3 𝐴𝑘𝐴𝑗𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋µ𝑣𝑝𝜎 ∫ 𝑑µ𝑣𝑝𝜎𝜖𝑖𝑘𝑗 𝑡𝑟 (𝐹𝑖𝑘  𝐴𝑗 + 2𝑖/3 𝐴𝑖𝐴𝑘𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋µ𝑣𝑝𝜎 ∫ 𝑑µ𝑣𝑝𝜎𝜖𝑗𝑘𝑖 𝑡𝑟 (𝐹𝑗𝑘  𝐴𝑖 + 2𝑖/3 𝐴𝑗𝐴𝑘𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋𝑣µ𝜎𝑝 ∫ 𝑑𝑣µ𝜎𝑝𝜖𝑖𝑗𝑘 𝑡𝑟 (𝐹𝑖𝑗  𝐴𝑘 + 2𝑖/3 𝐴𝑖𝐴𝑗𝐴𝑘) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋𝑣µ𝜎𝑝 ∫ 𝑑𝑣µ𝜎𝑝𝜖𝑗𝑖𝑘 𝑡𝑟 (𝐹𝑗𝑖  𝐴𝑘 + 2𝑖/3 𝐴𝑗𝐴𝑖𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋𝑣µ𝜎𝑝 ∫ 𝑑𝑣µ𝜎𝑝𝜖𝑘𝑖𝑗 𝑡𝑟 (𝐹𝑘  𝐴𝑖𝑗 + 2𝑖/3 𝐴𝑘𝐴𝑖𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋𝑣µ𝜎𝑝 ∫ 𝑑𝑣µ𝜎𝑝𝜖𝑘𝑗𝑖 𝑡𝑟 (𝐹𝑘  𝐴𝑗𝑖 + 2𝑖/3 𝐴𝑘𝐴𝑗𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋𝑣µ𝜎𝑝 ∫ 𝑑𝑣µ𝜎𝑝𝜖𝑖𝑘𝑗 𝑡𝑟 (𝐹𝑖𝑘  𝐴𝑗 + 2𝑖/3 𝐴𝑖𝐴𝑘𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊(𝐴) = 1/16𝜋𝑣µ𝜎𝑝 ∫ 𝑑𝑣µ𝜎𝑝𝜖𝑗𝑘𝑖 𝑡𝑟 (𝐹𝑗𝑘  𝐴𝑖 + 2𝑖/3 𝐴𝑗𝐴𝑘𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑖 = 1/16𝜋µ𝑣𝑝𝜎𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 1/16𝜋µ𝑣𝑝𝜎𝐵𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑗 = 1/16𝜋µ𝑣𝜎𝑝𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 1/16𝜋µ𝑣𝑝𝜎𝐵𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑖,𝑗 = 1/16𝜋µ𝑣𝜎𝑝𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 1/16𝜋µ𝑣𝑝𝜎𝐵𝑖,𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑗,𝑖 = 1/16𝜋µ𝑣𝜎𝑝𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 1/16𝜋µ𝑣𝑝𝜎𝐵𝑗,𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑖 = 1/16𝜋µ𝑣𝑝𝜎𝜖𝑖𝑘𝑗𝐹𝑘𝑗 = 1/16𝜋µ𝑣𝑝𝜎𝐵𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑗 = 1/16𝜋µ𝑣𝜎𝑝𝜖𝑗𝑘𝑖𝐹𝑘𝑖 = 1/16𝜋µ𝑣𝑝𝜎𝐵𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑖,𝑗 = 1/16𝜋µ𝑣𝜎𝑝𝜖𝑘𝑖𝑗𝐹𝑘𝑗 = 1/16𝜋µ𝑣𝑝𝜎𝐵𝑖,𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑗,𝑖 = 1/16𝜋µ𝑣𝜎𝑝𝜖𝑘𝑗𝑖𝐹𝑘𝑖 = 1/16𝜋µ𝑣𝑝𝜎𝐵𝑗,𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑖 = 1/16𝜋𝑣µ𝜎𝑝𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 1/16𝜋𝑣µ𝜎𝑝𝐵𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑗 = 1/16𝜋𝑣µ𝜎𝑝𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 1/16𝜋𝑣µ𝜎𝑝𝐵𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑖,𝑗 = 1/16𝜋𝑣µ𝜎𝑝𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 1/16𝜋𝑣µ𝜎𝑝𝐵𝑖,𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑗,𝑖 = 1/16𝜋𝑣µ𝜎𝑝𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 1/16𝜋𝑣µ𝜎𝑝𝐵𝑗,𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑖 = 1/16𝜋𝑣µ𝜎𝑝𝜖𝑖𝑘𝑗𝐹𝑘𝑗 = 1/16𝜋𝑣µ𝜎𝑝𝐵𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑗 = 1/16𝜋𝑣µ𝜎𝑝𝜖𝑗𝑘𝑖𝐹𝑘𝑖 = 1/16𝜋𝑣µ𝜎𝑝𝐵𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑖,𝑗 = 1/16𝜋𝑣µ𝜎𝑝𝜖𝑘𝑖𝑗𝐹𝑘𝑗 = 1/16𝜋𝑣µ𝜎𝑝𝐵𝑖,𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑊(𝐴)/ δ𝐴𝑗,𝑖 = 1/16𝜋𝑣µ𝜎𝑝𝜖𝑘𝑗𝑖𝐹𝑘𝑖 = 1/16𝜋𝑣µ𝜎𝑝𝐵𝑗,𝑖 



pág. 3875 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑖 δ 𝜓(𝐴)/δ𝐴𝑖 = −𝑖𝑒𝑖𝛳𝑊[𝐴] δ𝜓µ𝑣𝜎𝑝(𝐴)

δ𝐴𝑖
+

𝛳

16𝜋µ𝑣𝜎𝑝 𝐵𝑖 𝜓 (𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑗 δ 𝜓(𝐴)/δ𝐴𝑗 = −𝑗𝑒𝑗𝛳𝑊[𝐴] δ𝜓µ𝑣𝜎𝑝(𝐴)

δ𝐴𝑗
+

𝛳

16𝜋µ𝑣𝜎𝑝 𝐵𝑗 𝜓 (𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑖, 𝑗 δ 𝜓(𝐴)/δ𝐴𝑖,𝑗 = −𝑖, 𝑗𝑒𝑖,𝑗𝛳𝑊[𝐴] δ𝜓µ𝑣𝜎𝑝(𝐴)

δ𝐴𝑖,𝑗
+

𝛳

16𝜋µ𝑣𝜎𝑝 𝐵𝑖,𝑗 𝜓 (𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑗, 𝑖 δ 𝜓(𝐴)/δ𝐴𝑗,𝑖 = −𝑗, 𝑖𝑒𝑗,𝑖𝛳𝑊[𝐴] δ𝜓µ𝑣𝜎𝑝(𝐴)

δ𝐴𝑗,𝑖
+

𝛳

16𝜋µ𝑣𝜎𝑝 𝐵𝑗,𝑖 𝜓 (𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑖 δ 𝜓(𝐴)/δ𝐴𝑖 = −𝑖𝑒𝑖𝛳𝑊[𝐴] δ𝜓𝑣µ𝜎𝑝(𝐴)

δ𝐴𝑖
+

𝛳

16𝜋𝑣µ𝜎𝑝 𝐵𝑖 𝜓 (𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑗 δ 𝜓(𝐴)/δ𝐴𝑗 = −𝑗𝑒𝑗𝛳𝑊[𝐴] δ𝜓𝑣µ𝜎𝑝(𝐴)

δ𝐴𝑗
+

𝛳

16𝜋𝑣µ𝜎𝑝 𝐵𝑗 𝜓 (𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑖, 𝑗 δ 𝜓(𝐴)/δ𝐴𝑖,𝑗 = −𝑖, 𝑗𝑒𝑖,𝑗𝛳𝑊[𝐴] δ𝜓𝑣µ𝜎𝑝(𝐴)

δ𝐴𝑖,𝑗
+

𝛳

16𝜋𝑣µ𝜎𝑝 𝐵𝑖,𝑗 𝜓 (𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ − 𝑗, 𝑖 δ 𝜓(𝐴)/δ𝐴𝑗,𝑖 = −𝑗, 𝑖𝑒𝑗,𝑖𝛳𝑊[𝐴] δ𝜓𝑣µ𝜎𝑝(𝐴)

δ𝐴𝑗,𝑖
+

𝛳

16𝜋𝑣µ𝜎𝑝 𝐵𝑗,𝑖 𝜓 (𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑖𝜖𝑖𝑗𝑘𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑘,𝑖)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑖𝑗𝑘 𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑗𝜖𝑖𝑗𝑘𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑖𝜖𝑖𝑗𝑘𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑖,𝑘)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑖𝑗𝑘 𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑗𝜖𝑖𝑗𝑘𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑗,𝑘)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑘𝜖𝑖𝑗𝑘𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑖,𝑗)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑘𝜖𝑖𝑗𝑘𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑗,𝑖)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝⦘  

 Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑗𝜖𝑗𝑖𝑘𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑗𝑖𝑘 𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑖𝜖𝑗𝑖𝑘𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑘,𝑖)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑗𝜖𝑗𝑖𝑘𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑖,𝑘)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑖𝜖𝑗𝑖𝑘𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑗,𝑘)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑘𝜖𝑗𝑖𝑘𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑗,𝑖)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑘𝜖𝑗𝑖𝑘𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑖,𝑗)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝⦘  
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑖𝜖𝑖𝑘𝑗𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑘,𝑖)𝑛−𝛺−µ𝑣𝜎𝑝

− 1/3𝜖𝑖𝑘𝑗 𝑡𝑟 (𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋µ𝑣𝜎𝑝 ∫ 𝑑µ𝑣𝜎𝑝 𝑥⦗𝑗𝜖𝑖𝑘𝑗𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−µ𝑣𝜎𝑝
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− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑖𝑗𝑘𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑗𝑘 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑖𝑗𝑘𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑖,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑖𝑗𝑘𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑗,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑖𝑗𝑘𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑖,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑖𝑗𝑘𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑗,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑗𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎⦘  

 Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑗𝑖𝑘𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑗𝑖𝑘𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑘,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑗𝑖𝑘𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑖,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑗𝑖𝑘𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑗,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑖𝑘 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑗𝑖𝑘𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑗,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑗𝑖𝑘𝜕𝑘  𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑖,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑖𝑘  𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝑣𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑖𝑘𝑗𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑘,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑘𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎𝑣 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑖𝑘𝑗𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑘𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑖𝑘𝑗𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑖,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑘𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑖𝑘𝑗𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑗,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑘𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑖𝑘𝑗𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑖,𝑗)𝑛−𝛺−µ𝑣𝑝𝜎

− 1/3𝜖𝑖𝑘𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑖𝑘𝑗𝜕𝑘  𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑗,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑖𝑘𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑗𝑘𝑖𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑘𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑗𝑘𝑖𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑘,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑘𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑗𝑘𝑖𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑗,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑘𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑗𝑘𝑖𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑖,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑘𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑗𝑘𝑖𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑗,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑘𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑗𝑘𝑖𝜕𝑘 𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑖,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑗𝑘𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎⦘  



pág. 3883 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑘𝑖𝑗𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑘,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑖𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑘𝑖𝑗𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑖𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑘𝑖𝑗𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑖,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑖𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑘𝑖𝑗𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑗,𝑘)𝑛−𝛺−µ𝑣𝑝𝜎

− 1/3𝜖𝑘𝑖𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑘𝑖𝑗𝜕𝑘  𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑖,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑖𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑘𝑖𝑗𝜕𝑘  𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑗,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑖𝑗 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑘𝑗𝑖𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑘,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑗𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑘𝑗𝑖𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑘,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑗𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑗𝜖𝑘𝑗𝑖𝜕𝑗 𝑡𝑟 (𝜕𝑖𝛺Ω∆𝛻𝜆𝑗,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑗𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑖𝜖𝑘𝑗𝑖𝜕𝑖 𝑡𝑟 (𝜕𝑗𝛺Ω∆𝛻𝜆𝑖,𝑘)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑗𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑘𝑗𝑖𝜕𝑘  𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑗,𝑖)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑗𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑊[𝐴]

⇾ 𝑊[𝐵] + 1/16𝜋𝑣µ𝑝𝜎 ∫ 𝑑𝑣µ𝑝𝜎 𝑥⦗𝑘𝜖𝑘𝑗𝑖𝜕𝑘  𝑡𝑟 (𝜕𝑘𝛺Ω∆𝛻𝜆𝑖,𝑗)𝑛−𝛺−𝑣µ𝑝𝜎

− 1/3𝜖𝑘𝑗𝑖 𝑡𝑟 (𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎⦘  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋µ𝑣𝜎𝑝∫𝑆3𝑑µ𝑣𝜎𝑝𝑆𝜖𝑖𝑘𝑗 𝑡𝑟(𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋µ𝑣𝜎𝑝∫𝑆3𝑑µ𝑣𝜎𝑝𝑆𝜖𝑖𝑗𝑘  𝑡𝑟(𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋µ𝑣𝜎𝑝∫𝑆3𝑑µ𝑣𝜎𝑝𝑆𝜖𝑗𝑘𝑖 𝑡𝑟(𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋µ𝑣𝜎𝑝∫𝑆3𝑑µ𝑣𝜎𝑝𝑆𝜖𝑗𝑖𝑘  𝑡𝑟(𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋µ𝑣𝜎𝑝∫𝑆3𝑑µ𝑣𝜎𝑝𝑆𝜖𝑘𝑖𝑗 𝑡𝑟(𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋µ𝑣𝜎𝑝∫𝑆3𝑑µ𝑣𝜎𝑝𝑆𝜖𝑘𝑗𝑖 𝑡𝑟(𝛺−µ𝑣𝜎𝑝𝜕𝑘𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑗𝛺𝛺−µ𝑣𝜎𝑝𝜕𝑖𝛺𝛺−µ𝑣𝜎𝑝) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋𝑣µ𝑝𝜎∫𝑆3𝑑𝑣µ𝑝𝜎𝑆𝜖𝑖𝑘𝑗 𝑡𝑟(𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋𝑣µ𝑝𝜎∫𝑆3𝑑𝑣µ𝑝𝜎𝑆𝜖𝑖𝑗𝑘  𝑡𝑟(𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋𝑣µ𝑝𝜎∫𝑆3𝑑𝑣µ𝑝𝜎𝑆𝜖𝑗𝑘𝑖 𝑡𝑟(𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋𝑣µ𝑝𝜎∫𝑆3𝑑𝑣µ𝑝𝜎𝑆𝜖𝑗𝑖𝑘  𝑡𝑟(𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋𝑣µ𝑝𝜎∫𝑆3𝑑𝑣µ𝑝𝜎𝑆𝜖𝑘𝑖𝑗 𝑡𝑟(𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑛(𝛺) = 1/32𝜋𝑣µ𝑝𝜎∫𝑆3𝑑𝑣µ𝑝𝜎𝑆𝜖𝑘𝑗𝑖 𝑡𝑟(𝛺−𝑣µ𝑝𝜎𝜕𝑘𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑗𝛺𝛺−𝑣µ𝑝𝜎𝜕𝑖𝛺𝛺−𝑣µ𝑝𝜎) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜓 (𝐴) = 𝑒𝑖𝛳𝑊[𝐴]𝜓0(𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜓 (𝐵) = 𝑒𝑖𝛳𝑊[𝐵]𝜓0(𝐵) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜓 (𝜕∆𝛻𝜔) = 𝑒𝑖𝛳𝑊[𝜕∆𝛻𝜔]𝜓𝜙𝜓𝜕∆𝛻𝜗𝜑𝜏(𝐴) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜓 (𝜕∆𝛻𝜔) = 𝑒𝑖𝛳𝑊[𝜕∆𝛻𝜔]𝜓𝜙𝜓𝜕∆𝛻𝜗𝜑𝜏(𝐵) 

n. Dinámica hamiltoniana de partículas según la teoría de Yang-Mills. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ = 1/𝜋𝜖𝑖𝑗𝑘𝑒𝑖𝛳𝑊[𝜕∆𝛻𝜔](−𝑖𝜕/𝜕𝑥 + 𝛷/𝜕𝜋𝑅)𝑒𝑥𝑝µ𝑣𝜎𝑝+𝜓𝜙𝜓𝜕∆𝛻𝜗𝜑𝜏(𝐴) + 𝜓 =

1

√
1

𝜋𝜖𝑖𝑗𝑘

µ𝑣𝜎𝑝
𝑒

𝑖𝛳𝑊[𝜕∆𝛻𝜔]
𝑅

= 𝐸 =
1

𝜋𝑒𝑅2 (𝑛 +
𝜙

2𝜋𝜑
)= 𝜉𝜆𝛺𝜓

𝜎𝜍𝜁
⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ = 1/𝜋𝜖𝑖𝑗𝑘𝑒𝑖𝛳𝑊[𝜕∆𝛻𝜔](−𝑖𝜕/𝜕𝑥 + 𝛷/𝜕𝜋𝑅)𝑒𝑥𝑝𝑣µ𝑝𝜎+𝜓𝜙𝜓𝜕∆𝛻𝜗𝜑𝜏(𝐴) + 𝜓 =
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⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ = 1/𝜋𝜖𝑘𝑗𝑖𝑒𝑘𝛳𝑊[𝜕∆𝛻𝜔] (−𝑘𝜕/𝜕𝑥 + 𝛷/𝜕𝜋𝑅)𝑒𝑥𝑝𝑣µ𝑝𝜎+𝜓𝜙𝜓𝜕∆𝛻𝜗𝜑𝜏(𝐴) + 𝜓 =

1

√
1

𝜋𝜖𝑘𝑗𝑖

𝑣µ𝑝𝜎
𝑒

𝑘𝛳𝑊[𝜕∆𝛻𝜔]
𝑅

= 𝐸 =
1

𝜋𝑒𝑅2 (𝑛 +
𝜙

2𝜋𝜑
)= 𝜉𝜆𝛺𝜓

𝜎𝜍𝜁
⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ = 1/𝜋𝜖𝑘𝑗𝑖𝑒𝑘𝛳𝑊[𝜕∆𝛻𝜔] (−𝑘𝜕/𝜕𝑥 + 𝛷/𝜕𝜋𝑅)𝑒𝑥𝑝µ𝑣𝜎𝑝+𝜓𝜙𝜓𝜕∆𝛻𝜗𝜑𝜏(𝐵) + 𝜓 =

1

√
1

𝜋𝜖𝑘𝑗𝑖

µ𝑣𝜎𝑝
𝑒

𝑘𝛳𝑊[𝜕∆𝛻𝜔]
𝑅

= 𝐸 =
1

𝜋𝑒𝑅2 (𝑛 +
𝜙

2𝜋𝜑
)= 𝜉𝜆𝛺𝜓

𝜎𝜍𝜁
⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ = 1/𝜋𝜖𝑘𝑗𝑖𝑒𝑘𝛳𝑊[𝜕∆𝛻𝜔] (−𝑘𝜕/𝜕𝑥 + 𝛷/𝜕𝜋𝑅)𝑒𝑥𝑝𝑣µ𝑝𝜎+𝜓𝜙𝜓𝜕∆𝛻𝜗𝜑𝜏(𝐵) + 𝜓 =

1

√
1

𝜋𝜖𝑘𝑗𝑖

𝑣µ𝑝𝜎
𝑒

𝑘𝛳𝑊[𝜕∆𝛻𝜔]
𝑅

= 𝐸 =
1

𝜋𝑒𝑅2 (𝑛 +
𝜙

2𝜋𝜑
)= 𝜉𝜆𝛺𝜓

𝜎𝜍𝜁
⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 
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o. Ángulo Theta. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻 = 1/2𝑚𝜕2/𝜕𝑥2 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻 = 1/2𝑚𝜕2/𝜕𝑦2 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕2/𝜕𝑧2 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑖𝑗𝑘/𝜕𝑛µ𝑣𝜎𝑝/𝜕𝜓
𝑖𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑖𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 +  Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑖𝑘𝑗/𝜕𝑛µ𝑣𝜎𝑝/𝜕𝜓
𝑖𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑖𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑗𝑖𝑘/𝜕𝑛µ𝑣𝜎𝑝/𝜕𝜓
𝑗𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑗𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑗𝑘𝑖/𝜕𝑛µ𝑣𝜎𝑝/𝜕𝜓
𝑗𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑗𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑘𝑖𝑗/𝜕𝑛µ𝑣𝜎𝑝/𝜕𝜓
𝑘𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑘𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻 = 1/2𝑚𝜕𝑘𝑗𝑖/𝜕𝑛µ𝑣𝜎𝑝/𝜕𝜓
𝑘𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑘𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻 = 1/2𝑚𝜕2/𝜕𝑥2 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻 = 1/2𝑚𝜕2/𝜕𝑦2 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕2/𝜕𝑧2 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑖𝑗𝑘/𝜕𝑛𝑣µ𝑝𝜎/𝜕𝜓
𝑖𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑖𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 +  Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑖𝑘𝑗/𝜕𝑛𝑣µ𝑝𝜎/𝜕𝜓
𝑖𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑖𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑗𝑖𝑘/𝜕𝑛𝑣µ𝑝𝜎/𝜕𝜓
𝑗𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑗𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑗𝑘𝑖/𝜕𝑛𝑣µ𝑝𝜎/𝜕𝜓
𝑗𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑗𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑘𝑖𝑗/𝜕𝑛𝑣µ𝑝𝜎/𝜕𝜓
𝑘𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑘𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4 + Ĥ ∣ 𝜓⟩

= 𝐸𝜓 ∣ 𝜓⟩𝐻

= 1/2𝑚𝜕𝑘𝑗𝑖/𝜕𝑛𝑣µ𝑝𝜎/𝜕𝜓
𝑘𝛳𝑊[𝜕∆𝛻𝜔]

𝑅 − 𝜕𝑘𝜑𝛷𝜔𝛺∆𝛻𝜙𝜎𝜆𝜉𝛹ℝ𝛼𝛽𝜓ӁҖփᴨ∞ℝ4  
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑖𝑗𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖, 𝐴𝑗, 𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑖𝑗𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖, 𝐵𝑗, 𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑖𝑗𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖, 𝐴𝑗, 𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑖𝑗𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖, 𝐵𝑗, 𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑖𝑘𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖, 𝐴𝑘, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑖𝑘𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖, 𝐵𝑘, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑖𝑘𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖, 𝐴𝑘, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑖𝑘𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖, 𝐵𝑘, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑗𝑖𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗, 𝐴𝑖, 𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑗𝑖𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗, 𝐵𝑖, 𝐵𝑘) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑗𝑖𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗, 𝐴𝑖, 𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑗𝑖𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗, 𝐵𝑖, 𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑗𝑘𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗, 𝐴𝑘, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑗𝑘𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗, 𝐵𝑘, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑗𝑘𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗, 𝐴𝑘, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑗𝑘𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗, 𝐵𝑘, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘, 𝐴𝑖, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘, 𝐵𝑖, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘, 𝐴𝑖, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘, 𝐵𝑖, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘, 𝐴𝑗, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘, 𝐵𝑗, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘, 𝐴𝑗, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘, 𝐵𝑗, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑖𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑖𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑖𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑖𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐵𝑖) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑗𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐵𝑗) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐴𝑘, 𝐴𝑖, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐵𝑘, 𝐵𝑖, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐴𝑘, 𝐴𝑖, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐵𝑘, 𝐵𝑖, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐴𝑘, 𝐴𝑗, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐴′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐵𝑘, 𝐵𝑗, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐴𝑘, 𝐴𝑗, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑µ𝑣𝜎𝑝(𝐵′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑𝑣µ𝑝𝜎(𝐵𝑘, 𝐵𝑗, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖) 



pág. 3894 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑖𝑗𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖, 𝐴𝑗, 𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑖𝑗𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖, 𝐵𝑗, 𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑖𝑗𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖, 𝐴𝑗, 𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑖𝑗𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖, 𝐵𝑗, 𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑖𝑘𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖, 𝐴𝑘, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑖𝑘𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖, 𝐵𝑘, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑖𝑘𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑖, 𝐴𝑘, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑖𝑘𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑖, 𝐵𝑘, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑗𝑖𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗, 𝐴𝑖, 𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑗𝑖𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗, 𝐵𝑖, 𝐵𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑗𝑖𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗, 𝐴𝑖, 𝐴𝑘) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑗𝑖𝑘𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗, 𝐵𝑖, 𝐵𝑘) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑗𝑘𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗, 𝐴𝑘, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑗𝑘𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗, 𝐵𝑘, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑗𝑘𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑗, 𝐴𝑘, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑗𝑘𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑗, 𝐵𝑘, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘, 𝐴𝑖, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘, 𝐵𝑖, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘, 𝐴𝑖, 𝐴𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑘𝑖𝑗𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘, 𝐵𝑖, 𝐵𝑗) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘, 𝐴𝑗, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐴′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘, 𝐵𝑗, 𝐵𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐴𝑘, 𝐴𝑗, 𝐴𝑖) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝜑𝑣µ𝑝𝜎(𝐵′) = 𝑒𝑘𝑗𝑖𝜃𝑛𝜑µ𝑣𝜎𝑝(𝐵𝑘, 𝐵𝑗, 𝐵𝑖) 

p. Ondas de Bloch. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉µ𝑣𝜎𝑝 + 𝑖𝑉𝛻𝑉𝑖𝑗𝑘 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑗
𝑖𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉𝑣µ𝑝𝜎 + 𝑖𝑉𝛻𝑉𝑖𝑗𝑘 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑗
𝑖𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉µ𝑣𝜎𝑝 + 𝑖𝑉𝛻𝑉𝑖𝑘𝑗 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑘
𝑖 𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉𝑣µ𝑝𝜎 + 𝑖𝑉𝛻𝑉𝑖𝑘𝑗 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑘
𝑖 𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑗𝑉𝛻𝑉µ𝑣𝜎𝑝 + 𝑗𝑉𝛻𝑉𝑗𝑖𝑘 + 𝑗𝑉𝛻𝑉µ𝑣 + 𝑗𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑖
𝑗
𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉𝑣µ𝑝𝜎 + 𝑖𝑉𝛻𝑉𝑗𝑖𝑘 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑖
𝑗
𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉µ𝑣𝜎𝑝 + 𝑖𝑉𝛻𝑉𝑗𝑘𝑖 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑘
𝑗

𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉𝑣µ𝑝𝜎 + 𝑖𝑉𝛻𝑉𝑗𝑘𝑖 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑘
𝑗

𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑘𝑉𝛻𝑉µ𝑣𝜎𝑝 + 𝑘𝑉𝛻𝑉𝑘𝑖𝑗 + 𝑘𝑉𝛻𝑉µ𝑣 + 𝑘𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑖
𝑘𝑗 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉𝑣µ𝑝𝜎 + 𝑖𝑉𝛻𝑉𝑘𝑖𝑗 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑖
𝑘𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉µ𝑣𝜎𝑝 + 𝑖𝑉𝛻𝑉𝑘𝑗𝑖 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑗
𝑘𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑖𝑉𝛻𝑉𝑣µ𝑝𝜎 + 𝑖𝑉𝛻𝑉𝑘𝑗𝑖 + 𝑖𝑉𝛻𝑉µ𝑣 + 𝑖𝑉𝛻𝑉𝑣𝑢 = 𝜆𝛻∆𝑗
𝑘𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑖𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑖𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩

= 𝑒𝑖𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑗𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑗𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩

= 𝑒𝑗𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑘𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑘𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺

∣ 𝜓⟩ = 𝑒𝑘𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑖𝑗𝑘𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑖𝑗𝑘𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺

∣ 𝜓⟩ = 𝑒𝑖𝑗𝑘𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑖𝑘𝑗𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑖𝑘𝑗𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺

∣ 𝜓⟩ = 𝑒𝑖𝑘𝑗𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑗𝑖𝑘𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑗𝑖𝑘𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺

∣ 𝜓⟩ = 𝑒𝑗𝑖𝑘𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑗𝑘𝑖𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑗𝑘𝑖𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺

∣ 𝜓⟩ = 𝑒𝑗𝑘𝑖𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑘𝑖𝑗𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑘𝑖𝑗𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺

∣ 𝜓⟩ = 𝑒𝑘𝑖𝑗𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑘𝑗𝑖𝜃𝑛′
∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ = 𝑒𝑘𝑗𝑖𝜃𝑚′

∣ 𝜓⟩ + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺

∣ 𝜓⟩ = 𝑒𝑘𝑗𝑖𝜃𝑚′,𝑛′
∣ 𝜓⟩ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺 ∣ 𝜓⟩ ∣ 𝜃⟩

= ∑ 𝜆𝑖𝑗𝑘 ∭ ∣ 𝑑𝑣µ 
µ𝑣

𝑡𝑟⟩ √𝜕𝑒𝑖𝜃𝑛′
𝜕𝑒𝑖𝜃𝑚′

𝜕𝑒𝑗𝜃𝑛′
𝜕𝑒𝑗𝜃𝑚′

𝜕𝑒𝑘𝜃𝑛′
𝜕𝑒𝑘𝜃𝑚′

𝜕𝑒𝑖𝑗𝑘𝜃
𝑖𝑗𝑘 ∞

𝛥µ𝑣

𝛻𝑣µ

∣ 𝜓⟩  ∣ 𝑛⟩  

∣ 𝑚⟩ ∣ 𝜉𝜎ℝ4⟩ 
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q. Instantones. 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝜃 = 𝜃/16𝜋2⨛⨜𝑑𝑖𝑗𝑘𝑥 𝑡𝑟 ∗ 𝐹µ𝑣𝐹𝑣µ = 𝜃/8𝜋2⨛⨜𝑑𝑖𝑗𝑘𝑥 𝜕µ𝑣𝐾𝑣µ

= 𝑒µ𝑣𝑝𝜎𝑡𝑟 (𝐴µ𝑣𝜕𝑝𝐴𝜎 − 2𝑖𝑗𝑘/3 𝐴µ𝑣𝜕𝑝𝐴𝜎) 𝑒𝑣µ𝜎𝑝𝑡𝑟 (𝐴𝑣µ𝜕𝜎𝐴𝑝 − 2𝑖𝑗𝑘/3 𝐴𝑣µ𝜕𝜎𝐴𝑝)   

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴µ𝑣 ↦ 𝑖𝛺𝜕µ𝑣𝛺−𝑖𝑗𝑘 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴µ𝑣 ↦ 𝑗𝛺𝜕µ𝑣𝛺−𝑖𝑗𝑘 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴µ𝑣

↦ 𝑘𝛺𝜕µ𝑣𝛺−𝑖𝑗𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴𝑣µ ↦ 𝑖𝛺𝜕𝑣µ𝛺−𝑖𝑗𝑘 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴𝑣µ ↦ 𝑗𝛺𝜕𝑣µ𝛺−𝑖𝑗𝑘 + Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝐴𝑣µ

↦ 𝑘𝛺𝜕𝑣µ𝛺−𝑖𝑗𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑣(𝛺) = 1/24𝜋2 ∮ 𝑆∞
µ𝑣𝑣µ

µ𝑣

𝑣µ

𝑑𝑖𝑗𝑘µ𝑣𝑣µ
𝑆ε𝑖𝑗𝑘 𝑡𝑟 (𝛺𝜕𝑖𝛺−𝑖) (𝛺𝜕𝑗𝛺−𝑗) (𝛺𝜕𝑘𝛺−𝑘)   

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 = 1/8𝑔2 ∫ 𝑑𝑖𝑗𝑘 𝑥 𝑡𝑟 (𝐹µ𝑣 ⨤∗ 𝐹𝑣µ)𝑒𝑥𝑝2 ⩱ 1/4𝑔2 ∫ 𝑑𝑖𝑗𝑘 𝑥 𝑡𝑟 𝐹µ𝑣 ∗ 𝐹𝑣µ

⪜ 16𝜋2/𝑔𝑖𝑗𝑘 ∣ µ𝑣 ∣ ±∣ 𝑣µ ∣ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 = 1/8𝑔2 ∫ 𝑑𝑖𝑗𝑘 𝑥 𝑡𝑟 (𝐹𝑣µ ⩲∗ 𝐹µ𝑣)𝑒𝑥𝑝2 ⨧ 1/4𝑔2 ∫ 𝑑𝑖𝑗𝑘 𝑥 𝑡𝑟 𝐹𝑣µ ∗ 𝐹µ𝑣

⪜ 16𝜋2/𝑔𝑖𝑗𝑘 ∣ 𝑣µ ∣ ±∣ µ𝑣 ∣ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑒−𝑆𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑜𝑛 = 𝑒𝜕𝜋2
∣µ𝑣∣±∣𝑣µ∣/𝑔𝑖𝑗𝑘

𝑒𝑖𝑗𝑘𝜃∣𝑣µ∣±∣µ𝑣∣ 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝜎µ/√𝑥µ
𝑖 + 𝐴µ ↦ 𝑖𝛺𝜕µ𝛺𝑖𝑗𝑘 = 1/𝑥𝑖𝑗𝑘

µ
𝜂µ𝑣

𝑖 𝜎𝑖 + 𝐴µ

= 1/𝑥𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂µ𝑣
𝑖 𝑥𝑣𝜎𝑖 + 𝐹µ𝑣 = 2𝜌𝑖𝑗𝑘/(𝑥𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂µ𝑣

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝜎µ/√𝑦µ
𝑖 + 𝐴µ ↦ 𝑖𝛺𝜕µ𝛺𝑖𝑗𝑘 = 1/𝑦𝑖𝑗𝑘

µ
𝜂µ𝑣

𝑖 𝜎𝑖 + 𝐴µ

= 1/𝑦𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂µ𝑣
𝑖 𝑦𝑣𝜎𝑖 + 𝐹µ𝑣 = 2𝜌𝑖𝑗𝑘/(𝑦𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂µ𝑣

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝜎µ/√𝑧µ
𝑖 + 𝐴µ ↦ 𝑖𝛺𝜕µ𝛺𝑖𝑗𝑘 = 1/𝑧𝑖𝑗𝑘

µ
𝜂µ𝑣

𝑖 𝜎𝑖 + 𝐴µ

= 1/𝑧𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂µ𝑣
𝑖 𝑧𝑣𝜎𝑖 + 𝐹µ𝑣 = 2𝜌𝑖𝑗𝑘/(𝑧𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂µ𝑣

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝜎µ/√𝑛µ
𝑖 + 𝐴µ ↦ 𝑖𝛺𝜕µ𝛺𝑖𝑗𝑘 = 1/𝑛𝑖𝑗𝑘

µ
𝜂µ𝑣

𝑖 𝜎𝑖 + 𝐴µ

= 1/𝑛𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂µ𝑣
𝑖 𝑛𝑣𝜎𝑖 + 𝐹µ𝑣 = 2𝜌𝑖𝑗𝑘/(𝑛𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂µ𝑣

𝑖 𝜎𝑖 
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𝜂µ𝑖
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑖
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑖

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑖
∞ =

0 −1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣𝜎𝑣/√𝑥𝑣
𝑖 + 𝐴𝑣 ↦ 𝑖𝛺𝜕𝑣𝛺𝑖𝑗𝑘 = 1/𝑥𝑖𝑗𝑘

𝑣 𝜂𝑣µ
𝑖 𝜎𝑖 + 𝐴𝑣

= 1/𝑥𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂𝑣µ
𝑖 𝑥µ𝜎𝑖 + 𝐹𝑣µ = 2𝜌𝑖𝑗𝑘/(𝑥𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂𝑣µ

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣𝜎𝑣/√𝑦𝑣
𝑖 + 𝐴𝑣 ↦ 𝑖𝛺𝜕𝑣𝛺𝑖𝑗𝑘 = 1/𝑦𝑖𝑗𝑘

𝑣 𝜂𝑣µ
𝑖 𝜎𝑖 + 𝐴𝑣

= 1/𝑦𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂𝑣µ
𝑖 𝑦µ𝜎𝑖 + 𝐹𝑣µ = 2𝜌𝑖𝑗𝑘/(𝑦𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂𝑣µ

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣𝜎𝑣/√𝑧𝑣
𝑖 + 𝐴𝑣 ↦ 𝑖𝛺𝜕𝑣𝛺𝑖𝑗𝑘 = 1/𝑧𝑖𝑗𝑘

𝑣 𝜂𝑣µ
𝑖 𝜎𝑖 + 𝐴𝑣

= 1/𝑧𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂𝑣µ
𝑖 𝑧µ𝜎𝑖 + 𝐹𝑣µ = 2𝜌𝑖𝑗𝑘/(𝑧𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂𝑣µ

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣𝜎𝑣/√𝑛𝑣
𝑖 + 𝐴𝑣 ↦ 𝑖𝛺𝜕𝑣𝛺𝑖𝑗𝑘 = 1/𝑛𝑖𝑗𝑘

𝑣 𝜂𝑣µ
𝑖 𝜎𝑖 + 𝐴𝑣

= 1/𝑛𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂𝑣µ
𝑖 𝑛µ𝜎𝑖 + 𝐹𝑣µ = 2𝜌𝑖𝑗𝑘/(𝑛𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂𝑣µ

𝑖 𝜎𝑖 

𝜂𝑣𝑖
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣𝑖
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣𝑖

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣𝑖
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝑣𝜎µ𝑣/√𝑥µ𝑣
𝑖𝑗𝑘

+ 𝐴µ𝑣 ↦ 𝑖𝑗𝑘𝛺𝜕µ𝑣𝛺𝑖𝑗𝑘 = 1/𝑥𝑖𝑗𝑘
µ𝑣

𝜂µ𝑣
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 + 𝐴µ𝑣

= 1/𝑥𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂µ𝑣
𝑖𝑗𝑘

𝑥µ𝑣𝜎𝑖𝑗𝑘 + 𝐹µ𝑣 = 2𝜌𝑖𝑗𝑘/(𝑥𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂µ𝑣
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝑣𝜎µ𝑣/√𝑦µ𝑣
𝑖𝑗𝑘

+ 𝐴µ𝑣 ↦ 𝑖𝑗𝑘𝛺𝜕µ𝑣𝛺𝑖𝑗𝑘 = 1/𝑦𝑖𝑗𝑘
µ𝑣

𝜂µ𝑣
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 + 𝐴µ𝑣

= 1/𝑦𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂µ𝑣
𝑖𝑗𝑘

𝑦µ𝑣𝜎𝑖𝑗𝑘 + 𝐹µ𝑣 = 2𝜌𝑖𝑗𝑘/(𝑦𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂µ𝑣
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝑣𝜎µ𝑣/√𝑧µ𝑣
𝑖𝑗𝑘

+ 𝐴µ𝑣 ↦ 𝑖𝑗𝑘𝛺𝜕µ𝑣𝛺𝑖𝑗𝑘 = 1/𝑧𝑖𝑗𝑘
µ𝑣

𝜂µ𝑣
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 + 𝐴µ𝑣

= 1/𝑧𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂µ𝑣
𝑖𝑗𝑘

𝑧µ𝑣𝜎𝑖𝑗𝑘 + 𝐹µ𝑣 = 2𝜌𝑖𝑗𝑘/(𝑧𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂µ𝑣
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝑣𝜎µ𝑣/√𝑛µ𝑣
𝑖𝑗𝑘

+ 𝐴µ𝑣 ↦ 𝑖𝑗𝑘𝛺𝜕µ𝑣𝛺𝑖𝑗𝑘 = 1/𝑛𝑖𝑗𝑘
µ𝑣

𝜂µ𝑣
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 + 𝐴µ𝑣

= 1/𝑛𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂µ𝑣
𝑖𝑗𝑘

𝑛µ𝑣𝜎𝑖𝑗𝑘 + 𝐹µ𝑣 = 2𝜌𝑖𝑗𝑘/(𝑛𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂µ𝑣
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 

𝜂µ𝑣𝑖
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑣𝑖
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑣𝑖

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑣𝑖
∞ =

0 −1 0
0 1 1

−1 0 0
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣µ𝜎𝑣µ/√𝑥𝑣µ
𝑖𝑗𝑘

+ 𝐴𝑣µ ↦ 𝑖𝑗𝑘𝛺𝜕𝑣µ𝛺𝑖𝑗𝑘 = 1/𝑥𝑖𝑗𝑘
𝑣µ

𝜂𝑣µ
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 + 𝐴𝑣µ

= 1/𝑥𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂𝑣µ
𝑖𝑗𝑘

𝑥𝑣µ𝜎𝑖𝑗𝑘 + 𝐹𝑣µ = 2𝜌𝑖𝑗𝑘/(𝑥𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂𝑣µ
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣µ𝜎𝑣µ/√𝑦𝑣µ
𝑖𝑗𝑘

+ 𝐴𝑣µ ↦ 𝑖𝑗𝑘𝛺𝜕𝑣µ𝛺𝑖𝑗𝑘 = 1/𝑦𝑖𝑗𝑘
𝑣µ

𝜂𝑣µ
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 + 𝐴𝑣µ

= 1/𝑦𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂𝑣µ
𝑖𝑗𝑘

𝑦𝑣µ𝜎𝑖𝑗𝑘 + 𝐹𝑣µ = 2𝜌𝑖𝑗𝑘/(𝑦𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂𝑣µ
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣µ𝜎𝑣µ/√𝑧𝑣µ
𝑖𝑗𝑘

+ 𝐴𝑣µ ↦ 𝑖𝑗𝑘𝛺𝜕𝑣µ𝛺𝑖𝑗𝑘 = 1/𝑧𝑖𝑗𝑘
𝑣µ

𝜂𝑣µ
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 + 𝐴𝑣µ

= 1/𝑧𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂𝑣µ
𝑖𝑗𝑘

𝑧𝑣µ𝜎𝑖𝑗𝑘 + 𝐹𝑣µ = 2𝜌𝑖𝑗𝑘/(𝑧𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂𝑣µ
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣µ𝜎𝑣µ/√𝑛𝑣µ
𝑖𝑗𝑘

+ 𝐴𝑣µ ↦ 𝑖𝑗𝑘𝛺𝜕𝑣µ𝛺𝑖𝑗𝑘 = 1/𝑛𝑖𝑗𝑘
𝑣µ

𝜂𝑣µ
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 + 𝐴𝑣µ

= 1/𝑛𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘𝜂𝑣µ
𝑖𝑗𝑘

𝑛𝑣µ𝜎𝑖𝑗𝑘 + 𝐹𝑣µ = 2𝜌𝑖𝑗𝑘/(𝑛𝑖𝑗𝑘 + 𝜌𝑖𝑗𝑘)𝑒𝑥𝑝𝑖𝑗𝑘𝜂𝑣µ
𝑖𝑗𝑘

𝜎𝑖𝑗𝑘 

𝜂𝑣µ𝑖
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣µ𝑖
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣µ𝑖

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣µ𝑖
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝜎µ/√𝑥µ
𝑖 + 𝐴µ ↦ 𝑖𝛺𝜕µ𝛺𝑖𝑘𝑗 = 1/𝑥𝑖𝑘𝑗

µ
𝜂µ𝑣

𝑖 𝜎𝑖 + 𝐴µ

= 1/𝑥𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂µ𝑣
𝑖 𝑥𝑣𝜎𝑖 + 𝐹µ𝑣 = 2𝜌𝑖𝑘𝑗/(𝑥𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂µ𝑣

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝜎µ/√𝑦µ
𝑖 + 𝐴µ ↦ 𝑖𝛺𝜕µ𝛺𝑖𝑘𝑗 = 1/𝑦𝑖𝑘𝑗

µ
𝜂µ𝑣

𝑖 𝜎𝑖 + 𝐴µ

= 1/𝑦𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂µ𝑣
𝑖 𝑦𝑣𝜎𝑖 + 𝐹µ𝑣 = 2𝜌𝑖𝑘𝑗/(𝑦𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂µ𝑣

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝜎µ/√𝑧µ
𝑖 + 𝐴µ ↦ 𝑖𝛺𝜕µ𝛺𝑖𝑘𝑗 = 1/𝑧𝑖𝑘𝑗

µ
𝜂µ𝑣

𝑖 𝜎𝑖 + 𝐴µ

= 1/𝑧𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂µ𝑣
𝑖 𝑧𝑣𝜎𝑖 + 𝐹µ𝑣 = 2𝜌𝑖𝑘𝑗/(𝑧𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂µ𝑣

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝜎µ/√𝑛µ
𝑖 + 𝐴µ ↦ 𝑖𝛺𝜕µ𝛺𝑖𝑘𝑗 = 1/𝑛𝑖𝑘𝑗

µ
𝜂µ𝑣

𝑖 𝜎𝑖 + 𝐴µ

= 1/𝑛𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂µ𝑣
𝑖 𝑛𝑣𝜎𝑖 + 𝐹µ𝑣 = 2𝜌𝑖𝑘𝑗/(𝑛𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂µ𝑣

𝑖 𝜎𝑖 

𝜂µ𝑖
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑖
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑖

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑖
∞ =

0 −1 0
0 1 1

−1 0 0
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣𝜎𝑣/√𝑥𝑣
𝑖 + 𝐴𝑣 ↦ 𝑖𝛺𝜕𝑣𝛺𝑖𝑘𝑗 = 1/𝑥𝑖𝑘𝑗

𝑣 𝜂𝑣µ
𝑖 𝜎𝑖 + 𝐴𝑣

= 1/𝑥𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂𝑣µ
𝑖 𝑥µ𝜎𝑖 + 𝐹𝑣µ = 2𝜌𝑖𝑘𝑗/(𝑥𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂𝑣µ

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣𝜎𝑣/√𝑦𝑣
𝑖 + 𝐴𝑣 ↦ 𝑖𝛺𝜕𝑣𝛺𝑖𝑘𝑗 = 1/𝑦𝑖𝑘𝑗

𝑣 𝜂𝑣µ
𝑖 𝜎𝑖 + 𝐴𝑣

= 1/𝑦𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂𝑣µ
𝑖 𝑦µ𝜎𝑖 + 𝐹𝑣µ = 2𝜌𝑖𝑘𝑗/(𝑦𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂𝑣µ

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣𝜎𝑣/√𝑧𝑣
𝑖 + 𝐴𝑣 ↦ 𝑖𝛺𝜕𝑣𝛺𝑖𝑘𝑗 = 1/𝑧𝑖𝑘𝑗

𝑣 𝜂𝑣µ
𝑖 𝜎𝑖 + 𝐴𝑣

= 1/𝑧𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂𝑣µ
𝑖 𝑧µ𝜎𝑖 + 𝐹𝑣µ = 2𝜌𝑖𝑘𝑗/(𝑧𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂𝑣µ

𝑖 𝜎𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣𝜎𝑣/√𝑛𝑣
𝑖 + 𝐴𝑣 ↦ 𝑖𝛺𝜕𝑣𝛺𝑖𝑘𝑗 = 1/𝑛𝑖𝑘𝑗

𝑣 𝜂𝑣µ
𝑖 𝜎𝑖 + 𝐴𝑣

= 1/𝑛𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂𝑣µ
𝑖 𝑛µ𝜎𝑖 + 𝐹𝑣µ = 2𝜌𝑖𝑘𝑗/(𝑛𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂𝑣µ

𝑖 𝜎𝑖 

𝜂𝑣𝑖
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣𝑖
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣𝑖

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣𝑖
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝑣𝜎µ𝑣/√𝑥µ𝑣
𝑖𝑘𝑗

+ 𝐴µ𝑣 ↦ 𝑖𝑘𝑗𝛺𝜕µ𝑣𝛺𝑖𝑘𝑗 = 1/𝑥𝑖𝑘𝑗
µ𝑣

𝜂µ𝑣
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 + 𝐴µ𝑣

= 1/𝑥𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂µ𝑣
𝑖𝑘𝑗

𝑥µ𝑣𝜎𝑖𝑘𝑗 + 𝐹µ𝑣 = 2𝜌𝑖𝑘𝑗/(𝑥𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂µ𝑣
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝑣𝜎µ𝑣/√𝑦µ𝑣
𝑖𝑘𝑗

+ 𝐴µ𝑣 ↦ 𝑖𝑘𝑗𝛺𝜕µ𝑣𝛺𝑖𝑘𝑗 = 1/𝑦𝑖𝑘𝑗
µ𝑣

𝜂µ𝑣
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 + 𝐴µ𝑣

= 1/𝑦𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂µ𝑣
𝑖𝑘𝑗

𝑦µ𝑣𝜎𝑖𝑘𝑗 + 𝐹µ𝑣 = 2𝜌𝑖𝑘𝑗/(𝑦𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂µ𝑣
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝑣𝜎µ𝑣/√𝑧µ𝑣
𝑖𝑘𝑗

+ 𝐴µ𝑣 ↦ 𝑖𝑘𝑗𝛺𝜕µ𝑣𝛺𝑖𝑘𝑗 = 1/𝑧𝑖𝑘𝑗
µ𝑣

𝜂µ𝑣
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 + 𝐴µ𝑣

= 1/𝑧𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂µ𝑣
𝑖𝑘𝑗

𝑧µ𝑣𝜎𝑖𝑘𝑗 + 𝐹µ𝑣 = 2𝜌𝑖𝑘𝑗/(𝑧𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂µ𝑣
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝑣𝜎µ𝑣/√𝑛µ𝑣
𝑖𝑘𝑗

+ 𝐴µ𝑣 ↦ 𝑖𝑘𝑗𝛺𝜕µ𝑣𝛺𝑖𝑘𝑗 = 1/𝑛𝑖𝑘𝑗
µ𝑣

𝜂µ𝑣
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 + 𝐴µ𝑣

= 1/𝑛𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂µ𝑣
𝑖𝑘𝑗

𝑛µ𝑣𝜎𝑖𝑘𝑗 + 𝐹µ𝑣 = 2𝜌𝑖𝑘𝑗/(𝑛𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂µ𝑣
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 

𝜂µ𝑣𝑖
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑣𝑖
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑣𝑖

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑣𝑖
∞ =

0 −1 0
0 1 1

−1 0 0
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣µ𝜎𝑣µ/√𝑥𝑣µ
𝑖𝑘𝑗

+ 𝐴𝑣µ ↦ 𝑖𝑘𝑗𝛺𝜕𝑣µ𝛺𝑖𝑘𝑗 = 1/𝑥𝑖𝑘𝑗
𝑣µ

𝜂𝑣µ
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 + 𝐴𝑣µ

= 1/𝑥𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂𝑣µ
𝑖𝑘𝑗

𝑥𝑣µ𝜎𝑖𝑘𝑗 + 𝐹𝑣µ = 2𝜌𝑖𝑘𝑗/(𝑥𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂𝑣µ
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣µ𝜎𝑣µ/√𝑦𝑣µ
𝑖𝑘𝑗

+ 𝐴𝑣µ ↦ 𝑖𝑘𝑗𝛺𝜕𝑣µ𝛺𝑖𝑘𝑗 = 1/𝑦𝑖𝑘𝑗
𝑣µ

𝜂𝑣µ
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 + 𝐴𝑣µ

= 1/𝑦𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂𝑣µ
𝑖𝑘𝑗

𝑦𝑣µ𝜎𝑖𝑘𝑗 + 𝐹𝑣µ = 2𝜌𝑖𝑘𝑗/(𝑦𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂𝑣µ
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣µ𝜎𝑣µ/√𝑧𝑣µ
𝑖𝑘𝑗

+ 𝐴𝑣µ ↦ 𝑖𝑘𝑗𝛺𝜕𝑣µ𝛺𝑖𝑘𝑗 = 1/𝑧𝑖𝑘𝑗
𝑣µ

𝜂𝑣µ
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 + 𝐴𝑣µ

= 1/𝑧𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂𝑣µ
𝑖𝑘𝑗

𝑧𝑣µ𝜎𝑖𝑘𝑗 + 𝐹𝑣µ = 2𝜌𝑖𝑘𝑗/(𝑧𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂𝑣µ
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣µ𝜎𝑣µ/√𝑛𝑣µ
𝑖𝑘𝑗

+ 𝐴𝑣µ ↦ 𝑖𝑘𝑗𝛺𝜕𝑣µ𝛺𝑖𝑘𝑗 = 1/𝑛𝑖𝑘𝑗
𝑣µ

𝜂𝑣µ
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 + 𝐴𝑣µ

= 1/𝑛𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗𝜂𝑣µ
𝑖𝑘𝑗

𝑛𝑣µ𝜎𝑖𝑘𝑗 + 𝐹𝑣µ = 2𝜌𝑖𝑘𝑗/(𝑛𝑖𝑘𝑗 + 𝜌𝑖𝑘𝑗)𝑒𝑥𝑝𝑖𝑘𝑗𝜂𝑣µ
𝑖𝑘𝑗

𝜎𝑖𝑘𝑗 

𝜂𝑣µ𝑖
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣µ𝑖
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣µ𝑖

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣µ𝑖
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝜎µ/√𝑥µ
𝑗

+ 𝐴µ ↦ 𝑗𝛺𝜕µ𝛺𝑗𝑖𝑘 = 1/𝑥𝑗𝑖𝑘
µ

𝜂µ𝑣
𝑗

𝜎𝑗 + 𝐴µ

= 1/𝑥𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂µ𝑣
𝑗

𝑥𝑣𝜎𝑗 + 𝐹µ𝑣 = 2𝜌𝑗𝑖𝑘/(𝑥𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂µ𝑣
𝑗

𝜎𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝜎µ/√𝑦µ
𝑗

+ 𝐴µ ↦ 𝑗𝛺𝜕µ𝛺𝑗𝑖𝑘 = 1/𝑦𝑗𝑖𝑘
µ

𝜂µ𝑣
𝑗

𝜎𝑗 + 𝐴µ

= 1/𝑦𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂µ𝑣
𝑗

𝑦𝑣𝜎𝑗 + 𝐹µ𝑣 = 2𝜌𝑗𝑖𝑘/(𝑦𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂µ𝑣
𝑗

𝜎𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝜎µ/√𝑧µ
𝑗

+ 𝐴µ ↦ 𝑗𝛺𝜕µ𝛺𝑗𝑖𝑘 = 1/𝑧𝑗𝑖𝑘
µ

𝜂µ𝑣
𝑗

𝜎𝑗 + 𝐴µ

= 1/𝑧𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂µ𝑣
𝑗

𝑧𝑣𝜎𝑗 + 𝐹µ𝑣 = 2𝜌𝑗𝑖𝑘/(𝑧𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂µ𝑣
𝑗

𝜎𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝜎µ/√𝑛µ
𝑗

+ 𝐴µ ↦ 𝑗𝛺𝜕µ𝛺𝑗𝑖𝑘 = 1/𝑛𝑗𝑖𝑘
µ

𝜂µ𝑣
𝑗

𝜎𝑗 + 𝐴µ

= 1/𝑛𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂µ𝑣
𝑗

𝑛𝑣𝜎𝑗 + 𝐹µ𝑣 = 2𝜌𝑗𝑖𝑘/(𝑛𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂µ𝑣
𝑗

𝜎𝑗 

𝜂µ𝑗
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑗
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑗

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑗
∞ =

0 −1 0
0 1 1

−1 0 0
 



pág. 3902 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣𝜎𝑣/√𝑥𝑣
𝑗

+ 𝐴𝑣 ↦ 𝑗𝛺𝜕𝑣𝛺𝑗𝑖𝑘 = 1/𝑥𝑗𝑖𝑘
𝑣 𝜂𝑣µ

𝑗
𝜎𝑗 + 𝐴𝑣

= 1/𝑥𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂𝑣µ
𝑗

𝑥µ𝜎𝑗 + 𝐹𝑣µ = 2𝜌𝑗𝑖𝑘/(𝑥𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂𝑣µ
𝑗

𝜎𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣𝜎𝑣/√𝑦𝑣
𝑗

+ 𝐴𝑣 ↦ 𝑗𝛺𝜕𝑣𝛺𝑗𝑖𝑘 = 1/𝑦𝑗𝑖𝑘
𝑣 𝜂𝑣µ

𝑗
𝜎𝑗 + 𝐴𝑣

= 1/𝑦𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂𝑣µ
𝑗

𝑦µ𝜎𝑗 + 𝐹𝑣µ = 2𝜌𝑗𝑖𝑘/(𝑦𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂𝑣µ
𝑗

𝜎𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣𝜎𝑣/√𝑧𝑣
𝑗

+ 𝐴𝑣 ↦ 𝑗𝛺𝜕𝑣𝛺𝑗𝑖𝑘 = 1/𝑧𝑗𝑖𝑘
𝑣 𝜂𝑣µ

𝑗
𝜎𝑗 + 𝐴𝑣

= 1/𝑧𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂𝑣µ
𝑗

𝑧µ𝜎𝑗 + 𝐹𝑣µ = 2𝜌𝑗𝑖𝑘/(𝑧𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂𝑣µ
𝑗

𝜎𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣𝜎𝑣/√𝑛𝑣
𝑗

+ 𝐴𝑣 ↦ 𝑗𝛺𝜕𝑣𝛺𝑗𝑖𝑘 = 1/𝑛𝑗𝑖𝑘
𝑣 𝜂𝑣µ

𝑗
𝜎𝑗 + 𝐴𝑣

= 1/𝑛𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂𝑣µ
𝑗

𝑛µ𝜎𝑗 + 𝐹𝑣µ = 2𝜌𝑗𝑖𝑘/(𝑛𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂𝑣µ
𝑗

𝜎𝑗 

𝜂𝑣𝑗
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣𝑗
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣𝑗

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣𝑗
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝑣𝜎µ𝑣/√𝑥µ𝑣
𝑗𝑖𝑘

+ 𝐴µ𝑣 ↦ 𝑗𝑖𝑘𝛺𝜕µ𝑣𝛺𝑗𝑖𝑘 = 1/𝑥𝑗𝑖𝑘
µ𝑣

𝜂µ𝑣
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 + 𝐴µ𝑣

= 1/𝑥𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂µ𝑣
𝑗𝑖𝑘

𝑥µ𝑣𝜎𝑗𝑖𝑘 + 𝐹µ𝑣 = 2𝜌𝑗𝑖𝑘/(𝑥𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂µ𝑣
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝑣𝜎µ𝑣/√𝑦µ𝑣
𝑗𝑖𝑘

+ 𝐴µ𝑣 ↦ 𝑗𝑖𝑘𝛺𝜕µ𝑣𝛺𝑗𝑖𝑘 = 1/𝑦𝑗𝑖𝑘
µ𝑣

𝜂µ𝑣
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 + 𝐴µ𝑣

= 1/𝑦𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂µ𝑣
𝑗𝑖𝑘

𝑦µ𝑣𝜎𝑗𝑖𝑘 + 𝐹µ𝑣 = 2𝜌𝑗𝑖𝑘/(𝑦𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂µ𝑣
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝑣𝜎µ𝑣/√𝑧µ𝑣
𝑗𝑖𝑘

+ 𝐴µ𝑣 ↦ 𝑗𝑖𝑘𝛺𝜕µ𝑣𝛺𝑗𝑖𝑘 = 1/𝑧𝑗𝑖𝑘
µ𝑣

𝜂µ𝑣
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 + 𝐴µ𝑣

= 1/𝑧𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂µ𝑣
𝑗𝑖𝑘

𝑧µ𝑣𝜎𝑗𝑖𝑘 + 𝐹µ𝑣 = 2𝜌𝑗𝑖𝑘/(𝑧𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂µ𝑣
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝑣𝜎µ𝑣/√𝑛µ𝑣
𝑗𝑖𝑘

+ 𝐴µ𝑣 ↦ 𝑗𝑖𝑘𝛺𝜕µ𝑣𝛺𝑗𝑖𝑘 = 1/𝑛𝑗𝑖𝑘
µ𝑣

𝜂µ𝑣
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 + 𝐴µ𝑣

= 1/𝑛𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂µ𝑣
𝑗𝑖𝑘

𝑛µ𝑣𝜎𝑗𝑖𝑘 + 𝐹µ𝑣 = 2𝜌𝑗𝑖𝑘/(𝑛𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂µ𝑣
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 

𝜂µ𝑣𝑗
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑣𝑗
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑣𝑗

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑣𝑗
∞ =

0 −1 0
0 1 1

−1 0 0
 



pág. 3903 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣µ𝜎𝑣µ/√𝑥𝑣µ
𝑗𝑖𝑘

+ 𝐴𝑣µ ↦ 𝑗𝑖𝑘𝛺𝜕𝑣µ𝛺𝑗𝑖𝑘 = 1/𝑥𝑗𝑖𝑘
𝑣µ

𝜂𝑣µ
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 + 𝐴𝑣µ

= 1/𝑥𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂𝑣µ
𝑗𝑖𝑘

𝑥𝑣µ𝜎𝑗𝑖𝑘 + 𝐹𝑣µ = 2𝜌𝑗𝑖𝑘/(𝑥𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂𝑣µ
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣µ𝜎𝑣µ/√𝑦𝑣µ
𝑗𝑖𝑘

+ 𝐴𝑣µ ↦ 𝑗𝑖𝑘𝛺𝜕𝑣µ𝛺𝑗𝑖𝑘 = 1/𝑦𝑗𝑖𝑘
𝑣µ

𝜂𝑣µ
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 + 𝐴𝑣µ

= 1/𝑦𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂𝑣µ
𝑗𝑖𝑘

𝑦𝑣µ𝜎𝑗𝑖𝑘 + 𝐹𝑣µ = 2𝜌𝑗𝑖𝑘/(𝑦𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂𝑣µ
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣µ𝜎𝑣µ/√𝑧𝑣µ
𝑗𝑖𝑘

+ 𝐴𝑣µ ↦ 𝑗𝑖𝑘𝛺𝜕𝑣µ𝛺𝑗𝑖𝑘 = 1/𝑧𝑗𝑖𝑘
𝑣µ

𝜂𝑣µ
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 + 𝐴𝑣µ

= 1/𝑧𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘𝜂𝑣µ
𝑗𝑖𝑘

𝑧𝑣µ𝜎𝑗𝑖𝑘 + 𝐹𝑣µ = 2𝜌𝑗𝑖𝑘/(𝑧𝑗𝑖𝑘 + 𝜌𝑗𝑖𝑘)𝑒𝑥𝑝𝑗𝑖𝑘𝜂𝑣µ
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣µ𝜎𝑣µ/√𝑛𝑣µ
𝑗𝑖𝑘

+ 𝐴𝑣µ ↦ 𝑗𝑖𝑘𝛺𝜕𝑣µ𝛺𝑗𝑖𝑘 = 1/𝑛𝑗𝑖𝑘
𝑣µ

𝜂𝑣µ
𝑗𝑖𝑘

𝜎𝑗𝑖𝑘 + 𝐴𝑣µ
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𝑘 + 𝐴µ ↦ 𝑘𝛺𝜕µ𝛺𝑘𝑖𝑗 = 1/𝑧𝑘𝑖𝑗

µ
𝜂µ𝑣

𝑘 𝜎𝑘 + 𝐴µ

= 1/𝑧𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂µ𝑣
𝑘 𝑧𝑣𝜎𝑘 + 𝐹µ𝑣 = 2𝜌𝑘𝑖𝑗/(𝑧𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂µ𝑣

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝜎µ/√𝑛µ
𝑘 + 𝐴µ ↦ 𝑘𝛺𝜕µ𝛺𝑘𝑖𝑗 = 1/𝑛𝑘𝑖𝑗

µ
𝜂µ𝑣

𝑘 𝜎𝑘 + 𝐴µ

= 1/𝑛𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂µ𝑣
𝑘 𝑛𝑣𝜎𝑘 + 𝐹µ𝑣 = 2𝜌𝑘𝑖𝑗/(𝑛𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂µ𝑣

𝑘 𝜎𝑘 

𝜂µ𝑘
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑘
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑘

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑘
∞ =

0 −1 0
0 1 1

−1 0 0
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣𝜎𝑣/√𝑥𝑣
𝑘 + 𝐴𝑣 ↦ 𝑘𝛺𝜕𝑣𝛺𝑘𝑖𝑗 = 1/𝑥𝑘𝑖𝑗

𝑣 𝜂𝑣µ
𝑘 𝜎𝑘 + 𝐴𝑣

= 1/𝑥𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂𝑣µ
𝑘 𝑥µ𝜎𝑘 + 𝐹𝑣µ = 2𝜌𝑘𝑖𝑗/(𝑥𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂𝑣µ

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣𝜎𝑣/√𝑦𝑣
𝑘 + 𝐴𝑣 ↦ 𝑘𝛺𝜕𝑣𝛺𝑘𝑖𝑗 = 1/𝑦𝑘𝑖𝑗

𝑣 𝜂𝑣µ
𝑘 𝜎𝑘 + 𝐴𝑣

= 1/𝑦𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂𝑣µ
𝑘 𝑦µ𝜎𝑘 + 𝐹𝑣µ = 2𝜌𝑘𝑖𝑗/(𝑦𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂𝑣µ

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣𝜎𝑣/√𝑧𝑣
𝑘 + 𝐴𝑣 ↦ 𝑘𝛺𝜕𝑣𝛺𝑘𝑖𝑗 = 1/𝑧𝑘𝑖𝑗

𝑣 𝜂𝑣µ
𝑘 𝜎𝑘 + 𝐴𝑣

= 1/𝑧𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂𝑣µ
𝑘 𝑧µ𝜎𝑘 + 𝐹𝑣µ = 2𝜌𝑘𝑖𝑗/(𝑧𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂𝑣µ

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣𝜎𝑣/√𝑛𝑣
𝑘 + 𝐴𝑣 ↦ 𝑘𝛺𝜕𝑣𝛺𝑘𝑖𝑗 = 1/𝑛𝑘𝑖𝑗

𝑣 𝜂𝑣µ
𝑘 𝜎𝑘 + 𝐴𝑣

= 1/𝑛𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂𝑣µ
𝑘 𝑛µ𝜎𝑘 + 𝐹𝑣µ = 2𝜌𝑘𝑖𝑗/(𝑛𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂𝑣µ

𝑘 𝜎𝑘 

𝜂𝑣𝑘
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣𝑘
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣𝑘

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣𝑘
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝑣𝜎µ𝑣/√𝑥µ𝑣
𝑘𝑖𝑗

+ 𝐴µ𝑣 ↦ 𝑘𝑖𝑗𝛺𝜕µ𝑣𝛺𝑘𝑖𝑗 = 1/𝑥𝑘𝑖𝑗
µ𝑣

𝜂µ𝑣
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 + 𝐴µ𝑣

= 1/𝑥𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂µ𝑣
𝑘𝑖𝑗

𝑥µ𝑣𝜎𝑘𝑖𝑗 + 𝐹µ𝑣 = 2𝜌𝑘𝑖𝑗/(𝑥𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂µ𝑣
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝑣𝜎µ𝑣/√𝑦µ𝑣
𝑘𝑖𝑗

+ 𝐴µ𝑣 ↦ 𝑘𝑖𝑗𝛺𝜕µ𝑣𝛺𝑘𝑖𝑗 = 1/𝑦𝑘𝑖𝑗
µ𝑣

𝜂µ𝑣
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 + 𝐴µ𝑣

= 1/𝑦𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂µ𝑣
𝑘𝑖𝑗

𝑦µ𝑣𝜎𝑘𝑖𝑗 + 𝐹µ𝑣 = 2𝜌𝑘𝑖𝑗/(𝑦𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂µ𝑣
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝑣𝜎µ𝑣/√𝑧µ𝑣
𝑘𝑖𝑗

+ 𝐴µ𝑣 ↦ 𝑘𝑖𝑗𝛺𝜕µ𝑣𝛺𝑘𝑖𝑗 = 1/𝑧𝑘𝑖𝑗
µ𝑣

𝜂µ𝑣
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 + 𝐴µ𝑣

= 1/𝑧𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂µ𝑣
𝑘𝑖𝑗

𝑧µ𝑣𝜎𝑘𝑖𝑗 + 𝐹µ𝑣 = 2𝜌𝑘𝑖𝑗/(𝑧𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂µ𝑣
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝑣𝜎µ𝑣/√𝑛µ𝑣
𝑘𝑖𝑗

+ 𝐴µ𝑣 ↦ 𝑘𝑖𝑗𝛺𝜕µ𝑣𝛺𝑘𝑖𝑗 = 1/𝑛𝑘𝑖𝑗
µ𝑣

𝜂µ𝑣
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 + 𝐴µ𝑣

= 1/𝑛𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂µ𝑣
𝑘𝑖𝑗

𝑛µ𝑣𝜎𝑘𝑖𝑗 + 𝐹µ𝑣 = 2𝜌𝑘𝑖𝑗/(𝑛𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂µ𝑣
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 

𝜂µ𝑣𝑘
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑣𝑘
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑣𝑘

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑣𝑘
∞ =

0 −1 0
0 1 1

−1 0 0
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣µ𝜎𝑣µ/√𝑥𝑣µ
𝑘𝑖𝑗

+ 𝐴𝑣µ ↦ 𝑘𝑖𝑗𝛺𝜕𝑣µ𝛺𝑘𝑖𝑗 = 1/𝑥𝑘𝑖𝑗
𝑣µ

𝜂𝑣µ
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 + 𝐴𝑣µ

= 1/𝑥𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂𝑣µ
𝑘𝑖𝑗

𝑥𝑣µ𝜎𝑘𝑖𝑗 + 𝐹𝑣µ = 2𝜌𝑘𝑖𝑗/(𝑥𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂𝑣µ
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣µ𝜎𝑣µ/√𝑦𝑣µ
𝑘𝑖𝑗

+ 𝐴𝑣µ ↦ 𝑘𝑖𝑗𝛺𝜕𝑣µ𝛺𝑘𝑖𝑗 = 1/𝑦𝑘𝑖𝑗
𝑣µ

𝜂𝑣µ
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 + 𝐴𝑣µ

= 1/𝑦𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂𝑣µ
𝑘𝑖𝑗

𝑦𝑣µ𝜎𝑘𝑖𝑗 + 𝐹𝑣µ = 2𝜌𝑘𝑖𝑗/(𝑦𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂𝑣µ
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣µ𝜎𝑣µ/√𝑧𝑣µ
𝑘𝑖𝑗

+ 𝐴𝑣µ ↦ 𝑘𝑖𝑗𝛺𝜕𝑣µ𝛺𝑘𝑖𝑗 = 1/𝑧𝑘𝑖𝑗
𝑣µ

𝜂𝑣µ
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 + 𝐴𝑣µ

= 1/𝑧𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂𝑣µ
𝑘𝑖𝑗

𝑧𝑣µ𝜎𝑘𝑖𝑗 + 𝐹𝑣µ = 2𝜌𝑘𝑖𝑗/(𝑧𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂𝑣µ
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣µ𝜎𝑣µ/√𝑛𝑣µ
𝑘𝑖𝑗

+ 𝐴𝑣µ ↦ 𝑘𝑖𝑗𝛺𝜕𝑣µ𝛺𝑘𝑖𝑗 = 1/𝑛𝑘𝑖𝑗
𝑣µ

𝜂𝑣µ
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 + 𝐴𝑣µ

= 1/𝑛𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗𝜂𝑣µ
𝑘𝑖𝑗

𝑛𝑣µ𝜎𝑘𝑖𝑗 + 𝐹𝑣µ = 2𝜌𝑘𝑖𝑗/(𝑛𝑘𝑖𝑗 + 𝜌𝑘𝑖𝑗)𝑒𝑥𝑝𝑘𝑖𝑗𝜂𝑣µ
𝑘𝑖𝑗

𝜎𝑘𝑖𝑗 

𝜂𝑣µ𝑘
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣µ𝑘
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣µ𝑘

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣µ𝑘
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝜎µ/√𝑥µ
𝑘 + 𝐴µ ↦ 𝑘𝛺𝜕µ𝛺𝑘𝑗𝑖 = 1/𝑥𝑘𝑗𝑖

µ
𝜂µ𝑣

𝑘 𝜎𝑘 + 𝐴µ

= 1/𝑥𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂µ𝑣
𝑘 𝑥𝑣𝜎𝑘 + 𝐹µ𝑣 = 2𝜌𝑘𝑗𝑖/(𝑥𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂µ𝑣

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝜎µ/√𝑦µ
𝑘 + 𝐴µ ↦ 𝑘𝛺𝜕µ𝛺𝑘𝑗𝑖 = 1/𝑦𝑘𝑗𝑖

µ
𝜂µ𝑣

𝑘 𝜎𝑘 + 𝐴µ

= 1/𝑦𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂µ𝑣
𝑘 𝑦𝑣𝜎𝑘 + 𝐹µ𝑣 = 2𝜌𝑘𝑗𝑖/(𝑦𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂µ𝑣

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝜎µ/√𝑧µ
𝑘 + 𝐴µ ↦ 𝑘𝛺𝜕µ𝛺𝑘𝑗𝑖 = 1/𝑧𝑘𝑗𝑖

µ
𝜂µ𝑣

𝑘 𝜎𝑘 + 𝐴µ

= 1/𝑧𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂µ𝑣
𝑘 𝑧𝑣𝜎𝑘 + 𝐹µ𝑣 = 2𝜌𝑘𝑗𝑖/(𝑧𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂µ𝑣

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝜎µ/√𝑛µ
𝑘 + 𝐴µ ↦ 𝑘𝛺𝜕µ𝛺𝑘𝑗𝑖 = 1/𝑛𝑘𝑗𝑖

µ
𝜂µ𝑣

𝑘 𝜎𝑘 + 𝐴µ

= 1/𝑛𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂µ𝑣
𝑘 𝑛𝑣𝜎𝑘 + 𝐹µ𝑣 = 2𝜌𝑘𝑗𝑖/(𝑛𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂µ𝑣

𝑘 𝜎𝑘 

𝜂µ𝑘
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑘
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑘

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑘
∞ =

0 −1 0
0 1 1

−1 0 0
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣𝜎𝑣/√𝑥𝑣
𝑘 + 𝐴𝑣 ↦ 𝑘𝛺𝜕𝑣𝛺𝑘𝑗𝑖 = 1/𝑥𝑘𝑗𝑖

𝑣 𝜂𝑣µ
𝑘 𝜎𝑘 + 𝐴𝑣

= 1/𝑥𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂𝑣µ
𝑘 𝑥µ𝜎𝑘 + 𝐹𝑣µ = 2𝜌𝑘𝑗𝑖/(𝑥𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂𝑣µ

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣𝜎𝑣/√𝑦𝑣
𝑘 + 𝐴𝑣 ↦ 𝑘𝛺𝜕𝑣𝛺𝑘𝑗𝑖 = 1/𝑦𝑘𝑗𝑖

𝑣 𝜂𝑣µ
𝑘 𝜎𝑘 + 𝐴𝑣

= 1/𝑦𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂𝑣µ
𝑘 𝑦µ𝜎𝑘 + 𝐹𝑣µ = 2𝜌𝑘𝑗𝑖/(𝑦𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂𝑣µ

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣𝜎𝑣/√𝑧𝑣
𝑘 + 𝐴𝑣 ↦ 𝑘𝛺𝜕𝑣𝛺𝑘𝑗𝑖 = 1/𝑧𝑘𝑗𝑖

𝑣 𝜂𝑣µ
𝑘 𝜎𝑘 + 𝐴𝑣

= 1/𝑧𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂𝑣µ
𝑘 𝑧µ𝜎𝑘 + 𝐹𝑣µ = 2𝜌𝑘𝑗𝑖/(𝑧𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂𝑣µ

𝑘 𝜎𝑘 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣𝜎𝑣/√𝑛𝑣
𝑘 + 𝐴𝑣 ↦ 𝑘𝛺𝜕𝑣𝛺𝑘𝑗𝑖 = 1/𝑛𝑘𝑗𝑖

𝑣 𝜂𝑣µ
𝑘 𝜎𝑘 + 𝐴𝑣

= 1/𝑛𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂𝑣µ
𝑘 𝑛µ𝜎𝑘 + 𝐹𝑣µ = 2𝜌𝑘𝑗𝑖/(𝑛𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂𝑣µ

𝑘 𝜎𝑘 

𝜂𝑣𝑘
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣𝑘
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣𝑘

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣𝑘
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥µ𝑣𝜎µ𝑣/√𝑥µ𝑣
𝑘𝑗𝑖

+ 𝐴µ𝑣 ↦ 𝑘𝑗𝑖𝛺𝜕µ𝑣𝛺𝑘𝑗𝑖 = 1/𝑥𝑘𝑗𝑖
µ𝑣

𝜂µ𝑣
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 + 𝐴µ𝑣

= 1/𝑥𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂µ𝑣
𝑘𝑗𝑖

𝑥µ𝑣𝜎𝑘𝑗𝑖 + 𝐹µ𝑣 = 2𝜌𝑘𝑗𝑖/(𝑥𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂µ𝑣
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦µ𝑣𝜎µ𝑣/√𝑦µ𝑣
𝑘𝑗𝑖

+ 𝐴µ𝑣 ↦ 𝑘𝑗𝑖𝛺𝜕µ𝑣𝛺𝑘𝑗𝑖 = 1/𝑦𝑘𝑗𝑖
µ𝑣

𝜂µ𝑣
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 + 𝐴µ𝑣

= 1/𝑦𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂µ𝑣
𝑘𝑗𝑖

𝑦µ𝑣𝜎𝑘𝑗𝑖 + 𝐹µ𝑣 = 2𝜌𝑘𝑗𝑖/(𝑦𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂µ𝑣
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧µ𝑣𝜎µ𝑣/√𝑧µ𝑣
𝑘𝑗𝑖

+ 𝐴µ𝑣 ↦ 𝑘𝑗𝑖𝛺𝜕µ𝑣𝛺𝑘𝑗𝑖 = 1/𝑧𝑘𝑗𝑖
µ𝑣

𝜂µ𝑣
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 + 𝐴µ𝑣

= 1/𝑧𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂µ𝑣
𝑘𝑗𝑖

𝑧µ𝑣𝜎𝑘𝑗𝑖 + 𝐹µ𝑣 = 2𝜌𝑘𝑗𝑖/(𝑧𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂µ𝑣
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛µ𝑣𝜎µ𝑣/√𝑛µ𝑣
𝑘𝑗𝑖

+ 𝐴µ𝑣 ↦ 𝑘𝑗𝑖𝛺𝜕µ𝑣𝛺𝑘𝑗𝑖 = 1/𝑛𝑘𝑗𝑖
µ𝑣

𝜂µ𝑣
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 + 𝐴µ𝑣

= 1/𝑛𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂µ𝑣
𝑘𝑗𝑖

𝑛µ𝑣𝜎𝑘𝑗𝑖 + 𝐹µ𝑣 = 2𝜌𝑘𝑗𝑖/(𝑛𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂µ𝑣
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 

𝜂µ𝑣𝑘
1 =

0 1 0
0 0 −1
1 0 0

      𝜂µ𝑣𝑘
2 =

0 1 0
0 0 −1

−1 0 0
      𝜂µ𝑣𝑘

3 =
0 −1 0
0 0 1
1 0 0

      𝜂µ𝑣𝑘
∞ =

0 −1 0
0 1 1

−1 0 0
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑥) = 𝑥𝑣µ𝜎𝑣µ/√𝑥𝑣µ
𝑘𝑗𝑖

+ 𝐴𝑣µ ↦ 𝑘𝑗𝑖𝛺𝜕𝑣µ𝛺𝑘𝑗𝑖 = 1/𝑥𝑘𝑗𝑖
𝑣µ

𝜂𝑣µ
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 + 𝐴𝑣µ

= 1/𝑥𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂𝑣µ
𝑘𝑗𝑖

𝑥𝑣µ𝜎𝑘𝑗𝑖 + 𝐹𝑣µ = 2𝜌𝑘𝑗𝑖/(𝑥𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂𝑣µ
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑦) = 𝑦𝑣µ𝜎𝑣µ/√𝑦𝑣µ
𝑘𝑗𝑖

+ 𝐴𝑣µ ↦ 𝑘𝑗𝑖𝛺𝜕𝑣µ𝛺𝑘𝑗𝑖 = 1/𝑦𝑘𝑗𝑖
𝑣µ

𝜂𝑣µ
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 + 𝐴𝑣µ

= 1/𝑦𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂𝑣µ
𝑘𝑗𝑖

𝑦𝑣µ𝜎𝑘𝑗𝑖 + 𝐹𝑣µ = 2𝜌𝑘𝑗𝑖/(𝑦𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂𝑣µ
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑧) = 𝑧𝑣µ𝜎𝑣µ/√𝑧𝑣µ
𝑘𝑗𝑖

+ 𝐴𝑣µ ↦ 𝑘𝑗𝑖𝛺𝜕𝑣µ𝛺𝑘𝑗𝑖 = 1/𝑧𝑘𝑗𝑖
𝑣µ

𝜂𝑣µ
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 + 𝐴𝑣µ

= 1/𝑧𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂𝑣µ
𝑘𝑗𝑖

𝑧𝑣µ𝜎𝑘𝑗𝑖 + 𝐹𝑣µ = 2𝜌𝑘𝑗𝑖/(𝑧𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂𝑣µ
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝛺(𝑛) = 𝑛𝑣µ𝜎𝑣µ/√𝑛𝑣µ
𝑘𝑗𝑖

+ 𝐴𝑣µ ↦ 𝑘𝑗𝑖𝛺𝜕𝑣µ𝛺𝑘𝑗𝑖 = 1/𝑛𝑘𝑗𝑖
𝑣µ

𝜂𝑣µ
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 + 𝐴𝑣µ

= 1/𝑛𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖𝜂𝑣µ
𝑘𝑗𝑖

𝑛𝑣µ𝜎𝑘𝑗𝑖 + 𝐹𝑣µ = 2𝜌𝑘𝑗𝑖/(𝑛𝑘𝑗𝑖 + 𝜌𝑘𝑗𝑖)𝑒𝑥𝑝𝑘𝑗𝑖𝜂𝑣µ
𝑘𝑗𝑖

𝜎𝑘𝑗𝑖 

𝜂𝑣µ𝑘
1 =

0 −1 0
0 0 1
1 0 0

      𝜂𝑣µ𝑘
2 =

0 −1 0
0 0 1

−1 0 0
      𝜂𝑣µ𝑘

3 =
0 1 0
0 0 −1
1 0 0

      𝜂𝑣µ𝑘
∞ =

0 1 0
0 1 1

−1 0 0
 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑉(𝑥) = 𝜆(𝑥µ𝑣𝜌𝜎
𝑖𝑗𝑘

+ 𝑎µ𝑣𝜌𝜎
𝑖𝑗𝑘

)𝑒𝑥𝑝µ𝑣𝜌𝜎
𝑖𝑗𝑘

𝜕𝜃
∆∇𝛺
𝜉ℝ4

µ𝑣𝜌𝜎

𝑖𝑗𝑘

= 𝛿𝜑𝜙𝜙𝛷𝑑𝜔(𝜏)

= 𝑎 𝑡𝑎𝑛ℎ/𝑐𝑜𝑠ℎ + 𝑠𝑒𝑛ℎ (𝑤/𝜋2(𝜏 − 𝜏µ𝑣𝜌𝜎
𝑖𝑗𝑘

)) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑉(𝑥) = 𝜆(𝑥𝑖𝑗𝑘
µ𝑣𝜌𝜎

+ 𝑎𝑖𝑗𝑘
µ𝑣𝜌𝜎

)𝑒𝑥𝑝𝑖𝑗𝑘
µ𝑣𝜌𝜎

𝜕𝜃
∆∇𝛺
𝜉ℝ4

𝑖𝑗𝑘

µ𝑣𝜌𝜎

= 𝛿𝜑𝜙𝜙𝛷𝑑𝜔(𝜏)

= 𝑎 𝑡𝑎𝑛ℎ/𝑐𝑜𝑠ℎ + 𝑠𝑒𝑛ℎ (𝑤/𝜋2(𝜏 − 𝜏𝑖𝑗𝑘
µ𝑣𝜌𝜎

)) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑉(𝑥) = 𝜆(𝑥µ𝑣𝜌𝜎
𝑖𝑗𝑘

+ 𝑎𝑖𝑗𝑘
µ𝑣𝜌𝜎

)𝑒𝑥𝑝µ𝑣𝜌𝜎
𝑖𝑗𝑘

𝜕𝜃
∆∇𝛺
𝜉ℝ4

𝑖𝑗𝑘

µ𝑣𝜌𝜎

= 𝛿𝜑𝜙𝜙𝛷𝑑𝜔(𝜏)

= 𝑎 𝑡𝑎𝑛ℎ/𝑐𝑜𝑠ℎ + 𝑠𝑒𝑛ℎ (𝑤/𝜋2(𝜏 − 𝜏µ𝑣𝜌𝜎
𝑖𝑗𝑘

)) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑉(𝑥) = 𝜆(𝑥𝑖𝑗𝑘
µ𝑣𝜌𝜎

+ 𝑎µ𝑣𝜌𝜎
𝑖𝑗𝑘

)𝑒𝑥𝑝𝑖𝑗𝑘
µ𝑣𝜌𝜎

𝜕𝜃
∆∇𝛺
𝜉ℝ4

µ𝑣𝜌𝜎

𝑖𝑗𝑘

= 𝛿𝜑𝜙𝜙𝛷𝑑𝜔(𝜏)

= 𝑎 𝑡𝑎𝑛ℎ/𝑐𝑜𝑠ℎ + 𝑠𝑒𝑛ℎ (𝑤/𝜋2(𝜏 − 𝜏𝑖𝑗𝑘
µ𝑣𝜌𝜎

)) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑥(𝜏) 𝑒𝑆𝐸[𝑥(𝜏)]

𝑥(𝑇)=+𝑎

𝑥(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇 ∣ +𝑎〉

= 𝑁 ∮ 𝐷𝑥(𝜏) 𝑒𝑆𝐸[𝑥(𝜏)]

𝑥(0)=−𝑎

𝑥(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑥(𝜏) 𝑒𝑆𝐸[𝑥(𝜏)]

𝑥(𝑇)=+𝑏

𝑥(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇 ∣ +𝑏〉

= 𝑁 ∮ 𝐷𝑥(𝜏) 𝑒𝑆𝐸[𝑥(𝜏)]

𝑥(0)=−𝑏

𝑥(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑥(𝜏) 𝑒𝑆𝐸[𝑥(𝜏)]

𝑥(𝑇)=+𝑐

𝑥(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑥(𝜏) 𝑒𝑆𝐸[𝑥(𝜏)]

𝑥(0)=−𝑐

𝑥(𝑇)=+𝑐

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑦(𝜏) 𝑒𝑆𝐸[𝑦(𝜏)]

𝑦(𝑇)=+𝑎

𝑦(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇 ∣ +𝑎〉

= 𝑁 ∮ 𝐷𝑦(𝜏) 𝑒𝑆𝐸[𝑦(𝜏)]

𝑦(0)=−𝑎

𝑦(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑦(𝜏) 𝑒𝑆𝐸[𝑦(𝜏)]

𝑦(𝑇)=+𝑏

𝑦(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇 ∣ +𝑏〉

= 𝑁 ∮ 𝐷𝑦(𝜏) 𝑒𝑆𝐸[𝑦(𝜏)]

𝑦(0)=−𝑏

𝑦(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑦(𝜏) 𝑒𝑆𝐸[𝑦(𝜏)]

𝑦(𝑇)=+𝑐

𝑦(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑦(𝜏) 𝑒𝑆𝐸[𝑦(𝜏)]

𝑦(0)=−𝑐

𝑦(𝑇)=+𝑐

 



pág. 3911 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑧(𝜏) 𝑒𝑆𝐸[𝑧(𝜏)]

𝑧(𝑇)=+𝑎

𝑧(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇 ∣ +𝑎〉

= 𝑁 ∮ 𝐷𝑧(𝜏) 𝑒𝑆𝐸[𝑧(𝜏)]

𝑧(0)=−𝑎

𝑧(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑧(𝜏) 𝑒𝑆𝐸[𝑧(𝜏)]

𝑧(𝑇)=+𝑏

𝑧(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇 ∣ +𝑏〉

= 𝑁 ∮ 𝐷𝑧(𝜏) 𝑒𝑆𝐸[𝑧(𝜏)]

𝑧(0)=−𝑏

𝑧(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑧(𝜏) 𝑒𝑆𝐸[𝑧(𝜏)]

𝑧(𝑇)=+𝑐

𝑧(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑧(𝜏) 𝑒𝑆𝐸[𝑧(𝜏)]

𝑧(0)=−𝑐

𝑧(𝑇)=+𝑐

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑥(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑥(µ𝑣𝜌𝜎)]

𝑥(𝑇)=+𝑎

𝑥(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇

∣ +𝑎〉 = 𝑁 ∮ 𝐷𝑥(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑥(µ𝑣𝜌𝜎)]

𝑥(0)=−𝑎

𝑥(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑥(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑥(µ𝑣𝜌𝜎)]

𝑥(𝑇)=+𝑏

𝑥(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇

∣ +𝑏〉 = 𝑁 ∮ 𝐷𝑥(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑥(µ𝑣𝜌𝜎)]

𝑥(0)=−𝑏

𝑥(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑥(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑥(µ𝑣𝜌𝜎)]

𝑥(𝑇)=+𝑐

𝑥(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑥(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑥(µ𝑣𝜌𝜎)]

𝑥(0)=−𝑐

𝑥(𝑇)=+𝑐
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑦(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑦(µ𝑣𝜌𝜎)]

𝑦(𝑇)=+𝑎

𝑦(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇

∣ +𝑎〉 = 𝑁 ∮ 𝐷𝑦(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑦(µ𝑣𝜌𝜎)]

𝑦(0)=−𝑎

𝑦(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑦(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑦(µ𝑣𝜌𝜎)]

𝑦(𝑇)=+𝑏

𝑦(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇

∣ +𝑏〉 = 𝑁 ∮ 𝐷𝑦(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑦(µ𝑣𝜌𝜎)]

𝑦(0)=−𝑏

𝑦(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑦(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑦(µ𝑣𝜌𝜎)]

𝑦(𝑇)=+𝑐

𝑦(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑦(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑦(µ𝑣𝜌𝜎)]

𝑦(0)=−𝑐

𝑦(𝑇)=+𝑐

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑧(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑧(µ𝑣𝜌𝜎)]

𝑧(𝑇)=+𝑎

𝑧(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇

∣ +𝑎〉 = 𝑁 ∮ 𝐷𝑧(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑧(µ𝑣𝜌𝜎)]

𝑧(0)=−𝑎

𝑧(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑧(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑧(µ𝑣𝜌𝜎)]

𝑧(𝑇)=+𝑏

𝑧(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇 ∣ +𝑏〉

= 𝑁 ∮ 𝐷𝑧(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑧(µ𝑣𝜌𝜎)]

𝑧(0)=−𝑏

𝑧(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑧(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑧(µ𝑣𝜌𝜎)]

𝑧(𝑇)=+𝑐

𝑧(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑧(µ𝑣𝜌𝜎) 𝑒𝑆𝐸[𝑧(µ𝑣𝜌𝜎)]

𝑧(0)=−𝑐

𝑧(𝑇)=+𝑐
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑥(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑥(𝑖𝑗𝑘)]

𝑥(𝑇)=+𝑎

𝑥(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇 ∣ +𝑎〉

= 𝑁 ∮ 𝐷𝑥(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑥(𝑖𝑗𝑘)]

𝑥(0)=−𝑎

𝑥(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑥(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑥(𝑖𝑗𝑘)]

𝑥(𝑇)=+𝑏

𝑥(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇 ∣ +𝑏〉

= 𝑁 ∮ 𝐷𝑥(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑥(𝑖𝑗𝑘)]

𝑥(0)=−𝑏

𝑥(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑥(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑥(𝑖𝑗𝑘)]

𝑥(𝑇)=+𝑐

𝑥(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑥(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑥(𝑖𝑗𝑘)]

𝑥(0)=−𝑐

𝑥(𝑇)=+𝑐

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑦(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑦(𝑖𝑗𝑘)]

𝑦(𝑇)=+𝑎

𝑦(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇 ∣ +𝑎〉

= 𝑁 ∮ 𝐷𝑦(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑦(𝑖𝑗𝑘)]

𝑦(0)=−𝑎

𝑦(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑦(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑦(𝑖𝑗𝑘)]

𝑦(𝑇)=+𝑏

𝑦(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇 ∣ +𝑏〉

= 𝑁 ∮ 𝐷𝑦(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑦(𝑖𝑗𝑘)]

𝑦(0)=−𝑏

𝑦(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑦(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑦(𝑖𝑗𝑘)]

𝑦(𝑇)=+𝑐

𝑦(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑦(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑦(𝑖𝑗𝑘)]

𝑦(0)=−𝑐

𝑦(𝑇)=+𝑐
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒−𝐻𝑇 ∣ −𝑎〉 = 𝑁 ∮ 𝐷𝑧(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑧(𝑖𝑗𝑘)]

𝑧(𝑇)=+𝑎

𝑧(0)=−𝑎

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑎 ∣ 𝑒+𝐻𝑇 ∣ +𝑎〉

= 𝑁 ∮ 𝐷𝑧(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑧(𝑖𝑗𝑘)]

𝑧(0)=−𝑎

𝑧(𝑇)=+𝑎

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒−𝐻𝑇 ∣ −𝑏〉 = 𝑁 ∮ 𝐷𝑧(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑧(𝑖𝑗𝑘)]

𝑧(𝑇)=+𝑏

𝑧(0)=−𝑏

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑏 ∣ 𝑒+𝐻𝑇 ∣ +𝑏〉

= 𝑁 ∮ 𝐷𝑧(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑧(𝑖𝑗𝑘)]

𝑧(0)=−𝑏

𝑧(𝑇)=+𝑏

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒−𝐻𝑇 ∣ −𝑐〉 = 𝑁 ∮ 𝐷𝑧(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑧(𝑖𝑗𝑘)]

𝑧(𝑇)=+𝑐

𝑧(0)=−𝑐

+ Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩〈𝑐 ∣ 𝑒+𝐻𝑇 ∣ +𝑐〉

= 𝑁 ∮ 𝐷𝑧(𝑖𝑗𝑘) 𝑒𝑆𝐸[𝑧(𝑖𝑗𝑘)]

𝑧(0)=−𝑐

𝑧(𝑇)=+𝑐

 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑥(𝜏) = 𝜘(𝜏) + 𝛿𝑥(𝜏) = Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝐸[𝑥(𝜏)]

= 𝑆𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑜𝑛

+ ∮ 𝑑(𝜏)𝛿(𝜏) 𝜕(𝜏) 𝛺(𝜏) 𝜑(𝜏) 𝜙(𝜏) 𝜉(𝜏) 𝜆(𝜏)
𝜔

𝑝
.

µ𝑣𝜌𝜎

𝑖𝑗𝑘

ℝ4/𝑥𝑛 ∮ 𝐷∞(𝜏) 𝑒−𝑆𝐸[𝑥(𝜏)]

𝑥(𝑇)=+𝑎

𝑥(0)=−𝑎

= 𝑒−𝑆𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑜𝑛 ∮ 𝐷𝛿(𝜏) 𝑒
𝑑(𝜏)𝛿(𝜏) 𝜕(𝜏) 𝛺(𝜏) 𝜑(𝜏) 𝜙(𝜏) 𝜉(𝜏) 𝜆(𝜏)

𝜔
𝑝

.
ℝ4

𝑥𝑛

𝛿𝑥(𝑇)=0

𝛿𝑥(0)=0

≈ 𝑒−𝑆𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑜𝑛/𝑑𝜔𝜆𝑣/𝜆𝜎
𝜆µ/𝜆𝜌

∆∇Ω𝜂𝜑𝜙 

r. Análisis de Campos Yang – Mills (Teorización Final). 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 + 𝑆𝑔𝑓µ𝑣 ∮ 𝜆

𝑖𝑗𝑘=𝑛

𝑖𝑗𝑘=𝑚

1/𝑔µ𝑣𝜌𝜎 ∮ 𝑑𝜑
𝜔𝜃𝛺 𝑡𝑟 [

1

2

µ

𝑣

Ḟµ𝑣Ḟµ𝑣 + 𝑛Ḟµ𝑣Ḋµ𝜆𝜕/∆∇ δ 𝐴𝑣

+ Ḋµ𝜆𝜕/∆∇ δ 𝐴𝑣Ḋµ𝜆𝜕/∆∇ δ 𝐴𝑣 − Ḋµ𝜆𝜕/∆∇ δ 𝐴𝑣Ḋ𝑣𝜆𝜕/∆∇ δ 𝐴µ − 𝑖Ḟµ𝑣Ḟµ𝑣[δ 𝐴µ , δ 𝐴𝑣]

− 2𝑖𝑗𝑘Ḋµ𝜆𝜕/∆∇ δ 𝐴𝑣[δ 𝐴µ , δ 𝐴𝑣] − 1/2[δ 𝐴µ , δ 𝐴𝑣][δ 𝐴µ , δ 𝐴𝑣]] 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑌𝑀 + 𝑆𝑔𝑓𝑣µ ∮ 𝜆

𝑖𝑗𝑘=𝑛

𝑖𝑗𝑘=𝑚

1/𝑔µ𝑣𝜌𝜎 ∮ 𝑑𝜑
𝜔𝜃𝛺 𝑡𝑟 [

1

2

𝑣

µ

Ḟ𝑣µḞ𝑣µ + 𝑛Ḟ𝑣µḊ𝑣𝜆𝜕/∆∇ δ 𝐴µ

+ Ḋ𝑣𝜆𝜕/∆∇ δ 𝐴µḊ𝑣𝜆𝜕/∆∇ δ 𝐴µ − Ḋ𝑣𝜆𝜕/∆∇ δ 𝐴µḊµ𝜆𝜕/∆∇ δ 𝐴𝑣 − 𝑖Ḟ𝑣µḞ𝑣µ[δ 𝐴𝑣  , δ 𝐴µ]

− 2𝑖𝑗𝑘Ḋ𝑣𝜆𝜕/∆∇ δ 𝐴µ[δ 𝐴𝑣  , δ 𝐴µ] − 1/2[δ 𝐴𝑣  , δ 𝐴µ][δ 𝐴𝑣  , δ 𝐴µ]] 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ ∮ 𝑑µ𝑣

µ

𝑣

𝑛 𝑡𝑟 Ḋµ𝜆𝜕/∆∇ δ 𝐴𝑣Ḋ𝑣𝜆𝜕/∆∇ δ 𝐴µ = − ∮ 𝑑µ𝑣

µ

𝑣

𝑛 𝑡𝑟 𝛿𝐴𝑣ḊµḊ𝑣𝐴µ

= − ∮ 𝑑µ𝑣

µ

𝑣

𝑛 𝑡𝑟 𝛿𝐴𝑣([ḊµḊ𝑣] + Ḋ𝑣Ḋµ)δ 𝐴µ

= ∮ 𝑑µ𝑣

µ

𝑣

[(Ḋµ δ 𝐴µ) 𝑒𝑥𝑝𝑢𝑣 +  𝑖𝑗𝑘 δ 𝐴𝑣[Ḟµ𝑣  , δ 𝐴µ]] 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ ∮ 𝑑𝑣µ

𝑣

µ

𝑛 𝑡𝑟 Ḋ𝑣𝜆𝜕/∆∇ δ 𝐴µḊµ𝜆𝜕/∆∇ δ 𝐴𝑣 = − ∮ 𝑑𝑣µ

𝑣

µ

𝑛 𝑡𝑟 𝛿𝐴µḊ𝑣Ḋµ𝐴𝑣

= − ∮ 𝑑𝑣µ

𝑣

µ

𝑛 𝑡𝑟 𝛿𝐴µ([Ḋ𝑣Ḋµ] + ḊµḊ𝑣)δ 𝐴𝑣

= ∮ 𝑑𝑣µ

𝑣

µ

[(Ḋ𝑣  δ 𝐴𝑣) 𝑒𝑥𝑝𝑣𝑢 +  𝑖𝑗𝑘 δ 𝐴µ[Ḟ𝑣µ , δ 𝐴𝑣]] 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ ∮ 𝐷𝜔 𝛿(𝐺(Ặ𝜔 , 𝛿𝐴𝜔

µ

𝑣

)) det  (𝜕𝐺(Ặ𝜔 , 𝛿𝐴𝜔)/𝜕𝜔)

=  𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩ ∮ 𝐷𝜔 𝛿(𝐺(Ặ𝜔 , 𝛿𝐴𝜔

𝑣

µ

)) det  (𝜕𝐺(Ặ𝜔 , 𝛿𝐴𝜔)/𝜕𝜔)

=  𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑑𝑒𝑡(𝜕𝐺(Ặ𝜔 , 𝛿𝐴𝜔)/𝜕𝜔)

= ∮ 𝐷𝑐𝐷𝑐†

µ

𝑣

𝑒𝑥𝑝(−1/𝑔µ𝑣 ∮ 𝑑µ𝑣

µ

𝑣

 𝑡𝑟[−𝑒†(Ḋµ𝑣𝜌𝜎𝑐 + 𝑖𝑗𝑘𝑐†[(Ḋµ𝑣𝜌𝜎𝛿𝐴µ𝑣𝜌𝜎 , 𝑐]]) 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑑𝑒𝑡(𝜕𝐺(Ặ𝜔, 𝛿𝐴𝜔)/𝜕𝜔)

= ∮ 𝐷𝑐𝐷𝑐†

𝑣

µ

𝑒𝑥𝑝(−1/𝑔𝑣µ ∮ 𝑑𝑣µ

𝑣

µ

 𝑡𝑟[−𝑒†(Ḋ𝑣µ𝜌𝜎𝑐 + 𝑖𝑗𝑘𝑐†[(Ḋ𝑣µ𝜌𝜎𝛿𝐴𝑣µ𝜌𝜎 , 𝑐]]) 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩1/𝑔µ𝑣 ∮ 𝑑µ𝑣

µ

𝑣

 𝑛 𝑡𝑟[1/2Ḟµ𝑣  Ḟµ𝑣 + 𝑛 Ḟµ𝑣Ḋµ𝛿𝐴𝑣 + Ḋµ𝛿𝐴𝑣Ḋµ𝛿𝐴𝑣 − 𝑛𝑖𝑗𝑘Ḟµ𝑣[𝛿𝐴µ, 𝛿𝐴𝑣]

+ Ḋµ𝑐†Ḋµ𝑐 − 𝑛𝑖𝑗𝑘Ḋµ𝛿𝐴𝑣[𝛿𝐴µ, 𝛿𝐴𝑣] − 1/2[𝛿𝐴µ, 𝛿𝐴𝑣] [𝛿𝐴µ, 𝛿𝐴𝑣] + 𝑖𝑐†[Ḋµ𝛿𝐴µ, 𝑐]] 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩1/𝑔𝑣µ ∮ 𝑑𝑣µ

𝑣

µ

 𝑛 𝑡𝑟[1/2Ḟ𝑣µ Ḟ𝑣µ + 𝑛 Ḟ𝑣µḊ𝑣𝛿𝐴µ + Ḋ𝑣𝛿𝐴µḊ𝑣𝛿𝐴µ − 𝑛𝑖𝑗𝑘Ḟ𝑣µ[𝛿𝐴𝑣 , 𝛿𝐴µ]

+ Ḋ𝑣𝑐†Ḋ𝑣𝑐 − 𝑛𝑖𝑗𝑘Ḋ𝑣𝛿𝐴µ[𝛿𝐴𝑣 , 𝛿𝐴µ] − 1/2[𝛿𝐴𝑣 , 𝛿𝐴µ] [𝛿𝐴𝑣 , 𝛿𝐴µ] + 𝑖𝑐†[Ḋ𝑣𝛿𝐴𝑣 , 𝑐]] 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑒−𝑆𝑒𝑓𝑓[Ặ,𝛿,𝐴,𝑐] = ∮ 𝐷𝛿𝐴𝐷𝑐𝐷𝑐†

µ

𝑣

𝑒−𝑆[Ặ,𝛿,𝐴,𝑐] =  𝑒−𝑆𝑒𝑓𝑓[Ặ]

= 𝑑𝑒𝑡𝑚∆𝑔𝑎𝑢𝑔𝑒∇𝑔𝑎𝑢𝑔𝑒𝑑𝑒𝑡𝑛∆𝑔ℎ𝑜𝑠𝑡∇𝑔ℎ𝑜𝑠𝑡𝑒

1

2𝑔Ặ,𝛿,𝐴,𝑐 ∮ 𝑑𝑣
µ

 𝑛 𝑡𝑟Ḟµ𝑣Ḟµ𝑣 
µ

𝑣 = ∆𝑔𝑎𝑢𝑔𝑒
µ𝑣

∇𝑔𝑎𝑢𝑔𝑒
µ𝑣

= Ḋµ𝑣𝛿µ𝑣 + 2𝑖𝑗𝑘 [Ḟµ𝑣∆𝑔ℎ𝑜𝑠𝑡
µ𝑣

∇𝑔ℎ𝑜𝑠𝑡
µ𝑣

− 𝑐† = 𝑆𝑒𝑓𝑓[Ặ, 𝛿, 𝐴, 𝑐]

= 1/2𝑔𝑣
µ

∮ 𝑑𝑣
𝜇

𝜇

𝑣

𝑛 𝑡𝑟 Ḟµ𝑣  Ḟµ𝑣 + 1/2𝑇𝑟𝑙𝑜𝑔∆𝑔𝑎𝑢𝑔𝑒
µ𝑣

∇𝑔𝑎𝑢𝑔𝑒
µ𝑣

− 𝑇𝑟𝑙𝑜𝑔∆𝑔ℎ𝑜𝑠𝑡
µ𝑣

∇𝑔ℎ𝑜𝑠𝑡
µ𝑣

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑒−𝑆𝑒𝑓𝑓[Ặ,𝛿,𝐴,𝑐] = ∮ 𝐷𝛿𝐴𝐷𝑐𝐷𝑐†

𝑣

µ

𝑒−𝑆[Ặ,𝛿,𝐴,𝑐] =  𝑒−𝑆𝑒𝑓𝑓[Ặ]

= 𝑑𝑒𝑡𝑚∆𝑔𝑎𝑢𝑔𝑒∇𝑔𝑎𝑢𝑔𝑒𝑑𝑒𝑡𝑛∆𝑔ℎ𝑜𝑠𝑡∇𝑔ℎ𝑜𝑠𝑡𝑒

1

2𝑔Ặ,𝛿,𝐴,𝑐 ∮ 𝑑µ
𝑣 𝑛 𝑡𝑟Ḟ𝑣µḞ𝑣µ 

𝑣

µ = ∆𝑔𝑎𝑢𝑔𝑒
𝑣µ

∇𝑔𝑎𝑢𝑔𝑒
𝑣µ

= Ḋ𝑣µ𝛿𝑣µ + 2𝑖𝑗𝑘 [Ḟ𝑣µ∆𝑔ℎ𝑜𝑠𝑡
𝑣µ

∇𝑔ℎ𝑜𝑠𝑡
𝑣µ

− 𝑐† = 𝑆𝑒𝑓𝑓[Ặ, 𝛿, 𝐴, 𝑐]

= 1/2𝑔µ
𝑣 ∮ 𝑑µ

𝑣

𝑣

µ

𝑛 𝑡𝑟 Ḟ𝑣µ Ḟ𝑣µ + 1/2𝑇𝑟𝑙𝑜𝑔∆𝑔𝑎𝑢𝑔𝑒
𝑣µ

∇𝑔𝑎𝑢𝑔𝑒
𝑣µ

− 𝑇𝑟𝑙𝑜𝑔∆𝑔ℎ𝑜𝑠𝑡
𝑣µ

∇𝑔ℎ𝑜𝑠𝑡
𝑣µ

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩∆𝑔ℎ𝑜𝑠𝑡
µ𝑣

∇𝑔ℎ𝑜𝑠𝑡
µ𝑣

= −𝜕𝑣
𝜇

+ ∆∇𝜇 − ∆∇𝑣 , ∆∇𝜇= 𝑖𝑗𝑘𝜕𝜇𝑣Ặµ𝑣 + 𝑖𝑗𝑘Ặ𝜇𝑣𝜕𝜇𝑣 , ∆∇𝑣= [Ặ𝜇𝑣 , [Ặ𝜇𝑣]]

= 𝑇𝑟𝑙𝑜𝑔∆𝑔ℎ𝑜𝑠𝑡
µ𝑣

∇𝑔ℎ𝑜𝑠𝑡
µ𝑣

= 𝑇𝑟𝑙𝑜𝑔(−𝜕𝜇𝑣 +  ∆∇𝜇 − ∆∇𝑣)

= 𝑇𝑟𝑙𝑜𝑔(−𝜕𝜇𝑣) + 𝑇𝑟𝑙𝑜𝑔 (1 + (−𝜕𝜇𝑣)𝑒𝑥𝑝−𝑛(∆∇𝜇 − ∆∇𝑣))

= 𝑇𝑟 log(−𝜕𝜇𝑣) + 𝑇𝑟 ((−𝜕𝜇𝑣)𝑒𝑥𝑝−𝑛 (∆∇𝜇 − ∆∇𝑣)) 1/2𝑇𝑟((−𝜕𝜇𝑣)𝑒𝑥𝑝−𝑛 (∆∇𝜇

− ∆∇𝑣)) 𝑒𝑥𝑝∞ … 𝜔𝛿𝜆𝜑𝜃𝛺𝜂𝜉𝜙 ∰ 𝜕𝜋∞
∞

∞

∞

=  𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩∆𝑔ℎ𝑜𝑠𝑡
𝑣µ

∇𝑔ℎ𝑜𝑠𝑡
𝑣µ

= −𝜕𝜇
𝑣 + ∆∇𝑣 − ∆∇𝜇 , ∆∇𝑣= 𝑖𝑗𝑘𝜕𝑣𝜇Ặ𝑣µ + 𝑖𝑗𝑘Ặ𝑣𝜇𝜕𝑣𝜇 , ∆∇𝜇= [Ặ𝑣𝜇 , [Ặ𝑣𝜇]]

= 𝑇𝑟𝑙𝑜𝑔∆𝑔ℎ𝑜𝑠𝑡
𝑣µ

∇𝑔ℎ𝑜𝑠𝑡
𝑣µ

= 𝑇𝑟𝑙𝑜𝑔(−𝜕𝑣𝜇 + ∆∇𝑣 − ∆∇𝜇)

= 𝑇𝑟𝑙𝑜𝑔(−𝜕𝑣𝜇) + 𝑇𝑟𝑙𝑜𝑔 (1 + (−𝜕𝑣𝜇)𝑒𝑥𝑝−𝑛(∆∇𝑣 − ∆∇𝜇))

= 𝑇𝑟 log(−𝜕𝑣𝜇) + 𝑇𝑟 ((−𝜕𝑣𝜇)𝑒𝑥𝑝−𝑛 (∆∇𝑣 − ∆∇𝜇)) 1/2𝑇𝑟((−𝜕𝑣𝜇)𝑒𝑥𝑝−𝑛 (∆∇𝑣

− ∆∇𝜇)) 𝑒𝑥𝑝∞ … 𝜔𝛿𝜆𝜑𝜃𝛺𝜂𝜉𝜙 ∰ 𝜕𝜋∞
∞

∞

∞

=  𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑞𝑢𝑎𝑑 = 1/2𝑔𝑣
𝜇

∮ 𝑑𝑣
𝜇

𝜇

𝑣

𝑛 𝑡𝑟 (𝜕𝜇Ặ𝑣𝜕𝜇Ặ𝑣 − 𝜕𝜇Ặ𝑣𝜕𝑣Ặ𝜇

= 1/2𝑔𝜇𝑣 ∮ 𝑑𝜇𝑣𝑘/(𝑛𝜋𝜇𝑣

𝜇

𝑣

) 𝑡𝑟 [Ặ𝜇(𝑘) Ặ𝑣(−𝑘)] (𝑘𝜇𝑘𝑣 − 𝑘𝜇𝑘𝑣 + 𝑘𝑣
𝜇

𝛿𝑣
𝜇

)

= 𝑇𝑟𝑙𝑜𝑔 ∆𝑔ℎ𝑜𝑠𝑡
µ𝑣

∇𝑔ℎ𝑜𝑠𝑡
µ𝑣

=  𝐶(𝑎𝑑𝑗)/8𝜋2(16𝜋2) ∮ 𝑑𝑣
𝜇

𝜇

𝑣

𝑘𝜎
𝜌

𝛿𝛺𝜆†/8𝜋2 𝑡𝑟[Ặ𝜇(𝑘) Ặ𝑣(−𝑘)] (𝑘𝜇𝑘𝑣 − 𝑘𝜇𝑘𝑣 + 𝑘𝑣
𝜇

𝛿𝑣
𝜇

)

= 𝑙𝑜𝑔 𝛬𝑈𝑉
𝜇𝑣

/𝑘𝜎
𝜌

𝜆𝛺𝜙𝜉𝛿𝜑𝜂𝑐†𝜃  
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩𝑆𝑞𝑢𝑎𝑑 = 1/2𝑔𝑣
𝜇

∮ 𝑑𝜇
𝑣

𝑣

𝜇

𝑛 𝑡𝑟 (𝜕𝑣Ặ𝜇𝜕𝑣Ặ𝜇 − 𝜕𝑣Ặ𝜇𝜕𝜇Ặ𝑣

= 1/2𝑔𝑣𝜇 ∮ 𝑑𝑣𝜇𝑘/(𝑛𝜋𝑣𝜇

𝑣

𝜇

) 𝑡𝑟 [Ặ𝑣(𝑘) Ặ𝜇(−𝑘)] (𝑘𝑣𝑘𝜇 − 𝑘𝑣𝑘𝜇 + 𝑘𝜇
𝑣𝛿𝜇

𝑣)

= 𝑇𝑟𝑙𝑜𝑔 ∆𝑔ℎ𝑜𝑠𝑡
𝑣µ

∇𝑔ℎ𝑜𝑠𝑡
𝑣µ

=  𝐶(𝑎𝑑𝑗)/8𝜋2(16𝜋2) ∮ 𝑑𝜇
𝑣

𝑣

𝜇

𝑘𝜌
𝜎𝛿𝛺𝜆†/8𝜋2 𝑡𝑟[Ặ𝑣(𝑘) Ặ𝜇(−𝑘)] (𝑘𝑣𝑘𝜇 − 𝑘𝑣𝑘𝜇 + 𝑘𝜇

𝑣𝛿𝜇
𝑣)

= 𝑙𝑜𝑔 𝛬𝑉𝑈
𝑣𝜇

/𝑘𝜌
𝜎𝜆𝛺𝜙𝜉𝛿𝜑𝜂𝑐†𝜃  

Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩∆∇𝑔𝑎𝑢𝑔𝑒
𝜇𝑣

= ∆∇𝑔ℎ𝑜𝑠𝑡
𝜇𝑣

𝜕𝛿𝑣𝜌
𝜇𝜎

+ 𝑛𝑖𝑗𝑘[Ḟµ𝑣 , ∞] = 𝑇𝑟 𝑙𝑜𝑔∆∇𝑔𝑎𝑢𝑔𝑒
𝜇𝑣

= 16𝑇𝑟 𝑙𝑜𝑔∆∇𝑔ℎ𝑜𝑠𝑡
𝜇𝑣

+ Ḟ𝜇𝑣𝑡𝑒𝑟𝑚𝑠

= −1/2(2𝑖𝑗𝑘)𝑒𝑥𝑝𝜇𝑣𝑇𝑟((−𝜕𝜇𝑣)𝑒𝑥𝑝−𝜇𝑣[Ḟµ𝑣 , [(−𝜕𝜇𝑣)𝑒𝑥𝑝−𝜇𝑣Ḟ𝜇𝑣 , ∞]])

= 1/2 ∰ 𝑑𝑣
𝜇

𝑘𝜌
𝜎/(16𝜋2

𝜇

𝑣

) 𝑡𝑟𝑎𝑑𝑗[Ặ𝜇(𝑘) Ặ𝑣(−𝑘)] ∰ 𝑑𝑣
𝜇

𝑝𝜌
𝜎

𝜇

𝑣

/(16𝜋2) − 16(𝑘𝜌𝛿𝜇𝜎

− 𝑘𝜎𝛿𝜇𝜌) (𝑘𝜎𝛿𝜌
𝑣 − 𝑘𝜌𝛿𝜎

𝑣))/𝜌𝜇𝑣𝜎𝜇𝑣(𝜌𝑣
𝜇

+ 𝑘𝑣
𝜇

) = Ḟ𝜇𝑣𝑡𝑒𝑟𝑚𝑠

= 16𝐶(𝑎𝑑𝑗)/(32𝜋2) ∰
𝑑𝜇𝑣𝑑𝜇𝑣𝑘𝑣

𝜇

16𝜋2
𝑡𝑟[

𝜇

𝑣

Ặ𝜇(𝑘) Ặ𝑣(−𝑘)] (𝑘𝜇𝑘𝑣 − 𝑘𝜇𝑘𝑣

+ 𝑘𝑣
𝜇

𝛿𝑣
𝜇

) 𝑙𝑜𝑔 𝛬𝑈𝑉
𝜇𝑣

/𝑘𝜎
𝜌

𝜆𝛺𝜙𝜉𝛿𝜑𝜂𝑐†𝜃 = 1/2 𝑇𝑟 log  ∆∇𝑔𝑎𝑢𝑔𝑒
𝜇𝑣

= 1/2[16/4 − 8] 𝐶(𝑎𝑑𝑗)/16𝜋2 ∮ 𝑑𝑣
𝜇

𝜇

𝑣

𝑘𝜌
𝜎𝛿𝛺𝜆†/8𝜋2 𝑡𝑟[Ặ𝜇(𝑘) Ặ𝑣(−𝑘)] (𝑘𝜇𝑘𝑣 − 𝑘𝜇𝑘𝑣

+ 𝑘𝑣
𝜇

𝛿𝑣
𝜇

) = 𝑙𝑜𝑔 𝛬𝑈𝑉
𝜇𝑣

/𝑘𝜌
𝜎𝜆𝛺𝜙𝜉𝛿𝜑𝜂𝑐†𝜃 
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Ĥ ∣ 𝜓⟩ = 𝐸𝜓 ∣ 𝜓⟩∆∇𝑔𝑎𝑢𝑔𝑒
𝑣𝜇

= ∆∇𝑔ℎ𝑜𝑠𝑡
𝑣𝜇

𝜕𝛿𝜇𝜌
𝑣𝜎 + 𝑛𝑖𝑗𝑘[Ḟ𝑣µ, ∞] = 𝑇𝑟 𝑙𝑜𝑔∆∇𝑔𝑎𝑢𝑔𝑒

𝑣𝜇

= 16𝑇𝑟 𝑙𝑜𝑔∆∇𝑔ℎ𝑜𝑠𝑡
𝑣𝜇

+ Ḟ𝑣𝜇𝑡𝑒𝑟𝑚𝑠

= −1/2(2𝑖𝑗𝑘)𝑒𝑥𝑝𝑣𝜇𝑇𝑟((−𝜕𝑣𝜇)𝑒𝑥𝑝−𝑣𝜇[Ḟ𝑣µ, [(−𝜕𝑣𝜇)𝑒𝑥𝑝−𝑣𝜇Ḟ𝑣𝜇 , ∞]])

= 1/2 ∰ 𝑑𝜇
𝑣𝑘𝜎

𝜌
/(16𝜋2

𝑣

𝜇

) 𝑡𝑟𝑎𝑑𝑗[Ặ𝑣(𝑘) Ặ𝜇(−𝑘)] ∰ 𝑑𝜇
𝑣𝑝𝜎

𝜌

𝑣

𝜇

/(16𝜋2) − 16(𝑘𝜎𝛿𝑣𝜌

− 𝑘𝜌𝛿𝑣𝜎) (𝑘𝜌𝛿𝜎
𝜇

− 𝑘𝜎𝛿𝜌
𝜇

))/𝜌𝑣𝜇𝜎𝑣𝜇(𝜌𝜇
𝑣 + 𝑘𝜇

𝑣) = Ḟ𝑣𝜇𝑡𝑒𝑟𝑚𝑠

= 16𝐶(𝑎𝑑𝑗)/(32𝜋2) ∰
𝑑𝑣𝜇𝑑𝑣𝜇𝑘𝜇

𝑣

16𝜋2
𝑡𝑟[

𝑣

𝜇

Ặ𝑣(𝑘) Ặ𝜇(−𝑘)] (𝑘𝑣𝑘𝜇 − 𝑘𝑣𝑘𝜇

+ 𝑘𝜇
𝑣𝛿𝜇

𝑣) 𝑙𝑜𝑔 𝛬𝑉𝑈
𝑣𝜇

/𝑘𝜌
𝜎𝜆𝛺𝜙𝜉𝛿𝜑𝜂𝑐†𝜃 = 1/2 𝑇𝑟 log  ∆∇𝑔𝑎𝑢𝑔𝑒

𝑣𝜇

= 1/2[16/4 − 8] 𝐶(𝑎𝑑𝑗)/16𝜋2 ∮ 𝑑𝜇
𝑣

𝑣

𝜇

𝑘𝜎
𝜌

𝛿𝛺𝜆†/8𝜋2 𝑡𝑟[Ặ𝑣(𝑘) Ặ𝜇(−𝑘)] (𝑘𝑣𝑘𝜇 − 𝑘𝑣𝑘𝜇

+ 𝑘𝜇
𝑣𝛿𝜇

𝑣) = 𝑙𝑜𝑔 𝛬𝑉𝑈
𝑣𝜇

/𝑘𝜎
𝜌

𝜆𝛺𝜙𝜉𝛿𝜑𝜂𝑐†𝜃 

CONCLUSIONES 

En mérito al análisis de campo antes descrito – marco praxeológico (campos de gauge y campos fantasma), 

bajo el marco metodológico de las teorías de Yang-Mills y bajo un esquema estrictamente hamiltoniano, 

sin perjuicio de las demás variables conjugadas (verbigracia, sistemas lagrangiano y algebra de Lie, etc), 

que conforman el sistema de campos de Yang-Mills, queda demostrado: (i) que, las excitaciones más bajas 

de una teoría pura de Yang-Mills (es decir, sin campos de materia) tienen una brecha de masa finita con 

respecto al estado de vacío; (ii) que, la propiedad de confinamiento en tratándose de física de partículas; y, 

(iii) que, para un hamiltoniano cuántico relativo a un campo de Yang-Mills no abeliano, en efecto existe un 

valor positivo mínimo de energía, calculado a través de la siguiente constante universal2: 

= 𝜉𝜆𝛺𝜓
𝜎𝜍𝜁

⨊⨌ћ⧞ѬѮҖԪփӜϪϚ𝜋𝑚𝑐ℝ4 

En consecuencia, este trabajo, demuestra que la teoría gauge no abeliana de Yang – Mills, describe otras 

fuerzas en la naturaleza, especialmente la fuerza débil (responsable, entre otras cosas, de ciertas formas de 

radiactividad) y la fuerza fuerte o nuclear (responsable, entre otras cosas, de la unión de protones y 

 
2 C. N. Yang & R. L. Mills, Physical Review, 96, 191 (1954). 

https://en.wikipedia.org/wiki/Color_confinement
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neutrones en núcleos), sin perder las premisas esenciales de la teoría de campos de Yang – Mills, esto es, 

por fuera de la teoría electrodébil de Glashow-Salam-Weinberg o la teoría del “campo de Higgs”. 

Si bien es cierto, constituyese en una propiedad notable de la teoría cuántica de Yang-Mills, la nominada 

"libertad asintótica", la misma que, permite determinar, que a distancias cortas el campo muestra un 

comportamiento cuántico muy similar a su comportamiento clásico; sin embargo, a largas distancias, la 

teoría de Yang – Mills, como queda demostrado, también aplica a largas distancias en el campo. 

Finalmente, queda demostrado concluyentemente, que: (i) en los campos de Yang – Mills, existe una 

"brecha de masa", es decir, ∆ > constante, por lo que, cada excitación del vacío tiene energía de al menos 

∆; (ii) en los campos de Yang – Mills, existe un confinamiento de quarks, partiendo de la premisa de que, 

los estados físicos de las partículas, como el protón, el neutrón y el pión, son invariantes; y, (iii) en los 

campos de Yang – Mills, existe una ruptura de simetría quiral, lo que significa que el vacío es 

potencialmente invariante bajo un cierto subgrupo de simetría completa que actúa sobre los campos de 

quarks. 
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APÉNDICE A. 

1. Formalización matemática relativa a gravedad cuántica desde la perspectiva de la 

teoría cuántica de campos curvos. 

1.1. Análisis geométrico en espacios cuánticos curvos.  

ℛ𝛽𝜇𝜈
𝛼 = 𝜕𝜇Υ𝛽𝜈

𝛼 − 𝜕𝜈Υ𝜇𝛽
𝛼 + Υ𝜇𝜆

𝛼 Υ𝜈𝛽
𝜆 − Υ𝜈𝜆

𝛼 Υ𝜇𝛽
𝜆 , Υ𝜇𝜈

𝛼 = Γ𝜇𝜈
𝛼 + κ𝜇𝜈

𝛼 + ℒ𝜇𝜈
𝛼 , Γ𝜇𝜈

𝛼

=
1

2
ℊ𝛼𝜆(𝜕𝜇ℊ𝜆𝜈 + 𝜕𝜈ℊ𝜆𝜇 − 𝜕𝜆ℊ𝜇𝜈), κ𝜇𝜈

𝛼 =
1

2
(𝒯𝜇𝜈

𝛼 + 𝒯𝜇  𝜈
𝛼 + 𝒯𝜈  𝜇

𝛼 ), ℒ𝜇𝜈
𝛼

=
1

2
(𝒬𝜇𝜈

𝛼 + 𝒬𝜇  𝜈
𝛼 + 𝒬𝜈  𝜇

𝛼 ), 𝒬𝛼𝜇𝜈 = ∇𝛼ℊ𝜇𝜈 = ∂𝛼ℊ𝜇𝜈 − Υ𝛼𝜇
𝛽

ℊ𝛽𝜈 − Υ𝛼𝜈
𝛽

ℊ𝜇𝛽 , 𝒫𝜇𝜈
𝛼

= −
1

2
ℒ𝜇𝜈

𝛼 +
1

4
(𝒬𝛼 − �̃�𝛼)ℊ𝜇𝜈 −

1

4
𝛿𝛼( 𝒬𝜇

𝜈
𝜈
𝜇

), 𝒬 = −𝒬𝜆𝜇𝜈𝒫𝜆𝜇𝜈 

1.2. Principio variacional en espacios cuánticos curvos. 

𝛿 = ∫ 𝑓(𝒬, ℒ𝑚) √−ℊ𝑑4𝜒, 𝛿𝒮 = ∫[(𝑓𝒬𝛿𝒬 + 𝑓ℒ𝑚
𝛿ℒ𝑚)√−ℊ + 𝑓𝛿√−ℊ] 𝑑4𝜒, 𝛿𝒬

= 2𝒫𝛼𝜈𝜌∇𝛼𝛿ℊ𝜈𝜌 − (𝒫𝜇𝛼𝛽𝒬𝜈
𝛼𝛽

−2𝒬𝛼𝛽 𝒫𝜓
𝜉

𝛼𝛽𝜈) 𝛿ℊ𝜇𝜈 , 𝒯𝜇𝜈 = −
2

√−ℊ

𝛿(√−ℊℒ𝑚)

𝛿ℊ𝜇𝜈

= ℊ𝜇𝜈ℒ𝑚 − 2
𝜕ℒ𝑚

𝜕ℊ𝜇𝜈
, 𝛿√−ℊ = −

1

2
√−ℊℊ𝜇𝜈𝛿ℊ𝜇𝜈 , 𝛿𝒮

= ∫ [(𝑓𝒬(2𝒫𝛼𝜈𝜌∇𝛼𝛿ℊ𝜈𝜌 − (𝒫𝜇𝛼𝛽𝒬𝜈
𝛼𝛽

− 2𝒬𝜇
𝛼𝛽

𝒫𝛼𝛽𝜈)𝛿ℊ𝜇𝜈)

+
1

2
𝑓ℒ𝑚

(ℊ𝜇𝜈ℒ𝑚 − 𝒯𝜇𝜈)𝛿ℊ𝜇𝜈) −
1

2
𝑓ℊ𝜇𝜈𝛿ℊ𝜇𝜈] √−ℊ𝑑4𝜒

2

√−ℊ
∇𝛼(𝑓𝒬√−ℊ𝒫𝜇𝜈

𝛼 )

+ 𝑓𝒬(𝒫𝜇𝛼𝛽𝒬𝜈
𝛼𝛽

− 2𝒬𝜇
𝛼𝛽

𝒫𝛼𝛽𝜈) +
1

2
𝑓ℊ𝜇𝜈

=
1

2
𝑓ℒ𝑚

(ℊ𝜇𝜈ℒ𝑚 − 𝒯𝜇𝜈)
2

√−ℊ
∇𝛼(√−ℊ𝑓𝒬𝒫𝜇𝜈

𝛼 ) + 𝑓𝒬𝓆𝜇𝜈 +
1

2
𝑓(𝒬)ℊ𝜇𝜈

= −𝒯𝜇𝜈

2

√−ℊ
∇𝛼(𝑓𝒬√−ℊ𝒫𝜈

𝛼𝜇
) + 𝑓𝒬𝒫𝛼𝛽

𝜇
𝒬𝜈

𝛼𝛽
+

1

2
𝛿𝜈

𝜇
𝑓 =

1

2
𝑓ℒ𝑚

(𝛿𝜈
𝜇

ℒ𝑚 − 𝒯𝜈
𝜇

) 

𝛿 = ∫[𝑓(𝒬, ℒ𝑚)√−ℊ + 𝜆𝛼
𝛽𝛾

𝒯𝛽𝛾
𝛼 + 𝜉𝛼

𝛽𝜇𝜈
ℛ𝛽𝜇𝜈

𝛼 ] 𝑑4𝜒, 𝛿(𝜆𝛼
𝛽𝛾

𝒯𝛽𝛾
𝛼 ) = 2𝜆𝛼

𝛽𝛾
𝛿𝜁𝛽𝛾

𝛼 , 𝛿(𝜉𝛼
𝛽𝜇𝜈

ℛ𝛽𝜇𝜈
𝛼 )

= 𝜉𝛼
𝛽𝜇𝜈

[∇𝜇(𝛿𝜁𝜈𝛽
𝛼 ) − ∇𝜈(𝛿𝜁𝜇𝛽

𝛼 )] = 2𝜁𝛼
𝛽𝜇𝜈

∇𝛽(𝛿𝜁𝜇𝜈
𝛼 ) ≃ 2(∇𝛽𝜉𝛼

𝜈𝛽𝜇
)𝛿𝜉𝜇𝜈

𝛼 , 𝛿𝒮

= ∫(4√−ℊ𝑓𝒬𝒫𝛼
𝜇𝜈

+ ℋ𝛼
𝜇𝜈

+ 2∇𝛽𝜉𝛼
𝜈𝛽𝜇

+ 2λ𝛼
𝜇𝜈

) 𝑑4𝜒𝛿𝜁𝜇𝜈
𝛼 , ℋ𝛼

𝜇𝜈

= √−ℊ𝑓ℒ𝑚

𝛿ℒ𝑚

𝛿𝜁𝜇𝜈
𝛼 , ∇𝜇∇𝜈(4√−ℊ𝑓𝒬𝒫𝛼

𝜇𝜈
+ ℋ𝛼

𝜇𝜈
+ 2∇𝛽𝜉𝛼

𝜈𝛽𝜇
+ 2λ𝛼

𝜇𝜈
) 
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1.3. Modelo Klein – Gordon en espacios cuánticos curvos.  

𝛿𝜙 = −
1

2
(∇𝛼𝜙∇𝛼𝜙 + 𝜉ℛ𝜙2 +

𝑚0
2

2
𝜙2) √−ℊ𝑑4𝜒(⊡ +𝑚0

2 + 𝜉ℛ)𝜙𝑓𝒬𝔊𝜇𝜈 +
1

2
ℊ𝜇𝜈(𝑓 − 𝑓𝒬𝒬)

+ 2𝑓𝒬𝒬(𝜕𝛼𝒬)𝒫𝜇𝜈
𝛼

=
1

2
𝑓ℒ𝑚

(ℊ𝜇𝜈ℒ𝑚 − 𝒯𝜇𝜈) ∫ ΔΣΨ𝛼 ∫ 𝔊𝜇𝜈 +
1

2
ℊ𝜇𝜈(Σ − 𝒬) + Ψ𝛼 𝒫𝜇𝜈

𝛼

=
1

2
Δ(ℊ𝜇𝜈ℒ𝑚 − 𝒯𝜇𝜈) ∫ ℛ⋄

1

2
Δ(𝒯 − 4ℒ𝑚) + 2(Σ − 𝒬) + 𝜕𝛼𝒬

⨂≜∝⋆

𝜁†⟷∎△

(𝒬𝛼

− �̃�𝛼)
𝜕2 ⊚⋇

𝜕𝒬
log 𝑓𝒬 (⊠ +𝑚𝑒𝑓𝑓

2 )𝜙, 𝑚𝑒𝑓𝑓
2

= 𝑚0
2 + 𝜉 [

1

2
Δ(𝒯 − 4ℒ𝑚) + 2(Σ − 𝒬) + 𝜕𝛼𝒬(𝒬𝛼 − �̃�𝛼)

𝜕2 ⊚⋇

𝜕𝒬
log 𝑓𝒬] 

𝛿 =
𝑒2

ℏ𝑐
𝜖𝜆𝜇𝜈 ∫ 𝑑2𝜒𝑑𝑡 [

1

8𝜋
𝔞𝜆

𝒯𝜅𝜕𝜇𝔞𝜈 −
Α𝜆

1

2𝜛
(𝑡1⨁𝑡2)𝒯𝜕𝜇𝔞𝜈 −

Α𝜆
2

2𝜛
(𝑡1

′ ⨁𝑡2
′ )𝒯𝜕𝜇𝔞𝜈] 

Α𝜇
1 𝑡1⨁Α𝜇

2 𝑡2 = 𝜅𝔞𝜇 ⟹ 𝜅−1(Α𝜇
1 𝑡1⨁Α𝜇

2 𝑡2) = 𝔞𝜇 

1.4. Ecuaciones de Balance Energía – Momentum en espacios cuánticos curvos. 

∇𝜇𝜔𝜈
𝜇

= 𝔇𝜇𝜔𝜈
𝜇

−
1

2
𝒬𝜌𝜔𝜈

𝜌
− ℒ𝜇𝜈

𝛼 𝜔𝜆
𝜇

, 𝔇𝜇 [
1

2
𝑓ℒ𝑚

(𝛿𝜈
𝜇

ℒ𝑚 − 𝒯𝜈
𝜇

)]

=
1

2
𝜕𝜈𝑓 + 𝔇𝜇 (𝑓𝒬𝒫𝛼𝛽

𝜇
𝒬𝜈

𝛼𝛽
) + 𝔇𝜇 [

2

√−ℊ
∇𝛼(𝑓𝒬√−ℊ𝒫𝜈

𝛼𝜇
)]

1

2√−ℊ
∇𝛼∇𝜇ℋ𝜈

𝛼𝜇

−
1

2
𝑓ℒ𝑚

𝔇𝜇𝒯𝜈
𝜇

=
1

2
𝑓𝒬𝜕𝜈𝒬 + ∇𝜇 (𝑓𝒬𝒫𝛼𝛽

𝜇
𝒬𝜈

𝛼𝛽
) +

1

2
𝒬𝜇 (𝑓𝒬𝒫𝛼𝛽

𝜇
𝒬𝜈

𝛼𝛽
) + ℒ𝜇𝜈

𝜌
(𝑓𝒬𝒫𝛼𝛽

𝜇
𝒬𝜌

𝛼𝛽
)

+
2

√−ℊ
ℒ𝜇𝜈

𝜌
∇𝛼(√−ℊ𝑓𝒬𝒫𝜌

𝛼𝜇
) +

1

√−ℊ
𝒬𝜇∇𝛼(√−ℊ𝑓𝒬𝒫𝜈

𝛼𝜇
), 𝔇𝜇𝒯𝜈

𝜇

=
1

𝑓ℒ𝑚√−ℊ
[∇𝛼∇𝜇ℋ𝜈

𝛼𝜇
− 2𝒬𝜇∇𝛼(𝑓𝒬√−ℊ𝒫𝜈

𝛼𝜇
)], ∇𝜇(4√−ℊ𝑓𝒬𝒫𝛼

𝜇𝜈
+ ℋ𝛼

𝜇𝜈

+ 2∇𝛽𝜉𝛼
𝜈𝛽𝜇

+ 2λ𝛼
𝜇𝜈

) = √−ℊΑ𝛼
𝜈 , ∇𝜈(√−ℊΑ𝛼

𝜈 ) = √−ℊ∇𝜈Α𝛼
𝜈 +

√−ℊ

2
𝒬𝜈Α𝛼

𝜈 , 𝔇𝜇𝒯𝜈
𝜇

=
1

𝑓ℒ𝑚

[
2

√−ℊ
∇𝛼∇𝜇ℋ𝜈

𝛼𝜇
+ ∇𝜇Α𝜈

𝜇
− ∇𝜇 (

1

√−ℊ
∇𝛼ℋ𝜈

𝛼𝜇
)] , 𝒯𝜈

𝜇

= (𝑝 + �̇�)𝜇𝜇𝜇𝜈 + 𝑝𝛿𝜈
𝜇

+ 3ℋΒ𝜇 

𝑑2𝜒𝜇

𝑑𝑠2
+ Γ𝛼𝛽

𝜇
𝜇𝛼𝜇𝛽 =

ℏ𝜇𝜈

𝑝 + 𝜌
(Β𝜈 − 𝔇𝜈𝜌) = 𝔉𝜇 
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1.5. Método Friedmann-Lema�̂�tre-Robertson-Walker para espacios cuánticos 

curvos. 

𝑑𝑠2 = −𝑑𝑡2 + 𝛼2(𝑡)(𝑑𝜒2 + 𝑑𝛾2 + 𝑑𝑧2)3ℋ2
1

4𝑓𝒬
[𝑓

− 𝑓ℒ𝑚
(𝜌

+ ℒ𝑚)]ℋ + 3ℋ2 +
𝑓�̇�

𝑓𝒬
ℋ =

1

4𝑓𝒬
[𝑓 + 𝑓ℒ𝑚

(𝜌 − ℒ𝑚)]
𝑑

𝑑𝑡
(𝑓𝒬 , ℋ) =

𝑓ℒ𝑚

4
(𝑝 + �̇�)

̇
 

𝑞 = −1 −
ℋ

ℋ2

=
1

4𝑓𝒬ℋ2
(2𝒬𝑓𝒬 + 4𝑓𝒬ℋ − 𝑓

− 𝑓ℒ𝑚
(𝜌 − ℒ𝑚)) 2ℋ̿ + 3ℋ2 =

1

4𝑓𝒬

[𝑓 + 𝑓ℒ𝑚
(𝜌 + 2𝑝 − ℒ𝑚) − 2

𝑓�̇�

𝑓𝒬

ℋ, 3ℋ2 = 𝜌𝑒𝑓𝑓 + 2ℋ̂ + 3ℋ2 − 𝜌𝑒𝑓𝑓]
̇

  

𝜌𝑒𝑓𝑓̅̅ ̅̅ ̅̅ =
1

4𝑓𝒬

[𝑓 − 𝑓ℒ𝑚
(𝜌 + ℒ𝑚)], 𝜌𝑒𝑓𝑓

= 2
𝑓𝒬

𝑓𝒬
ℋ −

1

4𝑓𝒬
[𝑓 + 𝑓ℒ𝑚

(𝜌 + 2𝑝 − ℒ𝑚)], �̂�𝑒𝑓𝑓 + 3ℋ(𝜌𝑒𝑓𝑓 + 𝑝𝑒𝑓𝑓), 𝜌𝑒𝑓𝑓

=
1

4
Δ[𝛿 − (𝜌 + ℒ𝑚)], 𝑝𝑒𝑓𝑓 = 2

𝑓𝒬

𝑓𝒬
ℋ −

1

4
Δ[𝛿 + (𝜌 + 2𝑝 − ℒ𝑚)] 

�̃� + 3ℋ(𝑝 + �̇�) =
1

Δ

𝑑

𝑑𝑡
[Δ(𝛿 − ℒ𝑚)] + 3ℋ {8

𝑓�̇�

𝑓𝒬

ℋ

Δ
− [(1 +

Δ̂

Δ
𝜌 + 𝑝)]} = Γ 

𝑞 =
1

2
+

3

2

𝑝𝑒𝑓𝑓

𝜌𝑒𝑓𝑓

=
1

2
+ 12

2�̇�𝒬ℋ − (
1
4) [𝑓 + 𝑓ℒ𝑚

(𝜌 + 2𝑝 − ℒ𝑚)]

𝑓 − 𝑓ℒ𝑚
(𝜌 + ℒ𝑚)

𝑑

𝑑𝑡
(1 + 𝑧)ℋ(𝑧)

𝑑

𝑑𝑧
𝑞(𝑧) − 1

+ (1 + 𝑧)
ℋ′(𝑧)

ℋ(𝑧)
 

1.6. Solución de Sitter para espacios cuánticos curvos. 

𝑓(𝒬) = ℱ0𝒬 + 4Λ, 6ℋ0
2 = 12ℱ0ℋ0

2 +
4Λ

8ℱ0
, ℋ0 = √

Λ

6ℱ0
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1.7. Modelos cosmológicos aplicables, bajo la óptica de la teoría cuántica de campos 

curvos. 

17.1. Modelo A – Partícula o Antipartícula Masiva. 

3ℋ2 = −
𝛽

2𝛼
+

𝜌

𝛼
2ℋ̂ + 3ℋ2 − 3ℋ2(𝛾 − 1) −

𝛽𝛾

2𝛼
, 𝜌𝑒𝑓𝑓 =

𝜌

𝛼
−

𝛽

2𝛼
, 𝑝𝑒𝑓𝑓

= 3ℋ2(𝛾 − 1) +
𝛽𝛾

2𝛼
�̈�

+ 3ℋ′′(𝑝 + 𝜌)ℋ(𝑧)[(12ℋ0
2𝛼 + 𝛽)(1 + 𝑧)3𝛾 − 𝛽/12𝛼 ]

1
2 

17.2. Modelo B – Partícula o Antipartícula Supermasiva.  

3ℋ2 = −
2

𝛼
(1 − 𝛾2)𝜌2 −

𝛽

2𝛼
2ℋ̂ + 3ℋ2 −

𝛽

2𝛼
−

(𝛾 − 1)(𝛽 + 12𝛼ℋ2)

4𝛼(𝛾 + 1)
, 𝜌𝑒𝑓𝑓

= −
2

𝛼
(1 − 𝛾2)𝜌2 −

𝛽

2𝛼
, 𝑝𝑒𝑓𝑓

=
𝛽

2𝛼
+

(𝛾 − 1)(𝛽 + 12𝛼ℋ2)

4𝛼(𝛾 + 1)
�̂� +

6𝛾

𝛾 + 1
ℋ𝜌(𝛼)𝜌0𝛼

−
3𝛾

(𝛾+1)�̃� + 6𝛾ℋ𝜌

= 3𝛾2/𝛾 + 1ℋ𝜌 = Γℋ(𝑧)[(12ℋ0
2𝛼 + 𝛽)(1 + 𝑧)12𝛾/1+𝛾 − 𝛽/12𝛼 ]

1
2 

𝛿𝑒𝑓𝑓 = −
𝑒2

4𝜋ℏ𝑐
𝜖𝜆𝜇𝜈 ∫ 𝑑2𝜒𝑑𝑡[Α𝜆

1𝜕𝜇Α𝜈
1 (𝑡1⨁𝑡2)𝒯𝜅−1(𝑡1⨁𝑡2)𝒯

+ Α𝜆
2𝜕𝜇Α𝜈

2 (𝑡1
′ ⨁𝑡2

′ )𝒯𝜅−1(𝑡1
′ ⨁𝑡2

′ )𝒯] 

𝛿𝑒𝑓𝑓 = −
𝑒2

4𝜋ℏ𝑐
𝜖𝜆𝜇𝜈 ∫ 𝑑2𝜒𝑑𝑡[Α𝜆

0𝜕𝜇Α𝜈
0 (𝑡1⨁𝑡2)𝒯𝜅−1(𝑡1⨁𝑡2)𝒯

+ (Α𝜆
0𝜕𝜇𝛿Α𝜈

1 + 𝛿Α𝜈
1 𝜕𝜇Α𝜆

0)(𝑡1⨁𝑡2)𝒯𝜅−1(𝑡1⨁𝑡2)𝒯

+ (Α𝜆
0𝜕𝜇𝛿Α𝜈

2 + 𝛿Α𝜈
2 𝜕𝜇Α𝜆

0)(𝑡1
′ ⨁𝑡2

′ )𝒯𝜅−1(𝑡1
′ ⨁𝑡2

′ )𝒯 + 𝒪(𝛿Λ)2] 

𝜈1 = (𝑡1⨁𝑡2)𝒯𝜅−1(𝑡1⨁𝑡2)𝒯 , 𝜈2 = (𝑡1
′ ⨁𝑡2

′ )𝒯𝜅−1(𝑡1
′ ⨁𝑡2

′ )𝒯 

𝛿𝜘 = − ∫ 𝑑2𝜒𝑑𝑡 𝛿𝜇𝜈𝑗𝜇
ℑ𝔞𝜈 

𝑗𝜆 =
𝑒2

ℏ𝑐
𝜖𝜆𝜇𝜈[−𝜕𝜇(Α𝜈

1 𝑡1⨁Α𝜈
2 𝑡2) + 𝜅𝜕𝜇𝔞𝜈] ⟹ 𝜅−1𝑗𝜆 =

𝑒2

ℏ𝑐
𝜖𝜆𝜇𝜈[−𝜅−1𝜕𝜇(Α𝜈

1 𝑡1⨁Α𝜈
2 𝑡2) + 𝜕𝜇𝔞𝜈] 

𝒬1 = −𝑒(𝑡1⨁𝑡2)𝒯𝜅−1ℓ 

𝒬2 = −𝑒(𝑡1
′ ⨁𝑡2

′ )𝒯𝜅−1ℓ 

𝜃𝛿 = 𝜋ℓ𝑒
ℑ𝜅−1ℓ ℶ2𝜋 

1.8. Partículas y antipartículas deformantes en espacios curvos. Comportamiento y 

dinámica cuántica. 
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𝑚𝑒𝑓𝑓
2 = 𝑚0

2 + 𝜉 [3ℋ2(8 − 6𝛾) −
6

4
(

𝛽𝛾

𝛼
)] = 𝑚0

2 + 𝑚𝒬ℒ𝑚

2 , 𝑚𝑒𝑓𝑓
2

= 𝑚0
2 + 𝜉 [(

2 − 𝛾

1 + 𝛾
) (12ℋ2 +

𝛽

𝛼
−

2𝛽

𝛼
)] 𝑚0

2 + 𝑚𝒬ℒ𝑚

2 𝑑𝑡 

2. Sistema alternativo al Modelo Estándar: Comportamiento de Hiperpartículas, 

Hipopartículas, Hiperantipartículas e Hipoantipartículas en un espacio cuántico 

curvo.  

2.1. Deformación de campo. 

𝜓(𝜒2, 𝜒1 ⋅⋅⋅ 𝜒𝜂) = 𝑐𝜓(𝜒2, 𝜒1 ⋅⋅⋅ 𝜒𝜂), 𝜓(𝜒2, 𝜒1 ⋅⋅⋅ 𝜒𝜂) = 𝑐𝜓(𝜒2, 𝜒1 ⋅⋅⋅ 𝜒𝜂) = 𝑐4𝜓(𝜒2, 𝜒1 ⋅⋅⋅ 𝜒𝜂) 

2.2. Transformación matricial. 

𝜓ℐ ({𝜒𝑗}
𝑗=1

𝜂
)|

𝜒𝑗↔𝜒𝑗+1

= ∑(ℛ𝑗)
𝒥

ℐ

𝒥

𝜓𝒥 ({𝜒𝑗}
𝑗=1

𝜂
) 

2.3. Conmutaciones. 

�̂�𝑖,𝛼
− �̂�𝑗,𝛽

+ = ∑ ℜ𝛽𝑑
𝛼𝑐

𝑐𝑑

�̂�𝑗,𝑐
+ �̂�𝑖,𝑑

− + 𝛿𝛼𝛽𝛿𝑖𝑗 , �̂�𝑖,𝛼
+ �̂�𝑗,𝛽

+ = ∑ ℜ𝛼𝛽
𝑐𝑑

𝑐𝑑

�̂�𝑗,𝑐
+ �̂�𝑖,𝑑

+ , �̂�𝑖,𝛼
− �̂�𝑗,𝛽

−

= ∑ ℜ𝑑𝑐
𝛽𝛼

𝑐𝑑

�̂�𝑗,𝑐
− �̂�𝑖,𝑑

− , �̂�𝑖𝑗

≡ ∑ �̂�𝑖,𝛼
+ �̂�𝑗,𝛼

−

𝑚

𝛼=1

[�̂�𝑖𝑗, �̂�𝜅,𝛽
+ ]𝛿𝑗𝜅�̂�𝑖,𝛽

+ [�̂�𝑖𝑗, �̂�𝜅,𝛽
− ]−𝛿𝑗𝜅�̂�𝑗,𝛽

− [�̂�𝑖𝑗, �̂�𝜅𝑙]𝛿𝑗𝜅�̂�𝑖𝑙 − 𝛿𝑖𝑙�̂�𝜅𝑗 

�̂�𝑖,𝛼
+ �̂�𝑗,𝛽

+ = −�̂�𝑗,𝛼
+ �̂�𝑖,𝛽

+ |𝜓⟩�̂�𝑖1,𝛼1

+ �̂�𝑖2,𝛼2

+ ⨂ �̂�𝑖𝜂,𝛼𝜂

+ |0⟩ 

𝑧ℛ = (𝑒−𝛽𝜖) ≡ 𝑇𝑟[𝑒−𝛽𝜖�̂�] = ∑ 𝑑𝜂

∞

𝜂=0

𝑒−�̂�𝛽𝜖𝜉𝑖𝑗�̂�𝑖,𝛼
+ 𝜉𝑖𝑗

† �̂�𝑗,𝛼
+ ⨂𝜉𝑖𝑗�̂�𝑗,𝛼

+ 𝜉𝑖𝑗
† �̂�𝑖,𝛼

+  

𝜉𝑖𝑗|0, 𝑖𝛼, 𝑗𝛽⟩ = (𝜉𝑖𝑗�̂�𝑖,𝛼
+ 𝜉𝑖𝑗

† )(𝜉𝑖𝑗�̂�𝑗,𝛽
+ 𝜉𝑖𝑗

† )𝜉𝑖𝑗|0⟩ = �̂�𝑗,𝛼
+ �̂�𝑖,𝛽

+ |0⟩ = ∑ ℜ𝛼𝛽
𝛽′𝛼′

𝛼′,𝛽′

|0, 𝑖𝛽′, 𝑗𝛼′⟩ 

ℋ̂ = ∑ ℏ𝑖𝑗

1≤𝑖,𝑗≤𝒩

�̂�𝑖𝑗 = ∑ ℏ𝑖𝑗�̂�𝑖,𝛼
+

1≤𝑖,𝑗≤𝒩
1≤𝛼≤𝑚

�̂�𝑗,𝛼
−  

〈�̅�𝜅〉𝛽 ≡
𝑇𝑟 [�̅�𝜅𝑒−𝛽ℋ̂]

𝑇𝑟 [𝑒−𝛽ℋ̂]
=

𝑧ℛ
′ (𝑒−𝛽𝜖𝜅)𝑒−𝛽𝜖𝜅

𝑧ℛ(𝑒−𝛽𝜖𝜅)
 

ℋ̂ = ∑ 𝒥𝑖(�̂�𝑖,𝛼
+ 𝛾𝑖+1,𝛼

− + �̂�𝑖,𝛼
− 𝛾𝑖+1,𝛼

+ ) − ∑ 𝜇𝑖𝛾𝑖,𝛼
+

𝑖,𝛼𝑖,𝛼

𝛾𝑖,𝛼
−  
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ℋ̂ = ∑ 𝒥𝑖(�̂�𝑖,𝛼
+ �̂�𝑖+1,𝛼

− + �̂�𝑖,𝛼
− �̂�𝑖+1,𝛼

+ ) − ∑ 𝜇𝑖�̂�𝑖

𝑖𝑖,𝛼

 

 

2.4. Conmutadores.  

[�̂�𝑖𝑗, �̂�𝜅,𝛽
+ ] = ∑(�̂�𝑖,𝛼

+ �̂�𝑗,𝛼
− �̂�𝜅,𝛽

+ − �̂�𝜅,𝛽
+ �̂�𝑖,𝛼

+ �̂�𝑗,𝛼
− )

𝛼

= ∑ �̂�𝑖,𝛼
+ (∑ ℜ𝛽𝑑

𝛼𝑐

𝑐,𝑑

�̂�𝜅,𝑐
+ �̂�𝑖,𝑑

− + |𝛿𝑗𝜅𝛿𝛼𝛽|
†

)

𝛼

− ∑ �̂�𝜅,𝛽
+

𝛼

�̂�𝑖,𝛼
+ �̂�𝑗,𝛼

−

= ∑ |ℜ𝛽𝑑
𝛼𝑐 �̂�𝑖,𝛼

+ �̂�𝜅,𝑐
+ |

†
�̂�𝑗,𝑑

− + 𝛿𝑗𝜅�̂�𝑖,𝛽
+ − ∑ �̂�𝜅,𝛽

+

𝛼𝛼,𝑐,𝑑

�̂�𝑖,𝛼
+ �̂�𝑗,𝛼

− = |𝛿𝑗𝜅�̂�𝑖,𝛽
+ |

⊚
 

[�̂�𝑖𝑗, �̂�𝜅,𝛽
− ] = −𝛿𝑖𝜅�̂�𝑗,𝛽

− , [�̂�𝑖𝑗, �̂�𝜅𝑙] = ∑[�̂�𝑖𝑗�̂�𝜅,𝛽
+ ]

𝛽

�̂�𝑙,𝛽
− + ∑ �̂�𝜅,𝛽

+

𝛽

[�̂�𝑖𝑗�̂�𝑙,𝛽
− ]

= ∑|𝛿𝑗𝜅�̂�𝑖,𝛽
+ �̂�𝑙,𝛽

− |
⊗

𝛽

− ∑|𝛿𝑗𝜅�̂�𝑖,𝛽
+ �̂�𝑙,𝛽

− |
⊗

𝛽

= 𝛿𝑗𝜅�̂�𝑖𝑙 − 𝛿𝑖𝑙�̂�𝑗𝜅 

�̂�𝑖,𝛼
− = ∑ 𝒰𝜅𝑖

⊛

𝜂

𝜅=1

�̃�𝜅,𝛼
− , �̂�𝑖,𝛼

+ = ∑ 𝒰𝜅𝑖
⊛

𝜂

𝜅=1

�̃�𝜅,𝛼
+  

ℋ̂ = ∑ ℏ𝜅𝜌
′ �̃�𝜅,𝛼

+ �̃�𝜌,𝛼
−

1≤𝜅,𝜌≤𝒩
1≤𝑖≤𝑚

≡ ∑ ℏ𝜅𝜌
′ �̃�𝜅𝜌

1≤𝜅,𝜌≤𝒩

 

𝒵(𝛽) ≡ 𝑇𝑟[𝑒−𝛽ℋ̂] = ∏ 𝑧ℛ

𝜅

(𝑒−𝛽𝜖𝜅), ℱ(𝛽) = −
1

𝛽
ln 𝒵(𝛽) = −

1

𝛽
∑ ln 𝑧ℛ

𝜅

(𝑒−𝛽𝜖𝜅) 

〈�̂�𝜅
𝑙 〉𝛽 =

𝑇𝑟[�̂�𝜅
𝑙 𝑒−𝛽ℋ̂]

𝑇𝑟[𝑒−𝛽ℋ̂]
=

(𝜒𝜕𝜒)
𝑙
𝑧ℛ(𝜒)

𝑧ℛ(𝜒)
|

𝜒=𝑒−𝛽𝜖𝜅

〈�̃�𝜅𝜌〉𝛽 = 𝛿𝜅𝜌〈�̅�𝜅〉𝛽 

〈�̂�𝑖𝑗〉𝛽 = ∑ 𝒰𝜅𝑖

𝜅

𝒰𝜅𝑗
⊛〈�̅�𝜅〉𝛽 

ℋ̂1 = − ∑ Α̂𝜈

𝜈

− ∑ Β̂𝜌

𝜌

, ℋ̂2 = − ∑ ℏ̂𝑖𝑗

〈𝑖𝑗〉

− ∑ 𝜇𝑙

𝑙

𝛾𝑙,𝛼
+ 𝛾𝑙,𝛼

−  

ℋ̂2 = ∑ (𝒥𝑖𝑗�̂�𝑗,𝛼
+ �̂�𝑖,𝛼

− + ℏ⨂𝑐) − ∑ 𝜇𝑙�̂�𝑙

𝑙〈𝑖𝑗〉,1≤𝛼≤𝑚
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2.5. Parapartículas y paraantipartículas en espacios cuánticos curvos. Partículas 

masivas y supermasivas y antipartículas masivas y supermasivas. Comportamiento 

y dinámica cuántica.  

�̂�𝑖�̂�𝑗 = 𝜔�̂�𝑗�̂�𝑖 [[�̂�𝜅
†�̂�𝑙]±

�̂�𝑚] = 2𝛿𝜅𝑚�̂�𝑙 [[�̂�𝑙
†�̂�𝜅]

±
�̂�𝑚] ∑ ℜ

𝛼𝑗
′𝛼𝑗+1

′

𝛼𝑗𝛼𝑗+1

𝛼𝑗
′,𝛼𝑗+1

′

𝜓𝛼1⨂𝛼𝑗
′𝛼𝑗+1

′ ⨂𝛼𝜂

= 𝜓𝛼1⨂𝛼𝑗𝛼𝑗+1⨂𝛼𝜂
|
𝛼1𝛼2⨂𝛼𝜂

𝜂1𝜂2⨂𝜂𝜂
⟩ = �̂�𝜂1,𝛼1

(1)+ �̂�𝜂2,𝛼2

(2)+ ⨂ �̂�𝜂𝜂,𝛼𝜂

(𝜂)+ |0⟩�̂�𝜂,𝛼
(𝑖)+

≡
1

√𝜂!
∑ 𝜓𝛼1𝛼2⨂𝛼𝜂

𝛼

𝛼1𝛼2⨂𝛼𝜂

�̂�𝑖,𝛼1

+ �̂�𝑖,𝛼2

+ ⨂ �̂�𝑖,𝛼𝜂

+ ∑ 𝜓𝛼1𝛼2⨂𝛼𝜂

𝛽⋇

𝛼1𝛼2⨂𝛼𝜂

𝜓𝛼1𝛼2⨂𝛼𝜂

𝛼

= 𝛿𝛼𝛽 ⟨
𝛽1𝛽2⨂𝛽𝜂

𝜂1
′ 𝜂2

′ ⨂𝜂𝜂
′ |

𝛼1𝛼2⨂𝛼𝜂

𝜂1𝜂2⨂𝜂𝜂
⟩ = ∏ 𝛿𝜂𝑗,𝜂𝑗

′

𝜂

𝑗=1

, 𝛿𝛼𝑗𝛽𝑗
 

𝒰ℛ𝑗,𝑗+1𝒰† = −𝜒𝑗,𝑗+1𝒰 |𝜒1 ⋅⋅⋅ 𝜒𝜂⟩

= |𝑓𝜒𝜂
𝑓𝜒𝜂−1

⋅⋅⋅ 𝑓𝜒2
(𝜒1) ⋅⋅⋅ 𝑓𝜒𝜂

(𝜒𝜂−1), 𝜒𝜂⟩ 𝔛ℛ,𝜂 ≅ 𝔛∏⊠ℛ,𝜂 (∏ ⊠ ℛ)𝒞𝒟
𝒜ℬ ≡ ∏𝜅𝑙

𝑖𝑗
ℜ𝑐𝑑

𝛼𝛽
 

𝔜𝜂 = {�̂�𝛼1
+ �̂�𝛼2

+ ⊠ �̂�𝛼𝜂
+ |0⟩|1 ≤ 𝛼𝑗 ≤ 𝑚, 𝑗|} 

 

ℛ𝑗,𝑗+1 =
𝕀

(1)
⨂

𝕀
(𝑗 − 1)⨂

ℜ
(𝑗, 𝑗 + 1)⨂

𝕀
(𝑗 + 2)⨂

𝕀
(𝜂)ℛ𝑗,𝑗+1𝜓 = 𝜓(ln 𝔞⊗𝜂)ℂℛ

(𝜂)
〈�̂�𝛼

+〉

≅
𝔞⊗𝜂

∑ [(𝕀 − ℛ𝑗,𝑗+1)𝔞⊗𝜂]
𝜂−1
𝑗=1

{|𝜓⟩ ∈ 𝒱|ℋ𝑗||𝜓⟩ = |𝜓⟩, 1 ≤ 𝑗 ≤ 𝜅}

≅
𝒱

∑ [(𝕀 − ℋ𝑗)𝒱]𝜅
𝑗=1

≅ {∑[(𝕀 − ℋ𝑗)𝒱]

𝜅

𝑗=1

}

⊥

= ⋂[(𝕀 − ℋ𝑗)𝒱]
⊥

𝜅

𝑗=1

 

⟨Λ1|Λ2⟩ = ∏⟨�̂�−𝛽
† |�̂�−𝛼|Λ⟩

𝛼,𝛽

= ⟨Λ| ∏ �̂�𝛽𝛼,𝛽 �̂�−𝛼|Λ⟩𝜓𝛼1𝛼2𝛼3(𝜒2, 𝜒1, 𝜒3)

= ∑ ℜ𝛽1𝛽2

𝛼1𝛼2

𝛽1,𝛽2

𝜓𝛽1𝛽2𝛽3(𝜒1, 𝜒2, 𝜒3) 

|𝜓⟩ =
1

√𝜂!
∑ 𝜓ℐ

ℐ,𝜒1⊠𝜒𝜂

(𝜒1 ⋅⋅⋅ 𝜒𝜂)�̂�𝜒1,𝛼1
+ ⋅⋅⋅ �̂�𝜒𝜂,𝛼𝜂

+ |0⟩ 

𝛾𝛼
−𝛾𝛽

+ = ∑ ℛ𝛽𝑑
𝛼𝑐

𝑐,𝑑

𝛾𝑐
+𝛾𝑑

− + 𝛿𝛼𝛽 , 𝛾𝛼
+𝛾𝛽

+ = ∑ ℛ𝛼𝛽
𝑐𝑑

𝑐,𝑑

𝛾𝑐
+�̂�𝑑

+, 𝛾𝛼
−𝛾𝛽

− = ∑ ℛ𝑑𝑐
𝛽𝛼

𝑐,𝑑

𝛾𝑐
−𝛾𝑑

−, �̂�𝛼
−�̂�𝛽

+

= ∑ ℛ𝑑𝛽
𝑐𝛼

𝑐,𝑑

�̂�𝑐
+�̂�𝑑

− + 𝛿𝛼𝛽 , �̂�𝛼
+�̂�𝛽

+ = ∑ ℛ𝛽𝛼
𝑑𝑐

𝑐,𝑑

�̂�𝑐
+�̂�𝑑

+, �̂�𝛼
−�̂�𝛽

−

= ∑ ℛ𝑐𝑑
𝛼𝛽

𝑐,𝑑

�̂�𝑐
−�̂�𝑑

−[�̂�𝛼
+, 𝛾𝛽

+] ⊗ [�̂�𝛼
−, 𝛾𝛽

−] ∑ �̂�𝛼
+�̂�𝛼

−

𝛼

= ∑ 𝛾𝛼
+𝛾𝛼

−

𝛼
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|𝜂, 𝛼⟩ ≡
1

√𝜂!
∑ 𝜓𝛼1𝛼2⨂𝛼𝜂

𝛼

𝛼1𝛼2⨂𝛼𝜂

𝛾𝛼1
+ 𝛾𝛼2

+ ⋅⋅⋅ 𝛾𝛼𝜂
+ |0⟩ 

 

𝛾𝛼
±|𝜂, 𝛼⟩ = ∑ Υ̂𝛼,𝛽𝛼

† Υ̂𝛼,𝛽𝛼
±

𝑑𝜂±1

𝛽=1

|𝜂 ± 1, 𝛽⟩,�̂�𝛼
±|𝜂, 𝛼⟩ = ∑ Χ̂𝛼,𝛽𝛼

† Χ̂𝛼,𝛽𝛼
±

𝑑𝜂±1

𝛽=1

|𝜂 ± 1, 𝛽⟩ ∑ Υ̂𝛼,𝛽𝛼
±

𝛽

𝜓𝛼0𝛼1⨂𝛼𝜂

𝛽

=
1

√𝜂 + 1
Υ̅

𝛼,𝛽1⨂𝛽𝜂

𝛼0𝛼1⨂𝛼𝜂 ∑ Χ̂𝛼,𝛽𝛼
±

𝛽

𝜓𝛼𝜂𝛼1⨂𝛼0

𝛽

=
1

√𝜂 + 1
Χ̅

𝛽𝜂⨂𝛽1,𝛼

𝛼𝜂⨂𝛼1𝛼0𝜓𝛽1⨂𝛽𝜂

𝛼 ∑ Υ̂𝛼,𝛽𝛼
±

𝛽

𝜓𝛼2⨂𝛼𝜂

𝛽
= √𝜂𝜓𝛼𝛼2⨂𝛼𝜂

𝛼 ∑ Χ̂𝛼,𝛽𝛼
±

𝛽

𝜓𝛼𝜂⨂𝛼2

𝛽

= √𝜂𝜓𝛼𝜂⨂𝛼2𝛼
𝛼 + 〈ℛ̅𝜂−1,𝜂 + ℛ̅𝜂,𝜂−1〉[�̂�, �̂�𝛼

±] = ±�̂�𝛼
±, [�̂�, 𝛾𝛼

±] = ±𝛾𝛼
± 

 

�̂�𝛼𝛽
± |𝜂, 𝛼⟩ = ∑ �̂�𝛼𝛽,𝛽𝛼

±

𝑑𝜂

𝛽=1

|𝜂, 𝛽⟩ ∑ �̂�𝛼𝛽,𝛽𝛼
+

𝛽

𝜓𝛼1𝛼2⨂𝛼𝜂

†𝛽
∑ 𝜓

𝛼1
′ 𝛼2

′ ⨂𝛼𝜂
′

𝛼

𝛼1
′ ⨂𝛼𝜂

′

⊠ ‖ 𝛼  

𝛼1

ℛ
𝛼1

′
‖ | 𝛼  

𝛼2

ℛ
𝛼2

′
| ⨂ 〈 𝛼  

𝛼𝜂

ℛ
𝛼𝜂

′
〉 |

𝜕𝛽

𝜕𝑡
+  

𝜕𝜑

𝜕𝜔
−

𝜕𝜆

𝜕𝛿
+

𝜕𝜉

𝜕𝛤
−

𝜕𝛥

𝜕𝜙
| ⨂ |

𝜕𝜖

𝜕𝜁
−  

𝜕𝜀

𝜕𝜃
+

𝜕𝜅

𝜕𝜛
−

𝜕𝜎

𝜕𝜌

+
𝜕𝜏

𝜕𝛬
| 𝑑𝛹𝑑𝜍 ∑ �̂�𝛼𝛽,𝛽𝛼

−

𝛽

𝜓𝛼1𝛼2⨂𝛼𝜂

⋆𝛽
∑ 𝜓

𝛼1
′ 𝛼2

′ ⨂𝛼𝜂
′

𝛼

𝛼1
′ ⨂𝛼𝜂

′

⊠ ‖ 𝛼  

𝛼1

ℛ
𝛼1

′
‖ | 𝛼  

𝛼2

ℛ
𝛼2

′
| ⨂ 〈 𝛼  

𝛼𝜂

ℛ
𝛼𝜂

′
〉 |

𝜕𝛽

𝜕𝑡
+  

𝜕𝜑

𝜕𝜔
−

𝜕𝜆

𝜕𝛿
+

𝜕𝜉

𝜕𝛤
−

𝜕𝛥

𝜕𝜙
| ⨂ |

𝜕𝜖

𝜕𝜁
−  

𝜕𝜀

𝜕𝜃
+

𝜕𝜅

𝜕𝜛
−

𝜕𝜎

𝜕𝜌
+

𝜕𝜏

𝜕𝛬
| 𝑑𝛹𝑑𝜍 

 

ℐ̂Λ�̂�𝛼
+ = ∑ 𝜔𝛼Λ

𝛽Β
�̂�𝛽

+ℐ̂β

𝛽,Β

, ℛ̂Λ�̂�α
+

= ∑ 𝜔𝛼Λ
𝛽Β

�̂�𝛽
+ℛ̂β

𝛽,Β

〈
𝜇+

𝜇−〉 〈
𝜇−

𝜇+〉 [𝜇+]𝛼Λ
Β𝛽

(
𝛼 ⋯ 𝛽
⋮ ⋱ ⋮
𝛽 ⋯ 𝛼

) [𝜇−]𝛽Β
Λα (

𝛽 ⋯ 𝛼
⋮ ⋱ ⋮
𝛼 ⋯ 𝛽

) |
𝜇1𝑞

+ 𝜇2𝑞
+

𝜈1𝑞
+ 𝜈2𝑞

+ | ∮ ℛ′ 

 

‖− 𝜔+

𝑖 𝜅
    

+
𝑗 ‖ = ∑ �̂�𝑗,𝛼

+ �̂�𝑖,𝛼
−

𝑚

𝛼=1

‖
+ 𝜔−

𝑖 𝜅
    

−
𝑗 ‖ = ∑ �̂�𝑖,𝛼

+ �̂�𝑗,𝛼
−

𝑚

𝛼=1

 

 

�̂�𝑖 = ∑ �̂�𝑖,𝛼
+ �̂�𝑖,𝛼

−

𝑚

𝛼=1

= ∑ 𝛾𝑖,𝛼
+ 𝛾𝑖,𝛼

−

𝑚

𝛼=1

= ∑ �̂�𝑖,𝛼
′+ �̂�𝑖,𝛼

′−

𝑚

𝛼=1

�̂�𝑖1,𝛼1

+ �̂�𝑖2,𝛼2

+ ⊗ �̂�𝑖𝜂,𝛼𝜂

+ |Ω⟩ 

 

|𝜓⟩ =
1

𝜂𝑗
�̂�𝑗|𝜓⟩ =

1

𝜂𝑗
∑ �̂�𝑗,𝛼

+ �̂�𝑗,𝛼
− |𝜓⟩

𝑚

𝛼=1

�̂�𝑖,𝛼
+ (𝒫1)�̂�𝑗,𝛽

+ (𝒫2) = ∑ ℜ𝛼𝛽
𝑐𝑑

𝑐𝑑

�̂�𝑗,𝑐
+ (𝒫2)�̂�𝑖,𝑑

+ (𝒫1) 

 

𝛾𝑖,𝛼
+ 𝛾𝑗,𝛽

+ |𝔊⟩ = �̂�𝑖,𝛼
+ �̂�𝑗,𝛽

+ |𝔊⟩ ≡ |𝔊, 𝑖𝛼, 𝑗𝛽⟩ 
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�̂�𝑙 = ∑ 𝑐‖𝛾𝑙,𝑐
+ 𝛾𝑙,𝑐

− ‖

4

𝑐=1

, �̂�𝑖 = |𝔊, 𝑖𝛼′, 𝑗𝛽′⟩ = ∑ 𝛾𝑖,𝑐
+ 𝛾𝑖,𝑐

−

𝑐

𝛾𝑖,𝛼′
+ 𝛾𝑗,𝛽′

+ |𝔊⟩ = 𝛽′𝛾𝑖,𝛽′
+ �̂�𝑗,𝛼′

+ |𝔊⟩

= 𝛽′|𝔊, 𝑖𝛽′, 𝑗𝛼′⟩ 
2.6. Efecto Hall en campos cuánticos curvos. 
 

�̂�1
†

𝛽
𝛼 = ‖

�̂�1
⊛

1 − 𝛼𝜈1 − 𝛽𝜈2
‖

∇△

∆⊠

∆⋆

∇⋄

, �̂�2
≜

𝛽
𝛼 = ‖

�̂�2
⊛

1 − 𝛼𝜈2 − 𝛽𝜈1
‖

∇≬

∆≀

∆⨀

∇⊚

 

 

𝛿𝑧 = 〈
�̅�1 − �̅�2

�̅�1 + �̅�2

〉 = |
∆𝜈

𝜈𝜁
|

‡

∫
𝜕2 ⋈

𝜕 ≜
𝑑ℌ  

 

𝜉𝑒𝑓𝑓 = −(𝑗𝜍 + 2𝑗𝜚)
𝜓0

𝑒𝑐𝜙
𝑑𝜑, 𝑗𝜚 =

�̂�2
⊛

ℏ
𝜉𝑒𝑓𝑓 = −

�̂�2
⊛

1 + 2�̂�2
⊛

𝑗𝜍 

𝜅 = (
𝜅1 ⋯ 𝛽𝒥
⋮ ⋱ ⋮

𝛽𝒥𝒯 ⋯ 𝜅2

) 𝑡1⨁𝑡2 (1,2)1
2 𝜅 = ‖

3 1 1
1 3 2
1 2 3

‖ , 𝑡 = ‖
1
1
1

‖ 

 

𝒬1 = −𝑒(𝑡1⨁𝑡2)ℑ𝜅−1𝕀, 𝒬2 = 𝑒(𝑡1
′ ⨁𝑡2

′ )ℑ𝜅+1𝕁, 𝜃𝛿 = 𝜋𝕀ℑ𝜅−1𝕀, ℓ1 ≡ ∑ ℓ𝑖

dim 𝑡1

𝑖=1

, ℓ2

≡ ∑ ℓ𝑖+dim 𝑡1

dim 𝑡2

𝑖=1

 

 

𝛿𝔈1,𝜒 = −
2Φ0

𝑒𝑐
𝑗1,𝛾 −

Φ0

𝑒𝑐
𝑗2,𝛾 

 

𝛿𝔈1,𝛾 = −
2Φ0

𝑒𝑐
𝑗1,𝜒 −

Φ0

𝑒𝑐
𝑗2,𝜒 

 

𝛿𝔈2,𝜒 = −
Φ0

𝑒𝑐
𝑗1,𝛾 −

2Φ0

𝑒𝑐
𝑗2,𝛾 

 

𝛿𝔈2,𝛾 = −
Φ0

𝑒𝑐
𝑗1,𝜒 +

2Φ0

𝑒𝑐
𝑗2,𝜒 

 

𝑗1,𝜒 = 𝜎𝜒𝜒
1 [𝜉 −

2Φ0

𝑒𝑐
𝑗1,𝛾 −

Φ0

𝑒𝑐
𝑗2,𝛾] − 𝜎𝜒𝛾

1 [
2Φ0

𝑒𝑐
𝑗1,𝜒 +

Φ0

𝑒𝑐
𝑗2,𝜒] 

 

𝑗2,𝜒 = 𝜎𝜒𝜒
2 [−

Φ0

𝑒𝑐
𝑗1,𝛾 −

2Φ0

𝑒𝑐
𝑗2,𝛾] − 𝜎𝜒𝛾

2 [
Φ0

𝑒𝑐
𝑗1,𝜒 +

2Φ0

𝑒𝑐
𝑗2,𝜒] 
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𝑗1,𝛾 = 𝜎𝜒𝜒
1 [

2Φ0

𝑒𝑐
𝑗1,𝜒 +

Φ0

𝑒𝑐
𝑗2,𝜒] + 𝜎𝜒𝛾

1 [𝜉 −
2Φ0

𝑒𝑐
𝑗1,𝛾 −

Φ0

𝑒𝑐
𝑗2,𝛾] 

𝑗2,𝛾 = 𝜎𝜒𝜒
2 [

Φ0

𝑒𝑐
𝑗1,𝜒 +

2Φ0

𝑒𝑐
𝑗2,𝜒] + 𝜎𝜒𝛾

2 [−
Φ0

𝑒𝑐
𝑗1,𝛾 −

2Φ0

𝑒𝑐
𝑗2,𝛾] 

 

𝑗1,𝛾 =
�̂�1

⊛(1 + 2�̂�2
⊛)

1 + 2(�̂�1
⊛ + �̂�2

⊛) + 3�̂�1
⊛�̂�2

⊛

𝑒2

ℏ
𝔈 

 

𝑗2,𝛾 =
�̂�1

⊛�̂�2
⊛

1 + 2(�̂�1
⊛ + �̂�2

⊛) + 3�̂�1
⊛�̂�2

⊛

𝑒2

ℏ
𝔈 

 

𝑗1,𝜒 =
�̂�1

⊛2 + (1 + 2�̂�2
⊛)

2

[1 + 2(�̂�1
⊛ + �̂�2

⊛) + 3�̂�1
⊛�̂�2

⊛]
2 𝜎𝜒𝜒𝔈 

 

𝑗2,𝜒 =
�̂�1

⊛ + �̂�2
⊛ + 2(�̂�1

⊛2 + �̂�2
⊛2)

[1 + 2(�̂�1
⊛ + �̂�2

⊛) + 3�̂�1
⊛�̂�2

⊛]
2 𝜎𝜒𝜒𝔈 

 

�̂�1
⊛2 + (1 + 2�̂�2

⊛)
2

= �̂�1
⊛ + �̂�2

⊛ + 2(�̂�1
⊛2 + �̂�2

⊛2) 

 

�̂�2
⊛2 + (1 + 2�̂�1

⊛)
2

= �̂�1
⊛ + �̂�2

⊛ + 2(�̂�1
⊛2 + �̂�2

⊛2) 

 

(1 + �̂�1
⊛)

2
+ (1 + �̂�2

⊛)
2
 

 
2.7. Análisis matricial para espacios cuánticos curvos. 
 

𝜅𝑖 = 𝜎𝑖𝕀 + 𝜌𝑖𝕁, 𝜅−1 = 𝜎𝑖𝕀 −
𝜎𝑖𝜌𝑖

𝜌𝑖  𝑑𝑖𝑚 𝜅𝑖 + 𝜎𝑖
𝒥 

𝜅−1 = ‖
𝜎1𝕀 + 𝜆1𝒥1 𝜆′𝒥

𝜆′𝒥𝒯
𝜎2𝕁 + 𝜆2𝒥2

‖ 

 

𝒬1 = −𝑒(𝑡1⨁𝑡2)ℑ𝜅−1𝕀 = −𝑒 ∑ 𝜅𝑖𝑗
−1

𝜂

𝑖,𝑗=1

𝕀𝑗 − 𝑒 ∑ ∑ 𝜅𝑖𝑗
−1𝕀𝑗

𝜂+𝑚

𝑗=1+𝜂

𝜂

𝑖=1

= −𝑒 ∑ (𝜎1𝛿𝑖𝑗 + 𝜆1)𝕀𝑗 − 𝑒𝜂𝜆′

𝜂

𝑖,𝑗=1

∑ 𝕀𝑗

𝑚

𝑗=1

= −𝑒[(𝜎1 + 𝜂𝜆1)ℓ1 + 𝜂𝜆′ℓ2] 
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𝕀𝒯𝜅−1𝕀 = ∑ 𝕁𝑖𝕀𝑗𝜅𝑖𝑗
−1

𝜂

𝑖,𝑗=1

+ ∑ 𝕁𝑖𝕀𝑗𝜅𝑖𝑗
−1

𝜂+𝑚

𝑖,𝑗=1+𝜂

+ 2 ∑ ∑ 𝕁𝑖𝕀𝑗𝜅𝑖𝑗
−1

𝜂+𝑚

𝑗=1+𝜂

𝜂

𝑖=1

= ∑ 𝕁𝑖𝕀𝑗

𝜂

𝑖,𝑗=1

(𝜎1𝛿𝑖𝑗 + 𝜆1) + ∑ 𝕁𝑖𝕀𝑗

𝜂+𝑚

𝑖,𝑗=1+𝜂

(𝜎2𝛿𝑖𝑗 + 𝜆2) + 2𝜆′ ∑ 𝕁𝑖

𝜂

𝑖=1

∑ 𝕀𝑗

𝑚+𝜂

𝑗=1+𝜂

= 𝜎1 ∑ 𝕁𝑖
2

𝜂

𝑖=1

+ 𝜎2 ∑ 𝕁𝑖+𝜂
2

𝑚

𝑖=1

+ 𝜆1ℓ1
2 + 𝜆2ℓ2

2 + 2𝜆′ℓ1ℓ2 

 

𝜎1 ∑ 𝕁𝑖
2

𝜂

𝑖=1

(ℷ2) ⟶ 𝜎1(ℐ𝜅 + 𝛿1)2 + 𝜎2(ℐ𝑗 − 𝛿1)
2

+ 𝜎1(ℸ2)

= 2𝜎1𝛿1(𝒥𝜅 + ℐ𝑗) + 2𝜎1𝛿1
2 + 𝜎1 ∑ 𝕁𝑖

2

𝜂

𝑖=1

(ℷ2) = 𝜎1 ∑ 𝕁𝑖
2

𝜂

𝑖=1

(ℵ2) 
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APÉNDICE B. 

1. Partículas y antipartículas relativistas. 

1.1. Gravedad relativista en espacios cuánticos curvos. 

〈𝜇, 𝜈〉 = 𝑔(𝜇, 𝜈) 

Α𝜈𝜌
𝜇

Β𝜇
𝜌

= ∑ ∑ Α𝜈𝜌
𝜇

Β𝜇
𝜌

3

𝜌=0

3

𝜇=0

 

〈𝜇, 𝜈〉 = 𝑢𝜇𝜐𝜈𝑔(𝜕𝜇, 𝜕𝜈) = 𝑔𝜇𝜈𝑢𝜇𝜐𝜈 

(∇𝜇 − 𝜕𝜇)𝜐𝜈 = Γ𝜇𝜌
𝜈 𝜐𝜌 

∇𝜇∇𝜈𝑓 = ∇𝜈∇𝜇𝑓∀𝑓 ∈ ℭ1(ℳ)∇𝜇𝑔𝜈𝜌 

Γ𝜇𝜈
𝜆 =

1

2
𝑔𝜆𝜅(𝜕𝜇𝑔𝜅𝜈 + 𝜕𝜈𝑔𝜅𝜇 − 𝜕𝜅𝑔𝜇𝜈)[∇𝜇∇𝜈 − ∇𝜈∇𝜇]𝜐𝜌 = ℛ𝜆𝜇𝜈

𝜌
𝜐𝜆 

𝒮 =
𝑐4

32𝜋𝒢
∫ √−𝑔ℛ𝑑4𝜒 + ∫ √−𝑔ℒ𝑚𝑑4𝜒 

𝒢 ≔ ℛ𝜇𝜈 −
1

2
ℛ𝑔𝜇𝜈 =

16𝜋𝒢

𝑐4
𝒯𝜇𝜈 

𝒯𝜇𝜈 =
−2

√−𝑔

𝛿(√−𝑔ℒ𝑚)

𝛿𝑔𝜇𝜈
 

ℛ𝜎𝜇𝜈
𝜌

= 𝜕𝜇Γ𝜎𝜈
𝜌

+ Γ𝜎𝜈
𝛼 Γ𝛼𝜇

𝜌
− 𝜕𝜈Γ𝜎𝜇

𝜌
+ Γ𝜎𝜇

𝛼 Γ𝛼𝜈
𝜌

 

1.2. Presión y densidad (Modelo Tolman-Oppenheimer-Volkoff - TOV). 

𝑑𝑠2 = 𝑒2ν(𝑟)𝑑𝑡2 − 𝑒2ϕ(𝑟)𝑑𝑟2 − 𝑟2𝑑Ω2 

𝒯𝜇𝜈 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 − 𝑝𝑔𝜇𝜈 

𝒢𝑡𝑡 = −𝑒2(𝜈−𝜙) (
1

𝑟2
− 2

𝜙′

𝑟
) +

𝑒2𝜈

𝑟2
 

𝒢𝑟𝑟 = − (
1

𝑟2
− 2

𝜈′

𝑟
) +

𝑒2𝜙

𝑟
 

𝒢𝜃𝜃 = −𝑟2𝑒−2𝜙 (𝜈′′ + 𝜈′2 − 𝜙′𝜈′ +
𝜈′ − 𝜙′

𝑟
) 

𝒯𝜇𝜈 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 − 𝑝𝑔𝜇𝜈 

𝒯𝑡𝑡 = 𝜌𝑒2𝜈 
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𝒯𝑟𝑟 = −𝑝𝑒2𝜙 

𝒯𝜃𝜃 = −𝑝𝑟2 

𝑒2(𝜈−𝜙) (
1

𝑟2
− 2

𝜙′

𝑟
) −

𝑒2𝜈

𝑟2
= −16𝜋𝜌𝑒2𝜈 − (

1

𝑟2
− 2

𝜈′

𝑟
) +

𝑒2𝜙

𝑟

= −16𝜋𝑝𝑒2𝜙𝑒−2𝜙 (𝜈′′ + 𝜈′2 − 𝜙′𝜈′ +
𝜈′ − 𝜙′

𝑟
) = 16𝜋𝑝 

1

𝑟2

𝑑

𝑑𝑟
[𝑟(1 − 𝑒−2𝜙(𝑟))] = 16𝜋𝜌 

𝑒−2𝜙(𝑟) = 1 −
16𝜋

𝑟
∫ 𝜌(𝑠)𝑠2𝑑𝑠 = 1 −

2𝑚(𝑟)

𝑟

𝑟

0

 

𝑚(𝑟) = 4𝜋 ∫ 𝑠2𝜌(𝑠)𝑑𝑠

𝑟

0

 

𝑑𝑝

𝑑𝑟
= −

[𝑚(𝑟) + 8𝜋𝑟3𝑝(𝑟)][𝜌(𝑟) + 𝑝(𝑟)]

𝑟2 (1 −
2𝑚(𝑟)

𝑟
)

 

𝑑𝑚

𝑑𝑟
= 8𝜋𝑟2𝜌(𝑟) 

1.3. Termodinámica (Modelo Tolman-Oppenheimer-Volkoff – TOV). 

𝒯𝑑𝒮 = 𝑑𝔈 + 𝑝𝑑𝒱 − 𝜇𝑑𝒩 

𝒯𝑑(𝑠𝒱) = 𝑑(𝜌𝒱) + 𝑝𝑑𝒱 − 𝜇𝑑(𝑛𝒱) 

𝒯𝑠𝑑𝒱 + 𝒯𝒱𝑑𝑠 = 𝜌𝑑𝒱 + 𝒱𝑑𝜌 + 𝑝𝑑𝒱 − 𝜇𝑛𝑑𝒱 − 𝜇𝒱𝑑𝑛 

𝒯𝑑𝑠 = 𝑑𝜌 − 𝜇𝑑𝑛 

𝑠 =
1

𝒯
(𝑝 + 𝜌 − 𝑢𝑛) 

𝒮 = ∫ 𝑠(𝑟)𝑑𝒱(3)

ℛ

0

= ∫ 𝑠(𝑟)

ℛ

0

𝑒𝜙(𝑟)𝑟2𝑑𝑟𝑑Ω = 4𝜋 ∫
𝑟2𝑠(𝑟)

√1 −
2𝑚(𝑟)

𝑟

ℛ

0

 

𝒩 = 4𝜋 ∫
𝑟2𝑛(𝑟)

√1 −
2𝑚(𝑟)

𝑟

ℛ

0

𝑑𝑟 

ℒ(𝑚, 𝑚′, 𝑛) = [𝑠(𝜌(𝑚′)), 𝑛 + 𝜆𝑛(𝑟)] [1 −
2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2 〈
𝜕ℒ

𝜕𝑛

𝜕ℒ

𝜕𝑚
〉 + 〈

𝑑

𝑑𝑟

𝜕ℒ

𝜕𝑚′

𝜕𝑠

𝜕𝑛

𝜇

𝒯
〉 + |𝜆| 
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𝜕ℒ

𝜕𝑚
= [𝑠(𝑟) + 𝜆𝑛(𝑟)] [1 −

2𝑚(𝑟)

𝑟
]

−
3
2

𝑟 

𝜕ℒ

𝜕𝑚′
=

𝜕𝑠

𝜕𝑚′
[1 −

2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2 =
𝜕𝑠

𝜕𝜌

𝜕𝜌

𝜕𝑚′
[1 −

2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2 

 

𝜕ℒ

𝜕𝑚′
=

1

𝒯

1

8𝜋𝑟2
[1 −

2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2 =
1

4𝜋𝒯
[1 −

2𝑚(𝑟)

𝑟
]

−
1
2

 

𝑑

𝑑𝑟

𝜕ℒ

𝜕𝑚′
=

(
𝑚′

𝑟
−

𝑚
𝑟2) − (1 −

2𝑚(𝑟)
𝑟 )

𝒯 ′

𝒯

8𝜋𝒯(𝑟 − 2𝑚)3/2
 

𝜕ℒ

𝜕𝑚
=

𝑝 + 𝜌

𝒯
[1 −

2𝑚(𝑟)

𝑟
]

−
3
2

𝑟 

𝒯 ′

𝒯
𝑟2 [1 −

2𝑚

𝑟
] = −(𝑚 + 8𝜋𝑟3𝑝) 

𝑑𝑝 = 𝑑(𝒯𝑠) − 𝑑𝜌 + (𝜇𝑛) = 𝑠𝑑𝒯 + 𝒯𝑑𝑠 − 𝑑𝜌 + 𝑛𝑑𝜇 + 𝜇𝑑𝑛 

𝑑𝑝 = 𝑠𝑑𝒯 + 𝑛𝑑𝜇 

𝑑𝑝

𝑑𝑟
= 𝑠𝒯 ′ + 𝑛𝜇′ = 𝑠𝒯 ′ + 𝑛𝜆𝒯 ′ =

𝒯 ′

𝒯
(𝜌 + 𝑝) 

𝑑𝑝

𝑑𝑟
= −

[𝑚(𝑟) + 8𝜋𝑟3𝑝(𝑟)][𝜌(𝑟) + 𝑝(𝑟)]

𝑟2 (1 −
2𝑚(𝑟)

𝑟 )
 

𝒯𝑠 = 𝜌(𝑚, 𝑚′) + 𝑝(𝜌(𝑚, 𝑚′)) − 𝜇𝑛 

ℒ(𝑚, 𝑚′, 𝑛) = [𝑠(𝜌(𝑚, 𝑚′)), 𝑛 + 𝜆𝑛(𝑟)] [1 −
2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2 

𝜇 = 𝜆𝒯 

𝜕ℒ

𝜕𝑚
= (𝑠 + 𝜆𝑛)𝑟 [1 −

2𝑚(𝑟)

𝑟
]

−
3
2

+ [1 −
2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2
𝜕𝑠

𝜕𝑚
 

𝜕ℒ

𝜕𝑚′
= [1 −

2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2
𝜕𝑠

𝜕𝑚′
 

𝜕𝑠

𝜕𝑚′
=

𝜕𝑠

𝜕𝜌

𝜕𝜌

𝜕𝜙′

𝜕𝜙′

𝜕𝑚′
=

1

𝒯

𝜕𝜌

𝜕𝜙′

1

(𝑟 − 2𝑚)
=

1

16𝜋𝒯
[

2

𝑟2

𝑑𝑓

𝑑ℛ
+

1

𝑟

𝑑𝑓′

𝑑ℛ
] 
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𝜕𝑠

𝜕𝑚
=

𝜕𝑠

𝜕𝜌
[

𝜕𝜌

𝜕𝜙

𝜕𝜙

𝜕𝑚
+

𝜕𝜌

𝜕𝜙′

𝜕𝜙′

𝜕𝑚
] =

1

𝒯

1

16𝜋
[
−2

𝑟
(

2𝑟𝜙′ − 1

𝑟2

𝑑𝑓

𝑑ℛ
−

𝑑𝑓′′

𝑑ℛ
+ (𝜙′ −

2

𝑟
)

𝑑𝑓′

𝑑ℛ
) +

1

𝑟
(

2

𝑟

𝑑𝑓

𝑑ℛ
+

𝑑𝑓′

𝑑ℛ
)] 

𝜕ℒ

𝜕𝑚
= (𝑠 + 𝜆𝑛)𝑟 [1 −

2𝑚(𝑟)

𝑟
]

−
3
2

+
1

8𝜋𝒯
[1 −

2𝑚(𝑟)

𝑟
]

−
1
2

(3
𝑑𝑓′′

𝑑ℛ
+ 2𝑟

𝑑𝑓

𝑑ℛ
) 

𝜕ℒ

𝜕𝑚′
=

1

8𝜋𝒯
[1 −

2𝑚

𝑟
]

1
2

(2
𝑑𝑓

𝑑ℛ
+ 𝑟

𝑑𝑓′

𝑑ℛ
) 

𝒯′

8𝜋𝒯2
(

2

𝑟2

𝑑𝑓

𝑑ℛ
+

1

𝑟

𝑑𝑓′

𝑑ℛ
) 𝑟2

=
1

8𝜋𝒯
(−

4

𝑟3

𝑑𝑓

𝑑ℛ
−

1

𝑟2

𝑑𝑓′

𝑑ℛ
+

2

𝑟2

𝑑𝑓′

𝑑ℛ
+

1

𝑟

𝑑𝑓′′

𝑑ℛ
) 𝑟2

+
1

8𝜋𝒯
(

2

𝑟2

𝑑𝑓

𝑑ℛ
+

1

𝑟

𝑑𝑓′

𝑑ℛ
) (2𝑟 + 𝑟𝑚′ − 5𝑚) (1 −

2𝑚

𝑟
)

−1

−
1

8𝜋𝒯
(

2

𝑟

𝑑𝑓′′

𝑑ℛ
+

3

𝑟2

𝑑𝑓′

𝑑ℛ
) 𝑟2

−
𝜌 + 𝑝

𝒯
𝑟 (1 −

2𝑚

𝑟
)

−1

 

𝑑𝑝

𝑑𝑟
= −(𝜌 + 𝑝) (1 −

2𝑚

𝑟
)

−1

(
2

𝑟

𝑑𝑓

𝑑ℛ
+

𝑑𝑓′

𝑑ℛ
)

−1

[16𝜋𝑝 +
2𝑚

𝑟3

𝑑𝑓

𝑑ℛ
+

1

2
𝑓(ℛ) −

ℛ

2

𝑑𝑓

𝑑ℛ

−
2

𝑟
(1 −

2𝑚

𝑟
)

𝑑𝑓′

𝑑ℛ
] 

1.4. Ecuaciones de campo (Modelo Tolman-Oppenheimer-Volkoff - TOV). 

𝒮 =
1

32𝜋
∫ 𝑑4𝜒√−𝑔𝑓(ℛ)ℒ + 𝒮𝑚 

𝑑𝑓(ℛ)

𝑑ℛ
ℛ𝜇𝜈 −

1

2
𝑓(ℛ)𝑔𝜇𝜈 − [∇𝜇∇𝜈 − 𝑔𝜇𝜈 ]

𝑑𝑓(ℛ)

𝑑ℛ
= 16𝜋𝒯𝜇𝜈 

∇𝜇𝒢𝜇𝜈 = 0 = ∇𝜇𝒯𝜇𝜈 

16𝜋∇𝜇𝒯𝜇𝜈 = (∇𝜇𝑓′)ℛ𝜇𝜈 + 𝑓′∇𝜇ℛ𝜇𝜈 −
1

2
𝑔𝜇𝜈∇𝜇𝑓 − [ ∇𝜈 − ∇𝜈 ] 𝑓′  

(∇𝜇𝑓′)ℛ𝜇𝜈 + 𝑓′∇𝜇 (ℛ𝜇𝜈 −
1

2
ℛ) − ℛ𝜇𝜈∇𝜇𝑓′ 

ℛ𝑓(ℛ) − 2
𝑑𝑓(ℛ)

𝑑ℛ
+ 3

𝑑𝑓(ℛ)

𝑑ℛ
= 16𝜋𝒯 

𝒮 =
1

32𝜋
∫ 𝑑4𝜒√−𝑔𝑓(ℛ, 𝒯) + ∫ 𝑑4𝜒 ℒ√−𝑔ℒ𝑚 

𝜕ℛ𝑓(ℛ, 𝒯)ℛ𝜇𝜈 −
1

2
𝑓(ℛ, 𝒯)𝑔𝜇𝜈 + (𝑔𝜇𝜈 − ∇𝜇∇𝜈)𝜕ℛ𝑓(ℛ, 𝒯)

= 16𝜋𝒯𝜇𝜈 − 𝜕𝒯𝑓(ℛ, 𝒯)𝒯𝜇𝜈 − 𝜕𝒯𝑓(ℛ, 𝒯)Θ𝜇𝜈 
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∇𝜇𝒯𝜇𝜈 =
𝜕𝒯𝑓

8𝜋 − 𝜕𝒯𝑓
[(𝒯𝜇𝜈 + Θ𝜇𝜈)∇𝜇 ln(𝜕𝒯𝑓) + ∇𝜇Θ𝜇𝜈 −

1

2
∇𝜈𝒯] 

𝑓(ℛ, 𝒯) = ℛ + 2𝜒𝒯 

𝒢𝜇𝜈 = 16𝜋𝒯𝜇𝜈 + 𝜒𝒯𝑔𝜇𝜈 + 2𝜒(𝒯𝜇𝜈 + 𝑝𝑔𝜇𝜈) 

(8𝜋 + 3𝜒)𝜌 = 𝜒𝑝 − 𝑒−2𝜙 (
1

𝑟2
−

2𝜙′

𝑟
) +

1

𝑟2
 

(8𝜋 + 3𝜒)𝑝 = 𝜒𝜌 + 𝑒−2𝜙 (
1

𝑟2
−

2𝜈′

𝑟
) −

1

𝑟2
 

8𝜋𝜌𝑒𝑓𝑓 = (8𝜋 + 3𝜒)𝜌 − 𝜒𝑝 

8𝜋𝑝𝑒𝑓𝑓 = (8𝜋 + 3𝜒)𝑝 − 𝜒𝜌 

𝜌 =
8𝜋

𝛼2 − 𝜒2 (𝛼𝜌𝑒𝑓𝑓 + 𝜒𝑝𝑒𝑓𝑓) 

𝑝 =
8𝜋

𝛼2 − 𝜒2 (𝜒𝜌𝑒𝑓𝑓 + 𝛼𝑝𝑒𝑓𝑓) 

8𝜋𝜌𝑒𝑓𝑓 = 𝑒−2𝜙 (
1

𝑟2
−

2𝜙′

𝑟
) +

1

𝑟2
 

8𝜋𝑝𝑒𝑓𝑓 = −𝑒−2𝜙 (
1

𝑟2
−

2𝜈′

𝑟
) −

1

𝑟2
 

𝑒−2𝜙 = 1 −
2𝑚(𝑟)

𝑟
 

𝑚(𝑟) = ∫ 4𝜋𝜌
𝑒𝑓𝑓

(𝑠)𝑠2𝑑𝑠
𝑟

0

 

(4𝜋 + 𝜒)∇𝜇𝒯𝜇𝜈 =
1

2
𝜒∇𝜈(𝒯 + 2𝑝) −

𝑑𝑝

𝑑𝑟
−

𝑑𝜈

𝑑𝑟
(𝜌 + 𝑝) +

𝜒

8𝜋 + 2𝜒
(𝜌′ − 𝑝′) 

1.4.1. Ecuaciones de Campo Oppenheimer – Snyder.  

𝑑𝑠2 = 𝑒𝜈𝑑𝑡2 − 𝑒𝜆𝑑𝑟2 − 𝑟2(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2) − 8𝜋𝒯1
1 = 𝑒−𝜆 (

𝜈′

𝑟
+

1

𝑟2
) −

1

𝑟2
+ 8𝜋𝒯4

4

= 𝑒−𝜆 (
𝜆′

𝑟
−

1

𝑟2
) +

1

𝑟2
− 8𝜋𝒯2

2 = −8𝜋𝒯3
3

= 𝑒−𝜆 (
𝜈′′

2
+

𝜈′2

4
−

𝜈′𝜆′

4
+

𝜈′ − 𝜆′

2𝑟
) − 𝑒𝜈 (

�̈�

2
+

�̇�2

4
−

�̇��̇�

4
) 8𝜋𝒯1

4 = 8𝜋𝑒𝜈−𝜆𝒯1
4

= −𝑒−𝜆
�̇�

𝑟
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𝜆 = − ln {1 −
8𝜋

𝑟
∫ 𝒯4

4𝑟2𝑑𝑟

𝑟

0

} 8𝜋(𝒯4
4 − 𝒯1

1) =
𝑒𝜆(𝜆′ − 𝜈′)

𝑟
 

𝒱 = 4𝜋 ∫ 𝑒
𝜆
2𝑟2𝑑𝑟

𝑟𝑏

0

 

𝑑𝑠2 = 𝑑𝜏2 − 𝑒�̅�𝑑ℛ2 − 𝑒𝜔(𝑑𝜃2 + 𝑠𝑖𝑛2𝜃𝑑𝜑2)8𝜋𝒯1
1 = 0 = 𝑒−𝜔 − 𝑒−�̅�

𝜔′2

4
+ �̈� +

3

4
�̇�2 = 0 

8𝜋𝒯2
2 = −8𝜋𝒯3

3 = 0 = −𝑒−�̅� (
𝜔′′

2
+

𝜔′2

4
−

�̅�′𝜔′

4
) +

�̈̅�

2
+

�̇̅�2

4
+

𝜔

2

̈
+

�̇�2

4
+

�̇̅��̇�

4
 

8𝜋𝒯4
4 = 8𝜋𝜌 = 𝑒−𝜔 − 𝑒−�̅� (𝜔′′ +

3

4
𝜔′2 −

�̅�′𝜔′

2
) +

�̇�2

4
+

�̇̅��̇�

4
 

8𝜋𝑒�̈�𝒯4
1 = −8𝜋𝒯1

4 = 0 =
𝜔′�̇�

2
−

�̇̅�𝜔′

2
+ �̇�′ 

𝑒�̅� = 𝑒𝜔𝜔′2/4𝑓2(ℛ) 

𝑒𝜔 = (ℱ𝑟 + 𝒢)
4
3 

8𝜋𝜌 =
4

3
(

𝑟 + 𝒢

ℱ
)

−1

(
𝑟 + 𝒢′

ℱ′
)

−1

 

ℱℱ′ = 9𝜋ℛ2𝜌0(ℛ) 

ℱ = 〈
−

3

2
𝑟0

1/2(ℛ/ℛ𝑏)3/2 ℛ < ℛ𝑏

−
3

2
𝑟0

1/2
ℛ > ℛ𝑏

〉 

𝑒𝜔/2 = (ℱ𝑟 + 𝒢)2/3 = 𝑟 

𝑔44 = 𝑒−𝜈 = �̇�2 − 𝑡′2/𝑟′2 = �̇�2(1 − �̇�2) 

𝑔11 = 𝑒−𝜆 = −(1 − �̇�2) 

𝑔14 = 0 = �̇��̇� − 𝑡′/𝑟′ 

𝑡′

�̇�
= �̇�𝑟′ = 〈

−(𝑟0ℛ)1/2 [ℛ3/2−
3

2
𝑟0

1/2
𝜏]

−2/3

ℛ > ℛ𝑏

𝑟0
1/2

ℛℛ𝑏
−3/2

[1 −
3

2
𝑟0

1/2
𝜏ℛ𝑏

−3/2
]

1/3

ℛ < ℛ𝑏

〉 



pág. 3939 

𝜒 =
2

3
𝑟0

1/2
(ℛ3/2 − 𝑟3/2) − 2(𝑟𝑟0)

1
2 + 𝑟0 + ln

𝑟1/2 + 𝑟0
1/2

𝑟1/2 − 𝑟0
1/2

 

𝛾 =
1

2
[(ℛ/ℛ𝑏)2 − 1] + ℛ𝑏𝑟/𝑟0ℛ 

𝑒𝜆 = (1 − 𝑟0/𝑟)−1 

𝑒𝜈 = (1 − 𝑟0/𝑟) 

𝑡 = ℳ(𝛾) =
2

3
𝑟0

1/2
(ℛ𝑏

3/2
− 𝑟0

3/2
𝛾3/2) − 2𝑟0𝛾

1
2 + 𝑟0 ln

𝛾
1
2 + 1

𝛾
1
2 − 1

 

𝑡 ∼ −𝑟0 ln {
1

2
[(ℛ/ℛ𝑏)2 − 3] + ℛ𝑏/𝑟0(1 − 3𝑟0

1/2
/2ℛ𝑏

2)
2/3

} 

𝑒−𝜆 ≃ 1 − (ℛ/ℛ𝑏)2 {𝑒𝑡/𝑟0 +
1

2
[3 − (ℛ/ℛ𝑏)2]}

−1

 

𝑒𝜈 ≃ 𝑒𝜆−2𝑡/𝑟0 {𝑒−𝑡/𝑟0 +
1

2
[3 − (ℛ/ℛ𝑏)2]} 

1.5. Dinámica relativista (Modelo Tolman-Oppenheimer-Volkoff - TOV). 

16𝜋𝜌 =
1

2
𝑓(ℛ) + [

1

𝑟2
+

𝑒−2ϕ(2𝑟𝜙′ − 1)

𝑟2
−

ℛ

2
]

𝑑𝑓

𝑑ℛ
+ 𝑒−2ϕ (𝜙′ −

2

𝑟
)

𝑑𝑓′

𝑑ℛ
− 𝑒−2ϕ

𝑑𝑓′′

𝑑ℛ
 

16𝜋𝜌 = −
1

2
𝑓(ℛ) + [−

1

𝑟2
+

ℛ

2
+

𝑒−2ϕ(2𝑟𝜈′ + 1)

𝑟2
]

𝑑𝑓

𝑑ℛ
+ 𝑒−2ϕ (𝜈′ −

2

𝑟
)

𝑑𝑓′

𝑑ℛ
 

∇𝜇𝒯𝜇𝜈 = 0 ↦ 𝑝′ = −(𝜌 + 𝑝)𝜈′ 

𝑑𝑝

𝑑𝑟
= −(𝜌 + 𝑝) (1 −

2𝑚

𝑟
)

−1

(
2

𝑟

𝑑𝑓

𝑑ℛ
+

𝑑𝑓′

𝑑ℛ
)

−1

[16𝜋𝑝 +
2𝑚

𝑟3

𝑑𝑓

𝑑ℛ
+

1

2
𝑓(ℛ) −

ℛ

2

𝑑𝑓

𝑑ℛ

−
2

𝑟
(1 −

2𝑚

𝑟
)

𝑑𝑓′

𝑑ℛ
] 

𝜙′ =
1

𝑟
(𝑚′ −

𝑚

𝑟
) (1 −

2𝑚

𝑟
)

−1

 

𝑑𝑝

𝑑𝑟
= −(𝜌 + 𝑝)

8𝜋𝑝𝑟 +
𝑚
𝑟2 −

𝜒(𝜌 − 3𝑝)𝑟
2

(1 −
2𝑚

𝑟 ) [1 −
𝜒

8𝜋 + 2𝜒 (1 −
𝑑𝜌
𝑑𝑝

)]

 

ℒ(𝑚, 𝑚′, 𝑛) = [𝑠 (𝜌𝑒𝑓𝑓(𝑚′)) , 𝑛 + 𝜆𝑛(𝑟)] [1 −
2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2 
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ℒ(𝑚, 𝑚′, 𝑛) = 𝑘
𝜌𝑒𝑓𝑓 + 𝑝𝑒𝑓𝑓

𝒯
[1 −

2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2 

𝜕ℒ

𝜕𝑚
=  𝑘

𝜌𝑒𝑓𝑓 + 𝑝𝑒𝑓𝑓

𝒯
[1 −

2𝑚(𝑟)

𝑟
]

−
3
2

𝑟 

𝜕ℒ

𝜕𝑚′
=

𝑘

𝒯
[1 −

2𝑚(𝑟)

𝑟
]

−
1
2

𝑟2
𝜕𝜌𝑒𝑓𝑓

𝜕𝑚′
 

𝜕ℒ

𝜕𝑚′
=

𝑘

4𝜋𝒯
[1 −

2𝑚(𝑟)

𝑟
]

−
1
2

 

𝑑

𝑑𝑟

𝜕ℒ

𝜕𝑚′
=

𝑘

4𝜋𝑟2𝒯
(𝑚′𝑟 − 𝑚) [1 −

2𝑚

𝑟
]

−
3
2

−
𝑘

4𝜋𝒯

𝒯

𝒯 ′
[1 −

2𝑚

𝑟
]

−
1
2

= 𝑘
(

𝑚′

𝑟 −
𝑚
𝑟2) − (1 −

2𝑚
𝑟 )

𝒯 ′

𝒯

8𝜋𝒯 (1 −
2𝑚

𝑟 )

3
2

 

8𝜋𝜌𝑒𝑓𝑓 + 𝑚 = −𝑟2 (1 −
2𝑚

𝑟
)

𝒯 ′

𝒯
 

𝒯 ′

𝒯
=

𝑝′

𝑝 + 𝜌
=

1

8𝜋 + 4𝜒
(

𝛼𝑝𝑒𝑓𝑓
′ + 𝜒𝜌𝑒𝑓𝑓

′

𝑝𝑒𝑓𝑓 + 𝜌𝑒𝑓𝑓
) 

𝑑𝑝𝑒𝑓𝑓

𝑑𝑟
= −(8𝜋 + 4𝜒)

(4𝜋𝑝𝑒𝑓𝑓𝑟3 + 𝑚)(𝑝𝑒𝑓𝑓 + 𝜌𝑒𝑓𝑓)

𝑟2 (1 −
2𝑚

𝑟 ) (𝛼 + 𝜒
𝜕𝜌𝑒𝑓𝑓

𝜕𝑝𝑒𝑓𝑓
)

 

2. Geometría diferencial y características topológicas tanto de las partículas y antipartículas 

supermasivas como de las partículas y antipartículas masivas, en espacios cuánticos curvos. 

 

2.1. Métrica tensorial por curvatura de Perelman – Hamilton – Ricci (PHR) en dimensión 

ℝ4. 

 

∇𝑖∇𝑗𝑓 + ℛ𝑖𝑗 +
1

2𝑡
𝑔𝑖𝑗 

 
∇𝑖ℛ = 2ℛ𝑖𝑗∇𝑗𝑓 

 

ℛ − 2𝑅𝑖𝑐(𝒳, 𝒳) + 2
det ℋ𝑒𝑠𝑠𝑓

|∇𝑓|2
≤ ℛ − 2𝑅𝑖𝑐(𝒳, 𝒳) +

(1 − ℛ + 𝑅𝑖𝑐(𝒳, 𝒳))
2

2|∇𝑓|2
≤ 1 

 

|∇ℛ| ≤ 𝜂ℛ
3
2, |ℛ𝑡| ≤ 𝜂ℛ2 

 

𝑓𝑡 = 𝑓′′ + 𝑎1𝑓′ + 𝑏1𝑔′ + 𝑐1𝑓 + 𝑑1𝑔 

 

𝑔𝑡 = 𝑓′′ + 𝑎2𝑓′ + 𝑏2𝑔′ + 𝑐2𝑓 + 𝑑2𝑔 
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ℛ𝑚 ≥ −𝜙(ℛ(𝑡 + 1))ℛ 

2√𝑡0 − 𝑡𝛾 ∫ √𝑡0 − 𝑡

𝑡0

𝑡𝛾

(ℛ(𝛾(𝑡), 𝑡) + |�̇�(𝑡)|2)𝑑𝑡 ≥ ℭ(𝒜)𝑟0
2 

ℏ ≥ −ℭ(𝒜)ℏ − (6 − 1/√𝜏)𝜙 

 

𝑑

𝑑𝜏
(log(ℏ0(𝜏)/√𝜏)) ≤  ℭ(𝒜) +

6√𝜏 + 1

2𝜏 − 4𝑟2√𝜏
−

1

2𝜏
≤  ℭ(𝒜) +

50

√𝜏
 

 
𝑑

𝑑𝑡
ℛ =△ ℛ + 2|𝑅𝑖𝑐|2 =△ ℛ + 2|𝑅𝑖𝑐∘|2 +

2

3
ℛ2 

 

ℛ𝑚𝑖𝑛𝑡(𝑡) ≥ −
3

2

1

𝑡 + 1/4
 

 
𝑑

𝑑𝑡
𝒱 ≤ −ℛ𝑚𝑖𝑛𝒱 

 
𝑑

𝑑𝑡
ℛ̂(𝑡) ≥

2

3
ℛ̂𝒱−1 ∫(ℛ𝑚𝑖𝑛 − ℛ) 𝑑𝒱 

 

|2𝑡ℛ𝑖𝑗 + 𝑔𝑖𝑗| < 𝜉 

 

𝑉𝑜𝑙 ℬ(𝑥, 𝑡, 𝜌(𝑥, 𝑡)) ≤ 𝜔𝜌3(𝑥, 𝑡) ∫(4|∇𝛼|2 + ℛ𝛼2) = 4 △ 𝛼 − 𝜆−𝛼 

 

∫ −4𝛼𝛼𝑧

ℳ𝑧

= ∫ (4|∇𝛼|2 + ℛ𝛼2 − 𝜆−𝛼2)

ℳ𝑧
+

≥
𝑟0

−2

2
∫ 𝛼2

ℳ𝑧
+

| ∫ 2𝛼𝛼𝑧

ℳ𝑧

− ( ∫ 𝛼2

ℳ𝑧

)

𝑧

|

≤ 𝑐𝑜𝑛𝑠𝑡 ⨂ ∫ 𝜖𝑟0
−1

ℳ𝑧

𝛼2 ∫ 𝛼2

ℳ0
+

≥ exp (
𝜖−1

10
) ∫ 𝛼2

ℳ
𝜖−1𝑟0

+

 

𝛿ℱ(𝜐𝑖𝑗, ℏ) = ∫ 𝑒−𝑓 [− △ 𝜐 + ∇𝑖∇𝑗𝜐𝑖𝑗 − ℛ𝑖𝑗𝜐𝑖𝑗 − 𝜐𝑖𝑗∇𝑖𝑓∇𝑗𝑓 + 2〈∇𝑓, ∇ℏ〉 + (ℛ + |∇𝑓|2) (
𝜐

2
− ℏ)]

ℳ

= ∫ 𝑒−𝑓 [−𝜐𝑖𝑗(ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓) + (
𝜐

2
− ℏ) (2 △ 𝑓 − |∇𝑓|2 + ℛ)]

ℳ

 

 

(𝑔𝑖𝑗)
𝑡

= −2(ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓) 

 

𝑓𝑡 = −ℛ −△ 𝑓 

 

ℱ𝑡
𝑚 = 2 ∫|ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓|

2
𝑑𝑚 
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(𝑔𝑖𝑗)
𝑡

= −2ℛ𝑖𝑗, 𝑓𝑡 = − △ 𝑓 + |∇𝑓|2 − ℛ 

 

ℱ𝑡 = 2 ∫|ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓|
2

𝑒−𝑓𝑑𝒱 

 

ℱ𝑡 ≥
2

𝑛
∫(ℛ +△ 𝑓)2 𝑒−𝑓𝑑𝒱 ≥

2

𝑛
(∫(ℛ +△ 𝑓)𝑒−𝑓𝑑𝒱)

2

=
2

𝑛
ℱ2 

 

𝑑�̅�(𝑡)

𝑑𝑡
≥ 2𝒱2/𝑛 ∫|ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓|

2
𝑒−𝑓𝑑𝒱

+
2

𝑛
𝒱(2−𝑛)/𝑛𝜆 ∫ −ℛ𝑑𝒱

≥ 2𝒱2/𝑛 [∫ |ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓 −
1

𝑛
(ℛ +△ 𝑓)𝑔𝑖𝑗|

2

𝑒−𝑓𝑑𝒱

+
1

𝑛
(∫(ℛ +△ 𝑓)2 𝑒−𝑓𝑑𝒱 − (∫(ℛ +△ 𝑓)𝑒−𝑓𝑑𝒱)

2

)] 

𝒲(𝑔𝑖𝑗 , 𝑓, 𝜏) = ∫ [𝜏(|∇𝑓|2 + ℛ) + 𝑓 + 𝑛](8𝜋𝜏)−𝑛/2

ℳ

𝑒−𝑓𝑑𝒱 

∫ (8𝜋𝜏)−𝑛/2

ℳ

𝑒−𝑓𝑑𝒱 = 1 

(𝑔𝑖𝑗)
𝑡

= −2ℛ𝑖𝑗, 𝑓𝑡 = − △ 𝑓 + |∇𝑓|2 − ℛ +
𝑛

2𝜏
, 𝜏𝑡 = −1 

 

𝑑𝒲

𝑑𝑡
= ∫ 2𝜏

ℳ

|ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓 −
1

2𝜏
𝑔𝑖𝑗|

2

(8𝜋𝜏)−𝑛/2𝑒−𝑓𝑑𝒱 

𝒲 (
1

2
𝜏−1𝑔𝑖𝑗, 𝑓𝜏,

1

2
) = 𝒲(𝑔𝑖𝑗 , 𝑓𝜏, 𝜏) = 𝜇(𝑔𝑖𝑗 , 𝜏) ≤ 𝑐 

∫ [
1

2
|∇𝑓|2 + 𝑓 − 𝑛]

ℝ𝑛

(2𝜋)−
𝑛
2𝑒−𝑓𝑑𝜒 

〈𝔈〉 = −𝜏2 ∫ (ℛ + |∇𝑓|2 −
𝑛

2𝜏
)

ℳ

𝑑𝑚
𝜕2

(𝜕𝛽)2
log 𝒵 

𝒮 = − ∫ (𝜏(ℛ + |∇𝑓|2) + 𝑓 − 𝑛)

ℳ

𝑑𝑚 

𝜎 = 2𝜏4 ∫ |ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓 −
1

2𝜏
𝑔𝑖𝑗|

2

𝑑𝑚

ℳ

 

 

�̃�𝑖𝑗 = 𝑔𝑖𝑗 , �̃�𝛼𝛽 = 𝜏𝑔𝛼𝛽 , �̃�00 =
𝒩

2𝜏
+ ℛ, �̃�𝑖𝛼 = �̃�𝑖0 = �̃�𝛼0 
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�̃�𝑖𝑗
𝑚 = �̃�𝑖𝑗, �̃�𝛼𝛽

𝑚 = (1 −
2𝑓

𝒩
) �̃�𝛼𝛽, �̃�00

𝑚 = �̃�00 − 2𝑓𝜏 −
𝑓

𝜏
, �̃�𝑖0

𝑚 = −∇𝑖𝑓, �̃�𝑖𝛼
𝑚 = �̃�𝛼0

𝑚  

 

𝑔𝛼𝛽
𝑚 = (1 −

2𝑓

𝒩
) �̃�𝛼𝛽 , 𝑔00

𝑚 = �̃�00
𝑚 − |∇𝑓|2 =

1

𝜏
(

𝒩

2
− [𝜏(2 △ 𝑓 − |∇𝑓|2 + ℛ) + 𝑓 − 𝑛]) 𝑔𝑖0

𝑚 = 𝑔𝛼0
𝑚 = 𝑔𝑖𝛼

𝑚

= 0 

 

∫ √
𝒩

2𝜏

𝜏(𝑞)

0

+ ℛ + |�̇�ℳ(𝜏)|2𝑑𝜏 = √2𝒩𝜏(𝑞) +
1

√2𝒩
∫ √𝜏

𝜏(𝑞)

0

(ℛ + |�̇�ℳ(𝜏)|2)𝑑𝜏 + 𝒪(𝒩−3/2) 

 

∫ 𝜏(𝑞)−𝑛/2

ℳ

exp (−
1

√2𝜏(𝑞)
ℒ(𝜒)) 𝑑𝜒 + 𝒪(𝒩−1) 

 

ℒ(𝛾) = ∫ √𝜏

𝜏1

𝜏2

(ℛ(𝛾(𝜏)) + |𝛾(𝜏)|2)𝑑𝜏 

 

∫ √𝜏

𝜏2

𝜏1

(〈𝒴, ∇ℛ〉 + 2〈∇𝒴𝒳, 𝒳〉)𝑑𝜏 = ∫ √𝜏

𝜏2

𝜏1

(〈𝒴, ∇ℛ〉 + 2〈∇𝒳𝒴, 𝒳〉)𝑑𝜏

= ∫ √𝜏

𝜏2

𝜏1

(〈𝒴, ∇ℛ〉 + 2
𝑑

𝑑𝜏
〈𝒴, 𝒳〉 − 2〈𝒴, ∇𝒳𝒳〉 − 4𝑅𝑖𝑐 (𝒴, 𝒳)) 𝑑𝜏

= 2√𝜏𝒳, 𝒴|𝜏1

𝜏2 + ∫ √𝜏

𝜏2

𝜏1

〈𝒴, ∇ℛ − 2∇𝒳𝒳 − 4𝑅𝑖𝑐 (𝒳,⊙) −
1

𝜏
𝒳〉 𝑑𝜏 

 

∇𝒳𝒳 −
1

2
∇ℛ +

1

2𝜏
𝒳 + 2𝑅𝑖𝑐(𝒳,⊙) 

 

ℒ�̅�(𝑞, �̅�) = √�̅�(ℛ + |𝒳|2) − 〈𝒳, ∇ℒ〉 = 2√�̅�ℛ − √�̅�(ℛ + |𝒳|2) 

 
𝑑

𝑑𝜏
(ℛ(𝛾(𝜏)) + |𝒳(𝜏)|2) = ℛ𝜏 + 〈∇ℛ, 𝒳〉 + 2〈∇𝒳𝒳, 𝒳〉 + 2𝑅𝑖𝑐 (𝒳, 𝒳)

= ℛ𝜏 +
1

𝜏
ℛ + 2〈∇ℛ, 𝒳〉 − 2𝑅𝑖𝑐 (𝒳, 𝒳) −

1

𝜏
(ℛ + |𝒳|2) = −ℋ(𝒳) −

1

𝜏
(ℛ + |𝒳|2) 

 

�̅�3/2(ℛ + |𝒳|2)(�̅�) = −𝒦 +
1

2
ℒ(𝑞, �̅�) 

 

ℒ�̅� = 2√�̅�ℛ −
1

2�̅�
ℒ +

1

�̅�
𝒦 
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𝛿𝒴
2(ℒ) = ∫ √𝜏

�̅�

0

(𝒴 ⨂ 𝒴 ⨂ ℛ + 2〈∇𝒴∇𝒴𝒳, 𝒳〉 + 2|∇𝒴𝒳|
2

) 𝑑𝜏

= ∫ √𝜏

�̅�

0

(𝒴 ⨂ 𝒴 ⨂ ℛ + 2〈∇𝒴∇𝒴𝒴, 𝒳〉 + 2〈ℛ(𝒴, 𝒳)𝒴, 𝒳〉+2|∇𝒳𝒴|2) 𝑑𝜏 

 
𝑑

𝑑𝜏
〈∇𝒴𝒴, 𝒳〉 = 〈∇𝒳∇𝒴𝒴, 𝒳〉 + 〈∇𝒴𝒴, ∇𝒳𝒳〉 + 2𝒴 ⨂ 𝑅𝑖𝑐 (𝒴, 𝒳) − 𝒳 ⨂ 𝑅𝑖𝑐 (𝒴, 𝒴) 

 

𝛿𝒴
2(ℒ) = 2〈∇𝒴𝒴, 𝒳〉√�̅�

+ ∫ √𝜏

�̅�

0

(∇𝒴∇𝒴ℛ + 2〈ℛ(𝒴, 𝒳), 𝒴, 𝒳〉 + 2|∇𝒳𝒴|2 + 2∇𝒳𝑅𝑖𝑐(𝒴, 𝒴)

− 4∇𝒴𝑅𝑖𝑐(𝒴, 𝒳)) 𝑑𝜏 

 

∇𝒳𝒴 = −𝑅𝑖𝑐(𝒴,⊙) +
1

2𝜏
𝒴 

 
𝑑

𝑑𝜏
〈𝒴, 𝒴〉 = 2𝑅𝑖𝑐(𝒴, 𝒴) + 2〈∇𝒳𝒴, 𝒴〉 =

1

𝜏
〈𝒴, 𝒴〉ℋ𝑒𝑠𝑠ℒ

(𝒴, 𝒴)

≤ ∫ √𝜏

�̅�

0

(∇𝒴∇𝒴ℛ + 2〈ℛ(𝒴, 𝒳), 𝒴, 𝒳〉 + 2∇𝒳𝑅𝑖𝑐(𝒴, 𝒴) − 4∇𝒴𝑅𝑖𝑐(𝒴, 𝒳)

+ 2|𝑅𝑖𝑐(𝒴,⊙)|2 −
2

𝜏
𝑅𝑖𝑐(𝒴, 𝒴) +

1

2𝜏�̅�
) 𝑑𝜏 

 
𝑑

𝑑𝜏
𝑅𝑖𝑐(𝒴(𝜏), 𝒴(𝜏)) = 𝑅𝑖𝑐𝜏(𝒴, 𝒴) + ∇𝒳𝑅𝑖𝑐(𝒴, 𝒴) + 2𝑅𝑖𝑐(∇𝒳𝒴, 𝒴)

= 𝑅𝑖𝑐𝜏(𝒴, 𝒴) + ∇𝒳𝑅𝑖𝑐(𝒴, 𝒴) +
1

𝜏
𝑅𝑖𝑐(𝒴, 𝒴) − 2|𝑅𝑖𝑐(𝒴,⊙)|2 

 

ℋ𝑒𝑠𝑠ℒ
(𝒴, 𝒴) ≤

1

√�̅�
− 2√�̅�𝑅𝑖𝑐(𝒴, 𝒴) − ∫ √𝜏

�̅�

0

ℋ(𝒳, 𝒴)𝑑𝜏 

 

ℋ(𝒳, 𝒴) = −∇𝒴∇𝒴ℛ − 2〈ℛ(𝒴, 𝒳), 𝒴, 𝒳〉 − 4 (∇𝒳𝑅𝑖𝑐(𝒴, 𝒴) − ∇𝒴𝑅𝑖𝑐(𝒴, 𝒳)) − 2𝑅𝑖𝑐𝜏(𝒴, 𝒴)

+ 2|𝑅𝑖𝑐(𝒴,⊙)|2 −
1

𝜏
𝑅𝑖𝑐(𝒴, 𝒴) 

 

△ ℒ ≤ −2√𝜏ℛ +
𝑛

√𝜏
−

1

𝜏
𝒦 

 
𝑑

𝑑𝜏
|𝒴|2 = 2𝑅𝑖𝑐(𝒴, 𝒴) + 2〈∇𝒳𝒴, 𝒴〉 = 2𝑅𝑖𝑐(𝒴, 𝒴) + 2〈∇𝒴𝒳, 𝒴〉 = 2𝑅𝑖𝑐(𝒴, 𝒴) +

1

√�̅�
ℋ𝑒𝑠𝑠ℒ

(𝒴, 𝒴)

≤
1

�̅�
−

1

√�̅�
∫ 𝜏1/2

�̅�

0

ℋ(𝒳, �̃�)𝑑𝜏 
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𝑑

𝑑𝜏
log 𝒥(𝜏) ≤

𝑛

2�̅�
−

1

2
�̅�−3/2𝒦 

 
𝑑

𝑑𝜏
𝑙(𝜏) =

1

2�̅�
𝑙 +

1

2
(ℛ + |𝒳|2) = −

1

2
�̅�−

3
2𝒦 

 

𝑙�̅� −△ 𝑙 + |∇𝑙|2 − ℛ +
𝑛

2�̅�
≥ 2 △ 𝑙 − |∇𝑙|2 + ℛ +

𝑙 − 𝑛

�̅�
≤ ℒ̅�̅� +△ ℒ̅ ≤ 2𝑛 

 

|∇𝑙|2 + ℛ ≤
ℭ𝑙

𝜏
 

 
𝑑

𝑑𝜏
log  |𝒴|2 ≤

1

𝜏
(ℭ𝑙 + 1) 

 

𝑑𝑡 −△ 𝑑 ≥ −(𝑛 − 1) (
2

3
𝒦𝑟0 + 𝑟0

−1) 

 
𝑑

𝑑𝑡
𝑑𝑖𝑠𝑡𝑡(𝑥0, 𝑥1) ≥ −2(𝑛 − 1) (

2

3
𝒦𝑟0 + 𝑟0

−1) 𝑎𝑡 

 

△ 𝑑 ≤ ∑ 𝑠𝒴𝑘

′′ (𝛾)

𝑛−1

𝑘=1

= ∫ −𝑅𝑖𝑐(𝒳, 𝒳)

𝑑(𝑥,𝑡0)

𝑟0

𝑑𝑠 + ∫ (
𝑠2

𝑟0
2 (−𝑅𝑖𝑐(𝒳, 𝒳)) +

𝑛 − 1

𝑟0
2 )

𝑟0

0

𝑑𝑠

= ∫ −𝑅𝑖𝑐(𝒳, 𝒳)

𝛾

+ ∫ (𝑅𝑖𝑐(𝒳, 𝒳) (1 −
𝑠2

𝑟0
2) +

𝑛 − 1

𝑟0
2 ) 𝑑𝑠

𝑟0

0

≤ 𝑑𝑡 + (𝑛 − 1) (
2

3
𝒦𝑟0 + 𝑟0

−1) 

 

2(𝜙′)2

𝜙
− 𝜙′′ ≥ (2Α + 100𝑛)𝜙′ − ℭ(Α)𝜙 

 

ℏ = (ℒ̅ + 2𝑛 + 1)(−𝜙′′ + (𝑑𝑡 −△ 𝑑 − 2Α)𝜙′) − 2 < ∇𝜙∇ℒ̅ > +(ℒ̅𝑡 −△ ℒ̅)𝜙 

 

∇ℏ = (ℒ̅ + 2𝑛 + 1)∇𝜙 + 𝜙∇ℒ̅ 

 

ℏ = (ℒ̅ + 2𝑛 + 1) (−𝜙′′ + (𝑑𝑡 −△ 𝑑 − 2Α)𝜙′ +
2(𝜙′)2

𝜙
) + (ℒ̅𝑡 −△ ℒ̅)𝜙 

 

ℏ ≥ −(ℒ̅ + 2𝑛 + 1)ℭ(Α)𝜙 − 2𝑛𝜙 ≥ −(2𝑛 + ℭ(Α))ℏ 

 

†
𝜐 = −2(𝒯 − 𝑡) |ℛ𝑖𝑗 + ∇𝑖∇𝑗𝑓 −

1

2(𝒯 − 𝑡)
𝑔𝑖𝑗|

2

 

 

−
𝑑

𝑑𝑡
𝑓(𝛾(𝑡), 𝑡) ≤

1

2
(ℛ(𝛾(𝑡), 𝑡) + |�̇�(𝑡)|2) −

1

2(𝒯 − 𝑡)
𝑓(𝛾(𝑡), 𝑡) 
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|ℛ𝑚|(𝑥, 𝑡) ≤ 4|ℛ𝑚|(𝑥, 𝑡)̅̅ ̅̅ ̅̅ ̅ 

 

 

(𝑥, 𝑡) ∈ ℳ𝛼, 0 < 𝑡 ≤ 𝑡̅, 𝑑(𝑥, 𝑡) ≤ 𝑑(𝑥, 𝑡)̅̅ ̅̅ ̅̅ ̅ + 𝒜|ℛ𝑚|−1/2(𝑥, 𝑡)̅̅ ̅̅ ̅̅ ̅ 

 

𝑡̅ −
1

2
𝛼𝒬−1 ≤ 𝑡 ≤ 𝑡̅, 𝑑𝑖𝑠𝑡𝑡̅(𝑥, �̅�) ≤

1

10
𝒜𝒬−

1
2 ≤ 𝛼𝑡−1 + 2𝜖−2 

 

𝛽(1 − Α−2) ≤ − ∫ ℏ𝜐

ℳ

= ∫ [(−2 △ 𝑓 + |∇𝑓|2 − ℛ)𝑡̅ − 𝑓 + 𝑛]ℏ𝜐 =

ℳ

∫ [−𝑡̅|∇𝑓|
2

− 𝑓 + 𝑛]

ℳ

�̃�

+ ∫ [𝑡̅ (
|∇ℏ|2

ℏ
− ℛℏ) − ℏ log ℏ]

ℳ

𝑢 ≤ ∫ [−𝑡̅|∇𝑓|
2

− 𝑓 + 𝑛]

ℳ

�̃� + 𝒜−2 + 100𝜖2 

 

ℛ𝑡 + 2〈𝒳, ∇ℛ〉 + 2𝑅𝑖𝑐(𝒳, 𝒳) 

 

𝑑

𝑑𝑡
Α𝑡 ≤ −2𝜋 −

1

2
ℛ𝑚𝑖𝑛𝑡

𝑡 Α𝑡 ∫ (−𝑇𝑟(𝑅𝑖𝑐𝒯))

𝒟𝑐

+ ∫ (−𝑘𝑔)

𝑐

− ∫ (−
1

2
ℛ − 𝒦)

𝒟𝑐

+ ∫ (−𝑘𝑔)

𝑐

= ∫ (−
1

2
ℛ) − 2𝜋

𝒟𝑐

 

 
𝑑

𝑑𝑡
ℛ =△ ℛ + 2|𝑅𝑖𝑐|2 =△ ℛ +

2

3
ℜ2 + 2|𝑅𝑖𝑐∘|2 

 
𝑑

𝑑𝑡
𝑔(𝒳, 𝒳) = 2𝑅𝑖𝑐(𝒳, 𝒳) − 2𝑔(𝒳, 𝒳)𝑘2 

 

|ℋ, 𝒮| = (𝑘2 + 𝑅𝑖𝑐(𝒮, 𝒮))𝒮 

 
𝑑

𝑑𝑡
𝑘2 = (𝑘2)′′ − 2𝑔 ((∇𝒮ℋ)⊥, (∇𝒮ℋ)⊥) + 2𝑘4 

 
𝑑

𝑑𝑡
𝑘 ≤ 𝑘′′ + 𝑘3 + 𝑐𝑜𝑛𝑠𝑡 ⨂(𝑘 + 1) 

 
𝑑

𝑑𝑡
ℒ ≤ ∫(𝑐𝑜𝑛𝑠𝑡 − 𝑘2) 𝑑𝑠 

 
𝑑

𝑑𝑡
Θ ≤ ∫ 𝑐𝑜𝑛𝑠𝑡 ⨂(𝑘 + 1) 𝑑𝑠 

 



pág. 3947 

𝑑

𝑑𝑡
𝑢 = 𝑢′′ + (𝑘2 + 𝑅𝑖𝑐(𝒮, 𝒮))𝑢 

 

𝑑

𝑑𝑡
𝜇𝑡 ≤ (2𝑛 − 1)|ℛ𝑚𝑡|𝜇𝑡 ∫ (−𝑇𝑟(𝑅𝑖𝑐𝒯))

Α

+ ∫ (−𝑘𝑔)

∂Α

≤ ∫ (−𝑇𝑟(𝑅𝑖𝑐𝒯) + 𝒦)

Α

≤ ∫ (−𝑇𝑟(𝑅𝑖𝑐𝒯) + ℛ𝑚𝒯)

Α

≤ (2𝑛 − 1)|ℛ𝑚|𝜇 
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APÉNDICE C.  

Modelo Brout-Englert-Higgs para espacios cuánticos curvos, a propósito de la 

fenomenología de las partículas y antipartículas supermasivas e hiperpartículas. 

1. Nociones preliminares. 

ℒ = −
1

4
𝒲𝜇𝜈

𝑎 𝒲𝑎
𝜇𝜈

+ (𝒟𝜇𝜙𝛼)
†

𝒟𝜇𝜙𝛼 − 𝒱(𝜙) + ℒ𝑟 

𝒲𝜇𝜈
𝛼 = 𝜕𝜇𝒲𝜈

𝛼 − 𝜕𝜈𝒲𝜇
𝛼 − 𝑔𝑓𝑎𝑏𝑐𝒲𝜇

𝑏𝒲𝜈
𝑐  

𝒟𝜇
𝑖𝑗

= 𝜕𝜇𝛿𝑖𝑗 − 𝑖𝑔𝒲𝜇
𝛼𝒯𝑎

ℛ𝛼𝑖𝑗
 

ℒ = −
1

4
𝒲𝜇𝜈

𝑎 𝒲𝑎
𝜇𝜈

+ (𝒟𝜇𝜙)
†

𝒟𝜇𝜙 − λ((𝜙𝜙†)2 − 𝑓2)2 

𝜙(𝜒) = 𝜐 + 𝜂(𝜒) 

ℒ = 𝜕𝜇𝜙𝑖
†𝜕𝜇𝜙𝑖 − 𝒱(𝜙) 

𝒱(𝜙) = −
𝜇2

2
𝜙2 + 𝜆𝜙4 

𝒱(𝜙) = −
𝜇2

2
𝑟2 + 𝜆𝑟4 

𝒪Φ = 𝒪Φ
𝒢

⟹ 𝑔(�̅�)Φ = Φ∀�̅� ∈ 𝒢 

𝒪Φ = 𝒪Φ
ℋ𝑖 ⟹ ℏ(ℏ̅)Φ = Φ∀ℏ̅ ∈ ℋ𝑖 

𝒵 = ∫ 𝑑𝒩𝜙𝑒
−𝑖(

𝜇2

2
𝜙2+𝜆𝜙4)

= Ω(𝒩) ∫ 𝑑𝒩−1𝑑𝑟𝑒
−𝑖(

𝜇2

2
𝑟2+𝜆𝑟4)

= Ω(𝒩)𝑓(𝜇, 𝜆) 

〈𝜙𝑗𝑔(𝜙2)〉 = ∫ 𝑑𝒩𝜙𝜙𝑗𝑔(𝜙2)𝑒
−𝑖(

𝜇2

2
𝜙2+𝜆𝜙4)

= 0 

〈𝑔(𝜙2)〉 = ∫ 𝑑𝒩𝜙𝑔(𝜙2)𝑒
−𝑖(

𝜇2

2
𝜙2+𝜆𝜙4)

= Ω(𝒩)ℏ(𝜇, 𝜆) 

𝒵[𝑗] = ∫ 𝑑𝒩𝜙𝑖𝑒
−𝑖(

𝜇2

2
𝜙2+𝜆𝜙4+𝑗𝜙)

, 〈𝜙𝑖𝑔(𝜙2)〉𝑗≠0 ≠ 0 

〈𝜙𝑖〉𝑗≠0 = 𝛿𝑖1
𝑓(𝑗) lim

𝑗↦0
𝑓(𝑗) = 𝜐 ≠ 0, lim

𝑗↦0
〈𝜙𝑖〉𝑗 = 𝜐𝛿𝑖1

0 = 𝑓(0) ≠ lim
𝑗↦0

𝑓(𝑗) 

𝑚𝑟 = 〈(∫ 𝑑𝑑𝜒𝜙𝑖(𝜒))
2

〉 lim
𝑗↦0

lim
𝒱↦∞

𝑓(𝑗) 

2. Simetría de campo en espacios cuánticos curvos.  
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𝒱(𝜙, 𝜙†) = −
1

2
𝜇2𝜙†𝜙 +

1

2

𝜇2

𝑓2
(𝜙†𝜙)2𝜙 ↦ 𝑒−𝑖𝜃𝜙 ≈ 𝜙 − 𝑖𝜃𝜙 

ℒ =
1

2
(𝜕𝜇𝜎𝜕𝜇𝜎 + 𝜕𝜇𝜒𝜕𝜇𝜒) +

𝜇2

2
(𝜎2 + 𝜒2) −

1

2

𝜇2

𝑓2
(𝜎2 + 𝜒2)2𝜎 ↦ 𝜎 + 𝜃𝜒𝜒 ↦ 𝜒 + 𝜃𝜎  

𝜎2 + 𝜒2 =
𝑓2

√2
= 𝜙†𝜙𝜎 ↦ 𝜎 +

𝜐

√2
𝜒 ↦ 𝜒 

𝒱 =
𝜇2

𝑓2
(𝜙𝜙† −

𝑓2

√2
)

2

 

ℒ =
1

2
(𝜕𝜇𝜎𝜕𝜇𝜎 + 𝜕𝜇𝜒𝜕𝜇𝜒) +

𝜇2𝜐

√2
(

𝜐2

𝑓2
− 1) 𝜎 +

𝜇2𝜐2

4
(

𝜐2

2𝑓2
− 1) − 𝜇2 (

3

2

𝜐2

𝑓2
−

1

2
) 𝜎2

− 𝜇2 (
1

2

𝜐2

𝑓2
−

1

2
) 𝜒2 +

√2𝜇2

𝑓

𝜐

𝑓
𝜎(𝜎2 + 𝜒2) +

𝜇2

2𝑓2
(𝜎2 + 𝜒2)2

≜
1

2
(𝜕𝜇𝜎𝜕𝜇𝜎 + 𝜕𝜇𝜒𝜕𝜇𝜒) − 𝜇2𝜎2 +

√2𝜇2

𝑓
𝜎(𝜎2 + 𝜒2) +

1

2

𝜇2

𝑓2
(𝜎2 + 𝜒2)2

−
𝜇2𝑓2

8
𝜎 ↦ 𝜎 + 𝜃𝜒𝜒 ↦ 𝜒 − 𝜃(𝜎 − 𝜐)𝜐 ↦ 𝜐 + 𝜃𝜒 

3. Teorema de Goldstone para espacios cuánticos curvos. 

𝛿𝜙𝑖 = 𝑖𝒯𝑎
𝑖𝑗

𝜙𝑗𝜃𝑎 

ℒ =
1

2
𝜕𝜇𝜙𝑖𝜕

𝜇𝜙𝑖 − 𝒱(𝜙) 

0 =
𝜕𝒱

𝜕𝜙𝑖
𝛿𝜙𝑖 = 𝑖

𝜕𝒱

𝜕𝜙𝑖
𝒯𝑖𝑗

𝑎𝜙𝑗𝜃𝑎

𝜕2𝒱

𝜕𝜙𝜅𝜕𝜙𝑖
|

𝜙=𝜐

= ((ℳ(𝜐))
2

)
𝜅𝑖

 

ℒ =
1

2
𝜕𝜇𝜓𝑖𝜕

𝜇𝜓𝑖 −
1

2
(ℳ2)𝜅𝑖𝒱(𝜙)𝜓𝜅𝜓𝑖(ℳ2)𝜅𝑖𝒯𝑖𝑗

𝑎𝜐𝑗𝑡𝑖𝑗
𝑎 𝜐𝑗𝜏𝑖𝑗

𝑎 𝜐𝑗 ≠ 0 

𝜙𝑖𝜙𝑖 =
𝜐𝑖𝜐𝑖

√2
≜

𝑓2

√2
> 0 

3.1. Cuantización. 

Ω[𝑗] =
𝒵[𝑗]

𝒵[0]
=

1

𝒵[0]
∫ 𝒟𝜙 exp (𝑖 ∫ 𝑑4𝜒(ℒ + 𝑗𝑖𝜙𝑖)) 

0 = 𝛿Ω[𝑗] = ∫ 𝒟𝜙𝑒𝑖𝛿+𝑖 ∫ 𝑑4𝜒𝑗𝑖𝜙𝑖 (
𝜕𝛿𝜙𝑖

𝜕𝜙𝑗
+ 𝛿 (𝑖𝛿 + 𝑖 ∫ 𝑑4𝜒𝑗𝑖𝜙𝑖)) ∫ 𝑑4𝜒𝑗𝑖 𝒯𝑖𝜅

𝑎 𝛿Ω[𝔍]

𝑖𝛿𝑗𝜅
𝛿Ω

≡ δ(𝑒Ω𝑐) = 𝑒Ω𝑐𝛿Ω𝑐 
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0 = ∫ 𝑑4𝜒𝑗𝑖 𝒯𝑖𝜅
𝑎 𝛿Ω𝑐[𝔍]

𝑖𝛿𝑗𝜅

𝛿Ω𝑐[𝔍]

𝑖𝛿𝑗𝑖

〈𝜙𝑖〉 

𝑖Γ[𝜙] = 𝑖 ∫ 𝑑4𝜒𝑗𝑖 𝜙𝑖 + Ω𝑐[𝔍]𝑗𝑖

𝛿Γ[𝜙]

𝑖𝛿𝜙𝑖
∫ 𝑑4𝜒

𝛿Γ[𝜙]

𝛿𝜙𝑖
𝒯𝑖𝜅

𝑎〈𝜙𝜅〉
𝑖𝛿2Γ

𝛿𝜙𝑖(𝜒)𝛿𝜙𝑗(𝛾)

= ((𝒟(𝜒 − 𝛾))
−1

)
𝑖𝜅

∫ 𝑑4𝜒 (
𝑖𝛿2Γ

𝛿𝜙𝑖(𝜒)𝛿𝜙𝑗(𝛾)
𝒯𝑖𝜅

𝑎〈𝜙𝜅〉) ((𝒢(℘ = 0))
−1

)
𝑖𝑗

𝒯𝑖𝜅
𝑎〈𝜙𝜅〉 

4. Sistema de simetrías Brout-Englert-Higgs. 

ℒ = 𝜕𝜇𝜙†𝜕𝜇𝜙 − 𝒱(𝜙) 

ℒ = −
1

4
𝒲𝜇𝜈

𝑎 𝒲𝑎
𝜇𝜈

+ (𝒟𝜇𝜙𝛼)
†

𝒟𝜇𝜙𝛼 − 𝒱(𝜙) 

𝒲𝜇𝜈
𝛼 = 𝜕𝜇𝒲𝜈

𝛼 − 𝜕𝜈𝒲𝜇
𝛼 − 𝑔𝑓𝑎𝑏𝑐𝒲𝜇

𝑏𝒲𝜈
𝑐  

𝒟𝜇 = 𝜕𝜇 + 𝑔𝒯ℛ 

𝒳 = (
𝜙1 −𝜙2

†

𝜙1 𝜙1
†

) 

ℒ = −
1

4
𝒲𝜇𝜈

𝑎 𝒲𝑎
𝜇𝜈

+
1

2
𝑡𝑟 ((𝒟𝜇𝒳)

†
𝒟𝜇𝒳) − 𝜆 (

1

2
𝑡𝑟(𝒳†𝒳) − 𝑓2)

2

 

𝒳 = 𝜌𝛼 

𝜙†𝜙 = 𝑓2 

𝒳 = 𝜐𝛼 

𝜙𝑖
𝑐 = 𝜐𝑗𝜂𝑖

𝑗
 

𝒳𝑐 = 𝜐1 

𝔊 × ℭ ↦ 𝔊′ × ℭ′ = ℋ′ 

𝑔(ℏ̅′)𝜙𝑖
𝑐 = 𝜙𝑖

𝑐 

𝒜†𝒳𝑐𝒜 = 𝜐𝒜†1𝒜 = 𝜐1 

5. Campos de Gauge en espacios cuánticos curvos. 

𝒵 = ∫ 𝒟𝜙𝑖𝒟𝒲𝜇
𝑎𝑒𝑖 ∫ 𝑑𝒹𝜒ℒ 

𝒲𝜇 ↦ 𝑔𝒲𝜇𝑔−1 − 𝑖(𝜕𝜇𝑔)𝑔−1 ≈ 𝒯𝑎(𝒲𝜇
𝑎 + 𝒟𝜇

𝑎𝑏𝜃𝑏) + 𝒪(𝜃2) 

𝒟𝜇
𝑎𝑏 = 𝛿𝑎𝑏𝜕𝜇 + 𝑔𝑓𝑎𝑏𝑐𝒲𝜇

𝑐 
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ℭ𝑎 = 𝜕𝜇𝒲𝜇
𝑎 

Δ−1[𝒲𝜇
𝑎] = ∫ 𝒟𝑔𝛿(ℭ𝑎[𝒲𝜇

𝑎𝑔
]) 

1 = Δ[𝒲𝜇
𝑎] = ∫ 𝒟𝑔𝛿(ℭ𝑎[𝒲𝜇

𝑎𝑔
]) 

𝒵 = ∫ 𝒟𝒲𝜇
𝑎 Δ[𝒲𝜇

𝑎] ∫ 𝒟𝑔𝛿(ℭ𝑎[𝒲𝜇
𝑎𝑔

]) exp(𝑖𝛿[𝒲𝜇
𝑎])

= (∫ 𝒟𝑔) ∫ 𝒟𝒲𝜇
𝑎 Δ[𝒲𝜇

𝑎]𝛿(ℭ𝑎[𝒲𝜇
𝑎𝑔

]) exp(𝑖𝛿[𝒲𝜇
𝑎]) 

Δ[𝒲𝜇
𝑎] = (det

𝛿ℭ𝑎(𝜒)

𝛿𝜃𝑏(𝛾)
)

ℭ𝑎=0

= det ℳ𝑎𝑏(𝜒, 𝛾) 

ℳ𝑎𝑏(𝜒, 𝛾) =
𝛿ℭ𝑎(𝜒)

𝛿𝜃𝑏(𝛾)
= ∫ 𝑑4𝓏 ∑

𝛿ℭ𝑎(𝜒)

𝛿𝜔𝑗
𝑖(𝓏)

𝑖𝑗

𝛿𝜔𝑗
𝑖(𝓏)

𝛿𝜃𝑏(𝛾)
 

ℳ𝑎𝑏(𝜒, 𝛾) =
𝛿ℭ𝑎(𝜒)

𝛿𝒲𝜇
𝑐(𝛾)

𝒟𝜇
𝑐𝑏(𝛾) 

det ℳ ∼ ∫ 𝒟𝒸𝑎𝒟𝒸̅𝑎 exp (−𝑖 ∫ 𝑑4𝜒𝑑4𝛾𝒸̅𝑎 (𝜒)ℳ𝑎𝑏(𝜒, 𝛾)𝒸𝑏(𝛾)) 

ℳ𝑎𝑏(𝜒, 𝛾) = 𝜕𝜇𝒟𝜇
𝑎𝑏𝛿(𝜒 − 𝛾) 

𝒵 = ∫ 𝒟𝒲𝜇
𝑎𝒟𝒸𝑎𝒟𝒸̅𝑎 exp (𝑖𝛿 −

𝑖

2𝜉
∫ 𝑑4𝜒(𝜕𝜇𝒲𝑎

𝜇
)

2
− 𝑖 ∫ 𝑑4𝜒𝒸̅𝑎𝜕𝜇𝒟𝜇

𝑎𝑏𝒸𝑏) 

ℭ𝑎 = 𝜕𝜇𝒲𝜇
𝑎 + 𝑖𝑔𝜁𝜙𝑖𝒯𝑖𝑗

𝑎𝜐𝑗 + Λ𝑎 

𝒵 = ∫ 𝒟𝒲𝜇
𝑎𝒟𝒸𝑎𝒟𝒸̅𝑎 exp (𝑖𝛿

−
𝑖

2𝜉
∫ 𝑑4𝜒|𝜕𝜇𝒲𝑎

𝜇
+ 𝑖𝑔𝜁𝜙𝑖𝒯𝑖𝑗

𝑎𝜐𝑗|
2

− 𝑖 ∫ 𝑑4𝜒𝒸̅𝑎(𝜕𝜇𝒟𝜇
𝑎𝑏 − 𝜁𝑔2𝜐𝑖𝒯𝑖𝑗

𝑎𝒯𝑗𝜅
𝑏𝜙𝜅) 𝒸𝑏) 

𝜙(𝜒) = 𝜐 + 𝜑(𝜒) 

ℒ = −
1

4
𝒲𝜇𝜈

𝑎 𝒲𝑎
𝜇𝜈

+
1

2
((𝜕𝜇𝛿𝑖𝑗 − 𝑖𝑔𝒲𝜇

𝑎𝒯𝑖𝑗
𝑎)𝜙𝑗)

†

− (𝜕𝜇𝛿𝑖𝜅 − 𝑖𝑔𝒲𝜇
𝑏𝒯𝑗𝜅

𝑏)𝜙 − 𝜆(𝜙2 − 𝑓2)2 
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ℒ = −
1

4
𝒲𝜇𝜈

𝑎 𝒲𝑎
𝜇𝜈

+
1

2
(𝒟𝜇

𝑖𝑗
𝜑𝑗)

†
(𝒟𝑖𝜅

𝜇
𝜑𝜅) +

𝑔2𝑓2

2
𝒯𝑖𝑗

𝑎𝒯𝑗𝜅
𝑏𝜂𝑗

†𝜂𝜅𝒲𝜇
𝑎𝒲𝜇

𝑏 − 𝜆𝑓2|𝜂𝜑|2

+
𝑖𝑔2𝜉𝑓2

2
|𝜑𝒯𝑎𝜂|2 + 𝑖𝜉𝑔2𝑓2𝜂𝑖

†𝒯𝑖𝑗
𝑎𝒯𝑗𝜅

𝑏𝜂𝜅𝒸̅𝑎𝒸𝑏 − 2𝜆𝑓 ((𝜂𝜑) + (𝜂𝜑)†) 𝜑2

− 𝜆(𝜑2)2 + 𝑖𝒸̅𝑎𝜉𝑔2𝑓(𝜂𝑖𝒯𝑖𝑗
𝑎𝒯𝑗𝜅

𝑏𝜑𝜅
† + 𝜂𝑖

†𝒯𝑖𝑗
𝑎𝒯𝑗𝜅

𝑏𝜑𝜅)𝒸𝑏 −
𝑖

2𝜉
(𝜕𝜇𝒲𝜇

𝑎)
2

− 𝑖𝒸̅𝑎𝜕𝜇𝒟𝜇
𝑎𝑏𝒸𝑏 

𝒟𝜇𝜈
𝑎𝑏 = 𝛿𝑎𝑏 (((𝑔𝜇𝜈 −

𝜅𝜇𝜅𝜈

𝜅2
)

−𝑖

𝜅2 − 𝑚𝒲
2 ) −

𝑖𝜉𝜅𝜇𝜅𝜈

𝜅2(𝜅2 − 𝜉𝑚𝒲
2 )

) 

ℱ[𝒲𝜇
𝑎] = ∫ 𝑑𝒹𝜒 𝒲𝜇

𝑎𝒲𝜇
𝑎 

𝒲𝜇
𝑎 ↦ 𝒲𝜇

𝑎 + 𝜕𝜇𝜔𝑎 + 𝑖𝑔𝑓𝑎𝑏𝑐𝒲𝜇
𝑏𝜔𝑐 

𝛿 = ∑ (𝜙†(𝜒)𝜙(𝜒) + 𝛾(𝜙†(𝜒)𝜙(𝜒) − 1)2 − 𝜅 ∑ 𝜙(𝜒)†𝒰𝜇
ℛ(𝜒)

±𝜇

𝜙(𝜒 + 𝜇)

𝜒

+
𝛽

𝑑ℱ
∑ ℜ𝑡𝑟(1 − 𝒰(𝜒)𝜇𝜈)

𝜇<𝜈

) 

𝒰(𝜒)𝜇𝜈 = 𝒰𝜇(𝜒)𝒰𝜈(𝜒 + 𝜇)𝒰𝜇(𝜒 + 𝜈)†𝒰𝜈(𝜒)† 

𝒰𝜇(𝜒) = exp(𝑖𝒲𝜇
𝑎𝜎𝑎) 

𝛽 =
2ℭ𝔉

𝑔2
 

−𝑎2(2𝜆𝜐2) =
1 − 2𝛾

𝜅
− 2𝑑 

1

2𝜆
=

𝜅2

2𝛾
 

6. Métrica de Elitzur – Higgs para espacios cuánticos curvos. 

〈𝑓(𝒲)〉 = ∫ 𝒟𝜇𝑓(𝒲) = ∫ 𝒟𝜇 𝑔−1
𝑓(𝒲) = ∫ 𝒟𝜇𝑓 (𝒲𝑔) = ∫ 𝒟𝜇𝑓 (𝒲)𝑔 = 〈𝑓(𝒲)𝑔〉 

7. Construcción de Osterwalder-Seiler-Fradkin-Shenker para espacios cuánticos 

curvos. 

𝑔 = 𝛼−1 

𝛿 = −𝜅ℋ(𝒱𝜇) − 𝛽𝛿𝒴ℳ  
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〈𝒪〉 =
∫ ∏𝜒,𝜇𝑑𝒱𝜇(𝜒)𝒪𝑒−𝜅ℋ(𝒱𝜇)−𝛽𝛿𝒴ℳ

∫ ∏𝜒,𝜇𝑑𝒱𝜇(𝜒)𝑒−𝜅ℋ(𝒱𝜇)−𝛽𝛿𝒴ℳ
=

∫ ∏𝜒,𝜇𝑑𝒱𝜇(𝜒)𝑒−𝜅ℋ(𝒱𝜇)𝒪𝑒−𝛽𝛿𝒴ℳ

∫ ∏𝜒,𝜇𝑑𝒱𝜇(𝜒)𝑒−𝜅ℋ(𝒱𝜇)𝑒−𝛽𝛿𝒴ℳ
 

𝑒−𝛽𝛿𝒴ℳ = ∏𝜒,𝜇𝜈(1 + 𝜌𝜇𝜈) 

〈𝒪〉 =
∫ ∏𝜒,𝜇𝑑𝒱𝜇(𝜒)𝑒−𝜅ℋ(𝒱𝜇)𝒪∏𝜒,𝜇𝜈(1 + 𝜌𝜇𝜈)

∫ ∏𝜒,𝜇𝜈𝑑𝒱𝜇(𝜒)𝑒−𝜅ℋ(𝒱𝜇)𝒪∏𝜒,𝜇𝜈(1 + 𝜌𝜇𝜈)
 

∫ ∏𝜒,𝜇𝜈∈𝒬𝑑𝒱𝜇(𝜒) 𝑒−𝜅ℋ(𝒱𝜇)𝒪∏𝜒,𝜇𝜈𝜌𝜇𝜈 < 𝑐1𝑐2
𝜂
 

8. Estructuras cuánticas diagramáticas en espacios cuánticos curvos. 

𝒬ℒ =
1

2
〈|∑ 𝜙(𝜒)

𝜒

|

2

〉 

𝒬𝒞 =
1

2𝒩𝑡𝒱𝑑−1
2 ∑ 〈𝑡𝑟 |∑ 𝒰0(𝑡, �⃑�)†𝒰0(𝑡, �⃑�)

�⃑⃑⃑�,�⃑⃑⃑�

|〉

𝑡

 

𝑡𝑟(Σ3) 

∑ = 𝒯𝑎𝜙𝑎 

〈𝒪〉 = ∫ 𝒟𝒲 ( ∫ 𝒟𝜙𝒪𝑒𝑖𝛿

𝑆𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑠𝑡𝑟𝑎𝑡𝑢𝑚

+ ∫ 𝒟𝜙𝒪𝑒𝑖𝛿

𝑂𝑡ℎ𝑒𝑟 𝑠𝑡𝑟𝑎𝑡𝑎 

) = 〈𝒪〉𝛿 + 〈𝒪〉𝜊 

9. Espectro de Masa y Brecha de Masa según las teorías cuánticas de campo de Yang 

– Mills - Higgs. 

ℋ(𝛾) = 𝜙†(𝛾)𝜙(𝛾) = det 𝜒(𝛾) 

𝒱𝜇
𝒸(𝛾) =

1

det 𝜒(𝛾)
𝑡𝑟 (𝒯𝒸𝜒†(𝛾) exp (𝑖𝒯𝑏𝜔𝜇

𝑏(𝛾)) 𝜒(𝛾 + 𝜖𝜇))

=
1

ℋ(𝛾)
𝑡𝑟 (𝜏𝒸𝜒†(𝛾)𝒟𝜇𝜒(𝛾)) + 𝒪(𝑎2) 

𝒱𝜇(𝛾) = 𝒯𝒸𝒱𝜇
𝒸(𝛾) 
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𝛿 = 𝛽 ∑ (1 −
1

2
ℜ𝑡𝑟𝒱𝜇𝜈(𝛾))

𝛾𝜇<𝜈

+ ∑ (ℋ2(𝛾) − 3 log ℋ(𝛾) + 𝜆(ℋ(𝛾) − 1)2

𝛾

− 𝜅 ∑ ℋ(𝛾 + 𝜇)

𝜇>0

ℋ(𝛾)𝑡𝑟𝒱𝜇(𝛾)) 

10. Dinámica perturbativa de la invariante de gauge en espacios cuánticos curvos. 

〈𝒪†𝒪〉 = 𝜐2𝜂𝑖𝜂𝑗〈𝒪𝑖
′†𝒪𝑗

′〉 + 𝜐𝜂𝑖〈(𝒪𝑖
′†𝒪′′ + 𝒪′′†𝒪𝑖

′)〉 + 〈𝒪′′𝒪′′〉 

ℋ(𝜒) = 〈𝜙†𝜙〉〈𝜒〉 

〈(𝜙†𝜙)(𝜒)(𝜙†𝜙)(𝛾)〉

= 𝑑𝜐4 + 4𝜐2 〈ℜ[𝜂𝑖
†𝜂𝑖]

†
(𝜒)ℜ[𝜂𝑗

†𝜂𝑗](𝛾)〉

+ 2𝜐 (〈(𝜂𝑖
†𝜂𝑖)(𝜒)ℜ[𝜂𝑗

†𝜂𝑗](𝛾)〉 + (𝜒 ⟷ 𝛾)) + 〈(𝜂𝑖
†𝜂𝑖)(𝜒)(𝜂𝑗

†𝜂𝑗)(𝛾)〉 

〈(𝜙†𝜙)(𝜒)(𝜙†𝜙)(𝛾)〉

= 𝑑′𝜐4 + 4𝜐2 〈ℜ[𝜂𝑖
†𝜂𝑖]

†
(𝜒)ℜ[𝜂𝑗

†𝜂𝑗](𝛾)〉ℑℓ + 〈ℜ[𝜂𝑖
†𝜂𝑖]

†
(𝜒)ℜ[𝜂𝑗

†𝜂𝑗](𝛾)〉ℑℓ
2

+ 𝒪(𝑔2, 𝜆) 

𝒟ℋ(𝒫2) = 4𝜐2𝒟𝜂(𝒫2)ℑℓ + 2 ∫ 𝑑4𝑞𝒟𝜂
ℑℓ((𝒫 − 𝑞)2)𝒟𝜂

ℑℓ(𝑞2) =
4𝜐2

𝒫2 − 𝑚ℏ
2 + 𝑖𝜖

+ ∏(𝒫2)

≈
4𝜐2

(𝒫2 − 𝑚ℏ
2) (1 +

𝒫2 − 𝑚ℏ
2

4𝜐2 ∏(𝒫2)) + 𝑖𝜖

 

∏(𝒫2) = −2𝑖𝜋2 (ln
𝑚ℏ

2

𝜇2
+

𝑚ℏ
2

℘2
(

1

𝑟(℘2)
− 𝑟(℘2)) ln 𝑟(℘2)) 

𝑟(℘2) =
2𝑚ℏ

2 − ℘2 − 𝑖𝜖 ± √(℘2 − 2𝑚ℏ
2 + 𝑖𝜖)2 − 4𝑚ℏ

2

2𝑚ℏ
2  

〈(𝜙†𝜙)(𝜒)(𝜙†𝜙)(𝛾)〉𝒸 = 4𝜐2 〈ℜ[𝜂𝑖
†𝜂𝑖]

†
(𝜒)ℜ[𝜂𝑗

†𝜂𝑗](𝛾)〉𝒸 + 𝒪(𝜐) = 4𝜐2𝒟𝜂(𝜒 − 𝛾) + 𝒪(𝜐) 

𝒪2ℋ = ℋ(𝛾)ℋ(𝛾) 

𝒪𝜔−𝒷𝒶ℓℓ = (𝜔𝜇𝜈
𝑎 𝜔𝑎

𝜇𝜈
)(𝛾) 

𝒲(𝜒) = 𝑡𝑟(𝒯𝑎𝜒†𝒟𝜇𝜒)(𝛾) 
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〈𝑡𝑟(𝒯𝑎𝜒†𝒟𝜇𝜒)(𝓏)𝑡𝑟(𝒯𝑏𝜒†𝒟𝜇𝜒)(𝛾)〉 = 𝜐2𝒸𝜅ℓ
𝑎𝑏〈𝜔𝜅𝜇(𝓏)𝜔𝜇

ℓ(𝛾)〉 + 𝒪(𝜐) 

𝒟(𝑡) = 〈𝒪(𝑡)𝒪(0)〉 = ∑|⟨𝜂|𝒪⟩|2𝑒−𝔈𝜂𝑡

𝜂

〈𝑡 ≫ 𝔈1
−1

∼
〉 𝑒−𝔈0𝑡 

𝒪(𝑡) = ∑ 𝒪(�⃑�, 𝑡)

�⃑⃑⃑�

 

𝑚(𝑡) = ln −
𝒟(𝑡)

𝒟(𝑡 + 𝑎)
 

𝒟𝑖𝑗(℘2) =
𝛿𝑖𝑗

𝒵(℘2 + 𝑚𝑟
2 + ∏(℘2) + 𝛿𝑚2)

 

𝒟𝑖𝑗(𝜇2) =
𝛿𝑖𝑗

𝜇2 + 𝑚𝑟
2
 

𝜕𝒟𝑖𝑗

𝜕℘
(𝜇2) = −

2𝜇𝛿𝑖𝑗

(𝜇2 + 𝑚𝑟
2)2

 

𝒵 =
2𝜇 −

𝑑 ∏(℘2)
𝑑℘

(𝜇2)

2𝜇
 

𝛿𝑚2 =
(𝜇2 + 𝑚𝑟

2)
𝑑 ∏(℘2)

𝑑℘
(𝜇2) − 2𝜇 ∏(𝜇2)

2𝜇
 

10.1. Simetría QED.  

1

2
𝑡𝑟 ((𝒟𝜇𝜒)

†
𝒟𝜇𝜒) 

𝒪𝒵 = sin 𝜃𝒲 𝑑𝒪13
−

3 + cos 𝜃𝒲𝒟𝒷 ≈ sin 𝜃𝒲 𝜔3 + cos 𝜃𝒲𝒷 + 𝒪(𝜐−1) = 𝓏 + 𝒪(𝜐−1) 

𝒪Γ = sin 𝜃𝒲 𝑑𝒪13
−

3 − cos 𝜃𝒲𝒟𝒷 ≈ sin 𝜃𝒲 𝜔3 − cos 𝜃𝒲𝒷 + 𝒪(𝜐−1) = 𝛾 + 𝒪(𝜐−1) 

⟨(𝒪13
−

3 )
𝜇

|(𝒪13
−

3 )
𝜈

|(𝒪Γ)𝜌⟩ ≈ 𝜐4⟨𝜔𝜇
+|𝜔𝜈

−|𝛾𝜌⟩ + 𝒪(𝜐3)

= 𝜐4(sin 𝜃𝒲⟨𝜔𝜇
+|𝜔𝜈

−|𝜔𝜌
3⟩ + cos 𝜃𝒲⟨𝜔𝜇

+|𝜔𝜈
−|𝒷𝜌⟩)

+ 𝒪(𝜐3)𝑡𝑟𝑒𝑒 − 𝑙𝑒𝑣𝑒𝑙
≈

𝜐4 sin 𝜃𝒲⟨𝜔𝜇
+|𝜔𝜈

−|𝜔𝜌
3⟩

ℑℓ
 

𝑡𝑟𝜏𝑎𝜒†𝒟𝜇𝜒 = 𝜐2𝜔𝜇
𝒷𝑡𝑟𝜏𝑎𝜏𝒷 + 𝒪(𝜐) = 𝜔𝜇

𝑎 + 𝒪(𝜐) 

10.2. Otras simetrías de gauge. 

𝒪𝜓(𝛾) = (𝜒𝜖)†(𝛾)𝜓(𝛾) 
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𝒪𝒩𝔈 = (
𝒩
𝔈

) = (𝜒𝜖)† (
𝜈

𝑒
) = (

𝜙2𝜈 − 𝜙1𝑒

𝜙1
⋆𝜈 + 𝜙2

⋆𝑒
) ≈ 𝜐 (

𝜈

𝑒
) + 𝒪(𝜐0) 

ℒ𝒴 = 𝑔𝒴(�̅�𝒩𝔈𝜓ℜ − �̅�ℜ𝒪𝒩𝔈) 

ℒ𝒴 = 𝑔𝒴(�̅�𝒩𝔈Ω𝜓ℜ − �̅�ℜΩ†𝒪𝒩𝔈) 

ℒ𝒴 = 𝑔𝜈(𝜙2�̅�ℒ − 𝜙1�̅�ℒ)𝒩ℛ + 𝑔𝜀(𝜙1
⋇�̅�ℒ − 𝜙2

⋇�̅�ℒ)𝔈ℜ + ℏ. 𝑐 

10.3. Simetría QCD. 

𝒪𝜎 = �̅�ℒ𝜎𝜇ℒ + �̅�ℒ𝜎𝑑ℒ + �̅�ℜ𝜎𝜇ℜ + �̅�ℜ𝜎𝑑ℜ 

𝜓 = (
(𝜒𝜖)†𝜓ℒ

𝒰ℛ

𝒟ℛ

) 

𝜋𝑎 = �̅�𝜏𝑎𝛾5𝜓 

𝜋+ = �̅�ℛ((𝜒𝜖)†𝜓ℒ)𝜇 + ((𝜒𝜖)†𝜓ℒ)𝒹̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝒰ℛ 

𝜋− = �̅�ℛ((𝜒𝜖)†𝜓ℒ)𝒹 + ((𝜒𝜖)†𝜓ℒ)𝜇̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝒟ℛ 

𝜋0 = �̅�ℛ((𝜒𝜖)†𝜓ℒ)𝒹 + ((𝜒𝜖)†𝜓ℒ)𝒹̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝒰ℛ − �̅�ℛ((𝜒𝜖)†𝜓ℒ)𝜇 + ((𝜒𝜖)†𝜓ℒ)𝜇̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝒟ℛ 

𝒩ℒ = 𝜖 ℐ𝒥𝒦𝑐𝑖𝑗𝜅ℓ𝑞𝑖
ℐ𝑞𝑗

𝒥𝑞𝜅
𝒦(𝜒𝜖)�̃�𝑙

†  

∆ℒ= 𝜖 ℐ𝒥𝒦𝑞𝑖
ℐ𝑞𝑗

𝒥𝑞𝜅
𝒦(𝜒𝜖)�̃�𝒾

† (𝜒𝜖)�̃�𝑗
† (𝜒𝜖)�̃�𝜅

†  

𝑐𝑖𝑗𝜅ℓ
℘ = 𝛼1𝜖𝑖𝑗𝛿𝜅ℓ + 𝛼2𝜖𝑖𝜅𝛿𝑗ℓ + 𝛼3𝜖𝑗𝜅𝛿𝑖ℓ 

𝒩𝑟𝑠𝑡 = 𝜖 ℐ𝒥𝒦ℱ𝑢𝑣𝑤
𝑟𝑠𝑡 𝜓ℐ𝜇(𝜓𝒥𝜐

𝒯 𝒞𝛾5𝜓𝜅𝜔) 

〈𝜙†𝜙〉 = 𝒲𝑎𝑡𝑟(𝒯𝑖𝑗
𝑎𝜒𝑗

†𝒟𝜇𝜒𝑖) sin 𝜃𝒲 𝑑𝒪13
−

3 + cos 𝜃𝒲 𝒟𝒷 sin 𝜃𝒲 𝑑𝒪13
−

3

− cos 𝜃𝒲 𝒟𝒷 |
𝜈ℛ

𝑑𝑒ℛ
| 𝑑(𝜒𝜖)† |

𝜈ℒ

𝑒ℒ
| 𝑑𝜖 ℐ𝒥𝒦ℱ𝑢𝑣𝑤

𝑟𝑠𝑡 𝜓ℐ𝜇(𝜓𝒥𝜐
𝒯 𝒞𝛾5𝜓𝜅𝜔) 

𝒪0+
𝑎𝑏 = 𝑡𝑟(𝜒𝜏𝑎𝜏𝑏𝛾) 

𝜎𝜉+𝜉−↦ℱ̅ℱ(𝛿) = ∑ ∫ 𝑑𝜒

1

0

∫ 𝑑𝛾𝑓𝑖(𝜒)𝑓𝑖(𝛾)

1

0

𝜎𝑖̅𝑖↦�̅�𝑓(𝜒℘1, 𝛾℘2)

𝑖

= 𝜃(4𝑚ℏ
2 − 𝛿)𝜎𝑒+𝑒−↦�̅�𝑓

+ 𝜃(𝛿 − 4𝑚ℏ
2) ⨂ ∑ ∫ 𝑑𝜒

1

0

∫ 𝑑𝛾𝑓𝑖(𝜒)𝑓𝑖(𝛾)𝜎𝑖̅𝑖↦�̅�𝑓(𝜒℘1, 𝛾℘2)

1

0𝑖

 

𝑓𝑖(𝜒) = 𝛼𝑖𝛿(𝜒) + 𝑐𝑖𝛿(𝜒 − 1) 
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10.4. Simetrías amplias de gauge. 

⟨𝒪𝜇
10

−

(𝜒)|𝒪𝜇
†10

−

(𝛾)⟩ =
𝜐4𝑔2

4
⟨𝜔𝜇

8(𝜒)|𝜔𝜇
8(𝛾)⟩ + 𝒪(𝜂) 

𝒪𝜇
10

−

(𝜒) = 𝑖(𝜙†𝒟𝜇𝜙)(𝜒) 

𝒪01
+

= 𝜖𝑎𝑏𝑐𝜙𝑎𝒟𝜇𝜙𝑏𝒟𝜇𝒟𝜈𝒟𝜈𝜙𝑐 

𝒪𝜇
11

−

= 𝜖𝑎𝑏𝑐𝜙𝑎𝒟𝜈𝜙𝑏𝒟𝜇𝒟𝜈𝜙𝑐 

𝒪𝜇
10

−

= −
𝜐2𝑔

2
𝜔𝜇

8 +
𝜐

√2
𝜕𝜇𝜂 − √2𝑔𝜐𝜔𝜇

8𝜂 + 𝒪(𝜂2) 

11. Representación de Higgs en espacios cuánticos curvos. 

𝒪𝜇
Γ =

𝜕𝜈

𝜕2
𝑡𝑟(𝜙𝑎𝒯𝑎𝜔𝜇𝜈) ≈ −𝜐𝑡𝑟 (𝒯3 (𝛿𝜇𝜈 −

𝜕𝜇𝜕𝜈

𝜕2
) 𝜔𝜈) + 𝒪(𝜂) 

⟨𝒪†(𝜒)|𝒪(𝛾)⟩ = ∫ 𝒟𝜔 ( ∫ 𝒟𝜙𝒪†(𝜒)𝒪(𝛾)𝑒𝑖𝛿

𝑆𝑒𝑙𝑒𝑐𝑡𝑒𝑑 𝑠𝑡𝑟𝑎𝑡𝑢𝑚

+ ∫ 𝒟𝜙𝒪†(𝜒)𝒪(𝛾)𝑒𝑖𝛿

𝑂𝑡ℎ𝑒𝑟 𝑠𝑡𝑟𝑎𝑡𝑎

)

= ⟨𝒪†(𝜒)|𝒪(𝛾)⟩
𝜀

+ ⟨𝒪†(𝜒)|𝒪(𝛾)⟩
𝜂
 

12. Procesos de dispersión en espacios cuánticos curvos. 

⟨𝒪(𝜒)†|𝜑(𝛾)|𝜑(𝓏)⟩ 

⟨𝒪′(𝜒)|𝒪′(𝛾)|𝒪′(𝓏)⟩ = 𝜐2⟨𝒪(𝜒)|𝜑(𝛾)|𝜑(𝓏)⟩ + 𝒪(𝜐) 

ℳ = 〈𝒪2
𝒩ℰ(℘1)�̅�2

𝒩ℰ(℘2)𝒪𝑖
𝔉(𝑞1)�̅�𝑖

𝔉(𝑞2)〉 

ℳ ∼ 𝜐4 〈𝑒+𝑒−𝑓̅̂𝑓〉 + 𝒪(𝜐2) 

ℳ ≈ 𝜐4 〈𝑒+𝑒−𝑓̅̂𝑓〉 + 𝜐2 〈𝜂†𝜂𝑒+𝑒−𝑓̅̂𝑓〉 + 〈𝜂†𝜂𝜂†𝜂𝑒+𝑒−𝑓̅̂𝑓〉 + 𝑟𝑒𝑠𝑡 

〈𝜂†𝜂𝑒+𝑒−𝑓̅̂𝑓〉 ≈ ⟨𝜂†|𝜂⟩ 〈𝑒+𝑒−𝑓̅̂𝑓〉 + ⟨𝑒+|𝑒−⟩ 〈𝜂†𝜂𝑓̅̂𝑓〉 + ⟨𝑓̅̂|𝑓⟩ 〈𝑒+𝑒−𝜂†𝜂〉 

13. Métrica SU(3) para espacios cuánticos curvos. 

〈(𝜙†𝜓)†(𝜒)𝛾0(𝜙†𝜓)†(𝛾)〉 = 𝜐2|⟨�̅�3(𝜒)|�̅�3(𝛾)⟩|
ℑℓ

 

𝑑𝜎 =
(2𝜋)4

4√(℘1℘2) − 𝑚4
|ℳ�̅�𝜓↦�̅�𝜓|

2
𝛿(℘1 + ℘2 − 𝑞1

− 𝑞2)
𝑑3�⃑�1

(2𝜋)32𝜉𝑞1

𝑑3�⃑�2

(2𝜋)32𝜉𝑞2

𝑑3�⃑�1

(2𝜋)32𝜁𝑞1

𝑑3�⃑�2

(2𝜋)32𝜁𝑞2
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ℳ�̅�𝜓↦�̅�𝜓 = 〈�̅�(℘1)�̅�(𝑞1)�̅�(℘2)�̅�(𝑞2)〉 = 𝜐4〈�̅�3(℘1)�̅�3(𝑞1)�̅�3(℘2)�̅�3(𝑞2)〉ℑℓ 

|ℳ�̅�𝜓↦�̅�𝜓|
2

=
32𝑔4

9
(

𝛿2 + 𝜇2

(𝑡 − ℳΛ
2)2

+
𝑡2 + Λ2

(δ − ℳΛ
2)2

+
2𝜇2

(δ − ℳΛ
2)(𝑡 − ℳΛ

2)(Λ − ℳΛ
2)

) 

〈(𝜙†𝜙)†(𝜒)|(𝜙†𝜙)†(𝛾)〉

= 𝜐†𝜐〈(𝜙†𝜙)(𝜒)〉 + 𝜐𝑎†
〈(𝜙†𝜙)(𝜒)|𝜂𝑎(𝛾)〉 + 𝜐𝑎〈(𝜙†𝜙)(𝜒)|𝜂𝑎†

(𝛾)〉

+ 〈(𝜙†𝜙)(𝜒)|(𝜂†𝜂)(𝛾)〉 
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